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NPEIVCJ/IOBHE

B mareMatuke, kaK W BoOOlIE B HAYYHHX MCCJAELOBAHHAX, BCTPEYAKOTCH
JBE TEHAeHUMH: TeHaeHLHs K abcTpakuMH —oOHA HHTaeTcs BHPaboTaTh JO-
TMYECKYIO TOUYKY 3pEHHS HA OCHOBE Da3/NHYHOTO MaTepHana H NpPHBECTH BeCh
STOT MaTepHan B CHUCTEMaTHYecKyi0 CBS3b—H Jpyras TeHAeHUUd, TeHJeH-
LMS K HACASAHOCTH, KOTOPas B NPOTHBOMOJNOXHOCTH 5TOMY CTPEMHTCH K MKH-
BOMY NOHHMAaHHIO OUBSKTOB M HMX BHYMPEHHUX OTHOWeHufl.

Yro Kacaercs reoMeTpud, TO B Hell TeHzeHuus K abcTpakuuu npusena
K TPaHIMO3HHM CHCTEMAaTHYECKHM NOCTPOeHHsM anrefpaunyeckolt reoMe!puH,
pPUMAHOBOH TeOMeTDHH M TONOJOTHH, B KOTODHX HAXOJAT IUMPOKOEe HNpHMe-
HeHHe MeTOAH abCTPaKTHHX paccyIeHHH, CHMBONMKM M aHanusa. TeM He
MeHee M HHHE HAIJIgIHOE NMOHHWMAaHHe HrpaeT MEPBEHCTBYIOWIYIO DOJib B reo-
MeTPHH, M HNPHTOM He TONBKO Kak obnanaiomee 6Gonpioft noxasarenpHOH
CHIOH NpPH HCCAENOBAHWHM, HO H JUIl MOHHMMAaHUA M OLEHKH pe3ynbTaToB
UCCTIeNOBaHHUS.

3nech MH Oy eM paccMaTpHBarh TeOMeTDHIO B ee COBPEMEHHOM COCTOSIHHH
€ Har/AHOW CTOPOHH. PYKOBOICTBYSICH HENOCPENCTBEHHHM CO3epIlaHHemM, MB
CMOXeM YACHUTBH MHOrHe reoMerpuueckue (akTH ¥ NOCTAHOBKY BORPOCOB
u Gnarojaps 3TOMY BO MHOIHX Cly4yasX MH CMOXEM TaKKe H3JOXHUTb B Ha-
rasaHol opMe MeTONH HMCC/ENOBAHMA M JIOKA3aTeNbCTB, KOTOPHE MPHBOAST
K NOHHMaHHI0 TeopeM 0e3 BBQIEHHS B pAacCMOTpeHHe neTanell aGcTpPaKTHBHIX
Teopuil M BhiKAagoK. Hanpumep nokasareibcTBo TOro, 910 cdepa €O CKOJb
yroaHo Manofl mmpo#t Bce emle pasrubaeMa, WM UYTO JiBa Pas/MYHHX TOPa
He Bcerna Moryt ObTb KOHGODMHO oOTOOpaceHw APYr Ha JApyra, MOXHO
NpeNCTaBMT, B TaxoH ¢OpMe, KOTOpas [deT [MpEICTaRJeHHE O XOIe
ROKA3aTe/NbCTBA, HE 3acCTasjiss C/leJloBaTh 3a JETaldMH aHaNHTHYECKOro
H3JI0XEHHUS.

Bnaronaps pa3HOCTOPOHHOCTH TeOMETPHM H ee OTHOIIEHHSM K DPa3/iMyHbM
BETBAM MATEMATHKH Mbl TOJY4HM, TaKHM 00pa3oM, 0630p MaTeMaTHKH BOOGLUe
¥ npejcrtasneHde o6 H306uAMH ee npobneM M 0 GorarcrTBe CONepHKALMXCH
B Hell mpeli. Tak, C MOMOIUBIO HAT/SNHOrO DPACCMOTPEHHR BHISABATCH DE3ylib-
TaTh BaXHEHIUHWX HANpaBJeHHH TreOMeTPHH, COREHCTBYIOUIHE CHpaBe/lJHBON
OlLieHKe MaTeMaTHKH B wHpokoit mnybmauxe. HM6o BooGume maremartuka He
NONBL3YeTCs NONYJIPHOCTBIO, XOTA ee 3HaueHwe M npusHaercs. IlpuumHa storo
JIe)KHT B PACMPOCTPAHEHHOM MPEACTABAEHHH O MaTeMaTHKe KaK O NpOJOJhKe-
HHM H Gojiee BHCOKOR CTyNEHH CYSTHOTO MAacTepCTBA. ODTOMY NPEACTalJIeHHIO
NO/DKHA MPOTHBOCTOSITR HAIIA KHHIA, B KOTOPOA BMecTO (QOpPMys NPHBELEHO
MHOrO HarisgHHX Guryp, KOTOpHe YHTATENb JIEFKO MOTONHHT MOJE/IAMH.

Knura nomxHa NOCTYXHTh yBeJMYEHUIO YKCla npy3ell MaTtemaTtuxH, obJjer-
yag YWTATeNI0 NMPOHHKHOBEHHE B MaTeMaTHKy Ges HeOGXOLMMOCTH H3YyYeHHS
ee, CONPKEHHOrO C HM3BECTHHIMH TPYAHOCTHMH.



ITPENTUCITOBUE

IMpu Ttakoft ueneycranoexke O6narogaps GOraTcTey Marepuana HE MOXeT
6LTh HUKAKOH PeyH O CHCTeMaTHYHOCTH M TIOMHOTE M3NOXKEHMS; He MOTIH ObiTh
MCUepUaHH TaKXe M OTHeNbHble TeMbl. Jla/llee HEBO3MOXHO BO BCEX pasnenax
3TOH KHHIHM INpefnosiaraTh Yy 4MTaTeNd PaBHyl0 CTeneHb MareMaTHUeCKOH
NomroToBkd. B TO BpeMst kak BOOOGIE HM3/NOXEHH2 COB?DIEHHO 3/MEMEHTapHO,
HEeKOTOpble THpeKpacHHe MaTeMaTHYeCKHe MCCNeNOBAHHA MOMHO H3JIOXHTh
ENOJIHE TIOHRTHO TOJBKO MPOLIENINM yIKe HEKOTOPYIO IUKOMy, eciH uaberaTh
YTOMHTENILHEIX JUTHHHOT.

Bce nofamneHuss K OTHE/NbHHM IJaBaM NPeNNosal aioT H3BeCTHOE NPenBa-
putensHoe obpasoBanne. OHM Bcerna NOMONHAIOT, a3 He MNOACHSIOT TEKCT.

Pa3anuysble BeTBH redMeTPHM HAXOOSTCH B T CHHIX H YaCTO HEOXMIAH'ILIX
B3aHMOOTHOLIEHUSX OPyr € ApyroM. B Haumied KuHre 3T0 OYeHb 4acro mpo-
sipnserca. Ilpu Goapmom pa3HooGpasun Matepuana ObIO Bce ke HeOOXOMHMMO
ApUnaTh Ka}MJAOW OTHE/bHOH riaBe M3BeCTHYIO 3aKOHYEHHOCTb M B MOCHENyI0-
IMX r7aBaX He NPEANOoNaraTh [OAHOrO0 3HAaHUS NPeNLLYL[UX; NMyTeM OTHeNb~
HBIX MaJieHLKHX MOBTOPEHMH Mbl Hajes/JMCh HNOCTUTHYTb TOrO, 4TO Kaxuuaag
OTHeNbHAs INaBa, a MHOrNA Jame OTHeNbHble pasfefbl MPEACTABAAOT HHTE-
pec camMH HO ccGe M B OTHENBHOCTH AOCTYOHH noHMManuio uutatens, [lycts
yutaTeNhb NPOryJHBaeTCss B OTPOMHOM Cafiy reOMeTpHH, B KOTODOM Kambift
moxkeT nopobpath cefe Takoi OykeT, Kakod emy HparuTod.

OCHOBY 3TCH KHMMH COCTaBWIM YeThipexyacoBele Jexkuuu «Harnsnuo#t reo-
MeTpUMy», KOoTtophie s uyuTan sumol 1920,21 r. B TeTiunrese H KOTOpHE
oGpaGoran B. Po3emau. B ocHOBHOM copepkaHHe M HNOCTPOEHHME HX OCTa-
nich HeusMeneHHMH. B gmeransx C. Kon-bPocceH mHoroe nepepaboran
M HaCTHYHO paCIIMpHIL,

Hasuo urvbepm.

Ferrunren, uwoHb 1932 T.
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INMEPBAS TJIABA
MPOCTENIUMUE KPUBLIE U NOBEPXHOCTH

1. Nnockne xpusbie. TIpocrefinell NOBEpXHOCTBIO SAB/ASETCH  MIOCKOCTD,
APOCTEHIIHMY KPUBLIMH — [JIOCKHe KpPHBHIE, NpocTeliuas cpegu NMOCJAEAHHX —
npsamas, [lpaMyro MoxHO onpepenuts nu60 Kak KpaTyafuui nyTe Mexmy
IBYMS TOUKaMH, JHOO KaK JIHHHIOC MePeCeyeHHs NBYX MIOCKOcTeH, nn6O Kak
OChb BpaLleHus.

Cnenyomet B nopsiike BO3PACTaHHA C/IOXKHOCTH KPHBOMH SIBAIETCS OKpPyX-~
HOCTb. YiKe 3Ta (PHrypa HOCAY:KH/IA HCXONHOH TOUYKOH IS CTOJIb MHOIOYMC-
NEHHBIX M CTONb FAyOOKHX HCChAenoBaHH#, 4TO OHM MOr/iu OH camMu 1o cebe
8aNONHUTL COleP¥aHHe [eJoro kypca. MH onpenenseM OKPYXHOCThL Kak
KPHBYIO, BCE TOYKH KOTOPOil OTCTOST HA PaBHOM DPAacCTOSSHHM OT NaHHOM
TOYKH. MBIl MO/yd4aeM OKDYXKHOCTb OOLIEH3BECTHHM MOCTPOCHHEM NPH MOMOLLH
UMPKYNS HJAH HATAHYTOH HHTH.

CaMoe nocTpoeHHe Har/OHO TOKAa3LIBaeT, YTO OKPYKHOCTH €CTh 3aMKHY-
Tasi, HAa BCeM NPOTMKEHHH BBIMYK/As# KDUBas; MO3TOMY 4Yepe3 KaXAYID TOUKYy
OKDYMHOCTH MOXHO MPOBECTH OIpeNeNeHHYIO MNPSAMYIO — KaCaTeJbHYIO0, UMEKO~
IIYI0 € OKPY:KHOCTBIO TOJMLKO ONHY o6yt TOY-

Ky, TOYKy KacaHMsl, a B OCTa/IbHOH YacTH Jexa-

IWy!I0 UeJIMKOM BHe OKpywHocTu (uepr. 1).

Pannyc MB, nposeneHunift B TOUKY Kacawus B, /’
nomiken ObITh KpaTyalluUM paccTOsiHHEM OT

uentpa M xpyra no kacatensHO# £, ubo Bce

TOYKHM HMOCNeNHeH, 33 HCK/IOYeHHEM TOYKH Ka-

caHus, JeXaT BHE Kpyra H, CJeNOBaTe/bHO,

OTCTOAT OT UEHTPa Jajbllie, YeM TOYKa Kaca-

uus, OTciona nanee cienyeT, Y4TO 3TOT PamHyC

NepleHNuKyIspeH K KacatenbHoR. Ilns nokasa-

TeNbCTHA [IOCTPOHM 3epKaNbHOe H300paXkeHHe

uentpa M OTHOCHTe/NSHO mpsMoft £, T. e. omy- Yepr. 1.
CTHM TepIeHNUKYaIp u3 Touku M Ha npsamyio £

¥ TPONOMKHM €ro Ha paBHOe pPaccTosiHke no ToukH M’y torna M masu-
BaeTcs 3epkanbHRIM H3o6paxceuneM Toukd M. A Tak xak MB ects kpar-
yaltiiee paccTosHue OT M 10 £, TO u3 cooGpaxenu#t cummerpuu M'B Takxe
DOmXHO OHThL KpaTuakiuuM pacctosiiuem ot M mo t. CnenosatensHo, MBM'
JOMKHO 6biTh KpaTuafiluMM paccTosHHeM Mexay M u M', W, 3HAYMT, JHUHUS
MBM' He MOXeT UMeTb H3JIOM3 B Touke B, T. e. MB neficTBHTE/NBHO SABIASETCH
fIepNeHIuKyapoM K L.



10 MPOCTEMUINE KPUBHE M TOBEPXHOCTH

CaMo cofolt HanpaliusaeTcss OGOGHIEHHE 3TOrO MOCTPOEHUsi OKPYKHOCTH,
a HMEHHO: MpH MOCTPOEHHH OKPYXKHOCTH € MOMOWIbI0O HUTH Mb 6panu CBf-
3aHHYI0 HHTb, 3aKDEIUIiVIH ee KOHEL B HEMOJBHIKHOM TOYKe, IEHTPE Kpyra,
W, HATATHEas® BUTh, BHIYEPYHBANH KPHUBYIO. Ec/aM e 3akpenurb CBI3aHHYIO
HUTL HEe B OJHOH, a B JIBYX TOYKAX, TO' Mbl NONYYHM KDHBYIO, [OXOXYIO HA
OKDYXHOCTb, HasbiBaeMylo sanuricom. O6e TOUKH 3axkpenjiesHdss HHTH Ha3bl-
palotcs oxycamu sanunca. [TocrpoeHue ¢ NMONOUBIO HHTYM MOKA3BIPART, UTO
SJJIMIIC MOXKHO OIPENe/IMTh KaK KPHBYIO, TOYKH KOTOPOH HMEIOT IOCTOSHHYIO
CYMMy paccTosiHu#l OT JBYX AaHHBIX Touek. COmibkas obe TOuKM, MH TOJY-
YUM OKPY:KHOCTH Kak Hpefc/bHHH cnyyait sinunca. Becem ynomsauyTuiM €BOM-
CTBAM OKPYXKHOCTH COOTBETCTBYIOT NPOCTble CBOHCTBA 3/1/H0ca. DIIUNC TaKwe
3aMKHYT, BCIOJly BLITYKJBIR H HMeeT B KaxXAOHW CBOeH TouKe KacaTesbH.Io,
KOTOpast 33 HCKJIOYEeHHeM TOYKH KAacaHHsl 1eJIMKOM JIeKHT BHe 3Junca.
PannycaM OKpYXHOCTH COOTBETCTBYIOT B SJJIHICE [Be MpPAMble, COErHHAIOLIHE
TOYKY 3nnunca ¢ QokycaMmu. OHH Ha3LIBAIOTCA PanuHyCcaMH-BEKTOPaMH TOUKH
SJIMICA.

Tomy dakrty, YTo xacaTeNbHast K OKPY>XHOLTH NMeprneHIHKYNAPHa K PaIuycy
B TOYKe KacaHus, COOTBETCTBYeT B Clydyae 3/JHMICA TO, YTO KacaresbHas
o6pa3yer paBHBHeE Yrisl C paguyCcaMd-BeKTOPaMH, MPOBLIEHHBIMH B TOMKY
Kacanus.

dTo yTeepx[eHHe O3HAauaeT, YTO Ha 4uepr. 2:

<X F,BT, =< F,BT,.
Iins noxasatenbctBa (WepT. 3) NOCTPOMM 3epKa/bHOe M306parenue TOUKH F,

OTHOCHTE/NILHO KacatelbHOH M o6osHauum ero F,. [lpamas F,F,, kotopas
nepecekaeTca ¢ KacaTeNbHOR B He<OTOpOH Touke B, ecTh xpatualiuiee pac-

5

Yepr. 2. Yepr. 3.

crosnwe Mexny F; u F,. Cnenosatentio F,B,F, ectb Kpatuathuuit nyTb
or F, k Fg, HMeloului OOLIyI0 TOUKY € KacarelbHOH, HOO m/is BCAKOH uHOM
ToukH By kacatenvnoft F\ B, F, = F, B,F, Gyner Gonsuue, Yem F B F, =F,B,F,.
C npyroft cTopoHul, KpaTuaiuuf nyte mexmy F, u F,, uMeomu# obuiyio
TO4KY C KacaTenbHOH, 06pasyioT panuychl-BeKTOPH, [POBeleHHbE B TOUYKY
Kacanus B, 6O BcAKag Apyras TOYKa KacaTeNbHOH, KaK pacrosioxeHHas BHe
snnunca, uMeer GOALLIYIO CYMMy paccTosHult OT (oOKycos, ueM Touka B
SJUIMMICa; 3HAYWT TOYKM B u B, coenmajaior, a4 OTCIONA u BHTekael Hawe
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yTeepaenue, u60 F, u F, pacnonoxeHsl CHMMETDHYHO OTHOCHTENBHO [psi-
moit T,7,, a 9 F,B,T, ecrb Beprukanwuuiit yron ana << F,B,T,.

3710 cBOHCTBO KacaTeNbHOW K S/INHACY HAaXOOHT TWPHMEHEHHE B ONTHKe,
yem ¥ oGbsicHsieTCs HassaHue «GOKych». VIMeHHO, €C/MH MOMe THTB HCTOYHHK
csera B OOHOM (hoKyce, TO JNyuM, 3eDKajlbHO OTPAXKEHHBIE OT 3J1MNCa, CO3de-
pyTcs B Ipyrom ¢okyce.

He Tak nmerko, kak nocrpocHue saMnca, XOT NPUALMIMANLHO CTOJL Xe
NpoCTO, MOCTPOEHHE KP“BOH, Yy KOTOPOH pa3HOCHIb PACCTUsHHK ee TOUeK OT
JBYX HEMOI MKHBIX TOYEK MOCTOsIHHA. JTa KpuBas Hasumsaercs runep6o:of,
2 HeNoABMXHHE TOYKH — ee (okycamu. Jna kaxnol
Touk B wnn B' kpueol (4epT. 4) KOMKHO YHOBIMe-
TBOPAThCA WK cooTHowene FyB— F,B = g =const.
wm F,B'— F B'-=q. CooTBeTCTBEHHO 3TOMY rHmep-
6ona cCOCTOMT U3 IBYX OTie/lBHLIX BeTBel. Bun runep-
60/1b1 HATASAHO MOKA3HBAET, YTO KpAras 3Ta BCIOAY
BbIMYKNA ¥ HMeeT KacaTelbHYtO BO BCAKOH TOUKeE.
Hmx: (ctp. 16, npumeuwanne) OymeT Tmokasaio, YTO
W B CAyyae run>ploOJBl KacaTenbvas K KPHEOH MMeeT
C 5TOH KPHBOH TOABKO OMHY OJLUYI0 TOYKY HMEHHO
TOUKY nNpHKOcH) reHus. Tak ke, kak M B cayuae
571MICa, MOXHO NMOKA3aTh, YTO KACATeNbHAs K IMNep-
Gone neaMT MONOJAM YroJ Meway panuyCamy-BeKTo-
paMH, NpPOBEIEHHBIMH B TOYKy XKacanus (uepr. 6).

W3 snmnca ¢ nmoMouisto mpegesapHoro fmepexofia MOXHO TONYYMTE HOBYIO
KpuBY10 — napabony (uepr. 5). Ilas sToro ocrasuM onmH (OKYC, Haupumep
F,, v 6mixaliuyo K Hemy Beplumiy S S//MACE HENOLBMKHLIMK (BEpLINHAMH

Yepr. 4.

Yepr. 5.

s 3JMNCA HA3HBAIOTC TOYKM MEPECceyeHHs KDHBOR € MpSMOR, coemuHsIolweh
ee ¢okyce). DBynmem Tenmepe paccMarpuBaTh S/JMICH, MOJY4Yalol(Hecss NPH
nepexecenyn Broporo ¢oxyca F, Bce panee or touku F; Ha nporomxenne
TpsiMOi SFl; 3TH SJAMICH CTPeMSTCs K HEKOTOPOH npelensHON KpuBOH, KO-
Topas M ecTb napabona. s camoro npenenbHOro NEPEXOAa MOXHO BHBECTH
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npocroe onpexenerne Napabons. VMeHwo, npu BHYePUHBAHHH SJUTHIICA C 1O~
MOLIBIO HHTH MH MOXeM 3aMeTHTb, YTO ecn¥ Kapamaaul HaXOmMTCH BOJH3H
Toukk S (uept. 5), TO npw KocTaToyHo GonbuIOM paccTosHuu Mexny Fy u F,
OTpe30K HUTH, COeNuHAOmE# Kapanjaum ¢ Toukol F,, nouTH napanienes
mnun SF;. CrenoearensHo, ecin B HekoTOpot Ttouke L mpsmoit F,F, moc-
crapute nepnenaukyaap ! Kk F Fy, 10 npubmmkenso Oymem uMerhb:

F\B+ BFy,=F,B+ BL' 4 LF, =const.

(rme L'— ocHOBaHMC TIEPIIEeHAMKY/SPA, ONMYLIEHHOTO U3 TOYKH B 1a npsamyro ).
Ecin Teneps BBECTH HOBYKO TOCTOSIHHYIO, PaBHYIO

const. —LFy
(LF, vmeer mocTosHuOe 3HAaYeHWe ANA KAXIOK Kpueofi), TO GyneM uMeTs:
F,B + BL' =const.

3T1o cooTHoulenWe OyneT YyIOBNETBOPsiibCA C TeM OGosbliell TOYHOCTHIO,
yem Goneure pacctosnue F F,, a mna mpen neHoi KpuBoit owo 6yaAeT Bnonie
touHo. Takum o6pasom napabona ecTb KpuBas, JUI TOYEK KOTOPOH Cymma
PACCTOsIHHE  OT HEKOTOPOH  omnpenenHHOM
TOYKH M HEKOTOpO# omnpeneneHHON npaMon
TIOCTORN' 12 MAM (UTO MPHBOAMT K TOMY Xe)
TaKa# KpuBasg, TOUKH KOTOPOH OTCTOST Ha
PaBIIOM PacCTOSIHHH OT HEKOTODPOH MOCTOfH-
HOW TOYKM M HEKOTOpOH rocrosnHol npd-
MoH. MH nomyuum 3Ty TOCHERHIOW MpPAMYIO,
eciy mpoBesieM MpsMyto, napamenshyio [ H
PAacrioNoMEHHYI0 MO APYryio CTOPOHY OT TOY-
Kk S Ha paccroswuuu, pasnom SF;; oHa Ha-
3BIB3CTCA NHpE (TPHCOH mnapabosul.

Ecin poo6pasute, uTOo mnapaSona npen-
craBnsieT coGofl oTpaxaiolniee 3epKajno, TO
OHa JIO/NKHA OTpaXaThb BCe AYuH, MaNamoulxe

Yepr. 6. napannetso F.S, B Touky Fj; 310 Takke
crenyer M3 1pPSAeBHOTO Mepexona.

Mu paccMOTpeny CeMeRCTBO 3.IMIICOB, MMeIOIIMX OOL{Yl® BepHIHHY H 06~
uwiit 6maokalimié K sToit BepumiHe Qokyc. Temepe PacCMOTpHM CeMeHCTBO
BCEX 3JUIHICOB, MMeUIHX obmiue (okycH. ITO ceMelCTBO «CO(OKYCHHX»
3JUIMNICOB IMOKPHBAET I[JIOCKOCTE ONHOKPATHO M HeMnpepuBHO, T. €. uepes
KAKAYI0 TOYKY IOCKOCTH MPOXONMT OAHA W TOJNBKO OfHAa KpuBas cemeii-
€TBd; MEHCTBHTENBHO, KaX/AOH TOYKE COOTBETCTBYET BIIOJIHE ONIPe/ie ieHHast
CyMMa paccTosiHiil OT 3TOM TOUKM IO (OKYCOB, M CJIENOBATesIbHO, Kaiaas
TOYKA TIDHHAIEXHT TOMY S3JUIMTICY, KOTODOMY COOTBETCTEYET 3Ta CymMMa pac-
crosnuit 1).

1) Otpesox fpsmolt, coenmusionut 062 (oOKyca, TPELCTAaBASET Takwke 3MIHKC (oco-
GeHHWH, BLIDOAMBIUHACSA). ITOT NAMNC MONYHAETCSH, ECHH NPHHATH 32 3HAUYCHHE CYMMB
PaccTOSHME JAHHY OTpe3Ka NPAMOR, coequHIUEH (o iyCH.
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Bo3uMem eme cemeficTRo rumep6o/, HMEIOUIMX STH XE B3ATHE HAMHM TOUKH
B KayecTse (OKYycOB. ITO ceMeHiCTBO TaKKe MOKPHBAET ILAOCKOCTL OXHO-
KpaTHO M HempepusHO !). Tak yTO Yepe3 KaWAYI0 TOYKY MAOCKOCTH MNPOXO-
OAT B TOYHOCTH [(BE KDHBHIE CHCTEMHI, COCTOsUell M3 CODOKYCHHIX SIHJIUICOB
u runepbon (uept. 6).

B kawaoft Touke (32 HMCKMOYEHHEM (POKYCOB) KacaTeNBHBIE K HPOXOASIIHM
yepea 3Ty TOUKY MABYM KPHBHM — 3JUIMNICY M TurepGosie — Jenst Tornoaam
yroll MeXIy PajMycaMy-BeKTOPaMy B3ATON TOYKM H CMEXHHE € HHM Yron,
cef10BaTeNIbHO, KacaTeNlbHHE 3TH B3aWMHO MepPreHIHKY/SIPHH.

Taxim 06pa3 M codokyCHble 3IUNCH 1 FUNEP6OIN 06PasyIoT Ba <B3aHMHO
OpPTOTrOHasNbHLIX cemelicTBa KPHBHIX» (J1BA ceMeHCTBA HA3WBAIOTCH OPTOI'OHANb-
HLIMH, eCli KaX1asi KpuBas OnHO-
ro ceMelicTBa mMepecekaer Kax-
Iy®0 KPHMBYIO NpYroro cemeficTBa
MO TIPSIMBIM YIJIOM; YroJ mepe-
CceueHWst MAByX KPHWBLIX oOMpene-
JseTCd KakK yroja Mexny Kaca-
TeNLHBIMH K STHM KDHBBIM, TIDO-
BENEHHLIMY B TOUKE Tlepeceuenus).

Teneps, YTOOH MOJYUYHTE Ha-
IISgHOE TPENCcTaB/ieHHe O Halleft
cucTeMe KpMBHIX (uepT. 7), Hau-
HeM C MfpsMOlt, nepneHmrKynsp
Hoft k orpeaky F,F,, mnpoxons-
meR 4Yepl3d ero cepenuHy, o
3aT€M PACCMOTPHM CeMellCTBO ry-
nep6on. Mu BHAMM, 4TO IHnep-
Gonbl cTaHOBATCH BCe Gonee Cxa-
THAM M HAIKOHEL[ TepeXonaT B Yepr. 7.

MoJMynpAMue, CAyXalne npomos-
weHveM orpeska F,F, enparo u BieBo. IIpy 3TOM MJIOCKOCTH LEJHKOM 3arol-
HaeTCs rumnepbonaMu.

Tenepe Mbl mepexofiM K camoMy OTpe3aky F,F,, K KOTOpoMy Hemocpes-
CTBEHHO MPHMMBIKAIOT CrepBa OueHb CIKATHLIE SJJMMCH, KOTOPHE 3aTeM TocTe-
MICHHO CTaHORATCH Bce 6ojlee OKDPYrALIMM H BMecTe C TeM G6GesrpaHuyHO pa-
cryr. TakuMm 06pa3oM MBI BTOPHYHO 3arlOJIHEM RCIO FJIOCKOCTE.

Jpyrofi, H MPHTOM MCKIIOYHTENBHO NPOCTOH, MpHMep B3aHMHO OPTOrOHaMb~
HBIX CeMefiCTB KPMBBIX TIPEACTAR/SIOT KOHIEHTPHUCCKHE OKDPYMXHOCTH H mpf-
MBI€, MpOXojfigHe uyepe3 uX OOuMil UEHTP. DTy CHCTEMY MOXHO TONYUHTDH
U3 npebinyiedl MyTeM MpenesbHOrO Mepexona, 3acTaBnss cOmMKaTeCcs 0062
¢ kyca. Ilpu 3TOM sanHMnCH nepexonsaT B OKPYKHOCTH, a runep60/ibi — B NapH
MPAMBIX.

JIvHHH YDOBHS M JIMHHM HaHOONBLIErO MOABEMA Ha reorpaMyecKHx KapTax
CyTh Taxx¢ OPTOrOHa/bHHE CeMEeHCTBa.

1) [lpav s, npoxomsinas uyepes o6a ¢oxyca, ecaH H3 Hee BHOPOCHTD OTPE3OK
coenuHsOLME QOKYCH, ecTh BHPOXAEHHas Tunep6oJya, TOYHO Tak Ke, KaKk NpsMas
MepreHIHKYNApHAS K OTpesky, CoenHHsiomeMy ¢OKYycH, B mnpoXoasilas uepes ero
cepeiuHy; Ans 3TOH mocjenseil pasHOCTb PacCTOSHUM MMEeT NOCTOSHHOE 3HayeHde —
HYIIb.
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Haxoden, ynoManeM Apyroe nocTpOeHHe ¢ FMOMOLIBIO HMTH, MpPHBOJALIEE
K ODTOIOHA/JBHLIM ceMmcHCTBaM. BO3bMeM KOHeIl HMTH, HarepHyTolt HA KaKylO-
uuOyIb BHNYKAYIO KPHRYIO, HANPKHMED Ha OKDYXHOCTh, M CTaHeM pa3MaThl-
BaTh HWTb, BCe BpeMs HaTiArusas ee (uepT. 8). Torma Koweu HMTH OmMIIET

«9BOJILBEHTY» OKPYIKHOCTH. ITa KpHBasl

/— OMHCLIBAET OAMH 33 APYTMM BHTKW BO-
KPYr OKpYy.XHOCTy, npancraeiss co6of,

Taku4 oOpasom, cnupass. Camo mocrpoe-

enxr HWZ2 HarfsggHO TOKAa3bIBAacT, YTO KpHpas
flepreHayKyNspHa X OAHOM M3 ABYX Kaca-

TENBHBIX K OKPYKHOCTH, KOTOPHI® MOXHO

MPOBCCTH M3 KaKOU-11M60 TOUKH KpysoM.

Bce nocneayioue BHTKHM — 3BOJILBCHTHI

TAKNE HCPCCEeXalOT 3TY KacaTeNpHYIO TOL

OpsIMBIM  YIJIOM, HOpHMYEM OTPC30K Kaca-

TENEHOW MEXAY HBYMS HOCAENYIOLIMMH

BUTKAMH SBOJBBENTH MMCET MOCTOSHHYIO

IJIHHY M DPasBeH KakK pa3 JuliHe B3ATOH

OKPYXKHOCTH.
Moxyo nonyunTe GeckoHeyHoe MHO-
‘lepr. 8 » CTBO 3BONEBEHT TOH e CaMOU OKpyX-

HOCTH, €CIM 0pH Ppa3MaTHBAaHHH HHUTH
HayaThk C IPYIUX TOYEK okpyxnocty. Ho sce ssonbpBeHTH MOryT OHITBH NOJY-
yeHH TaKXe M3 ONHOU 3SPOJbBeHTHLI NyTEM BpPAU(CHMSA €€ BOKDYI' HeHTpa
okpyxHocTH. CeMCHCTBO 3BOJALBEHT NOKpHIBAeT BCIO MJOCKOCTH 32 JCKIIOue-
HHEM BHYTPCHHOCTH KPYra OAHOKDATHO M HempephiBHO. OHO OPTOrOHAaNbHO K
ceMefiCTBY MOJMYMPAMbIX, KacaTeNbHBIX K OKPYXHOCTH, B3ATHX B OTpelc/icH-
HOM HAaMpar/JCHHM OOXONa OKPYXHOCTH.

M poobuie nas mo6oro 3anasHoro ceveHcrsa MPSMBLIX  OPTOIOHANBHOE
cemMeficTEO COCTOMT M3 ssonhbe nr. O6pagsyoinas ¥X KpHBas-—Ta, KOTODPYIO
(kak b nauleM ppuMepe OKPYXHOCTB) OrHO2IOT NpsMHeE 3a1aHIOr0O ceMelcTsa.

Mur BepHeMcst emre K 3TOMy B mubeperuuansHolt reomerpyd (ra. IV) u
kuHemaTuke (v, V).

2. Huaminp M KOHYC; KOHMYECKHe CeyeHHsl ¥ MOBEPXHOCTH BpalleHHs, o6pa-
3yemule MMH. [IpocTediiyi0 KpPHMBYIO TOBCPXHOCTH, HMMCHHO KPYIo. O Iu-
JVHAD, MOXHO MOJYYHTH FPH TIOMOLIM M(POCTEHIINX KPWUBEIX  OKDYIKHO-
CTH ¥ npsiMOl — cnemyoinyiM 06pasoM. Ycpe3 ofHy M3 TOUEK OKPYKHOCTH
npoBeneM MpsAMYyio, TeprNedAHKyIsSPHyI0 K MIOCKOCTH Kpyra, ¥ Oyned Tiepe-
MCIaTh ee MapanneneHo caMoit cefe Booaw Beeft OKPYXHOCTH. Jlanee MOXKHO
NONyuKTh KPYrosoil uMauuap, 3acra WB ONHY NPAMYIO BpaulaTthCs BOKDYT
Ipyro# nmpsiMolt, napanmenenoit mepsoit ¥ cayxauedd nns nepsofi npaMoll oCelo
Bpamgenns. Takum ob6pasom KPYrosofl LHAHHAD €CThb NOBEPXHOCHIb BPAULEHUS.
ITosepXrioc ' BpauicHUsi NPEnCTABMAIOT BAWHLIA 1MN  TOBEPXHOCTEH; OHH
BCTP MAKOTCH B MPaKTHUECKOM OGHXOME B BHIE CTaKaHoB, OYTHUIOK M T. 1. Bee
OHH MOI'YT OLITE OXADAaKTED 30BAHW TeM UYTO WX MOXHO TNONYYHTH MyreM
BPAIICHN HCKOTOPOH T/IOCKOH KPUBOH B( KPYT OCH, NEKalled B ee TUTOCKOCTH.

nockocts, neprennvkynspuas OCH, mepecekacT KPyroBO# [MAMHAD MO
OKPYXHOCTH; TIIOCKOCTB, HAK/JOHHAs K OCH, JlaeT B CEYeHWM, KaK B 3TOM
MOXKHO HEMOCPEACTBCHHO yGemuThes, 3JAMNCOBHAHY10 Kpueyio. IlokakeM, uto
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ara KpHBAA eCTh melicTBHTeNBHO anaMnc. Jlas 3TOro BO3bMeM ILAp TaKoOro
AMameTpa, YToOH OH B TOIHOCTH COOTBETCTBOBA/ BHYTDEHHOCTH LHJIMHIPA,
u OyneM mnepenBHraTh 3TOT ILAD BHYTPH LHAMHIPA MO CONMpPHKOCHOBEHHMSA
¢ cekyulefl MNOCKOCTEIO (qepr. 9). TouHo TaKOH ke LIap BO3LMEM C Npyrok
CTOPOHHI CeKylell naockoCTH M Takke MNPOIBHHEM €ro O CONPHUKOCHOBEHMs
¢ MAOCKOCTLIO cevernsi, Lllaper compukacaoTcss € LHAHHA-
pOoM TIO IEYM OKDYIKHOCTSIM, a € MIOCKOZTHIO CEYEHHS HMEIOT
[BE TOYKH COIPHKOCHOBEHUS l“1 u F,. CoennunM Teneps
NPOM3BOJBHYIO TOYKY B Kp.1BOH nepecevenusi € TOuKavu F,
u Fy ¥ paccMOTpuM 06pasyroluyio LM/IA+IPa, MPOXOASUIYIO
yep:3 Touky B. IlycTb oHa nepecekaercs C OKPYXHOCTAMM
COMPHKOCHOBEHHS IIapOB W UM/AMHApDA B TOuKaX P, u Py
[psvue BF, n BP — KacaTeJlbHHEe K ONHOMY M 'ro'ny )xe
wapy, npoxonsuyie uepe3 Touky B. Bce Takue kacarens-
Hbl€ HMEIOT DPABHYIO IJIHHY, YTO HENOCPENCTBEHHO ClielyeT
U3 BCECTOPOHHEHl CHMMeTDHM Lapa Mo OTHOUIEHHIO K Bpaw]2-
nuo. Takum o6pasom umeeM: BF, = BP,, n TO'HO TaK xe
nonyyaeM: BF,=BP,. Orciona

BF, + BFy; = BP, + BP,=P,P,.
N1

Ho paccrosune P,P, we 3aBucut oT BhiGopa Touku B K/
Ha KDHBOH BCJIENICTBHE CHMMETPHM (UIypH MO OTHOIIEHHIO
K Bpantennto CrenoBaTeNbHO, /15 BCEX TOYEK CeyeHHs CyM- T
Ma paccrosiiiil oT Touek F; u F, oimmakosa, T. e. ceueHye Q
npencrasnser samunc ¢ dokycamu F;, u F,.

Msl MOXeM c(OPMYTHPOPATE MONYyYeHHHH pe3yJbTaT Kak Yepr. 9.
TEOPEMY O MPOEKLHAX, a HWMEHHO: TEHb Kpyra, Molyyalo-
u[asics Ha IJOCKOCTH, HAKJAOHHOR K MJOCKOCTH Kpyra, MPH OCBELUEeHnH
Kpyra Jiyuamy, MeprneHnykyNsApHLIMKY K ero MAOCKOCTH, NPencTaBiseT 3/7UIIC.

Crenyromeff 3a KPyroBeM IMAMHIPOM NpOCTeilell MOBSPXHOCTBIO By .llle-
HMY siBIseTC KpyroBoit kodyc. OH moayuaercs NpH BpalueHuM npsMoit Bo-
KpYyT Tepecekaioiyeit ee ocv. Konyc o6pasyror Ece Kacarte/ibHEE, NDOBENEH-
HblE W3 OfHOM U TOH e HEMONEIKHOM TOUKH K HEMOABMIKHOMY WIapy, WM
BC€ JIyuM, MPOEKTHPYIOIIWE KDY M3 HEKOTOPOH TOuKM, B3ATOH Ha ero ocu
(1. e. na npsmo#t, mpoxonsiied Yepes LEHTD Kpyra MeprneHAuKYNsIPHO K ero
TI0CKOCTH).

IlnockocTs, MepneHnMKyNsapHas K OCH KPYTOBOrO KOHyca, MepecekaeT ero
M0 OKPYXXHOCTH; €CNH e HeCKOJNbKO HAaK/JOHHTE CEeKYUIY0 TIOCKOCTE, TO
CeyeHMe Mpe paTHTCA B 3JMTC. 3TO MOXHO JOKas3aTh, KaK M B Cly4Yae Kpy-
ro Oro UMIMHAPA, NPH TOMOLIM RBYX BCIOMOraTeJbHbIX LiaPOB, KACAOLIMXCH
TJIOCKOCTH CeYeHHsl.

Ecnu cekymyio nmockocTe Bce Gonblie HaKJAOHATB, TO S/JIWICH OYAyT Bee
Gonbllle BHIMMTHBATECS; HAKOHEN, KOTAA CeKywlas MJIOCKOCTh CHAeJAeTcs naparn-
nenpHOM OofHOM 13 06pasyiouinx KOHYCa, KpvBas, MOJYYalollascs B CEYCHMH,
y¥e He 3aMBIKAeTCss B KOHeyHO# 4acTH maockoctw. IIpy nomowm mnpenenb-
HOTO Mepexona, aHaNOrKYHOro NPOBEAEHHOMY BhILLi€, MOXHO YOEZMTBCH, HTO
3Ta Kpupas ecTe napabona.

Ecan panpuie yseqMunBaTh HAKIOH CeKyllel MJIOCKOCTH, TO OHA HayHeT




18 NPOCTERLIME KPABHE A NOBEPXHOCTX

nepecekaTh M APYIYI0 4YacTb KOHyca, KOTOPYIO paHblle He Mepecexans;
KpHBasg, TIOJNY4aIOUlascsd B CeYeHHM B STOM CJyyae, HMEeT BHI THuepOosNH
(uepr. 10). Yro6m noka3aTh, YTO STa KPHUBasgs eCTb B CaMOM [efie THmep-
Gona, moMecT¥M B o6e TOJNOCTH KOHYCa IUAapH, KOTOpHE CONpPHKACAIOTCH
KaK C KOHYCOM, TaK M C MJIOCKOCTBIO ceueHHss (B StoM Cayuae o06a wapa
GyAyT pacrofloXeHbl MO OAHY CTOPOHY OT CeKyIlell [UIOCKOCTH, B TO BpeMs
KaK B C/yyae 3A/4NcCa OHM pacno-
JIaramuchk no pasHeie CTOpoHH). Jo-
Ka3aTe/NbCTBO MPOBOMMTCA B TIOJHOM
COOTBETCTBMM C PacCyXIeHHem Ha
crp. 15. Mneem (uept. 10):

BF,=BP,,
BF,=BP,,
BF,— BF,=

= BP, — BP,= PPy = const.

Hrak mun y6enmmuces, 4to BCAKOE
CeueHWe KOHyca TIOCKOCTBIO, He
npoxonsmel 4Yepes ero BepilvHY,
npencraenser Jubo smanunc, 6o
napaGony, naubo rumepGoay !).

Mui BUOMM, YTO 3TH KPHUBHIE HMEIOT
BHYTpeHHee CPOJCTBO, B CBA3H C YeM
OHH OOBeAHHAIOTCA TON OGUIMM Ha-
3BAHHEM KOHUMECKUX Ceweruil *).

K Tp2M yHOMAHYTHIM «COGCTBeH-
HLIM» KOHWYECKVIM CeyeHunM crenyer
no6aeyTh B KauecTBe «HECOOCTBEH-
HBIX» MpefiebHEIe (GOPMH KOHMUe-
CKHX CeyeHufl, monyyaemnie B TOM
cnyyae, KOTAd CeKymas MJIOCKOCTh
MpOXOOMT Yepe3 BepUIMHY KOHYyca

Yepr. 10. WIM KOrma KOHYC EBHIDOMUIAETCH B

mwmdanp. Takum oJpasoM B Kaue-

CTBE BHIDONMBLUMXCS KOHMYECKHMX CedeHHMH{ C/ieflyeT NMPHHATB: TOUKY, MPAMYIO

«CYMTaeMyI0 MBAXIH», NBE NMepeceKaioliecs NpsiMble, fBe MapajfiefbHble nps-
MBIE H MYCTYIO TJIOCKOCTE.

Konnueckyie CeueHnsi Ha3HIBAIOTCA TAKKe KPUBbLLME 8mOp020 nopsoxa. ITo
HA3BaHHE OHH NOAYUNNH MOTOMY, YTO B JIEKaPTOBHX KOOPAMHATAX OHH BHIPAKA-
I0TCH yPaBHeHNAMH BTOPOR cTeneHH. ITO CBOMCTBO He MOXeT OHITh Henocpes-

1) Kpyr crenyer paccMaTpEBaThb Kak mpenenbHHA caydafl amminca.

2) Mtak TeHb kpyra Ha N06YI0 TIOCKOCTb €CTb KOHHYECKOE CeYeHHE, eCNIH HCTOY-
HHK CBeTa HaxoaMTcs B KakoH-mu6o TOyke Ha OCH Kkpyra. Uro npH 3TOM MOTYT mMo-
NYyuHrbCsl THREPOONLI, MOXHO BHIETb Ha NPHMepe KOHyca CBeTa aBTOMOGHIbHOH ¢aphy;
B IJIOCKOCTH IODOTH OH OCBEIlaeT BHYTPeHHOCTb ONHOH BerBi runepbonul. Tak kak
KaXNYI0 KACAaTEeNbHYI0 K TrHIepdone MOXHO pacCMarpuBaTh Kak 1eHb kacarenapHOH
K OKpYXHOCTH, TO KacaTenbHas k runepGone uMeer ¢ runepbosoff T0abKO OfHY O6LLYIO
TOUKY — TOUKY TPHKOCHOBEHHs, Kak U OHJo ykasaHo Ba crp. 11.
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CTBEHHO HAIJAMHO CPOPMYNHPOBaHO, HO M3 HETO MOXHO FMONYYHThL BIMOJHE
HATJSHOe CJACACTBYE: KOHHYECKOe CeyeHHE HE MOXET TepeceKkaThesi € npsiMoi
Gonee yeM B ABYX Toukax. Onnako umeercs MHOrO NpYTHX KPHMSHIX, obnapao-
IMX TeM e cBofcTBOM. B nononHenusix K 3TOH INaBe NMpyMBONSTCA €ule NBa
TEOMETPHYECKHX (paKTa, KOTOpble TaK XK€ KaK [OCTpUEHHE C MOMOLIBIO
($OKyCOB, XapaKTepH3YIOT BCE HEBHIPOAMBUIHECH KOHHYECKHE CEyeHMs. 10—
NOCTPOEHKE TpPH TOMOLLM MOASPHI W CBOMCTBA NHPEKTPHC.

INocne Toro kak ™Mbl mosyununu UHIMRAP M KOHYC MpH TIOMOIM BpALCHWS
APSIMOY, eCTECTBEHHO HANPALIKEACTCS MBICTb PACCMOTPETL MOBEPXHOCTH, MONY-
YalomMecs NpH BpaiieHHH KoHuueckwx cedeHHH. IIpu sToM Gynem BbIGHpaTh
OCh BpaUICHUA Tak, 4TOOH KOHHYecxoe CeH4eHHE pacmonaranock CUMMETPHUHO

Yepr. 11. Yepr. 12,

o otHowennio K nefl, Torna uactu purof, nexamue no obe CToponn ocw,
fiepeXONAT OIHAa B JIPYTYIO mocie moayo00opoTa, Tak 4YTO MBI NOJNyyacM euH-
CTBEHHYIO TIOPEDXHOCTL] MPH Ipyroy e PaclOJOKEHHH OCH Monyuunack 6bl
ropasno Gosee crowuas ¢urypa.

Tak Kak 3JJMMNC ¥MeeT IBe OCH CMMMETDHH, TO OH NMOPOXAaeT Ise pas-
NWuHBIE MOBEPXHOCTH Bpauchmsi. B 3aBHCHMOCTH OT TOrO, 6ynmsM .M Mu
BPAINATE SJUTMNC BOKPYr 60JbiieH uau MeHBIUEH OCH, Mbl MONYYM BHITSIHY-
Thi#t (uept. 11) v oxateift (wept. 12) sAMNCOUA Bpattenys. OSuick3BecTHEIM
M 4acTo NpPHBOAMMBIM NPHMepoM nocieiHed TMOB/PXHOCTH CIYXKHT 3emis;
NPHOTIIKEHHBLIM NIPAMEPOM MepBOH TOBEPXHOCTH MOMET CJIYKHTh KYPHHOe sitito.

Ecix yMeubuiaThb pasHuuy B e Mexay OO/BIIOK ¥ Maso# 0aMu 3 umnca,
TO TOJNYYUM TNepeXOmHHH cay4yall Mmexay 000HMH 3/IMNCOMAAMH BPALL2HuUs.
B stoM cayyae, xorma 062 ocs cranyT paBHbIMH, SJJIMNC NperpaTurea B Kpyr,
H MBI TIONY4YMM MpPH BpameHuy wap. Tax KaK I3 CHMMETPHYEH OTHOCHTENLHO
noboro 113 CBOMY NHAMETPOB, TO ero MOKHO TOJYHUTH BDALIEHNEM Gecurc-
NEHHHIM MIIO¥eCTBOM Coco60s. B 3Tou M COCTOMT OTAMYHTENbHOE CBOKCTEO,
Xapaxkrepuayiollee LWap: uiap — eauHcTeeHHas NMOBEPXIIOCTh, KOTOPYI0 MOXHO
Nonyy4Th BpaigeHneM GoJiee 4yeM ONHHM cnocoGom.

[TapaGona wmeeT AulIb Oxty OCh CHMMCTPIHM H TIOTOMY MODOXKIAET €xMH-
CTB2HHYIO TNOBEPXHOCTb Bpamienys — mapaGoNOML BpaLenus (uept. 13).

HaoGopor, runepGona nopowmaer Ase pasfiitilble NMOEEPXHOCTH BpAILCHHS.
B 3apHCHMOCTH OT TOrO, MPOMCXOMMT J¥ BPALIEHWE BOKDYT JMHHH, COENMiifIO-
mieft OKYCH, WM BOKpYr uepneHgmiyssipHOH K Hed mpamo#t, npoxopsiued
yepe3 ee CepeyHy, Mbl noayyaeM ABynoAOCTHH (4epT. 14) mau omionono-

3 Teasbepr ¥ Kou-Poccen
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crunift (vepr, 15) runepbonoun Bpainenns. 3neck CHEAYET OTMETHTL TOT
nopa3vresbHult $aKT, YTO Ha MOBEPXHOCTH ONHONOJIOCTHOro rurnepbosnonna
nexT 6GecKOHeuHOE MHOXECTBO MpPAMHX; HMEHHO 5Ty [OBEPXHOCTH MOXHO
MONYYHTE TAKKE NyTEM BpalleHWs MPAMOU BOKpYr APYroi npsmMoii, He nexa-
weit ¢ Hel B oOpHOM TMUIOCKOCTH (110 CHX TIOp MBI TIO3HAKOMWJKCE JIHLIb
C TaKHMH TIOBEPXHOCTSIMM BPAUICHMSI, V KOTOPHX OChb JIEXHUT B ONHO# MJOCKO-
ctH ¢ ofpasyiouledt kpupok). JlOKa3aTenbCTBO STOTO MOXeT GHTH MPOBEEHO

\/>
ST/

Yepr. 13. UYepr 14. Yepr. 15.

TONBKO aAHANMTHYECKNM nyTeM. OHHAKO MOMHO HeNmOCPeNCTBeHHO y6enmTecs,
4YTO MOROOHHM NOCTPOEHHEM MOXKHO TIONYYHTb 5Ty MOBEPXHOCTH ABYM$ CilOCO-
Gami. B camom pesne, paccMorTpuM mnpsMyio g' (uepr. 16), cummerpHuHyio
¢ npsmoft g, obpasyiomell Eamy NOBEPXHOCTh, MO OTHOLUCHHIO K TUIOCKOCTH,
a

gl

7
L4
'

\

Yepr. 16. Yepr. 17.

npoxogsieR uepe3d ocy a. Ilpsimas g’ momkwma 06pa3oBaTe NpH BPALEHHH TY
e CaMyi0 MOBEPXHOCTh, YTO W MNpsMas g.

