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Mpeaucaosue

[pu nocTpoeHHH YHHBEPCHTETCKOrO BePOATHOCTHO-CTaTHCTHYECKOTO 06pa-
30BaTE/bHOrO LIMKJIA, KaK MPaBWJIO, MpeanoJaraeTcs Haauuue Tpex ofHoceMe-
cTpoBbIX KypcoB — « Teopusi BepoaTHOCTeli», « Teopua cilyyaifHbIX npoLeccos»,
«MareMaTHyecKasi CTaTHCTHKa».

Conepxxanue kuurn «BeposTHocTb — 1» BMoJIHe MOKpLIBaeT Bech TOT Ma-
TepuaJl, KOTopbiii 0GbIYHO BKJIIOUaeTcs B mporpamMMy Kypca «Teopus BeposiT-
HOCTeH».

[Mpencrasnsiemass kHura «BeposTHOCTL — 2» CONEpXHT [NOCTaTOYHO 06-
WHPHBIA MaTepuan s Kypca «Teopusi ciydaiiHbIX npolieccoB», B Toil ero ya-
CTH, KOTOPasi MOCBsLLEHa CyyaiiHbIM npoleccaM ¢ OUCKPenHblM 8peMeHem —
caydaiiHbIM nocJefoBatesibHocTaM. (UuTarenio, XenaloleMy no3HaKOMHTbCSA
C TeOpHel caydaifHbIX MPOLIECCOB C HenpepuleHuim 8pemerem, MOXKHO NOpeKo-
MeHI0BaTh 0GpaTHTbCA K KHHre [131], Bo MHOroM MpHMbIKaloLLel K HacTOSLLMM
yueGHHKaM «BeposTHocTh — 1» 1 «BepoaTHocTb — 2».)

B rnase 1V, oTkpblBaioLueit 3Ty KHUTY, OCHOBHOH aKLEHT cle/laH Ha CBOH-
CTBAX C BEPOAMHOCMbIO eOUHUYA (32KOH «HYJIAA WM eHHULIbI», CXOAUMOCTb
PALOB, YCHJIEHHbI# 3aKOH GOJIbILIMX YHCesl, 3aKOH NOBTOPHOrO Jlorapudma u ap.)
nocJiefoBaTebHOCTelH, 06pPa30BaHHbIX CYMMaMH HEe3aBHCHMBIX CJy4yaiHbIX Be-
JIYHH,

[naBbl V u VI oTHocATCA K crmayuoraproim cyyadlHbIM Moc/eoBaTelb-
HOCTAM, fABJISIOLHUMCS CTAaUHOHAPHLIMH B Y3KOM H B LUHPOKOM CMbICJie COOT-
BETCTBEHHO.

B rnasax VII u VIII paccMmarpusatotes ciyyaiiHble noc/iejoBaTesbHOCTH,
o6pa3sylouwe mapmurnear n mapkosckue yenu. O6a 3TH Kaacca npoLeccos
C IMCKpPeTHLIM BpeMeHeM JaloT BO3MOXXHOCTb H3yyaTb MOBeleHHe pa3Hoo6pas-
HBIX CTOXaCTHYECKHX CHCTEM B «GyayllleM» B 3aBUCHMOCTH OT HX «HACTOALLEro»
H «TPOLLJIOr0», YTO ONpeesseT HCKJIOUHTENbHYIO POoJib TAKHX MPOLLECCOB B CO-
BpeMeHHOIi TeOpHH BEPOATHOCTeH H ee MPHMEHEHHAX.

3asepiuaer Kuury « Ouepk UCTOPHH CTAaHOBJIEHHS MaTeMaTHYECKOH TeOpHH
BEPOSATHOCTEN ».

Mockaa, 2003 A. lllupses
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TloHamue He3aBuUCUMOCM U O8YX UAL HECKOALKUX ONbLMO8 3AHUMAEm 6 u3-
BECMHOM CMbICAE YEeHMPANbHOE MeCmO 8 meopul 8eposmHocmet. .. Mcmopuuecku He3a-
BUCUMOCITIL UCNBIMAHUE U CAYHALEHOLX BEAUYUH SBUAACL MEM MAMEMAMUYECKUM NOHS-
muem, Komopoe npudaro meopuu 8eposmuocmeli c60eo6pa3nyili omne4amox.

A. H. Koamoropos. «OcHoBHble NOHATHS TeopHH BeposaTHoCTei» [32]

§ 1. 3aKOHbI «HYJSl WIH eAHHHLbI»

X1 5 1
1. Pan Y ~ pacxomutes, a paa E(—l)"; cxomurcsi. [TocraBum
n=| n=|

caefyloluii Bonpoc. YTo MOXKHO cKa3aTb O CXOZMMOCTH MJIM PaCXOXMMOCTH
[eo]

psza Y, .5,_1'1, rue &, &, ... — NOCJIeNOBATENILHOCTb HE3aBHCHMbIX OJHHAKO-
n=1

BO pacrpeje/ieHHbX GepHY/JIMeBCKHX CJydaiiHblXx BeduunH ¢ P{§ =+1}=

=P{¢; =—1}=1/2? Unaue rosops, 4T0 MOXXHO CKa3aTh O CXOIMMOCTH psina ¢

o6LKM uneHoM 1/, roe 3Haku + 1 — «pa36pocatbl» B CiyyaiiHOM nopsake

B COOTBETCTBMHM C pacCMaTpHBaeMoii mocJjenosatelibHocThbio &;, &2, ... ?

O6o3Hauum

[o ]
A =L w: &n cxooumcs
| Z. -
n=

(o2
— MHOXECTBO TeX 3JIEMEHTapHLIX HCXOLOB, rae pam ». éﬂ'—' cxomuTes (K Ko-
n=1
HeYHbIM 3HAaYeHHsIM), H paccMOTpuM BeposTHocTb P(A;) aToro MHoXectBa.
3apaHee He siCHO, KaKHe 3HaueHHsi MOXKeT NPHHHMaTh 3Ta BEPOATHOCTb. 3a-
MeyaTeJibHbIM OKa3blBaeTcsl, OJIHAKO, TO OGCTOATENbCTBO, YTO A Priori MOXHO
YTBEpPXKAATb, YTO 3Ta BEPOATHOCTb MOXXeT NPHHHMaTh MOAbKO 1Ba 3HayeHHus 0
Han 1. DToT pe3ysbTaT ABJIAETCH CJEACTBHEM TaK Ha3biBaeMOro 3aKOHA «HYAA
uau edunuybt» («0 nin 1») Koamocoposa, hopmynnposka H 10Ka3aTelbCTBO
KOTOPOTo COCTaBJSAIOT OCHOBHOE ColiepKaHHe NaHHOro naparpada.

2. TIlyems (Q, &, P) — BeposTHocTHoe npocTpaHcTBO, &), &2, ... —
HeKOTOpasi MoCJe0BaTeNbHOCTb CJydaiiHbix BesMunH. OGo3Hauum F° =
=0(&n, &n+1y -..) — o-anrebpy, NOPOXKAEHHYIO CJYYalHHbIMH BeJHUHHAMH
&ny &ntly ..., M NYCTb

o0
x=() &>
n=1
[Tockonbky nepeceuenue o-ajre6p ectb cHoa o-anre6pa, To £ ecTb o-ajre-
6pa. Dta o-anre6pa GyneT Ha3biBaTbCA «XBOCMOBOU» WIH «OCMAMOYHOU»,



530 TJL. IV. HE3BABUCHUMBIE CJIYYAMHBIE BEJIMUHHBI

B CBfI3H C TeM, UTO BCAKOe coObiTHe A € 2~ He 3aBHCHT OT 3HaueHH# cayyaiHbIX

BeJIMUHH &, ..., § TIpPH JI0OOM KOHEUHOM uMcJjie 1, a OnpelesisieTCs JHLb

«noBeJieHHeM 6eCKOHeUHO JaJleKHX 3HaueHH i mocsenosaTesibHoCTH &y, &a, ... ».
[Tockosnbky ansa mo6oro k> 1

oo £ o0
A= {Z 7" CXOllHTCH} = {Z % cxonmca} € F¢°,

n=1 n=k
10 A € F° = Z . TouHo TaK Xe, ecnu &, €2, ... — NIPOU3BOJIbHAA MOCJIe-
k

JI0BATE€JbHOCTb, TO

Ag= {Z &, cxonmca} eZ.

n=1

C.neu,yloume COOLITHA TaKXKe ABJSAIOTCA «XBOCTOBLIMH»:

A3={6,€l,6.u} (= Erﬁ{fn €l}),
rae I, € B(R), n>1;
Ay= {@ n < 00};
A7 = {% cxonmcn};

4o={ =1}

C npyroit cTOpOHbI,
By ={£,=0 nns Bcex n> 1},

By = {lign(& +...+&,) cylecTByeT U MeHblle c}

ABJSIOTCSA NPUMePaMH COGbITHI, He NPHHaLIeXaWKHX £ .

Bynem Tenepn npeanonarath, 4To paccMaTpHBaeMble ClydaiHble BeJHUHHbI
ABNSIOTCA He3asucumbimy. I1pn sToM nonylueHHH u3 Jemmbl Bopens—Kan-
TeJJIH CJieflyeT, uTo

P(A3)=0 & Y P{¢ €/} <oo,
P(As)=1 & > _ P{&€l}=00.
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TakuM 06pa3oM, BepOATHOCTb COGbITHA A3 MOXeT MPHUHMMATb JHilb [Ba
sHaueHust 0 uaH | B 3aBHCHMOCTH OT CXONHMOCTH WM PAacXOAHMOCTH psiia
Y P{¢. €1,}. D10 yTBepKIeHHe, Hocsllee HaspaHue 3akona «0 uau 1»
Bbopeas, ABNSIETCA YACTHLIM CJy4aeM CJIELyIOILEero YTBepXKAeHHs.

Teopema 1 (3akoH «0 uau 1» Koamoroposa). [lTycme &, &, ... —
nocaed08amesbHOCMb He3asUcUMbLX Cay4aiinoix seauun u A€ & . Toeda
sepoamnocmo P(A) mosxcem npunumame auuie 08a 3HAYEHUS: HYAb UL
eduruya.

Hokasamenbcmeo. Vines nokasaTeNbCTBa COCTOMT B TOM, YTOGbl MOKa-
3aTh, UTO KaXKIO€ «XBOCTOBOE» COGbITHe A He 3aBMCHT OT camoro cebs H,
anaunt, P(ANA) =P(4)-P(A), 1.e. P(A)=P2(A), otkyna P(A) =0 nm 1.

Ecin Ae X, 10 Ac F° =0{), Lo, ...}=0(U &), rne Fl=o{y, ...
...y &€n}, 1 MOXKHO HaiiTH (3anaua 8 u3 § 3 . II) rakne mMHoxecTBa A, € &,
n>1,uro P(AAA,)—0, n— o0. Otclona caemyer, uto

P(A4,)—P(A), P(A4,nA)—-P(A). (1)
Ho ecin A€ &, 10 ans kaxaoro n > 1 cobbita A, 1 A He3aBUCHMBbI:
P(A ﬂA,,) = P(A) P(An),

otkyna B cuny (1) caenyer, uro P(A) =P2(A), u, snauur, P(A)=0unmu 1. O

Caenctsue. [Tycme n — cay4aidHas BeAUHUHA, UIMEPUMATT OMHOCU-
meabHo «x80cmosoi» o-arcebpot X, m.e. {(neBye X', Be B(R). To-
e0a 1 A843emca BolPOHOEHHOU CAYUAUHON BeAudUROL, M. e. cyujecmsyem
Koncmanma ¢ makas, umo P{n=c}=1.

3. TMpuBoanmasi HHXKe TeopeMa 2 CJYXXHT MJIIOCTPaLHell HeTPHBHAJIBLHOTO
NpUMeHeHHs 3aKOHa «HYJs WK enuHULbI> Kosmoroposa.

Iycrs &, &2, ... — MOC/eNOBaTENILHOCTL HE3aBHCHMbIX GepHYJJIHEBCKHX
caydaiibix Benmund ¢ P{¢,=1}=p, P{,=—1}=¢q, p+qg=1, n>1, u
Sp=£&+...+&,. IHTYHTHBHO NOHATHO, YTO B CHMMETPHUHOM cJiydae (p =1/2)
«THNHYHbIE» TPAeKTOPHH CJAyuaitHoro 6ayXXnaHus Sy, n> 1, 6eCKOHeYHO MHOTO
pa3 MpoXoAT uyepes Hyjb, a B ciayuae p # 1/2 «yXomsaT» B GeCKOHEYHOCT.
CdopMyanpyem Tenepb TOUHbIA pe3y/bTart.

Teopema 2. a) Ecau p=1/2, mo P{S,=06.4.}=1.

b) Ecau p #1/2, mo P{S,=06.4.}=0.

Hokazameascmeso. Ipexpe Bcero oTMeTHM, uT0 coGhithe B={S,=0
6.4.} He ABARETCS «XBOCTOBbIM», T.e. BE 2 =) £, FX° =0{kn, &nt1, .- }-
[TostoMy B npuHUKNE He ACHO, UTO BEPOATHOCTb COOLITHA B NpUHHUMaeT JHILb
3Hauenus O nau 1.

YTBepKaeHHe b) sierko nokasbisaeTcs NpUMeHeHHeM (NepBoit YaCTH) JIeMMb!
Bopens—Kantenan. IeiictButensho, eciu Bg, ={S2, =0}, T0 no gopmy.e
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Crupaunra (dopmyana (6) § 2 . I)

4 n
P(Bon) = C3,p"q" ~ (\Zf—,)l :
H, 3Hauut, Y P(Bg,) < co. [Toatomy P{S, =0 6.u}=0.
Ilns nokasarenbcTBa yTBEpXKAEHHS a) JOCTATOYHO NOKA3aTh, YTO COObITHE

A={li_m_§\/—”ﬁ=oo, lim %=—oo}

MMeeT BeposiTHocTb 1, nockoJibky A C B.

Mycers Ac=A.NA!, rne A. = {Fr_ﬁ Sn ;c}, A”={l_ir_n_ j—”_ < —c}. Torna

Al A, c— 00, MpH 3TOM Kak COGbiTHE A TaKk W Bce cobbitHa A., A! sB-
Jsiiorcst XBocToBbIMH. [Tokaxem, uto mis kaxmoro ¢ >0 P(A. )—P(A”)—l
Mockonbky A, € Z', Al € &', To HOCTaTOUHO JIHILb YCTaHOBHTD, uTo P(A%L) >0,
P(A!)> 0. Ho, cornacHo 3anaue 5 u teopeme Myaspa—Jlanaaca (§ 6 ra. I),

. S
P{hTm < ——c} P{hm } fim P{ }>0
Hrak, ana scex ¢ >0 P(A.) =1 u, 31auwur, P(A)=cli'2° P(A))=1. O

4. Or™metuM elle pas, uto cobbitie B ={S, =0 6. 4.} He sBAseTCA «XBO-
CTOBbIM». TeM He MeHee M3 TeopeMbl 2 cjiedyeT, uTo AJsi cxeMbl DBepHymin
BEPOSTHOCTb 3TOr0 COGBITHS, KaK H B Cllyyae «XBOCTOBbIX» COGLITHI, NPHHK-
Maer Juub aBa 3HaueHus O wam 1. OkasbiBaercs, uTo 3TO OGCTOATENbLCTBO
Hec/lyyallHO M SIBJISIETCSl CJIEICTBHEM TaK HaabiBaeMoro 3akona «0 uau 13
Xotoumma u C3sulxca, KoTopbiil 06061LaeT Ais Claydyasi He3aBUCHMbIX 00u-
HaK0B80 pacnpedeserrblx CyJaliHbIX BEJIMUHH pe3yJLTaT TeopeMbl 1 Ha Kiacc
TaK Ha3blBaeMblX «[lepeCTaHOBOYHbIX» COOLITHH (BKJIOYaIOLLUA B cebsi M Kjacc
«XBOCTOBBIX» COOGbITHH).

Beenem Heo6xomuMbie onpenesieHnsi. Baaumuo onHo3HauHoe oroépameﬂue
= (my, ™, ...) MHOXecTBa (1, 2, ...) B ce6s Ha30BeM KOHe4HOL nepecma-
HOBKOI, €ClIH T, =N LA BCeX N, 32 MCKJOUeHHeM, ObiTb MOXET, KOHeYHOro
yucha.

Ecau £= (&, &2, ...) — nocjiefoBaTeNbHOCTb CYYalHbIX BETHUKH, TO Uepe3
m(§) 6yzeM o603HauaTb nocsaenoBaTeabHOCTb (§x,, &myy - )-

Ecau co6uitne A={¢£ € B}, B € 8(R*°), 10 uepe3 7(A) 0603Haunm cobbiTHe
{m(&) € B}, B € B(R*).

Ha3zosem co6uitHe A ={£ € B}, B € B8(R°), nepecmaroB804HbLM, eClii NS
1060/ KOHeuHo! nepecTaHoBKH w cobbiTHe w(A) coBnanaer ¢ A.

[TpuMepoM nepecTaHOBOYHOro COGLITHSA sBJAeTC coObithe A ={S,=
=06.4.), rne S, =& +...+&,. BoJee Toro, MoxxHO nokasartb (3afaua 4), uto
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KaXj10e coObiTHe H3 «XBOCTOBOI» o-anre6pbl X (S)=) £2(S), FX1(S)=
=o{w: S, Sut1, ...}, NOpOXKIEHHON BenuunHamu S;=¢§;, Se=§ + &, ...,
ABJIACTCS MEPECTaHOBOUHBIM.

Teopema 3 (3akoH «0 uau 1» Xbroutra u CaBuaxka). [Tycme &=
= (&, &, ...) — nocaedosamensHOCMb He3ABUCUMBLX O00UHAKOBO pac-
npedenenHobix cay4ainoix eeauuun u A={§{ € B} — nepecmanosouroe
cobuimue. Tozda P(A)=0 uau 1.

Hoxasameavcmso. Tlyctb A ={{ € B} — nepecraHoBouHoe co6biTHe. Bbi-
6epeM (cM. 3anauy 8 u3 § 3 ru. II) mHoxecTBa B, € (R") TakuMH, 4TO 414

An={w: (L, ..., gn)eBn}
P(AAA,)—0, n—oo. @

[TockonbKy ciyuaiiible BeHunHbl £}, €2, ... HE3aBHCHMbI H OIMHAKOBO pac-
npezesieHbl, T0 pacnpenenelus BepositHoctell Pe(B) =P{€ € B} u Pr ) (B) =

EP{”II(&)E B}' rﬂe WH(E)=(€II+|9 ceey E2n» Elv ey Env £2n+l ) £2n+2' .o -) Mﬁ BCsl-
Koro n > |, coBnanalor. 3Hauur,

P(A A Ap)=Pe(B A By)=Pr,g)(B ABy). 3)
Pa{3 coGhiTHe A siBNsieTCsl MepecTaHOBOYHLIM, TO
A={{ € B}=mn(A)={m(£) € B}.
[Tostomy
Pro)(B & Bn) =P ({mn(§) € B} A {mn(§) € Ba}) =
=P({§ € B} A{mn(§) € Ba)) =P(AAmy(Ar)). (4)

Hrak, us (3) u (4)
P(AAA,)=P(AAr,(A,)). ()

B cuay (2) orciona cienyer, uto
PAA (A, Nm,(An)—0, n—oo. (6)
[Toatomy us (2), (5) u (6) 3akmouaeM, uto

P(An) — P(A), P(”n(An))_’P(A),
P(A,N7a(An)) — P(A).

Hanee, B culy He3aBUCHMMOCTH CJIyYaiHbIX BeJHUHH 1, &2, ...

P(An nﬂ'n(An))=P{(£h [EEE) §n) € Bno (§n+l, ceey §2n) GB,,}=
=P{(&1, ..., &) € Ba} - P{(&n+1, ..., &2n) € Bn} =P (An)P (mn(An)),

)
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OTKyZa Mo cBoiicTBaM (7)
P(4)=P?(4)

H, 3Hauut, P(A) =0 nau 1. 0O

5. 3apaumu.

1. loka3aTb cJieficTBHE K TeopeMe 1.

2. Tlokasartb, uto ecii (§n)n>1 — NOC/NENOBATENLHOCTb HE3aBHCHMbIX CJIY-
YaiiHbIX BEJIHYMH, TO CJyuaiiHble BeHuMHB lim &, W lim £, ABAAIOTCA BbIPO-
JKAEHHBIMH.

3. Tyetb (§n)n>1 — NocseNOBaTENLHOCTb HE3aBHCHMbIX CJIyYallHbIX BEJH-
uuH, S, =€) +... + &, ¥ KoHCcTaHTHl b, TakoBbl, 4T0 0 < b, T 00. [TokaszaTb, uto

cyuaiiHble BeIMUMHB lim b—” u lim ‘Z—" ABJAIOTCA BLIPOXKAEHHBIMH.
n n
4. Myerb Sp=&+...+&, n2l, 1 ZS)=NF=S), FX©O)=
=o{w: Sp, Sn41, ...}. [TokasaTs, 4To Kaxknoe cobbiTHe H3 £ (S) aBasercs

nepecTaHOBOYHbIM.

5. Iyetb (§4)n>1 — NOCNenOBaTENBHOCTb CAyYaiiHbIX BesMuMH. [lokasarb,
yto {lim &, > ¢} 2 1im{¢, > c} Ana BCAKOM KOHCTAHTHI C.

6. IpuBecTH npumMep «XBOCTOBOrO» COGLITHSA, BEPOATHOCTb KOTOPOrO CTPO-
ro 6oJiblie HyJIl U MeHblle eIHHHLBI.

7. Tlycts &y, &, ... — He3aBHCHMble caydaiiHble BeqauunHot ¢ E&, =0,
E¢2=1, n> 1, 119 KOTOPLIX BHIMOMHAETCA LEHTPabHas NpefieibHas TeopeMa
(P{S./vVn<x}—®(x), xR, rne S, =& +... +&,). Ilokasars, uto TOraa

fim n"/2S,,=+oo (P-n. H.).
n—oo

B uacTtHOCTH, 3TO CBONCTBO BbINOJIHEHO A5 MOCJEN0BATENbHOCTH He3aBH-
CHMBIX OJHHAKOBO pacrnpefie/ieHHbIX cllydailibix Beanunt (¢ E& =0, E€ =1).

8. Iyctsb &, &2, ... — He3aBUCHMbIE OJIMHAKOBO pachpefieJieHHble CJyyaii-
Hble BestunHbl ¢ E|€;| > 0. [MokasaTtb, uto

n

lim Z{k =400 (P-m.n).

n—o0
k=1

§ 2. CxoaumocTb psinoB

1. Byznem npeanoaarars, uto &), &2, ... — NOCJIE0OBATENbHOCTb HE3aBHCH-
MbIX C/lyyailHbIX BeJIHUMH, Sp =& + ...+ &, 1 A — MHOXKECTBO TeX 3JieMeHTap-
HbIX HCXOLOB w, Tle pAl Y &y(w) cxomutcs K KoHeuHoMy npeneny. M3 sakoHa
«0 wmu 1» Koamoroposa cienyer, uto seposithoctb P(A)=0 unu 1, 1. e. ¢
BEPOATHOCTbIO eNMHHLA Pl Y &, CXOAMTCA WM pacxomutcs. Lleab HacTosi-
uero naparpada — 1aTb KpUTepHH, NO3BOJSIOLIHE ONpeNeTb, CXOAUTCS HJH
pacXomMTCsl pAlL U3 He3aBHCHMbIX CJy4aiHbIX BEJHUHH.
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Teopema 1 (KoamoropoB u XuHuun). a) [Tycme EE, =0, n > 1. Toeoa,
ecau '

Y E&l<oo, (1)

mo pad Y. &, cxo0umcs ¢ 8epoOAmMKOCMbIO eOUHUYA.

b) Ecau k momy e cayuaiinoie seaunurnor &y, n 2 1, pasnomepro oepa-
nuuenot (P{|€,| <c}=1 0aa nexomopoeo ¢ < 00), mo 8epro u obpammoe: u3
cxodumocmu psaoa Y. &, ¢ eepoamuocmoio eduruya caredyem ycaosue (1).

JlokasareabCcTBO 3TOH TeopeMbl CYLUECTBEHHO OMHpaeTcs Ha

‘HepaBenctBa Koamoroposa. a) /Tycme &, &o, ..., €, — He3asucumoie
cayuaiinole seauuurol ¢ E& =0, E§,-2 <00, 1 <i<n. Toeda 0ra scakoeo
e>0

ES2
P{ max. |Sk|>e}< 7. )
b) Ecau k mony xe P{|&|<c}=1, 1<i<n, mo
(c+¢)?
P! max |Sp|2ep>1 - “—5—. 3
{<k\ ISkl } ES2 ©)

Hoxazameavcmso. a) O603HauUM

A= max [Sel 26},

1<kgn

Ar={ISil<e, i=1,....,k—1,|S:|>¢€}, 1<k<n.
Torra A=Y Ap u |
ES2>ES2Ia=)  ESZa,.
Ho

ES2/p, =E(Sk+ (&gt +... + &) Ma, =
=ESHa, +2ESp(Ers1 + ...+ Ela, + E@err + ...+ &) M4, ZESE4,,

nockonbky ESg(€ps1+...+E&n) s, =ESpla, -E(6es1+...+&)=0 B cuny
NpeanosioXKeHHoi He3aBHCHMOCTH H ycosuil E€; =0, 1 <i < n. Tostomy

ES2>S ESa,2e? Y P(A)=€’P(A),

YTO M JI0Ka3blBaeT NepBoe HepaBeHCTBO.
Jas mokasartenbctsa (3) 3ameTuM, uto

ES2/,=ES2-ES2I; >ES2 - ?P(A)=ES2 -2 +?P(4).  (4)
C npyroit cTopoHsl, Ha MHOXecTBe Ap
|Sk_||<€, |Sk|<|5k—l|+|§k|<€+c
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H, 3HAUMT,

ES2a=Y ESi, +Z E(/a,(Sa =S¥ <
k

<E+0)? Z P(Ak)+z P(A) Z E€?<

k=1 j=k+1
<PA) [(€+c)2 + }: Eg,?] =PA)[(e+c)® +ES?. (5)
j=1
H3 (4) u (5) Haxoaum, uto

ESZ —¢2 (e+c)2 (e+c)2
P(A)> 2 =1- 21— —.
“) (e+c)2+ES?2 —¢? (e+c)2+ES2 —¢2 ES2
HepaseHetBo (3) nokasaHo. O

Hokasamenscmso meopems 1. a) Cornacho teopeme 4 u3 § 10 ru. Il,
nocneApBaTeNbHOCTb (Sp)p>1 CXOOMTCH C BEPOATHOCTBbIO €IMHMLUA TOrha W
TOJIbKO "TOT1a, KOTa 3Ta MOCJEN0BaTeJbHOCTb (hyHIaMeHTalbHa C BepOsTHO-
crbio enunuua. Ilo Teopeme 1 u3 § 10 ron. II nocaenosarenbHocTb (Sp)n>1
¢dynnamentanbHa (P-n. H.) B TOM H TOJILKO TOM cJiyuae, Koraa

P{sup |S,,+k-—5,,|>e}——>0, n— oo. (6)
k1
B cuny (2)

Plsup |S,46 =S, >l = lim P{ max [S,+r—3S >e}<
k;Fl)l n+k nl/ Neoo lSkSNl n+k nl/ X

n+N
Y Eé Z Eﬁk

. k=n k-n
< lim
= N—oo 62 52

o0
[Toatomy, ecnn 3 E§Z<oo, TO BbINOJIHEHO Yycqosue (6) M, ciefoBaTenbHo,
k=1
pAL Y &k CXOIMTCSA C BEPOSTHOCTbIO eIMHHLIA.
b) IMyctb psan 3 &, cxonutes. Torna B cuay (6) Ans KOCTaTOUHO GONBLUKX 72

1
P Snyr—Sn| el < 5. 7
{3up Snse =Sl e} <3 (7
B cuny (3)
2
P{sup |Sup—Sal >e} > 1 - Lte)
1 3 eg

k=n
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[o o]
[To3TOMY, €C/IH AOMYCTHTb, YTO E¢2 =00, To nonyyum
: k=1 k

P{sup |Sn+r — Snl 25} =1,
k21

4YTO MPOTHBOPEUHT HepaBeHCTBY (7). O

MNMpumep. Ecan &, &, ... — nocsienoBaTesibHOCTb He3aBUCHMbIX Gep-
HYJUIMEBCKHX cJydaiiHbiX BeaHunH ¢ P{&,=+1}=P{{,=—1}=1/2, 10 pan
S~ &nan, THe |a,| <c, cXomMTCA C BePOATHOCTbIO eNMHHLA TOTAAa H TOJbKO
Torza, Korna ¥ a2 < oo.

2. Teopema 2 (Teopema Koamoroposa n XHHYMHA O «IBYX pPfRax»).
Jlaa cxodumocmu ¢ eepoamnocmoro edunuya pada Y. &, U3 Hezasucu-
MBLX CAYHAGHOLX BeAU UK O0cmamo4Ho, 4moboL 00HOBPEeMEHRHO CXO0UAUCY
0sa paoda Y E&, u > DE,. Ecau k momy e 0aa nekomopozo ¢ >0
P{l¢.| <c}=1, n 21, mo amo ycaosue ssrnemcs u #eobx00umbim.

[lokasameascmgo. Ecan 3 D¢, < 0o, To no Teopeme 1 pan Y. (£, — E&,)
cxoautes (P-n. n.). Ho no npennonoxkenuto pan Y EE, cxomurcs, nosromy
cxomutes (P-n. ) W pan 3 &,.

Jlna nokasatenbCcTBa HeOGXOMMMOCTH BOCIMOJIb3YeMCS CJELYIOLMM MpHe-
MOM «CHMMeTpH3auun». Hapany ¢ nocsienosarenbHoctbio ), €2, ... paccMoT-
pHM He 3aBHCSAILYIO OT Hee MOC/e10BaTeJbHOCTb HE3aBHCHMBIX CJy4aiiHbX Be-
auunH &), &, ... Takux, uto £, HMeeT TO Xe pacnpeneneHue, 4To H &,, n > 1.
(Korma ucxonHoe NpocTpaHCTBO 3JeMEHTapHbIX COGLITHIl Npeanonaraercs 10-
CTaTOYHO «60raThiM», CYLIECTBOBAHHE TAKOMH MOCJEN0BAaTENIbHOCTH ClellyeT H3
cnencrust 1 kK Teopeme 1 § 9 . II. B cBoio ouepenb MOXHO MokasaTb, YTO
3TO NpemnosioXKeHHe He OrpaHHUHBaeT OGLIHOCTH.)

Torna, ecan cxomutes (P-n. H.) pan > €n, TO CXOLMTCA W pAL S €, a
3HauuT, M pan Y., (€, —&,). Ho E(&, — €,) =0 u P{|¢, — &,] < 2¢}=1. TToaTomy
no yTeepxaeHHio b) Teopemut 1 3 D(&, — &,) < co. Hanee,

> Dta=5 3 D(ta—E) <oo.

3HauuT, MO yTBEPXKIAEHHIO a) TeopeMbl | ¢ BEPOATHOCTBIO eIMHHLIA CXOAMTCA
pan Y (&, — E&,), a 3HaumT, cxomures H pan y. E&,.

Takum o6pasom, u3 cxomumoctu (P-n. H.) pana > &, (8 mpeanosoxeHHH
P{|¢.| < c}=1, n>1) suiTekaer, uto o6a pana Y, E&, u Y- D&, cxomarea. O

3. Caenyioulas Teopema JaeT Heo6XOAMMOE H JOCTaTOYHOE YCJIOBHE CXO-
IUMOCTH psifa Y &, 6e3 mpeanooxeHHii 06 OrpaHHUEHHOCTH CJIyyaiHbIX Be-
JIHYKH,

[Tyctb ¢ — HekoTOpast KOHCTaHTa H

£ Kl<e,

&= 0, I¢>c.
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Teopema 3 (Teopema KoamoropoBa o «Tpex pspax»). [Tycmo &),
&o, ... — nocaedosamenbHOCMb He3aBUCUMBLX CAYHAGHOLX 8eaudun. s
cxo0umocmu ¢ 8epoamnocmoio eduruya paoa Yy £, Heobxo0umo, 4mobo.
0aa 06020 ¢ >0 cxoduauce padot

D UE& S D&, D P&l

u docmamouno, umobo. amu padsl cxoduauce npu Hekomopom ¢ > 0.

Hokasameavcmso. Jocmamounocme. [1o TeopeMe 0 «IByX psfax» pan
> &5 cxomutes ¢ BeposTHOCTbIO eAnHHua. Ho ecan Y P{|€,| > ¢} < oo, TO
no nemme Bopens—Kaurteanu ¢ BepostHocTbio ennnnua Y, [(J€,| = ¢) < oo, a
3HaumT, &, =& 1A Bcex 7, 3a HCKJIOUeHHeM, GbiTb MOXKET, KOHEUHOro YHcJa.
[Moatomy psan Y &, Takxke cxomurcs (P-m. H.).

Heobxodumocme. Ecau pan Y &, cxomures (P-n.u.), 10 £, —0 (P-n.n.)
H, 3HAUHT, A5 BCsikoro ¢ > 0 Moxet npou3oiith (P-n. H.) He GoJlee KOHEUHOrO
yncna cobuitit {|€,| > c}. MMoatomy > 1(|€,| > ¢) < oo (P-n. H.) u no Bropoii
yactu Jemmbl Bopens—Kanrennn Y P{|¢,| > ¢} < oo. Hanee, ua cxonumoctH
pada Z &, caenyer u cxonuMocTb paga y . £5. [Toatomy no Teopeme o «IBYX
panax» Kaxnasiit U3 pagos Y EES u Y DES cxomures. O

CaencrBue. [Tycmeo &), &9, ... — He3aBUCUMbLE CAYUALHbLE BEAUYUHLL C

E¢, =0. Toeda, ecau
YEE <o,
1+ &l

mo pad Y &, cxo0umcs ¢ 8epoamrocmolo eduruya.
Jlna nokasaTtesibcTBa 3aMeTHM, YTO

2
Y Erf<oo & 3 EIEHI&I< )+l gl > D] <co.

Tostomy, ecnn &} =&,1(€,| < 1), To
> EE)<oo.
[Mockoabky E¢, =0, T0
ST IEEN=" [ECl(El < D= [E&l(I€l > DI <
<Y Eléal 1(l&al > 1) < 00

3HaunT, Kaxablil u3 panos 3 EE} u Y- D€} cxoputes. Nanee, no HepaseHcTBy
Yebbiesa

P{lgal > 1} =P{l&al/(16a] > 1) > 1} S E[Eal/(|6a] > 1).



§2. CXOOMMOCTD PSIIOB 539

Mostomy Y P{|€,| > 1} < co. TeM caMbiM cxoauUMOCTb psifa Y &, ciaenyer H3
TeopeMbl 0 «TpeX pAfax».

4. 3apaum.

1. Iyctb &), &2, ... — MOCJIEI0BATENBHOCTD HE3aBHCHMBIX CJIyYaiHbIX Be-
auunH, S, =& +...+&,. Ucnonbays TeopeMy o «Tpex psiax», N0OKasaTb, UTO:
a) ecan Y. €2 <oo (P-n.H.), T pan Y &, CXOLUTCS C BEPOSATHOCTHIO eAMHHLA
B TOM M TOJIbKO TOM cJiydae, Korna cxomutcs pan E&/(|&;| < 1); b) ecan psan
3 &, cxomures (P-n.H.), To Y €2 <o (P-n.H.) B TOM U TOJILKO TOM cJlyuae,
Koraa

> (Elall(I€x] € 1)) < co.

2. Iycrs &), &2, ... — NOCNENOBATENBHOCTb HEe3aBUCHMbIX CJyuyaiHbIX Be-
anunH. [Tokasats, uto ¥ €2 < oo (P-n. H.) TOMAa M TOJbLKO TOFAA, KOraa

2
Z E-—€n—2<00
1+&;

3. Iycetb &4, &2, ... — NOCNENOBATENLHOCTb HE3aBHCHMBIX CJy4aiiHbIX Be-
anumH. Tlokasarb, 4To TOrAA ClelyloliHe TPH YCI0BHA SKBHBAJNEHTHbI

a) pan ) &, CXOLHMTCA € 8EPOAMHOCMbIO eOUHUYA;

b) pan Y &, cxomurca no seposmuocmu;

c) pan Y &, cxomuTcs no pacnpedeseruro. :

4. TlpuBectd npuMep, MokasblBaloliMil, uTo B TeopemMax | M 2 He.b3s,
BOOGILlE roBOPsS, OTKa3aTbCAd OT YCJOBHS paBHOMEPHOH OrpaHHYeHHOCTH
(P{|£n| < c} =1 mnsa HekoToporo ¢ > 0).

5. Iyers &), ..., & — He3aBHCHMble OJMHAKOBO pacrnpejelieHHble cJyuaii-
Hble Beaumibl ¢ E€ =0, E& <oco n S, =¢& +... +&,. Jlokasatb cienylolmit
ofnHocTopoHHui aHador (A. B. Mapwann) nepasencmsa Koamozoposa (2):

P{ max S >e}< ESz
k o = 0

1ksn 7 ) T €2 4+ES2

6. IMyctb £, €9, ... — NOC/ENOBATEJNbHOCTb (MPOU3BOJILHLIX) CJy4adHbIX
BeaHunH. Jlokasatb, uto eciin Y. E|€,| <oo, T0 pan Y &, cxomHtes aGeo-

n>1 n21

JIIOTHO C BEPOAATHOCTbIO €IHHHLA.

7. Iyctb £, &, ... — HE3aBUCHMble CHMMETPHUHO pacnpeliesieHHble CJy-

YaiiHble BeanuuHbl. [Tokasarb, uto
2
E[{ D& A<D EEAD.
n n

8. Iyctb &), &2, ... — He3aBUCHMble CJyyaHHble BEJHYHHBI C KOHEUHbIMH
BTOPLIMH MOMeHTaMH. [Toka3aTs, uto pan 3. &,-cxonutcs B L2, ecin 1 TONIbKO
ecau cxomarces pamsl Y E€, n Y DE,.



540 TJL. 1V. HE3BABUCHUMBIE CJ1IYYAMHBIE BEJIMUMHDI

9. Iycrb &), &, ... — He3aBHCHMble cJyyaiiHble BeJHYHHbI H pan Y. &p
cxoautes n. H. [Tokasatb, uTo n. H. 3HaueHHe STOrO psifia He 3aBUCHT OT NOpsaKa
CYMMHPOBaHHsl TOTAa H TOJIbKO TOrAa, Koraa y |E(&n; |€n| < 1)| < .

10. Tlyctb &), &2, ... — He3aBHCHMble cyudailHble BeanunHbl ¢ E&, =0,
n>1l,u '

37 ELEI(E < 1) + [l (€] > 1)] < oo

n=1
(=]
Torna pan Y &, cxomures P-n. H.

n=1
11. Myerb Ay, Ag, ... — He3aBHcuMble coGbitHa ¢ P(A,)>0, n>1, u

[o o]
> P(A,) = 0. [okasars, uTo TOrAa

n=1

n n
3y I(Aj)/z P(A)—1 (P-n.u) npun— oo.
j=1 j=1
12. Tlyctb &1, €2, ... — He3aBHCHMble CJlyyaiiHble BEIMYHHBI CO CPeIHHMH
[e ]
E&, W QMCepcHAMH 02 TaKHMH, YTO lim E¢,=cu Y 0;%2=00. [Nokasats,
n=1

n n
3 %/Z 01—2—->c (P-n.u.) npun— oo.
/ /

i=1 i=1

4TO TOrma

§ 3. YcuneHHbIi 3aKOH 60JbLIMX YHCe

1. Tlyctb &, €2, ... — MOC/IEOBATENILHOCTL HE3ABHCHMBIX CJIydaiiHbIX Be-
JIMYHH C KOHEYHbIMH BTOPLIMH MOMeHTaMH, S, =& + ...+ &,. CornacHo 3azna-
ue 2 u3 § 3 . 11, ecnu aucnepcun DE; paBHOMepHO OrpaHHueHbl, TO HMeeT
MECTO 3aKOH GOJIbLUKX YHCe:

s"—'nfﬁ 50, nooo. 1)

YcuaeHHbiM 3aKOHOM 6OJbLIMX YyHCcea Ha3blBaeTCs yTBepXKaeHHe, B KO-
TOPOM CXOIMMOCTb N0 BepOSATHOCTH B (1) 3aMeHsieTcsl cxo0umocmero ¢ sepo-
AMHOCMbIO eOURUYa.

OnuH U3 nepBbIX OGLUMX pe3yJbTaTOB B 3TOM HanpaBJIeHHH JAeTcs cJefy-
jollleH TeopeMo#i.

Teopema 1 (Kauteaau). [Tycme &), &2, ... — He3asucumble cayualinble
BEAUUUHBL C KOHEUHbIM 4emBepnolM MOMEHMOM maKue, 4mo 0Ai HeKo-
mopoii koncmanmer C

El¢.—E&I*<C, n>1.
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Toeda npu n— oo
S.—ES
% -0 (P-n.n.). 2
Hoxaszameavbcmso. He orpanuunsas o6uHoctH, 6yneM cuutath EE, =0,
S
> 1. INo cnencreuio kK Teopeme | u3 § 10 ra. 11 mna cxomumoctu -715'- -0
(P-n. 1.) nocratouto, uto6bl s Jo6oro £ >0

(e
B cBoio ouepelb, B CHJy HEpaBeHCTBa Yeo6bilesa O 3TOro A0CTAaTOYHO Bbl-
MNOJIHEHUA YCJIOBHA

>e}<oo.

4
Sn <0

Sef

[TokaxkeM, uto NpH CAE&JNAaHHbIX NMPEANnoJIoKEeHHAX 3TO yCJjoBHe JIEHCTBUTENIbHO
BbIMOJIHEHO.

Hmeem
Si=(E+...+&)' = Z£,+Z2,2,€2£2+Z2,1,1,£€,&+
=l l<j :;I/e
i<k
+ Y asgaa+Y o 6.
i<j<k<l i#j

YuutsiBas, uro E&, =0, k < n, orciona Haxoaum

ES!= ZEE, +6 Z E¢?-E€2<nC+6 Z VE& -E€i<

i=l ij=1 ij=1
i<j

<nC+ 6”(” 6n(n=1) ¢ — (302 — 2n)C < 3n2C.

CiienoBaTtesibHo,

Sa\4 1
DE(Z) <3C )Y < O
n n
2. Tpueaeuenue GoJiee TOHKHX METOLOB NMO3BOJIAET CYILECTBEHHO OCNAGHTD
NpeanoJioXKeHHs, clesaHHble B TeopeMe |, nnsa cnpaBeAIHBOCTH YCHJEHHOFO
3aKOHa GOJILLLIMX uKced.

Teopema 2 (Koamoropos). /[Tycme &, &2, ... — nocaedosamenvrocmo
HE3QBUCUMBLX CAYHAUHOIX BEAUUUN C KOHEUHbIMU B8MOPLIMU MOMEHMAMU,
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noaoxcumenvroie wucaa b, maxosel, 4mo b, T oo u

D¢
> 57 <o 3)
Toeda
il%E_S_" -0 (P-n.#). )
n
B wacmrnocmu, ecau
D¢
Y =5 <oo, (5)
mo
S"‘Hﬁ -0 (P-n.n). 6)

Jlna nokasatenbcTBa 3TOH TeopeMbl, @ TaKXKe HUXKecJe/lylolleill TeopeMbl 3
HaM noHano6ATcs ABa BCIOMOraTeibHble YTBEPXKAEHHS.
Jlemma 1 (Ténauu). In7ycmb (@n)nz1 — nocaedosamenvrocmo neompu-

yamenobrolx wucea, by=>3 a;, by=a,>0u b, T oo, n— oco. [Mycmo makmce
i=1 .

(Xn)n>1 — nocaedosamenvrocme uucea, cxo0auanca Kk HeKOMoOPoOmY wuc-

ay x. Toeda

n
1
b Z ajx;—x. 7)
i=
B wacmuocmu, ecau a, =1, mo
X +.,.l.+x,z -y (8)

Loxazameavcmeso. Tlyctb € >0 v ng=ng(e) TakoBo, uTO AN BCEX 1 > Ny
|x, — x| <&/2. Buibepem ny > ng TaK, uto
no
1

o Z ajlxj— x| <e/2.
!

Torma aaa n > ny

n

n
1 1
=E a,-|x,-—x|+E Z a,~|x,~—x|<
j=l j=no+1
1 & 1 & €
<— a,-|x,~—x|+a Z ajlxi—x|<§+
i=1 j=no+1

=<e. 0O

bn - bflo €
bn 2
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Jlemma 2 (Kponekep). [Tycmeo (by)n>1 — nocaedosamesvrnocme noao-
HumesbHbx gozpacmaouux uucen, b, Too, n— 00, u (Xp)n>1 — nocaedo-
8amMeAbHOCMb Yucea makux, 4mo paod Y. x, cxooumca. Toeda

r Zb xj—0, n—-oco.
I-._

B wacmnocmu, ecau b, =n, x, = 1'1 upad ) = y,, cxodumcs, mo

y[+...+yn _‘)0'

s n—oo. 9)

Hokazameascmso. Iyctb bo=0, So=0, S, = Z x;j. Torna («cymmupo-
=1
BaHHe 10 YacTAM»)

sz, Z”(S - S;- .)-bnsn—boso—ZS, 1(bj = bj1)

=1 j=1
W, 3HauuT (Mbl Nosaraem aj=b;—b;_y),

n

n

1 1

E E bjxi=Sn—b—n E S,-_la,-——>0,
i=1

i=1
TaK Kak ecqu S, — x, To no Jemme Ténauua

n
1
E ZS,--.a,-——»x. (]

Hoxazameascmso meopemor 2. Tlockonbky

Sn—ESn 1 €& —E¢
nbn n=Ekz=:lbk(kbk k)’

TO B CHJIY JleMMbl KpoHekepa 15t BbinosiHeHus (4) nocratouHo, uto6sl (P-n. H.)

—E .
cXomuaca pan E u Ho arot pAl NE€HCTBUTEJIbHO CXOAUTCA B CHJY

by
ycjosus (3) 1 TeopeMbl 1 u3 § 2. a
NMpumep 1. Iycts &), &2, ... — NOC/IENOBATENLHOCTb HE3aBHCHMBbIX 6ep-

HYJUIMEBCKUX caydailHbiX Beuunk ¢ P{¢, = 1}=P{¢, =—1}=1/2. Toraa no-

CKOJIbKY Y <00, TO

ﬁsfn ~ 0 (P-n.n). (10)
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3. B ToM cayuae, korna sesiuuHbl £}, €9, ... He TOJbKO HE3aBUCHMbI, HO U K
TOMY ’Ke OJIMHaKOBO pacrnpefeeHbl, 115 CNPaBeLIMBOCTU YCUACHHO20 3aKOHA
60abuLux wucen HeT HaOGHOCTH TpeGOBaTh (KaK B TeopeMe 2) CyIlleCTBOBaHHS
BTOPOTO MOMEHTa, a JOCTAaTOYHO JIHLUIb CYLLIECTBOBAHHS MepBOro aGCOJIOTHOTrO
MOMEHTa.

Teopema 3 (Koamoropos). [Tycme &, &9, ... — nocaedosamenbrHocme
He3agucumelx o0unaxkoso pacnpedesennbix seauuun ¢ E|€| <oo. Tocda
sn,, —~m (P-n.n), (11

ede m=E¢,.

Jlns nokasarteqbcTBa HaM NOHaLOOUTCA cJeldyollas
Jlemma 3. /Tycmo € — neompuyamenovrasn cayuainas seauuuna. Toeda

Y PE>nI<EESI+Y PlEzn) (12)

n=1 n=1

Hoxazamenrbcmso naetcs ciefyiolleil LenouyKoi HepaBeHCTB:

Z P{¢>n}= ZZ Plk<E<k+1}= ZkP{k<£<k+l}—

n=l1 1 k2n
=S Efki(k<E<k+ 1)1<Z E[el(k<E<k+1)]=EE£<
k=0 k=0
<Y E[(k+D)I(k<E<k+1)]= (k+1)Pl<E<h+1)=
k=0 k=0 :
_}: P{§>n}+z Plk<E<k+1}= Z Pié>n}+1. O
n=1 n=1

Hokazameavscmso meopemor 3. B cuay nemmbl 3 u nemmbl Bopensi—
Kanrennu (§ 10 ra. 1I)

Eléil<oo & ) P{l&|>ni<co &
& Y P{léal>n)<oo & P{lé|>n6.4}=0.

[ToaToMy ¢ BepOATHOCTBIO eAHHHLA AJISl BCeX 71, 32 UCKJIOUeHHeM JIHILb KOHed-
HOro yHucaa, [&,| < n.
O603Hauum

f.= &n, |£n|<n'
" Ov |§n|>n
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u Gyznem cuutath, uto E, =0, n> 1. Torna —0 (P-n.n.), ecu u

TOJIbKO €CJH 51_‘*'7;"& —0 (P-n.1.). 3ametum, uto, Boo6ie rosops, E£, #0,

HO

&1 4+...+&n
n

Eén =E&1(|¢x| <n) =E&I(|&1| <n)—E& =

[oatomy no jiemme Ténauua
1 n
- Z E&—0, n- oo,

4.+
H, CJIe0BaTebHO, in—g" —0 (P-n.H.) B TOM 4 TOJIbKO TOM CJly4ae, KOraa

(P-n.H.)

TS (13)
O6o3naunm &, =&, — E€,. B cuty emmbl Kponekepa 11st Bbinosisennus (13)

LOCTaTOYHO JIHLIb YCTaHOBHTb, YTO PAL ». % cxonutcst (P-n. H.). B cBoio
ouepenb, COriacHo Teopeme | U3 § 2, AnA 3TOro NOCTAaTOYHO MOKAa3aThb, UTO

D
npeanosoxenne E|;| < co o6ecneunsaeT cxoaumocTb psxa . —%ﬁ
n
Curiefyiolias Lenoyka HepaBeHCTB NOKAa3blBaET, YTO 3TO AEHCTBUTENbHO TakK:

Z [:zgn \Z 2% Z %E[5n1(|fn|<n)]2=

—Z —E[&?I<|£l|<n)1-2 ZE[é/(k—l &1 < k)] =
n=| k=1

—Z El€2/(k—1<|&1] <)) Z <2 Y FEEHE-1<Ial <P <
k=1

n=
oo

<2 Ell6l(k—1<I&]<h)]=2El&|<oco. O
k=1
3ameyanune 1. YTBepXIeHue TeopeMbl JOMycKaeT obpalleHHe B CJely-
oueM cMbicse. [lyerb €, €9, ... — NocC/IeN0BaTeNbHOCTb HE3aBUCHMBIX OJM-
HaKoBO pacnpefiesieHHbIX CJyYaiiHbIX BEJHUHH, LIS KOTOPbIX C BEPOATHOCTbIO
e[IMHHLA
&i+...+ & - C,
n

rie C — HekoTopas (KoHeuHas)) koHctaHTa. Torna E|§;| < oo u C=E¢,.



546 TJ1. IV. HE3ABUCHMBIE CIYYAMHBIE BEJIMUKUHDI

S
B camom nene, ecau 7" —C (P-n.n.), To

n n n n-1

b _Sn_ (”—11)5"'—" -0 (P-m.u)
u, 3Haunrt, P{|¢,| > n 6.4.}=0. [To nemme Bopens—Kanreanu (§ 10 ra. II)

3 P{l&il >} <oo

1 B cuiy nemmbl 3 E[€)| <oo. Torna u3 nokasaHHOil TeopeMbl cJieyeT, yTo
C=E¢.

Takum o6GpasoM, LA He3asucumMblx OOUHAKOBO pacnpedesenHbix Ciy-
yaliHbiX BEJIMUUH ycaoshe E|€)| < co fiBAsiercs HEOGXOAUMBIM U OCTATOUHBIM
LS CXOOMMOCTH (C BEPOSITHOCTbIO €NMHULA) OTHOLUeHWH S,/n K KOHeuHOMy
npezeay.

3ameuanne 2. Ecau maremaTHueckoe oxunanue m= E&, cywectsyer, HO
He 06513aTe/IbHO KOHeYHO, TO yTBepKieHHe (9) TeopeMbl TaKXKe OCTaeTcs B CHJle.

B camom nene, nyctb, Hanpumep, E£” <oco Ef;" =o00. lna C >0 noJio-
UM

S¢ =Z &l&<O).
i=1

Torna (P-n. u.)
>li =E&HI(& < O).

Ho npu C —» o0
E&/(61 < C) = E& =00,

no3ToMy % — 400 (P-n. n.).

S
3ameuanue 3. B Teopeme 3 yTBepxKaaercs cXoquMOCTb 7" —m (P-n.H.).
CiieyeT OTMETUTb, UTO 3fleCb MOMMMO CXOAWMOCTH C BEPOATHOCTbIO eqUHHLA

Sn L Sn
MMeeT MeCTO TaKXXe U CX00UmMocme 8 cpedxem - —m).Te E — —m|=

— 0, n—o00. D10 cienyer u3 sproauyeckoit teopembl 3 u3 § 3 ra. V. Ho
B paccMaTpuBaeMOM CJyuae He3aB8UCUMbLX OLMNHAKOBO pacrpelesieHHbIX CJy-
yajiHbiX BeJUYuH &, o, ... U S, =& + & +... + &, 3TO MOXKeT GbiTb IOKa3aHO
(3apaua 7) 1 HenmocpeACTBeHHO 6e3 o6pallleHHs K 3proiHuecKoi TeopeMe.

4. OcraHOBHUMCS Ha HEKOTOPbIX NMPUMEHEHHsX YCHJEHHOTO 3aKOHa 60Jb-
LIKX YHCes.

Mpumep 2 (npumenenue k Teopuu yucea). Iycrs Q=[0, 1), B — 6o-
peJieBcKasi cHcTeMa noaMHoXecTB 2 U P — mepa Jle6era Ha [0, 1). Pacecmorpum
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dsouuroe pasnoxenne w=0wws... udcesN w € N (¢ 6eCKOHEUHbIM KOJIHYe-
CTBOM HyJleH) H ompelennM cJyyaiHble BeaHuHHbl ) (w), é2(w), ..., Monaras
&n(w) =wy. [TockonbKy aas mo6oro 7 > 1 v MOGLIX Xy, ..., X,, NPUHAMAIOLIUX
3Hauenus O uau 1,

{w: &iw)=x, ..., énlw)=xp}=
={wr L+ 24+ B <w<D+., +2,,+2}

10 P-Mepa 3Toro MHOXKecTBa paBHa | /2". 3Hauur, £, €9, ... — nocjenobare-
JIbHOCTb He3aBUCHMBIX OJMHAKOBO paclpele/eHHbIX CIYYailHbIX BEJUUHH C

P& =0)=P{&i=1}=3.

Otciofa ¥ U3 YCU/IeHHOro 3aKoHa GOJIbLUMX YHCes BbiTeKaeT Clelylolluii pe-
syavrat Bopens: noumu sce wucaa unmepsasa [0, 1) Hopmarerer 8 mom
cMbICAe, MO ¢ BEPOLMHOCMbIO eOUHUYA 00A Hyreld U eOuHuY 8 ux 080-
u4HOM pasnoxcenuu cmpemumcs K 1/2, 1. e.

-Zl(ék—l) 5 (P-n.u.).

TNpumep 3 (npumenenune Kk «meropy Monte-Kapao»). Ilycts f(x) —
HenpepbiBHast GyHKUKS, 3aaHHas Ha unTepBase [0, 1] 1 npuHuMaloLL1as 3Haue-
wusi 13 [0, 1]. Caenyloue paccyaeHHs Jiexar B OCHOBE CTaTHCTHYECKOro Me-

1

TOJA YUCJIEHHOrO BblYMCJIeHUS! UHTErpaJioB S f(x) dx («meton Monte-Kapo»).
0

[Tyctb &), i, &2, M9, ... — MOCJIENOBATENLHOCTb HE3aBUCHMbBIX CJIyYaiHbIX
BeJIMUMH, paBHOMepHO pacnpenesennbix Ha [0, 1]. TTonoxum

_ )1 ecan f&)>m,
P00, ecan fig) <

Scho, uto
1
Epi =P{f€1) >m}=§ f(x)dx.
0

CornacHo ycuneHHOMY 3aKoHY GOJIbLIMX uHcea (TeopeMa 3),

P Zp.—»Sf(x)dx (P-n. ).

i=1
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1
Takum o6pa3oM, uucieHHbll NoACUeT HHTerpana S f(x) dx moxHo ocyue-

0
CTBJIATb C MOMOLIBIO MOOEAUPOBAHUA nap cnyqauﬂux uncen (&, n;), i 2

C nocjieayolmuM NoacyeToOM BEJIMYHH p; H — Z Pi.
n iz
NMpumep 4 (ycuaeunblii 3aKoH GoabUWIKX YKCea AJS Npolecca BOC-

CTaHOBJIEHHUSA). Hycrb N = (N¢)¢>0 — npolecc BoCCTaHOBJIEHHS, BBEIEHHbI
Bn. 4§99 Il: Ny= Z (T, LY, T,=0,+...+0,, e gy, 09, ... —NOC-

JIel0BATEJbHOCTD Heaaancumux OJIMHAKOBO pachnpefiesieHHbIX MOJOMHTENbHbIX
cayuyadHbix BesMunH. ByneMm cefiuac npeanonarats, uto p=Eo; < co.

B sToM npexnnoJioxkenun mist npouecca N BbIMOJHAETCA YCHIEHHbIH 3aKOH
GOJIbLLIMX YHCeN:
1

N
7’ -~ (P-m.n), t—o0. (14)
Jlns nokasartesbCcTBa 3aMeTHM Mpexae BCero, 4To Nockoabky Ty, <& < Ty, +1,

t > 0,yro B npennonoxenun Ny >0 cnpasesinBbl HepaBeHCTBa

TNI t TN, +1 1
e <w<ma(t ) 9

ScHo, uto Ny =N;(w) — oo (P-n.n.), t — o00. B T0 e camoe Bpemsi, co-
r1acHo Teopeme 3,

Thw) _ o) +...+0n(w)
n n

—u (P-n.u), n-—oo.

[Toatomy Takxe u
(P-n. 1), n— oo,

a cJjenosatesbHo, M3 (15) 3akmouaeM, uto (P-m. H.) cyulecTByer mpegen

t o .
thm N PaBHbIi &, UTO H OKA3bIBaEeT YCHJIEHHDIN 3aKOH GOJIbILNX uKcen (14).
—00

5. 3anauu.

(o]
1. MNokasats, uto E€2 < 0o Torna u Tonbko Torma, korma Y. nP{|¢|>n} <
n=1
< 00.

2. INpennonarasi, uto &), &2, ... He3aBUCHMbI H OJMHAKOBO pacnpefefe-
Hbl, NMOKa3aTh, uTo ecld E|&;|* < oo nis Hekotoporo 0 <a <1, To —" -0

(P-n.u.), n ecnn E|§)|® <oo ana nekotoporo 1<B<2, 10 ——IZ,E—E—' 0

(P-n. n.).
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3. Myctsb &4, &2, ... — NocNef0BaTEIbHOCTb HE3aBHCHMbIX OMHAKOBO pac-
npefeieHHbIX cayyaiinbix BeauunH ¢ E[€)|=oo. Tlokasatb, uto ans mo6oi
N0C/IeI0BATeIbHOCTH KOHCTaHT {a,}

- _
I|;ln|7—a,, =00 (P-n.n).

4. Bynyt nm Bce paunoHanbHble uncaa u3 [0, 1) HopMalbHBIMH (B CMbicCJe
npuMepa 2 B n. 4)?
5. INpuBecTy npuMep Noc/e0BaTeNbHOCTH He3aBHCHMbIX CJlydaiiHblX BeJH-

.S
unH &, &2, ... TaKHX, uTo mpenea lim 7" CYLLLeCTBYET N0 BePOATHOCTH, HO He
n—oo

CYILeCTBYET C BEPOSTHOCTBIO eIHHHLA.
6. (H. dremanu.) Ioka3saTb, uTo yTBepXKaeHHe TeopeMbl 3 OCTaeTcs crpa-
BEUIMBBIM, €CJIH «He3aBHCHMOCTb» CJIyYaiHbX BesuuuH &), &, ... 3aMeHHTb
HX «MONapHOil He3aBUCHMOCTBIOY.
7. Iokasarb, UTo B YCJIOBHSIX TeOPeMbl 3 HMeeT MeCTO TaKXKe H CXOAHMOCTb

B cpeliHeM (E|Sn—” —m| —0, n— 00).

8. Iycrsb &), &, ... — He3aBHCHMble OJMHAKOBO pacrpelesieHHble caydai-
Hble BenumHbl ¢ E|¢)|2 < co. TTokasaTk, uto

1 P
nP{&|>evn}—0 u \—/—ﬁrpél'¥|§k|—->0.

9. PaccMoTpuM decsimuunoie pasnoxenus uncel w=0,wws... U3 HHTED-
Bana [0, 1).

(a) TepeHecTr Ha 3TOT cJyyait YCHJIEHHbIH 3aKOH GOJILILMX YHCEJ, AAHHbIH
B M. 4 AJisl IBOHYHBIX Pa3/i0XeHHH.

(b) TokasaTb, 4TO pauHOHaJbHbIE YHCIA He SIBJIAIOTCA HOPMabHBIMH (MO
Bopenio), T. e. a1 HUX B NeCATHUHOM pasnioxeHHH (£p(w) =wp, k2 1)

n
LS Hetw) =) xl_o (P-n. 1) mst moboro i =0, 1, ..., 9.
k=1

(c) Tokasarb, uro unciao w=10,12345678910111213..., rae nompsn Bbi-
NHCLIBAIOTCS BCE YHCJA, ABJISIETCA HOPMAAbHbIM (CM. NpHMep 2).

10. (a) IMyctsb &), &2, ... — NOC/NENOBATENLHOCTD HE3ABHCHMBIX CJIy4aiiHbIX
Besimund ¢ P{¢, = +n?} =1/2. Toka3arb, 4To Ans 3Toil NOC/ENOBATENLHOCTH
3aKOH GOJILLIMX YMCEJ] BLIMOJIHSIETCS TOFNA W TOJILKO TOrAa, Korna a < 1/2.

(b) Mycrb f= f(x) — orpaHnueHHas HenpepbiBHas ¢yHkuusi Ha (0, 00).
[Tokasarb, uTo aas Beskoro a >0 u Bcex x >0

lim i f(x + %)e""'(akL!)/e = f(x + a).
k=1

n—o0
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11. llokasatb, uto ycurennomy 3axkony Gosvwux uwuces Koamoeoposa
(Teopema 3) MOXHO MpUIAThL TaKOH BHA: MycTb i, &9, ... — HE3aBUCHMble OfIH-
HaKOBO pacrnpee/ieHHble ciydyaiiHble BeJIHUHHbI, TOTAA

El¢i|<o0 & n~!S,—»E¢  (P-n.n),
El¢j|]=00 & limn~!'S,=+c0 (P-n.u.).

Joka3saTb, uTo mepBoe yTBepXKIeHHe OCTAaeTCsl B CHJle, eCJIH He3aBHCHMOCTb
3aMeHHTb nonapHol He3aBUCHMOCTbIO.

12. TycTs &), €9, ... — NOCENOBATENLHOCTD HE3aBHCHMbBIX OIMHAKOBO pac-
npeeieHHbIX cayyaiiHbix BesnudH. [lokasarb, uto

én

" <0 & E|§1|ln+|£||<oo.

E sup
n

13. Myers S, =&, +...+ &, n> 1, the &, &, ... — N0CeN0BATENLHOCTD
He3aBHCHUMbIX OJMHAKOBO pacnpele/ieHHbIX cydailHbix BeauunH ¢ E¢; =0,
E|¢| > 0. IMokasatb, uto (P-n. n.) lim n~1/2S, = 00, lim n~/2S, = —cc.

14. Tlyers S, =& +...+ &, n2 1, roe &, &, ... — NOC/EN0BATENLHOCTD
He3aBHCHMBIX OIMHAKOBO pacnpeesieHHbIX CydaiHbix BennunH. [TokasaTs, uto
s sesikoro o € (0, 1/2] BbinosiHeHO OQHO U3 CIELyIOLMX CBOMACTB:

(a) n=*S, — oo (P-n.H.);

(b) n=2S, —» —c0 (P-n.n.);

(c) im n=2S, =00, lim n=®S, = —c0 (P-n. H.).

15. Iyet S, =&, +...+&, n>1, So=0, &, &, ... — nocnenosaresib-
HOCTb He3aBHCHMbIX OJMHAKOBO paclpefelieHHbIX caydaiiHbiX BenunH. [Toka-
3aTb, 4TO:

(a) mas mo6oro € >0

D P{SaZnel<oo & E£ =0, E¢f <oo;

n=1

(b) ecn E€; <0, To p1a p > 1
E(sup S,z)p_l <oo & E()P <oo;

n20

(c) ecmn E§; =01 1< p<2, T0 115 HeKoTOpO# KOHCTaHThl C)p

Z‘: P{Tsaf Sk ;n} < CLE[&)7, 2‘: P{r&a’f |Sk| ;n} <2C,E|6117
n= n=

(d) ecnn E&; =0, E€? <00 u M(g) =sup(S, — ne), >0, 10

n>0

el_l.rgo eM(e) =a%/2.
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§ 4. 3akoH noBTOpHOro Jorapupma

1. Tlycrb &), &2, ... — noC/e10BaTENbHOCTL HE3aBHCHMbIX GepHYJITHEBCKHX
cnyuaitibix BeqHunH ¢ P{g, =1}=P{&=—1}=1/2, S, =&+ ... +&,. Us
J0Ka3aTesbcTBa TeopeMbl 2 B § | ciienyeT, 4TO ¢ BEpOSITHOCTbIO eHHHLA

fim 32 = 4oo 1 oo, (1

va =Yoo m
C npyroft cropoHbl, cornacHo (9) § 3,

Sn
N

CpaBHMM 3TH [Ba pe3yJibTara.

M3 (1) crenyer, uto ¢ BepoSTHOCTbIO eHHHLA TPpaeKTOPHH (S,),>1 Oecko-
HeuHOoe 4UCAO pa3 nepeceKaloT «KpHBbIe» t&+/1, e € — JI060e NOJIOXKHTEb-
HOe YHMCJI0, HO B TO JKe caMoe BpeMsi OHH B CHJTY (2) JHLIb KOHEeuHOoe YHCIo pa3
BBIXOIST M3 BHYTPEHHOCTH 06J1aCTH, OrpaHHUEHHONH KPHBLIMH e/t In n. dtu
lIBa peayJibTaTa JaloT BecbMa noJse3Hylo HHOpMAaLIMIO O XapaKTepe «pa3Maxa»
KoJie6aHHi CHMMETPHYHOTO CJiydaiiHoro 6Jyinauus (S,)n>1. [IpHBOAMMBIi HH-
Ke 3aKOH MOBTOPHOro Jiorapuma CylLeCTBEHHO YTOUHsSIeT 3TH MpeaCTaBjleHHs
0 «pasmaxe» KosebaHHi (Sp)n>1.

Beenem takoe

Onpepenenne. PyHkuus @* =p*(n), n> 1, HasviBaeTcs gepxnedl (ans
(Sz)n>1), ecnn ¢ BepOATHOCTbIO elMHHUA S, < @*(n) ANA 8Cex n, HauHHaA C
HekoToporo 7 = np(w).

DyHKUHA @, =, (n), n>1, Ha3biBaeTca HuxcHeld (Bnf (Sp)n>1), ecau
C BEpOSITHOCTBIO efIMHHLA S, > ¢, (1) 11a beckorneuHo mrozux n.

B cootsercTBuu ¢ 3THM onpenenielneM u B cuay (1) u (2) MOXKHO cKasarb,
uYTo Kaxkaas M3 GYHKUMA @* =&v/n In n, € >0, sBAsieTcs BepxHell, a GyHKuMSA
@ =€+/N — HHXKHeH, € > 0.

[Mycts @ =p(n) — HekoTopast pyHKUMA H @i =(1+¢€)p, pe=(1 =€) o,
rie € > 0. Torna HeTpyaHO BHAETD, UTO

fim - . Sm_
{llm 2 < l}—{h,rln[,snl;;; ¢(m)] < l} &

& { sup < 1+4+¢e pns seskoro € >0 u HekoTOpOro nl(e)}
m>n (e) ‘P( m) =

-0 (P-n.u). )

aas Besikoro € >0 u Bcex m, 3)
HauHHas ¢ HeKOToporo 71 (g)

o {smsa +e)p(m)
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ToyHo Tak Xxe

T Sn — . s_m
{hm m;l}—{h}'n[sup (p(m)] 21} &

m2n

S
& { sup ——>1—¢ s Beskoro € >0 M HeKOTOPOro Ilz(é‘)} EN
mna(e) PUM)

6eCKOHEeUYHO MHOTHX 3HAueHHH M, HauWHas C

S = (1 —e)p(m) nnsa seskoro € >0 u s
& { } 4)
HeKoToporo n3(e) = na(e)

N3 (3) u (4) BuiTekaer, uTo ANl TOro, YTOOL NMPOBEPHTb, UTO KaXKIas M3
byHkunit @t = (1+€)yp, € >0, aBnserca BepxHe#, HaO I0Ka3aTb, UTO

P{lﬁ%gl}:l. (5)

A nns Toro, uto6bl 10Ka3aTh, uTo QyHKUHH .. = (] —€)p, € >0, aBasoTcs
HHXXHHMH, HaJI0 YCTaHOBHTb, UTO

P{le%;l}=l. (6)

2. Teopema | (3aKkoH noeTopHoro Joraputma). [Tycme &, &9, ... — no-
€1e0080MEALHOCMb HE3AB8UCUMBLX 0OUKHAKOB0 pacnpedeserHolx cAy4ali-
noix seaunun ¢ E& =0 u E€2 =0 >0. Toeda

P {fm ¢‘9(;)=1}=1, 7

Y(n)=V2?nIninn. 8)

Ilna cnyyas pasHOMEPHO 02pAHUYeHHbX CTyualiHbIX BEJHUHH 3aKOH MO-
BTOPHOTO Jiorapugma 6bin yeranosaen XuHunnbiM (1924 r.). B 1929 r. Koamo-
ropos 0GOGLIM/ STOT Pe3yJbTaT Ha LUHPOKHI KJacC He3aBHCHMbBIX CJydaiHbIX
Be/MuMH. B ycrosusx, copMyaHpoBaHHbX B TeopeMe |, 3aKOH MOBTOPHOrO
norapuMa ycraHosieH XaprMaHoMm u BuntHepom (1941 r.).

[MockonbKY 10Ka3aTeJbCTBO 3TOi TEOPEMbl JOBOJNLHO CJOXHO, OFPaHHUHM-
csl pacCMOTPeHHeM JIMLIb YacTHOro cjydas, Koraa ciydadHble BeJHUHHBI &,
ABASIOTCA HOPMAAbHO pacnpeneneHHbiMd, €, ~ A(0, 1), n> 1.

HauneMm ¢ nmokasaTesbCTBa ABYX BCIIOMOrATeNbHbIX Pe3yJibTaToB.

Jlemma 1. [Tycme &, ..., &, — He3asucumble CAYHAlHbIE BEAUHUHDL C
cummempuunoim pacnpederenuem (P{¢, € B}=P{—{ € B} 021 kaxdoeo
B € B(R), k< n). Toeda 0aa a106020 delicmeumenvroco a

P{ max Sk>a}<2P{Sn>a}. )

1<kgn

20e
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Hokazamenvcmeo. Tonoxum A, ={S;<a,i<k-1;S,>a}, unycrb A=
{ max Sp >a} u B={S, > a}. [Tockoabky Ha MHOXecTBe A, uMeeM S, >a

1<kgn

(tak KaK S < Sp), TO
P(BNA) 2 P(ArN{S, > Sk}) =P(Ar) P{S, > Sk} =
= P(Ak) P{€k+l +... +£n > 0}

B cuily cuMMeTpHuHOCTH pacnpenesieHuil BeposTHOCTel CydyaitHbIX BeJH-
und &1, ..., &

Ples1 +...+ >0} =P{pp1 +... + &, <0}
Moatomy P{€es1 + ...+ & =0} > 1/2 u, 3naunr,

P(B)>Y PAnB)> 5 3 P(A)=3P(A)
k=1 k=1

yto u nokasbiBaer (9). (Cp. ¢ mokasarenbcrsom B n. 3 § 2 . VIIL.) 0O
Jlemma 2. [Tycmo S, ~ A (0, 0%(n)), o%(n) 1 oo u wucsa a(n), n> 1, ma-
KosbL, 4mo % — 00, n— 00. Toeda
a(n
P -~ a(n) —g}(-,%_ 1
{Sn > a(ﬂ)} \/2_7ra(n) e ( 0)
Hokazamenbcmeo ciieflyet U3 TOro, UTo NpU X — 00
_l. OSOe_yz/zd ~ 1 e_x2/2
Vor ) Y™ omx’

a cayuaiiHasi BeqinunHa S, /o (n) ~ A(0, 1).

Hoxazameavcmso meopemor 1 (nns & ~ A°(0, 1)). YcraHoBuM cHauana
cootHouuenue (5). [Myctb € >0, A=1+¢, n, =A%, rne k > ko, a ko BoiGupaetcs
TaK, uTo6bl In In kg 6bl1 onpenesied. O603HauHM TaKxKe

A, ={S, > Mp(n) pnsa HekoTOporo 7 € (ng, Nt} (11)
H MyCThb
A={A;, 6.u.}={S, > \p(n) s 6eCKOHEUHO MHOTHX 1}.

B coorBerctBun ¢ (3) ans nokasaTesbcTBa (5) HOCTaTOYHO [OKa3aTb, YTO
P(A)=0.

IMokaxem, uto Y P(A) <oo. Toraa no nemme Bopens—Kanreann (§ 10
rn. I1) 6ynem umers P(A) =0.
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Hs (11), (9) u (10) Haxomum, uto

P(Ar) <P{S, > Mp(ne) nns nexoroporo n € (g, ne41]} <
< P{Sn > Mp(ng) mna nekoroporo n < npy 1} < 2P{S,, ., > Ap(ng)} ~

_1( v\
~ ,\2 e 2\ Vm ) <Cle= A3 ¢ Cop=Aink _Cop=>
Vor P(np)
ViR
o0
rne C, u Cy — HekoTopble KoHcTauThl. Ho 3 &k~ < oo, nostomy 3~ P(A,) <

k=1
< 00.

Hrak, cooTHolueHHe (5) moKa3aHo.

[Tepeitnem k nokasaresnbctsy (6). B cooTBercTBHH C (4) Hamo nMoKa3arb, UTo
s A=1-¢, €>0, c BepoATHOCTbIO efHULA S, > A\p(n) 11 GeckoHeuHO
MHorux n. IIpuMeHHM [OKa3aHHOe COOTHolleHHe (D) K Moc/ief0BaTeNLHOCTH
(—Sr)n>1. Torna nosyuum, uto 415 BCeX 71, 32 HCKMOUEHHEM, ObITb MOXKET, KO-
HeuHoro uncna, (P-n. n.) —S, < 24(n). Cnenosarensho, ecau ny =N* N > 1,
TO AJS JOCTAaTOUYHO GOJIbLINX R

Snpy = =29(np—1),
WK
Sne 2 Yi — 2¢(ne—1), (12)

roe Yp=Sp, — Sa,_,-
[TosToMy, eciu 10Ka3aTb, UTo At GECKOHEUHO MHOTHX k

Yi > Mp(ng) + 29(ng-1), (13)

To BMecTe ¢ (12) 3To macrt, uro (P-n. H.) S,, > Ap(ne) TakKe ana GeckoHeuHo
mHorux k. BoabmeM Hekortopoe X € (), 1). Torna MoxXHo Haiith Takoe N > 1,
uTO ANl BCEX R

N[2(N* = N*¥=1) In In N*]Y2 5 A@N¥ In In N¥)2 4+ 2@2N*" In In N*-1)2 =
= Mp(N®) + 2p(N*-).
Tenepb JNOCTATOYHO MOKa3aTb, 4yTo AJA 6eCKOHEeYHO MHOTHX k
Ye > N[2(N* — N*=1) In In N*¥)'/2, (14)
OuesnuaHo, Yy ~ A (0, N¥ — N*~1). TTostomy B cuay JieMmbl 2

P{Y, > N[2(N* — N*~!) In In N*]'/2}~

~ 1 =W Inin NF 5 CL__p-2s G2
V27 N2 In In N#)1/2 Z (In k)12 ZEkInk
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Tak Kak »_ ﬁ =00, TO, N0 BTOpPO# uacTH JeMMbl Bopens—Kanrennu, ¢ se-

POSITHOCTBIO e[IMHHUA JU11 GECKOHEUHO MHOTHX k BbinosiHeHo (14), uTo M JOKa-

3biBaeT COOTHoLLeHHe (6). O
3ameuanue 1. [lpumenas (7) k cayuaiinbiM BeanuHHaM (—S,),>1, Haxo-

auM, uto (P-n. H.)

Sn

A0 B

U3 (7) u (15) cnenyer, uto 3aKOHY MOBTOPHOTO JiorapugmMa MOXHO NMpHAATb
TaKxe cjenyiouyo Gopmy:

=-1. (15)

1Sal _
P{l.m oo 1} (16)
3ameuanne 2. 3akoH MOBTOPHOrO JiorapHdma roBOPHUT O TOM, YTO A
no6oro € >0 kaxnas u3 gyHkuuii X = (1 +€)y asnsercs BepxHe#, a GpyHKUUA
ve = (1 — €)1 — HIXKHeil.
Yreepxnenne (7) 3akoHa NOBTOPHOro JiorapHMa 3SKBHBAJIEHTHO TaKXe
TOMY, 4TO JJIl BCsKoro € >0

P{|S.| = (1 —e)¥(n) 6.u}=1,

P{|S.| = (1 +&)¥(n) 6.4.}=0.
3. 3apauu.
1. Iyctb &), &2, ... — NoOC/ENOBATENbHOCTb HE3aBHCHMBIX CJIyYaiHLIX Be-

JIMuMH, £, ~ A(0, 1). [Toka3sarsb, uto
Froveny 6’1
P{lim =—=—=1;=1.
{ im v2inn }

2. TMyers &), &, ... — NOCAENOBATENLHOCTb HE3aBUCHMBIX CJIyUaiHbIX Be-

JIMUHH, pacnpeieneHHbIX no 3akoHy [lyaccona ¢ napamerpom A > 0. [Tokasars,
uTo (He3aBMCHMO OT )

p{fm et}

3. Mycrsb &), Lo, ... — NoCe0BaTENbLHOCTb HE3aBUCHMBIX OLMHAKOBO pac-
NpefiefieHHbIX cay4yaiHbiX BeJHUMH C

Eeité =~ ItI* 0<a<?2.

{hm l Sn

lNokasars, uto

|
i n =e'/°‘}= L.
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4. YcTaHOBHTb CNPaBeVIHBOCTDb cJefyiollero 06061eHHs HepaBeHcTsa (9).
flyers &y, ..., & — He3aBucuMble ciydaiinble BeauuuHbl, So=0, Sp=¢& +
+...+&. Torna ans Bcskoro NefCTBUTENBHOTO @ CNIPABELIHBO HePABeHCMB0
Jlesu:

P{ max [Sk + u(Sa — Sk)] >a} <2P{S, >a},
0<kgn
rae u(§) — MemMaHa ciyyaiiHoi BeNHUHMHBI £, T. €. TaKas KOHCTaHTa, Y4To

PE>ue}> 5. PESMEI> 5.

5. Tlyets &, ..., &, — He3aBHCHMble cayuaiiHble BeJMuMHbl H So=0,
Sr =& +... + & Ilokasars, uTo:
(a) (8 nmonosiHeHHe K 3afaue 4)

P{ max [Sk+u(S:—Su)|>a}<2P(S,|>a)

rae p(§) ectb MemHaHa cyyaiiHON BeHUHHbI &;
(b) ecam &, ..., £ OmMHAKOBO pacmpefesieHbl H CHMMETPHYHBI, TO

| —e—Pl&iI>x) ¢ P{lr<nka<x 66l > x } <2P{Sal > 1.
~N \n

6. Iycrb &), ..., £, — He3aBHCHMble cJyuaiiHble BeludHbl ¢ E& =0,
1<i<n, uS,=¢& +...+&. INokasars, uto
P{ max Sk>a} <2P{S,>e—E[S,} mma>0.

I<ksn

7. Tlyets &), ..., £, — He3aBHCHMble OJMHAKOBO pacrnpele/ieHHble cayyaii-
Hble Beanunnbl, E¢ =0, 02 =E€2 <00, Sp =& +...+ & 1 |&| < C (P-n.n.),
i < n. TokasaTb, uto TOrNA

Ee*S" < exp{2~'nx20%(1 + xC)}  mas Beskoro 0K x <2C 1.

I[Tpu Tex ke NpeanoyoXKEeHHAX YCTAHOBHTb, UTO ecsid (a,) — nocjenoBare-
JILHOCTb JEACTBHTENbHBIX YHCEJ TaKas, uTo a,//n — 00, HO @, = 0(n), To AIA
BcAKoro € >0 u 10CTaTOYHO GOJBIINX 71

2
P{Sn >an}>exp{~ 525 (1 +¢)}.
8. Mycts &, ..., £&x — He3aBUCHMblE ONHHAKOBO pacnpeﬂeﬂeuuble cayyaii-
Hble BennuuHsl, EE; =0, |&|<C (P-n.n.), i<n.Ilycts D, = Z D¢;. ITokasarb,
uto i S, =& +... + §, cnpaBeiIHBO HepaBeHCTBO (I0.B l'lpoxopoe)

P{S,>a}< exp{ % arcsin a€eRr.

QDn }
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§ 5. O cCKOpPOCTH CXOAHMOCTH B YCHIEHHOM 3aKOHe
OOJNBIINX YHCEJ U O BEPOATHOCTAX 00MbLIMX
YKJOHEeHHH

1. O6partumcst k cxeMe BepHynnu, pacecmorpennoit B § 6 ra. I. las sroil
cxembl TeopeMa MyaBpa—Jlannaca naet annpoKCHMAaLUMIO JJis BEPOSTHOCTEN
cmandapmuolx (HOPMAALHOLX) YKIOHEHUH |S, —np| > ey/n, T. €. OTKIOHEHHUI
S, OT YeHMPAaAbLHOZ0 3HAUEHUsl 1P HA BeJMUMHY NOPALKa /n. B To e camoe
ppeMsi B TOM e § 6 rn. I Gbina npuBeeHa OLeHKa BePOATHOCTeH WA TaK
Ha3blBaeMbIX 60buLUX YKIOHEHU |S, — np| > en, 1. e. OTKIOHeHU# S, oT np
nopadka n:

P{[% -5 <
(cM. dopmyay (42) B § 6 ra. 1). Orciona, KoHeuHo, CJleflylOT HepaBeHCTBa

{anl-sl>e} < P{lS2-rloe} < m e @

Jarouiye onpeneyieHHoe ﬂpeﬂCTaBJleHHe O CKOpPOCTH CXOOHMOCTH C BEpPOATHO-

CTbIO €[IMHHLIA BeJIHYHH 7 K p.
PaccMotpum Tenepb Bompoc o crpaBeaanBoctH dopmyn thna (1), (2) B
HEeCKOJIbKO GoJiee o6Luel cHTyaluH, korna S, =&, + ...+ €, — CyMMa He3aBH-
CHMbIX OZIMHAKOBO pacrpele/ieHHbIX CJAyuaHHbIX BEJIHUHH.
2. TosopsrT, uTO C/y4aiiHas BeJMuHHa & yloBNeTBoOpsieT ycaosuio Kpame-
Pa, eciiu CYILECTBYET TaKasl OKpecmHOoCcnte HyJs, uto A1s Jio60ro A U3 3Tol
OKPeCTHOCTH

Ee <oo ®)

(MOXHO mokasaTb, YTO 3TO YC/IOBHE PABHOCHJBHO KCMOHEHUHANbHOMY YObi-
BaHuio P{|§| > x}).

[Tonoxum
eV =Ee* u 9N =In p()). (4)
Ha sHyTpeHHOCTH MHOXecCTBa
A={A€R: P(I) <oo} (5)

dyHKumsa 1 (\) aBaserca BbINyKaoi (KHH3Y) 1 6eckoHeuHo auddepeHLUpyeMoil.
[Tpu stom

$(0)=0, ¥'(0)=m (=EE, ¢¥"(})>0.
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OG6pasyem ¢yHKUHIO
H(a)=sup [aX —¥(N)], a€R, (6)
A :
HasbiBaeMylo npeobpasosanuem Kpamepa (dyHkuuu pacnpenenieHus F =
=F(x) cnyuaiiHoit Besnnuunbl &). Pynxkuus H(a) Takke Bbimykna (KHH3Y),

npuyeM ee MUHHMaJIbHOE 3HaueHHe, paBHOE HYJIO, JOCTHIaeTCs B TOUKe 4 =M.
Ecau a>m, to

H(a)=sup [aX —y(N)].
A>0
[Tostomy

P{¢ >a} < inf Ee*€~9 = inf ¢~ (03 =¥ = p=H(@), 7
A>0 A>0

Touno Tak xe H(a)=sup[aA—y(N)] ans a<m u
A<0

P{¢<apge™@. ®)

CaenosatenbHo (cp. ¢ (42) B § 6 . 1),
P{|¢ —m|> e} < 9e—min{H(m—e),H(m+e)} (9)
Eciu &, &, ..., €, — He3aBUCHMble OJMHAKOBO pacrpelie/ieHHble cayyaii-

Hble BeJIHUMHBLI, yHoBJAeTBOpsolire ycaosuio Kpamepa (3), S, =& +... +&n,
S
Ya(N) =In Ee* 7 p(A) =In Ee*¢,
Hy(a)= sup [ad —¥a(N)], (10)
TO

Hn(a)=nH(a) (=n sup [aA —¥(N)])

1 HepaseHcTBa (7), (8) 1 (9) nNpUHUMAIOT clefyOLUA BUIL;

P{sn—” >a} e, a>m, (11
P{%’i ga}ge‘””‘“’, a<m, (12)
P { §ng _ m‘ > e} < Qe—mintH(m—e) Him+e)}n (13)

3ameuanue 1. Pesyabrathl THNA

P{ Sn

n

m|>e}<ae"’”, (14)
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rae a>0 u b >0, roBopaT 06 FKCNOHEHUNAJBLHOH CXOAUMOCTH, «peryJaupye-
MO#» KOHCTaHTaMK a U b. B Teopuu 601buiux ykA0HeH Ui 4acTo COOTBETCTBY-
IoLLIMe Pe3yJIbTaThl cbopmmepyloT B HeCKOJIbKO UHOH, 60s1ee «rpy6oii» dopme:

fim = nP{|——ml>e}<0 (15)

BbiTeKalolledi, pasymeercs, u3 (14) u roBopsileil 06 «3KCNOHEHUHANBbHON» CKO-
POCTH CXONMMOCTH, HO 6€3 yTOUYHEHHS 3HAUEHHA KOHCTaHT a U b.
O6patumca Tenepb K Bonpocy 06 OLEHKaX CBepXy BepoATHOCTeH

P{sup Sk >a}, P{ inf Sk <a}, P{sup Sk —ml >e},

k>n k k>n k k>n k

KOTOpbLIE MOTYT [aBaThb ONpee/eHHoe NMPefCTaBleHHe 0 CKOpoCcmu Cxo0uUMmo-
CcMu 8 YCUAeHHOM 3aKOHe DoAbUUX Hucen.

Bynem mnpennonarath, 4YTO He3aBUCHMble OIMHAKOBO pacrpeleieHHble
HeBbIPOXKAEHHbIE cayyaiible BeanunHbl &, £), Lo, ... YLOBJETBOPSIOT YCJOBHIO
Kpamepa (3).

3acdukcupyem 7 > | 1 noaoxum

x=inf{k >n: % > a},

cuuTas »=oo, ecu ‘%” <a,k>n.
[Tyctb, nanee, a u A > (0 TakoBbl, yTo
Aa—1In @(A) > 0. (16)
Torna

i oef=r(U (oo} -2 e} -

- P{e)‘s“ > ekax' w< 00} — P{e)\S,,—x In @(A) > ex(/\a—-ln cp(/\))' x< 00} <
< P{e,\s,‘—x In o(N) > en(Aa—ln np()‘)), w< OO} <

< P{:up e)‘S,,—k In () > en(Aa—ln cp()‘))}. (17)
2n

YTo6bl coenaTh 3aK/IOYHTEbHDIH LIAT, 3aMETHM, YTO TOCAEN0BaTebHOCTb CJy-
YaHHbIX BEJUYUH
e)\Sk—k In (p(A), k > l,

OTHOCHTE/ILHO NMOTOKA o-anre6p £, =0{i, ..., &}, k> 1, o6pasyer mapmun-
2ax. (Tlonpo6uee cM. ra. VII u, B yactHocTH, npumep 2 8 § 1.)
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Torna u3 HepaseHctsa (8) B § 3 ra. VII BhiTekaer, uto

P{sup e Sk—k In () > g"ha=In tP(A))} < g—"Aa=In (p()\))'
k=n

W, cJiefloBaTesbHO, (npy yeaosuu (16)) nosyuaem HepaBeHCTBO
P{sup St a} g e~rAa=in ) (18)
k>n k

Iycts a > m. Tockonbky dyHkuus f(A) =aA —In ¢()) Takosa, uro f(0)=0,
f/(0) >0, To Hafizetcs A> 0, Inst KoTOpOro BbINOJHEHO (16), U, cienoBaTenbHO,
u3 (18) nonyuaem: ecau a >m, mo

- -1
P{sup Sk S a} <e n :l;%[)‘a n ()] — g—nH(a) (19)
k>n k

AHanoruuxo, ecau a <m, mo

P{’:gf % < a} < e—n :lilz[/\a—ln P(N)] — p—nH(@) (20)
>n
U3 (19) u (20) 3akniouaem, uro
P{sup 57 - ml > e} < Qe—minlH(m—e).H(m+e)l-n 2n
k2n

3ameuanne 2. Cosnajenve npasbix uacreil B HepaseHerBax (11) u (19)
3acTaBJisieT JyMaTb, YTO 3TO OOCTOATENbCTBO He ABJAeTcA caydaiiHbiM. Jleid-
Sp )

k /ngkgN
npu Jo6bix 72 < N o6pasyiot obpawerroie mapmuneane: (cM. 3agauy 5B § 1
rn. VII v npumep 4 B § 11 . I).

3. 3apaum.

1. Tposectn nokasaresnbctBo HepaBeHeTs (8), (20).

2. [poseputhb, UTO HAa BHYTPEHHOCTH MHOXKecTBa A (cM. (5)) dyHkuua 1H(A)
SIBJISIETCS BIMYKJIOH KHU3Y (M cmpo2o BLINYKJOM, eci caydaiiHas BesMulHa §
HeBbIPOXKJieHa) U GeckoHeuHo auddepeHUHpyeMOi.

3. B npexnnoJio>xxeHHH HEBLIPOXKIAEHHOCTU CJY4YaiHOM BENHUHHBI § 0KA3aTh,
yro ynkuusa H(a) nuddepeHunpyeMa Ha Bcell NpAMON U ABJAseTCA BHMYKJO#H
(kHU3Y).

4. lokasatb cJjenyiolyio ¢hopmyay obpaileHus s npeobpasosanus Kpa-
mepa:

CTBHUTEJIbHO, 00 bACHEHUE KpOeTcs B TOM, UTO NOC/I€10BATEJIbHOCTH (

YA = sup [Aa—H(a)]

(,EU'IFI BCeX )\, 3a HUCKJIlOUeHHeM, 6bITb MOX>KET, KOHUEBblX TOUeK MHO>KeCTBa
A={\: 9N < oo)).
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5 IMyers Sp=&1+...+&n, e €y, ..., &, n > |, — He3aBUCHMbIE OIMHAKO-
BO pacnpeneseHHble NpocThie cayyaiinble BeauunHbl ¢ E€; <0, P{¢; >0} > 0.
Iycts @(A) =Ee* u il;\lf e(N)=p (0<p<l).

[Nokasathb, UTO crpaBeMMB CleyIOLIMIA pe3yabrar (meopema Yeprosa):

fim % In P{S, >0} =In p. 22)

6. Ucnonb3ys (22), nokasarb, uto B GepHysineBckoM ciydae (P{& =1} =
=p,P{i=0}=q) npn p<x<l

lim % In P{S, > nx} = —H(x), 23)

rae (cp. ¢ o6o3HaueHusimu B § 6 1. 1)

Hx)=x In %+(l—x) In l‘:".
7. 1lyeto S, =&1+...+ &, n> 1, tne £, €9, ... — He3aBUCHMBIE OJHHAKOBO
pacnpezieieHHble cayyaiiible BeHunHbl ¢ E&) =0, D& = 1. Tlyctb (xp)n>1 —

Xn

Jn

nocJie0BaTeJIbHOCTb Takasl, uTo X, — 00 H — 0 npu n— oo.

[Tokasarb, uto
2
X,
P{Sn 2 x,,\/r_z} =e 1f‘“+!/n)’

roe Yy, — 0, n — oo.
8. Buisectn u3 (23), uto B GepHyJunesckoM caydae (P{&,=1}=p,

P{&1=0}=0)
(@ npu p<x<lux,=n(x—p)
Xn
PSui>np+m)=exp{—nH (p+22)(1+o()}: @4

b) npu x, =a,\/npqg ¢ a, — o, \a/—"% —0

x4

2nm(1+o(1))}. (25)

ConocraButb (24) 1 (25) 1 CpaBHHTb HX C COOTBETCTBYIOLUMMH pe3yJibTa-
Tamu u3 § 6 ra. 1.

P{S,>np +x,,}=exp{—
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Teopus cmayUuOHAPHHIX CAY4AIHBIX NOCAE008AMENbHOCME 8 Y3KOM CMICAE MONCEM
u31a2ambCa BHEe PAMOK Meopuu 8eposmHocmeli KaK meopus 00HONAPAMEMPUHECKUX
2pynn COXPaHAIOWUX mepy npeobpa3oeanuii usmepumo20 nPoCMpancmea ¢ Mepoli Ha
HeM; OHa 6Au3K0 conpuxacaemcs ¢ obuell meopueii OUHAMUYECKUX cucmem u 3peodu-
yeckou meopuell.

Marematuueckan sHuUHKAONERNS, T. 5, cTa6. 210 [121]

§ 1. CraunoHapHbie (B y3KOM CMbicCJe) cJyyaiiHble
nocaenoBatejbHocTH. CoxpaHsiiouiue mepy
npeo6pa3oBaHus

1. Ilycts (2, &, P) — BepoATHOCTHOE NpocTpaHcTBo M £ = (&), Lo, ...) —
HEKOTOpast MOC/Ie10BATeNbHOCTb CJYUYaiHbIX BEJIHUHH, WIH CAYHALHAA nocie-
dosamenvrocme. O603HaunM 0, nocnenoBatenbHocTb (€pi1, Eryo, -..).

Onpepeaenne 1. CayuaiiHasi nocjiefoBaTeNbHOCTb £ Ha3blBaeTCA Ccrmayu-
OHapHOU (8 Y3KOM CMbICAE), €Cin 1A Jio6Goro k> | pacnpenenenns BepoaT-
HocTel 0,€ M € coBnagalor:

P{(1, &, ...) € B}=P{(§k+1, &r+2, -..) €EB}, BeRB(R™).

[Mpocreiilium npuMepoM Tako# MOCJIeNOBaTeNbLHOCTH & ABJsieTCs MoC/aen0-
BatesibHOCTb & = (&}, &9, ...), COCTOAIIAN H3 HE3aBUCUMbLX OOUHAKOBO pac-
npedesennolx chydaiiiblix BesuuuH. OTOpaBJssch OT TakKoi Noc/enoBaTeb-
HOCTH, MOXXHO CKOHCTPYHPOBATb IUMPOKHH KJacC CTaLMOHAPHLIX MOcJenoBa-
TeJbHOCTel = (7, 7, ...), €CJIH B31Tb NPOH3BOJILHYIO G0peJeBCKYIO hYHKLHIO
g(x1, ..., Xn) W NONOXKHTb N = (ks Eks1y ---» Ebtn)-

Eciun €= (&, &, ...) — nocnenoBaTelbHOCTb He3aBUCUMBLX 00UHAKOBO
pacnpeneneHHbiX ciydaiiHbiXx BeJHudH ¢ E|€)| < oo u E& =m, To, cornacho
YCHJIEHHOMY 3aKOHY GOJIbLIMX YHCEJ, C BEPOSATHOCTbIO eHHHLA

él-*-n—-'-gn. —m, n — 00.

B 1931 r. Bupkrog noayuun 3ameuaresibHoe 0606LLEHHE STOrO pe3yJibTaTa,
copMy/IHpPOBaB ero Kak rmeopemy MexaHuKu, OTHOCSLIYIOCS K MOBEAEHHIO
«OTHOCHTE/IbHBIX BpeMeH npeGblBaHUs» AMHAMHYECKHX CHCTEM, OMHCbIBAEMbIX
uddepeHUHANbHBIMH YPaBHEHHAMH, NOMYCKAIOWHMH HHTErpaibHbli HHBApH-
aHT («KOHCEpBATHBHblE CHCTEMbI»).

Bckope (1932 1) A. 4. XuHuMH mokasaj, 4To Ha caMOM Jejie TeopeMa
Bupkroga monyckaer oGoGuieHre Ha GoJee OGLUMI Clydail «CTaLHOHAPHBIX
ABHXXeHHH MHOTOMEpHOro MpOCTpPaHCTBa B ceGe CaMOM, OCTaBJSIOLIHX Mepy
MHO>KeCcTBa HeH3MEeHHOH».
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Haiue nocienyiouiee uanoxetue peaynsratoB Bupkroga u XuHunna 6yner
BeCTHCh OLHOBPEMEHHO KaK B PaAMKaX TEOPHH «IHHAMHYECKHX CHCTEM», TaK H B
paMKax TEOPHH «CTallHOHAPHbIX B Y3KOM CMbIC/le CJIydaiiiblX MoCje10BaTe/lb-
HOCTeM».

[Tpu 3TOM OCHOBHOM akueHT OyleT NeNaTbCA Ha «3ProfMueckHe» pesyJib-
TaTbl THX TEOPHH.

2. Tlycts (2, &, P) — HekoTopoe (MoJiHOE) BEpOSATHOCTHOE MPOCTPAHCTBO.

Onpepnenenne 2. Oto6paxcenne T npocTpancTsa § B ce6a HasbiBaeTcsl
U3MepuMbLM, eClH 15 Beskoro A € &

T 'A={w: TweA}e £.

Onpepenenune 3. Hamepumoe oroGpaxcenne T HasblBaeTcsl COXPAHAIO-
wum mepy npeobpaszosaruem (MopdpuaMom), eciu uis Beakoro A € F

P(T~'A)=P(A).

[Myctb T — coxpansioliee Mepy npeo6pasobanue, 7" — ero n-a crerneHb
H & =§&;(w) — HeKoTopas ciyuaiiHas BeJaHunHa. [losoxuM &,(w) =&(T"'w),
n>2, y paccMOTpUM mocJiefoBaTenbHocTb € = (€, &2, ...). Mbl yTBepxaaem,
YTO 3Ta MOC/E0BATENbHOCTb BJISETCA CTAaLHOHAPHOM.

B camoM nene, nyctb A={w: £ € B}, A ={w: 6,£ € B}, rne B € B(R*).
Torza wE€A; B TOM H TONLKO ToM ciyuae, korna Tw€E A, 1.e. Aj=T"1A.
Ho P(T~'A)=P(A), u nostomy P(A;)=P(A). AnanornuibiM 06pa3oM
P(Ag) =P(A) nnsa mo6oro Ay ={w: € €B}, k>2.

Hrak, BBeleHHe COXpaHsIOLLEero Mepy npeo6pa3oBaHHs JaeT BO3MOXKHOCTb
MOCTPOEHHS! CTALMOHAPHBIX (B Y3KOM CMbICJIe) CJydaiHbIX MOC/eN0BaTebHO-
creil.

B onpenejieHHOM cMbic/le BepeH W 06paTHbii pe3yJibTat: A KaXKIoH cra-
UHOHApHOH NOC/eNoBaTeIbHOCTH §, paccMaTphBaeMoll Ha (2, &, P), MoxHo
yKasaTb HOBOE BEPOSITHOCTHOE NPOCTPaHCTBO (@, £, P), cayuaiinyio Benunny
£1(®) u coxpaHsiowee Mepy npeoGpasosathe T rakue, uTo pacnpenesenne
cayuaitHoi nocJief0BaTe/IbHOCTH E={¢,(@), & (T@), ...} coBnanaer c pacnpe-
JeJieHueM nocJienioBatesibHocTd £ = {£) (w), &2(w), ...}

JeficTBHTEIbHO, BO3bMEM B_KauecTse €} «KoOpIHHATHOE» MPOCTPAHCTBO
R*® u noaoxum F = B(R*), P = P¢, rne P¢(B) =P{w: §€B}, B B(R™).
Tpeo6pasosanue T, neficteyiowee b {2, onpenenum no popmyae T(xy, xa, ...)=

= (x2, X3, ...). [TooXXuM TaKxke ana @ = (x, Xo, ...)

L@=x, &@=&(T"'2), n>2

Mycts Tenepp A={@: (x1, ..., Xx) €B}, BEBR}) n T-'A={w: (xo, ...
.» Xp41) € B}. Torna B cuaty cTauuoHapHOCTH

P(A)=P{w: (¢, ..., &) EBY=P{w: (&, ..., &y1) €B}=P(T7'4),
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T.e. T — coxpaHsiolee Mepy npeoGpasosanue. [Tockonbky P{w: (£, ..., &) €
€ B}y=P{w: (&, ..., &) € B} ana no6oro k, To oTCIONa CJlefyeT, 4TO pacrpe-
Jenetns € u € coBnanaior.

[TpuBenemM npHMephbl COXpPaHAIOILMX Mepy npeo6pa3oBaHHil.

NMpumep 1. Tyctb Q={wy, ..., wn} — MHOXKECTBO, COCTOSALLEE H3 KOHEUHO-
ro YHCJa TOUeK, 1 =2, & — Bce ero noaAMHoxectsa, Tw; =w;41, 1 <ig<n -1,
u Tw, =w;. Ecan P(w;) = 1/n, To T — coxpausioliee Mepy npeo6pasosaHue.

NMpumep 2. Eciu Q=[0, 1), F=AB([0, 1)), P — mepa Jle6era, A€ [0, 1),
to Tx=(x+A) mod | siBjisieTcsi COXpaHsiOILMM Mepy npeo6Gpa3oBaHHEM.

OcTaHoBHMCSI Ha (PM3UYECKUX NPENnochbliKax, MPHBOAAIMX K H3YyuyeHHIo
npeoGpa3oBaHHii, COXPaHAIOLIHX Mepy.

ByneMm npencrasasth ce6e §2 kak (ha3oBoe MPOCTPAHCTBO COCTOSIHUM w
HEKOTOPOM CHCTEeMbI, 3BOJIIOLMOHUpYIOLIEH (B AMCKPETHOM BpeMeHH) B COOT-
BETCTBHHM C 3ajlaHHbIM 3aKOHOM MBHXeHHs. Toraa, ec/iu w ecTb COCTOSIHME B
moMeHT n=1, To T"w, rne T — onepatop cigura (MHAYLUHPYEMBbIA JAHHBLIM
3aKOHOM JIBHXKEHHsl), eCTb TO COCTOfIHHE, B KOTOpOe mepeiifeT cucTeMa yepes
n waros. Janee, eciii A — Kakoe-TO MHOXeCTBO COCTOSIHMI w, To T~ A=
={w: Tw€ A} ecTb N0 cBOeMy ofpeJeJeHHIO MHOXECTBO Te€X «HayajibHbIX»
COCTORIHMIl w, KOTOpble Yepe3 OAMH LIar okaxyrces B MHoxectse A. [ToaTo-
MY, eC/li HHTeprpeTHpoBath () KaK «HECKHMaeMyl0 XKHIKOCTb», TO YCJOBHe
P(T-'A)=P(A) MoxHO paccMaTpHBaTb KaK BMOJIHEe eCTeCTBEHHOE YCJIOBHe
coxpaHeHus «o6beMa». (17 KinaccHueCKHX KOHCEPBAaTHBHBIX FaMUJILTOHOBLIX
CHCTeM H3BecTHasi meopema Jluysuass yTBepXKAaer, uTo COOTBETCTBYIOLIEe
npeoGpa3sosanue T sBJserc npeo6pa3oBaHHeM, COXpaHsIOWHMM Mepy JleGera.)

3. OmHum U3 nepBbIX pe3yJibTaTOB OTHOCHTENIbHO Npeo6pa3oBaHuil, COXpa-
HAIOLKX Mepy, 6bl1a caeayolas meopema lMyanxape (1912 r.) o «Bo3spar-
HOCTH».

Teopema. [Tycmo (2, &F, P) — Hekomopoe 8eposmruocmuoe npocm-
pancmso, T — npeobpasosanue, coxpansaiouee mepy, u A€ F. Toeda
T"w € A 024 6eckonewno mHoeux n > 1 04a noumu kaxcdoi mouku w € A.

lokasameavcmeo. O6osnaunm C={weA: T"wgA n1a scex n>1}.
Mockonbky CNT~"C =@ maa moboro n> 1,10 T-"CNAT~™+NC=T-"(CN
NT-"C)=@. TakuM oGpa3oM, nocsenoBareibHocts {T~"C} cocTouT H3
HernepecekaiolMXcsl MHOXecTB, P-Mepa KoTopbix ofHa M Ta e. [Toatomy
[e=] o0
Y P(C)=> P(T"C)KP(Q) =1 u, cnenosateabho, P(C)=0. Takum
n=] n=|
06pa3oM, Ajsi MOYTH KaxkAON TOUKH w €A, no kpaiiHell Mepe st omHOro
n>1, T"we A. BuiBeeM oTclofia, UTO TOTAA H /19 6eCKOHEUHO MHOTHX 2> |
T"we A.

TIpuMeHHM npeulecTBylOWLMi pe3ybTaT K npeo6pasopanuam TF, k> 1.
Torna nas kaxmoit Toukn w € A\ N, rae N — MHOXKeCTBO HyJIeBOil BepOSITHO-
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CTH, fABAAOLLeecs 00belHHeHHeM COOTBETCTBYIOIHX MHOXKECTB, OTBeYaloLLHX

pasHbiM R, HallneTcs Takoe ng, uto (T*)™w € A. Otclona, pasymeercs, cielyer,

yto T"w € A 1 6eCKOHEeYHO MHOTHX 1. O
CaenctBue. [Tycme £(w) > 0. Toeda na mnoxcecmse {w: &(w) > 0}

i E&(T*w)=00 (P-n.n.).

k=0
1
B camom nene, nyctb A, =qw: é(w) > ;}. Torna, cornacHo Teopeme, Ha

n
mioxectse A, Y. &£(T*w)=o00 (P-n. H.), n Tpe6yeMblii pe3y.iLTaT caenyer,
k=0
€CJIH NOJIOKHTb 1 — 00.

3ameuanune. Teopema coxpaHseT CBOIO CHJIY, €CJIH BMECTO BEPOSITHOCTHOM
Mepbl P paccmoTpeTb Jio6Gylo KoHeuHyio Mepy u, u(S2) < oo.

4. 3apaumu.

1. Tyctb T — coxpaHsiolee Mepy npeoGpa3oBaHue U £ =&(w) — cayuaiitas
BeJIMUMHA TaKasl, UTO CYLIECTBYyeT MaTeMaTHueckoe oxKuaaHue E¢(w). IMoka-
3atb, uto E£(w) = E¢(Tw).

2. Toka3saTtb, uto B npuMepax | u 2 npeoGpasosanus T ABAAIOTCA NpPeol-
Pa30BaHHsMH, COXPAHSIIOLIUMH Mepy.

3. Myers 2=[0, 1), £ =2([0, 1)) u P — HekoTOpas Mepa ¢ HenpepuIBHO
tyHkuued pacnpenenenus. [Tokasars, uto npeo6pasosanus Tx =Ax, 0< A< 1,
H Tx = x? He ABNAIOTCA NPeo6Pa3OBAHHAMH, COXPAHAIOLIHMH MepY.

4. TMyctb 2 — MHOXeCTBO BceX MnocJjenoBaTelbHoCcTel w= (..., w_y, wp,
wy, ...) NeACTBUTENbHBIX uHcel, F — o-anre6pa, NOpPoXIAeHHas H3MepPUMbIMH
uuauHapamu {w: (we, ..., Ween—1) €EBu}, T n=1,2, ..., k=0, £1, £2, ...
U MHOXectBO B, € B(R"). Ilyctb P — BeposatHocTHas Mepa Ha (R, &) u
IBycTOpoHHee npeoGpa3osanue T onpeneneHo GopmyJioi

T(...,w_l,wo, wi, )=(, wo, Wy, we, )

HOKaSZTb, yto T sBasercs COXpaHAOIHM Mepy HPEOGPaSOBaHHEM B TOM H
TOJIbKO TOM cCJlyyae, Koraa

P{w: (wo, veey w,,_l)eBn}=P{w: (wk, ...,wk+,,_|)€B,,}

s seex n=1,2, ..., k=0, £1, £2, ... u B, € B(R").

5. IMyers &, &1, ... — HeKOTOpas CTaLHOHapHas MOCJeN0BaTeNbHOCTb Cly-
YaHHbIX 3JIeMEHTOB CO 3HaueHUsAMH B 60peaescKkom npocTpaHcTee S (cM. onpe-
nenenve 9 B § 7 ra. 1I). [Toka3atb, uTo MOXKHO NOCTPOUTL (GLITHL MOXKET, Ha
paciuMpeHHH HCXOIHOrO BEPOATHOCTHOTO NMPOCTPAHCTBA) CilyyaiiHbie 3JeMeHTbl
&_1,&—2, ... CO 3HaueHHssMH B S TaKHe, UTO ABYCTOPOHHSSI MOCJeN0BaTE/b-
HOCTb ..., €y, &, &1, ... OyleT cTalUHOHApHOH.
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6. [Myctb T — coxpaHsiolliee Mepy npeoGpa3oBanue Ha (2, &F, P) u & ectb
m-cHcTeMa NoAMHOXecTB 2, mopoxpawoumas & (7(6)= ). Hokasarb, uto
ec/1H PaBeHCTBO P(T~'a)=P(A) sepHo a1 A €&, 10 oHO BepHO H 1 A € F

7. Mycts T — coxpaHsiiollee Mepy npeo6pasosaHue Ha (2, F,P) u 4 —
non-o-anre6pa &. INokasarsb, uto aas Kaxaoro A € &

PA|4)(Tw)=P(T'A|T"'¥)(w) (P-n.u.). (1)
B uyactHocTH, nycTb 2=R° — NpOCTPAaHCTBO UYHMCJOBLIX MOCJENOBATENb-
Hocrell w=(wp, wi, ...) H & (w)=wp. Ilyctb T — npeoGpasosaHue ciBHra:

T(wo,wi, ...)=(wi,ws, ...) (HHaye roBops, eciH & (w) =wp, TO &p(TwW) =wp41).
Torna paBeHctBo (1) npuoGperaer Bun

P(A1&)(Tw)=P(T~'A|&41)w) (P-n.n).

8. IMycts T — HekoTOpoe M3MepuMoe npeoGpa3osaHue Ha (N, F) u L —
MHOXECTBO BCEX BEpOSITHOCTHbIX Mep P, oTHocHTesNbHO KoTopbix T sABasercs
coxpaHnsitouuM P-Mepy npeoGpasosanueM. [TokasaTtb, yto:

(a) MHOXecTBO & BLINMYKJIO;

(b) T seasieTcsl SprofMueckuM mpeoGpa3oBaHHEeM OTHOCHTENLHO Mepbl P
B TOM H TOJbKO TOM cJyuae, Korza P ecTb KpafiHas Touka MHO)KecTBa &P
(T. €. He MOXKeT GbiTb npencTasieda B Buge P =A Py +XPg ¢ A1 >0, A2 >0,
AM+Xxe=1,P,#Pyu Py, Py ). ‘

§ 2. AproauyHoOCTb H NepemMelInBaHHE

1. Ha nporsxennu Bcero naHHoro naparpada Gynem uepes T 0603Ha-
uaTb COXpanaouee mepy npeo6pasoBaHie, NeficTBYioLee Ha BEPOATHOCTHOM
npoctpaucrse (2, &, P).

Onpenenenne 1. MHoxectBo A € & Ha3blBaeTCA UHBAPUAHMHKbIM, €CIH
T='A=A. MHoxecTBo A € & Ha3blBAeTCA NOUMU UHBAPUAHMHbIM, €ClH A
H T~ A otnmualoTca Ha MHOXeCTBO Mepbl HyJb, T. e. P(A A T~1A) =0.

HerpynHo nposepuTb, uTo Kjaacc MHBApHAHTHLIX (MOUTH WHBAPHAHTHbLIX)
MHOXecTB £ (CoOTBETCTBEHHO £ *) oGpa3syeT o-anre6py.

Onpepenenne 2. Coxpansiioumiee Mepy npeoGpasosaHue T HasblBaercs
3peoluueckum (WM Mempuwecky Mpan3umuBHolM), eClid Kaxioe HHBapH-
aHTHOe MHOXecTBO A HMeeT Mepy HyJb MJIH efMHHLA.

Onpepeaenne 3. CayuaiiHas seinHunHa 7 =m(w) HasbiBaeTc uHBaApU-
anmuoi (noumu unsapuanmuoil), ecan n(w) =n(Tw) ans Bcex w € N (a9
NouTH Bcex w € ).

Chnenyiouas neMMa yctaHaBaHBaeT CBA3b MeXIy HHBAPHAHTHBLIMH M TOUTH
HHBApHAHTHLIMH MHOXKEeCTBaMH.
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Jlemma 1. Ecau A searnemcs noumu UHBAPUAHIMIHOIM MHONCECMBOM,
mo Haiilemca makoe unsapuanmuoe muoxecmso B, umo P(A A B)=0.
[lokasameascmeo. Tycts B=1Iim T~"A. Torga T~!B=1lim T~"*+*YA=B,
o
T.e. B € #. Herpymo y6emutbes B ToM, ut0 AABC |J (TTRAAT-*+D4),
k=0
Ho P(T-*AAT-*+D4)=P(AA T~ 'A)=0. Mostomy P(AAB)=0. O

Jlemma 2. [Ipeobpaszosanue T 3apeoduuro moeda u moavko moeoda,
Koeda Kaxdoe noumu UHBAPUAHIMHOE MHONCECTIBO UMeem MepYy HYAb UAU
edunuya.

Hokazameascmeo. Tlyerb A € £*. Torna no nemme | Haiigercst HHBapH-
aHTHoe MHOXecTBO B Takoe, uto P(A A B)=0. Ho T aproauuHo u, 3Haumr,
P(B)=0 wnau 1. Mostomy P(A)=0 uan 1. O6patHoe 0ueBHIHO, MOCKOJLKY
FCI O

Teopema 1. [Tycme T — coxpanaiowee mepy npeobpazosanue. Caedy-
ouue Ycao8uUs IKBUBANCHITIHYL

(1) T apeoduuno;, .

(2) kaxdas noumu UHBAPUAHMHAA CAYHALHAA BEAUHUHA eCiMb KOH-
cmanma P-n. 1.,

(3) kaskoan unsapuarmuas cAY4alHAA BEAUHUHA eCMb KOHCMaKma
(P-n.n.).

Hokazameascmsgo. (1) = (2). Ilyerv T sproauuHo M € NOYTH MHBa-
puantHa, T. e. (P-n. H.) é(w)=€¢(Tw). Torna mna mwoboro ¢ € R MHOXKec-
™0 A, ={w: {(W)<c}€FL* u no nemme 2 P(A;)=0 uau 1. TMyets C=
=sup{c: P(A;) =0}. ITockonbky A, 12 npu cToo u A | @ npu ¢ | —o0, TO
|C| < oo. Torna

> 1
P{w: f(w)<C}—P(nUl {ew<c- ;}) =0
1 aHanornuto P{w: £(w) > C}=0. Tem cambim P{w: é(w)=C}=1.

(2) = (3). OuesuaHo.

(3) = (1). MNycts A € £, Torna /4 — nHBapuaHTHas ciyuaiiHas BeJMUMHA
u, 3Haunt, (P-n.u.) [, =0 unu I =1, otkyna P(A)=0 nanu 1. O

3ameuanne. YTBepXaeHHe TeopeMbl OCTaeTcs B CHJle M B TOM cJyuae,
KOrJa paccMaTpHBaeMbie B Hell clyyailible BEIHUHHLl 02PAHUYEHbL.

B kauecTBe WJIOCTPAUMH MpHMEHEHHs 3TON TeopeMbl PacCMOTPHUM TaKoOil

NMpumep. Ilycs Q=]0, 1), F=2B([0, 1)), P — mepa Jle6era u Tw=
=(w+A) mod 1. [TokaxeM, uto T 3proauuHo B TOM H TOJIbKO TOM CJyuae,
KOTZAa A HppaUHOHAJILHO.

IMycrb € = €(w) — MHBapHaHTHAA cayuaiias Bennunna ¢ E€2(w) < co. Us-

o0

BecTHO, uto pan dypve 3.  c,e2™™ dynxunn €(w) ¢ E€2(w) < oo cxonmutes B

n=-—00



§2. 3PTOONYHOCTDb U NMEPEMEIIHBAHHE 569

CpelHeKBapaTHIECKOM cMbicie, Y |¢q]? < oo. TTockonbky T — coxpansioliee
Mepy mpeoGpasosaHue (npumep 2 § 1), To (3apaua | § 1) B cuny npeanonara-
eMO# HHBapHaHTHOCTH cJlyuaiiHoii BeHuuHbl § = £(w) HaXoauM, uTo

Cn= E{:(w)e—%rinw = Ef(Tw)e_Q”i"Tw = e—21rin>\ E{(Tw)e'”""" —
= g—2minA E{(w)e'Q”i"“’ — c,,e‘i”"""‘.

TTostomy c,(1 — e~27i"}) = (. [Mo npenNONOXKEHHIO A HPPALMOHANLHO H, 3Ha-
yuT, 419 Beex n# 1 e~2mnA oL | Tlostomy ¢, =0, n# 1, &(w)=co (P-n.n.) u
no teopeMe | npeoGpasosanue T 3proauuHo.

C mpyroil CTOpOHbI, MycTb A pauHOHa/bHO, T. €. A=k/m, rane k ¥ m —
ueasie. PaccMoTpuM MHOXeCTBO

2m—

2
_ .k k41
A= kL_JO {w. 2m<w<_2m }

SIcHO, uTO 3TO MHOXECTBO AiBJIAeTCA HHBapHaHTHLIM, Ho P(A)=1/2. Caeno-
BaTeJibHO, T He 3proluuHo.

2. Onpeanenenne 4. Coxpansioiee Mepy npeoGpasosaHie T HasbiBaeTcs
nepemewusaruem (06MaNAIOUIUM CBOLCMBOM Nnepemewiusanus), eciu s
Mo6uix A, Be &

lim P(ANT~"B)=P(4) P(8). | ()

Caenyrouias Teopema ycTaHaBJAWBAET CBA3b MEXKIY SProAHUHOCTHIO H CBOH-
CTBOM MepeMelHBaHH.

Teopema 2. Bcakoe npeobpasosanue T, obaradarouee csolicmsom ne-
pemewusanus, a8ARemcs IP200UUECKUM.

Hokazameavcmso. Tyctb A€ F,Be€S. TornaB=T""B,n>1,u, 3Ha-
uutr, P(ANT~"B)=P(ANB) nns scex n > 1. B cuny (1) P(ANB)=P(A) P(B).
Tostomy npu A =B uaxomum, uto P(B) =P?(B), u, cnenosarensho, P(B) =0
Hiau 1. O

3. 3apnaun.

1. Moka3saTb, uTo ciyyaiiHasi BeJlMuHHa € ABJSeTC HHBaPHAHTHOMW TOrAa H
TOJILKO TOTZA, KOTAA OHa £ -H3MepuMa.

2. INMoka3atb, uTo MHOXecTBO A fBJIsieTCA MOYTH HHBApPHAHTHBLIM TOTAA H
ToNbKO TOrAa, Korna P(T—'A\ A)=0.

3. Noka3satb, uTo npeo6pa3osaHue T ecTb NepeMellHBaHHe B TOM H TOJIbKO
Eorv; cJyyae, Koraa AJs JIOObIX ABYX CJyyaiHbIX BEJHYHH & H 7 C E¢? < oo,

n°<oo

E{(T"w)n(w) - E{(w) En(w), n— oo
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4. TlpuBecTH NpHMep COXpaHSIOLLETO Mepy 3peo0duHueckozo npeoGpasoBa-~
HHSl, KOTOpOE He ABJAETCS nepemMeuiu8anuen.

5. Iycts T — coxpausiolwee Mepy npeoGpasosanue Ha (2, &, P). Iycts
&/ — anreGpa noamHoxectB Q u o(&) =& . [Npeanonoxum, uto onpenene-
HHe 4 npeanosaraer BLINOJHEHHe CBONCTBA

lim P(ANT~"B)=P(4)P(B)

auwo 1 MHoxects A U B u3 . Ilokasarb, uto Toraa 3To cBoicTBO Gymer
BbiNONHeHO H s Bcex A U B u3 & =o(&) (4, chenosarteiibHo, npeoGpaso-
BaHue T eCTb NnepeMellHBaHHe).

[Toka3atb, uTo yTBepXKaAeHHE OCTaeTCsl CMpaBe[JIMBbIM, eClH & ABJAETCA
w-CHCTeMON TaKoil, uto 7(&)=%F.

6. ITycts A sBJsieTCA MOYTH MHBAPHAHTHLIM MHOXecTBOM. [loka3aTb, uTo
w€A (P-n.H.), ecn 1 Tonbko ecau T"weA pns seex n=1, 2, ... (Cp. c Te-
opeMoii B § 1.)

7. T1puBectu npumep coxpaHsioLmx Mepy npeoGpasosanuii T Ha (R, &, P),
1Js KoTopbix: (a) U3 Toro, uto A € &, Bosce He cienyeT, uto TA € F; (b) us
Toro, uto A € & u TA € &, BoBce He cienyer, uto P(A) =P(TA).

§ 3. Aproanueckre Teopembl

1. Teopema 1 (Bupkrod u Xunuun). llycme T — coxpansowee mepy
npeobpasosanue u & =§&(w) — cayuaiinan seauquna ¢ E|€| < oo. Toeda

n—1
lim % Y &(T*w)=E(El#) (P-n.n.). (1)
k=0
Ecau k momy we T apeoduuro, mo
n—1
lim = 3 E(T*w) =E¢ (P-n.n). @)
k=0

[puBoaHMOe HHXKe N0Ka3aTeNbCTBO CYLLECTBEHHO OMHpaeTcs Ha CJeyio-
Lee NpejJioxeHHe, IPOCTOe 10Ka3aTeNLCTBO KOTOPOro 6bli1o HaiineHo A. Tap-
cua (1965 r.).

Jlemma (MakcumasabHas aproauueckas teopema). [Tycme T — coxpa-
HAwee Mepy npeobpasosanue, & — cayuainan seauuuna ¢ E|¢|<oo u

Se(w) =Ew) +&(Tw) +... +&(T W),
Mp(w) = max{0, S;(w), ..., Se(w)}.
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Toz0a 048 mo6o2o n > 1

E[{w)im,>0(w)] = 0.

Joxasameascmso. Ecin n >k, to My(Tw) > Sp(Tw) u, 3nauur, &(w) +
+ My(Tw) 2 E&(w) + Se(Tw) = Sp41(w). Tak Kak oueBuaHo, uto §(w) = S} (w) —
— My (Tw), TO
§(w) > max{S(w), ..., Sn(w)} — Mp(Tw).

3HauuT, NockoabKy {M,(w) > 0} ={max(S;(w), ..., Sn(w)) >0}, To

El¢(W)im,>0 ()] > E[(max(S1 (W), ..., Sa(w)) = Ma(Tw))im,>0)(w)] >
> B{(Mn(w) — Ma(Tw)) i, (w)>0} = E{M(w) — Ma(Tw)} =0,
rie Mbl BOCMOJIb30BAJIHCh TeM, 4To ecu T — coxpaHsiollee Mepy npeo6pa3so-
Banue, 10 EM,(w) =EM,(Tw) (3anaua 1 u3 § 1).
Jokazameavscmeo meopemti. ByneM npennosarats E(¢|#£)=0 (8 npo-
THBHOM cJiyuae ot £ Hazo nepeiiti K € — E(£].#)).

- T Sn . Sn
[Mycrb 7=lim — n=lim — Jlas nokasaresbcTBa LOCTaTOYHO YCTaHO-
BHTb, uTO (P-n. H.)
0<n<n<0.

PaccMoTpuM ciiyuaiinyio BeHunny 7= fj(w). TTockoabky fj(w) =n(Tw), T0 7
MHBapHaHTHA H, CJIe[I0BATENbHO, A1 KaXKIoro € >0 MHoxecTBo A, = {f(w) > €}
TaKxe siB/IfeTcs HHBAapHaHTHLIM. BBeieM HOBYIO ciydaiiHylo BeJHUMHY

£ (W) =(w) — &), (W),
H MyCTb
Siw) =€ W) +...+&(T" 'w), Mjw)=max(, S}, ..., S}).
Torna, cornacHo nemme, a5 mo6oro 7 > |
E[&*ims>0)] 2 0.

Ho npu n— oo

o> 01= g 50} (50} =z )

k21

Se =
Tlle nocsieHee paBeHCTBO CJefyeT U3 TOFO, UTO Sup —k— >7,aAc={w: >e¢}
k1
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Hanee, E|§*| < E|¢| + €. TTosTomy no TeopeMe 0 Ma>kopHpyeMoii CXOOHMO-
cTH

0< E[f*I(M;>0)] e E[f‘IA,]-
Hrak,

O0LE[£* 2, )=E[(§ —€)a ] =E[El4,] —€P(Ac) =
=E[E(¢|F)/a,] —eP(Ac) = —eP(Ae),

otkyna P(A.) =0 u, 3nauut, P{<0}=1.
AHanornuno, paccmartpusas BMecTo £(w) BelHunHy —E&(w), HailneM, 4To
fim (—:9—"-) =—Jim 31 =_
n n
uP{-n<0}=1,1e P{n>0}=1. Tem cambim 0<n<7<0 (P-n.u.), uto u
LOKa3blBaeT NMepBoe yTBepXKAEeHHEe TeOPEMBI, -

Jlns noka3aTesibCTBa BTOPOrO YTBEPXKAEHHS JOCTaTOYHO 3aMETHTb, UTO NO-
ckoabky E(¢|.£) — niBapuanTtHas ciiyuaiiHasi BeJIMUHHA, TO B IProJHYECKOM
cnyyae E(£|#)=E¢ (P-n.n.). 0

Caencrsue. Coxpansiouwee mepy npeobpazosanue T 3peoduuro 8
MOM U MOAbKO MOM cayuae, Koeda 041 amobox A, BE F

~1
1S —
lim — k;‘) P(ANT~*B)=P(A)P(B). 3)
Jas nokasarenbctBa sproguuHoctd T nosoxum B (3) A=B € #. Torna
ANT~*#B =B u, 3uauur, P(B)=P2%(B), 1.e. P(B) =0 uu 1. O6parHo, nyctsb T
sproauuto. Toraa, npuMmenss (2) K cayuaiinoil Beinunte € = Ig(w), rae B € &,
HaiizeM, uto (P-n. H.)

n—1
lim % 3 Ir-5(@)=P(B),
k=0

OTKyZla, HHTerpupys o6e yacTH No MHOXKecTBY A € &F U HCONb3yd TeopeMy O
Ma>XOpPHPYeMoii CXONUMOCTH, MoJslyuaeM TpeGyeMoe COOTHolLeHHe (3).

2. TlokaxeM Tenepb, 4To B ycaoBHaX TeopeMbl | B (1) 1 (2) umeeT MecTo
CXOIMMOCTb He TOJIbKO MOYTH HaBepHOe, HO U 8 cpedHem. (DTOT pesyabTaT
OyleT UCMOJIb30BaH Jiajlee B 0Ka3aTeJbCTBE TeOpeMbl 3.)

Teopema 2. [lycmo T — coxpanaowee mepy npeobpasosanue u
€ =¢(w) — cayuaiinan seauuuna ¢ E|€| < oo. Toeda

n—1
E % Y E(T*w) —E€]#)| =0, n—oo. 4)
k=0
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Ecau Kk momy e T apeoduuno, mo

n—1
E|- 3 &(T*w)—E¢| -0, n—oo. )
n k=0

Hoxaszameavcmso. na scsikoro € >0 MOXKHO HaliTH TaKylo orpaHHueH-
Hylo caydaiityio Bennuuny 7 (|n(w)| < M), uto E|€ — | <e. Torna

n—1 n-1
Elx 3 &(T*0) —E(€]#)| <E| L S (€(T*w) —n(T*w))| +

k=0 k=0

n—1
E[2 Y n(T*w) ~E| #)| +E[EE].£)~E@|H). (6)
k=0

IMockonbKy |n| <M, To no TeopeMe 0 MaxKopHpyeMo# CXOIHMOCTH B cHJy (1)
HaXo/UM, YTO BTOPO# UJieH B NpaBoil YacTH (6) CTpeMHTCA K HyJI0 NPU 1 — 00.
Yro e KacaeTcsi NepBOro U TPEThEro UJeHOB, TO KaXKAblil U3 HUX MeHblle W1
paseH €. [ToaToMy st 1ocTaTOuHO GOJbILIKMX 72 JeBasi yacTb B (6) MeHblue 2¢,
yTo W nokasbiBaeT (4). HakoHew, ecain T sproanuno, To (5) caenyet u3 (4) u
TOro 3aMeuanus, uro E(¢| #)=E¢ (P-n.n.). .

3. Tlepefinem Tenepb K Bompocy O CNpaBeAMBOCTH 3ProfHueckoil Teo-
peMbl 1l cmayuorapHelx (B Y3KOM CMbIC/ie) ClyyalHbIX MOC/ef0BaTelbHO-
creit £= (&), &, ...), 3a0aHHLIX HAa HEKOTOPOM BEPOSITHOCTHOM MPOCTPaHCTBe
(Q, &£, P). Boo6iue rosops, Ha (2, &, P) MoXeT H He CylllecTBOBaTb CO-
XpaHsiiollee Mepy npeoGpasoBaHHe, TaK YTO HemoCpeNCTBEHHOe MpHMeHeHHe
TeopeMbl | Heso3aMoxxHo. OHako B § 1 oTMeuasochb, UTO MOXKHO MOCTPOHTb
(koopaMHaTHOE) BEPOSITHOCTHOE MPOCTPaHCTBO @, £, P), cayyaitnyio nocie-
JI0BaTeJIbHOCTb E (E., &, ...) H coxpaHsioLLee Mepy npeoGpa3oBatue T Takue,
uto &,(@)=&(T~'@) nno pacnpenesieHHIO & H £ cosnazaiot. ITockoNbKy Takme
CBOICTBa, KaK CXOXMMOCTb NOYTH HaBepHOe H B cpenHeM onpenemnoTca JIHLWD

pacrnpenesieHHIMH BeposiTHOCTel, TO H3 CXOLUMOCTH ~ Z &(T*'@) (P-n.u.
k_
H B CpellHeM) K HEKOTOpOWl CJlyyailHOH BesIHYHHe 7} cJiefyeT, uTo ; Z &p(w)
k=1

TaKxKe cxoumca (P-1n. 4. 1 B cpefiHeM) K HEKOTOPOIi CilydailHOil BeJIMUHHE 7) Ta-

Koit, uto 7). U3 TeopeMbi | caienyer, uto ecam E|€;| < 00, T0 1=E(£|.9), re
— COBOKYMHOCTb HHBapHaHTHLIX MHOXecTB (E — ycpennenne no mepe P).
Onmuiuem CTpyKTypy BeJMUHHbI 7).
Onpenenenne 1. MHoxecTBo A € & 6yleM Ha3blBaTb UHBAPUAHMHOIM
MO OTHOLUEHHIO K MOCJIeNOBaTeJbHOCTH &, €CJIH HalJeTcs Takoe MHOXKeCTBO
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B € B(R), uto pas mo6oro n > 1

A={w: (ns &ns1, ...) EB}.

CoBOKYNHOCTb TaKHX HHBAPHAHTHBIX MHOXKeCTB 06pa3yeT o-anre6py, KOTOpyio
0603Ha4MM F.

Onpenenenne 2. CraunonapHasi noc/efoBarelbHOCTb £ Ha3blBaeTcs
apeoduueckod, ecd Mepa Jio60r0 MHBAPHAHTHOTO MHOXKECTBAa NPHHHMaeT
JMLIb JBa 3HaueHHs O uau 1.

TNokasxeM, uTo cayuaiinas BeJHYHHa 7), ABAAIOILAsAcA npenesioM (P-n. H. u B

1 & o
cpelHeM) BeJHYHH - > &r(w), n— 00, MOXKeT GbiTb B3siTa pasHoi E(§; | ).
k=1
C 370il LesbIO 3aMeTHM MpeXie BCEro, uTo, KOHEYHO, MOXKHO N0J1araTh

n

M) =Tm = 3 &), ™

k=1

M3 onpexnenenns lim cnemyer, uto a5 onpeneseHHON TaKUM 06Pa3oM BEJIHUMHbI
n(w) MHOXecTBa {w: N(w) < ¥}, ¥ € R, ABAAIOTCSA HHBAPUAHTHBIMH H, 3HAYHT, 7

n—1
Fe-usmepuma. Janee, nyctb A € F. Torna, nockonbky E % > & —n|—0,
k=1
TO A4 7, onpeneieHHol dopmyoit (7),
n
1
= > §&aP—{naP. 8)
k=1 A A

[Mycts B € B(R°) TakoBo, uto A={w: (&, &ky1, ...) € B} nasa mo6oro k> 1.
Toraa B cuny craunoHapHocTH €

§ &dP= § &aP= & dP={¢dpP.
A {w: (€.Er+1.--)EB} {w:(€1.62.-)EB} A

[Tostomy u3 (8) caenyer, uto g no6oro A € F¢ BbINONHEHO PaBEHCTBO

§&aP=(ndP,
A A

osHavaiowee (cM. dopmyay (1) B § 7 ra. 1I), uto (S -u3mMepumasn) BesHUHHA
n=E(& | #). pn stom E(; | £) = E£), ecan nocnenoBatenbHOCTb & siBasi-
eTcs 9profMyecKoi.

Hrak, nokasaHa

Teopema 3 (aproauueckas teopema). [Tycmeo & =(£, €o, ...) — cmayu-
oHapHas (8 Y3KOM cmbicae) cayuailinasn nocsedosamensviocme ¢ E|€| < oco.
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Tozda (P-n.H. u 8 cpednen)
R
lim ; &e(w) =E(& | Z).

Ecau k momy e £ — apeoduueckas nocaedosamenvrocme, mo (P-n. u.
U 8 CpedHem)

lim 3™ &) =E&.
k=1

4. 3apaum.

1. Ilyerb &= (&1, &, ...) — rayccoBckasi CTalMOHapHas NocjefoBaTellb-
Hoctb ¢ E&, =0 u xoBapnaunonHoi dyHkurei R(rn) =EE,,&. [Mokasarb, uto
ycnosHe R(n) — 0 ABnsieTca 10CTAaTOUHbIM /15 TOTO, YTOOLI COXpaHsioLiee Mepy
npeoGpa3oBaHHe, COOTBETCTBYIOLLEe NOC/eN0BaTeNIbHOCTH &, OblI0 nepemeuiu-
saruem (4, Cle0BaTENLHO, ABAANOCH Ip200ULECKUM).

2. Tokasarb, uTO A/ BeAKOM mocaenoBarenbHoct € = (£, &9, ...), co-
cToflllell M3 He3aBMCHMbIX OHHAKOBO pacrpelesieHHbIX CYyYalHbIX BEJHYHH,
COOTBETCTBYIOLIEe COXpaHsiolllee Mepy NMpeoGpa3oBaHHe ABJSeTCS MepeMelLt-
BaHHeM.

3. Iokasatb, 4TO cTauHOHapHasi NOCJe0BaTeJbHOCTb £ 3ProJHuHa B TOM
M TOJILKO TOM CJlyyae, Koria aJs JioGoro B € B(R*), k=1, 2, ...,

% D I8, ., Gira-) > P&, o, E) €B) (P-n.n).
i=l1

4. Tlyctb Ha (S, &) 3anaHbl 1Be BePOATHOCTHbIe Mepbl P 1 P, oTHoCHTeNb-
HO KOTOPbIX COXpaHsiollee Mepy npeoGpasosanue T ABJIAETCS IProaHueckuM.
Ilokasatb, uto Torna uiu P =P, wm P L P.

5. Myctb T — coxpansiollee Mepy npeoGpasoBanue Ha (2, &, P) n & —
anre6pa noamHoxecTs ) Takas, uro o(&) =F. [Nyctb

n—1
1= 2 3 1a(T*).
k=0

Hokasatb, uro npeo6pasoBatve T 3proaMuHO B TOM H TOJbLKO TOM CJayuae,
KOrla BbIMOJIHEHO XOTs Obl OJIHO H3 CJedyIOLIMX YCJOBHHM:

(a) Il‘,") LR P(A) ana no6oro A € o,
—1
(b) lim % S P(ANT—*B)=P(4) P(B) ans Beex A, B € of;
k=0

(© 1" By P(A) mna moboro A€ £.
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6. Ilycte T — coxpaHsiioliee Mepy npeoGpasoBanue Ha (2, &, P). Ioka-
3aTb, YTO 3TO Npeo6pasoBaHHe 3ProfHyHO (OTHOCHTEIbHO Mephl P) Torma
TOJIbKO TOrAa, Koraa Ha (R, &) e cyimectsyer mepsl P # P takoii, uto P < P
u npeo6Gpasosanre T OTHOCHTENLHO 3TO/ Mepbl P ABJfieTCAA COXpaHAIOLIMM
Mepy npeo6pa3oBaHHeEM.

7. (bepryrmuesckue cosueu.) Iycts S — HEKOTOpOE KOHEUHOE MHOXeC-
B0 (cKaxeM, S={1, 2, ..., N}) n 2=5% — npoctpaHcTBO Nnoc/ien0BaTeNbLHO~
crell w= (wp, wy, ...) ¢ w; €S. ByneM nonararb &, (w) =w; ¥ onpeneanuM npe-
o6pasoBaHue capHra T(wy, wy, ...)=(wi, wo, ...), WIH, B TepMuHax &g, |, ...:
ecan & (w) =wp, TO €p(Tw) =wpy . [IpeanonoxuM, uto Ha 3/1eMeHTax i MHO-

N
xectsa {1, 2, ..., N} 3anaHbl HeoTpHUATe/bHbIE YHCAA p; TaKHe, UTO Y, p; =1
i=l1
(1. e. Ha6op (p1, ..., pn) oGpasyeT BepoATHOCTHOE pacnpeneneHde). C nomo-
b0 3TOrO pacnpefesieHHsi MOXHO 3anatb Mepy P Ha (§°°, B(S*°)) (cm. § 3

ra. II) Takyio, yto

Plw: (i, ..., we)= (41, ..., Ue)} = Pu - - Puy-

Hnaue rogops, BeposTHOCTHasi Mepa BBOAMTCS MO NPHHUHMMY, oGecrieuuBalolLie-
My He3aBUEHMOCTb BeJHuMH &o(w), &1(w), ... OTHOCHTENbHO TaK NOCTPOEHHOM
Mepbl P BBeneHHOe npeo6Gpa3oBaHue casura T NpPUHSTO Ha3blBaTb GepHyAAU-
esckum c0suzom niu npeobpasosanuem bepryaru.

[Tokasarb, uto npeoGpasoBanue BepHyanu o6Gnamaer CBOHCTBOM nepeMe-
LUMBaHHSL.

8. INycts T — coxpansioulee Mepy npeo6pasoBanue Ha (§2, &, P). Bynem
o6osHauath T~"F ={T""A: A € £} u roBoputb, 4T0 C-aireGpa

oo
F=[T"ZF

n=1
aasiercs mpuguassholl (P-mpusuassnol), ecin Kaxuaoe MHOXKECTBO M3
F_oo uMeer Mepy O unu 1 (takue mpeoGpa3oBaHusi HasblBalOT npeobpa-
308anuamu Koamozoposa). Nokasatb, uro npeoGpasoBanus Koamoroposa
06/1afal0T CBOMCTBOM 3progH4yHOCTH H, 6oJiee TOro, CBOWCTBOM MepeMelLlHBa-
HHSL.
9. Iycrs 1< p<oo u T — coxpansiolee Mepy npeoGpasoBaHie Ha Be-
positHocTHOM mpocTtpanctBe (2, &, P). Ilyers caydailhas sennumnna £(w) €
eLP(Q, £, P).

