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CIrIOCOb IMOMBb30BAHHA NAHHBIM TPAKTATOM

Hoesoe uzoanue

1. B Tpakrare MaTeMaTHKa pacCMaTpMBAeTCA C CAMBIX €€ Hauan ¥ C MOJIHBIMM [OKa3aTe/lbCTBaMM.
To3ToMYy ero uTeHHe He NpeANONaracT B NMPHHIMNC HHKAKHX CHEUMATBHBIX MaTCMATHUCCKHX 3HAHMAA, a
TpeGyeT nMIp HEKOTOPOTO HABHIKZ K MaTeMaTHUeCKHMM paccyXHeHHSAM M M3BeCTHoft CmocoGHocTH K
acrpaxumn. OnHaxo TpakTaT paccuMTaH IIpeMMYLIECTBEHHo Ha ‘MTafeneff, oGnajalomMx XOpPOLIMM
3HaHMeM MaTepHana Mo xpafiHelt mepe B oGbeMe niepBoro Wi NEPBBIX OB YX KYPCOB YHHBEpCHTETa.

2. TipuHATHEE CHOCO6 MAIOKEHHA HOCHT AKCHOMATHUESCKHI XapaKTep M Uallle BCETO Peasiusyer nepexol
oT ofiero x yactHoMy. K ToMy e HyXIbl HoKa3aTenbCTBa TpeGyI0T, yro 661 B MPpUHUMNIE [TIaB I CTICHOBANIN
B CTPOro (MKCHPpOBaHHOM JIoTMUCCKOM nopagke. [ToroMy Tone3HocTh HEKOTOPRIX paccMoTpeHnft 6ypner
06Hapy»MBATECA NHILE IIPH YTEHHH NOCHEAYIOIMX 7148, BO B CAKOM CIydae, eClH W TaTeN s elle He oGitana-
€T JOCTaTOYHO 0GUMPHBIMH 1O 3HAHU AMH.

3. Tpaxrar gemutca Ha K, a kaxmaa Kuura — Ha rmasbl. PaxmvueckH ony 6/ KoBaHBL, MOJHO CTHIO
WIH YaCTHYHO, lenyiolye KHurm: .

Teopust MHOXECTB o06o3Hauaemas yepes E
Anre6Gpa - A
O6iwas TononoMms s TG
OyHKuMH NefiCTBHTENIBHOTO T1e pe MEHHOTO - FVR
TomnosoMyecKre Be KTOPHEBIE MPOCTPaHCTBa - EVT
Hurerpuposame - INT
KommyTarieHas anreGpa — AC
Indde peruy pye Mble u aHAMMTH YeCKHe MHoToo6pasus - VAR
I'pyrner u anreGpst JIn - LIE
CrniexTpanbHas Teopus - TS

B wecru nepsvix Kmirax (oTHOCHTENBHO YKa3aHHOTO Bhillie MOPAEKa) Kaioe BbICKa3hLIBAHHE alle/iH-
pYeT JMIb K ONpeleieMMAM U pe3yJIbIaTaM, HM3JIOKEHHBIM paHee B TeKyuieH ImaBe WM B NpeAllieCTBYI0-
LMX Rapax, NMpHUYeM [aBbl pacnonaraloTcs B cneayioomem mopsaoke: E; A, rnasst I-11I; TG, rmasw I-111;
A, rmasst IV u crnepyioime; TG, rnasu IV u cnenywoume; FVR; EVT; INT. Hausnas c cenemoft Knury,
B cny4ae HeoOXoAMMoCTH, YMTaTenb HalfleT B Havane Kakno# KHHIM wiu riasbl ToUYHoe yKa3laHue Ha UC-
nonb3yemble KHYT'H uny rnase! (NP 3TOM IHeCTh NepBbIX Kuur eerpa 6 yayT NpeAlonaraTbcsi W3BeCTHRIMM) .

4. Bripouem, Koe-Kaxue (pparmMeHTH! IpeAcTasnsior cobolt uckouere U3 NPeObAYIUMX npasua. OHM
BBUIENANTCA OBYMSA 3B€3[0YKAMU: *. .. , u Ju6Go UpencTasnsoT cobolt npuMepsl, obieruaiiye TOHHMa-
HHe TeKCTa, HO ONMpaloll¥ecsi Ha (PaKTHL, KOTOpPHIE YHTATENb, BO3MOXKHO, 3HAaeT M3 APyTHX UCTOYHHKOB,
nu6o B HHX MOMHMMO Pe3yNbTaTOB, NPeANlo/laracMBIX H3BECTHBIMH Ha NPOTSKeHun Beelt paccMarpuBaeMoit
[J1aBbl, MCHONB3YIOTCA TAKXKE pPe3ynbTaThl, JoKa3blBacMble B [APYTHX pasfienaX TpakTaTa. dparMeHTs
BToporo Tuma GyayT csoBonHo ucnonb3oBaTbesl B TeX 4acTAX TpakTaTa, B KOTOPHIX IpeAlionaraloTcs
M3BECTHBIMM KAaK [I1aBbl, B KOTOPBIX 3TH (parMeHTb! COlePXATCH, TAK H THaBbl, Ha KOTOpble OHH ONM-
paloTcs. MBI HafleeMcsl, YTO YHTATENTb CMOXKET YOeAUThCA B OTCYTCTBHH NOPOYHOTO Kpyra.

5. HexoTopnie KHum (kxak olly GMMKoBaHHBIe, TaK U NIOATOTaBIMBAaEMbIE K Ne4yaTi) cHaGxeHsl c800Ka-
MU pe3yns1aros. ITM CBOIKH COHEPXAaT caMoe CYywecTBeHHoe u3 onpenenetult n pesynsraTos Kmmm, Ho
He BKJTI0Y3I0T HHKAKUX H0Ka3aTeNbCTs.

6. Jlorvyeckuft oCToB Kaxmo#t IMaBbi COCTABJAIOT OnpedesneHus, AKCuoMbl n Teopemsl 3ToH IaBbi;
HMeHHO 3TOT MaTepuan ocoGeHHO HeoGXomumo ylepXuBarh B MAMATH Nis OanbHefiiero. PeaynbsraThl me-
Hee BaXKHbIle WM T€, KOTOphle J1eMKO MOYKHO BOCCTAHOBHTD Ha 0 CHOBaHHM Teopem, QuTypupy 10T HoX Ha3pa-
HHeM “ripeiokesui”, Ynemm”, “oieAcTRUM”, “3ameuamui”’ W T.0.; To, YTO MOXeT GRITH olyllieHo TpH
TlepBOM YTEHHH, HallewaTaHo NetHToMm. [fon HaspaHmeMm “Cxonms’ [aeTcs MHOTAA KOMMeHTapu#t K ocoGo
BaXXHoO# Teopeme.

Bo n3BexaHue CKyuHbIX NOBTOpeHH{t MHOINA BBOMATCA Te WM MHbE 00O03MaYeHHA UM COKpALLUEHHA,
nNeficTBHTeNbHEIE JIMIUG B MpefefiaX ofHo#i MaBhl uyM opHoro nmaparpada (Hanpumep, B Mase, e Boe
paccmarpMpaeMble KoJblia KOMMYTATHBHEI, 0[], CNOBOM “KONHIO™ NOHMMAaeTCH BCIOAY “KOMMYTAaTHB-
Hoe KonHio™). Taxoro popa cornammeHHs Bcerja ABHO OTOBapWBAIOTCH B Hayane IMaBhbl win naparpada,
I7ic OHU TIPU MEHSIOTCA. .

7. Hexoropele MecTa uMeloT cBOeH LeNBIO IPefiocTepeyb WATATEN S 0T Cepre3Holi onmbKu, B KoTopyio
OH PHCKYeT BIACTh; 3TH MeCTa 0OTMe4eHb! Ha none 3HakoMm Z (“oNacHsit MoBopoT”’).

8. YmpaxHenus npepHasHaueHbl, ¢ ofHo#f CTOPOHBI, WA Toro, Yro6bl JaTh BO3MOXKHOCTH W TATENO
YOOCTOBEPHTECA B 1IPaBUJIBHOM YCBOEHHM MM TEKCTa, a € Apyro#t — yroGhl MO3HAKOMHTH €TI0 C pe3ysibIa-
TaMH, AN KOTOPBIX He HANLIOCh MeCTa B TeKcre; HauGoJiee TpyMHBIC M3 HHX OTMeYeHbl 3HaKOM ¢ .



6 Cnocob nonb308aHUA OGHHBIM TPAKTATOM

9. TepMuHonoM s, NpUHATAA B 3ToM TpaxTate, Gbina npenmerom oco6oro BHumanus. Soiu npusoxce-
Hbl CTAPARUA HUKO020@ He OTKAOKATLCA OT YCTAHOBUBUWIEUCA TEpMUHOno2ul be3 8ecbMa CEPbEIRBIX Ha TO
OCHOBaRUM.

10. IMpuioskeHbl CTapaHA A, He XEPTBY A FIPOCTOTOH H3NOXKEHU S, B CIONY NMOJIL30BATHCA BhILie pXKaHHO TOY-
HBIM A3bIKOM. HackonbKo 3T0 BO3MOXHO, 804bKOCTU ped, Ge3 KoTophix N0G0H MaTeMaTHYeCKHH TeKCT
PHCKYET CTATh NMeJAHTHYHLIM U [aXxe HeynoGowTaeMBIM, KaXHbIil pa3 oroBapHBaloTCA.

11. Tak Kak TEKCT MOCBALIEH JOTMAaTHYECKOMY W3OXKEHHIO TeoDPuH, WATaTenb HalineT Gubnuorpacdu-
YeCKHe CCBUIKY JIMLUL B BUOE MCKIIOUEHMH; 3TH CCBUIKM GyIIyT COCPelOTOYEHBl B UCTOPUNECKUX OYEPKaX.
Bubnuorpadms, KoTopas ciefyeT 3a Kax/IbiM H3 3THX OYEPKOB, vallle BCEIO CONEPXMT TOJBKO KHUIH U
OPHIMHANbHbIE CTATHA, CHITpaBIlMe Hay GONBILYIO PONb B Pa3BUTHH paccMaTpuBae Mol TeopyH; OHA HUKOUM
06pa3oM He NpeTeHAYeT Ha MOJTHOTY .

Yro xacaeTcA ynpaxHeHmil, He 6bDIO0 BOOOIE COYTEHO MOME3HBLIM YKa3bIBaTh HX MPOHCXOXIEHHE,
KOTOpoe MoXeT GbITh CaMbIM pa3nMyYHbIM (OpHIMHAILHLIE HayyHhle CTaThl, YYeGHule pyKoBoucTBa, cbop-
HMKH 3a]1aY) .

12. B HOBOM W3[aHHH CCHUTIKM Ha TEOPEMBI, aKCHO MBI, ONIpefeNieHH S, 3aMEeYaHu A 1 T.1. NalOTCA, B NpUH-
e, myTeM yKa3aHMs nocnenoBarenbHo KM (¢ coxpauieHMAMM M3 CIICKA B 1. 3), IMaBbl ¥ CTpaHUULLL,
roe oMu HaxomaTcd. BHyTpu Toii xe camoli KHMIM ynoMuHaHMe O Helf OMyCKacTCH. Hanpumep, B Kimre
" Anre6Gpa” couyeTanue

E. I, p. 32, cor. 3
OTCHIIAET K CJIeACTBHIO 3, Haxomsue Myca B Kiure “Teopus moxects”, . 111, ¢. 32;

IL, p. 24. prop. 17
OTCBUTACT K NMpemioxkenuio 17 u3 kMM “Anre6pa”, rn. II, c. 24.

C800xu peszyavraroe obo3navatorca 6yksoii R. Hanpumep, EVT, R o3HauaeT “CBOMIKA Pe3yNbraToB U3
KHHIH “Tononorkyeckie BEKTOPHBIE PO CTPaHCTBA™.

Tax xak HoBble H3MAHUA HeKOTOPbIX KHUT [0JKHBI BHIITH HO30Hee, CCHUTKM HA HH X [JAlOTCHA MyTEM

MoC/eOBaTeNBHOTO yKasaiusa KHumW, Imasw, naparpacda ¥ MyHKTa, THe HAXOMMTCR UMTUPYeMbIt pe3ynb-
TAT; HAPUMED,

AC, 111, § 4,n° 5, cor. de Ia prop. 6 *)

)8 HACTOAIIEM MNepeBOde COXpPAHEHbI CCHIJIKM MA OPUIHHANIbHbBIE BHIITY CKM HOBOTO uU3naHuAa TpakrTara,
DOCKONbKY OHM NO Gonbiledl YacTH He HMeIOT COOTBETCTBHH B BLIIYCKaX CTaporo H3maHus Ha pyccKoOM
A3bIKe; B TeX cyvyasax, KOrga TaKkue COOTBETCTBUA MMelOTCA, AP ANIENIbHO OAHbI CCBUIKH Ha HaIUIe)KsuIne
MecTs pycckoro Mepesopa. — ITpumey. nep.

k3



FTABA X
IF'OMOJIOTHYECKAA AJITEBPA
§ 1. NONOJIHUTENBHLIE CBEJEHHSA U3 JIHHEHMHON ANTEBPbI

B 3arom napazpagpe uepes A obo3uauaerca xoavyo. Ecau 2810 ne o20eopeno nporusnoe,
8Ce paccmarpugaemple MOOYAL U UOeAabl CYUTAIOTCA AeQbIMU.

Bce onpedenenus u pe3yabTaTsl npumenuMsl TaK¥e U K NpagbiM MOOY/ASAM, ecau ux pac-
CMATPUBATL KaK Neable MOOYAU HAO NPOTUGONOAOKHLIM KOALYOM.

Ecau M — A-m00yab u ecau a € A, 10 uepe3 ayy 0bO3HAYAETCA 20MOTeTust X>ax Ha M.
Caedosareavio, 1y = ldy (TomOecteennoe orobpaxenue muoxecrea M); kozda 310 He MO-
HeT npueecTu K nyranuye, emecro 1y nuwercs npocro 1.

Haxoney, uepes 0 obo3nauaerca A-M0o0yab, cOCTORUUI TOALKO U3 €020 HEUTPAAbHOZ0
aneMenTa, abiOpanuslii paz u nasce2da (cp. 11, p. 8).

1. KoMMyTaTMBHBIe IMarpaMMs]

Iycrs, nanpumep, B, C, D, E, F — narb mHoxecrs, u mycrs f — oroGpaxenne E 8 F, g —
orobpaxenrie B B C, i — otoGpaxenne D B E, u — oroGpaxenne B B D u v — oroGpaxe-
me C B E. JIna npocToro onucaHu g cMTyaldd Takoro pofia YacTo MCTIONB3YIOTCA T1arpaMMsl;
TaK, pacCMaTpUBaeMaf CHUTyallMA OMMchiBaeTcA ciemywowmeit muarpammoit (E, 11, p. 8; Teopus
MHOXecTB, 11, ¢. 91) :

B—-C

.,1 1" 1)

D-—T>E—f——>F.

B Tako#l qHarpaMme rpynna 3Hakos E —f->F cxeMaryueck 06o3HavaeT, 410 f ecTh oToGpa-
wetne E B F. Korga scHo, 0 kakOM oToGpaxeHUd HAET peub, OykBa f omyckaerca U MMILETCA
npocro E - F.

Korga B, C, D, E, F — rpymmn1 (cootBercTBeHHO A-MopynH) U f, g, h, 4, v — roMmomopdus-
MBI TPYNI (COOTBETCTBEHHO A-MOMyMeit), [UIA KPaTKOCTH TOBOPAT, uro mmarpamma (1) —
310 Quazpamma 2pynn (COOTBETCTBEHHO A-Modyaeil) .

B npuHuMne muarpamMma He ABJISAETCA MaTeMATHUYECKHM OGBEKTOM, a TONMBKO PUCYHKOM,
npenHa3’HaueHHbIM [UIA oOnerdeHus ureHuA. Ha MpakTHke [MarpaMmel 4acTo HCNONL3YIOT
KaK Kpariue 0603n@ienus, N03BoNAIILMe H36exaTh noapoGHOro HauMEeHOBaHU A PACCMATPH-
BaGMBIX MHOXECTB U OTOGpaXeHHH; TaK, TOBOPAT: “paccMOTpMM muarpammy (1)” BMecro
1010, 4TO6BI CKa3aTh: ~mycTh B, C, D, E, F — nfATh MHOXECTB. . . # ¥ — oToGpaxenue CB E”;
CM., Hanpumep, GopMyTHPOBKY TperioxeHua 1 B 1. 2.

PaccMoTpuM, HalIpMep, CIIEIY IOLLY 0 JHarpaMMy !

B—4LsC—-sD-—tSE

bl cl dl el (2)

’ ’ ’ . ’

B i C—— D' ——E

BcskoMy 1TyTH, COCTaBIIEHHOMY M3 HeKOTOPOT'O UMC/Ia OTPE3KOB IMarpaMmsl, IPOXOAMMO-
My B HampaBJIeHMH, YKa3aHHOM CTPE/IKaMH, CTABUTCA B COOTBETCTBUE 0TOGpaXeHne MHOXeCT-
Ba, M306paXaeMOro HAYaioM IlepBOro OTpe3ka, B MHOXeCTBO, M306pakaeMoe KOHUOM
NOCIEHETO OTpe3Ka, MpeacTaBisomee 060l KOMIO3MIMI0 0TOGpaskeHHit, H306paxaeMbIx
PaVIMYHLIMH MPOXOIMMMBIME OTpe3Kamu. [IPpHHHMAeTCH COINAMieHWe, UYTO IVIA BCAKOH

-



8 § 1. Jonoanurenvhvle caedenun u3 nuneilnoil aneebpol

BEpPUMHL IMarPaAMMBI, HanipuMep, C, HMeeTCA MyTh, CBoAAMicA K C, H eMy CTaBHTCA B COOT-
BETCTBHE TOXHECTBEHHOE OTOOpaxeHue 1¢.

B mwarpamme (2), HanpuMep, HMEIOTCA TPH MYTH, Bm(oxumme u3 B " OKAHYNBAOLIHECH
B D'; coorsercTByioume oro6paxemus — 3o dogo f,g'ocof u g' o f'o b. ToBopar,
YTO AHarpamMMa KOMMYTATHBHa, €CNIM 1A BCAKOH napsl IyTe#l 3TOH MMarpamMmebl, HMeONMX
OMMHAKOBbIE HAaYaJI0 H KOHEN], AB2 COOTBETCIBYIOUMX OTOOGpaXkeHus paBHbl; B YaCTHOCTH,
€CIIH Y HEKOTOPOTO IYTH €r0 KOHel{ COBIAMIAET C €0 HAaYAIOM, COOTBETCTBYWLIee OTOGpaKe-
HME JOJIKHO GbITh TOXKNECTBEHHBIM.

Ina toro uro6si muarpamma (2) Gbula KOMMYTaTHBHOM, HEOOXOMMMO M NIOCTATOYHO,
4TOGH!I BHINONHMIHCH COOTHOWICHU S

flob=c¢cof goc=dog, h'od=eoh 3)
WHaYe TOBOPA,. HeOGXOMMMO M JOCTaTOYHO, YTOObI TPH KBAaPaTHBIX AMarpamMmBl, BbUIETIEHHbIX
H3 OMarpamMMbl (2) 6bUTH KOMMYTATHBHBI, J].eucmmenmo u3 coomomemm (3) BLITEK2eT,
YTO dogof glocof tak Kak dog =g’ °¢, M UTO & 'ocof=g'of'ob, Tak Kak
cof =f'o b; cnenoBaTensHo, TpM NMyTH, BBHIXOAALMX H3 B M OKAHMMBAIOWKMXCSA B D', pmalor
OOHO M TO Xe moﬁpaxcelme Tax e NMPOBEPAEICA, UTO HeTHIPE MyTH, BHIXOAALMX H3 B ¥
saxaHmBaoumxca B E' (coOTBeTCTBEHHO TPH MyTH, BHIXOAAUMX M3 C H 33KaHUHBAIOMMXCA
8 E'), mator ofHo 4 10 %e oTtoGpaxetue. COOTHOMICHHUSA (3) o3HayalT, YTO [B& IYTH, BBIXO-
mmmx 3 B (coorBercrento C, D) n oxawwsaiommxca 8 C' (coorsercteeno D', E')
[AIT OJIHO ¥ TO Xe orobpaxeHue. Bee npyrue napbi BeplMH ouarpaMmsl (2) MOryr 61>m>
coelMHEHbI camoe BOTIbILEE OIHKM MYTeM, H IuarpaMma (2), cienoBaTenbHo, KOMMYTATHBHE.

B nmanbHeifiieM Mbl GyZeM MpepOCTaBIATL UTATEI0 GOPMYIHPOBKY H npOBepKy aHasno-
TMYHBIX Pe3yJIbTATOB 1A IPYTHX THIIOB [HMarpamm.

2. 3MeeBHOHAN OHArpaMMma

MpennoxeHnune 1. PaccMorpum xommyTratueuyio duazpammy A-modyaeii
M~ N—=2>P

5 l gl hl 4)
Ml —:’_) NI _—v_’_’ PI .

Ipednonoxum, uro obe crpoxu duazpammbl (4) Tounsie. Tozoa:
(i) Ecau orobpaxenue h unsexTugno, To

Im(g) N Im(u') = Im(u' o f) =Im(go u). )
(ii) Ecau orobpaxenue [ clopseKTUsHo, TO
Ker(g) + Im(u) = Ker(v' o g) = Ker(h o v). ©)

Hoxaxem (i) . ficHo, uro
Im(u' o f) = Im(g o u) C Im(g) N Im(x’).

O6patHO, MycTh y' E Im(g) N Im(u') Wmeetcs anementr y € N, mis Kotoporo y' =
=g(y). Tak xak v’ o u’' =0, 10 0 =V'(y") = V' (g (»)) = h(v (»)),0Tkyna v(y) =0, Tax Kax
h yapexBHO. Tak kak (4, v) — Toqﬂan MOCIIEIOBATENBHOCTD, TO HMEETCH NEeMEHT X € M,
s xoroporo ¥ =u(x),orkyma y’ g(u(x))

Joxaxem (ii).Tax kak vou=0 u v ou’' =0, 10 ACHO, YTO

Ker(g) + Im(u) C Ker(v' o g) =Ker(h o v).

O6parto, mycrs y € Ker(v' o g). Torna g(») € Ker(v'), 1 HMEETCA INEMEHT x'e M,
mna Koroporo u'(x') = g(¥), TaK KaK MOCTENOBATENLHOCTD (u v") Toumas. TaK Kak f
CIOPBEKTHBHO, TO HMeeTCA 3lleMeHT x € M, wis kotoporo f (x) =x', otkyma g (y)=u "fx) =
= g(u(x)); orcrona 3amouaem, uro ¥ — u(x) € Ker(g) , ueM I0Ka’aTeNbCTBO 3aKAHIMB AETCA.

Jdemma 1. Pacemorpum KOMMYTaTUGHYIO Quazpammy A-mooyaei:

M s N
s l yl (7)
M'— N".



§ 1. JlonoanutenvMole caedeRus U3 AUNEURON ar2eOpbl 9

Cywecrsywr u npurom edurcreennste 2omomopgusmor uy: Ker(f) >Ker(g) u u, =
= Coker(f) = Coker(g), ons KoTopsix duazpammsl
Ker (f) —> Ker (g)
.. ) ®

M/ .__u_’ N/

1 <9>

Coker (f )—> Coker (g)

KOMMYTATUSHbL, 20e i U j 0GO3HAYAIT KAHOHUYECKUE GAONEHUR, P U G — KAHOHUNECKuUe
clopseKyuu.

JleiicTBuTenbHO, ecu x € Ker(f), 10 f(x) =0ug (u(x)) =u'(f(x)) =0, cnenoparensHo,
u(x) € Ker(g), uro HeMeJIeHHO [aeT CYILECTBOBaHUE U € JMHCTBEHHOCTH TOMOMOpPOH3Ma U, .
Touno Tak xe, *MeeM:

u'(f(M)) =g (M)) Cg(N),
C/le/IoBaTeNbHO, TPy Nepexofe K GaxTopMomynaM u' [aeT roMomopdusm
u,: Coker(f) > Coker(g),

€MMHCTBEHHbIH, I8 KOTOporo muarpaMma (9) KoMMyTaTHBHa.
Bynem Tereps MCXOMMTb U3 KOMMYTaTUSHOI muarpammsl A-momyineil (4); BBuAYy Jem-
Mbi 1 el COOTBETCTBYET KOMMYTATHBHAA arpaMma

Ker (f) =2 Ker (g)— Ker (h)

i ‘ 4 k‘

M i N —2— P
4 _,,‘ 4 - (10)
M — N — P

Coker (f) - Coker (g) — Coker (h),

e I, j, kK — KaHOHHYeCKHe BIOXEHWA, P, ¢, ¥ — KAHOHMYeCKHE CIOPbEeKUMH, U, , Uy (COOT-
BETCTBEHHO VU, U;) — roMOMOpdH3MBbI, NONyYeHHbIE M3 U, u' (cooTBercTBEHHO U, V) ¢
TMTOMOLLBIO JIEMMBI 1.

Mpennoxeuue 2.Ipednoiowum, uro 8 komMmyrarusnoii duaepamme (4) crpoxu
(1, v) u (u',v") rounste. Tozoa:

(i) vy o uy =0; ecau u' unvextusno, To nocredosarensnocts (U, v;) TouHas.

(ii) vy o Uy =0; ecau v cropsexTUSHO, TO NOCAEO08aTenbHOCTy (U2, U2) TOYHAA.

(iii) Hpeonoaoxum, uro u' unsexTusno u v ciopsexrusno. Tozda cywecrsyer u npurom
eduncreennstii 2omomopgusm d. Ker(h) - Coker(f), oGaadarouuii credywwum cgoiict-
gom: ecau sementst z € Ker(h), y € N u x' € M' y0081ersopainr cOOTHOWEHUAM
v()=k(@) u u'(x")Y=g(¥), 10 d(z) =p(x'). Kpome 1020, nocredosareasHocrs

Ker(f) &> Ker(g) —> Ker(h) —> Coker(f) ~> Coker (g) ——» Coker(h) %)
TOYHAA. i
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Ker(f) —+ Ker(g) —2 Ker(h) -

1

'} 4 4

M — N — P i

R R
M’ —_ N’ —_ P’

’\ | 4
L — €oker (f) ~— Coker(g) —— Coker (k)

Hoxaxem (i). Tak Kak ¥, 4 v, MONyYeHbl U3 OrpaHuYeHUi oToGpakeHuii ¥ H v Ha Ker (f)
u Ker(g) cooTBeTCTBEHHO, TO V) © U = 0. UMeem:

Ker (v;) =Ker (g) NKer () =Ker (g) N Im () =Im ) N Im (u).

Ho, cornacro npennoxennio 1 (i), umeem Ker(vy) =Im(je u;) = Im(u,), ecnuu’ unvex-
TUBHO.

HoxaxeMm (ii). Tak Kak u, W v, MONYYATCA M3 U M v TYTeM Nepexofa K GaKTopMOy-
JIAIM, SICHO, YTO U, © Uy = 0. [IpennonoxuM, 410 v ClopbeKTHBHO; TaK KakK P ¥  CIOPbEKTHB-
Hbl, T0, BBUAY npemioxkenusn 1 (ii), umeem:

Ker (v;) =q (Ker (v; ©q)) =q (Ker (') +Im (g)) =

=q(Ker ) =q(Im @) =1Im(gou’)y=Im (u; op)=1Im (u,).

HoxaxeM, Haxonel, (iii). Ecnu z € Ker(h), 10 uMeeTcs IMEMEHT Y € N, Wi KoTopo-
ro v(y) = k(z), HOCKONBKY U CHOPBEKTHBHO KpoMe roro, v "@O) = h(k (z)) =0, u,
CTIETlOBATENbHO, HMELTCs eduncraennsii mement x' € M', s xoroporo u’ (x') =g (), no-
cxonbky u' mabextuBHO. [lokaxem, uro anement p(x') € Coker(f) He 3g8uUcUT OT IMEMEH-
ta y € N, wia xoroporo v(y) = k(z). HeiicrButensuo, ecnu ¥, € N — Bropoil Takoil ane-
MeHT, uTo v (¥1) =k(z),10 y; =y +u(x),roe x€M; noxaxem,uroecnu x; EM' uu'(x;) =
=g(¥1), 10 X1 =x" +f(x); meictButenbHo, ' (x' +f(x)) =u'(x') +u' (F(x)) =g() +
+gx)) =g +u(x)) =g(y). HakoHen, orciona 3akiiouaeM, uto p(x;) = p(x’') +
+ p(f(x)) = p(x'). CnepoBarensuo, MoxHO non0XuTh d(z) = p(x'), ¥ 3THM ompeneseHo
oro6paxenne d: Ker(h) - Coker(f).

Ecnu teneps z,, z, -- 3mementsl u3 Ker(h), Ay, A; €A Mz =Xz, +\;2,, TO HAXOJIHM
3IeMeHTbI ¥, H ¥, u3 N, wist kotopuix v (¥y) =k(z,) nv(y,) = k(z,),u Bpibupaem B Ka-
yectBe ¥ € N anleMeHT A, y; + Az 3 ; TOra HETMOCPEICTBEHHO BHIHO, YTO

d@)=N\d (z,) tN\2d (25),

CIIEOBATENBHO, d — 20MOMOPPUIM.

Npennonoxum, uro z = v, (#) ana Hexotoporo ¢t € Ker(g); torna BeiGipaeM B KayecT-
Be y € N anemeHr j (1) . Tax xak g (f (t)) = 0, 1o orciona 3axniouaeM, yro d (z) =0, cneno-
BarensHo, d o vy, = 0. O6paTHO, MpeanonoxuM, 4to d (z) = 0. B npeapinyumx 0603HaUEHHAX
MMeeM, cIelloBaTeNbHO, 4To X' = f(x), roe x € M. B atom cnyuae g () =u' (f (x)) =g (u(x)),
orkyna g (¥ — u(x)) =0. IneMeHT ¥ — u(x) HMeer, cliefloBaTeNbHO, BUA j(n) s n € Ker (g),
 HOJTyyaeM:

k@=v0)=v@E)+tjm)=v( @)=k @ );

TaK KaK kK MHBEKTHBHO, TO z = U, (1), ¥ 3TO JOKa3bIBaeT, YTO NOCIENOBATENBHOCTL (%) TOY-
Has B wiene Ker (k).
Haxonen, umeem (Bce B 1€X e 0GO3HAYEHUAX) :

w d@)=u, PEN=q @ xN=q€0)=0,
clenoBaTeNbHO, Uy o d = 0.
O6patHO, TIPEMINONOXUM, uTo 3neMeHT w =p (x') u3 Coker (f) 1aKoB, uTO

U, W)=u, p(x'))=0 (rme X' €M’).
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Taxum o6pasoM, ¢ (u' (x')) = 0 u, cnenoparensro, u’ (x') =g (¥) ma Hexotoporo y € N;
1ak Kak v’ (@' (x')) =0, o v'(g(»)) = 0, cnepoBarenvHo, h (v (¥)) = O, mHave roBops,
v(¥) =k(z) pna Hexoroporo z € Ker (h), u, no onpenenenuio, w =d(z); 3To HOKa3piBaeT,
YTO TIOoCnenoBaTeNbHOCTs (*) TouHas B wrene Coker (f). Mst Bugenu B (i), yro OHa TOuUHast
B wieHe Ker (g), u B (ii), uro oHa tounas B wiene Coker(g); 310 3aBepluaeT JOKa3aresbCT-
BO yTBepXacHua (iii).

Cnenctrsue 1. IIpednonowum, uro duazpamma (4) KOMMYTATUGHA U €e CTPOKU TOY-
nute. Toeou:

(i) Ecau o', f &t h unsexTugnst, 10 g UHBEKTUGHO.

(ii) Ecau v, f u h clopsexTugHsl, 10 g CIOP3EKTUGHO.

Yrpepiaenue (i) mpencraBuser coBoil clencTBue yTBepkueHus (i) w3 npemuoxenus 2:
neiictutensuo Ker (f) =0 u Ker () =0, cnenosatensHo, Ker (g) =0.

YrBepxnenue (ii) mpepcrasnser co6oil cnencTBue yrBepxieHua (ii) u3 npenioxenus 2:
peiicrButensHo, Coker (f) =0 u Coker (h) =0, cnepoBarensHo, Coker (g) =0.

Cnenctsue 2. IIpednosoxum, yro duazpamma (4) KOMMYTATUGHA U ee CTDOKU TOY-
rute. Ipu 31ux ycaogunx:

(i) Ecau g unwsexrueHo u ecau f uv ClopseKTuSHb, T0 h UHBEK TUGHO.

(ii) Ecnu g cropsexrugHo u ecau h uu' unwsexTuensl, 10 f COp3eK TUGHO.

s pokasarenscTBa YTBSpXACHHA (i) paccMOTPHM JHarpaMMy

uM) > N > P
oo
u'(M’) - N — P,

rae f' — orobpaxeHue, NONYYeHHOe OrpaHHYeHHEM OTOGp@keHHs g Ha u (M), w Hw' — KaHo-
HUYECKHE BIIOKCHHA; ACHO, IO T4 MArpamMma KOMMYTATHBHA M UTO ee CTPOKH TOUHble.
Kpome Toro, w' HHBEKTHBHO H, IO TIDE/ITIONONKEHHIO, U CIOPBEKTHBHO; MMEEM, cIIeOBaTeb-
HO, COTTIaCHO npemnoxenuio 2 (iii) Toudyio nociemoBaTeNILHOCTb.

Ker (2) » Ker (4) S Coker (f');

!
TIOCKOJNIbKY £ MHBEKTHBHO, 3 [ CIOpBEKTHBHO, TOJyyYaeMm, ClleoBaTelbHO, uro Ker () = 0.
Hnsa gokazareNiscTBa yTBepKaeHuA (ii) paccMOTpUM marpammy

M X N'-= N)
T
M’ — N’ — (N,

roe Ha ator pas b’ — oroﬁpaxcelme NonyueHHOE OrpaHuueHneM orobpaxeHnsa h Ha v (N),
a OTOGpakeHHs W M w' MONyYeHbl COOTBETCTBEHHO M3 OTOGpaXkeHHiA U M v ' ; 312 AMarpamMma
KOMMYTATHBHA, H €¢ CTPOKH TOUHbIE. Kpome T0Oro, w CIOpBEKTHBHO H, IO MPEATNONOKEHHIO,
u' MHBEKTHBHO, CJEJIOBATENIBHO, COFNAaCHO mpemnioxeHmio 2 (iii), HMeem TOUHYI0 TOCIe-
[OBAaTENBHOCTD

Ker (k') 5 Coker (f) - Coker (g):

TIOCKOTIbKY g CIOPbEKTHBHO H k' mubexTHBHO, ONyYaeM, cleIOBaTeNbHO, uro Coker (f) = 0.
CnepmcrBue 3 (nemma o naru romomopdusMax). PaccMoTpum xom.uyrarueny;o
Ouazpammy A-mooyaeii

M, 2> M, 2 M; == M, 2> M;

nl le f;l Al f5L
M, “s M, Ze M} £ M, “» M
4 5>
6 KOTOpOIli CTPOKU TOYHbLE.
(i) Ecau 20momopgusmvr [, u f, unsexrtusHv u [ clopsextuger, 1o [y uHseKTUGCh.
(ii) Ecau 2omomopgusmst ', u f4 ciopsexruanst u fs unsektusen, 1o f 3 clopsexTuget.

B vacrnocru, ecnu f1, [2, f4 ufs — usoMopguamet, To TeM Ke ceoiicreom obnadaer u f;.
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Hns FIOKa3aTeNIbCTBA. YTBE PAICHNSA (i) nmonoxum M, = Coker (u, ), M5 = Coker (u) u
0603HaWMM yepe3 fz M, -> M, oToGpaxeHue, nonyuennoe u3 f,. U3 cnepctus 2 (i) Boite-
Kaer, Y10 f, HHBEKTHBHO. [IpuMeHan cnepcrBre 1 (i) x muarpamme

v St) U
M, -4 M, —» M,

S S

~ ity uy
M; — M; — M,

rAe OTOGPaXKeHHA Ui, W U, TIONMyYEHBI H3 Uy H Uj , BUIHM, YTO f3 HHBEKTHRHO.

Ins pokasarenscTBa YTBEDKIICHHA (ii) nonmoxum M, = Ker (uq), M} =Ker (us) ¥ 0603-
HaUUM yepe3 f4 M4 —>M4 otoBpaxeHue, HHOyMpoBauHoe f,. U3 cnepcreua 2 (ii) BbITe-
KaeT, 4T0 f4 cxopbexmnuo. IIpumennas cnepcrBue 1 (ii) x gmarpamme

M2 M3 = M4

le f;l i“

;o
M2 M3 _—’ M4 9
~ ~ '
TIe i3 ¥ U3 TOJIYYEHbl K3 U3 U U3, BUIIUM, YTO f 3 CIOPBEKTHBHO.

3. lInockue MOXynu

Onpenenenne 1. [osopar, yto A-moaynb E niockuil, ecni gna Bcaxoit TOYHO#M
NOC/IeJOBATENLHOCTH TIPaBBIX A-MOyJeil H roMOMOpdH3IMOB

M 5M3>M (11)

NOCITEIOBATENbHOCTD Z -JIMHeHHbIX 0TOGpaKeH
®

®

Moy E— Mo, E-——r M"&, E (12)
TOYHaA.

MMpepnoxeunune 3. Hnaro20 uro6er A-modyas E 6bin niockum, eo6xodumo u 0o-
CTaTO4HO, YTOObL 043 8CAKO20 UNBEKTUGHO20 2omomopguzma u: M' =M npageix A-mo0y-
aeii oto6paxcenueu ®1: M' ® 4 E->M®, E 65140 unsexTusHsiM.

Ecnu mozyme E miockuit H 0ToGpakeHue u: M’ =M HHBEKTHBHO, TO NOCIIEAOBATENBHOCTD

u uel
0 ->M’' = M rouHan, clenoBaTeNibHO, NOCIEROBaTe/IbHOCTE 0 > M'® AE—M ©, E takxe
TOUHas, ¥ OTOGpaxeHHe ¥ ® | HHbeKTHBHO. O6PAaTHO, PACCMOTPHM TOYHYIO TIOCTIEOBATENb-
Hocte (11); nonoxum: Mi = v(M), u nycrs i: Mj > M" — xaaommecxoe BIIOKEHHE H

p: M = M{ — orobpaxenre m +~ v (m). NocnegosarenbHocts M’ 5 M 5 M; - 0 tounas;

uel pel
cornacuo 1, p. 58, prop. 5, nocnegosatensaocts M’ ®, E R Me, E 25 M{ ®, E ToOuU-
Hana. Kpome toro, v =/ o p, cnemoBareiisHo, v® 1 = ({® 1) o(p ® 1); ecnu E ynoBnerBopser
YCIOBHI0O 13 (POPMYIIMPOBKH TIpeioKeHHsA, TO oToOpaxeHHe { ® 1 HHbEKTHBHO, CeHO-
BaTeJIbHO,

Ker(vel)=Ker(p®l)=Im@uel),

H nocnefoBarenbHOCTs (12) TOUHAsA.

NMpennoxeunne 4. (i) Eeau (E;); e~ cemeiictéo A-modyaei, E = 121 E; — ux
npamas cymma. Jlna 1020 uro6vt A-modyas E 6bla naockum, HeO6X00UMO u O0CTATOYHO
4TOOBL KaMObBL U3 MOOyaell E; 06nadan arum ceolicteom.

(ii) Mycrs 1 - nanpasaennoe no eo3pactanuio npedynopadouennoe muoxectreo, (Ey, fga) —
UHOYKTUBHAA cucTema A-mooyaeili orHocutenwvho I, E = I_irgEa — ee UHOYKTUBHbLI npedea.

Ecau xaxcowil uz A-mooyaeii Ey, naockuii, 1o E — naockuii Mooy,
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Tycts M' >M —>M" — TouHas NOC/IEAOBATENBHOCTD NIPABBIX A-MOJLYJ€it.
(i) HOns Toro urobel mocaemoBatensHocts © (M'®, E)) - @ (Me, E) -
1e1 e

-+ & (M" e, E;) Gba TOUHOM, HEOGXOMMMO M HOCTATOYHO, YTOGBI KaX[asA U3 MOCeno-
1e1

BarenpHOCTel M' ®4 E;>M ®, E;>M" ®, E; 6buta Tounoit (II, p. 13, prop. 7) ; 3To goxa-
spiBaeT yTBepxnueHne (i), nockonsky @ (M @, E;) xaHonnyeckn oroxpecrBuserci c M@, E
(11, p. 61, prop. 7).

(ii)) Tio npennonoxeHuio, Kaxmas W3 MocienoBarenbHocTedl M’ ® oA E;>Mey, E;»
-+M"®, E; TouHas, CIeNOBATENBHO, TAKOBA )K€ M NOCIEHOBATENLHOCTD M'e, E-Me, E-
- M" @, E, NocKONbKY Nepexol K HHIYKTHBHOMY Nperelly KOMMYTHPYET ¢ TEH3OPHBIM
npoussenennem (1L, p. 93, prop. 7) u coxpanser rounocts (II, p. 91, prop. 3).

Npume pu. 1. fAcHo, yTo A, ABNAETCA IJIOCKHM A-MOIYyNEM; W3 Npennoxenus 4 (i)
CIellyeT, YTO BCAKHA cBOGOAHBIA A-MOIyNb M, Gonee 0610, BCAKHMIA MPOEKTHBHBIA A-MOIyNb
apnserca mnockuM (cMm. takxke 1, p. 63, cor. 6).

*O6paTHO, BCAKHA KOHeuHo npedcragumblii naockuii A-mopynb npoekTHBeH (1. 5).,

2. CornacHo npemwtoxeHuw 4 (ii), BCAKHHA A-MOIYNb, NPENCTABNAIOMMIA cOBON HHIYKTHB-
Hbiil fpelieN1 HaNmpaBNEeHHOH MHIYKTHBHOM| CHCTEMBI CBOGOIHBIX A-MOIyneit, ABNACTCA MIoC-
KHM. Mbi flokaxceM oGpaTHoe B 1. 6.

3. Ecnu xonbuo A HONYAPOCTO, TO BeAkuit A-monyns npoektusel (VIIL, § 5, n°1,prop.1),
cnenonarenbno ANOCKHI.

4, *Ecin A ~ apTHHOBO JIOKAJIBHOE KONBUO (He 06A3aTeNbHO KOMMYTAaTHBHOE) , TO A-MO-
HOyNb ABNAETCA IWIOCKHM €CIIH M TONBKO €CH OH cBoGomen (AC, II, §3,n° 2, cor.2 de la
prop. 5; KommyrarusHas anre6bpa, 11, c. 119, cnefictBue 2 npensioxenus 5) .,

5. Ecnii A ~ uenocTHoe KOnsuo, TO ero mone uactHuix K ABnsercs miockuM A-Monynem
{1, p. 118, prop. 27).

6. *B AC, lIu I (KommyTatusHas anre6pa, 11 u 1II), Mbl H3yuum IBa BaXKHbIX NpHMepa
IWIOCKMX A-MoOfyneit, KOrfia A — KOMMYTAaTHBHOE KOMBUO: KOMbIA yacTHBX S™! A W, Koraa
A — HETepOBO, OTHENHMMOE MOMOJIHEHHE KONbIA A OTHOCHTENbHO J-afMuecKO# TONONOTHH. ,

7. HycTh 3meMeHT @ € A TaKOB; YTO OTOGPaXKeHHE d 4 : X P ax KoNbUa A B ce6f MHBHEKTHBHO
(’’a He ABnsAerca neBvim penutenem 0°7). Ecnm E — mnockuit A-Momynb, T0 FOMOTETHS 4p
HHBEKTHBHA, MOCKONBKY OTOX/ECTBIAETCHA C OTOOpakeHHeM a@p ® 1: Ag®) E~> A 8, E.
B uacTHoCTH, ecru A — yenocrHoe Koabyo, TO 8CAKuUil naockuii A-Mooyab He uMeer Kpyye-
Hua. OGpaTHO, ectu A — KOAbYO 27d8HBIX UOea108, TO 8caKuil A-MoOyab Oe3 KpyueHus
naockuil: NeRCTBUTENBHO, ecnid A-Molynb E He MmeeT KpyYeHHs, TO BCAKHUA MOAMOAYIB KO-
HeuHoro tvna B E cBoGopen (VII, § 4,n°4, cor. 2 au th. 4; Anre6pa, VII, c. 54, cnepcrsue 2
Teopemsl 2), u E npepicTaBnser coGoi BO3pacTawiiee HaNpaBNeHHOe OGbeIHHEHHE TTIOCKHX
ROAMOTY/el, CTIEOBATENBHO, ABNACTCA II0CKHM (npemioxenne 4 (ii)).

8. lycts B — xonsuo u p: A > B — romomopdusm. Ecnin E — nnockuit A-Mofyiis, 10
B-monynp E(B) =B @, E nnockwuii. Tlycrts, neficTBuTENBHO, U! N’ -+ N — HHBEKTHBHBIi ro-
momopdu3mM npasbix B-monyneit; Tornaueg 1g (8) KaHOHUYECKH OTOX/IECTBIAETCA C FOMO-

moppusMoM U 8 15:N'®, E->Ne, E, KoTophiit HHbeKTHBEH, ecniit E mnockwit. ‘

9. Mpemnonoxum, 410 A = K{X, Y], rue K — none. Torma mMakcHManbHbiii uzean g, no-
poxnennbiit X u Y, aBnserca A-monyneM Ge3 KpyveHHs, HO He ockHM. PaccMorpum, peit-
crBuTeNbHO, Konbio B = A/(Y), koropoe uzomopdpHo K (X), CTIEMOBATENEHO, UENOCTHOS.
B-monyns M (p) u3omopden momymo m/Ym = (X, Y)/(XY, Y?), B koropom knacc Y me-
pronuyeckmii. CreoBatenbHo, Mi(p) He ABNACTCA IVIOCKHM B-mosiynem, nostomy u ot He
TUTOCKHH.

10. MIpeanonoxuM, 410 KONbLUO A KoMMyTatHBHOE. [Tycts B —anre6pa A [X,,...,X,] /(P),
rae P — HeHyneBo#i muorowieH. IIis BcAKOro mpocToro wicana P B A oGO3HauMM uepes
k(p) none vacTHmix nenocTHoro xonmsla A/p, vepes E(p) — anrebpy k(p) [Xi, . . ., Xu]

u Yepe3 P(p) —o6pa3 PB E(P) npu KaHOHHYECKOM OTOGPaKEHMH.

Mo>HO 0Ka3aTb, YTO 1A TOro yTo6hl anreGpa B Gbina nockuM A-MoflyneMm, JOCTAaTOYHO,
yroGel P(P) # 0 pna Besxkoro npocroro upeana p B A. Eciu A nenocrtHoe, TO 3TO yCnoBHeE
4 HeoGXOmUMOe.

*Ha reoMeTpHyecKoMm fi3blKe Mbl paccMaTpuBaeM npoekumwo 7: Spec (B) — Spec (A).
Ina Bcaxoro P € Spec (A) cnoit 77" (p) oToxaecTBuACTCA ¢ MoAMHOroobpasueM Vy ag-
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(HHHOTO NMPOCTpaHCTBa Af (p) = Spec (E(P)), onpenensiemMbiM MHOrOWIeHOM P¢p), u Muo-
xectBO F Tex MpoCThIX HOEATOB P, WIxk KOTOPHIX 3T0 NOAMHOroo6pasHe COBNAAET CO BCEM
npocrpacTBoM (1.6. Wix KoToperx P(p) = O), npencraBnser coGoii 3aMKHyTOe MOIMHO-
xectBo B Spec (A) . Mpensinyiuee ycnoBse 03HauaeT, Y10 370 3aMKHYTOE MOIMHOXECTBO Myc-
10, HHaYe TOBOPH, YTO A BCAKOrO P NOAMHOrooGpasus Vp ABNACICA THIIEPIIOBEPXHOCTHIO
B Aﬁ (92 ‘e

11. *Iycte S ¥ X — [Ba KOMIUIEKCHbIX aHATHTHYECKHX NipocTpancTBa U f: X > S — Heko-
TopsIit Mopdusm. IoBopar, uro f naockuii B Touke x U3 X, ecni koaplo Oy x, PACCMATPH-
BacMoe KaK Og ¢ (x)-MOMAYJb MOCPENCTBOM roMoMOpdU3Ma f*: Og, r(x) > Ox,x, ABIACTCH
WIOCKUM. MHOXecTBO ToueK X, B KOTOPBIX MOP(H3M f IUIOCKHH, OTKPbITO B X, H OrpaHH-
YeHde [ Ha 3TO OTKDBITOE MHOXECTBO ABJIAETCH OTKDHITBIM o1OGpaxeHHeM. Ecnmu X u S —
CBA3MbIE AHAJIHTHUECKHE MHOTOOGPa3NA KOHEUHOH DPa3MEepHOCTH, 10 MOpPPH3IM f IUIOCKHI
(Bo Besxoil TOuKe M3 X) B TOM H TONIBKO TOM ciiyuae, eciid f (X) — OTKpPbITOE MHOXECTBO
B SuBce crion £ ! (s) mns s € f(X) HMeIOT OfIHY U Ty e pa3IMEPHOCTS. ,

4. KoHeuno npencraBHMbie MODYIH

Ipedcragnenuem (Mnu npedcragnenuem Oaunst 1) A-mopyns E HaspiBaercst TouHas
nocrienoBaTeNbHOCTL A-MonyTei

Li»>L,>E->0Q, (13)
B Ko10pOii Lo H L, cBOGOMHBI.

Besixuit A-momyms E ponyckaer npencraBnesne. HeficiBurentHo, n3sectHo (II, p. 27,
prop. 20), uro CyLeCTBYeT CIOPBeKTHBHbIA roMomMopdusm u: Lo = E, rae Lo — cBoGomHsIit

MOOyNb; eciM R — Aapo u, 10 cyllecTByeT Takke CIOpbeK THBHbIH roMoMopdusmv: L, >R,
roe L; — cBoGopnbiit Mopyns. Ecnu paccmatpuBath U kak roMomopdusm L, B Ly, TO 1o-

u
ClefoBaTeNIbHOCT L 5 Lo = E -0 sBnseTca TOUMOI MO OMpeseneHHI0, OTKYHA Cleayer
Hallle YTBePXKIEHHE.
Ecim p: A > B — romomMopgu3m xoneu, To npencrasnenue (13) mopyns E naer npepcras-
nerme monyns E gy =B®, E:

Bsy, L, >B®, L, >Be, E~>0, (14)

BBuay I, p. 58, prop. S u 1010 (akta, uto B ®, L — cBoGogHslit B-Monayns, xorga L cBo-
6omeH. .

T'oBopsT, uto npepcrasnenue (13) monyns E xoueunoe, ecnu cBoGopHbie MopynH Ly H L,
HMeloT KOHeuHsle Gasucer. SICHO, 4to ecnH npepctaBieHHe (13) KoOHeuHOE, TO TAKOBO Xe W
npencrasneune (14). ToBopsar, uro E — Koweuno npedcragumsiii A-modyas, eciid oH [0-
MyCKaeT KOKeYHoe npedcragnenue.

Hpennoxenue 5. (i) Beakuii MoOyas, donyckaiuyuii KOHeyHOe npedCTagAeHUe,
A6ARETCR MOOYAEM KOHEYHO20 TUuna.

(i1) Ecau xoavyo A nérepoeo cneaa, 10 gcaxuil A-MoOyab KOHeuHO20 TUNna donycxaer
KOKeunoe npedcTasaenue.

(iii) Beakuli npoexTugHbili MOOYAb KOHEUHO20 TUNA AONYCKAET KOREYROE npedcTagaenue.

Yisepxpenne (i) TpuBHamsHO cliemyer U3 onpenenehuil. Ipenmonoxum, uto A HETepoBO
cieBa # E — mopyns koHeuHoro tHma. Torda cyiiecTByeT ClOpbeKTHBHbIH roMOMOpRH3M
u:Ly > E, rae Ly — cBoGopHbiil A-Monyns, o6namapimuiiA KoHeunbiM Gasucom; sppo R ro-
MOMOPhHIMA ¥ HMeeT KOHEUHBIH THT, ClIelOBATENbHO, CYLLECTBYET CIOPBEK THBHBIH rOMOMOp-
duam v: L, » R, rme L, — cBoGoaHbli MOAYTh ¢ KOHEYHbIM 6a3MCOM, M TOYHAS ITOCIE0-

BaTeNBUOCTE Ly 5 Lo 5 E~0 CIIYXHUT KOHEUHBIM NpencTaBneHHeM mis E, uto fact yrBepik-
nenue (ii).

Hakonen, npepnonoxum, uro E — mpoekTMBHbI MOy KOHEYHOTO THIA; OH ABJIAETCA
TOrZia MPAMbIM CJ1araéMbIM HEKOTOPOro CBOGOQHOro Momyns KoHeudoro tHma Lo (11, p. 40,
cor.1); aAppo R cioppexTHBHOrO roMomopdusma Lo ~ E H3omMophHO TOrma Hekotopomy
akTOpMOnynio Moayns Lyg,. cllerOBaTeNIbHO, HMEET KOHEHbIA THIT, H IOKA3aTENHCTBO 3aKaH-
YHBAeTCA KAaK M Bhille.
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Mpennoxenune 6. IIycrs A — koavyo, E —~ koneuno npedcragumsiii A-modyns.
s ecmcjoﬁ TOYHOIl NOC1e008ATEAbHOCTU
p
0-F>G-> E-0Q,
ede G- .Modyﬂb KOHeyHo20 Tuna, Mooyas F umeer xoneynstil Tun.

Itycrs L, 5 Lo —>E -0 — HexOTOpOE KOHEUHOE Npe/cTaBlIeHUe; eclu (¢;) — 6asuc mony-
na Ly, To ang Beaxoro i cymecrByer Tako#t 3neMeHT g; € G, 4ro p(g;) = s (e;) ;* cnenosa-
tensHo, romoMopdusm u: Ly - G, npu xoropoM u(e;) = g;, TaKOB, 4To § = p o u. Tak Kak
ser=0,tou(r(L;)) CKerp, u tak xak monyns Kerp uzomopden F, To Mbl BuauMm, 410
cyuiectByer roMoMopousm v: Ly = F, s xoroporo muarpamma

L,L—~ L, — E — 0

R
F-I—.>G7>E-—>O

KOMMyTaTiBHa. TaK KaK roMOMOpGhH3M j MHBEKTHBEH, a § CIOPBEKTHBEH, TO MOXHO NPHME-
HMTb nipemioxenue 2 (c. 9), T.e. UMEETCA TOYHAS NOCTEIOBATEIBHOCTD :

d
Ker 1g > Coker v —> Coker u - Coker 1.

Ona noxasbiBaeT, 410 Monyns Cokerv usomopden momymo G/u(Lo) , xoTopsiit, HO Hpemmo-
NIOXEHHUI0, KOHeUHOTo THIA. Kpome Toro, MMeeM TOUHY0 NoCIIEI0BATENLHOCTE

0->v (L)~ F- Cokerv—0,
u TaK Kkak v(L;) # Cokerv MMeOT KOHeYHbBIH THH, TO W3 Hee 3aKJIIOYaeM, YTO TEM Ke CBOi-
creom obnamaeru F (I, p. 17, cor. 5). A

NMpennoxenne 7. Iyerse M — A-modyns. Cyuecrayer HanpasieRnoe no 803pacra-
HUl0 ynopaoouenroe MHoxecr8o 1 u uMOyKTUGHAR cucTema oTHocureasHo 1 Koneyno npeo-
cragumsix mooyaeii (My, ¢go) , 028 KoTopoi mModyas M usomopgen l_ir_n)Ma. Ecnu M o6na-

3T CHCTeMON HOPOXFAIOMIMX U3 N1 31IEMEHTOB, TO MOXHO IpeNoNararb, Yro TeM e CBOH-
cTBOM oGnajaror ¥ M.

Paccmorpum npencraBnenne

K L
A9 L AD 3 Mo,
nycts I ~ mHoxectBo Takux map @ = (K', L"), rme K’ (coorercrBenno L') — xoHeunoe
nogMHOKecTBo B K (cooTBercTBenHO B L), 4T0 4 MHmymHMpyeT oToGpaxeHne u, HOAMOLIY-

K)

K' N
1A Ay mopyns A§ B HogMoayils Ay Moayns A_$ L) ; oA @ € 1 nycrs My — KOAIPO Uy

L
H Uy: Ay =M, — KaHoHMYeckoe orobpaxeHHe, TAK YTO MOTyYaeM KommyramBHym aua-
rpaMMY ¢ TOYHBIMH CTPOKAMH:

A S AL 2o M — 0

i.T /.T . LT
AN S AV Se M, 0,

Tne iy W Jo — KAHOHHYECKHE BIIOXEHHUA, a f, HHAYLMPOBAHO OTOGPAXKEHHEM j, HPH NEPEXONE
K (aKkTopMOay/IAM. YHOPAI04NM MHOXECTBO I HOCpeICTBOM OTHOLLICHUA :

a=(K',L)<f=(K",L"), ecuu K'CK", L'CL";
WA @ <P OycTs ¢gy: M _’MB — roMoMOp¢hH3M, NONYUaeMBbIi IIpH e pexosie K haKTopMopy-

TIAM U3 BIIOKCHHA A B A . ToTuac mpoBepseTcA, uT0 ynopspoyeHHoe MHOXecTBO I Ha-
NpaBIIeHHOE, 4TO (Ma, ¢ga) — MHOYKTHBHas cuctema A-Mopyineit u uro (o) — HHIYKTHB-
. Hag cucrema A-romomopduamos. Ilpu nepexome K MHOYKTHBHOMy mpeneny monydaem



16 § 1. Jonoakureavkvie ceedekun u3 nuKeikoii anzedpos

KOMMYTATHBHYIO [IMar PaMMy
AR e AL S M — 0
A A 4 (1)
lim A¥ — lim AY — lim M,— 0 ;
—_ —_— —

¢TpoKH 370K nuarpammsl Toydsie (11, p. 91, prop. 3); Tak kak i Mj GUEKTHBHbLIL, TO H ¢ GH-
€KTHBHO, YTO AOKAa3bIBACT NIPEJITOKEHHE.

5. FoMoMophH3IMBI KOHEUHO NPeCTABHMBIX MOMYNel

Hycts E — A-mopyis. Ecnu 1 — nanpasiennoe npenynopanoyenHoe MuoxecTBo H (Gy,uj;) —
HHIYKTMBHaA cCicreMa A-mMOny/ied OTHOCHTENBHO 1, To kaHoHWYeckue oToGpakenus G; —
~ lim G; uunynupywot romomopdusmst Hom, (E, G;) » Homy (E, 1im G;), uto paer xanoHu-

— —

yeckuli roMOMOpPpH3M

lim HomA (E, G,) nd HomA (E, lim G,) (16)
— . —
icl icl

[lycrs B — ppyroe xonsuo, F — B-mogyns, G ~ (A, B)-6umonyns; Toraa onpeaenen (I,
p- 75) KaHOHHYeCKHit TOMOMOPHUIM:

Hom, (E, G)®g F~>Hom, (E, Gep F). (17)

Npennoxenue 8. a) Ecau A-modyae E koHeunoeo tuna (COOT8ETCTEeHHO KOREUHO
npedcragumvlil), To KaHoHuueckuii 2omomopdusm (16) unsexTugen (COOTEETCTEEHHO
Buexrugen) .

6) IIpeononoxum, uro B-mooyas F naockuii; ecau A-mooyav E xoneunozo tuna (coor-
BETCTBEHHO KOHENHO NnpedcTasumblil) , T0 KaHoHuveckuii 2omomopguzm (17) unsextueen
(cooTeercTeenno GuexTUGER) .

Hoxaxem, HanphMep, 6) (HOKAa3aTeNbCTBO YTBEPXKAEHHA a) aHalordudo). Cuutaem
A, B, F, G ¢puxcupoBaHHBIMU H 1A Beakoro A-monyns E nonoxum

T(E)=Homa(E,G)egF, T'(E)=Homu(E,GegF)

H 0603HaYMM uepe3 Vg romomopdusm (17); una Bcaxoro romomopdusmMa A-monynei
v: E> E'nonoxum T(v) = Hom (v, 1g) @ 1g v T'(v) = Hom (v, 1g @ 1y). Mycrs

v w .
L, = Lo »E~0 — npencrasnenne E; npennonaraem, uto ceoGoamsiit moayns Ly (cootBer-
CTBEHHO CBOGOHbIe MOyiH Ly u L) xoneunoro tuna. Juarpavma

~TE ™ Ty % T,

vEl vLul vL,l (18)

0 = T'(E) 0= T'(Lo) 7 T'(Ly)

KOMMYyTaTHBHa, H e¢ Bropas crpoka touwas (lI, p. 36, th. 1); kpome Toro, nocnemopa-
TeNIbHOCTD

0 - Homy (E,G) > Homu(Lo,G) - Hom(L,,G)

Tounas (I, p. 36, th. 1), u 1ak xak F naockuii, 1o nepsas ctpoka B (18) — TOe TOYH2A
nocnefoBarensHocTs (€. 12, onpenenenne 1). UsBecTHo, 4to roMoMopdhHsm vy, GHuexTHBEH
(cooTBeTcTBEHHO VL, ¥ vy, Ouekmusnbr) (II, p. 75, prop.2). Ecnu npexmonararb TOJILKO,
uto ¥, 6ne1<mneﬂ, TO M3 (18) cnentyer, 4ro romoMopduam vy o T(w) = T'(w) o vg
MHBEKTHBEH H, TAKHM 00pa3oMm, Vg Takke HHbeKTHBeH. EcriM npeanonarats, uro VL, HVL,
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06a GHeKTHBHbL, TO U3 crenctBua 2 (i1i) (c. 11) 3axmouaeM, 4T0 TOMOMOPOHU3M Vg CIOPBEK-
THBEH, H TAK K4K Mbl TOJIBKO UYTO BUJIENH, YTO Vg HHBEKTHBEH, TO OH OHEKTHBEH.
CnencrtBue. Beakuil koneuno npedcragumstii nA0CKUl MoOyab NPOEKTUBEH.
HeAcTBUTENBHO, TIycTh E — KOHEUHO NMpencraBMMbli MNOCKUHA A-Monyns. fIpuMensist 6) k
carydaio B=A, G=3 A4, F = E, BuauM, 4T0 KaHOHHUECKUH roMOMOpPU3M

Hompy (E.A)ea E = Homu(E,E)

cioppeKTHBeH. IT10 BreveT, uto E npoektuBen (I, p. 77, remarque 1).

CorjtacHO TpefbilyllleMy CITeCTBHIO M NIPENIOKEHHIO 5, KJIacChl KOHEYHO MPeNCTaBUMBIX
ONOCKUX MOAYTeld M KOHEUHO NOPOKIAEHHBIX NPOSK THBHBIX MOAYJIeH cOBHagawT. 3210 cylue-
CTBYIOT KOHEYHO HOPOXAEHHBIE INIOCKHE MOMYIIH, He ABIIAKIIMECS KOHEYHO NpeNCcTaBHMBIMH

W, ClIefiOBaTE/IbHO, HE ABISIOIIMECH NMPOeKTHBHBIMU (cp. c. 27, ynpaxkHeHue 17, cM. TeM He
MeHee, ¢. 26, ynpakHenus 13 u 14).

6. CTpy KTy pa IUIOCKHX MOy el

NNemma 2. IIyero | — nHanpagnennoe no eo3pacranuio ynopadoueHHOEe MHONECTEO,
(Eo, ¥go) — UHOYKTUGHAS CUCTEMA MHOXECTE OTHOcUTenbrO 1, E — ee undyxruensiii npe-
deau v, E, > E, a € 1, — xanonuveckue orobpaxe:usn. ycrs f: 1 >1 — orobpaxenue,
npu xoropom f(a) > a 0aa a € 1, u nycrs 3adansr 0aa Kkawoozo o € 1 muoxecrso Ly u
orobpaxenusn uy: E, > L, u vy Ly = Efq) , yOosaeraopaiowmue ycaoauio: vy © gy =
= Yf(a), e 1IYCT6 I — ynopadouennoe mMuoxecreo, Koropoe noayuaerca, ecau 1 nadeaurs
oTHowenuem: "o < f§, koeda & = p uau f(o) <B”. Ecau a,fE€ J u a<B, 10 nycre Yg:
L, = Lg — raxoe orobpaxenue, 410 Yg, = Id npu a = u Yzq = Ug° ¢g, f(a) © Vo NPU
f(a) <P Ecau a« € J, 10 nyerv Yo Ly = E — oTr06paxenue vr(q) ° vVo. To20a ynopsado-
yennoe MHoxectéo ] Hanpasaennoe, (Lo, Ygo) — UHOYKIUGHAS CUCTEMA OTHOCUTEAD-
o J, (Yo) — uHOyKTUBHAA cUcTeMa OTOOpaxeHull u oTobpaxenue d/:_ﬂ’n L, = E, onpe-

a€J
densnemoe cuctemoii (Y, ), GueKTUgHO.

ficHo, uto J Hanpasnennoe. Ecmn a,f€ J u a< f, 10

VgoVga =0f(p) °Va°Ug° ¥, f(a) ° Va =

= 9r(8) © Pr(8), B ° 9B, f() ° Vo = ¥f(a) °Va = Vo'
aHasioruyHo, ecnn o, B,y €I na< <y, 10

Vyg o Vga = Uy © ¥y, £(8) ° VB °UB ° Y8, f(a) ° Va =

= Uy © Py, £(6) ° PF(B).6 ° 9B, f(@) ° Vo = Uy ° ¥y, £(0)° Vo = Vya-

JoxasxeM nocieHee yTBEpXIEHAE: LI BCAKOro o € J umeem:

Vg o Uy = Yf(e) °Va P Us = Yf(a) ° Yf(a),a = YPas

cnenoBatensHo, Yo (Eq) = Vo (Ua (Ey)) C Yo (Ly), u ¥ copsexruano. Nycts a € I, 1
nycTb AlieMeHTbl X, Y€ Ly TaKOBBI, UT0 Yo(X) = Yo (1), 1. 9f(a) (Va (XN =¢f(a) Wal(1));
cymectByet unnexc §€ I, 2 f(a), ana xoroporo

8, f(@)(Wa (X)) = ¢g, £(a)(Va(¥)),
CHEIOBATEIIBHO,
Vga(x) = ug(yg, r(a)(a(x)) = ug(ep, f(a) (Va(¥)) = ¥sa(»)

U Y UHBEKTUGHO.
2. H. byp6aku
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Teopema 1 (I Hasap‘)). Laa ecaxoeo A-modyaa E credyrwuue ycaosus 3xsu-
8A1EHTHYI:

(i) E naocxuil,

(i1) Jas 8caxozo Koneyno npedcrasumozo A-modyna P xanonuueckuli 20MomMop@usm

Homu (P, A)e, E — Homua (P, E)

CIOP3EKTUBEH.

(iii) -Zna ecakozo Koueyno npeocragumozo A-modyas P u ecaxozo 20momopgius-
ma u: P = E cywecrsywor cao6o0nblii A-modyas xoneunozo tuna L u  2omomopguzmsi
v: P>L u w: L~E, 012 xoropeix u=wov.

(iv) Cywecrey0T Hanpagiennoe YNOPAOOYEHHOE MHONeCT80 J, UHOYKTUBHAA cucTeMa
c80600KbIX MOOyneli koneurozo Tuna (L; ) ¢ y u usomopguim E na limL; .

(iv) = (i): s10 cnienyer u3 npemwtoxenus 4 (ii) (c. 12). —

(i) = (ii): ato cnenyer u3 npemnoxenus 8,6) (c. 16).

(ii) = (iii): nmycts P — xomeuno mpeacrapumblii A-moayns H u: P > E — romomop-
du3m; comiacHo (ii), CyLWIECTBYIOT 3/IEMEHTBL Uy, ..., U, € Homp (P, A), wy, .., w,€E,
wist Kotopeix u(x) = Zv;(x)w; npu nwbom x € P; e v: P> A" — romomopdusm
¢ xomnonentamu (v;) 1 w: A" - E — romomopduam (a;) = X a;w;, T0 U =wo U,

(iii) = (iv) npemmonoskum, uto (iii) Bemonnserca, u mycts (Ey, vga) — HHIYKTHB-
Hasfg cucteMa (OTHOCHTEJIBHO HANpaBJIeHHOTO MHOXECTBa [) KOHeYHO MpencTaBMMbIX MOAY-
Jiei ¢ uHayk™BHeIM npenenioM E (c. 15, npemioxenue 7). 3ameHdAs, eciM HEOBGXoOMMO,
mHOxectBo | nexcuiorpapuueckum npoussenensem | XN ¢ E(, ) = E4 wis seaxoro n,
MOHO Hpeamosnarats, uto | He comepxur HauGoslbwero 3nementa. JUia xawpaoro a € 1
nycts L, — cBOBGORHBI A-MOLY/ b KOHEWHOTO THIIA M Uy Ey > Ly, vy : Ly, > E — romomop-
H3MBI, VI KOTOPBIX Vg © U, — KaHOHMUECKOE oToGpaxenne v, E, - E; Tak kak Mo-
nyns L, cBoGonHbli koHeuHoTo THIa U B | HeT HaHBoJIbIIEro 37IEMEHTa, CYIIeCTBYHOT MHAEKC
B> a 1 romomopduam vy Lo > Eg, 15 KOTOPOTO Vg = 9g © Uy ; TAK KAK g © Vg © Uy =
= ypgo Ypga M TAK KaK MOAYIIb Ea. KOHEYHO IIpEeIcTaBUMbIH, TO M3 NpeIoNKeHHs 8, a)
(c. 16), cnenyer. yTO CyIHECTBYET MHAEKC Y 2 [, I KOTOPOTO Y4 © Vo © Uy = Oyg © YBa =
= Yyq: MOTOXHM Y = f(@), A MYCTh v, — TOMOMOPDHU3IM @5 © viusLly s Ef () , AMEEM:
Vg © Uy = ¥f (a),a- 1€MEPD MOXKHO IPUMEHHUTD JIEeMMY 2, OTKyz1a crientyeT (iv).

CnencrBue. Ilycrs koavyo A Kommyrarusho. [1aa 8caxoeo naockoeo A-modyas E
A-mooyas T(E), S(E), A(E), T®(E), S™(E), A"(E) ?) nnockue.

HeiicteutensHo, E npenctapiser coGoil MHOYKTHBHBIA Npenesl HanmpaBlIEHHOW CHCTEMbI
(L;) cmoGonnpix A-momyneit KoHeydoro THna, nmostomy T(E) (coorBerciBenso S (E)
¥ T.J.) ABIAETCS MHAYKTHBHBIM IIPEJEJIOM HANpaB/IeHHONW CHCTEMBI CBOGOIHBIX A-MOaymel
T(L;) (cootserctBenso S(L;) m 1.1.) M, crefioBatenpHo, MiockkM Momynem (cp. III,
p. 61, prop.6,p.62,th. 1,p. 73, prop.8, p. 75,th. 1, p. 83, prop.9,p. 86,th. 1).

3ameyaHHe. PaccmaTpuBas B (ii) KoHeuHoe npencraBieHHe A: 5 A: - P >0, nony-
yaem ycroBMe (ii'), TaKike SKBHBANICHTHOE T PEBINY LM

(ii") Hdan ecaxoi  xoneunol marpuyst (cij)ic 1,je1 € anementamu uz A ecaxoe
peweHue

e=(e)iec1€E
CUCTEMbL OOHOP OOHBIX AUHEIIHbLX YPas HeHUL Il

E ciiei = 0, ]e J,
el

') Jta TeopeMa He3aBMcuMO Aoka3aHa Takxke B.E.TopopossiM (O miockUX Monynax // CH6. Mar. . —
1965, — T.6,N°2. ~ C. 300—-304) . — [Tpumeu. nep.

2) T(E), S (F), A(E) 0603Hayal0T COOTBETCTBEHHO TEH30pHYIO, CHMMeTPHUECKYIO, BHENIHIOW anreGpy
monyns E. — Ilpumey. nep.
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MOXCHO 3anucars 6 eude z by + ...+ z,b,, 20e by, ...,by € Eu 20e z, = (z,, ;)i c 1| npu
r =1,..,n— nexoropoe pewenue & Al cucremvl ypaguenuii
z cijzyi = 0, jE.
i€l

7. UHBeKTHBHBIE MOIYNH

Onpenenenue 2. Topopar, yro A-monyns E unsexrusen, eciv [U1st BCAKON TOYHOM
NOCNeIOBATENLHOCTH A-MOYIIEiH ¥ rOMOMOPPHU3IMOB

M 5 M>M' (19)
NOCTIeOBaTeNbHOCTh Z-NMMHEeHHbIX 0TOGparkeHuit

Hom, (M", E) Hema®:D, Hom, (M, E) Homatwl) Hom,, (M’ E) (20)
TOYHAs.

JdJemma 3. Hna roeo 4to6st A-mModyas E Obta unsexTugen, Heo6xo0uMo © 00CTATOYHO,
-~ [}
YT06bl 018 BCAKO20 UHBEKTUBHO20 A-1uneiiHo2o oTobpawenus u: M~ ~ M orobpawenue

Homy (u, 1): Homa (M, E) > Homa(M', E)
0b110 CHOPBEK TUBHBIM.
Ecnu E nHneKTHBeH M ecim otobpaxente u: M’ — M HHLEKTHBHO, TO NOCTIEIOBATENBHOCTD

u .. Hom (u,1)
0-M’ >M TouHas, clleNoBaTeNbHO, NOCNeoBaTeNbHocTh Hom (M, E) ———— Hom(M',E)-0

TaKxe TOouHas M otoGpaxxenue Hom (u, 1) copbextuBHo. O6paTHO, PacCMOTPHM TOYHYIO NO-
] . ” n
ctegoBatensHocTh (19); nonoxum M;' =v (M), nnycrs i: M, »M - KaHOHM4YeCKOE BJIO-

" ' u P
xene u p: M >M{ — otoGpaxenue m b v (m). Mocnenopatensuocts M’ >M~>M,’ -0 Tou-
Has;, cornacuo I, p. 36, th. |, nocnegoBarensHOCTD

HomA (Mn’ E) M HOmA (M, E) Hom (u, 1)

Hom, (M, E)
touHas. Kpome toro, umecm: Hom (v, 1) = Hom(p, 1) e Hom(i, 1). Ecnn E ynoenerBo-
psieT ycioBHi0 JieMmbi, To otoGpaxkenne Hom(i, 1) ciopbekIMBHO, CllefoBaTenbHO, oGpa3
Hom(v, 1) coBnapmaer ¢ o6pazom Hom(p, 1) u nocneposarensrocts (20) ToyHas.
3ameuanue. Iycrs E — uubekMBHBIA A-Momyns, u: M'>M u f: M' - E — romo-
Mopodusmbl A-monyneit. Eciu Ker u C Ker f, 1o cywecteyetr romoMopdusm g: M= E, s
KoToporo g o # = f. 3T0 clenyeT U3 NpedbIAYLIei JleMMbI, IPUMEHEHHOH K MHBEK THBHOMY
romomopdpuamy M' /Ker u- M, nonyuenHoMy M3 u.

Dpennoxeunue 9. Hyers (E;);e | — cemeiicrao A-Modyaeii, E = IIE; — ux
npousgedenue. s 1020 yrobbt A-mMoOdynw E Obia unsexrusen, neobxooumo u 0o0CraroyHo,
ur06bl Kaxcoviii u3 E; obaadan srum ceolicréom.

Mycts u: M’ > M — uHBEKTHBHBIH roMoMopduaM A-Monyseit. I T0ro YTo6hi MPOU3-
pemenue romomopdusmor Il Homy (M, E;) » Il Homp(M', E;) 6puio CropbeKtHB-

€1 i€l
HbIM, HeOGXOOMMO M J[OCTaTto4yHO, YTOObI TaKMM ObUT KaxOblii M3 roMoMopdHU3MOB
Homy (M, E;) = Homa (M’', E;) (II, p. 10, prop.5); 310 [OKa3biBaeT NpEMIoKEHHE,
tak kak [l Homp (M, E;) xaHoHuyeckn oroxnectBnserca ¢ Homy (M, E).
iel

Npennoxeune 10. Mycrs E — A-modyas. Jas 1020 4t06bL E Gbla unsextuaen.
HeoOXx00UMO U 00CTATOYHO , UTOObL ONA BCAK020 Udeana @ Koabya A U acikozo A-2omomop-
gusma f: a = E cywecreosan raxoii 3nement e € E uro f(a) = ae daa acakoeo a€ @.

[Ipennonoxum, yto E nHbeKTMBEH; NMycTh 4 — Hueal'B A, f: a = E - A-romomopdusm,
1 0603HauMM uepe3 {: & - A KaHOHMYecKoe BrioxeHue, Torna oro6paeHne

Homy (i, 1): Homu (A, E)~> Homa( a,E)

4%
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CIOpbeKTHBHO (ompenieneHne 2); ecnu romMomopdusM g € Homy (A, E) T1axos, uro
f=geoi 10

f(a) = g(a) = ag(1)

IJ1s BCAKOIO a € & .

OGpatHO, MNPpEANoNOXHM, uro cthOPMYIMPOBAHHOE YCIOBHE BBIIONHACTCA, IYCTh
M — Aimonyns, N — nogmonyis B M, u: N—E — A-roMoMopdHU3M, U IOKaXeM, YTO CYILECT-
ByeT A-ToMomopdusm u: M — E, npomonxasoumit u (cMm. nemmy 3). TMycts P — MHOXKecT-
Bo nap (P, v), rme P — nogMonyns B M, comepxanmit N, ¥ v — romomopdusm us P s E,
IIpoOTKAIIHMA ¥. MHOoXecTBO P, ynopATOYEeHHOE 110 OTHOLUEHHIO T1POJOTKEHHA TOMOMOD-
dusmoB, unoyrrueno: eciu (P;, v;) — JMHEHHO YNOPANOYEHHOE CEMEHCTBO ITIEMEHTOB
u3 P, 10 nonoxum Q = U P;, unycts w: Q = E — egUHCTBeHHOEe 0TOGpaXKeHHE , HHIYLH-
pywouee v; ua P; pna Beskoro j; torga (Q,w) € P u (Q,w) maxopupyer (P;, v;) mna
Beakoro j. [lycts temeps (P, v) — Hexotopblif MakcuManbhbiif snement 8 P (E, 111, p. 20,
th. 2; Teopusa mHoxectB, III, ¢. 177, Teopema 2) ; mocTarouHo moxasate, yro P = M. Mycts
X € M, ¥ uycTs & — HOeal, COCTOAILMI U3 BCEX TAKHX 37IEMEHTOB & € A, yro ax € P; nono-
#auM f(a) = v(ax) ma a € a; nomyyaeM Tem caMmeiM A-romoMopdusm f: ¢ — E.
HOycts teneps e — anemeHt U3 E, ans xotoporo f(a) = ae npu BcakoMm a € 4 . Ilonoxum
P'= P + Ax, #u nycts v': P'— E — eOuHCTBeHHBI A-rOMOMOpPOHU3M, NPH KOTOPOM
v'(p+ax) =v(p) +ae nna p€E P, a € A; torma (P', v') npunamiexur Pu Maxopu-
pyer (P,V ), cnegoBaTeNbHoO, P' =P,1€. XE P, ur0 3aBEpIUAET JOKA3aTENLCTBO.

CnepgctBue 1. Ecau koavyo A HETEPOGO cnesa, TO NPAMAL CYMMA UHBEKTUBHbLX
A-MOOynell A6AAETCA UHBEKTUBHIM MOOYIEM.

Oycts (E;)ijey — ceMeiictBO HHBDEKTHBHBIX A-Mopnyned, E — HX npAMmasa cymma,
6 —ugean B A¥ u: ¢ >E — A-romomopdusm. Tak xak A HéTepoBO, @ MMEET KOHEYHDINH
THII U, CTIeIOBATENBHO , KAHOHUYECK 0 0TOGparkeHne

¢: @ Homp(4,E;) > Homy(4,E)

i€l

GuexTMBHO; mycTh (1#;) — 1pooGpas u nph ¢. Tak Kak Kaxupit Moayns E; HHbeKTHBEH H
ceMeitctBo (u;) obnagaeT KOHeyHBIM HOCHTeNEM, TO cylueciByer aneMeHT (e;);e1 B E,
wia xotoporo u;(a) = ae; mwia BcAxoro @€ a W Bcakoro [ € I, Takmm oGpasom,
u(a) =a((e;)) niascaxkoro a € a,u E unbexTuneH.

3amevyaHHe Ecnu Bcakad npAMag CyMMa HHbEKTHBHBIX A-MOMOYJIeH sABAAETCA
HHBEKTUBHBIM A-MOJYyNEM, TO KOJIBLO A HETEPOBO CleBa.

Hpeanonoxum, uto Konbko A menocrHoe '). ToBopaT, uto A-mMonyns E deaumsiii, ecu
TOMOTETUA @E CIOPBLEKTHBHA 1A BCAKOTO HEHYIIEBOTO IEMEHTa @ M3 A.

CnepnctBue 2. IIpednosomunm, 410 Koavyo A yenoCTHoe.

a) Beaxuil unseKTUBHLIE A-MOOYAbL OCnUM.

6) Beakuii deaumsiii A-Modyas 6e3 kpyuenus (11, p. 115) unzsextusen.

B) Ecau A — KOAbYO 21a6HbIX UOEAN08, TO 8CAKUL Oeaumblll A-MOOYIb UHBEKTUGEH.

Eciiu @ € A — HeHyneBoR 3MeMeHT, TO TOMOTETHA d, HHBEKTHBHA; C JPYToH CTODPOHBI,
s BCAKOTo A-monynsa E romMoTeTHsA @p KaHOHHUECKH OTOXHECTBNAETCA ¢ 0ToOpaxeHHeM

Hom(a, ,1): Homy (A, E)—> Homy (A, E),

cremosaTensHo, E nenum, ecmu M Tonbko eciu otoGpaxenue Hom(a,, 1) cioppextuBHO s
BCAKOTO HEHYNEBOTO 37IeMeHTa @ € A. YTBep)KOeHHe a) cremyeT, TakuM o6pa3om, u3 oiipene-
nenus 2 (c. 19).

HOycrs E — pemumeii A-mMopyns; NpeOnoNioNMM, YTO A — KOJNBUO ITIaBHBIX HACANOB
(cootBercrBeHHO E — Mopaynb 6e3 xpyueHua) M OokaxeM, uro E uHbeKTHBEH, IpHMEHUB
npepoxere 10, lycrs @ — upean B Auf: a—~>E — Aromomopdusm. flycts xE @ u
a=Ax (coorBeTcTBeHHO XF 0, eciu @ #0), u nyctb ¢ € E — aneMeHT, IS KOTOPOTO

') To ecTh KOMMyTaTHBHOE Konsiio 6e3 aenurtenet Hyns. — [Ipumey. nep.
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xe =f(x). Hokaxem, uro
f@) =ae

WIS BCAKOTO 4 € @ ; 3TO OYEBHMIHO, eclM 4 € AX, OTKYHA CIeOyeT yTBepXAeHHE B Cllyuae,
KOrja A — KONbBLUO INIaBHBIX MpeanoB; ecnn E — momynb Ge3 xKpydeHusa u ecniu a € @
10 xf (@) =f(ax) =axe, cnemoBarensHo, f (a) =ae, 1aKk Kak x # 0, xorga a # 0.

Mpumepso. 1. Em A — yenocrtHoe Konbio, TO €ro nome YacTHeX K — MHbeK THBHbIH
A-mMopynb. Ecniu A — KOJIBLO IMaBHBIX HACwIOB, TO0 K/A — MHbEKTUBHBI A-MOAYb.

2. Hanpumep, Z -mopynu Q 1 Q/Z nHbeKTHBHBI.

3. Myctb A — KOIbUO TTIABHBIX MOEANIOB M NYCThb & — HeHyaegol ImemeHT U3 A. Torga
AfaA — vHbekTHBHEII A ja A-mopyns (c. 27, ynpaxHenue 20) .

8. ek THBHBIE KONOPOXKIAIOLIHE

Mpennoxenue 11. IIycre B — xoavyo, F — B-mooyae u P— (B, A)-6umodyas.
Ecau F — unsexrusnoiit B-modyab u P — naockuii npasstii A-modyas, o Homg (P, F) —
UHBEKTUBHBLIL A-MOOY b,

Mycts u: M' >M — HHBeKTHBHBI romomopdusm A-monynei. UMeeM KOMMYTaTHBHYI0
IMarpamMmy

Hom, (M, Hom, (P. F)) Hom, (M’, Homg (P, F))

Bl B’l
Hom (1 ® u. 1§) ’
Homy (P®, M, F) ———— = Homz (P ®, M, F),

roe B u B’ — kaHoHMueckue naomopduamst 13 11, p. 74. Tak kak P mwrockuit Hap, A, romo-
mopdusm lpou: Pe,M'—>P e M uibekTuBeH. Tak kak Moayns F HHbEKTHBHBM, TO
roMomopdusM (lp@u, 1f) clopbekTHBeH, clegoBarensHo, romoMopdusm Homy (4, 1)
TAKXKe CIOpbeKTHBEH, a 3T0 AoKaspmaer, yro Homp (P, F) — uHbexTHBHBIA A-MOmyNb
(c. 19, nemma 3).

Onpepnenenue 3. ToBopar, uro A-mopynb E sBnseTca xonopowdarwowum, ecim
Uig BCAKOro A-Moaynsi M M BCAKOIO HeHyJIEBOTO 3JIeMEHTa X U3 M cyiectByer A-romo-
mMopdpusm u: M ~E, npu koropom u(x) # 0.

Hom, (u. 1)

FoBopAT, YTO A-MOOynb L ABNSAETCA nOpOXOAIOWUM, eCTY WIS BCAKOTO A-monynd M u BcAKOro sne-
MeHTa X U3 M cymectByer A-romomMopdusm #: L =M, npu xoropom x€ u(L). Hampumep, A-momyins
Ag SBJISIETCA OPONKIAOLUM M.

Mpennoxenue 12. Ilycre E — unsexrugnnviii A-modyav. Jlns ro2o 4robu E Obin
KOnopoxoaruum, Heobxooumo u docraroyro, yrobel Homy (S, E) # 0 daa ecaxoeo npoc-
1020 A-M00Yaa S.

Ycnoeue, oueBnmHo, Heobxomumo. OGpatHo, myctb M — A-mMomynb M X — HeHyIeBOH
aneMeHT M3 M, nogmomyns Ax Momyna M oGnapaer mpocreiM daxropmopynem S (VIII,
§2, n°1, prop. 3; Anrebpa, VIII, c. 146, npemnoxenue 2). Eciu Homy (S, E) #0, 10
Hom, (Ax, E) #0 u cymectByer romomopdusm f: Ax—E, npu xoropom f(x) #0;
1aK Kak E nnbexTHBEH, TO f MpomoskaeTca fo romomopduamMa uus M B Enu(x) =f(x) #0.

I pume p. UnbekTuBHbm Z-Mopyns Q/Z (mpumep 2, Bolllie) ABJIAETCA KOMOPOKIAOIHM.
JleiicTBUTENBHO, BCAKMIA TpocToit Z-Mopynms usomopden momymo ZfpZ, p# 0, ¥ Moaynb
Homyz (Z/pZ, Q/Z) HeHyneBoi (OH COEPXKHT, HAIPUMeED, 0TOGPaxeHHe, MTOyyaeMoe Tepe-
X0JOM K (pakTOpMOOYNIAM U3 roMomopdusma x +> x/pmoayna Z B Q).

Mpegnoxenue 13./ycrs B — xoavyo, F — unsexrusnniii B-Mooyas, aeaswowuiica
Konopoxoaiowum, P — (B, A)-6umodyas. Ilpednoaowum, uro P naockuii Hao A u uro
Pe o S #0 0na ecikxoeo npocrozo A-mo0yas S (* T.e. CTpo20 naockuil Had A e cmbicae
AC, 1 (KommyratupHas anre6pa, I, c. 53) «). Toeda A-mooyaes Homg (P, F) seasercs
KORODOXOQIOWUM U UNBEK TUGHBIM.

TlenictBurenbHo, A-momyns Homg (P, F) uHbexTHBeH cormacHo npemtoxeruio 11. C gpy-
roif CTOpPOHBI, IUIAl BCAKOTO IPOCTOro A-mopyns S Z-mopyns Homy (S, Homg (P, F))
nsomopped Homp (P® o S, F) u, cnemoBarenbHo, HeHyneBed, Tak kak P® , S#0 u B-
moxynb F sBnisierca xonopoxmaommm; A-monyns Homg (P, F) sBnserca, rakum o6pasom,
KOTIO PO XIAIOLIMM COTTIACHO NpesioxeHuio 12.
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Cnepgcrsue 1. A-mopyns E5, =Homz (A, Q/Z) unsexTuser u asaserca xonopox-
oarwuM.

Mpumensem npemwroxere 13 cB=Z,F =Q/Z (cM. npumep) n P=Ay.

IIna scaxoro A-moaynsa M nonoxum

IO(M) = E:‘om(M’EA),
U nycts ey: M—=>I1°(M) — romMomopdusMm, conocraBnAloumi meMeHTy mE M aneMeHT
(¢(m))pe Hom(m,E,) ET°(M). '

Torpa: :
Cnencteue 2. A-modyas 1°(M) unsextusnoi u Aeomomopguim ey: M—~+1°(M)
UHBEKTUBEH.

HleitctButensio, 1°(M) nmbexTHBHBGA, Tak xak En MHbexTMBHBI (. 19, mpemiodxe-
HHe 9) ; ¢ Ipyro# cCTOpoHbI, €y HHbeKTUBEH, TdK KaK Ex — KOMOpoXIatoumii.

CnencrBue 3. Beakuii A-mMooyae usoMopgder noOMOOYaI0 UHBEKTUBHO20 A-MOOYAR.

Cnencreue 4. lra ro20 urobvr A-mo0yae E 6Obrn unHsexTusHviM, Heobxo0umo u
docrarouno, urobbl scaxuil unsexTugHblll Aeomomopdums f: E >F o6nacan Aviunelinoi
perpaxyueil.

Npemmonosxum, uro E unvextuBen, u nycts f : E>F — uabexTHBHBIT A-TOMOMOpP(H3IM.
Torga oroGpaxeme Homgy (f, 1g): Homy (F, E) >Homy (E, E) clopsexTdBHO, Cremo-
BatesbHO, cyulectsyeT roMomopdusm r € Homp (F, E), mna xoroporo ro f=1g u r —
A-mneitnan perpaxuna miA f. O6partHo, cyllecTByeT MHbeKTUBHbIA A-momyns I u MHBeK-
TUBHBbIH A-roMoMopdusMm [ : E 1 (cnepctBue 2); ecrv f oGnagaer A-JiMHe#HOH perpak-
nued, T0 E MHbex THBEH corflacHo nmpemioxemo 9 (c. 19).

9. UHbeKTHBHBIE 0001109KH

Onpenenenue 4. Ilycte M — A-mopyns. Husextusnaa obosaouxa Mopyna M —
sro mapa (1, i), rge | — uHbexTMBHBI A-mopmymnb ¥ i: M-I — romomopdu3sm, obnapalo-
ILMHA ClTeTy oMM CBORCTBOM:

(E) 0as 1020 ur06bt noomooyas P & 1 6bi1 nynesvim, Heo6x00uMo u J0CTaTouro, 4Tobb!
e20 noanbii npoo6pas i ' (P) Gvit HynesuiMm.

Orverum, uto (E) Bneuer MHbeKTHBHOCTH i. Yacto M OTOXOECTBNAIT ¢ noaMonyiem
i(M) B I, u Torga roBop4r, uro | sBnserca nHbeKTHBHON 0Bonmoukod momysnsa M.

Npuwmep 1. [Ipemnonoxum, uro Konsyo A uemocTHoe 1 M — A-Momyns 6e3 kpyyeHHs.
Hycte K — nomne uvactHpix wonbua A U i: M>K®a M — kaHOHHUECKHH TOMOMOPHM3M.
Torma (K®a M, i) — unbexTuBHasn obGonouxa momyns M (I, p. 116, prop. 26, a Tawxe
crencreue 2 Ha c. 20).

Teopema 2./Iyeto M — A-M00ya6.

a) M obaadaer unsexTusHbIMU 06020YKAMU.

6) EFcau (1, i) u (J,j) — O0se unsexrusHbre 060a0uxu mModyas M, To cywjecrayer u3o-
mopgusm f: 1 +J, dnsa xoropoeo fo i=j.

OTMeTHM. UTO ToMOMOpPGHU3IM f, CYIUECTBOBaHHe KOTOPOTO YTBepxnacTci B 6), BOOOWIe ropops He
olnpefeicH OJIHO3HAYHO.

a) Moxao npepuonarats, Y0 M— NOOMOOYMb HEKOTOPOTO HHbEKTHBHOIO A-Mopgyns
E (cnenctsue 3,Bpune). PaccMOTpUM YIOPAMOUEHHOE IO BIUTIOUEHHIO MHOXeCTBO F MOA-
mopyneit | B E, comepxaumx M 1 mis xoTopbIX KaHOHHueCKOe BiioxeHue i: M-I ynos-
netBopsiet coiictBy (E). Tak kak J MHIYKTHBHO, OHO of/1amaeT MaKCHMAIbHBIM 3JleMeH-
toM (E, 111, p. 20; Teopusa muoxectBO, III, c. 177); nycts I — HexOTOPBHT MakCHMANBHbIA
aneMeHT BJ . JIOCTaTOWHO [OKa3aTh, YTO MOAMOMYJb | SABIISAETCA NPAMbLIM MHOXUTeneM
ons E. Ilycrs N — nogmopysis B E, misa xoroporo N M 1 =0 1 KoTopell mMaxcuManeH OTHO-
CHUTeNbHO 3TOr0 cBoWCcTBa (rakoil N cywectByer cornacHo E, 111, p. 20; Teopus MuoXecTs,

I, ¢. 117). KoMno3umus romMomMopdpu3MoB
u

1% E% EN,

TOe U U U — KaHOHHYECKHEe TOMOMOp(U3MDbI, MHbeK TMBHA; TaK Kkax E uHbeKTMBeH, TO Cy-
wecTByeT romoMoppusm w: E/N =E, mra xoroporo wo v e u=u, T.e. wo v(x)=X mia
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x€ 1. Tonoxmm 1’ =Im(w) =lm(we v), u nycrs i': M—~>1' — KxaHoHMyeckoe BIIOXKeHHE.
Torma 1C 1'; ur06B1 3aKOHWMTH [0KA3aTENbCTBO, nocramtmo noKasath, 4To i YIOBJIET-
Bopser ycnosuo (E); aro noenever 3a coboit, 4To 1=1' (BBUmy MaxcumanbHOCTH 1) W,
CTIEOBATENBHO, 4TO W o U — nipoexuus E Ha 1.

[Tyctb, Takum obpasom, P — nmogmomyns B 1', mas xoroporo PN M =0. Umeem: P=
=wo v(Q), roe Q — Hexoroperit nogmonyns B E, conepxaumit N; ikpome Toro,

QNM=weop(QNM)CPNM=0,

cnepoBatensHo, Q N1 =0, tak kax i: M —1 obimapaer cBoiicteom (E). Beugy makcumane-
Hocth N, sro Brneder Q =N, 1.e. v(Q) =0, cnemosarensHo, P=0, uro u Tpebopasoch
I0KAa3aTh.

6) Mycrs (I, i) u (J,j) — nee nnvexBHbIe oBonouku mopynsa M. Tak kax J unvexTu-
BeH, TO cymiecTByeT romoMopdusm f : 1T, mna xoroporo f o i =j; umeem:

i"'(Kerf)=Kerj=0,

cneposaresibHo, Kerf =0 u f uxbextused. Torma f(I) — uHbexTHBHBIA mogmonynbs B J
U, C1eBOBATENbHO, NMPAMOH MHOMMTelb, Tak kak j ymosiersopsaer (E), ro f(I) =Ju f
OUeKTHBEH.

3amegaHusa 1. flyers (1, i) — uHbexTMBHaA obosnouka momgyna M u j: M—>J —
HHBbEeKTHBHBIH roMOMOpPdU3M U3 M B HHbeKTUBHBIA A-mMomynb J. CornacHo mpegbioylteMy
OOKa3aTe/IbCTBY, CYLIECTBYET UHseKTUgHbl romcmopdusm : I = J, mua xoroporo f o i =§

2. Tlyews (1. ) — uHbexkTMBHaA obomouxa mopyna M. OToxgectBuM M ¢ mogMozysem
iM) B L. Insa Besaxoro noamonyna N B M cyuecTByeT HHbeKTHBHBIH nogMonyns B I, cy-
Kaiui MHbeKTHBHOM oBomoukoil mogmyns N (mpuMeHutb 3amevanne ! x N). OBpatno,
BCAKHH MHBeKTMBHMH ToaMmonyns J B | sABiseTcs MHbekTMBHOH oOonoukoit Momyns
J NM.

Mpennoxenuue 14. Ilyers 1 — nenyneeoll unsextusnsiii A-modyan. Caedywwue
VEA08UsL IKGUBA/IEHTHDL:

(i) I nepazomum (VII, § 4,1n° 7, déf. 3);

(ii) O ne npedcrasnsnerca 6 aude nepeceyenus 08 yx Henyaeavix noomooyaeii e 1,

(iii) I — unsexTusHnas 06010uKa 8cex caoux HEHYNEGbIX noomooynei;

(iv) xoasyo End (1) aoxarsnoe (VII, §1,n°4, déf. 4).

(i) = (iii): nycrs M — HeHyneBou nogmMoaynb B 1. CornacHo 3aMevanuro 2, CyIecTByeT
HH‘bEKTMBHbIH noamonyms 1’ B 1, cnyxau.mn UHBEeKTHBHOA oBonoukoit monynss M. Tax
xak I' — Henynesoe npsamoe craraemoe B 1, 1o 1' =1, ecrn 1 Hepas3ioXuM;

(iii) = (ii): mycts E u F — mea mogmonyna B I, mis xotopeix EN F=0. Ecm E # 0,
10 | — uHBexkTMBHaA oGomouxa monaynsa E cormacHo (iii); cnemosarensHo, "EN F =07
BredeTu F =0~

(ii) = (i) : rpuBHaTBHO.

(iv) = (i): at0 cnenyer ua VIIL, § 1,n°6, prop. 13.

(i) =(iv) : mpemnonoxum, 410 1 Hepasnoxum. OTMETUM CHAYaIa, YTO BCAKUA MHBEKTUB-
Hbit 3HgOMOpdu3M f Monyna | GuexTuBen (Tax xak Torpa f(1) — HeHyneBoe MpAMOe cra-
raemoe B I). Kpome Toro, Besakuit sHmomopdusm f momyns I, orpaHMuesne xotoporo Ha
Kakoi-mbo HeHynemoil mogmonyns E B | uHBEKTHBHO, MHbeKTHBEH (JIEHCTBUTENBHO, TAK
kak (i) = (iii), ro I — uavexmBHasn oBonouxa monyna E; cnemosatensro, ”E N Kerf =07
snever “Kerf =0"), Tlycrb tenepp f — HeoGpaTimeiit 3nemeHT U3 Endp (I); cormacmo VIII,
§ 1, n°4, prop. 9, IOCTAaTOUHO [OKA3aTh, YTO anemeHr 1 —f obpatum. Tax xax 3HgoMOp-
¢u3M f He uHbekTUBEH, To Kerf # 0; tax xak orpaHuyenue sHpomMopdusma 1 —f wa Kerf
WHBEKTUBHO, TO | — f UHBEKTHBEH H, CIEJ0BATENIbHO, OHeKTHBEH.

CnepncrBue 1. OtHOWEHUE 7] ecTb KAACC HEPABAONUMBIX UHBEKTUSHBIX A-MOOyAeil”
A641A€TC KOAAEKTUBU3UDYIOUM.

eicrButenbHo, cormacHo (iii), BCAKUIM HepasnoOXMMBIH MHBEXTHBHBIH A-MOMLYsb ABJIA-
eTCHl MHbEKTHBHOM 0007104KO# HEKOTOPOTO MOHOTEHHOTO A-MOMYJIiA.

Cnencreue 2.IIycre M — A-Mo0yab, 1 — unsexrTueHas obonouxa mooyas M. s
T020 410Gl MOOYab | Gbia Hepazaomum, He0OXO00UMO U OdocTaroyHo, urobw: 0 He npeod-
CTABAANCA 8 8UOe NepecedeHUA 08YX HEHYNEBbIX NOOMOOY el 8 M.
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Venosue Heobxomumo cormacHo mpemioxenuio 14 ((i) = (ii)). O6parro, ecmu 1 —
HpAMas CyMMa HeHyJeBBIX mogmonyneit I; u I, to ,

LAM#0, LOM#0 u (I, "M)N (I, N M)=0.

MMpumep 2. Ecin A — HETepOBO KOMMYTaTHBHOE KOMNBIO, TO HePa3OXMMbIE HHbEK-
THBHBIe A-MOAyNH — 3TO B TOYHOCTH HHBbEKTHBHBIE OGOSOUKM Momymeit A/p, rmep —
npoctoit upean (c. 29, ynpaxHenue 27).

10. CTpyKTYypa UHBEKTHBHBIX MO Iyed

JJemma 4. [Tyers- M — HeHyaesoli HéTepod A-modyab, 1 — unsexrugnas 060a04ka
Mo0yan M. Tozoa 1 06aadaer HepaznoNuMbIM UHBEKTUBHBIM ROOMOOYAEM.

Mo>KHO, OueBHIHO, Npemuonarars, 4to M — mogmonyns B L. [Tycts N ~ mogmomyns B M,
1A KOTOoporo I He sABNAeTCA HHBEKTUBHOM 000M0YKOM H KOTOPbIH MaKCHMAJIEH OTHO CHTEb-
HO 1orO cBOicTBa. CornacHo 3ameuanuio 2 (c. 23), cymecrByer noomonyns I, B I, cryxa-
Ml MHBEKTHBHOM oBomoykoit momyna N; torma I; — unpamoe cnaraemoe B I, nycrs J —
ero pononHenue. J # 0; noxaxem, uro mopyns J Hepasmoxwum. Ecnu J ' — HeHyneBoe npAMOe
cmaraemoeB J, 10 J " M#0wu

('NnMNNCI'NI, =0.

Mogmomyns N' = (J' N M) + N B M ssnserca npamoii cymmoii J' N M u N u, crefroBaress-
Ho, crporo comepxut N. K’pome toro, N’ comepxUTCa B monmonyne J " +1,;, KOTOpBIit AB-
nserca npamoit cymmoit J' u 1;, cnemoBartenbHO, HHbeKTHBEH. B cuny makcumansHoctn N
ato Bievert, 9ro J' + 1, =1; cnenosarensuo, J' =J, u J HepasnoxaMm.

O603HawmM uyepe3 J MHOXectBO (c. 23, ciefcrBUe 1) KIIACCOB HEpa3IONUMBIX HHbEK-
THBHBIX A-Mopmynei.

Hanomuum (c. 20, crencreue 1), 4T0 ecu KONbUO A HETEPOBO ClIEBa, TO BCAKAA MpAMAN
CyMMa HHBEK THBHBIX A-MOIyJIeH peacTaBiisgeT coO00# HHBbEKTUBHBIH A-MOMIYJTb.

Teopema 3.IIyers | —unsexrughotii A-modyns.

a) Ecau 1 —~ unsextusnan o6oaouxa nérepoda A-mooyan M, ro | — npamas cymma xo-
HEYHO20 CeMelicTed HepazoMUMbLX (UHBEKTUBHbIX) NOOMOOYAel.

0) Ecau xoavyo A nérepogo cnesa, TO 1 — npamas cymma HeKOTOpPO20 ceMmeilcTea He-
paznoxumslx (UHBEKTUBHBIX) NOOMOOYell.

B) Ecau 1 — npaman cymma Hepa3aomumvix (UHBEKTUBHBIX) NOOMOOYaell, TO Cyuject-
8Yer, u eOUHCT8eHHOe, TaKOe CeMelicT80 KapOuHanbHbix wucen (Ag)ge v, 4T0 MOOyab 1
uzomopger Mooyaio

® E(E),

EeJ

OTMeTuM cHayana, 4To B) clemyer u3 nmpemioxetus 14 (c. 23) mus VIII, § 1,n°7, th. 2.
IlokaxkeM a).

Ilycrs N — moamonynb B M, MHBbEKTMBHbIE 0GOJTOYKH KOTOPOro HpeacTaBNAT CoGoil
IpAMYI0 CYMMY KOHEYHOTO CeMeHCTBa Hepa’lIONMMBbIX MOIMOMAYINEH ¥ KOTOPBIA MAaKCHMa-
JieH OTHOCHTENIBHO 3TOro CBOWCTBa (TaKo# CywlecTByeT, mocKonbKy M Hérepor). CornacHo
3ameyanuio 2 (¢. 23), cymectsyer nogmonyib 1, B I, cmyxanmit MHbEKTHBHOM 060IOYKO#
Mouynﬂ N. Ecmu I; =1, 1o poxa3arensCTBO 3aKOHYEHO, B MPOTHBHOM Cliydyae Mmycrh J —
mononHewre K I; B I. Torma J — unbextuBHaa obosnouxa Héregosa monyna J N M (3ame-
yanue 2, ¢. 23), cliefoBaTenbHO, o0NafaeT HepasnoXMMBIM HHbEK THBHBIM II0MOLYIIEM 7
(nemma 4). Torna mopyns 1, +J' uHBexTHBeH, npencTaBiAeT co6oit MPAMYI0 CYMMY KOHeu-
HOro ceMelCTBa Hepa3yoXMMBIX MOAMOJYIER H ABIAETCA HHbEKTMBHONH 060MI0uK0il mogmo-
myna (I; +J') "M B M, xoTopsiit ctporo copepxmt N, 0TKYy/Ia TONydYaem IPOTHBOpeuse.

[TpepmnonoxaM, uro A HETEepoBO cimeBa M gokakeM 6). Tlycts X — MHOXecTBO, mpep-
crapnswouee coboit obbemuuenne muoxects Homy (E, I) ma E€ J . Kaxgomy mogmso-
wectBy Y B X cnemyroumm o6pa3om conocrasum A-monynb Ey 1 A-romomopduam fy: Ey —1:
Y ectb obnenmuenue cemeitctBa (Y(E) )g e . rue Y (E) C Homy (E, I); monoxum

Ey= o E(Y(E)

EEl]
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¥ orpanuuenue fy Ha mpamoe ciaraemoe B Ey, coorBercrymoliee ementy y u3 Y(E) C
C Homy (E, I), ects y: E~I Mycrs Y — nogmuoxectBo B X, JUIf KOTOPOrO roMOMOD-
du3M fy HHBEKTHBEH M KOTOpOe MAaKCHMATBHO OTHOCHTENIbHO 3TOro CBoiicTBa (Takoe
TOOMHOXeCTBO cyiecTByer cornacto E, III, p. 20; Teopus muoxects, III, ¢. 177); mocra-
TOYHO [OKa3aTh, 4TO fy GHekTHBHO. B mpoTHBHOM ciydae mycTs J — momoHeHHe HHbEKTHB-
voro mogmopmyna Im(fy) B I; 1ax kax mMopyns J HeHyneBoi, oH oGnagaeT HeHyneBbIM
HETEPOBBIM MOIMOLYJNIEM (HOCKOIIbe Konso A mpemmonaraeTcsa HETEPOBBIM) M, Cllemo-
BATENIBHO, HEHYNEBHIM HHBCKTMBHBIM NOIMOIysieM J', ABNAOUMMCA MHBEKTWBHOH 060-
noukoit HéTepoBa Momyna. Cornmacho a), J' — mpAMas cymMMma HemyCToro KOHEYHOTO ce-
MeiicTBa HEpa3IoKUMbIX nogmofyieid. CrefgoBartenbHO, CYIIECTBYeT HelyCToe KOHeuHoe
NOIMHOXXECTBO Y B X, Iy1st KOTOPOTo fy+ otobpaxaer GuexmuBHo Ey/ Ha J'. Tak xak
Im(fy)NJ' =0, 0 YN Y' =¢u romomoppusm fy Uy’ HHBEKTHBEH; 3TO MPOTUBOPEUHT
MAKCHUMATBHOCTH Y ¥ 3aBepUIAeT JOKA3aTeIIbCIBO.

Ynpaxuenus

1. [lyeTs

M—N&%pP—Q

‘u ‘v ‘w l.v

p

M —N-%p—Q
~ KOMMYTATHBHAS OuarpamMma A-Monyneit ¢ TOUHBIMH CTPOK@MHM; MPEHTOIIOXKHM, UTO I‘OMOMOpCpVBM‘u
CIOpBEKTHBEH, a § UH'beKTHBeH. JIoKa3aTh, YTO

Ker(w) =t(Ker(v)), Im@)=¢'""(Im)).

2. yets u: M—N, v: N—=P — gBa roMoMopdusMa A-monyneit. Tloka3ars, YTo cyleCTBYeT TOUHAs
rocneaoBaTenbHOCTDL

0~ Ker (u) ~ Ker (v o u) = Ker (v) ~ Coker (1) ~ Coker (v o u) ~ Coker(v) - 0.

3. B puarpaMme A-mopyneit
Pe—WM

L&
Ne—Q

0653aTeNIbHO JIM KOMMYTAaTHBHOCTh ABYX M3BNEUYeHHBIX M3 QMATpaMMbI TPeYTOJIBHUKOB BleYeT KOMMY-
TATUBHOCTH AMarpaMMbt?

4. Tlycts k — tone, B=k[T], A — uonxonbuo kK[T?, T3] C k[T | Ilokazars, yro B — A-Monyib Ge3
KpYYeHHS, HO He m;nxercx IO CKUM A-MOLYyJIeM.

5. Iyets k& — none, C =k{X, Y ];paccmaTpuBaioTcs HOAKObIL A=K[X*, Y*],B=k[X* XY, XY3?, Y*]
uB=k[Xx*. xX°Y, X* Y2 ,XY*, Y* ] B C. Bknwoueus A C BC B no3sonsior oupeneuTh Ha B u B CTPYK-
Typl A-mopynsa. [loxa3ars, uro B - miockup A-monynb, B TO Bpems Kak A-Moayibs B He aBisfercsa
IINOCKHUM.

6. ITokasats, uto A-mogyns E ABndeTca NNOCKUM, €C/Id U TONBKO €CITH OH YIOBACTBOPACT CNeqyoILeMy
ycnoamo (cp. c. 18, 3aMeuaHue) :

(ii'"y JIns BcAKOro KOHEYHOTO cemeitcTBa (C; ) i [ PNEMEHTOB U3 A BCAKOE pellleHue € = (ei):e 1 YpaB-

Henun 2 c;e; = 0 MOXHo 3anucats B Bupge Z, b, +...+2,b,, toeb,,... . by€Eurne,angr = 1, ...
i€l
M, 2y = (Zy,;)je] ABNAETCA pelUCHHEM YpaBHeHUA z €izr,;=0.
i€l

7. llycts E ~ MoHOMA M § — yCTOWUMBOE NOIMHOXecTBO B E, perynspHoe M YAOBNETBOp A0ILee Npen-
onoXeHuAM ynpaxHenus 17 ua ITI, p. 121, tak uTo cymecTByeT "MOHOHI YacTHEIX" E M MHBeKTUBHBI
romMomopduam e: E—~ E. Tlyets A ~ KomMyTatHBHOe KONBIO. ToMOMOPhHIM € MHAYUHMPYET FOMOMOp-
dusm monommmnix anrebp u: AE) - A(E) , KOTOPHI#f NO3BOJISET PACCMATPHBATH AE) kak nesuift

AE) -monyne. [fokasars, yTo 3TOT MonyJNe MWIOCKHA HaL A® (MIpencTaBuTh AlE) KaK HallpaBlieHHBI}

WHIYKTHUBHBIN (Ipefesi CBOGOAHBIX A (E) -Mopynei panra 1) .

*8. Ilycts A — KONBUO HeNpepbIBHEIX (GYHKUMH C BellecTBeHHEIMM 3HaYeHWAMHM Ha uHTepsane [0, 1].

a) Ilokazats, uto umean Qyuxuufl, o6palldoIIUXca B Hyb B 0, ssBndeTcs Wiockum A-mongynem (io-
Ka3aTh, YTO OH TMpencTaBiseT cobolt HAlpaBrieHHBIN WHAYKTHBHEIN fipeden Mpeanos Af, rue f— QyHK-
M5, KOTopasi o6paliaeTca B HYJib TOJILKO B 0) .

6) Tloka3ats, uro mpean 1 dyHkuuf, obpaaoIMXca B HY/Ib B OKPECTHOCTH 0, ABJIAETCH UPOEKTHB-
HeIM A-MopynieM (OKa3aTh, YTO CyIHecTBYeT Hoc/ienoBatensHocTs (fy) p> 1. fn € I, yooBneTBopsiouias
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1 1 -
e ] HY fn(x) =1 n0ph x # 0; BBHIBECTH OTCIONIA, YTO BCSKHI 7IEMEHT h
n n n

ycnoBuam: Supp (f,) C [

n3 [ anuceiBaercs B Buge h =X (fph) ey, toee, = Y  f»,nHcome3oBats II, p. 46, prop. 12,
n r< n+l

9. Ilycrs P — A-monyne. Ilokasats, YTo cnemyoline yCJIOBHS 3KBHBANEHTHBI | ]
a) s Toro yToOGBI MOCHeI0OBaTebHOCTE M¥Y¥ MY M".mpaBbix A-mMopyne# GpIna TOYHOH, HeoGXo-
IMMO M JOCTaTOYHO, YTO6bI MOCeJOBATE TLBHOCTE

@
M'®, p¥el,ye, p "’ mre, p

6bUTa TOYHOH.
B) Ponocku#t UM ® A P # 0 miis BCAKOro HeHyNeBOro mpasoro A-monyns M.
v) P nnockuit H KaHOHHYeCKHHA roMoMopdH3M

Hom o, (M,N) - Homz(M ©4 P,N @, P)

MHBeKTHBeH UL MIOGBIX NpaBeIX A-Monyne#t M, N.
6) P rnockuit © MP # P s BCAKOTo MaKCHMAJILHOTO TIPAaBoro uieana M B A.
TIpH BBIONHEHHY 3THX YCTIOBHH TOBOPAT, uTo P — ¢7po20 naockuil A-Monyb.
10. a) Tloxa’ars, yTo cTporo IUIOCKHE MONYNL spnsercs Tounsim (II, p. 28; Amre6pa, II, c. 197).
6) Z-monyns Q TOYHEIA M NTOCKMI, HO He CTPOro MIOCKHIL.
B) Ilycts (p,) — cTporo BospacTaolias MOCHEZOBATENTEHOCT: MPOCTRIX YHCEN, M MyCTh A — MpsMoe
mpoHn3BelieHHe Konel, fnl Z/p,Z. Tloxasatens, yro mpsimasd cymma E aGenepsix rpymn Z /p,Z mpecraBiseT

co60# TOYHBIA MPOEKTHBHLI! A-MOJYNb, HO He ABNSETCS CTPOTO INTIOCKMM A-MOZyNeM (3aMeTHTb, 4TO E-
ugean B A, s koroporo E2 =E).

