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MocBaiiiaémea namamu Moero yunmeas
Axrckeanapa PomanoBuua 3iireca

NPEAHUCJIOBHE

STa MaJl€HbKAs KHHrd NPEACTABISET C060I0 BTOpOE-
AHllb HEMHOTO BHIOH3MEHEHHOE, W3JaHHe MOeil CTaTbH,
Oony6JHUKOBAHHOH TOJA TEM Ke Ha3BaHUEM B c6op-
nuke ,Hukona#h WeanoBuu JloGaueBckuii*, u3nasnom
B 1943 r.'oCynapcTBeHHBIM H34aTeLCTBOM TEXHUKO-TEO-
peTHyeckol aurtepatypu X 150-AeTHio cO nHA pOXAeHUS
BEJIHKOrO r€OMETPAa M COCTOSILLEM M3 TPEX CTaTeH (Kpome
NepPEU31aBAEMOH HBIHE CTaTbH, B cOopHUK BxOauJa enie
COCTABIEHHAT MHOIO XK€ CTaTbsl GHOrpaguuecKOro xapak-
Tepa ¥ ctatba A. H. Kosamoroposa ,Jlo6auesckuii u ma-
TEMATHYECKOE MBIIIEHHE [EBATHAALATOrO BEKa“),

MNpennaraemas BuuMaunio uutaTens B O1/J1€JIbHOM K3~
AdHHH CTaThsl MOl HE SIBNAETCA JaxXe M KPAaTKUM yuel-
HHUKOM HE3BKJIMJOBOH TreOMEeTPHH M HE MNpeTeHAyeT 3a-
MEHUTL MMEIOLIHECs B PyCCKOH JUTepPaType CHCTEMaTHUe:
CKHE H3JIOXKEHHS] STOH AMCUMIUIHHH. MoOs uenp cosceMm
Apyrasi: s CTPEMJIIOCh JHUb BBECTH YUTATEJs B OCHOBHBIE
HauGoJIee OPHENMNMAJbHLIE MAEH HESBKJHIOBON TreoMe-
TPUU M NPEACTABHTb 3TH UAEH B BO3MOXKHO KOMIAKTHOH
GopMe H B BO3MOXHO TECHOH CBA3U C APYTHMH TeoMe-
TPHYECKMMH ufesMH (mpexje BCEro C MPOEKTHBHOM
reoMeTpuel, a Takxe, KOHEYHO, U C 3agauell 06OCHOBA-
HHA TeOMETpHH). $1 HAaUMHAI0 C U3OKEHUA 00iLEeNPUHATOMH
B HacCTosLlee BpEeMs AKCHUOMATUKH 3BKJIHAOBOH reoMer-
PHY, BBOXY NpDU STOM B CBf3H C aKCHOMAMH KOHTPY3HT-
HOCTH TOHATHE JBHXEHHA W 3aKaHYMBAIO 3Ty YacTh
KHHXKKH aKCHOMOJ napajjie/bHbiX JBKAHAA M Jlo6ayes-
Cxoro. [Ipy 9TOM JaeTCs MHOTO 06pa3uoOB AOKA3aTElb-
CTBa TEOPEM 3/IEMEHTaPHON reOMeTpuH, OJHAKO, NIPH Ma-
JOM 06beME KHHUTH, 5, €CTECTBEHHO, HE MOT CTaBHTD
cebe 3aJa4yd TMOJHOTO NOCTPOEHHS CHCTEMBl 3J1EMEHTap-
HOM TeOMETPHH CO BCeMHU A0KAa3aTeJIbCTBAMH, OTNPABJS:
ACb OT axKCHOM ¥ ONpENeNEeHHH: PeleHHe 3TOH 3anaun
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©3Hauan0 Gbl HAIHMCAHME HOBOrO Kypca OCHOBaHHH reo-
METpHM, YTO s He HMEJ ¥ He MOI HMeTb B BUAY. )

Bropas 4acTp KHHMIM MOCBAll€Hd B OCHOBHOM TO-
CTPOEHHIO H HCCIELOBAHHIO [BYX MojeJiell TeoOMeTpPHH
Jlo6auepckoro (Momeab Kueitna u moneas Ilyanxape)
M NOJydamouUleMyCsi M3 9TOrO MCCAEeLOBAHUs LOKA3aTeJb-
CTBY HENpPOTHBOPEYUBOCTH HA3BAHHOH I€OMETDHH. Hsao-
WeHHe 3Jech BeJeTcs C MNPUBJIEYEHHEM OCHOBHBIX IMOHS-
THH MPOEKTHUBHO! T€OMETPHH B HX aHajsuTHYEe CKO# dopme.
JTHM MOATOTABIMBAETCA- MOYBA M AJA TOro, 4YroGhl
B TpeTbeil, NOCJE/HEeH, YaCcTH KHHIH BBECTH UHTATEJs
¥ BO BTOPYIO HE3IBKJWAOBY TEOMETPUI0O — B TEOMETPHIO
SJIIMIITHUECKOH MJOCKOCTH, 4YTO, B CBOI OuYepedb, Yepes
nocpeACTBO CepuuecKodl TreoMeTpus, MOABOAMT HAC K
Bonpocy o AuGpepeHHaTbHO-TeOMETPUUECKOH peausa-
LUMH HE9BKAMA0BOM reoMeTpuH. VanoxeHHe, KOTOpoe s
CTpPeMHJICS BECTH C HauGOJblIEH HAr/JALHOCTBIO, COAED-
KHT, KaK MHE Kaxercs, MAOCTATOYHO JOKAa3aTeJbCTB,
4TOOH YIOBJIETBOPHUTH €CTECTBEHHYIO J0G03HATENbHOCTL
yuTateas W B OTHOMIEHHH JIOIMKH BCEro MOCTPOEHHH,
HO BCE Xe HeKOTOpble TOYHO C(HOPMYJHPOBAHHBIE TEo-
MeTpuueckue (paKTbl NPHBOASATCSA 6e3 H0Ka3aTeJbCTB.

91 npexcrasnsaa cebe B OCHOBHOM /Ba Kpyra yutareaen
3TOM KHHrH. BO-nepBHX, HAalle YYHUTENbCTBO, BO-BTO-
pBIX, YUEHHKH CTapiuX KJacCoB cpenHeil mKOJb, 06Ja-
naloIpe CrenHajbHpM HHTEpPecoM H CIIOCOOHOCTAMH K
MaTeMaTHKe. YuuTeJs Hald B CBOeM GOJIBIIHHCTBE OKOH-
YHJIM [eAATOTHYCCKHI MHCTUTYT H, CJleL0BATEJbHO, U3Yy-
yuJAd B CBOE BpeMs TOT MJd HHOH KypC OCHOBAHHUH Treo-
MeTpuH, GHTb MOXET, Ceiyac yxe HeCKOJbKO M03a0bITHH.
[lpeanaraeMasi WX BHMMAHMIO KHHrA, KaK s HaJeCh,
HAIOMHMT MM OCHOBHOE COJEepXaHHe 3TOro Kypca, HeE
3arpoMOX<IEHHOE JeTaNsAMH, H npsMOH AOpPOTod BBeAeT
MX B KPYI OCHOBHHX HJeH HESBKJULOBOH T€OMETPHH.

Ho #a cuuTam, UYTO MOHATb 3TH HAEH MONXKHO H HE
M3y4yHB HUKAKOTO KypCa OCHOBaHHH Tr€OMETDHY, H HMEHHO
3Ta MOSl YBEPEHHOCTb H TIO3BOJII€T MHE HMETb B BHIY
M yuHaulHxcs CTapUIMX KJacCoB cpeaneit mxonn'. S ay-

1 VM. npunercs, Mpasaa, MOMYTHO 3AHATLCSA H H3ydCHHEM anand-
THyeckofi reomeTpuH. Ho aHanMTHIeCKad reoMeTpHs ABAAETCHA nep-
BbIM MaTEMATHUECKHM NpEAMETOM. H3yJaeMblM. B BHICWEH wikoxe,
¥ [05TOMY .HE NpEAnojaraeT HHKAKOr0 IIPENBAPHTENbHOTO 3HAHHA
TaK HasbiBaeMoO# BblCmIel MAaTEMATHKH.
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Maio, YTO T€ M3 HHX, AJIl KOTOPHIX F€OMETPHUS SBJAETCS JIIO-.
6UMBIM NPEAMETOM, B COCTOAHHN OYAYT yBJI€UbCSH IPaH/H-
03HHIMH F€OMETPHYECKHMH HeaMU JI06aueBCKOTO U € Ob-
30H CMOTYT IPOYHTATh 3HAUUTEJIbHYIO YACTb 3TOH KHHTH.
O ce6e MOTry B CBSI3H C 3THM CKasaTb, YTO BHEpPBHIE
[103HAKOMHUJICS C MIEAMH HE3BK/AMJOBOH reomeTpuH, 6y-
Jyud YUEHHKOM CPEeJHHX KJacCo8 TMMHA3HH, CO CJIOB
moero yuutens A. P. Direca, maMsiTd KOTOPOro M IO-
cBAMIAI0 3Ty KHHXKY. OCHOBHBHIE KOHLENIHMH T€OMETPHH
Jlo6aueBCKOTO B TaJaHTJAMBOM H3noxeHnn A. P. Direca
HACTOJIbKO YBJIEKJM MEHs, YTO 3aCTaBUJIM MeHsi BhOpaThb
MaTeMaTHKy Kak OyAyHlylo CHenHajbHOCTb. J1 HanelocCh,
yTO JJIs MOJOIBX JioJdel, BNepBbHe 3HAKOMALIHXCA IO
3TOH KHHIEe ¢ TEOMETPHYECKUMH NOHATHIMH H HJAESAMH,
BLIXOAAIMMH 3a Ipeeibl LIKOJbHOTO Kypca MaTeMaTHKH,
yTeHue ee MOCAYKHT mobyxaenueM x 6ojee ray6oxomy
Y3yUYEHUIO HEedBKJHJIOBOH TIeoMeTpHH (Hampumep, K H3y-
YeHHI0O COOTBETCTBYIOLUIMX TIJaB NPEKPAacCHOM  KHHUTH
H. B. EpumoBa ,Bricuras reomerpusi“ uau kuuru ,OcHo-
Banus reomerpeu“ B. W. Kocrnna).

3ameuy, HaKOHel, YTO YUTATENI0 PEKOMEHAYETCH MOo-
npo6GoBaTh CaMOMY BOCCTaHOBHTH NPOMYINEHHHE B TEKCTE
JAOKa3aTeJbCTBa TEOPEM; BO MHOTHX CJyuasx (0CoGeHHO
B NpHUMEHeHWH K TEOPEMaM MepBhIX TIJaB) 3TO eMy
yaacrcs. :
Boameso, Komaposka, 8 uions 1950.

1. AKCHOMbI NAPAJUIEJIbHBIX QEKﬂHnA H JJOBAYEBCKOI'o

Co BpeMeH DBkjHAa 3JEeMEHTapHAA TeoMeTpHsS CuM-
TaeTcqa o6pas’noM akCUOMaTHUYeCKH IOCTPOEHHOH MmaTema-
THYECKOM HayKH. DTO 3HAUUT, YTO MPEAJNOKEHHs, COCTa-
BJAIOIUE €€ COMEPKAHUE, BLIBOAATCA MNYTEM YHUCTO JO-
THYECKOH. e AYKIHH U3 HEOONBUIOTO YHeNa OnpereeHuH
U TIpHHUMaeMbix 6e3 JoKa3aTeabCTBa YTBEPKAEHHH, Ha-
3piBaeMbix akcuoMamu. [lepBas cucrema akcuom reomer-
pud 6uya nana IskauaoMm (oxoso 300 r. o uH. 3.), emy
XKe NPUHAAJEeKUT U AeLYKTHBHOE IIOCTPOEHHE ,3JIEMEH-
TapHOX reoMeTpHH“, B OCHOBHBIX YE€PTaX COXpaHUBIIEECS
W 1o. ced neHb. KoHeUHO, cHCTEeMA aKCHOM 3JieMeHTap-
HOHM reomerpuu, HaHHas OBKJIMAOM, He YXOBJIeTBOPSET
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COBpEMEeHHBIM JIOTHYECKUM TPeGOBaHMAM: BIOJIHE HCUep-
MbIBaOIUM 00pa3oM aKCHOMATHKA 9JEeMEHTapHOH reome-
TPHH MOCTPOEHA JIHILb COBCEM HEJAaBHO, HAa pyGexe mpoul-
JOTO ¥ TeKYULero CTOJIETHH, T. €. MEHee MOJIBeKa TOMY
Ha3ax. ,

OzHaxko B HaCTOAIMYI0 MHHYTY Hac HHTEPECYIOT He Te
MJIM MHbIE JIOTHYECKHE HEeCOBepUIEHCTBAa B (OPMYJIHPOB-
KaxX aKCMOM IJBK/AMAA [HECOBepIIEHCTBA, KaK yxke CKas3a-
HO, yCTpaHUMHIE W YycCTpaHeHHbie!], a To ocoboe MmecTo,
KOTOpOE B 3TOH CUCTEME 3aHHUMAeT OJHAa ONpele/ieHHas
4KCHOMA, HMEHHO aKCHOMAa MapajiesbHHX, U3BeCTHas Tak-
K€ TOJ Ha3BaHHEeM NATOro Mmoctysaara JBKAKMAA; aKCHOMA
3Ta MOXET 6uTb CHOPMYyNHpPOBaHA TakK:

Axcuoma dBxauna. [Tycms 8 0annoii naockocmu
0aHQ npsmMas U ACHCQUAS BHE IMOR NpaAMOiL mouRa,
moz0a uepe3 3mMy MO4KY MONCHO nposecmu K OQHHOR
npamoli 00Hy & MOAbKY OOHY RAPAAAEALHYIO RPAMYIO 2.

dakToM HCTOPHM HAYKHU ABJIAETCA TO OGCTOATEJBLCTBO,
4YTO aKCHOMa MapaJijeqabHblX OblAad €JHHCTBEHHOH aKCHO-
MOH, Bbl3BaBuIeH MOTPeGHOCTb A0Ka3aTeAbCcTBA (T. €. JO-
I'MYeCKCro BHIBOAA H3 OCTa/MbHBIX akcHom). Ona He oG.a-
;aJja, CJAeJO0BATEJbHO, TOH HENOCPEACTBEHHOH OYEBHA-
HOCThIO, KOTOpoH oO0Jaama/nd, 0O KpaHueid Mepe AJsd
Jiogei, 3aHUMaBIIMXCA MaTeMAaTHKOH, 3TH ,O0CTaJ/bHbLIE
akcuoMbl“, [TONBITKH IOKa3aTh MATHIH MOCTYJAaT JBKJIMAA
3aHMMaJd TE€OMETPHUECKYIO MBIC/Jb B TeU€HHE HoJjee ueM
ABYX ThicsiuejeTui. OHH HAYaJUCh C NEPBBIX XK€ IoCJe-
poBatejeit 3IBxauga u Gojsee UJAH MeHEe HEmpEePhIBHO
mpofoMKa/InCh, A0 nepBux gpecatusaetuit XIX B, T. e.
O TOro MOMeHTa, korjaa Jlo6aueBckuil co3flanueM CBOEH
HE3BKJMAOBOH reoMeTpUH 06HAPYKUJI NOHYI0 GesHalex-
HOCTh BCeX TAKUX MONBITOK. B Hacrodumee Bpems Heno-
Ka3yeMOCTb aKCHOMBbI MapaJ/elibHbIX, T. €. HEBO3MOXHOCTh
JIOTHYECKOTrO BLIBOLA €€ M3 OCTAJbHBIX aKCHOM 3BKJHAA,
ABJSIETCA CTPOTO JAOKAa3aHHBIM MaTeMaTH4YeCKHM (paKToMm,

t K 3THM HecoBepIIEHCTBAM MBI €llle BepPHeMCH; Mbl JafHM TaK-
We M BROJXHe Ge3ympeyHyo, MONHYI0 CHCTEeMY aKCHOM 9jeMeHTapHOMH
reoMeTpuH.

2 Kak M3BeCTHO, JBe NPSMBIE Ha3bIBAIOTCA MapaJiJeNbHBIMH, €CliH
OHH. HaXOJACh B OXHOH MJIOCKOCTH, He NMepeceKaioTcs (T. €. HE HMe-
0T HH 'OfHOH O6u{e#l TOUKH).
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cTOJb e JOCTOBEPHBIM, KAK JMI060€ NpeLNOKeHne apud-
MeTHKH (HanpuMep, KaK mpejjoxenue 2-2=4). .

Jlo6aueBCKHt IPHHAJ BCE aKCHOMbI DBKJAWAA, KpOMe
ONHOH aKCHOMBI NapajlieNbHbiX. DBKJIUAOB NATHIA DOCTY-
JaT OH 3aMEBHJ CleAyIoIEeHd NPOTHBOMOJJOXHON €My ak-
CHOMOI:

Axcuoma Jlo6auesckoro. [lycms 8 OanHOG
naockocmu OQHQ NPAMAS W AeJHCAULas BHe MO npAmoi
mOouKa; Moz0a Hepe3 3my mouKy MOJNICHO nposecmu K O0au-
HOWL NPAMOIL 8 0QHHOIL nAaockocmu 08e pa3AuiHbe napa.i-
AeAbHble NpSIMbLe. :

113 moayueHHo#l TakuM o6pas3oM cHCTeMbl akcHoM Jlo~
6aueBCKHH ¢ 6e3ynpeyHol JOruyecko¥ CTPOroCThIO BbI”
BeJ CTPOMHYI0 COBOKYNHOCTb IpEAJNIOXEHUH (Teopewm),
COCTABJSKCIUX COAEPKAHHE MATEMATHUECKON IHUCIMILIH-
Hbl, U3BECTHOH ITOJ HA3BAHHEM HEIBKJIUIOBOH reoMeTpHu
JloffaueBCKOTrO. .

& ®
*®

DJIeMEHTApHAA T€OMETPUA COCTOMT U3 TEOPEM ABYX
POAOB: TEOPEMH MEPBOTO POJA— 3TO TEOPEMbI, NOKA3bl-
aouuecst 6e3 npUB/JIeYEeHUsT aKCHOM TNapaJJedAbHBbIX, T. €.
TEOpeMbl, SABAAIOIIHECS CJIEACTBUAMH aKCHOM, BXOAANIHX
KaK B CHCTeMy DBKJMAA, Tak U B cucreMy JloGaueBcko-
TO; 3TH TEOpEeMbl, CIEJ0BATENbHO, BXOAAT KaK B TE€OMET-
puo JBKJHAA, TaK M B reomerpuio Jlo6aueBckoro. [lpu-
MepaMH TAaKMX TEOPEM MOTIYT CJYXHTb: BHEWIHHH yroJa
TPeyroJbHukKa GoJbllie BCAKOTO BHYTPEHHETO, HE CMEX-
HOro C HHMM; NPOTHB 60JblIeH CTOPOHBI JIEKUT GOJBUIMA
yrosa; B paBHOOEAPEHHOM TPEYTOJbHHUKE YIJbl IIPH OCHO-
BaHUM PAaBHbl; €CJAH TPH CTOPOHB OJHOI'O TPEYTOJBbHHKA
COOTBETCTBEHHO pAaBHBl TpeM CTOPOHAM Jpyroro, TO
TaKde TPEeyroJbHHKH paBHB; BO BEAKHUH TPEYTOJbHHK
MOXHO BmnHcaTh KPyr U Ap. COBOKYyNHOCTH TEOpeEM mep-
BOro poza (T. €. TeOpeM, He 3aBUCAIIHX OT aKCHOMH ma-
pajulesbHBIX) MHOTJA 'HAa3hBAalOT ,a6CONIOTHOM® reomert-
pueit.

Teopembl Broporo popa (/1eMeHTapHOH SBKJIHAOBOM
TEOMETPHU) — 3TO TEOPEMBI, He MOTryiiHe OHTb JOKAa3aH-
HeIMU 6e3 MpUBJEYEHHS AKCHOM MapaeqabHbX, T. €, HE
ABJSIOIINECS CAELCTBHIMH OCTAABbHHIX akcHoM. OHM He
¥MeoT Mecta B reomerpHu Jlo6aueBCKOro, UM B reoMeT-:
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puu JI06ayeBCKOro €CTeCTBEHHO COOTBETCTBYIOT Ipel-
JOXEeHMs, He BXOAsdIlHe B TeoMeTpuI0 IJBKJHMAA H J0-
Ka3nBaeMble JIMIIb IPH MOMOIIH aKCHOMBl HapajlleNbHbIX
Jlo6aueBckoro. Hanpumep:

Breomerpunu
dBKJAUZA:

CyMMa Tpex yrJoB Jo-
O0ro TpeyroJabHHKa [I0CTO-
siHHA W paBHa 2d.

CyMMa yrIJ/IOB BCAKOTO
BHITYKJIOTO Y€ ThIPEXYT0J1b-
HHMKa paBHA 4d.

Ko BcaxoMmy Tpeyrodn-
HUKY MOXHO IOCTPOHTb
NOAOGHKIH €My, HO He PaB-
HBIH TPEYTOJbHHUK.

Bokxpyr Bcakoro Tpe-
yroJIbHUKa MOXXHO OTHCATh
OKPYXHOCTbD.

B reomerpuu
JlJo6dyeBCKOTO:

CyMma Tpex yrjos Tpe-
YyrOJbHHKA MEHSETCA OT
TPEYTOJIbHHKA K TPEYr0Jib-
HHUKY, HO BC€rja MeHble
2d.

CyMMa yrjoB BCAKO-

‘'TO BHIOYKJOro YeThipeX-

yroJbHHKa ‘MeHblie 4d.
Tax 4TOo, B 4aCTHOCTH, He:
CYLIEeCTBYET NPAMOYTOJb-
HHKOB.

Ecau Tpu yrzna omHoro-
TpPEeyroJbHHKAa  COOTBET-
CTBEHHO PaBHbI TPEM yTJIaM
Apyroro Tpeyro/qbHHKA, TO:
TaKhe TPeYyroJbHUKH PaB-
Hol (ApYTHMH CJOBAaMH,.
noxo6ue B reomeTpun Jlo-
6aueBCKOro COBNAajaeT ¢
PaBEHCTBOM).

He Bokpyr BCAKOTrO Tpe-:
YTOJbHHKA MOXHO OIUCATh-
OKPYXHOCTb.

Kak BuIHO naxe M3 8TUX NPUMEPOB, reometpus Jlo-:
6aueBCKOr0 CHJBHO OTJMYAEeTCs OT IeOMeTPHH IDBKJIHAA.
O[HaKo JOTHYECKasi CTPOHHOCTL reoMeTpHH JloGaueBCKo-:
ro TaKkoBa Xe€, KaK U reoMeTpUH ODBKJAMAA; OHA NMPUBeJa
Jlo6aueBckoro x y6GexaeHHI0, YTO B 3TOH HOBOH reoMerT-
pUH He TOJBKO He HaliJleHo, HO M He CYIeC1BYEeT HH-
KaKoro JIOTHYECKOro NPOTUBOPeUHs. ITO yGexaeHue
BeJIHKOTO reoMerpa moayuuwsio B kouune XIX B. Gaects-
mee ¥ OKOHYATEJbHOE TOATBEpPXKIEHHe: GblJI0O JOKa3aHO-

Kueitnom u Ilyankape, 9T0 BCiKO€ NPOTHBOPEYUE B Ieo-:
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MeTpHH Jlo6aueBcKOoro HMen0 Obl CBOMM CJEACTBHEM
¥ MpOTHBOpEUHE B reOoMeTpHH DBKJULA: TEOMETPHST IB-
kJauja M TeOoMEeTpHs Jlo6aueBCKOTO C JOTHYECKOH TOUKK
3penus B paBHOl Mepe COBepLIEHHBI. Orcoaa caenyer
4 HeJLOKa3yeMOCTb TNATOTO MOCTyJaTa dBkauga (B TOM
TOYHOM CMbIC/IE, KOTOPBIH GblJ yKasaw Bbile): €cyu Obl
SBKNHMAOBA AKCHOMA TapajIeJbHbIX MOT/A 6LITh BHIBEJE-
4a #3 OCTAJIbHBIX AKCHOM, TO, 3aMeHss €€ OTPHLANIIM
5Ty AKCHOMY JONyUIEHHEM, d HMEHHO axcuomoit Jlo6a-
4eBCKOTO, Mbl HEMHHYEMO JOJIKHbI 6biad Obl NPHHTH K
npoTHBOPEUHIo, TOTAA Kak B JLeHCTBUTEJBHOCTH B reo-
meTpun JI06aueBCKOTo MPOTHBOPEYUH HET.

i. CACTEMA AKCUOM FEOMETPHU. NEPBBIE TPU
rPynmsl AKCUOM

OCHOBHHMHM OTIPaBHBMU TOHSTHAMH (IIOCKOi) reo-
MeTpHH — KaK 9BKJMAOBOH, TAK W HEOBKJIHIOBOH — sBJIA-
J0TCA MOHATHS TOUKH M NpsAMOH., DTH NOHATHA HE Ompe-
ReJAI0TCS BOBCE, M 9TO He LONKHO CMYIaTb YHTATENd:
Be b BCAKOE ONpejle/ieHNe 3aKI04aeTcss B CBEAEHNY omnpe-
JeJI5eMOro TOHATHSI K LPYTMM NOHATHAM, KOTODHIE MBI
CuMTaeM yXe NLAHHBIMH (HampuMep, KOTJa OKPYXHOCTh
onmpejesifiercs Kak COBOKYNHOCTb BCeX TOYEK, OTCTOHA-
mH¥X OT AAHHOH TOYKW HA OJHO M TO XKe JaHHOE paccTo-
siHMe, TO 3THM IOHSATHE OKPYXKHOCTH CBOAMTCS K IOHA-
THSIM TOYKH, PacCTOSHHS M obuiemMaTreMaTH4ecKoMy Io-
HATHIO MHOKECTBA UM COBOKYNHOCTH). Ho Takoe cBeleHue
Goslee CHOXHBIX NOHATHH# X GoJee IPOCTHM HE MOXET
IPOJONKATECA Ge3rpaHHyHO: B KOHIE KOHIOB, OBO JOJIXK-
HO TIpUBECTH K NOHATUAM, KOTOphie MNpH AAHHOM 1O-
CTPOEHHM AMCUHMIIHHG TPUHMMAIOTCS 32 OTHPaBHHE NO-
HATHS, HE TO/ABEPraioIuecs HUKAKOMY ONpPEJE/ICHHIO,
T. e. HUKAKOH PEAYKIMM K ADYTHM, TpH3HaiomumMcs Go-
Jlee IPOCTHIMU MOHATHAMH, 3a TAKHe, He TIOJBEPTalomHecs
OTIpeeNIe U0 OCHOBHbIE TIOHATHS B IJIOCKOH T€OMETpHH
NpHHHMAIOTCA TOHATHS TOYkM W mpamod. Kpome Toro,
npujeTcs TPUHATH Ge3 ompejie/neHHs ¥ HEKOTOpLiE 0C-
HOBHbi€ OTHOIIEHMS, CYLIECTBYIOIIHE MEXLY 3THMH IO-
HATHAMH, HaOpUMeEp, OTHOILEHHE MPHHAIJIEXHOCTH TOUKH
JAHHON TpPAMOM, BbpaxaeMoe C/IOBAMU: ,JaHHAA TOUKA
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JIEXUT HA JAHHOH NMPAMOM®, UJIM, YTO Mbl CYHHTAEM PABHO-
3HAYHbIM, ,JlAHHAs MPAMAss NPOXOJAHMT Yepe3 AAHHYIO TOY-
Ky“. JlokasaTe/ibCTBO HEMPOTHBOPEUYHBOCTH JAHHOH Treo-
MeTPHYECKOH CHCTEMb! (Hanpumep, reOMeTpUH IBKAHIA)
TIOHUMAETCS B CMbIC/I€ PEAYKIHH K HENMPOTHBOPEUMBOCTH
apH(GMEeTHKH: LOKA3biBAGTCA, YTO M3 BCAKOrO NpPOTHBO-
peuus B NAHHOH TeOMETpPUYECKON CHCTeMe clenoBajo
OB MpOTHBOpEYHe B apHpMeTuKe. B 9TOM cMBIC/IE B KOHLE
XIX Beka pasHbiMH yueHuMH (Hanpumep, M'mabGeprom)
Obila 0Ka3aHA HENPOTHBOPEYUBOCTb IBKIHAOBOH Treo-
MeTpHU. Mbl B HACTOAIIEH CTAThE ITHM 3aHUMATHCH He
6yneM — (aKT HemPOTHBOPEYUBOCTH DBKAHAOBON reoMerT-
pUH MBI IPOCTO NPHUMEM K CBEAEHHIO H MOCTApaeMcs
PasbACHUTb YHTATEJIO, YTO OTCHOAA CJAEAYET HENPOTHBO-
peuuBoCTh H reometpuH Jl06aueBCKOro: B COOTBETCTBHUU
CO CKA3dHHBIM B KOHUE MNpeAbAyIlero maparpaga Mol
IIOCTapaeMCsl MOKa3aTh, YTO M3 BCAKOrO MPOTHBOPEUYHUS
B reomMeTpuu Jlo6aueBCKOro ciexoBasno Obl M IPOTHBOpE-
yyge B reOMeTpHH 3BKJAUAA. -

[lepexoaum Temepbp K CaMOMYy M3JA0XEHHIO CHCTEMbI
AaKCHOM ITOCKOH reoMeTpHH IDBKJHAA (NJAHUMETPHH).

Mrak, saM jnaHbl 1BA MHOXECTBA. DJEMEHTH IMEPBOTO
MHOKECTBA HAa3blBAIOTCA TOYKAMH, 3JEMEHTH BTOPOro —
npsmMbiMi (AanHo# maockoctd E). Cpexn ocCHOBHBIX (He
OOAJIEKAUUX ONPEAENEHHIO) OTHOIIEHHH MEXIY SAEMEH-
TAMH 9THX MHOXECTB INepBOe OTHOLIEHWE HAa3bBaeTCs
OTHOIIEHUEM NPHUHANNCKHOCTH (MMM HHUUAEHTHOCTH) H
BHIDAXAETCs CJIOBAMHU: ,JaHHASA TOYKA NPUHAAJEKHUT, (MM
uﬂnu,neu'rﬂa) JAaHHOH MpAMOH“ HJIH ,JEeXHT HAa MAHHOU
npsmoii“. To xe camoe OTHOLIEHHE BHIPAKAIOT TaKKe
C/0BaMH: ,JlaHHAst MpAMas HHOUIAEHTHA AAHHOH Toyke®
uiIu ,NPOXOAMT Yepe3 HAaHHYIO TOYKY“. Mbl momyuuseMm
3TO OTHOWIEHHE CJAEAYIOLIMM aKCHOMaM, o06pasyIonHM
1IepBYI0 IPYNIY aKCHOM 3/IEMEHTApHOH reoMeTpuH (aKCHO-
Mbl OPUHAAJIEXHOCTH HJH COEJHHEHUs).

1.1. Kaxjbie 1Be TOUKH NMPUHAA/NEIKAT ONHOH U TOJb-
KO ONHOH npsMoH (W/M: Yepe3 KamJble ABE TOYKH HPoO-
XOJWUT OJHA H TOJbKO OJHA HpsMas).