Jlokasatb cnpaseIMBOCTDb CJefytolleli aproanyeckoit Teopembl (poH Heil-
MaH) B LP(Q, &, P): cyuwiectByer cayuaiinasi BeJiMuMHa 7)(w) Takas, 4To
1 n—1 4
E|. > &(T*w) —nw)| =0, n—oco.
k=0
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10. Teopema Bopesnsi 0 HopmaabHoCTH yTBepKnaet (npumep 2 B § 3 . 1V),
yTo JOJSl eIMHHLL U HyJlell B IBOMUHOM pas3noxXeHHH uucen w u3 [0, 1) cxo-
JMTCA MOUTH HaBepHoe (OTHocHTeNbHO Mepbl JleGera) k 1/2. IlokasaTb 3TOT
pe3yJIbTaT, paccMatphsas npeo6pasosanue T: [0, 1) — [0, 1), onpenenennoe
dopmynoi

T(w)=2w (mod 1),

H NpHUMeHsIs 3profHyuecKylo Teopemy 1.
11. Kak u B 3agaue 10, nycts w € [0, 1). PaccMoTpum npeoGpa3osaHue
T:[0, 1)— [0, 1), onpeneneHHoe dopmy.ioit

T 0, ecan w =0,
W)= {%}, ecan w #0,

rie {x} — npoGHas yacTb YHCIa X.
[Noka3sarb, uro npeo6pasoBanue T coxpauser mepy P=P(-) laycca Ha
[0, 1), onpeneasiemyio thopmy.ioit

P(A)= - (&

2 ) Trs Ae %([0, 1)).

12. arb npumep, nokasbiaolllil, 4to TeopeMa IlyaHkape o «B03BpaTHO-
ctu» (m. 3 § 1) He BepHa, BooGlile roBopsi, B Cllydae H3MepHMbIX MPOCTPAHCTB
¢ 6ecKOHeYHOH MepoH.
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Llenmpaabroe mecmo 6 meopuu CrMayUOKAPHHIX CAYHAIHBIX TPOYECCO8 8 ULULPOKOM
CMbICAE 3AHUMAIOM CneKmpanbHole (NPENCTaBJEeHHs, LalOUHe OCHOBaHHE PacCMaTpPHBATL
TaKHe NPOLECCh) KAK CYnepno3uyulo COBOKYNHOCMY HeKoppeauposannox dpye ¢ Opy-
20M 2APMOHUYECKUX KONCOAHUI PASAUHHBX HACMOM CO CAYHALHbIMU aMnumydany u

gasamu...
Maremarnueckan snunkaonenns, . 5, ctab6. 211—-212 [121]

§ 1. CnekTpaabHoe npeacraBleHHe KOBapHaLMOHHOI
byHKUMH
1. CorsiacHo onpezesieH’Io, JaHHOMY B MpelilecTByOlLel MaBe, cyyaii-

Has nocJiefoBaTtenbHoCTb § = (&), &2, ...) Ha3biBaeTCs CTALMOHAPHOM B Y3KOM
cmbicae, eclin Aas nio6oro MHoXecTa B € B(R*°) u mo6oro n > 1

P{(&1, &, ...) € B}=P{(£n+1, én+2, ...) €B}. (1
Ortciona, B 4aCTHOCTH, BbITEKAET, YTO eCJu Eff < 0o, To E&, He 3aBucHT OT n:
E¢, =E&, 2

a koapHauus COV(¢n+m, &n) = E(§nsm — Ensm) (§n — E&n) 3aBucuT amws
oT m:

COV(Entms &) =COV(E14m, &1). ©)

B nacrosiuieil rmase 6yayT ucc/ienoBaTbhCsl Tak HasblsaeMble CTALMOHAPHbIE
B LWLUPOKOM CMbICAE TIOC/ENOBATENbHOCTH (C KOHEYHbIM BTOPbIM MOMEHTOM),
I KoTopbIX ycsosHe (1) 3ameHsietcst yenoBusamu (2) u (3).

PaccMartpusaembie ciydaiinble BeIMUMHbL €, GYAyT npeanofaraTbCs onpe-
nenennbiMu g n € Z={0, £1, ...} 4 K ToMy ke KOMMNAeKCHO3HauHbIMHU. [To-
Cllefliee NpPeANoJioXKeHHe He TOJIbKO He YCJIOXKHSET TEOPHIO, HO U Ha06opOT —
Renaer ee Gosee ussiwHoM. [Tpu 3TOM, pa3yMeercs, pesy/abTaThl ANs AeHCTBH-
TeJIbHbIX CJYYalHbIX BEIMUHH JIETKO MOTYT GbITb MOJyueHbl B KauecTBe YaCTHOTO
C/lyuas U3 COOTBETCTBYIOLIMX Pe3yJ/IbTaTOB M1 KOMIJIEKCHBIX BEJHUUH.

Mycts H2=H2(Q, &, P) — npocTpaHCcTBO (KOMMIEKCHO3HAUHBIX) CJIy-
uaiHbIX BenuunH £ =a +if, a, BER, ¢ E[¢[?> < oo, re |¢[* =a? + B%. Ecau
€, n€ H2, 10 nonoxum

(€, m=E&n, (4)

Tie = a — i3 — KOMMNJIEKCHO-CONpsXKeHHasl BeJIHUMHA K N=ca +if, 1

i€l = &, &2 (5)
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Kak ¥ 11 NefCTBUTEbHbIX CTyyaiiHbX BEHUMH, NpocTpaHcTso H? (Tou-
Hee, NPOCTPaHCTBO KJAACCOB 3KBUBANEHTHbLIX ClyyailHbX BesHuuH; cp. ¢ §§ 10
u 11 u3 rn. II) co ckanspHbiM mpoussenenuem (£, n) U HopMoil ||£|| sBas-
eTcAl noAHbIM. B COOTBETCTBHU C TepMHHOJOTHell (PYHKUHOHAJILHOFO aHanu3a
npoctpancTBo H? HasbiBaetcs yHumapHoim (MHauYe — KOMNACKCHOIM) 2Ulb-
b6epmoseim npocmpancmseom (ciyyalHblX BeIMUMH, paCCMaTPHBaeMbIX Ha Be-
pOATHOCTHOM mpocTpaHcTse (2, &, P)).

Ecau €, ne€ H?, 10 ux kosapuayuei Ha30BeM BeJMYUHY

cov(¢, n)=E(€ —E&)(n—En). (6)

W3 (4) u (6) cnenyer, uto eciu E€E=En=0, To
cov(§, n) = (&, n). , )]

Onpepaenenne. [locnenoBaTeJbHOCTb KOMMJIEKCHO3HAUHBIX CJYYaiHBIX
BenHuMH € = (€,)nez € E|éq|? < o0, n € Z, HasbiBaeTca cmayuonaproii (6 wu-
POKOM CMblCAE), eclii LIS BCceX nE€Z

E‘fn = Eﬁo,
COV(&ntks Ek) =COV(En, &0), kELZ.

Ilns npocToThl M3/10XKeHHs B JaJibHeiiiieM Gynem npexnoaarath E&o=0.
DTo npennosioXeHHe He yMaJisieT OGLIHOCTH, HO B TO Xe camoe BpeMs fa-
eT BO3MOXHOCTb (corsacHo (7)), OTOXKAECTB/AA KOBapHALHIO CO CKaJspHbIM
npou3sefeHHeM, 6oJiee NPOCTO NPUMEHSATb METOAbI H pe3y/IbTaTbl TEOPHH MJlb-
6epToBbIX MPOCTPAHCTB.

®)

O603Hauum
R(n)=cov(,, &), n€Z, ©
u (B npexnonoxenun R(0)=E|&|? #0)
= R
p(n)= RO) nel. . (10)

dynkumio R(r) 6ynem HasbiBaTh Ko8apuayuorKol pynkyuei, a p(n) — kop-
peaayuonrol ¢yrnkyueld (CTauMoHapHON B IUMPOKOM CMbIC/IE) MOCJenoBa-
TeJNbHOCTH &.

HenocpencteeHo u3 onpenenenuns (9) ciaenyer, 4To KoBapHaUMOHHasA QyH-
KuMsl R(n) ABNsieTCA HeompuyameabHo onpedesernoil, T. e. s JIOGbIX KOM-
NJIeKCHbIX uHcea ay, ..., Qm U JIO6LIX £y, ..., Imn€Z, m>1,

3 aa;R(ti - 1;) 0. | (1)

i,j=1
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B cBolo ouepelb OTClofa (MM HenocpencTBeHHO M3 (9)) HeTPYNHO BbIBECTH
(3amaua 1) cnelyiolide CBOACTBA KOBapHALMOHHOH (QYHKUHH:

R(0) >0, R(—=n)=R(n), |R(n)|<R(0),
IR(n) — R(m)|* < 2R(0)[R(0) — Re R(n — m)].
2. TlpuBeneM HeKoTopble MpHMepbl CTALMOHAPHBIX NOC/eNO0BaTeNbHOCTEM
&= (én)nez. (B manbHeiilieM cioBa «B LIMPOKOM CMbIC/Ie», a TaKXKe yKasaHHe
Ha To, uTo n € Z, yacTto 6ymyT omycKaTbcsl.)
Npumep 1. Tlycts &, =& g(n), rae E& =0, E|&|2 =1 u g = g(n) — Heko-
topas ¢ynkuua. ITocnenosarenbhoctb € = (§,) GyneT CTaUMOHAPHOH B TOM M

TOJILKO TOM CJlydae, Korna ¢hyHkuus g(k + n)g(k) 3asucur auws ot n. OTciona
HETPYIHO BbIBECTH, UTO HaMIeTCs Takoe A, 4TO

g(n) = g(0)e'".
TaKHM O6p830M, nocJjie0BaTeJIbHOCTb cnyqaﬁublx BeJIUUHUH
&n=£&0g(0)e’™"

(12)

fIBJIfeTCA CTaLUHOHApPHOH C
2 i\
R(n)=|g(0)["e™".

B uacTHOCTH, «cJyuaiiHasi BO BpeMeHU KOHCTaHTa» £, =&y obpasyeT cra-
LIMOHAPHYIO NOC/1eJ0BaTeIbHOCTb.

3ameuanue. B cBA3M C 3THM MpUMEPOM OTMETHM, YTO MOCKOMbKY €M =
=etA+2mh) p— 41, 42, ..., To (KpyroBas) yacToTa \ onpeienseTcs JHILb
C TOYHOCTbIO JI0 MPOH3BONLHOrO Cjlaraemoro, KpatHoro 2. ITo Tpamuumu B
JanbHeiilleM GyleT CUMTATbCS BCIOAY, uTo A € [—r, ).

NMpumep 2. [Toumu nepuoduueckasn nocaedosamensrocme. Iyctb

N
5,,:2 2™, nel, (13)
k=1
rie 2i, ..., 2y — oproroHanbHbie (E2;Zj =0, i # j) cayuaiinble BeJHUHHBI C
HynesbiMu cpeniuMu U E|z|2=02>0;, —w <A<, k=1, ..., N; N #)\j,

i # j. TocnenosatenbHoCTb € = (€,) ABAsSETCS CTAUMOHAPHON C
N
R(n)=Y" ofe™". (14)
k=1
B o6o6utenue (13) npeanonoxum Tenepb, uto

b= 2™, (15)

k=—00
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rlie BeJIMUMHbI 25, R € Z, 06nanaloT TeMu e csoiicteamu, uto ¥ B (13). Ecamn

[=.*]
MPeAnoNoKHTb, UTO Y. a§<oo, TO psin B mpasoit yactd topmyasl (15)
k=—o00
CXOIMUTCA B CpellHeM KBaJpaTUUeCKOM H

Rimy= > ojei™. (16)
k=—o00
Beznem ¢yHKuuio
Fy= Y ot (17)
(kMM

Torzna koBapuaunoHHas ¢yHkuus (16) MoxeT 6bITb 3anucaHa B BUE HHTerpaia
Jle6era—Cruntbeca

R(n)= § e dF(\) (= § ei"”dF()\)). (18)

[—”'")

CrauunoHapHble nocJiefosateibHocTH (15) o6pa3oBanbl Kak CyMMbl «rapMo-
HHK» e‘M" ¢ «4acTOTOTaMH» \p M CJyYaliHbIMH «aMIUIUTYIaMH» Zj «HHTeH-
cuBHocTH» 07 = E|2;|2. Takum o6pasom, sHauenne dyHkuun F()) naer ucuep-
MbIBAIOLIYI0 HHPOPMALIHIO O CTPYKTYpe «CMEeKTpa» MOC/eN0BaTeNbHOCTH &, T. €.
0 BeJIMYMHEe HHTEHCUBHOCTEM, C KOTOPLIMH Te WM HHble YaCTOThl BXOAAT B Npef-
crasnenue (15). CornacHo (18), sHanue pyHkuun F(\) NoJHOCTbIO onpesenser
TaKXe U CTPYKTYpy KOBapHaUMOHHOMH yHKuuU R(n).

C TOYHOCTbIO 10 MOCTOSTHHOTO MHOXKHMTENA (HeBbIpOXKAeHHas) hyHKuus F(X)
siBNsieTCs, oueBUAHO, yHKUMeN pacrpelesieHusi, MpUYeM B PacCMaTpUBaeMoM
npuMepe 3Ta PyHKUUS KyCOUHO-MOCTOsIHHA. BecbMa npuMeuaTesibHO, UTO KO-
BapHauuoHHasi HYHKUHUA 06O CTaLHOHAPHOH B LUIMPOKOM CMBICIE Cy4aitHOM
noc/ie0BaTeIbHOCTH MOXeT GbiTb MpelcTaBjieHa (CM. TeopeMy B . 3) B Bule
(18), roe F(\) — HekoTopas (C TOYUHOCTbIO IO HOPMUPOBKH) (DYHKLMSA pacnpene-
JIeHUs1, HOCHTE/Ib KOTOPOi COCPENOTOUYEH Ha MHOXecTBe [—T, 7), T.e. F(A\)=0
wma A< —mu F(A\)=F(r=) pna A > .

Pesynbrat 06 uHTerpajibHOM MpefCTaBleHUH KOBAapHALMOHHONH (pyHKUMH,
conocrtasJeHHbli ¢ (15) 1 (16), HABOAMT Ha MbIC/Ib, YTO POU3BOALHAS CTALU-
OHapHasi MOCJ/Ie0BaTeJbHOCTb TaKXKe IONyCKaeT «HHTerpajbHoe» npeicTase-
Hue. Tak OHO Ha caMoM Jiefie U ecTb, uTO 6yZeT MoKa3aHo B § 3 ¢ MOMOILLBIO TaK
Ha3biBaeMbIX CTOXaCTHUECKHX UHTETPasioB MO OPTOFOHANbHBIM CTOXaCTHUECKUM
mepam (§ 2).

NMpumep 3. beavd wyn. Tlyctb €= (e,) — NoclenoBaTeJbHOCTb OPTO-
HOPMHPOBaHHBIX clyyaiiHbiX BeauunH, Ee, =0, Eeiej =4;j, rae 6;; — cumson
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KpoHekepa. [ToHATHO, uTO Takas MoC/eNOBaTebHOCTb ABJAETCS CTaLHOHap-
HOH H

I, n=0,
Rm=Yo. nso.
OTMeTHM, 4TO 3Ta GyHKUUA R(r1) MOXKeT ObITb NpelcTaBjieHa B BUje
R(n)= § e?"dF()), (19)
rae
¢ 1
Fy=§ foydv, fN=5, -m<A<m (20)

CpaBHeHHe «cnekTpajbHbix» ¢yHkuui (17) u (20) nokaswiBaert, uTo ecu B
npuMepe 2 «cnekTp» Gbll1 OUCKpPermnKbiM, TO B HACTOSLIEM NpUMepe OH oKa3aJl-
cl ABCONOMHO HenpepuleHbiM C TIOCTOSIHHON «CMEKTPaNbHOM» MIOTHOCTBIO
f(A\)=1/2m. B 3TOM CMbIC/ie MOXKHO CKa3aTb, UTO MOCAEN0BATENbHOCTb € = (€,)
«COCTaBJIeHa U3 rapMOHHK, HHTEHCHBHOCTb KOTOPbIX OfHA U Ta Xe». MMeHHo
3T0 OGCTOSATENbCTBO W MOCJYXWJIO MOBOAOM Ha3blBaTb MOCJ/eNOBaTeNbHOCTD
€=(ep) «6esbiM ILYMOM» MO aHaloruu ¢ («(hM3uUeCKUM») GesibiM LIBETOM,
COCTaBJIEHHbIM M3 Pa3/IMYHbIX LBETOB OJHOMN U TOI e WHTEHCHBHOCTH.

Mpumep 4. [locaedosamenvnocmu cxoavssujeeo cpedneeo. Otnpas-
Jsgsch ot 6esioro liyma € = (€,), BBeeHHOro B npuMepe 3, o6pasyeM HOBYIO
NOC/Iel0BaTeNbHOCTD

b= Gkn-t 21)

k=—00

o0
rIie a; — KOMIJIEKCHble YHCa TakHe, uTo 3. || < oo.
k=—00

W3 (21) naxoaum

COV(§,,+,,,, §m) =COV(£,,, fO) = Z an+kak,

k=—o00

TaK uTo € = (§,) ABNACTCA CTALLMOHAPHOM MOC/IeI0BATENbHOCTbIO, KOTOPYIO NpPH-
HAITO HasblBaTh MOCJEN0BaTENbHOCTbIO, 06pa30BaHHOM ¢ noMolibio (dsycmo-
POHHee0) ckoab3AWe20 cpeOHeeo U3 NMOCNe0BaTeNbHOCTH € = (€¢).

B ToM yacTHoM caiyuae, Koraa Bce aj C OTPHLIATEIbHBIMK HHIEKCAMH PaBHbI
HYJIIO W, 3HAYWT,

0o
= Z ArEn—k,

k=0
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Noc/el0BaTeNbHOCTb £ = (€,) Ha3bIBAIOT NOCJEN0BATEbHOCTbIO O0HOCMOPOH-=-
Heeo ckoab3aujeeo cpednezo. Ecan k Tomy e Bce ap=0npu £>p, T. e,
ecau

€n=a0€n+al€n_]+-..+ap€n_p, (22)

1o &= (£,) Ha3biBaeTcs MNOC/ENOBATENbHOCTBIO CKOAL3AWE20 CPedHe20 Nno-
padka p.
MoxHo nokasaTb (3agaua 3), uTo LI NMocNenoBaTeJbHOCTH (22) KoBapH-
™

aLMOHHaA GyHKUMA R(n) uMeer Bua R(n) = S eM f(\) d ), rae cnekTpanbHas

MNJOTHOCTbL paBHa

fX)= 5= P (23)

P)=ao+a1z2+...+a,2".

NMpumep 5. Asmopeepeccuonnasn cxema. Ilyctb cHOBa € = (g,) — GeJblit
wyM. Bynem roBopuTb, uTo ciydaiiHasi noce1oBaTeNbHOCTb & = (,) MOAUMHA-
ercsl agmopezpeccuonHol cxeme NopsaKa g, ecnv ajna n€Z

&n+01&0-1 +--~+bq§n—q=5n~ (24)

[pu kakux ycnoBusiX Ha kod(dHuMeHTH by, ..., by MOXHO yTBepXKAaThb,
yTO ypaBHeHue (24) UMeeT cTauuoHapHoe pellieHHe? UTo6Gbl OTBETUTb Ha 3TOT
BOMPOC, paCCMOTPHUM CHauana ciyuai ¢ =1:

§n=0aln—1+E€n, (25)

rae o =—b,. Ecau |a| < 1, To HeTpyaHO NpoBepHTb, UTO CTalLMOHApHas Moc-
JleloBaTebHOCTb & = (&,) C

£.=)_ dle,_; (26)
j=0

ABNIsieTCA pellleHHeM ypaBHeHus (25). (Psan B npasoii yacth (26) cxomurcs
B CpelHeKBaJpaTHUecKOM cMbicjie.) ITokakeM Tenepb, UTo B Kjaacce CTalu-
OHapHbIX nocJsenoBaredbHocTell € = (£,) (C KOHeYHbIM BTOPHIM MOMEHTOM) 3TO
pellieHHe ABJISIeTCS eIMHCTBeHHbIM. B caMoM nente, u3 (25) nocieoBaTesibHLIMHU
MTepaLHsIMH HaXOIHM, YTO

k-1
n=0abp-1 +en=alal—2t+en—1]+en=... =ak£n—k +Z al€n—i~
j=0
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Orclona caeyer, uTo

k— 2
E [sn - a"en—;] =E[a*¢,_ 4] =a™EE_, =a™EE 0, k—oo.
j=0

Takum o6pa3om, npH |a| < 1 craunoHapHoe pellleHHe ypaBHeHHs (25) cyiue-
CTBYET H MpeACTaBJ/feTcs B BHIe ONHOCTOPOHHEro CKOJIb3flero cpeaHero (26).

AHanornuHbIi pesysbTaT HMeeT MeCTO M B cJjyyae MpPOH3BOJIbHOIO ¢ > |:
ecJIM BCe HYJIH MOJHHOMA

RQR)=1+b1z+...+b427 27)

JleXKaT 8He elMHHYHOro Kpyra, TO ypaBHeHHe aBTOperpeccHu (24) umeet,
NPUTOM eNHHCTBEHHOE, CTalHOHapHOe pellleHHe, MPeACTaBUMOe B BHIE OLHO-
CTOPOHHEro CKoJib3siiero cpenHero (3amaua 2). Ilpu stom koBapHaunoHHas
¢yHkumus R(r) npencrasuMa (3agaua 3) B BHIe

T A
Rm)= § e aFp), FO=§ fw)dv, (28)
rae - -
=L 1
=2 oeme

B uactHoM cayuae g =1 u3 (25) nierko HaxoauM, uto E&y =0,

(29)

1
El6o]>=———, R(n n>0
|£0| 1 _Ia|21 ( ) | |2' =

(R(n) =R(—n) ansa n <0). IMpu 3tom

1 1

N =5 e
2 |1 —ae~i}|
Mpumep 6. DTOT MpuMep HANIOCTPHPYET BO3HHKHOBEHHE ABTOPErpecCHOH-

HbIX CXeM NMPH NOCTPOEHHH BePOSITHOCTHBbIX MojeJseil B rHapoJiorun. Pacemor-
PHM HekoTOpblil BOAHbI 6acceiin (HanpuMep, Kacnuiickoe Mope) 1 nocrapaeM-
Cfl MOCTPOUTL BEPOATHOCTHYIO MOJeJb, OMHUCHIBAIOLLYIO OMKAOHEHUS YPOBHA
B 3TOM GacceiiHe OT CpelHero 3HaueHHs, Bbi3BaHHble KoJeGaHHAMH B CTOKe H
HCNapeHHeM C BOAHOW MOBEPXHOCTH.

Ecnu 3a CLUHHLY H3MEPEHH B3ATb rod H 0603HaunTh H, «ypoBeHb» B
GaccefiHe B n-1 TOZL, TO MOJYYHM Caeflylolllee ypasHerue baranca:

Hn+l =H,,—KS(H,,)+2,,+|, (30)

Tle uepes X,4; 0603HaueHa BeJMunHa cToka B (2 + 1)-it ron, S(H) — nowans
NOBepXHOCTH BOAHOrO 6accefiHa Ha ypoBHe H , a K — ko3¢ dHLHeHT HenapeHHs.
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OGosnauum uepes &, = H, — H oTkaonenne ot cpennero yposns A (koto-
pblil HAXOAMTCA MO Pe3yJLTaTaM MHOTOJIETHHX HaGMIOfeHHi) W NpeanoNoXuM,
yto S(H)=S(H)+ c(H — H). Torna u3 ypaBHeHus GanaHca cleflyeT, 4To Be-
JIHUKHHBl €, MONUHHSIOTCA ypaBHEHHAM

€n+l =a€n + Enyi (31)

ca=1-cK, e,=%, - KS(H). Cnyuailible BeTHUHHDI £, €CTECTBEHHO CUHTATb
MMEIOLLMMH HyJleBble CpeliHHe H B epBOM NPHOJHXXEHHH HEKOppeJHPOBaHHbIMH
M OIMHAKOBO pacrpeneneHHbiMH. Toraa, kak 3To GblI0 NOKa3aHo B NpHUMepe 5,
ypasHenue (31) (npu || < 1) MMeeT enuUHCTBeHHOe CTaLMOHapHOe pellieHHe,
KOTOpOe CJlellyeT CYHTaTb pellleHHeM, OMHMCLIBAIOLIHM YCTaHOBHBLUHMIACA (C ro-
JlaMH) pe>KuM KoJieGaHHi ypoBHs B paccMaTpHBaeMoM GaccefiHe.

B KauecTBe Tex MPaKTHYECKHX BLIBOLOB, KOTOPble MOXKHO Cle/aTb H3 (Te-
opeTHuecKoi) moznenu (31), ykaxkeM Ha BO3MOXXHOCTb MOCTPOEHHSI NPOSHO-
3a OTKJIOHeHH! YPOBHA Ha caedyrouwyuli rof no pesyJbTaTaM HaGJlOJeHHH 3a
HacTOSAILUMI W NpeaillecTBYIOLIMI roabl. A MMeHHO, OKa3biBaetcs (CM. Jalee
npumep 2 B § 6), uTo onTUManbHON (B CpeIHeKBALPAaTHUECKOM CMBbICJe) JIH-
HeliHOH OMEHKOM BeJIHUMHbBI £,4| MO 3HaueHUaM ..., E,—, &, CAYXKHT MPOCTO
BeJIMYUHHA af),.

NMpumep 7. Cuewannas modesb asmopeepeccuu u cKoAb3Aweeo cpeo-
rezo. Ecan npeanosioxxutb, uTo B NpaBoil 4acTH ypaBHeHus (24) BMecTo €,
CTOHMT BEJIHUMHA A0Ep + A1Ep—) + ... + ApEn—p, TO MOJYUHM TAK Ha3blBaEMYIO
CMeLIaHHYI0 MOJIe/Ib aBTOperpecCHH U CKOJb3sILIEro cpeaHero nopsaka (p, q):

Ent+bip1+... +bq§n_q =Qo€p+a1€p—1+... +ApEn—p. (32)

[pu Tex e NpeanoyoXXeHHUAX OTHOCHTENbHO HyJell nonnHoMa @Q(z), uto u B
npumepe 5, nanee nokasviaercs (caenctsue 2 k Teopeme 3 § 3), uto ypasHeHue

(32) umeer craunoHapHoe pelueHHe & =(&,), LIS KOTOpPOro KoBapHaUHMOHHas
k.

A
dbyHkuus pasHa R(n) = S e dF(\) ¢ F)\) = S f(v)dv, rne

- -7

_1— P(e—i/\) 2

TN =5z o) | -

3. Teopema (Fepraoru). [Tycme R(n) — xosapuayuonnas Gyukyus
cmayuonaproi (8 WUpoKkom cmeicae) Cayuaiinoll nocaedosamenorocmu
¢ Hynresowm cpednum. Toeda na ([—w, w), B([—=, 7)) Haldemcs makas
koneunas mepa F = F(B), B € B([—w, 7)), umo 012 aw060oeo n€ L

R(n)= § e Ed ), (33)
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™
20e unmeezpan S e F(d\) nonumaemes xax unmezpan Jlebeca—Cmua-
-7
meeca no mroxecmsy [—x, ).
Jlokasameavcmso. TTonoxum pas N > 1 u A€ [—m, 7]

N N
W= S 3 Re—he®re, (34)

k=1 I=1
B cuny HeoTpHuaTeJbHOH onpefeneHHocTH R(n) ¢yHkums fy(A) HeoTpuua-
tesnbHa. [TockonbKy uncio tex nap (k, ), ais koropwix k — [ =m, ectb N — |m)|,
TO

=5 3 (1) rimeim. (35)
|m|<N
[lyctb
Fn(B)=§ Iv(Nd)\, BeB((~, m).
B
Torna

L

. _hl
S ei/\nFN(d)\)= S ei)‘an(A)d)\= (l N)R(n)’ |ﬂ|<N’
-7 -7 0, |n| >N.

(36)

Mepnl Fy, N > 1, cocpenotouetbl Ha untepsane [—m, «] u Fy([—=, 7]) =
=R(0) < co mnst moGoro N > 1. CnenosarenibHo, ceMeiictso Mep {Fn}, N > 1,
N/0THO, H Mo meopeme [Ipoxoposa (teopema 1 § 2 ra. III) cywectsyior
noanocnenopatenbHocTb {Np} C {N} n mepa F rakue, uto Fy, 2 F. (Tous-
THS1 IJIOTHOCTH, OTHOCHTE/IbHOMH KOMMAKTHOCTH, c/1a6oil CXOMMMOCTH H TeopeMa
[Tpoxoposa ouesuaHbIM 06pa3oM ¢ BEPOATHOCTHLIX Mep MePeHOCATCA Ha io6ble
KOHeuHble Mepbl.)

Torna u3 (36) cnenyer, uto

S ei)‘"F(d)\)=Nlim S ei/\nFNk(dA)zR(n).

-
Moctpoenias mepa F cocpenorouena na uutepsane [—x, rr]. He uaMensia uu-
T

Terpana S e F(d )\), moxHo nepeonpedeaumo mepy F, nepenecs «Maccy»

n .
F({m}), cocpenotouennyio B Touke 7, B Touky —. Tak nonyueHHas HoBas Mepa
(0603Hauum ee cHoBa uepes F) GyleT yxe COCPElOTOYEHHON Ha MHTepBaJe
[=m, 7). (To nososy uesecoo6pasHOCTH BbLIGOPA MIS 3HAUEHHA A HMEHHO

HH;epBaJla [-m, 7), a He, ckaxeM, [—m, 7], cM. 3aMeuaHue K npumepy | B
n.2)
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3ameuanne 1. Mepy F = F(B), yuactsylouiyio B npeacTasieHuu (33), Ha-
3bIBAIOT Cnekmpanbroil mepoi, a pyukuuio F(A\) = F([—m, A]) — cnexkmpane-
HOU hyHKyuel cTauHoHapHOM NOC/E10BATENLHOCTH C KOBAPHALMOHHOM (yHK-
umeit R(n).

B paccmorperHom Bblille npuMepe 2 crnekTpajbHas Mepa oKasajach JHC-
KpeTHO# (cocpemoToueHHoH B Toukax Mz, k=0, £1, ...). B npumepax 3—6
crneKTpanbHasi Mepa aGCOJIIOTHO HempepbiBHA.

3ameuanne 2. CnekTpanbHas Mepa F odwo3naunO onpenensiercss no
KOBapHauUMOHHON pyHKLMH. B camom nmene, nyctb Fy u Fo — [iBe cnekTpasbHble

Mepbl H .

ks
§ eV FidN=§ e*Fyd)), nel

- -
[Tockoabky so6as orpaHuyeHHasi HenpepblBHas GyHKUHA g(\) MOXKeT GbiTb
paBHOMepHO MpHOJHXKeHa Ha [—m, T) TPUrOHOMETPHUECKHMH MOJHHOMAMH, TO

T ™
§ e RN =§ g Fadn),
- -
OTKyJa (c‘x ¢ nokasaresbcTBoM TeopeMbl 2 § 12 . 1) caenyer, uto Fi(B) =
= Fo(B) nas no6uix B € B([-, «)).
3ameuanue 3. Ecau &€ = (£,) — craunoHapHasi nocJief0BaTeNbLHOCTb, CO-
cToflan M3 OelicrmeumenvHolx ClydaliHblX BeJMUHH &,, TO R(n)=R(—n) n

no3ToM
y R(n) +R(=n) _

R(n)= 3

S cos An F(d)).

4. 3apauu.

1. BuiBect coiictea (12) us (11).

2. Jlokasartb, UTo ec/ii BCe HYJIM NoJiuHoMa @(2), onpeneneHHoro B (27), e-
JKaT 8He eIMHHYHOrO KpYyra, TO ypaBHeHHe aBToperpeccit (24) umeer, 1 NpuToM
e[IMHCTBEHHOe, CTALLHOHAPHOE pellieHKe, NpeCTaBUMOe B BH/le OIHOCTOPOHHErO
CKOJIb3AILLIErO CPefHero.

3. TokasaTb, uTO cneKTpajbHbie (PyHKUMH NochenoBaTelbHocTedl (22) u
(24) umetoT NIOTHOCTH, 3aaBaeMble COOTBETCTBEHHO opmyaamu (23) u (29).

400
4. Tlokasatb, uTo ecin Y. |R(n)|% < oo, To cnekTpanbhas pyHkums F(\)
n=-—oo

MMeeT MJOTHOCTb f(A), onpeuemiemylo dhopmynoit
fO) = Z e~ R(n),
n=—o00

rie psaa cxomutcs B KomnaekchoM L2 = L2([—, m), B([—=, 7)), A), A — Mepa
JleGera.
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§ 2. OpTOoroHajbHble CTOXaCTHYECKHE Mepbl
M CTOXaCTHYeCKHE MHTEerpaJbl

1. Kak yxe otmeualioch B § 1, HHTerpasbHoe npeicTaBieHHe KOBapHalH-
OHHO# (YHKUMH M NPHMep CTaUHOHAPHON MOC/e10BaTeNbHOCTH

b= ) ze™" (1)

k=—00

C MOMapHO OPTOrOHAJIbHBIMH CJYyYaHHbIMH BeIMUHHAMH 2, k € Z, HABOJAT Ha
MbICJIb O BO3MOXXHOCTH MOJyueHHs NPeACTaBJIeHHs NpOoU3B0AbHOL CTaUHOHAD-
HOil MOC/IeNOBATENbHOCTH B BHAE COOTBETCTBYIOLULEr0 HHTErpaibHOro 060061ie-
Hua cymmst (1).

EcJsiH noNoXKuTb

ZN= Y @
{k: A<}
To (1) 3anuilercs B BUE
&= Y eMAZ(\), )
k=—00

rae AZ()\k) = Z(/\k) — Z()\k—) =2.
IlpaBas yactb (3) HanOMHHaeT HHTerpaJbHYIO CYMMy JIsi «HHTerpaJja TH-

na Pumana—Cruatbeca» S e dZ()). OmHako B paccMaTpHBAaeMOM HaMH
-7
cayuae ¢yHkuns Z()) sBasercs caydaitHoi (3aBucslled TakXe H OT w). [Tpu
3TOM BbISICHAIETCA, 4TO /I HHTErpajbHOrO MpeiCTaB/eH s IPOH3BOJILHOMN CTa-
LIHOHapHOH Moc/efoBaTeIbHOCTH NPHXOUTCA MPHBJIEKATb K PACCMOTPEHHIO H
Takue GyHKUHH Z(N), KOTOPbIE MPH KaXKAOM w HMEIOT HEOZPAHUUEHHYIO BapH-
k.

aunio. [TostTomy npocroe noHHMaHuWe HHTerpana S e dZ(\) kak uHTerpana
-7
Pumana—Cruntbeca m1a kax0020 w CTaHOBHTCA HenpHeMEMbIM.

2. Tlo awanorun c o6lweil Kouuenuueit uuterpanos JleGera, JleGera—
Cruntbeca u Pumana—Cruarbeca (§ 6 rnn. ) paccmoTpeHue HHTepecyloLLero
Hac cjyyas HauHeM C OMNpefieIeHHs CMOXACMUUYECKOl Mepol.

IMycrs (Q, &#, P) — BeposiTHocTHO® npocTpancTBo, E — HekoTOpoe MHO-
XKEeCTBO C aire6poit &y ero MOAMHOXKECTB H o-anre6poil & = o (&yp).

Onpenenenne 1. KomniekcHosHaunas dynkuus Z(A) = Z(w; A), onpe-
AeneHHas mia w € N u A € &, Ha3biBaeTc KOHEUHO-a00umusHol cmoxa-
Cmuueckoi mepoii, ecau:

1) E|Z(A)|? < oo ans mo6oro A € &;
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2) ans mo6bix IBYX Hernepecekalouuxcsi MHOXecTB Ay H Ag u3 &
Z(A +A9)=Z(A)+Z(A2) (P-n.u.). 4)

Onpepenenune 2. KoHeuHo-ammuTHBHAs cTOXacTHueckas Mepa Z(A) Ha-
3blBaeTCA I1eMeHmapHol cmoxacmuueckol mepoil, eciiu 4as Jo6blX Hemne-
o0
peceKalolluxcs MHOXeCTB Ay, Ao, ... u3 & Takux, uto A=Y A, €&,
k=1
n 2
E|Z(A) - Z(Ay)| =0, n—oco. (5)
k=1

3ameuanue 1. B paHHOM omnpepesieHHH 3/1€eMeHTapHOH CTOXacTHYeCKOM
Mepbl, 3aJlaHHOM Ha MHOXeCTBaX W3 &y, MpepriojiaraeTcs, 4To ee 3HaueHHs
NpHHal/IexaT ruib6epToBy npoctpanctey H2 = H2(Q, &, P), a cueTHaa an-
JIMTHBHOCTb BBIMOJIHEHA B CpeliHeKBaapaTHyecKoM cMbicie (5). CyiecTByioT H
ZIpyrue onpejieJieHHs1 CTOXacTHYECKHX Mep, B KOTOPbIX OTCYTCTBYeT TpeGoBaHHe
CyILIeCTBOBaHHS BTOPOrO MOMEHTa, a CueTHas aJUIMTHBHOCTb MOHHMaeTcs, Ha-
npuMep, B CMbICJIe CXOAUMOCTH MO BEPOSTHOCTH HJIH C BEPOATHOCTBIO €IMHHLA.

3ameuanue 2. Mo aHanoruu ¢ HecyyaiiHBIMH MepaMH MOXKHO MOKa3aTb,
YTO JJIl KOHEUHO-AMTHBHLIX CTOXAaCTHUECKHX Mep YcJloBHe (5) cueTHoil aa-
JUTHBHOCTH (B CpeIHEKBapaTHYECKOM CMbICJIe) SKBHBAJIEHTHO HeMpPepbIBHOCTH
(B cpeaHeKBanpaTHUECKOM CMbICJIe) B «HYJIe»:

E|Z(A)|> =0, A,lD, A €. (6)

B Kaacce afieMeHTapHbIX CTOXaCTHYECKHX Mep 0cO60 BaXKHbl Mepbl, sIBJIsi-
IOILIHECS OPMOZOHAALHOIMU B CMbIC/IE CJe[yIOILEro onpeaeaeHus.

Onpenenenune 3. dnemeHTapHas croxacTHueckas Mepa Z(A), A € &, Ha-
3blBaeTCA 0PMO2OHANLHOU (WIH MePOl ¢ OPMO2OHANLHUIMU 3HAYEHUAMIL),
ec/in JJis JIO6LIX ABYX HemepeceKalolUxcsl MHOXKeCTB Ay u Ag u3 &

EZ(A)Z(A9) =0, )
WH, YTO 3KBHBAJIEHTHO, eCJIH AJs JIo6biX A U Ag U3 &
EZ(A1)Z(A2) =E|Z(AINAY) . ®)
O603HauuMm
m(A)=E|Z(A)?, A€k 9)

Jlnsi aneMeHTapHLIX OPTOFOHANLHBIX CTOXAaCTHUECKHX Mep (DYHKUMS MHOXeCTB
m=m(A), A € &, fBasercs, Kak Jilerko BUIETb, KOHEUHOI MepoH, H, cleno-
BaTeJibHO, no TeopeMe Kapateonopu (§ 3 ra. II) ona Moxer GbiThb npono/mKeHa
Ha (E, &). Tak nonyueHHyto Mepy 6yneM cHoBa 0603HauaTth yepes rit-=m(A) u
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Ha3blBaTh CMPYKMYypHOU GyrKkyuei (31eMeHTapHON OPTOroHaNbLHOH CTOXa-
ctHueckoil Mepbl Z =Z(A), A € &).

Tenepb ecTeCTBeHHbIM 00pPa30M BO3HHKAET C/elyIOILHi Bonpoc: pa3 (GyHK-
uust MHoXecTB m =m(A), onpenenennas Ha (E, &), nonyckaer npono/xeHue
ua (E, &), rie & =0(&H), TO HeMb3s JIH /IeMEeHTapHYI0 OPTOrOHA/bHYIO Cmo-
xacmuueckyto mepy Z =Z(A), A € &, NpoloMKHTb Ha MHOXKecTBa A H3 &,
npuuem Tak, uto6bl E|Z(A)2=m(A), Acé.

OTBeT Ha 3TOT BOMPOC YTBEPAMTE/bHBLIA, UTO BbITEKAeT H3 HUXKecJeny-
JOLMX KOHCTPYKLHMI, NMPHUBOASILMX B TO XKe camMoe BpeMsi H K NOCTPOEHHIO
CTOXAaCTHYECKOro MHTerpaja, HeoGXOAUMOro AJisl HHTErpasbHOro npencrasie-
HHMS CTALMOHAPHBIX MOCJ/ENOBaTeNbHOCTEIl.

3. Hrak, nyctb Z =Z(A) — sneMeHTapHasi OPTOroHaJbHas CTOXacCTHYe-
ckas Mepa, A € &, co cTpykTypHOH dyHkuneit m=m(A), A € . dna kaxnoi
(YHKLUHH

V=Y ila,N). Dred, (10)

NpHHHMAIOLLEH JIHIIb KOHEeYHOe YHCJIO Pa3/HUYHLIX (KOMIJIEKCHbIX) 3HaueHHH,
ofpelesHM Cy4aHHYIO BeJTHUHHY

F(N=D_ feZ(D).

Mycts L2=L2%(E, &, m) — ruib6epToBO NPOCTPAHCTBO KOMIIEKCHO3HAY-
HbIX YHKLHIA CO CKaJISIPHBIM NpOU3BeeHHeM

(I, &) =§ IN g m(dN)
E

u Hopmotit || || = (f, f)'/2, a H2 = H2(Q, &#, P) — runn6epToBo NpOCTPaHCTBO
KOMIJIEKCHO3HAUHBIX CJIy4aiHbIX BEIHYMH CO CKasPHLIM NPOU3BeEIeHHEM

& n=E&n

H Hopmoi ||¢]| = (€, £)"/2.
Torna ouesnaubiM 06pasom ans J0GLIX aByX (yHKumil f u g supa (10)

(Fh. £(@)=(]. 8

ILDIE=171%=§ 1FN)? m(dN).
E

Mycrs teneps f € L2 u {f,} — dynkunn Tuna (10) takue, uto || f — fal| =0,
N — oo (cM. 3amauy 2). Torna

L) = E ()l =fn = full =0, n, m—oco.



592 IJ1. VI. CTAUMOHAPHBIE CJ1YYAMHBIE MOCNEAOBATE/IbHOCTH

CaenoBaresibHO, nocsenoBarensHocts {F(f,)} dynnamenraibHa B cpelHe-
KBaJpaTHYeCKOM cMbicjle, U B cuay TeopeMbl 7 w3 § 10 r. Il Haiimer-
cA chnyyaiiHas BelMuHHa (0Go3HaunM ee £ (f)) Takas, uto F(f)eH? u
£ (fa) = Z (DIl =0, n— oo.

Tak nocrpoenHas cayuyaiiHas sesnuyuHa £ (f) onpenensiercs OXHO3HAUHO
(c TOYHOCTBIO 0 CTOXACTHYECKOH 3KBHBAJIEHTHOCTH) W He 3aBHCHT OT BbIGO-
pa annpokcuMupyiouleil nocaenosarenabHocTH {f,}. Ee ectecTseHHo Ha3BaThb
cmoxacmuueckum unmezpasom ot GpyHkuuu f € L2 no snementapHoi opro-
FOHaJLHON CTOXacCTHUeCKOH Mepe Z M MoJb30BaThCA A1 HATNAMAHOCTH (HapsLy
¢ Z([)) «uHTerpaibHOi» 3aMHCbIO

§ i) z@»).
E

OTMeTHM clefylollHe OCHOBHble CBOHCTBA CTOXAaCTHYECKOTO HHTerpaJa
# (), HenocpencTBeHHO BbiTeKalOlHe W3 ero KOHCTpYKuuH. IlycTb dyHKUMH
g f. f.€L? Torma

(“ . L@ =(/ &) (1)
L DI=II7ll; (12)
Faf+bg)=af()+bL(g) (P-n.n), (13)

rneau b — KOHCTAHThI;
I£(fr) = £ (DI —0, (14)

ecim ||fn = f]|— 0, n—o0.

4. Hcnoab3yem onpefiefieHHblif Bblile CTOXACTHYECKHH HHTerpan Ais
npodoaxcenus 3JieMeHTapHO! OPTOroHaJIbHOH cTOXacTHuecKoi Mepnl Z(A),
A € &y, Ha MHOXecTBa M3 & = o(&).

[TockonbKy Mepa m npeanonaraercss KoHeuHoH, To pyHkumusa /o =1a(N) €
€ L2 nna Besakoro A € &. O6o3naunm Z(A)=#(Ia). Slcho, uto pas A€ &
Z(A)=Z(A). Us (13) caenyer, uto ecan A, NAy=2, Ay, Ag €&, TO

Z(A+829)=Z(A)+Z(Dg) (P-n.n),
a u3 (12) sbiTekaer, uto
E|IZ(A)]?=m(d), Acé.

TokaxkeM, uTo ciyyaiiHas ¢yHKUMA MHOXecTB Z(A), A €&, apnsercs
CUEeTHO-aJIUTHBHON B CpelHeKBaIpaTHUeCKOM cMbicje. B camoM nene, myctb

AveE WA= Ay Torna
k=1

ZA) - Z(A=2(gn).
k=1
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rie
; |
gn(A)=lA(A)—k§jl I W=l & , .
= k=n+1
Ho
oo
ElJ(gn)l“’=||gn||“’=m( > Ak)w, n— o0,
k=n+1
T. €.

n 2
ElZ(A)—Z Z(Ap)| =0, n—oo0.

k=1

M3 (11) caenyer Takxke, uto p1d Ay NAy =0, A, Ay,
EZ(A)) Z(Ag)=0.

Hrtak, nocrpoeHHas ciyuyaiiHas (yHKUHMS Z(Q), onpeje/ieHHas Ha MHO-
xectBax A €&, dABAAETCA CUETHO-aLAMTHBHON B CpelHEKBalpaTHUeCKOM
cMbicle M Ha MHoXecTBaXx A € &) cosnamaer ¢ Z(A). Bynmem HasbiBath
Z(A), A€&, opmozonarvroi cmoxacmuueckoi mepoi (ABnsiolLelics
NpONOJKEHHeM 3JleMEHTapHON OPTOrOHa/bHOM CTOXacTHueckoi Mepbl Z(A))
€O CTPYKTYpHOIl ¢yHkuueir m(A), A € &, a onpene/ieHnblil Bbllle HHTErpan
£ =S f(\) Z(d \) — cmoxacmuueckum unmezpasom no 3Toil Mepe.

E

5. OGpartumcs Temepb K HauGoJiee Ba)KHOMY VIl HAILMX Lesell caydaio
(E, &)=(R, B(R)). Kak nssectHo (teopema 1 § 3 ra. II), Bcskas KoHeuHas
Mepa m=m(A) na (R, #(R)) HaxoauTCs BO B3aUMHO OJHO3HAUHOM COOTBET-
CTBHH C HeKoTOpOil (06061LeHHOI) dhyHKuuell pacnpenenenus G =G(x), npuueM
m(a, b] = G(b) — G(a).

OkasbiBaetcs, HeuTo NogOoGHOE CNPaBeIMBO H 11 OPTOrOHAJbHBIX CTOXa-
CTHYecKuX Mep. Beenem

Onpenenenne 4. CoBOKYNMHOCTb (KOMIJIEKCHO3HAUHBIX) CJyYailHbIX BEJH-
unH {Z,}, A€R, sanannbix Ha (2, &, P), HasoBeM cayuaidHoim npoyeccom
C OpMO2OHANbHOLMY NPUPAUEHUAML, €CTH

1) E|Z)]? <00, AER;

2) pas kaxporo A € R

E|Zy—2Z)[2=0, MlA MER;
3) maa MobbIX Aj < Ao < A3 < Ag
E(ZA4 - Z)\J)(Z)\z - Z)\l) =0‘
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YcnoBue 3) siBsieTCs YCJOBHEM 0pPMO2OHAAbHOCMU TIpUpaLLeHHi. Yeao-
BHe 1) o3Hauaert, uto Z) € H2. HakoneL, yC/loBHE 2) HOCHT TeXHHUYECKHH Xa-
paKTep M AB/fAeTcA TpeGoOBaHHEM HenpepbuisHocmu cnpasa (B CpelHeKBaapa-
THUYECKOM CMbiCJIe) B KaXKIoi Touke A € R.

[Mycrs Z = Z(\) — oproroHalbHas cTroXacTHueckasl Mepa co CTPYKTYPHOIl
dyHkunelt m=m(A), asnsoweiica KoHeuHol Mepoil ¢ (0606LIeHHOI) byHK-
uueii pacnpenenenus G(A). ITonoxum

Z)‘ =Z(—oo, /\]

Torna E|Zy>=m(—o0, A]=G(\) < o0, E|Zy—Z) [2=m(As, A] L0, AL,
H, OYEBHIHO, BLINOJNHEHO Takxke ycjoBue 3). TakuM 06pa3oM, MOCTPOEHHbIN
npouecc {Z,} sIB/sieTC NPOLECCOM C OPMO2OHANbHOIMU NPUPAULEHUAMU.

C npyroit cropoHbl, ecin G(A) — 06061eHHas (yHKUMS pacrpeneseHus ¢
G(—00) =0, G(+00) < 00 u {Z)} — npouecc ¢ OPTOroHaNbHLIMU TIPHPALLEHH-
amu ¢ E|Zy|2=G()), o nonoxum ans A = (a, b)

Z(A)=2Zp — Z,.

. n
[lyctb & — anre6pa, nopoxaeHHass MHOXecTBaMHM Buga A= Y (ag, be), 1
k=1

Z(B)= > Z(as, by]. Scwo, uto
k=1
EIZ(A)? =m(),

rie m(A) = Z [G(be) — G(ar)], v nas HemepeceKawOIMXCA UHTEPBANOB A =
k=
=(a;, b1l n A2 (ag, b2]
EZ(A)) Z(Ag)=0.

Bauay HenpepbiBHOCTH cnipaBa ¢yHkuuu G(A), A € R, 0TClola BhITEKAET, UTO
Z =7(A), A€ by, apasercs seMeHTapHOl cTOXacTHYecKoH Mepoil ¢ oproro-
HaNlbHLIMH 3HaueHHAMH. PyHKuMA MHOXKecTB m =m(A), A € &, onHo3HaUHO
nponoJiKaerc 10 Mepbl Ha & = %B(R), U U3 NpeNUIeCTBYIOLMX KOHCTPYKLUHUII
cnenyet, uro Toraa Z =Z(A), A € &, TakKe MOXKHO NPOAO/DKHTL Ha MHOXKe-
ctBa A€ &, rne & = B(R), npu 3tom E|Z(A)|? =m(A), A € B(R).

Tem cambiM Mexay npoueccamu {Z,}, AER, ¢ OPTOroHalbLHLIMU [pH-
paienuamu u E|Zy|2=G()\), G(—o0) =0, G(+00) <00, H OPTOrOHANbHLIMH
croxactuueckumMu Mepamu Z =Z(A), A€ B(R), co cTpyKTypHO#l (yHKUMeN
m =m(A) cyuecTByeT B3aUMHO OJHO3HaYHOE COOTBETCTBUE, NPH KOTOPOM

Zyx=Z(-00,A], G(N)=m(—o0, A]
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Z(a, bl=2Zy—Z,, m(a, b]=G(b) - G(a).

Mo aHalorud ¢ 0GO3HAYEHUSMH, MPUHATLIMA B TEOPUM MHTErPUPOBAHUA MO
Jle6ery—Cruntbecy ¥ Pumany—Cruarbecy (ra. I, § 6, nn. 9 u 11), non
CTOXACTHYECKMM HHTErpajiom S f(A)dZy, rne {Z,} — HekoTopulii mpouecc

R
c opTOI‘OHaJIbelMH npupaleHusaMHy, NMoHUMaercs CTOXaCTHUECKHUH HHTerpai

S f(AN)Z(d X) no cooTseTcTBYIOILE# 3TOMY NPOLECCY OPTOrOHabHOR CTOXACTH-

R
yeckod Mepe.

6. 3anauu.

1. Jloka3aTb 3KBHUBaJIeHTHOCTb YcJ0BHii (5) U (6).

2. Mycts dynkuma f € L2, HUcnonbsys pesynbrathl ri. Il (teopema | B
§ 4, cnencteue k Teopeme 3 § 6 u 3anaua 8 B § 3), nokasarb, uto Haimercs
nocsienoBarenbHocTb { f,} pynkumit Buna (10) Takux, uro || f = f,|| =0, n— 0.

3. ¥YcTaHOBHTH CMpPaBeMIMBOCTb CJE/YIOLIMX CBOHCTB OPTOrOHAJIbHOMN CTO-
xacTuueckoit Mepbl Z(A) co cTpykTypHO# dyHkumedn m(A):

EIZ(A1) - Z(A2) P =m(A| A Ay),
Z(A0\A)=Z(A)-Z(ANA) (P-n.u.),
ZIATAA)=Z(A)+Z(Ag)—-2Z(A1NAy) (P-n.H).

§ 3. CnekTpajibHoe npeacTraBjleHHe CTaLHOHAPHbBIX
(B WIMPOKOM cMbiCJIe) NMOcCJeAoBaTelbHOCTEH

1. Ecau €= (,) — crauuoHapHas nocsenosatenbHocts ¢ E(, =0, n€Z,
TO, COrJlacHO TeopeMme M3 § 1, Halizercsl Takas koHeuHas Mmepa F = F(A) Ha
([=m, w), B([—m, 7)), uto KOBapHauuoHHas GYHKUMA R(n) =COV(Epyn, &r)
JonyckaeT creKTpaJbHoe MpeacTaBjeHne

R(n)= § eMF(d ). (1

Chnenytowmii pesy/bTar naeT COOTBeTCTBYOLlee CneKmpaibHoe npeo-
cmasaerue camoii nocsaenoBatesbHocTH € = (€,), n€ Z.

Teopema 1. Cywecmeyem maxas opmocoHaNbHAS cMOXACMUYECKAS
Mepa Z =72(A), A € B([—=, 7)), umo 014 kaxdoeo n€Z (P-n.H.)

£ = § e Z(d)) (= § e"*"Z(d,\)). 2)

[—=m.m)

Mpu smom EZ(A) =0, E|Z(A)]? = F(A).
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Hokazameabcmaso npolile Bcero NpoBeCTH, ONUPAsiCh Ha HEKOTOpble GaKTbl
TEOPHH MHILGEPTOBBIX MPOCTPAHCTB.

Myers L2(F)=L%*(E, &, F) — runb6epToBo MpOCTPAaHCTBO KOMIIEKCHO-
3HauHbX QyHkuuil, £ =[-m, ), & = B([-=, 7)), co ckaaspHbHIM Npou3sese-
HueM

(. &= F) N FdN), x ®)

L3(F) — nuneitroe MHoroo6pasue (L3(F) C L2(F)), nopoxaeHHoe dyHKUMAMH
en=en(N), n€Z, rae e,(\) =e".
3ameruM, uto mockoibky E =[—m, 7) 1 Mepa F KoHeuHa, TO 3aMbiKaHue
MHoroo6pasus L2(F) cosnanaer (3anaua 1) ¢ L2(F):

L3(F)=L*(P).
Iycts, nanee, L2 o(§) — nuneitnoe MHOrooGpasue, MOPOXKEHHOE ClyyaiHbi-
MU BeauunHaMu &,, n€ Z, u L%(€) (= L2 0(§)) — ero saMbikanue B cpenHekBaj-
paTHueckQM cMbicsie (no mepe P).

YeranosuM Mexny snementamu L3(F) u L3(€) B3aumHo onHosHauHoe co-
OTBETCTBHE ««+», MoJaras

e, &, nel, “4)

 foonpenenss A5 NPOM3BOJIbHBIX 3/IeMEHTOB (TOUHee — KJIaCCOB 3KBHUBAJIEHT -
HBbIX 3J1EMEHTOB) MO JIMHEHHOCTH:

Z apé, — Z Otnfn (5)

(3mech mpeanosiaraercs, 4TO TOJbKO KOHEUHOE UHCJIO KOMILIEKCHBIX YHCeN oy
OTJIUYHO OT HyJf).

OTMeTuM, YTO COOTBETCTBHE (5) KOPPEKTHO OMpefiesieHO B TOM CMbICJ/Ie, YTO
Y ane, =0 nouru Bciogy no Mepe F TOraa U TOJLKO TOTAA, KOrAa Y ,&, =0
(P-n.u.).

Tak onpeneneHHoe COOTBETCTBUE «—» ABIACTCS UIOMEMPUUECKUM, T. €.
COXpaHSIOLMM CKaJifpHble Npou3BeneHus.. B camom nene, B cuy (3)

(en em)= § eaNEmDI F(dN) = § eXe=m Fdx) =

=R(n—m)= Egnf_m = (&n, &m)

W aHaJIOrH4YHO

(3 anen. 3= Buen) = (3 antan Y Bk, ©)
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[TycTb Teneps € L2(€). l'locxo.nbky L2(&)= 12 (£), To Hafnerca Takas noc-
JeN0BATEIILHOCTb (1)), 4TO N, € LE(€) 1 ||, — nll——»O n— oo. CregoBarenbHo,
N0CAeNOBaTENbHOCTL (7),) dYHAAMeHTabHA W, 3HAUMT, TAKOBOH XKe fIBJSIETCS
4 nocJefoBaTenbHocTb Gynkumi (f,), rae f, € L2 §(F) 1 fn & n,. TpocTpaHcT-
go L2(F) nonHo, H, clleoBatesibHO, HakieTca Takas ¢yHkuus f € L2(F), uto
(Hfn— fll— 0.

OueBHIHBIM 06pa3oM BepHO U obpatHoe: ecau f € L2(F) u ||f — fu]| =0,
fn € L3(F), TO HalizieTcs TaKOM S/1eMeHT 1 € L%(€), uto ||n— 14l =0, 9, € L3(€)
H 7 < [

Ilo cux nop (usomerpuqecxoe) COOTBETCTBHE « > GbIO ONpenesieHo JHULLb
MeX[y dJeMeHTaMH H3 L2 &) u L2 o(F). loonpenenum ero no HenpepbiBHOCTH,
nonaras f e, rie f ¥ — paccMoTpeHHble Bbille 3aeMeHThl. HerpyaHo npo-
BEPHTb, YTO TaK YCTAHOBJIEHHOE COOTBETCTBHE AABJISETCA B3AHMHO OHO3HAYHBIM
(MexIy KJlaccaMH SKBUBAJIEHTHBIX C/yYaitHblX BEIHUMH U (pYHKLHIL), IHHEAHBIM
1 COXPaHSIOILMM CKaJiipHOe MpoH3BeleHHe.

PaccmorpuM dyHkuuio f(A)=/a(N), roe A€ B([—-=, 7)), A€ [-m, 7),
u nycts Z(A) — anement u3 L%(€) Takoit, uto /a(\) < Z(A). ScHo, urto
lIa(N)|> = F(A) u, 3nauut, E|Z(A)? = F(A). I'Iocxo.any E¢,=0,neZ, 10
118 Kaxkaoro anementa L3(€) (a crenoBarensho, u L2(£)) ero matematnueckoe
oXuIaHHe pasHo HyJo. B uacthoctu, EZ(A)=0. Hanee, ecin A nAQ—

10 EZ(A)Z(A2)=0 1 EIZ(A)— > Z(Ak). —0, n—o0, rne A= Z Ak

Tem cambiM coBokynmHOCTb s.nememos Z(A), Ac B(|—~, 7)), 06pa3yer
OPTOrOHAJIbHYIO CTOXAaCTHYECKYIO Mepy, MO KOTOpoH (cornacHo § 2) MoxHo
OMnpele/IUTb CTOXaCTHUECKHil HHTerpan

Fh=§ INZ@n, fel’®.

Mycts f € L2(F) n ne f. O6031auum sneMeHT 7 uepes ®(f) (Tounee rosops,
BbiGepeM 10 OHOMY NpeICTaBHTEJIO H3 COOTBETCTBYIOLIMX KJIACCOB KBUBA-
JIEHTHBIX CJlyyaiiHbIX BeJMYHH W (yHKuHit). [TokaxeMm, uto (P-n. H.)

Z(H=2(). )

IlefictBurensHo, ecaun
fN=>" owla, () ®)

€CTb KOHeuHas JIHHefiHasi KoMOWHauus oyHkuui /a,()), Ar=(ae, be], 10
Mo camomy onpeneneHHI0 cToxacTuueckoro uHterpana £ (f)=> apZ(Ap),
uto, ouesuaHo, pasHo ®(f). Takum oGpasom, (7) cnpaBemiMBO A4S YHKUMH
BHna (8). Ho ecu f€L?(F) u ||fo— fll =0, rne f, — dbynkuun suna (8),
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10 [|8(/a) = BNl =0 W £ (fa) = F (N =0 (cornacko (14) § 2). Juauut,
(=2 () (P-n.n.). . .
BosbMeM ¢dynkumio f(A) =e'*". Torma cornacho (4) ®(e'**)=¢£,; ¢ apyroi

CTOpOHBI, £ (€M) = S e’ Z(d)). Tostomy B cuay (7) (P-n.u.)

T

&= § e™z(dx, nel )

CaencrBue 1. [Tycmeo &£ =(&,) — cmayuornapHras nocredosamenroHOCMe,
cocmoawan u3 Oelcmeumenvrolx cay4aiinolx seaudur &,, n€Z. Toeda
cmoxacmuueckas mepa Z = Z(A), yuacmsyrow,as 8 cnekmpaisbHom nped-
cmasaenuu (2), makosa, umo 0an a060eo A € B([—=, w))

Z(8)=Z(-D), ©)

e0e mroxmcecmso —A={\: — A€ A}. .
B camom pesie, nycts f(A) =3 apei™ un=Y3" apfs (cyMMbl KoHeuHble).
Torna f «¢n u, 3nauur,

=) Qe Y ae ™ =F(=N). (10)

Tockonbky /a () < Z(A), 1o u3 (10) Bhitekaer, uto /a(=A) < Z(A) (W,
pasHoCHAIbHO, [_a(X) < Z(A)). Ho, ¢ apyroit croponsl, /_a(X) < Z(—A). To-
stoMy Z(A)=Z(-A) (P-n.H.).

Caeacreue 2. [lycmo cnosa &= (§,) — cmayuonapras nocaredosa-
measnocme, ede &, — Oelicmsumensvrole caydalinole seaununol, u Z(A) =
=Z1(A)+iZ2(A). Toeda 0aa moboix Ay u Ay u3z B([—, w))

EZi(A1)Z2(A2) =0, (1

uecau AiNAy=2 u (-A))NA=2, mo
EZ|(81)Z1(Ag)=0, EZ3(A1)Z2(A2)=0. (12)
IleiicTBUTENLHO, NOCKOLKY Z(A) = Z(=A), To
Zi(-A)=Z,(8), Zy(-A)=-Zy(A). (13)
Jlanee, Tak kak EZ(A))Z(Bg) =E|Z(A, N Ag)[, To
Im EZ(A)Z(A2) =0,

T. €.
EZ(A1)Z2(A2) —EZy(A1)Z1(Ag) =0. (14)



§3. CIEKTPAJIbHOE MPENCTABJIEHME MOCJAEAOBATEJIbBHOCTEM 599

B3sB BMecTo A| HHTepBan —A|, OTCIOfa HAXOAUM
EZ(-A1)Z2(Ag) —EZy(-A1)Z1(Ag) =0,
yto B cuay (13) npeoGpasyercs K BuRy
EZi(A1)Z2(A2) +EZ5(A1)Z1(Ag) =0. (15)

W3 (14) u (15) noayuaem paBenctso (11).

Ecnn xxe AjNAs=2 u (—A|)NAy=2, To EZ(A|)Z(A2) =0, otkyna
ReEZ(A})Z(A2)=0u Re EZ(—A})Z(A2) =0, uto BmecTe ¢ (13) oueBumHbIM
06pa3oM JloKa3biBaeT paBeHcTBa (12).

Caeactue 3. [lycmo €= (&,) — eayccosckasa nocaedosamenbrocme.
ToeOa 045 m06020 nabopa Ay, ..., Ay sekmop (Z1(Ay), ..., Zi(Ar), Zo(4)),
..y Zo(Avr)) umeem cayccosckoe (HopmarvHoe) pacnpedeserue.

B camom pene, snHefiHoe MHOroo6Gpasue L%({) COCTOMT U3 (KOMIJIEKCHO-
3HauHbIX) eaycco8cKux clydalHblX BeJUUUH 7, T. e. BekTop (Re 7, Im n) umeer
rayccosckoe pacnpenenetue. Torna B coorserctauu ¢ 1. 5 § 13 ra. Il sambika-
Hue L3(€) Takxe COCTOHT M3 rayccoBCKHX BesnuHH. OTCIOa H U3 ClIeACTBHS 2
BbiTE€KaeT, 4TO B CJlyuae raycCOBCKOH mocienoBaTeibHocTH & = (€,) AedcTBH-
TeJibHble H MHUMble 4acTH Z; U Zg He3aBHCHMbI B TOM CMbICJe, UTO JoGble
Ha6opbl cayualiHbix BesuuuH (Z;(A)), ..., Z1(Ar)) u (Z2(A)), ..., Zo(Ar))

He3aBHCHMbI MexXay coGoit. M3 (12) cnenyer, uto ais MHOXeECTB Ay, ..., Ay,
Takux, 4To A;NA;=(=A;)NA;j =@, i, j=1,..., k, i # j, chydaiitble Beu-
unhbl Z;(4A), ..., Z;(Ar) He3aBHCHMbI B COBOKYNHOCTH, i =1, 2.

CnencrBue 4. Ecau §=(€,) — cmayuonapras nocre0o8amesbHocme
delicmaumenvrolx cayuaiinoix seauduns, mo (P-n. n.)

£ = § cos M Zy(dN) — § sin An Zy(d)). (16)

- -

3ameuanune. Ecau {Z,}, A€[-m, 7), — npouecc ¢ OPTOroHaNbHbLIMH
NpUpalleHUIMY, COOTBETCTBYIOILMA OPTOrOHAa/NbLHOM CTOXaCTHYECKOH Mepe
Z =17(A), To cnekTpasbHoe npeacTasiaeHue (2) MoXHO (B cooTercTsuH ¢ § 2)
3anucarb Takxe B CJeLyIOLIEM BHIE:

K

&= § e™dz,, nel. (7)

-

2. Tyctb € =(£,) — cTauMoOHapHasl MOCJe0BATENbHOCTb CO CMEKTpaib-
HBIM pasnokeHneM (2), u nyctb 1€ L2(€). Caenyiowas Teopema onucbisaer
CTPYKTYpYy TaKUX CJyYyalHbIX BEJMUHH.



600 [J1. VI. CTALUMOHAPHBIE CJIYYAMHBIE NOCIEAOBATEJBHOCTH

Teopema 2. Ecau n€ L2(€), mo naidemcs maxas ¢pynkyusn ¢ € L2(F),
umo (P-n.n.)

n={ o) Z(dN). (18)
Jlokazameaocmso. Ecau
Mn = Z akﬁkv (19)
|kl<n

TO B cuay (2)

= § (Z akei'\k> Z(d)), (20)

7 \|k|<n

T.e. (18) BuinosHeHo ¢ dyHKuUMEN

en(N)= ) one™. @1

lkl<n

B obuieM cayuae, ecu 1) € L2(€), To HaiinyTca Besmunnbl 7, Buaa (19) Takue,
4t0 || = 7all = 0, 72— c0. Ho roraa |lon — @mll = |11 — 7l — 0, n, m — oo,
T. . M0CJIeNI0BATENILHOCTb (,) yHnaMenTanbHa B L2(F), , 3Hauur, Haiigetcs
TaKas dyukuusa ¢ € L2(F), uto |l¢ — @a|| = 0, n— oo.

B coorsercTBuu co csoiictBoM (14) § 2 || £ (p,) — £ (p)|| — 0, u Tak Kak
M = F(pn), T0 n=F(p) (P-n.H.). =]

3ameuanue. Ilycrb Hy(€) u Ho(F) — 3aMKkHYyTble JiHHeHble MHOrO06pasus,
NOpPOXKeHHble BeJUYHHAMH §°=(§,,)n<o u dyHkuuamu e® = (en)ngo cooTBeT-
crBeHHo. Torma, ecan n € Hy(€), To HalizeTcs Takas ¢yHKuus ¢ € Ho(F), uto

ks

(P-n.u) n=§ oNZ(dN).
-

3. ®opmyna (18) onucbiBaeT CTPYKTYpY TeX CyyaiiHbiX BEIHUHH, KOTOpbIE
nonyuatorcs U3 &,, n € Z, ¢ noMoLUbIo AuHelHbiX Peo6pa3oBaHuil, T. €. B BUIE
KOHeuHbIX cyMM (19) 1 uX mpenenos B cpeaHeKBaapPaTHYECKOM CMBbICJE.

YacTHblfl, HO BaXHbII Kacc TakWX JIMHENHbIX Mpeo6pa3oBaHuii 3aiaeTcs ¢
NOMOILbIO TaK Ha3blBaeMbIX (JHHEAHBIX) gusompos. [1pennonoxum, uto B Mo-
MEHT BpeMeHH m Ha BXOJ HeKOTOPOiH cHCTeMbl (UILTP) NOAAETCs CHUTHAM Xp,
NpH 3TOM peakuHs CUCTEMbI HA STOT CHrHaJ TAKOBA, UTO Ha ee BLIXOJE B MOMEHT
BpeMeHH 71 nojy4aetca curhan h(n — m)x,, rae h=h(s), s € Z, — Hekoropas
KOMIJIEKCHO3HauHas (QYHKLHUS, Ha3blBaeMas UMNYAbCHOL nepexo0not ynk-
yuetl (punvrpa).
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Takum 06pa3oM, CyMMapHbIil CUTHaJ Y, HA BbIXOJEe CHCTEMbl MPeNCTaBsi-
eTcsl B BHle

Yn= D h(n—m)xm. (22)

m=-=00

Ins ¢usuuecku ocyujecmsumolx cucTeM 3HaueHHe BLIXOLHOTO CHrHajla B
MOMEHT BPeMEHH 71 OmpelesifeTcsl JIMIIb «MpPOLLIbIMU» 3HAUEHUAMU BXOIHO-
ro CHUrHana, T. €. 3HaueHUsMU X, npu m < n. EcrecTtBeHHO No3ToMy ¢uabLTP
¢ MMMYJbCHOH nepexonHoil ¢yHKuueil h = h(s) Ha3BaTb gu3uuecku ocywe-
cmaumbim, ecan h(s) =0 ans Bcex s < 0, HHaue rosops, ecyu

Yn= i h(n—m)xm = i h(m)xp—m. (23)

m=—o00 m=0

BaxHoil cnekmpanvroil xapaxmepucmuxod GpuasTpa c UMNyJAbCHOM Ne-
pexonHo# ¢yHKuMel i aBnsieTcs ee npeo6pasosaHue Pypbe

eV = > e h(m), (24)

m=-=0oo

Ha3blBaeMoe 4acmomroi xapakmepucmuxoi ¢GuiasTpa.

OcranoBuMCsl Temepb Ha YCJOBHAX CXOAMMOCTH psnoB B (22) u (24), o
KOTOpbIX N0 CHX MOpP HHYEro He roBopujoch. [Ipennosioxkum, 4To Ha BXOJX
¢bunLTpa momaercs cTaudoHapHasi ciydaiiHas nocJenoBaTesbHOCTb & = (&),
n € Z, c koBapuauuoHHo# dyHkuuell R(n) U cneKTpaibHbIM pasnoxeHueM (2).
Torna, eciun

> h(R)R( - k)h(l) < oo, (25)

k_l=—00

o0
Topan Y, h(n—m)é, cXomMTCA B CpeHEKBaAPaTHYECKOM CMbICJIe H, Clle-
m=-=00
IOBaTe/IbHO, ONpelesieHa CTaukoHapHasi MOCJIeN0BaTeIbHOCTb N = (7),) C

M= Y. ha—mfm= Y hm)m. (26)

m=-=00 m=-=00

B cnekrpanbHbix TepmuHax yciosue (25), 04EBUAHO, SKBUBAJEHTHO TOMY, UTO
(A € L2(F), 1.e.

™

§ leI? Fd) <oo. (27)

-7
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Ipu ycaosuu (25) unu (27) us (26) u (2) Haxoaum cnekTpajibHoe Mpel-
CTaBJieHHe NOC/e0BaTENbHOCTH 7);

= § e\ Z(d)), nel. (28)

ChnenoBatenbHo, KoBapHaUMOHHas GYHKUMA Rp(n) noc/enoBaTeNbHOCTH 7)
onpenensercs popMyJioi

Ro(n)="§ &> o(N) F(d). (29)

B uacTHocTH, ec/iM Ha BXoX (WILTPA C YAaCTOTHOM XapaKTepUCTHKON ¢ = ()
nofaercs Gesblii WyM € = (g,), TO Ha ero Bbixofe OyleT NoJyyaTbcs CTalHO-
HapHas NocJ1el0BaTe/IbHOCTb (CKOJb3SILLEro CpefHero)

M= D, h(menm (30)

m=-—0oo

CO CMeKTPa/ibHOH MJIOTHOCTbIO

)= 5= lo WP

CJepyioliasi TeopeMa NOKa3biBaeT, UTO B OMNpenesieHHOM CMbiC/ie BCsKasi
CTauMoHapHasl MoCJIeI0BaTEIbLHOCTb CO CMEKTPajibHON MIIOTHOCTbIO ecTb Moc-
JIe[IOBAaTeJIbHOCTD, MOJIyYeHHas! ¢ MOMOLLbIO CKOJIb3SIILEro cpeHero.

Teopema 3. [Tycmo n=(n,) — cmayuonapras nociedosamenbHOCMb
co cnekmpaavroli naomruocmoio fn(X). Toeda moxcro natmu (6bimo mo-
Jcem, 3a cuem pacuLuperus UCX00HO20 8ePOLMHOCMHO20 NPOCMPAHCM -
8a) makyio nocaedosamesrbHocme € = (€,), ABAAIOUYIOCA OEALIM ULYMOM,
u maxoi ¢usemp, umo cnpasediuso npedcmassenue (30).

Zokazameavcmso. Tlo 3sananHof (HeoTpuuaTenbHol) hyHKumH fr(N) Hail-

b

IeM TaKylo dyHKuMio ¢(A), uto f(A) = %hp()\)l?. [TockonbKy S fn(A)dA<
-7

<oo, 10 p(\) €L?(dp), rne dyu — mepa Jle6era ua [—m, 7). TlosTomy

¢oyHKUMIO ©(A) MOXHO npeacTaBuTb B Buie psiga ®dypbe (24) ¢ h(m)=

= % S €™ p(X) d ), npHueM CXOIMMOCTb MOHMMAeTCs B TOM CMbiCJIe, YTO

-

T 2
(e = 3 e™nim)| dA—0, n—co.

- Im|<n
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MMyctsb
™

=\ eMZ(d)), nel.

Hapsany ¢ mepoit Z=Z(A) BBefieM B pacCMOTpPeHHe He 3aBHCALLYID OT Hee
b—a
5

HOBYIO OPTOrOHaJIbHYIO cToXacTHueckylo Mepy Z = Z (A) ¢ E|Z(a, b]|2=
(BO3MOXHOCTb MOCTPOEHHS TaKOil Mepbl MpelrnoJaraer, Booble roBops, 4To
HCXONHOE BEPOATHOCTHOE MPOCTPAHCTBO ABJAETCA JOCTATOUHO «GOTAThIM>».)
[Tonoxum

ZA)=§ o®N Z@N + § [1 - 92NN Z(dN),
A A

roe

-1
0® = a~!, ecma#0,
0, ecin a=0.

CroxacTHuecKas Mepa Z = Z(A) faBJseTCA Mepoii C OpPTOrOHa/bHLIMH 3Haue-
HUSIMH, TIPH 3TOM Il Besikoro A = (a, b]

A
EIZ@P = 52 § WO o0 a5 § 1= PP ar= L,
rie |A|=b — a. [TosToMy cTaunoHapHasi NOC/e10BaTeNbHOCTb £ =(g,), € Z, C

™
en=§ e Z(d))

Apnsercs 6esbiM LyMOM.
3amerum Tenepb, 4To

S Mo\ Z(dN) = S e Z(d ) =n, 31)

W, C IIPYroil CTOPOHbI, U3 onpenesieHus (M) u ceofictsa (14) § 2 (P-n. H.)

§ Mo\ Z(d)) = § e"\”( i e‘i"'”h(m))z(d/\)=

-n m=-—o00

z h(m) S eMNn=m Z(d\) = Z h(M)en—m,

m=-=00 m=-=00
uto BMecto ¢ (31) mokasbisaer npencrasieHue (30). 0O
3ameuanune. Ecan f,(A) >0 (noutu Bciony no mepe JleGera), To BBeleHHe
BCMOMOraTeNbHON Mepbl Z = Z(A) CTaHOBUTCS W3JMIIHUM (MOCKOJIbKY TOTAA
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1 — ¢®(A)(A) =0 nouru sciony no mepe JleGera) U OroBopka OTHOCHTEIbHO
Heo6XOIMMOCTH pacliMpPeHHs UCXOLHOTO BePOSTHOCTHOTO NPOCTPAHCTBA MOXKET
6bITb OMyLLieHa.

Caencreue 1. [Tycmo cnexmpasonan naomuocmo [n(X) >0 (noumu
8c00y no mepe Jlebeea) u

F) = 5= [eWP,
20e
o= e"h(k), Y (k)] <oo.
k=0 k=0

Tozda nocaedosamenvrocme 1 donyckaem npedcmasierue 8 8ude 00HO-
CMOPOHHEe20 CKOAb3AUYe20 Cpedre20

M= Z h(m)ep—m.

m=0

B wacmuocmu, nycmo P(2)=ao+a12+...+a,2”. Toeda nocaedosa-
meabHOCmb = (1),) CO CREKMPAAbHOU NAOMHOCMbIO

F2(N = 5 [P )P
npedcmasuma 8 sude
M =Q0En+ A1Ep—1 +... + ApEn—p.
Caepcrue 2. [Tycmeo &€ =(£,) — Cmayuoxapras nocaedosamenbHocmMo
€ PAYUOHANLHOL CNEKMPAAbHOL NAOMHOCMbIO

1| Pe=™
eN= 27 | g

e0e P(2)=ap+a12+...+a,2°, Q@) =1+b12+... + by29.
Ecau noaunom Q(2) He umeem wyreid na muoxecmese {2: 2| =1}, mo
Haidemca makoi Geavlii wym €= (e,), umo (P-n.n.)

En+ b€ +... +b4§n_q =Qag€n+a1Ep—1 +... +ApEn—p. (33)

Obpammno, scakasa cmayuonapras nocaedosamenvrocme &= (€,),
Y0084emBOPAIOWAT MAKOMY YPABHEHUIO C HeKOMOpbIM Oeabim ULyMoMm
e=(en) U noaurnomom Q(2), He umerouyum Hyreil Ha mroxcecmse {z: |z|=1},
umeem cnekmpanoryio naomuocmo (32).

Heiicteutenbho, nyctb 7y, =& +b1€n—1+... +b56n—q. Torma fr(A)=

1 .
= %IP(e i2)|2 u Tpe6yemoe nmpelcTaB/ieHHe BbITEKaeT U3 caencTBHA |.

2
, (32)
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C npyroft CTOPOHBI, ec/li MMeeT Mecto npexcrabieHne (33) U Fg(A) u
F,(X) — cnexTpaibHble QyHKUHM MoC/en0BaTeNbHOCTEN & 1 1), TO

A A
Fa = § 1QE™)PdFe) =5 § IPEe™)Pdv.

TMockoabky |Q(e~)|2 >0, To orciona caenyer, uto Fg()\) UMeeT MIOTHOCTD,
onpenensemyio popmyoit (32).

4. Curenywowas apeoduueckas meopema (B CpelHeKBaIpaTHUECKOM
CMbICJIE) MOXET pacCMaTpHBaTbCH KaK aHaJor 3aKoHa GoJibLIMX udcen AAs
CTalMOHAPHbBIX (B LIMPOKOM CMbICJIe) CJyuyaiiHbiX NOCJeN0BaTeNbHOCTEN.

Teopema 4. [Tycms &£ = (&,), n€ Z, — cmayuonapras nociedosamens-
nocme ¢ E€, =0, kosapuayuonnoii ¢pynkyuei (1) u cnexkmpasoroim pas-
aoxcenuenm (2). Toeda

n-1

LS et zdop (34)
k=0
u
1 n—1
- ; R(k) — F({0}). e
Hokasameascmso. B cuny (2)
n-1 . n—1 -
% ; & =_S, % kzo e* Z(dX) =_S, ©n(N) Z(d)),
rie -
l ”Z_l i l, A=0, (36
n(A)=- et = in\ _ )
o = %'Zik-ll' A#0.

Ouesugto, uto |p.(N)| < 1.
2
Hanee, p,()) ﬂ>I{o}()\), nostomy no csoicrey (14) § 2

§ e ZE@n S § 1aNZ@n=2qo)),

-

YTO M JoKasbipaer (34).
AnanornunbiM 06pa3oM IoKa3biBaeTcs M yTeepxieHue (35). O
Caencreue. 3amemum, 4mo ecau cnekmpansvHas (pyHkyus Henpe-
pusna 8 wyse, m.e. F({0}) =0, mo Z({0})=0 (P-n. #.). [Tosmomy & cury
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(34), (35)
1 SR(k)—»O = 1 ”Z—lg Lo
n n k )
k=0 k=0
Iockoabxy
1 n—1 2 1 n—1 2 1 n—1 2
~ Y R®)| = E(; Zﬁk)ﬁo <EIGPE|~ > &/ .
k=0 k=0 k=0

mo sepHa u o6pamﬂaﬂ umnaukayus:

1 n—1 12 1 n—1
~ Y a—0 = - > R(k) 0.
k=0 k=0

1 n—1
Takum o6pa3som, ycsioBue = >~ R(k)— 0 siBasercs neo6x00umbim u 00-
k=0
CMamo4HsiM LIS CXOOMMOCTH (B CPeIHeKBaIpaTHYeCKOM CMblCJie) CpelHHX
1 n—=1
apudMeTHYeCKUX - 3" & Kk Hymo. OTciona ciielyer, uTo eciii UCXOAHas Mo-
£=0

cienoBaténbHoCcTb £ = (€,) TaKoBa, UTO ee MaTeMaTHyeckoe O)KHIaHHe eCTb M
(Eo=m), 10

1 n—1 1 n—1 2

=S RE)-0 & — > gm, (37)

k=0 k=0

rae R(n) =E(&n — E&n) (6o — E&o).

OrMerum Takxke, uto ecin Z({0}) #0 ¢ nosoxuTeNbHOR BEepOATHOCTbIO, a
m=0, To 3T0 03Hauaer, 4TO MOCJeNOBaTEJbHOCTb &, CONEPKUT «CJYyuaitHylo
KOHCTaHTY a»:

Sn=a+n,,
w
rie a=Z({0}), a B cnekTpajibHOM MpeACTaBJEHHH 7), = S e Z,(d)) mepa

-
Zy=Z,(A) yxe Takosa, uto Z,({0}) =0 (P-n. n.). YTBepxnenue (34) osnaua-
€T, UTO CpefiHie apH¢MeTHUECKHe CXOAATCA B CpellHeKBAApPaTHYECKOM CMbic/ie
MMEHHO K 3TOH CJIy4ailHOW KOHCTaHTe a.

5. 3apaun. _

1. Tokasarb, uto LE(F) = L?(F) (0603HaueHusi CM. B JOKa3aTeJbCTBE T€O-
pembi 1).

2. Tlycrs € = (§,) — cTaunoHapHas nocJjie0BaTelbHOCTb, 06J1ajaolias TeM
CBOHCTBOM, 4TO 1l HeKoTOporo N W Bcex 1 &pqn =&,. [10Ka3aTb, yTo cnek-
TpaJibHO€ MpeJCTaBJjeHUe TaKoi NOoC/e0BaTebHOCTH CBOAUTCS K MpeACTaBJe-
Huio (13) § 1.
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3. MNycrb € = (§,) — cTauroHapHas MocJie10BaTeNbHOCTb Takas, uto E&, =0

U
1 N—-1 N-1 1 |k|
7 2 S Rk=D=5 > R(k)[l—ﬁ]<CN‘°‘
k=0 I=0 [k]SN =1

npu Hekotopbix C >0, a>0. Ucnoabsys semmy Bopensa—Kanrennu, nokasars,
yTO TOrAA

1 N
v > &—0 (P-n.u).

k=0

4. Tlyctb cnekTpaJjbHasi MJOTHOCTb f¢()) nocnenoBarenbHOCTH &= (&m)
ABJIfleTCA PaLMOHAJILHOM,

1 |Pai(e™)]
21 |Qnle=™)|

re Pp_1(2)=ao+a12+...+a,_12" ' u Qu(2)=1+b12+... + b,2", npuuem
KOPHH MOJIMHOMA @, He JIeXaT Ha eIMHUYHOMH OKPY>KHOCTH.

[Mokasartb, uto Haiimercs Takoil Geablii WyM €= (gn), M EZ, 4T0 noc-
JlefioBateNbHOCTb (£,) GymeT KOMIOHEHTON f1-MepHO# MocJ/eNoBaTeJbHOCTH

fe(\) = (38)

€L, €2, ..., Er), €} =€, ynonerBopsiowed cicTeMe ypasHeHuit
& =& + Biempr, i=1,..,n-1,
n—1
j (39)
grp=—_ bn ' + Bremsr,
j=0

i-1

rae By =ao, B; =ai-1 —kZ Brbi_.
=1

§ 4. CtaTucTHYeCcKOe OLleHHBaHHe KOBapHallMOHHOM
(YHKLHH ¥ cneKTpajibHOH MJIOTHOCTH

1. 3apmaud CTaTHCTUUECKOTO OLEHHBAHWUA TeX WJM HHBIX XapaKTepUCTHK
pacnpeneneHuii BepoOSITHOCTel CTaLMOHApHbIX CJAYYaiHbIX MOC/eN0BaTeNbHO-
CTell BO3HMKAIOT B CaMblX pa3HOOGpa3HbiX o6JacTAX Hayku (reodusnka, me-
IMUMHA, 5KOHOMMKA M 1p.). MaTtepuas, u3naraeMbiii B HacTosiieM naparpade,
llaeT npepcraB/ieHHe O MOHATHAX U MeTOAAX OLEHHBAHHA H O TeX TPYAHOCTSX,
KOTOpble 3/1eCb BO3HHKAIOT.
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HUrak, nycts € =(§,), n € Z, — craunoHapHas B LLIUPOKOM CMbicJie (IefCTBH-

TeJbHasa — AJd I'IpOCTOTbl) CJ])"-laﬁHaFl nocJjienoBaTeJbHOCTb C MaTeMaTHYECKUM
T

oxunanuem E¢, = m u kopapuauuei R(n)= S e F(d)).

-

[yctb X9, X1, ..., Xy—1 — NOJyYeHHble B X0/ie HAG/IONeHHH 3HaUeHUs CJy-
yaifHblx BeauuuH &, &1, ..., éy—1. Kak no HUM NOCTPOUTL «XOPOLLYIO» OLEHKY
(HeU3BeCTHOr0) cpedHezo 3HaUYeHus m?

ITosoxum

| N-1
my(x)=g5 D X Q)
k=0

Torna us 3JIeMEHTapHbIX CBOMCTB MaTeMaTHYeCKOro OXKHAAHUSA cjielyet, uto
3Ta OUEeHKa fABJideTca (<XOPOLLI€FI» OLIEHKOH BeJIMUMHbLI M B TOM CMbICJIe, UTO

«B CpeﬂHeM no BcemMm pea.nusauuﬂM X0, ..., XN—1>» OHA ABJIAETCA necuemeunod,
T. €.
1 N—-1
Emn(€)=E|( 5 kzo & | =m. @)

1 N
Bosee Toro, u3 TeopeMbl 4 § 3 BbiTekaer, 4TO NpPH YCJIOBUH N S R(k)—0,
k=0
N — 00, paccMaTpuBaeMasi OLEHKa SBJSETCA TaKXKe H COCMOAMEAbHOU
(B cpenHeKBapaTHYECKOM CMbICJE), T. €.

E|my(€)—m>—0, N —oo. (3)

3aiimeMcsi Tenepb BOMPOCOM OLEHHBAaHUS KOBAPUAYUOHHOU (hyHKyuu
R(n), cnekrpanbHoit ¢pyHkunu F(A\) = F([—m, A]) v cnekmpasernoi naomuo-
cmu f(\), npennonaras, uto m=20.

[Mockonbky R(n) = E&, 1€k, TO B KauecTBe OLEHKH 3TOH BeJHUHHBI MO pe-
ayabrataM N HaGitoneHuit xo, X1, ..., Xy—| €CTeCTBeHHO B3Tb (11 0 n < N)
BEJHUYHHY

N 1 N-n-1
Ru(n; x)= 55— X(:) XntkXe-

ﬂCHO, 4YTO OLEeHKa ABJideTcd uemewermod B TOM CMbIcCJie, 4TO
ERv(n; €)=R(n), 0<n<N.

Paccmorpum Tenepb Bonpoc o ee cocmosmeavrocmu. Iloacrasnss B
(37) § 3 Bmecto & BeqMuuHbl &, p&p W Mpeanosarasi, 4To LA KaXXmoro
LeJIoro uvcja n nocjenoBaresbHoCTb = (Cx)rez, k= En+rr, CTaUMOHAPHA



§4. CTATHCTUYECKOE OLLEHWMBAHHUE 609,

B LUMPOKOM CMbICJIe (B YaCTHOCTH, OTCIOAA GyleT CJeIoBaTb CYLIECTBOBaHHeE
yeTBepTOro MoMeHTa E£} < 00), Haxoaum, uto ycsiosue

N-1
& Y Elbansle - RO [Eao - R®] =0, N—oo,  (4)
k=0

aABJIleTC HeoOXOIMMbIM H JOCTATOUHbIM IJIt TOrO, 4TOObI
ElRn(n: &) - R()P =0, N —co. (5)

[MpennoJsioxkuM, 4To HCXOAHAs NocJefoBaTeNbHOCTb € = (§,) ABAAETCA rayc-
COBCKO# (C HyJIeBbIM cpeliHuM W Kosapuauueil R(n)). Torza B cuay (51) § 12
rnasbl 11

E[€n+kx — R(1)] [€nb0 — R(n)] = E&pirrbno — R¥(n) =
=E&n 1k E€no + E€ninln - E€rbo + E€prbo - Eln — RA(n) =
=R%(k) + R(n+ k)R(n - k).

[TosToMy B rayccoBCKOM cJiyuae ycJioBHe (4) SKBUBAJIEHTHO YCJIOBHIO

N-1
= 3" [RR)+R(a+ H)R(n— k)] =0, N —oo. (6)
k=0

TMockonbky |R(n + k)R(n — k)| < |R(n + k)2 + |R(n — k)|?, T0 u3 ycioBus

N-1

1

v 2 Rk)—0, N—oo, (7)
k=0

BbiTeKaer U ycsiosue (6). B cBowo ouepenb, ecau (6) BepHo maa n=0, 10
BbiMoJIHseTCA YyeoBue (7).

Takum oGpasom, nokasana cienyoias

Teopema. [Tycmo £ = (£,) — eayccosckas cmayuonapras nociedosa-
meabnocms ¢ E€, =0 u kosapuayuonnoii ¢pynkyued R(n). Toeda soinoa-
Henue ycaosusn (T) asasemcs Heobxo0umolm u 0OCMAmMOUHbIM OAL MO0,
umobol npu amobom n >0 oyenka Ry (n; x) 66100 cocmoamensroi 8 cped-
Hexksadpamuueckom cmoicae (m.e. umobel 6bir0 soinoanero ycaosue (5)).

3ameuanune. Ecau Bocrnosib3oBatbesl CMEKTPaIbHLIM MPeACTaBIEHHEM KO-
BapUauHOHHOM (PYHKLHH, TO MOJY4YHM

IN‘I T T

N-1 T ow
N2 RM)=§ § K]/-Ze"(’\‘””‘ F@X) Fdv)=§ § In(\v) F(d)) Fdv),

k=0 - -7 b=0 - -7
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rae (cp. ¢ (36) § 3)

I, A=v,
o 1) =1 1 it
Ni—eo-a) AV

Ho npu N — o0

I, A=v,

N v) = A, v)= {0 Av.

[TosTomy

ZRQ(k)—» S S f\ v) Fd)) F(dv) = S F(A) F(d) = Z F2(A)).

- —7

roe cymMa no A\ He 6oJiee ueM cueTHa, NOCKOJIbKY Mepa F KoHeuHa.
Tem cambim, yciioBue (7) 5KBUBAJIEHTHO YCJIOBHIO

Y FAn =0, ®)
A

O3HayaiollleMy, 4To crekTpaJjbHas ¢yHkuusa F(A)= F([—m, A]) aBaserca wne-
npepolsrol.

2. TlepeiineM Temepb K BONpPOCY MOCTPOEHUS! OLEHOK Il CMEKTPaJbHOM
¢byHkuuu F(A) v cnekTpanbHoill MIOTHOCTH f(A) (B MpeRNoJIOXXEeHUH, YTO OHa
CyliecTByer).

EcrecTBeHHO HanpaluuBaiolMiics NyTb NOCTPOEHHS OLEHOK cneKTpa.anou
NJIOTHOCTH CJIeflyeT 3 NPOBeleHHOrO Bblllie J0Ka3aTeJbCTBa TeopeMbl Teprior-
ua. Hanomuum, urto BeenenHas B § 1 ¢pyHkuus

== 3 (1= B Rezyeisn ©)

|n|]<N

o6Jjiajaa TeM CBOHCTBOM, UTO MOCTPOEHHas Mo Hel dyHKuUHUA
A
Fv=§ @) dv
-

CXOIMJIach B OCHOBHOM K crniekTpajbHOW dyHkuuu F(A). [Tostomy, ecau F(N)
MMeeT MIoTHoCTb f(A), TO MW Kaxporo A € [—m, )

A A
§ v § fw)av. (10)



§4. CTATHCTHYECKOE OLUIEHUBAHUE 611

Hcxons M3 3THX (DaKTOB U BCMOMHHAs, UTO B KauecTBe OueHKU R(n) (mo

HaGJIONIeHHAM Xg, X|, ..., Xy—1) Opajucb BeauuuHbl Ry(n; x), BO3bMeM B Ka-
yectBe OUEHKH f(A) dyHKUHIO
TV | |n| —ix
v 9 =52 HZN(I 5 Ru(m; e, (i)
n|<

noaaras Ry(m; x) =Ry (|nl; x).

®yukuuio fy (\; x) NPUHATO Ha3bIBaTh 1EpPU000ePaAMMOIL, U HETPYLHO Npo-
BEpUTb, UTO €e MOXXHO MpEeJCTaBUTh TaKXKe B CJelylolleM Heckolbko GoJee
ynoGHOM BHJe:
N-1 2
D g™ (12)

n=0
TMockoabky ERy (n; £)=R(n), |n| <N, 0
Efv(h &)= IvO.

Ecan cnektpaibHas ¢yHkuus F()\) umeer niotHocTb f(A), To, yuuTbiBas, 4To
fn () MoXer GbiTb 3amucaHa Takxe B BHze (34) § 1, HaiineMm, uto

v x)= 27+N

N=I N=1 ¢
fN(/\)—- N Z Z S ew(k I)eu\(l k)f(ll)dl/—
=0 [=0 -7
b3 . 2
=( L =2 ) du.
-
dyukuus
2
R 2 1 sin %N
iA __
q)N()‘)_ ; € 27N |sin \/2

HasbiBaercs a0pom Peiepa. U3 ceoiicTB 3T0i (PYHKUHH H3BECTHO, YTO AJIA
nouru scex A (no mepe JleGera)

§ ev(A-v) @) dv— f. (13)

TMosromy nas nourn seex A € [—, m)
Efv(X; §) = f, (14)

HHaue roBops, oueHKa [y (\; X) CriekTpasbHOil MIoTHOCTH f(A) no Ha6JaloaeHH-
M X0, X1, ..., Xy—| ABJAAETCS ACUMNMOMUHECKL HEeCMEWEHHOU.
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B stoM cMbiciie oueHKy fN()\; X) MOXHO Obl0 Gbl CYUMTATb AOCTATOYHO
«xopouei». OfHaKo HA UHIMBUIYAbHBIX HAGMIONEHHAX X, ..., XN | 3HaUe-
HUSA MepHoforpaMmbl fy(A; X) OKa3bIBaIOTCA 3a4acTylO JaJeKUMH OT HCTHHHBIX
3nauenuit f(A\). Hanpumep, myctb € = (§,) — cTauMoHapHas mocJenoBaTtellb-
HOCTb HE3aBUCHUMBIX rayCCOBCKHX CJydyaiHbIX BeauuuH, &, ~ A(0, 1). Torna
fo)=1/2x, a
a 1 2
N &) =5

1 N-1 )
. Z €ke—l/\k
VN &~

[Toatomy 27 fN(O; &) no pacnpenesieHHio COBNAaLaeT ¢ KBapaToOM raycCoBCKOii
cayuaitHoit Beanuutbl ~ A(0, 1). Otciona npu moGom N

E|fw (0; &) = [(O) = ; 5Eln? — 1 >0.

Bosiee Toro, HecsIoXKHbII MOACYET MOKa3sbiBaeT, uTo ecau f(A\) — cnekrpalb-
Has MJIOTHOCTb CTaUMOHApHON nocJsenoBarenbHocTu £ = (€,), 06pa3oBaHHOl No
cXeMe CKOJIb35LIero cpeiHero:

&= Gent (15)

k=0

o0 o0

c Y lar|<oo, 3 |arl? < oo, rne €= (g,) — Genniit wym ¢ Eef < oo, T0
k=0 k=0

22(0), A=0, %,

2(\), A#£0, £m. (16)

: £ o0y, 2 _
lim E|fn(X; &) — fNI —{
N—oc0
OTciona CTaHOBHTCA MOHATHBIM, YTO MEPHONOTPAaMMa He MOXKET CJIY>KHTb
YLOBJIETBOPUTEJIbHON OLEHKO#H CreKTpajbHO# nioTHocTH. HTo6GbI HCMpaBUTbL
3TO MOJIOXKEHHe, B KauecTBe OLeHOK A f()\) 4acTo HCMOJIb3YIOT OLEHKH BUAA

N0 =§ WhQ-v)inw; xdv, (17)

-7

KOTOpble CTPOAITCA MO nepHOLOrpamMMe fN (A; X) 1 HEKOTOPbIM «CrJIa>KUBAIO-
wum» hyHkuuam Wy ()), HasbiBaeMbIM cnekmpanoroimu okHamu. EcrecTBeH-
Hble Tpe6oBaHHs, npelbABaseMble K GyHKUMAM Wy (A), cocToaT B TOM, UTOGDI:

a) Wy (\) uMenn pesKo Bblpa>keHHbIil MAKCHMYM B OKPeCTHOCTH TOUKH A=0;

b) § Wy(\)dA=1;
) EIFY (X €)= FOE—0, N —oo, A€ [=, 7).
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B cuay (14) u tpeGosanusa b) ouenku f,},” (A; &) aBASIOTCS aCHMNTOTHUECKH
necMelleHHbIMU. TpeGoBaHue c) ABISETCA YCJIOBHEM aCUMNTOTHYECKOM COCTO-
ATeJIbHOCTH B CPellHEKBaJpaTHUeCKOM CMbICJe, Y4TO, KaK OblJ0 MOKa3aHO Bbl-
uie, Hapyluaercs A nepHoaorpamMmbl. HakoHell, Tpe6oBaHue a) oGecneunBaer
«Bblpe3aHue» U3 nepuoIorpaMmbl TpeGyeMoil 4acTOTbI A.

[TpuBeneM HeKOTOpbie NpHMepbl OLeHOK BUaa (17).

Oyenka Bapmaemma ocHoBana Ha BbiGope CMEKTPATIbHOTO OKHA

Wn(A)=anB(an]),

roe ay T oo, ay/N —0, N = oo, 1

sin é ?
1 2
BN =557

Oyenka Ilap3ena ucnosb3yer B KauecTBe CMEKTPAIbHOTO OKHA (DYHKLMIO
Wn(A)=anP(an),

rle ay TaKHe e, KaK M Bblllle, a
sin —
3 4
PO =gz 24
Oyenku )Xypbernko cTposTcs ¢ NOMOLLbIO CMIEKTPaNbHbIX OKOH BHIA
Wy (N =ayZ(ay)),
rae

_atl o a+tl
z0y={ T2 A+ g PIsh
IAI> 1,

)

rie 0 < @ <2, a Be/IHUKMHBI Ay NOAGHPAIOTCA CrelnalibHbIM 06pa3oM.

He ocranasnusasicb noapo6Hee Ha BOMPOCaX OLEHUBAHUS CMEKTPaJbHBIX
TIOTHOCTeH, YKaXKeM JIMillb, 4YTO HMeeTCs OOLUMPHAs CTaTHCTHYecKas JuTepa-
Typa, nocasilileHHasi MOCTPOEHHUIO CMEKTPaJibHbIX OKOH U CPaBHEHHIO CBOHCTB
COOTBETCTBYIOILMX UM OLEHOK f,,‘,v(/\; x). (Cm., Hanpumep, [133}], [71], [72].)

3. PaccmoTpum Tenepb BOMpPOC OLEHMBAHHUS CMEKTPAJbHOM (YHKUMH
F(A) = F([—m, A]). C 3Toil Le/IbIO NOJOXHM

A A
FyW=§ Inwydv, Fyvxix=§ v nd,

-7

rie fy(v; x) — nepuonorpamma, nocTpoeHHas no (xo, Xi, ..., XN—1).
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W3 nokasarenbcta Teopembl [epriorua (§ 1) ciemyer, uto aasa Jo6oro
n€Z npu N — o0

™ ™

§ ermdFv()— § 2" dF().

- -7

Orciozna (cp. co caenctsueM K teopeme 1 § 3 ru. III) sbitekaer, uto Fy = F,

T. e. Fy(A) cxomsatcs K F(A\) B Kaxaoil TouKe HenpepbiBHOCTH PyHKuMH F(A).
3amerum, uto aas Beex |n| <N

se'*"dFN(A 9=Rum &)(1- ).

IMosTOMy, ec/iH NPeaNoNoXHTb, uto Ry (1; £) CXOLATCA C BEPOATHOCTBIO ek~
Huua K R(n) npu N — oo, To TOrAA
§ e dFy(x; 9)— § e dF(y) (P-n.n)

-7 -

u, snaunny Fy(\; €)= F(\) (P-n. n.).

Orciona Jierko BbiBecTH (Mepexoist B cjyuae HeoOXOOMMOCTH OT MocJe-
JIOBaTeJNbHOCTEA K MOAMOC/IEAOBATENIbHOCTAM), UTO eCJ/Id ﬁN(n; &) — R(n) no
BEpOATHOCTH, TO TOTAA H Fnv(X; &)= F(O\) no BepOSITHOCTH.

4. 3apaum.

1. Iyctb B cxeme (15) Beauuunbl €, ~ A (0, 1). [Tokasarb, uto ans mo6oro
nuN-—-o00

(N = |n|)DRy (n; €) — 27 § (1+e%)f2(A) d .

2. YcraHoBUTb cnpaBeIMBOCTb opmyJbl (16) u cienyiolero ee o6o6Lie-
HUS:
2f2(0), A=v=0, %,
Jim_cov(fx (X §), In(v; €)) = PN, A=v#0, £m,
0, A#v.

§ 5. Paznoxenue Boabpa

1. B ornnuue ot npexncrasienus (2) § 3, mawoulero pasioxxeHne CTaLHo-
HapHO# nocJejoBaTeNbHOCTH B 4acmomHot 06JacTH, paccMaTpUBaeMoe Hixe
pasJioxxetue Bosbaa nefictByer Bo spemernndi obnacti. CyTb 3TOr0 pasinoxe-
HHUS CBOAMTCS K TOMY, UTO CTaUMOHapHas mocJenoBareibHocTb &= (£,), n€Z,
npeacTasjseTcd B BUAe CYMMbl IBYX CTaLMOHApHbLIX MOCJeN0BaTebHOCTeH,
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olIHA M3 KOTOPbIX MOJIHOCTbIO MpeickadyeMa (B TOM CMbiC/e, YTO ee 3HaueHHs
[IOJIHOCTBIO BOCCTAHABJIHBAIOTCA M0 «MPOILLJIOMY»), @ BTOPas 3THM CBOACTBOM

ye o6Jiafaer. _
BeeneM MpexIe BCero HekoTopble o6o3HaueHus. [Tyctb H,(€) =L2(£") u

H(é) =Z§(§) — 3aMKHYTble JIHHeliHble MHOrooOpa3sus, NOPOXAEHHble BeJUYH-
namu €= (..., &n—1, &) M€ =(..., &1, &, ...) cootBeTCTBEHHO. [TycTb TaKKe

S©)=[") Ha®).

Ilna moGoro sneMeHTa 1 € H(§) o603naunm yepes

() =E (0| Ha(©))

NpoeKUMIo sJeMeHTa 7 Ha noanpoctpaHcTBo H,(€) (cm. § 11 ra. 1I). Bynem
o603HauaTb Takxe

T—oo(n) =E(n] S(€)).

Kaxkablit aneMeHT 1) € H(§) MOXHO NnpeacTaBHTb CJELYIOILMM 06pa3oM:

N="m—co(n) + (N —T-c0(n)),

rie 1 — i—oo(n) L #—oo(n). TlosTOMY mpocTpancTso H(E) npenctasasercs B
BHJle OPTOrOHA/ILHOH CYMMbI

H(§)=S5(8) ® R(),

rae S(¢) COCTOMT M3 3JIeMEHTOB T_oo(”) ¢ n € H(£), a R(§) — u3 anemenToB
BUaa 7 — 7?—00(77)-

Bciony B nanbheiiuem 6ynem mpennonarats, yto E€, =0 u D&, > 0. Tem
CaMbIM mpocTpaHcTBO H(£) 3aBefoOMO ABJIieTCS HETPHBHAJBbHBIM (CONEPIKHT
3JIeMEHTbI, OTJIMYHbIE OT HYJEBOro).

Onpepenenne 1. CrauvonapHas nocsenopatelbHocTs & = (£,) HasbiBaer-
CA peeyaapHoi, ecnn

H(&) = R(),

W CUHeyrspHOi, ecin
H(&)=S(%).

3ameuanune 1. CHHrynspHble NMOC/IENOBATENLHOCTH HA3bIBAIOT Takxke de-
mepmunuposanrbiMu, peryisiprble — 4UCMO WK 8rOAHE HedemepMUuHUupo-
8annoimu. Ecin S(€) ectb co6eTBeHHOE MOANPOCTPAHCTBO NpocTpaHeTea H(E),
TO noc/iefoBaTeNbHOCTb £ Ha3bIBAIOT HEOemepMUHUPOBAHHOU.
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Teopema 1. Bcakaa cmayuoHApHAA 8 WUPOKOM CMbICAE CAYUALHAR
nocaedosamenvHocme £ 0onyckaem pasnoienue

§n=E +&n )]

ede & = (&) — peeyraprasn, a & =(£3) — cuneyrapras nocaedosamens-
rnocmeo. [1pu amom & u & opmoeonanvrel (€, L&, 0an écex n u m).
Hokasameavcmso. Ilo onpeneieHnio NoNOXKUM

&=E|S©), &=¢6-¢.

[Tockonbky &, L S(§) mia mo6oro n, 1o S(€7) L S(£). C mpyroit cTOpoHbI,
S(¢") € S(&), w, 3Hauut, S(£”) TpUBHANLHO (COHEPXKHUT JIMILL CayyaiiHble Be-
JIMYKHBI, COBMajaioLlie NOYTH HasepHoe ¢ HyJem). CienosaTesbHo, npouecce
& siBnsieTca peryasipHbiM.

Hanee, Hy,(§) CHA(§°) ® Hn(€") v Ha(§°) CHn(€), Ha(§") S Hn(§). TlosTOMY
H, (&) =H,(¢°) ® H,(£7), u, 3HauurT, a8 a060ro n

S(6) C Ha(€°) ® Ha(€"). @
IMockoapky &, L S(£), To u3 (2) cnenyer, uto

S(6) S Ha(&),

u, 3Haunt, S(§) € S(£°) C H(£®). Ho & € S(£), nostomy H(£°) € S(€), u, cne-
JI0BaTEJbHO,

S =S5()=H(),

YTO 03HAYaeT CUHIYJNAPHOCTb NOC/eN0BaTebHOCTH £°.

OproroHanbHocTb nocJenoBarenbHocTell €5 U £ caellyeT oueBUIHLIM 06-
pa3oM u3 Toro, uto & € S(§), a £, L S(¢). m]

3ameuanue 2. Paznoxenue (1) Ha peryJisipHyl0 U CHHTYJSIPHYIO KOMMO-
HEHTbl eIMHCTBeHHO (3amaua 4). ;

2. Onpepnenenne 2. I1yctb € = (£,) — HeBbIpOXKIEHHAA CTaLUHOHApHas NO-
caenosaresbHocTb. CilyuaiiHylo nocsenoBaTeNbHOCTb € = (€,) Ha3oBeM 06HO8-
Asoweld nocyiefoBaTeNbHOCTbIO (1ns §), ecau:

a) €=(g,) COCTOMT W3 MOMAPHO OPTOrOHAJbHLIX CJYYaHHLIX BEJHUUH C
Ee, =0, Ele,)2=1;

b) H,(§) = H,(e) nna mo6oro n € Z.

3ameuanne 1. CMbic/ TepMHHA «OGHOBJEHHe» OGYCJIOBJeH accourauued
C TeM, YTO €,4| KaK Obl MPUBHOCUT HOBYIO «HH(OpPMaLHUIO», He COollepKaLLyoCs
B H,(&) (uHaue — «oGHoBAsieT nHpopMaunio» B H,(£), KoTopas Heo6xoxuma
ns o6paszoBanus Hpy(€)).

Crenyiowasi BaxkHasi TeopeMa YCTaHaBJIMBaeT CBAI3b MeXIy BBeIEeHHbIMU
Bbille (npuMep 4 B § 1) nocJienoBaTeIbLHOCTAMH OAHOCTOPOHHETO CKOJIb3AILETO
CpenHero U peryJsipHbIMH MOCJIe0BaTeIbHOCTAMH.
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Teopema 2. [aa mozo, umobo. HesvipondenHas nocaedosamens-
nocmo £ 6biaa peeysaproi, Heobxo0umo u 0ocmamouro, ¥mobel HAWAUCL
maxue 006Ho8ARI0Was nociedosamensHocme €= (€,) U nociedosamens-

o0
nocmb Komnaexkcrolx uucea (a,), n>0, ¢ Y. |aq|? < oo, umo (P-n.n.)
n=0

= Z QkEn—t- (3)
k=0

Joxazameavcmeo. Heobxodumocme. Tpencrasum H,(€) B Bune
Hn(€) =Hp-1(§) ® B

[Mockonbky H,(€) nopoxnaercs snementamu u3 H,_;(€) 1 aneMeHTaMu BuHIa
B¢, rne B — KOMMJIeKCHble YUCJIa, TO pa3MepHOCTb NpocTpaHcTBa B, paBHa
nymo wiu eaunuue. [Mpocrpancteo H,(£) He Moxer coBnagatb ¢ H,—_; (&) Hu
npu omHoMm n. B camoMm nene, ecin npu KakomM-To 7 B, TpHBHaJbHO, TO B
CHJly CTAaLMOHAPHOCTH TPUBHA/NbHBLIMH GYRYT NpocTpaHcTBa By mpH Bcex k&, a,
3Hauur, Toraa H(§) = S(€), uto NpoTHBOPEUHT NPENOJOKEHHIO O PEryAsipHOCTH
nocnenoBareibHoct §. Urak, npocrpanctso B, WMeeT pa3mepHocTb 1.
Iyctb 1, — HeHyneBoO# 3/eMeHT U3 B,. [Tonoxum

Mn
En= ,
7 il

rze |17 ]| = Elra|® > 0.
Ilna duxcuposaHHbix 72 U k >0 paccMOTpUM pasnioKeHHUs

Hn(&) =Hn—k<£)@Bn—k+l @-u@Bn-

Torna e,—, ..., €, 06pa3yioT opToHOpMUpOBaHHbIil 6a3uc B By_py1 D ... D
®B,u
k=1
En= ajtn_j+Ttnr(n), (4)
j=0

The a; = Eé.,,E_,,_i.
B cuny Hepasencrsa Beccens (6) § 11 rmasbi 11
o
> laiP < gl < oo

i=0

(o]

Orciona cnenyer, uto pan '20 Qj€n—j CXOINMTCA B CPeNHEKBaAPaTHYECKOM
/=

CMbicjie, U B cunly (4) ans noka3aTeibeTsa (3) O0CTanNoCh JHLIb J0Ka3aTh, YTO

Tn—r(&n) L—2> 0, R — 0.
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HocratouHo paccMotpets caydait n=0. OGosHauum #; =;(&). IMo-
CKOJIbKY

k
=m0+ Z [f—i = F—ig1],
i=0
a claraeMbie, yUacTByiolle B CyMMe, OPTOrOHaJIbHbI, TO Misl JoGoro & >0
k k 2
> i =il =| Y i —wmi)|| = - — #oll® < 4ll0I* < 0.

i=0 i=0
[Toatomy cyuiecTByer (B cpenHeKBaipaTHUeCKOM CMbICJe) nperned klim T_p.
— 00

Hnsa kaxmoro k #t_p € H_p(€), v, 3HauuT, paccMaTpHBaeMblil npenes IOMKeH

npuHagiexatb nofanpoctpancetsy (| H_p(€) = S(¢). Ho no npennonoxenuio
k>0

S(€) TpuBHA/ILHO, H NOITOMY 7 _p L, 0, k— oo.

Hocmamounocme. TlycTs HeBblpOXKIEHHas MOC/AeNOBaTeNbHOCTb & 10-
nyckaer npexacraBjedve B Bume (3), rme &= (¢,) — OPTOHOPMHPOBAHHasI
cucTeMa\(He 06s3aTebHO yaosnersopsiowas ycjaosuio H,(€)=H,(e), n€ Z).
Torna H,(&) C H,(€) u, 3nauur, S(€) = Hx(§) C Hn(e) ana moboro n. Ho

k

en+1 L Hy(€), noatomy €,41 L S(£), 1 B TO XKe caMoe BpeMsl € = (g,) ABasercs
6asucom B H(). Otcioma ciemyer, uto noampocTpaHcTBO S(£) fABAsercs
TPUBHAJILHBIM, W, 3HAUHT, NOCJENOBATENLHOCTb & peryJsipHa. O

3ameuanune 2. M3 nposeneHHOro N0Ka3aTeNbCTBA CJIELYET, UTO HEBbIPO-
XIeHHas NOC/e0BaTeNbHOCTb & ABNSETCA pe2yAApHOL TOTAA W TOJbKO TOTAa,
KOrja OHa JOMYyCKaeT, ec/H CJeloBaTh OnpefeseHuio B npuMmepe 4 § 1, npen-
CTaBJieHHe B BUIIe OOHOCMOPOHHE20 CKOAb3AU 20 cpedHeeo

[ o]
fn = Z Qp€n—t, (5)
k=0
rae €= (€,) — HeKoTOpasi OpPTOHOPMHPOBaHHas cucTeMa. B aToM cMbicie yTBep-
XIeHUe TeopeMbl 2 FOBOPHT O GOJIbLLIEM, @ HMEHHO O TOM, YTO /sl peryJisipHoit
nocnenoBaTeNbHOCTH € HalyTc TakWe a=(a,) ¥ OPTOHOPMHPOBaHHasA CH-
creMa € = (€,), uTO Hapsany c (5) 6yzeT cnpaBeluBO NMpeacrasieHue (3), pis
kotoporo H,(§) =H,(€), n€ Z.
M3 teopem | 1 2 HenocpencTBeHHO BbiTeKaeT
Teopema 3 (pasnoxenne Boabna). Ecau &= (&,) — HesoipocOennan
CMAYUOHAPHAR NOCAE008AMEALHOCTMb, MO

€n =€: + Z QrEn—k, (6)

k=0
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o0
20e Y |ax|? < o0 u €= (ex) — Hexomopas o6rosaRI0OWAR nOCLEO0BAMEND-

wocrto (843 €.

3. CMbicsi BBEeJEHHBIX Bblllie MOHATHH peryispHoOi U CHHIyJapHO# nocie-
J0BaTebHOCTEA CTAHOBUTCS OCOGEHHO MPO3PauHbIM MPH PACCMOTPEHHH CJie-
Iylolile#t 3a/1auu (/iuHefinON) akcmpanoasyuu, jis o6LLero peleHus KOTOPOH
0OKa3bIBAeTCsl BECbMA MOJIE3HbIM HCMOIb30BalHe pasnioxeHus Bosbaa (6).

Tycts Ho(€) = L2(£°) — samkuyTOe JuHefiHoe MHOroOGpasHe, NopoxaeHHoe
pesmunnamu €0 = (..., £_y, &). PaccMOTpHM 3a1auy nocTpoeHHs onmumais-
Hoti (B cpelHEeKBaLpaTHYECKOM CMbiCJie) AUKEHOU OYyeHKU £, BeaMuMHBI &n
Mo «NpouLIbIM» Habionenusm £0=(..., &_1, &).

M3 § 11 ra. 11 caenyer, uto

£ =E(&|Ho(®)). (@)
(B o603Hauenusx n. 1 €, ="#0(£,).) Tockonbky & u £° opToroHaJibHbl U Hy(€) =
= Ho(¢7) ® Ho(£°), To ¢ yuetoM (6) Haxooum
€. =E (& +£& | Ho()) =E(&} | Ho(€)) + E(&; 1 Ho(§)) =
=E(& | Ho(€") ® Ho(€")) + E (€7 | Ho(€) ® Ho(€°)) =
=E(&|Ho(&)) +E(& | Ho) =& +E (Z BrEn—t tHo(f')> :
k=0

B (6) nocnenosarenbHOCTbL € = (€,) fiBAseTcs oGHoBAsoulel nia & = (€]) u,
3Hauut, Ho(§") = Hy(e). IMoaTomy

o0 oo
&=¢+E (Z ArEn—t |H0(6)> =&+ arent ®)
k=0 =n
H cpenHeKBapaTHUecKas OlLIM6Ka npeacka3aHus &, no €0=(..., €_,, &) paBHa
n—1
o2=Elgn—&l =Y lal®. ©)
k=0

Oftciona sbitekaloT ciienyioliye 18a BaXKHbIX BLIBOJA.

a) Eciin nocnienosarenbhocts £ cuneyaapra, To aas ao6oro n > 1 ownbka
(3kcTpanonsiuum) 02 paBHa HYJI0, UHaue FOBOPs, BO3MOXKHO 6e301M60UHOe
Npenckasaunue &, no «npouiomy» £0=(..., £_1, &).

b) Ecau nocnenosarenbHocts € pezyaspua, 1o o2 <O, M

o0
i, on =D |l (10)
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[TockonbKy

k=0
10 u3 (10) u (9) caenyer, uto
A 12
& —0, n—-oo,
T.€. C POCTOM 7 MPOrHO3 BeAHuHHbI &, no 0= (..., £_}, &) CTAaHOBHTCA TPH-
BHa/IbHLIM (coBnagaowum npocro ¢ EE, =0). :

4. DBynem npeanosaratb, uto £ — HeBLIPOXKAEHHAA pecYAAPHASL CTaLUO-
HapHas nocJjiefioBaTeabHoCTb. COMIacHO TeopeMe 2, BcsiKas Takas Noc/iefoBa-
TeJIbHOCTb JOMYCKAaeT NpeacTaB/ieHHe B BUIE 0OHOCMOPOHHE20 CKOAb3AUe20
cpednezo

€= Gen-r, (11)

k=0

o0

rae Y fl? < oo u opToHOpMHpOBaHHas MocC/IeNOBaTENLHOCTL € = (€,) 06.1a-
k=0

IaeT TeM BaXKHbIM CBOACTBOM, 4TO

H,(€)=H.(e), nel. (12)

[Tpencrasnenue (11) o3Hauaer (cMm. n. 3 § 3), uto £, MOXKHO paccMaTpUBaTh
KaK CUrHaJl Ha BbiXolle (husuecku ocywecmsumozo guibmpa ¢ AMNYJabCHOM
nepexonHoil yHkuueit a = (ay), k >0, Korna Ha BXon mojaercs nocjenobare-
JILHOCTb € = (&p).

Kak 1 Bcsikasi moc/ieoBaTesbHOCTb JBYCTOPOHHEr0 CKOJIb3SILEro CpenHero,
peryJisipHas ocJiejoBaTeJIbHOCTb UMeeT creKTpasibHyio mioTHocTb f(A). Ho To
06CTOAITENIbCTBO, UTO PeryJjsipHas MOC/ef0BaTeIbHOCTb AOMYCKaeT MpeacTas-
JieHHe B BULle 00HOCMOPOHHE20 CKOJb3ALLEro CPeNHero, Nno3soJisieT NoJayunTh
JIOMOJIHUTENbHYIO HHOpPMaLIMIO O CBOMCTBAX CMEKTPalbHON MIOTHOCTH.

[Ipexxpe Bcero ficHO, uTO

F0) = 5=l NP,

rae
e =3 eMar, Y |l <oo. (13)
k=0 =0
[Tonoxxum
o(2)=)_ apz*. (14)

k=0
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I1a hYHKUHMA ABASETCS aHAIMTHUECKOH B OTKPbITON 06/1acTH |2| <1 u B cuy
o0

ycIOBHA |ax|? < co npunamnexur Tak HassiBaeMoMmy kaaccy Xapou HZ,
k=0

T. e. K/1aCCy aHaJHTHUECKUX B 06J1acTH |2| < | dyHKuMi g = g(2), A1 KOTOpbIX

1 ¢ i6y2
02.51 5 _g” | g(re'®)|? d8 < oo. (15)
JleicTBHTEJIbHO,
1 g ; —
5 3 18(e®)Pdo =3 apf’r®
- k=0
H

sup Z lag|?r?* < Z lag|? < oo.

0<r<1

B Teopun (yHKUMIl KOMIJIEKCHOFO MepeMeHHOro NOKa3blBaeTcsi, UTo rpa-
HUYHOe 3HaueHHe <I>(e"\), —7 < A<, TOXKIECTBEHHO He paBHOM HYJIO QYHKLUK
® € H? o6nagaeT TeM CBOICTBOM, UTO

§ In |®(e~*)| dA > —c0. (16)

B paccmatpuBaeMoM Hamu ciyuae
_ 1 —ixy2
f) =5 |2(e )%,
rie ® € H2. TMostomy
In fA)=—In 2 +2 In |®(e™*)),

H, cJleloBaTesIbHO, CreKTpaJibHas MIOTHOCTL f(A) peryJsipHoro npouecca yao-
BJIETBOPSiET YC/IOBHIO

§ In f(A)dA > —o0. a7

C npyroit cropoHbl, NycTb CreKTpaJbHasl MIOTHOCTb f(A) TakoBa, 4TO Bbi-
nojiveHo ycsosue (17). OnsATb-Taku U3 TeOPUH (PYHKLMI KOMIJIEKCHOTO nepe-
(o)
MEHHOro csieflyeT, YTO TOraa Haiizercs Takas gyHkuus ®(2)= > apz®, npu-
k=0
Halnexawas knaccy Xapmu H2, uto (nout Bcioay no mepe JleGera)

FO) = 5 [Be)P.
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TTosTomy, nonaras () = ®(e**), nonyuaem

f0)= 5= oI,

rie ¢()\) 3apaercs ¢opmyJoit (13). Torna us caencrsusi 1 k Teopeme 3 § 3
BbITEKAET, UTO MOCJIENOBATENLHOCTL & HOMYCKaeT NpeAcTaBjeHe B BUIE OIHO-
CTOpOHHero ckoJsb3asiwero cpeasero (11), rae € = (e,) — HekoTOpasi OpTOHOP-
MHpOBaHHas nocJjenosarteabHocTb. OTCIONa U U3 3aMedaHusi 2 B . 2 cienyer,
YTO MOCJENOBATENLHOCTb £ perysspHa.

Hrak, umeer mecro

Teopema 4 (KoamoropoB). [Tycme & — nesoipoiOennas pecyrapHas
cmayuonapras nocredosamessrocmes. Toeda cywecmsyem cnekmpansb-
Hasa naomuocme f()\) makas, umo

§ In f(A)dX> —o0. (18)

-

B wacmyocmu, f(\) >0 (noumu sciody no mepe Jlebeza).

Obpameno, ecau & — wekomopas cmayuoHApHAs nociedosamens-
HOCMb, UMEIOWAS CNEKMPAAbHYIO NAOMHOCMb, Y008 MBOPAIOWYIO YCAO-
suio (18), mo ama nocaedosamesrornocme a818eMca pecyrtpHoi.

5. 3apaum.

1. IMoka3saTb, 4TO CTaLKMOHAapHAA NOC/EN0BATENLHOCTb C IMCKPETHLIM CleK-
TpoM (crnekTpasibHas pyHKuus F(A\) — KycOUHO-MOCTOSIHHA) FIBJSETCA CUHeY-
ApHOU.

2. TMyetb 02 =E|¢, — &,|2, £, =E (¢, | Ho(€)). TTokasatb, uTo ecaiu 119 HeKo-
Toporo n> 1 2 =0, To nocnenoBaTeNbHOCTb £ ABJAETCA CHHIYNAPHOM; eCiIH
Xe npH 11— 00 o2 — R(0), To — peryaspHoi.

3. TokasaTh, YTO CTaUHOHAapHas Moc/eNoBaTeNbHOCTb & = (€,), &, = e,
rae ¢ — paBHOMepHas cjydaiiHasi BeJiMuuHa Ha [0, 27], ABnsercs pecyaapHoi.
Haiiti ouenxy £,, BeMUHHY 02 H NOKa3aTb, YTO HEAUHEUHAS OLeHKa

F (%)
&=()
naer 6esowubounoii nporHos &, no «npownomy» £0=(..., £é_y, &), T.e.

Elé,—&>=0, n>1.

4. lokasatb, uto pa3ssioxene (1) Ha peryJsipHYio ¥ CHHTYJSPHYIO KOMMNO-
HEeHTbl eIMHCTBEHHO.
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§ 6. IkcTpanoasuus, HHTEpNOAsUUs U GuabTpauus

1. 3kcrpanoasiuus. B cooTBercTBUM ¢ pe3y/bTaTamu Npelbiayllero na-
parpacpa CUH2YAAPHbLe TIOC/Iel0BATebHOCTH JONYCKAIOT 6e301UMG0UHbIA Mpo-
rHO3 (3KCTPANoJIALMIO) BeHUHH &y, 2> 1, MO «mpolioMy>» O=(.., ¢, &).
EcTecTBEHHO MO3TOMY MpPH PacCMOTPeHHH 3ajay 3KCTPanoJAuMH s Mpous-
BOJIbHBIX CTALMOHAPHBIX MOC/IENOBATeJIbHOCTel H3YUUTh CHauala clyuau pe-
2yASPHBLX TIOCTIEI0BATENLHOCTEH.

CoraacHo TeopeMe 2 u3 § 5, Bcsikas pery/isipHast NocJjiefloBaTeIbHOCTb
& = (&,) nonyckaer npeacTasJieHue B BUe ONHOCTOPOHHETO CKOJIb3ALLEro Cpel-
Hero,

€= GEnt (1)
=0

o0
¢ 3 |ak|? < oo u HekoTOpo#l 0GHOBIsSIOWLIEH MOCAENOBATENLHOCTBIO € = (£).
k=0
IMpencrasnenue (1), kak cienyeT U3 § 5, pelllaeT 3amauy HaXOXKAEHHA OMNTH-
MaJIbHO (MHelHOM) oueHkH &, = E(&, | Ho(€)), nockosbky, coriackHo (8) § 5,

én = E QrEn—tk 2
k=n
U
n—1
o2=El&—&l*=)_ larl®. 3)
k=0

OnHako 3TO pelueHHe MOXHO CUWTaTh JIHLIb NPUHUMMHANbLHLIM pellleHHeM B
CHJy cileyiollero o6CcToATeNbCTBA.

OG6bluHO paccMaTpuBaeMble MOC/TeNOBaTeNbLHOCTH 3a4al0TcA He MpeicTaB-
JeHreMm (1), a ¢ NOMOILBIO 32J1aHUA MX KOBapHaUMOHHON (YHKUMH R(n) win
CrnekTpaJibHOi MoTHOCTH f(A\) (KOoTopas cyllecTBYeT AJf peryJsapHbIX nocje-
nosatenbHocteil). [ToaTomy pelieHde (2) MOXHO MPH3HATL YIOBJIETBOPUTEb-
HbIM, ecJii K03¢(hHLKMEeHTD! a, GYAYT Boipa)keHbl uepe3 3HaueHHa R(n) uau f(X),
a BeJIMUUHBI €, — uepe3 3HaueHus ..., &—1, &k.

He 3arparusas 3ty npo6jeMy B ee o6lieM BHIe, OrPaHHUUMCA PacCMOT-
PeHHeM oHOro YacTHOro (HO MHTepPeCHOro JJisl TMPUJIOMEHWH) cayyas, Koraa
CreKTpasibHasi NJIOTHOCTb MpeACTaBsfeTCA B BUE

f0) = 5= 2P, )

o0

rae pynkuua ()= 5. bpz® umeer panuyc cxoaumocTd r > | U He UMeeT HyJedl
k=0

B o6siacTu |2| < 1.
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[Tyctb
ks

&= e Z(d)) (5)

— cneKTpanbHOe NpejcTaBJieHHe nocienosarenbHocti & = (€,), n € Z.

Teopema 1. Ecau cnekxmpanbras naomuocme nociedosamensHocmu
¢ npedcmasuma 8 sude (4), mo onmumarsras (Auneinasn) oyenka &,
seaununs £, no 9=(..., &_;, &) 3adaemcsa gpopmynoii

&= § @V Z(@N), (6)
20e

a YV q)n(e—i)‘)

‘Pn()‘) =e (p(e_,')‘) (7)
u

®,(2)= f: be2*.

k=n

Hokasameascmso. CornacHo 3aMeuanuio K TeopeMme 2 § 3, Bcsikas Besu-
unHa &, € Ho(§) nonyckaeT npeacrapJieHle B BHAE

&= § N ZW@N). BneHo(P), (8)

rae Ho(F) — 3aMkHyTOe JiHHeliHOe MHOrooGpasue, MopoxiaeHHoe (YHKLUUAMU
A
en=e*cn>0 (FN) = § f)dv).

-

[TockosbKy

E'&n - €n|2 =

E § - 3 2@

2 T
= § 1e?" = g WIP [N d,

TO JOKa3aTeJbCTBO ONTHMAJIbHOCTH OLEHKH (6) CBOAMTCA K OKa3aTeJbCTBY
TOTO, 4TO
¢ 1ix 2 € i 2
inf e =GN fA) dA=\ e =@V f(X) dA. 9
o _Sw le™" — GV (M) _S" e — @V F(O) )
U3 Teopuu runbGeprosbix npoctpaHers (§ 11 ra. II) cnenyer, uto ont-
ManibHas (B cmbicie (9)) dyHKuMs @,(A) onpenensiercs ABYMS YCJIOBHAMH:

1) a(X) € Ho(P), (10)
2) e — @, (N) L Ho(F).
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[TocKONbKY
e, (e~ =M [b e~ 4 boy1e”? Y € Ho(F)

W aHaJorM4HbIM 06pa3oM € Ho(F), To dyHkuma @,()\), onpenenexnas

(e ‘*)
g (7), npuHamiexur kaaccy Ho(F). ToaTomy 115 10Ka3aTeibCTBa «ONTHMAIb-
HoCTH» QYHKUUH Pp(A) LOCTATOYHO JIMLLL NPOBEPHTH, UTO Aas JitoGoro m > 0

ei)\n —(ﬁn()‘) _Le—ikm'

ks

ES e — 3,V f(N) dA=0, m>0.

a

Cnewmmaﬂ Lenoyka paBeHCTB MOKa3biBaeT, UTO 3TO JIEHCTBUTEJIbHO TaK:

__1_ ¢ piNatm) Pn(e —iM2 gy _
- S,, [ (_U\)]IQ(e WdA=

= § ePrtm(e=) - @,(e=%)] B ™) dA=

-

2 S oiMntm) (”2“: b e-z)Jz) (i 518”") d\=
Y9

k=0
o0 - .
2,". S et)\m (Z b et)\(n—k)) (Z bleu\l) d\=0,
k=0 =0
rIe nocsejHee paBeHCTBO cJeayer U3 Toro, uro gia m=20u r>1
§ ermei M d\=0. ]
-7
3ameuanue 1. Pasnaras ¢yHkuuio @,(A) B pan Pypoe
GnN)=Co+C_je™ +C_ge 2 ...,

HaxouM, yTo nporHo3 &, BeMuunHbl &, 1> 1, no npownomy €0 =(..., £_y, &)
onpenensiercs ¢opmy.oi

£n=Colo+C_1-1 +Cof 2+ ...
3ameuanne 2. TuNHYHBLIM NPUMEPOM CTIEKTPAIbHOM MJIOTHOCTH, MpeLCTa-
BUMO{1 B BUIE (4), SIBJISETCA PAYUOHANLHAR PYHKYUR
_ 1P ?
=272
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rie nojuHoMbl P(2) =ap+a12+...4a,2” u Q@) =1+4+b12+...+b427 He
MMeloT HyJelt B o6aactu {2: |2| < 1}.
IleficTBuTeNbHO, B 3TOM cJlydae JOCTaTO4HO Monoxutb ®(2) = P(2)/Q(2).
[e.°]
Torna ®(z) = 5 Cp2*, npuuem pamuyc cXomMMOCTH 3TOro psifia 60JibiLe eH-

k=0
HHLbI.

[Tpusenem mBa npuMepa, HATIOCTPHPYIOLLIHe TeopeMy 1.
Mpumep 1. TlycTb cnekTpanbHasi NJIOTHOCTb

i) = %(5+4 cos \).
CooTBeTcTByIOWAs KOBapUaUMOHHas YHKUMS R(11) KMeeT «TPeyroJibHblil» BULL:
RO)=5, R(£l)=2, R(n)=0 npu |n|>2. (11)

[TockonbKy paccmaTpuBaeMasi creKTpajibHas MJOTHOCTb MOXKeT ObiTb Mpel-
CTaBJleHa B BHJe

_1 —in2
f)=5-12+e™),

TO BO3MO>KHO NPHUMEHEHHE TeopeMbl 1. Jlerko Haxoaum, uTo

PN =z, (N =0npun>2. (12)
Mostomy ana Beex n>2 €, =0, T. e. (MMHeliHbI) NPOrHO3 3HaueHHs & no
E0=(..., &_1, &) ABNSACTCA MPUBUANLHBIM, YTO COBCEM HEYIHBHTENBHO, €CH
3aMeTHTb, uto, corjacHo (11), koppensuusa Mexny &, W J060H U3 BEJHUHH
&0, €—~1, ... paBHa HyJ0 A n > 2.

Hns n=1 u3 (6) u (12) HaxonuM, uTO

. o e [ l o
b=§ oz 2dN=5 § —=x Zdn=
- -—T l+_2
o0
)" T _a —1)*¢, e
2k+l S e “\Z(d)‘) Z ok+1 =39 __‘5 1+ ..
k=0 k=0

Mpumep 2. INyctb koBapHauroHHas GyHKUMA
R(n)=a", |a|<1.
Torna (cm. npumep 5B § 1)

_ 1 _1-jaf
f(’\)‘27r|1-ae—u|2'
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— 1 ia(o=ir2
10 = o [B(Ee )P,
rae
®(2)= & _ 'a'2)l/2 z (az)k’
k=0
oTKyIa Pn(A)=a" W, sHauwmr,
b= § a"Z(@N=a"6.

WHaue roopsi, A1 NPOrHO3HPOBAHHs BeJHUUHBI &, N0 HabmoneHuam £0 =
=(..., £-1, &) DOCTaTOYHO 3HAHUSA JIHLIb nNOcAe0He20 HabmoneHus &.
3ameuanue 3. M3 pasnoxkeHus Bosbna perynsipHoii nocsieqoBaTeibHOCTH

{ = (En)’

(o o]
=Y aren-r, (13)
c/ielyeT, 4TO CMeKTpaJbHas MJIOTHOCTb f(A) nomyckaeT mpeacraBjieHuHe
_ Liaio-ine .
roe
o0
D)= apzt. (15)
k=0

OueBunHo, uto u 06paTho, ecain f()\) nonyckaer npencrasienue (14) ¢ dyHk-
udeit ®(2) suna (15), To pasnoxenre Bosbaa ans &, umeer sun (13). Takum
06pasoM, 3ajiaua npejcTaB/ieHHs CNeKTpaibHOl MoTHocTH f(A) B Buze (14) u
3ajiaua oThickaHUA KO3 dHLHEHTOB ar B pasnoxkeHHH Bosba sKBUBAJEHTHDI.

Crenannble B Teopeme | npeano/ioXKeHus OTHOCHTENbHO (YHKUMH B(2)
(orcyreTaue Hyneit B o6nacTd 2| < 1 1 7> 1) Ha caMoM Jefie He HYXHbI JIA ee
cnpaBegnusoctd. MHaue rosops, eciiu crnekTpalbHas MJOTHOCTb PeryJsipHoi
focNlenoBaTe/IbHOCTH NpeicTaBieHa B Buie (14), To onTUManbHas B CpenHe-
KBaZpaTHueCcKOM CMbicJie OleHKa §,, BesMuHHbI &, Mo £0=(..., £_|, &) omnpe-
Aenserca popmynamu (6) u (7).

3ameuanue 4. Teopema | (BMecTe ¢ MpellecTBYIOWUM 3aMeyaHueM 3)
AaeT pewlenne 3ajaun nporHosa LA peeyaaproi nochenosarenbHoctd. [To-
KaxkeM, 4to Ha caMOM JeJie TOT XK€ OTBET OCTaeTCi B CHIe W AJs npous-
804bHOG cTauvoHapHOll nocsienoBatesbHocTH. TouHee, myctb &, = &S + &5,
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ks
ga=§ e™MZ(@N), FA)=E|Z(A)? u f’(,\)=2lﬁ|<1>(e"'")|2 — crekTpab-
-7
Has MJIOTHOCTb perynsapHo#t nociefoBatenvHoctd & = (). Torma ouenka é,
onpeznensiercs hopmyaamu (6) u (7).
B camom nene (cMm. n. 3 § 5), nycrs

b= GaNZ@N), &= § 2N Z7(@N),

rae Z"(A) — opToroHa/nbHas cToxacTHueckasi Mepa B NpelcTaBieHUU peryasap-
Ho# mocyienosaresibHocTd €7, Torna

Elgn—&ulP= § 162" =@ F@N > § 167" = @a(WIPF (N dA>

- -m

ks
> § e -G PPN ar=Elg - € (16)
-
Ho & — &, =&, — &, nostomy E|¢, — &2 = E|¢; — &;I2, n u3 (16) creayer, uto
B KauecTBq§ @,(A) MOXKHO B3ATb QYHKUMIO @ (N).

2. Uutepnoasuus. bynem npeanonarats, uto £ = (§,) — perynsipHas no-
C/Ie[I0BAaTeNIbHOCTb CO CMeKTpanbHoil miaoTHocTbio f(A). [TpocTeiiieit 3anaueit
UHMepnoAfyuY ABJsSeTCA 3a1aua NOCTPOeHHs ONTHMANILHON (B CpeliHeKBaapa-
THYECKOM CMbICJIe) JIMHEHHOM OLIeHKH N0 peayabTataM HabaoneHui {€,, n==1,
+2, ...} «nponyieHHoro» 3HaueHus &o.

OG6osnauum uepes H(£) — 3amkHyToe JuHeliHoe MHOrooGpasue, Mopo-
XKaeHHoe BeaHuuHamu &,, n#0. Torna B coorBercTBuH c Teopemoit 2 § 3
BCAKaA chyuaiiHas BesanunnHa 1) € HO(€) npencrasuma B Bune

k.
n=§ o) Z@N,
-
rae ¢ npuHasnexxut HO(F) — 3aMkHyTOMY JHHeHOMY MHOroo6pasHio, Nopo-
XKaeHHoMy dyHKumuAMH >, n#0, n oueHka

fo=§ ¢V 2@ (17)

6y11e1' ONTHMAJILHON TOTAA U TOJILKO TOrAa, KOraa

m

inf El&—nl2= inf 1=V FdN) =
oot Eléo—nl=_inf _S”I eN)I? F(d))

= 11-gM)? F(d)) =El& — &l
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i3 CBOICTB «MepNeHIMKY/spoB» B rHAbGepToBoM npoctpaHctse HO(F)
pbiTekaeT, 4To GyHKuns B(A) noaHoctsio onpenensiercs (cp. ¢ (10)) msyms
C/IOBHAMH

1) G € HOP), 18

9) 1 —3(\) L HO(F).

Teopema 2 (Koamoropos). /Tycmo & = (§,) — peeyrsapras nocaedosa-
MeAbHOCMb €

S < (19)
Toeda
s =1- 7, (20)
ede
o= @1)
3 »

u owubka unmepnoasyuu 62 =E|& — | sadaemca gopmynroii §2 =2ra.
Jlokazameabcmao nposeseM JHILb NPH BECbMa CTPOrHX NPeNoJoMNeHHsX
OTHOCHTE/IbHO CMEKTPAJbHOM MIOTHOCTH, CYHTAs], YTO :

0<c<fAN)<C <. (22)

M3 ycnosus 2) 8 (18) caenyer, uro anst noGoro n#Q

§ 11— e001e™ Oy dr=o. )

-

B cuny npeanonoxenns (22) dynxuua [1 —@(A)]f(A) npunapnexur runs6ep-
ToBy npocrpauctey L2([—, ], B([— 1r w]), du) ¢ Mepoii Jle6era du. B 3tom

NpocTpaHcTBe cHcTeMa (yHKLM n=0, %I, } o6pa3syer OpTOHOp-

(=
MHpoBaHHbI Gasuc (3apmaua 10 § 12 rn. II). TTostomy u3 (23) cnenyer, uto
$yHkumsa [1 — @(A)]f(A) ecTb KOHCTaHTa, KOTOPYIO 0603HAYMM Q.