11. Iycrs 0 >P' P - P" - 0 ~ ToyHas mocnegoBaTenbHOCTs A-Monyne#t. [Ipeanonoxum, 4To MoayIH
P'uP” nmockue M 4TO OMH M3 HHX cTporo mnockwuii. [Toka3ats, uto P cTporo ruockui.

12. Mycrs p: A - B — romoMopdusM Kofel, NpeBpallalolii B B crporo mnockuit npassiét A-Moiy b,
nycTb M — HeKOTOpLI# A-MOZYNB.

a) Ilokasars, yTo Wi Toro 4To6bl M 6bUT MOAYNIEM KOHEYHOro THNZ (COOTBETCTBEHHO KOHEHHO IIpefi-
CTaBHMBIM ) , HeO6XOIMMO M IOCTATOYHO, YTOGEI 3THM CBolcTBOM o6nanan B-monyns B 4, M.

6) Ilpemnonoxum, uto p(A) conmepXHrcs B ueHTpe kombla B. ITokasars, uro Momyns M miockwuit
(COOTBETCTBEHHO CTPOro IUIOCKHH, NPOEKTHBHLI# KOHEYHOro THIIA) €CIH H TOJMLKO ecnH B-mopynb
B ®5 M obnagaeT yKa3alHBEIM CBOHCTBOM.

13. Tloka3ate, YTo MNOCKHUHK MC[lyJIb KOHeYHUTO THMa P Haj LEeTOCTHBIM KOIbUOM A npoeKTUBeH (pac-

cMOTpeTh IpefcTaBrneHHe 0 - R LL B»P—>0, roe L - cBoBomHBI# MOIyNnb KOHeYHOro THNAZ; BHIGpaTh
nogMOTYh KoHeuHoro tuna R’ B R, mns xoroporo R/R' — mepuommdeckuit MOy b, i IPHMEHHTE Teope-
my 1,c. 18).

914. a) Ilycts 0>R—~L —+E—0 — ToyHasa MocneqoBaTeNbHOCTE A-Mofynei, rae L — cBoGOmHBIA
A-mopynb; mycts (e o) — 6asuc L. [lokasars, yTo cnemyiollie yCNOBUsA 3KBHBANEHTHBI

o) E — nnocku#t A-MOnyih.

B) Hns Besakoro x€ R, ecnH 8, — mpasbift naeasn, NOPOXKAEHHLIA KOMIIOHEHTaMH X OTHOCHTENIBHO
6asnca (ey), XxE @R,

v) Ins BeAkoro x € R cywecrsyer roMomMopdusM w4, : L — R, np# KOTOpoM Uy (x) = x.

8) IIns BcAKoM KOHewHOHN MOCIEeIOBAaTeNBHOCTH (X;) 1 <j<pn NeMEHTOB H3 R cylllecTByeT Takoi romo-
Mopdmsmu: L— R, wro u(xp)) =x; mpu 1 <i<n, (MUcnons3oBars Teopemy 1, c. 18).

6) Ilycrs t — paguxan xonsua A, u nycrs 0 ~R - L —E — 0 — ToyHasd NoCNelloBaTensHOCTE A-MOJLy-
ne#t, B Kotopo#t L cBoGomen. Ipeanonoxmm, uro E mmockuft u uro R copepxmrcs B L. IToxasars, uro
torma R =0 (B o0o3HaueHMAX H3 IyHKTa a) 3aMETHTh YTO @&, — HJeal KOHEYHOIo THII2 H 4TO
6, =@,T1).

B) I[lycts E — mnocku#t A-MOZyNb KOHEYHOTO THII2, NPENONIONHM, YTo CyIIECTBYeT JBY CTOPOHHMH
npean b xonmua A, comepXaumics B ero pammkate, i Koroporo E/BE — ceoGomusit A/ b-Momyns.
IToka3ats, uto Toraa E — cBoGomueit A-MoZyns (3aMeTUTh, YTO CYLIECTBYeT CBOGOAHEBIT A-MOZYNb KOHEY-
uoro tuna L, A xoroporo moayns L/BL miomopder E/BE u npumeHuts 6) ). B uacTHocTH, B csiiait
WIOCKNH MOZYIb KOHEYHOTO THUIIZ HaJl 10 KabHbIM KOJIBIOM CBOGOJIEH.

15. lycre A — KonBUO, @ — 3eMeHT U3 A. [Tokasats, yro CleayoUMe CBORCTBa 3KBHBANIEHTHBL:

a)a EaAag,

B) Aa— npsamMoe craraeMoe B Moflyne Ag.

) Ag/Aa — mnocku#t A-mMomy k.

8) Ilns Besikoro npasoro Hueana b B A HMmeer Mecro pasencto b N Az =ba.

16. [Tycts A — xonnio. [Tokasars, uro cnemyoume CBo#t CTBa SKBHBAJICHTHEI:

a) Beaia#l aneMeHT 4 € A yIOBNeTBOPACT KBHBAJICHTHBIM CBONCTBAM H3 ylpaXHeHus 15.

B) Besxwit neBbit HAEa KOHEYHOTIO THIIA ABNACTCA IPAMEIM MHOXHUTENEM B Ag.

v) Beaxu#t neBpit A-MoIyns INIOCKHH.

8) Beswnit mpaBbit A-Monynb IWIOCKKH,
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B 3ToM cliyuae TOBOPAT,YTo A — abcoarTho naockoe xonmio (cp. VI, § 8, exercice 15; Anre6pa,
VIIL, crp. 202, ynpaxHenue 15 *)).

17. Mycrp A — aGconioTHo MIOCcKoe Komkio (yipaxueHue 16).

a) flycts P — npoextuBHBEt A-momyns. Tloka3ars, 4To BCsXMA NOXMOHYNH KOHeyHoro Tuna B P
SRNAETCA NpPAMEIM MHoOXHMTeneM B P (cBecr K cnyuaio, Korma P cBoGomHell KoHeuHoro Tulia).

6) Moka3arh, YTo BCAKHI YIPOeKTMBHBI! MoAYyNb NpefcTapnAect coboli MPAMYI® CyMMy MOHOTCHHBIX
Nonmoyneli, H3o MophHEIX MoHoTeHHEIM Hieanam B A. (Mcnons3oBaTh Teopemy Kamnancxoro (I, p. 183,
exercice 2) MnA cBelleHM#A K cCnyyalo, korma P oGnamaeT CueTHEIM CeMEHCTBOM MODOXKHAIOMIMX, 3aTeM
HCTIONB30BATH a) )

B) Moka3arh, Yro BCAKMH HIcan B A, NOPOXICHHBE! CUeTHBIM ceMcHCTBOM IO pOXKMAOUIMX, MPOEK-
THBCH.

T) Jlath npuMep aGCONMOTHO ILIOCKOTO KoOnbla A H Henmpoe KTHBHOTO A-MoAyN# KoHEUHOTO THIla,

q 18. ITyctp M — A-montyns. [loka3aTs, 9To cre/lyolHe yClOBAS IKBHBANICHTHEL

a) M KoHeuHoro TMIIZ2 (COOTBETCTBEHHO KQHEUHO IIPEICTABHM) .

8) Hns scAxol HHOyKTHBHOH (iCTeMBI A-mofynedt (N;. 1) OTHOCMTENBHO HAIPABIICHHOTO IIPeAYTOPH-
DoYeHHOTO MHoXecTBa | kaHoHMYeckH# roMmoMopdn3m lil)n Hompa (M, Nj) = Homa (M, _h_n‘l_) N;) HHBEKTH-

iel iel

BeH (COOTBETCTBeHHO Giie KTMBEH) .

v) Hnsscakoro cemenctsa (Py), icj npaBbIx A-Momyliell KaHoHMYe ckuil roMo Mo pdH3IM

(I BpopM= T @og M
&

(IL, p. 61) CIOpPBEKTUBEH (ooomeTcrseHHo GHeKTHBEH) .

8) [Ina Bcaxoro MHoxecTBa | kaHoHMYeCKHH roMomopdu3m Ad @AM->M CIOPBeKTHBEH (COOTBET-
CTBeHHO GHEKTHBEH) .

19.Mycts A 1 B — 18a Konbua, ¢: A—=B — romomopdusm, M — B-monyns. Hamenum Be o M n
Homp (B, M) cTpyKTypaMu nesoro B-mozynsd, NojIyyaeMBIMK COOTBETCIBEHHO M3 CTPYKTYP JIeBOTO M Ipa-
Boro B-momyns ua B. T'oBopAT, YTo M npoexTuSeH OTHOCUTEAbHO A, HIH ¢-NPOEKTU8EeN, €ClTH KaHoHH-
yecKas cloppeKuus B®, M—M oOnamaer B-yuHeHHBLIM ceueHMEM; TOBOpPAT, YTo M uHzexTu@en or-
HOCUTenBHO A, HIM p-UHBEKTUBEH, eCTIH KaHOHHYe CKoe BIIoXKeHHE

M — Hom o (B. M)

obnapaer B-nuHefiHolt perpakimeti.

a) Ecnmu M npoeKTHBEH (COOTBETCTBEHHO HHBEKTHBEH) KaK A-MoIyllbH (-TIPOEKTHBEH (coome'rc'men-
HO ¢ -HHBEKTUBEH) , To M — NpOeKTMBHEI! (COOTBETCTBEHHO MHEEKTHBHEIM) B-MoIyns.

6) [naBcaxoro A-monyns N B-momyns B ®4 N (coorBerctBento Hom 4(B, N)) w-npoexmsel-[
(COOTBETCTBEHHO ¢-HHBEEKTHBEH) .

B) IIpennonoxmm, uto y(A) ocomepxaitcs B ueHrpe B. ITycrs N - A-momyns, P — p-poeKTHBHbI
B-monyns. Tloka3ars, yro B-montyns P @4 N (coomerc‘meuuo npasbii B-monyns Homg (P, N)) p-ipoek-
TMBEH' (COOTBETCTBEHHO ¢ M HBEKTHBEH) .

20.MIycth A — Konuio ITIaBHEIX MMOCaNoB, d — HEHyneBol 3neMeHT B A, B = A/Aq. ITokazars, 4o
B-moayne By MHBEKTHBEH.

21. [Toka’aTs, 4To clneny IOIMe Y ClIoBHA 3KBHBANCHTHBI:

o) Konsio A HéTeposo.

0 Beaxuft WHOYKTMBHBEY Ipellen MHBEKTMBHEIX A-MoNyrneH ABNACTCA WHBEKTHBHBIM A-MOOyTlEM.

v) Besikast npaMas CyMMa HHECKTMBHBIX A-ModyNelt ABNACTCA HHBEKTHBHBIM A-MollylieM.

(InAa poka3aTenkCTBa MMIUIHKAIUMKM 1) = &) paccMoTpeTh BO3PAcTaiOIYI0 HoceloBaTellbHO CTh
(a,,)n>l TeBBIX UOCANOB B A, 4= l,{ 8, ¥ 1, — HHBeK™MBHasA obonoyka A-mollyiist” &/ a,. Ectecreen-

HLI ToMOMOpdU3M @ B © I, mpencraBnseT coGoit orpamMueHe HeKoToporo romomopduama f: A— e I,;
paccmotpeth f(1)).

22.TIycTh A — KoNKIo IMaBHBIX HAeax10B, K —ero Ioe YacrHeIX, ™ — oM H 13 9K CTPeMalBHBIX 311¢ MEH-
ToB B A. [Toka3sarh, yro n-ipuMapHas KomioHeHTa A monyn# K/A npencrapnfer coBoft HHEEKTHBHYIO
o6onouky A-Monyns A/r""A mna Beskoron = 1.

q 23.lycrs | — uHbeTMBHBI A-mMomyns, E — Konsio Enda (I), ¥ — MHOXCCTBO BCeX 1€ MEHTOB U
u3 E, ona xoropbix | ~ HHBeKTHBHAA 0Gomouxa nogmonryns Ker (1) .

a) Moxasuth, YTo ¥ — OBYCTOPOHHMM HOean H YTo Konbiuo E/v aGconorho mnockoe (yrpaxwe-
Hue 16). (IIycrb u — snement u3 E, N — nogmonyns B I, mns kotoporo N N Ker(u) = 0 v Makcumant-
HEDl OTHOCMTENBHO 3TOTO cBOKCIBA; JIoKa3aTh, YIG CYLIECTBYET 3feMeHT v € E, s KoToporo
vu(x) =x rnpu mo6om x € N H BBHIBECTH 0TCIOMA, UTo Uvu —UE T,

6) Tloka3zars, YTo ¥ — papmukan Konsua E (8Bxmiouerme (E) € U cuenyeT H3 a) ; MOKa3sTh, Yro s
BCAKOIO 4 € T oToBpaxeHMe | — u GUEeKTHBHO) .

B) [Mpeanonoxsm, yro | — npamas cyMma KOHeYHOTO CeMEHCTBA HePA3NIONMMBIX HHBEKTHBHLIX Mo-
pyne#, [Toxasars, yro Konsuo E/ ¥ nonynpocro.

1) 3pech TaKHe KoONKIA Ha3bBAWTCA pe2yaaphomu. — [Ipumey. nep.
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§ 24. Mycrs i: A~ 1 — uHpekTHBHAA oBonouKa A-MOMYNE Ag. ITongxiM E = Enda() u B = Endg(D),
1ak wro B apencrasnset coGo#t GukoMmyTant A-momyna I(VIL, § 3,def. 1; Anre6pa, VI, c. 122, onpe-
nenewve 4) . PaccMaTpuBaeM A KaK NofKonEUc B B. OGo3nawmm uepes j: ‘B —1u p: E — I oto6pasenus,
ofnlpeaenseMuie Gopmynamu

j®)=bG(1)) m pw)=u((l)) ona bEB, u€E.

a) MMoxa3aTk, M0 p — CIOPEEKIMA U [ — BIOXKEHHE.

6) [TokasaTs, Yro ClneayolMe Y CTIOBUA 3KBUBAICHTHEL

a) Otobpaxenue p GMeKTMBHO.

B) Orobpaxenue /| GMekIHBHO.

v) A-momyns B uHBeKTMBEH.

ECIM 3TH YCTIOBHS BRIIONHAKTCA, To oToGpaxenue j~' o p ocymectsnser u3omopdmam konsua E
Ha KONHIO, NPOTHBONON0XHoe B.

B) llycrs § — mHOXeCIBO NeBHIX UPeIOB 4 B A, Ina Kotopex aNb  # (0) npu mo6oM HeHye-
BOM JieBoM Hlieate [ . O6o3HauuM uepe3 S(A) MHOXKECTBO 2NICMEHMTOB 4 U3 A, ONIA KOTOPHIX CYLUECTBYET
rakoft upean o€ &, uro @ ¢ =0. [Nokasats, ro s(A)— OBY CTOPOHHMH Hean B A.

1) Moka3zats, Yro CeAyoilHe Y CIOBHA 2KBHBAICHTHEI:

a) s(A) =0.

B) Konmuo E 6e3 pamuxana.

v) Kontito B abconioTHo miockoe.

Ecnu 3TH y cNoBUA BLIMONHAITCA, TO YAOBIETBOPAIOTCA DKBUBAICHTHEIE CBoftcTBa u3 6).

({Iycts s(I) — MHOXeCTBO 3JIEMEHTOB X M3 I, i KoTOpPHIX CylecTBYeT TakKo#t HOean acf , wo
@ x =0. Ucnonssya ynpaxuenne 23, goxasars, yro p~' (s(I)) cosuanaer ¢ pamaxaioM t Konsua E, oTky-
ma umoMkauusa §) = o) . [Tokasars ganee, uro U3 o) BhiTekaeT paBeHcTBo ¥ = Ker(p) = 0, a 3ro Bneuer
3a coGoi#t cipasemyBoCTE ) M ¥) (IpMHUMAR Bo BHMMaHue ynpaxHeHHe 23), a Takxke ycoloBua a u3 6).
[Toka3aTk, HAaKOHell, YTO U3 v) clenyeT ) .)

n) Ecm A vérepoBo cneBa, To naean S(A) HHIBHOTeHTeH ([0KAa3aTh CHayana, Yro BCAKHI 3IeMeHT @
u3 s(A) MWIBIOTEHTEH, PACCMATPUBAA JIeBble aHHYIATOPHI er0 CreneHel a", 3aTeM Hcnonb3oBaTh U3 VIII,
§ 9, exercice 8, 5)).

9§ 25. MpenuonoxuM, YTo KOJNBIO A HETEPOBO ClieBa M Me COOSPXHT HWIBIOTEHTHBIX ABY CTOPOHHHX
HIeaIoB.

a) Joxasats, yTo Konkuo B, onpepencunoe B ynpaxaeruu 24, noaynpocro ("reopema I'oadu™; uc-
[IONL30BATH yMpaxHenue 23, B), u ynpaxaenne 24, r) u 1)) . Ecnu, kpome Toro (0) ~ HepBUUHBIA 1BY-
croponnaft upean 8 A (VIII, § 8, exercice 19; Anre6pa, VIII, c. 236, ynpaxuerde 6 !)), moxasats, ¥To B
1IpocToe.

6) OroxpectBUM A ¢ noakonwioMB B. Jlokasars creyionme ceoicrBa:

(i) Beaxuit 3meMeHT U3 A, perynApHEIL clieBa, o6paTuM B B (cliegoBaTensHO, peryiapeH B A).

(ii) Beskmit anemeHT b n3 B Moxet GbITh 3aiMcaH B BUfe §™'q, e § € A, 2 € A M § perynapusift,
HHorna rosopsr, uro B — 1€80¢e noaHoe KoAbYO YACTHBIX KoNbia A.

(Iia poka3aTenbCTBa yTBepKAcHuA (ii) CBeCTH ero k cnyuvaw, korga B npocroe. [Tokasats, uro Torna
ugean (0) B A nepsuunrit. [lycts @ — upean w3 §, ¢ — aneMenT U3 @& , ANA Kotoporo npaBbIit upean ¢B
MaKCHMAJICH Cpel HAea1oB 2'B (¢’ € a4), x — anemenr u3 B, gna KoToporo 4xa = a. [okaszars, 4To
B(1 —xa) CaB, oTkyna

(B(l —ax)n &) (B —xa)na)=(0)

BBIBECTH OTCIONa, YTO d PerynApeH. 3aKOHWMTH, B3R B Ka4YeCTBe @ MHOXECTBO JICMEHIOB @ € A, ong
KoToprIX ab € A4.)

B) IIpennono’®M, 9To BCAKMHA HeHyneBolt MEMEHT B A PETYIAPEH. IMoxka3zaTs, 94T0 B — Teno, NpeacTaB-
nsoniee co6olt neBoe Telo YacTHRIX WA A (cp. I, p. 155, exercice 15).

§ 26. a) [Toxa3ars, Yo cneayomMe Y CTIOBU A 3IKBUBAICHTHEL:

o) KonHio A HeTepoBo CpaBa M A-MOMyNb Ag HHBEKTHBEH.

a®) A nérepoBo clieBa H A-MONYNIb Ay HHBEKTHBEH.

8) Konmuo A camounsexrusto (VIII, § 2, exercice 11).

(lokasats, 4To o) Bieer U= 1° ms BCAKoro Hpasoro upeans ¥. [fokasaTh 3aTeM, YTo pamMKan
r (A) HMABIOTEHTEH, H BBHIBECTH OTCIONA, UCTIONB3ysA YNMpaKHeHHE 23, yro A apmMHoBo cipasa. Jloka3zaTs
38TeM, YTO COMPAMCHHLIA MOMYNb MPOCTOro H€BOTO MONYIS SBIACTCA MpoCTHIM. BhBecmn oTCONa, Wro
A HETepOBO CJIEBA H, HAKCHeLl, YTO A CAMOMHEECKTHBHO.)

6) IMoxka3saTk, 4ro KONHIO A CAMOMHBESKTHBHO B TOM H TOJIbKO TOM Clyuae, eClii BCAKHA HHBEKTHB HEIH
A-MOIYNE IPOeKTUBEH U BCAXUHA NMPoeKTHBHLIT A-MOIYIb HHBEKTHBEH.

¢ 27. [Ipenmono»m, YTo Konklo A HETEPOBO CleBa.

a) Mycts I — HepaanoX¥ Mol UHBEKTHBHBIE A-Mofynb. [loka3aTh, 4T0 MHOXCCTBO AHHYINATOPHBIX
HeaTioB HeHyneBbiX Hommomnyne#t B I o6GnapaeT HanGoNblMM IEMEHTOM ¥ (1), xoTopsIit NMpencTaBAACT
coBoit nepeuynwnii npy cropotmmit ugean (VIIL, § 8, exercice 19; Asnre6pa, VIII, c. 236, ynpaxdienue 6! .

6) MoKa3ath, YTo V1A BCAKOTO NEPBUYHOIO [BY CTOPOHHETO Mfleana P B A CyLIeCTByeT Hepa3o MU MbIi
AMBEKTUBHEI A-Moayns I, mns xotoporo ¥ (I) =P  (paccMoTpeTh HepadioKuMER NPAMO# MHOXUTEND
HHBEKTHBHON 060I0uKu MoAyna A/p).

1) 3peck BMeCTo TepMUHa “TIepBUYHBLIA" HCIIONB30BaH TEpMHH ’'NMpocTo#t™; ofHaKo B pyccKol nuTte
patype mocienHu#t TepMuH oGbMHO NpPUMEHACTCH JHLIL K HOCWIaM B KOMMYTATMBHBIX KOJNBUAX, —
Ilpumen. nep.
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B) IIpennonoxuM, Y10 Konmilo A KoMMyTamMBHoe. [loka3ars, YTo BCAKHE Hepadoxu MbIf HHEEKTHB-
HEBt A-Moayns I npeacraBnger coboft HHEEKTHBHYIO 0o6onouky Moayns A/ ¥ (). Bemecn oTciona, Wo
oroGpaxerme 11— ¥ (I) onpegenser GueKuMI0 MHOXeCTBa J KN2CCOB HEPANIONMMMBIX HHBEKTMBHBIX
A-monynelt Ha MROXKECTBO NMPOCTLIX HAcaioB B A. OGpaTHas GHeKUMSA CONOCTABNIACT HACATY P HHBEKTHB-
Hyw0 06Gonouxy Momyns A/p .

1) Moka3aTs, 10 @A Toro yrobul otoGpaxemme 1+ % (I) MHoxecTBa O Ha MHOXECTBO HepPBHUHEIX
OBYCTOPDOMHUX HOeaoB KONba A GbDIo GMeKTMBHBIM, ROCTATOYHO YTOGE! A YNIOBIETBOPA " Clemylolile-
my ycnosuio (H):

(H) Jins BCAKOIO NEBOTO MACANA @ B A CYIIeCTBYIOT TaKHe EeMEHTH X, , . . ., Xx B A/ @, 4To

Ann(A/ @) =N Ann(x)).
i

® MHoxasars, yto ycnosue (H) ynoBieTBOpAeTCA B CIERYIOUM X CIyuasx:

«) Bce neBBle HAeanbI B A ABJISIOTCA MBY CTOPOHHH MH.

£) A apmsoBo.

7) UeHTp Z xonbila A ABNAETCHA HETEPOBLIM KONMIOM H A — Z-MOAyh KOHEYHOTO THNA,

e) Mycrs &k — none, Q* — aIAUTHBHEIA MOHOWA PALHOHANBHBIX uucen » 0, A ~ KONBUO HOPMHPOBa-

+
MMA W NOJNIS YaCTHBIX MOHOMAHON anreGphl k(Q ) noctpoeHHoe B KoMmyTatusHoit anrebpe, c. 448, npu-
Mep 6, a — HeHyneBolt 3neMeHT M3 A, I — uHBeKTHBHAA o6ontouxa Mopyia A/Aa. [Tokasars, 410 A-Monyns
1 Hepa3noxum, HO He COMEPXHUT HHKAKOTO MOAMOAYNs, H3oMopdHoro A/ P ¢ NPOoCTHIM P (3AMETHTD, YTO
MHOXECTBO HACAIOB B A JIHHe#HO YNOPAMOYEHO H YTO A COIEPXKMT TONLKO /1Ba IIPOCTbIX HAeana).

28. Ilycte A — HéTtepoBo Kombuo, M — A-mofiyns, I — uapexTuBHasa obonouxa Monyns M, npencrapng-
oulas coboit mpamyio cyMMy HexoToporo cemelicra (Iy) o= j Hepa3noXHMBIX nofMonyrelf. O6o3naunm
uepe3 Ass (M) MHOXeCTBO NepBHMYHBIX OABycTopoHHEX upeanos ¥ (L) ans « € J (ynpaxuenue 27); ecnu

€ Ass (M), To TOBOPAT, UTO upean P dccoyuuposax ¢ M.

a) Ass (M) #¢,ecnu M # 0; eciu M KOHEYHOT'O THIN4, TO MHOXeCTBO Ass (M) KoHeuHoe.

6) IokasaTs, 4TO NepBUYHBLIX ABYCTOPOHHHH WAean P accOoUMMPOBAH ¢ M B TOM M TONBKO TOM CIy4ae,
ecnt M coftepxut Taxo#t nonmonyne N, uto Ann(N’) = p ans BeAKoro HeHyneporo noaMonyns N’ s N.
Ecnin A KOMMYTAaTHBHO, TO ) aCCOUMMPOBAHO ¢ M B TOM TONLKO TOM CIlyuyae, ecni¥ M copepxur noiMo-
Bynb, u3oMopdHsil A/p.

8) Ilycts M' — noamoayms B M. [Tokasars, uto

Ass (M') C Ass (M) C Ass (M') U Ass (M/M’).

r) Monoxum Jy = Z Iyn Q(p =( z J4 ) 0 M. Mokasate, uro n Q(p=0 =x
U(ly) =p eFD » EAss(M)
M Q (p) # 0 nna scaxoro noaMuoxecTsa Ep Ass (M), oTmunoro ot Ass (M). Jlns Besixoro p € Ass (M)
€E

]
Bmeem Ass (M/Q (p) ={p} .

) Ilvers @ — 3neMeHT u3 neHrpa A. I[lokasars, 4ro As Toro 4robbl TOMOTeTHS OTHOCHTENBHO 4 GRINa
MHBEKTHBHZ B M, Heo6XoZHMO B JOCTaTO4HO, YTOGE! @ He MPHUHAIEXK ANl HHKAKOMY M3 aCCOUMHPOBAHHEIX
¢ M nepBHYHLIX HAEATIOB.

* 29. lpeanonoXuM, YTo KONBIO A KOMMYTATHBHO ¥ HéTepoBo. IlycTs @ — upean B A.

a) Ilycts H — A-Monynns, B KOTOPOM BCAKMI 3M1eMeHT U3 H aHHYNIHpyercs HeKkoTopo# cTeneHbio @ . [o-
Ka3aTh, YTO HAf MHBEKTHBHOCTH H mocrarouHo, uTobel AN BCAKOTO HENOTO 1 > 1, BCAKOTO A-MOZyns
M KOHEUHOTO THNA, GKHYAUpPYEMO20 HWAcanoM 4", H BcAKoTo nmouMonyna M’ B M ecrecTpensi#t roMo-
Mopdusm Hom (M, H) = Homp (M’, H) 6bU1 clopseKTHBEH.

(Mcnonn3oBats T0T GaKT, 4TO ANA BCAKOTO Kueana Pxombua A cyliecTsyer uenmoe uucno k > 0, npu xo-
topom b 6% cba (AC, M, §3, n°1, cor. 2; Kommytarusuax anrebpa, III, c. 244, cnepcrepe 2).

6) Ilycts M — uHbexTUBHBIA A-Momyne. g n > 1 ofo3HaunM uepe3 H, nogMonyms B M, o6pa3oBaH-
HBI 37IEMEHTaMH aHHYTHPYeMBIMH upeanoM 4’  momoxum H = U H,,. lloka3sats, yro H — nHBeKTHBHLIH
A-Mopyns.

B) Iloxasath, ¥To BCAKHMI 3NIeMEeHT HHBEKTHBHON 0Gonouxu MopyiA A/@ aHHYJIHpYeTcS HeKOTOpOH
CTeNeHbIo Haeana & . ,

30. IIpepnonoXuM, YTO KONBLO A NOKaNbHOE, KOMMYTaTHBHOE H HETEpOBO; 0603HaYMM yepes W ero
MaKCHMaTbHBI Hoean, k¥ = A/m. [lycts I — A-Mopynb, B KQTOPOM BCAKHI 37€MeHT aHHYJIHPYeTCH CTe-
nenbio M. IIng Beaxoro A-mopynst M o6o3naunm uepes T(M) A-momyns Homp (M, I) u Yepes ey M —~
= (T(T(M)) — romomopduamM, onpegensieMbI 1o popmyne

M M) @)=u(@m) nna meM, ucTM).

Iloxasats, uTo clemyiouine CBORCTBa SKBHBANECHTHBI!

) JIng Besixoro A-mopyns M xoHeuHoit miauHbl A-Mogynk T (M) uMeeT KOHEYHyIO IUIMHY ¥ TOMOMOp-
dusm cp: M- T(T (M) ) Guextupen.

8) lina Beaxoro A-monpyna M xoHeuno#t maunsl long T (M) =long M.

v) A-mopyns I uabexTuBeH u A-Mopynu K u T (k) usomopgunl.

8) A-mopyns 1 usomopden unpextTuBHo#t o6onouxe A-Momyna K.

Korma 3TH YCHOBHA YHOBNETBOPHIOTCH, TOBOPAT MHOTHA, u4To 1 — dyeausupywowuii Mooyas nns
Konbia A.

(TIloxasark, 4To CBOHCTBO ) SKBHBAJICHTHO KAXIOMY H3 TpeX APYrux; utobbl yBUAETH, 4TO v) Credy-
eT U3 o) HIH ), HCNMONB30BATh YNIpaXKHeHHe 29) .
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31. B npennonoxeHuAX HpedbIAYIUEro yNpakKHeHHS NycTb B — KOMMyTar¥BHOe ¥ HETEPOBO JIOKalNb-
HOe KOJbiio. ¥ nycTb p: A — B — romomopdusm koneu, npeBpawaouiuit B B A-Moaynb KOHEYHOT'O THIA.
Ecnu I - nyanusupytoutnét Moyns ans A, To nokasars, 4ro B-monyns Homy (B, I) ayanusupytommii s B.
B vacTHOCTY, NI BCAKOTO upeana € konsua A poamonyns B I, 06pa3soBaHHbIl aNeMeHTaMH, aHHYIIUpYye-
MBIMH HEeanloM & , npelicTaBnser coboi Nyanu3upyiolInii MORYNh IUIA A/q .

32. a) CoxpausieM fpeRnoONoXeHUs ynpaxHeHus 30; NPEANONOKUM, KPOMe TOTO, YTO A COREPXKHT MO-
ne k,. Hajl KOTOPLIM K sBNfeTCH BeKTOPHLIM MPOCTPAaHCTBOM KOHeYHOH pasmepHoctu. Ilokasats, 4To
A-monyns I = lfﬂ Homyg (A/m", k) nyanusupyomui s A.

n

6) Mycts k — none xapakTepucTHKY Hynb, B — Konsuo ¢opmanseix panos K{[T,, . .., T,|]. Hage-
nmum  rpynny I=K[X,, ..., X,] crpyxtypoii B-momynsa, nonoxus T;+P =0P/3X; mnn Bcsakoro
Pek(X,, ..., Xy} Noka3ats, uro I — uHbeKTUBHAA 0BoNOUKa B monmyns k.

§2. KOMIIIEKCH A-MOAYJIEH

B srom napazpagpe uepes A o0b603Hauaerca xoavyo. Kozoa mbt 6ydem 2080puth 06 A-mody-
aax 6e3 yrourenuil, 3To 8ce20a Gy0eT OTHOCUTHCA K Ae8bIM A-MOOYAAM.

Mbl 6y0em Ha3bl8aTh 2padyUpOSaHHbIMU MOOYAAMU 2PA0YUpPO8aHKble MOOyau Tuna Z
(1L, p. 164) . Ecau M — 2padyupoeannsrii A-modyas ¢ epadyuposxoii (Mp)pe z, TO nonaza-
em M" = M_,, u 2060pum, uro M,, (cotBetcTBeHHO M™) — 0OHOPOOHAA KOMNOHENTE HuxHell
cTenenyu n (COOTBETCTBEHHO BepXHeht crenenu n) modyan M. Ecau u: M =N — 2padyupoean-
Hblll 20MOMODPPHU3M cTeneHu p 2padyuposannsix A-modyaeii (11, p. 166), To 0603HaUaEM Ye-
pe3 uy: Mp > M, ., (cooTBetcTBeHHO 4" : M" -+ M" ~P) 2omomopgusm, nonyuaemvrii uz u;
OH Ha3blBAETCA OOHOPOOHOI KOMNOHEHTOU HudcHel (COOTBEICTBEHHO 8epXHeil) cTenewu n

20MOMOpPU3MA U; 2080PAT TAKKE, YTO U — 20MOMOPPUIM HUNHEN CTeneHU p uau GepxHell
creneru — p.

1. Kommekchl A-Mmomymest

Onpenenenne 1. Jufdepenyuanvustii komnaexc A-modyaet — 310 napa (C,d),
06pa3oBaHHas rpafyHpOBaHHbIM A-Mognysem C u rpagyupoBaHHbiM saoMopdusmom d: C—~C
HYKHe# cTeneHu —1, mia xoroporod o d =0.

I'oBOpAT TaKKe KOpoYe: KOMIUIEKC A-Monyrneii, Wi A-Komiiekc, Wi Kommieke. Yacto
muyc C Bmecro (C,d); supomopdusm d HasbiBawT Jugdeperyuarom xomiexca (C, d)
WIH, 3T0YNOTPeGNsis A3bIKOM, KoMmiTlekca C.

Ecim C,, (coortBetctBenHo C") — opHopopHas KOMNOHEHTa HHXHEH (COOTBETCTBEHHO

BEpXHel) CTeneHH n rpagynpoBaHHoro A-monyns C, To 3apaHde d SKBHBaIEHTHO 3a/IaHHIO
AOCIIEAOBATENBHOCTH TOMOMOPGHIMOB

dp+q d"
-)C"+l —_— C C"——l—)"" (1)
COOTBETCTBCHHO
n-1 n

senmt o o S ot )
WISt KOTOPO#l dyy © dp4y =0 npu Besikom n € Z (cooTeTcTBeHHO d” o d"~! = 0 npu Bes-
KoM n € Z). 3noynoTpe6nss A3pKoM, GyHEM TaK ke Ha3bIBaTh KOMIUIEKCOM 3afaHHE TAKOR
TNOCIIeIOBATENIBHOCTH A-MOJTY/Ieil H FOMOMOPQpH3IMOB.

OTMeTHM MHEMOHHMYeCKOe MpPaBHio, COIIaCHO KOTOPOMY, eclH B Anarpammax (1) u (1") nBurarecs
B HAalpaBJICHUH CTPENIOK, HIWKHAA CTelleHb yMEHBILIAETCA, 3 BEPXHAA CTeNEHb YBeIHUYBAECTCH.

Besikuit rpagynpoBaHubiit A-Monyns GyneT MOJYAIMBO PacCMATPHBATHCH KAK KOMIUIEKC,
HaJleJICHHBIA HyJeBbIM mMddepeHuManomM; moayyaemple TaKHM 06pa3oM KOMIUIEKChbI BYyT
Ha3bIBaTbCA KOMNAEKCamu ¢ Hyneavim OJugddepenyuanom. B yacTHOCTH, BCAKUE A-MOayIib
M 6ynetr cuutaThcs HANEJICHHBIM EMMHCTBEHHON CTPYKTYpOil A-KOMIUIEKCa, NpH KOTOPOH
M, = M® = M. Kommnexe (C, d) naspiBaetcs Hynegsim, eciin C — HyneBoit Modyns. B no-
cieayoiiem gepe3 0 0603HavaeTCA HyJieBOi KOMIUIEKC, BLIGpaHHbI pa3 HaBceraa.

IpucoenunM K yNopsAnOYEHHOMY MHOXeCTBY Z [iBa 3/ieMeHTa, 0G03HayaeMble qepea
—00 Y +00; NOJyYeHHOE MHOXECTBO 0603HaUMM uepe3 Z M HATENUM ero OTHOLUIEHHEM TOPSA/I-
Ka, NPOAOIIKAIIMM NOPANOK Ha Z M TaKHM, 4to —o0 < 5 < +o0 Isf BCHKOTO 1 € Z; BCsKOE
NoAMHOXecTBO B Z 06JlajjaeT HIXKHEH U BepXHEH IrpaHiAMH.
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Mycts C — xommlexc; npasoit u nesoit') rpanuuamu C Ha3piBaloTCA MeMeHTh by (C)

bg (C)nz Z onpenensiemMple CIIeAYIOIHMH YCTOBHAMH:
by (O)=inf {n€Z C,#0}, bg (C)=sup {n€Z C,#0}.

T'osopsar, uro xkommnexkc C nyaegoii cnpasa, ecnu bg (C) = 0, o2panuyennslii cnpaea, ec-
mu by (C) # —oo, Hynesoii caeea, eciu bg (C) <0, 02panuuennuiii caeea, eciu bg (C) # +oo;
roBopAr, uro C ozpanuyennbill, ecnu

bg (C)# ==, by (C)# +oo.

Zaunoii®) xomnnexca C Haswipator anement / (C) u3 Z, onpesienseMblii ClIeAyOLIM 06-
pasom: ecnu C Hynesoit, 10 [ {(C) = —oo; ecnu C orpaHuyeHHbIt U HeHyneBoi, 1o [ (C) =
=bg (C) — bg (C); ecnu C HeorpanuyeHHsiit, 10 [ (C) = +o0. * [lpu cornamenusx usz TG, 1V,
p- 13-17, Bcerna I (C) =bg (C) —b4(0). ..

HanpuMep, ecnn X mocnenoBaTelbHbIX KOMMOHEHT koMIUleKca C OT/IMYHBI OT HyNA, a BCe OPYIHe
Hynessie, T0 [ (C) =k — 1,ecnuk > 0,1 (C) =—eo,ecniuk = 0.

Tosopsar, uro komiieke (C,d) ceoBoOHbIE, npOEKTUGHbLE, NAOCKUIL, UHBEKTUBHDII, €CTIH
Kaxapiii u3 mopynei C, o6nagaer coorBercTBYOIMM cBoiicTBOM. OTMETHM, YTO KOMIUIEKC
(C, d) npoexTUBHBIA WIM WIOCKHi, eC/IH U TONBKO eciii Moayns C 06najgaer 3TuM CBOICT-
som (I, p. 39, prop. 3, a Takxe npemioxenue 4, c. 12), Ho uro moaymb C MoxeT GbITh
cBoGogHbIM, X0TA KoMmmileke (C, d) TakoBbiM He fiBNfeTcA (TaK KaK HpAMON MHOXHTEND
cBoBoHOro MOAYNs He Bcerma ceoGomeH), a takxke uro komryeke (C, d) moxer 6bity
WHBEKTHBHBIM, XOTA Mofy/b C He MHbeKTUBEH (C. 27, yipaxHeHue 21).

Mycts (C,d) — xommexce. Honoxum Z (C, d) = Ker(d), B(C, d) = Im(d); aro rpanyu-
poBaHHble nogmMoaynu B C, Ha3piBaeMble COOTBETCTBEHHO MOMYNEM HUK/08 U MONYJIEM 2pa-
Ruy xommiekca (C,d); oasoponueie xoMnoHentst Mopyneit Z(C, d) u B(C, d) ¢6o3Ha-
vaorca uepes Z,(C,d) = Z7"(C, d), B,(C,d) =B~ "(C,d) ; umeem: Z,(C,d) = Ker (d,),
B, (C,d)=1Im (dn+,), Z" (C,d) = Ker (d"), B*(C,d) =Im (d"~1).

Tak kak d o d =0, 10 B(C) C Z(C); mBa UMKIa HAa3bIBAIOTCH 20MOA02UYHbIMU, ECTTH UX
PasHOCTb — rpaHMua; rpagyMpoBaHHbiil daxtopmonyns H(C, d) =Z(C, d)/B(C,d) HaspBa-
ercst MoOyaem 2omonozuu KoMmrnekca (C,d); ero 3eMeHTaMHU CIIyaT KAACCHL 20MOAO2UW
€ro 0OHOPOfIHbIE KOMNOHEHTHI 0003Hauatorcs yepes H, (C, d) = H™"(C,d

Npumep. Ecnu C — xommnexc ¢ HynessiM mudepenumanom, ro Z(C) =C,B(C) =0
1 H(C) xaHoHmuecku oroxpmectBnsercsc C.

HMeroT MecTo ToYHble NOCAe008aATEALHOCTU, HA3BIBAEMbBIE KAHOHUYECKUMU

&
() 0-2Z, (C)>Cy— B,_,; (C)~0,
(L) 0~ B, (C)>Z,-H, (C)~0,
(I1,) 0~ B, (C)>Cy = Ca/B, (C) >0,

5n
(Vn) 0~ H, () Gy/B, (C) = By, (OO,

rae 8, u 8, nomyuens! u3 d,. [lyrem xom6unauuu (IV,) u (1l,,_,) nonmyyaeM TouHylw No-
Clle10BATENBHOCTH

(Vs) 0-H,()~>C,/B,(C)>Z,_, (C)~>H,_, (C)~>0, -

KOTOpas 3aMHCBHIBACTCA TAKXKE, C 3aMeH017l n Ha —n, B BUHOE:
(V") 0-H" (C)> C"/B" (C)~Z"*! (C)> H"*! (C) - 0.

Onpenenenue 2. Mycrs (C,d) u (C',d") — nBa xommnexca. Mopgusmom®) xom-
mnexca (C,d) B (C',d") naspiBaercs rpanyupoBaHusiii A-romomopduam crenenn 0 rpagy-

'} Cnora npagvtii N aegblii ynoTpeGNAOTCH OTHOCHTENBHO onucaHua koMmiekca C ¢ noMouUIsio M-
arpamm (1) u (1°).

2) He crenyer CMeIliMBaTh MOHATHE MNuHbI KoMmmekca (C, d) ¢ noHaTHem anueet monyns C (11, p. 21;
Anrebpa, 1, ¢. 110).

*) Unu Moppuzmom crenenu 0 (cp. c. 88).
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upoBanHoro monyns C B C', wis kotoporo
d'ou=uod.

Il BCAKOTrO N MMEEM, CIeJIOBATENbHO: dyy © Uy =Up_q o dp ¥ d'" o u™ =™ o d"

Hmeem:
u(Z(C)HCZ(C’), uB(C)CB(C),

u uepe3 Z(u): Z(C) > Z(C"), B(u): B(C) »B(C"), H(u): H(C) = H(C") obo3uavarotcst
roMoMopdu3Mbl, TONYYaeMbie U3 ITHX BKIIIOYEHHI; OJHOPOMHBIE KOMIIGHEHTBI 3THX MOp-
¢$u3MoB 0603HavaTca yeped Z, (u), Z" (u), . . .

Ecnu v — ppyroit Mopduam komitekca (C,d) B (C',d’), o u + v — mopdusm (C,d
B(C',d")u .

Ztv)y=2w)+Z (@), B(u+v)=Bu)+B@),
H(u+v)=H(u)+H ().

Kpome toro, ecnu A — anre6pa Haj KOMMYTATHBHBIM KONBLOM kK M ecnu A € K, T0 Au — Mop—A
¢usm (C,d) B (C',d) n

ZQu)=2Z (), BQuw)=AB(@m), HQu)=AH(@).

Ecm u': (C',d") » (C",d") — mpyroit MOpdH3IM KOMIUIEKCOB, TO &' © U — MOPDU3IM
(C,d)s (C",d")n

ZWwou=ZW)oZ(u), B ou)=B()-B(),
Hu cu)=HW)°H®).

flcHo, uTO GHEKTUBHBIA MOPGPH3M KOMIUIEK COB ABNAETCSH H30MOPPHIMOM.

Onpepgenenune 3. Hycr (C,d) u (C',d’) — nBa kommnexca. F'omonozuzmom (um
xeasuuzomopguimonm) xommiekca (C,d) B (C', d') wasmBaerca mopousm u: (C, d) -
-+ (C', d"), ona xotoporo romoMopdusm H (1) Guextupe.

Beakuit H3oMOpdU3M ABNAETCA FOMONOTH3MOM, BCAKaA KOMMO3HIUA TOMOJIOTH3MOB —
rOMOJIOTH3M.

Tosopsar, yto (C, d) — Komiuiexc ¢ Hynegoil 2omonozuei, ecmu H(C) = 0, T.e. ecnu on-
HO3HAYHO OmnpeneneHHblit Mopdpu3M KomiuiekcoB 0 - C (cootBerctBenHo C > 0) aBnsaercs
romonoruamMom. ToBopaT, uto komitexc (C, d) ayuxauuen 8 HuxReii cTenenu n (COOTBETCT-
BEHHO B BepxHeji ctenenu n) , ecnv Hy, (C) =0 (coorsercreenno H”(C) =0).

HOycte (C,d) — xommnekcup € Z; pm cosuzom xommnekca (C,d) HasbiBaeTcsa Komn-
nekc (C(p), d(p)), nonyyaemsrii cnegyrowmmM o6pazom: C(p) — A-MOpynb, NOITYyY2E MBI
casuroM Ha p Homepos rpanyuposkn C (II, p. 163, exemple 3), 13k yro

C@)n=Cnsp, CP)"=C"77;

B acTHocTH, C(p)o = Cp;- cnemyeT OTMeTHTH Takxke, yro C' mpeacraBnser coGoi npsMymo
CyMMY CBOMX rpamyupoBaHubix nommomyneir C,(—p), p € Z (cOOTBETCTBEHHO C?(p),
pE Z). Nonoxum d(p) = (-1)Pd. Umeem: Z{(C(p)) = Z(C) (p).B(C(p)) =B(C)(p) u
1 H(C(p)) =H(C) (p).
Hanpumep, d npencrasnser co6oit Moppuam komiuiekcoB C B C(—1) u romomopdusm
H(d): H(O)~H(O)(-1)
HYJNeBoil.
Ina Bcsakoro mMopdu3ama komiuiexcos u: (C, d) - (C',d’) 4 Beakoro p € Z u sBnseT-

ca takxe mopdpusmom (C(p), d(p)) B (C' (p), d’' (p)); ero 06Go3HAYAIOT HHOT/A Yepe3
u(p) , npuueM

Uu(P)p =tn+p, U (@) =u""P.
2. Onepanyu Haj KOMIDIEKCAMH
Ha mu6xecTBe A X A 11Ba 3aKOHa
(@ b)+@,b)=(@+q,b+b"), (@b)@' b')=(aa',ab'+ba")
Ollpe/IeIAKT CTPYKTYpy KoNbua, 0Go3nawaemoro uepe3 A (€), ¢ epunuueit 1 = (1, 0); Bno-
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wenue a > (¢, 0) =2l nosBonsder oToxAeCTBUTh A crokonbuoM B A(€); mouym A(e)
cBoGomeH ¢ Gasucom {1, €}, rme € = (0, 1); umeem: €> = 0 u € — NEHTPATIBLHBIHA ITIEMEHT
BA(e).

Korma konsiio A KOMMyTaTHBHO, A (€) Ha3spiBaerca a12e6poil O08oiliHBIX wucen Ham A
(11, p. 15).

Hapermum A (€) crpykTypoii rpagyuposansoro Konsua (11, p. 164), ans koropoi A(€)o =-
=A-1,A(€)_; =A ‘e nA(e),=0mpun+0,—1. fcHo, uTo 337aune CTPYKTypbl A-KOMII-
neKca Ha MHOxecTBe C paBHOCUIIbHO 3amaHuio Ha C cTpYKTypbl TpafiynpoBaHHoro A (€)-Mo-
myns, pudpdepeHuman d npy 3T0M COOTBETCTBYET TOMOTETHH €c; KpOMe TOro, Mopdu3Msl
KOMIUIEKCOB COOTBETCTBYIOT T'payHpOBaHHbIM romomopédusmam crenenn O rpagympoBaH-
Hp1x A (€)-monynei.

Takum 06pa3oM, poost CTPYKTYpbl TpajyupoBaHHbIX A (€)-Mopynedl u A-KOMIUIEKCOB
axeuearentnor (E, IV, p. 9—10; Teopus MHOXecCTB, IV, c. 252—254). Ms1 ucnons3yem 3ror
dakT s nepeHeceHUA B TEOPHI0 KOMINIEKCOB OOBIYHBIX TIOHATHA TEOPHH TpaJyHPOBaHHBIX
Mopynei.

TloHATHIO 2padyupoearno20 nood-A(€)-MoOYaa COOTBETICTBYET TOHATHE NOOKOMMNIEKCA:
TaKUM o6pa30M, TIOAKOMIUIEKC KOMIUIeK ca (C, d) — 310 TaKoi rpanynponarmbm TIOAMO-
myns C' B C, uro d,(C;) € Gy, IVisi BCAKOTO 1 € Z; ecnn 06o3HaunTh Yepes d' rpamyn-
poBanHblii A-romomopdusm C' B C’, nonydaemslit u3 d, 10 (C’,d') npencraBnser coGoii
CTIPDYKTYpY KOMIUIEKCA, O KOTOpOil TOBOpPSAT, 4ro OHa uHdyyupoeana crpykrypoit (C, d).
Be3 ABHOrO yKa3aHusA NPOTHBHOTO BCAKMA MOAKOMIIIEKC OyJeT CUMTaTbCA HamelleHHbIM
HHAYUHPOBAHHOM CTPYKTYpOM.

Me1 NpenocraBisAeM YATATENI0 ABHO cHODMYIIHPOBATh TAKIKE MOHATHA HAKTOPKOMIUIEKCa,
TOYHOM NOCTIeIOBATeNbHOCTH KOMIUIEKCOB, Afpa, Kofapa, 06pa3a MOpdu3Ma KOMIIIEKCOB,
cllegy# NpUBeReHHOMY HMDKe CIIOBapIo:

rpajilynpoBaHHsIil bakTop-A (€)-Monymb = haxropromnaexc,
Anpo, Koaapo, o6pa3 rpagyMpoBaH- }

A0po, ¥0a0po, o6pas
Horo A (€)-romomopdH3Ma crelle- = A0P%, po, 00pa
1 0 MophH3Ma KOMIJIEKCOB,

TOYHAA NOCNEe008ATEALHOCTY
KoMnaekcoa.

poBaHHBIX A (€)-Momyeil 1 TpagyHpo-

TOUHas MOCTENOBATeNbHOCTD TPajyH- }
BaHHbIX ToMoMOpdu3MOB creneHy 0

Hanpnmep, KaHOHHYeCKHe TOYHbIE MOCTIeOBATENIbHOCTH U3 1. 1 Ja0T TOUHbIe MOCIemoBaTeNb-
HOCTH KOMIUIEKCOB, Ha3bIBACMbIE KAHOHUYECKUMU :

) 0->Z2(C)~>C 3 B(C)(~1)-0,

(mn 0-B(C)~»>Z(C)~>H(C)- 0,

() 0-B(C)->C-C/B(C)~0,

Iv) 0->H(C)~>C/B(C) 3 B(C)(-1)~0,

(V) 0-H(C)~ C/B(C)~>Z(C) (-1) > H(C) (1)~ 0.

TouHo TaK e ONpeNeNAWTCA IOHATUA NPAMOU CYMMbL KOMNAEKCO8, UHOYKTUSHOIL
CUCTEeMbL KOMNAEKCO8, UHOYKTUSHOZ20 Npedead uHOYKTUBHOI CUCTEMbl KOMRAEKCOE.

Tlyers (Cy, dy) ;o1 — ceMeiicTBO KoMiutekcos. /Ipouzeedenuem 310r0 ceMeiicTBa, 0603-
navaembiM ¥epes II (C,,d;), nasmBaercs xommnexc (C, d), TomyyaeMblil CIEAYIOLINAM
o6pasom: el

a) nng Beaxoro n€Z C, npencrasnaer coBol Mpou3BeeHNe TI (C;) p omHOpOIHBIX
komroHeHT (C;), JaHHbIX KOMIUIEKCOB,

6) nna Beakoro n€Z d,: C,—~C,_,; npencrasnsaer co6oi A-romomopdmsm C KOMIO-
HeHTaMH (dp) p,.

Korna 1 KOHC‘IHO,KOMIU'leKc II (C;,d;) pasen Komnnexcy GB (C,,d,) Cnepyer npeno-

CTepe4b WUTATENA, 4YTO, 30061116 I‘OBOpil, MoOyJib, Ha KOTOpOM onpeneneH KOMIUICKC

H (Cy;,d;), e coBnapaet c npoussenennem monynei I1 C;.
ic el

3. H. BypGaku
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PaccMOTpHM ceMelCTBO (COOTBETCTBEHHO HANpaBIIeHHYI0 MHEYKTHBHYIO CHCTEMY) KOM-
mwiekcoB (C;) ;e1- llycts C — mpaMas cyMMa (COOTBETCTBEHHO MHAYKTHBHBIN Ipesen)
cemeiicta (C;), u mycts o;: C; - C —kaHOHHueckHe roMomop¢u3Mebi. Torma romoMmopgus-
Mol H(a;): H(C;) —H(C)onpenpensior rpaiynpoBatHsiii roMmoMopbu3M crenietn 0, HaspiBae-
MBI KaHOHUYeCKUM, TIPAMOR CyMMBI © IH(C,) (COOTBETCTBEHHO MHAYKTHBHOTO IMpepnena

= :

lim H(C;)) B H(C). Kpome Ttoro, xasonmmueckue mpoexumn II C; »C; onpegensior
—
i1 =3
rpagyHpoBaHHbI roMoMOp¢du3M creneHH 0, Ha3bIBaeMbIil KGHOHUYECKUM, MOJIYIIA TOMOJIO-
rmuH(IT C)) 8 TT (H(C;)).
i1 i1

Mpennoxenue 1. Jaa ecaxozo cemeiictea xomnaexcos (C;) o1 KaHOHUYECKUE
20MOMOpPU3MbL

® H(C)-H( @ Cy, H( 11 ¢)~ II H(C) €3

is1 C el i€l i€l
BuexTuaHb.L.

Jaa acaxoii nanpaenaennoi undyxTusHoli cuctemvl (C;) ;1 KAHOHUYECKUT 20MOMOD-
dusm

lim H(C;)~> H( lim C;) - 3
iet ier
buexTUGEH.

Jro HemepmenHo ciemyet u3 II, p. 14, cor. lala prop. 7, p. 11, cor. Ya prop. 5 up. 91,
prop. 3.

3. Caassmaloumii roMmoMopdusm
H FOMOJIOTHYECKAs TOUHAS NOCIIEA0BATENbHOCT

B 3T0M nyHKTE paccCMaTpHBAETCA TOYHASR NOCAEQ08ATEAbHOCTL KOMARAEKCO8
ru v "
0-C—C—C" ->0;

maddepennuans B komiuiekcax C, C' u C” o6o3naualorcs ofiHO# ¥ TO# e 6YkBOi d.

Iycrs I' — mHOXecTBO Tex x € C, g xoropeix dx € Im (1) ; mpu x € I' uMeem:

d(u™(dx))=u"'(dd(x))=0, )
ciiepoBarensHo, u~! (dx) € Z (C'); umeem taxxe: dv (x) =vd (x) € Im (v ° u) =0, creno-
BatensHo, U (x) € Z(C"); paccmMoTpuM Temepb muHeiinoe otobpaxenue ¢: I' >H(C") X
XH(C"), xoTopoe orobpaxaer BcaxHii aneMeHT xE I B Kimace snementa (v (x),u™ (dx)).

Memma 1. O6paz ¢ (T') muomecrea ' ¢ H(C") X H(C') npedcrasaser coboii zpagux
HEKOTOPO2O 2padyupOsanHoz0 A-2oMomopgusma crenenu —1 mooyas zomonozuu H(C') e
H(C'). '

a) Ecmu x€ T u ecmu v (x) € B(C"), 10 ™! (dx) € B(C'): meiicTBATENBHO, CYLIECTBYET
snement z € C”, mna xoroporo v (x) =dz”, panee, cymecrByer z € C, i KOTOpOIo

"=v(z), cnemoBarensHo, v (x) =v(dz), HakoHeu, cyuectsyer t' € C', mia xoroporo

x—dz=u(t'), a 30 nmaer, uro dx=u(dt'), cnegosarensno, u~' (dx) =dt'€ B(C').

6) Bcakmi anement w3 Z(C"') mBnaerca o6pazom mHpu 0TOGpaeHWH U HEKOTOPOIO
aneMeHTa X 3 C, mns koroporo v (dx) =0, 1e.dxEImu, re.xE .

B) U3 a) u 6) cuenyer, uro ¢ (I') mpencraBnser coGoit rpaduk GyHKIUHMHM; MOCKONbKY
oroGpaxenne ¢ GuonHopopHoe Gucremenw (0, —1), [OKa3aTeNbCTBO JEMMbI 3aKOHYEHO.

OnpenensieMsrii TakMM 06pa3oM rpafyHpOBaHHbIH ToMOMOpGH3IM cTeneHn —1 Mopyiis
H(C") B H(C') Ha3bIBaeTCA CEA3BIGAIOWUM 20MOMOPPHUIMOM OTHOCUTENBHO TOYHOU NOC-
aedoeareabHoctu (u,v); ero ofosHavaior Yepes 9 (w,v), wm 9, ,, win Opocto d. Ero
OHOpPO[IHbIE KOMIOHEHThI 0G03HAYAIOTCA Yepes

8, (,V): Hy(C") > H,_y(C)) m 8", v): HA(C") > H™!(C).
Mo onpenenenmio, 1A MocTpoeHHsa o6pasa kmacca « € H,(C") mpu 3 Hamo Bbi6pats

n
wikn z"€ Z,(C") w3 xnacca «, 3areM anement x u3 C, miA KOTOporo v (x) =z’ ; roraa
dxumeer Bupu (¢’ ),t' € Cj_,ud (&) ecTb KJIACC FOMOOTHM MKITa ¢’ .
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B tepmuHax coorsercreuii 9,(u,v) momydaercA, TakuM 0Gpa3OM, MCXOMA W3 COOTBET-
crBuA 4;) 4 odno®,) Mexay C, u C)_, NOCPeNCTBOM Nepexoia. K NOJMHOXEeCTBAM
Z,(C"YuZ,_4(C'),asarem u ux q;axropMHoxcechaM H,(C") mH,_,(C"). J0 noxa-
3bIBa€T, B YACTHOCTH, 4to ecnu 3amewuts C, C', C", u,v Ha C(), C' (), C" (), u(®),

v{(p), 10

du(p), v(PN=(-1)?d(u, v); 4
KPOMe Toro, eclii A K 2 — /1Ba 06paTHMBIX 37IEMEHTa U3 HeHTpa Kombla A, To
3 u, py=A""u"13(u, v). (%)

MOXHO Take YCTAHOBHTH CBA3b roMomopdusma 3 (1, v) co 3Meeaudnoil Ouazpammoii
(c. 9). CornacHo NpeIoKeHAIO 2, C. 9, NOCTIEIOBATENIBHOCTH

n() Zp{v)

0->Zy(C"y 2= Z,(C) 2= 27, (C™")

] ] 17rl lTrl " "
Cn/Bp(C’) — C,/B,(C) — C,/B,(C")~>0,

e i, K U, NOMy4al0TCA M3 ¥ K U, TOUHble. MCNOMb3ys KaHOHHYECKHE TOYHBbIE NOCIENOBa-
TensHocTH (V,,), NonyyaeM KOMMYTATUGHYI0 Oud2paMMY C TOUHBIMH CTPOKAMM H CTONGHAMH:

0 0

| :
H(C) —e H(C) —- H(C)
|

Voo

C;/B(C’) —— C,/B,(C) —=2— C/B(C")—> 0

' |

0 — Z"_ '(CI) u-)(“) Zn_ ](C) Z,-(v) Z"- l(Cu)
(

: ' |

H, ,(C) =% g (0 =% H,_ ("

! | !

0 0 0

ToMomopdusm H,(C") »H,_, (C’), accounnposanubiit ¢ 3To# muarpammoit (c. 9, npen-
noxenre 2 (iii)), coBnagaer no nocrpoeHuio ¢ d,(u, v) . ITO BleYeT, KPOME TOro, UTO IoCie-
poBareNlbHocTh roMomopdusmos (H,(w), H, (), 9,(w,v), Hy_ 41 (w), H,_; (v)) TouHas;
CllelOBaTeNIbHO , HMEET MeCTO

Teopewma 1. Heozpanuuennas 8 obe CTOpOHbL NOCAEO0BATERBHOCTs 20MOMOPPUIMO8

A-mo0yneii
g H”,(C")i‘*-"-“'—l H,,(C) 0, 1,0 - 1)

du(u,r) " l(C) H,_ 1(") " 1(C) u 1(2) n—](C”) O 1(4,0) H"—2(C<l) —p eee
TOYHAR.
973 MOCNeROBATENLHOCTh HA3BIBAETCA 20MO/I02UNECKOR TOYHOU ROCAE008ATERbHOCTHIO,
aCCOLUMMPOBAHHOW ¢ TOYHOH IIOCIEeNOBaTENBHOCTBI0 (4, V)’ €e 3aMUChIBAIT MHOrAA B BHOE
TOUHO20 Tpey2oasHuKa A-mooyeil

H(C)

H(uy V(l‘)

H(C') 70—, H(C").

QQ



36 § 2. Komnaexcor A-modyaeit

Cnencreune 1. Ecau 0sa us 1pex xomnaexcoe C,C',C" umeror nyaesyw z2omono-
2uw, 10 Tpetuii Taxos we. Haa 1020 urobvt mopgusm u (cooreercreéenno v) 6via 20mMoao-
2U3MOM, HEOBX00UMO u O0CTaTouHo, uTO6bl Komnaekc C" (coorsercreenno C') umen
Hyae8yw 20monozuwo. s 1020 4106861 20MOMOpUsm B (U, v) Obla OueKTUGHbIM, HeobBXO-
OuUMO u 0ocTaTouHo, 4To6bl Komnaexc C uMen Hyaeeyo 20M0OA02UID.

Cnencreue 2. Mycrs u — moppusm xomnaexcos. Ecau xomnaexchi Ker uu Cokeru
UMEIT HYAEBYI0 20MOA02UID, TO U ~ 20MOAOSUIM. .

Heicteurensto, mycts u: E—~E’' — mopduam xomiuiexcoB. Ecnu Ker u (coorercTsen-
Ho Coker u) MMeeT HyleBYI0 rOMOJIOTHIO, TO KaHoHHuecku# mopdusm E - Imu (cootmer-
cTBeHHO Im u—~E') sABNsieTcA rOMONOrM3MOM COrMIAcHO CIIEACTBHIO 1.

Ipennoxenue 2. PaccMoTpum KOMMYTATUGHYI0 Ouazpammy KOMNAEKCOE € TOY-
HbIMU cmoxamu

0—-C >C2C —0

o
0—>C’—>C ——»C”—» 0

Tozoa H(f")  3(u, v) = 3y, v,)° H(f™). ;
l'lycrb o«"€EH(C"); nycrs z”— wukn u3 Knacca & W X — 3MeMeHT 3 C, mna xortoporo
v(x) =z"; umeem:

du, v,  HIMN@Y =3y, 4, (£"C"N=u? @)=
=f'@™@x) = H(f") @™ @x) = (H(f")o 3,,,)(").

Npumep. Mycrs C — xommexc. PacCMOTpEM KBHOHHYECKYI0 TOUHYIO TIOC/IEOBATEb-
HOCTb

) o—»z«:)i} C -4 B(C)(-1)~0,

u nycts i: B(C) > Z (C) — xaHoHuyeckoe BinoxxeHHe. Torma cBA3sBarOUMi roMoMopdusmM
a(j,8): HB(C)) (1) »H(Z (C)) (1) oroxpectBagerca ¢ romomopduamom H(7) (—1),
Kax HeMe[UleHHO mpoBepsiercsa. Tak xaxk H(8) =0, To romonoruyeckas TOYHas TOCIENO-
BaTeIbHOCTD, accouuuponauﬂaﬂ c (1), pacmapaeTci H2 KOPOTKHeE TOYHbIE NOCIEROBATENEHOCTH

,) 0-B,(©) + Z,0)~9 H,(c)~o.

* Hpunoxenun:

1. Cunzyanpras 2omonoeus.

Tlycre A ~ Konuito. [ins BCAKOTO TONONOTHYECKOTO NMpocTpaHcTBa X CllenyIOLIHM o 6pasoM onpenen -
eTca cukzyanpuniii komnaexe C(X, A) aToro npocTpaHeTsa ¢ Kospduimmentimu B A:

B R(N) oGo3HawM yepe3 (¢y) KaHoHMueckuft 6a3uc; KAHOHMUYSCKHUM N-MEPHbIM CHMIUIEKCOM Ha3kl-
BacTCA BHITYKJIAA 06onouKa A, MHoxecTBa {e,, ..., €n). Ina i € {0, ..., n) onpepenrm addmunoe
orobpaxense ¢;: Ap_j — Ap, Nonaraf g;(ex) = €, npn k<im yle) —ekﬂ npu k > i. OGo3namm

wepe3 Cp(X, A) A-moaynse A(z"(x)) e Zp(X) - MHOXECTBO HEHPEPLIBHBIX oToGpaxeHuft A, B X;
opn n < 0 nonoxum Cpy = 0. na i € (0 ., N} oTIpeNeNMM NRHefHOE 0TOGpaNEHUe a,. it Ch(X,A) ~»
nd Cn l(xl A), flonarasg an i(es) = €50 i IUUI s € }:n(x), H HOHOWE( 1) ani HPOBCPRT'
51, UTO

.~ Cp(X, A)——-»C,, 1X, A)—> ...

— xommiekc. Ero romonoms HaskmBaeTcss cuK2yaapKod 2omoaozueil mpocTpancta X ¢ KoaduumMeHTa-
Mi B A H 06o3xauseTca uepes H(X, A) um npocro H(X).

Ecin Y — nomnpocrpancto B X, To wepes C(X, Y, A) o6o3nawm dakroprommiexc C (X, A)/C(Y, A)
1 weped H(X, Y, A) — ero romonomw. U3 'mopem.l 1 cnemyer, Yro MMeeT MECTO TOYHAA HOCIENOBa-
TeNnbHOCTh

. = Hp(Y, A) =+ Hp(X, A)» Hy (X, Y, A)» Hy_ (Y, A) = Hp_ (X, A)— ...

2. Koneunbie KaeTouKble KoMNaeK col.

Tlyers X — oTHeNMMOe TONMONOIMYeCKOe NpOCTpaHcTBO. KoneuHoe Kaeroxroe pa3bueHue NpoCTpaHCT-
Ba X 3a18eTcsl BO3PACTARILER HoNTIeROBaTeNBHOCTHO (Xp), ~ 7 3aMKHYTHIX HOMIPOCTPAHCTB B X, ynos-
netsopsmoniell CeAYIOIHM YCIOBHSIM:

DXy =¢ npu n <0;

(i) cymectayer N, ans koroporo Xy = X (cnegosarensto, X, = X npH BCex n > N);
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(iii) nnz BcAkoro 1 mpocTpaHCTBO Xy — Xp— 1 MMEET TONIBKO KOHEYHOE WICNO CBAIHBIX KOMIIOHEHT,
Ha3bIBacMBIX KIETKaM#i Pa3MEepHOCTH 1}

(iv) A BCAKOTO 1 M BCAKOH CBA3HoM KommoHeHTH! C nmpocTpancrsa X, — X1 CywiecTBYeT romMeo-
MOp(dH3M OTKPEHITOTO €BKXHIOBA Ilapa ﬁn prazmepiocts n (TG, VI, p. 10) Ha C, koTopaBt npogonkaeTcs
II0 HeMpe pIBHOTO 0TOGpaXeHH A 3aMKHYTOTO HiapaB X.

Mox#o moKasaTh, YTo 43 3TUX ycnosu#t cnenyer, uro Hy, (X, Xp—1, A) npeacrasnser coGo#t cBobon-
Hetit A-mopyns Iy palra, paBHOTO wC/1y KieToK pasmepHocts 1, H wro H; (X, Xp—g, A) =0 npu i # n.
Umeem: C(X,, Xp-1, A) = C(Xp,, Xp—2, A)/C(Xp—1, Xp—2, A), OTKYIa NONYYaETCH TOVHAS NOCIEN0-
BaTCNIBHOCTE

dn
Hpy X, Xp_2) > Hy(Xp, Xp_1) — Hyp_ 1 Xp_1, Xpn_2) = Hpy_1(Xp, Xp—2).
BKITIOYAIOWIAA CBA3bBaompit romomopdusm d,: Ty —> Ty 1. Umeem: d, o dppey = 0; 370 mo3BONAET OMpe-

dn
nenmuts kommwieke I': ... 2T — Ty 1~ ...
ToyHas Mo cenoBaTeNbHOCTh

Hy 41(Xp, Xp_1) = Hp (Xp—1) = Hp(Xp) = Hpy (Xp, Xp_1) = Hy_ 1 Xp_y)
noKa3bBaeT uuAyKikek no p, wo Hy(Xp) = 0 npu p < n, wro Hp(Xy) =Ker @y Ty Tn—y) ¥ uTo
Hy (Xp) = Hyp(T) npn p > n. B vactiocmn, Hy (X) otoxknectnsercs ¢ Hy (I).

Il pu me p. Paccmorpum npoussederme chep S; X S, U KOMMIeKCHOe NMPOeKTHBHOE MPOCTPaHCT- .
Bo P, (0). .

Tlycrs b € S, , onpenenum wieTouroe pa3tuenne (Y,) nmpocrpadcrsa Y = S, X S,, monaras

Y, =Y, ={G, D}, Y, =Y3=((b}XS,) U, x{bh. Y, =8, x8;;
370 pa3GueHie BKIIIOYAET ofIHY KJCTKY pa3smepHoctd 0, JBe — pa3mepHocTH 2 # OfHY — pasmepHoctH 4.
ImddepeHupansl accOUMMPOBAHHOrO KOMIDIEKCA M0 HeoGX0MMMOCTH HyJieBhie, CleH0BaTeIBHO, MOAYNM
Ho(Y), H,(Y) u H,(Y) cBoGomnsie paura 1, 2 u 1 coorBercreentio n H,(Y) = 0 npu n & {0, 2, 4).

Knerouroe pasbuerme (Z,) npocrpaHcrsa P, (C) monywm, nonaras

Zy=2,={c}, Z,=2,=P,(C), Z,=P,O,

rae npocrpacmBo P, (C) snoxeno B P,(C) (TG, VIL, p. 20), a ¢ — HekoTopas Touka 3 P, (C); 310
pa3GieHre BKIOuaeT MO OOHOH KieTke pasmepHocts 0, 2 u 4. 3nech cHoBa mddepennyansl KomMmieKca
o Heo GXOMHMOCTH HyfeB ble, OTKyNa cniefiyeT, uro moxyns Hy (P, (C)) usomopdeH A npu n € {0, 2, 4)
# 0 B NpoTUBHOM Cl1yuae. .

Tak Kak MOAYTH TOMOJIOTMM CTeleHM 2 IBYX PACCMOTPEHHEIX [poCTpaHCTB cBoGomHble paHra 2 u 1
COOTBETCTBEHHO, 3TH IIPOCTPaHCTBA He TOMeO MO PPHBL »

4. TomoTormu

Onpenmenenue 4 Iyer (C,d) u (C',d') — mpa xommrekca, f u g — aBa Mopdus-
ma C B C'. Fomoronueil, casviBatomeii f ¢ g, HA3BLIBaeTCA BCAKHIA rpajly MpOBaHHbIH A-roMo-
mopéusm crenenw 1 u3 CB C', gst kotoporo g—f=d' os+s50d.

T'oBopar, yro mMopdu3MBl f U g 20MOTONHBL, eCIIU CYILIECIBYeT FOMOTONMA, CBA3LIBAIO-
waz f cg. ,

Ecnu h — rpernit mopdusam C B C necns (COOTBETCTBEHHO 1) — rOMOTOIMA, CBA3BIBAIO-
wan f c g (CoOoTBeTCTBeHHO g ¢ ), 10 5 + f — rOMOTOIHMA, CBA3LIBaOmMAanA [ ¢ k; ClieloBaTens-
Ho, OTHOLUeHWE ’f ¥ g — [Ba royoTomHeIX Mopdu3ma C B C'” ecTb OTHOLIEHHE IKBHBATIEHT-
HOCTH, KJIacChl KOTOPOTO HA3LIBAIOTCA 20MOTONUNECKUMU Kaaccamu mopguimos C e C'.

* Em [5aHBl OBa TOMONOMHUECKHX npocrpaciBa X 1 Y ¥ HenpepbiBHoe oToGpaxeme f: X — Y, To
ofipefenfeTcA NuHelHoe oToOpaxcHme f» CMHTynspHoro xommiexkca (em. m. 3) C(X, A) B C(Y, A),
npu KoTopom f,(eg) = €fog WA SEZ, (X). 310 orobpaxemme NpencrasngeT coGolt mMopdH3M KoMl
JICKCOB.

JIpa HenmpephIBHLIX oToGpaXeHNs [ ¥ g MPocTpaHcTBa X B Y HA3EIBAOTCA TONOJIOIMYECKH 20MOTORHbL-
Mu, eCliu CynlecTByeT HellpepbisHoe oToGpaxenne h MpocTpaHcrsa [0, 1] X X 8 Y, msa xotoporo /2(0, x) =
= f(x) u h(l, x) = g (x) npu Bcaxkom x € X. [ToKasbmaeTca, YTo eCid [ H § TONONO0 [MYSCKU NOMOTONHB!
10 MOpdM3MEl f, H g, TOMOTONHEI B CMBICJIE JaHHOI'® BhILe oNpedeneHuA 4. MmeHHo 3T0T QaKT o6bAC-
HSAET IPOH CX0 KIECHHE TCPMHHOJIOMH , BCTIoNb3yeMolt B anreGpe.

Mpennoxenwne 3. Ecau fug — dea 2omoronusix mopgusma C e C', o H(f) = H(g).

IIycrb s — roMorommA, cBA3bBaOwan [ ¢ g. Umeem

€ - ZE)=(@@ os+s°d)(Z(C)=(d">5)(Z(C) CB(C"),
cnepoBatensio, H(g — )= 0 u H(g)=H(f).
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Cnepcrtsue Mophusm, 20MOTONHBIE 20MON02UIMY, AEARETCA 20MOAO2UIMOM.

Hpennoxenue 4. [yers C,C',D, D’ - yersipe komnaexca, f: C~>C',g: C~>C',
u: D->C, v: C'~ D' — vervipe mopusma. Ecau s — 20moronua, ceasvisarowmas f ¢ g, 10
Vo Sou — 20MoTONUA, C8AIBIGAOWAn Vo fou u ve gou Ecau f u g 2omoronust, TO
vofou u vogou TAKNKE 20MOTONHYL,

310 oYeBMAHO.

Cnencreue Myers C,C',C" - 1pu xomnaexca, f ug — 06a mopgusma Ce C',f1 u
g1 — 08a mopgusma C’' 8 C". Ecau s u s, — 2omoronuu, cenasvisaiowyue f cg ufy ¢ g3 c00T-
8ecTgenHo, T0 sy o [ +g, o § mpedcragaser coboii zomoronuio, ceéazvieawnwyrw fiof ¢
g1°8 Ecau f u f, 2omoronnut g u g, cooreercréenno, 10 mopgusm fi o [ 2omorto-
NeH £, °8.

JleficTBHTENBHO, §; o f cBA3bBaeT [y of cgyof,agyo s cBA3bBaer g, 0 f c g1 °&.

Onpepnenenne 5 Mopdusm kommiekcos f: C > C' Ha3pIBaETCA 20MOTONUIMOM,
ecin cymectyer Mopdusm f': C' > C, ana xoroporo f'o fu fo f' romoromnst 1¢ u 1¢t
COOTBETCTBEHHO. :

AcHo, uto f' TOrMA TOXE TOMOTOMU3M; TOBOPAT TAKXKE, uT0 [ ' — obparnslil K f MOpPum
¢ ToyHocTvI0 00 20motonuu. Ecom ' w f{ — mioGsie aBa 06GpaTHBIX K f ¢ TOYHOCTBIO IO TOMO-
ToruH, 10 f' M f] FOMOTOIHBI (HefiCTBUTENIEHO, COIJIACHO IpedBIAYIIeMYy CIEACTBHIO, MOD-
dusMm f{ =fio 1o romoroneH fio fo f' M, cnegoBarensHo, romoromed lco f' = f').

Il pennoxeHune 5. Beakuii 20MOTONUIM ABARETCA 20MOA0UIMOM; KOMNOIURUS
20MOTONUIMO8 — 20MOTONU3M, MOpPusm, 20MOTONHbLE 20MOTONUIMY, — 20MOTONUIM.

Mycrs f: C>C'ufy: C'>C” — romoromu3amsi Kommiekcos, f': C'>Cufy: C">C' —
Mopdu3Msl, 06paTHele M € TOUHOCTBIO 10 rOMOTOIMH. FiMeem:

H(f") o H(f)=H(f' o f)=H(1¢) = 1x(c)
(npemnoxenne 3) u TowHo TaK e H(f) o H(f') = IH(C )3; CIeJOBATENEHO, ortoGpaxeHune

H(f) Guexmusuo u f — romonorusm. C pyroit croponsr, Mopdusm (f' o fi) o (f1 © f)
romoromen f'o 1 ¢ ° J (npemnoxenve 4), clemoBaTesibHO, TOMOTONEH lc; TOYHO TaK XKe,

mopduam (fy o f) o (f'o fi) romoromen 1. u fy o f — romoromnsm. Haxomeu, ecm

g: C~C' — mopdu3sm, romoronusii f, 10 Mopdusm f' o g romotonen f o f, cnenosatens-
HO, TOMOTONEH 1(; TOUHO TaK e MOpGH3M g o f' FroMoToneH f o f ', clemoBaTesnsHO, TOMO-
TOeH 1, H g — FOMOTOIM3M.

Cnencrsue. Iyers C,C', D, D' — vervipe komnaexca, = C > C' — mopguam, u: D~C
nv: C' = D' — 2omoronusmei. Jlns 1020 4T06b6t MOPPUIM Vo fou Gbia 20MoTONUIMOM (COOT-
BETCTBEHHO 20MO/02UIMOM), HeOOXOO0UMO U docramlmo yrobul [ 0bradan coorTgercr8yio-
UM C8OICTEOM.

Ecm f — romoromsM (COOTBETCTBEHHO TOMOJIOTH3M), 10 vo f o u — xoMmo3ulwUA ro-
MOTOIM3MOB (COOTBETCTBEHHO T'OMOJIOTH3MOB), ClIeAOBaTelIbHO, OOMafaeT TeM Xe CBOHCT-
BoM. OGpaTHO, NyCTh 4 ¥ U — MOPPHU3MbI, 0GPaTHBIE X U U C TOYHOCTHIO 0 FOMOTOIMH; TOT/IA
MopdusM Uo (Vo fo u)eo u romoromeH [ COINACHO MpemioXeHuio 4; orciona Crefyer
TpeGyemoe 3aKJIIOYeHHE, COITIACHO NpEIONKEHHI0 5 M CIeCTBHI0O M3 MpemioxeHus 3.

Tosopsar, uro xoMmiexc C 2omoronen nyaw, eci MOpdusm lc roMoToneH HyjeBOMY
0TOGpaXeHUIo, T.€. €ClIH CYWECTBYeT I'pajlyMpOBaHHBIA 3HEOMOPGM3M s cremeHn 1 momy-
na C, mia xotoporo 1o =sod+dos. JT0 paBHOCHIIBHO TaKXe TOMY, YTO OFHO3HAYHO
onpenenennsit  Mopdusm 0->C (coorserciBeno C—>0) aABnfAeTcA TroMOTOMH3MOM.
Komrutexc, roMOTONHBI HYIII0, UMEET HyJIEBYIO TOMOJIOTHIO.

Mpumep. Mycts u: M> N n v: N> P — romomopdusmMsr A-mofymedd, i KOTOPHIX
ve u=0; nycrs C — xomwiekc, B kotopom C; =M, C, =N, Co =P, C; =0 npu { #0,1,2,
dy,=u, dy=v, d;=0 npu i #1,2. Torna xomnrexc C umeer Hyaegyro 20M0oA02Ul0, ecau

u ToAbKD ecau nocaedosarenvnocrs 0 M —> N —> P >0 rounas. Ox 20MOTONEH HyMI0, ec-
AU U TOABKO €cau 3Td NOcAed08aTeAbHOCTy pacwjennsiema. JleficTBUTENBHO, ToT aKT, YTO
xomipteke C roMoTonéH Hyo, 03HauaeT, YTO CymecTBy0T A-romomopdusmel s: PN, u
t: N->M, nns kotopbiX vos=1p, Sov+uot=1y, fou=1ly; 3T0 BIEYeT, YTO NOCIEHO-
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BATENIBHOCTb pacilelIsieTcs; o6paTHo, eclu s — A-IHHefiHOe ceuyeHHe roMomopdH3Ma U,
TO ONpeNielIM ¢ U3 YCIIOBHA U of =1y — So v, YT0 BO3MOXHO, TaK Kak vo (Iy—So V) =
=p—vosouv =0. ’

5. PacuiernnaeMeplie KOMIDIEKChI

Mlpennoxenue 6. IIycrn (C,d) — xomnaexc. Caeoywuue ycnoeus IK8UBAIEHTHbL:

(i) cywecreyer eomoronusm (C,d) na (H(C),0);

(ii) cywecreyer epadyuposannsiii crenenu 1 A-swoomopgusm s modyas C, ons xoro-
poeod=dosod, .

(iii) B(C) u Z(C) - npamvie muoxurenu modyas C;

(iv) (C, d) — npamas cymma nodxomnaexcoa, KOTopste aubo umerr dauny 0, aubo dau-
Ky 1 u Hynegyw 20mMoa02Ui0.

(1) = (ii).HOycrs p: C > H(C) — romMoTOmM3M, TOTHA CYWECTBYIOT MOPDH3M KOMITIEK-
coB ¥ : H(C) - C u rpanyupoBaHHbii cTeneHu 1 sHpomopdusm s Momyns C, LI KOTOPhIX
Yop=1c—sod—dos.Umeem:d o Y =y o 0 =0, cenoBareNbHo,

0=doyop=d-dosod—dodos=d—dosod,

orkyma cnemyer (ii). -

(ii) = (iii). Iycrs s — osHpmomopbH3M, ¢urypHpywuwmit B ycmosuH (ii). Torpa
do (1¢ —s o d) =0, cnenoBatenbho, 1o —sod — npoekrop CHa Z(C) m (dos)od =d,
cllenoBatenbHo, d o § — npoekrop C Ha B(C).

(i) = (iv). Insa xaxporo n €Z nonoxum Z, = Z,(C), B, = B,,(C) u BriGepem nopmomy-
mw K, u B, 8 C,, wiaxoropux C,=B,®Z,, Z, =<K, ®B,. Torma

E(y=Kn(~=n) u  Fyy=By(-n)®B,_;(1 —n)
— nopxoMmekcs B (C,d) ; umeem: (C,d) = ngz(E(") @ F(p)), Kaxaplii KoMmIeKc

E(n) 6o nynesoit, 6o mmmHb1 0, KaXIbii KOMIDIEKC F (n) 60 HyneBoi, 6o [WMHBI 1
C HYJIEBO# rOMoOJIOTHEN, 0TKYPA cienyet (iv).

(iv) = (i). JocraroyHo 3aMeTHTb, 4To ycloBHe (i) ynommnerBopsercs, Korma Komimiekc C
UM HBI HYTTb KK C HYJIeBOH rOMOJIOTHEH ¥ [UTHHbI 1.

Onpenenenune 6. Kommiexc C Ha3bBaercs pacwem;zeMbm eCllH OH yTIOBNIETBOPAET
3KBHBAJICHTHBIM Yy CJIOBHAM TIPEIIOXeHU A 6.

dupomopdbusm s mia C, ynosnersopsiomui ycrnosuio (ii) npemioxenusa 6, Ha3bBaeT-
cAl -pacujennenuem C.

DIpumMepn 1. KoMmwiexc ¢ HyseBbiM qud e peHIINATIOM paciierUifet cA.

2. Kommiexcri, TOMOTONHbIE HYIII0, NMpeOcTaBifior coboil paciuelriseMble KOMIDIEKChI
C HylleBOH romosnorueii, T.e. xomivtexcel C, mia xoropeix H(C) =0 u Z (C) — npamoii
MHOXwuTeNs B C.

3.Mycrs f: M~ N — romomopdu3m A-mogyseit 5 C — Komrmexc, A xoroporo C; =M,
Co=N, C;=0 npu i=0,1, d; =f, d;=0 npu i# 1. Torna C pacuierisieM, eciiH K TOJbKO
ecm Ker f — NpAMOI MHOXHTEIL B M 1 Im f — npAmoit MHOXuTelb B N.

4. Kommiekc C pacuiemseM, xorma Moayik B (C) u H(C) npoexTuBHBI (cOOTBETCTBEHHO
xoraa B, (C) u H,(C) uHbeKTUBHMH 1A KaXnoro »n). JeHCTBUTENIBHO, ‘COTJIACHO TOYHBIM
nocnenoparensHoctam (I,) —(IV,) w3 n. 1, rorpa Z(C) — npamoit muoxmrens B Cu B(C) —
npsimoit MHoxwTeNs B Z(C) (coorsercraento B (C) — npamoi muoxurens B Cu Z(C)/B(C) -
npamoi MHoxuTenb B C/B(C)).

5. B vactHOCTH, eclTd A ~ KOJIBLO ITIaBHBIX M7EalioB, cBQOOIHbN koMiviekc C pacuierwi-
eM, ectd H Tonbko ecmn xoMmmwiexc H(C) cBoGomuwit (r.e. H,(C) — cBoGomubit Momysb
misA BcAKOro n€Z).

3aMeuaHue. a) [Ipeanonoxum, 410 KaHOHMUECKAA TOYHAA NOCIENOBaTelBLHOCTD Ipa-
Oy pOBaHHbIX A-MOIynei

(1) 0-B(C)~>Z(C)->H(C)~>0

paciyennsema (3T0 UMeeT MecTo, HarpuMep, ecni Momyns H(C) npoexTuBeH wiH Momyis
B, (C) unbexruBen mig kaxnoro 1) ; nycts 0: H(C) = Z(C) — rpapyupoBanHoe A-nuHefiHOe
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ceyeHue OTOOpaXeHUA T M MycTh Y — romMomopdmsm x+> ¢ (x) momynas H(C) B C. Torna
¥ — 20mon02u3m xomnaexca (H(C),0) e C, daa xoropozo H(Y) = 1y(c).

6) Mpennonoxum, 4YTO KAHOHMYECKAA TOYHAA TNOCIENOBATENLHOCTh IPAIyHpPOBAHHBIX
A-Monyneit "

V) 0~ H(C)-> C/B(C) > B(C) (-1) >0

pacujenasema (3TO UMeeT MecTo, HampuMep, ecmu Monynb B(C) nmpoeKTuBeH wiM MOAynb
H, (C) umvexmuBeH mia xaxuoro n); mycts 7: C/B(C) >H(C) — rpagyupoBanHas A-nu-
HelHas peTpPaKkUMA 1A BIIOXeHUA | u ¢ — roMoMopdusm Mogynsa C 8 H(C), conocraBnsio-
M Kaxaomy snemeHty u3 C o6pa3s nipu 7 ero kiacca no Mogymio B(C). Torma ¢ — romo-
norusm komiutexkca C 8 (H(C), 0), mnsa xoroporo H(y) = 1oy

6. Konyc # mumuuap Mopdu3Ma KOMIUIEKCOB

Mycrs u: (C',d')=>(C,d) — mopdusm xommwiexcos. [Tycrs Cyl(u) u Con(u) — rpamyu-
poBanHsie A-Mogym Cyl(u) = C' @ C'(-1) ® C, Con(u) = C'(—1) @ C; onpenenum rpamyupo-
BaHHbIC A-IMHEHHBIE OTODpaXKEHU A cTeNeHH —1:

D: Cyl(w)~ Cyl(w), D', y',x)=d'x'+y', -d'y', dx — u(y"),
D: Con(u)-> Con(u), D', x)=(-d"y', dx —u(y")).

(3pech u B parnbHellleM Yepes X, ¥, . . . 0G03HAYAIOTCA MPOH3BOJIbHbIE 37IeMeHTHI U3 C, uepes

x',y', ... — npousBonsHble neMeHTHI U3 C'.)
JMemma 2. (Cyl(u), D) u(Con(u), D) — komnaexcrr A-Modyaeii,
JleACTBUTENBHO , UMEEM:

DoD(x',y', x)=D(d'x’ +y', —d'y’, dx — u(y')) =
=@'@d'x' +y)-d'y', -d(-d¥"), ddx-u(y')- u(-d'y') =0,

1ak Kak d'od' =0, dod=0u dou=uod’. Towsotak ke D oD =0.
Onpenmenenue 7. Kommexcol Cyl(«) u Con(x) HaspisaioTcA COOTBETCTBEHHO Yu-
AUHOPOM ¥ KOHycom Mopdusma u.
IIpumep Myers u: M>N — romomopdusm Asmopmyniell; Toraa efMHCTBEHHbBIMM
HeHy7neBbIMM KoMnioHeHTaMu KoMiutekcoB Cyl(¢) u Con(u) 6ynyr

Cyly(u) = M, Cylo(u) = M@N,
~ Con,(u) =M, Cong(u) = N,

IIPH 3TOM ﬁ(m) =(m, —u(m)), D(m) = —u(m) mna m €EM; cnenoBare/bHO,
H, (Con(u)) = Ker(u), Hy(Con(u)) = Coker(u).

*Mycrs X u Y — gBa TOMONOMHYECKUX MpoCTpaHCTBA W f ~ HeNpepeBHOEe oToGpaxenue X B Y,
Lunundpom f Hasemaercs dakroprpocrpaHctBo Cyl(f) Tomomomueckof cyMMbl npoctpancts [0, 1] X
XX u Y No OTHOWIEHHIO 3KBHUBAJIEHTHOCTH, OTOXICCIBnAOWeMy Touky (1,x) TpocrpaHcrea
[0,1] X X ¢ Touko#t f(x) mpocrpancTBa Y AnsA BeAxod ToukH x € X. Kowycom f HaspmaeTcs (ax-
TopiipocTpactBo Con(f) TOMONMOIMYECKON CYMMBI IIPOCTPaHCTBA, COCTOMAIIETO U3 ONHOH TOUKH S, H
npocrpaicrea Cyl(f) mo OTHOIICHMIO 3KBHBANICHTHOCTH, OTOMX(IeCTBNAMIEMY § ¢ o6paiom B Cyl (f)
Touxdt (0,x) mna Beaxolt Touxu x €X; o6pas Touku s B Con(f) 6ynem mo-MpexmHeMy o6o3HauaTh
uepes §.

IpemmonosamM, wro X u Y HafieneHbl wieTowHbiMa pasbueHnsmm (X)) u (Y,) (cm. 1. 3), u npen-
nonoxuM, o f(Xp) C Y, mis Bcaxoro 7, Mbl MonywM KieTouHoe pasGueHue (S;) NpocTpaHcrBa
Cyl(f) (coorBercTBEHHO Con(f)), B3AB B KavecTBe S,, o6pas mnoampocrpanctea ({0} X X,) U ([0, 1) X
X Xp—1) VU Yy, (coorsercrBento {s }U ([0. 1] X X,,_1) U Yy), eciu 7 > 0. O6o3xawnm wepes ' (X), I (Y),
T (Cyl(f)), I'(Con(f)) KoMIIEKCHI, aCCOLMH POBAHHbIE C 3THMM KIICTOUHBIME pa3Guermnamm. Kommiexc
T'(s), accomiupoBannLlt ¢ mpocrpaHcTBoM (S ), HaleleHHBIM CBOMM €IMHCTBEHHBIM KIIeTOUHBIM pa3Cue-
HueM, CBOOMTCA K MOZYJIO A H OTOXHecBisderca ¢ nogkommwiexcom B I'(Con(f)); oGoaHamMm ye-
pe3 I' (Con(f), s) dakropkommnexc. OroGpaxenue f onpenmenser MopdusM xoMmiexkcos I (f): I'(X) —
- I'(Y) , ¥ MoXHO IoKa3aTh, yro kommnexkcsl I'(Cyl(f)) u I'(Con(f),s) OTOXEECTBIAIOTCA COOTBETCIBEH-
HO ¢ Cyl(T(f)) u Con(T'(f)). -

BripoueM, H 03 JONMONHUTENBHBIX TpeANIoNoXeHu#t oTHocuTenso X H Y ¢ oroGpaxewueM f acco-
wupyerca mopduam xommrexcoe f,: C(X, A) -+ C(Y, A). MoXHOo TMOCTPOMTL MHLEKTHBHEIE TOMOTO-
miamet komnekea Cyl(f,) B C(Cyl(f). A) u xommnexca Con(f,) 8 C(Con(f), s}, A).
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Mycrs f: X~ Cyl{f) — orobpaxeHue, conocraBnsamoiliee Touxe x o6pa3 rouxu (0, x),a: Y- Cyl(f) -
KaHoHMuecKoe oTobpaxemue n B: Cyl(f) - Y — oroGpaxeHue, CONOCTaBnsIOlice TOYKY Y ee 06pasy B
Cyl(f) ana y € Y utouky f(x) obpasy (¢, x) B Cyl(f) mua ¢ €[0,1]u x€ X. Ortobpaxerue [ onpepe-
nfer roMeomopdu3mM mpocrpaHctea X Ha 3aMKHyroe nommpocrpaHcrso B Cyl(f), e a=Idy-u oTo-
GpaxeHde oo § TONONOTHYECKM TOMOTONHO TOXASCTBEHHOMY 0TOOpaxeHuio mpocrpaHctBa Cyl(f). Jmu
cBOHCTB2 MOXXHO COTOCTaBHTE ¢ MPEIIoKeHHEM 7 HUXKE, »

PaccMOTpHM Teneps rpaaynpoBaHHbIe A-THHeiHble 0TOGpaXxeHuA cTenexny 0:

C'~ Cyl(u), i(x")="0,0),
C— Cyl(u), a(x) =(0,0, x),
Cyl(w)~ C, B,y x)=u(x') +x,

C - Con(u), a(x) = (0, x),
Cyl(w)~> Con(u), #(x',y',x)=(y', x),
Con(u)~> C'(-1), 8¢y, x)=y".
Mpennoxeuue 7. a) Orobpaxenusn i, o, B, 7, 7, 8 — MOpPuUIMBL KOMNAEKCOS;, UMe-
em: u=foll, a=fdoq foa=1c¢.
6) IocaedosarenbRocTu MOPHUIMOE KOMNAEKCOS

2 A B®R W

0~ C' -“> Cyl(u) = Con(u) > 0, (6)
0- C ™ Con(u) 2> C'(~1)~ 0 %)
TOYMble.

B) Mopgusmer a: C- Cyl(u) u B: Cyl(u) > C npedcrasanwr coboli 20moTonusmb,
830UMHO 0BPaTHYLE € TOYHOCTBI0 00 20MOTONUU.
Y1BepxkeHue a) IKBUBAIEHTHO GOpMYraMm:

iod'=Doli, aod=Dow@, poD=dof, mod=Dom, FoD=Do¥
§oD=-d'08, u=Boill, m=Toa, Poa=lg,
KOTOpble MPOBEPAIOTCA HENOCPeICTBEHHBIMH BRMHMCIICHUAMH. YTBePXKIeHue 0) TpUBHAIBHO.
JokaxeM B); mMeeM, ¢ OOHOH CTOPOHHI, § o a=1¢, ¢ Apyroi cropoHsl, eciu o: Cyl(u)
-~ Cyl(u) — rpagyupoBaHHOe cTemeHM 1! A-uHeiliHOe oToOpaXceHMe, NpH KOTOPOM
o', y',x)=(0,x',0), To HeMeZyIeHHO TPOBE PAETCH, UTO

L

ﬁoa+ool—)+aoﬁ=lcy1(u),

OTKy[a ClieyeT B) .
Mpemoxkerne 7 MOXHO pe3lOMHpPOBATh TOCPENCTBOM CIEHMYIOLICH KOMMYTATUgHOU
IMarpaMmel, B KOTOPOil CTPOKH TOUHBIE, 4 BEPTUKABHBIE CTPETIKH — FOMOTONM3MBI;

[ ’
0 — C L Con(y) — C(~ 1) —0
) ‘1 ) l i
0 — C' = Cyl(u) = Con (u) — 0
o
C - C
Cnepcreue. Jua ecaxoeo mopduzma Kxomniexcos U: C' = C cywecrsyior unsex-
exTuenbiii Moppusm xomnaexcoe u: C' = C; u 2omoronusm f: C; >C, dra KkoTopbix
u=fou
Jlemma 3. a) Cenavisaowuii 20 MOMOpPHusm:

O +1(m, 8): Hy(C) = H, (O)

OTHOCUTeNbRO TOYROI nocnedoaareavnoctu (7) pasen —H,(u).
6) Cansvigarowuii 20MOMOPHUIM

3 (U, 7). H,(Con(u)) > H, 1 (C ’)

OTHOCUTENbHO TOYHOI nocnedosareavroctu (6) pasen H, (5).
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Mycrs x' €Z,(C'); Tak kak x' =5(x',0) u

-D(x',0)= (d'x", u(x") = (0, u(x")) = m(u(x")),
10, TIO onpefieneHHIo, d (m,8) orobpaxaer kiacc x' B H,(C') ma xnmacc —u(x") B H,(C,
OTKYHa ClIeayerT a) .

Iycrs 3nement (y', x)G Con,, (1) Taxor,uro D(y’, x) = 0; 1orpa (—d'y’,dx — u(y")) =0.
Tak kax (y x)=%(0,y', x) n

DO,y x)=(y', -d'y', dx — u(y")) = (', 0, 0) =u(8(y', %)),
10, IO OTpeNeNeHHIo, d (&, ) orobpaxaer knacc (¥', x) B H,(Con(u)) Ha xmacc §( y,x) s
H,_,(C"), otxyna cnemyer 6).

MIpennoxeHue 8, HMeeT MecTO HeO2PAHUYEHHAR TOYHAA NOCAEO08ATEAbHOCTL

o H () g © 2 W, (Con(u) = H,_,(C')> ... (8)

HeiicTBUTENbHO, €CIM NPUHATL BO BHUMAaHWe JIeMMY 3, a), TO 310 ClleliyeT U3 TeopeMs1 |
(c. 35), npuMeHeHHO# K TOYBO# nocnenoBatentHoctH (7).

CnencrBue. [aa 1020 urobbr MOpdusm u 6bla 20MOA02UIMOM, HEOOXOOUMO U
odocraroyno, 4Tobbl komnaexe Con(u) umen Hyne8yH 20MON02UN.

3ameuaHHue. Paccmorpum guarpaMmy

e —= HY(C) B0 g oyl ) P H (Con () 5 H,_ ,(CY)—> ...
1L H_(B)L 1 t

== H(C) B g 20, H(Con () 2O H,_,(C)— ...

2

B KOTOpO#t NepBas (COOTBETCTBEHHO Bropax) CTPOKa NpencTaBiAer co6oi rOMOJIOrHYeCKYIo
TOYHYI0 MOCTENOBATENbHOCTh, aCCOUMMHPOBAHHYIO C TOUHOH MOC/eNOBATeNbHOCTRIO (6) (co-
orserctBenHo (7)) . Oto6paxenusa H, (f) GuextusHs! (mpennonoxenue 7, B) ), 1 IuarpaMmma
KOMMYTATHBHaA, TaK KaK:

a) u =P o u (npennoxemue 7, a)), cnenopatensuo, H,(u) = H, () o H, (1),

6) H(B)= Hp(a)™! 'u m=7 o a (upensyioxendne 7, a) u B)), cregoBarensHo, H,(7) =
=H,(m) e Ha (B),

B) H,(6)=9,(u, ) (nemma 3, 6)).

7. Konyc HHbeKTHBHOTO MOpdH3Ma,
HOBOe OmpeNieneHNe CBA3LIBAIONEro romomopdu3Ma

PaccmorpuM Ternepb TOYHY 0 ITOCIIEA0BATENIBHOCTHh KOMIUIEKCOB

0->C' % cc”>0. ®)
Onpezentm rpagyupoBaHHOe A-lMHeiRHOe 0T0OpaXkeHue creneHu 0

¢: Con(u)—>C",
nonaras (¥, x) = v(x). iMeeM 1orT]a KOMMYTATUBHYIO JHarpaMMmy A-MOZyeil ¢ TOUHbIMH
C1DOKaMH

0 — C’ < Cy! (u) %= Con (u}—=0

1l BL wl (10)

0—C < C —-> (C — 0.

Npennoxenue 9. Orobpaxenus B u ¢ — 20M0N02U3Mbl KOMNAEKCOS. -

Ilna B 9to ciemyer U3 npeioxeHus 7, B) . Umeem:

9o DY, x)=p(=d"y’, dx —u(y")) = v(dx — u(»") = v(dx) = d"v(x) = d"(p(y", x),

CTefloBaTeNbHo, ¢ — MopdHu3M KomiuiekcoB. C Ipyroi CropoHsi, oroﬁpmeﬂne ¢ CHOpPbEK-
THBHO ¥ €ro Apo oToxecTeiAerca ¢ kommiekcoM (K, dg), rneK=C'(-1)e C’,

dK(y » X )—(‘dy 1dx "y)a
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ec dg (¥',x')=0,10 y' =d'x’, cnegoparensto, (y',x')=dg(~x’, 0); orciona cnenyer,
yro HK)=0 u ¢ — roMojiorn3M CorjIacHo ClleficTBHIO 1 Ha c. 36.

3ameuaHue I'oMmonorusm § mpencrasiser co5oit FOMOTONN3M, HO ¢, BooBille roBops,
He ABAETCH FOMOTOMA3MOM (cM. c. 48, ynpaxHeHHe 8) . '

Cnencrtsue. Juazpamma 2padyuposartvix A-mooyaeii

Hom,, H(Con () \i{(&
H(C) H(p) H(C (-1
H(")\A Af t)
H(CU)

KOoMMyTaTugHa, u orobpaxenue H(p) buexrugno.

B xommyratuBHoit marpamme (10) umeem: H(1cr) o a(u, 7) = 3(u, v) o H(y) (c. 36,
npegnoxesne 2) u 3(%, ) = H() (c. 41, nemmMa 3, 6)), cneoBarensHo,

3(u, v) o H(p) = H(8);
¢ npyroii croponst, H(v) o H(B) = H(p)  H(m)=H(p) o H(n) o H(B), cornacHo 3ameua-
HHIo Ha ¢. 42, Tak xax H(B) GuexiBHO, T0 310 Haer, yto H(v) = H(p) o H(w).

Umeem, criemoBatensho, uto d(u, v) = H(8) o H(p)™', u 310 maer nogoe onpederenue
cBA3bIBaOILEr0 ToMoMopdu3Ma 3(u, v). OTMeTHM, C APYTOH CTOPOHBI, YTO €CIM OTOXKIECT-
suts H(Con (4)) ¢ H(C'"') mocpenctBom H(yp), T0 npemsiyinee clieicTBHE O3HAYaET, YTO TOY-
Haa nocnedosarenbHocTe (8) oTomdecrannerca ¢ 20Mon02uvecKoil ToyHoll nocaedosareas-
HOCTbI0 OTHOCUTEAbHO (9).

8. Xapaxrepucmuxu Jinepa—Ilyanxape

B 3T0M NyHKTe MBI PacCMaTPMBaeM MHOXKECTBO % KilaccoB A-MOMylieid, KOTOpoe adou-
TUGHO ¥ TOUHOE CNeaaq, T1.e. YIOBIIETBOPAET CIIeyIOHIKM IBYM YCIIOBUAM:

(A) EcauMu N — dga modyasn tuna 6,10 M @ N — modyas Tuna € .

(G) Ecau 0 > M’ > M >M" > 0 — rouynas nocaedosareasnocts A-Modyaeii u ecau M u
M" runa 6,10 M' Tuna 6 . ‘

ToBopsar, uro MHOXecTBO B ycroiluugoe, eClii OHO YHOBIIETBODPSAET CJIEAYIOIHM YCIO-
BHAM, KOTOpble BIIeKYT 3a coboit (A) u (G):

(E) (" 8 ycroitmBo otHocTeNnbHO pacumperwii”.) Ecm 0 >M' >M >M" > 0 rounas
THoC/eioBaTe bHoCcTh A-Momysteit M ecti M’ M ” una 4, To M tuma § .

(S) ( € ycroitwuso orHocuTensHO spep u Kospep”.) Il BeAkoro roMoMopdusma f
A-monyneit ania 6 A-monyma Ker f u Coker f umeror Tvn 4.

O6o3nauum yepes K(6) rpynmy I'poreHmixa MHoxecTBa 6 H uepe3 M]g wm [M]
anemenr B K (%), onpemensemsiit A-momynem M (VIIL, § 6,n°2). Mycts G — KoMMyTaTHe-
Had rpymmna 1 ¢ — romomopdusm K( %) B G.

‘Ml pumepbn. 1. Euin A — none, 10 MOXHO B3STh B KayeCcTBe % MHOXeCTBO KNaccoB
BEKTOPHBIX IIPOCTPAHCTB KOHEYHOH pa3sMEPHOCTH i B KauecTBe ¢ — u3omopdpusm K (B ) na Z,
npu xoropoM ¢([M]) = dim(M). ,

2. MoxHo B3#Th B KauecTBe % MHOXECTBO KJIaccoB Mofylieil KOHEUHOH JIHHBI U B Ka-
yectBe ¢: K( %)~ Z — romoMopdusm, mpu kotopom ¢([M]) = longs M.

ToBopsr, uto rpagyupoBaHHbIi A-Momyns M umeer tun 6, ecm M,, — momynb Thma €
s BCAKOro n (mna 3toro HeoGxomumo, eci M orpaHuueHHbIH, M JocTaTouHO, ecim 6
ycToituMBO, 4r06br MOy M 6bu1 THIIA B) . '

Onpenenednue 8 Iycrs M — orpaHuueHHslH FpagyupoBaHHEIl A-MOOyNb THIIZ 6
# (M,;) — ero rpagmyuposka. Jsemenr £ (—1)"p ([M,]) rpynnyt G Ha3ssmaeTcs p-xapaxTe-
pucruxoil mogynsa M u 06o3HauaeTcs yepe3 X, (M) wm1 ipocro x(M).

310 ompeneNeHHe MPUMEHAETCH, B YACTHOCTH, Korga M — rpapgyupoBaHHbIt MOMyNb, Ha
KOTOPOM oOIIpefieNieH HEKOTOPhIA KOMIDIEKC A-MOIyeit.

MIpumepr. 3.Ecmu M orpaHuueHHsli THI2 & , TO TeM Xe cBoiictBoM oGnanaer M (p)
mia eaxkoro pEZ u x(M(p)) =(-1)°x(M).

4.Tlycts 0 >M' >M > M" - 0 — ToyHas NOCTIEOBATEILHOCTb TPAJlyHPOBAHHBIX A-MOy-
© Tlell W TPalyHpOBAaHHBIX roMomMopu3moB crenenn 0. Ecmu M, M’ u M" orpaHnuenusie
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tna %, 1O
X(M)=x(M") +x(M").

Ecu M u M” — orpanmuennsie Tana ‘@, To TakoB e M'; ecmn 6 yCToiuMBo U ecniu OBa U3
TPeX MOMyJneli OrpaHWueHHble THNA B, TO TeM ke CBOHCTBOM OGNAIAeT M TpeTHi MOLIYIb.

S.Iycrs u: C' > C — Mopdu3M orpaHnyeHHbIX kKomiUiekcos Tuna & . Torpa Con(n) —
OI'PaHHYEHHBI KOMIUIEKC THNa & U

x(Con () = x(C) - x(C").

6. MoxmHo B3aTh B KauectBe G camy rpymy K (%) u B xauectBe ¢ — TOX/IECTBEHHOE OTO-
OpaxeHye; OTMETHM, 4TO B 3TOM Cilyuae alieMeHT X,(M) =Z (-1)"[M,] n3K (%) obo3Ha-
uaeTCA Yepe3 Xg M).

3 aMe yanue Mnozoumenom [IyanKkape orpaHHYeHHOTO T'PalyMpOBaHHOTO MOTyIa M
N2 € OTHOCHTENBHO ¢ Ha3sbiBaeTcs IeMeHT Py (f) = Zo([M,])"EG ©Z[t, t']. UMeem:
Py(1) = o([M]) ¥ Py(-1) = x(M).

Jlemma 4. [Tyers C — oepanuyennsiii komnaexe tuna €. Ecau H(C) =0, 10 x(C) =0.

Jto cnenyer u3 VIIL, § 6, n° 1, cor. de la prop. 1.

Mpennoxenue 10. IIyers C u C' — dea oepanuvennsix xkomnaexca una € . Ecau
cywecrayer 2omonozusm u: C'~C, 1o x(C)= x(CH. '

HedictBurensHo, Con (1) — orpaHUyeHHBIH KOMIUIEKC THIIA % U x(Con(w)) = x(C) -x(C");
¢ npyro#t croponsi, H(Con(u)) =0 cornacHo CTe[CcTBHIO Ha c. 42, CIEIOBATENbHO,
x(Con(u)) =0 (temma 4).

Hpennoxenue 11. Ilycrs C — o2panuuennsiii komnaexe runa ‘¢

a) Eeau € ycroiiyueo, o H(C) — modyas Tuna € .

6) Ecau H(C) runa ‘€, 10 Tem xce ceolicreom obaadaior B(C) u Z(C) u x(H(C)) = x(C).

a) Ecm & ycroituuso, To wia Beaxoro n Momynb Z,(C) umeer Tun € kax Anpo romo-
mopousma d,: C,,~>C,_, u H,(C) Tuna % xax xosanpo romomopduama C, 4, ~>Z,. C apy-
ro# croponst, H,, (C) =0, xorma C,=0.

6) INpemnonoxum, yro H(C) tuma ¥. KaHoruuecKHe TouHbIe OCIENOBATEIbHOCTH

0->2,(C)~»C,~»B,_;(C~0, 0-B,(0)~>Z,(C)~>H,(C)~>0

NMOKAa3bIBAIT UHAYKLMeH 1O 77, HAUMHAA ¢ NpaBoit rpanuus C, uro Z,(C) u B,(C) numeior
™ ¢ A Beakoro n. UmeeM Toraa:

X(C) = x(Z(C)) + x(B(C) (1)) = x(Z(O)) — x(B(C)) = x (H(C)).

CnencrBue. Ecau € ycroiinueo u C— oepanuuennsii komnaexc runa € , To epadyu-
posannstil modyas H(C) oepanunennniii, umeer run 8 u x(H(C)) = x(C).

Mpennoxeunne 12. ycrs 0>C' >C~C" >0 — roynas nocnedogareabnocts
KOMNAEKCO8.

a) Ecau H(C), H(C") u H(C") oepanunennsie Tuna €, 1o

X(H(C)) = x(H(C")) + x(H(C")).

6) Ecau € ycroiiuueo u ecau O0sa u3 1pex 2padyuposanusix modyaei H(C), H(C") u
H(C") oepanuuennsie Tunst 6, 1o Tem xe caolicréom obradaer. u TpeTuil.

Yacts a) criemyer u3 neMMsl 4, MpUMeHeHHOl K KOMIUIEKCY ¢ HyNeBo# roMoJiorueii, onpe-
HeNnAeMOMy TOMOJIOTHYeCKOH TOYHOH MOCIEeNOBATENBHOCTBIO, COOTBETCTBYIOILEiH TAHHOK TOY-
Holt mocremoBarenbHOCTH. Yacth §) BBITEKAeT, eClIM PACCMOTPETh 3TY XKe FOMOJIOTHYECKYIO
TOYHYI0 ITOCIEIOBATENIBHOCTD, U3 CIIeXyIomei JIeMMBI:

Jemma S. IIycro M—>N P —Q ~ R — roynan nocaedosareasrocrts A-modyaei. Ecau
‘6 ycroiuueo u ecau M, N, Q, R — modyau una 4, 1o modyas P tarcoxce Tuna 4 .

Honoxmm N’ = Coker(M - N) u Q' = Ker(Q »R). Mogymu N’ u Q' tuna € , u umeem
TOYHY 10 NocilefioBatenbiocts 0 > N' > P> Q' 0.

Cnencrsue. IIpednosoxum, uro 8 ycroimusoe, u nycrs u: C' > C — mopgusm xomn-
aexcos, dia koropeix H(C) u H(C") oepanusennvie runa 4. Tozda H(Con(u)) oepanuyen-
Hbl TUNG G u

X(H(Con(w)) = x(H(C)) — x(H(C")).
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310 cnepyeT K3 npemIONKeHHA 12, IpHMEHEHHOTO K TOYHOM MOCIEN0BaTEIIFHOCTH KOMIDIEK-
coB (c. 41, npemnoxenue 7)

0- C - Con(u) > C'(—1) 0.