B cooTBeTcTBHHM ¢ 3TUM OAHONONOCTHHEIA TI'MNepOONOUL BpAlE€HHS CONEDKHT
nBa ceMelCTBa MNPSIMBIX, TIpHueM Kaxjoe cemMeficTBO caMO Mo cebe 1eaHKOM
NOKPHIBAET BCIO NMOBEPXHOCTH, H NpsiMble 06OMX cemefiCTB TaK PacriofioXeHH,
YTO Kax/Jaasi mpiaMas OHHOIO ceMeHcrea repecekaeT Kaxayto TpsMyido npyroro
ceMeficTBa (mm napajanentHa eil), Mexay TeM KakK JBE MpaMble OAHOro
H TOrO Xe CeMCHCTBA PacroNoWeHH BCEIAd B PASHHX MIOCKOCTAX (4epr. 17).
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3. MosepxHocTH Broporo mnopsaka, IloBepxHocTH, MOJMyYAKOLIMeECH NyTEM
BPAlIEHHA KOHMUYECKHX CeYeHHi, ABAfIOTCA YACTHHIMM CayuasMu Gozee obLiero
knacca MOBEPXHOCTell, HA3LIBAEMBIX M3 aHAJMTHYECKHX COOOpaXKeHnlt moBepx-
HOCTAMHM BTOPOFrO TNOPfKA; STO — MOBEPXHOCTH, TOYKM KOTOPHX B JAeKap-
TOBBHIX TPOCTPAHCTEEGHHBLIX KOOPAMHATAX YIOBNETBOPSIOT YPaBHEHHIO BTOPOMH
crenewd. OTCIONA JIErKO BHBECTH AHANMTHYECKH, YTO 3TH MOBEPXHOCTH Oobna-
natoT TO# OcoGeHHOCTBIO, 4TO JMOGas MAOCKOCTL TepecekaeT HX MO KpuBOH
BTOPOrO TOPsIKa, T. €. 10 HEKOTOPOMY (COBCTBEHHOMY WMIH HeCOGCTBEHHOMY)
KOHHYECKOMY ceueHnlo. [lanee, ecsm M3 HEKOTOPOH TOYKM NpPOBECTH BCEBO3-
MOXHBIE KacaTeJbHEE K MOBEPXHOCTH BTOPOrO MOP$AKA, TO OHH 06pasyoT
KOHYC, TepeceyeHue KOTOporo ¢ JoGGH MIOCKOCTbIO TAKKE n3eT KOHMYECKOoe

m ~

Yepr. 18. Yepr. 19.

ceyenre. KoHyc 3TOT COMpHKacaercss ¢ MOBEPXHOCTHIO TAKIKE TO HEKOTOPOMY
KOHHYecKOMY ceveHH10. [IoBepXHOCTH BTOPOro Mopsiaka — eAMHCTBEHHLIE OBepPX-~
HOCTH, BCe IJIOCKHE CEYEHHs KOTOPHIX SBASIOTCH KPHMBEIMK BTOPOrO mopszaxal).

PaccmoTpHM Temeph pa3jHYHBIE THMH MOBePXHOCTeH BTOPOro TOpPsAAKa.

W3 kpyrosoro HMIMHApa myTeM 0000mieHHs TOAYYAETCH SIIMITHYECKUA
uHAMHAp. ITOT UMMMHAD 06pasyeT mMpaMasi, ABHIKYINASCS MO SJUMICY, NepreH-
JVKYNSIpHAst K €ro IJOCKOCTH. TakuM e croco6oM, MOMOKHMB B OCHOBaHue
napabony uax runepbosny, moayymM napabonvueckuit WM runepOoOnuecKuit
unminap (vepr. 18 u 19).

CooTsercTeyroutee 0600LIEHHE KPYIOBOI'O KOHyca paerT OOLMH KOHYC
BTOPOI'Oo nopsiaka. Ero Mu nonyudM, eci¥ COENMHHM BCE TOYKH KakKoro-
HHOYyNL COOGCTBEHHOTO KOHHYECKOro CeueHusi ¢ HEKOTOPO# ToukoH, pacmono-
KEHHOH BHE IJIOCKOCTH BTOI'0 KOHHYECKOrO CeueHys.

CrenyeT 0pH STOM 3aMETHTb, YTO B TPOTHBOMOJMOXHOCTE CJIy4ai0 C HMJMH-
IPOM Mbl HE TIONyYdaeM PAa3HYHHIX THIOB MOBEPXHOCTEH, KOIrmA MWCXORHM OT
3MNKIICa, OT Mapabons WKW OT IMnepboNibl; KaK Mbl yiKe BHIENH, TJIOCKOCTH
MOKeT o0pa30oBaTh B NepeceYeHHH C OAHHM M TeM Ke KOHYCOM BCE TDH

1) M3 yxasaHHOro TOJNBKO YTO CBOHCTBA Crnefyer, YTO MnNsAMas, He CoBHajaollas
C MOBEPXHOCTBIO Ha TPOTSMEHHH LEAOro OTPE3Ka, MOXKET HMeTb C Hel He Gosee NBYX
OSWHX TOYeK; ONHAKO LOCAenHuM CBOHCTEOM O6aanaloT noMHMO nopepxHocTel Broporo
nopsjKa MHOTHe JApYTHe NOBEPXHOCTH, HanpuMep mOBEPXHOCTb Ky6a.

b
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KOHHYECKMX CeYeHMsl, B TIEDECEYEHMM IKe C OAHMM M TEM e LHIHHAPOM
STOrO NONYYHThL HENb3sl.

KOHYC ¥ S/LI4TITHYECKHH LMIMHID MOXHO MONY4YMTb M3 COOTBETCTBYIOLIMX
FOBEPXHOCTEH BpAILEHHA TAKXKE nyTeM nedopMauMM, KOTOPAS HA3LIBACTCA
pacmsiviceruem. 3aXPeTHM HEMONBHKHO BCE TOYKM KaKOH-HMEYah MIIOCKOCTH,
npoxoaslled uepe3 OCh BPAlleHWs, H MpencTaeMM cebGe, YTO BCe OCTaJBHBLIE
TOYKW TIPOCTPAHCTEA CABHMHYTH 10 HANpPABJEHHIO K HEMOABHIKHON MJOCKOCTH
WK OTOABHHYTH B TIDOTHBOMONOWHOM HAMPAaBJIEHWH TdK, YTO PacCTORHKA
BCEX 3THX TOYeK OT HENOABHIKHOH INOCKOCTH M3MEHM/IHCh B OIIHOM M TOM
e oOTHomieHMH. MOXHO J0Ka3aTe, 4TO TakoOe MpeoGpa3oBaHye MepPeBOMNT
Bce Kpyru B a/uMncel (uax B kpyru). Jlanee OHO OEPeBONMT BCE MNPSIMBIE
B MpsIMble e, BCE TVIOCKOCTH B IVIOCKOCTH') M BCe KPHEHE W MOLEPXHOCTH
BTOpOI'O MOpPSZKA OMATHL-TAKM B KDHBBIE M MOBSPXHOCTH BTOPOrO MOPSNKA.

IMpyiMeHsiA PacTKEeHWe K BHTAHYTOMY WJH CXaTOMY S/IMIICOMAY BpAlleHKs,

= MOMYuHM S/THICOWA CAMOFO OGLIErO
%‘“““I‘Is/

BpAleHHsT CHMMETPHYEH MO OTHOIUe-

HHIO K JIOSOH 110CKOCTH, MPOXOAsiuel

4ep23 OCb BpalleHHs, STHIICORL CaMOo-

ro ofuero BHAa MMeeT BCer0 TOJBKO

TP TJIOCKOCTH CHMMETPHH, KOTOpHE

Pacnofo¥eHsl NeprneHauKyaapHO Ipyr

Yepr. 20. K apyry. Orpe3kd Tpex nAuHME mnepe-

ceqedust 3THX MIOCKOCTeH, 3aKNIOUEHHbIe

BHYTPH 3J]JHNCOMAA, MMEIOT HEpaBiylo IJKHY; OHM Ha3biBAIOTCd «BOABLIOH»,
«cpajiHeit» ¥ «Manoft» ocsamu sanunconna (Yeprt. 20).

M3 TPeXOCHOrO SJMMINCOMAA MOXKHO CHOBA TOJNYYWTH BBHITAHYTHE HAH CxHa-
THl SJUIMNCOMA BpalleHus, €CJH, NPUMEHMB npeoGpasoBaHKE paCTHKEHyd,
Clle1aTh PaBHBLIME APYT NIPYTy GONBUIYIO W CPEIHIOK MJIH CPENHIO H Malyto OCH,

QopMy TPEXOCHOTO SJUIMIICOHNA YacTO MPHHUMAIOT KaMHH Ha MOpPCKOM
Gepery. Boma Mopckoro npybos, mutngys KaMHM, NMOCTENEHHO NMPUIAET KaMHIO
moboio Buna ¢opMy, Haubomee Onu3Kyt0 K 3/uMnconay. MaremartHueckoe
HCCNeNOBAKKE 3STOrO SIBAEHHS MPHBOAMT K BONPOCAM TEOPUM BepOSITHOCTel.

H-ubonee o6unMi NOBEPXHOCTSIMH, MOMYYAIOUIHMHCA TyTEM DPaCTAMeHH:
runep6oaouaoB Bpameduss ¥ napabononsia Bpal€HMs, fIBASIOTCA OLHOMOJNOCT-
HLIl ¥ JABYNONOCTHEIE rumepbooOMIH ¥ saauNTHYeckyii napabonoun. O6a
ryunepbooKaa MMEIOT MO TPH TIOCKOCTH CHMMETPMM, a SJHNTHYEeCKKH napa-
6onoup, — nse.

Tak Kak BCKOe pacTsiKeHMe NepeBORMT MPAMBLIE JHHHH B MpsMbie Xe, TO
ofHONoNOCTHLIN runepbosionn obwero Buga obnafaeT TeM e CBOWCTBOM,
KaK ¥ COOTBETCIBYIOLIas MOBEPXHOCTH BPAIEHHA: HA HEM DACMONOKEHH JBa
cemeicTBa npsiMpiX. OHH  pacmosiodeHb TaK JKe, KaK M Ha OJHOMOJOCTHOM
runepSonoyne BpaleHus, T. €. Kawjas mnpsmast oasoro cemeHcrea nepece-
KaeTcss CO pcAKOM npaMoft npyroro ceme’icTBa, B TO BpeMsi KaK MpsiMbie
OfIHOTO M TOro e CceMeHcTBA HE TIlepeceKaloTcs APYr € apyroM, 6yny4H

BHna. B TO BpeMs Kak BCIKMit 3/1MICONI
v

1 Hausenenre $hopMel pasnuunnix QHryn, p CrnonoieHHBIX Ha fINOCKOCTH, MPH STOM
TaKOE e, KaKk NPM 7apa 11enAbHoll MpOoeKuHH IJIOCKOCTH Ha APYTryIo IVIOCKOCTh, HaKN0-
HHHYIO NOJl HEKOTOPHIM YTJIOM IO OTHOWIEHHIO K MepBoi

g
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p:acroNIOeHH B pasyuX MiOocKocTaX. OTciona moayyaeM cjenyoimuft cnoco6
IOCTPOEHUA ONHOMOJICCTHOro runepbosiouna. BoseMeM Tpu npoussonsHbe
npsAMble OQHOrO cemei.crsa (uepT. 21). Tak xak OHM pacnoJOKe:ln B pasHbIX
NJIOCKOCTAX, TO Yepe3 /o6y TOUKy P OOHOR M3 3THX MNpPAMHX MOXHO MpO-
B2CTH ONHY M TOJBKO OIHY NpiMYI0

p, KOTOpasi TiepecedeT Are JPYrux

NPAMLIX; 5TO GyAeT JHMHHA IIcpe- \ \ /
ceyeHHs JPYX MJIOCKOCTEH, OnHA U3 | |

KOTOPHX MPOXOMUT uepe3 TOuky P

H BTODYIO UpAMYIO, a 1p;ras — ye- 4 g1 r

pe3 TOuKy P M TPeTbio mpAMyo. P

Ilpamas p uMeeT TpH oburue TOYKH
¢ runep60JOUAOM H, CEAOBITENBHO,
JOJKHA LEJIMKOM JIexarb Ha rumep-
fosonne, TaK Kak runep6onoua
KaK TOB2PXHOCTH BTOPOTO MOPSI-
K4 H2 MOXEeT [EePeceKarncsi ¢ Mpsi- ! .
Mol Gosiee 4YeM B [BYX TO4YKax.

Eciu M 3acrasum Touky P npo- Hepr. 21.
6eraTh BCIO NEPBYIO NPSMYIO, TO COOT=
STCTBYIOILAst NpsiMas p NpoGeXUT BCE NMpAMHE TOro cemeHcTsa, K KOTOPOMY
He NPUHANNEXKHT nepsas npsiMas. Ecan Temeps us 3TOro Broporo cemeicTna
CHOBA B3AThb TPHU MPOHUSBOJIBHBLIE NPSMBIC, TO T2KHM KE CIIOCOGOM MH MOy-
YUM MpsSMEE MepBOro cemelicTBa, B TOM 4YuCJIe, KOHEYHO, ¥ TPH B3ATHIE
NepBoHayanbHo mpsaMble. CaMO MOCTPOEHH: TOKA3bIBAET, YTO BCE MpsMHE
OIHOTO M TOrO Xe CeMelCTBa pacroJyioxe-
Hbl B Pa3HHX IJIOCKOCTsX; u60 ecsn OH
npameie p u p' (uepr., 21) nepecekaiiich \
B HEKOTOpOH Touke (, TO E3fThle MEepBO-
Haya/JbHO TIpsiMble Jiexand OH B TJIOCKO-
ctu PP'Q, Mext1y TeMm Kak OHH 110 ycJio-
BHIO JIEXaT B PAa3HHX [VIOCKOCTAX.

Takum o6pasoM Tpu mpsiMble, PacHoJio-
WeHHble B pasHbIX IUIOCKOCTHX, BCeraa
ONPeneNsAioT HEKOTOPWH ONHOMONOLTHBIH
runep60JIOUL, 32 UCKIIOYEHHEM TOro Ciy-
yasi, KOTja B3AThie TpH MpAMEeE MNapani-
JIeJIbHE OJHOM M TOM e MJOCKOCTH (He
6ynydu napajie/lsHEMH MeXay coGoh).
B aTtomM ciayuae OHH ONp HE/NIOT HOI'YIO Yepr. 22.
MOBEPXHOCTH BTOPOTO MOpsifiia, KOTOPas He
MOXET ObITh MOJYYeHa M3 MOBEPXHOCTSH BpAILEHHs; OHA HA3LIBAETCH runepbony-
yecKUM MapabosoUjioM. 3Ta MOBEPXHOCTH MO CBOEMY FUAY HaNOMHHAET CENJIO
(uepT. 22). Ona umeeT ABe B3SAUMHO MEPIEHAUKYISIPHEIE TVIOCKOCTH CHMMETPHH,
KOTOpble MepecekaloT MOBZpXHOCTh 10 napabonaM. Tak ke, KaK U TPH UCXON-
HEHIE TIPSIMBIE, B 9TOM CJIyyae BcE MpsMble KAXKAOrO U3 JBYX CEMCHCTB mapasn-
JNenbHB HEKOTOpOH miockocTd. M3  paccMOTpeHHst NOBEPXHOCTH Hemocpen-
CTBEHHO BMJHO, YTO HHMKaKafd IJOCKOCTb HE MOXET [epecedb STy NOBEPXHOCTH
MO SAMNCY, TaK KaK BCAKOE ILIOCKOE CEYEHHE JO/KHO TMPOCTHpaThCH
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B GeckoneyHocTs. T109TOMY HeBO3MOMXHO NOMY4HTh IHNepboTMYecKuHt napaGonoun
U3 NOBEPXHOCTH BPALIEHHS C IOMOILULIO PACTKEHHS: Belb Ha BCAKOM MOBEPXHOCTH
BpALICHUA PACHOJOXKEHH OKPYXXHOCTH, KOTOPHE [PH PACTMHEHHH TNepexonsaT
B 3JUIMIICH,

Mu 3nech MO3HAKOMHMJIHCH € HOBHM CrNOCOOOM MMOCTPOEHHS MOBEPXHOCTEN:
GepyT NOMBHMHYIO NMPAMYIO, KOTOPYIO 3aCTapisioT NEP ABHUIaThCS 1O HEKO-
TOpOH HamnpasJasiouleH, 3a-
KperJieHHOH B onpeneses-
HOM TOJIOXXEHHH B T1po-
crpancrBe. [Tonyuenune Ta-
KuM 06pasoM NMOBEPXHOCTH

Ha3CAOTCA AuKel4amsimu
AN P sSedet
LS ITK nosepxunocmsamu. MH BH
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AdM, YTO MEXAY HNEBATHIO
TIOBEPXHOCTAMH BTOPOTO no-
pAnKa HMEIOTCH WIeCTh Ju-
HekyaTHX, MMEHHO! TpH
LHMJHHAPA, KOHYC, ONHOIIO-
JoCcTHRI rumepbosioun H
runepbonudeckult napaGo-
NOuA; TOCHENHHE [BE TO-
BCPXHOCTH 3aHHMaT MC-
Yepr. 23a. KJIIOUHTEBHOE  TOJIOKEHHE:
3TO €AMHCTBSHHKIE JIUHeliya-
Thie MOBEPXHOCTH, NOMHMO
MAOCKOSTH,  ofnanawoiue
TeM CBOHCTBOM, YTO 4Yepe3
KaX[1yI0 UX TOYKY NpOXOAMT
Gonee ONHOR ApsmMOl,
Ocranbtinie TPH mOBEpX-
HOCTH BTOPOrO MOPSAKA —
SJIUTICONA, IJNHNTHUYECKUN
napabo/CHN M ABYIONOCT-
HHA runep6oNoUs — He MOo-
IyT COAEPXKATh NPHAMLIX yie
NOTOMY, YTO OHH He MPOCTH-
paloTcds B 6ecKOHEYHOCTE
HETpepHIBHO B JIBYX MpOTH-
BOMOJIOXHHX HaNPaBJeHHAX.
' MoxHO J0Ka3aTh nMopasu-
Yepr. 236. TeNbHYI0 TEOpEeMy OTHOCHU-
TENMLHO JBYX CeMeHCTR nps-
MBIX, pACTOJIOMEHHHX Ha ONHOMNOJOCTHOM FHriepbononne M runepGoMHYecKoM
napa6osnoupe. Boo6pa3um Bce npsmbie OnHOR U3 9THX NOBEPXHOCTEH B BU/E KeCT-
KHUX CTepHeH, CKpenIeHHBIX B TOYKAX NepPeceyeHMs TaK, YTO OHU MOTYT BpaIlaThes
BOKPYr 9THUX TOYeK, HO HE CKOJB3UTh OfiHa mo apyro#. Kasanock Ou, yro npu
TAaKOM CKPEMJIEHHH CTepXHH JIOJDKHH MPENCTABAATh HECTKYIO KOHCTpyKkumio. Ha
CaMOM e JIeJIe 3Ta KOHCTPYKIMA ToHxHA (uept. 23a, 6). AnanuTHyeckoe 060~
CHOBAHME MMOABHXHOCTH 3TOH KOHCTPYKIIMH AAHO B BOMOJHEHHH K HacTos e T/IaBe,
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IOns toro utoBm TPENCTABUTh ceSe H3MEHeHMe (OPMH  runepbosiouna,
KOTOpPO€ TpH 3TOM [POHCXOAUT, BOOOPA3UM, UTO MJIOCKOCTL CHMMETPHH
runep6osoMaa, TIEpeceKalomas €ro NO 3JUIMNCY, S3aKpelJieHd HenOABHKHC
B FOPHM30HTAJNIBHOM TIOJIOMEHHH, M mOCTapaeMci Ne(QOpPMHUPOBATE Hally KOH-
CTPYKLMIO TakuM oOpasoM, YTOOH 3TAa MAOCKOCTHL BCE BpPEMA  OCTaBanach
TJIOCKOCTHI0 CUMMETPUH. TaK KaK ONHOMOJIOCTHHA I'Hnepb0/10ouL ¥ ruUnep6o/H-
yeckuH NapaGoJong €JHHCTBEHHHIE MOBEPXHOCTH, Y KOTOPHX 4Y€pe3 KaWAYLD
TOYKY MpPOXOAAT JABE MNpsiMble, JieXaule Ha MOBEPXHOCTH, TO HAWa CTepHe-
Basi MOfiesib, e pOpMUDYsich, MOXeT JHOO mepeRTH B rumep6osmyeckui napa-
Gosioun, NGO OCTaThCH OMHOMOJIOCTHHIM THNepOONIOHAOM; MOXKHO MOKA3aTh,
4YTO MMEET MECTO mnochefHHlt ciayyall. Mpl MOXEM MOMHTATHCS MONHMUMATH
npAMpie Halleld KOHCTPYKLMH BCE Kpyd€ MO OTHOIUEHHIO K MJIOCKOCTH CHM-
merpuu. Torza Mu OymeM MOJy4yaTh NMOBEPXHOCTH, Bce Gozee CTUIOUIEHHEE
B/UIMIICH, PACIOJIOXXEHHEE B TJIOCKOCTH CHMMETPuM, OYyAyT NpHHHMATL BUJ
codOKYCHHX 3JUTHIICOB ceMelicTBa, mpuBeaeHHOro B § 1, craHoBsick sce Gosee
coxathiMy. Hakowew B mpepene Hawa KOHCTPYKIMS COBNAZET € BEPTHKAJBHON
MJIOCKOCTBIO, 4 CTEPHHH NPEeBPaTATCH B KacaTe/bHHE K HEKOTOpOH runep6osne,
PACTIONIOKEHHON B 3TOH MMJIOCKOCTH. Anmnc, pacnonoxeHHHR B TOPU3OHTAJIb~
HOW NNOCKOCTH CHMMETPUH, BHPOJHMTCA B ABAXKAB MOKPHTHH MNpAMOJIHHENHLIN
orpesok. ToyHO Tak e MH MOwxeM 1e¢OPMUPOBATL NEPBOHAYAILHYIO MORENb
B OOpaTHOM HanpaBleHHH, Bce OOJibLIC HAKJIOHAS CTEPXKHHM, NpuUOmMmKast HX
K TrOpusoHTansHOM naockocTu. IIpy 3TOM rOp/OBOR 3/MMIC MOBEPXHOCTH
6yner Bce Gosiee pesko 0603HAYATHLCA; B MPEE/ie HALIA KOHCTPYKIMSA COBNAieT
C TOPU3OHTANBHOH TUJIOCKOCTHIO CHMMETDHH, a CTEPXHH CAENalOTcA Orubaio-
LIMMH  9JUTMIICa, JIeXALEero B 3TOR MJIOCKOCTH.

B cayuae runepGonuueckoro napaosiouiia HMEEM aHAJOTUYHOE HBJICHHE:
COOTBETCTBYIOIIAR KOHCTPYKLMS TMOCTOSHHO COXpaHseT ¢opmy napabonouna
H B OOOMX mnpeme/ibHHX C/Ay4asx COBNANaeT C HEKOTOPOH MJIOCKOCTHIO,
npuyeM MpsiMbie MpeBpalaTcd B orubaioiiHe HEKOTOPOH napabosnm.

IloBepxHOCTH BTOpPOro TOPSiAKA MOXHO pa30HTh HA JBa BUAA €ule ¢ ONHOM
HOBOY TOuYKH 3peHusi. TpM MOBEPXHOCTH BTOPOrO MOPSIKA — HMEHHO TrHmep-
Gonuueckuit u napabonHyeckuit LHAHHAPH M rHNEepOONHYECKUR Napa6onous —
HE MOryT MEpeceKaThesl ¢ KAKOM 6Hl TO HU OHJIO MJIOCKOCTHIO MO OKPYXHOCTH,
TaK Kak Jio6oe. M10CKOEe CeyeHue STHX MOBEPXHOCTeH NMpocTHpaeTcs B GecKo-
HeynocTs. Hao6opor, MOXHO NOKasaTh, YTO HAa OCTANbHHX LIECTH MOBEpX-
HOCTAX BCEr1a pacrno/OKEHO GecUucAEHHOEe MHOXECTBO OkpyxHoctelt. C sTuM
CBA33aHO TO OOCTOSTENLCTBO, YTO 3TH MOBEPXHOCTH B NPOTHBOMNOJNOKHOCTE
MEPBHIM TPEM MOTYT OHITh MPUCOCAMHEHH K Ipynne MOBEepXHOCTEH Bpamenusi.

Iinst Toro uto6H yGenuThCs B CYLIECTBOBAHWH KPYTOBHX ceueHuH, paccMoT-
pYM TPeXOCHBI JMICOMA (4epT. 24). DTa NOBEPXHOCTL B MepeceyeHHH
CO BCEMM MJOCKOCTSMH, TIDOXOASIMMH 4Yepe3 CpefiHiI0 ock b, o6pasyer
SA/MICH, Y KOTOPHX OfHA OCb TNOCTOAHHA, 2 MMEeHHO paBHa b. Eciu mu
BO3BMEM IUIOCKOCTH, MPOXOMSILYIO 4Yepe3 OCb b W yepe3 Malyio OCh €, M cTa-
HEM BpamaTh €€ BOKPYr OCH b N0 COBMANEHHA C IVIOCKOCTHIO, MPOXOAsrelt
uepe3 och b u yepes Goabluy och @, TO Gynem MnoJiy4aTe B TNEpPeceueHHUH
C MOBEPXHOCTBLIO B/UMICH, Yy KOTOPHX BTOPas OChb cHayana GYNET MeHblie
ocu b, a sareM Gonpuwe b. 3Hauut, JOMKHO OHTHL KAaKOE-TO NPOMEXYTOYHOE
MOJIOXKEHHE MJIOCKOCTH, TpH KOTOpPOM 06€ OCH 9MIMICA PAaBHH, U CJAENOBa-
TENbHO, KpHBas, MOJAYHAIOWAascs B CeyeHud, OOpAmaercs B OKPYMHOCTB.
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BoniencTBHEe CHMMETPHM SJUIMIICOKIA MH MONYYMM MNyTEM 3€PKAJLHOTO OTpa-
JKEHHSI B IJIOCKOCIH, NPOXOndlled yepe3 & M ¢, cllle OJIHY MJIOCKOCTb, NPOXO=
IAINYI0 Yepe3 b M Naloulyi B TEpCeYeHHH C SIUIHICOHAOM OKPYyXKHOCTE.
Jlance MOXHO NOKa3aTh, YTO BCSKOE CEYEHHe 3SJUTHIICOMIA MJIOCKOCTLIO, napasi-
JIeJIbHOH  TIJIOCKOCTH OIHOTO M3 KDYrOBWX CeueHHMH, TakKe Tmpeacrasiser
OKpY#HOCTb. TakuM o6pa3om Ha BCs-
KOM 3JUIMIICOMIE MMeIoTCsi nBa cCe-
MEHCTBA Mapa/JelbHbBIX OKDPYXHOCTER
(uept. 2Ba, 6). B cayuae sanuncouna
Bpauleiidl 00a cemelcrsa OKpyxHOCTER
COBManaioT

Tak ke, KaK I 21AUICOU/IA, MOXK-
HO MpPOBXCTH NOROBGHOT :Ke paccCykie-
HHE W OJs AOPYIMX MOBePXHOCTEH BTO-
pOro mopsiaka, KOTOPHIE HMEIOT 3aM-
KHyThIE IUJIOCKHE CeyeHHs

I1s nByxX CeMelcTB KPyroBhIX ceye-
HH} HMEeT MecTO fpejioXKeHHe, aHa-
JIOTHYHOE TPEJIOKEHHIO OTHOCHTENBHO MNPSMBIX, DACHOJOMKEHHHX Ha OJHOMO-
JIOCTHOM THrepGoonne. FIMEHHO, €C/IH 3aKpenuT. BCe OKPYXHOCTH B TOYKAX
nepeceyeHust TaK, UYTOSH OHH MOI/IM BpaulaThCi 6e3 CKOJbIKEHHS POKPYT
3TH( TOYEK, TO MOJyueHHasl KOUCTPYyKUus OyHeT He MeCTKOHA, a MOJBAKHONA

Yepr. 24.

Yepr. 25a. Yept. 256.

(uepr. 25a, 6; Kpyru chenaHsl M3 KAPTOHa C COOTTETCTBYIOLIMMH TIpope-
39MM W BCTaBleHB OPYr B Apyra; 4YMTaTeNb MOXeT y0eauTbcsl UTO Takas
MOj€Jb JIMIIb He3HAUHTENbHO YKJOHSETCSl OT HAlllero OMMCaHus)

ITpu u3MeHeHuH GOPMBI MONBHXKHOH MOJeNH, COCTaBJAEHHOH W3 KPYyrorbix
ceyeHM#, BO3HHUKAIOT HE Te CEMeilCTBAa MOBEPXHOCTEH, KOTOpbIe MOJIYyyYaaHch
B Cllyuae CTepXHe:OH MOJEeNH; KOHHYECKHe CeuyeHHsl, PachoJIOKEHHbIE B M10C~
KOCTSIX CHMMETPHMH, TpPU 3TOM BOOOIIe He npoGeralT KpPULHLIX HEKOTOPOTV
codokycHoro cemeiicrtsa. Tak, moaBMKHAsS MOIe/Nb KPYTOBLIX CEYEHHH Tpex-
OCHOTO 3JUIMIICOMIA BCeria MoxeT OBITh MpeBpallleHa B [11ap; B 3TOM Ciaydae
ceueHHe C KaXIOH TMJOCKOCTBIO CHMMETDPHH JAeT OKDY!KHOCTb, MEXIYy TeM
KaK B cjydae ceMeHcrBa COQOKYCHHX 3JVIMICOB S/IHMIC HHKOT/AA HE BBIPO(-
I3eTCH B OKP,MKHOCTE.
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Tak e, KaK B clyyae CTepPHEROfl MOMenH, MOABIXHOCTL MONEIU M3 Kpy-
ro HIX CeueHHR AOTycKaer u3MeHeHHe (OpPMHI MOAENTH BmIOTs HO TOrO, yTO
MOBEPXHOCTH MEPeXOAMT B ABAMIH MOKPHTHH 3JuHIC.

HecmoTpa Ha 6GoJblioe passuune Mexay OOOMMH BHIAMM MOnelsiel, HMeeTcs
nepexofHui Caydafl, CBA3HBAIOMHUN Ty M ApYrywo Mozenb. VIMeHHO, MOXKHO
paccMaTpuBaTh MOABHAKHYIO CTEDXHEBYIO MONE/bL THMNepboJHyeckoro napaco-
JOMNa Kaxk mpenesibHuift cyual MOJe/H, COCTaBIEHHCH M3 KPYTOBHX CEueHHH,
KOTA pPAaTHYCH KpYroB OECKOHEYHO PEJMKH, T. €. KPYTH TpeBpa:H/uch B
npsMule. Ecan umeeTcda cemelcTBO OJHOMONOCTHRIX THIepGONOHAOB, KOTOPHE,
u3M Hasuch 1ce 6osblie, NPUSIMKAIOTCE MO BALY K TunepboaHYecKoMy napa-
600Uy, TO OKPYKHOCTH, PACHOJOXNEHHBE HA Trurnepbosioune, TaK Ke, Kak
W TpsMble, MEPEXOMAT B CeMeHCTBO MpsvuX NapaboJionna.

4. MocTpoeHHe 3SJIIUNCOMAA H CO(OKYCHbIX TIOBePXHOCTEH BTOpPOro nopsiika
npH MoMomM HUTH. [JOBEPXHOCTH BTOPOTO NOPsAAKa UrpaioT B NPOCTPAHCTBE
poJib, AHANOTHYHYIO POJIM KOHHUECKMX CeUeHMH Ha IUIOCKOCTH. EcTecTseHHO
BO3HHKAET BOMPOC, HENb3# JH MEePEHeCTH HA 5TH NOBEPXHOCTH Crocob mno-
CT_O€Hust TpH TMOMOIIH HHTH, ynotpeGiseMulfl jns BHUEPUYMBAHUA 3JUIKIICA,

Oror Bonpoc Ob1 paspelien MNOJOXMTEIRHO MAst sinmncownaa B 1882 r.
Ilrayne (Staude), kOTOpHI yKa-

3an cnocof MOCTPOeHHUst 3JUIKI-
couaa npu nomouu HutH. B atom
NOCTPOEHHH B OCHOBY KJIafieTcs
KECIKAH KOHCTPY KIIHS, COCTOs I an
U3 SJUIMICA ¥ TuNepbosil, IPHYEM
IJIOCKOCTh  THrep6oJint  neprnen-
AMKYASPHA K TITOCKOCTH 3JUTHIICA
H COLEpPKUT OONBIIYIO OCb M0~
cnensero (yept. 26); doxycw 2.~
nunca Fy, F, sunioTcs nepiuuHa-
MM THIEPOOJINS, a BePLIHILL 3J-
munza S;, S, — dokycamu runep-
60JIbl; 9TH JaHHLIE OJIHO3HAyl O
onpenensiior runep6oy.

3akpenuM KOHEeI HUTH B OJIHOH
H3 1EepIIHH 3JUIMO 4, Hanpumep
B S, 3aTeM oforuem cuusy (T. e. g
1101 MJIOCKOCTBIO DJUTHIICA ) HUTBIO Yepr. 26.
BaaKalinylo K Touxe S, BETBb
runepBosi, BHBEAEM HUTHL Brnepel M, OOOTHYB Crepefu S/JHMC, BHBELEM
HHTh HAa BEPXHIOIO CTOP Hy MUIOCKOCTH 3JUIMICA; HAKOHEL SaKpernHM APYrof
KOHEW HUT# B Touke F,. Eciu Termepb naTsHyTe B TOuUKe B OTPE30OK HHTH,
3aKMOYCHHBA  MEKLY 3JIMICOM U runepbosiolt, TO HHTb NpUMET Qopmy
nomanoi S;H/BEF,, npuyem oTpesox BHS; n0MaHOR ecTh KpaTyalini nyTh,
coemunsoninit B ¢ S1 U TpOXOAsUMK yYepe3 TOYKY THNepOOoJiLl, a OTPE3OK
BEF, ofnanaeT Takum ¥e CBOMCTBOM B OTHOLICHHM TO4YeK B u F, u TouykH
3.1 1Ica.

Ecau menepb u3mensms noaodcenue mouxu B, ocmassss numb nams-
Hymoii, n.o mouxa B 6ydem n-pemeujamscs no nosepxHocmu aaauncoudd.
Ilpr TakoM 3aKp M/elMM HMTH, KAaKOe ykasaHo Ha uepT. 26, touxa B omu-
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LT BCIO TEPefHION HMKHIOIO YETBEPTh 3JVIKNCOMAA, OCTAJbHbLIE TPH YeTBEpTH
6ynyT MOJYYyaThCs B 3aBHCHMOCTH OT TOrO, KakuM OGPasoOM HHTb, 3aKpelieH-
Hast B TOuKax S; M F,, ornbaer Mex1y STHMH TOYKAMH S/MNC H runmepGony 1).
Koncrpykums M3 IBYX KOHHYe-
CKMX CeyeHHH NpH MOCTPOEHHH
SJUTHIICOMAA MIPaeT pO/b, aHa/NO0-
FHYHYI0 pOAH (OKYCOB MpH MoO-
CTpOEHHH 3/umnca. B csu ¢ sTuM
CaMH KpHMBHle HashBalOTC (O-
KaJIbHBIMH KPHBBIMH (oKa/bHEIH
smnune U ¢dokanbHas runep6ona)
ananuncouna. Boobuie roeopsr,
4TO MOBEPXHOCTH BTOPOTO NMOpsiaka
HMeeT 00a 3TH KOHHYECKHe ceye-
HUS B KadecTBe (DOKa/NbHBIX KpH-
BHIX, €C/IM TMJIOCKOCTH TMOC/eqHHX
C/YyXaT MJIOCKOCTAMH CHMMeTDHH
MOBEPXHOCTH M OGpasyioT B ce-
YEHHH C TMOBEPXHOCTHIO KPHBHE
BTOPOTO MOpsinKa, COGOKYCHbE C
Yepr. 27. (oKaNbHBIMH KPHBLIMH.
Tak KaK Ka}Juoe u3 5THX cedeHuH (a/nuncouna uau runepbosonaa) AOMKHO
npefcTaBiaTh coGoi mGo aumnc, auGo runepbomy, TO ClefyeT PasaMyaTh
yethipe cayuas. Ecinm o6a ceue-
HUS — SJVIMNCH, TO Mbl HMeeM
S sammncoun (uept. 27). Ecim ke
\ o06a ceucHus — runepbosl, TO B
STOM c/lyyae y Hac IBYMOJOCT-
Hut runepbonoun (uepr. 28).
Ecan nnockocts ¢okanbHoO# ru-
nep6obl MepecexaeTcs € MOB2pX-
HOCTBIO N0 runepGone, a IuJIo-
CKOCTb (OKANBHOTO SJTUMCA — N0
3JUIMIICY, TO Hawa MOBEPXHOCTh
npexncraeaser coboit OAHONOJO-
ctuufl runepGonoun (uepr. 29).
YerBepThiff MbICAUMBIR Coyyah—
S/UIMAC B MJOCKOCTH  THMep-
6oabl M runep6osa B IJIOCKOCTH
SJUIMICA -— UCK/IoYaeTcs, Hbo B
STOM Clyyae S/MIIC M runep6osa
NOMKHH GBTH GBI MepeceKaThCs
¢ npsmoht F,F, B yeThpex pas-
myupix toukax Ey, E,, H,, H,
Yepr 28. (uept. 30), u naockocTs dokans-
HO# rumep6oan WMena 6wl ¢ mo-

1) Bmecto TOYeK Sy # Fy KOHUK HHTH MOXHO GbIO Obl 3aKPENMHTb W B MOGHIX ApY-
THX TOYKaX 3JJIHICA HIH TUNep6oJb 33 MCKJAIOUEHHEM TOJbKO TeX ClyuaeB, KOrha He-
BO3MOXKHO HATAHYTb OTPe30K HHTH ONHCAHHBIM O0pasoM MEXIY TOUKAMH 3aKPEIVICHHS.
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BEPXHOCTBIO MOMHMMO S/IMICA, MOMYYAIOIUIEIrOCH B CeueHHH, ewe Ase OGLIMX
ToukH H, n Hj, nexauwux sue S/UIHMNCA, YTO MNPOTHBOPEUHT OMpene/leHHIO

NOBEPXHOCTH BTOPOro NOPSAKA.
Ecau npu MOCTPOGHHH 3/IMNCOMAA TpH
MIOMOINH HHTH  3aKPenMTh  QoKajbubie
KpUBHE, HQ TMO1b30BaTbCA HHUTAMH Das-
JMYHON JJIMHBI, TO MOXHO TakuM ofpa-
30M TOJYYHTh CeMEeHCTBO «CO(OKYCHHIX»
S/AMNCOUNOB (T. €. 3JUIMMNCOHAOB C 00-
LMMH (POKANBHBIMH KPHBLIMH), COBOKY(-
HOCTb KOTODHIX 3aMOMHAET MPOCTPAHCrBO
ONHOKPAaTHO M HemnpepwBHO. ToyHo Tak
Xe cemelcTBa ONHOMOJNOCTHHIX W JIBY-
NOJIOCTHHIX THIIEp6ONIOHAOB, NPHHAN/EKA-
IIHe K STHM e (POKaJBHLIM KPUBbIM, KaX-
Noe B OTHENBHOCTH, 3aMOJIHAIOT NMPOCTPaH-
CTBO HeNpepbiBHO H OJHOKPATHO; TaKHM
06pasoM Yepe3 Kau1yl0 TOYKY MPOCTpaH-
CTBa MNPOXOMST OJHH 3/IUICOMA, OIMH
ONHOIOJNIOCTHHH H OOWH MABYLOJIOCTHHHN
runepGononns (uepr. 31).

TouHO Tak }Ke, KaK CO(OKYCHbE KOHH-
YeCKHE CEeuYeHHMs Ha MJIOCKOCTH, codoxyc-
Hble MOBEPXHOCTH BTOPOro MOPS/KA mepe-
CEeKAloTCAd B IPOCTPAHCTBE OPTOTOHAJBHO,

Yeprt. 29.

T. €. B KaXHOH TOYKE MPOCTPAHCTBA KacCaTeNbHHE MNAOCKOCTH K TpeM no-
BerHOCTﬂM’ NpOXOslUUM 4€pe3 3Ty TOYKY, B3aUMHO nepneHnuKynﬂpHu l).

INono6Huie TpOHHBIE OpPTOrO-
Ha/lbHbBlIE CHUCTEMBI IIOBEPXHO-
cTefl — 1 mpexwne BCEro CHCTe-
Ma COOKYCHHIX NMOBEpXHOCTel
BTOPOro  MOPAJAKA — HrpaIoT
poab B 1le/I0M PAlE MaTeMaTH-
YeCKUX M (PU3HUYeCKHX HCcaeno-
BaHHUH; NpUMeHEHHE «3DJIHTITH-
YeCKHX KOOPAHHATY»,K KOTOPLIM
MPHBEJIO aHaNUTHYeCcKOoe Tper-
CTaBJICHHE STUX MOBEPXHOCTEH,
0Ka3a/JioCh 11e/1eCO06Pa3HbLIM H
NPH KECIeIOBAHHH MHOTHX NPy -
rMX, B YaCTHKOCTH acCTPOHOMH-
YecKHX, npobJeM.

Moxm2 noayuuth mpexncra-
BNI€HHE ¢ CTPCEHMH CHCTEMH
COGOKYCHBIX noBepxHoOCTeH
BTOPOro IMOpsifiKa, eciH npo-

Yepr. 30.

1) Toukn OKANBHNX KPHBHIX COCTABJAIOT NPH 5TOM HCKJIIOYEHHe; B 9THX TOYKAX
IBE W3 TPeX NJIOCKOCTEH CTAHOBATCA HeonpeJeleHHbIMH. CM. HixKe,
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crenvTh 33 PA3MUYHBIMK MOBEPXHOCTAMU B ONPEAEIEHHON NOC/eORPaTeLHOCTH.
ByneM uCXOAuTb OT BechbMa OGONBIUMX SJJHMIICOMNOB CeMeHcTBa, HMEIOUHX
npuSausuTensHo GopMy wepa. 3atem Gymem MOCTENEHHO yKOpayuBaTh GOnb-
wyio OCk; N[ H 3TOM 3/MIcOMAN OyayT BCe GoJiee CiNOMMBATECA M BCe
MeHpllle HAanOMMHATE MO ¢opme wap, U60 OHU BynyT pasiuuHbM O6pa3OM
CKMMATLCA B HampaBieHdH Tpex ocell. B kOHLE KOHIOB, Kak npeme bHBIA
cayuaft, MBl [TOJIy4HM BHYTPEHHOCTb (DOKANBLHOTO BIUIMIICA, MTOKPHITYIO BB,

OTciofla MBl Cpa3y CKayKOM MepeXONuM K BHEIWIHER 4YacTH 3JJumca, Ko-
TOpyI0 TaKKe Clefyel MpercTasisTe cefe ABAKIM NOKPLTOH M KOTOpas
npencTasaseT TMpenefbybii ciyyalt Cn/omEeHHOro OAHOMONOCT (0ro  rvnep6o-

nouna. Ecim mu Gynem, ucxoms ot

5TOrO Mpene 1bHOTO ciyyast H Aefas

runep6oJouan Bce Gosnee KpYTHIMH,

cnenuTh 3a CCMEHCTBOM 3TUX iumep-

6onounoB, TO MH OyneMm Bce 6auie

NOAXOAUTH € O6eMX CTOPOH K MJIOC-

KOCTH (oxKanbHOR runepboss, a

SAMUICH B rOpPJIOBHHE runep6oson-

J0B, 0CTaBaAck BCe BpemA COQOKycC-

HHINH, OyayT cTaHoBHThCs Bee Gonee

y3kumu. B koHue KOHIOB, korna

10DPJIOBOM BJITHIIC CTaHeT GeCKOHEUHO

y3KHM, T. e. OOpaTuTcs B ABOHHOHU

npaMonuHEd NN OTpe3ok, rumnep6o-

JIOWJ TpPEeBPATHTCA B MABAXAH I1O-

KPbLITYI0 [JIOCKYI0 TI0J0CY MEWAy

BeTBIMU  (OKanbHO# rumepbonn 1).

Teneps cHOBa CKauKOM nepexomum

Ha JIpYryw CTOpoHY (okannuo#t

Y runepbofe, KOTOPYI O3sTb-TaKH

Cnefyer npeAcTacisTh ABaXIH MO~

Yepr. 31. KpHTOR. JTO ecTh NpenebHbIl Ciy-

Yyail g CKUMAIONMErocs ABYMONOCT-

goro runepGononna. Eciu Mu 6yieM NOCTeNeHHO BuiNyyMpaTh 06e MOJOCTH

runep6osionna, TO oM OynyT Bce Gonee NpuGan KaThCsi C OGEMX CTOPOH K

MUIOCKOCTH, MPOXOZJILel yepes LEHTP (POKaJbHEIX KDHBBHIX M pACIIOJIOKeHHON

NepreHuKy/SPHO K IVIOCKOCTsM OCEMX KpuBHIX. B npanencHoM ciyuae Mu

NOMYYUM STy MJIOCKOCTh, ONSTE~TAKH NBANIBl MOKPHITYIO. DTHUM MEI MOJHOITHIO

ucyepnanu BC.O cucTeMy cOOKYCHEIX MOBEPXHOCTEH, MPUYEM Hailie paccMOT-

peH¥e TIOKasano HaM, KakuM 06pasoM Kawuoe CeMelCTBO 3amoJjIHseT Mpo-
CTPaHCTBO OJHOKPAaTHO M HEnpephHIBHO.

Ces3b Mexny (OKaNbHEIMH KDHBHIMM, & TaKXE€ CBsi3b 3THUX KDHBBIX C CO-
OTBETCTBYIOIUMH TOEEPXHOCTAMHM BTOPOTO MOPAAKA MOXHO OCHApyXKuTh ¢
oMouIEI0 elfe oaHoro cpo#erBa. Ecmu mu 6ymev paccmatpuBaTe (Gokasnis-
HEI! 33/MMCc M3 KakoU-Hubynb TOukM GoxkansHOM rumep6osn B HanpaBJeHUU
€€ KacarelpHOH, TO BJUIMAC NPEACTaBHTCS B BUAE KPYrd, B LEHTP KOTOPOTO

1) MpuBeseHHas BLINE MOABIDKHAS CTEPKHEBAst MO,@1b NPOGEraer kak pa3 STy Cu-
cTeMy TumepGOJOHAOB, BK/AIOYAd H NPEACAbHLIC HNONQKEHHI,
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Hanpasyien Haw B3rnsg. CregoBatensHo, $oKanpHaa runep60sa NpencTas-
JISIET TeOMETPHYECKOE MECTO BEPIIMH KPYTOBRX KOHYCOB, KOTOPHIE MOXHO
MPOBECTH YEPE3 3J/IUINC, MPUYEM OCBhI0 BPAIEHHH KaXKIOrO TaKOro KOHyca
CIYXHUT KacaTelbHas K QPokansHOM runepbose B LepliMHe KOHyca. TouyHO
TaK W& BCE KOHYCH, OOpasyeMule KacaTeJbHHMH K 3JUIMnconnaM, cobokycHbM
C naHHLIMM (DOKANBHEIMM KDUBBLIMM, MPOBENEHHEIMH H3 ToueK (OKaJLHON ru-
TepBOJIEl, PACIONOIKEHHHX BHE SJLIMIICOMAA, SBIAIOTCA KPYrOBHIMH KOHYCaMH
M TPHTOM C TEMH XK€ OCAMM, YTO H B [EPBOM Clyyae.

ooBule MOXHO HOKa3arh, yTO JOGAas MCBEPXHOCTH COMOKYCHON CHCTEMUI,
paccmarpus.eMas u3 Toyexk (oOKajbHONM KPHBOH, pAaCMOJIOKESHHHX BHE T0BEPX-
HOCTH, TMPEACTABISIETCSE B BHie KpYyra, MpUYeM ecsH CMOTPSTh MO Hampasie-
HHIO KacaTesLHOR K (OKanbHOH KpHBOH, TO B3risin OyneT HanpassieH B HEHTP
kpyra. (Ilpu stom konyc, o6pasyemslll KacaTenbHLiMH, MOXET COTPHKACATHCS
C MOBEPXHOCTHIO, BOOOUIE FOBOPS, M HE MO OKPYMXHOCTH, 4 MO JIOSOMY KOHH-
YECKOMy CEYEHHI0, B TOM YHciae u 1o runeptose ').)

EctecTBSHHO BO3HUKAET MHIC/B PAaCCMOTPETh Hapsny ¢ (OKaJbHLIMH KpH-
BLIMH TaKXE€ M T€ KPHUBHIE, MO KOTOPHM MEDECEKATCS ABE PA3JMUHOIO BHAA
MOBEPXHOCTH COQOKYCHOH CcHCTeMbl. Takue KpHUBHE 0A1afaloT OfHMM TpO-
CT ‘M aHdepeHIHabHO~TeOMETPHYCCKUM CBOHCTBOM, KcTopoe Oyner ykasaHo
Huke (§ 28). Ilanee, 9TH KpuBhi€ HAIOT MEPBHH MpuMEp KpPHUBHIX, He Jexa-
ILMX B OAHOH myiockocTH. Jlerko BHIETE, YTD KpuEas, MO KOTOpOH mepece-
KalTCs [BE NMPOU3BOJBHBLIX K@K YrOAHO DACMOJIOMEHHEX MOBEPXHOCTH BTOPOTO
nopsi/iKa, He MOXET mepeceubcsi ¢ JMOGOK MIOCKOCTbIO 60Jiee yeM B YETHIPEX
TOYKaX, €C/IM TOJBKO KPUBas HE HMEeT NYTH, LEJMKOM pAaCMOnONeHHOH Ha
naockoctd. B caMoM fesne, BesiKas MJIOCKOCTH [d€T B [EPECEYEHHH C ITHMH
MUBEPXHOCTHMHM JiBA KOHMUECKUX CEYeHHUs; M JIeTKO aHaJUTHUECKUM TMyTeM
JOKa3aTh (4TO, BOpOYEM, M HEMNOCPTACTBEHHO OUEBMAHO), UTO IBA KOHMYeE-
CKMX CEeYEHMS TepeceKaloTcsi He 6osiee YecM B YETHPEX TOYKAX, ecld TOJbKO
OHU He COBNAJalT HAM He uMeloT obuied npamon (§ 24).

C 9TuUM CBONHCTBOM, OTHOCALIMMCH K TOYKaM [EPECEYEHHs, CBA3AHO TO
06CTOATENBCTBO, YTO paccCMaTpHBaeMHe KPHBHE 110 aHANMTHYECKHM coo6pa-
KEIMAM HA3LIBAIOTCH KPUrHMH yeTeeproro mnopapaka. (Kpusee n-ro nopsaka
06/1a1AI0T aHAJIOTHYHHIM CBOMCTBOM, a MMEHHO, OHM HMeiOT € Jio~ ol mioc-
KOCTelo He Gonee 7 O6mux Touek, JuBO WUMEOT ¢ Hell O6LLYI0 AYTY KPHBO#),
Onnako CyuecTBYiOT M TaKHe KPHMBH® UETBEPTOTO MOPNAKA, KOTOPHIX HeJib3i
noNyydTh TepeceyeHHeM [BYX MOBepXHocTeil Broporo nopsinka *) Ilpocrpan-
CTB”HHHIE KpHBHE 6ojiee BHIZOKOrO MOPijika TPYAHO MPELCTaBHTb 6e3 BCIoMo-
raTe/bHHX AHAMMTHYECKUX CPEACTB, a MOTOMY OHUM 37ech M He pacCMarpu-
BaIOTCH.

1) CotoxycHrie cucTeMbl 06nanalT emle ofHuM CBoOHCTBOM, KOTOpOE, BIPOYEM, MO-
AHO pACCMATPHBATL KAaK NpEREJbHBIR CAy4yaH ToOMbKO HTO YNOMAHYTHIX CBOHCTB.
CBOHCTBO 3TO 3aK/MOYAEGTCA B CASLYIOLIEM: €C/IM U3 KAKOR-HHOYAb TOukH P mpocrpaH-
C€TBa NPOBECTH KONYC KaCaT2ALHBIX K HEKOTOPOH NOBEpXHOCTH CHCTEMEI, HE . aKJIo-
waowe BHyTpH ceSa B3AaTolf Touku P, TO KacaTelbHBIE MJIOCKOCTH B TOuke P K TPeM
NPOXOIALIM: yepes 3TY TOYKY HOBEPXHOCTAM CHCIEMBl BCErA2 NPRACTABASIOT 0A0-
CKOCTH CHMI'@TPHH KOHYCa KacaTelbibiX.