Hrak, sropoe yciiosue B (18) npusonm K TOMY, UTO

Hcxons us nepsoro ycsosus B (18), onpenenum Tenepb KOHCTaHTY cv.
B cuny (22) ¢ € L? u ycnosue ¢ € HO(F) paBHOCU/ILHO YCJIOBHUIO, UTO () NpPH-
Hale)XUT 3aMKHYTOMY (B CMbic/jie HOpMbE B L*) sMHeiiHOMY MHOroo6pasuio,
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nopoxaeHHoMy pyHkuuamu €2, n#0. Orciona sicHo, UTo HyJeBo# Ko3hdu-
LMeHT B pa3niodKeHHH GYHKUHKM ((A) nosKeH GblTb paseH Hymo. [ToaTomy

0= S(p(/\)d/\ 2r—a S f()\)

H, 3HAUHT, KOHCTaHTa o onpefensercs ¢opmyJoit (21).

Hakownew,

_ _Zg2 _ 2 2 ) 4’

=Eléo— ol iu NIV dr=o| S,%»dx TS

> F)
Teopema (npu KONOJHUTENLHOM NpearnosioxeHuu (22)) noka3aHa. O
CaencrBue. Ecau
gN= D e,
0<|kISN

mo
T
b= Y, a §¥zan= ) a&
0<|k|<N -n 0<|k|<N

Mpumep 3. Ilyctb f(A) — cnekTpajbHas MJIOTHOCTb M3 PaCCMOTPEHHOro
Bbillle npumepa 2. Torza HeTPYIHO MOACUMTATb, UTO

. ™

o= S

-

[ +e™ ] Z(d)) =

l+| |2 |2[£|+£—l]

1+]a
a oluubKa MHTepno.nﬂuuu paBHa

2_ 1—laf?
1+|af?”

3. Puavrpauus. [lycts (8, &) = ((6,), (), n € Z, — wacmuuno nabao-
daemasn nocaedosamensrnocme, rae 0 = (6,) — HeHabnionaeMas, a £ = (§,) —
HabmmofaemMas KomnoHeHTa. [TocsienosatenbHoctu 8 1 € 6yayT npeanoaraThes
CTaUMOHAPHLIMHU (B LLIMPOKOM CMbICJIE) C HYJIEBLIMH CPENHUMH H CMEKTPaJbHbI-
MH MpeacTaBJeHHsAMH

k4 ks
0= e Zo(d)), &= e Ze(d))

-7 -7
cooTBercTBeHHO. O603HaUMM

Fo(A)=E|Zo(A), Fe(D)=E|Ze(A)P
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Foe(A) =EZp(A)Z¢ (D).
Kpome TOro, 6yaeM cuuTaTh, 4to 6 W § CMAYUOHAPHO CEA3AHML, T. €. UX

byHKUHMA KOBApHALMH cov£0,,, €m) = E0,€,, 3aBUCHT MILIL OT Pa3HOCTH 72 — M.
O603HaunM R (n) = E6,&. Torna

ks
Reg(n)= § " Foe(d ).
-7
PaccmartpuBaeMas 3ajaua pUJIbTpaLUUH COCTOHT B MOCTPOEHUH ONTHMAJIb-
Hoil (B CpellHeKBaAPATHUECKOM CMbICJie) JIHHeAHON OLEeHKH 6, BennumHbl 0, no
TeM WIH MHbIM HAGJIOeHHAM NOCJef0BaTebHOCTH &.
CosceM MpoCTO 3Ta 3ajaya pelliaeTcsi B NpPeNNONOXEHHH, YTO OLEHKa
6, crpoutcs no ecem 3HaueHuaM &y, m€EZ. JeACTBUTENbHO, MOCKOJIBLKY
6, =E(6,|H(€)), T0 HaiineTca Takas dyHKUHA P,(N), uTO

bn=§ @n(N) Ze(d). (25)

Kak v B nn. 1 1 2, ycJioBHsl, KOTOPbIM JOJIXKHA YIOBJIETBOPATH «ONTHUMAJIbHAS»
¢yHKUUA P, (A), COCTOSIT B TOM, UTO:

1) $a(X) € H(F),

2)60,—-6, LH®).

M3 nocnenHero ycaosus HaxonuM, uto pisi Jio6oro m € Z

S i Ma=m) Fo (d ) — S e~Mmp (A) Fe(dX) =0. (26)

[Toatomy, ecain npennosioxkuts, uto pyHKuMH Foe(A) U Fe(A) HMeIOT NIOTHOCTH
foe(N) u fe(X), To u3 (26) noayuum

§ eX=m[foe(A) — e 2B\ fe(V)] dA=0.

-

Ecan f¢(X) >0 (noutu sciony no mepe JleGera), To oTciofia cpasy HaxoauMm,
uTo

@n()) =€), 27)
rae

PN = foe (V) - )
H f? (A) — «nceenoo6pautenue» fe(A), T.e.

I >0,
e (A)‘{o, e =0,
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[Tpu 3TOM olM6Ka uabTpaLUn
E6, — 0.2 = S [fo(N) = 3N F@N)]dA. (28)

Kak HerpynHo mposeputb, @, € H(F¢) u, cnenoBatenbHo, oueHka (25) ¢
tyHkumeit (27) aBasieTcss ONTHMAIbHOM.

NMpumep 4. Boidesenue cuenara us cmecu ¢ wymon. Iycts &, =0, +n,,
rae curian 6= (6,) n wyM n=(n,) ABAAIOTCS HEKOPPEJMPOBAHHBLIMU MOCJe-
IOBaTEILHOCTAMHU CO CMEKTPaJIbHLIMH MAOTHOCTAMHU fo(A) M fy(A). Torna

6,= § eMB(\) Ze(d ),
rne -
@A) = faN) [ fo(N) + f(M]®,

a own6Ka HUIbLTpaLHH
El0, —6,* = S [FaN) Fn W] [Fa(X) + Fn(N)]® d.

[MonyuenHoe peluenue (25) MOXHO Tenepb MCMOJb30BaTb AJis MOCTPOEHHS
ONTHMAJIbHON OLIEHKH 9,1+,,, BEeJHUHHbI 8, MO pe3yibTaTaM HaGJioneHHi &,
k < n, rne m — HekoTopoe 3asaHHoe uucsio u3 Z. [Tpennosioxum, 4To mocJe-
noBartesbHocTb € = (§,) peryjisipHa co CreKTpajbHOMN MIOTHOCTbIO

FO) = 5= 1B,

o)
rie ®(2)= Y. axz®. CornacHo pasnoxenmio Bosba,

k=0
(o o)
&= Z ArEn—k,
k=0

rae € = (€,) — GeJiblil LIYM CO CMEKTPAJIbHLIM pa3jio’KeHHeM
n .
en={ €M Z.(dN).
-

[TockosbKy

Ontm=E [6nsm|Hn (€)1 =E [E [Ontm | HE) | Ha()] =E [Bnsm | Ha(6)]

Onim= S eNmFM BN B(e~Y) Ze(d)) = Z Bntm—kEh,

-n k=—00
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rae

(=3

=g § EMPNBE)dA (29)

TO
0-n+m = E LZ dn+m—k€k | H, (f):| .

Ho H,(&) = H,(€), u, 3Hauur,

én+m = Z Apnym—kEr = S [Z dn+m—keiAkl Ze(dN)=

k<n —7 Lkgn

. o0
— S ei)‘n I:Z d1+me—i)\ll @@(e—ik) Zf(dA),
=0

-

rae ®® — ncesnoo6paienue .

Hrak, nokasana cienywoias

Teopema 3. Ecau nabaodaemasn nocredosamenvrocme &= (€,) a6aa-
emcs pezyiipHoL, Mo onmumMasbHas (8 cpedHeKk8adpamu4eckom CMoLcae)
aunednas oyenka b,y m seauuunol Oy, no &, k < n, 3a0aemes gopmynoii

Brim=§ e™Hn(e™™) Ze(dN), (30)
ede
Hu(e™) =3 a4me™ M 8% (e (31)
=0

U Koaghgpuyuenmeor 4, onpedeasiomes 8 (29).

4. 3apaumu.

1. lokasaTb, uTo yTBepxKaeHHe TeopeMbl | coxpaHsieT CBOKO CHJy U Ge3
npenmnoJsioxkenuii, uto ®(2) uMeer paguyc cxogumoctu r > 1, a vyau ®(2) nexar
TOJIbKO B obJjacTy 2| > 1.

2. Tokasarb, uto ana peryJspHoro npouecca ¢yHkuus ®(2), sxonadiwas
B (4), MOXeT 6biTh MpeNCTaB/eHa B BUIE

o0
®(z)=V2r exp{%co-!-z ckzk}. lz| <1,
k=1

rie

=g § € In f)dA
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BuiBecT 0TCIOza, UTO OLIMGKA IPOTHO3a HA OWH LLAr 02 = E|é) - & |? sanaercs
dopmuynroii Cece—Koamoeoposa

o =2r exp{% § In f(A)dA}.

3. laTb IOKa3aTeNbCTBO TeopeMbl 2 6e3 npeanosioxeHus (22).
4. Tlyctb HeKOppeaMpOBaHHble CHTHaN 6 W WYM 7) UMeIOT creKTpajbHble
MJIOTHOCTH
1 1 1 1
a ' T . 30 A =0 ————r7.
o |l+b|e""|2 fﬂ( ) or |l+b29—')‘|2

fe(\) =

Onupasicb Ha TeopeMy 3, HaiiTH OLEHKY O,y BEIMUHHBI O,y m NO 3HAUYEHH-
am &g, k < n, rae &, =0, + 1. PaccMoTpeTb Ty XKe 3afauy Ml CEKTPajbHbIX
MJIOTHOCTEH

oM =gel2+e™ P, ) =5

§ 7. ®uabTp Kanmana—Bblocu u ero 0606ueHns

1. C BbUMC/TMTENILHOI TOUKH 3peHHsl JaHHOe Bbillie pellieHHe 3ajau (HIb-
TpauuK HeHa6JiofaeMoil KOMIOHeHTbI § Nno HabJoneHHAM & He ABJAeTCA YA06-
HbIM, MOCKOJ/IbKY, GYIyud BbIPaXKEHHbIM B CMEKTPaJibHbIX TepMHHAX, OHO AJs
cBOeli peasinsaLmy TpebyeT o6palleHnsl K GHAA0208biM YCTpoicTBaM. B cxeme,
npeatoxentoil Kaimanom n BbiocH, cHHTe3npoBaHie ONTHMAIbHOTO (UJILTpa
OCYIIECTBJAETCH PeKyppeHmHbiM CIIOCOGOM, UTO JaeT BO3MOXHOCTb pealin-
3aUMH C MOMOILbIO YUPPOosbLx BbiUHCAUTENbHbIX ycTpoiicTB. EcTh u apyrue
NpHYHHBI, 0GYCJIOBHBILKE LWIHPOKoe NpuMeHeHHe duabTpa Kanmana—bBbioch.
OnHa M3 HUX COCTOMT B TOM, UTO OH «paboTaeT» U 6e3 npednosoHceHus
cmayuoHaprocmu nocjeposarenbHocteit (0, §).

Huxe 6yner paccMaTpuBaTbCs He TOJIbKO TpafkuMoHHas cxeMa Kaiamana—
BbiocH, HO TakXe M ee 0606LeHHs], COCTOAILIHE B TOM, YTO B peKyppeHTHbIX
ypaBHeHusX, onpeeasiowux (6, £), KoapduUHeHTH MOTyT 3aBHCETb OT BCeX
NpoLIbIX HaG/I0AaeMblX JaHHbIX.

Hrak, 6ynem npeanodaratb, uto (8, &) =((0,), (§»)) ecTb wacmuuno Ha-
61100aemasn NOCJEN0BaTENLHOCTD, NPUYEM

On=(61(n), ..., Or(n)), &n=(&1(n), ..., &(n))
YNpaBasioTCA peKyppeHTHbIMH YpaBHeHUSAMH

Ons1=ao(n, &) +ai(n, §) 6n +b1(n, § e1(n+1) + ba(n, §) ea(n + 1),

1
Env1="Ao(n, &) + Ar(n, §) On+ Bi(n, §) e1(n+ 1) + Ba(n, §) e2(n + 1). @
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3pech e1(n)=(en(n), ..., e1e(n)), €2(n)=(ea1(n), ..., €2(n)) — HesaBucu-
Mble 2QYCCOBCKUE BEKTOPHl C HE3aBUCHMbIMM KOMMOHEHTAMH, Kaxuas W3
KOTOPbIX HIMeeT HopMaJIbHOe pacnpenesetue ¢ napamerpamu 0 u 1; ag(n, £) =

=(aoi(n, &), ---, ao(n, §)) u Ao(n, §) = (Aa1(n, §), ..., Aw(n, §)) — BexTOp-

(yHKUMH, TIe 3aBUCHMOCTb OT &=(&o, &1, ...) BXOmUT HeympexnaioLUM
06pa3oM, T. e. s pukcupoBaHHoro n ao(n, §), --., Ao(n, §) sasucar Juiub
ot &, ---» &n; MaTpHUHble DYHKUUHU

bi(n, &) =16 (n, Oll,  ba(n, =116 (n, I,
Bi(n, &) =B (n, &)ll. Ba(n, &=|B{(m, &),
ai(n, &) =lla) (n, Ol Ai(n, & =[A(n, )|

uMmeloT nopsuok B X kR, kx 1,1 xk, I x1, kxk, | Xk, cOOTBETCTBEHHO, H TaKXKe
HeynpexXaaoLuM o6pa3om 3asucar ot §. Tlpeanonaraercs Takxe, uTo BeKTOp
Hava/bHbIX JaHHbIX (fg, &) He 3aBUCHT OT mocJiefoBaTeabHOCTEl &) = (£ (n))
u g2 = (e2(n)).

JLns npocToThl U3JI0XKEHHUA YKa3aHHe Ha 3aBHCHMOCTb K03 dHULHeHTOB OT &
B JajibHeiillieM YyacTo GyneT onycKarbCs.

Yro6bl cucteMa (1) uMena pellieHde ¢ KOHEUHbIM BTOprM MOMeHTOM, 6yneM

npennonarats, uto E(||6o]|2 + [I€0]I?) < o0 (||x||2 Z X2, x=(x1, x,,)),

|a“)(n 8| < |A“)(n, |<C,unecau gn, &) ——.modaﬂ u3 yHKkumi ag;, Aoj,

b,‘,'), b,‘f), B,‘I”, B,‘f), to E|g(n, §)2<oo, n=0, 1, ... B 3Tux ponyiesusx
nocsiefoBatenbHocTh (8, £) Takosa, uto M E (|0, + [|€.]|2) < o0, n> 1.
Mycrs, nanee, Ft =o{w: &, ..., &} — HauMeHbluas o-aire6pa, Nopo-

XKIeHHas BeqMuHHaMH &, ..., &, U
m,,=E(0,,|.?,,5), "/n:E[(on—mn)(on—mn)*l'?f]'

CoraacHo teopeme 1 § 8 rui. Il, m, = (m (n), ..., mp(n)) aeasercs ontu-
MajbHOIl B CpeJlHEKBAJpPaTHUECKOM CMbIC/Ie OLeHKON BekTopa 6, = (6,(n),

-+ 0r(n)), aEv,=E|[(8,— m,)(8, —m,)*] ecTb MaTpuLa OLIMGOK OLIEHHBAHWS.
Otbickanne 3TUX BeJMYMH IS MPOM3BOJbLHBLIX MocJjenoBaTenbHocTel (6, &),
ynpassisiembix ypasHeHusamu (1), siBaserca BecbMa TpyaHoit 3amaueit. OnHako
TpH OIHOM LOMOJHHTEJILHOM MPeANnoJOXeHUH OTHOCHTeJbHO (6, &), cocTon-
leM B ToM, uTO ycJsoBHOe pacnpeneneHue P(fp < alép) aBnserca eayccosckum,

_x=mg 2

= 1 2,
a|€0) \/ﬂ _§° e o d

€ napamerpamu mo = moy(&o), Y0 ="0(§0), AN M, K 7y, MOXKHO BbIBECTH CHCTEMY

P(6o < X, @
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PeKyppEeHTHbIX ypaBHeHHH, BKJIOYAIOLINX B ce6sl U TaK Ha3blBaeMble YpaBHEHHs
dusrempa Kaamana—>beiocu.
[Npexxne Bcero ycTaHOBUM OIMH Ba)KHblil BCMIOMOTraTe/IbHbI pe3yJbTar.
Jlemma 1. [Ipu cOerannbix Boblue NPeOnoAOHEHUAX OMHOCUMENbHO
koappuyuenmos cucmemot (1) u ycaosuu (2) nocredosamervrocme (0, £)
ABAAEMCA YCAOBHO-2AYCCOBCKOU, M. €. YcA08HAA PyHKyusa pacnpedesenus

Péy<ay, ..., Onga,,lﬁ,f)

ecmo (P-n.H.) pynxyus pacnpedesrenus n-meproeo eaycco8cKoeo 8eKmo-
pa, cpedHee 3HAYeHUe U MAMPUKA KOBAPUAYULE KOMOPO20 3A8UCAM OM

(60' ety {n)-

Hokxazamenvcmeo. OrpaHUuMMCs [0Ka3aTeIbCTBOM FayCCOBOCTH JIMILb
pacnpenenenus P (8, <a|FE), uro nocTaTouHo A BHIBOA ypaBHEHWi s
My W Yp.

IMpexne Bcero 3amerum, uto K3 (1) cremyer, 4To yclOBHOE pacnpesiesieHue

P(Ont1 <a, €nt1 S x| Ff, 0,=0)

ABNsieTcA FayCCOBCKUM C BEKTOPOM CpelHUX 3HaueHHi

_ ap+a,b
A()'i'Alb— (A0+A|b)

B= bob boB
“\(boB)* BoB)"
rne bob=b,b} +bgbs, boB=0b,B} + baB3, BoB=B|B} + B2B;.
O603HauuM C, = (0,, &) u t =(¢, ..., tp4s). Torna

M MaTpuLeH KoBapHauMii

Elexp{it*Ca1}| F5, 6] =
=exp{it* (Ao(n, &)+ As(n, €)6,) — 5 1'B(1, )t }. ()

JlonycTiuM Tenepb, YTO YTBEPXKAEHHE JIEeMMbl CMpaBeAJ/IMBO sl HEKOTOPOro
n>0. Torna

Elexpfit*Ai(n, £)6,} F5] =
=exp{it*Ai(n, Omy— 5 1" (Ar(n, EmAT(, )t} (@)

Jokaxem, uro ¢opmyaa (4) ocraHeTcsl BepHO# U NpH 3aMeHe 7 Ha n+ 1.
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U3 (3) u (4) umeem
E(explit*Coa) | Z5] = exp{it* (Ao(n, §) +Au(n, )my) -

1 1 *
— 5 "B(n, ) — 5 1°(Ai(n, )1AT(n, )1 }.
[To3TOMY YCJIOBHbIE pacrpeneieHus
P6n+1<a, &nsi gxl.?,f) )]

ABJIAIOTCS [ayCCOBCKUMH.
Kak 1 npy foKasaTtesbCTBe TeOpeMbl 0 HOPMaJbHOM KoppedisuHs (Teopema 2
B § 13 ra. II), npoBepserca, uto cywecTsyer Takas marpuua C, uTo BeKTOp

N=1[0n+1 = EOnt1| FH)] = Cléns1 — En1 | FD)]
obnajaeTr TeM cBoiicTBoM, uto (P-m. H.)
E[n(n+1 — En1 | F5)* | F5]=0.
Orciona cnefiyer, 4TO YCJIOBHO-FayCCOBCKHE BEKTOPbI ) U &y, PACCMaTpHBa-
eMble MpH YCJIOBHH ZE. aBNAIOTCA He3aBUCHMBIMH, T. €. (P-n.H.)
PMEA, &y €B|FS) =P(n€A|FE) - P(éns1 € B| FE)

115 Jo6bix A € B(R*), B € B(R").
[TosTomy, ecnu s = (sy, ..., Si), TO

E[exp(iS* n+l)|9n€’ §ns1]l=
=E{exp(is*[E(On+1|F5) + 0+ Cléns1 = EEnit | FDID | FE, nti} =
=exp{is* [E(@n+1 | &) + Clénr1 ~ E€art | DI Elexplis™n) | F5, Enii] =
=exp{is*[E(On+1|F5) + Cléns1 — E(€ns1 | ZDI Eexplis™n) | £5).  (6)
Cornacho (5), ycnoBHoe pacnpenenenne P(n<y|ZS) ssaserca rayc-
coBckuM. Bmecte ¢ (6) 3To noKa3bisaer, uTO YCJOBHOe pacnpepiesieHue
P64 < alffH) TaKXe SIBJSIETCH rayCCOBCKUM. O
Teopema 1. [Tycmo (0, ) — wacmuuno Habaodaemas nociedogame-

Abrocme, yoosasemsopawuwan (1) u (2). Toeda (my, v,) noduunsromcs
Cre0youyum peKypperHmHolm YypasHeHUAM:

Mgy = [ag +a1ma] +[60 B +a17,A}] [Bo B+ A17,AT1® x
X [€n41 = Ao —Aima], (7)
Vas1 = [@172a} + b o b] — [bo B +a;7,AT] x
x [BoB+A11AT]®- [boB +a1mAil". (8)
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Hoxasameavcmeo. U3 (1)

E(0n+l|95)=a0+almm E(§n+l|9§)=A0+Almn 9)

Ont1 — E(Ony1 | FF) = 1[0 — ma) + bie)(n+ 1) + boga(n + 1),
€nt1 —E(np1 | F5) =A 1[0, — ma) + Biey(n+ 1) + Baea(n + 1).

O603Ha4yum

(10)

diy =COV(Bns1, Ont1 | F5) =
=E{[0n+1 —EOns1 | F5)] [Ons1 — E(On1 | F5))* | £E),
di2 =COV(bpy1, &ny1 | F5) =
=E{[0n41 — E@ns1| F5)] [€nsr1 — Eur1 | FH)]* | 5D,
dog =COV(Ent1, énv1 | FF) =
=E{[€ns+1 = Enr1 | FD)] [ns1 — Ens1 | FD]* | F5).
Torna us (10)
dii=a;1.al +bob, dip=a;7,A} +boB, dp=A7,Al+BoB. (1)

B cuay TeopemMbl 0 HopMasbHOI Koppeasiuuu (cM. TeopeMy 2 W 3amauy 4 B
§ 13 ra. 1I)

Mgt =EOnt1 | FE, €nrt) =EOnt1 | FL) + d12d S (Enst — Ens1 | FE))

Vot =COV(Ont1, Ongt | FE, nv1) =diy —dioddsy.

[Moncrasass cioga BbipaxkeHus mns E(60,4 |5’,§), E(&41 l.?,f) u3 (9) u ans
dyy, dy2, dgo u3 (11), nonyyaeM uckomble pekyppeHTHble YpasHenus (7) u (8).
a
Caencrsue 1. Ecau sce koagpduyuenmer ao(n, €), ..., Bo(n, &) 8 cu-
cmexe (1) He 3asucam om &, mo coomeemcmsyowan cxema Hasol8aemcs
cxemoli Kaamana—bBoiocu, a ypasnenus (7) u (8) a8 my u v, — purompom
Kaamarna—bBorocu. Baxro noduepkuyme, 4mo 8 3mom cayuae ycao8HAA
mampuya owubox v, cosnadaem ¢ 6e3ycao8HO, M. e.

Yn = Eyn =E[(6n — mn) (6, — ma)*].

CaenctBue 2. [Ipednoaoxcum, «mo wacmu4no Habaodaemas nocre-
dosameavrocme (0, £,) makosa, umo 042 0, cnpagediuso nepgoe u3
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ypasHerui 8 (1), a 021 &, — ypasrenue

go=Aoln—1,8+Ai(n—1,6)0,+
+Bi(n—1, &ei(n)+ Bo(n—1, &)ea(n). (12)

Tozda, o4esuoHo,

a1 =Ao(n, &) + Ar(n, ©)[ao(n, &) +ai(n, €)8,+bi(n, Her(n+ 1)+
+ba(n, E)ea(n+ )]+ Bi(n, Eei(n+ 1) ++Ba(n, fea(n+1),

u, o6o3Ha4as
Av=Ao+A1a0, A=A a,
B =A\b,+B), By=Asby+ By,

noay4aem, 4mo paccmampusaemoll cAy4ail maxice ykiadeisaemcs 8 cxe-
sy (1), a my, u vy, ydosremsopsiom ypasnenuan (7) u (8).
2. OGparumcs K auneiinoi cxeme (cp. ¢ (1))

Ont1 =a0+a16, +agé, +bie1(n+ 1)+ boeco(n+ 1),
Enr1=Ao+A16, + Asln + Biey(n+ 1) + Boga(n + 1),

rie Bce KO3 HULUHEHTH Ay, ..., B2 MOryT 3aBHceTb OT 7 (HO He oT &), a &;(n) —
He3aBHCHMble raycCOBCKHe cJydaiHble BesuHHbl ¢ Eg;j(n) =0 n Ee?l-(n) =1.

[Myctb cucrema (13) peluaercs npu HayadbHbiX 3HaueHusix (fo, &) TaKHx,
yTo ycnoBHoe pacnpeneienue P(6p < a|&y) ABasercs rayccosckuM c mnapa-
merpamu mo=E(0y|&o) u o =cov(by, 0y | &) =E~o. Torma B cuny Teopembl
0 HopMasbHO# Koppensuuu u (7), (8) onTumanbHas oueHka m, =E(0,,|$,,5)
fBnfercs aunelnol yHkuueit ot &, &1, ..., &n.

D10 3aMeuaHHe MO3BOJIET NOKA3aTh CJe/yiolilee BaXKHOe YTBEpXKAeHHE O
CTPYKTYpe ONTHMAJIbHOTO JIMHEHHOro (UJILTpa MPH OTKa3e OT MPEArNooXKeHH!s
eayccogocmu.

Teopema 2. [Tycmo (0, £) = (0n, £r)nz0 — 4acmuuro Habaodaemas noc-
aedosamenvrocme, yoosaemsopaiouas cucmene (13), ede ;j(n) — nexop-
peauposannoie cayuaiinoie sesusurol ¢ Eg;j(n) =0, Es?j(n) =1, a komno-
Henmot sekmopa HauasbHolx 3Haverud (0y, &) umerom KoHeu ol 8mMopoi
momenm. Toeda onmumanvHas auneiinas oyenka i, =E(0,|, ..., &)
Ydosremsopsem ypasuenusxu (7) ¢ ag(n, €) =ao(n) + ag(n)é,, Ao(n, &)=
=Ao(n) + Ap(n)&s, @ mampuya owu6ox An=E [(6n— rita)(On — rhtn)*] —
Ypasnenusam (8) ¢ HawarbHoLMU OAHHUIMU

rho = cov(8o, &) cov®(&, &) - Lo,
40 =cov(6o, 6p) — cov(bo, &) cov® (&, &) cov* (8o, o).

(13)

(14)
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Ina nokasarenbcTBa 3TOM TeopeMbl MOHANOGUTCS CJefyloLlas JeMMa, pac-
KpbIBaIOL1as poJib rayCCOBCKOr0O CJyyast PH OTbICKAHUH ONTHMaNbHBIX JIHHEH -
HbIX OLIEHOK.

Jlemma 2. Tycmo (o, B) — OsymepHuii cayuaiinoii sexmop, E(a® +
+ %) <00, a (&, B) — 08yMepHbLI 2ayccOBCKUL BeKMOp C Memu He nep-
8bIMU U BMOpLIMU MOMERmMaMu, umo u y (a, B), m.e.

E& =Ed/, Efi=Ef, i=1,2, Eaf=Eap.
TTycmeo \(b) — suneiinan ¢pyukyus om b makas, umo
Ab)=E(&|B="b).

Toe0a \(B) asasemces onmumarsHoil (8 cpeOHeK8a0pamu1ecKom CMbicae)
AuHelrol oyenkod a no 3, m.e.

E(alB) =XP.

ITpu amom EX(B) =

Hokasameascmso. Tlpexxne BCcero OTMETHM, YTO CYLIECTBOBaHHUE JIMHel-
Ho# dpyHkuuu A(b), coBnanaioweii ¢ E(&|B=0b), BuiTeKaeT H3 TeopeMbi 0 HOp-
ManbHo# koppensuuu. anee, nyctb A(b) — Kakas-To Apyras JuHeAHas OueH-
ka. Torna

Ela-X(B) >E[a- A
B CHJY JIMHeRHOCTH olieHoK A(b) u A(b) U YClOBHil JleMMb
Ela=X@)PP=E[a~X(B))* >E[a- MBI =E[a~ (@))%,
UTO W JOKa3blBaeT onTuManbHocTb A(S) B kiacce uHelHbIX oueHoK. Hakowell,
EXB)=EXB)=E[E(@|B))=Ea=Ea. O
Hoxasameaoscmso meopemor 2. Hapsny c (13) paccMotpum cucremy

Bps1 =00+ a10, +aséy + 1€y (n+ 1) + boéra(n + 1),

- - _ 15
Enr1 =Ao+A 10, + A2y + Biéar(n+ 1) + Baégo(n + 1), (19

rae e,,(n) — He3aBMCHMble FayCCOBCKHE CJyyailHble BENUUHHBI C Es,,(n) 0
u E&? ;(n) = 1. Tlyctb Takxke (6o, €0) — rayccoBcKuil BeKTOp, HMEIOILIHI Te XKe
nepsble MOMeHTbl M KoBapuauuu, uto u (6o, &), 1 He 3aBucawmi 0T &;j(n).
Torma B cuny snuHediHocTH cucteMbl (15) BekTOp (6o, .. ., 05, &, ..., &) aB-
JIIETCS FayCCOBCKHUM, M, 3HAaUMT, YTBepXKIeHHE TeopeMbl c.neuyeT U3 JeMMbl 2
(TOuHee, U3 ee OYEBUIHOrO MHOIOMEPHOIO aHaJI0ra) U TeoOpeMbl O HOPMaJIbHOM
KOppeJILIH. O
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3. PaccMOTPHM HECKOJIbKO MPUMEpOB, WMIOCTPHPYIOLLMX TeopeMbl 1 u 2.

Mpumep 1. Tlycts 8= (6,) u n=(n,) — nBe cTaunoHapHblie (B LIKPOKOM
cMbic/le) HEKOppeMpoBaHHbIe ciyyaiiHble nocefoBaTeNbHOCTH ¢ Ef, =En, =
=0 ¥ CneKTPaJbHbLIMU MJOTHOCTAMU

1 1 1 1
foN)=5-- T¥be D fn(/\)—g'm,

rre |01 <1, [b2| < 1.
B nanbHeiilueM 6yneM MHTEPNPETHPOBaTh & Kak noAe3ubli cueHaa, a n—
KaK wym W npemnonaraTb, 4To HabJIOAEHUIO NOJIEXUT MOCNEN0BATeJbHOCTD

E=(n) ¢
fn = 011 + Np.
Cornacho caenctsuio 2 kK TeopeMe 3 u3 § 3, HalmyTcs (HeKoppeaMpoBaHHbie
MeXIy co6oit) Genbie WyMbl €1 = (g4(n)) U €2 = (€2(n)) Takue, uto
Ont1 +b0160,=e1(n+1), Noy1 +bom=e2(n+1).

Torna

bni1 =0np1 +Mup1 =010 —bop +e1(n+ 1) +e2(n+1)=
=—b2(0n +Mn) — On(b1 — b2) +e1(n+ 1) +e2(n+1)=
=—bol, — (b1 — b2)0, +e1(n+1)+e2(n+1).
Tem caMbiM 119 O U € cNpaBeUBLI PeKypPeHTHbE YPaBHEHHUs!

Onyr = 016, +e1(n+1),

16
bntr1 =—(b1 — b2)0r — boln+e1(n+ 1) +e2(n+1) (16)

W, cornacHo teopeMe 2, m, =E(0,|&o, ..., &) u v, =E(6, - mn)? ynosnetso-
PAIOT caeyiolell cucTeMe PeKYppeHTHBIX YpaBHeHHH ONTUManbHON JUHeRHOH
buasTpauuu:

by (b1 — bo)yn
2+ (b) — bo)2ym [€ng1 + (b — bo)m, + bo&,],

[1+ b (by — bo)vn)?
2+ (b —bo)2yn

Haiinem HauanbHble 3HaueHus Mo W 7p, MPH KOTOPLIX JOJDKHA pellaTbCs
3Ta cucrema. O603HauuM dj; = E0,2,, dyo=E#0,¢&,, doo = Eg,%. Torna u3 (16)

dyy =bid +1,
dig=b(by — b2)dy1 + bibad)2 + 1,
dgg = (by — by)?dyy + b3d2o + 2bo(by — bo)d2 + 2,

My =—=bym, +
(17)

Yn+1 =b|2'7n +1-
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OTKyna
22
2- b2~ b3

1 1
d“_—l dl2—'——l_b12' 422————————(1__17?)(1_1)%).

2
_bl

yTo B cuay (14) NpUBOAMT K CNELYIOLIMM 3HAUEHUAM HaYabHbIX JAHHbIX:

dyo l—bg
nmo= — = ——30,
0 d22§0 2—-b12—bg€0
) . (18)
Yo=dny—-5=

do  1-b2 (1-6D)2-b7-b)) 2-62—-b2

Hrak, onTuManbHas (B cpeaHeKBaJpaTHueCKOM CMbicJie) JHHeHHAs OLeHKa
m,, curiana 6, no &, ..., £, U cpeliHeKBaJpaTHUecKas OLINGKa -y, Oonpenessi-
I0TCSI U3 CHCTEMbl PeKyppeHTHbIX ypaBHeHHH (17), pelliaeMbix MPH HayaibHbIX
ycnosusx (18). OrmeruM, uto ypaBHeHHe 1A -, He COLEPIKHT CIyYaiHbIX CO-
CTaBJSAOWMX, U, CNEIOBATELHO, BEIUUUHbI Y,, HEOGXOLHMbIE LISl OTbICKaHHS
3HaueHKH m,, MOTYT ObiTb paccuuTaHbl 3apaHee — IO pellieHUs caMoi 3aflauu
tbunsTpaumu.

Npumep 2. DTtoT mpuMep moyuuteseH C TOW TOUKH 3peHHs, UTO MOKa-
3blBaeT, KaK pe3ysibTaT TeopeMbl 2 MoXKeT GbiTb MpPHMeHeH ISl OTbICKaHHWs
ONTHUMaNbLHOrO AUHelHo2o GuNbTpa B 3ajaue, rie nocienoBaTtesbHocTH (8, £)
NOAYUHAIOTCA (HeJHHelNHOMH) chcTeMe, He coBnagaiolueil ¢ cuctemoit (13).

[yctb &) = (€1(n)) u €2 = (e2(n)) — ABe He3aBUCHMble rayCCOBCKHe MoCJe-
LOBAaTeJIbHOCTH, COCTOALINE U3 HE32BUCHMBIX CJryuaiiHbix BeqnuuH ¢ Eg;(n) =0,
Ee?(n)=1, n>1. Paccmotpum napy nocnesosatensHocteit (6, &) = (Bn, &n),
n=0,c

0n+l =£10,, +(l +0n)€l(n+ l),

b1 =Abp +e2(n+1). (19)

Bynem cuutaTb, uto y He 3aBUCHUT OT (g1, £2) U Oy ~ A (Mo, Y0).
Cucrema (19) siBnsieTcsi HeAuHeliHO, W HENOCPeACTBEHHOE NMPUMEHeHHe
TeopeMbl 2 HeBO3MOXHO. OJIHAKO ec/H MOJIOXKHTD
Ein+1)= el(n+1),
To 3aMeuaeM, uto E&)(n) =0, E&|(n)é,(m) =0, n#m, E&(n) = 1. TNostomy
Hapany c (19) ucxomHas nocaenosatenbHOCTb (6, £) MOMUHHAETCS TaKXe JiM-
HedHOH cucTeMe

0n+l =a10n +b|(n)§|(n+ l),

20
€nt1 =A10, +e2(n+1), 20)
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rae bi(n)=vE(+ 6,)2, a {€(n)} — HeKOTOpas Moc/1e10BAaTENbHOCTb HEKOP-
peJHpOBaHHbIX cyualiHbIX BEJHUUH.

Cucrema (20) siBnsiercs nuHediHo# cuctemoit Tuna (13), W, 3HauuT, ONTH-
MaJibHas JIMHeliHas oueHKa i, = E(O,, |0, .., &) 1 ee owm6Ka 4, MoryT GbiTb
onpele/ieHbl B COOTBETCTBHUH € TeopeMoit 2 U3 cucTeMbl (7), (8), npunumaroweit
B paccMaTpHBaEMOM Cayuae CJe/yIOLHi BHA

N A N
My =a1Mp+ a' 1 [§ns1 — Ariitg],

A2‘
(alAl’:/n)2
=(a b —,
Fna1=( |'7n+ (n)) — I+A?*‘/n

rxe by (n) = E(1 + 6,)? nomkHO GbiTh HalileHO U3 NepPBOro ypaBHEHUs CHCTe-
mul (19).

Npumep 3. Oyenka napamempos. Ilycts = (0, ..., 0;) — rayccoBckHit
BekTop ¢ E@ =m u cov(f, 8) =~. [1pennonoxum, uro (Mpu U3BECTHLIX M U 7)
HieTCA ONTUMAa/bHasA oueHKa 6 no pesyabraTaM HaGaoneHuil 3a [-MepHoi
nocnenosatenbHoctbio £ = (€,), >0, ¢

€nt1 =Ao(n, §) + Ai(n, )0+ Bi(n, er(n+1), &=0, (1)

riae €; — Te Xe, uto U B cucreme (1).
Torzpa us (7), (8) ana m, = E(0|f,,) H Y, HaxoluM, 4To

M1 = My +7,AT (1, E)[(B1B}) (1, €) + Ar(n, E)1mAT(n, €)]® x
X [€nt1 = Ao(n, §) — Ay(n, E)ma],  (22)

Yatt =T = 1A} (2, E)[(B1BT)(n, §) + Ar(n, )1aAT (1, ©))PAi (1, E)yn.

Ecau matpuubt BB} ABASIOTCA HEBBIPOXKIEHHLIMH, TO pPelLeHHs CucTe-
Mbl (22) 3apalotcs hopMyaamu

n —l
Mgy = [E +7 3 A1 BB OATG, g)] X

x [m+7 3 A3, (BB (i, €)(Eet — Aolm, s»], (23)

i=0
n -1
b = [E +v S A1, OBIBD G OAG, 6)] "
i=0

e E — eguHuyHas MaTpuua.
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——

4. 3apaumu.
1. Tokasartb, uto nas cxemsl (1) BekTOpBI M, U 6, — M, HE KOPPEIUPOBAHLI:;

E[m? (6, — ma)] =0.

2. Mycts B cxeMe (1) 4o 4 Bce Ko3hpHUMEHTDI, 32 UCKIIOUEHHEM, GbiTh
MOxeT, KoadduunenTo ag(n, £), Ao(n, £), He 3aBUCAT OT «cayyan» (T.e. ot £).
[loka3saTb, uTo TOra YCIOBHAS KOBApHALKS <y, TAaKXKe He 3aBUCHT OT «CJyyasi»:
Yn = Evn.

3. Tokasarb, uto peineHus cucteMsl (22) 3apatorcs opmynamu (23).

4. Iyets (0, &) =(0,, &) — rayccosckas Nocjael0BaTeNbHOCTb, YIOB/ETBO-
psilolllas cJefyloleMy yacTHoMy BUIy cxeMbl (1):

0,,+] =aé, +b€|(fl+ 1), f,,+| =A0,,+BE2(H+ l).

Mokasatb, uto ecniu A#0, b#0, B#0, To npegenbHas owmubka unsTpa-
uMu y= lim 4, cyuecTByer ¥ onpeleiseTcs Kak MOJOXKHTENbHbI KOpeHb
n—oQ

ypaBHeHHUS

2 2 2p2
2 B“(1 -a*) 2 b°B*
L e L
5. (Mumepnoaayus; [41, 13.3].) Tlyctb (6, £) — yacTuuHo HaGmioxa-
eMas MoC/e[0BaTebHOCTb, MOAUUHAIOWIAACA PEKYPPEHTHLIM COOTHOLLEHHU-
am (1) u (2).
[Tyctb ycnosHoe pacnpeselienue

wa(m, m)=P@n<a |.97,$,)

BeKTOpa O, ABJAAETCA HOPMAbHBIM.
(a) IMokasaTb, uTo ycn0BHOe pacnpeeneHue

Ta(m, n)=POn < a|FE)

NS 7> m TaKkKe fBAsieTCs HOpMasbHBIM, T, (m, n) ~ A (u(m, n), v(m, n)).
(b) Haiiti uHTepnonsLMOHHYIO OUEHKY (BeauuuH 6, no F;) u(m, n) u
matpuuy y(m, n).
6. (3xcmpanoasyus; [41, 13.4].) Tyctb B cootHowenusx (1) u (2)

ao(n, ) =ao(n) +azx(n)én, ai(n, §)=ai(n),
Ao(n, &) =Ao(n) +A2(n)én, Ai(n, §)=A(n).
(a) Tlokasatb, uto B 3TOM cayuae pacnpeienexue m,(m, n)=P(6, < a,

€ < b| FE) aBaserca (n > m) HOPMabHBIM.
(b) Haiitn skcTpanonsiuloHHble OLEHKH

E(0n|.7§,) H E(&nl‘?ri)
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7. (Onmumanoroe ynpasaenue, [41, 14.3].) Paccmatpusaercs «ynpas-
jsieMasi» 4aCTHYHO HaGJiofaeMasi CHCTeMa (On, &n)ogngn, TE

0n+| =Up +0n+b€](n+ l),
bny1=0,+e2(n+1).

3ech «ynpaBieHHe» u, — F;s-U3MepUMo U TakoBo, uto Eu2 < oo Ans Beex

0<n<N — 1. Benmuunbl () u e2(n), n=1, ..., N, Takue xe, kak 8 (1), (2);
&=0, 6o~ A (m, 7).
ByneM roBopHTb, UTO «ynpasJeHue» u* = (ug, ..., Uy _,) ONTHMAJILHO, €C/H

V(u*)=sup V(u), rae
u

N-1
V=€ [z @ +id) +o;,] .

n=0
[Toka3aTb, uTO
u;=_[l+Pn+l]+Pn+lm;, n=0,...,N -1,

roe

ot = a~!, a#0,
0, a=0,
(Pn)ogngn HaXoAATCS U3 PeKYPPEHTHbIX COOTHOLLIEHHH
Po=14Pup1 = P2 [l +Purt]t, Pyv=1,
a (m}) onpenensitoTcsi U3 COOTHOILEHHH
my =uy+y(1+v) G —my), 0<agN -1,
C ma =mHu
M =T+ = 2+t 0<ng<N -1,

C=".
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Teopus MapmMuKeaA08 XOPOUWLO UANIOCMPUPYEM UCMOPUIO CMAHOBACHUS MaMmeMa-
mu4eckoll 6epOSMHOCMU — ee OCHOBHbe NORAMUA BolAU HABEAKY NPAKMUKO a3apm-
HBX u2p, HO 3amem 3ma meopus npespamunact 8 OOHO U3 U3OUWPEHHHIX Cpedcme
co8peMenHOl abcmpakmuol mamemamuxu. ..

Jx. [ly6. «Yto Takoe maprunran?» [127]

§ 1. OnpeneneHns MApTHHraN0OB U POACTBEHHBIX MOHATHH

1. HccnenoBanue 3aBUCUMOCTH MeXIy CIyyalHbIMH BeJHMUMHAMHU OCylile-
CTBJSAETCS B TEOPHH BepOATHOCTel pasHbIMH cnoco6amu. B Teopuu craunonap-
HbIX (B ILHPOKOM CMbICJI€) CJIy4YaiiHbIX Moc/e0BaTelbHOCTe!l OCHOBHBIM MOKa-
3aTejieM 3aBHCHMOCTH SBJIETCS KO8APUAYUOKHAR (PYHKYUSA, U BCe BbIBOMbI
3TOM TEOPHH MOJIHOCTbIO ONpeNesIAOTCS CBONCTBAMH 3TOH (GyHKUMH. B Teopun
mapkoBckux ueneft (§ 12 rn. 1 u . VII) ocHoBHOW xapakrTepucTukoi 3a-
BUCHMOCTH CJIYXUT nepexodHas yHKyus, KoTopas orpenesieT 3BOJIOLHUIO
C/ly4aiiHbIX BEJIMYMH, CBA3aHHBLIX MaPKOBCKOH 3aBHCHMOCTbIO.

B Hacrosieit rnase (cM. Takke § 11 rn. I) Bblmensiercs pocraTouHo
OGLLMPHDLIA KJlacc MocJieloBaTeIbHOCTeH cllydaiHbIX BeJIMUUH (MapTHHTalbl H
HX 06GOG6LLEeHHs), IJISi KOTOPbIX M3YyueHHe 3aBMCHMOCTH NMPOBOAMTCS METONaMHU,
OCHOBaHHbIMM Ha HWCCJENOBaHUU CBOWCTB YCAOBHOIX MAMEMAMUHECKUX
oncudanui.

2. Bynmem cuuTaTb 3aflaHHbIM BepOSITHOCTHOe mpocTpancTso (2, &, P) ¢
purempayueii (nomokon), T. e. cemeiicTsoM (F,) o-anre6p F,, n >0, Takux,
uro FoC F C...CF («PUIbTpoBaHHOE BepOATHOCTHOE MPOCTPAHCTBO>).

ITyers Xo, Xi, ... — N0C/e0BaTENLHOCTb CJAYUANHBIX BEJHYHH, 3aaHHBIX
Ha (Q, &, P). Ecau ana Kaxporo n >0 senuudnsl X, aBasioTca F,-u3-
Mepumbimu, T0 GyfeM roBopuTb, uto Habop X = (X,, Fu)n0 WIH NPOCTO
X =(X,, £,) obpasyer cmoxacmuueckyio nocae008amesbHoCmb.

Ecnu croxactuueckas nocnenosarenbiocts X = (X,, &,) K TOMY Xe Tako-
Ba, uyto AN Kaxkporo 72> | BeauuuHbl X, ABAAIOTCA F,—|-USMEPUMBIML, TO
OynieM 3To 3anucbiBath B Buae X = (X, &Fn-1), cuutas F_| = Fy, 1 HasbiBaTb
X npedckasyemoi nocaredosamenrvrnocmoro. TlocnenoBatenbHOCTb (Xn)nz0
Oyzer HasbiBaTbest Bo3pacmarowyeil, ecan Xo =0 u X, < Xp41 (P-n. H.).

Onpenenenne 1. CroxacTuueckas nocJenoBareabHoctb X = (X,, &#,) Ha-
3blBaetca mapmuneasom (cybmapmurneasom), eciu aas scex n >0

E|Xn| < o0, (1
E(X,,+||.9',,)(;X,, (P-n.u.). 2
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Croxactuueckas mocsenosareabHocTb X = (X,, &,) Ha3biBaercs cynep-
MAPMUHEAAOM, €CIH NOCTeloBaTeNIbHOCTb —X = (—X,, ;) eCTb CyOMapTHH-
ran.

B ToM uacTHoM cayuae, korna &, = FX, rae FX =a{Xo, ..., Xn}, ¥ cTOXa-
CTHYecKas nocjiefoBaTeabHocTb X = (X,, FX) o6pasyer MapTuHran (cy6map-
THHTran), 6ylleM FOBOPHTb, YTO caMa Moc/efoBaTeNbHOCTb (Xp)nx0 06pasyer
MapTuHran (cy6mapTuuran).

M3 cBoiicTB YC/NIOBHBIX MaTeMaTHYECKHX OXKHUIAAHWi JIETKO BBLIBOAUTCS, UToO
ycnosue (2) 3KBUBaJeHTHO TOMy, 4TO &is Jwboro n >0 u A € £,

Ag Xny1 dP (;} X, dP. 3)

Mpumep 1. Ecau (§,)n>0 — nocyenoBarebHOCTb He3aBHCHMBIX CJIyyaii-
HbIX BesinunH ¢ E|€,| <oo, E€,=0u X, =& +... + & Fn=0{0, ..., &1}, TO
cToXacTHyecKas nocJenosatesbHocTb X = (X,, &F,) o6pa3yeT MapTHHraJl.

Mpumep 2. Ecau (€,),>0 — NocsienoBaTebHOCTb He3aBUCHMBIX CJyyaii-
HbIX Bem:"uu ¢ E¢, =1, 1o croxactuueckas nocienosatensHocts X = (X,, F,)

c Xyp=T1I &, Fn=0c{. ..., £&,} TakKe 0GpasyeT MapTHHra.
k=0

Mpumep 3. Ilyctb & — cayuaiiHas BeanunHa ¢ Ej¢|<oco u FHHC F C
C...C #. Torna nocneposatenbHocts X =(X,, &,) ¢ X, =E(&|#,) aBnsercs
MapTHHraloM, Ha3blBaeMblM mapmuneasom Jlesu.

Mpumep 4. Ecan (€,)n>0 — Nociie0BaTeNbHOCTb HEOTPULATENbHBIX HH-
TerpHupyeMblX CJydyalHbiX BeJIWUMH, TO MocJjenoBaTenbHoOCTb (X,) ¢ X, =&+
+ ...+ &, o6pasyer cyOMapTHHra.

NMpumep 5. Ecin X = (X,,, &,) — MapTuHran u g(x) — BbiNyKJaas KHU3Y
obyHkuusa Takas, uto E|g(X,)| <oo, n >0, To croxactuueckasn mocJiefosare-
JabHocTb (g(Xn), &,) ABAsercs cy6MapTUHTradoM (YTO CJieflyeT H3 HepaBeHCTBa
Hencena; ra. 11, § 6).

Ecmn X =(X,,, #,) — cy6mapTuHraj, a g(x) — BbiykJas KHU3Yy Hey6GblBalo-
was ¢yHkuus ¢ E|g(X,)| < co ana scex n >0, To (g(X,,), Fn) TakKe sBAseTCA
cyOMapTHHra/IoM.

CuenanHoe B onpenesnenuu 1 npeanonoxenue (1) rapaHtupyeT cylecTso-
BaHWe YCJIOBHbIX MaTeMaTuueckux oxunanuii E(X,41 | £,), n>0. Ognako st
YCJIOBHble MaTeMaTHueCKHe OXXMIAHMA MOTYT CYLecTBOBaTb WU 6e3 MpearnoJo-
xeHu E[Xp41| <oo. Hanomuum, uto, cornacio § 7 ra. II, E(XY, | &) n
E(X,,,|#x) onpenenensl Bcerna, u ecau (Mbl nuiem A=B (P-n. n.), korna
P(AAB)=0)

{w: EXE | Fn) <oo}U{w: E(X; | F) <o0}=Q (P-n.u),
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10 roBopaT, uT0 E(Xpi1 | F,) onpedesero n no onpejelieHuio nonaraior
E(Xn+l |~9n) = E(X:.q.] I.?,,) - E(Xn-.;.] lf,,)

Mcxons M3 3TOr0, CTAHOBUTCS eCTeCTBEHHBIM clieflyiolee

Onpeneaenne 2. CroxacTHueckas nocenoBareabHoctb X = (X,, &,) Ha-
spiBaeTcAd 0000Wennbim mapmunearom (cybmapmunearon), ecan E|Xo| <
<00, E(Xns1|&n), n >0, onpedesenoi v BuinoNHEeHO ycoBHe (2).

3aMeTHM, 4TO U3 3TOrO OMpele/eHHsl BbITEKaeT, yuTo s 0606LIeHHOro
cy6mapturrana E(X, | £,) < oo, a ms o606wentHoro Maptunrana (P-n. u.)
E(|[Xn+1] | Fn) <oo0.

3. BsommMoe B HHXKecC/eylolleM onpeeeHHH NMOHATHE MapKOBCKOTO MO-
MeHTa MrpaeT HCKJIOUHTEIbHO BaXKHYIO POJb BO BCell paccMaTpHBaeMoit fajiee

TEOPHH.
Onpeaenenne 3. CayuaiiHasi BeJIHUHHA T=T(w), NPHHHMAIOLLAs 3HAUEHHS
B mHoxectse {0, 1, ..., +00}, HasblBaeTcsl MAPKOBCKUM MOMEHMOM (OTHO-

CHTEJIbHO CHCTeMbl (F,)) WIH CAYy4alrOl B8eAuuurod, He 3asucaweld om
6yoyweco, ecnn aas Kaxmuoro n >0

{r=n}e &,. 4)

B ciyuae P{r < co} =1 MapkoBCKHiIl MOMEHT T GyleM Ha3blBaTb MOMEHMOM
OCMAHOBKU. '

[Tycts X =(X,, &,) — HeKoTOpasi CTOXacTHYeCKasi N0C/eJOBaTebHOCTb H
T — MapKOBCKHIl MOMEHT (OTHOCHTeNIbHO cHcTeMbl (F,)). O603Haunum

Xe @)=Y Xa(w)lir=n)(w)

n=0

(TeM cambiM, Xoo =0, T. e. X; =0 Ha MHOXecTBe {w: T = 00}).
Torma ans kaxnoro B € #B(R)

{w: X, €B}={w: Xu €B, T=00}+ Y _ {X, €B, T=n}€ Z,

n=0

H, cienoBarenbHo, X, = Xr(,)(w) fABAsAETCS CaAydyaiiHOH BeJHYHHOM.
Mpumep 6. Tycrs X =(X,, F,) — HeKOTOpas CTOXaCTHUECKas NOCAeN0Ba-
TesbHocTb U B € (R). Torna MomeHT (nepgoeo nonadaHus B MHOXecTBO B)

mg=inf{n >0: X, € B}

(c 78 =+00, ecan {-}=02) sBasercs MapKOBCKHM, TMOCKOJIbKY L5 J11060ro
n=0

{T3=ﬂ}={X0¢B, ...,X,,_l ¢B, X,,EB}E?,;.
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——

NMpumep 7. Tlyctb X =(X,, &,) —MapTuHran (cy6MapTHHran) H T — Map-
KOBCKHI MOMEHT (OTHOCHTeJIbHO cucTeMbl (£F,)). Torna «ocTaHOB/EHHAs» Mo-
cnenosarebHocTb X7 = (Xpar, &) Takke 06pasyeT MapTHHran (CyGMapTHH-
raj).

B camom nene, U3 cooTHOLIEHHS

n—1

Xonr = Z Xm’{r:m) +an(-r>n)

m=0

cliefiyet, uTo BeJIHuHHbl X, A, F,-H3MEpPUMbI, HHTErpHpYeMBbI H

X(n+l)/\‘r — Xonr =I(‘r>n)(Xn+l - X,,),

oTKyna

E[X(n+l)/\-r - Xn/\r 'fn] = I{r>n}E[Xn+l - Xn |-9.n] (f) 0.

C xaxpoit cucreMoil (£,) H MapKOBCKHM MOMEHTOM T OTHOCHTEJILHO Hee
MOXHO" CBSI3aTb COBOKYIHOCTb MHOMECTB

ZF.={AeZF: An{r=n}e £, 1ns cex n >0}.

flcHo, uto Q € £, U F, 3aMKHYTO OTHOCHTEJILHO B3SITHSI CUETHLIX O6'beaHHe-
unit. Kpome toro, ecin A € £, 10 AN{r=n}={r=n}\(AN{r=n)) € F, n,
3Haunt, A € £,. Orciona cnefyert, uto &, aBasercs o-anrebpoii.

Ecau TpaktoBaTh %, KaK COBOKYMHOCTb COGLITHIA, Ha6MIONAEMbIX IO MO-
MeHTa BpeMeHH 7 (BKJIIOUMTENbHO), TO TOrAa F, MOXHO MpPeACTaBJATb Kak
COBOKYMHOCTb COObITHH, HabJ/IONAaeMbIX 3a «CJydanHoe» BpPeMs 7.

Hetpynno nokasats (3anaua 3), uro cayuaiinble BeJHYHHBE T H X, ABASIOTCA
& - -H3MepHMbIMH.

4. Onpepenenne 4. Croxactuueckasi nocnaenosatesbHocts X = (X,, Fp)
Ha3blBaeTCs LOKANbHOIM MAPMUH2AAOM (CYOMAPMUH2ANOM), €CITH HalIeTCA
TaKasi (MOKanH3yloLlas) MOCaeN0BaTeNbHOCTb (7k)r>1 KOHEYHBIX MapKOBCKHX
MOMEHTOB, uT0 7 < Tp41 (P-0.H.), 7, T oo (P-n. H.), B — 00, M KaXaas «ocTa-
HOBJIeHHas» nocJenoBatenbHocTb X ™ = (Xr,anl(r,>0), Fp) ABNACTCA MAPTHH-
rajioM (Cy6MapTHHraaom).

Huxe B Teopeme | noka3biBaeTcsi, 4ToO Ha caMOM Jiefie Kjacc JiOKajb-
HbIX MapTHHrajloB COBMajaeT ¢ KJ1accoM 06OGlLeHHbIX MapTHHranos. BoJsee
TOro, KaXKAbli JIOKaJbHbIH MapTHHra/l MOXKeT ObiTb MOJIyyeH C MOMOLIbIO TaK
Ha3blBAEMOr0 MapTHHIaJbHOrO NpeoGpa3oBaHHs U3 HEKOTOPOro MapTHHraJja
HEKOTOpOIl MpeicKa3yeMol NoC/ef10BaTeNbHOCTH.

Onpeaenenne 5. Tlycts Y =(Y,, &,)n>0 — cTOXacTHUecKasi nocsieno-
BatesibHocTb WV =(V,, &u—1)n>0 — NpelcKasyemasi moc/iejoBaTeJbHOCTb
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(F-1 = %). CroxacTtuueckas nocienoparenbHocts V- Y =((V -Y),, £,) ¢

n
(V'Y)n=VoYo+Z Vi AY;, (5)
i=1
rae AY; =Y; — Yi—1, HasviBaetcs npeobpasosanuen Y ¢ nomoworo V. Ecnu
K TOMY XKe Y — MapTHHraJ (1 JIOKa/IbHblil MapTHHTaJ), TO rOBOPAT, uto V - Y
eCTb MAPMUH2aAbHOE npeobpasosarue.

Teopema 1. [Tycmo X = (Xp, &n)nz0 — cmoxacmuueckas nocaedosa-
measrocmo ¢ Xo=0 (P-n. n.). Caedyrouwue yciosus 16i210Mcs IK6u8a-
ACHMHOIMU.

a) X — A0KaAbHbLE MapmuKean,

b) X — obobuwerrnbii mapmurean,

c) X — mapmuneanreroe npeobpasosanue, m. e. cywecmayiom nped-
ckasyemasn nocaedosamensrocme V =(V,, £,-1) ¢ Vo=0 u mapmunean
Y =Y., &) ¢ Yo=0 makue, umo X =V -Y.

Hokazamenscmeo. a) = b). [1yctb X — NoKanbHblil MapTHHTad U (75) —
€ro JIOKaJM3yiolias Moc/iefloBaTeIbHOCTL MapKOBCKHX MomeHToB. Torna jsi
no6oro m >0

E“Xm/\‘n,l I(‘r;.>0}] <00, (6)

H TeM CaMbiM

EllX@+yan| Lire>m] = EllXn41| Liry>m] < 00. @

Cayuaiinast BenunHa [ir,>,) BAsieTcs F,-uaMepumoit. [loatomy u3 (7) cie-
nyer, uto

El|Xn41] lizg>ny | Fn) = Lz > E[| Xnt+1] | Fn] <00 (P-n. 1)
3nech iz, 5m — 1 (P-n.H.), k— 0O, H, 3HAUHT,
E[|Xns1|| &Fn]l <0 (P-n.H.). 8)

B cnny storo yenosus E[X,4) | &,] onpenesieno u ocTanoch JMlb NoKa3aTh,
uto E[X, 4 | £,] =X, (P-n.n.).
3TOH UeJIbI0 HAZI0 YCTaHOBHTD, YTO

§ Xns1dP =§ X, dP
A A

M A€ Z,. Cornacho 3anave 7 § 7 rn. 11, E[[Xp41]| £n] <o (P-n. H.) TO-
Ta u Tonbko Torna, korna mepa \ [X,41|dP, A € £,, aensercs o-KoHeuHOi.
A
nOKa)KeM, YTO Mepa S |Xa| AP, A € &,, TakKe sBAsETCSA 0 -KOHEUHOI.
A
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————

Mockonbky X™ ectb MapTuHra, 10 |X™| = (|Xr,anl /i, >0, Fn) — CyOMap-
THHran H, 3Hauut ({1, > n} € £,),

§ MaldP=§  Xarllim>0dP <
An{Ty>n} An{Ty>n}
< S ,X(n+l)A‘r,,|I(‘rk>O)dP= S lxn+l|dp.

An{Ty>n} An{Ty>n}
[Monaras k — oo, HaxoauM

S IXnIdP SS |X,,+||dP,
A A

OTKyZla M cJlefiyeT TpeGyeMasi o-KOHEYHOCTb Mepbl S |X.|dP, A€ £,.
A

IMycts A € &, TakoBo, uToO S |Xn41|dP < oco. Torma no teopeme JleGera o

A
Ma)KOpl/IpyeMOﬁ CXOOHMOCTH MOX>XKHO nepeﬁm K npenejy B COOTHOLUEHHH

§ X.dP= § XuniaP,

An{T,>n} An{T,>n}
CMpaBeJ/IMBOM B CHJY TOro, uTo X — JloKaJibHblil MapTuHraj. Takum o6pasom,

§ XnaP =§ X,y dP
A A

aas Besikoro A € #, TaKkoro, 4To S|X,,+||dP<oo. Orciona yxe caenyer,
A

YTO MocJeaHee COOTHOLUEHHe CMpaBelIUBO H AJis Jlo6oro A € &, a 3Haumr,
E(Xn+l Iyn) =Xn (P-n.H.).
b) = ). TycTb AXy =Xy — Xa—1, Xo=0 1 Vo=0, V, = E[|AX.|| Zne1],

n> 1. Ioaoxum
vl V,#0
Wo=V2 (=¢"" "7 |
! ! ( {O’ vn:o)

n
Yo=0uY,=3 W;AX;, n>1. flcHo, uto

i=1
E[IAY"“«?,;_llgl, E[Ay’llyn_]]=0,

H, caenosarensto, Y =(Y,, &#,) ectb Maptunran. Hanee, Xo=Vp-Yp=0 u
AWV -Y),=AX,. TTostoMmy X =V - Y.

c) = a). [lyerb X=V .Y, rne V — npenckasyemasi noc/iefloBaTeIbHOCTb,
Y — mapturran u Vo =Yy =0. [Tonoxum

Te=inf{n > 0: |Vaqt| > £},
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cyHTast Tg =00, €C/IH MHOXKECTBO {-}=2. Nockoabky V,| asasiorcs F,-u3-
MepHMbIMH, TO 17 KaX10ro k> 1 BennuuHbl 7, ABAAIOTCA MAapKOBCKMMH MO-
MeHTaMH.
PaccMOTPHM NOCJI€A0BATE/IbHOCTH X =((V - Vaariry>0 Fn).
muoxectse {7, > 0} nefictsyer HepaseHcTBO: |Vyar, | < k. OTclona ciie-
Ha *
ayer, uro E[(V - Vanrd iz, >0 < 00 ans moboro n> 1 . lanee, ansi n > 1

E{(V - VNa+ian = (V- Doandlim>00 | Fa} =
=1lir,50) Vint DA E{Y(nt )A7e = Yonn | Fa} =0,

nockoabky (cM. npumep 7) E{Y(n4ar, — Yanr, | Fn}=0.

UTak, 0/ Kaxaoro k£ > 1 «ocTaHoB/ieHHble» NOCAel0BaTeIbHOCTH X ™ siB-
nsotcst MapTuHranamu, 7, Too (P-n. H.), 4, ciefoBartenbHo, X — JoKanbHBbli
MapTHHTaJl. ' O

5. Mpumep 8. ITycTb (14),>1 — NOCNENOBATENBLHOCTL HE3aBUCHMBIX OIUHA-
KOBO pacrnpefieleHHbIX GepHY/IIHEBCKHX cJydaiiHbix BeauunH ¢ P{n, =1}=p,
P{n.=—1}=gq, p+q=1. Bynem unrepnperupoBarb cobbitie {n, =1} Kak
ycriex (BbiMrpbill), a cobbithe {1, =—1} Kak Heycrnex (MpPOMrpbill) Hekoero
urpoka B n-il maptuu. Ilpenmosnoxum, uto ero craska B rn-i naptuu ectb V.
Torma cyMMapHbiii BLIMIPLILI UFPOKa 3a 71 NapTHH paBeH

n
Xo=) Viti=Xo—t+ Vi, Xo=0.
i=l
Broste ectecTsenHo, uTo BesivuMHa cTaBKU V, B n-il MapTHH MOXeT 3aBUCETb
OT pe3yJIbTaToB NpeaulecTBYOIMX NapTuit, T. e. ot Vi, ..., Vo umy, ..., a—1.
WHaue rosops, eciu nosioxuts Fo={2, Q} u L, =o{n, ..., nu}, 10 V, 6y-
net &,_|-U3MepuMOii CJlyuaiiHO!M BEJHUYMHOM, T. €. MOCAeNoBaTeNbHOCTL V =
=(Va, &Fu—1), onpenensionias «CTpaTerdio» Urpoka, sisjisieTcsi npedckasye-
Mod. Tonaras Y, =n; + ...+ n,, HaX0OUM, 4TO

n
Xo=) ViAYi,
i=I
T. e. nocnenosartedbHocTs X = (X,, &F,) ¢ Xo=0 ectb npeo6GpasosaHue Y ¢
NoMotuwio V.

C Touku 3spenus urpoka, paccMatpuBaeMasi Urpa ABAsieTCs cnpageduBol
(6razonpusmuoi wnn nebrazonpuamuodi), ecli Ha KaXIOM luare BeIMUHHA
OXunaemoro suirpsiua E(X,41 — X, | £,) =0 (=0 wan <0). [NToatomy sicHo,
4To urpa

cnpasedausa, ecin p=q=1/2,

baaeonpusamnua, ecnv p > q,

Hebaazonpuamua, ecnu p < q.
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[Nockosbky nocsienoBarenbHocts X = (X,, &,) o6pasyer

Mmapmunean, eciu p=q=1/2,

cybmapmurean, eciu p >4,

cynepmapmurean, eciv p <q,
TO MOXKHO CKa3aTb, YTO MpeanoJsioXKeHHe 0 CpaBelIMBOCTH (6,1aronpHATHOCTH
W1 HeGJIaronpusiTHOCTH) UrPbl COOTBETCTBYET MPeroOXKeHHIO O MapTHHTaJlb~
HOCTH (Cy6GMapTHHIaJbHOCTH WIH CYNepMapTHHIalbHOCTH) MOCJIeN0BaTeNbHO-
ctH X.

PaccMotpum cefiuac cneuvanbblit knace «ctpaterdit» V = (Vy, Fn_i)n>
cVi=1mu

=l ecnum=—1, ..., ooy =1,

V.= n>1, 9

0, B OCTaJIbHLIX CJy4asix,
CMbICJI KOTOpBIX CBOAMTCS K TOMY, UTO WrpoK, HauuHas co ctaBku V=1,
KaX[Iblil pa3 yBeJIMUMBaeT CTaBKY BJBOe MPH MPOWrpblllle U MpeKpallaeT urpy
BOBCe M0CJ/e NepBoro BbIMIPHILLA.
Ecmu gy =-1, ..., p,=—1, T0o cyMMapHble NoTepH Mrpoka 3a 7 MapTuil
6ynyT papHbl

n
dooitt=2r—1.
i=l
[ToaToMy, ecii K TOMY Xe 7),41 =1, TO
X1 =Xn+ Vog1 = -2"-N+2"=1.

OGoaHauum 7=inf{n>1: X,=1}. Eciu p=¢=1/2, 1. e. paccmarpu-
BaeMmasi urpa sisjisiercsi crnpasenusoil, To P{r=n}=(1/2)", P{r <oo}=1,
P{X;=1}=1 u EX, = 1. Takum o6pa3oM, naxe B CnpaseiiUBOil Urpe, Npu-
nepxusasichb «ctpateruu» (9), Urpok 3a KoHeuHoe (C BEpOSITHOCTHIO eMHULA)
BpeMsi MOXKET BIOJIHE YCMelIHO 3aKOHUWTb Mrpy, 10GaBUB K CBOEMY KanuTtaiy
ewe oany eaunuuy (EX, =1> Xo=0).

B ueposoii npakmuke onucanHas cucTeMa Urpbl, 3aKJI0YAIOWLAsCS B YBO-
€HUM CTaBKH MpPH MPOUTpbILe U MpeKpallleHUH Urpbl NP MEepBOM BbIUrpbILLE,
Ha3blBaeTcs Mapmuneasos. ViMeHHo oTciona BelleT CBOe NPOHCXOXKAEHHe Ma-
TeMaTHUeCKoe MOHSATHE «MapTHHIa/».

3ameuanue. B cayuae p =g =1/2 nocnenoarenvoctb X = (Xn, F,)n20
¢ Xo =0 siBnsieTcss MapTHHTaIOM W, 3HAUMT, LJs Jioboro 7 > |

EX,=EXy=0.
MOoXXHO MOITOMY OXKHZATb, YTO 3TO COOTHOLIEHHe COXPAHUTCS, ec/ii BMeCTO

MOMEHTOB 11 pacCMaTpUBaTh CAy4atiHbie MOMeHTbI 7. Kak cTaHeT fiCHO U3 1alib-
Hedwero (Teopema | B § 2), B «TUnHuHbIX» cutyauusx EX, =EX,. Hapywenue
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e STOT0 PaBEHCTBA (KaK B PaCCMOTPEHHO# Bhillie Hrpe) NPOHCXO/IMT B TeX, TaK
cKa3aTb, (PU3HUYECKH HepeaJIn3yeMbIX CHTYaLMsX, KOTAa WK T, WK |X,| npuHu-
MaloT CJIMIIKOM GoJIbliHe 3HauYeHHsl. (3aMeTHM, 4TO pacCMOTpeHHasi Bblllie Urpa
(pu3MUECKH HepeannsyeMa, MOCKOJbKY OHa MPEANoJaraeT HeOrpaHHYeHHOCTb
ppeMeHH Urpbl i HeOrpaHWYeHHOCTb HauabHOro KalHTasa UrpoKa.)

6. Onpepeaenne 6. Croxactuueckas nocie0BatenbHocTb €= (§n, Fp)n>0
Ha3blBaeTCA MApmuHneas-paznocmeio, eciu E|&,| < oo nns scex n>0u

E(ns1 |~9.n) =0 (P-n.n). (10)

s onpenenenuit 1 v 6 sicHa cBA3b MeXly MapTHHrajlaMd U MapTHHraJj-
pa3HOCTSIMH. A umenno, ecin X =(X,, F,) — maprurran, 1o £ =(&,, F,) ¢
& =Xo ¥ & =AXp, n> 1, aBaserca MapTHHra/-pasHocTbi0. B cBoto ouepens,
ecan £ =(€,, Fn) ecTb MapTuHran-pastocts, 70 X = (X,, &,) c Xp=& + ... +
+ &, ABJIsIeTCS MapTHHraJIOM.

B cooTtBeTcTBHM C 3TOil TepMHHOJIOTHEll BCSIKas MOC/IELOBATENbHOCTb
€= (£n)n>0 HE3aBUCHMbBIX HHTErPHPYEMbIX CJIy4aiHbIX BeJHUHH 06pa3yeT Map-

THHraa-passocts (¢ &, =oa{fo, &1, ..., &n}), ecu EE, =0, n>0.
7. Cuaenywowas TeopeMa MposiCHSieT CTPYKTypy cyGMapTHHraznoB (cymep-
MapTUHIaJIOB).

Teopema 2 (y6). Tycme X =(X,, £,) — cybmapmuneaa. Toeda nai-
dymca mapmunear m=(m,, &,) u npedckazyemas 803pacmaouyas noc-
aedosamenvrocmo A= (A,, Fn—1) maxue, umo 041 kaxcdozo n>0 umeem
mecmo pasaoxcernue [Jyba:

Xn=m,+A, (P-n.n). (1

Pasznoncerue nodobroeo muna sgasemcs eOUHCMBEHHUIM.
Hokasameavcmso. Tonoxum my= Xy, Ag=0 u

n—1

my=mo+ Y [Xjs1 — EXj1 | F))], (12)
j=0
n—1
An=) " [EXin | F)-X;]. (13)
j=0

OueBupno, uro Tak onpeneneHHble m U A o6s1analoT TpeGyeMbIMU CBOMCTBaMH.
Nanee, nycrs Takxke X, = ml, + A, rne m' =(m), &#,) — Maprtudran, a A’ =
= (A}, £,-1) — npenckasyemas BO3pacTaiollasi NOCJeNoBaTebHOCTb. Toraa

! ! ! !
An+l — AL = (Ans1 — An) + (Mnyy —mp) — (Mpyy —my),
H, Gepsi ot o6eux uyacTeit yCJIOBHble MaTeMaTHYeCKHe OXUIAHWs, MoJydaem,

410 (P-n.n) Al — A} =Anp1 — An. Ho Ag=A) =0, u, snaunt, A, =Aj u

Mn=m; (P-n.n.) ans scex n>0. =



656 [V1. VII. MAPTUHTAJIbI

U3 paanoxenus (11) sbitekaer, uto nocaenosareabHoctb A =(A,, F,_))
Komnencupyem X =(X,, F,) 10 MapTHHrana. DT1o 3aMeuaHue onpaslblBaer
Takoe

Onpeaenenne 7. [lpenckasyemass Bospacraiollasi MOC/EN0BATeNbHOCThL
A=(A,, £.-1), Bxonsiuas B pasnoxenue [ly6a (11), HasviBaeTca Komnerca-
mopom (cy6MapruHrana X).

Paasnioxenue [ly6a urpaer K/Iio4eBylo posib MpH HCCJeJ0BaHUU KBalpaTHy-
HO WHTerpupyemblx MapTtuHranos M= (M,, F,)n>0, T. €. MapTUHIraJOB, L1s
kotopbix EM2 < 00, >0, uTo OCHOBaHO Ha TOM 3aMeuaHWH, YTO CTOXAaCTH-
yeckas nocsefosateabHocTs M2 = (M2, £,) asasercs cy6MaprunraioM. Co-
IJIacHO TeopeMe 2, HalAyTCA Takue MapTHHraa m=(m,, &,) U NpeicKkasyemas
BO3pacraiollas nocjenosarenbHoctb (M) = ((M),, Fn—1), uto

M2 =mp+(M)n. (14)

IMocaenosatensHocts (M) HasbiBaetcs kgadpamuueckod xapakmepu-
cmukod MapTuirana M v BO MHOTOM OMpefieJisieT ero CTPYKTypy U CBOWMCTBa.
M3 (13) cnenyer, uto

(Mya=> " E[(AM,)?| £j-1] (15)
j=1
v s Beex [ <k
E[(Me — M)? | F1] =E[M} — M} | Z1] =E[(M)e — (M)/| F1].  (16)
B uacrtHocty, ecin Mo=0 (P-n. H.), To
EM2 =E(M),. (17)

[TonesHo 3aMerutb, uto ecau Mo=0u M, =&, +... +&,, roe (§,) — noc-
JIeIOBAaTEbHOCTb HE3aBUCHUMBIX CJyuyailHbiX BeJuuuH ¢ E&; =0 u E§i2 < 00, TO
KBaJpaTHYeCcKasi XapaKTepHCTHKa

(M), =EM2=D¢ +...+ D¢, (18)

fAIBJISieTCs Hec/lydalHoN W COBMajaeT ¢ AMCnepcHen.
Ecau X =(X,, &,) n Y =(Y,, £,) — KBagpaTHYHO UHTErpupyeMbie Map-
THHIaJIbl, TO MOJIOXHM

(X, V)n= 1K +¥)a = (X = V). (19)

Herpyaxo nposeputb, uto (X,Y, — (X, Y)n, &,) ecTb MapTHHran W, 3HAuuT,
s [ <k

E[(Xe = X)(Ye = YD) | Z)=E[X, Y)e— (X, Y| F1]. (20)
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B cayuae, korma Xp =& +...+&n, Ya=m+...+ M, rae (§,) u (m) —
[10C/1eI0BATEbHOCTH HE3aBUCHMbIX CJaydaiHbiX BeauuuH ¢ E&=En =0 u
E€? < 00, Enf <o, Bennunna (X, Y), pasha

X, V)a=)_ cov(g, n).

i=l

MocnenosarenbHocTs (X, Y)=((X, Y),, &F,—1) yacTo Ha3blBaOT 83aUM-
Holl xapakmepucmukod (KBapaTHUHO UHTErpupyeMblx) MapTuHraioB X u Y.
HerpynHo nokasartb, uto (cp. ¢ (15))

X, V)a=)_ E[AX: AY;| Fioy].

i=1

B TeopuM MapTHHrajioB BaXKHYIO POJib WrpaloT Takxke ksadpamuuecKkasn
kosapuayus

(X, Y1 =i AX; AY;

i=l1

H K8adpamud4ecKkas 8apuayus

[Xln=)_ (AX:)?,

i=l1

onpejienfeMble L JIOObIX CydallHbIX nocjenosartenbHocTell X = (X,)n>1 H
Y =(Ya)nz1.

8. B cBs3u c TeopeMoii | ecTecTBEHHO BO3HHKAaeT BOMPOC O TOM, KOTZAA
JIOKa/IbHbIH MapTHHraJ (a 3HauuT, 0606LLEHHbIH MapPTHHIaJ WA MApTHHIraJIbHOe
NpeoGpasoBanue) siBAETCA Ha CaMOM Jejie MAPMUHSANOM.

Teopema 3. 1) /Tycmo cmoxacmuueckas nocaedosamevrocmo X =
= (Xn, Zn)nz0 a6asemca sokaronoim mapmunzaron (¢ Xo=0 uu, 6osee
O6u‘e' c E|X0| < 00)

Ecau EX; <00, n>0, uau EX;¥ < oo, n>0, mo nocaedosamensrocmo
X = (Xn, F1)us0 6ydem mapmunaason.

2) Mycmo X = (X,, Fn)ogngN — A0KarbHOUE mapmunear, N <oo u aubo

XN < oo, mub0o EXY < co. Tozda X = (Xu, Fn)ogngn €CMb MAPMUHZAL.

Hoxazameascmso. 1) Tlokaxkem, uto noGoe u3 ycnosuit «EX; < oo,

n20» u «EX} <00, n>0» Bneuer 3a co6oii ycaosue <E|X,| < oo, n3>0».
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B camoM nesie, nycTb, HanpuMep, EX~ < oo ais Beex n > 0. Toraa no nemme
dary

EX}=E lim X},,, <lim EX},, =lm[EX,nr, +EX;hr] =
k k k

n
=EXo +liTm EX;ar <IEXol+ ) EX; <oco.
k=0
Canenosarenbho, E|X,| < oo, n>0.
Jlns nokasaTesibCcTBa cBOiCTBA MapTUHTANLHOCTH (E(X 41 | &) =Xn, n20)
3aMeTHM, 4TO JJIsl BCAK020 MapKOBCKOrO MOMEHTa T
n+1
Xasnanl <Y 1Xil,
i=0

rae
n+1

E) IXl<oo.
i=0

[TostoMy no TeopeMe JleGera 0 MaxopupyeMoH CXOAUMOCTH B pe3Yiib-
taTe npdnenbHoro nepexoma (k— oo, 7,Too (P-n. H.)) B COOTHOLLEHHH
EX(n+1)Ams | Fn) = Xnar, nonyuaem, uto E(X,41 | Fp) =X, (P-n.n.).

2) Mpennonoxum, Hanpumep, uto EXy < co. IMTokaxkem, uto Torna EX,” <
<00 aas Bcex n< N.

JlelicTBUTEJIbHO, MOCKOJIbKY JIOKAJIbHbIA MapTHHraJ iBJseTcs 060611eHHbIM
MapTuHranoM, 70 X, = E(Xp41 | £n), rae E(|Xn41|| Fn) < oo (P-n.n.). Torna no
HepaBeHCTBY MeHceHa 11 YCIOBHBIX MaTeMaTHYeCKHX OXKMIaHHMi (CM. 3a1auy

58§ 7 mll) X; <E(X,,,|&Fn). Tostomy EX;” <EX, | <EXy <oo.

Tem caMbiM TpeGyeMoe CBOICTBO MapTHHIAJbHOCTH JIOKANLHOTO MapTHHra-
na X = (Xn, &n)ogngn CNenyet U3 yTBepxaeHus 1). O
9. 3apauu.

1. [Tokasatb 3KBHBaNEHTHOCTb yca0BHil (2) 1 (3).

2. [yctb 0 1 7 — MapkoBcKue MoMeHThl. [Tokasartb, uto 7+0, 7Vo, TAC
TaKxe SIBJIAIOTC MapKOBCKHMU MOMEHTaMH, H ecsid o < 7, To &, C &,

3. [Nokasatb, uto 7 U X; ABAAIOTCA Fr-HU3MEPUMBIMH.

4. Mycrs Y =(Y,,, &) — maprunran (cy6maptutran), V =(V,, F.-1) —
npeackasyemas nocnenosatenbHocts U (V - Y), — uuterpupyemuie cayuaiinbie
sesnuuHbl, 71 > 0. TTokasars, uto Torna V - Y ectb MaptuHran (cy6MapTHHras).

5. INyctb ¥ 2% D ... — HeBo3pacraiolllee ceMeficTBO o-anrebp U & —
WHTerpupyeMas cayudaiiHas BeanunHa. [lokasaTb, uTo noc/efOBaTENLHOCTb
(Xn)nz1 € Xo =E(£|¥,) obpasyer o6pawennoll mapmunean, 7. e.

E(Xn IXn+l, Xn+2, ...)=Xn+l (P‘n. H.)
s mo6oro n > 1.
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6. Iyctb &, &2, ... — He3aBUcHMBbIe cayuaiiHble BeauuuHbl, P{¢ =0}=

n
=P{&=2}= % u X, =[] &:. INokasaTb, uTo He CylleCcTByeT TAaKMX MHTErpH-
i=I
pyeMoil ClyuaiiHoil BeJIMUHHLI § U HeyGbiBalolllero ceMelicTsa o-anreGp (F,),
yto X, =E(£|&Fn). (D10T npuMep MoKasbiBaer, UTO He KaXKAblii MapTHHraj
(Xa)n>1 npencrasuM B Buae (E(§|Fn))nz1; cp. ¢ npumepom 3 § 11 1. 1)
7. (a) Tyctb &), &2, ... — He3aBUCHMBle CiTy4aiiHble BeMuUHbI ¢ E|¢,| < oo,
E¢, =0, n> 1. TlokasaTts, uTo A5 Kaxzuoro k£ > 1 nocienoBartebHOCTb

X,(,k)= Z f,'....f,'k, ﬂ?k,

I<i<...<iggn

o6pa3yeTr MapTHHrasl.
(b) IMycts &), &2, ... — UHTErpUpyeMble CJydaiiHble BeJMUHHDBI TaKue, 4To

E(€np1 [€1 ..., &)= LFtln (o y )

n

JlokasaTb, uTo nmocJjeoBaTeNbHOCTb X}, Xo, ... 06pa3yeT MapTHHraJ.

8. TNpusectn npumep MaptHHrana X = (X,, &,)n>1, A KOTOPOro cemeii-
c1BO {X,, n > 1} He aBAseTC paBHOMEPHO UHTErPHPYEMBIM.

9. IMyctb X = (Xn)n>0 — MapKOBCKas Leb (§ 1 roi. VIII) co cuetHbIM MHO-
XecTBOM cocTosHui £ ={i, j, ...} u nepexoaHbiMH BepoaTHocTAMHU p;j. [TycTb

Y =1(x), x € E, — orpanuuennas QyHkuMa Takas, uto Y. pi;p(f) < Mp(i) ana
JEE
A>0 u i € E. Tlokasarb, uto nocnenoBatesbHOCTb (A~"(X,))n>0 ABAsIETCA

CynepMapTHHraJom.

§ 2. O coxpaHeHHH CBOIHCTBA MAPTHHIAJbHOCTH NMPH
3amMeHe BpeMeHH Ha CJly4aHHbli MOMEHT

1. Ecan X =(X,, &n)n>0 — MapTHHra, T0 1A BCAKOro 72> |
EX, =EXy. (1)

Coxpanurcs Jiu 3T0 CBOICTBO, €C/IH BMECTO MOMEHTa 71 B3ATb ClyuaiiHbiil (cKa-
XeM, MapKoBCKHit) MoMeHT 72 [puBeneHHblll B npeabiayuieM naparpacge npu-
Mep 8 nokasbiBaert, 4T0, BOOGLIE FOBOPS, 3TO HE TaK: CYLIECTBYIOT MapTHHIaJbl
X W MapkoBCcKHe MOMeHTbI T (KOHeuHble C BEpPOATHOCTBIO €IMHULIA) TaKHe, YTO

EX, #EXo. @)

Crenyiouias BaXkHasi TeopeMa ONUCHIBAET T€ «TUMUUHblE» CHTYaLWH, A5
KoTopuix, B yactHocTH, EX; = EX).
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Teopema 1 (Ay6). [Tycmo X = (X, Fp) — mapmunean (cybmapmun-
2an), Ty U Ty — MOMEHMbL OCMAHOBKU, OASL KOMOPbLX

E|X;| <00, i=1,2, 3)
lim § |X,|aP=0. (4)
00 {7y >n)
Toeoda
E(X1'2 | Fn) (f) Xn (n2n } P-n.n). (5)
Ecau k momy e P{r < m}=1, mo
EX,, (;) EX.,. (6)
Hokasameascmso. IlocTaTouHo nokasaTb, uTo AIs BeAkoro A € &,
XndP =  X,dP. (7)
An{ry 27} ’)An(mzr.)

B cBoto ouepenb i1 3TOr0 AOCTaTOYHO YCTAHOBHTb, UTO s JioGoro n >0

Xn,dP = § X, dP,
AnfmyzT)Nim =n) ) Atz min(r=n)
WM, UTO TO Xe,
{ XndP= § X.aP, ®)
BN{ry>n} @) griryzn}
rie B=AN{r =n}€ ZF,.
HNmeem

§ X.ap= § X, aP+ ( X,aP= §{ X,dP+

BN{Ty>n) BN{ry=n} BN{ry>n} S BN{ry=n)
+ § EXwnl|#aP= § X,dP+ §  X,aP =
Bn{ry>n) BN{ry=n} B{ma>n+1} <)
3 X.’.2dP + S Xn+2dP = ... =
Q) grpngmgnt1 Bn{m>n+2} © &
= §  X,dP+ §  XndP.
(s)BnGnQnSm) BN{ry>m}
Orciona

§ XpdP= § X, dP- ( XnaP

Bn{n< rp<m} Z7BN{n< o} Bn{m< )}
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u B cuny (4) u pasenctBa Xp, =2X} — |X,| nonyuaem

{  X,dP = lim [ XadP— X,,,dP]:
B} )M | priagm) B(m<m)
= § XdP-lm § XnaP= § X,aP,
BN{n<m) M= prim< ) BN{n<m)

yTo W HoKa3bisaer (8), a 3HauuT, U (5). Hakoneu, cootHoweHue (6) caemyer
u3 (5). O

Caeacreue 1. Ecau cywyecmsyem koncmanma N makas, umo P{r <
<Ny=1, P{n<N}=1, mo sunoasnentt ycaosus (3), (4). [Mosmomy, ecau
k momy we P{r < m}=1 u X —mapmuneas, mo

EXo=EX,, =EX,, =EXy.

CaeacrBue 2. Ecau cemeiicmso caywaiinoix seauqur {X,} paéHomepro
unmeepupyemo (8 wacmuocmu, ecau ¢ geposmuocmoto edunuya |X,| <
< C < o0, n20), mo svtnoanenst ycaosusn (3) u (4).

Heicturensto, P{r; >n}— 0, n— oo, nostomy ycjosue (4) crenyer u3
aemmbl 2 § 6 ra. I1. anee, nockonbKy ceMeiictBo {X,} paBHOMepHO MHTerpH-
pyeMo, 1o (cM. (16) § 6 ra. II)

sup E|[Xy| < o0. : 9
N
Ecnu 7 — HekoTOpBIit MOMEHT OCTaHOBKH M X — cy6MapTHHraJ, TO, COMJIacHO
CJIeNCTBHIO |, NpUMeHeHHOMY K OrpaHHuYeHHOMY MOMeHTy Ty =T AN,
EXo <EX,,.
[osromy
E|X., |=2EX} —EX,, <2EX} —EX,. (10)

[ocnenosarenshocts X+ = (X}, &#,) asaserca cy6maprunranom (npumep 5
u3 § 1) u, 3nauur,

N
Exx =" § xfaP+ § XxfaP<
j=0 {rv=j} {r>N}

N
<Y § xfap+ § XidP=EX{ <E|Xv|<sup EXnl,
=0 {rv=j} {r>N) N
uto BMecte c (10) naer HepaBeHCTBO
E|X: <3 sxp E|Xw|,
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oTKyaa no Jjemme Pary
E|X:| <3 sup E|Xy|.
N

[Mosrtomy, Bui6upas 7=1;, i =1, 2, u yuursiBas (9), nosnyuaem, uro E|X;,| < oo,
i=1,2

3ameuanue. B npumepe 8, paccMoTpeHHOM B npenbiayllieM naparpade,

{ XaldP=@" - 1)P{r>n}=2"-1)-27">1, n—oo,
{T>n}

W, CJIefOBaTe/IbHO, Hapyluaercs ycosue (4) (wia 2 =7).

2. Jlns npujioXKeHHii 4acTo OKa3blBAeTCS MOJE3HLIM cJefylollee Mpeaio-
)KeHHe, BLIBOLMMOE M3 TeopeMbl |,

Teopema 2. [Tycmo X =(X,) — mapmunear (cybmapmureanr) u T —
momenm ocmanosku (omruocumenovro (FX), FX =a{Xo, ..., X,}). Mpeod-
noAONCUM, ¥MO

Er<o0
u 02 adboeo n >0 u nekomopoii koncmanmeor C
E{lXas1 = Xal |FISC  ({r>n); P-n.n).

Toeda
E|X;| <oco

EX. = EXo. (11)

z

Jokaszameaobcmso. TlpoBepuM A ™ =7 BbinosHenue ycaosuii (3) u (4)
B TeopeMe |.
,

Mycrs Yo=|Xo|, Y;=|X;j—X;=1l, j = 1. Torna [X,|< Y Y u

j=0
E|XT|<E(ET: y,-) SZ Y;dP = Z { Z Y;dP=
i=0 i n=0 (T—n} j=0
n=0 j=0 {r=n) j=0 n=j {r=n} =0 {r2j}

Muoxectso {7 > j}=Q\{r < j}e FX . [ostomy s j > 1
§ viaP= § E[YlXo, ..., X;1]dP < CP{r > j},

{r2j} {r>j}
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W, 3HAUMT,

E|X.| < (Z y,) <C Y P{r> j}+E[Xo|=CEr +E|Xo| <oo.  (12)
j=0 j=1

Tanee, ecan 7> n, T0
n T

Z Yi<) v
W MO3TOMY = =0
,

§ XiaPp< § ) vap.

{r>n} {r>n} j=0

T
Orciona, yuutbisas, uto (cornacHo (12)) E 3 Yj<oconuro{r>n}| 3, n— oo,
i=0
10 TeopeMe 0 Ma)KOpHpYeMoil CXOLMMOCTH NoJydaeM

=00 {+>n} =00 {r>n} j=0

lim § |X,/dP< lim Siy,-dp=o.

Tem cambiM BbinoJIHEHb! YCJIOBUS TeopeMbl |, U3 KoTOpoO#t ciienyet Tpebye-

Moe cooTHoluenue (11). O
3. OCTaHOBMMCS Ha HEKOTOPbIX MPHMEHEHHAX JOKa3aHHbIX TEOPEM.
Teopema 3 (ToxpecrBa Baabpa). [Tycme &), &2, ... — He3asucumole

odunakoso pacnpedesentole cayuaiinvie seauduns ¢ E|&|<oo u T —

MOMeHm OCMAaHOo8KU (OMHOCUMEAbHO (.97,,5), 5,,5=a{§|, LaGh 2D e

E7 <o0. Tozda

E¢ +...+&)=E& -Er. (13)
Ecau k momy e E€? < oo, mo
E{&i +... + &) — TE&Y =D& -Er. (14)

Hokazameascmso. Slcho, uto X = Xy, Fi)nxt € Xo=(E1+... + &) —
—nE¢; ectb MapTHHrasd c

E[IXn+l “Xn“Xl» ceey Xn]=E“§n+l - Efl“&’ ceey En]=
=E[¢n41 — E&1| < 2E[&)1| <00

[ostomy no teopeme 2 EX, = EXy=0, uto u nokassisaer (13).
[MpuBenem mpu nokasarennctsa «BTOpOro Toxaecrsa Banbnaa» (14).
Tlepsoe dokaszameavcmso. Tycts n; =& —E&, Sp=m +...+n,. Hano
NoKasatb, uT0

ES2=En?-Er.
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[Tonoxum 7(n) =7 A n (= min(r, n)).
[Nockonbky

n
=X m+2 Y mm

i=1 I<i<jgn

n
TO nocenoBatebHocTb (S2 — 37 72, F£)u> ) €CTb MAPTHHTAN C HyJleBbIM Cpel-
i=1
HUM.

M3 cnencteus | k Teopeme 1 Haxomum, uTo

7(n)

ESZ(n) =E Z 7’:‘2'

i=1
[To «nepsomy ToxxmecTBy Banbaa» (13)

7(n)

E Y #=En}-Er(n),

i=l

u, snaunt, ESZ ) =En} - E(n).
AHasnoruuHbIM 06pa3oM MosyuaeM, YTo NpH M, n— 0o

E(Srm — Sremy)? =En - E(r(n) — 7(m)) =0,

NOCKOJIbKY Mo npexnonoxeHuio E7 < co. TeM cambiM, nocniefoBaTeqbHOCTb
{S+(n)}n>1 ABNAeTCA pyHOAMermarbHOU (TOCTeN0BaTeNbHOCTIO KoL) B L?
(cM. n. 5 § 10 ra. H), u, 3Hauur, no Teopeme 7 u3 § 10 rn. I Halinerca Takas
ciyuaiiHas BesMUMHA S, 4TO E(S,(,,) —8)2 -0, n—oo. Orciona BhiTeKaer
(3a11at|a 18§11 ra lI), uto EST(n) —ES2, n— co. Kak 6bl110 nokasaHo sbille,
)—Evf E~(n), u, 3HauuT, Nonaras n — oo, HaxoauM, uto ES?= En
(SCTaJIOCb Tenepb JHLIb HAEHTUHLHPOBATL BennuuHy S. Ilna aToro pocra-
TOYHO 3aMETHTb, YTO MOXKHO HailTH TaKylo moanocsenoBateabHoctsb {n'} C {n},
YTO C BepOATHOCTbIO €JUHHLA OIHOBPEMEHHO HMMEIOT MEeCTO CXOIHMOCTH
Sriy— S v 7(n') = 7. Ho Torna acHo, 4to ¢ BepOATHOCTbIO eMHHLa GyaeT
UMeTb MeCTO W CXOAUMOCTb Sr(,) — Sr. CnenoBatenbHo, S u S, cosnagaiot
MouTH HaBepHoe, U, 3Hauut, ES2 = En? - ET, ut0 M Tpe6oBa/ioch 10Ka3aTh.
Bmopoe doxaaame/zbcmso M3 yxe ycTaHOB/NIEHHOro paBeHCTBa ES,.(,,)

=En?-E7(n) u nemmbl daty (cM. a) B Teopeme 2 § 6 1. 1) Haxomum, uto
ES =E hm S.,.(,,) Ilm ES,.(,,) = Enl ET

Tpe6yemoe pasenctso ES2 =En? - ET 6yner yCTaHOBJleHO €CJIH N0Ka3aTb, YTO

a5 Besikoro n> | cnpaseninso Hepasenctso ES2 ) < ES?2.
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C 3TOi1 LeJIbI0 3aMeTHM, YTO B CWJIy «NepBoro Toxfecrsa Banbaa» (13)
EIS;|=E[m +...+n-|<E(m|+...+[n-) =E[m]- E7 <00,
W, 3HAUMT,

E|Sall(r>n)=E|m +...+ 0| I(r>n) <E(m|+...+|m|) [(T>n) <
<E(ml|+..-n-)[(r>n)—0 npun—oco.

Tpumensia Teopemy | (k 7 =n, o =7 u cy6Maptuurany (|Sa|, &F5)nz1),
HaXOIUM, UTO Ha MHoxKecTBe {T >n} (P-n. H.)

E(S-11#5) > |Sal-

Orciona no HepaseHcTBY MeHceHa (o yCJIOBHBIX MaTeMaTHYECKHX OXH-
nauuit; 3agaua 5 § 7 . I1) noayuyaem, uro Ha MHOXecTBe {T > n} (P-n. H.)

ES2| £ >S2=52,).
Ha mHoxectse xe {r <n} E(S2|#5)=S2= Sr(n)
E(S2|#5) = St

W, 3Haunut, ESZ > ES,.(,, , 4TO M Tpe6GOBaANIOCh YCTAHOBHTD.
Tpembe doxaaame/zbcmeo M3 «nepsoro 10kasate/bCTsa» ClELyer, uTo

Tem cambim (P-m. H.)

(S2 - Z 17, , FE )n>1 €CTb MapTHHIaA U 4A T(n) =TAn

i=1
ESQ(n) = E"’l ET(n)

Tak kak E7(n1) — E7, To Hao /b nokasatb, uro ES2 & — ES2. Ilaa sToro

JOCTAaTOYHO YCTAHOBUTDL, UTO

T(n)

E sup Sz(n) < 00,
n

MOCKO/IbKY TOrja TpeGyeMasi CXOOMMOCTb GYeT clieloBaTh H3 TeopeMbl JleGera
0 Ma)kopupyeMmoii cxoxumocTu (teopema 3 B § 6 ru. II).
Ina nokasarenbcTsa HepaseHcTBa E sup Sf(n) < 00 BOCMOJIb3yeMCA MpH-

BOAWMLIM faniee B § 3 «MakcUMAaJIbHBIM Hepaseucmom» (14). CornacHo 3Tomy
HepaBeHCTBY, MPUMEHEHHOMY K MapTUHTany (Sr(), 9,2 )k>1, HAXONMM, 4TO
E[ sup Sr(lz)] 4ES,.(,,) <4 sup ES,.(,,)
1<kgn n
Ortciona, nosibaysicb TeopeMoil 0 MOHOTOHHOI cxoauMocTH (teopema 1 B § 6
. I1), nonyuaem, uto

E sup S,.(k, 4 sup ES,.(,,)
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Ho
ES2, =Eni-Er(n) <En}-Er<co.
Tem cambim
E Sup S.’.(n) £ S 4E7’| ET < 00,
4TO H TPeGOBANOCH YCTAHOBHTD. O
CaencrBue. [Tycmo &), &9, ... — He3asucumvie 00UHAKOBO pacnpede-
AenHble caydaiinsie geauuuno ¢ P{&=1}=P{=-1}=1/2, S, =& + ...

& ur=inf{n>1:S,=1}. Toeda P{r <oco}=1 (cu., Hanpumep, (20) § 9
en l) u, snauum, P{S,=1}=1, ES, =1. Omcroda u u3 (13) seumexaem,
ymo ET=o00.

Teopema 4 (¢pyHpamenranbHoe Ttoxaectso Baabpa). [Tycme &,
&9, ... — NOCACO0BAMENLHOCMb HE3AB8UCUMBLX OOUHAKOBO pacnpedeneH-
HOLX CAYuaiinolx eaunur, Sp=E1+...+ &, n> 1. [ycmo o(f)=Ee'él, t €R,
npuuen 01 nekomopoeo ty#0 ¢(ty) cywyecmsyem u p(to) > 1.

Ecau T — momenm ocmarosku (omuocumensno Ff=o{ty, ..., &),
n>1), makoi, umo > 1, [S,|<C ({r > n}, P-n.n) u ET <00, mo

ol0S+ ] _ (15)

(<P(to))"
Hoxazameavcmso. TTonoxum
Yo =e"5(p(t0)) ™"
Torna Y = (Y,, .97,,5),,21 ectb MaptuHran ¢ EY, =1 u Ha Muoxectse {1 > n}

eO n+1

E{Yap1 = Yal| V1, ..., Yo} = YE{ S

I'Elr ceey {fl}=
=Y,Ele" (p(to)) ™' - 1| < B <00,

rae B — Hekoropas koHctaHTta. [ToaToMy npuMeHHMa TeopeMa 2, U3 KOTOPO#
caenyer (15), nockosibky EY, = 1. O
Mpumep 1. Dot NpUMep CAYXKUT HITIOCTPALMEl MPUMEHEHHS BbILLIEH3JIO-
JKeHHBbIX pe3y/bTaTOB K 3aJauaM HaXOXKIEHUA 8eposmuocmert pasopeHus n

cpedHreil npodoaxcumesvrocmu urpsl (cM. § 9 B . I).
Myctb £, &2, ... — NoCIeN0BaTEJbHOCTb HE3aBUCHMbIX GepHYJIUEBCKHX
caydaiinbix BenunH ¢ P{&=1}=p, P{§i=—1}=q, p+qg=1, S, =& + ...

w4+

r=inf{n>1: S, =B wm A}, (16)

rae (—A) 1 B — nojioxutenbHble Leble Ydca.
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U3 (20) § 9 mnasui | crenyer, uto P{r <oo}=1 u ET < oo. Torna, ecau
a=P{S,=A}, 3=P{S.=B}, toa+B=1,unpu p=qg=1/2 u3 (13) sunum,
4To

0=ES,=aA+ 8B,

OTKyna
=B - _lAl
B+IA’ B+ A"

[pumenss (14), nonyyaem
Er=ES%2=aA%+3B?=|AB|.

Ecau xe p #q, To, paccMatpusas MapTuHran ((g/p)5*),>1, HaXOIHM, uTO

£(2)" -e(2)" =1

o(2)'+8(4) =1
BMmecre ¢ paBeHcTBOM o+ 3 =1 310 naer
B A
= —(%E-)_;A B= i (17)
g\4’ q g\4’
(3) -(3) () -(3)
Hakoneu, yuursiBas, uto ES, = (p — g)Er, Haxomum
Er= ES: _aA+pB
p—q p-g
rae a u B onpenensiorcs u3 (17).

Mpumep 2. INyctb B paccMoTpeHHOM Bbillle npuMepe p =g = 1/2. [Noka-
XeM, uto s Besakoro 0< A < #W ¥ MOMeHTa T, onpefejieHHoro B (16),

cos(A%)
LI
C s10it uesvio pacemotpum MaptuHran X = (X, .9',5),,;0 c

Xa=(cos )™ cos(A(S, - 3’2"‘)) (19)

(07

, 3HAUMT,

E(cos \)™" = (18)

H S =0. SIcHo, uto

EX, = Exo=cos(,\B'2*A). (20)
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MokaskeM, uTo ceMeicTBO {X A} ABASAETCA PaBHOMEPHO HHTerpUpyeMbiM. s

3TOro 3aMeTuM, 4YTo B cuily caencteus | k Teopeme | npu 0 <A< #W

EXo = EXuar = E(cos X)~(""7) cos()\(S,,,\., _B ;A )) >

> E(cos A\)~"" cos ()\ B ;A )

[Tostomy u3 (20)

—(nAT
E(cos A) g———( BTIAlN
cos '\T)

M, 3HauMT, no Nemme Paty

cos(/\B;A)

E(COS )\)_ < W
cos ,\——2-—-—)

21

CaenosateibHo, corsachHo (19),

[Xnar] < (cos N)7T,
yro BMecte c (21) noKa3biBaeT PaBHOMEPHYIO UHTErpUpPYyeMOCTb CeMeHCTBa
{Xua-}. Torna B cuny ciencrsus 2 k Teopeme |

cos(,\—B;—A) =EXo=EX,=E(cos \)™” cos(/\B—;—A),

OTKyna cJjienyet TpeGyemoe paseHctso (18).
4. B kauectse oiHOro U3 npumeHenuit Toxaecrsa Baabna (13) npusenem
JIOKA3aTeIbCTBO TaK Ha3blBaeMOH 34eMEeHMAapHOL meopembl TeOPUU BOCCTa-

[e.]
HosJieHus:: ecin N = (N)¢>0 — npouecc Boccranosnenus (Ny= 3 (T, <),
n=1

T,=01+...+0,, roe o, 09, ... — NOCJAENOBATENbHOCTb HE3aBUCHMBIX OMIM-
HaKOBO pacnpee/ieHHbIX MOJOXKUTEbHBIX CydaiiHbiX BeJHuMH; cM. n. 4 § 9
ra. 1), p=Eo| < oo, T0o dyHkumus Boccranosnenus m(t) =EN; o6nagaer tem
CBOWCTBOM, UYTO
m(t 1
mh L1l e 22)
t 7]
(Hanomuum, uro ais camoro npouecca Ny = (N¢)¢>0 CnpaBeiuB ycureHHoLl
3aKOH 6OoAbUIUX YUcCen:
Ny 1
—_— ) —
t 7
cM. npumep 4 § 3 ra. 1V)

(P-n.n.), t—o0;
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Jlna nokasaresibeTBa (22) 10CTaTOUHO MOKa3aThb, UTO

im ™M1, gm0 L 23)
oo § B tmco ¢t T p

C 5TO#l LIeJbI0 3aMETHM, UYTO
Tn, <t<Ty,41, t>0. (24)

[MockoabKy mis Besikoro 11> |

n
N+ 1<} ={N, <n= 1= {N; <n}={T, >t} = {Z ak>t} €,
k=1
rae &, ecTb o-anre6pa, NOPoXKAEHHAs BEJIHUUHAMH 01, ..., O,, TO (IPH KAXKAOM
¢uxcupoaHHoM f > 0) MmomeHT Ny + | (Ho He MomeHT N;) siBJisleTca MapKoB-
ckuM. Toraa u3 Toxnectsa Baabaa (13) BbiTekaer, uto

ETw,+1=plm(t) +1], (25)
W, 3HaUHuT, U3 NPaBoOro HepaseHcTBa B (24) HaxomauM, uto { < u[m(f)+ 1], T. e.
m) 1 _1

R (26)

OTKyZia, noJiaras ! — 0o, NnoJiyyaeM nepoe HepaBeHCTBO B (23).
Hanee, u3 nesoro HepaseHcTBa B (24) cienyer, uto ¢ > ETy,. [Tockosbky
Tne+1=TNn, + 0N, 41, TO

t2 ETN: =E(TN1+1 —UN1+|)=“[m(t)+ l] - EGN:‘H' (27)

Ecau cunrath, uto BenMuHHb 0 BCe OrpaHuueHbl cBepxy (o; < ¢), To U3 (27)
nojyuum, uto ¢ > u[m(f) + 1] — ¢, u, 3Hauur,

mit _1 1 c—p
TS;-Ft 0 (28)

Torna orciona 6ymer cnenosath BTOpoe HepaBeHCTBO B (23).
UTto6bl cHATL orpaHuyeHHde o; ¢, [ > |, BeeneM, 6eps HekoTopoe ¢ > 0, Be-
JMunHbl 0f =0;l(0; < c) +cl(o; >¢) v cBSI>XKEM C HUMH NMPOLLECC BOCCTAHOBJIEHHUA

Ne=(Nf)iz0c Nf = 2 I(TE<t), TE=0f +...4+ 0% [Tockoabky of <oj, i > 1,
=1
T0 Nf > Ny w, 3Haum, me(t)=EN{ > EN;=m(t). Torna u3s (28) Buaum, uro

m(t) _ mE(¢)
7 ST S

c—p
us

1
+7' )

1
u
rie p° =Eof.
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CanenosarefibHo,

[Nonaras Tenepb ¢ — 0o M YUHTHIBas, 4TO u’ — i, MNojyuaeM TpeGyeMoe BTOpoe
HepaBeHcTBO B (23).
Hrak, yreepxaenue (22) ycraHoBaeHO.
3ameuanue. Ilo noBoay Gosiee OGILIMX pe3yJIbTaTOB TEOPUH BOCCTAHOBJIE-
HUA CcM., Hanpumep, [7, ra. 9], [69, T. 1, r. XIII].
5. 3apauu. ,
1. Tokasars, uto B ciyyae cyGMapTHHrajioB Teopema | ocrtaercs cnpasef-
JIMBOH, ecsii yciioBHe (4) 3aMeHUTb yCa0BHeM
lim S XFdP=0.
% {my>n)
2. Tyetb X = (X5, #n)n>0 — KBaAPaTHYHO HHTETPUPYEMbIii MapTHHIaJ, T —
MOMeHT ocTtaHoBKH, EX(y =0,
. 2 _
lim § XxZaP=0.

n—oo {r>n)
[Tokasatb, uto TOrAa
,
EX2=E(X), (= EY (AX;)Q) :
j=0

rne AXo=Xo, AX/' =X/' —Xj—l' ]Z 1.
3. TokasaTb, uTo A/ KaXKAOTO MapTHHraja WKW HeOTPHLATENbLHOro Cy6-
maptuHrana X =(X,, &,)n>0 H MOMEHTa OCTaHOBKH T

E|X-|< lim E|X,]|.
n—oo
4. Tlyets X = (X, Fn)nx0 — cynepmapturai tako#, uro X, > E(¢|F,)

(P-n.H.), n>0, rne E|¢| < co. [TokasaTb, uTo eC/id 7| ¥ To — MOMEHTbI OCTa-
HoBKH ¢ P{r < m}=1, 10

X‘n 2 E(XTQ |§T|) (P-n‘ H')'

5. Iycrb &4, &9, ... — NOC/IENOBATENLHOCT HE3ABUCHMBIX CJIYYAiiHbIX Be-
anun ¢ P{¢ =1} =P{&;=—1}=1/2, a u b — nonoxurenbHble uncna, b > a,

Xo=a Y I&=+1)=bY I&=—1)
k=1 k=1

r=infln>1: X, <-r}, r>0.
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[Toka3atb, uto Ee*™ < oo npu A< ap v Ee*™ =00 npu A > oy, rae

_ b lnQb_’_aana
Ta+b a+b ' a+b  a+b’

6. [yctb &1, &2, ... — nocyel0BaTEJbHOCTb HE3aBUCHMBIX CJyu4aiiHblX Be-
auuun ¢ E¢ =0, D§;=a?, Sp=&+...+&, 9,,{=a{§1, ..., &1}, Hokasarb
cnpaBeJMBOCTb CJeyIOLIHX yTBepXKaeHH#, 06061uaoluX ToxaecTsa Banbaa

(13) u (14): ecnu E i: El¢j] < oo, T0o ES, =0; ecan E ‘2 E§/2<oo, TO
j=1 j=1

Qap

T T
2 2 _ 2
ESZ=E ) &=E) ol (29)
i=1 j=1
7. Tyetb X = (X, &)n>1 — KBAPaTHUHO HHTETPUPYEMBIIi MapTHHIAN H T —
MOMEHT OCTaHOBKH. Toka3satb, uTO Toraa

EXZ<E D (AX,)%
n=lI

ITokasarb, uTo ecJu
lim E(X,?I(7->n))<oo win  lim E(|X,|I(r > n))=0,

n—oo n—oo
10 E(AX,)2=E 3" X2.
8. IMycts X =n(=Xl,1, &Fn)n>1 €CTb cyOMapTHHrAN H 7| < T2 < ... — MOMEHTHI
OCTaHOBKH TakHe, uto EX;, onpenenenbl u
lim E(X}/(tm>n))=0, m>1.

n—o0o
Iokasatb, uto nocnenosateabHoCcTs (X7, Fr,)m>1 ABAseTcA cyGMapTHHra-
JoM. (Kak o6bluHo, &, ={A€e F: AN{mm=j}€ZF;, j>1}.)

§ 3. OcHoBHbIE HEepaBeHCTBa

1. Tlycerb X = (Xp, &p)n>0 — cTOXaCTHYECKAS MOC/IEI0BATENLHOCTD,

Xz = Jpax IXil,  IXallo = (E|X|")"/?, p>0.

B Huxecaenyounx TeopeMax 1—3 NpuBOAATCS OCHOBHbIE «MAKCHMaJIbHble
HepaBeHCTBa /I BEPOATHOCTEH» W «MaKCHMaibHble HepaBeHcTBa B LP»
M)A cy6MapTHHraloB, CynepMapTHHTaJoB M MapTHHTaloB, MpUHaIeXKallue

Ix. y6y.
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Teopema 1. 1. lTycmo X =(Xn, Fn)nzo — cybmapmuneas. Tozda Oan
06020 A>0

AP {max X2} < E[x+1(max xkzx)] <EX}, (1)

AP {min X, < —A} <E [X,,I (gg;n Xe> —A)] —EXo<EXF—EXo, (2
Ap{r&a} X > A} <3 max E|Xy|. 3)

1. Mycme Y =(Y,, &n)n>0 — cynepmapmunear. Toeda 04s awo6oeo A >0

,\P{Tg Vex A} <EY0—E[Y,,I(T<a:< y,,<,\)] <EYo+EY", (@)

w{pnn<bs-Enimne)]<en o
AP{max [Vl > 1} <3 max E[Vil (6)

HIL. Myeme Y = (Yn, Fn)n>0 — HEOMpPUyamesoHolll cynepmapmuneaa.
Toeda 0asn aro60eo X\ >0

,\P{max Ye > ,\} <EY,, )
,\P{sup Ykz,\}gEY,,. ®)

Teopema 2. [Tycmo X =(X,, &Fn)nz0 — HeOmpuyamevroil cybmap-
munean. Toeda 0aa p > | cnpasedausel caedyowjue HepaserHcmesa:
ecau p>1, mo

Xallp < IX3llp < 557 IXallp: )
ecau p=1, mo

IXally < 1X7 11 < * Xalli}. (10)

Teopema 3. [Tycme X = (X,,, .9,1),,20 —nmapmuneasr, \>0u p > 1. Toeda

E|Xn|

P{max |x,,|>,\}< (11

u 8 cayuae p > 1
IXallo < 1X3 115 < 525 1Xallp- (12)
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B wacmHocmu, npu p =2
P{max 1Xel > 2} < E'X" , (13)
2
E [TS,’,‘ xk] <4Ex,,. (14)

Jloxazameabcmseo meopemet 1. Tlockosbky cy6MapTHHran ¢ o6paTHbIM
3HAKOM eCTb cynepMapTtHHral, To HepaseHctsa (1)—(3) cnenyior us (4)—(6).
Tak uto GyzieM paccMaTpusaThb ciayuaii cynepmaptiirana ¥ = (Y,, Fp)n>o.

IMonoxum T=inf{k <n:Y, > A} ¢ 7=n, ecin max Y, <. Torma B cuny

csoiictaa (6) § 2

sn

EY0>EY1=E|:Y1; max Yk>)\] +E[Yf; max Yk</\] >
> 3P {max ¥e> A} + [V max Vi<

YTO W JOKa3biBaet (4).

[Monoxkum Teneps o =inf{k <n: Y, < —A}, cunras o =n, ecm 21<in Ye>—=\
<n

Torna cHoBa B cuny csoiicrsa (6) § 2
EY,<EY, =E[Y,; min Y, < —,\] +E[y,; min ¥ > 2| <
k<n k<n
<=AP{min Vi < -,\} +E [Y,.; min ¥ > —,\].
Orciona
/\P{rkpslg Ykg—)\}s [Yn, mm Ye< — ] <EY,,

4TO W moKa3biBaet (5).
Uro6bl 0Ka3aTh HepaseHCTBO (6), 3ametuM, uto Y~ =(—Y)* — cy6map-
THHTaj, W Toraa B cuiy (4) u (1)

AP{max Vel 22} < ,\P{max vz} +/\P{r,:1ax Ve >} =
= AP { max Yk>,\}+/\P{max Y, >A} <EYy+2EY, <3 max E|Y:.
k<n
HepageHnctso (7) cnenyer u3 (4).

Ilna nokasarenscrsa (8) nosokuM vy =inf{k >n: Y, > A}, cuurasa y=o0,
ecau Y, < X\ npu Beex k> n. IMyctb Takxke n <N <oo. Torna B cuny (6) § 2

EY, > EYyan ZE[Yoan /(Y SN)] 2 AP{Y SN},
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oTkyna npu N — oo
EY,,Z/\P{7<oo}=)\P{Egp YkZ/\}. [m|
>n

Hokazamenoscmeo meopensi 2. Tlepsvie HepaseHcTBa B (9) 1 (10) oue-
BHIHBI.

Jlna nokasatesibCTBa BTOPOro HepaBeHCTBa B (9) MpeanoJioXXuM cHauana,
uTO

*
X211, < oo, (1)
1 BOCMoJib3yeMcst TeM (paKkToM, UTo M JII0GOH HeoTpHLATeNbHOM cayuaiiHoh

BeauunHbl € U r >0

[>2)
E¢'=r § t""'Pi > 1} at. (16)
0
Torna u3 (1) u Teopembl Py6uHM nosmyyaem, yto aas p > 1

EXP=p S 77'PUXT>Bhdt < p § t,,_Q( S XndP>dt=
0 0

X321

00 Xy
=p§ tp-2[gxn1{x;>t}dp]dt=p Sx,.[g t”‘2dt]dP=
0 Q Q 0
= SZEX(P . a7

Orciona no HepaseHcTBY ['€abaepa
EX)? <qliXallp - 1637~ llg = qlIXall o [E(X7)?1Y9, (18)

__PF
roe g = ;7——_1
Ecau Buinosnteno (15), To u3 (18) cpasy nosnyuaeM BTOpoe HepaBeHCTBO
B (9).
Ecnu e ycnosue (15) He BbiMOJNIHEHO, TO CJlefyeT MOCTYNUTb TaKHM 06-
pasoM. Paccmotpum B (17) BMecto X} Besmuuny (X A L), rae L — HekoTopas

KoHcTaHTa. Torna mosyuum
E(Xy AL)” <GE[Xa(Xy ALY~ 1< qlIXall, [E(Xy AL)P]YA,
OTKyZa B CHay HepaBeHcTBa E (X} A L)? < LP < oo chienyer, uto
E(X; ALY <GPEXP =g°|IXall}

H, 3HauwuT,
E(X;)” = lim E(X; ALY <q°IXall2.
L—oco
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JlokaxeM Tenepb BTopoe HepaseHcTso B (10).
CHoBa npumenss (1), Haxoxum, uto

EX:—1<EX;-1t= SP{x,:-1>t}dt<

o X:-1
<\ — X,,dP]dt—EX — =EX, In X}.
§ l+t[(){;>l+1) S l+t
TMockoabKy as Jo6bix a >0u b>0
alnb<alnt a+be!, (19)

TO
EX!—1<EX,In X*<EX, Int X,+e"'EX}.

Ecan EX,; < oo, TO oTciofa cpa3y nosiyyaeM Bropoe HepaBeHcTBo B (10).

Ecau xe EX} =00, To ciieayer NoCTYNHTb, Kak H Bblllie, Mepeias OT BeJu-
upH X} kK X3 A L. a

Hokaszamenvcmso meopemovr 3 ciiefyeT U3 TOro 3amedanus, uro |X|?,
p > |, aBasieTcs HeoTpHUATeNbHbIM cy6MapTuHranoM (ecau E|X,|? < oo, n>0),
u u3 HepaseHcts (1) u (9).

CaenctBue k Teopeme 3. [Tycmo Xp=&y+...+ &, n 20, ede (§e)r>0 —
nocae0o8ameabHOCMb He3asucumolx caydainotx seauuun ¢ E&,=0 u
Ef,f < o00. Toeda nepasencmeso (13) npespawaemcs 8 nepasencmso Koa-
moeoposa (§ 2 rn. 1V).

2. Tlycts X =(X,, &,) — HeoTpHUATENbHBI CyOMapTHHran H

X, =M, + A,
— ero pasnoxenue Iy6a. Torna, nockoabky EM, =0, o u3 (1) canenyer, uto
EA,,

PiXz 2 el <

Huxecnenytowas TeopeMa 4 nokasbiBaer, YTO 3TO HepaBeHCTBO CNpaBeIn-
BO He TOJIbKO Il CYGMapTHHIaJoB, HO M Uil 6oJiee LLIMPOKOrO Kjacca mocJe-
JoBaTe/ibHOCTel, 06/1afaloIMX CBOHCTBOM JOMUKUPYemocmu B clelylolieM
CMbICJIe.

Onpeaenenne. IMycts X = (X,, &,) — HeKoTOpasi HeOTpHLATebHAs CTO-
XacTuyeckas nocjefoBatenbHocTs U A =(A,, &F,—-1) — Bo3pacraioiias npei-
CKasyeMasl nocJiefjoBaTeJibHOCTb. ByneM rosoputb, uto X domurnupyemcs no-
cJlefloBaTesibHOCTbIO A, eciH

EX, <EA, (20)

1l BCAKOrO MOMEHTa OCTaHOBKH T.



676 [J1. VII. MAPTHHTAJTbI

Teopema 4. Ecau X =(X,, F,) — Heompuyamesbras cmoxacmu4eckan
nocaedosamenvrocmo, GomMuHUpyemas oapacmaioujeii npedckasyemo
nocaedosamensvrocmoio A= (A,, Fn-1), mo 02 A>0, a>0 u aobozo
MOMEHMA OCMAHOBKU T

PiX: > X< E4T, @1)
PX; >} < sE(A, Aa)+P{A, >a), (22)
. 92— p\V/p

Ko< (F=5) " A, 0<p<lL. (23)

JHlokazameascmso. [Tonoxum
op=min{j <TAnR: X; 2},
cuuras o, =T An, ecim {-}=@. Torna

EA, >EA,, 2EX,,> { X, dP2)P{X},, >\,
{XZAn>A}
OTKyla

P{Xrn >N < 5 EAr,

1 B cuay Jemmbl Paty nosyuaem HepaseHcTso (21).
Jas nokasartenbcTsa (22) BBeieM MOMEHT

y=inf{j: Ajs1>a},
noJaras y =00, ecau {-} = . Torna
PX; >N =P{X;2> ) A, <a}+P{X; 2\ A, >a)<
SP{la,<apX7 2 A+ P{A; 2 a} <P{XZA, 2 A+ P{A, 20} <
< 3 EArpy +P{A, 2 0} <  E(A, AQ)+P{A, > a),
Tlle UCMOMb30BaHO HepaBeHCTBO (21) u To, uto /14, <o)X < X7A.. Hakonew,

HepaseHCTBO (23) caienyet (¢ yuetom (22)) u3 cienyiolieil LENOYKH COOTHOLLE-
HUit:

X215 =E(X3)? = § P{(X?)? > ydt = § P{X} >1"/Pydt <
0 0

8

< § t7VPE[A AP dE + § P{AZ > 1) dt =
0

(=]

A? oo
=E §dt+E (A7) dt+EAZ ==L EA2 D
0 A’
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3ameuanue. [IpeanoioxkuM, 4ToO BBIMOJIHEHbI YCJIOBUA TeopeMbl 4 3a uc-
kJI0YEeHHEM TOTO, UTO Moc/efoBaTeNbHOCTb A = (A,, Fn)nx0 ABASETCA He 065-
3aTeJIbHO MpPelICKa3yeMoi, HO TaKoii, UTo A/ HEKOTOPOH KOHCTaHThI ¢ > 0
P{sup |AAg| < c} =1
k21
rae AAp=Ap—Ap_y. Torna (cp. ¢ (22)) cnpaseniuBo cienyiolilee HepaBeH-
CTBO:
1
P{X; > A< XE[AT/\(a+c)] +P{A; >a}. (24)

Jloka3aTelbCTBO NMPOBOAUTCS MO aHANOTHH C J0KA3aTelbCTBOM HepaBeH-
crsa (22). Hano nmiub Bmecto moMmenTos v =inf{j: A;4, > a} paccmartpusathb
moMenTbl v =inf{j: A; > a} u npuHATL BO BHUMaHHe, uTo A, < a+c.

Cnencrsue. [Tycmo X% =(X*, F&) u A¥=(A%, FF),n>0, k> 1, ydosae-
MBOPAIOM YcA08UAM meopembl 4 uru 3amedwanus K neil. [Tycmo makace
(T*)e>1 — nocae0osamenbroCmbs MOMEHMOB OCMAROBKU (OMHOCUMENbHO

Fh=(FH) u At 0. Toeda (xt)z, L0

3. B sToM nyHkTe Gyner npuBefieH (Ge3 nOKas3aTeJbCTBa, HO C MPHMeHe-
HHAMM) PAL 3aMeyaTesibHbIX HepaBeHCTB AJIsl MApTHHIa/loB, BO3HUKAIOLIMX Kak
0606LIeHHsT HIXKeCeMyOIMX Hepasencms Xunuuna u xepasencms Map-
yunKkesu4a u 3uemynoa LA CyMM He3aBUCUMbLX CYUalHBIX BEJHUHH.

Hepasencrsa Xunuuna. [Tycmo &), &2, ... — He3asucumole 0OUHAKO-
80 pacnpedesennoie Gepryrruesckue cay4ainoie seauuunsr ¢ P{=1}=
=P{¢=-1}=1/2 u (cy)n1 — HeKOmoOpas nocaedosamesbHOCMb 4UCeA.

Toeda 0an moboeo 0< p < oo cywecmsyiom makue yHUsepcatbHole
koncmanmot A, u B, (ne 3asucauwue om (cp)), umo 018 a06oeo n > |

n 1/2 n n 1/2
S <Ykl <Bo|doF) - (25)
j=1 j=1 P j=1

HepasencrBa MapuunkeBuua u 3urmyupa. Ecau &, &2, ... — nocae-

dosamenbHOCMb He3ABUCUMbIX UHIMeSPUPYEMbIX CAYUAUHbIX BeAUHUH C
E¢ =0, mo 0aa p > 1 naiidymca makue ynusepcarbrole Koncmarnmot Ay
u B, (ne 3asucawue om (£,)), umo 04a 06020 n > 1

n 1/2 n 1/2

Al X & Ze, <B |1 D€ : (26)

j=1 j=1 14 j=1 p

B HepaBeHCTBaX (25) u (26) nocnenosatenbHocTd X = (X,) ¢ Xp = Z ciéj
=1
HXy= Z & o6pasyloT MapTHHra/bl. EcTecTBeHHO 3a1aThcsi BOMPOCOM O TOM,
j=1
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HeJb3s J1h 0GOGLIMTL 3TH HePaBEHCTBA Ha Cllyuail POU3BONLHLIX MAPMUHEA~
208. [epsuiit pesysibTaT B TOM HanpasjeHHu Gbin nosnyyen Bypkxonbaepom.

HepaBencrBa Bypkxoabaepa. Ecau X =(X,, &,) — mapmunean, mo
048 6caK020 p > 1 cywecmeyiom makue yrusepcarbHoie KOHcmanmol Ap
u B, (ne 3asucawue om X), umo 0aa 06020 n> 1

ApllvVIXlallp < 1Xallp < Bpllv/ [X]all o, 27

e0e [X], — ksadpamuueckas sapuayus X,,

[Xl.=)_ (AX)?,  Xo=0. (28)

j=1
B kauecmse koncmanm A, u B, noxro 63amo
Ap=[18p¥*/(p—1)I"", B,=18p°2/(p—1)'2.
C yuerom (12) u3 (27) cnenyer, uto
ApllVIXTall, < IXZ Nl < BRIV XInll . (29)
roe
A, =118p"2/(p-1)I"", B;=18p"*/(p—1)*2.
HepaBeHctBa Bypkxoabaepa (27) cnpaBemiusbl &1 p > 1, B To Bpems
Kak HepaseHctBa MapunnkeBuya—3urmyHaa (26) sepubl u w1 p=1. Uro
MOXHO CKa3aTb 0 CMpaBe/IMBOCTH HepaseHcTs (27) ans p = 1? OkasbiBaercs,

UX npsmMoe o6o6lleHHe Ha cayyait p =1 yxe HecnpaBeIHBO, UTO NOKa3biBaeT
cJIelyIoLLH#

Npumep. Ilycts &), &2, ... — He3aBUCHMble GepHYJIMEBCKUe CJaydaiiHble
sesnunhbl ¢ P{¢ =1}=P{§;=—1}=1/2u
nAT

Xn =Z £iv
j=I

n
rae T=inf{n> 1: ¥ &= l}.
=1
[MocnenosarenbHocts X = (X, &,) ABAAETCA MapTHHraJOM C

1Xalli =E|Xn| =2EXf -2, n—oco.
Ho

TAR

’ 1/2
"V[X]n"l=EV[X]n=E<Z l) =EvVTAn—-o0.
j=l1

CrenoBare/ibHO, NepBoe HepaBeHCTBO B (27) HecnpaBeUBO.
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Okasanoch, uTo Ha caydait p =1 o6o6waioTcs He HepaBeHcTBa (27), a
nepaseHcTBa (29) (skBuBaneHTHble (27), ecan p > 1).

HepaBeuctBa IlaBuca. Ecau X =(X,, &,) — mapmuneas, mo cywe-
cmayrom makue yrusepcasorole koncmarwmor A u B, 0 <A < B < o0, umo

AlVIX]llh < IX7 11 < BllV [X]all1, (30)

n n
AE !;(AX,-)‘A’SE[IQ&)(” |X,~|] <BE }g(AXf)Q'

Caenctsue 1. [Tycme &, &9, ... — He3asucumsie 00UKRAKOB0 pacnpede-
JeHHble Caydaiiiole geaudunsl, Sy=£& +...+&y. Ecau E|€)| <oco u E&; =0,
mo, coeaacko moxcdecmsy Baavoa (13) § 2, 042 6cakoeo momenma ocma-
Ho8KU T (omHOCUMEeNbHO (9,?)) ¢ ET < o0 cnpasedauso pasencmeo

ES, =0. 31

Ecau donoanumenvro npednosoxcume, umo E|§)|" < oo, ede 1 <r<2,
mo 0aa cnpasediusocmu pasencmsa ES,=0 docmamouno ycrosus
Er'/" < 0.

Ins nokasatenbctsa 0603HauuM 7,=7An, Y =sup |S, |, u nyctb 1A

n

t >0 m=[t"] — uenas uactb udcia ¢". B cuny ciexcrBua 1 K Teopeme |
§ 2 ES,, =0. IMostomy s cnpasennuBoctH cooTHouenus ES; =0 nocra-
TOYHO (COrJIaCHO TeopeMe O MaXKOpPMPYeMOi CXOIMMOCTH) MpPOBEPHTb, YTO
E sup |S+,| < oo.

[Monb3ysch HepaBeHcTBamu (1) u (27), Haxonum
P{Y>t}=P{r>t',Y2t}+P{r<t’, Y 2 1}<
< r Nzt <P{r>t}+t™" "<
<P{r>t }+P{|21;2Xm [ST,I/t} P{r>t"}+t7E|S,|

Tm r/2 Tm
<P{r>t'}+t"BE €] <P{r>t}+t"BIE ) gl
r i /
i=1

j=1
3amerum, uro (Z§ ={2, Q)

ED lglI=E Y 1 <mlgil' =Y EEUG STl | £F]=
j=1 j

j=1 j=1

=E S I <m)ElE )| FL)=E S ElEl = Em,
j=1

i=1
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rae pu, = E|¢;|". [Moatomy
P{Y>t}<P{r>t"}+¢t"BluErn=
__P{T>t’}+B,p,,t"[mP{7->t’}+ { po]g

{r<t}
S +Bp)P{r>ty+ Bt~ § 7dP
{r<tr}
W, 3HauurT,

EY= SP{Y>t}dt (14 B u,)ETV/" + By, St"[ rdP]dt:
0 {r<tr}
[o ]
=(1+Blu)Er"/ + By, ST[ § t"dt} dP =
Q T/

(l +Bu, + B’“’)E—r'/' < 00.

Caenctene 2. [Tycmo M =(M,) — mapmunzaa maxoi, umo E|M,|* <
< o0 041 Hekomopoeor> 1 u

(> o)
E|AM,|
3 EAME o (Mo=0). (32)
n=|
Toeda (cp. ¢ meopemoii 2 § 3 ea. 1IV) umeem mecmo ycuserroil 3aKOH
6onbuwux wucen:
M
T" —0 (P-n.n), n—oo. (33)
B ciayuae r =1 nokasaTenbcTBO NPOBOAMTCA MO TOM XKe CXeMe, UTO M JO-
Kasaresibeto TeopeMbl 2 § 3 . IV. A uMmenHo, nyctb

n
_ AM,
o=y AMs
k=1
Torna
n
E AMle n
2 _ k=l =1 kAm
n n n k

k=1
", coriacHo JieMMe Kponekepa (§ 3 r1. 1V), aas cxonumoctu (P-n. H.)

n
’]—2 Z kRAmp—0, n—ooo,
k=1
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JOCTaTOuHO, UTO6bl (P-N. H.) CyllleCTBOBAJ KOHEUHbIi Mpefes Ii;n My, 4TO B
cBoto ouepellb (Teopembl 1 1 4 u3 § 10 ra. 1I) umeeT MecTo B TOM H TOJILKO TOM
caydae, Koraa

P{sup |Mygr — Mgyl 26} -0, n-—ooco. (34)

k21
B cuay HepaBeHctBa (1)
© E(AMy)?
$ (AM,)

k2
k=
P{SUP |mn+k—mn|>5}< s 2

[MosTomy TpeGyeMbiii pesynsrtar cienyer u3 (32) u (34).
[Myctb Tenepb r > 1. YreepxkaeHue (33) SKBHBaJNeHTHO TOMY (Teopema |
§ 10 ra. II), uro s Besikoro € >0

M s

62’P{sup u 26} -0, n-ooo. (35)
jzn

B cuny HepaBeHcrtBa (52) u3 3agaum |

M M_Qr
EQ’P{su I.'; }=s2’ lim P{ max l ,’l 262’}<

izn m—o0 n<j<m  j¥

Q,EIM I+ Z S M = M),

/>n+l

M3 nemmbl KpoHekepa BbiTekaer, uto
1 2
lim — E|M,|* =0
n—oo n2r | nl
[Mostomy nas nokasatenbcrsa (35) JOCTAaTOUHO JMLUbL NM0KA3aTb, YTO

1 . .
Z 2 E(|Mi|2 - |Mj—1|2 ) < oo. (36)

i>2

Hmeem
Z —= [EIM;[¥ —E[M;- )<

N

! 1 o, EMMnI*

<Z;[U—l)?'“727]'5"”""'”’ e
/=
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B cuny HepaseHctBa Bypkxosbaepa (27) u HepaBeHcTBa [énbaepa

j r j
E|M;|* <B3 E lZ(AM;)“’} <BYED  |AMif>.
i=1 i=1

l'losﬁomy

N-1 i 2r
2 [1 1 =1 2r EIMy|
In< B []7 - m] i ‘E_ ElAM; | =55 — <

i=2
o ElMy|> EjaM;|*
CI Z r+2 Z ElAM | g N2r C Z r+| C3

i=1
(C; — HekoTOpble KOHCTaHTbl), yto B cuiy (32) nokasbiaer oueHky (36).

4. TlocnenoBarebHOCTb ClydaiiHbIX BEAHYHH (X,),>) HMeeT C BePOATHO-
CTblo eluHUua npenes lim X, (KoHeuHblfi WM GeCKOHEUHbI) TOrIa M TOJbLKO
TOTA, KOFJA YHC]O «OCLHJJIAUMA MeXIy NBYyMs JIOObIMH (paUMOHaAbHBIMK)
yucaamu a U b, a < b» KoHeuHO ¢ BepOATHOCTbIO enuHKUa. [1puBoauMas HIXXe
TeopeMa 5 JlaeT OLEHKY CBepXy CpedHe20 4ucAa «OCUMMIALMA» LA Ccy6-
MapTHHrajos, KOTopas B cJelyiollleM naparpacde GyneT MCNoJb3oBaHa s
JOKa3aTesbcTBa (YHIAMeHTabHOrO pe3yJibTaTa O WX CXOAUMOCTH.

3adukcupyem nBa uucia a M b, a<b, v ana nocjenosarefbHOCTH X =
= (Xn)n>1 ONpenesuM MOMEHTbI:

=0,
=min{n>0: X, <a},
To=min{n> 1 : X, > b},
Tom—1=min{n > Tom—2: Xp s a},
Tom =min{n > Tom_1: X, = b},
noJjaras 7, =00, eCJIi COOTBETCTBYIOILIee MHOXeCTBO {-} mycTo.
Hanee, naa kaxporo n > 1 onpenenum ciyyaiiHble BeJIMUUHBI
ecJiu 7o > n,
max{m Tom <N}, ecmm <N

[To cBoemy cMbicity Bp(a, b) ecTb uucao nepecewerudi (CHU3y BBEPX) MH-
TepBana [a, b] nocnenosaresbHOCTbIO X, ..., X,.

Teopema 5 (Iy6). Tycmo X = (Xn, Fn)nx1 — cybmapmuneanr. Toeda
0aa a0602o n > 1

Bn(a, b) =

E[Xn - a]+

Efn(a, b) < 2= (37
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Jlokazameabcmeo. Hucnio nepeceuenuit cy6maptunraiom X =(X,, &,)
yntepsaia [a, b] cosnmamaer c uncioM nepeceuenuii untepsana [0, b —a]
HeoTpULATeNbHLIM cy6MapTuHratom X+ = ((X, —a)*, &£,). [lostomy, cuuras
paccMaTpHBaeMblit CyGMapTHHra/l X HeOTPHUATEbHbIM H a =0, Hazo noka3zarb,

4yTo

E(0, b)< 5. (38)
MMonoxum Xo=0, Fo={2, Q},unyctb mia i=1, 2, ...
_J 1, ecam Ty <i < Ty ANS HEKOTOPOTO HeUeTHOro m,
v 0, ecau 7 <i < Tmq1 A5 HEKOTOPOTO UETHOTO M.
HeTpyZaHO BHIETb, YTO
n
bBa(0, b)< Y @il Xi — Xii]
—
" [}
toi=lt= |J Urm<i\{Tmn<illeFio1
m — HEYETHO
[osTomy
bES, (0, b) <E Z @il Xi — Xi- .J—Z § Xi-Xi.)aP=
i=1 (‘P:—l)
=§: § Ei-Xioi|Fi)dP= Z § [EX|Fio)-Xim]dP<
i=1 {pi=1} i=1 {pi=1}
sz § [E(X:| Fim1) — Ximi]dP =EX,,
i=1 Q
YTO U J0Ka3biBaeT HepaBeHCTBO (38). O

5. B 3ToM nyHKTe GYAyT paccMOTpeHbl HEKOTOpble MpocTefillde Hepa-
BeHCTBa Al 8epoamruocmeli 60AbUUX YKAOHEHUl B cllyyae KBalpaTHYHO
HHTErpupyeMbiX MapTHHIAJIOB.

[lycts M= (M,, &.)n>0 — KBaLPaTHYHO WHTErpUpYeMblii MapTHHrajd C
KBanpatuuHoit xapakrtepuctikoit (M) = ((M)n, Fn-1), Mo=0. Ecau Boc-
MoJIb30BaTbCH HEPABEHCTBOM (22) NpUMeHHTENbHO K X, =M2, A, = (M),, 10
noayuum, yro gia a >0, b >0

P{Tga;( |Me| ;an} =P{r’?<ax M:> (an)2} <

<G )2E[(M) n A (bn)] +P{{M), > an}. (39)
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Ha camoM niene, no kpaiiHeit Mepe B TOM ciydae, Korna |[AM,| < C aasa Bcex
n ¥ w€E, 370 HepaBeHCTBO MOXHO CYILECTBEHHO YJYULIUTb, eCH BOCMO/b-
30BaThCA UIEAMH, H3/OXKeHHbIMU B § 5 r1. IV npu oueHWBaHUKM BEpOATHOCTeH
60JIbLIMX YKJIOHEHHI 1151 CyMM He3aBHCHMBbIX OIMHAKOBO pacnpesiesleHHbIX CJy-
YaHHbIX BeJHYUH.

HanomuuM, uto B § 5 rn. IV npu BbiBOE COOTBETCTBYIOILMX HEPABEHCTB
CYLLLECTBEHHbIil MOMEHT COCTOSJ1 B UCMOJIb30BAHHU TOTO, YTO MOCJEN0BATE/b-
HOCTb

@ /[eM]I", Eadust,  Fa=0lél, ..., b (40)

06pa3066.8a.4a HEOMPUYAMENbHbLE MAPMUK2AA, K KOTOPOMY 3aTeM MNpH-
MeHsJI0Ch HepaBeHCTBO (8) Hacrosiulero naparpadga. Ecau tenepb BMecto S,
6patb M,, To aHanorom (40) Gyner HeoTpHUATeNbHBI MapTHHra

(eAM"/éan(/\)' 9n)n>l ’
riue

n
&M =[] EE**"|£;1) (41)
j=1
— TaK Ha3biBaeMasi cmoxacmuueckas akcnosersma (cM. Takxke n. 13 8 § 6
. II).