1.2. Kaxpoit mpsaMoii mpuHaafexar, o KpaiHeii mepe,
ABE TOYKM (MJIM: Ha KAXAOH NpPAMOM Jexar, o KpalHei
Mepe, ABE TOUKH). :

1.3. Cpeau BCex TOYEK IJIOCKOCTH UMEIOTCS, MO Kpait-
Heil Mepe, TPH TOYKH, HE NPHHAJJIeXaIHe HUKAKOH Ips-
10
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mofi (T. €. TaKU€ TPH TOUKH, YTO HE CYIECTByeT HHUKa-
Koﬁ) npsaMoit, KoTopas Obljia Obl HHIMAEHTHA KaxXAO# H3
HHUX). ’

C/leAyIOUWUM OCHOBHBIM, He MOMJEXAaIlUM OIpeneJe-
HUIO OTHOIIEHHMEM, SABASETCS OTHOLIEHHE, BHIPAXKAEMOE
C/JAOBOM ,MEXAY®: OHO KacaeTcs TOYEK, JexallhX Ha OX-
Hoil ¥ TOH Xe mnpsAMOH, U BbIpAXaeTCsd CJIOBAMHU: ,HA
JAHHOA NpAMOi ganHas Touka C JNeXUT MexAy ABYyMs
naHHbBIMH TOoukamu A u B¢,

DTO OTHOUIEHWE Mbl NOZYUHAEM YeThipeM axKxCHOMaM
2.1 — 2.4. [lepBasgs M3 HHUX BBHIPAXKAeT JHULIL TO OOCTOSA-
TEJNbCTBO, 4YTO - OTHouweHue ,C Jexur mexay A u B*
CUMMETPHYHO OTHOCUTEJbHO TOuek A u B:

2.1. Eciu Touka C nexutr mexay A u B, to C ae-
KHT U Mexay B u A.

2.2. I3 Tpex Touex, mpUHaAJENKAHX NAHHOH! IPAMOH,
BCErJa OJHA M TOJbKO OJHA JIEXKUT MexAy ABYyMA ApY-
FAMH.

Ha ueprexe 1 Touka C JeXHT Mexay TOukamH A

u B, no A ne snexur Mexay B uCu B He JeXHUT Mex-
a1y A n C. '

: 2.3. Ecim A u B —Tou-

A ¢ 8 D

+—t KH, NpUHaJJeXaire IpaMoi

a, TO Ha a CyIecTByeT, MO

Uepr. 1.  Kpaiiueii mepe, onua Touxa C,

nexawas mexay A u B, n,

no xpaiime#t mepe, OfHa Takasd Touka D, uTO B nexut

mexay A u D (uept. 1).

3amewanue. Bropas uyacTb axkcuomel 2.3 HHOTAA
" HasbiBaeTcd aKCUOMOIl ,0 HEOTDAHMUYEHHOH TIIpOojOoJ/Kae-
MOCTH (J@HHOTO OTpe3Ka) mpPsIMOK“.

Axkcuomnl 1.1, 1.2, 2.1, 2.2, 2.3 pai0T MOBOA K C/IELY-
IOLMM OTIpEeJe/IEHUsIM:

Touxa A HasbiBaeTCS TOYKOH MNepecedeHds MPAMbIX
a u b, eciu oHa NPUHALJIEKHT KaK MPsAMOH &, TaK W
npsimoit b. M3 axcmomer 1.1 Jserxo ciexayer, 4To nBe
npsMbie He MOTYT HMeTh 6oJee OLHO# TOYKH mepecede-
uus. Ecan npsAMbie @ U b HE UMET HH OJHOH# TOUKH
JlepeceyeHHusi, TO OHH HA3bIBAOTCS NAPAANEADHBMU.

[lycts A u B 1Be TOUKM, MPUHAJ/IEXKAIME NMPAMOH a;
MHOMXKECTBO BCEX TOUEK 3TNH NPAMOH, Jexalmux Mexuy
Toukamu A u B, nasmBaercsa ompe3kom AB mpamoil a.
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3amewanue. Eme pas o6pamaeM BHUMaHMe YHT4-
T/ Ha TO, YTO B AAHHOH aKCHOMATHKE NpPAMas BBOIH-
71aCh KaK 5J€MEHTapHOe, HE MOAJexalee OIpenesleHnio
NMOHATHE (OTHIOAL HE KaK MHOXECTBO TOYEK). OTpe3ok
K€ NPAMOK Mbl ONPENEJUNH KaK HEKOTOPOE MHOXECTBO
TOYEK. :

[lycte nanmt Tpu Ttouku A, B, C, He Jaexamue Ha
OAHOH npsaMoii. COBOKYMHOCTb STHX TPEX TOYEK H TPex |
otpeskoB AB, BC, AC npoxoasmux yepes HuX NPSMBIX
HasbiBaeTCsA mpeyzoasnuxom AsC; touxn A, B, C Haswi-
BaloTca sepuuamu, a orpesku AR, BC, AC—cmoponanu
TPEYrONbHHKA. AHAJOTHYHO ONpEesensioTcs H Apyrue
MHOTOYTOJIbHHKH.

3amewanue. Wtak, COTIaCHO TOMBKO YTO JaHHOMY
ONpELE/IEHNIO, TPEYTONbHHK ABASETCS MHOXKECTBOM, CO-
CTOALMUM H3 IIECTH JJIEMEHTOB: TPEX TOYEK M Tpex OfT-
peskoB (mpHYeM KamIbii OTPE3OK B CBOIO ouepesnb fB-
JIeIcsl MHOXEeCTBOM TOYEK).

[lycte Touka nepeceuenus mpaMEIX a u b sBAsETCS
TOYKOH orpeska AB upsiMoii b; B atom cJly4yae Mbl TOBO-
pHM, UYTO NpsiMas a mepecexkaer orpesok AB mpsmoii b.

Axcuomsl 2.1, 2.2, 2.3 BuecTe co caeayiome akcHo-
MOH 2.4 Ha3bIBaIOTCS AKCHOMaMH nopsiaka (B 9BKJIHIAOBOM
FEOMEeTPHH). ,

24. Axcuoma [lama. Ilycte maim TpeyroasHuk
ABC w npsMas a, He mpoXoaswasi HU yepes OLHY H3 TO-
yek A, B, C. Toraa Bo3MOXHBE JuImIb ABA cayuyas: au6o
IpsAMasg @ HE NMEPEeCeKaeT HH OXHOH H3 CTOPOH TPEyroJb-
Huka ABC, 1m6o ona mnepecekaer ABe H TONLKO JBE
CTOPOHBl 3TOTO TPeyroJenHuka (uepr. 2a u 26).

2\
a 6
Yepr. 2.

[Ipexxne yeM HTTH Zaibiue, 3aMETHM, YTO W3 aKcuom
U3/JIOXKEHHBIX JIBYX TPyni MOXHO BHIBECTH GeCKOHeuy-
HOCTDb MHOXECTBA TOYEK, JeXalUxX Ha mpaMmoi, Jlaab-
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efiliue CAEACTBUS U3 TEX XKe JBYX IPYNT aKCHOM yLoGHO
(hOpMy14pOBATE, BBEAA HEKOTOpLIE HOBLIE onpene/€HHUA.

[lyctb Ha mpsamoi#t a jpana Touka O (koTopyio B Teue-
yue BCEX GIMMANIMAX PACCYKACHHUH 6yleM cyudTaTh pas
gaBcerja BelOpaHHOH; , TOUKA HA npaMon® o3HayaeT TO Xe,
gyto U ,TOYKA, Jexauas Ha mnpaMoi“). Paccmorpum Ha
roit XKe OpPAMOH & Kakylo-HuGyIb TOYKY A, OTIHUHYIO
or toukn O. Hasosem noaynpsamoi (niu sy4om)t OA muo-
JecTBO TOYEK, CocTosuiee U3 ToukM A H M3 BCeX TOYEK
A’ # O npaMo#i @, 061a4a0WKX TeM CBOHCTBOM, uTo O He
nexuT Mexay A nu A’. MoxXHO Upexne BCEro A0Kas3aTh:
kaxoBa 6bl HH Obiia Touka A’ nmoaynpamoit OA, noaynps-
mbie OA m OA’ cosnazaioT MExAy cobo# (T. e. cocrosar
13 OLHHX M TeX ke Touek mpaMmMoH a). [laree: xkakosa 6bl
uu 6b1a touka B+ O npsMoit @, He NPHHALJexamas
noaynpsamoit OA, nosyupsamas OB cocTOHT U3 BCeX TOYEK
1pAMOH @, OTJIHYHBIX OT TO4KH O M TOYeK noaynpamoi OA.
Hraxk: .

Besaxas touka O naHHO# MPOH3BOJbHOM NPAMOMH @ pas-
6UBAET MHOXKECTBO OTJIHYHBIX OT O TOYEK 3TOi NPAMOH Ha
Z(Be MOJIYIpPAMbIE, IPHYEM I/ TOFO, UTOGBl 1BE TOYKH
NpHHAL/IEKATH OLHOMH U TOi XKe MOJAyNnpsMOH, He06XOAUMO
9 ,ZLOCT%TOLIHO, y10o686 Touxka O He Jexala MeXAy . HUMU
(uept. 3).

1 5 A a

Yepr. 3.

PaccMoTpuM Temepb MHOXKECTBO BCEX TOYEK IIOCKO-
cTH; 0603HAYMM 3TO MHOXKECTBO uyepe3 £, myCTb a—Kakas-
HUOy1b npsaMas; yepes E, 0603HaYUM MHOXKECTBO TEX TO-
yeK, KOTopsle He NpHHaLIexaT npamMoi a. Torga W3 HAMHKX
aKCHOM MOXKHO BBIBECTH, 4TO MHOXeCTBO E, pacmajgaercs
Ha ZBa MOJAMHOXECTBa — Ha [Be ,MOJyMIOCKOCTH, MPHUEM
nBe xakue-Hubynb Touku A, B mHoxectBa E, mo ompe-
AeJieHHio, TPUHALJIEKAT OJNHOH U TOH Xe mOJyNJIOCKOCTH,
eciu orpesok AB He mepecekaeTcs ¢ mpsamoii a. Kopoue,
3TH pe3yabTaThl (HOPMYJIHPYIOTCS TaK:

Bcsikas Touyka JaHHOH NpAMO# pas6uBaeT ATy NPAMYIO

1 [To noBOAY ONMpeNeneHUs MOAYMPAMOK MOXKHO OblIO GHl che-
l1aTh TO Xe 3aMedaHHe, YTO M MO NOBOAY ONpefeNneHHs oTpe3Ka.
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Ha JBe NoJMynpsiMble; BCAKas npsMas pa3GuBaeT MJAOCKOCTb
Ha JBe HOJYILIOCKOCTH!,

Tenepp Mb mMoxem onpegennts mousTtHe yraa. [lycts
IaHH JBe MpsiMble @ U b, nepecexawomuecs B touke O
BOo3bMEM Ha HPSAMOA @ moaynpamyio OA, a Ha npsaMoi b—
nonyupsimyio OB. Tax xak Bcsikasi TOUKa, Jexamas Mexay
ABYMA KAKUMH-HUOYAb TOUKAMH ZaHHOM NOJYNPAMON, caMa
€CTb TOYKA 9TOH NMOJAYnPsSMGCH, TO BCE TOUKH MOJYNPAMON
OB npunajnexar OLHOH M TOH e MOJYINAOCKOCTH H3 TEX

ABYX TOJYMJIOCKOCTE#, HA KOTOpblE NpsAMas a pa3buBaeT

NI0CKOCTh; 3TY NONYIJIIOCKOCTh 0O03HAYUM yepe3 a (yepr. 4).
Touno tax xe Bcs moaynpsMas OA comepxHUTCS B OLHOM
OmpeAe/IeHHOl NONYNIOCKOCTH—O0603HauM ee yepes B—
U3 TeX JBYX HOJYNJOCKOCTEH, Ha KOTOPHIE MIOCKOCTh Pas-
GuBaeTca npsaMoit b. MHOXeCTBO BCeX TOYEK, MPHHALIEKA-
IUX KaK ¢, TaK W B, HA30BeM BHYTPEHHOCTBIO yraa, 06-
pasoBaxnoro noaynpambimi OA u OB; 3T noJaynpambe
Ha30BeM CTOPOHAMH, & TOouKy O—BEpIIHHON yrJAa; caMum
yriom AOB HasniBaeTca (Hrypa, COCTOsILAA M3 BHYTPEH-
HOCTH 3TOTO yrJa, ABYX €ro CTOPOH ¥ BepmuHu?. [Tocae
STOr0 CMeXHble U BEPTHKAJbHEE YI/Ibl ONPeAeASAICTCA TaK,
KaK 3TO jenaeTcs B JIOOOM YyuyeGHHKE 3jeMEeHTapHOM
reoMeTpuu.

W3 akcuom npunamnex- 8
HOCTH M MOPSJAKA BHITEKAIOT \\
najee NpeAJOKEHUs: QU

1. Ecau nas TpeyronbHuk

ABC, TO MHOXeCTBO BCeX 0.7%%

TOYEK TJIOCKOCTH, OTJAUYHBIX -
OT BEpIIMH TPeyroJibHHKa H

He JeXAlUX HAero CTOpO- T /j
Hax, pasbuBaeTCca HA ABA MO~ ‘

MHOX€CTBA— ,BHY TPEHHOCTHL* Yepr. 4.

TPEYTOJbHHKA M €ro ,BHell-

HIOI0 06/1aCTh%, 06/IaNAIOUIHX TeM CBOHCTBOM, YTO BCAKHI
OTPE30K, COEAMHAIOIHUNE TOYKY OAHON O6JACTH C TOUKOH
APYTOH, HENPEMEHHO JM60 NPOXOAUT yepes OJHY M3

! CnenoBasio 6bl ckasaTh: pasGHBACT MHOKECTBO BCEX TOWEK Ha
97Ol MPAMOHi (COOTBETCTBEHHO: ,MHOXECTBO BCEX TOUEK MIOCKOCTHA).

? UnTaTemo npenoCTaBiseTCs CAMOMY Pa3oGpaThcs, MHOKECTBOM
KaKUX MMEHHO S]1eMEHTOB SABIACTCA NPH 9TOM onpeneneHHH , yrox
{cp. BHwe onpenenenue TpeyroabHHKa).

14
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BeplIHH TPEYTrOJbHHKA, JRGO mepecexkaeT OAHY H3 ero
CTOPOH. '

2. Bcakas mpsiMas, IpOXoJfmias yepe3 BEpPLIMHY Tpe-
rOJIbHHKA H Yepe3 TOUKY €ro BHYTPEHHOCTH, HEMpPEMEeH-
HO TIEepPeCeKaeT CTOPOHY, NPOTHBONOJOXKHYIO AAHHOM
BepIIHHE.

3ameuanue. VI3 axcuoM mopsaxa BHIBOIMTCH BO3-
MOXHOCTb YCTAaHOBUTb HA NPAMOH HanpasieHue (,caesa
HanpaBo“ WJIH ,CNpaBa HajJeBO*), T. €. NPeBPaTHUTh MHO-
KECTBO €€ TOYEK B YNOpsa004eHH0e MHOKECTBO TAK, YTOOHI
aKCHOMAaTHYECKH BBEIEHHOE IOHATHE ,MEXAYy“ COBMAJa/O
¢ ,MEXJAY“ B CMbICJIE 3TOr0 YNOPSALOYEHHOIO MHOMECTBA.
OnHako MH OTJOXHM 3TOT BONPOC [0 TOTO MOMEHTA,

-KOrjla B HalleM pacmopsKeHuH GYAYT aKCHOMbl KOHTPY-
9HTHOCTH Y HENPEPHIBHOCTH, KOTOPhIE M03BOJIT 6€3 Tpyaa
I0Ka3aTh, YTO MHOXKECTBO TOYEK NMPAMOM ynopsaiouuBaeTcs
N0 THIY BEIECTBEHHBIX YHCEJ (C COXPAHEHHEM TOMBKO YTO
BHICKA3aHHOTO yCJIOBHSA MOHATHS ,MEXKIY*“).

TlocneAHMM OCHOBHBIM H HE MOAJMEXKAMHUM ONpeiele-
HUIO OTHOLIEHHEM B AaKCHOMATHKE TeOMEeTPLH ABJAfETCH
KORepYIHmMHOCmb (paBeHCTBO) ¢uryp. DTO OTHOUIEHUE
(MBl €ro 0603HaYaeM 3HAKOM =) JOCTATOYHO BBECTH /s
npocteiliux GUryp, a HMEHHO AJsI OTPE3KOB H YIJIOB;
OHO MOAYHHACTCA CHEAYIOIHM aKCHOMaM (AKCHOMbI KOH-
TPDYSHTHOCTH). '

3. 1. OTHomeHHe KOHTPYSHTHOCTH ped)IeKCHBHO, CHM-
METPHYHO M TPAH3UTHBHO (T. €. X=xX; U3 X=Y cCAelyer
V=X; U3 X=Y, y=z CIefyeT x=z; 31ecb X, y, 2 060-
3HAYalOT JIHGO OTPE3KH, JHGO YrJbi). -

0 A

‘5,7 0[ ﬁl a

Yepr. 5.

3. 2. [MycTb Ha mpsAMoi a nau orpesox OA, a Ha PAMOR
a’ (6biTh MOXeT, coBmajawoues ¢ a)—rouka O (uepr. 5).
- Ha xaxpoit u3 aByx nmomynpammix, na xoropre Touka O’
PasbuBaeT mpaMyio a’, CyWECTBYET MO OJHOMY H TOJIBKO-
OXHOMY OTPE3Ky, KOHTDYOHTHOMY OTpe3ky OA.
(KpaTko aTy aKcHOMYy BHIPaXalOT CIOBAMM: KAXAHI OT-
P€30K MOXHO M €HHCTBEHHBIM CIIOCOGOM — OMAOHNCUMb OT
15



Kaxmnoil TOYKH AAHHOW upsMOH Mo aTOH npsAMOii ¥ IPHTOM
Mo o6e CTOpOHBI OT AAHHOH TOUKH.)

3. 3. Ecan na aByx orpe3kax AB u A’B’ MOXHO BH-
6patb mo Touke C u C’ TaK,

yro AC=A'C'’ uw CB=C'B, g c 8
1o AB=A’'B’ (uepr. 6). o= $
(Kopoue: ,mpusaras“ k. KoH- . o
rpysuTHHIM OTpeskaMm xourpy- 4 ¢ 8
DHTHHE OTPESKH, IMOJNYUHM KOH- A
rpy3HTHbBIE OTPE3KH.) Yepr. 6.

3. 4 (aHajormuna akcuome 3.2, HO Kacaercs YrIJIOB,
.a e orpeskos). [lycts gau yron BOA, mpamas a’ ¥ Ha
Heit Touka O’ (uept. 7). BribepeM npoH3BOJBHO TOJY-

/ 8
B'a\ . A
A’ 0 a

Yepr. 7.

v

npsamyto O’A’ H3 ABYX TOJYIPIMBIX, HA KOTOpble TOYKA
O’ pas3buBaeT NpPAMYIO a’, u, KpOME TOrO, OAHY M3 JABYX
NOJYNJAOCKOCTEH, Ha KOTOpHIE a’ pasbuBaeT IJOCKOCTE.
Torza B 3TOM MOJYNJOCKOCTH CYIIECTBYeT (H. IPHUTOM
TOJNBKO OfHH) yroa B’O’A’, KOHIDYSHTHHIA YTJy BOA
(umeiomuii moaynpamyio O’A’ onHOH H3 CBOMX CTOPOH,
.a Touky O’ cBOEH BepUIHHOI).

3ameuwanune. Axcuoma 3.2 T103BOJAET onpezl;enm'bh
.CHMMETPHIO OTHOCHTEIBbHO TOUKH. T1yCTh O— nauHas TouKal
TJI0CKOCTH, CTPOHM B32aEMHO-OJIHO3HAYHOE OTOGpaKEHHe f
MHOJKECTBA BCEX TOUeK IIOCKOCTH Ha cels CJeLYomuM
o6pasoM. [losaraem npexne BCEro f(0)=0; ecmnA + O,
10 oTKJaazbBaeM Ha mpamoii OA oT Touku O OTpe3oK
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OA’=0OA B CTOPOHY, NPOTHBOMNOJOXKHYI0 OT TOYKH A
(r. €. HA noaynpsamoit OA’, or- A :
aunuHoit oT moaynpamoit OA).
Touxka A’ = f(A) u ectb Touka, ..
cuMMeTpHuHas Touke A OTHO-
cutenbio Touku O (uepr. 8).
[loHsiTHE  KOHIPYIHTHOCTH,
BBELCHHOE IJs OTPE3KOB H yr-
JI0B, MOXKET ObITh JIETKO pacnpo-
CTPAaHEHO U HA Jpyrue Qury-
pHl 9/1€eMEHTAPHONH TeOMEeTpHH.
B yacTHOCTH, ABa TPEYTOJbHHKA " Yepr. 8.
HAa3bIBAIOTCS KOHT PY3HTHbLIMH, €C-
JH TPU CTOPOHBL H TPH yIJ1a OJHOTO U3 HUX KOHTPYOHTHHI
COOTBETCTBEHHO TpeM CTOPOHaM H TPEM yIJaM ApPyroro.
CopMyaupyeM mocaeIHION aKCHOMY KOHTPYSHTHOCTH :
3.5. Ecin ctopoust AB u AC Ttpeyroabuuxa ABC
COOTBETCTBEHHO KOHFPY9HTHH CTOpoHaM A’B’ u A’C’ tpe-
yroabuuka A’B’C’ u yron BAC xounrpysHuten yray B’A'C’,
to tpeyroibuuku ABC u A’B'C’ koHrpysutHe (T. e,
BC=PBC', «<ABC= <A'B'C’, =<ACB= =A'C'B’).
. - OueBuaHO, akcuoMa 3Ta NPEACTABJAET CO60H He YTO
HWHOE, KaK BCEM HM3BECTHHI ,nepBbil cayuyail paBeHCTBA.
TPeyro/IbHAKOB® (MO ABYM CTOPOHAM H YTy, 3aKJIOYeH-
HOMY MeXAy HHMH). 3aMeTHM, YTO B 3aKJIIOUEHHM aK-
cuoMbl 3.5 moCTaTOYHO TPEeGOBAThH JHIUIb KOHIPYSHTHOCTh
yraoB: <ABC=A’B’'C’, =ACB= =A’C’B’; nocie atoro
KOHTpysHTHOCTh BC=B’C’ Morsa 6b 6bITh JOKa3aHa.
I M3 mepeuncieHHbX BEILIE aKCHOM (AKCHOMBI IIPUHA A€ K-
HOCTH, IOPSAAKA ¥ KOHI DYSHTHOCTH) y2Ke BHITEKAaeT LeJbli
: 4 pan Tteopem reomerpuH. Kpome
A € 6 T1npuBeAEHHBIX paHEe, YKaxXeM ele
py ¢ g Ha caeayomue.

3. Eciii-HA KOHTPYSHTHBIX OT-
peskax AB u A’B’ paun  TOuU-
Yepr. 9. ku C u C’ tak, uro AC=A'C’, 10

CB=C’B’ (ueprt. 9). OTcioaa JIerKo

cnenyer:

4. CuvMeTpusd NPAMOH OTHOCHTEJIbHO KakKoH-1H60 ee
TOYKH OTOOPAXaeT BCAKHH OTPE30K STOH NmpsMOil Ha KOH-
IPDY2HTHBIA €My OTPE3OK.

© S.[lyctbTouka C nexur Ha npsaMoit @ Mex Ay Toukamu A
u B. [lycte Ha noaynpsamoit A’B’ (KOHIIOM KOTOPO# AABJIsSET-

2 1.°C. Anexcanzpos 17




¢ Touxa A’) B3t Touxu C’ m B’ Tak, uro A’B’ = AB,
A’C’=AC; toraa touka C’ nexur Ha orpeske A’B’.
[Ipy TOMOIIH 3TOTO MPEIJIOKEHHS OGOCHOBbLIBAETCS
' cpaBHeHHE OTPE3KOB, T. €. YCTaHOBJEHHE I JIOGHIX
ZIByX HEKOHTPYDHTHBIX OTPE3KOB OTHOUIEHHs ,6o.bie*

(,MeHbpIIE"). .
Onpeneaenue. Ecin nanm gsa otpesxa ABuA’'B

u Ha orpedke A’'B’ cywecTByer Takas TOYKa ', uro
AB=A'C’, To TOBOPSAT, UTO OTpe3ok A’B’ 6osblue oTpeska
AB (unu uto AB Menvue, uem A’B’), u numyt A’B">AB
(um AB< A’B’). OueBuiHO, H3 AB>A'B">A"B" cneny-
er AB>A"B". lanee, ornomenua AB>A'B’ u A'B'>AB
uckaouaoT Apyr Apyra. Haxonem, u3 Teopemn 5 cie-
er: . '
d Ecau.otpe3ku AB u A’B’ ne KOHrpysHTHbH, TO JHGO
AB>A'B’, k60 A’B">AB.
AHaJIOTHYHO OMNpejaesisieTcss OTHOLIeHHE HEPaBeHCTBa
U gjs yrijaos. o,
MoJb3ysach TeopeMoii 5, MOXHO NOKa3aTh, UTO BCEraa
MOXHO NOCTPOUTH PaBHOGEAPEHHBIH TPEyroAbHUK, HME- |
joIUii 3a1aHHBIA OTPE30K CBOHM OCHOBAHHMEM. o
Mpl uMeeM jajee OObIUHOE OmNpejesieHHe NPSAMOro
yria KaK yrjia, PaBHOTO CBOEMY CMEXHOMY. CymecTBo-
BaHMe NPAMBIX YI/0B BBITEKAET M3 Caeiyiouleil TeOPeMbl,
KOTOpPYI0 TOJHOCTBIO JOKAKEM:
6. V3 xaxpoii Touku P, Jexameid BHE NAHHOW mps-
' MOl @, MOXHO ONYCTHUTh Ha
P, BTy NpsaMyl0 OZHH U TOJBKO
OJUH TepNeHAUuKYJIAp.
JlokaxeMm cHauasaa mnep-
BYI0 NOJIOBHHY TE€OPEMBI (T. €.
cyliecTBoBaHHe XoTs Ol Ol-
Horo nepnenaukyaspa). [1po-
- @ penmem mpsmyo uepes P u
Kakylo-HHOYy Ib TOYKy A nps-
Moit a (uept. 10). Crpoum
. g yroda B, KOHTDYSHTHBIA Yray
N @, M OTKJaAbBaeM OTpPE30K
Yepr. 10. AQ = AP. Tlpsmas PQ uep-
' HeHAHKyJspHa K a. B camom
Iele, mpexae Bcero, npaMasi PQ nepecexaer a (B Touke,
KoTtopylo o6o3nayaem uepe3 O), tTaxk xak P u Q Jaexar
,1I0 PasHble CTOPOHBI“ OT mpsiMoi @ (T. €. B Pa3HBLIX INO-
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ﬁynnocxocmx). Hanee, Tg)eyrom:}mxn PAO u QAO xon-
rpyoHTHHE MO akchuome 3.5 (M0 ABYM CTOPOHAM M YIJy,
3aKJIOUEHHOMY MEXIY. HHMH), NMO3TOMY Yrjbl NpH Bep-
muie O—npsMble (KaK KOHTDYSHTHbIE CMEXHBbIe YIJbl).

JlokaxeM Temepb €AMHCTBEHHOCTh NEPNeHAMKYJApa.
ATO A0KA3aTeJbCTBO OCHOBHIBAETCS HA JeMMe: _

Jlemma. Ilycte PO (uept. 11) ecTs mepneHauxynsap,
onyueHHbH U3 Touku P Ha npamylo a. Ilycts A—xakas-
HUOYIb TOYKA MPAMOHA a@ M nycTh —=fB= <a u AP=AU.
Torza touka Q jnexut Ha npamoii PO.

B caMom jese, u3 paBeHCTBA TpeyronbHukoB PAO n
QAO (Bce mo To# xe axkcvoMe 3.5) 3akJiouyaeM O paBeH-

7

Pl o

&~
Yepr. 11 Yepr. 12.

crBe yraoB POA u QOA; ecau 6B npojoONXKEHHEM CTO~
ponsl OP npsamoro yraa POA 6uno 66 ve OQ, a OQ’,
10 yranl AOQ u AOQ’ Geinu 6b paBHB, B NPOTHBHOCTh
akcuome 3.4. Jlemma pmokasamua.

ITycts Tenepnp ¥3 TOYKH P MOXHO ONYCTHTb HA MpS-
Myio a aBa mepuneHauxyaspa PO u PO’ (uepr. 12). Bepa
Ha @ MPOH3BOJbHYIO TOUKY A ® cTpos yroa B, paBublif
yray o, u orpe3ok AQ=AP, 3axjiouaeM no JemMMme, yTo
TOoyka Q JoJkHA JexaTh Kak Ha mpamoir PO, tak H ua
npsmoit PO’, uto npotuBopeunt axcuome 1.1. Teopema 6
JoKasaHa. : ,

Iycts ABC ecTb paBHOGELAPEHHBIH TPEYTOJbHHK €
ocnosauneM AB. [lpumenss axcuomy 3.5 X TPEYTONBHUKY
ABC w x Tomy xe Tpeyroabuuky ABC, uo 3aNMCaHHOMY
B Buge A'8'C’, rne A’=B, B'=A n C’' = C, BuzuM, uro
=A'= <A, 1. e. uTO }

7. Bo BCAKOM paBHOGEAPEHHOM TpPEYTOJbHHKE yran
IDY OCHOBAHWH PABHBHI. :

9 9




[ToMuUMO 9TOTO ROKANEM CHAELYIOMYIO TEOpeMy.

8. Ilepnedaukyasap, onyueHHbIH U3 BEPIIMHH PABHO-
G&IPEHHOr0 TPEyro/ibHUKa Ha €ro OCHOBaHHE, NEJIHUT 9TO
OCHOBaHMe momoJaM. - :
3= Tlyctb .CO ecTb mepnedguKynsp, ONYUEHHbHIH U3 Bep-
IUMHB paBHOGeApeHHOro Tpeyroabiuka ACB Ha ero ocHo-
¢ S - Bauue. AB (uepr. 13). OT1/710KUM

P -ua nyue BA orpesok BO’, pas-

Ry - uuit AO. Ilo akcuome 3.5 Tpe-
yronpuukn  ACO wu BCO
KOHTrpyoHTHH. CileZ0BaTENbHO,
'2CO'B paBen =COA, T. e.
aBasercss npaAMbM. Tak xak u3
C MOXHO ONyCTHTb Ha AB TOJIb-
KO OIMH [NepHeHAKKyJadp, TO
O=0'unostroMyAu =B0' = BO.

Tax xax pasHOGeAPEHHbIH
TPEYTOJbHUK MOKHO MOCTPOUTH
Ha qio6oM orpeske ABy To B
TOJbKO UTO. MPOBEAEHAOM pac-
CYXJEHHH 3aK/Io4dercs H JL0-
Kas3aTeJbCTBO TOTO, 4YTO KaJxC-
Oblii  Ompe30oK ' MOJNCHO  pa3-
deaums nonésas (IpHYEM H3 AKCHOM KOHFPYSHTHOCTH
OTDEe3KOB CJELYET, uTO ONEpalMs STa OJHO3HAUHA, T. €.
4TO, Y Kaxz0ro OTPE3Kd HMEETCA TOJAbKO OJHA cepeLHHa).
‘AHAJOTHYHO MOXKHO JOK43aThb H BO3MOXHOCTh (W OJHO-
QhaYHOCTh) AeNeHus fomoJam Beskoro yraa. Ha croponax
yraa AOB (uepr. 14) OTKJaAbIBAIOTCH DPaBHbIE OTPE3KH

O u OB u onyckaercs neps.
JIEH LUK AAD OC ua mpamyjo

B; 3TOT nepneHIUKYJsAD. B -
ABNAETCH (MCKOMOH GHCCeK-
apucol, BO3MOKHOCTD Aeae- [
Hus 1nonojaM OTpPe3KOB H
" YTJIOB MMEET BAXHOE 3Haue-
HHe NIpH YCTAHOBJEHHH BO3- .
MOKHOCTH H3MEPHTH OTPE3KH. . Yepr. 14.