2) MOXHO aHa/MTHYECKH J[OKa3aTh LA KPUBLIX NepeceyeHHs NBYX mnorepxHocTel
BTOPOTO NOPANKA, YTO HEpPe3 HHUX NPOXOAUT 6ec' HCAEHHOE MHUXKECTBO IPYTHX NMoBepX-
HocTelt BTOPOro nopsiika W MeXIy HHMH YeThIpe KOHyCa (NMPHYEM M3 HHUX HEKOTOpLIE
MOT'yT COBNajarh HIM BHPOXAATLCA B LKIMHADHI).
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[IOBABJIEHHS K I'JIABE IEPBOM

1. TocTpoeHHe KOHHYECKOTO CeyeHHs Npu momomu nopapel Ilycts naHuw
kpuBas K M Touka ~, (uepr. 32); GyseM omyckaTe M3 Toukd F, mepreH-
IWKyJapH Ha Bce kacateapHe f K kpuBoii K. Torma ocHOBaHMs STHX
NEPrenjHKy/IfPOB OIlMIIYT HOBYK KpDHBYIO R, KOTOpasd Ha3HBaercs mnon-
S5pHOH KpHBOH HaM wonapolt pns KpuBoR K  OTHOCHTENBHO TOUKH F|.
O6paTHo, MOXHO moayyuth CHOBa kpuBYio K, echm maum Fy u k. Ilns storo
NOCTaTOYHO COENMHUTL F| €O BCeMM TOYKAMH KPUBOH K M BOCCTAaBHTH mep-
NeHAMKYspH ! K TOJYYeHHLM TpPAMBEIM BO Bcex Toukax kpusdR k. Torma
npamue £ 6ynyT orubaiommu Kpusod K. DToT nocnemsuit cnoco6 nmoctpoe-
HHA MH OyneM Ha3uwBaTh NOCTPOEHHEM € [OMOLIGI0 MOI9PHON KpHBOH H By-
HEM roBopuTh, YTO KpuBas K MNO/Ny4yaercs MocTpoeHHeM MpH MOMOLIH MOASPH

Yepr. 32. Yepr. 33.

(otHocuTensHO Touku F,;) u3 xpuso#t R. B 3asucumoctH oT BHGOpa
TOYkH F; NOCTpOeHYEM MpU MOMOILK NOA3IPHOH KPHUBOH MOXKHO U3 ONHO# M
TOM e KpuBOM R MONyyuTh BECHMA pa3HOOGpasHue Kpuske K.

Mit yTsepxaaeM: MOCTPOEHHEM MPH MOMOLIH MON3PS M3 Kpyra H/IH H3
npsiMO#t BCerna moJiyuaeTcst KOHuueckoe cedenwe. Ecim TQuka F, pacnono-
JKeHa BHYTPHM Kpyra C ueHTpom B Touke M (uepT. 33), TOo mosyuaercs an-
nunc, npuyem F; ects omuH u3 ero (Qokycos; BropoH (okyc Fy ects 3ep-
KanpHOe oOTpawenne Touku F; ortnocurensno uentpa M. Ecim touka Fy
JeXHUT BHE Kpyra, TO moJydaercs runepbona (uepT. 34). Poxycamu ee onsaTe
ABASIOTCA TOyka F; M ee 3epkanbHOE OTpPaX€HHE OTHOCUTENLHO TOYKH M.
Ecau BMecTo kpyra Bsate mpsmyio g, TO noayyaercs mnapatona (yept. 35).
POKyCcOM ee CIYKHT TOYKA F,, a nupextpucoil —npsmas h, napaniensHas
U pacrosioxeHHass Mo Jpyryi0 CTOPOHY OT NpsAMOH g Ha TaKOM XK€ paccTos-
HHHM OT Hee, 4TO M Touka F,.

YTO6H nokasats mame yTBepxneHue npexse BCEro I SMMNCA, NpOBe-
AEM Yepes Touky F, npouspossHylo HpsMyio (uepT. 33); mMycTs OHa mepece-
KaeT KPYr B Toykax C u C'. Ha sTo# npsmo# Bo3sMeM ToukH F u F' Tak,
106K FiC=CF u F,C'=C'F. Ilanee, roccraum k npsmoll CC' B TO4-
kax C u C' nepnennukympw ¢ u #. BossMem TOUKY F, TaK, uto6u TOYKa M
Ouna cepepneolt orpeska F,F,. Ilycth mpsamas F,F mepecekaeT ¢ B
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touke B, a npamas F,F' nepecekaer ¢ B Touxe B'. Torzma F,B=FB n,
cnenosarensto, F B+ BFy = FF,. Ho rax kak touku M u C cyTb cepenHHbl
orpeskos FyFy u F,F, 10 wumeem: FFy=2CAM. OGosnauus pamuyc kpyra
yepe3 r, MOMy4yaeM COOTHOLUEHME:

BF, + BF,—=72r.

CrenoparenbHo, Toyxa B nexuT Ha smumnce ¢ ¢okycamu B TOuKax F, u Fy
H ¢ Gonbuwo#t oceio 2r, Ocraercs ewe noKasath, yTo npsAMas f Kacaercs
snaunca B Touke B. Dto caenyer M3 noXasawHoro Ha crp. 10 cBoiicrea

’
——-“F
2
! (]
T F
£ L,
2 M /;
4
Yepr. 34. Yepr. 35.

yrnos, o6pa3yeMbiX KacaTenbHOM K 9/MICY € €ro paJMycaMH-BEKTOpaMH,
NpOBENEHHHIMH B TOYKY KacaHusl. MiMeHHo, y nac no nocrpoennio <9< LBF, =
=< CBF. B3ss touku B', C' u F, Mul NpoBeNeM COBEpLIEHHO aHa.noruqu
JIOKA3aTeNbCTBA AAA npsmoﬂ t.

JloKasaTeNsCTBO AAsl THNEpPOOJE MOXHO ycMoTpers M3 uepT. 34. Iloctpoe-
HHE H4 STOM YepTeXe OT/IMYaeTCs OT yepT. 33 TONBKO TeM, YTO ToukKa F,
B3fiTa BHe Kpyra. B srtom cnyyae toukn B u B' onucueanoT JBe pasmuy-
Hele BeTBHM runepbosns, 3pech MBI HMeeM:

F,F,=2r=BF,— BF, w FF,=2r=BF,— BF,

Jns napa6onsl NPUXOAMTCH HECKOJBKO FHIOH3MEHHTb JIOKa3aTeNLCTBO,
HMenHo, ecin B a1OM caydae Toukn C u F u npaman ¢ (yepr. 35) no-
CTPOEHbl aHANOMMYHO MpPEefLAYIMHUM [BYM NOCTPOEHHMSIM, TO HYXHO OMNYCTHTb
neprnesuKyasap u3 1ouxu F na npamyio g. Ilycte B ecTb TOuKa nepeceye-
HUsl 9TOr0 nepneHaukynspa ¢ npsmoll f. Torma Gynem umers: BF, = BF. Ho

3nech TOyKa F omuchiBaeT npaAMyio f, MOCTPOEHHYIO TaK, KaK OO yKa3:.HO
1
Buiwe 1),

1) B cayyasix MOCTPOHHs SM/uNCA K rHnep6oAbl Touka F onUCHBAET OKPYKHOCTDH
€ UEeBTpOY B F; Bisoe Goabluylo, yeM B3sitas NEPBOHAYAIBHO OKPYKHOCIB; HX UECHTP
nonodHs JNeXHT B Touke Fy. D10 cAemyeT H3 yCAOBMH:

FF3=2CM w FF,=2CF,
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Caenorarenbno, Touka B meHcTBHTENbHO OMMCHBaeT Napa6ony ¢ GoKycoM
B Touke F, ¥ nupextpuco#t A. YUto u B aTOM Ciyuae
npsiMast ¢ kacaetcd napaGoin B Touke B, cnemyer
OmATb M3 TOTO, YTO DpaAMas f [EJMT IOHOAAM Yrod
FBF "),

Ecnv  Touka F, wnaxonwtcs Ha camoH  OKpyw-
Hoctu (4epr. 36), To mnpsMie £ W ¢ Bpamaorcs
BOKpyr ToueKk F, M F,; W Mb mnojy4yaeM B 3TOM
clyyae fBa nyyka npaMeix. Kak wusBectHo, ciyuap
TAaKOrO BHPOXIEHHH TOJYYaercd, EeCTECTBEHHO, €CJ/IH

Yepr. 36. KpHMBHE BTOpPOTO MOPAAKAa PpacCMATPHBATL KAK OrH-
0aIo1lyi0 KacaTeNbHbIX.

2. JIMDeKTPHCHl KOHMY2CKMX ceueHMH. Mul onpemeswnu mnapa6ony kak
reOMETPUYECKOE MECTO TOYEK, PABHOOTCTOSIIUMX OT HENONBHXHOH Toyku F,

¢okyca, ¥ Or HEMOXBHKHOHN mps-
3 MOH g, AWPEKTPHCH. AHanOruy-
HOe OIpzie/ieHHe MOXXHO HaTh
IV SJJMICA M JUIl THNEp6O.H.
Bynem wuckath reomerpuueckoe
MECTO TOYeK, JUI1 KOTOPLIX OTHO-
LIEHHE HMX DPACCTOAHHA OT HEKO-
Topo#t HenoneuXKHOM TOukM F K
PacCTOAHMIO OT OMNp2JIe/ICHHOH He-
NOARHIKHOH MpPAMOH g eCThb mo-
CTOAHHAA BeAMuMHA v. B cayuae
napa6oan v=1. JlokaixeM Te-
nepp, 4to ecaM v <1, To HCKo-
Masg KpHMBas eCTb 3JIMMC, a eC-
a1 9> 1, To—runep6ona. Ilpu
sToM Touka F ectb ¢oKyc Ko-
HHYecKoro ceveaus. O6parHo,
U KaWIOro 3JUTHACA K KaXJIOH
r.mepGoJibl MGXKHO HOROGpaTh fBe
npiMele g, M g, TaK, 41O IAd
Kakao#t TOYKH KpHMBOH OTHOIle-
HHe paccrosnuiét ee ot F, u g,
Yepr. 37. M COOTBEeTCTreHHO oF F, um gy

6yner MOCTOSHHABIM.

Ins noxasarennctBa ofpatumcs K uepr. 37. Kpyroso#t xonyc nepecexaercs
C INIOCKOCTBIO € 0 HEeKOTOopoMy 3JUIMOCY R, KOTOPDHH M MOCAYKHT HaM
I NPOBEPKH Haluero yrezpxkaenns. Tak ke, kak Ha weptT. 10, BosbMers
BCIIOMOT4TeNIbHHR  11ap, CONMpHKacalou[Hiich € KOHYCOM MO OKPYMHOCTH K
M KacalMHCca NIOCKOCTH B Toyke F; cnenoeratenbio, Fectb Qokyc snmmnca k.
Ianee, nyctb f— nnockocTb Kpyra K u g— vuusd HEpeceueHus NaoCKocTel e
u f. V3 npoussosbHO# TOYKM B sanunca OmyCTMM nepneHavkynap BC Ha

1) MOXHO, KOHEYHO, ONVUHTL uepT. %5 H3 uepr. 23 TakuM e TpeneTbHHYM nepe-
X040V, NpH MOMOLIM KOTOPOro Ml MoMyyaiu napa6oay k3 anaumca Ha crp. 1l
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npAMYI0 & W mep.esaukynsp BD na mnockoctb f. 3°TeM cocmmuuM Touxy B
¢ Toukoi F wu ¢ BepuiMHOM S xoHyca; mycTh NpsMad BS nepecekaercs
c xpyrom K B Touxe P. ITonoxuy s kpatkoct: / DBP=a u _Z DBC==§.

Torpa Oymem uMeTh: BC= C—B;s% BP:%:%' Hanee, BF= BP, u6o o06a

OTPE3Ka NPEACTABNSIOT CO60# KacaTteNbHbie, NPOBEICHHHE H3 TOYKH B K OHOMY

H TOMYy e Iapy. s,
Cnenosare/bHo:

BF _BP _ cosp
- BC™ BC™ cosa’

Ho yrauw a w P we 3asucat or BmGopa Touku B, TaK Kak yroa o pasex
HOJIOBHHE Yr/ia TPH B2pIIKMC KOHyCa, a yroa [ ecTb yron HAK/IOHA [Jo-

cos
CKOCTH € K OCHM KOHyca. 3HAYHT, €CIM MH DOJOXHM Eo?f =, 10 y6enumcs

B DPACHILHOCTH HAILETO YTBEPKNEHHs I/ SJMAMIICA B, TPHYeM MM IOMyTHO
fo/lyyaeM IPOCTPAHCTBEHHHHK Cro:o6 mo-
CTPOEHHS NHPEKTPHCH g.

Ecnu nnockocth e nepacekaercsi ¢ Ko-
HYCOM He [0 3JUIMINCY, a 1o rinep6one A
(uepr. &8), nNOKa3aTE/LCTBO MOMHO IIPO-
BECTH COBEPILUEHHO aHANOrHYHO, TOJBKO
B DepsOM ciyyae o <P, a BO BTOPOM
a>fB, ® caegopatenbho, A7A  9AAMMNCA
nmeem v<<1, a ana ruoep6onol, Ha060-
por, v> 1.

Ilpasna, Hawe MOCTPOEH¥e NOKA3HIBaeT
CYLECTBOBAHHE IMPEKTPUCH TOMBKO JUIA
onpeleneHHHX  SMAMOCOB M runepbod,
MEXNY TeM KaK B HameM YTREePXIEHHH
3anaBanuch, Haobopor, Touka F, npsiMas g Yepr. 38.

M yucno v u tpebosanocs HalTH COOT-

BETCTByIOIYI0 KPHBYIO. Ho, oueBHMAHO, BHA HCKOMOR KPHMBOH 3aBHCMT TO/BKO
OT 3HayeHHsl YMCI2 T, M B TO Y€ BPEMs MBI MOXEM TPOBECTH MOCTPOEHHE
TaK, 4TOGH YIrBl € M P, @ CHENOBaTeNbHO, H U MNPHHMMAH mOSHE 3Haye-
uua. TakuM o6pazoM Hame NOCTPOSHHE HCUYEPMBIBAET BCEBO3MOXHHE (DOPME!
HUCKOMO# KDMBOH, 1 3HaYMT, KPMBas, B CaMOM IeJie, BCEIa JOMKHA NpPEACTaB-
NITb KOHMYECKOE CEYEHHE,

B cnyuae, xorna a=00, T. e. v=1, MH noayyaeM napaboay, Tak uTo
ML CHOBa NpPUXOJMM K MePBOHAYa/bHOMY ONpENENeHHIO.

Ecan xe IMOCKOCTb € mepecexaeT KOHyC HO KDYy, TO Hame HOCTPOEHHE
HHuero He naer, u6o B 3TOM ciayyae (¥ TO/LKO B 3TOM) MJIOCKOCTH € W f
He MepeceKaioTcsi, a mapamentHul. Beakoe co6cTBeHHOE KOHHYECKOE CeYeHHe,
OTNMYLIOE OT Kpyra, MOXHO IHpEJCTaBHTH KaK CCYEHHE KPYrOBOTO KOHyca
H 3aTeM NPHMEHHTh K HeMy Haiue nocrpocuue. IlosroMy cBOHcTBO jmupexT-
puC DPHCYILe BCeM COGCTBEHHBIM KOHMUETKHM CEYEHHAM 32 HCKIIOYCHUEM KpyTa.

B uyacriocTs, rpeyecKue HA3BAHHS KOHMYJCKMX CEUEHMH OCHOBHIBAIOTCA Ha
MX OTHOWMEHMH K supektpucaM. OnH 00603Ha4alOT, YTO ¥ y S//IMICa He
jocturaet umcna 1 (EMeimery), y rumep6onrt mnpecocxomut 1 (Smepfdliewy)
u y napabosn B TOYHOCTH pasto 1 (mapafialisty).

3 Twin6epr H Kow-doccen
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3. MoasHyKHAs CTepXKHeBasi MoieJb runep6osonna. B Hacrosiem naparpade,
npeanoaaras H3B2CTHHIMH OCHOBH AHANMUTHYECKO# reoMeTpuy B MPOCTPaH-
CTBe, MHl JIOK2a¥eM BBICKa3aHHOe B § 3 yTBepxueHMe, YTO CTepKHEEasd Mo-
I€Nb OIHOMOJIOCTHOTO Iumep6osoHna NONBWNHA. BMecte ¢ TeM Mbl NoKaxen,
4YTO 3Ta KOHCTPYKLMS, H3MEHSIsICb, MPHHMUMAET MOJOXKEHH COQOKYCHHX
OIHONOJIOCTHHIX I'HNep6OJIOHOB.

[lycts x,, X,, X3 ¥ ¥,,¥,, Vs CYTb NPOCTPAHCTBEHHHE NCKAPTOBH KOOP/H~
Hate ToueKk P u @Q coorsercrBenHo. Paccmorpum cogokycHbie nosepxnocTH
BTOPOTO TOPSIAKA:

__.+___:___ _ J =1. (1)

a -2 T a,—y T a, X7 hma;—)

Bui6epeM onpenie/ieHHoe 8HauyeHHe ) Tak, 4TO6H ypasHenue (1) ompenensino
HEKOTOpHi OfHOMONOCTHH# runepSononn. Touka P nomxHa Jexarb Ha 97O
HOEEPXHOCTH, Kak 310 caenyer u3 Beipaxenus (1). Ilycte Touxka Q ects
Ipyras TOYKa TOH € CaMO# NOREPXHOCTH, KOTOPas HPHHAINEKHT TOH e
npaMOl, pacroONOXEeHHOK Ha [3ATOH IOBEPXHOCTH, 4TO u Ttouka P. Iro
TpeGoBaHHe PABHOCH/BHO TOMY, YTOOH! yHOB/IETBOPS/IHMCH yPaBHEHHS:

3

2
Y =1, 2

a,—1

=1. 6)]

B caMom nene, cepanmuHa M otpeska PQ pomKHa TaKike JeXaTh Ha Ho-
1
BepxHocTH. Touka M HMMEeT KOOpAMHATH (x;+y,). Cnenosarenbso, Mu

HOMKHBI HMETb:

Py _ 1,1 1 XVi
T =Ttttz sy =1

a;—\
A sto pasrocunbHO ypasuenuio (3). O6patho: mpsmas PQ uenMkoM Cos-
Dajaer C MOBEPXHOCTbIO, KOTrNa OHAa MMEET C TNOBEPXHOCTBIO TPH OOGIIKX
toukn P, Q w M, T. €. KOT[a ynoenerBopsoTcs cooTHowrenus (1), (2) u (3).
BuiuncauM Tenepb paccTosHue PQ=r.
Himeem:

3
rﬁzz(xi_yi)9=2x3+2y‘?_2Ex‘y‘_:
1
=V (e,— x‘x +E(a‘ —2 (@,— .’_“" =
= [a = + .)ix ‘2axi‘1]—
R

IMocnennee Bupa»(exme B KBaJIPATHHX cxoéxax MCYe3aeT B CHAY YypaBHe-
muit (1),(2) u (3), 1 MH nonyyaem:

._.z (x: .—J’Dz . (4)
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ITycts Tenieps B Bhipaxenue (1) BMECTO A MOACTABIEHO 3HAaueHHe ), KOTOpPOE
TaKe ONpenenseT HEKOTOPHH OHO!IOAOCTHRIH THITEPOOIOHI. IJTO IIMEET MECTO
TOra M TOJLKO TOrJa, KOINa 3HAKM PasHOCTEH @;,— h W @;— ) ONMHAKOBHI
nas BCAKOro I,

B cooteerctsuu ¢ 9THM QopMyanl

xi=x, ] a,- ¥ 5)

a;—)\

onpenensior peHcteurensHoe adpunnoe npeobpasosanme. OyeBHaHO, Mpe-
o3pa3oBausme (5) mepeBomMT NOBEPXHOCTH (1) B OMHOMONOCTHHI THNEpPGONONL,
copokycHetit ¢ (1); ofosnayum ero uepes (1'). Ecam toukn P'(x) u Q' (y)
cyTb n3o6paxenns Touek P u Q, nasaemsie npeoSpasosanuem (5), To npamas P'Q’
NE:KMT 1eAMKOM Ha noepxHocTH (1'), n6o oHa npescraBisieT H306paweHne nps-
mo#t PQ. Hauwe ytBep:aenue Gy et 10K23aH0, €CJIH MBI IOKAXKEM, YTO PACCTOSHHE
P'Q'="" ocranoch pasusiMm PQ, T. e. r'=r. Ho naa r' ma wumeem ¢op-
Myay, aHanoruunyio dopmyne (4):

=iy v
Ce=ni), )

a—\

. Y
r‘:}ia‘.

s (5) cnenyer:

’ 4
i — yi)? x; — V)2
(o R i =123,

tak yto B cuay (4) u (4') neficteuTeNsHO HMeeM:

Ecnn Ml mpuMeM A 32 moctosinHOoe, a ) 3a nepevenHoe, TO npeoGpaso-
Bauue (5) MacT HaM KpDHMBHI€, OIMMCHBAEMBIE TOUKAMH CTEPXKHEBOH MOME/H,
KOorpa mnocnefHas nedpOpPMHPYeTcss, COXpaHSil CBOM IVIOCKOCTH CHMMETDHH,
ITH KpHBbiE, KAaK MOKa3hIBAaeT IPOCTOC BHYHCIEHHE, MNPENCTABASIOT KDHBBHIE
NepeceyeHusi MUnconna, codokycHero c runepGonongom (1), u asynosno-
CTHOTO runepbonouia.



BTOPASl T'JIABA
NPABW/IbHBIE TOYEYHBIE CUCTEMbI

B 3710t rnase Mbl pacCHOTPMM MeTPHYECKHe CEOHMCTBA NMPOCTPAHCTBA C HO-
BOH TOYKM 3peHuss. Ecau 10 cMX nop MH HMeaH JHENO € KPHBHIMH H NO-
BEPXIHOCTAMHM, T. €. C HENPEepHBHLIMH O00pa3aMu, TO Temepb MH IEPEXOLHM
K TAKHM CHCTE€MaM, KOTOPDHE MOCTPOeHH H3 JUCKPETHBIX 3seMeHTOB. Takue
CHCTEMHE BCTDEYAIOTCS YACTO B HEKOTOPHIX OTLE/aX MaTeMaTHKH, B YaCTHOCTH
B TEODHM YMCEN W TeOPuH (QYHKUMHM, a8 TaKKe B Kpucramiorpapuu 1),

5. [lnockue Toweunble pemerky. YpessnuallHo DpocTyrd ¢urypy, co-
CTOSIHIyi0 M3 QHCKPETHBIX 4AaCTHL, MPEACTAB/IACT ILIOCKas KBajpaTHas To-
yeyrasi pemerka (yepT. 39). Yro6H moayuutb 5Ty pelierky, OTMETHM Ha

MJIOCKOCTH YETHIPE BEPIUMHBI KBanpata, MJ0OLIafb

o o KOTOpPOro pa:Ha €iMHHIE, 3aTeM CIHBHHEM KBajpar

napa/aienbHO ORHON M3 ero CTOpOH Ha N/MHy, paB-
2 HYI0O CTOPOHE KEajpata, W OTMCTHM JiB€ BHOBb
. nonyuMsuinecs BepuMHs. IlpenctasuM cefe, uto

3TOT MOPOLECC MH [POAOMKAEM NO OeCKOHEYHOCTH

CriepBa B ONHOM HamnpaBJieHWH, 4 3aTeM B MpPOTH-

© BOHOJNOMHOM. TakuM 06pa3oM Mel DOMyYyuM Ha

MJIOCKOCTH HOJOCY, COCTOSIUYIO H3 HBYX pslOB

° pacHooTcTOsIMX ToyeK. CHBHEEM 3Ty rnoJjocy B

Yepr. 39. NCPNEHIMKYAAPHOM K Hell HarnpaBieHWW Ha INMEY

CTOPOHH KBafipaTa, OTMETHM BHOBbL HOJNYYHBilIHEIs

TOYKM M TNPEACTaBUM cebe, YTO M STOT NpOLECC NPONOKEH B 06€ CTOPOHLI

no GeckoHeyHocTH. COBOKYNHOCTH TOYEK, OTMEYEHHHIX TakuM 00pasoM, 06-

pasyeT KBaJpAaTHYIO TOYEYHYIO DEIUEeTKY; €€ MOXHO OfpEee/HTh TaKiKe

KaK MHOXECTBO TOYEK C LEJOYHC/JEHHHIMH KOODAMHATAMH B JEKapPTOBOM
CHCTeME KOOPIHMHAT i#a IJJOCKOCTH.

B srofi peweTke MOXHO 06pa3oBaTh M3 YETHPSX TOYEK TaKKE M JPyrue

¢urypel, a He TO/NLKO KBAaNpaThl, HalpHMep napaanenorpaMul. Jlerko yGe-

JIHTBbCS, YTO 3Ty PRIUETKY MOXKHO NMOCTPOMTb, MCXONfl HEe OT KBAaApara, a OT

1) B roft yactH nanpHEHIIMX CTPOK, KOTOpas Kacaercs KpucTamaorpaduy, o6o3ua-
YeHHst He BCErfa COOTBETCTBYKT YrnoTpeGHTenbHHM KPHCTAMIOrPaPUTECKHM TEPMiHAM.
B mpenesax BPOCIOro IeOMETPHUECKOPO PACCMOTPEHHS, KOTODHIM MH OTpAHHIHBAEMCS,
NPHHSITHE 37eCh HasBaHHf YaCTO KopoYe H BLIPASHTENbLHEE.

JKenarowuM nosHakoMuThCst Goaee moApoGHO € reoMeTpuuecKolt kpucranzorpaduelt
MOXKHO pexoMeHnoBath xeury: B. lenoge, H. [Tanypos, A. Asexcannpos,
MaremariieCKHe OCHOBH CTPYKTYPHOro aHaiu3a kpuctaanor, [TTHU, 1934.
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napan.ne.norpama, €CNMH TOJIBKO mnapanigenorpaM KpOMe€ CBOMX BEPUIMH He
COHEPXMT HM LHYTPH ce0fl, HH Ha CTODOH4X HHKAKWX NDYTHX TOYEK PEUIETKH
(B NpOTHBHOM Cryyae MbI MOAYYAnM On HAIIMM MOCTPOCHHEM HE BCE TOYKM
peuwretkn). M3 paccMOTpeHMT Kam/IOrO TA4KOrO NapajieorpaMa MOXHO BH-
NETb, YTO OH MMEET TaKyIO e MJOIafb, KaK 1 HCXONHHIH KBanpat (yepT. 39),
CTpOroe J0Ka3aTenbcTBO 3Toro OyneT naHo wa crp. 38—39.

Yaxe 9ra mpocras pemieTka MOC/AYXH/AA MCXOINHHIM TYHKTOM JUISl BAXKHBIX
MaTeMaTHYECKMX MCCNENOBaHMH, MepBOoe W3 KOTOpPHX mnpuHamiaexur [ayccy.
[aycc mutanca onpenesmts yucao f(r) Touek peIUETKH, PACMOJONKEHHBIX Ha

L] (-} © l‘o‘ (-] -]
. o LN o o
[.] o l.-.-- (-] (-]
. [ 1] o

IIOWIanH KPyra pajuyca r; NpH 3TOM LEHTP Kpyra JOMKeH Ghisl GLIThL TOYKOM
peIleTKH, a 7— LIe/IbIM YUCIIOM.
Faycc vawen sMIMPHYECKH 3TO YHC/IO N/ MHOTHMX 3HauYeHM r, Harpumep:

r= 10 fin= 317
2 1257

30 2821

100 31417

200 125629

309 282 .97

Paccmotpenue dyuxuuu f(r) naer Meron BbiuMCICHUS 3HaveHus w. Tak
KaK KaxIhi#l 2ieMeHTapHBI! KBafpaT pemIeTKM HMeeT IJ/ouiagb, PaBHYIO eJiu-
Hule, To f(r) pasHo maomamu F, cocrasneHHOH M3 BCEX TeX 3/eMEHTaPHHIX
KBanpaToB, y KOTOPHX JIeBAas HWKHASI BEPIIMNA JIEXKHT BHYTPH WJM Ha rpa-
uuue kpyra (uepr. 40). Takum obpazom f (r) ormuyaercs OT mIOmAAM
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npyra r’r ue Gonee yeM Ha BeiMUMHY NIOW2AH A(r) Tex N106aBNEHHBIX WM
ONyIeHHbIX KBAJPaTOB, KOTOPHIE NEPECEKAIOTCA OKPYKHOCTBIO:

f(—ral<A@),

0 c|<ho,

Ilns ouenkn A (r) nocTaTOuHH HeCJOXHBIE Bbikaanku. HauGoabuee pac-
CTONHHE MEXYy HIBYMA TOYKAMH 3/IEMEHTAPHOIO KBANpaTa paBH) ,/ 2. Cne-
JOBATENBHO, BCE KBANPATH, MNEDECEKAIOIHECT C OKDYIKHOCTBIO, PACHOJOMEHB!
B KPYrOBOM KOJbll€ IIHPHHO#M 2[/.‘2', BHEUIHHH W BHYTpeHHHMH panuycel KO-
TOporo pasusi r+}/2 w r—1/2. Iliowans 3T0ro KPYro:oro Ko/blla pasHa:

BO=[(r+ V2 —(r—V2)P|n =4y 2rr.

Ho A (r) < B(r); cnenovarensHo:

0 4V %
—;(:; ~—T€I<—r—n—

OTciona npu MOMOIM MPEAENLHOrO fiepexona Mo/yyaercs uckovas dopmyJa:

lim f(r) _

roco g2 (¢))

Ecan noxmctasuts B 3Ty GopMyay 3nayenus yskuun f(r), HaHneusuie
'ayccom, TO moay€aiTcs chaenyioune npubmmwenns k m==3,14159...:

r= 10 n= 3,17
r="20 n==3,1425
r= 30 n=23,134
r=10J n=3,1417
r=200 n = 3,140725
r=—2300 n=3,11107

Onmuum u3 npumenenu#t dopmyasi (1) CAyXHT 10Ka3aTesIbCTBO yTREPMKIE-
Husl, NPUBENEHHOrO Ha CTp. 37, UTO IJIOWAnb KAKAOTO mapannenorpama,
NOAL3YACL KOTODHIM MOXHO MOCTPOMTH KBANpPAarHYl0 TOYEUHYIO pEeuIeTKY,
paBHa E€OHMHHIE.

C or1o#l uenabl0 Ui KaKnoil TOYKHM peIueTKH, Monasilied B KpPyr, ykaswl-
B4EM ONHMM M TEM e CrnocoBOM napajienorpam, 1if KOTOPOTO OHAa CAYXHT
BEPUIMHOH, W cpapHMBaeM mnomans F, cOCTaeJeHHYI0 M3 3THX Tiapaneio-
rpamMoB, ¢ IJIOWANb0 Kpyra. 3MeCh OMNATh DPAa3HOCTL Mewny oOeHMH miO-
1IaagMH MEHbuie ruowand B (r) KpyroBoro Kosella, BHeUIHMH | BHYTpeEH-
HHii pamMychl KOTOPOTO paBHW 7+ ¢ W r—c¢, TA€ ¢ ecTh Haubosbuiee
paccTosHKe (HE 3aBHCSILEE OT #) MEXILy AByMsl TOHKAMH 37eMeHTapHOro napai-
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nenorpava. Ecnv nmaowans nocnegdero passa @, To maowans F o paeua
a-f(r), v Mul monyuaeMm ¢opuyay:

|af () —rPr| <B(@A)=4rr=,
‘ﬁf_@

T. €. UMEeM;
4nc

T<{—

r
m {0 _=
r2 a’

r—->OO

Ho senue 6mino noxasawo, uto
lim f (’ )

reco *

Orciona ') cnenyer wame yteepxpenue: a=1.

Tenepp 00paTMMCH K pPacCMOTPeHUIO GoJ/ee O6IMX «EIMHHYHHX PELeTOK»,
T. €. PelieToK, KOTOphie MOXHO 06pa30oBaTh U3 MPOM3BONABLHOTO Mapasieno-
rpaMa C IVIOILanbio, PABHOHM eNMHHMIlE, TaKMM e OGDI30M, KaK KBaJPaTHYIO
pemieTKy M3 Keajgpara. 3[leCb TaKie€ DasjuuHble Mapa/jieNorpamel  MOTyT
06pa3oraTth ONHY W TY K€ peuerky, HO JUIS 3TOrO BCE OHM JIO/MKHBI HMEThb
IAoIAanb, PaBHYIO COMHMUE; 3TO MO KHO JIOKa3aTh TAKMM e CmocoOOoM, Kak
AR KBagpaTHOH pEeuIeTKH.

Jns kaxno#t Takolt e€NUHUYHOH peleTKH HaMMEHbILlee PACCTOSHHE ¢ MEKIY
IBYMSl TOYKAMH DEUIeTKH ecTh XapakrepuctHueckas BenuunHa. CyuiecTByior
€IHHNYHLIE  PEUIETKH €O
CKOJIb YTONHO MalbiM c,
HalpUMep TakHe, KOTOpbie
COCTaBJIEHBl W3  MPSIMO-
yTO 'bHUKOB €O CTOPOHAaMH

'

1
cH . Ho, ouesunno, cue

Moxer 6niThb KaK YrOmHO
BeJIMKO, MHAauye penertka He
morsia 66 GHITH €IMHUYHOIA.
3HauuT ¢ WMEEeT BEePXHIOI
rpaHuily. Mer ee ceftuac
OnpeenyM.

Ilyctb M3 DpPOM3EONLHOM €MHHYHOH pelneTKH BhIOPaHH NBe TOYKH C Kpat-
YaiiuIMM PacCTOAHHCM ¢ Mexny HuMu (uept. 41). Ilposenem yepes 3TH TOuKH
NPAMYIO g TOTNA MO ONPEfieNeHHI0 PEIIETKH Ha STOH NpsMOH NOMKHH JEXaTh
JIpDyrHe TOYKM Ha PACCTOSIHMK €, TOYHO TaK XKe npsaMas h, napaanennHas g

Yepr. 41.

1
H OTCTOALIEs] OT HEE Ha pacCcTOdHHE i JOJMKHa colepxXath 6eckoHeuHoe

MHOXECTBO TOYEK PeIeTKu; Hao60pOT, N0J0Ca, PACHONONEHHAs MEXAY STHMH
HpSIMbIMH, HE JIOMKHA CONEPXAThb HY ONHOH TOYKM penieTkH; o6a nociefHHX
YTBEPKIEHHS CIEAYIOT M3 TOrO, 4TO HAIIA pernlerka — €AMHMYHAs.

1) B aToM IOKa33TenbCTBE MOXHO Ghio B3fATH BMECTO MIOUIARH KPyra 05yl apy-
IyI0 YacTb TWIOCKOCTH, TPAHHLY KOTOPOH MOMXHO MOKPHITh IOAOCaMH, CKOMb YTOAHO
Y3KHMH Tlo CPaBHeHHIO CQ BCelt muoujagbio,
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OnumeM Tenepb OKPYXHOCTH panxyca ¢ BOKPYr BCEX TOY?K DEUIETKH,
pacnojioxeHHrx Ha npiamoH g. COBOKYNHOCTb STUX KPYTOB MOPHIBAET [10-
JIOCY, OTTPaHHYEHHYIO OT OCTa/bHOH IUIOCKOCTH Ayramu Kpyra. Bcsikas Touka
BHYTPH 3TOH HOMOCH DPacnofoixeHa HAa DAaCCTOSHHH MEHbILEM ¢ 10 KpaiHel
Mep2 OT OAHOH TOYKH PEUIETKHM M, 3HA4YAT, HE MOXET OHTh TOYKOH DEIIeTKH

1
no onpeapenesno. CnenoearesbHO, - 6onblle MAM paBHO KpaTuyaHliueMy pac-

CTOSIHMIO TDAHHYHOM JIMHHY fOJOCH OT g. IDTO pacCTOSHME, OYEBUIHO, €CTh
BHICOTa PABHOCTOPOHHETO TPEYroOJBHHKA CO CTOPOHOH ¢; MTaK, MB MME.M:

1>Lvs,
c<l/

Vs’

Yucno /l—/.—g. €cTb MCKOMAsl BEDXHSI TpaHuLa Juig €. D10 SKCTpeMasnbHOe

3:1a4Y2HHUE JIeHCTBHUTEJIBHO JOCTHIaeTCAd B HEKOTOPDOH pelieTKEe, 8 HMEHHO, KakK
MOXHO YCMOTpeTh W3 uepr. 41, B peuerke, y KOTOpOi#l o6pasyioutift napan-
JIeJiorpaM COCTaB/eH 43 ABYX DABHOCTOPOH!HX TP2YrOJBLHHKOB.

Tlyrem yBenuuenus uau yMeHBUICHHS MBI MOXEM MOAYYHTH MI0OYI0 peilerKy
13 eiMHHuHOM peutetkh. Ecau a® ecthb naowaznb sneMeHTapHoro napasiie/orp uma
HeKOTOpO# peiuertky, a C — HalMeHbIIEE PACCTOAHHE HBYX TOUEK PEIETKH, TO
HMeeM:

2

c<a vk
3HaK paBeHCTBA M B 3TOM C/y4ae MMEeT MECTO TOTZIa H TO/JLKO TOrna,
KOIla pEuIeTKa COCTABN€HA W3 PABHOCTOPOHHMX TpeYro/blukos. [lpu 3adan-
HOM H2HMEHbINEM DACCTOSHMM 5Ta PElUeTKa HMEET, C/ACJOBATE/NbHO, HAWMEHb-
wui aneMe. Tapysilt napannenorpaM. Ho, xak Mu Bunenw (ctp. 37— 38), naomans
Gonbinoit PUrypel DpubAHKEHHO PABHA YHCTY TOYEK PEETKH BHYTPH (Urypl,
FIOMHOEHHOH Ha miouans d/eMeHTapHOro napamienorpama. CrejioBaresbHO, U3
BCEX PEIUEeTOK C 33/I2HHBIM H2HMCHBLIUIMM PaCCTOAHHEM, PACMOJIONEHNHX BHYTPH
HEKOTOPO# n4HHOM 6GOJBIIOH MIOUIafiH, PpelleTKa, COCTaBACHHAs M3 PaBHO-

CTOPOHHUX TPE}TOJLHHKOB, CONEPHHUT HauboJbliee YHUCIO TOYEK.

Ecau omucaTh BOKpYr ECeX TOYEK pelleTKH OKPY:KHOCTH Panuyca, PaBHOro
MOJIOBHHE MWHHMMA/LHOTO PACCTOSHHUSI TOYCK PEIeTKH, TO HOJYYHM CHCTCMY
KPyroB, KOTODbIE HacTHYHO COMDHKACAOTCs, HO HUrNe HE HNepPEeKphl A0TCA.
CucTeMy OKpy»KHOCTEH, ITOCTPOEHHBIX TaKuM OGPAa3sOM, HA3HPAIOT CETYaThLIM
(peteryarrim) pacnonoxenuey  kpyros. Peweruaroe  pacfenoxenue
KpyroB cumtaercs TeM 6oJiee MNJOTHHEIM, yem Gonblle KDPYrOB IOMEacTcs
B 33/laHHOl (nocTaTouHO GOMBIION) 06nacT. B COOTBETCTBHH C 3TUM PeILETKa,
COCTABJIEHHAs W3 NPaBWILHLIX TPEYTOMLHUKOB, NaeT HauboJiee MIOTHOE Paciono-
WKEHHE Kpyros (uepr. 42),

B xauecrtse MepH IJIOTHOCTH pACTOJIOWEHHs KPYroB TpHMMEM 4YacTHoe
OT jeNieHMs CyMMbl IJomanell BceX KDyroB DacHoOJIOXEHMd Ha  11Iowanb
nauHod oGnactu. Ilpu nocrarouno 6Goabwux ©64aCTIX 9TO 3HAYeHHe, Ode-
uJIHO, O/MM3KO0 K YACTHOMY OT Je/eHHs IUIOWand OTAEJRMOro Kpyra Ha
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momiane sJe€MeiTapHoOro napansienorpama. HautGonbiues 3HayeHwe nnoTHOCTH
JaeT peileTKa NPABUJILHHX TPEYrONBHUKOB, HUMEHHO:

1
D= 2'/_3 ﬁ=0,289ﬂ..

6. TImockye ToyeuHble peweTKH B TeopHM uuced. Bo Muorux mnpobnemax
TEOPUM YHWCEN HFpPaiT pOJNb TOYeYHhle pewietkd. Mbl 3nech  npubeseM
HECKOJILKO TpuMepoB. Pany KpaTKOCTH H3NOWeHuss B 3TOM rnaparpade Mbl
OyneM npeinonarath y YUTATENAsi HECKONBKO GONLIUYI0 MaTeMaTHYeCKylo Nom=
FOTOBKY, Y€M B JDYTMX MeCTax 3TOH KHHIH.

1. Pan Jlefipuuna: -E-:l-—%-}—%——.ll--)- .. Iycrs f(r), kax nB§ 5,
0603HaYaeT YMCAO TOYEK NNOCKOM KBAjpaTHOH €IMHMYHOH pELeTKH BHYTpH
Kpyra paauyca r c TOukol pewletrky B ueHTpe. IlpmMaM ueHTp Kpyra sa
Hauano [eKapToBOH CHCTeMH KOOpIMHAT, B KOTOPOH TOYxH perteTkn Gynyr
TOYKaMH C LEJOYHCJCHHBIMH KO-
opnauHaramu. Torma f (r) ects
YACNO BCEX Map LenbIX Yucen, X,
Y, LN KOTOPHIX HMEeT MeCTo
cootHonienne x? 4 y* < r% Ho
x*+y* npencrasnser scerna ie-
Joe yucno #n. MHwiMu cnosamu,
MH nonyunM f(r), ecin Hahnem
s BceX Lenmx uucen n<rd,
CKOJNBKUMH  CHOCOBaMH  MOXHO
Ka¥Aoe M3 HUX MNpPeiCcTaBHTb B
BUC CyMMBl KBanpaTOB ABYX Lie-
JBIX YHCEN, W 3aTE€M CIIOMHM YMC- Yepr. 42.

N0 3THX CrOcOOOB Ans BCEX YH-

cen. 31eck UMeET MeCTO CJ/efyiollast TeOpeMa TEOpHH YHCeN: YHCRO pasoe-
Hufl Lenoro YWcna n Ha CyMmy KBaJparoB JByX LEJbIX YHCEN PaBHO y4eTse-
pSHHOMY M3GHITKY YuCna fienuTenel uicna n puna 4k 4+ 1 Haj uuciom nenurenzi
puna 4k+ 3. Tlpn srom Takue pasnoxenus, kak n=a®+b% n—>b*+a?,
n=(—a)*+b* u T. 1., Clenyer CUNTATh DA3NH4YHLIMH, TaK KaK STUM pasfo-
XCHUSIM COOTB2TCTBYIOT pasnuugbie TOUKM Hawel# peterkn. Takum oGpasom
BCAKOE DPA3NOKEHWE NPUBONMT K CHCTEME W3 BOCBMH Ppasnoxenudt (ecny we
NpHHUMAaTh BO BHHMaHHWe OCOOMX ciyyaes: a—==b, a=0, b=0). B ka-
yectse MNpumepa paccMOTpuM umcio n—65. OHO uMe:T 4YeTHpe NEnuTens
1, 5, 13, 65. Bce st nenurenmn wumMelor Bun 4k-+ 1; nenutenedd puna
4k 4+ 3 Her. Taxum OfpasoM ykasaHHHH H3GHITOK B 3TOM Cly4ae paseH 4,
M COIMIacHO Hauie#t Teopeme umc10 65 nOmkHO pasnaratbca 16 pasnuUHBIMK
cnozo0aMu Ha CyMMy ABYX KBanpaToB (MMM, YTO TO Xe Camoe, Kpyr panu-

yca ,/ D € UEHTPOM B Hayane KOOpAMHAT JOJKEH 3aXBaTHBaTh 16 Touek
pewtetkn). B camom nene, mmeewm:

65=12+ 8% u 65=4'+ 7%

npuyeM Kaunioe pasfioieHHE HYMHO cuuTarh 8 pas,
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Ecny cormacno sToit rteopeMe 1nisi BCEX ILENBIX MONOMUTENHHBIX  UHCEN
n< r* vH BHMTEM yucno menurened Buiaa 4k -+ 3 W3 uMcha penvTenell Bupa

4k +1 ¥ CnoXHMM ECe PasHOCTH, TO MONYYUM % (f(r) —1). Onuaxo 3Hayu-

TeJBHO TMpOlIEe HECKOJbKO H3MCHHTh NOPANOK BHIYMTAHMH U C/OXEHHMH,
a MMeHHO, CMepBa BHMMCIUM OOuee 4YMCH) BCex JenuTeneit pupa 4841 nns
BceX uyucen n< r*% a 3areM BHIYTEM M3 3TOTO WYHCAZ OOIEEe YHCIO JEnuTe-
net Bupa 4k-+ 3. YroSe monyuuTh IEpBO€ HHCNO, BHINMIUEM YHCNA Buua
4k +1 B nopsinke BO3pactamus Besu uee 1, &, 9, 13, ..., or6pocuB Bce
yucna, npzBocxoisiume 1. Kakjoe M3 3THX wyucen sBNSETCH JACAHTeNeM
B TOYHOCTH CTONIBKO Pa3, CKO/BKO OHO MMEET KPa rHbIX, HE PEBOCXONALIHX 7%, 3Ha-
uuT, 1 Hy®no cyurate [r*] pas, 5 HyKHO cuMTaTh [%2] pas, ecnu 3HaKoM [a] Synem
0603navare HauGoOnbILEe LeN0€ YHCN0, He mpesrcxoisuee a. Takum 06pasom
HCKOMOe ofuiee 4ucno aeautench suma 4k -+ 1 ecth:

1+ 5]+ 5+

Mo onpenenenmo cumuona [a] sTOT psin TipepsiBaeTcs cam COGOH, KaK TONBKO
B KBaApaTHHX ckobOkax 3daMecHaTenb IPEBEICUT YHUCIHUTE/ND. Taxum xe crno-
COOOM MONWHO NpencTaBuTh nenurend Bufia 4k + 3; An HUX Mbl TIONYYUM P4, :

2 r2 r2
]+ [7]+ L+ -
Tenepr Hy®HO BHYecTh BTOPYIO CcyMMy H3 mepsod. Tak kaxk obe CymMR

KOHEYHH, TO MH MOXEM NEpecTasNgTh ClaraeMule Kak YrofiHo, ¥ 3TO HaM
TIDHrOJMTCS LipH nepexose K npeneny npu r— oo. Hanuiem pesynerar B Buic:

Rt b A B B R B 1 L

Yro6r nyuise 3amMeTHTh, KOrfa O0pLIBAETCH Hail psifi, NPENNONONKHM, 4YTO
r21
2
yepeaylourecs 3HAKM ¥ He po3pactatoT. Ilostomy, ecnum MB npepseM Ham

r— HEYETHOE 4YHCANO; TOrna Hawl pai UMeer ysieHoB. CnaraeMble HMEIOT

r2
Pl yXe Ha 4neHe [—’]:[r]:r, oludKa He MPCELICHT BENUUMHH FNOCHef-
HEro 4IeHa, HMCHHO 7, CNIefOBATENbHO, MOXHO NPECT iwHTh ouinbky 8 suze 07,
1
rne O — npasuneras npo6s. Ecnn B ocTapuuxcs 5 (r-+1) unenax mul omy-

CTUM KBajipaTHHE CKOOKM, TO ClefaeM B Ka¥OM uneHe OLIHGKY, MeHbuLylo
ENMHYIB, W 3HAYHT, BO BCEH CYMME ONAATH-TAKH MONYYHM OLIKGKY, KOTOPYIO
mowno mnpencrasuts B sune 0’7, rae §' —npasunenan npo6e. Orcloma nsesM:

)2

';:‘(f(’)—l)=fa~%2+%2— 7+ Er=hr =0,

uny, paspeaus Ha rk%

Sy S EST B

1, 040
o .
a\7Z TR 3 + r '

1
7t r
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Ecnu r Gesrpaununo so3pacraer (MpHHHMAs 3HAYEHHT BCEX HEYETHHIX YHICK)
?

o l0

,5 CTPeMHTCs K T, KaK 6nino nokasaHo B § 5. Taxum o6pasom nony-

yaeM psapn Jlentuuua:

1

TTC=1—‘ + +...

Ul{u—t
[
~| =

| —

2. HAUMEHBWEE 3HAYEHHE KBANPATHuYHOH oopme. I[lycrs
f(m, n) =am®* + 2bmn 4 cn®

KBafpaTHyHas (opMa ¢ ReHCTBHTEABHBIMH KOSOhULMeHTaMH a, b, ¢ u jerep-
musanToM D=ac —b*=1. B TakoMm ciyyae ¢ He MOMeT OHTb PABHO HYJIO.
Bynem npennonarats, yro a > 0. Torna, kak ussecto f(n1, n) ONONKHMTE TbHO
onpefiencHa, T. €. VONOXHTeNbHa Jns BCEX nap NEHCTBUTENBHBIX 4UCen m, n,
kpome m =n-=0, JlokaxeM, 4TO Jna MOOBIX 3ajauHLIX 3Hauenui KO3¢du-
unentoB a,b,¢ (ac—b*=1,a>0) MOXHO HallTH TaKyil0 Napy LebX

2
yycen m, n, HE PABHHX HYMIO OHOUPEMEHHO, yro f(m, n){——.

V3
81‘0 yTBep)K}leHHe nonyyaeTrcd Kak CNenCTBUE HAaiuero MCCIeNOBaHUs OTHO-
CUTeNIbHO HAaUMEHbINEro pPacCToOgHHUA MexKAY TOYKAMY enUHHYHOH pemerxm.

[lpeo6pasyem f(m, 1) OGHIYHEM COCOBOM, BCCNIONB3OBABIIHMCE yenoBueM D = 1:

f(m, n)= (]/Em + %I-n)‘z-}-(‘/;n)a.

Paccmo'rpnm TENepp B JIEKAPTOBHIX KOOPJAMHAITAX Ha IMJIOCKOCTH TOYKHU
¢ KOOpAHHATaAMH:

x———[/am—l— —b,— n,

Va.
_ 1
y= 71" n,
rae m, n NpUHEMAIOT 3HAYCHMH BCEX IEJHX 4HCEnN. Ha ocuopanum snemen-
TapHBHX TEOpeM aHaMUTHYECKON TeOMETPUH STH TOYKH NOMKHLI o6pasoaa'rb

enuHMYHYIo peurerky. B camom jiene, OHM NOny4aioTcs U3 KBajapaTHOH efm-
HHYHOH pEINeTKH X=#m, Y==Hh, €CId NOJABEPrHYTh MJOCKOCTb adPUHHOMY
npeo6pasoBaHuIo:

b
Va

sz—aE-l- ",

- i
y =

C IeTepMMHaHTOM, pasnuM egumuue. Ho f(m, n)=x*+y*®. Crenosarensho,
€cnu m ¥ 1 NPUHAMAIOT SHAYEeHHA BCeX LenLiX wicen, To Y f(m, n) naer
paccTOsiHHE COOTBETCTBYIOHIMX TOUEK pefllerkH OT Hayana koopmuuat. [lo
TeopeMe, MNPHBEACHHOH B Hayanme TJ/iasbl, HMeETCH TOYka P peiieTkd, HJf
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2
KOTOPOH 3TO pacCTOsHHE HE MPCBHIIAET ]/75 . Orciona s mByX HenbIx

uuce] m, n, COOTBETCTBYWOIINX TOYke P, HmMeeM:

2
f(m, ’l)<—’,——3~,

4YTO W TPeGORaNOCh J0KA3aTk.
ITOT pe3ynbTaT MOXKHO NPUMEHHTh K peleHHI0 3anaud 00 annpoxcuManuw
(0 upnOIMIKEHHOM BB:pAXEHWH) NEHCTBUTENBHBIX YHMCEN PALHOHANBHEIMH.
[Tycts a npowmssonbHOe REHCTBHTANBHOE HHCNO; pacCMOTpuM opay:

an—m

f(m,n)y= (—-—5—)2 + e'n? =é m*—2 ei? mn + ({; + e“) 2,

Herepmunanr sTolt ¢GopMer.
1/«

D=E—2(§+s“)-—-:—f=l.