3amevuannue. Hycrs E—xommiexc,h: E->C uh': E—C' — romoromusmsl, rae Cu
C' orpauuuennbie THna % . Torna umeem: x(C) = x(C'). HeiictutensHo, ecmu by — Mop-
¢K3M, oGpaTHBI K i ¢ TOYHOCTBIO O FTOMOTOIMH, TO k' o h; — rOMOTOIH3M, CIIEZIOBATENIBHO,
romonorusm C B C', H -MOXHO mpHMEHHTH pemioxenue 10. CrrefoBaTenbHO, MOXHO Pacipo-
ctpauurh onpenenenne 8, monoxus X(E) =x(C), xorna cymecrsyer romoromusm E Ha orpa-
Huuennbni Kommieke C tunma 6 . Mpenmoxema 10, 11, 12 u ux cnencrsua o6o6marorcsa Ha
3Ty CUTYALHIO.

Ipunoxenue:

* Mycts X — Tononomueckoe MpoCcTPaHCTBO, HOMyCKawlllee KOHeYHOe KieTouHoe pa3tienne (cm. 1. 3).

a) Hycrs K # K’ — ppa nons, nonoxmum by = dimg (H; (X, K)) 1 b = dimg’ (Hy (X, K")). He 06s2a-
temsio by =b;, wo E(-1)'b; = £(-1)p;.

6) Hycts (X,;) H (X;) — IBa KOHeUHBIX KNETOYHBIX pa3bueHus mpocrpaHcTsa X, H o0Go3HawMM wepe3
Cpn M € WCTIO KIIETOK pA3Me PHOCTH N1 B 3THX IBYX pasbuenmsx. Hmeem:

2(—1)ici =Z(-Dc;

B) B o6o3naveHHAX H3 a) u 6) nmeeM: 2(—1)ici = 2(—1)ib,-.

Csoftctba a) H 6) ciledyloT U3 B), & B) CJleflyeT K3 NpeioxeHus 11, MpMMeHeHHOIo K Kommiekcy I,
OIMcaHHOMY B 1. 3, eyiM B KaueCTBe G B3ATH KNACC BEKTOPHLIX K-TPoCTPEHCTE KOHEYHO! pa3me pHOCTH
U B KayecTBe ¢ dyHxunio, npu Kotopolkt v ([M]) = dimy (M) (c.43, npumep1).,

9. KoMmiexchl npaBbix MOAyIel, KOMIDIEKCH MyTLTAMORYIel

Komnaexc npaevix A-modyneii — 310 rpajywpoBaHHbii npasbii A-Momynms (Mp), o7,
' HajieJIEHHbIH TpafyHpOBaHHBIM 3HIoMopdusmom d CremeHd —1 C HyJeBBIM KBapaToM;
TaKiM 06pa3oM, 310 KOMIDIEKC MOLYJIeii Hajl KOJIbLIOM A°, npotuBonoNoXHbIM A. Bee oripe-
OelleHHA W CBOMCTBa, ccpopmymponamme B NpeSbIAYyUMX MyHKTAX, ClIeJOBaTENbHO, HpHMe-
HUMbI K KOMIUIEKCaM HpaBle MOIynell, pacCMaTpHBaéMBIM KaK KOMIUIEKCBHI MOMYJIeil Hax
KonbioM A°.

Kpome Tor0, eciin A n B — 11Ba Kombnia, 10 komiaexc (A, B)-6umodyaeii — 3to rpamyupo-
BaHnbit (A, B)-Gumomyns M, HazeneHHBI! rpagyHpOBaHHBIM 3HAOMOPOH3IMOM d CTeneHH —1
C HyneBbIM KBajipaToM; e€clM M HaneluTh ero KaHOHMYECKO# CIPYKTYpo# JIeBOro
A ®; B°.mopyns, 1o d onpenenser Ha M cTpykrypy A ®7.B®-KomMmiekca. Bce onpeneneris
K CBO#CTBa, CPOPMYMHpOBaHHBIE B MpPebIAyUMX WYHKTaX, NPUMEHHMbI, CJICAOBATEIBHO, K
KOMIUIEKCaM GuMopyrieii. AHANOTHYHBIM 06pa3oM ONpPENenAnTICA KOMRAEKCbl MYAbTUMO-
dyaei.

10. Npumep: kommwiexc e Pama

B 3toM IyHKTE MBI MpefnonaraeM, qro A — xommyrarusnan k-anreGpa Hag HEKOTOPHIM
KOMMYTaTUBHbIM KonbnoM k. Yepes /k Mpt 0Bo3Havaem A-Monynb k-muddeperumanon
anre6per A (IIl, p. 134), uepes d°: A = Q) ; — k-nuddepeHumpoBatue dp k 1 Uepes
§ a jk — rpagynpoBaHHyIo k-anre6py A (Q4 /k)

Mpennoxenune 13. Cywyecrgyer eduncreennoe k-anrudu¢¢epenuupoeanue
d: Qajx > Qajx crenenu 1 ¢ Hyneevlm Keadparom, KoTopoe rpodoaxaer Ouggepen-
yuposanue d°: A—>Qj ;.

JlokaxeM eaMHCTBEHHOCTh amnm@d:epemmpona}mx d. Tak kak dod=0, 10 WA
VY, X1, xpGAnmeeM :

.d(ydxy A\ ... Ndxp) =dy /\dx; A .. A\dxp.

Tax xak A-mMomyns QK/,, nopoxgaerca amementamut dxi A ... A dx,, 310 [OKa3pBaer
eMHCTBEHHOCTh d.
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JInist HoKa3aTenbCeTBa CYLIECTBOBaHH A IOCTaTOHO NOCTPOHTS k-romomopduamd®: Q4 x>
- Q3 /&, ynoBnetBopsionmii ycnosuam:d! o d® =0 n

d'aw)=d’@) N w+ad'(w) mia e €A, WEQY . 11)

He#crautensHo, Torna u3 IIl, p. 128, prop. 14 (c yuerom III, p. 118, remarque 2) cnenyer,
9T0 CymecTByeT aHTHAHGbepeHuMpoBanue d: 24 o > 24 i, COBIANAIOMIEE C d® B crememm 0
ucd' B crenemn 1. Tak kak d° HyneBoe Ha k, To antipMbbepeduupoBatne d  K-idHe#HO;
Tax Kak d’ o d® =0, 10 d o d =0, NoCKOIBKY 25k MOpOXHAAETCA KAk A-anreGpa ameMeH-
tamu d% gisa € A. ) ‘

Ins onpenenerust d' nanomuum (111, p. 133), uro Moptyms Q4 x paen A-momymo J/32,
roe 3 — agpo ymmoxemus m: A®; A->A. PaccMOTpuM K-HHeiiHoe oTOGpaxeHde u:
A® A~>Qf i, npu kotopom u(x ®y) =d°(¥) A d°(x). Umeem:

u(@@xey —x®ay)=d°(y) A d°@x) - d°@y) N d°(x)=d°@xy) A d°@a)
miA x, Y Bau3 A, orkyna
u(@®1 —19a)£)=d°(m(t) N d°@), EEA® A, a€A. (12)

Tak Kak 3 NopoxmaeTcA Kak TNpaBblit A-mopyns neMenTaMu (@®1 -1®4d) miAa €A,
To OTclofa BHIBOIMM, 4To u( 32) = 0, cefoBaTeNbHO, u MOCPE/ICTBOM OTpPAaHHUeHHA HaZ
3 M Nepexopa K dakropMopyiio ofipenenseT K-uneiinoe oroGpaxeue d': Jg: -
-+ Q4.

H(‘)?I’(;‘)KMB B (12) £=b®1 ¢ bE A, nonywm, uyro d' (bd®(a)) =d°(b) N d°(a); orciona
cenyet, uro d' ¢ d® =0 u d!(cw) =d°() N\ w+ed'(w) misa c€E A 1 w=bd%(a). Tax
KaK $2} NOpoxgaerca kak k-momyns snemeHtamu bd®(a) mis @ u b u3 A, T0 dopmyna
(11) BemonHseTcs WIA BCAKOTO WE Qp k., YTO 3aBeplliaeT JOKA3aTEbCTBO NPEIOKEHAA.

Jnementsr WE Qf ) wHorna HaswBaloT eHewHuMu Ouddepenyuancroimu Hopmamu
cTenenu p Ha A Hap L, a autupuddepeHumpoBanne, d — GHewHum Ougghepenyuarom
Ha Q4 /x; KoMmmtexc (2a/x, d) HasbmaeTcs Komnaekcom de Pama anzebper A nao k, a ero
TOMOJIOTHA — Ko20MQaoz2ueil Oe Pama anzebpbl A nad k.

Mprmep 1. BosbmeMm B kauectse A Konslio kK [X,, ..., X,]. Torma Q}\/k — cBoGonHbIi
A-monyns ¢ GasucomdX,, ..., dX, (IIl, p. 134, exemple). CrrenoBatesnsHo, ecru WIS BCA-
Koro moamHoxectsa I ={i;, ..., ip} B [1, n] nonoxsth.dXy=dXy N ... A dX,p (roe
f <...<ip), To A-Monynb 2 , umeeT B Kauecte Gasuca amements d Xy, rae I npoGeraer
MHOKeCTBO TIOOMHOXecTB B [1, nlj momHoctH p. Umeem:

oP
dPdXy)=dPAdX;= T (-1)"D —— gx ,
.( D 1 i¢l( ) oX, 1u{1)

rae n(1, i) 0603HavaeT Wcno MeMeHTOB B |, MeHBIMX .

CrnepoBatenbHo, mHKiinl #3 ZP (2 Afk) — ITO TaKHe EMEHTHI W = d‘(Z) Py d‘X, , 4ro
Card(I)=p
mig BeAKOro noamMuoxecrsa J B [1, n), conepxkawero (p + 1) anemeHros,
oPy_
T (_,l)n(l,i)_’__{_’l =0.
=3 aX;

JneMeHT w ABNAETCA, TpaHuLeil, ecn A Beakoro mogmHoxecrsa J C {1, n], comepxa-
wero (p— 1) aneMeHTOB, MOXHO BbiGpaTs MHOTOWIEH Q5 € A TaK, uToO

Q.
Py= T (=1)*D) _QL_{_Q.
jel Z)X,

Ms! yBuguM B § 9, yT0 koMIUIekc Oe Pama anreGpel A Hag &k aupiimued B cremeHsax > 0,
ecmn k — Q-anreGpa (c. 166, 3amevanve 4). ‘

*Hpumep 2. Tpennonoxum, uro ¥ =Cu A=C[X,, ..., Xpl/(P,, ..., P,), e P; — TakHe mHo-
rodeHs oT X,, ..., Xp, 4To MHOXecTBO To4eK B C°, B KOTOpLIX BCe P; 06paaorcst B HyJib, NpedcTas-

nseT coboll aHanuTHueckoe HomMHoroo6pasne V B C” MoxHO IoKa3aTe, YTO KOTOMOJNOTHS Ae Pama
anre6pnl A Hag C usomopdHa cunzyasapuoil xozomoaozuu H(V, C). ,
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Mycts Temeps M — A-momyms u V® — k-mumeitnoe otoGpaxenue M B M 8, Q,k,k, na
KOTOpOro

Vo@m)=av°(m)+meda nupn a€A, mEM (13)

(uHoraa rosopsr, 4To V° — caasnocrs Ha A-momyne M).

MpepnoxeHnue 14. (i) Cywyecrayer eduncraennoe 2padyuposannoe crenenu 1
k-auneiinoe orobpamenue V npago20 Sl ;-mo0yns M @, (s i 8 cebnt, KoTopoe npodoa-
waer V° g crenenu 0 u yooeaeraopaer romdecrey

VExw=(Vx)w+(-1)Px[dw) oaa xEM ®A9i/k’ wWEQpp. (14)

(ii) Komnosuyua VoV npedcrae/uzer ‘coboii §) JcAUHeliHoe OTODpaxenue; @ vacr-
HOCTU, oTOGpaxcerue R =V1! o V mooyna Me M®, Q4 Awuneiino, u

VeoV(mew)=R(m) -w dax mEM, wEQyx,.

I‘omomop%mam R uHoOrpma HasmBawT 20MOMODEPUIMOM KPUGUIHbL, COOTBETCTBYIOIMM
CBA3HOCTU V°; eClM OH HyNeBOH, To mapa (M®, (2, Ik » V) npencrasnser co6oil koMuexc,
TaK e Ha3bBaeMbIil KoMNieiccom Oe Pama napot (M, ©°) Had k.

Hoxaxem (i). EmHcrBeHHOCTS V oOueBMAHa. Onpemenmum k-rOMOMopcbnaM V m™opynsa
M®; QA/k BM®, QA/ka TIOJTOXMB

Vime,w)=(’m)w+medw oarn mEM, wEQap.

U3 (13) cnemyer, uto V(@me® w) = V(m®aw), Tak YTO MBI NONYYaeM NOCPEHCTBOM
nepexoma k (GaKkTOPMOIYITIO rpanyngonanﬂsn‘& creneHu 1 -k-romomopdusm V Momyns
M@®, £24 5 B cebs, npogomxatonmit V° B crenenn 0. [Iposepum (14): gna mEM, ¢ € Qk,
WE Lp jx UMEEM:

V(i(mea) w)=V(me (a N\ w))=

=Vom)- (@ ANw)y+med@Aw)=

=VOm)a - w+meda)w+(-1)P(mea)ydw=
=(Vimea)w +(-1)P(mea)dw,

uTO foKa3bBaeT (14) npu x=m @ a; oBwmit crywait Bsmomircx TIO THHEHHOCTH.
Hokaxem (ii). [Tycts xE M ®4 Q R WE Ak ; MOBTOPHBIM NPUMEHEHHEM TOXKIECTBA
(14) nonyuaem:

VoV(xw)=V(V(X) w +(-1)PV(xdw) =
=(Ve V) w + (=P V(@) [@dw) + (-1)PVIx)[dw) = (Vo V(¥)) w,

uTO HOKA3BIBAET NIEPBOE YTBePXKIeHHe U3 (ii) ; ApYrue BhBOAATCA HENOCPENCTBEHHO.

Ynpawnenus

1. HpeanonoxmMm, YTo A — KONBHO TNTABHBIX HOEATOB; NyCcTh C'— KOMIUIEKC c8060OKbIX A-MOOYyTeH.

a) Iloxasath, yto C - mpaAMas cCymMa CeMelCTBa KOMIUIEKCOB (pE)pez, YIOBJIETBO pAIOLLMX yC-
nosuam: PE,=0npun+p, p—1; Z,(°E) =0.

6) Ilpennonoxum nonomimenbuo, uro C, KOHeuHoro tnma mid Beakord n e Z. lokasare, wro C —
npAMasd cCyMM2 KOMIUIEKCOB, MMEIOUMX TONMbKO MUG0 OOHY HeHyNeBYI0O KOMIOHEHTY, MG0 ABe MOCNneno-
BaTeNbHAIX HeHyneBmx KOMMNOHEHTHI, IPpUYeM 3TH KOMNOHEHTH! M30MOP(QHBIL A.

2. Mycts C u C' - nBa KOMIleKca A-MOIy/eii; TpedNONOXHM, 4To KoMminekcsl C u B(C) (coot-
BeTcrBeHHo C' u Z(C")) l'lpoeKTMBHLI (COOTBETCTBEHHO HH‘beKTHBHLI) fokasaTs, uro BcAxuit MOpdU3IM
koMiexcos u3 H (C) B H(C') unoymmpyetca MoppusmoM u3 Cs C'.

3. llycts C — xoMmteke A-mopynelt; paccMarpuBaeM C kak A (e)- Momyms (c. 33). O603HauUM yepe3

i: A> A(e)

KaHOHMHYeCKOe BJIOXeHHe.

Ioka3ars, 4TO cneAyLNe YCIOBUA IKBUBAIICHTHBI :

(i) Mogyns C i-mpoextuBeH (c. 27, ynpaxHeHue 19).

(ii) Monyne C i-umwexTuBeH (c.27, ynpaxcHenue 19).

(iii) Komnnexc C roMoToneH Hymo. .

(iv) CywecrByor rpapyuposauustf A-mopyns M u u30oMopdu3M I'panyHpOoBaHHBIX A (g)-Momynei
A(e) oy M>C
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(v) CymeorsyloT rpaiynpopaHHurt A- §
CHorm, (A (¢, N). PAAYHPO A-monyne N u u3oMOpdmM3IM rpamyupOBaHHBIX A (e)-Momyieh

4. a) Ilycre C — A-KOMIUIEKC, orpaHuYeHHLIH cripaBa, npuueM Komiutexchl C ¥ H(C) npoeKTHBHBL
Tlokasats, uro C paciuenusem.

6) Han xomuom B = A(e€) (c. 33) paccmorpum xomnnekc C, mis xoroporo C, =B npu BcAkoM n
u d(b) =eb npn BcaxoM b € B. Kommiexkc C croGOmHED ¢ Hymepo#t TOMOOTHeH, HO He pacilelUIAeM.

5. Mlyctes C — xoMmnexc, s — pacuennenue C, §; C-—+ C — IpafyHpOBaHHbIN rOMOMODP(DHU3M cTeneHH
—1, mna koroporo (d+6) o (d+8) =0. O6o3uaunm uepes C' kommuekc (C, d +5). Ipenmonoxum,
uro A-nuuerHoe oTobpaxkenne 6 =1+ 56513 Cs C Buexrusno.

a) Iins toro urobm oTobpakeuue $6~' 6puio paciiemnenneM C', Heo6XOMMUMO ¥ HOCTATOYHO, YTO GBI
8(2(CH c 8(B(0)).

6) Ilpennosnoxum, 4TO yCIIOBHA H3 &) BhITOTHMOTCA. [T0Ka3aTh, 4TO CyWecTBYIoT pa3oxeHus B HpA-
myio cymmy C = B (C) @ Ker(ds) =B(C") @ Ker(ds) Ecnu p (cooTBeTCTBEHHO p') — mpoeKTop ¢ 06pasom
Ker (ds) u aapom B(C) (coorsercreenHo B(C')),To p’' =pot.

B) HPennonomm OONOIHKUTENbHO, YTo A-nuHeliHOe o’roGpa)keHne A =1c +58 6uextuBHo. Ilokasare,
yro Z(C') =AY (Z(C)) n C=Z(C) e Im(sd) =Z(C’) @ Im(sd). Ecnu q (coome’romeﬂno q') - npoex-
TOp c 06pa3om Z(C) (coorBerctBetvo Z(C')) v anpom Im(sd), T0q! =r7'q.

6. CoxpaliieM 0603HaueHHs M3 YNPpaXKHeHUA 5; NPEANONIOKHM, KpoMe TOTO, YTo KOJBUO A KOMMYy-
TaTHBHO, 4To Komuiekchl C ¥ C'/B(C’) Nnockue 1 YTO CyLIeCTBYET Haeal M KOMbUE A, YAOBIETBODRIO-
wpi yenoeuam: 6(C) CMC u Q (B(C) + m""C) =B(0O) ( *a10 nocefHee yCIOBHE BCerfa BLHIOIHAET-

cfl, el A — HETEPOBO JIOKANEHOE KOIBUO C MAKCHMAIBHRIM HeanoM M u ecit Cp, — A-MORYITE KOHEWHO-
To THMA [iA BCAKoro n, cM. AC, 111, § 3, n°3, prop. 6; KommyratneHaa anrebpa, III, c. 249, npeamnoxe-
Hue 6 4) . [okasars Torma, yro s 6 ~! — pacuienneque C’'.

(TpenmosokeHus 0 WIOCKOCTHOCTH BIEKYT, 4To Im(d +8) N MC=(d + §) ( M"C) ana Beaxoro n;
ecna x€ Z(C), To0 HOCTPONTH [0 MHAYKUAH 3MEMEHTH ¥, € C, Z,€ Z(C) N M"C, ang KOTOpeX §(X) =
=0d (yp) +6(2,). 3aKOHUUTH C HOMOLIBIO YTIpaXKHEHHs 5, a). )

7. Tlyers C u C' — mpa KoMmnekca, § (COOTBeTCTReHHo §') — pacmemwieHne C (cooTsetcTBeHHo C' ¥,
u: C'—C — mopdu3m xommieKco. OnpeflenM TpagyHpoBaHHbIf cTenenu —1 A-3HOoMopdu3M o KoMII-
srexca Con(u), mosI0XKHUB

oy, x) = (—s'(¥)), s(x) — sus'(»").

Toka3sars, yro mnd Toro 4tobnl oTo6paxeHue o 65U10 paciyerrenneM xommiekca Con(u), Heobxommmo
M JoCTaTovHo, 4robbt H(w) = 0.

8. Ilycrs 0'~M'—u->M 5 M” »0 - Townas NOCNeOBATENTLHOCTE A-MOIYJIEl, "KOTOPYIO MOXHO pac-
CMaTpHBaTh KaK TOUHYIO NOCHEIOBaTeNBHOCTh KOMIUIEKCOB (MyfeBhIX B crefieHAx # 0). [lokasars, yro
MOpdH3IM KOMIIeKCOB y: CGon(u) ~+~M" (c. 42) ABnfeTca FOMOTONM3IMOM, €CITH # TONIBKO eCITH TOYHAs
[OCTIeNOBATENBHOCTE 0 M’ »M -+ M" -0 pacuiemnsema.

9. NMycrs u: C' = C — Mopdusm A-kommiexcoB. OGo3uaunmM vepe3 v: C—Coker(u) oroGpaxeHue
nepexofia K haKkropKommekcy. PaccMoTpuM rpanysposanteie A-roMoMopdH3MbE

a: (Keru)(-1)-+»Con(u) n y: Con(u) - Coker(u),

onpenenseMeie no ¢opmynam: a(x') = (x', 0), p(x', x) =uv(x) ma x' € C', x& C. INokasars, yro a,
¥ — MOPOHIMBI KOMIUIEKCOB H YT0 OHH NPHBODAT K TOYHOH [HOCTICA0BATENBHOCTH

. > Hy g Keru) 5@ 1, onwy) B 1, (Cokeru ) & Hy—p Kexiy—. . .,

TZie 6 — KOMMO3HUMA CBA3LIBAOLIAX FOMOMOPPHUIMOB OTHOCHTETEHO [BYX TOUHEIX NOCI/IEAOBATENLHOCTE]
0-Keru-+C'-Imu—=0 wu 0-Imu-C- Cokeru—0.

10. Mycts u: C—C' — Mopdu3M A-KomilneKcor, P — npoeKTHBHBIN A-MOAYIIh, 1 — uesoe uHcio > 0,
h: P-» Hy,(Con(u))

— A-romomopdusm. [lokasats, YT CYIIECTBYIOT KOMMIeKC C, TOUHAA [OCIENOBATENLHOCTE KOMIUIEKCOB
0-+>CL CaP(=n)~0

u mopdmsm u: C—C', A KOTOPEIX Ue i =u u Mopduam C(f): Con(u) - Con(u), HHAYUMPOBaHHBIH
oTtobpaxenunem I, 06anaeT cneayIOWMMH cBONCTBAMY |

«) Oro6panenne Hp(C(#)): Hp(Con(u)) —»Hp(Oon(u)) GHEeKTUBHO Nipn p+n, n+1;

ﬁ) CymecTByeT TOUHAA HOCTIENOBATEILHOCTS

Hp+1(C() | Hp(C())

0 - Hy 41 (Con(u) Hj41(Con(w)) -+ P B H,y(Con (1)) —22——=" H, (Con(i)) = 0.

11. Buxomnaexcom A-monynelt HazwisaeTes Tpotika (C,d’,d"), roe C — A-Moynn, TpagydpoBaHHEIA
noTuny Z X2Z,d’: C~C — rpagynpopaHHLI# A- 3Hnomopdm3m crenenn (—1, 0) ud”: C—C — rpanyu--
_ponaHHsm A-al-momop@usm crenesu (0, 1), ynonnemopmoume cootHowenuaMm d' o d' =d” o d" =

=d'ed"+d" e d’ = 0. ByoeT MHCHONb3OBaTECA TaKKe BepxHAA rpagympopka CP9=C_, _,
ana p,qeZ.
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O6o3naumM vepes Z'(C), Z"” (C), B'(C), B” (C) nonbuxominexcs: Ker@'), Ker(d”), Im(d'), Im@d")
u uepes H'(C) (coorBercrBenno H” (C)) Guxommiexe Z'(C)/B'(C) (coorsercrento Z"(C)/B” (O)).

a) MNonoxum d =d’ +d". loka3sare, uro Korga C HajieneH TOTANBHOH FPaiyHpOBKOM, aCCOLMMPOBAH-
Holt ¢ 3apaHHo# Gurpapynposkoit (onpenensemoft, cornaco IL p. 164, nocpencteom Cp,= ® Gy 4),

ptg=n
napa (C, d) npegpcrasnsieT cofoit KommnneKkc. ToBOPAT, YTO 3TO KOMRAEKC, ACCOYUUPOGAHH IR ¢ BUKOMII-
nexcom (C,d',d" ); ero romonorus o6o3Havaercs vepe3 H (C).

6) Mycms (C, d'.d") u (K, &', 8”) — nBa 6uxomnnekca. Mopgusmom n3 (C,d',d" ) s (K,6',8")
Ha3bIBaeTcs IPafynpoBaHHEIR A-romoMopdusm u crenedn (0, 0) u3 C B K, ynosnersopaionmit ycioBusam:
8 ou=uod ué" ou=uod”. llokasare, 4To U HHAYUUPYET MOPQHU3M aCCOLMMPOBAHHEIX KOMIUIEKCOB.

B) Hycre u, v — mopdusmer Guxomnnexcos u3 C B K. F'omoronueii, caazviéarowel uc v, Ha3bBaeTca
napa (s', s” ) rpagyupoBaHHeIX A-romomopdu3smoB u3 C B K cremeneit (1, 0) u (0,1 ) cooTBercrBeHHo,
nrs KoTopo#

v—u=d'os'+.\"0d'+d"o3'"+.\‘"0d"; s'éd"+d"os'=0; S”Odl+d'°s"=0.

Ilokasats, uTo s’ +s” — roMoTonus, CBA3LIBaOLIaA MOPGOH3IMBI 8CCOUMHPOBAHHEIX KOMINIEKCOB, UHIY-
UHPOBaHHBIE MOpDU3MAMHU UH V.

12. flyers (C,d’, d" )— 6uxomnnexc, Anst KOTOPOro H’;,’._p(C) =0 npu BesxoMpE Z, HL g, g+5(0) =
=0npuqg >0, Hy _,_{(C) =0 mpu r > 0 1 CYIIECTBYIOT TaKue HOAOXMTeNbHblEe LieNbie WHCNa 4 U b, uro
Ca,~a = C_p,p = 0. Hokazars, uTo A-MORYNE Hg,0 (C) Hynepo#t.

13. llycrs I — KoHeyHoe MHOXECTBO; Yepe3 (e D] el 6ynem 0Go3HavaTh KaHOHuYeCKHI 6aluc Z-mony-
ns ZL Hazosem Ixommiexcom (cooTBeTCTBeHHO I-npedxomnaexcom) A-monyneit A-monyne C, rpanyu-
pOBaHHLIH T THIY Z ', HalleNIeHHEIH CeMeHCTBOM A-3HAOMOPdM3MOB (dy); - 1 MpHYeM dj TPAYHpOBIHHAIA
cTeneHu (—€;) W BLIMONHAIOTCS CEAYIOIHe COOTHOIIEHHA ©

dyjod;=0 pnaBedxoro [ €1,
dijodj+djod;=0 (coOTBETCTBEHHO die d;= djo dp) nna i,jeEL

Ecnu Card(I) = 1, To I-kemmnekc — 310 kommaexc; ecrm Card(I) =2, To J-KoMIUleKc NpelcTaBiseT
coboto Gukomimexc (ynpaxHenue 11). Ecnu (C, (@) u (C°, (d})) — aBa I-kommneKca (COOTBETCTRBEH-
Ho Fupenxommnexca), To Mopguam u3 (C, (d;)) B. (C', (d})) —~ 370 TpamyupoBaHHuIH TomomopdusM
creneln Rymb ¥: C—C’, s koToporodjo u =u o dy npu Besikom 1€ 1.

a) Mycre (C, (d;)) — F-xomnnexc. Ecnu Hagenuts C ToTanbHolt IpagyupoBKo#t (o Tumy Z), nonyyae-
Moil 3 ero rpafyHpOBKH, TO 0Ka3ark, yro (C, 2 Id,) nipeficraBnser coGoit koMmexke A-Monyei, Ha3nl-

ie

BaeMELHl KoMnaexcom, accoyuupoeannuim ¢ I-xommiexkcom (C, (dy)). lokasaTs, uro mopdusm Ikomn-
JIEKCOB HHAYUHUPYeT MOpdHU3M aCCONMHPOBAHHBIX KOMIUIEKCOB,
6) Ilycrs C — I-npegxommnexc, U nycTh R — HeKOTopoe OTHOLEHHe JIMHeHHOTo NopsaAKa Ha 1, 0603Ha-
2k

7
uagmoe cuMBOIIOM <. Il k = (k;); =1, xE€ Cg ni€ ] nonoxum §; (x) = (—l)i<i d; (x). Moxas3ars,
uro (C, (8;)) npencraBnser coboii I-kommnekce (KoTopsri oGo3HayaioT yepes CR).
B) Mlyers Ry, Rg — npa oTHolueHn# muHeliHoro mopsnka Ha I, oGo3HavaeMble CHMBONAMH <q H <g

Hycrs gy — SHEOMOpPGWM3M C, NpH KOTOpOM u(X) = (—l)e(k)x ana x€ Cg, roe-e(k) = z kiki‘
1<qj

Hoka3ars, 4To ugy - MOpdm3M I-kommnexcos u3 CR,, B Cgﬁ- J<gi

r) flycte S — MHOXecTBO BceX OTHOMIEHHH NMUHeRHOTo mopsifKa Ha I; Hagenum S TPUBHATBHEIM OTHO-
lleHHeM mpenpnopfAnka (r.e. Ry < Rg mna nwobuix Ry, Rg € S). Ilokasars, uro cHcTeMa (CRa’ Uag)
TipecTaBnaer co6oil MPoeKTHBHYIO cucTeMy I-KoMIeKCoB OTHOoCHTeNbHO S, ec mpenen C — aro Ixomn-
JNieKc, HashIBaembift I-KoMIUlekcoM, accolluupoBadHEIM ¢ I-mpenkommnexcom C. Ioxasats, uro Beskuit
Mopdu3M I-ipegKoMneKcoB HHAY UM pPYeT MOpdH3M aCCOUMMPOBAHHREIX I- KOMIUIEKCOB.

§ 14. Cnexrpaasnoii nocnedosarerbnocrTsio A-monynell Ha3bIBaeTcs 3ajaHie INOCIeHOBaTeNBHOCTH
A-xoMmmnekcoB (E;, dr), » 5 u oTobpaxetnit a,: H(E,) —E, 41, INd KOTOpBIX:

(i) I'panyupoBka koMmmnekca E, mnipepcraBnser co6oifl TOTUIRHYIO TpamyMpOBKY, aCCOUMHPOBaHHYIO
€ HeKOTOpO# GUrpanyupoBKo#

E,= ® EPIT (32,

p.q€L
A p,q ptr,g—r+1
nMeeT Mecto: d,(E.°%) CE; .
@i1) OroSpaxeHns o, ABNAIOTC H3OMOPpGHU3IMaMH GUI'pamyHpOBAaHHEIX A-MORYyIe#. )
Mil Gynem ucmonb3oBaTh Takxe HuXHIOI0O OurpagyHpoBKy wmomyna E,:. Gymem oG6o3HavaTs
r - -p, —q
Ep’ q= E,

a) 3necwy mul Oynem oGo3sHavats uepe3 Z, 41(E,) (cooTBercraeHHo uYepe3 B, +;(E,)) GurpanyupoBaH-

Hullt A-mopyns Ker dr (cooTBeTcrBenno Imd,) . Ilycrs

Py Ep— E,/By+1(E))
— oroGpaxemue mnepexona K daxtopmonymo i i,: E. 41 = E,./By4+1(E,) ~ KoMnosmuus oToOGpaxeHus
!
4. H. BypGaxu.—
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a;! u ecTeCTBeHMHOTO BROXKeHHA. IljiA BCAKoro 7 > 2 onpepesmm HHOyKuue#l o k GurpadyHpoBaHHEIe
noamonyu Zy+k (Ey) H B, 1+ x(E)) B E,, nonoxus:

Zy+x(Ep) = p;l Cr(Zp+k(Ep 1)), By+x(Ep) = p; Y(ir(Bg +r(Er+1))).
Joxa3aTk, YTO HMEKT MECTO BJIOKCHHA:
0 CBpy1(E) CBrya(Ep C ... C Z,42(Ep) C Zp41(Ep) CE,

" yro Moayb Ex u3omophen Zk(Er)/Bk(E,) npa k>r+1.
Monoxum Z(E,) = N Z,(E,), Bu(E,) = U B () u E, = Z(E,)/B(E,). ToBopar,
r=3

yTo cnex‘rpanu—!ax Mo 1eoB aTeJIbHOCTh peey/mpna, CCIH y GuB atoras noeaos aTebHOCTh

(¢4 ,(E, )) , > 3 CTAYUONApHA InA Beaxo#l mapst (p, q) .
6) Mycrs E = (E,, d,, a,)r sq M Ef = (E,.,a'r, a,)r 5 5 — OBe CTEKTPANBHBIC TI0CNIEN0BATE IBHO CTH

A-monyne#t; mopgusmom u3 E B E' Hasemaerca nomenona’renmocn MOpPH3IMOB A-KOMIUIEKCOB Uy :
E, - E;, coBMECTHMBIX ¢ GUTrpalyupoBKaMH H TAKHX, 9TO o), o H@u,) = up 4y © o, WIf BCAKOTO 7 > 2.
MMoxa3ark, YTo MId BCAKOIO r » 2 H BCAkoro k » r + 1 u, uHAyuupyer romomopduam Zi(E,) (cooT-
BercTBeHHO Bi(E,)) B Zk(E } (cooTBerCTBEMHO Bk(E )). B YaCTHOCTH, 4, HHAYIMPYET TOMOMOPEH 3MBI
Zo(13): Zo(El) = Zo(E;), Bo(uy): Bo(E,)— By (Ey), u,: E— E; BCe 9TH TOMOMOP(M3MEI COBMe-
CTUMBI C GHTpagyH poBKaMH.

B) [Ipemmonoxdm, yTo u, — usomo pdwsm. MoxasaTs, Mo Tormau, — H3oMopduam Iy1% B CAKOTO >2,
Tax ae Kak u B, (u,). EciH, Kpome Toro, CHeKTpaILHEE NOCIenoBaTensHoc E n E' perynspusl, To

Z,(u,) ¥ u,, —H30MODPEH3IMEL

r) Mycts G = 2 7 G" - rpadyHpoBaHHLIY A-MONYib, HapeneHHsM yOpmalowleft mociemoBaTent
n

uocreio (F pG) p€E Z Tpany! poBaHHBIX A-onmopynedt, ona xotopot NF PG=0n K;F”G = G. ToBopHr,

4
YTO CHeKTpanbHafA focnefoBaTensHocTs E annpoxcumupyer (G, (FpG)pe Z) (wm npocro G), ecm Cy-

+ +
wecTByIoT H3oMopduams g 9 2 9. PGP PGP T mascaxoro (p, ) EZ X Z.

ToBopAT, Y0 CHEKTPANBHAA MOGIENOBATENBHOCTh E cxodures x G, eqiu oHa anmpoxcumupyer Gn
eClIH, KpoMe TOIo:

(i) cnexTpansHad NocieoBaTeNbHoCcTs E perynsapHa;

(ii) m A BCAKOTO UENoro 7 CyllecrByeT TaKoe UeNnoe p, 9To (Fp G) =0.

[Tpemmonoxum, uTo E (cooTsercreeitio E') cxomures x G (000TBETCTBEHHO G).Nyctbu: E—~E' —
MOPM3M CIEKTPAIBHEIX NoclenoBarenshoctedl, v: G — G' — Takoft rpagywpoBaHHEN romoMmopdu3M
crenemu 0, wro w(FPG) c FPG’ npu BCAKOM p H MHAyUMpoBaHWEE ToMomopduamum vP
(FPGY* (FP*1G)" (FpG')"/(FpﬂC ) ynonne‘rsopmm cooTHowetmio 57 P90 g P = grPid, , BY
mu;:;xxon napst (p, q). Iloxasars, 4To ey u, — n3oMopbu3am s Bcako# napsl (p, ), To v — H30-
Mo pduiam

15.Tlycts E — ciexspanbHad noqieloBaTeIBHOCTD A- Monynen KOTOpas annpoKCHMHpPYeT TpafyHpo-
paHHE A-MORYNBG (ynpameme 14).

a) Mpennonoxum, yro E =0 nm p <O0. Hoxaaau, uTo 0TOGpaXKeHAA o) MHAYLHM PYIOT W1s BCA-
KOTO ¢ MHBEKTUB HBIE mmomopqnamm
0,9 0,g 04

E, = ...=-E —E,
OTKy[Ia NOCPeNCTEO M KOMIIO UMK ¢ (Bo’q)' ! 1 ¢ ordGpaxennem nepexona k paxTopMOAYITIO O YaeTCR
-0
A-roMomopdmam 19 G- E, 4

p,
6) Mpeanonoxmm, yro E, T-0 npu g < 0. HoxasaTs, 4T0 0TOGPANKEHH S ) HHAYLMPYIOT CIOPBEKTHB-
HBIe IO MOMO pWi3MHl

p,0 o , 0
E, —'Esp’ -+ ...—vE:

’
,0
oTKyma MocpenctBom Komiosuunn ¢ 87 © nonyuserca A-romomopdusm 5 P EY’ — GP.
P,
B) IIpeamnosnoxum, YTo yHOOBIETBOPATCA yGIoBUA U3 a) u 6), Te. E, 72 0,ecm p < Omwma g < O.
ITokasars, YTo MO JIeNOBATE/IBHOCTE

1 1 2
0 El,.o -i'PGl _Z__)E;)'I dz Eg,o 6 Gz
TOYHAK.

1) Mpenmonoxu ™, YTo E2 = 0, ecmu p > 0 umu g > 0; onpenennTs TOYHYIO nocnenonarenmocu,
AHYTOTMYHYIO Y Ka3aHHOA B B).

n) Hpennono»cum, YTO CymIeCTBYIOT TaKue lensie wcnar,d,raed » r > 2, uro E =0, eam p#0,d.
OnipenemuTh TOYHYIO MO UIEJOBATENBHOCTD!

d,n-d o,n d,n+t—d
S UMY ¢ L) AN i
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P q
Ecnu, aﬂanomqﬂo, E, =0 opm g # 0, d, To noka3aTs, 4To CYLIECTBYET TOYHAS 1O CIIE[IOB aTeNLHOCTH

+
~E" 0 gt d_’E:: 1,0
e) TIpenmonoxmm, uro E,p . 0, e q 0 (cooTBeTcTBeHHO p # 0). IoKa3ars, uro 10 MO MO pdH3M
no0 0,n
8" E,” =G" (coomercrenso +*: G"—E, )
GHEKTUBCH IS BCAKOIO 7.

q 16. Mlycts C — xoMmieKe A-Monyneﬁ (F”C)pe 7, — yOmBaloias Mo qefoBaTe/ILHOCTS MO MKO M-
nekocoB B C.

a) Anap, q,r € Z nycts M, Pa _ MHOXECTBO 3MIEMEHTOB X U3 (FPC)p+q, s KoTophIx dXx € FP* 'c; -
s r+l,q+r-2 +1,g—1 . y
npa r > 0 monoxmm Erp 7. /(d(Mp a ) + M:, q ) ¥ oGo3uauwm uepe3s d,: Erp AN
+r,q—r+1
- Ef i roMoMopdu3Mm, nonyuaembm u3 d nepexomoM K (akropMonynsam. [lokasars, uto mns

BCAKOTO r > 0 cymectsyer usomopdmsm «,: H(E,) >E, 44, Tak yro nocnenoparensHocts (E,, d,)r > 2
HajlelleHHas! oToGpaXeHHMsAMA «,, MpeACTaBAgeT co60I0 CHEKTPANBHYIO NOCIeNOBaTeNbHOCTE. HMeeM:

q9_ (FPC)P"‘Q/(FP+1C)P+G_
6) Mpennonoxum, uro L:FPC = C ¥ wro 1A BCAKOTO 7 CYUIECTBYET TaKoe Lienoe p, wro (FPO)" = 0.

IMokasars, YTo COEKTPaTBHAA MOCIEAOBATE/IBHOCTD, OMpeNeiIeHHas B ‘a), cXomuTca (ympaxdeHne 14) k
rpagyMposatnoMy A-monymio H(C), HafienenvoMy mNocieqoBaTE/IBHO CTHIO IPaiyH pOBaHHEIX MOAMOIyNeit

FPH(C) = Im H(p),, ne ip: FPC—C - xaﬂonuuecxoe BlIoXEHHE.

B) Eam F °C = C, 10 A-monyns E Hynenoﬁ npu p < 0; ecnu (FpC)" =0nomp>n, 10 Ep’q=0
npu q <0.

r) Mycrs C' —BTopo#t KoMmmmieKc, (ch) € Z — YORBaoOWAas 10 GiefoBATEN BHOCTh TOIKO MIDIEKCOB
B C', B/ —acoouuupoBaHHas CreKTpanmeHas nomenonamnsﬂom Mycrs u: C—C' — Mopdu3M Ko MITeK- |
coB, npu KoTopomu (FFC) CFPC’ maBeaxoro p. Moxasars, o 4 MHEYuUMpyeT MOPdH3M cIeKTpanBHBIX
TocnenopaTenmioctett u: E— E'.

m) B oGo3nauenusx u3 r) nycrs v: C—C' —Bropo#t Mopdusm, npu koTopom u(FPC) € FPC’ masces-
KOTO p, ¥ mycTs h — romoTomis, cesA3nmBaiowias 4 c v. [Iycts K — Takoe uenoe wmcno > 0, wro A(F pC) C
‘¢ FP7*¢' maeaxoro p. TMoxasars, uro %, =vy npu 7> k.

17. Hycrs C — GaxoMiiexc (c. 48 ynpaxuemue 11).

a) Onpefennv fBe yGhIBaIMe MochenoarermHocru ('F P Opezn ("F C)q & Z TOAKOMIUIEKCOB

KOMITINleKca, aCCOUNKUPOBAHHOT'O ¢ C, monoxus

(.ch)n S Cf,n—i’ ("FqC)”= ® C"-/’/.
izp 1»q
Mycrs 'E u "E — coonea"c’mymume CeKTpaJbHble TOCNiefoBaTeNIbHOCTH (ympaxHenue 16, a)). IMToka-
3a1h, 4TO JUIA BCAKOH mapkt (p, §) A-monyms 'EP'? (cooterctentio ”Ep’q) womopden 'HP("HY (C))
(coorsercTBeniio "HP('HY (0))).
6) IlpenmosoXuM, YTO CYLHEeCTBYeT TaAKOe Lieslog N1, YTO cP= 9 np¥ p > n unu npu q < n. Mokasare,
YTO CNeKTpasEHas TMocnenoparenbHocTs ‘E cxomurea x H(C). Ecnm, aHamormuHo, cymecmyer ueroe m,

ma koroporo CP9 =0 npu p <m wnu npu g > M, 1O cheKTpabHas Moc/lefoBaTesHOCTs “E cxofurcs
xH(C).

B) Ilpennonoxmum, uto CP*9=0 npu p < 0 wm ¢ < 0. Mokasats, yro romomopduIm 57 g0 L
—~HP (C) (ynmpaxsenue 15) monydaercs nNocpeNcTBOM NEpPexoyia’K rOMonoruu M3 KAHOHHYECKOI'O BIIOXe-
HuA KomIUtexcos "Z° (C) — C. AHANOTHYHO, romomopdmam "E,; 0P, yP (C) mosnyvaerca M3 BNOKEHHA
AL (S L o

r) Mycre C — BTOpORt GhKOMMAEKC, Eu"E - nse aCCOUMMpOBAHHbIe CHEKTpA/EHble MOCNeNOBa-
TempHOCTH. Tokasats, uro BeAxuit Moptbmm GuKOMIIeKcoB u: C - C WAmyuHpyer Moptpmm CrexTpas-
HBIX TocHenoBatensHocTelt ‘u: 'E—E u"u: "E - "E. Tokasam, 4To -ecim nna Mop«imsma u, v s C
B C FOMOTOIIHM, TO aCCOUMUPOBAHHEIE MOPGDHIMEI ‘4 U 'v (COOTBeTcTBeHHO " u "v) pasubt (UcnoNB3o-
BaTh ynpakHeHue 16, n)).

18. Mycts E — cnekrpanpuad mocnefoBaTebHOCT (YIPAKHEHHE 14), B8 KoOTOpoit A-MonyJm. E, umeer
KoHeunylo gmuay. [lycrs ‘B — MHOXECTBO KIIacCOB A-Monyneit KOHeyHO# MIMHBI, MOKa3aTh, 4TO
xg(Ey) = Xp@Er) = (E..) IS BCAKOTO r > 2 (c. 44),. Ecny, xpome roro, E cxonurca x rpagyupo-
BaHHOMY A MOy o G 'ro OH MMECT KOHEeUHYIO [UIHHY ¥ Xg G)= xg(E,

19. Cumnauyuanvhoii cxemoli HaspiBaerca nmapa (K, .97), rge K — MHOXecTBO 1 F - HEKOTOpoe MHO-
KECTBO KOHEUHBIX NOAMHOXecTB B K, HashiBaeMbIX rpaHamu K, MpHueM BCAKOE NOIMHOXECTBO IpaHy
SBNAETCA TPaHBIO ¥ BCAKAA TOYKA W3 K NpHHAJUTEXHT Mo xpaiiselt mepe onHoM rpanyu. CUMRAUYUGALHBIM

.4.
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orobpaxeHHeM cHMNMunanbHoM cxembl (K, ) B cummumummambuyo cxemy (L,%) Hassiaercsi oTobpa-
xenue K B L, koropoe nepeBomur BcAKylo rpadb K B rpans L.

a) Ilycts n ~ nenoe uucno > 0; n-cumnaexcom camnnuumameHoO# cxeMrul K HaspIBaercd BCAKas mo-
CIIemOBATENbHOCTL (O, - - . , &) 3neMeHTOB H3 K, B KOTOpoO#t Bee a; mpuHapnexar ooHOH M To# ke
rpain K. O6osHaumM uepe3 S, (K, A) cBoGOmHBI A-MORYNh, HOPOXEHHEIH N-CUMIUIEKCAMM IIpH
n > 0, n nonoxum S, (K, A) = 0 npu n < 0. Onpenemum A-romomopduam dp: Sy(K, A) = S, 1 (K, A)

n ,

noloxuB dp=0 npu n < 0 M dy(ay,..., )= z (-—1)'(%, ey &,-, s ., Qp) I BCAKOrO N-CHMI:
i=0

nexca (ap,...,ay) OpH n > 1 (3HaKk ~ Hap GyxBo#t ofo3HauaeT, YTO OHa MOJDKHA OBITH OMyllleHa).

Moxa3zate, uro dy, _ ; ody = 0 mIA BCAKOro n, TaK lrro (SKK, A),d) - Kowmnexc A-monyieft.

OnpegenuM Takxe A- KOMl‘lIleKc C(K, A), HONOXHB C™K, A) = Hom Sy (K, Z), A),& = Hom (dy, 1 o)
mna Besxoro n. Ilpu n > 0 uHorpa. oGoaHaqalor yepes H, (K, A) (cootBercreenno H™ (K, A))
A-monyms Hy (S (K, A)) (cootBercTBeHHO H C (K, A))).

6) Mycrs K, L — oBe cuMmIMumMagbHbIX cXeMbl, f: K—~L — cumminuuansioe oroGpaxenue. [lokalats,
yro f uHAYUMpyeT MOPOH3IMEI KOMIIEKCOB S (f): SKK,A) »S(L,A) n C(f): C(L, A) -C(, A),
oTKyn2 nonydyaem romomopdbmamu f,: HEK,A)=»H(L,A) n f*: H @, A) - H' (K, A).

B) Ilycts g: K = L — Bropoe cuMnnuuuanbsHoe orobGpaxeHue. [OBOpAT, YTO f M & CUMNAUYUAALHO
20MOTONNY!, eCH INA BeAkoH rpaHn o m3 K MHOXecrBo f(0) U g (o) npencraBnger coGoit rpans B L.
Ilokasatn, uro TOrAa MOp(])PBMLI S(f) n S(g) (coorsercrBenno C(f) mC(g)) roMmoronusl (ONpenenuTs
TOMOTONHIO /1, NONIOXHB

h(, .-+, 0p) = Eo N @) o f @ £ £ D)

1A BCAKOTO R-cuMmeKca (,,.. .,on)).

r) ToBopsr, YyTo cHMImMuManbHas cxema K xoMuueckasn, ecnm cylliecTByeT Takasi Toyka § B K, yro
A Besko# Tpanu o B K mommHoxectBo oU (s} amnsieTcs rpanbio. ToxasaTh, 4To TOFAa CYLUECTBYIOT
romoronu3Mel komruiekcos S (K, A) n C(K, A) na A.

n) O6osHayum uepe3 D(K, A) rpapyupoBanHbi#t nomMmonyins B S (K, A), RopoxeHHbI# cHMITeKCaMH
(2, ..., @), B KOTOPHIX [(Be M3 TOUEK a; PaBHbI, H ATEMEHTAMM BHIR (a4, ..., &) ~ € () - (ag(0) -

-»Qg()) BAA BCAKOTO n-CHMIiEKCA (0, . .., &;) H BCAKOH MEPECTAHOBKM ¢ MHOXeCTBA {o...., n}
Moxkasats, uro D(K, A) — monxommnekc B S (K, A) H yro orobGpaxeHHne Hepexona K ¢aKTopKOMIeK-
cy p: S(K, A) =S (K, A)/D(K, A) sBnseTcA roMOTOMASMOM (OGpaTHEI FOMOTONHM3M HONYYaeTca Bbi-
6opoM rmHefiHoro mopanxka Ha K H conocraBjieHnmeM KHacCy CHMIDIEKCa (o, ...,Qp,) N0 MOAYIHO
D(K, A) antementa € (0) - (2g(Q)> - - - » Xo(r) ) » FAA€ O — NEPECTAHOBKA, 1A KOTOPO# ag(g) < - - - < Og(r)>
€C/IM BCe o pa3NTMyHBl, M O B IPOTHBHOM CiTy4ae) .

*20. Mycts R ~ nonHoe KONMBRO BHCKpeTHOro HopMupoBaHus (AC, VI, § 3, n° 6; KommyTarusHas
anrebpa, VI, c. 450) ¢ monem BerueroB Kk XapaKTepucTHKH p > 0. Ipeanonoxum, 4To NoJie YaCTHBIX KOMb-
ua R uMmeer XapaKTepuCTHKy 0. O6Go3HayuM 4epe3 v HOpMHpOBaHMe KONHLA R, yepes Wl — MakCHMAalb-
HBIH# upean B R H uepe3 R* ~ MymeTHIIMKAaTMBHyIO rpynny ensHuu B R. Ina Bcakoro nesnoro n > 0
aycts R* (n) — nonrpynna R*, ofpazoBaHHas 3/1eMEeHTaAMM X, IV KOTOPLIX v (X — 1) > n.

a) Mycrer — uenoe yuento,r > v (p)/(p — 1). Moka3sars, uTo pan

exp(x) = 5 xi/i!
=0

cxommarea i x € M u onpenenseT u3oMophH3M aNANTHBHOA rpy ML M’ Ha rpymny R* ¢ ).
6) Ilpennonoxum, uto X — KOHeuHoe nolie M3 ¢ 3nemenToB. IlycTh n — nenoe yucno > 1, u, — nop-

rpymma aneMenToB x 13 R *, mna koroprix x™ = 1. Mokasats, uTo rpymmst g, u R*/(R*) " koHeuns! & uto
Card (R*/R*")/Card (s,,) = ",
(TTycts % — MHOXeCTBO K/IacCOB KOHEUHLIX Z-Momynedt, v: K (B) - Q* — romomopdusMm, npm Koto-
pom
¢({G])=Card (G) mn1a G€g,
(r) (r)

c®) _ xommnexc Z-monynett, B KOTOpOM Cp( ) =0mpup+#0,1,C,  =C,  =R*(r),d, (¥ =x"nnn
x€ R* @). Noka3ats, uto x (H (C( ) He 3aBHCHT OT r} 3aTeM MCHIONB30BaTh a).) ,

21. TpennonoxuM, YTo KOO A HpelcTaBiAeT coboft KOMMYTaTHBHyIO anreGpy Hal HeKOTOPLIM
KOMMYTATHBHEIM Konbllom k, A-monyms Di (A) k-mubdepeHunpoBanuit Komsia A TOrAa OTOXKIECTB-
JleTcs € MONyJeM, CONMPAXKEHHBIM A-MONYIIO ﬂk/k, YTO OfNpepenfAeT Ha 4 x CTIPYKTYPY IleBOro

Ap (D (A))-monyna (cp. HI, p. 165). Jloka3sars popmyny:
1 4 -~
Ko A ... AXpJdw= T XK A AXA L AXp) T W)+
i=0

2 ALK AX AL AR LA KA AXY) ] w,
o0<i<j<p
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roe we Qi % Xo, o ,Xpe Dy (A) m 3Hak *~ Hap GykBoft 0603HauaeT, YTO OHA MOIKHA GBITH ONYILieHA.
(Ceectu Kk cnmyvalo p = 1.) :

22. CoxXpaHSIOTCS COTTIAllleHWs M3 TIpeJbillylliero ynpaxHeHus; ecid M — A-Moayns, ¥ - CBSI3HOCTB
HaMu X &€ D (A), To 060o3HaunM Yepes Vyx Kk-sHmoMopopusm (1y @ X) ° v Mopyna M.

a)Mycrs M,, M, — mBa A-MONyNs, HaNeneHHsle CBA3HoCTAMK A, ? A; mNoKasams, YTo onpemenstercy
CBA3MOCTE Ha M, ® M, (CooTBeTCTBeHHo M, ®4 M,, COOTBEICTBEHHO HomA(M,, M,)), ecnu NONOXUTH:

v(m, +m,) ='v(m) +*v(m,) o m, € M,, m, €M, (cooTBeTcTBeHHO V) (M, ®m,) ='wx(m,)e®
em, +m, €29y (m,) nna X € Dg (A), m, €M,, m, €M,, coOTBeTCTBeHHO Vyx (1)) =?Vx o u-u° 'vx
o X € D (A), u€ Hompy (M, , M,)).

6) Hycte M — A-Monynb, ¥: M—~M 84 Q4 — cBsisHocTs Ha M . Ecin X, Y € Dy (A) , To oGosHaunm
uepe3a R(X, Y) A-sHuomop¢dmsm momyns M, upu KoTopom R(X,Y) (m) =¢ R(m),X AY ) pmna Bciko-
ro me M. Hokazate ¢opmyny: RX,Y) =[vx,Vy ] —-VI[X, Y} (MCTIONB30BaTh ypaxHeHHs 21).

B) IlpepnonoxuM, uTo A-Momyns M npoexTusen, Tak UT0 roMoMopdhu3M KPHBH3HEL R 0TOXECTBIISACT-
ci ¢ HeKOTOphiM 3neMeHTOM H3 End o (M) ® 5 Q3 N2 Ecnu Hanenuts End, (M) cBsisHOCTEIO V, onpene- :
neHHOM B a) , To Hoka3arth, yTo 2 R =0.

§ 3. PE3OJILBEHTHI

Coxpanawtca co2nauierun uz npedvldyuie2o napazpagoa.

1. Hpopomxkerue MopdHH3MOB KOMIUIEKCOB
HHemmMma 1. Paccmotpum duazpammy A-modyneii u 20MoMoOpPuUIMos:
M’ %M 2> M”

.f’l /fl /
N'—BT’ N .B_> N”,
8 Koropoii foa'=fo f' aoa'=0, Kerf= Imﬁ uf k"oa+fo kuedemodynb M’
npoexkrueen. Cywecreyer A-eomomopgﬁusm k': M'>N', 0is koropoeo f' =ko o' +8' o k.
HeficTBuTENBHO, HOMOXHM £=f' — ko a; uMmeeM:
B°g=ﬁ°f'—‘ﬁokoa'=foa'—-B°koct'=k”oct°(!'=0.

Jro Biever 3a coboit, yto Im(g) CKer (g) =Im(B'). Tak kak M’ IPOEKTHBEH, TO CYLIECT-
ByeT, clenoBartensHo, A-romomopdusm k' : M' >N’ | gns koroporo ' o k' = g, o1kyna cne
HYeT yTBepXIeHHE JIEMMBI.

JTemma 2. Fcau 8 kommyTaTusHoil ouazpamme A-mooyaeil U 20MOMOPPUIMO8

M, a’ M 3 M"
oo
’ ﬂl B ”
N —» N — N
! ! ! .
8bnoAHAITCA coOOTHOWeRUs o oo =0, KerB=1Imp u ecau modyas M' npoexrusen, ro cy-
wecreyer A-2omomopgpusmu’ . M'+N', das xoropozo f'o u' =uoca’.
Hocrtatouso nonoxurb k =u", k=—u, f=0, f'=0u u' =k’ Brnemme 1.
Jlemma 1 bis. Paccmorpum auaepammy A-Mo0yaell u eomomopgﬁusmoe

MI—»M—»M”

SN

N’ e N - N”,
@ koropoii fda'=Bof' Kera=Ima',Bef =0wu f'=koa'+8'ck’ u 20e modya
N" unsexrueen. Cywecreyer A-zomomopgusm k": M">N", oaa xoropeao f.=k"o a+
+fB0k. :

B)leﬁcramenwo, nonoxkumM g =f — fo k, umeem:

goa =foa' —fokoa'=fof —Bokoa =fop ok'=0.
Jro BrneyeT 3a coboit, yro Kerg O Ima’ =Kera. Tak kak N” UHBEKTHBEH, TO CYILIECTBYET,
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cnenoparenbho (c. 19, 3ameuanne) , A-romomopduam k” : M”->N", s xoroporog =k"o a,
OTKyAa C/IeAYeT YTBE PAICHHE IEMMbI.
"Nemma 2 bis. Ecau 8 kommyTaTueroii ouazpamme A-mooyaeii u 20MOMOpPHuUIMO8

M £ M 2 M"

u'l ul

N B N e N
8bINOMAHANTCR COOTHOUIEHUSA Kera =Ima',Bo ' =0uecau .Modyﬂb N" unszexrtusen, 10 Y-
wecreyer A-20MoMOpPu3m. u": M">N", o.u K0Topo2o u"o o= Bou

Hocrtarouno nonoxurs u’' =k', u= -k, f=0, f'=0 u k" =u" B nemme 1 bis.

NMpegnoxeunue 1. IIyers (P,dp) u (E,dg) — d8a komnaexca A-modyaeli ur — ye-
10€ yucno.

a) ITyerv (u;: Py >E;) <, — cemeiicreo  2omomopuzmos, das koropuix dg o u; =
= u,_l o dpnpui<r. Hpednoaoaxwu yr0 M0Oyab P; npoexrusen npui >r uuro H; (E) =0
npu i 2 r. Toz0a cemelicTa0 20MoMOPPHuU3IMO8 U; NPOOOANAETCA OO0 MOpPHUIMA KOMNIEK-
coeuz PeE; 08(1 rakux npooonxenwz 20MOTONHbL,

6) Ichn (u P'> E ), <r — CEMEUCTB0 20MOMOpPEPUIMO8, 017 KOTOPbIX ulo dp =

=dg o u'~! npui <r. IIpednoaoxum, uto Modyas E' unsexrusen npui >r uuroH’ f(P)=0
npu { > r. Toz0a cemeiicteo 2omoMopduzmos u’ npodoaxaercs 00 MOpPUIMA KoMnaeK-
cos u3z P e E; 08a raxux npodoaxenus 20mMoTOnHbl.

Hoxaxem a). CywecTBoBaHue npouomkel-mn U [uiA cemeiictBa (1;); <, CHEAYyeT Hemen-
JIeHHO K3 flemmsl 2 Mo uHAYKLHH. Ilycth U’ — ppyroe npopomkenue. Honoxumf =v’ —v u
nocrpoum no n romomopdusm k,: P, = E,,,, nna xoroporo f, =dg © k,+k,_, o dp.
Tpu { <r Bo3sMeM k; = 0. [lyctb n 2> r, 1 npeononoxum, 4ro 0ToGpakeHust k; MOCTPOEHbI
npu i <n, PaccMoTpuMm mHarpammy:

En+2 ka En+l —,[:> En .

IpepnonoxeHus sieMMbl 1 B HEl YIOBIETBOPAIOTCA; CIENOBATENIbHO, CYILECTBYeT A-romo-
MOpdu3M k4 q: Ppey = Epin, D011 XOTOPOFO frp4q = dE © Kpey + &y, © dp, OTKyDa HIOTyuaEM
YTBepXXOCHHE a) .

IlokasarenscTBo 6) MPOU3BOMMATCH AHATIOTHYHO NMOCpPEACTBOM jleMM 1 bis 1 2 bis.

2. Pe30/1bBEHTHI

B nocnemyiouiemM Mbl Bcerga OTOXIECTBASEM MOMYJb C KOMIUIEKCOM, 1A KOTOPOro OH
CIYXUT KOMIIOHEHTOH CTeNeHH HyJib, a BCE [PYTHe KOMIIOHEHThI KOTOPOTO DaBHbI HYJIIO.

Onpenenenne 1. Ilycrs M — A-mopyns. Jlegoii pezoaveentoit nyiss M HaspIBaeTcs
napa (P, p), rae P — xommiexc, HyleBoi clipasa, # p: P =M — romonorusm. Ilpaeoii pezons-
eentoil s M HassiBaercs mapa (e; E), rme E — xomnnexc, HyneBoii ciesa, u e: M > E —
TOMOJIOTU3M.

Iiunoi peszonsBenrst (P, p) (COOTBeTCTBeHHO (e, E)) Ha3biBaetca [JMHA KOMILIexca P
(coorsercreenno E). Ecnu (P, p) u (P', p") (coorBercreenno (e, E) u (e’, E")) — mse ne-
Bble (COOTBeTcTBeHHO npaBbie) Pe30sILBEHTh [IA M, TO MOopbHIM KOMIUIEKCOB f:P->P,
mwist kotoporo p' o f =p (coorBercTRenHo g: E > E’, ms xoToporo g o e = e'), HasbiBaeT-
cst MOpPHU3MOM pPe30JIbBEHT.

NMpennoxeune 2. Ilyers P~ xomnaexc, nyaesoii cnpaga, u p: P>M — mopgusm.
Aaa 1020 yro6y napa (P, p) Gvria aeasoil pe3oabeentoii 0ns M, Heobx0OUMO u O0CTATOYHO,
YTO 6Bl NOCAE00BATEABHOCTD

dp dp Po
.>P,—P,_1>...2P— Py— M-0 (1)
6blaa TOuHOIL

IleiicTBUTenBHO, BBICKA3bIBaHUE, yTo p: P > M — romosnorusm, osuauaer, yro H; (P) =0
1ipu i >0 1 uTO po MHAYIHMPYET n3oMopdu3sm monyns Coker (dp: Py > Po) Ha M.
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ToyHo Tak xe:

MMpennoxenue 2bis. IIycrs E — komnaexc, uynesoit cnesa, e: M > E — mopdusm.
Lns 1020 yro6er napa (e, E) 6viia npasoii pezossveerroii 0na M, Heobxo0umo u oocraroy-
HO, 4TOGBL NOC1E008ATEN6HOCTY

€y dg dg
0-M->E°— E!>.. . >E"— E"1 & | (1bis)

6bLaa TOYROU.

3noynorpe6ass A3BIKOM, YaCTO TFOBOPAT, YTO NOCNeHOBaTefbHOCTh (1) (cOOTBeTCTBEH-
Ho (1bis)) mpencraBnser coGoii JeBYl0 (COOTBETCTBEHHO NPaBylo) pe3osibBEHTY mia M.

Onpeneneunne 2. IIpoexrugnoii (COOTBETCTBEHHO C80600HOU, Na0CKOIl) pe3ons-
aenToll A-Monyns M HasbiBaeTcs Takas neBas pe3onsBedTa (P, p) nns M, uro xommiexc P
NPOEK THBHBIH (COOTBETCTBEHHO CBOGOMHBIN, iTockuit) (c. 31). HusexTusHOl pe3oav8entoil
1A M HaspiBaeTcs Takas Npasas pe3onsBeHTa (e, E) misa M, uto xommekc E HHbeK THBHBIA.

I puwme po 1. [Ipegnonoxum, uto A — KONBLO IIaBHBIX MOeanoB; myctb M — A-mo-
oynb M (X;); = 1 — HEKOoTOpoe nopoxaaiowee ceMeiicto mia M. OGosHaunum uepes Ly cBo-
GomHbIH MOYITb A(I), uepe3 (€;); e 1 — €r0 KaAHOHWYECKHI Gasuc u ompenenum p: Lo > M,
nosnoxus p(e;) = x;. FomoMopdusm p clopbexTuBeH U ero AApo L, ABASETCA CBOGOIHBIM
A-momynem cormacHo VII, §3, cor, 2 au th. 1 (AnreGpa, VII, c. 43, reopema 1), crnenosa-
TENBbHO, TOYHAs MOC/ENOBATENBHOCTD

0L, > Ly 5M~0

npencraBaser coGoil cBoGommyio pesonbBenty wis M pyuubr 1. Ecmu 1 koueuno, 10 Lo n L,
MMEIOT KOHEYHBIH THII.

2. Tlpennonoxxum, 410 KONbHO A KOMMYTaTHBHO; NycTb E — A-MOmysb M 4 — HEKOTOPHIit
sHpomopduam E. O6o3naumm uepes E, A [X]-momyns, kotopsiii monyyaercs, ecnu E Hape-
JMTb COOTBETCTBYIOIIEH CTPYKTYpO#H M0 NpaBHRy

@, x)»p@W) ma pEA[X] u x€E.
Cornacuo 111, p. 106, nMeeT MeCTO TOYHASA NOCTIEOBATENILHOCTD!
v
0> A[X] s E>A[X] 84 ESE, -0,

rmeo(@Pex) =px u Yy(pex) =Xpex—pou(x) pnap € A[X] ux € E. Ira Toynas mo-

ClIeIOBATENIBHOCTD NpefcTaBiaseT co6Goi pezonsBenty mmuHel 1 misa mopyns E,, xoTtopas

cBofonHa (COOTBETCTBEHHO NPOEKTHBHA, COOTBETCTBEHHO KOHEYHOIo THMNA l)), ec E —

CBOGOMHBIH A-MOMY/b (COOTBETCTBEHHO HPOEKTUBHBIA, COOTBETCTBEMHO KOHEYHOIO THNA).
3.Ecnu A — KOJIbUO ITIABHBIX MIIEA/IOB, TO TOYHASA MOCIIENOBATENIBHOCTh

0>-A->K—-K/A>0

Npencrasaser co60il HHbEKTHBHYIO PE30/IbBEHTY JUTHHbE 1 gns A-mopynsa A, (c. 21 npumep 1)
Mpenn oXeHHE 3. Myero f:M' >M — eomomopgiu:m A-Mody/zeu p P ->M
Mopgusm 6 M' Kyaesozo cnpasa npoexTusnoz20 Komnaexca P’ u p:P->M — nesan pezoas-
genta 0aa M. Cywecreyer U NpUTOM eOUHCTBEHRbIlE C TOUHOCTBIO 00 20MOTONUYU, MOPPHUIM

xomnaexcos f : P' > P, 0na KOTOpO20 P © f=fo op'.

PaccMoTpuM Komivlekc P, ompemensiemlii cleylommm o6pasom: P, -P,, opH n¥ —
P_, =M, d =dp ,upun #0, ~1, d_ —po,dF =0, ¥ KomIutexc P’ onpenenﬁeMbm
aH&HOl‘H‘IHbIM 06pa30M Mpumensas k KomnnekcaM F uP’ npemioxkenne 1, a), cr =0,

=0npui < —1Kvu_,; =f, IOMyUM yTBepCHHE NPEIITONKEHUA 3.

C nenctBue. Iyers (P,p) u (P, p") — d6e npoexrusnvix pezonvaentst 0aa M. Cy-
wecreyer, U NPUTOM eOUHCTEEHKbII ¢ TOYHOCTBIO 00 20MOTONUU, 20MOTONUIM o2 P' > P, 005
KoTopozopo a=p'.

HeitcTBaTeNBHO, CymecTByeT Mophuam a: P' = P (coorsercteenno f: P - P'), mns koto-
poro po a=p’ (coorBercTBeHHO p' o B=p). Tak Kak p o ao f=p (COOTBETCTBEHHO

1) TOBOPAT, 4YTO JieBad pe30NbBeHTa (P, p) MMeeT KOHeUHbHI THII, €CITH BCe KOMIOHEHTH! KomiUlekca P
ABASIOTCA MOAYJIAMHU KOHeUHOTO Tuna. — [Ipumey. nep.
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p e feoa=p'), 10 MOpdHIM & o f roMOTONEH Ip (coorBercTBeHHO MOpdHUaM § o ¢ roMoTO-
neu lp:).

Npeano KeHue 3bis. Iycreg: N>N' — eomomopg‘)‘u:w A-modyaeii, e’ :N' >E' —
mopgpusm us N' @ Hynesoii cneea unsextugnbii komnaexc E' u e: N—~>E — npasas pe3onsy-
genra ona N, Cywecreyer u npurom eduucreennbzu € TOYHOCTBIO 00 20MOTONUU, MOPPUIM
komnaexcoe g: E >E', 0ns koropozo§oe=e' og.

910 MOKa3BIBACTCA TAK Xe, KAK npeIoxKeHye 3, c nomowsio npeoxkenus 1, 6).

Cnencreue. ITyers (e, E) u (', E') — dse umsextusnvix pe301b8EHTbL OaA M
Cywecrsyer, u nputom eduncreennuu ¢ TOYHOCTbIO 00 20MOTONUU, 20MoTONUIM & E > E’,
04 KoTopo2o o e =e'.

3. KaHoxuueckas cBoGomHas pe3osibBeHTa

s Besikoro A-momynst M oGo3naumm yepes Lo(M) cBoGommsrii A-momyms A M) ¢
6azucom M, (e,,),, e M — €ro xanoumyeckuit 6asuc u Py Lo(M) >M — romomopdusm,
TIPH KOTOPOM

Pylem)=m, meEM.

Tonoxum Zo(M) =Kerpy,, u mycrs iy: Zo(M) >Lo(M) — KaHOHHYeCKOE BIIOXeHHe.
Hmeem TO‘{HYIO TOCIe JOBATEIBHOCTH
O*Zo(M)—"Io(M)-"-’M"O (1

Onpenenum rpagyuposannsii mMogyns L (M), monoxus L,(M) =0 npu n< 0 u, #HAYKUK-
efimo n>0,

LaM)=Lo(Zn1(M)), Z, =Zo(Zn—1(M)). (2)
Onpenemum A-romomopouamer diy: L, (M) >L,_; (M):

dM =0, n<0,

d{w =iy Pz, my 3

a' =iz, a0 ° P2,y n>1.

[lo mocTpoeHuo, MMeeM TOUHYIO TTOCI €I0BATEIBHOCTD
ay! 147
- n(M) ? Ln—l(M)—)---')LO(M) >M -0,

TaK YTO, €CIIH PACIIPOCTPAHHUTL Py B0 MOPGHIMA KOMITIEKCOB
Py (LM),d™)>M,

TO NOJY4HM CBOGOIHYI0 pe30sIbBEHTY 1A M, Ha3bIBae MY 10 KIHOHUYeCKOH c80BOOH O pe30ab-
aenToll mist M.
Mycem f: M >N — romomopdusm A-moayneir. O6o3Hauum Yepe3

Lo(f): LoM)—>L,(N)

eMHCTBEHHBI A-roMomopdu3sm, npu koropom Lo(f) (ep,) =e€r(;) WA Besikoro mE M.
Hmeem:

pn"Lo(f):f"pm- 4)
CnenosarensHo, Lo(f) unmymupyer A-romomopdusm Zo(f): Zo(M) = Zy(N), u umeem:
in°Zo(f)=Lo(f) iy ()

Tonoxaum L,(f) =0 npu n< 0 u onpegenum MHAyKIMe#d no n>0 romMoMophu3MbI
L,(f): L,(M)-L,N)uZ,(f): Z,(M) > Z,(N), nonoxmus:

La(f)=LoZn-1(F)),  Za(F)=Zo(Zn-1())) (6)

Mpeanoxenune 4, L(f): LM) >L(N) — moppusm xomnaexcog A-modyaeii,
08 koTopo20 py o L(f) =feo py.
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Hy>xHo mokasarp mis Beakoro #> 0 popMyny
dy o La(f)=La—1(f)edn'.
NMeeM cHavarma: _
df o Li(f)=in°Pz, vy ° Lo(Zo(f))  (cormacko (3) u (6))

=ige Zo(f)°on(M) (cornacuo (4))
= Lo(f)oiy o Pz,om) (cornacto (5))
= Lo(f) e dM (cornacho (3)).

Korga n> 1, uMeeM nocileqOBaTeNNbHO
dp o Lrt(f)="z,,_2(N) Pz, _1(N) oLo(Zy_1(f)) (cornacuo (3) u (6))
=iz, ) ° Ln-1(F)°Pz, ) (cornacHo (4))
=iz, o)°Zo(Zn-2(f)opPz, )  (cormaco (6))
=LoZn-2(fN°iz,_,m)°Pz,_;m) (cormacho (5))

=Ly_1(f)odM (cormacro (3) u (6)).
OueBnpHO, UMeeM:
L(1m)=1pm)- ™
C ppyroii croponsl, eciti §: N =P — romoMopdu3am A-monyei, To
L(g=f)=L(g)e L(f). ®

ITlelicTBUTENBHO, )14 BCAKOTO M E M uMeeM:

Lo(g °_f)(em)=ego f(m)= Lo(g)(ef(m))= Lo(g)° Lo(f)(em),

cnemoBatenbHo, Lo(g o ) =Lo(8) ° Lo(f); cnemoBarensuo, Zo(g © f) =Zo(8) © Zo(f);
OTClofja MHAYKIHMEHR 10 M ToTyac monydaeM, yto L,(g o f) =L,(g) » L,(f) mna scaxkoro
n= 0, yto ¥ TpeboBaNOCh.

3ameuanue. Ecm f, g €Homy (M, N), 10 paBeHcrBo L(f+g) =L(f) +L¢g)
He uMmeeT Mecra. OpHAaKo 3TH OBa MopdU3IMa '20MOTONHL! COTTIACHO MpemIoXeHu:o 3, c. 55.

Mycts M — npaBhii A-Momynb; 06o3HauMM uepes A° KONBIO, MPOTHBOMONOXHOE A,
yepes M° — A°-mouynn, onpenensemsii A-momynem M, uepé3 L(M°) — ero KaHOHMYECKYIO
cBoGommyio pesonbBenty. A-kommiexc L(M®)°, onpenensempnt A°-wommiekcom L(M°),
oBo3Havaerca 4yepe3 L (M) u Ha3pBaeTcss KaHOHMYeCKOH cBOGOMHOM pe3onbBeHTOH mig M.
UmMeeM, crienoBaTenbHO:

LM®)=LM)°.
4. KaHOHMYeCKasA NHbEKTUBHAA Pe30/IbBEHTA

Hycrs F - A-mMomyns Hom z (A, Q/i); wis Beakoro A-momyna M nonoxam 1° (M) =
= FHomA M F) 4 o6030aunm uepes epy: M > 1% (M) romMoMOpdH3M, KOTOPEIHl 3I1EMEH-
Ty mEM conocrapnser cemeictBo (¢ (M)) ,cHoma (M, F)- ComacHo crlencisuio 2,
c. 22, 1°(M) — uHBneKTHBHBIA A-mOmyns M OTOGpaxkeHue ey HHbeKTHBHO. Homoxum

K°(M)= Cokerey u oGo3naumm uepe3 qp: 1° (M) » K (M) KaHOHHUeCKYI0 MPOEKIHIO.
HmeeM, TAKMM 0GPa30M, TOUHYIO MOCIIEIOBATENIBHOCTD

0->M Mo1oM) L KOM) 0.
OnpenenuM rpagyrposanHbii A-Monyns 1(M), monoxus I"(M) = 0 npu n< 0 4, HHEYKUM-
eiimon>0,

M) =1°(K"~'(M)), K"(M)=K°(K"~1(M)). ©)
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Onpepienim A-romomopdusmst 8 7 ¢ 17(M) > 1"* 1M):

5" =0, n<o,

0 =
SM .—eKo(M)qu’ (10)
57 n>0

M- fk"m) ° k")
Ilo NTOCTPOECHHNI0, HMEEM TOUYHYHO NMOCNeJOBaTEIIBHOCTh

‘M 0 8 (I:A 8 '1:4 n+1t
0->M ——19M) Mo . >I"M) — 1" I M) >.. .,
TAK YTO €CIIH PacNpOCTPaHHUTh €y A0 MOp(PH3Ma KOMIUIEKCOB
em: M~>(IM),8y),
TO MONYYMM MHBEKTHBHYH0 PE30NbBEHTY [UIA M, Ha3hIBAEMYI0 KAHOHUYECKOU UHBEKTUBHOU

pe30oab8enToll mna M.
flyers f: M >N — romomopdusm A-mopyineit. O6o3Hauum yepes I° (f) romomopdusm

u3 1°(M) = FHOmA M, F) 5 10 (N)y = FHomA (N, F) ' yeoroppiit oTOGpaxaer cemeilcTBO
(%p) p € Hom 4 (M, F) Ha CeMeHCTBO (Xy, 1) y& Hom 4 (N, F ) - IMeeM

I°(f)oeM=eNof. (11)
Cnenosarensto, 1° (f) unmyuupyer romomopduam KO (f): K® (M) »K® (N), n umeem:
K®(f) e ay =ay ° KA. (12)

Monoxum I"(f) = 0 npu n< 0 u onpemenuM HHAYKuMERA Mo n>0 roMoMOpGH3MBI
") : I"M) >1"(N) u K" (f): K"(M) K" (N), nonoxus:

"H=1°K""'(f), K"(f)=KK"'(f). (13)

Mpeonnoxenne 5. [(f): IM) »I(N) — mopduzm xomniexcoa A-modyaeii, Ons
Kxoropozo 1(f) °ey = eNof. .

10 mOKa3bIBaeTCA AHATIOTHYHO TIPeATIOKEeHHI0 4.

Hmeem:

I(1y)= lI(M) (14)
d 15 BeAxoro romomopdusma A-monyneit g: NP

I(go f)=1(g) = I(f) (15)

3ameuanue. Ecmu f,g € Hom, (M,N), 1o paBencrBo I(f+g) = I(f) +1(g) me
umeeT Mecta. OmHaKo 3TH Ba MOpQH3Ma rOMOTOIHBI COINacHO mpemioxenuwo 3 bis, c. 56.

Ecniu M — mpaBbiit A-Monyiis, To nonoxum (M) = I1(M°)°; aTy pe3onbBeHTy Ha3bIBalOT
KAHOHHYECKOH UHHEKTHBHOH pe30NILBEHTON M1 M, IpH 3TOM MMeeM

IM°) =1(M)°

5. Pe3onsBenTLI KOHEYHOTO THIA

M3 pByx npensioymmx MyHKTOB C€AYeT, B YacTHOCTH, YTO BCAKHH A-MOIynb obGnagaeT
WHBEKTUBHBIMH PE30NbBEHTAMM, CBOGOOHBIMM  Pe30JIbBEHTaMH (CNEOOBATENBHO, TaKKe
NpPOEKTUBHBIMM HMNH IUTOCKMMH pe30NbBEeHTaMH). B HeKOTOpBIX cilyuasdx MOXHO cOenarh
panbHedIMe YTOYHEHHA.

[Ipenmonoxmm, 40 KOMBLO A HETEPOBO CleBa, H MycTh M — A-MOIyNb KOHEYHOrO THINA.
[Toctpoum mo wunpykuuu nocnepoBarentHocTd (L ,) > 0. (Zn)n> 05 (@n) n> 1, TOe ana
Beakoro n=> 0 L, — cBoGogHeii A-momynb KoHeyHoro Ttuma, Z, — mogmonyns B L, u
dy+1: Lyey 2 L, — romomopousm. IIns storo BeibepeM KOHEYHOe NMOpOXKHAKOILee ceMeicT-
BO (M) je1, ma M, nonoxum Lo = Ae) onpenenum p: Lo > M, nonoxus p(e;) = my,
u nonoxuM Z, = Ker (p). Ecnu qnia n2> 0 mopynu L, u Z,, yxe nocrpoenst, T0 Z,, HMeeT
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KOHEYHBIH THII, TAK KaK COOCPXXMTICHA B Ln; BmﬁepeM KOHeYHOe MOpOXKIalollee CeMeHCcTBO

(%n, 1) 1€ 144y P18 Zp, TONONKHM Ly g = AUn+1) | onpenenum dpyq, 33038 dpey (e7) = X, ;-
unonoxum Z,,, 1= Ker (dp4q) .

Io nocTpoensio, nMeeM TOYHYIO NOCIIEAOBATENHOCTD
ALy 5oL D Moo,
oTKyna:

IIpennoxenue 6. Kozda xoavyo A HéTeposo cnesa, 8CAKUL A-MOOYb KOHEUHO20
Tuna M oGaadaer c80600HOII pe3onveentoli p: L +M, 8 xoropoii L, — mM0dyab KOKeuHo20
TUNA 018 8CAKO020 N.

Bonee o6uio:

Npennoxenne 7. IlIycte C — A-xomnaexc, u nycro uucao a € Z T1aKoso, uro

H,(C) =0npun<a.

a) Cyuwjecreyior ceob00Hbiii A-xomnaexe L, 8 KoTopom L =0npu n< a, U 20MON02U3M
f: L->C.

6) IIpeonosoxum, uro A Héreposo caeea u uro A-modyau H,(C), n€ Z, KoHeynozo
Tuna. Cyujecteyor ceo600Hbl A-xomnaexc L, e xoropom L, =0 npu n< au L, — Awmo-
Oyab KOKeuHo20 TUNa ona 8caxoeon, u comonoeusm f: L ->C.

Myets C' — nogxommiexc B C, B KOTOpOM Cn=C,npun>a Cy=1 (C) C, =0 npu

n<a; Torga Kaommueckoe sioxenne C' B C — romonorusm. 3amenus C Ha C', MOXHO,
C/Ie[IOBATENBHO, NPE[IONAraTh, 4TO C,=0mpun<a. Ymepxcneﬂue cllemyeT TOrja 3 noBTop-
HOTO NPHMEHEHUS CIIeyIoLIed IEMMBI IIA 7 =a,a + 1,
- Jlemma 3. Iyere C — xomnaexc u r €Z. Cywecrsymr xomnaexe C' u 2omonozusm
f:C'»>C,o0na KoTOpbIX fn: Cp>Cp — usomopgusm npu n<r u C, — c80600Huli A-MO-
dyav. Ecau A néreposo u A-modyau H, (C) u C,_; KOHEYHO20 TUNG, TO MOXHO NOTPE6O-
8arb, uT06b1 MOOYAL C; 6blA KOHEUHO20 TUNA.

a) Ilyctb cuavana h: M—>C, — romomopdusm A-momyieir; o6osHaunm uepes d = (d,,)
muddeperuman B C. Hycrs N — nopmonyns B M XC,.. 1 ,06pa3oBaHHbIA IapaMu (m, x) , Bjis
KoTopbIX h(m) =d, ., (x); ompemenum xommiexc (C’',d'), nonoxus C,=C, npu n#r,
r+1,C, =M, Chy =N, dp=d,npun#r,r+1,r +2,d, =d, o h,d,.,(mx) =m gnsn
m,x) ENudyiy(y) = (0,dr42 (»)) naa y € C,,,. PaccMOTpHM Taxoke MOPHHIM KOMTI-
nexcos f: C'=C, gna xotoporo f, = le,mpun#r,r +1,f, =h,frsy(m,x) =x.

6) Kommiexc Ker f HynmeBoit u cremenn #r,r +1 u guddepenunan d ., HHIyUMpyeT
m3omopdusm Ker f, +, Ha Kerf, cnepoBarensto, H(Kerf)=0.

8) Korma xommosmmia M —=>C, ->C,/B, (C) cropbeKTHBHA, Mbl BHOMM TaKxe, YTO
H(Coker f) =0, uf B 3ToM cnyyae — romonorusm (c. 36, cneacrsue 2).

r) Korma A npemmonaraerca nérepoBsiM ¥ A-mopymu H, (C) u C,_, KoHeuHoro THma,
toraa Mogyns C, /B, (C) xoHeyHOro THNa, BBUY TOUHOI NOCHeIoBaTelbHOCTH (c. 31)

0 - H,(C) > C,/B,(C) = Cp_1;
B 3TOM Cllyyae CyHIECTBYWT CBOOONHBIA A-MOIdyilh KOHEYHOro THIA M ¥ romMomopdusm
h: M—C, , 011 KOTOPBIX YCIIOBME K3 B) BBINONHACTCA; B 06LIeM Cllyyae CylIeCTBYIOT cBoGOI-

HbIA MoOAyns M M cioppekTHBHBIA romMomMopdusM h: M - C,. D10 3aBepmiaer HoKa-
3aTEIBCTBO.

6. MEHHMalTBHBIE TPOEKTHBYbIE PE30NBBEHThI

Ilycrs M — A-mMonyins U IIycTh

dp d,
(P) ..>Pp— Py > ..>P,— M->0

— pe3sonbBenta mnsa M. ToBopar, uyro (P) — munumanshas npoexTugHan pe3oabeenTa, eCciu
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ons Bcakoro n= 0 r0MOM0pcbn3M 8,: P, >Im(d,), unpyuupyemsiit d,,, ABNAETCA IPOEK-
TUBHbIM HakpeiTHeM (VIII, § 8, n°5).

Mpennoxenue 8. ITycre M — A-modyas, P u P’ — dse munumansusie npoexTug-
Hble pe3oav8entvr OnaM u f: P > P' _ mopgusm pesosveent. Toz0a f - usomopgusm.
B uacrnocru, ()ee MUHUMAbHbIE NPOEKTUBHbIE PE30bEEHTbI oaa M uaomopgﬁnm

Honoxum P =P, mpnn#+-1n P__'1 M; ONpECTAM 3HATIOTHYHO P H TOJI0XKUM

f.y = 1ym. Nokaxem no MHAYKUMH, HawKHAsA C —1, 4TO f: P,, —>P,, — #3omMopdu3m mis Bes-
KOO n. 3T0 OYEBHOHO WifA-n = —1; mNpemnonoxum, 4ro f, u f, _; — usoMopouamer. U3
KOMMYTAaTHBHOM [Mar pAMMBl
4,
P - Pn—l
lf. lﬁ...
PI _n> Pl—l

crenyer, yto f,, MHIyuMpyeT m3oMopodusM g, u3 Ker d,, ma Ker d,,. Torna us KOMMYTa3-
THBHOH JHar paMMbl

3,
Puy1 22 Ker d,

L.n Lg,

!l —— S Ker d

uus VIII, § 8, n° 5, citenyer, 4r0 [+ - H30MOpPhH3M.

Cnencreue. Iycto M — A-M0dyas, PuP’' — dse npoextusnuie pezonveentol 013 M;
npeonoaoxum, uro P munumaasna. lIycre f: P>P' ug: P' - P — 0sa moppusma pesons-
sent. To20a f unsextusen, g ciopsextugen u P' — npamas cymma nodxomnaexcoe Imf u
Ker g. Kpome 1020, Ker' g umeer nynesyio 2omonozurw.

DefictBuTeNsHO, @ = g o f — aBTOMOpduam P (npemioxernue 8) . Momoxmm f= foa™.
HUmeem:

Imf=Inf u gof=1p;

310 MOKa3bIBaeT, yto P’ =Imf & Kerg. Tak kak MOCIeOBaTeNbHOCTD
g
0—>Kerg-»P' > P->0

TOYHAas M  — roMoNIoru3M, To Kerg nmeer HyneBYI0 roMOJIOTHIO.

Mpenpnoxenune 9./Iycre M — A-m0dyab u (P, p) — npoexrugnas pe3oabeenta oaa M.
Ob6o3nuauum uepez § paduxan woavya A. IIpeonosaowum, uro P, — A-MOOYab KOHEUHO20
TUNa 018 8cAK020 n uau uro © nuavnorenten. Tozda 0aR T020 4TOGH! pezoasvsenta (P, p)
Gbl1a MURUMANLHOIL, HEOOXO00UMO U OocTaTouHo, uTo6bl Komnaexe (Af € ) ®AP umen nyne-
80il dugpdepenyuan, unaie 2080pa, YTOOLI

dp1(Pne)C ¢ P, 0nsscakozo nz 0.

fpemtonoxmm, uro pesosnbeeta (P, p) MuHuMansHas. Cormacho VIII, § 8, n°5, romo-
MopdH3IM

188,: (A/g)es Py~ (AlE )@y Imd,
ABJIACTCA nsoMO})qmaMOM. M3 TOYHO# MOCIIegOBATENBHOCTH

0->Imd,,+1———>P ~2>1Imd, >0
TOrga ciemyer, YTo romomopduam 1@, (A/¢) ®4 Imd,ey ~ (A/ 8 ) 4 P, HyneBo#;
TaK K3K dp+y =ju° 8p+1, TO OTCIOOA BHIBOOUM, UTO 1asp ®dp4y =0 mia Besaxoro n2 0.

OGpatHO, mpenmoNoOXMM, 9TO WA BCAKoro n=> 1 romomopdusm 1,y ®d, Hynesoi,
HHave rosopd, yro Imd, =Kerd, _, copepxurca B ¢ P,_,. Tak Kakjromomopdusmd, _,

clopbexTHBeH, 10 13 VIII, § 8, n°5, cnenmyer, 4to §,,_ | — NPOEKTHBHOE HAKPBITHE IpK 1> 1,
CITe[IOBATENbHO, YTO pe3orbBeHTa (P, p) MUHMMaNbHA.
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Mpenpnoxeuue 10. ITpednoasowxum, 4o A — HETEPOBO Cae8a AOKANbHOE KOALYO,
u nyere M — A-Mo0yab xoHeunoeo tuna. Tozoa M obaadaer MUHUMAALHOU De301b8eHTOU
(P, p) ; 6 neit P,, — c80BOOHbLIi MOOYAL KOHEUHO20 TUNA 04A 8CAKO020 Nn= 0.

JlefiCTBUTENBHO, B ITOCTPOEHHUH, CreMaHHOM B 1.5 (c. 58), Moo, BBuny VIII, § 8, n°S,
B3aTh B Kavectse (Lo, p) NpoexTHBHOe Hakpbride M u B KaueciBe L,,; — NpoexTHBHOe
Hakportie Kerd,,. Torna nonyveHHas pe3oibBeHTa MUHHMAIIbHA.

3ameuanua 1. OCo3HaunM vepe3 Ut MaKCUMANBHBIA HMpaean KONIblLa A M MNOJIOXHM
k=A/w . llycrv P — mMuHuMmanbHasa NIpOeKTHBHaA pe3oNbBeHTa Mg M, M Ionoxwm b,
=dimg (k@45 P,). Torma P, — cBoGomubit A-momynb paura b,. Us CTe[ICTBUSA TPEIYIONKe-
HAA 8 BpITEKAET, YTO WIA BCAKOMH npyron IPOEKTHBHOI pe3osnsBenthl P’ Momyna M Bbmon-
HAITCA COOTHOIUEHNA dimy (k ® P},) > b, ¥ 4TO PaBEHCTBO HMeeT MeCTO, €CIH H TONBKO
€CJIH pe30JIbBEHTa P’ MuHMMATIBHA,

2. Cornacno npemioxeHuo 9, b, ecrtb pasme XHOCTb Hal kK BEKTOPHOro MpPOCTPRHCTBA

H,(k ®5 P), *unaue rosops, npocrpancrea Tor‘s(k, M). 310 Taixe pa3MepHOCTb Hax k
npocrpadcrea Ext } (M, k) (cp. c. 105, npumep 3).*

7. I' papyHpoBaHHbIE Pe30NIbBEHTHI

B 3TOM InyHKTe HpeNONAaraeTca, 4YT0 KOMbLUO A MafleneHo 2padyupoekoii (Ap)nec 7,
mia xotopoit A, =0 npu n< 0. ToBopAT, YTO rpamyMpoBaHHbIE A-momynb M ozparnuuer
cHuzy, ecmu M, =0 mnfA OOCTaToOYHO MANOro M; BCAKHIA FpagydMpORaHHBIA A-MOOYHb KO-
HeYHOTO THIIa OrpaHUUeH CHU3Y.

MpennoxeHnue 11. Ecau M — epayouposannstii A-M0oOyab, o2panudenHblii CHU3Y
(cooreercreenno ecau M — epadyupogannviii A-M0O0Yab KOHEYHO20 TUNd U ecau Koabyo A
HETepo8O cnesa), TO CYUeCT8YeT HeO2PAHUYEHHAR CAe8d TOYHAA NOCAeQ08aTenbHOCTy 2pa-
oyuposarnnelx A-Mo0yaeii

dp d d,
."’Ln"""’Ln_l—’...—’Ll_*Lo —M-0,

6 xotopoi L; — oepanuuennsle cyusy cgoboOrble 2padyuposarisie Mooyau (CoOT8ercTaeH-
HO C80600HbIE 2padyuposarnubie MOOYAU KOHeuHo20 Tuna) u d; — epadyupoeanHvie 20MO-
Mopduamet crenenu 0.

Ecmt N — rpagyvpoBanHbiil A-MOOyMNb, OTPaHUYEHHBIA CHU3Y (COOTBETCTBEHHO KOHEYHO-
FO THIA HAf HETEPOBBIM A), TO CYmIECTBYIOT CBOGOAHBIA rpadypOBaHHLIA A-MOIyNnb, Orpa-
HUueHNbIi CHH3Y (COOTBETCTBEHHOrO KOHEUHOro THma) L ¥ CIopheKTHBHEIA rpalynpoBaHHbIH
romomopdusm L =N (II, p. 167, remarque 3). [IpunAB 3T0 BO BHUMaHHe, NPEANIONIONKAM,
YTO 3a4aHa TOYHaA MOCHeJOBATENIbHOCTh IpaJlyMpOBAaHHBIX A-MOAyNell H TpajyMpOBaHHBIX
roMomopdu3moB creneny 0:

dp dy
L, ——L,_12>...2 Ly —M-=0,

B xotopo#t Ly, i=0, ..., n, — orpaHuueHHsle CHH3y CBOGOIHBIE TPafyHPOBAHHbLIE MOIYIIHM
(cooTBeTCTBEHHO CBOGOIHBIE TpafyHpOBaHHble MORynd KoHeuHoro Tuna). Torma mopmyns
N =Kerd orpanuuen cHu3y (COOTBEYCTBEHHO KOHEUHOTO THIIA); ClIEOBATEIBHO, CYIIECTBYIOT
OTpaHHYEHHBIH CHH3Y CBOGOIHBIA TPaflyHpOBaHHEI (COOTBETCTBEHHO CBOGOHHBIA rpamyu-
POBAHHBIA M KOHeYHOro THma) A-momynmb L,.; W rpagyHpoBaHHBIA roMomopdusMm d,.;:
Ly+1 =L, crenenu 0, gns xoroporo Imd,+; =N; Torma nocneoBaTeILHOCTL

dp+1 dp d
Lysy ——L,—>L,_;=>...2Ly—>M=0

TouHas. Telleph yTBEpKIeHHE CllefyeT U3 Npe/IbIAYILEro HHAYKIMER o M.
8. Crannapruan pe3oibBeHTa

B 3rom myHkTe MBI NpeamonaraemM, uTo Konbuo A mpencraBiser co6oit anrebpy (acco-
UHATHBHYI0 H YHHTapHYy10) Hall HeKOTODPBIM KOMMYTaTUBHBIM Konbiuom k. st n> 0 0603Ha-
WM Yepe3 B, TeHsopHoe npoussenmenue Ham kK (n+ 2)-monyieit, pasHbIX A. OHO paccmar-
puBaerca kak (A, A)-Gumomyns, HaleneHHBIi CTPYKTYpPOH JIeBOro (COOTBETCTBEHHO Mmpa-
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BOT0) A-MOOYJsA, ONyYaeMO# U3 CTPYKTYpbI JIEBOTO (COOTBETCTBEHHO MPaBOro) A-MOAYNs
HepBorod (COOTBETCTBEHHO MOCIEIHEro) MHOMMTEN A 'renaopuoro NPOH3B eICHHA.

Tlpu n> 1 onpememum romoMopdusmsr Gumonyneit dh, (i 0<i<n) u d, u3 B, B
B, no dopMynam:

df,(xo ®...9X,41) X0 ®...8X;X;419...®8X,4y, 0K i< n,

n=Z (-D'd}.
i=0

flcHo, uto

di_jedl=di=odl mpu i<j,
H, ClIefI0OBaTeNbHO,

dpyody= Z  (DYdl_yedh+ Z  (-D)"Wdg_ ed}=0.

0<i<j<n 0<j<i<sn—1

Taxum o6Gpazom, ecniu monoxut B, =0 npu n< 0 u d, =0 npu n<0, T0 nocnenosa-
tensiocts (B, d,) ompenenser xommwriekc (A, A)-Gumomyneit (c. 45), xoropstit Gymer
oBo3Hauathca uepe3 B(A). IIna Bosxoro nesoro A-momyns M oGosHaunm depes B(A, M)
Komnnexc, 0o0pa3oBaHHbIA H3 TEH30pHBIX mNpousBeneHut B, ®4 M u romomopdusmos
d,® 1y, *uHaue roBops, TeH30pHOE MpOM3BENeHHE KOMIUIEKCOB B(A) ®4 My; 3T0 KOMI-
JIeKC JIEBBIX A-MonyJieil.

OnpenenuM A-uHeiiHoe oToGpaeHHe €y, H3 Bo(A, M) = (A®; A) ® M B M no ¢op-
Mmyne €y (@®b ®m) =abm nns a, b € A, mE M. UmeeMm: €y o dy =0, Tak 4TO IpagyHpo-
BaHHBI romoMopdH3M €y : B(A, M) =M, copnafatonmii c. €y B creneHu 0, npeAcTaBnAer
coBo1o MOpdu3M KOMIUIEKCOB A-MOIyIei.

Mpennoxenne 12. Orobpawenue €y: B(A, M) >M seaserca 2omoronus-

MOM Kxomnaexcog k-modyaeii. B wacrnocru, xomnaexc B(A, M) pacwyenasem nad k u
"~ (B(A, M), €y) npedcrasaser coboii neayio pe3onseenry A-mooyas M.
MIpu n 2 0 onpenenum k-nuHeitHoe oroGpaxeHue s,: B, > B, Mo dpopmyne

Sh(Xe®...®xp41)=1l®X3® ... Xy WIA Xo,...,Xn+1 EA.

10 romoMOpH3M NpaBbIX A-MOMyJeH, KOTOPbE YAOBJIETBOPSAET TOXASCTBAM:
diciosy=sp_10di™ mpu n>1, 1<i< n+l,

dis1 08, =1y, npu n=1,
H, CIE[IOB aTeILHO, HMeeM:

dn+1°8; *Sp1°d, =1y, mpu n>1. (16)
Kpowme Toro, imeem:

dyose(Xo®x1)=X0®X; —1®xex; A Xo,%; € A. a7

OGo3naunm uyepes n: A>A® A oroGpaxeHue, onpenensiemoe no gopmyne: n(a) =1eaq,
u uepes N: A—~>B(A) — Mopdmam KOMIUTeKcOB, coBnajaiomuid ¢ 7 B cTenedn 0. Scio,
410 €, o M =15 ; bopmynst (16) n (17) moxa3umasor, yrodos+1od= IB(A) — Neo E,.
Monaraa My =M ® 1y, dy =d® 1y H sy =5 ® 1y, OTCIOIA BBIBOIUM, UTO €p © My =1y
M dyosy+syody=lga,m — My o €y HAHate rosopa (c. 38, ompenmenenne 5), €y
€CTh 'OMOTOMM3M KOMIUIEKCOB K-MOmyneii. leyme YTBePXKIEHHA NpPemIONEeHHA H3 ITOrO
HEMEUTICHHO BBIBOJSATCSA.

Onpepnenenne 3. JleBan pesonbBeHTa (B (A, M), €) ma M HaspIBaeTCs CTAHOAPT-
HOli pe3oabeentoil A-mopyna M.

Ecimn A u M — npoektusibie (COOTBETCTBEHHO CBOGOAHbIE, WIOCKHE) K-MOBYNH, TO
CTaHAapTHas pe3onbeeHTa B(A, M) mpencraBnser coGoit MpoeKTHBHYI0 (COOTBETCTBEHHO
cBOGOAHYI0, IIOCKYI0) pe30JIbBEHTY 1A M.
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9. Pe3onbBeHTHI # rpymns I'poTtenmixa

Ecniu 4 — HekoTOpOe MHOXECTBO KJIaccOB A-Mopyrneil, To GyHeM-TOBOpDHTH, TO JIE€BaA
pesonbbetta (P, p) orpannyenHas THna ¢, ecu Kommnexc P orpanuyenHsiii tiima € (c. 43).

Teopema 1.IIycre 6o u B — 06a a0OUTUSHBIX U TOUHBIX C1€6a MHOXECTEA KAACCO8
A-m00yneil, dan xoropelx BoC B u ecaxuii A-mModyab Tuna ‘€ obnadaer ozpanuuennoii
nesoil  pe3oaveentoii Tuna 6 . Tozda 20momopgusm a: K(6o) >K(6), noayvaemviii
u3 eaowenun 6o 6 €, 6uexrusen; ecau M — A-modyav Tuna 6 u P — ozpanuvennan nesan
pesonveenta das M runa 6o, 10 o ' ([M]g) =xgg (P) (c. 44, npumep 6).

JTemma 6. ycry f: M'>M — 20Momopgusm A-modyaeii Tuna € u p: P>M —
O2PAaHUYeHHAR nesan pe3onbaeHra 04 M rtuna €. Cyuecrgyior 02panuyenHas nesas pe- -
30aveenra p': P’ >M' runa G, u mopgusm xomnaexcos u: P' >P, daa xoropozo
pou=fop. :

PaccyxaeM MHOYKLIMeH MO IIMHe N pe30nbBeHTH P, NpuueM yTBepkAcHHE TPUBHAIBHO,
xorza nocnemuas < 0. PaccMotpum orobpaxetme g: M’ X P, M, npu kotopom

g, y)=f(x)—po(¥) ma xEM', yEP,,

u ero agpo K; A-momyns K umeer Tun €, tak xak g ciopsextusHo # M’ X Py u M — mo-
nynu tuna%. Mycrs h: Py —K — clopbeKTHBHbIH roMoMopdH3M, Inie Py — HexoTOpbIii Mo-
myns mana B,; obo3HauwuMm wepe3 po: Po>M' (cooTBerctBenHo ug: Py = Py) xommo-
aunuio romomopduama i u npoeximn K —M (coorsercreenno K—+Py); romomopdmam
Do CIOPBEKTHBEH, H HMeeT MeCTO KOMMYTATHBHAA AMarpaMma

’ "OI
PO PO

pal ll’o

M’ - M.
JoCTaTouHO TeNeph NPUMEHHTh HHAYKTHBHOE MPETIONOXeHHE K FOMOMOPGH3MY
Kerpg = Kerp,,

MOIyYaeMOMY K3 U .
JTemma 5, PaccMOTpum KOMMYTATUBHYIO OUASDAMMY

P —» P

p’i tp

0— M LM — M —0,

8 xoropoit (P, p) (cooreercréenHno (P', p')) — neeas pesonveenta 0nx M (coorsercrsen-
HO M') U HUNHAR 20pU3OHTANBLHAR CTPOKA NPedCTABARET COBOI TOYHYIO NOCAE008ATEALHOCTY,
Cywecrayer 2omono2uzm p" : Con(u) -M" .

IleiicTBUTENIBHO, TOYHAA NOCeNOBaTeNbHOCTD (C. 41, mpetoxenue 7)

0- P T Con(u)—= P'(~1)~ 0
AaeT TOMONOTHYECKYI0 TOUHYIO NMoCnegoBaTeIbHOCTD
- H,(P) > H,(Con(u)) > H,_, (P,)_) ce

.. > H, (Con(u)) > Ho (P') = Ho(P) > Ho(Con(u)) - 0.

CornacHo nemme 3, a), c. 41, 8 = —Ho(#). Tak xak Ha(P) =O=H,,§P') npu n> 0 1 Tak
KaK oroGpaxenue Ho(u): Ho(P') > Ho(P) otoxmectBnserca ¢ f: M' =M, To 3axiouaem,
yro H,,(Con (1)) =0 npu n> 0 1 uro momyns Ho(Con (4)) usoMopden M”, oryma cnemyer
YTBe piKIeHHE IEMMBI. ,

-Zloxaxem Tenepb reopemy.

a) Hycrs M — A-monmynp Tuna 8 . [l BcAKo# OrpaHUueHHO# 7eBOii pe3onsBeRTs (P, p)
momyna M mna ‘B, 3nemert Xg, (P) u3 K(%,) sasucur ronvko or M. HeilctButensHo,
nycts (Py, 1) v (P2,P2) — NiBe pe30nBBEHTHI 3TOTO THIA. PACCMOTPHM Pe30IIbBEHTY

(P, XP;; py XP:)
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A-momyns M XM u romomopdusm A: x> (x, x) 13 M B M X M. CornacHo nemme 4, cyuecr-
BYIOT OrpaHuueHHas pesomssenta (Q, ¢) mia M tna %, M KOMMYTaTHBHAas IMarpamma

Q—'-'-»P,xPz

q‘ ‘p. x py

A
M— M xM:
M3 Hee IONy4YaeM KOMMYTATHBHY 0 IMarpaMmy

uopr.
Q —/= P,

I

M —M, i=12.

CornacHo nemme 5, Con(u o pr;) HMeeT HyNeBYI0 FOMONOTHIO, CTIEAOBATENbHO, U © Py —
TOMOJIOTH3M H X Q) = Xg, (P1) (c.44, npenyioxcerine 10) ; U3 3TOTO CIIEAYET, 4TO X, P)=
= X g, (P2}, 470 H yTBEpXIaNOCh.

6) Jnsa scakoro A-momyns M tuna % mycrs ¢ (M) € K(%,) oGo3nauaer obluee 3Haue-
HHE MIEMEHTOB X g (P) M1 BCex OTpaHMUEHHBIX JIEBBIX PE3OIbBEHT P mopyna M tuna €.
MoxaxeM, uto pyukmas ¢: 6 +K( €o) adduruana. Iycrs, cnenosarennHo,

0-M 5M-M">0

— TOYHAs NOCNENOBAaTeNbHOCTh A-Momyneil Tuna € . CornacHo neMme 4, CyIIECTBYET KOMMY-
TATUBHAaA AMArpamMma :

PP P
3 ‘p
maqal»M-»hv—+m
B kotopoii (P, p) u (P’, p’) — orpanuuenHsle NeBsie pesonsBeHrsl THIA B, . Torna nmeem:
eM)=x g, (P), ¢M)=x, (P)
H, COTJIacHO leMMe 5,
e (M")=X g, (Con (@) =X g, (B) —X ¢, P) =0 M) —p M),

yto U TpeboBaNOCH MOKA3aTH.

B) Ilycrs temeps B: K(8B) = K(6o) — romoMopdusm, npid KOTOpOM, B IpeLIeCTBYI0-
wmx oGosunavenmsax, f([Mlg) =X, (P). Tak kak p — romonorusm, o X (P) = [M]g, cne-
mosarensHo, @ o B([M]g) =a(x,, (P) =xu,(P) = [Mly vae =1k - Ecnu M tana
B0, To (M,1y) — pesonmsBerTa Momyna M, cnepmosatensho, ¢ (M) = [M] g, H
Boa= lK(s’o)’ YTO 3aBepLIACT OOKAa3aTeNsCTBO TEOPEMBI.

Msl IpUMEHHM 3TY TEOpEMY K MOLYNAM “KOHEUHOH TMpPOEKTHBHOH pa3MepHOCTH” B § 8
(c.144).

Ynpamxuenus

1. Mlycts @, b — OBa TAKUX 37IEMeHTa U3 A, YTO JIeBhIR aHHYJIATOP 371eMeHTa @ (COOTBETCTBEHHO b) pamed

uaeany Ab (coorBeTcTBeHHO Aa) . [Toka3ats, 4TO NOCIEROBATENBHOCTD
6a 6 b 6 a 5 .3 6(1
A A Ag— Ag— Lo Ag— Ag AJAa -0,

B KOTOpO# 8, (COOTBeTCTBeHHO 6p) 0603HaYaeT YMHOXeHHe CIlpaBa Ha @ (COOTBeTCTBEHHO Ha b), onpene-
nger cpobonHy0 pe3onsBeHTy A-Moayns A/Aa. Mokasars, uro 312 KOHCTPYKHUMs NPUMeHHMA B Clielylo-
UMX ABYX Clydasix:

«) Tycts A, — xonbuo; Bo3sMeM A= A, (¢) (c.32),a=Db=e.

g) Mycrs G — KoHeuHas UMKIIMYeCKas rpynna, o — nopoxpawoumil rpymnsl G, K — KOMMYTaTuBHOE
Konbo. Boaemem ‘A = k(G), a=1-e5 b= Z eg

A=ae
2. Tpennonoxum, 4ro Komeuo A kommyrarugno. lycts B — HexoTopas A-anre6pa; mistn > 0 oGo3Ha-

Yum qepea#" (B) TeH3opHoOe Mpou3BeleHHe Hap A (n + 1) Monysneit, pasHbix B. ITonoxum AN (B)= 0 npu
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n < 0 nst(B)= : 4™ (B) . Onpenennm rpamypoBaHHblA A-sHIOMOphUIM d BepXHeil cTeneHn +1 Ha #(B),
TIOJIOXKHB

n+1

dbge...eby= Z (-1'b,e...eb_jelgebje...eb, ms b,,...,b,<B.

i=0

a) Noxasars, yto d o d = 0, Tak uto (V£ (B), d) ~ kommnekc A-monynelt. Eciiu M — HeKOTOpBLH A-Mo-
Rynb, To 0603HaunUM yepe3w#(B, M) Kommnekc, B Kotopom £ (B, M)= £ (B)ea M, a guddepeninan
ecThd ® 1.

6) Npenmonoxum, ¥To anreGpa B mpencrannser cobolt cTpozo naocxuii A-momyns (¢ 26, ympakue-
uue 9). Iokasats, 4T0 Kommiekc o#(B, M) olipenensieT npaByio pe3onbBeHTY. A-Moayns M. (IHocraTouso
IPOBepPMTh, YTO KOMIUIEKC B © A./&(B, M) omnpepensteT pe3onnBenTy AN B 4 M; noctpouth A-nuHeRHbIK
FOMOTONH3M MeX Yy 3THMH ABYMS KOMIUIEKCAMHU.) )

3. Nycts B — xombuo, @ — ABYCTOpPOHHWR umean B B, b —~ nesuiit upean B B, conepxamuit . O603na-
uuM Yepe3 A xonbuo B/4, yepes p: B~ A — romomopdu3M nepexona K GaKTOPKOJIbLY H Yepes B’ — ume-
anp(h) C A.

a) PaccMOTpuM NOCNENOBATENILHOCTE KAHOHHYECKHX BIIOXEHHHR

L= abh > a” o an-lb—v a"_l»,,_—» [ s [‘—-»B
nOKa3aTb, UTO NOCIeAOBATENIBHOCTD, l1IOJIy4YaeMasd TEH30PHBIM YMHOXeHHEM Ha B/a :
= "B/ a™lba% a1 s s afar > Blab > A,

onpefieNsieT NeBYIO pe3obBeHTY A-Mopyns A/B'.

6) IlpennonoxuM, Yto WOeansl 4 u b mpencraBnsoT co6oit ceobodusie nesrle B-monynu. Tlokasars,
YTO NpelbIAYILAA Pe30TIbBEHTa ABNAETCA CBOGONHOR pe30bBeHTOH A-Monynsa A/ b’.

B) Nycts G — rpyana, kK — KOMMYTaTHBHOE KONbIIO, A =K — rpynnosas anre6pa rpyunst G Hapg &,

: A >k — romoMopdusM k-anre6p, IpH KOTOPOM e (eg) =1 s Besikoro g € G. HapenuM X cTpyKTypoii
(nesoro) A-Monyns, o¥pefenseMoi romomopcpmmom e. llyers (€)1 — HeKOTOpOe NIOpOXAAOLIEE Ce-

MeiicTBo rpynnel G, F — cso6opHas rpynmna, nocrpoendas ua I, B = kF) nF -G - romomophusm,
npu KoTopoM # () =g, wia (€ I, p: B> A — romoMopousm k-anre6p, nonydyaemslit u3 . [loxasats, uto
upeansl @ = Ker (p) # b= Ker (¢ © p) 8BAAOTCA CBOGOAUBIMY NeBbIMHU B-MoaynaMu; NOMyYuTH OTCIONA
CBOGOIIHYIO Pe30IBBEHTY K (G -Monyis k.

(Cornacuol, p. 147, exercice 20, rpynna Ker # o6napaet HekoTopbiM 6a3ucHbIM ceMeACTBOM (o) o1}
N0Ka3aTh, YTO 3JIEMEHThI (e, — 1) pns « € J (coorBeTcTBeHHO (¢, - 1) Mns € I) o6pasyior 6asuc ne-
BOro B-Moayns @ (COOTBeTCTBeHHO 0))

r) B oGosHavyeHnsx u3 B) nonoxum R = Ker (7); nycrs ¢: R >R/ (R, R) — oTroGpaxeHne nepexona k
¢daxToprpynne. HagemuM k-monyns k 7 R/ (R, R) ctpykTypo#t A-Moftyns, Ans Koropoi

exnepN=10p(frf')

npn mo6sIX 7 € R, f € F. [loka3ark, 4TO CyLIecTBYeT TOYHAS MOCNEAOBATeNBHOCTE A-MOIY el
0-kez R/(R,R)> A~ A~k 0,

4. IlpeBNONOXHUM, YTO KONBUO A KOMMYTaTHBHO.

Nycrs G — rpynna, K — cumnnnumaneias cxeMa (c. 51, ynpaxHenue 19). Jelicrsuem epynnvi G na K
HasblBaeTcss roMomopdusM G B rpymny GMeKTHBHBIX CHMIUTHUMATBLHEIX OTOOpaXKeHHI CHMINTMUUAIBHON
cxemsl K B ce6s. . ]

a) JeiicrsHe rpynusl G Ha K onpenenser peiicteue Ha A-monyne S (K, A) (c. §2, ynpaxHeHue 19);
nokasaTh, YTo 370 Helicreue npespauiaet S (K, A) B komnexc A(G)-Monynen.