TO, B CBOIO O4Yepeb, MORe- .
feT ‘K OCYLIeCTBJIEHHIO B3a- ° : ‘
MMHO-OJHO3HAYHOTO COOTBETCTBUA MEXIY' MHOXKECTBOM
'Beex Touek IPAMON M MHOKECTBOM BCeX ACHCTBHTEJbHLIX
Jduced. OJHAKO AJs STOTO, KpOME YK€ H3/MOKEHHRX
20
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aKCHOM, HaM NOTPEOYIOTCA elke aKCHOMb HeNPepbIBHOCTH,
KOTODBIM TOCBAILEH- ClIeAYIOMmHA naparpag. .
3aMeTHM Jajlee, YTO Temepb yxe Jerko KOKa3biBa-
(0TCSl, BO-NEPBhIX, OCTajbHbIe -MPU3HAKH PABEHCTBA Tpe-,
yTOAbHHKOB H, BO-BTOPbIX, TEOPEMbl O CMEKHHIX U BEPTH-
KaJbHBIX YIJ1aX: eC/IH JaHHble YIJAbl PABHbI, TO B CMEXHbIE
MM yTJBl DaBHBI, BCE MpAMble YFJIH PaBHBI, BEPTHKAJbHLIE,
A YTJbl PaBHBI, @ TaKXe€ TaK HasblBae-
Mble 06pAaTHBIE TEOPEMBl O PABEHCTBE
CMEXHBIX U BEepTHKAaJbHHX YIJ/OB.
Hakosen, ecan Bocno/b30BaThCA
PaBEHCTBOM BEPTHKAJbHLIX YTJOB H
TeopeMol 4, TO cpasy BHAHO:
9. CuMMeTpHs IJIOCKOCTH ©THOCH-
0 TEJbHO TOYKH NEepCBOAHT BCAKHM
OTPE30K B KOHTDYSHTHHIA OTpPe30K
(uepT. 15).
¢ 1 Ilas neneit, xoTophie mpeciaenyer
9Ta KHMIa, UHTEpecHo eue Yy6e-
lﬂ, AUTbCS B TOM, YTO U3 OJHUX AKCHOM
HPUHALNEKHOCTH, NOPAAKA M KOH-
Yepr. 15. TPYSHTHOCTH BHITEKAIOT CJAEAYIOmHe
JBE TEeopeMbl: 'e
10. [ise mnpsmbie, o6pasylollWe C TPeTbedl PaBHBIG
BHYTPEHHME HAKPECT JEXKallHe YIJH, Napajie/bHbl MeX-
Ry CO0Oi#. , ‘ C
11. Ilyctb a—npamad, P—ne ppuHaanexamas e Toy-
ka. CymecTByeT, o KpainHeil Mepe, oAHA NpaMas, MPOXo-
Amasi yepe3 TOYKy P H - C
napaanenbHas OpsAMOH a.
JokasarelbCcTBO Te-
opemu 10. [lycTs nmpambie @ . ;.
H b o6pasyloT paBHbie BHYT- -
pPeHHHE HaKpecT Jexalue .
yrabp C mepecexaouied HX .
npaMoii ¢ (uept. 16). Ecam . .
9TH YTrJibl NPSAMbBIE, TO IPAMBIE . Yepr. 16. Do
a u b He MOryT negecex_ca'rbcsl e , o
B cpay Teopemsl 6. Ilycts TH yraml He mpsmbie. Toraa
nocrynmaem tak. Otpesox AC' genuMm fononsam H u3 ero
cepenunbl M omyckaem HepneHIUKyAap MP Ha a; nocae
8TOro oTkJaananBaeM BQ=AP U paccMaTPUBAEM TPEYro/b-
mukn. MCP u MBQ, paBHHE MEXIy COOOH IO aKCHQME
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3.5. Otciona CJeLyeT, uTo yrjist mpu P u Q B 9THX Tpe-
y10/JbHUKAX PaBHbI, T. €. MQ ecTb mepnenianKysp, omy-
lednnit u3 M ua b. C Apyro# CTopoHb, yris mnpu M
B HAWLAX TPEYTOJbHHKAX TAKKe PAaBHH; N0O3TOMY MO 06-
paTHOH TeopeMe O BePTHKAJbHBIX Yrjax STH yrib CyTh
BepTHKaNbHbE, T. €. 0Tpesku MP u MQ Jsexar na oxHoi
npaMoil, Kk KoTopol, TakuM 06pas3oM, mpaMbie a H b sB-
asoTC mepnexauxyaspamu. Ho mo reopeme 6 xBa mep-
HeHAMKy sipa K ONHOM U TOH XKe IPAMO# napajebibl, 4T0

U TpebGoBajloOCh JOKa3aTh.

e 5 Teopema 11 cpasy caeny- -

et u3 TeopeMnl 10 u ¥3 aKcu-

oMb 3 4. [lycts nauna npsiMas

A [ a a n Touka P BHe ee, TOrAa

: 6epeM INPOH3BOJIbHYI0 TOUKY

Yepr. 17. - A ma -a u npamyo AP

) (uepr. 17). OTknaxwiBaem

yion =RPA= =QAP, torga npsmas PR B culy Teope-

mbl 10 mapannenbHa npsMoHd a. o

3anmenwanue. CtaBs BONPOC O Napaae/bHbX AUHUAX,
Mbl MMEEM a priori TPH JOrMYecKHe BO3MOXKHOCTH:

1. Uepes nauaylo Touky P, He NpHHALJIEKAULYIO MPs-
MOl @, HeAb3sl IPOBECTH K STON MPAMOH HM OJHOI mapai-
JIeIbHO.

2. Yepes Touky P MOXHO mPOBECTH K NPAMOH @ OAHY
# TOJBKO OAHY MapaJJesbHYIO. _

3. Uepe3 Touky P MOXHO NpPOBECTH K HPAMO# @, IO
KpallHeit Mepe, ABE€ mapanjielibHBE. )

Teopema 11 nokasbiBaeT, YTO U3 NPHHATHIX HaMH aKCH-
OM (T. €. U3 mpel 10KeHHi TAaK Ha3bIBAEMOH aBCOMOTHOH
rebMeTpHU) BLHITEKAET, YTO IEepBast BO3MOXHOCIb JOJKHA
6iiTh 0oT6powena. OcraloTcss TakuM 08pa3oM JHIlIbL BTOpAs

H TpeTbs BO3MOXHOCTH; OJHA H3 HHX OCYIECTBJRETCH -

B reoMeTpuH IBKauma, Apyras—B reoMerpuu Jlo6aues-
cxoro. UTo xe Kacaetcs reoMeTpHH, B KOTOpPOH BOBCe
HMET mapajuesibHbIX (M C/eJ0BaTENbHO, HE OCYINECTBAAITCA
M Bbilie CHOPMYyJTUPOBAHHHE HAMH AKCHOMHI), TO MBI Bep-
HeMmcsi K He#t B raaee VIIIL

1ll. CBSI3b AKCHOM KOHI'PY3HTHOCTH
C MOHATHEM JABHXXEHHS

Cssa3p T4 MPUBbIYHA AJAA HAC CO BPEMEHHU IIKOJBHOIO.

06yueHHsl TeOMETPHH: Mbl BCe NMOMHHM JaBaeMoe B yueG-
92

L



yHKax TeOMETPHH ONpENENEHHe PABHEIX uryp xax Takmx,
KOTOpbl€ COBMEIIAIOTCA TPH HAJOKEHHH, YTO COOTBET-
cTBYeT 9BKJUIOBOH aKCHOME: Cosmewarouuecss (npeome-
mot) PABHbBL.

[pn aKCHOMATHYECKOM NOCTPOEHUHM TEOMETPHH BO3-
MOKHO JWLIb OJHO M3 ABYX: JLGO HaZO OmpenenuTb NBH-
Keuue, CBels €ro K [IOHATHAM, JEXAUM B OCHOBE
adHOH dKCHOMATHKH, aAub60 Hajgo BKJIOYHTHL JABHXEHHE
B UWCAO OCHOBHBHIX, HE MOJJIEXAUIUX ONpeLeJeHNIo, TOo-
uaTHi, ¥ Torla CHopMyJHpPOBAaTb TE€ aKCHOMBI, KOTOPHIM
3TO MOHATHE NOonuuHsAerca. Hainuue akCHOM KOHIpPYIHT-
HOCTH B HaIIEH CHCTEMe aKCHOM INO3BoJseT H30paTh mep-
BHIA NYyTh. _

[Ipex e ueM cHOPMYJHPOBATH OMpele/eHHEe JBHXKE-
HUsi, NOCMOTPHM, KaKOBHl T€ HMHTYHTHBHbIE B3JEMEHTHI,
KOTOpbi€ OHO AOJKHO 0oxBaTHTb'. Tak Kaxk peub HIAET O
BBEeLEHHUH TOHSTHA ABHXEHKS B aKCHOMATHUYECKH IOCTPO-
€HHYIO TIMOCKYIO T€OMEeTPHIO (MPU HalleM MOCTPOEHHH MbI
TpEXMEPHbIM IPOCTPAHCTBOM HE MOJIb3YEMCsi), @ Halll ONbIT
rOBOPUT O ABHXKEHHHU NJOCKOCTH, JexaueHd B TPEXMEePHOM
NpPOCTPAHCTBE, TO U3 BCEX JBUXEHHH MIOCKOCTH B TPEX-
MEpPHOM NPOCTPAHCTBE Hac OyAyT HHTEPECOBATH TOJBKO
Te, B pe3y/bTaTe KOTOPHIX AaHHAas MJIOCKOCTh COBMeIaer-
cs1 ¢ CaMOH COO6uH.

Takowbl: BpallleHUs BCEH TJIOCKOCTH camoit B cebe
BOKpyT JAHHOH €€ TOYKM Ha JaHHbA yroa (B LaHHOM
HanpaBjeHUH TPOTHB YACOBOH CTPENKH HJHM MO YaCOBOH

CTpesxe), mapajjesbHble CABATH BCEH IJOCKOCTH CaMOil

B ce6e (Ha AaHHbLIH OTPES30K B JAHHOM HanpaB/i€HUH) H,
HAKOHEll, BpalleHHs MJOCKOCTH B TPEXMEPHOM IPOCTPAH-
CTBE Ha YIoJ, paBHbfl IBYM NPSAMBIM, BOKPYr KakKO#-
HWGy b MpAMOR, Jiexauiell B LanHo# miockocTH. Bo Bcex
3THX ABHXKEHUAX HAC UHTEpEecyeT JHUIb HaYaJIbHOE U KO-
HEYHOE NOJIOKEHHS KaXAOH TOUKH, TaK 4TO Kaxaoe M3
HAUIMX JBHXXEHHR BOCIPHHHMAETCH KakK B3aWMHO-OJHO-
3HayHOe OTOGpaKeHHe MHOXECTBa BC€X TOUYEK MAOCKOCTH
Ha ce6s. ([Ipy BpaweHuH TNJIOCKOCTH B ceb6e caMoi Ha
yroa 2d Bokpyr Touku O Kaxnoit Touke A COOTBETCTBY-
€T Touka A,, cUMMeTpHUHasA TOYke A OTHOCHTEJbHO LEeH-
Tpa O, a npH BpalleHNH NJOCKOCTH Ha TOT XKe YroJa

1 B 9THX MHTYMTHBHBIX PacCCMOTpPEHHSX pedub HJET BCe BpeMd O
ABHIKEHHH 9BKIHLOBOH MAOCKOCTH.
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BOKPYT Jiexamed B 5TOH [NJOCKOCTH NpPAMOH @ Kaxiok
tTouke A coorsercTByer Touka A’, cuMMeTpHUUYHAs TOuKe
A OTHOCHTE/ILHO OCH Bp 11(€HuUs1). XapaKTEePHLIM CBOHCTBOM
ABUXKEHHH, pacCMAaTPUBAEMbIX KAK B3aHMHO-OJHO3HAUHbLIC
0TOGpaXEeHHs MHOKECTBA BCEX TOYEK MJIOCKOCTH HA ceod,
ABASETCA TO, UTO TPH BCSKOM JBHXEHHH COXPaHAIOTCA
B3aUMHBlE PACCTOSAHUS JIOGLIX ABYX TOYEK, T. €. KamJblit
OTPE30K MEepPEeXONHUT B KOHTPYSHTHBIH €My OTpesox. IJTo
IeNlaeT eCTECTBEHHBIM, NPU B036PAUEHUL OM HAUWUX UH-
MYUMUBKbLX COOOPANCEHUN K AKCUOMAMULECKOMY 110CmPo=
€Hul10 2eoMempuu, CHOPMYJHPOBATH, B TEPMHHAX HAIUER
aKCHOMATHKM, ONpejeleHHe ABHKEHHA CJAeyloluM o06-
pasom: .

JlBudcenuem. Ha3v8aemca Kaxcooe 83QUMHO-00KO3KHAY~
HOe 0moGpajcenie MHONCOCMBu 8CeX MO4eK NAOCKuCmu
Ha ce6s, npu Komopom 06pazom 8cskvzo ompeska AB
seasemcs ompe3ok A’B’, Kowepyanmubii ompesxy AB.

Jlsudcenus cyuecmsyiom— IBUXKEHUEM sIBASETCH, Ha-
npuMep, CHMMETPHs DJIOCKOCTH OTHOCHTENbHO TOUKR l
(reopema 9). :

Mbl ycHIHM STOT pe3yJbTaT B 9TOM ke mnaparpade.
OnHaKo cHayasa YCTAHOBUM HEKOTODbE 3JIeMEHTapHbIe
CBOIiCTBA ABUXEHHH. ]

[ycts f—aBuxenne. BosbMeM Kakywo-HHOyAp MPsMYIO
a ¥ IOKaxeM, 4yTo 06pa3ul BCeX TOUEK MPAMOii a SABAAI0TCA
TOYKAMH HEKOTOpOil npsaMol @’ (xkoTopyio u Gynem Hasbi-
BaTh 06pa3oOM NpAMOJl @ mpH Asuxenud f). [las moxasa-
TeALCTBA PACCMOTPUM KaKO#-1HG0 OTpPE3OK AB npamoii a;
o6o3uaunm uepe3 A’B’ oTpe3ox, B KOTOpHI oTpesok AB
nepeBoanTCs nsuxenueM f. Jloxkaxem, 4TO BCAKAA TOUKa
C upaMo#i @ mepexoiut B Hekotopyio Touky C’ npamoi
a’. 9To oueBHAHO, ecan Touka C NMPUHALIEKHT OTPE3KY
AB. Eciu xe Touka C He mnpuHaAJIexuT orpesky AB, To
B CHAy aKCHOMHI 2.3 cyllecTByeT Takas Touka D, uro
Becbh oTpe3ok AB u Touka C mpHHaLIexaT oTpesky AD.
Otpesox AD nepexonuT Npu HaleM XBHXKEHHH B HEKO-
Topuit oTpesok A’D’, xotopuiii, conepxa orpesok A'B;
JIeXHT Ha npaMod a’; mostomy H C’ JeXUT HA, TOH Xe
npsiMoH. . )

Urtak: .

Ilsuxcenue nepegooum 8CAKYIO NPAMYIO 8 NPAMYIO.

[penocrasaseM uuTaTe IO 10KA3aTh C/eAyiollye npo-
CThle TpeJIOKeHns: '
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[lpd BCAKOM JBHXEHMHM MEPECEeKaioluecs MpiMLE
1epeXONAT B MEPECEKalomHUecs, NapaiiefbHbie B napaJ-
JeAbHbIE, NOJYNPAMbIE NEPEXONAT B MOJAYNpAMbIE, MOJY-
[1I0CKOCTH B HOJYIJIOCKOCTH, BHYTPEHHOCTD yIia BU BHY-
TPEHHOCTD Yria.

MycTb NpH ABHXEHHH f yroa AOB nepexonuT B yrosx
A'Q’'B’. Iloxaxem, uto yriast AOB u A’O’B’ KOHTDyOHTHEL
Jlas STOTO BO3bMEM Ha CTOpOHAX yr/d AOB 1o TOuKe,
xoTOpble 0603HAUMM COOTBETCTBEHHO HUepes3 A u B. Ilpun
JBUKEHHH f 5TH TOUKH NEPeXOAAT B TOUKH A" n B,
pHYeEM MMEIT MEeCTO pPABEHCTBA OA=0A’, OB=0B,
AB = A’'B’. Crenosatennto, tpeyronbinku AOB u A'O'B’
paBHbl O TPEM CFOPOHAM, a MOITOMY paBHEl H yraot AOB
u A’O'B’.

WUtak, ABHXKEHHE NMEPEBOJUT OTPE3KH, YTJbl, TPEYTO/b-
HUKH COOTBETCTBEHHO B KOHIDYIHTHbIE OTPEe3KH, YTJHI,
TPEyrONbHHUKH.

TlokaxeM Tenepb TeopeMy, CYLIECTBEHHO YyCHJIHBAIO-
Wyl npeiioxeHue O CylleCTBOBaHHH JBHXKEHHUH.

[lycts Aaub: Touxka O, moaynpsMas OA n noaymio-
CKOCTb @, OTpaHHuYeHHAss NpsAMOH OA (Toudee: npsAMO# a,
necymei noaynpamyio OA). IlycTs, € Apyroif CTOPOHHI,
Jaub: Touka O, moaynpsmas VA’ u MOJYNJIOCKOCTE o,
orpaHuyeHHas NPAMOA @', HeCyuleil MOAynpaMylo oA’
CymecTByeT, H IPUTOM €AHHCTBEHHOE, ABHKEHHE, NEPE-
BoxALLee (ONXHOBPEMEHHO) TOuKy. O B TOUKY O’, noaynps-
myio OA B moaynpamyio O’A’ ¥ monynJaoCKOCTb @ B HO-
JynJa0CKOCTh o',

JloxasaTeabCTBO.
IMocTponM HCKOMOE ABU-
xenue f (xaKk B3aWMHO-
ofHO3HAayHOE OTOOpaxe-
HUe TAOCKOCTH Ha Ce6s).
M3 namux yCJIOBHI MPEHK-
Ae BCero CcJaenyer, 4TO
flO)=0'. Tyctp X—xa-
kag-uubynb TOYka MO~
aynpsmoit OA. VI3 Hamux
ycaoBuil caenyert JAaJjee,
yto f(X) €cTb HEKOoTopas
tTouka X’ ~TOJXynpsiMOH
O’A’ u uto ortpeskn OX u O'X’ xonrpysurar. Ho cy-
mecTBYeT eXMHCTBEHHas Touka X';» YAO0BICTBOPAIOUIA
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-9TUM TpPe6OBaHUAM; ee MBl ¥ o6o3HayaeM uepes f(X). Ipu
MCKOMOM /IBHXEHHU T[pPsAMAs @ NepeXxOAUT B MNpAMYIO H
DPUTOM, OYEBHAHO, BipaMylo a’.[losatomy, ecan X —Touka
nosynpaMod OB, nomnonsutenbHoid K nodynpamoii OA Ha .
npsiMO# ¢, TO f(X) HEeNpeMeHHO eCTh Ta Touka X’ noaynps-
MOHO'B’ (LOTIONHHTEIbHON K TOdynpsaMoid O’A’ Ha npsmoil
-a’), aas xotopod OX = O'X’. Ilycts Temepnr X — Touka
nosynaocKocTu a (4ept. 18); paccmorpum y1on XOA; npu
ABHKEHUH f (ecqu oHO cymeciByeT) yroan XOA noaxen
NepeiTH B KOHTPYIHTHHA eMy yroa X'O’A’, pacnonoxeH-
HBlfi B NOJYIOJAOCKOCTH &', @ Touka X Ho/XKHA nepedTH B
TaKyio TOYKy X’ jexamei B o CTOPOHBI 3TOTO yI.1a, 4TO
orpeskn OX u O'X’ xOoHrpysHTHEL. JTuM U yron X O'A’,
u Touka X' ompenesens oaHo3Hauno. Takoe xe mocrpoe-
HUE NPHUBOJMT HAC K Touke f(X) M B TOM cayuae, eciu
X JIeXKHT B NMOJYNAOCKOCTH [, AOMONHUTENbHOH K «. Ta-
KUM 00pa3oM, Mbl MOCTPOUIH B3aUMHO- OLHO3HAUHOE OTO-
OpaxeHue IJIOCKOCTH Ha ce6d; A0KA3aTeALCTBO TOTO, YTO
3T0 OTOGpaXeHHe SIBAAETCH ABUAEHHEM (T. €. MePEeBOAHT
BCAKNHH OTPE30K B KOHIPYSHTHbIH €My  OTPe30K), NpOBO-
zutca TaK. CHayana NOKasbiBaeTCsi 6e3 BCAKOro Tpyaa,
yT0 ecau A, B—npousBosibbie Toyku, A’, B —ux ofpasn
npu oroGpaxenuu f, o AB=A'B’; orcioga a5 JM05bX
Tpex Ttouexk A, B, C u ux o6pasos A’,B’,C’ cienyeT Kour-
PYSHTHOCTb TpeyroibukoB ABC u A’B'C’. Yrtobn yGe-
AMTbCA B TOM, YTO 06Pa3oM OTPe3Ka NPU OTOGpaxeHuH f
ABJAETCA OTPE3OK, HAAO TNPexae BCEero A0Ka3aTh, YTO
IpH HalleM OTOOpaXXeHHH TPH Touku A, B, C, nexamue
H2 OJHOM MPAMOH b, MEPEeXOAAT BTPH TOYKH, TAKKeE JexKa-
ke Ha OAHOH mpAMOH. [lokasarenbcTs0 3TOro (Aaa CJy-
yas, KOTAa MpsiMast b He NPOXOAUT yepes Touky O) siCHO
M3 uepr. 19. M3 paBenctBa Tpeyroabhukos: AOB=
A’S’B’, BOC=B'0O C’ cne-
AyeT, uto yrasl A’B'O’ u
O'B’C’ paot B cymme aBa
NpsMbIX, a No3ToMy (,06-
paTHas TeopeMa O CMex-
HBIX yrjaax“l) sB/IsSIOTCA
CMEXHBLIMH, T. €. TOYKH
Yepr. 19. A’, B’, C’ nexat na ogHoft
npamoii. [locae atoro xo-
Ka3aTeJbCTBO TOrO, 4TO 00pas oOTpe3kKa eCTh OTpe3OK,
JIErKO JOBOJIUTCA X0 KOHLA NPU NOMOUIH TEOpeMH 5.
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Jlio6bie 1Ba B3aUMHO-OJNHO3HAUHHIE OTOOpaXE€HUst O1-
HOTO H TOro Xe MHOxecTBa M Ha ce0s MOXHO, KaK ro-
BOPAT, MNEPEMHOYCumb. JJA BTOrO, IO ONpeAE/EHHIO,
JZOCTATOYHO NMPOW3BECTH CHayaja nepBoe B3AUMHO-OJLHO-
3HauHoe oToOpakeHue, a 3aTeM BTOPOE; B Pe3yJ/bTaTe.
[IOAYYHTCS BIIOJNHE ONpeJeJedHOe TPETbEe B3aMMHO-OIHO-
sgaunoe oTo6paxenue Muoxecrsa M Ha cebs, KoTOpoe
yi Ha3bIBAETCA NPON3BEAEHUEM ABYX NAaHHBIX OTOGpaXeHUuH
(paccMaTpUBaeMbIX, U BTO CYULECTBEHHO, B Onpele/leHHOM
nopsiike). ODTO TepPeMHOXEHHE  BIAHMHO-OJHO3HAUYHBIX
oTo6Gpaxenuit 06/1agaT CBOHCTBOM aCCOUHATHBHOCTH (CO-
yetatesbHocTH). Kpome Toro, cpean B3auMHO-ONHO3HAY-
HBIX OTOOpaxennit muoxecrna M Ha ce6s HMeeTCs TOX-
NeCTBEHHOE OToOpaxeHHe (3aCTaBAsiOllee COOTBETCTBO-
BaTb Ka¥AOMYy 3JieMeHTy MuoxecTBa A 3TOT caMblii
9/EMEHT); HAKOHell, KaXIOMy B33aHMHO-OJHO3HAYHOMY
otobpaxeHnnlo f COOTBeTCTBYeT oOpaTHoe €My OoToOpa-
KeHue f~!, obnajaouiee Tem CBOHCTBOM, YTO IpPOU3BeJe-
Hue oToGpaxenuit f u f~! (B s060M mopaixe) €cThb
TOXIECTBEHHOE OTOOpaxeHue. [lpyrumu cioBamu: B3aUM-
HO-OJHO3HAYHbIE OTOOpaxedus: nwboro Muoxectsa M na
ce6a o6pasywor rpynny!. B uacTHocTH, rpynmny o6pasyior
A BCE B3aHMHO O1HO3HAYHLIE OTOOpAXKEHMs MHOXECTBa
BCeX TOUEK MJOCKOCTH HA ce6g. OueBHIHO, UTO NPH ITOM
NpOU3BEJEHNE JBYX OTOOPAKEHUH, TePeBOASAIINX KaX bl
OTPE30K B KOHIPYIHTHbHIH €My OTpe3ok, CHoBa 00.1anaet
9THM CBOWCTBOM, T. €. [POH3BEAEHHE NBYX JABHXKEHUA
eCTh ABHXeHHWe. [IBHXKeHHEM fBAAETCH, KOHEUYHO, H TOX-
IecTBeHHoe oTobpaxeHwe, M, HakoHel, o06paTHOe OTO-
OpaxieHye K JABHXKEHHIO TAKKe eCThb ABMxenue. [lpyrumu
CJIOBAMH: 8 2pyn i€ 8ceX B3AUMHO-00HO3HAUHHLX OMOOpa-
Kcewuil naockocmu Ha ce6s Osuxcenus o6pasyiom noo-
epynny. Iloxasauubiéi GakT ZaeT BO3MOXHOCTb COBEpPLIEH-
HO NepecTPOUTH COBOKYNHOCTh aKCHOM KOHLDYSHTHOCTH,
a UMeHHO, 3aAMEHHTh HX aKCHOMaMH, XapaKTEPH3yIOUHUMH
ABHXKEHHsS: 5TO M OGyJeT TeM BTOPHM Cn0oco60OM BBECTH
B IBUXEHHS TE€OMETPHUIO, O KOTOPOM Mbl TOBOPHJIH B Ha-
yane sroro naparpada. Mrax, samensiem axcnomsl 3.1—3.5
_ClepyiIMMH aKCUOMAaMH M OINpeLe/eHAIMH:

3’.1. B rpynne Bcex B3auMHO-OJIHO3HAaUHBIX OTOOpaxe-

1 Cm. M. C. AnexcaHnppoB, Beelenue B TeOpHi0 Ipynm, Ya-
feprus, 1939.
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HHA MHOXECTBAa BC€X TOYEK IUIOCKOCTH Ha cebsd JaHa

MOArpynna OTOGPaxXEeHUH, Ha3blBAEMbIX NBUIKEHHAMH.
3’.2. I1pu BcaxoM ABMKeHun 06pasoM oTpesKa ABJISET-

¢ otpesok. (Orcioma nerko cjeayer, KaK Bbllle, uTO

06pa30M MHOKECTBA BCEX TOUYEK Kako#-HHOyAb NPAMOH

@ sisASeTcs MHOXECTBO BCEX TOYEK HEKOTOPOH mpsamoit a’,
KoTopas W HasnBaercs oO6pasoM INpsMOH a OpH AaHHOM
IBHXEHHH.)

3’.3. [lycth maHnl mpoM3BOJLHO: JBe TOYKH O H o,
xBa nyua OA m O’A’ u 1O OXHOM MOAYNJIOCKOCTH a U &’
W3 KAXJAOH mapbl NoJaynJoCKOCTeH, Ha KOTOpble NpAMble
OA u O’A’ pas6usaioT cooTBETCTBEHHO ma0CKOCTh. Cyme-
CTBYeT OIHO €XMHCTB2HHOE JBHXEHHe, NepeBorsllee
onHoBpeMenHo Touxy O B Touky O, moaynpsmyio OA B
noaynpsimyio O’A’ ¥ moayna0CKOCTb & B MOJYMJIOCKOCTD o,

M3 aTuXx aKCHOM CJeAyeT, YTO MPH BCAKOM [BHXEHHH
yrosi nepexoAMT B YroJ, TPEYroJbHUK B TPEYrONbHHK
uT A

Onpenenenwne. [lBa oTpeska, ABa yrJaa, Asa Tpe-
yroabHHKA, BOOGLIE JBe KaKue-HHOyLb GUIypsl (T. €. 1Ba
KaKUX-HHOYIb MHOXECTBA TOUEK MJH TNPSAMbIX) HAa3biBa-

BAIOTCS KOHTPYSHTHbIMH, €CJAH CyLlecTByeT JABHXEHHE,

nepepojsiliee OAHY M3 3THX (QHUTYD B ApPYrylo.

DTH aKCHOMbI H OIpejeJieHre KOHTPYSHTHOCTH Ipe-
BPAIIAOT HALIH TEePBOHAUYAIbHbIE AKCHOMBl KOHTDYSHTHO-
cti 3.1—3.5 B TeOpEMbl, KOTOpPbIE MOTYT ObITh AOKA3aHH.

IV. CHCTEMA AKCHOM TEOMETPHUH (ﬁponomxenue).
AKCHOMBI HENPEPbIBHOCTH, AKCHOMbI MMAPAJUIEIbHBIX

Jlas Toro yroO6h OGOCHOBATH U3MEPEHHE OTPE3KOB H
JOCTHTHYTb YCTAHOBJIEHHS B3aHMHO-OJLHO3HAYHOrO COOT-
BETCTBUA MEXJy TOUKAMH TNPAMOH JIMHUH H HAEACTBHTE/b-
HBIMH (BElLECTBEHHBIMH) YN CJIAMH, HYXHO MPUGABUTD K yxKe
paCCMOTPEHHBIM aKCHOMaM elle JABe aKCHOMBI HEMpephbiB-
HOCTH. DtuM GyfeT 3aKOHUYEHA AKCHMOMATHKA TaK HAa3blBa-
eMoit a6CoJIIOTHOH T'eoMeTpHM, 3aKOHYEH CIMUCOK BCEX
aKCHOM DBKJAHMAA, OTJAHUHBIX OT aKCUOMH MapajjefbHbIX.