ITpy sroM € mycTh OyneT NPOMSBONBHLIM MONOKHMTENBHBIM uucioM. Kak mm
BUJIENY, BCerjia HWMeloTCs JiBa LENBIX YWcna m, n, LIS KOTOpHIX YIOBAETBO-

pReTcs HepaBeHCTLo:
an—m\2 = o o 2
— ent g ——.
( & ) + V3

3Ha‘{HT, UMEIOT MECTO CHENYOHIUC COOTHOLUEHUS:

oTKyna mony4aem !):

o<y <ty

Ecnn o uppanuosanbHo, TO Jiepas 4acTh MEPBOrO HEPABEHCTBA HE MOXET
6GHITh PaBHa HYJMO. 3HAYUT, Mbl HEOGXOMMMO MONYYHM OEeCKOHEYHO MHOFO
nap uucen m, n, ecnu OyneM nasaTh € BCe MeHbluWe 3Havenusi; u0o TOrna

m
pasHoCThb |a~7Z Gyner GesrpanuyHo yOerBaTh. Taxum cmocoGOM Mel mony-

m
HaeM 10CneioBatenbHOCTh PAlHOHANBHBIX 4YHCEN P ANMNpOKCHMUPYIOIUHUX

(npubmmKkaloniux) HppanUoHaNbHOe YHCNO ¢ CKOJb YrojHo Towno. C mpyro#
CTOQOHH, NpHY TNOMOIUM BTOPOFO HEPABEHCTBA MBI MOXEM HCKIIOYHMTH €.
B pesynbrare momyuaem:

a—._. —_—

m I 2 1
I n vy n?

1) JlenerHe Ha i1 PH [OCTATOMHO MaJOM & HOIYCTHMO, TAK KAK NPH 72— 0 HepaBeHCTBO

lan—m| <e ‘/ % He Mor.io OBl HMeTh MecTa.
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Hrax, Mbl UMEEM HOCJeNOBATENBHOCTh NPUOIMKAIOILUMX Apo6el, NmpuyeM TOY-
HOCTb NpHOMINEHUS NPONOPLUHOHANbHA KBALPATY SHAMEHATENA, T. €. Mbl MOJy-
yaem HOBONBHO XOPOLIHE MPHOTMKEHHS TPU CPABHUTENBHO MANbIX 3HAMEHATENSX.

3. TeorEMA MuBKOBCKOro. MHHKOBCKOMY YHanoc, OKasaTh TeO-
peMy OTHOCHTC/BHO TOYCHHKIX PEIICTOK, KOTOpas HeCMOTpH Ha ee NPOCTOTY
paspaCHHNAa MHOTO pasnUyMHIX NpodnieM TeOpHH 4YHCes, KOTOpHE He MOINH
6biTh pEILEHH JAPYTHUMHM MEroxaMu.
Ins scHocTM M He OyneM npuro-
IIUTH SAeCh 3Ty TEOpeEMY BO BCeH
O6IIHOCTH, a YHAOBAETEODHMCS Clle-
(ManbHbEIM CllyyaeM, KOTOPHIH MOX-

o
-]

Q
o
o

HO OueHb JIErKO cpOpMynHpOBaTb © o °
M KOTOPLI/ TEM He MeHee CONePHHT o b °
BCE CYWIECTBEHHOE JUIfl IOHHUMaHus o

o

MeToja. JTa TeOpema TCacuT:

Ecnu B npousBONbHOA 1OCKOH
eIVHHYHOH peleTke BHOpaTh KBaj-
pat co CTOPOHOR 2, umeolnHi uesTp © \
B TOYKE pELIeTKH, TO BHYTPU 3TOFO o o
KBanpaTa MMM HAa €ro CTOpPOHAax Ha-
BEPHO JIEXHT ell€ OfHa TOYKa pe-
IIETKH.

JIna nokasarennCrBa MpencTaBuM, .
4YTO B MNOCKOCTH PELIETKH OrpaHy- Yepr. 43.
yeHa Kakan-HuOynb Oonbuias 006-
AacTb, HanmpuMep BHYTPEHHOCTh W TIpaHuLa Kpyra OOnblIOro pajuyca r,
HUMEIOMIEr0 LEHTD B TOYKe peineTkH. Bokpyr kawmoft TOukM peierxu, no-
nanwell B 3Ty oOnacTh, ONMilleM KBagpaT CO CTOPOHOH S, NMpHHHMas TOYKY
pemerky 3a uenTp (uepr. 43). ITorpeGyem Tenepb, YTOSH STH KBanpPaThi
HUrIE HE MEepPEKPHBATHCh, KaKk O BeNWKO HM OHNO 7, W, UCXOOS M3 5TOro
TpeGoBaHusl, OLEHUM IAWHY S CTOPOHH KoanpaTa. Tak KaKk COr/acHO NMPHHATOMY
HaMM BHIUE O0O3HAYEHMIO BO B3ATON 0GnacTd pacnonoxeHo f(r) Touek pe-
LIeTKH H KBaJpaTH HE MEpPEKPHBAlOTCH, TO OOwas Nnowans ux pasua s*f(r).

C npyroit CTOpOHH, 5TH KBajipaThl HaBCPHO NoOMainyT BHYTph OOAbuIero
KOHIEHTPUYECKOro kpyra pamnyca r-+ 2s. Taxum o6pasom nonyyaeM OLEHKY:

s*f (< n(r+ 2s)*
"<z
1)
Ecnu Tenepr MB JanuM S ONpeneneHHoe 3HaYeHWe M 3acrapuM 7 Gesrpa-
HMYHO BO3pACTaTh, TO, KK BHJHO M3 HAIIKX MPENHUX HCCNEROBaHMM 3Haye-

Hult f(r), npasasi wacTh HepaBeHcTBa Oymer CTpeMuThCA K eauuuue. Orciona
MBI TIONyYaeM JUIsi S yCJIOBHE:
s< 1.

————
()

Tak Kax MMEITCH TONBKO JBE BOSMOXKHOCTH, T. €. KBAAPATH NHOO mepeKphbi-
BaOTCs, MO0 HE NEpPeKPLIBAIOTCH, TO ANH KAMAOrO IIONOMUTEIBHOTO CKOJNb
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YrojIHO Manord umcna € Bcerfa OyAeT NPOMCXONHThL NEPEKPHLITHE, €C/U MCXO-
JWTh M3 KBanpaToB cO CTOPOHOM 1 -+ €. llpn 3TOM MOXHO BpalaThb KBALPATH
NPOH3BOJILHLIM 00Pa30M BOKPYT MX LEHTPOB, TaK KAK MB HO CHENand HUKAKUX
NPENONOKEHHHM OTHOCHTENLHO MX B3aHMHOIO pacronoxcHus. bynem npenno-
narare, 4YTO BCe KBafpaThl pacrojOXeHH NapaanensHo npyr apyry. Ecmu
Mbl Tenepb BO3bMEM [Fa MEPIKPLIBAIOIMXCA KBajApaTa @ v b ¢ HeHTpawmu

B Toukax A ¥ B (xotopwie no npenno-
_ 2(7+E) JIOXKEHHIO 5B IFIOTC TOYKAMY PeIueTKu),
Q\’M/ 7+€ TO U cepennHa oTpeska AB —touxa M
‘7{«\69 A MOMKHA ~ HAXONUTLCA  BHYTPH  0oGomx

y Y ksanparos (uepr. 44).
@ X%s Jns  kparkoctw OymeM  HasEBath

BCE TOYKH, KOTOphie AeNAT [0M0JaM
OTpe3KH, COERHHsIOUIHE MexIy cO0O0iH
Hepr. 4. Yepr. 45.  pge TOWKM peUIETKH, «IONOBUHHBIMU»
TOYKAaMM peIeTKH. Torna Ml MOXeM

3aiJIOYNTB: BCAKHHU KBanpat @, MMelOLIMil CTOPOHB JUIMHOH 1-4-€ M TOYKY
CLIUCTKH B LCHTPE, NO/KEH CONEPWKATh BHYTPH Ce0f INONOBHHHYIO TOUYKY.
60 ecnu MB BOKDYr BCeX OCTaJBHbIX TOYEK PELIETKM NMOCTPOMM KBajpaTHI,
KOHTDY3HTHHE U OAMHAKOBO pAaClONONKEHHHIE ¢ @, TO NOMKHK HMETh MeCTO
NepPeKphI1Us, a TaK KaK BCE KBAJIPaTH y HAC paBHONPABHBE, TO M CaM Kiaj-
pat @ nomKed YacTHYHO MepPEeKPHBATLCA ¢ HEKOTOPHIM MPYTHM KBanparom b,
T. €. COLepkKaTb [IOJIOBHHHYIO Touky M, nonyuyeHHyio, KaK 00KasaHo Ha
wepT. 44. A Teucps [OKAa34TeNbCTBO JIETKO NOBOAMTCS JIO KOHIA KOCBEHHEIM
nytem. Ecay OBl GHIIO BO3MOXHO BOKPYr TOUKH A peileTkH Kak LeHTpa
MOCTPOHTH KBAgpaT €O CTOPOHOM 2, He cojepwamied HH BHYTpH, HH Ha
CTOPOHAX JAPYTMX TOYeK PEIISTKH, TO MOMXHO Ouin0 OBl HECKONBKO YBENHYWTH
3TOT KBajpaT, COXpaHUB HanpasjeHHe CTOPOH W [ONOMEHHe LEHrpa, TaK
yroGe M Gonbuwuii xsampaT a' co cropono#t 2(1 &) He comepwan pHy-
Tpu celsi TOUCK DPeLIETKH.

al

o o ° C Dpyroii CTOpOHbI, €CIY MBI

5 o m=0 ° OusTh COKPaTUM 3TOT KBaJ-

o p L. BT paT BIBOE, COXPAHHB Ha-

—— ;”‘7‘_7 — —o——  TpaBiEHHE CTOPOH M MOJO-
° ° n-00 JEHHWE 1eHTpPa, TO MONYHUM

o ° ° Kpanpar a €O CTOPOHOH

° o o 1 +¢ n Toukol A peuwter-

KM B UCHTPE, KOTOpHH MO

Lepr. 46. TONMBKO UTO JOKA3aHHOMY

IOJUK.H COfep:KaTh MOJIO-
BUHHYI0O TOuky M. Msl nonysunu nporusopeuyue. oo ecam mbl npopos-
UM oTpesok AM na pasHOe eMy paccTOfkMe 1O Toukd B, TOo Touka B
NOMKHA OBITh TOYKOM pEIETKH, W U3 B3aHMHOrO pAaclOJIOXEHHs KBAaAPATOB
a ¥ @' crenyer, uTO 9Ta TOYKA pelieTKH JOMKHA NeXaTbh BHYTPH KBanparta a'
(uepr. 45).

YpearnyaliHO [IOLOTBOPHOE NpPUMEHEHWE HAXONMT TeopeMa MHHKOBCKOro
K yNOMsHYTOH ywe npobieme  annpoKCUMILMH JEHCTBUTENBLHBIX  YHCEN
paudosa/mHbMH.  Me  MOXEM NOCTYrmaTh  COBEPIIEHHO  TaK e,  Kak
BHILLE, HO NOJyYHM HECKONbKO syqmu# pesynbrar. Ilpy moMomy 8aaaHHOro
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ReHCTBHTENBHOTO MPDALUMOHANLHOTO YHMCAA O MOCTPOMM DEIUETKY, TOYKH KO-
an—m
€
MaloT 311a4€HHSi BCEX LEJHX WilCeNl, 4 € — NPOU3BOJBHOE [ONONKUTENHLHOE
yncno Kak u Buiwe, yGex 1aevcs, UTO 3Ta pelieTKa ABNACTCH ENHHHYHON pelneT-
xoit; Ha uepr. 46 u300paxeH sneMeHTapHbli NapannenorpaMm pPeweTkH, Npu-
yeM npennosoxeno, 4ro 0 <<a <1. Ecau ME mocrpouMm KBafpar ¢ LeHTpOM
B Hayane KOODIMHAT W CTOPOHAMM, MAPannenbHHIMH OCAM KOODIHHAT W paB-
HhIMK 2, TO 1O TeopeMe MUHKOBCKOTO STOT KBanpar JO/MmKed COAepaTh elle
104Ky pemeTkH. JTta TOYKA OTMEYeHa ABYMS ONPENeNeHHHIMH YHCAAMM m, 7,
KOTOpBE HC MOTYT OJHOBPEMEHHO pasHATbCA Hymo. C Bpyroil cropouw,
KOOpAMHATH TOYEK BHYTPH KBAJPaTa M Ha €ro CTOPOHAX YLOBJETBOPSIOT

HCpaBEHCTBAM!:
lx1<1, lyl<1

3HayMT, YNCAA M, 1 YNOPJCTBOPSIOT HEPZBEHCTBAM:

TOpOl HMMEIOT JIEKApTOBL KOOPHMHATH X = , Y=En, rne m, n UpHHH-~

lan — mj

’_E_'<l) lEn[<1,

HIH
m 3 1
Ia——n‘|<l—n—|, [n]<—.

€

m
Dro onaTh NaeT MNOCHeNOBaTeNbHOCTh papobeht - » CKOJb yrOJZHO TOWHO ar-
npokcuMUpyomuX yucro a. Mcwmouas e, nonvyaem:

m 1
la-—;l I<n2.

Takum 06pazoMm TeopeMa MuHKOBCKOFO NOKashiBaeT CyweCTBOBAHUE MOCNENO-
BaTENBHOCTH APO6GEH, NPuOMKAIOHIMX O €Lle NYYIlEe, YeM 3TO HMEeNO MeCTO
IS MOCJ/IeNOBaTe/IbHOCTH, NOCTPOEHHON B mpenmjymieM naparpade, u6o Tam
Mbl TIONyYHJIH N POKCUMALIHUK:

| m 2 1
v 3 n?’

2
KOTOpHIE fBMAIOTCA Gonee cnabuiMy, TaK Kak —V—§> 1.

Mertons!, NpoBefieHHRE B HAcTOsieM naparpade, NPUMEHHMEl HE TONTBKO Ha
NAOCKOCTH, HO H B MPOCTPaHCTBAX JMOOOro wYhcna wuaMepenud, Onaropaps
yeMy BO3MOXHO NOJNYYHTh 3HAYHTENBHO Gonee oOuUIME TEOPETHKO-YHCNOBHIE
pe3y/bTaTH.

7. ToueuHsie pemeTku B Tpex H Gonee namepenusx. IlpocTpaHcTsen-
Has TOYeuHas pemeTKa NOAYYyMTCs B TOM C/lyyae, €CIH TNPHMEHHIBb
K napanneiendnefly B TPeX HAaNparNeHHAX TOT M€ CrnocoS, MPH noMOwm
KOTOpOTO M MOAy4anH NROCKYI0O TOuUeUHylo pEINeTKy H3 mnapaanenorpama.
B npocTpaHCTBE OfHA M Td K€ pelfeTka TaKwe MOXeET OHTh NOCTPOEHa npu
NOMOLIH napaj/lenenunenoB PasiuyHOro BHJa, HO /A 3TOFO OHH NOAXHEI UMETH
paenbie 00beMH. Jlanee, BoceMb BepWHH TAKOro MNapajjelenuneia AOMKHE



COBIIANIATh C BOCEMBIO TOYKAMY PEIIETKH, 2 BHYTPU Mapannenenuresna He nOMDKPO
6LiTh HH OAHOH TOUKM peilerkd. Mbl 6yleM Ha3BiTh DEMETKY eJMHUYHOMN,
Korja obpasylourili ec aneMEeHTapHH Napanienenunen umeeT o6beM, patHbIH
efyHHULe.

B cunay Tex ke cooOpaxeHnil, KakHe MH WMENH I TAOCKOCTH, JUist
MPOCTPAHCTBEHHON eIUHWYHOH DPEeIIeTKH TAKKE He CYNIECTBYET NOJNOWHT Jh-
HOM HH)KHEH rpaHuIBl HAMMEHBLICTO pAcCTOSHHA MEKJAY IBYMs TOYKaMH
pEelIeTKY, HO 3aBEOMO HMEeTCs REepXHsis IDAaHUIa 3TOM BCRUYHHEL

Tak kak onpeneneHHe BepxHel I'DaHMLbl B NAHHOM Cly4ac HHYEM HE OTJH-
YaeTcsi OT ONpefenie.inst 3TON FpaHulibl A8 NAOCKOH pPEHIeTKH, TO MBl MOMEM
ero snech OMycTHTh. Posib, KOTOpYi0O B TIOCKOCTH WIPajl PaBHOCTOPO: HHH
TPEYrONbLHHK, B POCTPAHCT3E TIEPEXOAHT K INPABUIBHOMY TETPasLpy.

OnHako, 8 TO BPeMsl KaK Ha IINMOCKOCTH 3/IEMEHTAPHEI NapanienorpaM cOCTouT
13 OPYyX PaABHOCTOPOHIIHX TPEYrojbHHKOB, COOTBETCTBYIOIUHMH €My B npocr-
PaHcTBE Napannenenunen — NpasuJbHul poMO03p — COCTOMT M3 OBYX fpa-
BHNIBHBIX TCTPAsfpoB M OJIHOFO NPaBHALHOIO OkTasnpa (uepr. 49, crp. 51)7).

3
O6beM 3TOro mapanyienenunena paBeH V3 rne ¢ — anuHa pebpa TeTpasipa.

3
JroT obbem Homxked 6uTh pasen eauHMne. M3 cooTHoumicHus ﬁzl nony-

yaeM c:f/ 2. CnenocarensHo, B MPOCTPAHCTBEHHON eAMHWYHOH pelueTKe Ha
paccTossud /2 OT KaWuo# TOUKH PEINCTKM BCErNa AOMKHA HAXOMHTHCS O
KpaliHed Mepe ewie 0JHAa TOYKA PeIUeTKH.

AnanoruyHo TOMY, KaK 3TO OHIJIO Ha MJIOCKOCTH, Haul BBLIBOA ONHOBpE-
MEHHO paspelaeT 3anayy Hanbosee NNOTHOrO PCIUIETUATOr0 PaCHONOKEHUS
wapoz. Taxoe pacnonoxenue 6yner NOCTUFHYTO B TOM CJyuae, KOFAA LEHTPHI
uwapos 06pasyloT pomboanpanbHyio pewerky. Ecnu pagmyce mapos pasam 1,
TO InuHa peGep TeTpasnpa pasHa 2, ¥ CHAENOBATENbHO, OGBCM 3NEMEHTapHOH
pombosppanbHOl OONACTH papeH:

2 -
— =4V 2.
V2 ‘/

CrnenopaTensio, o6nacte NMPOCTPAHCTBA, WMelomas o6beM J, coaepxuT npu-

J
6.11KeHHO -4—'72— TOYEK pCLIETKH M, B3HAYHUT, CTOJBKO K€ E€IWHHYHBIX 1IapoB

3afaHHOro pacrnonoxenusi. Tak e, kak Ha IJIOCKOCTH, 3TO COOTHOUICHHE
TEM TOuHee, yem Oonblue J.

Omumem 6osee nompo6HO 3TO pacuonoweHue Iapos. BooGpasum ccbe
CHayana NnocKWH cnol, COCTABJNEHHBI M3 EAUHWYHBIX I1APOB, TaK YTO HX
LHEHTpl 00pasyioT pelleTKy [NOTHEHIero pacrnofioKeHuss KPYros Ha mjo-
ckocty. OuesnaHo, Mbl TakuM 0Opa3oM IONyuuM HauOonee MIOTHOE IIOCKOe
pacrnono¥eHue Mapos,

1) Ha nuococTd HanGosee MJIOTHOE PacrolOXeHHe KPYroB RPHBOAHT K Fenpepbis-
HOMY 3allOJHEHHIO NJOCKOCTH KOHTPYSHTHBIMH PaBHOCTOPOHHHMA TPeYTroJbHUKAaMH.
MoxHO 6bl10 6H JyMaTh, YTO AaHAIOrMYHASA NPOCTPAHCTBEHHAs 3afauya HNPABOIUT
K FMOCTPOEHHIO HPOCTPAHCTBZ W3 KOHIPYSHTHLIX TNPAaBHALHBX TeTPasgpoB. OaHaKo
MOMHO JI0KA34Th, 4TO NPOCTPAHCTBO He MOXET ObiTh FHOCTPOCHO H3 KOHI'PYSHTHLIX
OPABUIbHLIX TETPA3KPOB.
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Bosbmem Tenepb BTOPOH Tako# ke CJIOH M NMOCTApaeMcs HAJOKHTL €ro Ha
nepsuift cnok Tak, YToOH 00a CI0St OKA3aMMCh MEXIY ABYMs napajiejbHbIMH
TJIOCKOCTSIMH, PACCTOSTHHE MEXNY KOTOPHIMH 6hIJIO 6bl BO3MOXHO MEHbILIE,
Y1066l IOCTHIHYTH 3TOTO, HEOOXOJHMO IOJNOKHThL ILAPEI BTOPOro CJIOSI Kak
pas B yruy6nenus, TOJYYHUBIIHECS MEXIy apaMd Neproro cjos. OaHako
TpH 3TOM HEXBATHT MeCTa JUIS 3ANOJIHEHHMSI BceX TAKHX yray6reHmil, W He-
0GX01MMO BCe BpeMsi IePecKaKHBaTh epes Onno yrayoaenne (depr. 42, crp. 41).
Ecnu rtereph M 3aXOTHM TakHM ke 06pa3om HaJOXHTh TPETHH CJIOW WIAPOB
Ha Mepeble Jila, TO E3aHMHOE DACMOJIOXKEHHe TPeX C/0eB elue He ONpPCAETEHO

Yepr. 47a. Yepr. 476. Uepr. 47e.

onitozpauso  C OfHOH CTOPOHBI, MOXHO TaK HaJOXWTb TpeTHil Cloli B yriy-
61eHusl BTOPOTO, UTO NEPBBIA W TPEeTHH CJI.H OyINyT pacroJ/IOXeHbl CHMMETr-
PHYHO OTHOCHTEJBHO BTOpOTO (uYepT. 47a) C mpyro#t cropounl, Mbl MOMKeEM
[IOJIOWHUTb LIAPH TPETHEro CJIOH B yIy6J/eHusi, OCTAIOILM2CS He 3aMO0JIHCHHBIMHU
IPM TOMBKO YTO yKasaHHoM pacnojoxennu (uepr. 47 6, B); Torna nepsuiit
cnoit GymeT TePeXONWTh BO BTOPOH NpH IMOCPENCTBE TaKOTO Ke CMelleHHs,
KaK H Bropo#t B Tperuil. B 3ToM cayuae GeckoHeyHOe IOBTOPEHHE 3TOTO 2Ke
cMericHHsT B 06€ CTOPOHB Ja"T pacrosIOkKeHlie HIapOB B BuAe PpOMOO3Ipasib-
Hoft pewerku. Taxum 00paszoM, B TO BPEMs KaK Ha MJIOCKOCTH HauGOJLIIas
IIOTHOCTL JIOCTHrafach €IMHCTBEHHHIM CMOCO60M paCNOJIOXKCHHSI KDYroB, Ta
e caMmas 3amaua B NPOCTPAHCTBE NPUBOAMT K JBYM COBEDPIUEHHO Pa3JIHYHBIM
pacrosiokeHusM  11apos'). IIpn 3TOM HEHTPH MAPOB BOOGLIC HE JOMKHLI
06pas30oBLIBaTL MPAaBWIBHOU (UIYpH BO BCeM NPOCTPAHCTBE, TAK KaK MOXHO
NpH mepexone OT CJIOSi K CJI0I0 MPOM3ROJBHO EBHOMDATH ONMH U3 JIBYX CrO-
co6op pacnonoxenust. OfHAKO ONMH TPU3HAK CBONHCTBEHEH BCEM OMHCAHHLIM
PacnoNOKEeHHsIM: KQMUIBIH  [1ap CONMPMKACAeTcsl BCETAA TOYHO C JBEHANUATHLIO
APYTHMH 1IdpaMM, HMMEHHO C LICCTLIO 1IapaviK TOrO ke CJos 4 C Tpemd
wapaMu Bhl ile U HIKE JIeXalluxX CJOeB.

Bonpoc o Haubosiee MJIOTHOM peLIeTYaroM paciioJOXeHHH LApoB  Oni
u3yyeH Tarke M [UIA HPOCTPAHCTB 4YeThIpeX W MATH u3Mepenuit. 3amevas
TeJBHO, 4TO 0pH 3TOM 00HAPYMXHWIOCH, YTO TOUCYHAN pelllerka, KoTopas

1) B npuposne 1eficTHTenbHO OCyluecTRAAOTCA 06a pacnonoweuus. [lepsbill caywall
UMeeT Mec10 B reKcarcHaJbHBIX KpPICTaWIaX THMA MarHe3uT, BTOpoll —y KyOHueckux

KpHCTANIOB
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50 TPABUJILHBIE TOUEYHHLIE CHCTEMH

B NPOCTPAHCTBAX BHICIIHX HM3MEPEHHH COOTBETCTBYET TPEYrONLHOH H pomMGo-
afpanbHOM, He faer Hambonee MJAOTHOFO PAaCHOIOXKEHUS 1apoB. Pe3ynpTaTh
HCCNENOBaHMH CBEAEHH B Caefywied Tabnuue:

Kparyaiimmee paccros- IaoTHOCTH pacnoio-

HHE MEX1Yy TOUYKamu EeHHMs 1mapos
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EcTh enie nenet pan npaBHIBHHIX PaclONOXEHHMH WapOB, MPEACTaBSIOHMX
HHTEpEC, XOTH NNOTHOCTh WX W He fBJIsieTcs Haubonweit. B kayecrse npu-
Mepa MOXHO HA3BaTh KyGHYECKOE PACIONONEHHE WIapOB, NPH KOTOPOM LEHTPHS
€/MHHYKBIX (T. €. pajuyca, paBHOrO €AHHMLE) IAPOB OOpA3YIOT TAKYl0 Ke
pelieTKy, Kakas monmydaercs u3 ky6a c peGpom, pasueiM 2. [lpu stom kax-
JHH 1ap COMpUKacaeTcss B TOYHOCTH C IUNECTHIO COCENHHMH 11apaMH, MOXHO,
8HAYWT, OXMAATh, 4YTO MJIOTHOCTE STOrO pPACHONOXEHHS HAMHOIO MeEHbIle
NJOTHOCTH pOMOO3NpaNbHON peleTKH, B KOTOPOR KaXawllh 1ap conpHka-
€aercs C JBeHanUarbio Apyrumu. Yrobbl moOkaszaTh 3TO, PaCHOnOXUM KyOu-
YeCKyIo pewerky Tax, 4YTOOW Kaxnielii KyO 3akmovan Kak pas OfuH Luap.
O6nemM ky6a co CTOpoHOH 2 pasen 8; 3HayuT, B HEKOTOPOH GONBLION 4acTh
OpoCTpaHcTBa 06beMOM B 8Xx BCETZia 8aKMIOYEHO X 1wapos. A Tak Kak 00bem

4
ENMHUYHOTO Wapa paBeH =&, TO MIOTHOCTH Ky6uuecKoro pacrosiONeHHs

D= 7= =0,524.
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Jlanee wHanpauMBaeTcs NPOTHBOMOJONHHIN EONMPOC O HAMMEHEe NJIOTHOM
NpaBUILHOM pPAaCMoONIOXEHHH 1IapOB B NMPOCTPAHCTBE, NPU KOTOPOM LUAPH €1le
YAEPXHUBATCH IPYr APYrom. Ilpu sTom Kaxabill 1ap NOMKEH CONPHUKA :aThCH
Mo KpauHeR mepe C YeTHpbMs APYTMMH, LEHTPEH KOTOPHIX HE JIE€XaT B OfHOMU
TVIOCKOCTH H HE€ Pacno/IOXNEHH Ha OJHOM nonymapuu; B NMPOTHBHOM Clydae
Hall wWap He yznepwusancd Obl COCEIHUMM LiapaMH. Oxaskipaercs, mony-
4aeTrcsi 3HaYHTENBHO MEHEEe NMIOTHOE pacrnoNOKeHUe, €CaH KaXAHil map conpu-
KHacaeTcsi B TOYHOCTH C YETHIPbMA [APYIHMMH, INPUYEM WX LEHTPH CAYXaT
BEepiUIMHAMH INpaBUJLHOTO Terpasapa. Huxe MBI MOCTPOMM CHCTEMY TOMEK,
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PacnoNnOXeHHHX TakuM o6pasom. IloTomM MH wmccaenyem, neliCTBUTENLHO JH

TAKO€ pAalrnoNOXKEHHE LWAapOB HAHMEHEE IJIOTHO.

Jlo6aBum K TOukaM KyGudecKOH pelieTKH LEHTPH rpadeit KyGoe. ITony-

yaionaics (urypa, cOcTaBieHHAs H3 TOYEK,

(xy6uueckyro peleTKy ¢ LUEHTPHpOBAH-
HBIMH I'DJHAMH), KOO OHA TTOPOKNaeTCH CMe-
uienHeM napannenenunena ABCDEFGH
(ucpt. 48 u 49) (DT nee Quryps uaN0-
CTPHPYIOT YXKC YIIOMSIHYTH H Buiiue (aKT, 4To
OIIHA ¥ T3 e PeleTKa MOXeT MOPOK/ aThCs
B2CbMa Pa3HOOGPA3HHMH  9JIEMEHTAPHBIMHU
tenamu.) Ha w pr. 49 Bumpno, uto noay-
Yalulanaca p2aucTKA €CTh KK pa3 peinerka
Han6o.1ve TIOT 'OTO PACNOJOKEHHS APOB.

B camom nese, napannenorpam ABDE
onpeaenseT Ha maockoctn ABD peulerky,
COCTABJIEHHYI0 H3 PpAaBHOCTOPOHHHMX Tpe-
yroJbHuUKO®;  Gauxalimas napajnensbuas
NJIOCKOTE, B KOTOPOH PacTio/oKeHk! TOYKH
peiuetks, ectb CF(, ¥ TOYkK pelIeTKH Ha
3TOH TMAOCKOCTH pAaCfoJIOXeHbl Han nep-
BHIMH TaK, 4YTO 06pa3yloT C HUMH NPaBuJb-
Hble TeTpasapbi, Kak, Hanpumep, ABCD.

OHATL TNPEACTABAIET PEHETKY

Yept. 48.

Bo3sbMem nomosnnuTensHo K peiuerke K elle IPYTylo, KOHIDYySHTHYIO el pz-
nietky L, noayuarourytocst 3 K myreM CMelenuss B HanpasJeHHH I7IaBHOH Anaro-

Yepr. 49.

Yepr. 50.

nasu AH Ky6a Ha pasCTOsiHHE, PaPHOS ueTBepTH AJMHbLI AHaroHamy (uepr. 50).
MoxHO yTeepwaarb, 4TO TouM pewerok K u L BMECTE NPELCTARIAIOT
1€ “Tpbl HCLOMOIO «Terpa’s’ PajbHOTO» PpacroJIO’keHHs LIapoB; MPH 9TOM pa-

l '
JMYC 11apa NO/HKEH PaBHA 'bCs gAA', rne A —TOuKa pelneTkd L, TOIy4HB-

mascss 43 Toukn A. B camom neJjie, W3 HALUEro roCTpoenHs MNojyyaeTcs, YTo
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Touka A' ONMHAKOBO yHaJeHa OT TeX TOYEK, KOTOpWe Ha 4yepT. 49 0603Ha-
yens yepesa ABCD; oTciona cienyer, YTO iiap C LeHTPOM B A' 6yner co-
NpUKACATHCH KaK Pa3 € WwapaMu C LeHTPaMH B BepUIMHAX STOro TeTpasipa.

o!

Yepr 51

U3 coobGpawennii CHMMETDUH TO € CAMOE NOMKHO HMETh MECTO IV BCEX LIapOB
peineTky L; HO TO e camoe NOMKHO GuITh H Juis wwapos pelretkn K (HanpuMep
¢ uenTpoM B Touke [, yept. 50), Tak kak pewetrku K u L orauvaiorcs apyr
OT fipyTa B CBOEM PACTIOJIOKEHHH TOJNBLKO TIPS~
MBIM W OGDAaTHLIM HANpABIEHUSMH CMeLieHHs.
TNonoxenue ueHTPOB LIAPOB HArMANHO H305pa-
KeHo Ha yepT. 51 M 52, rue ueHTPH COCENHMX
1L3POB BCIOY COeNHHEHH NPAMBIMH THHUAMU 1),

BbIYHCANM Teneph MIOTHOCTL TeTPasnpasib-
HOro pacnojoxenus. OueBHIHO, HA KaWIHH
Ky6 NPHUXORHMTCA 4YerHlpe Iuapa pelieTkH L,
TaK kak npH cmellennd Touku EFGH (uepr.
49) ¢ ¥X wapaMH LEJHKOM BLICTYMAIOT M3
Ky6Ga, a wapwl ¢ ueHtpamu B ABCD Bxopar
LenukoM BHyTpb ky6a. Tak kak pemerka K
HUMeeT Ty e TJIOTHOCTh, KaK M L, TO BCero
Ha Kawaei Ky6 NMPHXONHTCS BOCEMb LIAPOB

Yepr. 52.

1
pacnosioerus. Ecnn Tenepn cHOBA mOJOMUTL panMyc Liapa 7 AA' paereM

€nuHuLe, TO, eclH @ — pebpo, b—rnaBHas nMaroHansb KyGa, Gylem uMeThb
83
313
1) 'eomerprueckoe mecTo LEeHTPOB WapoB Npd 3TOM PacnoJOXeHHH He JaeT Hu-
KaKOH peuleTku, Tak KaK kK STOMY FeOMETpAYECKOMY MeCTy He NDHMHAINEXHUT, HapUMep,
Touka A", KoTopasi momyuurcs, ecmu Ha wept. 5) mponomkuth HEHI0 AA' Ha pasHoe el
piccrosiiue 3a Touky A’; ecnmu 6bi 9TO pacnosoweHde GbUI0 peureTkod, TO HapaLy
¢ Awu A8 Hell gomxHa 6bina 6u conepwarbest i Touka A''. [NodyunBuweecs pacroso-
MEHHE HA3bIBAETCA TO4EYHOH cHcTeMOH. TodeyHnle CHCTEMH 06J1analoT Gonee OGIMMH
CBOHCTBAMM CHMMETPHM, yeM pemetkn. WX ompeneneHue Gymer namo B § 9.

b—=A4AA"=8=a }/3. B cooTeercTsus C 5TuM 06'beM Kyb6a paseH a=
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Jlas MckOMOM TAOTHOCTH HAXOAWM AHAJIOTMYHO TIPEMHEMY:

D=%-%'rc=,1/—63 n—0,340.

Teneps noxawem (cnenys H. Heesch u F. Laves) ), uro rerpasmpanshoe
pacronoXeHne AapoB OTHIONbL He sABNAETCH HAaHOOJee paspeXeHHHM, HO UTO
noc/ie TMPOCTOr0 H3MEHEHHs €ro MOXHO TPHTTH K 3HauuTenbHO Gonee pas-
pEXeHHOMY PpACIOJIOXEHHIO, NPH KOTOPOM TOYHO TAK e KawNWH map co-
npukacaetcs € YeTHIpLMS IPYTHMM M BCe LIapw paBHonpaexsl. Ilpu sTtoM
LUEHTPBl YeTHPEX WAapoB, CONMPUKACAIOLMXCA C ORHUM M TEM IKE LIapoM,
06pasyloT BEpIUHHL YyiKe He NParHIBLHOTO TeTPasipa, a IPYroro TeTpasiapa
€ paBHOCTOPOHHHM OCHOBAHUEM H DaBHOGEHPEHHBLIMH TPaHAMH.

Yro6bl NMONyYHTH TaKoe pacnoyioeHwne, OyaeM HCXOaMTh OT wapa K re-
Tpa3ApanbLHOTO PACTIONIOKEHUS W TIOMECTHM BHYTDH STOTO 11APa YeThIpe MEHbIIUX
O/IMHAKOBHIX napa Ky, k,, k,, R, KOTOpHe KacawTcs H3HyTpH wapa K kak
pa3 B TeX TOYKAX, B KOTOPhIX Wwap K M3BHE CONPUKACAETCH C COCEAHHMH LIaPaMu
TETPasApalbHOro pacnofioxenns. Tak kak 9TH YeTHPe TOYKH 06pa3yloT BepLLHHbI
NpaBUILHOTO TETPAsPa, TO TO XeCaMOe UMEET MECTO U JIJIS HEHTPOBMAJILIX LIAPOB.

Hannexaummum nogbopoM pafuycoB MasbliX LIAPOB MOXHO HOOGHTHCH TOrO,
4yTOGbl 1apH k,, Ry, Ry, k; NOMapHo coNpHKAcalucCh Apyr € IPYTOM, T. €.
4TOOH KaXARH M3 3THX LIAPOB coONpuKacanca ¢ Ttpems [npyrumu. Teneps
Boo6pa3uM, YTO TakOe IMOCTDOEHHE MPORENeHO W A BCeX [PYTHX IIapo3
TeTpasapanbHoro pacrosioxenns. Torna wap K TOMHMO COHPHKOCHOBEHHS
¢ mapamu k,, Ry, Ry, k; OyneT cONpPUKACATHCS €lUe C ONHHM BHEIUHHM LIapOM
k,, iMEHHO B TOM MecCTe, rie £, kacaerca mapa K nsHyTpH; B aTo# TOuke wap K
conpHkacaercs € wapom K' TeTpasgpajbHOrC pAacnofioXeHus W B ToH ke
touke mmap K' compMkacaeTcs H3HYTPM C ONHMM M3 MEHLLIMX LIAPOB, KO-
TOpHifi MH ¥ HasWBaeM k,. Pasymeercs, TO »e CaMOe MOXHO CKa3aTh M 060
BCeX IUapax HAalller0 TMOCTPOeHHS, KOHIPYSHTHBIX Ky, TaK WYTO STH Luapul
nedcTBUTENLHO OOpAa3yIOT pacroNOkeHue, TPH KOTOPDOM KX LIap yaep-
XHBAETCH HA MeCcTe COCenHWMH.

YroGr CpaBHHTL MJIOTHOCTb ¢ TIONY4YeHHOTO TAKUM CrIoCOGOM pacnoJioe-
HMs ¢ NJAOTHOCTLIO /) TeTpasupajibHOTO PAcNofoNeHHs, OYEBHIHO, NOCTATOYHO
CpaBHHTL OOLMH O6GBEM 4eTbipeX WApOB R, Ky, Rs, Ky c o6bemom 1uapa K.
Ecnu r — paguyc wapa k,, a R—pamnyc wapa K, 70 Ml OyneM HMeTh:

4
a Yz r
D=4 =45
3 k3

Ha ocnopauuu sneMeHTapHbIX COOOGpaXKeHHH M3 HALIETO TNOCTPOEHHs Che-

nyer COOTHOLIIEHHE!
3
R= (]/2— + l) 1,

d=——% _ D—0,3633D.
3 \3
(V5+1)

1) Cm. Z. f. Kristallographie, r. 82, crp. 10, uepr. 7.

a OTCI0JIa rmnoay4daem:
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Takum 06pasosM 9TO PACHOJIOKEHHE LIAPOB 3HAYMTENBHO paspexenHefl, uem
TeTpasapanbHoe. ECTh OCHOBanWa CYHMTAaTh, YTO OHO s§iBIsieTCA Haubonee
paspexenHniM, B npuBonumoit TaGnyue CeefeHBl X3paKTEPHCTHYECKHE MO~
CTOSIHHHIE YeTHPEX PACCMOTPEHHBIX PACTOJIONEHHH I1apoB,

HavGoxee naormoe pacnooxeH. LlapoB . D=£8—--%1:=0.740 é 129 &
1 4 o g
KyG6uueckoe pacriomoxenue . , . . « . .| D=—4-—n=0513 { &8 648
§°3 P EE s
3] =
3.V 34 R £
TerpasnpanbHOEe PACTOJOXEHHE , . . . = .64 31«::.—0,340 g 4 5
>
Hanmenee niorsoe pacnonoxenwe . . .| D=0,123 ) L 4 J

Ecau 0TKa3aTuCst OT TpeOOBaHHSI MPABUABHOTO PACTONIOKEHHS KDYTOB M/
MapoB W MOTPeGOBaTh, HANpuMep, TOALKO, 4TOGH B JOCTATOYHO GOMBIIOH
o6nacTH MAOCKOCTH (NPOCTPAHCTEA) OLIIO YJIOMEHO BOSMOXHO Goiblie OmH-
HaKOBHIX KpYroB (UI3apoB), TO HEOGXONMMH OynyT HCC/IENOBaHHS IPYTOro
pona. s ciyuas nJIOCKOCTH ObiI0 JOKA83aHO, YTO KPYrH B SIOM Ciyyae
caMi COGOH pacrnonioxarcs pewetkoo6pasho. [lns  cayyas Tpexmepmoro
M MHOTOMEPHOTO MPOCTPAaHCTB BOMpPOC €LIE He BHISICHEH.

8. Kpucraminl Kak paBuibible ToYedHble CHCTeMbl. TeOpHs NHCKPETHHIX mpa-
BUNLHBIX TOYeYHLIX (Uryp HaXOOUT BaXKHOE MPHMEHEHHe B KpucTamiorpaduu.
IMpaBunbHas BHelwHss (OpPMa KPHCTAAIOB H HX CTOCOGHOCTH pPACKAJILIBATHCSH
N0 onpeneleHHLIM HAMPABJEHHSM NAlOT OCHOBAHHSA NpENNONaraTb, YTO OT-
HEeALHBE aTOMBI UM MCIEKYJkl, DACCMATPUBAEMHE KAK TOYKH, OGPa3yioT TaKylo
¢Gurypy, KOTOpas MOXeT ObiTh NPONO/MKEHA JIO GECKOHEYHOCTH KOHTPYSHTHO
camot ceGe. @urypa, nojyyawowascs NyTeM TAKOTO KOHIDYSHTHCIO TNpo-
JNIOMKeHHs, HAa3uBaeTcs mouesHoli cucmemoli. Huxe M papum Gonee tounoe
onpefeseHHe BTOTO MOHATHS M MOKAXEM, YTO CYLIECTBYeT MHIUIb KOHEYHOE
YHC/IO CYINECTBEHHO DPAa3JMYHBEIX TOYEHHEX CHCTEM.

Teneph B CBY3H C HAIIWM TpeACTaBAEHWEM O KPHCTA/MIaX KaK CuCTeMax
TOYeK BOSHMKAIOT IBE 3afayM, uacTHYHO OTHOCAIuMecs K (usuKe, YACTHYHO—
K maTemaTuke. [Ipexcie BCero HyXHO N8 KaKAOTO BHAA KPHCTANIOB HAUTH
COOTBETCTBYIOLIYIO CHCTEMy TOueK; 3aTeM CleflyeT pas/iuuie B (busMyeckom
NOBENeHNUH KPUCTAJVIOB CBECTH K PAasiMYdi0 B TEOMETPHYECKHX CBONCTBAX
COOTBETCTBYIOIIMX CHCTEM TOYeX.

[Neppue HOMBITKM MOMYYHTh TAKUM €NOCOOCM OMpeNe/eHHOe TPeICTaBIeHue
0 CTPYKType KpucTamios rnpuHamnexar Bpasa (Bravais, 1848). Ousmnako ero
TCOpHS MOJIyYHaa MPOYHOE BMOMpHYyecKoe 06OCHOBaHWE JHMLIb TMOCAE ONHTOB
Jlays (Laue) ¢ mudpakuuedl PpeHTreHOBLX ayued B kpuctanaax (1913), xo-
TOpbiE HE TOJbKO TIONTBEPJMJH CyLLeCTBOBaHHWe KDHMCTAaJ//uyeckol  pe-
[WIeTKH, HO JAAH BO3MOXHOCTH SMIHDPUMECKH HAXONUTh TOYHYK CTPYKTYPY
peleTKH.
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Camoe rpy6oe npencTasieHre, KOTOPOE MOXHO WMETh O6 aTOMe, COCTOMT
8 TOM, YTO aTOM NPENCTABMIOT Ce62 B BHAE TOYKH C YHCJOM KOTPOCTKOBY,

4 0
Yepr. 53.
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Yepr. 54.

COOTBETCTBYIOIHM BAaJIEHTHOCTH aTOM3; NPH STOM NPUHAMAOT, YTO STH
OTpOCTKH, H300pa}alomiue BaJeHTHCCTh, pACTIOJIONEHE! B NPOCTPAHCTBE WO
BO3MOHOCTH CHMMETDHYHO, TIOCKOALKY
HET  OCHOBaHWM  OpemnoJarath  Of-
KJAOHeHHs OT cuMMetpud. CoenuHerHus
OTHENLHEIX aTOMOB B MOJIEKyJy [pel-
CTaBJSIOT TOTAA TAK, YTO OTPOCTKHM pas-
JIHYHBIX aTOMOB MONAPHO COBMAAAIOT.

Tak, nanpumep, sonopon (H), kucio-
pon (O), asor (N) m yrnepon (C) co-
OTBETCTBEHHO OIHO-~, NBYX-, TPEX- H YETH-
pexBaseHTHH. 3HAUWT, MBI MOXeM Npex-
CTaBuTL Ce6e aTOMBl BTHX 3JIeMEHTOB
KaK TOYKH C OJHUM, [ByMs, Tpems H
YeTHIPLM  OTPOCTKAMH COOTBETCTBEHHO
(uepr. 53). Cummerpus Tpebyer, 4TOGH!
y H, O u N Bce OoTpoCTKH nexann B
onto# naockoctu. [To TeMm e cooGparkenusM Mbl NOMKHB! OXHIATh, Y10 y C
YeTHpPE OTPOCTKA HATPABJEHH B BEDIUHHH IPABHALHOrO TETpasipa, B LEHT-
peé KOTOpOTO HaXOIHTCH aTOM.

B KauyecTBe npHMepa MOJIEKy/ paccMOTpuM yroehylo kucioty (CO,), metan
(CH,) u sran (C,H;). Ha uepr. 54 npmuBenena cxema COegvHEHHS aTOMOB
(cTpyKkTypHbie (opMyJbl), B KOTOPOH He NMPUHATO BO BHHMaHWe NEHCTBUTENL~
Hoe TPOCTPAaHCTBEHHOE pacnonoxeHne aromos. UepT. 55 usobpaxkaer BO3-
MOXHOE€ H COIZIACHO TIOCIENHHM HCCAENOBAHWAM BEpOATHOE TNpPOCTPaHCTBEHHOE
pacnonoxeHHe aTOMOB B MoJieKyJax Mertana w arana (vant’ Hoff, 1874). Ipu
STOM CAEAYeT NpencTaBasTh cefe, YTO B MONEJH STAHA ONHH TeTPasip MOMKET
BPAIUATLCA 110 OTHOWIEHHIO K [PYToMy BOKpyr MpsMoH, coenuusioliel o6a
aTtoma yriepoja.
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BosHuKaeT BOMPOC, HeNMb3s JM NOCTPOWThL KPUCTAMIH LIEJHKOM, TaK e
KaK MOJIEKy/bl, MNyTeM HajbHeHmero TMoCAeNOBATENLHOIO  HPUCOCHHHEHNs
atomos. TlokaxeM BO3MOXKHOCTL TAKOTO TNOCTPOEHHs CnepBa Ha npocTeliuem
c/yyae, KOr4a KDHCTaJJ COCTOMT H3 ONHOTO eIUHCTBEHHOro snemenTa. s
3TOro BO3bMEM a/IMa3, KOTODHH, KaK W3BeCTHO, NPEACTaB]SET COO0H YHETHIl
Y epon.

3amaua COCTOMT B TOM, YTOOH TaK COGOHWHHTL IPYr C HPYrOM ATOMBI
yriepona, paccMaTpusaemeie KaK TOYKH C YETHPLbMA OTPOCTKAMH Kaw/ias,
YTOGH! Kawnast TOYka 6biia N0 BO3MOMHOCTH CHMMETDHYHO CBA3aHa C YETHDbMS
OPyrMMH TOYKAMH MpPH M[OMOLM [BYX COBNAajaloLI¥X OTpPOCTKOB, Bompoc

T~
= :

A/

—
//

Yepr. 56.

O BO3MOXHOCTH TaKOr0 TOCTPOEHHUs eCThb YMCTO TeoMeTPHyecKuii BOnpoc.
OkasbiBaeTcsi, YTO Takas KOHCTPYKUMS JIEHCTBHTENLHO OCYLIeCTBUMA; IJISt
9TOr0 CrieflyeT pACNOJOKHTL A4TOMBI TAK e, KK PACTIOJNOKEHb UEHTPH
1IapOB NpH reTpasnapalbHOM PacrofioXeHHH, MO0, Kak BUIHO H3 HOCTPOEHHs,
nposefentoro B § 7, Toraa kKaxaas TOYKAa HMEET POBHO yeTsipe Gasbkafi-
IIWX COCEnHMX TOYKH, MO OTHOLIEHHI0 K KOTODbLIM OHA paclloJIOMEHa TaK e,
KaK LEeHTp MpAaBWILHOTO TeTpasnpa MO OTHOLIEHHIO K BeplumHaM (depr. 50,
51, 52, crp. 51 — 52). Kak noka3rmBaiot HoBeHiuKe uccnenopakus o6oux bparros
(Brazg), a1mMa3 felcTBUTENLHO FEOMETPHYECKH TaKuM 06pa30oM NIOCTPOEH H3 CBOUX
atoMoB. PaccTosiHus Mexay COCeIHUMH TOYKAMHM COCTABJSIOT COIJACHO 3THM
usmepenusm 1,53-1078 cu ?).

IMomumo anmasa cywectByer ZApyrofi KpPHCTai, COCTaBJIEHHHM HIKJIOYH-
TeJLHO W3 AaTOMOB yriepopa, a wuMeHHO rpadwur. Msmepenus nokaswisaior,
4YTO y rpadHra OTPOCTKH aTOMa YTJIepOfa PAacnoJIOMEHL HECHMMETPHYHO
¥ IaKe HEe PABHEI MO JJIMHE, 3 MMEHHO OJIMH OTPOCTOK yanuueH no 3,41-1078 cu,
MEXUly TeM Kak OpyT'He TpH OTpOCTKa ykopodeHn no 1,45-107% cu. Ilo-

1) B kpHCTannax cepHACTOro UHHKA (ZnS) aTtOMH TAaKKe MMET TeTpasnpaibroe
pacnonoxeBHe. ATOMBI UMHKA Zn W cephl S 00pasywT ABE PEUIETKH, H3 KOTODBIX
MBI CTPOHJIM 3Ty cHCTeMy Touek (uepr. 50, ctp. 51).
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C/lefH¥e TPH DPACMOJIOKEeHB! NpHOJM3HTENEHO B ORHOH niockocTu. Hackomexo
TOYHO B NEHCTBUTENLHOCTH JIEWAT 9TH OTPOCTKH B OOHOH NAOCKOCTH, 3KCMe-
pPHMEHTANLHO HEeNOCTATOYHO BRHIACHEHO; IJ HaNbHeHIero MAOCTATOYHO NpH-
HSITb, YTO OH¥ DACMOJIOXKEeHH TOYHO B OAHOH miockocTH. Ilpu atoMm ycnoeuu
NPOCTPAHCTBEHHAs pelleTKa rpadHTA MOXET OHTh ONHCAHA CJAENYIOLIHM
o6pasom. [IlocTpouM TJAOCKYI0 CHCTEMY TIDABHIbLHLIX HIECTHYTOABHHKOB,
B BepLIMHAX KOTOPHX pacnonoxenn aTtombl (4ept. 56). Ilpu Takom maockom
DACTIONIOKEHHH Y Ka)XZOr0 aToMa MCNoJbLb30BAaHB TPH BajieHTHOCTH. Jlas Toro-
4yTOOH CBA3aTh 3TOT CJOH C BEDXHHM W HIKHUM CJOSMH, OTPOCTKH TOKa
cBoGonHOH uereepTOd BaNEHTHOCTH HOJMKHBI OMTH MONEPEMEHHO HaNpaBJeHb!
BBepX M BHM3. ‘Torna Bce cJoM B .
CaMOM fieJie OKa)yTCS KOHTDYSHTHHIMH ¥

M TOYKH cpelHero clos OyAyT JexaThb [ (
Ha oOIHOM BEpPTHKaJH TO C TOYKAMH .
BEPXHEro ¢JIosi, TO C TOYKaMH HHNKHe-
ro cios nonepeMenHo. Takum o6pazom ) ,42 7
MOXHO MNpONO/KATL TNOCTPOeHHE He- [

OrDaHHUEHHO BO BCE CTOPOHBL

Jlse TOYeyHHE CHCTEMBI, KOTOpbIE ]
6LITH yCTaHOB/MEHH Ui a/IMa3a M rpa- Z -} <
(uTa, OOBACHAIOT HEKOTOPhle PpasyiH- o
ygs B (DH3UUECKOM TMOBEIEHHH O6OuX Yepr. 57.