6) Ilpennonoxum, yto rpynna G ueicTBYeT c80000HO Ha MHOXECTBE, HA KOTOPOM OlipefieieHa CHMILITH-
unansHas cxema K. [loka3sare, uro A -moaynu Sy (K, A) cBoGoaHsl. ©)

B) Ipennonoxum, uto cuMmIuuuansHas cxema K xonuuecxaa. llokasarts, uto A -komineke S (K, A)

onpefieNisieT JieBYI0 Pe30NIbBEHTY IUIR A, HalleJIeHHOTO CTPYKTYpo# A(6) -MOZyJIft, IPH KOTOPOH ega = a
mns mobrix § € G, e € A.

r) Oycts 1 G| — cumnnmunansHas cxema (G, 5 ), roe & — MHOXeCTBO BCeX KOHeYWHBIX NORAMHOXeCTB
B G. Tpynna G peiicrByer Ha cumnnuuuanbHolt cxeme | G | nocpencTBOM NMeBHIX CABHTOB; IOKa3aTh, YTO
A ©. xommieke S (] G |, A) npencraBnsier cobolt cBoOGOIHYIO pe30NIEBEHTY A 6) -MoRyns A.

n) I]ym B{A (G), A) -- CTaHOApTHas pe30JIbBEHTa A(G) -Moayns A; quis Beskoro n = 0 A((,;) -MO-

nym; B,, (A , A) otoxpecTBnseTca ¢ (A (G))@("“). INoka3zark, 4yTo A-nMHeitHBIE ToMOMOpPdU3IM U:
S(1Gl,A) »B (A @ , A), onpeaenseMbill 0 popMyne
U@,....8n) =8, ©8;'8,®... 885 18, mA gy,...,En€EG,

IipeficTaBiseT cofoir-uzomophusm A © -KOMIINIeKCOB.

5. H. Bypbaku
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5.2) Oycte 0 =K =P —>M =0, 0 > K’ >P' ~M —0 — nBe TOUHBIX HOCHENOBATEIBHOCTH A-MOmynel,
B KoTophiX P u P! npoextusHbl. [Toka3aTs, 4To ¢ylecTByeT KOMMYTaTHBHASA AHaTpaMMa

0+~ K®P —~-P@PY —M — 0
ook

0=~POK —~POP —M —0,

B KOTOpOH TOPH3OHTanbHbie CTPOKH TOUHBIE, 8 U Hv - uzomopouamer (cp. II, p. 183, exercice 4).
6) Ilycts n - uenoc uvcno > 0, (P, p) u (P' p') — nBe NeBBIX pe3oiLBeHTH! A-Monyas M, B KoTo-
pm P; = P, =0unupuj > nu A-monymu P; u P npoeKTHBHLI ip 0 <{ <n - 1. floka3are, uTo A-MoOy/H

120 ®2uePys) 1 ; 0 (P3j e Pyjy1) mzomopchueL
j

B) B npeanonoxenusax nyHkTa 6) NoxasarTh, YTo CYLIECTBYT [Ba HPOEKTHBHLIX Komilekca R, R' ¢
HylleBoi ToMoioTHeit. B KoTopeix Ry = R} = 0 npui ¢ [0, n}, u usomopdusm pe3onbsent u: PeR—P' eR’.

q6. Nycte M - neswiit A-monyns. IIpedcrasnenuem daunby n Win n-npedcragaeruem Moy s M Ha3sl-
BACTCH TOYHAA 1TOC/ICAOBATEIBHOCTE

Ly=L,_y=...=L =L ~M~0,

B KoTopolt L; — cBoGonueift sesbit A-monynb (0 <7 < n). 1o npencraBiieHUe Ha3bIBaeTCH KOKEUHBIM,
ecnu Bee L; - cBoGonMbie MooyIi KOHEYHOTO THIA.

Ecniu M — neBelit A-Mogyfib KOHEUHOro Tuma, To Yeped A (M) o6o3HauuM BepXHIOK rpaHb (KOHEUHYIO
WIH PaBHYIO +o0) pelibIX ducen n > 0, ans KoTopbix M o6nanaer KoHeuHbIM n-nipencTaBiedneM. Ecnv M xe
HMCET KOHCUHOPO THNA, TO nojioxkuM A (M) = —1.

a) Ilyctre 0 > P—-+N-—-M -0 - TouHas mnocienoBaTelbHOCTh JjeBbIX A-mofy/e#. Torma A(N) =
> inf (A (P),A(M)).

dn
6) Ilycrs Ly~ L,y =. .. > L, =M —0 - KoHe4Hoe n-nipefcraBienne anf M; ecnu A (M) > n, 1o nio-
Ka3sars, uro Ker (dy) — Moaynb KOHeUHOTO TUna (UCHOJB30BaTh ynpakHeHye 5, 6)).
B) Moka3ark, YTO B NPe/ITOIOKEHUAX MYHKTa 4) UMEET MeCTO COOTHOLIEHME !

XM)yzinf A (N),A (P) +1).

(Ecim n < inf (A (N), A(P) + 1), To noka3aTh HHAYKLHeH no n, 410 A (M) > n, paccyxaf Kak B a) ¥ ¥c-
Honb3ys 6) .)
r) loka3are, Y10 B IPCANOJIOXKEHUAX MyHKTa 8) ¥MeeT MCCTO COOTHOILIeHHe

AP =infAN),A M) -1,

(ToT e MeTof, YTO B ¢).) BbIBeCTH 0OTCIONE, YTO €C/IH A (N) =+, 7oA (M) =2 (P) + 1.
1) BbisecTu uz a)yB) ur),uroeciu N=M e P, 1o

A (N) =inf (A (M), A (P)).

B uacTHOCTH. a1 Toro urobsl Mody/b N OMyCKanl KOHCYHOE TpelicTaBiicHUC, HCOOXOMUMO U OCTATOUHO,
4yro6b! 3THM CcBOCTBOM obnagany M u P.

¢) Mycrs N, N, - nBa nogmonyna A-mopyna M. Hpennonoxum, uto N; u N, nonyckaot koneusoe
npenctapneHue. Jna Toro uro6sr Moayne N, + N, Jonyckan KoHeuHoe NMpefdCTaBlieHHe, HEQOXOOUMO W
nocrarouno, 4To6sl Moayaes N; N N, uMesl KOHeUHBL THI.

7. a) B o6o3HaueHHAX U3 ynpaKHeHUA 6 NoKa3aTh, YTO eClIM M - HpoeKTHBHBIA MOAY b, TO

AM)=—-1 umu A (M) =+eo.

Ecnu A - HETCpPOBO cileBa KONBIO, TO MiIA BCAKoro A-monyna M mu6o A {M) = -1, mu6o A (M) = +eo.

6) Eciu @ - neBbId wacan Konbua A, He MMEKOWMA KOHEUYHOTO THna, To Ag/d —~ MOHOTeHHbI A-Mo-
AyNb, Me OONYCKAIUH KOHEMHOTo NpeaCcTaBlicCHUA, WHaue Toopsd, A (A /a) = 0 (cp. c. 15, npemnoxe-
Hue 6) .

B) JlaTh npuMep MOMOrEeHHOTO JIEBOTO MAcala @ B HEKOTOpPOM Kolbue A, mnatKoroporo mMonmynb
Ag/@ (06mamaloliuil KoHeUYHBIM INpe[ACTABIEHHEM) WMeeT CONMPSDKCHHBIA, KOTOPLIA He ABAAETCA IIPaBLIM
A-MoQly1eM KOHEUYHOT'O THIa.

r) Hycts K ~ none, [ - BeKTopHOoe RpOCTpAUCTBO K(N). (e,) — KaHoHuueckuit 6a3vc E, T ~ ensop
Had anre6pa npoctpaHctsa E, 6a3uc Koropoit o6pa3oBaH BCeMU KOHEUHLIMHU NPOU3BEACHAAMU e e, ey
& > 0; ije N nns Besakoro j) . Ui 3a0ausoro uesoro n nycts b — apycToponuuit unean B T, nopoxmeH-
HBIA IPOM3BENCHUAMU €, €y, €,€,, . . . , epep_y ¥ epskep LA BCAKOTO kK > |; nycTh A — haKTOPKO/BLO
T/b, ¥ w1 BcAKoOro LeJOr0 M MYcTh @y, — KaHoHWYeCKu# o6pas e,, B A. Tlokasats, uto eciu M = Ag/Aa,,
10 A (M) = n (3aMeTHTh. UT0 1A m <n — | fieBbI} aHAYATOD @,y PaBEX Ay +1, ¥ HCIOITL30BATE YIIPAKHE-
Hue 6,6)).

8. Nycrs C — koMMmyTaruBHoe Kofbmo, E, F —~ psa C-mopyna. Hokasate. uro A(E®cF) >
=inf A (E).A(F)).

9. lycts p: A =B — romomopdusm kosen, M — A-monysib.

a) Fomu B - mnrockuft npaseit A-monyns # ecnu M o6nagaer KOHe‘{HbIM n-nupencraBiieHWeM, TO B-mo-
ayne B ® A M ob6nafaeT KOHeYHBIM N-HPeNCTaBNAEHHEM.
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6) Ecnu B — cTporo mnockuit Mpaselit A-monyns (C. 26, ynpaxHeHne 9) u ecnn B-monyns B epg M
ob6napaeT KoOHeYHLIM M-TPelICTABIEHHEM, TO M OGNagaeT KOHEUHLIM M-NpefcTaBlieHHeM (MCNONB30OBATH
ynpaxHeHHe 6, 6) u ynpaxHeHue 12, c. 26).

10. IMMycts E — A-Monyne. E Ha3sbiBaeTcst nce8OOK0O2EPEHTHBIM, €CTTH BCAKHI MOOMOMY b KOHEUHOTo
THM2 B E KOHEUHO MpencTasuM; BCAKHA MOAMOAYNb NCeBIOKOrepeHTHONO MOMYNSA NMCEeBOOKOTEpPeHTEeH.
Monynb E Ha3blBaeTCA KO2ePEHTHbIM, €CNH OH MCeBIOKOTePEeHTEH H MMec1 KOHEUHBIN THM (CledoBaTeNh-
HO, KOHEYHO NpeCTaBHM) .

a) Mycrs 0 - E' > E = E” = 0 — TouHasd nocnenoBaTenbHOCTh A-Monyneit. [Tokasats, 4To ecnu Mo -
nynb E ncenmokorepenTed (COOTBETCTBEHHO KorepeHTeH) u E’ KOHEYHOro Tuna, To Mopynb E” mcenpoko-
FepeHTeH (COOTBETCTBEHHO KorepeHTeH). IMokasarh, uro ecnu E' . E” mceBmokorepeHTHB! (COOTBETCT-
BEHHO KOFepeHTHBI), TO TeM Xe CBOACTBOM obnapaer E. Iokasars, uro ecnu E u E” korepeHTHsI, To Tem
Xe cBolicteoM o6nagaetr E’ (ucmons3opaTs npeanoxetue 6, c. 15).

6) Ilycts E — korepeHTHBIH A-Mofyns, E' — MNceBHOKOTepeHTHBIH (COOTBETCTBEHHO KOrepeHTHBIH)
A-monysnb. ITokasats, yTo gns seskoro roMmomopdusma u: E—~E’' mMonynu Im () u Ker (1) KorepeHTHSI,
a Coker (u) nceBmoKoOrepeHTeH (COOTBETCTBEHHO KOTepeHTeH) (HCNONL30BATH a)).

B) IToka3saTs, uTo BcfAKasA MpsAMast CyMMa (COOTBETCTBEHHO BCAKAA KOHeUHAs MpAMas CyMMa) MCeBo-
KOTepeHTHBIX (COOTBETCTBEHHO KOFEPeHTHBIX) Monyne#t npencrarnseT cobolt nceBqoKorepeHTHbIN (COOT-
BETCTBEHHO KOTEPEHTHBIN) MOMYIb.

r) Ecnu E — ncesmokorepeHTHuIN Monynb ¥ ecnid M, N — korepeHTHble mooMonynu B E, ro moxasars,
yro moaynu M + N u M N N korepeHTHBI (KCIIONB3OBATHL 2) U B)) .

n) TNpennonoxuM, 4T0 KoONbLo A KOMMyTaTuBHO. ITokasars, 4To ecnin E — KorepeHTHBIA A-Moaynb u
F — xorepeHTHbINl (COOTBETCTBEHHO NCeBAOKOFepeHTHbIN) A-mMonynb, To Homyp (E, F) - xorepeHTHbIi
(COOTBETCTBEHHO NICeBIOKOrepeHTHbIN) A-mMopynb. (CBecTH K cnyuaw, korna F xorepeHTeH, paccMoTpeTh
KOHeuHoe npejactapnende ans E u ucnons3osarts 6).)

q 11.a) Mycrp A ~ xonbio. INoka3ate, YTO cnenyoilike CBORCTBA YKBUBAJEHTHDI:

a) A-Monmynb Ag KorepenTteH (ynpaxHenue 10).

8) Beskult KOHEUHO NMPelcTaBUMBIN A-MOJY/Ib KOFePEHTEH.

v) Iins BCAKOrO KOHEYHO NPENCTABUMOTO MPaBoro A-Momynd M compskeHublit A-Monynb M* umeer
KOHEYHBINR THIL.

8) Inst BcAKOro MHOXecTBa I npasmiit A-Mofynb A,I, nIocKHA.

¢) Bcakoe npousBefeHne NNOCKHX NPaBbIX A-MoyNell ABNACTCA IOCKHM.

(Uto6bl mOKa3aTh, YTO U3 «) cnedyeT ), HCMOAB30BaTh ynpaxHeHue 10, 6) . UTo6bl yBUOETH. YTO U3 §)
cnefyeT <), HCLIONBb30BAaTh TeopeMy 1, c. 18; uTo6bI MOKa3aTh, UTO U3 ) CHELYET € ), HCMOJB30BaTh YIIPAX-
HeHue 18, c. 27).

Konbeuo, ynosnerBopsioilice 3THM CBOWCTBAM, Ha3bIBAETCH KOZEPEHTHOIM CAe8a (UMK IIPOCTO KO2ePeHT-
HbIM) , ¥ aHANTOTHYHBIM 06pa3oM oNpellenAeTCs MOHATHE KONbUA, KO2EPEHTHO20 Cnpaed.

6) MMoxasartk, 4To HETepoBO (cNeBa) KOMBLO KorepeHTHo. JaTh MpMMep apTHHOBA CMPaBa KoNbUA, He
Apnsolerocss korepeHTHsIM (cp. VIII, § 1, exercice 4; Anre6pa, VIIL, c. 144, ynpaxkueHue 4).

B) Ioxa3ars, uTo a6comMOTHO MIOCKOe KoMmbLo (c. 26, ynpaxHeHue 16) KorepeHTHO.

r) IToka3sars, 4To ecnu A — KOrepeHTHOe Konbuo ¥ M ~ A-Monmyne, To A(M) = —1 unu A (M) =0 unu
A(M) = +e (ympaxHeHue 6). B yacTHOCTH, BCAKMH KOHEUHO NPeNCTaBUMBIA A-MoLynb obnanaeT pesonb-
BEHTOM U3 cBOGOIHLIX MOynel KOHeYHOT O THIIA.

n) Tycts (Ay, 9go) — HHOYKTHBHAS CHCTeMa KoJjiel, ¢ HANPaBNeHHBIM MHOXECTBOM HHIEKCOB, U
nycTe A = 1_1_T A, TlpenmonoxuM, uTo ans o < g KONbIO Ag ABNAETCA IUIOCKHM MPaBbIM A,-MOLyNieM.

oxa3aTb, 4TO eCnu Konblia A KOTepeHTHBI, TO TAKOBO Xe M KoJiblio A. (3aMeTurs, 'ITo A — LINOCKu# Mpa-
BbIft A,-MOLYJIb 711 BCAKOIO & U YTO /il BCAKOrO JIEBOTO HeaNia KOHEUHOro THN2 ¢ C A CYILECTBYIOT Ta-
KHe HHIEKC o U HIIeast @, B Ay, YF0 4 usoMopdeH A ®Aq Ho)

e) BoiBeCTH H3 1), UTO BCAKOE KOO MHOTOWIEHOB (OT MPOU3BONBHOTO KOHEUHOTO UMK GECKOHEUHO-
r0 MHOXeCTBA NEPEMEHHLIX) Hal HETEPOBBIM -KOMMYTATHBHBLIM KONBLOM KOTepeHTHO. BbiecTu orciona,
4T0 PAKTOPKONBUO KOTEPEHTHOIO KOJIbila He 0653aTeNLHO KOrepeHTHO.

X) JIna Toro 4To6bl KONbuUO A GbINO KOTepPEHTHO CNieBa, HeoBXOMMMO M 1OCTATOYHO, YTOGHI JIeBhIit aH-
HYNATOP BCAKOTO 2JI¢MeHTa U3 A ObIll KOHeYHOro THIA u YTOOLI mepeceyeHUe [BYX NEBLIX UIeaNI0B KOHeY-
HOTO THMA KMENT0 KOHEUHBIHA THI (HCIIONb30BaTh YNpaXHeHue 6, ¢) ).

12. Mycts ¢ — GeckoHeunoe KapouHanbHoe uncno. ITpelnonoXuM, YTo BCAKHUA NeBBIR Hiean Konbla A
ofnanaeT MHOXECTBOM NOPOXKARIOLIMX MolHocTH < €. [Tokasarh, 4To BCAKMH A-MONYyNb, OPOXKAEHHDIH
MHOXXeCTBOM 3/IEMEHTOB MOWHOCTH <¢, o6napmaeT neBo#t pe3onbBeHTON U3 cBoGomHBIX A-Mony el panra
< € (cp. VILI, § 1, exercice 13).

13. Mlyetsb M — A-mMonyne. MuHuMaabHoil uHBeKTUGHOI pe30ab8enToll 1nA M HasbIBaeTCH TaKast MHBEK-
THBHas pesonbeenTa (e, 1) Momyns M, uto 1" ccTh nHbexTHBHAR ofomouxa ana Z' (1) npu BCAKom 7 = 0.

a) Beaxuit A-Monynb obnanaeT MUHMMAaNbHBIMM UHBEKTUBHBIMU Pe30NbBEHTAMH; [IBE TAKHE Pe30iib-
BEHTHI H30MOPQHBI.

6) Ilycrs I, I’ — mBe MHBeKTUBHBIE Pe30IbBEHTHI A M, mpuuem I MumuManbia; nycts f: 11 u g:
I' > 1 - nBa Mopdu3sMa pesonbBeHT. Torna f HHBEKTHBEH, g CIOPBeKTHBEH U I’ ecTh mpAMas cyMMa mod-
Kommiexcos Im (f) (u3omopdHoro 1) u Ker (g) (uMeroiero Hynesyio FoMoorHio) .

14. MpennonoxuM, YTo A — HETEPOGO A0KAABHOE KONBLO; 0603HAYMM UYepe3 M ero MaKCHMAaTLHBIR
uiean. Ilycrs L — xoMmnekc A-Mopnyne#t KoHeUHoro Tuma, HyneBo#t B cTeneHsax < 0, M — A-Momynb Ko-
HeyHoro Tuna u q: L > M — mopdusm. CoenaeM crnenyioiye MPemmoNiokKeHUS

5!
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(i) Tomomopduam 1 eq: (A/M) €4 L, = (A/W) ®5 M uHBEKTUBEH.

(1) d; (L) cmL;_;npui > 1 uorobpaxeHue dy: Ly/ML; ~ML;_;/Mm*>L;_| uHBeKTHBHO.

Ilycts. (P, p) — NpoeKTUBHas pe3oibBeHTa Monynsa M, u: L — P — Mopdusm, ans koroporo po u =q.
Jloka3aTh, YTO ¥4 UHbEeKTUBeH U YTo ¥ (L) — npamMoit MHoXHTenb B P, paccMaTpuBaeMoOM Kak rpanyMpoBaH-
HBIR A-MOLY /> (CBECTH K CIIyHalo, KOF/Ia pe30NbBeHTa P MUHHMalbHa, H ucnolib3opats VIIL, § 8, n°3,cor.3).

4 15. llycth A — HETePOBO NIOKABHOE KONBIO, W — ero MakCHManbHLIH Hpecan, kK = A/m. [lycrs P —
MHHUMaJTbHasi IPOeKTUBHAA pe3onibBeHTa A-monyns k; mng n > 0 o6o3HayumM uYepe3 by paHr csoGomHoro
A-monyns Pp,.

a) IMokaaats, 4T0 by = 1 M uT0o b, =dimg(M/M*) — MUHHMATBHOE YUCIIO TOPOXKARIOLMX AyisA W,

6) Ecnu xonsuo A KOMMYyTatupHo, 10 b, > b, (b, — 1)/2 (paccMOTpeTh TOUHYIO IOCHENOBATENb-
HocTb P, ~MP, ~W? -0).

B) [pennonoxum, 4To KoNbUO A apTUHOBO (He 0Gs3aTeNnLHO KOMMYTaTHBHOE). Jloka3aTe HepaBeHCT-
B0 b, » b} /4. (Ilycts My — mopMonynb B P,, 06pa3soBaHHbIf 3IEMeHTAMHU X, /I KOTOphIX d, (x) € w'p,;
1I0Ka3aTh, 4YTO

m'p, c My,
H YTO CyLIeCTBYeT TOYHAR MociefoBaTenbHocTs 0 — My/Mjy —>m’P, /mHlPl —»m"”/
OTCIO/IA, YTO MHOTOUNEH p(t) = ? (dimk(ml/mlﬂ))t’

m"’z —0. BeiBecT

YIOBNETBOpSieT cooTHoUeHuo (b,t? — b, t +
+1) p(t) > 0 npn 0 <t <1. 3aKOHUMTB, pacCMATPUBas OTHENbHO cniyvau b, =1, b, > 2.)
16. a) Ilyct 0 = M' =M - M" — 0 — TouHast nocnedoBaTeNLHOCTL A-monyneit, (P’, p') (coorsercr-

BeHHo (P”, p") - mpoekTuBHas peszonspeHra mns M’ (cooTeetcTBeHHO M”). [lokasars, 4To CYLECTBYIOT
npoeKTHBHas pe3osibeenta (P, p) Anst M u KOMMyTaTHBHAS OQHATPaMMa

00— P -—+P— P —0
S N
0—-M-—-+-M—-+-M—0,
B KOTOpO# TOpHIOHTaNbHEIE CTPOKH TOYKBIE.
6) Ilycte 0 = N’ = N— N” — 0 — BTopas TouHas nocieqoBatebHOCT: A-Monyneit. (Q, ¢) (coormerct-

Beto (Q', ¢'). cooreercreenro (Q”, ¢”) — npoexTuBHas pesonbBeHTa Ina N (coorBercrBemno N’,
n
cooTBeTcTBeHHo N" ), ripHyeM cylLiecTBYeT KOMMYTaTHBHAS UATPAMMA C TOUHBIMU CTPOKAMHM

0—+Q—+-Q— Q" —0
‘q' ‘q ‘q'
00— N—=-N—+=N -0
Tlycts, ¢ Apyro#i CTOpOHEL,
0= M-—-+-M—-+-M —=0
‘u‘ ‘u ‘u'
0—N —N-—=N —0 '
~ KOMMYTATHBHas MarpamMMa TOUHBIX [OCNeMOBATeLHOCTeN, M nycTh 4 * P! = Q' u-d™ P" -+ Q" ~ mop-
$H3MBI KOMIEKCOB, I KOTOpsIX U’ o p’ =q¢' o &' u u” op” =q” o &". lokasars, 4TO CyLIECTBYET
MOp(dH3M KOMIIEKCOB il P— Q, INst KOTOpOro # o p =q o i ¥ AHATpaMMa

00— P —-P—= P —0

R L R L )
0~ Q—-+Q—~Q—0

KOMMYyTATHBHA.
B) Mycrs #,: P! =Q’, &, : P> Q u i”:P" >Q" — Tpu mophH3IMa KOMIIEKCOB, U KOTOPHIX

~y

ulopl=ql°ﬁ’l’ u°p=q°a’l, l‘llop":q"‘,,‘1
1 qHarpamMma (*) KOMMYTATHBHA; OYCTh ' (COOTBETCTBEMHO §”) — rOMOTONHSA, CBA3bIBAIOWAR ' ¢ i,

(cootmetcTreHHO U” ¢ u,").Iloka3aTk, uTO CyLIECTBYET FOMOTOMUS §, CBA3LIBAIOIANA # U il , NIA KOTOPOH
auarpamma

Q—=P-—+P—+P —0
‘s’ ‘x ‘J'
00— Q—+Q—Q"—0
KOMMYTAaTHBHA.

r) ChopMynupoBaTh W [OKa3aTh pe3ynbTaThl, COOTBETCTBYIOWIME 8), 6), B), ANS MHEEKTHBHBIX pe-
30MBBEHT.
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¢ 17. B srom ynpaxueruu, ecnu (K, d’,d") — Guxommiiekc (c. 48, ynpaxueruce 11), yepes Ky . 6yzer
0603HaYaThCsI KOMILIEKC (;l: Kp, n-d"). BeAkuil koMileKe 6yaeT PacCMaTPHBATHCA KK GUKOMILIEKC, Hy-

neBoii B cTeneHH (p, ¢) npu q + 0.

Mycts C — xommiexc A-monyneit. [TIpoex TugHoii pe3oavsentoii mia C Haiemaerca napa (P, p), B ko-
Topoﬁ P — Gukommiekc M p: P—C — Mopdu3M GHKOMIUIEKCOB, NpHYEM Ppq=0mpug < ® u xoMmIEeKC

. (cooTBETCTBEHHO Zp ., B),.(P), Hp, (P)) ompepenser MpoeKTMBHYIO pe3onsBeHTy Wit Cp (co-

OTBeTCTBeHHO Zp(C) Bp(O), Hp(C)) npd BCAKOM p € Z, HIns toro yro6el Gkomimekc (P, p) 6em ﬂpoeK-
THBHOH pe3onbBeHTOd Wi C, NOCTaTOYHO, YTOOB! KOMIMIEKCHI Bp, P =u Hp, (P) onpenensu npu BeA-
KOM p MpOEKTUBHEIE pe3onkBeHTrl U1 By (C) 1 Hy,(O).

a) IMoka3sars, yTo BeAkuit A-kKommuekc C oGagaer NpoeKTMBHOR pe3onbBeHTOH (BBIGPATH U1 BCAKO-
IO p MpOeKTABKbIE Pe30nBBeHTE By . 1t Hp . s Bp(C) u Hp(C); Henone3ya ynpaxxerve 16, a), nocrpo-
UTh NMPOCKTMBHEBIE PEe30JIkBEHTEI Z . s Zp(C) U Pp iyt Cp, a TakXe TOYHBIE [OCNIEA0BATENIBHO CTH

0-Bp.~>Zy .~ Hp.~0, 0—>Z .=>Bp_1,.—0).

6) l'chrL C' — ppyro#t kKoMImeke, (P’ p ) — IPOEKTUBHAA Pe30NEBEHTa JYIA Cu:C~C' - Mopd)usm
KoMIieK coB. [Toka3aTs, 4To cyuecTsyer Mopdhu3m GMkoMILIeKcoB u: PP, ia KOTOpOTO uo p=pe u
(s Beaxoro p € Z pribpars MOpGU3MEL Bp’.(P) - BID,.(P ) u Hp,.(P) - an,-(P ); TOCTpOHTH u
KaK B IpefiliecTBYIOLIeM Ny KKTE, UCIOJIb3Ys ynpaxHeHue 16, 6)) .

B) Nlycthv: C—>C' - Mopd)uaM KOMIUIEKCOB, FOMOTOMHBIR 4, U 1yCTh v: P—P' - MophHIM BrKOMI-
NIEKCOB, I KOTOporo ve p = p'o v. MMoka3ars, 4TO 4 H D TOMOTOMHHI (B CMBICIe ynpaxHenus 11, B),
c. 49; ucmonk3osaTh ynpaxHenue 16,8) ).

r) Mycrs E - nogmHoxecrso B Z, C — A-kommaekc, B koTopom Cp = 0 npH p € E. lokasars, uto
CyllecTBYeT NpoeKTUBHasA pelonbsenTa (P, p) mia C, 8 koTopo Py 4 = 01 pE E.

n) IMpeanonoxum, 4To CyHUIECTBYET TAKOE LeJloe YWH IO 7, YTO BCAKHA A-Moaynb oGIafiaeT npoeKTUs-
HOH pe3onEBeHTOM MMHEI < n. [TokasaTh, 4o BeAKui A-komiuiekc C o6nafaeT NpoeKTUBHOH pe30abBeH-
To#t (P, p), B KOTOpOIt Pp o =0 1ipu ¢ > 1.

e) Mycre C — A-komiuiekc. HHsex Tudnoil pesoavgenroii wia C HaspBaeTca mapa (e, I), B koTopo#
I — Guxommnekc u e: C— I — mMopdmsm GukoMmIeKCoB, NpuYem 79 = 0.npu g < 0 H KOMITIEKC I
(cootBercrBenno ‘ZP (D), 'BP (D, 'HP'(I)) onpepensier unnexTMsHy®o pelonssenty mia CP (co-
otsercmsento Z P(C), BZ (O, HP(O)) upv BeeX p € Z. ChopmynupoBarh U JOKa3aTh aHANIOMH pe3ymh-
TATOB a) — A) WA HHEEKTUBHKIX Pe30J1BBEHT.

18. MpeanonoxuM, YT0 KOJIHIO A KOMMYTAaTHBHo. I'pyouposannoii ouddeperyuandnoii A-ar12e6poii
HasbIBaercA A-anrefpa, rpagynpoBaHHas nmo Tany Z, mis KoTopoit S, = 0 npu n < 0, HafeneHHas aHTH-
mbdepeHpoBammem d CTeneHd -1, YAOBNETBOPAOIMM ycnoBHI d o d = 0. Byoem o6o3uauare no-
npexHeMy uepe3 S Komiuiekc A-Moayneit (S,d).

a) [lycte C — Kommiexc A-monyneii, HyneBo#t B cTemeHsax < 0. [Tokasars, uto Ha S = T (C) (coor-
seTcrBeHHO § = 8 (C), cootBeTcrBeHHO S = A(C)) cylllecrsyeT CTpyKTypa rpanyHpoBauHoil middepeH-
‘UHanBHON A-anreGphl, 1A KOTOpOH KaHOHUYeCkoe BiioXeHHe C B S ABAAeTCA MOPOU3MOM KOMIUIEK COB .

6) MMoka3aTh, 4T0 yMHOXeHWe B S WHAYLUMpyeT CTPYKTYpy IpafyMpoBaHHOA A-anre6phl Ha H(S).

B) Mycte S, T — pBe rpagynpoBaHHbIX MMbdepeHIMaNBHEIX A-anre6psl. [lonoxumMm D(s ot) =ds et +
+ (-DPs o dt gnas e Sp, t € T. Iloka3are, yro D onpepenser cTpykTypy rpagynpoBaHHoil mid depeH-
uMansHo# A-anreGpbl HA KOCOM TeH30PHOM [IpOU3IBENCHHH S gOA T (I, p. 49).

19. Ipe MIONONU M, YTO KONHIO A KOMMYTATHBHO.

a) Ilycrp (S, dg) — rpapyupoBanHas maddepeHunanbias A-anrebpa (ynpaxuenue 18), M — A-Momyns,
u: M—Z,(S) - ATomomopdusm. Iloxa3arts, uro Ha S& @ o T (M) cyulecrByeT TaKas cTpyKrypa I'pafyHpo-
BaHHOR M depeHitnanbHoit A-anreGprl, ure d(s ¢ 1) =dgse | mwia s€S ud(lem)=u(m)el
mAmeEM.

6) Mycte B — A-anre6pa. Iloka3aTe, 4TO CYILIECTBYIOT IpafyupoBaHas muddepeHuMansias A-anre6-
pa.S 1 romomMopdu3am A-anrebp p: S, — B Takue, yto (S, p) npencrasnsger coboii cBoGOAHYIO pe30NEBEH-
Ty A-Mopynda B. (IToCTpouTh MHAYKUMel MO 7 ¢ MOMOUIEK 2) IpagyMpoBaHHYIo MM depeHUIRANBHYIO a%l-
re6py S(n), coGomHyio B Kaxpok creneny, g KoTopo#t Hy (S(n)) = 0npu 0 <i <nu Hy(S(n)) = B.)

B) Ecm anre6pa B xoMmyTaTMBHa, MoKa3aTs, YTO MOXHO Halttu xocoxommyrarueuyio (1II, p. 53)
A-anrebpy S, ymosneTBopAIOUIYIO Y CTOBMAM NMyHKTa 6) . Ecin, kpoMe Toro, A HETepoBo M B ecTs dakrop-

KOJIHIO KOJBUZ A N0 HeKOTOpPOMYy WOealy, TO MOXHO BbIGpath S Takum oOpasom, uto S, = A u
S, — A-MOAyNb KOHEUHOro THIIA JUIA BCAKOIO N,

4 20. MMpeamosnoxuM, YTO KOJKIO A NpencTaBnsfier coGoii anre6py Hajl HeKOTOPBIM KOMMYTATHBHBIM
xonsom k. Ilycte n: & — A — romoMopdH3M, ipp KOTOpoM n(A) = Alp must A € k&, u nycTh ; — ero
xosipo. Ecin @ — sanement n3 A, ro Gynmem oGo3HauaTh wepe3 @ ero oGpas B A. Tonoxum N, (A)=
=Ae, KO"@,‘A apu n >0, Ny(A)=0 npu n <0 u

N(A)= @ N,(A).

nel
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a) MToka3aTs, 4TO CYHIECTBYeT IpaAyHpoBaHHbt cremeHu -1 (A, A)-suooMopdmsm d Gumopnynsa
N(A), npu koTopoM n—1

d@ed,e...e3,9b)=aa,87q,8...0ap0b+ 2 (-1)ae... e84 0...0a0b+

i=1

+(-)'aed, e...0d,_1%pub s a,4,.....ap. bEA.

6) Tloka3sath, yto do d = 0, Tak yTo N(A) - wommiekc (A, A)-Gumoaynefi. Eciu M — neBbit A-Mo-
nynb, To 0Go3HamM yepes N(A, M) A-xomrutexc N(A) 8y M.

B) [Iycts B (A, M) — crannapTHas pe3onkBeHTa misa M (c. 62), p: B(A, M) — N(A, M) - A-roMmomop-
$u3M, onpepensgeMsiit o dopMmyne: p(a, ® ... ©a,e M) =a, 83, ® ...©a, M VI Gy, ...,ayE A,

m € M. IToka3ars, 9To p — TOMOTONM3M A-KOMIUIEKCOB (I10CTPOHTE N0 HHILY KUHH 0To6paxeHue, 0GpaTHoe
€ TOYHOCTBIO IO FTOMOTOMNHNH) .

*21. Ilycts k — woMMyTaTMBHOEe KONBUO, g — k-anrebpa Jlu, U — ee oGepremaromasn anrebpa (cm.
LIE, I, § 2; I'pynnesi u anreGpet JIu, 1, c. 20) . [peanonoxmM, uto § - cBoGOQHLIE K-MOLYTIb.

a) MMoxa3zare, YTo 1d BCAKOIO n > 0 cyliecTsyeT MHbeKTHB HBI U-roMoMopgH3M

g U &kAn(“ )-*Ue("ﬂ)‘
np¥ KOTOpoM

Jpue @, AL Ax,) = oéei(o)u ® Xg(1)® - - - ®Xg(n)

ms uel, x,,.... xn€ g§.
TeM caMsIM onpefienieH rpagyupoBauHbil U-romomopduam crenern 0 j: Ue, A(g ) —~B(U, k), rme

B (U, k) — craHnapTHas pesonsBeHTa nesoro U-momyns k (crpykrypa U-Monynsi Ha k nonydyeHa c no-
MOIKIO ecTeCTBEHHOTo roMomopdusma U - k). Ilokasars, yto U e, A( g) OTOXOeCTNAETCA NMOCPEnCT-

BOM / ¢ nogxommiekcoM B B (U, k), npavem midpdeperunan Ha U o, A( g) 3amaercd no dopmyne:
due, A...Axp)= L DM luxje, A AXIA L AX)H
1<i€n
+ z (—l)1+iue([xi.x,-]Ax,/\.../\J’c',-/\.../\fj/\.../\x,,)
1<i<j<n
ms uel, x,....,xp€ ¢
(roe 3uak " Han Oyxsolt o603HayaeT, YTo oHa AoikHa GbITe onyiueHa) . O6o3HaWM Yepes V(g ) TaKkuM

06pa3zoM onpenenenHbiit U-koMmnexc.
6) Mokasatb, yro V(g ) onpepenser cBobomuyio pesonseedry U-mopyns k. (llycts (U,,)n>0 -

ecrectBelHas ¢mnbrpauns 8a U, F, V(g) - Ig-nomaom'nb B V(g ), NOpoXOEHHLIA SNEMEHTaMK Up ® Xg
s Up € Up, Xg€ Aq( 8), p+gq <r. Tlokasars, 410 F, V( g ) — noakommiexcs V( g ) 1 YTo KoMIUIeKC

r>®oF,V( 8 )/Fr_1V(g)usomopden kommexcy S(g ) ® A( g ), onpenenehHomy Ha c. 160.

§ 4. Ilpon3BenenMe KpyyeHUs

B napazpaghax 4 — 8 uepez k 0003nauaeTCA KOMMYTATUBHOE KOABYO U Yepe3 A — YHUTap-
Han accoyuarusnas k-anzebpa. Poav xoavya k ecnomozaTenvran; Mui Umeem 6 audy 21ae-
HbIM 06pa3zoMm credyioujue TPU YACTHLIX CAYHan :

a) paccmaTpusaem nPOU3BOABHOE KOAbYO A, noaazaem k = Z u nadensiem A ecrecT8enHOil
CTpYKTYpOil Z-anzebpol;

6) paccmatpusaem npouseonvHoe koasyo A u Gepem 8 Kavecrge k yentp A;

B) paccmarpuedem KOMMYTATUBHOe KOAbYo A u nonazaem k = A.

1. Tensopuoe npoH3BeIeHHE ABYX KOMMIEKCOB

Mycrs (C, d) xommiexc npaBbix A-momyieit u (C', d') — xommiexc jeBbIx A-Momyei.
Hapenum k-momyns C ®, C' rpayupoBKOil, V11 KOTOPOit

(CerC') = I C,e,C

ptq=n
1 0603HauwM Yepe3 D opHO3MAUHO OMNpeeIeHHBIH K-MuHeHbI IHnoMOpdu3M cTenern (—1)
rpajynpoBasHoro Mogyns C®, C', mpi koTopom

D(xex')=dxex'+(-1)’xed'x’, x€C, y€C, pqEL ¢))
HUmeem Do D =0, rak xak, B 0Go3Hauermax u3 (1),
D¥*(xex')y=ddxex' +(-1)P"ldxed'x' +(-1)Pdx ed'x' +xed'd'x =0.

L
q’
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: Kommtexc k-Monyseit (C®, C', D) HasbBaeTCA Ten30pHBIM NPOU3EEOEHUEM KOMIUIEK COB
(C,d)u (C',d').

3ameuanusn. 1.Korna C' ceomrcsik Co =M, 10 (C®4 C') =C, 8, M u D=dely;
Hanpumep, C ®, A ecrectBeHHbIM 06paszom oroxzectensierca ¢ C. Touo rak *e, korma C
ceomurcsik Co =P, 10 (C®, C') =P®, C;, u D=1p®d.

2. s Besxoro uenoro r umeeMm (C o, C')r) =C(r) e, C', Ho (Ce, C)(r) u
C®, C'(r) umeior, Boobiue roBops, pasHsle mudbepeHIHATIDI.

Mycrs p, ¢ — mBa uensx wena, x € Z,(C), x' € Z4(C'); Torma anement x © x' u3
Coop C"I I PHHAIIEKUT Zp+q(C®A C') commacHo (1); kpome TOTO, ecliu y € Cps1s
y' €Chyy»T0

@+dyye@ +d'y)=xex' +D(yex +(-1)°(x +dy)ey');
nepexoff K ¢(aKIopmodynaM, HONyYaeM K-lupeliHoe OTOOp@weHue, Ha3bIBaEMOE KAHO-
HUYecKuM:

7, o (C.C'): Hy(C)8, H(C')~>H, g (Ce, C');
ecrm Monyns H(C) ©, H(C') HapmeneH rpaaynpoBKO#, Ipu KOTOPOH
(H(O)8, H(C)), = X Hp(C)e, He(CH),
p+q=n
T0 7Y, , ONMpEHENAIOT IpaJyHpoBaHHOe k-muHeiHoe oToGpaxeHue crenenu 0
¥(C,C'): H(C)®, H(C')~> H(Ce, C).

[Tpemnoxerme 6 u3 1, p. 59, moxer GbiTh nepedopMynIUpoBaHo CliedyomWUM o6pasom.
lMMpennoxeHue 1. Ecau xomnaexev: Cu C' nynessie cnpasa, ro xomnaexc C @5 C'
HyAe80ll CNpasa u KaHO HUXeCKoe K-1uHeltnoe 0To6paxeHue

70‘0((‘, C’): Ho(C) 85 Ho(C')~> Ho(C®, C')

GuexTUBHO. ' .

Iycrs u: (C,d) > (C,,d;) — mopdusm Komiuiekcus npaBsix A-monyneituu : (C,d) ~>
~+(C1,d1) — MOpM3M KOMIUIEKCOR NeBbIX A-Mopyneit; Tormau ®u': C8, C' > C, @, C; —
MopdHU3M KOMIUIEKCOB K-MOAyneil; nefCTBUTENBHO, OH IpagyupoBaHHbii cremenu 0, u
ecmu vepe3 D n D, o6osHauens! muddepermuanst 8 C€, C' u C, ®, C}, 10 misi p, € Z,
x€C,, x"€Cy nmeer mecro:

@eu')(D(x®x") = u(dx)®u'(x) + (—1Pu(x) e u'(d'x") =

=diu(x)@u'(x") + (-DPux)ediu’(x")=Dy(u(x) eu'(x")).
Kpome Toro, creyomas qarpaMmMa KOMMY TaTHBHA

H(C) ®, HIC) 5% H(C ®, C)
Hw) ® H(u')L lﬂ(u ® u)

H(C)) ®, H(C) =7 H(C, @, Cy).

Mycrs A° — k-anre6pa, npotusononoxHas A, C° (coorserctenno C'°) — xommiexkc C
(cootBerctBenHO C'), paccMaTpuBaeMblil KaK KOMIUIEKC JIEBbIX (COOTBETCTBEHHO IPaBbIX)
A° -monyneit. OGo3HaWM yepes

0(C.C'): €8, C'>C""8,. C°
OIHO3HAYHO OINpeJIelIeHHOe TpafydpOBaHHOe k-lMHeiiHoe oToOpaxkeHue crenenu O, mpu Ko-
Topom [y x € Cp, x'GC‘;, PGqEL

o(C,CY(xex')=(-1)Px" @x.

lMpennoxeune 2. Orobpaxenue o(C,C'): Ce, C'>C"° @, C° npedcrasaser
06010 uzomopgusm xomnaexcos k-modyaeil, 0ns KOTOPO20 O0GPATHBIM UBOMODPUIMOM
eaymur o(C'°.C°).
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Tax kax oto6paxemns o(C,C') u ¢(C'°,C°) obpaTHsl OOHO APYroMy, TO MOCTATOUHO
nokasats, uro o(C,C') — mopdpusm xommiexcoB. O6o3Hauan yepes D° maddepermman B
cr 8,0 Co, i ‘

x€C,=Cp, x'€C=C/

. P.4€Z,

MMEEM:
0(C,C") o D(x ®x')=0(C,C") (dx ®x' +(-1)’x ®d'x") =
= (=1)P* ey’ & gx +(-1)P TP’y @ x =
=(=1)P9d'x" @ x +(~1)P9*9x' @ dx = (—1)P9D°(x' ®x)=D° 0 0(C,C") (x® x");
370 maet, uro o(C,C')o D =D°0 0(C, C'), oTxyna ceyeT HCKOMOE yTBEPUICHHE.
Haomopdusm o(C, C'): Ce, C'~ C'° &0 C° Ha3bIBaeTCA UZOMOPPHUIMOM KOMMYTUPO-
8aHUs VIS TEH30PHOTO NpoH3BeNeHUA KoMiulekcoB C 1 c'.

Ecm u: C>C; u u': C'>Cj, — KaK ¥ Bplllle, IBa MOPGKH3MA KOMIUIEKCOB, TO HMeEM
KOMMYTATUBHYI0 IHaTrpaMMY:

C ®A C’ o(C, C) C;a ®Aoco

u® u'l ‘u' ®u
’ 10 o (o]
Ci®Ci ey 1 ®nCi
BynmeM npemmonarath OO KOHLA 3TOrO TYHKTA, YTO KONBUO A Kommyraruero (oGumit
cryvaii CM. B 1. 9) .
Mycrs C,C',C" — Tpn xoMmiexca A-MOfynelt; KaHOHMYeCKUl roMOMOpPdH3M A-Mofy-
neit (111, p. 64)
R . ~Ey L " ’ ”
g (Cop CHw C">C8, (C'g CH
NpEeNCTaBIsAeT coOOH uzoMopgiusm KoMniekcoa, YTo TOT4acC IPOBEPAETCHA HENOCPENCTBEHHO
U3 OIpe/erieHHI. . )
Bonee o610, MycTh (C('), d (')),-El — ceMeiicTeo KOMNAeKCO08 A-MOMYeii, TAe MHOXECT-
Bo | xoneuno u auneiino ynopaooueno; pns ynpolueHUs o603HaueHMil Mbl OTOXACCTBUM I

r .
cuntepBatoM [1, ] B N. Hagenum A-monyns C= @ C @ rpagyupoOBKOi, IPH KOTOPOH
i=1

Cp= z €My, oC®), e... o),
,

pl+p2+...+pr=n

1 OTpefeNMM IpafdyupOBaHHBIH A-3HIOMOpOH3M cTenelH —1 monyns C, nosoxuB
: Pytetp;
D(x, ®...8x,)= _21(—1) ! I=lx; 8. ..8X;_ 1 ®dix;®Xjy1 ®...8X,,
] =

rae x,E(C("))pi mna i=1,...,r. Torna (C,D) — xomiuieKC A-MOJyJiell, Ha3bIBaEMBIil
TeH30PHbIM npou3eedenuem cemeitctBa (C;, d;). It BcAKOil CTPOro BO3pacTalouiel IMOCHe-
AOBATETLHOCTH 3JIEMEHTOB Fo, . .., 7 M3 [0, r]l, B xoTopoit 7o =0, r k=T, KaHOHnUMecKul
U30MOPEHU3M aCCOYUATUBHOCTU
— T
k@l( A c®y Lo
j=0 i= ’j+1 i=1

NIPeNCTaBnsAeT coGOR U3OMOpEUIM KOMNAEKCOB.
Kax ¥ BHILIE, ONpefeNnAeTCA rPagyn poBaHHbIH romoMopdu3sm creneru 0
7€) © HCP)>H(e CD).
i€l i€l

3aMeuaHua 3. MOXHO Onmpelie/IuTh TEH30PHOE NMPOKU3BEAEHHEe KOHEYHOTO CeMeiiCcTBa
KOMIUIEKCOB, He HalleNAAd MHOXeCTBO MHIEKCOB JMHEHHBIM mopAngkoM (c. 86, ympax-
Hemue 3).
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4. Tlpennonoxamm, uro kaxmbii xommiexc C{ ) Hapenen CTPyKTypo#l I'pagyMpOoBaHHOMN
anre6psl, KOTOPas COBMECTHMA ¢ €0 IpalyH poBKO# U TaKoBa, 4T0 d @ gpnsmorcs anTUOUP-
pepenyuposanuamu (I1iI, p. 117). Hagermm torpma 121 c® CTPYKTYypoii are6psl Koco2o
Ten3zopno2o npoussedenus 3apauubix crpykryp (III, p. 49). Torma D mpencrasnser coGoiwo
anTududiiepenyuposanue, JIeRCTBATENBLHO, HCIIONB3YA aCCONHATHBHOCTD TEH30PHOTO MPOMS3-
BelieHMA, MOXHO npezmonarars, yro I ={1, 2}; nycrs rorma p;, 41,072,492 €Z,%,€ (C(l))pl,
y1 €(CM)g,, %, €(CH),,, y2 €(C),, 5 mMeEM

(D(x12x2)) (71 @ y2) +(-1)P1 *P2(x) 8x,) (D(yy 8 32)) =

=(dx; ®x; +(-1)P1x, ®dx;) (p; ©y2) +

+(-1)P1*Pa(x; @x,) (dyy ® y, +(—1)ry, @dyy) =

= (DP9 @dxy)y; 8x,y; +(-1)P1* P2 Dhxy, @ (drs) py +

+(~1)P1+P3+P; (q, _l)xldyl ®x,p; +(=1)P1+P1* i *Padix y wx,dy,=

=(—1)P2 % [(dx))y, + (-1)Prx,dy,] ®x,9, +

H(-DP Pt Prdax, yy @ ((dx2)y, +(-1)Pix,dyy) =

=(-1)P2%: [d(xyy,) ®x,y; +(-1)P1 T ix p; @d(x23)] =

=(-1)P2 U D(x 1y, @x292) =D((x, © x32) (1 @ 2)).

2. Ten3opHele MPOHIBENEHHS H FOMOTOIHSA

Mpennoxenune 3. MHycrs C,C, — 08a xomnaexca npasvix A-modyaeii, C',Cy - dsa
Komnaexca nesvix A-mooyaei u

u: C>C;, v C->C,, u:C'->C;, v:C->¢C
— MODPUIMbL KOMNAEKCOS.,

a) Ecau u u u' 2omoronnvi cooteercreéenno v u v', 10 d08a mopgusmau su' uvev uz
Ce, C' 6 C, ¢, C; 2amorOnHbL

6) Eciu u u u' — eomoronusmet, 70 u ®u' — 20MoOTONUIM.

B) Ecau xomnaexc C uau C' 2omoronen uyaro, to xomnaexc C 8, C' 2omotonen nyaso.

O6o03Hauaem OmHO# M TOH Xe OyiBoit d mddepenmmanst kommrexcos C, C;, C',Cl u
oyxsoit D — mibdepenmmans: xommwiexcop C8, C' u C; ®, Cj.

Eciu Mopdusm 4 (cOOTBETCTBEHHO 4') TOMOTONEH U (COOTBETCTBEHHO v'), TO CYIIeCT-
BYET IpaydpoBaHHbli roMoMopdusM cremesu 1 s: C—~>C, (coorsercreento s': C' ~CY),
IUISl KOTOPOTO

u—v=ds +sd (coorBercreeHno u' —v' =ds' +s5'd). )
Iycts S: C®, C' = C; 8 C) — oHO3HAauHO ONpeNesieHHbIl [PaAyHpOBaHHbIH rOMOMOP-
du3Mm crenenm 1, mpu xotopoM i x € Cp, y € C"z, P.qEZ,

SEx e y)=s(x)eu'(y) +(-1)Pv(x)es'(y). 3)
Torga B mpeiiecTBY 00X 0GO3HAYCHU AX HMEEM:

(DS + SD) (x ® y) =

=D(sx®u'y) + (=1)’D(ux ®s'y) + S(dx ® y) + (-1)’S(x @dy) =

=dsxou'y+(—1)P"'sx®du'y +(~1)Pdvx ®s'y +ux eds'y +sdxeu'y +

+(-1)?"tudxes'y +(-1)Psxeu'dy +ux es'dy =(ds +sd) (x)e u'y +

+ux® (ds' +s'd) () =(@ux —vx)eu'y+ux o'y —v'y)=uxeu'y —vxov'y
Jto maer,uyro DS+ SD=uou' —vov', oTKysa cnenyer a).

Jloxaxem 6). Ecmu u ¥ u' — rOMOTONM3MBI, TO CyIIECTBY 0T MOpGH3MbI KOMIUIEK COB
a: C, >C u a’; Cy » C', ms xoropsix Mopdu3Mbl uo a,aou, u' oa',a’ ou' romo-
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TonHbl cootBetcTBeHHo 1dc , Idc, Id¢! # 1dc’. Torna Mopdmsm (u @ u') o (« @ a'), koto-
poiil paBeH (uo a) ® (u' o a'), romoromnen, cornacto a), Idc, @ ld¢t, = ld¢, » ¢!, Torma
Kak Mopdusm (& ® a')o (u ® u') romoronen ldc, ¢, orkyna cieffyer 0) . Hakowel, B)
creayer u3 yrBepknenns 6), NmpuMeHeHHOTO K Ciyyaiw, korma kofMmiexc C; wm C ny-
NeBOi.

Cnencrsue l.Mycrs C' — pacujenasemsiii komnaexc aeevix A-modyaeii, 048 KOTO-

po2o modyas H(C') naockuii. s ecaxozo xomnaexca C npageix A-modyaeii Kanonuye-
CcKOe oTOoOpaNeHue

(G, C'): H(C)e, H(C')> H(C®, C)
buexTUBHO.

CornacHo ompenenesno 6, c. 39, cymecrByer romoromusm u': C' - H(C'). CormacHo
npemioxernio 3, 1c ®u’: Co®,C' >Ce, H(C') — romoromusm; Tak Kak

H(lc®u') o y(C, C") = v(C, H(C")) o (1ya(cy ®Hu"))

u Tak kak orobpaxemus H(lc ®u') u H(u') GuMexTMBHBI, TO HOCTaTONHO AOKa3aTh, YTO
orobpaxerne y(C, H(C')) 6uexmBHO, n MbI NpUIUM K cTyyalo, Korma xommiexc C' mioc-

Kuil ¥ C HyneBbM M depeHiMaioM. B 3tom ciryvae xaHOHMYecKHe TOUHBIE HOCIENOBATEIIb-
HOCTH )

M 0-Z(C)>C> B0,

() 0-B(C)> z(C)S H(C)~»0
JalT TOUHbIE ITOCNIEa0OBATENBHOCTH

0— ZC)®,C 2L C®,C 2&LBCO)®,C —0,

0—— B(O) ®,C' L84 Z(C) ®, C' 2L HIO) ®, C'—— 0.

Tak xax d =i o jo s, T0D=d ® lcr=(1®1) o (j®1) o (§ 1), U 3TO MOKA3LI-
BaeT, UTO KAHOHMYeCKHe orobpaxerus Z(C)®,C' = Z(Cea C') u B(C) ®p C' >
- B(C ®, C') GuexTuBHDI, ClIe0BaTENBHO, TAKOBO Xe i oToGpaxenme y(C, C'), monyuae-
MOe MOCPeNICTBOM Iepexona K GaxropMomysiaM.

CnepcrBue 2. Ilycre N — naockuii neewiii A-mo0yav. Has ecaxozo Komnaexca
npaevix A-modyaeil C kanonuieckue 20MoMopgdusmsl

71 (C,N): H,(C) 84 N>H,(C @5, N)
OueKTUBHDL.

Cnenc TBHE 3. Hycrs C' — xomnaexc nesuix A-modyaei, das KoTOPo20 MOOyau
B(C) u H(C ) npoextusnbi. Hna ecaxoeo xomnaexca npagweix A-modyaed C orobpaxce-
nue y(C, C") 6uexrtueno.

HeficrBuTeNnbHO, KOMILIEKC C' pacmennsiem (c, 39, npumep 4) u monmyss H(C') npoex-
THBEH; CIIefOBaTe/IbHO, MOXHO IPUMEHUTD ClencTBue 1,

3amevanuda 1. Hcnonbssys m3omopdu3Mbl KOMMYTHPOBAHHS, MOXHO BLIBECTH H3
cencTBMiA 1, 2 ¥ 3 aHAJNOTHYHblE YTBepXKOEHMN, HoilydaeMple 06MeHOM poselt IBYX apry-
MEHTOB TEH30PHBIX IPOU3BENEHHUIA,

2, Mu1 yBupam ke (c. 84, cneacreue 4), NTO 3aKIIOUEHME ClleACTBHA 1 ocraerca chnpa-
BEIJIMBbIM, ec/i npeanonarats, yto kKommwigkest C' 1 H(C') miockue u C' OTpaHMYeH CIIpaBa,

3. Ten3opuoe Npon3BeacHHe Ha INTOCKHI KOMILIEKC,
OTrpaHMuCHHBINA cripaBa

Jlemma 1.MIycre C — xomnaexc npagvix A-modyaeil u E — xomnaexc aesvix A-mo0y-
aell. Ilpednoaowum, uro H(C) =0 u uro E naockuii u ozpanuuenmsiii cnpasa. Toz20a
H(C LN E) =0,

Ons k € Z nycrs T(®) _ noaxommiexc B C ®, E, mis xoroporo

W= T ¢, o0,k

ptq=n
q<k



§ 4. Npou3ssedenue Kpyyenun 75

Torma T *=1 ¢ T 4 umeem TOUHYIO [IOCIIEAOBATEBHOCTE KOMIUIEKCOB:

o—»T("“)i’:T(")lc ®, Ex(—=k)->0,

rae {x — KaHOHMYECKOE BIIOXKEHHE H Ifie 7 HPOeKTHPYeT YKA3aHHYI0 Bblle MPAMYI0 CYM-
My Ha ee crnaraemoe C,_x ®5 Ex = (C 85 Ei(~k)), CormacHo cne)%cmmo 2 Bblle,
nmeem: H(C ®, Eg(—k)) = 0, cnegoBatensuo, iy — romonoruaM. Ho T = 0 gna goc-
TaTOYHO Majioro Kk, MOCKONbKY KoMIuleKc E orpaHwveH clipaBa; CilefoBaTeNbHO, HHIYKIM-
eit mo k saxmiovaem, yro H(T (¥ )) 0 pna Beaxoro k. HakoHen, kaHoHWYeCKHit MOppH3M
11m T > C e, E, oueBumHo, aBnsercsa u30MoppH3IMOM, cnenOBarenwo, H(C &4, E) =

=0 (c. 34, mpenmnoxenne 1),

Nemma 2, Ecau u: C ->C' — moppusm xomnaexcos npasvix A-modyaeii u E — xomn-
aexc aegbix A-modyaeil, 0 komnaekcol Con(u) ®4 E u Con(u ® 1g) u30Mopg5uu

Ilo ompenevienuio, Con(u) ®, E ects rpamympopammpmi momyms (C' (' 1) C) o A
®a E HafieneHHbi  Iudepemmanom D, npu xotopoM, mna x € Cp, ¥y € C'(-1),= p=
= Cp_ 122 (S Eq, .

D' x) e 2)=(-dy',dx-u(y) ® z+(~1)?(y',x) & dz,

torna xak Con(u ® 1g) ects rpamynpoBanHbii Momyns (C' @4 E) (-1) ® (C e, E),
HanienenHbni AU deperimanoM Dy , npu KoTopom A x € Cp, ' €Cp_y,z EE,

D,(y' ®z, x®2)=
=(—dy'® z—(-1)P"'y' ® dz,dx @ z+(—~1)Px ® dz—u(y') ® z)=
=(-dy' ® z, (dx -—u(y")) ® 2)+(—-1)P(y' ® dz, x ® dz),

OTKY/a CTIefyeT yTBepx/IeHHE.

Npegnoxenne 4, lycrv u: C —~ C' — 20Mon02usM Komnaexcoe npassix A-Mooy-
aei u E — komnaexc nesvix A-modyaeil, naockuii u oepanuxernbiii cnpasa. Tozda

ue lEIC@A E"C,®A E

— 20M0A02U3M KOMNAeKCo8 k-Mo0yaeil,

JeitCTBUTENBHO, COTMAacHO CIIEACTBHI0 Ha ¢, 42 u (cooTBeTcTBeHHO U ® lg) — romono-
rusm, ecm ¥ tombko ecm H(Con (#)) = 0 (coorercrsenso H(Con (¢ @ 1g)) = 0)).

Hyx#oe 3ao1ioueHne 1ojtyyaeM Teneps MOCpedCcTBOM jieMM 1 1 2.

Samevanue. Hcnoms3ys H30OMOpPH3IMBI KOMMYTHPOBAHMA, MOKHO BBIBECTH H3
NpedbIIylIMX YTIBEep)XOCHWH aHAIOTHYHBIE YTBEpXKIEHHA, HOnydYaemble obmeHoM pornei
[BYX apIryMEHTOB TeH30PHBIX NpOM3BeleHHMIt,

4. Onpenenenne H npocTeiiie cCBORCTBA NPOH3BEACHHS! KpyUeHHA

Ina Beaxoro A-momynsa E oGosHauwum uepes pe: L(E) — E ero xanommueckyio cBoGop-
HY10 pe3onbBeHTY (c. 56).

Onpepenenne 1, [lycrs M — npaeeiit A-mopyns ¥ N — neBsiit A-monymns, [Ipousse-
OeHuem kpyienus nius M 1 N HasbiBaeTCs rpagyHpOBaHHbIH K-MOTYIIB

orA (M,N)=H(L(M) ®, L(N)). Q)]
Omnopozubie KomionenTs: i Tor® (M, N) o6oznauaiotcs yepes

o1y (M, N) = Hy (L(M) ®4 L(N)). )
Tax xax xommrexcst L (M) u L (N) HyneBble cripaBa, T0

or2 (M,N)=0 npu n<0. ®)

3ameuanue 1. Hmice (c. 108, npemtoxene 6) ™Mbl PacCMOTPUM CBOHCIBAa KOHeY-
HocTH Monyiein Tor® (M, N). Hanpumep, eci A — HeTepOBO xommyramnnoe KOJIBIO
¥ecmu M ¥ N — A-MOOynH KOHEYHOro Tuma, To Kaxupri A-Momyms Tor%s (M, N) umeer
KOHEUHBIH THII,

Iycts f: M>M' — rOMOMOpqmaM npaBbix A-Mopyneitu g: N—>N' — romoMopdusm ne-
BBIX A-MOMyneit, montoxam Tor” (f, g) = H(L(f) ®a L(q)); 370 roMoMopdham rpanyu-
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PpOBaHHbIX K-MOmyried
or® (f,g): Tor® (M, N)— Tor® (M',N"),
OIHOPOJIHBIE KOMIIOHEHTBI KOTOpOro 0GO3HAualnTICA Yepes
Tot2 (f,g): Torp (M, N) - Tor (M',N').
Cornacho npemioxeHuo 1, ¢. 71, kanoHu4eckuit romoMopdusm
Yo,0: Ho (L(M)) 84 Ho(L(N))~> Ho(L(M) ®5 L(N))

GuexTUBEH; MCHONb3ys H3oMopdusMer M - Ho (L(M)) u N = H, (L(N) ), nonyyaem o1Ci0-
na usoMopdusm .

TM,N: M ®A N*TOI&‘ (M, N), (7)

Ha3bIBAEMDbI KAHOHUYECKUM. _
Mpi Bcerma GyneM OTOXOECTBIIATDH Tory (M, N) ¢ M 84 N NoCpecTBOM 3Toro H3o:
mopdusma, TIpu 3toM Kk-nmuHeiiHoe oToGpakeHue Tord (f, g) oToxnectanserca ¢ f ® g.
3ameuanue 2. Moppusm kommiekcoB py ® pn: L(M) ®4 L(N) > Mo, N
MHAYLIMpYeT Ha roMornoruy crenenu 0 usoMopousm

Yiin: Tord (M,N)>M @, N,

o0paTHbifl K VM, N.
Umeem: L(Iy) = 1My » L(IN) = lpLw) , CrefioBaTenbHO, NMEPEXOAs K TOMOOTHH,
MOJIyYaeM:

A -
Tor® (In, IN) = 1 Ay - (®)

Eciu f' @ M'>M" (cootBerctBenno g': N'>N") — romomoppnsm mpaspix (cOOTBET-

cTBeHHO neBhiX) A-mogyrneit, To L(g'o g) =L(g') o L(g) u L(f'o f) =L(f") o L(f).
CTIEIOBATENBHO,

Tor®(f',f,8 o 8)=Tor* (f',8") > Tor*(f, 8- )
PaccMOTpuM MOpdH3MBI X-KOMIJICKCOB

L(M) ®, N £220 1 (M) ® , L(N) 225 M ®, L(N)

% k-roMoMOpdH3MBI, KOTOpbIE OHM HHIYUHPYIOT B TOMOJIOTHH
H(L(M) ®, N) £ Tors (M, N) 24 H(M ®, L(N) ;

COITIACHO TpeutoKenuio 4,¢. 75,1 ® pPyuPM ® 1 — romonorusmsei. OTcropa:
MpennoxeHnue 5.keomomopgpuzmsl

U (N): TorA(M,N) > H(L(M) ®, N),
¥ (M): Tor®(M,N)~>H(M €, L(N))

6uexTusHbl.

CnencrtBsHue. Ecau modyas M unu Nnaockuil, 1o '1‘orlA M,N) =0npui >0.

[pemnonosam, yto Moaynb N (cooTBeTcTBeHHO M) Wiockuii; Torma py ® 1: L (M) 84 N~
—+M ®, N (coorsercteentio 1 ® py:M ®,4 L (N) M ®, N) — romonoruam (c. 75, npepsio-
xenne 4), cnenosatensuo, monyms H, (L (M) @5 N) (coorsercrBenno H; (M@, L(N))
Hynesoit npui > 0.

3ameuanune 3.Ecmug: N->N' — romoMopdusm nesbix A-Monyreit, TO

(Ipemy ® 8o (lpm) ® PN) =

= (M) ®pn)e (Ineny © L)),
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clleloBarTeNbHO, IMarpaMma

Tor* (M, N) %™+ HILM)®,N)

TorA (1, a)l -lH(l 9
Tor* (M, N) 2% H(L(M) ®, N')
KOMMYTATHBHA.

Touno Tak *e, ecmu f: M—>M' — romomopdusm npaBbix A-MOmyneit, TO HMEEM KOM:-
MYT2THBHYIO TMAr paMMy:

Tor* M, N) 2% g @, L)

Tor* (f, 1)‘ lH(f® n
Tor* M, N) ¥ H(M' ®, L(N)).

Mpennoxenue 6.0robpanenue (f,g) > Tor (f,g):

Hom 4, (M, M") X Hom, (N, N')->Hom 4 (Tor (M, N), TorA(M‘,N"))
k-6ununeiino,

Mycts f € Homy (M, M'),2,,2, €EHom(N,N"), A;, A, € k. Torna moppuambi

M(L()®g1) +Aa(L(f)®g2) u L(F) @ (A18: +A282)
m3 L(M) e, N8 L(M') ®, N’ copnanaior; cornacHo RpeNJIOKEHHI0O 5 M 3aMeyaHHIo 3,
MMeeM, CIIeNOBATENbHO:

Tor® (£, M 21+ X2 £2) =\ TorA (£, 21) + A, Tor (£, £2). (10)

AHaJNIOTHYHble PacCY>KIEHUs UCIIONB3YIOTCA U s 0ToGpaXkeHns fH> Tor? (7. 2.
CnenctrBue. [Iycrs \E k. Ecau 3nement \ aunyaupyer M uau N, 10 on annyaupyer
u Tor® (M, N).
JleficTBUTENIBHO,

MlrorAam,ny = TorA (A - 1y, 1n)} = TorA(Iy, A - In).

Itpennoxenue 7. ycro L u J — dea muoxecraa, (My) ac1 — CeMelicTéo npagbix
A-modyneii, (Ng) pey — cemeiicrao aeabix A-moQyaeil. Fomomopgusm

@ Tor*(M,, Np) = Tor* (@ M,, @ Ny)
ael,pel ael Bel
noayuaembtil U3 KGHOHUYECKUX 20MOMOPPHUIMOE Mg >& M, U Ng = @ Ny, 6uextugen.
TlocTaToyHO HOKA3aTh, YTO WIA BCAKOYO TIpaBOro A-Monynsa M (COOTBETCTBEHHO BCAKOIO
nesoro A-monyna N) xaHOHHUeCKHii TOMOMOpdHIM
® TorA(M,Ng)-> Tor*(M, @ Np)
sE1 pE1I

(cootBerctBeHHO © Tor® (Ma,N)—>TorA( . M,,N)) 6mexrused. Ho 310 crmenyer
a€l a€l

U3 NMpenbIRYILEro, u3 NpeioxeHns 1, c. 34, 4 KaHOHHIeCKHX U30MOpdH3IMOB

' ? (L(M) ®4 Ng) - L(M) ®, ‘(? Ng)

DM, ®, L(N)) - (®M,) ®, L(N).

AHAJIOrHYHOe pacCyXXAcHHE JaeT:

lpennoxenue 8. ITycre 1 (cooTeercréennol) — HanpaenenHoe enpaso npeo-
ynopsooueknoe mroxecreo, ((M,),, (' o)) (cooreercrsenno ((Ng), (vg g)) — un-
OYKTUSHAR cucTeMa npagvix (COOTSeTCTaeHHO sreavlx) A-modyaeii orHocutenvro 1 (co-
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orgercreenno J) . FTomomopgusm zpadyupoearnsix k-mooyaei
lim TorA(My, Ng)—> TorA ( lim Mg, lim Ng),
———— ——— ——ﬁ

(a,)EIX ] o€l Be
noayvaemsiii uz Kanonuveckux A-2omomopguimos My, ~>lim Mg u N g—>limNg, 6uexrusen.
—_— —

B uactHocTH, B3AB J =1 H 3ameruB, uro amemeHtsl (o, o), & € 1, 06GpasyrotT KoHpHHATB-
Hyio yacts B I X I, nonyvaem:

Cnepcrteue. Iycre 1 — Hanpasaennoe 6npagso npedynopadoueRHoe MHOKecT8o0,
(M;,uj;) (coorsercraenno  (N;,vj;))— UHOYKTUSHAS cucTema npagbix (cOOTEETCTE8EeHHO
nesvix) A-Mooyaeti otnocutensho L. I'omomopgusm 2padyuposarnbix k-mooyaei

lim TorA(M;,N;)=> TorA( lim M,, lim N),
—_ -— —
icl €1 el
noayuaemblli uz Kanouusecxux A-eomomopgpuzmos M, —>l_ir_n’ M; u N; »lim N;, Guek-

TUSEH.

Mycrs M — npanbm A-monyns, N — neBblit A-Momynb, A° — KoJbLO, MpPOTHBOMONOXHOE A,
M° — nesolit A°-MoOmy/b, onpenienseMsiit paBbiM A-monynem M, N° — npanbm A°-moays,
onpenendembrii neBbiM A-momynem N. Umeem: L(M°) =L (M)° u L(N°) = L(N)°, otkyma
cregyeT u3oMophH3M KOMMYTHpoBaHua (c. 71, mpemioxenue 2): -~

a(L(M), L(N)): L(M) 84 L(N) > L(N°)&,° L(M").
Mpu nepexone x romosoruu ¢ (L (M), L (N)) unnyuspyer rpagyMpoBasHbIH H3oMopdH3M

o
crenenn 0 oy, N: Tor® (M,N) »Tor® (N°,M°), HasbBaeMblil UFOMOPPUIMOM KOM-
MYTUPOSAHUA 018 NPOU38ederuil KpyYeHusA.
OTMETHM, 4TO Oye o © Oy N Id_l.m_A(M Ny M YTO Oy N HHAYLMDYET Ha WieHax
crenedy O rOMOMOpQ)mM KOMMYTHpPOBaHHSA [UIA TeH30pH0r0 npousBenesus. C Ipyroi
croponsl, ecmu f: M>M ' ug: N-N’' — romomopdpusmpt A-mofynei, 1o

orAw(g, floay NTOM N Tor(f, 8).

5. CBaA3piBaoie TOMOMOP(PH3MBI H TOUHbIE TOCTICAOBATENBHOCTH

Nycts M — npaeriid A-Momynb. HanmoMHuM, yto [jif Besikoro jeBoro A-Monyna N Mbl
OIpe/IeNTWIM B HpelbInyiueM nyHKTe (C. 76, npemioxenue 5) naoMopbH3M

Yy N): TorA(M,N) > H(L(M) &, N).
Iycts
(&) 0-N-“>N--N"-0

— TOYHAA HOCJICHOBATCIIBHOCTb JIEBBIX A-Mou,yneii; TOorga MoCJICAOBATE/IBHOCTD k-xomii-
JIEKCOB

M&) 0—— L(M) ®, N' 185 L (M) @, N1&5 L(M) ®, N"—— 0

ABJIsIeTCA TOYHOH (c. 74, memma 1) ; mycrb
oM&): HILM) ®, N”) > H(L(M) ® , N)

— COOTBETCTBYIOILHHA CBA3BIBAIOUMIA roMomopdu3m (c. 34).
Onpepenenne 2. Komnosuyus 20MoMoppuzmos
= -1 ", A ‘
3M, &)=y a(Me)o ¥, (N"): Tor (M, N")~ TorA(M, N")
HA3bI6AETCA CBA3BLIBAIOUUM 20MOMODPHUIMOM 0451 NPOU38e0eHUlE KPYUeRUS OTHOCUTeALHO

M00yaa M u Tounoi nocaedosareasrocty (&).
910 rpamynpoBanHbli kK-roMoMOphH3M cTeneHH —1, oIHOpoIHbIE KOMIOHEHThI KOTOPOTo

oGo3Haualotc vepes 3, (M, &): Tor, (M,N") »Tord (M, N').
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Teopema 1.Heozpanuuennas cnesa nocnedosareavrocrs 20MOMOpPu3MOM K-MmoO0yaelt

Tor}(1, v)
e r————

= Tor} (M, N') Torp (M, N) 25020 Tor? (M, N')

&M, &) o Tord (L u) Torl(1, v)
+—— Tor - e

A_(M.N") » Tor} (M, N")

(M, &)

MN 2% M@, N 125 M@, N —0

AGAACTCA TOYHOU.
JeACTBUTENBHO PaCCMOTPHM AHArpaMMy
. Tor (1, u} (1, Tor (1, 1}
Tor (M.N)—— Tor(M.N) ———> Tor (M,N’ ) —> Tor(M N} —— Tor (M. N)

%.(N'il wml Yu(N" 1 YN’ »l YN’ ‘l
AYE) HII ® )

H(l ® ) t
H(L(M) ® N') —— H(L(M) ® N) ——n H(IL(M ® N") — H(L(M) ® N')——= H(L(M) ® N)

OHa xOMMyTaTHBHA COIJIACHO 3amevaHHio 3, c¢. 76, u ompepenenno 2. C Opyrod CTOpPOHEI,
HIKHSAA cTpoka TouHas (c. 35, reopema 1),a Bce otoBpaxenus Yy GuextuBHEI (C. 76, Ipen-
noxexue 5) .

Cnenpcreue 1.Ecau Torf (M, N") =0, 70 nocaedosareasnocrs

0— M RN & M@, N8 M@, N — 0

TOYHaA,

Cnepgcrsue 2./Tyere 0>C'~>C->C">0 — roynasn noCAed08aTEALHOCTs KOMNAEKCOE
negolx A-mooyneit u E — xomnaexc npagoix A-moodyaeit. Ecau C" uau E naockuii, 1o nocae-
008aTeAbHOCTD

0— EQ®,C 8L E®,CI2LE®,C"— 0

TOYHAA.
Ieiicreutensro, Tors (E, C")= 0 cormacko crencTemio Npemiokenns 5 (c. 76).
IIpume p.Ilycts & —ugean B A. TouyHag nocnegoBaTeNnbHOCTD
0>a->A;>Ala =0
neBbiX A-MOyned NMOpOXJaeT TOYHYH NOCHEJOBATEbHOCTh IPOM3BEIEHHA KpydyeHHsA, B
KOTOPOH WieHb! TorA (M, A) -paBHe! Hymo npd § > 0. U3 Hee monyuaeM H3OMOpPHU3IMEI

M(M Ala )~>Torh (M, a). >0,

H TOYHYI0 IOC/I€J0BaTEIIBHOCTh
0->Tor% (M,A/s )>M&, a>Mo, A>M®, Ala —0;

u3 Hee creyer, yro Torf (M, A/a ) oroxpmecTBIAETCH C ANAPOM KAHOHUYECKOrO FOMOMOp-
¢dmmaM e, a M.

Hanpumep, B3sB B Kaqecrae M MOﬂ,yJIl: BHIa Ay/b, roe b — mpaBbiif Mitean B A, mosdyvyaem
usomopduam k-Momyns Torf (A/b,A/a )Ha (& N H)/ba.

Npennoxenue 9.[lycre f: M~>M, — 2o0Momopdiuzm npassix A-Modyaei u

(&) 0 —N >N-—>N —0
y“ q& y"l
CHY) 0 — N, =+ N, L=Nj —0

—KOMMYTATUBHAA OUA2PAMMA C TOYHIMU CTPOKAMU U3 20MOMOPPUIMO8 1e8bIX A-MOO0YAell.
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Jluazpamma k-mo0yaeii
Tor* M, Ny 24 TorA (M, NY)

Tor* (f. g )‘ ‘Tor‘(/ 9
Tor* (M,, N") —» Tor* (M,, N})
KOMMYTATUSKA.

310 crnepyer us mpepokeHusa 2 (c. 36), NpUMEHEHHOro K KOMMYTATHBHOM OHarpamme

1Qu . 1®
0.— L(M) ®, N' —= L(M) ®, N —> L(M) ®, N — 0
LNH® ‘u'l L) ® gl LN ® g"l

l®'"| 1@ v,
0 — L(M,) ®, N} —> L(M,) ®, N, — L(M,) ® , Nj—=0 .

AHanornyHbIM 06pa3oM, eciu N — JIeBpIit A-MOTYTb H
() 0> MI>MSBM" >0
— TOYHas IOCTIC[OBATE/ILHOCTh MpaBuiX A-MOMYNeH, TO ONpeNdeNAoTCA C8A3bI8aule 20-
MOMODPPHUIMbL

3(F,N): Tor*(M",N)> TorA(M',N),  3,(F,N): Tor,A(M",N)- Torh_, M',N)
no ¢opmyne (F, N) =ywM') 7 o 3(FN) o Un(M"), rme 3(FN) — cBasbBaroumil
TOMOMOP}H3M H3 TOUHOMH NOCNIeHOBATENbHOCTH
(FN) 0-M'®, L(N)>Me, L(N)>M"e, L(N)~>0,

) nonyqaemon us3 J s H HMECT MeCTO

TeopemMma 1 bis. Heozpanuuennas cneea nocnedoeare.abuocn 2omomopduimos k-
MoOyneli
Tor? (r.
— TorAM’. N) Bkl Tor" M, N) ome) Tor" M”, N)——-»Tor,, (M, N)

F.N
o= TordM?, Ny 228 M®AN——>M®AN-———>M”® N —0

A8AARETCA TOYHON.
TipenocraBnsAem unTaTeno chopMyIMpOBaTh M JOKA3aTh CBOACTBA, AHATIOrHYHBIE ClIEACT-
BUAM U3 TeopeMsl 1 #1 nipemnoxenuio 9. Kpome Toro:
Npennoxenue 10. Obosnauum vepes (¥°) rounyrwo NOCAEO08ATENbHOCT NEBBLX
-MOOy/zeu

0-M"°S MM »0.
Juazpamma
Tor* (M”, N) 228 Tor* (M, N)
Om-n Owm.N
Tor”(Nl" My ) Tor"°(i1°, M)
KOMMYTATUGHA.

TeficTBUTENBHO, 370 cefyeT u3 npemioxeHuA 2 (c. 36), NpUMeHEHHOro K KOMMyTa-
THBHOH mMarpamMme

0 — M ®,L(N) =2 M ®,L(N) “& M"®,L(N) —0
o(M’, L(N))l o(M, L(N)) o(M”, L(N»l
0 —L(N) ®, M”25 L(N) @, M°-‘-®»‘L(N ) @ M™ 0.

~ Mml yBHOMM B HaNbHeIIEM Jpyrue COOTHOLICHMA KOMMYyTHpoBamua (c. 135, cmencr-
Bue 1),
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6. Ilnockxe MOMY/IH H IPOU3BeICHAS K PydeHHS

Teopema 2. Ilycro E — npaseiii A-mModyas. Credywowue ycaosus 3KeuUsaneHTHbL:
(i) E — naockuii modyas;

(if) oaa scakoeo neso2o A-modyaa F u acaxozo yerozo n>0
Tor M(E, F) =0,

(iif) 014 8caAK020 KOHEUHO NPEOCTABUMO20 MOHO2EHHO20 28020 A-mo0yan F
Tor (E,F)=0,

(iv) 041 8caK020 ne8020 udeana KOHeuHO20 Tuna & B A KaHOHuueckoe orobpaxcenue
E®s a=>E unserxrusho;
(V) 044 geaxcoii TOYHOI nocaedo8aTeAbHOCTU npassix A-Mooyaell, umeroweli auo

v w
0>-G—H—E-0,
U 8CAK020 n1€8020 A-Mooyaa F nocaedosareavnocre

0— G, F2LH®,FXLE®,F— 0
TOYHAA. ’

(i) = (ii): aro cnemcTBHe HpemIOKeHUs 5, . 76.

(ii) =(iii) : ar0 TpUBHANIBHO.

(iif) == (iv): BCAKHA KOHEUHO NPEACTABMMBIA MOHOTEHHBIH JIEBLIA A-MOIYsb HIOMOD-
tdeH dakTopmomwio A/d , rOe & — NeBbI MAeal KOHEYHOTrO THHA; TaK 4yro.ycrmoede (iii)
IKBHBaIeHTHO (1V) cornacHo mpuMepy Ha ¢. 79.

(111) = (i): cornacxo mpemioxeruio 3, c. 12, u Teopeme 1, c. 79, Monyns E miockuii, et
Tor? (E, F) =0 ana Bcsaxoro nesoro A-momyns F. Ecom (111) BBHIOJIHAETCA, TO 3TO TaK,
Kkorga monynb F MoHOreHHbHI B KOHeuHO npenacraBuMbiid. COTIIacHO HpemsioxXeHHo 7, ¢. 15,
BCAKMHA A-Mopyib (COOTRETCTBEHHO BCAKHIA MOHOTEHHBIH A-MOMYNb) IPEHCTAaBIIAETCA KaK
HaNpaBJIeHHbI MHAYKTUBHBIA Hpeliel KOHEUYHO NPEACTABMMbLIX MOMyNed (COOTBETCTBEHHO
KOHEYHO TpPeACTaRM MBIX MOHOTEHHBIX MOJIY/IeH); MBI BHOAMM, Taxum 06pa3oM, 4T0, COTTIacHO
npemioxenuio 8, c. 77, mocraroyHO AOKa3aTh, UTO €CIIH Tor, (E, F) =0, xorna Mogyns F
MOHOTEHHBIIi, TO 3TO TaKkXe BePHO K Korga momyns F xoHewworo tuma. IIposogum, cienora-
TeIbHO, HHAYKIMIO [0 YACTY MEMEHTOB B CHCTeMe mopoxmaoumx (f,, ... ,f,) mogyna F;
TOYHaA HOCIEeOBATENIBHOCTD

0>Afi >F->F/Afi >0
olpenienAeT TOUHYIO OCTIENOBATEIIBHOCTD

Tor{ (E, Afy)— Tor{ (E, F) - Tor{ME, F/AS)),
rak yro Tor{ (E, F) =0, nockonbky Tor (E, Af})) =0 ¥ TaKk Kak Torf (E,F/Af) =0mo
HHIY KTHBHOMY IIpEIIOIOKEHHIO,

(i) = (v) : aro cnepcTeHe 2 U3 Teopemsr 1 (c. 79).
(v) = (iii) : rousas nocnemoBaTenbHOCTD (€. 56).

0> Zo(E) E» Lo(E) 22+ E 0
olipefienfAer Wi BCAKOTo eporo A-Moayns F Tounyio nocneporarerbHoCTE

0 —— Tor} (B, F) —— Zo(E) @4 F —“L‘—» L) @ F AL E @, F— 0.
Ecmu (v) ssmonnsercs, o Tor{* (E, F) 0, orxyna crenyet (iii).

Cnepgcreue 1. IIyers O —>E —+E->E">0 — munas nocaedosareasnocrs npassix

A-MoQyaeii. ITpeonosoxum, ¥ro E” naocicuii. Tozoa o/m 1020 YTOONH! MOdy/lb E 6b11 naoc-
KUM, HEOBX0OUMO U OOCTATOYHO, YTObbI rmocrcuM bbvin E

Mycrs F — nesniit A-Mopyms. Tak kax Torf (E”, F) =0 mpu i =1, 2 (reopema 2, (i) =
=(ii)), To ¥MeeM TOYHYIO NOCIIEIOBATENIBHOCTD

0 - Tor{*(E',F) > TorA (E, F)~> 0,
OTKYNA cileflyeT yTBepXneHue (teopema 2, (i) = (iii)).
6. H. Byp6axu- '
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Cnepncieue 2. IIycre 0>E,>E,_, >...2>E, >0 — rounan nocaedosareavrocrs
npasbix A-mooyaei. Ecau modyas E;mnockuit gnai=1,...,n~— 1, 10 mooyas E, naocxui.
7. ®opmyna Kionxera

B srom myHkTe MBI paccmarpusaeM xomiwiekc (C, d) npaBbix A-Mopyneil ¥ KOMIIEKC
’ a
(C’,d") neBpIx A-mMofyneil. PacCMOTPHM KaHOHHYECKHE TOYHBIE TIOCEOBATENBHOCTH !

® 0205 c>BO1)~0,
(I) 0-B(C) Z(C)-L> H(C) - 0;
u3 & nonyvyaem k-romoMopdusm
H(8 @ 1): H(C®s C")~>H(B(C)®, C)(-1);
n3 (II) monyvaeM cBa3bBawUMIA ToMOMO pdu3IM
(1L, H(C"): Tor{*(H(C), H(C")~> B(C) 8, H(C");

ecnm Hapenuts Torf (H(C), H(C)) rpanyupoaxou, OJHODOZIHAA KOMIOHEHTa CTeleHu 1

KOTOPO# mpejcTaBiser coboir @ Torf (H,(C), Hy(C")), 10 370T CBA3BIBAIOUMIA rOMO-
ptgq=n

Mopdu3M Gymer rpagyvpoBaHHeIM cTeneHH 0. MbI pacnioniaraeM Takike KaHOHHYECKHM roMo-

MopdusmoM (c. 71)

7(B(C),C"): B(C)ep H(C)~> H(B(C)®A C').

B 3mnx 0603HaueHUAX UMeeM
Teopema 3. lIpednonowum, wro A-modyau B(C) u Z(C) naockue. Cywecreyer
€OUHCTEeHHbL eomomopg‘)‘usm crenenu —1 2padyuposarnsix k-mooyaei

o H(C®, ')~ Tor (H(C), H(CY),
npu KOTOPOM KOMMYTATUGHA QUG2PAMMA
H(C ®4C) Tor}(H(C). H(C)) (- 1)
HG ® r)l ‘ 3(I1,H(C"))
H(B(C) ®a C) (= 1) <=2 (B(C) @ H(C)) (~1).

Hocaedosareavnocrs 2padyuposantblx k-mooyael

Y(C.C )

0 —— H(C) ® » H(C) 2% H(C ® 4 €7) —2— Tor# (H(C), H(C")) (—1) —— 0

TOYHA.
UmeemM, crienoBaTentHo, WA KaXIOT0 7 TOYHYIO TOCIEN0BaTe/IBHOCTD

0—— @ H,C) ®4HC) D H(C®4C)

pta=n . (11)
—2— @ Tor} (H,(C), H(C) —— 0.

ptg=n—1

Monoxum ans npoctote B=B(C), Z=Z(C), H=H(C) u H' =H(C").
Tak xax mogyns B miockwmii, monyyaem u#3 (1) TouHyw mocnegoBatenbHocTh (c. 79,
cnencTeue 2)

0—Z2@,CL2Lce,c2 8L B®,C)(—1)— 0. (12)

Nemma 3. Censnearowuii 2omomopgusm H(B®4 C') >H(Z e C'), cooreercrayio-
wuii Tounol nocaedosareasrocru (12), pagex H@G®1).

Heucmurenbﬂo, nyctb a € 2Z(B®, C'); tak xax monyns B mwiockuit, To @ TIPHHAYIEXAUT
o6pasy B®, Z(C'), cnemoBatenbHo, 3amiChIBaeTcCA B BHAE Eda}\ ® by, roeay € C, by € c’,
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T+

dby =0. O6pa3 kiacca 4 Mpd HCKOMOM TOMOMOpGH3Me eCTb, IO OMNpeHereHHIo, KIace aje-
Mmenta D(Zay ® by) =X dax ® by = (i® 1) (a), oTKyna ciegyer nemMma.

Tomonoruyeckas TOUHaf TMOCHEIOBaTeIbHOCTb, acCOLMUpOBaHHaA ¢ (12), umMeer, cneno-
BaTebHO, BUL:

HB ®,C') 20,

2O, HZ @4 C) L8, HC ®,C)

H(0® 1) H(i®1 ,

S HB 4 C) (-1 2L HEZ ®, C) (- 1).
~ Kpome toro, Tak kak Momyinb Z wiockwuit, nonyvaem u3 (II) Tounyro nmocnemoBaTensHOCTD
rpapyHpoBaHHbIX K-MOTys1el

0——Tort M, H) B, H- 2L 20, H 2L HR®, H —0;

HAKOHeEN, Mbl pacnonaraeM KaHOHHYE CKUMH romomopdmsmaw: U3 1. 1 .
18 =7(B,C"): B&oAH' > H(B®,C"),
z= v(Z, C'): o, H' > H(Z®, C'),
Yc =7(C,C"): He,H'>H(Ce,C"),

OTKY/Ia MOj1yYaeTca aMarpaMma rpagyyu poBaHHbIX k-Mou.yneﬁ C TOYHBIMU CTPOKAMU

BH -2 ZeH 22X HEH —0

Ye Yz Yc
l HI® 1) l HG® Y l HE® 1
HB® C) —H(Z @ C)—— H(C® C)—>H(BOC)(—1)—'H(Z®C)(—1)

b b

0 — Tor} (H.H) (- ) =50 B H) (- 1) 2> Z @ H) (- 1),

KOTOpaf KOMMYTAaTugHa TO ompegeneHHie romomopdusmos v. Ho Tak kak KOMIUIEKCBI
B u Z pacuierisieMbie U IUIOCKHe, OTOGpaXeHHA Yy M 7z OuextHBHBI (c. 74, cnencreue 1).
W3 37010 BHIBOMM, C OJTHOH CTOPOHBI, YTO OTOBpaxeHHe Y. HHBEKTHBHO H ero 06pa3 paBeH
KerH(6 ® 1), a ¢ npyroit cropoHsr, uro otobpaxenue yg o 3 {II, H') unbek™MBHO M ero
o6pa3 paser ImH (6 ® 1). OTcioga HenocpecTs eHHO ClleflyeT YTBEpPXKIeHHE TeOPeMBL.

CnepctBue 1. Ecau mooyau B(C) u Z(C) naockue, 10 0aa 6cako20 neso20 A-
MOoOyana N u 6CAKO020 Yeao20 N umeer MeCTo TONHIA NOCAe008ATEeAbHOCT

0— H,(C) ®, N 2 H,(C ®, N) = Tor? (H,_,(C), N)— 0. (13)

CnenctBue 2. [Ipednosomum, uro Mody/tu B(C) u B(C') npoexrusns u modyas
Z(C) naockuii. To20a nocaedosareavroctu k-mooyaeii (11) u (13) rounsie u pacuien-
anembvle.

310 BBITEKA€ET U3 TEOPEMBI H cnenymuxen TIeMMBL:

Nemma 4. Ecau mooyau B(C) u B(C') npoextuensi, To xanonuseckuii 20 MomMopgusm

7(C,C"): H(C) 84 H(C") > H(C &, C")

obnadaer K-auneiinoii perpaxyuei.

HeitcTBuTeNBHO, COMIacHO 3aMevanuio 6), c. 40, cymectByror romonorusmet ¢: C—>H(C)
o' C'>H(C"), ma xoropex H(p) =1ly¢cy ¥ H(p') =1ly(c’y. B xomMmyTatHBHOM
HMarpamme

H(C) @4 H(C) H(C ®.C)

H) ® H(o )l ‘H«p ® ).
Y(H(C), H(C?) .
H(C) ®, H(C') — H(C) ®, H(C)

C.C)

H(p) ® H(p") u v(H(C), H(C")) — ToxaecTBeHHbIE OTOBPaXKeHH A, OTKY/A CIelyeT YTBePX-
[eHue.

CnencrBue 3 (“dbopmyna yHuBepcanbHbix Ko3dduuueHton”). lIpednoioxum, 4ro
A — koasyo enagnvtx udeanos. Ecau xomnaexcti C u C' cg0600HbIe, TO nocnaedosarens-

6'
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Hoctu A-modyaeit (11) Townwie u pacwenasemvle; ecau xomnaexc C ceoboden, To noce-
dosarenvhocru A-modyaeii (13) rounsie u pacuyjennsemie ons eeaxoz20 A-mooyasn N.
Ieiicreutensio, B(C), Z(C) n B(C') — nommomymu cBoGomupix monyneit C, C, C',
cnenoBarenbHo, csoGomabr (VII, § 3, cor. 2; AnreGpa, VII, c. 43, -Teopema 1), ¥ npuMeHHMO
CreficTBHe 2.
Cnepcrtaue 4 (“popmyna Kionnera™). [Ipednosomum, uro xomnaexc C o2panuien
cnpaga, C u H(C) — naockue; T020a Kanonudeckuli 20 MOMOpPHusm

7(C',C): H(C)es H(C')> H(C e, C)

buexTugen.
CornacHo TeopeMe, JOCTATOUHO 0Ka3aTh, YTo Moaynu B (C) u Z (C) miockue. Ho umeror
MECTO TOYHbBIE NMMOCNIEeIOBATEIIBHOCTH

0-> B4(C)> Z,(C)~> Hn(C)~> 0,
0->Z,(C)>Cn~>B,_1(C)~0,

OTKYHa, COrfiacHo cnencrsuio 1, c. 81, ummmxammn: (B, ; (C) miockuit) = (Z,,(C) mnoc-
kuit) = (B, (C) mnockwmit) ; 3aBepillaeM I0Ka3aTeNbCTBO, 3aMeuas, yto B, (C) =0 npu gocra-
TOYHO MaJIOM 7.

Cnenctsue S. IIycro u: C—>C' — 2oMon02usm Komnaekcoe npasvix A-modyaeil,
nAoCKuUXx u o2panusennslx cnpaga. Jna scaxoeo xomnaekxca E neavix A-mooyaeit mopdusm
u® 1g: C®, E~>C’' ®4 EA614ercA 20M0N02UIMOM.

Heiicrutensio, xoMmwiexc Con(u) IUIOCKHH,- OTpaHUYEHHBI CHpaBa U C HYNIEBOH ro-
monoruei; cneposarensHo, H(Con(4) ®4 E) =0 cornmacHo cnenctBuio 4, Cllel0BaTeNbHO,
H(Con(u ®1g)) =0 (c. 75,nemma 2), u 4 ® 1 — roMONIOTH3M.

8. OrpannveHHsIe IIOCKHEe KOMIDICKCHI HAJl HETEpOBBIM KOIHIOM

IlpeanoxeHue 11.lIpednoaowum, uTo xoavyo A néreposo caesa, u nycrs C — oepa-
HuuenKblll naockuil Komnaexc aeesix A-Modyaeii, 0an xotopozo H(C) — A-Modyab KoHeu-
Ho2o tuna. ITycrs a u b —~ O0sa Taxux yenwvlx wucaa, ¥ro a <b u H,(C) =0 npu n<a,C,=0
npu n>b. Cywyecreyrr xomniexc P aesvix A-modyaei, 6 xotopom P, — npoexrusubiii
MOOYnb KOReyHo2o Tung npu kawxoom nu P,=0 npu n¢ [a, b], u comonoeusm u: P—C.
Kpome 1020, 0aa ecaxo20 komnaeica E npagvix A-mooyaeii 2omMoMopgpuzm

H(lg ® u): H(E ®4 P)~ H(E 8, C)

buexTugeH.

CornacHo npemmoxeruio 7, ¢. 59, cywecrsyor xommeke (L, d), B xoTtopom mouyns
L, cBobopeH u KOHEYHOTO THNA NPH KaXIOM 71 U HYJeBOH MpH n<a, H TOMOIIOIU3M f:
L—)C Mycrs P - ¢axropiommiexc L/L', rue L,=0npu n<b, L,=L,npun>b,L} =
=B, (L). Tax xax C, =0 npu n>b, 10 f(L') =0, cnenoparensho, oroﬁpaxcelme f daxropu-
3yeTcs Yepe3 MOpdH3M xoMIliexcoB 4: P—>C:

db-’l d
o= L,y — L, — L,_;, — ..
b
o — Pb - Pb—l —_ ...

S

0 — C, —C_,— ...
Tax xax f — romonoruam, to H(Con (f)) =0, oTicyfia nonyuaem TOYHYI0 NOCIENOBATENBHOCTD
o Lia 2, 1, ,®C, L, ,®Chy ...
Hmeem, ClleoBaTeNnbHO, TOUHY0 HOCNEN0BATENIbHOCTD
0>P,>Ly_;0C>Ly_0Chy

Ona nokaspiBaer, ¢ OIHOH CTOPOHBI, YTO KOHYC Mopdu3Ma U uMeeT HYNEBYI0O TOMOJIOTHIO
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H, C/IEHOBATENBHO, ¥ — TOMOJIOIU3M, a C APYTOM CTOPOHEI, YTO MOAYnb P, naockuii (c. 82,
ClIeACTBME 2); TaK Kak MOOynb P, kOHeuHoro tuna kak ¢akrtopmomynp mopyns L.,
10 oH npoekTuseH (c. 17, cnencraue). Ilapa (P, u) otBevaet, TakuM 06pa3om, TpebyeMpIM
yenosuam. ITocienHee yTsepKaeHue ciieflyeT U3 CreacTBud 5, c. 84.

'Hpn Mep. llyctb A — HETepoBO KOMMYTaTMBHOE KOABUO, X - co6CTBeHHas mlockas A-CxcMa,
& — KoTepeHTHbIH @x-MonynL wiockuit Hal A. CYILECTBYeT TaKo#f OrpaHuueHHbI KomiuieKc P, 06pa-
30BaHHBI/ NPOEKTMBHBIMH A-MOOYIIAMM KOKEYHO20 TUNG, 4YT0 AAA BCAKoro A-momyns M monynn
H (X, gsAM) eCTeCTBeHHbIM 06pa3omM oToxgecTnsieTed ¢ H(P &4 M). IlefictButensto, nycts U -
NOKpBITHE X KOHeUHLIM YMC/IOM addUHHLIX OTKPBLITLIX MHOXeCTB, & (U , F) — COOTBEeTCTBYIOLIMA KOMII-
fexc Uexa. TlokaswiBaeTcs, uro mopyiab H (& (U . F)) U30MOpdeH A-MOQYIo HI(X. &) u uro 3Tor
nocneqHul KMeeT KOHeUYHBIM TUIl; KPOMe TOro, IJisk BCAKOTo A-Monyiis M kommrexe & (U ,fﬂ ® o M n3o0-
Mopder kKomiuiekcy &(U, %A M). TpuMeHss mnpemioxenue 11 Kk kommwiekcy &(U. ) (KOTOpBI#
orpaHuyeH ) , MONyYaeM UCKOMBIA KOMIUIeKc P.

IIns BcAKo# Touku ¥ u3 Spec(A) o6o3HauMm udepe3 k (y) Ilone BLIYETOB KO/IbMa A B V', vuepe3 Xy =
=Xe,k(y) — cnoit X Han y, 5y=§@Ak (¥), u nonoxum hP(y) =dimg () HP(X,. &) s p>0.
U3 cylllecTROBaHUA KOMIUIEKCa P jleTko BBIBOAATCA cllefyIOlIMe pe3yiIbTaThl:

(i) ¢yHkuus 4P nonyHenpepsiBHa cBepxy Ha Spec(A);

(ii) pyskuna T (—1) PhP nokasnbHo nocTosiHa Ha Spec(A). «

p=20

9. OGo0menye HA KOMIDTEKCBI MYJIBTHMOIYTIEH

Mycrs B u B’ — mpa xonsua, C — xommiexc (B, A)-6umonyneit, C' — komiuiekce (A, B')-
eumonyneit (c. 45); torma (C®5C’, D) (c. 71) — xommrexc (B, B')-6umonyneit u Kano-
HUYeCKHiI TOMOMOpPhH3IM

1. H(C) 8, H(C") > H(Ce,C)

COBMECTHM CO CTPYKTypamu (B, B') -6umonyneii Ha 06oux WIeHaX.
Eciu B” — rperpe komeuo u C” — xommiexc (B', B”)-6umonyseit, T0 xaHOHHueCKHit
romomopdusm (11, p. 64, prop. 8)

(Ce,C)®ep C">C®,(C' @y C")

npencrapnset coboit u3oMopdusm kommiexcos (B, B” ) -6umomyneit.

HOns paneHeHumX 06GoGmreHHi MbI NMpeoOCTaBIAeM UHTATEINI0 PA3BHTh TEOPHIO TEH30PHBIX
IPOU3BE/ICHUI JIMHEHHO YNOPANOUEHHBIX KOHEYHBIX CEMEHCTB KOMMIEKCO8 MYAbTUMOOyaei
mo obpasuy .1 (¢c. 72) u I, p. 65-72 (u3omopdu3M acCOUMATHBHOCTH, KOMMYTATHB-
HOCTH, . .. ).

Mycrs Bu B’ ~naBa Konbia, k(B y g (B _ MOHOMAHbIE anre6psl MYmb THIUIMKATUBHBIX
MoHOuIoB Koiren B u B' cootBercTsenno, M — (B, A)-6umonyns, N — (A, B')-6umonyns;
torga cormacHo (8), c. 57 L(M) npencraBiageT coboit KOMIUIEKC (k(BZ, A) -Bumonyneit,
a L(N) — kommnexc (A, k() ).6umonyneit, n, cnemosatensho, L (M) ®4 L(N) — xommiexc
(k(B) Kk )) -Gu Moy e, TaK 4To TorA (M, N) ecrecrBeHHbIM 06pa3oM Hafe/IAETCA CTPYK -
Typoil IpalyM pOBaHHOTO (k(B) k (8’ )) -6l MOy 115, Koropax MOCPeACTBOM KaHOHHYECKHX
romomopdusmos k(® 5B, k(B) ~B' unmymmpyer Ha Tor? (M, N) crpyktypy (B, B)
6umomyna (cp. ¢. 57, 3ameyanue); Ha wieHe crenenu 0 3ra CTPYKTYpa COBIIaiaeT cO CTPYK-
Typoit (B,B") 6uM0nymr HaM®, N.

Ecmx NEB, X' € B’ u ecnm 0603HaMMTH Yepe3 )\M, AN> AT, AT romMoTeTHH X P> AX, Yy B>
»yA, ze Az, zezA Ha M, N, Tor® M, N), TorA (M, N) cooTBeTCTBEHHO, TO

Ar =TorA(\y, 1y),  Np=TorA(1y, Ay),

H 3TO [aeT Apyroe ONMUCaHKe CTPYKTYpsl GHMOnynd Ha Tor (M, N).
MsI npenocTaBisgeM wuraresnio 0606umTb 1.5 ¥ 7 Ha CiTy4ail KOMIIEKCOB MYJTBTHMO/IYNIEH.

Ynpaxrnenus

) ‘1. O6o3HauuM uepe3 B koimbuo A (¢) (c. 32); nycts C — kommuieke (B, B)-6umonyiieii, ans xotoporo
Cy=B npu BciakoM nE Z, d(x) = ex upu nioGoM x& C. [lokasary, 4To Kommnexc C uMceT HYeByio

ToMONIOTHIO, Ho 4To Monyns H,, (C eg C) usomopdet A Npu BesikoM nE Z. BulBecTH 0TCi0ONa, YTO Henb3a

YCTpaHUTD NpenonoxeHue “"KoMivieke E orpaiuicH cnpaBa’ B ieMMe 1 H npemioxetny 4, c. 74-75.
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2. Ilycts p: A =B — romomMopdnsm Komen, M — A-monyins, Ilokasars, uTo Cledyonye CBOHCTBA 3KBH-
BANCHTHBI:

a) Tor,A(p, (P), M) =0 nns scsaxoro npasoro B-monyns P.
B) Tor lA (p.(P, M) =0 mns ncxxoro MOHO2eHHO20 TipaBoro B-monyns P.

v) B-monyns B e, M nnockutt u Tor, (B M) =

(Uro6bl yBHOETH, YTO 7) => &), PaCCMOTpPETh Tounyxo nocnefosarTebHocTh 0 - R — L — P — 0 npaseix
B-monynett, 8 kotopoit L cBoGopnen.) .

3, IIpennonoXuM, YTO KONBO A KomMmyraTueho. Tlycrs I — KOHeyHoe MHOXECTBO M (C(i) d(i))
iel, — cemelicTBO KOMIUTeKCOB A-Moayneit.

a) Hanenum reH3opHoe npoH3pefietme ¢ C o TpallyHpoBKOH 1o THITY ZI H A-3HOoMOpPH3IMaMHU
' i€l
d;= e d(” rae di(l) =1 ) upM j #i n dy) =d (i). IToka3ars, 4To TaKHM crioco 6oM MBI Hony-
jel C

vaemM I-mpenkomMiuiekc (ympaxuenue 13, ¢, 49); accouMHpopaHHBI! -KOMIUIEKC Ha3bIRAeTCH TEH3ODHbIM
npou3sederuem KOMIUIEKCOB C(i). KomruleKc, accouMMpoBaHHBIN ¢ 3THM I-KoMiuleKkcoMm, TaKkXKe Hasbl-
BAETCH TEH30 pHLIM Npou3eederuem Komiutekcop C 0 .

6) Ilokasarsk, 4To BEIGOp JIMHHEHHOTO MOPANAKa Ha | mossonsier onpelenuTsk H3oMophH3M KOMIUIEKCa,
ABJISIOUIErO CA TEH30PHLIM NPOH3BeleHHeM KoMmnekcos C 0 , Ha KOMIUIEKC, oTIpefielleBHb# Ha ¢. 72.

4. Ilycts @ — nBycropoHnu#t naean 8 A, Hycts M — A-Molyns, Wi KOTOPOTO TorlA('A/ a,M) =0n
(A/a ) -Monynn M/a M npoexTtueen.

a) IlpenmonoXum, 4ro MoOAyNs M KOHEYHO MpeNCTaBMM H (4 CONEPKUTCA B pafiKane KONBIA A WIH
yro @ HunbnorenrteH, Ilokasars, wro M npoexTHs eH (ucnonwona'rs VI, § 8, n° 3, cor. 3).

6) Ilpennonoxum, uro Mofy/nk M KoHeuHoro Tama, yro N @ = 0 u uto (A/a )-Monym- M/aM cnoﬁo-

N n
. pen, Ilokazars, yro A-Moayne M cBoGopeH.
=) JlaTh npuMeEp NOKANBHOTO Konw.a A C MaKCHMAITEHBIM uneanou M H HEMNOCKOTo A-MOJyNA KOHEY-

Horo THna M, mwis koroporo Tor | (A/m. M) =
5. Ilpednonnoxum, Y10 CyHIECTBYeT (ylm'rapl{m) romMoMopduam k-anrebp w; A — Kk, xoTophlt Hane-
nser k cTpykTypoit A-modyns. PacCMOTpMM CTaHOapTHYXO pesonbseHTY B(A, k) (c. 62); man > 0

oToxmectBUM By (A, k) ¢ Aoy A®" u o6oznaum uepes dfa,, ..., ay] SMEeMEHT ¢ ® a, © ,.. ®dy H3
Aoy Aen '

a) Ilokasars, uro kommiekc B(A, k) ex B(A, k) onpefenser pezonkBeHTY (A ®x A)-Monyns k.
IToka3aTh, uto (A ©; A) JIHHeHHBI roMoMopdHIM

g: B(Aey Ak) - B(A, k) ey B(A,K),

NpH KOTOPOM
gx, @y, ..., xpeyp = 2 w(xpi1 .. xplxg, o xpley, .. yplyp+1, .., ¥nl
o< p<n

VIS X, 5 wey Xy, Yy, oee s Y€ A, NipeficTaBnser co6010 MopGhH3M PE3ONBBEHT, _
6) Ipennonoxum, uTo Kolsio A KoMmyTarHpHo. [loka3sars, uro Ha B (A, k) cymectsyer CTpyKTypa
TpafyHpoBaHHOH A-anreGpbl, OTHOCHTENIBHO KOTOPOH WA X, , ..., Xp € At

(xy, e, Xpl[(Xpa1, e, Xpl = z €@ [xg(1), s Xa(mls
cEMp p

tae Mp 5, — nonMHOXecTBO B & )5, 06pasopanHoe MEPECTAHOBKAMH 0, I KoTopblx 6(1) < ... < a(p) H
o(prl) <..,<o(n).

[onasa'rs, uro Torna B (A, k) mpencrasnser coGolt rpanyMpopaBHylo midepeHHansHyo A-wire6py
(c. 69, ynpaxkuenue 18) .

6. Ilycrs P — muockuit koMmieke npasblx A-monyneft. Ilns Bcakoro A-Mooyns M M scstkoro nenoro f
TIOJIOAKHM

TEM) = Hy(Peop M);

ecnu u: M —+ N — A-romomopdu3Mm, To 06o3HaWM depe3 Tgp (u) k-romomopdusm H; (1p e u),
a) Ilyctb r — nenoe wicno. Illokasars, yro cnemyone ycnoBus 3KBHBATIEHTHBI:
@) s seskoro prioxerus u: M' ~M oro6paxenue Tl: (#) MHBLEKTHBHO.
8) Itnst Bestkol cioppexuy v: M ~M" go6paxetme Tfﬂ (v) cOpBEKTHBHO,
+) Tlpaswiit A-Momyns P, /B, (P) miocwuit,
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) CylecTBYIOT MIOCKHA KOMIUIEKC NpaBhix A-Mofyneit P', B'Koropom m«btbepemman dy 41 Hynepoit,

H s ncm(om A-Monyml M H BcaKoro uenoro /| Takoi k-usoMopdusm qp, T M) -+T i (M) 410
Ti (u)e Qpi = qp'. ° T'?(u)

‘AN BCAKOro A-roMmomopoduama u: M —>N,
(Uto6hl IOKA3aTh, YTO ) BieYeT &) , onpenenuTs P’, nonoxwus Pryy = Z,41 (P) u Py =P,/B, (P).)

6) Ipennonoxum OONMOTHHTENBHO, YTO KONMBIO A HETepOBO H YTO A-MOAYNH P; KOHEYHOro THma.
IMoKa3aTh, UTo YCIOBHA U3 a) 3KBHBAJICHTHEI CTISAYIOUIEMY yCIOBHIO: p
¢) CyulectsyoT A-Monym, Qu mna ncm(om A-Mofynsa M Taxoft k-momop(pnam w T, (M) ~

—Homp (Q, M), uto w ° T,. () =Hom(1,u) o w U1 BCAKOro A-romomopbusMa u: M- N.

(Uto6B! JoKa3aTh, UTo 8) BIeHET €), MepelTH K CNyyYaw, Korfa dp4+q = 0, H B34Th B KayectBe Q Mo-
Aynb, conpsokenubit K Z, (P) )

B) IMokasars, 4ro pe3ynbTaT nyHKTa 6) OCTaeTCs CNpaBeMIHMBLIM B NPEANONOXEHHH, YTO KONBIO A
uérepono, moaynu H; (P) KoxeuyHoro tHmna npu Bcakom i w H;(P) =0npn i <i, (ucnonnioparsh npemto-
xenme 10, c. 61).

7. Mycts C — KOMIIEKC NpaBhiX A-MoZynei # M — nepbilt A-Moayns. [IpouseenenueM kpyuenus C u M

Ha3LIBaeTcs IPadyHpOBaHHBI K-Monynn Forh (C, M) =H(Cep LM)).Ecimu f: C»C’ — Mopdu3M Kom-
miekcoB R £: M—»M’ — romomopdusm A-monyneit, To 0603HauHMM a‘?'orA(f, g) =H(fel(g)).

a) Eam f: C »C’' — roMonorusm, To ﬂ'orA(f, 1) — nsoMopdpusm; ecu C — WIOCKUH M orpaHHyeH
cnpasa, TO I'palyMpoBaHHbIi k-Mony}u, Jor A(C, M) umsomopder H(C e o M) .

6) Ecnu 0 > C' = C—C" -0 — ToUHas NOCNeAOBATENEHOCTh KOMIUIEKCOB NPAaBBIX A-MoZynelt H ecinu
M — A-Moflynk, T0 MOKA3aTh, YTO CYLIECTBY ST TOYHAA NOCNENOBATENIBHOCTh

= TorAc', M) = Jorc, My > Torc”, My~» Torl (€' M) ...

Ecmn 0 »M' =M > M" =0 — TouHas nocneloBaTelEHOCTh A-Mo/lyNelt, To IOKa3aTh, YTO CYIHIECTBYeT
TOYHAN NOCNeNOBATENBHOCTD

> TorP e, M) » Jordc, My~ Jorhc,M") > Tor’s_,(C.M") > ...
(3aMeTNTS, YTO CYIlleCTBYET roMoTomM3M KoMmiexca L (M ") wa kouyc L (i) .)