4.1. Axcnoma dBaokca (Apxume ga). [lycts na
mpamoit @ fanel ae Touku A u B.IlycTs, KpoMme TOro, Ha no-

AynpaMoit AB faHbl KOHTPYIHTHBIE MEXAY COGO# OTPE3KH

AAy, A, . A AL ey
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oTJIOXEHHbIE TaK, 4YTO A, JNexHT MexLy A u A,
A, — mexay A, u A,, BooGuwe A, — MeXLy A, ¥ Apu.
Torza Ha#eTCA TAaKOif HOMEp 7, UTO Touka B JieXXUT MEX Iy
An A, 5 )
[lpyruMH CIOBaMH: OTKJajbiBast HA JAHHOH npsaMoi a
OCTAaTOYHOE YUCJIO DA3 OJUH M TOT e OTPe30K OT JaH-
4ol TOUKH A B CTOpPOHY ApYro#l AaHHOH TOUKH B, mu
ocJe KOHEYHOro uHuC/a TaKuX OTKJaAbiBaHUH) HEmpe-
MeHHO IepeiifeM 3a Touky B (uepT. 20). Axcuoma JBAOKCA
BMECTE C aKCHOMaMH KOHTPYSHTHOCTH A1d OTPE3KOB mno-
3BOJIAET H3MEpUTh J0Goi 0Tpe3sok OX mpu mOMOLLM Mpo-

0 X, X7 X
8 o
A ﬂz ﬂn" A. A 84 B
Yepr. 20. Yepr. 21

M3BOBHOTO, HPHHATOrO 3a EJHHHIY IJMuHB OTpeska AB
(uept. 21). a7 3TOIO OTKJIANLbIBAEM OTPE3OK AB na or-
peake OX CTOMBKO Pas, CKOIbLKO OH yMeCTHTCH; 1O aK-
cuome Dproxca oTpe3ok AB otioxuics Ha OX HexoTOpoe
KOHEuHOe 4YHCI0 pas n, BooOuie TrOBOPsi, C HEKOTOPBIM
ocratkoM X,X. Lienoe uuciio n ¥ OyAeT IeJsoi YacCThio
yhcna X, UaMepsomero AIuRy otpeska OX (npu eaunnne
usmepenus AB). Tenepnb GepeM nogosuuy AB; oTpeska AB
(1esMTh OTPE3KH TONOJAM Mbl yMeeM!) H OTK/albiBaEM
ee Ha oTpeske X, X:. BosMoxHbl nBa Clyuas: WJIH OTpe-
30k AB, H# pasy He YJMOKuTCa HA oTpeske X;X —Torna
nepebiii 080U4KLLIL 3HAK dUCIA X 6yaeT HyJdb, HJH Xe
AB, ynoxutcs Ha X;X OAHH Pa3 C HEKOTOPLIM OCTATKOM
X,X — B 3TOM CJayuae MepBbIH. JBOMYHBIH 3HAK YyHCJA X
pasen 1. Tenepb OTKJIAABIBAEM NOJNOBUHY AB, otpe3ka AB,
(r. e. ueTBepTh oTpe3ka AB) Ha BTOpOM OCTaTKe X X.
[lonyuyum BTOpO# ABOMYHBIA 3HAK yuCIa X U T. L. Taxum
06pa3om, mAr 3a LArOM MBI pasjaraeM uucio x B Gec-
KOHeuHyio (B 4aCTHHIX CJyYasX KOHEYHYIO) ABOHUHYIO
1po6b, T. €. BEIUHC/ASAEM AJIH-
“Hy orpeska OX (npu naHHOH

] X M

ennnuue AB).
[TocraBum Tenepsb B COOT-
BeTcTBHE KamAod Touke X . Yepr. 22.
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noaynpsmoit OM (uepr. 22) nauny orpeska OX, a KaxIoi
Touke X’ moaynpsamoli OM’, NONONHUTENBHOH K IOJy.
npsmoit OM, noCTaBUM B COOTBETCTBHE MIMHY OTpedka OX’,
B34Tyl0 co 3HakoM MuHyc. Camoli Touxke O CTaBHUTCH B
COOTBETCTBHE HKCJO HYJb. STUM YCTAaHOBJEHO B3aHMHO-
OJHO3HAUYHOE COOTBETCTBME MEXKJY MHOXECTBOM BCex
TOYEK NPSAMOH U HEKOTOPHIM MHOXECTBOM JeHCTBUTEJIb-
Hbix uyhcea. OTMeTHM, YTO IOKAa €Ie HH OTKyJa He CJe-
JAYEeT, UTO HU3JIOKEHHBIM BHIIE CHOCOOOM Kaxaoe Heif-
CTBHTEJNbHOE 4YHCJA0 OyneT MNOCTaBJA2HO B COOTBETCIBHE
HEKOTOPOH TOYke mnpaMoil, T. €. YTO KaxJ0€ MNOJOXH-
TEeJIbHOE YHUCJIO ABJASETCA HAJHHOH HEKOTOPOTrO OTpeska
(npu naHHON NOCTOSIHHON e AMHHIE AJNUHBI). B caMom xeue,
BO3bMeM OOBIKHOBEHHYI0 ,5BKJIUAOBY“ TMJIOCKOCTH H Ha
"HEeH Kakylo-HUOyAb NPAMOYTOJIbHYIO CHCTEMY KOOpPAMHAT,
CornacuMcsl Tenepb CYHTATh 338 ,TOYKH® TOJBKO T€ TOUKH
MJIOCKOCTH, 06€ KOOpAHHAThl KOTOPBIX PallHOHAJbHBI WA
SIBJISIOTCA TAK HA3bIBAEMBIMH KBAaJPaTHYECKUMHU UPpPaLHO-
HaJIbHOCTAMHU!, a 3@ ,IPAMbIE* — TOJIBKO TE€ IPAMbIE, KOTO~
pble MPOXOAAT yepe3 ABe Kakue-HuOyAb ,TOYKH* (T. €. Ha
KOTOPbHIX HMEWTCA [B€ M, cCJeL0BaTel]bHO, OeCKOHEeYHOo
MHOTO TOYEK C pallioHaNbHBIMU KOOpAHHATaMH). HeTpy nHo
IPOBEPHUTh, YTO OINpejesieHHble TaKUM 06pa3oM ,TOYKH®
U ,npsMbie“ yAOBJETBOPAIOT BCEM LO CUX IIOD BBEAEH~
HBIM aKcuoMaMm. Mexay TeM, MHOXeCTBO BCeX BooGuie
2TOUEK" — cueTHoe; TeM O6o0Jiee CYETHO MHOXECTBO ,TO-
yex“, IpHHAAJe)KAINX JaHHOH ,IPAMOI“; OHO He MOXET
6bITH MOCTaBIEHO B COOTBETCTBUE CO MHOXKECTBOM BCEX
JAEUCTBUTEIbHBIX YKceJ. JIumb nocae BBELEHHS BTOPOMH
AaKCHOMbI HEmpepbIBHOCTH MBI 6YA€M HMETb B3aUMHO-OLHO-;
3HAYHOE COOTBETCTBHE MEXAY MHOXKECTBOM BCeX TOYeK
OpsIMOA H MHOXECTBOM Bce€X JEeHCTBUTEJAbHBIX 4YHCEJ.:
' Onpeaenenue. Orpe-

2 30k CD Ha3biBaeTcs BJAOKEH-

A D B8 ubIM B oTpe3ok AB, ecau obe
Toukn C n D sexar Mexny -

Yepr. 23. ToukaMu A u B (uepr. 23).

Tenepp Mb MmoxeM cdop-

MYJUPOBaTk BTOPYI0 AKCHOMY HENPEPLIBHOCTH, HJH TaK
HaspiBaeMyl axkcuomy KaHnTopa, caeayiomuM o6pasoMm:.
1 Peup WIET O YHCAAX, KOTOPbIE MOTYT GbITh MOAYYEHb H3 PAUHO-

HaLHBIX uKcCel KOHEeYHON KOMOMHALMeHl dYeThpex apHMeTHYeCKHX
REHCTBHA ¥ NEACTBHA H3BIEYEHHS KBALPATHOTO KODHS.
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42. Axcuoma Kantopa. Ilycts nHa xaKoH-HHOY b
npAMOH JlaHa MOC/IeLO0BATEJIbHOCTh OTPE3KOB

AB,, AB,, ..., AB,, ...,

KaXIB U3 KOTOPBIX (HAYWHAasi CO BTOPOroO) BJAOKEH B Ipe-
nbmyumﬁ. Torma cymecrtByer, mo kpaiineii Mepe, ojnHa
TOouKa, MPHHAJJEXKAmass BceM 3THM OTPE3KaM.

M3 axcvombl Kautopa Jerko crexgyer, 4To Kax gas
§3 IBOMUYHBIX Apo6ei Bbipaxaer (npu BbiGpaHHON e iHHULE
AJMHB) JJIHHY HEKOTOPOrO OTPe3Ka M UTO yCTAHOBJEHHOE
poimie (Ha OCHOBE M3MEpeHHs] OTPEe3KOB) COOTBETCTBHE
MEXAY TOUKaMH INpPAMOA H JeHdCTBHTE/JIbHBIMH YuCHAMHA
4BJSIETCA B3aHMHO-OJHO3HAYHBIM COOTBETCTBHEM MEXAY
BCEMH TOUYKAMH NAHHOW MNpAMOA U BCeMHU AEHCTBUTIEb-
HLIMH YHCJIaMH.

Bce nepeunc/ieHHBIE AKCHOMBI, T. €. aKCHOMBI NpPHHAL-
JEXKHOCTH, MOPANKA, KOHTPY3HTHOCTH U HENPEpBIBHOCTH,
¥ MMEIOT B BHAY, KOTAa roBopsAT 06 ,0CTadbHEX* (T. €.
OT/JHYHBIX OT AKCHOMH apaJ/le/ibHBIX) AKCHOMAX 3BKJIHAA.
Ecan Mbl npu6aBuM K 3THM aKCHOMaM aKCcHOMy [apas-
JeNbHEIX DBKJIWIA, TO NOJYUYHM NMOJHYO aKCHOMATHKY T€O0-
METPHH JBK/ANIA; €CJAH )K€ BMECTO aKCHOMbI NAPaIMeabHBIX
JdBKAK A NIPUOABUM AKCHOMY mapaJienbubix Jlo6aueBckoro,
TO MOJIYYHM IOJIHYIO aKCHOMAaTHKy reomerpuu JloGaues-
CKOTO. , :

[Tpu artoM, B cuay TeopeMbl 11.MH MOXEM Temepsb.
aKcHoMel mapasjaenbHelx Jskaunaa u Jlo6aueBckoro ¢op-
MyJHPOBATH CJeAYIOmHUM 06pasoM:

AxcuoMa DBKJAHUAA B auHHOH NIIOCKOCTH MOMKHO-
NpoBeCTH uepe3 NAHHYIO TOUKY He GoJee OLHON mapas-
NeNbHON K JaHHO# mpaMoH.

Axcunoma Jlo6aueBckoro. B naaHoi miockocTy
MOXHO NIPOBECTH 4epe3 AAaHHYI0 TOUKY, He JIeXamyio Ha
RauuoH mpsivo#t, He MeHee ABYX INPAMBIX, NapajjaeabHBHX
K JaHHOH NpAMOH.

Samewanue. W axcuoma DIBkauga, ¥ akcmoma Jloba-
4eBCKOro (Gopmyaupyiotcs (Kaxpas B CBOeH reoMeTpHH)
A Mo%oik npaMoit M 060l He Jexauleid Ha Heil TOUKH.
Onmxako MoXHO HOKasaTb, YTO €CJHM aKCHOMa JBKAHMAA
BhinosiHsieTCsT XOTs1 Obl AJ1e ONHOH IpsAMOH M ONHOH He
Jdexameid Ha Hel TOUYKH, TO OHA OyJeT BHIOJHATHCHA W
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JJs BCeX HpsMHIX B Bcex Tovekl. OTcioja caepyer, uTo
# axcuoMmy Jlo6aueBCKOTO AOCTaTOYHO CHPOPMYJIHPOBATH:
JJs ofiHOU KaxkOH-HUOYZAb NpAMOH M Jexalnel BHE 3TOH
apsiMOH TOYKH (TPH 3TOM, KOHEYHO, MPEeANOJaraercs, uro
BCE OCTaJbHbi€ NEPEYHCICHHBE€ BHIIE AKCHOMH BBINOJ-
HEHBbl — YCJIOBHE, TMPH KOTOPOM OTPHIIAHME AKCHOMbI = BK-
JIMAa mpeBpalaeTcs —B CUAy TeopeMbl 11 — B akcHOMy
Jlo6ayeBckoro).

V. HENPOTHBOPEYHUBOCTb 3BKJIUJOBOH FrEOMETPHH.
NPOEKTUBHASl TEOMETPMHS. MOCTPOEHUE NMEPBOM
MOAEJH FEOMETPHH JIOBAYEBCKOI'O

Boime 6blJIO  CKa3aHO, YTO HENMPOTHBOPEYHUBOCTH
BBKJHJOBOH TeOMeTpHH NOHHMAeTCs B TOM CMBIC/]E, UYTO
BCSIKO€ NMPOTHBOPEUYHE 3BKJHMAOBOH T€OMETPHH NOBJEKJO
OBl 3a coOoH mpoTHBOpeune B apu¢meTHke, T. €. B CBOH-
C€TBAX JAEACTBUTENbHBIX yHceJa. Taxas nocTaHoBKa Bompoca
€aMa yxa3blBaeT U MyTh AOKAa3aTeJbCTBA: MyTb BSTOT 3a-
KJ10493eTCs B IOCJeA0BaTeNIbHOM apupMeTH3allni TeoMerT-
PHH, T. €. B CBEJEHLH OCHOBHBIX I€OMETPUYECKUX MOHI-
TH K NOHATHAM apu(dMeTHYECKHM, B IIpeBpaILeHHU BCs-
KOI'0 TeoMeTpPHYeCKOro MpeAOXeHHs B Ipen/noXeHHe,
Kacawieecs OJHUX JHIIbL AelcTBATeNbHBIX uHcesa. Cmo-
€006, KOTOpPHIM 3Ta LeJb JAOCTHUraeTcsl, NABHO H3BECTEH:
OH JaeTcsi aHAaNUTUYECKOH reomerpueil. B anaautnueckoi
TeOMeTpPHH (Ha MJIOCKOCTH) ,TOYKA“ €CTh HE 4YTO MHOE,
KaK napa uucena (X, y), 3aMHCAHHBIX B ONpeLEeJeHHOM IO-
piajKe, a mpsMasg eCTb MHOXeCTBO ,TOYeK“, yJOBJ/ETBO-
PAIOIIMX ypaBHeHUIO ax + by +¢=0, rae a, b, c—xakue-
HuOy b JaHHble yucaa. Taxoil xe apupmeTnueckuit cMbica
TIPHOOPETAIOT B AHAJNUTHYECKOH TeOMeTpPHH BCe OCTalb-
Hbl€ TeoMEeTpPHYECKHE TMOHATHA: INOHATHE ,MeXAy“, [o-
HATHE KOHTPYSHTHOCTH JBYX OTPE3KOB [IBa OTpeska
KOHTDY3HTHBI, €CJH pacCTOSAHHA MEXAY HX KOHUAMH
PaBHb, NpPHYEM PaCCTOSTHHE MexXJAy JAByMs TOYKamH
A=(x, y,) 1 B=(x,, y¥,) €CTb N0 ONpPEACJEHHIO UHCJO

+V (% — %) + (v, — ,)°]. Yroa Mexny ABYMs NpPAMEIMA
onpejesieTcs CBOUMH TPHTOHOMETPHYECKHMHU PYHKIHAMH,
KOTOpHIEe, B CBOI0 Ou€pelb, 3aAalOTCI KO3 (PUIUEHTAMH

-1 Cu. nanpumep, B.W. Ko ¢ 1 uH, OcHosanus reometpuu, Yumes- -
T13, 1946, ctp. 159, moacTpo4HOe mpuMeyaHue.
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paBHEHHH OGeHX HPAMBIX (C HEOGXOAHUMBIMH NPELOCTO-
0XHOCTSIMH, ONPEAL/IAIIMIMMHA HANPABAEHUST 9THX NIPSMBIX).
Bce 3TO MOXHO HadTH B JII0OOM y4eOHHUKE aHAJUTHYECKOMH
reometpunl. Tlocie Toro xaxk BCe OCHOBHHE TEOMETPH-
yeCKHE€ TIOHSATHS NEPEeBEAEHHl HA apPH(PMETHUECKUH A3BIK,
MOXHO JIETKO J0Ka3aTh (He mepecraBas pacCykK1aTh TOJb-
K0 O AEUCTBHTEJbHHX YHCJIAX, HX KOMOUHANIHAX H CBf-
3bIBAOIIHX HX YPABHEHHSX), YTO 3TH NOHATHSA yJOBJE-
TBOPSAIOT BCEM NEPEUUCACHHBIM BHIIE aKCHOMAaM SBKJIHIO-
po#i reomerpuu. Takum o6pasom, Bce aKkCHOMbI TEOMETPHH
npeBpallaoTcs B BepHbie yTBEPXIEHHUS, KacaolHecsa Tex -
apu(QMEeTHYECKHX TOHATHH, KOTODHIMM Mbl 3aMEHHWJIH OC-
HOBHbI€ MOHATHS TEOMETPHH. IDTUM 3aJaya JAOKas3aTeJb-
(TBa HENMPOTHBOPEYHBOCTU HBKJIHAOBOH reOMETPHH B yKa-
3aHHOM BBIILI€ CMBIC/IE NOJHOCTBIO pelaeTcs.

AKCHOMAaTHYECKH MOCTPOEHHAS CHCTEMA FT€OMETPUH €CTh
cucTemMa NpelJIoXEeHHi, ABIRIOIUXCA CJenCTBUEM HEMHO-
rEX OCHOBHBIX NMpPEAJOXKEeHHi (aKCHOM), Kacaoluxcs oc-
HOBHBIX TEOMETPHUYECKMX NOHATHH (Touka, mnpsaMmas) H
. OCHOBHHIX NPOCTEHIIMX COOTHOLIEHHH MeXAy HuMU. Ml
yKas3ajd, KaK BMECTO 3THX OCHOBHBIX Te€OMeTPHUYeCKHX
MOHATUN, OTBJIEYEHHBLIX HAMH OT HAIIETO HENOCpeACTBEH-
HOT O MPOCTPAHCTBEHHOTO ONBITA, MOXKHO NOACTABNTE apud-
MeTHYeCKHE TOHATHA (BMECTO TOYKU — napa JeicTBH-
TEJIbHBIX YHCEJ 4 T. 1.) TAKHM 06pa3oM, UTO BCE€ OCHOBHBIE
COOTHOIIIEHMS, @ CJIEJIOBATEJNbHO, U BCE CJECTBHA X MPU
3TOM COXpaHsioTcsl, MOXHO, KaK TOBOPAT, HOCMpOoums
apugmemudecKyro ,m00en" BKAUO0BOIL 2e0MemMpulL,

Boo6me, MOXHO BecbMa PAa3JUUHBLIMH CHOCOGAMH TIO-
CTPDOUTHL CHCTEMY TOHATHH U OTHOLIEHHH MEXAY HHUMH,
KoTopbie OyAYT COOTBETCTBOBATH OCHOBHBIM MOHSATHUSAM H
OCHOBHBIM COOTHOLIEHMAM SBKJHAOBOH 1€OMETPHU U KO-
Topbie 6YyAyT MOLUMHATBCA ee akcmomaM. Bcsaxas Takas
CicTeMa TMOHATHMH U OTHOLIEHHH HasbiBaeTcs ,MOJEJbIO®
3BKJIHJOBOH TeOMETPHM, U BCE TAKHE MOJEJH C Jioruye-
CKOff TOUKHM 3pPEHHS] YCTPOEHbl COBEPLIEHHO OJMHAKOBO.
Ouu, xax rosopar, o6pasyoT U30MOp(pHBIE MEXAY coGOoit
CucTeMbl (MOHATHH W OTHOLIEHHWIA).

[nsg MANKCTPALNH STOrO YPE3BbHIYAHHO BAXHOTO MOJO-
X€HUA NpuUBeneM NpPUMEP ,IEOMETPHYECKOH“ Mozxesu

! Cm., nanpumep, AHaautnueckyio reomerpuio H. M. Mycxe-
THWBuA K. . .

3 nme. Anexcaunapos : 33



9BKJMA0BOM . TeOMETPHH, B KOTOPOH MOX ",TOYKAMA® y,
L,IPAMBIMH® HA MJIOCKOCTH TOHMMAIOTCH BOBCE HE TE€ reqs
MeTpuyeckue o6pa3bl, KOTOPble Mbl IMPUBBLIKJIA CBA3bIBATY
¢ STHMM Ha3BaHUsMH. Bo3bMeM OGHIUHYIO IIOCKOCTH £ y
chepy (waposyio MHOBEPXHOCTb) & ¢ LEHTPOM B TOUKE (0]
maockoctd E. [locTaBuM B COOTBETCTBHE KauJAOH TOUKe
P chepnl I, xpoMe ,ceBepHOTO mauwoca“ N 9TOH chepn
(uept. 24), Ty TOUYKY mI0CKOCTH E, B KOTOpPO# 3Ty ILJo-
cKkocTh mepecekaer Jyu NP. DTum yCTaHOBJEHO B3aUMHO-
OAHO3HAYHOE COOTBETCTBUE MEXJY MHOXECTBOM BCex
TOYeK MJAOCKOCTH E M MHOXECTBOM BC€X OTJHUYHBIX OT
toukd N Touek cdepw I (ANA KPATKOCTH MHOXECTBO.
BCeX Touek cdepbl, OTIHYHBHIX OT OLHOH Kakoii- HuOy b
toyku N, Ha3bBAae€TCsi ,NMyHKTHPOBaHHOR® cepoit — or
cJoBa ,MyHKOUAY HAM ,IYHKTYpa“, O3HA4YalOWEro ,0po-
Kos“). DTO B3aHMHO-OAHO-
3HA4HOE COOTBETCTBHE MEX-
Ly NJIOCKOCTBIO H TYHKTHPO-
BaHHOH cdepod Ha3bLIBAETCA
cTepeorpaguueckoii npoek-
nuel (chepel HA IJIOCKOCTH
HJIM TMJAOCKOCTH Ha cdepy).
B cuny crtepeorpaduyeckoii
NPOEKUUH NPAMBIE INIOCKOCTH
E naxonarcs Bo B3aUMHO-O[- Yepr. 24
HO3HAYHOM COOTBETCTBHH C ’
NpOXOoAAlUMH yepe3d TOYKy N OKPYXKHOCTAMH, PacmnoJio-
AXCHHbIMH Ha chepe B. [lanpHeHIMUM BaXXHbBIM CBOHCTBOM
crepeorpaduuecKOd MPOEKUHMU SABJNSETCH €€ CBOHCTBO
COXpaHATh Yrjbl: AByM JAHHHAM Ha Coepe, mnepecexaio-
HIMMCA 0] AAHHBIM yrJjoM!, COOTBETCTBYIOT HA IJIOCKOCTH
JiBe JIMHHH, TepeceKaiouuecs mojy TeM xe YIJIoM.
HasoBeM Temepp Hauwy NyHKTHPOBAHHYIO Cepy ,mio-
CKOCTBIO“ (B KaBblUKax), ,TOYKAaMH IJIOCKOCTH® HA30BEM
TOUKH NMYHKTHPOBAHHON cepbl; OKPYXKHOCTH, Jexamue
Ha ¥ u npoxoasmue yepe3 Touyky /N, Ha3oBeM, Mo yuia-
JeHun u3 uux touku N, ,mpambeiMu“. [locne sroro mpu-
AaguM TOHATHUIO ,TIPUHAANEXKHOCTH NAHHOH ,TOUYKH® AaH-

1 YraoM Mexny AByMs KPHBBIMM (B YAaCTHOCTH, Mex1y ABYyMI
AyramMu OKpyxHOCTel) B NaHHOH MX Touke mnepeceuenus P Ha3b-
BaeTCHl YroJ MeXIy MX KacaTeIbHbIMH B Touke P; ecam sToT YTOI
NPAMOH, TO KpHBblE HA3HIBAIOTCA ,OPTOTOHANbHBLIMH® (HIH MepIenn-
KyJAspHLIMH) APYT Apyry B Touke P.
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HO¥ ,NIPAMOI® U HOHATHIO ,MeXAY“ HUX OOGBIYHHIH, Ha-
rASAHBIA ¢MpICH. ,OTpe3KkaMu® HAMHX ,IPSIMBIX “ SBASIOTCH
Tenepp NPOCTO AYTH NYHKTHPOBAHHLIX OKPYXKHOCTEH.
(TaK KaK OKPYXHOCTH NYyHKTHPOBAaHbl, T. €. M3 HUX y/a-.
neHa Touka N, To xaxnas napa ,TO4eK“ ompejedser.
AUlIb OJWH ,OTLE30K“). . , ot

LBe ¢urypn (,0Tpesxu, ,yrie* u T. 4.) Ha HaIe
,IIOCKOCTH" Ha3biBaeM ,KOHTPYDHTHBIMH®, €CJIu KOHIpYy-
9HTHBl UX CTepeorpapuyeckue NPoeKI U Ha MIOCKOCTh £
(B CHJIy CAE/NAHHOTO 3aMEYaHHs O COXPAHEHHH YIJIOB NPHU:
cTepeorpadHyecKoit NPOEKUHH KOHIPyIHTHOCTb YIVIOB Ha:
HAll€H ,NJAOCKOCTH“ MMEET TOT K€ CMbICH, YTO H OObly-,
Has KOHIPYSHTHOCTb YIJIOB, 06Pa30BAHHBIX yTaMH OKPY K-,
HocTed Ha cgepe). Bee 370 MONKHO ckasaTb Kopoue: He:
MOAbKO MO%KU U NPpAMbLE Mbl NEpeHOcuM ¢ naockocmu E
HQ ,NA0CKOCMb" L  nocpedcmsom cmepeozpaguyeckoi
npOeKyuu, HO My nepenocusm H@ L 1 6Ce OMHOULEHUS,.
cywecmeyioujue mexcoy 2eomempusecKumis guzypami Ha
naockocmu E. OTClOAa ACHO, YTO HAWIU ,TOYKH® U ,mps-,
Mbl€® 'yJOBIETBOPSAIOT BCEM AKCHOMAM, a CJEL0BATENbHO,
H BCEM TeopeMaM 3BKJHAOBOH reoMeTpuu. [Lpyrumu cio-,
BaMH, HAWA ,NJOCKOCTH . C €€ ,TOYKAMU“, ,OPAMbIMHY.
¥ COOTHOILUEHHSIMH MEXAY HUMH ABASETCH AeHCTBUTEJBHO.
MOJEJbI0 3BKJIHAOBOH TEOMETPHUM, XOTS HarJAsjHoe Co-
A€PKaAHHE TEOpeM 9BKJHAOBOH.T€OMETPHH HA 3TO#l MO-
Jieqld MHOE, yeM OOBbIUHO. : ;

Bepuemcs x crepeorpa¢uueckoii hpoexnuu. Qua cra-
BUT B COOTBETCTBHE HEKOTOPYIO TOUKY MJAOCKOCTH E Kax-
no#t Touke cepnl L, 33 uckaouenueM Touku N. Eciu 6w
Mbl 3aXOTEJIH YCTPAHWTbL 5TO HCKJIOUHUTEJbHOE N0JOMKe-.
Hue Toykd N, TO HaM OPUIIOCL OB IOMOJMHHUTH IJIO-
CKOCTb OJHOH HOBOMH, ,HA€aJbHOH“ HJIH ,6€CKOHEYHO-
YyAaJNeHHON" TOYKOH ©O, KOTOPYI0 Mbl Gbl M MOCTABUJH
B cooTBeTCcTBHE TOuke N. Ho mpu aToM He06XOAUMO HMeTh
B BUAY, YTO MJIOCKOCTH, IONOJHEHHAS OJHON 6ECKOHEYHO-.
YAaneHHOH TOYKO#, B KOTOpO# mepecekaiorcs Bce 6e3,
HCKJIIOYeHHs [pPsAMbIE, YXe IepecTaer yAOBJETBOPATEH
COBOKYymMHOCTH C(OPMYANPOBAHHBIX B NMPEbLAYIIHX Mapa-
'paax aKCHOM 9BK/IMAOBOH TEOMETPUH: Ha STOA ,IN0-
CkocTH* (MBI OyjaeM ee HasblBaThb ,KOHEGOPMHORL m.0-
CKOCTBIO*) BCsAKME JBe MNPAMbBIC HepeceKanTcs — HiH,
B OnHO#, MM B ABYX TOUKAX, CymECTBYIOT Mape Touek,
1€pe3 KOTOpEE MPOXOXUT GECKOHEYHO MHOTO PasMYHHX
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HHPAMBIXY (TaKO# mapoil sABASETCA BCAKas mapa BHAA P,
oo, rae P — xaxas-HHOYIb TOYKa IIOCKOCTH), ,OpsMbe®
JAUHUY — 3aMKHYTHl, O3TOMY HA HHX HE BblIOJHSAOTCA
aKCHMOMbI TTOpSZlKa SBKJHAOBOH reomerpuy, U T. A. Oue-
BHJLHO, F€OMETPUsI KOH(POPMHOA MJIOCKOCTH €CTh IMOUPOCTY
reomeTpHusi Cepsl, Ha KOTOPO#l OTMeu€Ha ONnpejeseHHasn
touyxka N, M BCE OKPYKHOCTH, MPOXOAAIIHE Hepe3 9Ty
TOUKY, HA3BaHbl ,MPAMBIMU®. IDTOT YCJOBHHIH fA3HK BO
MHOTHX OTAeJaX MaTeMaTHKH OKa3HBaeTcs Iesecoobpas-
HbIM — HampuMep IJI0CKOCTb, KOTOPYIO MMEIOT B BUAY BO
Bcell TeOpHH (PyHKLMA KOMIAEKCHOIO NEPEMEHHOIO, eCTh
UMeHHO KOH(OopMHas, a He 00bIYHAS §BKINA0BA MI0CKOCTD,
¥ B 9TOH TEOPHH 6biJI0 Gbl BO MHOTHX CJIyYasix MeHee Y106-
HO U MeHee HarJaAHO PacCyXAaThb o cdepe, BHAEJIECHHOH ee
TOUKe M NPOXOAALMX yepe3 3TY TOUKY OKPYKHOCTSX,
YeM IPOCTO TOBOPHTH O IJIOCKOCTH, ee (€LMHCTBEHHOH)
GeCKOHEUHO-y1aI€HHON TOUKE H NPAMbIX JHHHAX (KOTO-
pHle B 3TOM CJyuae MPeACTABJANT cebe KaK ,O0KPYKHOCTH
GecKOHEuHO-60/bIIOIO pafuyca’).