70 BbipaXKeHHe NOBOJBHO CJI0XKHO. B To Xe caMoe BpeMsi MpH HCMOJb-
30BaHHH HepaBeHcTBa (8) BoBCe 6blI0 He 00si3aTesIbHO, UTOOH 0Gpa3oBaHHas
NOCJIeI0BaTE/ILHOCTD ABAANACH MAPMUHEAAOM. JIOCTATOUHO JIUILb, YTOGH OHA
o6pasoBbiBajia HeOTpULIATENbHLIN cynepmapmuneas. VIMeHHo Tak 3iech Mbl
M noctynuM, o6pa3oBaB nocjenoBatenbHocTs (Z,()), &) (cM. (43) Huxe),
KOTOpas IOBOJIbHO MPOCTO 3aBHUCHT OT M, u (M), U K KOTOpO# MOXKHO Gyner
3aTeM NPHMEHHUTb MeToJ, HCMOoJb3oBaHHbIi B § 5 . IV.

Jlemma 1. [Tycmo M = (M,, &,)n>0 — K8a0pamuuno unmezpupyemoli
mapmuneanr, Mo=0, AMo=0u |AM,(w)| < ¢ 014 8cex n u w. [Tycmo A>0,

_._..:_l__._.—A_C. , > O'
veN=1Q, (42)
R c=0,
u
Z,(\) = e M=) (M)n_ (43)

Toeda dan Kaxcdoeo ¢ >0 nocaedosamenvrocmo Z(A)=(Zn(N), Fn)nx0
ABARLEMCA HEOMPUYAMEAbHOIM CYNEPMAPMUHEALOM.
Hokxazameavcmeo. Jas |x|<c

Moo= 3 O <y 30 QT oy )

m>2 m>2
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YuyuThiBas 3TO HepaBeHCTBO U NpexcrtabieHue (Z, = Z,()\))
AZy=2Zp1 [(ez\AMn — ])e“A(M)n'/’t()‘) + (e-A(M)ntl’c(X) -1
HAXOIMM, 4TO
E(AZq|Fn-1) =
=Zn_1 [E(e’\AM" —1| &) e—B(M)athe() + (e—A(M)n'l)c(A) -1)]=
=7Zp [E(e)‘AM" —1-)AM, |‘grn_l)e—A(M)mc(A) + (e—A(M)n¢c(A) -1N]<
< Zno1 [eNE((AM,)? | 1) =AMt 1 (=AMt _ 1)) =
=Za 1 [Ye(NA(M) e 8MFR) 4 (=80 _ 1)1 <0, (44)
rjie MCroJb30BaHO TaKXe TO 06CTOATeNbCTBO, uTo s X >0
xe *+(e*-1)<0.
W3 (44) Bugum, urto
B(Z,| Fn-1) < Zp-y,

T. e. Z(\)=(Zn(N), £,) — cynepmapTuHran. O
Myctb BbinosHeHb! ycioBus JiemMbl. Torna Bcerma Hainercsi A >0 Takoe,
yro (nas 3apanHbiX a >0, b >0) al — by (\) > 0. Yuurbias 310, HaX0aHM

P{max My > an} = P{r&az( eMe > e’\‘"'} <

< p{max e MMr=te M) (M)e > exan—wcuxM)n} -
k<n

= P{max eM=%:O0 M 5 pAan=gc DM (M), < bn} +
k<n

n

+P {fo M=V N M 5 pran=d M) (MY > bn} <
<n

< P{max e Mr=bc (M) (M) > eAan—wc(A)bn} +P{(M), > bn} <

k<n

< e~"Pa=b%) L PUMY, > bn}, (45)

Tlie nocnenHee HepaBeHCTBO BbiTekaeT U3 (7).
O6o3uauum (cp. ¢ dyHkumeir H(a) 8 § 5 ra. 1V)

Hc(a, b) =suplaX — by (N)].
A>0
Torna us (45) cnenyer, uro

P{max My > an} SP{M), > b} + e—"Hel@b), (46)
k<n
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[lepexons ot mapruvrana M Kk —M, noJjyyaem, yto npaBasi YacTb B (46)

OLieHUBAET CBEPXY TaKXKe M BEPOSATHOCTb P{lg1<in ng—an}. Tem cambim
<n

P{max My > an} < 2P{(M), > bn} + 2e~He(@d), (47)
k<n

Hrtak, nokasaHa cienyiouuas

Teopema 6. [Tycme M= (M,, F,) —mapmuneas c pasHomMepHo 02pa-
HuuerHoMu cxaukamu, m. e. |AM,| < c 0aa nHexomopoi koncmanmet ¢ >0
u 8cex n u w. Toeda 04 aoboix a>0, b >0 umerom mecmo Hepasencmsa
(46) u (47).

3ameuatue. Pynxuus

H.(a, b)=%(a+%) ln(l+%c-)—%. (48)

6. B npemnonoxeHusx TeopeMbl 6 pacCMOTPHUM Temepb BONPOC 06 OLEeH-

o M,
Kax BepoATHOCTEH TUna P{sup (M) > a} XapaKTepH3YyOUIUX, B YACTHOCTH,
. k>2n k

CKOPOCTH CXOIUMOCTH B YCHJIEHHOM 3aKOHe GOJIbILKX YKceJl A1 MapTHHraloB
(cMm. nanee Teopemy 4 B § 5).

[Toctynas Tak ke, Kak u B § 5 . 1V, naxomum, uto mas mwo6oro a>0
Haiigercs Takoe A >0, uto al — () > 0. Torna ans sesikoro b >0

p{sup My a} <P sup ML > pler—veI: ) <
k>n <M)k k>n

< P{sup M= (M 5, ela«\—wc(x\)lbn} +P{(M), < bn}<
k2n

<e~tnlar=vNl L P(MY, < bn}, (49)

OTKyZa
Pd sup M— > a b <P{(M), < br} + e="Helabd), (50)
P{ sup | >a b <2P{(M), < bn}+ 2e~"He(abb) (51)

k2n (M)

Tem cambIM fokasaHa
Teopema 7. [Tycmeo svinoanernsr npednoaoxcenus npedoidyweii meo-
pemol. Toeoa 0aa aw0botx a >0, b >0 sunoanenst nepasencmaa (50), (51).
3ameuanne. CpaBHeHue oueHku (51) ¢ oueHKoﬁ (21) u3 § 5 1. IV pas

cayuasi cxeMbl BepHyaau, p= 5 yMp=S,— 3 2 b= NoKa3blBaeT, YTo

Z'C=§v
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npH MaoM € >0 OHU MPUBOAAT K OLHOMY U TOMY Xe pe3yJbTaty:

k
P =P | N P
> S >—(<2e7",
{i;‘: (M),,l 5} el 7
7. 3apauu.

1. Tycrv X =(X,, &#,) — HeoTpuuaTesbHblii cy6MapTiHran u V=
= (Va, Fn—1) — Npelnckasyemas nocaenosarenbHoct ¢ 0V, <V, <C
(P-n. H.), rne C — HekoTopas KoHcTaHTa. [lokasaTb, uTO HMeeT MecTo
caenywollee o6o6uieHre HepaBeHcTBa (1):

eP{ max Viize}+ §  VaXadP<Y EVAK.  (59)

I<ign max ViXi<e j=l1

2. [lokasaTb CnpaBel/IMBOCTb pasnoxcerus Kpuxebepea: Bcskuit map-
TuHran X = (X,, &,) ¢ sup E|X,| < oo MoxeT 6biTb NpecTaBJieH Kak pa3HOCTb
IBYX HeOTpHLATeJbHbIX MAPTHHIAJIOB.

3. Mycts &4, &, ... — NOCJ]eN0BaTENbHOCTb HE3aBUCHMBIX CJIyyaliHbIX Be-

n
JMuuH, Sp =& +... 4+, U Sma= Y &;. JlokasaTb cnpaBeIHBOCTb CJlely-
j=m+1
olero Hepaserncmea Ommasuanu:

P{ max |S/| >2£} <

I<jgn

P{|Sn| > €}
121;2,' P{IS;n.l <e}

W BbIBECTHU U3 Hero, 4UTo

o0 oo
( P{ max |S,~|>2t}dt<2E|Sn|+2 { PUS.>nat.  (53)
0 CIsisn 9E S,

4. Myctb &), &9, ... — NOCNENOBATEJBHOCTL HE3AaBUCHMBIX CyyaHHbIX Be-

Jnund ¢ E¢; =0. Ucnonbays HepaseHcTBO (53), yCTaHOBHTb, UTO AJIst paccMmar-
PHBaeMOro cjlyyasi MMeeT MecTo clieflylolliee ycuieHue HepaseHctsa (10):

ES? <8E|S,|.

5. lokasarb cnpasemuBocTb opmyJnl (16).

6. Iokasatb HepaseHcTso (19).

7. Iycrb o-anre6psl Fy, ..., F, Takosbl, uto FoC F| C... C F, H COObl-
™A Ay € Fp, k=1, ..., n. Ucnonbaya (22), noka3aTtb cnpaBeiHBOCTb CJlely-
lowero #epasencmea Jsopeykoeo: aas Beakoro € >0

P{ 0 Ak} <6+P{ Zn: P(Aklfk—l)>5}-
k=1

k=1
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8. Tlyetb X =(Xp)p>1 — KBaIpaTHUHO HHTErpUpYeMblii MapTHHTal u
(br)n>1 — nonoxuTENbHAA HeyGbIBAIOLAsA NOC/EN0BATENbHOCTb JeACTBUTE b~
Hbix unces. JlokasaTb caenyiouiee xwepasercmeo [aexa—Penou:

P{ max
1<k<n

n
Xy 1 E(AX,)? _ _
bk|>/\}<)\2 ; Y AXp=Xp— Xp—1, Xo=0.

9. Mycrb X = (X,)n>1 — cy6MapTuHran u g(x) — HeoTpHlaTe]bHas BO3-
pacraioluas BuinyKjas KHu3y ¢yHkumus. Torna as BCAKOro NOJIOXKHTENbHOTO ¢
H JeHUCTBUTENbLHOIO X

P{ max X, >x} < E_g_(_t)_(_,,_)
1<k<n g(tx)

B uacrHocTH,

P{ max X > x} <e ¥ Eetn,
I<k<n

10. Tyerb &, &, ... — He3aBHCHMble CllyuaiiHble BeanuMHbl ¢ EE, =0,
n
E¢2=1,n>1. Mycrs r=inf{n>1: 3 &> 0}. Hokasars, yto E7!/2 < co.

i=l1
11. TTyetb & = (€4)n>1 — MapTHHran-pasioctb M 1 < p < 2. [Tokasars, uto

Z &l <c, Z Elg1”,
j=I

rae C, — HeKoTOpas KOHCTaHTa.
12. Myctb X = (X,)n>1 — mapTunran ¢ EX, =0 u EX2 < co= 1. [Nokasatb
(8 06o6uienue 3anaun 5 K § 2 . 1V), uro ans sesikoron > 1 ue>0

E sup

n>1

P{ max X,>e <—Ei
1<k<n S e24EXZ

§ 4. OcHoBHbIE TeOpeMbl 0 CXOAUMOCTH CyOMapTHHraJioB
M MapTHHraJoB

. Chenyounii pesyabrar, SIBJISIOILMACA OCHOBHBIM BO BCell npo6sieMaT-
Ke CXOAMMOCTH CyOMapTHHIaJloB, MOXKHO PacCMaTpHBaTb KaK BEpPOATHOCTHBbIH
aHaJior TOro M3BecTHOro (hakra U3 aHa/iu3a, YTO OrpaHWYeHHasd MOHOTOHHaR
YucJIoBas MOC/IEN0BaTeNbHOCTb UMeeT (KOHeuHblil) npeneJ.
Teopema | (Iy6). [Tycme X = (X, Fn)nx1 — cybmapmunean ¢

sup E|X,| < co. (1)
n

Toeda ¢ seposmnocmero edunuya cyuecmsyem npedes lim X, =Xy u
E|Xoo| < 00.
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Jloxazameabcmego. Tlpeanonoxum, 4to
P{lim X, > lim X,}>0. )
Toraa MOCKOJbKY

{im X, >lim X,}= (J {im X, >b>a > lim X,}
a<b

(a, b — paunoHanbHble YMCaa), TO HARAYTCA Takue a H b, uto
P{lim X, >b>a>lim X,} >0. (3)
TTyctb B,(a, b) — unca0 nepeceueHHit CHU3Y BBEPX M0OC/EN0BATENbHOCTHIO
Xi, ..., X, unTepBana (a, b) n B (a, b) =li,rln Bq(a, b). Cornacho (37) § 3,

E[Xn—a]* _ EX} +|a
< R
b—a b—a

EBq(a, b) <
H, 3HAUUT,

sup EX;f +|a]
Efoo(a, b) =lim EBy(a, b) < ——5—

yTo csieayeT U3 (1) ¥ Toro 3amMeuaHusi, uTo A CyOMapTUHrajoB

< 00,

sup E[X,| <oo & sup EX;} <oo
n n

(nockonbky EX} <E|X,|=2EX} -EX,<2EX}-EX,). Ho ycnosue
EBw(a, b) < 0o npotusopeunt nonyutenuio (3). CJenoBaTesbHO, C BepoAT-
HOCTbIO enuHHUa cyuiecTsyeT lim X, = Xoo, 11 KOTOpOro B CHJIY JieMMbl Paty

E|Xoo| < sup E|X,| <o0. a
n
Caeacteue 1. Ecau X — HenoaoxcumenvHolii cybmapmuneanr, mo ¢
8eposamHocmei0 edunuya cyuecmayem Koxeursil npedea lim X,.

Cnencreue 2. Ecau X =(Xp, Fn)nx>1 — Henonroxmumenovrolls cybmap-
munean, mo nocaedosameavrocmo X = (X,, &F,) ¢ 1 <n< 00, Xoo =lim X,

U Fo =a(9 .?,,) obpasyem (HenosoxcumenvHoll) cyomapmunean.
Lleiicteutensho, no nemme dary
EXoo =E lim X, >Tim EX, > EX, > —o0
H (P-n.n.)
E(Xoo | &m) =E(lim X, | &) >Tim E(X, | Fn) > X

Caencrsue 3. Ecau X =(X,, F,) — HeompuyamenvHoll Mapmunean,
mo ¢ geposmnocmoro edurnuya cyuwecmsyem lim X,.
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B camom nene, Torna

sup E|X,,|—sup EX,=EX; <o

M MpHUMeHUMa TeopeMa 1.
2. Tlyctb &), &2, ... — NOC/ENOBATENbHOCTb HE3aBHCHMbIX c.nyqaﬁublx Be-

aHudH ¢ P{& =0} =P{¢; =2} =1/2. Torna X = (X,, &F) ¢ X _1'[ & F=

=o€, ..., &} ectb maptusran ¢ EX, =1u X, » X,o =0 (P- n H) B T0 e
Bpems ficHo, uto E|X, — Xoo| =1 u, 3nauut, X, / Xo0. Takum o6pasoM, ycnioBue
(1) He o6ecneunpaer, BOOGLLE rOBOPSA, CXOMUMOCTb X, K Xoo B CMbiche L',

[MpusBoauMasi nanee TeopeMa 2 nokKasbiBaeT, UTO ecau npeanosnoxeHue (1)
YCHIHTb [0 MpPelNoNOKeHUs1 paBHOMEPHOI urnmezpupyemocmu cemeiictsa
{Xn} (trorna ycnosue (1) BbinosHeHo cornacHo ceofictsy (16) B n. 5 § 6 . II),
TO Hapsly CO CXOAMMOCTbIO MOUTH HaBepHoe GyIeT HMETb MeCTO M CXOAUMOCTb
B cMbice L.

Teopema 2. [Tycmeo X = (X, £,) — cybmapmurnean, 042 KOMOPO2o ce-
Medcmso\c/zyuaﬁuux seauuun {X,} pasnomeprno unmeepupyemo. Toeda
cyujecmsyem makas cay4ainas geausuna Xoo ¢ E|Xoo| <00, umo npu
n—oo

Xp—Xoo (P-n.n), (4)
Xn 55 X, 5)
Mpu amom nocaedosamensrocmo X =(X,, &), 1<n<o0, ¢ LFoo=
=a(U .9?,1) makace ob6pazyem cybmapmunean.
n

Hoxazameascmso. YrBepxieHue (4) cnenyet u3 TeopeMsl 1, a yrBepxae-
Hue (5) — u3 (4) u Teopemsbt 4 § 6 . 1.
Hanee, ecniu A€ £, um>n, 10

ElslXm — Xoo| =0, m— o0,

U MO3TOMY
lim_ Sx dP = Sx dP.

[TocnenosarenbHoCTh <S Xmd P) siBAsieTcsl HeyOblBalolLleH, M, 3HAYMT,

m2n

§ X, dP < XndP < Xoo dP,
A A A

otkyna X, < E(Xo | &) (P-n.H.) ans Bcex n> 1. O
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Caeacteue. Ecau X =(X,, F,) — cybmapmurnear u 048 HEKOMOPoeo
p>1
sup E|X,|? < o0, (6)
n

mo cyujecmsyem uHmezpupyemas cay4aldnas seauduna X, 049 Komo-
poti soinoanenot (4) u (5).

Jlna noKasaTeNbCcTBA JOCTaTOYHO 3aMETHTb, UTO, coracHo Jemme 3 § 6
ra. 1I, ycnoBue (6) obGecneunBaeT paBHOMepHYIO HHTErpHMpyeMOCTb CeMei-
crBa {Xn}.

3. TlpuseneM Tenepb TeopeMy O CBOWCTBAX Hernpepbui8HOCMU YCIOBHBIX
MaTeMaTHUeCKHX OXKMIAaHHil, KoTopas Gblla OJHMM U3 CaMblX MePBLIX pe3yJib-
TaTOB OTHOCHTEJIbHO CXOOUMOCTH MapTHHIaJIOB.

Teopema 3 (M. JleBn). MTycmo (L, &, P) — sepoamnocmnoe npocm-
pancmso, (F,)n>1 — HeybblBalowee cemeiicmeo o-areebp, FC FC ...
...CZ. Mycmo £ — Hexomopas cay4ainas seauduna ¢ El¢| <oo u Foo =

=a((nJ .?,,). Tozda P-n.H. u 8 cmoicae L!

E¢|#n) ~E(€]F0), n—oo. )

[Mlokasameavcmeo. Tycts X, =E(§|£,), n>1. Torna mna a>0, 6>0

§ eP< § E@¢l|#)aP= § |€laP=

{|Xn|>a} {|Xn|>a} {|Xn|>a}
= §  leer+ §  lgaP<
{1Xa|>a, |€|<b} {1Xa]>a, |€]>0}
b
<OP{IX.|>ab+ § |€laP<CElEl+ § I¢ldP.
{1€]>6} {1g1>b}

[Monaras a — oo, 3aTem b — 0o, nosnyuaem
lim sup S |X,|dP =0,

470 Xl >a)

YTO O3HauaeT paBHOMepHYyIO WHTerpupyeMocth ceMmeiictBa {X,}. Torma, co-
IMacHO TeopeMe 2, CyllecTByeT CJyuaiiHas BeJHUHHA Xoo Takasi, uto X,=
=E(¢|£,) = Xoo (P-n. 1. u B cMbicnie L'). [To3TOMy Hafo JMIUb NOKa3aTb,
uTo

Xoo =E((| F) (P-m. ).
Mycte m>nu A€ £,. Torna
§ XmdP =S X,dP = E¢| &) dP={¢aP.
A A A A
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B cusy pasHoMepHoit HHTerpupyeMocTH ceMeiictsa {X,} u Teopembl 5 § 6 1. 11
El4)Xm — Xoo| = 0, m — 00, H, cllenoBaTenbHO,

{ XeoaP =(¢dP. ®)
A A

DTO paBeHCTBO BHINONHEHO AAs Jw6oro A € £, W, 3HauuT, A J060-
[ 2]
ro Ae |J £, Mockonbky E|Xo| < 00, E|¢] < 00, TO neBas u npaBas yactu

n=1
B (8) mpencTaBAfIOT o-afNUTHBHbIE Mepbl, BO3MOXXHO, MPHHUMAIOUIUE U OT-

o0
pHuaTeJbHble 3HAuUeHHs, HO KOHeuHble W coBMajaiouMe Ha aarebpe |J &,.
n=1
B cuny envHCTBeHHOCTH MpPONOJXKEHUS O-aJMTHUBHOM Mepbl ¢ anareGpul Ha
HauMeHblLylo o-anre6py, ee comepalyio (teopema Kapareonopu, § 3 ra. 1I)
paseHcTBO (9) ocTaeTcs cnpaBelMBLIM U 1 MHOXKecTB A € oo = (| £n).
Hrak,

( XodP=(¢dP=(E¢|F0)dP, AcF. 9
A A A

Bennuiinbl Xoo ¥ E(€| Foo) aBAAIOTCA Foo-H3MEPHMBIMHU, NOITOMY B CHJTY
ceoiictea I n. 3 § 6 run. Il u3 (9) caenyer, uro Xoo =E(¢| Fo) (P-n.1.). O

Caencreue. Cmoxacmuueckasn nocaedosamenstocme X =(X,, &,) 26-
AREeMCS PABHOMEPHO UHME2PUPYEMBIM MADMUHEANOM MO020a U MOALKO
moeda, koeda cywecmsyem cayuatinan seauuuna ¢ ¢ E|¢| <oco makas,
umo X, =E(¢|&F,) Ora scex n>1 (m. e. X ecme mapmunean Jlesu). lpu
amom X, — E(&| Foo) (P-n.n. u 6 cmoicae L) npu n— co.

HeiicteutensHo, ecan X = (X,, &#,) — paBHOMEpHO HHTerpuUpyeMblii Map-
THHraJ1, TO Mo TeopeMe 2 HailleTCs TaKasi MHTErpUpyeMas c/ydaiiHas BeIMYHHa
Xoo, 4T0 Xy — Xoo (P-n. H. U B cMbichie L!) u k ToMy xe X, =E(Xoo | Zn).
Tak uto B KauecTBe csyuaiiHON BeqUUHHbI & MOXHO B35Tb (Foo -H3MEPHUMYIO)
BeJNUUHHY Xoo.

OGpaTHoe yTBepxKieHHe ClleflyeT U3 TeopeMbl 3.

4. OcraHOBUMCS Ha HEKOTOPbIX MPHUMEHEHHAX JOKa3aHHBIX TeopeM.

Mpumep 1. 3akon «Hysn uau edunuyei». Tlyctb &y, &, ... — nocne-
JOBaTENIbHOCTb HE3aBHCHMbIX CJydaiHbIX BeMMunH, Fs =o€y, ..., &), X —
o-anre6pa «XBOCTOBbIX» cOObITHI U A € Z'. I3 Teopemsl 3

E(/a|F5) - EUal FE) =14 (P-n.n.).

Ho I4 v (&1, ..., &) He3aBucumbl. [Tostomy E(/4| Z5)=El, w, 3nauur,
(P-n.H.) 4 =El,, otkyna P(A)=0 uau P(A) = 1.

Chenyiouiye fga npuMepa WIOCTPHUPYIOT BO3MOXKHOCTH NpUMeHeHH!s! npH-
BelleHHbIX Bbillle TEOPEM O CXOAMMOCTH B MAMEMAMUUECKOM AHAAU3E.
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Npumep 2. Ecan f = f(x) — dynkums Ha [0, 1), ynosnersopsiowas ycJo-
puio JIMNILIKLA, TO OHA aGCOJIIOTHO HempepbiBHA U, KaK W3BECTHO U3 aHaJn3a,
Halinercsl Takas uHterpupyemas (no Jlebery) pyHkuua g= g(x), uto

fx) - f0) =S g(y) dy. (10)
0

(B aTOM CMbIC/Ie g(X) ecTb «mpou3BoiHasn» f(x).)
[MokaxeM, KaK 3TOT pe3yJibTaT MOXeT GbiTb MoJyueH U3 teopeMsbl 1. Ilyctb
0=[0, 1), F=2([0, 1)) u P — mepa Jle6era. [Tonoxum

2"
L=Y il cx< k]
k=1

Fo=0a{&, ..., &} =0{&n}, n nycTb

X, = [(€n+27") — f(€n)
n= 9—n .
[TockonbKy npu 3aaHHOM 3HauyeHuM &, caydadHas BeJMUMHA &, | NMPUHHMAaeET

JMILb JIBa 3HaueHus &, H &, + 2~ "1 ¢ ycnoBHBIMM BEPOATHOCTAMH, PaBHBIMH
1/2, T0

E[)(n+l |9n] =E[)(n+l |fn] =2"+'E[f(§n+l +2_(n+l)) - f(§n+l)|§n] =
=2 L ([0 +270) = €]+ 3[[€a+27") = figa +27" )] } =
=2{([(En +27") — [} =X

Orciona caenyer, uto X = (X,,, &,) eCTb MapTHHIraJ1, IpHYeM PaBHOMEPHO HHTe-
TpHpyeMblii B cuay Toro, uto |X,| <L, rae L — koHcTaHTa B yeaoBuu JInniuuua:
|f(x) = f(y)| < L|x — y|. 3amerum, uto F =2B([0, 1))=0(J F,). [Tostomy,
COrJIaCHO CJIEACTBHIO K TeopeMe 3, Haiijercsl Takas & -u3MepuMas yHKUHA
g=g(x),utro X,— g (P-n.n.) u

X.=E[g|Z). (11)
Bosbmem MHoxectso B = [0, £/2"]. Torna u3 (11)

k/2 k/2"
Hz)-fO)=§ Xpdx=§ gax,
0 0

H B CHJITY NPOM3BOJILHOCTH 1 M k oTclofa noJyyaeM tpeGyemoe paseHctso (10).

Mpumep 3. IMycrs Q=(0, 1), £ =2B([0, 1)) u P — mepa JleGera. Pac-
CMoTpuM cucteMy ¢ynkuuii Xaapa {H,(x)},>1, onpeleneHHbix B npumepe 3
§ 11 ra. 1. Monoxum &, =0{H,, ..., Hy} u 3ametum, uto o(J £,)=F. U3
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CBOHCTB YCJIOBHBIX MaTeMaTH4eCKHX OXKHIAHHA M CTPYKTypol dyHkuuit Xaapa
HEeTPYIHO BLIBECTH, UTO A5 Ji06o# GopesieBCKON GyHKuMH f € L

E[f(x)|#a] =) arHe(x) (P-n.n), (12)
=1

roe
1
ar=(f, He) = f(x)He(x) dx.
0

HHaue rosopsi, ycioBHoe MaTemaTuueckoe oxkuaanue E[ f(x) | #,] ectb yactiu-
Hasa cymma Pypoe npu pasnoxkeHuu cdyHkuuu f(x) no cucreme Xaapa. Torna,
npumeHsis Teopemy 3 k Maptusrany (E(f|%,), £,), Haxomum, uTo Npu 1 — 0o

> (F, HHe(x) = f(x)  (P-n.n.)

k=1

1 n
§1)° (7. HOHR(x) - ()| dx —0.
0 | k=1

Mpumep 4. Tlyctb (€,)n>1 — NOCTENOBATENBHOCTD CJY4aMHBIX BEJUYHH.
CornacHo TeopeMe 2 u3 § 10 ra. 11, cxomuMocts P-n. H. psna 3 &, Bieder 3a
co60i1 ero CXoAMMOCTb NO BEPOATHOCTH M NO pacnpeneneHnto. OkasbiBaercs,
YTO eCcJIU CiyyaiiHble BeJHUUHbI £, &2, ... HE3aBUCHMBI, TO BEPHO U 06paTHOE:
CXOIMMOCTb pAna Y &, U3 He3aBUCHMBIX CJIY4aiiHbIX BeJIMUMH N0 pacnpenese-
HHIO BJIEYET ero CXOAUMOCTb MO BEPOSITHOCTH M C BEPOATHOCTHIO eMHHLA.

Jloka3aTenbCTBO 3TOrO CBOHCTBA MOXKET GbiTb MOJYYeHO CJefylouum o6-

pasom. Tyctb S, =& +...+&n n>1, u S, 5 S. Torna EeifSh — Eei*S pns
KaXK0ro eficTBUTebHOrO £. SIcHo, uTo cyuecTsyer Takoe § > 0, uto |[Ee*S|>0
ns Beex |¢| < 6. BosbMeM HekoTopoe fy Takoe, uto |fo| < 4. Torna cyiuectsy-
eT Takxke Takoe no=rny(tp), uto |EeiS"|>c¢ >0 ana scex n>ng, rae ¢ —
HeKoTopasi KOHCTaHTa.

OGpasyem mis n > ng nocnefosarenbHocts X = (X,, &,) ¢

eitos,,
X"=E_eito_sn’ .?,,:0'{51,...,{,,}.
[TockonbKy BennunHbl &), €2, ... NpelnoJaraloTcs He3aBUCUMLIMH, TO MocJie-

nosateabHocTb X = (X,, &,) — MapTuHran ¢
sup E|X,| <c™! < o0.

n2ng
Torna u3 Teopembl 1 ciiefyer, uTo ¢ BepOSITHOCTbIO €NMHULA Mpenes Ii'gn Xn
cyulecTByeT U KoHeueH. [ToaTomy npenen lim e/0Sn Takxke cylecTsyer ¢ Bepo-
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ATHOCTbIO eHHULA. TeM caMbiM MOXKHO YTBepXK/aTh, UTo Haiizercs Takoe 6 > 0,
yTo A7 Kaxuoro ¢ u3 MHoxectBa T ={¢: |¢| < 8} npenen li,rln eiSn cymecrayer
¢ BEPOAITHOCTBIO eIMHULA. _

Mycts T xQ={(f,w): t €T, w €N}, B(T) — o-anre6pa Ne6GeroBCKHX MHO-
sects Ha T u A\ — mepa Jle6era na (T, B(T)). Tyctb Takxke

C= {(t, w)€T xQ: lim eitSn(@) cymecmye'r}.

Slcho, uto C€ B(T) @ &F.

Boie 6b10 nokasaHo, uto P(Cy)=1 ans kaxporo {€T, rne Ci=
={w €N: (¢, w) € C} — ceuenne mHoxectBa C B TouKe {. [To Teopeme PyGunu
(reopema 8 § 6 ra. 1I)

§ lclt, wydrx P)=§ (S Ie(t, w)dP) dr={P(C/)dA=X\T)=25>0.
TxQ T \Q T

C npyroit cTopoHbl, cHoBa no Teopeme PyGunu

AD= § lelt, w)dAxP)=§ dP(S Ie(t, w)dA) ={ AC.)aP,
TxQ Q T Q
rne C, ={t: (¢, w) € C}.
Otciofa BhiTeKaeT, uTo cylecTyeT MHoxectso §! ¢ P({2) =1 Takoe, uTo
MC.)=XMT)=26 >0 s Bcex w € ).
CrienoBaTelbHO, MOMKHO YTBEpXAaTb, 4To AiA Kaxaoro w €l npenen
lim eitSn@) cymectsyer ans Beex ¢ € C,,; npHueM mepa JleGera mMHoxecTsa C,

nonoxurenbHa. OTciona ¥ U3 3agaud 8 caenyer, uto mpenen Ii;n Sp(w) cyute-

cTBYeT U KoHeueH ais w € €. [Tockoabky P(§)) =1, 1o lim S, (w) cywectsyer
H KOHeueH C BepOsTHOCTbIO eMHHLA. "

5. 3apaun.

1. Mycrs {¥,} — Heso3pacmaiowee cemeiictBo o-anrebp, 4 2% 2 ...,
Yoo =) ¥, v n— HeKOTOpas MHTErpupyemasi ciaydaiHas BeaHuMHa. J[loka3aTb
CNpaBeIMBOCTDb CJEAYIOLIero aHajaora TeopeMbl 3: NpH 71— 00

E(n|¥4,) —E®|%s) (P-n.u.uB cmbicre L').

2. Tyets &, &9, ... — MOCNENOBATENLHOCTb HE3ABUCHUMBIX OJJMHAKOBO pac-
NpesiesieHHbIX caydaiHbix Beauuul ¢ E|§| <ocon E&§y=m, Sp =& +... +&n.
lNokasas (cm. 3apauy 2 § 7 . 1), uto

Sn

E€11Sn, Sngr, ... )=E(&[Sa) ==~ (P-n.n),
BbIBECTH U3 Pe3y/IbTaTa 3aiaui | yCuenHblil 3aKOH GOJIbILHMX YHCEJI: IPH 11— 00
Sn

— —m (P-n.H. u B cMbicne L').
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3. Joka3aTb CnpaBeAJIHBOCTb CJeAyIOWIero pesy/brata, COEIHHSIOLIEro
B ceGe TeopeMy JleGera o Maxopupyemoil cxoaumoctd u Teopemy I1. Jlesu,
IMyctsb (£2)n>1 — NOCNENOBATENLHOCTD CJyYafHbIX BEJHYMH TaKuX, uto &, — &
(P-n.1.), |€a| <7, En< oo 1 (Fm)mx1 — HeyGbiBalOLLee CeMeACTBO o-are6p,
Foo=0(J &m). Torna (P-n.u.)

im_ (€| Fn) =E(€] Feo).
4. Jlokasatb crnpasegauBocTb dopmy.bl (12).
5. Myers 2=[0, 1), £F=2([0, 1)), P — mepa Jle6era u = f(x)eL!.
[Tonoxum
(k+1)27"
fh)=2" §  fl)dy, k2T"<x<(k+127".
k2-n
[Nokasarb, uto f,(x) — f(x) (P-n.n.).
6. Mycts Q=[0, 1), £ =2([0, 1)), P — mepa Jle6era u f= f(x)eL!.
[Mponomxum 3Ty pyHKuMIO nepuoauueckH Ha [0, 2) u nonoxum

2"
fa(x) =" 27" f(x +i27").

i=]
[Tokasatb, uto
fa(x)—= f(x) (P-n.H.).
7. HokasaTtb, uto TeopeMa | coxpaHsieT CBOIO CHIY st 0606LEHHBIX CY6-
maptuiranos X = (X,, &,), 17 KOTOPbIX

inf sup E(X}|&Fm)<oo (P-n.n.).

nzm

8. TycTb (an)n>1 — HeKOTOpAs MOC/IENOBATENLHOCTL YUCEJ TaKas, uTo As
BCeX JefiCTBUTENbHbLIX £ ¢ |¢| <4, 6 >0, npenen li;n e cymectayer. Jlokasatb,

4YTO TOoraa CyuieCTByeT H KOHeY€H ll}l'l'l a,.

9. [ycts F =F(x), x €R, ecTb pyHKuus pacnpeznenenus, a € (0, 1). Tpen-
NoJIOXHM, uTo cyuiectsyer 8 € R takoe, uto F(6) = a. O6pasyem («npouenypa

Po6unca—MoHpo») nocnenosarenbHocTs X, Xo, ... Tak, 4To
-1
Xn+l =X,—n"(Yn— a)»
rie Yy, Yo, ... — cayuaiiHbie BeJHUHHBI TaKHe, UTO

F(X,), ecmn y=1,
1 - F(X,), ecauy=0.

Iloka3aTb c/efylolHi pe3yJibTaT TeOpPUH «CTOXacTHYeCKO# anmnpokcuMa-
wn»: E|[X, — 02— 0, n— oo.

P(Yn=y|X|, ceey Xn; Y], ooy Yn—l)={
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10. IMycTb X = (X, &r)n>1 — cy6MapTuHran takoi, uto E (X, /(T < 00)) # 0o
2151 KaXKI0T0O MOMeHTa 0cTaHOBKH 7. [TokasaTb, UTO ¢ BepPOATHOCTbIO eIMHHLA
cyLLecTBYeT npeznes li'l;n Xa.

(o o)
11. Tlycts X = (X, Fn)n>1 €CTb MapTHHTAN, Foo =a( U .9?,,) . Hoka3sars,

n=1
yTO ecjM MOCJ/eNoBaTeNbHOCTb (Xp)n>1 PaBHOMEpPHO MHTErpHpyema, TO fpe-
aed X°°=li'§n X, cywectsyer (P-m. H.) H «3aMKHyTasi» NOCJ/e10BaTeNbHOCTD

X = (Xn, &Fn)igngoo ABIAAETCA MAPTHHIAIOM.
12. Bynem npexnonararb, uto X = (X,, &p)n>1 €CTb CyOMapTHHIaN, U MyCTb

[o o]
Foo =a( U .?,,). Ilokasatb, yTo ecau nocaenoatenbHocTs (X})y>1 paBHo-
n=1
MepHO HHTerpupyeMa, To npesed Xoo =lim X, cymecrsyer (P-n. H.) u «3aMkHy-
n

Tas» nocjenosarelbHocTb X = (X,, &n)igngoo ABAAETCA CYOMAaPTUHTAJIOM.

§ 5. O MHOXeCTBaxX CX0JMMOCTH CyOMapTHHrajaoB
M MapTHHraJoB

1. Tycrs X =(X,, &,) — cToXacTHYecKasi nocJjefoBaTeJbHOCTb. Bynem
o6oaHauaTb yepes {X, —} uan {—oo <lim X, < 0o} MHOXeCTBO TeX 3/eMeHTap-
HbIX HCXOJIOB, V151 KOTOpLIX lim X, cywyecmsyem v Koxeuern. Bynem rooputb
takxe, uto AC B (P-n.u.), ecin P(/y </g)=1.

Ecan X — cy6maprudran u sup E|X,| <oo (uaH, 4TO 3KBHBaJEHTHO,
sup EX;} < 00), T0 B cootBeTcTBHH ¢ TeopeMoit 1 § 4

X, -»}=2 (P-n.u) tre {X,-A}=0.

PaccMoTpHM BONpOC 0 CTPYKType MHOXXECTB CXOIHMOCTH {X, — } ana cy6-
MapTHHra/0B B cJlyyae HapylueHus ycaoBHs sup E|X,| < oo.

Myctb a>0u 7, =inf{n>1: X, >a} c r,=00, ecin {-}=2.

Onpenenenne. CroxacTuyeckas nocienosarenbHocts X = (X,, &#,) npu-
Hamiexur kaaccy C* (X € C*), ecan ans moGoro a >0

E(AX,,)* I{r, < 00} < 00, ()

rae AX, =X, — X,—1, Xo=0.
OuesupHo, uto X € Ct, ecan

E sup |AX,| <0 2
n

HIH, TeM GoJiee, ecan (P-n. H.) ansa Bcex n2> 1
|AX,| < C < oo. 3)
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Teopema 1. Ecau cy6mapmunear X € C*, mo (P-n. n.)
{sup X» <oo}={X,—1}. (4)

Hokazameavcmso. Bkaiouenne {X, —}C {sup X, <oo} oueBumHo. Has
IOKa3aTe/bCTBa OGPaTHOTO BKJIOYEHHS] PpacCMOTPHM «OCTAHOBJIEHHBIA» CY6-
mapturan X™ = (X, nn, &,). Torna B cuny (1)

sup EX}F,, <a+E[X}I{r, <oo}] <2a+ E[(AX,,) Y {rs <oo}] <00, (5)
n

M, 3HauuTt, no teopeme 1 u3 § 4 (P-n.n.)
{Ta =OO} g {Xn - }.
Ho | {ra =00}={sup X, < 0o}, noaromy {sup X, <oo}C{X,—}(P-n.x.). O

a>0
CaenctBue. [Tycmo X — mapmunean ¢ E sup |AX,| <oo. Toeda

{X, = }U{lim X, = —oo0, lim X, =+00}=Q (P-n.#.). (6)
B camowm nene, npumensisi Teopemy 1 K X u —X, HaxonuM, urto (P-n. H.)
{lim X,, < 0o} = {sup X, < oo} ={X, —},
{lim X, > —oo} = {inf X, > —o0}={X, —}.
[Noatomy (P-n.H.)
{lim X, < co}U{lim X, > —co}={X, =},

4TO M JOKasbiBaeT (6).

Yreepxnenue (6) o3Hauaer, uyTo MOUYTH BCe TPAEKTOPHM MapTHHraia X,
ynossietsopsiolero ycaosuio E sup |AX,| < oo, TakoBbl, 4TO WK LIS HHX CY-
ILeCTBYeT KOHeUHbIH MpejeJs, WK XKe OHH YCTPOeHbl «MJI0X0» B TOM CMbICJe,
yro Aas HUX lim X, = +oo, lim X, = —oo.

2. Ecau &, &, ... — nocjieoBaTeIbHOCTb HE3aBHCHMBIX CJIyyaiHbIX Be-
anunn ¢ E¢ =0 u |&| < ¢ < oo, T0, cornacho Teopeme 1 § 2 r. IV, pan Y &
cxomutes (P-n. H.) Torma W ToabKoO TorAa, koraa . E€? < co. IMocnenosate-
JILHOCTD

X=Xn, En) c Xu=&+...4+&, Fo=0l&), ..., &}

€CTb KBa[PaTHYHO HHTErpHpyeMblit MapTunran ¢ (X), = i E¢?, u chopmyau-
POBAHHOMY YTBEPXKIEHHIO MOXHO MPHIATb TaKYIO (bOpM;:l

{(X)o <0}={Xr —=}=Q (P-n.n),
rae (X)oo = lim(X)n.
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[puBoiuMble Najiee yTBepxKAeHHA 000OLIAIOT 3TOT pe3y.bTaT Ha ciyuaii
Gosiee OGLLMX MapTHHraJoB H CyOMapTHHIaJoB.
Teopema 2. [Tycmo X =(X,, &n) — cybmapmunear u

Xo=m,+ A,

— e20 pasaoxcerue [Jyba.
a) Ecau X — neompuyamenonoii cybmapmurean, mo

{Aco <00} C{Xp —}C{sup X, <00} (P-n.n.). (7
b) Ecau X € Ct, mo
{Xp— }={sup X, <00} C{Ac <00} (P-n.n.). (8)

¢) Ecau X — neompuyamenonoiii cy6mapmunear u X € C*, mo
{Xo—}={sup X, <00} ={Aeo <00} (P-n.n.). 9

Hokasameascmso. a) Bropoe BkjioueHue B (7) oueBupHo. as nokasa-
TeJIbCTBa MepBOro BKJIOYEHHs! BBEleM MOMEHTbI

o=inf{n>1: App1>4a), a>0,
nonarasi o, =+00, ecau {-}=@. Torna A,, <a u B cuny cneactsus | k
TeopeMe 1 § 2
EXnno. =EAnne, <a.
Mycts Y2 =Xya0,, TOrRa Y= (Y2, F,) — cyéMaptuuran c sup EYJ <a<oo
H B CHJIy ero HeoTpUuaTeJbHOCTH U3 Teopemsl | § 4 cnenyer, uto (P-n. H.)
{Ax <a}={og =00} C{X, —}.
[Toatomy (P-n. u.)
{Aoo <00} = {Acc <@} C{Xn -},
a>0

b) IMepsoe pasencto cienyer u3 TeopeMbl 1. UTo6bl n0Ka3aThb BTOPOE,
3aMeTHM, 4TO, COrNAcHO (5),

EAran=EX a0 SEX;r, <20+ E[(AXy,) T Hra < 00}]
H, 3HauuT,
EAy, =E lim Ar,an < 00.

Mostomy {r, =00} C {Aco <0} H TpeGyeMoe yTBepXKIeHHe ClelyeT H3 TOrO,

uro |J {7, = oo} ={sup X, < oo}.
a>0
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c) DTo yTBepXeHHe eCTb HeMocpelNCTBeHHOe Cle[CTBHe YTBepXKIeHHH a)
ub). O
3ameuaHue. YcsoBHe HEOTPHUATENLHOCTH X MOXHO 3aMeHHTb YCJOBHeM
sup EX,; <oo.
n

Caencreue 1. [Mycmo X, =&, +...+&,, e0e & >0, E¢; < o0, & — Fi-us-
mepumor u Fy={2, Q}. Toeda (P-n. 1.)

{Z E(fnl-?n—l)<°°}.c..{xn—’}' (10)

n=1

u ecau k momy e E sup &, <oo, mo (P-n.n.)
n

{Z E(&nlyn-l)<0°}={xn—’}~ (11

n=1

Caencreue 2 (nemma Bopeas—Kanrteanu—Jlesn). Ecau coboimus
B, € &,, mo, noaacas 8 (11) &, =1g,, noaywaen, umo (P-n.n.)

{Z P(Bn|9n_.)<oo}={z IBn<oo}. (12)
n=1

n=1

3. Teopema 3. lTycmo M =(Mp, Fp)n>1 — K8aOpPAMULHO uRMe2pupye-
moui mapmuneaa. Toeda (P-n. n.)

{{M)oo <00} C{M,—}. (13)
Ecau k momy xce E sup |AM,|? < oo, mo (P-n.n.)
{{M)oo <00} ={M,—}, (14)
ede
(Moo= E((AMn)?| Fno1) (15)

n=1

¢ Mo=0, Fo=1{2, Q).
Jlokazameabcmsgo. PaccMoTpuM nsa cy6Maptuirana M2 = (M2, &,) u
M+ 1)2=((M, + 1)2, &,). Torna B ux pasnoxenusx [ly6a

Mi=my+ A,  (Mp+1YP=my +A}
BesHuMHbl A}, 0 A)] COBNaaloT, NOCKOMbKY

n
Ay=)_ E(AME| i)
k=1
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n n
A=Y E(AMe+ 12| Fr-1) =) E(AME| F-y).
k=1 k=1

[Tostomy u3 (7) (P-n.H.)
{{iM)oo <00} ={A.. <00} C{M2 s}N{(Mp +1)2 =} ={M,—}.

B cuay (9) a1 mokasareabcrsa (14) 1ocTaTouHO NpOBEPHTH, UTO YCJOBHE
E sup |AM,|? < 0o oGecneunsaer npuHamLIexHoCTb cy6MapTuirana M2 knac-
cy Ct.
Mycts 7, =inf{n > 1: M2 > a}, a > 0. Torxa Ha MHOXecTBe {7, < 00}
IAME,,I = IMg'n - Mg‘a—l | < 'M"'a - M‘rn-l '2 + 2|M7'a—l| : 'MTa - M‘ra"l' <
<(AM,,)? +24'21AM,,|,

OTKyZa

E|AM2 | I{r, < 00} < E(AM,,)2l{r, < 00} + 2a"2VE(AM,)2 {7s < 00} €
< E sup |AM,|2 +2a'2VE sup |AM,|? <co. O

B KauecTBe HAJIOCTPALIHH 3TOi TeOPEMbl NIPHBENIEM CJIENYIOLUiA Pe3yJLTaT,
KOTOPbIil MOXKHO paccMaTpHBaTh Kak cBoeoGpasHylo (opMy ycurewnozo 3a-
KOHa 6oAbuiux 4ucea Jis KBafipaTHUHO MHTErpHpYyeMblX MapTHHranoB (cp. ¢
Teopemoii 2 B § 3 r1. IV u co crencreuem 2 B 0. 3 § 3).

Teopema 4. [Tycme M= (M,, F,) — ksadpamuuno urnmezpupyemoti
mapmunean u A= (A,, Fn—1) — npedckasyemas 603pacmanuw,as nocie-
dosamenvrnocmo ¢ Ay =1, Aeo =00 (P-n. 1.).

Ecau (P-n.u.)
0 Y 2
Z E[(AM1)2|$—11 <00, (16)
A
i=l i
mo ¢ 8epoAMHOCMbI0 e0uHUYa
M —0, n-—-oo. (17)
An

B wacmuocmu, ecau (M) =((M),, F,.—1) ecmo ksadpamuueckas xapax-
mepucmuxa K8adpamu4Ho unmezpupyemoeo mapmuneara M=M,, £,)
U (M)oo =00 (P-n.H.), mo ¢ Bepoamnocmoto eduruya

Mn

W-)—;—-»Q n—oo. (18)
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Hokaszameabcmso. PaccMOTPHM KBagpaTHUHO HHTErPUPYEMbIit MAPTHHTan

m=(m,, &, c
-z AM

i=l1

Torna n )
(M= E[(AM%L%_]L (19
[TockonbKy - l
Mn _ kz::l Al
A~ An

M
T0, corJjiacHo neMMe Kponekepa (§ 3 ra. 1V), — — 0 (P-n. 1.), ecau ¢ Bepo-
ATHOCTBIO eIMHHLA CYILleCTBYeT KOHeYHbIH npeue.n lim m,. B cuny (13)

{(m)oo <00} C{m,—}, (20)

nostomy u3 (19) cnenyer, uro ycnosue (16) nocraTouno aas suinosHenus (17).
Hakoney, ecain A, = (M),, To ycaosue (16) BbinosiHseTC aBTOMaTHYECKH
(sapmaua 6). (]
MNMpumep. PaccMoTpuM nocsienoBaTe/bHOCTb HE3aBUCHMbIX C/IYUaiHbIX Be-
anuuH £, &9, ... ¢ E§ =0, D¢ =D; >0, u nycts nocienosarensHocts X =
= (Xn)n>0 onpenensercs U3 peKyppeHTHbLIX YpaBHeHHH

Xn+1=0Xy +&nt1, 21

rae Xo He 3aBucHT oT &), &2, ..., @  — HeusBecTHbII Nnapamerp, —oo < 8 < oo.
Bynem untepnpernpoBaTh X, Kak pe3yjbTaT HaGJloIeHHs B MOMEHT Bpe-
MeHH 71 M MOCTaBMM 3ajauy OLEHKH Heu3BeCTHOro napamerpa 6. BosbMmem B

KauecTBe oueHKH 6 no pesyiabratam Xy, X, ..., X, BeaHUHHY
n=l XpXey
D,
A k=0 k+1
bp=—""—35—, (22)
n—1 X
=0 Dr+1

noJiaras ee paBHOW HYJIIO, ec/id 3HaMeHaTesb o6paulaercs B Hy/b. (BeanunHa
6, ecTb oueHKa, NoJyueHHas N0 MemoOy HAUMEHbUUX KBAOPamos.)
U3 (21) u (22) sacHo, uto
6, =0
n + An

rue
n—1

_ Xp€rt1
Mn_g) Dy’ M)”_Z Dk+|
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[To3TOMY, €CJIH UCTUHHOE 3HaYeHHe HeH3BeCTHOro napamerpa eCcTb 6, To

P{6, —0}=1 23)
TOra M TOJIbKO TOrAa, Koraa (P-n. H.)
Mn
A, -0, n-—-oo. (24)
[ToKaxeM, YTO yCJIOBHA
+1 &
sup B < 00, ZE( "Al)—oo (25)

nocTatoudbl aas (24) u, cienosaTenbHo, noctatoulbl s (23). Mimeem
— (& = £ o (X —0X,1)?
Zl(on"')gz D,,”Z D, S
n= n=

(¢S] oo 2

D
_n_ n n+1 2
[Z Dt 2_: D, l 2[sup BE + 6] (Moo

n=1

TeM cambiM

{i (g_g A 1) =oo} C{{M)oo =00}.

n=1
I[To Teopeme 0 «Tpex psimax» (teopema 3 B § 2 ri. 1V) pacxonumocrb pa-
na Z E(B-/\ ) oGecneunBaer pacxogumoctb (P-n. H.) pana Z ( & A l)
n n

[Tostromy P{{M)o, =00} =1 u TpeGyemoe cooTHolleHHe (24) c.nenyeT Herno-
CPeNCTBEHHO M3 MOCJENHEro YTBepXKAeHUsi TeopeMbl 4.

Ouenku 0, n> 1, obaanaiolme cBoiicTeoM (23), Ha3LIBAIOT CUALHO CO-
cmoamensHoimu (Cp. ¢ NOHATHEM cocTOATeNbHOCTH B § 7 1. ).

B n. 5 caenyiouero naparpaga 6ynetT NpoloJ’)KeHO pacCMOTpeHHe 3TOro
NpuMepa Aasl cayuas eaycco8ckoil nocnenosateqbHocTd &y, &, ...

Teopema 5. Tycmo X =(X,, F,) — cybmapmuneaa,

Xo=mu,+ A,
— eeo pasnroxenue [yba. Ecau |AXy| < C, mo (P-n.x.)
{(m)oo + Aco <00} ={Xr—}, (26)
Uau, umo mo e,

{i E[AX,,+(AX,,)2|.9,,_|]<oo} ={X,—}. (27)

n=1
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Jokazameavcmso. TlockosibKy

An=) E(AXe)| Fr-1), (28)
k=1
Ma=Y [AXe—E(AXe| Fe1)], (29)

k=1

TO B cuay npexanoJioxenus |AXy| < C maprudran m=(m,, &,) asasercs Ksaj-
paTHyHO WHTerpupyembiM ¢ |Am,| < 2C. Torma u3 (13)

{{m)oo + Aco <00} C{Xn —} (30)
u, corjacHo (8),
{X, —}C{Ax < o0}

[Tostomy u3 (14) u (30)

Xo =} ={Xn = }N{Ac <0} ={X;, = }N{Ae <co}N{m, —}=
={X, = }N{Ax < oo} N{(M)oo < o0} =
={Xn“’}n{Aoo+(m)oo<°°}={Aoo+(m)oo<°°}-

HakoHew, skBuBasieHTHOCTb yTBepXKaeHH# (26) u (27) caenyer u3 Toro, 4to
B cuay (29)

(myn="_ {E[(AXe)?| Fr=1] — [E(AXe| Fr-1)]%}

o0
W H3 cxomuMocTH paga y ., E(AX,|ZFr-)), cocTosiero U3 HeOTpHUATEbHbIX
k=1

(o]
uJIeHOB, clielyeT cXonumMocTb pana Y. [E(AXx|Ze-1)]?. O
k=1

4. Teopema KosnmoropoBa o «Tpex psimax» (teopeMma 3 § 2 ra. 1V) nmaer
Heo6X0I1UMO€e M JIOCTAaTOUHOE YCJIOBHE CXOAHMOCTH C BEPOATHOCTHIO €IUHMLA
psana Y £,, COCTOSILErO H3 HE3ABUCUMbLX CyYalHbIX BeauyuH. B Hixecne-
Hyiouleil TeopeMe 6, I0Ka3aTeJbCTBO KOTOPOH OCHOBAHO Ha Teopemax 2 W 3,
JaeTcs ONMcaHHe MHOXKECTBA CXOAUMOCTH psna Y &, 6e3 npednosoxcenus o
Hesasucumocmu cnydalHblx BeauuuH &), &, ...

Teopema 6. [Tycmo €= (&, Fn)n>1 — cMoxacmuueckas nocaedosa-
meavrocme, Fo={, Q} u ¢ — noroxumersnas koncmanwma. Paod Y &,
cxo0umca Ha MHoxcecmeae A, HA KOMOPOM 0OHOBPEMEHHO CXOOAMCA MPU
paoda

> Pléal>c|Faot), Y EEEIFanr), D DE|Fany),
20e £ =£,1(1€] < ©).
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n
Jloxasameavcmso. Tlycte X, =Y &. Ilockoabky (Ha MHOXecTBe A)
k=1
cxonutest pan Y. P(|&,] > ¢ | Fa-1), T0 N0 crencTBUiO 2 K TeopeMe 2 U B CUAY
cxonumocth paga Y E(£5| F,-1) umeem

An{X,,—»}=An{Z Ek1(|§k|<c)—*}=

k=1

=An{z lsk/ufkl<c)—E(Eklafusc)ifk_,)]—»}. (31)

k=1

Myets e =& —E(&5 | Fr—1) n Vo= Z ne. Torna Y =(Y,, &#,) —KBagpatuuHo

MHTErpUpyeMblil MapTHHran ¢ |ng| < 2c 1o Teopeme 3

AC{Y DEIFr-1) <00} ={(F oo <00} ={¥a =}
MMostomy u3 (31) cnenyer, uro

ANn{X,—}=A

H, 3nauut, A C{X, —}. O
5. 3apaumu.
1. Toka3saTb, uro ecnu cy6Maptunran X = (X,, &#,) yLoBJeTBOpSAET YCJI0-
Buto E sup |X,| < oo, To oH npuHamiexur knaccy Ct.

n
2. [oka3zatb, yto TeopeMbl | U 2 ocTaloTes cnpaBenMBbIMH /1 06061IEH-
HbIX CyOMapTHHraJoB.
3. IMoka3atb, uTo A5 06061ILEHHbIX cy6MapTHHranoB (P-n. H.) HMeeT MecTo
BKJIIOUeHUe

{igf sup E(X,Tl.?m)<oo}g{x,,—-+}.

4. Ioka3saTb, yTO CleACTBHe K TeopeMe | ocTaeTcsi BepHbIM H LU 0606-
LeHHbIX MapTHHIaJIoB.

5. [Tokasatb, uTo BCAKHI 0606LIeHHbIN cy6MapTHHras kiaacca C+ asaserca
JIOKaJIbHBLIM CyOMapTHHIAJIOM.

6. Ilyctb a, >0,n21,n b,,—kz ay. Tlokasatb, 40 nzl 3] < 0.
7. Tycetb &, &), &2, ... — MOC/NENOBATENLHOCTb PABHOMEPHO OrPaHHUEH-
HBIX chyvaiiHbix BeauuuH: |£,|<c¢, n< 1. Tlokasate, uto psmpl », & H
n>0

g E(&, &, ..., &n—1) cxopsaTcs unu pacxomates (P-n. H.) onHoBpeMeHHO.
n>1
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§ 6. AGcontoTHasi HeNpPepPbIBHOCTb H CHHTYJISIPHOCTb
BEPOSITHOCTHLIX pacnpepeseHHil
Ha H3MEePHMOM NPOCTPaHCTBe ¢ (HIbTpPaLHUei

1. Tlycrs (2, &) — HeKOTOpOe U3MepHUMOe MPOCTPAHCTBO C BbileJIeHHbIM
Ha HeM CeMefiCTBOM TaKuX o-ajre6p (F,)n>1, uto F1CHFC...CF u

.?=cr([j yn). (1
n=1

Bynem npeanoaarars, uto Ha (Q, &) 3anaHbl ABe BepOATHOCTHbIE Mepbl P H P.
O603HauuM

P,=P|Z, P,=P|%,

— Cy>KeHHsl 3THX Mep Ha F,, T. e. nycTb P, u P,— Mepbl Ha (2, &,), np1ueM
ma B e &,

P.(B)=P(B), P.(B)y=P(B).

HanoMuuM, uTo BepoATHOCTHasA Mepa P Ha3biBaeTcs a6COAOMHO Henpe-
poi8roi oTHocHTeabHO P (0603nauenne: P < P), ecam P(A) =0 Besakuii pas,
korna P(A)=0, Ae &.

B ciyuae P <P u P <P mepsl P u P nasbiBaiotcs aksusasenmuotmu
(o603Hauenue: P ~ P).

Mepui P 1 P Ha3biBaIOTCA CUHZYAAPHOLMU WIA OPMOSOHANbHOLMI, €CIH
cylecTByeT Takoe MHoxecTBo A € F, uto P(A)=1 u P(A)=1 (0603naue-
Hue: P LP).

Onpenenenne 1. Bynem rosoputhb, uto Mepa P 1oxassro abcoromuo

=~ loc
HenpepolsHa oTHOCHTENLHO Mepbl P (06o3Hauenue: P < P), ecan ans mo6Goro
n>1

P,<P,. 2)

OcHoBHble BONPOCHI, paccMaTp1BaeMble B HaCTosILLEeM naparpade, COCTOAT
B BbIICHEHUH YCJIOBHUIA, NPH KOTOPbIX U3 JIOKAJbHON aGCOMIOTHON HenpepbiBHO-

ctn P 12<c P cnenyer sbinonHenue cpoiicts P <P, P~P, P LP. Kak craner
ICHO U3 JajibHelllllero, TeOpUsi MapTHHIaJOB ABJAETCA TeM MaTeMaTHUYeCKHM
annapatoM, KOTOpbIfi N03BOJIsSieT UCUEPNbIBAIOLINM 06pa3oM OTBETUTb Ha 3TH
BOMPOCHI.

Hanomuum, uto B § 9 ra. 111 Bonpoc 06 aGcomoTHOM HenpepbiBHOCTH H
CHHIYJISIPHOCTH BEPOSTHOCTHBIX Mep PaCcCMaTpHUBAJICA LSl NPOUIBOAbHBIX Be-
POATHOCTHBIX Mep. Brl1o nokasaHo, uto o6pallieHue K UHTerpajaM XesulMHrepa
no3soJiseT CpopMyJIMpPOBaTb COOTBETCTBYIOILME KpuTepuUH (TeopeMbl 2 u 3).
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[1p1BOIMMbIE HUXKE pe3y/ibTaThi 06 a6COJIOTHON HeMpepbIBHOCTH M CHHIYJsp-
HOCTH 14 JIOKAJIbHO aGCOJIIOTHO HeNpepbiBHBIX Mep MOXHO Gbl10 6bl N0Jy4arTh,
OTNpaBAAACh OT 3TUX KpuTepHes. (Takoi noaxon u3zoxeH B MOHOrpaguax
[84], [87].) 3mech e Mbi NpeanounTaem HECKOJILKO HHOMA MyTb H3NOXKeHHs!, JKe-
nas 6oJiee NOJIHO NPOWJIIOCTPUPOBATh BO3MOXKHOCTH NPUMEHeHHs! pe3yJibTaToB
§ 5 0 MHOXECTBAX CXOIUMOCTH Cy6MapTuHrasios. (OTmeTHM, uTo BCe M3JO-
)KeHWe B 3TOM naparpace mpezroJiaraeT BbIOJHEHHbIM CBOMCTBO JIOKaJIbHON
a6CcoMOTHOM HenpepblBHOCTH. Cles1aHo 3TO JIHILL AJ1S1 TPOCTOTHI U3JI0XKEHHs.
Jlna obluero ciyuast Mbl OTChIaeM yiTatens k [84], [87].)

=1
Wrak, Gynem npeanosaratb, uto P < P. O6oanaunm
dP,
dP,

2n=

npoussoaHyio Panona—Hukonuma mepbi P, otHocurenbho P,. SlcHo, uto 2,
ABAAIOTCA Fp,-U3MEPHMbIMH, U eclt A € &, TO

§an1dP = g dPns1 £ 4P =PypiA) = P(A)_SZP"dP §znaP.

Orciozia chieflyet, 4To OTHOCHTE/ILHO Mepbl P cToxacTHueckas nocJiefioBaTeb-
HOCTb 2 = (2, Fy)n>1 ABNACTCA MAPMUHESALOM.

KnioueBbiM MoMeHTOM BO Bceil npoGiieMaTHKe «abCoOJIIOTHAs HenpepbiB-
HOCTb M CHHIYJIAPHOCTb» sIBJISIETCA ClefyloLas

=~ loc
Teopema 1. /Tycmo P < P.
a) C (P +P)/2-epoammnocmoro edunuya cyuecmsyem npedes im z,,

0603Hauaemolil 2o, MAKol, 4mo
P{zeo=00}=0.
b) Hmeem mecmo pasroxcenue Jlebeza

P(A) = 20dP +PAN{2n=00), A€, ®)
A

npuuem mepor P(AN{zo =o0}) u P(A), AEF, 262310Mca CUHSYAAPHOLMY.

[foxazameascmeso. Tpexne Bcero HaNMOMHWM, YTO, COMIACHO KJacCHue-
CKoMy pasaoxceruro Jleeea (dpopmyna (29) § 9 ra1. I1I) npoussosbHO# Be-
POSITHOCTHOM Mepbl P OTHOCHTE/IbHO BepOATHOCTHOW Mepbl P, MMeer MecTo
NpencrasieHue

P(A)=S %dp+ﬁm NG=0), AeZ, (4)
A
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rae
_dp . _dP
T4q' T aa

M B KauectBe Mepbl Q MOXHO B3ATb, Hanpumep, Mepy Q = %(P + P). Takum

o6GpasoM, popmyJty (3) MOXKHO paccMaTpuBaThb Kak KOHKpemu3ayuio obuiero
pasnioxenus (4), cBA3aHHYI0 ¢ TOH creuUdHUKONl paccMaTpUBaeMOro cJjydas,

_ | N
4To P2<cP,'r e. P <<P,,,n>l

. _dP 1 =
d—Q——’ 3!1 dQn' Qn=§(Pn+Pn)-

[MocnenoBarenbHocTd (3,, Fy) U (30, Fn) OTHOCHTENLHO Mepbl Q sABJsIOTCA
MapTHHrajamH, npuueM Takumy, uro 0 < 3, <2, 0<3, <2. [Nostomy (Teopema 2
§ 4) cyulecTBylOT Mpezedbl

[yctb 3, =

300 =liM 35, 3o0 =lim 3, (5)
n n

kak Q-n. K., TaK ¥ B cMbicsie cxoaumoctd B L1 (R, &, Q).
U3 cxomumoctu B cMbicie L'(Q, &, Q), B yacTHOCTH, CJelyeT, YTo AA
mo6oro AAc £,

(3dQ=lim (3,dQ=3,dQ=Pn(4)=P(4).
A nteo 4 A

Torza u3 reopembl Kapareonop (§ 3 ra. I1) BuiTekaert, uto pis Jo6oro A € F =
=o(J %)
dQ=P(A),

e
S]]
8

e Q—' U aHaJIOTUYHO

{ 300dQ =P(4),
A

T.e P =

-€. 7] e )

TakuM 06pa3oM, 3THM YCTaHOBJIEH €CTECTBEHHO OXKHIAEMbli peayJibTar:
ecau mepor P u Q 3adane Ha F =o(J Fn) u P, Q, — cysrenus amux

Mep Ha F,, mo Q-n. H. u 8 cmoicae cxodumocmu 8 L'(Q, £, Q)

i 4Pn _ 4P

n dQ, dQ
AnanoruuHo,

lim dP, =£

n dQn dQ
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B paccMmaTpHBaeMOM HaMH CreuHMalibHOM cJiyuae, korna P, <P, n>1,
HeTPYAHO MOKa3aTb, 4To (Q-n. H.)

=3
zll_ 3'1' (6)

npw 5T0M Q{30 =0, 52.=0} < 5 [Plsn =0+ P{3, =0}] =0, Tak uro 5 (6) ne

0
go3HuKkaeT (Q-n. H.) Heonpe/eJleHHOCTH BHAA g

BrlpaxeHue BHIa 2 noJiaraercsi, Kak o6GbluHO, paBHbIM +00. [loseaHo
OTMETHTb, UTO MOCKOJLKY (3., F,) — HEOTPHULIATEbHDBIA MapTHHTA, TO U3 CO-
otHolueHus (5) § 2 caenyer, uto ecsu 3 =0, T0 3, =0 ans Bcex n>7 (Q-n. 1.).
To e, KOHeuHo, BepHO H 1 (3,, F,). OTCl0na BbITEKAET, UTO 15 NOC/AEN0BA-
TeNILHOCTH (2p)n>1 TOUKH O U +00 ABIAIOTCA «NONIOLIAIOIHUMH COCTOSHUAMHU Y.

A3 (5) u (6) Bbitekaer, uto Q-n. H. CyLIeCTBYeT npenes

",r,“ 3n

=l ™

2o =lim 2, = -
o n n ll'l;n 3n 30

[Mockonbky P{30, =0} = S 300 dQ =0, T0 P{20o =00} =0, uro u 110-
{300=0}
Ka3blBaeT yTBepXKeHHe a) TeopeMbl.
Jnsa nokasarenbctsa (3) BocnoJibayeMcsi 0OLIMM pa3siioxxeHueM (4). B pac-

CMaTpuBaeMoil HaMH CHTyauMd W B CHJY YyXe NOKa3aHHOro 3=7q =boor

3= ar =30 (Q-n.H.), u, 3Hauur, u3 (4) umMeem

N
o

P(A) =S % dP +P(AN oo =0}),
A

oTKyza B cuay (7) u Toro, uto P{je = 0} =0, nonyuaem tpeGyeMoe pasnoxe-
Hue (3). OTMeTHM, 4TO NOCKOMbLKY P{2o <00} =1, TO Mepbl

PA)=P(AN{zeo <o) u PAN{Zo=00)), A€F,

ABNSIOTCA CUHSYAAPHOIMU. O

M3 pasnoxenus JleGera (3) BbiTekaloT cleylollile nose3Hble KpHTepHH a6-
COJIOTHOM HeNnpepbIBHOCTH U CHHIYJISIPHOCTH /1 JIOKAJbHO aGCOMIOTHO Hempe-
PBIBHBIX BEpPOSITHOCTHLIX Mep.

Teopema 2. [Tycmo P EP, m. e. By <Py n> 1. Tozda
PP & Ezp=1 & P{zo <o0}=1, (8)
PLP & Ez=0 & P{ze =o00}=1, 9)
ede E — ycpednenue no mepe P.
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T~

Hokasameascmso. Ionaras B (3) A =1, Haxoaum, 4To
Ezo=1 & P{zeo=00}=0, (10)
Ezo=0 & P{zo=00}=1. (1)

Ecan P{2o, =00} =0, T0 cHoBa u3 (3) caenyer, uro P < P.

O6parHo, nycTs P <« P. Tora nockosbky P{Ze =00} =0, T0 P{zs, = =00}=
=0.

Ianee, ecau P LP, 1o cymecrsyer MHoxectBo B€ F ¢ P(B)=1u P(B)=
=0. Torza u3 (3) P(BN{zso =oo}) =1 u, sHaunur, P{zoo =00} =1. Ecay Ke
P{zeo =00} =1, T0 cBoiicTBO P L P 0ueBuaHO, nockobky P{ze =co} =0. 0O

2. U3 TeopeMbl 2 [CHO, UTO KpHTEpHH aGCOJIOTHOH HENPepbIBHOCTH y
CHHIYJIIPHOCTH MOXHO BblpaXkaTb MJM B TepMuHax Mepbl P (1 mposepsm,
pasencTBa E2oo =1 nin Ezo=0) uan xe B Tepmunax mepul P (4 Torma
NPOBEpPATb, UTO P{Zeo <00} =1 un P{zo =00} =1).

B cuny teopemsl 5 § 6 ra. 11 ycnone Ez, = | paBHOCHIBHO yC/10BHIO paB-
HOMepHO# UHTerpupyemocTH (1o Mepe P) cemeficTBa {2,},>1. D10 06CTOATENB-
CTBO MO3BOJISIET 1aBaTb NPOCTbie 00CMAamMouHble YCA08UA Ol A6CONIOMHOI
nenpepoderocmu P < P. Hanpuwmep, ecin

sup E[z, In* 2,] <00 (12)

WIH ecaH
sup Ezlt < >0, (13)

T0, corniacHo nemme 3 § 6 ru1. 11, cemeficTBo ciyyalHbIX BeHUHH {2,},>1 Gyner
paBHOMEPHO HHTErpHpyeMbIM H, 3HauuT, P < P.

Bo MHorux ke ciyuasix mpu mpoBepKe CBOWCTB aGCOJIIOTHOI HenpepbiB-
HOCTH HJIH CHHTYJIIPHOCTH MpeINouTHTebHee HCMO0Jb30BaTh KPUTepPHH, BbIpa-
JKeHHble B TEDMHHAX Mepbi P, I0CKOMbKY TOrAa AeJ10 CBOAMTCH K HCCJ1eI0BAHHIO
P-BePOATHOCTH «XBOCTOBOT0» COGBITHS {Zoo < 0O}, @ VIS 3TOFO MOXKHO HC-
NoJIb30BaTh YTBEPXKAEHHS THNA 3aKOHA «HYJS1 WIH eIMHULbI».

B kauectBe winocTpaLuK MOKaXkeM, KaK H3 TeOpeMbl 2 BbIBOAWTCH .16~
mepramusa Kakymanu.

TMycts (2, &, P) — HekoTopoe BepOATHOCTHOE MPOCTPaHCTBO, (R, Boo) —
uamepumoe MPOCTPAHCTBO YHCJIOBbIX NOCHEN0BaTeNbHOCTeR X = (X}, X2, ---) €

=%B(R*), n nycto B,=0{xy, ..., X,}. [Ipennonoxum, uro & = (£1, &2 o)
U f—(ﬁl, &, .. .) — IBe MoC/eNoBaTe/IbHOCTH, COCTOAILME U3 He3aBHUCHMbIX
Cay4aiiHbIX BeJHYHH.

OG6o3Hauum uepes P u P pacnpenenenus BeposTHocTeil Ha (R, Boo) A1

€ u € cooTBeTCTBEHHO, T. e.

P(B)y=P{¢cB}, P(B)=P{feB}, Bec®
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Pn=P|£m pn=p|gn

_ cyweHus Mep P u P na B, v s A € B(R")

Pe,(A)=P{&, € A},
Pe (A)=Pi{€, € A},

Teopema 3 (anbrepHatusa Kakyraumu). [Tycme £= (£, &2, ...) u =
=(&, &, ...) — nocaedoBamesbHOCMU HE3ABUCUMbLY CAYHALHBLX BEAULUN,

09 KOmopbix
P; <Pg, nxl. (14)

Toeda uru P < P, uu P LP.
Jlokazamenocmso. Ycnosue (14), o4eBUIHO, PABHOCHILHO YCJIOBHIO, UTO

= <1
B,<Psn>1,1 e PZLP. fcho, uto

P
2= Z—P: =q1(x1)...qn(xn),
rae
th(xl)— ( Xi). (15)
CaenosaTebHo,

{x: 20 <00}={x: In zoo<oo}={x: Z In q,-(x,-)<oo}.

i=l

o0
Cobbitne {x: Z In g;(x;) <oo p aABnsierca «xsocTosbiM». [losTomy B cuay

3aKkoHa_«nynst HJIH enunuup» Koamoroposa (teopema | § 1 ra. 1V) epodr-
Hocrs P{x 200 <00} NPHHHMAET TOMILKO /Ba 3HaUeHHs (0 uam 1) u, 3Hauur, no
Teopeme 2 wnv P L P, unu P < P. o

3. Curenyolas TeopeMa naeT KpHTepHii aGCOMOTHOM HeNpepbIBHOCTH M
CHHIy is1pHOCTH, Bblpa)KeHHbIH B «MpelCKa3yeMbiX» TePMHHAX.

Teopema 4. lTycmo P P P,

an=znz,;e_|, nzl,
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¢ 29=1. Toeda (Fo={2, })

P<P & ﬁ{i [1-E(@|9n_.)]<m}=1, (16)

n=1

PLP & ﬁ{i [l—E(\/a_,,I.?n-l)]=oo} 1. (17)

n=I
Hokaszamearocmso. T1ockoJbKy

Pufza=0}= § 2z,aP=0,
{2,=0}

10 (P-n.1.)
z,,=H ak=exp{z In a,,}. (18)
k=1 k=1

TMoaaras B (3) A={2e =0}, Haxoaum, uro P{z, =0} =0. [ostomy u3 (18)
(P-n. H.X

{20 <00} ={0< 200 <00} ={0<lim 2, < o0} =
= {—oo<lim Z In ak<oo}. (19)
k=1
Beenem ¢yHKuuI0

sign x, |x|>1.

u(x)={x’ x| <1,
Torna
{—oo<lim2ln ak<oo}={—oo<lim2u(ln ak)<oo}. (20)

k=1 k=1

IMycts E o3nauaer ycpenxenwue no mepe P u n — F,-usMmepumas MH-
TerpupyeMmas cjyuaiiHas sesuudHa. M3 CBONACTB YCJIOBHBIX MareMaTH4YeCKHX
OXXUIaHUi cnenyer (3amaua 4), uto

Zn-lE("llgn—l)=E(7]zn|9n-l) (P-HF’-I‘I.H.), (21)
E(nlfn-n)’—?—,?_.E(nZnlfn-n) (ﬁ‘"-H-)~ (22)

Bcnomuuas, uto o, =sz_,z,,, 13 (22) noJiyuaeM cJieflyIoLLyIO MOJIe3HYIO BEPCHIO
«(OpMYyJibl Nepecuera YC0BHbIX MaTeMaTHUeCKHX oXKuaanui» ((44) § 7 ra. II):

E(| £n-1)=E(@n| £a-1) (P-n.n), (23)
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113 KOTOPO#, B YaCTHOCTH, BbiTeKaeT, 4To

E(on|Zno))=1 (P-n.u.). (24)

Us (23)
E[u(in a,)|Fo1] =E[anu(in an)| Fa-1] (P-n.u).
[Mockoabky xu(ln x) > x — 1 nas Bcex x >0, 10 B cuay (24)
Elu(n an)| Fa1] 20 (P-n.u.).
Orciona cliefiyer, 4To CTOXacTHueckas nocjenosareibHocts X = (X,, &F,) ¢
X, = i u(ln ap)
k=1

OTHOCHTeJIbHO Mepbl P aBnsierca cy6Maptuiranom ¢ |AX,|=|u(ln a,)| < 1.
Torza no teopeme 5 u3 § 5 (P-n. H.)

{—oo<lim Z u(In ak)<oo} =

k=1
= {Z E[u(n o) +u?(In o) | Fe-1) <oo}. (25)
k=1

Tem cambim 3 (19), (20), (22) u (25) naxomum, uto (P-n. H.)

{200 < 0O} = {f: E[u(n ag) + 4*(In ap) | Fe-1] <oo} =

k=1
= {Z E[aru(in op) + apu®(In ap)| Fe-1] <oo}
k=1

H, cjiefioBaTeJibHO, B CHJy TeOpeMbl 2

P<P & ls{i E[oeu(n ap) + apu®(In ap)| Fe-1] <oo} =1, (26)
k=1

PLP & ﬁ{z Elaru(ln ap) +aku2(ln o) | Fe-1] =oo} =1. (27)
k=1
3aMeTuM Tenepb, U4TO B cHiy (24)

El(1 - v@n)? | Fam1] =2E[1 - v, | Fomi] (P-nni)
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1 s Bcex x > 0 Haitmyres Takue KoHcTaHThl A U B (0 < A < B < 00), uto
A(l = Vx)? < xu(ln x) + xu?(In x)+ 1 — x < B(1 — V)2 (28)

IMoatomy yreepxkaenusi (16) u (17) caenmytor us (26), (27) u (24), (28). 0
Caenctsue 1. Ecau Oas awoboeco n > 1 o-arcebpo o(a,) u F,— He3a-

=l
sucumol no mepe P_(uau P) u P < P, mo umeem mecmo asemepramusa:
aubo P <P, aubo P LP. [Ipu smon

P<P & Y [I-Eya,] <o,

n=1

PLP & i[l—E\/a_,,]=oo.

n=1

B wacmuocmu, 8 cumyayuu Kakymarnu (cu. meopemy 3) o, =q, u

P<P & Y [1-Ev/ga(xs)] <o,
n=1

PLP & i [1 = E\/qn(xn)] = c0.
n=l1

Caencteue 2. [Tycmo P I2<c P. Tozoa

IB{Z E(a, In a,,l.?,,_l)<oo}=l = P«P.
n=1

Jlns nokasaTesbCTBa JOCTAaTOUHO 3aMeTUTb, UTO s Jio6Goro x >0
3
xInx+ §(l—x)>l—x'/2, (29)

1 Bocnosb3oBaThes (16) u (24).
o0
Caenctsue 3. [Tockoavky psad Y, [1 — E(y/an | Fn-1)], cocmonuui us
n=1
neompuyamenvrox (P-n. n.) waenos, cxodumes uau pacxodumcs 00KO-
spemenno ¢ padon Y. |In E(\/ar | Fn-1)|, mo ymeepacoenusn (16) u (17)
meopemol. 4 MOHCHO npudame cAedyrOWYI0 Ghopmy:

P<P & P’{Z [In E(\/a_,,l.?n_l)|<oo}=l, (30)

n=1
PLP & ﬁ{z [In E(\/alf,,_.)|=oo}=|. (31)

n=1
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Caeacrsue 4. [Tycmo cywecmsyiom koncmanmot A u B makue, umo
0<A<1,B>0u
P{l-A<a,<1+B}=1, n>l

= loc
Tozoa ecau P <P, mo

P<«P & ﬁ{i E[(1 —a,.)2|;¢,,_.]<oo}= 1,

n=1

(e o]
PLP & ﬁ{z E[(1 —a,,)2|5,,_1]=oo}= 1.
n=1
Jlns moKa3aTeJbCTBA JOCTATOUHO 3aMeTHTb, uto mid x € [1 — A, 1 +B],
0<A< 1, B>0, naitgyres takue koHcTanTbl ¢ 4 C (0 < ¢ < C < 0), uto

c(1 =22 < (1-vx)2<C(1 - x)°. (32)

4. Tlpennonoxum, uto &= (&, &, ...), £=(&1, &2, ...) — nBe rayccos-
CKHe MOCJIeNoBaTeIbHOCTH M (B 0603HaueHusix n.2) P, ~ P,, n > 1. ITokaxem,
KaK AAsl TAKUX MOCJIef0BaTeNbHOCTEl U3 MOJyYeHHbIX Bbillle «PeaCKa3yeMbX»
KpHTepHeB cllellyeT «anbTepHaTHBa laeka—®enbamana»: aubo P~ P, aubo
PLP.

[To TeopeMe 0 HopMasbHOI Koppeasiuuu (Teopema 2 § 13 ra. II) ycnosHble
MarteMaTuueckue oXKuuaHusi E(x, | B,—) u E(xn|Bu-1), rne E u E — ycpen-
HeHusi 1o MepaM P u P cooTBeTCTBEHHO, ABMAIOTCS JIMHEHHbIMU (hYHKUHAMH OT
X1, ..., Xp—1. O6G03HAUUM 3TH (NMHeliHbie) DYHKUNH uepe3 Q,_;(X) U d,—1(x)
COOTBeTCTBEHHO (g (Xx) = ag, do(X) = Gy — KOHCTAHTbI) H MOJIOKHM

211/2

ba—r = (E[xn = @n-1(0)]H)"2,

7 Fod ~ 211/2

by = (E[%n = Bn-1 (1)),
[To Toii ke camoit TeopeMe 0 HOpMa/bHOW KOPPESIUMH HalAyTCs MoOCe-
loBatesibHOCTH £= (€}, €9, ...) H E=(E], €2, ...), COCTOSILINE U3 HE3ABHCHMbBIX

FayCCOBCKUX cJyyaiiHbIX BEJMUHH C HYJIEBbIM CPeNHHM H eIMHUYHOW Aucrep-
Cuei, Takue, uro (P-n. H.)

& =an-1(&) + bn-1€n,

én =0a,-1(§) + bp—1€n.

) 3amerum, uTo B cayuae b,_1 =0 (bp—1 =0) mns MOCTPOEHUS BEJIHYHH Ep
(&) NPUXOAHMTCS, BOOOLLE rOBOPS, pacLIMPATL BEPOATHOCTHOE MPOCTPAHCTBO.
Onuako ecny b,—1 =0, To pacnpenenenue BekTopa (X, ..., Xp) COCPEIOTOUEHO

P-n. H.) Ha JIHHEHOM_MHOroo6pasuH X, = d,—(x), H NOCKOMLKY MO Mpeano-
Noxennio P, ~ P, 10 by =0, ap_1(x) =8n—1(x) ¥ an(x)=1 (P- u P-n. u.).

(33)
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—

TosToMy Ges orpaHHueHUs OGIHOCTH MOXHO CuHTaTh, uto b2 >0, b2 >0 npy
Bcex 72> |, NOCKOJbKY B NPOTHBHOM CJlyuae BKJAJ COOTBETCTBYIOLIMX UJIEHOR

o0
B cymmy Y [1 — E(/an|%B.-1)] (cM. (16) u (17)) pasen Hyaio.
n=1
Hcnonb3ays npepnonoxenus o rayccoBocTH, ua (33) Haxomum, 4o aas 72> |

(0 — a1 ()2 (Xn —Gp (%))
252 252 ’

n—1 n—1

a,,=dn‘_'l exp{— (34)

rae d, = |bp/bs| u
ao=E¢, ao=E§,
b3 =D&, b =Dé.
Us (34)

1 2d,_ d2_, ra,_ () =G, (1)\2
n—1 -

n—1

[Tockoabky In <0, To yrBepxnenue (30) npuHUMaeT clieLyIOLLYi0

d? N
dopmy:

) 2
~ ~ 1 l+dn-|
PP & P{El [5 In 5d._; T
n=

A2\ (@, 1(0) =G, 1 (x)\2 _
vy l( = )]<oo =1. (35

o] +d
Pams 3 In 5 Z(d —1)2 cXomATCA WM PacXomATCsA OHO-
n=1 n—1 n=1

BpeMeHHo, noaToMmy 3 (35) caenyer, uto

PP & ﬁ{z [ A,.(x) Zz —l)2] <oo}=l, (36)

rae Ap(x) =an(x) — an(x).
B cuny nvHeiinocTH a,(x) u @, (x) nocsenoBaTebHOCTb CIYYalHbLIX BEJH-

Ap(x) p
WMH | == S0 o6pa3yeT rayccoBcKylo cucteMy (kak no mepe P, Tak 4 no
n nz

Mepe P). Kak ciienyeT U3 npuBoaMMOil fajiee JieMMbl,

P{Z (An(x)) <oo }—l - ZE(An(x)) 0. (37)
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[MoaTOMY H3 (36) HaxomuM, uTO

PP & i [E(Agflx))2+(§-1)2] < oo,

n=0

AHaJOrHUHbIM 06pa3oM

PLP & p{i [(A—Z:i))2+(i—'22'—l)2] <oo}=0 o
n=0 n
52

«:Z[ (2) 4 (B -1)] oo

Orciona sicHo, uTo eca Mepbl P u P He cunryaspubl, To P < P. Ho

N0 MpeanoJoXenHuio P, ~P,, n>1; N03TOMy B CHJIy CUMMeTpHH P<P. Tem
caMbiM HMeeT MeCTO clleflyiollas

Teopema 5 (anbTepHaTHBa lNeka—®eabamana). MTycmeo £=(£), &2, ...)

ué=(&, &, ...) — 0se eayccosckue nocredos8amenbHoCmu, KOHELHOMEP-

Hole pacnpedesenus KOmopolx IKBUBANCHITHbL: P,~P,, n>1. Tozda aubo
P~P, aubo P LP. lTpu smom

PNP@,.E_:O (%2) (%4)2]@0, (38)

PLP & Z [ (A"(")) (;;2—1)2]=oo.

n=0

Jlemma. [Tycmo B =(Bn)n>1 — eayccosckas nocre0o8amesbHocme, 3a-
Oannas na (Q, &, P). Toeda

{Zﬂ2<oo}>0 & P{Zﬂn<oo}—l & ZEﬂ2<oo (39)

n=| n=1

lokazamenocmeo. ViMninkauum (<) oueBHAHbI. YCTAHOBUM HMIIHKALHH
(=), npexnonoxus cHauana, uto EB, =0, n>1. C 3T0it ue/bIo KOCTAaTOUHO
NoKasarb, yto

oo (o] -2
ES B2< [E exp(— > Bf)] , (40)
n=1 n=1

nockosbky Toraa u3 yenosus P{Y 32 < oo} >0 6yzer cienoBarth, 4T0 NpaBas
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o0
yactb B (40) MeHblue GeckoHeuHOCTH. 3Hauut, > Eﬁ,2,<oo H B CHJY yXe
n=1
o0
ycTaHoBneHHbIX uMiMKawnil PS Y- 2 <oop =1.
n=1
3acdukcupyeM Hekotopoe n > 1. Torna us §§ 11 u 13 ra. Il caenyer, uro
MOXKHO HalTH Takue He3aBHCHMble FayCCOBCKHe CJyyaiiHble BeJWUUHbl S,
k=1,...,r<n,cEB,,=0, uto

n r
2 _ 2
Z ﬂk - Z ﬂlz.n'
k=1 k=1
Ecan o60sHauntb EB2 , = Ap,, TO JIETKO HaitzieM, uTo

EY 8= Mn (41)
k=1 k=1

E exp (— Z ﬂ,ﬁ,,) = H (14 220) "2 (42)
k=1

k=1

CpasHuBas npasbie uactu B (41) u (42), nonyyaem

-2 _9
n r _ 4 32" _ n ﬁ2
e -y dclee 8% e £
k=1 k=1

OTKyZIa MpelebHbIM NepexoioM (MpH 72 — co) nonyyaeM TpeGyeMoe HepaBeH-
cteo (40).

[Mpennonoxum tenepsb, uro EG, #0.

PaccMOTpHM HOBYIO NOC/IEN0BATENBHOCTb 3 = (B,)n>1 C TeM e pacnpe-
ZeleHHeM, UTO H y MOCJENOBATENbHOCTH 3= (By)a>1, M HE 3aBHCALLYIO OT Hee
(B ciyuae HEOGXOZMMOCTHM PACLUMPAA HCXOAHOE BEPOATHOCTHOE MPOCTPAHCT-

o). Torza, ecau P{ f Bn <oo} >0, 10 P{ f (Bn — Bn)? <oo} >0, u no
JOKa3aHHOMY n=l n=l

2> EB:—EB)’=)_ E(B—B,)? <o

n=1 n=l

Tak kak
(EBn)? <2682 +2(B, — EBn)?,
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o0
10 3 (EBn)? < 0o u, 3Hauur,

n=1

i Eﬂ3=i (Eﬂn)2+§: E(8, — EB,)? < o0. 0

n=1 n=1 n=1

5. TlpomomkuM paccMoTpeHHe npuMepa U3 M. 3 mpeabiayulero naparpacda,
npeanonaras, 4to &o, &, ... €CTb NOCJe10BAaTENbHOCTb HE3aBUCHMbIX 2ayCCo8-
ckux cayvaitHblx Beanund ¢ E¢; =0, D¢ =V; > 0.

[ycrtb cHoBa

Xog1=0Xn+&ns1, n20,

rae Xo=§p U @ — Heu3BeCTHbLIN MapaMeTp, NOMLIEXKALUHA OLEHHBAHUIO, —00 <

<6< 0. [yetsb B, — ouekka, nonyueHHas Mo MeTOLY HaHMeHbLIMX KBaJlpaToB.
Teopema 6. [aa mozo umobe. nocredosamensrocme oyerox b, n> 1,

6611a CUALHO COCMOAMEAbHOU, Heo6x00umo 1 docmamo4ro, 4mobot

Z Vo =0 (43)

n=0

Hoxazameascmeo. [Jocmamounocme. Tlycts Pg o6Go3Hauaer pacnpe-
IejleHHe BeposiTHOCTell Ha (R, %), OTBeualollee MOCJIeNOBaTENbHOCTH
(Xo, X1, ...), Korna 3HaueHue HeussecTHoro napamerpa ectb 6. [lyctb Eg —
ycpeznHeHue no mepe Py.

Mbl yxKe BUIeNH, YTO

0"_0+(M)n
rae
-1 9
Xert1 — X
M, = , (M),= —=
" Z Vit (M) g Vit

Comacuo JieMMe U3 Mnpenblayliero nyHkra,
Po{(M)oo =00} =1 < Eg(M)eo=00.

Tem cambiM (M) o, =00 (Pg-n. H.) TOFAA U TOBKO TOFAA, KOTAA

z Eng (44)

Vst
= Vi
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ko
Ho EgX2=Y 6%Vs_; u

i=0
= EpX2 & | 2y 2t N~ Vi _
ka =Zv_ Z k=i 29 Z";,‘-
k=0 k=0 i=k
— 2k —k

[ostomy (44) cnenyer u3 (43) u, corsiacHo TeopeMme 4, nocJieJ0BaTebHOCTb
oueHOK O, n> 1, CUILHO COCTOATENbHA NPH KaX<IoM 6.

Heobxodumocme. Tlycts ans Bcex 8 Py(B, — ) = 1. TTokaxem, uto ecau
0 # 05, 10 Mepbl Py, u Py, cunrynsaphsi (Pg, L Pg,). IleficTBUTE/bHO, MOCKOJb-
Ky nocienoBatesibHOCTb (X, X}, ...) fBJseTcA raycCoBCKOH, TO MO Teope-
Me 5 Mepbl Py, U Pg, N CUHTYAAPHBI, HAK SKBHBaNeHTHbl. Ho oHu He moryT
GbiTb IKBHBAJEHTHBIMH, MOCKOJBKY eC/In Pg, ~ Pg,, 1O Ppg, 6,—0))=1, 10
P92(0 — 6))= 1. Opnako xe P92(0 —09)=1n ) #6,.

Tem cambim Py, L Py, nns 0, # 62.

Cordacho (38),

2
Po, LPo, & (61— 02)2259.[
k=0

ans 0, #6y. Bepa 6, =0 u 62 #0, u3 (45) Haxoaum

-] =00

PoJ_P92 o Z V+l =00,
i

YTO M JOKa3blBaeT He0GXOMHMOCTb. a
6. 3apaun.
1. lokasaTb cnpapefiMBOCTb paBeHcTBa (6).
2. IMyctb P,~P,, n> 1. INokasarb, uto

PP & Plzo <oo}=Plze >0} =1,
PLP & P{zew=o00}=1 nn P{zc =0}=1.

3. Mycrs P, «P,, n>1, T — MOMeHT ocTaHOBKH (OTHOCHTeNbHO (F,)),
P,=P | &r u P =P| &, —cyxeHus mep PuPuao- anre6py &. ITokasartb,
yto P, <P, ecu 1 TobKO ecH {7 = 00} ={2e0 <00} (P-n.H.). (B uacTHoOCTH,
ecnn P{r <oo}=1, 10 P, <P;.)

4. [loka3atb «opMyJibl nepecuera» (21) u (22).

5. ITposeputb cnpaBepMBOCTL HepaseHCTB (28), (29), (32).

6. lokasatb dopmyay (34).
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7. TycTb B n. 2 nocnenosarenbHoctd €= (&), &2, ...) u €= (&), &, ...)
COCTOSIT M3 HE3aBMCHMbIX OMHAKOBO pacrlpeie/leHHbIX ClyyailHbiX BENHUMH.
[Tokasatb, uTo eci Pz < Pe,, T0 P < P B TOM U TONbKO TOM CJlyuae, KOFla

mepbl Pg, 1 Pg, cosnanaior. Ecin xe Pg, < Pg, u Pg, # Pg,, 10 PLP.

§ 7. O6 acHMNTOTHKE BEPOSTHOCTH BbIXOJa CAy4adHOro
6ayXKAaHHS 32 KPUBOJIMHEHHYIO FPpaHHLy

1. Iyets &), &, ... — NOCEN0BATENLHOCTb HE3aBHCHMBIX OJIMHAKOBO pac-
npeneJeHHbIX CydalHbIX BeHunH, S, =& +...+&,, g= g(n) — HexoTopas
«rpanuua», n>1, g(1) <0 u

r=inf{n>1: S, < g(n)}

— TOT MepBblii MOMEHT, KOrla cJydaiiHoe GiyKnaHHe (S,,),,;l OKaXKeTcsl HUXKe
rpanuubl g = g(n). (Kak o6bluHo, 7=00, ecau {-}=2.)

OrbicKaHHe TOUHOTO BHJA pacrpeleneHus LJsi MOMeHTa T ABJISeTCA BecbMa
TpyaHo# 3amaueii. B HacrosiiueM naparpace HaXOAMTCA acCHMITOTHKA Bepo-
sithoctd P{T >n} npu n— oo ans WHMpOKOro Kjacca rpaHuu g=g(n) u B
NPeArnosioXKeHHH, UTO BeJHUHHBI §; HOPManbHO pacnpenefenbl. [TpumensieMbli
MeTOJL JI0Ka3aTeJbCTBAa OCHOBAH Ha ujee «aGCOJIOTHO HempepbiBHON 3aMeHbl
Mepbi» H WCMOJIb3YeT Pl H3NOXKEeHHbIX Bblllle CBOHCTB MapTHHIaJloB U Map-
KOBCKHX MOMEHTOB.

Teopema 1. Tycmo &), &, ... — He3agucumbie 0OUHAK0B0 pacnpede-
sennoie, & ~ A0, 1), cayuaiinoe seauuunol. [Ipednoroxrcum, umo epanu-
ya g = g(n) makosa, umo g(1)<0u daa n>2

0<Agn+1)<Ag(n), M
ede Ag(n)=g(n)— g(n—1) u

Inn=o (i[Ag(k)F) ,  n— o0 2

k=2
Toeda

P{T>n}=exp{—% > [Ag(k)]2(l+o(l))}, n— 0. 3)

k=2

Ipexxne yeM nepexoauTb K 10Ka3aTeJbCTBY, OTMETHM, 4TO ycJosusa (1) u
(2) BoinoaHenw, ecau, ckaxeM,

g(n)y=an”+b, 1/2<v<l, a+b<0, a>0,
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WIH (npu GOJbLLKX 71)
g(n)=n"L(n), 1/2<v<l,

roe L(n) — Hekotopas MepjieHHO MeHsloulasica ¢dyHkuua (Hanpumep, L(n) =
=C(In n)? c mo6bim B npu 1/2<v<1lucBf>0npuv=1/2, C>0).

2. Caenyolre 18a BCOMOraTe/bHbIX MPefioXKeHus GyayT HCNOMb30BaThb-
sl MpH [I0Ka3aTeNbCTBE TeopeMsl 1.

Bynem npeanoaarats, uto £j, €2, ... — NOC/NEI0BATENLHOCTb HE3ABUCUMBIX
OIMHAKOBO pacripefie/leHHbIX CyyalHbiX BesuuuH, & ~ A (0, 1). O6o3Haunum
Fo=1{2, Q}, F.=0{, ..., &}, 4 nyctb a=(o,, F,—|) — npenckasyemas
nocJyenosareabHocts ¢ P{|a,| < C}=1, n> 1, rne C — HekoTOpasi KOHCTaHTa,
OGpasyeM noc/ienoBaTeNIbHOCTb 2 = (2, Fp) C

n ‘ n
z,,=exp{z a,,g,,—-2- Zaﬁ}, n>l. 4)
k=1

k=1
Herpynxo nposepuTs, uto (OTHOCHTENBHO Mepbl P) noc/ienoBarenbHOCTb 2 =
= (2p, Xn) o6pasyer mapturan ¢ Ez, =1, n> 1.
3adukcupyeM Hekotopoe n>1 ¥ BBeneM Ha H3MepHMOM MpPOCTPaHCTBE
(Q (£n)n>1) BepoaTHOCTHYIO Mepy P ,, nonaras

P.(A)=El(A)z,, AcZ,. (5)

Jlemma 1 (anckpeTtHas Bepcus «teopembl lupcanoBa»). Omuocumens-
HO MmepoL P, cayuaiinoie seauuunvl &y =& —op, 1 <k<n, asasomcs
HE3ABUCUMBLMU U HOPMALLHO pacnpederennbimu, £y ~ A (0, 1).

Jlokaszamenscmeo. Tycts cumBont E, osnauaet ycpennenue no mepe Pp.
Torma mns \p €R, 1 <k <n,

E, exp{i Z ,\kfk} =E exp{i Z )\kfk}z,,=
k=1 k=1

=E [exP{i > )‘kék}zn—lE{exp(i)‘n(gn — ap) +ann — 07%) |~9‘n—-l}:| =

k=1
n—1 n
=E [exp{i Z Akfk}zn_l] exp{ _;'2'}=...=exp{—-;- z )\2}.
k=1 k=1

Tenepb TpeGyeMoe yTBep>KieHHe BbiTeKaeT U3 TeopeMbl 4 § 12 ru. I1. O
Jlemma 2. [Tycmo X = (Xp, Fp)n>1 — K8a0pamuuno unmezpupyemolls
MAPMUHEAN C HYACBOLM CPEOHUM U

o=inf{n>1: X, < -b},
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20e koncmanma b > 0. [Tpednoroxcum, umo
P{X, < -b}>0.

Tozda cyuecmsyem korncmanma C >0 maxas, umo 0aa scex n> |

Plo>n)> EC)Z? (6)
Hlokazameavcmso. Tlo cnenctsuio 1 k Teopeme | § 2 EX,2, =0, oTkyna
—El(oc < n)X, =El(oc > n)X,. 7)
Ha MHoxecTBe {o < 1}
-X,=>b>0.

[TosTomy npu n2 1
—El(oc <n)X, 2bP{oc <n}>bP{o=1}=bP{X, <-b}>0. 8)

C npyro#i cTopoHbl, B cily HepaBeHcTsa Koun—bByHsikoBckoro

El(o > n)X, < [P{o > n}-EX2]'2, )
yto BMecte ¢ (7) u (8) npuBomMT Hac K TpeGyeMoMy HepaBeHCTBY ¢ C =
=[bP{X, < —b}]°. . a

Hokasamenvcmso meopemor 1. [JocTaTouHo nokasarb, uTo
n
lim In P{T)ﬂ}/z [Ag(k)]QZ—% (10)
n—oo £=2
H
- 1
oy 2 1
Tim_In P{T>n}/; [AgR)]* < -5 (11)

C 370i1 uenbio paccMOTpUM (Hecayyaiinyio) NOC/TENOBATENLHOCTb (Cn)n>1 C
oy =0, a,=Ag(n), n>2,

H BeposiTHOCTHbIE Mepbl (P )., onpenenentbie dpopmyaoi (5). Torma B cuty
HepaeeHcrBa ['énbaepa

Po{r > n}=El(r > n)z, < (P{r > n})/9(E2P)/", (12)

rne p>1 uq=pp].
IMocnennuit COMHOXHTEND JIErKO BbIYHC/IAETCSA B SIBHOM BUIE:

(Ezf)'/"=exp{-”—;—' Z [Ag(kn?}. (13)
k=2
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Ouennm Tenepb BepoaTHOCT P, {7 >n}, Bxoasulyio B Jesyio yactb (12),
Hmeem

‘"n{r>n}=ﬁn{sk >g(k), 1<k<ny=Pn{Sk>g(1), 1<k<n},
re Sy = Z &, & =& — o;. CornacHo nemme 1 BenmunHbl &y, ..., &, 1O Mepé

P, ABAAIOTCA HE3aBHCHMbIMH U HOpMaJIbHO pacrpejesleHHbIMH, &~AH(, 1).
Torna no nemme 2 (npumenenHoit k b =—g(1), P=P,, X, =S,) Haxonum, uto

Is{‘r>n}>%, (14)

raie C — HeKoTOpasi KOHCTaHTa,
Torna us (12)—(14) caenyer, uto mis Jio6oro p > |

P{r>n}>cpexp{——2mg(k)l2 ,lnn}. (15)
k=2

rae C, — HekoTopas KoHcTaHTa. M3 yc/ioBuii TeopeMbl H B CHJTy NPOH3BOJIb-
HocTH p % | u3 (15) noayuaem oueHky cHusy (10).

s nonydenus ouenku ceepxy (11) npexxne Bcero 3aMeTHM, YTO NOCKOMbKY
2,>0 (P- u P,-n.1.), To B cuay (5)

P{r>n}=E,l(r>n)z;!, (16)
roe En — ycpeaHeHHne no mMepe ls,z.

B paccmarpuBaeMoM Hamu cayuae a; =0, a,=Ag(n), n>2, nostomy
man>2

z;'=exp{ Z Agl(k) - fk+2 Z [Ag(kn?}

k=2
Mo ¢hopmysie cyMmMupoBaHus Mo yacTaM (CM. JOKa3aTebCTBO jieMMbl 2B § 3
. 1V)

ZAg(k) & =0g(n)-Sp— Zsk 1A(Dg(R)),

k=2 =2

OTKylla C y4eTOM TOro, uTo no ycJjosusm Teopembl Ag(k) >0, A(Ag(k)) <0,
HaxoauM, 4To Ha MHOXecTBe {T > n}={S, > g(k), 1 <k < n}

> Agh)-&>Agn)- g -3 glk—DAWBgKR) —&Ag@) =
k=2 k=3

=Y [Agk))* + g(1)Ag2) - &10g(2).
k=2
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Hrak, u3 (16)

n

pir >} < exp{ 13 (beer- g(l)Ag@)}Enl(r > n)e=68E0)
k=2

n
=exp{—g(1)Ag(2)} em{—% > [Ag(k)]2}énl(7 > n)e= 448D,
k=2
rae
E.l(r>n)e 81880 L Ez,e 81280 =Ee~028D) < oo,

TToaTOMy
P{r>n}<C exp{—% Z [Ag(k)]Q},

k=2

rne C — HeKoTOpasi MOJIOKHTEbHAs KOHCTAHTa, YTO U JOKa3blBaeT OLEHKY
ceepxy (11). O

3. Hneu a6comoTHO HenpepbiBHOM 3aMeHbl Mepbl NO3BOJISIIOT UCC/Ie0BaTh
aHaJIOTHYHYIO 3ajiauy H Jas ciyuyast dsycmoponxux rpanuu. Ilpusenem (Ges
JI0Ka3aTeNbCTBA) OJMH W3 Pe3yJIbTaTOB B 3TOM HanpaBJieHHH.

Teopema 2. [Tycmo &, &, ... — He3asucumbie 00UHAKOBO pacnpe-
Oenennste, & ~N(0, 1), cayuadnoie seauuunot. [Ipednorosxcum, 4wmo
f = [(n) — noaoxcumenovrnas ynxkyus makas, umo

f(n) =00, n—o00,

Z [Af(k)]2=0(z f_2(k)), n— oo.

k=2 k=1
Toeoa, ecau
o=inf{n>1: [S4| > f(n)},
mo

P{a>n}=exp{—182— Z f'2(k)(l+o(l))}, n— oo. (17)
k=1

4. 3apaumu.

1. TlokazaTs, 4TO NoCJ/IeIOBaTENLHOCTD, ONpeseieHHas B (4), ABAAETCS Map-
THHra/10M. BepHo s 310 6e3 ycuioBust |a,| < ¢ (P-m.H.), n>1?

2. YcranoBuTh cripaBeaMBOCTb hopMyabi (13).

3. Nloxasats dopmyay (17).
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§ 8. LienTpanbHas npeaeabHas Teopema ajs CyMM
3aBUCHUMBIX CJy4aiHbIX BeJHYHUH

1. B § 4 rn. 11l uentpanbHas npenenbHas TeopeMa 1ist cyMmm S, =& + ...
eo. +&nn, n 21, cayuaiiibix BesMumH €y, ..., €4, LOKa3bIBAJACD B PEANOJIONKe-
HHH UX HE3AB8UCUMOCTIL, KOHEYHOCTU 8MOPLLX MOMEHMO8 U NPedesbHO)
npenebpecaemocmu caacaemsix. B Hactosiiem naparpadye Mbl 0TKa3biBaeMcs
Kak OT Mpe/rioJioXKeHUs1 He3aBUCHMOCTH, TaK U OT MpPeroNoXeHus1 KOHEYHOCTH
Ja)ke aGCOMIOTHBIX MOMEHTOB nepsoro nopsnka. OnHako NpejelibHas npeHe-
6peraeMocTb cjiaraeMbix GyfeT npeanosaraTbCs.

Hrak, GyneM cuutaTbh, YTO Ha BepOATHOCTHOM mnpoctpaHcTe (2, &, P)
3aJlaHbl CTOXacTHYECKHE MOC/e0BaTeNbHOCTH

" =, Fr), 0<k<n, n>1,
c =0, F§=1{2, Q}, FL CF}, | CF (k+1<n). Monoxum

Int]

XP=> &w O0<t<I.
k=0

Teopema 1. /Tycmo 042 ¢uxcuposannoeo 0 <t < 1 svinoanensl caedy-
rouue ycaosus: 0aa ecaxoeo € € (0, 1] npu n — oo

[nt]

(A) 3 Pl > el ) 0,
k=1
[nt) P
(B) 3 Elnel(€nl <€) | Ff_1]1 50,
k=1
[nt] P
(©) ) DI&nl(1€nel <) Ff_y] —0f, rae of >0.
k=1
Tozoa

d 2
X{ = A0, o7).
3ameuanue 1. Yciosus (A) u (B) oGecneynBaloT BO3MOXHOCTb Npel-
1]
P [o
crapjenus BenuunH X[ B Buge X/ =Y/'+Z} ¢ Z} -0 n Y!=3 N,
k=0
rle NocnefoBaTeNbHOCTH 1" = (Nuk, Ff) ABJAIOTCA MapTHHraj-pa3HOCTAMH,
E(ne| F7_) =0, ¢ |9l <c paBHomepHo mo 1<k<n u n>1. Tem ca-
MbIM (B paccMaTpuUBaeMblX YCJOBHMSAX) NOKa3aTelbCTBO TeOpPeMbl CBOAMTCS,
Mo CyLIeCTBY, K [0Ka3aTelbCTBY LEHTPalbHOH NpeleibHON TeopeMbl s
nocJjiefoBatesbHOCTeH, 06pa3ylolLUX MapPTHHIaJl-Pa3HOCTb.
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B TOM clydae, KOTAa BENHUMHB &y, ..., £un ABAAIOTCA He3aBHCHMBIMH,
yeaosnsi (A), (B), (C) npu t =1 npespawaiotcs B yenosus (o2 =o?):
n
(a) Y Pllém] > e} =0,
k=1
(b) Y Eléwel(lue <€)] -0,
k=1
n
© Y Dnel(lmel < )] = 02,
k=1

xopotuo u3sectHble no kHure B. B. [henenko u A. H. Konmoroposa [16]. Tem
caMbiM H3 TeopeMbl | mosyyaeM Takoe
Caenctue. Ecau &1, ..., & — HeE3aBUCUMBIE CAyHALHbBIE BEAUUUHDL,
>1,mo

n
@, (b), () = XI=Y" &uS A0, ).
k=1
3ameuanue 2. B yciosnu (C) He uckmouaercs cayyait o2 =0. Tem ca-
MbIM, B YacTHOCTH, TeopeMa | [aeT yCJIOBMS CXOIMMOCTH K BbIPOXKIEHHOMY
pacnpenenenuio (X[ 4, 0).
3ameuanue 3. MeTox noKa3aTenbCTBa TeopeMbl | no3possieT chopmyJin-
poBaTh M JJ0Ka3aTh clieflyloulee Gosiee obliee yTBepxKIaeHHe.
Mycts 0<t <fy<...<t;<1, o <ol <...<a,2j u €y, ..., £ — Hesa-
BHCHMble FayCCOBCKHe CJIydaiiHbie Be/IMYHHbI C HYJeBbIMH cpefuMu W Ec? =

=°'t2/. —aﬁ_|. O6pasyem rayccosckuit Bektop (Wy,, ..., Wy) ¢ Wy, =¢e1 + ...
oo +Ep.

[lycts ycnosus (A), (B), (C) sbinosHenb ais ¢t =ty, ..., t;. Torna cos-
mecmuoe pacnpedenerue Py, cayuaidnox seausun Xf, ..., Xp caabo
cxo0umcsa K 2aycco8cKoMy pacnpedeseHuro Py,....; senunun (Wy, ..., Wy):
Pt. —’ Pt. Wt

Sameqauue 4. Tlyctb (a, Jogi<1 — HenpepbiBHas Hey6biBaoILas HyHKLHS,
03=0. O603HauuM yepes W = (W )ogr<i npouecc 6pOoYHOBCKO20 0BUNCEHUSA
(suneposcruii npoyecc) c EW;=0u EWZ=0?. B § 13 ra1. I Takoit npouecc
onpenensiercs ana o =¢. Bes sToro npeanonoxenus Takoii mpouecc onpe-
Aensinica aHanorHyHbiM 06pa3oM Kak rayccosckuii mpouecc W = (Wy)ogigt ©
HesaBHcHMbIMH npupalueHusiMi, Wo=0 n koBapuauuoHHoi dyHkuueit r(s, £) =
=min(o2, 0?). B oflueil TeOpHH CJyyaiHbIX MPOLECCOB MOKa3blBaeTcs, UTO
BCerga cyuiecTsyer Takoi MpoLecc ¢ HempepbiBHLIMH TpaeKTopHAMH. (B ciydae
0F =1 TaKoi npouecc Ha3blBAIOT cMaKOapmuoim GPOYHOBCKHM IBHIKEHHEM.)
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Ecnn 0603Hayath yepes P" u P pacnpelefieHuss BePOATHOCTel Npoleccos
X" n W B ¢ynxkuronansHom mnpocrpanctse (D, B(D)) (cm.n. 7 § 2 ra. I),
TO MOXHO YTBepXaaTb, 4to yciosus (A), (B) u (C), sbinosneHHble npy
Bcex 0<¢ <1, 6ynyT obecneynaTb He TOJILKO OTMEUYEHHYIO CNaGyi0 CXOMH-
j=1,2,...), HO U PYHKYUOHANLHYIO CXOAUMOCTb, T. €. CJNabyi0 CXOIH-
MOCTb pacnpenefieHuii P" npoueccos X" K pacnpegeneHuto npouecca W,
(Tompo6Hoctu cM. B [5], [91], [87]). DTOT pesyabTaT OGLIYHO Ha3bIBAWT
DYHKYUOHANbHOU YyeHMPaLbHOU NPedesbHol Meopemoll Wi NPURYUNoM
unsapuanmuocmu (JoHckepa—IIpoxopoBa, korma BesuuuHbl &, ..., Eun
He3aBHCHMBI, 11> 1).

2. Teopema 2. 1. ¥caosue (A) 3IKBUBANCHMHO YCAOBUIO PABHOMEPHO
npedenvroli npenebpezaemocmu (PABHOMEPHOLU AcCUMNMOMULECKOl Ma-
aocmu)

P
*
(A%) e €ne| — 0.
2. B ypeononoxncenuu (A), uru (A*), ycaosue (C) sksusarenmuo ycao-
8u0
[nt]

(€% 3 (Enk ~ EEnrl (1€l < 1) FL )12 5 07
k=0

(B (A*) u (C*) 3Hauenue ¢ To xe, uto B (A) u (C).)
Teopema 3. [Tycme npu kaxcdom n> 1 nocaredosamenvrocmeo
§" = nrr F¢), 1<k<n,

ABAREMCA KBAOPAMUYUHO UHMeEZPUPYEMOL MAPMUH2AA-PAIHOCTILIO, M. e.
2 =

EE;, <oo u E(&ae | £F)) =0.
ITycme soinoaneno ycaosue Jlundebepea: 0ra € >0

[nt]

wL 3 E[€2/(€ul > )| F ] 0.

k=1
Toeoa ycaosue (C) aksusasenmuo ycaosuto
P
(X" >at, (1)
20e (keadpamuueckas xapaKmepucmuxa)

[nt]

(X" =" EE€&|FL), @
k=1



§ 8. LEHTPAJIbHA] NNPEAEJIbHASl TEOPEMA 729

a ycaosue (C*) aksusarenmuo ycaosuo
(X"l 5 o?, 3)
20e (k8adpamuueckas 8apuayus)

[nt]

X")=) &% )
k=1

W3 Teopem 1—3 BbiTekaer
Teopema 4. [Tycme 041 KBAOPAMUHUHO UKMESPUPYEMOLX MAPMUKESAA-
pasnocmei £ = (Ene, Ff), n> 1, 8oinoaneno (042 dannozo 0< t 1) yeao-
gue Jlundebepea (L). Toeoa
[nt]
> EEIFL) Dol = XIS A, o)), (5)
k=1
[nt]
> &bt = XPSHAH(0, 0. (6)
k=1
3. flokasameavcmseo meopemos 1. Tpencrasum X' B caefyiollieM BHIE:

[nt] [nt]

Xr=3" Ened (Entl 1)+ sl (arl > 1) =
k=1 k=1

[nt] [nt}
=" Elenel (1€nel < DIF 1+ Enl (1€l > 1) +
k=1 k=1

[nt] :
+ Z{ﬁnkl(lﬁnkl <) =E[el (|l <D | Fi 1} (D)
k=1

0O603Haunm

[nt]

Br =" El&mel(€nel < D Fi],
= ®)
pr(D) =1 €T),

v (D) =P (e € T| F;_1),

rie I — MHOXeCTBO U3 HauMeHblueli o-anrepbl HBo= o (&), NOPOXKIAEH-
HOi cucteMoit MHOXecTB & B Ro=R\ {0}, cocTosiiieil U3 KOHEUHbIX CYyMM
HenepecekalolMXcs HHTepBasoB Buia (a, b], He comepxauwmx Touky {0}, a
P&k € T| FP_|) — peryasipHoe ycioBHOe pacrpefiefieHHe Eqp OTHOCHTENBHO
o-anre6pul FY_,.
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Torna npencrasienue (7) MOXKHO Nepenucartb B ClelyloLleM BHIE:

[nt] nt]

xp=Br+Y, § xaw+d" § xdui-vp). ©)
k=1 {|x|>1} k=1 {lx|<1}

[TpencrasnieHue (9) Ha3blBAIOT KAHOHUHECKUM PA3AONHCEHUEM TOCTeNOoBa-
TeNbHOCTH (X[, &[,)- (Bce HHTerpasbl MOHUMAIOTCA KaK HHTErpasbl Jle6Gera—
Crunrbeca, onpejelieHHble s Kamoro 3JIeMeHTapHOro UCX0Ja.)

Cornacho ycaoswuio (B), B} L. [okaxem, uto B cuay yciosus (A)

[nt]

S § Ixldug Bo. (10)
k=1 {jx|>1}
Hmeem
[nt} [nt]
Yoo S Ixldus=>" learl I(l&nel > V). (11)
k=1 {lx|>1} k=1

Ias scaxoro § € (0, 1)

[nt} [nt)
{Z |6l 1((€nel > 1)>6} {Z I(|&ne] > 1) >6} (12)

k=1 k=1

fIcho, uto
(nf) (nt)

Zl(lsnk|>l) > § dur ULy

k=1 {|x|>1}

ITo ycnosuio (A)
[nt]

vin=Y. § av Do, (13)
k=1 {|x|>1}

npuuem V! apasiorca S| -H3MePHUMbIMH.
Torna B cuny cienctsus kK treopeme 4 § 3

Vig 0 = Uy 0. (14)

3aMeTHM, YTO B CHJy TOrO XKe C/EACTBHsi W HepaBeHcTBa AU[, <1 Hmeer
MeCcTO M o6paTHasi HMIJIMKALHA

Uty 20 = vy 5o, (15)

KoTopasi GyieT HCMOJIb30BaHa NMPH JIOKa3aTe/bCTBE TeOpeMbl 2.
s dopmya (11)—(14) noayuyaem TpeGyemoe yrepxkaetue (10).
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Hrak,
Xp=Y'+1Z], (16)
roe
[n]
vr=Y" § xdp-vp), (17)
k=1 {lxI<1}
a
[nt]
Z;=B;+>. § xdu5o. (18)
k=1 {lx|>1}

B cuiy 3ajauu 1 otciona caepmyer, YTo A AOKA3aTeJbCTBA CXOAMMOCTH
d
X7 A (0, 0?) Hano NMWb A0Ka3aTb, UTO

Y4 H(0, od). (19)
[Mpencrasum Y/ B Bune (¢ € (0, 1])
ytn = ’ant](s) + Afntl (e),

rae
[nt] :
M@=y §  xdui-vp), (20)
k=1 {e<|x|<1}
[nt]
Alg@=> § xd(u-vp). 1)
k=1 {|x|<e)}

Kak u npu nokasartenbcrse (10), nerko ycraHaB/HBaercs, 4TO B CHJIY yCJio-

P
MocnenopatenbHocTs A”(€) = (Af(€), Ff), 1 < k< n, asnsiercs Ksanpa-
THYHO MHTErpHpyeMbiM MapTHHIaJIOM C KBaJpaTHUeCKOM XapaKTepHCTHUKOM

k
IEESY [ ( x2dvp- ( { xdu{‘)2] =
i=1 L{lxI<e} {lx|<e}
k
= Z D [&ni 1(|6ni | <€)|37,"_|]
i=1
B cuny ycaosus (C)

(A™(€))jny) = 0.
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Tem cambiM pns mo6oro € € (0, 1]

max{yfuy (©), (A™€))ng — o7} = 0.

CorsacHo 3ajaue 2, Toraa Haijercsi nocJeloBaTeNbHOCTb uncen €, | 0 Ta-
KHX, 4YTO

"/[nnt] (€n) 2" 0, (A"(E,,))l,,,] 2" U?'

HOSTOMy OonATb-TakKu B CWJIy YTBEpPXAEHHS 3alayH 1 mocraTtouHo Jwilb
JI0Ka3aTtb, UTO

My S H (0, o), (22)
rae
k
1=Ale) =Y. § xd@!-up. 23)
i=1 {|x|<ea}

Mycrs pnsa I € %o
(M) =IAMel), 7[T)=PAM;eT|F_))

— peryJisipHas ycaioBHas BeposTHocTb, AME =M —M;_,, k> 1, Mj=0. To-
raa KBafpaTHYHO WHTerpuUpyeMblit MapTHHran M" = (M}, #), 1 <k <n, Moxer
6biTb, OUEBHIHO, 3aMHCaH B BHIE

k

k
=Y Aamr=Y" §  xdpp
i=1

i=1 {lx|<2em}

(3amerum, uto B cuay (23) |AM?| < 2¢e,.)
Jas nokasarennctsa (22) Hano, coryiacHo teopeme 1 u3 § 3 ra. 11, noka-
3aThb, YTO /ISl BCAKOrO JeACTBUTEJBHOTO A
\2g?

EeiMim — e~ 7T", (24)

O603HayuMm

Gi=>_ § (€ -1ndy

j=1 {lx|<2eq}

k
epcm =[] 1 +aay.
j=1
3ametum, uTo
1+AG =1+ § (™ —1)dif =E(@>*M | #7))
{lx|<2eq}
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H, cJJe10BaTeNbHO,
k
éakn(Gn) = H E(eiAAM;' lgn_
i=1

B cOOTBETCTBHH C NI0Ka3biBaeMoil B M. 4 JieMMO#i 1/l NpoBepKH (24) nocra-
TOYHO MOKa3aTb, UTO AJIf JIIOGOro NeHCTBUTENLHONO A

[nt]

H E(et)\AM" ' l)

j=l

| €12 (G")| = 2c(N)>0 (25)

(G e T (26)

C sroii uesbio npexcrasum &' (G") B cienyioieM Buae:

k
& (G") =e% [ (1+AGHe29.
j=1
(Cp. c dynkumeir & (A), onpenenennoii popmyoi (76) B § 6 ra. I1. )
[Mockonbky
x dv} =E(AM] | £Fi_,) =0,

{lx|<2en}
TO
k
,’;=Z § (™ -1-ix)dv. 27
j=1 {|x|<2€eq}
3Hauur,
a2 9 A2 9
lAGy < § 6™ —1-ixx|dig < 5 §  1Pdr <5 (2e)’ -0
{Ix1<2eq) {1x|<2¢0)
(28)
H
k k 2
A2 n A
Z 7<—2-Z § x2d7=?(M")k. (29)
j=1 j=1 {lx|<2eq}

Cornacuo ycnosuio (C),

(M")nn) o2 (30)
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TNpennonoxum cHauana, uto (M")(,q <a (P-n.n.). Torna B cuny (28), (29) u
3ajaud 3 3aBelOMO

nt]

[1 0 +aGpe=2% 51, n—oo,

k=1
W, 3HAuHT, 015 I0Ka3aTe/bcTBa (26) MOCTaTOUHO JIMILD YCTaHOBHTb, YTO
P o2
Gy = — =5+ (31)
w (sBuay (27), (29) u (30)) uto
[nt) ) 2.9
eM 1 —idx + i2i) an 5o, (32)
k=1 {|x|<2€q)
2.2 3
Ho |e""‘ —l—ilx+ A—2—| < l%l— H M03TOMY
[nt} I [t}
el l—t)\x+——| S-——-Qe,,-z S 2 dif =
6
k=1 {|x|<2¢,} k=1 {lx|<2ea}
Y

n n I)‘|35"
3 (M") g S 3 a—0, n-oo.

Tem cambim, ecat (M")(.q) < a (P-n.n.), 10 (31), 2 3HauuT, 1 (26), noxa:-xauo.

Iposepum Teneps cBoiictso (25). MMockonbky |€** — 1 —idx| < (A )

B cuay (28) HaxomuM, 4TO 1J18 JOCTATOYHO GOJIBLUMX 7

|65 (G™) = ;ﬁ ( - —A(M")/) _e?; '"( _%A(M")").
j=1

k
[T a+acy
j=1

Ho (m1a moctatouHo GoJiblIuX 71)

A2
SNy
In(1- —A(M”) ) >———,\r—/—
1- —A(M”)j

c A(M"); g(/(\2s,,)210, n — oo. [TosToMy HaiifeTca Takoe g = rg(\), uto Ans
Bcex 1 2 np(A)
|62(G™)| > e "
H, 3HAUUT,
|62 (G™)| > €X' M > g=2'a,
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Tem cambiM B npexanofoxeHun (M")i,q <a (P-n.H.) TeopeMa n0Ka3aHa.
UYTo6bl CHATb 3TO MpPELNOJIOXKeHHe, MOCTYNHUM CleyoLUM 06pa3oM.
[Monoxum

" =inf{k < [nt]: (M")e 207 +1},

cuntasn 7" =00, eciu (M) <07 + 1.
Torna ana M" = M3, .. nmeeM

UW)WI = (M")njarn < 1 +a,2+253 <1+02+2?% (=a)

¥ MO JI0Ka3aHHOMY
= A2g?
EetAan,] e~
Ho
. i n iAXM™ .
lim |E(e*Mim — ¢ *Mim)| < 2 lim P{r" < 00} =0.
n n

[MosTomy
- - i - No?
lim Ee*Mimn = lim E(e!*im — ¢ Mian) 4 lim Ee'Mim = ™77
n n n

3ameuanne. Uto6bl 10Ka3aTb yTBepXKAeHHe, C(HOPMYJIUPOBAHHOE B 3aMe-
yaHuu 2 K Teopeme |, Hazo (B cooTBeTcTBHH C npueMoM Kpamepa—Yonna [5])
I0Ka3aTb, UTO /I JIIOGbIX AeACTBHTRIbHBIX Ap, ..., A;

i
E exp{i [/\nMi’nm + 3 MMy — anu-.l)] } -

k=2
2 2 i 32(s2 _ 42
—ex )‘latl Z Ak(att _alk—l)
Y 5 — [
k=2

Jloka3aTenbCTBO 3TOTO COOTHOILEHHS NMPOBOAUTCH TeM XKe cambiM o6pa-
30M, 4TO M JI0Ka3aTeJIbCTBO COOTHOLUeHHUs (24), HO BMecTo (M}, &) cnenyer

paccMatpuBaTb KBapaTHYHO MHTerpupyeMble MapTuHrannl (M, &) ¢

k
My=Y" viAM],
i=1
e v;=\ aia i < [nt] vy =X s [ntp ] <i[nte], 2< k<.
4. B 3toM nyHkTe GyIeT [oKasaHa OJHa MpocTas JemMa, M03BoJuBLLasA
cBecTu nposepkKy (24) k mposepke (25) u (26).
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Mycts 0" = (Yo, F), | <k < n, n2 1, — croXactuyeckHe NocJe0BaTellb-

n
HocTH, Y= 3" Nk,
k=1

eV =[] EE*™|£r,), XeR,
k=1

Y — cayuaiiHas BeJMYHHA C
&N =Ee*, AeR.

Jlemma. Ecau (0an dannoeo A) |E"(N)| =c(A) >0, n>1, mo 0aa cxo-
dumocmu

EeiAY" N EeiAY (33)
docmamoura cxodumocmo
N5 e). (34)
Hoxazameascmso. Tlyctb
n _ eiAyn
m*(A\) = 0y

Torza |m"(N)| < ¢~'()\) < oo u Jerko nposepsercs, uTo
Em"(\)=1.
[Mostomy B cuny (34) 1 TeopeMsl JleGera 0 Ma>KopupyeMoii CXOAMMOCTH

[Ee*" —EeM| = |E(e>" — &(W)| < |[E(m" (W) [E"(\) — EN))| <
<cT'MWE|E" () =&MW =0, n—oco. O
3ameuanne. U3 (33) u npemnoioxenus |6"()\)|=c(A) >0 Bsbitekaer,

uto &(\) #0. YTBepxIeHHe JieMMbl Ha CaMOM Jiejie COXPaHseT CBOIO CHUAY H
6e3 npennoJioxkeHus |&"(A)| =c(A) >0 B caepyroweii dopMyanuposke: ecau

&"(\) f—»é’()\) u &) #0, mo umeem mecmo cxodumocme (33) (3apaua 5).
5. Hoxasameabcmso meopemst 2. 1. Iyctb €>0, § € (0, €), u n1s npo-
crotbl nycTb ¢ = 1. [TocKosbKy

max |§nk| e+ Z |§nk| I(l&nkl >¢)

1<k

{Z el H1Ew >s)>6} c {Z 1€kl > €) >5},

k=1 k=1
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TO

F{ir_glggn €] >€+6} sP{kz:: 1(|&nel >s)>6} =p{2 { dup >6}'

k=1 {|x|>¢}
n
EcJiu BbINOJIHEHO YcaioBKe (A), T. e. P{ > S dvg >6} —0, 1o (cp. c (10))
k=1 {x]>e)

n

1 P{Z S dup >6} —0. Tem cambim (A) = (A¥).
k=1 {1x|>e)

O6patHo, nycTb BuinosHeHo ycaosue (A*). [Tonoxum

. €
on= mm{k <n: || 2> 3 },
cuuTasn o, =00, ecii max |€q| < tB cuay (A*) lim P{o, < 00} =0.
I<kgn 2 n

3ameTuM Tenepsb, uto A JioGoro J € (0, 1) MHOXKecTBa

nAo, c c
l( > -) > —}
{; |Ene| = 3 > 6} 4 lggéan)/(\a,, €l 3

COBMAfAIOT U NO ycjosHio (A¥)

nAo, nhoy

S (ewl>5)=Y § duo
k=1 k=1 {'ﬂ;%
[Mostomy B cuny (15)
nAo, nAo,
dvg < Z S dvg, LO,
k=1 {|x|>¢€} k=1 {lﬂ;%}

YTO BMeCTe CO CBOHCTBOM li,rzn P{o, < 00}=0 nokaspiBaer HMMJHKALHIO

(A*) = (A).
2. CHoBa 6yneM cuutatb ¢ = 1. 3adukcupyem Hekoropoe € € (0, 1] u pac-
CMOTPUM KBaIpaTHYHO HHTErpupyeMble MapTHHraJbl (cM. (21))

A"(0) = (Az(6), &FE), 1<k<n,
c 0 €(0, ]. B coorerctsuu ¢ ycnosuem (C) ans nautoro € € (0, 1]
(A™(€))n > a2,

Orciona B cuny ycniosus (A) Jlerko BLIBOLMTCS, YTO TOTAA H IS BCSKOTO
de(0, €]

(A"(8))n 2> 03 (35)
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—_—

MokaxeM, uto u3 ycaosuit (C*) u (A), uiH, paBHOCHJIbHO, U3 ycai0BH# (C*)
1 (A*), BbiTekaer, uto wis Beakoro d € (0, €]

[A"@)]a 2ot (36)
rae
n 2
[a"@). =Y [enklusnkl@)— ) xduz] :
k=1 {lx|<d8}
JeiicTBUTENBHO, JIerko NPOBEPHUTD, YTO B cUiy (A)
(A" ()] = [A"(1)], S0. (37)
Ho
n 2
Z[ﬁnk— { xduk] Z[snklusnkl <n- § xduz] <
k=1 {IxI<1} {lxl<1}

§ xds-vp)
{lxI<1}

<Y I(lEnel > 1) [s‘:fk +2/€me|

k=1

]<

n n

P

<5 Mkl > 1)EZ <5 max €2,-5 " § dup 0. (38)
I1<kgn
k=1 k=1 {|x|>1}
[TosTomy (36) caenyer us (37) u (38).

Takum o6pa3oM, uto6bl J0Ka3aTh 3KBUBaJeHTHOCTb yciosuil (C) u (C*),
JOCTAaTOYHO YCTAHOBUTb, YTO KaK MpH BbinosHeHUH yeaosusa (C) (ans naHHoro

€€ (0, 1]), Tak u npu BuinoJHeHuu ycaosua (C*) mis Besikoro a >0

lim Tim P{|[A"(8)]x — (A"(8))] > a} =0. (39)

Mycte  m{(8) =[A"(0)]x — (A" (0))r, 1< k<n. TlocnenosarenbHocTb
m"(8) = (m}(0), &) ABnseTcA KBaLPATHYHO WHTErpUPYeMbiM MapPTHHIa/oOM,
npu 3TOM (m"(6))2 JIoMUHHpYeTcs (B cMbicsie onpefeneHus u3 § 3) nocneno-
BaTeJibHOCTAMU [m"(8)] u (m"(6)).

ScHo, uto

[m"(@)la = (Ami()* < max [Am(©)]-{[A"(O)]n +(A"(E))a} <
k=1 K[RSn
<3E{[A7(@)]n +(A"(9))a).  (40)
IMockoabky [A™()] u (A"(8)) nomuuupylot apyr apyra, To u3 (40) Bbitekaer,
yto (m"(6))? nOMUHUpYIOTCS NOCeNoBaTeNLHOCTAMH 632[A™(8)] u 652(A™(5)).
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[Tos5TOMy ec/iu BbinoHeHo yciosue (C), TO MPH HOCTAaTOYHO MajoM &
. b
(nanpumep, npu 6% < mm(e, é(af + l)))

@ P{66%(A"(8))n > b} =0

J, 3HAUMT, B CHNY CJeIICTBUA K TeopeMe 4 u3 § 3 nmeer mecro (39). Ecau xe
soinosiHeHo ycaosue (C*), To npu ToM Xxe §

@1‘ P{662[A"(8)], > b} =0. (41)

TMockoabky |A[A%(8)]k] < (26)%, To (39) cnenyer u3 (41) u onATb-Taku M3
cJIeficTBHUsL K Teopeme 4 § 3. O

6. [okaszameavcmso meopemor 3. C yueroM ycnosus JluuneGepra (L)
skeuBaJienTHOCTD yeaoBHit (C) u (1), a Taeke (C*) u (3) nposepsiercs NpsiMbIM
nozxcyerom (3anaua 6).

7. Hokazameascmso meopemer 4. Ycnosue (A) cienyeT M3 ycJoBHA
Jlunne6epra (L). Uto e Kacaercs sbinosHeHus ycaosus (B), To mocratouHo
3aMeTHTb, UTO B cJydae, Korma £" o6pasyloT MapTHHraj-pa3HOCTb, BeJUUM-
Hbl B?, BXOJsililMe B KaHOHHUYECKOe paaioxeHHe (9), MOryT GbiTb MpecTaBJieHbl
B BUIE

[nt]
Br=->Y"§ xdu.
k=1 {|x|>1}

ostomy B} Pos cuy ycsous JlunpeGepra (L).

8. OcHoBHasi Teopema HacTosillero naparpaca — Teopema | — noKa-
3blBasiacb B MpeNMoJOXKEeHHH DABHOMEPHOU ACUMRMOMULUECKOU MAAOCMU
CyMMHpyeMbiX ciiaraemblx. EcTectBenen Bonpoc 06 ycJoBHsX CpaBeiIMBOCTH
LeHTpaNbHOM MpeesbHOl TeopeMbl 6e3 3TOro mpeanosoxeHus. Jlaa cayuas
HE3aBHCHUMBIX CJIy4YaiiHbIX BEJHYHH MPHUMEpOM TaKOW TeopeMbl SIBJSETCA Teo-
pema | § 5 ra. III (B npeanoyio>keHHH KOHEUHOCTH BTOPbIX MOMEHTOB).

[Tpusenem (Gea noKasaTesbCTBA) aHAJOr 3TOH TeopeMbl, OFpaHHYHBaAACH
Cllyyaem nocsienosartedibHocTelt £ = (§nr, &), 1 < k < n, 06pasylolux Ksa-
PaTHYHO WHTerpupyeMylo MapTHHra-pasHocTs (E£2, < 0o, E(&w | Fp_,) =0).

O603HaunM Fop(x) =P (En < x| F{_,) perynsipyto hyHKUHIO pacnipeniese-
HUSL £, OTHOCHTENbHO F[_ |, M nycTb Ane = E(E2, | FP_)).

Teopema 5. Eciu 013 k8a0pamu4HO uHmMezpupyemolx MapmuHaar-
pasnocmeii £" = (Enk, F7), 0< k< n, n2 1, soinoanens credyrowue ycao-
8us:

(]
Z Ankia?, 0<at2<oo. 0L,
k=1
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u 0aa 8cakoeo € >0
[nt]

2. §

k=1 {lx|>€}

Fnk(x)—Q(\/%;)ldx i»0,

mo
nd 2
Xt —->./V(0, 0’, )
9. 3anaun.
d d d
1. Myets €, =7, +n, n 21, toe 7, — 0, a {; — 0. lokasarb, uto §, — 7.
2. Iyets (€4(€)), n> 1, € >0, — ceMelicTBO cayualiHbIX BEJHUHH TaKHX, UTO
P
aas kaxnoro € > 0 &,(€) — 0 npu n— oo. Micnonb3ys, HanpuMep, yTeepxaeHue
3anaun 11 B § 10 rn. II, nokasaTb, uTo HaiifieTcsi Takasi MoCJe10BaTeNbHOCTb
P
€n 10, uto &,(en) — 0.
3. Myctb (o), 1 k< n, n> 1, — TaKHe KOMIJIEKCHO3HAUHble CllyyailHble
BeJIMUHHbI, uTo (P-n. H.)
n
> lefl<C, lofl<anlo.
k=1
[Mokasatb, uto Torma (P-n. H.)

n
lim [T (1 +ape=t=1.
" k=1
4. TpoBecTH 10Ka3aTeNbLCTBO YTBEPXKIEHHS, CHOPMYJIHPOBAHHOTO B 3aMe-
yaHuH 2 K Teopeme 1.
5. Ilokasatb yTBepxiueHue, chopMyIHpOBaHHOe B 3aMeYaHHH K JieMMe.
6. laTh [0Ka3aTeJqbCTBO TeOpeMbl 3.
7. lokasarb TeopeMy 5.

§ 9. AuckpetHas Bepcus ¢opmyant Hro

1. B croxacTHYeCKOM aHaju3e OPOYHOBCKO20 OBUNCEHUS W PONCTBEH-
HbIX eMy MpoLeccoB (MapTHHrajbl, JIOKalbHble MapTHHraJjbl, CeMHMapTHHra-
JIbl, ...) UCKJIIOUHTENbHAS POJIb PHHALJIENHT POPMYAE 3AMEHbL NEPEMEHHbLX
K. Hmo. B HacrosiiieM naparpage paccMaTpHBaetcst OUCKpemHas 8epcus
31Ol (popMyJibl M MOKa3biBaeTcs, KaK U3 Hee TpellesibHbIM MepexofoM MOXHO
6b110 6bl MosyunTh U popmysry K. Hmo 03 6poyrosckoeo 08uicenus.

2. Tlyerb X =(Xp)ogngy H Y = (Yn)ogngn — IBE MOC/IEN0BATENLHOCTH
C/lyyaiiHbIX BEJIHUMH, 3alaHHbIX Ha BepOSITHOCTHOM mpocTtpaHcTse (2, &, P),
Xo=Yo=0mn

[X. Y1= (X, Vldocngn,
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rae
[X, Y1.=) _ AXeAY, (1)
k=1

ecTb kK8adpamuueckas kKosapuayus nocnenosatrensHoctel X u Y (cm. § 1).
ByneM npexnosarath, uto 3agaHa ¢yskuus F = F(x), sasasiowasica a6co-
JIIOTHO HemnpepbiBHOM:

F(x)=F(0)+§ f(y) dy, (2)
0

rae f = f(y) — 6openeBckas yHkuus Ha R Takas, uTo

§ 1f@)ldy <o
lyl<e

s Besikoro ¢ > 0.
dopmyna 3aMeHbl nepeMeHHbIX, 0 KOTOpO# GyneT WATH peub, AaeT Mpex-
cTaBJieHHe i NoC/el0BaTeNbHOCTH

F(X) = (F(Xn))ogngn 3

B TePMHHAX «eCTeCTBEHHbIX» (DYHKLUHOHANOB OT MOC/]eN0BATENbHOCTH X =
= (Xn)ogngN-

PaccMorpuM KsazmpaTHueckyio Koapuaumio [X, f(X)] nocnemoBatenbHo-
cret X u f(X)=(f(Xn))ogngn, Tae f=f(x), x €R, ecTb pyHKUMA H3 mpen-
crasienus (2). Cornacho (1),

(X, [0 =" AfXDAXe = (f(Xe) = [(Xem1))(Xe = Xe1).  (4)
k=1

k=1

Ecnu BBecty Ba «IHCKpPETHLIX MHTerpaia» (cp. ¢ onpeneneHtem 5 8 § 1)

In(X, f(X))=zn: f(Xe-1)AXe, 1<n<N, (5)
. pt
I.(X, f(X) = Z [Xe)AXe, 1<n<N, (6)
TO KBaJpaTHUECKYIO Koeapuaumf:iomuo NMpeACTaBHTDb B CJIellylolleM BHIE:
(X, FO1n =X, FX)) = 1n(X, f(X)). (@)

(B cnyuae n =0 nonaraem Iop=1o=0.)
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Hnsi puxcuposannoeo B HalkX paccMOTpeHHsiX uucia N BBelleM HOBYio
(«o6pallieHHyI0») NOCJ/eN0BaTeNbHOCTD X= (X,,)o<,,<N. nonarasi

Xo=Xn-n )
SlcHo, uTto
InX, fX0)=—In(X, [(X))
H, aHaNIOrH4Ho,
In(X, FX))=—{In(X, FX) = In-n(X, FX))}.