KPHCTA/JIOB, HANpUMep 3HAYHTEJLHO
60JIbLIYIO0 IOMKOCTD H CMUMaeMocTh rpaduta. OnHaKo OGBACHeHHe APYTHX a3y~
4Yui BCTpEYaeT 3HaYUTeNbHHE TPYIHOCTH,

IlpuMep kpucTaana, COCraBJeHHOrO M3 PAasMMYHHX aTOMOB, INpENCTAaBJSEeT
noBapennas conb (NaCl). Kpuctann noeapesHoii conu npeActaeaser ccGok
KyOHYEeCKYI0 pellieTKy, KepIUMHbl KOTOpOH 3aHHMAIOT aTOMBI XJIopa M HATpHs
nonepemenHo (uepT. 57). PaccrosHue Mexny COCEIHHMH TOYKAMH DELIeTKH
coctagmmer 2.1078 cu, T. e. Gonblue KpaTuakiero W MeHblle IJHHHEHIUEro
OTpOCiKa aroma yriepoaa B rpaduie. B kpHcTaie mnoBapeHHOH —COMM
K213 10YKa pelleTKH HMeeT IUecTh COCEAHWX Touek. Mexny 1eM aToMui
HaTpus M XJopa OJHOBAJIeHTHH, 3HAYMT, STOT KDHCTaJlJ HE COOTBETCTBYET
pacCMOTpeHHOM BHILE TeOpHH BaleHTHOCTH. BooOlie He CylecTByeT Hero-
CpeNCTBEHHOM CBS3H MEX1y BaJIEHTHOCTSMM aTOMOB, W3 KOTODBIX COCTasJseH
KpHCTajl, H YHCIOM COCENHHX TOYeK y KaXnol TOYKM peiueTkH. Anamas,
y koToporo o6a yucCia COBNapgaroT, NpencTaBiseT HCKIIYEHHE.

3aMeyaTe/bHO, YTO B DEILETKE MOBAPEHHONM COJM HeT Map TOYeK, KOTOpHe
vorau 6bl coorsetcTBoBath Mosekyiam (NaCl). Huaye rosops, petuerka
C.OCTaB/feTCH HENOCPeNCTBEHHO W3 aTOMOB OGOWX BHIOB. B NpOTHBONOIOAK-
HOCTL STOMY NMEIOTCS [Pyrue KPUCTaJibl, B KOTOPHX 6e3 GOJbUIOFO MpOH3-
BOJIA MOXHO OGHADYXHTb MOJeKyJH WIH N0 MeHbIuell Mepe KOMIIEKCH
aToMOB. B pacnonoeHun TPOCTPAHCTBEHHONM peLIeTKH MOJeBOro IInaTa
(CaCO,), wanpumep, komnzexc atomoB CO,; YeTKO npOSBAAETCH KaK HEYTO
CBsSI3HOE.

B TO BpeMs KaK B a/1Mase OCYLUECTBIAETCH TeTPAsdlpabHOE PacroNoXeHHe
1wapos, y GONLIIOr0 YMCAa KDHCTAINOB Mbi HAXOAHM <KyOHUECKYIO DeLIETKY
€ UEHTPHPOBAHHBIMM TPaHAMH», KOTOPOH COOTBETCTByeT TO H3 haMbonee
TINOTHLIX pacHONIOKEHHK 1IApoB, TIPH KOTOPOM OT Cn0fl K CJIOK0 HEpeXOanT
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ONMHAKOBHM cnocoGom (wepr. 476, B, ctp. 49). Ilpyrok Tun HauGosee
{INOTHOrO PAaCrnoJIOMEeHHA IMApOB, KOTrAa CHCTeMa yrayOneHudt Mewsercs op
cios K cihowo (4epT. 47a, crp. 49), BCTpeuaeTCst, HanpuMep, B KpHCTame
maruus. Takoe pacrionoxesne HA3HBACTCS <«IJIOTHEHIUMM TeKCATOHAMbHbiy
pacrnosioxXeHneM IIapoBy.

9. [1paBHJIbHbIE TOYEYHbIe CHCTEMBI H IHCKpeTHbie rpynnsl Asiwennil. Kpucraj.
Jsorpadusi MNPUBOIMT HAC K YHCTO TEOMETPHYECKOil 33anaye: YCTAHOBHTL Bce
BO3MOXHLI€ MPaBHJLHBIE PAacroyioeluss OO0beKTOB, HanpuMep aToMoB., Tak
KaK IS MHOTMX LeJeH Mb MOXeM NpencTaBuTh ceGe OGBEKTH B BHIE TOYeK,
TO Mpl Ha3bIBaeM MoOJ0OGHCE pacrosioKeHHe MPaBUALHOR TOYEYHOM CH TeMOH,
B COOTBETCTBiM C HBJOMEHHBIM BHIIE ME ONpEAENMM TPABUILHYI0 TOYeYHyIo
CHCTEMY CJIEAYIOIUMMU TpeMs) CBOMCTBaMM:

1. IlpasuabHas NAOCKas WJM MPOCTPANCTBEHHAs) TOYEYHAS CHCTEMAa NOMKXHA
comepxath OCCKOHEUHOE MHOXECTBO TOYEK, MpHYeM YHCIO TOYEK, JIewalimux
BHYTpHM KpYra WJM LIapa, NOJKHO BO3DPACTaThb IPONIOPUHOHANILHO KBaApATY
uny, COOTBETCTBEHHO, KyOy ero painHyca K0 GecKOHEYHOCTH.

2. [pasuabHasg ToyeyHas cHCTeMa NOJDKHA CONEPXATH BO BCAKOH KOHEYHOMH
O6/aCTH JMLIL KOHEYHOe MHOXKECTBO TOYEK.

3. [IpaBuabHasg ToYeyHasi CHCTEMa JOJKHA HMETh OMHAKOBOE PaCHOJIOMEHHEe
O OTHOWIEHHUIO K JII0J0N M3 CBOUX ICYeK.

[epeeie nBa ONpENeNsOIUMX CBOMCTRA MOHATHH 6e3 panbHefiuux pasbsc-
Hennil. Tperbe CBOHCTBO MOXHO MOSCHHMTbL CJeAyIOIWM OOpa3oM: MpOBeneM
U3 ONpENeNISHHOH TOYKM CHUCTEMH JIHHHM, COeJUHSAIOIIMEe €€ CO BCeMH Ipy-
rMMH TOUkaMd CHUCTEMB, U CrejaeM TO e CaMoe C KakoH-Hubyms npyro#
TOYKOM cucTeMbl. Torja TpeThe omnpesensiollee CBOHCTBO TOBOPHT, 4ro o6e
06pa3oBaHHbIe TakuM 00pa3oM GurypH, COTaBJIEHHbE M3 TNPAMOJHHENHHX
OTPE3KOB, KOHTPYSHTHH, T. €. I'DU OMpENe/NcHHCM FBHXCHHH TNMOCKOCTH WJIH
npocrpaHcTRa ofHa (urypa Mmoxer OHThb nepesenena B npyrywo. Takum
06pa3oM, Haxonsch B KAakOH-HMOYIb TOYKE CHMCTEMBI, MBI HE MOXEM myTeu
n3mepenv#t yCTAHOBHTb, Kakasl 3TO TOYKa, HOO BCE TOYKH ONMHAKOBO pac-
fI0AOXKEHH OfHA MO OTHOWEHHIO K ApyruM. Onuako, nns Toro 4ToOM yno-
BJIETBOPHTh TpPETheMy TpPeGOBaHWIO, BOBCE HeT HeOOXONMMOCTH B NPOBENEHHH
COefMHHTE ThHbIX JIMHHUIl; HYIHO TOJBKO TNOTpe6oBaTh, YTOOH KaXnas TOYKa
cucTeMsl MOrJa ObiTh TepeBajieHa ONpenesieHHbIM ABHXEHHEM TUIOCKOCTH HJIM
npocTpaHcTBa B MOGYI0 [pYrylo TOYKY TaK, YTOOW B KaXIoOM MecTe, rie
paHblle HaxXOAu1achb TOYKA CHCTEMH, M TIOC/AE [BHKEHHS HaxoAuiach 6ol
TOYKA CHCTEMB, W OO6PaTHO.

O TakoM [BHXEHHH Mbl TOBODHM, YTO OHO OCT4B/SI€T TOHEYHYIO CHCTEMY
HeMsMeHHOH MM MHBADHAHTHOH, a ECAKOe IBWXEHHE nomnobhoro pona
Has3hiBaeM COBMel(eHHeM CHCTeMH. [lpy moMOLM STOro MOHSATHS MOXHO
chopMyMpOBaTh TPEThE CBOMCTBO CrERyiOUlMM O6pa3om:

3. Beskasi TOUKA NPAaBUILHOH TOYEYHOH CHCTeMs MOXeT OHTb mepeBefeHa
BO BCAKYIO IPYTyl0 TOYKY [yTE€M COBMELUEHHS CHCTEMHL.

, U3 Hawero onpeze/esus NpaBuaLHON TOUEHHOH CUCTEMBI CAIENYET, YTO TOYEY=

Hble PelueTKN, KOTOPbI€ MBI OLPEfeifiy MyTeM MNOCTPOEHHSI U3 3JieMEeHTapHOTO
napajiieorpaMa wiM mapajieienHnena, NPHHAVIENAT K TOYEYHHM CHCTeMaM.
Bpenenne HOBOTO MOHATHS ONPARALIBAETCS, ONHAKO, TEM, 4TO CyLIECTBYIOT
TOYEYHHE CHCTeMH, Kak, HanmpuMep, MpOCTPaHCTBEHHAs pelleTKa a/Masa,
KOTOpH€ HE SIBIISIOTCA TOYEYHBIMM peElIETKAMH.
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Teneps MH NepeXOAHM K YCTAHOBJEHHIO COBOKYTHOCTH BCEX PAa3THYHHIX
MpaBHALHBLIX TOyeuHnX cHCTeM. Ilps STOM OKa3HIBAETCH, YTO K TOYEUHHIM
pelIeTKaM HYXHO 106aBHThL TOJILKO Takue (UrYpHl, KOTOPbiE NONOGHO anmMas-
HOfl p:LUETKE COCTOST H3 HECKOJbKHX BCTABJEHHHX NPYT B [DYra KOHIDYSHT-
BWX M N2pajJiebHO PACOJIOKEHHHX TCUEYHHX pPEelleTOK.

C nepBOro B3ragaa CBOHCTBA, KOTOPHIMH OMNPENENIeTCs TOYeHHas CHCTEMa,
Kawyrcs CTOJb ODHIMMM, HTO BOOOLUE TPYIHO MOBEPUTH B BOSMOXHOCTH T€O-
MeTpHuyeckd 0003peTb BCe STH (QuIypH; TeM He MeHee B NEUCTBUTENLHOCTH
Takoe 0603peHHe BO3MOXHO. MH CcymeeM ero cpenaTh, €CJAH MpPOCTEAMM Sa
COBMELUEHHSIMH CHCTEMBL.

COBOKYNHOCTL BCEX COBMEILEHHH TOYeuHON CHCTeMH O6/afaer AByMs Xapak-
TePHLIMH CBOMCTBaMHM, CYILECTBEHHO OOJIeryalolUMy HCCeNOBaHNe HX; BO-Tiep-
BhLIX, /1BA COBMelUEHH s, IPOBENEHHHIE MOCAEN0BATENbHO OfHO 332 APYTHM, BCerna
BHOBL JNAlOT COBMelleHHe, a, BO-BTODHIX, IBHIKEHHE, KOTOpOE [peBpaiaer
Kaxkoe-HHOynbL COBMell(eHHE B TNEpPBOHAYasLHOE, BCErRa CaMO eCTh COBMeLUEeHHE.
Beakas COLOKYNHOCTL npeo6pasoBanuit, o6nanaiolias yKa3aHHHIMUM ABYMs
CBOHCTBAMH, Ha3LIBACTCH B MaTeMaTuke 2pynnofi npeobpasoBanuil. UTo6H
MOXHO OBbIJIO NONL30RAaTLCA OOOMMH CBOHCTBAMH I/ BHYHCJAEHHH, 6Gynem
o6e31ayaTh Kaxnoe npeobpasoBanue onHol GykBof, Hanpumep a unu b. Ilpe-
o6pa3oBaHue, KOTOpoe TNMOJyYMTCs, eClid TIPOBECTH CrepBa a, a I1oToM b,
G6ynmem Bcerza o6GosnauaTk cMMBOJOM ab. [lpeoGpasosanme, o6parthoe npe-
06pasoBatuio a, 0Go3Haunm uepe3 a~l. Ecnu oGbenunuts 06a cBoficTsa,
KOTOPHIME MB ONpefesNuId rpynny, B OfHoit (opMysre, TO MW TNpujeMm, Ha-
npuMep, K NpeoGpas3oBanuio aa”l. DTa onepauvs, OYEBHIHO, OCTABISeT BCe
TOUKU HeusMeHHbIMH. TeM He meuee YHOGHO paccMaTpHBaTh €€ KaK OCOOHI
cnyyalt npeo6pasosanns. OHa HASLIBAETCS MOJCOECMBLHAb.A NPEO6PA30BAHUEM
WM eOuRuyeli v o6GosHayaeTcs: Oykrolt e. B CHMBOJIMYECKHX BBIMMCJESHHSX
npcobpasoBanne e UrpaeT poJib, AHANOTHYHYIO POJIH eNUHHIIH TpH YMHOMe-
HHH YMCe]; WMeeM BCerna ae—=—ea —a.

Ecm K kakol-HUGYABL TOYKE CUCTeMB ME OylIeM NpuUMEeHRtTh BCE BO3MOM-
Hble COBMEEeHHS! CHCTEMBI, TO, COFJAacio TpeTLeMy ONpenensiolleMy CBOHCTBY
TOYEYHON CHCTEMHI, MK GyneM noJiy4aTs U3 3TOR TOYKH BCe Npyrde TOYKM Mpa-
BuJbHOH cHcrempl. C npyroit CTOpOHH, COTJIACHO OMNPENeseHUIO COBMEIEHHS
NpH STOM HH OIHA TOYKA CHCTEMbl HE MOXET nepeliTH B TOYKY, He NPHHAM~
Jexalyo K CHCTeMe; B UDOTHBHOM CJIy4yae STO HBHMKEHHEe He OCTaBisio O
cucremy neusmennofl. FoBopAT BoOGLIe, UTO TOYKA JKBUSAACHMHQ NPYrok
TOYKe MO OTHOLIEHHIO K HeKOTOpoH 3amanHO# rpynnie npeoOpa3oBannit, ecim
0/IHa TOYKA MOJy4aeTcs M3 [PYIOH OyTeM ORHOro M3 npeobpaloBaHui naw-
HOH rpyilnu. B cooTBeTCTBHH C 5THM TOYeynas CHCTEMa COCTOMT M3 COBOKYII-
HOCTH BCEX TOYEK, SKBUBAJIEHTHHIX HEKOTOpOH onpenesieHHOR TOYKE MO OTHO-
LIEHHIO K Tpymne coBMmeiieHu#. 3HAYHT, B CHJIYy BTOPOro ONpENESIOIIErO
CBOUCTRA TOUEYHOH CHCTEMH, B KaXWAOH KOHeYHO) 06NacTH UMEeTCs JIMIIL KOHeY~
HOE MHOXECTBO TOYEK, SKBUBAJEHTHHIX KakOH-uuOyab OnpepeseHHO Touke,!
Ecnu Boo61e B Kawucnol KOHeYHOM 06nacTH HAXOMMTCS JUILL KOHEYHOE MHO=,
JKECTBO TOYEK, IKBUBAJIEHTHHX JIOOOH M3 TOYEK MO OTHOLWIEHHIO K HEKOTOPOH
rpynne ipeofpasoBaHufi, TO Takas rpynna HasHeaeTCs NUcKpeTHOH. B coot-
BETCTBUH C 3THM IPyNNa COBMeLIEHHH TOYe4HOH CUCTeMLl BCErjia NOJ/nKHA GHTH
auckpetHo#t. Kasasoch Gwl BrosiHe RONyCTHMO, YTOOW IJIf TOYKH, HE NPHHa~
nexauiefl K CHCTeMe, MH HMeNlH B KOHeYHOH 06JaCTH OeCKOHEYHOe MHOXMe-
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CTBO 3KBHBAJNEHTHHX TOueK. (ONHAaKO HENOCPENCTBEHHO OYEBHIHO H Jerko
MOXeT OHITL CTPOrO NOKA43aHO, YTO B TAKOM CJyude W RIS TOYEK CHCTeMy
Mbl NO/MKHbLI OBIIM OB UMeTh OECKOHEYHOE MHOMXECTBO SKBUBAIEHTHHX TOuek
B KOHe4yHO! o6rnacTu.

Hrak, MBI ZOMXHBI HCKAaTh TDYNNbl COBMeIUEHHH MCKJIOYHTENBHO Cpenu
JUCKPETHHIX IPYTII ABHKEHH MJIOCKOCTH H MPOCTPAHCTBA, 8 TOYEYHbIE CUCTEMBI—
HCKJIIOYMTEJLHO Cpen#t CHCTeM TOYeK, SKBHBANEHTHHIX Kako#-HMOyZmb TOuke
OTHOCHTENLHO TAako# rpynnbi. TakuMm, Ka3anoch Owl, OKOJIBHBIM OYTEM MOXHO
nposecTM HccaenoBaHve HaubGonee mpocto. Okassisaercs, 410  BOOGIIE
CYLECTBYET JHIIL KOHEYHOE MHOMXeCTBO CYLIeCTBSHHO Da3NHYHHX NUCKPETHEIX
Tpynn ABHXEHH! HA NJOCKOCTH M B NMPOCTPAHCTBE.

Ecim bt HalifieM It 3TOTO KOHEYHOTO HHMCJIa IPYNN CHCTEMB TOYEK, 3KBH-
BaNIEHTHHX HEKOTOPOM TOYKEe, TO 3TH CUCTeMbl 3aBENOMO JO/KHH OynyT
YAOBNETBOPATL BTOPOMY M TpPETLEMY ONpPENeNsiOlHM CBOKCTBAM TOYEUYHOM
CHCTeMH. B MPOTHBOMOJOKHOCTL 3TOMY CYLIECTBYIOT I'PYNNH, He o6aanaio-
lHe MepBuiM CBOMCTLOM. IDTu [MOC/eIHHE TPYNNH HaM HeOOXOMMMO TaKKe
ucksoyuth. OcCTaBuinecs TPyNilsl, H TOAbKO OHH, MPHUBOASAT HAC K TOYEYHBIM
cucteMaM. B cBa3u ¢ TeM 3HaYeHHeM, KOIOpOE€ HMelOT TOYEYHble CHCTeMH
s Kpucrajsorpadud, AMCKpeTHHE TIpYynnsl ABHKEHHH, TNPHEOMSILHE K TO-
YeYHHIM CHUCTEMAaM, HA3HKBAIOTCH KPHUCTAMIOTPA(HYECKHMH I'PYTINAMH JBHXEHHI,

Teneph mepeiineM K YCTAHOBJEHHUIO AMCKPETHHIX rpynn nemxenuit, Ham
NPUAETCS OTrPaHUYMTEES IBHIKEHHSIMM MJIOCKOCTH, TaK KaK aHANOTHYHbIE Mcclle-
IOBaHHWs O/ MPOCTPAHCTBA 33aBeNH OH HAC CAHMINKOM NaNeKO, 3aCTABHB BHIHTH
3a npepgeasl 3TOR kuurH. Jlaxke nas cayyas IJIOCKOCTH AMCKpeTHbie TI'PYHnb
IBHKEHUI TpeGYIOT NOBOJBHO OOLIMPHOTO HCC/ENOBaHWA. TeM He MeHe2 M
TIpOBEieM 3TO HCCIeAOBaHHWE MOJHOCTLIO, TAK KaK IPH 3TOM MH NMO3HAKO-
MHMCS C METOJaMH, XapaKTepHbLIMH H AJA CJy4Yas NPOCTPAHCTEA.

10. IMyockue ABMKEHHS M HX clioeHne. KnaccudHkanus AHCKPeTHbIX rpyan
mIOCKHX IBienni. B panbueliineM Mw OyleM (asbiBaTh OTOOpaeHMe MRO-
CKOCTH Ha camoe Ce6f AJOCKHM IBHXEHWEM, eC/M KOHEYHOEe MOJNOXKeHHE [1/10-
CKOCTH MOXET ObiThb MOJyHYeHO W3 HAYAJIBHOTO NOTOXEHHS HENpepbiSHbM NBU-
WEHHeM [JOCKOCTHM KAK TBEpPAOTO TeNa, U IPUTOM TAKHM JBHXKeHHEM, MpH
KOTOPOM TpaeKTOPHM BCEX 104YeK TIUVIOCKCCTH JAGKAT 8 CaMoOli naockocmu.
B ocranpHoM muiockoe mBHkeHHe OyneT XapakTepH30Barhesd TOJBKO Hauasb-
HbIM M KOHEYHbIM MHOJICKSHUAMM, HESABHCHYO OT TOTO, KaK B KaXACM O!JA€/Mb=
HOM CJyyae B NEHCTBHTEJLHOCTH ITPOHCKORHJO Te[eMeUleHHe; NpH STOM, KO-
HEYHO, NepeMelleHHe MOXET HPOHCXOIMTL Pa3HYHEIM 00pasOM, T4K 4TO Tpaek-
TOPHH MOTYT J12)K€ YACTHYHO BHICTYNATh U= NIOCKOCTH HJM MOTYT TNPOHCXOOMTH
IegopMallii, KOTOpble B KOHLE KOHIOB HcyeaaloT. Jlmsi Hamux Heseil mocra-
TOYHO MNOTPeGOBATL TOJNBKO BO3MONCHOCMU TaKOro Te[eMeleHUd, KAaK OMO
onucaHo Buue. OfHa M3 MepBHX HAMIUX 3ana4 OyneT 3akJAIOHaTLCsl B TOM,
qTO6H HAaHTH IVl KAXNOro AaHHOTO TUIOCKOro NBHXEHUR Haubosee npocToi
BUJl TepeMellueHHs.

Ipocreifiinee M3 NNOCKHX ABHXEHMH €CThL NapanfeNbHBI nepeHoc ‘), npH
KOTODOM BC€ TOYKH IBIKYTCS B IJIOCKOCTH B OJHOM U TOM e HaflpaBACHHK
Ha PaBHHIE PACCTOSHUA M Ka)XKJas npsiMas OCTaercs napajienbHolt camoit cebe

1) B nambuelwieM, paau xpaTiocTd, napamelphmb nepeHoc Mbl Oygev HasbIBATL
fIPOCTO NEPEHOCOM,
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Caenyrouuii 4acTo BcTpeyaroiuiicst THI INIOCKUX ABHKEHH MPEACTABASIOT BPa-
iLEHHS MJIOCKOCTH BOKPYT KaKOH-HHOYib TOUKHM Ha ONpefe/enHuil yroa (oBopoT).
[Ipn 5TOM HanmpaBieHMe KaXAOW NpIMON M3MEHsleTC HAa TOT e yroxl),
¥ KpOMe LIeHTpa Bpall€HHWs] HH OFHA TOYKa TMJOCKOCTH HE OCTaeTcs Herno-
JABYIRHOM.

ITpu M06GOM MAOCKOM NBHMKEHWH, OT/IMYHOM OT TOXKAECTBEHHOI'O MpeobGpa-~
30BaHKs, MOXHO yKa3aTh caMoe OGoJbluee ORHY TOYKY, OCTAIOH[YIOCS Hero-
IUBHMHOH.

B camom nene, eciu MH 3aKpenuM Ase TOYKH IJIOCKOCTH, TO KDOMeE TOM(Jie-
CTBEHHOI0 npeo6pa3oBaHMA  CYLIECTBYeT TOJNEKO OAHO [peoGpasoBaHye
MAOCKOCTH B CaMoe cebfl, KOTOpOe MOXHO IOJYYHTH [BHMEHHEM TIOC-
KOCTH KaK TBSDHOTO TeJa, OHO [OJYYaercsl, ecJM [OBEPHYTh TJIOCKOCTD
Ha 180° Boxpyr npsMoH, coemuHsiOUEH [ABE 3aKpEnJeHHEIE TOYKH. JTO
npeofpasoBaHye He TNPHUHALNEKUT K YUCAY TeX, KOTopbie ObUIH YKa3aHbl
B Hauvane naparpatda. OHO He MOXeT OHThH MONYY4eHO NP MOMOIUH BbllLe-
yKazaHHHIX nepemeuteHnii. B camoM nene, npu takoM npeoGpa3oBaHNKM OKPYMHi-
HOCTb, ONMKMChIBaEMasl NBHXEHHEM TOYKHM C/leBa HANpaBo, Blerja MEpPeXOLHT
B OKPYXHOCTh, OINHCHIBAEMYIO CIIPaBa HaJeBO, Mey TeM KaK Npu IJIOCKOM
JBH)KEHHH HeJb3sl MOJYYHTh M3MEHEHHe HanpaB/leHusl BpalleHus Ha 0OpaTHoe,
YTO C/EAyeT M3 HEempepLiBHOCTM STOro aBHeHus. Hawe paccMoTpeHne no-
Ka3blBaeT, YTO IUIOCKOE MABHKEHHE BIIOJIHE OMpelensieTcs H3o6paxeHIMH ABYX
ToyeK. B camom fene, [BA MNOCKHX ABHIKEHHMS, Mpeo6Gpasyronme OAHHAKOBbIM
o6pasoM pBe Kakux OB TO HM OHJO TOYKH, MOTYT OT/IMYATECH ONHO
OT JPyroro TONBKO HA (UIOCKOE JEHKEHHE, KOTOpOe MIOMMHO OCTaBisTh
HEN3MEHHbIMH JIBE TOYKH, WHHaye TOBOPH, He MOLYT OTJHYAThCS ApPYr OT
Ipyra.

O6o3peHne MJIOCKMX ABMIKEHHH B3HAYMTENILHO 06Jieruaercs Gaaronaps Tomy,
YTO KawJ0€ TaKOe [ABHKEHHE MOXHO IMOMYYWTh MYTeM TOJBKO OQHOTO Mapal-
JeNLHOI'O MEPeHOCa HJIK TOJBKO OZHOTO HOBOPOTA.

Y1o6rl poOKasaTe Haluie YTBEPXIeHHe, HNONYCTHM, 2 -/n\ FY
YTO HaM JaHO ONpeleNieHHOE MJIOCKOE ABHXEHue b, —o 5 —o—
€CI HMCKMOYHUTH TPHUBHANBHBIH CiyyaH TOMXIECTBEH-

HOFO npeoBpasoBaHusi, TO MOMXHO BbIGpaTh He- Hepr. 58.

KOTOPYI0 TOuKy A, xoTtopas nepexoaut B A'. Iyctb

B ectb cepennna otpeska AA'. Touxka B MoxeT mGO OCTaBATHCS! HEMOABINKHOM,
1160 nepeiiT B ppyryto Touky B'. B nepsom cayuae (uepr. 58) nawe yrB2p-
WIeHUe BO BCIKOM cJay4yae onpaBivlBaeTcs. B camom nene, B sTomM cayuae
MOXHO 3aMeHHTh 3aaHHOE [BHMeHKe b BpalleHneM BOKPYr TOuku B Ha yroa m.
1o Bpauenne b’ nepeBogut Touku A u B B Te ®e Toukn A' u B, Kak u 3a-
nanHoe asmxenne b. Ho MBI BUieny, 4TO nocKoe KBHKeHHE BIOJHE ONpENeNseTcs
OBYyMs TOYKaMM M MONONEHMeM HX 06pas3oB, C/eNOBATENBbHO, IBH¥eHH: b
u b pomiHmel coBnanate. Ecnu e B nepexomuT B Apyrylo Touky B', 10 onsts
6yneM pasnuuaTh uyacTHbft caydal, korna B' newur Ha mpsamMod AA',
u obwuit caywait, xorna AA' v BB' — pasanunpie npsimble. B nepBoM cayuae

1) [insg npaMux, NMPOXOAMUIHX Yepe3 LEeHTp BPALLEHHSI, 3TO O4YeBHIHO. Jlng Beaxal
npyro#t npsimol sTo ciexyer M3 TOro, YTO Kawnas NpAMas MMEET MapalienbHyIo nps-
MY:0, NPOXOHSILYIO Yepe3 HeHTD BpAUleHHA, a BCe NapajieldbHble MpsIMble OCTaKTCH
mapaiienbybiMH NPH BCAKOM IBMIKEHHN.
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MOXHO BHIETh, 4yT0 B' OIHO3HAYHO onpeleseHO; NeHCTBHTENHHO, PacCTOsHue
Mexay A u B BOMKHO OCTZBAaThCA HEM3MEHHBIM NPH JIBMKHUH b. A TaK Kak
no nocrpoernio AB=A’'B, To momxno 6uTh Takke A'B'= A'B. dtuM pa-
BeHCTBOM M ycsoBueM B' = B touxa B' onpene-
4 4 4 4’ naerca omno3uauno (4>pt. 59). Ho ecnw tax, To
MOXHO 3aMCHWTb IBWXeHHe b MepeHOCOM, mpe-
obpasyiomum A B A', w60 TaKoH mnepeHoc ne-
Yepr. 59. PEBONMT TaKike TOuky B B 3amasuyo Touky B'.
Hrax, ocraercs eme PaccMOIpeTh MNOChenyuil
cnyuyaih. Jlas sTOTO BOCCTaBHM B TOuke B mepneHauky/nsp k npsaMod AB u
TOYHO TaK Xe B TOuke B' mepnengukynsp k npsmoit A'B' (uepr. 60). Tak
KaKk 00a NepneHINXy,apa N[O TPEANONONEHHIO KW MO MNOCTPOEHUIO He
COBMAanaloT ¥ HEe Napa/eNbHbl, TO OHM MEPECeKaloTCst B HEeKOTOpOol Touke M.
Mpl yTBEpMIaeM, YTO MOWHO 3aMeHW1b HBWXeHue b TeM NOBOPOTOM BO-
KDYyr TOukH M, KOTOpDHIH M:pEeBOXMT TOuKy A B TOY-
‘D Ky A'. lns poxazatennctsa clenyeT MoKasaTh, YTO NP
A 9TOM TOuka B nepexonut B B'; HO 9TO caenyer w3
Wl////// ' KOHTPY9HTHOCTH TgeyroannKOB AMB n A'MB'. Mu
//, \§\\ uMeeM, ¢ onHo#l cropombl, AMBNRA'MB, ubo o6a
“’\\~ g TPEYTONbHHKA WMEIT NpsiMble Yriabl Npu Touke B #
paBHble KaTeThl, a, ¢ Apyrod cropous, A'B'M oo A'BM,
Yepr. 60. u60 STH TPeyroNbHHKH HMEIOT MpPsiMbie YT/ OpH
Toukax B u B' u obwywo runortenysy A'M u, xpome

TOTO, KaK Mbl yxe ynomusamu, A'B'— AB==A'B.

IMosyueHHW} pesynsTaT MOXHO BHBeCTH Mpoute (oOpManbHbIM — HyTeM,
ecJM paccMaTpHPaTh [MEPeHOChl KaK BpallleHuss Ha YTOJ, pasHB  HYMO,
¢ GecKOHEYHO yHAANeHHBIM LeHTpOoM. Takoe mpencTaBneHne JerKO HArAsOHO
HCTOJIKOBaTh. JleliCTBHTENBHO, ec/ii pa.CMaTpuBaTh DSif BpalledHi, npu KOTO-
pHIX yron nosop)Ta Ge3rpaHMuHO YOniBaeT, a LEHTP Fpaufelus 6e3rpaHHyYHO
ynansieics B OMNpenc/eHHOM HAalpaBieHHH, TO JIETKO YOeunutbsH, YTO
MOJIYYaIOlIHecs IBMIKEHHST BCe MeHee OTJAMYAIOTCS OT HEXOTOPOro ofpe-
J[eJeHHOI'O TepeHoCca MO KpaliHell Mepe BHYTPH HEKOTOpOH Konewno#
obnacTy.

Ilpy TakoM npeACTaB/eHHH KaXhoe MJOCKOE [BHXeHHe eCTb MOBOPOT Ha
onpeneneHHH# yrof, KOTOPBI clefyeT MpPHHATH PaBHbIM HYMO B Clyvae
nepesoca. CrefoBaTe/lbHO, €C/MM MBI OCYHIECTR/sieM JBa MOBOPOTAa [OC/EHO0-
BaTENBHO OfMH 33 JPYruM, TO pe3yJbTaT OGOHX MOBOPOTOB MOXHO 3aMEHHTh
ONHHM EeNHHCTBEHHBIM MOBOPOTOM, KOTOPOMY TaK¥e HAO/IKEH COOTBETCTBOBATH
OnpenencHHL yroi.

Ini yzs08 noBopoTa MMeeT MECTO ClefytOLIast IPOCTas MEOPEMA CAONHCEHUS:

Croxenne nOBOPOTA Ha Yron 4 W moBopora Ha yron § Bcerma naer
B CyMMe MOBOPOT Ha yroa a - f.

HeticTerTenbio, MH yKe YMOMSHyAH BHAyajle, YTO YLONi 1IOBOPOT2 MOXET
6LITh W3Mepen 1O W3MEHEHWIO HanpaBaeHHs oGOl mpaMoi. 3Ta Teopzma
HUMEET MSCTO TAKKe W A MeP2HOCA B HallleM HOBOM OIMpeJieNeHuH, rak Kax
LEPEHOC OCT?BJsSIET BCe Hamnpasienusl HenamedHeMu. OTCiona TeopeMa ove-
Bunna. M3 Hee, Mexmy mpoumm, crenyer, 4ToO ABa [OBOPOTA HA PansHiie YIIibl
B NPOTHBOMOJIOXHOM Hanpap/ieHHd K BOKDYT pa3/JWYHHX LEHTPOB Bcerna
NPHBOJAT X napa/eibHOMy nepeHocy. B camoM pjene, yroa moBopoTa,
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noMy4aoIyHCs PH CI0XEHHH 060X NBHKEHHH, PABEH HYJIO, 3 TOXAECTBEHHOE
npeo6pasoBaHKe MOMYYNTHCS HE MOMWET, TaK KaK HH OAHH M3 LEHTPOB Bpa~
HIEHHH H2 OTAETCH HENOMABHXHBIM.

INocsie aToil np2Ar apnTenbHO# MOArOTOEKM MBI CHOBA OGpaTHMCS K AHCKpeT-
HbIM TPYNNaM Ma0CKHx fABuxeHu#l. Termepb MBI MOXeM K1acCHUIUMPOBATL HX
BeCbMa MNpOCTo. Mbl HOMKHBL TONBKO YKa3wBaTh, Kakhe MEPEHOCH M KaKue
yraB [OBOPOTa M LEHTPH BpauleHust umeloT MecTo. OKaswieaercss 1enecoob-
pPasHEIM B MEPBY0 O4Yepellb pACCMOTPETH MEPeHOChl. 34eCh MH  pa3auvyaeM
cleflyoLe Caydau:

1. Bre nepenocst, 8xo00su4ue 8 2pynny, UMeom napasfLesbHOe HANPAsACHUE.

II. B zpynne umeiomcs 08a nepenoca, HANpasAeHus KOMOpHX He na-
PAAREAEHL.

Chyuzit I oxsaTbiBaeT Take M Te IpyMibl, KOTOpble BOOGLIE HE COIEpPIAtT
NePEHOCOB,

Hns noppasnenenus 060KX CAyYaeB Teneph MpMBJEUEM H MOBOPOTH. Bynem
pasnuyath: 1) rpynnsi, He comepxaiune Bpautexuil; 2) rpynmel, comepxanpue
BpalleHHA.

[loMuMO XapakTepHCTHKK TDYNIE TPH [OCPEACTBE YCTAHOBMEHHMS! BXOMSILINX
B I'Dynny BpaulCHHH M TMEP2HOCOB MOMXHO ONpEAeJsTh KakAYI0 TIpynny
TaK¥e NpH NOMOWM MpOCTOH reomeTpuyeckod ¢urypel, a MMeHHO NpH MO~
Mouik ¢yniamentanbHoli obnactu. PynpamentanbHOM 00/aCTBIO IPYNOB Ha-
3BIBAa€TCH ECAKas CBA3Han obnactb, He copepwallas BHYTpH cebsi HM OZHOMH
Haps 9KB BaJSHTHBIX TOYEK, M IIDHTOM Takass OGJacTh, KOTOpast He MOMeET
OHTb pa lunpeHa ©e3 Toro, 4yrobn 9TO ee CBOHCTBO He GBIIO YyTpauyeHo.
Taxune ¢yHramenTanbhbie 061aciu UrpaloT EAXHYIO POJb He TONBKO B I'pynnax
NBMICHHH, HO H BO BCeX JMCKP>THHX rpynnax orobpaxkenufi. B obuieM cnyyae
COBCEM HEJErKo ONp2lenuTh (YHAaMeHTaJbHY0 06JacTh /8 3a7aHHOH I'pY Nibi
IBAHKeHMH wam Aawe peoOllle ROKasaTh CyLIecTBOBaHKHE (YyHAAMEHTANLHOM
obnacTi nNsl HEKOTOPOTrO CemelicTBa rpynn nBwieHuH. OJHAKO AAS JHCKpeET-
HBIX TPYNM MAOCKMX [BUX(EHHH BCerfa MOXHO JETKO TOCTPOMTH (yHIaMed-
Tanenyio o6racth. Okasmiraercd, uto B cayyae I Besikas ¢yHnamentanbHas
obnacTb npoctupaercsi B 6eCKCHEUHOCTB, B TO BpeMsl Kak B cayyae II ¢ys-
faMeHTanbHele 06GJIACTH BCErAa KOHEYHHI.

¥YncmsHeM enre HeKOTOpHle COOTHOMNIEHHS, BCErA@ HMMEIOIIKME MECTO MEXIy
NOBOPOTaMH M NEpPeHOCaMu IPYiInbl, KOTOpblE HaM MNPHAETCH HacTO MPHMEHATH
M KOTOpHe MOSTOMY Mbl NEpeync/iMM KaK JEMMBL

1. Jlemma. Ecau rpynna cOmepKuT MOBOPOT BOKPYI' HEKOTOPOW TOukM P
HE YroJ o ¥ eciM Touka () eKBHMianenTHa Touke P, TO rpynmna ComepwuT
TaKXe MOB pOT BOKPYI TOYKKW (Q Ha TOT e yroi d.

Joxazamesvemso. Tlo npernonoxeHHio TPymna CONEPIMT ABMIEHHE s
nep B siuee Touky P B Touky (), M moeopot d Bokpyr Touku P Ha yron a.
IMpumensin oGosHaueHusi Mpepbpywero naparpaga, pacCMOTpPHM Teleph IBH-
wenue b~ ldb, KoTopoe cornacHO OGOMM mOCTy/naTaM O TIpylnax TaKxe
CONEPIHUTCA B rpymne. ITO MABHMEHHE [OMKHO MNPEACTaBAsTH MOBOPOT Ha
yroj @; B caMoM mefe, ecadH f ecTh yroJa noeopora B ArKWeHuM b, TO
yros nosopoTa ABMkeHust b~ldb mo Teopsme O CJOXEHHH YTJOB [OBOPOTa
pasen —3+a+ f=a. Ho uzarpom moBopora momxna CHAyKuTb TouKa Q,
TaK kaK @ upx ABrxenuu b~! nepexomut B P, P npu OpikeHun d oCTaercs
HEMOJBIKHOM W NEPEXONMT CHOBZ B (Q mpw JaBrxkeHnn b.
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2. JJemma. Ecnm rpynna comepXHT MOBOPOT HAa Yo @ M TEPeHoC ¢
TO OHA COLEPXHT Takike mepeHoc &', 0Opasylowmii yroa o € HBHIKEHueM £
M COBMaJaloUlul No BeNHuHHE C MepeHOCoM £ -

Lorxasamenrvcmso. [y 1 d — conepwauniicss B rpynne noBopoT Ha yron g
€ uentpoM B Touke A. [lycte mpw mBrIKeHHM £ TOUKA A 1€DEXOLMT B TOUKY B,

c a npu aBikenun d Touka B nepexomut B touky C (uepr. 61).
Torna umeeM npocro ¢ =d~'td. B camom nene, onpenenes-
HOe TaknM 06pasoM HBHIKEHHEe MPHHAMLIENHT K TpPYNIe H Co-
TJIaCHO TeopeMe O CJIOXEHHH YrJOB MOBOPOTZ NpeACTaBiser
A 4 nepenoc. Ocraercs TOABKO N0XA3arh, YTO NMPH 3TOM TOYKa A
nepexogut B Touky C. B camom pene, npu pBmkennn d-1
Yepr. 61. ToOyka A oOcTaeTcs HEIONBHXKHOM, 3aTeM NpH OBHXKEHHH f OHa
NepexofMT B TOUKyB K HaxOHeW Mpu IBWieHuM d OHa nepe-
xomut u3 B B C.

CornacHo 3Tolt Teopeme, HampuMep, TIpynmel cemedictBa I He MoryT co-
AepxkaTh JAPYrHX YTJOB [OBOPOT2 KpOMe T, €cim Irpymna BooOuie CONEepPXHT
nosopor. B camMom nene, B NpOTHBHOM CJy4ae HApsily C OJHHM HaNpaB/leHHEM
nepeHoca CyI{ecTBoBalo Ol spyroe, eMy He HapajjesnbHOE.

11. JHCKpeTHHE Trpynnb HONOCKHX JABHKEHWH ¢ GeckoHeyHoH ¢yHnameH-~
tanbHoH o6nacteto. CHauana wMu  paccmorpum  cayyaél I, pawoumét  npo-
crefilune rpynnu, H npewpge Bcero caydalh I,1; B srom cayyae MM
6yneM uMeTh Jfen0 € TpymnnaMH, He COZEpXAIMHVH [OBOPOTOB. Bynem

! HCXOAHTb M3 MPOM3BOJBHOH TOYKM A
-— (uepr. 62). Tak Kak Ha KOHEUHOM

'4-2 /ij A 47 42 lJ 4“
—O—o0~ o ——0—=  PACCTOSIHHUM OT A HMeeTcsl TOJBLKO KO-
= He4yHOe YHC/O TOMEK, SKBHBANIEHTHHX A,

Yepr. 62. TO CpelH HHX NO/KHA OBbITH TOYKA A,

Haxonmfaulasicd Ha HauMeHblueM pac-

CTOSIHUKM OT Aj; KOHEYHO, TaKMX TOYeK HAWMEHBILEro PaccTOfIHMs OT A MOXeT
ObITh HECKO/bKO; BelOepeM W3 HUX onHy. IIBueHne @, BXOpsiugee B rpymmy,
nepeBomsinmiee TodKy A B TOuky A,, nomkHo OwiTh nepeHocoM, u60 MO
NPENONOKEHHIO B I'PYNIy He BXOASAT MOBOPOTH. Ecin Temneps Mbl MPOAOIKHM
orpeaok AA; Ha paBHOe €My pacCTOsHHe 33 TOYKY A, IO TOYKH Ay, TO
Toyka A, AOMKHA ObITb SKBUBaNeHTHa Touke A. B camom nene, Touka A,
noJyvyaercs u3 Toukn A npu nomomw mnepeHoca aa. ToyHo Tax ke Ha
npaMoH AA, Jewar u gpyrue TOYKH Ag, A, ..., TaKwe SKBUBANEHTHLIE
TOYyKke A M pacrnooxeHHHE Ha OAWHAKOBOM PacCTOSIHUKM JpyT OT [pyra.
ITH TOYKH MOJMYYalOTCl M3 TOYKHM A, €Cau NOBTOPSTH NepeHOC @ MPOHU3BOJb-
Hoe wuncjgo Ppa3. TouHO TaK Xe M 1O JPYTyi0 CTOPOHY OT Toukn A Ha
npsimott AA; pacrnonoxero 6ecKoHeyHO MHOro Touex A_;, A_,, ..., Haxo-
JISILIMXCS HA OJMHAKOBOM PACCTOSIHHM APYT OT APYTa W SKBHBANEHTHBIX TOYKe A,
KOTOpbE [IOJly4alOTCs M3 TOYKH A, ecau NpHMEeHHTb IBHXeHue g~! onun
HIH MHOIO pas. Mel yTBepycmaeMm, 4YTO 9Ta IukKana Ha npsamod AA; non-
HOCTBIO HCUEpNmBAaeT BCe TOYKH, SKBHBaJeHTHble TOuke A. B camom nene,
BCE MEpeHOChl, BXOAMIME B TpyNNy, IO [PENNONONKEHHUIO NOMKHB OHTh
Hanpap/JeHH NapamiensHo orpesky AA;, CHeNOBAaTENbHO, BCAKAs TOYKa, SKBH-
BaleHTHAs! Touke A, NOMKHA nexaTh Ha npsmo#l AA,. Ecin 6bl mbl OOHa-
PYXHIH TaKylo TOUKy A', He COBNanaoulyld HW C KAKHM NeterueM Halueh
1Kale, TO 3Ta TOYKA gomkHa 6biaa Obl J€XaTh BHYTPH HEKOTOPOTO MHTEp-
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sana A,A,,, (depr. 63), Torna orpesox A,A" 6o 66 Kopoue, uem AA,.
Ho npu momou nepeHoca, cOmEpyal[erocss B TPyIre, MLi MOXeM Mep2BecTd
TOuYKy A, B TOYKy A; mpu 370oM To4ka A’ mepcit' eT B HeKOTOpYio Touxy A",
Haxonsulyiocs Ha Gosee GansKoM paccTosHHK OT ToukM A, yeM A,. Ho sro
NPOTHBOPEYHT TOMY, HYTO C CAMOTO Hayana

Touka A, 6nina BeiOpana KaK TOYXa, SKEBH- 4 Ay An Aner
BA"eHTHAsl TOUKE A W HAXOHSU(AACH OT Hee o 47 o o A4 o
Ha KparyalilieM paccTONHMH.

D710 paccMOTpEHHE LETHKOM HCUEpNb BaeT epr. 63.

cnyyai I,1; B camom peje, Mn Hamau Bce
TOYKKH, SKBHMBA/NEeHTHHE MPOU3BOJBHON TOYKEe, M BMECTe ¢ TeM Ble ABHIKEHNf,
KOTOpHe BOOOLIE C jepwarcs B rpynne,— HMH OKasaJuCh NepeHocH @ W a™l,
npyMeHeHHbLe OIMH WKW MHoro pas. Takum o6pasom Bce rpynnm Fupa 11
MO CYIIECTBY TOXeCTBEHHHLI.

Ins Toro 4rodn yCTaHOBHTE (yHIMMEHTANBHYI0 0061acTh, MOXHO MPOCTO
MCXOIMTH OT HEKOTOPOH MNpsiMOM, He napamnelbHON mpsamoit AA,, Hanpumep
OT MeprneHAMKYNspa X 3TOMy OTpe3Ky. [IBmienne @ OTOGPaMaeT 9Ty MpPSAMYIO

Yepr. 64. Yepr. 65.

Ha napalJlebHYl0 €H IMpsMylo, M O4YEeBMEHO, 4TO [0JOC3, 3aKJIOYEeHHas
MEWAy STHMM JBYMS Mapajse’bHEIMH IPSAMBIMM, NPEICTaBIsET (QyHOAMEHTab~
uyo ofnacte ') (uepr. 64). B camom nene, IBe BHYFpeHHHE TOYKH 3TOR
[OJOCH HH B KOEM e€lydae He MOryT ObiTb 9KBHBaJeHTHMH. TaK Kak,
C npyroil CTOpoHbl, 06e rpaHuyHbie npsiMble 5TOM MOJOCH SKBHUBAJEHTHH
IpYF Apyry, TO HeBO3VOXKHO NOGABMTL K 3TOH MOJOCe KakOH-HHOYIb KYCOK
3e3 Toro, wToGH paciiupeHnas TakuM oGpasom 06nacTe He comepiKana Maphi
SKBMBAJEHTHHX To4veK, OAHAKO MOXHO MPOM3BOJLHO HM3MEHNITh (PyHAAMEH-
TanLHylo O06JacTbe OPYrMM crmocofoM TaK, YTO OHAa He TIOTepSET CBOMX
cBolicTe. [ STOro c/ieiyeT TOJNBKO [OCTYNaTh TaK: € OAHOW CTOPOHHI
po6acasTe K noJoce KYCOK, a C ApYroil 'CTOPOHH BbIpe3aTh 9SKBHBAJIEHT-
sl Kycok (wepr. 65). Ilomo6uoro poma M3MeHeHHst HNOMYCKalOT TaKie
¢yHnaMeHTaNbHpie 00JACTH BCeX pACCMAaTPHBAEMBIX HuXe IpYnn H Boobie

1) [Tpn 2TOM ClenyeT TBEpUO YCTAHOBUTDL, YTO, HANMPHMED, TOYKM JEBOH rpaHuuHOM
NpAMOH BKJNIOUAIOTCI B (YHNAMEHTaNbHY10 06NacTh, a TOYKH MpaBoH, Haobopor, He
BKJIOYAI0TCA; B MPOTUBHOM CJy4ae NnHGO0 B (DYHIAMEHTAJIbHYI0 O0GJAaCTh BXOAMIH Ohi
SKBHBAJEHTHLIE TOYKH, JMGO 064acTh Gblia Obl HEMOJHOHU,

5 Tuanbepr v Kon-Poccen
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Bcex rpynn oroGpawcHnil. OOBYHO cpenu rcex BOIMOMMLIX BuAOB (yHua-
MeHTaNbHOH 0671acr LufHpalT npocTtefinlyio no ccoel dopnme.