OnHako, XKOrja B reoMeTpuu (HampuMep, B aHaJIuTHYE-
CKOM TeoMeTpuH) TOBOPAT O GECKOHEYHO-Y AA/IeHHBIX TOY-
Kax MpsMbIX H ILIOCKOCTeH, TO HMEIOT B BHLY B 60Jb-
LIAHCTBE CJy4daeB OTHIOAb HE KOHQOPMHYIO IIOCKOCTD,
a TaK HA3bIBAEMYIO MPO-KMUBHYI NJIOCKOCTb, BO3HHKAIO-
LIyI0, eCJH MONOJHHTH INIOCKOCTb SBK/IHAOBO#A reomMeTpuu
He OXHOM, a 6€CKOHEYHbIM MHOXECTBOM 6eCKOHEYHO-y Ja-
JeHHBX ToueK. Kak M3BECTHO M3 aHAJNMTHUYECKOA reoMer-
puu!, 3TH 6eCKOHE YHO-y AANICHHbBIE TOUKM BBOASATCSA CJELY-
1omuM o6pa3oM: Kaxaas NMpAMasl MONoJHsAETCH OLHOIH
6eCKOHEeUHO-YAANEHHO! TOUKOH (M THUM NPeBPANIAETCA B
3aMKHYTYIO JMHHIO); GECKOHEUHO-yLaNeHHbE TOUKH JBYX
IPAMEIX OGBABAAOTCH TOXKAECTBEHHHIMH B TOM H TOJb-
KO B TOM CJ/ydyae, KOTJa 9TH IPsMble NapajjiebHbl (taxum
06pa3soM, COBOKYIHOCTb BCEBO3MOMKHbBIX MPSMBHIX, NapaJ-
JeJbHBIX ONHOA Kakoi-HHOYyIAh TpPAMOMH, MBICIUTCA Te-
mepb Kax NYYOK IPAMLIX, TPOXOAALIMX Uepe3 OnHy M Ty
®e 6eCKOHeuHO-yIaJEeHHYI0 TOYKY). MHOXECTBO BCEX 6ec-
KOHEyHO-yAaNeHHBIX TOYeK (T. €. MHOXECTBO Geckoneu-
HO-yJaJEeHHbIX TOYEK BCEX MpPAMbBIX IAOCKOCTH) © CaMo-
06bABAAETCS TIPAMOH JHHHEH M HA3HIBAETCS 'OCCKOHEUHO-
Y0asnennuil npsamoid TIOCKOCTH. N

0 . o, L [ARE SR
* "'+ Cm cmocky ma crp. 33. 7 T Loy
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[TocMoTpuM, KakoB HArJsAHHE CMBICA 3TOTO NONOHA-
HeHUS IJOCKOCTH O6GECKOHEYHO-YHAJEeHHBIMH  3JIEMER-
tami. [lns ®TOro BO3bMEM .
BHOBb OOLIKHOBEHHYIO. 9B-
KIUAOBY TIOCKOCTH E H
BHE €€, Ha PaCCTOsfHHH, paB-
Hom 1, Touky O=(0, 0, 0)
(uept. 25). PaccmotpuM co-
BOKYNHOCTb R (,CBA3KYY)
BCEX TIPAMBIX TpPeXMepHOTO
NPOCTPAHCTBA, NPOXOAAIINX
yepe3 Touxy O. Bca ara X
CBA3Ka MNPAMBIX pacnagaet- . Yepr. 25.
ci Ha ,Oy4ykH“ — moja Myu-

KOM NpAMbIX (DpUHAAJEXALUMX CBA3Ke, T. €. MPOXOoAs-
mpx depe3 Touky O) NMOHMMAaeM MHOXKECTBO BCEX mps-
MBIX CBA3KH 2, Jexamux B - OJHOH Kaxko#-HUOYAb NJIO-
ckocTd. Kaxaoii mpsmoii Hamed CBSI3KH COOTBETCTBYET
BIOJIHE OINpeneJieHHas TOYKa IJOCKOCTH E — HMeHHo,
TOUKA NEpPEecedyeHuss AaHHOHW -NMPSIMOH C IJOCKOCThbIO E;
UCKAIOYEHUE COCMABAAION AUUL Me NnpAmble C8SA3KU, KO-
mopsie napaasressHs. naockocmu E, — WM HHUTO HE COOT-
BeTCTBYeT Jljis TOro 4T106bl yCTPAHHTD 3TO HCKJIOUYEHHE,
Mbl YCJOBJIMBA€MCS CUHTATh, YTO BCAKAasA TpsAMas @ CBA3-
KH @, mapaajiesibHas IJIOCKOCTH E, Takxe mnepecexaer
9Ty MJIOCKOCTb E W NPUTOM B €JHHCTBEHHOI TOYKE, a
UMeHHO B oOmiell 6eCKOHEYHO-YJaJleHHOH TOYKE BCEX TEX,
Jlexamux B MIOCKOCTH £ mpaMBIX, KOTOPLE NapajiesbHbl
npsMO# @. ATUM LOCTUTHYTO IB3AHMHO-0JIHO3HAHHOE COOT-
BETCTBHE MEXJY BCEMH NPSMBIMHA CBA3KH W BCeMH (BKJIO-
yass 6€CKOHEUHO-y1aJeHHbIE) TOUKaMH naockocTH E. Hpu
9TOM NyuYKaM, JeXalmuM B HalleH CBA3KEe, COOTBETCTBYIOT
NpAMBIE UIOCKOCTH E,” B YaCTHOCTH, ‘MyYKy, COCTOAIIEMY
H3 NpAMBIX CBf3KH, MapaJuUleJbHBIX MJOCKocTH E, cooT-
BeTCTBYeT GeCKOHeyHO-yaaJieHHAs npsaMas njockociy, K.
AHa/NUTHYECKHM, UHCJOBLIM -aNNapaToM, - OTPaXaloUIUM
B3aMHO-OHO3HAYHOE COOTBETCTBHE MEXAY TOUYKaMH
(NPOEKTHBHOM) MJIOCKOCTH H NPSAMbIMH CBA3KH, SBASETCH
annapat 0OHOPOOHBX KOOpOUHAmM: 3a OAHOPOJHBIE KOOP-
IUHATH AAQHHOM TOukH P mnjockocty E MB npuHUMaeMm
TPU AEKapTOBH KOOPAMHATH X, y, ¢ JI060OH TOYKH
A = (x, y, t) upamoii OP (uepT. 25). OTci0Aa CEAYET, UTO
ONHOPOJHEIE KOODAHWHATH TOYKH P He SABAANTCA ORHO:-
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3HAYHO ompejeseHHbMH (TaK Kaxk BHOOp Toukun A Ha
upsamoit OP ocTaeTCsi NPOW3BOJIBHBIM), HO OHHU Ompexe-
JeHbl C TOYHOCTBIO JO MPOU3BOJBHOTO (OTAHYHOTO OT HYJIs)
MHOXUTEJISI MPONOPUHOHANBHOCTH [TaK Kak JJsd Jio0bix
‘nByx Touek A, (x,, ¥y, £)) u A, (X Vo, t;) npsamoit OP
uMeeM X1y, = X,:y,t,]. [IpyruMu cj0Bamu, OJLHO3HAYHO
ONnpe/eJeHHBIMH AB/IAIOTCA HE CAMH YHCJIOBHIE 3HAYEHUs
OAHOPOIHBIX KOOPAHHAT AaHHOM TOUkM P, a ux omuoue-
Hus. YpaBHerue NMPOU3BOJBHOH HPAMOI, Jexaiiei B Ipo-
€KTWBHOH MJOCKOCTH, INPUHUMAET B OJHOPOJHBIX KOOp-
JUHATaX BHJ '
ax+by+ct=0, (nH
T. €. ABAAETCA OJHOPOAHLIM YPABHEHHEM IEePBOii CTENEHH,
B uacTtHOCTH, ypaBHeHHe GECKOHEYHO-YAAAEHHOH IPAMOM
umeet BuJ £=0 [T. e. mosyyaerca M3 OOLIErO ypaBAeHUs
npamo#t (1), ecau B3ATh B HeM Kosdduuuentsl a =0, b==
=0, ¢ =1]. B camom gese, 6eCKOHEUHO Y1 aJEHHBIE TOYKH
IJ10CKOCTH £ 6biiu BBeA€HBl HAM KaK TOUKU MEepeCceyeHus
JMJI0CKOCTH £ = 0 ¢ mpPAMBIMH, JEXaIl MU B NJIOCKOCTH E;
X OJHOPOJHble KOOPAUHATH OYAYT no3tomy Buaa x, ¥, 0,
-TAE XU Y —NPOU3BOJbHbBIE YHCJA, HE paBHblE OLHOBPEMEH-
-HO HYJIO.
. TlpoexkTuBHyI0 mJIOCKOCTH MOXHO H3yuaThb C Pa3JHy-
‘HbIX TOYEK 3pDEHHs, 3aBUCHUIHX OT TOrO, KaKHe (PUTYpPHI
‘M OTHOMWEHHS MEXAY HHMH Mbl CYUTAEM OCHOBHbIMH:
B OOLIYHON B/EeMEHTAPHOA TeOoMEeTpPUH OCHOBHBIMU (HUTY-
paMH ABJSAIOTCA TOYKH U NPSIMble, 3 OCHOBHBLIMH OTHOLIE-
HUSAMHM MEXIY HUMH — OTHOIIEHHS UPHHALJIEKHOCTH, [O-
PALKAa U KOHTPDY3HTHOCTH. Ec/lM Mbl cNhXpaHuM TOUKH U
-IpsIMble (NpOeKmuBHO MIOCKOCTH) B Ka4eCTBE OCHOBHBIX
uryp, Ho 6yneM HHTEpPeCOBaTbCs JMIIb OTHOIWEHUAMH
TPUHALIEXKHOCTH U NMOPAAKA MEXIY HHMH, TO MOJYyYUM
NpOeKmusHy0 reoMeTpuIol, npuueM HeoO0XOAHUMO 3aMme-

. 1 Ecau Mol cuuTaeM JaHHBIMH T€ WAU HHBIE COOTHOUICHHS MEM(L
TOYKaMM U NPAMbIMA M3 MPOEKTHBHON NAOCKOCTH, TO 3TO UMEET TOT
TMBIC, 4TO Mbl MX ,MEPEHUCHM® H3 CBA3KH (rXe OHH HMEIOT 3leMeH-
TApHO TeOMETPUYEeCKHH CMbICH) Ha MPOEKTHBHYIO MJIOCKOC'b, T. €.
NocTynaeM TaK e, kak Mbl IOCTYNnWIu B Golee HPOCTOM cCiydae
KOH(POPMHON NJOCKOCTH M CTepeorpaduueckod npoekuuu. Buecto
9TOrO0 MOXHO ObIIO GBI CTAaTh Ba TOYKY 3PEHHS aHANHTHUECKOH reo-
MEeTpPUH H, OTOXIAECTBHB TOYKH MPOCKTHBHOH WIOCKOCTH C OTHOLIE-
HUAMH x: y:f (T. €, C KIacCaMH MNPOMODPHYOHAIbHBIX MeXNy c06oii
TpoeK HeACTBUTENbHBIX YHCEN), a HpsMbie — C MHOXECTBAaMH TOYeEK,
_ YIOBIeTBOpSIOIUX ypaBHeHHsM Buia (1), onpenenuth apudmeruye:
‘CKM BCe MHTepecyollde HaC 'MPOEKTHBHO-reOMeTPHUECKHE NOHATHS.
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THTh, YTO OTHOUIEHHUS MOPSZKA TEHmepb yXke OYRYT UHBIMH,
geM B SJeMEHTapHOH TEOMETPHH, YTO BHIHO XOTs Obl
43 TOTO, 4TO NpsiMasi JHHUSA HA NPOEKTUBHOH MJIOCKOCTH
gBJAAETCS 3aMKHYTOH JIMHHEMH.

Bo BcsikoM OTAe/Ne TeOMETPUM YCTaHaBJHBaeTCs, B
KAKHX Caydasx paBe Gurypsl —C TOYKHM 3peHus 9TOH
4aCTH TeOMEeTpPHH — CMUTAIOTCS IKBUBALEHMHb MU (DABHO-
CHABHBIMH), T. €. UMEIOUMMH B IIPEJeJIaX Na’HOTO OTAE-
7a TEOMETPUH TOJIHOCTBIO COBNAjalOUIME CBOKHCTBA; MO-
HATHE PABEHCTBA, WJIM SKBHBAJEHTHOCTH, BBOAWMOE ILaH-
HBIM OTZeJOM TeoMeTpud (HHOTAA TOBOPAT — JAHHOL
zeomempueil), B 3HAYUTEJILHOA CTENEHH XapaKTepH3veT
JAHHYIO TE€OMETPHYECKYI0 AMcHunauHy. B snementapnoi
reoMeTpuy Ase QUrypb CYUTAIOTCSH, KaK H3BECTHO, PaB-
HOIMH, €CJIH OHH KOHTCPYSHTHBI MeXAy COGO#, T. €. MO-
ryT ObiTh mepeBejaeHbl OfHA B APYTYI0 HEKOTODPLIM ABH-
xeHuem. [1pu 5TOM caMH MOHATHS KOHTDYSHTHOCTH W JBH-
XEHHs MOTYT OHITb Ju60 BBEAEHbl AKCHOMATHUECKH (KaK
Mbpl gesaanu B ra. Il u Ill), nu6o ke onmpeneseHbl HA HHC-
J10BOH (KOOPAHHATHOH) NJIIOCKOCTH aHANUTHYECKONH TeOMeT-
pMH KaK B3aUMHO-OJHO3HAYHbIE OTOOpANKEHMS STOH mJoOC-
KOCTH, COXpaHsiomue (apupMeTHUeCKH Ke OMNpereseH-
Hble) paccTOosHUs Mexay TouxaMmu. [lpenMyImecTBo aTOro
apu(pMeTHUECKOro M/JIH KOOPAHHATHOTO METOXA (T. € me-
TOZA aHAJIMTHYECKOH TreOMeTpHH) 3aKJII04aeTcss B BO3SMOX-
HOCTH ONpeAeNuTb ABHXKEHHs, HENOCPEeACTBEHHO 3aJaBas

(OpPMYJIH, T03BOJISIONIHE BHIUHCIHTD KOODJAUHATH MpPe0G-

Pa30BAHHON (ZAHHBIM JBHXEHHMEM) TOYKU O KOOPAHHATAM
NepBOHAYANBHOM: o
x:=a11x+alzy+¢n } - 2)

Y = ayX+any + 06, | ' .

rae xos(phULUHEHTb @y, C; ONIpPEeJeJsioiye JaHHOe IBH-
KEHune, CyThb Jo6ble JeiHCTBUTE/bHbIE UHC/IA, YAOBIETBO-
pAoUIHe YCJAOBHAM

\

2 2 — .2 2 =
ant ap= a21+ azp=1 } (3)
Ay105; + Q1p0pp = 0.

[MpoexTuBHAsl TEOMETPHS HE 3HAET HU JBUXEHHH, HHU
KOHIPYSHTHOCTH: MECTO ABHKEHUH 3/1eCh 3aCTYNawT npo-
exmugnble npeoGpasosanuss (0TOOGpPaXEHUs) NJIOCKOCTH,
UM KoAsuHeayuu. [lox 9THM HMEHEM NOHUMAIOT B3AWMHO-

9.



OZHO3HAYHBIE OTOGPAKEHHS NPOEKTHBHOM MJOCKOCTH Ha
ce6sl, 3amUCHBALMKUECH B OAHOPOAHBX KOOPAMHATAX Tag.

X =apx+a,y+ayt, .
Y =a5X + apy + ayt, (4)
V= ayX + a5, ¥+ ayt,

TAe ONpEleNsiolue AAHHYIO KOJIHHEALHIO AEBATD Koa(.
(QHUUEHTOB @; CyThb COBEpIIEHHO NPOU3BOJNBHLIE Aej.
CTBUTE/IbHbBIE YHC/A [ AMHCTBEHHOE YCIOBHE, KOTOPOMY ORy
IO YHHEHB], 3aKJIOYAE€TCA B TOM, YTO COCTABMEHHbIH gy
HUX ONpejenuTe/nb OTJAHYEH OT HYJs, HO 3TO YCJIOBHe
yxe copepxurcs B Tpe6oBaHuM, YTOGH jAaBaemoe dop.
Mynamu (4) otoGpaxeHue Gbljio B3aHMHO-OJLHO3HAUHbIM],
[eomerpuuecku xonnuneauuu Moryt G6uTh Omperefeny
KaK TaKHe B3aHMHO-OLHO3HAYHbIE OTOOPAXEHHS MpOek-
THBHO# IJIOCKOCTH Ha Ce68 MM Ha APYTYIO TaKYIO XKe
TJIOCKOCTb, MPH KOTOPHIX KaxJas npsaMas NMePeXOAMT B
npsamyio. TUNAYHBIY TIDEMED NPOEKTHBHOTO OTOGPAXeEHHs
NONYyUyuM, €C/IH CIIPOEKIHPYEM MIOCKOCTb £ Ha MIOCKOCTH
E’ (uept. 26) us Touxn O (UEHTP NPOEKLHH); TIPH STOM
OTOGpaxXeHHH, B YaCTHOCTH, .
GecKOHEYHO-yAaleHHas TIps-
Mast mjaockoctd £ mepeiaer
B npamyio u’ mrockoctu E’,
a 6eCKOHEYHO-yaNeHHas
npaMas  mJaockoctu E’ —B
npsaMyio u naockoctu E (rak
4TO THIEP6OJB MJIOCKOCTH
E nepe#inyT B sanuncs nioc-
kocth E’, mepecexawuue
npamyio u’, a napaGoJsl ma0-
CKOCTH £ — B 3NJHICH, Kaca-
omuecs npsaMoi u’; nao6o-
POT, SJUIHNCH TJIOCKOCTH E, Yepr. 26.
nepecekanmyue mnpAMyl I,

0ToOpaxaloTCs Ha runep6oJbl MIOCKOCTH E/ M aHanoruy-
HO ¢ mapaGoaamH).

JlBe Qurypn HasHBAaOTCS B MPOEKTHBHON! TEOMETpHUH
9KBHBAJEHTHbIMH, €CJIH OJiHA W3 HUX MOXeT OHTb Dhepe-
BEAEHA B JPYryio HEKOTOPOH KOJJIHHeamued, a cama
NPOEKTUBHAS FEOMETPUA MOXeT OHTh onpejesieHa Kak
COBOKYNHOCTb TeX CBOWCTB (UIYyp, pacnosOxeHHbX B
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npoexmnﬂoﬁ IJIOCKOCTH, KOTOpPbHIE COXPAHAITCA IIpW
pcex TPOEKTHBHBIX  OTOGpameHMAX  (KOJIMHEALUAX).
[TpoeXTHBHbIE OTOOpaXeHHs IPOEKTHBHOH MJIOCKOCTH
raK XK€, KaK M KOHIPyIHTHble OroGpaxenus OGbIKHOBEH-
goil TJIOCKOCTH, 006pa3yoT, OYeBHAHO, rpynny (MOArpym-
oy B TPYNNe BCEX B3aUMHO-OJHO3HAYHBIX OTOGPAKKEHHI
‘IpOeKTHBHOH IIJIOCKOCTH HA cebsa). B rpynne Bcex xoa-
AHHEaluH, B CBOIO Ouepelb, COAEPKATCA MHOIUE 3ame-
yaTeJbHblE MOATPYNIbI, KAXAAA U3 KOTOPHIX MOXET ObiTh.
[10JI0XEHd B OCHOBY HEKOTOPOIO ONpeleneHHs 3KBHUBA-
JEHTHOCTH (GHTYD H, C/IeL0BATE/IBHO, HEKOTOPOH reoMer-
pun. [Ipex e Bcero ecTecTBEHHO PaCCMOTPETb NOATLPY Y,
COCTOALLYI0 H3 BCEX KOJJIMHeauui, oTobpaxawomux Gec-
KOHEYHO-YJaJeHHYI0 NpAMYIo Ha ce68. 3TH KOJIHHEAlHH
Ha3bIBAIOTCS aPPuHHbimi OTOGpakeHHaMH. AdouuHbe
oroGpaxeHuss OTOoGpaxaoT Ha ce6a M OOBIKHOBEHHYIO
YHC/IOBYIO IJIOCKOCTb, PACCMATPUBAEMYI0 KAK Y4aCTh NPOEK-
TUBHOU MNJOCKOCTH [T. €. MHOXECTBO BCeX TOYEK MPOEK-
THUBHOH IJIOCKOCTH, JIJs KO10pbiX ¢+ 0 M mo3ToMy —
TaK KakK CyUeCTBEHHbl JHIIb OTHOLIEHHS OLHOPOAHBIX
KOOPAMHAT — XA KOTOPBIX MOXHO TNOJOXKHTh ¢ =1 3a-
MenuTh (X, y, 1) npocto yepes (X, y)|. Aggunnin reomer-
pHA M3yuaeT COBOKYNHOCTb BCEX CBOWCTB (OGHIKHOBEH-
HO# UMCJAOBOM MJIOCKOCTH), COXpaHsiomuxcanpu adpduu-
Hbix otobpaxenuax. [Ipy caMoCTOATENHLHOM NOCTPOEHHUH
ahuHHOH TeOoMeTpHH IMpOouUle OTHPABAATHCA Henocpex-
CTBEHHO OT YMC/IOBOH MJIOCKOCTH (6€3 BCSKHX GeCKOHEeUYHO-
YAaJEHHbIX TOYEK) M onpenearb aduuubie oTtobpaxe-
Hus “popMyamu: : _
/ X =apx+a,y + ag,

Y =anXx+ @y + a3,

rie a; — no6Gble AeHCTBHTEJbHbE YHC/IA TMOJ yCJAOBHEM
@118y — A190y + 0. Ho s Hac ceilyac BaXHO NMOAUYEPK-
HYTb, YTO MBI, MOXEM DacCMaTPHBaTh UHCJOBYW0 (WaH, KaK
HHOrJla TOBOPAT, ,aPdUHHYIO®) NJIOCKOCTh KAaK 4YacCTh
IPOEKTHBHOM, a afipinHble OTOOpAaXKEHUss — KaK NPOUCXO-
LAu[de OT KOJJIMHeauud, oro6paxanlluxX 8Ty 4acTb npo-
eKTHBHON IJIOCKOCTH Ha cebsd. Ecau ¢ TNPOEKTUBHOH
" TOYKM 3pEHUf BCE KOHMYECKHE CeUeHUs — KBHBAJEHTHH
(cM. Bhime), TO ¢ addUHHOK — BIAUNCH, THNEPGONB M
napa6o/isl 06pa3yroT TPH pasfUyHble KJAACCa KPHBHIX, HO
BCe KpUBbHIE BHYTDH OJHOrO Kjacca .apdhuHHO-IKBHBAJIEHT-
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HBl MexJy coGoit (B YaCTHOCTH, BCE SJJIMICH 9KBHBA-
JEHTHh  J1I000My M3 HHX, HamnpuMmep OKPYKHOCTH
X2y =1) '

Ecau uTTH N0 nyTH janbHefilied CrenHanu3anuy, T. €,
UCKaTh MOATPYMNBI Tpynmsl BCeX apPUHHBIX OoTOOpaxe-
HHM#, TO NPHAETCS MNpexJe BCero TOBOPHThL O Ipyrme
BCEX OTOGpaxXeHUH MOZOGHUS; K HEil MBI BEPHEMCS B KOH-
ue Hamero u3aoxeHus. OFHAKO MOXHO H36paTh U ApY-
TOH NyTh: MOXHO B3Tb KaKyl0-HHOYAb 4acTb NMPOEKTUB-
HOH IJIOCKOCTH — HampuMep BHYTPEHHOCTb HEKOTOPOTO
KOHHYECKOTO ceuyeHuss K — M paccMaTpuBaTth Tpymmy, Co-
CTOSILIYI0 M3 BCEX TeX KOJUIMHEealu#H, KOoTopbie OTo6pa-
KalOT KoHHueckoe ceyenue K Ha cebs; Takue KOJ.1HHea-
UMH — HA30BEeM HUX ,J0N0yCTUMBLIMH® — OTOOPAKAIOT BHYT-
pPeHdOoCThy KOHMYECKOro cedeHuss K Takxe Ha Hee camoe
[2 BHemmHOl0 o6nacTe Ha BHemHo©']l. Orpanuuusas
006/1aCTb HaWMX TEOMEeTPHYECKHX IOCTPOEHMHl BHYTPEH-
HOCTbIO KpuUBO#d K, €CTECTBEHHO HAa3HBAaTb ,TOYKAMH®
JHIIb TOYKH, Jexaupe BHYTpH K, a ,mpsiMbiMd“ — Ops-
MoJiMHeliHbe oTpe3ku PQ (uepr. 27), nexamue BHYTPH
K u ynupaiomuecs, o60uMu CBOMMHM KOHUAMH B 3Ty
KpUByI0 (camu Toukd P u Q, Jjexaumue Ha K, MBl, Kax
Bcerja, K OTpe3Ky He IpHYHCAsfeM,TaK Yyro Haumu ,npd-
Mbl€“ OKa3biBalOTCA B 06e CTOPOHbBl HEOTPAHHYEHHBIMH).
OnpenenuBmn Takum o6pa3oM ,TOYKH® H ,TpAMbe’,
Ha30BE€M BHYTPEHHOCTb KO-

HUyeckoro ceueuuss K ,mio- Q

CKOCTBIO, @ JOmyCTHMble £
KOJIIMHEaNH, paccMaTpuBae-
Mble aumb BHYTpH K (T. e.
KaKk orof0paxeHus Haumei
»IIOCKOCTH® Ha ,ceba“), Ha-
30BEM ,lBHXKEHHSIMU IIOCKO-
cru“. TloayuuMm HexoTOpyIO
C€BO€00pPa3HyI0 reOMETPHIO, B Uepr. 27,

P

L Ecau Ha TPOEKTHBHOH NAOCKOCTH NAHO KOHWUECKOE CeueHHe
K, 10 BCe He nexamue Ha kpuBodi K TOuKM pacmaialOTCa Ha IBa
MHOXECTB4: BHYmMpeHHlUe TOYKH, M3 KOTOPBIX HeIb3s IIPOBECTH K
KpuBO# K (aefCTBHTENbHVIO) KAaCATeNbHYI0, H 8HEWHIUE, U3 KOTOPHIX
TaKYI0 KacaTeJbHYI0 MpPOBECTH MOXHO. [Ipu J060M IPOEKTHBHOM
O0TOGpaMeH ¥ NJIOCKOCTH, MepeBONawMM kpHBYl0 K B camoe cebs,
BHYTPEHHHE TOUKH 11ePEXOAAT BO BHYTPEHHHUE, a BHELIHHE — BO BHEI-
HHUe (TaK KaK BO3MOXHOCTb MPOBECTH KacaTEIbHYI0 COXPaHsETCH). - .
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KOTOPOH — KaK B OOHLIYHOH 3BKJAMAOBOH reomMeTpuu —
peub HAET O ,TOYUKAX“ H ,MPAMBIX“, B KOTOPOH OTHOMIE-
gus  ,[PUHALNEKHOCTHY H ,MeXAY* COXPaHAIOT CBOIi
06blUHbl, HATJIALHBIA CMBICJA U B KOTOPO#l MMEeTCs CBOSI
rpynna ,ABHXEHWH“ W BBITEKAIOUIAS W3 ee CyllecTBOBa-
yusl. nKOHTDYIHTHOCTB® (ABe (PUIypBl HA3LIBAIOTCA ,KOH-
rpySHTHHIMU®, €CJIH OHH MOTYT ObITh NEPEeBEeJEHbl APYT
8 JIPyra HEKOTODLIM ,IBHKEHHEM).

Mbl MOKaxeMm B cJAeAylouleM maparpade, 4TO Hauwa
c80eobpasnas ,2eomempus®, ocHO8Hbie 06pass. . COOM-
HOWEHUSL KOMOPOR UMEIOMm 8ROAHE ONPeOeseHHblll CMbICA
GHYMPU CAMOL 3IBKAUOOBOLL 2e0Mempul U NOIMOMY He
MOZYM. €00epHcamy HUKAKO020 NpOMuBopexus, ecmb He
4mo UuHoe, Kax zeomempus Jlobawesckozo, Henpomuso-
pewusocmy Komopoii marxum 00pasom u 6ydem doxasana!
[lpyruMd CJIOBaMM, Mbl ITOKa)eM, YTO ,F€OMETpHA“ Ha-
med ,MIOCKOCTH® HmpeicTaB/aseT COOO0H MOLeNb reomer-
pun JloGaueBckoro. )

VI. HCCJELOBAHHUE NMEPBOW MOJEJW FEOMETPUH
JOBAYEBCKOI'O

Jlns npocTOTE MpPeHOIOKHUM, YTO Haule KOHUUECKOe
ceuenre K €CThb OKPYXKHOCTb pajguyca | Ha 9BKJMIOBOMH
WIOCKOCTH £, NONOJIHEHHOH, KaK YKa3aHO B NpEeAblay-
meM maparpage, G6eCKOHEYHO-YHAaJeHHBIMH TOUKAMU 10
NPOEKTHBHOH MHJOCKOCTH (KOTOpyio Mb GyneM 0603Ha:
yath Takxe yepe3 E). [lonpexnemy Gyaem 6path B Ki-
BRIYKM BC€ TFeOMETpPHUECKHE TEepMHHBI, Kacaloliuecs Ha-
ureii MoJeJM, TaK 4TO CJ0BA, He B3fThiEe B KaBBIUKHU, Gy-
AYT OTHOCHTBLCH K 9BKJAHLOBOMH (M TPOEKTHBHOM) Te OMETPHH,
rocnoACTByOmei# Ha camoit niockoctu E. Kpyr K 6ynem
HA3bIBaTh ,PYyHAAMEHTAJbHBIMY, '

Hama sazaua — poxasarb, YTO NOCTPOEHHAS BhIlIE
2T€OMETPHUA® YN OBAETBOPSACT BCEM AKCHOMAM TeOMEeTpPHH
Jlo6aueBckoro. DTO0 OYEeBUAHO B NPHMEHEHHH K aKCHO-
MaM NPHHAAJNEXKHOCTH M NMOpSAKA.

[Tlepexons K aKcHOMaM KOHTPYIHTHOCTH, 3aMeTHM, 4TO
HACTHbIMH CJAYYAAMH ,ABHXEHUH TJIOCKOCTU® ABASAIOTCSA
" Bpaulenus kpyra K Bokpyrero uentpa (Ha mo6oit yrou),
4 TaKxe ero CHMMETPHH OTHOCHTEJbHO JI000TO H3 ero
AuameTpoB., ONHAKO STHUMH YaCTHbIMH CJAydasMHd JaJeKo
He HCYEpNBLIBAETCA MHOroo6pasue BCeX ,JABHXKEHHH®.
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B camowm zene, MOXHO A0Ka2aTh (I0Jb3YSCh HeCJOXKHbIME
TeopeMaMH NPOEKTHBHOH TeoMeTpHH) CJEeAYIOUYI Teo-
eMy:
d 'I)‘,e opema. [lycTs BBYTpH GyHILAMEHTANbHOTO KPYra
K nauul aBe Touku A n A’, aHa ero OKPYXHOCTH — ABe
'ToukH P u P’ (uepr. 28).
CymecTByOT, U UPHUTOM
JUIIbL JBe, JAON0YCTUMbIE
KOJIIHHEAUHH, nepeBOAs-
mue ogHoBpeMeHHo A B A’
u P B P’. Yrobbl u3 aTux
ABYX KOJJUHeauud BHO-
.paTh OIHY ONpEeJeJIeHHYIO,
Hamo B KaxJoil M3 nap Ayr
PQ u P’Q’ Bubparte mo
OnpeneneHHo pyre u mo-
Tpe6oBaTh, YTOOH BHIGPaH-
Hasa Hamu ayra PQ nepe-
II.1a B BHIOPAaHHYIO AYry
PQ’.

Ecau, nanpumep, Ayra
PRQ mnepexoautr B Ayry
P'RQ’, to pyra PR'Q uepe#izer B nyry P’R'Q’ u uao-
60pOT, Tak KaK OKPYKHOCTb K B3aHMHO-OHO3HAYHO Mepe-
XOAHT B ce0sl; NO3TOMY HMEEM JBa BO3MOXHBLIX C/yuyas,
a He uetnipe. C apyro#t cropoun, ecau ayra PRQ nepe-
XonuT, Bamnpumep, B Ayry P’R’Q’, TO Becb KpyroBoi
cermMeHT PRQ — Ha uepT. 28 on 3amITpUXOBaH — mepeiaeT
B KpyroBoil cermeut P'R'Q’. ,

M3 aToit TeopeMmsbl cpasy cieayer, UTO OIpejeIeHHbIE
HaMH , IBUXEHHs NJOCKOCTH® YJIOBJETBOPAIT AKCHOME
3’.3 ra. III; xpome Toro, oHH, OYUEBHAHO, O6PA3YIOT MOX-
Tpynny B rpynne BCeX B3aMMHO-OAHO3HAYHBIX OTOGpaxe-
HUA ,MJOCKOCTH* Ha ce6s; HAKOHeI, OHH, KAK JEerKO BU-
AeTh, yaoBJaeTBOPAIOT W akcuome 3’.2. Otcioga, B CHaAY
paccyxaenuft ra. Ill, caenyer, uro HamM ,TOYKH® M ,IpA-
Mbl€“ yJOBJETBOPSIIOT BCEM aKCHOMAaMm KOHTDYSHTHOCTH.
[Ipexae yem xokasbiBaTh, YTO MOCTPOEHHAS] HAMU MOJEJ]b
reOMETPHH YAOBJETBOPAET aKCHOME DBAOKCA, HAM HE00-
XOIHUMO CAEJaThb OXHO CYIIECTBEHHOE 3aMEYaHHE O KOH-
TPY3HTHOCTH ,OTPE3KOB“ HA IJIOCKOCTH.