8) ITokasaTs,uTo cyumecTByeT clie K TpanbHas nocnenosatenbHocrs 'E (c.49—51, ynpaxunennsa 14 —17), cxo-
pgmasca K Jor A (C, M), mns kotopo#t 'E} 4 =Tor : Hq (©), M) . Ecin xoMmiexc C orpaHMyeH crpasa,
NOKa3aTh, YTO cyxuecmye’r CIeXTpallbHas TI0CNefA0BATENEHOCTh " E, cXonRmascs K ﬂ'ot.A(C, M), xoTo-

poit "Ep g : Hp(Torq (C,M)) (paccmoTpers 6uxommiekc Cep L (M)).

8. ﬂym A, B - e k-anre6pbl (accouMaTMBHbIE H YHWTapHHe), M — TNpaBhlit A-MoRyns, P neBblit
B-monynru N - (A, B) -6GuMonyns.

a) MMoxazaTh, 4To CyIIECTBYIOT BE CAEKTpaiBHbIE TIOCHENOBATENEHOCTH k-Moayneit 'E u *E, cxons-
mMecs K OGHOMY ¥ TOMY e IpaiyH poBaHHOMY K-MOOyIIo, 1Sl KOTOPhIX

‘Epq = T'm'-p M, Torq (N, P)); 2EI’,’q = Torp(Torq (M, N), P).

(Paccmotpers Gukommnexkc L (M) @ 4 (Neg L (P) )

6) Ecnin N — nmockmit B-Mofyns, To noka3saTs, Y10 CIIEKTpanbHas NoCTeNOBATENLHOCTH 2 E cxommTes
K TorA (M, Nep P). Ecim N — mmockmi A-monyns, To TOCReN0BaTeNnbHOCTh 'E cxomMTcs K
TorB(Me4 N, P).

B) IIycts p: A +B — roMomopdusm k-anrebp, Monyuwts n3 6) CNEKTpaIbHYIO NMOCT eIOBATENLHOCTS E,
cXoasIyocs K TorA(M, P), pna Kotopoit

E},q = Torg (Tory (M, B), P).

9. llycms P — KOMMIEKC NpaBhIX A-Mopyneit, Q — KoMrUekc neBsix A-MofAyneft. [IpeAnonoxaiM, win
uro P ¥ Q orpasmyeHsl cnpaBsa, HITH YTO CyIIeCTBYeT TaKoe Leloe Wcno d, YTo BCSAKHI J1eBbIA WK NpaBhilt
A-mopnyns o6nangaer mpoeKTHBHO ! pe3onbBenTON WKLl < d.

a) Iloka3aTs, 4TO CYIIECTBYIOT [iBe CNEKTPANBHLIX NoclefoBarenbHocTh (c, 49, ynpaxuerne 14) 'E n
" E, cxonAumecs K OIHOMY K TOMY Xe IpallyHpoBaHHOMY K-MOAYJIIO, I KOTOPRIX

‘Epq =HpTorg® Q)% "Ehq= o Torp(H ,(®),H_ Q)
q’+q"= q

(roe Torg‘(P, Q) o6o03HaYaeT KOMIUIEKC, aCCOUMHPOBaHHLLL C GHKOMITIEKCOM @ Torz} P, Qg)).

r, s
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(PaccMOTpETh MPOCKTUBHBIE pe3onbBeHTH (C. 69, ynpaxunenue 17) & u G gna P u Q n 6uxommiexc C,
B KOTOpOM Cp, qg~= @ (J’ppl q: A @p" qn)')

6) Ecnu P riockuit, TO MOKa3aTh, YTO CIEKTPANbHAS NOCTeNoBaTeNsHOCTS ' E ¢xomutca k H(P o 5 Q).
Ecnu H (P) mnockuft, To nocnenosaTensHocTs 'E ¢xoautea x H(P) o A H(Q).

§ 5. Monynu pacumMpeH#i

Coxpanatores obwue coenauenun us napazpaga 4. Illpunumaerca Taxme , 4To €Cau A6HO He
02080pEHO NPOTUBHOE, TO 8CE PACCMATPUBAEMbLE MOOYAU — ITO Neable MOOYU, 8Ce pAcCMAT-
pusaemsle KOMNAEKCHL — 3TO KOMNAEKCbl 1e8blX MOOY1ell.

1. Kommnexcel roMmoMopdpH3IMOB

Iycts (C,d) u (C', d') — nBa A-xommnexca. PaccMOTpUM rpamyHpoBaHHbIH k-MOLYTb
Homgr 4 (C, C')(1I,p. 174,175): pia n€ Z Homgra (C,C’ ), ects k-momyns rpagympo-
BaHHbIX A-NMHeiHbIX 0TO6paxennit crenenu n 3 C B C'; unave rosops, Homgr 4 (C,C') xa
HOHHUYECKH OTOXAECTBIIAETCA ¢ K-MOayieM

® Il Homa(Cp,Cpin)= © I Homu(C,p, C').
nel pel nel p+g=n

OnpepgenuM K-MuHeiHbIE OTOGpaXKeHNA

D,: Homgra(C,C'), > Homgra(C,C"),_1, n€Z,
no popmyne

D,(f) =d'e f-(-1)"fod; 1)
AMeeM:

Dp_1oDu(f) = Dn—l(d’ o f—(=1)"fod)=

=d'od' o f—(-1)"d" o fod—(~1)""'d' o fod ~fodod = 0.

Torpa (Homgra (C, C'), D) npencrasiset co6oli xoMIuieKc k-MOMyT€i, Ha3bIBAEMBl KOM-
naexcom 2omomopgusmos uz C e c'.

Hanpumep, kommiexc Homgra (A, C') ‘xanonuueckn otoxaectsiaerca ¢ C'. OrmeTHm
Takxe, uto Homgra (C,C') (n) = Homgr 5 (C, C' (%)) ans Beakoro n€ Z.

Inementhl n3 Z ,(Homr , (C, C')) -- 310 rpanympoBanHbIe FOMOMOPGH3MBI | (HIXKHER)
ctenenn n w3 C B C'; ynosnersopsiomme ycnopuio d’ o f = (—1)*f o d, 1.e. Mopdu3MBI
xommiexca C 8 C' (n) wm, eciu yromuo, C(p) B C' (p + n) must 1106010 UK CHPOBAHHOTO P.
VX Ha3pIBAlOT MOpPuzMamu xomnaexcos (uwxHeit) crenewu nuz C e C'; ecom f, g €
€ Z ,(Homgr (C, C')) u s € Homgra (C, C' )4y, 10 yorione g — f = Ds o3Hauaer, uto
$ — TOMOTOTMs, CBs3bIBatowas Mopduame! f u g u3 C 8 C' (n), Tax uto H,,(Homgr o (C,C"))

npedcrasaser coboii k-Modyab 20MOTONUYECKUX KAGCCO8 MOPPUIMOE (HUNHELL) CTenenlu n
1 .
uz Ces C'.

HOycrs a € H, (Homgrs (C,C’')) u p € Z. TpencraBum Kiacc & anemeHToM [ €
€ Z,(Homgra (C,C")); torna f — moppusm kommiexcos u3 C 8 C' (n), ciemoBatensHo,
H,(f) ects romomopdusm w3 H,(C) B H,(C' (7)) = Hpin(C'); Tak xax H,(f ) 3aBucut
TOJIBKO OT FOMOTONHYECKOTo Kiacca o mMopdusma [ (c. 37, npewioxenue 3), T0 monyvaem
0TCI0NIa KaHOHNYEeCKHI romoMopdHsMm k-Monyneit

H,(Homgra(C, C")) » Hima(H, (C), Hpsp(C'))

M, CIegoBaTelbHO, 2padyuposannoe k-auneiinoe orobpawenue crenenu (0, HazbIBaEMOE
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KAHOHUHECKUM:
A(C, C"): H(Homgra (C, C')) > Homgra (H(C), H(C")).
ONHOPOIHBIE KOMIOHEHTHI 0To6paxenua A (C,C') yacto 6yAyT 0603HaUATHCA Yepes
A"(C,C"): H"(Homgra(C,C' )= II  Homa(H,(C), HY(C)).
ptq=n

Ipegnoxenune I. Ecau xomnaexc C uyneaoii cnpasa,a C' Hynegoii cnesa, 10 xom-
naexc Homgr o (C, C") uyneeoii cneea u kanonuueckoe k-nuneiinoe orobpaxenue

A°(C,C"): H°(Homgra (C, C")) » Homy (Ho(C), H*(C"))

buerxrTusHo.
Umeem 10UHbBIE TOCTICAOBATENIBHOCTH

i a
0 — H°(C') — C" — ",

d, 14
C; — Cy — Hy(C) — 0.

C npyro# CIOpOHBI, Homgr% (C, C ') oroxmectBnmerca ¢ Homa (Co, C'°),
Z° (Homgrp (C, C')) oTmoxmecIBnAeTcA TOTgAa C MHOXECTBOM TOMOMOpGU3MOB f:
Co ~ C'°, ma xotopbix d'® o f =0, fod; =0; momynsB® (Homgra (C,C')) Hynesoii;
HaKoHen, oTo6paxenne A° conocranser kmaccy f no moaynio {0} romomopdusm ¢:
Ho (C) > H°(C'), mna xoToporo f=i o ¢ o p,uT0 M HOKA3HLIBAET NPEJIOKEHHE.

Mycts u: C>Cwu': C' 5C’' — MopdHIMbI KOMIUIEKCOB; TOr[a KAHOHHYECKHIE FOMO-
mopbusm Homgra (u, u'): Homgra (C, C') » Homgra (C, C'), onpemensiembrii no mpa-
Buny fu' o' f o u, npencraBnger coboi MOpdHU3M KOMIDIEKCOB, KaK ClIe[lyeT HEMEUICHHO
n3 dopmyrnl (1) . KpoMe Toro, cllenyiomas JHarpaMma KOMMYTaTHBHa

MC. C’ ‘ ,
H(Homgr, (C, C')) = Homgr, (H(C), H(C")

H(Homgr, (u, u") ; ;Homm H@), HE)

~ oA A é, o ’
H(Homgr, (€, €1) 2<% Homgr, (H(C), H(C)) .

u. v ‘e -
Mpegnoxeunue 2. a) Mycre C' =+ C—C" = rounas nocaedosareavnocrs A-kom-

naexcog, P — npoexrugnsiii komnaexc, E — unsexrugnntii xomnaexc (c. 31). Toz0a
nocnedosareabHoOCTU

Homgr, (P, C") Hemer(, Homgr, (P, C) Hemir(l2) Homegr, (P, C”)

u
Homgr, (C”, E) Hemer .1, Hompr, (C, E) Homgreel), Hompr, (C', E)
npedcTasanior coboil TounbLE NOCAeA0BATERLHOCTY KOMNAEKCO8 kmooyaeii,

. : u v
6) IIycre 0> C' > C~> C" > 0 — nocredosareavnocrs A-komnaexcoa, KoTopas pacujen-
Asema KaK TOUHAs nOcaed08arensHOCTs 2padyuposantbix A-modyaei (310 umeer mecro, Ha-

npumep, ecau komnaexc C' unsexrusen uau C" npoexrueen). Toz2da 0ns 8cAK020 KoM-
naexca E nocnedosareavhoctu

0 — Homgr, (E, C") Homer Ly, Homgr, (E, C) Hemer (L), Homgr, (E, C") — 0,

0 — Homgr, (C", E) Hemer®:0), Homgr, (C, E) Homertwl), Homgr, (C’, E) » 0

npedcragasT coboil TOuNbIE NOCAEA0B8ATERLHOCTU Komnaekcos k-modyaeil.
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B cnyyae a) 3ameuaeM, YTO MOCIIEIOBATENIBHOCTH
’ T
Homy (P, , Cg) = Homa (Pp, Cq) > Homa (P, Cy)

Homy (Cg, E,) > Homa(Cq . Ep) > Homa(Cq, Ep)

TOYHbIE V1A BeeX p, 4 € Z, u npamenseM 11, p. 10, prop. S5u I, p. 13, prop. 7. Hoxaszaresnscr-
BO YTBepXK/CHUA §) aHANOTMYHO,

2. Kommwiekcsl roMoMopdH3IMOB H FOMOTONHA

Mpennoxenue 3. Mycrs C,C,C’',C’ —yervipe A-xomnaexca, u: C—~C, v: C~C,
u': C'>C’ uv't C'>C' —uervipe moppusma xomnaexcos.
a) Ecau u u u' 20motonnsr v u v' cooreercraenno, 10 dsa mopguzma Homgra(u, u') u
. ~ I~
Homgra (v, v") uz Homgra(C, C") 8 Homgra(C, C') 2omoTonns..
6) Ecau u u u' — 2omoronuzmer, 70 Homgr (u, u') — 2omotonusm.

B) Ecau xomnaexc C uau C' zomotonen nyaio, 10 komnaexc Homgrp (C,C’) 20moronen
HyI0.

OGo3HauaeM OfIHO# M TOil e Gyicoit d Mubdepesnuans Komiekco C, 6, c', ¢’ =u
6yxsoit D maddepernmanst xommiexco Homgr, (C,C') u HomgrA(E, C"). Ecnu mMopdusm

u (cooTBeTCTBEHHO 4') romoToneH v (COOTBETCTBENHO v’ ), TO CYHIECTBYET rpajlyHpOBaHHbHA
roMoMopdpu3M crenenH 1

w: C>C (cootBercrsenso w': C'—» C'),’
JV1Sl KOTOPOTO
u-v=dw+wd  (coorBerctBento u'—v'=dw'+w'd). Q)

Mycrs W: Homgr, (C, C') > Homgry ( E, E') — rpafyMpoBaHHbpi romMoMopdH3M crenenu 1,
nipu kotopoM wia f € Homgra (C,C'),, n € Z, '

W(f) = wifu + (=)™ fw. 3)
Torna uMeeM:
(DW +WD)(f) = D{w'fu+ (-1)™'fw] + W[df — (-1)"fd] =

dw'fu — (=1)"*Yw'fud + (=1)"dv’fw +v'fwd +

+

w'dfu +(=1)""W'dfw - (=1)"w'fdu +v'fdw =
= (dw' +w'd)fu +v'f(wd +dw) =
= (u' —v')fu+v'f(u-v)=u'fu-v'v

ato Aaet, yto DW + WD = Homgrp (4, u’) — Homgrs (v,v'), otkyna cemyer a).

Hoxaxem 6). Ecnu u ¥ u' — romoTonuamsl, 10 mycth a: C - Cua: C'>C'- Mo pohu3-
bHM3MBI KOMIIEKCOB, JUTA KOTOPBIX KOMIIOZHIMA # o &, o i, ' o &', a’o u' romMoromusl co-
orserctsenro Id,, ldx, W/, Id..+. Torna mopdusm Homgr(u, u') o Homgr(a,a’), xoro-
phiit papess Homgr(a o u, u’oa’), roMotonen, cornacko a), mopdusmy

Homgra(ldg, &) = IdHomgr( é,ﬁ');

anajiornuno, mopduam Homgr(a,a’) o Homgr(u, u') romoronen Idyy, megr(C,C")» OTKYyna
cnegyer 6).
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~

Hakogel, B) CllefyeT U3 yTBepx/ieHHs 6) (MPUMEHEHHOTO K clyvalo, koraa xommiexce C
win C' Hynesoi) .

Cnencrteue 1. Ecau xomnaexc C pacuyenanem u mooyas H(C) npoexrusen (coor-
sercreenno ecau C' pacujenanem u H,(C") unsexTusen 0ns kamooz0 n), 10 KaHOHUYECKUIL
20MOMOPPU3M

A(C, C'): H(Homgia(C, C")) > Homgra (H(C), H(C")
GuexTuUgeH, '

Mpennonosxum, Hanpumep, uto Kommuexc C' pacmennisem 1 momyns Hy, (C ") unpexnpen
I KaXIOTO n, TaK KaK ciyvait, xoraa C pacuennaem M H(C) npoextusen, nokassiBactca
aHAIOTHUHbIM o6pasom. CormacHo omnpereneHdie 6, c¢. 39, CymecTByeT roMOTONMHM3M u':
¢’ - H(C'); cornacso mpemtoxenno 3, Homgra (1, u') — romoromisM xommiexca
Homgr 4 (C,C') na Homgry (C,H(C')); Tak kak

Homgr (1, H(u')) e A(C, C') =A(C, H(C"))  H(Homgra (1,u"))

¥ TaK Kax otobpaxennsa Homgra (1, H(u')) n H(Homgra (1,u')) GMextBHBI, TO HOCTATOY-
HO Mloxazate, uto oroBpaxenne A (C, H(C')) 6HEKTHBHO; 3TO CBOMMT YTBEPXKIEHHE K CIy-
yato, korna xkommnaeke C' unvexTusen u umeer nyaegoii dugpepenyuan.

Toraa KaHOHHYECKHE TOYHBIE nOCnenoBarensoctH (c. 33):

i
(Il) 0— B(C) — C —> C/B(C) — 0,
j 8
(IV) 0 — H(C) — C/B(C) — B(C) —0
HAI0T TOYHbBIE rlocnenonérenbﬂocm (c. 89, npemnoxente 2,a) ) :

P ‘ 1
0 — Homgra (C/B(C),C") — Homgra(C, C")-— Homgia(B(C),C") — O,

A )
0 > Homgra(B(C), C') —> Homgra(C/B(C),C") — Homgra(H(C),C') — 0.

Tak kak dc = io 8o p, 10 mupdepennman D B Homgra (C, C') ‘3amaetca dopmynoii
Dp= (=1)""'P, 0 A,° I,; HMeeM Temeps:

Z(Homgra(C,C')) = Ker(Po Aol) = Kerl = ImP,

B(Homgra(C,C')) = Im(PoAol) = P(ImA) = P(Kerl);

oTCIOfia MoMyyaeM HaoMopduam ¢: H(Homgra (C,C')) — Homgra (H(C), C') Taxoit, uto
ecnu g € Homgr (C/B(C), C'), 10 06pas npu ¢ xnacca P(a ) ects J(a); HEMeMIEHHO npo-
BepAETCA, UTO OTOGPAXKEHHE Y COBNANAET ¢ KAHOHHUECKHM FOMOMOPGH3IMOM A,

Cnepgcrsue 2. [Ipeonosoxum,yro mooyau B(C) u H(C) npoexrusnsr (cootsercr-
enno B,(C') ‘u H,(C') unvexruenv: npu xaxoom n). Tozoa oto6pawenue X\ (C, C')
OuexTU8HO.

Deiicteutensko, xoMmiexc C (coorsercisenso C') Torna pacmennsem — cMm. c. 39, npu-
Mep 4, — M IPMMEHHMO clIeficTBHe 1.

Cnencteue 3. IIycte M — npoexTuanblii (COOT8eTCTEEHHO UHBEKTUBHDBLI) A-MO-
oyas. Hna ecaxozo xomnaekca A-molyneii C u ecaxo2o yeno20 n KAHOHUYECKUL 20MO-
Mopgpusm

H”(Homgra (M, C)) —~ Homu (M, H*(C))

(cooreercreenno H" (Homgra (C, M)) > Hom, (H,(C), M)) OuexTugeH .

Nemma 1. a) Ecau xomnaexc Cuau C' ozpanusen cnpasa, ecau C npoexrusen u ecau
H(C') =0, ro H(Homgra(C,C"))=0.
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6) Ecau xomnaexc C uau C' ozpanuuen caesa,ecau C' unsexrusen u ecau H(C) = 0, 10
H(Homgr,(C,C'))=0. .

TMycrs f € Z,(Homgrs (C, C')); cnemoBatensho, f — mopdusm xomiwiekcos 43 C B
C'(n); B cnyuyae a) (cooTBeTCTBEHHO 6)) OTOGparkeHHe f,, HyNeBOE WA JOCTATOYHO MANO-
ro {(CcOOTBETCTBEHHO HAOCTatouno Gombwioro) . Cornacuo npemroxenuio 1, ¢. 54, mop-

'
¢u3m f roMoroneH Hymo, clefoBartensHo, npuHawiexur B,(Homgra (C, C')), otkyna
TIOJTyYaeM HCKOMOE 3aKJIIOUEHHE .

Mpennoxenue 4. Iycrs uz C' - C — 20mon02u3m Komnaekcos, P — npoextug-
Holll komnaexc, E — unseKTUBHbIIL KOMNAEKC.

a) Ecau xomnaexc P ozpanuven cnpasa unu ecau C u C' ozpanuvensi cnpasa, 10
Homgra (1, u): Homgra(P,C') > Homgra (P, C)

— 20MOA02U3M.
6) Ecau xomnaexc E oepanuyen caeea uau ecnu Cu C' oepanuuens: caesa, 10
Homgra (u, 1): Homgra(C, E) — Homgra (C', E)

- 20MOAOU3M.
1] .
[peanonoxum cHayana, yro Mop$pu3M u uHbEeKTHBeH, M nonoxam C = Coker u. Tak

" - .
KaK u#-— roMonorusm, komiviekc C HmeeT HyneByio romosoriio. C npyroit CTOpOHbBI, HME-
‘€M TOYHBIE NOCIIEAOBATENBHOCTH (Mpemioxenue 2)

0 — Homgr, (P, C’) Hemer (L), Homgr, (P, C) — Homgr, (P,C") -0,
0 — Homgr, (C", E) » Homgr, (C, E) Hemectel), Homgr, (C', E) — 0;

cornacko nemme 1, kommwiexc Homgr (P, C'') umeer HyneByo romonorui B ciyyae a),

’
Homgra (C”, E) HMeeT HyneByo TOMONOrMIO B cjlyuae 6), OTKyda clleflyeT MCKOMOE
3aKJTI0YEHHE.

B obem cnydae cymectByior (c. 41, aiepcrBue npexmox(euun 7) xommnekc ¢’ , KOTOpBIH#
OTpaHUueH CTpaBa (COOTBETCTBEHHO cieBa), Korma C u C' TaKoBbI, HHBEKTMBHbIH MOp-

¢usm u: C' > C' u romotomuam B: C' - C, mns KoTOphIX U = Bo u. Torpa U — romoro-
A~
mism (c. 38, cremcTBHe mperioxkeHus 5); coplacko mpenbipyemy, Homgra (1p,u) (coot-

percTBenno Homgr o (;, 1g)) — romornorusm B cjiyuae a) (coorBercTBenHo 6)). C mpyroin
cropoHbl, Homgr 5 (1p, B) (cooTBercrBenHo, Homgr , (8, 1g)) — romorommam (npemtoxe-

nue 3); moatomy Homgr, (1p, u) (coorBerctBenHo Homgr o (u, 1g)) npencrapiser coBoit
KOMIO3MIMI0 JBYX T'OMOJIOTH3MOB H, CJIE[OBATENBHO, ABIACTCA TOMONOIH3MOM.

3. Onpenenense ¥ npocTeiilMe CBOHCTBa MOAYJIEH PACLIHPEHHH

s Beaxoro A-monynsa E oGossawim wepes pg: L(E) = E (COOTBETCTBEHHO €g:

E - I(E)) xaHomMYeCcKy® CBOGOAHYI (COOTBETCTBEHHO HMHBEKTUBHYI0) pE3OJIbBEHTY,
cM, ¢. 56 (cooTBETCTBEHHO €. 58).

Onpepmenenne 1. Ilycte Mu N — gBa A-monynsa. Modyaem pacuupenuii mopynsa N
NOCPeNCTBOM M Ha3bIBaeTCs rpalyHpOBaHHbIH K-MOLYNb

Exta(M, N) = H(Homgra (L{M), [(N)). @)
Onxopoanbie KOMIOHEHTbE Mopynst Exta (M, N) o6o3Hayalotca yepes
Exta(M, N) = H"(Homgra (L(M), I(N)). (%)

Tax xax xommiekc L (M) (coorBercrBenno I(N)) HymeBolf cmpaBa (COOTBETCTBEHHO
cieBa), TO

ExtaM,N) =0 npu n<0O0. )
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3amevanue 1.Hmxke(c.108—-109, mpewioxeHne 6)MbI paccCMOTPHM CBOMCTBa KOHEUHOCTH
monyneit Exta (M, N). Hanpumep, ecni A — HéTepoBO KOMMYTAaTUBHOE KOJIBIO U ecmd M U
N — A-Monyny KOHEYHOTO THIa, TO KaXX[pli A-MOpyIb ExtK (M, N) nmeeT KOHeuHBI# THI,
Iycts f: M' >Mug: N> N' = romomopdusmsl A-Momyneit; MOIOKHM

Exta(f, g) = H(Homgra(L(f), I(2));
310 roMoMopPu3M crenenu O rpaTyHpoBaHHbBIX K-MoOIymnel
Exta(f g): Exta(M,N) - Exta(M',N"),
ONHOPOTHbIE KOMIOHEHTH! KOTO poro 0603HayaloTca yepes
ExtA(f g): Bxt} (M,N) > Exta(M',N).
CormnacHo npeanoxenuio 1, c. 89, kaHoHUUECKHI FOoMOMOpHH3M
A®(L(M, I(N)): H®(Homgra (L(M), I(N)) ~ Homp (Ho(L(M)), H*(1(N)))
GUeKTHBEH; MCNoNb3ya uoMopdusmel M = Ho (L (M)) u H® (1 (M)) - N, nonyuaem oxcio- .
03 UIOMOPEHU3IM, Ha3bIBAEMBIH KAHOHUYECKUM,
Am,N: Exti(M,N) > Homp(M,N). 7
Mbl gcez0a Gydem 0TOWOECTBAATL ExtX(M, N) ¢ Homa (M, N) nocpedcraom 31020
usomopguszma. Ilpu »s10M Kk-nuneiiHoe oTOGpaXNKEHUE Exti(f, &) oTO)IECTBIAETCH

CHOI'"A(f, g)
3ameuarHue 2. Mopdusm KOMIUIEKCOB

Homgra (pm, en): Homy (M, N) ~ Homgry (L(M), I(N))
nunyimpyer Ha romonoruu crenend 0 uaomopdusm

AM,N: Homa(M,N) -~ Exta(M,N),
obparHsiii K AM N-

Umeem: L(1y) = 1pmy, 1(IN) = lyn), CIEOOBaTENbHO, NPH MEPEXOME K TOMOOTHH,
HOoTyyYyaeM:

Exta(lm, IN) = lExta(M, N)- ®

Ecu f': M” 3M' ug’: N' - N” — romomopduamer A-momyneit, To L(f o f') =
=L(f)eL(f')ul(g' og)=1(g’) o 1(g), cnenoarenso,

Exta(fof', g og) = Exta(f', g') o Exta(f g). ®

PaccmoTpuM Mopdu3MBI K-KOMIUIEKCOB

Homgra(1,e N) omgra(pm,1)
e

Homgr s (L(M), N) B AL N) pomer (LOV), TQN)) <

H FOMOMOP(H3MBI, KOTOpbIE OHH HHAYLIHPYIOT B TOMOTIOTHH

H( Homgra (L), N) 2292, Ext, M, N) <2 Hi(Homgrs (M, ION))).

CornacHo npemoxennio 4, c. 92, Homgr o (1, en) # Homgra (P, 1) — roMonoruamsi,
OTKyna:

Hpennosxeunue 5.keomomopduzmoe

¢y N): H(Homgr 4 (L(M), N)) > Ext o (M, N)
u

¢~ (M): H(Homgr(M, I(N)) —~ Exty (M, N)-

OUEKTUBHDLI,

Homgr, (M, I(N))
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Cnencreue. Ecanu mooyas M npoexrusen (coorsercréenno ecau N unsexrusen),
10 Ext’s (M,N) =Onpui >0.

HeficTBUTENBHO, MOPHU3M

Homgr, (1, en): Hom 4 (M, N) > Homgr, (M, I(N.))

(cootBerctBenHo Homgra (Py,1): Homa (M, N) > Homgr (L (M), N)) npencrapnser
co6oto romonorusM (c. 92, npepsoxeHue 4) , 0TKYAa cliegyeT HCKOMOe 3aKIoueHue.
B3ameuanus 3. Ecnug: N->N'— romomopdusm A-Monyneii, To

Homgra (11(m), en) o Homgrs (1 (M), £) = Homgra (1L (m), 1(2))° Homgra (1 (m),en),
cieoBaTeNbHO, fHarpamMma

H(Homgr, (L(M), N)) —2% o Ext, (M, N)

H(Homgr, (1, g»l lEsz Uy @)
H(Homgr, (L(M), N')) =0 Ext, (M, NY)
KOMMYTATHBHaA.

4. Auanoruuno, ecnu f: M’ > M — roMomopduam A-montyineit, To gMarpaMma

H(Homgr, (M, [(N))) —" Ext, (M, N)
H{Homgr, (/. l,m)))‘ ié’(h (W]

H(Homgr, (M’, [(N)))
KOMMYTATHBHA.

Mpeanoxenue 6. Orobpaxenue (f, gy Ext o ([, 8):

Hom, (M, M) X Hom (N, N') > Homgry (Exts (M, N), Ext, (M',N"))
k-6ununeiino.

Mycts fE€ Homa (M',M), g,,2, €EHompa (N,N'), Ay, A, €k; 1Orma - MOpdHU3MBI
Homgra (L(f), Aig1+Xs8;) u N Homgra (L(f), &) + A Homgry (L(f).g2) us
Homgr (L (M),N) B Homgra (L (M), N’) coBmanasr; cnelOBaTeNbHO, COMTIaCHO Ipeuio-
XKeHHIO 5 ¥ 3aMeuaHHio 3,

Exta (f, Mig1 + X282)= M Exta (f, £1) + M Ext(f, £2). (10)

AHanOTHUHbIE PACCYXIEHUA IPMMEHNUMSI ¥ AR oToBpaxenns [+ Exta (f ,2).

Cnencrpue. lycre NE k. Ecau anemenr N\ annyaupyer M uau N, 10 o1 annyaupyer
Exta (M,N).

HeictButensio, A Exq, (m,N) = Exta (A Ly, In) = Extg (Im, A In)-

Npennoxenne 7. lIycte 1 uJ — osa muowecraa, My) o1 4 (Ng)gey — O8a

cemeiictea A-modyaeti; 2omomopusmExta (@ My, I Ng—» I Exta (Mg, Ng),
agl gel e, acl

noayuaemulii U3 KAHOHueckux 20Momopgusmoé My, >®M, u IINg >Ny — Guexrusen.

Hocratoudo jJoKa3aTh, 4TO [NA BeAKoro A-Momyna M (coorsercrsenHo N) romomop-
¢u3mbI

Ext, (M, TINg) > I1Ext, (M, Ng) (coorBeTcTBEHHO Extg (®My,N)~>I1Ext, Mg, N))
6uextuBHsl. Ho sTo crnemyer w3 mpemwimyuiero, 3 mpennoxenus 1 (c. 34) # ¥3 KaHOHH-
ueckux uzomopuzmos Homgr, (L(M), TINg) - ITHomgr 5 (L(M), Ng) n Homgr o (M, I(N)) =

- ITHomgr (M, I(N)).
3ameuanue S. Ilycts P u Q — mea npaBeix A-monyna. Ompegenum Exta (P.Q),
TIONOXUB.

Exta (P, Q) = H(Homgr, (L(P), 1(Q)) =
= H(Homgre (L(P°), 1(Q")) = Extpe (P°, Q°).

Bce olipenenenus ¥ NMpenyioXeHUA 3TOro naparpaga npuMeHMMBl, CieIOBATENbHO, K IIPABBIM
A-MOLIynAM IyTeM PACCMOTPEHMA MX KaK JIeBbIX MOAyNel Haj Komblom A°.

S Ext, (M’, N)
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4, CpA3bIBAIOIIME TOMOMOP()H3IMBI H TOUHLIE NOCIEXOBATEIBHOCTH

Iycrs M — A-monyns. Hanomuum, uyto mst Besxoro A-monyns N Mel OHpelieiwiu B mpe-
AsiAYyLieM IyHKTe H30MOpdu3M k-monyre

¢y (N) = H(Homgr 5 (L(M), N)) = Exts (M, N).
NycTs
€ 0N HNIN"->0
— TOYHAs MOC/HEIOBATEIbHOCTh A-MOZYJed; TOrga HOCNeHOBATeNbHOCTh K-KOMIUIEKCOB
(W) 0 —— Homgr, (L(M), N') 2o, Homgr, (L(M), N)

Homer (1.2, Homegr, (L(M), N”)
ABTIAETCA TOYHOM (c. 89, npenmnoxenne 2, a) ) ; mycTb
3(y &): H(Homgrs (L(M), N")) > H(Homgr, (L(M), N")
— COOTBETCIBYIOIIHI CBA3BIBaIOLMI roMOMOpdusM (c. 34).
Onpenenenue 2. KoMnoauuus romoMopdpU3MoB
B(M, &)= ¢\ (N') 0 (3, &) ° 9y (N") " Exty (M,N") > Exta(M,N")

Ha3BIBACTCA CEA3BIGAIOUUM 20MOMODHUIMOM O MOOYAEl DACWUPERUL OTHOCUTEAbHO
M00yaa M u rounoii nocnedoaarenvroctu ( &).

910 rpagyHpoBaHHbIi k-roMOMOpGH3M BepXHeH cTemeHH 1, OgHOpOOHBIC KOMIIOHEHTHI
KoToporo o6o3nauatorcs yepes 8" (M, &) : Ext (M,N") »Extzﬂ M,N).

Teopemal. Heoepanuuennas cnpasa nocnedoearenbHOCTs 20MOMOPPHUIMO8 k-moovaeil

0 ——— Hom, (M, N") -Hem(la), Hom, (M, N) -Hem.o), Hom, (M, N

0

M), Bl (M, NY) = - 2206, Exen (M, N') B0, Exn (M N)

Ext"{l,v! Ext; (M, N 3"(M,&) ExtnA+1 (M, Nl) — e
fl&flﬂe{cx TOYHOU.
JleiiCTRBHTENBHO, PACCMOTPHM JHarpamMmmy

1, Ext(l. v a(M.& .
exeM. Ny 2D B ey =M eeany B e

ou{N ‘)} ou(N) ou(N") “Pu(N") ou(N)

H(Homgr (1. 1)) H(Homgr (1,1)) Af) H{Homgr (1, u))
H{(Homgr (L(M), N')) —= H(Homgr (L(M), N)) —= H(Homgr (L(M). N7)) — H(Homgr (L(M). N')) —= H(Homgr (L(M). N)}

Ona KoMMyTaTHBHa cormacHo 3ameuanuio 3 (c. 94) u ofipeieNieHHI0 2; € APYTOW CTOpPOHBI,

HUXHAA CTpoKa TouHas (c. 35, Teopema 1), a BepTHKabHble CTPENKH GUeKTHBHBbI (c. 93,
TIpemIoXeH e 5) .

Cnepncteue.Ecau Ext}\ (M, N") =0, 10 nocredosarensnocts

0~ Hom, (M, N") Hom(1,1)  Hom , (M, Ny Hom (1.9 Hom, (M,N") >0
TOUHAA.

MIpennoxenue S.Hychf: M, >M —2omomopguszm A-mooyaeii u

&) - 0 — N —> N-<» N'—0
g'l gl g’l
&) 0 — Nj - N,—> N{ —0

— KOMMYTaTugnas ouazpamma A-mooyaeil ¢ TouHbiMu cTpoxamu.Juazpamma k-modyaeii
Ext, M, N") 2220 Exe, (M. N")

Ext(f. 9"1 ‘Ex( £

3(M. &,
Exta (M,. N) =% Ext, (M;, N})

KOMMYTATUBHA.
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OTO criejiyeT M3 NperyiokeHusa 2, ¢. 36, MPHMeHEHHOTO K KOMMYTaTHBHON JuHarpaMme
Homegr (1. u) Homgr (1. )
0 - Homgr, (L(M), N') — Homgr, (L(M), N) — Homgr, (L(M), N") = 0

Homer (L( /), ,q')l lnomgr L)) lHomgp(L(f), 7

Homegr (1, u;) Homgr (1. )
0 - Homgr, (L(M,), N;) — Homgr, (L(M,). N,) — Homgr, (L(M,), N) =0

Iycts N — A-momynb u
F) 0-M-5M-S5M" -0
— TOYHAA MOCNIENOBATENBHOCTh A-MOLY/Tei; NMOCIEeNOBATeIBHOCTh KOMIUIEK COB
(F) 0 Homgr, (M”, [(N)) Hemer& D, Homegr, (M, I(N))

Homgr -1, Homegr, (M, I(N)) —— 0
ABNAETCA TOYHOH (c. 89, mpemnoxkeHue 2, a) ) ; mMycTh

3( Fx): H(Homgra)(M', 1(M))) ~ H(Homgra (M', I(N)))
— COOTBETCTBYIONIMI CBA3BIBAIOILNIT TOMOMOPOH3M.

Onpepenenne 3. Komnosumua romomMopdusmos

§(F,N)=g, (M") o d(Fn)o o\ (M')*: Exta(M',N)~>Exta M",N)
Ha3pIBACTCA CEA3BIGRIOUUM 20MOMOPPHUIMOM Ot MOOYAel PACUUPEHUl OTHOCUTENALHO
TOYHOU nocaedosareasnoctu (F) u modyas N.

310 rpagynpoBaHHbIH K-roMOMOp(dH3M BepxHeH cTeneHH 1, OFHOPOIHbIE KOMIIOHEHTSI
KoToporo o6osHavawTes uepes 87 (F, N) : Ext’s (M '"N) —>Extl’(+1 M",N).

Taxk e, KaK U Bblille, OKA3bIBAITCA CIEAYIOILNE YTBEPKECHUA |

Teopema 2. Heozpanuuennan cnpasa nocaedo8areabHOCTs 20MOMOPPHuUImMo8 k-mo-
dyaeil

0 ——— Hom, (M", N)-Heml, Hom, (M, N) 20, Hom, (M, N)
50!‘7,N! Ext‘i (M”, N) ey e "~ YF,N) EXt'A (M”, N) Ext" (s,1) EXtZ (M, N)
Ext" (r, 1) Ext','\ (M', N) (F.N) EXt"A+l (M"; N) e

A8/14€TCA TOYHOUL.
CnenmcrBue. Ecau Ext[‘\ (M",N) = 0, 70 nocnedosareasHoCTs

0—— Hom, (M", N) He2&l, Hom, (M, N) 225, Hom, (M, N) —— 0

TOYHAA.
Mpennoxenne 9.Iyers g: NN, — eomomopguzm A-mooyaeii u
(#) 0 — M| Z>M, == M; —0
f’i fl f”l
(F) ()—»M"—»ML»M”—»O

— KOMMYTATU8HAA Ougepamma A-Modyaeit ¢ TOunbIMY cTpoxamu. Juazpamma k-mooyaneil

Ext, (M, N) =", Ext, (M", N)

E’“A(f’, 9)‘ lEX‘A "9

Ext, (M}, N,) 2220 Ext (M7, N)

KOMMYTaTusHA.
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5. IlpoeKTHBHEIE MORY/H, HFBEKTHBHbIE MOJYITH H MOMY/IH paciuMpeHuit

MIpennoxenue 10. Iycre M — A-M00yab. Caedyrowue ycaosus 3KEUSANEHTHbL:
(i) Modyas M npoeKTHBEH.
(ii) Ext’ , (M, N) = 0041 scarxozo A-modyaa Nu ecaxoeo yeaozo i > 0.

(iii) Ext}, (M,N) =0 041 ecaxoz0 A-mo0yan N.
(iv) Cywecrayer Tounas nocaedo8areabHoCTt
0-K LHp M=o,

8 KOTOpOit MoOyab P npoexrusen u Ext}\ M,K)=0.
(i) = (ii): ato cnencrBue npemioxenus 5 (c. 93).
(ii)= (iii): 10 TpUBHANBHO.
(iii) = (iv): 31O OueBHMAOHO, TaK Kak M ecTh cbaxropmouym‘(nekoroporo cBoBogHOro Moy ns.
(iv) = (i): Tak Kax Extk (M, K) =0, 10 xaHOHHYeCKOe OTOBpaxKeHHe

Hom, (M, P) » Hom,, (M, M)
CIOpBEKTHBHO (C. 95, ClencTBHE) ; CYLIECTBYET, CMleI0BATENBHO, A-THHEHHOE CeueHHe [OMO-
MopdHu3Ma v, ¥ Mogynb M maomopdeH nMpAMOMYy MHOXHTENI0 Momyna P, cremoBarensho,
IPOEKTHBEH.

Mpennoxenue 11. Ilycte N — A-moOyav. Caedyiowue ycaosus 3KEUSAAEHTHbI:
(i) Mooyas N unsexrusgen.

(ii) Ext} (M, N)=0 041 scaxozo A-modyan M. u scaxozo yenozoi > 0.
(iii) Ext, (M, N) = 005 ecarozo A-modyas M.
(iv) Cywecrsyer Tounas nocnedo8arensHOCTs
0->N1 =5C-0,
6 KOTOPOil MOOYb | UHBEKTUEH U Ext) (C,N)=0.
) Ext:\ (M, N) =0 daa scaxo20 monozenno2o A-mooyas M.
(i) = (ii): 1o cnencrBHe npennoxenHs 5 (c. 93).
(if) = (iii) = (v): 3710 TPHUBHANBHO.
(iii) = (iv): 310 OUeBHAHO, TaK KaK N eCTb MOOMOLYINb HEKOTOPOro MHbEKTHBHOTO A-MO-
nyns (c. 22, cneactaue 3).
(iv) = (i): TaK Kak Extllﬁ (C,N) =0, 10 KaHOHHYeCKUH rOoMOMOpH3IM
Hom (I, N) » Hom, (N, N)

CIOpbEKTHBEH (c. 96, cliefcTBHE); CYLUIECTBYET, ClleOBATENbHO, A-MUHEHHas peTpaKius
BIIOXKEHHA u, U Momynb N u3oMOpdeH NpAMOMY MHOXHTEN Monynsa l. clemosarenbHo,
HHbeKTHBeH (c. 19, npennoxenne 9) .

(V) = (i): ecnim @ — ugean B A, 10 Exti\ (A/ a,N) =0; xdaHOHHUecKOe OTOGpaKeHHUe
Hom, (A,N) >Hom, ( 4,N), cnenoBatensHO, CIOPBKTHBHO, U MOxynb N MHbEKTHBEH
(c. 19, npemmoxenue 10).

6. Gopmyna yHuBepcanbHbIX K03 pHUMEHTOB

B 3toM myHKTe paccMatpuBaiorca fmBa komiekca A-moayneir(C,d) u (C',d"). Pac-
CMOTPHM KaHOHHYECKHE TOUYHbIE NOCIEHOBATENBHOCTH ; ‘

M 0-2©)5c S BE)(-1)~0,
(1,) 0-B,(C) ->Z,(C) > H,(C)~0;
H3 § nonyyaeM k-roMoMopbH3M :
H(Homgr(5,1)): H(Homgr, (B(C), C") (1) > H(Homgr 4 (C,C")):
u3 (II,,) nonyyaeM cBs3biBalole FOMOMOPGH3IMBI:
§(I1,, HY(C")): Hom 4 (B, (C), H(C)) - Ext} (H,(C), HY(C")),
7. H. Byp6aku
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OTKY/Ia IOCPEMICTBOM Iiepexofa K IPOH3BEACHHIO, FOMOMOPHH3IMBI k-MomyIieit:
¢": ‘Homgr’y (B(C),H(C"))~> I  Ext} (H,(C),HI(C")).
p+q=n

Kpome T0ro, MBI pacriojiaraeM KaHoHHYecKUMH romMomopdusmamu (c, 89)
A"(B(C),C'): H" (Homgra (B(C), C") - Homgr’; (B(C), H(C")).

B 31X 0603HaUYCHHAX HMEET MECTO:

Te o pe Ma 3. IIpednonowum, uto A-modyau B(C) u Z(C) npoextugnst. na kawdo20
n cyujecrayer edUHCT8eHHbL 20 MoMopgusm k-Modyaeil

" I Ext)(H,(C), HYC"))> H" (Homgra(C, C")),
ptg=n-1

onpedennroujuli KOMMYTATUS HYI0 Oud2pammy
A {BIO).C
Homgr}~ (B(C), H(C") ) H*~ '(Homgr, (B(C), C))
L 'l lH“(Homgr @G, 1)
I1 Extk(Hp(C), HYC") H"(Homgr, (C,C") .

ptq=n-—-1
Hocnaedosarenvrocru k-modyaeii
0— n Ext, (Hp(C), H«(C")) & H"(Homgr, (C, C))

p+q=n—l

26, T Hom, (H,(C). HYC)) - 0 (1)
ptq=n
ASNAAIOTCR TOYHbIMU,
3aMevyaHnue Moxuo goka3ars aHAUIOTHYHOE YTBEPXKACHHE, IPENNOaras MOMYM
B,(C') u C'/B,(C') unsexrugnoimu oy xaxnoro n.
TMonoxaim s mpocrothi; B = B(C), Z =Z(C), H=H(C) u H' = H(C') . Tax xax monyns
B npoexmuBeH, To u3 (I) nonyuaeM TOUHYI0 NOCIENOBATENBHOCTD

0 —» Homgr, (B, C) (1) Homerl D, Homgr, (C, C')

Homer(i., Homgr, (Z,C') - 0.  (12)

JdJemma 2. Ceﬂsbzealowuﬁ 20momopPusm
H" (Homgr, (Z, C")) > H" (Homgra (B, C1)),

cooTeeTcT8yIOWuUil TouHOl nocaedosarenvrocru (12), pasen (—1)" *1 H(Homgr(i, 1) ).

TleitctButensHo, mycts ¢ € 2" (Homgr, (Z, C')); 3ro Mopdu3M KOMIVIEKCOB BepxHeii
crenelu 7 u3 Z B C', 3HaueHMsI KOTOPOTO CONepXaTc, cnegoBatensto, B Z(C'). Tak xax
TouHaA nocnegoBartensHocTs (I) pacmemiserca (MockonbKy Momyns B npoexTuBeH), a
MPOJIOIKAETCA OO0 HEKOTOPOTO 3NeMeHTa b U3 Homgrff‘(C, Z(C")). INo onpenencHuo, 06pa3
KJacCa @ TIpH MCKOMOM CBA3bIBaIOmEM romMoMopdusme ects knacc B H” (Homgra (B, C'))
romomopouama u u3 B 8 C', st xotoporo npu x € C

u(dx) =Db(x) =d'bx — (~1)"b(dx) = (~1)" "1 b(dx) = (-1)"*1a(dx),
OTKY[a CTIeAYyeT yTBepKIeHHe TeMMBL.

T'omonoryyeckas TOUHas MOCTeAOBATEIBHOCTD, ACCOLMMpOBaHHasa ¢ (12), paer, cienoBa-
TENIbHO TOYHYIO NTOCIIEI0BATENBHOCTD

~ H'(Homgr, (Z, C) =22 HY(Homgr, (B, C)
HiHomgr@. 1)) pyn+ ‘(HomgrA (C,C") H(Homgr(j. ), y1n+ l(H()IngrA (Z,CHY) - ...

Kpome Toro, Tak xak momyns Z mpoextnBeH, u3 (II,) monydaem TouHBIE NOCNemOBaTelib-
HOCTH .

0 - Homy (H,, H'?) > Homy (Z,, H'?) = Homu (B, H'?) > Ext, (H,, H'Y) >0,
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OTKY/[a NOCpelCTBOM IepeXxola K IPOH3BEACHMAM HMEEM TOUHbIE NOC/ICAOBATEIILHOCTH

0-> Homgr"y (H, H') > Homgr, (Z, H') > Homgr; (B, H)-> II Extj(H, H9)->0.
ptq=n
HaxoHel1, MBI pacTioJiaraeM KaHOHHY¢CKH MY FOMOMOPGH3MAMM H3 1. 1:

)\B = )\(B’ C’): H(I{omgrA(B, C,))_'> HomgrA(B9 H'),

Az =N(Z,C'): H(Homgra(Z, C'))~> Homgra(Z, H"),

Ac =A(C,C"): H(Homgra (C, C')) > Homgra(H, HY),
OTKYy/ia TIONTyYaeM [HarpaMMy C TOUHBIMH CTPOKAMH

Homgr"~' (i, 1) at
Homgri" (Z, H) Homgry ' (B.H")

1l Ext'@, u9—o0

peaen=t

x" kl— 1
’ H" Y{(Homgr (i, 1)) H"(Homgt (3. 1)) H*(Homgr (, 1)) H"(Homgr (i, 1))
H*'(Homgr, (Z, C)) — H"~'(Homgr, (B, C")) — H*(Homgr, (C, C")) — H{Homgr, (Z, C')— H(Homgr, (B, C")

Homgr* (j, 1) Homgr* (i, 1)

0 — Homgr} (H. H") Homgri(Z, H') ———+ Homgry(B, H')

12 muarpamMmMa KOMMYTaTHBHA [0 MOCTPOeHM0 romMoMopdusmoB A. Kpome roro, Tak Kax
KOMIUIeKChI B # Z pacuieriseMsl 1 NIPOEKTHBHEI, romoMopduamel Ag u A z GuexTusHb (¢. 91,
cnepcteue 1), OTCoNa 3aKniouaeM, ¢ OOHON CTOPOHBI, YTO FOMOMOpP(H3M AL CIOPbEKTHBEH H
EMeeT spo, paHoe Im H? (Homgr (8, 1)), a ¢ mpyroit cTOPOHEI, 4To roMoMopduaM ¢™ 1o A§~!
ciopbeKTHBeH M HMeeT sipo, paBHoe KerH" (Homgr(8, 1)). Orciopa HenocpencTBeHHO cne-
Oyer TeopeMa.

Cnepncrtsue l. Ipednosoxum, uto modyau B(C) u Z(C) npoexruensl, a Modyas
B"(C') unsextusen ona kawdozo n. Tozda Tounbie nocaedosareavroctu (11) pacujennnemot.

JTo BBHITEKAET H3 TEOPEeMbI H ClIeHyoweit IeMMbI:

JTe m Ma 3. Ecru Modyas B(C) npoemueen u Modyab B" (C") unsexrusen npu kawdom n,
10 Kawonuueckuii 20momopguzm \(C, C'): H(Homgra(C, C')) »>Homgra(H(C), H(C"))
obnadaer K-uKeiliHblM ceuenuem.

JefiCTBUTENEHO, COMAacHO 3amevaHuAM a) H 6), c. 39—40, cymecTByioT FOMONOTrU3MBI

¢: C>H(C) un ¢ H(CH)->C,
ms kotopsix H(p) = 1n(cy 1 H(p") = 1’y
B KOMMYTaTHBHOI IMarpamMmme
H(Homgr,,(H(C), H(C')) —romer @ e,
MH(C). H(C'))l

H(Homgr, (C, C")

l).(c, c)
Homgr (H(). H(®")

Homgr, (H(C), H(C')) ——————— Homgr, (H(C), H(C)),
romomopduam A(H(C), H(C')) 6uextuBen, a Homgr(H(p), H(y')) ToXnecTseHHbI, OT-
Kylia ClIeflyeT YTBe pXIeHHE,

CnepcrBue 2. Ecau mooyau B(C) u Z(C) npoexTusHsl, 10 012 8¢caK020 A-modyas
N u 8CAKO020 Yen020 n UMeem pacujeniseMylo TOURYIO N0CAe008aTe bHOCTS

0—Ext) (H,_,(C), N) & H"(Homgr, (C, N)) 2> Hom, (H,(C), N)— 0. 13)

CnepgcrBue 3 ("dbopmyna yHuBepcambHbIX K03 duumentos”). [Ipeonosomwum, uro
A — Koabyo 2aaeKbixX udeanos u uro komnaexc C caoboden. lnn ecaxozo A-modyaa N u
8CAKO20 YeA020 N uMeeT MeCTO PACYenasemMasn TONKA NOCAe008ATENbHOCTS (13).

TleiictBuTenbHO, Momymd B(C) 1 Z(C) cBoGomHbI KaK TIOMO/IY M CBOGOIHOTO MOAy s C
(VI1, § 3, cor. 2 auth. 1; Anrre6pa, VII, c1p. 43, Teopema 1).

Cnencteue 4. Ecau xomngexc C oepanz}ueu cnpasa u ecau Cu H(C) npoexrusnol,
TO 20MOMOpPHUIM

A€, C'): H(Homgra(C, C')) > Homgra (H(C), H(C"))
buexTusen.
7#
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CoracHo TeopeMe, JOCTATOYHO [0Ka3arh, uto Moxyu B(C) u Z(C) npoexBHbL. Ho MbI
uMeeM TOYHbIE N0 CIIeIOBATENIBHOCTH

0~ B,(C) > Z,(C) > H,(C) 0,
0-2,(C)»C,~>B,_;(O)~0;

cnenoBatensHo, (B, _,¢C) npoextusen) = (Z,(C) npoextuBex) = (B,(C) npoextnneH).
INosyuyaeM HCKOMBI BBIBOM, 3ameuas, uro B,, (C) = 0 npH gocraroyHo manoMn.

7. 0600meHne HA KOMIUIEKCH MYNETHMORNY el ;
KaHOHHYeCKHe H30MOP(hH3IMBI

Nycrs B, B' — mea xonsua, C — kommexc (A, B)-Gimomyneit, C’' — kommnekc (A, B')-6u-
monyneit; torma (Homgr,(C, C'), D) — kommwiexc (B, B')-6umomyneit ¥ KaHOHHYECKHIA
romomopdusm A: H(Homgr,(C, C')) = Homgra(H(C), H(C')) npencraBnser coboro
romomopdusm (B, B') -6umomyneii.

Ilycts k(B y (B _ MOHOM[IHbIe aNreGpsl MyJbTHIDIMKATUBHBIX MOHOMIOB Kounen B
u B’ cootBerctBenno. Ecm M — (A, B)-Gamonyns u N — (A, B') -Gumoptyns, 10, cOrnacHo
¢opmyne (8), c. 57, L(M) npencraBnser coGoit komimexc (A, k (B)) .6umonysneit, a I(N),
cormacko ¢opmyne (15), c. 58, — kommiekc (A, k(B'))-Gumozwneﬁ H, CJleJOBATENbHO,
Homgra (L(M), I(N)) — xomimexc A k(B'));ﬁlamoaneﬁ, 1aK uto Ext , (M, A) ecrect-
BeHHBIM 00pa3om Hagenserca CTPYKTypo#d IpagyHpoOBaHHOTO (k(B) , k(B'))-Gﬁmowna,
KOTOPaA TIOCPE/ICTBOM KaHOHHYECKHX FOMOMOPQH3IMOB k®) By k®) > B wpympyer

Ha Exta(M, N) crpyktypy rpamymposaunoro (B, B')-6umomyna (cp. c. 57, 3aMeuBHue,
c. 58, 3aMevanue) ; Ha wieHe cTeneHy O 3Ta CTpyKTypa COBNAapaeT co cTpyKtypoit (B, B')-6u-
monyna va Homy (M, N) (11, p. 35).

Ecmu A € B, X' € B’ n ecim 0603HawmTh Yepe3 Ay, Ay, A, A TOMOTETHH X+> XA,y y\’,
zb Az, zPzN HaM, N, Ext (M, N), Ext (M, N) cOOTBEICTBEHHO, TO
Ag = Exta(Au, 1),

XE = EXtA(l , )\;q) R

M 3TO [aeT [PYTroe OMACaHue CTPYKTypbl Oumomynsa Ha Ext 4 (M, N).

Mp1 DpefocTaBiseM YMTaTeNo 0Go0MMTL Pe3yIlbTaThi 1.4 M 6 Ha CITyYail KOMIUIEKCOB MYJIb-
TMMOyNeH.

Mycm C, C', C" — xommiexcn A-mopyneit. Komnosumusa oroGpaxenuii onpefienser rpa-
YV pPOBaHHbIA FOMOMOPGU3M cTeneH! HYJb:

Homgr , (C, C") & Homgra (C, C') - HomgrA(C, C"). (14

Nycrs B, B', E — xomsa, C, C’, C” — xommiexcw (B', A)-6umonyreit, (A, E)-Giamory-
neit, (B, E)-Gumonyneit coorercTBenHO. [Tocpenctesom OTpaHeHHsi KaHOHHYECKOro H30-
mopdusma u3 I, p. 73, nonyvaem GHex TMBHbIE romMoMopdusm (B, B ") -6umomyneit

Homgrg(C8, C',C")~ Homgr, (C, Homgrg(C', C"). as)

Iycrs, HakoHen, B — kombuo, C — KoMIwiekc npaBsIx B-Momyned, C' — kommrexc mpa-
BbIx A-Momyneit, C” — xommiexc (B, A)-Gumonyneit. U3 KaHOHMYeCKHX roMOMOpbH3MOB
(1, p. 75)

Cp ®g Homu(Cq, C) > Hom, (Cy, C, @5 C))

HoMyYaeM rpadyd pOBaHHbG roMOMOPGHIM CTENEHH HyINb:
C®, Homgr, (C', C") > Homgra (C', C @5 C"). (16)

31or romomopdusM GuekTuBeH, korga C — mpoekTHBHBGI Momynb Koseudoro muma (1I,
p. 75, prop. 2).

Mpennoxernue 12..Jomomopgusmsr (14), (15), (16) npedcrasaator co6oil mop-
dusmbr xomnaexcos.
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HokaxeM 310, HanpuMep, WA romomopdusma (14). O6o3HaumM atoT romMomMopdusm
yepe3

x: Homgr, (C’, C")®, Homgr,(C, C")~> Homgr ,(C,C").
Iycrs f€ Homgr,(C',C"), u g€ Homgra(C,C'),; TOrma =m0 OmpenelicHMIo HMeeM:
k(f®g) =fo g Kpome Toro:

D(feg)=Dfeg+(-1)’fo Dg=

=d"ofNeg—(-1)P(fed)og+(-1)PfO @ og)— (-1 "fo(god),
OTKYyHa

k(D(feg))=d"ofog ~(-1)Pfod o g+(~10fod o g —(-1)?*fogod=

=d"o fog—(-1)P*9fogod=D(fog) =D(x(f®g)).

AHAIOTHYHO [OKa3biBaercs, uro romoMopdusmer (15) u (16) senasorca Mopdu3MaMH
KOMITIEKCOB.
M3 mopdusma (14) nonyuaem romomopdu3smel k-Momynei (c. 71):

H?(Homgr, (C', C") ®, H{Homgr, (C, C")) - H?*Y{Homgr,(C, C")) . aan
Baas C = A, Mbl BHIMM, YTO TOMOMOpP(H3M
Homgrs (C',C") e, C' > C", (18)

KoTOpbIit oToGpaxaer f @ x Ha f(x), ABNAETCA MOPPHUIMOM KOMNAEKCO8 TIEBBIX A-MOMY-
nielt; ¢ HEM aCCONMMPYeTCs KAHOHMYeCKui romomMopdusM (c. 85) rpanympoBaHHbIX A-MOLy-
neit v: H(Homgry (C', C")) ®, H(C") = H(C"), xoTOphlii COOTBETCTBYET KaHOHHYECKOMY
' romoMopdu3My k-Momyrei

A: H(Homgr, (C','C")) - Homgr 4 (H(C"), H(C")).

Ynpaxnenus

9 1. Axommiexkc C Haspmaerca yucreim, eam H(P e, C) = 0 ms scaxoro npasoro A-mopyns P,

a) Komiiexc, TOMOTONHBIA HyJ0, WICTHl; KOMINIEKC H3 WIOCKMUX MOMynelt, HMeoIMi HyJeBYO
TOMOJIOTHIO H Or'PaHMdYeHHBIA CTIpaBa, ABJIAETCA WCThIM. JIaTs py Mep KoMIUIeKCa M3 CBo GOAHKIX Mony el
paHra 1, imMeKllleIo HyJIeBY 0 TOMOJIOTHIO, HO He SBJIAIOIET0Cs WICTBIM.

6) Tokasath, Uro CIeAYIOUMEe Y CIOBHS SKBUB ATIEHTHBI:

a) komiexc C wicrnit;

$) H(Homgr s (M, C)) = 0 anst BCAKOTO KOHEYHO MPENCTaBHMOT0 A-MOOynis M;

Y) cyulecIBYeT HAaNpaBiIeHHaR HHAYKTHBHadX CHCTeMA (C(a))de j KOMIUIEKCOB, 20MOTORNBIX HYAI,
ms koTopo# C = lim c@®,

—_—

(Uro6ul yBMOETH, YTOo yCIOBHe §) BiedeT 7y), CBECTH NOKA3aTeNbCTBO K onydaio, korma C; = 0 mpu
i <1,,n npeacrasuTs C; , KaK MHAYKTHBHBI NIpelen KOHeuHo NPeACTABHMBIX Moaymeft.)

2.Mycte M — A-monyns. [Tonmonyns M’ B ‘M ua3kIBaeTCH 4ucToiM, €CIIM KOMIDIEKC, ONPE/es e MBIt
TouyHo# mocefoBaTeNnkbHOCTEO 0 =~ M' = M = M/M' - 0, wicrstt (ynpaxsenye 1),

a) [Toka3arTe, YTO KOTH3 A — KOJIHIO 2148 HbIX udegn08, 3To MoHATHE W CToTo NoAMONYNA COBNANaAeT ¢
BpefeHHBIMB VII, § 2, exercice 7 (Anre6pa, VII, c. 37, ynpaxuenve 7).

6) Ipennonoxum, aro A-mopynb M miockuit. [ToxasaTs, aro CleAyOUMe YCIOBHSA 3KBUBANCHTHLI:

a) noaMonynb M’ wicThit;

f) daxropmonyns M/M' pnockuit;

v) M'n aM=aM msBecaxoroHneana 4 B A,

3.Mycrs M — A-monyns, n — menoe wicio > 1. [foka3aTs, YTO CleAyiHe yCIOBHA SKBHBATCHTHEL

a) M nonyckaeT koHeuHoe n-ipeficTaBjeHne (c. 66, ympasxHenue 6) .

f) Ins scakoft HanpaBieHHoN HHAY Kk THBHOM cucrembl (N) o & | KaHoHHuecKul 1o MoMopdm3m

: i i :
h;n Exty (M, Ny) ~ ExtA(M,_lin Na)

GuexTuBeH IpM { < 7.
v) Ins Bestkoro cemefictsa (Pg) g < j TpaBBIX A-mopyie#t kaHoHHYecKH it o MOMOPDHU3M

Tor*( I P, M)~ I Tor*(®,M)
gel sel

GHexruBed IpH { <n.
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8) Ins Bcaxkoro MHoxectsa I kaHoHMyeckuit roMomopdusm A}, S M~ M! Gwexmpen n
TorP AL, M)=0 1w O<i<n.

(TTpMeHU Th HHAY KIMIO TIo 71, HCTIONB3Y A ynpaxHenue 18, c. 27.)
4. Tycts P — KOMINIEKC IIPOeKTHBHBIX A-moayriel, HyneBo#l cnpaBa, M 7 — Takoe Lenoe WMCIo, YTO
Hi' (P) =0 npu i <n. Tlyctre M — nepwit A-monyns, N — mpaBbit A-monyns. Iloxkasars, uro

H’(Homng(P, M) =0 u H;(Ne, P)=0 npa i <n ¥ 4ro KAHOHMYECKHE 10 MOMOPPH3IMEI
A" H"(HomgrA(P, M)) = Homp(H, (P), M), v, N®yH,(P)—»H,(Ne, P)

OHeKTHBHEL

§ 5.Tycts P — npoexTuBHbEt A-KoMimlekc, Hyneso# crpasa, n — uenoe wcno > 0. Mokasars, 4ro
cefyoupe ycoBHS SKBHBAISHTHBL:

@) CylecTRYOT KoMIDIEKC P’ H3 MpoexTHBHEIX A-Mofyelt KOHeMHOro THINa, WIS KOTOPOTO Pi' =0
opu §{ > n wm i < 0, u Tako#t mopdusm f: P’ —P, wro oTobpaxerue H; (f) GuexrnBHO mpu i < n ¥
CIOpBCKTHBHO HIpH § =11,

) Nnst mcaxol HanpaBneHHoH MHIYKTMBHO# oncreMsl”A-mofyneft (Mg), < KaHoHuvecku#t romo-

Mopdu3M
. i i .
lim H'(Homgr 5 (P, My)) ~ H' (Homgr (P, im Mq))

GueKTHBEH IpH | <n H HHBEKTUBEH IIpH [ =1,
7) HnsaBcaxoro cemelicrsa npaBrix A-moaynelt (Ng), e | KaHoHuueckuit romoMopdusm

Hi((IINg) o )= ITH; (N © )

GMeKTUBEH IIpH | < n H CIOPBEKTHBeHIIpH { =n.

(Uto6B1 moKa3aTh, Yro H3 &) CIEAyOT f) M 7v), IPUMEHUTH yNpaxHeHHe 4 K KoHycy mMopdH3Mma f.
Y1o6B1 NOKa3aTh, YTO H3 f) HNH ) GIEAYeT a), paccyXnaTh HHAYKuMell 1o 7, IpUMeHAA ynpaxdeHue 4,
ypaxHeHse 18 (c. 27) u ympaxHeHHe 10 (c. 48).)

6. TIycte A 1 B — mBe k-anreGpst (accouMaTMBHEIE H YHUTapHele) , M — neBuit A-MoAyns, P — neBnit
B-moayns, N — (B, A)-Gumonyns.

a) TloKa3aTk, YTO CYIHECTBYIOT B¢ CHeKTpaNbHble MoCNeioBaTeNbHOCTH (C.49-51, ynpaxHeHus 14—17)
k-monyne#t 'E u *E, cxonsuumecs K OQHOMY H TOMY Ke I'Dafyd poBaHHOMY k-MOIymio, IS KOTOPBIX

1EP 9 = Ext (M, Extg (N, P),

A
*E]? = Extg(Tor, (N.M). P).

6) Ipu nomolM KOMMO3MUKH ToMOMOPDH3IMOB v H 6 M3 ynpaxuerus 15, ¢. 50, onpegenuts k-romo-

Mo phu3M
p: Exta(M. Homp(N, P))  Homg(Tor A(N. M), P).

Ecm Moaynb P HHBLEKTHBeH, TO MOKAa3aTh, YF0 4 — H3I0MOpdH3IM.

B) EatH N - mnockuit A-Moaynb, To IMOKa3arb, YTO MOCIEHOBATeNBHOCTs 'E  CXOMMTCH K
Extg(Ne,y M,P); ecnn N — npoexTBHBO! B-mModynb, TO MOCIEJOBATENBHOCTE 2E CXOMMTCH K
Ext (M, Homg(N, P)).

r) ycts p: A - B — romomopdu3m k-anreGp. [foxasaTs, YTo CYMIECTBYKOT CIeKTpAILHAK NOCICAOBa-
TeNnBHOCTh E, cxoasuascsa K Ext o (M, P), ons xotopoft

E;"? = Extg(Tor B, M). P),
U CeKTpajiBHas Tocle JoBaTeNn bHocTh 'E, cxonmnanc:i K Exta (P, M), nns xoropo#t
P9 = Extf (P, Ext] (B, M)).

7. Nyers C ~ A-xommiexc, M — A-Mopysnb. Mopynem pacuiupesuit Mogyns M mocpeiCTBOM KoMn-
nexca C (CooTBeTCTBeHHO KoMnneKca C NOCPelCTBOM Moyl M) HasnIBaeTcs rpajlyHpOBaHHbIN K-Mo-
ayime

&xtp (C, M) =H (Homgrp (C, I(M))
(coorBercTBerHo & xt (M, C) = H (Homgr 5 (L (M), O))).

Fcmu f: C = C' — mopdusm Komnnekcos H g: M—M' - romomopdusm A-Mofyneif, To NOJTOXKHUM
& xt 5 (f, &) = H (Homgr (f,1 @), &x1p (g )= H (Homgr (L (), ).

a) Ecmu f: C - C' — roMonorusM, o k-romoMopduamet &xtp (f, 1) u &xt a (1, ) GuekTUBHBL
Ecnu xomnnekc C NpoeKTHBEH W OrpaHuyeH CrpaBa (COOTBETCTBEHHO MHBEKTHBEH M OPPaHMUEH CIIeBa) , TO
rpamyspoBanHsli k-Moaynb & xt A (C, M) (COoTBeTCTBEHHO 8xtA M, C)) uzomopden H (Homgr 5 (C,M))
(coorBerctBenHo H (Homgra (M, C))).
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6) Mycte 0 > C' —+C -+ C" =0 — TouHaA NOC/NENOBATEHLHOCTL A-KOMIEKCOB ¥ 0 M’ M =M" —
— 0 — TouHas NocnefoBaTebHoCTL A-Moayne#t. [loka3aTh, UTo CyIIeCTBYIOT TOYHEIE NOCNEMROBATE BHOCTH

S Ext € M)~ &xth €, M)~ Ext]} € M) > ExtTC" My,

L= &xth (C,M)—» &xth €M)~ &xth (M) Ex e, M)~ ..,

S Bxth M,C)—> Bty M, 0> Exth M,C") - Exe Mt (M, €Y.,

&xth M",0~ &xth M,0)» &xti M, 0) - ExtfTT M", 0. ..,

1

B) TNoka3aTe, YTo CyLIECTBYET CieKTpalikian nocnefoBaTensiocts " E (c.49-5], ynpaxHenus 14-17),
cxopsmaica k. &xtp (C, M), pna koropot YEP4 = HY (Exth (C, M)). Ecnn xommiexc C orpasuyen
CHpapa, TO [0Ka3aTh, YTO CYLIECTBYET CHIeKTpaibHas nocnefopatensiocTs ' E, cxopauagca k. &xt o (C, M),
IJ18 K OTOpoOH 'Ef’q = Ext K (Hq (C), M) (paccmorpers 6ukominexc Homegr p (C, 1(M))).

8. Ilycrs P, Q — gea A-xomnnekca. Tpeanonoxnm, unu uro P orpanwien cnpasa u Q orpaHuMeH ciieba,
WK 4TO CyHIECTBYeT Takoe Hesioe Yuciio d, YTO BCAKHE A-MOAYNb obnajjaeT NPOEKTHBHOW pe3ONbBeH-

To# pOnuHH <d.
a) TMoxa3arsk, YTo CYHIECTBYIOT jiBe CNeKTpanbHbie Nocheposatentiocth 'E n " E, cxopsumecs K ofiHo-
MY H TOMY K€ rpafy MpoBaHHOMY K-MOAYJIO, AN KOTOPhIX

EPY=HP Extd @,Q), "EPT= o, Extd (Hy ®),H? @)
2 A T g AW ®

(rae Ext‘k (P, Q) ofbo3nauaeT KOMIIEKC, aCCOHMKHPOBAHHEIA ¢ GMKOMIUIEKCOM © Exti Py, Q).
. r.s

6) Ecnum komnnekce P mpoexTuBed win Q WHBEKTHBGH, TO CTEKTpanbHas NocnefoBarernbHocts ”E
cxopurcs k H(Homgra (P, Q)). Ecnu H(P) npoexTused unu H (Q) mHBEKTHBEH, TO N0CNENOBATENBHOCTD
E cxonurcs x Homgr o (H(P), H(Q)).

§ 6. HCNMONTb30BAHHE HEKAHOHHYECKHX PE3OJIbBEHT
To-npexcnemy coxpanaiorca coenauwenua us § 4,

1. Berwmcnenne monyneit Tor® (P, M) u Ext, (M, N)

Ilyctp M, N — nesble A-MopynH, P — npassiii A-monyne. IlycTs, ¢ mpyroii cTtopoHsl, a:
R M — neBas pe3onsBeHTa WA M, b: S > P — neas pesonvsenta gz Pu ¢: N—E — npasaa
pe3onbBenTa g N.

CornacHo npemioxenuaM 3 ¥ 3bis, c. 55-56, cyuiecTBYl0T MOpPGH3IMBI KOMIUIEKCOB &
L(M)-R, §: L(P) =>S,y: E~I(N), wis kotopoix d o &« =py, b o f=pp,y o c=ep,
H rOMOTOITMYECKHE KIJIaCChl MOPGHU3MOB 2, §, ¥ 3aBHCAT TOMLKO OT 3afaHHLIX Pe30JbBEHT.
Cornacho npemnoxenuio 3, c. 73, u mnpemioxenuwo 3, c. 90, romoronuueckue Kiaccol
MOpU3MOB

B ®a: L(P) 8o L(M)—~>S &, R,
Homgr s (@, v): Homgr, (R, E) =~ Homgr, (L(M), I(N))

33BMCAT TONBKO OT 3aJlaHHBIX PE30JIbBEHT, OTKYHa OPH MEepexolie K FOMONIOTMH MONyyaeM
rpajlynpoBaHHble K-roMOMOpdU3aMBbi cTenety 0

¥ (S, R): Tor (P,M)>H(S ¢, R),

¢(R, E): H(Homgra (R, E)) = Ext, (M,N),

He 3aBHCHLIME OT BbiGopa o, f3, 7.

Hanpumep, Geps B kauectBe 4, b, ¢ TOXHECTBeHHHbIe OTOGpaxeHua momyneir M, P, N
COOTBETCTBEHHO, Mbi MPUXOMUM K romoMopduamMam ¢ (P, M) : Tor® (P, M) =P e, M u
¢ (M, N): Homp (M, N) = Exts (M, N), BBeleHHbIM B 3aMeuanuy 2 Ha c. 76 M B 3aMeya-
HuH 2 Ha c, 93.

Teopema 1. a) Ecau odna us pezoavgent R uau S naockasn, ro ¢ (S, R) — usomop-
Pusm epadyupoganuvix k-modyaei,

6) Ecau pesoaveenta R npoextuena unu ecau pesoavéenta E unsexruana, 1o ¢ (R, E) —
u30Mopghusm 2padyuposannsix k-mooyaeii.
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a) Ilpennonoxam, Hampumep, 4TO pe3osibBeHTa R IWiockas, M BbiGepeM MOpGOH3MBI O
U B, kak yxasaHo Bbiue. Mopduam § ® a nmpeacTasiser co6oil KOMIO3HUMIO MOPHHIMOB

1pfpyea feig
L(P) ®a L(M) L(P) ®y, R——8§ ®a R.

Tax xak xommwiekc L(P) (cootBercrBensio R) mnockwuit u @ (CooTBeTcCTBEHHO f) — rO-
MOJIOTE3M, To 11 (p) ® @ (cooTBeTcTBEHHO B ® 1R) — Takke rOMOJIOTM3M COIJIACHO Npen-
noxenuo 4, c. 75, CnepoparenbHo, § ©® o — romonoruam u otoGpaxenue VY (S, R) =
=H(§ ® o) GuexTusHO,

6) PaccyxnaeM aHaJIOrHIHO, HCTIONIB3YA MpeyioxKerue 4, ¢, 92,

CnencrtBue, EcruR - naockan pezoaveenta modyas M, To 2comomopgusm

¥ (P, R): Tor® (P,M)>H(P 9, R)

buexrtusen. Ecnu R — npoexruenan pesonveenta Mooyaa M, 1o 20mMomopgusm
¢ (R, N): H(Homgry (R, N)) > Exta (M, N)

6uexrusen. Ecau E —~ unvexTusnan pesonveenta Modyaa M, 1o 2omomopdusm
¢(M, E): H(Homgr, (M, E)) > Ext, (M,N)

fuexrugen,
3 amevaHue. [Inarpamma k-mMonysiei

Tor* (P, M) &R . Hi$S ®, R)
Orm L lﬂ(o(s. R))
o W(Ro’ Sn)
Tor* (M°, P°) ——— H(R® ®,. S°).

rae op v u 0(S, R) — usomopgusmer kommyruposanus (c. 78 u 71), KOMMyTaTHBHA: 3TO
BBIBOIHTCA TOCPEACTBOM Tepexofa K TOMOJIOTMH H3 KOMMYTATMBHOM JHarpaMMpl KOMII-

. JIEKCOB

LP) @, LM) 28%% s@,R
o(L(P), L(M))l io(s, R)

L(M%) ® o L(P?) 22E» R° ©,. §°

(2omomopduzmbl Y COBMECTUMbL € UZOMODPPUIMAMU KOMMY TUPOBAKUR™") .

Anartoruuno, mycts ¢,: Ry > M, by: S$; =P, ¢;: N~ E; — mopdusm komMiiekcos, rue
R: u 81 — npoexrusnsvie u nyaesvie cnpasa, a Ey — unsexruguoiii u nyaesoii cnesa. Co-
T7acHO npemroxenuam 3 u 3bis, c. 55—56, cyuecTBY0T MOpdH3MBI KOMILIEKCOB

a;: Ry >L(M), 8y: 8, >L(P), 7,: IN)>E,,
A KOTOPBIX Py © Oy =dy, pp © By =by, 71 © en = ¢, H, CIIENOBATENLHO, MOP(HIMBI
KOMIUIEKCOB:

Br ® @;:S; &5 Ry >L(P) 8, L(M),

Homgry (a3, 71): Homgr (L(M), I(N)) > Homgr, (R,, E,),
H, Itx)ocpencmom nepexona K roMoNlorud, rpajyMpoBatHbie K-IHHelHbpe 0ToOpaxkenua clerne-
Hu 0:

V'(S1,Ry): H(Sy o4 Ry)~>Tor? (P, M),

¢'(Ry,Ey): Exta (M, N) - H(Homgrs (Ry,Ey)),
gmocmenbuo KOTODBIX MPOBEPAETCA, KaK H Bbillle, YTO OHM He 3aBHCAT OT Buibopa o,

1,71,

IMpennoxenue 1, Ecau ay, by, ¢; — 20M0N02U3MbL, TO V' (S:1,R)) u ¢'(R,, E,)
npedcragasnr co6oii Guexyuu, obparusie Guexyuam Y(S;, Ry) u v Ry, E;) coorsercr-
8EHHO.
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JelicTBHTENBHO, & © &3 ecTh MOpdH3M KoMmIUlekca Ry B cebad 4y ¢ (a0 ay) =py o
o @y =dy,by o (Bo B4)=pp o B; = by.CornacHo npemIoKeHHIo 3, ¢. 55, MOpPGU3IMBI
ao a M o f; roMOTONHBI 1r, ¥ 1g, coorBercrBeHHo. IloaToMy, cornacHo mpemioxe-
Huwo 3, c. 73, mopdusm f = (f e a) o (8; ® a;) xommiexca S; ®5 R; B ce6a romoro-
meH lg, o, R,- Cnegosarensho, H(f) = 11

VS1,R1) e ¥'S1,R)=H@ e o) o HB @ a))=HP=1;

Touso 12K xe ¥’ (S1, Ry) o ¥(Si, Ry) = 1. Jins oToBpaxenuii ¢ ¢’ paccyxaenus npoBo-
HATCA aHAIOrMYHBIM 06pazoM.

IIpumepsl. 1. IIycts @ — 3MeMeHT H3 A, I KOTOPOTo 0TOOpaXKeHHe : X ~> X@ KOIb-
na A B ce6a MRbeKTHBHO (2 HE ABJAETCA MpaBhbiM AenuTeseM Hyna”") . Ucnons3sysa pe3onb-
BEHTY

0> A5 A > AJAG~ 0,
MBI BHIKM, YTO JIJIi BCAKOro fMpaBoro A-mopynsa M
Tor4(M,A/Aq)=0 npu i >1

H uto k-momyns Torf* (Ms.A/Aa) uzomopden Ker (ay).
AHannorsuHo, /i1 BCAKOro J1eBoro A-monyna M

Ext!, (A/JAa,M)=0 npn i>1

u k-Monyms Ext} (A/Aa, M) usomopden M/aM.
2. Ilpepnonoxum, 9T0 Konuslo A menoctHoe: mycTh K — mose vacTHbix xomsa A u M —
A-Mopyne. Ucnions3ys IWOCKYI0 pe30JIbBEHTY

0-+-A—-K—-K/A=0

(c. 13, npumep 5), Mbl BUIAMM, YTO Tor,(K/A M) =0 npnz > 1 4, xpoMe TOro, IpHHAMAs
Bo BHMManme II, p. 116, prop. 26. (ii), uto A-monyns Torf* (K/A, M) usomopden nommo-
Y0 KpyveHHs Monysa M.

3. Mpepmonoxmm, 4ro0 A — HETEPOBO JIOKANBHOE KOJBHO, 0G03HAYMM yepe3s #E €ro Max-
CHMaNbHBI BHaean K nooxum k = A/ #.Tlycts M — A-Mopyns KoHeuHoro THna, P — myurnMais-
Hag mpoexTUBHag pe3onbBeHTa LA M (c, 59—60). ina Beaxoro n 2 0 BeKTopHBIE K-IPOCT-
pancrea Tor? (k, M) u Ext A (M, k) uMeroT KOHEYHYI0 pe3MgPHOCTh, paBHYI0 paHTy cBoGon-
Horo A-mopyna P,; peiictBurensHo, kommiexcsl kK ®4 P u Homgr, (P, k) umeroT Hyne-
Boil nuddepenuman,

2. Burmicnenne otoGpaxemuit Tor® (g, f) n Exta (£, k)

Iycts : M >M', h: N' >N - rOMOMOpQ)uaMbI TIEBBIX A- Monynen, g P - P - rOMo-
MopdH3M  mpaBBIX A-Monynen, a: R>M,a": R' >M', b: S ->P,b':S' >P' — nempe
PE3OINBBEHTBI A1 M, M', P, P COOTBETCTBEHHO, C: N->E ¢': N' > E' — npassie pesons-
BeHTs! aiA N u N, 7 R-R', & S -+S', i: E' >E - M0p(‘bK3MbI KOMIUIEKCOB, Wis
KOTOpPBIX

a' o f=foa bo g=gob hoc=coh

NMpennoxenune 2, Caredyowue 08e duazpammsl KOMMYTATUBHbL

Tor* (P, M) X8, HES ®, R)

Tort* (g, f)L lH(é‘@i)
(s, '
Tor* @, M) £2% H(S'®,R).
H(Homgr,(R’, E") &85 Ext, (M’, N*)
H(Homgr, (/. h))l ‘Exu /by

H (Homgr, (R, E)) —— 2R B Ext, (M, N).
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Mycrs a: L(M) »R, a': L(M") »R’, y: L(P) =S, v": L(P") »S’' — mopduams
KOMIDIEKCOB, V1At KOTOPbIX

goa=py,ded'=py, boy=pp, b oy =py.
Io onpenenerio, romoMopuam H(g ® i ) o ¥(S, R) paBeH

HEef)oH(rea)=H(E-ne(fow),
Toraa Kak romomopduam ¥ (S’, R') o Tor® (g, f) pasen

H(y' @a’) o H(L(g) ® L(f)) = H((y" > L(g)) ® (¢ > L(f)))-
C mpyroii cropoHsl, a’ o L(f) u f o a — a0 npa Mo,pcbngma 13 L(M) B R', s xoropeix
a'o(a' s L(f) =pu'e L(f) =fepy=feaca=a"o(f e a). Cornacronpemoxenuio 3,
c. 55, mopdusmer &’ o L(f) ¥ f o @ roMOTONHBbI; TOYHO TAaK k¢ TOMOTOHHBI MOpPGhH3IMBbL
v o L(g) u .7, cnenosarensno, Moppuamn (Y. o L(g)) @ (@' e L(f) u (§ov)®
® (f o &) roMOTOIHDI, COrNIACHO MpemroxeHHo 3, c. 73. Takum o6pa3om,

HEef)e ¥ (S, R)=H(E N e(fea)=

=H((y'* L&) ® (@' o L) = ¥(S",R) o Tor* (e, 1).

OTHOCUTENBHO BTOPOH MArPaMMBI DPACCYXXACHHA NMPOBOJATCA aHAOTHYHBIM OOpasom.

3ameyaHHue. PacCMOTPHM TakXe KOMMYTATMBHbIe OMarpaMMbl MOpGH3MOB KOMI-
7IeKCoB

R, 2= M S, 2> P N
oA A A
R; 2 M), S N <~ E,,

s 12 '
roe xommiekchl Ry, Ry, S;, S} mpoexTMBHBI ¥ HyneBbie capaBa, a Kommiekchl E;, E}
HHDbEKTHBHBI M HyJleBble 1eBa. Torga

Tor®(g,f) e (81, Ry) = ¥'(81,R1) e HE o),
¢'(R1, E1) o Ext, (f,8) = H(Homgra(f, £)) e ¢'(R}, EY),

YTO JI0Ka3BIBACTCA AHATTOTHYHO MpPEOyIOKeHHI0 2.

3. BurmcrieHHe CBA3BIBAIIMHX FOMOMOPGH3MOB

PaccMOTPHM KOMMYTATHBHYIO QHATPAMMY

0— R'Z» R i» R"—0 (1
I
0—M -“>M5M —0, : ¢))

roe neppas crpoka (1) — TOuUMaA MOCNEMOBATEIbHOCT KOMIUIEKCOB JIEBBIX A-MOMYJe,
BTOpas cTpoka (2) — TOUHas MOCNENOBATENBHOCTD JIEBBIX A-MOJIYN€eH H THe BepTHKATbHBIC
CTpeSIKH 0603Ha4YalT JIeBbIE Pe30JIbBEHTBI.

IMpennoxenne 3.a) IIycto P — A-m0o0yab, b: S =P — aesasn pe3onveenta 0n4 P,
NpeonoOAONUM, YTO NOCAEO08ATEABHOCTb KoMNeKco8 k-modyael

, 1geu igey ”

0+>8S8),R'————> 88, R—=——>88,R" >0 3

rowuan. Toeoa caedyrowas ouazpamma KOMMYTaTugHa

Tor* (P, M") 222 Tork (P, M)
V(S. R") lw(s. R’)

HS ®, R") 22 HES ®,R).
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B) IIyers N — aegvlii A-modyas, ¢: N —E — npagan pe3onveenra das N; npednonowum,
¥70 NOCNed08aATenbHOCTy KoMNaeKcod k-modyaeii

0 — Homgr, (R”, E) =21, Homgr, (R, E) 22221, Homgr, (R, E) - 0 (4)
roynan. To20a caedyouias oua2pamMma KOMMYTATUGHA

H(Homgr,(R', E)) 2L+ H(Homgr, (R", E))

o(R", E)‘ ‘MR". B)
, 3(2). N) ,
Ext, (M’, N) —————— Ext, (M", N).
HokaxeM, HaripuMep, a). [Tycts B: L(P) >S — MOpPOH3IM KOMIIEKCOB, I KOTOPOTo
b o B =pp; paccMOTpPHM MarpaMMy k-KoMILIeKCcOB

R P

0+ S@®R 2% s@®R % S®,R—0

B® IR'T B® luT ‘B® ln"?
0+L(P) ® R L2%L(P)®, R ~2% L(P) ®, R"— 0
r@::" l®a‘ l@a”‘
0+~LP) QM 2% L(P) @, M 2% L(P) @, M"—0.
OHa KOMMYTaTHBHAa H MMeeT TOUHbIe CTPOKHM (COITIaCHO MPeAJIONEHUIo AJIfA MepBOH CTPOKH

H B cuny Ttoro, uro komiviexc L(P) mnockuit, pjist psyx gpyrux). Hmeem, ciiefoBartensHO,
KOMMYTaTHBHYyI0o mMarpamMmy (c. 36, mpensoxenue 2, U ¢. 78, onpenenenue 2) :

HS®,R) 2. HES@,.R)
HGB ® 1)1 TH(B ®n
H(L(P) ® , R") —— H(L(P) ®, R)
H(1 @ a") t ‘H(l ® a)

H(L(P) ®, M") ——— H(L(P) ®, M")

v} TWM')

Tor P, M") &2 Tor (P, M).
Cornacko npemwioxeruio 4, ¢. 75, oro6paxerus H(1®a") u H(1 ®¢') GuexusHsr;
C Opyro#l CTOPOHHI, IO ONpexeneHnio roMmomopdu3moB Y, umeem: H(B ®1) o Y(L (P),R") =
=y(S, R") u H(1ed")o y(L(P), R")=y¢y(L(P), M")=y,(M"), cremopatensHo

Y(S, R =H(B® 1)o H(l ®a") o Y p(M");

rowio Tak xe, Y(S, R’) =H(B®1) v H(1 @a’) ™ o Yp(M'), 1 nckomoe yTBepxEHHE
3((3) ° ¥(S, R") =y(8, R") = a(P, (2)) cenyer U3 KOMMYTAaTHBHOCTH MpembyIyIIeH
OMarpaMMmsl.

3ameuvaHun 1. HUcronb3ya H3omo pdH3MbI KOMMYTHPOBAHMS, MOXHO BEIBECTH U3 a)
aHaIOTHYHOE YTBEpACHHE, Monyyaemoe 3aMeHoH posiedl ABYX apryMEHTOB B TEH30pHOM
TIPOH3BEICHHH.

2. B 0Go3HaueHHAX YTBEpXKHEHMs a) NPENONONKKM, YTO JIMGO pe30NbBEHTa S MI0CKaR,
nubo pesomvBeHTsr R, R', R"” nmiockue; torma, ¢ omHoit cTopoHbI, NMOC/EIOBATENBHOCTD
(3) rownas (c. 79, cnepcrere 2), H MOXKHO NPHMEHATDH NpeIONEHHe 3; ¢ APYTON CTOPOHBI,
oro6paxerue Y (S, R") GuextuHo (Teopema 1), enefoBatensHo,

3P, (2)=¥(S,R)™ 2 3((3) = ¥(S,R).

3. B 06o3HaueHMAX yTBe pKIeHHsA 6) IpeIpionioNdM, uTo 6o pesonbBeHTa E unzextusHa,
nubo pesonssentst R, R', R” npoexrusnwi; TOrma, ¢ 0fHOM CTOpPOHBI, NOCIEAOBATENBHOCTD
(4) rowman (c. 89, npewioxeHue 2), H MOXHO NpHMEHATH NMpeyIoXkeHHe 3; ¢ Xpyroi c1opo-
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HbI, oTo6paxenne ¢ (R’ , E) GuexuBHO (Teopema 1); clenoBarensHo,
8((2),N)=¢(R",E) e 3((4)) e 9(R, E)*.

PaccMOTPUM Tellepb KOMMYTATHBHYIO [MarpaMMy

0— N =+ N—=+=N" —0 (5)
c’l ) ci ) C"l
0—EFE 2> E -+ E' — 0 ©)

B KOTOpoil mepBafA cTpoka (5) — TOYHas NMOCIEOBAaTeNILHOCTH JIEBLIX A-MOAYyNei, BTopas
cTpoka (6) — TOUHAA MOCTeNOBATENILHOCTE KOMIUIEKCOB JIeBBIX A-MOMYJeil ¥ Be pTHKATTBHbIE
cTpeikd 0GO3HaualT NpaBble pe3oNbBEHTHI. Paccyxmas, Kak B Npe/jioKeHuu 3, MOXGMO
JOKa3aTh Cjienyloiiee IpensIoKeHue ; ‘

MpennoxeHue 4.Iycro M — aegnili A-MoOyab, a a: R—->M — raxas aesan pe3oas-
genra Ona M, uro nocaedosareasrnocrs

0—Homgr, (R, E) MHome &1, Homgr, (R, E) MHomer 1), Homgr, (R, E—0 )]
Trounan. Toz0a, credyrouas ouazpamma KOMMYTATUSHA :

H(Homgr, (R, E") A, H(Homgr,(R, E))
®(R. E”)i iw(k. E)

Ext, (M, N") —2  Eyi, (M, NY).
3ameyauusn 4. Euin pesoneBenta R mpoeK THBHA HITH pe3onibBeHTsI E, E’,E" uHpeK-
TMBHBI, TO NOC/IeAOBaTeNibHOCT (7) TowHas (c. 89, MpemloxkeHue 2); Kpome TOro, 0ToGpa-
xetue ¢ (R, E”) GuexmusHO (teopema 1); ciieloBatelbHO,

5(M,(5)) = ¢(R,E") 0 3((7))  9(R,E") .

5. Mbl mpefocTaBiAeM dutarenio chopMyTHPOBATh M JOKA3aTh MPEYIOXKEHUA, AHATOTUY:
HbIE TIPE/IIOKEHHAM 3 U 4, OTHOCHTENBHO roMoMopduamoB ' H ¢ .

4. Koneusiocts Moayielt pacumpermi H KpyUYcHM st

Mycte M — nepbit A-monmyns, | — HanpaBneHHOe MNpeaynopAAOYeHHOE MHOXECTBO,
(N;, uj;) — MHAYKTMBHas CHCTEMa JIeBBIX A-mogzyneit otHocuTensHo I, N=1i_xr>1N, — ee
MHAYKTHBHBI ipefel, u;: N; =N, i € I, —xaHoHuYeckne oTo Gparxerusa. Torna (Exta (M, N;),
Exta (M, 4j;)) — MHAYKMBHasg cucrema k-mopynedl u (Exta (1m, 4;)) — UHOYKTHBHasf
cHcTeMa OToGpaXkeHuil, MHOYKTUBHBEI IIpenen KOTOpoil IIpeAcTaBiAeT 0060 romMoMo phpusm
rpafyMpoBaHHBIX K-MOnyrel

lim Exts(M, Nj) > Exta(M, lim N,), | ®)

Ha3pIBae MBI KAHOHUYECKUM.

MpennoxeHue 5. Ectu xoavyo A néreposo ciesa u ecau M — A-Modynb KOReuHO20
TUNna, To KaHoHuyeckuii 2omomopgdusm (8) Ouexrusen.

IeiictBuTeNsHO, Tyerh (c. 59, mpemnoxenve 6) p: L>M — cBoGomias pe3onbBeHTa
mis M, B koTopoit L, — MoZy/Ib KOHEYHOro THNA WA Kaxaoro n. KaHoHuueckuil Mopdusm
k-KOMIVIEK COB

u: lim Homgr, (L, N;) ~ Homgr A(L,_}ﬂ N;)

GHEeKTHBEH, CJIEIOBATEILHO , TAKOB e TOMOMO PH3M
lim H(HomgrA(L’ Nl)) - H(HomgrA(La ll_l'n'N,)),

nonyvaeMstii u3 romomoppusmos H(Homgr (1, u;)) (c. 34, npemoxenue 1). 3akaHuBaeM
BBIBOJ, TeNe pb CCHUIKOI Ha npemioxeHue 2 (c. 105 ).u Teopemy 1 (c. 103).

Mpennoxenue 6. /Iycte B — xoavyo u N — (A, B)-6umooyas, agasrowuiics HéTe-
poasim B-Modynem (coorsercraenno, B-mooynem KoHewHOU OnuRbl) .
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a) Ilpeononoxum, uro xoavyo A Héreposo cmpasa, u nycre M — npagwiii A-Modyas Ko-
Heunozo tuna. Tozda B-modyau (c. 85) Tors (M, N) réreposst (cOOTEeTCT8eHNO, KOREUHO
Oaumst).

6) IIpeonoaoxum, o xoavyo A HETepo8o credd, u nycTs M — neaslit A-MOOYab KOHeYHO-
20 tuna. Tozda B-modyau (c. 100) Exti (M, N) HéTepogst (coOT@eTCT8eHHO KOHEUHOI
OAUHBL).

BuiGepem cBoGonHyio pesonbBeHTY p: L—>M, B KoTopod kaxapmi M3 A-mopyreit L,
KoHewHoro thnma (c. 59, npemioxeHue 6), U nmyctb C — xomiuiekc B-mopyneit L @, N B
cnyuae a), Homgra (L, N) B cinyvae 6). Kaxapiit u3 B-mopyneit C,, u3oMopdeH npousse-
ACHAI0 KOHEYHOTO WMClIa 3K3eMIUIAPOB Momynsa N, clefoBaresibHO, HETepoB (COOTBETCIBEH-
HO, KOHeYHO# INIMHBI) ; OTCIOHA CIefiyeT, YTO TeM e CBOoHcTBOM obnanawt moaynu H, (C).
Ho cornacHo teopeme 1, c. 103, 5tv MoAynH U30MO pHHEI Torf,‘ (M, N) B cityuae a),Extz (M,N)
B clyvae 6).

Cnepncteue.lIycrs p: A—>B — 20MOMOPPUIM HETEPOBLIX KOMMYTATUBHBIX KOael,
M — A-mo0yabv xoneunozo tuna, N — B-mooyas. Ecau N — B-mooyas xoreurozo runa (coor-
BETCTEEHNO KOHEUHOU OAUHbL), TO TeM We C8olcT8OM obaadaror B-modyau Tor‘;} (M,N) u
Ext2 (M,N).

5. Tomomopdusmer Tor3(P,N) @, Q > TorB(P,N2, Q) u
Extp(M, N) 5 Q> Extp(M,N e, Q)

Iycrs B — xonsuo, N — (B, A)-Gumonyns, M — nepsit B-mopysis, P — npaBpiit B-Momyis,
Q — neBntit A-MOnYITb.
Cornacho ckasaHHOMY Ha ¢. 71, Mb1 HMeeM romoMopdusm

71: H(L(P)®gN) @, Q > H(L(P)®g N ®, Q);
KpoMme Toro (c. 76, ipefnoxenue S), *MeeM H30 MO phU3Mbl

Yp(N)® 1g: Tor®(P,N)®, Q> H(L(P)25N) 2, Q,

¥p(N 82 Q): Tor(P,Ne,Q)~> H(L(P) 5N €, Q).
I'panymn poBaHHErit roMoMo pdH3M cTeleHu 0, Ha3bIBaeMBblit KTHOHUYECKUM,

TorB(P,N) ®, Q> TorB(P,N €, Q). %)
onpenenserca Kak KoMiosuuua Yp(N©, Q) ! oy, o (Yp(N) @ 1g).

Towio Tak e H3 KaHOHUYeCKOTo MOphH3Ma KOMILUjeKCOB

oa: Homgrp(L(M), N) &4 Q -~ Homgrg (L(M),N &, Q)
nonyyaeM romomopdu3m H(a) ; umeem kaHOHMYecKuit romomo ppusm (c. 71)

¥2: H(Homgrg (L(M), N))® 5 Q > H(Homgrg (L(M), N) &5 Q)
H u3omopdr3mel (c. 93, npenmioxenue 5),

em(N) @ 1q: H(Homgrg (L(M), N)) 84 Q > Extz(M,N) @4 Q,

vm(NeaQ): H(Homgrg (L(M), N®, Q) > Extg (M, N, Q).

I'papyu poBaiHbit roMoMo phu3M cTeneHu 0, Ha3pIBaeMblit KAHOHUYECKUM,,

Extg(M,N)®, Q> Extg(M,N 8, Q) (10)
OTpenesiAeTCA Kak KOMIIO3MLUUA

em(N @y Q) e H@) o vy o (py(N) @ 10)7".

Npennoxeunne 7.a) Ecau Amodyas Q naockuii, 10 20Momopgusm (9) Guextugen.

6) Ecau A-mooyas Q npoexrusen u xoreuro20 Tuna, To zomomopgusm (10) 6uexruaen.

B) Ectu A-mo0yas Q naockui, xoasyo B néreposo u B-modyas M Kxouewnozo tuna, 10
2o0momopgbuzm (10) buexrugen.

a) Ecw moayns Q mwiockuit, To romoMopdusm y; GuextuseH (c. 74, cienctsue 2).

6) Ecth Q — npoexTHBHBII MOJY/Ib KOHEUHOro THNA, TO OH IUIOCKHIl, ClIeOBATe/IbHO,
FOMOMOpPH3M 7, GHEKTHBEH, H, KpoMe TOro, Mo phusm a GuextuseH (I, p. 75, prop. 2, a)).
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B) B mpemnonoxeHMAX YTBEPXICHUA B) TOMOMOpPOH3M ¥, GHEKTHBEH, MOCKOMBKY MO-
oyns Q mnockuii. Kpome toro, (c. 59, npemioxenne 6) cywecrsyeT pesonsBeHTa L mns M,
B KOTOPO#i Kaxeapti Monyns L, cBoGomeH u KoHewHoro Tuma; myctb #: L(M) -L — romo-
tomu3m (c. 55, crencrBue npemIoneHua 3) ; B KOMMYT4THBHOH HarpamMme

Homgrg (L(M), N) ®, Q - Homgrg (L(M). N ®, Q)

t t

Homgry (L.N) ®,Q —= Homgry(L.N ®, Q).

BEPTHK®IbHBIE CTPESIKY, NONYYIEMple W3 u, NpPEACTaBIANT cofoil romotomu3mer (c. 73,
npemnoxetue 3,4 ¢, 90, npemoxenne 3) u otoBpaxetne & GuexTusHo (II, p. 75, prop. 2 (ii)).
CniegoBaTenbHO, 0TO6paxeHue H (o) GuexuBHO ¥ romomopdusm (10) GuexTusen.

6. Tomomopduampi TorB(P,N e, Q) > Tor* (PogN, Q) u
Ext, (Q, Homp(N, M) - Extg(N ®, Q, M)

CoxpaHuM npenpaymye 0Go3HaYeHUA U npednoaowum, 4to N — naockuii MoOyas Had A.
Torpa mopdusm N, L:(Q) 1, N ®, Q saBnserca romosorusamoM (c. 75, npemioxe-
Hye 4), 0TKyaa NoyyaeM FOMO MO phHU3MbI

V(P,Ne, L(Q): Tor®(P,N®,Q)~ H(PepN e, L(Q)),

o(N @4 L(Q),M): H(Homgrg(Ne, L(Q), M)) > Extg(N e, Q, M).

Hcnonssys ganee usomopguimsl

Yo PagN): Tor (PegN, Q) > H(PeyN 8, L(Q)),

B: Homgry (L(Q), Homg (N, M)) ~ Homgrg(N e 5, L(Q), M),

¢q (Homg(N, M)): H(Homgr, (L(Q), Homg(N, M))) ~ Ext 5 (Q, Homg (N, M)),

MBI 1IOJIyYaeM I'pagyH poBaHHbie roMOoMOpdU3MbI cTenely 0, HA3BBAECMbIE KAHOHUYECKUMU:

TorB(P,N®, Q) > TorA(P®gN, Q), an

Exta (Q, Homg(N, M)) > Extg (N 4 Q, M). (12)

Npennoxexnue 8.a) Ecnu N — naockuii modyns Had A u nHao B, o 2omomopgpusm
(11) 6uextusen.

6) Ecau N — naockuii Modyav nod A u npoextusubiii nao B, 1o 2omomopdusm (12)
buexTugeH.

He#icrButensio, monynb N@, L(Q) msoMopbeH npamoit cymme komHii monyns N, a
AOTOMY ABIAETCH MIOCKHM (COOTBETCIBEHHO NpoeKTMBHBMIM) B-momynem, xorpma B-mo-
nynb N IWIOCKHI (COOTBETCTBEHHO MPOEKTHBHBEI); 3aTeM pHMeHAeM Teopemy 1 (¢. 103).

7. Tomomopdusmbl B ®4 Tor™ (E,F) > TorB(E®, B,Be, F) u
B ®a EXtA(E, F) g EXtB(B B E,B @A F)

B 310M NMyHKTe MbI NpednonaraeM, Yro KOJbUO A KOMMYTATUGHO, CUMTAaEM 33JaHHBIMH
romomopdusm konen p: A—+B, mia koroporo p(A) copepxsitcs B ueHrpe B, u gsa A-
monynsa E v F. Mmeer MecTo KaHOHMYeCKHit H30MO phH3M KOMIUIEKCOB A-MOIynei

u: B@,(L(E) ®4 L(F)) > (L(E) ®4 B) o5 (B @4 L(F));

¢ gpyroit croponsr, Tak Kak L(E) ®o B u B ®, L(F) — ceo60dnsle B-xommiekcel, uMeem
K aHOHM YeCKUH rOMOMO pH3M rpaiyH poBaHHbIX A-moayieii (c. 104)

¥'(L(E)®A B, B &, L(F)): H(L(E) @ B) 83 (B @5 L(F)) > Tor® (E ®4 B, B 8, F);
HAaKOHEL, Mbl paclioflaraeM romMomo ppu3mMom (c. 71)
y: B ®, Tor™ (E, F)~> H(B 4 L(E) ®4 L(F)).
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Kanonuueckuii roMomo phpH3M rpaiyHpoOBaHHLIX B-Mopyneit
B @, TorA (E, F) > TorB (E ®, B, B 8, F) 13)

onpenenserca kak kommnosuuua ¥ '(L(E)e@ B, B ®5 L(F)) o H(u) o .

Mpeanoxenne 9. Ecau B — naockuii modyas wad A, 1o 2omomoppuam (13)
Guexrugen.

HeiictButensHo, romomoppusm V' (L(E) @5 B, B 84 L(F)) Guextusen (c. 104, npemyio-
XeHue 1) H roMoMophu3m v GeKkTUBEH (c. 74, crencTBHe 2). '

Mpenpionosam, yro B — naockui momyns Ham A. IMopcraBnss B romomopdusm (12)
E BMmecto Q, B BMecro N u B @4 F BMecto M, Honyuaem YOMOMO phu3M

Exta(E, B ®4 F) > Extg(B ©, E, B @, F),

KOTOpbM OHeKTUBeH cornacHo npemoxenuio 8. IMoagcraenas B romomopdusm (10) E
Bmecto M, F Bmecto N, A Bmecro B, B Bmecto Q 1 nepecTaBifii MHOXMTENTM TeH30 PHBIX
N pOM3Be NCHUH, NOTy4YaeM roMoMo ppu3m B-moayneit

B e, Exty (E, F)> Extg(E, B @, F),
OTKYy[a MOCpeiCTBOM KOMIIQ3HIMH NOJTyUydeM rOMOMOquH:iM
B®AEXtA(E.F)—)EXtB(B ®AE,B®AF), (14)

Ha3pIBaeMbIH KANOHUYECKUM.
Mpennoxenuc 10. Fomomopguam (14) GuexTugen 6 credyiomux cayuanx:
a) B — npoerxtugnbiii A-Mooyab KOReuro20 TUNG
6) B — naockuii A-modyas, A Héreposo u E — A-MoOdyab koneuno2o tuna.
9710 crenyet U3 NpexnoxeHds 7 (c. 109).

8. [Tpunosxenyie : FrOMONOTUSA H KOTOMOIOIHSA PPy

Hycrs G — rpymmna, 2(6) _ee anreGpa Hag Z (111, p. 19). Hanomuum (cm. 111 p. 20,
exemple), yro ecny M — KOMMyTaTMBHaf rpynmna, To 3afJasue neiicTBua rpynnsi G Ha M
(r.e. romomopdusma 7: G - Aut (M)) paBHOCWIBHO 3alaHMIO CTPYKTY Dbl neBoro Z (G) mo-
IyJISl Ha agUTHBHOM rpynne M. B vacTHocTH, Mbi GyzieM paccmarpuBarth rpynity Z Kak neBbi
Z (%) .momynb, HazenHB ee TPMBHANBHBIM [EHCTBHEM.

Onpenpenenue 1. Ilycth M — neppii (cooTBeTCTBEHHO npaByit) Z (G)-Monym,,
n — uenoe weno = 0. Tpynua Ext'Z’(G)(Z, M) (coorBercrBeHHO Tor,?(-G)(M, Z)) o6o3Hava-
etca uepea H"(G, M) (cootsercrsento H,, (G, M)) n HaspBactca n-0it 2pynnoii Ko20moa0-
2uu (cooTBeTCTBeHHO 20MOn02uu) epynnut G ¢ ko3uyuentamu ¢ M.

Cranpaprias pesonvsenta (c. 62) B(Z(C), Z) npencransier co6oit cBoBGoaHYI0 pe3osib-
Beuty Z(C) -mopyna Z ; otcroma cneayer, wro rpynisi H” (G, M) (cooTBEeTCTBeHHO H,(G,M))
OTOXIECTBIAIOICA ¢ IpyRamMu roMonoruu koMiviexca Homgr () (B(Z(%),Z),M) (coort-
BercTBetHO M @, (6) B(Z(9),Z). z

Vicrionb3ys kaHoHuueckuit usomoppusm (Z () )7 ya yACHS (I11, p. 36) u cBoiicrea
pacumperns cxanapos (II, p. 82), 3akmouaem, uro rpynna H”(G, M) kaHOHMuecKH M30-
MOpdHa rpyfne roMOJOrMM BepxHeit cremier n kommulekca C (G, M), onpenenseMoro cie- -
ayloum o6pasom: C"(G, M) =0 nmpu n<0; npu n>0 C"(G, M) npencraBisieT coGoit
Z-montyns oroBpaxenuit Muoxectea G” B M; iipn n> 0 puddeperman d”: C*(G, M) ~
- C"*! (G, M) onpenenserca no ¢opmye

(dnf)(gOs R ,gn)=g0 'f(gl ’ .' .. ,gn) +
n—-1 . )
+ _Eo(~l)‘+‘f(go,...,gigf+1,..-,gn)+(—l)”“f(go,.-.,gn_l)
i=
anascex f€CY(G,M)u go,...,2,€0G.

AHajorsyHo, rpymna H,(G, M) oToxzecTBiifieTca ¢ Ipynuoil FOMONOIHH cTelieHH 1 KOMII-
B n
nexca C'(G, M), rae Cn(G, M) =M®zZ®D npu n>0, C),(G. M) =0 npu n< 0, npu-
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sem muddeperman d,: (G, M) >Cj_; (G, M) onpenenserca no Gopmyre:

d, (m ... ,8n) m-g1®e€ . o.*t

+ E (--1)’m ®eg ..

+(-1)"mee
z D" mee,, .

< o8i8i411--28p <8p1
maBcex n=1, meM,u g1,...,8,€6G. .

lpumepr. 1. [ipamo u3 ompenenenus cnepyer, uro rpyma H°(G, M) wusomopdua
MOOMOJYII0 371e MCHTOB M3 M, MHBapyaHTHbIX OTHOCHTeNIbHO mefictBus G, arpynna Ho(G, M) —
dakTopmonynio Momyns M Ho HOOMOIY0, MOPOXOEHHOMY 3NIeMeHIaMH M g — M A
meM, g €G.

2. 13 npegpinymero cienyer, uro rpynna H!(G, M) u3o Mo pdHa Z-momynio Z (G, M)/B}(G,M),
roe 2 (G, M) — Z-momyintb oToGpaskeHudt f U3 G B M, yIOBRETBO pAIOWIKMX YCIOBHIO:

f(g:182)=81 f(82)+f(g) mnaABcex £,,8,€G,

a B'(G, M) — Z-nopmonyns B Z'(G, M), o6pasoBaHHpi Temd oToGpaeHuaMu [, Wis
KOTOPBIX CyHlecTBYeT TakOR 37leMeHT m € M, uro

f(®=g-m-m giascex g€G.

(1G M) uHorma HaspBaioT Z-MOMYIEM CKpeweHHBIX roMoMOpdu3moB rpymnst G B M,
B*(G, M) —nogMopysneM riaBHBIX CKpeUleHHBIX O MOMO pq)uamoa
OGosHawm vepe3 7: G ~>Aut (M) romomopdusm, 3amanoimii JeficTBre rpynnm G, pdc-

CMOTpUM BHellHee Nonynpamoe pousseneHie M X, G ¥ pacumpenue £,: M LM Xr G5 G
d, p. 64). Tlycrs e: G-MX,G - oroﬁpaxcelme s KOTOoporo po e =1g; ror,ua e=
= (f, 1g), roe f € C'(G, M). Jinag toro uyro6bi o1oGpaskeHHe e GrUl0 roMOMOpdU3IMOM
(t.e. ceveHWeM pacumpedus £.), HeoGxomuMmo M gocraTowHo, wro6et f € Z'(G, M). Ina
TOrO YTOGH JBa CEUeHUS PACLMpPeHH £, GBUIN CONPAKEHBI NOCPeHCTBOM 3MeMeNTa U3 | (M),
HeoGXOQMMO M [OCTaTOYHO, WroGbl COOTBETCTBYIOUIME CK peuieHHbIe TOMOMODGU3MBI OIpe-
JensUIH OIMH M TOT e kinacc B H (G, M).

Korma G pefictyer TpusmansHo Ha M, B!(G, M) =0 u rpynna H'(G, M) usomopdHa
Z-monyiio romomMo phusmMoB rpynnst G B M.

3. Amanoruwso, rpymna H?(G, M) usomopbna Z-mopynwo Z2(G, M)/B*(G, M), rne
Z*(G, M) — Z-monyns oToGpasxeHuii f MHoxectBa G X G B M, YZIOB/IeTBO pAIOIIM X YCIOBHIO!

& f(82:83)—1(8182,83) +f(£1,8283) —(£1,82)=0

s n6kIX g1, 82,83 € G, u B*(G, M) — Z-nopmopyns B Z%(G, M), oﬁpaaoBaHHun TEMH
oToGpaxccHAMH f, 1A KOTOPBIX CYWIECTBYeT Takoe oTo GpaxkeHue h n3 G B M,

f(81,82)=81 -h(&)—h(g:8)+h(&)

ansa nobbix g,,8, € G.

MbI Ipd XOZIM M, TaKHM 06pa3oM, K ONpeerieHU10 I pyIIibl H’(G M), nawHomy B VIII, App.
OTcioma clefyeT, B 9acTHOCTH, YTO CYIIECTBYeT KAHOHMYeCKMH H30MODGU3M rpymiIbl
H?(G, M) na rpynny Kaccos pacumpeHuit rpynnst G nocpencrsom M (VIII, App.).

4. Tlycte M — Z-MOLy!b, KOTOPBIA paccMATpuBaeICA KAK NpaBhit Z (6) .mopyns ¢ Tpu-
BHAJIbHBIM feficrBuem rpymnpt G, Tpynna H, (G, M) usomMopdHa daxropmoayinio Z-mofyns
Megz z(G) po Z-nogMoaynie, NOpoXIeHHOMY 37e MEHTaMH m®(e & — €, —€, ) mna
me M £1,82€ G,0TKypa nerko cnepyet,yro rpynna H, (G, M) naomopcbna M@Z (G/(G G)).

O603HauM uYeped o AHTHABTOMODP(PUIM anreOphl z(®), onpefiensfieMbI TeM, IO o(eg) =€g~1 ANA
g € G. Besixuit nesnit Z (G) .mopynb Mosxer PacCCMaTPUBATECH C MTOMOILBK ¢ KaK mpasbii Z (G).mopynb
¥ obpartHo. 310 MO3BONAET, HanmpHMep, oNpedenuTs rpymunl Hg (G, M) mna sesozo Z G).momyns M,
nonoxus Hg (G, M) = Hg (G, 0a(M)) = TorZ ‘. w.

e Mma 1. Iycrs M — Z-m00yas; o6oanauwu wepez M® 2pynny Homgz (Z(G) M),
HAOEACHHYIO eCTeCT8EHHOI CTPYKTY POl 18020 z(6 -Moay/vz Toz0a

H'(G,M€)=0 npu i>1.
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HeiictBuTensHO, M3 npemioxeHua 8, 6) (c. 110), mpumeHeHHOro kK A=N=1Z ©)
B =Q =Z, nonyuaeMm, 4ro HMeET MeCTO KaHOHHYeCKHI H30MO phH3Mm

Ext, gy (Z, M) > Extz (Z.M),

OTKY[a ClleByeT eMMa.