Ecan nonsepruyTs BCio (pyHmameHTasbHyl0 06aacTh MEPIHOCY @, TO Mui
MOJyYdV KOHTDYSHTHYIO, rpaHuuanlylo c nepsoft, nonocy. Taxum oB6pasom
MOXHO MOKPHTH O THOKDATHO ¥ HENPEPHIBHO BCIO MIOCKOCTH (DYHIAME!ITAABHLIM K
obnacramu rpynnu. [lonoGroe e #BfeHHe HMeEeT MECTO JJsl BCeX OPYTHX
paccmaTpyBaeMuX HinKe IPYNN, M MOXHO Boobuie NOKa3aTk, 4TO (yHpaMew-
TasbHble 0OMACTH 1IPOW3BOJLHBIX AHCKPETHHIX Fpynn  oToGpakeHMH  Bcerma
MPUMLIKAIOT APYT K JApYly, HE TepCKpHBAas OfHA NPYryl0 W He OCTaBAss
menedt. Brupodin, OHH He NOJKHBI BCerga 3amosHsiTh BCIO MIIOCKOCTh, KaK STO
MW Y'HAMM HA OIHOM Np.aMcpe Huke (cM. Kosell § 36).

pynna I,1 #e NpUBOAMT HH K KoKolf NpaBHJbLHON TOUEHHON CiacTeMe, Tak
KaK BCe¢ TOUKH, SKBHBAJIEHTHbIE OMNpEeNcHHON Touke, 00pa3yloT NpsMOsMHeH-
HylO LIKaly, ¥ TaKHM 00pa3oM nepBoe ompliensiouiee TOYEUHYIO CHCTeMy Tpe-
GoBaHHe OCTAETCY HEBLIMTOJHCHHBIM,

Tem He MeHee PACCMOTPEHHE 3THX TPYNN HMeeT 3HAYCHHE M/ W3YYeHHs
TOUSYHBIX CHCTeM. FIMEHHO, ecii Mbl pacCMOTPHM COBOKYITHOCTh BCEX [TEPEHOCOB,
COIEPIKANMXCA B MPOK3BOJILHON, CKOJB YIOAHO CIOXHON AWCKPETHOH rpymnmne
IBMKEHNH, NapannellbHbIX KakOMy-HuOyIb OHOMY NepeHocy, COLepKauieMycs
B rpymnme, TO Takas COBOKYTIHOCTH MEPEHOCOB CHOBAa OGpasyer rpymny, Tax
KaK s Hee BhiOMHeHH 00a noctynata o rpynnax. ['pynna, conepixamascs
B Ipyro# Gosee oOLiell rpymnme, Ha3pBaeTcs ee noarpynmno#. Beskas non-
Ipynna AMCKPETHOH IPYNnb Takike AOMKHA GbiTh muckperHod, OTcroga Ml
MOXEM 3aKJIONKTh, YTO BHOPaHHAs COBOKYNHOCTh MEPEHOCOB MpEACTaBAsET
rpynny I,1 u obnamaer ykasaHHOH HaMu CTPYKTYPOH, He3aBHCHMO OT TOTO,
u3 Kakoih obGue#i rpynnbl Mbl ucxoauad. TlogoGHoro poma 3aknloyeHHs! Mbl
6ymeM 4acTO NpPUMEHATHL B NajibHelilueM,

Paccmotpum Tenepb caywa#t I, 2, 1. e, Tpynnw, colepxaluine BpALIEHKS,
HO HE CONEPIKALIME [BYX MEPEHOCOB B HEMapasielbHHX Hanpasienusix. Tenepb
HaM Hy¥HO GyHeT pasinyaTh CJydad, KOraa Ipynna cofepkut Kaxkof-tHuGynb
MepeHOC WK BOBCE HE COAEPIHT nepeHoca. Mbt HauHeM € npocTeR ero BO3MOK-
HOro Ccfyuasl, — Ha30BeM ero I, 2,x,— Korza rpynna He COHEPXHT HMKaKn:
nepeHoCoB. Mhl  yTBEDXKIAEM, YTO B STOM Cllyuae BCE MOBOPOTH AOMKHE
uMelb OIMH M TOT e meHTp. B camom nene, ecsim O 6LUIO B2 [OBOPOTa
a n b ¢ msyms pasnuuHbiME LeHTtpaMk A n B, To comepalieecsi B IPymlic

1--, 1—
gemK.Hpe @ b ab nomxro 6wiio 6n MPENCTaBMITH COIVIACHO TEOpeMe U

CJIOEHPH YI)B MOBOPOTOB au6Go nepeHoc, anbo TOXJECTBEHHOE npeo6pa-
sUB HHE. l'lo.noxmm YyTO 1C4nd o i1, € 1 13BJISIET n.soopa-

B b pw Wehne TOUKW B mnpu nosopore a (yepr. 66); 10rn2

Toyka B' 6bnia 6n OTMuHA OT TOYKH B, Tak Kak co-

a IIaCHO MpPEenMoNO¥eHHU Touka B oTaMuHA OT TOYKH A,

2 a 1py MOBOPOTE OCTACTCH HEMNOABHIKHOH TOJBKO OfHA

TOYKa — LeHTp mnoropora. [losromy, ecan rtouka B"

Uepr. 66. npencrasaser u3oGpawenne Touku B’ npm moscpore b,

10 W Toyka B" pomxsHa 6HITE OTJHYHAZ OT TOuYKmM B'.

Ho nerxo puaers, uto Torha Ttouka B’ npu pemienun a 1b7lab nepemna 6pt

kak pa3 5 Touky B". Cuaenosartensho, nsuwwenne a 'b7lab 6b0 OH He

TOMWTCCTBEHHBIM NPEOOpa30BaHKew, a fepeHOCOM, YTO MPOTHBOPEYHT IIpearo-
JIOXEHUIO O TOM, YTO TPYMNa HE COAEPHKHT NEPeHoCcas.

ox
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IMycTs teneps Touka A-—ueHTP (eXMHCTBEHHEI) MOBOPOTOB fpYMMbI,
a Toyka (Q—npousrosbHas Apyrast TOMKa. Torna BCe TOYKHM, KB ‘aedTHHE
TOuKe (J, JiexaT Ha OKDY:KHNCIH, MpOBefeHHOH uep 3 TOUKY @ € LEeHIpOM
B A. BcnenctBue IHCKPETHOCTH IPYNOLl BO3MOXHO TOJBKO KOHEUHOE YMCIO
TOYEK, SKBMBAaJEHTHHIX TOuUKe (Q; a TaK KaK COBOKYIOCTb TAK' X TOYEK MHDH
BCIKOM COIEPALLEMCS B Tpynne NOBOPOTE BOKPYT TOYKH A LOJMKHA IT:pe-
XOLMTh caMa B celi, TO Ble 3KBHBAJISHTHbIE TOYKH JNOJKHH JI&Karb HA
OKDY)KHOCTH Ha paLHbiX paccTOsHWAX npyr ot aApyra (uepr. 67). Tlycrs
TOYKA Q, NpeAC’aBiseT OAHY U3 NBYX Onmwaiiax
K TOYke (Q Toue”, T. e. yron QAQ, np2acraBider
HaHMeHBIUHH YTOJ MOBPOTa, CONEP KalliiCs B IpyIie;
€CJH 11— YHCIO TOYEK, OSKBHLANEHTHBIX TOuKe @
(Kmoyas ¥ TOUKY @), TO 3TOT Yrom HOMKEH OHTH

2n
paBes -, W BCe COfepalluecs B TYNNe JBHNKEHHS

COCTOSIT M3 MOBOPOTOB BOKPYI TOuKH A Ha NONOMH-
TeJBbHBIE UM OTpHUATENbHEY  yros, Kpatio# sSTo-
My Yriy, TpHYeM CYIIECTBYeT TOJLKO KOHEYHOe Yepr. 67.
YUCJIO TEOMETPHUECKH DasNMYHHX MOBOPOToB. TakuM

obpazoM cayuaii I, 2, a pazobpan. B kauectBe ¢ynnamentanbioli obnacru
3[eCh C/AEAYET B39Th YacTh IJIOCKOCTH, S3AKJIOYEHHYIO MEIy OBYMSl CTO-

2r
pOHAMK yT/ia, MMEIOUIero BEpHIHHY B TOUKe A W paBHOrO " (uept. 68). Takum

o6pasoM ¢yHnaMzHTajbHas o6JacTe onsTh OSCKOHEUHA, W Ipynna He Mpu-
BOOMT HH K KakoO# TOYEYHOM CHMCTE€Me, TaK Kak AJa BCAKOH TOUKH HMeeTCH
JIHLB KOHEYHOE YHCJ/IO SKBIBATEHTHHX TOYEK,  IOTOMY nepsce TpeGoBaHue, Bb-
cTaBjieHHOe Ha CTp. 58, He BHNOJHCHO.

drta rpynna uMeer Aas OCTANBHHX JH-
CKDEeTHBIX MJIOCKHX I'pyNn ABHIEHMH Takoe
%e 3HayeHHe, KaK W TOJLKO YTO paccMo-
TpeiiHasi rpynna nepexHocoB. Ecau kakas-
Hubynb M3 TaKUX TpYyNI COUEPMMT mo-
EOpPOT BOKPYI TOYXH A, TO COl OKYyNHOCTb
MOBOPOTOB BOKPYr TOYKH A, colepma-
LIMXCH B rpynne, obpasyeT HUCKPETHYIO
NoATpynny ¥ JO/MKila MpeACTaBAATH Tpyn-
ny tuna I, 2,a. Orciona ciemyer, yTo

yroa Kawaoro H3 3THX NOBOPOTOB AOJ-

2x
WeH MpeAcTaBanTe kpathoe yraa —-. Cre-

Yepr. 68.

IOBaTeNbHO, MH MOXEM OXapaKTepu30BaTh
TOYKY A LIeNBIM YHCIOM 22 ¥ HA3BATh STY TOUKY N-KDATHEIM ILIEHTPOM MOBOPOTOB.
Teneps HaM ocraercsl cpaiu Ipynn tuna I paccmorpers ewe cayya#
1,2, . B atom cayyae rpymna Ao/DKHA CONEpKaTh MOEOPOT d M nepeHoc f,
MpuYeM BCe OCTa/bHblE MEePEHOCH HOMKHB OHTh MapaiebHb nepexocy £
Cornacio Bropo#t semme (cTp. 64) nosopor d 10'KeH HMETb Yron =,
NpuUY>M AOMKHSI CYHIECTROBATH TOMBKO HBYKPATHbIE LECHTPH  MMOBOPOTOB.
IMycrs A, taxkol uentp (uepr. 69). CoBoxymHoCTB BCeX NEPEHOCOB IPYIMIIH
AOMKHA nOpencTaBnuTe rpynmy tunma  [,1.  PaccMorpum  npsiMOAMHEHHYIO

W
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wkany A A,... TOUeK, SKBHBAJEHTHBIX TOuUKe A, COOTBETCTBYIOLIYIO ST
no opynme. Cornacio mneppoit nemme (cTp. 63) BCe 5TH TOUKI JOMKHH
NpeNCTaBiaTh NBYKPATHbIE LE@HTPH MOBOPOTOB. Ml yTBepinaeM, 4TO Kpome
TOro Ece cepenuun B,, B,, ...orpe3koB A,A,,, NPeICTaBIAOT ABYKPaTHHE
LeNTPH NOBOPOTOB. JleHCTBHTENBHO, ec-
4 ¢ rpepcTaBasieT [EPEHOC, KOTOPLil me-
peBomuT TOYKY A, B TOUKY A, a @, —ro-
BOPOT Ha yroJ T BOKPYT TOYKH Ay, TO TIpH
noMouLy JBmKeHus fa, napa Touek A A,
nepeBoauTcsl B A,A;; B camMOM Jielle, ne-
pexoc ¢ nepeBomMT A,;A, B AyA,, a no-
BopoT a, nepesoaut A,A, B A,A,. Tak
. o . KaK OBOPOT BOKPYr TOYKu B, Ha yroam
TOYHO TaK e MEepPeBONHT Mapy TOYeK
A A, B AyA,, TO IBXeHHE fq, NOMKHO
GBITH TOWIECTBEHHEIM C 5THM I[TOBOPOTOM,
M clegoBaTeNbHO, TOouka B, npencras-
Hepr. 69. JfeT JIByKpaTHbIi LIEHTP MOBOPOTOB, H

3HAYHT, BCS IIK4J14, COOTBETCTBYIOLLAN

Touke B, T. €. COBOKYMHOCTH BCeX TOUEK BB,, MOMKHA COCTOATH W3 ABYKpaT-
HHX IEHTPOB mnoBoporoB. Kpome nenrpoB moeopotoB A, n B, He cyue-
CTBYeT HMKaKuX Apyrux. B camom pgene, ecin A ecTb ofHa u3 Todex A,
a C — npoM3BOJBHLIIY, OTANYHHH OT A LEHTP MOBOPOTOB IPYMIH

A (uepT. 70), TO C BO BCIKOM Cllyyae JO/KEH ObITh NBYKDATHHIM
1eHTpoM. IlycTe ¢ ecTh COOTBETCTBYIOUIMII MOBOpPOT Ha Yrona T,

TOrfia pacCMOTPHM ABWXeHHe ac, TIe a MNPencrasiser NOBOPOT

C BOKpYF Touku A Ha yron m. Ecim A' ectb u3oGpamenue ToukH A
1IpH TIOBOPOTE ¢, 70 Touka C eCTh cepenHa oTpeska AA', u aBHe-
HHE QC TOYHO TaK e nepeBomur Touky A B Touky A'. Ho co-
o o8 I71aCHO TeOpeMe O CJIOXEHHWH YIJIOB IOBOPOTOB ABMKEHHE Q¢ HO/K-
HO TIpeNCTaBASITE NepeHoc, a MOTOMy Toyka A' ecTh onHa M3

TEX TOYEK, KOTOpLie MOoJy4aloTcs H3 TOYKH A TNpH OJHOM U3 ne-

peHocos, conepxwawuxts B rpynne, T. e. Touka A’ ecTb onHa M3

Hept. 70. roue A A,,..., a Touka C Kak cepeaupa orpeska AA'

HenpeMeHHO NOo/MkHa OWTE onHOM u3 Touek A, win B,.

TakuM 06pasoM MH MONHOCTHIO oGo3pesu Bce rpymnsl tvna I, 2, B. Ha
yepT. 69 u306parenn 06a Kjaacca IEHTPOB TOBOPOTOB M COOTBETCTBYIOLIAS
(ynnamentaneHas obnactb. Ilpn 3TOM csenyeT o6paTuTh BHuMaHHE, YTO HH
oIHAa M3 ToueK A, He MOoxeT OHTH SKBMBANEHTHA HW OJHON u3 TOuYek BB,
T4K KaK NMPH BCSKOM [OBOPOTE M BCAKOM MepeHOce, COAEPMAILEMCSl B rpyIIe,
Kaxnas u3 o6enmX KAl MEepeXOAWT caMa B ceds.

Kpome Toro Ha uepr. 69 usofpaxceHbl HeKOTOPLI¢ W3 SKBUBAJIEHTHBIX Apyr
Jpyry TO4YeK, OTJIHYHblE OT ICHTPOB MOBOPOTOB. OHH DAacIONOXEHB! 3HIr3aro-
o6pa3no. Tak Kak OHH yMelIaloTCs B NOJIOCE KOHEYHOH UIMPHHEI, TO OHH
He BBHINOJHAIOT nepeoro TtpeboBanus, KOTOPOE Mbl MPENBSBHIM K TOYEYHOH
cucreMe, MO0 YHCJIO 9THX TOYEK BHYTpH Kpyra C BO3DACTAIOWMM DafuHyCOM,
OYEBHIHO, YBENMYMBAETCS NPONOPIHOHANBEHO TOJBKO TIEPBOIl CTeleHH panuyca.
Touno Tak e, Kak B o6eux NpeRLUeCTBYIOIMX TpyNnax, M 3aech Qyuna-
MeHTapHad 001acTh GeckoHeuHa.

‘hl

ac
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CHcTeMb 9KBWBANEHTHHX TOYeK, He SBASIOLIMXCS LEHTPaMH MOBOPOTOB,
MOXHO MNpENCTABHTH B BHJE HBYX KOHIPYSHTHHX M MapaljiensHO pacrono-
WEHHBIX WIKaj; MogoGHEIM e 06pa3oM OpPH DPACCMOTPEHHUM GONee CAOMHEIX
Tpynn MH OpuieM K CHCTeMaM KOHTPYSUTHBIX, Napa’ife/bHO PachoOMEeHHbIX
pemetok. OueBMIHO, BOBMOXHOCTH PA3JMUHHX LIKAM W pelieToK o6ycloBieHa
CYIUEeCTBOBAHHEM TIOBOPOTOB. B caMow Hese, B nHamueM cayyae ogma mikana
NepeXOAMT B MPYTyl0 NpH BCIKOM NOBOPOTE, COAEPIAameMcs B Tpyme,
H TOJBKO MIKAJH LEHTPOB MOBOPOTOB MPENCTABSIOT HCKJIOUEHHe.

Tak kaK TOYKa BCAEACTBHE ICECTOPOHHEH CHMMETPHH HErpurofpa s
usoGpaxeinst Bpamenuit, To OyneT HarisnHee NpuGerHyTh WIS u306paRerus
COBOKYMHOCTH BCeX SKBHMBAJIEHTOB He K TOY- .

KaM, a K OpyruM npocTeiM ¢urypam. Ilpo- G/ / /
crefiie#t ¢urypoit, He ob6nanaiouiel BcecTo- a
poHHell cuMMeTpueH, ABISIETCS «CTpeNnKay, f / f

T. €. TOYKAa C BHXONSILIMM H3 Hee Hanpasne-
nueM. Ha uepr. 71, a,b u3o6pamenst cucreMul Vs / 5
SKBHBANEHTHBIX CTpenoK s rpynnel 1,28, 7:’-—-—-— —-—;;!——~
B 3aBucHMOCTH OT TOTO, BO3bMEM JIH MBI 32

HAYaNo CTpPeJKH IIPOM3BO/JIBHYIO TOYKY WJIH Yepr. 71.

We LEHTP BpAaLIeHHs, Mbl NpHOEM K [ABYM

pa3nuyHeiM THOaM Quryp. B nepeoM ciayuae OCOBeHHO HArASOHO mpeHMy-
IleCTBO BBEJIEHHS] CTPENKM: Oofe WKAJAH OTMYAloTCsl NpYyr OT fApyra pas-
NVYHKIM HaMpapB/cHHEM CTPeJOK, B TO EpeMi KaK BCe CTPEJKH ONHOH M TOH
We [IKaML HApaBleHH ONHHAKOBO. 1

12. Kpucraanorpaduyeckye rpynnbl ABHXKEHHA Ha miockocTH. [TpasuibHbie
CHCTeMBbl TOHEK H CTpesiok. ITocTpoeHMe MJIOCKOCTH M3 KOHIPYIHTHBIX 06J2cTef.
O6parumcs Tenepe K cayuaio 1, 7. e. K rpynmaM, comepwawM 1pa nepe-
HOCA B HENapaJUICIBbHWX HanpaenenusX. OKasnBaeTCsl, YTO BCE STH TPYMIIH
B NPOTHBOMONOMKHOCTE IPynnaM Tuna [ Bcersa npUBOAST K TOYEUHHM CHCTeMaM,
a MoToOMy MH MOXEM MX Has3BaThb B COOTBETCTBHM €O CKa3aHHBIM Ha ctp. 60
KpHctamnorpaduyeckumu rpynnamu. C sTuM CBfI3aHO TO, YTO Bce 9TH TPYINIH
MMelOT KOHeuhhle (yHmamentanseinie obnact. Ilph paccMoTpenny sTHX rpynn
npexJie BCErO Mhi CHOBA HATAaTKHBAEWCSl HA IUIOCKWE TOYeuyHble peineTku. Kak
MH YXe ynomMuHaan, ¢(urypbl, o0pa3oBaHHule SKBHBANEHTHBLIMUH TOYKAMH M
CTpesKaMH, BCera OOPa3ylOT WM IUIOCKYIO TOYEHHYIO DELIETKY MIH MOryT
GHTH MPe[CTaBNeHH KaK CHCTEeMbl HECKOJIBKHX, MapajliessHO PAClOJIOWEHHBIX,
KOHTPYSHTHHX pelleToK.

Mo pas6unn uHa crp. 63 cnyuai II nHa pmra Ewna: npewje Bzero Mwm
paccmotpuM 6onee nmpoctoii Bua II, 1, koraa rpynna He COmepKWT MOBOPOTOB,
HO COREPXHT JBa MepeHoCa B HemapajnenbHbIX HanpasieHnsx. B sToM caydae
OKa3LBAETCS, UTO BCE TOYKHM, SKBHBAJIEHTHBIE HEKOTOPOH TOuxke, Bcerna obpa-
8YIOT IUIOCKYIO TOYEUHYIO pelleTKy.

Jlis HokasarenscTBa GyHEM MCXONWTB OT MPOH3BOJBLHON TOuKH P, npuuem
OymeM MCKaTb Takol mepeHoc f, comemxamwiicst B rpynmne, KOTOPbIi nep2poaut
Touky P B BO3MOWHO 6oJiee 6JH3KO PACIOJIOKEHHYIO SKBHBAJIEHTHYIO TOUKY Q
(uepr. 72). Torma mnepenocH, HanpaBieHHHe MNapaunensio £, obpasyior
WKany JpyruX SKBuBajsenTHHX Touxe P Touek Ha mpsmoit PQ. Ho cornacio
NPSANONONEHNIO B IpYNMe HMMCIOTCS KPOME TOr0 HEpPEeHOCH, He Mapaluiefb-
HHe nOpsMoll PQ; cpeist STHX NEPEHOCOB ONATh OylneM MCKaTh TakoH nepe-
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noc #, comepwaumiics B Hawedl TIpynme, KOTOPHIY MEpeBOAMT TOUKYy P
B 103WOXHO 6041 e 6/u3k0 pacnosioxe:nyto Touky R. Torna Bo BCIKOM ciyyae
umeeM PR2>PQ. Ecim S Todia, B KOTOpPYIO MEpPeXOfUT ToUKa Q mnpu ne-
pzrioce £, 10 Toukn PQRS 06pasyoT napannenorpaM, W OYEEWIHO, YTO
NCpOKAaeNasi 5THM MAPaNJeorpaMOM p2IIEeTKAa COCTOMT TOABKO W3 SKBHBA-
NEHTHHX Touek. B camoM pesie, Bre 31M TO KM MONYHAIOTCH M3 TOYKH P,
ecau mpuM HUTH nowienne ¢ (unu £ 1), a 3atem £ (n v 1) onpenenennoe
wicno pas. Mul yTBEpWJAeM Temepb, YTO HE CyNIeCTBYeT JIDyrHX TO4eK,
SKBHBANEHTHLIX TOWie P, T. €. yTo BCe MEPSHOCH, CONEpXKALIHECs B rpymme,
MOTyT GRTh COCia-JieHs M3 nepexocoB £ u . B caMow nene, B npoTHBHOM
clyuyae rpyn’a couep ana Gpl HCKOTOPHI MepeHO” X, NepeBOASIUMH TOuKy P
B Touky U, He npunannexauyio K Hamel pewerxe. Toria Mel Moram 6w
NOCTPOMTb ONpenenenHuil I'apastesorpaM peiterk P'Q'R'S', KourpysHTHH#
napansenorpamy PQRS (uepr. 72) u
concpwauét U. 113 LBYX KOHIPYIHT-
HLIX TpeyroibHukos P'Q'R' m S'¢'R'
OIMH, HanpuMep HepBHil, HOKeH Gula
6n copermate U. Ho rpynna nosmina
Oni1a Obl B STOM Cay4Yae copepwath

| '3

Vo
/

YepT. 72. Yepr. 73.

nepesoc P — U, xotop iéf, O4 BMOHO, MOXeT OBITH COCTa.JieH H3 COfep-
wamerocss B rpyrnmne nepewoca P'— P u  mucperoca u. Ho 310 npw-
BOIKT K MPOTHBOPEYHMIO, TaX KaK COIVIACHO BHILITIPH €MEHHOMY PaCCyNeHUIO
Mul HOJuKHBI MMeTh: PR > PQ, n noromy B Tpeyronbhuke P'Q'R' touka R’
nopkHa 6bith Haubosee ypam.ua ot Toukd P'. Ylostomy nepesHoc P'— U
6un 6u Kopote, 4YeM T:peHoc f, fiepe ohsi WM Touky P B Touky R
u, cneporatetbio, TOUKY P' B Touky R'. Benencrsue storo nepeno: P'— U
nomkeH Gelx 6B OBITE NEeDEHOCOM Mapann~JbHbIN MepeHocy £ M Touka U momkna
6blna Gbl sexatb Ha orpeske P Q' Ho tornaw nep2uoc P’ — U Guin 611 Kopoue,
ueM £; Mex<ny TeMm nepenioc f Gbl BLIOpaH Kak Kpartyakit uii U3 Mepe:ocos, conep-
swawuxest B rpynie. IogoGnbmv »xe 06pazoM MOMNHO NPOEECTH NOKA3a TeCTrO,
npennonaras, yto Touka U pacnonoxeHa B TpeyroieHuke S'G'R. Torja
cnenosano 6w paccMoTpers BMecto mepesoca P'— U nepettoc S'— U, yto
monoBHLIM ke 0Opas’oM TpHBEJNO On K NPOTHBOPEYHIO.
2 TakuM o6pasoM 9KeupaJeHTHble Jpyr npyry TouKu rpynn pupa 11,1
Bcerna o6pa3yloT TOUEUHYIO PCMICTKY, H €CnH HCHOJLZOBATH AR M306pa -
Husi TPYNOB BMCCTO TOYEK CTPEsKH, TO Mbl MOAYYHM DELIETKY, COCTaBJEN-
Hyt© M3 MapalsefbHO pacrmonoxeHHux cTpenok (uepr. 73).

Ecnn renepe MB oOpaTiMcsl K MociefHeMy, ocrawoiieMmycs suny Il 2,
T. €. K Cy4alo, KoIjla B IpPynne COAEpHalci TaKKe M MOBOPOTH, TO Haw
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cNenyeT NPHHATbL BO BHIIMAaHHe TOJNBKO 4TO BHIBEEHHOE cnexcteue. Ipynnb
puga II,2, xak M B npenvinymeMm cayyae, COANEPXAT jra mnepenoca, He
napajnensHblx ApYr Apyry. Ilostomy cOrOKymHoCTe CO/epXailuxcst B rpynne
puna I, 2 nepeHocor nomkHa HelpemeHHO mpeAcTaBiATh noarpymnny suna If, 1.
CnenonaraabHo, ecnu cpeny Beex Touek rpyonm Il 2, skimransurimx npoms-
BOMBHOH TOuke P, MB CTaHaM pacCMaTPHEATH TOJbKO COBOKYIIHOCTB TaKHX
TOYEK, KOTOPLIC TNOJYHalOTCA W3 TOukh P C MOMOIUBIO NEPeHOCCB, TO MOJy-
yuM Toweunywo peuerky. Conepxaiuecs B Ipynre NOBOPOTHE JOKHBEI JM6GO
NePeBONHTE 3Ty p2IIETKY B camoe cebsi, JHO0O 1peobpasoBHBATE HEKOTOPYIO
TOYKY peiueTkH B TOuKy Q, He cojepwantytoca B pemerke. Ho nepenoch,
cozepwainiecs B rpynne, OmaTb-1aky 00pa3yloT M3 TOuKH Q peuerky,
KOHIDY3HTHYIO pCLICTKe, 00pa3oraHHodt u3 ToukW P, m OpHelrHpoBaHHy1O
napajjiespHO NocaeaHelt, npUYeM TOuUKH 310M
pell? 1 KH ECer/ia 3XBHBaN>HTHE TouykaM Q u P.
Ho rakum cmocoGom, koTOpwi, OYeEH:-
HO, MOXET OuTb NPOAOIKH 10 TEX Mop,
MOKa ele OCTaloTcd HEHCHOAB30BAaUHLIE TOY-
KM, SKBMBAJCHTHHIE TOUKe P, MH MOXeM
NOJIYYNTh TOJILKO KOHEYHOE HHCJIO Pa3/IMYHBIX
pelieTok, 160 B NPOTHBHOM Ciy4ae rpynmnmna
He Obl1a Obl OHCKPeTHOH. DTO paccyxmeHHe
NOKa3bil 3T, YTO MOXET OHTb JMIUb CPABHHTENHHO HemHoro rpymn I, 2 u
YTO COOTB.TCTBYIOLME TOYEeYHHE CHCTEMB BCErna COCTOAT H3 MapansesnpHO
PAaco/IOXEHHKX KOIIPYSHTHBIX pelueToK.

Urax, paso6eem rpymnu I, 2 no yraaM noBopoToB, cOnepallHXCs B HHX.

2=
Bce s7H yraib1 0BOpOTOB NOMKHB MMeTh BHI -, e n—Lenoe uicno, 6o

MOBOPOTH BOKPYI HEKOTOPOH TOuKHM, COxepxammscsi B rpynme, o6pasyior
nucKpeTHylo nmoarpynny tina I, 2, 2. Temepe Mel yTBepimac, 4TO 4MCIO 7
HE MOMXeT HPMHUMATh HHKaKuX Apyr¥xX, OTIHMyHBX OT 1 3HaueHull, KpoMe
2, 3, 4, 6. Ilna pmoxasaTenbcTEa PAaccMOTPHM 7-KPaTheilt LCHTP A MOBO-
potoB rpynmel (uepT. 74) u BhGepeM B rpynme Kpar4aiiumd mnepenoc f;

2n
AycTh oH nepeBopnT Touky A B Touky B. Ilpn nosopore Ha yron ~, BO-

kpyr Toukn A Touka B mepeiiner B touxy B'. CornacHo nemve 2 (ctp. 64)
rpynna CONEPKHT Takwe ncpanoc f, mnepepomswmit A B B'. Paccvorpum
Tenepb JBHXEHHe ¢ lf') KOTOpoe, OYeBHJHO, repeseleT TOuky B B Touky B'.
CornacHo TeopeMe O CJOKeHHH YIJoB MocoporoB (- mpemctasnier
mepeHoc, a Tak Kax f Obl10 BLIOPaHO Kak KpaTualiind Mepenoc rpyursl, TO

orciofa cnenyetr BB' > A3, noatomy umeeM {BAB'=2_“>5 ¥, 3HAYMT
y >3 ,

n< 6. Tenmepp HaM ocTaercd TOJBKO MCKJIOHHTE cayyalt n=>5. Ina sroi
HeMM HAM DPMACTCA MTTH KICBEHHHIM NyTeM M BHOPaTh TOUKY A B KauyeC!B:
NATHKPAaTHOTO LeHTpa noBopoTos (uept. 74). Iycte 10BOPOT BOKpYr Touku A

2n . "
Ha yrona 2--5— nepcBOAUT TOYKY B B 104Ky B". Torma rpynna nomxna co-

nepikaTh nepenoc ¢, nepesomsmmuit A B B". Ho torpa, ouernmmo, nepznoc
£'t nomxen mnepeBecTH TOuky A BTouky C; a Tak kak Touka C 6Gamxe
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k Touke A, yem Touka B, TO B rpynne comepxainca 64 HepeHoc, Gonee
KOPOTKHH, uyeM £, YyTO HNPOTHBOpEYMUT Hallemy MNPSANOJONKEHHIO.

Taxum o6pazoM B rpynnax Buna II; 2 MOryT BcTpeyaThCs TOJMBKO NBYX-,
Tpex-, YeTHpex- M INeCTHhpPaTHHE HEeHTPH MOBOPOTOE. Ecam yron ¢ ecrtp
HauMeHblunHi, cofepxaiuuiica B OAHOH M3 TAKWX Tpynm Yroa MOBOpOTa, TO
HaM C/eLyeT pacCuOTPeTh CAEAYIOIIME THUITBI Ipynm:

I, 2, a: ¢=m,
1, 2, ¢ vzgf.
n
. P —
I 2, v: 5
n
1,28 ¢ =3-

OkxasuiBaeTcsi, 4TO KDKAOMY M3 STHX YeTLIDEX CJIyyaeB COOTBCTCTBYET
B TOYHOCTH OnHa Fpymna.

II,2,a. B stom cayuae B rpynne nomxen OuThb MO Kpadueil Mepe O/inH
nBYKpatHu# uentp nosopotoB A. lloarpynna mnepenocos, ComepXalMxcd
B Ipynne, naer A4 TOYKH A B KauecTee SKBM 1AJIHTHBIX TOYEK IPYTue NBY-
KpaTHble LIeHTPhl TIOLOPOTOB HeKoTOpo# pemerku: nyctb ABCD omnd u3
06pasylolHx peweTKy NMapannenorpasio (4epr. 75). 3nechb MBI MOXeM Bep-
HYTBbCS K pacCyXIeHHAM, KOTOpHEe
MBI TIDOBOJHAH B OTIIOLIEHUH TPYNM
I, 2,8 (crp. 67—68). B coorBeTcTBHH
C HUMH cepeanna OTpe3Ka, COelu-
HAIOIEr0 1B€ IPOM3BOABHBIE TOUKH
pelleTKH, TaKxe N0/DKHA NpencTaB-
JTh ABYKPATHHIH HEHTD MMOBOPOTOB,
i ofpatHo, BCAKMI AByKpaTublid
LEHTP TMOBOPOTOB JO/IKCH J€AMTh
nonosaM OfMH M3 TAKHUX OTPE3KOB.
Paccmorpum cepemnny @ otpeska

Yepr. 75. AB, cepenuny P ortpeska AC w
cepenunty T orp2skoe BC u AD.
Bce 9TH TOukM monapno HeSkBHMBaJNeHTHbl. Kak TONBKO uTO yKasaHo, Bce
OHM TIPSACTABNAIOT ARYKpATHble LEHTPbl MOBOPOTOB M BMECI€ C TOYKAMH
COOTRETCTRYIOMIMX MM DENIeTOK HCYEpHBIBAIOT 1Ce JABYKpaTHule HeHTPH no-
BOPOTOR, coftepiaiuuecss B rpynme. Takum 06pa3om Mul MMveeM 4YeThpe pas-
JPYHBIX Khacca ABYKPAaTHHMX LeHTPOB mopopoToe. IIOBOPOTH BOKpyr 3THX
Toyek M mepenockl pemerk ABCD wcyepnbipaloT Bce npeo6paszopanus
TPYNNbl, TaK KaK COIJIaCHO Halllell MpPEeAnoCwJIKE B TPYMANY "HE BXOMAT HHblE
LEedTPH NOB)POTOB, KPOME NBYKDATHHIX. B kavecTBe ¢QyHnaMmeHTa1bHOH 06-
JIACTH MHl, OYE€BHIHO, MOXEM MCNO0:ib30BaTh Tp-yronbhik ABC.

Ha wepr. 76 u 77 uso6paxenbl Qurypel, cOCTaBleHHbIE H3 SKBHBAJEHTHBIX
CTPE/IOK, KOTODbIE MOJY4AalOTSs B 3aBUCAMOCTH OT TOro, OyneM Ju MH
HCXOIHTH OT IIEKOTOPOH TOUKH, HMeloLuel npOH3B0/bHOE NoJ0xeHHe (uepT. 76),
WM OT HeHTpa noeopotos (uepr. 77). B nepeoM ciyyac Mbl HOJMyYuM IBe
BCTaBJIEHHbIE APYr B JIPYra pelueTKy, KOTOPHE OTIMYAIOTCA Oa OT ApYroi
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[NPOTHBONOJIOXKHLIM HAMPaBleHHEM CTPEJIOK; BO BiODOM CJIy44e pelueTkH COBia-
Ja10T, TAK KAK KO BCAKOMY LeHTPY MOBOPOTOR INPHMHAANENKAT JiBe CTPeakH, Ecau
BMECTO CTPCJIOK PacCMaTpHBAThL TOJBKO TOYKH, TO Kawnaas u3 obcux ¢uryp
06pasyeT ONHY MParuabHYIo Toueunyo cucremy. Ho rtorna cicrema, nzobpaxe: -
Hasi Ha vepr. 77, ne OTAHYAeTCAd OT CHCTEMH, COOBCTCTBYlomed ueptr. 72,
T. €. OT IJOCKOH pe reTkn obwero Bupna. Ecam, 06paTtHo, MBl OyiCM MCKATD
9 OJ0CKOH  Toweyno#t peleTku
o0IUCTO  BMIA  COOTI €TCTBYIONIYIO
rpynny cOBMeIUCHHMH, TO MBI IOJYy-
anv He 1,1, HO 1cerma I, ,q,

AR AR,

Yeprt. 76. YepT. 77.

TaK KaK Mbl NO/DKHBI 112 4epT. 75 BuiGupath napannenorpam ABCD cosep-
IIEHHO TNPOU3LOJLHO, M COOTBETCTRYIOWIAT DeLleTKa IIPH NBHWEHHdS, COAep-
wauuxcsi B rpynne, Oyner InepeBoauThcs cama B ceba. Taxum o6pasom
BBEJICHHE CTPEJOK BMECTO TOHEK MPHBOAMT K 6oJice HCTKOMY pasJuueruio
petuerox.

1I,2,3. Cornacho wamemy HONYIIEHMIO HaWMEeHLIuMH comepwanics

2r
B Ipynme yroJ noBopoTa pabeH . Mu yiBepiiaed, 4To MOBOPOTH na

2n
yroa 22 amAsioTcs eIMHCTBEHHBINK. B camom mene, M3 ECEX NPYrMX YIJOB
MOXeT BO3HHKHYTD BOTIPOC TOJIbKO OTHOCHTCJIBHO yrjia @, HO COrJacHo Teo-

2r
peme O c/io¥ieHHu INOBOPOT HA Yrojl © H  NOBOpPOT HA YI‘OJI-——:_;’- JIOJIKHLI

r
61 6W NPHEECTH K MOROPOTY Ha yroN g, @ Takol MOBOPOT HE MOMT
A}

conepxarbcsi B rpyune. Takum o6padom wmpl ybexpmaem- o D

¢, 4TO B TIPYINE CONEPKATCH MCKAIOWITENbHO Tpex- 3
K[ aTHbIE 1eNTPLI TOBOPOTOB.

[lycte A Tpexkpatnwif nenTp mosopotos (uepr. 78)
n A— £ xpatTyahiniiil u3 conacpxaixcs B Ipylilie Iie- .‘

2%
benocoB. Ecan npu noBopoTte BOKPYT TOuku A Ha yron =
P P P Py 3 Yepr. 78.

Touka B mepexoauT B Touky C, TO COMMIacHO Jemme 2

rpyina [o/HKHA COMepPIKATh Takke nepeHoc A — C. PemeTka IOATPYIIL nepe-
HOCOB J10KIIA noayuaTbes u3 napasnenorpama ABCD, TaK Kak BHYTPH 5TOrO
napajuieyorpamMa mo NOCTPOCHHIO HE MOTYT HaAXOMUTHCA IHKAKHE JDYrHe TOUKH
peurerky. Jueronans AD pas6usaer napamnenorpam ABCD na npa parmo-
CTOPORHMX TpeyroJbHuKa. Peruerka IepeHOCOB Tpynnbl AO/KHA TO3TOMY
1Ipe; craBaaTh HanGosiee IUIOTHOE PACHOJIOKEHHE KPYroB M 1ie MOXeT ObiTh
Bu6paua npoussosnbho, Kak B cayyae I,2,% (TouHo TaK XKe M B IByX
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ClenyIOIMX CAyuasXx M YOemuMcs, yTO COOTBETITBYIOILME PEIIeTKH Iepe-
HOCOB JIO/DKHHE MMeTh chennasbuuid Bun). IloBopor (d) AB — AC wu nepenoc
(t) A — B cosveztio (df) nepesonst AB B BED (uepr. 78). Cnenosatenso,

nIBHXKEHHE dt NOJKHO MPEeACTaBiaTh NOBOPOT d' BOKPYr uentpa M Tpeyros-

2n
nuka ABD c¢ yraov noBopora, pPaBHBIM T Takum o6pasom Touka M TaKxe
IBAIAIETCS TPEXKPATHHIM LIEHTPOM MOROpPOTOB rpynnu. Jlanee, AC npu nBuxe-

uun d"=*¢d' nepesopmica uepes BD B DA u, cneposareavro, d" mpen-
2n
CTABNAIET TOBOPOT HA Yros— - BOKPYT uewtpa N tpeyroavhuxa ACD; mo-

3ToMy # N mp2ncTaBaseT TPeXKpaTHHil Lentp noBopoToB. Kak M Touka A,
Toyk M u N npaBogaT K peluetkaM, Bce TOUKH KOTOPHX CYTb TPEXKPaTHble
LEeHTPB MOBOPOTOB. MH YTBepkKAAEM, YTO 3THM HCYEPNHIBAIOTCA BCE MOBOPOTHI
rpyanel. g jOKasaTeabcTBa MOCTATOYHO MOKA3aTh, YTO JBA TPEXKPATHHIX
LeHTpa NoBopoToB E W F He MOryT HaxXOMMTLCH OPYr OT Jpyra Ha pac-
cToanuM, Mmenbulem, 4em AAM. Ho naemxenne d-'d', ouesuaHO, ecTh
nepedoc f. TouHo TaKk we M n[Ba MPOTHBONOJIOWHO HANPaBJEHHBIX MO~
BOpOoTa BOKPYr Toyek E W F paloT B pe3y/abraTe MepeHoc, JIHHA KOTOPOro
JIOJKHA TaK OTHOCHTLCA K paccroanmio EF, kak naMHa nepenoca £ OTHO-
cHTCA K pacctosinie AM. Taw Kak COIVIacHO HPenriosiokeHHIo B TPYyMMNeE Iie
CyliecTByeT IiepeHocoB, Gosnee KOPOTKuX, YeM £, 10 U EF He MoXeT OHTDH
kopoue, yem AAM. Takum o6pasom B rpynnc neflCTBUTSILHO He MOWeT OHTh
Npyr¥X UEHTPOB MOBHPOTOB, KPOME TOYEK TPEX PeIleTOK, COOTBETCTBYIOILUMX
Toukam A, M, N. Tak xak moBOopOTH BOKPYI TOYKH A NepeBOAAT KaXAYIO
H3 3TMX peleTrok B camoe ceba M He ne-
peBOOST OAHOH pelleTkH B APYryw, TO
Toukn A, M, N ve sxsusanentrd. {losto-
my rpynna II, 2, B conepxur Tpu pasnuu-
HBIX KJ14CCa LEeHTPOB MOBOPOTOB (4epT. 79).
Toukn kawporo knacca moryr ObITh Hpen-
CTaBJIEHb! KaK LEHTPHl CHCTEMH TMPanH/ib-
HLIX [IeCTMYTOJIbHHKOB, HENPEPHBHO H
OMHOKPATHO MOKPHISAIOLIHMX  IIOCKOCTb,
BEPIUHHE KOTOPHIX fIBASIOTCA MOMEepeMeH-
HO 1leHTPamMH [OBOPOTOB JBYX JPYrHX
knaccoB. Taxum 06pasoM MOXHO MOJNYYHTH
TPH CHCTEMBbl NPAaBUJIBHHX IIECTHYIOJBHH-
KOB, NEPEKPHIAIONIHX ONpeneleHHBM 06-
pasom onua npyryio. Kpome Toro mnoayyaiomasca ¢urypa MoOiKeT OGhiTh
MPC/ICTABJICHA KaK OPTOrOHasnbHast MPOCKLHA TPEX, PACMOJIOKEHHBIX ONMH Hal
npyruM cnoes pemeTkd rpagura (uepr. 56, crp. 56).

B kayecrse QynnamenTansuo# obnacti na yepr. 79 Bubpan pom6 AMND 1),
3aTeM Ha 3TOM e yeprexe u300pak’HHl fBA NEPEHOCa, H3 KOTOPHX MOoJy-
YaeTcd peluerna NePeHoCcoB TPYITAH.

Ecin paccmarpuBate CHCTEMY SKBHBaNeHTHHIX CTPENOK, He MCXOAALIMX
H3 UeHTPOB NoBOpoTOB (4epT. 80), TO MONKHO MONYUHTH TPH, BCTABIECHHHIX

Yepr. 79.

1) Takas we cuCTeMa TpaHWYaIquX APYr € ApyroM PpoMGoB Habaonaercd B To-
CTPOCHHH NHUEJMHBIX COT.
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OIHA B JPYIyIO pelueTKH, KamJas u3 KOTOPHIX XapakTepH3yercs OnpemeNeH-
HEIM HanpaplieHHeM CTPC/IOK. O/eMeHTapEBRl napaine orpav pelierkd He
H306paxeH HaTyepTexe, TAaK KaK B TAKOM C/yyae 4Y2pTEX MOTEpsdl Gkl
Hase 19 0HO XTh.

Ecau ucxomuts ot m-ntpa nosopora (uepr. 81Y, TO Bce TpH pemreTkn
COBNapfaloT, TdK KaK M3 KaXNO# TOYKI NOMKHBE BBIXO1MTH TPl CTPEIKH.

S
Dok “ .
> %

Yept. 80. Yepr. 81.

. n
II, 2, y. Haumenpmuii yron mosopoTa 510l rpymisl 5 3 ClENOBATENBHO, B

rpymnne MoryT OHTb JBYX- M YeTbIPEXKpaTHble LEHTPsl MOBOPOTOB. JIpyrie

2n
yribl TMTGBOPOTOB BCTpEYaThCA He MOTYT, TaK KaK IOBOPOT Ha YroJa -3- BMECTe
C [MOBOPOTOM Ha yroa wm <COraacHo Teopexe O CJNOXEHHH YIiOB JAOJ/IKEH

Ona Obl NMPUBECTH K MOBOPOTY Ha

yrofl =, YT0 MPOTHBOPEYHT HALIEMY

U3
g'r
TIPEANONOKEHHIO O TOM, 4TO B rpynmne
T
HET YIVIOB TNOBOPOTE, MEHBUINX ..
IlposeneM uccC/enoBaHue 3TOro
cnyuas aHaJOTHYHO NpPefbaynIeMy.
IMycts A Kako#-HHOYNb YeThipex-
KpaTHbIH LeHTp MOBOPOTOB (uepT. 82)
U A — B kparualimmii nepenocr 310#
rpynne. Ecan npu noBopoTe Bo-

touxs A Ha yroa - Touka B
Kpyr Tou yroi g Uepr 82.

nepexofut B 104Ky C, 10 U 4—C

MpeAcTaBafeT neperoc,” Tawke coxepwauniica B rpynne. Pe'nerka nmepeHocos
rpynnsb JI0/MKHA, CenORaTe/bHO, Moayuarscs i3 kBaapara ABCD, Tak Kak Bep-
DIMHAMH 3TOTO KBAnpara CJIy)KaT TOYKM PeLIeTKM M KRaIpaT H2 MOXET conep-
WAaTh HHKAKHX APYTHX Touek pewerky. CrenoBaTeNbHO, TaK XKe KaK B MPebiiy-
1ieM CJydade, peLierka NepeHcCcoB He MPOM3BO/bHA, 4 HMEeeT OCOOCHHBIM CuMMe-

TpuyHHii BuA. Ecan Teneps MH 1064BHM K MepeHOCAM M MOBOPOTHI Hd YroJ m, HO
T

Q"’
guna II, 2, a. LleHtpw kBanpaToep, HanpuMCp TOuUKa .M, TaK e Kak
W cepelMHH CTOPOH KBa/paTOB, Hampumep Touka [V, o6pasylT BmecTe

He Ha yroJ TO MH [IOJAYYHM MOATPYHITY, KOTOpas mOmkHa OblTh rpynIoi
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¢ BEpIIMHAMH KBAaJpaTOB MOJHYIO CHCTEMY LEHTPOB [OBOPOTOB TMOATPYNNH,
Ho ¥ nBykpaTubic ¥ 4YeTbpeXKpaTHble LEHTPH NOBOPOTOB BCeH TI'DYNOBI Mm
JOMKHB MCKATh TAKXKE HCKIIOWHTENBHO CPeNH 3THX TOYEK, TaK KaK S5TH

AN

™
/

'y

\

1IN

/

s

\

Yepr. 83, 84, 85.

TOYKH JIO/KHBL OBUIH MONACTh B MOATPYNMy
B KaueCTBS JIBYKPAaTHHX 1eHTPoB. Eciu My
Tenepb paccMorpuM noeopot (d) AB— AC
u nepenoc (f) A— B, TO, 04eBHIHO, IB¥Ke-
une d'=dt nepesorur AB B BD, a noro-

My d' npencraensieT NOBOPOT BOKPYT TOWKH
I

2’
LEHTPH KBAjJpaTOB LCCerna SBASIOTCA YEeThl-
pexxpaTHHIMM, @ He TOJIBKO JBYKDaTHHIMH
LIEHTPAMH NOBOPOTOB. TOYHO TaK e, KaK M
B OpPEeABbUIYLIEM Cyuae, Mbl MOXEM 3aK/io-
YWTh, YTO JAPYrHX HETBIPEXKPATHHIX LEHTPOB
HOBOpPOTOB ObITH He MO¥eT. B camom nene,
d='d' upencraeasier kpartuaiiminii, copepxa-
wuidcs B rpynne nepcHoc £, M ciegoBaTeb-
HO, DPAacCTOSHHE MEXIY RBYMSl HETBIPEXKpPAT-
HBIMM LIEHTPaMH NOBOPOTOB He MOKeT OHTb
Kopoue, uyeM AM, a NMOTOMy K pelierTkam,
COOTBETCTBYIOIIHY ToukaMm A u M, Henb3d
A06aBYTh HHKAKHMX YETHIP XKPATHHIX LEHTPOB
noBopotoB. Tak kKak 00e 3TH DEIIeTKH Ie-
PEBOAATCA KAKABM M3 PaCCMOTPEHHEBIX JBU-
kK uu# B camux cebs, a He Jpyr B Apyra,
To ToukH A M M He SKBMRAJEHTIBI; HO, C
APYro# CTQPOHBI, MOXHO YOemHThCHd, YTO BCe
NByKpaTible LEHTPH MOROPOTOB 3KPHBAJIEHT-
nbl. Takum 06pa30M Mbl HMEeM €MHCTBeHHBIH
KJ1acC JIBYKPAaTHBIX 1EHTPOB MOBOPOTOB, CO-
CTOAIUMA M3 NIBYX BABUHYTHX Omra B NpYy-
Iyl0 KBajgpaTHLIX pEMIeTOK, M JBa KJjacca
YeTHPEeXKPaTHBIX LEHTPOB IOBOPOTOB, €O-
CTOSIIMX KaXAbl | M3 OJHOH pemieTkH. B ka-
yectre (YHAAMEHTANbHON OGJACTH MOXHO
HCIONB30BATh Tp-yronbhuk AMDB.