© M3 ananuTHuyeckoi reoMeTpud M3BECTHO, YTO ABOMHBIM
A aHTapMOHUYECKHM OTHOIIeHHEM ueTHpex (LaHHHX B

44




onpeieneHHoM mopsaake) touex P,Q,A,B, npunamiexa-
mMX OLHOH M TOH Xe INPAMOH a4, Ha3bnBaeTCsH

PA .PB
(PQAB)_Q—A ‘OB
(OTpeskaM MPUIHCAHBl ONpeXe/ieHHEE 3HAKH, COrJacoBaH-
pple C HampaBJleHHeM IIPAMOH, BLIGPAHHBIM B KayecTse
[IOJIOXKHUTEJAbHOTO.)

Jlanee u3BecTHO (M COZEPXKUTCA B JIOOOM XOpolIEM
yueGHHKe aHAJNHTHUECKOH reomerpuu'), yTo ABOHHOE OT-
HouleHue 06/agaet CpeAH NPOUYHUX CBOHCTB CJaeLyIOUIMMH:

1. Ecau touxku A, B pacnojioxeHnl Ha NpaMOH @ MexX-
ay Toukamu P u Q, to (PQAB) Bcerna NOJOXHTENBHO,
mpuueM, ecid HanpaBieHue or A x B Ha npamo# a cos-
pajaer ¢ HampasaerueM orT P x Q, to (PQAB)<1, B npo-
THBHOM Xe cayuae > 1.

9. (PQAB) = (QPBA).
3. (PQAB)=1:(QPAB) =1:(PQBA). -

4. Ecqu orpe3xn AB u BC—o0aMHAaKOBO HanpaBleHHbIE
oTpesku npaMoi a (uepr. 29), nexamue Ha oTpesxe PQ
TOH XKe NPAMOH, TO

(PQAC)=(PQAB) (PQBC). 77 5 aq

5. Ecaun Touxku P, Q, A Yepr. 29.-
IaHH, a-Touka B mpoGeraet
Bech oTpesok PQ, 1o (PQAB) mpuHHMAaeT BCE TOJOXH-
TeJbHble 3HAUEHMA, KaX0€ TO/IbKO OJMH Pas. ‘

6. Ipu xoniuHeanusx ABOHHOE OTHOWEHHE HE Me-
HAeTCH, T. €. €CJIM IPH JaHHOH KOJIMHEAauuH TOYKH P, Q,
A, B, nexauue Ha HeKOTOPOH MPAMOH @, MepeXonsAT B
touxn P’,Q,A’,B’ (nexamue B STOM CJyuyae HENPEMEH-
HO Ha HEKOTOpO¥ mpsiMoi a’), TO

(P'QA’B’) = (PQAB).

OTcl0/a CIefyeT: ecan ,orpeskn® AB'u A’B’ na ,mnoc-
KOCTH® ,KOHTPYSHTHBI® MeX 1y COGOH (T. €. Mepexonar
IpyT B Apyra IocpeaCTBOM HEKOTOPOH JOMYCTUMOH KOJI-
Auneauuu) 1 ecad P, Q, P, Q' cyTh TOYKH NepeceueHHs
¢ (pyHNaMEHTaMbHOH OKPYXHOCTHIO K COOTBETCTBEHHO
npambix AB u A’B’, npuueM 0603HauEHUSA BbI6paHbl TaK,

7 CM. CHOCKY Ha cTp. 33.
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4To P, Q uayT (Ha mnpsMoit PQ) B Tom xe mopsaxe, uTo
uA,B, a P'Q nnyt (ua npaMoii P'Q’) B Tom xe nop;m-l
e, utou A’, B’ (uepr. 30, ToO : '

(PQAB)=(P'Q'A’'B)). . . P

O6patHo, u3 Teopembl B
Havane aTO# raaBH (CTP. 44)
H K2 CBOHCTB 4 11 5 ABOiHOTO
OTHOLIEHHSI JIETKO CJAELYET:
€CJId AB€ mapul ,Touek“ A, Bu
A’, B’, pacnionoxeHHble COOT-
BETCTBEHHO HA ,NPAMBIX* @
¥ a', TaKoBm, uTO (06O3HA-
uyas yepes P,Q, P’; Q' Touxu
nepeceyeHus OpsaMbix a U a’
¢ PyHAAMEHTANbHON OKpYX- Q
HOCTbIO)

(PQAB) = (P'Q'A’B’), :
TO ,0Tpe3ku“ ABu A'B’ ,xou-
TPY3HTHH“ Mexay coG6oii. -

Hrak, ans toro uto6m aBa ,orTpesxka* AB u-A’B’ Ha
»IJIOCKOCTH OblMM ,KOHTPYIHTHBI® Mexay co6oii, Heol-
XOAHMO M JOCTATOYHO, YTOGLI OblJIO

(PQAB)=(P'Q’A'B’),
rae P, Q, P, Q' cyTb TOuKH TepecedeHus” GyHAaMeH-
TaJbHON OKPYKHOCTH C COOTBETCTBYIOILUMH TIPAMBIMH,
. HECYWUMH 3TH OTpPEe3KH (1pu-

YyeM Ha COOTBETCTBYIOUIUX
npAaMHX Touyku P, Q uayrt B
TOM Xe TopsjKe, 4YTO H A,
B, a toukn P’,Q’—B TOM Xe
nopsake, uro u A’, B).

3amenanue. Ecniu Mbl uMe-
eM psAx  ,KOHTPY3IHTHHIX*
MeXAay Cco6oH ,OoTpe3koB*
AA, A A, ALA,,... (depr. 31),
HAYIIUX OAMH 3a APYTHM Ha
»APAMOH® @, TO NJHMHH 3THX
OTPE3KOB B CMHCJIE 3BK/IUIO-
BO reoMeTpud (Ha IJIOCKO-
ctu £) HeéorpaHnyeHHo yOw-
BAIOT 1O -Mepe Npu6JIHKEeHNs

Yepr. 30.




K (QyHLAMEHTaNbHOH OKPYXHOCTH (ma, ueprexe 31 —k
touke Q). Jpyrumu C/I0BaMH, y,lpsiMas“ ,IJIOCKOCTH®
HE TOJABKO HeOTrpaHHuYeHHAa B 00e CTOPOHB B CMBICJ]E
OTCYTCTBHS Ha HEH KOHLEBHIX ,TOUEK", HO H B TOM CMBICJIE,
y10 J1L6OH ee OTPE30K MOXKHO HAa HEHl OTKJaAnBaTh 6ec-
KOHEYHO® YHCJO pa3 B 06e CTOPOHH OT NPOU3BOJILHOMN
ee TOUKH. :

Jsa Toro uro6Ll HE OroBapuBaTh Kax bl pas mops-
JOK, B KOTOpOM OepyTrcsi Touku P u Q, mpouie BMeCTo
uucaa (PQAB) 6parb uucao In (PQAB), ue wensio-
meecs B CUJAY .CBOHCTBAa 3 JNBOHMHOIO OTHOWIEHHS OT Iie-
pectaHoBkH Touex P u Q wan A u B. Yucio |In (PQAB)|
TeM 6oJiee eCTeCTBEHHO Ha3BaTb ,PaCCTOSHUEM“ MEXAY
~TOuKamMu“ A U B Ha ,IJI0CKOCTH“, UTO H3 CBOMCTBA
4 JBOHHOrO OTHOillEHUS Cpasy cjiegyer

ACt+CB-=4AB
ans . moboit ,ToykH® C, pACHoOJNIOKEHHOW HA ,mpPAMON*

a=AB mexay ,touxamu® A u B (AC, CB, AB o6o3ua-

4alOT TOJbKO YTO BBEAEHHBIE ,PAacCTOAHHA*). Mbl MOxKeEM

TENEPb CKa3aTh: 8 u3yuaemoir Hamu ,2€0.empuu’ (Tax

e, KaK M B TeoMeTpuu IBK.IuAa) dsa ompeska AB u A'B’

KOH2pYIHMHbL m020a U MOAbKO m020a, K0e0a ,paccmos-

Hue“ Mexc0y ,mouxamu A u B pasHo ,paccmosmuio“
mexcdy ,moukamu* A’ u B,

Teneps serko poka3aTh, YTO HA ,MIOCKOCTH® BHINOJ-
HEHa aKCHOMa JBJOKCA: €CJIH Ha ,NpAMOiA“ @ = PQ paHbi:
orpesok AB (cm. uepT. 31) 0 ,KOHrpySHTHBIE" MEXAY

coboit orpesxu AA,, AA,, ..., A, A, 11, ... (OTKIaabIBaE-
Mbi€ BC€ B HampaBjeHud oT A x B, coBmagawuieMm ¢ Ha-

1 Crenywmee 3aMeyaHue Mbl AelaeM BHe TMABHOTO TEKCTa JHUIb
NOTOMY, 4TO, NMPH BCEA €ro BaXHOCTH, He XOTHM NpPEePHBAaTh UM
OCHOBHOM JMHHH HAIUHX PacCyXAe¢Huil, BeAYIUX K JOKa+aTeibCTBy
TOrO, YTO HA Hauled MOZeAM BHIIOJHEHbI BCE aKCHOMBI aGCOJNIOTHOI
reomMerpun. 3ame y aHHue. [1py TOAbKO YTO H3N0XEHHOM BBeLEHUH
,PaCCTOAHHA® MeXLY NioOBIMH ABYMA ,TOYKAMH® Mbl, B OTJHYHE OT
3BKIHJ0BOH reoMeTpuu, o6oiauch Ge3 BCAKOTO BHI6Opa MacmTaba;
€Cl¥ B 9BKIMIOBO} reOMeTpHH, OnpefelleHAe PACCTOAHHS MEXAY TOY-
KaMH BO3MOXHO JHMb MOCIE TOTO KaK NPOH3BOJNbHLIM AaKTOM Oyner
YCTaHOBIEHO, KAKOMY HMEHHO M3 KN4CCOB KOHTDYSHTHHIX MEXIY CO-
60#f OTPE3KOB Mbl MPUIHCHIBAeM AA%=HY 1, TO HA Haulefi ,NAOCKOCTH®
onpeneleHHble ,0Tpe3KH“, 6e3 BCAKOrO MNPOH3BOJNA C Hauled CTO-
poHB, MONYUHNH ANWHY l.B u3ywaemoit ,reoMerpuu“ cymecrtByer,
KaK TOBOPAT, ,a6CONOTHAA €IHHHMLA ANWHBI®,
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upasjesuem or P k Q), to, o6o3nayas uepes \ 06-
myio ,AIuMBy® BCex oTpe3koB A,Ani1, T. €. NONOXH-

TeapHoe uucao h=|In (PQAA,)|=|In(PQA,A4,) =... =
=|In (PQA,An +1)|=..., UIMEEM B CHJIy CBOHCTBAa 4 ABOH-
HOTO OTHOIIEHHS:

(PQAA,) = (PQAAY = €',

T. e. nnauHa orpeska AA, paBssa n\. flpn pmocrarouno
GOJILLIOM 1 3TO 4YHCJO OoJjblie, yeM JaK6oe 3afaHHOe
IOJIOXKHTEJbHOE p, B YacTHOCTH, ueM p = |In (PQAB)|,
OTKyJa CJeAyeT, YTO NpH JOCTATOYHO OOJBIIOM 7 OTpe-
30k AB nexut Ha orpe3ke AA,, ueM axcuoma 3IBHOKCa
moka3ana. Tak xak axcuoma
Kanropa B Hameit cucreme
BBIIIOJIHEHA OYEeBUAHBIM 00pa-
30M, TO Mbl MOXEM CKa3aTh,
4TO ,NAOCKOCMY* Y008A€MBO-
paem scem axcuomum aobco-
AIOMHOL 2eomempuu, m. e.
8CEM QKCUOMAM, KPOME 38K-
AU0080  aKCUOMBL  napas-
seabnsix. HUto xe xacaercs
9TO# mocJenHel, TO, KaK Io-
KasbiBaeT uepT. 32, OHA HE
BBHIIOJNIHEHA, TOTAA KaK aKCH-
oMa napaJanenbHsix Jlo6aues-
Yepr. 32. CKOro, Ha060POT, BHINIOJHEHA
: Ha HalleM YepTexe ,npaMaa“
a 1 Toyka A BHe ee BHIGPAaHBl NPOH3BOJIBHO; O6e ,IIps-
muie* AP wu AQ, oyeBHAHO, mapajjesbHB ,NPIMOH“ @,
KaK napajjesbHbl B BCEe ,NpsMbie“, NPOXOAALIHE uepe3
»TOUKY“ A M Jexamue B 3alITPHXOBaHHOH mape BepTH-
KaJbHbIX YIJIOB — HM ONHA M3 9THX ,NPAMHX“ HE nepe-
cexaeTca ¢ ,OpAMOR“ a.

" Hame uccaenoBanue 3akonueno. Ha marepuane sBkiu-
JOBOH TeOoMeTpHH, T. €, Ha3bBass ONpejeJieHHble TOUKHU
9BKJIMAOBOH NJIOCKOCTH ,TOUYKAMH“, a onpejelieHHbEe OT-
PEe3KH 3BK/HJOBBIX MPAMbBIX ,IPIMBIMH* ,TIMIOCKOCTH® ¥ On-
pelrensas HaAfexaun UM o6pasoM BCE OCHOBHblE TOHATHS
reOMETPHH AJSI 3THX ,TOYEK® U ,MPAMBIX*, MB NOJYYUIH
noanyr ,modens” 2eomempun Jlobauescko:o, T. e. moay-
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4UIH CHCTEMY NOHATHA M OTHOLIEHHWi, H3OMOP(HYIO CH-
cTeMe axcuoM reomeTpuH JloGauyesckoro. Kaxmoe us
9THX OTHOLICHHHA BBIPAXAET ONpejleleHHOE, BEPHOE B CMbiC-
Jie 3BKJMJOBOH TeOMETPHH, OTHOUIEHHE MeXAY Ompeje-
JICHHbIMH (QUTYDaMH B5BKJHLOBOH Xe T€OMETpHH. Imun
renpomusopewusocms 2eomempun Jlobauesckozo doxasana
gnoane. Hamy ,NI0CKOCTBY MBI OTHBIHE 6yleM Has3bIBATL
nepsoik modexasio zeomempuun Jlobauescrozo.

Samenanue. Bee »[OpAMBIE®, mapaje/bHEE ,0PIMOH®
a W npoxoadmue uvepes ,Touky“ A (uept. 32), ecre-
CTBEHHO pacnajaoTcs HAa JBA THNA: K NEPBOMY THIY HpH-
HaAJMEXKAT JBe (TaK Ha3bIBAE€Mble ,TPAaHHYHO-MAPAJIE]b-
Hbe® MM ,acuMOTOTHHecKHe“) ,mpsaMbie* AP u AQ, xo
BTOPOMY — BCE€ OCTa/IbHEIE ,NIPsIMbIe”, MapasjelbHble ,nps-
Moi“ (T. €. mpsMble, Jiexamue B 3AIUTPUXOBAHHON mape
BEPTHKAJbHBIX YIJOB, 06Pa3soBaHHBIX XBYMsl T'PAHUYHO-
napaniebHHIMU IPAMbIMA). ['panuuHO-napaJieibhbie nps-
Mbl€ H ABJAIOTCA TeMH ABYMsl TPENENbHbIMA TMPAMBIMH,
K KOTOpbIM CTpeMHUTCs ,npsamas“ AX, nepecekaromas
»TPAMYI0® @ Npy BpalleHu¥ BOKPYT TOYKH A BTy H apy-
rylo CTOPOHY (MJIH, 4YTO TO XK€ caMoe, NpH YXOJe ee
»TOYKH® mepeceyenuss X ¢ ,IpAMOIL“ aB ,6€CKOHEYHOCTD —
BBEPX MJM BHH3) (4epr. 32). Utnnuue reomerpun JloGa-
YEBCKOTO OT reoMeTpHU IJBKJIMAA B TOM U 3aKJIOYaeTcs,
4TO B reoMeTpuu JI0GaueBCKOro TaKUX TMpeseabHHIX Tps-
MbIX HMEETCs NB€, TOrAa KaK B reOMeTPHH IBKJIMAA MO-
Jy4ae€M TOMBKO ORHY INpeAe/bHYI0 NPAMYI0 (mapajjelb
AB K 1mpsaMOii @) HE3dBHCHMO OT TOTO, YXOAMT JH TOYKA
X B 6ECKOHEUHOCTH HANPABO MAM HAJAEBO. Coeepuienno
€CTECTBEHHO, YTO YTBEPKAEHHE € AHHCTBELHOCTH Npe1eJlb-
HO10 moJoxeHuss cexkyuied AX npu yxoze B 6eckoHeu-
HOCTH TOYKH MepeceyeHusi X, 1pH JOCTATOUHOM pPa3MblII-
JEHHU HaJ HUM, MepecTajo Ka3aTbCsl OYEBHUAHBIM H UTO
BO3HMK/A NMOTPEGHOCTb A0KAa3aTh 3TO YTBEPKAEHHE — J10-
TpeGHOCTb, W NpUBeAlasi, B KOHIE KOHIOB, CHAaya/ia K
YBEDEHHOCTH B HEJAOKa3yeMOCTH €ro, a 3aTeM U K (ak-
THUeCcKoMy obGHapyxeHuio (axta 3Toif HeNOKa3yeMoCTH,
T. €. X IOJIHOMY OOOCHOBAHUIO HEIBKJIHIOBOH TEOMETpPHH.
OTmeruM, yto Jlo6aueBCKkuil HasbIBaJ »TIPAMBIMH, mapai-
JCNBHBIMA NaHHOH MPAMOM @“ UMEHHO TOJBKO T'DAHUYHO-
apa/1jesIbHBI€ M MOT, TAKUM 06pasoM, YTBEPKJATh, UTO
K NaHHOH ,TPSIMOI“ yepe3 HAHHYIO He NpUHAAAeKAIY IO
€l ,TOUKY“ MOXHO [IPOBECTH B JAHHOU ,TIOCKOCTH nBe
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¥ TOJBKO JABe mnapajieibHbie ,npaMbie‘l. OcTajlbHHe
LIIpAMEIC®, He NepeceKaiomue AAHRYIO ,IpPAMYyKS, Jlo6a-
YeBCKUH Ha3bBaJ ,NPAMEIMH, PACXOXAIMMHCSA C JAHHOR®:
MX Ha3bBAIOT TaKXe ,CBEPXNApallie/bHEIMA MPSIMBIMH®,
,CBepxnapaiiebubie npsMbie* (T. €. ,NpaMbie’, He
TOJILKO HE Mepecekalomue LaHHy10 ,IPIMyIo®, HO U HE B
JSOIHeCH TpeJeJbHBIMA  ,IPAMBIMH® AJs  ,IPAMBIXY,
nepecexanI X JaHHYI0) BIOJIHE X3apPaKTePU3YIOTCH, MEX-
Jly IPOYMM, CJAeLYIOIUM NPENJIOKEHHEM, KOTOPOE B paMm-
Kax STOH KHWMM JOJKHO ObiTb OCTaBJeHo 6e3 AOKa3a-
TEJbCTBA:

Ias Toro, 4To6Hl ,npaMas® b Guja CBepXmnapajienb-
Ha ,TMpAMON® @, HEOGXOAMMO M JOCTAaTOYHO, YTOOH ,Mps-
MHe* @ U b OnaM TepneHAHKY/AsSpaMH K OJHOA H TOH
XKe ,O0psAMOHY .

3aMeTHM, HaKOHell, YTO YToJ MexAy O6euMH I'paHuy-
HO-TApaAJeNbHBIMH ,NPAMBMEY AP u AQ K ONHOH H
TOH XKe ,NPSMOH“ @ Ha3bIBaeTCA y2.L0M napassessrocmu®
(8 Touxe A OTHOCHTENBHO ,upaMoi* a). Ilpu sToM, Ox-
HAKO, HEO6XOAMMO HMETh B BUAY, UTO YIJ/Ibl MEXAY ,Ips-
MBIMH* Ha mJockoctd Jlo6ayesckoro, BooGuie IOBOpA,
HE PaBHH yrJaM MeXAY COOTBETCTBYIOUMMH NpSIMbIMH
UCXONHOH B3BKAWAOBOH miockoctd E: BeAw» 1Jas TOIO,
yroGH H3MEpUTh YIroJa (T. €. BHPa3uTb ero, HalpuMep,
yepes JOMU NPAMOrO Yr/a), HyXKHO HPOAeNaTb CHONKHBIH
0yTh, OCHOBAHHBIi HA TIOHATHM KOHIPYSHTHOCTH YTJOB
4 Ha akcuoMe JBjoxca ¥ KanTopa (CmpaBeAuBOCTH KO-
TOPOH AJis YTrJOB NpeACTaBiAseT CO60i TeopeMy a6cosIoT-
HOM, T. €. He3aBUCUMOH OT aKCHOMH IapaJileJbHHX Te€o-
MeTpuu). DTOT NOYTh 3aKJAI0YAeTCs B MOBTOPEHHH A4
YTJOB pacCcyx/AeHuif, aHaJOTHYHBIX TEM, Ha KOTOPBIX OC-
HOBLIBA/IOCH H3MEpEHHEe OTPe3KOB; 3a eJUHHUIY H3Mepe-
HUS TIpY 3TOM OblJ Obl B3aT mpaMoi yroJ. OjpHako, Tax
KaK KOHT'PYSHTHOCTb Ha ,muockocTh* JloGaueBcxoro (Ha
Hallel MOJgeJu) HHAsA, 4YeM HA 9BK/IHJLOBOMH MJIOCKOCTH
E, T0 u pesyabTaTh moay4arcs ApYyrue; yrib, KOHIPY-
SHTHbIE MexJy COGOH B 9BKJHJOBOM CMbiCJHe, He OyAyT
KOHIPY3HTHH Ha naockoctd Jlo6aueBCKOro, ¥ YUCJIOBbLIE
BHIPAXEHMs OJHOTO M TOTO Xe yrja Ha o0eux IJIOCKO-

1 3Ta TePMHHONOFAA ABAAETCA NPH H3NOKEHHH HEIBKIMILOBOH
reoMeTpHH O6IENnpHHATONR U B HACTOMAllee BpeMA.

2 O6nyHO GepeTcs MOAOBHEA 3TOrO yria.
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cTAX 6ynyT unme. To, UTO Mbi.IOKA ycHeau CkasaTh O
n/10CKOCTH JI06aueBCKOro, HEAOCTATOUHO, YTOGH COCTA>
BUTb €e6e XOTh KaKoe-HHGYAb HAarAsLHOE TpejCTaBICHHE
0 TOM, KaK ()aKTHUeCKH W3MEPHTb AAHHBIA YIOJ Ha Oac-
cxkocTH Jlo6adesckoro. SToMy ‘BONpOCY MOCBAIMIEHA Caes
AyOINasa riaaBa. oo . o

VIl. UBMEPEHME ¥TIJIOB HA IJIOCKOCTH JIOBAYEBCKOTIO.
BTOPASI MOLEJD (Y AHKAPE) NIOCKOCTH JIOBAYEBCKOTI 0.

. CYMMA YTIJI0B B TREYTOJIbHUKE “'

YTo6H aydme yscHuTH ce6é JaJ/bHeHIee, - cpaBHUM
3a/1a4y NOCTPOEHHS MOAENH HAOCKOCTH Jlo6aueBCKOro ¢
3ajlaueH TOCTPOEHHUs TeorpapHuecKux Kapr. [lepBas mo-
A€Mb NAeT ,KapTy* muockocti Jlo6ayeBcKoro, Ha  KOTO-
poil mnpaMEie Jloﬁaqeacxoro~,npe.llcraBJleHu OoTpe3KaMmu
NPAMBIX U yrab Jl06aueBCKOTO — yriaMH Mexay STHMH
oTpesKaMH. IIpH 9TOM KOHrpySHTHbIE B CMHICIE reoMer-
puu JloGaueBckoro oTpesku M yrau H306DpaxaioTcs He-
KOHTDYSHTHEIMY B CMHIC/I€ T€OMETPHH JBKANAA OTPE3KAMU
W yraamu. MHbIMH cnioBaMu, Ha Hamed# ,KxapTe* Hckaxa-
10TC M AJWHBI, M yTae. MOXKHO, OXHAKO, CTPOMTL H ApY-
THE ,KAPTH“ — APYrue MOLEJHU NAOCKOCTH JI06a4eBCKOro.
Ozna M3 mpocredmux Mogesei npunaanexut [lyauxape.
Ee npeumymecrtso nepep PaccMOTpeHHON — To, YTO 371eCh
YT/Ibl HE HCKAXKAIOTCA, TOYHEE TOBOPS, KOHIDYSHTHbIE B
CMbicie reomeTpun JI06a4eBCKOTO yriibl M306paxaioTcs
HA HEH YriaMu, paBHBIMH B 9BKJMAO0BOM CMbicae. OpHa-
KO, OHa yCTynaer mepBoit MOAENH B TOM, 4TO ,NpsAMBE®
JloGaueBCKOro u3o6paxanTcs #a Hell ne OTPE3KaMHu mps-
MbIX, @ KDHUBBLIMH, UMEHHO IYTaMH OKPYXHOCTEeH. YTo-
Okl TIOCTPOMTb HOBYIO *MOZE€/Ib, BO3BMEM CHOBA Hamy
OCHOBHYIO SBKJHMZOBY INIOCKOCTb £ H B Hell (ynxamen-
TaabHBIA Kpyr K ¢ uenTpoM B Touke O M ‘pazunycom 1.
Boswbmem coepy E paauyca 1 ¢ meHTpPOM B TOH xe TOU-
ke O (uept. 33). Kaxpo#f Touxe A Kpyra K (6epeM n
BHYTPEHHOCTb, M OKPYXHOCTBH 3TOrO Kpyra) CTaBHM B
CoOTBETCTBHE Ty TOUKYy A’ ,10XHOr0* (HHXKHeEro) noay-
. Wapus 3To# CHepH, B KOTOPOH C 5TUM noayimapdem mne-
PeCexaercs NMepneHmuKyAsP, BOCCTABIECHHHH K IIOCKO-
¢Tu E B Touke A; sTUM myTem ONIy4yaeM B3aHMHO-OMHO-
SHayHOe OTOGpaXeHHE Kpyra A Ha 10XKHOe noaymapue
H cpepn I (oproronanbuas npoexuns noaymapus H ua
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xpyr'K). Tpu 5TOM OTOGPAXKEHHH OKPYMXHOCTDH K, aBasio-
mascsi sxBatopoM chepn X, OocraeTcs Ha MecTe (T. e,
kaxaas ee Toyka obpamiaercs B ceds camoe); JnaJee,
kamnas xopia xpyra K (T. e. xaxpas ,HpaMai” ,mjoc.
koctu® Jlo6aueBCKOro, COOTBETCTBYoIIel PpyHALaMeHT b
oMy Kpyty K) nepexomut B HOJNYOKPYKHOCTb, JIEHKQ-
Myl B 0XXHOM MOJYIIapUU H v oproroHa/ipHyi0 K 9K-
paropy. OG6paTHo, BCAKas NOJAYOKDYKHQETh, JeXallas
B 10XKHOM TIOJYIHADHHM M OPTOTOHAJbHAS K 9KBATODY, Je-
XHUT B IJIOCKOCTH, MEPMEHAUKYNsPHOH K IIOCKOCTH 3K-
BAaTOpa, T. €. K IJIOCKOCTH E, H MOTOMY HNPOEKTHPYETCH
B NPAMOJIMHEHHEIA OTPE3OK — B »TIpAMYyI0* ,MIOCKOCTH®
Jlob6aueBckoro. Mrak, mpH OpMO2OHAAGHOR NpOeKyun
NpAMbE" nepsoii modeslw MAOCKOCMU Jlob6auesckozo 83a-
UMHO-O0HO3HAYHO COOMBEMCMBYm noAYOKPYHCHOCTIAM
(1031020 nosywapus), OPMOZOHANLHUM K IKEAMOPY .

1
H

Yept. 33.

. [lpousBexeM cTepeorpapHuecKyio MPOEKIHIO chepst
¥ ua maockoctsb £ (depr. 33). OHa oCcTaBNAAET HENOABHX-
Hoit okpyxHOCTh K (T. €. axBaTop cpepbl) U 0TOGpaKACT
J0)HOe moJaymiapHe cdepsl BO BHYTPEHHOCTb Kpyra K.
‘OproronanbHast MpoekiHs Ha cdepy L npou3BOJAMT B3a
_MMHO-OJHO3HauHOE oToGpaxenue kpyra K Ha I0xHOE
goaymapue cdepn H, acrepeorpapuuecxas NpOEKLHd —
'B3aHMHO-OJHO3HAYHO OTODPA}KAET IONKHOE ToJayumapue
cpepnl Ha xpyr K; B pejyspTare ®THX MOCAELOBATEALHO
(QCYHIECTBASEMbIX OTOGPaXMEHUA MBI TOJAYHAEM B3aHMHO-
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oAHO3HauHOe oToGpaxenue kxpyra K Ha "cebsd, XOTOpoOe
6yJ€eM Ha3bBaTh »KOMOHHUPOBAHHHIM OTOOpaKEeHHeM".
[Ipn KOMOUHMPOBAHHOM OTOOpPAXKEHHH KAXAOMY OT-
pesxy PAQ npsmoit B xpyre K OyJler COOTBETCTBOBATH
sakJiouennas BuyTpu K ayra oxpyxsoctd PA"Q, op-
toroHaabHoil x oxpyxHocth K (dept. 33). B camow
aene ortpesky PAQ cooTBeTCTBYeT Ha cdepe ayra OK-
pyxHocTd PA’Q, OpTOroHaJpHas K SKBaTOPYy H 3aKJIo-
yeHHas B I0XKHOM MNOJYIIapuM; NpH cTepeorpadHyecKol
npoeKuMy Ayra sTa mepeiger B Ayry okpyxuoctu PA”Q,
aexamylo BayTpu K. B cuay coxpaHenus yrJaoB IIpH
cTepeorpapuuecKoit MPOeKIuu! yriabn Mexny sTod Ayro#
1 OKpyXHOCThI0O K — 06pa3om sKBaTopa — GYAYT NPSMBbI-
mu. Bydem pacmampusamb meneps 8nymperrocms K
kax smopyto modeas naockocmu -Jlobanesckoz0 — modesd
[yanxape, npucsausas kaxcooi ¢uzvpe HAUMEHOBAHUE
mozo obpasa zeomempuu Jlo6auesckoz0, npedcmagiex-
H020 HQ nepsoii modeau, u3 KOmMopoz0 noAy1aemcs 0aH~
Has uzypa 8 pesyavmame KOMOIHUPOBAHHOZ0 0mOOpd-
scenusi. B 4acTHOCTH, ,NPSAMBIMH® HAa BTOPOH MOJEJIH Mbl
6yAEeM Ha3bBaTh AYTH OKPYXHOCTEH, OPTOTOHAJbLHBIE OK-
pyxnocty K u 3akJioueHnbie BHYTpu K. UToGH ompene-
JAUTh ,ABUXKeHHE“ ,MmI0CKOCTH* Jlo6aueBCKOro AJs- BTO-
poif MojesH, Mbl IOJXKHB B3SThb NPOU3BOJbHOE ,IABHXKE-
HHEe* JAJis MepBOH MOZeJH H PacCMOTPETh COOTBETCTBYIO-
uiee eMmy, HOCPEACTBOM KOMGHHHPOBAHHOTO OTOOpaxe-
nus, npeobpasosanue K B K. Tak Kak 1pu mepBoM OT-
pesKd NpsSIMbiX NMepeXOondT .B OTPE3KH MNpPAMEIX, TO TPH
fHocJaesHeM IYTrH OKPYXHOCTEH, OPTOrOHAJbHHIX K OK-
pyxHoCTH K, mepexoisT TakxKe B AYTH OKPYKHOCTEH,
oproroHazbibix kK K. MoxHOo moKasaTh, Ha YeM Mbl
3leCh HE OCTAaHABAMBAEMCH, UYTO MO 1Y4EHHble HAMU npe-
o6pazosanus 6ydym Haubosee 06uumi npéoOpasosanuam
Kpyza 8 camozo ce0sl, npu KOMOPbLX COXPAHRAIOMCS 8eau:
YUHbL Y2A08, M. €. 08¢ AUHI, NEPeceKaroujuecs nood 0aH-
HbLM Y2N0M, nepexodsm & 0se AURWL, n-pecexarouwuecs
nod mem e yeaom®. OtTobGpaxenus, obnanawouyue mo-

t Cm. manpuMep, A. U. Mapkyme B u u. Teopus aBaiHTHYECKHX
dyrkun#, Tocrexusnar, 1950, crp. 54 — 85.