Npennoxenue 11. Iyers L — pacuupenue I'naya xoneunoii crenenu noas K c
2pynnoii I'aaya G.

a) H’(G L) =0 npu i>1.

6) H!(G,L*) =0.

B) I'pynna H*(G, L*) xanonuuecxu uzomopgua zpynne Br (K, L) (VIIL, § 13). :

.Teopema o HopmansHOM Gasmce (V, § 10, n°9, th. 6 AnreGpa, V, c 180, Teopema 5)
noxaspmaer, yro L kax Z(C) -MOfYy/b M30MO pPHO K¢ =Homyg (Z( , K); yrBepxae-
HHe a) crefyer Temepb M3 JEeMMbI 1. Ecrm NpYHATH BO BHHMaHHe nppmep 2, yrBepkie-
Hue 6) Gyner crenmoBath M3 V, § 10, n°5, prop. 9, cor. 1; HakoOHel, yTBepxJIeHHE B) 1O-
KasaHo B VIII, § 13.

Ynpaxcnenus

1. Ilyers p: A—B - romomopdwam Koneu, M, N - "OBa neBHIX B-monmyns, P — npanwiit B-monyns.

a) MNycts Ly (cooTBeTCTBEHHO L ) — TpoeKTHBHasl pe3onbBeHTa B-mopyns (CoOOTBeTCTBeHHO A-
monyna) M. IloxasaTh, 4To cymiecTBYyeT A-IMHefHBI! MOpP(HM3M pe30NbBeHT L A~ Lp, eIUHCTBEHHRIH
€ TOYHOCTBIO 10 TOMOTOIIHK ; NONYHHTh OTCIOAA I'pafyMpoBaHHbie K-roMOMOphHIMEI cTeneHy 0

a: TorA(P,M)— TorB(P,M), §: Extg(M,N)->Ext, (M, N).

6) PaccMOTpHM KaHOHHYecKHe roMmomopduamsl (c. 110)

A: TorA(P,M)- TorB(® e, B,M), u: TorA®,M)- TorB(®, Be, M),

v: Extg(Be, M,N)—~Ext, (M,N), »: ExtB(M, Hom 4 (B, N)) — Ext , (M, N).

Mycts m: Bey,M—M, p: Pe,B—+P u n: N-Hom, (B, N) — B-romoMop¢usmei, onpenensieMsie
no ¢gopmynam: mp ex) =bx, p(yeb) =yb u n(z) (b) =bz nna b€ B, x&€M, y€ P, z € N. Jloxa-
3aTh paBeHCTBA:

a = Tor(ip,m)e u=Tor(p, 1) oA,

B=vo Ext(m, 1) =p o Ext(ly,n).

2. Nycts A, B — niBe k-anreGpsl (accouMaTHBHbIe W YHHTapHble); NycTh M — neBoii A-Momyns, P —
npassiit B-mopyns, N — (A, B)-6umonyns. PaccMoTpuM roMoMo pdhH3M

o: Hompg(N, P) ® M~ Homg (Hom 4 (M, N), P,

MpH xoTopom o(uem) (v) =uec v(m) mia u<€ Homg (N, P), v€ Homy (M, N), meM (I, p. 190,
exercice 6).
a) 3ameHAs M pOeKTHBHOM PE30NBBEHTOMN, ONPee/UTh C TOMOILBIO ¢ K-roMOMopdhH3M

7: Tor® (Homp (N, P), M) ~ Homgrg (Exta (M, N), P).

6) IlpennonaraeM B HanbHefilieM, YTO KOJBLO A HETEPOBO CleBa M YTO A-MomyNlb M KOHeYHOro THNA.
Ioxasars, 4To ecnu B-MoAynnL P HHBEKTHBEH, TO T — H3OMOPQHIM.

B) Ioxa3sarh, YTO CYLIeCTBYIOT OBe CNGKTpanbHeie nocnemonaTennHoctd E u'E (c.49-51, ynpaxkHe-
HHs 14-17), cxonsuecs K ODHOMY M TOMY e I'pallyMpPOBaHHOMY K-MOMAY IO, [1 KOTOPHIX

EP 9 =Tor?, Extf (N, P), M), 'EP*9 =Ext} (Extz 7 (M, N), P). .

3, Mlycrs 1 — MHBEKTUBHBI K-MOOYNb; AnA BcAkOro A-Monyns M o603HaunM uepes D(M) npasbiit
A-mopyns Homg (M, I). llycts M 4 N — ppa nesmix A- Monyna P — npassiit A-Monyne. Jloka3arts, yTo O
Bcakoro p » 0 k-Momynw Ext? AP, DM)) u D(Tor (P, M)) H30MOPGHBI; ec.rm KoJNbLO A HETEpOBO
cnesa ¥ M — A-MOAy/b KOHEYHOr'o THNA, TO k-Monynu Torp (D(N), M) u D(Ext A(M N)) uzomopdHsI
(ucnons3oBaTh ynpaxHenue 2, 6), u ynpaxkueunue 6, 6), c. 102)

4. JHna mesxoh rpynnel G 0603HaunM uepes eg: 2© Lz roMoMopdhHu3M Kolnel, IpH KOTOPOM
eG (eg) =1 nna moboro g € G; nonoxum IG = Ker ().

a) l'loxaaarb, uro rpynna H, (G, Z) usomopoHa Ig /I,

6) Mycrs (g),c1 - nopo;knaxomee ceMeficTBO st G MOKAa3aTh, YTO NEMEHTHI (eg - 1) pnacel
NOpOXAAT Hpean lg.

B) Ilpennonoxum, uro ceMedcTBO (), | Gasucroe (I, p. 86) . lokasatk, uro (e‘g 1), &1 ecTh Ga-
3Kc¢ neporo Z -Monynx IG

8. H. Byp6axu



114 § 6. Hcronb3o8anue HeKARORU YECKU X Pe30/158 eRT

5. Mycts X - mHoxectBo. G = F (X) -~ cBoGonHas rpynia, nocrpoeHHas Ha X, M ~ Z (©) -Moay Nb.
[loka3atk, uro rpynmbl HY(G, M) u Hg (G, M) pasHpl HyJIO LIpH g = 2 (MCNOMB3OBATh YApaxKHeHue 4).

6. Nycre G - KoOHeuHan rpyima nopsnka n, M — Z (©) -Mmouysib. [lokasare, 4To s Besikoro ¢ = 1
Z-Mony)in HY(G, M) u Hq (G, M) aHHYNHPYWOTCR YuCIOM n (paccMOTpeTh TOMOTONUIO # KOMIUIEKca
C (G, M) B ce6, onpenensieMyio 1o dopmyie

. ..80=(-D% Z f(g.. .8.8
gEG

A f € c! G.M)ng,g,,....8¢€ G). Ecnn M — Z-Mmonyib KOHeYHOI'0 THIIA, TO I'PYIIIBI HI (G, M)
u Hg (G. M) KOHeuHsl i q = 1.

7. Nyete G — yukauvecxan rpyitia nopanka n. M — Z © -Moflyflb, ¢ — Mopoxaawwwmit rpymisl G.
O6o3HaunM depe3 N ymioxenne B M Ha onemeHr X e ua Z (6) | nokasars, uro Z-monyns H® (G, M)
g2EG
(cooteetcTBeHHO Hy (G, M)) m3omopder Ker (I — o) (cooTseTcTBenHo Coker (I — opm)); miA Hever-
HOTO ¢ TPYINbI 9 (G. M) n Hg+y (G, M) usomopdHrl Ker N/Im (1 —~ o). BJIf YeTHOTO ¢ > 2 Ipynilbl

HY(G. M) n Hg 1 (G, M) naomopdHsl Ker (1 — opp) /ImN. (Menosie3oBaTh yupaxHeHue 15/. 64).

8. Mycrs F - cBobonnas rpynna, R — HopmansHasa noarpynna B I'. G = F/R. Mokasats, uro rpynna
H, (G, Z) usomopdna ((F,F) nR)/(F,R) (ucnons3osars ynpaxHeHne 3, c. 65).

9.a) Ilycts G — rpynna, M - Z ©) -MOIyJNib, g — TaKo# 37eMeHT u3 neHTpa rpyunst G, uro aHmomMop-
dusm m rgm — m mopyns M 6uexruse. Mokasars, uto rpynnst HP(G. M) u HP(G. M) HyseBble g p > 1.

6) Mycts V — BexTopHoe NMpocTpaHCTBO Hag noflem k, npuuem Card (k) > 3. JlokasaTs. 4To CpyIItbl
HP(GL (V), V) u Hp(GL (V), V) Hynesble npu p > 1. .

10. Mycte G n H —~ ape rpynnsl, u: H =G — romomopdusm, M - Z (©) -mony k. [ns Besikoro ¢ > 0 u3
roMoMopdU3MOB o U § YIPAXHeHHA | mony4aoTcs FoMoMopdHIMBI

ug': Hy (H, M) Hg G, M),  uip: HY (G, M)~ HY (1, M),

KOTOpble 0603HAYAIOTCA NPOCTO YEPEs Ug K u9, ecTiu HeT HefICHOCTH OTHOCHTENbHO Moy s M.

a) s f € C¥(G, M) oBo3nauum vepes fu dneMeHT M3 ¢ (H, M), ons kotoporo fyulh,, . . ., hg) =
=f@,),....u (hq)) mpu k..., hg € H. [lokasats, UTo oToGpakeHue f+> fy npencrasnsger coboit
Mopdusm kommaekcoB u3 C(G, M) B C(H, M), KoTopsi#l MHAYUHDYET Ha POMOAOTMH FOMOMOPhUIM ?uq.

OnpeneuTh aHajorMuHbiM o6pazom mopdusm u3 C, (H, M) s C, (G, M), KoTopbIit HHAYUNpYCT % uq.

6) Mpeononmoxum, uro H = G n Bo3bMeM B KadecTBe U BHyTpeHHMit apToMopdusm rpynner G. Hoka-
3aTh, UTO FOMOMOP(OU3MBI Ug 1 19 paBHBI TOXAECTBeHHOMY (IPOBECTH MHIYKLUMIO MO §) .

11. Mlycrs G — rpynna, H — Hopmaneuas noarpymna 8 G, M — G-monyms. CornacHo ynpaxHeHuwo 10,
rpynna G peficTByeT MocpencTBOM conpsixeHWsi Ha Z-monynsax H? (H, M); mockonbKy neAcTBHE MOX-
rpynnst H TpusuansHo, TO yKa3aHHble MOLYJ/IM HallelleHb!, CNleNOBATENbHO, CTPYKTYpO# Z (G/H) -Monynei.

a) Moka3saTk, 4YTO CYIUECTBYET cnie KTpa/lLHafA NocienosarenbHocts E (¢. 49 -50,ynpaxHenune 14), cxons-
LE@ACH K ;‘: H"(G, M), ang KoTopoi Ef’q = HP(G/H, HY (H, M)) (paccMoTpeTb CIeKTPaIbHYI0 MOCIENO-

BaTeJIbMOCTD M3 yNpaxueHus 6, r), c¢. 102, npuHAs Bo BHUManne KaHoHmIecKui naoMopdusm (12), ¢. 110).
6) MMokasaTp, YTO CylleCTBYET TOYHAA NMOCTIENOBATENILHOCTD

0 - H' (G/H, H® (H,M))—H' (G, M)— H® (G/H, H' (H, M))~
- H? (G/H, H® (H, M) - H? (G, M).

Onwucarh ToMoMOpPGU3IMBL ITOH NOC/IEAOBATeNBHOCTH, UCNONB3yS ONMcaHue Tpynn H"(G, M) B TepMuHax
komnnekca C° (G, M).

B) OnpejenuTs CeKTpanbHy0 NOCTeNOBaTeNHOCTD, aHAJOTHUHYIO CIEKTPaNnbHOM nociegoBaTenbHOCTH
U3 ), AN PPy TOMONOMHM.

12. flyere G — rpynna. Z G) -MOlyJib M Ha3bIBAcTCH KOUHOYUUPOBAHHBIM (COOTBETCTBEHHO UROYUU-
POSAHHBIM) , eCilM CyllecTBYeT Takol Z-monyins A, uto M usomopden Homyg (Z G), A) (cooTBeTCTBeH-
o 2(%ez A).

a) Besakuit Z )-Monynb n3oMopdeH MOAMONYJI0 HEeKOTOPOro KOMHAYUMPOBAHHOTO MOAyns W dak-
TOPMOOY N0 HeKOTOPOro HHAYHUPOBAHHOTO MOMY JIA.

6) Myctrs M — Z (G -Moaynb. floka3aTs, YTO ClleNyIoIuMe YCIIOBUA SKBUBANECHTHBI:

o) M — npAMoii MHOXHTEITb HEKOTOPOTO KOUHIY HMPOBAHHOTO MOYJIS.

B) M uHBeKTHBeH oTHocHTenbHO Z (ympakHeHue 19, c. 27).

v) Cyuwecrsyer G-cpenHee HaM (I, p. 136, exercice 8), 1.e. Takoit Z (6) -romomopduam m: C! (G, M) —
-+ M (roe ctpyktypa Z (G)'-Monyrm Ha C' (G, M) onpenensterca no dopmyine (gf) (x) =g - f(@~'x) nna
g €G, x € M), uto ecim fx ~ NOCTOAHHAA QYHKIMSA CO 3HaUeHUEM X € M, To m (fy) = x.

B) [Moka3ars, UTo cnefyonMe YCITIOBHA 3KBHUBAJICHTHBI:

a) M — npaMoii MHOXHTe b HEKOTOPOro MHAYHUPOBaHHOTO MOy JIA.

8) M npoekTuseH oTHocuTenbHo Z (ynpakueHue 19, c. 27).
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v) CyuwecTsyeT Tako#t Z-3HOoMOpdU3M p MOAYNA M, UTO AIA BCAKOTO X € M ceMeitcTBo (p (€= x))g €G
HMeeT KOHeYHbIit HOCHTEIIb H BLIONIHAETCA PaBEHCTBO X = 2 gp(g~'x).
€G
r) Mlycrs M — uHBeKTHBHLIH {COOTBETCTBEHHO npoekiunm.m_) Z (G)-Monym- orHocurenbHo Z. IMoka-
3ath, yto HY(G, M) =0 (cooTBercTBeHNO Hg (G, M) =0) npuq > 1.
) Ecnu rpynna G KoHeuHadA, NOKa3arTh, YTO NOHATUA HHOYLMPOBAHHOIO ¥ KOMHAYUMHPOBaHHOTO (COOT-
BETCTBEHHO NPOEKTHBHOTO ¥ HHBEKTHBHOTO OTHOCUTENbHO Z) MOMYNA COBNAKAIOT.

13. lycts G — rpynna, H — nogrpynna B G, M — nestit Z (H) -monynb, N — npasuiit Z H) “MOLYHb.
Hagenum rpynny M= HomZ @) @ @ » M) (coorBeTcTBeHHO N=Ne z o Z (G)) CTPYKTypo#i ieBoro
(cooTBeTcTBEeHHO npaBoro) Z G -MORYNf, HONy4YeHHOR U3 CTPYKTYphI npaBoro Z S -MofynA Ha Z @)

A v A
ODycem: M->M u n: N> N-Z H) -roMomMOophu3MEL, Npu Kotopelx m(u) =u(l) e u € M n
nix) =xe1 gna x €N, nnycrs i: H— G ~ KaHOHMUeCKOe BNOXKeHHe. JJoKa3aTh, YTO KOMAOIUUMHM I'O-
MOMOp(dH3MOB i

N A ~ HiH,m)
i HYG,M) ~HYHM ——— HT WM, M)

v HQ(H’n) v iq v
fyt By (1, ) —— Ho (1,5 = Hy G, ¥

npeactasnsioT coboit nzomopusmMel InA Beex ¢ > 0.
14. Ilycrs G — rpynna, H — noarpynna KoHednoro wHaekca B G. [lonoxum n = (G : H).

a) ycts QM - Z @) -monynu. [Tokasars, uto cymecrByet Z-romomopdhusm
t: Hom, () (Q, M) ~ Hom 726 QM),

OpM KOTOpOM, Ui BCAKOW CHCTeMBl NpefAcTaBuTenedh £,, . . . , &y KnaccoB rpynnsl G no mopynio H,
n
(tw) () = 121 giu(gi'e) mw q€Q, u&Hom, ) QM.

Ecrmj: Hom 7 (G) QM) -—»HomZ ) (Q, M) — KaHOHHYecKOe BNIOXKeHHe, To? o j =n - Id.

6) Nycrs N — npaebitt Z ©) -MoayNb. B 0603HaYeHHAX U3 NMyHKTa a) MOKa3aTh, YTO CyWECTBYeT Z-ro-
Momopdusm §: N OZ (G) QN OZ (H) Q. npu KoTopom

n
6meq)= T ngi'egiq min n€EN, q€Q.
i=1

Ecup: N QZ @ Q -»N@Z (G) Q ~ KaHoHmIecKoe oTobpaxeHne, To po § =n - Id.

B) Ilycrs P — npoekTuBHas pe3onbpeHTa Z ) -mopyna Z, g — uenoe uncno. lpumenss a) u6) x Q = Py
ofpeAenuTb roMOMOpHU3MBI t9 HYH, M) -HY(G, M) u 8q: Hg (G, N) - Hg (H, N). Ecnu 7 oBosnauaer
KaHoHuuecKoe Bioxekne He G, 10t%0 i9=n-1d u igo 6g=n-1d.

r) Paccmorpum Z @ -mopgynd M = Hom z H) Z (G) ,M) uN=N&#® z M) z (©) (ynapaxHenue 13).

B3sge Q = Z © , MONYYHM MCXOHA 3 FOMOMOP(HUIMOB ¢ ¥ 6 (NyHKTHI a) ¥ 6)) romoMopduaMbI t)y =

A v
=M - M 6N: N~ N. [Tokasarb, 410 3TH roMoMOpdHIMbI Z (G) nmesmnr. TokasaTh, YTO KOMNOIKUUUA
TOMOMOpPdHU3IMOB

iH- . HY@G, 1y :
H? H,M) — HY(G,M) ——— HI(G,M)
Hg (G, 0N) . ™! .
(coorBetcrenno Hy (G, N)—— Hy (G, N) —— Hgy(H,N)) pasna t9 (coorBercraento 6q)-
11) Mycts (g, . - . » &n) — cUcTeMa npeAcTaBuTened knaccos rpynnsl G no momymo H ¥ nycrtb x €
n

€ H® (H, M) . Mokasars, 9T0 t° (x) = X g;x. Onpemenuts ¢
i=1

e} Ecnu oroxpecrsuts rpynnet H, (G, Z) u H, (H, Z) ¢ G/(G, G) u H/(H. H) cooTBeTcTBeHHO, TO
FOMOMOPGH3M [ OTOXKICCTBNAETCA ¢ Fomomopduimom (“nepenecenue”, “tpancgep’ V: G/ (G, G) —
—+H/(H, H). Ecnu s: H\G =G — HekoTopoe cedeHie KAHOHHYECKOTO 0ToGpaXeHud, TO ROKa3aTh. UTo V mo-
JyyaeTcA TMOCPEACTBOM nepexofia K ¢axToprpynne Hcxoms W3 oTo6Gpaxenus Vg: G — H, npu xoropom

Ve(g)= 1 s(x)g G (xg)"! nx gEG.
x EH\G

8#
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15. Mycts G — rpynna i kK — noje, KOTopoe HaeNHUM CTpYKTypamu Z ©) -MOAYnAa ¥ k(G) -MonyJA, HO-
NyYeHHBIM# H3 TPHBHANBHOTO AelicTBus rpynmsi G.

a) MNMoxkasars, yro rpynma HY (G, k) usomopdsa Ext:(G) (%, k) nna Bcakoro q » 0 u, clienoBaTeNb-

HO, ofNamaeT CTPYKTYpo# BCKTOpHOTO k-mpocrpatcrsa; oGo3Haumm uepes A9 (G, k) ero pa3MepHOCTH
Han k.

6) IpeanonoxuMm, yro rpynna G o6nagaer npencrasnenueM (I, p. 86), onpemensdeMuiM d NOPOXOA0-
LIMMH U 7 COOTHOIenusaMHU. [loka3aTh HepaBeHCTBa

d>h' (G, k) u r >h* (G, k)

(¥cnonk3oBaTh ynpaxHeHue 3, ), c. 65).
916. NMycrs G — prpynma (I, p. 72, aés. 9). Honoxum d(G) —dlmp H! (G, Fp) u r(G) =
—dxmppH’ (G, Fp) (cM. ynpaxuenne 15).

a) INoka3satk, uyto d(G) ecrb MEHMManNbLHOE YUCIO nopox(namuux rpynnsl G (fmoxa3sars, YTo Ipynna
H' (G, Fp) n3oMmopdHa rpylme, nsoficTsensol k G/GP D(G), n ucnoms3oBats I, p. 140, exercice 32).

6) Ecnu Card (G) = p”, 1o noxasats, yto d(G) <n ur(G) < n(n+1)/2 (nokalate HEAyKIHeH MO 7,
YTO .CYWeCTBYeT Mpe/icTaBiieHHe rpynns G ¢ 7 HOPOXAAIOWMMH U n(n + 1) /2 cooTHoweHuamu). Ecinn
G = (Z/pZ)™, 10 noxazats, wro ud(G) =n u r (G) =n(n +1)/2.

B) Ecnu rpynna G seTpuBnansHa, nokasath Hepasenctso r (G) > (d(G))?/4 (“reopema I'onoda — lia-
depeguua’: ycnonb3oBaTh ynpaxuenue 15, ¢. 68, u ynpaxseHue 22 u3 VIII, § 8).

r) Bokasats, uto 7 (G) —d(G) =dim FP(H’ (G, Z)°z Fp).

17. Tlycrs G — KoHeuHas rpynna. O603Hauum uepe3s Nanemenr X gl (G). Ina seaxoro Z ).

g8EGC

Monynsa M YMHOXEHHE Ha N onpezl.emleT nocpencresoM nepexona K (baKTopMonymo POMOMOPQ)MC!M
N,: H,y (G, M)—'H° (G, M). Honoxum He (G, M) = Coker (N, ),H 1 (G,M)= KerNo,Hq(G,M) Hq(G M)
mpu ¢ >1 u H-9 (G, M) = Hg_y (G, M) npn g > 2.

a) Ilycrs (8): 0 »M' > M —M"” — 0 — Tounas NoceAOBATENEHOCTE Z ©) -MonyJie#l; onpeneiuTh Tou-
HYI0 OC/IeAOBATENBHOCTD
29-1(G,8)

n n n 39(G,8) .
HY? (G,M")~ H? (G, M) - H? (G,M") ——— HI"!

~H"! (G, M") G, M)~ ...
A
6) Ecnu Mmonyme M npoexTHBEH oTHOCHTENIBHO Z, TO IOKa3aTh, YTO HYG,M) = 0 npu Bcex ¢ € Z (cMm.
ynpaxHeune 12).
B) Nycrs H - noarpynna rpynnsi G, i: H -G — xanoHH4ecKoe BIOXeHHe. DJ'UI Besikoro Z (G )-Monynu
M u BesAkoro pauuouam.noro [enoro Yucna g onpereuMm romomopcbmmm i M Hq G M BN L (H, M) u
t?M A? (H, M) —» Hq (G, M) (oSoauaqdemue ApOCTO Yepe3 { 19 119, eCTIM HeT HeACHOCTH OTHOCHTETHHO M)

ClefylolMM ofpa3oM: Ind ¢ > 1 nOJoXHUM iq =il y tq t? (ynpaxHenus 10 u 14); nnsa g < -2 nono-

. ~ »
xum 19 = 6_g—1H 9= —q—1; HaKoHen, onpenenth ute (coome'rcrneuuot 'y ?") OCPeICTBOM

nepexofa K GaKTOPMONyNAM (COOTBETCTBEHHO NOHMOMYJIAM) HeXond 13 i® u t° (COOTBETCTBEHHO £, H i, ).
A A
Tlokasats, uro 1% o i9 = n - Id mua Beaxoro g € Z, rae n — nunexc H B G. BolBecTH 0TCiona, YTo Ipynns
~
HY (G, M) annynupyoTcs nopsmkom rpynnsl G (cp. ynpaxHeHue 6, c. 114),
r) B 0603HaueHHsAX U3 NyHKTa B) NOKAa3aTh, YTO

?';;,' «29(G,8) =27 (H,8) 011

1o 29 (1,8) =29 G,8) o £
s BeAkoro g € Z.

n) Hycrs p — Jipocroe yncno u H — cunosckas p-nogrpynna (I, p. 74) rpynns! G. lokasars, 410 ANpoM
roMomopdusmMa iq Hq (G, M) —*Hq (H, M) cnyxur cymMa /-IpHMapHBIX KOMIIOHEHT Z -Moyns HY(G, M)
s [ # p. B 4aCTHOCTH, eClii AnA BCAKOro  IPOCTOro YHCNa p BbIGpaHa HeKOTOpPas CHIIOBCKAsA p-NIOArpyIiia

HpB G, To orobpaxeHue Hq (G. M) -1 Hq(Hp, M), nonyyaemoe U3 FrOMOMOp(PH3IMOB lq, HH'BCKTHBHO.

18. [lycte G — KoHeuHas rpynma ¥ M — Z( )-Mollyﬂb M Ha3bIBEeTCA KO20MON02UYECKU TPUE UQY-
HbIM, eciy BiIA Beaxol noarpynns H B G u and Besikoro g € z rpynna a4 (H, M) "yneBas.

a) Nokasars, yro Z ¢ -MOJ1Y Jib, IPOEKTHBHLIH OTHOCHTENIBHO Z (B YAaCTHOCTH, HHAYUMPOBAHHLIN Mo-
AYyNb, CM. ynpaxHeHsue 12), KOTOMOJOTHUECKH TPUBHANCH.

6) Mycrs n, r, k — Tpu uensix unucna, npuvem k™ — 1 nenurca Ha r; nycts G — uMKIMYecKas Ipynna
nopaaka n, ¢ — nopoxpaomwmit rpynnsl G. Hajpenum Z-monyns M = ZrZ CI&/xTypon z (G “MOlyJif,
onpenensieMol ycnoBHeM, YTo om = km pns Bcakoro m € M. Jlokasars, uto Z -Moyne M nipoekTHBed
OTHOCHTEJIbHO Z, €CNH H TONLKO eCJIH YACHIa N M 7 B3aHMHO OPOCTHI.
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B) B o6o3HaueHHAX U3 MYyHKTA 6) MoKa3aThk, YTO IJI TOTO YTO6b! 1? (G, M) =0 npu Bcsikom q € Z,

Heo6XOAHMO M JXOCTaTOMHO, 4Tobbt (7, kK — 1) (r, 1 +k + .. k""l) =r. B yacTHocTH. ecini 7 =k — 1. To
TNIOKA3aTh, YTO MOIYJh M KOI'OMONOrHYeCKH TPHBHATICH.

r) HonyunTs ¥3 NyHKTOB 6) U B) NpHMep KOIOMOJNOTUYECKH TPHBHANBHOTQ Z( )-MOJIYIDI He ABIAI-

1Erocs NMPOeKTUBHLIM OTHOCHTENsHO Z, M Z -monyna M, pns xoroporo Hq (G, M) =0 npu BcAKOM
q € Z, Ho He ABNAIOUIETOCA KOTOMOJIOTHYECKH TpHBHam:HblM

9 19. IycTs p — npocroe uucno, G — prpyma, M — Z( )-Monynb Honoxum A =F (G)

a) MMpennonoxum, yro pM = 0. [Toka3aTts, uTo cnemymoluue yenosus SKBHBaJIeHTHbI

) CyumecTByeT pallHoHaNbHOe NENoe YHCHO ¢, AR KOTOpOoro ne (G, M) =

$) Monynbs M KoroMonorudeckn TpuBuanen (ynpaxHenue 18).

v) M — unnyunposaussi#i Z (G) -Monmymns.

§) A-mopyns M cBoGopeH.

(Uro6rl mOKa3aTh, HTO M3 o) CleHyeT 8), CBECTH YTBepXIeHHe K CHy4al g = —2; MoKa3ark, 4To Torsa

Tor,A(Fp, M)=0,

H 3aKOHYMTB J0Ka3aTelIbCTBO ¢ HOMOWGIO YIpakHeHust 4, c. 86, W ynpaxHeHus 22 u3 VIII, § 8).
6) Ipennonoxum, uro B M yMHOKeHHe Ha p HHBEKTUBHO. [foka3aTs, yTo cnemyiole YCIOBHS 3KBH-
BalleHTHEI. N N
«) CyIIecTBYeT Uelloe YKCIIO, I KOTOPOTro Ipynnkl HYG,M)u H
8) Monyne M xoromonoruuecky TpUBHAlleH.
Y) A-monynb M/pM cBoGoneH.
4 20. llycts G — xoHeynas rpymma, M — Z () -MOIYTIb.
a) Ilpennonoxum, uto Z-Momyns M cBo6open. [Tokasate, yto Z @ -MOOYNb M HpoeKTHBeH, eCly U

qﬂ(G, M)uynesbie.

TONBKO eCIIM Mg BCSIKOH cunmoBcko#t noarpymnsl HCG Z (H) -Moylb M KoroMollorudecKu TPHBUAJICH.
(lIns poKa3aTenscTBa [MOCTATOYHOCTH YCNOBHH paccMoOTperh pezonsBeHTy 0 -R—+L -M-—-0 Z ©).
moupyna M,B koropolt 1. — cBoGommbil Z G -MOOyNb; NOKa3aTh, 4To Z H) Mopyne Q = Homz (M, R)

KOTOMOJIOFMYECKH TpHMBHAlleH, 3aMeTHB, uTo monynb Q/pQ koromonormyeckd TpHBHAIIEH, M HCIOB3yHA
ynpaxHeHHe 19. BriBecTd U3 ympaxtenns 17, m), uro H* (G, Q) = 0 u orciolta caenatsh BeIBOM, YTO MO-
nyns M NpoeKTHBeH.)

6) INokasats, YTo cnepyiolHe YCIOBHA S3KBUBAJICHTHE :

o) Z (G) -Monyib M KOroMONIOTHUeCKH TPHBUATIEH.

gz (© -Monynk M 0651agaeT KOHeyHOH [IpOeKTHBHOH pe30bBeHTON.

N -Monyns M o6naziaet NpoeKTHBHOMN pe30bBeHTOR MMHE! 1.

(Uro6r1 ZOKA3aTh, YTO M3 &) CIEAYeT ), paCCMOTPeTh TOUYHYIO HocnenoBarenkHocTh 0 ~R -1 - M ~0.
B KoTopol L — ceoGonusiit Z G -MOMYNb, U NIPHMEHUTh yTBepHeHHe a) K R.

B) Ilpennonoxum, uro Z-mopyne M memuMsiit. Tlokasats, uro Z (G)-momyns M KoroMonormiecku

TpHBHAIIeH, eCcI¥ ¥ TONBKO €CNM OH MHBEKTHBEH (PaccMOTPeTh TOYHYK moclegoBarenbHocTh 0 +M —~1 —
-+Q—=0, B kotopo#t 1 — HWHBEKTUBHLIH Z(G) -MOJIyNb, H IOKAa3aTh. HCMONBL3ys yTBepXOeHue 6), 4To
Z (6) -mopyns Homz (Q, M) Koromonoruyecku TpHBHaleH) .

r) Jnsa Toro urobpi Z (G)-Monynb 6LLT KOTOMOJIOTHUECKH TPHUBHaNICH, HEOBXOHMMO M HOCTATOYHO,
YTO6EL OH 0651aJan HHBCKTHBHOM pe3oiibBeHTOl MNMHEI 1.

q 21 Iycre G -- uHKIHYecKast IPyNia KOHEYHOTO MO pAAKA.

a) ch{ M-2z(G “MOINYJE H g — YeTHOE (COOTBeTcTBeHHO HedeTHOR) pauMOHAIBHOE WeNIoe YMCNO,
TO rpynna Hq (G, M) u3omopgHa H°(G. M) (cooTBeTCTBEeHHO e (G, M)) (cp. yupaxiienue 7).

6) OGo3nauum ueped € MHOXKECTBO K/accos z(G -mopyned T, Wi KOTOpPBIX TpynMbI Hq G. D
KoHeunbt IpH Bcex g € Z; ecnu Z (©) -monyJis M MMeeT THU B, TO NOOXHUM

7 (M) = Card (H® (G, M))/Card (H" (G, M)).

Mycts 0—+M'—>M—+M " 50 - rounas nocneposatenshocts Z (G)-monyneit. Mokazams, uro ecnu nsa
13 monyne#t M', M, M” umelor THn €. To TeM XKe¢ CBOMCTBOM 06NajaeT TpeTHH Modyilb, W Toraa
AM) =hMYAM'"). B YaCTHOCTH dynkuna i onpepensier romomopdusm rpymnel Fporennuxa K (6)
B MYNbTHINMKATUBHYO Tpynny ?

B) Tycte M — xoreuntitt Z (G) .monynn. Tokasats, uro Torna M umeet T™HR € 1 A M) =1.

r) Tlpennonoxum, uro fopanok rpymnst G - npocroe ukcino p. OGo3HauuMm yepes €’ MHOXCCTBO
xnaccos Z (G)-monyne#t, » KOTOPpLIX YMHOXeHHE Ha p HMeeT KOHeuMoe ALPO U KOAAPO; eclin M — Moy b
mna €', To nonoxum ¢ (M) = Card(Coker pM)lCard(KerpM) JlokaszaTh, KaK W B NYHKTe 6), ¥TO ¢
onpenensieT romomo phHIM rpynnm K@@' )s Q"

1) Moxkasats, uro rpynna K(&') nopoxpaerca Kiaccamy Z(G)-Monyneﬁ T, o6napalomiMx OOHUM M3
CACHYIOIM X CBORCTB

(i) Moayne T = Z W nagencH TPUBMaABHLIM HeACTBHEeM rpynnb! G.

(i) Monyas T KoHeuHbIH,

(iii) YMHoxeHHe Ha pB T 6HeKTHBHO.
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av) T=2(9).

(v) Mopgyns T= QP/ZP (cm. TG, III, p. 84, exercice 23; O6uias Tomosiorux, 1II, c. 115, ynpaxHe-
Hue 23) ¥ HanesieR TPMBHANILHBIM fieHcTBHeM rpymnsl G.

i) T=2(® o7 @p/Zp).

(TMokasaTs chavana, wro eesxuit Z (G) -monyns tvna €' npefcrasnserca B K(%’) kak cymma Z G).
MOMYJIA KOHEUHOTo Tuna Han Z u Z G) -MOOYNA, 8 KOTOPOM YMHOXeHHe Ha p CIOpbeKTHBHO. OnpenenuTs
3aTeM CTpYKTYpY NpocTbIX Moflyjieit Han konbuaMu Q ©) 4 QISG) ).

) BriBecTs H3 npearayuiero, uro 8’ €@ nwro,ecnu M — Z (G)-Monynb mana €', 1o

RODP~1 = (o (M (G, MNP o (M)

(IlpoBe puth popMyny B LIECTH CryYasx, pacCMATpUBaeMbIX B IYHKTE 1))

22. Mlycrs K — nosie, L — koHeuHoe paclitipenne ['anya nons K, G — ero rpynna Tanya.

a) TMoka3arh, YTO TOYHASA NOCIEeIOBATENRHOCTD Z (G)-Monyneﬁ

(e n

0 ppL)»L* T 1" 5 0
NMo3BOJIAET OApENEsNTh U30MOopdH3IM kL; (L" n K*) /K*" - H' (G, p,(L)). Korpa u ,(K) conepxur n
anemeHToB n rpymna H!(G, u,(L)) oroxpecrensercs ¢ Hom(G, u,(K)), noxasars, uro kL coBRnagaeT
€ TOMOMOP(H3IMOM, offpefieNieHHbIM B V, § 11,n°8.

6) Ilycts p — npocToe uMciio; NpeOnonoXxum, yro K umMeer xapakrepicruky p. Hokalarb, 4To TouHas
noclenoparesbHocTs Mopyne#t (V, § 11,n°9)

()—-)FP—->L g» p(L)—)O

[O3BONACT ONpele/uTh U3oMophusM a4 @ (P(L) N K)/9(X) — H' (G, Fp), xoropelit coBnapaer ¢ roMo-
MOpP(HU3IMOM, onpeneneHHBIM B V, § 11, n°9, ecim rpynna H! (G, Fp) otoxnecrBneHa ¢ Hom (G, Fp).

23. Nycrs G — rpynna, M — rpynna ¢ oneparopamu u3 G- (I, p. 29, déf. 2; Anre6pa, 1, c. 100, onpe-
Oenedue 10). Mp1 6ygem ofo3navars uepe3s &m koMno3MIMIO 3MEeMEHTOR g € Gume& M. Mbl 6yaem
HasbiBaTh M G-2pynnoi, ecnu h éEm) = "8 ang m e M, g,h € G, unaue roBops, ecnn otobpaxeHne v
rpynnst G B Aut (M), npu KOTOpoM ¢ () - m =& ana g € G, m& M, npencrapnseT co6oit ecomomMopdiusm.

Ecnin M — Gopynna, to o6o3HauuM uepes H°(G, M) nomrpynny B M, o6pasopaHHyl0 3jieMeHYamu

m € M, nns xoropeix 8m = m npu Beex g € G, u vepes Z* (G, M) — MHOXKecTBO 0TOBpaXKeHnii i Tpynnsl
G B M, inst KOTOPHLIX

h(gg')=h(g)eh(g') npu g.g €G.

a) Isa anemenrta h, fi,€ Z' (G, M) Ha3blBAlOTCA KO2OMOAO2UUHBIMU, €CTIM CYLIECTBYET 3JieMeHT
meEM, mnA KoToporo h,(g)=m"h,(g)gm npn BcAKoM g € G, [loka3sarh, YTO OTHOUICHHE, TAKHM
o6pa3oM ofpenelieHHOe, NpencTaBnseT cofoi oOTHOlIeHHe 3xBMBasieHTHoCcTH Ha Z!'(G, M); cooTpeTcT
Bylolllee (haKTOPMHOXKeCTBO 0Go3Hauaerca 4Yepes HYG, M). Knacc B H! (G, M) oto6paxenns i € Z} (G, M),
npu KOTopoM i(g) =ey mns Beakoro g € G, ofo3HauaeTcs yepes eG,M Him PpOCTO €.

6) Nycrs f: M—> N — romomoppusm Gorpymn (1, p. 30, ads. 3); noxasare, yro f MHAYUMPYET I'o-
momopdusm rpymn f°: H®(G, M)~ H®(G, N) u oro6paxkenne f': H!(G, M) - H! (G, N), npu Koropom
f‘ (eM) = eN-

B) llycte M— N — Q - nocnepoBarenbHocTs GTpynn H roMOMop¢H3IMOB, B KOTOpOH TroMoMOop-
H3M | HHBEKTHBEH, D CIOpBECKTHBEH H

Im(@) =Ker(p).

MNoxasare, yro rpynma N’ =p-!'(H°(G, Q)) neiicreyer Ha Z'(G, M) takum o6pa3om, uto (n-h) (g) =
=n'h(g)%n ana neN’, heZ' (G, M), g G; noxasarts, YTO 9T0 OeHCTRHE ONpenenAeT NOCPeAcTBOM
nepexoma K (baKTOpMHOXecTBY Aekcteue rpynnsl HY(G, Q) Ha H (G, M). Otobpaxenne §': Hi (G, M)~
- H'(G, N) nepeHocurcs Ha ¢akTopMHOXecTBO K onpenenser Suexkumio H! (G, M) /H®(G, Q) Ha Im (i!).

r) He#icreue rpymnsl H®(G,Q) Ha H'(G, M) nossonser onpenenuth oToGpaxekue d: HO(G, Q) ~
—+H'(G,M) no dopmyne: 3(q)=q-ey ma ¢ €H(G, Q). Mokasars, uro

Im(@°®)=Ker(p®), Im(p°)=20"!(epp.
Im(3)= @) (ey), Im@')= (P') (e

1) Mel npeanonaraeM B AanbHe#mieM, uto j (M) comepxurcA B ueHrpe rpynnsi N. Ilokasars, uro
9 — romMomopdu3M rpyln; NOcTpouTs AcitcTBHe rpymnmbi H'(G, M) Ha muoxectBe H! (G, N) Takum
ofpazoM, uto6el oroGpaxeHne p' MepeHOCHIOCH Ha (PAKTOPMHOXKECTBO M ONPENENAN0 GHEKLMIO
H! (G, N)/H! (G, M) Ha Im(p?).

¢) Ilycrs E — muoxecTBo oroGpaxenuit Kk rpynmel G B N, anst xoropex po k€ Z2'(G, Q). Inxa
k € E nokasars, 4T0 CYLECTBYET TAKOH 37eMeHT fi € Z*(G, M), uro i (fi(x, ¥ = k(x) *k(y) Kk (x, )™
ana x, y € G. Iokasars, uro oroGpaxekue k + fj ompefiesiseT NMOCPENCTBOM MNeEpexofia K (aKTOpMHO-
KecTBaM oToBpaxenue 3' : H' (G, Q) - H? (G, M). Hokasars, uro Im(p!) = (3')~? (0).
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24. Ilycre K — none, L — xoHeyHoe pacuupeHne Ianya nons K c rpynnoit T'anya G.

Mycts V  (cooTBercTBeHHO V') — BekTopHOe K-IpOCTpaHCTBO, ¢ (COOTBETCTBEHHO ') — TEH3Op
THna (p,q) Ha V (coorBetcTBeHHo V') (III, p. 63). K-#3omopdusmom (1 npocTo uioMmopduamMom)
(V, 1) Ha (V', ') HaspiBaeTcsA K-nHHe#HpIM H3oMOpdusM u: V - V', pna  koroporo (TP (u)

eT9a)) (1) =t'. Mul Bymem o6o3nauaTs uepes V[ BexTopHoe L-ipoctpacteo L o V M uepes 1y -
TeH3op THNA (p, ) Ha V[, Nonyvyaemnift M3 ¢ pacumpeHHeM ckanapos. UYepes Fp JK(V,1) obo3na-

YacTCSL MHOXECTBO KIJACCOB OTHOCHTeNbHO H3omopdusma map (W,7), mnst Koropeix napa (Wi, 7;)
L-usomopdua (Vi, 11).
a) Mycts M - rpynna L-aBTomopdHamon napst (V, 7). A mEM H 0 € G NONOKHM:

o -
m=mny, (o) o mo m, (o) L

e 7y G- Auty(Vy) oboanavaer feficrene G Ha Vp=Lle, V, nonyvaemoe n3 nekcteus G wa L.

MokasaTh, YTo TakMM cnocoGom Ha M onpepensieTcs cTpyKTypa G-rpynnbl.

6) Nycre (W,7) —~ 3neMeHr H3 FL/K(V,t), unyctb ¥ u — L-usomopdusm (V1) ma Wy, 7).
Ina o€ G o6oanaunm uepes f, (o) ateMeHT u~'o my(0)o tio nv(o)" rpynnst M. Ilokasars, uroO
fu€2'(G,M) (ynpaxnenne 23) u uto ero knacc B H'(G,M) He 3aBHCHT oT Bpifopa u; oH ofo3na-
yaercs uepe3 6 (W, 7).

B) Ilokasarts, uto oToGpaxeHnue 6: FL/K(V,t)—>H’(G, M) Guexrtusno Kuto 6(V, 1) = ¢y

4 25. Mycrs K - mone, L — woneuHoe pacwsHpende Tanya mons K, G — ero rpynna Tanya. Onpe-
menum fAeifctere rpymnsi G Ha rpynne GL(#,L), noJoxus o(ai]-)=(or(a”-)) s 0 €G, (@) €GL(1,L).

Besakas nogrpynna B GL(n, L), ycToiuMBasg OTHOCHTENHLHOTO 3TOFO NelicTBMA, HalelisfeTCA TeM ca-
MbIM CTPYKTypolt Grpynnel (ynpaxHeHHe 23).

a) ITokasars, uro muoxectsa H! (G, GL(#, L)) u H!(G,SL(#,L)) cocToAT H3 OOHOTO 31eMEHTa
(cp. V, § 10,n°5, prop. 9).

6) Moxa3sars, uto MHOxecTBO H!(G,PGL(n,L)) oTOXIECTBNTCA C MHOXECTBOM KIJIACCOB OTHO-
CUTENIBHO M30MOp(PH3Ma UEHTPAILHEIX NPOCThIX anre6p S, pns KoTopelX anrebpa L 0% S usomopdHa

M, (L) (ucnomb3oBaTh ynpaxHeHue 24). ComnocTapiss Taxoﬁ anreGpe ec Kiacc B rpynne Br(K, L)
OTOXKIECTBNAA 3Ty nocnemnmo rpymuy ¢ H*(G, L*) (VII, § 13)., nonyuaem oToGpaxeHue
H!(G, PGL (n, L)) - H*(G, L *), KOTOpOe MPOTHBOMOIIOKHO OToGpaxeHuo d' (ympakseuue 23, a),
nony4aeMoMy M3 pacumpenus L* ~ GL(n, L) » PGL(n, L).
B) IMoka3ats, uto MHoXecTBO H! (G, Sp(2n, L)) cocTout H3 ofHoro snemenTa (cp. IX, § 5, n°1, th. 1).
r) Hycts Q — kpanpatiunas ¢opma Ha BekTopHoM K-npoctpanctee V, Qp — kpapmpaTuHas ¢opma,
KOTOpaA u3 Hee NoJiyuaeTcs Ha L ek V. Tloka3ars, yro H' (G, O (Qr)) OTOXNeCTBIIACTCS ¢ MHOXECTEOM

KJ4CCOB OTHOCHTENIBHO M30MOpgM3Ma KBalpaTHuHbiXx ¢opM Q Ha V, mna xotopex ¢opma Q) wm3o-
mopona QL.

26. O603HayHM uepe3d A k~anre6py Aey A°; Bcaxui (A, A)-GHUMOnynb eCTecTBeHHbIM 06pa3’om
HANleNAETC CTPYKTYpol nesoro Af.-mopynst, a Taxxe cTpykTypol nipaporo A-monyns. Iycts M —
(A, A) Gumonynb, n — uenoe uucio > 0; NMoNoxUM

Hp(A,M)=TorA°(M, ), H"(A, W)= Ext’, (A, M).

a) k-wmonym H, (A, M) nsomopden Q)aK'ropmonymo k-mMonyna M no k-nopMopnyno, NopoXIEHHOMY
37IeMeHTaMH am—ma st a € A, mE€ M; k-monyms H® (A, M) uaomopdeH k-nogmonymo B M, o6pa3oBaH-
HOMY 3JIEMeHTaMH M, IS KOTOPHIX ami =ma TpH BceX @ € A. k-monynb H! (A, M) 0TOXNeCTBIAETCA C
daxTopMonynem k-Monyns nuddepeHunposannit Dy (A, M) no k-noaMoxymio BHYTpeHHUX nubdepeHiu-
poBaHHli, T.e. THddepenunpoBaniti d,,, onpefenseMbix Mg mE M no dopmyne d,,(¢) =am—ma s Bes-
koro a€ A (cp. III, p. 132).

6) Ilpennonoxum, 4To A — npoexTuaHslii‘k-Mmonyib. l'loxasa-n-., YTO CTaHIAPTHAsA pe3olbBeHTa B (A)
(c 62) ompegensdeT NPOeKTHBHYIO Pe3ONBBEHTY JIeBOT'O A -Monynisi A. BbiBeCTH OTCIONA, UTO K-MOXynH
H" (A, M) H30MOpPhHbI MOayaM Tomonorux kommuekea C (A, M), tne npu p > 0 CP(A, M) npencras-
nstet cobo#t k-Mopynb k-nonumuHerHbIX oToGpaxennit AP B M, CP(A, M) = 0 npu p < 0, a nuddepen-
uan 3afgaeTcs no gopMmyie

r—-1
@) (g, o xp)=xy- flxy, ... ,xp)+t_20 (—l)tﬂf(x,,, cee s XiXpg1, ..., Xp) ¥
+(=DP e, o xp 1) xp
st fECPAM), x,,...,xpEA.

JlaTh aHANIOTHYHOE BhIpaXKeHHe A K-Momynei Hn(A, M).

B) B npeanonoxeHuAX NyHKTa 6) nycts p: kK = k' — roMomMopdH3M KOMMYTAaTHBHBIX Kollen, A' —
k-am‘eﬁpa Ee A M- (A, A)-6HMOJIYHL IToxa3zarts, uro k-Momymn Huy(A, M) u H, (A, M') (co-
OTBETCTBEHHO H" (AAM)H H"(A M')) H3omopdHBI.

r) llpennonaraem B manbHeituiem, uto k — none, Ilycts B — ppyras k-anrebpa (accoupaTHBHAsA U yHU-
TapHaa), M — (A, A) 6umonyns, N — (B, B) 6umonyns. [Ina Besaxoro n > 0 onpegenurs H3oMOpHH3IM
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k-monyneit
Hy(Ae, B, Me; N)— p+3=n (Hp(A,M) e, Hg (B.N)).

Eciiu npeAnonoxnTh KONOMHATENBHO,YTO aNreGphl A U B KoHeuHO#t pa3MepHOCTH Hax K, TO NOKa3ars, YTO
CYUIECTBYET TaKxe K+#13oMopdusm

H"(A e, B, Mo, N)= e \P (A, M) e, HI(B,N))

ang Besikoro n > 0 (Mcnons3oBath TeopeMy 3, c. 82).

n) Hycte M, N — nBa neBeix A-Monyns, P — npasuft A-Monyns, Tak uro k-momyns Hom, (M, N) u
M €, P umeloT ecrecTBeHHble CTPYKTYpHI (A, A)-Gumoneneit. Onpenennts Ans Besikoro n > 0 usomop-
dusmel k-monyneit

H"(A, Hom (M, N)) = Ext’A(M, N) u Hp(A,M @ x B Tor }(P, M).

§ 27. IlonoaHenuem k-anre6Gpsi A HadbIBaeTCA YWHTapHLiit romoMopdH3m k-anrebp n: A — k; napa
(A, m) Ha3BIBaeTCA nononkenroii k-anze6poi, MononHedue HagenseT kK CTPYKTypo# neBoro A-Monyns.
Mycts M — neBbit A-Moayns, N — nipasbift A-Mofiynb; NMON0XHM

Hp(A;m;N) = Torin(N, k) u H"(A, m; M) = Ext/s (k, M)

ans Bcgkoro n > 0. :
a) OGostaunM Yepe3 M(,,) (COOTBETCTBEHHO N(,,)) rpynny M (cooTBercTBeHHO N), HajieneHHylo
cTpyKTypo#t (A, A)-Gumonyns, otipefensemMoi no dopmyne:

ama' = n(a')am (COOTBeTCTBeHHO ane’ =nn(a)a’)

’

ma g, €A, meM, neEN,

Ilokasatk, 510 k-Momyns H, (A, m; N) (cooTBercrsenno H° (A, m; M), cootBeTcTBeHHO H' (A, m; M))
usoMopden k-monynio H, (A, N(,,)) (coorBercTBenHo HPY(A, M (r)), COOTBeTCTBEHHO H' (A, M),
ONpecNIeHHOMY B YNipaXXHeHuu 26.

6) Ianee MBI rnipenrionaraeM, Yto A — npoexrTugHusii k-Mogyns. OnpenenHTb ¢ NMNOMOLIBIO CTAHAAPTHOR
pe3onbBeHThl (c. 62) k-usomopdusMul ¢, Hy(A, N(m)) —~ Hu(A, = N) u ¢t: HP(A, M(,,)) -
- H"(A, m; M) ans Bcex n > 0.

B) TIpeamionoXuM, 4TO CyllecTBYeT roMoMopdnsMm k-anrebp p: A — Ae, KOTOpbI# TNipeBpalliaeT A€
B NPOCKTHBHBIA NpaBbIf A-MONYNL H 0N KOTOPOT'O JleBbIA MIean B Ae, NOPOXIEHHBIR MHOXECTBOM
p(Ker (n) ), coBnapaer c sapoM romomopdusma A @ k A° = A, onpenenseMoro ymaoxeuHeM B A. Tloka-
3aTh, 4TO OnA BcAKoro (A, A)-Gumonyns Q u Besikoro uenoro n > 0 cymecrsyloT k-u3omMopdH3IMBI
Hp(A, 7; Q) — Hy(A, Q) (coorsBerctenno H™(A, n; Q) — H™(A, Q)), rne Q paccMaTpuBaercs KaK
npaBblit  (COOTBETCTBEHHO neBhIR) A-Monyne npu nomoiuy romomopdusma p. (McnonsszosaTs KaHOHM-
yeckHe romomopduamer (11), (12),c. 110).

r) IlokasaTe, yTo NPeANONOXKEHNA B NNYHKTE B) BHINONHAIOTCA B CeAYIOWMX ClyYaaX :

@) A — rpynnopasa anreGpa (Han k) Hexoropo#t rpynnbr G, p onpenensiercst YcnoBueM: p(eg) =
=eg® eg_ 1.

B) A — TeH30pHaA (COOTBETCTBEHHO CHMMeTpHUYecKas) anreGpa npoekTuBHoro k-Moaynsa V,; p onpe-
MEJISIeTCS YCIIOBHEM ;

p)=vel 1o

*v) A - oBepThiBalomas anreGpa ajre6pet JIn g Hapm K, xoropas cBobogHa Kak K-Moyne; HMeeM:
p(x)=xel -1ex ona x&g

(nctions3osate LIE, I, § 2,n°7, cor. S au th. 1; Tpynnst u anre6psi JIu, I, c. 32, cnencreue S Teopemsi 1)
8) A — xonbuo GyHKUHi ranxkok anreGpanueckot rpynnel G Hap rionem K; ronaraeM

k k
4r>(f)=i23l fief], rne f(gh™')= -21 H®fh) nns g hEG.
= '=

*28. Mycth § — anrebpa JIn Hax KOMMYTaTHBHLIM KonbuoM k, U — ee o6epThiBaloniast anre6pa. Hape-
nuM Kk cTtpykTypo#t nesoro U-Monyns, COOTBeTCTBYOLIeR TPHBHANBHOMY NpeficTaBneHuio anre6psl Jiu g .
Mycts N — npaBeit ¢ -Moayns, M — nesuift § -Mogyns, n — uenoe yucno > 0; onoXUM:

Hp (8, N) = Tor (N, k) u H"(g, N) = Ext{; (k, M).

a) k-Monyms Ho ( 8,N) (coorBetcTenno H® (g, M)) usomopdeH N/N g (COOTBETCTBEHHO NOf-
Moaymio B M, o6pa3oBaHHOMY 3neMeHTamu, 8HHynHpyembiMu anreGpo#t JIH g ). OGo3Hayum uyepes
Z' (g,M) (coorBercTBenHo B! ( g,M)) k-nommopyns B Hompy ( g ,M), 06pa3oBaHHbIH 3NeMEHTAMH f,
s koTopuix f ([x,y]) =xf(¥) —yf(X) upH X,y E g (COOTBETCTBEHHO TAKMMH 3NIeMeHTAMH [, 11
meM, uto f,,(x) =xm mpu x€ ¢ ). TMokasars, uto H! ( g, M) oroxnectBngercsa ¢ dakTopMonynem
Z' (g, M)/B' (g, M).
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6) Mpemnonaraem B panbHefillieM, 4To ¢ — cBoGoMHLIN k-Mopynmb. [Toka3sars, uto k-MogysH H" (g. M
OTOX[IeCTBIISIOTCS C MOAYNAMM ToMonorud xomiutekca C(g, M), roe a2 p» Q CP(g,M) npen-
cTaBnsieT co60# K-MOIY b KOCOCHMMETPHYECKHX HOMMITHHERHEIX oTOGpaXeHu ¢P B M, CP(g,M)=0 mns
p < 0, a nuddepennman 3afaerca no hopmyie

AfGy, . xpe) = E 0 DN foy, L E e+
1<i<p+1
+ Z DM fUxnxil xR R Xpen)
1<i<j<p+l
ma feCcPy g, M), x,,..., Xp+t1€ § (rme 3Hak ~ Haj 6yxBof 03HAYaeT, YTO OHa JOJDKHA GBITH Omy-
L{eHa) .

HaTb anamoruunoe Bbipakenue it k-mopyne#t Hp( g, M). (McronesoBars ynpaxHeHue 21, c. 70)
B) [Mpenmonoxum, uro dimg (g ) =n < «. Iloka3sars, yro HP( g, M) =0 pgna BCcsxoro p > n+1
4 Besikoro  g-monyist M H uto cymectyet §-momyns N, ans xotoporo H?( g, N) # 0 (3srs N= A" 9,
rae g HdelicTByeT Ho dopMmyne
n
XA AX)) =D X, AL A A X AXp AL A X,
=1

noxasats, wro df = 0 s Beaxoro f € C"1( g, N)).
r) IpucoenuneHHoe npepcraBnenne anrebpbt JlW ¢ ¥ npefcraBneHHe ¢ Ha M oNpefensioT npeicTan-
neHue 6 anrebpr1Jiu ¢ B C( g, M), nipu xoTopom

p
O Oy xp)=x f 0y, xp) = 2 TG DXl xp)
i=1
o feCP 8. M), x,x,,.. XpE g Moxka3zats, 4to 6 () A9 BCSAKOTO XE ¢ TpecTaBiser cobon
TOMOTONHEIA HYO 3Hn0M0p€bﬂ3M kommiekca C(g,M) (onpememuts romotonwio {(X), NONOXKHB
G .- s Xp) =f (X, .. ,xp)) "

9 *29. CoxpaHsieM 0603HaYeHWST H3 MpeNBIAYIIEro YOPAKHeHHT; IPEIIONOKHM, KpOMe TOro, uto k —
nojle XapaKTepHCTHKH HMymb U vTo anrebpa Jlu ¢ noaynpocra (LIE, I, § 6; Tpynmet u anrebput Jin,
I,c.64).Tlycts M — ¢ -mopynb KkoHeuHo#t pa3mMepHocTH Hap k.

a) Ecma g -monmynme M mpocT M HeTpuBuanes, To HP (g , M) =0 ansa Bcex p > 0 (6winHeitHas dopma
Ha ¢ ,acCOUMHpOBaHHasd ¢ M, HeBripoxpmena (LIE, I, § 6, n° 1, prop. 1; I'pynmsr u anre6ps! 1u, I, c. 65,
OpemtoXeHne 1) ; 3aMeTHTh, YTO YMHOXeHHe Ha COOTBETCTBYIOLMH 3nement Kaaumupa (LIE, 1, § 3,n° 7;
Tpynmst u anre6psi iy, I, c. 47) nynesoe B k u 6HekTHBHO B M).

6) Moxasars, uro H! (§ , M) =0 fana Besikoro M (Mcrionb30BaTh MYHKT a) U TOT akt,uTo §=Dg ).
O6patHo, k-anrebpa JIu § (koHeuHol pa3MepHOCTH), Hall KOTOpOH ANs BCAKOro Moayns M KoueuHoi
pasmepHoct H! ( §, M) =0, nonynpocra.

B) Hapenum, k cTpykTypo#t g -MOOYNs, COOTBeTCTBYIOLeH TPHBHANLHOMY ApelcTaBieHmo. [loka3ats,
4TO 1A BeAKOTO p > 0 BeKTOopHOe k-ipoctpatcrso HP ( ¢, k) w3oMopdHO BekTopHOMY HONIIPOCTPAHCTBY
8 CP( g,k) o6paszoBaHHOMY TeMM KOCOCHMMeTpHeCKHMH P-HHeAHRIMH dopMmamu f, KOTODHIE UH6a-
DUGHTHBL, T.€. TAKOBEI, YTO

Z fOy,- ., 06 x],...,%,)=0 mua Beex x,X,,...,XpE§.
i=1

(BprBecTH M3 MOMyNpoCTOTHI NpefcTaBneHudt anre6ps! Jlu ¢ u U3 ynpaxHeHud 28, T), 4TO NPOCTPaHCT-
Bo HP( g, k) wsomopduo HP(C,(g.k)), roe C, (g, k) — nomxommiekc B C( g, k) aHHYTHpyeMBLIA
BCEMHM 3HIOMOpdU3IMAMHU 0 (X) st XE ¢ ; 3aTeM NoKka3aTh, uto C, ( § , k) MMeer HyneBoit pudbdepeH-
upan) .

r) BuiBectw u3 nyHkTa B), yro H? (g, M) =0 mus Bcsixoro g -monyins M xoHeuHOH paimMepHOCTH
Ha k. (Moxasare, YT0 BcAKas MHBapMAHTHas GwinHelHas ¢opma HAa § — CHMMeTpudecKas, CBefif pac-
CMOTpeHHE K CJIyyalo, koraa anrebpa Jin g npocTas u nose k anre6panyecks 3aMKHyTO.) ,

§ 7 KOMIIO3UIIMOHHOE IIPOU3BEREHUE

Coxpansiorcs 06uUe co2nauienus usz § 4.

1. Tomomopdnsm Ext, (N, P) © Ext, (M, N) > Ext, (M, P)

Iycte M u N — pgBa neBpix A-Momysns. PaccMOTpHM TOMONOTH3MsI Py L (M) =M, ey

M—>I(M) u ep o py: L(M) >I(M); cornacHo npemnoxenuo 4, ¢. 92, orciofa nonyyaem
buexTuHbIl TOMOMOphHIM

am,n: H(Homgry (em © pm, 1)): H(Homgr, (I(M), I(N)) > Extp (M, N).
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HanomuuMm, xpome Toro (c. 88), uro H”"(Homgr(I(M),I(N)) npencrasnser coBoit
MHOXECTBO TFOMOTONHUECKHUX KJIaCCOB MOPGHM3MOB BepxHeHl cTemeHH n Kommiexca I(M)
B Komiwtekc [ (N) . Hanpumep, ecnu f € Hom 4 (M, N), To roMoTonHueckuit knacc Moppu3mMa
1(f) nepeBoguTCcA oTOGpaxeHueM dy, N B f.

Ecnu P — tpernit neBbiii A-MOZYNb, TO COIJIACHO H3JIOXKEHHOMY Ha c. 100, UMeem KaHo-
HHuecKHii k-romoMopdu3M

H(Homgr, (I(N), I(P)) &, H(Homgr , (I(M), I(N)) - H(Homgr 5 (I(M), I(P)),

M3 KOTOPOrO MOJNyyaeM C IOMOIUBI0 H30MOPGU3MOB @N, p, dM,N dM,p Kk-ToMOMOpdHu3M
(eomomopgusm Komnozuyuu)

cm N p: Exty (A, P) & Exty (M, N) > Exta (M, P).
OH cooTBercIBYeT k-6UAUHEIHOMY OTOOPANKEHUIO

Exta (N, P) X Ext, (M, N) > Ext, (M, P), )
KOTOpO¢ pasjiaraercsa Ha OOHOPOOHBbIC KOMIIOHEHTbI
Ext (N, P) X Ext/, (M, N)~ Ext I*/(M, P). (2)

Ecmu u € Ext, (N, P), v € Exts (M, N), 10 06pa3 naput (u, v) mpu orobpaxenuu (1) Hasbl-
BaeTCAd KOMNO3UYUOHHbIM Npou3BedeHueM 3EMEHTO8 u W v H 0DO3HAyaerca yepes uo v.
Ecnu g (coorBercTBeHHO f) -— MOpH3M KOMIUIEKCOB BepxHeii CTeneHH j (COOTBETCTBEH-
Ho i) u3 I(M) B I(N) (coorBerctsenro u3 I(N) B I(P)) ug (coorBercTBeHHO f ) —ero
rOMOTOIHYECKHIH KJacc, T0 KOMIO3ULMOHHOe Tpoussenexue an p(f ) o ay, N (&) npen-
cTaBnAer cofoi 06pa3 npH H30MOpdH3IMe @y, p TOMOTOIIMYECKOrO Kacca MopgusMa fo g
mIM) s 1(P).

Npumep 1. Ecmn u€ Homy (N,P), v € Hom(M,N), 10 4o v ecTb KOMINO3HUMA TO-
MOMOPG)HIMOB U H V.

INpumep 2. Ecnuu € Homy (N, P), v € Exty (M, N), T0

uov=Exty (Iy,u) (V) EExty (M,P).
AnanoruuHo, eciid # € Ext (N, P), v EHomy (M, N), T0

uov=Exty (v, 1p)(u) € Exta (M, P).
370 cnepyer U3 oupeneNeHUH U 3aMeyanuii Ha ¢. 94,

Ecmn Q, M, N, P — verbIpe nieBbIX A-MOIYIIA ¥ eClTH

u€Exty(N,P), v€Exty,(M,N), weExt, (Q, M),

10 (Mo v)ow=uo (Uow): KOMIOIHUHMOHHOE IIPOU3BENCHUE dCCOYUATUEHO; TIO3TOMY
Mbl Oynei 0003HauaTh KOMIO3HMUMH HECKOILKHX 2J7eMeHTOB 6e3 ckobGox. B uyacTHOCTH,
COTJIACHO TIpUMepY 2:
‘HDpumep 3. Mycrs M, N, M',N" — vetbipe nesbix A-Momymnst. Ecnu u € Exty (M,N),

fE€Homa (M',M),g € Homy (N,N"), 10

Exta (f,8) @)=gouofEExty, (M, N'). (3)

310 naeT HOBOoe AOKa3aTenscTBO k-OunmmeitHoct ortobpaxenus (f,g) ~Exta (£.8)
(c. 94, npepnoxenue 6) .

2. Cemn BbIuHCTIeHKH KOMNIO3HITMOHHOTO NTPOU3BEdCHHS

Mycts M,M' u M" — 1pu neBnx A-monyns,a: R-M,a’ : R">M ' ua":R">M" —
IPOEKTHBHbIE pe30MbBeHThl, c: M ~>E, ¢': M' >E' u ¢": M">E" — uHbexTHBHBIE PE30Ib-
BeHTbI. M3 Teopems! 1, c. 103, u nipepnoxenns 2, c. 105, cnemyer, 4ro gHarpaMma:

H(Homgr, (M, E')) — H(Homgr, (R, E’)) <—— H(Homgr, (R, M"))

H(Homgr, (E, E)) oEE) Ext, (M, M’)M H(Homgr, (R, R"),

B KOTOPOil HeoBo3HaueHHble TOMOMOP(HU3MbI KAHOHUYECKH NONYYal0TCA U3 ¢,d, ¢, d', KOM-
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MYTATHBHA M 410 BCE CTPENKM B Heil npeacTaBiAlT co6oi H30MO(H3MBL, JlOLLiHe MATH
omucaumit monyna Ext, (M, M') . Ananoruuno nonyyaem nars omucaumit s Ext, (M',M"),
¥ cTonbko xe A Exty (M,M").

PaccMoTpum Teneps ceMb roMOMOpGH3IMOB KOMITO3HLIHU

H(Homgr, (C', C")) &, H(Homgr, (C, C")) »H(Homgr, (C,C")),
rae B Kavecre (C,C’,C") nocnenoatensho Gepyrca cems tpoex (R, R',R"), (R,R',M"),
(R,R’, E"), (R, M', E"), (R,E' E"), M,E',E"), (E,E',E"):

R RI’
M
E » E'\ E".

Oroxgecrenaa H(Homgra (C,C)) ¢ Ext(M,M’) nocpencrsom COOTBETCTBYIOWIEro
M30MOpQH3MAa M3 YKa3aHHBIX BhIue, M aHanormuno mia H(Homgra (C',C")) n
H(Homgr 5 (C,C")), nonyvaem cems 20Momophuzmos

EXtA (M', M") ) EXtA (M, M') > EXtA (M, M").

I1H ceMb 20MOMOPPHU3 MO8 CO8NAOAIOT M He 3aBHCAT OT BbIGOpa pe3ofibBeMTI. B yactHocTH,
OHM COBNAZAT ¢ roMOMOpdH3IMOM, ollpeNerieHHbIM B I, 2 nocpencraom tpoiiku (I (M),
IM"), I(M")). HeiicTBHTENBHO, 3TO ClieYeT M3 HHTEpIpeTALMM Mofy el H” (Homgr A (C,CY)
K3aK MOyNiell FOMOTOMMYECKHX KaccOB MopduaMoB KomiuiekcoB u3 C B C' H u3 rtoro
dakra, tno eC/IH B JHrpaMMe KOMIUIEKCOB

cloc Lo
|} o i
C,—>C; 2+ C;

mopdu3M a”o g roMoroneH g, o a' K « o f romMoToneH fy o @, T0 "o g o f rOMOTONEH
g1 0 f1 o« (c.38, npemnoxenne 4 ¥ criencTBue) .

B panbrefiiieM Mbi OymeM MCHONB30BATh B 3aBUCHMOCTH OT OBCTOATENLCTB TY MM MHYIO
M3 CEMH MNpeOBIAYIINX KORCTPYKUMi FrOMOMOP(H3IMOB KOMIO3ULHH.

3. Kiace, accouMnpoBaHHBIH ¢ TOYHOMH 110CIeNOBATENbHOCTHIO

Mpeannoxenne 1. Myers (C,dYu (C',d") - Oéa KoMnaexKca 1esvlx A-Mooynell
u n,p,q — TpU Yeawvlx wyucna, npuvem p=q. Aas p=i >q -1 nycrs f;: G >Cliney
eomomopgﬁu:m A-mo0yaell, das Koropoeo fp,ed=0, f; o od=d'ofiy Hpup>i =2q—1
ud fq—l =uU:

Cpoy —=+C, 4+, 4. 4 ¢, ~Lsc,., 4>,

A B
L N T LN R |

p+n+2 Cp+n+1

ptn q+n ‘qtn—1-

Honowum a=f, yod= d'o °ofpB=fg_1od= d'oe fq, u nycre a (cooreercr8enHo b) —
2padyuposannsiit A-2omomopgusm crenenu n uz C 8 C', eduncraennan nenynesas 6UOOHO-
DOOHAA KOMNOKEHTA KOTOPO20 eCTo & (COOTBETCTBEHHO 6) To20aa € Z,,(Homgr  (C,C')),

b€ Z,(Homgra (C,C")) ua ~ (-1) "1 (P~D p € B, (Homgr, (C,C")).
Umeem:d' oca=d'od'of,=0,a0d=f,_; odod=0, cienosaremnsHo,
a € Z, (Homgr, (C,C"));
aHanoruyro, b € Z , (Homgra (C,C")). Monoxum € = (—1) "*! B xommnexce Homgr, (C,C')
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HMEKT MeCTO COOTHOILICHHA ;
Dfp—l =d’°fp_‘1 _efp—l °d=fp—2°d'"eas .
Dfi=d'of; —€fiod=fi_jod—€fjod (p-1>i>q),
qu =d,°fq - efq od=f- efq od,
CJ1e[IOBATESIBHO,
P9 i - .
Y €Dfy_i=€P7B—q,
i=1
YTO JIOKa3bIBaeT [1pelyIOKEHHE.
PaccMorpum nBa sieBmix A-mopynss M u N mn 1oynyiw nocaedosarensnocte A-mopynen

0>N->R,»R,_;=> >R >M->0. 4
CornacHo npemnoxednam 3 U 3 bis, ¢. 5556, cymiecrByeT KOMMYTaTHBHasA qMarpamMma
0 - N en > Io(N) —_— .. — | l(N) B;L I"(N) Lln-r l(N)
” 7
T INT // DOT vuAlT ” U.T 1
0—+>N~—)—>R, —> . . —=R —>M—0 (5)

/
f u_1 /// u,_,1 u01 ,I’ IM1 1
L, (M) -d,,—: L.(M) rag L,..(M)— ... R Lo(M) m M——-0.

PaccmoTpum mBa anemenra b ¥ @ u3 Homgra (L (M), [(N)), enHHCTBEHHBIMH HeHylle-
BbIMH GHO/IHOPOIHBIMH KOMIOHEHTAMH KOTOPBIX CIyXaT

b"=eyou,: L,(M)~>I°(N)  a” =v"0 py: Lo(M)->I"(N)
COOTBETCTBEHHO.

HNpennoxenue 2. Hmeem a, b€ 2" (Homgra (L(M),I(N)). Kpome 7020, xaacce
@ u b anementos a u b ¢ H"(Homgra (L (M), I(N)) =Ext’, (M,N) 3aeucar roasxo or
TOUHOIU nocaeovsareasHocTu (4) u paghbl Mewdy coboil.

CornacHo mpeisioxeHHIo 1, IPUMEHEHHOMY K [IBYM KpaWHHM CTpoKaM AMarpammer (5)
¥ KOMIIO3HLMAM BEPTUKATIBHBIX CTPENOK mud p=n,q =0,umeem:e, b € Z " (Homgr 5 (L (M),
I(N)) n

a—b=a-(-1)="*D" b B (Homgr , (L(M), (I(N))).

Tax xak @ (cOOTBEICTBEHHO b) He 3aBUCHT OT BblGopa u# (COOTBETCTBEHHO V), TO dfle-
MeHT Z =b u3 Ext’A (M, N) He 3aBHCHT OT BbIGOpa MOpGU3MOB U H U, YTO AOKA3bIBAET Npef-

JIOXEHHE.
OnpepeneHue 1. Jiuementr 6 wus Ext'}\ (M, N) onpenensemsit o gopmyne 8 =

= (=)D 125 = (L)) 12 yasnaetea KAGCCOM, ACCOYUUPOBIRHBIM ¢ TOYHOI
nocaedosarensnoctsio (4).

3ameuvanua. 1. Ilycrs (P,p) — npoextuBHas pe3osbBeHTa Ans M. CorsacHo npemsio-
XEHHI0 3, ¢. 55, cyluecTByeT KOMMYTATUBHASA JHar paMma

0—>N—=R, — —R,—M —=0
'7..1 a,,_,T '7"1 11M
P —P,_,—. . —P,X>M—0.

B o6o3navenusax u3 § 6,8 ects 06pa3s npu uzomopdusme ¢ (P, N) romoronuueckoro knacca
mopdusma PN, onpegenseMoro oroGpaxeHHeM (=D"DI2E - Ananoruuno, ecnn
(e, E) — mMHpexTMBHam pe3osbBeHTa miA N, TO CYIIECTBYeT KOMMYTaTHBHaA OMarpaMma

00— N—E°— ... — E"! —E"

4 A 4

00—+ N—R,— ...—> R, — M — 0,



§ 7. Komnosuyuounoe npou3sgedenue 125

u 0 ectb 06pa3s npu ¢ (M, E) romoromueckoro xiacca mopdusma M = E, onpenensemoro

otoBpakernem (—1)"01) /2 57 315 cnepyer u3 KOHCTPYKUMH Kacca 6 ¥ onpeneneHuit
n3oMopduamos ¢ (P, N) u ¢ (M, E)
2. Koroa n=0, TouHas mnocnenoBaresbHocTs (4) uanumaeT BHJL 0->N-LoM -0, u

acCOUMMpOBaHHbIA ¢ Heli knacc TpenctaBnser coboit f~' € Homa (M, N) = Ext% (M,N).
4. CpoiicTBa Knacca, aCCOUHHPOBAHHOTO C TOUHO# NTOCNEN0BATEIbHOCTHIO

Dpepnoxenne 3.1Hycr
0->P->S,>S,_;~>...>S2>N->0, (6)

0-N-+>R,>R,_,»>...2R, >M~0 @

— 08e TOuHble NOCAed0BATENbHOCTU AeablXx A-MOOyaell, KOTOPbIM COOTEETCTEYIOT KAACCH

# € Ext™ ANP) u 6'€ Exti (M,N). Knacc B Ext"'”' (M, P), accoyuuposanneiii ¢ TOUROI
nomedoearenbnocn;o A
’,‘ o

0-P->S,>...»8, ——R,>...>R, >M~0, (8)

pasen KOMRO3UYUOHHOMY npou3eedenito 0 o 6’
PaccMOTpUM KOMMYTaTHBHbIE )IHal'paMMbI

0 =P — [°P) — ... — "~ '(P) Zu I7pP)

T W

0—P —> S, — ...— §, 1 + N = 0,

0—=N =+ I%N) — . — " {(N) — I"(N)

N o A

0—~N-—+>R, — ..— R, —= M — 0.

Tax kax momyns 1" (P) WHbeKTMBEH, cyliecTByer roMomopduam h°: I°(N) =17 (P),
o xoroporo w' = he o eN; COITIaCHO HpeioxeHd103 bis, ¢.56 ,h°® npoponxaerca 1o Mop-
¢usma kommiexcos h: I(N) »1(P) (—m). Torga w"=h%o ey =h%e v%0 u, cnepo-
BaTedAbHO,

8y towm t=wmod=h"ct® o (uod),

H cneaymoulas guarpaMma KOMMYTaTUBHA

0—=P—1°P) — ... — I""1(P) — I"(P) —>I"*{(P)— ... —I"""(P)

g N A

0—P—S§, — .. — S R, — R,_, —..— M-—>0,

1 Twens
rae t°=hov?, ' = (D)™ h o), ..t = (D)™ R oV, = (=1)""h" o "
Kinacc 8, accounupoBaHHbIH C TOYHOM MoCieqoBaTenbHoCTbIo (6), — 3T0 Kilacc oToGpaxe-
ma (=1)m0mD2 ,m ¢ Homgr'x (N, I(P)), cnepgosatensHO, COOTBEICTBYeT IIpH H30-
Mopdusmeay p Knaccy Mopousma (—1)" (D /2p e Homgry (I(N),1(P)); xmacc #',
acCOUMMpPOBaHHBI ¢ TOYHOH ROciemoBarenbHocThio (7), — 370 Kiacc oToGpaxkeHHA
(-1 D2 yne Homgr’, (M,I(N)); xmacc, accoumupoBaHHuiit ¢ TOuHOW Nocneno-
BarenbHOCTbIO (8) , — 3T KNacc oToBpaxenua (—1) (7+M (min+1)[24n ¢ Homgr 3" (M, K(P)),

OTKYZa ClefyeT HCKOMBIA BBIBOJI, COITIACHO OIIPEHENIEHAI0 KOMIIOIUUMOHHOTO TIpOH3BeNleHHA
{c. 122) u dopmyne

mm+1)2+n(n+1)2=m+n)(m+n+1)/2 —mn.
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[lpennoxeHnue 4. PacCMOTPUM KOMMYTATUBHYIO OuazpaMmy A-MoOyaell ¢ TOYHbIMU.
CTPOKAMU:

00— N-—> R, —>R,.,~>...—R, —M—0
A 4
0—N —R, —+R,., — ... — R} —M—0.

Iycre 8 (cooreercréenno 0') — knacc nepgoii (cooreercreenno 8ropoil ) cTpoKu 8
Ext, (M,N) (coorsercreenno Ext) (M',N)). B Ext, (M,N’) cnpasedauso coornoue-
nue:f'of=gof

IleicTBHTENBHO, PACCMOTPHM KOMMYTATMBHYIO iHarpamMmy

L M) & L,_ (M) — ... — Ly(M) 2% M —0

“} ! oo

0 — N—R, — ... +R, —+» M —>0
| ! . 4

0 — N’ - R, > -+ —— R} ——>M' —0
b bk

0 — N’ —2m (N Ee . — I~ (N (N

Tlo onpepenennio, 8’ o f ects Knace mopdusma (—1) "#+1)/2 yn, £, py € Homgrx (L(M),

I(N')), Torma Kak g o 8 ectb Kiacc Moppusma (—1)" ("1 /2 o1 o g o u,,. Cornacko npen-
JIOXEHHIO 1, MpUMEHEHHOMY K KPaifHHM CTPOKaM [IMarpaMMsl, 3TH IBa KJlacca paBHbI.
CnenctBue 1. PaccMoTpumM KOMMYTATUBHYI0 OUA2DAMMY € TOYHOIMU CTPOKAMU:

00— N-—>R,— =+ — R, — M — 0
Yoo b
0—N—R, —> - — R —=M — 0;

CTPOKU 3TOll QUA2PAMMbL UMEIOT OOUH U TOT Xe ACCOYHUPOBAHHbLI Kaacc 8 Ext';\ (M,N).
Cnencreue 2.ITycrs

0—>N—£"—+L>R _L"_,R P .ﬁ_,Rl_f_,M_,O

— TOYHAA NOCAe008areabHocTs, € Ext (M, N) — accoyuuposannsiii ¢ neil kadce, a,, . . .
,8ne1 €k 0Oparumesr. Kaacce, accouuupoeauubm € TOYHOI NOCAE008ATENbHOCTHIO

!
0N tifmtt g fnfn g o Bl LR 2D Ly,

pagen (aj'as!...a;%,)6.
JeficTBUTENBHO, HOCTATOYHO PUMEHHTD HPEIUIOKEHHE K KOMMYTATHBHOIM [Har paMme

0 — Naulluu Rn__»“_ __»Rz “zfz l{1 a, [, M —= 0
lal O la, .. 4, La, a, la, Ll
0—> N2y R —> .. =R, =2+ R, —L s M—0.
fn+i In i
Cnepcrsue 3. IIyecro 0 > N — R, > ... > R, > M > 0 - rounas nocne-
OoeareavHocts, 9 — ee xaacc ¢ Ext” A M, N), u: M'> M u v: N > N' - 98z 2omomop-
guzma A-modyaeil.
a) Jnement voHEExt, (M, N') pasen xaaccy rounoi nocaedoearenbuocru
fns+i , In In-1
0>N—>R, »R,_;—>...>R > M~>0,

& kotopoii R}, ects A-paxropmodyab Modyas R, ® N' no noomooyaio, 06pazosaniomy napa-
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MU (fn+1(x), —v(x)) 0aa x € N, a orobpawenue f, ., (cooreercreenno f, ) noayvaer-
CA U3 KAHORUYeCcK020 8a0xerus (cooreercrgenio u3 orobpaxenus (f,, 0)) nocpedcr-
80M Nnepexo0a K Paxropmodyaam.

6) nemenr 6 o u €Ext,(M', N) paser xaaccy rounoii nocaedosareabHoctu

” "

0>N->R, >...>R—R,— M >0,

8 xoropoii R} ectv paccaoennoe npousgedenue R, Xy M', T.e. (1, p. 44) nodmodyas 6
Ry X M, obpazosannsiii napamu (x, y), mna xotopbix fi(x)=u(y), a orobpaxenue f,
(cooreercraenno f\") noayuaerca uz (fa, 0) (cooreercreento u3 npoexyuu Ha 8I0poi
MHOXUTENb) . .

Hoxaxem, Hanpumep, a). Ilycts z — anement u3 R, wia kotoporo f, (z) = 0; ecnu
z — xnacc mapel (x, ¥), rie x € R,, y € N, 10 f,,(x) = 0, Tak urO CyuecTByet ane-
MeHT ¢ € N, mia kotoporo x = f,+1(f). Torma z = f,+1(y +v(f)), 4YT0o HoKa3bIBaer
paBerctBo Kerf, = Imf, . ,. HbeKTHBHOCTD fr 4+ CHEOyeT M3 HHBEKTMBHOCTH [y 4.

Mycts j: R, - R,, — roMoMop}H3M, HONyYaeMbIi M3  KAHOHMYECKOIO  BIIOXKEHHA;
MMeeM KOMMYTAaTHBHYK0 AHArpaMmy ¢ TOYHBIMH CTPOKAMH:

0 — NZLR 2 R, ,— .. —M — 0
‘v N V . ll ll

0 — N' =R, —R
yTBEpXJICHHE a) CIeyeT Tellepb U3 NpPeIUTOKEHHA.
Hoka3atenbCTBO YTBEPKIEHHA 6) aHATOTHYHO.

3ameuanue. Iycts 6 € Ext} (M, N), coorBerctsesno 6’ € Extj (M', N'), —xnacc
HEKOTOPOil TOUHOH TOCNe0BATENIBHOCTH

"_l—‘>..._‘>M_‘>O;

In+1 1
O-N—R,-»>... >R —M=>0,
T f"'+1 ? 1 1 1
coorBetctBené 0 > N — R, - . . . > R, — M - 0.
IMycts iy, iN' — KaHoHuueckue Bnoxenusa momyneit N u N' 8 N © N', qy, q\

npoexiuu Mony1a M © M’ wa M u M'. Paccmorpum romomopdusm
m = Ext(qy, iy) @ Ext(gy, iy")

momyna Exta (M, N)® Ext, (M', N") B Exty(M e M’, N e N'). Jaemenr
m(@,0) = in°0-°q, +iN’°9'°4M'

npedcraganer coboii Kaacc TOYHOU noc1ed08aTebROCTU

, fn+1®fn+1 , , hiefi ,
0> NeN ——""S R ®R, »...> R @R} —> MoM - 0.

JleficTBHTENbHO, ecM 06GO3HAYMTH 3TOT Kiacc uepe3 6", To W3 npemioxeHusa 4 Gyner
CIefoBarh, 410

0" ciy = ino0 =m(@ 0)oiy m 8" ciyy = in'00 =m(0,0)0iy.
cornacHo npemioxenuio 7, ¢. 94, 310 Bnever, uto 8" = m(6, 8").

§. CBA3b MeXXAY TOUHBIMH NOCIICOBATENBHOCTAMME H neMentamu n3 Ext, (M, N)

Teopema 1. Ilycre n — yeaoe yucao 2 1, M u N — 08a A-mo0yaa.
a) Beaxuil anement uz Ext) (M, N) npedcrasaser coboii xaacc HexoTopoii ToyKoi no-
cnedosareashocTu (c. 124, onpepenenue 1).

6) Ilycro
In+ 1 In 1
0> N—R,—...>R —M->0
u
In+1 In i

0>N—>R, 5...>R, > M~>0
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— 0ee Tounbie nocaedosarenvroctu, O u 0’ — accoyuuposanmvie knaccor. Caredyouue ycao-
8UA IKBUBANEHTHYI :

i) 6=0';

(i) cywecrayer KOMMYTaTUBHAR OUAZPAMMA C TOUHBIMY CTPOKAMU ;

0— NZL R, — . —R, Lo M—0
W b
0— N— R/—... —& R —> M —0
lnif‘ i l p llu
00— N~ R, —... — R| =M —0;

(iii) cywecTeyeT KOMMY TATUBHAS OUAZPAMMA C TOURBIMU CTPOKAMU

0— N2 R, — . =R, Lo M—0
IN‘ ‘ i ‘lu
00— N-—= R, — ... —R|—M—0
o o b,
00— N— R/ — ... —=Rj—>M—0

Hokaxem a). [lycrs a € Exti (M, N), u nycrts P — mpoeKTHBHasA pe3oNbBeHta uis M.
HOycts a: P(n) > N — Mopdu3M KOMIIEKCOB, MPeACTaBIIAIOLIMA IEMEHT & €ro eUHCTBEH-
HOHA HeHysieBOH KOMIOHEHTOH ABJIAETCA HEKOTOphI A-romomopdusm u: P, = N, ynosner-
BOPSAOIHA yCnoBHIO ¥ o d 4, = 0 W, clieHoBaTeNIbHO, Pa3NiaraloHica B KOMNO3HIHIO ¥ =
=uob,, rae d,: P, >Z, | — orobpaxeHne, HHIYIMpPOBaHHOE rOMOMOPGU3MOM dy, (MbI
nonaraeM Z,, _, =Imd,), a ¥ — HexoTopslit A-romomopdusm monyna Z,, _ , B N. Cornac-
HO 3ameuanuio 1, c. 124, xnacc 6 € Exty (M, Z,, _ ;) TOYHOH HOCNeI0BATENBHOCTH

0—>Z,,_1->P,,_1~>...°->Po—>M—>0

paBeH roMOTOMUYECKOMY Kitaccy Mopdusma (—1)* 7+ 1)/25  HUmeem, cnemoparensho,
a= (-1t Di2g.,

YTO MO3BOMNAET, COTJIaCHO CIelCTBHIO 3, ¢. 126, MpencTaBUTh & KaK KIJIAcC HEKOTOPOH TOUHOM
MOCeOBATENPHOCTH.

Hoxaxem 6). U3 cnepcrBua 1 (c.126) Burekaer, uro (ii) = (i) u (iii) = (i). Hpen-
TIOJIO’KMM, YIO BLHIONHSIETCA ycNoBHMe (i), M MycTh P — mpoeKTHBHasA pe30JNbBEHTAa and M.
CymecTByeT KOMMYTATHBHASA AMarpaMma

0— NXZLR —+R,, — ...—=R, —M —= 0
b T T
P, 2P, ,—P,, — .. =P, — M—= 0
i i iu;_z i lnm
0—>NZX4R —»R,_,—> .. —=R, — M —0.

Mopdusmsl xommiexca P(n) B N, onmpenensdemsie oT0GpaXeHHAMH U, H Uy, TOMOTOIIHBI,
TaK KaK OHH NpHHAJIEXAT OOHOMY H TOMY e KIJaccCy (—1)"("“)/ 29, cnemoBarensHO,
Pa3sHOCTb Uy, — Uy .TIPEICTABHMA B BHiE W o d,, rme w: P, _; > N — HekoTopbiii A-Tomo-
MOpdU3M. 3aMeHAA U, _ | HA Uy _ | — fn+1 © W H Uy, HA U,,, Mbl CBOIHM JIOK234TENBCTBO
K CI1yyalo, KOTJa U, = u,. IT0 TMO3BONAET MOCTPOMTh HOBYK KOMMYTATHBHYIO QHArPAMMY
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C TOYHBIMH CTPOKAMH:

0—~~N-—+»R,—R, > ...— R, —M—0
RS foot
00— N—N —P, _, > .. — P —M—0

A I,

0—~ N—R,—R,., — ...'= R, —M—0,

rme N' — ¢aktopmopyns momyns P,_; @ N mno noamoayinio, 06pa3oBaHHOMY Mapamu
(dn(x), —up(x)) ona x € P,, u rae oToGpaxeHue v (COOTBETCTBEHHO V') ONpeNeNsAeTCs
MOCPeCTBOM HepeXoma K $HaKTopmonymno oTobpaskeHHeM U, _; © f, 4, (COOTBETCTBEHHO
Up _ 1 ®fn4y). YoroBue (ii), Takum 0Gpa3oM, yaoBIeTBOPAETCH.

CHOBa TNpeAmoNOoXUM, MTO BhIMONHAeTCs ycnoBue (i), u mycts E — uHbekTHBHAs
pe3onbBeHTa i N. CymecTByeT KOMMYTaTHBHAsA JHArpaMma

0—N-—>R,—> ..— Rl — M — 0
lNl lro ) l'.-ll - 'lv.
0—N-—E%s . s prtZ En
lnt tv{, vy |t 11";
00—~ N-—+»R/~—» ... R{ — M — 0,

¥ TAaK ke, KAK M BbIIE, MOXHO CUMTATb, YTO Uy, = v,. Torna umeeM KOMMyTaTHBHYIO [THa-
I'paMMY C TOYHBIMH CTPOKAMH:

0-—N-—R,—> ...~ R, =R, —M—0
o R
00— N-—E —» .. —F"2—M  —-—>M—0
‘"1 1 T T tlu
0— N—R,— ... — R) == R —M—0,

B xotopoit M’ = M Xgn E" 1! (c. 127, cnencteue 3, 6)). Ycnosue (iii), Taxum oGpasom,
YAOBIIETBOPAETCH, YTO 3aBEPILAET AJOKA3ATEbCTBO TEOPEMBI.
3ameuaHnue 1. Ecnu xonbuo A HETepoBo M ecniy Momyii M ¥ N KOHe4YHOro THnNa,
TO U3 [JOKA3aTEeNbCTBA YTBEPXKIECHUA a) CIefyeT, uTo BCsikuil nmeMent B Ext} (M, N) mpen-
craBiseT coBoM Kiacc, aCCOUMMPOBAHHBIA C TOYHOH TocnegoBarenbHoctbio Q > N—+R,, —~. ..
..~»R; »M —0, B koTtopo#t R; — MOnyI# KOHEYHOrO TUTA,

Cnepmcrteue Iyers 0 »NLRiM +Qu 0->N'C>R'{>M -0 - dge TounbIe nocaedo-
eareashocty, § u 0' - ux accoyuuposannsie kaaccsi 6 Exth (M, N). Zaa 1020 ur06bi
6 = 0', HeobxOOUMO U QOCTATOYHO, YTOObL CywecTaoean A-2omomopduim h: R +R', deaaro-
wui duazpammy

KQMMYTaTUgHoll. Beakull Takol 20MOMOPPHUIM HENPEMEHHO SEARETCA U0MOPPHUIMOM.

9. H. Byp6aku
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1
YcnoBue gocTaTouHO COrIacHo ciencTBuio 1 mpemtoxenusa 4. Ecnu § = 0, 10 uMeeM
KOMMYTATHBHYIO JHar pAMMY C TOUYHBIMH CTPOKaMH:

00— N-—R—M-—0

Wt

00— N—»R"—+ M — 0

lui h"l i‘u
00— N-—-R — M— 0.

‘Tomomopduambt k' u k" ABIA0TCA H30MOP(HIMAMHE COTNAcHO cleAcTBH0 3, ¢. 11, Mk =
= h" o k'™ oTBeuaer Hamemy TpeGomammo. FocneNHee yTBEpK/IEHHE — TAKXKE Pe3yNbTAT
yniomsaHyTOrO cnepcrBus 3, ¢. 11.

3ameuvaHnue 2. Teopema 1 gaer onucanne Ext} (M, N) KaK MHOXECTBAa KIIaCCOB
3KBHBAIEHTHOCTH TOYHBIX TNOCIENOBATE/IbHOCTEH; JIETKO OMUCATh IPYNMOBOH 3aKOH, KO-
TODPBIA MBI TNOJYYa€M HAa 3TOM MHOXECTBE MEPEHOCOM CTPYKTYpbl. JIeHCTBUTENIBHO, MYCTh

In+1 _In
0 (cootBetcrBenHo 0') — Kiacc TouHo# nocneposarensuocty 0 >N — R, ... >R, »>
Jn+1r , In
-+ M~ 0 (cootBercTBenHo 0 > N — R, ... >R} > M ~>0).llycts A:M>MeMu

V: N @ N > N — A-nuneiinbie 0T06paxKeHu, onpenenxeMbre no gopmynam A (x) = (x, x)
mAaxE MuV(y,z) =y +z pnay, z € N. PaccMoTpuM oToGpaxkeHne

m: Exta(M,N)® Exta,(M,N)>Ext,(M & M, NeN),
OMpefiesIeHHOE B 3aMEYaHHM Ha C. 127.B oﬁoanaqemmx H3 3roro 3aMevaHHA HMeeM: V o iy=
= INH qy © A = ly, ¥, cefoBatensHo, 6 + 0’ =V om(6,0") o A. C yueroM BbieynoMsHy-
TOro 3aMeyaHus M crelcTBus 3,c.126—127,3T0 AaeT TOUHYI0 TMOCIENOBATENBHOCTD KIAcca
0 +0'; ecnu, Hanpumep, n = 2, TO MOXHO B3ATb MOCIENOBATENBHOCTD

” ' f"_lef"'_l ' ”
0-N—-R,>R,_; R, _;,—m— ... > R;R; >R} > M~>0,

rme Ry, — cpalncropMonynb mopnyns R, @ R;, o nogMonyimo, 06pa3oBaHHOMY napamu
(fr+1(6), ~fn41(x) mua x €N,
urge Ri=R; Xy R].

6. KoMno3uimoHHoe NpoH3BeNeHHne
H CBSI3BIBANOLIHE TOMOMOPdH3MBI I MOIyNEH pacimpeHvi

Ilpennoxenue 5. [ycre

@ o-MIMEM o
TOWHAA nOCAE008ATEALHOCTb 1€8bIX Amodyﬂeﬁ 0 € Exth M", M) — accoyuuposannutii
xaacc, N — negbiii A-mM00yab, n — yenoe 4ucao.

a) Cessvigarouuii 2omomopgusm 5" (N, &) Ext} (N, M") - Ext3*! (N, M) npedcras-.
aner co6oii KoMno3uyuoHKoe npousgederue a0 oo Ha 8.

6) Censvisatowyuii 2omomopgusm 8" (&, N): Ext} (M, N)- > Exti*! (M", N) npedcras-
Aser co6oii KoMno3uyuoKroe npoussederue ar (—1)"*ta o na (-1)"*10.

a) PaccMOTpHM KOMMYTAaTHBHYIO AHArpaMMy

0-—-—>M’——f—->M——-—'q—-—> M ——0

tw v° v!
oo
0 — M — I°M") — I!(M).
Io onpenenemuo, 0 ectb xmacc Mopdusma —v' € Homgr ™", 1MY)). C npyroﬁ CTOPOHbI,

a € Exta (N, M") mpencrasnserca HEKOTOPBIM JNEMEHTOM & M3 Homgr, (L(N), M"):
Mo mnocrpoenno, snement &7 (x) mNomyvaerca clegyiommM o6pa3oM: ToMOMopH3M
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a" € Hom, (L, (N), M") nomumaercs fo romomopdusma
b € Hom, (L, N), M),
u 8" (a) ectp Kiacc MopdusmMa e
WIA KOTOPOro
fo c—Db-(—l)"+l body,,.
Umeem, criefoBaTeIbHO, KOMMYTATUBHYIO IMar paMmy

L,,,(N) &2 L(N)

X

0— M —L+>MILoM —0

| ™ 0 ot
LA
0 — M ——I"M)—I'(M).
Ho B Homgr, (L(N), I(M")) umeem:
D@’ e b)=8% tPob —(-1)" o bodys =0 oa" e, oc

m' © & roe ¢ € Hom, (L,,H N), M) - romomopdmam,

n+t
Knaccet MopduU3MOB €yyr o ¢ U (—v') o a B Ext a N M'), cnenoBarenbHo, paBHBI, OTKYyHa
NoMy4yaem a).

6) PaccMOTPUM KOMMYTATUBHYIO IMaI paMMy

Ll(M") i{‘» Lo(M") ﬂ'» MII —_— o
" "o L
A
00— M’ - M »M" — 0.
Tio onpenene}mm, 6 ects Knacc MopdHU3ma —u; € Homgr w“M), M. C upyrou CTOPO-
HbI, @ € Ext', AM,N) npencrammercx HEKOTOPbIM 3eMeHTaM a H3 Homgr, A (M, I(N)).

Tlo nocTpoeHuio, 3neMeHT § " (@) MomyyaeTca credyiomwMmM 06pa3oM: IPoOaoIKaeM TOMOMOD-
¢usma”™ € Hom, (M, I" (N)) no romomopdusma

b€ Hom, (M, 1" (N)),

n 8" (@) ects Kiacc Mopduama ¢ o pyn, rae ¢ € Hom, (M”, 1"*! (M)) — romomopduam,
V1% KOTOPOTO

goc¢=Db=§"*1op.

HMeewm, crieqoBaTeNibHO, KOMMYTATHBHYIO IHaTr PaMMY
" d LA " n
L,(M") == Lo(M") 2% M’ —= 0

u, l % l llu..

00— M’ I;M M — 0

RN
I"(N)—> In+ I(N) .

Ho 8 Homgr, L (M"), I(N)) umeem:
D(eoug)=8"cboug—(—1)"bouged, =copyr —(-D"a"ou,.

Knaccet mopduamos co pyr u (—1)"*'a"o (-u;) B Eth+l (M’, N), cnenopatensHo,
PaBHBI, OTK Y2 0JTyyaem 6) .
Cnenacteue 1. a) Ceasviearoujuii 20momopgusm Hom, (M", M) ~Ext, (M", M)
orobpaxaer 1, Ha 6.
6)0 Ceﬂsbtearomuu eomomopgusm Homy (M', M') - Ext} (M", M) orobpawaer 1y
Ha 9.
9.
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CnenctBue 2. PaccmoTpum Ose TouHble nocnedo8areabHOCTU Aeevlx A-modyaeii:
0->M ->M->M'>0,
0> N =>N->N"-0.

Komno3zuyuu caazvisaiomux 20MoMopPuamos
Ext: (M, N'") > E "” (M",N") > Ext,

n+2

(M", N")

n+l

Exty (M',N") > Ext; "' (M',N') > Ext} > (M",N").

npoTUSONOAONKHbL OpY2 OpY2Y.
HeictButensho, ecm 0, 0, — Kiacchl, aCCOUMHPOBAHHBIE C NAHHBIMM TOYHBIMH -MOCIHE-

JOBATEJIBHOCTAMH, M €ClIH o € Ext: (M', N") , TO 00Opa3bl & paBHbl COOTBETCTBEHHO
0,0 ((—1)n+la°31)ﬂ(ez°°‘)° ((_1)""231)_ )
PaccMOTpHM TOUHYIO MOCNIEMOBATENLHOCTD JIEBLIX A-MOAYICH

In -1 5
(8)0-’N->R-> Rn—l ...-)Rl-)M_>0
u nonoxum Ko =M, K; =Ker f;, i=1,...,n-1, K, = N. UmeeM, Takum oBpa3oM, TouHble
MOCNETOBATENILHOCTH :
0-K;, >R, ~K;_, >0, 1<i<np, . ®

KOTOpbIM IJIAi BCAKOTO JieBOoro A-momyns P cooTBeTcTBYIOT CBA3bIBAIOLIME FOMOMOPOU3-
MBI
m +1

(P K;_1) = Ext, (P, K)),
ExtA K, ) - Exty (K1, P),

OTKYJIa MOCPEICTBOM KOMIIO3HUHM TONYYaeM UTEPUDOBAHHbIE CBAILIBAIOUUE 20MOMODPU3-
Mbl, 3CCOLMUPOBAHHbIE C TOUHOH NOCNeNoBaTeNbHOCTbI0 (&) :

§™ (P, 8): Ext, (P, M)~ Exty " (P, N),

§™(8,P): Ext, (N,P)~ Ext] "(M,P.

Cnencteue 3. Ecau § € Ext), (M, N) — xaacc rounoii nocaedosarenvnocru (8), 1o
5™(P, 8)(@)=00a, 8™(8,P)(B=(-1)"""""*D2p.4

Ecnu §; € Ext}\ (K;_1, K;) — xrnace, accounmmpoBanHblii ¢ TOYHO#H MOCNENOBATENBHOCTHIO

(9), 10, COrNacHO MPEMIONKEHHUIO 5, HMeeM:
8™ (P, 8)(@)=0,°...00,00,0aq,
8'"(8,P)(ﬁ)= (_l)(m+1)+...+(m+n)ﬁ° Bp0...00,.
| Kpome Toro, cornacHo npeioxenuio 3 (c. 125), umeem, uto § =8, 0 .. .o 8,. Cneacrame
HETMOCPeICTBEHHO BbiTekaeT oTciona U u3 coorHoweHus (E, 1, p. 44)
n(n +1)
2

Cnepctsue 4. Ecau xawootii Modyas Ry, i=1,...,n, unsexrugen (coorsercmen-
HO npoexTugen), T0 oTobpaxcenue a + O o a (ooorsercrsenno o oo b)us ExtA (P,M) s
Ext, mn (P, N) (cooreercraenno u3 ExtA (N, P) e Ext? *" (M, P)) Guextusno daa eca-

xoeo A-m00yaa Pu scaxozo m > 0.
JefcTBUTENBHO, 3TO BHITEKAET M3 CJIEACTBHA 3 M M3 TOUHbIX MOCJIENOB aTeJIbHOCTEN

m+D)+...+(m+n)=mn+

m+i—1
Ext,

(®,R) ~ Ext[" 7 (B,K,_y) » Ext (B, K > Ext™™ (B,R),
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(COOTBETCTBEHHO
Ext7 " (R, P) > Exty T (K, P) > Exty T (Kimy, P) > Exty (R, PY)

KpailHie WIEHbI KOTOPBIX HYJIEBbIC MO MPEANOI0KEHUIO.
3ameuaHue. OnpeneneHHA U TpPeLIONKEHUA U3 M. 3—6 NPUMEHUMSBI K npagsim A-mMo-
[yJIAiM, PACCMATPUBAEMBIM KaK JIeBble MOMYJIM Hal KOMsUOM A°, MPOTHBOMNONOXHBIM A.

7. Tomomopdusm Ext, (P, Q) ® Tor* (P, M) - Tor* (Q,M)

INycte M — neBriit A-monyis, Pu Q — nea npaBeix A-momyina. PaccMoTpum roMomopdpusm
Homgr, (L(P), L(Q)) &, (L(P) ®, L(M)) = L(Q) ®, L(M); xoTopbiit 3meMeHTY
f® (x ®y) comocraensier f(x) ® y. CornacHo cxaszanHomy Ha c. 101, 3To mopdusm Komr-
nexcos 1) . U3 Hero nostyuaeM rpayMpoBaHHOE k-JiMHeiHOe 0TOGpaXeHHe crernenu 0

H(Homgr , (L(P), L(Q))) &, Tor” (P, M) > Tor® (Q, M),

clle/loBaTeNIbHO, TMocpencTBoM H3omopdusma ¢ (L(P), L(Q)) u3 § 6 (c. 103, teopema 1),
rpafydpoBaHHoe k-HHeitHoe oToGpaxenue cTenexy 0

Ext, (P, Q) ®, Tor® (P, M) - Tor” (Q, M), (10)
COOTBETCTBYIOLLEE k-GUNMHEAHBIM OTOOPaXKEHHAM
Cp,Q:M" Ext: (P, Q) X Torﬁ P,M~ Torﬁ_n Q, M); (1)

obpa3 napsl (@, ) npu oToGpaskeHMH Cp,q; M HA3bIBACTCA KOMNOIUYUOHHbIM npou3seede-

HueM TeMEHTOB ( H Y M 0603HAYAETCA Yepe3 oo 7.

Io MmoCTpOeHHIo, @ © 7y TONy4aeTCA CleNyoluM 06pasoM: a MpecTaBIseTCcA HEKOTO PhIM
Mopduamom Korekcos f: L(P) = L(Q) (—n), v — anementom z € Z,,, (L(P) ®, L(M)),
H & o 7Y €CTh KJIACC ITEMEHTa

(F© 1) (2) € Zyp (L(Q) (=1) 6, LOD) = Zn 5 (L(Q) @, LM)).

Hanpumep, ecni o € Hom, (P, Q), T0 a0 v =Tor(a, D ().
3ameuannsn 1. Ecmm Mcnonb3oBaTh M3oMopdu3MbL ¥, paccCMOTpeHHbIe Ha ¢. 76, TO
MOXHO TAKXe ONpe/ie/IATh KOMIO3MIHOHHOE NMpOH3BENEHHE MOCPSACTBOM KOMMYTaTHBHOH
[KarpamMMsl
Cp,Q:!
Ext} (P, Q) x Tor (P, M) ——=—— TorA_,(Q, M)

Gpq X ww‘ ‘wM)
H" (Homgr, (L(P), L(Q))) x H,(L(P) ®, M) — H,_,(L(Q) ®, M) ;

APYTHMM CTIOBAMH, MbI TpefcTaByiseM o Mopdusmom f u3 L(P) B L(Q) (-n), ¥ — uuxsiom
x€L, (P) ®, M,n ao v ecTb KNacc UHKIIA

(fm ® lM) (x)eLm——n(Q) ®A M.

1) Ecnm R, S ~ komuieKchl BpaBbiX A-mofyneit 1 T — KOMIUIEKC HeBBIX A-MOAyJeH, TO TaK Xe, KaK
Ha ¢, 101, nerko nposepseTcs, YTO KaHOHMYECKHH romomopdHIm

u: Homg:A(R, S) » Homgr, (R N T, S N )
npencrasnger coGod MopdHaMm KomivlekcoB. Mcnonp3yemuil B Tekcre mMOpdH3IM KOMIUIEKCOB NOMNy-

YaeTcA KaK KOMIO3IUUHUA MopduiMa 4 © 1 o 1 H Mopduama (18), c. 101. OTMeTim, YTO KAHOHHYE CKHMit
romomopduM

HomgrA(S, T) — Homgr, (R ®a S, R N T),

rae R — komnnexc npaeepix A-Mopyne#t u S, T — KOMIUIEKChI NeBbIX A-MOfyne#, He sBNseTcAd Mopdus-
MoM KomIuiekcoB. [loatoMy romomopdusm

r A A
ExtA (M,N) e Torm P, M) —» Torm_r (P, N)

onpenensercs Hiwke (c. 134) ¢ nomolubio H30Mop$HHIMOB KOMMYTHpOBaHus. ~ TIpumey. nep.
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2. MoxHO TaKxe Hcnoib30BaTh pe3onsseHts I(P) u 1(Q).
Anannornyto, eyt N — BTOpOi JleBblit A-MOMYJIb, TO ONpEENAeTCSA KOMIIO3MIHOHHOE IIpO-
u3BeneHne (i, y)+> i o v, 06o3HauaeMoe yepe3

cp,m,n° Exty (M,N) X Tor 2 (P, M) > Tor2_ (P, N),

HOCpeICTBOM KOMMYTATHBHOM [MarpaMMsl

Ext, (M, N) x Tor? (P, M) ——2%_» TorA_ (P, N)
I x cr,u,yl l"r,n.m—' (12)

Exth. (M, N°) x Tor®" (M°, P°) —=®" Tor®® (N°, P°),
rie ¢ o6o3Hauaer roMoMOpGH3IMBI KOMMYTHPOBakuA (c. 78).

Ecm p€ Ext; (M, N) — xmacc mMopdusma g: L(M) > L(N)(—r) u ecim y€E
€ Tor:,(P, M) — xnacc muxma z = X zy, roe 2;; € Ly(P) ®4 (L;(M)), 10 t o 'y ecTh, TAKHM

i,i
06pa3om, kiace mixna X (—1)7(1 ®g) ).
i7
Mo>HO TaKXe HpescTaBUTh ¥ UMKiIOM ¥ € P® L,,,(M), 4 p o v ecTb B 3TOM Clyude Kiiacc

- mixma (18g) () EPe Ly, _,(M).
MpennoxeHnue 6.[yers K, M, N — nesbte A-modyau, P, Q, R — npagvie A-Mmodyau,

«€Ext, (P,Q), BEExt;(Q,R), AEExt,(K,M),
HE Ext;(M, N), «~€ Tor::,‘(P, K).

Tozoa

Boa)oy=Bo(acy) e Torpm_,_,(RK), (13)
(e Noy=po(Xo7) 8 Torp_, (P, N), (14)
ao(hoy)=(-1)"Ao(aoy) & Tord __ (Q,M). 15)

®opmynst (13) u (14) HememieHHO Creflylor u3 onpeneneruit. ‘Joxaxem (15). Iycrs
2 =2zy, 25 € Li(P) ® LK), — umxn, npeacrapnsoumit v, f: L(P) >L(Q)(—n) u
g: L(K) = L(M) (- r) — Mopdu3mbl, npefcraBnsmiomue « 1 A. Torma Ao (ao y) ecrs Kiacc

wixna Z(-D)"""(feg) (zj), a ac(Aoy) ects wmace mxma Z(-1)"(feg)(zy),
orkyma noiy4aeMm (15).

8. KoMnoaunpoHHbie POUIBENCHHRA H
CBA3HBAIOUIHE TOMOMOPHIMEL U1 MPOU3IBeAcHAN KPYUeHHA

Mpennoxende 7. a) Mycrs
@ 0-P'Lpiipiso

— TOUHaA nocaedoearenbHocTs npasbix A-modyaeii, 0 € Ext)(P", P') ~ ee accoyuuposan-
nouil xadce, M — nesuiii A-mo0dynv. Ceasvigarowyuii 20MoOMopPusM

8, (8&, M): Tor/(P", M)~ Tor | (P',M)
npedcrasaser coboii orobpaxenue v 0 o 7.

6) IIycro
(&) 0>M'->M->M">0
— TOURAR MOCAEA0BATEABROCTY Aeabix A-modyaeil, 0, € Ext)(M", M) — ee accoyuuposan-
Hblii kaace, P — npasoiii A-M0o0ynb. Cansvigaruuli 20MOMOPpPHusm '

8,(P, &,): TorA(P,M")- Tor}_,(P,M")

npedcraganer coboii oroOpaxenue Y+ 0y o 7.
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Hycts ¥ € TorM(P", M) — xnaccwuxna z" € Z,(L(P") e, L(M)), u mycrs
S

0P —L +P—2wp o

b bt
L,(P") <= Lo(P") == P" —= 0
~ KOMMYTaTHBHAA [uarpamma. Mu1 Gyniem o0Go3Havats uepe3 p’: L(P) »P' up”: L(P") >
- P" kaHoHuueckue MopduaMs1 KoMmiexcos. Mo onpeaeneHuio, 6 (y) € Tor,‘:‘_ l(P', M) no-
nyvaeTcA CreylowMM o6pazoM: BbibupaeM 3neMeHT x € PeL,(M), mia xoroporo
(ge1)(x)=(p" ©1)(z") u 8(7) ectsknaccuwuknos z'€ Z,,_, (L(P') ® L(M)), 151 KOTOpBIX
(Fe)(p'e1)(z')=(1 edy) (x).
Iipu 0 <i <n 0Go3uamm yepe3 z; KOMMoHeHTy 3nementa z” B L; (P”) ® L, _; (M), umeem.
0=Dz"= iz(di el +(-1)e dn_i) (21") ;

crepoBarensHo, (d; @ 1) (z}) = (-1)'®d,_;.1(z}_ 1), u, B yacTHOCTH,
@1 1) (z/) = ~128dy(2).
Tenepb MoxHO BoIGPaTh X = (4o ® 1) (zg); B CAMOM Jielle, HMEEM:
Ee1)(x)=(ps ® 1)z =(p" © 1) (z").

Tax xax

(18dp)(x)=(uo ®1)(19dp) (20) = — (4o ® 1) (d; ® 1) (z1) = —(f® 1) (u; ® 1) (z}),
T0 OTClofa Cilefyer, 4To & (7) ectb wiacc WuKioB z' € Z,_, (L(P') ©4 L(M)), mia Ko-
ropax (p' ® 1) (z') =—(u; ® 1) (z1). Ho, no onpenenenmio, Kiacc § COOTBETCTBYET NpH
usoMopdusme Ext), (P",P’) »H' (Homgrs (L(P"),P’) wnaccy mopduama h: L(P") (1) >
- P’, ompenensieMoro oToGpaxeHWeM —u;, M TPOU3BENEHME O o 7y €CTh KNACC UUKIOB

7'€Z,_; (L(P') 84 L(M)),
JUIA KOTOPBIX
(' e NEY= e NE")=—@ ® 1)),

YTO 3aBepIUAeT JOKA3ATENBCTBO YTBEPH/IEHHA a), YTBepKieHne G) BBLIBOTMTCA M3 a) C HO-
MONIBI0 H30MOPGPUIMOB KOMMYTHPOBAHHS.