Orciona u u3 (7) 3akaiouaeM, 4To

(X, fOIv =—={In X, fX) +In(X, [(X))}
naa 0<n<N

X, [0l =—{InX, [X)) = In-n(X, FX))} = In(X, X)) =
N n
=—{ > f(Xk_.)AXHZf(xk-nAxk}. ©)
k

=N—-n+1 k=1

3ameuanune. [ToJie3Ho OTMETHTbL pa3HyIO CTPYKTYpY MpelcTaBieHHii KBaa-
paTHyecKoil KoBapHaLHH [X F(X)])n, 3anaBaembix dpopmyaamu (7) u (9). B (7)

«uuterpan» I,(X, f(X)) = Z f(Xp—1)A X, obpa3syercs Tak, uTO Ha MHTepBaJe

[k —1, k] 3nauenne f(Xp— ,) (B «JIeBOM» KOHLIe) yMHOXaeTCsl Ha MpupalleHye
AXp=Xp — Xs—) Ha BceM 3TOM HuTepBane. «Muterpan» xe I, (X, f(X)) o6pa-
3yercs no-ApyroMy — Ha npupaitedne AXp =X — Xp—| yMHOXKaeTcs 3HaueHHe
B «MPaBOM» KOHLe HHTepBana [k — I, k], T. e. 3HaueHHe Xj.

Takum 06pa3oM, MOXKHO CKa3aTb, 4To hopMyna (7) Comep>KHT Kak «npsMok
unrerpan I,(X, f(X))», Tak u «o6pathblit uuterpan I,(X, f(X))». B dopmyae
xKe (9) Bce «MHTerpaibl» ABASIOTCS «MPAMBIMH» (411 nocaenoBarenbHocTedl X
uX )

3. TMockoabKy aas Kaxnon GpyHKunMn g = g(x)

g(Xe-1) + 5 [&(Xe) — gKe-1)] — 5[2(Xe) + Xe1)] =0,

TO AICHO, UTO

FXa) = F(Xo) + D g(Xac)AXe + 5[X, g(01+
k=1

30 { (POt - Ftaon) - Bzt 280 5 - (1)
k=1
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B uacTHOCTH, ecaii g(x) = f(x), rae f= f(x) — byHkuus u3 npeacrasnenus
(2), 10

F(Xn) = F(Xo) + In(X, [(X)) + %[X' fX)]n + Ra(X, f(X)), (11)

rae

) — f(Xk-1)+f(Xk)]
2

n Xi
Ru(X, fX)=3" § dx. (12)

k=1 Xg—1

M3 MaTeMaTHYeCKOro aHaJu3a XOpOLIO H3BECTHO, UTO ecaiH (yHkuus f”(x)
HenpepblBHa, TO CNpaBeHBa «cpopmy.ua Tpaneuuus:

_m3
S Sx(x— 1)/ (€(a+x(b - a))) dx =
0

(b a) fll( )

3 1
~b-a —2 (@ + (b~ @) § x(x~ 1) dx=—
0

rae £(x), X ¥ ) eCTb HEKOTOpbIe «IPOMEXKYTOUHbIe» TOUKH U3 HHTepBana [a, b].
[Mostomy B (12)

Ra(X, [X)=-15 Z I (k) (AX)®,

rae Xp—; < < Xi. U3 atoro npeacrasnenus sicHo, uTo

n
1
IRa(X, FX)I< 15 sup f”(n)~; AXe, (13)
rae sup Gepercsi N0 BCeM 3HaueHHsIM 7) TaKWM, uto min(Xp, Xi, ..., Xp) <7<

Smax()(o, X|, ceny X,,).

Mui HasbiBaem dopmyay (11) duckpemnod sepcueii popmysor K. Hmo.
Monuepkuem, uto npapas uacTb 310N (OPMYJIbI COCTOMT U3 TPeX CJlaraeMbix:
«IMcKpeTHoro unterpana» I,(X, f(X)), keanpatnueckoit koapuauuu [X, f(X)],
H «ocratouHoro» uneHa R,(X, f(X)), Ha3BaHHe KOTOpOro 0O6DbsICHSETCA TeM,
YTO MpH COOTBETCTBYIOLLEM MpenesbHOM Mepexofe K CJyyalo HenmpepbiBHOTO
BDpeMeHH OH cTpeMHTCA K HyJI0 (cM. Gosiee noapoGHo n. 5).

4. Mpumep 1. Ecan f(x)=a+bx, To Ry(X, f(X))=0 n copmyna (11)
NpHHMMaeT caenyolmil BUL

F(Xa) = F(Xo) + Ia(X, fX0)+ 51X, [0, (14)
(Cp. c topmyaoi (19), npusomumoit HHXKe.)



744 V1. VII. MAPTUHTAJIbI

Mpumep 2. Iyctb

I, x>0,
f(x)=signx=<¢0, x=0,
-1, x<0,

u nyctb F(x)=|x|.

Mycto Xp =S, rne Sp=& +...+ &, k21, a §, &, ... —nochenosare-
JIbHOCTb HE3aBHUCHMbIX GEPHYJIIMEBCKHX CJYYalHbIX BeJUYUH, MPHHUMAIOLIMX
3nauenus £1 ¢ BeposiTHoCTbIO 1/2.

Ecau nonoxurs Sop =0, To HenocpexncTseHHo U3 (11) MOXHO HafiTH, uTo

n
1Sal =" (sign Se-1)AS + Na, (15)
k=1

rie N, =#{0< k<n, S; =0} —uncno Hyneil nocnegosarenbHoctd Sp, Sy, ...

n
Bxomsiuwii B (14) «AMCKpeTHbIA MHTerpas» (Z(sign Sk_l)ASk) 5B~
i k=1 n>1
qsercsi MmaptudranoM. [Tostomy us (15) Haxonum, uto

E|S,| =EN,. (16)
[MockoJbKy (3amaua 2)

E|Sa| ~ % n— oo, (17)

' n
ENnN -é—TF’ n— 00. (|8)

Whaue roBops, cpelHee YHCJO «HHUbHX» B cJyuaiiHoM Gayxmanun Sp,
S|, ..., Sp N0 NOPSANKY pacTeT KaKk /7, a He Kak 11, YTo MOrJIo Gbl C NepBoro
B3IJIA/1a N0Ka3aThesl Gosiee ectectseHHbIM. OTMETHM, uTO CBOCTBO (18) cambiM
HerocpeNCTBeHHbLIM 06pa3oM CBsi3aHo ¢ 3akoHoMm apkcuryca (cM. § 10 ra. I)
¥ aKTHUECKH CJIeflyeT U3 Hero.

5. Tlyctb B = (Bt)ogi<1 — crannapthoe (Bo=0, EB; =0, EB? =1{) 6po-
yHoBckoe nsixenue (cM. § 13 r1l) u Xp =By/m, k=0, 1, ..., n.

[Tpumenenue ¢opmy.ni (11) NpUBOUT K cienyioleMy pe3yaLTary:

To U3 (16) cnenyer, uto

F(B1)=F(Bo)+ 3" [(Bie-1yn)ABysn + 5[ F(B.sn), B-jaln+
k=1

+ Rn(B-/nv f(B~/n))~ (19)
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W3 Teopun GpoyHOBCKOro nBWxeHus (cM., Hanpumep, [11], [17], [77])
13BECTHO, UTO

n
ZlBk/n_B(k—l)/nlaz’O, n—oo. (20)

k=1
[TosToMy, ecau ¢yHKkuus [ = f(x) uMeeT 8mopyi0 npouszBoonyr> W
|f"(x)|SC, x€R, nna nekoropoit koHcTanTbl C >0, To u3 ouenku (13)

P
HaxolIuM, uTo Rn(B-/ny f(B-/n)) —0.
Onarb XKe U3 TE€OPHH 6p0yHOBCKOI‘0 JBU>KE€HUA U3BECTHO, UTO AJid BCAKOH

(6opeJieBcKO#) yHKUHU [ = f(x) € L. (1. e. TaKoil, uTo S f2(x)dx < 0
IxI<C
as Beskoro C > 0) cyuiectsyer npenen (3asefjoMo B CMbiCJie CXOAMMOCTH MO
n

BEPOATHOCTH) «IHUCKPETHBIX MHTErpajoB» b f(Bk=1)/n)ABgn, 0603Hauae-
1 k=1

MBbIit S f(Bs) dBs n HasblBaeMblii crmoxacmuueckum unmeepason Hmo no

0
6pOYHOBCKOMY OBUNCEHUIO.
Tem cambiM, o6pamasics K gpopmyse (19), Buaum, uto B Hell «OCTaTOYHbIM»

une Rn(B./n, f(B /,,))—-»0 «IUCKpETHble WHTErpaibl» Z f(B(k 1y/n)ABg/n
cxoaAaTc (Mo BepOATHOCTH) K «CTOXacCTHUECKOMY HHTerpa.ny» Sf(B ) dBs,
0

a cJjiefoBaTesIbHO, CYILECTBYeT W Mpeles MO BepOATHOCTH KBaJApaTHUECKHX
KoBapHaLui

[B-/n» f(B-/n)] (= [i(B-/n)» B-/n]),
KOTOpbLIil eCTeCTBEHHO 0603HAYUTb KaK
[B, f(B)h.

Hrak, ecnin dynkums f= f(x) umeer sropyio npoussoanyio, |f”(x)|<C,

Xx€R, u f €L, To uMeeT MecTo clienyiolas hpopMmy.a:
1
F(B1) = F(0) +$ f(B:)dB: + 3 [B, f(B)]:. @1)
0
Ipu 3tom
1
(B, [(B)]1 = ['(Bs) ds 22)
0

H, cllefoBaTesbHO,

1 1
F(B))=F(0)+ [(Bs)dBs+ 5 § F'(Bs) ds, (23)
0 0
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HJIH, B 6oJlee CTaHIApPTHOR 3aMucH,
1 1
F(B))=F(0) + F'(B.) B+ § F"(B.) ds. (24)
0 0

Vimenno s1a dopmyna (uns F € C2) HOCHT Ha3BaHHe hOpMyAb. 3aMeHbL
nepemennvix K. Hmo 041 6poyrosckozo O0suxcernus.

6. 3apaumu.

1. Hokasarb ¢opmyay (15).

2. lokasaTb cnpaBefIMBOCTb aCUMNTOTHKH (17).

3. Hokasatsb dopmyay (22).

4. ®Gopmyna (24) cnpaseniuBa ana Beskoi dyHkuuu F € C2. IMonbitaliTec
3TO 0Ka3arb.

§ 10. BbluncieHne BEpOATHOCTH pa3opeHus
B CTPaxoBaHMH. MapTHHrajJbHbIH MeTO,

1. Makepuas, usnaraemnlii B 3T0M naparpade, sBIA€TCA XOpoLIel HII0-
cTpauuei TOro, Kak MapmuHeasbHolli n00x00 Jaer NpocToil MeTos OLeHHBa-
HUS BEPOSTHOCTH Pa30peHHsl, CKaXKeM, CTPaXOBOH KOMMaHHH.

Bynem npeanonararb, uto X = (X;);>0 €CTb c/lydaifHbIX npotiecc, ONMChIBa-
IOILMIA 3BOJTIOUMIO KaMuTajla pacCMaTpuBaeMoi CTPaxosoil KoMnaHuu. 3Haue-
HHe Xo=u >0 uHTepnpeTHpyeTcs Kak HauaibHblif Kanutaja komnaHuu. Ctpa-
XOBble MOCTYIMJIeHHs NPeANoJaraloTcs Hakani1uBaloLHUMUCS Ha CUeTy KOMNaHUK
HempepbIBHLIM 06pa3oM ¢ MOCTOSAHHON ckopocTbio ¢ >0 (T. e. 3a Bpema Af
nocrynjenue pasHo cAt). Tpe6oBaHus Ha BbIMJIATy CTPaXOBKH CUUTAIOTCA MO-
CTYNaoIMMH B caydaiiHble MoMeHTbl BpeMeHu Ty, To, ... (O<Ti< T < ...)
C COOTBETCTBYIOLIMMH BbIMIaTaMU, OMpefesieMbIMH HEOTPULATEIbHLIMH Cly-
yaifHbIMU BesiMuuHaMu €, &o, ...

K3 n3noxxeHHOTO BbITEKAET, UTO KanuTa KOMMNaHUU B MOMEHT BpeMeHu ¢ >0
onpenenserca ¢GopMyoi

Xi=u+ct-35§y, 1)
rae
Si=) &ITi<Y). 2
izl
MMyctb
T =inf{t >0: X; <0}

€CTb TOT nepBblﬁ MOMEHT, KOrJa KanuraJj KOMNaHHH CTAHOBHTCA HYJIeBbIM WJIH
OTpULATEJIbHbLIM.
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Ecau X; >0 nns scex t >0, To T nonaraercs pasHbIM +oo. [To BnosiHe no-
HATHBIM TPUYKHAM MOMeHT T eCcTeCTBEHHO Ha3blBaTb «MOMEHTOM pa30peHHusi»
koMNnaHuu. B nanbHefieM Haul OCHOBHOH WHTepec GyleT COCTOATb B HAaXo-
sIeHHH (M olenuBanuu) geposmuocmu pasopenus P{T < oo} wnu gepo-
amnocmeli pasopenus P{T <t} 0o momenma spemenu t nns mot6oro ¢t >0.

2. OrblcKaHHe 3THX BeposITHOCTell fABJAETCA NOBOJBHO-TAKU HEMpOCTOi
sapaueil. OnHako 3Ta 3ajaya nOMyckaeT (YacTUYHOE) pelueHWe M Tak Ha3bli-
paeMoil modeau Kpamepa—Jlyndbepea, XxapakrepusyeMoi TeM, UTO AJisi Hee
BLIMOJIHEHBI CJIefyIOLlHe YCJO0BHA.

A. Momentol 0; =T; — T;_;, i > 1 (To =0), npeanonaraiorcs He3aBUCHMbI-
MU CJYYaiHbLIMH BeJHUYHHAMHM, pacrpeleieHHbIMU SKCMOHeHUHalbHbIM o6pa-
soM, P{o; > t}=Xe"* ¢>0,i>1. (Cm. ta6n. 38 § 3 ran. 1)

B. CayuaiiHble BennuuHbl &1, &2, ... ABJIAIOTCA HE3aBUCUMbIMU Y OIMHAKOBO
pacnpefie/leHHbIMH ¢ yHKUMell pacnpenenedus F(x)=P{{ <x} Takod, uto

[o <]

FO)=0up={ xdF(x) < oco.

0

C. lMocaenosarensroctu (T, To, ...) u (£, &2, ...) ABAAIOTCA He3aBUCH-
MBbIMH NOCJiefioBaTeIbHOCTAMU (B cMbicsie onpeneneHus 6 § 5 ru. 11).

[Mycrb

Ne=) IT:<t), >0, (3)
izl '

— npouecc, OMUCHIBAIOLLMI YHCIO TpeGOBaHUi Ha BbIMJIATY «CTPAXOBKH», MO-
CTYNHUBILKX 110 MOMeHTa BpeMeHH ¢ (BKJounTenbHO), No=0.

[Mockonbky mis k& > 1

{Te>t={o1+...+0, >t} ={N; <k},

TO C Y4eTOM MperofioKeHust A U B COOTBETCTBHH C 3anaueii 6 u3 § 8 rui. 11

PN, <k}=Plo| +... + 0>t} = Ze—,\t(kt)'

i=0
CuriefoBarenbHo,

k
PN =ky=e MG, k=01, .. @)

Takum o6pasom, ciyuaiiHas BeawunHa N; ¥MeeT MyacCOHOBCKOE pacripe-
nenenue (cM. Taba. 2 B8 § 3 r. 1) ¢ napamerpom Af, coBnamaiollum 3aech ¢
MareMaTuuecKuM oxunaHuem EN;.

CxoHcTpyupoBaHHbiii o ¢opmyJe (3) npouecc N = (N¢)¢>0, Oynydu yacr-
HbIM cilyyaem mpoueccos BoccTaHoBieHus (n. 4 § 9 ra. II), Hocur HasBaHue
npoyecca lMyaccona. Y 3Toro npouecca TpaeKTOPHH (peann3alyH) ABJAAIOT-
Csl paspbiBHBLIMH (TOYHee, KYCOYHO-MOCTOAHHLIMH, HeMpepbiBHbIMH CripaBa M
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CO CcKaukaMy, paBHbIMU eaunuue). Hapany ¢ 6poyHoBckuM asuxenHeM (§ 13
ra. I1), TpaexTopHu KOTOPOro ABNAIOTCA HEMpPePbIBHLIMH QYHKUHMAMH, 3TOT Npo-
lecc urpaeT ¢yHIaMeHTa/bHYIO poJib B TEOPHH CJlydaiiHbiX npoleccos. MMetHo
C MOMOILBIO 3THX ABYX MPOLLECCOB MOXHO MOCTPOUTL CilydaiiHble MPOLECCH ¢
IOBOJIHO CJIOXKHOM BepOsTHOCTHOM cTpYyKTypoil. (TUNHYHBIMH B 3TOM OTHO-
ILEHUH SIBASIIOTCS MpOLecChl ¢ He3aBUCHMBIMU NPUPALLEHHAMH; CM., HanpuMep,
(13], [11], [76])
3. U3 npexnonoxenus C Haxomum, uto

E(X —Xo)=ct —ES;=ct ~E ) &I(Ti<t)=ct—) EGITi<t)=
=ct—) EGEITi<t)=ct—p) PTi<t}=
=ct—p Y PN >i}=ct — pEN; =t(c - \p).

Orciona fAicHO, YTO yC/0BMe, COCTOsilee B TOM, YTO KOMMaHus paGoTaer
C MOJIOXATENbHON NpubblIbIo (T. e. ¢ E(X; — Xo) > 0), dopMyaupyetca cieny-
IOlWKM 06pa3oM:

> . (%)

B nocsienyiolieM aHanu3se BaXKHyi0 posib GyneT Urpath GyHKUHA

h(z)= oso(e” —1)dF(x), z2>0, (6)
0

pasas F(—z)— |, rae

F(s) =°S° e™** dF(x)
0

ecTb npeo6pasosanue Jlannaca—CtuiTbeca (S — KOMIJIEKCHOE YHCJIO).
IMonaras

g(2)=M(2) —cz, & =0,
HaxoauM, uTo W Beskoro r >0 takoro, uto A(r) < oo,

N

Ee_,-(){l—)(o) _ Ee—r(X,—u) _ e—rct Ee 1_0 & —e —rct Z Ee 4_0 P{Nt n} =
n=0
p—rct Z(l + h(r)yr A0 e” (M) o—"et M) _ pHAR()—cr] _ ptelr).

n=0
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AnanortuHbiM o6pa3oM MokasbiBaeTcs, 4To s s < ¢
Ee—r(X' —Xs) - e(t—-s)g(r)‘ (7)
Mycts FX =0(Xs, s <1). Mockonbky npouecc X = (X;);>0 ABARETCA NpO-
1(eCCOM C He3aBHCHMBbIMHU MpupalueHusMu (3agaua 2), To (P-n. H.)
E(e—r(X,—Xs) Ing) = Ee—r(X,-Xs) — e(t-s)g(r),

H, 3HaUHT,
E(e—rX,—tg(r) |§SX) — e—rXS —sg(r)- (8)
[Tosoxxum
Zy=e~N-t80 >0, 9)
M3 (8) oueBumHo ciemyer, uto
E(Z:|EN=12,, s<t (10)

Mo ananoruu ¢ onpeneneHveM 1 u3 § 1 ecrecTBeHHO roBOPUTH, UTO MpO-
uecc Z =(Z¢)i>0 aBnseTca mapmuraasom (OTHOCUTENLHO «MOTOKa» o-al-
re6p (F})i>0). OTMeTum, uto B paccmatpusaemom ciydae E|Z;| < oo, ¢ >0
(cp. co ceoiictom (1) B § 1).

Bynem Takxe roBopuTb, Mo aHajloruu c onpejeneHueM 3 B § 1, uto cay-
yajiHan BeauuMHa T =7(w) co 3HaueHusmu B [0, +o00] ABAseTCA MapkoBcKUM
MOMEHMOM, WIN CAYHALHOU Beauuunol, He 3asucauel om b6yoyueco (oT-
HOCHTEJIbHO «MOTOKa» (9," )¢>0), €clu aas Kaxnaoro ¢ >0

{rwystye £

Ilna paccMarpuBaeMoro ceiiuac ciyuasi Henpepol8HO20 8peMeny Teope-
Ma | u3 § 2 (c oueBHAHBIMH U3MEHEHUSIMM B 0003HAUEHHAX) TaKxKe COXpaHser
cBoio cuay. B yactHocTH,

EZia-=EZ (I
IJIs BCAIKOTO MapKOBCKOTO MOMEHTa 7.
Moaoxum 7=T. Torna u3 (9) u (11) HaiineM, uto ans Besikoro ¢ >0
e~ =Ee~Xinr—(tADE() > E[e—err—(tADg(r) [T<tP{T<t}=
=E[e~™-TeN | T <HP{T <t} >
>E[eT8 T <t)P{T <t} > min e 8" .P{T <t}.
0<s<t

CaenoBaTesbHo,

e~
<f< —e~"™ max sglr) 12
P{T ey t} X 0r<ni2t e—sglr) e 0<s <t € ( )
SSAY
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Paccmotpum GoJee noapo6HO (yHKLHIO
g(r)y=MAh(r)—cr.

flcho, uto g(0)=0, g’(0)=Au—c<0 (B cuny (5)) u g”(r)=An"(r)20.
[MosToMy CyliecTByeT eIMHCTBeHHOE MOJOXHTENbHOe 3HaueHHe r =R Takoe,
uto g(R)=0.

3ametnM, uto gaa r >0

°§° e (1 — F(x))dx = °§° °S° e dF(y) dx =
0 0 x

TLE 1T !
=§ <§e dx) dF(y) =~ §(ey—l)dF(y)=-r-h(r).

Ortcioaa u u3 paBeHcTBa Ai(R) — cR =0 3akaiouaem, uto 3HaueHHe R sBasercs
KopHeM (M MpH 3TOM eIMHCTBEHHbIM) YpaBHeHHs

%osoe’”(l—F(x))dx=l. (13)
0

Ecau teneps B (12) nosioxutb r = R, To noJy4um, uto aas kaxaoro ¢ >0
P{T <t}<e R, (14)

OTKyZa
P{T <o} <e~Re. (15)

Hrak, nokasaHa cienyiouias

Teopema. [Tycmo Oan modeau Kpamepa—Jlyndbepea soinosterol
npeodnoaoxmernus A, B, C u \u<c.

Tozda sepoamnocmu pasopenus P{T <t} u P{T < oo} ydossemsops-
tom nepasencmsam (14) u (15), ede R — noroxmcumenonoii (u npumom
eduncmsenHoll) Kopers ypasnernus (13).

4. B npuBeneHHOM JOKa3aTeJbCTBe HCMOJb30BaNOCh cooTHolleHue (11),
CNpaBel/IMBOCTb KOTOPOTO, KaK GblJI0 OTMeueHO, BbiITeKaeT U3 COOTBETCTBYIO-
1ero aHaJiora TeopeMbl 1 § 2 (0 coxpaHeHHH CBOACTBA MapTHHIaJbHOCTH MPH
3aMeHe BpeMeHH Ha CJIyuyaiiHblii MApKOBCKHH MOMEHT) MJIsl Cllyyast HenpepbiB-
Horo BpeMeHH. ([loKa3aTeJbCTBO 3TOro pesyJbTaTa CM., Hanpumep, B § 3.2
moHorpatuu [41].) Ecnu, ogHako, BMECTO 3KCMOHEHUHANbHOCTH pacnpenelie-
HUSl BeIMUMH 0;, i =1, 2, ..., NPeANONOKHUTb, YTO OHH MMeIOT (ZUCKpeTHOe)
reomeTpuyeckoe pacnpenenenne (P{o; =k}=q*"'p, k> 1), To Torna nocra-
TOUHO 6blI0 Gbl JIHILb CCHIIKK HA J0Ka3aHHYyio B § 2 Teopemy 1.
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TNpuBeneHHble paccMOTPeHHs1, TpeGylolLule 00pallleHnst K pe3ysibTaTaM Teo-
puH CJTydaliHbIX MPOLECCOB C HENpPepbulBHbLM BPeMEReM, TIPEICTaBARIOTCA N0~
/le3HbIMH MO KpaiiHell Mepe B TOM OTHOLLUEHWH, UTO OHH MOKA3blBAIOT, KaK B
NPU/IOXKEHUSX BO3HUKAIOT MOLE/H, GYHKUHOHUPYIOLIHE He B JIMCKPETHOM, a B
HenpepuBHOM BPEMEHU.

5. 3apauu.

1. Hoka3atb, uto mpouecc N =(N;);>o ABnserca (B npeanosoxeHuu A)
MPOLIECCOM C He3aBHUCHMbIMU MpHpaLLIeHHAMH.

2. [lokasars, uto npouecc X =(X;);>o TakKe fABJAfAETCA NPOLECCOM C He3a-
BHCUMBIMH MPHpPAILEHUAMH.

3. PaccMotperb Moneab Kpamepa—JlyHn6epra u ccopmysnvpoBaTth CoOT-
BETCTBYIOILMIT aHAJIOT MpKUBeeHHO TeopeMbl JUIsl TOFO CJIyuast, KOraa BeJIMUHHbI
g;,i=1,2, ..., ABNAIOTCA He3aBUCUMBbIMH W pacrpele/leHHbIMU N0 reOMeTpH-
yecKoMy 3aKony, T.e. P{o; =k}=q*"'p, k> 1.

§ 11. O ¢pyHpaMeHTaNbHBIX TEOPEMaxX CTOXaCTHYeCKOM
(¢uHaHcoBoi MaTemaTHKH. MapTHHranbHas
XapakTepH3aLUHsi OTCYTCTBHSA apbuTpaxka

1. B npenmwecrsyiouieM naparpacde 6bl10 pacCMOTPEHO MPHUMeHeHHe Teo-
DHH MapTHHIaJIOB K J0Ka3aTeJbCTBY ONHOM H3 OCHOBHBIX TeOpeM MaTeMaTHue-
CKOil TeopuH cTpaxoBaHus — meopensi JIynobepea—Kpamepa. B nacrosiuem
naparpacgye 6yneT pacCMOTpeHO ellle OIHO NpHMeHeHHe TeOPHH MapTHHraloB —
K BonpocaM 6e3apbumpaxcrocmu (pUHAHCOBBLIX PLIHKOB, (DYHKLHOHHPYIOLIMX
B YCJIOBHSAIX CTOXacTHUeCKON HeonpeneneHHocTH. [TpHBoaHMbIe HHXKe TeopeMbl
1 n 2, koTopble MPHHATO Ha3biBaTb «PyHOAMEHMANLHOMU MEopemams
TEOPHH apOUTpaXka B CTOXacCTHUeCKOH (HHAHCOBOH MaTeMaTHKe, HHTepeCHbI
TeM, UTO OHH JAIOT B MAPMUHZSAAbHLLX MeEePMUHAX YCIOBHS, obecreunBa-
lolle 6e3apOUTPaXKHOCTb (B OGBACHEMOM Jajlee CMbIC/e) PacCMaTpHBaeMbIX
(HHaHCOBBIX PLIHKOB, H TaKXKe YCJIOBHSA, FapaHTHPYIOLLHE I0CTHXeHHe 0CTaB-
JienHo uHancosoit uean. ([oapo6ee o puHaHcoBoil MateMaTHke cM. [100].)

2. Ilangum HekoTOpble HEOGXOAHMbBIE ONpe/elieHHs.

Bce paccmorpenus npenmnoJiaraioT 3afaHHbIM HeKOTOpoe (husbmposar-
Hoe seposmuocmnoe npocmparcmeo (2, F, (Fn)nxo0, P), cnyxaiiiee 6a3oh
ANISl ONUCAHUA CMOXACMUYecKol KeonpeOeseRHOCm B 3BOIOUMH LieH, dH-
HaHCOBLIX MHIEKCOB M APYrHX nokasareseill (pMHAHCOBBLIX PbIHKOB. I1pH 3TOM
OyneM uHTepnpeTHPOBATL COBOKYMHOCTb COOLITH H3 F, KaK «HH(pOPMALHUIO»,
noJiyyaemyio K MOMeHTy BpeMeHH n (BKJIouHTesbHO). Hanpumep, &, Moxer
ColepxKaTh «MH(OPMALMIO» O 3HA4EHUSX leH OMnpeleeHHbIX (HHAHCOBBIX
OyMar, (hpHHAHCOBBIX HHIEKCOB M T. TI.
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OCHOBHbBIM 06EKTOM, C KOTOPbIM GYLyT CBsi3aHbl «(yHIaMeHTabHble Te-
opeMbl», fBJsieTcs MoHsATHe (B, S)-pblHKa, onpenenseMoro CjelyiolHM 06-
pasom.

[Tycte B=(Brn)nz0 1 S =(Sn)n>0 eCTb NoN0oXKHTEJIbHbIE CTyYaiilble MOCJe-
nosateabHocTH. [1pu 310M cunTaercs, uTo npu Kaxkaom n > 0 sennunHel B, siB-
asores F,_| -u3MepuMbIMu (F_| = F)), a BeJIHUHHB S,, — F,-H3MepPHMbIMY,
Jlns npocToThl HanbHeHLIMX pacCMOTPEHHH MpenmnofaraeTcsi, YTo HayajbHas
o-ajre6pa &y TpHBHalbHa, T. e. Fo={D, 0} (cM.§ 2 . II). TeM cambim
By 1 Sp cytb KoHcraHTbl. B cooTBeTcTBHH ¢ TepMHHOJorHe#t § 1 o6Ge mo-
cnefoBateNbHOCTH B = (B,)p>0 H S = (Sn)nz0 ABAAIOTCA Croxacmuueckumy
nocaedosamenbHOCMAMY, IPHYEM NOCJEN0BaTeNbHOCTb B = (By),>0 ABAAET-
csl K TOMy Xe npedckasyemoii (nockonbky B, — F,_|-H3MepHMbl).

[To cBoemy dnHaHCOBOMY cMbicay moc/ieaoBaTebHOCTb B =(Bp)axo 6y-
JeT HHTepPNPETHPOBATLCA KaK MOC/e0BaTebHOCTb, OMHCHIBAIOLLAS 3BOJIOUHIO
«eIMHHULBI» 6anKo8ckoeo cuema («bank account», «money account»). [pu
3TOM &#,_|-H3MepHMOCTb BEJHYUH B, 03HayaeT, uTO BeJHUHHA GAHKOBCKOTO
cueTa B MOMEHT 1 (CKaXXeM, «CerofHs») CTAHOBHTCS MOJIHOCTbIO H3BECTHOM
y’Ke B MOMEHT BpeMeHH 1 — | (T. e. «BYepa»).

Ecau o603Hauuts mis 72> 1

_ AB,
fn— Bn—l (l)

¢ AB,=B, - B,_1, 10, oueBuHO, A1 B, nojyuaem cienyollee npeacrasie-
HHe:

By=(+rz)Bn-1, nzl, 2

riae BeJHYHHbl 7, ABJAsIOTCA F,_|-H3MEPHMbIMH H TaKHMH, uTO rp, > —1 (mo-
ckoabKy B, > 0 o npennosioxenuio). B punancoBoit nutepatype BeSHUHHBI 7y
HOCAT Ha3BaHHe (6aAHKOBCKOU) npoyeRmHol cmasKu.

IMocnenoBarenbHocTs S =(Sp)a0 OTHUAeTCA OT B = (B,)nx0 TeM, uTO
BEJIHUHHBL S, ABJAIOTCA F,-HU3MepPHUMbIMH, a He F,_| -H3MepPHMBIMH, KaK B,.
HMMeHHo Tak o6crouT fedio, HanpuMep, ¢ LeHaMH axyull («stock», «stocks»),
I/ KOTOPbIX MCTHHHas LleHa B MOMEHT BpeMeHH 1 CTaHOBUTCS H3BECTHOil
TOJIbKO 8 MOMeHm ee 00vssaeHus (T. e. «CeroliHA», a He «BUepa», KakK JJs
6aHKOBCKOro cyera).

[To aHasorun ¢ «6aHKOBCKOH» MOXXHO BBECTH TaK Ha3blBaeMYI0 «pblHOY-
HYI0» NPOYEHMHYIO CMABKY

Pn=sAsny n?‘v (3)
n—1

IS aKUHH S = (Sp)n>0.
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¢IcHo, uTO TOrAA
Sn=(] +Pn)sn—l' (4)

npx 3TOM BCe p, > —1, nockonbky Bce S, > 0 (M0 NpeanoioxeHHI0).
U3 (2) u (4) cnenyer, uro

Bu=8o [[ (1 +r). (5)
k=1
Sa=So [ (1+p2). (6)

k=1
B ¢duHaHCOBOIl JMTEpaType NMPHHATO FOBOPHTH, UTO 3TH (hopMyJibl 06pa3o-
BaHbl 110 THNY «NPOCMbLX» NPOLEeHTOB. Bo MHOrMX Bonmpocax MoJie3Hbl Takxe
npeacTaB/eHHs, 06Pa30BaHHbIE N0 THIY «CAOHCHbLX» MPOLEHTOB:

n f n ﬁ
Bi=Boew ", S,=Seeim”, ™
rae B cooTBeTCTBHH ¢ (5) 1 (6)
fk=|n(1+rk)=ln(1+§fil), ®
R AS
pe=In(l+pg) =In(1+ ££ ). (9)

ITH BeJIMUMHBLI TMPHHATO Ha3blBaTbh «A02apupmuueckol npuboiisio»,
«8038pamMom», «omoauei».

BeeneHnasn onucaHHbIM Bbilile cnocoGoM mapa mpoueccoB B =(B,),>0 H
S =(Sn)n>0 Gyner 06pa30BbIBaTh, Mo ONpeneneHHIo, gunancoseli (B, S)-poi-
HOK, COCTOSIILMI U3 [BYX aKTHBOB — GaHKOBCKOro cueta B W akuuu S.

3ameuanune. [lousiTHO, uTo Takoi (B, S)-pbIHOK siBJsieTCs BCEro JHLIb
npocmedweri Moleablo peasbHbIX (PUHAHCOBBLIX PbIHKOB, COCTOSILUMX, OObIY-
HO, H3 6046020 UHC/Ia aKTHBOB Pa3HOOGpasHOil MpHponbl (CM., HanpHMep,
[100]). Tem He MeHee, y)Ke M Ha 3TOM MPOCTOM Cllyyae MOXKHO MPOCTEIHTb
H NPOHNNIOCTPHPOBaTL 3P PeKTHBHOCTL METONOB Meopul MapmuH2ai08 NpH
PaccMoTpeHHH MHOTHX BOMPOCOB UMCTO (PHHAHCOBO-3KOHOMHYECKOH MPHPOAbI.
(K ux uncny otHocHTcsi, HanpuMep, Bonpoc 06 oTcyTcTBHH Ha (B, S)-pblike
apOUTpa’KHBIX BO3MOXHOCTE!, OTBET Ha KOTOpbIl JaeTcs B NPHBOAHMON najee
«nepBoit hyHnaMeHTaNbHOM TeopeMe».)

3. Ianum tenepn onpenenenne nopmeers yennoix 6ymae, ero Kanuma-
1a 1 BBefieM TaKKe Ba)KHOe MOHsATHe camopuHancupyemozo nopmaepeas.

Myers (2, &, (Fn)nz0, P) — paccmarpriBaeMoe (HILTPOBaHHOE BEPOAT-
HOCTHoe npocTpaHcTBO ¢ Fo={D, N} u nyctb 7= (3, ) — napa npedckasy-
€MoLx nocnenoBatenbHocTell 3= (Bn)n>0, ¥ = (Yn)n>0-
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Kpome TpeGoBaHust «NpeicKa3yeMOCTH», T. €. F,_|-H3MepUMOCTH (F_; =
= %) BeAuunH B, W v,, n >0, Ha UX BO3MOXKHble 3HayeHHs He HaJaralTcs
Kakue-JH60 Apyrde orpaHuueHus. B uacTHOCTH, 3TH BeJMUHHBI MOTYT MpPHHH-
MaTb ApoGHble M OTpHLIaTebHble 3HaYeHHUsI.

TTo cBoeMy cMbic/ly BesIHuMHA 3, €CTb UHCJIO eHHHL» 6aHKOBCKOFO Cuera,
a 7, — <4YHCJI0 AaKUMil» B MOMEHT BpeMeHH 7.

Byznem rosoputb, uto w = (83, ) obpasyer nopmdhesb ueHHbIX GyMar Ha
paccmatpuBaemoMm (B, S)-pbitke.

C kaxabiM noptdeneM m = (3, y) CBAXKeM COOTBETCTBYIOLUUA eMy Kanumaa
X™ = (X )n>0, nonaras

X: =ﬁan +'Ynsn (lO)

M uHTeprpeTHpys (,B, Kak leHexHble cpeacTBAa Ha GAHKOBCKOM cueTe, a
YnSn — KaK CTOMMOCTb aKUMii B MOMeHT BpeMeHU 7. CMBIC/ «MpeacKa3yeMo-
CTH» NOC/e0BaTe/IbHOCTeN [ M 7y TakXXe iceH — NopTdesb LeHHbIX GyMar «Ha
3aBTpa» JOJ/KEH COCTaBJATbCA «CErOH».

Crenyoluee Ba)kHoe NoHfITHe «camouHaHCHpyeMmoro» noprdens orpa-
)KaeT, B YagTHOCTH, MIEI0 pacCMOTPeHHs Takux (B, S)-pblHKOB, Ha KOTOPbIX
HET «HHW OTTOKA, HH MPHTOKA Kanuraja u3BHe». C opMaNbHOM TOYKH 3peHus
COOTBETCTBYIOLLEE OlpejieieHHe NaeTcs CaeayiollluM o6pa3oM.

[Monb3ysicb dopmyanoii «auckperHoro auddepeHuuposanusa» (A(a,b,) =
=a,Aby + b,_1 Aa,), Haxonum, uto npupailesne AXT (=X7 —X7_|) kanu-
TaJia npeicTaBisieTcs B BUIE

AX:=IBnABn+"/nASn]+[B"—1AB"+S”"IA’Y"]' ()

Peaabroe n3MeHeHre KanuTana CBsA3aHo JHULIb C « PbIHOYHLIMH» H3MEHEeHHU-
SIMU 3HaYeHHH 6GaHKOBCKOIO CYeTa M LieHbl aKLKH, T. €. ¢ BeJinunHoi 3,AB, +
+7,AS,. Bropoe Bhipaxenue B npasoii uact (11), T. e. B, ABy + Sp— 1 Ava,
apasierca F,_|-U3MepUMOil BeJMUUHON H B MOMEHT BpeMeHH 71 HHKaKoro pe-
a/bHOrO yBEJWYEHHS WM YMeHbIUEHUs! BeMuMHbl X, HaTb He MoxeT. TeM
CaMbIM OHO JIOJIXKHO PaBHATLCS HYJIO.

B npuHuune, u3aMeHeHHe Kamnuraja MOIJIO MPOW30HTH He TOJBKO 3a cueT
«PbIHOYHBIX» H3MEHeHHil NPOLEHTHLIX CTaBOK (7, U p,, 7> 1), HO TaKXKe u 32
CYeT, CKaXkeM, MPUTOKa KanuTtaja W3BHe, OTTOKA Kanmurasia 3a ofnepaLHOoHHbIE
M3IepXKKH U T. 1.

Takue BO3MOXHOCTH Aajiee He NPUHMMAIOTCH BO BHUMaHWe, M BCe pac-
cMartpHBaeMble noprdenu w = (B, ) 6yayT npeanonaaratbcsi (B COOTBETCTBHH C
M3JI0KEHHBIM) TaKMMH, YTO AJIA HUX TIpH Bcex 7> |

AX: —_—ﬂnABn +7nASn. (12)

B croxacTHuecko# ¢rHaHCOBOI MaTeMaTuKe TaKHe NOpTdeaH NPHHATO Ha-
3biBaThb camogunancupyemoinu (self-financing).
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4. W3 (12) cnenyer, uro ais camoduHaHcupyeMoro noprens = (3, v)

n
XT=XT+) (BeABr +7AS) (13)
k=1
U [IOCKOMBKY
XIN A (Sn
a(5) =1 (5): (14
TO
XN_X .5 Sk
B, ~ By +§%A(Bk)' 19)

3adukcupyem HekoTopoe N > | U paccmoTpuM 3Bosouuio (B, S)-pbiHka B
moMmentol =0, 1, ..., N.

Onpepenenne 1. CamoduHaHcHpyeMblit NopTdens (WIH caMohUHAHCHPY-
emasl crparerus) = (3, v) B MoMeHT N peanusyer apbumpaic, unu apbum-
pascryto 803moxcrocmo, ecnn X§ =0, X7 >0 (P-n. H.) u ¢ nonoxurenbHoi
P-sepostHocTbio X7 >0, T. e. P{X77 >0} >0.

Onpepenenne 2. TosopsrT, yto Ha (B, S)-pbiHke omcymcmsyem (B Mo-
MeHT N) apbumpadc, unu apbumpaixras 803MOICHOCMb, €CI LISt BCAKOTO
noprdens 7= (3, v) ¢ X§ =0 u P{X7 >0}=1 na camom nene P{XT =0}=1,
T. €. JMLlb C HyJeBoi P-BeposaTHOCTbIO BO3MOXHO To, uTo X7 > 0.

C HarnsapHo# TOUKH 3peHus Ha 6e3apbumpanicHoM poiHKe He MOXKeT GbiTh
TaK, YTo6bl M1l HEKOTOPOTO NMOPT(es CyLLLeCTBOBANA BO3MOXKHOCTb MOJyYeHHs]
6e3puckosozo noxona.

[MousTHo, uTO pelneHne Bonmpoca O TOM, FABASETCA JIM TOT WM HHOM
(B, S)-pbiHOK Ge3apOUTPaXKHBIM M, CIENOBATENbHO, B ONpENeJeHHOM CMbIC/e,
«CrpaBe[J/IHBbIM», «PAUHOHANbLHBIM», 32aBUCHT OT BEpPOSATHOCTHO-CTATHCTH-
Yeckux cpoictB nocsenoareibHoctell B = (Bp)agy M S =(Sn)ngy H, pa-
3yMeeTcsi, OT MpENroJIOXKeHHUil, 3a/0XKEHHbIX B CTPYKTYPY GUILTPOBaHHOrO
BepoATHOCTHOro npoctpaHcTsa (2, &, (Fn)ugn, P).

[TpuMeyatenbHo, 4TO TeOpHs MAPTHHIAMNOB M03BOJIsIET BeCbMa 3()eKTHBHO
ONUCaTb YCJIOBHA, rapaHTUPYIOLHE OTCYTCTBHE apOUTPaXKHLIX BO3MOXHOCTEH.
Moxuo yTeepxnath naxe Gonbiue. IMenHo, MMeeT MecTo crenyiolwas

Teopema 1 («nepBas dynpamentanbHas Teopema»). bydem nped-
nosaeame, umo cmoxacmuueckas HeonpeGeseHHOCMb OnuUCHBaemcs
duremposannoim sepoamnocmuoim npocmparcmeon (Q, F, (Fo)agn, P)
¢ Fo={o, Q}, Fy=2F.

A1 mozo umobe (B, S)-powrok, onpedesennoiii na (Q, F, (Fa)agn» P),
Goun 6esap6umpaxcroin, Heob6xo0umo u OOCMamo4Ho, 4mobvl HAWAACH
Mepa P na (Q, F), sxeusarenmuan mepe P (P ~P) u maxas, umo
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OMHOCUMEAbHO ImOil Mmepol ducxoumupoeauuaﬂ nocxtedoeame/wuocmb

s = (i"—) obpasosvieara 6ot MapmuHaL:
B Bn n<N ’

Sn

EB,.

<oo, n<N,

E(g—:l.?,,_|)=sn_l n<N,

ede E — ycpednenue no mepe P.
3ameuanne 1. YTBepxkKaeHHe TeOpPeMbl COXPaHfeT CBOIO CHJY U AJIsl Bek-
TopHbIX npoueccos S = (S', ..., %) ¢ d <oo. (CM. § 2b r. V B [100].)
3ameuanne 2. Mepy P, durypupyiouyio B opMy.IHPOBKE TeOPEMbI, MPH-
HATO Ha3biBaTb, MO BMOJIHE MOHATHLIM NPUYMHAM, MAPMUHESAALHOU Mepoil.
. S ~
Bynem o6osnauats M(P) = {P ~P: 7 fBnsercs P-Mapmnranom} KJ1ace
Tex Mep P, 5KBUBa/eHTHBLIX Mepe P, OTHOCHTE/ILHO KOTOPBIX MOC/EN0BaTeb-
S Sn
Hoctb = =\ 5+
B Bn
[Mycrb 3anuck NA o3Havaer omcymcmeue ap6umpaxca (No Arbitrage).
Torna ytBepkaeHHe TeopeMbl | MOXKET GbiTb 3aMKCaHO B CJIENyIOLLEM BULE:

NA o M(P)#@ (16)

[loxasameascmso. Jocmamounocme. Tycte P — MapTunranbhas me-
pa u3 M(P) u 7= (8, 7) — noprdeab ¢ X§ = BBy +70So=0. U3 (15) nna

1<nN
-3 (). w

OTHOCHTENILHO Mepbl P nocaenoBarenbHoCTb E:(—Bﬁ) < siBJsieTCs
k<

MapTHHI‘aJIOM M, 3Hauut, nocneposarenbHoctb G =(GJ)ogngy ¢ GF=0 1

) ABJIAETCA MAPMUHAAOM.
n<N

G = Z 'ykA(B—k), 1<n< N, aAsnsierca mapmurearsHoim npeobpasosa-
k=1

X1l’

Huen. [ToaToMy nocsenoBaTesbHOCTD ( —i) TaKXKe eCTb MapTHHraJbHOe
Bn /ogngN

npeo6pasoBaHue.

[pu TecTupoBaHMM Ha apOGUTPaXKk HJIM OTCYTCTBUe apOUTpaxa Hajo pac-
CMaTpuBaTb Te MopTdenu m, A KOTOPbIX He Toabko XJ =0, Ho u X7 >0
(P-n. u.). B cuny toro, uro P~P u By>0 (P- u P-n. n.), Haxoaum, uro

ﬁ{%%;o}ﬂ.
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Toraa, npuMeHsis TeopeMy 3 u3 § 1 K MapTHHranbHoMy npeoGpa3oBaHuUio
s
( &L) ,» 1AXOLUM, UTO Ha CaMOM Zeile 5Ta NOC/IEN0BATENLHOCTD ABAETCS
0<n<

Bn < YT _xr
o mepe P Mapmuuea/zou. Crenosarensho, EZ* =EZL =0 n nockonbky

By
p{XN 0}—1 TOP{ 0}—1

Orciopa BUAUM, 4to X N_O (P- u P-n. 1) u TeM caMbiM LIS 6CSK020
camogpunancupyemoro noproens m ¢ Xf =0 u X7 >0 (P-n. n.) na camom
pene X5 =0 (P-n.H.), 4To U O3HauaeT, COMIACHO OMpe/eJIeHHIO 2, OTCYTCTBHE
apOUTPaXKHBIX BO3MOXKHOCTEH.

Heobxodumocme. IlokasatenbcTBo GyneT MpUBENEHO JHILbL s 0OHO-
amanroi Moneau (B, S)-pbitka, 1. e. B ciyyae N = 1. ¥Yke Ha 3ToM npocToM
npuMepe GyIeT XOPOLIO BHIHA Hes 0KA3aTe/bCTBa, 3aK/0YaIoLascs B TOM,
yTo6bl, BOCMOJIb30BABIUUCH OTCYTCTBUEM apOGUTpaXka, ABHO MOCTPOUTb XOTb
KaKylo-HUGYIb MapTHHraJIbHyio Mepy. Takyio Mepy Mbl 6yileM CTPOUTb, OCHOBbI-
Basich Ha npeobpasosanuu Swepa (cM. Hwxe). (ITo nosoay noxkasaresnbcrsa
B o6lieM caydae N > 1 cm. § 2d rn. V 8 [100].)

Bes orpanuueHus oGIHOCTH MOXHO cuuTatb, uto Bo=B; =1. [1peano-
JIOXXEHHe omcymcemaus apoumpanxcHolx 803MONIHOCMel CBOIMTCS 3]eCb K
ToMy (3apmaua 1), uto

P{AS;>0}>0 u P{AS,<0}>0. (18)

(Mbl HcksouaeM TpUBMANbHBINA st paccMoTperus caydait P{AS; =0}=1.)

Orclofa Hano BLIBECTH, UTO Cywjecmayemnt 3KBHBaJIeHTHaﬂ MapTHHrajbHast
Mepa P, 1. e. Takas, uto P ~P u E|AS|| < o0, EAS, =

BoiTekaer 3T0 HemocpenCTBEHHO U3 cJefyioLlei JleMMbl, npencraBJlmomeﬁ
¥ 06LLEeBepPOATHOCTHBIN UHTepeC.

Jlemma 1. MTycmeo (Q, F)=(R, B(R)) u X = X(w) — koopOuramro 3a-
Oannaa cayuaiinas seauuuna (X(w)=w). Mycme P — sepoamnocmnasn
Mepa Ha (Q, F),

P{X>0}>0 u P{X<0}>0. (19)

Tozda na (Q, F) cywecmsyem seposmuocmuasn mepa P ~P maxas,
4mo 041 4106020 OelicmaumenbHozo a

Ee™ <oo. (20)
B wacmuocmu, E|X| < oo u umeem mecmo credyiouee csoticmso:
Ex=o. 2

Hokasameavcmso. Beenem mepy Q =Q(dx) c Q(dx) =ce~*'P(dx), rae
HOpMHpylowwas KoHcTanTa ¢ = (Ee—*")~!.
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Jlna BCAKOro NefiCTBUTENbHOrO @ MOJIOKHM

p(a) = Eqe™, (22
raie Eq — ycpenHenue no mepe Q.
[Mycrs
ax
Z
al¥)= 2@ (23)

[ockoabky Za(x) >0 u EqZ,(X)=1, To ana Beskoro neAcCTBUTENIbHOMO a
mepa P, ¢

P, (dx) = Z,(x) Q(dx) (24)

siBasieTcsl BepossTHoCTHOM. [TonsiTHo, uto P, ~Q ~P.
ax

pl(a)

sanuen Juepa. Kak Gyner cJiefosatb U3 JabHeMLLero, NP1 HEKOTOPOM crie-
LUMANbHOM 3HaueHHH a, Mepa P =P, o6ianaer (MapTHHrabHLIM) CBONCTBOM
21). HMeH‘IO 3Ty Mepy NPUHATO Ha3blBaTb Mepol Suepa (Wi MApMUHealb-
Hol mepoii Jwepa).

dyHKuMA @ = p(a), onpeneseHHas Ll BceX NeHCTBUTENbHbLIX a, siBJsieTCs
CTPOro BBIMYKJIOH BHU3, MOCKOJLKY ¢” (a) > 0.

[Mycrs ¢, =inf{p(a): a € R}. BoamoxkHbl ABa ciyuasi: 1) Korna cylecrsyer
TaKoe Ay, UTO (@) = ., U 2) Koraa Takoro (KOHe4Horo) a, He CyLeCTBYeT.

B nepsom cayuae ¢’(a,) =0. 3Hauur,

3ameuanune 3. TIpeoGpasoBaHue x ~ —— 4acTo HasblBalOT 1peobpaso-

Xea.X _ (pl(a*)

o)~ el O

Ep, X =Eq

W B KauecTBe TpeGyeMoii Mepbl P MOXHO B3siTb Mepy P, .

Jlo cux nop Mbl elie He UCMOJIb30Ba/H NMpenosoXKeHue «6e3apGUTpaxKHO-
cri» (19). Kak HerpynHo nokasartb (3amaua 2), 3170 NpeAnoJiosKeHHe UCKAIO-
4yaem BO3MOXHOCTb 2). TeM caMblM ocTaercsl JiMlb MepBasi BO3MOXKHOCTb,
KOTOpasi y>Ke Gblla pacCMOTpeHa.

Hrak, B ciyuae N =1 «Heo6X0IMMOCTb» (3aK/ioyaioliasics B CyILECTBO-
BaHWM MapTUHraJbHON Mepbl) ycTaHosseHa. [To nosoay o6uiero cayuas N > |
Mbl OTCbIIaeM YHTaTelisl, KaK yxKe GblIo OTMeueHo, K uanoxeHuo B § 2d r. V
B [100]. O

5. TlpuBeneM HekoTOpble MpuMepbl Ge3apGUTpaXKHbIX (B, S)-pbiHKOB.

Npumep 1. [Mpeanonoxum, uro (B, S)-pblHOK OMUCLIBAETCS COOTHOLLE-
HuamMu (5) u (6) ¢ 1 <k N, B KOTOpLIX 7, =r (KOHCTaHTa) 1A Bcex 1<
<k<N v p=(p1, p2, ..., pN) — NOC/IEIOBATENbHOCTb HE3aBUCHMbBIX OIUHA-
KOBO pacrnpefieieHHbIX (GepHYJHeBCKUX) CydaiiHbIX BeJMUUH, NPUHUMAIOLLUX
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IBa 3HaueHust a v b (a <b) c sepositHocTamu P{p, =a}=gq, P{p; =b}=p,
p+g=1,0<p<]1. Ilycrb npu stTom

—-l<a<r<b. (25)

Tak onucaHHasi Momeab (B, S)-pbiHKa HocuT Ha3BaHue CRR-modeau mo
umeHaM ee aBropoB Kokca, Pocca u PyGuniireiina (J. C. Cox, R. A. Ross,
M. Rubinstein; noxpoGxee cm. B [100]).

[TockonbKy B 3TOH MOmenH

§£=(l+pn)sn—l
Bn l+r Bn-l'

TO MOHATHO, UTO MapTHHra/ibHass Mepa P nomxkua 6bith TaKo#, uToGbI

E1+Pn=l
1+r

’

T. €. uto6n Ep, =r. _
Ecau 0603Hauntb p = P{p, = b}, j =P{p, = a}, T0 Haxoaum, uto npH Jio-
6omMmn>1

>
™
+
Q
{Q
|
<

p+i=
Orciona

(26)

B paccmarpuBaeMoM ciiyyae BCSl «CJydaiiHOCTb» ompepeasieTcsi GepHyJi-
JIMEBCKOMN ToOC/e0BaTebHOCTbIO p= (py, P2, ..., pn). Dynem cuuratb, uto
Q={a, b}", 1. e. NycTb NPOCTPAHCTBO 3/IeMEHTApPHbIX HCXONOB COCTOMT M3
nocnenosatensbHocTed (xq, ..., xy) ¢ x;=a uad b. (Ito npemnonoxeHue
0 cneuMasbHOMN, TOUHee, «KOOPAUHATHOW», CTPYKType MpocTpaHcTBa ) He
orpaHHuMBaer OGILHOCTH PAacCMOTpEHHH; CM. B CBfI3H C 3THM TaKXXe KOHell
NI0Ka3aTe/IbCTBA I0CTaTOYHOCTH B TeopeMe 2 n. 6.)

B kauecTse ynpakHeHus (3agmaya 3) mpeasiaraeTcs MokasaTb, U4TO Mepa

P= P(x1, x2, ..., Xn), onpeesieHHas TaK, UTo
|3(X| ey xN) — ﬁuh(xl....,xN)‘?N—ub(xl ..... xN), (2‘7)
N
rae vp(xy, ..., xy)=Y_ Ip(x;) — uucno Tex x;, KoTopbie paBHbi b, AB/seTCA

=
Mapmunearbrol mepoti, K TOMy e e0UHCMBEHHOU.
U3 (27) sacHo, uto P{p,=b}=p u P{p,=a}=4.
Takum o6pasom, u3 TeopeMbl | BbiBOAUM, uto CRR-m00eab jaeT mpumep
6esapbumpaxcroeo (B, S)-pblHKa.
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Mpumep 2. Bynem npexanonarats, uto (B, S)-pbiHOK HMeeT CllelyiOLlyio
crpykrypy: Bp=1 nas Bcex n=0,1,..., N u

n
2 e
S,=Sper=t , 1<ngN. (28)
[lycts pr =k + orer, The pp ¥ o >0 ABnsOTCA Fp_| -U3MEPUMBIMH, 2
(€1, -.., Ex) 06pa3yloT NOC/IEN0BATENLHOCTb HE3aBUCHUMBIX CTAHIAPTHbIX rayc-

COBCKHUX CJydaliHbIX BeJnuuH, g, ~ A (0, 1). 5
Bynem crpoutb TpeGyemyio Mmaprunranbhyio mepy P (na (2, Fy)) c
NOMOLBIO YCA08H020 npeobpas3osanus Suepa, a uMeHHo, nyctb P(dw)=
=ZyWwP(dw) c Zyw)= [] zw)u(c Fo={2, Q)
1SRN
eakﬁk

E(em* | Z,_y)’

rae &p_|-n3MepuMble BeJIMUHHBI A, = Qp(w) HAfO ceiyac BbIOpaTh TakK, YTOGHI
MoC/e10BaTebHOCTb (Sy)ogngn Obl1a OTHOCHTENLHO Mephl P MapTHHTaJIoM.

B cuny npencrasnenus (28) MapTuHraibHOCTb no Mepe P paBHOCH/IbHA
TOMY, 4TO (OTHOCHTENbHO UCX0O0HOU Mepbl P) npu Becex 1 <n<N

E[e(a,,+l)ﬁn Ign—l] = E[eanﬁn |~9n—l]- (30)

TTockonbKy pp = in + nen, TO U3 (30) HaXOAMUM, YTO BEJIUUHHDI G, AOJKHBI
6biTh BHIOpaHbl Tak, YTOGbI

(29)

Zp(w)=

s 2
IJ'II + ? = —anany
T. €
Hn 1
ap=—=%—5.
n 0.'21 2

[Mpu TakoM BbIGOpE BENUUHMH a,, | <72 <N, HaXooUM, 4TO MIOTHOCTb Zy(w)

3anaerca GopmyJioi
N
ZN(w)=exp{— Z[(f"—:+%)e,,+%(§f+%)2]} (31)
n=1

2
g, =
Ecau usHavaiabHO p, = ——2" npu Bcex | <n< N, 1o P=P. HHaue roeops, B

3TOM cJiyyae caMa UCXofHas Mepa P Gymer MapTHHraibHOM.

Hrak, paccMarpusaembiil (B, S)-pbiHOK ¢ B =(Bp)ogngn TaKUMH, UTO
B,=1, 1 S=(Sn)ogngn, e S, onucbiBaloTcs npencrabiexuem (28), apaser-
cf, Kak W B npumepe 1, GesapGurpakHbiM. B kauecTse ynpakHenus (3anaua 4)
npenjiaraercsi MCCJeNOBaTh BOMPOC O TOM, SIBJSETCH JIU MOCTPOeHHaa Bblllle
MapTHHraNbHas Mepa P eduncmeennoil.

N
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6. Bsomumoe Huxe mousTtHe noaxnomest (B, S)-pbliHka npencrasaser ais
CTOXacTHYecKo! (HHAHCOBON MaTeMaTHKH 3HAUUTENbHLIA HHTepeC, MOCKOMbLKY
(BHe 3aBHCHMOCTH OT TOrO, fIBJSIETCS paccMaTpUBaeMblil pbIHOK Ge3apGuT-
paXKHbIM HJIH apOGHTPa’KHbIM) OHO CBA3aHO C €CTeCTBEHHLIM BOMPOCOM O TOM,
KOTa /s 33aaHHOr0 Sy -U3MEPUMOro «IJIaTEXXHOr0 MOpYYeHHs» fy MOXKHO
HailTu camoguHaHCHpyeMbIil NopTdeab 7, KanuTad X KOTOpOro B TOYHOCTH
sgocnpoussodum (WM Mo KpaitHeii Mepe He merbule) fy.

Onpenenenne 3. (B, S)-pbiHOK Ha3biBaeTcs n0AHbIM (O OTHOLUEHHIO K
MoMeHTy BpeMeHd N) wiu N -NoJHBIM, eclii BCAKOe o2panuientoe Fy-u3-
MepHuMoe «IJIaTeXXHOoe NopyyeHue» fy ABJSAETCS 80CNPOU3BOOUMbIM, T. €. CYy-
LLeCTBYyeT TaKoil caModuHaHcHpyeMblil noprdens m, uto Xj = fy (P-n. n.).

Teopema 2 («BTOpas ¢yHaameHTaadbHas TeopeMa»). Kak u 8 meope-
se 1, nycmo (Q, F, (Fn)ogngn, P) — pusromposannoe sepoamnocmnoe
npocmpancmeo, Fo={2, Q}, Fy =F, u 3a0annvii Ha nem (B, S)-poirHox
asasemca 6esapbumpaxcroim (M(P) # 2).

Jaa moeo umoboL amom potHoK 6Gbla noaHbiM, Heobxo0umo u docma-
MO4HO, 4mobbl Cyuecmaeosala AuULL eOUHCMBEeHHAs MADMUHSAAbHAS
nepa (IM(P)|=1).

Hokazameascmso. Heobxodumocme. IlycTb paccmarpuBaeMbiit pblHOK
AiB/SieTCA NOJHLIM. DTO O3HayaeT, 4To A1 BCAKOro &y -U3MepUMOro orpaHu-
UeHHOrO «IJIaTeXXHOro MopyueHusi» fy Haiinerca camoduHaHCHpYyeMblH NMopT-
denv m=(B, ) Takoii, uto Xj = fy (P-n.H.). bes orpanuuenus o6wHoCcTH
MOJKHO cuuTaTb, uto B, =1, 0< n < N. Tem cambim u3 (13) Haxoaum, uto

N
Iv=XZ=XT+>_ 1ASe. 32)
k=1
B cuay crenaHHoro npeanosnoxxeHusi 6e3apGUTPaXKHOCTH MHOXKECTBO Map-
THHranbHeIX Mep M(P) # 2. TlokaxeM, uTo MpeanosoXenue MOJHOTHI BjeueT
3a co6oi edurcmeaenrocme MaptuHraabHoi Mepbl (M(P)|=1).
Tycrs P! u P2 — nge mapTuHranbHble Mepbl. Tora OTHOCHTEIbHO KaXI0#

n
U3 3THX Mep MOC/e0BaTeNLHOCTb (Z 'ykASk) ABJIIETCA MapPTHHIAJb-
k=1 1<ngN
HbIM NpeoGpa3oBaHHeM.
Bo3sbMeM HekoTopoe MHOXecTBO A € Fy U nonoxuM fy(w)=/4(w). To-

ckonbKy (P-n. H.) A HekoTOpOro m

N
L) =X5=X5 +Y_ MASk,
k=1

n
TO U3 TeopeMbl 3 § | BHITEKaeT, 4TO NOCJENOBATENbHOCTL (2 7;,AS;;)
k=1 1<n<N
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ABJAETCA MApTUHTraJIOM MO KaXKao# U3 Mep P] Hu P2. C.nenosa're.nbuo.
EpzlA(w)=x, i=l,2, (33)

rie Epi — ycpennenue no mepe Pi, a x = X[, uTo eCTb KOHCTaHTa, MOCKOJbKY
ZFo={2, Q}.

U3 (33) Buitekaer, uto P!(4)=P2(A) mna mo6oro mHoxectsa A € Fy.
Tem caMbIM eOuHCcmMBeHHOCMb MapTUHTALHON Mepbl YCTaHOBJIEHA.

Jloka3aTtenbeTBO 00CMAMmMO4HOCMU HeCKONbKO GoJiee CJIOXKHO W Gyner
NpOoBeeHO B HECKOJIKO 3TaroB.

IMycrb paccmatpuaercsi Geszap6utpaxubiit (B, S)-puiok (M(P) # 2),
TOMY XKe TaKoil, YT0 MapTUHraJibHasi Mepa siBasieTcs equHcteeHHol (JM(P)|=1).

[Mone3Ho O0TMETUTDb, YTO U MPEANONOXKEHHe O eOUHCMBEHHOCU MAPTHH-
ranbHOil Mepbl, U NpeanoJoXeHue 0 N0AHOMe ABNSIOTCS CUAbHOIMU 02PAHU-
yeruamu. Bonee Toro, okasbiBaercs, UTO 3TH NPeANONOKEHHS ABTOMATHYECKH
BJIEKYT 3a c060# TO, UTO TpaeKTOpHH S = (Sp)ogngN HMEIOT CTPYKTYPY «yCA08-
HO20 08ymouus», uto 6ynet o6bscHeHo Huwxke. ([TpuMepoM MoXKeT CIY>XHTb
CRR-mozenb AS, =p,S,—1, rie p, NPUHUMAIOT JIULIb [BA 3HAUEHUS U, 3HAUHT,
ycJoBHble epoaTHocTu P(AS, € - | #,_1) cocpenotouensl Bcero Jullb B ABYX
TOUKax, aS,—, u bS,_,.)

EnuncrsenHocTs MapruransHoit Mepsl ((M(P)| = 1) HaknanbiBaeT Takxe u
orpaHuyeHus Ha cmpykmypy dunsTpaunu (F,)ngn . OkasbiBaercs, 4To aBTO-
MaTHYeCKH o-aire6pbl &, JOMXKHB GbITh o-anre6pamu, NOpoXKAEHHbIMH LieHa-
mu So, S, ..., S, (npemnonaraercs ceituac, uto By =1, k < n). CM. no stomy
nosoay auarpammy Ha ¢.610 B [100] u § 4e B rn. V tam xe.

B kauecTBe OIHOrO W3 MPOMEXKYTOUHLIX Pe3yJLTaTOB Ha MyTH YCTAHOB-
Jenus umnavkauuu «|M(P)| =1 = nonHora» nokaxeM ciefyioliee noJesHoe
yTBepXKieHUe, faiolllee S5KBUBANEHTHYIO XapaKTepu3alHio noAHomel Ha 6e3-
apbumpaicHom polHKe.

Jlemma 2. Jaa moeco umobu Gesapbumpasxcnoii (B, S)-poinox Goin
noAHbiM, Heo6x00umo u docmamouro, 4mobo. 8 mHONecmse M(P) scex
MapmuneairbHolx mep Hauiraco mepa P, obaradawowas_men cgoiicmson,
4mo 8cAKul 0epanudennbli mapmunear m=(m,, &F,, P)ogngn 0onyckar

6oL « %-npedcmaeﬂeuue»:
- S
Ma=mo+Y 'rZA(B—:) (34)
k=1

¢ Hekomopbimu npedckasyemvimu sesununanu v,, 1 <k <n.

Hokxazameascmeso. Tlyctb paccmatpuBaemblit (B, S)-pblHoK siBAsieTcs
Ge3apGuTpaXkHbIM U NosiHbIM. (Be3 orpaHuyeHHst OGILHOCTH MOXKHO MoJiararhb
B,=1,0<n<N)
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BosbMeM npou3BoJibHYi0 Mepy P us M(P), u nyctb m=(m,, &,, ﬁ)ogngN —
HEKOTOpbIi orpaHuueHHbll (|m,| < c, 0< n < N) maprunran. Tonoxum fy =my.
Torzna B COOTBETCTBUH C ONpefieJieHHeM MOJHOTHI (CM. onpeneserue 3) Hailaercs
noprens 7 = (3*, v*) Takoil, uro X,:," = fy, npu aTOM s Bcex 0K ngN

n
X7 =x+Y 7AS: (35)
k=1
cx=XJ".

[Tockoabky X ,’v" = fy <c, To nocsieoparebHOCTL X ™ = (X ”', ZF, |5)0<,,<N
OyleT MapTHHranoM (cM. Teopemy 3 B § 1). Tem cambiM y Hac umeercs
Ba MapTHHrana m X™ C ONHMM M TeM e MEepMUHANbHOLM 3HAYEHH-
eM fy XF =my= fN) Ho no onpenenennio MapruHrajbHoro cpoiictsa

—E(mN|.9Z',,) u XT =EXZ | &), 0<n<N. 3nauur, mapmunears
.ﬂeeu m u X™ coBnanaior M, cllefioBaTenbHo, B cuny (35) mis MapTHHrana

m=(m,, &, P)o<n</v CrpaBefIuBO «S-NpefcTaBieHHex»:

n
Mmp=x+) YAS,, 1<n<N, (36)
k=1
cC X=my.

Ilokaxcem o6paTHoe yTBepxienHe («S-NpeacTaBiieHne» = MOJIHOTa).

Io npennonoxenuio cywecrsyer mepa P € M(P) Takas, uro Besikuit orpa-
HUYeHHBli P-MapTHHran ronyckaer «S-npeacTaBieHues.

Bo3bMeM B KauecTBe Takoro MapTHHrana X = (X,,, F,, P)0<n<N MapTHHran
¢ X,=E(fv|£,), rne E — ycpennenue no mepe P u fy ectb To «niaTexHoe
nopyueHHe», 0 KOTOPOM WIET pedb B OnpeneieHdd 3 M MR KOTOPOro HYXKHO
HaiiTh camouHaHcHpyeMblii nopTdedb 7 Tako#, uto XJ = fn (P- u P-n.n.).

Paccmotpum aas (orpaHuueHHoro) maptuHrana X =(X,, &, Pogngn €ro
«S-npencrasieHne»

n
Xo=Xo+ Y %ASk (37)
k=1

C HEKOTOPbIMH Fp_| ~U3MEPHMBIMH BE&IHUUHAMH Y.

[MokaxeM, 4TO OTCIOZa MOXXHO BbLIBECTH, YTO CYLIECTBYeT caMothHHaHCH-
pyeMbiii noprdens 7= (B3, ) Takoi, uto XF =X, ms scex 0<n<N u, B
yacTHocTH, fy =Xy =X ,1,’ JONyCKaeT npeicrabjieHHe

N
In=X§+_ %ASk, (38)
k=1

TpeGyeMoe B onpenesieHuu 3.
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HMes npencrasnetue (37), NOJIOXKHM 7, =Y, W ONpeLeHM
ﬁn =Xn — YnSn- (39)

W3 (37) cnenyer, uto Bennuntbl B, apasorcs &,_|-u3mepuMbivu. [Tpu sToM

Sn-1A% + ABn =81 1A% + AX, — A(Sy) =
=8,-1 Ay, + YnAS, — A(V2Sn) = 0.

Tem camMbiM B COOTBETCTBHH C M. 3 NOCTPOEHHBIH NOpTeb T = (8, &) aB-
JIfeTC camMopuHancupyemsin v X,f,’ = fy, T. €. BLIMOJHEHO CBOHCTBO 104~
Homet. O

C y4eToM 3TOM JIeMMbl Mbl BHIUM, UTO /15l NOJIHOTO J0Ka3aTe/IbCTBa Teope-
Mbl Hallo MpPOBEPUTb CMpaBeJIMBOCTL MMMJIHKauKK {3} B ciemyoleil Lenouke
HMIJIMKALHi

IIM(P)I =1 , [S npeACTaB.neHuel [HOJIHOTal ||M(P)| =1 '

(Umnaukauusa {1} Oblna ycTaHoB/JeHa B [0Ka3aTesbCTBe «HEOOXOIHMOCTH»,
MMMJHKauus {2} — B npenpipylueit JeMMe.)

Yto6bl caenaTh 60Jiee NPO3pauHbIM JJOKa3aTebCTBO UMIUIMKaLKK {3}, pac-
CMOTPHM YacTHbI caydait (B, S)-pbiHka, onucbiBaemoro CRR-umodessi0.

Buiwe 6bi10 otMeueHo (npumep 1), uTo As1A 3TOH MoJeNH MapTHHrajlbHas
mepa P sBnserca emuucteenuolt ([M(P)|=1). Tak uTo Hamo MOHATb, Moue-
My 3ecb UMeeT MecTo «S-npedcmasaerues» (OTHOCHUTEJNbHO MapTHUHralbHOM
Mepbi P). OkasbiBaeTcs, U 3TO y<e 0TMEUasloch Bbillie, KIOUeBbIM 06CTORTE b~
CTBOM fIBJISIETCS TO, UTO BEJHUHHBI p, B (4) NPUHMMAIOT TONILKO 08Q 3HaUeHHUA
a u b u, Kak cleicTsye 3TOro, yciosHble pacnpenenenus P(AS, € - | £,-1)
COCPEJIOTOUEHBI BCEro JIHLIb B ABYX TOYKAX («YCJOBHOE ABYyTOUHE»).

Urak, Gynem paccmarpusatb CRR-monenb, usnoxenHyio B npumepe |,
¥ JOMOJIHUTENbHO TMpeanosoXum, uro F,=o(py, ..., pp) M3 1<nN
0 Fo={2, Q). Uepes P o0603nauum MapTuHraibhyio Mmepy Ha (2, Zy),
onpenensemyto dhopmyJoit (27).

[Mycrs X = (X, &, 'S)OSngN — orpaHuueHHbI MapruHran. Torna HainyT-
csl QYHKUMM gp = Zn(X], ..., X,) TaKHe, UTO X,(w) = gn(p1(w), ..., pn(w)) W,
3Hauur,

AXn=gn(p1, ..\ Pn) = En—1(p1, .., Pn-1).
Tak Kak E(AX, | Zn-1)=0, 10

pEn(p1, ..o\ Pn=1, ) +Ggn(p1, ..., Pu=1, @)= Gn-1(p1, ..., Pu-1),
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T. €.

gn(Pl ’pn—l?b) gn—l(le -y Pn—l) =
i

_ &n—1lp, - Pn—l)—ﬁgn(Plv cees Pn—1) a)‘ (40)

<

r—a

—5 7=

-r
—-a

[TocKoMbKY p = , To u3 (40) HaxoauM, uto

S
S

gn(p1, s Pn—1, b) = gn_1(p1, --» Pn—1) _
b—r

__gll(plv"'9 Pn-lva)—gn—l(Plv---y pn—l) (41)
- a—r )

TMonoxum pa({a}, w)=I(pa(w)=0), pa({b} w)=1(pn(w)=0), u nycrs
Wa(w, x) = gn(p1W), ..., Pr-1W), X) = Gn-1(P1 (@), ..., Pu-1(w), %),

W, w, )= 22t

C yuetoM 3THX 0603HaueHHi BHIMM, 4TO
AXn(w) = Walw, pa@)) = Wa(w, %) pn(dx; w)=§ (x = )W, (@, %) pa(dx; w).

B cuny (41) dynkunn W, (w, x) He 3asucam ot x. [loatomy, 0603Hauas Bbl-
pakeHWs B JieBOii (PaBHOCHJIbHO, B NpaBoit) yacTH (41) yepes v, (w), HaxoauMm,
4TO

AXa(w) =75 (@) (pa(w) = 1). (42)
TakuM 06pa3som,
Xale) = Xow) + 3 7(6) (orl) =) (43)
Jlerko BuneTh, UTO -
a(F) =5 S

[Tostomy
n—1
pn-r=(1+0g"=" A( n)

H, cJlefloBaTenbHo, U3 (43) BUOMM, 4TO

Xalo) = Xolw)+ 32 A (3, (44

k=1
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rae

W) =7 @) (14N =L,

= S S
OTHocuTensHO Mepbl P nocnienoBatesbHOCTb — = (—") ABAfAeTcs
B Bn JogngN
MapTuHrajioM. TeM cambiM BbillenpuBefieHHOe COOTHoLleHHe (44) ecTb He uTO
S ~
HHOe, KaK « - -NpeJCTaB/enKe» 11s X otHocuTesbHO (6a3ucHoro) P-mapTiH-

S
rana .
B nposeneHHoM nokasarenbctse umnankauuu {3} ais CRR-moneau (B ko-
Topoii [M(P)|=1) katoueBLIM MOMEHTOM GbIJIO TO, YTO BEJTHUHHDI P, TPUHAMAIOT
Juub da 3navenus. OkasbiBaeTcs, OXHAKO, UTO MPEANONOXKeHHe eAHHCTBEH-

HOCTH MapTHHl‘aJleOi:l Mepbl P sBaserca crosb CHJIbHbIM, YTO U B 00lIeM
AS,

. Ccy-
sn—l ¥

cJlyyae M3 Hero cJjelyeT «IBYTOYeUHasi» CTPYKTYpa BeJIMUHH p, =
LLLECTBYIOT TaKue npeickasyeMble a, = ap(w) H b, = b,(w), uto

ls(Pn=anl-?n—l)+i5(Pn=bnI'?n—l)=l- (49)

Ecau 310 CBOIICTBO NpHHATL Ha Bepy, TO TOrAa NaHHOe Bbille [0Ka3a-

S
Te/IbCTBO «  -NIPELCTABNCHHA> B CRR-Mopenu Gyznet «pa6otathb» H B 06LLEM

cnydae. TakuM 06pa3oM, BCe, UTO OCTaeTcsl, — 3TO YCTAHOBUTb CBOHCTBO (45).
[pennaras camocTosiTeNbHO y6eIUTbCS B CPABEJMBOCTH 3TOrO pe3yJibTara
(3amaua 5), mpuBeneM TeM He MeHee HeKOTOPble HaBOAALLHE COOGpaXkKeHHs,
NoKasbiBaloLL1e, KaK Haluuue eduHCmEeHHO MapTHHTaJbHOH Mepbl MPHBOAUT
K «YCJIOBHOMY ABYTOUHIO».

IMycts Q=Q(dx) — HekoTOpOE pacnpenelieHe BeposTHocTel Ha (R, B(R))
1 & =£(X) — KOOpAMHATHO 3aiaHHas cJydaiiHas BesauunHa (§(x)=x). Ilyctb
Eqlé| < oo, EQ€ =0 («MapTuHranbHoe cBoiicTBO») U Mepa Q obnanaer TeM
CBOMCTBOM, uTo ecau apyras Mepa Q Takosa, uto Egl¢| < oo u Egé =0, To
HenpemerHo Q = Q («eIMHCTBEHHOCTb MapPTHHIAILHOM MepbI»).

YTBepxmnaercs, uto Toraa Hocureab Mepbl Q cocpenotouen xe 6osee wem
8 dsyx moukax (a<0 un b >0) c BO3MOXKHBIM HX «CJIUMNAHUEM» B «HYJIEBYIO»
Touky (a=b=0).

Te HaBoxsiLLe cOOGparkeHHsl, 0 KOTOPBIX GblIO YNOMSIHYTO Bhillie U KOTOpble
IeNaloT nocienHee cGopMyJMpoBaHHOe yTBepXKIeHHe BecbMa Mpapaonono6-
HbIM, COCTOSIT B CJleflylOLLEeM.

Ipennonoxum, uro Mepa Q cocpenoroueHa B mpex TOYKaX X_, Xo, X4,
yNopsiioueHHbIX TaK, UTO X_ < Xg < X4, C MAaccaMH §—, §o, g4 COOTBETCTBEHHO.
Yenosue Eqé =0 osnauaer, uto

g-x-+qoxo +q+x4+=0.
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Ecnun xo=0, To Torna g—x_ + q4+x4+ =0.
[Tonoxxum

e 1 _
i-=%. Go=5+% =%, (46)

T. €. «MepeKayaeM» 4acTH MacC §— H ¢4 B TOUKAX X_ M X4 B TOUKY Xp.

M3 (46) suaHO, uTO COOTBETCTBYIOLIAas Mepa Q~Qu Egé =0, npuuem
a#Q.

Ho sTo nporuBopeuut mpennoJioxeHuio edurcmsenHocmu Mepbl Q co
csoiictBoM Eq¢ =0.

CaenoBaresbHo, Mepa Q He MoxeT GbiTb COCpelOTOYEHA B TPeX TOUKax
(x=, xp, x4) ¢ xo=0. INono6GHbIM >ke 06pa3oM, OCHOBbLIBAsICb Ha Hlee «Mepe-
KauMBaHUs Macc», paccmartpHBaercsl M caydail xo #0. (ITogpoGHee cM. § 4e
rn. V B [100].) a

7. 3apaun.

1. IMokasatb, uTo B ciydae N = | yc/ioBue OTCyTCTBUS ap6HTpaxa paBHO-
cusbHO BuinosiHeHuio HepaseHeTs (18). ([peanonaraerces, uto P{AS; =0} < 1.)

2. TMokasatb, UTO B NOKa3aTesibcTBe JieMMbl 1 (M. 4) BO3MOXHOCTb 2) HC-
Kiouaercs yeaosusmu (19).

3. okasarb, 4TO Mepa Ps npuMepe | (n. 5) aBaserca mapmurnearoHod
Mepoii ¥ Npu 3TOM elMHCTBEHHOM B Kiacce M(P).

4. Uccnenosarb BONpoC 0 eIHHCTBEHHOCTH MapTHHIabHOR Mepbl, MOCTPO-
eHHoll B npumepe 2 (n. 5).

5. lokaxure, uto B (B, S)-monenu npeanooxkeHue |M(P)|=1 Baeuer

22 1<ngN.

«YCJIOBHO€ [IBYTOUHE» AJiA pacrnpenelieHus BEJHYHH B,

§ 12. O pacueTax, CBSI3aHHbIX C XeJ)KMPOBaAHHEM
B 6e3apOUTpPaXKHBbIX MOAeAX

1. Xedwuposanue (hedge — 3a6op) ABJseTCA OAHHM H3 OCHOBHBIX METO-
IIOB IMHaMHMUYECKOro yrpasJeHus noprdenem ueHHbIX 6ymar. Hixke ussaraiorcs
HEKOTOpble OCHOBHbIE MOJIOXKEHHS M Pe3yJ/bTaThl 3TOr0 MeTOa Ha MpUMepe pac-
YEeTOB TaK Ha3blBaeMbIX ONYUOHHbIX KORMPAKmMOos8 (MONpocTy — ONYUOHOS).

Bymyun npousBoOHLIMH LeHHbIMH GymaraMH, OnyuoHsi (KaK HHCTpyMeH-
Tbl ()UHAHCOBOM HHXKEHEepHH) MMEIOT LOCTaTOYHO BbICOKHH puck. Ho B To xe
camoe BpeMs OHH (B KOMGHHALMH C APYTHMH UeHHbIMH Gymarami, Hanpumep,
C gorouepcamu) ¢ ycnexoM MCROJb3YIOTCA He TOJbKO C LEJbIO MOJyyeHHs
IOXO0Jla 3@ CYET «PbIHOYHOTO» M3MEHEeHHs LeH, HO U KakK cpedcmeo 3auyumol
(xemK1poBaHUs) MpH IpaMaTHYECKOM HX H3MEHEeHHH.

Onyuow (option — BbI60p) — 370 LieHHas Gymara (KOHTPaKT), BblycKaemas
(MHAHCOBLIMH MHCTUTYTaMH M Jalollasi ee MOKynaTesio npaso KyNHTb HIH
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NpoAaTb ONpelesieHHYI0 LEeHHOCTb (CKaX<eM, aKuUMIo, O6JMrauuio, BaloTy) B
OrOBOpEHHbIil MepHoJ| BpeMeHH WJH MOMEHT BpeMeHH Ha 3apaHee oroBapHBae-
MbIX YCJIOBHSIX.

OTMeTHM, YTO €CJIH OMUMOH JaeT npaso Ha MOKYNKY WJIH MPOAaXy, TO
TaKoM, HanpuMep, GUHAHCOBBIII HHCTPYMEHT, KaK ghorouepc (Wnu pbloyepcHblt
KOHTPAKT) — 3TO COrJlallieH’e, B COOTBETCTBHH C KOTOPLIM NOKynaTelb 0643aH
KYNHTb WIH NPOAAaTh ONpelesieHHYIO LLeHHOCTb B ONpefieJieHHbIi MOMEHT Bpe-
MeHH B 6yayiueM no (biouepcHoit) LeHe, GUKCHPYEeMOi B MOMEHT 3aKJII0YeHHUs
cornaleHus.

OnvH M3 OCHOBHBIX BOMPOCOB, OTHOCSILMXCA K pacyeTaM OMLUMOHOB, 3a-
K/louaercs B CJEMYIOLIEM: M0 KaKoil yeHe OMUMOHBI NOJKHBI MPOIaBaThCs?
[ToHsATHO, YTO WX MpojaBel| XeJaeT MOJYYHTb «N0OOJbLIE», NMOKyNnaTe/lb xe
XOUeT 3anaTUTb «MOMeHblle». UTo eCTb «CnpaBeliuBas», «paUMOHaIbHasA»
lieHa, Ha KOTOPYIO JOJDKHBI COMJIallaThCs 06e CTOPOHbI — M NpoJaBell, U NOKY-
naresib?

EcrecTBeHHO, 4TO 3Ta «CNpaBeiiMBasi» LeHa JOMKHA GbiTb «Pa3yMHOM».
A vMeHHO, MOKyMaTeJM HNOJKHbLI MOHUMATb, YTO MOKYMKa OMNUUOHA Mo 60-
Jlee HU3KO¥ LieHe MoXKeT He JaTh FapaHTMM TOTO, UTO MpPOLABELl BLIMOJHHUT
CBOH 06513aTe/IbCTBA, OTOBOPEHHbIE B COMIALLIEHHH, MOCKOJbKY MOJYYeHHbIX UM
«MPEeMHAJIbHBIX» MOXXET MPOCTO OKa3aTbCAl HEeJOCTAaTOYHO Il COCTaBJIeHHs
noptdens, rapaHTUPYIOLLErO BbINOJHEHHE «IJIaTeXXHOro NMOpYyYeHUs».

B T0 >Ke caMoe BpeMsl BeJIMUHHA 3TUX «MPEMHAJIbHbIX» He IOJKHA 1aBaTb
npojasly ap6UTpaXKHbIX BO3MOXKHOCTel THna «free lunch», T. e. Bo3MoxHocTeil
nosyyenus 6e3puckogoeo doxoda.

[Mpexkne ueM AaThb onpeesieHHe TOTO, UTO XKe cJeyeT NOHUMATb MOJ «chpa-
BELJIHBOI» LIEHOM OMUMOHOB, OCTAHOBHMCS Ha HEKOTOPOH OGLLENPHHATOH HX
KiaccuMKaluu.

2. ByneM paccmatpusath (B, S)-pblHok, B = (Bp)ogngn, S = (Sn)ogngh,
dyHKuMoHupYlolMiz B MoMeHTbl BpeMenu n=0, 1, ..., N u onpezneneHHblit
Ha (UILTPOBAHHOM BepOATHOCTHOM npoctpaHcTBe (R, &, (Fn)ogngnh, P) ¢
Fo={0, U u Fy=F.

PaccmarprBaeMble fajiee ONUMOHBI GYAYT CTPOMTbCA Ha AKYUAX, CTOM-
MOCTb KOTOPBIX OMHCBIBAETCA MOC/AENOBATENbHOCTbIO S = (Sn)ogngn -

o BpeMeHH WcMOMHeHUs! ONLMOHBI feAATcs Ha ABa Tuna: Esponedickue n
AmepukaHckue.

Ecau onuuoH MoXeT GbiTb MpenbABeH K HCMOMHEHHIO TOJbKO B (PUKCH-
pOBaHHbIl B KOHTpakTe MOMeHT BpeMeHH N, TO roBopsT, uto N — MOMEHT
MCMOJIHEHHs, U TaKOM OMUMOH HasblBaeTcs onuHMOHOM Esponelickoeo muna.

Ecau e ONMUHOH MOXeT GbiTb MPeAbsABJEH K HCMOJHEHHIO B JI060# Map-
KOBCKHI MOMEHT (MJIM MOMEHT OCTaHOBKH; cM. onpenenenue 3 B § 1) 7=7(w),
NPUHUMAIOLIMA 3HaueHUs] B OrOBOPEHHOM YCJOBHAMH KOHTpakTa MHOXKecTBe
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{0, 1, ..., N}, To roBopsT, 4TO paccMaTpHBaeMblii ONLHOH ABJAETCS ONUUOHOM
Amepuxkarckoeo muna.

CorniacHo OOLLIeNpUHSATON TEPMHUHOJIOTHH, Pa3/MYalOT Cjefylollde /Ba
KJlacca OMLHOHOB:

(1) onyuonst noxynameasn (call option, oTcioia MPOMCXOAMT Ha3BaHWe
ONYUOH-KOAN); U

(2) onyuonv npodasya (put option, onyuox-nym).

OraimyaroTes 3TH IBa Kjlacca TeM, YTO OMUHOHbI-KOJI JAI0T #paso noKyn-
Ki, a OMUMOHLI-NYT — 1pABO NPOOAXCU.

Ins onpeneneHHOCTH OCTaHOBMMCSl Ha MPUMepax CMAaHOapMHbLX OMUKO-
Hos Esponeiickoeo muna.

Takue onuuoHbl XapakTepu3yloTcsi AByMsi KOHcTaHTamu: N — Bpems uc-
noJiHeHus U K — LieHa MOKYNKHU (/151 ONMUMOHA MOKYNaTe/s) UK LeHa NPOJaXKH
(m12 onuuoHa npopasua).

Ecan Bapyr okaxercs, uto B MOMeHT BpeMeHH N «pblHouHas» ueHa Sy > K,
TO MO YCJIOBUSIM KOHTPAKTa OMLMOHA-KOJIJI MOKYNaresb onuuoHa 6yner UMeTb
npaBo KynmuTb akuMio no ueHe K. TyT xe ee nponaBas no «pbIHOUHOM» LieHe Sy,
OH MONYYHT TakuM o6pa3soM noxon Sy — K. Ecaiu xxe okaxercs, uro Sy < K, To
OrOBOPEHHbIM KOHTPAKTOM MpaBoOM MOKYNKH Mo ueHe K GeccMbiCJeHHO NOJib-
30BaTbCsl, MOCKOJIbKY MOKYNaTeslb MOXKET KYMHTb aKUMIo H Mo GoJiee HU3KOM
«PbIHOUHOM» LieHe Sy .

‘Takum o6pa3oM, o6beuHsAs 06a 5TH caydas, HaXOAUM, YTO JOXOL, noxyna—
TeJisl B MOMeHT BpeMeHH N 6yeT onpefenfiTbcsl BeJTHUUHON

in=©y-K1, (1

rae at =max(a, 0). «Hucrolil» e ero noxox GyneT paseH 3TOil BeJHuHHe 32
BbIUETOM TeX «MpPeMHaJIbHBIX», KOTOpble OH BbIMJIAaTHJ NPOAABLY ONLUOHA.

AHanornuHbiM 06pa3oM, HOXOA MOKyNareJs ONuUWOHa-MyT GyneT onpene-
aatbes GopmyJioi

fn=(K-Sw)". 2

3. Tlpu onpenenieHuH «crnpaBelIHBOii» CTOMMOCTH Ha 6e3apOHUTPaKHOM
(B, S)-pblHKe ciiefyeT pasiHuath ABa Clyuas — nOAKO20 H HeNOAHO2O PbIHKA.

Onpeaneaenne 1. Iyctb (B, S)-pbliHOK ABNseTcs 6e3apbumpaxcroim
noanbin. «CnpaseiuBoi» LeHoi onunoHa Esponefickoro TMna ¢ naatexkHo#
Fn-13MepuMOit OrpaHHueHHoi (HeoTpuUaTeNbHOI) dyHKUMelt [y Ha3biBaercs
LeHa coB8epuLleHH0e0 Xe0HUpoBaAKUs, T. e. BeJIMUHHA

C(fy; P)=inf{x: 3r c X =x u X7 = fx (P-n.n.)}. (3)

B cBfi3u ¢ 3TUM ompenesneHneM OTMETHM, YTo NopTdelb 7 Ha3blBaeTca xe-
Odicem nNNaTeXKHOro nopyueHus fy, ecnu ¢ P-eposiTHoCTbIO enuHula Xf > f.
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M3 § 11 caenyer, uto B ciiydae noanoix 6e3apbumpaxcHoix pbIHKOB cyuje-
cmsyem coBepllieHHOe XeDKHPOBaHHe 7 OrpaHHUueHHbIX «IJ1aTeXHbIX 0673a-
TeJbCTBY, T. €. TaKoe, uto X = fy (P-n. H.). IMeHHO 3TUM U o6bsicHAETCH,
noueMy B onpenesiennn (3) paccmatpuBaercs (Henmycroli) kaacc noproesneli co
cBoiictBoM X§ = fy (P-n.H.).

B cayuae xe HenoaHoLx Ge3apGHTPAXKHBIX PLIHKOB €CTECTBEHHO CJlefylo-
lee

Onpepnenenne 2. Ilycrb (B, S)-pbiHOK siBAsieTcs 6e3apOumpaicHoiM.
«Cnpasenusoii» ueHoli onuuoHa Esponefickoro Tuna ¢ nnarexHoit Fy-H3-
MepHMO# OrpaHHuYeHHON (HeoTpuLaTesbHOM) (yHKuMel fy HasbiBaeTcsl leHa
cynepxe0imuposanus, T. e. ueHa

C(fn; P)=inf{x: 3r c X§ =x u X§ > [y (P-n.n.)}. 4)

3ameTuM, 4TO JaHHOE onpejesieHHe KOPPEKTHO — LISl BCSKOH OrpaHHueH-
Holt yHKuMM fy 3aBemoMo HalizeTcs MopTdeab m ¢ HEKOTOPHIM HauajbHbIM
KanuraJjom x Takoi, uto X > fnv (P-n.u.).

4. Tlpusenem teneps gpopmyay nas uenst C(fy; P), nas ee nokasaresnbcTso
B CJlyyae MOJIHbIX PbIHKOB M OTCbLIasl K CrelHabHOil uTepaType (CM., HanpH-
mep, § lc ri. VI B [100]) B ciyuae HENOJHBIX PbIHKOB.

Teopema 1. 1) B cayuae noanox 6esapbumpaxcrnox (B, S)-poirkos
«cnpasedausas» yewa onyuona Eseponelickoeo muna ¢ naamexHod
dynkyueii fy onpedesrsemces gopmyroi

C(fx; P) =Boe.sg~N-. 5)

ede Es — mamemamuueckoe oxmudanue no (edurcmeennol) mapmur-
eanvroil mepe P.

2) B cayuae obwux nenoawoix bezapbumpasxcuoix (B, S)-poirkos
«cnpagedausas» yena onyuona Eeponeilickoeo muna ¢ niamexncHou
dynkyueii fy onpedersemcs opmyarol

C(fwi P)= sup BoEpLL, ©)
PeM(P)

e0e sup Gepemcs no muoxcecmsy scex mapmunearvtoix mep M(P).
Hokasameaocmso. 1) Tlyctb m — HeKOTOpbLI COBeplLIEHHbIA XelK ¢
X§=xwnwXj=fy (P-n.u.). Torna (cm. (15) 8 § 11)

fN=——-—+Z'rkA( ) ™
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¥, 3HAUuT, B cUaIy TeopeMbl 3 U3 § 1

v _x
X & Sk
NOCKO/MbKY MapTHHra/lbHOe npeo6pa3oBaHye 7t > 7kA(B—) Ta-
0 k=1 kR 1<ngN

KOBO, UTO B «TEPMHHAJIbHBI» MOMeHT N

i+i7,,A(ﬁ) In 5o ©)
By T2 Be) "By >

3ameTuM, uto JieBas yactb B (8) He 3asucum OT CTPYKTypbl paccMaTpH-
BaeMOro XeXka m C HauyalbHbIM 3HaueHneM XJ =x. Ecan xe tenepb 7’ —

- ’
ApYrofl XelK C HauyalbHbIM 3HaueHueM X , To, cornacHo (8), 3T0 3HaueHHe
cHoBa paBHo BoEp [ N . Orcloga gcHO, 4TO HauyajJbHOe 3HAaYeHWe X 1A 8cex

COBepLUEHHbIX xemxeu odno u mo e, 4To M AoKasbiBaeT ¢opmyay (5).
2) 3mech Mbl IOKaXKeM JIHLIb HepaBeHCTBO

sup  BoEp 2L < C(fu: P). (10)
PeM(P)

(dokasatenbcTBO 06paTHOrO HepaBeHCTBa TpeGyeT TaK Ha3blBaEMOro «OMUHO-
HaJIbHOTO» Pa3JloXKeHHs, BLIXOAALLEro 3a paMKH HacTosiuei KHUMH; cM. §§ lc
u 2d rn. VI B [100].)
TNpeanonoxum, uto xemk m Takos, uto X =x u X > fv (P-n.n.).
Torna u3 (7) HaxoauM, uto

fN
1, 3HAaUuT, 111 210601 Mepbl I3 eM(P)
BOEP iN

(cp. ¢ (8) n (9)). Orciona, Gepa cynpeMyM B JIeBOH 4acTH MO 8Cem Mepam
P € M(P), npuxonum k TpeGyemoMy HepaseHcTsy (10). 0

5. OcraHoBHMCS Ha HEKOTOPbIX OMpele/eHUAX W pesyJibTaTax, OTHOCSH-
mxcs K onunoHaM Axepukanckoeo muna. JIna Takux onuMoHOB NPUXOAUTCS
NpexnosiaraTh, YTO 3aaHa He ofHa NJaTeXxHas GyHKUMs [y, OTHocAaACA K
MoMeHTy BpemeHH N, a uenwiit Hab6op ¢pynkyud fo, f1, ..., fn, cMbiCA KOTO-
PbIX COCTOMT B TOM, YTO €CJIH ONUMOH NPeLbABJAETCA MOKynaTeJeM B MOMEHT
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BPEMEHH 71, TO COOTBETCTBYIOLIAs BbiMJIaTa (MPOLABLOM OMLHOHA MOKYMNaTeio)
onpenensiercs (&F,-u3mMepumoii) dyHkumedt f, = fp(w).

Ecnu nokynaTesib OMLUMOHA pelinsl NPeXbABUTb OMUUOH K HCMOJHEHHIO B
MOMEHT BpeMeHH T = T(w), ABJALIUACA MapKOBCKUM MOMEHTOM CO 3Haue-
HuAMHM U3 MHoxectsa {0, 1, ..., N}, To Torza 3HaueHue nAaTexHoON QyHKUMHU
6yzeT paBHO fr(w)(w), H, cllefoBaTeNbHO, NPOAABeL, ONUHOHA NP COCTaBEHUH
cBoero noprdensi LUeHHbIX 6yMar m JOJKeH Bcera npefycMaTpuBaTh, UTOGbI
LIS 8CAK020 T GbIIO BLINOJHEHO YC/IOBUE XePKUPOBAHUSA B CJlelylolleM BUIE:
XTI > fr (P-n.u.).

10 nosicHsieT LeNecoo6pa3HOCTb CeNyIOLIero onpeneseHus.

Onpepenenne 3. Ilycrb (B, S)-pblHOK sBAsieTcss 6e3apGUTPaXKHBIM.
«CnpaseaauBoil» LEHOI onuuoHa AMepuKaHCKOro Tuma ¢ cucreMoil f=
= (fn)ogngN Fn-N3MepUMBIX HEOTPHUATEJNbHbIX MJIaTeXHbIX (YHKUMA f,
Ha3blBaETCA BEPXHAA YeHa cynepxediUpos8anus, T. e. LeHa

C(f; P)=inf{x: Imc XT=xu XT>f, (P-n.n.), 0<n<N}. (1

[TpuBenem (6e3 nokasartesibCTBa) aHaJOr TeopeMbl | 1A ciyyast OMLUOHOB
Awmepukanckoro Tuna.

Teopema 2. 1) B cayuae noanoix 6ezapbumpanxcuoix (B, S)-poinkos
«Cnpagediusas» yena onyuoHa AmepuUKarcKoeo muna ¢ cucmemol naa-
mesxcrolx pynkyui f=(f.)ogcngn onpedessemcs ¢opmyroi

C(f: P)= sup BoEpLr, (12
remy T
ede zmg’ ={r: 7< N} — Kaacc momenmos ocmanosku (OMHOCUMENbHO
(Fn)ogngh) U P — eduncmeennan mapmunearonan mepa.
2) B cayuae obuux (nenoansix) Gezapbumpascnoix (B, S)-peinkos
«Cnpagediusas» yeHa OnyuoHa AMepuKawckozo muna ¢ CUCMemod
naamexcroix pynryuii f = (fo)ogngn onpedessemcs opmyroi

C(iP)= s BoEpiZ, (13)
remy, PeM(P) T

20e M(P) — cosoxkynnocme ecex mapmuneanvrolx mep P.
Hokasareaberso cM. B § 2¢ rn. VI 8 [100].
6. [lpuBeneHHble Bbillle TEOpeMbl OTBEYAIOT Ha BOMPOC O TOM, Kak Ans
ONLMOHOB Onpeesfercs UX «CrpaBelnBasi» LeHa.
He Menee BaxkeH M BOMpPOC O TOM, a Kak NPOAAaBLY OMUMOHA CTPOUTb Xe-
JUKUpYyloumit noprdens 7*, nonyuus «npemuio» C(fy; P) uan C(f; P).
OrpaHuuuMcs It NPOCTOTbI M3JI0XKEHHs PacCMOTPEHHEM JHIlUb chydas
noaxoeo (B, S)-puiHka onuroHoB EBponeiickoro Tina.
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Teopema 3. [Tycmo (B, S)-poirok ssanemcs 6e3apbumpancroim uw noa-
HOLM.

Cywecmsyem cauodmﬂaucupyeuuu nopmeeav ™ =(B*,v*) ¢ na-
HANLHbIM KANUMAAOM )(o =C(fn; P), ocywyecmearnrowuii cosepuennoe
Xedxcuposanue naamerHoeo obsazamerscmsa fy:

X =fy (P-n.n.).

Hunanuxka kanumasra X =GB, +~:S,, 0<n< N, onpedersemca
dopmyranu

x,:"=3,,Ep(t';i|3r,,). (14)

Komnoueuma 'y = (7} )ogngN Xe0xca w* =(B*, ¥*) naxodumcs no 3na4e-
Huam X™ = (X7 )0<,,<N u3 gopmynot

XEN _ an(Sn
A(%g;)=ma(z). (15
a komnornenma B* = (B;)ogngn — U3 Popmyaol
X7 =B3Bn+73Sn. (16)

Hokazameabcmso TeopeMbl HeNMOCPeACTBEHHO clle[lyeT U3 10Ka3aTeslbCTBa
UMIUVIHKALMK «MOJIHOTa» = «E-npencraa.neuue» B JeMMe 2 u3 § 11, npume-

HeHHOM K MapTuHrany m = (Mp)ogngn € Mn=Ep (é—"l"/ |9,,).

7. B kauecTBe mpHMepa peajibHbIX pacueToOB OMNUWOHOB PacCMOTPHM
(B, S)-pbiHok, onucbiBaeMbiit CRR-x#0deavi0:

B,=B,_1(1 +7),
n n l( ) (17)
Sn=Sn-1(1 + pn),
roe pi, ..., py — He3aBUCHMbIE ONUHAKOBO pacripeeJieHHble cnyllaﬁHble BeJIU-

YMHbl, MPUHUMAIOILME [Ba 3HaueHus a U b, —1 <a<r<b.
DTOT pbIHOK ABNACTCA 6e3ap6UmpPaNHoim v noaroim (cM. 3anauy 38 § 11)
¢ MapTHHra/abHoOl Mepoit P Takoit, uto P{p, =b}= p, P{p, =a}=4, rne

. r—a - b-r
p= b—-a’ q= b—a’ (18)
(Cm. mpumep 1 B .5 § 11.)
CornacHo dopmyJie (5) U3 TeopeMsl 1, anst paccmartpubaemoro (B, S)-pbiH-
Ka «Cnpasej/uBasi» LeHa

C(fwi P)=Ep ity (19
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Y, cornacHo TeopeMe 3, Wit OTbICKaHUSI COBEPILIEHHOTO XeDKHPYIOLLero nopr-
tens 7* = (6*, 7*) Hano npexie BCEro BHIUUC/NTDL

Xy =B (it 12,) (20)
(c Fu=0c(p1,..., pn), 1 Sn<N, u F={2, Q}) u 3areM Haiitu v, u B, u3
tdopmya (15) u (16).

[Mockosbky X{§ " =C(fy; P), T Bce CBOMTCA K OTLICKAHHIO YCJIOBHBIX Ma-
TeMaTHYeCKHX OXKHIaHWi, cToswmx B npasoit yactu (20), mia n=0, 1, ..., N.

Byznem npeanonarath, uto Fy-uaMepumas (yHKUMA fy MMeeT «MapKOB-
CKYIO» CTPYKTYpY, T. €. fy = f(Sn), rne f = f(x) — HekoTopas HeoTpuuaTebHas
¢yHkuusa ot x > 0.

O603Hauum

Fat; p)=) F(x(1+0) 1+ %) Crpt - p~*. (1)
k=0

C yuekom TOro, 4TO

IT (+p) =1 +0)2 B (1 4+ a) V== (Bu=2),

n<kg<N
rne A, =08 +...+6,, Op= ’Z‘__:, HAXOUM:
Eﬁf(x ITa +pk)) = Fy-nlx; B) (22)
n<k<N
- r—a
cp=5—-
Yuuteisaa takxke, uto Sy =S, [] (1+pr), u3 (21) u (20) noayuaem,
n<kg<N
4TO <<
X7 =Ep( In |#2) =1+ 1™ Fy_a(Sui 5) 23)
n P (l +’_)N n N—n ns .
B wacTtHoOCTH,
Clfw; P)=X§" =(1+1~"Fx(So; P). (24)

N Sn
Haxkoneu, u3 (15), yunrbiBas (23), Haxomum, 4To 7, -—-A( B )/A(B—)
n n
onpejessiercs chaenyolleil hpopmyoii:

FN—n(Sn=1(1+8); p) = FN—n(Sn—1(l +a); P)
Sp—1(b—a) )

Yo =1+~ N=" (25)
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s otbicKaHus 3 3aMeTHM, YTO B CHJIy YCJIOBUS CaMOMHaHCHPYyeMOCTH
B 1AB: +Sp—1Av; =0. INostomy
X,’,rll =ﬂ;Bn—-l +’7;Sn—l (26)

M, 3HAYHT,
X1r' — S,
* = n—1 nOn~1 27
By =T @7
Ortciona ¥ 13 npencrasienuii (23) u (25) suauM, uto

1 - 1 =
B = g A F—nt1(Snmti §) = T Fw-n(Su-1(1 +0); P)-

— Fu-a(Sami(1+); I} (28)

HakoHel, nmocMoTpuM, Kakoi BHA NpHHUMaeT, Hanpumep, dopmyna mis
«cnpasegiusoii» ueHsl C(fy; P) B ciyuae crmandapmuoeo onuuoHa noky-
nareas (onuvoHa-KoJ), T. e. Korna dyHkuus fy =(Sy — K)*.

LY
[ycers Ko =Ko (a, b, N; —0) €CTb TO HaWMeHbllee Lesioe, A1 KOTOPOro

K
K
So1+ay" (152) " >k, (29)
T. €. NyCTb
_ K 1+b
K°_1+['" Ssaray /! H—a]' (30)

rie [x] — uenas yacTb yucaa X.
Ecau nosoxuTtsb

o L+b
P = l+rp’
e p=1——2 u
b_ ’
N
B(Ko, Ni p)=), Chp*(1—p)"*, (31)
k=Ko

TO U3 (24) HeTpyaHO BbiBecTH cieaylolyto dopmyay (Kokca—Pocca—Py6un-
WTeiiHa) «CrnpaBed/nBOi» LeHbl (o603Hauaemoit ceituac Cy) nia cmandapm-
HO20 OnYUOHA-KOAN:
Cn =SoB(Ko, N; p*) — K(1 +1)~"B(Ko, N; p). (32
Eciu Ko> N, 10 Cy =0.
3ameuanue. ITockonbky

(K=Sn)* =(Sv —K* = Sv +K,
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TO «CrpaBeluBas» lLeHa cMandapmro2o onyuona npodasya (onuuoHa-
nyt), o6o3nauaemas Py (=C(fy; P) ¢ fv =(K —Sy)™*), onpenensercs cdop-
MyJI0H

Py=E(1 40K -Sy)* =Cy—E(1+)""Sy +K(1+n7".

[TockonbKy E(l +7r)~NSy =Sp, TO, O4UeBHIHO, UMeeT MeCTo mox0ecmso «na-
pumema KOAA-nym»:

Py=Cy—So+K(1+r)~V. (33)

8. 3apaum.

1. Haiiru ueny C(fy; P) ansa cTannaptHoro onunona-koan ¢ fy =(Sy — K)+
nst Moziea (B, S)-pbiHka, paccMoTpeHHoro B mpumepe 2 n. 5 § 11.

2. MNonwiTaiiTech N0Ka3aTh CrpaBeIMBOCTb 06PATHOTO HepaBeHCTBa B op-
myae (10).

3. Nokaxure ¢opmyay (12) u nonviraiitech fokasatbh popmyay (13).

4. atb nompo6Hblit BbiBOL hopMyabl (23).

5. Nlokasatb dopmyasl (25) u (28).

6. Ipusectu NonpoGHbIi BLIBOA opMy.bl (32).

§ 13. 3apaun 06 onTHMaNbHOH OCTaHOBKeE.
MapTuHraibHbii NOAX0M

1. C npumepoM 3amau, OTHOCALIEACA K TEOPHH «OMNTHMAJbHbIX MPABUJ
OCTaHOBKH», Mbl Y)Ke CTaJIKHBAJIUCh MPH ONMUCAHUH «CTIPaBeLIUBOI» LieHbl On-
uroHoB Amepukanckoro tina. MmenHo, ¢opmyna (12) B § 12 nokasviBaer,
YTO I/l OTHICKAHUA 3TOM LieHbl TpeGyeTcA (B YNPOLLAIOLIUX NPEAnoOKeHHAX
B,=1,0<n<N, u P=P) naiiTu BeinuuHy (TakxKe Ha3blBaeMylo «LEHO1»)

V¥ = sup Efs, (1)
remMy
rne f=(fo, fi, ..., [v) ecTb mocnenoBaTeNbHOCTb F,-M3MEepPUMbLIX HEOTpH-

LaTeibHbIX QYHKUMA f, U 7=T(w) — MapKOBCKHe MOMeHTbl (HJIM MOMEHTbI
0CTaHOBKH) U3 Knacca MY , cocroAlero U3 cyyaiiHbiX BeNHUUH 7= T(w), NpHu-
HUMaloLKMX 3HaueHus B MHoxectse {0, |, ..., N} U Takux, 4TOo A1 KaXIOTO 1
M3 3TOr0 MHOXKeCTBa

{w: T(w)=n}e F,. 2

(B sToM naparpade Mbl npeanosnaraeM 3afaHHbIM HeKOTOpoe (HJLTPOBaHHOE
BEPOATHOCTHOE MpocTpaHcTBO (2, &, (Fn)nx0, P) ¢ Fo={2, Q}.)
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Hapsany c 3apaueit (1), rie 7 =7(w) Gepyrca U3 MHOXeCTBa zmg , HHTepec
npeACTaBseT U 3a/1a4a OTbICKAHHS BEJHUHHbI («LeHbI»)

V§°= sup Efs, 3
TEMS®
rne MP ={r: 7<oo} u f=(fo, f1, ...) — cToXacTuueckas nocnenobaTeb-

HOCTb F,-M3MePUMBIX ClydailHbX BeauuuH fp, 120, ¢ E|f;| < oo.

Kak B cayuae (1), Tak u B ciyuae (3) TpebyeTcs, NOMUMO OTHICKAHUS «LIeH»
Vg" H V§°, HallTh TaKKe onmumanbHole MOMEHMot (eC/IH OHU CYILECTBYIOT),
Ha KOTOPBHIX JOCTUTAETCS CYNmpeMyM.

Bo MHorux 3amauax uesiecoo6pa3HO AOMYCKaTb K PacCMOTPEHHIO TaKxKe
MapKOBCKHe MOMeHTbI, pUHUMaloLIle 3HaueHHe +oo. B 3ToM cayyae npu pac-
cMotpenun E f, cnemyer ycnosutbes 0 TOM, 4TO MOHUMAaeTCs NOJ, foo. OMuH U3
eCTeCTBEHHbIX CMOCOGOB COCTOMT B TOM, UTOGbl MOA fo, MOHMMATL 3HaueHHe
TEn— f.. VHO# cnoco6 cocTouT B TOM, 4TOObl, JoNycKas ais 7 U 6ecKoHeuHble

3HayeHusd, onpeaeiiTb «UeHy» B BUIE

V§° = sup Ef. /(T <o), (4)
TEMS®
rae S0I3° — KMacc BCeX MapKOBCKMX MOMeHTOB, TE° = {r: T < oo}. OuesuaHo,
uto V= sup Ef., ecu cuntath foo =0 (cp. cm. 3B § 1).
TEMS®

B manbHeiiiuem G6ynem paccmatpusath auiub 3apady (1). (ITo nosomy cay-
yag N=o00 cm. § 9 B r1. VIII.) Ecau He KoHKpeTH3HpOBaTh BEPOATHOCTHYIO
cTpyKTYypy nocaenosarenvhoctd f=(fo, fi, ..., fv), TO HanGosee sdexTUB-
HbIM MeToOM pellleHus 3anau (1) u (3) ABJseTcA onuCbIBaeMblii HUXe «Map-
THHTabHbIA» Metol. (He orosapusas 3Toro Kakaplii pa3 crneuuanbHo, 6yaeM
Bceraa npennodarars, 4to E|f,| < oo npu Bcex < N.)

2. Hrak, nyctb N <oo. DTOT ciyyaii MOXKeT GbiTb pacCMOTPeH METOJOM
«HHOYKUMH Ha3afl», peau3yeMblM 3[eChb CJelylolnuM 06pa3oM.

Hapsny ¢ V' seenem «ueHbi»

VN = sup Ef,, (5)
TeMY
rae MY ={r: n <7< N} —Kiacc MOMEHTOB OCTaHOBKH TaKHX, 4o n < T(w) KN
ns Beex w € §2.
BBeleM TaKxKe HHLYKTHBHO CMOXACMUHYECKYIO TOCNef0BaTeNbHOCTb vV =
= (v¥ )ogngn MO ClleLyiOLIEMY MPABHAY:

o =fn, oY =max(f, E(v)y|£0)) (6)

man=N-1,...,0.
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[Monoxum masg 0<nN
™ =min{n <k <SN: fe=0)}). (7

C noMoliplo BBefleHHbIX 0GbEKTOB pellieHHe 3a1au 06 ONTHMAJBLHON ocTa-
HoBKe (1) 1 (5) NONHOCTbIO OMUCHIBaETCA B CJELYIOLLEM MPeNIOKEHUH.

Teopema 1. [Tycmo nocaedosamervnocmo f=(fo, f1, ..., fn) maxosa,
umo f, — Fp-usmepumsl.

1) ra kaxmcooeo n makoeo, umo 0 < n< N, momenm

™N =min{n <k SN: o) = i} 8)
A6ASeMCs ONMUMAbHOLM 8 Kaacce TN
Efw=sup Ef, (=V;). ©)
TEMY

2) Momermot TV, 0K n < N, A8A10MCA ONMUMALOHOMY MAKHCE 8 CAL-
Oyrowem «ycarosHom» cmoicae: (P-n. n.)

E(f-~ | Fn) =esssup E(f- | &n). (10)
TEMN
«Cmoxacmuueckue yero» esssup E(fr|F,) cosnadarom c v¥:
TEMN
esssup E(f,| &) =vY (P-n.n.) (11)
TEMN
u
vN=Edu). (12)
Ecau n=0, mo
vy =of. (13)

Ecau e n=N, mo
VY =Ejy. (14)

3. l']pe)Kne yeM MnepexoduTb K J0Ka3aTe/JbCTBY, HAaIOMHHM ofpenejieHHe

TOHATHA CYUeCMBeHH0oc0 cynpemyma esssup & (w) ceMeiicTBa & -H3MepH-
a€A
MbIX CJydalfiHbIX BesMuuH {€q(w), a € A}, ncnonbaosanHoro B dopmyae (10).

Heo6x0nuMoCTb BBEEHHS STOrO NMOHATHS Bbi3BaHa TeM 0GCTOATENbCTBOM,
YTO paccMOTpeHHe NPOCTO sup &,(w) B Clydyae HecuemHno20 MHOXecTBa 2A
2

a€
NPUBOAKT K GYHKUUAM (OT w € §2), KOTOpbIe, BOOGLLE FOBOPS, MOTYT OKa3aTbCs
He & -u3MepUMbIMH.
JleilicTBUTENIbHO, 1)1 BCAKOTO ¢ € R

{w: 225 §a(w)<6} = ﬂ {w: €alw) <}

a2
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3mech MHOXectBa A, ={w: ,(w)<c} npuHamiexar &£ (T. e. ssasoTcs
coboumusmu). ONHAKO B CHIY Hecuemuocmy MHOXeCTBa 2 HeT rapaHTwi,

yto [ A.€Z.
acA
Onpenenenne. Ilyctb {£,(w), @ € A} — ceMelCTBO ClyyailHbIX BEJNHUHH

(1. e. & -U3MepUMBIX DYHKUUH, TPUHHMAIOILKX 3HaUeHHs B (—oo, +00)). foBo-
pAT, UTO pacluMpeHHas cay4ainas seauuuna E(w) (&F-usmepumas QyHKUHs
co 3HaueHusAMH B (—oo, +00]) ecTb cywyecmsenHblli cynpemym ceMmeiicTsa
cayyaiiHbix BesnunH {€,(w), a € A} (o603HaueHue: &(w) = ess sup &, (w)), ecau
acA

a) {(w) > €a(w) (P-n.H.) ans Bcex a €Y,

'b) u3 Toro, uro (pacliMpenHas) ciyyaiHas BesiMuMHAa 7(w) TakoBa, YTO
nw) 2 €x(w) (P-n.H.) m1a Bcex a €Y, cnenyer, uto {(w) < n(w) (P-n.H.).

Huaue rosops, &(w) ectb Haumernvwasn (paciiipeHHas) cayyadHas BeJu-
yuHa cpeld BceX (paclUMpeHHbIX) CayyaiHbIX BEUYUH, MaXKOPHPYIOLIUX BeJH-
ymHbl €, (w) npu Bcex a €.

KoHeuHo, Hamo mpeXkie BCero [0Ka3aTb cO0epIAMEAbHOCHb NAHHOTO
onpeneseHus. BoiTekaer 310 U3 clieflyloLIero NpefioXKeHUs.

Jlemma. [aa scakozo cemeiicmea {£q(w), a € A} cayuainoix 8eudur
cywecmsyem (8006ue 2080p, PACULUPERHAA) CAy4alinan seauuuna &(w)

(0603naunaeman esssup €,(w)) co ceodicmeamu a) u b) us onpedesenus.
ac .
Haiidemca cuemnoe nodmunoncecmso Uy C A ¢ mem csolicmsom, wmo

8 Kayecmse maKoil 8eAuduHbl moxcem Ooime 83Ama 8eAUUUHA

§(w) = sup &a(w).

€A
Hoxaszameascmeo. TpennonoxuM cHauana, 4To BCe BeJHUHHBbl §q(w),
a €2, pasHoMepHo orpaHrueHbl (|€,(w)| <c, wE R, a €N).
[Myctb A — Koneunoe mHOXecTBO MHAekcoB a €. Tlonoxum S(A)=
=E(maj( §a(w)). Mycts, nanee, S=sup S(A), rae cynpemym Gepercs Mo
a€

BCEM KOHeuHbIM noamHoxectsaM A C 2.
OGo3nauum gas n > | uepe3 A, KOHeuHOe MHOXKECTBO TaKoe, UTO

e (g o)) 5 -5

Mycts Ag= () A,. B cuny cuetHocTH 310r0 MHOXECTBA (DyHKLMS
n>1

€(w)=sup &u(w)
aEAy

fiBJsieTc & -U3MEPUMOii, T. e. fABJSeTCs CJydaiiHoll BeJHuMHOH. (3aMeTuM,
uto |[€(w)| <c, TaK uTo £(w) ecTb 0Obl4KARA, @ He paclUHpeHHas cayyadHas
BeJIMYMHA.)
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M3 npuseneHHOM KOHCTPYKUHH CJyyaiiHoi BeauuuHbl €(w) cnenyer (3ana-
ya 1), yTo 3Ta BeJIMUMHA YIOB/ETBOPsieT TPeGOBaHUAM a) U b) U3 NaHHOrO Bhlllie
onpezesieHus.

TeM caMmbiM, B cilyyae paBHOMEpHO OrpaHHueHHOro cemeiicTBa {€,(w),
o € 2} cyulecTBOBaHHE CYILLECTBEHHOTO CYMpeMyMa yCTaHOBJIEHO. '

B o6uiem ke ciyuae Hamo oT BenuuHH §,(w) cHauana nepefiTH K OrpaHu-
YeHHBIM BeJHuMHaM €, (w) = arctg £, (w), ansa Kotophix |q(w)| < 7/2, a €2,
w € £, 3aTeM MOCTPOUTH &(w) = ess sup € (w).

acA
Benunuuna &(w) =tg €(w) 6yneT ynosneTBopaTh Tpe6oBaHuaM a) U b) onpe-
JIeJIeHHsl CYLLIeCTBEHHOro cynpeMyMa (3afaua 2). O

4. [lokaszameavcmso meopemsi 1. 3apukcupyeM uugekc N u pns npo-
CTOThI 3anucH GyzieM ero ceiyac Onyckarb.

Ecim n=N, 1o uy = fy u 7w =N, u cBoiictsa (9)—(12), (14) oueBuzHbI.
Tenepn Gyaem paccyxnarth Mo WHIYKUHH.

[MycTb yTBepKkaeHHsi TeopeMbl ycTaHoBJeHbl mid n=N, N —1, ..., k. Tlo-
Ka)KeM, UTO OHH TOTZA BepHbl U piisi n=Fk — 1.

Mycip 7 €Mp—y (=MY_,) u A € Fi—,. Onpenenum MoMeHT T € My, no-
Jaras 7=max(r, k). [Tockosibky 7 € My, u cobbithe {T > k} € Fp_|, HAXOIUM,
4TO

El/af-1=Ellangr=t-1y fr] + Ellangr>0 -] =
=E[lantr=k-1) fr] + Ellangr>E(fr | Fr-1)] =
=E[langr=k-1) f=] + Elangr>nE(E(fz | Fr) | Fr-1)] <
S Ellantr=t-1) fe—1] + Ellanr>0 E (k| Fr-1)] SE[Jave—1]. (15)

B cuny £Fp_|-u3MepuMOCTH MHOXeCTBa A OTCIOLA BbITEKAeT, YTo A5l Jio-
6oro 7 € My (P-n.n.)

E(fr|Fr-1) < Vp-1. (16)
[Tokaxkem Tenepb, UTO /11 MOMEHTa 7 C P-BepOﬂTHOCTbIO eJuHUuLla
E(froei | Fr-1) = Vet (17)

(Ecau 370 paBencTBO GyneT ycTaHoBjeHo, To B cuay (16) nosmyuum, uto coot-
Hotenus (10) u (11) cnpaBeminBbl U jis n=Fk —1.)

C 370il LeJbI0 N0CTATOYHO MOKa3aThb, uto B (15) A1 MOMeHTa T=Tp_| Ha
caMoM jieJle BCIOJy HMEIOT MEeCTO paBeHCTBa.

Hauunasi Tak ke, kKak B (15), U yuuTbiBasi 3aTeM, 4TO Ha MHOXeCTBe
{To—1 =k} no onpenenenuo (5) HMeeM T=7T; H yTO (MO NpPELNONOXKEHHIO
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unaykuuu) E(fr, | £) = v (P-n. H.), Haxoaum:
Ellafr_ ] =Elantre_ =t—1y fe=11 + Ellanire_ 20 E (fro_, | Fr—1)] =
=E[lantre_1=t—1y fe=1]1 + Ellan{r,_ 20 E(fr, | Fe-1)] =
=E[lantre_,=t=1y fo—1] + Ellantr,_, >0 E (U | Fr-1)] = E[lavp—1],

rae Nnpy HanuCaHWW NnocJjiefHero paBeHCTBa 6bL10 YUT€HO, UTO MO onpeneseHulo

Vg1 =max(fe—1, E(ve | Fr-1)) ¥ oTciona vg—; = fr—| Ha MHOXecTBe {Tp_| =
=k —1} W vp—y > fr—1 Ha MHOXecTBE {Tp_| >k — 1} ={7_ > k} (3HauuT, Ha
3TOM MHOXecTBe Ug—| = E(vp | Fr—1)).

Hrak, ceoiictBo (17) ycraHosseHo. Kak yxe 6bl10 0OTMEUEHO Bblllie, BMeCTe
¢ (16) ato cBONCTBO MPUBOAUT K CMpaBeLIUBOCTU TPeGyeMblX COOTHOLLEHH
(10) u (11).

M3 atux coortHoluenuit caenyer, uro (P-n. H.)

vn =E(fr,|Fn) 2 E([- | F0) (18)

ans Besikoro T € M, (=9MY). CrenosatensHo, ¢ yuetom cornaienus vY =uv,
HaXOMM, UTO

Ev) =Ef, > sup Ef,=VV, (19)
TEMY

yto nokasbiBaet (9) u (12).

CsoiictBo (13) ectb uacTuuiit caydait (12) (npu n=0) u Toro csoficTaa,
yTO v{)" sBJsieTcsl KoHcTaHToi B cuiy (11) u TpuBHanbHOCTH o-anrebpul Fy
(={2, Q}). Hakonew, pasenctso (14) ectb cnexcrsHe onpenenenus (5) (npu
n=N). O

5. C teM uto6bl MPOACHHTb «MapPTHHTaMbHBIA» ACMEKT pacCMaTpUBaeMOil
3ajauu 06 ONITUMANILHON OCTaHOBKE, 06PaTUMCS K PEKYPPEHTHBIM COOTHOLLIEHH-

aM (6) nns nocenosarenshoctn vV = (v, v¥, ..., v¥) ¢ «kpaesbiM» ycniosrem
N
oy =/In.
W3 (6) sugum, uto (P-n. H.) npu kaxaom n=0, 1, ..., N —1
o) > fa, (20)
vy ZE@l,, | F). @1
N

[TepBoe HepaBeHCTBO 31eCb FOBOPHT O TOM, UTO MOC/EI0BATEJNLHOCTb U
Masxcopupyem nocnenosarenshocts f=(fo, fi, ..., fv). Bropoe HepaBeHcTBO
O3HauyaeT, 4yTo mocnenoBaTteNbHOCTL vV ABAserca cynepmapmunzarom c
«TePMHHaNLHLIM» 3HaueHHeM vY = fy. TeM caMblM MOXHO CKa3aTb, YTO
nocnegosareashocts v =(vff, vV, ..., vl) c Beamunnamu vl onpenenennbiMu
u3 (6) uau no popmyae (11), ABAseTCA CYnepmapmuneaibHoL MANOPAHMOL
NocnenosareavHocty f = (fo, f1, ..., fn).
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I'lo—npyromy, 3TO O3HauaeT, 4TO MOoCJeNOBaTE/NbLHOCTb UN NPpHHALJIEXKHUT

knaccy nocenosareasbioctedt YV = (), 2, ..., W) ¢ 4% > fv, ynosnerso-
pstownx (P-n. H.) «BapUaUHOHHBIM HepaBeHCTBaM»

Y = max(fa, E(v41 | Fa)) (22)
npu Bcex n=0, 1, ..., N - 1.

Ho nocnenosarenshocts vV o6nanaer TeM IONONHUTENLHBIM CBOMCTBOM,
4YTO 1151 Hee B (22) HMeeT MeCTO He TOJILKO HeCmpo2oe HepaseHcmeao «=», Ho
1 IPOCTO pasencmao «=» (cM. (6)). ITo cBoicTBO NO3BOJAET ClleyOLIHM 06-
pa3oM BbLIENMTb MocenoBateasHocts vV B knacce nocsenosarensHocreit vV
€W > fn)-

Teopema 2. [Tocaedosamenvrocmo v™ agasemcs naumenowed cynep-
mapmunearsHol maxcoparnmoi nocaedosamessnocmu f=(fo, f1, ..., fn)-

Jloxasameascmso. IleiictButenbHo, Nockoabky vh = fy, a v > fy, 10
AN >v¥. Otciona u us (22) u (6) Buaum, uto (P-n. H.)

N

-1 > max(fy—1, E(N | Fn-1)) > max(fx—1, E(uN | Fn-1)) =vN_,.

AnanornuHbiM 06pa3oM HaxoauM, uto Y > v¥ (P-n.n.) ana scex ocramb-

HbiXx <N — 1. O
3ameuanne. PesysbTaT N0Ka3aHHON TeopeMbl MOXKeT GbiTb nepedopmy-
JMpOBaH TaKkXe B clefyloleM Buse: pewenue vV = (ol , oV, ..., v¥) pexyp-

PEeHMHOL cucmemol

vy =max(fa, E(upy | Fa)), n<N,

c N =fy seanemca naumenowum us ecesozmoxcnoix pewenui YN =
=0, 4V, ..., 7¥) pexyppenmnoix cucmem nepasencms

Y 2 max(fa, EORy1 | Fa)), n<N, (23)

N
cyy =In

6. Teopembi | U 2 He TONLKO OMHMCHLIBAIOT MeTON OThICKaHWs LeHbl VYV =
=sup E f,, rne sup 6eperca no kaaccy MapkoBcKHX MoMeHTOB ItY , HO TaKxe M
MOKa3bIBAIOT, KAK HANTU ONTUMAbLHBIA MOMEHT T(, T. €. MOMEHT, /151 KOTOPOTo
Efm= VY.

CorunacHo (8),

7 =min{0< kSN 0 = fi}. (24)
[Mpu pelneHMH KOHKpeTHbIX 3agau 06 ONTHMAJbLHOM OCTaHOBKE MOJIE3HO

cllellylolliee paBHOCHJIbHOE OMMCaHKe STOT0 MOMEHTa OCTaHOBKH T¢) .
[yctb

DY ={w: vY (W)= fa(w)} (25)
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CY =\ Dy ={w: v (W) =E(Up}1 | Fn) W)}
Slcho, uto DN =Q, CN =2 u
pycp¥c..cp¥=q,
cyocyo..oC)=w.

U3 (24) u (25) cnenmyer, uTO MOMEHT ‘ré" MoXeT GbiTh Onpe/esieH TaKXKe B
cJeflyiollleM BUfe:

¥ =minf0< k< N: weD)}. (26)

O6aactu DY ectecTseHHO Ha3bIBaTb «MHOMECMBAMU OCMAHOBKU», A
obnactu C) — «mnomecmsamu npodosmenus Habuoderui». Onpaspi-
BaeTcs 3Ta TEPMHUHOJIONHSA cJeflylolleil apryMeHTauued.

PaccMoTpum MoMenT n=0 1 pazoGbeM MHOXXecTBO ) Ha JjBa MHOXeCTBa
DY wCY) @=D)uc), D) nCY =2). Eciu okasbiBaercs, uto w € DY, T0
1'59 (w) =0. Unaue rosops, «ocTaHoBKa» NpoucxoaHT B MoMeHT 7 =0. Ecaiu >xe
wE€ C@’ , TO 3TO 03HauaeT, YTo JJisl TAKOrO W MOMEHT ‘ré" (w) > 1. B ToM cayuae,
KOra oKa3biBaeTcsi, uTo paccMatpusaemoe w € DY NCY, moment 7 (w)=1.
AnanornunbiM 06pa3oM paccMaTpHBalOTCA M MocJelyiolye sTansl. B MoMenT
BpeMeHH N Ha6uiofeHHs1 3aBeJOMO 3aBepilaloTCs.

7. PaccMOTpUM HeKOTOpbie MpHMeph.

NMpumep 1. Tlycts nocnenosarenvHocts f=(fo, fi, ..., [v) aABAfeTcA
mapmunearom ¢ fo=1. Torna, cornacHo cnencrsuio 1 k Teopeme 1 § 2,
Ef, =1 a1a Bcakoro MapkoBckoro MoMenta 7 € MY . Tem caMbiM B paccMar-
pusaemom ciyuae V' = sup Ef.=1.

TeMY

Tpu Bcex 1 <n <N dyuxunn v¥ = f, u v} = 1. ToustHo, uto Torna 7§ =
=minf0Sk<N: fr=0)}=0n 7Y =n ana sesakoro 1 <A N.

TakuM o6pasoM, 3anaua o6 ONTMMANbHOM OCTAHOBKe JJI MApTHHIAJbHBIX
nocJiefioBaTe/bHOCTEl pellaeTcs, B CYLUHOCTH, TPUBHAJbHbIM 06pa3oM: OMNTH-
MaJIbHbIM MOMEHTOM OCTAHOBKH $IBJIIETCAA MOMEHT ‘ré" (w)=0, weN (tTak XKe
Kak, BNpoueM, H Jio6oi 1pyroit MoMeHT 7¥ (w)=n, w€Q, 1 <n<N).

Mpumep 2. Ecan nocneposatenvhocts f=(fo, fi, ..., fv) — cybmuap-
munezan, 1o Ef, <Efy ana mo6oro T €IMY (teopema 1 B § 2). Tem ca-
MbIM ONTHMaJbHLIM MOMEHTOM 3fiecb siBjsercd MoMeHT 7* =N. [lockosbky
vy =E(fn | &) > fr (P-n.H.), To BNOJHE BO3MOXHO, 4TO MOMEHT 7§ (w) Ans
HEKOTOpbIX w MOXeT GbiTb W Mehbiie N. Ho B Jo6oM ciyuae u MomeHT 7¢',
H MoMeHT 7* =N aBasioTcs 06a onTMMajbHbIMU. XOTH MOMeHT 7* =N uMeer
MPOCTYI0 CTPYKTYpy, TeM He MeHee MOMeHT 7(' 06.aajaeT onpene/ieHHbIMH
NpeuMylllecTBAMH — OH fBJSETCS HAUMEHbULUM U3 BCeX BO3MOXKHbIX ONTH-
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MaJIbHbIX MOMEHTOB, T. €. €CJIH 7 eCTb TaKXXe ONTHMaJbHblil MOMEHT B KJacce
My, ro P{r) <7}=1.

NMpumep 3. Tlyctb nocneposatenvHocts f=(fo, fi, ..., fy) fAsiserca
cynepmapmuneason. Torna vl =f, mna scex 0<n< N. CrnenosarenbHo,
ONTHMaJIbHBIM ABAsSETC (KaK M B MapTHHranbHoM ciyuae) MoMeHT 7§/ =0.

[TpuBeneHHble MpUMepbl OCTATOYHO MPOCTLI, U BOMPOC 06 ONTUMAILHOCTH
paccMOTpeHHbIX MOMEHTOB OCTAHOBKH pelliaeTcsl, B CYLIHOCTH, 6e3 o6patie-
HHUSl K TEOPHH, H3JI0XKeHHO!U B TeopeMax | u 2. JlocTaTouHO OMHpaThes JHILL
Ha HW3BeCTHble pe3yJbTaThl 0 COXPaHEHUWH CBOMCTB MapTHHralbHOCTH, cy6Map-
THHTAJILHOCTU M CyNepMapTHHIaJLHOCTH NPH 3aMeHe BpeMeHH Ha MapKOBCKHIl
MoMeHT (§ 2). Ho B o6uwmx cayuasx oTbickakue uensi V¥ u ontumasbHoro
MOMeHTa OCTaHOBKH T{Y MOXeT GbiTb BecbMa TPyAHO# 3a1aueil.
3HauuTeNbHLINA UHTEpeC MPENCTABJSAIOT Te Cyyad, B KOTOPbIX QYHKUHH f,

UMeloT CJ]eILy]OLLlHﬂ BUI:
fo(w) = f(Xa (W),

rae X = (X,)n>0 — HekoTOpas mapkosckas yens. Kak Gyner nokasaxo s § 9
ra. VIII, 8 sToM ciyuae pelileHue 3anay 06 ONTHMaJbHOM OCTaHOBKE CBOAUTCS,
B CYLIHOCTH, K pelLeHHIO 8apUALUOHHbIX Hepasencms, ypasHenul Ouxa-
MU4eck020 npozpammuposanus Baseda—besrnana.

Tam ke 6ynyT naHbl U (HeTpUBHAJbLHBIE) MPUMEPLI, B KOTOPbIX NPHBOAATCS
noJiHble pellieHHsl pAfa 3agauy o6 ONTHMAJbHON OCTaHOBKE Il MApKOBCKHX
nocJiefloBaTeabHOCTeH.

8. 3apaun.

1. ITokasarsb, 4To NOCTpPOEHHas B J0Ka3aTeJbCTBe JieMMbl (M. 3) caydaiinas

BeJnunHa £(w) = sup £,(w) ynoBnersopsieT TpeGoBaHHAM a) M b) B onpene-
a€Ny
JIEHHH CYLIeCTBeHHOro cynpemyMa. (Ykasanue: B ciyyae a & 2y paccMOTpHTe

E max(§(w), £a(w)).) ;

2. Tlokasarb, uto BeanunHa &(w)=tg £(w), (CM. KOHel, nOKa3aTesbCTBa
JeMMbl N. 3) TakxKe yIOBJieTBOpsieT Tpe6oBaHHAM a) U b).

3. Iyctb &, &2, ... — MoCNENOBaTENLHOCT HE3aBHCHMbIX OMHAKOBO pac-
npenesieHHbIX ciaydaiinbix BenuunH ¢ E|€)| < co. Pacemartpusaercs 3apaua 06
ONTHMa/LHOMH ocTaHOoBKe (B Knacce M° ={7: 1 <7 < oo}):

V*= sup E(r_nax & — CT).
TEM® isT
Myers 7™ =inf{n>1: §, > A*}, rne A* — eQMHCTBeHHbINl KOpeHb ypaBHeHHUs
E(& — A*) =c. Tloka3sarb, uto ecau P{r* <oco}=1, To MOMeHT T* siBJsieTCA
ONTUMAJIbHLIM B KJjlacce BCeX KOHeUHbIX MOMEHTOB OCTaHOBKH T, /ISl KOTOPbIX

E (max & — cr) CYLLLEeCTBYeT.
i<t

IToka3sarb Takxke, uto V* =A*.
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4. IycTb B 3TOM U caenylolliel 3axaue

MR ={r: n< 7 <00},

Ve = sup Efy,
TEM®

v® =esssup E(f-|Fn),
TEMS

el =inf{k>n: v° = fu}.
[Mpennonaras, uro
E sup f, < oo,

N10Ka3aThb, UTO A/ MpeNebHbIX CydailHbIX BEJUYHH

- . N

J,= lim v
n N=—00 n

CrpaBel/IMBLI Cllelyloline yTBEpXKIEHHS:

(a) ana Beakoro T € IMP
Op 2 E(f‘r Iyn);
(b) ecain MoMeHT T° € M, ToO

5n=E(f‘r:° | &Fn),
ta=vs (=esssup E(fr|£n)).

TEMS®

5. Iycrb 72° € 9. BuiBecTH M3 yTBepxkieHuit (a) u (b) npenvinyiueit

3aJlauM, 4TO 3TOT MOMEHT Tn°° siBJIdeTCs ONTHMAJIbHbIM B TOM CMbICJ/IE, YTO

esssup E(fr|&Fn) =E(free |Fn) (P-n.n)

TEM®

Sup Ef‘r=E,‘r,f°'
TEMS®

T. e. Vnoo = Ef-,-noo
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Hcmokamu cospemeHHOI meopuu MapKoOBCKUX NPOKeccos A8AA0McAa, ¢ 0OHOL cmo-
ponti, pabomer A. A. Maprosa (1906—1917 2e.) 0 nocaedosamervrnocmax ucnoumarud,
«CBA3AHHBIX 8 Yenb», ¢ Opyeoil CIMOPOHLL, NONLLMKI MAMEMAMULECKO20 ONUCAHUR Pu-
3U4eCK020 ABACHUSA, U38eCMNO020 nO0 Ha38arnuem 6poynosckozo dsuxcenus (J1. bawe-
ave, 1900 e.; A. Jidnwmeddn, 1905 2.).

E. B. IbikuH. «Mapkosckue npouecchi» [21]

§ 1. OnpeneneHns U OCHOBHbie CBOWCTBA

1. B § 12 rn. | pna cnyuas Koneurbix BepOATHOCTHBIX MPOCTPAHCTB
6bIJTH H3JI0XKEHbl COOGPaKeHHsl U MPUHLIMIIbI, JieXKalllie B OCHOBE NOHATHS Map-
Kosckoi 3asucumocmu (cM. coiictBo (7) B § 12 . I) cayuaitnbix Benu-
YiH, MPU3BAHHOW OMHCHIBATb 3BOJIOUMIO cucmem, o6MNAfAIOLIMX CBOHCTBOM
omcymcemasus nocaedeiicmeusn. B nacrosuem naparpade coorsercTByloline
paccMOTpeHUs MpOBOIATCA AJ1A cJyyast Goslee OOLIMX BepOATHOCTHBIX MpO-
CTPaHCTB.

OnHH U3 OCHOBHBIX BOMPOCOB «MapKOBCKOi TEOPHH» COCTOHT B HCCJENO-
BaHHWH acumnmomuueckoeo nosederus (C poCTOM BpPeMeHH) CHCTEM C OT-
cyTcTBHeM nocjeneiicTBusa. BecbMa mpuMeuartesibHO, UTO MX 3BOJIOLMA OKa-
3biBaeTCsl, B OYeHb IUUPOKHMX MPEANOJIOXKEHUsX, TAKOH, YTO cHCTeMa Kak Gbl
«3a0blBaeT» CBOEe HauajbHOe COCTOsHHE, NOBEJeHHEe 3TUX CHCTeM «CTaGHJIH3U-
pyeTcsi», CHCTeMa BXOIUT B «CTaLMOHApPHBI peXXum». [leranbHoe paccMoTpe-
HHe BOMPOCOB aCHMMTOTHUECKOrO NosefleHUs GyleT fajiee MpPoBefeHO LA CH-
CTeM, 3BOJIIOLIHS KOTOPbIX OMHUCHIBAETCS KMAPKOBCKUMU Yeniml CO CHEMHbIM
MHONCecmBom cocmoarul». C 3Tol Lesblo HaM NpUIeTcA AaTb KaaccHgpUKa-
LIHIO COCTOSIHUIT «MAPKOBCKHX Lieneii» 1o ajare6panyeckuM H aCHMATOTHUECKHM
CBOMCTBaM UX NepeXoJHbIX BEpPOSITHOCTEH.