2 Eciu Ha NJIOCKOCTH BBECTH KOMNAEKCHYK KOODIMHATY
2=x- iy, TO OKPYXHOCTE kpyra K rnoaydaer ypaBHeHue |zl =1
Untepecyomue Hac OTOGpAXeHHA SamHCHIBAOTCA TOrAa B BHAE
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C/€IHUM CBOHCTBOM, Ha3piBAOTCA KOHPOpmuomu. VTak,
»ABHMEHHS*. ,MIOCKOCTH® JloGaueBCKOro AJAS BTOPOMH
MOJIEJIH ‘TIPEACTAB/AITCA KOHOOPMHBIMU OTOOPAKEHUAMHU
kpyra K camoro Ha ce6sa. [losToMy BO BTOpOH -MOJIEJin
JeHCcTBUTE/IbHO KOHTDY2HTHHE B CMbicae reoMetpuu Jlo-
GaueBCKOro Yrabl H306pamaiTCd PABHHIMH B CMEIC/AE
reoMeTpud IJBKJAWAA YrjaMd (MexAy AYramMH OKpYKHO-
creit). [lostomy u 3a Mepy yrJia Ha HOBOH ‘MOJEJIH IIOC-
KocTH JI06aueBCKOTO MOXHO NPHHATL OOLIYHYIO, 3BKJH-
OBy, MEpYy yrJaa MexJAy TeMH ALYTaMH . OKPYXHOCTei,
KOTOpble fIBIFIOTCA CTOPOHAMHM JAHHOTO Yrjaa. 3aMeTHM,
HakoHel, 4YTOo ,mpaMbie® ‘Mojsenn [lyankape, mpoxoasd-
uiHe uepes Touxy O, CyTb OGHIKHOBeHHBE (9BKJMIOBHI)
auametph kpyra K. ’ ,

. Uro kacaercs U3MepeHHs OTpe3KOB Ha -MoxeJH [TyaH-
Kape, To TaK. Kak ,JBHXeHHs“ Ha monenu [lyankxape
IONy4awTCcs W3 ,ABHXCHUH" nepBOH MoLeJH mocpen-
'CTBOM KOMGUHHPOBAHHOTO OTOOpAaXeHHsi, MOXHO 3a AJIHH-
HY ZaHHOTO OTpe3ka Ha MojeH [lyauxape npuHATh AJHHY
JOOTBETCTBYIOIIEr0 OTpe3Kka mepBoil moxead. Ecau Ha
mozenn [lyankape aan orpe3ok A’’B’’ (ueprt. 33), xoToO-
poMy COOTBETCTBYeT Ha mNepBod Mojeau oTtpesok AB,
TOo 3a Aaudy A”’B’’ upusaumaem aauHy otpesxa AB, T.e.
. (2 20

AQ " BQ

(3ameTum, yTo BMECTO 9TOr0 MOXHO ObUIO OH B3ATH H
Ihnhl|z% =

aQ BQ

2

“ tae AP, A”Q, B”P, B”"Q o0603HayaioT Ayrd OKPYXK-
noctu A’P'B"Q.) ' '

* TouHO Tak Xe 3a Mepy yz2A08 HQ Nepsoi moderu

MOJCHO NpUKAMbs Mepy COOTBETCTBYIOIMUX YIJIOB HAa MO-

menu Tlyaukape. ‘

az+
P A— cz—ji-—z , TIIe KoMmlexcHHe koadduiuents a, b, ¢, d ynosxer-
BODAIOT YCHOBHIO ad —bc+£0 U enie NONONHUTENbHEIM YCHOBHAM, BHPa-
WaiownM, 4to Kpyr |z| =1 oTobpaxaerca Ha ce6q1. Takum o6pasowm;
ﬁsnx(emm nnockoctu Jlo6ageBckoro MOryT GHTH PacCMaTpHBAEMHbl
(aK IPOGHO-NHHEHHble npeobpasoBanus Kpyra |z =1 Ha ce6a (cm.
06 3TOM TOJAbKO YTO UHTHpOBaHHYi0 KHHTy A. M. Mapkymesuua,

crp. 111 —118).
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TpuUAOKUM BHILIEH3NOMEHHBIE COOOPaXKEHHsT K HAXOXK-
IeHUI0O CyMMBl yTJOB B Tpeyroapuuke. IlycTs Ha ,1J0-
cxoctu* Jlo6auesckoro (Monenr Ilyankape) naH Kaxo#-
Hubyap ,Tpeyronpiuk® ABC; B CHIY aKCHOMBI 3.3
CYIeCTBYET ,/ABHKEHHE", nepeBoAsiee OAHY W3 BEPUIMH
Hallero TpeyroJbHuka B ,Touxy“ O (B LEeHTp Kpyra K),
TaK 4YTO € CaMOr0o Hauajna MOXHO TpEeANOJOXHUTb, UTO
peub azer o tpeyroapuuke AOB, oxHO¥ M3 BeplIMH
KoToporo sp/sercss Touka O. B cuay caenannoro Bhile
3aMeyaHusi o ,MPAMBIX*, MPOXOASWMX HAa moxend [lyan-
kape uepe3 1ouky O, ctopoint AO u OB namero Tpe-
yroJbHUKa GyILyT NPAMOJHMHEAHLIMA OTPE3KAMHU B CMEICHE
9BKJWLOBOH reoMeTpud, a cropoHa AB Gynaer Ayroi
OKDYXKHOCTH, OPTOTOHANBbHOM K OKpyxHOCTH K. [Ipyrumu
CJIOBaMH, TPeyTOJIbHHK OyJeT MMeTh BHJ, yKasaHHbl HA
gepr. 34. [IpoBona Ha STOM uepTexe elle 3IBKJIHAOBY
xopay AB u Buag, uto yron mexxy OA m ayroit AB
MeHblue, ueM yroa mexay OA =
4 xopaoit AB (to xe W s K
OB, AB), 3akaiouaeMm, 4TO
CyMMa_ yrjioB KPHBOJIHHEM-
HOI O Sc 9BKJUAOBOH TOUKH -
3peuus) Tpeyroasiuka AOB
MeHbllie CyMMbl YTJOB OJHO-
HMEHHOTO 9BKJMJ0Ba NPSIMO-
JMHEAHOTO0  TpPeyroJibHHKA,
T. €. Menpume 2d. Ho yrawl B
KPUBOJHHERHOM  TPEYro/b-
#uke AOB—ogHH U Te Xe,
paccMaTpuBaeM JIM Mbl HX B
reoMeTpuu DBK/InAa uaK Jlo-
6aueBCcKOTo, OTKyAa U C/Ieay- Yepr. 34.
er, uto 8 zeomempuun Jloba-
4eBCKC20 CYMMA Y2108 MPeEyLOAbHUKA MeHblue 2d.

VIII. IPEOGPA30BAHHS NONOBHS. AJUIMNITHUECKAS
FEOMETPHUS

MBI yiKe YIOMHHAJIH O I'pylne MpeodpasoBaHH# MoL0-
6us BKIMIOBOM MJIOCKOCTH Kax 06 OJNHOH H3 BaxHe#-
IIMX MOATPYIN adGuHHBIX 0TOGpaxennit. [peobpasosanns
OA06HsS XapaKTepHU3yIOTCsl Cpenu BCeX aQQUHHBIX TeM,
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4TO OHH COXPAHSIIOT YTJbl U mPeoGpasyT AJHHBI BCEx
OTPE3KOB B OJHOM U TOM XK€ orHomeHudn. OTcioma ciaev
AYET, YTO NPH OTOOPAKEHHH NOAOOHS BCAKas OKPYXKHOCTH
NEePeXoAHT B OKPYXHOCTh. Jlerko mokasarb um o6paTHoe
npennoxente: appaHHoe oTobGpaxende, NepesBoLslIee
BCAKYI0 OKPYXHOCTb B OKPYXHOCTb, €CThb mnpeo6pasoBa-
HHE MOAOGHS.

Mebt craBum ceGe B sToM maparpade 3azaueil oxapak-
TepPH30BaTh npeobpas3oBanud MOAOGHS KaxK KOJJIHHEANWH,
OCTaBJfIolUle WHBAPUAHTHHIMH (T. €. mnepesojsUiHe B
ce6s1) HEKOTOpble (DUTYPH MPOEKTUBHOM MIOCKOCTH: MBI
BHJE/H, 4TO appuuHbIe 0TOOPAKEHUST —DTO KOJIHHEALUH,
orto6paxaomue Ha ce6s 6eCKOHEUHO-YAAJICHHYIO TIPAMYO;
MBI NMONBLITAEMCS MOKa3aTh, YTO Npeob6pa3oBaHus MOLOOHS
BHIACJAIOTCS CPeAH BCeX KOJJAUHEanu#l TeM, YTO OHH He
TOJNIbKO 0TO6paxawoT Ha ce6s GeCKOHEUHO-yIaJeHHYIO
npAMyio (3TOrO eme MaJjo, TdK KaK 5THM CBOMHCTBOM
o6nanaiTt Bce adduHHBIE OTOGpaKeHus!), HO YTO MPH
oTO0paxkeHUH OeCKOHEeUHO-yJaJeHHOH INpAMOH Ha cebs,
OCyLIeCTB/IAEMOM JaHHLIM MTPeo6Gpa3oBaHHEM MOA06USA,
HEKOTOpas apa TOYEK Ha GECKOHeYHO-yAaJEHHOMN MPAMOH
nepexoiuT B ceba. ONHAKO STO yTBEPKAEHUE CTAHOBHT-
Cd BEPHBIM JIMIIb MOCJAE TOro, KaK Mbl PAaCLIMPUM 3amac
TOYEK NMPOEKTHBHOH IJIOCKOCTH (B YaCTHOCTH, ¥ JeKamiel
Ha Heid 6EeCKOHeYHO-Y[a/HHOH| MpAMONH) BBEJEHHEM Tak
Ha3bIBAEMbIX MHHUMBIX TOYeK. Apudmerdyeckas TOuKa
3peHHs, Jexauasi B OCHOBE aHaJHTHYECKOH reOMETpHH,
MO3BOJIAET CAeAaThb 5TO 63 Ma/Jedlero 3aTpyHaHEHHS:
BeJb B aHANUTHYECKOH INPOEKTHBHOH TreOMETPHH TOUYKa
NPOEKTHBHONA WNJIOCKOCTH €CTh MPOCTO KJIACC MPONOPUHO-
HAJIbHHX MeX Ay C0G0H Tpoek yucesn (X:y:t), HOAYHHEH-
HBIX €IUHCTBEHHOMY YycaoBuIO, 4to Tpoiika (0:0:0) ne
JOMYyCKaeTcs: K paccMoTpeHdo. Jlo cux mop Mul mpenmno-
Jarajd, 4yTo BCE€ pacCMaTpUBaeMbie HAMH YHCJa—Belle-
CTBEHHBI, TeNepb Mbl OTKA3bIBAEMCA OT 3TOTO JOMOJHHU-
TEJNbHOTO TPEGOBAHUA M JONMYCKAaeM TPONKH JIOGLIX KOM-
OJEKCHbIX yucea [toabko Ttpoiika (0:0:0) mompexdemy
ocraercs sanpeuienHodt]. Ecaun cpegu mponopuuonanbHbix
Mexay co6oi Tpoex (X:y:f), ompeAeNsIOUHX LaHHYIO:
TOUKy P NpOEKTHUBHOH (MIOCKOCTH, HUMEIOTCS TPOHKH,
COCTOsIIME M3 OAHMX JeACTBHUTEALHHX YMCEJ, TO MBI
-TOYKY P HasblBaeM JNeHCTBHTEJbHOH TOYKOH; B MPOTHE-
HOM CJyyae Mbl Ha3biBa€M €€ MHUMOH TOUKOMN NPOEKTHB-
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goit miockoctH. [Ipoucuieniiee NOMOJHEHHE IPOEKTHBHOM!
IJOCKOCTH MHHMBIMH TOYKaMH (NpespailieHue ee B Tak
HA3LIBAEMYI0 KOMI/IEKEHYIO NPOEKTHBAYI0 IJIOCKOCTH) HE
BJHSIET HAa ONpenesleHds] OCTAJIbHBIX FeOMeTPUYECKHX MO-
HATHI: B YaCTHOCTH, Mbl IONpP2XKHEMY Ha3bpiBaeM NPSAMOM
MHOXECTBO BCEX TOYeK (remepb yxKe KOMIIEKCHO! MPOEeK-
THBHOH MJOCKNCTH), YAOBIETBOPAOMUX YPAaBHEHHIO BHIA

ax + by+ct =0,

NpHYeM TNpsiMas Ha3bBAaeTCAd OedcmeumensHol, €cau oua
us3obpaxaercd ypaBHeHHEM, KOIPPHIUEHTH KOTOPOTO
a, b, c—nefictBuTeabHble uncaa. [[eidCTBUTENBHOR NPAMOil
ABJASIETCS, B YaCTHOCTH, OECKOHEYHO-yJa/JeHHass mpaMas
t=0. B uucie ee MHUMBIX TOYEK OTMETHM 0CO6O mapy
TaK Has3biBAEMBIX LMKJIHYECKHX (UJIH KPYTOBBIX) TOUYEK,
a umenHo touxu (1:+i:0).

3ameTuM, YTO B 3TON KHHUT€ CaMOCTOSATEJbHBIH HHTE-
pec AJs Hac MpeACTaBJAT JHllb AeACTBUTE/IbHBE TOYKH
U AefcTBUTEAbHBIE IPIMbIE NJIOCKOCTH; BBEI€HHE ,MHAMbIX
2/eMeHTOB, T. €. MHUMBIX ,TOuYex“ W ,NpAMBIX“, Ipe-
cleyeT B HaleM H3JOXEHHH JHIIb BCIOMOTaTENbHbIE
nead. PykoBojcTBysiCh 3TUM, Mb, B YacCTHOCTH, Oyaem
paccMaTpHBaTh JMIIb JAEHACTBUTEJNBHBIE OKPYXKHOCTH H
BoOGIIE JeiCTBUTE/NbHblE KOHUYECKHE CeueHus, T. €.
npennoJsararb, YT0 B yPaBHEHHUAX COOTBETCTBYIOUIHX JIH-
il Bce kK03p(PUnueHTH AEHCTBUTEJbHbIE.

YpaBueHue BCSIKOH OKPYXHOCTH 3alHUCHIBAETCH, KAK
U3BECTHO H3 aHAJUTHYECKOH reoMeTpuH, B BHJIE

, X2+ y2 4205 25y + a5 =0,
WI¥ B OJHOPOXHHX KOOPIMHATAX, B BHUJE
X2 + Y2+ 2a,xt + 20,59t + aget®> =0. 1y
[ToacraBasis CIofa KOOPAHMHATH UHKJIHMYECKHX TOUEK
x=l, y=iiy t=0)
HemoCpeACTBEHHO yO6exJaeM:sl, YTO OHH YAOBJAETBOPSIOT
ypaBHeHuwo (1).

Tax xak 6oJiee ABYX TOUYEK IIE€PECEUYEHHUs C MPAMOH
OKDYXHOCTb MMETb HE MONKET, TO /00as OXpYHCHOCMb
nepecexaemcsi ¢ GeCKOHEURO-YOANEHHOR NPIMOL 8 YUK AU-
YeCcKuX mo4Kkax W TOJAbKO B HuX. [lpu oToGpaxeHuH
N0L06HA OKPYKHOCTH IIEPEXOJHUT B OKPYKHOCTb, a Gec-
KOHEUHO-yJajleHHass npsaMas B ce6a caMoe, MO3TOMY BCH-
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Xoe npeo6pas3oBaHHe NOa06Us OTOGPaXKaeT Ha Ce0l MHO.
JKECTBO, COCTOSIIEE M3 ABYX HHKJIHYECKHX TOYEK (Apy-
THMH CJOBaMH, MPH OTOGPaXKEHHH NOLOOHA JHOO KaxIag
U3 JABYX HIHKJIHYECKHX TOYEK OCTaeTCs -Ha MecCTe, JuGo
OJlHA M3 HMX NEePeXONUT B APYIyio).

Jlerxo y6enuThCA. YTO BCAKOE KOHMYECKOE CeueHwe,
npoxojsllee 4epes NHKIWYEeCKHE TOUKH, €CTh OKPYXHOCTb,
[TycTe ypaBHeHHe AaHHOrO KOHMYECKOrO CEYEeHMs eCTh
(B OZHOPOAHHIX KOOD/JHHATAX)

A1 X2+ 2010XY + 2013504050 )% 205, yE+ a5t =0.  (2)

Eciu oo mpoxoauT uepes NHKJIUYECKHe TOYKH, TO,
TIOACTaBJIAR B HEIO KOOPAMHATH X =1, y=+i, £t=0
UHMK/JIHYECKHX TOYEK, NOJYYHM TOXJAECTBO

Qyy & 20450 — @y =0. i 3)

Tak xax a,;, @y, @y, — AEHCTBHTEJbHBHIE UYHCJIA, TO M3
ToxaecTBa (3) crenyer:

@13 =0, a;;—a,=0,

T. €. ypaBHeHue (2) uMeer BuJ
a'tz + ay’ + 2a|3xt + 2023yt + asstz = 0
U mpeacTaBasieT co00il ypaBHEHUE OKPYKHOCTH.

Hrak, oKkpyXHOCTH Cpead BceX NeHCTBHTEAbHBIX KO-
HMYECKHX CEYeHH#i XapaxKTepu3ylioTCsd TeM, YTO OHH H
TOJIbKO OHH OJHH TeEpeceKanTcs ¢ OeCKOHeYHO-YJaleH-
HO# MpAMOH B IMKJHYECKHX TOukax. (Ml BUAMM HA 3TOM
npuMepe, Kax NpHUBJeYEHHEe MHUMbBIX 3J€MEHTOB IIPUBOAMT
K M3SIHBIM M HHTEPECHBIM XapakTepUCTHKaM Jaxe mpo-
CTEHLINX reOMeTPUYECKHX 006pPa3oB— OKPYXKHOCTEN.)

Mb aoxasanu, yTo mpeo6pasoBaHus MOR06HA OTOGpa-
KAIOT UMKJIHYECKHEe TOYKH CHOBAa B UMK/IHYECKHE TOYKH.
C xpyroit croponsl, adgdunHoe npeoGpasosaHue, obaana-
Ioljee 3THM CBOHCTBOM, EPEBOJMT BCAKOE KOHHUYECKOE
ceyeHHe, MpoxoAallee yepe3 obe NUKJIHYECKHE  TOYUKH,
CHOBAa B KOHMYECKOe CeyeHHe, Npoxojsiiee yepe3 o6e
IIHK/JIHYEeCKHe TOYKH, T. €. MO TOJbKO YTO ZOKA3aHHOMY,
IEepPeBOIUT OKPYXKHOCTb B OKPYXKHOCTb. DTO 3HAYMT, YTO
AaHHoe ag¢uHHOE Npeobpa3oBaHue €CTb npeobpasoBa-
Hue mopobus. Hrak, npeobpaszosanus nodobus mozym
Ovimb oxapaKmepu3o8ans. KaK KOAAUHEAYUL, OMoOpadxca-
owue Ka cebs 0ECKOHEUHO-YOANCHHYIO RPAMYIO & npu
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amoM nepesodAuue 8 ce6s u napy YUKAUYECKUX MO4eK.

CoBepIlIeHHO AaHAJOIFUYHBIM 06pPa3soM MOXKHO OXapak-
TEpH30BaTh Npeo6pa3oBaHHd MOXOGHA TPEXMEPHOTO NPo-
CcTpaHCTBa: Impeo6pa3oBaHus MOAOGUA TPEXMEPHOro Ipo-
CTPAHCTBA CYTh HE YTO HHOE, KaK KOJUIMHealHH, 0To0pa-
xamomue Ha ce6sa OGECKOHEUHO-YAANEHHYI0 INIOCKOCTh
t=0 u Ha Hell TaK Ha3bpiBaeMoe AabCOJMIOTHOE KOHHUe-
CKOe ceueHue:

xt+ 2+ 22=0. t=0,

[To 3TOMY KOHHUECKOMY CEUYEHHI0 HepecexanTca c Oec-
KOHEUHO-y JaJIeHHOH MJIOCKOCTbIO BCE cepbl TPEXMEPHOTO
npocTpaHCcTBa (aHajorus Mexay aGCONIOTHBIM KOHHYe-
CKMM CEeYEHHEM TpPEeXMEepPHOro NPOCTpaHCTBA W mapod
HUKJIMYECKUX TOYEK MJIOCKOCTH BHAHA U HA ypaBHEHHAX
o6onx o6pa3oB: JAOCTATOYHO 3AMETHTb, YTO Mapa LHK-
JHYECKHUX TOYEK MoxeT OHTb 3aJaHa ypPaBHEHUIMH
x4+ =0, ¢t=0). : .

Bce oTH coobGpaxeHHs Mbl NPHJIOXHM ceHyac K mo-
CTPOEHHIO HEKOTOPOH BEChbMa 3aMeUaTeabHON ,[€OMETPHU ")
a UMEHHO, TaK Ha3blBaeMOH IJJIHNTHYECKOW TIeOoMEeTpHH
(Ha 1JaOCKOCTH), KOTOpas sABASETCA, KAK Mb YBHIHM
HHKe, TOXe HEe3BKJIHMJAOBOH reoMeTpueil, HO OTJHYHOH OT
reomerpuu Jlo6aueBCKOro H B HEKOTOPOM pojxe JBOW-
CTBEHHON e#.

BepHueMcs x. cBaske mpsMbix 2. [IpaMbie 3TO# CBA3KH
OyneM Ha3bBaTh ,TOYKAMH®, a COJepxaluMecs B 9TOM
CBsI3KE MyyKH—,upaMbiMH“. Camyo CBA3KY Ha3oBeM MO-
Zefblo 3JUIMTITHYECKO! MIOCKOCTH. 3a PacCTOSHHE MEXIY
IByMs ,TOYKaMH“ mpumeM yrou (u3MmepseMbii oT O 10 =),
KOTOpbIfi o6pa3yeT Mexay Co6oH COOTBETCTBYOL{HE MpsA-
Mble CBfI3KH. 32 ,yroJ“ Mexay AByMs ,NpPAMbIMU® IpUMEM
JABYTPaHHBIA Yyroa Mexay IMJOCKOCTSIMH, HECYLIHMH COOT-
BETCTBY IOILHE MyuKH, PaccMoTpuM Temepb npeo6pa3oBanus
noA06HsI TPEXMEPHOIO HPOCTPAaHCTBA, OCTABJSAIOLUHE HA
mecte uentp O cBasku 2. Kaxjoe Taxoe npeo6pa3oBaHHe
MOPOX/13aeT B3aUMHO-OJHO3HAUHOE OTOOpAaKEHHE BCEil Ha-
HIeil ¢BI3KH Ha ce6a, epeBojsiiee Kax bk Hy4YyoK NPsAMbIX
CBA3KH CHOBa B IHYyYOK NpAMBIX H COXpaHdmollee IpH
3TOM ViJbl KaK MeXAYy NPAMBIMH CBS3KH, TaK H MEXAYy
MJIOCKOCTSIMH, HECYIINMH ee Nyukd. [lpyrumu CJIOBaMH,
Kaxjaoe Ipeo6pasoBaHHe mNOAOOUSA TPEXMEPHOro ' mpo-
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cTpaHCcTBa Ha ce6d (¢ neHTpom nomo6us O) TPON3BOAMT.
oroGpaxeHue HameH ,MOLEIH /IUITHYECKOA IOCKOCTH®,
coxpausioniee KaK pacCTofHMe, TaKk W yrib. Taxue B3a.
UMHO-OJHO3HAYHblE OTOOpPaXeHHs 9TOH MOJE/NH Ha cebg
Mbl, €CTECTBEHHO, Ha3blBAE€M ,KOHTDY3HTHBLIMHM npeobpa-
30BAHUAMH® WJH ,ABHXeHHAMH“. C Apyroii CTOpPOHH,
BCsAKOoe mpeoOpa3oBaHHe MOAOOUS TPEXMEPHOTO NMPOCTPaH-
CTBa Ha ce6si NOPOXAAET ¥ B3aUMHO-OJZHO3HAYHOE OTOOpa-
KeHue O6eCKOHeuHo-yAaseHHoH miaockocty £=0. 310
oto6paxenne (kaKk INOPOXKIEHHOE KOJJIHHeauuei) camo
ABASETCA KOJJ/HHeanueHd, U MNPUTOM oToOpaxailled Ha
ce6s1 aGCOMIOTHOE KOHHYECKoe ceuenne x? + y? + 22=(,
t = 0. INpoexuyest u3 Touku O yCTaHABJAWBAETCS B3aHMHO-
OJHO3HAYHOE COOTBETCTBHE MeXJy HAmUMH ,TOYKaMu*
H ,UPIMBIMH® M TOYKAMH H INPAMBIMH 6GeCKOHEUYHO-yHa-
JIGHHOH IJIOCKOCTH, IPHYEM ,KOHTPYIHTHHE OTOOpaxeHusa*
Hameid MOJeJH NMepexOohAT B KOJJIHHEAUHH OeCKOHeYHOo-
yAaJEeHHOH MJOCKOCTH, NMepeBOAsIUe B Cebs KOHHYEeCKoe
ceuenne x% + y? + 22 =0, Tax xak 6eCKOHeUHO-ylajleHHas
MJIOCKOCTb TPEXMEPHOTO MPOCTPAHCTBA €CTh Camas o6bIK-
HOBEHHas! NMPOEKTUBHAS NJIOCKOCTb, TO Mbl NPUXOIUM K
cledyomeil TaK HAa3LIBAEMOM 3JIHITHYECKOH IeOMEeTPHUH:
NAOCKOCMb 3AAUNMULECKOR 2eOMEMPUL €CMMb NPOEKMIUBHAS
RAOCKOCMb, C €€ MOYKAMU U NPSIMBIMU 1L 20CRO0CINE YI0-
WuML Mexnc0y HuMU OMHOULCHUSIMU NPURAOAEHCHOCMU U
nopsidka, cOCMABASIOWUMI npeomem u3y4erus Hpoex-
musroli 2eomempun.. Ha 310l mirOCKOCTH (paccMaTtpusae-
MO aHaJUTHYECKU —B OALHOPOAHLIX KOOPAHMHATAX, KOTO-
pbie HaM Temepb ygo6HO 00603HayaTb He yepes X, Y, I,
a yepes X, y, 2) 6epeM KOHHYECKOE CedyeHHe

24y 2 =0, )

BCE TOYKH KOTOPOTO — MHHUMBIE, H pacCMaTpHBaeM BCE
KOJUIMHE3LHH, OTOOpaxaiouine sT0 KOHHYECKOE CeyeHHe
Ha ce6s [T. e. aHAaJIUTHUECKH BCe JHHEHHbE npeo6paso-
BaHMsA BH]IA