Cnepncteue 1. IIycro 0 > P' > P —>P" - 0 — rounas nocredosareasHocTs npassix
A-m00yaeii, 0 >M' >M —-M" - 0 — rounan nocaedosareavnocts negvix A-modyaeii. Kom-
NO3UYUU CEAIBLEAIOUUX 20MOMOPPHUIMO8

u Tors (P",M") > Tor%_ (P",M") > Tori_, (P', M)

Tors* (P",M") > Tor_; (P',M") > Torf_, (P', M)

NpOTUBONOAONHLL OpY2 Opyey.

HefictBuTensHo, ecnu 6 u 61 — KJ1acchl, aCCOLMMUPOBAHHBIE C NAHHBIMH TOYHBIMH MOCIIENO-
BatenbHoCcTaMM, M ecd ¥ € Tors (P”,M”), 1o 06pa3bi Y paBHBI COOTBETCTBEHHO f o
© (607 M B, o (8 o7v) H, cnesoBarTeNbHO, NPOTHBOINOJIONKHLI COTJIACHO TpEmyIOXxKe-
HHIO 6.

BocnonpayeMcs cHOBa 06o3HauyeHMAMYM cO C. 132, M pacCMOTPMM IOCIIEHOBATEIBHOCTD
nesbix A-monyneit ( 8 ) u cBaAsbIBaoUmE TOMOMOpP()H3MBI, COOTBETCTBYIOUIME TOUHBIM
noclenoBaTelHOCTAM (9)

Tor‘r\n (Pv Ki— l) - Torf‘n— I (P1 Ki);
U3 HUX NTOCPENCTBOM KOMIO3HIUMKK NOJTyYaeM UTEPUPOBAHKbIE C8A3blBAIOUYLLE 20MOM0p¢ll3Mbl
a”l (Pa 8 ): Tor‘:‘n (P' M) - Tor;\n——n (P, N)-

CornacHo npeyioxeHHIo 7 1 MpeIoXeHuio 3, ¢. 125, umeer mecro
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CnepcrBue 2. Ecau 6 € Exti (M, N) — kunacc, accoyuupogannstii ¢ TouHol noc-
naedoeareasrocrsio (8 ), 10 3, (P, 8§ ) () = 6 o & 0as acaxozo a € Torh (P, M).

CnemcrBue 3. Ecau eéce modyau Ry, i = 1,..., n, naockue, 7o orobpawenue o
»0 o auz Tord,, (P, M) 6 Tor’s (P, N) Guexrueno dan eécaxozo npasozo A-Modyns
Pu acaxoeo yenozo m> 0.

970 BHITEKAET U3 CNEACTBHUA 2 H TOUHBIX NOCTIEAOBATEIbHOCTEN
T A P - A i
Ot men—i+1 Py, R) > Torlyrpn_isy (P, Ki—y)

d
»Torllb;l-kn——i (Pa Kl) - Tor‘r}'l-ﬁn—l’ (P9 Ri)a

B KOTOPBIX K paHHHE YJIeHbI HYJIEBBIE TIO MPEOJIOKEHHUIO.
AHaJIOr'HYHO, €CNTH

(8) 0-Q-S,-S, ;~>...»S, »P>0

— TOYHas IOC/e/IOBAaTe/IBHOCTb NMpaBhiX A-Mofyinei ¥ M — neBbiit A-Mopgyns, TO onpenens-
10TCA UTEPUPOBAHHbIE CBA3ZLIEAIOUIUE 20MOMODPHUIMbL
. A
am (81 L] M) Torm (Ps M) - Tor‘:;’l——ﬂ (Q: M)

H HMeeT MecTo:
CnencrtBue 4, Eciu 6, € Extiy (P, Q) — xaacc, accoyuuposannstii ¢ TOuHoil noc-
nedosareavroctoro (8,), 10 3,y (81, M) (@) =60, o a0as 8cakoeo a € Tora (P, M).

9. BoluncieHne KOMIO3IHIHOMHEIX NPOM3BENeRu MOCPEICTBOM CIABUT'A Pe30JIbBEHT

Ilycts

0->M>Ky>Kp_y>...>K; > M >0 16)°
~TOUHas TIOCTIENOBATENBHOCTh JIeBhiX A-Monyneit u § € Exti (M', M) — ee accommmpoBan-

HbIH KJacc.

Iycry a: (R, d) > M — nesaa pesonsBenta nna M; umeeM, Takum o6pasom, TouHylo
NOCIIENIOBATENLHOCTh
dg d,  a,
- Ry = Rk——l ->...>Rg>M=0

H, TOCPEACTBOM CHBHI'a Ha 1t (c. 32), TOUHyI0 NOCIIeAOBATENbHOCTD

(1) dg (-1)"d,  (-1)'a,
SRe — > Ry ... > Ro > M- 0. amn
W3 (16) u (17) nonyuaeM TOYHYI0 [OCIIEAOBATENBHOCTD

(- 1)'dg -1, (-1)'feq, ,
+Ry —> Ry »>... —> Rp ———— K, »K,_; »>...>K; > M' >0,

patouryio pesonsBenty R’ mia M'; 0603uaunm uepes ¢: R' - R(—n) mopduam, npu xoro-
POM g = lkk_nwmk> n.

Ecnu N — nepmlit A-Mofynb ¥ P — npaBpiit A-MOLynb, TO HMeeM, CIEAOBATENLHO, I'OMO-
MOpPGH3IMBIL:

H(lp ® ¢): H(P 8, R)~>H(P ®4 R)(-n),
H(Homgra (v, 1n)): H(Homgr (R, N)) (1) > H(Homgry (R, N)).

Nycrb k — nenoe wcno.

HNpennoxernue 8.a) Caedywwan duaepamma, 8 KoTopoii hy (a) = (—1)”("" D2g o
o @, KOMMYTITUGHA:

Torp,, (P, M) ———— Tor (P, M)

VeanlP. R')‘ V.(P. R)
n Hind1 @ @)
H,, (P ®, R) === HyP @, R).
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6) Credyrowan duazpamma, 8 Kotopoii 8¢ ()= (—1)""~1Y2 g o 8, KommyraTueHa:

H*(Homgr, (R, N)) 2 Eona @D gitntiomgr, (R’, N))

oMR, N)‘ qu“'(k', N

Extt (M, N) i > Ext{*" (M, N).

Mycrs a: L(M) >R — Mopdu3M KOMIUIEKCOB, AJifA KOTOPOTO 2 © & =Py, HIyCTh

L M) — L,_,(M) — ... = Ly(M) — M'— 0

4 4

0—M—7L +K, > —K,—=M—0

— KOMMYTATUBHas AMarpamMma; BeiGepeM roMomopdusm v,: L,(M") - Lo (M), ona xoro-
poro py © v, = (—1)"u,; cormacxHo npemioxeHue 1, a), ¢. 54,v, npoaosxXaerca O Mop-
dusma xommexcos v: L(M') = L(M) (=n) u (=1)"""V/29 ects 06pas npu xanonmuec-
KoM m3omopuame H” (Homgry (L(M'), L(M) = ExtZ (M, M) xnaccav (c. 124, 3ame-
yaune 1). Onmpefenum Mopdusm xommnexcos f: L(M') = R, nonoxus B, = u, npup <
<n-1,8,=0,_p © U, APH P = N; HMeEEM:

¢ of=a(-n) o v.
C npyro#f CTOpoHbI, IO ONpefeNeHNIo OTOOpaXkeH it ¢ U Y/, UMeeM:
Uk (P, R) =Hi(ppoa),  ¢*(R, N)= H(Homgra(c, en)),
Vk+n(®, R) =Hion(ppeB),  ¢**"(R',N) = H**" (Homgra (8, en)).
HakoHel1, 0 ONpe/IeNenrio KOMIIO3HIMOKHOTO IPOHIBEJCHUA HMEEM:
he =H(pp, lL(My(-n)) " e H(1p @ v) o H(pp, 1L(m"):
8¢ = H(Homgra (v, 1 (n)))-
Cnenonarenbno, HMEEM PAaBE€HCTBA:
Yi(P,R) o hg = Hy(pp ® @) o Hy(pp® 1)™ o Hy (1p, v) o Hxan(pp, 1) =
=Hi(lp @ (aov)) e Hirn(pp, 1) = Hisn(lp ® (¢ B)) © Hrrn(pp, 1) =
= Hi+n(Pp ® (9 8)) = Hien(1 8 9) © Heap (PP © ) = Hken(1 ©9) © Viun(P,R"),

OTKY/ia CNIeflyeT YTBEpX/ACHHUE a) ; [I0KAa3aTeJIbCTBO YTBEPXICHHA §) aHATOTHYHO.
3ameuanre. CnoMombo H30MOpHU3IMOB KOMMYTHPOBIHAA H3 a) BBIBOJMTICA aHAO-
IMYHOE YTBEPXKCHHE B CIiyuae TOMHOM NOEIEA0BATENbHOCTH (16) npagsix A-Mopymei.

1 ! .
Iyctp temeps b: M' *E’ — mnpaBas pe3onsBeHTa mia M ; Mmeem, Takum o6pasom, Tou-
HY0 MOCNeI0BATENBHOCTD

b° 6° s
0 — M — E'®—E'! > > E'* - E*! 5

Hu3 KOTOpOﬁ IMIOIYYacM TOYHYIO NOCIIE€N0BATECIBHOCTD
n n
D% ok g (18

0—»1\,151(,,—»1(,,_1—»...—»K1 E'' >

vee y

COOTBETCTBYIOIYI0 PaBOi pe3osisBente E it M; oGosnawm vepes o: E' (1) - E mopduam,
s xoToporo of = IE, & — n 1P4 k 2= n. UMeem, cnefopaTtesisHO, roMOMOpduaM

H(Homgra(1y, 0)): H(Homgra(N, E"))(n) - H(Homgra(N, E)).
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Mpennoxenue 9. Caedywwan duazpamma, 8 KOTOPol vg () = (~1)"*DR2g 5 o
KOMMYTATUGHA:

HYHomgr, (N, E")) ——comsalle O gk+nHomgr, (N, E))
(N, ml ‘w"*'(N, E)
Extt (N, M") T > Extt*" (N, M) .

IT0 DOKa3bIBaETCA AHATOTMYHO MPEITIOKCHHIO 8.

Ynpaxnenus

1. Mlycts k — KOMMYTaTMBHOE KOJNKIO, A — YHMTapHad accoumaruBHan k-anrebpa, M — (A, A) -Gumo-
nynb., Pacuupenuem anze6pvr A nocpedctéom M HasblBaeTcA  3ajlaHWe YHMT4pHOH aCCOUMATHBHOMN
k-anreGpsl B  Touno# NocCneNoBaTENBHOCTH

i p
@) 0-M->B-A-0,
roe p — romoMopdH3M anrelp U e

i(p®dI)m)=bim) u i(mp(b))=i(m)b mna bEB, meM.

i p 4 P
Ilpa pacumpetns 0 >M =B —~ A -0 1 0 - M = B’ > A - 0 Ha3BIBAIOTCA IKEUBAAEHTHBIMU, ECITH CYLIECT-

ByeT romomopdusm anrebp u: B — B', ans xoToporo ploti =p ¥ uo i =u'; Taxolt romoMopduIM U
Bceria GHeKTHBEH. i P

a) Tpeamonoxmm, YTo ToyHas MoCTeNOBaTeNbHOCTb k-monynelt 0 -~ M — B — A — 0 pacwyenanema;
nyctb s: A — B — k-nuuefiHoe ceveme orToGpaxkemns p. [lokasath, YTO CYWIECTBYET INIEMEHT
f € C*(A, M) (c. 119, ynpaxuenue 26,6)), nna xoroporo s(a)s(a’') — s(aa’) =i(f (a,a")) ma
a, a' € A. TNoxasars, 10 f — 2-KoUHKI K YTo ero Kiacc B H? (A, M) ue 3aBuCHT oT BbIGopa 5; ou 0Go-
3JHAYaeTCA vepes ¢ (&8 ).

6) Mycts Exz (A, M) — MHOXeCTBO KJIacCOB IKBHBAIEHTHOCTH pacClIMpeHWit anreGpbl A Nocpencr-
BOM M, KoTopble TPHBHAIBHBI KaK paciMpelnss k-monyneit. [oka3ars, 4To ¢ onpenenser GHeKUMIO MHO-
wecrBa Exy (A, M) HaH? (A, M).

i D i’ p

B) Iycrs (8): 0-M—>B~>A—>0u (&8'): 0-M->B' > A~ 0 - gBa pacumpenus anreGpst A
nocpenictBoM M. O6o3uausm Yepes C nomanrebpy 8 B x B’ , o6pasosannyio anemenvamu (b, b'), s Ko-
Tophx p(b) = p'(b'); mycrs € — umean B C, oOpajoBamusilt anementamu (i (m), —i' (m)), roe
meM, B — anre6pa C/€C, n: C— B’ —Ttomomopdusm nepexona x daxropanre6pe. lycrs i*': M~B"’
u p"’: B” - A — roMmoMopdu3Mbl, pu xoTophlx i''(m) =n((m, 0)) ana meM U p"n((b, b"))= p (b)

.1 1"

i P
ma b € B, b'EB'. Ioxasars, uTo noclemosaTensocrs 0 = M — B” - A — 0 npencrasnaer coGoik
paclimMpenve anrebphl A MOCPeNCTBOM M, HasEiBaeMoe CyMMo# pacumperuit (&) u (&'), ¥ uTo Takum
cnocoGoM ompenengercss 3aKOH KOMMYTAaTHBHOM TIpYNMbl Ha MHOXECTBE KIACCOB 3IKBHBAIEHTHOCTH
pacutmpennt anrebpnl A mocpenctBoM M. B uactHocTH, MHoxecTBo Exi(A, M) Hajensercs npH 3Tom
CTPYKTyPpoil rpyninl, K oToOpaXeHHe ¢ 0Ka3bIBaeTCA H30MOpdHIMOM TpyIIL.

2. MpenanonoxuM, Yyto k-anrebpa A obnanaer nonoanenuem n: A — k (c. 120, ynpaxHexue 27) H Y70,
KpOMe TOro, A — NpoexTHBHLIN K-Monynb. OGoaHawm uepes 1 ampo n. Mycrts M — neBbili A-Monyb.

t p
a) Ilycts (8): 0> M(y) > B~ A — 0 — pacumpenne asireGphl A nocpeacrsoM (A, A) -Gumonyns B
(c. 120, ynpaxHenue 27); oGoszHmawim uepe3 B upnean B B, o6pasoBannbiit anementamu b € B, mna xo-
TopeIx p(b) € I, UmeeM i(m)b =0 g m € Mu b & B, Tak uto B Hamenserca CTpYKTYpo# nesoro

A-MONlyn1s, OTHOCHTENBHO KoTopolt p(B)b = gb mna € B, b & B. IToxazaTh, YTO CyIIECTByeT TOYHad

nocrnenoBaTenbHocTh A-Monyneit 0 - M — B-I— 0; o6Goa3maunm uepes (&) Kmacc ol TOUHOM Nocreno-
BarensHocTH B Ext 3 (1, M).

6) Moxasats, uTo  onpepenser oTofpaxerie muoxecTBa Exx (A, M(m)) B Ex t:\(l, M).Jloxa3aTh KOM-
MyTaTUBHOCTH IMarpaMMmBbl -

0
Ex, (A, M,,) — Exii (I, M)

‘c ) ‘— 3

H? (A. M) 2 Ext}(k, M),

n
rae § — CBA3LBaUMA roMoMopdu3M, COOTBETCTE YIOIIMA TOUHOA MoCTiefoBaTenbuoctH 0 — 1 - A — k - 0,
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a ¢’ — H30MOpGU3M, NONyHaeMblit M3 BHIUKCIICHHMS C IOMOLUBIO CTAHAApTHOM pesonsBeHTsl (c. 120, yn-
paxtenne 27,6)) . BriBecTH oTCIona, 4o § — Hiomopdusm rpynn.

3. Mycts G - rpynna, A — anreGpa Z(G), j: G~ A — KaHoHWuecKoe BiiokeHHe. Hamenum anrcpy A
nononHeHHeM #: A — Z, oNpefensieMbIM yCIIOBHEM: -rr(eg) =1 mna BeAxoro g € G. Ilyetb M — nesmift
A-MoAyb. )

H

a) Mycrs 0~ M(q) - B —Ii A — 0 - pacimpenne anreGps! A nocpencrsom | (A, A)-Gumonynst  M(q)
(c.120, ynpaxuenue 27) . OGo3HauuM uepes I' mofiIMHoXecTBo B B, 06pa3oBanHoe 2nementamu b € B, mis
KoTophiX p(b) € j(G). [lokas3ars, YTo MHOXeCTBO I', HafleeHoe YMHOXKeHHeM, HHIYUHPOBAHHBEIM yMHO-
XeHueM B B, npencrapiasier coGot rpynny, ABASIOMYIOCH pacuMpenHemM rpymnel G Docpegctsom  G-mo-
ayna M.

6) Tpenvitymee nocrpoeHue onpenenser oroGpakenue rpynnst Exz(A, M¢r)) B Ex(G, M) (VIIL §13).
Moxa3aTts, YTO oMarpamMMma

Ex, (A, M) = Ex(G, M)

oL
H? (A, M) =~ H*(G.'M)
KOMMYTaTHBHa,
* 4, [lycts 8 — k-anreGpa JIu, M — § -monyns. Pacwupenuem g nocpedctéom M Ha3pIBaeTcs ToYHast

i p
NOCHEIOB aTeNbHOCTh k-Moyneit 0 - M — b — 8 — 0, rue b — k-anre6pa JIu, p — romomopdusm
anre6p uu i(p(H)m) = {H,i(m)] nna HE §,, m €M. JIpa pacumpeHus.

i P 1 P'

Ha3bIBAIOTCSH 3KBMB AIEHTHBIMH, ECITH CylUeCTBYeT ToMoMopdusm u: § —~ §', s koroporo p's u = p,
ue i=i', OGo3taunm uepe3 Liex ( §, M) MHOXECTBO KITaCCOB 3KBHBATIEHTHOCTH pacllMpeHHit ¢ mocpen-
ctBcM M. TIpenmonoxmm, uTo $ — cBoGomHeIf k-MOnynb,

a) Mycrp (8): 0 =M N b Log-0- HeKoTopoe pacuiipesrie § nocpegcrsom M; BaiGepem K-m-
HeltHoe ceveHue s: § — B miw oToGpaxemus p. Onpepennm snement f € C*( g, M) (c. 121, ynpaxue-
Hue 28, 6) ), nonoxus

i) =[s&).s()) —s(x. »)] mA X, yeg.

Moka3aTh, 4To f eCTh 2-KOUMKN U 4To ero kiacc B H*( 8, M) He 3aBucut ot BIGopa §; oH 06o3HauaeTcs
uepes v(8).

6) Tloka3aTh, UTo v onpenensieT GueKunio MHoxecrsa Liex( ¢, M) wa H?( ¢, M) . Jlats npsmoe omica-
HMe CTPYKTypsl rpynnbsl Ha Liex( g, M), monyusemoit mepeHocom CTpykTypsi Ha H*( §, M) mocpen-
CTBOM 7.

8) Mycrs U — oBeprhmatoltas anrepa anre6pst JIu 8, j: § -+ U — xaHoHHuecKoe BroxeHue, Mgy ~
(U, U)-6umonynp, accoumupoBadHeift ¢ M ¢ noMomsio nononsenus n: U— k, onpenenseMoro ycnoBHeM:

w(f(x)) = 0 ms Beskoro x € § (c. 120, ynpaxHerve 27). Mycts 0 — M(,-,) —»B-B*U—»O — HekoTopoe
pacumpense anre6psr U mocpenctsoM M) (ynpaxsenue 1); oGo3Hamm uepes § mmHoxecrso 3nmemed-
T0B b € B, mnsa Koropeix p(b) € (4§ ). [lokasars, wro § — k-anreGpa JIn, sBnswmAsICH paclipeHeM §

nocpencTBoM M. 31a KOHCTPYKUMS onpenensier oro6pa>xem1e A: Exg (U, M(q)) = Liex(8., M). MToxa-
3aTh, YTO AMArpaMMa

Ex, (U, M) L Liex (g, M)
oo
H? (U, M) = H* (. M)

(toe ¢* — H3oMopdu3M, onpeleneHHEH B ynpaxmenve 27, ¢. 120), KoMMyTaiBHa. BhiBecTH oTCIONA,
yTo A — H30MOpH3IM. »

§ 5.Mlycrs F, G — mpe rpynnsl.

a) Iins Beaxoro pacumpesuss &: F — E — G rpynnet G nocpeacrsom F (I, p. 62) neticreue E ua F
MOCpeECTBOM BHYTPeHHHX aBToMopdu3mos onpedenser romomopdusm E — Aut(F), oTkyma nytem
nepexona K ¢axToprpynnaM nonyuyaem romomopdusm rpynn 9: G — Aut(F) /Int(F), HaskmaeMsit romMo-
MopdHu3MOM, aCCOUMHPOBAHHEIM C pacimpetMem (&). JIIBa usomopdunix pacumpernds G nocpencrsom F
HMEIOT OIMH H TOT Xe 2CCOMU poBaHHBI roMoMo pdu M.,

6) OGpatnc, paccMoTpM roMomopduam rpynn §: G — Aut(F) /Int(F) . O603xaumm vepes

p: Aut(F) - Aut(F)/Int(F)

oro6paxende nepexofa K ¢axroprpynne. Buibepem otobpakese o u3 G 3 Aut(F), mis KoToporo pe o=
=0,u orobpaxemte fu3 GxG B Int(F), anda xotoporoe a(x)s(¥)(a(xyN™' = Int(f(x, y)) mns
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X, ¥ € G; NOROKHM
clx, y,2)=a(x) (f(y,2)) - f(x, y2) - (flxy, 2))"" - (f(x, y))*.

Tloka3sars, uro c(x, y, z) NpuHamIexkuT neHrpy Z rpynusbt F.

B) Bynem paccMatpuBars rpynny Z kak G-mMomyns, nofoxms g-z = o(g) (2) mage€ G,z€ Z; a3ro
olipesicniele He 3aBHUCUT OT BhIGopa 0. OTobpaxetme ¢ ompexenseT anemeHT us C*(G, Z); fokasars, 4To
¢ ecTh 3-koUMKI M uTo ero knacc B H?(G,Z) He 3aBHcuT oT Buifopa o M f. OH o60O3HauaeTCA ue-
pe3 w(G, F,0).

r) ITokasars, yTo oO6paiueHre B Hynb Knacca w(G, F, 0) npencraBnser coBo#t Heob6xooyMmoe U IToCTa-
TOUHOE YCloBHME IA CyLeCTBOBaHMs pacumpenus rpyansl G mocpenmcrsom F, umeiolllero 6 B kauecTse
accouMHpoBaHHoTO roMoMopdusma (ecmd w(G, F, 8) = 0, To nokasaTh, YTo MOXHO BLIGpaTh f TaK, qron
KOUMKIL ¢ 6bUT HynepoH, 3aTeM ONpPeNeNUTh IPyMNoBoi 3akoH Ha G X F).

o) MpeanonoxmM, uro w(G, F, ) = 0. [TokasaTh, 4T0 MHOXECTBO KINACCOB OTHOCHTENBHO uaomopdms-
ma pacumperu#t rpynnsl G nocpepcreom F ¢ accouuupopaHHeiM romomopdu3MoM 6 npencTaBnseT coboi
DIaBHOE OJHO PORHOE MHOXeCTBO Han rpymmnoi H? (G, 2).

e) llycrs H — rpymna, M — Z(H)-Monynb, x - snemeHT U3 H>(H, M). IMoka3aTs, 4To CyIIECTBYIOT
rpymua E ¢ neHTpoM M u romoMopduam ¢: H = Aut(E) /Int(E), uHaymmpylommit Ha M 3aaHHY10 CTpYK-
Typy H-monyns, gns kotopsix w(H, E, ) = x (8321 E = M X L, roe L — cBoGogHas rpymnna, o crpoeH-
vas ua H X H).

6.Mycrs M — npaBniit A-moftynb, N — neBsiit A-monyns. I n > 0 o603uawmm vepes (M, N) mHo-
xectBo Tpoek (P, p, q), rme P — koMmmiekc cBOGOAHBIX A-MOAyne#l KOHEUHOTO TuMa, B KotopoM P, = 0
nprr <0ur >nurnep: P>Nug: P*>M(n) - mopdusmsl A-kommiekcop (depe3 P* oGosHauaercs
xommiekc Homgr 4 (P, A)). JIBa anemenra (P, p, q) ¥ (P, p', ¢") u3 J,(M, N) HasbILalOTCA C8A3ZARNbI-
Mu, €CTH CylecTBYeT MOpdmam u: P — P’ mna KoToporo p = p'ou m q' = go u; o6o3HawMM uepes
T, (M, N) pakTopMHOXKeCTBO MHOXeCTBA 7, (M, N) no caMoMy TOHKOMY OTHOLIEHUIO 9KBHBATIEHTHO CTH,
IU1St KOTOPOTO [Ba CBA3AHHEIX 3ICMEHTa SKBUBaleHTHHE (cp. II, p. 52, exercice 9).

a) Moka3arte, uro T, (M. N) oToxpecrBaseTcd ¢ Tor ,‘:‘(M, N).

6) Nycrs (8): 0> M’ MM >0 - TOYHAA MOCIEA0BaTeNbHOCTD NpaBbIX A-Momynelt. OmicaTh
cessbBalonmit romoMopdmam 3: T, (M”, N) - T,_;(M', N), monyuaemsii u3 3 (&, N) c nomolIso
MpegbIAyIMX 0TOXAECTBIECHH H. _ _

(Ecm (P, p, ¢) € &,(M", N), To nokazars, uto a(P, p, q) = (P, p. ), rie P— kommieKc, NonydaeMui
3ameHO! P, Ha 0 B P, p — Mopdm3M, nonyuaembit u3 p, 1 Tomomopdusm (7)1 P,_, =M’ paBen
u"“l, roe 4 — MopduU3IM U3 P* B kommiekc (Con())) (), anst KOTOpOTO 7o u"= q".)

 7.Tycre A’ — k-anre6pa (accouMaTHBHAaA H yHMTapHasu B =A e, A’

a) IMycte M — nesBrit A-monpyns, Q — npam.m A-moayns, M’ — neBnit ‘A'-Momyns, Q' -MpaB kit A'-mo-
oyne. IIycts (P, p) (coomermenno @', p '), coomsercrenno (R, r)) — npoexmnﬂax pe30n BBEHTA
A-momyna M (cooTBeTcrBeHHo A'-momynst M’, cooTBeTcrBeHHo B-momyns M ®kM ). Tllokasarp, UTO Cy-
1leCTBYET eMMHCTBEHHBIN ¢ TOUHOCTHIO A0 mmoromm Mo pdusMm B-kominekcon

u: Po, P'>R.
WA KOTOPOTO 7o i = p @ p'. OnpedenuTh ¢ MOMOIUKO ¥ TpanyupoBaHHEM k-TomMomopdu3sm crenehu 0
T: Tor™@Q. M) o, Tor* (Q". M") » Tor’Q e Q', Ma, M).
Hoxaaa‘rs, 410 T He 3aBMCHT OT BHIGOPa Pe30NLBEHT P,. P, Ru mopdusma u. Ecu a € ToxA(Q, M)«
a eTor (Q M) TononossimM T(2ea’)=aTa'.
6) IIpennonoxmM ROMOTHATENBHO, YTO k-Mopynd A U A’ npoextugust ¥ yro Tor (M M’) = 0 npn

n > 0. Mlokasars, yro TOoTHa P & P’ npepcrasnger co6olt NPOEKTUBHYIO pe3onbBeHTy B-monyna M L M’

[OMYYMTh OTCIONIA A BCAKOTO A-Monynx N u Besikoro A'-moyns N’ rpagyu poBauusmt k-romomopduim
creneny 0

V: EXtA(M, N) e Ext4(M'.N') > Extg(M &, M', Ny N').
TokasaTh, 4To V He 3aBHCHT oT BLIGOpa pesonsseHtT P H P'. Eamn b € Exta(M, N) n b’ € Extye(M', N,
To 0BosHawmmM V (b ebh')=b Vb’ .

B) Mycth A” — TpeThs k-anre6pa (accouMaTMBHasA B yHuTapHad), M” H N” — nesble A"-momynu, Q" —
npaseit A”-momynk, OToxgecTuM Mexiy cobot k-anre6pst Ao, (A'e, A”) u (A®, A') o, A", Tak xe
kaku k-monynu Me, (M' e, M") H Mo Mye, M”, Ne, (N'e, N") u (Ne,N)e, N").
Q2 (Q'2, Q") u (Qe; Q)e, Q". HokazaTs popMynsr:

aT@Ta")=@Ta')Ta"

ms @ € Tor™ Q. M). 2’ € Tor A (Q'. M'). ¢” € Tor®"(Q", M"):
bV (b Vb"Y=(b Vb)Y VD"
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msa b €Exto(M.N), b’ €Ext,(M'.N"), b" € Ext,n(M". N").
) Hycre

Ao, A A'e, A
o:Tor & (Q@kQ’,MekM')éTor k (Q@kQ.M'ekM)

T ExtA@k AMe, M. Ne Ny~ E’“A'@k aAlMe, M.N" e N)
— H30MO pH 3MBI, HONY Yae Mbie K3 U30MO PPUIMOB KOMMYTH POBaHH

Ao, A'»A'9, A, Me, M’—»M'ek M. No; N'>N'¢, N. Qe, Q'>Q'¢, Q.

Hoxa3ars popmynbl:

0@Ta) =(-1"%'Ta ma a€TorQM), a &Tor Q.M

rovE) =(-DPW'Vh ma  bEExtg(M.N). b'&Extq (M, N).

n) HOycte (&): 0—-M, -M, - M, =0 — TouHas MoCneNoBaTeNLHOCTE A-MORyeH, 1A KoTopo#t Mocne-
HoBaTekHOCTE (& © M'): 0 - M, &, M' —M, &, M' =M, o, M' =0 Toxe Tounad. OB6o3Hamim Yepe3 &
(cooTBeTCTBeMHO A) cBA3bIBaouMi romomopdusm 3(Q, &) (cooTBercrBenHo 3(Q®, Q', &e M')).
Moxa3ats, uTo (8a) Ta' = A(@Ta') mnsac TorA(Q, M), e & TorA(Q', M?’). floxa3aTh aHATOTHYHY 1O
$opmyny ons npousseNeHHA V.

¢) Eqm k — mone, nokasaTs, uTo T HpeAcTaBiseT coGott mzoMopdu M rpajmypoBaHHBIx K-Modynelt;
TO e caMoe CTIpaBeIMBO MiA V, €CTiH, KPOMe ToTo, anreSpsl A B A’ HETEPOBBI GIeBA H eClM A-Molynb
Mu A'-Momyns M’ HMeIOT KoHE UHEN THIT.

%) OToX[IeCTBHB MORYIH TornA(Q, M) c mHoxectBamu T,(Q, M), onpene/leHHBIMA B yIIpaskHeHUU 6,
noxasate dopmyny: (P,p,q) T(P.p'.q)=(P®, P.pep’.qeq’).

8. CoxpaHsiem 06o3HayeHUS M3 ympaxaeHMs 7; NpennojaraeM, uTo k-MoAymu A ¥ A' MpoeKTMBHBL

k

a) Ilpemmonoxmm, uro Tor; (M, M) = 0 npu i > 0. Iloxa3ars, yro oToSpaxenue b b V 1y ofpepie-
nAeT rpajyHpoBaHHbI K-roMoMopduaIM CTeleHH Myns u3 Exty (M, N) B Exig (Mo, M', No, M), xoTo-
puIil HHAYUHPYET B CTEMEHH KyNb KaHOHHYecKU A roMoMopduaM b — b e 1y,

6) Mpeanonoxum, uro k-moayns M’ mrockutt. Iycrs

0-+N->R,=...-R, -M-0

n
~ TOYHaA MoCleoBaTeIHOCTE A-Monyne# ¢ kinaccom b € Ext, (M, N) . lTokasats, yro TouHas Mo aiefioBa-
TelbHoCTh B-Monyneit

0-Ne, MR, M=...>R e; M>Ms, M'>0
MMeeT B KaueCTBe KJacca eMeHT b V 1y € Extg(M 8, M'.Ne, M').

B) HpemnonoxuM, uro k-moaym M, M'. N, N’ mnockue. Iloka3ars, uro

bVvb' =V ig)e (yVb)=(=DPIANVE)e bV 1y)

ma b€ Exty(M. N). b’ €Ext 4 (M', N').

9. IlpeanonosmM, YTO Kojeio A KommyratuBHo. [lycrs B, C — fpe yHMTapHble acCOUMATUBHBIC A-an-
reGpbr; 0Go3Hawim yepe3 my: B @4 B~ B ymHoxeHue B B u vepes m — ymHoxeuue B C.

a) Iloxa3sathk, 4r0 roMo Mopdu3M :

Tor(mp, mg) s T: Tor(B.C) & 4 TorA(B. ) > Tor (8. ).

(cM. ympaxkHeHHe 7) ollpenenseT Ha TorA(B, C) cTpyKTypy YHHTapHo# accouuatMBHOH Ipaiym poBaHHOH
A-anreGpsl.

6) Ilycrs S — rpanyupoBansas madde peHuyansHan A-anre6pau p: S, - B ~ romomopdusm A-anre6p,
npuuem (S, p) npencrapnset cooti cBoGomHyI0 pesonsBeHTy A B (cM. c. 69, ynpaksenne 18). [Toxa-
3aTh, YTO U30MOpdHU3IM ’

¥(5.0): Tor®(B.C)~ H(S ey O

smenseTcad ulomopPuimom A-anzebp, ecm H(S ©, C) Hapenmuth CTPyKTypolt anreSpel, NHonyuaeMoH u3
CTPYKTypHI TpaiyupoBaHHo# mudepeHunansioft anreGper Ha S 84 C (c. 69, ynpaxaienne 18, 6) u B)).

B) Eamn A-anre6psl B 1 C KoMMYTaTMBHBI, TOKa3aTh, YTo paflyn poBaHHas anre6bpa TorA(B, C) xoco-
KOMMYTaTUéHa (cp. c. 69, ynpaxsenue 19) .

10. Mycrs B - k-6u2e6pa (111, p. 148). xoTopafk paccMaTpMBaeTcs Kak MomNonHeHHad k-anre6pa (c. 120,
yHpaxHeHue 27) ¢ NoMOLLBIO KoeMMHHIIB! v: B — k; npemionoxmm, uro K-mozyis B ApoeKTHBEH.

a) Mycts M, N — nga neBhix A-Mopyns. FoMoMopdm3M V u3 ynpaxHeHUA 7 OTOXIeCTBHM C IpajyH-
POBaHHBIM NOMO MO P 3MOM CTeNleHA HY b

H(B.v; M)e, H(B.v; )~ H (BegB.yey; Me, N);
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HOCPENACTROM KOMIIO3HIHM C TOMOMOPGH3IMOM, MOJNyuseMBIM H3 KOYMHONMCHHS, NONYWTh OTCIONA Tpa-
OyHpoBaHHBI ToMOMOPOU3M CreneHH Hylb

v: H'(B,v; M) oy H'(B.v; N) = H (B, v; Moy N).

6) Iycts C — yHMTapHAast accouMaTuBHas k-anre6pa, KOTopylo Hasienum CTPyKTypol#t B-monynsd, nony-
yae Mot H3 7v.

Tgxa3are, 4To ToMomMopdH3M “ onpenensgeT Ha H' (B, v; C) cTpyxTypy yHMTapHoft accounaTBHol
TpajynpoBaHHo# k-anre6per; e anre6pa C xoMMyTaTyBHA M eqjin GureGpa B xoMMyTaTuBHa, To aire6-
pa H'(B,v; ©) KOCOKOMMYTaiHBHa.

B) BossMeM C = k. Iloxasars, yTo mpou3BeneHHe “~ COBHAUNAET C KOMMNO3SHUHMOHHLIM NPOH3IBEACHHEM
Ha Extg(k, k).

r) Myers G — rpynna, Mu N — npa Z( )-Monymx Hanemum M®Z N crpyxty poit Z( )-MOD.YJUI onpe-
nenseMolt yalouem: g(x® y) =gx® gy msa g€ G, x €M, y € N. TloxasaTs, uro oTobpaxeHune

v: H(G,M) e, H (G.N)>H'(G,Me, N)
npencrasnfeT coboff ToMoMopdH3M, HHAYUM pye MBI Ha TOMOJIOIMH TpaZiy poBaHHEIM ToMoMOpPGhH3MOM
crereHy Hynb

u: C'(G,M)®, C(G,N)~>C(G,.M®, N),
onpenensieMbiM no popmyne: u (f @ h) @y, ..., Epag) = f €15 8p) ®81.- - 8pN(8payy- -1 Epag)

ms feCP(G.M), heC¥G,N), g,.....8p4q €G-

(Mcrionb3oBath ynpaxHeHne 5, c. 86.)
4 11. Tipennonoxum, uro 6ure6pa B obnamaet obpawenuem (cM. 111, p. 198, exercice 4). Iycte M 1
N — B-monymd. k-moayns M @, N (coorsercTBenHo Homy (M, N)) umeeT ecTeCTBEHHYIO CTPYKTYDY.

B ©;, B-monyns (CooTBeTCIBeHHo B ®, B° -MoIyns) ; HaleNuM ero CTPYKTYpolt B-Mopynd, monyuae Moit
U3 KOYMHOXMCHHA ¢ (coOTBETCTBEHHO (1g® i) o ¢).

a) TToxasats, uro romomopdusMm v (ynpaxHenume 10) ompepensieT rpajyqpoBaHHbH roMomopdusm
CTeTicHH HYNb

v: H (B.y; Homg(M, N) e, H'(B, v; M)> H'(B, v; N).
6) Mycts 0 - M - R, — .. .= R, =k =0 — TowHas nocnegoBaTensiocrs B-moaynet, B koTopo#t Mony-
n
m R; npoexmusHel (1 <i<n); nycts 6 — ee knaces Extg(k, M) = H"(B, v; M).
INokasars, 4yTo mA p>1 oTobpaxeHne x+x - 6 onpepenseT k-usomopdPusm mopyns

HP (B, v; Homg(M, N)) na HP™"(B,+; N).
(Iloxa3sars, 4To 310 0TO OpareHune paanamwx B KOMMO3ULM IO

HP (B, v; Homg (M, N)) > Ext (M, N)—-»ExtB "k, N
B) Mlycrs G — rpynma, N — Z(G) -monyns. ITycrs F — caoGopnas rpymna, p: F - G — cloprekTMBHEBI}
romoMopdu3Mm, R = Ker (p), R = R/ (R, R), F =F/(R, R). Pacumpe}me R-F->gG onpepenseT Kiacc

¢ € H*(G, R) ; noxasats, uTo oTobpaxenne x> x e u3 HP (G, Homg (R, N)) B HP*3(G, N) smnserca
u3oMoppuIMOM Ip p > 1 (McONB30BaTh yNpaXkHeHue 3, 1), c. 65).

§ 8. TOMOJIOTHYECKAS PA3MEPHOCTH

B 310M napazpagpe coxpansiorea coenauenun u3 § S.

1. IIpoeKTHBHasA pa3MepHOCTh MOIYNA

OnpepmeneHue 1. Iycrs M — A-momyns. IIpoexTusnoii pazmeprocroio Momynsg M
Ha3bIBAETCA HM)KHAS IpaHs B Z UTHH eT0 IPOeKTHBHBIX Pe30NbBeHT (. 54); OHa 0603Havaet-
cs yepe3 dp, (M).

Taxum 06paszoM, dp(0) = —o°, dps(M) = 0, ecnu M # 0. Il Toro yroGs1 Mopyns M
Gb11 IpoeK THBeH, HeOGXOOMMO M IOCTaTOUHO, uToGhl dp, (M) < 0.

Jemma 1. Ecau dp,(M) < n<+o0,10 Ext Z(M, N) =0 9as ecaxozo A-modyaa Nu

Tor} (P, M) =0 01 ecaxoz0 npagozo A-MOOy/m P.

J1oT TOTYAC CNiemyeT U3 TOro ¢akra, yro M oGnafaeT NpoeK THBHOM pe30anel-lTOPl TUIMHBI
< n,uu3steopemsl 1,c. 103,

NMpepnoxeHue 1. Iyers M — A-Mo0yab u n — yeaoe uucno = 0. Caedyiowue ycno-
8UA IKGUBANEHTHYL:
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(i) dpsM) <n (r.e, no onpedenenuio 1, M 06aadaer npoexTuanoil peonveenToii dnu-
Wbl <n);

(ii) Extg(M, N) =0 ana ecaxozo A-modyns N u ecaxo20 yeao2o yucaa r>n,

(iii) Ex’cx+l (M, N) =0 s scarozo A-modyan N;

(iv) O ecaxoii Tounoii nocaedosareabHOCTU

0>K->P,_;—...»P>M>0,

8 xoropoi Mooynau P; npoexrusnet, Mooyae K npoexruaen.

(i) = (ii): >10 cémemyer u3 nemMmsI 1.

(ii) = (iii): 3T0 TPUBMANBHO.

(iii) = (iv): B curyaumu, omicantoil B (iv) mns Beaxkoro A-monynsa N umeeM H30MOp-
dusm Extk(K, N) Ha Ext:”(M, N) (c. 132, cnepcrBue 4); ecm ycnoBue (iii) BBIMONHA-
eTcA, TO

Ext,(K,N)=0
onsa Beakoro N #, ciaepoBarenvHo, moaynb K mpoexmusen (c. 97. npemnoxenue 10)

(iv) = (i): paccMOTpHM TOUHYI0 MOCENOBATENbHOCTD (C. 56)

0->Zp_ (M= L,y (M)—>... > Ly(M)~>0.

Eom (iv) Bemonssercd, T0 Mooynb Z,_ (M) npoexmBeH u M oGnagaet npoek TMBHO#M pe-

3071BBEHTOM JIHHBI <1,
CnepcrBue 1. Iycrs (M)

d ® M;)= sup dp,(M,).
pA(ieE i) ieg: PA( )

;e g — Cemelicreo A-modyneil. Hmeem

JTo CleyeT U3 3KBHUBaNeHTHoCTH ycnoBuit (i) m (iii) mpemnoxxenus 1 W M3 mpenjioxe-
Hua 7, c. 94.

B cnemysoweit GopMyTHpoBKe NPHHAMAETCA, YTO * > + ] =t oo — ] = + oo,

Cnepctsue 2. [Tycrsy

0->M->M->M">0

— TOYHA3 nocnedo8arenbHoCTs A-Mooyaeil.
a) Hmeem:
dp, (M) <sup(dp, (M), dpy(M")).

Ecm dp, (M") #dp, (M) + 1, To MMeeT MecTo paBeHCTBO.
6) Umeem:

dpo(M") < sup(dp, (M), dp,(M') +1).

Ecmi dp (M) # dp,(M"), To MMeeT MecTO paBeHCTBO.
B) Umeem

dp,(M") <sup(dp,(M),dp,(M") ~1).

Ecau dp (M) # dp ,(M"), 0 umeer mecro pasexcreo.

Tloxaxem, HapHMeD, a) , HOCKONBKY JOK2a3aTe/IbCTB2 YTBEPXNKIEHHH §) H B) aHATOIHYHBI.
Ecm N — npou3BonibHBIE A-MOIYNb M 71 — UEIOE YHCIO = 0, TO MMEEM TOUHYIO MOCHe-

HOBaTENBLHOCTh
n+1

Exty(M,N)->Exty '(M",N)~>Ext}y (M, N) > Exty "' (M, N) >

> Extly ' (M",N)> Ext " 2(M, N).
Ecm dpy(M), dpo(M") <n, 10 Ethﬂ(M', N)=0n Ext1+1(M”,N)= 0 (mpennoxe-
HHe 1), clegoBarenbHoO Ext;;)"1 (M, N) =0 u dp, (M) <n (upennosxeHue 1), TaK 4ro

dp (M) <sup(dp,(M'), dp, (M")).

Ecmn dpy, (M) < sup(dp, (M), dpa(M")), 10 dp, (M) < + . Iina Besikoro n = dp, (M)
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H BcAKoro A-monyns N umMeem: Extz”(M", N)#0 = Eth(M', N)#0u

Exty "'(M', N) #0 <= Ext} "*(M", N) #0,
COIIACHO TpelbIOYIIed TOUYHOH TOCNESIOBATENBHOCTH;  COTNIACHO NpeIOXKeruio 1, orcio-
ma  HeMemiewno otenyer, uro dpa(M") = dp,(M') + 1, Tak Kak OIHa M3 BeNMUMH
dpA(M'), dp, (M > dp,(M).

IIpumep. Ilycts @ — 3meMeHT U3 A, KOTODbIH He ABIAETCA HA 0OGPaTMMBIM CHPaBa, HU
paBbiM nenuteneM Hyns. Torpa dp, (A/Ag) = 1.

JleiicTBHTEIBHO, COTTIACHO TOYHOM MocnenoBatennbHoctd 0 — Ag s, A; > A/Aa — 0, roe
¢(x) = xa, umeem: dp,(A/Ag) < 1. Ecnu dp,(A/Aa) < 1, T0 Momyns A/Aa NpOeK THBEH U
cywecTByeT AmMHerHOe oToOpaskeHne ¥: A; —> A, mis kotoporo ¥ o ¢ =1d; o1ciona cie-
Oyer, 4To

1=y)=v¥(@ =a ¥(1),

U a obpatum cripasa.

IlpenmnoxeHnune 2.[Ipeonoaowum, uto xoavyo A néreposo caesa. Ilycrs M — A-mo-
OY/b KOREYHOR20 TUNRA U N — ue/zoe yucao 2 0. Credyrowue ycao8us 3K8UGAAEHTHDL:

Hdpy,(M) <n.

(ibis) M obaagaer npoextudnoii pezoavaentoli P daunst < n, ¢ xoropoii P; — A-mooyas
KOHEYH020 TUNQ 018 Kawxoozo i.

(ii) Ext I:(M, N) =0 9as 8caxoeo A-modyan koHeuno2o Tuna N u ecaxozo r > n.
(iii) Extz+I (M, N) =0 0as acaxozo A-modyas xoneuno2o tuna N.
(iv) Tor;\(P, M) = 0 oaa acaxoeo npagozo A-modyas P u ecaxozo r> n.

(v) Tor’,} +1(A/ &, M) =0 0aa acaxoz0 npagozo udeana koneyno2o Tuna & 6 A.

(ibis) = (i): 310 TPUBHANBHO.

(i) = (ii): 310 cremyeT U3 JleMMbI 1.

(ii1) = (i) : cormacHo (iii) u npemioxeHuo S, c. 108, umeem: FxtA (M N) =0 mis Bca-
koro A-momynsa N, u, cJie JOBaTeJIbHO, ClipaBemMMMBO (i) COMIACHO MpeIoXeHUIo 1.

(i) = (iv): aTo ciemyeT M3 ieMMbI 1.

(iv) = (v): 3TO TPUBHANIBHO.

(v) = (ibis): mycrs (L, d) — cBoGonHas pe3onsBeHTa MOIyna M, B koropoit L, — mo-
OyJib KOHEYHOTO THNA WIA BeAKoro r (c. 59, mpemioxende 6). [omoxum K = Z, _ (L),
trorga K MMeer KOHEYHBIA THI Kak HOOMOZYNb B L, |, ¥ HOJIyyaeM TOYHYI HOCTIe[OBa-
TeNBHOCTh

0-K->L, ;»Ll,_2-...~L > L >M~0. (1

CornacHo (v) 1 crepacreuio 3, ¢. 136, uMeem Torl (A/ 4,K)=0 pna BcAKOro npaBoro
MIeana KoHeyHoro tvna 4 B A, CoriacHo Teopeme 2, C. 81, A-mopyme K nmockwuii; Tak
KaK OH KOHEYHOTO THNAa M, CIeJOBaTeNIbHO, KOHeYHO npejcTaBuM (c. 14, mpemtoxeHue 5),
TO OH mpoekTHBeH (c. 17, cnemcTBue), cnemoBarenbHo, (1) mpencraBnser co6o# HPOSKTUB-
HYy10 pe30JIbBeHTY Wi M.

Cnenctsiue. [peonoaoxum, uto xoavyo A Hérepogo cnesa, u nycrs %y (cooreer-
créenno €) — MHONECTBO KAGCCO8 MPOEKTUSHBIX A-moO0yaeii KOHeunoz20 Tuna (cooraer-
cT8eHHO A-MOOyell KOHEeUHOI NpoeXTUSHON pazMepHOCTU U KoHeunoezo Ttuna) . Toeda 2omo-
mopgusm epynn I'porenduxa K( 6o) - K( 6) 6uexrusen.

Dro cenyer u3 TeopeMsl 1, c. 63 (OTMETHM, 4TO MHOXECTBA G M # TOUHBIE ClieBa CO-
TTIACHO CJIE[ICTBUIO 2) .

2. Tomomopdusm Tor, (P, M) > Hom , (Ext’s (M, A), P)

ITycrs M — neBbiit A-Mopyiis, P —npaBsiit A-Mopynb, n —uenoe wicno = 0. k-GunuHeitHoe
orobpaxenue (c. 134)

CPiM, Ay ExtA(M A) X Tor, (P M)—->Pe, A
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COOTBETCTBYET HEKOTOPOMY K-THHEHHOMY OTOGPAXKEHNIO
Tor (P, M) > Hom, (Ext , (M, A), P). )

Kpome Toro, ecsin k-monyns Ext:(M, A) HapieneH CTPYK Ty po#l paBOro A-MOIYIIsA, IPOMCXO-
HoAwme# U3 CTpyKTyphl GMMOnyJs Ha A, To, Kak Jierko mpoBepsercs, o6pa3 romomopdna-
Ma (2) COCTOMT M3 A-TMHeHHBIX OoTOGpaXkeHWii; orcioma mojyyyaeM k-romoMopdu3m, Ha3bl-
BaeMBbIil KAHOHUYECKUM

Tor,, (P, M) > Hom , (Ext 7 (M, A), P). 3)

HNpenpnoxeunne 3. a)Ecw dp,(M) <n, 10 Kanonusecxuii 20momopgpusm (3)
UHBEKTUGEH.

6) Ecau dp,(M) <n, ecau xoavyo A HéTepogo caesa U eciu M — MOOYAb KOHEUHO20
TUNA, TO KAHOHUNECKUT 20 MOMODHUIM (3) buextusen.

IposopuM uiayxkmio no zn. Ecrw n = 0, To Mogyns M npoexmBeH, romomopdnsm (3)
OTOMNIECTBIIACTCHA C KaHOHMUeCKHM roMomopdusmom P&, M - Homa(M*, P) u3 Il, p. 77,
H npeioxerue ciemyer u3 Ik, p. 77, cor. Ecm n> 0, 10 myctb

0->N->L->M->0 ' G))
- TOYHaf MOCHefOBaTeNISHOCTh A-MOAysei, roe Momynb L cBoGonmeH (M KOHEYHOro THia B
cnyuae 6)); torma dp,N<n — 1 (c. 143, cneactsue 2, B)) u N KOHEYHOTo TMHa B CITy-
yae 6).

Mycts 6 € Exth(M, N) — knacc, acCOUMHpOBaHHBHI C TOUHOH IIOCNEfIOBATENb-
Hoctbio (4) (c. 124, onpenenetye 1) . OGo3HauMM gepe3

un: Ext?7'(N, A)> Ext(M,A), v, Tor,'(P,M)~> Tora_,(P,N)
oToGpaXxeHus, onpencnAeMsle Mo opmynam: Up(a)=ac 8 u v, () =6 o f. Umeem:
(@c0)ef=ac(f-h)

mns Mbhx a € Extx_l(N, A), B€ Torf,\(P, M) (c. 134, npeioxenue 6), TaK y4TO Auar-
paMma

Tor® (P, M) — Hom, (Ext} (M, A), P)
lr, Hom (u,. l)l %)

Tor®_, (P, N) — Hom, (Ext}™! (N, A),P), .
B KOTOPO# TOPH3OHTANbHbIE CTPEJIKM IPEHCTABNIAOT COBO) KaHOHHUECKHE TOMOMO phH3MDI,
KOMMVTAaTHBHA.
Ecrm n = 1, 10 uMeeM, TakiM 06pa3oM, KOMMYTATHBHYH0 THATPaMMY
0 0

' |

Tor% (P, M) Hom, (Exti (M, A), P)
lv, Hom (u,, l)l
P®, N + Hom, (N*, P)
P®, L - Hom, (L*,P),

B KOTOpoi cTONGbI TOuHbIe; M3 Hee MOJIyuaeM MCKOMBIA pe3ylbTaT B 3TOM Ciyvae. Ecnm
n 2 2, 10 oTo6paxeHus U, u v, GuextusHbl (c.132, cnefcTue 4, u c. 136, cnepcraue 3).
CornacHo HHOYK THBHOMY NpPeANoNIOkKeH! 0, KaHOHWYeckuii roMoMopduim
A n—1
Tor,, _,(P,N)> Hom, (Ext, (N, A),P)
HHBEK THBEH (COOTBETCTBEHHO GHEXTHBEH) ; muarpaMma (5) NOKa3bIBaeT, 4TO TeM e CBOHCT-
~ A n .
BoM o6namaeT u xaHoHuueckwmit roMomopdusMm Tor, (P, M) —~ Hompy (Ext,(M, A), P), uro

3aBepLiaeT JOKAa3areAbCTBO.
% 10. H. Byp6aku
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3. Fomonoruyeckas pasMEpHOCTH KONKIA

Onpenenenue 2. l'oMono2uueckoll pazmeproCTbi0 KOBUA A Ha3bIBAeTCA BepXHAA
IpaHb B Z MHOXECTBA UEBIX WHCEN 7, A KOTOPBIX CyIECTBYIOT Takue OBa A-mouyns M u
N, uro ExtX(M, N) # 0; oHa oGo3nauaerca yepes dh(A) 1),

Ameem; dh(0) = — o, dh(A) > 0, ecu A # 0. Ms1 yBumum Husice, uto dh(A) = 1, ecn
A — KOJBIO ITIABHBIX HIICATIOB, He ABAAIOLIEECH ofieM, ¥ 4To ecriu K —mone, to

dh(K[X;,...,X,])=n.

" IIpennoxenue 4. IIycre n — yenoe sucao = 0. Credyouue ycroaus K6 USAAEHTHYL:
(i) dh(A) < n;
(ii) dp, (M) <n mns Bcaxoro A-momyns M;
(ii')dp A(M) <n mascakoro A-monynsa M KOHEYHOTO THIA:
(iil) 1A BCAKOM TOUHO# TOCEIOBATENBHOCTH

0>K—P,_, >P,_,~>...>P,,

6 xoropoil P; npoexruanost, modyas K npoexrusen;
(iv) 018 ecaxoil Tounoli nocaedosareavrocTu

I°P>1'>. . >[""'5N->0,

6 xoropoii ' unsexruano, MOOyab N unsexrTugen;

(v) scaxuii A-Modyab 06nadaer UHBEKTUBHOL PE30abBEHTON ONUHbL < M.

JkBuBaneHTHOCTs ycnoBhit (i), (ii) ® (iii) conenmyer w3 npemroxenus 1. OueBusmHo,
uro (ii) = (ii'). Ham pocratouso, Taxum o6GpasoM, nokasats uMmkamuu (ii') =(iv) =
=) =(@).

(ii’) = (iv): B oGo3Havemmax u3 (iv) mycrs K — Anpo romMomopduama 1° >1! . Cornacuo
crencteuo 4, c. 132, ma Bcakoro A-monynst M umeeM u3oMopdH3M Ext,(M,N) >

- Ethﬂ(M, K); u3 (i) Torma cnenyer, uro Ext (M, N) =0 ansa Bcakoro A-momyns M ko-
HeuHoro tima. ComnacHo npemiosxeruo 11, ¢. 97, 310 BreYer 3a coBoit, uTO Monyns N
HHBEKTHBEH, OTKYNA ciienyeT (iv).
(iv) = (v): myctp M — A-monyns. Ilpumensist (iv) K TOYHOM MOCIENOBA TENBHOCTH
0->M->1°M->1I'M)~>...>1"" ' (M)>K"" (M)~ 0,

c. 58, 3akmiowaem, uro mopynb K" ~1(M) unpexTunen, otkyna cnenyert (v)

(v) = (i): 3t0 cnenmyer u3 Teopemst 1, c. 103,

3amevanusa 1. Eom dh(A)<n<+oo, 10 Tor:ﬂ(P, M) =0 pmnsa Bcaxoro A-momy-
s M 1 Besikoro npaBoro A-momyns P, tak kax dp, M<n (cp. nemmy 1).

2. Iinst Toro 4toGhl roMonorudeckas pasMmepHocts dh(A) Gbuia KOHeuHo#, HeoGXOmUMO
H [OCTaTOYHO, YTOGB! TMpOeKTHBHas pa3MepHOCTs dp,(M) Obula KOHeuHOH MIA BCAKOTO
HeHyneBoro A-Monyna M. JIeHCTBHTeNsHO, 3TO CledyeT ¥3 MpeNpIIyLIero K U3 CIencTBus 1,
c. 143.

CnencrtBue. Ilpeonosowum, 4o xoavyo A HETEPOBO CN1e8d, U NYCTb N — Yeaoe Yucio
2 0. Caedyiowue yca08us 3K8UBAAEHTHDL:

(i) dh(A) <n; w1

(ii) dnn scakoii naper A-modyaeit Mu N xoneunozo runa Ext A M,N)=0;

(iii) 0n# ecaKozo neeo2o A-modyan M Komeuno20 tuna u ecakozo npaeo20 A-Modyasn P
KOHEYHO20 Tuna Tor: @ M=0.

JT10 cemyeT U3 NpemIoKeHuii 2 4 4.

3amevanue. ComacHo IKBHBaNeHTHoctw yciosuit (i) ¥ (iii), umeem: dh(A) =
=dh(A®), ecn# KombuO A HETepeBO CmpaBa M ClieBa. ITO PABEHCTBO He BBIONMHACTCA B
o6meM ciryuae (c. 155, ynpaxuenue 20) .

1) [OMONOTH®E CKYIO Pa3MEpHOCT KOJIIA YACTO HA3BIBAIOT TAKXKe IMoGAIBHOM Pa3MEPHOCTHIO KOJIHIA
¥ 06o3Hawior vepes gl. dim(A). — Mpumeu. nep.
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MpennoxeHnue 5. [Ipednososum, uTo Koabo A HETEPOBO cAe6a U UMeeT KOHEHHYID
20MON02UNECKYI0 DAIMEPHOCTh, U nycTs €, (cooTeéercréenno €) MHOXecT80 Kaaccos
npoeKTUSHbIX A-MOOYAel KOoHeuno20 Tuna (COOTEETCT8EHHO A-MOOYel KOHEYHO20 Tuna).
To20a xanonuveckuii 20Momopgusm zpynn I'porenduxa K (€ o) ~ K( €) buexrusen.

310 BHIBOAMTCA U3 CIEACTBHA, C. 144,

4. Konsiia romonornmuecko# pasmepsocms 0

Mpennoxedue 6. Caedywwue ycaogus 3KeUGANEHTHYL:

(i) scakuii A-Modynws npoekTugen;

(ii) ecaxuii A-MoOyb unseKTUGEN,

(iii) scaruii udean @ A npedcrasnser coboii UHBEKTUBHBIE MOOYAb;

(iv) dh(A) <0;

(v) xoasyo A noaynpocro,

(vi) A néreposo u ecakuii A-mooyav naockui,

(vii) ecaxuii komnaexce A-modyaeii pacuienasem,

(viil) 8caxan Tounaa nocnedos8areavHocTs A-Modyaeii pacujeninema.

CornacHo npemioxennio 4, (i) <= (ii) ©=(iv); corlacHO CileICTBMIO NpemIoxeHus 4,
(vi) = (iv). CormacHo, nmpumepy 4, c. 39, (i) =(vii); Ttak xax ummuxammu (ii) =(iii) u
(vii) = (viii) TpuBH@TbHBI M Tak kak umwmkamua (viii). =(i) cnenmyer us I, p. 39, prop. 4,
HAM OCTaeTCs a0Ka3aTe umMmmMkamuu (iii) =(v) u (v) =(vi), nocienHee yIBepxaeHHe
cnemyer u3 VIIL, § 5,n°1, prop. 1, 2; HakoHel, ecli¥ BCAKUNA MOEAT B A MHBEKTHBEH, TO OH
ABJIACTCA NMPAMBIM MHOXHUTENIEM B A, OTKYAA cltelyeT CIpaBeytuBOCTb (iii) = (V).

5. Konsia romMonornyueckoi pasmeprocta 1

Mpennoxeunue 7. Credywoujue yc1o6us IK8USAAEHTHbL:

@) dh(a) <1,

(ii) ecaxuii noOMoOYAb NPOEKTUGHO 20 MOOYAS NPOEKTUGEH:

(ii") ecaxuil udean 8 A npoexrusen;

(iit) ecaxuii faxTopmodyne UHBEKTUGHO20 A-MOOYAA UHBEKTUGEN;

(iv) daa acikoeo npoextuenozo komniexkca C  cywecreyer Takol 20MOAOU3M
¢: C~>H(C), uro H(p) =1y);

(v) 911 ecakozo unsextusnozo komnekca C cywecrsyer raxoii 2omonoeusm y: H(C) -
= C, uro H(Y) =1y(c)-

(i) == (ii) = (iii): ar1o cnenyer u3 npemmoxenus 4 (c. 146).

(ii) = (iv): mycre C — mpoexkTuBHBNI KoMimexc. Eciu ycioue (ii) BBINONHAETCA, TO
nogmonyns B(C) mopyns C mpoextuBeH, otkynma ciemyeT (iv), corjiacHo 3amevanuio )
Ha c. 40.

(iii) = (iv): mycrs C — uHBeKTMBHBEI KoMiuiexc. Eciu ycnosue (iii) Bhmmommsercs, To
daktopmogyne B,(C) mopyna C,., HHBEKTMBEH Ijis BCAKOYO 1, OoTKyda ciegyer (v),
COFJIACHO 3aMeuaHuIo a) Ha c. 39.

(iv) = (ii): myctsr P ~ npoekTusHb1i A-Momyii, M — nonmonysis B P, i: M —P — xatioHu-
yeckoe Bnoxenue. Ilycrs p: L >M - ciopbexTuBHbINi FoMoMop¢u3M cBoboaHoro Momyins L
Ha M. Paccmorpum mpoektuBHbpit kommiekc C, B xotopom C, =L, Co =P, C; =0 npu
i#0,1, dy =iop. Ecm ynoBnerBopserca ycnopue (iv), 10 mycrp ¢: C ~H(C) — romo-
forusM, ms kortoporo H(y) = IH(C). Tak xax H,(C)=Kerp, To ¢, npeacrasiser co-
6oii mpoextupoBanHe momyis L Ha Kerp, cnenosareiibHo, TOYHAA NOC/IEAOBATEIBHOCTD

p
0->Kerp—>L-—>M->0

pacuieiszeMa M Moayns M usomopdeH npAMOMY MHOXKHTEII0 MOOYJA L, ciemomaressHo,

NPOEK THBEH.

(v) = (iii): mycts 1 — MHbeKTHBHBIA Monyns, M — ¢axtopmonyns momyns I, m: 1M —
KaHoHWvYeckaa mnpoexuusa. Ilycre i: M —+J — uebexTHBHBI romMoMopdusm monpyna M
B MHDbEKTHBHbIH momynb J. PaccMoTpuM uHbeKTHBHBIA xomiviekc C, B xotopom C° =1,
C'=J,C'=0 npu i#0,1,d® =iom Ecnm ycnoBue (V) yHOBIETBOpAEICA, TO MyCTh

% 10"
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¥: H(C) - C — romonorusm, ms xoroporo H(y) = IH(C). Tak xak

H!(C) = Coker i,
10 ' npepcraBnser coboit cevenme kaHoHMueckoil mpoexuun J ->Cokeri, u momyns M
ABJIAETCA HPAMBIM MHOXMTENEM B J, ClleiOBaTeNbHO, HHHEKTHBEH.

(ii) = (ii'): 310 TPUBHANBHO.

(ii") = (ii): 710 cnemyer u3 VII, § 3, th. 1, cor. 1.

Mpumep. EcM A - Konuilo IMaBHEIX ngeanoB, To dh(A) < 1.

3ameuaHHe. EQmr Konnio A eNOCTHOE (KoMMYyTaTHBHOE), TO HpelbiAyLUMe Y CNOBHSA 9KBHBAJIEHT-
HBI TAKXKE CIEAY oMM M:

(iii ') BcAxuM HeNMMBIH A-MOLYNb HHBE KTHBEH

(vi) Beaxmit A-monyns 6e3 KpyueHIs ABJIACTCS INIOCKHM H KONKIO A HETEPOBO.

HenoctHble KONHIa, YIOBNCTBOPAIOUME 3THM YCIIOBHAM, Ha3LIBAKTCA NEACKHHNOBRIMM (cM. ¢ 154,
ynpaxaense 12, u AC, VII, § 2,n°2, th. 1; KomMyTatuBuan anre6pa, VII, c. 571, Teopema 1) .

CnepcrBue. IIycto A — Koavyo comonozuveckoil pasmeprocru <1, C — xomnaexc

npoexTugnbix A-Modyaeii, C — Komniexc npoexTugnbix npassix A-modyaeii, C' — xomn-
AeKC UHBEKTUBHbIX A-MoOysell, P — npassiii A-modyab, M — aegviii A-Mo0yab, n — yeaoe
yucno. Toeda umeem pacujenasiembie TOYHbIE NOCAEO0BATENBHOCTU

~ b 4 ~ a A =
0> .8 HOaH O H, € 0% | o  Torl(H,©). H(C)~0,

0 ~~>I}Ext}\(Hp(C), H"~P~1(C") LN H" (Homgr , (C, C")) 2>
> ITHom, (Hy(0), H*~?(C')~ 0,

0> P&, Hy(C) = H, (P, ©) - Tori (P, H,_1(C) >0,
0> Ext’ (H,_(C), M) 2> H"(Homgr , (C, M)) > Hom (H, (C), M) > 0.

Tak kak xommiexcsl Z(C), B(C), Z(E) H B(E) MPOEKTHBHBI, 3 KOMIUIEKC B(C') nubex-
THBEH, TO 3TO CllefyeT M3 ciuencreus 2, c. 83, cencTBus 1 u CleficTBUA 2,¢.99.

6. Fomonoruueckan pasMepHOCTb KoJlell MHOTOWIEHOB

Temma 2. Hycrs p: A=A’ — 2omomopgusm xoney, M — A-modyas, M’ — A’-modyas.
Ecau npasviii A-modyas Ay naockuil, 1o dp,r(A' ®4 M) < dp, (M). Ecau A-modyas Ag
npoexrusen, 1o dp, (M') <dp,:(M").

HepBoe yrBepx/IeHMe OueBUIHO, eciti dpa M = too; ecnu dps (M) =n € N, 10 cyluecrBy-
€T TOYHas IIOCNIeIOBaTENIbHOCTh A-MOny el

0->P,>P,_;>...2Pp>M~>0,
B KOTOpO# Mogyiu P; nMpoexTHBHBI; NOCTenoBaTenbHOCTs A’ -Monytei

0—>A’®A P, —>A'®A Pn—l >, '—>A'®A Po —>AI®A M->0

ABJISETCA TOUHOM, TAK KAK NpaBblit A-MOIyTb Aj Tiockwit, u A’-mopynu A’ ®, P; npoek-
tuBnpl (11, p. 89, cor.); cnegoBarensHo, dpa’ (A’ ®4 M) < n =dps (M). Bropoe yTBe pxne-
HHE OUYEBHIHO, ecii dp’ (M') = oo ecnmu dps’ (M') =m € N, 10 cyluecIByeT T04YHaA 10-
cNeioBaTeNnbHOCTh A’ -MOTynen,

0-P,>P,_;=>...>Pg>M >0,
B KOTOpPOR mopynu P; NpOEeKTUBHDI; OHA NpefcTaBiser cobO#l TaKXe TOUHYIO NOCIENOBA-
TenbHOCTs A-Mopyseit. C Apyroi cTOpoHbI, Kaaplit A'-Mozlyns P; ABNSIETCA MPAMBIM MHO-

I
XHTENEM HEKOTOPOIO MORYIA A;( ) , CIIEJOBATENILHO, SBIACTCHA NPOEKTHBHBIM A-MOZYJIEM;
' 1
TaKuM 06pa3om, dp, (M) <m=dpsr(M').
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‘NMemmMa 3. [Ipednosoxum, 410 KoALYO A KOMMYTATUGHO * ), u nycrs M — A[X]-mo0-
oyas.

a) Hwmetor mecto nepagencrea: dpy (M) <dpa (x| (M) <dps (M) +1.

6) Ecau 2omorerun Xy unsextuena, ro dpy (M/XM) <dpapx) M).

B) Ecau XM =0, 70 dpy (M) +1 =dpa[x) (M).

a) MmMeeM TOUHYIO MOCNEOBATENBHOCTD A [X]-momyneit (III, p. 106 u VII, §5, n°1):

0+A[X]ea M>A[X]®y M>M~0;

YTBEPXICHHE a) CedyeT TeNnephb U3 CeAcTBHA 2, c. 143, ¥ u3 neMmsi 2.

6) Ecnu dpapx) (M) = £, 10 yrBepxiaenue Tpunansio. Ecnu A [X] -Monyms M npoex-
THBHBIA ¥ HeHyneBoi, To A-Momyns M/XM oToxpecrsnseTcst ¢ A ®4 x| M, cneposarensHo,
npoexTrBeH ¥ dpa (M/XM) <0=dpy [x ) M. Hanee nposomum nupykindio o dpa 1x) (M) =n,
npepnonaras, yro n > 0. PaccMOTPHM TOUHYIo NocnenoBatenbHocTb A [X] -monynei 0 >N —~
-+L ->M~0, rae L — cBoGonustit A [X] -Monyip; NpHMeEHAA K AMarpaMMe

0O—+N-—-L—M —0

Xut Xtt Xut

0 ~>~N-—L-—>M —0

npegtoxenve 2, ¢. 9, Mbl BHOMM, YTO TOMOTeTHA Xy HHBEKTHBHA M UTO HMEET MECTO TOUHas
NOCIIeI0BATENIBHOCTD

0 - N/XN - L/XL -+ M/XM — 0.
Tak xak Momyns L cBoGoger vag A[X], To Mmopyns L/XL cBoGOMEH Ha A, M HMeeM:
dparx) N)=n—1, dps (M/XM)<1 +dps (N/XN);

nockonbky dps (N/XN) €n — 1 cornacHO HEAYKTHBHOMY IPEOIIONIOXKEHHI0, TO OTCIONA NO-
nydaem HepaseHcTBO dp, (M/XM) <, KoTopoe 1 TpeGoBanoch 10Ka3aTh.

B) YTBepXK/IeHHe TPUBHANBHO, eclH dpa (x| (M) = *°°, a Taioke ecnm dpayx) (M) =0
(40 HeBO3MOXHO, mnockonsky XM =0). Moxmo, cregoBaTenbHO, NpepIoONarars, YTO
dpa(x) (M) = n > 0. PaccmaTpuBas, KaK M Bbllle, TOWHYI0 IOCTIE[OBATENBHOCTD 0-
+N->L->M->0, rne L — cBoGomupii A[X]-Momynb, nomyyaeM TOUHYIO MNOCIEOBATEINb-
HOCTB

0->M->N/XN-L/XL->M->0.
CornacHo 6), dps (N/XN) <dpaix) (N) =dpaix) (M) —1=n—1; rak xax dpa (L/XL) =0,

TO M3 INpeasiayIlelf TOYHOH IOCIIelOBaTeNIbHOCTH, NPUMEHAA OABa pa3a clefCTBHe 2, c. 143,
nonyvaem, yro dpp M €n — 1. Ho, cornacHo a) , umeeM:

dpa M)Zdparx) M)—1=n-1,

OTKYMa ClleyeT YTBEpXK/ICHHE B) .
Teopema 1. IIpednonoxum, 4To KOABYO A KOMMYTATUGHO " ). To2da

dh (A [X])=dh (A) +1.
Hns Beaxoro A [X]-Mopynsa M nmeem (fremma 3) :
dpA[X] <dPA (M) +1 <dh(A) +1,

crenosarensHo, dh(A[X]) < dh(A) + 1; o6parxo, ecnu M — mo6oit A-Momynb, TO MycCTh
M — A[X]-momyns, momyuaemsiii BBeneHueM Ha M crpykrypst A [X]-Mopyns, mis koTopo#
XM =0; rorma (nemma 3)

dpy M) =dpa(x) M) -1<dh(A)-1,
" rakum o6pa3om, dh(A) <dh(A[X]) - 1.

1) TpeGopaHye KOMMYTATHBHOCTH KOTbUA A B 3TOM NEMMe, 2 TAKXe B TeopeMe | ¥ CleAcTBHY | ABNA-
eTcH U3MULIHUM. — ITpumen. nep.
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Cnencreue 1. ITpeonosoxum, yro xoavyo A Kommyrarueno '). Hmeem:
dh (A [X;,...,X,1)=dh(A)+n.

J10 BRITEKAET U3 TEOPEMbI C TOMOLIBI0 MHRYKLMH 11O 71

Canepcrue 2. IIyers K — noae (cooreercreenno xoavyo 21daHuix u0eanos * uau oe-
O0eKUHO0B0 KOABYO ., He Asaaiowjeeca nonem). To2da 20Mon02u¥eckan paamMeprocTd
dh(K[X,, ..., X,]) paena n (cooreercreennon +1).

Jro cnegyer u3 roro, uro dh (K) =0 (coorsercreenno dh (K) =1).

7. 'omonoruveckas pasMepHOCTb IPAIYHPOBAHHBIX MOMIyIeH

B 3TOM MyHKTE MBI IpeANoNaraeM, Y10 A — rpagyHpoOBaHHOE KOJBUO CO cTemeHsamu => 0.
O6o3naunm vepe3 (Ay), e z €ro TpagyMpoBKY; HMeEEM, TaKHM 06pa3oM, uro A, = 0 npy
n<0,A, —nonxonmsuo B A, Jo = © A, — IBYCTOPOMHHH HJIcaN B A ¥ I'paJlyHpOBaHHOE

n>o0

dakTopkonbio A/Jo OTOXIECTBIAETCS € Ag.
JTemma 4. IIyero M — 2padyuposannusiii A-mo0yas, oepanuyennstii chuzy (c. 61).
Ecau Ag o M=0, 70 M =0.
Tak xak momyms Ag ®, M usomopden M/JoM, 10 310 cepyer u3 II, p. 171, prop. 6.
H e MMa 5. Ilycte M — oepanuvennslii chuzy 2padyupoeanusiii A-mMo0yae u nycrs

C5t Asy M/ToM-M

—  2padyupoaanusiii  A-20MOMODPUIM, 08 KOTOpOo20  OTOGpamenue 16, s:
Ap @5 (A 8y M/JoM) - Ao @ M npedcrasnser coboii xanonusecxuii usomopgduim. Toe-

- 0a 20MOMOpPUIM § ciopsexTugen. Ecau Tor’ (Ao, M) =0, T0 20MOMOpPUIM § GuekTUGEH.
HmeeM TOUHYI0 MOCIEAOBATENIBHOCTD

0->Kers—>A®, M/J,M > M- Cokers -0,

npuuem rpapynpoBaunsic A-monymu Ker s u Coker s orpanmnuenst cHu3y. U3 TouHoit Rocne-
IOBaTENIBHOCTH

1
Ao @4 (A®p, MIJoM) —3 Ay 84 M A, © Cokers —0

3aKJI0uaeM, yto Ay ®4 Cokers =0, cremoBaTensHo, FOMOMOPOH3M S CIOPBEKTHBEH (eM-
" ma 4). UMeeM tenepb TOUHy10 IOCTENOBATENBHOCTD

10
Torf (Ao, M)~ Ag ® Kers = Ag@s (A0, M/IoM) —— Ag @4 M.

Ecnu Tor, (Ag, M) =0, 10 Ay ®, Kers = 0 u roMOMOpPOH3M 5§ HHBEKTHBEH (emMMa 4).

Ilpeunoxenne 8. I[lycte M — ozpanuyennsiii cnusy 2padyupoeantuiii A-mooyav.

a) Caeoytou;ue YCA0BUR IKBUBAACHTHDL

(i) M uzomopgpen epadyuposanromy A-modyaio euda A ®p o N; 20e N — npoextuanbiii
(cooreercreenno 2padyuposarnsiil cao60OHbI) 2padyuposannslii Ag-Mo0yas;

(i) M — npoexruensiii (cooTeercreenno 2padyuposanusiii ceobOOHBIE) A-MOOyab;

(iii) M/JoM ~ npoextuensiii (cooreercreenno 2padyuposanmniii c60GoONbIE) Ag-MO-
Ayav u Torf (A, M) =0.

6) ITpeononoxum donoanureavro, yro M o6aadaer cucremoil nopoxdarowux, o6pazoean-
HOll U3 OOHOPOOHBIX 31EMENTO8 Oepanuyernblx cTeneneil. Toeda credywouue ycaoaus 3xeku-
BANEHTHYL:

(i) T'paoyuposanustii A-m0dyas M 061d0deT KOHeuHbLM KOMNOIURUOHHBIM PAOOM, dak-
TOPbL KOTOPO20 UI0OMODPHbl 2PAOYUPOSAHHBIM A-MOOYAAM euda A® A, N, 20e N — naockuit
2padyuposanisiii Ag-M0o0ynb ;

(ii) M — naockuii A-mModynan;

(iii) M/JoM — naocxuii Ag-mo0yav u Tor{ (Ag, M) =0.

B xaxJIoM H3 IBYX CJIyYaeB, MMeeM, OYeBHaHO, uMmmwinkaumn: (i) = (ii) = (iii) . Ocraer-
s, TakuM 06pa3om, Jokasats ummwmnkauuwo (iii) = (i).

1) Cm. cHocky Ha c. 149. — ITpumev. nep.
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a) TpanyupoBaHHBIH A-Monynb A © M/JOM npezicTaBJifeT co6oi NPOeK THBHbIA A-MoO-
aynb, Tak Kak M/JoM — upoex'mmmn Ao-Monynb Kanonunuecknii romomMopdusm A-mo-
nynei

p:M->M/J M

CIOpBEKTHBEH; CJICHOBATENIBHO, CYIUECTBYeT TpallyMPOBaHHBIA A-roMOMOpH3M CTeleHH
HyTb
s:Ae,, MIIGM— M,

A xoroporop e s (@ ®x) =axnpua € Aux € M/JyM

CornacHo iemMe 5, s npencraBnsaer coGoi n3omopcbn3M A-Mopnyneit H3 A ® A, M/JoM Ha
M, orkyna cnenyer (i).

6) CornacHo CHEAHHOMY OTHOCHTENBHO M TPE/NOTIOKEHHIO, CYIUECTBYIOT TAKHE LEIbIe

ukcna a, b, npuuem a < b, yto M NOPOXKAAETCA MHOXECTBOM ~ © M;. IIpoBoouM HHRYXK-
) a <i<b

LMI0 1O OJIOXKHTENILHOMY LENOMY YHCHY b — a.

Ecnu b — 2 =0, To M nopoxpaerca MHOXeCTBOM M, M KaHOHHYECKHH Ag-TOMOMOpdH3M
M, =~ M/JoM GuextuBen; u3 A-roMomopdusma A ®, M, - M, onpenenseMoro CTpyKTy-
poii A-Moiyns Ha M, nonyyaeM rpagyHpoBaHHbIi A-roMOMOpdH3M

s:A®, M/J MM,
yHoOBNEeTBOpAWILMA YyCnoBHI0 JemMMel 5. CornacHo nemMme 5, roMmomopdH3M § GHEKTHBEH,
orxyna cienyer (i).

B oGuem cnydae mycTh M) _ (rpanynposammm) A-nopMonyns B M, mopoxnaemstit
MHOXecTBOM M,, 1 M’ — daxtopmonyns M/M (%) . Himeem Tounylo mociemoBaTeNBHOCTH

0->M@LME M >0,

H3 KOTOpOi#i, TaKk KaK, Mo upennonoxceumo, Torf (Ao, M) =0, nonyuaeM TouyHble AOCHENO-
BaTeJIbHOCTH

Torf* (Ao, M) > Tor{* (A9, M@) >0, - )
1 1
0> Tor (Ao, M) > M@/3,M@ 2L Mz M =25 M/j3oM’ 0. NO)

Ho xanonuueckuit romomopbHam M, - M@ /J(,M(") buexrtugen. Orciona cnenyer.qfo ro-
momopduam 1 ® f: M(@) [JoM (@) 5 M/J,M uubeKTHBEH H UTO €r0 06pa3 — NPAMOIl MHONU-
Ters Ag-mopyns M/J M. Iloaromy u3 TouHo#f nociemoBarensHocTd (7) BBITEKaeT, YTO
Tor{ (Ag, M') =0 uuro Ag-momyns M'/JoM' mwrockwii, Tax Kak o H3oMopdeH npAMOMY
MHOXMTEIIQ Ao-MOIIYIHI M/JoM. Cornacso HHAYKTHBHOMY NPENONOXKEHHIO (xoropoe npu-
MeHHMO K Moxyiio M', Tax Kax oH nopoxpaercsa muoxecteamu M; mns a <i <b), MozyJIb
M’ ynoenersopser ycnosmio (i), clienoBarenbHo, Wwiockuit. U3 Tounoil nocnenosarenbHoc-
4 (6) Teneps monyuaem, uro Torf (Aq, M) =0; no M@ /3,M@ oroxpectanserca
¢ M,, xoTopblii ABIAETCA WIOCKHM Ag-MonyneM (KaK NpAMO# MHOXHTENb Ag-MOOYNA
M/JoM); cormacko yxe moxasawsomy, rpanympoBammbii A-momyms M%) msomopden
A ®5 M, u, ciiefoBaTenbHO, TOXe YAOBNETBOpsieT ycnoBuio (i), 4ro 3aBepiaer HoKasa-
TETCTRO.

CnepcrBue 1. IIycre M — 2padyuposannsiii A-mM00yab KOHEHO20 TUNA, Ecau Ag-MO-
dyas M/JoM npoekrusnblu (coorsercrgenno epadyuposanusiii c8000OHbLI, COOTEETCTEEHHO
naockuil) u ecau Tord (Ao, M) =0, 70 A-M0Oyas M npoeKTusnbm (coorsercrsenno 2paoyu-
DPOBaHHblil c8OBOOHbLIL, COOTEETCT8EHHO NAOCKUIL) .

Cnepcreue 2. IIpednosoxum, uro scaxuii npoexTusholil Ag-M0o0yab cso6oden (co-
OT8eTCTBEHHO, ¥TO KOAbUO A HETEPOSO U ¥TO 8CAKUIL NPOEKTUBHBLE Ag-MOOYAb KOHEYHO20
Tuna ceoboden). Ilycre M — ozpanuennviii cnusy 2padyuposannsiii’ A-mMo0yas  (cooTeercr-
8EHHO 2padyuposaniblii A-MoOYAb KOHeYHO20 Tund) U n — Taxoe yeaoe wuciao = 0, uro
dpaM < n. Cywecrayer 1ounan nocied06arenbHOCTs 2PadyUPOBARHBIX, A-Mooyneii u epa-
dyuposannux 20momopguzmos crenenu 0

0L, >L,_y=...> Ly >M~0,
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@ koropoii 1y — ozpanuvennvie chusy ceobodusle epadyuposanupie A-modyau (cooreercr-
8eHHO c80600HbLEe 2padYUPOBaRHbIe A-MOOY AU KOHEUHO20 TUNA) .

HeitictBurensHo, cywectbyer (c. 61, npemoxenne 11) TouHas nocieqoOBaTeNBHOCTh I'pa-
OyHpOBaHHBIX A-mMopyneil H romomopdH3moB creneHH 0

0-L,»L,_;~>..>L,>M-0,

B XoTopoit Moxynu L; orpaHuueHsl CHH3Y (COOTBETCTBEHHO KOHeyHoro Tuma) npu 0 <j <n
M ABNAOTCA I'pagydpoBaHHbIMH cBOBOAHBIME MpH 0 <i<<n — 1.

Tax xak dps (M) <n, 10 A-mMopyns L, npoexTuBeH, clle0BaTenbHO, Ay ® 5 L, — npoex-
THBHBIH Ag-MOAylb, CNENOBATENbHO, I'PafyHPOBaHHBIH CBOOOAHDIH; TaK Kak A-MOAYJib
L, orpaHxueH cHH3y H Ao-Monylb Ag ® 4 L, rpamynpoBanusiit cBoGonmslit, To L, — rpapgyu-
POBaHHBIA cBOBGOMHBIA MOLYNb (npeioxenue 7).

Cnepncrteue 3 (teopema I'mnsbepra o cusuruax) . lpednoaoxum, uro A, — noae u
yro A nopowxoaerca Kax Aq-an2ebpan anzebpauvecku He3a8UCUMBIMU OOHOPOOHBIMU 3A€-
Mmentamu creneneii > 0. Jlaa ecaxozo 2padyupoeannozo A-mo0yas M, 02panuuerHo20 cHU3y
(co0TaeTCTEEHHO KOHEYHO20 TUNG) , CYWeCT8YeT TOYHAR NOCNeA08ATENbHOCTy 2PA0YUPOSAH-
Roix A-MoOyaeil u epadyuposannvix 20Momopgpusmos creneru O

0-L,»L, ;~»...-Lyg>M-0,
8 KoTopoii L; — c60600nbie 2padyuposannsie MoOyau, OzpaHudernsle chusy (cooT@eTcTaeH-
HO KOHEYH020 Tuna) .

HeiictButenbHo, dh (A) = n cornacHo teopeMme 1, c. 149, 1 MOXHO NPUMEHHTS CIECTBHE 2.
3amedanue. CnegcrBue 2 NPUMEHHMO PaBHBIM O6PA3OM K CHEAYIOIIMM CITyYasiM:

a) Ag — KOJIBIO INIaBHLIX HAEANOB U A = Ay [X;.. .., X, ],
6) *Ap — perynsapHOe JIOKaJbHOE HETEPOBO KOJBLO pasMepHOCTH 7 u A = Ag [X, . . .
» Xnr]e.

CnencrtBue 4. IIpednosowum, uro Ay — noaynpocroe koavyo. ITycrs M — ozpanu-
YeHHblil CHU3Y epgoyupoeannbzﬂ A-M00yab u n - yenoe wucao = 0. Jlaa 1020 urobui
dpa (M) <n, Heobx00umo u docrarouno, urobut Tor’s,, (Ae, M) =0.

Ecnu dpa (M) < n, 10 Torfh, (Ag, M) =0 (c. 142, nemma 1). O6parHo, mycts 0 > K -
-L,_;~>...»L; Ly M —0 — Tounas nocinemoBaTeIbHOCTh OFPAHUYEHHBIX CHU3Y Ipamy-
HpOBaHHBIX A-Mopyneit, B xotopoit Ly, . .., L,_, — cBoGoaHble rpamyMpoBaHHble MOpYJIH
(c. 61, npennoxenne 11); cornacro ciencrsuio 3, c. 136, pasenctBo Tora,, (Ag, M) =0
BiIeyeT 3a coBoii, yto Tor (Ao, K) = 0; tax xax K/JoK — NpOeKTHBHBIH Ag-Monynsb (mo-
CKONBKY KOJIBLO Ag HOJYHPOCTOE, CM. Npefyioxenue 6, ¢. 147) , A-mopynb K npoextuBeH co-
racHo npeytoxennio 8 (¢. 150) u dpa(M) < n.

Cnencrtaue 5. IIpednoaoxum, 4o xoavyo A, noaynpoctoe. Ecau Tors, | (Ag,Ag) =0,
10 dps (M) <n 9041 ecakxozo 02PaHUYEHHO20 CHU3Y 2padyuposanno2o A-modyaa M.

OGOBHa‘IHM uepes A° rpanyﬂponamloe KOJIBLO, npomnononoxmoe A; umeem (A%), =

= (Ao)°, cnenoparensHo, xomsuo (A°), nonympoctoe (VII, §5, n°1, remarque 3; Anre6-

pa, VIII, c. 167, npegnoxenne 2) . Tax xax Tor,,+1(Ao,Ao) 0, 10 dpa (Aog) <n cormacHo

CNencTBHIO 4; 3TO BJIEYET, YTO Tor,,+1(M , Ag) =0 mns Beaxoro A-monynsa M, cienoBatens-
HO, Tor’, ; (Ao, M) =0, # MOXHO MPUMEHHTbD CIIEACTBYE 4.

Ynpaxnenus

1. Iyctb u: A > B — romoMopdu3M konel, M — B-Moaysb. JJoKa3arh HEpaBeHCTBO

dps (M) < dpg (M) + dpy (By).

(ITposectu uHaykuuio no dpg(M) HAM HCMOMB30BATH CNEKTPAIBHYIO NMOCTEMOBATENBHOCTL H3 yRpaX-
HeHusn 6, c. 102.)

2. [pennonoxuM, YTO KONbLUO A HETEPOBO; MycThb M — A-MOLYJIb KOHEUHOTO THNA NPOEKTHBHON pas3-
MEpHOCTH 7. I'loxaaa'rb, yro k-mMmony b Extg (M, A) HeHyTeBOI.

3. Mycts n — uenoe uncno > 1. Mokasars, yro dh(M,(A)) = dh(A) (cp. VIII, § 4).

4. Ilycte M — A-Mopnyb. Hn'bexruenoﬁ DPA3IMEPHOCTEI0 MOLYTISL M Ha3b1BAETCA HYOKHASA IPaHb B Z [JIHH

ero MHBEEKTHBHBIX Pe30JIbBEHT; OHa oGo3Hauaecs yepes di g (M).

Ecnu n — uenoe uncno > 0, Mokasars, YTo ClieqyIOLINe YCIOBUSA IKBHBAJIEHTHEL:
a) dipg (M) <n;
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8) Ext'A (N, M) = 0 gnsa Bcsaxoro A-monynisf N u BCAKOro Henoror > n;

n+1
) Exty

8) Ext"+1 (N, M) = 0 mns BCAKOro MoHOTeHHoro A-mopyns N;

(N, M) =0 gnsa Besixoro A-monyns N;

€) Ins BCAKON TOUHOM mocnefoBaTenbHocTH 0 = M —1° —. ., ST o N -0, KOTOpO# MOy nu 4
HHBEKTHBHEL, MONy b N HHBEKTHBEH.
5. Tlycts (M) 7 € E — HeKOTopoe ceMe#ACTBO A-Mony el
a) Noka3ats, uto dig ( I M= sup dig (Mp.
€E
6) Ecnu xombuo A He’repono, noxasan, yro dig( ® M;) = sup dig Mp.
i€E i€E

B) Ecnu dip ( ©® M;)= sup dip (M;) ona Beskoro cemeiictsa A-monynedt (M;) ; e E, TO Kombuo A
i€E i€

HETepoBO (KCTIONB30BAThH ynpa)xﬂeﬂne 21,c. 27).
6. ITycts I — MHOXeCTBO BeeX NeBhIX HIeasnoB konbua A. Tlokasars, uto dh (A) =sup dpp (A/a).
[ $=31

7. Tlyets M — A-mopyns. ITnockoli pasmepHocTolo MOLNyNst M Ha3blBaeTcsl HIKHSS Ipab B Z [I7IMH eTo
IIOCKHX Pe30JIbBeHT; oHa oBo3HavaeTcs Yepe3 dpla (M).

a) Ecnu n — penoe uucno > 0, To MOKa3aTh, UYTO CleNYyIOILHe YCI0BhA IKBHBAJICH1 HBI:

a) dply (M) <n;

8) Tor,.A (N, M) = 0 mnst BcsAkoro npasoro A-Monyns N 4 BCAKOTO LEnoro r > n;
v) Torﬁﬂ (N, M) = 0 and scaxoro npasoro A-monyns N;

5) Tor 1 N, M) =0 ans Besticoro MoHoTeHHoOro fpaBoro A-monyns N;

€) nnas BesAkol TouHo# nmocnemosaternbhoctH 0 K - Py —. .. ~P, =M —0, B koTopoit Monynu Py
nnockue, Moy b K rmockuit.

6) IMokasats, uro dply (M) < dpa (M); ecnu xonbuo A HETepoBO H M — MO[Y/Ib KOHEUHOI'O THIIA,
TO UMeeT MeCTO PaBeHCTRO.

B) Ilycte (Ny), & | — MHOYKTHBHas cHCTeMa A-MopyneH ¥ N — ee MHIYKTHBHBIA npefien. Jlokasats
I’epaBeHCTBO!

dplA (N) < sup dplA (Ng) -
a€l

8. tor PasMepPHOCTHIO KOMbila A Ha3bIBAeTCS BePXHsA IPaHb B Z MHOKECTBA LENBIX YHCET 1, IS KoTo-

PHIX CYLIECTBYIOT JleBBI A-Monynb N u npaBriit A-Mopyms M Takue, uro Tor ,‘;\ (M, N) # 0; ona o6o3Haua-
ercs Yepe3 td (A).

a) Ilycth n — uenoe uucno > 0. IloxasaTs, YTO clieAyIOLIHe YCIIOBHS 3KBUBAJIEHTHEI:

a)td (A) <n;

8) dply (M) <n (ynpaxseHue 7) Is BCAKoro A-Monyns M;

7v) dpla (M) <n f1ns BCAKOTO MOHOTeHHOTO A-Mofynsa M.

6) Moxa3arth, uro td(A) =td(A°) u td(A) < dh(A); ecnH KobUO A HETEPOBO ClIeBa, TO KMeeT Mec-
TO PaBeHCTBO.

9 9. a) Tloka3aTh, 4TO CrIEAYIOIIME YCIOBHS IKBHBAJIEHTHEI :

a) Besikuit (neBBIf) Hylean KOHEUHOTO THIA B A SBNAETCSA NPOSKTHBHLIM A-MOIYIEM.

8) Besikuit nomMoayiis KOHEUHOTO THNA B (POSKTHBHOM A-MOQYJle NPOeKTHBeH.

v) td(A) <1 (ympaxueHue 8) ¥ Konbuo A xorepeHTHo (c. 67, ynpakHéHue 11).

§) st Besikoro MHoXecTBa I BesikHit nooMonyns B Al mocxui.

6) IIpennonoXuM, YTO KOJIBUO A YIOBJIETBOPAET IKBHUBAJICHTHBIM YCIIOBHAM K3 NyHKTa a) . lokasars,
YTO BCSKMH NPOEKTUBHEIA A-MONymh M30MopdeH NpSIMON CYMMe MIEanoB KOHEYHOTO THMa KOnbua A.
(PaccMoTperh CHadana cry4alt MONyJsi KOHeUHOT'O THIIa; 3aTeM paccMOTpeTh ciy4ait Moayns, obnanaione-
ro cHeTHON CHCTeMOH MOpOXOAOINUX, 3aMevast, UTO BCAKHHA 3rleMeHT NPOCKTHBHOTO A-monyns P copep-
SKUTCS. B NMPSIMOM MHOHTeJIe KOHeUHOTo TUna Monyns P. O6uuit criyuait BeIBecTH U3 Teopemnl KanmaHc-
xoro (11, p. 183, exercice 2).)

10. Tpeanmonoxum, UTo KOJMbUO A UeJIOCTHOe; IycTh K — ero norne yacTHeIX. Unean @ xomnbua A Ha3sbl-
BaeTCS O6pATUMbIM, €CTIH CYUIECTBYIOT TaKHe 3JIEMeHTHl X,,. .., Xp € K.uro x;dCAnnsd 1 <i<nu
Z xi8=A.

1

a) TMoka3aTh, 4TO BCAKUH 0OpaTUMBIY Hean UMeeT KOHEUHBIR THIL

6) TloxasaTh, 4TO HeHyJeBOH uAean KobUa A MpencTaBisier cO6OM NPOeK THBHLIN A-MOnyh B TOM H
TONBKO TOM Cliydae, eClIM OH o6paTuM.

B) Ilyctes @ — ob6paTuMelit uaean Konbua A, D — menumsid A-monyis. Hoxa3sars, 4To hxtA(A/a D=0
npui = 1.

11. a) llpeanonoXuTh, YTO KONbUO A UenocTHoe. [lokasars, YTo yclnoBHus a) —§) U3 ynpaxkHeHus 9 3k-
BUBAJICHTHBI elle CIIeYIOLLUM YCITOBUSM

€} Besikuit A-Monynbh KOHeUHOro Tuna 6e3 KkpyuYeHus NpoeKTHBEH.

$) Beaxuit A-Monyims 6e3 KpydeHUs MIIOCKHHR.

n) Bcaxkuit nogMonyIis IIOCKOro A-MOIyns IoCcKuH.

(Ucnonb3osars ynpaxkHenue 13, c. 26.)

LIén0oCcTHOE KONBIIO0, YOOBIIETBOPSIOLIEE ITHM YCIIOBUSIM, Ha3bIBaeTCH NplogiepossviM.

11. H. Byp6aku
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6) Ilycts B — uenocrHoe Konbio, npefcTaBnsiollee coboit o6benuHeHHe BO3PACTAIOLUETO HANMPaBJicH-
Horo ceMelcrBa npiogeposbix nogkoned. [loka3sars, uro KkoMblo B npodeposo.

* ) IToka3ars, YTo KOJBLO BCEX LEeNbIX aNrebpaniecKux Yucen npodeposo. «

12. MpenmonoxuM, YTo Koibio A uenocTHoe. Iloka3aTh, YTO ClenylouMe YCIOBHS 3KBHBAJICHTHBI:

«) dh(A) <1.

8) Beaxuit nenumelit A-MOOYJIb HHBEKTHBEH.

7) Komsuo A npogeposo (ynpaxuenue 11) u HETeposo.

(UTo6R OKa3aTh, YTO M3 &) cheayeT §) , HCMOJIb30BAaTh yNpaxHeHue 10.)

Korna 3TH yciioBus BRINONHSAKTCH, A HA3BIBAIOT 0eJeKUHOOBBIM KOADYOM.

13. Tpennosnoxum, YTo KoJbLo A HETEPOBO cieBa M cmpaBa. Iloka3aTs, YTo ClenyoLUMe yCHOBUA K-
BHBaJIEHTHBI:

a) dh(A) <2.

$) IIns mo6eIX UENBIX YHCEN P, § U BEAKOTO A-IHHeRHOTO OTOGPaXeHMS U: AP - AY g SAAPO U NpencTaB-
nsieT coboit NPoeKTHBHBIA A-MOKYNb.

) Moayik, conpXXeUHBI# K NPOHIBONBHOMY A-MOMYIII0 KOHEYHOrO THNA, MPOSKTHBEH.

14. ITycth X — 371€eMEHT Kobla A, pe2yafpHblLi crega.

a) TokasaTh, YTo MOean XA IBYCTOPOHHHH, eCIM M TONBKO ECIH CYLUECTBYET 3HIOMOP(HHIM ¢ KOJb-
ua A, ana Koroporo ax = xo (@) npu mobom a € A.

6) Ilpennonaraem, panee, 4TO BRINMONHEHbI YCToBMA NyHKTa a). Ilycte M — A-Monynb, ons KoToporo
xM = 0. Hokasars paseHcTBo dps (M) = dpA/xA (M) + 1 (MoXHO HCIONB3OBATH CHEKTPAIBHYIO IOCHEN0-
BaTeNbHOCTh U3 ynpaXHeuus 6, T), €. 102).

B) IpeanonokuM, uro X MPHHAMIEXKUT PAAKKAIly KoJbUa A M 4To A Héreposo. Ilycts N — A-Moaynb
KOHEYHOTo THila, A/l KOTOPOro roMOTeTHS OTHocHTeNnbHo X MHBeKTuBHa B N. ITokasats, uto dpp (N) =
= dpA/xA(N/x N).

r) B ycnoBusx nyHkTa B) fioxasats, yro dh(A) =dh{A/xA) + 1.

15. llycth 0 — asToMopPuIm Konbua A.

a) O6o3HaunMm uepe3 Ay {X] Koneuo, onpenenennoe B VIII, § 1, n°3. ITokasars, uTo

dh (Ag [X]) = dh (A) + 1.

(Hepasencrso dh(A4[X]) > dh(A) + 1 cnepyer w3 ynpaxHenns 14, 6); mis nonyyeHus npoTHBONO-
NOXHOTO HepAaBEHCTBA, B3ATH 32 ofpa3sel AOKA3ATENLCTBO NIEMMEI 3, 2), C. 149)

6) OGo3nauuM uepe3 Ay[[X]] konbuo, onpenenenHoe B IV, §4, exercice 8 (Anrebpa, IV, c. 80-81,
ynpaxHenue 10). IToka3ats, 4¥To ecnu Konbuo A HETeposo, To dh(A,[[X]]) =dh(A) +1 (ucnmons3oBaTs
ynpaxHeiude 14).

16. Ilycts A — noxankuoe KoJbLo, HETEPOBO CIIPaBa M CiieBa, M — ero MaKCUMaNbHEIR uaean; obo3xa-
uuM 4epe3 kg (COOTBETCTBEHHO Kg) NeBBIf (COOTBETCTBeHHO NpaBhIit) A-Mopyns A/M. Ilycrs M — JieBbrit
A-MOAYNH KOHEUHOT'O THIIA M 1 — Lesoe YHCAO.

a) IMoka3sars, 4to dpp (M) < n, eCllM ¥ TOJNBKO eClIH Tot n+1 &d. M) =0 (ncnonk3oBath ynpaxHeHue 4,
c. 86).

6) Ioxasarts, uro dh p (A) =dpp (kg); ons Toro uro6sl dh (A) <n, HeoGXOIHMO M JOCTATOYHO, YTOGL

\
Torfyy kg, kg) = 0.

B) IlycTh X — 37neMeHT M3 LEHTpa Konblia A, IpHHAIICKALMA W, NPHYEM TOMOTETHA OTHOCHTENBHO X
B M nnbexruBHa. Ilokasats, uto dp o (M/xM) =dpp (M) + 1 (cM. Takke ynpaxHenue 14) .
17. Mlycte M — A-moayns, I — Bnonue ynopsmoueHHoe MHOXeCTBO, (My) o € | — BO3pacTaioiliee ceMeit-
CcTBo NofMonyelt B M, mnst kotoporoM = U M, MonoxuM My = U Mgpma€l
acl < a
a) Joka3aTh HepaBeHCTBO dp s (M) < sup dpp (My/My).
acl]

6) IlpenmonoXuM, YTo CyllecTBYeT Lesioe YHCAO n, IS KoToporo dp 4 (M:,) < n npyu BCAKOM a € L.
TToxasars, ¥to

dpp M)<n+1.

18. a) Ilycts (My) o € | — MHAYKTHBHasA CHCTeMa A-Monysnefl oTHOCHTENBHO CHETHO20 MHOXeCTBa I,

M - ee npenen, n — uenoe uucno > 0. Ilokasars, urq ecnu dpp (My) <n nns Besakoro a € I, To dpp (M) <

<n+1 (cBectH K cnyualo n = 0 u I = N, 3aTeM HalicaTs TOYHYIO MOCNIENOBATENBHOCTD 0 & M, ~& M, -
n n

~M~0).

6) Ilycrs P — mnockuit Monyns, obnagaomui NpencTapieHneM A(S) - A(T) - P - 0, roe MHOXecT-
BO S cuernoe. Brisectn w3 a), 4ro dpy (P) <1.

B) Ipemmonoxum, YTo BCAKME NeBBI Wean Kofibua A MOPOXKAAETCSA CYETHEIM MHOXECTBOM 3JleMeH-
ToB. JJoKa3arh, uTo dpp (M) <dplp (M) + 1 ons BcAkOro A-Mogyns M, HOpOXaaeMoro cYeTHBIM ceMeHCT-
BOM 3jieMeHTOB. BriBecTn oTciona HepaseHcTBa: dh(A) <td(A) +1 u |dh(A) — dh(A°) | <1. (Mcnons-
30BaTh ympaxHeHHe 12, ¢. 67, ynpaxHenue 8, c. 153, a TaxKe nyHkr 6).)

¢ 19. a) Ilycte n — uenoe uncio > 0, (My) 4 € | — HHAYKTHBHASA cUcTeMa A-MopyJeit, M — ee npenen.
IpepnonoxumM, yro Card (I) < R, (E, III, p. 87, exercice 10; Teopus ™Muoxecys, III, c. 231, ynpaxHe-
Hue 10) M YTO CyLUECTBYET LeNoe YHCAO 7, WA KoToporo dpy (M,) <7 npu BcsikoM a € 1. Tlokasars, uto
dppa(M) <7+ n + 1 (NpoBeCTH HHAYKUMIO IO N, HCHONL3YA ynpaxHenuwe 18, a), u ynpaxueHue 17).
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6) IlpennonoxuM, uTo BCAKHI JIeBBI# HOean KoJbla A MOPONIAETCA CEMefiCTBOM 31eMeHTOB Mouﬁloc-
TH < N,. JJokasats, uto dpy (M) < dplp (M) +2 + | ans BeAaxkoro A-Moayni M, nopoxnaeMoro cemeftcr-
BOM 3/1eMEHTOB MOILIHOCTH < N ;. BLIBECTH OTCIONA HepaBeHCTBa

dh(A)<td(A)+n+1 u 1dh(A) -dh(A®)I<n+1.
q 20. Tlycts R — xonbio rnapHbix uheanos, K — ero none uacrabix. O603nauuM Yepes B momkonsuo

a 0
B M, (K), o6pa3oBanoe MaTpUUAMH ( Xy ) ,rnea€ R, x,ye K.

a) IMoka3ars, 410 KONMbLUO B HETEpPOBO CiEeBa, HO He ABNAETCA HETEPOBBIM CIpPaBa.

6) Moxa3sars, uro dh(B) = 1,a dh(B°) = 2.

q 21. ITycte ¢t — pamuxan xonsua A. IToxasars, YTO cleAylioLye YCITOBHA 3KBHBAICHTHSI :

a) Konbuo A/T monynpocTo u AnA BCAKOH MOCNEAOBATENBHOCTH (dy) > 1 NIEMEHTOB U3 ¥ CYIHECT-
BYeT TaKOe¢ LeJI0e YUCIIO i, UTO 4,.. .4, = 0.

B) Beaxutt A-Monynb o6nafaeT NPOEeKTHBHBLIM HAKPBITHEM.

v) dplp (M) =dpp (M) (c. 153, ynpaxHeHue 7) OnA BCAKOFO A-mMoaynd M.

5) Iins BcAkolt MHAYKTHBHOM cuctemsl A-Molynelt (M, fgada €1

dpa(lim Mg) < sup dpa(Mg)-
aEl
€) Beaxknft mockui A-MOOYNb NPOCKTABEH.
) Beaxas y6hIBaOman noc1eNOBATENIBHOCTh MOHOPEHHBIX NPABLIX HOCANOB KOMNBIA A CTAHOHAPHA.
(M1 MOKA3aTeNECTB 3KBHBAEHTHOCTH yCIOBHE o) M f) om. VIIL, § 8, exercice 26, Yro6st noxa3ars,
yTO M3 §) cuenyer v), 3ame'rm‘5 yTo M obnafiaer MHHMMAaNILHOM NPOEKTHBHON pe3onuBeHTO# P M yTO MoO-

ayns P/ t P, usoMopdeH Torn (A/ v, M). llna noxasaTencTRa UMILTHKAUMHY €) =) nyers (Ipp>1-
y6BIBAIOLIAA NOCTIETOBATENEHOCTS MOHOTEHHBIX MPABEIX HICATOB, TaK YTO
Ip=a, ... apA, TOe g;EA.

B cpoGomsom Monyne AN paccMoTpeTs MoaMOAYIs Ny, nopoxiaeMbllt NeMeHTAMH €, ~a, €, ...

wy €p = Gp€piy. BuIBeCTH H3 €), yTO N= UN npencrasnser cobo#t npAMOt MHOXHTENb B A( ; OTCIOpA

ClieNnaTh BBIBOM, Y10 lp4y = Iy mpu mocTaTowHo GonbuioM n. JUNA OO Ka3aTeNLCTBA HMIUTHKAUMH 9) = a)
ucnonssopats VIII, § 9, exercice12))

22. TlToKa3aTh, YTO CIICAYIOIIHE yCIIOBHA 3KBUBAIeHTHBI

o) BeAaxult KoHeYHo MpecTaBUMbIE A-MORYNTh KOHSUHO! MPOEKTHBHO i Pa3MEPHOCTH MPOCKTHB eH.

8) BeAxHit HRBeKTHBHBIR A-ToMOMODPUIM AP A% OOTiyCKaeT peTpaKkuHIo.

v) Iina BCAKOrO MpaBoro Macana KOHEUHOTO THNMAa @, OTIHYHOLO OT A, CyIECTBYeT HeHyneBo#f ale-
MeHT x € A, s xoroporo x @ =0,

6) BCAKHA KOHEWHO NMpefcTaBuMBbIl MpoCToit MpaBLIft A-MomynbH3oMOpdeH (MIHUMABHOMY) NpaBo-
My HOeany Konsla A.

(3aMeTHTB, YTO YCNIOBHE <) 3KBHBaNIeHTHO YCHOBHIO ) B ciyvae p =1.)

q 23. Nokajark, YTO ClenyIOILNe YCIOBHA IKBUBAJICHTHBI:

o) Beaxuit A-MoAynb KOHeUHO# NPOEeKTHBHON pa3MEepHOCTH NPOEKTHBEH.

8) Konpllo A yROBNETBOpHET 3KBHBATIEHTHBIM YCNOBHAM YNpaXKHeHMs 21, M V1A BCAKOIO MPaBoOro
HEeala KOHEYHOro THNA & , OTIIHYHOTO OT A, CYIIeCTBYeT MeMeHT X # 0 B A, InA xotoporo x¢ =0.

v) Konnuo A ynonne'mopae'r 3KBUBANIEHTHRIM YCNOBHUAM ynpakHeHMsA 21, H BCAkuit npoc'roﬂ A-Mo-
nyns ssnsercd bakTopMonyneM HHbeKTHBHOTO A-MONyIs,

(Mcnonp3y s NOKa3aTeNnsCTBO YMpaXcHeHMs 21, MOKa3aTh, YTO U3 YCNOBHA o) CIIEAYeT, YTo BCAKAA yObi-
BAIOLIAS TIOC/ENOBATENEHOCTH MOHOTEHHBIX MPABBIX MOEAIOB B A CTaHOHApHA. 3areM BRIBCCTH H3 ynpax-
HeHHs 22 3KBHBaJIeHTHOCTDb ycrioBuit o) ¥ B). UTo6nt yBHIETH, YTO H3 YCIOBHA &) CielyeT 7), PacCMOT-
peTh NpoeKTHBHOE HakphITHe P mpocroro mofyns M, HHWbeKTHBHBIE Monyns I, conepxaumit P, 4 npoex-
THBHOe Hakpsrmne Q moayns I; ompemenaTh Hapnexammit A-romomopdusm U3 Q B P 4 mosyyuTs OTCIOAA
croprexuMio Monyns I Ha M. UroGbl BHIBECTH, YTO M3 y) CeAYyeT «), MOKa3aTh, YTo A-MOAynb M, mna xo-
Toporo dpa (M) < 1, MpoeKTHBEH, pacCMOTPEeB MPOEKTHBHOE HakpbitHe p: P—~M H clop'sexumo Mony-
na Kerp ‘Ha Hexompm MPOCTO# MOAYJIB.)

24. OGoanawum depes dhf (A) (cootBercrBerMo dif (A), cootTBerctBenso tdf (A)) BepXHIO© rpaHb
NPOEKTHBHBIX (COOTBETCTBEHHO HHBEKTHBHBIX, COOTBETCTBEHHO IUIOCKHX) pa3MepHOCTe#t A-Monyineft, ons
KOTOpPBIX 3Ta pa3MepHOCTb KoHewHa. ECNMH A HMEeT KOHEYHY0 TOMOJIOTHYECKYI paamepnoc'rs TO
dhf (A) =dif (A) =dh(A) n tdf (A) =td(A). Ecmm td (A) < =, 10 tdf(A) =td(A).

a) IToxasars, uTo tdf (A) < dif (A°); ewtH KOMEUO A HéTepoBO Cl€Ba, TO HMEET MECTO PaBEHCTBO
(¥cnions3osarh ynpaxHenke 3, ¢. 113).

6) [penmonoxuM, 4To Konbio A HéTepoBo crnea. ITokasars, yro dhf (A) < dip (Ag). Ecnu pasmep-
HocTH dig (Ag) M dif (A) KOHeUHEI, TO TOKA3aTh, 910 OHM PaBHLI (MCMONE30BATh yApaxHeHHe 2, ¢. 152).

B) Hycts G — XoHeuHa® rpynma, He CBOOAMIAACA K OOHOMY HEHTpaNEHOMY 3]IEMEHTY, A — KOIb-

w Z (G). TMoka3ark, 9TO _
dh(A)=+e=, dhf(A)=dif(A)=tdf(A)=1, dig(Ag = +o.

(cp. ynpaxcuenue 20, c. 117).
11*
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1) TIpeanonoXuM, uTo Konkio A camounsexTugHo (C. 28, ynpaxHenue 26), Ho He monynpocto. [loxa-
3aTh, UTO BCAKMI HEMPOEKTHBHEIR A-MOOYNH HMeeT GeCKOHEVHEIC NPOEKTHBHYIO ¥ MHBEKTHBHYIO pa3Mep-
uocTH. BeinecTv oTciona, 9ro dh (A) =+, dhf(A) = dif (A) = tdf(A) = dip(A g = 0.