2. Tlyers (2, &, (£n)n>0, P) — bunbTpoBaHHOE BEPOATHOCTHOE MPOCT-
paHcTBO, T. €. BepoATHOCTHOE MpocTpaHcTBo (£2, &, P) ¢ IONOJNHUTENBHO Bbl-
IeleHHOM Ha HeM CTPYKTypoil — ghussmpayueti (nomoxom) (F,)n>0 o-anre6p
ZFn, n>0, Takux, uto FyC F C...C &F. C HarNAnHON TOUKH 3peHUs F, —
3TO «HH(OPMALHA», AOCTYNHAS K MOMEHTY BpeMeHH 71 (BKJIIOUYHTENbHO).

[Myctb Takxke (E, &) — HekoTOpOE H3MepHUMOe MPOCTPAHCTBO, Urpaiollee B
AanbHeiillieM poJib nPOCMPAKCMBA COCMOAKUL, B KOTOPOM paccMaTp1BaeMble
CHCTeMbl MPUHMMAIOT CBOH 3HayeHHs. [T0 «TeXHHUeCKHM» MpHuMHaM (HanpH-
Mep, Lis Toro, utoGbl Al cAaydaiiHoro sneMeHTa Xo(w) H x € E MHOXeCTBO
{w: Xo(w) = x} npunapnexano &) 6yneT npeanoJarathes, 4o o-aireépa &
CONIEPXKHT 8ce MOoAMHOXKecTBa M3 E, cocrosime u3 oaHoit Touku. ([To mosoxmy
3TOro MpeAnosioXKeHHs CM. TaKkxKe jaJiee 1. 6.)
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ITpu 3TOM NMpennoJiokeHUH u3MepuMble npocTpaHcTea (E, &) NpUHATO Ha-
3blBaTb ha3086iMU NPOCMPAHCMBAMU, WIH NPOCMPAKCMBAMU COCMOAHUL
(paccMaTpuBaeMbIX CHCTEM).

Onpenenenne 1 (mapkoBckas uenb B WHPOKOM cmbicae). [lycrs
(R, &, (Fr)n>0, P) — duabtpoBaHHOE BepOATHOCTHOE MPOCTPAHCTBO H
(E, &) — dasosoe npoctpaHcTBO.

[TocnenoBarenbhoctb X = (Xp)n>0 CilydailHbix aaemeHToB X, = X, (w), 3a-
naHHbIX Ha (2, &, (£n)n>0, P), npuHHMalolnx 3HaueHus B £ u sBASIOWHKX-
ca Fp/E-u3mepuMbiMi, n >0, Ha3biBaeTC n0OCAE008AMEAbHOCTIbIO BEAU-
YUH, CBA3AHHOIX MAPKOBCKOU 3a8UCUMOCMbIO (MAPKOBCKOU Yensio, yensio
Mapkosa) 8 wupokom cmeicae, ecnu ais ao6bix n>0 U B € & BbinoHeHo
MAPKOBCKOE CBOLCMBO 8 UUPOKOM CMbICAL:

P(Xn+1 € B|#p) (W) =P(Xn41 € B|Xp(w)) (P-n.n.). (M
Ecan 9,{‘ =o(Xo, X1, ..., Xn) ectb o-anre6pa, nopoxkaeHHasl BeTMUMHAMK
Xo, X1, ..., Xp, 10, nockonbky FX C £,, a X, — FX-uamepumsl, us (1) no-

JIydaeMm M@pKOBCKOe C80UcmB0 8 Y3Kom cmoicae (WIH NPOCTO MAPKOBCKOe
c80iicmaso):

P(Xn+1 € B|EX) () =P(Xnt1 €B|Xa(w)) (P-n.n.). @

Hans waraagHoctd (cp. ¢ § 12 rn. I) 310 cBoOiicTBO 3amHCLIBAIOT YacTo B
TaKOM BUIE:

P(Xn+1 € B|Xo(w), ..., Xp(w)) =P(Xp41 € B|Xp(w)) (P-n.u). (3)

BuoiBenenHoe 13 (1) MapkoBcKoe CBOMCTBO B Y3KOM CMbicJie (2) MoacKasbl-
BaeT Lles1eco06pa3HOCTb BBENEHHS MOHATHS MAPKOBCKOH 3aBHCUMOCTH H B TOM
clyyae, Korza a priori He BblaeasieTcst MOToK (F,)n>0.

Onpenenenne 2 (mapkosckas uenb). Iycrs (2, &, P) — BepositHocT-
Hoe npoctpaHcTBO, (E, &) — dasosoe npoctpanctso. [TocienoBaresbHOCTL
X =(Xn)n>0 cayuaiiHbix sneMeHToB X, = X;(w), NPUHUMAIOLHX 3HAueHHsA B E
W ABNAIOWMXCA & /E-N3MepPUMbIMH, Ha3blBAETCA NOCAO08AMEALHOCTILIO
BeAUUUH, CBA3AHHLIX MAPKOBCKOU 3A8UCUMOCTILIO (MAPKOBCKOU yensio,
yenvio Mapkosa), ecan pas mo6bix n >0 u B € & BuinonHeHo xapkosckoe
c80UicmBo 8 yakom cmuoicre (2).

3ameuanue. BeeneHue c camoro Hauana QUILTPOBAHHOrO BEPOSITHOCT-
HOrO MPOCTPAHCTBa, Ha KOTOPOM OMpejelisaach MapKOBCKas LeMb 8 wupo-
KOM CMblCae, OKa3blBaeTCs MOJIe3HbIM BO MHOTHX BOMpOCaXx, rie MoseleHHe
CHCTeM paccMaTpUBaeTcsl B 3aBUCHMOCTH OT TOFO WIH WHOFO «MOTOKa HHop-
Mauun» (F,)n>0. Hanpumep, Moxker ciiyunTbes, UTo y «AByMepHOro» npotecca
(X, Y) = (Xn, Yn)n>0 nepBas komnoHenta X = (X,)n>0, He 6yLyud MapKOBCKOH
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B CMbiC/ie onpenesieHust (2), TeM He MeHee fBJISETCA MapKOBCKOH B CMbicsie
onpenenenus (1) ¢ £, =FX, n>0.

B 3/1eMeHTapHOM e U3JI0XKEHUH TEOPUH MAPKOBCKUX yened, KOTOpOMY U
6yZeT NnocBsAllleHa HacToALLas raBa, NoToK (£F,),>0 OObIYHO He BBONUTCA U 3a
OCHOBY NpUHMMAaeTCs onpeneneHue 2.

3. CaoilcTBO MapKOBOCTH XapaKTepH3YeT «OTCYTCTBHE NOC/eNeACTBUA» B
IBOJIIOLUMH CHCTEMBI, COCTOSIHUSI KOTOPO# OMHCHIBAIOTCA MOC/el0BaTENbHOCTbIO
X =(Xn)nz0. B cnyuae komeunoco npoctpanctsa §2 310 oTMeuanoch B § 12
ra. | B Bume cBoiicTBa

P(B|ITH) =P(B|H), 4)

rae b — «6ynywee», I1 — «npouwioe» u H — «Hactositee». Tam ke oTMeua-
JIOCb, YTO JJISl MADKOBCKHX CHCTEM BBIMOJHEHO TaKXe H CBOACTBO

P(NB|H) =P(IT|H)P(B|H), ©)

WHTepIpeTUpyeMoe Kak He3aBUCHMOCTb «MPOLIOro» M «6yayllero» npH (k-
CHpPOBAHHOM «HACTOSLIEM>.

B o6iwem cayyae aHanoramu (4) u (5) asasiorcs cpoiicta (6) u (7) u3
clieyloleli TeopeMsl, faiollell pasHble SKBUBaJeHTHble (hOPMYJHPOBKH Map-
KOBOCTH (B CMbiCJIe ofpefieJieH!st 2) U B KOTOPOH HCMOMb3YIOTCA TakHe 060-
3HayeHus:

X
9[0‘,,] =0’(X0, Xl, ceey Xn),
X
g[n.oo) = O'(X,,, X,,+| y oo .),

‘9()'{!.00) =0(Xn+1, Xnt2, ---)-

Teopema 1. Mapkosckoe ceoiicmso (2) pagHOCUALHO BOLNOAHEHUIO A10-
6020 u3 caedyrouyux 0syx ceoiicms: npu n>0

P(B|Z{n) (@) =P(B|Xa(w)) (P-n.n) (6)
025 8cakoeo «6ydyujeco» cobomus b€ .9?(),‘,‘00) umu npunzl
P(MB | Xy (w)) = P(I1| Xs(w)) P(B | Xa(w)) (P-n.n.) @

025 8cakozo «6ydywezo» coboumus B 6.9(),(,_00) U «NpowLnoeo» cobbimus
Ne&f,_)

Hokazameavcmeo. JlokaxeM npexkie BCEro paBHOCHILHOCTb cBOACTB (6)
u (7).
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(6) = (7). Imeem (P-n.1.)

P(T| Xp(w))P (B | Xp(w)) =E(/n| Xa(w)) E(/5 | Xn(w)) =
=E{InE(/5 | Xn(w)) | Xn(w)} = E{nE (/s | Ff ) @) | Xa(w)} =
= E{E(/n/5 | #{§,) (@) | Xn (@)} = E{lnls | Xn(w)} = P(IB| X (w)).
(7) = (6). Hano nokasaTtb, uto A5 BCsKoro MHoxecTsa C u3 5{(‘,‘,,] .
E(IcP(B| X)) =E(IcP(B| F{5 1))- (6)

C 3Toii uesbio cHayana paccmorpuM YacTHbIA cJlydall TaKOro MHOXKeCTBa, a
uMeHHO MHoxecTBo [1H, rae I1 eﬂlon M H € o(X,), v nokaxeM, 4to B 3TOM
caydae (6') cnenyer u3 (7).

JeiicTBUTENBHO,

E(/nuP (B|Xy)) = E(In/HE(B | Xa)) = EUHE(INE(/5 | Xn) | Xa)) =

= E(/E(In|X,) E(I5 | X)) =E(IuP (T1| X,) P(B | X)) 2 E(luP(ITB | X,))) =
=P(ITHB) =E(InuP (B| &} ,). (®)

T. €. cBoicTBO (6') BhinosHeHO Ansi MHOXecTB C Buna ITH, roe 1€ 5’[){)_”_, u
Heo(X,). Otciona ¢ noMolLblo apryMeHTOB O «MOHOTOHHBIX Kjaccax» (cM. § 2
ra. I1) BbiBOAMTCA CpaBeIMBOCTL 3TOrO cBOHCTBA (67) U M5 JIIOGLIX MHOXECTB
C u3 F{, . Mockonwky dyukuns P(B|X,) sasnserca F ,-usmepumon, To
u3 (6') suitekaer, uto P(B|X,) Asnsierca BapHaHTOM YCJOBHO! BEpOSITHOCTH
P(B| % On]) T. €. BbINOJIHEHO cBo#icTBO (6).

['lepeuneM K JI0Ka3aTe/1bCTBY PaBHOCUJILHOCTH cBoicTB (2) u (6), a 3Hauwr,
B CWJy JoKasaHHoro, W csoicts (2) u (7). Umnaukauusa (6) = (2) oueBun-
Ha. [TokaxeM cnpasesuBOCTb UMMIMKaUMK (2) = (6), onsTb XKe npusieKas
apryMeHTbl 0 «<MOHOTOHHbBIX KJ1accax».

MHoxectBa B B (6) sBAslOTCA MHOXECTBaMH M3 o -ajre6Gpbl .93'(,, o) =
—fln +1,00) ABJISIOLLENCA HaUMeHbLUeA o-anre6poil, MOPOXIeHHOA anreGpoit

kU| 9[n+,_n+k], rae .?[H,.n_‘_k] =0(Xn+1, .., Xnyr). Tlo3TOMY ecrecTBeHHO

HauyaTb ¢ JlOKa3aTesibcTBa cBoiicTBa (6) mpexame Bcero s MHoXXectB B u3
o-anre6p Fr, k)

HokasbiBaTb 370 Gynem no uuaykuud. Eciu k=1, 1o .93'l,,+, nt1) =0 (Xnt1)
1 (6) ecTb B TOUHOCTH (2), UTO MPEANOJIONKEHO BLIMOJIHEHHDIM.

[Tyctb Tenepb (6) BuimonHeHo mis HekoToporo k > 1. TlokaxkeM ero cnpa-
BEJIMBOCTb L k + 1.

C 10t ueabio BOSEMEM MHOXKECTBO b e.?l,,,rl n+k41] BHAA B= B'NB? rre
B! e.?l,H_, k) M B2 € 0(Xntr41). Torma, HCNOb3yYs NPeANONOKEHHE HHLYK-
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1M, HaxoauM, uto (P-n. H.)

P(B| &) =Es| F{§n)=Ellsinsz | Fiom | =E s EU52 | i) | Fiboy] =
=El5E(g2 | Xnt£) | F(bn)) = Ell5 EUg2 | Xnar) | Xa] =
=E[/5E(/5 |9[n,n+k]) | Xn] =E[E(/5: /5 |~9?[n,n+kl) [ Xn] =

=E[l51/52|X,]=P(B' NB’|X,) =P(B|Xx). (9)

o ' X
Hs ceoiictsa (9), nokasanHoro mis MHoxects B us Fj . ,p4y) BHEA
1
B=B'nB?c B e.?[’,‘,+ln+k] # B? € 0(Xy441), BbiTekaer (3amaua la), uto

3TO CBOMCTBO BLINOJIHEHO U IS A1006iX MHOXeCTB b € .?{f, +Lnsk1) OTCIORA
3aKkjouaeM (3anaua 1b), uro csoiictBo (9) BbimosnHeHO W 1 MHOXecTB B u3

o0
anre6pol kUl 9[’,‘, +1,n+4)» OTKYZa B CBOIO O4epellb CJefyer (sapaua Ic), uto oHO

[o°]
BBINOJIHEHO H ISl o-a/re6pbi a( U £l ,H_k]) =FL o) a
k=1 ’ '

3ameuaHue. ApryMeHTbl, NpUBeJieHHble B JAHHOM [0Ka3aTeJlbCTBE, OCHO-
BaHbl Ha UCMOJIb30BAHUM NPURYUNA NOOX00AWUX MHONECMS (CHauaa Npo-
BOIMTb JIOKa3aTeJbCTBO ISl «MPOCTO» YCTPOEHHbIX MHOXKECTB) C MOCJIeNyI0-
WKMM NpUMeHeHHeM pe3yJibTaToB 0 MOHomoHKHbx Kaaccax (§ 2 ra. 11). B nanb-
HeilllleM 3TOT MeTOJ J0Ka3aTe/lbCTBa GYNET TaKxe ellle He pa3 MPUMEHATbCA
(cM., HampuMep, 10KA3aTeILCTBA TeOpeM 2 U 3, U3 KOTOPBIX, B YHaCTHOCTH, MOX-
HO BOCCTAaHOBHMTb M T€ MeCTa B J0Ka3aTeJbCTBe BbllllenpuBeieHHOH TeopeMbl 1,
KOTOpble GbiJIH OTHeceHbl B 3amauu la, b u lc).

4. KnaccuueckuM npuMepoM MapKOBCKOH Lenyu sBasercs chaydaiHoe 6J1y-
xaanue X = (Xn)nzo0 €

Xn=Xo+Sn, n2l, (10)

rne S, =& +...+&,, a cayuaiiible BeauuuHbl Xo, &1, &2, ..., 3alaHHbie Ha
BeposTHOCTHOM npocTpaHcTae (2, &, P), ABAAIOTCA He3aBUCHMbIMH.

Teopema 2. [Tycmo Fo=0(Xo), Fa=0(Xo, &1, ..., &), n> 1. [Tocaedo-
samenvrocme X = (X,)n>0, PACCHMAMPUBAEHAR HA HUALMPOBAKHOM 8EPO-

amuocmruom npocmpancmee (Q, F, (Fn)nxo, P), a819emcs maprosckoi
yenoio (Kak 8 wupoKom, max u 8 yakom cmeicae): 022 n>0 u B € B(R)

P(Xnt1 € B| &) (w) =P(Xp41 € B|Xn(w)) (P-n.n.), (1)
npuuen
P(Xn41 € B|Xp(w)) =Prs1(B = Xn(w)) (P-n.n.), (12)
eoe
Pt (A) =P{&y1 €A} (13)
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B-X,(w)={y: y+Xa(w)€B}, BeB(R).

Hokazamenscmeo. Bynem onHoBpeMeHHO y6eXXaaTbcs B CNpaBeIUBOCTH
(11) n (12).

B ciyuae quckpeTHbIX BEPOATHOCTHBIX MPOCTPAHCTB NOLOGHBIE 10Ka3aTelb-
cTBa nposoauanch B § 12 . I, u Ha nepBbift B3r1AL MOXKeT NOKa3aTbCH, UTO U
3nech Takxe Bee npocto. Ha caMoM xe nene, kak Gyner BUAHO H3 NPUBOAUMOTO
[0Ka3aTe/IbCTBA, 3[1eCh BC Xe «eCTb YTO JOKa3biBaTb».

[Myctb mMHoxectBo A €{Xo € By, £, €B,y, ..., €, €B,}, rne B;€ B(R), i =
=0, 1, ..., n. Tlo onpenenenuio ycnosHoi BepositHocTH P (X 41 € B|£,) (w)
(cm. § 7 . 1)

§ P(Xoy1 € B|Z) (W) P(dw) = iy, ,e8/(w) P(dw) =
A A
=P{Xo€Bo, &1 €By, ..., £ € By, Xnp1 € B} =

= §  Puni(B—(x0+x1+...+ %n)) Po(dx0)... Pa(dxn) =
Box...xB,

=§ Pust(B — Xa(w)) P(d). (14)
A

Urak, nna MHoXecTB U3 &, Buna A ={Xo € By, &, € By, ..., &, € B,} cnpasen-
JIUBO PaBEHCTBO

§ P(Xot1 € B| #2) (W) P(dw) = Py (B - X,(w)) P(dw).  (15)
A A

OueBHIHO, UTO CHCTEMA &, YKa3aHHbIX MHOXKeCTB A fABJsAeTCH -CUCTEMON
Qea,vecnu Ay ey u Ay €y, Tou AjNAg € &y, cM. onpenenenre 2 B § 2
ra. 11). anee, nyctb . 0603HauaeT COBOKYMHOCTb BCEX TeX MHOXKecTB A € F,,
I/ KoTopbiX opmyaa (15) Bepua.

[TokarkeM, uto & ecTb A-cucreMa; cM. onpenesenue 2 B § 2 ra. 11. flcHo,
yto L€ .%, T. €. BHIMOJHEHO CBOUCTBO (Ag) U3 3TOro onpeneiequs. M3 ceoiicta
aJIMTUBHOCTH UHTerpana Jle6era caemyer 1 CBOACTBO (Ap) U3 3TOrO XKe onpe-
nenenus. HakoHel, TpeTbe cBOHCTBO (\;) M3 onpeesieHHst A-CUCTeM BbiTeKaeT
13 TeopeMbl 0 MOHOTOHHOII CXOAUMOCTH B UHTerpanax JleGera (cm. § 6 . II).

Hrak, £ ectb A-cucrema. [1pumeHsas yTsepxcaeHue c) TeopeMbi 2 u3 § 2
rn. 11, Haxonuwm, uro o(2,) C.&. Ho o(&,) = £,, 4, cliefoBaTe/lbHo, CBOHCTBO
(15) BbinosHEHO U A1l MHOXecTB A u3 Z,.

[Toatomy, yuutbiBas, 4T0 Ppyi(B — Xn(w)) aBnserca (kak ¢yHkuus oT w)
ZF,-u3MepuMoii (3anaua 2), us (15) (no onpeneneHuio yCI0BHbIX BEpOATHOCTEN)
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nonyuaeM, 4to Py (B — X, (w)) ectb BepcHs ycnoBHoil BeposiTHocTU P (X, 4 €
€ B| #,) (w). Hakonewn, no «TeneckonuueckoMy» CBOWUCTBY YCJIOBHbIX MaTeMa-
THUECKHX OXXuaaHuit (cM. csoiicteo H* B § 7 rn. II) Haxomum, uro (P-n. H.)

P(X.+1 €B | Xn)(w) = E[I(Xn+1€B) |Xn](w) = E[E(I(Xn+|€B} lgn) 'Xn](w) =
=E[Pys1(B — Xp)| Xn(w)] = Pny1(B — Xp(w)). (16)

Tem caMbim, o6a ceoticta (11) u (12) nokasanbi. O

3ameuanune. CnpasemniBocTb cBOMACTB (11) 1 (12) MOXKHO Gbio Gbi TaKKe
HeMoCpeaCTBEHHO BbiBeCTH (3amaua 3) U3 yTeepxaeHus Jemmbl 3 B § 2 . I
Mbi npoBesid NOAPOGHOE N0KA3aTeNbCTBO 3THX «MOUYTH OYEBHIHBLIX» CBOWCTB
¢ TeM, yToGbl JIMILHUI pa3 MPOAEMOHCTPHPOBATb TEXHUKY OKa3aTe/bCTBa Mo-
10GHBIX YTBepXKIEeHHH, OCHOBaHHYIO Ha NPUHLMNE 100X00AUUX MHONECME U
pesyJIbTaTax 0 MOHOMOHHbIX KAACCAX.

5. OG6patumcst kK MapkoBckomy cBocTBy (1). ITockonbKy mpocTpaHcTBo
(E, &) apaserca 6opeaesckum, o no teopeMe 5 u3 § 7 ru. 11 ana kaxaoro
n >0 cywecTsyer peeyiiproe ycioBHoe pacnpefenedve P,yi(x; B) Takoe,
yro (P-n.H.)

P(Xnt1 € B|Xa(w)) = Poy1(Xn(w); B), (17)

rae ¢yHkuua P,y (x; B), BE &, x € E, obnanaer cienyloliiMH CBOHCTBaMH
(cm. onpepenenue 7 B § 7 ra. 11):

(a) oA kaxnoro x (GyHKuMs MHoXKecTB P, i(x, -) ABaserca mepol Ha
(E, &),

(b) nas kaxnoro B € & pynkuus P,y (-; B) aBnserca &-uamepumoi.

dyukuuu P, =P,(x; B), n>1, Ha3blBalOT nepexoOHuiMU GYHKYUAMU
(Takke — mapkosckumu A0panu).

Oco60 115 Hac GyleT BaXKeH TOT CJiyuyail, KOraa Bce 3TH MepeXxo/Hbie QyHK-
UMM cosnanaior, Py =Py= ..., TouHee roBops, KOrla y YCJIOBHbIX BEPOATHOCTEH
P(X,41 € B| Xn(w)), n >0, cymwecTsyer ONMH ¥ TOT JKe BapUaHT peeysipHoeo
ycaosroeo pacnpedesenus P(x; B) Takoil, uto (P-n.H.)

P(Xn+1 € B| Xa(w)) = P(Xn(w); B) (18)

s Bcex n>0u BEE.

Ecau Takoit Bapuant P = P(x; B) cylllecTByeT (1 TOrla MOXHO CUMTaTh, UTO
Bce P, =P, n>0), To MapKOBCKYIO Lielb Ha3biBaloT 00HOPOOHOI (10 BpeMeHH)
¢ nepexonsoi ¢yHkuueir P=P(x; B), x€EE, B€&.

Harnsimubiit cMbicsl CBOHCTBA OHOPOIHOCTH MAPKOBCKHX Liened iCeH: JBH-
)KeHHe COOTBETCTBYIOLLEA CHCTEMbI IPOMCXOANT OOHOPOOHO B TOM CMbICIE, YTO
BepOSITHOCTHbIE MEXaHWU3Mb, YNPaBAAIOLIHE NIePEX0J0M CHCTEMbI, OCTAIOTCS OA-
HHUMH ¥ TeMH Xe JJIA Bcex MOMeHToB BpeMetH 7 > 0. (B Teopun nunam1ueckux
CHCTeM 3TO CBOMCTBO OTOXIECTBJIAIOT CO CBOHCTBOM KOHCep8amusHocmu.)
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[Tomumo nepexonHbix BeposiTHocTeit Py, Py, ..., a B ciiyyae 00HOpOOHbLX
yenel — nepexofHON BepOSTHOCTH P, BaXKHOH XapaKTepUCTHKOH MapKOBCKUX
uenei siBAsfeTCA Ha4aabHoe pacnpenenerve T =7(B), B €&, 1. e. pacnpene-
JleHue BeposiTHoOCTell, onpenensiemoe paseHcTBoM w(B) =P{Xo € B}, B€ &.

Ha6op o6bekros (m, Py, Py, ...) NOJHOCTbIO ONpeleliseT 86POAMHOCTHbLE
ceoiicmea nocnenosatenbHocTd X = (X,) >0, MOCKOJBKY BCe KOHEYHOMEPHbLE
pacnpeznesieHUs 3TOi MoCJeN0BATENLHOCTH ONpelesoTcs hopMyaamu:

P{XoeB}=n(B), Be&,
M 115l BeAKkoro > 1 W BE B(E™!) (=6™'=£©...9 € (n+1) pa3)
P{(XO, Xl, ceey Xn)EB}=

= § Is(xo, x1, ..., xa) 1(dx0)P1(x0; dX1)... Pa(Xn1; dxa). (19)
Ex..xE

JleficTBUTE/bHO, PacCMOTPUM CHauajla MHoXXecTBo B Buma B=By x ...
... X B,. Torma npu n=1 no ¢opmyne nonHo#t sepositHocTd (cM. (5) B § 7
ra. 1)

P{Xo € Bo, X1 € B} = Iix,e0)(w) P(X1 € By | Xo(w)) P(dw) =
Q
= Ixoes) (@) P1(B1; Xo(w)) P(dw) =
Q

= I5,(x0) P1(By; x0) w(dx0) = § Isyx, (x0, X1) P1(dx1; xo) m(dXo).
E EXE

Jlanbllle 10Ka3aTeNbCTBO BeAETCs MO WHAYKLUHH:

P{Xo€ By, X, €By, ..., X, €B,}=
= S I(XoGBo,....Xn_|€Bn—|}(w) P(Xn e Bll |X0(UJ), ceey Xﬂ—l (w)) P(dw) =
Q

= IxoeBo...Xn-1€8,_1) (@) P(Xn € Bn| Xno1 (w)) P(dw) =
&

= § ToeBo...Xo-1€8,-1)(@) Pa(Bn; X1 () P(dw) =
Q

= S IBoxB|x...xB,._|(x0, Xl oeey Xp=1) X
Ex..xE
X Pn(Bn; Xn—1) P{Xo€dxy, ..., Xo_1 €dxp}=
= S IBoXB|X...XB,,-|XB”(x0v xlv ceey xn—l» xn) X
Ex..xE

X Pp(dxn; Xn—1) Pn—1(@Xn—1; Xn-2)...P1(dx1; xo) w(dxo),
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yTO coBnanaer ¢ Tpebyemoit opmysoit (19) B ciryuae MHoxecTs B Buna B =
=By x By x...x By. Tlepexon k o6uieMy ciydaio MHOXecTB B € B(E™t!)
OCYILIECTBJISIETCA TaK XKe, Kak M B J0Ka3aTebCTBE aHAJOFMYHOrO0 MecTa B
TeopeMe 2.

U3 ceoitctBa (19), ocHoBbiBasicb Ha pe3ysibTaTaX 0 MOHOMOHHBIX KAQC-
cax (cM. § 2 . 1l) BuiBomuTCs (3amaua 4), uto AN BCAKOH OrpaHUuyeHHO
B(E™t')-namepumoit dynkuuu h = h(xg, X, ..., Xn)

Eh(Xo, X1, ..., Xn) =
= { h(xo, x1, ..., xa) m(dx0) Pr(dx1; X0)...Pa(dXn; Xn1).  (20)

En+l

6. Urak, ecsiv Yy Hac UMeeTcsl MapKOBCKas Lenb (B LIMPOKOM MJIH Y3KOM
cMbICJIe), TO 110 ee HauajbHOMY pacnpeneseruio m = (B), rae n(B) =P{X, € B},
B € &, u nepexonHbiM BeposTHocTaM P,(x; B), n>1, x€ E, B€ &, MoxHo

NOJIHOCTLIO BOCCTAHOBUTL 3aKOH pacnpenenenus Law(Xo, Xy, ..., X,) mob6oit
COBOKYMHOCTH CJlyyaiiHbix BeqmuuH Xo, X1, ..., Xp, > 1, noas3yscb ¢opmy-
qoi (19).

Cejluac Mbl MoMeHsieM BeCb Halll B3MVIA4 Ha CnocoObl onpenesieH|s Map-
KOBCKHX Leneil, NPUHAB 3a OCHOBY TO, UTO OHU JOJDKHbI MOJHOCTbIO GbiTb
3aflaHHbIMM, WcXoad U3 Habopa (m, Py, Ps, ...), Flle N0 CBOEMY CMbIC]y Be-
POSITHOCTHOE pacrnpefiesieHde T JO/KHO UrpaTh poJib pacrpefiesleH|st BeposT-
HOCTeH HA4AAbHO20 COCTOSIHUS CHCTEMbI, @ PYHKUMH Py =Py (x; B), n >0,
yaoBJieTBOpsIOLIKMe cBoiCTBaM (a) U (b) U3 n. 5, UrpaloT posib nepexoOHbLx se-
posamrocmei, T. e. BepOSITHOCTEN TOTO, YTO CHCTEMA, HAXOASLLAACA B MOMEHT
BPEMEHH 7 B COCTOSIHUM X, B MOMEHT 7+ | OKaxeTcsi B MHOXecTBe B € &.
EcrecTBeHHO, UTO ecJiM 3a UCXOAHbIH 06bekT Gepercst Habop (m, Py, Po, ...),
TO BO3HMKaeT BOMPOC: a OTBeuaeT Jid OH BOOOlle KaKoH-J1M60 MapKOBCKOMH
Lleny, UMelolllell CBOMM HauasbHLIM pacrpejesieHdeM 3afaHHOe T, a CBOMMH
nepexoHbIMU BEPOATHOCTAMHU 3ajaHHble pyHKkuuu Py, Po, ...?

OTBeT (M MOJOXKHTENbHLINA) Ha 3TOT BOMPOC, B CYLIHOCTH, COAEPXKHTCA B
TeopeMe Koamoroposa (teopema 1 u ciencreue 3 B § 9 ra. 1), no kpaiineit
Mepe a5 caydas E =R?, u B Teopeme Honecky Tyauu (teopema 2 B § 9 rur. 1I)
LISl CJIy4as npou3B8oAbHbLX U3MepUMbIX npocTpaHeTs (E, &).

CJhenys 10Ka3aTeJlbCTBY 3THX TEOpeM, Npexiae BCero onpeleauM usmepu-
Moe npocmpancmeo (Q, F), nonaras (Q, F)=(E*®, B(E®)), rne E>® =
=EXEx.. BE®)=QEQ ...; nHaue ropops, B KauecTse 3j1eMEHTaPHbLIX
HCX0f10B GyNIeM paccMaTpuBaTh «TOUKH» w = (Xo, X1, ...), e x; EE.

Momok (F,)nx0 onpenenum, noaaras F, =o(xo, X1, ..., X,). Camu 3Haue-
Hus X, = X, (w) onpenesum «KakoHu4eckum» o6pa3on, nonaras X,(w) =xn,
ecim w = (xg, X1, ...).
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Teopema Honecky Tysiun yTBepKaaeT, UTo IJIS 1POUIBONLHOLX UIMEPUMBLX
npocrpaictB (E, &) (4, B 4acTHOCTH, sl pacCMaTpHBaeMblX HaMH (a3oBbIX
npoctpancts) Ha (2, F) cywecmayem sepoamuocmuas mepa Pr makas,
umo

P-{Xo€eB}=m(B), Beé&, (21)

M 042 8cex n > | KoHeunOMepHble pacnpedenenus

Pr{(Xo, X1, ..., X,) € B}=
= n(dxo) § Pr(x0; dx1)... § Is(x0, ..., Xn) Pa(Xncii dX).  (22)
E E E

Teopema 3. 1o omnowenuro xk 8sedennoii (8 meopeme Honecxky Tya-
uu) mepe Pr kanonuuecku 3adannas nocsedosamenvrocmo X =(Xp)n>0
asasemcs MapKoBcKoi (8 cmoicae onpedesenus 2).

Hokaszameascmeo. Hano nokasarb, uto g n>0u B € & (Py-n.H.)

Pr(Xn41 € B| Fn)(w) = Pr(Xnt1 € B| Xn(w)) (23)
1 npu 3ToM (P-n.H.) ana n >0
Pr(Xn41 € B|Xn(w)) = Pu(Xn(w); B). (24)

Bynem onsth »Ke BeCTH 10Ka3aTebCTBO, OCHOBLIBAsCH Ha MpUHLUHUNE no0-
X00AuWUx MHONECmS U pe3ysibraTax 0 MOHOMOHHuLX Kaaccax (§ 2 ra. 1I).

B KauecTse moaxoAslMX MHOXeCTB PacCMOTPUM, KaK 3TO yXKe Hesajioch,
«MPOCTO» YCTPOeHHble MHOXKecTBa A U3 &, Bula

A ={w: Xo(w) € BO, ey Xn(w) GBn}'

rne B;€&,i=0, 1, ..., n, u nycts Béé’.
Torna B cuay KoHCTpyKuuu Mepoi Py (cM. (22))

S I(X,,.,_.EB}(W) Pr(dw)=Pr{Xo € By, ..., Xn € By, Xny1 € B}=
A
= n(dxo) § Pi(xo; dx1)... § Palxa—r; dxa) § Posi(xn; dinyr) =
By B, Bn B

= Poy1(Xa(w); B)Pr(dw). (25)
A

Paccyxnas Tenepb Tak >Xe, KaK M MpH JOKa3aTeJbCTBE TeopeMbl 2 (CM.
JIOKa3aTe/IbCTBO BLIMOJHUMOCTH cBoiicTBa (15) mia MHOXecTB A U3 &), Ha-
XOMIMM, YTO U 311eCb CBOMACTBO (25) GyneT BbIMONHEHO A5 MHOXecTB A U3 &,
1. e. MHoxecTs BUIa A ={w: (Xo(w), ..., Xn(w)) € C}, rne C € B(E™H).
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[TockosibKy no onpefiesieHUI0 YCJIOBHBIX BeposiTHocTedt (cM. § 7 run. 1)
§ It €8/ (@) Pr(dw) = § Pr(Xos1 € B| £2) () Pr(dw), (26)
A A

a ¢yHkuMd Py (X, (w); B) aBasiotes &F,-u3MepUMbiMH, To U3 (25) u «Te-
JIECKOTMHYECKOT0» CBOMCTBA YCJOBHLIX MAaTeMaTHYECKHX OXHUAAHHWI (CM. CBOIl-
cteo H* B n. 4 § 7 r1. 11) nonyuaem TpeGyemble cooTHolueHus (23) u (24). O

7. Hrak, ¢ kaxnoil paccMaTtpuaemoil cucteMoit (m, Py, Po, ...) MOXHO
CBA3aTb MapKOBCKYIO LieNb (W15 HariagHoCcTH 0603Hauaemyto X ™ = (X,, Pr)n>0),
MMEIOLLYI0 CBOUM HA4QAbHbIM pacnpedeseruem m W nepexoOHbimu 8epo-
amuocmanu Py, Py, ... (T.e. uens, &1s KOTOPO# BbiNOJIHeHb cBoiicTBa (21)
1 (23)—(24)). Takas uenb GYHKUMOHUPYET CJeAYIOLMM 06pa3oM.

B HauasmbHblit MOMeHT =0 cJlyyaiiibiM 06pa3oM «pasbirpbiBAeTCA» 3Ha-
YeHUe HayaJIbHOTO COCTOSIHUSI B COOTBETCTBMH ¢ pacnpeneneHueM w. Eciu,
CKaXeM, 3HaueHHe Xy OKa3aJocb PaBHbIM X, TO U3 3TOFO COCTOSAHHA CHCTeMa
NepexoauT B CJAELYIOLIHH MOMEHT B HEKOTOPOE COCTOSIHUE X| B COOTBETCTBUM C
pacnpeneneHueM Pi(-; x) u T. 1.

Takum o6pa3oM, posib HauajbLHOTO pacrnpefesieHdsi m CKa3biBaeTcsl JHIb
ToMbKO B MoMeHT n=0, a nocJenywliee pa3BuUTHe CHCTEMbl Onpeessercs
nepexoHbLIMU BepoATHOCTAMU Py, Po, ... Tak uto, ecaim 4na ABYX HayajbHbIX
pacnpezesieHuil ) U o B pe3yJibTaTe COOTBETCTBYIOILErO «PO3birpbillia» Bbilla-
JIO OJIHO U TO K€ COCTOfIHHE X, TO pa3BUTHEe CUCTeMbl GYIeT (B BEpOATHOCTHOM
CMbICJIe) OfIHUM U TeM >Ke, OMNpeNessiiCh JULIb NepexofHbIMH BEPOATHOCTAMH
Py, Po, ... M0XHO 3TO BbIpasuTb TaKXKe U CJIeLyIOIUM 06pa3oM.

IMycts P, o6osnauaeT pacnpenenenue Pr, COOTBETCTBYIOLee TOMY CJy-
4alo, KOraa pacnpee/ieHde m COCPeNoTOUeHO B Touke x: w(dy) =d,(dy), T.e.
w({x}) =1, rne {x} — onHOTOUEUHOE MHOXXECTBO, MPHHaJeXallee o-airebpe &
B CWJy C/IelaHHOTO NpeanoJioxeHus, uto (E, &) — ¢a3oBoe nMpoCcTpaHCTBO.

Torma u3s coiictBa (22) BbiBOmMTCA (3amaua 4), uro mia kaxporo A€
€ B(E°) v x € E BeposaTHOCTb P, (A) ecTb (115 KaXI0ro 7) BapHaHT yCJIOBHOM
BeposiTHocTd Pr(A|Xo =x), T. €. Pr-m. H.

Pr(A|Xo = X) = Pr(A). (27)

[Mpu kaxaoMm x € E BeposaTHocTd Py (+) NosHOCTbIO OnpeensioTcs Habopom
nepexonHbix BepostHocred (P, Py, ...).

Tem caMbiM, ec/ii OCHOBHON aKLEHT JeJaeTcs Ha TO, KaK MoBefeHHe CH-
CTeMbl 3aBHCHT OT MepexoiHbix BeposiTHocTed (Py, Pg, ...), TO JOCTaTOYHO
OnepupoBaTh JIILL ¢ BeposaTHOCTAMH Py (-), x € E, nosyuas, ecsu Hazo, Bepo-
ATHOCTH Py (-) NpOCTLIM MHTErpHpOBaHHeM:

Pr(A) = P.(A) m(dx), AcBE™). (28)
E
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O1U coobGpaxkeHUsi NMPUBEJIM K TOMY, YTO B «OGlled TEOpPHH MapKOBCKHX
npoueccos» (cM. [21]) ocrosrbim 06Bekmom cuutaercs (B paccMaTpuBae-
MOM 3fieCb ciyyae QUCKPETHOTO BpeMeHH) He Ta WJU WHAs MapKOBCKas Lefb
X™ = (Xn, Pr)n>0, a cemeiicmso mapkosckux ueneit X* = (X,, Py)p>0 c x€E.
(Tem He MeHee, BMeCTO CJIOB «CeMeHCTBO MapKOBCKHUX Liefei» 4acTo roBOPAT
NPOCTO O «MapKOBCKHX LensX» M BMecTo 0603HaueHuss «X* = (X,, Pc)n>0 €
x € E» nuiuyt «X = (X, F,, Pc)».)

[TonuepkHeM, 4TO BCe 3TH PaCCMOTPEHHs MPeLMNoJaralT «KaHOHHYECKUii»
cnoco6 3ananus ueneii: B kauectse (€2, &) Gepercs npoctpaHcTBo (E°, £°),
E*X=6QE® ..., Bce BeMMulHbl X,(w) 3amatoTcs Tak, uto X,(w) =x,, eciu
w=(xg, X1, ...). Takum o6paszoM, B X* =(X,, P,) or x 3aBucuT JuuIb Be-
positHocTb Py, Ha camu XKe 3HaueHds X, Kakde-JMGO crelLHajbHble YCJIOBUS
3aBUCHMOCTH OT X He Hajiaraiotcsi. [Tpi 3TOM aBTOMaTHUeCKH OKa3blBaeTcs, YTo
no mepe P, Tpaexkropuu (X,),>0 «HaunHatoTCA» B TouKe X, T. €. Pe{Xo=x}=1.

8. B cayuae koneurnoix mapkoBckux ueneit (§ 12 ri. 1) 6osbliuoe BHUMaHKe
6bLI0 yesieHO aHa/Mu3y MOoBefleHHs! TAaKUX Lenell C MOMOLLbIO pacCMOTPeHHs
nepexoJiHpIX BeposATHOCTeN p,.(l'-') =P(X,=j|Xo=1), xoTopbie, Kak 6bl1o MO-
KasaHo, yhosJaersopsior ypasuenuro Koamoecoposa—Yenmena (cM. (13) 8
§ 12 ra. ), u3 KoTOpOro, B CBOIO OUepeb, BLIBOAUIUCH npamble u obpamHoie
ypasnernus Koamoeoposa ((16) u (15) 8 § 12 . I).

O6paTtuMcs cefluac K BOmpocy O CrpaseliMBOCTH ypasHeHus Kosimoro-
posa—YenMeHa U B cjyyae MapKOBCKHX Lenell ¢ npou3sobHoim Ha3oBbiM
npoctpaHctBoM (E, &), orpaHUUMBILKCHL pacCMOTpPeHHeM 00#OpOOHbLX Lenel,
ns Kotopblx Py =Py=...=P

B atom cayuae, B cusy (22)

Pﬂ{(X09 Xlo ey XH)GB}=

= m(dxo) § P(xo; dx1)... § Is(xo, x1, ..., Xa)P(xn1; dxa). (29)
E E E

B yacrtHocTH, ecaiu n=2, TO

Pr{Xo € Bo, Xo € Bo}= { § P(x1; Bo)P(xo; dx1)m(dxo). (30)
By E

Orciona, no reopeme Pagona—Hukonuma (§ 6 ra. II) u B cuny onpenenenus
YCJIOBHbIX BEPOATHOCTEH HAaXOIMM, 4To (m-1. H.)

Pr(X2 € By | Xo=x) = P(x; dx1)P(x1; By). @31)
E

3ameruM Tenepb, uto B cuay (27) Py (X2 € By | Xo =x) =P, {Xs € Bo} (w-n.H.),
rae BeposTHOCTb Py {X2 € Bo} UMeeT MpoCTyl0 UHTEPNPETALMIO — 3TO eCTb Be-
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POSITHOCTL MEepexofla CUCTEMbI U3 COCTOSHUA X B MOMeHT =0 B MHOXeCTBO Bs
B MOMEHT 71 =2, T. e. 3TO eCTb BepPOSTHOCTb Mepexoja 3a dga Luara.

O603naunm P (x; B,) = P,{X, € B,} BeposTHOCTb fepexojia 3a 7 11aro..
Torna, B CHly OIHOPOAHOCTH paccMaTpuBaembix uenei, PV (x; By) = P(x; B)
H, ClefloBaTesbHO, U3 (31) HaxomuM, uTo (w-1. H.)

P®(x; B)y=§ P (x; dx))PV(xy; B), (32)
E
rne Be&.
AHanoruyHbiM e 06pa3oM ycTaHaBJWBaeTcs (3agaua 5), 4To npu 4066l
nz20,m>0 (r-n.u.)

plr+m) (x; B) = P (x; dy)P™(y; B). (33)
E

10 COOTHOLUEHHE U eCTb 3HAMEeHUTOe
ypaBhuetune Koamoroposa—4enmena,

HarAAHbIA CMBICJ KOTOPOFO BMOJIHE §CEH: JJI MoicueTa BepOSITHOCTH
Pm+n)(x; B) nepexosia 3a m + n WaroB U3 ToukH x € E B MHOXecTBO B € &
HaJlo NepeMHOXHTbL BepoaTHocTb P (x; dy) nepexoaa 3a n 1WAros U3 TOUKH X
B «HH(UHUTE3UMAJILHYIO» OKPECTHOCTb dy ToueK y € E v BepoATHOCTb Nepexo-
1a 32 /M 1LaroB U3 TOUKH ¥ B MHOXKeCTBO B (C nocJsieiyioliuM HHTerpHpOBaHHeM
MO BCEBO3MOXKHBIM «TIPOMEXYTOUHBIM» TOUKaM ¥).

OG6paasnch K ypasHenuio KonMoroposa—Uenmena (33), cBsisbiBaioliemMy
BEPOATHOCTH MepexoloB 3a pa3HOe YHCJIO LIAroB, HYXKHO OTMETHTb, UTO OHO
YCTaHOBJIEHO JIMLb C TOYUHOCTBIO 10 «-MOUTH HaBepHoe». B uacTHocTH, OTCIO-
na caenyert, uto (33) #e ecmo cooTHoLeHKe, BLINOJHSAeMoe sl 8cex x € E. Dto
He JOJDKHO MOKa3aTbCsl CTPaHHBIM, MOCKOJbKY Bbillle HAM He pa3 MPUXOAUIOCH
o6paiaThcs K BLIGOPY TeX WK MHBIX 8apUaKmMO8 (Bepcuil) YCOBHBIX Bepo-
fiITHOCTel M, BOOGIUE roBopsi, HET rapaHTHH, YTO 3TH BapUaHTbl OKa3blBAIOTCA
TaKWUMH, YTO pacCMaTpHBaeMbie CBOWCTBA BLINOJIHEHbI MOxcOecmBenHo (Mo x),
a He JMLb w-NMOYTH HaBepHoe.

TeM He MeHee, MOXXHO IBHO yKa3aTb TaKHe BEPCHH, [l KOTOPbIX YpaBHeHHe
Koamoroposa—Uenmena (33) Gyner yxe BbiMosHeHHbIM 115 8cex x € E.

BebiTekaer 3To U3 caiefyioLMX yTBepXKIAeHHi (3anaua 6).

IMycTb «nepexontbie BepositHocTi» P (x; B) onpeneneHbl cliefyiolim 06-
pasom:

PW(x; B)=P(x; B)
Haasa n> 1
P™(x; B)=§ P(x; dy)P"~"(y; B).
E
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Torna

(i) P (x; B), n>1, aBAsioTca peryNsipHbIMH yCJOBHLIMH BEpPOATHOCTAMH
Ha & npu 3aJlaHHOM X;

(iiy P (x; B) coenanaer ¢ P.{X, € B} u, cllenoBare/ibHO, ABASIETCA BapH-
aHTOM (m-1. H.) ycJIoBHBIX BeposiTHocTel Pr (X, € B|Xp = x);

(iii) ans Tak onpenenennsix dynkumit P (x; B), n > 1, ypasHenus Konmo-
ropoBa—YenmeHa (33) BbinoJiHeHbl TOXKAECTBEHHO MO X € E.

9. 3apaumu.

1. lokasatb yrBepXaeHus, copMyJHpOBaHHble NPH JOKa3aTeJbCTBE TEO-
pembl | B Bune 3anau la, 1bu lc.

2. [Tokasarb, uto B TeopeMe 2 pyHKUUA P,y (B — X, (w)) sBnsiercs &, -u3-
MepUMoii Mo w.

3. Buisectu cBoiictBa (11) u (12) u3 yrepxkuenus jemmsl 3 B § 2 ra. 11

4. lokasarb csoiicta (20), (27).

5. YcTaHOBUTL CNpaBelIMBOCTb COOTHOLIeHU: (33).

6. loka3atb yTBepxkzeHus (i), (i) u (iii), chopmynuposaHHble B KOHLe M. 8.

7. BbiTeKaeT /i U3 MapKOBCKOro CBo#CTBa (3) cJelyloliee CBOHCTBO:

P(Xn+1 €B|XoE€ By, X1 €By, ..., Xn € By) =P(Xny1 € B| X, € By),

rne By, By, ..., B, 1 B—MmHoxectBa 3 & u P{Xo€ By, X, €By, ..., X, €B,}>
>0?

§ 2. 0606 EeHHOe MADKOBCKOE U CTPOr0 MapKOBCKoOe
CBOICTBa

1. B stom naparpage 6ymyT paccMaTpuBaTbCAl, MaBHbIM 06pasoMm, ce-
meticmea X* =(Xy,, Pc)n>0, x € E, ONHOPOAHBIX MAPKOBCKHX LieneH, «KaHOHU-
YyecKH» 3alaHHbIX Ha KooplOuxnamuom npoctpaHcrse (2, F)=(E, £°) u
onpenenseMblx nepexonaHoit pyukunelt P=P(x; B), x€ E, BE&.

Onpenenum Ha (2, F) onepamopol cdsuea 6,: 2 —Q (cp.c§ 1 B . V),
noaarasi il COCTOSIHUA w = (X, Xy, ...)

On(W) = (Xn, Xnt1, --.).

Ecnu H = H(w) siBnsierca & -uamepumoit ¢pyHkuueit, To H o6, Gyner 060-
3Hauatb ¢yHkumio (H 06,) (w), onpenesieHHyi0 paBeHCTBOM

(H 06p) (w) = H(6n (). (1)

Tak uro, ecnu w=(xg, x1, ...) U H=H(xg, x1, ...), T0 (H 06,) (x0, X1, ...)=
=H(Xn' xn+|' ...).
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Crenyiolast Teopema, B CYUIHOCTH, eCTb NepedOpMYJHPOBKa YTBEpXKie-
uua (6) u3 § 1 npuMeHnTesbHO K paccMaTpuBaeMoMy ceiiuac cJyyaio cemeti-
cm8a 00HOPOOHbIX MAPKOBCKUX Yenedl.

Teopema 1. [Tycmo X*=(X,, P)n>0, x€E, ecmo cemeiicmso 00-
HOPOOHbLX MAPKOBCKUX yened, nopoxcoaemoix nepexoOHol ¢ynkyuei
P=P(x; B), x€ E, Be &. [Ipednoaaecaemcs, umo mepo. P, makoset, umo
snauenus P{(Xo, X1, ..., Xp) € B} 022 B € B(E"*!) u n >0 onpedersromcs
no P ¢opmyranu (22) usz § 1 ¢ n(dy) =dyy(dy) u Pr=Pa=...=P.

Toeda 0an 8cAKO20 HauaabHO20 pacnpedererus m, amo6ozo n>0 u
8CAKOL 02paHu4ennoi F-uamepumol pynkyuu H =H(w) umeem mecmo
caedyoujee 0606uerHoe MAPKOBCKOE CBOUCMBO:

Ex(H 06,| ZX)w)=Ex,)H (Pr-n.n.). 2

3ameuanne. Xots UcnoJib3oBaHHbie 0603HaUEHHs U «TOBOPAT CaMH 3a ce-
651», BCe XKe OTMeTHM, uTo E, — 310 ycpennenue no mepe Py )(-) = S P.(-) m(dx),
E

a Ex,w)H Hano nonwumarb cieiyiomum o6pa3oM: Gepercs MaTeMmaTHueckoe
oxunanue E H (1. e. ycpennenne H no mepe P,) u 3aTeM B 3T0 BblpaxkeHue
(o603HaunuM ero (x)) Hamo «BCTAaBMTb» BMECTO X BeJHUUHY X,(w), T. e.
Ex,wH =¢(Xn(w)). (Or™erum, uro E,H saBnserca &-usmepumoit QyHK-
udeit ot x (3amava 1) u, sHauut, Ex, ()H sBAsiercs cnyuaiiHoit BeJMUHHOMN,
T. e. F/&-usmepumoit dyHKumeil.) Jl0Ka3zaTeNbCTBO TeOpeMbl OMATb-TaKH
MCMOMb3YeT MPUHUUN nOOX00AWUX MHOKECME U PYHKYLl C NOCTeNYIOLIUM
NpUMeHeHUeM pe3yJIbTaTOB O MOHOMOHHbIX KAACCAX.

YTo6bl ycTaHOBUTL CBOHCTBO (2), HaM Halo MOKa3aTb, YTO JJIl BCAKOIO
muoxectsa A us FX =a(xo, x1, ..., Xn)

§ (H 06,)(w) Pr(dw) = § (Ex,)H) Pr(dw), &)
A A

UK, B 6oJlee KOMNaKTHOM dopme,
Ex(H 00,; A)=Ex(Ex,H; A), 4)

rae E. (¢, A) osnauaer E.(£/4) (cm. 0.2 § 6 ra. II).

B coorsercTBuM ¢ MPUHUMNOM 1OOXOOAUUX MHONECME PacCMOTPUM
«MnpocTo» ycrpoeHHble MHoxkectBa A Bupa A ={w: xo € By, ..., X, € Ba},
Bi €&, w nycto ¢ynkuua H =H(xg, xy, ..., Xm) ¢ m>0 (Gonee TOUHO,
nyctb H — FX -uamepumasn dynkuusi). Torna coiicTeo (4) npumer caenytoumit
BUI;

Ex(H(Xn, Xnt1, ---» Xntm); A) =Ex(Ex,H(Xo, X1, ..., Xm); A).  (B)
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Hcnonb3ys npencrasienue (22), u3 § 1, Haxonum, uro
Ex(HXn, Xat1, -y Xntm): A)=Ex(la(Xo, ..., Xa)H(Xp, ..., Xp4m)) =

= S Ta(xg, ..., Xn)H(Xn, ..., Xp4m) X
Ent+m+1

x m(dxo)P(x0; dx1) ... P(Xp4m-1; dXn4m) =

= { la(xo, ..., x0) m(dx0)P(x0; dx1)... P(Xp—1; dxy) X

En+l

x LS H(Xn, -+, Xnpm)P(Ens QXngt) o Pnpmet dx,,+,,,)] =

= S Ta(xg, ..., Xp)w(dxo)P(xq; dx1)...P(xp=1; dxp) X

En+l

x LS H(xo, ..., Xm) Peldx1, ..., dx,,,)] =En(Ex,H(Xo, ..., Xm); A),

rne P, (dxy, ..., dxm) =P(x; dx)P(x\; dx3)...P(Xxm—1; dxm).

TaKHM\oﬁpaSOM, csoiictBo (5) s MHoxects A Buga A={w: xo € By,
x| €By, ..., X, € B,} u dynkumit H suna H = H(xg, X, ..., Xm) ycTaHOBJIEHO.
O6wwit cayuait muoxects A u3 & paccmarpusaetcs (4ns GUKCHPOBAHHO-
ro m) TaK Xe, Kak M B I0Ka3aresbcTe TeopeMbl 2 B § 1.

Ocranocs Jillb N0Ka3aTh, YTO JOKAa3aHHble CBOACTBA OCTAIOTCS BEPHLIMU H
s Beex F (= £°°)-u3MepuMbIX orpanuueHHbix dyHkuuit H = H(xop, x1, ...).

JloctaTouHo 10Ka3aTh, uto ecin A € FX, 10 cBoitcTBo (5) coxpanutes ans
Takux GYHKUMH, T. €. YTO

Er(H(Xn, Xnt1, -..); A)=Ex(Ex,H(Xo, X1, ...); A). (6)

Hmes B BuLy npuMeHeHHe NpUHUMNA Noaxoasikx ¢pyHKumit (cM. § 2 ra. I1),
0603HauuM yepe3 J¥ COBOKYMHOCTb BCeX TeX OrpaHHUeHHbIX & -U3MepUMbIX
¢byukuuit H = H(xg, xi, ...), sl KOTOPBIX CBOWUCTBO (5) MMeeT MecTo.

[Tycrtb TakKe J ecTb COBOKYNHOCTb (LIMJIMHAPHYECKHX) MHOXKeCTB BUAA [ =
={w: x0€ By, ..., Xm € Bm} ¢ HexoTopbiMU B; €&,i=0,1,...,m, m>0. flcHo,
4TO 3Ta cHcTeMa J ABJAETCA T-CUCTEMOH MHOXKeCTB U3 F (=&).

OGpatuMcsi Tenepb K ycoBusm teopembt 3 B § 2 ra. 11

Ycnosue (h)) BbinosHeHo, nockosbky ecan A€J, 10 I4 € ¥ no noka-
3aHHOMY Bblile (Hamo B3siTb B (5) H(xo, ..., Xm) =/la(xo, ..., Xm)). YcnoBue
(hg) cnenyer W3 CBOICTBA alAMTHBHOCTH WHTerpaJa JleGera, a coficTBo (h3)
BbITEKaeT U3 TeopeMbl 0 MOHOTOHHON CXOIMMOCTH B MHTerpanax JleGera.

CornacHo ykasaHHoil Teopeme 3 (§ 2 ra. II), 5% Torma copmepxut Bce
(YHKUMH, ABJSIOLMEC U3MEPHUMbIMH OTHOCHTEJIbHO o-anre6psl o(/), kotTopas
10 onpeJe/eHHIo U ecTb o-ajire6pa £ =B(E>*). (Cm.nn. 4 u 88 § 2 ra. 11.)
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2. OGpatumcsi Ko BTOpoMy 060GLLEHHI0 MAPKOBCKOro CBOMCTBAa — TaK Ha-
3bIBAEMOMY CMpPO20 MAPKOBCKOMY C8OUCMEY, CBA3AHHOMY C 3aMeHOH «Bpe-
MEHH 11» Ha «cJyyaiiHoe Bpemsa 7». (Bce ucxonHbie npeanocuiikk GyayT Te e,
yTO M B Hauaje 3Toro naparpaga: (R, F)=(E*®, &), ...)

ByneMm o6osHauath uepe3 T =T(w) KOHEuHble CJyvaiiHble BEJUUHHbI T(w)
TaKue, uTo sl Kaxkgoro n >0

{w: T(w)=n}e FX.

B cootsercrteuu ¢ TepmuHosioruedi § 1 ra. VII (cM. onpenenenue 3) Takue sesiu-
YUHbI HAa3bIBAIOT (KOHEUHBbIMU) MAPKOBCKUMU MOMEHMAMU WA MOMEHMAMU
OCMAaKOBKU.

C notokom (F )n>0 1 MOMEHTOM OCTAHOBKH T CBfXKeM o -ajreGpy

9f={A€9X: An{r=n}e.?,f aas seex n > 0},

rne FX =o(|J £Y), unrepnperupyemyio kak o-anre6py co6biTuii, Habioxae-
MbIX Ha «cJjyuyaitHoM uHTepBane» [0, 7].

Teopema 2. [Tycmo soinoaHenbl 8Ce YCA0BUSL, CHOPMYAUPOBAHHLIE 8
meopeme 1, u T =T7(w) — KOHeunoLli mapkosckuil momenm. ToeOa umeem
mecmo caedyioujee cmpoeo MapKoB8cKoe C80LCmao:

Ex(Ho0,|FX)=Ex,H (Pr-n.n.). )

IMpex e ueM nepexoauTb K NOKa3aTeNbCTBY, AafMM HeKOTOPble MOSCHEHHs
1o NOBOAY TOro, Kak Haxo nowuMatb Ex H u H o#f,.

O6o3nauum 1(x) =E,H. (B n. 1 yxe orMeuanocb, uto (x) sBaseT-
ca &-usmepumoit dynkumeir.) Ion Ex H noHumaerca 3navenue 9(X;)=
=1(Xrw)(w)). Yro xe kacaerca (H o6;)(w), To nom 3TMM MOHMMaercs
cayyaitHas BeanunHa (H o 0, (,)) (w) = H(0r(w)(w)).

Hlokazameascmeo. BosbMeM MHoxecTso A u3 F,. Kak u B ciyyae Teo-
pembl 1, aas nokasaTtenbceTBa (7) Hafo MOKa3aTb, 4TO

Ex(H 06,; A)=E.(Ex, H; A). @®)
Paccmotpum sieByto uactb. HMimeem

Ex(H 00, A)=i Ex(Hob,;, AN{T=n})=

n=0

=S EdHob An{r=n)). ()

n=0
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[paBas xe uyactb B (8)

E-(Ex, H; A)=§: Ex(Ex . H; An{r=n}). (10)

n=0

Co6uitua AN{r=n}e FX. Mostomy B cuny (4) npasuie uactu B (9) u (10)
COBMAJAIOT, YTO M JIOKA3bIBAET CTPOr0 MapKOBCKOe CBOHCTBO (7). O

Caeacrsue. bepa ¢yuxyuo H(xp, xi, ...)=1la(xp, x1, ...), e0e A=
={w: (xo, X1, ...) €EB}, BEE®=RB(E>®), uz (7) nosyuaem credyouyio
4ACMO UCNOAb3YEMYIO POPMY CMPO2O MAPKOBCKO20 C8OUCMEaA:

Pe((Xr, Xry1, -..) EB|Xo, X1, ..., Xp) =
=Px {(Xo, X1, ...)€B} (Pe-n.n.). (11)

3ameuanue 1. Ecau npoananusupoBath L0Ka3aTe/bLCTBO CTPOTO MAapKOB-
ckoro cBoficTBa (7), TO MOXXHO 3aMeTHTb, UTO Ha CaMOM JieJie BepHO H CJiely-
Iolee CBOHUCTBO.

IMycrb ans kaxnoro n > 0 meficteutedbHble GpyHkuuu H, = H,(w), 3anan-
Hble Ha Q¥ E%°, spasiorcss & -u3MepHMbIMH (F = £°°) U paBHOMepHO Orpa-
HuueHHbIMU (T. e. [Ho(w)|<c, 120, we Q). Toraa ana KaXkaoro KOHeyHOro
MapKOBCKOTO MoMeHTa T =T7(w) (7(w) < oo, w € ) UMeer Mecto (3anaua 2)
caenyolas ¢popMa CTporo MapKoOBCKOI0 CBOMCTBA:

Er(H;00.|FX)=Ex H, (Pr-n.n.), (12)

rae nox Ex_H, nonumaercs caydaiinas Benuunna ¥(7, X;) ¢ ¥(n, x) =E H,
H Hy 00, =(H; 00;) (w) = Hrw) Orw)(W))-

3ameuanne 2. Bolille npeanosaranoch, 4To 7 =7(w) ABJAETCA KOHELHOIM
MapKOBCKMM MoMeHTOM. Eciii 3TO He Tak, T. e. T(w)< 0o, w€S, TO TOrAa
cooTtHolueHue (12) Hafo 3aMeHuTdb (3agaua 3) Ha ciepnyioulee:

Er(Hr 00, | FF)=Ex, H; ({r <oo}; Pr-n.n.). (13)

Hnaue rosops, B 3TOM ciyuae cooTHolueHHe (12) BomosHeHo Py -n. H. Ha MHO-
xectse {T < 00}.

3. NMpumep (Ha «cTporo MapkoBckoe CBOMCTBO»). Ilpu paccmorpe-
HUM 3aKOHA MOBTOPHOrO JiorapupMa HaM NOHALOGUIOCH OLHO HEpABEeHCMEo
(nemma 1 u3 § 4 rn. 1V; cm. Takxke (14) HHXKe), aHANOrOM KOTOpOro ajst 6po-

YHOBCKOTO JBHXXeHUA B = (B¢)(<r ABNsiETCA paseHcmso P{or<nta<xr B> a} =
N\t
=2P{|Br|>a}; [131, ra. 1I1].
MMycts &, &9, ... —NOCAEN0BATENBHOCTL HE3aBUCHMbIX OJIMHAKOBO pacrpe-

NeJIeHHbIX CJY4aiiHbIX BEJHYMH C CHMMETPUUHBLIM (OTHOCHTEJbHO HYJsl) pac-
npenenenueM. [Tonoxum Xo=x€R, Xm=Xo+ ({1 +... +&m), 1 <m. Kak 370
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6bl10 NPUHATO BhIiLe, yepe3 P, 0603HauaeM pacnpenenenye BepoATHOCTeEl M0-
cnenoBarenbHocTd X = (Xm)mxo0 ¢ Xo = x. (IlpocTpanctso 2 npeanonaraercs
KOOPAMHATHO 3alaHHbIM C w = (Xg, X|, ...) U Xp(w) =xp.)

CornacHo (cierka uaMeHeHHoMy) yTBepxaeHuio (9) us § 4 . 1V,

Po{ max x,,,>a}<2p0{x,,>a} (14)

o<mgn

nna Besakoro a > 0.
BBezneM MapkoBcKuil MOMeHT 7= T (w), noJaras

Tw)=inff0<m<n: Xp(w)>a}. (15)

(Kak o6bluHo, nosaraem inf @ =o00.) IlokaxkeM, Kak, UCMOJb3Ys BBEHEHHbIM
MapKOBCKUH MOMEHT, MOXKHO Obl10 6bl JaTb «JlerKoe J0Ka3aTeJbCTBO» Hepa-
BeHcTBa (14), ecain onyckarb, 4TO C TAKUMU (CJIyyailHLIMU) MOMEHTaMH MOXKHO
NeiiCTBOBATb TaK ke, KaK C JeTepMUHHpoBaHHbLIMH. MiMeeM (cp. ¢ nokasarenb-
cTBOM JieMMbl 1 B § 4 ra. [V)

Po{Xn > a} =Po{(Xn — XrAn) + Xran >a} >
2> PO{Xn - Xr/\n > 0, Xr/\n > a} = PO{Xn - X‘r/\n 2 0} PO{XT/\II > a} 2

> 5PolXena > a} = gRotr <nh=3Po{ max Xn>a}. (16)
riie Mbl BOCMOJIb30BAJIMCh Ka3aJ10Ch Obl «IOYTH OUEBUAHLIM» CBOHCTBOM He3a-
sucumocmu BenuuuH X, — Xyan U Xran, BEPHBIM, KOHEUHO, Wi Oemepmu-
HUPOBAHHbLLX MOMEHTOB T, HO He BepHbIM, BooOLle roBOpsA, LA CAY4ALUHOIX
MoMeHTOB T (3amaya 4). (Tak 4To 3TO «Jierkoe J0Ka3aTeJbCTBO» HeNb3si NPU-
3HaTb KOPPEKTHbIM.)

[NpuBeneM Tenepb HEACTBUTENLHO «MNpaBHJbHOE JOKA3aTeJbCTBO» Hepa-
BeHcrsa (14), ocHOBaHHOe Ha NpUMeHeHHH CTPOro MapKoBcKoro cofictaa (13).
Mockoasbky {X, >a} C {r < n}, To

Po{Xn > a}=Eo(/x,>ay; T< 7). (17)
Beenem dynkuuu Hyp = Hpy(xo, X1, ...), Noaaras

eI MK N U Xppy > Q,
B OCTaJIbHBIX CJydyasX.

1,
Hp(xg, x1, ...)=
0
M3 ux onpenenenus cnemyer, uto Ha MHOXecTBe {T < 11}

ecsiu x, > a,
B OCTaJIbHBIX CJyyasXx,

(H7 00;) (x0, x1, ...)={(;’ (18)
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1 no3ToMYy, ¢ yuetoM (17) u Toro, uto {X, >a} C{r <n}u {r < n}€ £,, Haxonum
Po{Xn > a}=Eo(H7 00, 7<n) =Eo(Eo(H, 06, | F;); T<n). (19)

[To cTporo MapkosckoMy cBoiictay (13) Ha MHoxecTBe {7 < 1}
Eo(H,00,|%#:)=Ex . H, (Po-n.n.). (20)

CoranacHo onpeneneuuio, Ex_H,=vy(r, X;), rne ¥(m, x)=E,Hpy, v a1 x >a
ExHm=PelXnm > 2} > PelXam >3} > 5

(nocneaiHee HepaBeHCTBO CJiellyeT M3 CHMMETPHUHOCTH pacnpee/ieHnil BeUYnH

€, &2, .00)

Tem cambiM Ha MHOXKecTBe {T < 1}
Eo(H, 00| %) > 5 (P-n.n). @)

Ortciona u u3 (19), (20) nonyyaem TpeGyeMoe HepaBeHcTBO (14).

4. Ecyu o6patutbes K ypasHenuio Koanmoroposa—Yenmena (13) u ypas-
Henuio (38) B § 12 1. I, To MOXHO OTMeTHTL MX Gosbluoe cxoacTso. Ectect-
BEeHHO MO3TOMY NMPOaHaNU3MPOBaThb Te O6LLHe MOMEHTHI U Te OTJIHUMS, KOTOpble
conepxarcs B HX (hOpMyJaUpPOBKaxX M WX BbiBoAax. (Mbl orpaHuunBaemcs pac-
CMOTpEHHEM JIHLLIb ONHOPOAHBIX MAPKOBCKHUX LieneH ¢ AMCKPETHBIM MHOXKECTBOM
cocrosiHuil E.)

Umeem s n > 1, 1 k<, ivjus E, uto (c yuerom dopmya (1) u (2))

PiXa=j}=)_ PilXa=j, Xe=0}=) _ Eid(Xy=j)I(Xe=0c)=

a€f a€E

=a}; Ei[Ei(/(Xn = )IXe=0) | F2)] =

- z; Eill(Xe =) Ei(/(Xa = j) | Zi)] 2
a€

OS5 Eil/(Xe =) Ei(I(Xuot = ) 0 04| F1)] 2
a€E

@ ZE Ei[/(Xe=0) Ex,/(Xo—t = J)] =

= QZ;E Eil/(Xe=0) Eal(Xa—r=))] =

=Y ElXe=)EalXok=))= Y PlXe=a}PafXsr=/}, (22)
a€E a€E
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yTO W ecTb ypasHeHue Koamoroposa—Uenmena (13) u3 § 12 r. 1, sanucannoe

TaM B BUIE
(n) _ (k) ,(n—k)
Pij -Z Pia Paj -
a€E

Ecau B (22) 3aMeHUTL BpeMsi k Ha MapKOBCKUII MOMEHT 7 (CO 3HaueHHs-
mu 1, 2, ..., n) 1 BOCNO/L30BaTbCA BMECTO MAapKOBCKOFO CBOMCTBA (2) cTporo
MapKOBCKHM CBOHCTBOM (7), TO MOJlyunM (3afaua 5) ClieyIoLLyio eCTeCTBeHHYI0
(o6061eHHyI0) dopMy ypaBHeHuss Konmoroposa—YenMena:

Pi{Xa=j}=)_ PilX,=a}Pa{Xp—r=j}. (23)
a€E

U 8 dopmyne (22), u B dopmyne (23) cymmupoBaHue Belercs no ¢azosol
nepeMeHHoit a € E. B dopmyJe ke (38) u3 § 12 ra. I cymmupoBanue Bezercs
1o 8pemeHHOU nepeMeHHOM.

3aMeTHB 3TO, MPEAMNOJIOXKHM ceiluac, UTo 7 — MapPKOBCKUH MOMEHT CO 3Ha-
ueHusmMH B {1, 2, ...}. HauuHas Tak xe, KaK W NpHu BbiBofle YKa3aHHo# dopMy-~
Jbl (38), Haxomum, uTo

Pi{Xp=j}=) PilXp=j 1=k} +PilXa=j, 720+ 1}=
k=1

n
=) EilXa=lr=h)+PiXp=j 7>n+1}=
k=1

=) E(Ei(l(Xa= DT =k) | FD)]+PilXa=j, 720+ 1}=
k=1

=Y Eill(r =R Ei((X,= )| FD)+PilXa=j, T2n+1}=
k=1

=Y Eill(r =k Ei(/(Xo—t =) 0O | F)] + PilXu=j, 721+ 1} =
k=1

= Eill(r=R)Ex,/(Xp—p= D]+ PilXp=j, 7> n+1}. (24)
k=1

B n. 7§ 12 rn. I moment 7=1;, rne
ri=min{l <k <n: Xp=j}

C ycnoBueM, uto 7j=n+1, ecin Muoxecto {-}=2. TeM caMbiM B 3TOM
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ciyuae (24) ecTecTBEHHO yMpoOLLAeTCs:

PiXo=j}=3_ Eill(rj=k) Ex, I(Xop =) =
k=1

=Y Eillrj =R Ejl(Xap=)) =) Eil(rj=k)E;I(Xnp=j) =
k=1 k=1

n
=Y Pilrj =k} Pi{Xpr =},
k=1
npespallasich B ypasHenue (38) u3 § 12 . I:
n
(ny _ (k) (n—k)
pij ‘Z ij Pjj (25)
k=1
W3 (24) MoxKHO MoJyuuTb U Apyrue mosie3Hble GopMyJibl, B KOTOPLIX (B OT-
JuKe oT ypaBHenua Kosmoroposa—UYenmena) cyMMupoBanue BeieTcsi no spe-
MeHHOI1 mepeMeHHOl. Tak, HanpuMep, NyCTb MapKOBCKUIT MOMEHT

T(a)=min{l <k <n: Xp=a(k)},

a (nerepMuHUpoBaHHas) ¢yHkuus a=ca(k), 1 <k<n, u MapkoBckas uenb
TakoBbl, uto P;{r(a) <n}=1 (ana naHuwbix i u n). Torna u3 (24) naxommum,
4TOo

PilXo=j}=) Ei[l(r(c) =k) Ex, o, /(Xn—i= )] =
k=1

=Y Eil(r(@) =) Eap/ (Xn—r =),
k=1

n
PilXa= =) Pitr(e) =k} Pag{Xns =}
k=1
(Cp. ¢ (23).)
5. 3anaum.
1. Hoka3atb, uto ¢pyHkuua ¥(x) =E,H u3 sameuanus B n. 1 saeasercs
& -n3MepHMOH.
2. IToka3zaTb cBoicTBo (12).
3. Noxkasatb csoiictso (13).
4. BepHo /i1 CBOMCTBO HE3aBHCHMOCTH BeNUYHH X, — Xpan H X;An B MpPH-
Mepe u3 1. 3?
5. NokasaTb dopmyay (23).
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§ 3. O npobaemaTnke npenebHbIX, 3projnyecKnx
M CTallMOHAPHbIX pacnpeneieHHit BepOSITHOCTEN
ANsi MApKOBCKHMX Lenei

1. B § | yxe Gbu1o oTMeuyeHo, UTO BOMPOC ACUMNMOMU4ECKO20 NOBe-
JeHUsl CTOXAaCTHYEeCKHX CHCTeM C omcymcmasuem nocaedelcmsus, ONUCHI-
BaeMbIX MapKOBCKHMH LeNfMHU, AIBASETCS ONHHM U3 LeHTPaJbHbIX BOMPOCOB
TeOpPHUH MapKOBCKHUX CydaiiHbix npoueccoB. CBA3aHO 3TO B U3BECTHON CTeMe-
HM C TeM, YTO MpPU BeCbMa LIMPOKHX YCJOBUAX MapKOBCKHH Xapakrep TakHX
cucTeM MPUBOIUT K TOMY, UTO OHH Kak Obl «cmabuau3upyromcs», BXOAT B
«CMAYUOHAPHBLI PEHCUM».

[Ipedeabroe noBeneHre OMHOPOAHBIX MAPKOBCKHX Lenell X = (X,),>0 MOXK-
HO M3yuaTb C pa3HblX Touek 3peHus. Hanpumep, MoXHO uccienosath BONpocC 0

n—1
cxonuMocTH Py -nouTH HaBepHOe hyHKUMOHANOB THNA % S [(Xm) npun— oo
m=0
LS pa3anuHblX GyHKumil f = f(x), Kak 3T0 GbUIO B SpProfUyecKoii TeopeMe AJis
CTalMOHAPHBLIX B Y3KOM CMbICJIe CJlyyaiiHblX nocjiefioBaTesbHocTeil (TeopeMa 3
B § 3 rn. V). INpencrasnsier MHTepec M3yueHHe YCIOBHI CNpaBeLIHBOCTU 3a-
KOHa GOJIbLIMX uHces, Kak B § 12 r. L.

B nanbHeiilieM H3n0XeHHH OCHOBHOW aKuUeHT OyleT ciesiaH He Ha nopo6-
Hble BOMPOCHl CXOAMMOCTH THMA NOYMU HABEPHOE WU NO 8epOsMmMHOCMU,
a Ha BOMPOCHI ACUMANMOMU4ECKO20 nosedeHus 8epoimrocmel nepexooa
P™(x; A) 3a n waros (cM. (10) B § 1) npu 77— 0o ¥ Ha BOMpPOCHI CyLLLECTBO-
BaHUs crmayuoHapHulx (uH8apuanmuoix) mep q = q(A), T. e. TaKux, 4TO

q(A) = P(x; A) q(dx), (M

rae P(x; A) — nepexonHas ¢yHKUHA (32 ORHMH Luar).

[MonuepkueM, uto B onpenesnenuu (1) BoBce we mpeanosaraercs, BooGiLe
rosops, uto Mepa ¢ = g(A) saBasierca BeposTHocTHO#H (q(E) =1).

Ecnu ata Mepa geposmuocmnas, To ee NPHHATO Ha3blBaTb CMAYUOHAP-
HolM, WIH uHBApuaKrmHbiM, pacnpedeieruem. CMbICT 3TOH TePMHHOJIOTHH
BMOJIHE MOHATEH: eC/H B3ATb B KauecTBe HauyaJbHOro pacrnpeieseHus 7 pac-
NpeseneHue ¢, T.e. cuutatb, uto P,{Xo € A}=q(A), To B cuny (1) okaxercs,
uTo H s J6oro n > 1 Pp{X, € A} =q(A), T.e. 310 pacnpeseneHue ocTaercs
UHBAPUAHMHbIM NO BPEMERU.

Herpyaxo npusecTd npumep, Koraa Hem CTauMOHAapHBIX pacnpedeserud
g =q(A), Ho ecmb cTauHOHapHbIe MepbL.

NMpumep. Ilyctb X =(X,)n>0 — MapKoBCcKas Lenb, NOPOXAeHHas CXeMOH
Bepuyanu, 7. e. nyctb X,p1 =Xy + Engr, Tl €1, €2, ... — NOCAENOBATEILHOCTD
He3aBHCHMbIX OAHHAKOBO pacnpeneeHHbIX clyyailHbiX Beauuut ¢ P{€, =+1}=
=p, P{¢,=—1}=gq. llycrp Xo=x, rae x €{0, 1, ...}. SlcHo, uto 3Mech
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nepexonHas ¢hyHKUMA
Pl;{x+1))=p, P {x-1})=q.

HerpyznHo npoBeputb, uto onHo W3 peutenuii (1) ectb mepa g(A) Takas,
yto g({x}) =1 ana Bcakoro x €{0, xI1, ...}. Ecau p #¢ >0, To mepa g(A4) ¢
q({x}) = (p/q)* ectb emopas uxsapuanTHasi mepa. OueBHIHO, UTO KaXK1as U3
3THX Mep SBJIAETCS HesepOAMHOCMHOU U BEPOATHOCTHBIX HHBApPUAHTHBIX Mep
31ech Her.

SroT NpocToil NpuMep MOKa3blBAET, UTO LIS CYU4eCMBO8AHUA CTaLMOHApP~
HOro (MHBapHAHTHOTO) pacnpezelieHust TpeGylOTCA ONMpelesieHHble NPeANoJo-
JKeHUs! 0 pacCMaTpPHBaeMbIX MApKOBCKHX LieNsiX.

Bonpoc o npedesbuoix 3nauenusix nepexomHbix BepositHoctedr P (x; A)
TNpH 1 — 0O HHTepeceH IpeXie BCero C TOUKH 3peHUs Cyuyecmeo8anus npe-
IieNla, He 3a8UCAlye20 oM HaYarbHo2o cocTosiHus x. [Ipu 3ToM Hago HMeTb B
BHIY, YTO BMOJIHE MOXKET CJYUMTLCS, YTO HHKAKOro MpelesbHOro pacnpenee-
HHA MPOCTO He CYLUEeCTBYeT, CKaXkeM, MOXeT 6biTb, uto lim P™(x; A)=0 nas
nio6oro A & u BesiKoro HauanbHoro cocTosHHA x € E. JocTaTouHo, HanpuMep,
B3ATb B NpeLIeCcTBYIOlLEeM NpuMepe p = 1, T. e. paccMaTp1BaTh JETEPMHHHPO-
BaHHOe JBW>KeHWe Bnpaso. (CM. Takxke npumepsl 4 U 5 8 § 8.)

B cayyae npoussoasnoco aszoBoro npoctpaHctsa (E, &) oTbicKaHue
YCJIOBHI CYLLLECTBOBAHUSl CTaLMOHAPHBIX (MHBAapHAHTHBLIX) pacnpeneseHui,
CyILleCTBOBaHHS Mpee/bHbIX 3HauUeHHi NepeXoAHbIX BepOATHOCTel (C TeMH WK
MHbIMH MX CBOHCTBaMH) NpeicTaBJisieT co60f BecbMa TpPyHOHYlO 3ajauy (cM.,
Hanpumep, [104]). Onnako, B ciyyae cuemuoeO0 NPOCTPAHCTBA COCTOSIHMI
(«cyeTHbIX Lemelt MapkoBa») 3ech MoJyyeHbl HHTepeCHble H NOBOJbHO-TAKH
npo3pauHo ¢opmynupyeMble pesyabrathl. OHu GynyT HaJjoxeHbl B §§ 6 u 7.
Ho npenpaputenbHo npuiercst NpoBecTH AeTajbHYIO0 KNacCH(HKAUMIO COCTO-
fIHHA CUeTHBIX MApKOBCKHX uenel Mo ajre6paHuyeckHM U acMMMTOTHYECKHM
CBOHCTBaM MepexoHbIX BEPOSITHOCTEH.

OTMeTiM, UTO paccMaTpHBaeMble BOMPOCHI O CTALMOHAPHBIX pacrpenese-
HUSIX U CYILLECTBOBAHHU Mpe/e/ioB lign P™(x; A) TecHo cBA3aHB MexXIYy COBOIi.

B camom nene, ecin Ii'r'n P™(x; A) (=v(A)) cywyecmsyem, ne sasucum om x
v asanemcs mepoi (no A € &), To u3 ypasnenus Koamocoposa—Yenmena

PV (x; Ay = PP(x; dy) P(y; A)
(dopMaibHEIM) MpenesbHLIM NepexofoM No 7 — oo HalleM, 4To
v(A) = P(y; A) v(dy).

Takum o6pasoM, v =v(A) 6yner cmayuonaprol (uHsapuarnmnoi) mepoi.
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2. Besie B JanbHefillleM NpeanosaraeTcs, YTO pacCMaTpHBaeMbie MapKOB-
ckue uenu X =(X,),>0 NMPHHUMAIOT 3HAuYEHUA B c4emHOM (Pa3oBOM MNPOCT-
paHctee E ={l1, 2, ...}. Jlna npocToThl 3anucH nepexonHble dpynkuuu P(i, {j})
6yzeM o603Hauathb p;; (i, j € E). [lepexonunbie BepoaTHOCTH (Heko# 6JysKaaro-
el «4aCTHUbl» — ISl HAMMIAAHOCTH) U3 COCTOAAHHA i B COCTOsIHME j 0603Ha-
watotest pj7.

HuTepecyroime Hac Bonpochl 6yIyT CBA3aHbl C BbIICHEHHEM YCJIOBHH, NpU
KOTOPbIX:

A. IInsi Bcex j € E cywyecmsyiom npenenl

T (n)
; —h;n pij
He 3asucaujue OT HauaJbHbIX COCTOSIHUM i € E;

B. O1u npenenbHble 3Hauenus Il=(m;, mo, ...) o6pasyior pacnpedesernue
BeposTHocTell, T.e. m; 20u ) mj=1;

JEE

C. Llensb sBasieTcsi apeoduueckoli, HHaue ropopsi, npefeibHble 3HaueHHsl

IT=(my, mo, ...) TaKkoBHi, uT0 8CE 7; >0 H ZE =1,
j€

D. Cywectsyer u npuToM eqUHCTBEHHOE cmMayuoraproe (UHBapUaHmM-

Hoe) pacnpenesienue BepoaTHocted Q=(qy, g, ...), T. €. TaKoe, yto ¢; >0,

Y gi=1ln

icE

9= 4ipij
i€E

ans Beex jEE.

3ameuanue. Hcnosnb3oBaHHbif 31€Ch TEPMUH «3ProAMUHOCTb>» BCTpEUacs
HaMm B . V (3peoduunocms Kak CBOWCTBO MeTPUUECKON TPaH3UTHMBHOCTH,
apeoduueckan meopema bupkropa u XuHuuna). B GykBanbHOM cMbiciie 3TH
TEPMHHbI OTHOCATCS K pa3HbIM OOGDbEKTaM, HO Y HUX eCTb U obluee — OHH
OTPaXKaloT TO, YTO peub UAeT 06 ACUMAMOMUYecKOM TOBeJEeHWH TeX WU
HHBIX BEpPOSITHOCTHBIX XapaKTepHCTHK NPU CTpeMJIeHUH BpeMeHHOTo napaMmeTpa
K 6eCKOHeYHOCTH.

3. 3apaum.

1. T1pusenute NpuMepLl MApPKOBCKHX Lienel, y KOTOPbIX CYLLeCTBYIOT Mpefe-
Jbl =li'r'n p,-(lf’): (a) He 3aBHCsILLMeE OT HayaJbHLIX COCTOsIHMI f; (b) 3aBHcsALIMe

OT HayanbHbIX COCTOSIHHH j.

2. IpuBenuTte NpUMeEpbl SprofAMUYECKUX U HEIProJHUecKUX Lenei.

3. INpuBenuTe nprUMepsbl, KOra CTaLMOHAPHOE pacrnpelieieHHe He ABJsSETCS
SproauyeckuM.
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§ 4. Knaccudukaumus cocTosiHuii MAapKOBCKHUX Lienei
no aareGpanyecKHM CBOICTBAM MaTpHLL
nepexoAHbIX BEPOSATHOCTE

1. Byzem npennojaratb, 4To paccMaTpHBaeMasi MapKOBCKasl Liefb UMeeT
cuemroe MHOXecTBO cocTosiHuil £ ={l, 2, ...} U mepexofHble BepOATHOCTH
pij, i, j € E. Marpuuy (tabauiy), 06pa3oBaHHyl0 3THMH NePeXOIHbIMH Bepo-
ATHOCTAMH, 6yneM o6osHauath P = || p;;|| unu, B Gonee passepHyToii popme,

P11 P12 P13
P21 p22 P23
|
Pia pi2 Pi3
(Bmecro || - || ans mMaTpuu yacTo GbiaeT yaoGHee mucath (-).)

[MpuBonumasn najee KiaccHUKalUMs COCTOSIHHA MapKOBCKHX Leneil noJ-
HOCTbIO dfipenensieTcs a4eebpaudeckumi CBOWCTBAMH MATPHL MepexomHbiX
BeposTHocTelt P u ux crenenedt P n> 1.

Marpuua nepexonHbix BeposiTHocTeli P noJIHOCTBIO onpenensier 00Howa-
208ble Nlepexo/ibl U3 COCTOSIHUA B cocTosiHMe. MaTpuusl xe P =|| p,flf') || onpe-
IensioT (B CUJly MapKOBCKOFO CBOMCTBA) Nepexolibl 3a 1 uLazos.

CkaxeM, MaTpuua
_(1/2 172
= (7 )

1 cooTBeTCTBYIOUM el epagh (cMm. § 12 ra. I) nokasuiBaloT, UTO OnpenesnseMoe
UMU dBuscerue «dactulbl», Gayxaatouleil no cocrosnuam O u 1, Takoso, uto
3a oiuH uar BoamoxeH mepexog 0— 1 (c BepositHocTbio 1/2), HO mepexon
1 — 0 neBo3amoxkeH. SlcHo, uto nepexon 1 — 0 HeBO3MOXeH U 3a J06Goe YUMCIO
LIaroBs, YTO BUAHO, KOHEUHO, H U3 CTPYKTYpPbl MaTpHLL

2=" 1-2-"
0

(n) —
P = I

rnokasblBaiolled, 4To pfg) =0 npu no6om n > 1.

B sToM npumepe cocTosiHue | siBJisieTCsi TAKUM, YTO B HEr0 MOXHO 8odmu
(13 coctosiHusi 0), HO HeNb3sA U3 Hero sblimu.

Paccmorpum rpag Ha puc. 36, no KOTopoMy Jierko BOCCTaHOBHTb M COOT-
BeTCTBYloUlyl0 MaTpuly nepexonoB P. M3 Buaa storo rpada sicHo, uto 3pechb
MMeeTCA TPH COCTOSIHUA (JleBast YaCTb PUCYHKA), BbIAAA U3 KOTOPLIX, 06paTHO
BepHYTbLCSI HEBO3MOXXHO.
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C TouKH 3peHus «Oylylliero» MoBeeH!s «YacTHLbl», GayKaalolLel B COOT-
BETCTBUU C JaHHbIM rpad)oM, 3TH TPU COCTOSIHUSA Hecyujecmaen ol (1 Ha3biBa-
I0TCS HecyuecmserHolMIL) IO TON YKa3aHHOW NPUYUHE, YTO U3 HUX BO3MONCEH
861x00, HO B HUX HEBO3MONCHO 8038pAUEHUE.

CyutecTBeHHble
COCTORHHA

HecyulectBennble
COCTOSIHUA

Puc. 36.

Takne «HecyiecTBeHHble» COCTOSIHHA, He MNpeACTaBAfIOLME WHTepeca,
MOXHO Cpasy OTGpPOCHTb, COCPENOTOUMB BCe BHHUMaHMe Ha KjaccUduKauuu
JIMLIb OCTaBIUMXCH «Cyuyecmaernblx» coctoaHui. ([anuoMy onvcartesnbHOMY
onpefie/leHHI0 «HeCYLLLeCTBEHHbIX» U «CYLeCTBEHHbIX» COCTOAHUH MOXHO MpPH-
JaTb ¥ TOUHYIO GOPMYJIMPOBKY B TEpPMHHAX CBOMCTB MepeXoaHbIX BEPOSTHOCTEN
p,(") i, j€EE, n>1, 3anaya 1.)

2. Yro6bl packjaccH(ULMPOBaTh CYLLECTBEHHblE COCTOSAHUS WJH TpyMmbl
TaKHX COCTOSIHMMH, HaM NMOHamOOUTCA pAn onpeneseHHH. '

Onpenenenune 1. Tosopsr, 4To cocTOsiHUE j dOCMUNMUMO U3 COCTOSIHUSA i
(o603Hauenue: i — j), ecin Halinercs Takoe 7 >0, uto p(”) >0 (p(o) =1, ecsin
i=j,n0,ecnui#j).

Cocrosinis i U j HasbiBaloTCA coobujarowumucs (0603HaueHue: i « j),
€C/M i — j M j— i, T. e. OHH ABASAIOTCA B3AUMHO DOCMUNCUMBIMU.

Jlemma 1. Csoiicmso coobujaemocmu «—» (83aAUMHOL 0OCMUNCUMO-
cmu) ecme OmMHoUwleHue IKBUBANCHMHOCMYU COCMORHUL (MaApKOBCKOU yenu
¢ mampuyeii nepexodHoix gepoamuocmeii P).

Hoxazameascmeso. Tlo onpenesieHIo OMHOWEHUS IKBUBANCHMHOCMU
(B IaHHOM cJjlyuae OTHOUIEHHS ««+») HaNO NMPOBEPUTb ero pegaexcusrnocme
(i = i), cummempuurnocme (eciv i — j, T0 j < i) U mpanaumusrocme (ecau
i—j, jerk 10ick).

IMepsoble aBa cBoiiCTBa CJeylOT HEMOCPEACTBEHHO M3 OMpeleleHUs co06-
waemocmu coctosiHuit. TpaH3UTUBHOCTb BbiTeKaeT U3 ypaBHeHHa KoJsmoropo-

Ba—UYenMeHa: ecau p‘”) >0, p‘”') >0, To

(n+m) _ (n) (m) 5, () (m)
pt™ =" pP o’ > i) pjy >0,
I€E
T.e. i — k. Ananoruuto, k —i. TeM cambiM, i — k. O
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ByzeM oTtHocuTb BCe coo6lualolunecsi Mexxay co6oit cocTosHus i, f, k, ...
(i), jerk ki, ..)konHoMy kaaccy. Torna o6bie Takue Kaaccbl COCTO-
SIHUIl WIM COBMAJAIOT, WM XKe He nepecekalotcsi. CliefoBaTebHO, OTHOLLIEHHE
coobwjaemocmu pa3GuUBaeT Bce MHOXeECTBO (CYyLLeCTBEHHbIX) COCTOSHMH E
Ha KOHeuHOe WJIM CYETHOEe YMCJIO HemepeceKaiolluxcs MHoOXecTB Ej, Eo, ...
(E=Ei+Es+...).

OTH MHOXecTBa GyleM Ha3blBaTb HEPA3AOHCUMBIMU KAACCamu (CyLLeCT-
BEHHbIX COOGILLAIOLLMXCS) COCTOHUA. MapKOBCKYIO Lienb, Bce COCTOSHUA KOTO-
poit 06pasyloT 00uH HepasloKHMBbIH Kiace, 6yleM Ha3biBaTb HEPA3AOHCUMOU.

Jnsi naniocTpaury BBeIeHHbIX MOHATHH PaCCMOTPHM Lielb C MPOCTPAHCTBOM
cocrosnuit E={l, 2, 3, 4, 5} u maTpuLeii nepeXxoHbIX BEPOATHOCTEH

1/32/3/0 0 0
1/4 3/41 0 0 O
/4 3/ P[0
0 0 |1/20 12
0O 0|0 1 O

Ipad 3Toit uenu ¢ namer0 COCTOAHUAMU UMeeT ClelyOLLMi BUI:

2/3 I 1/2
B0 P T
L oys 2 1/2 1

flcHo, uTo y paccMaTpuBaeMoil LernH ecTb 08a HepasJioXUMBLIX Kiaacca £} =

={l, 2}, E9={3, 4, 5}, u ucciienoBaHHe ee CBOHCTB CBOAMTCA K HCCJENO-

BAHHIO CBOMCTB KaXIOH W3 ABYX Lemnel, MHOXeCTBAMH COCTOSIHUI KOTOpbIX

ABAAIOTCSA MHOXKecTBA E} U Eg, a MaTpHLbl NepexoHblX BepOATHOCTE!N paBHbl
cootsercTBeHHO P} u Po.

PaccmoTpuM Tenepb Kakoii-HUGYAb Hepas-

JOXUMbIH Kaace E. [ns npuMepa mycTb UM Gy-

/2 JleT KJace, U306pakeHHbll Ha puc. 37.
3aMeTHM, YTO 3/1eCb BO3BpallleHHe B Kaxnoe
COCTOSIHHE BO3MOXXHO JIMLIbL 32 4emroe 4uC-
JIO 11aroB, Nepexoi B COCefiHee COCTOsiHHe — 3a
HewemHoe YUCJIO L1aroB, a MaTpullia Nnepexom-
/2 HbIX BepOSAITHOCTeH HMeeT GJIOYHYIO CTPYKTYpY:

0 0 ’1/2 1/2
o 1/2 1/2

Puc. 37. Tpumep mapkos- - 1/2 121 0 O
CKO#t uenu ¢ nepuoaom d =2 1/2 1/2 0
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Ortciona BuaHo, uto knacc E ={1, 2, 3, 4} pas6usaercs Ha 1Ba nojkjacca
Co={l, 2} u C; ={3, 4}, o6nanaiowux cJjelyiolUM CBOACTBOM YUKAULHOCTIU:
3a oouH war u3 Cp «4yacTHla» HempeMeHHO mepexofHt B C, a u3 C; — B Cy.

3. TpuseneHHblil npuMep NoKasbiBaet, 4To, MO-BUIUMOMY, U B OGILIEM CJTY-
yae MOXKHO JaTb COOTBETCTBYIOLLYIO KNacCHPUKALMIO HepasAoHUMbLY Kiac-
COB COCTOSIHUI Ha yuKkauveckue no0KAAcCCoL.

C 370l ueablo HaM NOHaNOGATCA HEKOTOpble ONpefiesieH!s U OUH (aKT U3
TEOpHH UHCe.

Onpegeaenne 2. Ilycts @ =(p;, Y2, ...) — HeKOTOpas Moc/eNoBaTe/lb-
HOCTb HEOTpHLIATeNbHBIX unced @, >0, n > 1. llepuodom nocienoBaTeNIbLHOCTH
o (o603Hauenue: d(yp)) HasbiBaeTcA YUCIO

de)=HONO{n>1: ¢, >0},

rae HOI(M,) ectb Hauboaowuit Obuyud [eaumeno Muoxectsa M, Tex uu-
HeKcoB n > 1, a1s KoTopbix ¢, >0; eci ¢, =0,n>1, To M, =2 n HOO(M,,)
noJiaraeTcsi paBHLIM HYJIIO.

[o-apyroMy Mo>KHO CKa3aTb, YTO MOCJENOBATENIbLHOCTb (o HMeeT Mepuol
d(p), ecan U3 Toro, uto @, >0, cnenyer, uto d(yp) KeauT n (T. €. n JOJDKHO
uMeTb BHI d(p)k ¢ HekoTopbiM &k > 1) U d(p) ABNsfeTCS HAUGOMBbILUM CpelH
BCeX TeX yHces d, KOTopble 06/1aal0T TAKHM CBOMCTBOM (T. €. TaKHX, uto n=dl
C HeKOTOpbIM LebiM [ > 1).

Tak, nanpuMep, nocjiefoBaTeNbLHOCTb @ = (@1, P2, ...) TaKas, 4To 4 >0
ma k=1,2, ... u 9,=0 nna n+#4k, umeer nepuol d(p) =4, a He 2, Xotd
wo >0n0a =2, 4, 8.

Onpeaeaenne 3. TosopaT, 4TO NOCJENOBaTENbHOCTb = (1, W2, ...) ane-
puoduueckasn, eciu ee nepuon d(p)=1.

Crenytomuit aneMeHTapHbIil pe3yJibTaT U3 TeOpUH uKced GyleT B AafbHed-
LeM noJie3eH NpHU KaaccUpUKaLUMKH COCTOAHUIA MO CBOHCTBY LMKJIHYHOCTH.

Jlemma 2. [Tycmoe M — Hekomopoe MHONICECmMB0 HeompuyamesbHoLx
yeavtx wucea (M CE), samknymoe OmHOCUMENbHO CAONEHUA U maKoe,
ymo HOAM)=1.

Toeda npu nexomopom ny ece wucaa n > ng 6ydym npuradsexcame M.

[MpumeHum 31y nemmy k MHoxecTBY M =M., 6eps B KauecTBe NnocJjie0Ba-
TeJIBHOCTH ¢ = (@1, P2, ...) NOCAENOBATENbHOCTD ( pﬁ;) , pﬁ) , ...) WK mocJie-
loBaTeNbLHOCTD (p}‘;), pﬁd’, ...), d 21, roe j — HekOTOpO€e COCTOSIHHe Map-
KOBCKO LeMNH, MMelolleli MaTpHLy MepeXoiHblX BeposTHocTelrt P=||p;;||, a
P}';) — snement Matpuupl P, n> 1, P =P, (TTpu 3T0M 6yLeM roBOPHTb, 4TO
cocmosnue j umeet nepuop d(j), ecau d(j) ectb nepHon NnocJie0BaTeNbHOCTH

(Pﬁ;) , pﬁ) , ...).) Torna noayunM clieyioumii pesybTar.
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Teopema 1. [Tycme cocmosnue j umeem nepuod d = d(j).
Ecau d =1, mo naiidemca maxoe ny=ngy(j), ¥mo 0aa scex n > ny ne-
pexodnole sepoamrocmu p‘”’ >0.
Ecau d>1, mo naudemcn maxoe no=ny(j, d), umo 0aa scex n>n
nepexo0nsle sepoamHocmu p; /d) >0.

Ecoau d>21 u p(”') >0 01 Hexomopoix i €E u m>1, mo naiidemcs

maxkoe ng=ny(j, d, m), umo p,""“’d’ >0 0aa 8cex n > ny.

[puseneM Tenepb TeopeMy, MOKa3blBalOLLyl0, Y4TO 7€puod COCTOSAHUM
HepasJIoXXHUMOro Kjacca o6JiafaeT CBOHCTBOM «OJHOTUMHOCTU».

Teopema 2. [Tycmeo E, ={i, j, ...} — Hexomopuili Hepa3aroxcumbLil kKaacc
(coobwarowuxca) cocmoanui us muoxecmsa E.

Bce cocmosanus makoeo kaacca A8ARI0MCA «OOHOMUNHOIMUY 8 MOM
CMbiCAC, YIMO OHU umerom o0ur u mom e nepuod (ob6osnauaemoiti d(E,)
u na3eisaemvili nepuodom kracca E,). ‘

Hoxazameascmso. Tlycts i, j € E,. Torna naitnyrca Takie R u [, urto

p,(f) >04 pff) > 0. Ho torna B cuny ypasHenuss Koamoroposa—Yenmena

p$ =3 p®p0 > P P >0,
a€E
W, 3Ha4uT, £k + [ n0MXKHO menuThes Ha d(i) — nepuon coctosiHua i € E,.
[Tycts d(j) — nepuon cocrosivus j € E, u n TakoBo, 4TO pf-;-') >0. Torma n
JOJDKHO IeuThesl Ha d(f) U Tak Kak

(n+k+! *) (n) ()
pte) > plD P pi? >0,

T0o n+ k+ 1! nenurcsi Ha d(i). Ho k + [ nenutcs ua d(i), a 3HauuT, n neauTcs
Ha d(i) u nockoabky d(j) =HO{n: p};f) >0}, 1o d(i) <d(j).

[To cummerpun d(j) < d(i), u, cienosarenbHo, d(i) = d(j). O

4. Ecau mMHOXecTBO cocTosiHuil E, C E o6pasyeT HepasoXHMbIH Kjacc
(coo6warowmxcs coctosinuit) u d(E,) =1, To 0 TakoM KJiacce roBopsT Kak 06
anepuodu4eckom KAacce COCTOSHHM.

Paccmotpum Tenepb cayuait d(E,) > 1.

[Tepexombl U3 COCTOSIHMSL B COCTOSIHHE BHYTPH TaKOro KJacca MOTYT OCYy-
LLLeCTBATLCS BECbMa MPHUYMLIMBLIM 06pa3oM (KaK B pacCMOTPeHHOM Bbillle
npuMepe MapKoBCKoii uenu ¢ nepuonoM d(E,) =2; cm. puc. 37). Oka3sbiBaercs,
OJIHAKO, YTO B 3THX Mepexo[ax, U3 ONHOM IPyNnbl COCTOSIHUI B IPYryio, HMeeT
MeCTO BIOJIHE ONpele/ieHHas! «YUKAUUHOCNTbY:

Teopema 3. [Tycme E, — nepasroxncumeii kaacc cocmosnuii, E, CE,
¢ nepuodox d =d(E,) > 1.

Tozda naiidymecsa d epynn cocmosnui Cy, Cy, ..., Cq—1, Ha3olB8aemolx
yurauueckumu nooksaccamu (E,=Co+C, +...+Cq-)), xapaxmepu3sye-
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mble mem, umo 8 momenmol spemenu n=p+kd ¢ p=0,1,...,d—-1 u
k=0, 1, ... «<uacmuya» 6yoem naxodumocs 8 nodkacce C, ¢ nepexodon
8 credyrouyuti momenm 8 Cpyy, 3amem 68 Cpo, ..., 8 Cq_y, u3 Cq—; 8 Co
um.o.

Hoxazameascmso. 3apukcupyeM HeKOTOpoe COCTOsIHHUE ip € E, W BBelieM
caenylouIne no0KAACCHL:

Co={j€E,: ecn p}:}>0, Tton=kd, k=01, ...},

Ci={j€E,: ecin p,f:,.)>0, Tton=kd+1, k=0,1, ...},

Ca—1={j€E.: ecnn p{!>0, Ton=kd +(d-1), k=0, 1, ...},

Slcno, uto E, =Co+ C +...+ C4—;. [loKaxkeM, 4TO IBHXKEHHE «4ACTHLIbI»
U3 MOAKNAcCa B MOMAKJIACC OCYILECTBISETCS OMMCAHHLIM B TeOpeMe Cnoco6oM;
cM. puc. 38.

B camoM nenie, pacCMOTPHM HeKOTOpOe CO- Co
crosiue i € Cp, u NycTb cocTosiHue j € E, Ta-
KoBo, uto p;; > 0. [Tokaxem, uTo Torza Henpe- \

Cy

MeHHO j € C(p41) (mod d)-

Ilyctb 1 TakoBo, 4TO pf:/) > 0. Torna n mo- \
XeT ObiTb MpencTaBieHO B BHue n= p +kd \
¢ HekotopuiMi p=0,1,...,d-1 u k=
=0, 1, ... 3nauur, n=p (mod d), u nosro- C3° °Cy
My n+1=(p+1) (mod d). Orciona caenyer,

Puc. 38. IlBHxKeHHEe NO UHKJIH-
YecKHM NojKJaaccam

uTO p}:-“) >0 (no onpepneneHuio nepuona d =

=d(E,$), H, 3HauuT, j € C(p41) (mod d)» UTO H
Tpe60Ba/IOCh YCTAHOBMTD.

3amerHuM, uTO U3 MPHBENEHHBIX PacCy)KAeHHH chenyer, uTo Matpuua IP ne-
PeXonHbIX BEpOSITHOCTEH UMeeT OA04HYIO CTPYKTYPY:

Co @ “ ] i

s
Cy—
D 1
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Mpeanonoxum ceituac, 4T0 GayXaaiollas «4acTHUA», 3BOJIIOLMS KOTOPOi
ynpaeasierca matpuueli P, HaUHHAET CBOE JBIKEHHE H3 HEKOTOPOTO COCTOSHKS
B noaknacce Co. Toraa B KXl H3 MOMEHTOB BPeMenH 1= p + kd 3Ta «ya-
cTHUA» GyeT HaxoauThCA (B CHIY OMPELeJIeHHs nojkaccos Co,Cy,...,C4y)
B MHOXecTBe C .

Cllef0BaTebHO, C KAXIbIM TAKHM MHOXECTBOM COCTOAHM C, MOXHO cBs-

. d .
3aTh HOBYIO MapKOBCKYIO LeMb C MaTpHueit nepexonos || Pfj)ll, rae i, j€C,.

Sra HoBas uenb 6yaeT Hepa3n0HUMOl U anepuoduieckou.

MHOXeCTBO BCex
cocrosinuit E

I —
HecywiecTBetible CyuecTaenHble
COCTORHHA COCTORHHA
i T
E, 52 E3

Hepaanoxumbie knacchbl

]
Co Cl Cd_|

Linkanyeckune noaxnaccol

Puc. 39. Knaccudukaurs COCTORIHHI MAPKOBCKO# LeNH N0 apuIMETHUECKHM CBOHCTBaM

BeposTHocTedt p7.

TakuM o6pasoM, NMPHHHMAs BO BHHMAHHE MpOBeJEHHYIO KNaCCH(HKaLMIO
(Ha HecyllleCTBeHHNE H CYLIECTBEHHbIE COCTOSIHHS, HEPA3NOXKHMBIE KAaCCH H

UHK/THUECKHe MOLKAACCHI; CM. CBOIHBIA PHC. 39), MOXHO clieN1aTh TaKO# BbIBOL:

Ipu uccneroBaHHH Bonpc()nc)oa NpefeNbHOrO MOBeleHHs Nepe-
XOMHbIX BepOSTHOCTEH p;;°, n > l, i, j€E, onpenensiomux
6J1yKnaHue «MapKOBCKOH HaCTHLbI», MOXXHO OrpaHMuMBATHLCS
paccMoTpeHHeM JHIb TOrO Cyuas, Koraa ¢asosoe mpoct-
paHcTBO £ caMo fiBIACTCH eO0UHCMBEHHOIM HEPAZAOHCUMBIM
anepuoouteckum KAQCCOM COCTOSIHMA.
B 5ToM npesno/ioxeHHH CaMy MapKOBCKYIO Uefib X =(Xa)n>0 ¢ Takum
ha30BbIM NPOCTpaHCTBOM H MATPHLIEA NEPEXOHbIX BepoaTHOCTe P HasbiBaloT
HepasaoHcumol u anepuooueckou.
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5. 3anaumu.

1. INpupath paccMoTpeHHOMy B KoHue M. | onucaTesbHOMY onpenesieHHIO
HeCYLIECTBEHHBIX M CYLIECTBEHHBIX COCTOSHHN TOUHYIO (OPMYJIUPOBKY B Tep-
MHHaX CBOWCTB NepexoJHblX BepoATHOCTel pi(;'), i,jeE,n>1.

2. IMyctb P — maTpuua nepexofHbiX BEpPOATHOCTEH HepasJoXXKMMOH Map-
KOBCKOM LIeMH ¢ KOHeuHbIM umuciioM cocrosuuit. [Tycts P2 =P. Hccnenosats
CTPYKTYpY 3To# MaTpuibl P.

3. IMycts P — maTpuua nepexoAHbIX BePOSATHOCTEH KOHEUHOW MapKOBCKOH
uend X =(Xp)n>0. Ilyctsb 0y, 02, ... — NOC/IENOBATENLHOCTh HE3ABHCHMBIX,
OIMHAKOBO pacrpelesieHHbX, HEeOTPULIATEbHDIX, LEJOUUCIEHHbIX CayyalHbIX
BeJIHUKMH, He3aBucHMbIX oT X, u nyctb 79=0, 7,=01+...+0,, n>1. Tlo-
Ka3aTb, 4To nocnenoBatenbhocTs X = (Xq)n>0 ¢ X, =X, sBnserca uenbio
Mapxosa. Haiitu matpuuy P nepexonnbix BeposiTHocTeit 310i uenu. [Tokasat,
YTO eCJIH COCTOSIHHUA | M j coobaomecs 1s uenu X, To oHM GYLyT TaKOBBIMU
W 405 uenu X.

4. PaccMartpuBaercsi MapKoBCKasl uenb ¢ AByMs coctosHusamu, £ ={0, 1},
M MaTpuLiei nepexofHbIX BepOATHOCTEN

)P=(lfﬂ 150‘), O<a<l, 0<B<I.

Onuwure cTpykTypy Matpuu P™, n > 2.

§ 5. Knaccudpmnkauus cocrossHHid MapKOBCKHX Lenen
No aCUMNTOTHYECKHM CBOMCTBAM MepexoaHbIX
BepOATHOCTEH

1. Tlycts X =(X,)n>0 — OAHOpOAHAs MapKOBCKas LeMb CO CYemHbiM
MHOXecTBOM cocTosiHuit £={1, 2, ...} 1 nepexoAHbIMH BEPOATHOCTAMH p;j =
=P,‘{X| =]}, i ]EE

[Tonoxum
[ =Pi{Xn=i, Xp#i, | <k<n—1} (1

u (st i # j)

[P =PilXa=j, Xe# ) 1<k<n—1} @

MousitHo, uto U ecTb BePOATHOCTL n€PEO2O BO3BPAILLEHHS B COCTOSIHHE

[ B TOUHOCTH Ha n-M Luare, a f,.(/f') — BepOATHOCTb 7epB8020 NONajfiaHus B CO-
CTOSIHME j 8 MOXHOCMU HA N-M LIare B MPenoJoXeHuH, uto Xo =i.

Ecau nonoxurs
oilw)=inf{n>1: X,(w)y=i} 3)
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¢ 0;(w) =00, KOTa CcTosllLlee 3[1eCb MHOXKECTBO { -} =&, TO BEpOATHOCTH f("’
f"" MOXHO GyIeT NpelCTaBUTb TaKXKe B CJefylolleM BUJe:
) =Pdoi=n}, [ =Pifo;=n}. 4)

Beenem ans i, j € E BeauuuHbl

o]

Fi=> K. ©®)

n=1
U3 (4) facHo, uto
fij=Pi{oj<oo}. (6)

HHaue rosops, fij — 3To ecTb BepOATHOCTb TOTO, YTO «4ACTHLA», HAYHHAIOLLAS
GJy)X1aTb U3 COCTOSIHUSA i, PAHO UK NO3OHO TNONAMET B COCTOSIHHE j.

Oco60 Ba)kHa B JaJibHeiillleM BepPOSTHOCTb f; — BEPOATHOCTb TOTO, YTO
«4aCTHLA», BLIXOAAILAS U3 COCTOSAHMA §, PaHO WK MO3[AHO B HEro 8epHemcA.
HMeHHO 3T{i BEPOATHOCTH HCMOJB3YIOTCS B CJELYIOILMX Onpee/eHHsX.

Onpeué‘neuue 1. Cocrosinue i € E HasbiBaeTcsi 8038pamHeim (pekyp-
peHTHbIM — recurrent, persistent), ecnu fi; =1.

Onpepnenenne 2. Cocrosinue i € E HasbiBaeTC HEB038paAMHbIM (TPAH3K-
eHTHbIM — transient), ecau fi; < 1.

HMmelor MecTo caefyiolide KpUTepui BO3BPaTHOCTH U HEBO3BPATHOCTH.

Teopema 1. a) Bosspamnocme cocmosnus i € E pasrocunrora aobomy
u3 credyouux ceolicms:

Pi{X,=i6.u}=1 uau Zp(")

b) Hesosspamnocme cocmosnus i € E pasnocusvra aobomy u3 cae-
dyoujux cgoiicms:

Pi{X,=i6.4u}=0 uau Zp(")

Takum o6Gpa3oM, corlacHo 3Toil TeopeMe:

fi=1 & Pi{X,=i6.u}=1 & Zp"” 7
fi<l & Pi{X,=i6.u)= o«»Zp‘"’ ®)

3ameuanue. Hanomuum, uro, cornacHo tabauue 1 B § 1 r. I, coGuitne
{X,=1i 6.4.} — 3TO MHOXX€CTBO Te€X WCXOJOB w, IS KOTOpbIX X,(w)=i ma
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6eckoHeuyHoro uicaa (6. 4.) uaaekcos 7. Ecau npu stom A, = {w: X,(w) =i},
oo
10 {X, =i 6.u}=1{) U Ap cM. ykazaHHylo TabauULY.

n=1 k=n
Hokasamenbcmso. MoXHO cpa3y OTMETHTb, YTO WMIIHKALIMA
Zp(")<oo = P{X,=i6.4}=0 9)

fBJserca (B CHJIY TOro, 4YTO p"’) Pi{X,=i}) cneacrsuem semmor bopers—
Kanmeaau (cM. ytBepxaenue a) B 3toil semme, § 10 ra. II).

[TokaxkeM, uro
fi=1 & z piM =00 (10)

U3 ONHOPOAHOCTH U MApKOBCKOIo cBOCTBa cJielyer, uto ans Jo6bIX Ha-
60poB (i1, .., i) ¥ (j1, ..., jn)
Pi{X1, vy Xe) =1y -ves k) Xitts ooor Xegn) =it vy Jn) } =
=Pi{(Xt, .o, Xe) = (i1, ey i)} P { X1y s Xa) =(its - jn) }

Orciona HemocpencTBeHHO BbiTeKkaer (cp. ¢ BbiBOfOM ¢opmyinl (38) B § 12
. 1 u dopmyasl (25) § 2 sToit raasbl), uTO

n—1

PP =PilXa ==Y PilXi # s oo, Xackmt # o Xack =], Xn=j} =
k=0

n—1
=Y PiXi#j ooy Xnckmt #J Xaok = IPi{Xe = j} =

k=0
(n k) (k) _ (k) (n—k)
Z pij = Z i Py "
Hrak,

o= 1P (1
k_

[Monaras j=1i, HaxomuM (c p}?)= 1), uro

Z p(n) f: i fi(k)pl(ln k) _ E (k) Z p(n-k)_f Z p(n)_

n=1 k=l k=1 n=k n=0

__f,,<1 +Z p""). (12)
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Orclona sicHO, UTO

(o]
> p
u
Z P(n)<°° = fi= —":ﬁ (13)
1+ Z Pii
S
TTyctb Tenepn Z p\ = oco. Torna
=1
N n . . N .
(n) _ (k) (n—k) _ ( ) (n—k) ) (
ZP" DI WD Zfi‘in’
n=1 k=1 k=1 n=k k=1
W, 3HAUHT,
N
= (k) . (%) zl P,‘(,'n)
n=
- - Ig Pi;
Hrak,
Zp‘"’—oo = fa=1. (14)

HMmnaukauuu (13) u (14) HeMeJIeHHO NMPUBOAAT K CMpaBeJIMBOCTH cllefy-
IOLLMX B3aUMHBIX MMIUTMKALUA:

Zp‘"’<oo & fa<l, (15)
3 o =0 @ fi=1. (16)
n=1
Hns 3aBeplleHNUs 10Ka3aTesbCTBa TeOpeMbl OCTaNIOCh NMokKa3aTb, UTO
fi<l & Pi{X,=i6.4}=0, (17)
fi=1 & P{X,=i6.u}=1 (18)

C UHTYMTMBHOM TOYKHM 3peHHsl 5TH CBOWCTBA BecbMa MOHATHLI. Tak, eciu
fii=1, To 310 03Hauaer, uro P;{o; <oo}=1, T.e. «yacTHLA» paHO WU MO3AHO
BEpHeTCA B TO XK€ caMoe COCTOsiHWe i, OTKy[a OHa Hauaja CBOe JBHXKeHHe.
Ho Torna, no cTporo MapkoBCKOMY CBOHCTBY, C 3TOro (CjyyaiiHOro) MOMeHTa
«XKH3Hb YaCTULbI» KaK Gbl HauMHaercs 3aHoBo. [1pononKas sTH paccMOTpeHus,
NPUXOIUM K TOMY, YTO COGLITUSA {X, =i} GYIyT OCYILECTBAATLCA AN OECKOHEH-
HOoeo wucaa vnpexkcos n, T.e. Pi{X, =i 6.u.}=1.
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[Mposenem dopmantHoe nokasarenbcrso ceoitcts (17) u (18).

Paccmorpum aas maHHoro coctosiHus i € E gepoamunocme moeo, umo
4ucao 8o3epaujerutl 8 i 60oabuie usu pasHo m. Mbl yTBepXKiaeM, u4To 3Ta
BEpPOATHOCTb paBHa (f;)™.

JeiicTBuTedbHO, ecau m =1, To 3T0 clefyeT U3 onpepeneHus f;. Ilyctb
TpeGyeMoe yTBepXKJieHHe noka3aHo wis m — 1. [Tokaxem, uto Toraa uxrepecy-
loLlast Hac BepoOSATHOCTb paBHa (fi;)™.

Mo ctporo mapkosckomy cpoiicty (cM. (8) B § 2) u ¢ yuerom Toro, uro
cobbitie {o; = k} € #,,, HaxomuM:

P;{uncsio Bo3BpalLeHuil B { GoJibllie WK PaBHO M) =
(e o]

=Z Pi(o; =k v uucsio Bo3BpallleHuii B i nocse MOMeHTa k

k=1 6oJibllie UK paBHO m — 1} =
oo

=Z Pi{o; =k} P;(no kpaiiHeii Mmepe m — | 3HaueHue U3 Xy, 41, Xo;42, ---
k=1 paBHo i|o; =k) =

=Z P;{o; = k} P;(no kpaiineii mepe m — | 3HaueHue u3s X, Xo, ...
k=1 paBHoO i) =

=3 PG = FaF)™ ™ = (Fa)™
k=1

OrTclona BbITeKaer, 4to

I, ecau f;=1,

19
0, €CJIH f,','=0. ( )

PifXn =i 6.u}= lim (fs)"=

drta dopMyna nokaswizaer, uro ecan A={A, 6.u.} (=1im A,), rae A, =
={X, =i}, To aaa sepoatHoctu P;(A) cnpaseminB «3akoH 0 wm 1», T. e
P;(A) npunumaer auib 08a 3xayenus 0 uau 1. (OTMeTHM, UTO 3TO CBOHCTBO
He svimexaem HemocpencTBeHHO U3 yTBepXKIeHuil a) u b) snemmbl Bopensa—
Kanreanu (§ 10 rn. II), nockosnbky co6uitus A,, n>1, asasaiorcs, BooGLue
roBoOpsA, 3A8UCUMbBIMU.)

M3 (19) u Toro ceoiictea, uto P;(A) npunumaer auiub 3nauenus O u 1,
nosyuaeM TpeGyemble uMniankauuu B (17) u (18). O

2. W3 nokasanHO# TeopeMbl BbiTeKaeT clleflylolliee NMpOCTOe, HO BaXKHOe
CBOWCTBO HEB8038PAIMHbLX COCTOAHUH.
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Teopema 2. Ecau cocmosrue j Hesozspamuo, mo 045 406020 i € E

Z pij <oo (20)

n=1
u, 3nauum, 041 moboeo i € E

pP =0, n—co. (1)

Hoxazameascmso. U3 (11) (c p(o) =1)

Z p(n) Z Z f(,k)Px k)_z f,(k) Z p(n)_fl/ Z p(n) E p(n)

n=1 n=1 k=1 k=1 n=0 n=0

00
3

e Mbl Y4JH, 4TO [;; = (®) <1 (kaK BepoATHOCTb TOro, 4YTo 4aCTuua, Bbl-
) = ij

lle/llias U3 COCTOSAHHUSA i, PaHO WJW MO3[HO MOMNaneT B COCTOSHHUE j).
CaoiictBo (21) oueBuaHbIM 06pa3om cienyer u3 (20). a
3. Tlgpeiinem Tenepb kK pacCMOTPEHHIO B038PAMHBLX COCTOSIHHIA.
Kaxnoe BospartHoe cocTosiHMe i € E MOXHO OTHECTH K ONHOMY M3 HBYX
THIOB B 3aBUCHMOCTH OT KOHEUHOCTH HJIM GeCKOHEYHOCTH CpelHero spemeru
nepsozo 8o3spaujerusn

oo

=Y nfi" (=Eia) (22)

n=1

B 3TO Xe cocrosiHe. (HanomHuum, uro, cornacho (1), f,.(i") eCTb BepOSITHOCTb
NepBOro BO3BpallleHUs1 B TOYHOCTH Yepe3 71 1Laros.)

Onpenenenne 3. BossparHoe cocrosnue [ € E HasbiBaercs nosomcu-
MeAbHbIM, eCcid

oo -1
w=>nfi") >0, (23)
n=1
W HYyresvim, eCIU
00 -1
w'=\d_nf) =0 (24)

n=1

Takum o6pasom, cornacHo 3TOMy omnpene/ieHiio, NepBoe BO3BpaLlleHue B
Hynesoe (BO3BpaTHOE) COCTOSIHME MPOUCXOAMT (B cpelHeM) 3a GecKOHeuHoe
Bpems. CpellHee ke BpeMsi MepBOro BO3BpalleHHsi B noAoxcumenoroe (8o3-
BpaTHOE) COCTOSIHHE ABJISIETCA KOHEUHbIM.
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4. Crenyiouwui pUCyHOK HarMISiIHO HIJIIOCTPUPYET KAacCU(PUKALMIO COCTO-
AHUI MapKOBCKO# LIeNH, OCHOBAHHYIO Ha MOHATHAX 8038PAMHKOCMU U HEBO3-
8pAMHOCMU, NOAOKHCUMENbHOL 8036DAMKOCTIU U HYALBOL 8038PAMHOCTIU.

MHoxecTBO
BCEX COCTOAIHHH

BosspaThble Heso3BpatHble
COCTOAHUA COCTOSIHHS

MonoxurenbHbie Hynesbie
COCTORHHA COCTOSIHHA

Puc. 40. Knaccugukauua cocTosHuil MapKOBCKOH LeEMH MO acHMNTOTHYECKHM CBOJi-
cTBam BeposTHocTed pl.
5. Teopema 3. [Tycmo cocmosnnue j€E mapxosckoi yenu asasemca
8o3sepamuoim u anepuoduveckum (d(j)=1).
Tozda 0aa amo6ozo i € E
m _, fij
pij’ ===, n—oo. (25)
Bj
Ecau k momy e cocmonnus i u j coobwarouuecs (i < j), m.e. npu-
HaorexHcam OOHOMY U MOMY KHee HEPASAONCUMOMY KAACCY, MO

w_, 1

pij ' n—oo. (26)

[MpuBomMMOe HUXKe [OKa3aTeJbCTBO OYyNET CYIECTBEHHO OMUpaThbca Ha
yTBepXKIeHHe JeMMbl |, ABJAIOLIEACA OIHMUM H3 KJIOYeBbIX pe3yJIbTaTOB
«JIMCKPETHOM TeopuM BOCCTaHOBJeHUs». Ilo MOBoAy MHOroO JOKa3aTe/bCTBa
TeopeMbl 3, ocHOBaHHOrO Ha uiesx kanauxea (coupling, § 8 ra. III), cm.,
Hanpumep, [104], [105].

Jlemma 1 (0CHOBHasi 1eMMa «AUCKPETHOI TEOPHH BOCCTAHOBAEHHSA»).
Myemo = (g1, ¥2, ...) — anepuoduueckan (d(¢)=1) nocaredosameno-
HOCMb HeompuyameabHolLX 4ucel, 1o KOmMopoi cmpoumcs nocredosame-
AbHOCMb W= (U, U], ...) 8 COOMBEMCMBUU CO CACOYIOUUM DEKYPPEHIMHLIM
npasuaom: up=1 u 011 a060e0 n>1

Up=piUp-1 + p2Un-2+ ...+ @nlo. (27)
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Toeda npu n—

un—'ﬂl_l,

[e]
ede p=73 nep.
n=I
INo nosony noka3ateabcTBa 3TOM JeMMbI cM., Hampumep, [69, 1. 1, X111.10].

Hokazameavcmso meopemor 3. Tlyctb cHauana i = j. [TokaxeM, uto

(n) 1
S — — n— . 28
pPjj - (e 9] (28)

C a10il ueabto nepenuiiem dopmyay (11) (m1s i = j) B cnenyiolem Bune:

1 -1 2 -2 0
R Y N ™
rae nosaraercs p}(;) =1 u, oueBUIHO, f/ﬂ) = pj.;-). Ecau nonoxurs
()] _ s(®)
Up=Pjj ‘Pk—f;/ ) (30)

10 (29) nepenucoiBaeTcs B BUIE
Up=piln-—) + PoUp—2+ ...+ pnldo,

YTO B MOYHOCMU COBMNAJAET C peKyppeHTHOH (opmyiiof B nemme 1.
TpeGyeMblit pe3ynsrar (28) GymeT HenmocpeACTBEHHO BbiTeKaTb M3 yTBep-
XKIEeHUs 3TOil JIeMMbl, KaK TOJIbKO y6eauMcsa B TOM, uTo mepuon dj(j) nocne-
JOBaTeNbHOCTH ( f};), f}l?), ...) paBeH eduruye, eciiy (KaK 3TO NpeanoJoKeHo)
Neproj MOCJef0BaTeNbHOCTH ( p}?, pﬁ), ...) paBeH eduHuye.
370 B CBOIO OUEpe/b BLITEKAET U3 CJIeLYIOLLEero o6LLero yreep>KaeHHs.
Jlemma 2. [Jaa scakoeo jEE

HOL(n>1: p{? >0)=HOM(n>1: [} >0), 31)

m. e. nepuodw. d;(j) u d(j) cosnadaom.
Hokazameavcmso. Tlyctb
M={n: p§7)>0} n Mp={n: f}}')>0}.

[Tockonbky M; C M, T0
HOI(M) < HOL(My),
r.e. d(j) <ds(j)-
OGpaTHoe Xe HepaBeHCTBO BbITEKAeT M3 CJe/lyIOILEero CMbiC/ia BepOATHO-
creil pf.;') " /(7) n>1.
Ecau «yacTuua», Bbllieiias W3 COCTOSIHUA j, uepe3 7 11aroB oKa3blBaeTcs

CHOBA B 3TOM COCTOSHHH ( p};?) > 0), TO 3TO 03HauaeT, u4TO ee IBHXeHHe GblIO0
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TaKUM, YTO OHa U3 | B j 8nepsvie BepHynachb uepe3 k| luaros (f(k')>0),
3aTeM — uepe3 ko 1LAros (f/(f“’) >0), ..., uepes k; waros (f‘f') > 0).

3Hauut, n=Fky+ ko +... + k. qHCJIO d;(j) nenur ky, kg, ..., k; 1 moatomy
neaur n. Ho d(j) — nauboabuwee 3 Tex uucen, KOTOpble AeNsT Te n, Ads
KOTOPBIX P "')>O Tem cambiM, d(j) > dj(j).

Urak, (/(1) d(j), uto, MeXxxay MpOYHM, FOBOPHT O TOM, YTO NpH oOmpe-
geneHud nepuopa d(j) cocrosinusa j dopmynoit d(j)=HOLo(n>1: p(")>0)

MOKHO 6blJ10 Gbl NOJb30BaThes TakKe opmysoit d(j)=HOd(n>1: f(") >0).
Jlemma 2 nokasana.
[Mepeiinem Tenepb K n0Ka3aTeabCTBY cBOiicTBa (25) B cayyae i # j.
3anuiuem popmyay (11) B cnenyioweM Buze:

p=3" ™, ®
k=1

rlie MOJIOXKEeHO py) 0,!<0.

1 &, .
[TockoabKy 3nech p;;f) - "y, fi(/.k) < |, To no TeopeMe 0 MaxkopupyeMoH
i k=1
cxoaumoct (teopema 3 B § 6 ra. II)

llmz fPpi = Z £ lim pli~h = m Zf"”-—if,-,. (33)

k=1 k=1
N3 (32) u (33) nosmyuaeM, uto

llm p(") = f— (34)
Hj
T. €. CNpaBefJMBO yTBepXKaeHue (25).

HakoHew, ec/in Mbl MokKa)keM, 4TO MpH JONOJHHTENLHOM MpPEANONOKEHHH
iej (1.e i, j npuHaniexaT OOHOMY U MOMY Je HepasoXUMOMY Kjaccy
COOGILAIOLIHXCS COCTOAAHHI) BePOATHOCTL f;; =1, To u3 (34) Gyner crenosarb
" cBoiicTBO (26).

Cocrosinve j npeanosoxkeHo Bo3spaTHbIM. CliefoBaresbHO, MO yTBEpIKIe-
Huio a) Teopembl | Pi{X, =j 6.u.}=1. Tloatomy a1a Bcakoro m

P =Pi({Xm=}N{Xa =] 6.4} <
SZ P/{Xm =i, Xmp1FJy --os Xn—1 #J, Xn=j}=

n>m
_Z p(m) = m)_p/:n)f”' (35)

n>m
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rae npeanocsenHee paBeHCTBO eCTb CJIEACTBUE OGOGILEHHOT0 MapKOBCKOro
csoiictBa (cM. (2) B § 2).

B cuny Toro, uto £ — knacc coo6LialoOIMXCA COCTOAHHRA, Hadnerca m
Takoe, 4To p('") > 0. IToatomy u3 (35) 3akmouaeM, uto fi;=1. O

6. EcrecmeHHo copMy/IMpOBaTL aHaJOr MpHBeNEeHHOH TeopeMbl 3 U B
TOM CJlydae, Koraa nepuof d MHTepecYIOIEro Hac COCTOAHUA j MOXKeT ObiThb
npoussosbHLM (d = d(j) > 1).

CnpagsepnivBa cieflytolas

Teopema 4. [Tycme cocmosnue j € E napxosckoi yenu sganemcs 803-
spamnoim ¢ nepuodom d =d(j) =1, u nycme i — nexomopoe cocmosrue
u3 E (6oumo moacem, u cosnadarouee ¢ j).

a) lpednosoxwcum, umo i u j npunadiexmam OOHOMY U MOMY Xe
nepasroxcumony kaaccy C CE ¢ (yukauueckumu) nodkaaccanu Co, Cy, ...,
C4-1,3aHymeposarntoimu max, umo j€ Co, i €Cq,20ea€{0,1,...,d -1}, u
Osuscenue no Hum ocyuecmenrnemcs 8 yuxkauueckom nopsoke: Co— Cy —
—...—=Cy—...—»Cq_y = Cy. Tozda npu n— oo

(nd +a) i
Pij i‘i. (36)
b) B obwem cayuae, koeda i u j moeym npuHaAOAEHaAme PA3HbIM
HepasnAoICUMbIM KAACCAM, NPU N — 0O

p[(7d+a) # Z f(kd+a) (37)
! Le=0
0as 8cakoeo a=0,1,...,d - 1.

Hokasameascmso. a) Tlycrb cHauana a=0, T.e. i ¥ j npuHamIexar
OIHOMY M TOMY >Ke HepasJoxumomy kijaccy C u, Gosee TOro, npuHajexar
OIHOMY W TOMY »Ke LUHKJauueckoMy nozukaaccy Co.

PaccMoTpum nepexofibie BepOATHOCTH p,.(f). i, j€C, v N0 HUM MOCTPOUM
(B COOTBETCTBHH C KOHCTPYKLMAMH § 1) HOBY!IO MapKOBCKYIO Lenb.

s 3Toil HOBOM Lenu cocTosiHue j GyneT BO3BpaTHO H anepuoauuHo. Co-
CTOSIHUSA { W j ]IS 3TOH HOBOM LeNu ocTaHyres coobuaowumucs (i « j). Tem
caMbIM 1o cBoiicTay (26) u3 Teopembl 3

p(nd) 1 d _4
B> e S #

rlie nocjeaHee paBeHCTBO cJefyeT W3 TOFo, YTO f"’ =0 a4 Bcex [, He mensi-

LWIHXCA Ha d, U NO OTpeNeNeHUIO jj = 2 lf(’)



§ 5. KITACCUOHKALIMA COCTOAHWI MAPKOBCKHX LIEENEN 829

[pennonoxum Tenepb, uto dopmyna (36) nokasasa misa a=0,1, ..., r
(<d-2).
[To Teopeme 0 MaxopupyeMo#t cxoguMocTH (Teopema 3 § 6 rui. 1I)

)
d+r+1 d+
p:(7 = Z Pik p,(;; r)_‘)z p'k—j =
=1 k=1

Tem cambim TpeGyemas dopmyna (36) 6yner Beprau maa=r+1(<d - 1),
T. €. MO WHAYKUMM YCTaHOBJeHa crnpaseiiuBoctb ¢opMyabl (36) mia Bcex
a=0,1,...,d-1.

b) das no6uix i U j u3 E cnpaeepnuBa cienylowas dopmyaa (em. (11)):

nd+a

=SS I, o=,

Mo npennonoxenuio nepuon cocrosHusa j pased d. ITostomy p(”d"'a'k) 0,

3a UCKJIIOUEHHEeM JIMILb CJy4yaeB, KOFa k —a uMeet BUL rd. 3Haum

(nd+a) _ (rd+a) ((n—r)d)
PII=3 1 :

r=0

OTciona 1 U3 ycTaHoBJeHHOro cBoiicTBa (36), NpuMeHAs CHOBa TeopeMy O
MaXKOpHpYeMo# CXOAUMOCTH, MPUXOLHM K TpeGyeMoMy yTBepxkaeHuio (37). O

7. Kak 6bi10 oT™MeueHO B KOHue § 4, npH paccMOTpeHWH BOmpoca Kjac-
cHHKaUWH MapKOBCKHX lieneil Mo acUMNTOTHYECKUM CBOMCTBAM MepeXOAHbIX
BEPOSITHOCTEl MOXKHO OrPaHHUMBATLC PACCMOTPEHHEM JHLUbL anepuodude-
CKUX HepasAoxumolx yenelil.

PeayabraThl, H3J0XKeHHble B TeopeMax 1—3, B CYWIHOCTH, colepaT Bce
Heo6XoauMoe A5 NOJHON KAaccugukayuy Takux uene.

ITpensapurensHo NpuBeneM OIHO BCIIOMOraTe/bHOe YTBepXKAeHHe U3 uuc/a
Pesy/ibTaToB O TOM, UTO I HepA3A0KHCUMbLX LeNlell BCe COCTOAHNA OTHOCATCA
K OfHOMY M TOMY Ke («BO3BpaTHOMY» WM «HeBO3BpaTHoMy») Tumy. (Cp. co
CBOWCTBOM «OHOTHMHOCTH» B TeopeMe 2 § 4.)

Jlemma 3. [Tycmo E — nepasaoacumelil kaacc (coobuaroujuxcs cocmo-
anui). Toeda sce e2o cOCMOARUSL UAU MOALKO 8036PAMHbLE, UM MOALKO
HegoaspamHeie.

Hokaszameascmso. [lyctb y uenu ectb XoTs 6bl OAHO HeBO3BpaTHOe CO-
CTOfiHMe, CKa)keM, cocTosiHue i. [To Teopeme | Z p(") < oo.

[Tycts Tenepb j — kakoe-To npyroe cocrosinue. B cuny Toro, uto E —
Hepas/oKUMbI KJiace cooGLIAIoWKXCs COCTOAHUM (i « j), HalimyTca Takue R
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u [, uto p,.(l’.’) >0u p%) > 0. Ho Torna M3 OueBHIHOrO HepaBeHCTBA

(n+k+0) (k) (m) (
Pii 2 Pij P,',')Pji)

(n+k+1) (k)
> e e 30 Pl
n n

ciefyer, uTo

ITo npeanoJioxeHHI0 Zn: p,(," ) < 00 u k, | TaKoBl, u4To p}]’.’) pff) > 0. 3Hauwr,

; p;-'/-') < oo.

B cuny yrBepxuennsi b) Teopembi 1 oTciona ciienyer, uto coctosiHue |
TaKKe HeBO3BpaTHO. VIHaue roBOps, e/ Yy HepasJoXMMOW uenu Xots Gbl
OJIHO COCTOsIHUE aBJisieTCA HEBO3BPATHbIM, TO TaKUM >Ke 6yne1‘ U moboe Apyroe
COCTOSIHHeE.

MycTb Teneph i — BO3BpaTHOE cocToAHHe. [lokaxeM, yto Tora u Bee
ocTasibHble COCTOsIHUSI BO3BPATHLI.

[Mpennenoxum, uto (B IOMoOJIHEHHE K BO3BPATHOMY COCTOSIHHIO i) €CTb XOTA
6bl OLHO HeBo3BpaTHOE COCTOsiHHe. Torza mo yxe nOKasaHHOMY BCe Lpyrue
COCTOSIHHSA TaKXKe NOJUKHBI GbITb HEBO3BPATHBIMH, Y4TO MPOTHBOPEUHT Mpenro-
JIOXKEHHIO, UTO [ — BO3BpaTHOE COCTOSIHHE.

Tem caMbiM Hasuune xoms 66t 00HO20 BO3BPATHOFO COCTOSIHHA aBTOMAaTH-
yecKH BJleyeT TO, UTo BCE OCTaJIbHbl€ COCTOAHHS (y Hepa3J0XHMOI1 LienH) ToXKe
BO3BPATHbI. O

Peayuibrar 3Toit JleMMbl IOHOCTBIO ONPaBIbIBaeT Ty (OGILENpPHHATYIO) Tep-
MHHOJIOFHIO, KOTIa 0 HEPA3JIOXHMbIX LeNsX (2 He TOJbKO 06 OTHENbHbIX CO-
CTOSIHHSAX) FOBOPAT, YTO OHH «BO3BpATHLIE», «HEBO3BPATHbIE».

Teopema 5. [Tycmb MAPKOBCKAA yenb cOCMoum u3 00Ho20 Hepa3ao-
wumozo xaacca E anepuoouseckux cocmosanui. [aa maxoi yenu peasu-
3yemcs AuULb MOAbKO 00Ha u3 caeay:ou;ux mpex 803MONCHOCMEN.

(i) Llens nesosspamHa. B amonm cayuae 0aa scex i, j EE

; (n) _
ll}l'n pi; =0,

npuvem cxooumocms K HYAO docmamouHo «6ucmpaﬂ» 8 MOM CMblcae,
4ymo
(n)
> P <oo.
n

(ii) Lleno so3gpamnas u Hyresas. B amom cayuae makice 0ra scex
i,jeE
: (n) _
|l’l;n Pij =0,
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HO €X00UMOCmMb 0OCMAMOUHO «<MEONCHHAA» 8 MOM CMbICAe, YMO
(n) _
2 Pl

u cpedHee 8pems ij nepeo2o 8036PAU4EHUS U3 | 8 j PABHO becKOHeuHO-
cmu.

(iii) Lleno sozspamuasn u nosoxcumensunasn. B amom cayuae 042 scex
i,jeE

l|m (")——>0
Pi =4

ede pj — cpedHee spems 8038PAUEHUA U3 | 8 [, KOMOPOE KOHEUHO.
Hokasameabcmso. YtBepxKaeHus B (i) Z1oka3aHbi B TeopeMe | b) u Teope-
me 2. YtBepxkaenus B (ii) u (iii) BbITekaloT HemocpenCTBeHHO U3 TeopeMbl | a)
1 Teopembl 3. O
8. OGpatumcs K Clyyalo KOHe4HblX MAPKOBCKUX yenell, T.e. clydaio,
KOTJIa MHOXXECTBO COCTOSIHHI £ COCTOUT U3 KOHE4HOe0 YhCa 3JIeMEHTOB.
OkasbiBaercs, UTo B 3TOM cJjyyae W3 Tpex Bo3MoxHocreil (i), (ii), (iii) B
TeopeMe 5 UMeeT MeCTO TOJIbKO TPeTbsl.
Teopema 6. [Tycmo Koneunas mapkosckas yenov A8AAemcs Hepas3no-
aumol u anepuoduueckoi. Toeda makas yeno 6ydem 8038pamHol U

o . 1
noaoxumenstoi. [1pu smon lim pfl'.') = >0.
i

Hokazamenscmso. Ilpennonoxum, uto uenb Heso3spatHa. Torma ecau
YUCJIO r COCTOSIHMIA Lenu KoHeuHo (E ={1, 2, ..., r}), To

lim ‘: pi; Z lim p(”). (38)

j=1 j=1

JleBas uactb, oueBMaHO, paBHa eauHuue. Ho npeanoJioxkeHue HeBO3BPaTHOCTH
BJleyeT 3a co6oii (corsacHo (i) TeopeMbl 5) To, UTO MpaBas YacTb paBHa HYJIO.
IMoayueHHOe MpoTHBOpeYHe UCKIIOUAET MEPBYIO BO3MOXHOCTb B TeopeMe 5.
[TycTb Tenepb COCTOSAHHUS LieMH BO3BpaTHbIE.
B cuny Toro, uTo Mo yTep>KAEHUIO TEOpeMbl 5 OCTAUCh JIHILb [Be BO3MOXK-
Hoctu ((i) u (iii)), Hamo y6emuTbCs B TOM, YTO BO3MOXHOCTb (ii) HcKJiouaercs.
Ho nockonbky B 3TOM cayuae li)ln p,.(;" =0 01 Beex i, j € E, T0 TaK Xe, KaKk U B

CJlydae HeBO3BPATHLIX COCTOSHUI, UCNOJbL3Ys (38), NpUXOAUM K NPOTUBOPEUHIO.
Tem cambiM octaeTtcs JuLLb TpeTbs BO3MOMHOCTD (iii). a
9. 3apaum.
1. PaccmoTpuM HepasnoxHMYIO Lielb C MHOXKeCTBOM cocTosiHuii 0, 1, 2,
Ins Toro uto6bl oHa Gbl1a HeBO3BpaTHOM, HEOGXOAUMO H LOCTAaTOYHO, YTOGHI
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cHcTeMa ypaBHeHu# uj =) u;p;j, j =0, |, ..., uMena orpaH1ueHHOe pellieHue

]
TaKoe, uto ¥; #¢, i=0, 1,

2. Jlast Toro uToGbl HepasJoXhMasi Liellb ¢ MHOXKeCTBOM cocTosiHuit 0, 1,
6bl1a BO3BPATHOM, HOCTAaTOYHO CYLLECTBOBAHMA TAKOW MOCJEL0BATE/NbHOCTH
(4o, uy, ...) ¢ uj > 00, i — 00, uto aaq BeexX j#0 u; > u;pij.