X' =€y X 1 €10y + €152, €11 €12 €1

LA
Y =0 X A €Y + €932, Co1CgCa3 = 0 R
2 =X + Oy + €352, C31Cy2 C33

CTaBsIHE B COOTBETCTBHE BCAKONH (MHUMOI) TOuKe (X:y 2),
yaoBJeTBopsiowei ypaBHenuio (4), Touky (x':y’:2’), ynos-
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J€TBOPSIOILYI0O TOMYy e yPaBHEHHIO]. DTH KOJJIHHEaLHH,
paccMaTpUBaeMble, COTIACHO BHICKA3AHHOW HAMM B Hauaxe
sTOro naparpaga TOYKE 3peHMs, JHIIb Ha MHOXeCTBe
AeACTBATENbHBX TOYEK IPOEKTHBHO# MJOCKOCTH, HAa3bl-
palotca ,o0suxcenusmu® (und, noppobuee, ,3//AHOTHYEC-
KAMH* OBHxeHusiMH). JlBe GHIYpE HAa NPOEKTHBHOH
II0OCKOCTH Ha3HIBAIOTCH , KOHTPYSHTHBHIMHA“, €C/IH OHHM Iepe-
XOAAT APYT B APYyra MocpeiCTBOM HEKOTOPOTO ,3JHITH-
gyeckoro* apuxeHusi. [1poeKTHUBHAs NJOCKOCTb, PACCMATPH-
paeMasi BMeCTe C ONpeJes]eHHO# Ha Hell rpynno# aJaum-
THYECKHX ABHXEHHI [WaH, YTO TO XKe camoe, BMeCTe C
BHITEKAIOI[UM H3 HEe OTHOILUEHHEM KOHIPYSHTHOCTH (pa-
BeHcTBa) Quryp), HasbiBaeTcs ,dAANNMULECKOR NAOCKO-
cmbi0*; COBOKYOHOCTb CBOHCTB SJIJIHITHYECKOH NIOCKOCTH
(T. €. COBOKYNHOCTb CBOHCTB MPOEKTHBHOH TIJIOCKOCTH M
pACIOIOKEHHBIX HA Helt (Uryp, KOTOpbie COXPaHAIOTCA
mpu nepexone OT OAHOK (GUIYpPHl K KOHIDYIHTHOH eit B
CMBIC]IE BJIMNTRUECKHX JBHXKEHHH) HAa3hIBAETCA IAAUN-
mu4ecKoli MM pumanosoli (Hessxaudoson) zeomempuei.
Kak yxe CKasaHo, CBORCTBA NPHHAJIEKHOCTH H IIO-
pAlKa B 3JIMOTHYECKOH TEOMETPHM — Te XKe, 4TO M B
TPOEKTHBHOM, U MOTOMY OT/HY&IOTCA OT COOTBETCTBYIO-
I[UX CBOMCTB (PUrYp 3BKAMAOBOH r€OMETPHH U reOMeTPHH
Jlo6aueBckoro. CBOCTBA 3AMHNTHYECKOH KOHTPYSHTHOCTH
Guryp Takxe He Te, KOTOPHIE Mbl HMEJH B 1€OMETpHH
Spxaunga U Jlob6aueBckoro. Hakxonen, Tak Kak Ha mpoex-
THBHOH NJOCKOCTH BCSKHE JBe IPAMBIE MNEPECeKaoTCs,
TO NAPAANLENLHBLX NPSMBLX 8 IAAUNMULECKOU 2e0Mempul
Hem 608ce. MOXHO Gbi/Io Obl COCTABUTb CHCTEMY AKCHOM
MJIMNTHYECKOW TEeOMeTPHH COBEpIIEHHO MO TOMY Xe
06pasly, Kax NPUBEJIEHHbE BbIIE CHCTEMH AKCHOM Teo-
MeTpuu DBk/IMAa Hau Jlo6aueBCKOro; akCHOMa napaJJesb-
HBX OHaa 6n B 3TOil CHUCTeME 3aMEHEHa aKCHOMOH,
yTBEpXKAAOILeH, YTO BCAKHE [BE IPSMble NepeceKaroTc.
Takum o6pa3oMm, ecl B TeOMETPUH IBKJAMJAA K AAHHOMH
npaMOil 4epe3 JAHHYIO TOYKY MOXKHO IIPOBECTH TOJBKO
OJHY MapaJjelbHYIo, a B reomerpun Jlo6aueBckoro—uBe,
TO B 2eomempuir Pumana Heap3s nposecmu Hu O00HOU
napaasesvnoii. B atom cmuicie reomerpus PuMaHa kax
65 aBoiicTBeHHA reomeTpuu Jlo6aueBcKoro (ABOMCTBEHHA
B TOM CMbICJe, B KAKOM CJyu4a#d ABYX PasjHYHBIX MHUMBIX
KOpHeil KBafpaTHOTO YPaBHEHHUs — ,9JIHNTHYECKHA® Cay-
uai — NBOHCTBEHEH CJydalo MABYX HEDABHHIX JeHCTBH-
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TEJBHHIX KOpHEH — ,runep6onHuecKoMy* ciydan). B coop.
BETCTBHHM C 3TUM H reoMeTpus Jlo6ayeBCKOro HasHBaer.
csl TaKxKe eunepboauueckoi* reomerpuei. OnHaxo, ocrasa:
fICb HAa NOYBE CHHTETHYECKOH aKCHOMATHKH TeoMeTpuy,
TOBOPUTE O JBOHCTBEHHOCTH MeXAy reomerpueit Jlo6a.
4EeBCKOTO H PHMaHa, KOHEYHO, Heab3d MO TOH npy4nHe,
4TO STH TrEOMETPDHUH OTJHYAIOTCA APYr OT JAPyra e
TOJIbKO dKCHOMO# mapajlesbHbiX, HO H aKCHOMaMH BCex
OCTAJIPHEIX TPYNN; ecad TPe6oBaTh BHIIOJHEHHS BCex
NPENJIOXKEHH ,abCcoMOTHOR" reomeTpun, TO BO3MOXHa
JMUL OLHA HE3BKJHJ0BA IeOMETPHS, HMEHHO IeOMEeTpHs
JloGauesckoro. [loatomy Jlo6aueBckuii 6uia BHO/HE npas,
nojaras, YTO MM IOCTPOEHA ,MOJHAsT TEOPHs Mapajaebe
HBIX“. B Ipein0N10:Xe HUN HCTUHHOCTH ,0CTAbHBIX AKCHOM®
OBKJIMIA, T. €. TOTO, YTO MH B HayaJje S5TOH KHUFH Ha-
3BalM  ,a06COJIOTHONH TreOMEeTpHEeR*, HMKAKOiH TpeTbeh
TEOpHH Napa/eNbHbIX, KPOME TEOPHH JBKJIMAA U TEOPHH
Jlo6aueBckoro, u He MoxeT 6HTh. Ho ecam craThb Ha
anAreGpaHyecKyio TOUKY 3PEHHsl, JeXalyld B OCHOBe
NPOEKTHBHO- AHANHTUYECKOH TE€OMETPHH, TO ABOHCTBEH-
HOCTb reomeTpuu Jlo6auesckoro ¥ Pumana u npoMexy-
TOYHOE NOJIOXKEHHE MEMXAY HHMH TeOMETPHH JBKJHAa
NPHOGPETAIOT COBEPIIEHHO TOUHOE M IPHTOM aare6pamu-
yecKoe cojepxaHnue. B caMoM pgesie, B ocHOBe Kaxuoit
U3 STHX TeOMETPHUil JEeXKHT HEKOTOpOoe (pyHAaMeHTalbHOE
KOHHYECKOE CeUYEHHe: B CJyyYae sJUIMITHYECKOH TreoMer-
PHH — COA€pKaAlLee JHIUb MHHMbIE TOUKH, HO HE BbIPOXK-
Aaoueecs  (COOTBETCTBYIOINAS KBaJpaTHUHAS ¢opma
HMEET HaMBLICWIHIl DAHT), B cJyyae runep6oJaHYEcKOl
T€OMETPUH — C AEHCTBUTENbHBIME TOYKAMH H TOXE He
Bhipoxaaiomeecs. Tax kax. B cllydae sanunTuyeckoit
TeOMeTpHH (YHAAMEHTAJbHOE KOHHYECKOEe CEYeHHe He
CONEPXKHUT AEHCTBUTEJNBHEIX TOUYEK, TO 3 MHOXKECTBO BCEX
TOYEK BJIMNTHYECKOH T€OMETPHH Mbl MOTJH B3fTh MHO-
KECTBO BCEX TOYEK NPOCKTHBHOH mJOCKOCTH. B rumep-
0O0JIMYECKOH TeOMeTPHH (YHIAMEHTAAbHO® KOHHUECKOE
CeYCHHE MMEET NEHCTBUTEJbHHE TOYKM M NO3TOMY pas-
GuBaeT (AeHCTBUTEAbHYIO) IPOEKTHBHYI0O NJAOCKOCTh H&
IBe obaactu. [Jas Toro utobni He HApyIWUTh CBS3HOCTH
IJIOCKOCTH (T. €. RJIs TOrO, 4TOGH OHA He GbiAa COCTAB-
JIEHa U3 ABYX He CBA3AHHHIX MEXJY CO6OH KYCKOB), Mbl
B3AJIM 33 MHOXECTBO BCE€X TOYEK TIHNeP6OJIHYECKON
TJIOCKOCTH OJHY M3 ABYX 00JacTeif, a HMEHHO BHYTpPeH-
62



j1010 06J1aCTh X QyHIaMEeHTaIbHOMY KOHUYECKOMY Ceye HHIO
(B34Th BHEINHIOI HeJb3sl ObJO Obl, HE BCTymas B KOH-
GMMKT C 9JIEMEHTAPHBIMU TONOJIOTHYECKMMH CBOACTBaMH
gNOCKOCTH, & TAKXE C aKCHOMAMH MOPANKA H KOHTDYSHT-
goCcTH)'. B 0Geux reoMeTpHaX—sJJHNTHYECKOA M THIEp-
foNM4YeCKOH — CBOICTBA NPUHAANEXKHOCTH H NOpsAKa
ABJIAIOTCA CACACTBHIMH COOTBETCTBYIOLIMX CBONCTB POEK-
THBHOH IIIOCKOCTH M TOTO, KaK Mbl ONpPEAEJHIH MHO-
KEeCTBO BCEX TOYEK M BCEX NPAMBIX AAHHOH Te€OMETpPHH.

I'pynna , aBrxenuit* B 06eHx reoMeTpusx onpeznesser-
¢4 KaK Trpynna XoJUIMHeamu#, oTo6paxamoumux Ha cebs
(yHIAMEHTANBHOE KOHMYECKOE CeueHHe MAaHHOl reoMer-
pun. Hakouneu, B ciyuae 9BKAMZOBOH reoMeTpuu @yH-
La4MEHTANbHOE KOHHYECKOe Ce4YyeéHHEe BHPOXKJAETCH
(s TOYHOM anre6panyecKoM CMHICAE BLIPOXAEHHSA COOTBET-
cTByIOUIEH KBaJPAaTUYHOH (GOPMBI) B mapy LUKIHYECKHUX
TOUEK, B COOTBETCTBMHU C Y€M COBOKYNHOCTb KOJIJIHHEa-
UAH, OCTABJSIOMIUX MHBADHAHTHHIM 9TO BHPOAUBIIEECH
B Iapy TOYEK KOHMUECKOE ceyeHue, okasmBaercsa GoJiee
OOLIBPHOR, 3 MMEHHO OXBATHIBAET HE OJHH TOJBKO IBH-
KEHHS, HO H BCe npeobpa3soBaHus MOA00HS HBKJARILOBOMH
IVIOCKOCTH (mpeo6pa3oBannii noao6us, He SBASIOUAXCH
KOHFDYSHTHBIMH, HE 3HAE€T HH OJHA M3 ABYX HE3BKJMIO-
BEHIX TeOMeTpHii!).

Bce Tpu reomMeTpuH HempoTHBOpEUHMBHI, BCE TPH HMEIOT
peanbHbifi TEOMETPUUECKHH CMBICA B INpejienax caMoii
IBK/INJI0BOI T€OMETPHH, H, €CAH STOT peanbHHil reomeT-
prueckuii CMbiC B cayuae reomeTpuu Jlo6aueBckoro
AOBOJIBHO CJIOXKEH (OH AaeTCs 060K U3 PACCMOTPEHHBIX
B ra. V—VII aByx Mozeneit aToii reoMeTpun), To ,pe-
aNbHBIA® C 9BKJIHAOBON TOYKH 3PEHHA CMBICA SJJIUITH-
Y€CKOH reOMeTPHH YPEe3BbIYAHHO . MPOCT: SJJIMNTHYECKAS
FEOMETPUA €CTh T€OMETPHUSl CBA3KW NPSIMbLX 8 38KAUOO-
80 mpexmeprHOM NPOCMPAHCINEE C ECINECNBEHHbMIL OCHOB-
Holmu daemenmani (31€MEHT CBS3KH — NPSMass—COOTBET-
CTByeT TOYKE IIOCKOCTH, & NYYOK TNPAMBIX CBS3KH
COOTBETCTBYET NPAMOH IJIOCKOCTH) M eCmecmseHHbMmu

1 Jleno B TOM, 4TO BHYTpPeHHAs o61acTb K 106OMY JaHHOMY
KOHH4YECKOMY CEYeHHI0 Ha NPOEKTHBHOM NNXOCKOCTH, OYEBHLHO, TIO-
MeoMOpGhHA BHYTPEHHOCTH Kpyra (T. e. Bcefl 9BKIHLOBOf MJIOCKOCTH),
;v?rga KaK BHEMIHAS O0JaCTb roMEOMOp)HA TaK HA3LIBAEMOMY JNHCTY

ebuyca. :
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(C TOYKH 3peHMs IBKJIHAOBOH TeOMETPHH) OMHOUEHIL S 1
NPUKAOAEHCHOCMU, NOPAOKA U KOHZPYIHMHOCMIL Medxcoy
HuMmi.

I'eomeTpust cBA3KH (T. €. BLTMNTHYECKAsT TeEOMeTp
Pumana) Haxomurcs B IPOCTOM B3aHMOOTHOMICHHH
OGBIKHOBEHHOH reoMeTpueli cepudeckoll IOBEPXHOCTY
€caH B3sThb cpepy L c mentpoM B neHrpe O CBA3Ku Q.
TO MapH JAHAMETPAJIbHO-NIPOTHBONOIOXKHLX TOUEK 3Tof
Chepnl HAXoAATCA BO B3aHMHO-OJHO3HAYHOM COOTBey.
CTBHH C IPIMBIMH CB3KH (KaX/1as npsaMas CBA3SKM IIepece-
KaeT cpepy B AMAMETPATbHO-NPOTHBOMOJOKHBIX TOYKax;
STHM COOTBETCTBHE H yCTaHaBjiHBaeTCs1). Takum o6pasoy,
MONCHO MOAYHLMb IALUNMUHECKYI0 2e0MemPUI0 U3 Cdhe.
pu4ecKoi (T. €. U3 TEOMETPUH 3BKIUAOBON CPEpH, B Ko-
TOPOA OCHOBHHIMH 9JEMEHTAMH SABJSIOTCS TOYKH M Ok-
PYXKHOCTH GOJBIIHX KPYTOB C OGBIYHBIMH, 316 MEHTAPHBIMY
OTHOIUEHUSIMU MEXAY HUMH), ECAU CHUMQAmb Kaxcoymo nag-
Py Ouamempansro-RPOMUBONOAONCHHLX MO4EK CcPhepbl 3q
00HY ,MOUKY" IAAURMULECKOLL NAOCKOCHIL, & MHONCECME0
scex nap  OuamempasbHO-NPOMUBONOLONCHBX — moOUex
KaK020-4u60 6045020 KPy2a 3 ,NPAMYI0® ALLNMULECKOS
naockocmu. dTuM oTo6paxKeHHeM cephl Ha SIJUNTHYe-
CKYI0 IJIOCKOCTb BCE OCHOBHbIE OTHOIIEHHS c(epHuecKoi
reoMeTpuH (MPUHALIEKHOCTD, NOPSLOK, KOHTPYSHTHOCTB)
TNEePEBOASATCS B COOTBETCTBYIOUIHE OTHOLIEHHUS SJJIHITH-
4eCKoit reoMeTpru. Ecau MH Teneps Bo3bMeM KaKyo-J1160
06/1aCTh HA C(epe, He COAepKAIYI0 HHKAKOW Iaphl
JAMaMeTPaNTbHO-IPOTHBOMONOKHBIX TOYEK, HampuMep Ka-
Koe-HUOYAb mosymapue cdeps (6e3 orpaHuyuBaomed
5TO INOJIylIapHe OKPYKHOCTH), TO OTOOpaXKEHHE Ha 3J-
JUNTHYECKYIO IIJIOCKOCTh OyAeT B3aHMHO-OJHO3HAYHBLIM
(npu aTom o6pasom mnosymapus OyxerT ,B3pe3anHad
3JTUNTHYECKAs. IJIOCKOCTB®, T. €. BCA SJJHUNTHUecKad
MJIOCKOCTh 32 HCKJIIOYEHHEM TOYEK TOH NpPAMOIi, KoTopas
COOTBETCTBYET OIPAaHUUYMBAIOILEH [aHHOE TOJylIapHe
OKPYXHOCTH Oospwmoro kpyra). Otciona ciaenyer, 4TO
reoMeTpusi, KaK roBOpfiT, ,OrpPaHHYeHHO# o6GjgacTH* Ha-
3/UIMNTHYECKOH NJOCKOCTH TOXAECTBEHHA (To4yHee WH30-
MOpP(pHA) TEOMETPHH COOTBETCTBYIOLIEH uACTH cepH
(B ciyyae B3pesaHHOH SJUIMITHYECKOH IIOCKOCTH — IIO-
aymapus) OTciona, B YaCTHOCTH, CJAeAyeT, YTO CyYMMd
Y208 mpey20rbHUKA 8 IAAUNMULECKOL 2eoMempu BCe2dd
boabuwe 08yXxX npsambx. '
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1X. MOBEPXHOCTH NMOCTOAHHOW KPUBU3HbDI.
[ICEBAOC®EPA

Bosnukaer Bompoc, Heaw3st AU reomerpuio JloGaues-
CKOTO, PacCMAaTPHBAEMYIO TaKXKe JHIIb B HEKOTOPOIl
4aCTH BCeil mjaockoctu Jlo6aueBCKOro, peanusoBaTb Ha

~ ¥aKOH-1K60 KPHUBOH MOBEPXHOCTH B TOM CMBIC/IE, YTO

T0YKaM JAaHHOTrO y4YacTKa MJIOCKOCTH JIo6ayeBcKoro coor-
BeTCTBYIOT TOUKH 3TOH KPUBOH IIOBEPXHOCTH, a NPAMBIM —
seode3uueckue aunuu (T. €. KpaTuaimue NyTH) HA 5TOH
MOBEPXHOCTH (BeAb Ha Ccdepe AYrH GOJABLIKX KPYTOB
u ABJAITCA TEOLE3HUYECKHUMH).

[lpexne yem OTBETHTHb HA 3TOT BONPOC, Mbl AOMHBI
XOTh BKpAaTle KOCHYThCS OCHOBHBIX HAEH TaK Ha3biBaeMoi
BHYTpeHHed AU D epenunatbHOil reOMeTPHH IOBEPXHOCTE i
# NPEKAE BCErO HANIOMHUTbL IOHATHE TayCCOBOM KPHBH3-
Hbl TOBEPXHOCTH.

BosbmeM B TpexmepuoM mpocTpancrse R? nBymepHYyio
chepy (waposyio mOBEPXHOCTb) I, LEHTP KOTOPOW 060-

3HaunM uepes O. 3amaguM Ha chepe T onpeaeneHHyIo

OpHEHTaNHMIo (T. €. OJlMHAKOBOE HampasieHne o6xona AJs
BCEX JIeXAlMX Ha HeH B3aMKHYTHIX JHUHUH, Hanpumep,.
HAampaBJICHHWE MPOTHB YaCOBOH CTPEJIKH, PEANOAaras yachl,
NOJIOXKEHHBIMH Ha Cepy Tak, yTOOH oHHM uudepbaatom
b 06pamenbl KHApYkH). 3a NOJNOKHTENbHOE HAmpaB-
JeHHe Ha paauycax cgepnl NPUMEM HANpaBJAeHHE - OT
UEHTPA. DTHM 3a4aHa HEKOTOPAsA OPHEHTAUMS BCErO TPex-
MEPHOTO HPOCTPAHCTBA R®: ,MOJIOKHTENbHYI0O* KOOPHAM-
HAaTHYI0 CHCTEMY B R® MOXEeM NOJIyunTh, B3fIB B KaKOii-
HUGYAb TOuKe @ cdepsl I ABa B3aHMHO NeprneHauKy asap-
HBIX KacaTeJbHBIX BEKTOpa
ax " ay TaxK, 4ToObl Mepexoxn
OT @x K ay OCyLleCTBJSICS
IOBOPOTOM NPOTHUB YaCOBOH
CTPEJIKM Ha HpAMOH yroJ, H
IpHCOEAMHHUB K HHM TPETHH
BEKTOD az, MAYLIHH 11O Ay4y
Oa B nonoxuresnbHOM Ha-
IpaBneHna (T. €. OT TOUYKH
@'BO BHEIIHIOW 06JacThb cde-
pu) (uept. 35).

[lycTs Teneps B mpocTpa-
CTBe R? nana nosepxuocts F, Yepr. 35.
5 N. C. Axekcasnpos 65




ua ueil 1ouxa P. [LCcau uoBepxuHocTb F 10CTA104HO
rMajkas, TO €e pacmoJoxeHue BOaM3M TOYkM P npeg-
CTaBJseT CJAelyloUiMe JBe BO3MOXHOCTH: HMJIH MOBEpX-
HOCTh B JAOCTATOYHO MaJOH OKPECTHOCTH Touku P pac-
MOJIOXKEHA MO OAHY CTOPOHY OT KacaTe/JbHOH IJIOCKOCTH
B 3TOH TOUKE, KAK DJIIHICOKL MJH Ni06as JApyras BblIlyK-
Nas TOBEPXHOCTb, WJHU ke BOGJIH3H TOYKH P oHa umeer
cenjioo6pasuyio (GopMy M HEePeCcEeKaeT CBOI KacaTelb-
HYI0 TJIOCKOCTh B 3TOi Touke (Kak, HampuMep, OAHO-
monocTHbIA runepGosoun — uept. 36).. B mepoM cay-
yae Mbl Ha3biBaeM TOYKY P aa.unmu4ecKkol, BO BTOPOM—
unepbosudeckoii. Kpome
TOro, Ha IOBEPXHOCTH F
MOTYT ObITh elle TaK Ha3bl-.
BaeMbie -napabosuvecKue
TOYKHM:- TaK, HanpuMep,
ua tope (uept. 37), moay-
YEeHHOM OT BpalleHHs OK-
pyxHoctd MPNQ Boxpyr
ocH XX, umeercs 06J1acThb
runepGoOMNYECKUX TOUYEK
(o6pasoBaHnasi npu Bpa-
IEeHHd HanpaBJeHHOH K Yepr. 36.
0CH BpAILeHUS IOy OKPY K- : A
gocThio MPN) u 06adcTh LIMNTHYECKHX Touek (obpa-
30BaHHAs TpH BpamleHuu Noayokpyxunoctn MQN). Dtu
061aCTH OTAEJEHB JPYr OT
X Lpyra Tapoil OKpPYyXHOCTeH,
onucanubix Touxamu M u N.
TH OKPYKHOCTH COCTOAT U3
napaboJruuecKuX TOUEK Topa
(TouHoe ompeneneHue mnapa-
601MYeCKHX TOdek Oynier
JLaHO HECKOJIbKHMH CTPOKaMH
HHKE).
~ BosbmeM Ha TOBEPXHOCTH
F pocraToyHo Maaywo OK-
pecruocts U Touku P, orpa-
x' HHYEHHYIO NpPOCTOH 3aMKHY-
Yepr. 37. toit suuueit L. OnpeneneH-
HOEe HanmpaBJleHHE HOpMAJH B
Touke P HWa30BEM MOJOXHTENbHbIM; TOrAa MOXHO TOBO-
DHTH O TIOJNIOXHMTEABHOM HANpaBlIEHHH HOPMaju BO BCEX
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TOUKAaX Manoi okpectHocTH U. JTHUM 3ajJaHa ¥ MOJOXKH-
TeJIbHasg OPMEHTAUHUsA HA BbIAEJEHHOM HamH kycke U mo-
BEPXHOCTH F: Ha BCeX 3aMKHYTHIX JIHHHAX, Jexamwux 8 U,
Mbl CUHTAEM NONOXKUTENbHBIM HaNpasjeHyue 06X04a NPOTUB
4aCcOBOW CTPEJKH, CuMTasd, 4TO Hudep6aaT 4acoB CMOTPHT
B CTOPOHY NOJOXHUTeJNbHOH HopMmanu. CuenaeM Temeps
clenyouwee nocrpoedte. B kaxpoi Touke £ OKpeCTHOCTH
U B03bMEM HOpPMAJbHBIA BEKTOP AJMHBI 1, HaNPABIEHHbIN
B NOJIOXHUTE/JbHYIO CTOPOHY HODPMAJH, M NepeHeceM 3TOT
BEKTOp napaajenbHo B ueHtp O Hameill efMHUYHOR Che-
pbl L. Tlonyuennbllt BekTOp, MCXOAswWHH M3 TOukH O,
o6osHauuM uyepes r(§), ero koHen—uepe3 o't). Touka o(£)
JAexuT Ha chepe L. Korma Touka § mpobGeraer BCio 06-
aacts U, 10 Touka o(f) 3auepTut Hexotopuid Kycok o(U)
cdepnl L, KOTOpHIH Mbl Ha30BeM CPEPHYECKHM H306pa-
xenneM oGaactu U. B wactHocTH, Xorjaa touka & mpobe-
[3€T KPUBYI0 L B NOJIOXHTEJIbHOM HampaBJeHUH, TO TOYKA
o(§) o6xoaut rpanuuy obaactu o(U) ma chepe B M0JSOXKH-
TEJBHOM HJH B OTpDHLATENbHOM HampasjeHuH. B mep-
BOM CJ/yya€ Mbl IPHUIUCHIBAEM OTHOIIEHHIO

naow. U
‘nxou.. o(U) 1)

3HaK +, BO BTOpoM — 3Hak —. Temepr Mb mnepexoaum

Yepr. 38.
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K Ipeaely, 3aCTaBisis OKDPECTHOCTDb U crarnBaThca ua
nogepxnoctd F B Touky P. Torza u o6iactb s U) cra-
rupaeTca Ha cdepe I K Touke o(P) M OTHOWweEHHe (1)
CTPEMHTCS K ONpele/IeHHOMY 4YHCIOBOMY IpeAeny, Ko-
TOpHH U HA3bIBACTCSH 2aycco80i Kpusu3HON NOBEPXHOCTH
B Touke P. Jlerxko ybeautbcss (ueptT. 38), 4TO mpenen
5TOT IOJOXHUTENEH B 3JJIHATHYECKHX TOUKaX M OTpHUa-
TeneH B rumepboaunueckux Touxax. IlapaGonuyeckue toy-
KH—5TO T€ TOYKH, B KOTOPBIX 9TOT Npeles PABEH HYJio
(wept. 39).

Yepr. 39.

OJHMM M3 3aMedaTeNbHEeHIINX NMpensoxeHudl nupde-
PEHIMAIbHOM TeOMeTPUU ABJIAETCS TOT (AKT, UTO rayc-
COBa KPHBU3HA IOBEPXHOCTH BHIPAKAET BHYmMperree CBOM-
CTBO MOBEPXHOCTH, T. €. TaKoe CBOMCTBO, KOTOpOe He
MeHSETCs P M 6OM H3rH6aHuM MOBEPXHOCTH (6e3 pac-
TsKeHdil m cxkaruil). Hanpuamep, cBepThiBas xBajpar
(depT. 40) B HHUIHHAPUYECKYIO NMOBEPXHOCTh, Mbl HE Me-
HsieM BHYTPEHHHX CBOWCTB TOBEPXHOCTH, B YaCTHOCTH,
ee KpMBH3HA B KamJOi TOYKE OCTaeTCs PaBHOH HY.IO.

Cpean mOBepxHOCTelH 0c0o00 BAaXHOE MECTO 3aHUMAIOT
Te€ NOBEPXHOCTH, KPHBH3HA KOTOPHIX B KAamJOH TOUKE
PaBHA ONHOMY M TOMY e uHcay. Takue NOoBEepXHOCTH
HA3bIBAIOTCS TOBEPXHOCTAMU NOCMOAHKON KpUBu3Hol. K HUM
NPUHAANEXKAT: TOBEPXHOCTH, KDHBM3HA KOTODHIX BCIOAY
paBHAa HyJII0—IJIOCKOCTH W BCé HOBEPXHOCTH, pasBeprH-
BalOLIMEcs Ha MJOCKOCTh (B TOM YHCJIe M KOHHYeCKHE
B nuauHApHueckue mosepxHocT). Chepa MoxeT CIyxHTH
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IPUMEPOM 1IOBEPXHOCTH OCTOSIHHOK IOJIOXKHUTEIbHOH KpU-
BU3Hbl. CyIECTBYIOT M MOBEPXHOCTH MOCTOSHHOH OTpHLA-
TEJbHOH KPHUBH3HbLI—3TO TAK HA3bIBA€MbIE MCEBLOCHEPHI,
‘OJlHA U3 KOTOpHIX HM300paxkeHa Ha yepT. 41.

a) b)

Yepr. 40. Yepr. 41.

[ToBepxHOCTH MOCTOSIHHON KPHBH3HBE 06/1aaI0T METPH-
4eCKOH OJXHOPOLHOCTBIO, 3AaKJIUAIOINEHCH B TOM, 4TO
JA1L60H JOCTATOUHO Manblii KyCOK TaKOH IOBEPXHOCTH
MOXKHO 3aCTaBUTh CKOJIB3HTb MO MOBEPXHOCTH O€3 pacTd-
XKEHHH M CKAaJ0K C OLHUMH TOJbKO u3ru6anuamu. Ta-
KHM CKOJIbXKEHHeM, CBA3aHHBIM JAullb C u3rubGaunem (6es
M3MEHEHHA AJIHH H YIJOB), NaHHbI# KYCOK HMOBEPXHOCTH
MOXHO NepeABHHYTHb B Jic60€ ApPyroe MECTo Ha IOBEPX-
HOCTH; 9TO MOXHO (PaKTHUECKH [POBEpPHTb, B3AB Cle-
JAaHHYI0 M3 THICA MNAeNb IIapa HJIH IceBrocdepbl H
pea/su30oBaB KYCOK TOH K€ NMOBEPXHOCTH H3 KAKOro-aubo
ru6Koro, HO HepacTAKHUMOTO Martepuasa.

lIOpseBckuil npogeccop Munaunr nokasan (B 1839 —
1840r.),uyT0 ONKCaHHAs METPUYECKASA OLHOPOAHOCTE BIOJIHE
XapaKTepu3yeT MOBEPXHOCTH TOCTOAHHOH KPUBH3HBI, OT-
KyJZa Jerko 3aK/i0YdTb, UTO JHUIb HA MOBEPXHOCTAX MO-
CTOSHHOW KPHUBH3HBI MOIKHO TOBODHTb O Ipymnax JABHXKe-
HHI U KOHTPYSHTHBIX (Hrypax. :

Mu yxe BHZENH, YTO HA NOBEPXHOCTAX IOCTOSHHOW
HOJIOKHTENbHONH KPHBH3HBl OCYIUIECTBAAETCA JOKAJbHO
(T. e. Ha HEKOTOPOM KYCKE IOBEPXHOCTH) SJJIHNTHYECKAS
reoMeTpus, HpHUeM poJb MPAMBIX HIPAOT JIeXKallHe B
JAHHOM KYCKe NOBEPXHOCTH AYrH OOJbIIHMX KPYroB, a
YTIJIbl U3MepsIoTCA KaK OOBIYHO.

BosspaTiMcsi Temepb K BOMPOCY O peau3auud reo-
metpun JIoGaueBCKOro Ha KpHBHIX NoBepxHocTax. Ha
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OCHOBAHMM CKa3aHHOTO Mbl YyX€ MOXeM HNpeANoJarary
YTO peanusauus reoMeTpuu JIo6aueBCKOro, Kak u peanuss.
L{s  SJNMNTHYECKUH TIEeOMETPUH, MOXeT HPOHCXOLNTY
JHULIb HAa NOBEPXHOCTAX MOCTOAHHOM KpUBH3HEL. OKasLiBaer.
cd, BOMNPOC JAEHCTBHUTENbHO TOJYYaeT IOJOXKUTENbHOe
peuienne: 2eomempus Jlobauesckozo (noxalbHO) peaay.-
3yemcs HA NOBEPXHOCMAX NOCMOSAHHOL OMPpUyAMeNsHOf
Kpugu3nbl. JTOT (PAKT HMEET HE TOJbKO NMepPBOCTENEHHOe
MAaTeMaTHUYECKOe, HO M (ulocopCcKoe 3HayeHHEe: reoMer-
pusi JIo6aueBCKOro HE €CTb KaxKoe-lIu60 yMO3PHTeNbHOe,
UppeanbHoe IOCTPOEHHE, €€ 3aKOHBl OCYIIECTBJSIOTCH
Ha TOBEPXHOCTAX, JIEXKAMKUX B HALIEM PEaJbLHOM TPexMep-
HOM NPOCTPAHCTBE, HA NCEBAOCPEpPax, MOAEIH KOTOPHIX
Mbl MOXEM BHMAETb H 0C3aTh B J10OOM reoMeTpHUecKoMm
kabuHeTE.

Takum o6Gpa3oM, o6e HeasKAud08bl 2eomempuil peaiy-
3yromcs (M0 KpaiHeil Mepe, MO HacTAM) HI Kpussx Ho-
8EPXHOCMAX: OKU SI8ASIOMCSL 2LOMEMPUAMIL NOBEPXHOCMEL]
ROCMOSAHHOI KPpusU3HbL — NOAOHCUMEAbHOIL 8 CAYHQE 220-
Mempuu Pumana u ompuyamenshoil 8 cAyvae 2eomempun
Jlobauesckozo. 3a 9BKIHAOBOH TreoMeTpHeill NpH 5TOM
OCTaeTCss NPOMEXKYTOUHOE ION0XEHHE — FeOMeTpPUH MOo-
BEPXHOCTEH HYNEeBOH KPHBH3HBI (9BKJHIOBA MJIOCKOCTh
¥ HaJaraoouuecs Ha Hee NOBEPXHOCTH — LHJIHHAPHUECKHe,
KOHHYECKHE M Ip.).
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