Cucrema CTPEJNOK. COOTBETCTBYIOIAs Ka-
Koi-HHOy b MPOK3BONLHON TOuKe (uepr. 83),
COCTOMT M3 YeThIPeX KBaJpaTHbIX PELICTOK,
Kaw/nas M3 KOTOPHIX XapaxkTepuayercs omnpe-
IeNEHHHM HanpasjeHueM cTpenok. JlBykpar-

M Ha yron H B COOTBETCTBHH C 3THM

HE HEedTp MOBOPOTOB 06pasyeT fBe peUIETKM C PAa3JMYHO HAarpaBIEHHBIMHU
crpenkamu (4ept. 84), a YeThIpexXKpaTHHH LEHTP NMOLOPOTOB O§pasyeT JHLIb
onHy enHHCTBenHylo petuetiy (uept. 85). Ecun npy 3ToM, Kak Ha npHBeXeHHOM
yepTexe, CTPeJKH MOMAapHO HampavieHs IPYr K HPYTY. TO ofpasyemylo HMH
(Gurypy MOXHO DacC4aTpubaThb Kax TPABH/ILHOE IJIOCKOE PaCIONONKEHHE OfM-
HAKQBLIX YCTHIPDEXBAJIEHTHHIX 4TOMOB,
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I, 2, 8. B stom ciayuae mul nonydaem HamGonsiiee MHOrooGpasue no-
BOPOTOB. B camOM pene, TaK KaK 3/iech BO3MOXIH HIECTHKDATHbE LEHTDEI
MOBOPOTOB, TO MOTYT CYyMIECTBOBATb TAKXKE W JBYKPATHHE M TPEXKpATHHE
UeHTPH. HanpoTiB, ueibpexKpaTHbie LUEHTPH 110BOPOIOB MCKMIOHAIOTCH, TaK

9
KaK MpH HalMyuM TOBOPOTA HA Yron 5 ¥ Ha yron g— rpynna HernpeMeHHo

s
conepwana Oul M IOBOPNT HA Yroa §» & TaKOH yron moBopoTa He MOWeT

HMETH MecTa HM B O1HOH KpHCTannOrpadHuecKol NAOCKOH Trpynne JBixeHHi.
Iycrb TOYKA A MpencraensieT 1IECTMKPATHBIA 1€HTP NOEOPOTOB IpPYyNMbl
(uept. 86). Paccmotpum cHayana noArpynmy, COCTOSNYIO H3 TNeEpPeHOCOs

2r
¥ TOBOPOTOB Ha yron —-. CrpykTypa S5TOM NOATPYNNE H3RECTHA HaM O

many II,2,8. B stolf rpynne wusntp noeopotoB A fiBNfieTC TPeXKPATHHM
uentpoM. PeileTka mnepeHocOB 3TOH HOArpynnbl NpencTaBAseT  peINETKY,
COCTOALIYI0 M3 DPaBHOCTOPOHHMX TPEYFOJLHMKOB, IpHYeM HApsLy C BepIUuH-
HaMH, Hanpumep Toukavu A4, B, C, uent-
PH TPEYroJbHMKOB, HanpuMep Touka M,
TaKe FABNAIOTCH TPEXKPATHBIMH 1IE€HT-
paMu nosoporoB. Ho orciona moxHo
3aKJIIOYHTH, YTO M B MOJHOH rpynmne
nepeHocH 06pa3y:0T Takyw ke pe-
IWIeTKY, TaK KaKk BCE 3TH IepPeHOCH
BXOAAT B noarpynmy. Takum o6Gpaszom
B NMONHOH rpynne Touka A mpengTas-
NFeT ye He TPeXKpaTHbil, a lecTH-
KPaTHeIH LIEHTD NMOBOPOTOB, a TNOTOMY
H BCe TOYKH pelleTKH, 06pa30BaHHON
TOYKOH A, NOMKHE GbITH MECTHKPATHHIMH LeHTpamH. Ecam B rpynne umerotcd
W IPYrHe I[EeCTHKPaTHbIE LEHTPbl TMOBOPOTOB, TO STO MOIYT ObITH TOJLKO
LUEHTPH TPEYrOJBHMKOB, TAK KAK BCE JIICCTHKDATHbIE LEHTPHI MOBOPOTOB yiie
ObITH PACCMOTPEHB! B IOATPYINe B KaYeCTBE TPEXKPATHLIX LeNTPOB. J[Ba HOBOFOTA
BOKpPYT TOykH A W BOKpyr touxki C Ha yron +—g» ] yron—-% NaI0T B COBO-

KyIHOCTH fepeHoc A — B. Tak kak B rpynre He cyliecTeyeT GoJiee KOPOTKMX
NepeHocoB, YeM 3TOT, TO DAacCTOsSHHE MeXay IUeCTHKPATHRIMM LEHTPaMH
MOBOPOTOB He MOXKeT ObITh MeHblue, ueM AC; CACAOBATENBHO, HE CYLIECTBYET
JPYTHX [IeCTHKPATHHX 1EHTPOB MOBOPOTOB, KPOMe BXOAfIIMX B DeIleTKY,
06pa3oBakHyI0 TOUKOR A; LEeHTPHI e TPeyroJbHMKOB 06pa3yloT TPeXKpaTHbie
LEeHTPBl MOBOPOTOB. JIpyrux TPEXKpaTHBIX LEHTPOB HE MOXET CYleCTEOBATH,
TaK KaK BCe OHM ywe OblaM PacCMOTPeHB B mnoarpynne. B npoTtusononox-
HocTs cayyaw II, 2, B TpexkpaTHhe LeHTpHl OEOPOTOB BCETJa SKBHBA/NEHTHDI,
TaK Kak, Hanpumep, Touka M Moxer OHITh mHepeBefieHa B TOuKY /N myTeM
MOBOPOTa BOKPYr TOukH B.

Tenepb, 4yTOoGBH OTHCKATH ABYKPATHBIE HEHTPHI MOBOPOTOB, €C/IH OHH Cylle-
CTBYIOT, IOCTYNaeM aHaJOTMYHBIM 00pa3oM: pacCMOTPHM NOACPYNIY, COCTOALLYIO
M3 TIepeHOCOB M NOBOPOTOB Ha yrosm m. M3 paccyxnenus mno HOBORY ciywas
I, 2, a cmenyer, 4TO BEpPIUMHK 3N1€MEHTaPHOTO NMapajieNorpaMa pemerkH TOYHO
TaK e, KaK ¥ LeHTPH NMapanielorpaMoB i cepejiiHbl UX CTOpOH, T. €. CEPENNHBL
CTOPOH BCEX pPaBHOCTOPOHHMX TPEYTONBHHKOB, NPEACTABJAIOT LEHTPbI MOBO-
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po B Ha y of . Bepmnmiml TpeyronbiMKOB MW YXe PacCMOTPENH B Kaye
CTRe LIECTHKPAIHBIX LCHIPOB MOBO OTOB. Takim 06pa3oM OCTaOTCA TOJMBKO
cepeamitbl  CTOPOH TPEYT JLIMKOB KAk COBOKYFINOC b JIBYKPATHHX LEHTPOB
NOROPOTOB. MOWNO ¥ M bCsl, YTO BCe OHH 3K Ii ancnthul. C/CNOBaTeNbHO,
B 3TOM C/Iy4ac WMCIOTCs TPH KJacca — N0 QoMY JIaCCy ABYKPATHBIX, Tpex-
KpartHuX M HIeCTHRPATHBIX LCHTPOR NMOBOPOIoB. Tpeyroavuux AMB npep-
cTapigeT ¢y UnaMeHTanL Iylo 06JIacTL TPYHITHL.

CucteMa CTPe/IOK ITPOMBBOJIBHO B35 TOH TOYKH COCTOMT W3 MIECTH BIBMHY-
TJX Ofllda B Ji YIYO De&NEroK, Kamnas M3 KOTOPHIX apakTepH3yercs onpe-
MleACHHBIM Hanpapied M crpeaxd. Ha uwepr. 87 kawmas u3 3THX peluerok
NPe/CTaB/CHA  POIlKaM CTPEsOK, 06pasdy OnuX ParHOCTOPOHHNH TPEYTOJLHHK,
TMPHYCM CT €JIKM K /10if POHKH COOTRCT TBCHHO N1a a/INeNbHB CIPe/IKaM APYTHX
tpoek. Ecau ucxoamts 0T nBykpaTHOro uenTpa nosopotos (uept. 88), To

Yepr. 87. UeprT. 88.

P LUIETKH pacna aloTcs Ha JBe, NpHYEM Fawjasd pellleTKa COCTOMT M3 Tpex
COE 14JIA101(MX PEeNIeTOK. ITa QUrypa np ;i Tae/l €T BO3MOXKHOE NPABHILHOS
NJIOCKOe pAaciiO/IOMCHHE KOMIUICKCA M3 JIByX POAOB aTOMOB, NPHYEM OJMH
poj aroMOB LIeCTHBajeuTcH, a apyro#d jByxsanenteH. Ecian noeepnyth Bce
CTPEeJIKH Ha yroJ -;—‘, TO MBl OPHACM K PacrOIOXCHHIO, MPY KOTOPOM CBf3H-
BalOTCA ABYXBAaJIEHTUBIC M TpexpaJeHTHhie aTomel. CucremMa CTp2JIOK Tpex-
KpaTu  LEHTPOB MOBOPOTCB uepT. 89) coctouT u3 nByx pemlerok. Ilpu
PAaciioJ0XKCIMK CTPEOK, VKa3aHHOM H1 HEpPTEeKe, TOJy4YacTCsi PAaclONONEHHE
TPCX @ €HTHBIX M INecTHRase ITHLX aTOMOB. (HCTEMa CTpe OK LIeCTHKPATHHX
UenTpoB 10Bo 010B (u pr. 90) o6pasyeT OuHY €nHICTECHHYIO DeLIeTKY, KOTO-
PYIO NpPH HauepPYEHHOM pacnp JIeJCHHM  CTPCJAOK MOXKHO UDPCACTABHTH KAk
MPasnibLIoe MIOCKOC PACHONOKEHH® OHOPOANLIX 1! €CTHBANEHTHBI\ ATOMOB.
Teneps Mul mOANOCTHIO paspe 1M 3ajawy, nocrasnendylo B § 9. Mu
yCTanoOBWM BCe kOOOIIE BO3MOMIIbE KpPHCTasiorpaguueckie TPYNIbl ABHKE-
HMI HAa IUIOCKOCTH M Npi# 3TOM OOHADYXWIM, Y10 TaKuX TPYNI CyILecTByeT
TOABKO MNsATh. HauOosee oOILne CHCTEWDH! TOUEK M CTPEJIOK MBI MOMyyaeM, ec/H
HCXOJIMM B KaXn0od rpymme OT NPOH3BOJBHO B35ITOH TOYKH, ne sBasioleHcs
LEEHTPOM NOBOPOTOB. B cavov nene ToyeyHwe CHCTCMB, COCTOALIME M3 L{EHTPOB
NOBOPOTOB, B Cayuae 6o/iee CHONHBIX TPynn CBOAATCA K TOYEYHHIM CHCTe-
MaM OCIiero pacnojoweHusi, €caH MONOXHTb B OCHOBY Cosee MNpOCTHE
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rpynue., Hanpotue, cicTeMm cTpenok B c/llyuae LEHTPOB NOBOPOTOB 00pasyioT
¢urypLl HOBOTO BMJA.

BmecTe ¢ Tem MBI HAIWIK PRIUeHHe 3aHa4H, POJCTBEHHOH ¢ paccMOTPzHHOM
BLILEe, MMEHHO: CKOJILKMMM Das/JMYHBIMH CHOCOBAMM MOXHO NOCFPOMTH MO-
CKOCTb M3 KOHFPYSHTHBIX KOHewHblX ofnacrel takHM 06p230M, 4ToOn BCe
HNOCTPOEHHe MOMHO ObUIO COBM2CTHTH €aMO ¢ co6oil, mpuyem Xaxnablil 3se-
MEHT MOWHO TNpPMB2CTH K COBuagenvio ¢ mobeiM apyruM. [pynna rakux
coBMmerllenuiit o/mkHa OHTbD HUCKPETHOW M MMEHHO kpHCTannorpaduy ckof,
TaK KaK YHC/IO 3PEHLCB BHYTPH HEKOTOPOrO Kpyra BO3pacTaeT fo 6GecKOHey-
HOCTH TpOfOPUHOHANbHO KBanpaTty panuyca. Ilostomy Moryr 6bITh TOJNBKO
IBe BO3MOXHOCTH: /60 HM OAFO H3 OTJIHYHBIX OT TOXAECTBA COBMeEILEHUH
H2 OCTapifeT HSH3MCHHBIM HHM OJHOTO 3BE€HA, — M TOTJAAa 3TO 3B HO JIOMMKHO
npencTaenath ¢QyHAaMeHTanbHylo obnacts, AMGO MMEIOTCA TakHe 3BeHbd, KO-

[/

N

~
A

Yepr. 89. Yepr. 90.

TOpLIE TP COBMELUSHHM MepeBofATcd CaMu B Cebsl, —H TOrJ1a COBOKYIHOCTB
coemenieni#t mono6HOrO popma o6pasyer AHCKPETHYIO HOArpyniy, KoTopas,
OYEBHNIHO, HE CONEPIKHT NEPeHOCOB M COCTOMT, CJeAvl aTENbHO, U3 MOBOPOTIOB
BoKpyr onpeneiennott tousu (I,2,a). B 3toM ciyuae OcHO HOe 3BCHO
ofnamaer WEHTPANBHOH cuMMErpHEH M JO/MKHO COCPaBAATBhCA W3 (hyHIAMEH-
TanbHbIX oOnacred. TlpuMcp Takoro cnyyad NMpeACTaBM.IOT NOCTPOEHHA TIIO-
CKOCTH M3 NPaBUNLHHX KOHIPYSHTHLX WIECTHYTOJLHHKOB MM kBanpatos,
KOTOPHIe 4acTO NPHMEHNIOTCH NpH yCcTpolicTB: NapxeTos.

Hpyryio 1 Gollee TPYAHYIO 3ajauy npencrapiser o6ad 3apaya O HipKeTe:
TpebyeTcd MOCTPOUTH MAOCKOCTb M3 KOHEUHBIX KOHTPY3HTHHIX 3JIEMEHTOB, HO
ApH 5TOM He TpebyeTcs, 4TOOBI MOCTPOCHJAE MOMYIKANO COBM LIEHWS.

13. Kpucrannorpaduueckde Kjiacchl H rpynnbl OpoCTPAHCTBEHHBIX JIBHKEHUM.
Fpynnsl H ToueuHble CHCTeMbl € SepKajJbHO4 cHMMerpueil. B npocrpancrbe
HMEeTCH TaKKe JIMLL KOHSYHOE YHCAO KPHCTaIorpaduueckux rpyrnn LBuXe-
HuH. OJHAKO 5TO uMCNO 3HayHTENBbHO OGOJblue, YeM Ha [MIOTKOCTH. lng
TOro 4tobH CymeTb ONpenesnTb STH IPYNNH, HEOOXOMIMO TaK e, Kak
M B Chyyae TIUVIOCKOCTH, Tpekne LCero 0XapakTepu3oBa'b TIeOMETPHYeCkH
OTReNbHBIE JBIXEHH. B npocTpancTBe TaKXe MOXKIIO 3aMe.'MTh MPOHM3BOJb-
HOE JBHXEHHME OIpeNic/IeHHBIME HBIDKeHMAMH Oosnee npocroro Tthma. Ecmu
cuauana pacCMOTPeTh [BHACHHA, OCTaB/fAOIHE HEMOABHMHON HeKOTOpYIo
TOYKY, TO MOXHO J[0Ka3aTh, YTO B 3TOM CJyyae AOMKHB OCTAThCH HEMNo=



80 TIPABWIILHBIE TOYEMHBIE CHCTEMM

IBIMNHBIMH BCE TO 'KH HEKOTOPOH NpAMOH, mpoxondie.! 42pes Naruylo TO4xy,
M YTO JIBMIKEHHE MOXeT ObITh 3aMEHeHO MOBODOTOM Ha ONpe/IeieHHBIl yros
BOKpPYF 3TOH mnpamo#t, kak rOKpyr ocH. IIpocTpaHCTBeHHBIMH NBHXKEHNAMH,
HE OCTaB/SIOLUMH HENOARMKHON HHM OXHON TOUKHM, NBAAIOTCHA, HAUDHMep,
napajineibHble nepeHoCchl.

MOXHO 10Ka3aTh, 4r0 BCAKOE MPOM3BOJBHOE JBHXKeHHE NPOCTPAICTBA MOMXeT
6LITh COCTaBNIEHO M3 OINPEAENEHHOro MOBOPOTA M OMNPENeNeHHOro mepedoca
B HAaMpaBJeHHH IOBOPOTHOH OCH, MOXHO TAKXE pacCMAaTPUBATh Camblii NOBOPOT
M NepeHOC KaK COCTABJC:HHbIE TAKHM e 00pasoM JBHXKEHHS, €CNH TPHHATE,
4TO MpH 3TOM OfiHa COCTABJAIOILAA 4aCTh JABMKEHHA CBOIMTCA K TOXISCTBEH-
HOMy mnpeoGpazoBiHmio. Ecmn B camov  ofmem ciayuae [PHHATH, YTO
HOROPOT M IEPEHOC TNPOHCXOMAT ONfIHOI PEMEHHO H € NOCTOAHHOH  CKO-
pOCTBIO, TO MBI  MOJYYMM BHMHTOOODa3HOE  [IBiXKEHHE [POCTPIHCTBA.
HauGosee ofinee ABHKEIHE INPOCTPAHCTBA XapaKTepPi3y Tcsd IO3TOMY Kak
BHHTOBOE NB/MKEHHE, MpHUeM IePCHOC H NOBOPOT MOXHO NpeAcTaBAsTh cebe
KaK npenesbHble CAy4yaH BHHTOBOrO ABHXEHMA. Kpomez TOro BO MHOTMX ciy-
4asgx LeNecoo5pasHO pacCMaTPHBATL MEPEHOCH, TAK We KAK M Ha [JIOCKOCTH,
KaKk NOBOPOTH HA HCYe3alome Majlbll yros BOKDYr O6ecKOHeuHo ynaneH-
HOH ocH.

Ilpy cnomenud NBYX BHHTOBBIX ABHKEHWH B NPOCTPAHCTBE HE CYILECTBYeT
TAaKOT0 NPOCTOr0 OJLIEr0 3aKOHA, KaKOH B c/yyae IJIOCKOCTH TNIPEACTABJAET
TEOPEMA O CAOKEHHHM YIJIOB TIPW CJOXKEHHH 10BOPOTOB. OnHako uMeloTcs
JBe CreuHanblible TEOpPEMHl, BrOJHE AOCTATOYHBEIE Ja lened npoCTpancTBeH-
HOM xpHcTassorpaduu. lepraa Teopema COCTOMT B TOM, YTO CJOXKEHHe NBYX
NepeHOCOB BCerfa fAaeT OMNAThH NEPEeHOC, a BTOpas —B TOM, YTO BHHTOBBIE
JIBMM(EHHA BOKPYI MapajuiesibHHX oCedl M € paeHdbIMH  yINIaMH TIOBOPOTA
OT/MYAIOTCA JPYr OT Apyra TOABKO Ha MNepeHoC.

CornacHo NepBOMY 3aKOHy MEPEHOCH, COAEP KALIHecd B IPyMNie MpOCTPaH~
CTPeHHBIX [BMeHHH, Bcerna obpasylor noprpynmy. Tak xe K4k M Ha IJoC-
KOCTH, CTPYKTypa 3TOH MOArpynnu fIBASETC KPUTEPHEM TOro, Oyner Ju
JUMCKPETHAs rpynna npocTpad TreHHBIX MBHKEHHI KpucTannorpaguueckofl, T. e.
MPUEOJIMT JIN OHA K HEKOTODOH HNPOCTPAHCTBCHHONR TOYEYHOH CHUCTEME HMJIM HET.
MmenHo, ecay BCe NepeHOCH TPYINbl NapayiJIbHL HEKOTOPO HEeNoABMXHOHN
MJIOCKOCTH, TO TPyNa BCerna uMmeer 6eCKOHeyuylo ¢ynnaMentanpbiyio o6nacThb
W HE MOXET NPUBOAHTL HH K KaKOH ToucuHOH cucreme. Ecnm ke, HanpoTws,
rpyina coAepuHT TP [epPeHoca, HanpasIeHHs KOTOPBIX He MNapaie/bHbl
OMHOM M TOU e MJIIOCKOCTH, TO 3Ta IDYNNa fABSIETC KPHCTAMIOrpaduuecKoi
rpynnoil. B 2TOM ciyuae TOYKH, SKRMBAJICHTHbIE HEKOTOPOH TOuke P OTHO-
CHTEJBHO MOArPYNNH MEePeHOCOB, Bcerna 06pasyloT NpoCTPAHCTBEHHYIO TOYEY-
Hyt0 pometky. Ecim xpoMe Toro rpynna COREDXKMT €lie H BHHTOBOE JIBHIKe-
Hue, Tipesomiliee TOYKY P B HekoTOpylo TOuKY Q, HE MpHHAANEKAILYIO
peuieTKe, TO TOLTPYNNa I[EePeHOCOB OMpeneiseT Takwe W Jd TOUKH Q
pelleTKy, COCTOSHIYI0 TOJBKO M3 TOYeK, SKBHBAEHTHHIX TOYKam Q m P.
BeneicrBue  muckpeTHOSTH  TPYAMBI  BOSMOXHO TOJIBKO  KOHEUHOE YHCJIO
TAKIX peleTOK, ITO OrpaHHyeHHe [O3BOMSIET, TaX K€ KaKk M Ha
naocko2TH, 0603peTh BCE BO3MOXHHIE Ciyuad. Bmecre ¢ tev okaswiBaetcH,
YTO Z1Pai WIbIHE TOYeukble CHCTEMbl B NPOCTPAHCTBE MOryT OBITH COCTaE-
JIGHEl 3 KOHEWHOTO 4YWC/a KOHrPYSHTHHIX, MN4pajnie/ibHO BABMHYTBIX OnHA
B JpYIy10, ilpOCTPAHCTBEHHHX TO4euHbX peweToK. Ilpumep sTOro MH yxe
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HMENM B CHCTEMe, COCTOsLlefi K3 IEHTPOB LI2POB TPH TETPA3NPanbHOM
PacnosioReHUH,

Bropas u3 ynoMsHYTHX TEOpEM — OTHOCHTENLHO BHUHTOBHX JBIXKEHHH
€ TapaaseNlHHMH OCSMH — NPHBOAMT K OYEHb EAXHOMY TeOMETpHUECKOMY
METOAY, TO3BO/AIUEMY OXBAaTHThb Pa3iMUHbIE NBHXEHUS IPYNNbl, OTJAWYHbIE
OT TIEPEHOCOB.

Ins atoft nenu E03bMEM MPOW3BONLHYIO TOHKY mpocrpaHctBa M, Ins Bes-
KOTO BHHTOBOFO IBW)XEHHS, CONEPXKAMErocs B rpynne, Mu OyieM NpOBOAMTL
uepe3 TOUKy M JIMHMIO @,, NapajfeNibHy:0 OCH TOBOpOTa @, M TakWM obpa-
BOM BCAKOMY BHMHTOBOMY IBIXXEHHIO S BOKDYT OCH @, COLEPXAaLIeMycCs
B Tpynne, ME INOCTaPUM B COOTBETCTBHE TOBOPOT S, BOKDYT OCH @, C TeM
XE YITIOM TIOBOPOTa. Torga s u S, MOTYT OTJMYaTbcs APYT OT [pyra TOALKO
na neperoc. Ilpu TakOM cnocofe ECAKOMY OT/IMYHOMY OT NEPEHOCA HBHXKE-
HHIO Tpynne G COOTBXTCTBYET INPYroe IBHXXEHHE, TNpH KOTOpoM Touka M
octaercs uenoaBrwHON. Jasm TOro utobH COOTBETCTBUE OBIZIO NOJHHM, HO-
CTaBMM Jajieeé B COOTBETCTBME BceM mnepedotam rpynne ( TOXIECTBEHAOE
npeobpasoBanue. Takum oGpasom rpynne G COOTBETCTBYET CHCTEMA JBMME=
Hu# Gy, ocrapasiomyx TOUKY M HenopsmwHOH. Mbl yTBepknaeM, uto Gy
npencTaBafeT rpynny. B camoM nene, ecnv NOBODOTH S, M fy cuctembt G
COOTBETCTBYIOT BHUTOBMM ABHIKEHHSIM § M £ rpynnbl G, TO MOXHO 3aKJIIOYHTD
M3 3aKOHAa O BHMHTOBHIX LBHMEHHSX BOKPYT Napae/bHEX OCe#t, uTO Syf,
NPeAcTaBAseT KaK pa3 TOT HOBOPOT M3 cHcTeMbl Gy, KOTOPBIA JOMKH
COOTBETCTBOBATL BHHTOBOMY IBiXeHW1o sf. Takum o6pasom cuctema G, nefi-
CTBHTEJIBHO YHOBNETBOpSeT OOOMM MOCTYJaTaM Trpymmbl, a8 WMEHHO, €CJH
BpAlUEHUS S, M £, NpUHAA/eKaT 3TOH CHUCTeMe, TO TOINAa M BPALUEHHE Syly,
TAK K€ KaK M BpalleHHe S,”!, MPHHAIJNENHT K 3TOH Ke eucTeme.

Crpykrypa rp unbl G, OTHIOOb He ONHO3HawHO onpeneiser rpyrny Gj
HMEHHO, U8 CTPYKTyph rpynnsl G, HMYETO HEJb3s 3aKAIOUHTh OTHOCHT.JILHO
NepeHoCcoB, comepxawpxcs B rpynre (G; Tak, Hanpumep, BceM rpynnam G,
COCTOfILUMM TONMBKO M3 TEPEHOCOB, COOTBETCTBYET ONHA M Ta e rpynna Gy,
COCTOSIILIA7 TOMBKO M3 OXHOTO TOMXAECTBEHHOro npeodpasosanus. I'pynna G,
TakuM O6p&30M COOTEETCTBYET ECeM IpyNnaM, OTAMYAlOUMMCH Apyr OT ApYyra
TOMBKO COZEPKAUIMMUCH B HUX mepeHocamH. COBOKYITHOCTL BCEX NMPOCTPaH-
CTBEHHHX TFPyNN JBHXKEHHH, NPHBOAAUINX K ONHOM M TOH ke rpynne G,
Ha3bIBAETCHA KAACCOM NPOCMPAHCmMEEHRRUX epynn Osuscchuii. Ecmi Kk Takomy
KAACcCY NPHHANIEXUT KpUCTAnorpaguueckas rpynna, TO STOT KJAacC Ha3bi-
BAaeTCH KPUCMAAN0ZPAPULeCKUM KAACCOM. ITO TNOHATHE HMeeT OCosviuoe
3HayeHMZ He TOJBKO M TNPAKTHYECKOHR KpHCTa/IOrpadMH, HO TaKke H JIA
reoMeTPHYECKOI'0 ONpeAeNeHns NpOCTPaHCTBEHHHMX rpynn. Hmemno, ropasgo
Jerde CHaya/la YCTAaHOBUTb BCE BO3MOXHBIE KPHCTaANOrpadHyecKne Knacchl
H TOMbKO IOTOM MKCCTeNOBaTh JUIA Ka}mJOro Kiacca, Kakue rpynns MOryT
MPUHALJIEKATE K HEMY.

Tak kak Bce nBHxeHusi rpynns G, OCTaBNSIOT TOUKY M HeNOABHIKHOM,
TO OHM NEPEeBOMOAT Takxe MNOBEPXHOCTL Liapa C LEHTPOM B TOYke M B camoe
cebsl, ¥ NOSTOMY MOXKHO paccMaTpuBath rpynnsl G, Kak IPyNnsl ABHXEHHH
NOBEPXHOCTH MWapa. Mwl npuxomuM k GosabLIOMY ynpoluleHHio OGaarofaps
TOMYy, 4TO B TeX cayyasx, xorma rpynna G nuckperHa, rpynna G, no/nkHa
6mTb Takke auckpetHol. Tak kak AuCKpeTHOCTh rpyany G O3HauaeT HENTO
COBceM JIpyroe, yeM AHCKpeTHOCTH rpynmbl (,, TO 5Ta TeOpeMa OTHIOHb He

6 TuaeGept n Kou-Poccen
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qpjsieTca cama cobo# oyesuanoil. O1HAKO ee MIWKHO Jerko J0OKa3aThL nig
KPACTaLIOrpaduecKnx rpynmn, €cid pacCMOTPCTb COOTBETCTBYIOLUME PELUETKH
nepesocoB. Mul He GydeM npABOAMTL 3i€Ch STOTrO IOKA3aTeJbCTBA.

Tencpb, AA7 TOrO YTOGHI HAaWTH BCE KPUCTaAnorpaduueckde KAacCH Mpo-
CTpaHCTBeHHle rpymnmn HBHX{QHHH, HaM HYXHO TOJbKO HCC/IEA0BaTh AHCKpeT-
HHE [pYnnH JBIKeHH! nopepxpoctu wapa Ho Tyr bl npuxomuM eute
KO BTOpOMy ympouiennio. TOYHO Tak e, KaK M Ha MJOCKOCTH, MOXHO H IUIa
NPOCTPAHCTBA NPUTTH K 3aKMOYEHHIO, YTO B KpuCTainorpaduyeckoll rpymme
NBIKEHHI HE MOFYT CyUIeCTBOBaTb HHBIE Yr/bl NOBOPOTAa, KPOME YIJIOB,
1 1

5% 3T Takum 06pa3omM, NMOgOGHO TOMY Kak HA MNJIOCKO-

CTH TIpyNIbl COLEPKAT TOMbKO NBYX~, TPEX-, HETHIPEX- M LWIECTHKPATHHE LEHTPbI
NOBOPOTOB, H MPOCTPAHCT-
BEHHble KpHCTaAnorpaduue-
CKHE TPpYRObl  JABHXEHHH
(npu aHANOrMYHOM C/IOBO-
) ) ) ynoroe6GaeHnH) MOTYT co-
NepKare  TOJBKO  ABYX-,
J TPEX-, 4YeTHipeX- M HIECTH-
kpatHee ocu. Ho 1O ke
CaMoOe JIO/KHO HMETh MecTO
3 u s rpynn G, xpucran-
G 4 A Jorpaduyeckux  KJaccoB.
Yepr. 9L ITocne sroro orpannyexus
OCTAOTCS  TONLKO OJIMHHA-
ILlaTh KJACCOB KPHCTA/UIOB; MK MX ceHyac mepeyHcinmM.

Ipexxne Bcero BO3bMeM CJAy4YaH, KOFNA CYLIECTBY.T TONbKO OJIHA €IHH-
cTBeHHasl n-KpaTtHas och B rpyune G,. Takue kaacchl 0603HaYa0TCA B KPH-

crannorpagun uepes C,. Mu nmeem 31ech nsthb KaaccoB (uepT. 91):

1. C, (roxpmecrBo, K1acc rpynn nepeHoCcoB)
3 C
4. Cy
5. Cg

Teneps nOMycTHM, 4TO CYU{ACTBYCT HECKOABKO OCel, cpeld KOTOPHX He Goaee
OJHOfl KPaTHOCTH BbILIE 2. DTa NOCAe HHHAS, UCKAIOYHTEALHAS, i KPaTHAS OCb HA3HI-
BAeTCH [JIABHOM OCBIO, a JBYKpaTiible ocM — NO6OUHEIMK ocsiMu. B atom cryuae
H3 TOCTY/4TOB O TPYMNNE MOXHO JIETKO 3aK/MI0UNTh, HTO AOMKHO ObITb B TOYHO-
CTH 1 NoGOYHHLIX OC2H M YTO BCe OHM NODKHH GbITh PacrOJIOXEHb! MepreHmH-
Ky/SiDHO K TI/1aBHO# ocu M 06pa3oBblBaTb APYr C APYrOM ONMHAKOBBIE YIJIbl.
OTHoCsuMecs clOga TPyNmsl M kJacckl 0603uayaoTcss cumsosoM D, (amsmnp).
Takux wnacco umeercs werhipe (uepr. 92):

2
KpAaTHHIX T, =T,

O
N

6. Dy (Tpu paBHO3HAYHBIX OCH)

- 3

8. Dy

9- De

MoxHOo serko y6enuThbes, HTO ANg 1 ==3 no6oyYHHE OCH BCE SKBUBANEHTHHI,
B TO BPEMA KaK BO BCEX OCTaJbHBIX CAyyasx 3TH OCH Pa3fuBaoTCi Ha ABa
Knacca TaK, YTO MONEPEMEHHO NPHHANJIEKAT K Pa3HbIM KJ1acCaM.



KPHCTANJIOTPAGUUYECKUE XJACCH M TPYIIMNB NPOCTPAHCTBEHHLIX JIBHYKEHUH 83

OcraeTtcs ewe BO3MOMMHOCTL CyLICCT! OBaHHA HECKOJIBKHX Ocelt 6ones BHCO-
KOIl KpaTHOCTHM, 4eM msykparHele. Bonee nompoGHOe paccMOTpeHME TaKix
CllyyaeB TIOKa3blBA€T, HTO I3KBUBANEHTHHE TOYKM HA Hidpe IOJKHBL pacro-
naratecs au60 B BepuiyHax npaBwiIbHoro Tterpasapa (7), m6Go mnpaBHILHOTO
okra.gpa (O). CsollcTBa CHMMMeTpHM STHX MHOTOIDEHHMKOB NO3BOJAIOT He-
NOCPEACTBEHHO BBIBECTH paclipeliefieHne Ocell; BCe OCH NOMY4alOTcd, CCAH
COENMHMTL C LIEHTPOM 1uapa BCE BEPIUIMHBI, BCE LEHTPHI IDaHell M Bce cepe-
aueb pefep mMHororpaHuukoB. Taxum o6pasoM Terpasap o6pasyeT KJjacc:

10. T (uepr. 93). .

Ecnu COGNMHRTL WMEHTP Iapa C ODHOR M3 BEPUIMH TETPasapa, TO  pHaMast
3Ta NpOHIET 1aKKe Yepes UEHTP MpOTHBONexailel rpanu, Tak Kak 9ta rpaub
NPEACTABJAET PAaBHOCTOPOHHUA TP2yrOAbHHK, @ C JAPYrol CTOPOHBI, B Kawaoh

%
N
4’\
N
N
%

Z 4 4

B

Yepr. 92. Yepr. 93.

FEpUINHE CXOLATCS TPH FPaHH, TO Mbl NOJYYAEM Yembipe MpPexXKpamubx ocil.
Ecim, nanee, COENMHMTL WIECTh CepeAuH pebep T:TPasjpa € LEHTPOM wapa,
TO Mbl MONYYHM He WIECTb, & TOJABKO TPU MPAMBIX, TAK KaK cepemnHul pebep
[ONapHO JHAMETPanbHO TNPOTHBOMOAOXKHBEL. ITH OCH MOTYr OblThb TOJNBKO
IOEYKPATHBIMH, €C/IM TETPa3sp LOIKEeH nepexonuts cam B cebs. Takuu o6pa-
3oM k7aacc T CONEDKHT mpu OByKpamHyx OCu, KOTOpble KPOME TOrO MO-
HapHO MepPNeHAUKYASPHL APYT Ipyry.

Ins toro urobbl nonyuuth (yHnameHTadbHyl0 O6GacTh Ha LIAPE, MOMKHD
UCXO/INTB 13 CePHYECKOr O TPEYTroAbLHHKA, COOTEETCTBYIOLLETO MPAHy TETpPasapa.
OnHAaKO TakOl TPEYrOJILHHK OTHIONb HE MpEACTaB/seT ewie DyHAaMEHTAaALHOM
ofJacTH, TaK Kak NpW BPAallEHWH BOKPYT TPEXKDAaTHOR OCH OH MEPEXONHT
cam B ce6s, Ho 3TOT TpeyroibHHK, OYEBHIHO, MOXHO MOCTPOHTHL M3 TPEX
¢dynnamenTanbabix obnactedl (uepr. 93).

HccnepoBaHue mociefHero Knacca:

11. O (uept. 94).
npou3BoaMTs avanorkuno. lllecTh BepuIMH OKTasnpa pacnioIOMEHBI NONAPHO
M)OTHPOMOIOKHO HOPYr K JAPYrY M B KaXIOR BepiiHHE CXORATCA 4EeTHIDE
rpann. Taxkum 0o6pa3oM Mbl MUAYYAaEM mpu Hemuipexkpamubix ocu. TOYHO
TaK Ke BOCEMb [IpaHeii OKTas'1pa PaclOJIOKeHbl MONAPHO MPOTHBOTIONONKHO.
Ta xak OHH ECerfla NPeNCcTaRjsIoT PAaBHOCTOPOHHME TPEYTOJBHMKH, TO OHH
IAI0T yembipe mpexkpamubx ocu. HakOHel, Tak KaK OKTa3Ap HMEeT JIPEHa-
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puath pebep, npuueM peGpa NOnapHO NMPOTHBOMOAOXHE, TO kAacc O colepmut
mecms O08yKpamubix oceli. B xauecTBe QynnaMenTanbHO# 06/acTH Mbl MOXeEN
HMCMOJ/IL308ATE TPETH Cd)epH‘IECKOTO TpEYroJibHHKa, COOTBETCTBYHOLIErO rpaHy
okrasapa (uepr. 94).

OIuHHANLATh KI4CCOR, YCTAHOBJEHHBIX HAMM, MDHBOAST BCero K 65 mpo-
CTPaHCTBEHHBIM KpHCTaanorpadvueckuM rpynnaM msuxenuit. Takum oGpasom
pasfiefleHHe Ha KIacCH 4Y)pe3BmuaHHO Oo6neruaeT 0603peHHE Takoro GONBLWIOTO
koauyecTBa rpynn. IlousTHe Kaacca MOXKHO BRECTH TOMHO TakKuM xe oGpasom
M Ha mrockocTH., Torna M Nnony4YMM JHCKpeTHHE Ipynnu NBWXKEeHH#A OKpYyX-
HOCTH, npudeM sTO 6ynyT: mpocroe TOX-

ReCTBO M TOBOPOTH Ha YI/bl, Kpat-
2 S

HHE T, 3~, 5, 3 - Takum oGpazom MH
MMeeM TO/NbKO MATL KJacCOB, & B KAXAOM
Kaacce TONBKO OAHY KpuITaanorpaduye-
CKYyI0 Tpynny IBHXeHHH; MO3TOMy nelenue
Ha KJaccel NJIOCKMX Kpucraasorpabuue-
CKMX TPy NOBMKCHUH HE JAeT HHUKAKHX
NpeuMyueTB.

Tak e kak Ha NNOCKOCTH, KPUCTan-
Jorpajpuueckue TpynfH ABHXEHHWH H B
MPOSTPAHCTBE NPUBOAAT K TOYEYHBIM CHCTe-
MaM, NPUYEM OHM CBS32HL C 3ajayeit mo-
CTPOEHHSA NMPOCTPAHCTBA H3 KOHIDYSHTHBIX
KOHeYHbIX yYacTe#t Tak, 4YTO6M NOCTpOE-
HHE OCYLIe TBAA/I0Ch COBMELICHUAMH, NPH
KOTOPHX BCAKas 4acCTb nepeBOnd#sach OH B
mo6yto Apyrylo. ITa3afaya ewle He peleHa.

Yept. 94. B uHTepecax XuMHM KPHCTaNIOB Liese-

coo6pa3u0 Hapsily C CHCTEMaMH TOHEK

PaccMOTP Th CHCTEMBI CTP2M)K. B npoctpancrse, onHako, Henb3s OGOHTHCE

OnHO# eNMHCTBEHHOH CrpesIKOH, Tak Kak 342°b BO3MOXHO H BpAaLIeHHE BO-

KPyr HanpaB/ieHus CTPSiKH. 30€'h MH MOJAYYMM HCYECPIHIBAIOLIYIO OpPHEHTH-

pOsKYy TOJABKO B TOM CJiyyae, €C/AM NpUIULIEM KaXAOH TOYKE ABE CTPENKU
pa3nuyHOM IVIMEB W HANpaBJeHus.

Ecnv renepb MH CpaB''MM HaiiieMHBbIE 3MMHPHYECKHM NYTEM CTPYKTYEHI
KpHCTaNIOB C reOMeTPMYEcKH OrfpeNieleHHbIM HaGoOpOM BCeX CHCTEM CTpesoK,
TO NpUAeM K NOPasHTeNbHOMY Ppe3yAbTaTy: NPHPOAA He TOMLKO HCIlONB30BaIa
BECb STOT TEOMETPHYECKMI HaJOP MOJHOCTEIO, HO KpPOME TOTO CYINECTBYET
elle MHOTO CTPYKTyP KPHCTa//IOB, KOTOpble He ObliM OXBayeHH HALIHM IOHSA-
THEM [IPAaBHU/BHHX TOYEYHKIX CHCTEM, XOTH M TaM BCE 37IEMEHTH DaBHOIpPABHH.
Fivewno, Halle TpeTbe ONpenensiollee CROACTBO TOHEYHOH CHCTEMH COCTOAJI0
B TOM, YTO BCE€ TOYKH HOMKHB OHrb DAaBHOMPABHH, NPHYEM DABHONPABHOCTD
XapakTepH3oBaslack TEM, YTO BCAKAas TOYKA CHUCTEMH JOMKHA IMEPEBOAHTECH
BO BCAKYIO JPYTYI0 TOYKY NpH coémeweruu. Ecau B kayeCTBe npeobpa3osanui
COBMEUIEHHS CHCTEMH! AONYCTHTL TaKXKe 3EPKQAbHHE OMPANHCEHUS, TO MOKHO
npuTTH K Gosiee O5iieMy NMOHATHIO TOYEYHON CHCTEMH; MPH STOM ClNeAyeT OOo-
NyCTHTH 3€PKa/IbHBIE OTPAaXKEHHA TMJIOCKOCTH MO OTHOWIPHHIO K Jexauel
B 3TOM MJIOCKOCTH NPAMOM M 3epKaZbHbie OIPAaXEHHR HPOCTPaHCTBA B OAHON
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M8 mAockocTefl mpocrpacrsa. Dtu 6onee ofiero BHAa nPeoGpasOBAHME
TOYHO T8K X€ OCTABASIOT HEH3MEHHBIMH HaMHH W yram. Takne mpeoGpaso-
BalHsl MPUBOAAT TOALKO K B3aHMHOH 3aMeéHe npaBOR W JieBO# CTOPOH, MpHYyeM
3€DKaNLHEE OTPAXKEHHSl TMPOCTPZHCTBA He MOTryT GHTL TONYYEHB! H3 OCHOBHOIO
PACTIONOKEHHA MYTeM HEMPEPHBHOro aBixenus. Ecnn nop nmeseM npeoGpa-
POBAHMA COBMEllleHHs OCTLeNMHWTL BCe NpeoGpPAa3OBAHMS MPOCTPAHCTBA, OCTa-
EARIOUIHE HEHBMEHHBIMH JJIHHBL M YIVIbl, TO AHCKPeTHHE rpYNNH npeoGpa-
308aHHfl cosMelieHHM O6pa3yioT CCBOKYNHOCTb, KOTOpas OXBaTWBAaer BCe
BYCKDeTHHE Tpynubl ABMKEHAH, HO KPOMe TOrO CONEPIKHT M IPYrue MHOrO-
YHCAEHHEE Ipymmbi. DTH 6on2e OCIWEr0 BMpa TPYNNbl Takke Obimd Onpe-
neneHb! nonxoctsio. O603penne STux rpynn 06/eryaercs TeM, YTO LBHKEHHS,
COfePKALIMECH B KawA0d M3 HKX, o6pa3yloT NOArpynny, T. €. rpyany, TH
KOTOpOH MOMeT ObiTh OMNpeJe/eH, HCXOnsfi H3 HAlIHX NPeWHHUX PacCMOTPeHHHA,
Jlesienre Ha KJaccH W rPYNNB K8K HA MNOCKOCTH, TAK M B NPOCTPAHCTBE MOXHO
NePEeHeCTH Ha COBMellleHMsA, COMEpHALUHE 3e KasbHble OTpaxenHs. [10g06HO
BHHTOBbIM HBHXEHMAM BOKDYT NapauleNbHHX OceHl Ha ONMHAKOBLIE YIibl, 3ep-
KaJ/lbHhle OTPaXeHHs B NapanejbHHX MJOCKOCTAX WM MPSIMHX OTAMYAI0TCH
ADYT OT Apyra sauus Ha nepeHocH. [IpuBonumas TabGauua nossonsger 060-
8peTb COBOKYNHOCTb KNAcCCOB H Tpynmn, NMONyYa2MHIX TakHM 0O5pa3soM.

Iac exocth Ipoerpawc:BO
Kpacraan | Kpucreat. | Kpuerana, | K¥uciana,
rJynns KJacchl rpynns Ka8c ol
JBUKEHHA . ¢ o o o o o o o 0 o o s & 5 5 65 11
IpeobpasoBaHus, NOAyualOWHECS nyTeM
3€PKaIbHOIO OTPAWEHHA . . . - . . 12 5 165 21
Becero ., ... 17 10 | 2 | 3

Tonsko no6aBneHHe 3ePKANbHbIX OTPAXKEHUH NEHCTBHTENLHO NAa€T BCE MHOIO-
ob6pa3ue BCTpeHaOIHXCH B NPHPONE CTPYKTYP KPHCTaJOB.

Ecnu Teneph mnepediTH K CUCTEME CTPETOK, TO Ha MJOCKOCTH U B NpOCTP2H-
crBe HeoGXoauMo AOOaBMTL elle OAHY CTPesKy; B CaMOM [eJe, CTpeJjka Ha
N/OCKOETH OCT4B/AeT elle BO3MOKHOCTE 3epKaJbHOrO OTPAaXKEHHs MNPAMOH,
comepxallelt CTPeNKy, M TOYHO TaK XKe NPOCTPAHCTBEHwas (urypa u3 H8yX
CTPEJIOK Pa3NHYHOR [M/IMHH OCTAB/sET elle BO3MOXHOCTL 3€PKAajbHOrO OTpa-
XeHHs B NJOCKOCTH c¢Tpeiok. ITostoMy B nmpocTpaHcTBe ClenyeT MOJ<HUTb
B OCHOBY TPH CTDEJKHM Da3/HYHOM IUIHHBI, BbIXONALIME H3 ONHOM TOUKH
H He Jexaule B ORHOH M TOR e IJIOCKOCTH.

IuckperHee rpynnu npeo6pa3oBaHuil COBMELUEHHH MOXHO ONpIaelHTh He
TOALKO TEOMCTPHYECKH, HO Takke ¥ apudmerruecKku-anreOpauyecKuM MNyTeEM.
B cayuae mnnocKocTH MH TIpuieM TOrAa K 3aMeyaTe/lbHEIM COOTHOLUEHHAM
MEX1y KOMIVIEKCHBHMH YHCIaMK; B MPOCTDAHCTBE MpUAETCs NOJOXKHTL B OCHOBY
TUNEPKOMIVIEKCHEIE YMC/IOBHIE CHCTEMLI.

Pusio 66 OvYeHL WMHTEPECHO DACNpPOCTPaHHTL STH PaCCyXIEHHS HA MHOrO-
sfepHEe TPOCTpaHCTRa. [lA9 NHUCKPeTHBIX TIPYNN COBMEUIeHWH MHOrOMepHBIX
JIAPOB NOJYUYEHH! ONMPEAENCHHNE PE3YABLTATH, TAK KaK MNf NPABUABHHX MHOTO-
llDaHH!!ROB HBBECTHMW 8HA/IOTM B NDPOCTPAHCTBAX NMPOYUIBOJBLHOIO HHC/d HaMe-
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peHHit. ITHMH MHOrOMepHHIMA oOGpa3aMH Mbl elle 3alimeMcs B cJuenyiouiei
rnase. Janee, Bubep6ax noxasan, uToO AR BCAKOrO 7 CYLIEZTBYET TOJLKO
KOMEYHOE HMC/O IHMCKPRTHBIX KPHCTANNOrpaduyeckKux A-MepHbIX TPyml U 4TO
BCAKAR Takasl rPynna COAEPXKHT H-AHHEHHO H238BHCHMEIX MEPEHOCOB.

14. NpaBuabHble MHOrorpanHukd, Onpeznenelue KpnCTaJmorpa(buqecknx
KJ4CCOB MpPHBENO HAC K TPaBWIbHBIM TeTpasapy H OKTasnpy. Teneps Mbl
nanum obuiee OnpeneneHHe NPaBUNLHBIX MHOrOrPaHHHKOB W’ BHISICHHM, KaKne
BO3MOKHH TPaBHJEHBIE MHOFOTPAHHHKH, KPOME TeTpasfpa W OKTa3Apa.

Mut npenpsBiseM crnejyloiiie TPeGOBAaHHA K MPaBHIILHOMY MHOIOTPAHHHKY:
BCE €r0 B2PIUIMHBL, BCE €ro pebpa M B ero rpaHM NOMKHB ObITL PaBHO-
npaBHe. Kpome TOro mul Tpeyem, uToOBl BCE rpaHH NPENCTaBIs/]d NPaBHIb-
Hble MHOTOYTOJILHHKH.

IMonoGHplll MHOTOrpaHHHK TpPKAE BCErO HE NOMKSH HMETh BXOAAUIHX
yrioB H pebep. B camom neme, Tak kak Bce yriel M Bt€ pefpa He MOTyrT
6LiTh  BXONSIUNMMH, TO CYIECTBOBAHHE BXONSLIMX YI/OB WA pelep MpHBO-
au10 Obl K H2PaBHONPABHOCTH BepiuHH M pebGep. OTclona Cle/iyeT, YTo cymMa
YTJ0B MHOTOYFOJbHHKOB, CXONAIUMXCA B BepIIMHE MHOrOrPaHHHMKA, NOJIKHA
CbITh MOHBHIE 2T, TaK Kak B NPOTHBHOM CJyyas BI€ MHOrOyroJbHUKH pacno-
JI0WHUAMCh OB B OMHOH TIOCKOCTH MJIM JO/KHDLI 6blIi Ob 06pa30oBaTh BXOASLIHE
pe6pa, ucxozsuMe K3 Takod pepiivHH. llaszee, Tak kak B KawJIOH BepILUHHE
JO/DKHBI CXOAMTBLCH O MeHbIued Mepe TPH MHOrOYTOJLHHKA M TaK Kak ' U3
NpPaBUJILHOCTH MHOTOYTOJALHHKOB CJeJYeT PaBeHCTBO BCEX YIJIOB MHOrOyrosna -

2n
HAKOB, TO BCE STH YIAbl JOMKHH OuTh Mewbute, 4em . Ho B npasuiL-

2n
HOM UIeCTHYrOJbHHKE KawJabl yron paBzH KaK pas H C BO3paCTaHHeM n

3
yroJq NPAaBHABHOTO AM-yroJbHHKA Bo3paciaeT. TakuM 06pa3oM B KauecTse
rpade#l NpasivIbHbIX MHOTOTDAHHHKOB HAaM CJeAy:T pacCMaTpuBath TOJLKO
TPEYrO/NbHUKY, YeTHPEXyTOJbHHKH H TNATHYroibHMKM. Tak Kak Tpacuibibil
YETBIPeXYTONLHUK, T. €. KBaApaT, CONEPMT TOJIbKO NpsMble YIVIbl, TO B Bep-
UIMHE NPABHJLHOIO MHCIOTPDAHHHKA MOTYT CXOAMTbLCA TOJBKO TPH KBanparta,
B NPOTHBHOM Clyyae cyMMa YIJiOB NOCTHrAa OMl 2m; TOYHO TaK K€ B Bep-
IUMHE Mpai MILHOTO MHOTCOTPAHHUKA He MOryT CXOmuThca 6ofee 4YeM TPH
NATUYroAbHUKa. Tenepb Mbl MOXEM MOJHOCTBIO ONpPENEeNUTh BHI [IPAaBUJABLHOIO
MHOrorpanHuka, ecli OyleT H3BECTHO YMCJAO CXONALMXCH B KAXIOH BepIUMH2
rpanefl M YHUCAO BepuIMH MHOrOFpaHAMKa. B COOTPeTCTBHM C STHM MOXHO
3aKJIOYUTb, YTO BO3MOXEH TOJLKO OAMH MHOTOrpaHHHMK, OrpaHuYeHHbH
KBanpaTaMH, W OfMH, OrPaHHYEHHbIH NMPAaBHNLHLIMH MATHYTOAbHUKaMH. OnHaKo
B BEpIUHHE TPABHIIIHOTO MHOTOTPaHHHMKA MOTYT CXONHWTBCH TPH, YETLIP2 HJH
M9Th PaBHOCTOPOHHMX TPEYroO.1bHHKOB, TaK KaK JIM Ub IIECThb TPBYyroJLHHKOB
HAKOT CyMMy yraoB, paBryio 2n. CrepgBatenbHO, pABHOCTOPOHHHZ TPEYroJib-
HUKH MOTYT CJAyXUTb IPaHgMH TPEX pas3iv4HblX MHOTOrPaHHMKOB. Takum
06pasoM ™Mbl TPUXOAMM BCETO K HATH BO3MOXHOCTAM A/ NPaBHJABLHBIX
MHOTOrPaHHHUKOB. Bce,3TH nfiTh BO3MOXHOCTEN JelicTBUTENLHO OCYLUECTBISIOTCH.
Ewe [lnatoH 3Hai1 Bce TsTh NPaBHJALHAX MHOTOTPAHHMKOB M NPHIHCHIBAN
uM GObUIOe 3HayewHe B cBoe4 yuenun 06 unesx. [1o3TOMy OHM Ha3blsaloTca
TaKXXe NNATOHOBHIMH TeJ MH. B npuBoauMOR HuXke Tabmyuue CONOCTABJEHbI
BaXHEHMIH® faHHBIE NJIS BCeX MATH NPaBWJILHBIX MHOIOTDAaHHKWKOB, 4 Ha YepT.
95— 99 nanu u306parkeHnn STHX MHOrOrPaHHHKOB B OPTOTOHA/MILHOM NMPOEKIHH.
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Yncao
En1 MHoro-
tHa3sasHe MHOTOrpaHHHKA yrozbsofl rpauet, cxo-
BepuHut| pebep | rpanefi :a :;::;co"ﬁ
rpau1 BCpIIHHE
Terpasgp (uepr. 95) ., . ... . . .|Tpeyrombnnk| 4 6 4 3
Oxrasgp (4epT 96) o v v o o v o & . » 6 12 8 4
WUnocasnp (vepr. 97) . . . . .. .. » 12 3J 2 5
Ky6 (rexcasap) (sepr. 98) . . . . . .| Ksanpar 8 12 6 3
Hon:kasap (wepr. 99) . « . . . . . . Iaru- 20 39 12 3
YTONBHHK

Yeprt. 95. Yept. 96.