[

3. Ins Toro uto6bl Hepasnoxumas Lemb ¢ cocrosHusmu O, 1, ... Gbuia
BO3BPaTHON M MOJIOXKUTENLHOH, HEOGXOLMMO M JIOCTaTOYHO, YTOGLI CHCTeMa
ypaBHeHuil uj =3 u;pij, j=0, 1, ..., UMesla He TOX/AECTBEHHO paBHOE HYJIO

i
pelleHHe, A1 KOTOPOro . |¢;| < oo.

1
4. PaccmarpuBaeTtcsi MapKoBcKas uenb ¢ coctosiHuamu O, 1, ... u mepe-

XOIHbIMH BEpPOATHOCTAMH
poo=ro, Por=po>0,
pi>0, j=i+]1,

riz0, j=i,
Pij= ..
qi > 0, j=i—1,
0 B OCTaJIbHBbIX CJlyyasx.
[Mycts po=1, pm= %"“—qp'”. JlokasaTb crnipaBeJIMBOCTb CJeyIOLLMX yTBep-
1+++Pm

XKIEHUi:
uensL BO3BpaTHa <> Z Pm =00,

uenb HeBO3BpaTHa <« Z Pm < 00,

PmpPm

1
Uenb NOoJIOKUTebHasA < Z Pm =00, Z < 00,
uens HyJeBas <« =00,
Y D Pm > oo
5. IToka3satb, uTo

ftk ft/f/k'
sup i}’ < fij < Zp‘"’-

n=1
6. ITokasatb, uto ans 060N MapKOBCKOH LeMH CO CYUETHbIM MHOXKECTBOM
COCTOSIHH BCeria CyLIecTBYIOT Mpefebl LI p"’) 8 cmbicae Hezapo:

z p(k)

k=1
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7. PaccmartpuBaercs mapkoBckasi uenb &o, &1, ... € Epp1 = (€6)T + Mot1,
k>0, roe m, 12, ... — NOC/ENOBAaTE&NILHOCTb HE3aBUCHUMBIX OJUHAKOBO pac-
npefeNeHHbIX cydaiiHbiX BelHunH ¢ P{n, =j}=p;, j=0, |, ... Boinuwmure

MaTpHULY MepeXoHbIX BEPOSATHOCTEN U MOKaXKHTe, 4To eciid po >0, po+ p1 < 1,
TO LeMb BO3BPATHA TOTAA W TOJLKO TOrda, Korma » . kp, < 1.
k

§ 6. O npeaenbHbIX, CTALMOHAPHBIX U IProJHYeCKUX
pacnpeaejeHusX AJs CHETHbIX MapKOBCKHX Lienei

1. HauHem c onHoro obuiero pesysbraTa, XOpOLUIO NMPOSICHAIOLLErO Mpex-
lle BCero cBfi3b Mexuay npedeavHoimu 3Hauenuamu Il=(m, mo, ...), Tie

—1 (), _ =
mj=lim p;;’, i=1,2, ..., u cmayuonapuomu pacnpedeseruany Q=

=(q1, 92, -..).

Teopema 1. Paccmampusaemcs MapKoscKas yeno cO CHenmHolm MHO-
acecmsom cocmoanuti E={1,2, ...} maxas, umo ee nepexoOHvie sepoam-
rHocmu pij, i, j € E, maxosot, umo cywecmeymm npedeast

_hm p” , JE€E,

He 3aeucnu4ue om Ha'ta/lbﬁtbtx cocmosnuil i € E. Toeda

(a) EI <1, E T pij="7j, jEE;
/—

o0
(b) umeem mecmo arvmepnamusa: aubo ) w;=0 (u, 3nawum, sce

00 j=1
7;j=0, j€E), abo ) wi=1,;
=1
(c) ecau Z 7j=0, mo y Map:coec:coﬁ yenu omcymcmayom cmayu-
=
OHapHble pacnpedeserus;, ecau e Z nj=1, mo sexmop npedenvHoix
j=1
3nauenui M= (my, o, ...) 06pasyem 042 amoii yenu cmayuoraproe pac-
npedesenue u Opyeux cmayuoHapHolx pacnpedesenui y smoi yenu yice
He cywecmsyem.
Hokasameavscmso. VimeeM

Z mi= Z lim p(”) f: pl(;” )

j=1
v s mobuix jEE, REE

e o]
Z i pij = Z lim pipij <lim 3 pff pij =lim pii* =m;. (@
i=1

i=l i=l
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3ameuatne. Ilose3Ho oTMeTHTb, UTO BO3HMKILMe 3[leCb HepaBEHCTBA M
HWXHHe npeliedibl, KOHEUHO JKe, ABJAIOTCS CAEACTBHAMU «JeMMbl Paty», npu-
MeHseMOH, MpaBla, He K TOMY CJyuyalo, Koria uHrerpan JleGera onpenensiercs
no seposmunocmroi Mepe, Kak B § 6 ra. I, a k Tomy cayuaio, Koraa uHTerpu-
poBaHHe BelleTCA M0 o-KOHe4HOoU (HeoTpHUATeNbHOH) Mepe.

Hrak, BekTop npenenbHbix BepostHocTell [I= (), m9, ...) o6nanaer cie-
IYIOLUMMH CBOWCTBaMH:

) o0
Zﬂ'/‘Sl H Emp,’jgﬂ'/’. jEeE. 3)

[MokaskeM, uto B MoC/e[HEM HEPABEHCTBE Ha CaMOM ieJie HMeeT MecTo paBseH-
CTBO.
[TycTb nns Hekotoporo jo € E

oo
E i Pijo < Tjy- 4)
i=l

Torna

oo (o o) [o <] o0

Zm>Z S mpi =2 M) pi=3

j= j=1 \i=l i=l j= i=l
)
['lonyquHoe NMpoTHUBOpeUYHe MOKa3biBaEeT, UTO Z Tipij =T;j. Bmecte ¢ Hepa-
=

BEHCTBOM Z 7 < 1 310 NOKa3bIBaeT CBOKCTBO (a).
j=1

o0
Jlns nokasatenbcTsa (b) 3aMeTHM, UTO U3 COOTHOLLEHUA D m; Pjj =T; UTe-
i=l
pauuaMH noJyuaem, 4to s Jo6oro 7 2> 1 u ao6oro j € E

o]
> mipi =

i=l
Orcioga no teopeme JleGera o MaxkopupyeMoi cxomumoctd (teopema 3 § 6
. 1)

[ <]

'_hm Z 7r,p(") i i |i'lle p,-(l'-’)= z m |7,

i=1 i=l i=l

oo
mj I_Zm =0, jEE,

i=l
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H, 3HAYMT, (§ 1r,-) (1 —§ 1r;) =0. Tak uto a(l —a)=0 c a=§ mi, W

j=1 i=1 i=l1
nostomy Wi a=1, unn a =0, uTo ¥ KOKa3sbiBaeT yTeepxKaeHue (b).
Ins nokasareabcTsa (c) npeanoJioxxum, uto Q=(qy, go, ...) — Kakoe-To

00
cTaunoHapHoe pacnpesenenue. Toraa Y g; pf}') =@; ¥ N0 TeOpeMe 0 MaXopH-

i=
o0
pyeMoit CXOAUMOCTH (E q,~>1r,- =gq;, jEE.
i=l

(o)

TosToMy, eciu Q — crauoHapHoe pacnpesesenue, 0 Y ¢; =1 u, caeno-
i=1

BaTe/bHO, HeOGXOAUMBIM 06pPa3oM 3TO CTaLHOHapHOe pacnpeneseHue LOJIKHO

(o)
6bITb TaKHM, uTO §; =m; Ans Bcex j € E. Tak uto ecam ), 7 =0, To He MOXeT
o) j=1
BBIMOJIHATBCA CBOHCTBO D ¢; = |, W, 3HAUHT, B 3TOM CJlyyae CTaLMOHAPHOTO
i=l
pacnpeieieHHs HeT.

[o <}
Cornacho (b), ocraercs eue Bo3MoXHOCTb . mj=1. B 3tom cayuae,
j=1
coryiacHo (a), Il=(m, 7o, ...) caMo ABNSeTCA CTALMOHAPHLIM pacrnpeeieHieM
M U3 M3JIOXKEHHOro Bbille cJjeayer, 4To ecau Q — kakoe-To apyroe crauuo-
HapHoe pacnpene/ieHHe, TO OHO JOJKHO coBnagath ¢ I uTo M KoKa3biBaeT

o0
eIMHCTBEHHOCTb CTALHOHAPHOrO pacnpernelieHus B caydae y. m;j=1. O
=1
2. Teopema | maer docmamouHoe ycloBHe CYLLECTBOBaHHA (K TOMY Xe
e[IMHCTBEHHOr0) CMAYLUOKAPHO20 pacnipefiesieHds. DTO yCIoBUe 3aKJoyaercs
B TpeGoBaHHUH, 4TOGLI 1)1 Beex j € E cywecmsosasu npefenbHble 3HaueHUs
T =li'§n p,-(/'-'), He 3aBHcsLme oT i € E u nputoM Takue, uto 7; >0 xoTa Gbl A1A
00HO20 cocTosHuA jEE.
B To ke camoe BpeMs GoJiee OOLLIMII BONPOC CYujecmeosarus npeneios

lim p,.(;') IOBOJIbHO JieTalbHO Obll1 M3yueH B § 5 ¢ npusjeueHHeM TakuX «BHY-

TPEHHHX» CBOWCTB Lleneil, KaK HepasJoXKMMOCTb, MePHOAHYHOCTb, BO3BpaT-
HOCTb H HEBO3BPATHOCTb, MOJNIOXKHTENbHAA U HyJleBas Bo3BpaTHoCTb. [TosTomy
ecrecTseHHO cOPMYJIMPOBaTh YCJOBHA CYLLECTBOBAHHS CTAaUMOHAPHOTO pac-
npeneseHHs UMEHHO B TEPMHHAX 3THX «BHYTPEHHHX» CBOWCTB, OMpelesieMblX
CTPYKTYpOil MaTpHLbI MepeXoAHbIX BeposTHOCTel p;j, i, j € E. TlonatHo Tak-
Xe, UTO ec/d B 3THX TepMUHaX OYNyT yKa3aHbl YCJOBHf, MPH KOTOPLIX 8Ce
npegnenbHble 3Hauedus m; >0, j € E, To B COOTBETCTBHU C onpelesieHHeM (CM.
ceotictso C B § 3) sekrop Il=(m}, mo, ...) 6yneT 06pa3oBbIBaTb 3p20duHecKoe
NpefiesibHOe pacnpeleseHHe.
OtBeTbl Ha 3TH BOMPOCHI JAIOTCA B CJEMYIOLUX IBYX TeopeMax.
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Teopema 2 (¢OCHOBHas TEOPEMA O CTALHOHAPHBIX PACNPENETEHUAX).
Paccmampusaemcs MapKOBCKAS Yenb CO CHeMmHbLM MHONECMBOM COCMO-
anui E. JIas cyujecmeosanus eOuHCmseenro20 CMayuoHaprozo pacnpe-
Oesenus Heobxo0umo u docmamo4ro, 4mobot

(a) cyuyecmeosas 8 MoUHOCMU 00U HePAZAONHUMBLE NOOKAACC U

(b) ce cOCMORARUA boiau NOAOHUMELLHO BO3EBPAMHL.

Teopema 3 («OCHOBHas Teopema 06 3ProaMYecKHX pacnpeneneHu-
fAX»). Paccmampusaemcs MapKoBCKAS yenb CO CHEMHbLM MHONCECTBOM
cocmosHul.

JIrs cyuyecmeosanus apeoduueckoeo pacnpedenrerus Heobxooumo u
docmamo4ro, 4mobbl yens A8444aCb

(a) nepa3aoxcumot,

(b) nosoxumesbro 8038pamHoil u

(c) anepuodu4eckoi.

3. Jlokasameabcmso meopemo. 2. HeobxoOumocme. Ilyctb paccmar-
puBaeMas LieMb UMeeT H NIPHTOM eIHHCTBEHHOE CTAUMOHApHOe pacrpelieliette,
KoTopoe 00603Ha4HM Q. INMokaxkeM, uTo Torna B MHOXKeCTBE cocTosAHui E noJ-
JKeH HaBTHCb U MPUTOM e[IMHCTBEHHbIH MONOXKHTENbHO BO3BPaTHBIN MOAKJACC.

O60o3nauum uepe3 N MOTeHUHAJbHO BO3MOXKHOE YHCJIO TaKUX MOAKJIACCOB
(0N <)

Mycmo N =0 u j — HekoTopoe cocTosiHie U3 E. [10CKo/MbKY MONOXKHUTENBbHO
BO3BATHbIX KJIACCOB HET, TO COCTORHHUE j MOXeT GbiTb N HeBO3BPATHLIM, UK
JKe HyJIeBbIM BO3BPATHbLIM.

B nepBoM cilydae U3 TeopeMbl 2 § 5 ciienyer, uto st Beex i € E npepenn
lim pi‘/’.’) CYLLECTBYIOT H PaBHBI HYJTIO.

Ho ¥ BO BTOPOM CJlydae 3TH Mpefesibl TaKxKe CYLIeCTBYIOT H PaBHbI HYJIIO,
yTo celyeT M3 cBoiicTsa (37) B § 5 1 Toro, uTO pj = 0O, MOCKOJLKY COCTORAHHE
j sIBNSieTCS! HYJIEBbIM BO3BPATHBIM.

Wrak, B caysae N =0 npexenst m; =lim p{?) cymectsyior s seex i, j € E
M paBHbl HYJIO. [TosToMy no yrtBepkzeHuio (c) Teopembl | B 3TOM ciyyae
HeT CTALMOHAPHBLIX pacnpele/ieHHid H, clefloBaTenbHo, 3ToT caydait N =0 uc-
KJIloyaeTcsl MPELNoJIOKEHHEM Cyuyecmae08anus CTauMOHapHOro pacnpenee-
nus Q.

Mycmo meneps N =1. O603HaUMM €LMHCTBEHHDIA MOJOXKHTENbHO BO3-
BpaTHbIii K1acc uepes C.

Ecau nepuoz atoro kiacca d(C) = 1, To, cornacHo csoicTsy (26) B Teope-
me 3 § 5,

(n) -1
pij" = u;, n—oo,

s Beex i, j € C. Ecm xe j € C, 10 310 cocTOAIHHE HEBO3BPATHO M TOTA MO
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cporicTBy (21) B Teopeme 2 § 5
p[(;l) 0' n— wv

ana Beex i €E.
[TonoKuM
-1 .
1 (>0), ecau jeC,
q;= {g, (>0) / (5)

ecu j¢C.

Torna, nockosibky MHOXecTBO C # &, To no TeopeMe | Ha6op Q=(qy, g2, ...)
o6pa3syeT edurcmsenHHoe CMayuoHapHoe pacnpedeserue, v, clieloBaTellb-
Ho, Q=Q

IMpeanonoxum Tenepsb, uto nepuon d(C) > 1.

IMycets Cy, Cy, ..., C4—) — UMKANYECKHe NoAKAACCHl (MOJOXKHTENbHO BO3-
BparHoro) kaacca C.

OTHOCHTE/ILHO MaTPHLbl NEePEXOAHbIX BEPOATHOCTE! p, i )i, j € C, kaxnplii
u3 noaknaccos Cp, k=0, 1, ..., d — 1, ABAsieTCs BO3BPaTHLIM M anepHojuye-
ckum. Torna, eca i, j € Cp, T0, corniacHo dopmyae (36) u3 § 5,

d
pij 'u—/ >0.
[TosTomy Ha Ka)KIlOM MHoxecTBe Cp Ha6op {d/u;, j € Cp} oGpasyer (omocu-
TeJIbHO MaTpHlLibl p, , i, j € C) eIMHCTBeHHOE CTauMOHapHOe pacnpelelienne
(B cuny cBoiicTBa (b) TeOpeMbl 1).
Orciona, B 4aCTHOCTH, CJELyeT, UTo 4_ I,te Y —=
J€Ce Mi i€Ce Hi
[Tonoxum
_Juit jeC=Co+...+Cymy, ©)
=0, jec,
M MOKaXkeM, 4To A1 UcxoaHoil uenu Ha6op Q=(q;, g2, ...) o6pa3yeT enuH-

CTBEHHOE CTaLUHOHapHOe pacrpepelieHye.
B camom nene, ecan i € C, T0o

(nd) __ (nd—l)
Pi; Z Pij Piji-
jec
Torna, kak u B (1), HaxomuM, uTO

d d d—1 d
o =lim pi =Y lim p Vpi=Y" o Pii
g jec jeC /

syt 4

jec ¥

H, 3HauwT,
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Ho
e | -1
iec M w0 \iec, ™ k=0 d

Tak xe, Kak ¥ B IoKa3sarteibcTse TeopeMbl | (cM. (3) u (4)), us (7) u (8)
BLIBOAMTCS, UTO Ha caMoM ziesie B (7) MMeeT MeCTO 3HAaK paBeHCTBa:

1 1
=% L 9
i #/p’ ©)

j€c

Mockonbky ¢; = ;' >0, To (9) nokaswisaer, uto Ha6op Q= (g1, g2, -..)
o6pa3yer CTalUMOHAapHOE pacnpelesieHde, B CHIY TeopeMbl | enuHCTBEHHoe.
Cnenosartenbho, Q =Q.

ITycme, naxouey, 2 < N < oo wiu N =o0o. O603HauuM COOTBETCTBYIOLLIHE
MONOXKHTENbHO BO3BpaTHble Moaknacchl uepes C!, ..., CV, eciu N <oo, u
C', C?, ..., ecniu N =o00.

Mycrs @ = (g}, g4, ...) — craunonapHoe pacnpenenenue ans knacca C*,
nocrpoeHHoe no gopmyie (cp. ¢ (5), (6))

v Jui'>0, jeck
q; =

0, j¢Ck
o0
Torma anst MOGLIX HEOTPULATENLHBIX YUCEN @, A2, ... TAKHMX, 4TO Y ap =1
k=1
(ay41=...=0, ecin N <o), Habop a;Q'+...+avQV + ... Gyner, oue-

BUIHO, 06pa30BbIBAThL CTaUMOHapHOe pacnpefeseHde. TeM caMbiM aonyileHue
2 < N < 0o NPUBOINT K CYLLECTBOBAHUIO KOHMUHYYMA CTaLLMOHAPHbIX pacnpe-
IeJIeHUil, YTO MPOTHBOPEUHT CHENAHHOMY MpPENMNoJIOKEHHIO O eIUHCTBEHHOCTH
CTaUMOHAPHOro pacnpenesieHus.

Hrak, npoBeleHHOe NOKa3aTeqbCTBO MOKa3biBaeT, YTO BO3MOXKEH JIHLUb
cayuait N =1. MHaue rosops, cywjecmeosanue (eOurcmeerno2o) cmayu-
OHAPHO2O pacnpeleserus BJeueT HaJHuMe Y LENH 8 MO4HOCMU OOHO20
HepasAoIcumMoeo KAacca, cocmonaueeo U3 noAOIUMENbHO B036DAMHBLY
cocmosnnui.

Hocmamourocmo. Ecan y uenu cyliecTByeT Hepas/oXHMbi Moaxjacc
MOJIOXKHTE/bHO BO3BPATHbIX COCTOSIHHM, T. €. MMeeT MecTo caydai N =1, To
TOT[Aa H3 MpeLIeCTBYIOLMX PACCMOTPEHHI BbITEKAIOT (B CHJY YTBepXKIeHHUS
(c) TeopeMbl 1) u cymecTBOBaHHe, H eIMHCTBEHHOCTb CTaLMOHAPHOrO pacrnpe-
IeIeHus.

Tem cambIM TeopeMa 2 MOMHOCTBIO JIOKa3aHa. O
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4. [lokasameabcmso meopenes 3. Ilo cyuiecTBy, Bce HeoGXoauMoe s
3TOTO 10Ka3aTe/lbCTBA COLEPXKHMTCH B TeopeMe 2 W pacCMOTpPeHUAX MpU ee
JIOKa3aTe/bCTBe.

Hocmamournocme. Ecan nonb3oBatbcss 0603HauYeHUMH U3 JIOKa3aTelib-
CTBa TeopeMbl 2, TO Mo yc/aoBUAM TeopeMbl Mbl UMeeM N =1, C=E nd(E)=1
(anepuomnuHocTsb). Toraa u3 paccMoTpeHuil «ciydas N = 1> B nokasaresbcrae
TeopeMbl 2 cienyet, uto Ha6op Q=(q, g2, ...) ¢ ¢g; =p,i". j € E, o6pasyer
OIHOBpPEMEeHHO CTalHOHapHOe W 3proaHyeckoe pacnpeneseHue, NOCKONbKY BCe
pr' <oo, j€E.

Hrak, cywecrBoBaHue sproauueckoro pacnpepenenus II=(w, mo, ...)
ycraHosJieHo (II=Q).

Heobxodumocme. Ecnn cywecrByer sproauueckoe pacnpegeneHde M=
=(my, mo, ...), TO, COrIacCHO TeopeMe 1, cyllleCTByeT M €IMHCTBEHHO CTalM-
oHapHoe pacnpeznesenue Q, cosnapaiouiee c I

M3 yreepxkieHus TeopeMbl 2 (M ee 10Ka3aTeNbCTBA) CJELyeT, UTO CJydau
N =0 u 2< N < o0 He MoryT peaiusoBarbes, W, 3Hauut, N =1 u cyuecrsyer
JIMLIb OMH HepasNoXuMbiil kjiacc C, COCTOSIMA H3 NOJIOXKHTENILHO BO3BpaT-
HbIX cocTtosinuii. Bee, uto ocranoch caenatb, Tak 3To nokasatb, 4to C=FE u
d(E)=1.

Ecau npeanonoxuts, uto C # E n d(C) =1, To ondarb e U3 pacCMOTpeHHs
«cnyyas N = |» B 10Ka3arte/bCTBe TeopeMbl 2 BbiTeKaso Gbl, UTO CYILECTBYET
cocrosinue j € C Takoe, uto p,fl'-') — 0 mas Beex i € E. D10, 0HaKO, BCTyNaeT B

MpOTHBOpeuHe ¢ TeM, uTo ; = lim p,.(/'.')

Takum o6Gpa3oM, B ciyuae d(C)=1 umeem C=E u d(E) =1 (anepuoauu-
HOCTb).

Hakoneu, ecan C #E u d(C) > 1, To onsiTh e U3 pacCMOTPEHHH «cJayuas
N =1» B TeopeMe 2 caieryer, 4To TOra HMeeTCs CTalMOHapHOe pacnpesesieH’e
Q=(q1, g2, -..), y KoTOporo Hekotopble §; =0, YTO NPOTUBOPEUHUT TOMY, UTO
Q=II, a M= (m, 7, ...) — 3proaHueckoe pacrpejejeHue, y KoToporo (mno
onpenenennio) sce 7; >0, jEE. O

5. ITo camoMy onpeneJieHHI0 CTaLMOHApPHOrO (MHBapUHaHTHOrO) pacnpeje-
Jewnsa Q=1(q, g2, ...) 3TOT HaboOp NOAYUHAETCSA YCIOBUAM

>0 gnascex i€ E.

g;>0, jeE={1,2, ...}, Zq,:l (10
M MPH 3TOM JOJDKHBI GbITb BbIMOJIHEHbl YpaBHEHHs

(e <]
9;=)_aipij, j€E. (11)

i=l1
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[To-npyroMy MoXHO cKa3aTb, 4TO CTaLMOHapHoe pacnpenesieHde Q=
=(q1, g2, ...) ecmo 0OOHO U3 pewleHuti CUCTEMbl YpaBHEHHUH

oo
xj=)_ xpij, Jje€E, (12)

i=l

NOUHHAIOWHXCA yCNOBUAM Heompuyamesvorocmu (xj >0, j € E) n nHopmu-

o0
posarnrocmu (Z Xj= l).
j=1 )
Ecnu BbInosHeHb! ycn0BHA TeopeMbl 3, TO CTalHOHapHOe pelleHHe Cyllle-
CTBYeT W fB/AETCA B TO Xe caMoe BpeMs 3proauyeckuM. [Tosromy no cpoii-

cTBY (C) TeopeMbl | MOXKHO yTBEpXKAATh, UTO Y cHcTeMbl (12) B Kaacce nocneno-

o0

BaTeJbHOCTed X =(x1, X2, ...) ¢ xj 20, jEE, u ) x;j=1 peluenne cyuiecTyer
j=!

 eIMHCTBEHHO.

Ha camom nene MoXHO yTBepxKaaTh HEeCKOJIbKO GoJibllie. A UMeHHO, 31ech
TaKXKe BhIMONHEHbl YCIOBHS TeOPeMbl 3 U, C/eJoBaTe/bHO, CYILECTBYET 3pro-
Iuueckoe pacnpenenenue Il= (my, mo, ...).

PaccMoTpim B 3TOM MpenmnosioXXeHHMH BOMPOC O CYLIECTBOBAHWUW pellie-
Hus y cucremnl (12) B (60osee mupoxOM) KJacce nocnenosaTeanocreﬁ

x=(x, x2, ...) Takux, uto x; ER, jE€E, Z |xj| <ocowm 2 xj=1. [Tokaxem,
j=1 j=l
4YTO B 3TOM KJacce pellieHHe eNMHCTBEHHOe M UM SBJSeTCH 3profuueckoe
pacnpenenenue I
JeiicTBUTENBHO, €CNH X = (X, X2, ...) — pelleHHe, TO, NOJb3ysCb TeM, UTO

(o]
ZI |xj| < oo, nosyuaem cienyiolLyio LENOYKY paBeHCTB:
/=

(e <] (o o] [e.<]
Xj =Z xipij=z Z Xk Pki | Pij =

4 ] n n
=Z Xk Z Pki Pij z xkpm _Z xkp(")
k=1 i=l1 k=1

s qoboro n > 1. Tlepexons K npeneny no n— oo, OTCIOAa HaxoouM (no
(o)
TeopeMe 0 MaXXOpPHpPYeMO#t CXOIMMOCTH), UTO X = (Z x,,) mj, rae wj=lim p("’

o0

ana mo6oro k€ E. Tlo npeanonoxennio ., xp=1. Mostomy x; =mx;, j€E,
k=1

4TO M Tpe6oBANOCH 0Ka3aTh.
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6. 3apauu.
1. PaccMoTpeTsb BONpoC 0 CTaUHOHAPHbIX, NMpelesibHbIX, IprofMueckux pac-
npefeNeHuaX JJIsi MapKOBCKOW LeNH C MaTpHied nepexoHbiX BeposTHOCTell

1/2 0 1/20
P= 0 0 0 1
114172 1/40
0 1/21/20
2. MNycts P=|| p;j|| — koHeuHas nBaXAbI CTOXacTHYecKas MaTpuua (T. e.
m m
S pij=lmai=1,...,omu ) pij=1nma j=1, ..., m). INokasars, uto
j=1 i=l
LJIsl COOTBETCTBYIOLLEH MAapKOBCKOM LIEMU CTaLMOHAPHLIM pacrnpefiesieHHeM siB-
asercsi Bektop Q=(1/m, ..., 1/m).
3. IMycTb X — MapkoBcKas uenb ¢ AByMs coctosHuAMH, E ={0, 1}, u mar-

. . a l-a
puLeii mepexolHbIX BeposiTHocTed P = ( -8 B ) O<ax<l, 0<g<].
HUccnenosath BOMpoC 0 npefeibHbIX, S3ProIMyeckux W CTaUHOHapHBIX pacrpe-
JeNeHUsAX LIt 5TOH ueny.

§ 7. O npeaenbHbIX, CTALLHOHAPHbIX U 3ProHyeCcK1X
pacnpejejeHUAX AJS KOHEYHbIX MAPKOBCKHUX Lenei

1. CornacHo teopeme 6 § 5, Bcsikasi HepasioXuMas M anepuoauueckas
MapKOBCKasl LeMb ¢ KOHeUHbIM MHOXKECTBOM COCTOSHHUI! ABJIAETCSA MOJOXKHTEb-
HO BO3BpaTHOMN. DTO 06CTOATENLCTBO AaeT BO3MOXHOCTb MPHAATL TeopeMe 3
u3 § 6 caenyiouyto popmynuposky. (Cp. ¢ sonpocamu A, B, Cu D B § 3.)

Teopema 1. Paccmampusaemca mapkosckan yeno X =(Xg)p>0 € KO-
Heurnvim mHONecmseom cocmoanui E={1,2, ..., r}, komopas asinemcs
Hepasaoxcumoi u anepuoduyeckoi.

Hmerom mecmo caedyowjue ymsepicoeHus.

(a) ITpu scex j € E cywecmsyiom npedenvroie 3HAYEHUR T| =lim p}l'-').

He 3asucawue om Ha4asbHo20 cocmoanus i € E.
(b) Mpedesvnoie snauenus M= (m, w9, ..., ;) 06pasyrom pacnpedene-
r
Hue sepoamnocmeii, m.e. m; 20u ), m=1, jEE.
i=1
(c) Boaee moeo, npedesvHole 3HAUEHUS T} =le' >0 npu scex j€E, ede

(o]
ITEDY nf};’) — cpedHee 8pems 00 nepeoeo 8038PAUEHUR 8 COCMOAHUE |
n=I

(m. e._y,- =E;7(j) ¢ 7(j)=inf{n>1: X, =j}), u, caedosameavro, nabop
M= (m, w9, ..., ®,) 06paszyem apeoduueckoe pacnpedeserue.
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(d) Cmayuonapnoe pacnpedesrenue Q=(qi, 9o, ..., q;) cywecmsyem,
asanemcs eduncmaenHoim u cosnadaem ¢ ll= (wy, w9, ..., 7).

2. B nonosxeHue k TeopeMe | npuBeneM Takxke ClelylOLUi pe3yabTarT,
NPOACHSIOLIMA POJIb «HEPA3JIOXKHMOCTH» U «aNepUOAHUHOCTH.

Teopema 2. Paccmampusaemcs mapKko8cKas yenv ¢ KOHEYHoLM MHO-
acecmeom cocmoanuii E={1,2, ..., r}.

Creldyroujue ycaosus pasHOCUAbHBL:

(a) yeno asarnemca Hepasroxcumol u anepuoduyeckol (d =1);

(b) yene asarnemcs Hepasroncumol, anepuoduyeckol (d =1), nosoxru-
MmeAbHO 8038paAMHOL,

(c) yeno asanemca apeoduueckoll,

(d) naidemca maxoe ng, umo Oaa 8cex n = ny

: (n)
min p;;’ >0.
ijeE Pij
Hoxaszameascmeo. Umniukauus (d) = (c) 6blna noka3ana B Teopeme |
§ 12 ra. 1. O6parnas umnankaums (c) = (d) ouesnnna. Mmnaukauus (a) = (b)
cJIeflyeT H3 TeopeMbl 6 § 5, umnaukauus (b) = (a) ouesuana. Hakouewn, pas-

HOCH/ILHOCTD yTBepxaeHuil (b) u (c) comepxurcs B Teopeme 3 § 6. a

§ 8. lNpocroe cayyaitHoe GayxnaHue
KaK MapKOBCKasi Liefb

1. TMon npocmeim d-mepHbiM cay4aiinoim 6ayicoaruem NOHUMAIOT Ofl-
HOPOIHYIO MapKOBCKYio uenb X = (X,)n.>0, OMUCHIBAIOLLYIO JBHXKEHHE «UaCTH-
usl» No yanam pewemsu Z¢ ={0, +1, +2, ...}¢, npu KOTOPOM 3Ta «yacTULA»
C HEKOTOpOi#l BEPOSITHOCTbIO OCTaeTCsl B KAaXXIAOM COCTOSIHUM U C HEKOTOPOH
BEPOATHOCTBIO MOXKET MepeiTH B ONHO W3 COCEOHUX COCTOSIHUM.

Mpumep 1. Tlycts d =1 u MHOXKecTBO cocTosinuii uenu E=Z={0, %1,
42, ...}. TlycTb MaTpuua nNepexomHbIX BEPOATHOCTEH WMeeT CJlellyloluui BUIL:

p, j=i+l,
pij=49, i=i—1,
0 B ocTanbHbIX cayyasnx,
npuyem p+g=1.
roit MaTpulie COOTBETCTBYET rpad

HaraaHoO HJU"OCTPHp)’IOLLI.HFI BO3MOXHble 11 3TOH Lemnu nepexonmbl.
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Ecau p =0, To yacTuua demepmuruposarHoim 06pa3oM IBUKETCSA BJIEBO,
ecs xe p =1, To BNpaso.

ITH «IeTepMHUHUPOBAHHbIe» CJy4ad Majl0 UHTepeCHbl, U BCe COCTOAHHUS
3/eCb ABJAOTCA HecyuiecTBeHHbIMU. [TosTomy Gynem mpeanmonarats, uto 0 <
<p<l.

B aTOoM mpeanonioxeHud cOCTOAHMS Lend o6pa3yloT OIOWH Kacc cyuje-
cmBeHHblx coobwaouuxca coctoinuil. MHaue rosops, B NMpeanoJioxkeHuu
0< p <! uens aBaserca Hepasaoxncumod (cM. § 4).

Jas no6oro j € E B cootBercTud ¢ hopMysiaMu GUHOMHANBHOTO pacrpe-
nenenns (§ 2 r. )

p& =C3,(pg)" = W 2n) pgy. (1)

Cornacto ¢opmyne Crupaunra (popmyna (6) § 2 ra. I; cM. Takxke 3apauy 1)
nl~V2rnn"e ",

[Toatomy u3 (1) Haxoaum, uto

@0 _ (4pg)"
Pii ™~ " Jan @)
W, 3HAYHUT,
Z piM =00, echu p=g, )
Z p(2”’ <00, ecau p#q. (4)

M3 stux dopmyn u Teopembl | u3 § 5 nomyyaem criefyiowui pesyabrar.

Ilpocmoe odnomepHroe cayuaiinoe Oayxicoanue no MHO-
acecmsy E=7Z={0, £1, £2, ...} asasemcs 6ozspamnoim 6
cummempuuHom caydae, m.e. ecau p=q=1/2, u nHegos-
8paAMHbIM, eca p#q.

B § 10 ra. I 6610 nokasaHo, 4To B ciaydae p =g =1/2 npu GonbLiux 7

f7"~ (5)

1
o/

3Hauur,
E(?n) [ =00, j€E. (6)

CurienoBaTesibHO, 3/IeCb BCe COCTOSIHUS 8038pamHbie U Hyaesoie. [1oaTomy no
TeopeMe 5 u3 § 5 Haxoaum, uto npu Bcex 0< p <1 p(") — 0, n— o0, s JOGBLIX
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i n j. Orciona nonyuaem (Teopema | u3 § 6), uto npenesnbHble pacnpeneieHus,

a TakXKe CTaLUHOHapHble ¥ SProfiueckHe pacrpeleieHus omcymcmaeyom.
Npumep 2. Tlycts d =2. Bynem paccmarphBaTh CHMMETPHYHBIHA Ccayyait
(cooTBeTcTBYyIOWIMI B MpelplaylileM NpuMepe ciyuyaio p=gq=1/2), Koraa
YaCTHLLA MOKET CIBUraThCs Ha eMHHLY BMPaBo,

1/4 1/4 BJIEBO, BBEPX WIH BHU3 C BeposiTHocTbIO 1/4.
2 Jlns onpenenenHocty 3aduKcHpyeM HyJesoe
cocrosue 0= (0, 0) u uccnenyem sonpoc o 803-
/4 /4 8paUeHUU WU HEeB038PAUeHUY «YaCTULI» B
it 3TO HyJIeBOe COCTOsIHHe, Mpe/rnoJaras, 4To B HeM
1/4 OHa HaxoJWJacCb B HaualNbHbIi MOMEHT BPEMEHH.
1/4 1/4 C 3Toil Lenbl0 PacCMOTPUM Te «TPaeKTo-
pHUH» GayxXIalolileil YacTULbI, Y KOTOPbIX cliesna-
0 1/4 1 2 HO [ 1IAroB BMpPaBO M i LIAroB BJEBO W j LLAroB
BBepX W j waroB BHU3. Ecau 2i +2j =2n, T0 310
Puc. 41. DBayxnawse na  0O3HauyaeT, YTO «4acCTULA», BblllleJllasd U3 HyJe-
NJIOCKOCTH BOTO COCTOSIHUSA, uepe3 2n 1LAroB HempeMeHHO
B 3TO COCTOsIHUe BepHeTcs. SICHO TaKxXe, uTo 3a
HeueTHOE YUCJIO LIAaroB «YacTHLA» B HyJeBOe COCTOSIHHE BePHYThCSA He CMOXKeT.
Ortciona cnepyet, uTo sl BeposiTHoCTell Nepexozia U3 coctosiHus 0 B TO e

camoe cocrosHie 0 cnpasemnuBbl clelyole GOpMYJbl:

p(()%n+l)=0’ n=01,2, ...,

1 (no dopMynie MOJIHOH BEPOSATHOCTH)

on @Cn)! 1"
p((,o)= E W(X), n=1,2, ... (7)

)z i+j=n

(cM. Takxe n. 2 « MyJbTHHOMHaNbLHOE pacnpefeneHde» B § 2 . I).
YMHoxXas Ha (n!)2 uHCAHTENb H 3HAMeHaTe/lb B BbIpaXXeHHH MOJ 3HAKOM
cyMMmbl B (7), HaXOIHM, UTO

o =(3)"cs, 3 cieri= (1) e ®)
i=0

rie Mbl BOCMOJIb30BaJIMCb TE€M, UTO

n
S cieri=c3,
i=0

(3anaua 4 B § 2 . I).
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1
Mo dopmyne Ctrpannra u3 (8) HaxomuM, uto p( M~ 7y W SHAUHT,

> = ®
n=0 .

[To cuMMeTpHH aHaJlOrHUHOE yTBEp>KIeHHEe BEPHO, KOHEUHO, He TOJIbKO sl
HYJIeBOTO COCTOSIHHSA, HO H sl JIIO6Oro COCTOAHHA (i, f).

Kak u B cnyuae d =1, u3 (9) u reopemnl 1 u3 § 5 nonyuaem caenyioiee
yTBEpXKIEeHHe.

Tlpocmoe Osymeproe cummempuuroe caywaiinoe b6ayxoa-
Hue no muowmecmsy E=12%2={0, 1, +2, ...}* asrsemcs
8038DPAMHbIM.

Npumep 3. OkasbiBaercs, UTO AJisi CHMMETPHUYHOIO CJyyaiHOro 6Jyxna-
HHA 1o coctoanuam E =Z¢ ={0, +1, £2, ...}? cutyaums B ciyyae d > 3 pesko
OTJIHYaeTCs OT pacCMOTpeHHbIX ciyyaeB d =11 d =2,

Hwmenno,

npocmoe d-mepHoe cummempudroe cay4atinoe bayxcoanue
no muoxecmsy E=7%={0, £1, %2, ...}? 12 scaxoeod >3
A8A5eMCS He8O3BPAMHbIM.

IokazaTenbCcTBO OCHOBAaHO Ha TOM, UTO AJ1 d > 3 BEPOATHOCTH p‘2 ) iMetot
CJIEIYIOLLYI0O aCHMIITOTHKY: NPH 711 — 00
2n c(d
o~ (10)
rae ¢(d) — HeKoTOpasi MOJIOXKHTE/IbHAs KOHCTAHTa, 3aBHCALLAA OT pa3MepHO-
ctu d.
[NpuBeneM nokasatesbcTBO LIs cayyas d =3, OCTaB/sAs B KauecTBe 3alauH
cayyait d > 3.
B cuny npennosioxeHHst CHMMETPHYHOCTH CJlyuaiHOro 6Jy>KAaHHsA «4acTH-
ua» ¢ BepostHocTblo 1/6 caBHraercs 3a OJMH LIAr Ha €IHHHLY BIOJb OIHOTO
H3 wecmu HanpasJieHHH KOOPIHHATHBLIX OCeH:

1/6
1/6
1/6 ,/”

1/6
1/6

$1/6

MMycts «uacTHua» BbiIxoauT M3 cocrosHHa 0=(0, 0, 0). Torma, kak H B
cnyuae d =2, U3 hopMys NI MyJbTHHOMHaNbHOTO pacnpenenenns (§ 2 ra. 1)
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HaXollUM, 4TO

@n) _ (2n)! 1 _
= 3 (i!)?(j!)i’«n—i—j)!)?(s) =

(i,j): 0<i+j<n
9=2nrn n! 201 2"<
- n Z [i!j!(n—i—j)!] (5) =
(i,f): 0<i+jgn

2n
<Crrens Y o (3) =Ca2reg s (1)

jln—i— ) \3
W o<ikjgn (n D

rae

n! )
= max _— 12
n (i.j):o<i+j<n(t!1!(n—l - (12)

H Mbl BOCMOJNIb30BAJHCb TEM, UTO OY€BUIHbLIM 06p330M
Z n! 1\2" 1
Njl(n—i=j) (3) -
):0<iticn !

Huxe 6Gyner ycraHoB/eHO, UTO

Cpmo —" (13)
ST NEN

Ipumensis dopmyny Ctupanura, u3 (13) Haxoaum, uto

3v3

Cn272C337 "~ SR (14)
Tem cambiM, H3 (11) caenyer, uto
o0
> Pog <0 (15)

n=|

H, cJIefloBaTelIbHO, corlacHo TeopeMe | U3 § 5, cocrosanue 0= (0, 0, 0) aBasercs
Heso38pamHoLM. AHaNOTHUHOE, 0 CHMMETPHH, BEPHO H A5 Jio6oro Ipyroro
cocrosuns H3 E =25,
Ocrasioch JiHilbL ycTaHOBHTL (popmyay (13).
[Mycrb
. n!
mp(l =TT
n(i, 1) itjl(n—i—j)
H ig =ip(n), jo= jo(n) — Te 3HaueHus, rue

max mu(i, j)=m,(io, jo)-
(i.)):080 s j<n (i, §) a(io, jo)
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Bepa uertipe ToukH (ip —1, jo), (io+ 1. jo), (io, jo—1) u (io, jo+1) u
MOJIb3YACh TEM, UTO COOTBETCTBYIOLLHE 3HaUeHHA m,(io — 1, jo), ma(io + 1, jo),
malio, jo—1) 1 mu(io, jo+ 1) MeHblle WAH paBHBl Mg(ip, jo), MPHXOAHM K
yeTbipeM HepaBeHCTBaM:

n—ig—1<2jo<n—ip+1,
n—jo—1<2ip<n—jo+1.

I/I3 3THUX HepaBeHCTB MOX>KHO 3aKJIIOUHTb, UTO
. n . n
o\n)~ -, n)y~ —
oln)~z, Jjol(n) 3

OTKyZa H cjenyer Tpebyemas dopmyna (13).

PesiomHpys pa3o6panhble ciyuau d =1, 2, 3, chopMyanpyeM cliefyroLHit
pesyabrat Ilo#a (G. Polya).

Teopema. B cayuae d=1 uau d =2 npocmoe cummempuunoe cay-
watinoe bayxcoanue no mwoxecmsy cocmosnuii E=2¢={0, +1, £2, ...}
asasemca 803spammoim, a 8 caywae d =3 (u d > 3) Heso38paAMHbIM.

2. TlpemuwectByiolHe NpHMepb! OTHOCHJIHCH K POCTOMY CJydyaitHoMy 6.1y-
XKIaHHIO «80 8cem» npocTpancTee Z¢. B HacTosAlleM nyHKTe GyayT paccMar-
pHBaTbCS MPHMepPbl NPOCTHIX CyyaiHbIX GiyKIaHHi, y KOTOPbIX ha3oBoe npo-
ctpanctBo E cmpozo menbiue Z%. TIpu 5ToM Mbl orpaHHuHMcs cayyaem d = 1.

Npumep 4. PaccMaTpuBaercs npoctoe cayuaiiHoe 6ayxaaHne ¢ ha3oBbiM
npocrpanctsom £ ={0, 1, 2, ...}, roe «Hynesoe» cocrosiuve O ssasercs no-
2AoWaouUM, U CO ClelylolHM rpadhoM nepexonoB:

""""""" Q‘_’;"\:- 0<p<li

Cocrosnne O spasiercs 31ecb eIHHCTBEHHbIM MOJIOXKHTENbHO BO3BPATHLIM
COCTOSIHHEM, 00pa3sylolHM eNHHCTBEHHbI HepasnoXHMbiii moaknacc. (Bce
ocTa/bHble COCTOSIHHA HeBo3BpaTtHbl.) ITo Teopeme 2 13 § 6 cywectsyer H
NPHTOM eIHHCTBEHHOE CTalUHOHapHoe pacnpenenenne Q=(qo, g1, ...) c go=1
Hqi=0,i=l,2,

PaccmarpuBaemoe GayxaaHHe HHTEpPeCHO TeM, UTO NOCTaBJseT MpHMep,
Koraa (npH HeKOTOpLIX i H j) mpenesbl li,rln p},'.') CYLLECTBYIOT, HO 3agucsam

OT HaYyajIbHOrO COCTOSIHHSA, YTO, MEXAY NPOYHM, FOBOPHT O TOM, YTO B 3TOM
NpuMepe cJyuaiiHoro 6JyKIaHHA 3proianueckoe pacrpejeieHHe OTCYTCTBYeT.
SlcHo, uTo p"‘)—l H p(‘)'l'.) =0 j=1, 2, ..., ¥ npocToii noacuer noka-

3bIBaeT, 4TO p,l. ) 0 wns Beex i, i=12,
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. N1 (n)
INokaxkem Tenepb, uto Anis Bcex i =1, 2, ... BeqMuHHbI (i) —ll’l'ﬂ Py CY-
WECTBYIOT U VISl HHX CripaBef/iMBa cielyioulas (popmyna:

(a/p), p>gq, (16)

a(i)= 1 p<q.

W3 sToit GpopMysibl BUIHO, UTO B caydae p > g («HajHuWe TeHIEHLHH IBH-

JKeHHs1 BMpaBO») npele/ibHasi BepOSTHOCTb lign p,.((',’) nepexona H3 COCTOSIHHA |

(i=1,2,...) B cocroaune O neficTBHTENLHO 3aBHCHT OT i, yObIBasA C POCTOM |
reoMeTpHYeCKHM 06pasoM.

Jlas nokasarensbctBa opmysibl (16) npexxne Bcero 3ameTHM, UTo MOCKOJbKY
coctosnme 0 ABAsETCA NOMOWIAIOWAM, TO ply) = 3 fi((f) H, CllelloBaTe/bHO,

k<n .

npenen li;ln p,%') (= a(i)) cyuwectByeT 1 paBeH fig, T. €. HHTepecyiolLas HacC Be-
POATHOCTb €CTb BEPOSITHOCTb TOFO, YTO «YACTHLA», BBIXOASALLASA H3 COCTOAHHA i,
PaHO HJIH TMO3IHO NOCTHTHET «HYJeBOro» coctosiHus. Jlas 3THX BeposTHOCTEH
TeM >Ke MertoloM, uto H B § 12 ra. I (cM. takxke § 2 ra. VII), BuiBogsTcs
peKyppeHTHble COOTHOLLEHHS

a()=pa(i+1)+qga@@-1), (17)
npu 31oM a(0) = 1. OGlLee peleHHe 3TOro ypaBHeHH: HMeeT BHIL
a(i)=a+b(g/p), (18)

n ycnosre a(0) =1 naer onHo ycsioBHe Ha KOHCTaHThl @ H b:a+b=1.

Ecnn npeanosioxurb, uto ¢ > p, TO TOrKa B CHJIY OrpaHHYEHHOCTH c(i)
cpasy noayuaeM, uto b =0, a 3HaunT, a(i)=1. dtoT pe3ynbrar BnoJHe no-
HATEH, MOCKOJbKY B CJyuae g > p «yacTHLA» HMeeT TeHIEHLHMIO JBHraTbCs Mo
HanpaBJIeHHIO K HYJIEBOMY COCTOSIHHIO.

Ecau xe p > g, T0 cHTyauus o6parHas — MMeeTcsl TeHIEHLMs X0a BMNpaso,
M eCTeCTBEHHO MO3TOMY OXHAATb, YTO TOrAa

a(i)—0, i—o0, (19)
a 3Haunt, a=0H
a(i)=(q/p). (20)

Yto6bl JOKa3aTh 3TO paBeHCTBO, Mbl He 6yleM ycTaHaBausarth (19), a noctynum
HHave.

Hapsany ¢ norsowawowmM skpaiom B Touke ( BBelleM B paccMOTpeHHe
NOrJIOILAIOLIHI 3KpaH B LieJouHcaeHHo! Touke N. BeposTHocTb TOro, 4To Bbi-
XOMAILAS W3 TOUKH { «4aCTHUA» JOCTHFHET HYJIEBOTO COCTOAIHHA paHbllie, YeM
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cocTosiHHA N, 0603HauuM ay (i). Jas BeposiTHOcTel ay (i) cnpaBe/IHBb ypaB-
nenus (17) ¢ rpaHUUHBIMK YCJIOBHAMU

ay@0)=1, an(N)=0,
i, KaK 3TO yxe 6blio nokasaHo B § 9 . I,

i_ N
%, 0<i<N. 1)

Orciona li/!/n an(i)=(g/p)’, u, cnenosareNbHo, A NOKa3aTeJbCTBa TpeGye-

ay (i) =

moro peayabrata (20) Hamo JMLIb MOKa3aTb, YTO
a(i) =liﬁn ay (i). (22)

HuTyuTHBHO 3TO MOHATHO. CTpOroe ke N0OKa3aTeJbCTBO MOXKHO MOJY4YHTb Ha
cJIeflyloLleM NYyTH.
Bynem npennosaraTs, 4TO «4acTHLA» BLIXOAMT U3 (PUKCHPOBAHHOTO COCTO-
anua i. Torna
a(i) =P;(A4), (23)

rae A — co6biTHe, COCTOALIEE B TOM, 4TO Haizercs Takoe N, uTo «yacTHLa»,
BbIXOAAILAS U3 TOUKH i, JOCTUTHET HYJEBOrO COCTOSIHHS paHblle, 4eM COCTOS-
Hua N. Ecau

Ay ={«uactiua» nocrurter 0 panblue, uem N},

o0
T0A= |J Apy. ScHo, uto Ay CAy4 ¥
N=i+1

o0

P,-( U AN) = lim P;(4y). (24)
N=i+1

Ho ay (i) =P;(Ay), Tak uto (22) cpasy caenyer u3 (23) u (24).

Hrak, ecnn p > g, To npenenbHble 3HaueHUs li'l'n pio 3asucam ot i. Ecau
Xe p <gq, To a1 mo6oro i lim p}3)= L ulim p,.(!'.') =0, j > 1. Takum o6pasoM,
B 3TOM cJlydae cyujecmeyem npeneibHoe pacnpenenenue Il=(mp, 7y, ...) C
Ly =Ii,5n p}/'.'), He 3aBucawmMu ot i. [1pu stom II=(1, 0, 0, ...).

Mpumep 5. PaccMoTpuM npocToe cayuaiiHoe GayKaaHue ¢ a3oBbiM Npo-

ctpaicteom E={0, 1, ..., N}, B KotopoM «rpaHuuHble» cocTtosHus 0 u N
ABNAIOTCH NO2AOWAIOUYUMU:
| P p p 14
oL N NI 0cpen
N— -—N-1 N
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3zech CyLLECTBYIOT [IBa HEPa3/I0XKHMbIX MOJIOXHTeNLHO BO3BpaTHLIX Kiaacca {0}
n {N}. Bce ocranbhble coctosnus 1, 2, ..., N — | HeBosBpaTHbl. M3 noKa3a-
TeJIbCTBa TeopeMbl 2 § 6 cienyer, uTo CyLLECTBYET KOKMUKYYM CTaLlHOHAPHBIX
pacnpenenenuit Q=1(qo, g, -.., gn), KOTOpble BCe HMEIOT C/ENYIOWHH BHL:
g1=...=qgn-1=0ungo=a,gv=bca>=20,>20ua+b=1.

CornacHo pesyabratam n. 2 § 9 . [,

AYNTAY

GG,
lim pjg’ = 1—(%) (25)
l—,i,;. p=q=1/2,

lim pl =1 ~lim Pl u lim p,f;')-—-O, I<jEKN-1.

[NonuepkHeM, uTO 37ieCb, KaK U B MPeALLIECTBYIOLLEM NpUMepe, NpelebHble
3xauenus lim p,.(;') NepexoLHbIX BepOATHOCTE! 3a8UCAN OT HaYyaJbHOTO COCTO-
AHUA.

ﬂpnMép 6. Paccmorpum npocToe cayuaiiHoe 6ayxaaHue ¢ $ha3oBbIM Npo-
ctpaicteoM E={0, 1, ...} v ompaxcarouum 3kpanom B «HyJeBOM» COCTOS -
HUH:

S e L

[NoBenenue paccMaTpiBaeMoii LeMK CYLIECTBEHHO 3aBUCHT OT P H §.

Ecau p > g, To 6nyxnaouas «yacTHua» WMeeT TeHAEHLMIO YX0la BMpaBo
W HaJIHuMe OTPa’KaloLLEero 3KpaHa B «HYJEBOM» COCTOSIHHHM 3TOMY TOJIbKO CMo-
co6CTBYeT, B OTJIHUHE OT GaIyXKIAaHus B NpuMepe 4, rlie B «HYJIEBOM» COCTOAHHH
MOIJIO MPOU3ONUTH «3anunanue». Bce cocTosHUA B 3TOM cJlyuae HeBO3BpaTHbI;
p}lf’) — 0, n— o0, An7 Beex i, j € E; cTauMOHapHOroO U 3proMyecKoro pacmnpe-
IeJleHHi He cylliecTBYerT.

Ecau p <g, T0 uMeeTcs TeHaeHUUS ABHXKEHUs BJIEBO M B 3TOM CJjlyyae LeMb
Bo3BpaTHa. TakoBo# e Lenb Gyner U Npu p =g4.

Hanuuem Teneps cuctemy ypasHeHuil (cp. ¢ (12) B § 6), koTopo#t nomxHO

MOAUMHATLCA CTalHOHapHoe pacnpenenenne Q=(qo, g1, ...):
do=4q.19,
g1 =4qo+4q29,

g2=q1p +qsq,
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Orciofa
q1=4(q: +q2),
g2=q(q2 + q3),
1, 3HAUHT,
qj=(§)qj_,, j=2,3,
Ecau p=4q, TO Torma qy=g¢gqe=... W, cjlefoBaTrejibHO, HeOTPHUATEJbHOIO

o0
peLLeHHs NMPHBEIEHHON CHUCTeMbl, YIOBJETBOPSIOLIEro YCJOBHAM ). g;j=1H
i=0
g0 =¢14q, He CyLIeCTBYeT.
3Hauut, B ciyuae p=q =1/2 crauMoHapHoro pacnpeneneHus He cyuje-
cmsyem. Bce cOCTOAHUS Lienu B 3TOM CJiyuae 8038pamHeole.

o0
Hakonew, nycts p < q. U3 ycnous ) g;=1 Haxoaum, uto
j=0

ql[q+ 1 +§+ (§)Q+...] =1
Orciona

—4-r —aqa=91=P
q1= 9 do=419 b

5=452(2)", ix2

MNpumep 7. ¥ paccmaTpuBaeMoro B 3TOM NpuUMepe MPOCTOrO CJydyainHo-
ro 6ayxuanus dasosoe npocrpanctso £ ={0, 1, ..., N} u coctosvua 0 u N
ABJSIOTCA OMPANCAIOUUMI SKPAHAMH:

1 P p p P
i DS
N0 — - pra s
q -

Cocrosinus uenu o6pasyioT 3ieCb OAWH HepasJoXHMbiil Kaacc. Onu fB-
JFI0TCA MOMNOXHUTE/IbHO BO3BPaTHbIMH ¢ mepuonoM d =2. [lo Teopeme 2 u3
§ 6, y paccmaTpusaemoit uenu cyuecmsyem U eOUHCMBERHO CTaUMOHapHOE

N
pacnpenenexre Q= (qo, 41, ..., gn). Pelnas cucremy ypasHeuuit g; = g; pij
i=0
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N
c ycnosueM ». gi =1, q; >0, j € E, naxonum, uTo

()"

9= "N

i=l1

ISjSN-1, (26)

U go=4q1q, gy =qGn-14.

Dpronuueckoe pacnpeseieHHe OTCYTCTBYeT — 3TO CJielyeT U3 TeopeMbl 3
§ 6 u Toro daxra, uto y paccmarpuBaeMoit uenu mepuon d =2. MoXHO u
HenocpencTBEHHO YOeIUTbCA B TOM, UTO 3[leCb HeT 3profHuecKoro pacnpese-
Jenus. [lyctb, Hanpumep, N =2:

|
q 1
Torzna suaHo, uto pﬁ") =1, Ho pﬁ”“”') =0. Tax uro lim p™ ne cymecrayer.

B 10 >Xe cAMoe BpeMs cTauMOHapHOe pacrnpene/eHue

Q= (g0, 91, g2)

€CTb, W, KaK cienyer u3 (26), oHo UMeeT BUL:

1 1 1
go=3549. =3 QG2=30p

3. U3 marepuana, U3N0XEHHOr0 B KHUre, BUIHO, UTO npocmoe Cay4atinoe
6ayscoanue ABJSETCS KJAaCCHUECKON MOJIENblo, Ha KOTOpo# «oTpabGaTbiBa-
Jlacb» BepOSTHOCTHAs UAEOJIOTHS, OTTauHBaIacCh BEPOATHOCTHAS TEXHHKA U Obl-
JIU OTKPbITbI MHOTHE BepPOSTHOCTHO-CTAaTUCTHUeCKHe 3aKoHOMepHOocTH. Tak, s
cymm X, =& +...+&,, n> 1, He3aBUCUMBIX GepHYJIUEBCKHX CJydyaiHbIX Be-
JuuuH &), &9, ..., MPUHUMAIOUIMX BCETO JIMLIb [BA 3HAUeHHUS M, CJIelOBATEJIbHO,
npuBoAALIMX K TOMY, uTo X = (Xp,),>1 ecTb npocmoe cayuaiinoe 6ayxcdanue
(aBnsiolleecs MapKOBCKOH LieMblo), OblIM OTKPLITbl TaKHe 3aKOHOMEPHOCTH,
Kak 3akoH Goabliux uucea (r. I, § 5), Teopema Myaspa—Jlannaca (. I,
§ 6), 3akon apkcunyca (ra. I, § 10) u MHoroe apyroe.

B stoM nyHkTe Mbl paccMoTpuUM ABe Ouckpemroie moleau Ougdysuu,
sIBASIOLIMEC XOpoLUell WIIoCTpauKell TOoro, Kak ¢ MOMOLLbLIO APOCTOro CJy-
yaiiHoro 6J1y>KIaHUs MOXXHO ONUCHIBaTh pealibHble pU3HUECKHe NpOoLecchl.

A. Moaeab dpendecros.

Kak u B npumMepe 7, 6yzeM paccMaTpuBaThb MPOCTOE cjyyaiiHoe GiyxaaHue
¢ ¢asosbiM npoctpancteoM E£={0, 1, ...N} u orpaxaiouuMu 3KpaHamu B
coctosHuAx O u N.
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[MepexonHbie BePOATHOCTH 3aJaI0TCH B 3THX COCTOAHUAX GOpMYJaMH pg; =
=1, pyn—1=1. B npyrux cocrosnuax i =1, ..., N — | Bo3MoXHbl J1ilb Me-
pexofibl Ha O[MH LUAr BJIEBO HJIW BIPABO C BEPOSITHOCTSMH

I—=, j=i+],
pii={; N I .+ @7
N , j=t- 1.

B 1907 r. T1. u T. Dpendectsl, [124], npuiuau K MapKOBCKO# LIeMU ¢ TAKUMU
nepexoHbIMK BEPOATHOCTAMH, paccMaTpuBasli CJeNyOLLyl0 MOoxelb crmamu-
cmu4eckoil MexaruKu, ONUCHIBAIOLLYIO nepemeljeriie MOJeKyJ ra3a u3 OHON
kamepbi (A wau B) B apyryio (B unu A) uepe3 Manioe oTsepcTHe B MeMGpaHe,
COENMHSAIOILEN 3TH KaMepbl.

[pennonaraercs, uto o6liee YUCIO MOJIEKY/ B pacCMaTpPHBaeMbiX ABYX Ka-
Mepax paBHO N H Ha KaXX10M lliare UX nepeMeLlleHUe U3 OHOM KaMepbl B IPYryio
OCYLLIECTBJIfI€TCA CJIeyIolUM 06pa3oM: cay4atioim 06pa3oM (C BepOATHOCTbIO
1/N) Bbi6Gupaercs onHa U3 MOJIEKYJ1 U MepeBOAUTCS B ApYryto Kamepy. [Tpuuem
Ha KaXKJIOM Luare BbIGOP MOJIEKYJIbI L/isi NepeMellieH|sl TPOUCXOANT He3aBUCHMO
OT MpeJbICTOPHH.

[MycTb X, — uucso MoOJIeKyJ1, CKaXeM, B «NepBoii» KaMepe A B MOMEHT Bpe-
MeHH n. [lnsi onvcaHHOro MexaHH3Ma fepeMellleH|st MOJIeKyJ1 MMeeM (3agaua 2)
CBOHCTBO MapKOBOCTH:

PXny1=j|Xo=io, Xy =iy, ..., Xpm1 =ip=y, Xn=i)=
=PXuy1=j|Xn=1i) (28)

H K TOMY XKe
P(Xnt1=j|Xn=i) = pij, (29)

rie p;; 6binu onpeneseHsl B (27).
HOna stolt Momenu cyuecTByeT cmayuoxHapxoe pacnpeneneHne Q=
=(qo, q1, ..., gn), ompenensieMoe (3amaua 3) caenyioweii GUHOMHUANLHOM

dbopmyuoii:
i (N .
q,~=CN(§) . j=0,1,.... N. (30)

Bce cocrosinus paccmarpusaemoil uenu siBAsiOTCS BO3BpaTHLIMK (3aKaua 4).

MuTepecHo OTMETHTb, UTO MaKCHMasibHOe 3HaueHHe BepoOATHOCTeH q;, j =
=0, 1, ..., N, ckaxeM, npu YeTHoM N, IOCTUraeTcsl Ha «LEHTPAJbHOM» 3Ha-
YeHuu j = N/2, uTo COOTBETCTBYET HauGosee BePOATHOMY COCTOSIHHIO « PABHO-
BecHa», KOrJa Yucj0o MOJIEKY/ B KaXKIOH KaMepe OIHO U TO Xe.

Pasymeercsi, 3To ycTaHaBJMBalollleecst CO BpeMeHeM «paBHOBeCHe» HOCHT
8epoamHOCMHO-cmamucmu4ecKuii xapakrep (OnucblBaeMblil NPHBELEHHbIM
Bbilue pacnpenenennem Q).
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OTMeTHM TaKXKe, 4TO Ha WHTYMTHBHOM YPOBHe BO3MOXKHOCTb «CTaGHJIH-
3alMM» YMCIA MOJIEKY] MO Kamepam [OBOJbHO-TaKM MOHATHA: YeM Jalblue
COCTOSHHE i OT «LEHTPAJILHOro» 3HaueHHusl, TeM (B COOTBETCTBHH C (27)) GoJb-
Lle BePOATHOCTb TOTO, YTO NBHKeHHe GyJeT NPOUCXONUTL 10 HANPABACHUIO K
3TOMY 3HaueHH1o.

B. Moaeab Jl. bepuyanu—Jlanaaca.

PaccmaTpuBaemas MOJeJib, CXOAHas B OfpeleJieHHOM CMbic/ie C MOJE/IbIO
DpeH(ecToB, GbiIa NPeIoKeHa Hanuunom Beprynau (1769 r.) u 3atem npo-
ananuanposaHa Jlaniacom (1812 r) B cBA3n ¢ onucaHuem npouecca o6MeHa
yacTHLAMH ABYX HECHUMAEMbLX KULKOCTEH.

BoJiee TOUHO, TpeAMosaraeTcs, YT0 UMeloTCs Ba KoHTeiiHepa A u B, co-
JepKaluue BMecTe 2N uyacTuu, u3 KoTopbix N uactuu «Gesoro» usera u N
yaCTHLL «4epHOro>» LBeTa.

ByneM TOBOPHTb, YTO «CHCTEMa» HAXOAMTCS B COCTOSHWH i, e i € E=
={0, 1, ..., N}, eciu B KoHTeilHepe A conepxutcs i yacTul «6eJoro» LBeTa
u N —i — «uepHoro». [lpeanonoxenne «HecXKHMaeMOCTH» O3HauyaeT, uTo B
paccMarpyBaeMoM COCTOSIHUH i B KoHTeliHepe B comepxurca N —i uyacTuu
«6e/10r0» UBETA H i YacTHLL «uepHoro» usera. Oblee YHCIO YACTHL B KAXKIOM
KoHTeiiHepe OCTAeTCA MOCTOAHHLIM U paBHbIM N .

Ha Ka)X10M Liare 72 U3 KaX10ro KonTeinepa cay4adnoim o6pa3om (T.e. ¢
BepOATHOCTbLIO 1/N) BbiGupaeTcs Mo YacTHUE W 3TH YaCTULbI MEHAIOTCA Me-
ctamu. [peanosiaraetcsi, uTo 3TH Mpoueaypbl (cyyaitHoro) BbIGOpa yacTuy U3
KOHTelHepOB MPOBOAATCA HE3aBHCMMBIM 06Pa30M M MOC/eylolHe NpOoLeaypbl,
npoBoAHMMbIE MO TOi1 XKe cXxeMe, He 3aBHCAT OT NpeJlIecTBYIOLUX 3TArNoB.

[Myctb X, — YACJIO YACTHL «GeJioro» LiBeTa B KOHTeliHepe A. Torna onu-
caHHBlil MExaHH3M O6GMeHa YacCTULAM{ MPUBOLUT K BhIMOJIHEHHIO MaPKOBCKOrO
cpoiictBa (28), npu 3ToM B dopMyJie (29) nepexonHbie BEPOATHOCTH pjj Ornpe-
JeI0TCs CeNyIOLUHMH BbIpaXKeHHAMHU (3apaua 5):

(0. =i

pij = (l.— I—:/—)? j=i+1, (31)

i i ..
25(1-5). i=t
upij=0,ecm |i—jl>1,i=0,1,..., N.

Kak u B Mozean DpeHdectos, Bce COCTOsIHMA 3llech Bo3BpaTHble. Cra-
unoHapHoe pacnpenesienre Q=(qgo, g1, ..., gn) CYLIECTBYET, €AUHCTBEHHO H
sazaeTcs (3anaua 5) dopmynamu

g = Cn)?
ek

=0,1,..., N. (32)
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4. B nauane 3Toil raBbl GbUIO CKa3aHO, UTO ee OCHOBHOW WHTepec CBA-
3aH C BOMPOCAaMH «aCUMNTOTHYECKOro MOBeIeHUs (C pOCTOM 71) CHCTEM C OT-
cyTCTBHeM nocneneicTsua». Marepuan npeaulecTsyowux naparpagos noka-
3bIBAET, YTO 3TO MOBeleHHe MCCJIENOBaJOCh C TOYKH 3peHUs TOro, Kak Npu
6OJIbLUKX 1 BenyT ce6s nepexoAHble BEPOATHOCTH p}}') 145 ueneit Mapkoea co
CUETHbIM MHOXeCTBOM cocTosiHul E ={i, j, ...} U, B yacTHOCTH, AJIs MPOCTOro
cayyaiiHoro 6JyXIaHusi, B KOTOPOM Tepexofibl BO3MOXHbI JIULIL B COCe[HUe
COCTOSIHHSA.

Bosabuioit uHTepec npeicTaBasieT UCC/eNOBAHHE aHAJOTHYHBIX BONPOCOB H
117 ueneil MapkoBa c 6oJiee CJIOXKHBIMH NPOCTPAHCTBAMHU cocTosiHKA. CM. no
3TOMY noBojy, Hanpumep, [75], [117].

5. Paccmorpennble Bbilie fBe Mofenu (dpeHdecros u Bepuyanu—Jlanna-
ca) GblIM Ha3BaHbl QUCKpemHoimU MOOeraml Ouggysuu.

Jlanum HeKoTOpOe MosiCHeHHe 3TOMY Ha3BaHHIO, paccMaTpUBas NpelefibHOe
noselieHHe NpocToro cayyaiHoro GayxnaHus B R. Tlycte S, =& +...+ &,
n>1, So=0, rue &, &, ... — nocnenoBaTeJbHOCTL HE3aBUCHMbBIX OHHAKOBO
pacnpenefeHHbIx caydaiHblx Besuund ¢ E& =0, D& = 1. TTonoxum X§ =0 u

[nf]

S 1
n _ 2lnf] — E:
Ai'= vn \/ﬁk_l ) O<t<l

[NoudaTHo, uTo nocnenosarenbHocTsb (0, X l"}n, XQA},,, v X ,N ) MOXeT paccMaTpu-
BaTbCA KakK MPOCToe cJydaiiHoe GJyKIaHWe B MOMeHTb BpeMehH A, 24, ..., |
¢ A=1/n u ckaukamu nopsinka VA (AXJy =X7s — X0 o =&VA).

Kak yxe otMeuanoch B 3ameuanuu 4 § 8 rai. VII, sto cayuaiiHoe 6ayknaHue
X" =(X})ogtg1 TaKoBoO, UTO BCe €ro KOHeYHOMepHble pacrpeje/ieHus cnabo
CXOIATCH K KOHEUHOMEepHLIM pacrpefleJleHHsIM BUHepOBCKOro npouecca (6po-
yHoBckoro asuxenns) W = (Wy)ogi<1- Ho, 6onee Toro, Tam »xe rosopuioch,
YTO UMeeT MeCTO W (PpyHKUHOHANbHAs CXONUMOCTb, T. €. cjabas CXOAUMOCTb
pacnpezneneHuil npoueccoB X" k pacnpefeneHuio mpouecca W (B ToM ke
CaMOM CMbICJI€, YTO U CXOAMMOCTb SMIUPHUECKHX MPOLLECCOB K 6POYHOBCKOMY
mocty; cM. m. 4 § 13 ra. 1lI). BunepoBckuit npouecc fABAfeTCA TUMHYHBIM
(1, 6os1ee TOro, OCHOBHBIM) TpUMepoM Oughgpy3uonneix npoyeccos, [69, T. 2},
[21], [131]. 3T0 06CTOATENLCTBO U OGDbSCHSAET, MOYeMy mpouecchl Tuna X"
W Te, KOTOpble BO3HUKAIOT B Mofedsx DpeHdectoB u Bepuyann—Jlannaca,
€CTeCTBEHHO Ha3biBaTb OUCKpemHoimu moleaamu Oudgpysuu.

6. 3apaun.

1. Iokasatb dopmyny Crupauura (n!~ /2w n"+1/2¢=") Bocnonb3osas-
WHCH CJIefylOLLMMU BePOSTHOCTHBIMH cooGpaxenusmu ([106], 3anaua 27.18).
Myets S, =X +...+X,, n>1, roe Xy, Xo, ... — He3aBUCHMBIE cJydaiiHbie
BeJIMUMHbI, pacnpefeleHHble Mo 3akoxy IlyaccoHa ¢ napamerpom A= 1. Jloka-
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XKHTe nocJenoBartesjibHO, 4YTO
Sn—n\" -
0 E(ER) ey (4
(a) " ,,_Zo

”) ]—-»Law[N'],

n* n+l/2e—n )
T n! !

(b) Law[(

rae N — HopMaJlbHO pacnpefiesieHHasl cJydaiiHas BeJHUHHA;

(©) E[(272) ] eV = o
(d) nl~ V2 n*t12en

2. YeTaHoBUTb CBOMCTBO MapKoBoCTH (28).

3. Hokasatb dopmyay (30).

4. JlokasaThb, uTo BCe COCTOSHUS MApKOBCKO# Lien B MofieJn DpeHbecTos
ABJIAIOTCA BO3BPATHBIMU.

5. [poBeputsb crnipasesiusocTs dopmya (31) u (32).

§ 9. 3apaun 06 onTHMaNbHON OCTAHOBKE
JAJISl MAPKOBCKHX Lienei

1. PaccmaTpuBaeMblil HUXKe MaTepuas TecHo mpuMblikaer K § 13 ri. VII,
rlie U3J1arajicsl «x MApmuHeaibHblli» NOAXOM K pellieHHIo 3aia4 06 onTUMAaIbHON
OCTaHOBKE 11pOU3BOAbHbLX CTOXAaCTHUECKHUX MocJefoBaTenbHocTel. OCHOBHOM
aKueHT B HacTosuleM naparpage GyneT cieNaH Ha TOT CJydai, Koria cro-
XacTHYecKHe MOCJeNoBaTebHOCTH MOPOXAAOTCA (YHKUHAMH OT COCTOSHHM
MAPKOBCKUX yened, 4To No3soJser o6wMM pesynbratam u3 § 13 . VII
npuiaTh NPOCTYIO U HArAAHYIO (OopMYy W MHTepIpeTauHio.

2. Bynem npennonaratb, 4to X = (X, &F,, P¢) — onHopoaHas MapkoBckas
LeMb ¢ IMCKPETHbIM BpeMeHeM H (a3oBbIM npocTpaHcTBOM (E, &).

[Mpennonaraercs Takxke, uto npocTpaHcTso (£2, &), Ha KOTopoM onpene-
JieHbl BeiMuuHbl X, = X, (w), n >0, aBasiercd KoopAuHaTHLIM (Kak B 1. 6 § 1) u
camu BesTHuKHbI X, (w) 3a1aHbl KOOPAMHATHBIM 06pa3oM: ecid w = (Xg, X1, ...) €
€, 10 Xp(w)=x,. Tlon & nouumaerca o-anrebpa o(|J &F,), roe F,=
=o(xg, ..., Xp), n20.

3ameuanne. B «o6lueil TeOpHH ONTUMAMbLHBIX NPaBHJ OCTAHOBKH» BOBCE
HeT HalloGHOCTH Tpe6oBaThb, UTOGb! §2 ABJANOCH KOOPOUHAMHbIM MPOCTPAHC-
TBoM. Ho TeM He MeHee W B «o6uleil TeOPUH» HALO BCe XKe MPeanoaaraTb, YTO
OHO 0CTaTo4yHO «6orato». (CM. nogpoGHocTH B [78].)
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Ham e npeanosoxeHue «KOOPAHHATHOCTH» OOJIETYUT PAcCMOTPeHHs, B
YaCTHOCTH, B CBAI3U ¢ 0606LLEHHLIM MAPKOBCKMM CBOICTBOM (TeopeMa | B § 2),
KOTOpOe GblJI0 MPUBENEHO UMEHHO MPH 3TOM JOMYLIEHHH.

Kak u B npenbiayimx naparpacax, uepes P(x; B) o603HauaeM nepexonHyio
¢yHkumio paccmatpuBaeMoil uenu (P(x; B)=P{X,€B}), x€E, B€¢&.

[ycts T — onepamop nepexoda 3a onuH Liar, NeficTBYIOWMA Ha & ~U3~
MepuMble GyHKUMH [ = f(x) co ceoiicTBoM E,|f(X))| < oo, x € E, no dopmyae

(TP =E (X)) (=S y) P(x; dy)). (1)
E

(dns npoctoTl 3anucu BMecto (Tf)(x) nuwyt Tf(x). AHanoruunbie coraiue-~
HHUA NPUMEHAIOTCA U B APYrHX NMOLOOHBIX caydasnx.)

3. Urto6bl copmynpoBath 3aaauy 06 ONTHMAJbHON OCTaHOBKe s Map-
KOBCKOil Lenu X, MpeanosioXKuWM, YTO 3allaHa HeKoTopas & -u3Mepumas neii-
cTBUTeNbHAs QyHKUMA g = g(x) Takas, uto E.|g(X,)| < oo, x € E, nna Bcex
n>0 (um 0<n< N, eci a priori cyLiecTByeT HEKOTOpPOe «TepMHHaJbHOE»
3HaueHue N, 10 KOTOPOro HYXHO GYIeT MPUHATb «ONTUMAJIbHOE peLleHHe»).

ITycTb 9015 — KNacc MapKOBCKMX MOMEHTOB T = T(w) (OTHOCHTE/NbHO QHJIb-
Tpauuu (Fr)ogkgn) CO 3HAUEHHAMH B MHOXKECTBE «MOMEHTOB OCTAHOBKH>»
{0, 1, ..., n}

Caenyiolas TeopeMa siBJisieTcsl «MapKOBCKOi» BepcHeil TeopeM | U 2 u3

§ 13 rn. VIL
Teopema 1. /Tycmeo 022 0<n< N u x €E «yenor»
sn(x)= sup E,g(X), (0]
TEMY
20e E, — ycpednenue no mepe P;.
Tycmeo
7o =min{0 <k < n: sp—p(Xp) = g(Xe)} )
u
Qg(x) =max(g(x), Tg(x)). 4)

Toeda umerom mecmo caedyiowue ymseprcoeHus.
1) Momenm 7§ aeraemcs ONMUMANLHOIM MOMEHMOM OCMAHOBKU 8
Kaacce IMy:

= g(X'rg) =$n(x) (5)

0an gcex x €E.
2) Dyukyuu sy(x) moeym Geime naloerst no Gopmyae

sn(x)=Q"g(x), x€E, (6)
20e Qg(x) = g(x) daa n=0.
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3) Pynkyuu s,(x), n <N, noduunsaomes pexyppernmrom cOOmHouLe-
Husm (So(x) = g(x))

Sp(x) =max(g(x), Tsp—1(x)), x€E, 1<n<N. (7

Hokazameabcmeo. Bocnosbayemcs pesyastatamu Teopem | v 2 us § 13
ra. VII, npumenenHbiMu K pyHkuuam f, = g(X,), 0Sn<N.

C 3Toit uesibio 3aUKCHPYeM HEKOTOpPOe «HauajbHoe» COCTosHUe X € £ u
paccMOTpHM BBelieHHble B ynomsaHytom § 13 dyuxuun VN u vY. Tlpu stom,
yTOGbl MOAYEPKHYTb 3aBUCHMOCTb OT HAyaJbHOTO COCTOSIHWA, GyleM Mucathb
VN =V} (x). Takum o6pasom,

V()= sup E.g(X,), )
TeMY

rne MY — knacc BceX MapKOBCKMX MOMEHTOB (OTHOCHTEJbHO (UJILTPALMH
(Zr)egn), NPHHUMAIOUIMX 3HAYEHUS B MHOXECTBE «MOMEHTOB OCTaHOBKH»
{n,n+1,..., N}

®yukumu vY onpenenenst (8 coorserctsuu ¢ (6) § 13 ra. VII) pekyppent-
HbIM 06paA3OM:

N =g(n), vy =max(g(Xn), E+ (03} | Fn))- ©
B cuny 06061uienHoro mapkosckoro cBoiicta (TeopeMa 1 § 2) (Pe-n. H.)
Ex(v | #n-1) =E(gXn) | Fn-1) =Ex,_, (X)), (10)

rre Ex,_, g(X) nonumaerca (cM. § 2) cnenyiommum o6pa3om: Gepercst QyHK-
uus P(x) =E, g(X)), 1. e. ¥(x)=(Tg)(x), 1 No onpeneseHUIo CYUUTAETCA, YTO
Exv_, 8X)=9(Xn-1) =(T@)(Xn-1).

Takum o6pasom, vy = g(Xy) n

oN 1 =max(g(Xn-1), (T@)(Xn-1)) =(Q€)(Xn-1). (11)
[Mpononkas aHanorMuHbIM 06pa3oM, HaxoauM, uto ais Bcex 0N — 1
vl =(Q"™"g)(Xx) (12)

U, B YaCTHOCTH,
ol = QY g)(Xo)=(Q¥ @)(x) (Pe-n.n.).

Cornacho (13) u3 § 13 . VII, v} = V. Mockoabky V¥ = V' (x) =sp(x),
10 TeM cambiM sy (x) = (QN g)(x), uto u nokasviBaer dopmyay (6) ms n=N
(anajiornuHo 1 aas yo6oro n< N).

W3 (6) u onpenenenus oneparopa Q nosnyuaeM pekyppeHTHble popmyJbi (7).

[MokaxeM, uTo onpeneseHHbli GpopMy.10il (3) MOMeHT (npu n=N) aBasercs
onmumanbroim B knacce MY (ananornuto u A n <N B knaccax Mg).
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CornacHo TeopeMe | § 13 ra. VII, onTHManbHbli MOMeHT
' =min{0< kSN : vl = g(Xp)}.

Hs (12) u ycraHoBieHHOro ¢akTa, uTo S,(x)=(Q" g)(x) ms moboro n >0,
HaXOIHMM, UTO

v =(Q"*g)(Xe) = sn_r(Xe). (13)

ChnenoBateibHO,
70 =min{0 < k<N : sy_p(Xp) = g(Xp)}, (14)
YyTO U IOKa3blBaeT OHTHMaJleOCTb 3TOro MOMeHTa B KJiacce ﬂﬁsl O

4. O603Hauyum
DY ={x€E: sy_4(x)= g(x)}, (15)
CN=E\DY ={xcE: sy_p(x)> g(x)}. (16)

Torna u3 (14) 3akmouaem, yto

7 (w)=min{0 Kk KN : Xp(w) €D}, (17)

W MO aHAJOFHH C MHOXEeCTBaMH D,'e” 7 C,’," (8 Q), BBeneHHbIMM B 1. 6 § 13
rn. VII, MHoxecTBa

Dy cDYC...CDY =E, (18)
cyocho...oCh=02 (19)

MOXXHO Ha3biBaTb COOTBETCTBEHHO 00AACMAMU «OCMAHOBKU» U «NPOCOAKCe-
Hua» Habaoldexuil (B E).

OTMeTuM cneundrKy paccMaTpiBaeMblX 3aau 06 ONTHMaJbHOI OCTaHOBKe
JUi MapKOBCKHUX Lieneil. B oTanuue ot o6uero ciyyas, B MApKOBCKOM CJyuae
OTBET Ha BOMPOC «MpeKpallaTb HabJIOLeHUs1 WM NPOLOIXKATb» pellaeTcsa no
COCTOSIHMAM caMOl MapKOBCKOH LieNu (T(;V =min{0<kN: X, € ]DQ’}), MHaye
roBopsi, Mo TOMY, Tie HaxoauTcA Gayxaawuas «yactiua». [Tpu stom ¢ npuH-
LMNHaNbHOMN TOUKH 3peHUsl noAHOoe pellieHre 3aay 06 ONTUMANIbHOM OCTaHOBKe
(. e. onucaHMe «UeHbI» Sy(X) U ONTUMANLHOrO MOMeHTa (') HaxomuTCs W3
PEKYPpPeHTHbIX «ypaBHeHWH AMHaMHYecKoro mporpammupoBanus» (7) nocie-
dosamenvuoim omoickaruem GYHKUMi So(x) = g(x), s1(x), ..., sy (x).

5. OGparumcs Temepb K 3afaue 06 ONTHMaJbHOW OCTaHOBKE B Mpemno-
JIoXKeHuH, 4To 7T € IME°, rme MG — Knacc Bcex KOHEUHbLX MAPKOBCKUX MO-
MenToB. (B cayuae T e‘.m{)” MoMeHTbl 7 < N; B cayyae xe 7 € MG MOMeHTbI
T=7(w) <00 s Bcex w € N.)

Hrak, nyctb «ueHa»

s(x)= sup E.g(Xr). (20)
TEMS®
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Yro6bl 3mech He BO3HUKAJN BOMPOCHI CYLIECTBOBAHWUA MaTeMaTHUECKHX OXH-
nauui E, g(X;), MOXKHO Mpeanoioxurb, cKaxeM, uTo

Ex(sx;p g‘(X,,)) <o, x€E 2n

[TonsarHo, uto Tak 3aBemoMo OymeT, ecau (yHKUUA g = g(x) oepanuuena
(lg(x)|<C, x €E), u, B uactHocTH, ycioBue (21) 6Gynet BbIMOJHEHO, eC/H
NpoCTPaHCTBO £ COCTOSHUMA LeNu KOHEUHO.

M3 onpeneneHuit «uen» sy(x) u s(x) crenyer, uto ajs Bcex x € £

sy(x) <sy4+1(x) <... < s(x). (22)

EcTecTBeHHO, KOHEYHO, PacCUUTLIBATb HA TO, YTO Nlim sy(x) cosnadaem c
—00

s(x). M ecau 310 Tak, To TOrAA, CoBepllas npele/bHblil Nepexon B (7), HailneM,
YTO «leHa» s(Xx) DOMXKHA YIOBJETBOPATH YpaBHEHHIO

s(x) =max(g(x), Ts(x)), x€E. (23)

M3 sToro ypaBHeHHUsi, MeXAy MpoYMM, clienyeT, uto aas S(x), x € E, Bbl-
NoJiHeHbl 4BapHaLMOHHbIE HePaBEeHCTBa»

s(x) > g(x), (24)
s(x) = Ts(x). (25)

HepaseHcTBo (24) roBopHT 0 TOM, UTO «LieHa» S(x) ABJAETCA MAHOPAHMOU
¢dyHkuuu g(x). Bropoe nHepaBeHcTBO (25) 03Hauaet, B COOTBETCTBHH C ONpele-
JileHUsIMH o6Leii TeOPHH MapKOBCKUX MPOLIECCOB, UTO GyHKUUA S(x) sABasercs
KCYeccu8Hou, Wid cynepeapmoru4ecKol.

Takum o6pasoM, ecn wia S(x) MOXKHO Gbuio Gbl YCTaHOBMTH CrpaBell-
JIUBOCTb COOTHOLIEHUs (23), To Mbl Gbl 3aKJIOUMJIH, UTO «LeHa» S(x) ecmb
aKkcyeccusHas maxcopanma pynkyuu g(x).

OTMeruM Temepb cienyioulee o6cTosTeabeTBo. Ecu Kakas-to dyHKumaA
v(x) ecTb 3KCLieCCHUBHAs MaXkopaHTa GYHKUUM g(x), TO TOraa, OUeBHIHO, Crpa-
BelJ/IUBbl «BapHaLMOHHble HEpaBEHCTBA»

v(x) > max(g(x), Tv(x)), x€E. (26)

OkasbiBaercsi, OIHAKO, eCJi MPednooXKUTb JOMOJHUTENbHO, YTO (YHKLIMA
v(x) ABNSIETCA HAuUMeHblued IKCyeccusrol maxcoparmoi, To Toraa B (26)
6yleT BbINOJHATLCS PaBEHCTBO, T. €. v(x) GyldeT yA0BAETBOPATb YPaBHEHHUIO

v(x) =max(g(x), Tv(x)), x€E. (27)

Jlemma 1. Bcakasa Haumenvwas Ikcyeccusnas maxcopanma v(x)
pynryuu g(x) yodosremsopsaem ypasrenuo (27).
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Hoxazameabcmeo 1n0BOJbHO NpocTo. $IcHO, uTO M v(X) CNpaBelTHBO
HepaBseHcTBO (26). O603Hauum v (x) = max(g(x), Tv(x)). [Tockonbky vy (x) >
> gx)nu(x)<o(x), x€E, 10

Tuy(x) < To(x) < max(g(x), Tu(x)) =v;(x).

CuenoBatenbHo, v)(x) ecTb 3KcleccHBHas MaxkopaHTa ¢yHkuuu g(x). Ho
v(x) — HaumeHbwW A SKCUECCHBHAs MakopaHTa. 3HauuT, v(x) <vu)(x), T e.
v(x) < max(g(x), Tv(x)). Bmecte ¢ (26) 310 nokasbiBaeT TpebGyeMoe paBeH-
ctBo (27). O

[poBenenHble mpeaBapHTe/ibHbIe pacCMOTPEHHs, OCHOBaHHble Ha Npeano-
JIOXKEeHHH s()c)=Nlim°<> sy(x) v mpusenline K cooTHolleHusaM (23), a Takxe

-

yTBepKieHue JieMMbl | MOACKA3bIBAIOT MYTb K XapaKTepuU3aUuH «LeHbl» S(x) —
No-BUAUMOMY, 3TO €CTb HAUMEHbLIUA 3IKCYECCUBHAA Maxcopanma QyHK-
unu g(x).

W neficTBUTENbHO, CIpaBeIMBa Clelylomias

Teopema 2. [Tycmeo ¢pynkyus g= g(x) marosa, umo E, [sup g'(X,,)] <

n

<00, X €EE. Toz0a umerom mecmo caedyioujue ymeepircoerus.

(a) Lena s =s(x) ecmo HaumeHrbwIAS IKCYECCUBHAR MANCOPAHMA DYHK-
yuu g = g(x).

(b) Lena s(x) cosnadaem ¢ lim sy(x)= lim Q" g(x) u ydossemso-

N—oo N—o0

psaem «YpasHerui0 OUHAMUYECKO20 npoepammuposanus Baivsda—bers-
MAHA»

s(x) =max(g(x), Ts(x)), x€E.

(c) Ecau E, [sup lg()(,,)l] <00, x € E, mo 021 kaxmdoeo € >0 momenm
n

7 =inf{n >0: s(X,) < g(X») + ¢}
ABAAEMCA E-ONMUMAALHUM 8 Kaacce MG, m. e.
s(x)—e<E.g(Xr:), x€E.
Ecau Pe{r§ <oo}=1, x €E, mo momenm 15 6ydem onmumanroroin (0-on-
mumanbHoLM), m. e.
s(x)=E,g(Xs), x€E. (28)

(d) Ecau muosxcecmso E koneuro, mo momenm 75 npuradaexcum ML
U A6A8eMCA ONMUMANLLHOLM.

3ameuanne. Brosnne Moxer cnyuntbes, uto MoMeHT 75 =inf{n >0: s(X,) =

= g(X,)} ¢ nonoXKnTeNbHOI BEPOATHOCTbIO MPUHUMAET A1 HEKOTOPbLIX COCTO-
AHUA x € E 3HaueHHe +oo, Py {7y =00}>0. (Tak GbiBaeT naxe B cayuae
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Cuemnoeo0 MHOXXeCTBAa COCTOAHMM; 3amaua 1.) B srtoii cBA3u Hapmo 6buio
6bl YCJIOBHTbCS O TOM, UTO CJjlelyeT MOHMUMaTb nopn sblpakeHueM E, g(X;),
KOra 7T MPUHUMAeT U 3HaueHHe +00, MOCKOJbLKY «3HaueHHe Xoo» He 6bl1o
onpeeJeHo.

Yacto no ompepesieHUI0 MoJaraioT g(Xoo)sﬁ g(Xy) (em. m. 1 § 13

ra. VII u [78]). Ectb u npyras Bo3MoxHOCTb: BMecto g(X;) paccmarpu-
BaTb g(X,) /(T <o0). Torna, ecnu o603Haunth MG Kaacc scex MapKOBCKHX
MOMEeHTOB, MPUHHMAIOLLUX, GbITb MOXKET, U 3HaueHHe +00, TO «LeHa»

S(x)= sup E,g(X;)I(r <o0) (29)

TEMS®

onpejieJieHa ¥ TeM CaMblM CTAHOBMTCA BO3MOXHbBIM 3afauy 06 ONMTHUMaJbHOM
0CTaHOBKe paccMaTpuBaTh U B Kaacce .

Hoxazameabcmso meopembt 2 npuBeneM 3aech JHIbL LA Clydasi KO-
HeyHo20 MHOXecTBa E. B 3TOM cilyuae 0HO CpaBHUTEILHO MPOCTO M XOPOLIO
nposicHseT BO3HUKHOBEHHE 3KCLEeCCUBHbIX PyHKUMH B 3ajauax 06 oNnTUMalbHON
octaHoBke. [To noBomy nokasatenbcTBa B obuieM ciayuae cM. [78], [102].

(a) TokaxkeM, uto pyHKUMA S(x) ABAAETCA IKCLECCUBHOM, T. €. S(x) > Ts(x),
x€E.

OuesuaHo, uTO WA Kaxaoro coctosHua y € E u € >0 Haiinerca Takoit
(P,-n. H.) KoHeuHbli (3aBUCAILMHA, BoOGILe roBops, oT € > () MoMeHT 7, € IMS°,
4TO

E,gXr) >s(y) e (30)

ITo sTuM MoMeHTaM 7, y € E, NoCTPOUM HOBbLIE MOMEHT 7, KOTOPbIi onpenes-
€T, 06pa3HO roBops, CJELYIOLLYIO «CTPaTEruio» BbI6Opa MOMEHTa «OCTAHOBKU».

[MycTb «yacTHUA» HAXOAMTCH B HayajibHblii MOMEHT B COCTOIHMU X € E.
«OCTaHOBKM» B 3TOM COCTOSIHUM He MPOMCXOIHUT, U 3aBEIOMO COBeplIaercs
oziHo Ha6JoneHue. [TycTb B MOMEHT =1 «yacTHla» OKa3biBaeTCA B COCTOSHUM
y €E. Torma «crtpaTerusi», XapakrepuayeMasi MOMEHTOM 7, COCTOMT B TOM,
YTOGLI CYUTATb, UTO «KU3Hb YACTULLI» KaK Gbl HAUUHAETCs 3aHOBO, @ MPaBUIO,
onpezesiolliee ee OCTAHOBKY, yNpPaBsieTCs MOMEHTOM .

dbopmainbHO ke MOMeHT 7 onpenessieTcs ClelyloWuM 06pasoM.

Tlyctb y € E. Paccmotpum cobuithe {w: 7, (w) =n}, n > 0. Iockoabky 7, —
MapKOBCKUH MOMEHT, TO 3TO cOGbiTHe MpUHaMIeXHUT F,. Mbl npeanonara-
€M, UTO MpPOCTPAHCTBO §) ABJAETCA KOOPOUHAMHbIM, TOPOKAEHHBIM MOC/Ie-
NOBaTeJbHOCTAMU w = (Xg, X1, ...) C X; €E, u Fy=0(w: X0, ..., Xn). O1CIO-
Ia BbITEKaeT, YTO MHOXecTBO {w: 7,(w)=n} MoXeT GbiTb 3anUCaHO B BH-
ze {w: (XoW), ..., Xa(w)) € By(n)}, rne By(n) ecTb HeKOTOpOE MHOXECTBO B
& =£®...9& (n+1 pas). (CMm. Takxe Teopemy 4 B § 2 . 11.)
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MowmeHT 7=7(w) onpenensieTcs Tak, YTO OH NMPUHMMAeT 3HaueHUs BUIA
n+1cn>0unpu stoM #(w) =n+ 1 Ha MHOXecTBe

An=) {w: Xi(@) =y, X1(W), ..., Xn41(w)) € By(n)}.
y€E

(C HarnanHo# TOUKU 3peHHs MOMEHT 7 MOXKeT ObiTb OXapaKTepH30BaH cJefy-
jolMM 06pa3oM: B JIIOGOM COCTOSIHWH X B MoMeHT n =0 3aBe1oMo nenaercs
HaGJII0leHHe; ec/ii NPy 3ToM X| =y, TO Jajiee UCMO/b3yeTC MOMEHT T,.)

MMockoabky Y. A, =, T0 MOMeHT 7 =7(w) AeficTBUTEJbHO ONpese/ieH s
n20
BceX w € ) U siBseTc MapKOBCKUM (3apaua 2).
M3 nanHoit KOHCTpPYKUMH, 0606L1IEHHOTO MapKOBCKOro CBOMCTBA (thopMmy-

na (2) u3 § 2) u (30) Haxomum, uTo Aas Jdoboro x € E

ErgXs)=)_ ) D PdXi=y, (X1, ..., Xay1) € By(n), Xpp1 =2} g(2) =

n20 yeE z€E

=Y "> puPulXo=y, Ko, ..., X») € By(n), X, =2} glz) =

n20 yeE z€E

=333 puPulXo, ... Xa) € By(n), X, =2} gl2) =

n20 yeE z€E

=Y puEygXn) 2 puyls(y) —€) =Ts(x) —e.

yeE y€E
Tem cambiM
s(x)=E,g(X+)>Ts(x)—e, x€E,
M, B CHJly MpOU3BoJbHOCTH £ > 0,
s(x)>Ts(x), x€E,

YTO ¥ JI0KA3blBAET 3KCLECCMBHOCTb YHKUHU S =s(x), x EE.

Jloka3aHHoe cBOMCTBO 3KCLECCUBHOCTH (CyneprapMOHMUHOCTH) Cpa3y NpH-
BOIMT K CJILYIOILIEeMYy BaXKHOMY pe3yJibTaTy.

Caeactsue 1. [Jaa kaxcdoeo x € E npoyecc (nocaedosamenvrocmo)

s= (S(Xn))n>0 @31

agasemca (omuocumensro Pe-8eposamuocmu) cynepmapmureaion.
U3 teopembl | § 2 ri1. VII, npumeneHHOM K 3TOMY CynepMapTHHraJy, 3akJio-
yaeM, uTo Il BCAKOro MOMeHTa 0CTaHOBKH 7 € MG° crnpaseiMBO HEPaBEHCTBO

s(x) > Exs(X;), x€E, (32)
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H eCJIH 0 M T — JIBa MAPKOBCKHX MOMeHTa K3 IMY° Takue, uto 0 < 7 (Py-nm. u,,
x€kE), 1o
E s(Xy) 2 Exs(X;), x€E. (33)

(3ameTHM, uTO B paccMaTpUBaeMOM C/iydae BCe YCJOBHS YNOMSHYTOH Teope-
mbl 1 43 § 2 rn. VII binosiHenbl, NOCKOJbKY NPOCTPAHCTBO £ KOHEUHO.)

13 (32) noanyuaem

CaeactBue 2. [Tycmo 8 3adaue 06 onmumarvrol ocmaroske (20)
pynkyus g=g(x), x €E, asrsemca skcyeccusnoi (cynepeapmoruye-
cxotl). Toeoa momenm 1§ =0 asanemcs ONMUMALbHOIM MOMEHMOM OCMA-
HOBKU.

(b) TTokaxem, uto s(x) =liArln sy(x), x€E.

Tak KaK sy (x) < Sy+1(x), TO npenen lil{/n sy (x) cywecrsyer. O603HauuM ero

§(x). [Mockonbky E — koHeuno u ansa sy (x), N >0, BbiNo/IHeHb peKyppeHTHbIe
COOTHOLIEHHA

sy (x) =max(g(x), Tsy-1(x)),
TO, Nepexdis B HUX Kk npeneay (N — oo), HaxoauM, 4To
$(x) =max(g(x), T(x)).

Orciofia cleyer, uTo §(x) ecTb 3KcLeCCHBHasA MakopaHTa ¢yHkuun g(x). Ho
s(x) — HaHMMeHbLIAA SKCLECCHBHAA MaxkopaHTa. 3HauuT, s(x) <§(x). B To xe
caMoe BpeMsi OUeBHAHO, UTO MOCKOMbLKY Sy(x) < s(x) ana qo6oro N >0, To
§(x) < s(x).

CaepnoBatesibHO, §(x) =$(x), uto U JOKasbliBaeT TpebyeMoe yTBep)KieHHe

(b) TeopeMbl.
(c, d) ITokaxkem, HakOHeL, UTO MOMEHT

73 =inf{n > 0: s(X,) = g(Xa)}, (34)
T. €. MOMEHT
75 =inf{n > 0: X, eD*} (35)
nepsoeo MNonajaHusa B MHOXeCTBO (OCTaHOBKH)
D*={x€E: s(x)=gx)}, (36)

apasieTcs (B ciiyuae KOHeuHO20 MHOXecTBa E) ontuManbHbiM B Kinacce IG°.

C 370i1 UeJbIO MpeXae BCcero 3aMeTHM, 4To MHoXecTBo ID* ne nycmo, no-

CKO/bKY K HeMy 3aBelIOMO NpUHajexar Te 3HaueHus X, rae g(x) = max g(x).
x€

B 3THX COCTOAHUAX S(X) = g(X), ¥ NOHATHO, UTO ONTHMANbHASA CTpaTerus LOJIK-
Ha COCTOSITb B TOM, UTOGbI B 3THX COCTOSIHHAX X Cpa3y «OCTAHaBJMBATbCA».
MIMEHHO 3TO U MpelnucbLIBA€T MOMEHT OCTAHOBKH T .
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PaccMaTtpuBasi MOMEHT Ty C TOUKH 3peHHA ONTHMa/ILHOCTH B Kiacce IG°,
HY’KHO Mpexiie Bcero y6eIuThca B TOM, UTO 3TOT MOMEHT NMPHHAMJIEKHT STOMY
Kaaccy, T. e. 4To

P{rg <oo}=1, x€E. (37)

CuenaHHoe NpeanosioXeHHe KOHEe4HOCMU MHOXeCTBa COCTOsSIHUI E neficTBu-
TeJIbHO MO3BOJISIET 3TO YCTaHOBUTL. (B cayuae cuemuoco MHoxectsa E 370,
BoobLle FoBOps, yxKe He Tak; 3ajava l.)

Jlns nokasaTesbCTBa 3aMeTHM, YTO MHTepecylolllee Hac cobbiTHe {75 = oo}
cosnagaert ¢ cobbitieM A= [ {X, ¢ D*}. Tak uro Hafo nokasarb, yto P,(A)=0

n>20

9 Bcex x € E.

Eciu D* =E, T0 3TO, OYEBUAHO, TAK.

[ycts D* #E. B cuny koneunocmu MHoxectsa E Haitnercs Takoe a >0,
uto g(y) < s(y) — a ans Becex y € E\ D*.

Torna ana mo6oro 7 € MP

ExgX:)=)_ Y Pdr=nX.=y}gly)=
n=0 yeE
=Y Y Pdr=nXu=glg@)+>_ Y Pdr=nX.=y}ew)<
n=0 yeD* n=0 yeE\D*
<Y Y Pdr=nXo=gts@)+>_, D Pdr=nXi=g}(s(s) —a) <
n=0 yeD* n=0 yeE\D*

< Exs(X7) — aPy(4) <s(x) — aPy(4), (38)

rlle nocJjefHee HepaBEeHCTBO CJieflyeT U3 SKCLECCHBHOCTH (CyneprapMOHHYHO-
cTd) dyHKUUH S$(X) U cnpaBeMBOrO AJisi Hee HepaBeHcTBa (32).
Beps B JeBo#i yactu (38) sup no BceM 7 € WE®, NPUXOLMM K HepaBeHCTBY

s(x) <s(x) —aPy(A), x€E.

Ho |s(x)| < 00, @> 0. TToatomy P,(A) =0, x € E, uT0 1 I0Ka3bIBaeT KOHEUHOCTb
MOMeHTa 7.

TlokaxkeM Tenepb ONTHMANbHOCTb 3TOr0 MOMeHTa B Knacce IMG°.

[To onpenenenuio 74

$(X73) = g(X7;)- (39)

HMivea B Bumy 310 cBoiicTBO, paccMoTpuM dyHKumio y(x)=E,g(Xrs)=
= E,,s(X.,o—). Huxe Mbl nokaeM, uto 3Ta dyHKuMs y(x)

1) ABAsieTcs 3KCLLECCUBHOM;

2) maxcopupyer pyHkumuo g(x): y(x) > g(x), x€ E.
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OueBuaHbIM 06pa3oM UMeeT MECTO TaKXKe HepaBeHCTBO

3) 7(x) < s(x).

W3 1) u 2) 6ymer cjiefoBath, UTO 7y(x) eCcTb 3KCLECCHBHasi MaKOpaHTa
¢dbyHKuuu S(x), KoTopas, B CBOIO ouepellb, IBJIAETCA HAuMeHbuleld 3Kclec-
CHBHON MaxkopaHTOW ¢yHKkuun g(x). I[Tostomy B cuay 3) vy(x)=s(x), x€E,
M TOTIa

s(x)=E,g(Xr;), x€E,
uto U GyleT NOKa3biBaTb TPeGyeMylO ONTHMANBLHOCTbL Ty B Kaacce I18°.
Jlokaxem csoiictBo 1). O6o3nauum 7 =inf{n > 1: X, € D*}. dToT MOMeHT

ABJIAACTCA MaPKOBCKUM, T3 < 7, T € M°, U NocKoJIbKy ByHKUMA S(x) ABJseTCs
3KCLECCHBHOM, TO B cuiy cBoiicTBa (33)

Exs(X:) SExs(Xr:), x€E. (40)

JHanee, ¢ yaeToM 06061LeHHOIrO MapKOBCKOTO cBOCTBa (cM. (2) B TeopeMe |
§ 2) umeem

o0

Ers(X:)=)_ Y P{Xi ¢D*, ..., Xooy €D*, Xo=y}s(y) =
n=| yebh*
=YD pePAXo gD, ..., Xa o €D*, Xoo =y} s(y) =
n=1 yeD* z€E

=Y prEas(Xry). (41)

Z€E

Orciona B cuny (40) Haxoaum, uto

EXS(XTO') 2 Z pszzs(X‘ro')»
2€E
T. €.

’Y(x) 2 Z pXZ’Y(Z)v X € Eo
Z€E

YTO W JIOKa3blBaeT SKCLECCHBHOCTb (PYyHKUUH Y(x).

Ocranoch JuLb NOKa3aTh, YT0 GyHKUMA Y(x) Maxkopupyer g(x).

Ecau x € D*, to 75 =0 u, oueBunHo, y(x) =E, g(X7p)=g(x).

Paccmorpum MHoxecTBo £\ D* u nosoxkum Eg ={x € E\D*: v(x) < g(x)}.
10 MHOXecTBO Ej ABIAETCA KOHEUHbIM, H MYCTb X; — TO 3HaueHHe, Ha KOTO-
pOM JocTHraercst MakCHMyM yHKUMH g(x) — 7y(X), paccMaTpHBaeMoii Ha MHO-
xecte Ej:

g(x5) —v(xg) = ;ggif(g(x) - 7(x).



§9. 3AJIAYM OB OINTUMAJILHOM OCTAHOBKE 867

Beenem HoBYIO (pyHKLHIO

Y(x) =7(x) + [&(x5) —v(x5)],  x€E. (42)

SIcHO, uTO 3Ta (YHKUHMSA AABJAETCA SKCLECCHBHOM (KaK CyMMa 3KCLECCHBHOM
(YHKLMH M KOHCTaHTbI) H

A(x) — g(x) =[g(xg) —v(x5)] — [&(x) —v(x)] >0

nJs Bcex x € E. TeM cambiM 4(x) fIBASETCS 9KCLECCHBHOH MaxXopaHTOH (yHK-
uun g(x), u, 3HauuT, 4(x) = s(x), NOCKONLKY (YHKUUA S(X) eCTb HauMeHblLas
IKCLLECCHBHAs MaxKopaHTa (yHKUUH g(x).

Orciona caefyer, 4To

¥(xg) = s(xg)-

Ho, coraiacHo (42), ¥(xg5) = g(xg) u, clenoBareabHo, g(xg) > s(xg). [Tockoabky
s(x) > g(x) ana Bcex x €E, to g(x5)=s(x3), uTO O3HAYaeT, UTO TOUKA Xj
npuHamiexur Muoxxectsy ID*. Tlo npexnoJioxeHuio xe x* € £\ D*.

MoayuenHoe npoTMBOpeure nokasviBaeT, 4yto MHOXecTBO E \ D* = 2. OT-
KyZla BbiTeKaeT, uTo y(x) > g(x) ans Bcex x €E. O

6. TlpuBeneM HeKOTOpble NpUMepHI.

NMpumep 1. Bynem paccmatpuBaTh npocToe ciyuaiiHoe 6iyKaaHue ¢ ABy-
Msl «norjouamuMi» cocrosiuusamu O u N, onucanHoe B npumepe 5 § 8. [pu
3TOM GyneM cuutaTh p =g = 1/2 (cuMMeTpuuHoe Giyxnanue). Eciu ¢yHk-

umns y(x), x € E={0, I, ..., N}, aBasercs 1A paccMaTpHBaeMoro cJjiyyaifHoro
6Ja1yxnaHUus 3KCLeCcCUBHOM, To ais Bcex x=1, ..., N — 1
1 1
1x) 2 5 7(x = 1)+ 5v(x+1). (43)
IMycTb 3anana HekoTopas dyHkuusa g = g(x), x €{0, 1, ..., N}. [Tockoabky

coctosiHus 0 U N ABASIOTCA no2a0warowumu COCTOTHUAMH, TO GYHKUHIO S(X)
Hallo UcKaTb Cpeld BceX (yHKUMi ~y(X), MoAUMHAIOWMXCS ycnosuio (43) u
rpannuHbiM ycaosuaMm y(0) = g(0), v(N) = g(N).

Yenosue (43) o3nauaer gotnykaocme byHkuuu y(x) (Ha MHoxectse {1, 2,
.., N =1}). TeM cambiM MOXHO cHesaTh Cjelylolluil BbIBOL: B 3ajaye S(x) =
= sup E,g(X;) «ueHa» s(x) ecTb HauMeHbLUAA B6LNYKAASL PYHKUMSA, MONUH-

TEMS

Helowasics rpaHuyHbM yciosuaM s(0) = g(0), s(N) = g(N). C narnsanHo# xe
TOUKH 3peHusi AJIs onpeeseHns 3HaueHHi GyHKUMH S(X) HalO NOCTYMHUTD CJle-
nyowum o6pasoM. «HakuHem» Ha 3HaueHWs GyHKUMH Z(X) «TYro HaTAHYTYIO
HuTb». Ha puc. 42 ata «Hutb» Gymer npoxoautb uepe3 Touku (0, a), (1, b),
(4, ¢), (6, d), roe cocrosinua 0, 1, 4, 6 06pa3yloT MHOXeCTBO ocTaHOBKH D*.
B s1ux Toukax s(x) = g(x). B ocraibHbix cocrosiHuax x =2, 3, 5 TpeGyeMble
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3HayeHusn S(x) onpeneasitoTcs JUHEAHOH MHTepnossuMell. AHaNOrHYHLIM 06pa-
30M 3HaueHUs «BbINYKIOH 060J0UKH» S(X) ONpenensioTca A4 BCeX COCTOSHMI
x € E u B obueM cayuae.

S g(x) //’/
2 3

Puc. 42. Oynkumsi g(x) (nyHkTHpom) u ee Bbinykaas o6osouka s(x), x =0, 1, ..., 6.

NMpumep 2. Tyctb, Kak u B npumepe 7 U3 § 8, paccmaTpusaetcs npocroe
cayyaiihoe 6ayxpaaHde (¢ p=¢q=1/2, T. e. CHMMeTPUUHOE) MO MHOXECTBY
cocrosnuit E={0, 1, ..., N} c orpaxatoumu skpaHamu B 0 u N. Paccmarpu-
BaeMoe GJyXIaHWe AiBJsETCA MOJOXHMTENIbHO Bo3BpaTHbIM. OTciona clenyer,

uTo B 3ajaue 06 onTUMaJIbHOI ocTaHoBKe S(x)= sup E, g(X;) ontumanbHoe
TEMS®

NpaBWJO MMeeT BecbMa MPOCTYIO U eCTeCTBEHHYIO CTPYKTYPYy — Halo AOXH-
JaTbCsl MOMeHTa, Korna GyneT AOCTUTHYTO Jilo60e M3 COCTOSIHUM, rae yHKUHs
g(x) mocTvraer MakCMMaJjIbHOrO 3HaueHWs, U B 3TOT MOMEHT MNpeKpaTUTb Ha-
6110 1eHUA.

Mpumep 3. [TpennosoxuM, uTo A8 NPOCTOFO CHMMETPHYHOTO CJIy4aiiHoro
6ayxnanusa no MHoxectsy E={0, 1, ..., N} cocrosnue O aBisercs morJo-
waiowmm, a N — orpaxaiowmM. Ilyctb xo — To H3 cocTosiHUi, rae (yHKUuS
g(x) mocTuraer MakCUMasbHOTO 3HaueHUs M KOTOpoe ABJfAeTCA GJHXKaHLIUM
kK N. Torma ontuMa/ibHblii MOMEHT OCTAHOBKH MMeeT CJeLyIOWHi BHI: ec/H
X< x <N, 10 0cTaHOBKa GJy>KAaHUS TPOMCXOMUT Toraa, Korna (¢ P, -Beposr-
HOCTbIO €[MHHLIA) NOCTHIraeTcsl cocTosfHue xo. Mexny e cocrosHuaMu 0 1 xo
peleHre 06 OCTaHOBKe TaKoe XKe, Kak U B NpuMepe |, B NPeano/oXeHHH, 4TO
E={0, 1, ..., xo}, rne O u xo — MorJoLLalOUINe COCTOAHHUSA.

7. B 3akoueHre paccMOTPUM MOJIYUHMBLIYIO LUHPOKYIO M3BECTHOCTb «3a-
Jady o BbiGope Hawjyullero o6bekTa», Ha3blBaeMylo TaKkXXe «3ajayeil 0 pa3-
GopuKBOil HeBecTe», «3ajauei 0 BbIGope cekperaps», ... (cM. [59], [78], [102],
[106]). dns HarIsqHOCTH H3JI0XKeHUs BbiGepeM BapHaHT «3afaud 0 pa3GopuH-
BOH HeBecTe».

[NpeanoioxuM, 4To «HeBeCTa» XeJlaeT BbIOPaTh HAWIYULLIEro «XKeHuXa» U3
N B03MOXHbIX KaHaunatoB. Cunraercs, uTo N U3BeCTHO 3apaHee U a priori Bce
KaHIuJaThl yNnopsiaoueHsl Mo «kauecTsy». s onpenesneHHocTy 6yneM cuuTaTh,
YTO HaWJIY4LUMi M3 HUX HMeeT MaKCcMMaJibHbili HoMep N, BTOpOit No KauecTBy —
HoMep N — 1, ..., HauXy[wwuil UMeeT MHHUMaJIbHBIA HoMep 1.
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[MocTynaloT KaHAMAATHI K HeBecTe B «CJy4allHOM» nopsike, 4to GopMasiu-
3yeTcsl CJlelyloLuM 06pa3om.

[ycrs (ay, ag, ..., ay) — nepecraHoBka uucen (1, 2, ..., N). Uucso takux
nepecTaHOBOK paBHO, oueBHIHO, N!, ¥ npeanonaraercs, 4To BCe OHU «CJyyaii-
Hble» B TOM CMbiCJie, 4TO UMeIOT BeposTHoCTb 1/N 1.

B paccmaTpuBaemoii 3a1aue MHTeprnpeTauus ynopadoueHHocmu BuIGOP-

K1 (ai, ag, ..., Gy) COCTOMT B TOM, YTO (NpH NOTeHUUANbHOH BO3MOXKHOCTH
MpOCMOTPa BCeX KaHIMAATOB) MepBbIM K «HeBecTe» MOCTyNaeT KaHIMAAT C
HOMEpPOM a;, 3aTeM — C HOMEpOM dg, ..., HaKOHel, NOCJeIHMM — KaHAWOAT

C HOMepoM ay.

OrpaHHueHHsi Ha BO3MOXKHble CTPaTerdH «HeBeCTbl» (QOPMYJHPYIOTCA HC-
XOAfl U3 CJeflyloILMX COOOpaKeHHH.

AGcoMOTHOTO KauecTBa MOCTYMAIOWero K Hell KaHAMaaTa «HeBecTa» He
3HaeT. Bce, uTo oHa MOXeT OTHOCHTEJNLHO KaueCTBa KaHIHAATOB Y3HATb, —
3TO TOJIbKO TO, KaKOH U3 HHX Jiyullle WIH XyXXe B pe3yJibTaTe UX nonapHo2o
CpasHeHUs.

Hanee, ecin «HeBecTa» OTBeprja KaHOWLATa B «XKEeHUXH», TO OH K Hell
6oJibllie He 8038paujaemcs (a OH MOT OKa3aTbCs U HaWJYULLHUM).

CrpaTerus HeBeCTbl JOJDKHA 3aKJIOUaTbC B TOM, YTOGbl Ha OCHOBaHHH
NocJie0BaTeIbHOrO NPOCMOTPA KaHAUAATOB (C 3aMOMUHAHHEM Pe3yJIbTaTOB UX
NONapHOro CpaBHEHHs M YUHTbIBAA «KaueCTBO» OTKJIOHEHHbIX KAHAWIATOB) TaK
BbiIOpaTb MOMEHT OCTAHOBKH T*, UTOObI

P{a,- = N} =sup P{a, = N}, (44)

Tle T NPHHALIEXUT HEKOTOPOMY KJaccy MOMeHToB ocTaHoBkH DY | onpenens-
eMoMy «uH(popMaLHeil», NoyyaeMoil «HeBeCTOM» B XOZle MPOCMOTPa KaHIM-
JaTOB B «XXEHUXU».

Uro6bl naTh GoJlee TOUHOE OMHCaHWe paccMaTpuBaeMoro kaacca MY, no-
CTPOHM M0 MOCJIeNI0BATENILHOCTH w = (a|, A2, ..., Gy) «PaHrOBYIO» NOCJeN0Ba-
TedabHocTb X = (X), Xo, ...), ecTeCTBeHHbIM 06Pa30M BO3HHKAIOLLYIO B CBA3H C
OMMCAHHLIM Bbillle CMOCOOGOM AeHCTBUI «HeBEeCTbI».

Hmenno, nonoxum X;=1 u nyctb Xo — MOpANKOBLIA HOMep (WJH, UTO
TO )Ke, MOMEHT MOCTYMJIEHHA) «KeHUXa», TOMUHUPYIOLLEro BceX MpelilecTBy-
iomux. Tak, eciu X9 =3, TO 3TO O3HauaeT, 4TO A/ paccMaTpHBaeMoii MNo-
caenosatenbHoCcTH w = (ay, as, ..., Gy) 3HaueHHe a; > as, HO az >a; (> ag).
[pomosmxas onpenensiTb aHaJOrHYHLIM 06pasoM X3, X4, ..., MPENONOXKHM,
uTo, HampuMep, X3 = 5. DTo 03Hauaert, uTo az > a4, HO as > az (> ay).

Camoe 6oJiblliee MOXKeT GbiTb N IOMUHAHTOB (B cayuae (ap, ag, ..., Ay) =
=(1,2,...,N)). Ecau uucio NOMHHAHTOB JJIA MOCJENOBAaTEJbHOCTH w =
=(ay, ay, ..., ay) pasHo m, To nonaraeM X1 =Xpio=...=N +1.
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PaccmaTpuaeMblii K1acc MoMeHTOB ocTaHoBkd DY Gyaer coctosth u3
MOMEHTOB T = T(w), KOTOpble 06/1aal0T TeM CBOHCTBOM, UTO

{w: T(Ww)=n}e FY,

rie X =o(Xy, ..., Xa), 1 <N
PaccMoTpuM Goslee NOAPOGHO CTPYKTYPY «PaHTOBO#» MOC/EN0BATeNLHOCTH
X=X, X, ...).

HerpynHo yGemutbest (3amaua 3) B TOM, 4TO 3Ta MOCJELOBaTEJIbHOCTD
ABjseTcd 00HOPOOHOU MapkoscKkol yenovto (c ¢Ga3oBbIM NPOCTPAHCTBOM

E={1,2,..., N+1}). INepexonHble BepoATHOCTH 3TOi LeNH onpenesioTcs
tdopmysamu:

i L

PN+iN+1=1. (47

Orcidna BULHO, UTO cocTosiHue N + | ABAsleTCa noetowarowum i BO3MOXK-
Hble Mepexofibl COBEepLUIAIOTCA N0 MHOXKECTBY £ /illb «BBEPX», T. €. BO3MOXKHbI
JIMLLb Mepexolbl i — j U j >i.

3ameuanue. Popmyna (45) BbiTeKaeT U3 CJefyIOIMX NPOCTHIX PacCMOT-
peHuil C yyeTOM TOFO, YTO BEpOATHOCTb KaXKAOW M3 MOCJeLOBaTeNbHOCTEN
w=(ay, ..., ay) pasia 1/N!.

Ins 1 <i < j< N nepexonHas BepOTHOCTb

PiXn=1i, Xny1 = j}
P{Xn =1}

pij=P(Xn+l=j|Xn=i)= (48)
Cob6bitue {X, =i, X,41 = j} 03HauaeT, UTo 3HaueHHe Q; ABJNAETCSA JOMHUHH-
+ ]
PYIOLMM Cpeli 3HAaueHH# ay, ..., a; U NpH 3TOM a; > a;. BepoaTHocTb 3TOrO
G=2! 1
i aG-n
4YTO 3HauyeHWe a; ABJAETCA nomuuupyloumm 3HaueHueM cpemd aj, ..., a;, H

G=nt_
i!

cOObITHS paBHA ~——— TouHo Tak ke co6uitue {X, =i} o3Hauaer,

BEpOSITHOCTb TAKOTO COGLITUS ecTb ———— = —. M3 3TuX paccmotpeHuit u (48)

noJyuaem dopmyay (45).

Jlns nokasatesbcTBa GopMyiibl (46) Hamo JULLIb 3aMeTUTb, UTO eclu X, =1,
T0 Xp41 =N + | o3Hauaer, uTo a; NOMUHMPYET M 3HAYEHHA Qj4i, ..., Ay, H
3HaueHus ay, ..., a;—. Popmyna (47) oueBunHa.

[MpeanonoxuM Tenepb, 4TO «HeBeCTa» BbIGpaJia HeKOTOPbIE MOMEHT OcTa-
HOBKH T (OTHOCHTEJILHO CHCTeMbl o-anre6p (ZX)) u npu stom X, =i. Torna
YCA0BHAA BePOAMHOCMb TOTO, UTO STOT MOMEHT OKasaJicsl yCrellHbM (T. e.
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a, =N), paBHa, corsacHo (46), )/(V_T (= ﬁ) CilepoBatesibHo,

|, 3HAUMT, OTbICKAHHE ONTHMAJLHOrO MOMEHTa OCTaHOBKM T* (T. €. MOMEHTa,
aaa kotoporo P{a,~ = N}=sup P{a, = N}) ceomutcs K pelueHuio 3afauu o6
T

ONTHMAJILHOI OCTaHOBKe
V*=sup Eﬁ, (49)
P EN

rie T — MapKOBCKHil MOMEHT OTHOCHTENbLHO CUCTEMbI o-anre6p (.?,f{ ).

B ¢opmyse (49) npemnonaraercs, uto X; =1. B coorBercTBUM ¢ 06LIUM
METOIOM pellieHHs 3anay 06 onTHMaNbHOH OCTaHOBKE [/ MAPKOBCKHX MNocJie-
JioBaTeJbHOCTeH 0603HaUMM

(i) =sup E;g(Xr),
roe E; — MaTeMaTHuecKkoe OXXHaHUe B NPeAnoNOXKeHUH, uTo X| =i, U
gi)=5, i<N, gN+1)=0.

Kak Mbl yxxe 3Haem (Teopema 2), byHkuusa v(i), 1 <i <N + 1, apaserca axc-
yeccusnoll maxcopanmoi ¢pyukunu g(i), 1 <i<N +1:

N .
o(i) > To(i) = ——w(j), (50)
,-=,Z+- -1
v(i) = g(i), (51)

H K TOMY XXe HaumeHouieli u3 Takux pyHkumit. M3 aToit xxe Teopembl 2 ciienyer,
yro ¢yHkumus v(i), | <i <N + 1, ynonersopser ypaBHeHHIO
v(i) =max(g(@i), Tu(i)), 1<i<N+], (52)

NpH 3TOM, KaK HETPYIHO BHIETb, HCKOMas (YHKUHA v(i) HOMKHA GbiTb TaKOM,
yTO
vN+1)=0, ov(N)=gN)=1.

O603HauuM yepe3 D* MHOXKECTBO TeX COCTOSIHM i € E, rlie npousBoauTCs
octaHoBka Habuonenuit. CoracHo TeopeMe 1, 3T0O MHOXXeCTBO OMHCbIBAETCA
ClienyolM 06pa3oM:

D*={i cE: v(i)= g(i)}.

CooTseTcTBeHHO, 06J1aCTb MPOLOKEHHs HabJONeHHi

C*={icE: v(i)> g}
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Takum o6pasom, ecau i € D*, To

N N
. . . i 1 . ] 1 .
g)=v®>Tol)= 3 - 77e)> 3 7 77 &)=
j=i+l j=i+1
N ; 1 N 1
=2 mTN=ed X
j=i+l1 j=i+l

ChnenosaresibHo, ecsi i € D*, To KOMKHO GbITb BBIMOJHEHO HEPaBEHCTBO

N 1
> st
j=i+1
Janee, ecim 3TO HepaBeHCTBO BbIMOJIHEHO W 3Hauenus i+ 1, ..., N Bce
npuHagnexat D*, o Torna
N
. ]
T@=3 5 ,g(n—go) Z < gl)
j=i+1 j=i+1

M TeM CaMbIM COCTOfIHHe i TaKXKe MPUHALAEXKUT MHOXecTBy ID*.

[NpuBenennvle paccyxaenus (c yueroM Toro, uto N €D*, MoCKOJbKY
v(N) = g(N)) nokasbiBaioT, 4T0 MHOXecTBO ID* NOKHO HMMeTb CJiefyIOLLHH
BUL

D*={* i*+1,..., N, N+ 1},
roe i* =i*(N) OI'IPEJ.'I.EJIﬂeTCﬂ u3 HepaBeHCTB
1 1 1 1
i—"+l+l+ + ]< ]+i_*+"'+—N—l' (53)
U3 KOTOpbIX BbiTeKaeT, YTO Npu 60.m>Luux N
Wy~ (54)

JefictBuTeNIbHO, NIt BCAKOTO 71 2> 2
1
Inn+1)-Inn< - <Inn-In(n-1).
Otkyna
N 1 1 N -1
In ;<E++m <In n—_-]-,
yTo BMecTe ¢ (53) NpUBOAKUT K HepaBeHCTBAM

N N-1
In Z"‘(_N)<l<|n m,

M3 KOTOpbIX U CJiellyeT acCUMOTOTHKA (54).
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Haiinem Teneps dynkunio v =v(i) ma i€ E={1,2, ..., N+1}.
Eenn i €D*=(i*, i* +1, ..., N, N +1}, 10 0()) = g(i) = 5.
IMycts i =i* — 1. Torna

N
o(i* = 1) =To(i* - 1)—2

_,t

o 8= (e et )

[MycTb Tenepb i =i* —2. Torna

i*=2 )
SR "'H,-; - &)=

N
1 1 1 j* -2 1
= (l.—;—_-—l‘+...+ )+l P

v(i*=2)=Tuv(i* -2)=

N N—1 N 2. -1
j=i
i*—1 1 1
= (ot wm)
Mo vHgyKuMK ycTaHaBaAuBaeM, uto Ais Beex | <i <i*
-1
v(i)=v* (N)—l——( Tty l) . (89)
Tem cambiM mia i € {1, 2, ..., N}
] v*(N), 1 <i<i*(N),
v@)={ . i . (56)
gl)= v i<N.
O6paiuascs K (55), BUAUM, YTO MOCKOJLKY
. 1 1
ngnm(m+"'+m)_l’ (57)
To npu N — o0
e o N =1 1
Nleoo v*(N) _Nl-l—>moo — =3 ~0,0368. (58)

DTOT pesyJibTaT, Ha NepBblil B3MIAL, MOXKET M0Ka3aTbC HECKOJIBKO YIHBH-
TeIbHbIM, MOCKOJILKY H3 HEro CJIeyeT, UTO eCJ UUC/I0 KaHauaatoB N BeJlMKo,
TO Y «HEBECTbl» CYLIECTBYET CTpaTerusi BbIG0pa HaWNydllero U3 HUX C BeCb-
Ma Gosbluoh BepositHocTbio V* =sup P{a, =N}=0v*(N)=0,368. ITpu stom

T
ONTUMANbHLI MOMEHT
7* =inf{n: X, € D*},

rae D*={i*, i*+1,..., N, N+1}.
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Takum 06pa3oM, onTHMaJbHasi CTpaTerdst «HEBECTbI» COCTOUT B TOM, UTOGbI
. . e N
npocMorpetb i* — | (roe i*=i*(N)~ L n — 00) KaHIMAATOB H 3aTeM BbIGpaTh
TOro MepBoro KaHIWAAaTa, KOTOPLIH Jydllle BCEX NPeablayLIUX.

B ToM cayuae, koraa N = 10, Gonee netanbHblil aHanu3 (cM., HanpuMep, § 1
ra. I11 B [102]) nokasviaer, uto i*(10) =4. Unaue rosops, B 3TOM cJydyae HaJ0
NpOCMOTPeTb TPeX KaHAWAATOB W 3aTeM U3 MOCJelylouuX Bbi6paTh MepBoro
KaHIMOaTa, KOTOpbIA LOMHUHUpYeT BceX mpeniuecTsylouux. CooTBeTCTBYOLIAS
BEpOSITHOCTb BbIGOpPA HaWJIyulllero «XeHuxa» (1. e. 3HaueHue v*(10)) pasHo
npumepHo 0,399.

8. 3anaumu.

1. TlocTpoutb npuMep, NoKasblBalOWMi, UTO A4S MApKOBCKHX Liemel co
C4emHbiM MHOXKECTBOM COCTOSIHMI MOXKeT He CyllecTBoBaThb (B knacce I5°)
ONTHMAJIbHOTO MOMEHTa OCTaHOBKHU.

2. TpoBeputb, 4To MOMEHT 7, BBEIeHHBIi NIPH 0Ka3aTeJIbCTBE TEOPEMbI 2,
IBJISIETCS MAPKOBCKUM MOMEHTOM.

3. INoka3aTtb, uto nocnenosareabHocts X = (X|, Xo, ...), BBelleHHas B 1. 7
NpH pacCMOTPEeHHH «3allaud 0 pa3GopuuBOi HeBecTe», oGpasyer OLHOPOLHYIO
MapKOBCKYIO LieMb.

4. Tlyetb X = (X4)n0 — ONHOpOZHAS MapKOBCKasi LeMb CO 3HaueHUsMH
B R v c nepexonHo#t ¢yHkumneir P =P(x; B), x €R, B € #(R). Tosopsr, uro
R-3uaunas dynkumua f = f(x), x € R, asaserca P-2apmoru4eckoi (nav rap-
MOHHYECKOH Mo OTHOLUeHHIO K P), ecan

E«lfX)|=§ [F)| P(x; dy) <0, xE€R,
R

fx)=§ i) P(x; dy), x€R. (59)
R

(Ecnu paBeHctBO «=» B (59) 3aMeHeHO Ha HepaBeHCTBO «>», TO TOBOPAT,
yro ¢yHKuMs f ABnserca cynepeapmoHuueckon.) Jlokasatb, uto ecau f —
cyneprapMoHuueckas ¢yHKUHs, TO IJsi BCAKOro X € R nocjienosatelbHOCTb
(f(Xn))n>0 ¢ Xo=x ABNsieTcA cynepMapTHHTrasoM (no oTHolUeHHIo K Mepe Py).
5. Ilokasatb, uto MoMeHT 7, BXoaAwwmi B (38), npuHasIexuT knaccy M5O,
6. ITo ananoruu ¢ npumepom 1 B n. 6 paccMoTpeTb 3afaun 06 ONTUMANILHOI
0CTaHOBKe

sy(x)= sup E,g(X;)
TGQJI(’)”

s(x)= sup E,g(X,)
TEMF®

AJ1s BCeX MPOCTLIX CAy4alHbIX 6JyXKAaHWH U3 npuMepos B § 8.



OuepK UCTOPHUHN CTAHOBJEHUS
MaTeMaTHYeCKOil TeOpHH BepOSATHOCTEI

[1pu H3noKeHUH BOMPOCOB UCTOPHUU TEOPHH BEPOATHOCTEN MOXKHO YCJIOBHO
BbIIeANTb (cp. [26] *), [43]) cnenyowue ee sTanbi:

[NpensicTopus

[Tepsbiit nepuon (XVII sek — nauano XVIII eka)

Bropoit nepuon (XVIII Bek — Hauano XIX seka)

Tperuit nepuon (sropas nosnosuHa XIX Beka)

YerepThiit nepuon (Hauamo U cepearHa XX Beka)

MpenbicTopus. UHTyuTHBHbIE NpeACTaBeHUs O CAY4AiHOCMY U BO3HHUK-
HOBeHHe Pa3HOro poia pacCyXHeHHH O BO3MOXKHBIX waHcax (B KyJbTOBOH
NpaKTHKe, pa3pellieHHd CMOPOB, NPeACKA3aHUAX U T.M.) YXOUAT B N1yGb BEKOB.
B nonayuHyio 3moxXy K HUM OTHOCWJHUCL KaK K SIBJEHWSM, He MOAAAlOILUMCS
yeJloBeYeCKOMY pa3yMy W palUHOHANbHOMY OGBACHEHHIO, H TOJbKO HECKOJbKO
BEKOB Ha3ajl Hauyalocbh HX OCMbiC/eHHe U (HopMasbHO-JIOrHYecKoe U3yueHue.

ApxeoJioruueckde cBefieHUs1 FOBOPAT O HAXOAKAX MEPBbIX «CJAYUANHbIX HH-
CTPYMEHTOB» — UrpaJibHbIX KocTel (astragalus), kotopbie B 1aBHUEe BpeMeHa
NPUMEHANHUCh B MPUMUTUBHBIX Mrpax **). C onpeleeHHOCTbIO MOXHO yTBep-
XKAaTb, YTO TaKWe KOCTH MCMOJb30BAJUCh B HACTOJIbHbIX Wrpax BO BpeMeHa
epsoit Junactuu 8 Erunre (okoso 3500 r. 1o H. 3.), 3ateM B IpesHeit [peuunu
u lpesHem Pume. UssectHo [20], uto pumckue umnepartopsl Asrycr (August,
63 r. 1o H. 3. — 14 1. H. 3.) u Knasmmit (Claudius, 10 1. 10 H. 3. —54 T. H. 3.)
ObLIM CTPACTHBLIMU UFPOKAMU B KOCTH.

[ToMumo urp, B CBSI3M C KOTOPbLIMHU BO3HHUKANM yXKe TOTAA MNpocTeillne
BOMPOCHl OTHOCHTEJIbHO YHCJa GJArONPUATHLIX U HeGaronpUsTHLIX LIAHCOB,
CXOIHble BOMPOCHI MOSIBAAINUCH B CTPAXOBaHUM M KoMMepuuu. Crapeiiuumu
M3BECTHbIMU (POPMaMU CTPaXoBaHUsA FABJAIOTCH KOHTPAKTbl Ha MOpCKHe Mne-
peBO3KH, OOHapyXeHHble B BaBMJOHCKMX 3amMCAX, OTHOCAILMXCA K Mepuomy
4—3 TbicAuM JeT 10 H. 3. [lpakTuka MomOGHBIX KOHTPAKTOB Mepella 3aTeM
uepe3 (pUHUKHUIILEB K FpekaM, puMasHaM, uHaycaM. Ee ciiefibl MOXHO HaiiTh
B PaHHUX Kollekcax PUMCKO#N uMBHIN3aLMH, 3aKoHaX BusanTuiickoi uMnepuu.
B cBsian co crpaxoBaHueM xu3sHu puMckuit opuct Ulpian cocrasun (220 r.
I0 H. 3.) nepBble TabJHLbl CMEPTHOCTH.

*) CCcbVIKH B HaCTOfleM OuepKe JNAITCA Ha CMUCOK JIHTEPaTypbl, MOMELUEHHbI Ha
c. 894—898.

**) astragalus — 3anATOYHARA KOCTb y NMaPHOKOMBITHbIX; OHA UMEET TaKylo (OpMY, 4TO MpH
6pOCaHHH MOXKET ynacTb JiHWIb Ha OAHY H3 YeTbIpeX CTOPOH, MOCKOJbKY IBE APyrHe HMeloT
3aKpyrieHHyio hopMy.



876 UCTOPHSI CTAHOBJIEHWS] MATEMATHUYECKOW TEOPUH BEPOSITHOCTEM

B snoxy pacusera uWranbfHCKMX ropomoB-pecny6ank (Pum, Beneuwus,
Tenys, Tusa, dnopeHuus) B CBA3U C MPaKTUKOH CTPaXOBaHUA MOsBJseTcs
HeoGXOAUMOCTb M B MpoOCTeilleli CTAaTUCTHKe, W B aKTyapHbIX pacuerax.
HM3BecTHO, 4TO NMepBblit TOYHO AATUPOBAHHBIA KOHTPAKT M0 CTPAXOBAHHIO XXU3HH
6bi1 3akmoueH B Tenye B 1347 rony.

Topona-pecny6auku pmanu Hauano snoxe Bospoxnenus (Renaissance;
koHeu XIV — Hauano XVII Beka) — nepuomy npeoGpa3oBaHuit U OGHOB-
JIeHUsi B COUMaNbHOM W KyJbTypHOW »Xu3Hu 3anamHoil Esponbl. Tloxanyit,
MMEeHHO B 3MOXy HTalbsHCcKoro Bo3spoxkmeHus Mbl HaxoauM chembl GoJee
WIH MeHee cepbe3HbIX NUCKYCCHH, B OCHOBHOM (hua0cogckoz2o Xapakrepa,
OTHOCHTEJIbHO «BepPOATHOCTHBIX» paccyxaeHuil y Jlyku INavonu (Luca Pacioli,
1445—1517(?)), Y. Kanbkanunu (Celio Calcagnini, 1479—1541) u H. Tap-
tanbk (Nicola Fontana Tartaglea, 1500—1557) (cm. [43], [20]).

BumuMo, ofHMM U3 NepBbiX, KTO CTal Mamemamuuecky aHalIu3UpoBaTh
urposbie waxcsl, 6bl1 [k. Kapaato (Gerolamo Cardano, 1501—1576), wupo-
KO M3BECTHbIAl KaK H3o6peTaTellb «KapAaHHOTO Bajla» M PelIUBLUHi ypaBHeHHe
TpeTbeil crenedd. Ero Manyckpunt (okoso 1525 r.), ony6iuKkoBaHHbIN JHLLb
B 1663 r.yion Ha3saHueM Liber de Ludo Alez («Knura 06 asapTHbix urpax»),
ABMJICS HE TOJIbKO CBOEr0 POJia MPaKTHUeCKUM NOcoGHeM 1f HrpoKoB. B Hem
BrepBble Oblla BbicKa3aHa uies KOmOunayuil, ¢ MOMOLLbIO KOTOPLIX YHOG-
HO OMHMCBIBATb MHOXXECTBO BCEX BO3MOXHbIX MCXONOB (MpH 6pocaHUH KocTeil
pa3Horo poa U B pa3HoM uuciie). UM Gbl1o oGHapyXeHO Takxke, 4ToO AJis npa-
BHJIbHBIX KOCTell «OTHOLIeHWe uuc/aa GJaronpUaTHbIX KOMOMHAUMH K 06LieMy
YUCNly BO3MOXKHBIX KOMGWHALMA HaXOMMTCA B XOPOLLUEM COFAaCHUU C WrpoBOi
npakrtukoit» [20].

1. Mepsoiit nepuop (XVII Bek — nauano XVIII Beka). MHorue, Kak,
Hanpumep, Jlannac [39] (cMm. Takxke [61]), cBA3blBAlOT pOXKAEHHe W Hayalo
«HCUUCIeHUst BeposiTHOCTeli» ¢ mepenuckoit (1654 r) mexnpy Ilackanem
(Blaise Pascal, 1623—1662) u ®epma (Pierre de Fermat, 1601—1665). Jra
nepenucka BO3HUKJA B CBA3H C HEKOTOPLIMU BOMPOCAMH, MOCTaBJeHHBIMH
nepen [lackanem kasanepom ne Mepe (Chevalier de Méré, oH xe Antoine
Gombaud — nucareab u mopaaucr, 1607—1684).