25. OGo3HauuM yYepe3 A?  k-anrebpy A e x A°, u Gymem paccMaTpuBaTh A KaK nepblit Af-monyas.
flonoxum

dag(A) = dPAe(A)-

Eciu n — uenoe wucio » 0, To uepaBeHCTBo day (A) < n 3KBHBaNeuTHO, TaKBM o6pazoM, oGpaiennio

B HyNnb k-Moayna R (A, M) mna Beaxoro (A, A)-6umonyna M (c. 119, ynpakHenHe 26). HmeeM:
day (A) =dag (A°).

a) Toxa3satk, yro dag (M, (k)) =0 u dag (X[X,, .-, Xul) =n ms Beaxoro n > 0.

6) Ecm k — none, To dag(A) = 0, ecniu ¥ Tonbko ecnu K-anreGpa A aGComOTHO NOMynpocTas
(cMm. VIII, § 11, o° 3, th. 2; Anre6pa, VIII, c. 223, onpenenensue 2) .

p) Ilycts M — cBoGonunilt k-monyns. Joxkasars, uro dag (Tx (M)) =1 (ecnu (e); = | — Gasuc mony-
ns M, To MoKa3aTh, 9To 1eMeHTH (¢; @ 1 — 1 @ e;) oGpadyior Gasuc nesoro uaeana anreSput Af, cnyxa-
IIEro AXPOM YMHOXeHHA A @ x A° —~ A, e A =T (M)).

r) IpeanonaraeM panee, uro k-Mofmyns A npoexrtugen. Ilycts p: k > k' — romomopdusM KoMmyTa-
TUBHBIX KOJEll, IO0Ka3ark, YTO dakp (A ® yk')<dag(A). Ecnu roMomopdusM p HHBEKTHBeH 4 p(k) —
npAMo# MHOXHATENL K-MOAYIA ki, TO HMMeeT MeCTO paBeHCTBO (MCHONB30BaTh ynpaxkHeHue 26, B),
c. 119).

m) fycts B — Bropas k-anre6Gpa (accolyaTHBHas ¥ yHATapHas) , NPOeKTHBHAA Hayl K. [loKa3aTh, yTo

dag (Aeg B) € dag(A) +dag (B).

EcnH, kpoMe Toro, k ~ mnose ¥ anreGpsl A 1 B KoHeuHoMepHE! Hall k, To HMeeT MECTO PaBeHCTBO (MCIONL-
30BaTh YNpaxHenMe 26, 1), ¢. 119-120).

e) IlpeamonoxuM, yto kK — mone. llokasars HepaseucrBa: dh(A) < day(A) u dh(A°) < dag(A)
(cp. ynpaxHene 26, n), c. 120).

26. Mlycte A — nononHeHHas k-anreGpa (c. 120, ynpaxxenve 27); npeamonoXXuM, YTO CyluecTByeT
romoMopduim p: A — Ae, YHAOBNETBOPALLIMI yCIOBUAM ynpaxsHenus 27, B), ¢. 120. [lokasaTs, uro
dai (A) = dpa(k); ecnn, kpoMe ToTO, k — nonte, To dag(A) = dpa (k) = dh(A) = dh(A°). (Mcnonv3oBarh
ynpaxuenne 27, 6) us), c. 120, n ynpaxsenne 26, 1), c. 120.) B yactHocTH, ecriu V' — HeHy/leBOE BEKTOp-
Hoe k-mpoctpanctBo, To dh T (V) =1.

*27. [peanonoxum, uyro k — nomne. [lycre § — anre6pa JIu Hap Xk pasmepHoctd n, U — ee o6epThl-
Baowan anre6pa. [Toka3sars, yro dh U = n. (Micnons3osaTs ynpaxHeHHe 26, ynpaxksesde 27,1), ¢.120, u
ynpaxHenue 28, B), ¢. 121.),

9 28. Mycts G — rpymna. Kozomonozuueckoii pasmepnocrsio rpynnbl G HassIBaeTCA NPOCKTHBHAS
pasmepuocTs Z © -Moayns Z; oua oGo3nauaerca yepes dc(G). EcnH n — uefioe 4Mcno, 10, ClIeHOBaTeb
Ho, dc (G) < n, ecny # TonsKo eciy HY (G, M) =0 ons Bcakoro Z (G)-Mo;(ynx M u BCAKoOrO g > n.

a) lokasars, uro dagz (Z (G)) =dc(G) (ucnonp3oBaTh ynpakHenne 26 H ynpaxuese 27, 1), ¢. 120).

6) Ecnu G — cBoGoaHas rpynna, He CBoAAmAAcA K HefiTpankHoMy 3neMeHTy, To dc(G) = 1.

B) flycts H — noxprpynma B G; Aokasarh HepasencrBo: dc(H) < dc(G). Ecnu dc(G) < = u H umeer
KOHeuH! MHAeKC B G, TO 110Ka3arTh, 410 dc (H) = dc(G) (nmokasarts, uro mia g = dc (G) roMoMopdusm

2. HYH, M) ~ HY(G, M)
u3 ynpakHenus 14, ¢, 115, clopsexkTnsen) .

r) Iloka3sars, YTO KOTOMOIOTHYECKAs Pa3MepHOCTh KOHEUHON Ipynnbl, He CBOAALIEHCA K HellrpansHo-
My 3eMeHTy, GeckoHeuHasd. BrisecTw orciopa, wyro ecnyu dc(G) < o, TO BCAKHA MeMeHT rpymnbl G,
OTIHYHBI OT HeHTpanbHOTO 371eMeHTa, UMeeT GeckoHeyHbilt MOpsAOK (B 3TOM Cly4ae rOBOPAT, yro G —
rpynna Gez Kpyuenua) .

A) Ecmn G — rpynma Ges Kpyuennmss 1 H — noarpynna KoHeyHoro MHaekca B G, To NOKa3aTh, YTO
dc(H) =dc(G). (Ecnn (P, p) — MpoeKTHBHAA pe3obBeHTa Z(H) -moayns Z u ecnu (G : H) =n, 10 onpe-
HeTHTH Ha TPajiyHpOBaHHOM zH) -Monyne T;(P) CTPYKTYpY Z(G)-xoMrmexca TakuM croco6oM, utoGhl
napa (Té‘ @, ps") 6bLna NpOEeKTHBHOM pe3onbBeHTO ! Z(G) -momyns Z.)

e) Ecnu H — HopMankHas noArpynma B G, To oKa3aTh, ¥T0

dc(G) € dc(H) + dc(G/H).



§ 9. Komnaexcot Koswas 157

§ 9. KOMIUJIEKCbI KO310J11
B 310M napazpagie ace paccmarpusaemsle Koabla KOMMYTATUSHDL.

l.kommexw K(u), K (u, C), K'(u, )

Oycts A — xonbiio, L — A-momyne, u: L - A — nuueitnas dopma u A(L) — BHewnss
anre6pa A-mopyns L. s x € A(L) oBoznauum uepe3 d,(x) BHyTpeHHEe MpPOH3BEAEHHE
x L u (IIL, p. 161, exemple; cm. Taxxke Amnrebpa, III, c. 442—445). Cornacuo III, p. 162,
dopmyna (60), umeem:

n
dy(es A Nep)= Z (D) u(e)ey Ao Nei_y Neii A ... Aey, )
i=1

ons e, ..., en € L. Cornacuo III, p. 164 u 165, otoGpaxenne d,,: A(L) = A(L) npeacrae-
aset coboit antuanddepeHIMpoBaHue CTeNEHH —1, HMelolllee HyNeBOH KBafpaT. ITO eIHHCT-
BenHoe anTHpuddepeHuupoBanne A-wire6per A(L), npomoiokamomee ortoGpaxenue uU:
Al (L) =A% (L).

Onpepenenne 1. Kommiexc (A(L), d,) oBo3nayaerca yepes KA(u) wnn K(u).

Crnemyet o6patutb BHumanue, uto K, () = A"w) =K~ ") .

ficho, uto xommieke K(u) HyneBoit cipasa u uto Ho (K(x)) = Coker (u) = A/q, roe

q —unean u(L) B A.
IInsa Beakoro koMmiekca A-moyseit C nomoxum:

K4@,C) = Co, KA(), K, (u,C) = Homgrs (KA (u), C),
HA@,C) = H(Cep KAW), Ha@w,C)= H(Homgia (KA), C)),
HPu,C) = H(C® K*w)), Hi@,C)= H'(Homgia(K*@), C)).

Umeem, criegoBatenibHo, KaHoHuYeckne romomopduamer A-momyneit (c. 71 u c. 89):
70: Ho(C)®p A/q > Hp(u,C),
A% H3(,C) > Homa(A/q, HO(C)).

JTemma 1. Ecau komnaexc C nyaesoii cnpasa (cooTeéercrsenHo cieaa) , 10 KOMnaeKe
K‘f‘(u , C) (coorsercraenno Kp(u,C)) nyaesoii cnpasa (coorsercraenno caeaa) u orobpa-
wenue v o (coorsercraenno \°) Guextugno.

7o crepyer M3 npemioxents 1, c. 71, u npegnoxenna 1, c. 89.

Npennoxeunue 1. Iycre xE€ L; o6o3nauum vepes R,: y>x Ny ymHoxenue caega
Ha X 6 anzebpe A(L). To20a d, o Ry+ Ry o dy=u(x) - 1 5Ly =u(*)a(r).

HeiictButensuo, (dy o Ry + R, o d,)(y) = d,(x Ay) +x Ad,(y); Tak Kak d, — aHTH-
muddepermuponanue, 10 dy(x Ay) +x ANdy(y)=dy(x) Ay =u(x) - y.

CnenctBue 1. Ecauorobpanenue u ciopsextusho, 10 xomnaexc K(u) 2omoronen
Hyaw (¢. 38), Tak we KaK U KOMNIAEKChl K‘f‘(u ,C)u Ka (v, C) 0as 8caxozo komnaexca C.

IeitcTBUTENBHO, CYlIecTBYeT MeMeHT X € L, gna kotoporo u(x) = 1. llo3tomy xom-
wiekc K(«) romMoToneH HyJio COITacHO NMPENIOKEHHIO 1, CIIeIOBaTENbHO, TEM Xe CBOHCTBOM
o6nanaior kommiexcst KA(u, C) (c. 73, npemnoxenne 3) u Kj(u, ¢) (c. 90, npemno-
wemue 3).

CnepcrBue 2. Iycre C — xomnaexc, Ann(C) — ez0 annyanrop. To20a udean
q + Ann(C) annyaupyer H‘f‘(u ,C) u H;(u ,C).

Ina Bcaxoro A € q roMoTeTds AK (u) TOMOTOIIHA HYJII0 COrIIACHO NMPEMyIOxKeEHHIo 1, cte-
JIOBATENIbHO, TEM e CBOUCTBOM 0GiafatT H oTobpaxenus 1¢ ® AK(y) ¥ Homgr Ak, 1¢),
cortacHo npemioxenuio 3, c. 73, n mpemnoxeunio 3, c. 90; oIcioma BbITEKaeT, YTO le-
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MEHT \ aHHYJIHpYeT H,(u,C)uH" (u,C). Ecimu A € Ann(C), 10 oTOGpaxenusn 1k(,) ® Ac 4
Homgr (1K () , Ac) Hynessle.

MpennonoxuM, yro Mooyns L npoextugen (cooTBeTCTBEHHO, yTo KomMmwiexc K(u) aumi-
anyeH B ctenensx > 0). Torpma xommiexc K (#) npoextusen cornacuo 111, p. 87, cor. 2 (co-
OTBETCTBEHHO Ipe[CTaBAAeT cOGOH pe3onbBeHTY WA Afq ); COMIaCHO HIIOXEHHOMY Ha
¢. 104 (cootBeTcTBEHHO Ha c. 103) MmeeM, cnenoBatenbho, Ans BcAKOro A-monyns M ro-
MoMOpdH3MBI

HAu,M)>Tor(A/ q.M), Exta(A/q,M)-Hx(u,M), ()
COOTBETCTBCHHO )
Tor®(A/q ,M)~> HA@w,M),  Hi(u,M)->Exti(A/q,M). (3)

Ecnu Monyns L mpoextvBen M xommiexc K(u) auminuuen B crenensx > 0, To roMoMop-
dusmet (2) u (3) GuexkTHBHBI ¥ B3auMHO 06patHbl (¢. 104, npemoxenne 1).
Mpennoxenne 2, Iyers (Ly); e — cemeiicrao A-modyneii, 20e mroxecreo 1
KOHEYHO U auneiino ynopsaooueno. ITycrs u — auneiinan opmana © L;, u; — ee ozpanu-
iel
venue Ha L;. Kanonuuecxuii usomopgusm A-anzebp (111, p. 84)
g %8 AL) > A( ® L)

iel il

onpedenser usomopduim xomnaexca © K(u;) (c. 72) na xomnaexc K(u).
i€
IeiicTBUTENBHO, COTNIACHO 3aMevantio 4, c. 73, nudodepenuman D xommnekca € K(u;)
il
npepicraBnser coGoit anTHIHd (e peHMpoBaHye; anTHaNDdepeHuMpoBanua d, n go Do g™!
anrebper A(®L;) cosmapmaior Ha ®L; c orobGpaxenHem x + u(x ).l momyna ©L; B
A(® L;) u, cnenosarensHo, pasust (II1, p. 128, cor ).

Mycts C u C' — mBa xommrekca A-monyneir. Hmeem (c. 72 m c. 100) kaHOHHYecKue
H30MOPGU3MBI KOMITIEKCOB

Co4 (C'84 K()) = (Cep C')®s K),
Homgra(C’, Homgra(K(u), C)) = Homgra(C'®, K@), C),
T.6. U3oMopduzmbi
Coa Ki(u,C") » K, Cep ), )
Homgra(C’, Ka(u,C)) - Homgra(K2(u, C'), C). (5)

B (4) u (5) BossMeM C' = K(u'), rne u': 'L’ = A — nuneitnan Gopma Ha HEKOTOPOM
A-monyne L', it 3amerum, uto commnexc KA (u, K(u')), xotopbrit paBen, no onpenenennio,
- K(u') ®5 K(u), otoxpmectBisercs, cornacko mpemnoxetmio 2, ¢ K(u' ou), roe u' @ u:
" L'®L > A — nuneiinan dopma (x', x)u' (x") +u(x). lonyyaem noatomy usomopdus-
MBI KOMIUIEKCOB

KA(u'ou, C) » Ku, K2/, C)), (6)

Ka(u', Ka(u, C)) > Ka(u'®u, C). ™

[lepexons x roMosoruy, NostyyaeM oTcioga H30MOphH3MbI A-Mopyrei:

HMu'eou,C) H(u, KMu',C)), rez,
Ha(u', Ka(u,C) — Hau'eu,C), re€ Z.
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OTMeTHM, HaKOHell, YTO TOMOMOP]H3M, NONTyYaeMbIii H3 IPOM3BeneHHs B anre6pe A(L),
m: KAu) e KAu) —KAu),

npencrasnder coboit MopduaM xomnaexcos (Tak Kak d, — aHTMpHddepeHUHpoBaHue).
Hpennonaras Moaynb L ceo600nbim parea n ¥ 6epsi KOMIIO3UIKIO ¢ MOPGH3IMOM KOMIUIEK-

coB KA@) - A"L(—n), KOTopblii ABNAETCA TOXAECTBEHHBIM B CTEMEHH M, MOMyyaeM
Mop}H3M KOMIUIEKCOB

x: KA(u) ®4 K4u) = A"L(-n);

3ToMy MOpGH3MY KAHOHHMYECKH COOTBETCTBYET, cOrflacHO mpemyoxenntoo 12, c. 100, mop-
thu3M xoMmIeKCOB

¢: KAu) ~ Homgra (KAu), A"L(—n)),

koropbiit Guexrugen (111, p. 87, dopmyna (20); cM. Takxe Anre6pa, III, c. 445—-448) . Ina
BcAxkoro kommiekca C orciofia monyyaeM, 6epA KOMMNO3UIHUIO, H30MO pHH3M

A A ey A n
KA(u,C)=Cep KA(u) —— C © Homgra(KA(u), A"L(-n)) ~
- Homgra(K*(u), C85 A"L(~n)) =K (4, Cep A"L(—n)).
Ipu nepexofe K rOMOJIOTHM HMEEM, CIIEOBATENLHO, KGHOHUYECKUE H30MO PDH3IMDbI

H2(u,C) > Hy "(u,C 85 A"L), reZ (8)

3ameuauua. 1. *Bce npefuecTByowee 0cTaeTcs CNpaBeIMBbIM, Korna L — mpoex-
THBHBIA MOJIYJIb PaHTa M. x

2. Tak xax L — cpoBopubnii MORyIb panra 71, 10 Mopylis AL uzomopden A, 4 Mbl uMeeM
HexaHoHUyYeckue U3oMophu3Mbl HA(u C) -~ H}~ "(u, C).

2, OyRAKTOPHATILHOCTH
IMycrs f: C ~ C' — Moppusm KoMmtexcos. OGO3HAUM yepes

KA f): KA, C) ~ K¥u, C"),

Ka(u, f): Ka(u,C) > Ka(u,C")
Mopdu3smsl kommekcos f® 1 (,) u Homgra(1k u), f).

0603HauMM Yepe3 H‘?‘(u, f): HAu, C)~»HA(, ¢), Ha(u, f): Ha(u,C) = HA (u,C"),
HA(u, £): HAu,C)>HAu,C"), HA(u, f): HA(u,C)~>Ha(u,C’) mopdusmsi, mHmyms-
pyeMeie B roMoniornH. OtoGpaxenme f ~ KA(u, f) muneiino; ecmn g: C' > C” — ppyroi

Mopduam kommwtekcoB, 10 K2 (u, go )= KA(u, g)e KA(u, f); ananornuno min K, HA,
Ha, HY, Ha.

o8 .
Myects 0 - C' > C > C” - 0 — Tounas NOCNENOBATENBHOCTS KOMIUIEKCOB.

a) IIpednoaoxum, uro modyav L naockuii; torpa A(L) — mnockuit monyns (c. 18, cnen-
crBHe) . [I0aTOMY NOCIIENOBATENILHOCTD

A KA (u, 2)

K ' (u, f)
0 > KAW,C") ——— KAy, C)——— KA, C")y~> 0

TOYHAA, ¥ OHa onpepesnseT (c. 35) roMONOrHYECKYI0 TOYRYIO MOCTIEAOBATENIBHOCTD

Hy(u, Hp(u, S A
- HA(u,C") Hnlw. 1) Ho@,C) Hnw. ) HA@,C") = Hy_j(u, C") = ...
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6) IMpednoaoxum, uto mMoOyas L npoexrusnsiii; toraa A(L) — NPOEKTHBHBIH MOy,
[ToaTomy nocne0BaTENBHOCTD

Ka(u, ) . Ka(u,2) .
A Ka(u,C) ——— Ka(u,C") > 0

‘ !
0 - Ka(,C"
TO4HAA , X OHA ONIPEACIACT TOMOJIOTHUYCCK Y0 TOUHYIO NIOCNICI0BATENIBHOCTD

n(u n ” an n;i-l " -
HA(M,C )——)HA (u,C)->

“ N Hiw,c)

H H"(u, 8)
o> Ha(u,C") -5

Mycts p:-A = A’ — romomopduam xonent, L' — A'-mogyms A' e L, u': L' =+ Al —
muneitHas popma | ® u. BuekTHBHbIH KaHoHHYecKkHit romomopdusm (111, p. 83, prop. 8)

U A (A8, L) > Aoy A(L)

.- [ .-
npencTasnaet coGoit usomoppuzm xomnaexcos A'-mopynei. Orciona:

1) mia Beakoro kommiekca A'-momymeit C' momyuaem uU30MOp@U3IM KOMIUIEKCOB
A-mopnyneit

KA(', C') > KA, C"),
6eps KOMIIO3HLHKIO 1,0y
CI
C'e, (A (A8, L)) —> C'o, Ao, Ap(L) >C 0, Ay(L),

rae ¢ — kaHonuyeckas Guexuus (111, p. 85, prop. 14);
2) mwia Beakoro kommnekca A-mopyneir C nonyvaem usomopgusm KOMIUIEKCOB
A'-mopyneit

KA'(u', A’ C) > A'ep KA, C),
OTKYIa BO3HHKAIT roMOMO phH3MbI A'-Monyneﬂ
A'e, HA(u,C) > HA'(u', A'®, ©),

KOTOpble GMEKTHBHbI, Korma A’ — naocrcuii momyns Han A (c. 74, cnerncteue 2).

Itycrs L' — A-monyns, u': L' > A — nuneitnas dopma, f: L ->L' — A-romomopduam,
mwia kotoporo ' o f=u.

U3 111, p. 161, bopmyna (55), cnenyert, uro romomopdusm A(f): A(L) > A(L') ynos-
neTBOpAeT cooTHOWeHWo dy o A(f) = A(f) ° d» M, CleAOBaTeNBHO, ONMPENENACT MOp-

pusm xomnaexcoe Au).. KAu) - KA®u').Ecmu C — A-KomIwleKc,To MONTyyaem MOp-
(pH3MbI KOMNIIIEKCOB

1c® A@w): KA, C) > KA@',C) n Homgr(AW), Ic) : Ka(u', €) > Ka(u,C).
Ecnu oTo6pakeHHe [ GUEKTHBHO, TO 3TH MOP(DHU3MbI ABJIAIOTCA H30MOPOHIMAMH.

3. NMpumep 1: komnnexc S(L) 4 A(L)

ITycts A — xomblio, L —A-mopyns, S$(L)— ero cummerpiyeckas anre6pa, S(L)&8s L—S(L)-
MO1yIb, IOTyyaeMBblit MOCPEINCTBOM paclMpeHns ckansapos, ¥: S(L) ©, L > S(L) — nunei-
Haa ¢opMa, 1A KoTopod u(s ® x) = sx npt s € S(L), x € L. [Ipn KaHOHHYECKOM H30MOP-
¢usme S(L) -monyneir (11, p. 83, prop. 8)

AgL)(S(L)®s L) = S(L)®x A(L)

— ouddepeHunan KoMiekca KS (L)(u) MpeB pamaeIcA B OTOOpaXkeHHe
d: S(L)s, A(L) > S(L) s A(L),
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MpH KOTOPOM [JIAA Xy, .., Xp, V1, o, Vg € L Meem

q
d((xy .. X)) (VI ALAYN= Z Dy X0 (AL AV A

i=1
AYiey A e A pg). )

Ormerum, uto d otobpaxaer A-momyns SP(L) ®4 A?(L) B SP*}(L) ®, ATY L) cone-

foBatelibHO, Komnaexkc A-Modyaei S(L) ®, A(L) pacmamaerca B MPAMYI0 CYMMY KOM-
IUTEKCOB, ONIMCHIBAEMbIX CIIELy OILIMMU THATPAMMAMK

(&,): 0-S°Les A"L->S'L&y A" 'L > .. >S8"Ley A°L->0, n€EN.

Eom A-monyns L npefcraesnser coboil mpaMylo cyMMy KoHeyHoro cemeiictBa (L;); 1,
riae MHOXeCTBO | JIMHEHHO yNopsAmoUueHO, TO KAHOHMYeCKas OHeKIMa

fo (S(Li)®a A(Li)) ~ S(L)®4 A(L)
i€l
nipencrasiisier coGoit HsoMopdH3M KOMIUIEKCOB A-Moayieil (31O clefyeT U3 NpemIoXeHU A 2
(c. 158) wiu u3 pSpmynsi (9).
Mpennoxenue 3. Ecau A-modyav L. naockuii, To nocaedogareavhoctu (&) evliue

ABAANTCA TOUHLIMU npu n > 0.
a) OTMETHM CHavasia, yTo eclii P 0603HaYaeT KOMIIO3UIMI0 FOMOMO pdr3MoB

S(L)®s A(L) > SO(L)ox A°(L) > A,

TOe 0 — TEH30pHOE MpOM3BENCHHE KAHOHMUYECKHX NMpoeKuuil, a f — KaHOHWYECKHH H30MOp-
©H3M, TO HyXHO oKa3arh, uto otobpaxenue H(p ) 6uexrusHo.

6) Ecnu L =0 wiu ecin L= A, 10 npemioxeHHe 0YeBUIHO.

B) Ipennonoxum, yto L — cBoBonHbI MO1y/Ib KOHEYHOTO PaHra; NpeiCTaBHM €ro Kak
npsaMmyto cymmy L, @ ... @ L, ceoBonmabix A-mofyneit panra 1. CornacHo 3amMevanuio, fipen:
wecTBywoiieMy npewioxeruio, kommieke S(L) ®4 A(L) uzoMopden TeH30pHOMY N c80000-
nolx kommiekcos S(L;) @5 A(L;), roMosIOrus KoTophIX, cornacHo 6), NpeAcTaBnser co-
Goit 80600k Monynb. CortacHo ciefcTBHIO 4, c. 84, KaHOHHUECKHIt TOMOMOPDH3M

n
vy: @ H(S(L;)®a A(L;)) > H(S(L)®a A(L))
i=1
6uexTuseH. CornacHo 6) , oToBpaxeHue H(pL,.) OMeKTHBHO miIA BeAkoro I. Tak  Kak

n

@ H(pr,)=H(pL)®7, 10 romomoppusm H (pL) OuexTHBEH.
i=1

r) B obueM ciyyae L nmpeacrapiifer co6oit HHAYKTHBHBIN 1pefiesl  HAlNpaBICHHOM HWHIYK-

THBHO#M chcteMsl (L;); < 1 cBOBOIHBIX MOMyIel KoHeyHoro panra (c. 18, teopema 1). Tak
KaK KaHOHWYECKHI OHEKTHBHbLIH roMoMophu3m

lim S(L;) @5 A(L;) = S(L)®4 A(L)

ApencrapnseT co6oit K30MopPH3M KOMIDIEKCOB, TO MPEMIOXKEHHE CHEAYeT U3 Mpedioxke-
s 1, c. 34.

3amevaHnusa. |.Mslysugum minke (c. 165, Ipimep) apyroe 10Ka3artesbCTBO YaCTH B)
ApeJioKeHuA 3.

2. Eciu A — Q-anrebpa, TO 3aKIII0UCHHE NpeIIOkKeHH 3 OCTACTCH CApaBeyIMBbIM Be3 orpa-
Huuenus pa L (cm. c. 173, ynpaxHenue 1) .

*3. Mycte G - rpynma 1 p: G = GL (L) — nuneitnoe npencrasnenue rpynnsi G B mio-
ckoM A-monyne L. Torma (&,) mnpencraBnsior coGo# TOuHbIE MOCAEAOBATENIbHOCTH JIMHEH-
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Hbix npepacTaBieHnii. Ipennonoxum, uto L — npoeKTHBHLIA MOAYNb KOHEYHOTO THHA ¥ 060-
3HawnM uepe3 Ry (G) Konbuo nmpeacranenHoit rpynnst G B IPOeKTHBHBIX A-MOIYIAX KOHEY-
Horo tuna. M3 npepmnosxetinn 3 cnenyer, yro B R, (G) MMe0T MeCTo COOTHOICHH A

n

Z DS OIATL)] = 0, n> 0. (10)
i=0
PaccmarpuBas GopMasibHbIE pADbHI

Z [S‘WIT ERA(GITI,
i=0

1)

s(T)

1]

Z [ALIT ERA(GHITI],
i=0

ANT)

cootrowmenua (10) mMoxHo 3amucars B BHIE
s(TYAN(-T) = 1., (11)

4. Tpumep 2: cnyuait ceoGomHOro Monyns

Mycts k — xonbuo, M ~ k-Moflyiib, 1 — HEKOTOPOE MHOXECTBO M p mHeiloe uncio = 0.
Oto6paxenne m: 17 > M naspiBaeTcs Kococummerpuyeckum (WITH FHAKONEPEMENHBIM) , €CTTH
OHO YIOBJIETBOPAET CJIELYIOLUMM IBYM YCIIOBHAM:

a) Q1A BCAKOW epecTaHoBKY 0 € &), H BCAKO# NOCIIEAOBATENbHOCTH (&, ..., &p) € P

m(a,,(,), veey aa(p)) = eam(al s eeey ap),

6) 1A BCAKOR NOCTIEHOBATENbHOCTH (&, ..., ap) € 17, B KOTODOit [IBA M3 3MEMEHTOB
@y, ..., &p paBHbI, Mm(ay, ..., ap) = 0. (B cnyuae, xorna I — k-monyns u oToGpaxenue m
NOJIMIVHERHOE, MbI IPHXOAMM K NOHATHIO, BBemeHHoMy B 11, p. 80; AnreGpa, III, c. 392))

Ilpeononomum, uro muoxecréo 1 xoneunoe, 1 0603HAWIM Yepes Cf (M) k-momyms Koco-
CHMMeTpHYeCKHX oToGpaxertit u3 1° B M.

Mycrs Lo — k-momyns, (€;); 1 — ceMeiicTBO 3j1eMeHTOB M3 Lg; omnpemenvm OBa
k-nuHeiHbIX 0TOGpaskeHH A

g: Homy (APLo, M) > CI(M),  h: C{(M) > M &, APL,

cneyiowm o6pazom: eciu f € Homy (AP L, , M), To nonoxmm:
g(f ) e, ..y ap) = f(ea, Ao A eap)§

nyct» m € Clp (M), onpenenum h(m) € M @, A’Ly. 1A BCAKON NOCHENOBATENLHOCTH
(oy, ..., ap) € 17 anement m(a,, ..., 0p) ® (ea, A ... A eap) H3 M ¢, ApLopaBeHHyJIlO,
ecnd Card{ey, ..., ap} <P, H He 3aBMCHT OT NOPAMKA IIEMEHTOB &, ..., &p , ECIIH

Card{ay, .., @} = p.
OH 3aBUCHT TONBKO OT noOMHoXecTéa J = (@, ..., @p) B I; 0603HawMMm ero uepe3 hy(m);
umeeM: hy(m) = 0, ecnu Card (J) < p; nonoxum reneps:

h(m) = Z hy(m),

3

rae J npoberaeT noAMHOXeCTBA B 1, MMeloUume p 9JIeMEHTOB.
Temma 2. Ecrtu Lo — c80600ub1l k-M00yas ¢ 6asucom (e;); < 1, T0 k-nunelinsie
orobGpaxenun g u h OuexTUGHDI.
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1o cnenyer w3 111, p. 79, th. 1 (Anrebpa, III, ctp. 397, Teopema 1).

Ilycts temeps M — k-Moaysib 4 X = (X;); ¢ | — CEMEHCTBO MOMAPHO NEPECTAHOBOYHBIX
k-aupomopdusmos Mogyns M. Paccmorpum kombiio MuorowieHoB A = k[(X;);ci] u
Hamenum M c1pykTypoit A-Moayns, oTHOCHTeNbHO Kotopoit P(X;)m = P(x;)m mma P € A
u m € M. Ilycrs, ¢ apyroi croponst, L — cBoBoausii A-mMomynth Al , (€;);e 1 — ero kano-
HMyecKHit 6a3uc ¥ u: L — A — nuneiitHas dopma, kotopas otobpaxaer e; B X; 1A BCAKOro
i € 1. PaccMotpum kommekcel k-mMomysieit K‘;\(u ,M) u Kj (u,M); uMeeM KaHOHHYECKHE
uzomopgdusmol

KZ(u, M) = Homy (A& (A1), M) > Hom, (AZ(K"), M),
Me, Ab(k') > Men AR(AY) = KD, M);

M3 HHX TOCPENCTBOM KOMIMO3MUMH ¢ M30MOpDH3MAMH £ H K TNOJIyyaeM H30MOPPuU3MbL
k-mo0yneii

KA, M) > CO(M),  6,: CL(M) > K(u, M).
0O0603naumM yepe3

a%: cfm) > 'y, 9, M) > P aw.

k-romoMo ppu3mMeI, nontyyaempie nepenocom muddepernmanos n3 Ka (u, M) n K2 ©, M)
nocpencTBoM u3omo pdpusmos § . Hmeem, Hanpumep,

pl ;
(apm)(al LRI ,ap+1)= '21 (—l)"’*.l xa]-m (al R $aj—-lsaj+l’ v ’ap'f-l)' (12)
. j=

Kommwiexc, 06pasoBanHbii momynsmu CA(M) u romomopdusmamu 3”7 (coorBercTBEH-
HO 3,) 0G03HayaeTCA Yepe3 K'(x, M) (ooomercheHHo K.(x, M)) u naspBaeTcA BEpXHUM
(COOTBETCTBEHHO HHMXKHMM) Komnaexcom Koz, accouyd poBaHsiM ¢ MOIysieM M 1 nocrie-
HOBATEIbHOCTBIO SHAOMOPOU3MOB (X;, ..., X,). HUMeeMm, Takum 0Gpa3om, u30mo pHu3sMbl
KOMIUIEK COB K-moyneit

K, @,M)~>K'(x,M), 08.: K.(x,M)>KA®u,M).

3ameuanue. O6parHo, mycts B — k-anre6pa; L — cBoGoaHsl#t B-momynb ¢ 6asucom (ei)ie 18
M — B-monyne. 3apatmne nuHelHolt dopmbt u: L —B sxsuBanenTHo 3agaHuio cemeiictBa X= (x;); = 1
3NMeMeHTOB U3 B NMocpedcTBOM COOTHOIEHUS x;=u(e;). Torna xommiexc k-mogyne#t Ky (4, M) (coor-

BeTCTBEHHO I(B u, M)) OTOXHeCTBIACTCA TMOCPEACTBOM M30MOpdH3Ma 6° (coome'rcmeHHo 6,) ¢ KoMI-
nexcom Ko3stonsa K* (x, M) (cooTsetcrBento K, (x, M)). Hanpumep, xommiexc KB (4) oTOXAECTBAACTCH
cK, (x, B).

Tax xe xak u B 1.1 (c. 157), sBomum oGosnauenusa H. (x, M), H" (x, M) T.1., 1 ¢ Hapae-
KAUWMH M3MCHeHUAMM K 3THM MOAYIIAM NPHMEHH MBI BCe Pe3ynbTaThl M3 N.1 ¥ 2, B KOTOpbIX
B KadectBe Momyia L Geperca ceobooHsil MOy Al Hanpumep, uMeeM u30MO0pdhu3MBL

Ho(x, M) > M/(x) M,

H® (x, M) > Homy (A/(x), M),
rae (x) oBosnayaeT ungeanr Z Ax; B A. Eiue onus nipumep: ecnu kommeke K, (x, A) anuxmu-
YeH B cTeneHAX > 0, TO HMEIOT MeCTO H30 MO phH3IMBI

H, (x, M) = Tor 2 (A/(x), M),

Ext’, (A/(x), M)~ H' (x, M).

HakoHen, npennosioxuMm, Yro MHoxecto I (KOHC\IHO W) JIMHEHHO YNOpAIOYeHO, Ham pu-
mep, [ ={1, ..., n}; otoxnecrBum A-momynn A" (A YcAc nomu.mo 6a3ucHOrO 31eMEHTa
e N...A e,, H NepeBeieM B HOBbIe 0GO3HaYeHUA M30MO phusm KA p (U M) >K | L "P(u, M)
co c. 159 HocpencrBom neperoca ¢ nomowusio 8, u §” P on npespamae‘rca B uaomopcbuaM

CEM)~> €7 (M),
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v v —
cono crapnaommit e menty m € Cf(M) onemenr mus C;'~# (M), nas Kotoporo

m@,...,e)=m@B,...,B,_p)s (13)
e (@, - -5 @p, By, - .., Bu_p) ecTb yernan nepecraHoBka muoxecrsa {1, ..., n}. 3a-
MeTHM Takoke, wro korma [={1, ..., n}, moxmo otoxnecreuts C/(M) c MHOXecTBOM ce-
MeicTB m(ay, ..., ap) eMeHTOB M3 M, e o) < ap < ... < ap: popmyna (12) ocraerca
clipase WIMBOM, TaK e KaK ¥ cooTHowenue (13).

MMpume p. Bozsbmem M=k ([T,, ..., T,]; xomuekc Kostons K*(3/3T, M), accouus-
pOBaHHBIM ¢ NOCTEOBATENBHOCTBIO JHAOMO phu3moB (3/0 T, ..., 8/8T,), oToxKaecTBIACT-
cAl ¢ komiutexcoM ne Pama anreGpbt k [x,,. . ., x,] Hank (c. 46): anementy m€ C“’l n}(M)
COOTBETCTBYET MM e peHumManbHas $o pma T

w(m)= z m(a,....,ap)dxal/\.../\dxo,p,

a, <...<oap

cM. popmvity (12) u npumep 1, c. 46.

5.Mpumep 3: cnywai L = A

Ecmn L = A, 10 nonoxum u(l) =x€ A. Kominexc K (u) umeer B 31oM ciyvae miuay 1,
Ko(u) =K (u) =A n d,(a) =xa, cienoBate/ibHO, 15 BCAKOTO A-Moayna M MOAYIH
Ko(u, M), K, (4, M), K°(u, M) u K!(u, M) otoxaecreasiorcs ¢ M, npuueM mdde peHUHAN bI

dy: Kiy@u,M)>Kou,M) nu d°: K°(u,M)—K!'(u, M)

HpecTaBawT coboit oTobpaxetue m —xm. HMeeMm, aienoBatenbHo , H30MO phU3MBI:
Ho(x,M)=> A/x A®, M < H!(x, M),

H,(x, M) > Homy (A/xA, M) < H%(x, M).

JTemma 3.IIycre K — komnazxc, 0aa xkoropozo K; =0npu i #0, 1, u nyers C — komn-
A€KC U p — yeaoe uuciao.
a) Ecau komnaexc K naockuil, ro 0na ecaxozo p € Numeem TOURYI0 ROCA€A0GATENbHOCTS

0 Ho(K ®4 Hy(C)) > Hp(K 84 C) > Hy(K @4 Hp_1(C)) = 0.

6) Ecnu kommnexc K npoextuBHbil, 10 A1A BeAkoro pE€ N umeeM TOuHyw nociefo-
BaTeNbHOCTh

0 - H'! (Homgr (K, H?~(C))) » HP (Homgr(K, C)) » H® (Homgr 5 (K, H?(C))) > 0.

HokaxeM yTBepxOeHHe a), NMOCKOJIBKY YTBepXKOeHHe §) IOKa3pIBAaeTCA AHAIOTHYHO.
Hna seaxoro i oBosnauwmm vepe3 Ky xommexc K;(—7). UMeem TOuHyI0 NOCIEN0BaTR b
HOCTb KOMIUIEK COB, pacUIeITAEMYI0 KaK TOUHasd NOCeIoBaTeIbHOCTh A- MOy e :

a ., 8
[0 CHeNOBATEIbHOCTh
0Ky ®aCE> Ko, ¢ 220K e, €0 (14)

TOYHAA, ¥ TaKk KaK kommiexc K mwiockuit, romMo Mo phu3mbl
70,p(K(o)s C): K(o) @ H,(C)~> Hp(K(o) @ €),

71,01y, C): Ky 8a Hp _1(C) > Hp(K(y) 84 C)

GuexTiBHB1 (c. 74, cnegcreue 2). Boiwcinm cBaspiBaloumi roMoMoppusm d(a el, o 1);
no onpegeneHUI0, OH OTOGpAXAET KNace UMKIa X 4; ® b; Ha knacc uukna Xda; ®b;, a 310
03HavaeT, 4ro

d(ael,pe l)°7(K(1)aC)='Y(K(o),C)° dg ®1).

TFomosnoruyecicas ToUHas NOCTEROBATENbHOCTD, accouMupoBattas ¢ (14), npuHMMaeT, TAKHM
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oGpa3oM, BHA:
d ®1
K; ®4 Hp (C)—5—— K, 4 Hp(C) > Hp(K 4 C) >
dy®1
+K; 84 Hp_ 1 (C) Ko @A Hp_q (C),

OTKY[a ).

Mpumensn nemmy 3,2) x xomwiexcy K (1) u ncions3ys n30Mo phH3MbI KOMMYTHPOB2-
HUA, NOJIy4aeM:

Ipennoxenue 4. Jaa ecaxozo xomnaexca C umeiorT Mecro TOWHble nocnedosa-
Te1bHOCTU

0~ A/xA®, Hy(C)=> Hp(x, C) > Homa (A/xA, Hp_ 1 (C)) 0.

Cnencteue 1. [na roz2o uro6u Hy (x, C) =0, Heo6x00UMO U OOCTATOUHO, YTOGbL
20moretun otHocutensho x 6 H,(C) 6Gvua ciopsextuena, a ¢ Hy_(C) — unsexrusna.

Cnepcteue 2. IIyers x=(xy, ..., X;) — NOC1€006ATENLHOCTL 31EMEHTO8 U3 A,
, .
M — A-M00yab, X — nocnedos8dreasHocTs (Xy, ..., Xp_y1). MMeloT mecro Tounble nocae-
008aTeNbHOCTU : ‘

0> Alx, A®5Hy(x', M) > Hy(x, M)~ Hom (A/x, A, Hy_ 1 (x', M) > 0.

Cnepctsue 3. Jua rozo urober modyas H;(x, M) Gbir Hyaessim npu ecex i >0,
HEOBX0OUMO U JOCTATONHO, ¥TOBbL 20 MOTETUA OTHOCUTEAbHO X, 6 H;(x', M) 6bL1a GuexTus-
Ha npu scex i>0 u YTO6bL 20MOTETUA OTHOCUTEAbHO X, 6 M/(x')}M 6ObLia unsexTusHa.

6. lonusie nepeceyeHn s

Mycts A — konbuo, M — A-Moaynb, X = (X;) ;e 1 — CeMEHCTBO AIeMeHTOB H3 A.

Onpepenenune 2. CeMeCTBO X Ha3bIBACTCA NO/HbIM nepeceyenuem mma M, ecnu
H;(x,M) =0npui>0. )

Ecmr MHOXecTBO | KOHEWHO, TO 3TO paBHOCWIBHO (c. 159) Tomy, yro H' (x, M) =0 npu
i< Card(l).

CrnepyioLiee NpemIoKeHAe NO3BOJIAET HATh ITPHMe Pl HOMHBIX Je peceyeH i .

Npennoxenue 5. Hyerse x=(x;, ..., X,) — N0c1e008aATEAbHOCTb 31EMEHTO8
us3 A. Ecau npui=1,...,nzoMorerus OTHOCUTeAbHO X; 8 A-M0o0yne M/(x;M+...+x;_ M)
UHBEKTUBHA, TO NOCAed08ATeNbHOCTy X npedcraganer coboll noanoe nepeceyeHue 041 M.

[MocnenoBareNnbHOCTb, YHOBNETBODAIOWAN YCIOBHAM TIpeIONEeHUs, HA3bBAETCA peey-
AApHOI OTHOCUuTenbHO M, unu M-peeyaapuoii. OTMeTHM, YIO 3T0 CBOMCTBO 3aBHCHT, BOOGUIE
rOBOPA, OT NOPAOKa e MEHTOB X;; HAIpHMEp, TocnegoBarenbHocts (1,0)Beerma M-perynsp-
Ha, Torfaa Kak TocnemoBarensHocTh (0, 1) perynsapua, ToNnbko eciH Moxyinb M HyseBOii.
3ar0 TOT QAKT, 4ro TNOCIEOBATEILHOCTh NpelCTaBliseT cOGOH MOJIHOE IepeceyeHHe, He
3aBHUCHT OT NOPSA/IKA ee WIEHOB.

JlokaxeM HpemioxeHMe MHOyKiHMe# 1o n, HpaueM ciyvait n=0 oueBuper. Ionoxum
x' =(xy, ..., X,_,); €CIH NOCNEIOBATENLHOCTs X M-perysisipHa, TO HOCIENOBATENBHOCTD
x' M-perynsipia U yMHOXeHHe Ha X, B M/(x')M HHBEKTUBHO; COITIACHO MHIYKTHBHOMY
npemnonoxetuio, H; (x',M) = 0 npu i >0; wu3 cmemcTBHA 3 Tenmeph BbLITEKAeT, Mro
H;(x,M) =0npui>0.

Npumep Mycrs kK — konsuo; Bo3bMeM A =K[X,, ..., X,] v x= (X, ..., X,).
[MocnepoBarensHOCTh X A-perynsipHa, B Ipe[jloxkeHHe [aeT HOBOE JOKAa3aTe/lbCTBO allMK-
NIMYHOCTH B cTeneHAX > 0 kommiekca S (k™) ®, A(K™) (em. c. 161, npemtoxenue 3).

ABIOTMYHO, B KO/IbUE CTENEHHBIX PANOB A=k[[Xys ..., Xall HOCTIEJOBATENBHOCTS

(X1, ..., X,) A-perynspHa, clegoBavenbHO, ABJIAETCA NOJHBIM TiepeceyeHMEM isa A.
MIpeonoxerne 6. a) Ecau T x;A=A, 10 cemeiicrao (%;);c 1 Npedcrasaner
1

co60il noauoe nepecevenue ona M.
6) IIycro x= (X, .. ., X,) —n0c1e008aTeAHOCTs 3nemenTO8 u3 A.Ilycrs (a;) € GL,(A);
noAOXKUM

yi=Za;x.
)
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Eecau nocaedoearensrocrs x ngaserca noansim nepecevenuem 0aa M, 10 Tem xe ceoiicreom
o6nadaer u nocaedoeareabHocts ¥ = (Y1, ... ,¥n)-

B) IIycrs ky, ..., k, ~ yeavie yucaa = 1; 0aa 1020 410661 NOCAEAOBATETLHOCTY (x’,‘l yoen

ces x’f,") bb11a noanviM nepecevernueM 041 M, HeoOGXo00uMo U 0OCTATOYHO, YTObbBL NOCAedO-
8arenbHOCTb x ObL1a NOAHBIM nepeceyeruemM ons M.

Y1BepxKIeHHe a) BpITeKaeT U3 CleacTBus 1, c. 157.

Hoxaxem 6). Ilycrs f: A" >A" — usomopdusm, onpenmensiemsiii marpuueit * (a;);
H3 CKa3aHHOTO Ha c. 160 cnenmyer, uro 1y ® A(f) ecrs H3omopdusm kommiexca K, (y, M)
Ha kommiexc K, (x, M), oTkyna Beirekaer 6) .

Ina poxasatenbcTBa YTBe pXKIEHUSA B), OUCBHAHO, MOCTATOWHO [I0Ka3aTh, YTO eciiM kK —
Uenoe WMo = 1, TO NOGIEIOBATENbHOCTD (Xy, . .., Xp_q, X5) SBIACTCA HOTHBIM ne pece-
YeHHEM B TOM H TOJIBKO TOM Cilyuvae, e OJIH 3THM CBOHCTBOM Oo@iaj@aeT NOCIeAOBATENILHO CTh X.
Dycrs x' = (x;, ..., X,_;); cornacio cieacrsuio 3, c. 165, nepsoe (COOTBETCTBEHHO BTO-
POe) YCIOBHE O3HAUaeT, YTO TOMOTETHS OTHOCHTENBHO XX (COOTBETCTBEHHO X,,) GHEKTHBHA
B H;(x', M) nipu i > 1 u unvex™HBHa B M/ (x') M. 3T [Ba YCIOBHA, OUEBHIHO, IKBHBAIEHT-
HBI, OTKY/Ia CTIeJIyeT B).

3ameuaHue 1. YiBepiieHHe, aHANOTHUHOE B), CHpaBeIHBO M [UIA perylnApHbIX
nocnepoBarensHocreit (c. 173, ynpaxhenne 5).

IpennoxeHue 7.2a) IIyctve N — naockuit A-modyas. Ecau cemeiicreo x aeaserca
noaHviM nepeceveruem ona M, 10 ono o6nadaer tem we ceolicreom u 0na M @, N.

6) Mycre 0 >M' >M>M" <0 — rownas nocaedoeareavrocrs A-mooyaeii. Ecau cemeii-
CT60 X A6nAeTCA NOAHLIM nepecevenuem 04a M’ u M”, 10 ono o6radaer Tem xe ceoiicreom
uoaa M.

Kommmnexc K.(x, M 8, N), usomopdeH, no onpenenenuio, kommiekcy K.(x, M) ®,N;
TaKk Kak Momynts N Iulockmii, TOo oTcioma nonywem uaomoppusm H.(x, M)®, N -
-+ H.(x, M ®, N)(c. 74, cnenctBHe 2), OTKyn2 ciledyer a) .

Tax xak kommexc K.(x) miockuit, To HMeeM TOUHYIO NOCIeJOBATENI BHOCTh KOMIUIEK COB

0-K.(x, M)~ K. (x, M)>K.(x,M")~>0;

y1Be pxxuenne 6) clegyeT H3 acoOIMH pOBAHHOM rOMOJIOTH YeCKOM TOYHO# NOCNea0BaTe I BHOCTH.
3aMeuaHH A. 2. YTBepxueHds, aHANOTHWHpie a) H §), 1A perynfApHsix MOC/IeI0Ba-
TeNbHOCTEH OYeBUIHBI.
3. Ecmn cemeiicrBo x IpejacraBiisier coGoH IolHoe HepeceueHHe WiA A, TO KOMILIEKC
K.(x, A) onpegensier cBoGogHyiw pe3osnbBeHTY A-monynsa A/, rme r=i2 Ix,-A; Cle1io-
=

BarelsHO, WIA BCAKOTO Lenoro i = 0 u miA BeAKoro A-moaynsa M HMeIoT MecTo H30MOp-
dbu3MBI:

Ext/~(A/r ,M)->H""!(x,M)~> H,(x, M) > Tor A(A/5 , M). as)

4. llocnepoBarensHocTh x= (X, ..., X,) Ha3pmaerca M-xopeeyaspuoii, ecnu (uepes
(x;) 0GO3HAuaeTCA FOMOTETHA OTHOCHTENIBHO X; B M) rOMOTeTHsi OTHOCHTENIBHO X; B
MojIylie

Ker(x; )y N ...N Ker(x;_ 1)y

CIOpbeKTHBHAa Npn i =1, ..., n. B 3rom cayuae H;(x, M) =0 npu i < n; 310 OOKa3pBaercs
TEM Xe cnocofoM, YTO H NIpeIoXKeHH e S.

Bossmem, Hanpumep, konbuo A =k [Dy, ..., D,], rue k¥ — Q-anre6pa, H k-momyns M =
=k[Ty,..., T,], HaneneHHsH1 CTPyKTYpOH A-MORYISA, OTHOCHTENIBHO KOTOpoit D;P=9PfT;
wisa Beaxoro PEM (1 <i<n). Toruac nposepsAercs, yro nocnegosarensiocrs (D, ...
..., Dp) M-operynsapHa; NpuHHMAas BO BHHMaHHe NpumMep Ha c. 164, nonyyaem orciofa,
yr0 KoMnaekc de Pama anzebpe k [T, . . ., T, ] nao k ayuxauven e crenensx > 0.

7. Kputepuit 118 NONHLIX NepecedyeHuH

INlycts A — xonsuo, M — A-monyns, ¥ — upean B A,  F @0uvecxoii Tononoauell Ha
M Ha3pBaeTcs TONOJOIUA, COBMECTHMAA CO CTPYKTYpo#l rpymnel Ha M, miA xOTOpoit MHO-
KecTBO nojmopyneit r'M (> 0) oGpasyeT ¢yHIaMeHTaNbHY CHCIEMY OKpeCTHOCTei
nynsa (TG, I, p. S, exemple; O6Guwaa Ttononorus, III,c.102, npumep 2). Ira TOmoNoOrusA:
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OTACNTUMA, €CJIH U TOJTBKO €U

n r'=0.

r>0

ITpemiono xuM Tene pb, YT0 MACAN ¥ MO POSKAAETCA NMOCIIEAOBATENBHOCTBIO X = (X, . . . , Xp)
aneMeHTOB M3 A. PaccMoTpum rpagympoBaHHed A-mogyns © "M u rpagywmpoBaHHbL

>0

A-romomMo pdu3mM crenesu 0 !

ayr AlXp,....XyleaM~> © M,

r=>0

npu KotopoM ap (P®m) =P(xy, ..., X,) m, rae P — omHOpoOHbLl MHOTOWIEH OT X, . . .

., X,, a mE M. O6o3Hawm vepe3 b upean B A[X,, ..., X,}, nopoxnentsii anemenra-
M (x; X; x,X ) oma 1<i<j<n HUmeem: P(x,, ..., x,) =0, ecu PE D, 1aK uro

oroﬁpax\'e!me aj; HaeT MOCPEeCTBOM MepeXxofa K $paKToPMOLY/Io IPaLyH poBaHHbI A-roMo-
Mo pdu3M crenern 0

o (A, Xal/p)®aAM> @ M.

BepA TeH30pHOe Npou3BefieHye C A/g , MONy¥aeM U3 &y TpajlyH pPOBaHHbM A-ro MOMO pbH3IM
crenequ 0

id: (A/r)[xl, .. ’xn]QAM" q;o(‘l'M/;le M)

TomoMopu3Mbl a3y, a3 ¥ B CIOPbEKTHBHBL

Teopema 1. PacemoTpum caedyioujue ycaogus .

(i) MTocaedosareavnocts x M-pezyaspua (c.165).

(ii) Mocaedosareavrocre x npedcraeaner coboii noawoe nepecedenue oaa M (c. 165,
onpenenexde 2).

(iii) Hy(x, M) =0

(iv) Tomomopgusm ay: (A[Xy,...,X,}/D)®aM~> © p"M Guextusen.

rz0
(v) T'omomopguzm B : (A/¥)[Xyi, -, Xal @AM—*’;GO (5"M/3"*'M) Guextugen.
Hmewor mecto umnauxayuu: (i) = (ii) = (iii) <= (iv) =(v). Ecau Ooaa 1<i<n

A-mo0yar M/(x M +...+x;_; M) orderum oTHOcuTerbHO § -@0uUdeCKOl TONOAO2UU, TO
yenoaua (i) — (V) 3xeusanenTHbl.

Teopema GyneTt mokaszaHa B 1.8 U 9.

*Cnepmcrteue 1. Fcau xoavyo A HéETepogo, A-moOyas M umeeT KOHeuHbUl TUR U
WEMEHTbL X ; NpUKAOAewar paduxany koavya A, 10 ycnosus (i)—(v) e Teopeme 3xau-
847K THbL

HeiicTBUTeNBHO, Ha KaxuoM M3 moaynei M/(x,M+...+x;_ ;M) F -amuueckas TomO-
aorua otpenuma (AC, 111, § 3, n°3, prop. 6; KommyramuBHas anre6pa, IlI, cTp. 249, npep:
noxeHue 6). %

CnencrBue 2.I1Ipednonomum, ¥to A — 2padyupoeantoe KoabyYo € NOAONUTEAbHBIMU
crenenamu, M — oeparuvenmublii CHu3y 2paoyupos8ankbiii A-MoOynb U X; — OOHOPOOHblE
anemenrol crenenu > 0 u3 A. Tozoa ycaosus (i) —(V) 6 Teopeme IKGUGANERTHL.

JeiiCTBUTENBHO, § -a@MueCcKaA TOMOJIOTHA OTAESAMMA AfIA BCAKOTO OTPaHMYeHHOrO CHU3Y
rpagyupoBaHHoro A-momynsa N, Tak kak ecn N, =0 npy n<ny, 0 NC X N

. j=z n,+a
A BcAKoro a = 0. ¢

Cnepncteue 3. [Ipednosomum, uro mooyau M/(xM+...+x;_ M) ordeaumn
OTHOCuTenbHo ¥ -a0udecxoii Tonoaoeuu (1 <i<n); nycro p — ueaoe Yucno, 3aKarnyen-
Hoe MexOy 1 u n. JIna 1020 4TOOBI NOCNEO08ATENbHOCTb X DblA@ NOAHBIM HepeceyeHueMm
045 M, Heo6X00UMO u JOCTATOURO, YTOObL HOCAE00BATENLHOCTD (X), . . -, X)) GblAa HOAHBIM
nepeceveruem 042 M u 4TO6bl NOCAEO0BATENLHOCTL (Xp4ys - - - » Xy) Oblia NOARBIM Nepe-
cevenuem 0na M/ (x M + .. . + x,M).

HeiictBHTENbHO, CIEACTBUE OUYEBH/IHO, €CIH B €ro ¢OpMYyIHpOBKE 3aMEHMTh “HOJIHBIE
nepeceye M’ Ha “perynfpHble NOCNEIOBATENBHOCTH ', HO 06a 3TH MOHATUA B IAHHOM Cllyyae
COBNAfaloT, COTNACHO TeO PeMe.
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3amevanue. Ilycrs x= (x;, ..., X,;) — NOCTEROBATEILHOCTh JTEMEHTOB M3 A, WA
xoTtopoi H;(x, A) =0; Torma AOpo CHOPbeKTUBHOro romMoMopdusma u: A" > x, npu Ko-
TopoMm u(Za;e;) = Ta;x;, NOPOXKIACTCA AMEMEHTAMH X;€; — X; €; ; CllefoBaTeNbHO, A-anrebpa
AlX:, ..., X,]/d usomopdHa cummeTpuueckoit anrebpe S (p) (III, p. 69, prop. 4).
CilenoBateNibHO, U3 TeOpeMel 1 BhITeKaeT, YI0 ToMOMO phu3M anrebp S, (x) —+€nB £", nony-

yae MbIif 13 KAaHOHHYe CKOTO BJIOXKEHHA MOyns § B ® ", NpencraBiasgeT coBoit u3oMopdu3ImM.
n
To e camoe cripaBeyMBO iA ToMOMOpdu3Ma Sy (5/12) > @ g"/p" L.
n

8. loka3aTenbcTBO TeopeMmsl 1: mepBas uacrs

Uminnkamua (i) = (ii) yxe moxasana (c. 165, npemtoxenue 5) . MMk amms (ii) = (iii)
OYeBHMJIHA; TO Xe CaMO€ OTHOCHTCA K MMmukauuu (iv) = (Vv), Tak Kak roMomopdusm
8% coBmanaer ¢ oy ® 1a/g -

Yro6b1 noxa3ats, 4ro u3 ycnosua (iv) cienyer (iii), paccMOTpuM romomopduam () 1,
HHIYUMpYeMbIH Ha KOMIOHeHTaxX crefneHd 1. OGo3Hawim vepes E rpamyupoBaHHbE A-MOMIYITb
AlX;, ..., X,]; A-monyns E; cBoBoneH ¢ 6asucom X, ..., X,, a D, ecTb A-MOAMOAYIDb
B E;, nopoxpaeMpii snementamu (x; X; —x,-X,) ma 1 < i< j<n. ChenoBaTelibHO, MO-
aoyne ((E/d) ®4 M), oroxnecrBnaetca ¢ mogynem K; (x, M) /B, (K.(x, M)), npuyem romo-
mopduam (ayy); oToxmecTBnsAeTcA ¢ orobpaxennem monynsa K, (x, M) /B, (K.(x, M)) Ha
Bo(K.(x, M)), nunymupoBaHHpiM romMomopdusmom d,; - Takum o6pasom, obpaienne Mo-
myns Hy (x, M) B Hy/b paBHOCHITBHO HHBEKTHBHOCTH OTOGpaskerua (ay ), OTKYHA clenyer
umimmmxauuns (iv) = (iii).

Yro6e1 nokasaTk, Yro U3 yoioBua (iii) ciemyeT (iv), Mb1 BOCHIONIB3YyeMcs Clledyoiuei
JIeMMOiA :

JlemmMma 4. [yere Ay —koavyo Z[T,, ..., Tyl unyers u: Ag[Xy,...,X,] = Ao[U] —
2oMomopgusm Ag-aneebp, npu xoropom u(X;) =T;U. Aopom 2oMomopduama u caymur
udean do 8 Ay [Xy, - .., X,], nopoxdaemuiii anemenramu (T;X; — T;X;) ona 1 <i<j<n
Ecau t o6o3navaer udeanr e Aq, nopoxodenusiii nocnedosareavrocrsio (Ty, ..., T,), 10
U UHOYYUpyer usoMopguim

u: Ao[X,,...,Xn]/bo-+ @ tr.

rz0

Jocratowo, oueBMIHO, NOKAa3aTh epBOE YTBE pXkieHue. 1 BCAKOM MOCIEN0OBATEI BHOCTH
HaTy pAJIBHBIX LENbIX Wicen a = (&g, . .., Q,) ¥ BCAKOrO nejloro woia k € [0, n] o6o3Hawmm
yepe3 P, ; omHowieH

[+ 4 «Q 44
TP . Tk Xk X 7

Cr k1 k1

nycrb N — Z-nogmonyns B Ao [X;, . . . , X,], M0 poxneHHbiit ogHowieHamu P, 4 il o€ N™1
B 0<k <n. Mpl nokaxeMm, yro OorpaHuyeHue romomMopdusma u Ha N MHBEKTHBHO M 4UTO
Ao[Xi, -, Xn] = Dy +N; Tax xax Dy C Keru, 10 0Tciofia GyneT clieoBaTh e MMa.

3amerim, yro N HopoxaaeTcs MHOXeCTBOM S, 06pa3oBalHbIM TeMH ofgHOwieHamMu Py x,
oA KOoTopbiX M1bo k =0, mu6o k> 0 1 ay, # 0. UroOr1 Joka3aTh MHBCKTHBHOCTh O paHM de-
HHA uHa N, QOCTaTOYHO IMOKAa3arb, YTO OBa pa3HbIX 37leMeHTa K3 S MMEIT B KavecTBe 06pasa

2z o

« o « 1!

npu u pasHbie omHowleHsl B Ao(U). Ho u(Pq ) =T,° ... T ¥ "k+*1 I v LR

Tak 4TO paBeHcTBO U(Py, ;) = U(Py, ') BIEYET 32 COBOH, UTO (g, . -+, A + Qgsqs - .., 0p) =
’

= (g, s Q) F Oy, ,0) B X ;= X o JTpeAnosoN¢M, YTO OFHOWIEHBI

iz k+1 i>k'+1
Po.x ¥ Py i npunamnexar S. Ecmk =0na, =0,10 k' =0,00 =0 ua=a’. Eam xe ax #0,
10 &) #0,0Tkynak =k’ na=a'. 310 MaeT HCKOMBIH pe3yNTbTAT.

TMokaxeM, yTo Beakuit omHowte T*XP € Ay [Xy, - .., Xu] CpaBHUM II0 MOZYII0 Dg C
HexOTOpbIM Py i lns Beskoro A€ N” 0603HaW M uepe3 i (A) (COOTBETCTBEHHO j (A)) Hau-
MeHbiee (COOTBETCTBEHHO Hau@onbluee) nesioe wMoIo k € [1, n] mns koroporo Ax #0.
B MHOxecTBe omHowieHoB T 7 X%, CPaBHUMBIX C T*X? no monynio Do, BoifepeM TOT, Wi
KOTOPOTO Lejioe pauyoHansHoe wiaio j (y) — i (8) Munumansvro ; mokaxeM, wo Tornaj(y) —
—i(8) <0. Hpemnonoxmm, wro j(y) >i(§); oGosHawmm j=j(¥), i=i(8) n mycts €=
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=inf(y;,8;). Tax kak msorowen (T7 X; — T/ X) menutca ma (T;X; — T; X;), cnenosa-
TEJILHO, TIpHHAYIENHUT by, To BmAM, uro omHowren T7YX® CPaBHHM 0O MOAymI0 D, ¢
TY X%, roe v =v; +e, V=Y — €Yk =Yy npak #i,jub;=8;—¢€,8] =5 +¢, 8} =8, npn
k#1,j. Tak xak 7; wim 8} pasHo Hymo, 10 j (1') —i(8') <Jj(¥) —i(8), uro npoTBO peunT
muHMMaIsHocTH j(Y) —i(8). Cneposatensho, j(v) < i(5), orkyna T?X® € N, wro 3asep
1IaeT I0K@3aTeIbCTBO JIEMMBI.

Hokaxem, uro 13 ycnoBus (iii) oieayer (iv). PaccMoTpum xonsuo Ag =Z [Ty, ..., T,]
nupean t B Ay, nopoxneHHsst anementamu T,, ..., T,. Hagenum M crpykTypoit A,-
MOZYJIsl, OTHOCHTeNIbHO KoTopoit Tym=x;m mamE M, 1 < i< n. CorlacHo CKka3aHHOMY Ha
c. 163, k-momynp H; (x, M) xaHoHwuecku otoxuectsisercs ¢ H; (T, M).

Tax kak nocneposatenbiocts T perynsipua OTHOCHTENIBHO A,, TO M3 HMmmukamun (i) =
= (ii) crenmyer, wro kommiekc K., (T, Ay) onpenensier cBoGOIHYI0 Pe30NBBEHTY Ag-MOIYNA
Ao/t . 3amemnm, uTO MOIENHMA OTOXUECTBIAETCA C Ipymmoil Z, HajeNeHHOH CTPYKTypoit
Ao-Monyns, oTHocuTenrHo KoTopo T;Z =0 mna 1 <i<n. Taxum o6Gpasom, ycrogue
(iii) axeuearentno ycaosuwo Torfe (M, Z) =0.

[Mokaxem, uro ycnosue (iii) Bnever 3a coGoil, yTo Tor‘,‘\o M, Ap/ ") =0 ma Beaxoro
r=1. 310 cnepyet M3 npenpimywero npu r=1. B oGmem ciyyae paccMOTpHM TOYHYIO NO-
Cl1emoBaTeNIbHO CTh

0-> ¢t/ t" 1> A,/ t™ > Ay tT>0. 16)

Ao-momyns £7/ £"*! y30MOppEH KOREWHOMY MpOM3BENEHHIO 3K3EMIUIAPOB MOAys Z.
CnenoBaTesnbHO, Tor{‘o M, t7/ t"*') =0. Orciona usnykumeii o r BBIBOZIM M, UTO

Tore (M, Ao/ t")=0 mns Beakoro 7.

[osromy TowHas nocnenoBatenshocTs (16), YMHOXeHHas TEH30PHO Ha M, laeT TOouHYyio
HOCIEAOBATENBHOCTD

0= ( ¢/ t™ ) ey M>M/ r"™*1M~>M/ r"M~0, (7)

OTKYna monyyaem naomopbusm momyns ( ¢/ t"*1) e, Mmua 5"M/r"*' M. Paccmarpusas
TowHylo mocnemoBatesHocts 0— £+ > ¢7 > ¢/ ¢r+1 50, nanee nonyuaem HHOYKIHMER
mo r, yro otoGpaxeHue m,: ¢t ®A°M = "M, uHEymMpyemoe neiicTBHeM Ag B M, apnseTca
H30 MO pPH3MOM.

Jns pokasarenbcrsa ycnoBus (iv) OCTaeTcs 3aMeTHTb, UTO [IMar paMMa

(AglX 1, ooy X)) @p, M —=m @ (" @4, M)

r20

“ ‘ le m,
AlX, ... X))@ M 2 @M,

rz0

B KOTOpOH e — KaHOHuYecKHit u3oMopdusm pacumipenus ckansapos (II, p. 85, prop.6),
KOMMYTaTHBHa, H IPHMEHHUTD NieMMY 4.

9. Toka3aTensCTBO TeopeMsl 1: BTopas yacTs

PaccMoTpiM CHOBa TOYHYI0 NOC/IEAOBATENBHOCTD

0~ tr/tr+l_ﬁ'_)Ao/tr+1_&_>A0/tr_)0 (16)
¥ COOTBETCTBYWIILYI0 TOUHYIO [OCIIEIOBATEIIBHOCTh MOJIYJIEH K pYYeHHSs :

Torf's(Ao/ 871, M) > Torfs (Ao/t", M) >

' ip®1 ” pre1 ’
> (4727 Yoy MM (ag/ 87 Yo p MZEMs (/7Y 04 M~ 0. (18),

flnpo romomopdusma p, ® 1y OTOXTECTBNACTCH C r"M/r"*!'M; xpome toro, momyms
tr/ gl aHHYIIHpYeTcAa eMeHTaMu T; H OTOXIECTBIAETCA C OIHOPOJHON KOMINOHEHTOH
cTemenu r B Ao, Tak wro romomoppusm ( t7/ t7*1) ey M~ ¥"M/§"*! M, nonyuaemurit
u3 [, ® 1y, OTOXKAECTBNALTCA € ONHOPOIHOH KOMMNOHEHTOH CTeNEeHH r LOMOMO phH3Ma ﬁﬁ.

12. H. Byp6aku
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Noatomy u3 TowHoit mocnemoBatensHocTH (18) ciemyer, 4ro ycnoBHe (V) IKBMBaneHTHO
YCIOBHIO

(v'): 2omomopguzm Torfo (p,, 1y): Torfo (Ag/ t"*!, M) »Tor’ (Ao/ t’, M)
CIOpbeKTUSEH 045 gcex r=> 1. .

Ham octaerca nokasats ummnuxaumio (v) = (i), Korna Moayin

M/(XIM .. +X,‘__1M)

OTOENMMBI OTHOCHTENIBHO § -apMueckod Tonmonormn (1 < i< n). OGo3Hawm A-Momyilb
M/x,M uepe3 M. Ilo ofnpeleie HHIO, MOCIEQOBATENILHOCTD X perynfipHa mis M, eclii B TObKO
eCM roMOTeTHA (X;)M MHBEKTHBHA M NOCIENOBATENBHOCTD X' = (X5, ..., X,) perynspHa
mia M. IlpoBopa MHAYKHMIO NO 7, HOCTATOWHO, TaKUM OGpPa3OM, OKA3ATh, YTO eCM MO-
Dynb M oTnenum OTHOCHTENbHO F -agMuecKoi TOMONOTHM M ecilt roMOMOpdH3M B, GHeKTH-
BeH, TO OTOOpaxeHue (X;)y MHBEKTHBHO, a B3 OuexTHBHO. Ho GuexTHBHOCTL ¥ Bieuer

32 coGoil, B YACTHOCTH, YIO TOMOTeTHA OTHOCHTeNsHO X; B @ §"M/s"*! M nnvextupHal),
r
crenosatensho, wro Ker (x;)y © Np'M 1 TeM campim, 410 0T0GpaxeHue (x;) M MHDBEKTHB-
i
HO, eCVIM § -afuecKas TONONOTHA HA M oTaennma. ,
Taxnm 06pa3oM, OCTaeTCA AOKA3aTh, YTO ecM 0ToGpaxenue (X;)y MHBEKTHBHO H MO-
myn» M ynosnetsopsier ycnosuwo (v'), To Momyns M ynonerBopseT yciosuio (V') oTHO-

CHTENILHO 1O CIIe HOBATENIBHOCTH x'.
Ilo IIpeaIloI0KEHU IO, UME€EM TOYHYIO IIOCIIed0BATEe/IbHOCTD

0> M-S0, ML o,

noNoXHuM Ag = Ag/T1 Ay, £ = ¢ Ao.Tlyethg: LM — cBoGoaHas Pe30/IbBEHTA A o-MOAYNA
M; Tak Kak roMoTeTHs OTHOCWTelbHO T| MHBEKTHBHA B Ay, TO OHa HHBEKTUBHA B L ¥ Mbl
¥MeeM TOYHYI0 NOCNeOBATENIBHOCTh KOMIUIEKCOB

O»L—(T—’)—LL*T‘»O,

roe L =L/x, L, u koMMyTatHBHY0 fMarpammy

0—LE L T — o

‘q ‘q ‘Zr
(xa)u —_—
0O—M-—>M—M — 0.
Tak xak q — romonorusm, 10 q: L >M — cBoGouHas pe3onbBenTa A o-moayna M (cnep-
CTBRe 1, ¢. 36) . Iina BeAxoro Ag-momynsa P HmMeeM KaHOHN Ye CKuil HI0MO pdHU3M
P ®Ao L->P ®A° L,
OTKY/a, e peX0HA K rOMOJIOTHH, NOJTY Yae M H30MO phU3IM
@p: Torfo(P, M)~ Torlxo P, M).
Ect u: P-P' — Ay-romomopdusm, 10
Ppr © Torf\" (u, 1) = Torle(u, Im)owp.
YwiteBas 3to, NpeanoNoXHUM, YTO yCIOBHe (v') yROBIeTBOpAeTCA WA M, U BOKaxeM,

4TO OHO cripaBeMBO A M. IlycTs r — nenoe wicio > 1; HmeeM KOMMYTATHBHYIO Marpam-
MY C TOUHBIMH CTPOKAMH

0 —» Ao/t’ L» Ao/tr+l *Ko/fr+l.__’ 0

U

T, —_—
0—>AN T —> A —— A — 0,

) 3pecs ® p"M/p "+ M paccMaTpuBaeTCst Kak IpamydpOBaHHbIK MOKYNb Hajl FpaiyspOBaHHEIM KOIb-
r
uom (A/R)[X,,..., Xyl — Hpumeu. nep.
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3 KOTO POl 0J1y4aeM KOMMY TATHBHYIO IMAarpaMMy ¢ TOWHBIMA CTPOKAMHM:

Tor (Ao/t"* !, M) —> Tor*o@A,/F*1, M) — M/¥ M == M/x"*' M

Tor, (py, 1-)‘ Tor, (G 14 ‘ l
Tor}o(A ', M) — Tordo(A,/, M) —=M/x" ' M 2= M/r' M
Ho ymHoxeHue Ha x; onpefensier gzoxehue M/ g"MB M/ 2"t M: 310 HeMemIeHHO ClIemyeT
HHOYKUMEHR IO 7 U3 TOYHOM MOCIeAOBATENIBHOCTH
0-> "' M/ p'M>M/ p'M->M/ "~ IM~>0
H UHBEKTHBHOCTH TOMOTETHH OTHOCHTENIBHO X; B 0; . (" M/s""M)'). YenoBue (v),
r

TaKkuM o6Gpa3om, BiieyeT 3a coBGOH, 4TO romMomophusm Torfo (D, lm) cloppexTuBeH 1718
Beakoro 7 > 1. Bepa kommosuumio ¢ Hsomoppusmamu (¢ o g™ ! ny e no-
° o
JyuaeM OTCI0/ia, YTO0 FOMOMOpH3M
Torf'* (B 15): Torf * (AofE ™1, M)~ Tory * (Ao/t”, M)

CIOpbEeKTMBEH Ipu 7 = 1, T.e. CMpaBelyMBOCTh yeroBus (v’ ) mis M. 310 3aBepinaer noxa-
3aTeIbCTBO TEOPEMBIL.

10. Knacc pacumpenuit, 3cCOHMHPOBaHHBIH
¢ perynspHoii Tocne0BaTeIbHOCTHIO

Ilyers A — xonpuo, M — A-momyns, x= (x,, . . . ,X,) — NOCHEOOBATENBHOCTh HIEMEHTOB
n3 A. O6o3Haunm yepes M 4 A-momyms M/ (x;M + ... +x;_ M) gnai =0,...,n+ 1, 1ak 4t0
Mo u M, otoxpecrsnaorcacM ,a M, = M/(x)M. OGo3nauum uepes

f,-: Mi-—l_’Mi’ i=1,...,n,

A-ToMOMODPGA3M, NpeAcTaBIAWOIMA cOGO# KOMMO3UIMIO FOMOTETHM MOnmynsa M;_; ordHo-
CHUTENIBHO X; H KAHOHHMYECKOiH npoexkuyu M;_; Ha M;. O603HauuM, HaKkOHell, Yepes p: M, >
->M/ (x) M xaHoHuYecKy10 npoexu#io. uarpamma

x, X, Xp b
0->M > M; M, »>... 5'M,>M/(x)M~>0 (19)
MpeAcTaBnseT cob60H TONHYI0 NOCAEA06ATEALHOCTD, €CTIM M TOJIBKO €CiH MOCTIeIOBATENbHOCTD
x M-perynspua.llpeononazaem & danvheluieMm, uT0. NOCNE0BATENBHOCTb X Pe2yAapHa 04 M.
Jnement 6, € _Ext':A (M/(x),M),M), accouMpOBaHHBIA ¢ TOYHOH MNOCTEHOBATENPHOCTHIO
(19) Ha3pIBaeTCA TaKIKe ACCOYUUPOBAHHBIM ¢ M-peeyAApHOl NOC1e008aATEALHOCTLIO X.

[ycts § —uenoe uncno, 1 <i <n. 3amerum, yro nocneporarensHocts (19) Moxer 6bITo
Pas3fioKEHa Ha [IBe TOYHBIE MOCTIEAOBATENbHOCTH

0->Mts My 2o My > .. 5o My > M/(xM +. .. +x,M) =0, (20)

LTS

0->M/GeM+. . +x;M) =i Mp, >.. . > M, > M/(x)M~0, | (21)

KOTOpbIE NpPEenCcTaBAAIOT coboii He 41O HHOC, KaK TOYHbIC IOCNEOOBATEIBHOCTH, COOTBETCT-
BYIOIUME MOCIIE[OBATEILHOCTH (Xy, . ..,X;), KOTOpasA PerynApHa A M, u mociiefoBaTenb-
HOCTH (Xp41,. .,X,), KOTOpas perynspHa mist M/(x;M+...+x;M). O6o3nauas yepes

Bix,\... xp) GEXIZ (M/(le +.. -+xiM), M),
Opay,... %) EExt= (MM, M/(x M + .. +x; M)

KJiacchl paciliMpeHdi, acconnupopaiHbie ¢ (20) u (21), cormacHo mpemioxenuwo 3, c. 125,
HMeeM:

B,z =00x,, 02 © o(xi+1,...,xn)- (22)

') OM. cHocky Ha ¢. 170. ~ [pumen. nep.
12*
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Kpome Toro, cornacio npemioxenuio 5 (c. 165), kommnexc Kozwons K(x, M) auuknuuen
B CTelleHAX ¥ 11, OTKYJa IONYYaeM TOYHY10 IIOCIIeAOBATENbHOCTD

° ) §
0->M-2 K, M) 2= K2(x, M) -2 .. > K" (x, M) 9> M/(x)M > 0, (23)
B KOTOpo# Mbi otoxaecTeisem K® (x, M) ¢ M u B x0TOpO# ¢ 0TOGpaxcaeT KaxIblit INeMeHT

mé& K" (x, M) Ha knacc B M/(x) M anemeuram(1,2,...,n) EM.
Npennoxenue 8. [pednonowum, uro nocaedosareabHocTs x pezyaapua 0aa M.

InemeHT u3 Ext: (M/ (x) M, M), accoyuupoeannviit ¢ Tounoii nocnedoeareavhocroro (23),
pagen (—1)*(n=1 /29 :

Inai =0,1,...,nonpenenum crenywouwuM o6pazoM A-nuHeiHoe 0TOGpakeHHe
a': K'e,M)>M;=M/(x;M+...+x;_, M):
ecnu meE K'(x,M), TO a'(m) ectb Knacc B M; anemenra m(1,2,...,i) €M. ficho, uro

a® — ToxpecTBenHOe oToGpaxenne momyns M u uro po a” =q. Kpome toro, ai*! o 3! (m)
ecTb 06pa3 B M, IeMeHTa

it1
T (D om(1,2,. . k—1,k+1,... i+
k=1

Tak Kak X ausynupyer M, npuk=1,...,i, 10a’*! o 3! (m) copmapaer Taxxe c obpa-
30M 3JIeMeHTa

(D m(1,2,....0),
cleaoBarenbHO,
ai+1 0 d = (_I)ile ° ai‘

CornacHo cnenctBusm 1 u 2, ¢. 126, snemMent u3 Ext’}\ (M/ (x) M, M), acCOUMHPOBaHHBIN C

n—1 ,
(23),pasen Il (—1)' -8,, orxyna cnenyer yrepxmueHue.
=0

Cnencrtaue. llpednosoxum Odonoanureavko, yro mooyau M/(x;,M+ ... +x;_ M)
OTOeAuMbl OTHOCUTEAbHO (X)-a0uueckoil Tonoao2uu, u nycrs (a;;) € GL, (A). Honowum

y,-=2 aii Xj Ply=(y1,-~,J’n)-
7

To20a nocaedoearensnocts y pezyaspha 04a M u 8, = det(a;) ™ 0x.

He#cTBUTENbHO, NOCTIENOBATENBHOCT, Y peryndApHa nnsa M corjiacHo mpelyioxeHHIO 6
(c.165-166)u Teopeme 1 (c.167); TocenHee yTBepXK/IEHHE CIIEYeT U3 NPEIOKEHHA 8 U U3
npemnoxerns 4 (c. 126).

Ilpennoxeunue 9. lIpednonowum, ura nocaedosareabHoCTs x pe2yaspHa oas M.

Ecau N— A-mM00yab, daa xoropozo (x)N=0, 10 Ext‘:\ (N, M) =0 npu i <n u orobpaxe-
nue a0y o a u3 Homy (N, M/(x) M) ¢ Ext'}\ (N, M) (xoropoe npeocrasnser coboii Taxxe

C8AIBIBAIOUULL 20MOMOPPHUIM, COOTBETCTEY oWl TOUHOU nocaedoeareasroctu (19), — cMm.
c. 132, cnenctBue 3) GuexTusHo. .
HyxHo pokazate, uto romomopdusm ¢': arf0,ca u3 ExtX‘” (N, M/(x) M) B

Extf\ (N, M) Guextupen npu i <n. [IpoBoaMM HHIYKUHIO 1O 71, IPHYEM YTBEpXKIEHUE TPH-
BHaTbHO nipu n= 0. Homoxum M, =M/x;M, x' =(x;, . .., x,),TaK 4T0 NIOCIIENOBATEIBHOCTE
x' M, -perynspsa. CornacHo HHIYKTHBHOMY NPETIONONKEHHIO, FOMOMOPHHIM

g -1 ar 0, . oa
u3 Ext‘f\'”(N, M/(x)M) B Ext:\"1 (N,M,) 6uexTHBeH npu i < n. KpoMe Toro, paccMOTpuM
TOUHY0 TIOCNeOBATENBHOCTD

0-MEM MM, »0;

COOTBETCTBYIOILMA CBA3BIBAKOILMI romoMop(puaM Extf\ (N,M;,) *Exti“ (N, M) npéncran-
nser coboit oroGpaxenne ': 0 o (c. 130, mpewioxenue 5): Tak xak Ext' (IN,
1
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1)) =Ext! ((x;) n» 1) =0, T0 MoNyuaeM OTCI0O/IA TOYHBIE NOCNEAOBATE/IBHOCTH
i
0-> Ext’, (N, M)~ Ext!, (N,M,) %> Ext{'(N,M)~0.
Tak kak Exti (N,M;) =0 npu i <n-— 1, T0 H3 ITUX TOUHBIX IIOCTIEOBATENILHOCTEH 1101y~
yaeM, 4TO Ext",:" (N,M) =0npui <n-1, 1e i +1<n, orciona crenyer, Yro roMom:n-
duam o' Guextuen npu i <n Tax xax ¥ (@) =00 a=0, o8y oa=¢/"te Y7l (q)
M€ Ext";" (N, M/ () M), 10 roMomopduam Y/ Guextusen npu i <n.

Ynpaxcnenusn

1. lycTs A — xonnio. L — A-monyne, K — komnnexe S (L) @4 A(L) (c. 160, npumep 1).
a) [oka3ath. YTO CyueCcTBYET TaKOH A-TuHeHHBIN 3AOMOpdHIM 5 Monyns K, uro

s €SP L 54 AL W ds)+sd(x) = (p +)x
s mobbIx Uensix p, ¢ > 0 # Besikoro x€ S PL €A AL,

6) Mpeanonoxum, uro A— Q-anrebpa. MNoxasats, uTo kommnexc K onpefenser pe3onbBeHTy A-MOAY-
ns A.

2. Nycts A — xombuo, 1: L +M — romomopduam A-monyiel.

a) O6GO3HAYMM UYepe3 € MHOXHTENL KOMMYTHpOBAHHA Ha Z?, onpenendeMbit o gopmyne: € (af) =
=, B, WA a. BEZL?, a= (&, ;). = (8,.8,). [loxasaTb, 4TO cyilecTBYeT eJIMHCTBERNOE (A, ¢) -nnd-
depenumponanne (11, p. 118) d Surpagyuposaniioft anrebpet S (M) ®4 A(L) crenenn (1, -1), npu
xortopom d (1@ x) =u(x) ® 1 naa x& L. [loxasats, uTo d o d =0. Tak 4ro moaynn S (M) @ A(L), Ha-
AefdeHHMI TpagyUpoBKOH, nonyyaeMofl M3 TpagyupoBKH moayis A(L). u aunddepenumaniom d, onpene-
nAeT HeKoTophii KomIuteke K (1) .

6) Ecnu M =L u u = Iy, To noxa3sats. uto komnunexc K (1) coBnagaeT ¢ KOMIIEKCOM, ONPCACI/ICHHBIM
BH. 3.c. 160-161.

B) flycth B =S4 (M), u nycts ir: B®, L +B — B-roMomopguam, nonyvaembiit u3 . llokasars. uto
xotieke K (/) xKaHOHHUeCKH OTOXKACCTBIACTCH C KOMIUIEKCOM KB ).

r) Hycms o’ : L’ M’ - propo#t A-romoMopdusm. Dokasars, 4To Kommnekce K (wou’ ) n K@) ®p
oa K@) usomopdnsi.

o) NOyers f: L>L' uwg: M—>M' — nsa A-romomopguama, V1A KOTOpbIX £ o it =1 o f. [Tokasars.

uTo roMmomopeu3M S (g) ® A (f) npencrasnser co6oit mopdusm kommiexcoB w3 K(w) B K ('), B uacr-
HOCTH, eclik v: M —~P — A-romoMopduim, Is KOTOporo v o =0, TO nolyuaeM MOPQH3IM KOMIUICK-
coBh: K@) =Sa (P). '

e) [lpennonoxnMm, uTo loOCHeROBaTeNbHOCTL 0 -+ L--‘!—-»M~ Yo P -0 ecTb TOUHAS OCAENOBATEINHOCTD
wrockux A-monyneft. [Tokasate. uto & - romonorusm (¢BecTH K cnyvaio, koraa L, M, P cBoGoauuic
MOfy/lI# KOHEYHOIO THHA M WCHOMB30BaTh T)). BeIBecTH OTciofla MU BCAKOIO A3 1 TOuHyl HOCHEno-
BaTeNbHOCTH

0-A"L-oMepa A" L. . ~8" Mo L~8"M~8"P-0.

3. Mlyers #1 — uenoe uncno, k - xonbuo A =k[X,,....X,]. MNokalaTs, 470 Wi BCAKOTO A-MOyNs
M cymecrsyer TaKoit K3oMOphH3M IpanyHPOBaHHbIX A-MORYNEH.

6m: Tor® (k, M) > Extp (k, M) (- 1),

yTO A% RCAKOro roMmomopduimMa A-momyic u: M — N umeer Mecto pasenictBo: EXt (Ig. #) o sy =
=8N ° Tor (1, u).

4. Nyctb A - Konbuo, L ~ A-monyub, u: L = A - nnHeitHas popma.

a) Iokazats, uyto Kommiaeke K (#), HageneHHubi#l crpykrypo#t anrcOpul A(L). npenctapaser cobo#
rpagyHpoBatiny o ohddeperunansiyio A-anrebpy (c. 69, ynpaxtcune 18).

6) Mycte B - kocokommytatheuast (III, p. 53) rpapyuposannas nuddepeHuhanbag A-anreOpa.
mIA KoTopo#t By, = A, W nycts f: L — B, — A-TOMOMOP®HIM. yIoBNeTBOpsioWHl yenoBhio dy o f =
= u. [loxa3aTp, YTO CYLUCCTBYeT e¢MHHCTBCHHHBIR MopdH3IM TrpaiyHpoBaHHBIX NH(depeHUHANBHBIX A-
anrebp F: K () =B, ang kotoporo F, =1g uF, =1,

5. llycts A — Konbuo, M — A-monryab, X = (x,,....X,) — [OCHSAOBATENBHOCTD INCMCHTOR H3 A,
k=(ky,..., kp) € N" xk = oh, . x:‘lﬂ)’) . IoKa3ath, 4To nocnefloBatensHocth XX M-perynsip-
Ha B TOM TOJBKO TOM cCJlyyae, eCIIH ITHM CBOHCTBOM 06JIaflacT NOCHCROBATEHOCTD X; B 3TOM Ciyyac
A-monyms M/ (x")M obnanaeT KOMRO3MUMOHHBIM paAoM. (aKTopbl KoToporo usomopgunt M/ (x)M.
(MposecTu nHAYKUMIO 1O 7).

1) 3peck npeanonaraerca, qro k; = 1,i=1,...n — TIpumeuy, nep.
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6. Mlycte A — KompUO, ¥ = (X;,...,X,) — NOCNESOBATE/HLHOCTh 3JIEMEHTOB H3 A, F — ufean
%"i A. Tlycrs

0~+M >M—~M"-0
— TOYHAs NOCTIeA0BATeNIBHOCTE A-Mopyielt. [Tpeinonokum, 4T0 MoCHE0BaTeILHOCTS X NpencTaBnser cobot
nonHoe nepeceueHue mis M M uto A-momymu M"/(x,M"” +...+ x;_1M") ‘oTmenMMBI OTHOCHTENBHO
X -apmueckoft rononoruu (1 <i <n). flokasats, YTO ClleNylolLHe YCTIOBMSA SKBHBAJICHTHEL:

«) MocnepoBarembHOCTb X ABJACTCA NOJHKIM MlepeceticHueM /I M"

8) TomoMopdusm ° ( M ETHIMY) - ® ( ETM/ E7IM), MHIYUHPOBAHHBIH BIIOXKEHHEM

i, RUBEKTHBEH.

7) Tomomopduam M’/ FM' > M/ § M, MHOyuMPOBaHHBIH BlOXKEHHEM i, HHBEKTHBEH.

7. Mlyerb A — xomblio, M — A-MOAyJE, X = (X,,..., X,) — MNOCIENOBaTeJILHOCTh 3JIEMEHTOB K3 A.

a) Moxa3ars, 4To CyulecTBYeT cnem‘pamu nocnenona’remmcn E (c. 49-51, ynmpaxuenus 14-17),
cxztv)xmaxcx k H. (x, M), nns xoTopo# qu = Tor (Hg &, A), M) (ucnomb3oBath ympaxHeliue 8,
c.. 87

6) Mycrs p — uenoe ucio < n; noioxuM x' = (x;,..., Xp) H x" = Kpttse s Xp) ﬂoxaaan, '-rro
CYLIECTBYET CHOKTPAIbHAK MOCIEAOBATEIBHOCTD "E, cxomamascs x H, (x, M), nns KoTopoit E
-H =", Hq ', M)).

8 ﬂycrb A — xonbuo, M — A-Mofyms, X' = (x,,. .., xp) ux" = (xpﬂ,.. , Xp) — nBe nocnenoaa~
TeNBHOCTH 37IEMEHTOB M3 A; 0003HauMM Yepe3 X NOcCiefoBaTeMBHOCTE (X,,.. ., x,,) n uepes M’ — A-Mo-
Ryms M/ (x' M

a) Ecnu x’ ects nomoe nepeceveHne g M B x” — moyHoe Nepecedeuue Inst M’, To noxa3zats, o
X — nonHoe NepeceyeHue pnx M.

6) EcnM 0ociefloBaTe/IbHOCTE X M X' SBNSIOTCS MONHBIMH flepPeCeUeHHAMK [UIA M, TO Moka3aTs, UTO
NOCNEN0BaTeBHOCTh X eCTh MoNHOe Nepeceyenye s M'.

B) IlaTh np¥Mep TaKo¥ A-perynsipHo¥ MocneloBaTeIbHOCTH (X, y), colepxaulefics B pagrKane KOjib-
ua A, 4TO X eCTh I10JiHOe nepecedeHye ANA A/Y A, Ho ¥ He ABIETCS NIONMBIM TlepeceYeHUeM AN A.

9. Mlycts A — xombuo, M — A-Monyns, kK — uemnoe uuciio > 1. CeMe#cTBO X JieMEHTOB M3 A Ha3biBa-
ercs k-nepecevenueM mna M, ecnu H; (x, M) =0 npu 1 <j < k. Taxum oGpa3om, ceMeHCTBO X eCTh NON-
Hoe TlepeceyeHne, €CITH H TOABKO €CIIM OHO ABNAETCS k-flepeceyenyeM s Besikoro k > 1.

a) Mycrs 0 - M’ — M — M” =0 — TouHad mocnemoBaTeNbHOCTh A-MofyJeti. IlokasaTs, YTo eCNH ce-
MeHCTBO X sBNserca k-nepecevenuem s M’ 1 M”, To oHo ofnafaeT TeM xe CBOACTBOM Wi M.

6) Ecinu x — k-nepeceveHue gng M u ecik N — nnocxlm A-Monyne, To X — Kk-nepecedeHue A
M ep N

B) Mlycrb a,, ..., a, — uensle uucna > 1. [loka3aThb, YTO NOCNENOBATENBHOCTD (X,, . .. ,Xp) ABNAETCH
k-nepeceuenuem nnd M B TOM M TONBKO TOM Cllyyae, eCJIM 3THM CBOWCTBOM o61afaeT 1mocjieloBaTembHOCThL
o, .

r) I],na ncxxoﬂ naphl UernbiX 4ucen k, n, roe 1 € k < n, path npuMep xonbua A, A-Monynsi M 1 nocne-

JOBAaTeNBHOCTH (Xy, ..., Xp) 3JIEMEHTOB M3 A, KoTopas sBjsieTca k-nmepecedeHHeM, Ho He (k + 1)-nepe-
ceueHneM I M (MCnoTb30BAThH 3aMevanue 4, ¢. 166).

10. Mycts A — xomuo, M — A-Mopy b, x = [T nocnenonnenbnocn, aneMeHToB I A,
p — uenoe ucio <n. BeesieM o6o3HaueHus: x' —(x,,...,x) x’ = Gpr1s .- -5 Xp) M =M/GIM

a) Mycms k, k' ~ uenble uncna, npuaeM k < k'. l'lpennono:xum, yro nocnenona'remom x' sapasercs
k' -nepeceveHueM oA M (ynpaxHenue 9) . [lokazaTs, 4To NOC/IEIOBATEHHOCTS X SBJIseTcA k-lepeceyeHueM
AnA M, eciM H ToNTbKO eCn NochemoBaTenbHocTs X — k-nepeceveHue nns M’

6) Moxalars, YTo ecn¥ NMOCNEAOBATENBHOCTS X SABNSAETCH l-nepeceueHHeM M M, To MocnemoBaTens-
HocTh x” — 1-nepecevenue mng M'.

9 11. llycrs A — HETEPOBO AOKaAbHOE KONBLO, M — ero MaKcuManbHBIN upean, kK = A/m . Mycrs
M — HeHyneBo#i A-Molynb KoHe4YHoro Tuna. Iaybunoit Monynsa M Ha3biBaeTCA BepXHsS TpaHb 1EJIBIX UH-
Cen N, IS KOTOPBIX CYIeCTBYET MOC/IeNoBaTebHOCT (X, ..., Xp) 31eMeHToB W3 W , HpelcTaBfo-
was coboit nonHoe nepecedeHde M M; riny6uHa Moyt M oGo3navaercs uepe3 prof (M).

a) Iloxasars, yro prof (M) = 0, eciu ¥ Tonbko ecniu ufean W accouuHposad ¢ M (c. 29, ynpaxHe-
Huc 28), uHave ToBOpS, eCNTH MOAYND M COHEPXHT NOAMOLNY/b, H3IOMOPGhHLIA kK (3aMeTuTh, YTO MIeall,
conepxamuict B oObeNMHeHHK KOHEYHOro MHOXeCTBA NMPOCTHIX WIeanoB, HENpeMeHHO CONEPXHICA B
O[IHOM H3 HHX .

6) Mokasars, uto prof (M) ecTh HIDKHAS TpaHb LeLIX YHCEN 7, JUIS KOTOpLIX Mopymb Ext”, A (ks M)

HeHyneso#t (MpomecTM MHAYKIMIO no n). Ecnu prof (M) =a, TO Besikas 10C/e[I0BaTelbBHOCTD (x,, e
» Xp) INeMeHTOB U3 W , NpeCTaBLAOLIAL cOGOl NONHOe nepecederie Mg M (p <n), MOXeT GbITH 1po-

HOJDKEHa [I0 MOCNeNoBaTeNbHOCTH (X,, ..., X,), comepxauefics B M M gBIMOLIeACT NMOJNHLIM nepece-
yeuuem s M.
B) Ecnu (x;,...,xx) — HoclemoBaTeNLHOCTh 3JIEMEHTOB M3 I, IBISIOINAACH TIOJIHLIM TlepeceyeHHeM

ang M, To 1:0Ka3arb, UTO
prof (M/(x, M + .. _+x;M))=prof M) — k.

r) Ilpepnonoxum, 4To MOOYRbL M-HMeeT KOHEYHYIO NPOEKTUBHYIO pPa3MEPHOCTL, JIOKa38Th PaBEeHCTBO
dp, (M) +prof (M) =prof (A) (mpoBectn mHuykumo o dpy (M)).
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n) TMokasars, uto prof (A) ecTh BepxXHss IpaHbL MPOEKTHBHBIX pa3MepHOCTeH A-MoryieH. HMelouIMX
KOHEuHbll Tun U KOHENHYI0 NPOEKTUBHYIO PA3ZMEPHOCT.

9 12. llycrs A — HETEPOBO NOKaNbHOE KOMBLO, Ml ~ ero MaKCHMaJIbHLIH HIean.

a) [llokasath, uto ecnu 0 < dh (A) < =, TO CcylleCTBYeT HeHenuTenb HYyn#. copepxauuiics B8 M -
— M? (mokasaTh,KaK ¥ B ynpax'teHu# 11,2a), uTo B NpoTHRHOM cnyuae Haean M Gnin Gb! acCONMUPOBAH
¢ A, 1, ClleIOBaTeNbHO, CYLECTBOBAMA Gl TOYHAA MOCNeN0BaTeNLHOCTh

0-k—>A->N-0;

APHUBECTH 3TO K MPOTHBOPEYHIO, HCTIONB3YA YApaKHeHHe 16, c. 154).

6) Ilycts n — uenoe uncno. Iokasate, uto dh (A) =#n B TOM M TOJBLKO TOM Cny4ae, €ClIH CYLIECTBYeT
MOCNENOBATENbHOCTL (X, .. . ., X,) ABAAOLWAACA NONHLIM flepecedeHHeM AN A U Nopoxpalwat M (apo-
BECTH HHAYKUMIO N0 /7, KCMIOMB3YA ) ¥ ynpaxHeHUe 14, c. 154).

JlokanbkHoe KONbUO A Ha3bIBAETCH pezyAspHbiM, eClIH OHO HeTepoBO H HMeeT KOHCYHYI0 TOMONOTH-
YeCKYIo pa3MepHOCTh.

13. Ilycth A - perymnspHoe NOKanbHOe KONBUO (YNpakHeHHe 12) roMonorHyuecKoi pasmMepHOCTH n;
0603HaunM yepe3 M ero MaKCHMalTbUbIl Wlean, K HyCTh kK = A/ .

a) TNMoxasars, yTo dimy (M/M?) =n

6) Tokasatn, uTo k-anrebpa & (M*/m

r20

B) Ecniu n=0, To A — none. Ecnu 7= 1, To HOKa3aTh, YTo A — KOMNbUO TM2BHEIX MOeanos” H, creno-
BaTeNlbHO, KONBLUO MMCKPETHOTO HOPMHPOBAHMA , (IIOKA3aTh, 4YTO A LENOCTHOe, 3ameyad. " 4To
mNwm’=Nm" orkyna NM" = 0).

n n n

r) Iokasars, uTo konvuo A [[ T ]} perynaproe.

14. Mycts A - Konbuo, @ — uOean B A. PaccMOTpHM KOCOKOMMYTaTHBHYIO TpalyMpOBaHHYO (Afd )-
anreGpy TorA(A/a . Afa) (cM. c.141 , ynpaxHeHHe 9) W roMoMopdu3aM rpanyHpoBanibIX (A/4Q )-an-
re6p 0: Ap/q (a/a?) —»TorA(A/a . A/a ), nonyuaembit W3 WioMopbusma @/ a? —-Tor‘;‘(A/a s
Afa ) (c. 79). Moka3aTb, YTo eCAM UOeall @& MAOpOXAAeTCH MOCAENOBATeNLHOCTHIO, ABMAOUIEHCH TONHAIM
flepeceyeHreM A A, TO 6 — H30MOpHU3M.

15. TlycTh A — HéTepogo Konbuo, 4 — WHean, codepxauleiics B pamukane Konsita A. Tlpennonoxum,
uro A/a-momyns 4/ a® cBo6ofeH MW uTo TroMoMopdusM 6, : Aj\/. (a4 a?)~Torh (A/a,Ala)
(yapaxHeHHe 14) ciopbekTHBeH. ITokasaTe, uTo @ MOpOXAAeTCA MOCNENOBATeNbHOCTHIO, ABAA0OWeHCs
NIONIHbLIM MepecedeHdem Wi A. (Ecnu x — MHHHMmanmbHoe ceMelCTBO HOpOKOAOWIMX B &, TO I0Ka3aTh C
TIOMONEIO YNpaXKHeHUs 7 (MIH HeloCpelcTBeHHO) , 4To MonyTb Coker (8,) m3omopden H, (x, A) €5 A/a )

16. Ilycts A — Hérepo6o n0KAIbHOE Konblo, M — ero MaKcHUMaNeHLIM Moean, k = A/m. Ilokasarts,
uTo roMoMopdu3M rpapmyHpoBaHHBIX k-anreGp 6: Ay (M/m?) —»ToxA(k. k) VHBLEKTHBeH; ecliH o0Tobpa-
eHHe 6 , GHeKTUBHO, TO KONBLO A perynfapHoe (yIpaxHeHue 12).

(Ecnu x —MHHHEMAJIBHAA CHCTeM3 NIOPOXKOAIOLLMX HAeana # , To NoKasarts, yTo komieke K (x, A) ynos-
NIeTBOpseT YCIOBHAM ynpaHeHHa 14, ¢.67—68; Hclonb30BaTh yIpaxHeHus 4 u 15.)

917. llycts A — KomMbLO, It KOTOPOTo A-MOAYNL Ag HMeET KOHEUHYI0 UHBEKTUBKYIO pa3MEPHOCTD
(c. 152, ynpaxHense 4; pezyaspuoe nokambHOe KONbUO (YNpaxHenWe 12) ob6najgaeT 3THM CBOHCTBOM).

a) IlycTb x — aneMeHT, KOTOpLIR He ABMAETCA [ENHTeNEM HYNA M HeoGpaTuM B A. TTokasaTs, uTo

dip/A x (A/AX) = dig (A) - 1.

+
r l) usomopgHa anrebGpe MHOTOWIEHOB OT n NepeMeHHBIX.

(Iycts 0> A —-1° =1' —. ., — Munumanbnans VHBEeKTUBHAL pe3onbBenTa (c. 67, ynpaxHende 13) nns A;

NI0Ka3aTh, YTo Komiulekc Homp (A/Ax, 1') - Homp (A/AX,1?) —. .. omnpenemieT MUHUMAILHYIO UHBEK-
THBHYIO pe30onbBeHTy (A/A X)-monyns A/A x.)

6) Ilpemmonaraem, panee, uto A — uéreposo aokansroe konbuo. Jlokasars pasenctso di (A) = prof (A)
(ympaxHeRHe 11; npoBectH uunykumio o di (A)).

B) Ilycth x = (x,,...,X;) — NOCTeNOBATENLHOCTD, ABIIOWAACA TONHLIM flepeceucHreM [t A, coep-
XBLAsicd B MaKCHMAaNLHOM Muearne Kolbua A, npwdeM n =di (A). Ilokasats, uto Konbuo A/(x) camo-
uHsexTusHo (c. 28, ynpaxHenue 26).

18. Ilycrs A — néTepoBo KOMbLO, € -~ ycTOMYHBOE MHOXECTBO KnaccoB A-monyne#t (c. 43), x= (x,,...
-+ Xp) — NOCNENOBATENLHOCTL 3MeMEHTOB M3 A, F - MOean, MOpOXAEHHBLIM MOCNENOBATENLHOCTLIO X.

O6o3uaunm uepe3 €x MHOXECTBO JMIeMEHTOB u3 @, aHmynupyembix ulearnom ¥ . Ilycts M ~ A-Mopyns
KOHEYHOTO THMa,

a) Jloka3aTs, 4To ois Beskoro i 2> 0 cyuiecTsyeT Takoi alieMeHT My .B €y, uTo
k
T (-1)"[Hpg (x,M)] = [My]
k>0

B K (8x) (upoBecTH MHAYKUMIO MO #, WCTIONB3ys ApemnoxeHue 4, c. 163; B cnyvae n =1 paccMorpers
focNieNoBaTenbHbie CTelleHH 3HnomopdHusma (v, )M ).

6) MpenpnonoxuMm, uto mMonynb A/F umeer KoHeunyio nnuey. [loka3aTh, YTO CYMIeCTBYIOT TaKHe
MONOXHTenkHble Uenble uucna m; (¢ > 0),uto long H; (x, M) =my + myyy.
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K@),K (4, C),K'(u, C) 157



[IPEIMETHLIA YKA3ATEJIb

AGCOMOTHO NAocKoe Konbio 27 (yup. 16)

2 -apwveckas Tononorusa 166

Anre6pa rpagyHpoBakHas oudbepenunanbias 69 (ynp. 18)

~ nonomuennan 120 (ynp. 27)

ACCOUMHPOBaHHBI] ¢ ToUHOM NoCTe0BaTeNbHOCTHIO Knace 124
AUHKIHYHBI/ B CTETEHN # KoMIeKe 32

Buxomnnekc 48 (ynp. 11)
Bepxuan crenexs 30

TunbGepra TeopeMa 0 CH3HIHAX 152

Tonnu reopema 28 (ymp. 25)

Tonopa — lilagapesuua Teopema 116 (ymp. 16)
Tomonoruam 32

Fomonorun xknaccer 31

- moayns 31

Fomonornyeckas pasmepuocth 146
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Tomonornutbie wrKns! 31

T'oMonorus rpymmer 111

— CHHIyNisApHas 36

TFomomopduimoB KomrineKkent 88
Tomoronuam 38

Tomoromus 37

Fomoronuste mopdusmur 37

— CHMIUTHUMAIIBHO oToGpaxedus 52 (ynp. 19)
FomoronHeift Hy o KoMINeke 38
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udepernuan 30

— BHelHH# 46
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Dnuna xommnexca 31

— npeacraBreHus 66 (yup. 6)
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3meeBHaHas mMarpamma 8

Hunyuuposauneit Mopyms 114 (ynp 12)

HuvexTHBHAA 06onoyka 22

- paamepHocTh 152 (ynp. 4)

— pe30nEBeHTa MHHHManbHas 67 (ynp. 13)

HuvekTHBHBIe MOIOYNH 19

HrepupoBannbie cas3niBaioutne romomopusmer 132, 135, 136

KaHoHHYeCKan HHBeKTHBHAA pe3olibBeHTa 58
— cBoGonHas pe3onLBeHTa 56
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- Kimace, accounnpoBaHHEIA ¢ TOYHOM NOCENOBaTeNbHOCTRIO 124
Ksaccw romonormu 31

KnetouHrie KoMILIeKCH 36
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Korepenrusi#t Mogyns 67 (ynp. 10)
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Koromonoruveckn TpHBHANBHEIA Moaynb 116 (ymp. 18)
Koromonoruynsie anements! 118 (yup. 23)
Koromonorus rpynu 111

Kosiona xkomnnekcst 157, 163
KouunyuupoBaHHei# Monyns 114 (ynp 12)
Konbuo abcomotHo unockoe 27 (ynp. 16)

- meleKuHOoBO 148, 154 (ynp. 12)

— KorepeHTHoe cJieBa, cnipaBa 67 (ymp. 11)

— NOKaIBHOe perynsapHoe 175 (yup. 12)

— npiodeporo 153 (ynup. 11)

- CaMOHMHBeKTHBHOe 28 (yup. 26)
KoMmyTaTHBHEIe IMarpaMMmel 7
KommyTtHpoBanus uzoMopdusm 78

Komnnekc, auMKNHYHEIA B cTeneHy n 32

-~ , FOMOTONHLI HyJIO 28

— ne Pama 46

- , HyJnieBo# cneBa, cnipaBa 31

— , OTpaHHYe HHBIH crieBa, clipaBa 31

— pacuwlennsemsit 39

Kommunexch 30

— romomMopdusmon 88

— KII€TOUHLIe 36

— Ko3swona 157, 163

Komno3uunoHHoe nnpon3BeneHue 122

KoHeunoe npepncraBneHue 14

Konuyeckas cuMmumimMansias cxema 59 (yup. 19)
Konyc Mopduamos Komiutekcos 40
Konopoxpalommit Monyns 21

KoperynspHas nocneoBaTensHOCTh 166
KoadduimeHToB yHHBepcanbusix Gopmyna 83, 99
Kpyuenus npouspeneHve 70, 75

KionHeTa popmyna 84

JlemMma o nATH TOoMoMopduaMax 11

MunuManeHas HHBEeKTHBHASA pe3oJbBeHTa 67 (yup. 13)
— pOeKTHBHASA pe3ONLBEHTa 59

Monynu HHEeKTHBHEIE 19

- MocKue 12

— pacunipeHit 88, 95

Monyns romonoruu 31

— penuMbit 20 ’

— nyanu3upyommit 29 (ynp. 30)

— MHOYUMpoBaHHet# 114 (ynp. 12) )

— KolepeHTHHH, NIceBIOKOrepeHTHBIA 67 (yip. 10)

— KOTOMOJIOTHYecKH TpHBHANLHEI 116 (ynp. 18)

—~ KOHHAyLHpOBaHHLIA 114 (yup. 12)

~ KOHeYHO NpencTaBuMbiél 14

— Konopoxpaoumit 21

-~ OTHOCHTeJIbHO HHBEKTUBHBIH, Ipoe KTHBHEIA 27 (yup. 19)
— cTporo niocku#t 26 (ynp. 9)

Mopduam xomunexcos 31

HmwkHaA creneHs 30
HyneBo# cneBa, ctipaBa Kommexc 31

0OGonouka HHEEKTHBHas 22
OrpaHuyeHHsI#t cnieBa, clipaBa Komiieke 31
OTHOCHTeNBHO NpOeKTHBHBIA, HHEEKTHRHLIN Moaynb 27 (yup. 1¢



Ipedmernstii yxasarens

Iepenecenne 115 (ymp. 14)
TlepeceueHue nonHoe 165

Mnockan paamepHoets 153 (ynp. 7)
Mnockue mooymu 12

Inockuit crporo mopyns 26 (ynp. 9)
IMnockoe aGeomoTHo Konblo 27 (ynp. 16)
Tormoe nepeceyetue 165

Tononuenue anre6pur 120 (ynp. 27)
TocnemopaTensHoCTs KoTepeHTHas 166
— perynspHas 165

— CHeKTpabvas 49 (ymp. 14)

~ TOYHASA TOMONOTHYecKas 35
Tpenxomnneke 49 (ymp. 13)
Ilpencrasnenue 14

~ IMHBL 2 66 (ynp. 6)

— KOHeYHoe 14

IpoexTHBHas pasMepHOCTE 142

— pe30JIbBeHTa MHHAMANBHAA 59
TIpoussenetine KoMNO3HIOHHOe 122
— KpyueHus 70, 75

— TeH30pHOe IBYX KOMIeKcos 71
Hpiodeporo konsuo 153 (ynp. 11)
TceBnoxorepeHTHRIA Moy b 67 (ynp. 10)
Iyaukape MHorouneH 44

PasmepHocTh roMonoruueckas 14

— MHBeKTHBHasA 152 (ynp. 4)

— Koromojormdeckast 156 (ynp. 28)

— mwiockKas 153 (ynp. 7)

-~ NpoeKTHBHaA 142

Tor-pasmepHocts 153 (ynp. 8)

Pacuiypenue anre6pei 138 (ynp. 1)

— —JIn 139 (ynp. 4)

Pacumpenutt monynu 38, 95

Pacienmnenue 39

PaciennsieMui#t KoMIUIeKc 39

Perynsaphas nocnegosarensHocTb 165

— CHieKTpankHas nocnelopaTeNsHOCTh 50 (ynp. 14)
PerynspHoe noxansHoe Konblio 175 (ynp. 12)
Peaonerenra 54

— IpagyupoBaHHas 61

~ HHBEKTHBHAS KaHOHHYecKas 58

— — MUHMManEHaa 67 (ymp. 13)

- — , IPOeKTHBHAA KOMIUIekca 69 (ynp. 17)
~ NnpoeKTHBHAsA MHHAMANEHAA 59

— cpoGonHas KaHOHHYeCKas S6

— CTRHOApTHadA 62

CamoHuHBeKTHBHOE KONMBlO 28 (ynp. 26)

CBs3HOCTE 47

Ces3nipaoiie romoMopbH3IMLI HTepupoBanHiie 132, 135, 136
Cesspipalousit romoMopdusm 34

— — I Mmoaynedt pacuinpeHu#t 95, 96

— — — NpoH3BeJeHUR KpydeHus 78

CoBur p-#t 32

Cuauruy (Teopema o cu3urusax) 152

Cummtexc 52 (ynp. 19)

CuMnmMunanNbHasa cxema 51 (ymp. 19)

CHMIUTHUKATEHO TOMOTONHElE 0To6paxeHus 52 (ynp. 19)
CuHrynsapHas romonorus 36

CnexTpanbHas nocnefloparensHocTs 49 (yup. 14)
CraHOapTHAs pe3oNkBeHTa 62

CreneHs BepxHAsA, HIDKHSAA 30

Crporo nnockuit Monynb 26 (ynp. 9)

Cxema cummmunansias 51 (ynp. 19)

Cxomsuascs clieKTpanbHas NocaefoBaTensiocts SO (yup. 14)
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TeH3opHOe Npou3BeDeHHe IBYX KOMTUIeKcon 71
Teopema Cunpbepta 0 cH3HTHAX 152

— Tonau 28 (ynp. 25)

~ l'onoma — llacapesuua 116 (ynp. 16)
Tononorus ¥-anuueckas 166

Tpakcgep 115 (ynp. 14)
TpunnamsHLIRt KOroMONOrMYecKH Moaynb 116 (ynp. 1§

YHuBepcanbHbix koaddHuHeHTOB Popmyna 83, 99

®opmyna Kionneta 84
— YHHBEpCANBHLIX Ko3dduunenron 83, 99
®opmel nuddepeHIHATLHEE 46

Xapakrtepuctuka Jitiepa — INyankape 43
Liunuupp mopdusmon xomniexcos 40
ladapennua — Tonona Teopema 116 (ynp. 16)

Jfnepa - Myankape xapaxtepucTuxa 43
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