OnuH 43 3THUX BOMPOCOB Obll CBSI3aH C TeM, KaK CMpaBelIMBO pasfie-
JIUTb CTaBKY B npepBaHHoil urpe. KoHkpeTHo, peub uier o cienyioueM. Ilycrs
IBa urpoka A u B cornacuauch, UTo B UX Wrpe BCS CTaBKa JOCTAeTCs TOMY,
KTO MepBblii BbIUrpaer, ckaxeM, B MATH naprusax. [lpeanosoxum, uro wurpa
BbIHYXKIEHHbIM 06pa3oM OCTaHOBJIEHa TOTAA, KOTAa UrPoK A HMeJl YeTbipe Bbi-
Wrpbilla, a Urpok B — Tpu BbiMrpblila. B kako#l mponopuuu Urpoku JOMKHbI
pasfiesiuTb CTaBKY B 3TOi OCTaHOBJeHHO# Urpe? ONUH U3 «eCTeCTBEHHbIX», KaK
MOXXET M0Ka3aTbCfl, OTBETOB HAa 3TOT BOMPOC COCTOMT B TOM, UTO pasjiefieHHe
CTaBKH JOJKHO MPOW30HTH B OTHOLeHHH 2: 1. B camoM nene, urpa saBenomo
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3aKOHUHTCA Yepe3 JBa Luara, NPH 3TOM UrpoKy A NOCTAaTOUHO BLIMMPaTh JHILbL
OJIMH pas3, a Urpoky B HyxHO BbiMrpath 06a pasa. OTciona U NPUXOLMM K OT-
HoleHuo 2: 1.

Ho no uucy BbIUrpaHHbIX HTPOKAMU NapTHi TAKXKE eCTECTBEHHbIM» MOX-
HO Gbl10 Obl ‘cunTaTh OTHOWeHHe 4:3. TlpaBuibHBIA XKe OTBeT, KaK HalLJIH
[Mackans 1 Pepma, ecTb He TO U He ApYroe: pasfieJieHHe CTaBKH JIOJIXKHO
NpOU3BOANTLCS B OTHOWEHHH J: 1.

Jlpyras 3agaua 6bl1a cBA3aHa ¢ BOMPOCOM O TOM, uTO GoJiee NpaBaONon06-
HO — MMeTb Mo KpaiiHell Mepe OHY 1eCTepKy B yeTblpex GPOCaHUsX NpaBUJlb-
HOM KOCTH WJIM UMeTb MO KpaiiHell Mepe napy LiecTepok, (6, 6), B 24 onHoBpe-
MeHHbIX GpOCaHUsAX ABYX MPaBUJbHbLIX KOCTEil.

M B s10#l 3amaue [lackanb u PepMma maau npasWIbHLIA OTBeT: Nepsas
KOMGHHALUA HEeCKOJIbKO GoJlee NpaBaonono6Ha, Hexkeau BTopasi. (BeposTHocTb
nepeoit KoMGuHauuu pasHa 1 — (5/6)* =0,516, a sropoit 1 — (35/36)% =0,491.)

B peluenun stux 3amau u [lackanb, u depma 1WMPOKO MpUMeHsIH (KaK H
Kapnano) koMGuHaTOpHble pacCyXKAeHHs, CTaBlLUe OfHUM W3 OCHOBHbIX NpHe-
MOB «HCUMCJIeHUs] BEPOSITHOCTEl» MpH MOACYETaX pasJiMuHbIX WaHcoB. Haiuen
3lleCb CBOe «MpHKJIafHOe» MeCTO U TpeyroibHUK ITackans, u3BecTHbId, BNpo-
yeM, U paHblie,

B 1657 romy Bbixoaut B cBeT kHura X. loitreica (Christianus Huygens,
1629—1695) De Ratiociniis in Ludo Alez («O pacuerax B a3apTHbIX Urpax»),
cuuTalolasncs MepBbiM CUCTEMATHYECKMM TEKCTOM MO «UCUMCJIEHHIO BeposiT-
Hocreii». B Heil B siBHOIl dopme dopmynupyloTc MHOrHe (yHIaMeHTa/lbHbIE
MOHATHS U TMPUHLMMbI UCYUCIEHHUS BEpOSITHOCTeN, NPUBOAATCSA MpaBuJa CJo-
XKeHUA W YMHOXKEHWS| BepOSITHOCTeMH, CONEPXKMTCS AMCKYCCHS OTHOCHTEJbHO
NOHATHS MaTeMaTHYecKoro oXuaaHus. Jlojroe Bpemsi 3Ta KHUra GblJla OCHOB-
HbIM NOCOGHEM NO «3J1eMEHTapHOH TEOPHH BEpOSITHOCTEM ».

LleHTpanbHo#t ¢urypoit paccmMaTpuBaeMoro nepuoia B CTAaHOBJNEHHH «Teo-
pHH BeposiTHocTel » siBaserca Slkos Beprynnu (Jacob (Jakob, James, Jacques)
Bernoulli, 1654—1705), koTopoMy NMpHHaMJIeXHT 3acjyra BBeleHHs B Hay-
Ky «KJIacCcHuecKoro» MOHATHS «BEPOSTHOCTb COGbITHA» KaK OTHOLLEHHS YHuC-
Jla BO3MOXXHBIX HCXOJIOB, GJAroNpUATCTBYIOILUX paccMaTpHUBaeMOMy COGLITHIO,
K 06LUeMY YHCY MbICUMbBIX HCXOIOB.

OcHosHo#lt pesyabrar 1. BepHy/niu, ¢ KOTOpbIM accouMUpyeTcs ero ums,
3TO, KOHEUHO, 3aKOH GOAbUlLX Hucea, NeXKaLil B OCHOBE BCeX NMpUMeHeHui
TeOpHH BepOATHOCTEl.

Iatoii poxaeHus 3Toro 3akoHa, c)opMyJIMpOBaHHOrO B BHIe MpeebHON
TeopeMsl, cuutaercs 1713 ron — narta Bbixona B cBeT Tpakrara Kuuru 1. Bep-
Hynnu Ars Conjectandi («HickyccTBo MpeanosioxkeHuit»), ny6ankaumus KoTo-
poro Gbuia ocyliecTBJeHa Npu yyactuu ero niemsHHuka Hukonas (Nikolaus)
Bepuyaau; cm. [3, c. 9, 27, 75, 83]. Kak ormeuaer A. A. Mapkos B cBoe#i peuy,
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nocasutentoi 200-setnio 3akoHa Goablunx uucen (cM. [53], [3]), S. BepHya-
au B nucbMax (o1 3 okrabpa 1703 r. u 20 anpens 1704 r) k I. JleiGHuuy
(Gottfried Wilhelm Leibniz, 1646—1716) nucan, uto 31a Teopema emy Gbina
«M3BeCTHa y)Ke IBeHaUaTh JeT Ha3al». (CaM TepMHH «3aKOH GOJIbLIKX UnCes»
npenioxun Ilyaccon, 1835 r.)

Jlpyroii npencrasutesib ceMeiictea Bepnynnu, Hanuun (Daniel Bernoulli,
1667—1748), usBecreH B TeopUK BepOSATHOCTE! B CBA3H C AUCKYCCHel Mo NMOBO-
fy TaK HasbiBaemoro «[lerepGyprckoro napanokca», s paspelueHus KOTOporo
1M UCMOJIb30BAJIOCH MOHATHE «MOPANBLHOTO OXKHIAHHUSA>.

[TepBblii MepPHON CTAHOBJIEHHA TEOPUH BEPOATHOCTEH COBMAJ C MOXOH CO-
3naHHsl MaTeMaTHYecKoro ectectso3Hanus. MiMeHHo k 3ToMy BpeMeHH OTHO-
cuTca O6pallleHHe K KOHUENUUAM HenpepbiBHOCTH, GeCKOHEUHOCTH U UHUHH-
resuManbHoil MasocTH. K sTomy Bpemenu otHocurca u cospanue WM. Hbio-
tonoM (Isaac Newton, 1642—1727) u I Jleii6uuuem nuddepenuransHoro u
uHTerpaibHoro ucuucienus. Kak ormeuaer A. H. Kosmoropos [26], 3anaua
3Toll 3MOXH COCTOAJNIAa B TOM, UTOObl «MOCTHFHYTb HeOOblYaHHYIO LWIHPOTY W
rMO6KOCTb (@ TOrJa Ka3aoch U BCEMOTYILeCTBO) MaTeMaTHUyeCKOro MeToja Hay-
yenus MPHUMHHLIX cBA3ed. Mnea nuddepeHuranbHoro ypapHeH|s Kak 3aKoHa,
onpeensiioLlero OIHO3HAYHO MO COCTOSHUIO CHCTeMbl B HacTosllLlee BpeMs ee
6ylyLIylo 3BOJIOLMIO, 3aHHMANa B MaTEMaTHYeCKOM ecTeCcTBO3HaHUH elue 6o-
Jlee MCKJIIOUHTEbHOE MOJIOXKeHHe, YeM B Hallle BpeMs. Teopus BeposiTHOCTed
Hy)XHA B MaTEMaTHYeCKOM eCTEeCTBO3HAaHUU TaM, [/ie 3Ta IeTePMUHUCTCKas CXe-
ma auddepeHlUHaNbHbIX ypaBHeHHi NepecTaeT JeficTBOBaTb. B 310 XKe Bpems
KOHKPETHOTO €CTECTBeHHO-HAYYHOTO MaTepuala /i pacyeTHOro, Tak CKasarb
J€/10BOTO, TIPUMEHEHUsl TEOPHUH BEPOATHOCTE ellle He GblJIO.

TeM He MeHee HeH30eXHOCTb IPYOGOH CXeMaTH3alUMH peasibHbiX ABJEeHUil
npu MoiBeleHHH UX MOL JeTePMUHUCTHUECKHe CxeMbl TMMa chcTeM Audde-
peHLMaJbHBIX YpaBHeHHIt Gblia Yy)Ke I0CTaTouHO sicha. Bbuio sicHo u To, uto
Ha MouYBe Xaoca OTPOMHOrO KOJMYeCTBA He MOMAAIOWMXCA WHAUBHIYaJbHOMY
yueTy He CBA3aHHBIX MeX1y COGOH siBJeHWi ,B CpelHeM" MOTyT BO3HMKATh
BroJiHe YeTKHe 3aKOHOMepHOCTH. 31ech U Npeasuaeach GyHaaMeHTalbHas Ha-
TypchunocodCcKasi posib TeOPUHM BepOSTHOCTel», pacKpbiBaeMas C J10CTaTOUHOM
noJHoTOM npeneibHol Teopemoit 51. BepHynnn — 3akoHoM GosblUKX uKced.

Heo6xon1MMO OTMETHTb, 4TO OCO3HaHHe 1. BepHysiu BaXKHOCTH paccMoTpe-
HUs 6eCKOHE4HbLX TIOCeI0BaTeJbHOCTeN pe3y/bTaTOB MOBTOPHLIX UCMbITAHHH,
cama MOCTaHOBKa BOMpOCa O npedeabHOM NOBeNEHHH YACTOT MOABJEHHS TeX
JJIM MHBIX COOBITHH B 3THX UCMBITAHUAX — GblIW KapAUHAALHO HOBLIMH («HedH-
HUTHBIMH>») HIEAMH B BEPOATHOCTHLIX PaCCMOTPEHUSX, OTPaHHYHBABLLMXCS TO-
ra 3/1eMeHTapHO-apu(MeTHIECKHMH ¥ NPOCTEHIINMH KOMGHHATOPHBIMH MpH-
emamu. MIMeHHO 3Ta mocraHOBKa BOMpoca, MpHUBellas K 3aKOHY GOJbLIMX
yyceJ1, BbIABUIA KaK pa3jiMuve MeXRY MOHATHAMH 8epOAmMHOCMU COOLITHSA
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H 4acmomoi ero MoABJeHHs1 B KOHEYHOM YHCJIE NMOBTOPHBIX MCMbITAHWi, Tak
H BO3MOXXHOCTb OMpejeJieH!st 3TOM BepPOSATHOCTU (C TOM WJlM HHOM CTeneHbio
TOYHOCTH) MO 3HAYEHHIO YACTOTbl MPH GOJILIIOM YHCJIE HCMbITAHHIA.

2. Bropoit nepuon (XVIIl Bek — navano XIX Beka). dto nepuon
CBf3aH, rJ1aBHbLIM 06pa30M, C TAKHUMH MMeHaMmu, kak MonMop (Pierre-Rémond
de Montmort, 1678—1719), Myasp (Abraham De Moivre, 1667—1754),
Baftec (Thomas Bayes, 1702—1761), Jlannac (Pierre Simon de Laplace,
1749—1827), Taycc (Carl Friedrich Gauss, 1777—1855) u Ilyaccon (Siméon
Denis Poisson, 1781—1840).

Ecau nepsbiit mepuon HOCHJ, NO CyILECTBY, guaocopckuli xapakrep, To
BO BTOPOM MpPOMCXONUT pPa3BHTHE H OTTaulMBaHHe QHAAUMUYECKUX METOMIOB,
nossJferca Heo6X0AUMOCTb B NMPOBENEHUH PACcyeToB B pa3Hbix o6jacTsX, 3a-
KJIaIbIBAIOTCA BEPOATHOCTHO-CTaTUCTHYECKUE MOAXOAbl K TeOpPHH OLIMGOK Ha-
6/10/leHHs, TeOpHU CTpeabObl U JIp.

M Moumop, u MyaBp HaxoauJUCh MO CHJIbHBLIM BJusiHHeM paGot S1. Bep-
HYJUIH B « UICUMCJIEHHHU BeposiTHOCTeil». B cBoeil knure Essai dAnalyse sur les
Jeux de Hasard («OnbiT ananu3a ciyuaiinbix urp»; 1708 r.) Monmop ynensier
OCHOBHOe BHUMaHHe MMEHHO pa3BHTHIO METOLOB PacueToB B Pa3HOOGpPa3HbX
urpax.

B ceoux asyx kuurax Doctrine of Chances («Iokrpuna cayuas»; 1718 r.)
u Miscellanea Analytica Supplementum («AHanuTHyecKue MeTOAbI, WM
Ananutuueckas cmecb»; 1730 r.) MyaBp I0BOJIbHO TLIAaTEILHLIM 06pa3oM aa-
eT onpe/esieHUs TaKUX MOHSATHH, KaK He3asucumocmo cobbiTuil, oxcudarue,
YCAOBHAS B8EPOSMHOCTb.

HauG6osnee ussectHo ums MyaBpa B CBfA3H C HOPMaJsIbHO anmpoKCUMauu-
eii 6UHOMHaJIbHOrO pacnpenenenus. Ecau 3akoH 6osblunx uncen 5. Bepuya-
JI¥ BbIIBWJI, YTO YaCTOTbl YHHUBEPCAJbHLIM 06pa3oM «B CpeaHeM» MOAYUHAIOT-
Csl HEKOTOPOU YEeTKOW 3aKOHOMEpHOCTH (B BHIE CXOAMMOCTH, B ONpefeJeHHOM
CMbICJle, YacTOT MOABJEHUS COObLITHI K UX BEPOATHOCTH), TO OGHapyXeHHas
MyaBpoM HopMa/ibHas annpoKCUMaLWsi BbisiBUIA APYTYI0 YHHBEPCAJbHYIO 3a-
KOHOMEPHOCTb B MOBeNEHHH OMKAOHeHull OT cpeaHero 3HaueHus. Posib 3to-
ro pesysnbrata MyaBpa 1 NocJefyloIMX ero 0606LIeHHI CTO/b 3HAUUTebHa,
YTO COOTBETCTBYIOLLAs «HHTerpanbHas npeieibHasi TeopeMa» Ha3blBaeTcs yeH-
mpaavHoti npedeavroli meopemoli Teopun BeposiTHocteil. (TepMuHosOrMs
npennoxena . [Moita (George Polya, 1887—1985) 8 1920 r., [55].)

MonyMmeHTanbHOW urypoii paccmaTpuBaeMoro nepvona ssasercs, 6es-
ycnosHo, Jlannac. Ero tpakrat Théorie Analytique des Probabilités («Ana-
JIUTHYECKas Teopus BeposfTHOCTe»), ony6iukoBaHHbll B 1812 romy, Obin
OCHOBHBIM nocoGuem no Teopuu BeposiTHocTel B XIX Beke. OH Hamucan TakKe
HeCKOJIbKO MeMyapoB N0 OCHOBaHUAM, GUN0COPCKUM BOMPOCAM M KOHKPETHbIM
npo6ieMaM HMCUMC/IEHUs! BepoOsiTHOCTeH, He cuutass paGOT MO acCTPOHOMHH H
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MaTeMaTHYeCcKOMy aHanu3y. 3HauuTeseH BKaaj Jlannaca B Teopuio OWIMGOK.
WmeHHo emy u Tayccy npuHamiexur ectecTBeHHas uiesi BBeleHHl HOpMallb-
HOTO 3aKOHa B TeOPWUH OLIMGOK, BO3HMKAIOLIEr0 KaK pe3ysbTaT CYyMMapHOro
a¢dexra cnoxeHUss GOMBLLIOTO YMC/IA He3aBUCHMbIX 3JeMEHTapHbIX OLIHOGOK.
Jlannac Takxke He TOJIbKO MpHUAaN HHTerpajbHOH NpenesbHON Teopeme My-
aBpa GoJiee o6yl ¢opMyaupoBky («teopema Myaspa—Jlannaca»), Ho u
MpEeLIOKHJ HOBble aHAIUTHYECKHe 0KA3aTelIbCTBA.

Bcenen 3a Bepuynau Jlannac uetko npuiep>xuBajcs «MpUHLUNA PaBHOBO3-
MOXXHOCTH>», WJIH «NPUHLMNA Ge3pa3iuuns », NPUBOIALLErO K «KJIacCHUeCKOMY>»
ofpefieieHHIO MOHATUS BEPOSITHOCTH (B CJyyae KOHEUHOTO YHCJIa BO3MOMHBIX
MCXOJIOB).

OpHako yxe B 3TOT MepUO NOSBJSAIOTCA M «HEKJaCCHUeCKHe» pacnpele-
JieHUsl BepOSITHOCTeH, He YKaJblBalOLIHeCs B paMKH KJlaccHueckoi cxeMbl. Ta-
KOBbIMH, HanpuMep, ABJISUIMCb HOPMAJIbHBII M MyaCCOHOBCKHII 3aKOHBbI, OJIr0e
BpeMsl paccMaTpuBaBLUHeCs JIMILb KakK HEKOTOpble annmpoKCHUMaLMH, a He Kak
pacnpeneneHus BeposiTHocTel (B COBpEMeHHOM NMOHUMAHUM 3TOrO TEPMHHA).

HpyruM npuMepom, rie TakxKe BO3HHKAJM «HeKJacCHUeCKHe» pacrpene-
JIeHHsl, ABJANMCD 3a[la4d Ha «TeOMeTpUYecKHe BEePOATHOCTH» (Hampumep, y
Hblortona, 1665 r., [52, c. 60]). Ciona xe oTHocHTCA ¥ M3BecTHas «uria Biog-
¢oHa». HepaBHble BeposiTHOCTH Bo3HHKasK U ¥ T. Baiieca B cBsi3u ¢ gpopmuyaoil
Baiieca, ony6ankoBanHoit B 1763 rony B cratbe An Essay Towards Solving a
Problem in the Doctrine of Chances v pawolei npaBuJio nepecuera anp1op-
HbIX BeposATHOcTell (KoTopble Baiiec cuutan onMHakoBbIMHM) B anocTepuoOpHble
Mo MPOUCIIECTBHH HEKOTOPOro cOGbITHA. DT1a (opMysa Mopoiusa Lejoe Ha-
npasJjieHHe B CTaTHCTHKE, Ha3blBaeMoe HblHe «6GaileCOBCKUM MOLXONOM>.

N3 Bcero cka3aHHOr0 CTaHOBHTCS SICHbIM, UTO PaMKH «KJaCCHUYECKOH»
(duHUTHOMN) TeopuH BepOATHOCTeH CYLLECTBEHHO CHEPXKHBAJH BO3MOMHOCTH
ee pasBUTHs U MPUMeHEHHl, a UHTepnpeTauus HOPMaJbHOrO, MyacCOHOBCKOTO
W [Ip. pacnpenesieHHit TOMbKO JIULIb KaK HEKOTOPBIX pedeabHoelx 06pa3oBaHUi
Bbi3blBaJla UYBCTBO He3aBeplleHHOCTH. B paccMmaTpuBaeMblil nepuos B TeOpuH
BeposiITHOCTell OTCYTCTBOBa/M aGCTPaKTHble MaTeMaTHuecKHe KOHCTPYKUMU H
OHa He paccMaTpHBajach WHaue Kak MpHUK/JagHas MateMaThka. K Tomy e ee
MeTo/ibl GblJIW OrpaHUYeHbl PAMKaMH KOHKPETHbIX MpUMeHeHH# (THNa a3apTHbIX
WUrp, TEOPHUH OLIHGOK, TEOPUH CTpeabObl, CTpaxoBaHus, neMorpaduu u T. n.).

3. Tpetnit nepuon (Bropas nososuHa XIX Beka). OCHOBHLIM MeCTOM,
rae pas3pabaTthiBajuCb B 3TO BpeMsl ofuive MpoGJjeMbl TEOPHH BepPOATHO-
creii, cran [lerep6ypr — I1. JI. Ue6bies (1821—1894), A. A. Mapkos
(1856—1922) u A. M. Jlanyhos (1857—1918) BHec/n cyllecTBeHHbI BKAAL
B pacluupeHve W yriybJeHue Bcel cucTeMbl Teopuu BeposTHocTed. MMeHHo
6Jiarofaps UM MpPOW3OLIeN OTKAa3 OT OrpaHHYeHHs JIMLb CcJyyaeM «KJac-
cuyeckux» BeposTHocTel. [1. JI. UeGblileB ¢ MOJHONH SICHOCTbIO OLIEHWJ
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poJib MOHATHSA CJIy4aifHON BeJIMYMHDI, MOHATHA MaTeMaTHYECKOro OXKHIAaHHA
1 3¢bdeKTUBHBIM 06pa3oM NMPOAEMOHCTPUPOBAJ YIOGCTBO OGPALLEHUS C HUMH,
yTO HblHE pPacCMaTpUBaeTCs KaK HeuTo caMo co6oii pasymeloleecs.

3akoH 6osbLINX ynces, TeopeMa MyaBpa—Jlansaca OTHOCHJIMCD K cyyaii-
HbIM BeJIMUHHAMHU, TPUHUMAIOLIMM JIMILb ABa 3HaueHHus. 1. JI. UeGriuieBbim Gbi-
Jla CYLLECTBEHHO paclunpeHa cdepa HeficTBUA 3THX TeopeM (1is GoJee OOLIUX
cayuaiiHbix BesnuuwuH). Tak, y)ke nepBblil ero pesyJibTaT yCTaHaBJMBaJ cnpa-
BEVIMBOCTb 3aKOHA GOJIBILMX YMCe] JJisl CyMM MPOM3BOJIbHBIX He3aBUCHMbIX
cJy4yaiiHbiX BeJMYUH, 3HaueHUsl KOTOPbIX OrpaHHueHbl HeKOTOPOH KOHCTAHTOI.
(Caenyrouwmii war 6611 caenan A. A. MapkoBbiM, KOTOpbIH 1A 10Ka3aTebCTBa
MCNoNb30BaJ «HepaBeHCTBO UebbilleBa—MapkoBax.)

[Mocne 3akoHa GoJiblunx yncen I1. JI. UeGbllieB nepeluen K yCTaHOBJIEHHIO
crnpaBelMBOCTH TeopeMbl MyaBpa—Jlansaca 4l cyMM He3aBUCHMBIX CJIyuyai-
HBIX BeJUYHH, 1JIs yero UM Gbli1 pa3paGoTaH HOBbIN MpUeM HOKa3aTeNbCcTBa —
Memo0 MOMeHMO8, N03)XKe ycoBeplleHCTBOBaHHblil A. A. MapKoBbIM.

Crenylolimnit HeOXKHIAHHBIA 1IAr B OTbICKaHMH OGLUMX YCJOBHH CnipaBeiiu-
BocTH TeopeMbl Myaspa—Jlaniaca Gbin caenan A. M. JIanyHoBbIM, KOTOpbIH
METOIOM XapaKTepHCTHUecKHX (yHKuMii, Gepyuum cBoe Hauaso y Jlanjaca,
I0Ka3aJl 3Ty TeopeMy B MpelnoioXeHHH HaJUuusl Yy CYMMUpYeMbIX He3aBUCH-
MbIX CJIy4aiHbIX BEJIMUHH He BCeX MOMEHTOB, a JILb MOMEHTOB nopsaka 2 + 9,
4 >0, ynoBJ/ieTBOpAIOLIMX TaK Ha3biBaeMOMY «YCJOBHIO JIfanyHoBax.

Kak omHy M3 MpMHUMMHANbHBIX HOBbIX KOHLEMUMI clelyeT OTMETHTb BBe-
nende A. A. MapkoBbIM CXeMbl 3a8UCUMbLX CJIyYaiiHbIX BeJUYHH, 06Jafaio-
ILMX CBONCTBOM «OTCYTCTBHS MOCJENeNCTBHSA» U Ha3blBaeMblX Tenepb «LensaMu
MapkoBa», ¢ ycTaHoBJIeHHeM AJI HHX MepBOH CTPOro JOKa3aHHOH «3proauye-
CKOi1» TeopeMbl.

C onpezieieHHOCTbIO MOXKHO KOHCTaTHpOBaTh, 4To padorsi I1. JI. YeGbiite-
Ba, A. A. Mapkosa u A. M. JIsinyHoBa («[Tetep6yprckas LIKOJa») 3aJ0XKH/IH
NpouHblil hyHAaMeHT BCero NocJeyiolero pa3BHTHs TEOPHH BepOATHOCTeEN.

B 3anannoii EBpone uHTepec K TeopuU BepoOATHOCTeil BO BTOPOH MOJIO-
BuHe XIX Beka cTaj cTpeMHTeNbHO Bo3pacTaTh 6/arofaps 0OGHapyXUBILUMCS
riy60KHUM ee CBSI3IM C YHCTOH MaTeMaTHKOMH, cTaTHCTHYeCKoH (hM3UKON M Ha-
yaBlueil 6YpHO pa3BUBaTbCSl MaTeMaTUYeCKON CTAaTHCTUKOM.

B 310 Bpems craHoBWJIOCh BCce GoJiee ACHBIM, YTO COOCTBEHHOE Pa3BH-
THe TEOPHH BepPOSTHOCTEN CHIbHO CIEPXUBAETCA PAMKAMH ee «KJIaCCHYECKHUX»
NpeanoJioxeHui (KOHeUHOe YMCJIO HCXONOB W MX PaBHOBO3MOXKHOCTb) W UTO
COOTBETCTBYIOLee paclUHpeH’e HANO0 WCKATb B MOMEJAX YMCTOH MaTeMaTHKH.
(¥YMecTHO HAaMOMHHTB, YTO B 3TO BPeMs TeOPUS MHOXKECTB TOJbKO CO3/1aBaJiach,
a TeopHsi Mepbl U BOBCE HaXOJWJach JIHLIb Ha MOpore CO3JaHHs.)

B TO ke camoe BpeMsi B YHCTOH MaTeMaTHKe H, B YACTHOCTH, B TEOPHHU UH-
ceJl — HayKe, Ka3aJjiochb 6bl BeCbMa OTAaJIeHHOR OT TEOPUH BepOATHOCTeM, CTasIH



882 UCTOPUS CTAHOBJIEHUSI MATEMATHUECKOM TEOPUM BEPOSITHOCTEM

MCMOJIb30BaTbCS MOHATUA W MOABJATLCA Pe3yJbTaThl UHCTO «BEPOSTHOCTHOM»
NpHpoOIbl, CTaa MpHUBJeKaTbCsl BEPOATHOCTHASA UHTYHLIUSA.

Tak, B 1890 r. A. I'lyankape (Jules Henri Poincaré, 1854—1912) B cBoei
pa6ote [57], nocesilieHHoM npoGJeMe Tpex TeJ, MPUBOAUT pe3ysbTaT O BO3-
BPaTHOCTH JIBHXKEHUS! JMHAMHYeCKO# CHUCTeMbl, ONMUCBIBAEMON COXpaHSIOILUM
«06beM» npeobpa3oBaHieM T, KOTOPLIN FOBOPUT O TOM, UTO ecsii A — HeKo-
TOpOe MHOXKECTBO HauyasbHbIX COCTOSAHMI w, TO /I «THNHYHbIX» w € A Tpa-
ekropuH T"w 6ynyT Bo3BpalaTbcs B MHOXKecTBO A GeCKOHeUHOe UHCJIo pas.
(ToBopst cOBpeMeHHbIM 3bIKOM, BO3BPaTHOCTb MMeeT MeCTO He IJA 8cex, a
JUWb LIS 104MuU 8Cex HauaJbHbIX COCTOSHHI CHCTEMbI.)

B paccMoTpeHHsix 3Toro BpeMeHH 4acTo aneJIMpYIOT K BblpaXKeHHsM THMNa
«cJlyuaiiHblil BLIGOp», «TUMHYHBIA Cay4ail», «CneuHabHbIl ciydaii». B yue6-
vuke Calcul des Probabilités ([56], 1896 r.) A. I1yaHkape 3agaercs Bonpocom
0 TOM, «KaKOBa BEPOAITHOCTb TOTO, UTO CAY#ALiHO BbIOpaHHAs TOUKA U3 UHTep-
Basa [0, 1] okaxeTcs pauHoOHa/NbHBIM YHUCJIOM».

B 1888 r. actporom X. TionneH (Johan August Hugo Gyldén, 1841—1896)
ony6sukoBaJ padoty [18], uctoku kotopoit (kak u y A. Iyankape [57], 1890 T1.)
6blIH CBA3aHbI C BONPOCaMH MJ1aHeTapHO YCTOMYUBOCTH H KOTOPYIO Tenepb Gbl
OTHeCJIH K BepOATHOCTHOM TeopuH uncen. Peub B Heil 11a 0 ciefyiowem.

Bri6epem «ciyuaiinbiM» o6pasoM uxco w € [0, 1), u nyctb w=(a,, ao, ...)
€CTb ero pas/ioXeHHe B HempepbiBHYIO Apo6b, rle a, = a,(w) — uesble Ydcaa.
([lns pauvoHasbHbIX YMCeN w B 3TUX Pa3J/IOXKEHUSIX TOJbKO KOHEUHOe YMCJIo
BEJIUUH 4, OTJIMYHO OT HYJsl U 06pa3oBaHHble MO pasJioXKeHHio (a;, as, ...)
uncena w® =(ay, as, ..., ax, 0, 0, ...) HCNOAB3YIOTCA KaK HaWJyullMe PaLHO-
HaJlbHble annpoKcHMalUMu L w.) CrnpaliuBaercs, Kak B « THIMYHBIX» CJyyasix
«BellyT» ce6s NpH GOJbLUIMX 3HAUEHHUAX N BeJUUHHDI ap(w).

Xor u He cTporo, X. [lo/ineH ycTaHaB/HBaeT, 4TO «BEPOATHOCTbY MOJYUHTD
B pa3/ioXXeHHH w = (@, ag, ...) 3HaUeHUe a, =k NpH GOJbLIKX n «6GoJiee WIH
MeHee» 06paTHO nponopumoHabHa k2. (Heckonbko nosxe T. Brodén [12] u
A. Wiman [62] ycraHOBH/IH, OnepHpysi ¢ reOMETPHYECKUMH BEpPOSITHOCTSIMH,
YTO eCJIH «cJydalHbii» BbIGOp w € [0, 1) onpenensTb Kak «paBHOMEpPHYIO pac-
npeneneHHocTb» w Ha [0, 1), To BepoATHOCTb TOrO, uTO a,(w) =k, cTpeMuTCA
MpH 1 — 00 K 3HaUEHHIO

n2) [ (14 )/ (14 557)]:

OTCIOJIa BUHO, YTO NpPH GOMbILKX £ 3TO BhpaXkeHHe 06paTHO NPONOPLMOHAJIBHO
k2, uto, B cywmHocTH, U umen B Buay X. NoszeH.)

BeposTHoCTHble MOHATUSI W paccyxieHus BO BTopoil noJiosuHe XIX Be-
Ka CHCTeMaTHYeCKH CTaJW WCMOJib30BaTbCAl B KJacCHuecKoli ¢u3uKe U cTa-
THCTHYeCKOH MexaHuKe. JlocTaToOuHO YyNOMsiHyTb, Hanpumep, pacnpedeseHue
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Makcsenna (James Clerk Maxwell, 1831—1879) nns MonexyasipHbIX CKOpO-
cTelt, cM. [44]; sBpemennoie cpeOHue u 3peoduueckyro eunomesy bonbumana
(Ludwig Boltzmann, 1844—1906), cm. [6], [7].

C ux MMeHaMH CBSA3aHO NOHATHE aHcambas, NONyuUBLee AalbHellllee pas-
BUTHe B paboTax [u66ca (Josiah Willard Gibbs, 1839—1903), cm. [17].

Ina Bcero mocsenywlero pasBuTusi TeOpuM BepOSATHOCTEN W YrIy6JieHus
MOHUMAHUA POJIM BEepPOATHOCTHBIX MOAXOZOB W KOHUEMUMA BaXKHYIO pOJib
cbirpanii o6HapyxeHHblit B 1827 rony P. Bpaytom (Robert Brown, 1773—1858)
teHoMeH, NMOJYUYMBILUHI Ha3BaHHe GPOYHOBCKOrO ABWXKeHWs (OMuCcaHMe 3TO-
ro c¢eHomesa naHo um B namduiere «A Brief Account of Microscopical
Observation...», ony6anukoBaiHom B 1828 romy [11]), u sBjenue paduoax-
musHoeo pacnada, o6HapyxeHnHoe B 1896 rony A. Bekkepenem ((Antoine-)
Henri Becquerel, 1852—1908) npu uccnenoBauun csoiicts ypana. B 1900 r.
J1. Bawenbe (Louis Bachelier, 1870—1946), [2], ucnosnbsosan GpoyHoBckoe
IBHXeHHe NS MaTeMaTHueCcKOro OMUCaHWUs CTOMMOCTH akUMii; cM. TionpoGHee
B [74].

KauecrBeHHoe 06bficHEHHe M KOJIMueCTBEHHOe OMucaHHe GPOYHOBCKOro
IBUXeHUs! GbLIK faHbl Bnocsenctsuu A. Ditniwreitnom (Albert Einstein, 1879—
1955), [75], 1 M. CmonyxoBckum (Marian Smoluchowski, 1872—1917), [59].
SiBJieHe paJMOAKTHBHOCTH HALWIO CBOe OObACHEHWe B paMKax KBaHTOBOM
MeXaHHKH, Co3iaHue KOTOPOil OTHOCUTCS K JBafUATHIM roaM [ABaiLaToro cTo-
JieTus.

M3 ckasaHHOro Bblllie CTAaHOBUTCSA ACHO, YTO MOsBJEHHEe HOBBIX BepoSiT-
HOCTHBIX CXeM, MozeJieil ¥ HCMO/b30BaHKe BePOSITHOCTHOM UAEOJIOTHH He yKJla-
AbIBANIOCh B PAMKH «KJaCCHUeCKOH BepOSTHOCTH» M Tpe60Bajlo HOBbIX MOHS-
THH, ¢ TeM 4TO6bl MOXXHO OblJIO, HanpuUMep, NPUAATb TOYHbI MaTeMaTUUeCKUH
CMBICJ1 BbIpaXKeHUsIM THIMA «CJyyaiiHo BbiGpaHHas Touka U3 uHTepsana [0, 1)»,
He roBops yXe 06 06bsicHeHHH (heHOMeHa «CJydailHoro» 6POyHOBCKOTO ABH-
KeHusi. C 3TOl TOUKH 3peHHsl BeCbMa KO BpeMeHH MOSIBUJIACh TeOPHsl MHO-
)KEeCTB U NMOHATHe «6OpeNeBcKoil Mepbl», BBefieHHoe . Bopenem (Emile Borel,
1871—1956) B 1898 romy, [8], u Teopusi unrerpupoBanus A. Jle6era (Henri
Lebesgue, 1875—1941), naHnas um B ero kHure [40], 1904 r. (3. Bopenem me-
pa BBOAMJIaCh Ha €BKJMI0BOM NPOCTPAHCTBe KaK 0606IleHHe NMOHATUS IJIMHBI.
CoBpeMeHHOe U3J10XKeHHe TeOpUH Mepbl Ha abCcmMpaKkmHblx U3MEPUMBIX MPo-
cTpancTBax ciaenyetr M. ®peiue (Maurice Fréchet, 1878—1973), [71], 1915
MCTOPHIO TeOPHUH Mepbl M MHTErPUPOBaHUA CM., HampuMep, B [72].)

Mo cyuiecTBy, cpa3y >xe GblIO 0CO3HaHO, UTO GopesieBCKas TEOPHS Mepbl
1 JleGeroBcKas TeOpUsl UHTErpUpOBaHUs 06pasyioT Ty KOHUeENTyasbHyo 6asy,
KOTOpasi MOXeT JaTb 0G0CHOBaHWe MHOTMX BepOSITHOCTHBIX PacCMOTpeHHH W
NpUAaTh TOUHBIA CMbICJ MHOTMM MHTYHTHUBHbBIM BbICKa3blBaHUSM THMA «Caydyaii-
Hblit BbIGOP ToukH M3 uHTepBana [0, 1)». U Bckope (1905 r.) D. Bopenb cam
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e JlaeT NpHUMeHeHWe TEOPETUKO-MHOXKECTBEHHOrO MOAXONa K TEOPHH Bepo-
ATHOCTeM, loKa3as MepBylo, B CYIIHOCTH, NPeNeNbHYIO TeOpeMy — YCUNCHHbLL
3aKOH 60abULUX HuCes — O BbIMONHEHUH HEKOTOPbIX CBOMCTB NEACTBUTE/bHBIX
YHCEJl «C BEPOATHOCTBIO eIMHULA», WIH «MOUYTH HaBepHOe».

CyTb 3Toit TeopeMsl, falolieli onpefeneHHoe NpPeaCTaBieHde 0 TOM, «MHOTO
WK MaJio» NeACTBHTEbHbIX YHCEN C «UCKJIIOYUTENbHBIMU» (B NMPUBOAMMOM
HWXe CMbICJIe) CBOHCTBAMH, COCTOUT B CJIELYIOLLEM.

[TycTb neficTuTenbHo uncno we€ [0, 1) n w=0, ajay... ectb ero ABOHY-
Hoe pa3noxeHue ¢ a, =0 uan 1 (cp. ¢ paccMOTpPeHHbIM Bblille Pa3/ioXKeHHeM
w=(ay, ag, ...) B HenpepbiBHYI0 1p0o6b). Torna ecnu v,(w) — yacrTota nose-
JieHHs1 e[MHULL CpefH MepBbIX 7 3HaueHWd ¢, ..., oy, TO GopelieBcKasi Mepa
MHOXXECTBa TeX w («HOPMaJbHbIX», Kak rosopun D. Bopesb), a1 KOTOpbIX
Vn(w) — 1/2, n— 00, paBHa efuHHLE, @ TeX («UCKIIOUUTENbHBIX»), 11 KOTOPbIX
TaKo# CXOIMMOCTH HET, paBHa HYJIO.

DTOT pesynbTar («YCUJIEHHbI 3aKOH GosbluuX uucen Bopensi») BHeliHe
HanoMuHaeT TeopeMy $1. BepHyJun («3aKoH 60JIbILINX yHcen»). OnHaKO Mexay
HHUMH ecTb U (hopManbHO-MaTeMaTHuecKasi, U KOHLeNTyanabHo-dunocodckas
pasuuua. [leficTBuTeNbHO, B 3aKOHe GOJIbIIMX YHCEs YTBepPXAaeTcs BCero
JHlb, 4yTo'AA Beakoro € >0 BeposiTHOCTb cobbitust {w: |V,(w) — 1/2]| > ¢}
CTpPeMHTCSl MPU 71— 00 K HyJo. B ycuneHHOM e 3akoHe GOJbIUMX YH-
cesl YTBepXzaaerc OGoJiblile — K HYJIO CTPEMUTCS BEpOATHOCTb COGbLITUS

{w: sup |Vm(w) — l/2|>e}. Hanee, B nepsoM ciyyae yTBepxKieHUe Kaca-
m>2n

€TCsi HEKOTOPOro CBOMCTBA BepOSTHOCTEN KOHew#HblX TMOCJeN0BaTebHOCTel
(o1, ag, ..., a,), n21, 1 npemesoB 3TUX BeposTHocTell. Bo BTOpoM Xe
cJlyuae peub MfeT O CBOHCTBaX BEPOSITHOCTE!, onpenenseMblx 6ecKoHeuHolmu
nocsefoBaTeNbHOCTAMU (¢, @, ..., Oy, ...). ([leTanbHoe HM3/0XKeHHe BCero
KpYyra 3aTpOHYTbIX MaTeMaTuuecKuX W (uaocodckux mnpobieM, CBA3AHHBIX
€ NPOHUKHOBEHHEM BepOSTHOCTHBIX METOIOB B TEOPHIO YKCeJ], a TaKXKe oGLUKp-
HbI MaTepHal, OTHOCSALLHMACS K CO3JaHHI0 COBPeMeHHOIl TeopHU BEepOSTHOCTEN,
cM. B MoHorpaduu SlHa c¢oH Ilnato (Jan von Plato) Creating Modern
Probability, [54].)

4. YerBepTbiit nepuon (Hauano u cepeauHa XX Beka). BoisBaeHHble
K KoHUy XIX Beka cBA3U TeOpHH BepOATHOCTEH C YHUCTOH MaTeMaTHKOil Npu-
Beau K nocraHoeke Il. Tunb6eprom (David Hilbert, 1862—1943) B ero npo-
rpammHoM noknafe 8 asrycra 1900 r. Ha Bropom MaTeMaTHuecKOM KOHrpecce
B Ilapuxe npobaemst mamemamusayuu meopuu geposmnocmeti. Cpeau
ero M3BeCTHbIX NpoGjeM (nepsas OTHOCHIACh K KOHTUHYyM-TUMOTe3e) ule-
cmas popMyaupoBanach Kak npo6JjieMa akcHOMaTH3aLKH TeX PU3HUECKUX AHC-
LMIIMH, B KOTOPbIX MaTeMaTHKa Urpaer JOMHHUPYIOLLYIO posib. K sTuM mucuu-
navHam 1. Tuab6epT oTHec Teopuio BepOSITHOCTEH U MeXaHHKY, YKasaB TaKxke
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Ha HeOOXOIMMOCTb CTPOTOrO U YHOBJETBOPUTEJbHOIO Pa3BUTHS MeTona Cpell-
HUX B (U3WKe W, B YACTHOCTU, B KHMHeTHYecKo# TeopuH rasos. (I. [unb6epr
OTMeyaJl, 4TO MOCTaHOBKA BOMpoca 06 aKCHOMAaTH3aLIMH TEOPHH BeposiTHOCTeH
6bl1a uHuuMuposaHa . bonbmanom (Georg Bohlmann, 1869—1928) — npu-
BaT-IOLEHTOM B ['éTTHHreHe, KOTOpbIA roBopus 06 3TOH NpoGseMaTHKe Ha
aKTyapHOM KoHrpecce, cocrosiBliieMcs BecHoH Toro ke 1900 r. B ITapuxe,
cM. [5], [19]. Beonumas I. BonbMaHoM BeposiTHOCTb onpefensiiach Kak (Ko-
HEUHO-aiIMTHBHAs) HYHKUMSA HA COOBITHAX, HO Ge3 JOCTAaTOYHO YeTKOro onpe-
IIeJIeHUs1 «CUCTeMbl COGBITHI», Y4TO, BNpOYEM, UM MOJHOCTBIO OCO3HABaJIOCh.)

YerBepThlit NepHOA B UCTOPHM CTAHOBJIEHUS TEOPUU BEpOSITHOCTeH — 3TO
NepHol JIOrHYeCcKoro 060CHOBaHWs TEOPUH BEPOSTHOCTEH M CTaHOBJIEHUS ee
MaTeMaTH4YeCKO#i NUCLMMJIUHON.

Bckope nocne poknaga J1. Tunb6epra Gbli0 NPeAnpHHATO HECKOJBKO MO-
MbITOK NOCTPOEHUS MAMEMAMUYECKOL TeOPUH BePOSTHOCTEN C MpUBJIeUeHHeM
3JIeMEHTOB TEOPHH MHOXECTB M TEOPHH Mepbl.

Tak, 8 1904 r. P. Jlemmens (R. Lammel, [41];ou. Takke [19]) ans onucanus
MHOXeCTBa UCXOLOB 00paliajcs K TeOpHH Mﬂmcm, OJIHAaKO CaMo MOHATHe
BepOATHOCTH (BblpaXkaeMoe TepMUHOM «content» U accourupyeMoe ¢ 06HeMOM,
MJI0WAAbIO, JJIMHOM, ...) OCTaBaJoCh Ha HHTYHTUBHOM YPOBHE MpeallecTBYIO-
1Llero nepuosa.

Ipyroit asrop, ¥Y. bporru (Ugo Broggi, 1880—1965) B cBoeft auccepraumu
(1907 ., [10]; cMm. Takke [19]), BbinosHeHHO# nox pykoBoacTsom 1. [unb6epra,
o6paliascsa 1 K Teopud Mepbl Bopens u Jle6era (ocHoBbIBasich Ha ee NpenCTaB-
Jienun B KHure JleGera [40], 1904 r.), Ho caMo noHATHe (KOHEUHO-aIUTHBHOM)
BEepOSITHOCTH TpeGOoBaso LI CBOEro onpefe/ieHus o6paiieHus (B npocTeALINX
c/yuasnx) K «OTHOCHTEIbHbIM MepaM», « OTHOCHTEJbHBIM YacTOTaM» U (B 06LUMX
cyyasnx) oGpalleHnst K HeKOTOPbIM HCKYCCTBEHHbIM MNpefe/bHbiM Mpoueay-
pam. :

Cpeny aBTOpOB MOCJENOBABLINX 3aTeM PaGoT MO JIOrHYeCKOMY 0GOCHOBa-
HUIO TEOPHH BepoATHOCTEN cJjeflyeT B nepBylo ouepenb Hassath C. H. Bepu-
wreina (1880—1968) u P. pon Museca (Richard von Mises, 1883—1953).

Cucrema akcuom C. H. Bepuwreiina ([4], 1917 r) 6bl1a ocHOBaHa Ha
NOHATHH Ka4ecmseHH020 cpaBHeHUsl COGLITUI NO cTenmeHH UX 6oJiblUero WM
MeHblLiero npasnonono6us. Camo ke yucJeHHOe 3HaueHHe BEPOATHOCTH NOSAB-
JAN0Ch KaK HEKOTOpPOe MPOM3BOAHOE MOHATHE.

BrocniencTBun BecbMa CXOAHbIA MOAXOM, OCHOBAHHBIA Ha CYyOBEKMUBHOLLX
KauecTBEHHBIX CYXKIEHHsAX («cHcTeMe 3HaHWi cyGbekTa»), MOJYUHN LIKPOKOE
passutHe B pa6orax B. ne ®unertu (Bruno de Finetti, 1906—1985) B koHue
JBafLATbIX — HauaJjie TPUAUATHIX rofoB (cM., Hanpumep, [65]—[70]).

Urnen B. ne ®uHertd Hawu Gobluyo NOAZEPXKKY Y psifia npeicTaBUTeNeH
6aiiecosck020 HanpasJieHus B CTaTUCTHKe, Hanpumep, Y JI. CaBumka (Leonard
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Jimmie Savage, 1917—1971; cm. [60]), a Takke B Teopuu Urp W pellieHuH, rae
«CYGBEKTUBHBIA» 3JIeMeHT UrpaeT BeCbMa 3HAUMTENBHYIO POJib.

B 1919 r. P. Musec npemnoxun ([49], [50]) Tak Ha3biBaeMblit vacmomHoti
(roBOpAT TaKXKe — cmamucmu4ecKull Wln amnupudeckud) noaxon K 060CHO-
BaHUIO TeOPUH BEPOSITHOCTE, MOJIOXKHMB B OCHOBY Ty HIEIO, YTO BEPOSTHOCTHbIE
KOHLEMUWH MOTYT MPUMEHSITbCA TOJbKO K TaK Ha3blBaeMbIM «KOJJIEKTHBAM»,
T. €. UHOuUBUOYAAbHOIM OECKOHEUHBIM YnopAOOUEeHHbIM NOCAeA08AMEeNbHO-
cmam, 06J1aJalolMM HEeKOTOPbIM CBOACTBOM «CJYy4ailHOCTH» UX 06pa3oBaHus.

O6was cxema P. Museca MoxeT GbiTb 06pHCOBaHa CJIELYIOLIMM 06pa3oM.

Hmeetcst HekoTOpOe BbIGOpOUHOE NPOCTPAHCTBO HCXONOB «3KCNEepPUMEHTa»,
M MpeznosiaraeTcs BO3MOXHOCTb NPOBefeHUs GECKOHEUHOT0 YUC/Ia HCMbITAHUI,
NPUBOLALIMX K MOCJEN0BaTeJbHOCTH X = (X}, X9, ...), T X, — pe3yJbTar Uc-
Xoja B n-M «3kcnepuMente». [Tyctb, nanee, A — HeKOTOpPOe MOAMHOXKECTBO

l n
B MHOXXECTBE UCXOJOB «3KCMEepUMeHTa» U Vy(A; x) = - S~ Ia(x;) — uacrora
i=l
NosiBJIEHUS1 «COGbITHSI» A B MEPBLIX /1 MCMbITAHUAX.

[MocnenoBatenbHoCTb X = (x|, X2, ...) Ha3blBaeTCAd KOANEKMUBOM, €ClH
OHa YIOBJETBOpSIET CJelyIOUMM [BYM MOCTyJaTaM (Ha3biBaeMblM Musecom
asvmeprHamusHoimu ycaosuanu;, cM. [49]—[51]):

I (cywectBoBaHUe Npeesia yacToT Y N0CAe008AMEAbHOCMUL) — I BCeX
«JIOMYCTHMBIX» MHOXeCTB A CYLIeCTByeT Mpejes 4acToT

li;n va(A; x) (= p(A; x));

I1 (cywecrBoBaHue npenena yacTot y nodnocaedosamesvhocmeii) — ans
BCeX mocJiefioBatesbHocTel X' = (X}, X5, ...), MONyYaeMbIX U3 NOC/eNOBaTeb-
HOCTH X = (X|, X2, ...) C MIOMOLIbIO HEKOTOPO# 3apaHee oropapusaemoii cucre-
Mbl («IOMYCTUMbIX») MpaBua HX ob6pasoBaHusi (Mwusec ux HasbiBaer «place-
selection functions»), npenensl uacror li;n Vn(A; x') IOMXKHBI GbITb TEMH XKe

CaMbIMH, YTO U Il CaMoil NoCJel0BaTebHOCTH X = (X}, X3, ...), T. €. COBNa-
natb ¢ lim v,(A; x).
n

CornacHo Mu3ecy, FOBOPHTb 0 «BePOSITHOCTH MHOXKeCTBa A» MOXHO JIHILb

B CBAI3U C KOHKPETHbIM «KOJIIEKTUBOM» U 3Ta BepoATHOCTb (P(A; x)) onpene-

asierca (B cooTBeTcTBUM ¢ moctyaaroM I) Kak npenen uyactor lim v,(A; x).
n

BaxXHo moAuepKHYTb, Y4TO eC/U 3TOT Mpefes] He cyulecTsyeT (M, 3HAUMWT,
X TO ONpejesieHHI0 He SIBJSETCH «KOJUIEKTHBOM»), TO COOTBETCTBYIOLLAf
BEpOATHOCTb He onpezessierca. Bropoil noctyaar npussai y Museca blpakatb
(cOOTBETCTBYIOLLYIO MHTYHLUMH M JIeXKaLlylo B OCHOBE BCEX «BEpPOATHOCTHBIX»
paccMOTpeHHi) KOHLENUMIO «CJy4yallHOCTH» B (OPMHUPOBAHHM «KOJJIEKTUBA»
x=(x), X2, ...), OTpaXKaTb MAEI0 «HEPEryJspHOCTH» 3TOi [MOC/e10BaTe/b-
HOCTH U «HENpeiCKa3yeMOCTH» ee «GYNyWHX» 3HaueHWl (X,, Xp41, ...) MO
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«MPOLLIOMY> (X1, X9, ..., Xp—1) 1A Jio6oro n > 1. (Y npexcrasureseil Teopuu
BEepPOATHOCTeH, MPUAEPKUBAIOLIMXCA KOJMOTOPOBCKON aKCHOMATHKH, W3J10-
xenHoit B § 1 ra. 11, Takue nocsienoBaTeNbHOCTH NOJ/KHBI aCCOLUMMPOBATbCS
C «TUMUYHBIMH» MOCJENOBaTENbHOCTAMH HCXONOB HabJIIONeHHH Hall He3asu-
cumobimu 00UHAKOB0 pacnpedeseHHoLMU ClyyailHbIMKY BEJMUMHAMM, CM. M. 4
§5mml)

CodopmysiipoBaHHble MOCTYJaThl, MCMOib3yeMble Mu3ecoM npu mocTpo-
eHuH, Kak oH rosopua ([51, c. 1]), «a mathematical theory of repetitive
events», Bbi3BaiH (0COGEHHO B TpUauaTthie rofibl) GOJbILYIO OUCKYCCHIO H
KpHTHKY. OCHOBHble BO3paX<€HUsl CBOAUIMCH K TOMY, UTO B peajibHOM NpaKTHKe
Mbl, OGbIUHO, MMeeM [IeI0 C KOHEe4HoiMU, a He OGeCKOHeuHbIMH, MOcCJeno-
BaTeNbHOCTAMU. TeM caMbiM, peasibHO HeJb3si OMpeNeNuTb, CyUIECTBYET JiH
npenea Ii}ln Vn(A; X), HeJlb3sl peasibHO ONPENEJUTb M «UyBCTBUTENbHOCTb» 3TOr0

npenena Npu nepexofie OT NOCJENOBATENbHOCTH X K MOCJENOBATENbHOCTH X',
CepbesHylo KPUTHKY BbI3bIBAJM TakXKe Kak cnoco6 onpeneieHus MusecoM
MOHATUA «IOMYCTUMBIX» MpaBuJ 06pa3oBaHus MOANOC/eNOBaTENbHOCTEH, TaK
M Ta paciUiblBYaTOCTb B ONpele/eHHH MHOXKECTBa TeX («TeCTOBBIX») MpPaBWJI,
KOTOpble IOMYCKAIOTCA K PACCMOTPEHHIO B aJlbTepHaTUBHOM ycJsioBHH 11

Ecan paccMmaTpuBaTth nocjienoBartenbHOCTb X = (X}, Xg, ...), COCTOALLYIO
M HyJleH M eNUMHHWL M Takylo, YTo AJS Hee mpepes li;n Vp(x; {1}) npuHumaer

3HaueHus B uHtepBajsie (0, 1), To B 3Tol MOC/IENOBATENbHOCTH JOJKHO GbiTh
6ecKOHeuHoe uucao M Hynelt, W emuHuu. [losToMy ecsm ponyckatb arobuie
npasuia o6pa3oBaHUA NOANOC/eN0BaTeJbHOCTEH, TO BCeraa MOXHO U3 X 06-
pasoBaTh MOANOC/EN0BaTEJIbHOCTb X!, COCTOSILYIO, HAanpUMep, JIULIb U3 eMly-
HUL, AJS KOTOpO# npenes li;n va(x'; {}}) = 1. Orciona MOXHO 3aKJIIOUHTD, YTO

HeTpUBHAJIbHble KOJIIeKTUBbI, HHBapHaHTHble OTHOCHTE/bHO 8cex cnoco6oB 06-
pasoBaHus Noanoc/efoBaTeNbHOCTEl, He cywecmayrom.

[epsblii war Ha NyTH NOKa3aTeJbCTBAa «HEMYCTOTHI» KJacca KOJJIEKTH-
BoB 6bl1 cpeaH A. Banbpom (Abraham Wald, 1902—1950) s paGore [13],
1937 r. B ero KOHCTpyKUMH npaBusia o6pa3oBaHus MOANOC/eN0BaTENbHOCTE!
x'=(x{, x3, ...) U3 nocsefoBaTeNbHOCTel X = (X|, X2, ...) OMUCHIBAJIHUCH C NO-
MoOlLbIO cueTHoro HaGopa ¢yHkuuit f; = fi(xy, ..., x;), i{ > 1, npuHUMalOLIKX
nBa 3HaueHdst 0 1 1: 3/1eMeHT X;4) BKJIOUaeTcsi B MOCJENOBATENbHOCTb X',
ecau fi(xy, ..., x;)=1, u He BKJlouaercs, ecm fi(xy, ..., x;)=0. B 1940 r.
A. Uépu (Alonzo Church, 1903—1995) npeanoxua, [73], uHoii noaxox K 06-
pa3oBaHUIO MOANOC/ELOBATENbHOCTH, OCHOBBIBAsACh Ha TOM MIee, UTO KaXKIbli
cnoco6 06pa3oBaHus J0JKeH ObITb Ha NpaKTHKe «3(PPEKTHBHO BHIUHCIUMbBIM».
dra uzea npusena Yepua Kk noHATUHIO ascopummuuecku 8oiuucaumolx (T. e.
BbIYUCJIUMbBIX C MOMOLIbIO, CKaXeM, Mauwunol Toiopunea) GpyHKUMMA, KOTOpble
1 OblIM UM MpelioxeHbl A1 06pa3oBaHus noanocjenosareabHocreit. (ITycrb,
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Hanpumep, X; NpUHUMaeT JBa 3HaueHus, w) =0, wo = 1. [TocTaBum B cooTser-
CTBHe NOCJIeOBATENIbHOCTH (X, ..., X,) MOJOMKHTENLHOE YHCJIO

A= i ika-l,
k=1

rie i, onpenenslioTcs TaK, 4TO Xp =wj,. Eciu ¢ =@(\) — GuHapHas, {0, 1}-
3HauHas QyHKuMs, onpenesieHHas Ha MHoxectse {0, 1, 2, ...}, TO x4 BKJIO-
yaeTcs B HOBYIO MocJjiefloBaTeNbHOCTb X/, Korma ¢(A,) =1, u He BKJIOUaercs,
ecad p(A,)=0.)

B kauecTBe 0ZHOTrO U3 NOSICHEHWI W OMpaBHAHUI CBOEH KOHLUEMUMH «KOJI-
JIEKTUBa» KaK MOCJIeIOBaTEIbHOCTH CO CBOHCTBOM «cCJyuaiHocTH», Musec
NPUBOAKJI Ty 3BPUCTHYECKYIO apryMeHTaLMIO, UTO JJIl TaKUX MocJefoBaTeb-
HOCTell HeJb3sl MOCTPOUTb «BbIUTPBIILHYIO CUCTEMY MIpPbl».

DT paccyieHus 6blJIM NOABEPrHYThbl KPUTHUECKOMY aHaJIM3Yy B HeGOJbILION
moHorpacuu K. Bumis (Jean Ville, 1910—1988) [14], 1939 r., B koTOpOIl
OH MpHIaJ MH3eCOBCKMM PacCMOTPEHUSIM CTPOTyl0 MaTeMaTHyecKylo ¢opMy.
HUnTepecHd 0TMeTHTb, UTO UMEHHO B 3TOW paboTe BrepBble GblI UCMOJIL30BAH
(Kak Mamemamu4eckoe NOHATHE) TEPMHUH «MapTUHTAJ».

M3 npuseneHHOro Bbillle ONUCAHUS Pa3HBIX MOAXONOB K aKCHMOMAaTHKE Teo-
puu BeposiTHocTelt (..., BepHiuteiin, ne ®unerru, Musec) BULHO, UTO Ha HUX
JIEXUT OTMEYaTOK YCJOXKHEHHOCTH U U3JIULLHeH neperpy>XeHHOCTH MOHATHAMH,
MHOTHMe U3 KOTOpbIX OMpefe/ISioTCA XKeJlaHWeM MOCTPOeHHsl TaKo# CXeMbl Teo-
puH BepoATHOCTeH, KoTopasi Oblia 6bl BO3MOXKHO 6JiMKe K MPUJIO0MKEHHAM, uToO,
kak otMeuaer A. H. KosnMoropos B « OCHOBHBIX MOHATHAX TEOpHM BEPOSTHO-
cTeil», [23], He MOXKeT MPUBECTH K MPOCTON aKCHOMATH3ALMUH.

IepBoit ny6ankauueit A. H. KosmMoroposa, Kotopasi roBOpUT O ero WH-
Tepece K BOMPOCAM JIOTHYECKOr0 O0GOCHOBAaHWS TeOpUHM BeposTHOCTel, Oblia
(HemocTaTouHO LIHMPOKO M3BecTHas) cTatbhs «O6lias Teopus Mepbl U UCUHMC-
JieHve BeposiTHocTel», [27]. U camo Ha3saHue cTaTbH, H ee colepkaHue Mmo-
Ka3bIBaIOT, YTO BO3MOXKHOCTb JIOTHYECKOro 060CHOBaHHUs TEOPHH BepOsTHOCTEH
A. H. Kosnmoropos Bunen Ha Gase TEOpHMH MHOXECTB WU TeOpPHH Mepbl. DTO
06CTOATENbCTBO, KaK CJefyeT M3 W3JI0XEHHOro Bblllle, He ObLJIO COBeplleH-
HO HOBBIM U K TOMY e ObLJIO BIOJIHE eCTeCTBeHHbIM [l MOCKOBCKOH MaTe-
MaTHYecKO# LIKOJbl, JJIi KOTOPOH TeopHsh MHOXKECTB W MeTpuueckas Teopus
GYHKUUIA OblTIM OJHUMH M3 OCHOBHBIX O6JacTeil MaTeMaTHYeCKHX HccJeno-
BaHUH.

B npoMexytke Mexny stoft cratbelt (1929 r) u noseienueM «OcHOB-
HbIX noHsTHi» ([23], 1933 ) A. H. Kosmoropos nyGivkyeT OAHY M3 CBOUX
3HaMeHHUTbIX BePOATHOCTHbIX paboT «O6 aHaJINTHUECKHX METOAAaX B TEOPHH Be-
positHocTefi» [29], o kotopoit I1. C. Anekcanapos u A. 1. XuHuuH nucany, [1]:
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«Bo Bceii Teopuu BepoaTHOCTel XX CTO/IEeTUS TPYAHO yKa3aTb JPyroe uccJje-
Jl0BaHHe, KOTOPOe 0Ka3aJoCh 6bl CTOJIb OCHOBOMOJIAralouIMM sl JanbHelLIero
Pa3BUTHsl HayKH...».

®yHnaMeHTalbHOCTL 3TOM PaGoThl 3aK/Iioyajacb He TOJBKO B TOM, UTO
B Hell OblIN 3aJI0)KeHbl OCHOBbI TEOPUH MAPKOBCKUX CAYUALHbLX NPOYECCcos,
HO W B TOM, YTO OHa MOKa3aJjia TecHble CBfi3W 3TOH TeOpuH, fa U Bcell Teopuu
BEPOATHOCTEN B LIEJIOM, C MaTeMaTHYeCKUM aHa/M30M (B YaCTHOCTH, C Teopuel
nuddepeHuratbHbIX YpaBHEHUH — ¢ OGbIYHBIMH U YACTHBIMH MPOU3BOIAHLIMH),
C KJIacCHueCKOH MeXaHHMKOM, KJlacCHUeCKOol (HU3HKOW, ...

B cBa3u ¢ paccMatpuBaeMbiMU BONpocaMH 0GOCHOBAHUS MaTeMaTHUecKoi
TEOpPUH BePOATHOCTeH OTMETHM, uTo paGoTa «AHaiuTHYecKue MeTombl», [29],
MOXXeT CJIYyXHTb, TaK CKa3aThb, «(pU3HUeCcKoii» MOTHBaLHel HeO6XOAMMOCTH JIo-
FMYECKOro MOCTPOEHHsl OCHOB CJIyYaiHbIX MPOLECCOB, YTO FBUJIOCH (MOMHUMO
«3KCUOMATHKH») ofiHOM U3 Leneil «OCHOBHBIX MOHATHI».

B ocHose npennoxenHoit A. H. KosmoroposbiM (HedopMasibHO#) akcHo-
MaTH3aUWH TeOPUH BePOATHOCTEH JIEXKUT MOHATHE 8EPOAMHOCMHO20 npocm-
pancmea

Q, £#,P),

rae (92, &) — HekoTopoe (aGCTpaKTHOE) U3MepUMOe MPOCTPAHCTBO («3J1eMeH-
TapHbLIX» UCXOLOB M «COGbITHII») U P — HeoTpulaTe/bHas CUETHO-aJAUTHBHAS
($hyHKUUA MHOXecTB U3 &, HOpMHpoBaHHas ycjiosueM P(2)=1 («Beposit-
HocTb»); cM. § 1 B . 11).

MMon cayuaiinoimu sesuuwurnamu noHumaiotcs & -uaMepumble QyHKUHH
{=¢(w), ux mamemamuueckoe oxcudarue ONpenessieTcsi Kak HHTerpaj
Jle6era ot £(w) no mepe P.

HoBbIM IBUJIOCH U MOHSITHE YCAOBHO20 MAMEMAMUUECKO2O OHUOAHUS
E(£|¥) orHocuteabHo o-nonaire6p 4 C & (cM. B 3ToM CBA3M NpeNUCIOBUe
A. H. KonmoropoBa ko BropoMy u3faHuio « OCHOBHbIX MOHATHI», [24]).

B «OcHoBHbIX NOHATUAX>» €CTb TeopeMa, kotopytlo A. H. KosmMoropos Ha-
3blBaeT OCHOBHOII, NOJYEPKUBAs TeM CaMbiM 0COOYIO BaXKHOCTb COIepiKallie-
rocsi B Heil yTBepxKeHusl (0 CyLIeCTBOBaHUM MpPOLLECCOB C 3alaHHBIMH KOHeu-
HOMepHbIMU pacnpeneneHusmMu). CyTb nesia 31ech B CJELyIOLLEM.

B «AHajauTuuecKMM MeTOZaxX» MapKOBCKHe mpouecchl ObliM NpU3Ba-

*Hbl OMKMCHIBaTb 3BOJIOLMIO «CTOXaCTHYECKU ONpelesieHHbIX CHCTeM» W 3TO
OMHcaHWe JaBajoch B TepMHHaX «IudepeHUHANbHBIX» CBOHCTB (yHKUMH
P(s, x; t, A), ynoejerBopsiOIMX «ypaBHeHulo KosMoroposa—Yenmenax.
Oyukuuu P(s, x; ¢, A) Ha3blBaJUCh nepexoO0HbiMU BEPOAMHOCMAMU, YTO
CBSI32HO C WX WHTeprpeTauMell Kak BeposiITHOCTeH TOro, uto, 6ynyud B MOMEHT
-BpeMeHH S B COCTOSHUM X, «CHCTeMa» OKaXXeTcs B MOMEHT BpeMeHH
B MHOXecTBe A (a30BOro NpOCTPaHCTBA ee COCTOSIHHIL.
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Touno Tak xe u B paGotax Toro e Bpemenu [30], [31], [66], [67], nocss-
LLEHHbIX «OXHOPOIAHBIM CTOXAaCTHUECKHM MPOLECCaM C He3aBHCHMMbIMU NpHpa-
ILEHUSIMH», BCE PacCMOTPEHUs BeJHCb B TepMHHaX CBOWCTB ¢GyHKuuil P:(x),
YIOBNETBOPSIOILMX (PYHKLIHOHANbHOMY ypaBHEHHUIO Ps s (X) =S Ps(x —y) dPi(y),
€CTeCTBEHHO BO3HHKalolleMy NpH HHTepnpeTauuu Py (x) Kak BeposiTHOCTH TOrO,
4TO 3a BpeMA ! mpupalleHHe npouecca GyleT MeHblle WIH PaBHO X.

OnHako ¢ GpopMaJibHO-JIOTHUECKOH TOUKH 3peHHsl BOMPOC O Cyuwjecmsosa-
Huu 06beKTa, KOTOpbiA MOXHO OblJI0 Obl Ha3BaTb «MPOLECCOM» C 3afaHHbIMU
nepexoiHbIMU BepOsATHOCTAMHU P(s, x; ¢, A) WK 3afaHHBIMKU pacnpeseieHUs MU
Py (x), ocTaBasicsi OTKPHITBIM.

MMeHHO K pelueHHIO 3TOr0 BOMPOCa M OTHOCHTCS 0CHOBHAR TeopeMa,
yTBepXKJalolilasl, 4To N0 KaXIOH CHCTeMe CO2AacO8AHHbLX KOHeUHOMepHbIX
pacripeneeHuit BepostHocTell Fy 4, 1. (X1, X2, ..., Xp), 0Kt <tfa<...<ty,
X; € R, MOXHO MOCTPOUTb BEPOSTHOCTHOE npocTpaHcTso (2, &, P) u cuctemy
cayyaiibix BeanuuH X = (X¢)i>0, X¢ = X (w), Takyto, uto

P{X{l <Xy, th <Xo, ..., th sx,,}=F,,‘,2‘,_,',"(x|, X9, ..., Xn).

B xayectBe 2 GepeTcs MPOCTPaHCTBO R10:0) neficTBuTENbHBIX (yHKLHI
w = (wr)r>0, B Kauecte F Geperca o-anre6pa, NOpPOXKAEHHAsA LUJIHHAPHYE-
CKUMH MHOXecCTBaMH, a Mepa P onpenensercs ¢ nomollbio Npoulesypbl npo-
JIOJIXKEHUA Mepbl C anre6pbl WHIHHAPHYECKHX MHOXeCTB (Ha KOTOPbIX 3Ta Mepa
CTPOUTCSA eCcTeCTBeHHbIM 06pa3oM M0 3aJaHHbIM KOHEYHOMepHbIM pacrpesee-
HUAM) Ha HauMeHblUylo o-aJre6py, NOPOXKIAEHHYIO 3TOH ajreGpoii MHOXKeCTB.
CunyuaiiHble BenuuuHbl X;(w) onpenensiioTcs KOOPAMHATHBIM 06Gpa3oM: ecsiu
w=(wf)¢>0, T0 X¢(w)=wy. ([lanHaa KoHCTPyKUUA OGDBACHAET, MOYEMY YaCTO
NOHATHE «CJIyyaiiHblil NPOLLECC» OTOXKAECTBJseTCA C (ero) mepoi B GhyHKUHO-
HanbHoM npoctpanctae RI0).)

B «OcHoBHbIX MOHATHSAX» He6GOJbLUIOH Naparpad OTBOAWTCA M BOMPOCaM
NPUMEHUMOCNU TEOPUH BEPOATHOCTEH.

OnucbiBas cxemy YycAo8uil, N0 KOTOPOH WIeT MpUMeHeHWe 3TOH Teopuu
K «pealbHOMYy MHpYy 3KcnepuMeHToB», A. H. KosnMoropos Bo MHorom cie-
nyet P. Musecy, nokasbiBasi TeM caMbIM, 4TO eMy Gbll He UYXJ YacCTOTHBbIH
MH3eCOBCKHI MOAXON B BOMpOCAX WHTepnpeTaudd W NpUMeHUMOCTH Teopuu
BepoATHOCTEN.

CyTb 3TOil cxemol YcAOBULL COCTOMT B CJIEyIOLIEM.

[Tpennonaraercs, 4To UMeeTcA HeKOTOPbIH KOMNAEKC YCJOBWH, NaloLIUH
BO3MOXHOCTb MpOBeleHHs1 HeOorpaHUYeHHOro 4YucJa MOBTOPHbIX 3JKCMEpH-
MEHTOB.

Mycrb (x4, X9, ..., Xp) — pe3y/bTaThl 7 SKCNEPUMEHTOB CO 3HAUEHUSAMH X;,
1 < i < n, npuHaLnexalllMMH, ckaXkeM, MHOXecTBY X, U nycTb A — HekoTOpoe
HHTepecyiolliee HaC NOJMHOXeCTBO B X.
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Eciau x; € A, To roBopAT, UTO B {-M 3KCMepUMeHTe MPOU30LLIo CobbiTUe A.
(OT™eruM, uto a priori He NenaeTcs HUKAKUX MPELNONOXKEeHUH «BepPOSTHOCT-
HOro» Xapakrepa THUMa, YTO SKCMEepPUMEHTbl NPOBOMATCA «CJAy4aliHbIM U He3a-
BUCHMbIM 06pa3oM», He FTOBOPUTCS HUYErO W O «LIAHCaX», NPHBOASALLIMX K CO-
6biTHIO A, U T. 1.)

Janee, npeanosiaraercs, uto cOObITHIO A MOXKeT GbiThb NPUINKCAHO HEKO-
Topoe uHcao (o6o3Hauaem ero P(A)) Takoe, 4To npakmuuecku MOXHO GbiTb
YBepeHHbiM B TOM, UTO YacToTa v, (A) nossienus co6biTHA A B n 3KcnepuMeH-
Tax GyzeT npy 60abLIKX 1 Maio oTardathes ot P(A). U ecan, k Tomy xe, P(A)
MaJjlo, TO NPAKMuU4ecKy MOXHO ObiTb YBEPEeHHbIM B TOM, UTO B €IHHUUHOM
IKCnepuMeHTe cobbiTHe A He MosBUTCS.

B «OcHoBHbix nonstuax» A. H. Kosmoropos He BXomuT B fieTasnbHOe 06Cy-
KIeH!e YCJIOBHA NMPUMEHUMOCTH TEOPUH BEpPOATHOCTEN K «peajibHOMYy MHUpY»,
roBOpS, UTO «Mbl ... CO3HaTeJNbLHO OCTABJIIEM B CTOpOHe riyGokue ¢Hiaocod-
CKHe W3biCKaHWsl O TMOHSITHH BepPOSITHOCTH B MHpe OMbiTa», HO OTMeuasi BO
BBeNeHUU K MepBofi rjase, UTO eCTb 06JIaCTH NPUMEHUMOCTU TeOpPUH Bepo-
ATHOCTEH, «KOTOPbIe He UMEIOT OTHOLLEHHUS K MOHATHSIM CJyyas H BePOSITHOCTH
B COGCTBEHHOM CMbICJIe 3TOTO CJIOBa».

Tpunuats et cnycrst A. H. Koamoropos Bephyacs (cm. [32]—[37]) k Bo-
npocy 0 NpUMEHUMOCTH TEOPHH BEpOSITHOCTeH, NPeLIOXHB IJisl ero paspelle-
HUS 1Ba noaxopma («MepBblii» U «BTOPO»), B OCHOBE KOTOPLIX JieKaT CO-
OTBETCTBEHHO, KOHLENLUS «annpoKCUMAaTUBHOM cJyyailHOCTH» W KOHUenuus
«aJIrOpUTMHUECKO# c10XKHOoCTU». [1p1 3TOM OH 0co6o nomuepkusan [37], uto,
B oTsitude ot P. Museca u A. Uépua, onepupylouux ¢ 6ecKOHe4HbIMU NO-
C/1eloBaTeNLHOCTAMA (X|, X2, ...), €rO MOAXOAbl K MOHATHIO «CJy4yaHHOCTH»
HOCAT cMpoeo (pUHUMHbLE XapaKTep, T. €. OTHOCSATCS K MOCae0BaTeJbHOCTAM
(xy, x2, ..., xy), N > 1, koneunod nnuubl (panee ouu, caepys [38], HasbiBa-
I0TCA yensamu), YTo Mbl U UMeeM Ha CaMOM [ieJle B peasibHblX CHUTyaLMsX.

KoHuenuus «annpokCUMaTHBHOM C/lydaitHOCTH» BBOAMTCS Tak.

MMyctb (X1, X9, ..., X§) — HekoTOpas OGuHapHas (x; =0, 1) uenb aauHbl N
1 n< N. Tosopdr, uTo 3Ta Uenb fABJAserca (71, €)-CayyaiHON MO OTHOLIEHHIO
K (KoHeuHoMy) Ha6opy ® donycmumeix ar2opummos, ecim CyILecTByeT YHc-
a0 p (=P({1})) Takoe, uto nis so6o# uenu (xi, x3, ..., Xp,) ¢ n<MEN,
noay4eHHO! H3 (Xy, X2, ..., Xy) C MOMOLILIO HeKoToporo ajiroputma A€ ®,
yacTora Vy,(x’; {1}) nosiBNeHUus eIMHULLI OTJIHYAETCS OT p He GoJiee yeM Ha €.
(Te anroputmbl U3 @, KoTopbie NPUBOLAT K LENAM MJTHHBL M < 1, BO BHUMaHHe
He NMpPUHUMAIOTCA.)

A. H. KoaMoropos noka3ssisaer B [32], uto ecau ais 3afaHHbix n M 0<e <1
YUCJO AOMYCTUMAX aJrOpUTMOB He GoJibllie, YeM

-;— exp{2ne?(1 — )},
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To A Kaxkaoro 0 < p <1 umo6oro N > n MOXHO HaliTH Lenb (x), Xo, ..., Xy),
obsiafamoLLyio CBOACTBOM (7, €)-CJay4afiHOCTH («annpoKCUMaTUBHON caydaid-
HOCTU»).

B onucanHoM noaxoje K BblIeNEHUIO «CJydaiiHbIX» uenefl ecTb (Kak W
B MU3eCOBCKOM CJlyuyae) onpejeieHHblil MPOU3BOJl, CBA3aHHbIH C HeonpeneJeH-
HOCTbIO OMKMCaHUA U 0TGOpa JOMYyCTUMbIX anropuTMoB. TTOHATHO MpH 3TOM, YTO
3TOT KJ1aCC aJITOPUTMOB He MOXKET ObITb CJIMIIKOM GOJIbILHM, HHaYe MHOXKECTBO
«annpoKCHMaTHBHO CayyaHbIX» Leneil oka3anoch 6bl nycTbiM. B To xe camoe
BpeMsl 2KeJIaTeJIbHO, YUTOGb! 0MYCTHMblE aIrOPUTMbI 6bIJIH Gbl NPOCTO YCTPOEHB
(Hanpumep, 3anaBanuch Gbl TaGauLei).

B Teopuu BeposTHOCTEH CJIOMKUJIOCHL BMOJHE ONpefeieHHoe NpeiacTasJe-
Hue, MOJKpenjeHHOe pa3HOro poiia BepOSTHOCTHbIMH YTBEPXKAEHHSIMU, O TOM,
YTO «TUMHYHblE CjydyallHbie peanu3audH YCTPOEHbl JOCTATOYHO HeperyJsipHo,
JIOCTAaTOUHO CJI0XKHO>.

[TosTomy ecau cTpeMuTbCS K TOMY, UTOObI ateopummuveckoe onpenede-
HUe «CJy4alHOCTH» 1ienei, nocjaenoBatejbHOCTell OblIO MaKCUMalbHO MpHU-
6JIMXKEHO K 8EpOAMHOCMHOMY NPeACTaBIEHUIO O CTPYKTYpe ClyyaiiHblX pea-
JIM3aLMil, TO anropuT™bl U3 @ NOMIXKHBI (B COBOKYMHOCTH) NO3BOJSITL OTGPaKO-
BbIBaTb <HETUMUUHblE, MPOCTO YCTPOEHHbIe» LenH, 00bABIAS «CayyaiHbIMU»
Te, KOTOPble YCTPOEHbI IOCTaTOUYHO HEPeryisipHo, JOCTaTOYHO CJIOXKHO.

ATU coobpaxkeHus MpUBOAAT KO «BTOpOMYy>» noaxomy A. H. Koamoroposa
K MOHATHIO «CJy4afHOCTH», B KOTOPOM aKLEHT JeJlaeTcsl He Ha «MpOoCTOTy»
paccMaTpUBaeMblX ajJirOPUTMOB, @ Ha «CJOXHOCTb» CaMUX Lenedl U «Hanpsi-
MYI0» BBOAHMTCS HEKOTOPAsl YUCJI0BAS XapPAKTEPHCTHKA «CI0’KHOCTH», MPU3BAH-
Hasi NOKa3biBaThb CTeNeHb «HeperysipHOCTH» B 0OPa30BaHUU THX Lenel.

DToll XapaKTepUCTHKON sIBJIsieTCsl TaKk HasbiBaeMasl «aJropuTMuyecKasi»
(M1 «KOJIMOTOPOBCKAsi») CJAOXHOCTb K4(x) WHAMBUIYyanbHOH LeNd X no
OTHOLLEHUIO K ajnroputmMy A, onpenenisiemasi, o6pa3HO roBOpsi, KaK MJIMHA
TON caMoil KOpOTKO#M GMHAapHOH uenw, KoTopasi, Oylyud MOAAHHOH Ha «BXOI»
anropuTtma (MalllHbl, KOMNbIOTepa, ...) A, NO3BOJSAET HA «BLIXOAE» 3Ty LieMb
BOCCTAHOBHTb.

dopmanbHble onpefesieHUst HAIOTCA ChedyloLUM 06pa3oM.

[Tycth £ — cOBOKYNHOCTb BCeX KOHeuHbIX GHHapHbIX Lenedt x = (x|, X2, ...
«ees Xn), |x| (=n) — ee pnuna 1 & — HekoTOpbIt Kiacc anropurmoB. CA0xc-
HOCMbIO Lenu x € X No OTHOLLeHWIo K anroputmy A € @ HasbiBaeTcs YHCIO

Ka(x) =min{| p|: A(p)=x},

T. €. MUHUMaJbHasi IMHa (| p|) Toil GUHAPHOIT Lenu p Ha «BXole» aaropurMa A,
KOTOpasi BOCCTaHaBJIUBaeT Ha «Bbixofe» Uenb x (A(p) =x).

B [34] A. H. KonmoropoB ycraHaBauBaet, 4To (41 HEKOTOPbIX BaXKHbIX
KnaccoB ajaroputmoB ®) uMeer MecTo cielylOLIMH pe3yJbTaT: CyllecTByeT
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yHusepcaoroul anroputm U € ® Ttaxoft, uto piaa mo6oro A € @ Haligercs
koHcTtaHTa C(A) Takas, uto s n1060i uenu x € X

Ky (x) <Ka(x)+ C(A),
a JIA PasHbIX yHUBepcabHLIX anropurmos U’/ u U”
|Ky: —Ky»|<C, x€Z,

rae C ne 3aBucur or x €X. (A. H. Koamoropos otMeuaer B [34], uto omHo-
BpeMeHHO aHaJOrHuHbIH pe3yabTaT 6bli1 yctaHosdeH P. CollOMOHOBbLIM. )

D70 06CTOATENBLCTBO (C YUETOM TaKXKe TOTO, UTO [Jisl « THIHUHbIX»> Lenei x
3HaueHue Ky(x) pacteT ¢ pocToM |x|) onpasabiBaeT cielyiollee onpenele-
HUE: CAOHHOCMbIO yenu X € £ no OMHOWEHUO K Kiaccy aszopummos P
Ha3biBaeTcs BeJMurHa K(x) = Ky (x), rae U — HekoTOpbIfl yHUBepCAIbHbIH an-
roput™ u3 .

BeanuuHy K(x) npuHATO Ha3blBaTb A420pUMMULECKOL U KOAMOZOPOB-
cKol caoxcnocmoro «obbekra» x. A. H. Koamoropos paccmatpusan sty Be-
JIMUHHY KaK MEpY KOAUYECMBA AN20pUumMmMUYecKol unpopmayuu, conepa-
uedca B «KOHeYUHOM o6bekTe» X, Ha3blBasi ee IHmMponueli x W noaaras, uro
3TO MOHATHe ABJIsIeTCA Aaxe 6oee GyHAAMEHTANbHbIM, HEXENH 8ePOAMHOCTM -
HOe MOHsATHe KoJiMyecTBa UH(OpMaLUH, Tpebyiolllee s CBOETro onpezeerus
3HaHUA BePOATHOCTHOTO pacrpefeieHHs Ha «0GbeKTax» X.

BennuuHy K(x) MoXHO TpaKTOBaTb TakXKe KaK MOKa3aTeslb CTEMeHH CxKa-
THA «TekcTa» x. Ecaum B knacc @ BKJOYaTh airopUTMbl THMA MPOCTOrO
MepeunclieHHst 3J1eMeHTOB, TO CTaHOBUTCA MOHSITHBIM, YTO (C TOYHOCTHIO 10
KOHCTaHTbl) CJIOXKHOCTb K(x) uenu x He npesbiliaeT ee aauHbl |x|. C mpyroi
CTOpPOHBI, MPOCTble PacCMOTPEHHUs MOKA3bIBAIOT, YTO KONUYECTBO (GUHAPHDLIX)
ueneit x cnoxuoctH Mesee K He npesbiwaer 2X — 1, uto ecth uMcno pas-
JIMUHBIX «BXOIHbIX» OWHapHLIX MOCJeNoBaTe/NbHOCTe AJHHLI, MeHblued K
(142+... +2K-1=2C_1,

Jlanee, npoctble paccyxueHus (cM., Hanpumep, [15]) nokassiBator, uto cy-
wecmeyom Leny X, CJI0XHOCTb KOTOPbLIX (C TOUHOCTBIO 10 KOHCTaHTLI) paBHa
MX LJWHe |x|, U uTO He MOXeT ObiTb GOJbLIOTO YWCJa Leneil, LOMYCKalOWMX
CHAbHOe CKaTue (0044 uenelt ClI0XHOCTU 11 — a He npesocxoaut 27¢). Bee 3T
pPaccMOTPeHHUs ecTeCTBEHHbIM 06pa30M NPUBOIAT K CleAyIOLEMY ONpeleseHHIO:
«aJITOPUTMHYECKU CJ1y4aiHbIMU»(NO OTHOLLEHUIO K Kaaccy anropurmMoB P) Ha-
3bIBAIOTCSA Te LIEMH X, aArOpUTMHUeCKasn C0xHOCTb K(x) KOoTopbiX 6/1M3Ka K |x|.

Huaue rosopsi, anropuTMHYecKHi MOAXON OGDBABJAAET «CJAYYaHHbIMU» Te
Lenu x, y KOTOPbIX CJOXKHOCTb fABJAseTCs MakcuManbHoil (K(x) ~ |x]).

BeenenHoe A. H. KoniMOropoBbIM MoHsiTHE CJIOMHOCTH, aJropUTMHUEcKoN
CJyyaifHOCTH MOPOAMJIO Liesioe HampabJieHHe, UMeHyeMoe «KOJMOTOpPOBCKOH
CJIOXHOCTbIO», C MHOTOYHC/IEHHbIMH NPHMEHEHHSIMH B CaMblX Pa3HOOGpa3HbiX
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06/acTsIX MaTeMaTHKU ¥ ee NpumeHeHud (cM. noxpoGHee, Hanpumep, [38],
[45]—[48], [22]).

B Teopuu xe BepostrHOCTeil 3TH HOBble MOHATUA MOJIOXKHJIH Hauano 60/b-
LIOMY LMKy paboT No BLISICHEHHUIO TOTO, 151 KAKHX «aJrOPUTMHUECKH CJydaii-
HbIX» Lienei ¥ NocJiefloBaTebHOCTeH CpaBe1Bbl Te WK HHble BePOSITHOCTHO-
CTaTHCTHYECKHe 3aKOHOMEPHOCTH (THMa YCHJEHHOrO 3aKOHa GOJbIIMX YHCesi,
3aKOHa NOBTOPHOTO Jiorapugma; cM., Hanpumep, [16]), oTkpbiBas, TeM caMbiM,
BO3MOXKHOCTH NPHUMeHeHUsl METOLIOB TEOPUH BEPOSITHOCTE! M ee pe3yaLTaToB H
B Tex 061acTAX, KOTOpble, KaK y>Xe OTMeyajoch Bblllle CO CChUIKOH Ha [24],
He UMeIOT MPSIMOTO «OTHOLLEHUS! K MOHATHAIM cjydyas U BepOSTHOCTH B c06-
CTBEHHOM CMbICJ/IE 3TOTO CJIOBa».
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Bubaunorpacduueckas cnpaBka (raasni IV=VIII)
[JIABA IV

§ 1. 3akoH «Hy.st uiK eaHHHUb> KomoropoBa comepxutest B ero kuure [32]. Ilo
MOBOJly 3aKOHA «HYJSt MK eluHHUb» XbloHTTa ¥ C3BHLKa cM. Takxke A. A. Boposkos
[7), J1. Bpeiiman [8], P. Du [81].

§ 2—4. OcHoBHble pe3yabTaThl 31ech noydedbl A. H. Koamoroposbim u A. SI. Xun-
ynHbIM (cM. [32] u anTepatypy Tam). CM. Takxke kHuru B. B. TTerposa [53] n B. Croyta
[66]. TTo noBomy BepOATHOCTHBIX METOOB B TeOpHH ukcea cM. Kuury M. KyGuntoca [36).

YMecTHO 6yneT 3necb HaMOMHHMTb HCTOPHIO BOMPOCA «YCHJAEHHBIH 3aKOH GOJbLUKX
uHcesl — 3aKOH MOBTOPHOTO JiorapucMma» Ansi cxeMbl BepHyiu.

[TepBoit paGoToil, B KOTOPOIl BO3HHK YCHJIEHHBII 3aKOH GOJILLIKX YKcen, Gblna pa-
6ota 3. Bopenst 0 HopManbHoCTH uncen u3 MHoxectsa [0, 1) (E. Borel. Les probabilités
dénombrables et leurs applications arithmétiques // Rendiconti del Circolo Matematico
di Palermo. — 1909. — V. 27. — P. 247—271). Ecau Bocnosnib30BaThesi 0603HaAUEHHSAMH
u3 npumepa 2 § 3, To AN BeMUHMH

s =3 (=1~ 1)

k=1
nosyueHHbiit D. BopeneM pesyabTaT cocTosl B TOM, YTO AJIsi nouTH Bcex (o Mepe
Jle6era) w € [0, 1) cywectyer Takoe N = N(w), uto
Sn(w) | < In(r/2)
n 1= Von

s Beex n 2 N(w).

Tem cambiM, B 4acTHOCTH, S, = 0(n) NOYTH HaBepHOE.

Caenytowmit war 6bi1 caenad ®. Xaycnopgpom (F. Hausdorff. Grundzige der
Mengenlehre. — Leipzig: Veit, 1914), kotopbiii yCTaHOBWJ, YTO MOYTH HaBepHOe
Sa=o0(n"?**) pas Besikoro &> 0.

B 1914 rony I Xapaun w Ix. Jlurtasyn (G. H. Hardy, J. E. Littlewood. Some
problems of Diophantine approximation // Acta Mathematica. — 1914. — V. 37. —
P. 155—239) nokasa.u, uto noutu Haseproe S, = O((n In n)'/?).

B 1922 rony I Lteiinrays (H. Steinhaus. Les probabilités dénombrables et leur
rapport  la théorie de la mesure // Fundamenta Mathematicae. — 1923. — V. 4. —
P. 286—310) yrounun pesyasrat Xapau v JIMTTByda, NOKa3aB, YTO NOYTH HaBepHOE

. Sa
lim —< 1.
l ,.SUP oninn

B 1923 rony A. §1. Xunuun (A. Khitchine. Uber dyadische Briiche // Mathematische
Zeitschrift. — 1923. — V. 18. — P. 109—116) ycranasausaert, yto S, =O0(Vn In In n)
NOYTH HaBepHoe.
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Hakoneu, yepes rog A. 1. Xununn (A. Khintchine. Uber einen Satz der Wahr-
scheinlichkeitsrechnung // Fundamenta Mathematicae. — 1924. — V. 6. — P. 9—20)
NoNy4yaeT OKOHYATENbHbIi Pe3yJbTar («3aKOH MOBTOPHOTO JorapudMax»): MOYTH HaBep-
Hoe

lim sup . 1.
n Vn/2)Innn
(OT™eTHM, uTo B paccMaTphBaeMoM cayuae o2 =E[/(§, = 1) — 1/2)® = 1/4, yt0 061b-
SICHSIET BO3HMKHOBEHHE MHOXHTEJS 11/2, a He NPHBLIYHOrO MHOXKMTENS 211; cp. ¢ Gop-
MyJHpOBKOIt TeopeMbl 1 B § 4.)

Kak yxe ynomunanocs 8 § 4, ciepywolumii war no ycTaHOBJNEHHIO ClpaBeAInBO-
CTH 3aKOHa MOBTOPHOro JorapHdMa ANS ILIMPOKOrO KJacCa He3aBHCHMBIX CJYyuyaiHbIX
BesMuMH Gbin caenan B 1922 rony A. H. Koamoroposuim (A. Kolmogorofi. Uber das
Gesetz des iterierten Logarithmus // Mathematische Annalen. — 1929. — V. 101. —
P. 126—135).

§ 5. Cm. no stum Bonpocam kuurn B. B. IlerpoBa [92], A. A. Boposkosa [7],
J. Nakyna-Kacteanss 1 M. Hiopao [86].

[VIABA V

§ 1—3. Ilpu H3NOXKEHHH TEOpPHH CTALMOHAPHBIX (B Y3KOM CMbIC/IE) CAyyalHbIX
nocsiefoBaTeNbHOCTe HCNo/b30BaHbl KHurk J1. Bpeiimana [8], 1. I CuuHas [63] u k.
Jlamnepty [38]. [TpocToe NoKa3aTeNbCTBO MakCHMAJIbHOI 3ProHYECKOil TeOpeMbl JaHO
A. Tapcua [12].

[JIABA VI

§ 1. Teopuu cTaunoHapHbIX (B LUHPOKOM CMbIC/ie) CJY4YaiHbIX NOC/e0BaTeNbHOCTEH
nocasiteHbl Kiuru FO. A. Posanosa [60], Y. W. Tuxmana u A. B. Ckopoxona [13], [14].
[pumep 6 uyacto npusoauics B nekuusx A. H. Koamoroposa.

§ 2. Io noBoy OPTOroHabHBIX CTOXaCTHYECKHX MEP M CTOXaCTHYECKHX HHTErpasioB
cM. takxe k. [y6 [20], M. U. Tuxman u A. B. Ckopoxog [14], 10. A. Pa3zanos [60],
P. 3w u M. Tapanep [82].

§ 3. CnexrpanbHoe npencrasienne (2) noayuero I. Kpamepom u M. JlossoM (cM.,
HanpuMmep, [42]). B mpyrux TepMHHax Takoe NpencTaBJieHHe CONEPXKMTCH B pabore
A. H. Kosamoroposa [29]. CM. takxke kuuru JDK. Ily6a [20], 1O. A. Pozanosa [60],
P. Swa u M. Tapaxepa [82].

§ 4. Tonpo6Hoe M310XKeHHe BONPOCOB CTATHCTHYECKOrO OLEHHBAHHS KOBapHaUH-
OHHOI (DYHKUHMH M CMIEKTPAJIbHOM MAOTHOCTH CONEPXKHTCS B KHMrax . XeHHauna [71] u
(72).

§ 5—6. Cm. Takxe kuuru 10. A. Posanosa [60], Ix. Jlamneptu [38], K. U. Tux-
maHa u A. B. Ckopoxona [13], [14].

§ 7. Uanoxenue 3nech caenyer kuure P. 1. Jlunuepa u A. H. Llupsesa [41].

[JIABA VII

§ 1. BoAbLIKHCTBO OCHOBHbIX Pe3y/NbLTaTOB TEOPHH MapTHHTraJoB noayueHo JDx.
6om [20]). Teopema 1 conepxurcs y I1. Meiiepa [47]. CM. Takke kHuru I1. Meiiepa
p p y p p
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(48], P. LLI. Jlunuepa n A. H. Lnpsiesa [41], K. . Tuxmana n A. B. Ckopoxona [14],
JK. XKakopa n A. H. lunpsiesa [87].

§ 2. Teopema 1 yacTo Ha3biBaeTCsi TEOPEMOI! «O NPeOGPa3OBAHHH CBOGOAHOIO Bbi-
6opa», [20]. ITo noony Toxaects (13), (14) u dyHnamMenTanbHoro Toxnecrsa Banbaa
cM. Kuury [9].

§ 3. Mpasoe HepaBeHcTBo (25) Gbino yctaHoBiaeHo A. §I. XuHuuHbIM B paGote
1923 rona (A. Khintchine. Uber dyadische Briiche // Mathematische Zeitschrift. —
1923. — V. 18. — P. 109—116) Ha nyTH noka3aTe/bCTBa 3aKOHa NOBTOPHOTO Jiorapupma.
YTo6bl NOACHHTD, YTO XKe npueeno A. SI. XHHuHHA K HEOGXOAMMOCTH NOJYYEHHS 3TOrO
HepaBeHCTBA, HAaNOMHHM CXeMY 10Ka3aTelbCTBa YCHJIEHHOTO 3aKOHAa GOJbLIMX YHCeN
y 3. Bopens n @. Xaycnopga (cM. TakKe maHHbli Bbillle KOMMeHTapui K § 2—4
rnasbl IV).

[Mycts &1, €2, ... — MOC/ENOBATENLHOCTb HE3aBMCHMBIX OIMHAKOBO pacnpee-
JeHHbIX cayuailHbix BeauwuuH ¢ P{& =1}=P{& =—1}=1/2 (cxema Bepnyann),
=&+ ...+ éa.

JHoxasatenbctBo 3. Bopensi Toro, uto S, = o(n) nouTy HaBepHoe, COCTOSIO, B CYll(-
HOCTH, B CJIeflyloiLieM: NOCKO/bKY Adst Besikoro & >0

P{ Sn

SRR ML ELAT DO Bl

npH n— 00, H, 3HauuT, no Jemme Bopens—Kanteanu (§ 10 rnaswi II) 7" — 0 nouru
HaBepHoe.

JHokasateabctBo ®. Xaycpopda Toro, uto Anst Besikoro € >0 MOYTH HaBepHoe
Sa=o0(n"?*¢), wno ananornunbiM 06pa3oM: nockoabky ESZ =O(n") ans Besikoro
uesoro r > 1/(2¢), To

Sk
P{fggl Z2te | z 5} Z P{I Bi2+e
c k'
52r Z Elkl/2+e S Z e —0
k2n

NpH n— 00, rae ¢ — HEKOTopast KOHCTaHTa. OTCIOJ.'la (cnoea no jeMme Bope.nﬂ—KaHTe.nnu)
rnojayuyaem, 4To NMOYTH HaBEPHOE

) ES} 3
} nist < n454 = s

TO

P{suel

Sn

nl/2+e —0.

M3 npuBeneHHbIX PAacCMOTpeHHi BHAMM, YTO KNIOYEBbIM MOMEHTOM B Jl0Ka3a-
TeNbCTBaxX ObIIO MOJyyeHHe «xopolueil» oueHkH Ansi BepositHoctelt P{|Sa| > ¢(n)}, rae
t(n)=ny Bopens u t(n) =n'"/>*¢ y Xaycnopda (y Xapau u Jlurtasyna t(n) = (n In n)'/?).

HMenHo anst nonyueHusi «xopoiueii» oueHkH BepositHoctell P{|S,| > t(n)} A. 5. Xun-
YHHY ¥ NOHANOGWIHCh €ro «HepaBeHCTBa XHHUMHa» (25) (TouHee, MpaBoe W3 3THX
HEpaBEeHCTB).
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Mo noBoay BbIBofa HepaBeHCTB XHHUHHA (M TpaBoro, H JieBoro) Ans aoéoro p >0
M 06 OnTMMaJbHOCTH KOHCTaHT A, M B, B (25) cM. 0630pHyio ctaTbio: I. ITewknp,
A. H. lnpsieB. HepaBenctBa XHHYMHA W MapTHHranbHOe paclunpenHe cdepbl HX Aeii-
ctBHsi // Ycrnexu MatematHyecknx Hayk. — 1995. — T. 50, Buin. 5. — C. 3—62.

U3 npasoro HepaBeHcTBa (25) npn p =2m A. §l. XuHuuH nonyuaert, 4To AAs BCS-
koro £ >0
(2m)!
m

P{Xa| >t} <t "E|Xa|"" < o 1M X,

B cuny dopmyan Crupaunra
@m)! 2N
2mm) SD(e) m
t2

m] , HaX0OHM, 4TO

rae D=+2. [TostoMmy, nonaras m= [

2 N
P(X| > < D( 23 )" < p e~

<D exp{l - ﬁ}:De exP{~2—[t):T?.}=c exp{—§[—t)(2]-?'}

¢ c=De=+7e.
Hx 3Toi OUEHKH CliefyeT HepaBEeHCTBO

12
P{Sa| >t} <e™ 27,

KOTOpoe M 6biio Hcroab3oBaHo A. SI. XHMHUMHBLIM [Asi JOKa3aTe/bCTBa TOTO, UTO
S»=0(vn In In n) noutn HaBepHoe.

B knure 10. L11. Yao u I. Teituepa [72] MoxkHO HailTH 60JIbLLIOI MaTepHaJ Mo NOBORY
NpHBENEHHbIX B 3TOM naparpace HepaeHcTB. Teopema 2 npuHamnexut 3. Jlenras-
py [39].

§ 4. Cm. monorpadmio k. Hy6a [20].

§ 5. Uanaraemblii 3nech Matepuan caenyet ctatbsaM K0. M. Ka6anosa, P. LLI. Jlun-
uepa u A. H. llupsesa [26], I.-10. Surenn6epra v A. H. Lllupsiesa [79] n knure
JK. Hesé [50]. Teopema 4 u npumep aaubi P. L. Jlunuepom.

§ 6. [puBoauMbIit 30ech MOAXOA K Npo6/ieMaTHKe «aGCONOTHAS HEMPEPbIBHOCTb H
CHHIY/ISIPHOCTb» H H3JlaraeMmble pe3yJbtathl copepxkarcsi B pa6ore 0. M. Ka6anosa,
P. LI JTunuepa u A. H. Llupsesa [26].

§ 7. Teopembl 1 u 2 npunapnexxat A. A. HosukoBy [52]. Jlemma | siBasietcs
«IHCKPETHbIM» aHaJIoroM H3BecTHOI TeopeMbl [HpcanoBa (cm. [41]).

§ 8. CM. takxe moHorpaduu P. LL. Jlunuepa u A. H. LWlupsiea [91], )K. )Kakona
1 A. H. lllnpsieBa [87], B KOTOpbIX H3/araeTcsi TeOPHsl NPENENbHbIX TEOPEM LIS Cly-
YaitHbIX NPOLECCOB JOCTaTOYHO OGLUEH NPHPOAbI (MapTHHIa/bl, CEMHMAPTHHTAMBI, ...).

§ 9. 3pecb uanoxenue caenyer [98], [100]. Passutne nanoxenxoro noaxona
K 0606LeHnio GopMyas Hto nano B ctatbe I dénnmepa, ®. Mporrepa n A. H. Lu-
psieBa [101].
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§ 10. MaprtuHranbHbiM MeToaM B CTPaxoBaHWH nocBsiieHa Kuura X. lepGe-
pa [123]. [puBomnMble foKa3aTenbCTBa GAH3KH K TeKCTy H3 [98].

§ 11—12. Bonee aetanbHoe H3N0XKeHHE BOMPOCOB, OTHOCSILMXCS K NPHMEHEHHAM
MapTHHTA/NbHLIX METONOB B (PHHAHCOBOI MaTeMaTHKe W HHXXeHepHH, cM. B [100].

§ 13. OcHoBHbIMH MOHOrpadHAMH MO TEOPHH H 3a[a4aM ONTHMAJbHBIX NPABHI
ocTaHoBku siBasiiotcst Khurk E. B. Ibinkuda u A. A, IOwkesunua [102], . Po66utca,
L. Curmynpa u W. Yao [59], A. H. LlupsieBa [78].

[VIABA VIII

§ 1—2. I'o noBoay onpeneneHHi ¥ OCHOBHbIX CBOMCTB MapKOBCKHX LIeNiel CM. TaKKe
kuurk: E. B. Ibinkut v A, A, FOwkesny [102], E. B. Obitkun [21], A. 1. Benrtueas [11],
Jx. Oy6 [20], U. WU. Tuxman u A. B. Ckopoxon [14], JI. Bpeiiman [8], Kaii-Jlai
Uxyn [75], [120], . Pesioz [117].

§ 3—7. O npoGaeMatHKe npenenbHbIX, IProAHYECKHX H CTaUHOHAPHBIX pacrpene-
JieHHit BeposiTHOCTell A/ MapKoBcKHX ueneit cM. ctathio A. H. Koamoroposa [28] u
kHuru: B. deanep [69], A. A. Boposkos [7], [104], P. 3w [80], Kaii-Jlai Uxyn [120],
L. Pesio3 [117], E. B. IObikuu u A. A. FOukeBuy [102].

§ 8. I1pocToe cayuaiitoe 6yXKaaHHe ABASETCS KNACCHYECKHM NPHMEPOM MpocTedi-
LUWX MapKOBCKHX uerneM, Asl KOTOPbIX OblH OTKpbITHI MHOTHe 3aKOHOMEpHOCTH (KaK,
CKa)KeM, CBOMCTBa BO3BPaTHOCTH M HEBO3BPAaTHOCTH, CBOICTBa JProAuuyHOCTH W 1p.).
ST BONpOCHI pacCMaTpUBAIOTCS BO MHOTHX KHHrax — CM., HalnpHMep, UMTHPOBAHHbiE
Bhliwe Kuuru [7], [80], [120], [117].

§ 9. Hntepec k 3agayam 06 onTHMaabHOH OCTaHOBKe Gbl 06yc/IOBIEH npobieMa-
THKOI CTaTHCTHYECKOro nocsenosartesbHoro aHanusa (A. Banbn [9], M. me Ipoot [18],
Il 3ake [22], A. H. LWLupsieB [78]). Co6CTBEHHO TEOPHH ONTHMAbHBIX MPaBHJ OCTa-
HOBKH INSi MapKoBckuX ueneit nocesiueHbl KHur E. B. Ilbivkuna u A. A. IOiuke-
suya [102], A. H. LliupsieBa [78], Hekotopble paspenst Kuuru I1. Bunaunrcan [106).
MapTHHranbHblii NOAXOA K 3afayaM 06 ONTHMAaJIbHON OCTaHOBKe H3JI0XKeH B MOHOrpa-
¢uu I Po66uuca, 1. Curmynna u K. Yao [59].

OYEPK UCTOPHUH CTAHOBJIEHH .
MATEMATHUYECKOM TEOPUH BEPOSITHOCTEH

IMpuBoaMMBI OuepK Gbi HaMMCaH aBTOPOM Kak JOMOJHEeHWe K TPEeTbeMy H3[aHHIO
kuurn A. H. KonmoropoBa «OcHoBHbie NOHSATHS TeOpHH BeposiTHocTeil» [32].
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MHOrOMepHO€ rHnepreoMeTpHYecKoe pac-
npenenexne 40

MHOXXECTBO HHBapHaHTHoe 567, 573

— ocTaHoBKH 783

— — Ha6aioneHHi 859

— NOYTH HHBapHaHTHOe 567

— npopo/mKeHHsi HabaoneHui 783, 859

monenbr Bepuynnn—Jlannaca 854

— BepOSITHOCTHO-CTaTHCTHYeCKast 94

— nuody3un auckperHas 852

— H3uHra onHoMmepHasi 42

— WCMbITaHHM, CBA3AHHLIX B Uenb Map-
koBa 137

— Kokca—Pocca—Py6unwreitna, CRR
759, 773

— Kpamepa—JlynnGepra 747

— CMelUaHHas aBTOPErpeccHH W CKOJb-
3siwero cpenHero 586

— 3KcnepuMeHTa ¢ GeCKOHEeYHbIM uHc-
JoM HcxopoB 161

— — C KOHEYHbIM YHC/IoM HexomoB 31

— Jpendecros 852

MoMeHT ocTtaHoBkh 110, 131, 649

— nepBoro Bo3BpatueHus 120

— pasopeHusi 747

MoMeHTbI 229

— a6coatoTHble 229

— cMeluaHHble 368

MOHOTOHHBI! Knacc 172

— — HaWMeHbLUHil 172

Mopduam 564

MYJbTHHOMHA/IbHOE pacnpenesienue 39

H

Ha6opbl HeynopsaoueHHble 22

— ynopsigoyeHHbie 22

HaeXKHOCTb [JOBEPHTENbHOrO WHTEpBaNa
98

HaHMeHbluas o-anre6pa 171

— anre6pa 171

— cynepMapTHHraJbHas MaxxopaHTa 782

HaWMEHbLUHI MOHOTOHHbIA Kaacc 172

HayaJibHOe pacnpeseJenne 139

He3aBHCHMOCTDb 43, 48

— aJre6p MHOXecTB 48, 49

— JuHelinas 341, 342

— MHoXecTB (co6biTHit) 48, 177

— nonapxas 49, 63
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HEe3aBHCHMOCTb npupatlenuit 390

— cHcTeM MHoxecTB 48, 49, 177

— cJyyaliHbiX BesMuuH 57, 224

— — aneMeHTOB 224

HeKnaccuyeckHe ycnosus 433

HeKoppeanpoBaHHocTh 63, 300

HenpepbIBHOCTb Mep a6contoTHast 242

HepaBeHcTBa Bypkxonbaepa 678

— A5l BeposITHOCTEH GOJbILKX YK/IOHe-
HHit 683

— Ily6a 671

— Jl3Buca 679

— MapuunkeBnya—3urmyHaa 677

— XuHuuHa 677

HepaBeHcTBO Besna 67

— Beppu—23cceena 86, 426, 475

— Beccens 340

— Boudepponu 35

— Bopens 394

— Byass 169

— laeka—Penbn 688

— Tlénbnepa 240

— Iym6ena 36

— JlBopeuxoro 687

— ISl BepOATHOCTEH 6OJbLIKX YKNOHe-
Huit 93

— Hencena 239

— — 1AS YCJOBHbIX MaTeMaTHUYECKHX
oxupanuit 297

— Koamoroposa 535

— —, OIHOCTOPOHHHi1 aHanor 539

— Kown—ByHsikockoro 59, 239

— Kown—IIBapua 59

— Jlesu 556

— JlanyHoBa 239

— Munkosckoro 240

— OrraBuann 687

— Pao—Kpawmepa 97

— Cnensiva 394

— ®dpewe 36

— Ye6biliena 68, 238

— —, OBYMepHbIit aHanor 77

— LlIBapua 59

— cceena 376

HopMa 332
HopMaJbHble no Bopento uucna 547

(0}

06/1aCTh OCTAaHOBKH HabJioneHui 783,
859

— npogosixeHust HabatogeHuit 783, 859

0GHOBJIsIIOLLAS TOC/ef0BaTeNbHOCTL 616

o6061enHasi TeopeMa Baiteca 286

— ¢yuKuus pacnpegenenus 199

06061ieHHOe MapKoBcKoe cBoicTBo 801

o6parHoe ypaBHeHue 144

— —, MaTpuuHas dopma 144

o6beanHeHne MHOXecTB 27, 167

onpezensiiouii knace 404

ONTHMaJsbHasi OCTaHOBKa 776

— — MapKoOBCKHX uenei 856

onuuoH 767

— -KoJau1 769

— -nyt 769

— AwmepuKatckoro Tuna 769

— Esponeiickoro tvna 768

— nokynarens 769

— npogasua 769

OMUHOHHBIA KOHTpAKT 767

oproroHaau3sauusi [pama—IlImuara 342

OpTOroHa/JbHOe pa3JoXeHue 351

OpToroHa/bHble Mepbl 467

OCHOBHasi JleMMa JIHMCKDETHOH TeopuH
BocCTaHoBJeHust 825

— TeopeMa O CTauMOHapHLIX pacnpene-
nenusx 836

— — 06 3proauueckHx pacnpeneseHHsIx
836

OTHOCHTeJIbHasi KoMnakTHoctb 408, 409

OTHoLLIeHHe npaBaonono6us 136

oTo6paxkeHne Hamepumoe 564

— — coxpaHsioluee Mepy 564

OUEHHBaHHE KOBApHALHOHHOH (YHKLHH
609

— cneKTpaJbHoil noTHocTH 610

— — ¢yHkumu 610

ouenka 95, 303

— aCHMNTOTHYECKH HecMellleHHas 611

— BepHuiTeiiHa 78
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OlEHKA BEpPOSITHOCTH «ycnexa» 94

— MaKCHMaJbHOTo npaBaononoGust 43

— HecMeluenHas 95, 296

— onTHMaJbHas B CpelHeKBaJpaTHuye-
CKOM cMbicie 64, 303

— — JauHeitHas 340, 351

— CHJIbHO cocTosiTenbHas 703

— cocrositenbHas 95, 608

— cnekTpanbHoi naoTHocTH Baptierta
613

— — — XypGenko 613

— — — [Napsena 613

— >¢dexruBHas 95

owH6Ka nepBoro ¥ BToporo poaa 461

— cpenHekBagpaTHyueckas 303

n

naputer Kosa-nyt 776

nepeMelunBaH1e 569

nepeceyeHne MHOXeCTB 28, 167

nepecTaHOBOYHasi cHcTeMa coObiTHi 169

nepecTaHOBOYHOE COObITHE 532

nepexonHas BepositHoctb 139, 318

— ¢yHkuus 793

nepHoj, HepasnoXuMoro knacca 816

— nocnefoBatesibHOCTH 815

— coctosiHus 815

nepuoporpamma 611

nepneHaukyasip 341, 351

nnatexxHoe nopyueHue 761

— — BocnpousBoakMoe 761

NJIOTHasi MOCNENOBATENbHOCTb CJydaii-
HbIX BeJMuHH 471

nnotHocth 196, 202, 215, 243

— n-MepHOro rayCCOBCKOro pacrnpefe-
nenus 203

— rayccoBckasi AByMepHasi 302

— YCJIOBHOTO pacrpefiefeHHsi BeposiTHO-
creit 278

noaxonsiliee MHOXecTBO GyHKumi 179

noauHoMbl BepHureitHa 76

— Ilyaccona —1llapabe 346

— — — HopMHpoBaHHble 346

— Jpmuta 345

— — HopMHpoBaHHble 345

nosHora 195

— (B, S)-pbitka 761

— npoctpanctea LP, p > 1 333, 334
noayHopma 332

nonosHexue 194

noptgenb ueHHbx 6ymar 754

— — — caMmoduHaHcHpyeMblit 754
nopsiikoBasi cTaTcTHKa 313

“N0CN€A0BaTENIbHOCTH BIOJIHE AETEPMHHH-

poBaHHble 615

— JeTepMHHHpOBaHHble 615

— Mep B3aHMHO KOHTHIyasbHble 470

— — MOJIHOCTbIO ACHMINTOTHYECKH pa3-
nenumble 470

— — c6anxaemble 470

— o6palieHHble 742

— npenckasyembie 647

— peryasipHble 615

— CHHrynsipHbie 615

— CKoJb3sillero cpenHero 583

— CTauMoHapHble B Y3KOM cMbicsie 563

— — B LIKPOKOM cMbicJe 580

— — — —, cneKTpaJibHOe NpejcTaBie-
Hue 595

— YHCTO J€TePMHHHPOBaHHble 615

— sproauueckue 574

nocJeoBaTesbHOCTb 06HOBAsIOIWas 616

— noyTH nepHoanyeckas 581

— cJyyaiHbIX BeJIHYHH ToTHas 471

— yacTHuHO Habsonaemas 630

noury Betogy 231

— HHBapHaHTHOE MHOXeCTBO 567

— HaBepHoe 231

npefienibHas npeHe6peraemocTs 433

— TeopeMa HHTerpasbHas 71, 84

— — JoKanbHas 71, 79

npefcKasyeMmas noc/eioBareJbHOCTb 647

npencrasnenne  Koamoroposa—JleBn—
XunuuHa 441

— JleBn—XunuuHa 446

npeoGpasoBanue Bepryann 576

— Kousmoroposa 576

— Kpamepa 558



MPEAMETHbIN YKA3ATEJb 917

npeobpasoBanue Jlannaca—CrHaTbeca
748

— MeTpPHYECKH TpaH3UTHBHOE 567

— coxpaHsioliee Mepy 564

— ®ypbe 353

— 3progHyeckoe 567

— Dwepa 758

— — ycJaoBHoe 760

npHGbIIb Jorapudmuyeckas 753

NpHHUMN HHBapuaHTHocTH 431, 728

— — Jlonckepa—IIpoxoposa 728

— oTpaxkenus 120

— MOAXOASALMX MHOXecTB 173

npo6iema MoMeHTOB 373

— —, KpHTepHii efMHCTBEHHOCTH 375

npopoxxeHue Mepbl 192

npoekuust 341

npousBonHasi JleGera 467

— Papona—Hukonuma 243

npoussozasiuas ¢opmyaa 264

NpOCTPaHCTBO GaHaxoBo 334

— ucxonos 21, 166

— CoCTOsIHHWIt MapKoBcKo# uenu 139, 788

— ¢a3oBoe 139, 788

— 3/eMeHTapHbIX cobbiTHii 21, 166

npouenypa Po6unca—Motpo 696

NpoueHTHast cTaBKa 6aHKOBCKasi 752

— — pblHOYHas 752

NpoueHTH npocTbie 753

— cJIoXHble 753

npouecc 6poyHoBcKoro apxenus 390,
727

— BeTBsilLMAcs 142

— BHHepoBckui 390

— — ycaoBHbIi 391

— BOCCTaHOBJeHHst 322

— rayccoBckuit 390

— rayccoBcKo-MapkoBcku#t 391

— MapKoBcKHit 318

— Ilyaccona 747

— C He3aBHCHMbIMH TipupallieHusiMi 390

npsiMoe Npou3BeaeHHe o-are6p 182

— — mep 51

— — npoctpaHnct 51, 189

— ypaBHenue 144
— —, MaTpuuHas ¢opma 144
nycToe MHOXecTBO 167

P

paseHctBo [lapceBans 344

paBHOMepHasi HHTerpupyeMocTh 234

pa3s6uenue 29, 371

Pa3eNMMOCTb NOC/EN0BATE/bHOCTEN Mep
470

pasauuenue runore3 461

paanoxexue Boabna 614, 618

— Jly6a 655

— KaHOHHYecKoe
730

— Kpuke6epra 687

— JleGera 467, 707

— Xana 460

pa3MellieHHe APOGHHOK MO siueiikaM 25

pa3MelleHust 6e3 NoBTOpeHHuit 23

— C NOBTOpeHHAMH 22

pa3HocTb MHOXKecTB 28, 167

pacnpenenenne 196

— F 197

— 1t 197, 310

— GepHyaaneBckoe 55

— 6era 197

— 6HHOMHa/bHOe 37

— Beii6yana 313

— BeposiTHocTel npouecca 223

— — cJayuyaiiHoro BekTopa 56

— — cJayyaitHoil Beanuunbl 55, 215

— ramma 197

— rayccosckoe 89, 197

— — n-MepHoe 203

— — —, XapaKTtepucTHuecKasi QyHKUHS
382

— —, ceMuHHBapHaHThl 372

— — cpenHee, aucnepcus 300

— reometpuueckoe 196

— runepreomerpuyeckoe 41

— — MHoromepHoe 40

— IBOiiHOE JKCNoOHeHuHanbHoe 313

— nwMckpetHoe 196

— — paBHoMepHoe 196

nocJsieaoBaTeJibHOCTH
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pacnipefienenue uHBapuaHTHoe 147, 809,
811

— Koamoroposa 490

— Kowmw 197

— JnorapudMuueckH HopManbHoe 306

— MHoroMepHoe 56, 201

— MyJbTHHOMHabHoe 40

— HauasibHoe 139

— HopManbHoe 89, 197

— 06paTHO-GHHOMHabHOEe 213

— OTpHUaTeNbHO-GHHOMHa/bHOE 196

— Iackans 196

— noauHoMmuanbHoe 40

— Ilyaccona, nyacconosckoe 87, 196

— paBHOMepHoe Ha [a, b] 197

— cuHryasipHoe 198

— craumonapHoe 147, 809, 811

— Crblopenra 197, 310

— ycroiuugoe 442

— xu 309

— xu-kBagpar 197, 309

— 3KCnoHeHuHanbHoe 197

— — nBycTopoHHee 197

— sproauueckoe 145

paccrosive Kakyranu—Xennuurepa 463

— Jlesu 406

— no Bapuauun 460

— —, oueHka [Tpoxoposa 479

paclu¥peHHas ciyyaiiHasi BenunHa 217

— yucaioBas npsmas 191

peanu3aumsi npouecca 223

peryssipHast GyHKuus pacnpenenenus 283

pery/isipHble yc/loBHble BeposiTHocTH 281

— — pacnpenenenus 282

— — —, cyuiecTBoBanue 284

PbIHOK HemnoJHbIi 769

— nonubi#t 769

C

cBepTKa pacnpegenernit 307
CeKBeHUuMHaNbHas KomnakTHocTb 410
CeMeiiCTBO MapKOBCKHX ueneit 798

— Mep OTHOCHTEJIbHO KoMnakTHoe 408
— — nnoTHoe 408

CeMHHHBapHaHTLI npocTble 370
— cMeluaHHble 368

CHIrMa-aAaHTHBHOCTb, O -aAAWTHBHOCThL

163
cumBoa Kpoekepa 345
CHMMETpHYECKasl pPa3HOCTb MHOXECTB
167

CHHTYIsipHOCTb Mep 467

CHHIyJAsipHble Mepl;l 196, 467, 706

CHCTeMa Jie6EroBCKHUX MHOXKecTB 194

— OPTOTOHANbHBIX CJAYYalHBIX BEJHYHH
339

— opToHopMupoBaHHast 339

— — nonHas 343

— — cayyaiiHbix BesnunH 339

— Papnemaxepa 347

— co6biTHit nepectaHoBoyHast 169

— Xaapa 347

cKansipHoe npousseneHHe 338

cKoNb3sillee cpenHee ABycTopoHHee 583

— — OfIHOCTOpOHHee 584

CKOpOCTb CXOAWMOCTH B YCHJIEHHOM 3a-
KoHe 6oJbluHX uucea 557

— — B LUEHTPa/bHOIl NpeneabHoOi Teope-
me 475

cna6asi cxoaumMoctb 399, 400

— —, MeTpHu3yeMocTb 447

cayyaiiHas BesivuHHa 54, 214

— — a6CcoIOTHO HenpepbiBHas 215

— — 6e3rpaHnyHo aennmas 439

— — 6uHoMHanbHas 55

— — rayccoBckas 300

— — nucKpeTHas 214

— — unHBapHaHTHas 567

— — KoMnJeKcHasi 222

— —, He 3aBucsilLas oT Gyayuero 649,
749

— — HenpepbiBHas 215

— — MOYTH HHBapHaHTHas 567

— — npocras 214

— — pacuuupeHHas 217

— — ycroituuBas 442

— nocnenosarenbHocTh 223, 390

— tyHkumus 223
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cayyaiiHoe 6ayxnanue 109, 120

— — npocToe 842

— YHCJIO CayyaiiHbIX BeanuuH 142

cayyaiHblit Bektop 56, 222

— MpoLecc ¢ AHCKPETHbIM BpeMeHeM 223

— — C HenpepbiBHbIM BpeMeHeM 223,
390

— — C OpTOroHa/MbHbIMH NpHpaLLEHHsI-
Mu 593

— 3neMeHT 221

CMellaHHasi MofeNb aBTOPErpeccHd H
CKoJb3sillero cpeatero 586

co6bitre 27, 166

— HocToBepHoe 28

— HeBO3MOXHoe 28

— nepecTaHOBoYHOe 532

corJiacoBaHHOCTH cBoiicTBo 204, 208

— ycaosue 209, 315

COCTOsIHME LieNH arnepHoanyecKoe norio-
wasotuee 140

— — Bo3BpaTHoe 820

— — — Hy”neBoe 824

— — — nonoxutesnbHoe 824

— — pocthxumoe 813

— — HeBo3BpatHoe 820

— — HecyluecTBeHHoe 813

— — nornowatotuee 847

— — cyuiecTBeHHoe 813

COCTOSIHMSl LieNy B3aHMHO AOCTHXXHMble
813

— — coobatowmecs 813

coueTaHust 6e3 noBTopeHuii 24

— C NOBTOPEHHsIMH 22

crnekTpajbHasi Mepa 588

— noTHocTh 583

— —, oueHuBaHue 610

— dyHkums 588

— XapaKTepHCTHKa ¢ubTpa 601

CreKTpasibHoe OKHO 612

— npencTaBJieHHe
¢yHkunu 586

— — CTauUKWOHApHOH NOC/NENOBaTENbHO-
cth 595

crpaBefHBas UeHa onuuoHa 769

KOBapHaLLHOHHOH

cpelHee 3HayeHue 58

CpelHsis AHTeJbHOCTb 6ayxaaHus 115

— NPOROMKHTeNbHOCTb Hrpbl 109

CTaHAapTHoe oTKJoHeHHe 62, 300

ctaTHcTHKa Bo3ze—iiHwTeitHa 26

— pocrartoyHas 291

— Makcesna—Bonbumana 26

— ®epmu—]Inpaka 26

CTaTHCTHYECKasl He3aBHCHMOCTb 48

cTeneHb pas6poca 62

croxactuyeckas Matpuua 140

— mepa 589 )

— — KOHeyHo-apauTHBHas 589

— — oproroHanbHas 590

— — C OpTOrOHa/IbHbIMH 3HaYEHHSIMH
590

— — aseMeHTpaHas 590

— nociefoBaTeNbHOCTL 647

— — o3pacraioiuas 647

— — noMuHupyeMas 675

— — npefckasyemas 647

— 3KcnoHeHTa 259, 684

CTOXaCTHYeCKHi HHTerpan 592

— — Ut0 745

cTporo Mapkosckoe cBoitctBo 155, 803,
804

CTPYKTYpHas ¢yHKuus 591

cy6mapTuHran 647

— JoKanbHbiA 650

— 06061LeHHbIH 649

cyxeHue Mepbl 207

cymma MHoxecTB 167

cyMMmHupoBanxe no Yesapo 335, 832

CyMMbl BepxHHe 252

— HKHue 252

cynepMapTuHran 648

cynepMapTHHranbHasi MaxcopaHta 781

cynepxemkH1poBatue 770

—, BEpXHAA ueHa 772

cyuiecTBeHHbli cynpemym 334, 778, 779

cxema Bepuyaau 67, 78

— cepnit 419, 426

CXOAMMOCTb B ocHoBHoM 399, 400, 405
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CXOIMMOCTb B OCHOBHOM B CMbIC]Ie KO-
HeYHOMepHbIX pacnpenenequit 405

— B cMbicsie LP 324

— B CpefiHeM KBajpaTHueckoM 324
— B cpefHeM nopsigka p 324

— no BapHauuH 461

— 1o BeposiTHocTH 324, 453

— —, MeTpHu3ayeMocTb 447

— 1o 3aKoHy 452

— no Mepe 324

— no pacnpegeneruio 325, 417, 452
— noutH Beropy 324, 453

— noyTH HaBepHoe 324, 453

— C BeposITHOCTbIO ennHuua 324, 453
— — —, HeMeTpHu3yeMocTb 447

— caabas 399, 400

— —, MeTpH3yeMocTb 447

CyeTHasi alAWTHBHOCTb 163

T

TeJieckonuyeckoe csoiictBo 105
— — BTopoe 271

— — nepeoe 270

Teopema Baiieca 47, 286

— Benno Jlesn 265

— Beppu—23cceena 86, 475
— Bupxroda—Xunuuna 570
— Boxnepa—XuHuuHa 365
— BeliepwTtpacca 76

— Tepriiotua 586

— TupcanoBa, anckperHas Bepcusi 722

— InuBenko u Kanrtennu 482
— JNly6a 660, 682, 688

— — 0 MakCHMaJ/bHbIX HepaBE€HCTBAX

672

— — 0 pasJOXEHHH cy6mapTuHraJ|oa

655

— — 0 cayuaiiHoii 3ameHe BpeMeHH 660
— — 0 CXOOHMMOCTH CYGMapTHHra/oB

688
— — 0 yHcJe nepeceuenuii 682
— Honecky Tynuu 318
— Kanteann 540
— Kapareonopu 192

— Konmoroposa u XuHuuna 535

— — — 0 «aByx psigax» 537

— — o npopomKeHnu Mep 208

— — o nponomKeHuH Mepbl 204

— — 0 cyluecTBoBaHuH npouecca 316
— — 0 «Tpex psigax» 538

— — 06 HHTeprosuxH 629

— — 06 YCH/IEHHOM 3aKoHe O6o0JbLUKX

yucen 541, 544

— JleGera o MaxkopupyeMoii CX0aHMOCTH

234

— JleBun 691

— Makmnanata 75

— Manna—Banbaa 456

— Mapunnkesnua 366

— Mepcepa 393

— Myaspa—/Jlanaaca 84

— HenpepbiBHOCTH 414

— 0 GannoTHpoBKe 133

— o Bo3BpaTHocTH [lyaHkape 565
— 0 «ABYX psigax» 537

— 0 3aMeHe MepeMEeHHbIX MOA 3HAKOM

HHTerpana Jle6era 244

— 0 MOHOTOHHOH cxonuMocTH 232

— 0 MOHOTOHHbIX Khaccax 173

— — —, ¢dyHKuMoHabHasi Bepcus 179
— 0 HopMaJibHO# Koppeasiupn 304

— — —, BeKTOpPHbIH cayuyait 387

— 0 npeo6pa3oBaHuK CBOGOJHOrO BbIGO-

pa 900

— 0 CXOAWMOCTH NOA 3HAKOM YCJIOBHbIX

MaTeMaTHYeCKHX OXXHMAaHHM 272

— 0 «Tpex psigax» 538

— IMudaropa 351

— Tloita ans cnyyaiinbix 6ayxnanui 847
— — JIS1 XapaKTepUCTHYECKHX (DYHKLHH

365

— Tlpoxoposa 409

— Ilyankape 432

— — 0 BO3BpaTHOCTH 565
— [lyaccona 87, 419

— Pagona—Hukoanma 243
— Pao u Baskysana 296
— Ynama 412
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TeopeMa dakropusaumnu 292

— dy6unn 246

— ¢yHnaMeHTanbHas BTopasi 761

— — nepBas 755

— Xeanu 410

— Xeanu—DBpas 407

— ueHTpanbHasi npenesbHasi 413, 418,
421, 427, 434

— — — [151 3aBHCHMbIX BeJIHUKMH 726

— — — ¢yHKuHOHaNbHas 728

— UYephosa 561

— sproauyeckas 145, 574, 605

— — MakcHManbHas 570

TeOopHs BOCCTaHOBJEHHA 668

Toxxaectso Banbaa 132, 663

— — ¢ynnamenransHoe 666

— napuTtera Koan-nyt 776

— Tlyankape 36

— Cnuuepa 264

TOYKH pocTta 196

TpaeKTopHus npouecca 223

— — THnHYHas 75

TpeyroJibHuk [lackans 23

y

ypaBHeHue GanaHca 585

— Banbna—bBennmana 861

— BOCCTaHoBJeHHs 323

— KonmoropoBa—Uenmena
799

— — — o6patHoe 143

— — — npsMoe 144

— oGpaTHoe, MaTpHuHas copma 144

— npsiMoe, MaTpHuHasi opma 144

ypaBHeHHSI IMHAMHYECKOTO NpOrpaMMH-
poBaHus 859

ypoBeHb 3HauuMocTH 98

YCHJIEHHbI 3aKOH 6oJbluKX uhcen 540

— — — — 115 maprunranos 701

— — — — JuIs poLtecca BOCCTaHoOBJIe-
Hus 548

— — — — Konamoroposa 541, 544, 550

— — — —, CKOpOCTb CXOIMMOCTH 559

yCJIOBHE aCHMNTOTHYECKOH ManocTH 433

143, 317,

— — — paBHOMepHo# 728

— Kpamepa 557

— JluupeGepra 421, 426

— JlsinyHoBa 425

— npenenbHoli npeHeGperaeMoctH 433

— — — paBHOMepHo# 728

— cornacoBaHHoctH 209, 315

ycnioBHast BeposiTHocTb 44, 266, 269

— — OTHOCHTeJIbHO g-anre6p 269

— — — pa36uenuit 266

— — — pa3s6uenns 101

— — — cayuaiiHbix Beanyud 102, 269

— — peryasipHas 281

— JWCNEPCHSI OTHOCHTENbHO o -anre6pbl
269

yCJioBHOe apyToune 764

— MareMmaTHyeckoe oxuaanue 103, 106,
269

— — — B WIHPOKOM cMbicie 340, 351

— — — OTHOCHTe]IbHO o -anre6p 268

— — — — cayya#Hbix BeauuuH 106,
269

— — — — co6biTHit 267, 275, 276

— — —, cBoiictBa 270

ycToiuKBas cayyaiiHasi BequunHa 442

L

tazoBoe npoctpatctso 139, 788

(hakTopu3auHoHHasi Teopema 292

tuasTp 600

—, HMNynbcHasi nepexofHast (yHKUMS
600

— Kanmana—DBbiocn 634, 638

— ¢usuyecku ocyuiecTBHMbIi 601

¢unbTpauns 630

—, MOTOK o-anre6p 647

dopmyna Baiteca 47

— OucKpeTHoro  audbepeHUnpoBaHHS
754

— 3aMeHbl nepeMeHHbix HTo 740

— HHTErpupoOBaHHs Mo YacTaM 257

— Hro 746

— —, OMCKpeTHasi Bepcus 740, 743

— — Anst 6pOYHOBCKOTO ABHXeHus 740

— o6paluenus 361
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chopMys1a  MIEpECUeTa  MaTeMaTHueCKHX
oKHIanuit 243

— — YCJIOBHbIX MATEMATHYECKHX OXH-
ﬂaHHﬁ 289. 712

__ noHoil peposiTHocTH 46, 101, 104

—_ cBj3¥ MOMEHTOB ¥ CEMHHHBApPHAHTOB
369

__ Cere—Koamoroposa 634

_ Crupawnra 42

— TparielHH 743

— YMHOXeHHS BeposiTHocTel 46

(hyHnaMeHTanbHas TeopeMa Teopuu ap-
euTpaxa 751

(hyHIaMeHTabHOCTb B CPEfIHEM Mopsiika
p 325, 333

— no sepositHocTH 325, 331

—_ ¢ epOATHOCTbIO eauHuua 325, 330

chyHnaMeHTaAbHble TEOpeMbl MaTeMaTy-
qecKoFl\CTaTMCTMKM 481

__ — rteopuy ap6uTpaxa, BTopas 761

_ _ — —, nepBas 755

pyHKUMH PACTIPENE/IEHHS  KOHedHOMep-
HbI€ 315

__ — pmnupHueckHe 481

pyHKLA BEPXHAA 551

__ poccTaHosneHus 322

— rapMOHHuecKas 874

—_— ﬂupux.lle 262

— namepvmas 214

— kopapHauwonHas 580 .

— KouueHTpaunu 379

— Koppe/IsiuHOHHas 580

— nupkHas 561

— own60k 90

— nonyHenpepbiBHasi 402

—_ Panemaxepa 347

— pacnpeneeHHs 55, 56, 191

_ — n-Meptas 201

—_ __ Ge3rpanHuHO aennmas 439

— — oboGuueHHas 199

__ _ peryaspHas 283

__ - cJiyuaiiHoro Bektopa 56

— — cayuaiHO# BesnunHb 55, 215

— — ycToiuuBas 442

— cyneprapMoHuyeckas 860, 874
— Xaapa 348

— 3KcueccHBHas 860

tbloyepc 768

X

XapaKTepUCTHKa B3aUMHas 657

— KBajipaTHyeckas 656

— ¢unbTpa cnektpasnbHas 601

— — yacroTHas 601
XapakTtepHcTHyecKasi pyHKuus 353

— —, npumepbt 377

— —, cBo#cTBa 356

— — 6e3rpaHuyHo aenuMas 439

— — MHoXecTBa 54

— — ycroiiyuBas 442

— — ycroiuuBoro pacnpenenenus 445
XapaKTepHCTHUeCKUX (yHKuuMit MeTon 413
XeJUKHpOBaHHe coBepllueHHoe 769

1

leHa B 3ajayax o6 ONTHMa/bHOM OCTa-
HoBKe 857

LeHTpa/bHas npefesibHas Teopema 413,
418, 427, 434

— — — 115 3aBHCHMBbIX BeJIHUHH 726

— — — ¢yHKuKoHanbHas 728

uenb Mapkosa 137, 321

— — opHopogHas 139

— — craudoHapHasi 148

uMKAHYecKHil noaknacce 816

UMAHHOPHUECKHE MHOXKecTBa 184

l.l

yactora 68

YacTOTHaA XapaKkTepucTHKa uabtpa 601
yHucao nepeceveHnit 682

— pasMellieHHii 23

— coueTaHui 23

3

3KBHBAJIEHTHOCTb 110 pacnpeneneHHio 454
3KBHBa/leHTHbie Mepbl 467, 706

3KpaH oTpaxaiowuit 850, 851
9KCMOHEHTa CToXacTHueckas 259, 684
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aKcTpanoasuus 623

IKCLEeCCHBHAs MaXkopaHTa 860

— — HauMeHbluasi 860

3JleMEHTapHasi TeOpEMa TEOPHH BOCCTa-
HOBJeHUs 668

3/ieMeHTapHoe coGbitHe 21

3HTPONHS pacnpefeneHns 73

sprofuyeckas Teopema 145, 574

— — B CPeJHEKBaJPaTHYECKOM CMbIC/e
605

— — MakcHMaJsibHas 570

sproaHyHocTb 145, 567

a
snpo Pefiepa 611
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HekoTopble o6uiemaTemaTHyeckie 0603HaYeHHs

R = (—00, 00) — MHOXECTBO AEHCTBUTEJIbHBIX YHCEN, AEHCTBHTENbHAS NIPSIMasi, €BKJIH-
JOBO OHOMEPHOE MPOCTPAHCTBO

R+ =0, o0)

R =[—00, co] — pacwnpennas neiictButenbHas npamas: R = R U{—oc}U{oo}
R+ =10, 0]

Q — MHOXECTBO pauUHOHAJIbHBIX YHCEN

Q+=QNR;

R? — eBKAMI0BO d -MepHOE POCTPAHCTBO

N — narypanbhble uucaa: uan {0, 1, 2, ...}, nan {1, 2, ...}
Z — MHoXecTBO uenbix uncen: {0, £1, +2, ...}

C — MHOXXECTBO KOMMJIEKCHBIX YHCe

(@, b)={xeR:a<x<b}, [a, b]={xcR:a<x<b}
(@, b]={x&R:a<x<b}, [a b)={xeR:as<x<b}

inf X — HuxHsst rpaHb MHOXecTBa X C R
sup X — BepxHsis rpaHb MHOXecTBa X C R

inf x, — HIWKHAS rpaHb MHOXKeCTBA X = {Xm, Xm+1, ...}
n>2m
SUp X, — BepXHssA rpaHb MHOXeCTBA X = {Xm, Xm41, -.-}
n>2m

Ecnu x, €R, n>1, 10

liminf x, =lim x, =sup inf x,, limsup x,=Ilim x, = inf sup x,,
=00 n m3| A2m n—o00 n m2l a>m

limx,=x & limx,=limx,=x & lim x, 2 x 2 lim x,.

Jns neHCTBUTENbHBIX YHCeN:

xt =max(x, 0), x~ =-— min(x, 0)
-1
£© = x~, x#0,
0, x=0

xVy=max(x, y), xAy=min(x,y)
[x] wan | x| —HanGoabLee wesoe yHCO, He MpeBoCXosilLee X
[x] — HanMeHbluee uenoe, Gosbluee HIH PABHOE X

I, x>0,
sign x — 3HaK uucna x: signx=4 0, x=0,
-1, x<0

(MHoraa sign x onpenensietcst Kak 1, ecan x 20, 0 —1, ecan x < 0)
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xn—x, rae n €{1, 2, ...}, o3Hauaer, yto lim x, =x
n
xn T O3Hauaert, 4To X; < X2 < ...; Xn | X o3HauaeT, yto X, T W lim x, =x
n
Xn | O3HauaerT, yTo X| = X2 2 ..., Xn | X O3HauaeT, yto X, | M lim x, =x
n
Jlna KOMNJAEKCHbIX YHcea 2 =a + ib,
rae a, b €R n i =+v/—1 —mMHuuman eauHunua:
Z =a — ib — yncno, COnpshHKeHHoe C 2
|2] — Monysb uncna z (= (a® + b%)'/?)
Re 2, Im z — peficTBuTenbHanA ¥ MHHMasi 4aCTH 2: Re 2=a, Im 2=
Jlan eBKaupoBa d-MepHOro npocTpancTsa R?:
|| — eBKAHLOBa HOpMA X = (X1, ..., Xa), T. €. (X} +...+x2)"/?
X -y nan (x, Yy) — cKanspHoe NpousBefeHHe X = (X1, ..., X¢) H Yy =(Y1, ..., Yd), T. €.

Xy + ...+ Xaya

B Teopun MHOXecCTB:
An1 o3HauaeT, yto Ay C A2 C ...; AnTA o3uauaer,uto A, TulJ An=A
An | o3nauaer, uto Ay D A2D...; An]A o3uauaeT, uto Apl [ An=A

limsup An, uan im An, uan {A, 6.4.} o3nauvaer () ( U A,,) — MHOXECTBO TOYEK,

m2| \naz2m

TPHHAANEXKALHX 6ECKOHEUHOMY YHCJTY MHOXeECTB An, 12 1

m21 \azm

liminf A, nau lim A, o3unavaer |J ( N A,.) — MHOXXECTBO TOYEK, NMpHHALIEKALLIHX

BceM A,, n 2> 1, 332 HCKOYEHHEM, GbITb MOXKET, HX KOHEYHOro 4ucaa
I uan 1(A) — nnpHkaTop MHOXKecTBa A
{...} — MHOXeCTBO

MaremaTHUeCKHE CHMBOJbI:
<« — abConoTHas HeNpepbiBHOCTb
~ — 3KBHBaJIEHTHOCTb
1 — opTOroHanbHOCTb

f-—-o(g)—lim(-é):O

—0(g) —Ii I
f=0(g) Inmsup(g) <oo
Py _
f~g—hm(g)._l
[ =< g — oTHowEHHE é otaesieHo cuu3y ot O H cBepxy OT 0o

fo g —xomnosuums f u g
f*g—cBeptka fu g
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