Yepr. 97.

Yepr. 98. Yepr. 99.
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Bce npaBusbHbie MHOTOrDaHHHKHM MAaXORATCA B TAKOM JXé OTHOLIEHWH K
11apy, KaKoe Mbl yKasanu B NMpeasfiylieM naparpade oA TeTPa3Apa H OKTa3npa.
Bce OHH MOryT OblTh BIOHCAHLI B 1NAD H KAKALIA M3 STHX MHOrOrPDaHHHKOB
APHBOIMT K JNKWCKPETHON Ipynme JABHWEHHH Iuapa, TaK YTO BEPHIHKB MHOIO-
rpaHHuKa 00pasyiOT CHCTEMY 3SKBMBAaAGHTHHX TO4YeK. ECAH NpOBecTH uepes
BCE BepLUMHL MHOrOrpaHHHKA KacareqbMbe K 1apy MJIOCKOCTH, TO STH RAOC-
KOCTH JOJDKHBl 06pa30BaTh HOBBIY MHOTICIDAHHHK, KOTODH AOMKEH Mepexo-
IMTE B CAMOTO CeGs npu ABHXKEHURX, COmepkammxca B rpynne. Kasanoch 6w,
YTO H HOBbIH MHOTOrpaHHUK TaKke MPSACTABNRET NPABMAbHBIF MHOTOrpaHHukK
H MpY TAKOM NOSTPOEHHH BCe NATH MHOTOIPaHHHXOB IO/MKHB NONAPHO COOT-
BETCTBOtaTb APYT napyry. Ecnu Ha camMOM gene OCYIIECTBHTL Takoe MOCTpoe-
HHe /1S OKTasnpa, TO NeHCTBHTENHHO NONy4aercd MPaBUASHEIH MHOTOTDaHHMK,
uMenHo ky6. Ha wepr. 100 u3zobpaneHo E3aHMHOE pacnonox-HHe OGOHX
9TUX MHOrorpaHHHkoB. TakuM o06pa3oM MBI MOTMH O ONpeAeUTs Fpynmy

]

Yept. 100. Yepr. 101.

O wapa npu noMowH Kyba Tak e, KaK Mu ONpEneusd 3Ty Ipynny mpH
NMOMOLIM OKTasapa. BaauMHy0 cBs3b OGOMX Tesl MOKHO YCMOTPeTh B Tab/u-
Le: YHCIO BEPLIMH ONHOTO TeAa paBHO uucay rpadelt npyroro; oba Tena
HMEIOT ONMHAaKOBOE UMCAO pedep; B BEPHIMHE OAHOIO TeJNa CXOAHTCH CTONBLKO
rpaHefi, CKOZMbKO BEPUIMH MNP.AXOAWTCH HA rpaub npyroro tena. [loaromy
MOXHO TaKKE ONHMCAaThb OKTa31p POKPYr Kyba (uepr. 101).

Kax nokaswBaer sata TabiuMua, aHalOTHYHbIE COOTHCIIEHHA HMEIOT MecTO
MeXIy JHOAeKasaApoM u ukocasnpoM. [lostomy 06a Tera NMPHBOISAT K ONHOM
W TOH ke rpynne uiapa, KOTOPYIO OSHIYHO Ha3wlBAIOT 1pyHno# wxocasnpa.
Hcxona w3 kpucraanorpaduueskux cooOpawmcHufi, Mbl HE MOIJIH Obl MPHTTH
K 9TOH rpynme, TaX kak B Hell urpaeT poib 4MCA0 5, MEXAY TeM kak
B KpHCTaINIOrpadmueckHX KaaccaX HeT MATKKpaTHhX oceh. Jlag teTpasnpa npu
TAKOM TNOCTPOEHHH MHl HE FOJyYyaeM JPYroro MNpaBWALHOrO TeNna, HO CHOBA
nosyyaeM TeTpaszp.

B cnenyioued rsaBe Mbl MO3HAKOMHMCH € [PHHLMGOM JBOHCTBEHHOCTH
B NPOCTPAHCTBE, KOTOPBIA AacT HaM Gosiee oOGuuli METOX MPHBEJEiHS B COOT-
BETCTBUE TOYEK, MPAMBIX M IMJAOCKOCTER omHO# ¢Gurypel ¢ IJIOCKOCTSMH, Tps=
MBEMH H TOukaMu gapyroRt ¢urypn. [lo sToMy npuHUMNY IBORCTBEHHOITA
Ky6 COOTBETCTBYET OWTasapy, MKOCA94p — NOJEKasnpy, a TeTPasap — caMoMy
cebe. Bonee neramioe paccMOTpeHHe MNOKAa3LBAST, YTO TPyNna Terpasupa
NpoACTABANEr NOArpynny rpynnu okrasapa. [1ozo6HQ 3TCMy MH yxe BUAEHH,
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YTO CpeRr AMCKPETHHIX IDYIN ABWXKEHHA MNAOCKOCTH ONHH TPYmNsl npencra-
BASIOT nOArpynusl Apyrx. Ceask Mexay rpynnamu T i O uMeeT TO HarisgHoe
C/IeACTBHE, YTO B Ky0 MOXHO BNHCATh NPABUNbHEE TeTPaSEp TaK, YTO

Yepr. 102 Yepr. 103.

BepuwiHHE TeTpasipa OynyT SBIATLCH BepiiMHAMH Ky6a, a pebpa TeTpasnpa
GynoyT CnyxuThb AMaroxansmu rpaned xy6a. Takum o6pa3oM MOXHO BrHCaTb
B ky6 nea terpasppa (uepr. 102).

CoOBepilieHHO TakHM e 00pasoM, Kak TeTpasip B Ky6, MOXHO BJIOKHTL
ky0 B nopmexasgp (uepT. 103). JletaibHOe uCC/iENOBAHHE NOKA3WBAET, YTO
MOMKHO BJIOXHTb B KaXIbl AOJEKasnp NATL KyOOB; NpH TOM HA KaxIoOH
rpaHH JIOZEKASAPa JEXHT NO onHoMy pebpy kaxpnoro kyba ¥ B KaxuoH
BepIlUMHE CXOASTCH MO mBa Kyba.



TPETb A I'VIABA
KOH®HUI'YPALIUH

B 3708 raase Mbl nO3HAKOMMMCH € TAKWMM TIEOMCTPHYECKHMM (aKTaMu,
st (OPMYNHPOBKH M JOKA3aTENbCTBA KOTOPHIX HaM He MPHAETCH HH H3MepsaTh
HM CpaBHHMBAaTb HMKaKWX OTPE3KOB uAM yriaoB. Kazanocs 6bi, uro 6e3
M3MEpPEiiNg JUIMH M YIAOB HEJb3f ONPEAeJMTh COOOUIE HHKAKMX CyulecTBEHHBIX
CBOMCTB KanOl-HHOYAbL (HIYPH, a MOXHO TO/NBKO BBICKa3blBAThL HETOUHHIE
nonoxenHn. I, B camom nene, B TeueHHe HNOArOr0 BpeMeHH B TeOMEIPHH
3aHMMAaJIHCL TOJIbKO HCCNENOBAHMEM MeTPHUYECKMX cOOTHouleHWH. Tosnbko Hayuy-
HOE OOOCHOBaHWE NEPCNEKTHRbI B HHBONWCH NPHBEJAO K BOMNPOCAM TaKOro
pona, KOTopeiMit Mbl GyneMm 3aHuMaTbes Hike. MIMEHHO, ecau mpoekTHpoBaTh
n10ockyo ¢Gurypy M3 HEKOTOpPOH TOYKM Ha KaKylo-HHOYIb APYTYIO NJOCKOCTD,
TO HAJHHM W Yriab OyiyT W3MEHATLCA; NPH 3TOM Hapasie/bHble MpAMble
MOTYT fake TPeBpaTUILCA B HenapainenbHble, A Mexay TeM HeKOTOpble
CYLUECTBEHHBIE CBOUCTBA (MIyp HOJIKHBI COXPAHHTLCH, HHA4YE Mbl HE BOCHpPH-
HHMaJu OBl NPOEKLHIO KaK NPaBWILHOE H300paeHue.

Takuv 06pa3oM Meron mnpoekUMH MpzBeJ K HOBOH TeopuM, KoOTOpas
BCEACTBHE T4KOTO TPIHCXO¥AEHHs Obljia Ha3BaHa NMPOEKIMBHOH reoMerpuei.
Hauunas ¢ XIX B., npockTMsHas TIcOMETpHSi 3aHMMaeT LEHTPalbHOE MECTO
B reOMCTPHYECKOM HCC/IENOBaHMH. biaropaps BBEIEHHIO OIHOPOIHbIX KOOPAH-
HaT ynanocb CBECTH TEOPEMbl MNPOEKTHBHOH reoMETpMM K anreGpaHyecKkuM
YPaBHEHHAM, TOYHO TaK e Kak AEKAPTOBbl KOODAMHATHI MO3BOJH/JHM CBECTH
K YPAaBHEHMSIM MeTpuueckue TteopeMbl. ONHAKO aHAJMTHYECKAs HPOEKTHBHAs
reOMETpPHA OT/AMYAETCs OT METPHYECKOH ropasno Gosbuieii cHMMeTpHel 1 obul-
HOCTBIO; IO3TOMy, €clIH XOTAT, HAoOOpOT, MCTOJKOBATL TIEOMETPHUHECKH
6onee ToHkME anrebpanyecKHe COOTHOILEHMS, TO OOGBLIYHO HX mnpeo6GpasyloT
B ouoposLlyo GopMy, Beipamas nepeMeHHbE YepPe3 ONHOPOJHHE KOOPAHHATH,
TAK KaK MeTPHYECKOe BblpaweHHE STHX COOTHOIEHHU B NEKapTOBOH cucreme
KOOp/NMHAT OblO 6b He HarasmibiM. bosee Toro, MOXHO M MeTpHKY paccMaT-
pHBarh KaK CHeLHaZbHYyl0 4YacTb NPOEKTHBHOH reOMETPHH.

dneMeHrapHLIMH 06pa3aMy MPOEKTHBHON reoMeTPHH ABJAIOTCH TOYKH, P IMbIE
M TJIOCKOCTH. DJIEMEHTAPHblEe BHICKA3bIBAHUA NPOEKTHBHOH N€OMETPHH OTHOCATCH
K MPOCTeHIUMM BO3MOXKHBLIM COOTHOLIEHHSIM MEXILYy 3TUMM TpeMs o6pa3amu,
a HMEBHO, K HX EB3aHMHOMY PacHOJIOXENHIo WIH unyudexmuocmu. [lon vHm-
IOEHTHOCTBIO MOHHUMAXT CJAEAYIOLIHE COOTHOIUEHHA: TOYKA JEHT Ha [IPIMOH,
TOYKA JIeWWT HA TJIOCKOCTH, NpsMas JEXHT Ha Miockocth. OueBuaHO, MOTYT
ObITL TPH LBICKA3WBAHWSA, SKBUBAJICHIHbIE 3THM, a HMCHHO: TpAMas MHpOXO-
AMT 4epe3 TOUKY, NJIOCKOCTL NMPOXOAMT Yepe3 TOYKY H [JOCKOCTH NPOXOAMT
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uepes mpsmylo. M Bor, aas TOro 4yro6b NPHAATH CHMMETDHYECKH#H BWA 3THM
IpeM NapaM BHCKAa3biBaHHH, M OblJIO EBCAEHO NOHATHE HHIIMOCHTHOCTH: Mpsi-
Mas HWHUUWAEHTHAa C TOYKOH, MJIOCKOCTh WHUMAEHTHa € TOYKOH, mNJOCKOCTH
HHUHAEGHTHA € NpAMOH.

BbickasbiBaHHsi OTHOCHTENBHO ITHUMAC iTHOCTH SIBASIOTCH BO MHOMMX OTHO-
[UeHUAX Bax.HeHUIHMH B NMPOKTHBHOH reoMerpHu. TeM He MeHee B iIpoex-
THUBHOH reoOMeTpyy NPUMEHAIOTCS ellle [t 4 NPYTHX OCHOBHBIX TOHAITHA, KOTOpHi@
He MOryT OnTb LEbiBEIEeHbl U3 MOHATHS WHLMAEHTHOCTH. Tak, cieny2T pas3nuuaTte
JI2a Pas/iiyHBIX PacnoJOXKeHUsl YEeThIPEX TOYeK Ha OXHOM M TOMU Ke npsiMOi;
KpOMe TOTo, H:00XOIMMO BBECTH FOHSTH: HENPEpLIBHOCTH TakK, YTOOHl COBO-
KYIMHOCTb BCEX TOYEK NpsAMOM Obla CBA3aHA C COBOKYMHOCTHIO BCEX 4YHCEIL.
ITOT nepeyeHb HCYEPINELIBAET OCHOBHBIE MOHATHA TPOEKTHBHOA TI'€OM2TPHH.

Mb paccMOTpHMM OC .6EHHO TOYYHTENbHYW O6JacTb NMPOEKTHRHOH TeoMeT-
pHu — KOHPuUrypaiii. JTO OTKPOET HaM NepCAEeKTHBHl H B OTHOLUGHHHW APYTHX
IeOMCTPHYECKHX BONPOCOB. 3[eCh MOXHO elli¢ YMOMSIHYyTh, YTO AOJNroe BpeMs
KOH( Arypauuu paccMaTpyBalich KaKk BaxKHetimas obnacte Bceft IeOMETPHH .

15. MpenBapuTesbHble 3amMeuyaHnsi OTHOCHTEJNBHO IIJOCKHX KOH(MHrypaumi.
[Tnockan KoHHrypaumws NpeACTanaseT coOOH CHCTeMy M3 P TOYEK H &
ApsIMbIX, PACNONOKEHHBIX Ha TUIOCKOCTH TakuM o0pasoM, 4YTO BCAKas
TOYKA CUCTEMBl WHIMACHTHA C OAHMM H TeM XKC YHMCIOM Y MDSMBIX 3TCH
CHUCTE'IBl M TOYHO TaK IKE BCAKAs MpAMasg CUCTCMBI HHIHMIEHTHA C OJIHHM
M TeM e uYuc/IOM & Touek cucteMbl. [lomobnas koHbHrypauus obosnayaercs
CHMBOAOM (P, g.). Yersipe uucna p, g, ®, | HE BNOJHE NPOU3BOJMbHBI
B camvom nene Mul TpedyeM, uTOObI Yepe3 BCe p TOYEK NMPOXOMMJIO BCEro yp
npsiMbix (McTembl. [Ipn 3TOM Kawnas npsmasi cYWTaeTcs = pa3, TdK KaK OHa
npoxonsT 4yepes T Touek. Takum oO6pasoM _uucno g NIPAMBIX  CHCTEMBI
pasHo Yp/w. Mwbl BuauM, creso-
BaTeNLHO, YTO /5 BCAKOH KOH-
(Gurypaunn JIOMXHO HMETh MECTO
COOTHOUIEHHE!

py=gr.

Touka M mnpoxonsauias ycpes
Hee npaMas o6pasyoT r.pocTei-
Wy KORDHUTypauHIo, CUMBOM
koropoit (1, 1,). Caenyiomen
npocTOil KOoHUIrypauue# fBnseT-
c1 Tpeyronbhuk (3, 3,). Ipoee- Yept. 104.
neM Tenepb Ha NJOCKOCTH YEThIpe
NpAMBIX TaK, YTOOH CDEeIM HHMX He ObiI0 MapanielbHbX MPSIMBIX H YTOGb!
HHUK3aKHe TPH MApPsMble He NPOXOIMJM 4Yepe3 ONHY TOYKY; MBI NOJyuMM wIeCTb
Touek nepeceuenun ABCDEF (uepr. 104). Haspecrsas ¢urypa nonsoro
4eTLIPEXCTOPOHHYKA, MOJyYawLlasics Takim oO6pasoM, ecTb KOHQUrypaums
6, 4;). PasenctBo 6.2 = 3.4 aqiontBepinaer Hawy OO0 (opMyny.
B 3108 KOHQurypaiuu B NPOTHBOINOJNOMHOCTD TNEPBLIM JABYM TPUBHANIb=

1) MMogpoSHoe H3NOHEH4E ITOro TpeaMera MO KHJ kalitu B kuure F. [ e v i, Geomet-
rische Kouf gurationen, Leipzig 1929.
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HLIM CAY485M He BCe NMpAMHE, COEAMHAIOUIME TOYKH KOHDUIYpalMH, meAmOTCS
B TO e RpeMS UDAMBMM KOHOHIypanvmw;, TOYHO Tax ke, BoOGIE roBops,
HE BCe TOUKHM TlepeCceyeHHs NpAMaX KOHGHIyPalMy HenpeweHHO ROMKHE OwiTh,
TOMKAMH KOHbMIrypalum.

IOnsi Toro wToOn MOJYYHTh BCE NPsMble;- COAHHSIOIHME TOYKH KOH(QHry-
paumy (uepr. 104), HaM ueoGXOAMMO elle TPOBECTH TPU AMaronain AD,
BE, CF. Tlpu sTOM MH TlONyuaeM B KauyecTBE HOBBIX TOYeK IepeceyeHAs
TPH Bepul Hel PQR AHaroHansHOro TPeyrosibHHKa, MoxHO 6HAC 6H LyMaTth,
YTO MNyTeM MpOBefeHHS najibHeHLIMX COE1MHAIOIIUX MPAMBIX K NZAyYeHus
HanbHeHLIMX TOYEK TNEepeceyeHHst Mbl NMpHIEM K HeKoTOpo#t KOH(GMry paly,
Yy KOTOpOH, TaKk e KaK H y TPeyrojiibHHKa, BCe NpfMhE, COeIHHolHe
JIBE TOYKH KOHGHTYDaLMH, BCErfa SiBASIOTCS TPAMBIMH KOHQHrypauua M Bce
TOYKH Tepeceyennsi OBYX NPrMhIX KOH(HIypaHHH BCEra fBMSIOTCH TOYKAMU

D

Yeprt. 105.

KoHpurypaund. OgHAKO MOXHO J0OKa3aTh, YTO KpOMe T[eyronbHHKA TaKHX
Koudurypaun#i Boobuie He cywectsyeT. Ecnu Mer OymeM B ueThipexcTopon-
HHUKE NpoBOAHTH Gecykc/ieHHble TpAMbIC, COENMHSIOLIME ero  BepLUMHBI,
M [00aBnAT> MOSLMSOIMECS TPH STOM TOYKH JlepecedeHus, TO MOXKHO
Jaxe NIOKasaTb, 4TO B KOHLle KOHLOB B N06o# OKPEeCTHOCTH M0G0 TOUKH
MJIOCKOCTH OYAYT PacnojiOeHHl TakHe TOouxH nepeceyenns. [Tonywalomyio:g
npy 3TOM ¢urypy HasniBaloT cethto Mebuyca. ITy cesb MOXHO HCIOJb-
30B2Th A OMpPENE/]CHHS TNPOEKTHBHLIX KOODIHHAT.

HanomHuv 3HauvenWe yeTHIpeXCTOPOHHKHKA ISl NOCTPOEHHSI TaPMOHMYECKHX
TOYeK, TAK KaK 5TO HaM panee npurogurcs. Yetwipe Ttouku CPFQ npsmoi
Ha3bIB2IOTCA TapMOHHYECKMMH MJH, MHadYe, TOuka ) Ha3mipaercs yeTBepTOH
rapMoHMYeckofl 1O OTHolleHHI® k ToukaM CPF, ecin MOXHO nOCTPOMTDH
TaKO# YCTHPEXCTOPOHHHK, B KOTOPOM 5TH TOYKH OYNYT ONpEnensThCsi Takoh
e HHLUMAEHTHOCTbIO, Kak M Ha uepr. 104. OcHosHOM Teopemo#t npoexTH:-
HOH reOMeTpHM BIJIEACTFHE €e TIPOCTOTH fIB/IAETCH TeopeMa, 4TO KO ECSKHM
TPEM TOYKAM NPAMOH Bceraa MOXHO HaliTH OXHY ¥ TOABKO OAHY HeTBepTYI
rapmonuyeckyo. Takum o6pasoM, ecnd, xak Ha uepr. 105, touxm CPF
COyAyT ROMOJMEHH JBYMS DaslMMHBIMH CnOCO0EMH KO YETHPEXCTOPOHHUKE,
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ro cornaceHo sTo# jeopeme !) 06a noCTPOeHUS NOMKHBI TPUBECTH K OIHON
H Tofl ke TOuke Q.

B rnancuefimieM MB pAacCMOTPHM [IJABHHM 00pasoM Te KOH(MUrypaumw,
B KOTODEIX BCTPEUAETCH CTOJBKO K€ TOUEK, CKONBKO TIPAMBIX, T. €. TaKue KoH(H-
TYpAalHH, I KOTOPLIX HMEET MECTO PABEHCTBO p==g. BcneacTBue coOTHOWEHUs
P{=Tg B STOM CNy4ae Mbl HOMKHH HMETh TaKKe Y==T TaK, H4TO CHM-
BOJAHYeckoe O003HayeHHe KOHQWIypalMH BCETAa HMMeET BHI (”1p1)' Hdns
Ta\0oH KOH(HIypalm# Mbl BBefeM Gosee kpaTkoe oGO3HaueHHe (p,). Hanee
Ml Oygem Bcerna Tpe6oBaTh (MTO NPEACTABARETCS BIIOJAHE eCTECTBEHHHIM),
4yTOGW KOHpUrypaius Gpina cBs3HON 1 He pacnafanack Ha OTAeabHble GHrypsl.

Cayuam y=1 u yY==2 He umeioT GoAbworo anayenus. Jna cnyuas y=1
MH HMeeM TPHBHAJbHYI KOH(PHIVpAaLHIO, & HMEHHO TOYKY H TPOXOASILYIO
yepe3 nee npsimyio. B camom neie, ecan Obl B Tako# KoHpMrypauuu Geno
HECKOJIBKO TOYEK, TO OHa No/mKHA Onlaa Gl pacnacTecsl, TaK KaK RHKaKas npsaMas
KOH(HIypaUHWH He MOWeT colepwath Oosee oaHOH ToukH. Cayualt y=2
OCYILECTBAAETCH B IVIOCRHX 3aMKHYTHIX MHOTOYrOJNLHHMKAX; 8 TaK KaK B KOH-
¢urypausmu (p,) uepes BCAKYIO TOUKY NDOXOAAT JBE NPsiMbie M HA KAXAOK mps-
MO BOMKHLI A€XATh ABE TOYKH, TO JIETKO yOEOUTbCs, UTO BCAKAR KOHMUrypaLHs
(py) HenpeMeHHO JOMKHA COCTOSITH M3 BEPUIMH H CTODOH p-YTONbHHKA,

Cnyua#t y=a3, HanpOTHB, NPHBOJAHT KO MHOrHM HHTEDECHHM KOH(HIypa-
uusaM. B 3TOM cayuae yncao p touvex (M TPAMBIX) IO MeHbilleH Mepe JOMKHO
papusTecs 7. B caviom nete, yepe3 Kamayio TOYKY KOH(HIYpauUHH MPOXOAST
1pH TIpSMbleé B H2 Kaw/J01 M3 HHMX JOJ/UKHB JleaTth €L€ JBe NPyrHe TOYKH
koudwurypaiuyn. B nanpHefimieM MB paccMOTpHM NONPOGHO TOJBKO cAydan
T<pg 10,

16. Konpurypanyu (73) u (8;). Uro6el noayuute xondurypauuto (pT),
npolle BCErO WTTH CHAENYIOLIMM TyTeM: 3aHyMepyeM p TOYEK YHCJIAMH OT
1 1O p ¥ TOYHO TaK X2 3aHymepyeM p mnpamoix mudpamu ot (1) mo (p).
3aTeM NOCTPOHM NPAMOYIOJLHYIO CRKeMy M3 pY TOYEK Tax, YTOOE! B KauAOM
cTonbue HAXOMUAOCH APYT NON IOPYTOM Y TOYeK, JewallMX Ha OJHOH npaMol;
TakvM OGpasoM MH NOJYYHM p CTONGLOB, COOTBETCTBYIOIUMK P NPAMBIM,

CnenosaTenbHo, ME MoJyuuM mns KoHdurypauuu (7,) Takyo cxemy:

P

N

Y] @ (€Y ) ®) (6) Q)

Ilpu 3anosHeHuy 3TOH CXEMH HEOSXOQMMO YAOBNCTBOPYUIb CAENYIOM[HM
TpeM TPEGOBAHHSM: BO-TIEDBHIX, Kauuifl cTonbem HBOMKeH COAEPKATH TOJMHKO
pesnuuHee LUdpH, TAK KAK B NMPOTHBHOM Clyyae Ha npsMof Jewano Owl
MeHbllle TpeX TOYeK; BO-BTODHX, 1Ba cTonblla He MOTYT COAeDXaTh MBS
ONMHAKOBBIX LM(PH, TaK KAaK B MPOTHBHOM cly4Yae COOTBCTCTBYIOIUWE NpAMBE
JOMKHE Omimid Gut COBNAcTh; HAKOHEl, B-TPEThMX, BCsiKasd LHQpa poMmxHa
BCTpEYaThCsl B CKeMe BCEro TPH pasa, TAK KAk 4epe3 KawAYI0 TOYKY IO/KHEI

1) 370 npepfoxeHde HenocpencTBEHHO cleayeT H3 paccMorperHolt & § 19 reopeun
Hesapra.



94 KOHOHTYPALLMH

NpPOXONHTL TPM NLAMBIE. DTH TPH YCACBHY BO BCHKOM Chydae HeOGXOMHML
mns TOTO, 4TOGH cxema Owina recMerpuucckd peanusyemod. Hanporur,
3TH TpefOBaHMs He[OCTATOYHH, KaK 37O Mbl YBHAMM Ha npumepax. [
OCYLUECTB/IEHHs] cXeMbl HeOGXO THMHI ellle FeOMeTPHUYECKHe HH anrcOpanyecku-
KCCNE[IOBAHHS, KOTODhe He MOIYT OHTh TAK NMPOCTO CBeICHBl K a, HdPMeTHxe,
Ho eoo’ite, ecnmu cxema npejcTaBnsieT HEKOTOPYIO KOHMHIYPAIMIO, TO Mu
MOXEM IPOW3BECTH HEKOTOpble H3MEHEHHS B CXeMe TaK, 4TO 3TO HE Norilisier
Ha xoH( rrypaumio. Tak, MBI MOXEM B KaxgoM cronfue H3MEHHTb BepT-
KanbHBIH NOPANOK LM(P, MOXeM H3MEHUTb MOPSIOK Pac'ONOKeHHs cTOAEL B,
4TO PAaBHOCHUJILHO TNPOCTON NEpeHyMepalu¥ NPSIMBIX, H HAKOHEl| Mb MOXeM
TalKe MPOH3BYILHEIM 00pa3oM InepeHyMepoBaTh M TOYKM. Tak Kak Bce
3TH H3MEHeHWs He BIMSIOT Ha KOH] ATypalHio, To MK OyneM paccMaTpusaTh Bce
CXeMbl, OTHYAIONIHECH TOJBKO MOJOOHEIMH H3MEHEHHSMH, KaK TOXIECTBEHHbIE,

€ 3To#t TOukM SpeHHs, ONHAKO, MOXHO YCTAHOBHTL TOJNBLKO OIHY CXEMy
ans xoudurypan u (7,). Tours, nexamme Ha mepBo#t npsaMoH, M 0603Ha-
qim Homepamu 1, 2, 3. Yepes Touky 1 mpoxonsit eule ABe Ipyrde InpsiMble,
KOTOpble He IO/MKHB cofiepwath Touek 2 W 3. O6ozHauuM TOUKH, Jexatine
Ha BTOpO# Npsamo#t, undpamu 4 1 B, a Touxy, Newaulve Ha TpeThbel MpsMON,—
nutpamu 6 v 7. Takum o6pa3oM MBI flepeHyMepOBalu BZ€ TOYKH, M cXeMa
nonyqaercs taas:

1 1 1 . . . .
2 4 6 . . . .
3 5 7 . . . .

B cienyolpx cronfuax uudps 2 M 3 moMKHB BCTPSTHTHCH elie HO jsa
pasa, fpHYeM OHH JHOJMKHBI CTONTb B pa3JHUYHMBIK CTONBLAX; MO3ITOMY Mbl
BRITHIIEM HX B ECDXHeM DsiLy:

1 1 1 2 2 3 3
2 4 6 . . . .
3 5 7 . . .

Jas TQro 4TOGKl 3aMOJMHHTH OCTaIOIIHECH CBOJONHBIMH BOCEMb MeCT, HaM
HYXHO MCNONL30BaTh ewe uucna 4, 5, 6, 7, rak xak wndpsl 1, 2 u 3 yxe
Hcnonb3oBakel. Lludpa 4 nomxua BoTpeTHTHCH elle EBa p23a. Tak kak ona
He JOJXHA cTOsiTh 00a pasa mon ogHOM H TOH we uMdpo#, TO MH Morew
BHIMHCATh €e B TAKHX MeCTax:

2 2 3 3
4 4 .

Besitoe apyroe BO3MOXKHO2 DRCTUOJIOXKEHHE H2CYHISCTBEHHO OTNMYAETCS OT
sToro. Touno Tak ke wuudpa D mOMKHA BCTPETHUTHCH €2 JBa a3a M HE
nomkua 6onbilie cTOATHL Mo YyeTBepkoH, TakiM 06Pa3sOM MBI MOMCM HADHCATD:

2 2 3 3
4 5 4 5

Ha nepnuix IIFYX M3 OCTAIOUIHXC! YeThipeX CBOOOAHLIX ME:T HOMKHBI CTOSITD
uudpel 6 W 7, Tax Kax Bce apyrie UHQpLI yKe HCIONb30BAKLL, ¥ N0/ OLHOM
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¥ Toh e 1wmdpoit 2 He MOTYT ;apa pasa croate OnMiakomble uudpu. Tax
Kak rcpemeda mectamu wng) 6 u 7 we BHecha Gbl CyICCTBeHHBIX M3MeHEHHI,
TO MBEl MOXeEM HallHCaTb:

4 5 4 5

6 7 . .

Tenepe ocTaBmiMecs 1Ba MecTa MOryT OHWTH 3aNOJHEHH TOJLKO UM(paMHu
7 n 6, Tak 4T0 MLl AT KOHGuUrypauun (7,) AeHCTBUTENBHO NONyuaEM €AHH-
CTBCHHYIO BO3MOXHYIO CXEMY:

1) 2 )] () ©) (6) (7

1 1 1 2 2 3 3
2 4 6 4 5 4 5
3 5 7 6 7 7 6

Mul yxe ynoMHHand, 4TO M3 CYuECTBOBanMA HONOOHON cXeMbl eile He
C/RAYET, 4TO HA CaMOM JeNle CyLUeCTBYeT KoHdurypaums (7,). Kak pas s ramem
C/ly4de MOXKHO J0KA3aTh HEBO3MOXHOCTb KOHUrypauHH. MMeuno, eciii Ml
3aXOTHM HAMKWCaTh Ypa:xHEHHS NPAMbIX Hallicl CXeMb N0 Cnocofy aHaluTH-
4YeCKOH TIeOMETPHH, TO Mbl TIpUueM K CHCTeMe ypacHeHuH, conepxauieh
BHYTpeHHee npotusopeure. Hesosmoxuoctes 31Ol KOH(}urypaluid MOXKHO
oSHapyxurb W Harnsauo. Hauwepruu npewue scero (uepr. 106) npamere (1)
u (2) HameR cxemul, 3aHymepyeM g
TOYKY WX nepeceycHuss mudpon 1,
KaK sroro TpefyeT Haiua cxema, M
BO3bMeM Ha mpsiMoit (1) Touxm 2 u
3, a Ha npsmoit (2)—Toukn 4 U b
MpPOH3BOJIbHO. 3aTeM NpoBeAeM nps-
meie (4) n (7), xoTopele onpenens-
0Tc napamMu Touek 2 4 u 3 5;
0603HaUHM TOYKY WX TNepeceyeHHs
ungpol 6. TouHo Tak ke mape TO-
qex 2 5 H 3 4 onpenensoT npaMble
(5) u (6) W TOuYKy MX mepeceue- Yepr. 106.

Hus 7. Takum oOpa3oMm Mel omnpe-

nenunn  Bce TOYKM KOHudurypawud. OnHako o6uapywHBsaerds, YTO TpH
Touk—1, 6, 7,— KOTOpbIE JOMKHL NexaTh Ha HenocTawuel eute npsio# (3),
He eaT Ha OfHOM MpsiMOH, Tak 4ro Mbl MojyuaeM B MnepeceYeHHH MPSIMBIX
(1 7) n (7) ewe onvy mummow Touky 6'. MowHO 6biO 6bl AyMaTh, HTO
3TO 32BHCHT OT HeymayHoro sbi6opa Ttouek 2, 3, 4, 5. OnHako Mo B HaweH
¢urype yshnaem rapmoHHueckoe noctpoeHue (uept. 104). Takum ob6pasom
Touka 6’ ecThb yeTBepTas rapMoHHYackas K Tpem Toukam 3, 5, 6, a moromy
COrJIACHO 3JIEMEHTAapHON TeOpeMe NpPOCKTHBHOW TICOMETPHH OHAa HE MOKET
COBMNAcTb HH C ONHOM M3 3THX TOYEK.

INMepeitnem temepb K koudurypauuu (8;). Takum xe myTeM, Kak W EnIUIC,
MOX(HO TIOKa3aTh, YTO M 3JleCh IO CYIIECTBY HWMEEeTCsl TOJNBKO OfHa CXeMa:

O @ G (4 ©) (6 M ®)
1 1 1 2 2 3 3 4
2 4 6 3 7 4 5 5
5 8 7 6 8 7 8 6
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91y KOHQHIypauMio MOXHO BWDA3WTH YEpe3 [IBA 4ETHPEXYTOJbHUKA
123 4ub67 8 koroprie ONHOBPEMEHHO M BIHCAHM M ONHCAHH APYr
okono npyra (uepr. 107). Hwmenwo, ma npsmo#t (1 2) mexur Touka 5, Ha
npsmof (2 3)—rouka 6, Ha mpamoft (3 4)—Touka 7 H Ha mpamo#t (4 1)—
Touka 8; Toyno Tak e ctopous (5 6), (6 7), (7 8), (8 5) unHUMEEHTHN
c Touxamu 4, 1, 2, 3. 3pech TaKkKe MOXHO YGEMMTHCS, YTO TaKyl0 KOH(U-
TYPaLHIO HeJb3s HAYCPTHUTb. AHAMHTHUECKOE HCCIEJOBaHME CXEMHB MPUBOIMT
K CHCTeMe YpaBHCHMH, KOTOpad, NpaBla, HE COUEPXKHT NPOTHBOPEYHS, Kax
ypasHenns koupurypauus (7,), HO peliedse KOTODOM BCerma BO3MOXHO
TOJILKO B KOMIUIEKCHOH ¢opMme.

Tem He mMenee 3Ta KOHIHIypalus NpeiCTaBlsieT I'eOMETPHYECKH!T HHTepec,
TAK KaK OH2 WrpaeT BaXHYI0 pOJMb B TEODHH [NOCKHX KPHBHX TpPETHEro
[OpSAKA, He MMEIOUIMX HBOHHHX TOYeK. DTH KpHBbE HMEIOT HEeBATh TOYex

nepern6a, W3 KOTOPHK, ONHAKO, NeACTPHTENBHBIMU
2 MoryT OuiTh He Goaee Ttpex. IIpH 3TOM MOXHO
JOKa3aTh anreOPavyecKH, 4TO BCsKas TMpsiMas,
CoenWHsiowasi IBe M3 ToyeK neperk6a, mOJKHA
NIPOXOAUTL K Yepe3 TpeThld TOYKy nepern6a, Ha-
UPOTHB, YeTHpe TOYKH mnepernba He MOTYT J€waTh
' 6 Ha opmHOHM mNpAMOK, Tak Kax KpHBas TPETLErO Io-
pslIKa MOKeT IlepecexaThcss € npsMoH He Gone2
yeM B Tpex TOuKax. OxasniBaeTcs, 4TO NpAMLIE,
npoxoxsu¥e uepe3a TOYKH nepernba, OOpasylOT

v KOH(urypaumio, npuuem p=9, x=3. Hanee, Y =4;
7 B CaMOM JieJie, €c/IM HCKMIOYHTH OAHY TOUYKY nepe-

J ru6a, TO BOCEMb OCTa/JLHBIX AOMKHH MONapHO Ne-

Yepr. 107. Warb Ha oAHOH nNpAMOHA, Tak YTO JeHRCTBHTEALHO

Yyepes BCAKYIO TOYKY MPOXONST YETHIPE TpPAMBIE.
W3 unameft gopmyasi g:’—;l MB Tonyuaem pqs g 3Hayenwde 12, Cnepora-

TeNbHo, Koupurypaums Oymer tana (9, 12,). Ecim Me 6yseM coctasisth
CxeMy nofo6HOM KOH(QHrypauud, TO TNONYyYHM, He CYUHTasi HCCYIeCTBEHHBLIX
H3MeHEeHHH, TONBKO ONHY BOSMOMHOCTb:

e 6 @ 6 6 0 @ © a0 (11 @2
I 1 1 2 2 3 3 4 1 2 5 6
2 4 6 3 7 4 5 5 3 4 7 8
5 8 7 6 8 7 8 6 9 9 9 9

Ecnn uckaiounts H3 3TOR xoHHrypauuu Touky O m NpoXoisilive yepes
see npamuie (9), (10), (11), (12), To ocraHercs Kax pas Hawa cxema (8y).
Toyno Tax ke MBI mpHAeM K KOHpHrypaimu (8,), ecid HcknouuM mobyto
APYTyI0 M3 JACBATH TOYEK M yeTipe TNPOXOAfINWE uc¢pe3 Hee NpsaMbe, HEO
Bce TOYKM KOHGurypauuu (9, 12;) paBronpasHbI.

17. Konpurypauun (9;) B To Bpems kax B cnyyanx p=7 W p==8 Mbl nonay-
4ann TONBKO 10 ONHOM CcXeMe KOHGMIrypaLuH, MpUYEM OCYILIECTBAeHHE 3THX
€XeM OKa3HIBAJNIOCh HEBO3MOXHEIM, B cllyyae p=9 Mb MOXEM YCTaHOBHTbH
TPH CYIIECTBEHHO DAa3NHUHBIX CXeMB, MPHYEM BCe TPH MOXHO OCYLUECTBHTDH
C MoMOLUbI0 AeHCTBHTRNBHLIK TOYEK H MPSMBIX.
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Bo MHOrMx oTHOweHMsX BawHeHuled H3 3THX KOupHrypauuit u Boobine
BaXkHelille KOHQUrypanuell B reoMerpAu sBASETCH Ta, KOTOPan HasLN:AETCS
kou¢urypaureit Dpuanwiona-ITackans. Pagd KpaTkocTH MLl BeeleM S
o6osHayennst 3Toit Koudurypauun cumeon (9,),, a And IBYX NpPyrux koudwu-
rypanui (9,) BBenem o6oauauenuz (9,), ¥ (9;),-

Cxemy xonudurypaumy (9,), MOKHO 3amucath cliefyiouwnM o6pasom:

o @ 6 @ o ®&® O @& ©
1 1 1 2 2 3 3 4 5
2 4 6 4 7 6 5 6 7
3 5 7 8 9 8 9 9 8

Ina Toro 4to6bnl HauepTHrb aKyw KOHPHUIYPalUuMIO, BbiGepeM cHayana
npousBoALHO TOYKH 8 u 9 (uepr. 108) u mposemeM NpOH3BOBHBIM 06GPas’OM
npsimere (4), (6), (9) uepes touxky 8 u npsimsle (5), (7), (8) uepes Touky 9.
W3 pneBaTH ToOueKk mnepecedeHus,
N0y 4AIOLUHXCA NPH 3TOM, ILECTh
NpHHAANeXaT K KOHQHUrypauuu;
0603HauMM HX COOTBETCTBEHHO
cxeme uubpamu 2, 3, 4,95, 6, 7,
Yepea 3TH rOYKH NPOBOAMM He-
nocratouie npamee (1), (2), (3).
Cuayana nposoauM npsmbie (1)
yepe3 Toukd 2, 3 u (2) uepes
touxkH 4, 5. Touxy nepeceyeHms
3THX TpsIMBIX Ham crenyetr 060-
gHayut, LMbpott 1. Henocrawo-
was ewe npsimas (3) onpexnenser-
¢ Toukamu 6, 7. Hawa cxema
Tpebyet, 4TO6Ll 3T2 npsaMasi npo- Yepr. 108.
xonuna ueped touky 1. Mel, B
camoM gene, yOexnaeMcs, 4TO 3Ta WHIWACHTHOCTL BBIMIOJHSIETCS Cava coGof,
HECMOTpPfl HA BIIOJIHE TPOM3BOJBHLIA BEIGOP TOYexk 8 W 9 M oGoux Tpoex mps-
MBIX, fIPOXONSILIMX Yepe3 3TH TOYKH.

FeomeTprueckoe oOcHOBaHHWEe STOrO MOPA3MTCNLHOTO fIBNEHHS BBLISICHRETCA
TeopeMaMi DBp7aHIUOHA, K HM3/10XKEHHIO KOTOPHIX Mbl H TIEPEXOIHM.

Mgl 6yaeM HCXOUTH W3 OHONONOCTHOrO rHnepboaonaa. Kak mul yxe BHaenu
B mnepBoli TIJaBe, HA 3TOM THNep6o/OKHAe Je€XKaT aBa ceMeHCTBA TPAMBIX
M MPUTOM TaK, YTO BCAKAs NMpAMas ONHOIO CeMeHCTBA INepece<aeT BCAKYH
NpSMYyi0 NPYroro, Mexay TeM Kak JBe NpsMBe OXHOrO M TOro Xe cemeicTBa
HHKOrJla He nepecexalorcs. BosbMem Teneps ABe NpsiMble OXHOIO M TOTO XE Ce-
mehicTBa (uepr. 109) (oHH HayepueHbl ABOMHBIMM JIMHHSMH) M TPH NPAMBIX ADY-
roro cemeficrea (OHH HadepyeHH XHPHBIMH JIMHHAMH) ¥ 00pasyeM U3 3THX Nps-
MbIX DPOCTPaHCTBeHHBI# wiccTHYronbHHK ABCDEFA. Yto6ul nonyuuts sty
¢urypy, Mel cHadaja OyneM JBWraTeCsi MO mnpsMOH NepBOro cemMelcTBa U3
ToukH A B Touky B. Yepes Touky B NpoOXOmHT oOfpelesieHHas mpaMas
BTOPOro ceMeHCTBa. 1Mo KOTOpoH MBl OyneM ABHIaThcsl O HekoTopo# Touxu C.
B sTo#i Touke C Mbi nepefiieM Ha NPCXOASIIYI0 Yepe3 Hee NPsimyio NMEPBOro
cemeficTBa, IBUrasch 1Mo KOTOpofl mnpuzeM B TOYKy [); M3 3TOH TOUKH Ml
onsith OyneM NBMraTeCst Ha MpPsSMOH BTOPOro ceMeficTBa 10 TOYKHM E M HaxoHell,

7 Tuap6epr u Kon-®occen

4
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IBHrasich MO MpAMOl nepBoro cemeHcTsa, npuneM K Touke F 3Toit mpsMop,
B KOTOPOH OHa mnepecekaeTcs ¢ MNpSMOH Broporo cemeﬂcma NMpoxoasiiei
yepe3 ToukKy A. TakuM 06pasoM CTOPOHBI IIECTHYTONbHMKA MNPHHAA/exar
nonepeMeHHO TO OJIHOMY, TO NPyroMy ceMeHCTBY NpSIMBIX,

HoxkaweM Ttenepb, uto muaroHand AD, BE w CF 3TOro LeCTHYrONbHHKA
nepecexaioTcsl 8 onHoft Touxe. PaccMoTpum mpexpge Bcero auvaronanrm AD
H BE. Tak xak cTopoHml luiectHyronsHHka AB W DE npuHapnexar K pas-

JIHYHBIM CCVEHCTBAM NPSIMEIX NMOBEPXHOCTH, TO OHH
nepecekalorcss Apyr c npyroM. [loatomy ueThipe

0 ToukM A, B, D, E nexatr B omHOH TNNOCKOCTH, a
oTCiona cnenyet, yto W nuarosany AD n BE ne-
peceKkatoTcs APYr ¢ npyroM. TOYWHO TaK e MOXHO

8 £ HOKa3aTh, 4TO M 1Be Jpyrue napel Juarosaneft
nepecekatorcs. Ho ecnn Tpu npsiMbix monapHo re-
pecexaloTcs ApPYyr € ApyroM, TO OHH JGO Jexar

A

¢

B OJHOH TJIOCKOCTH, JU6O e, eCNH OHH HE Jle-

AT B ONHOHN IUIOCKOCTH, DPOXOAAT 4Yepe3 ONHY M

Ty x*e Touky. Ho ecnu 6w Tpu nuarosann ua-

uwero wectuyronsiuka ABCDEF nexanu B ogHoM

Yepr. 106. NNIOCKOCTH, TO ¥ CaM IHECTHYTOJAbHHK JOMKEH Obl

6! Jie)kaTh B STOH NJOCKOCTH M TOTJAa €ro CTOpO-

Hh [OMKHE OblH GH MonapHo nepecekaThes. Ho 3710 HeBO3MOXHO, Tax
Kax, Hnanpumep, npsmele AB u CD npurannexatr x OIHOMY H TOMYy Xe
ceMCHCTBY, @ MOTOMY HE MOryT nepecekarbcsi. TakuM o6pa3om W B CaMOM
nenc 3TH TPH IMaroHalNH JOJDKHBI [IPOXOJMTH 4Yepe3 OJHY M Ty e TOUKY.

Yepr. 110. Yepr. 111.

dra TeopeMa NpOCTPAHCTBEHHOH Tr'eOMETPHH NPHBOIWT K Teopemam Bpuan-
HioHa niockof reomeTrpuu. PacecmoTpum onHonosocTHBIA rHnep6onoOHa H3 He-
KOTOpOH TOYKH P, OTHOCHTEeNbHO KOTOpOH mnpejnosiaraeM, YTO OHA HE JIEKHUT
Ha 310l noBepxHOCTH. Torjpa KOHTYp rHnepfOJOHNA MMeeT BHWA KOHM4Yec-
KOTO CEYEHHS, H 3TO KOHHYECKOE ceueHHe MOXeT ObiTh rinep6osoft (uept. 110)
unn amnuocom (vepr. 1110, Ilpu stom mnosavyaercs, 9To o6aacth ¢ OJHOH
CTOPOHBl KOHTYPA OKa3biBAETCH HENOKPHLITON H300pa)ieHHeM, Mexay TeM Kak
Ipyras CTOPOHa OKamercsi MOKPuITof mBaxnpl. O6Ga nuctka H306paweHus
COEIMHAOTCH BAOMb KOHHYECKOrO CEeYeHHsl, IIPeACTaBASOLEro KOHTYD (HIYDH.
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{Ipavble, aexaiiie Ha [OBEPXHOCTH, NPH TAKOM H300pParKeHHH KauyTcs
YaCTHYHO 3aKPLITHIMM, YaCTHYHO HE3AKPHITHIMM, H TaKMM 06pasoM OHH Nepe-
XOJSIT C OJHOTO JIMCTKA 1id NpYro#l, a NOroMy YOMKHE TepeceKaTh KOHTYP.
C nmpyro#i cTOpOHBI, OHM HE MOrYT mnepecekaTh 3TOH KpuBOH, Tak Kak onHa
cTopoHa ee octaeTcsi Henokpwuitofl. [lostomMy 3TH npsiMbie NOMKHBI Ka3aThes
KacaTeNbHHIMH K KOHTYpy. Takum o06pasoM Hall NPOCTPAHCTBEHHHIH IIECTH-
YroJbHHK HPEBPAILAEeTCs1 B NNOCKWH LICCTHYTONBHHK, CTOPOHM KOTOPOIo
KacaloTCi KOHHYCCKOTO CeyeHHs; 3TO T1103BOJseT HaM BHBECTH CAEAYIOLLYIO
TEOpeMy NJOCKOH I'eOMEeTDHH:

Juazonanu uwecmuyzonrsHuKa, ORUCAHHOZO BOKDPY2 KOHUMECKO20 CedeHus,
nepecexatomes, 8 0OHOL mouxe.

OaHako Mbl fOKAa3anW HAIy TeopeMy TONBKO [N TaKUX KOHHMYECKHX ce-
4YeHWH#, KOTOpHIE€ MOTYT CHIYKHTH KOHTYpPaMH HEKOTOPOTO OIHOMOJOCTHOIO
runepGononna, T. €. MpPeXae BCEro NS ONnpefeleHHBX THOep6oa W 3MHICOB.
Ho KoHnueckoe ceueHWe, NpeACTaBisIOLiCe KOHTYp, MOXeT ObiTh TaKike
W napaGosno#i. B camoM jgene, npoexTHpyuMe JNy4H, AaKOLiue KOHTYp, 0O6-
pasyloT KOHYC, KacalolLluiics noBepXHOCTH, € BEpIIMHOH B Touke P, T. e.
KOHYC BTOpOro MUpPSAKA; MOSTOMY, €CJM MBIl PACTIONOMNMM TJIOCKOCTh TPOEKLHH
TaK, 4TO OHa Oyjer mapajseibHa ofpasyioiiefl 3TOro KOHyca, TO MPOeKIHs
MIOBEPXHOCTH HA 3Ty IUIOCKOCTH OyJAeT HMeTh KOHTYypoM napabony, wbo Benn
KOHTYp npefcTaBiseT cOGOH KpHBYIO TNEpeceyYeHHs IJIOCKOCTH TpPOeKIH|
c KoHycoM. A B 3roM cnyuae kpusas Oymer napaGono#t (crp. 16, 19, 40).

Tenepp nomecTHM LeHTp npoexuru P Ha camo#t mosepxrHocTH. Torma o6e
npsiMble TOBEPXHOCTH, MPOXOAsHHe 4Yepe3 TOUKY P, NpencTaBIsioTcd Kak jse
TOYKM; BCE OCTanbHBbIE TIPsSMble MOBECPXHOCTH OCTaHYTCA NPAMBIMM. Tak Kak
BCSiKasl DpsiMasi ONHOTO CeMelCcTFa nepecekaeT NPSAMYK NpPYroro cemeicrsa,
MIPOXOASAIIYIO uepe3 LEHTP NPOeKUHH, TO BCe 3TO ceMeHCTBO TpPSAMBIX NMpexcTa-
BWUTCH HaM B BHIE CXOASiUerocs MNydka Jyue#l, BepLUHHOH KoOTOporo Oyner
CNyXHTh NpsAMast g APYroro nyyka, npoxoasuias 4yepes Touky P. Taxum ke
06pa3oM HaM NpeACTaBUTCS H JPYroe CEMCHCTBO B BHJIE CXOMALIErOCS Iyuka
ayyedt. BepiumHa BTOpOro nyuxa OygeT OTJHYHA OT BepDUIMHBI 11E€PBOro, TaK
Kak STOH BepilHHOW OyneT CcHyXHTb H306pawmerHe npaMoi, mnpoxoasel
yepe3 Touky P, orinuso#t or g. OTciona Mbl MOXeM BBIBECTH, TNONb3YSCH
TEOpeMO# O NMPOCTPAHCTBEHHOM LIECTHYTOJNIbHHKE, TaKoe CleACTBHe:

Juazonaau naockozo wecmuyz0nbHUKG, CHIOPOHBL KOMOPOZO NONEPEeMEHHO
npoxoodsm uepe3 08e OnpeCeseHHBIX MO%KU, NEPECEKArOMCs 8 OOHOL mouKe.

3TH TeopeMbl OTHOCHTENBHO [HECTHYTONBHUKOB, KaCalIUHXCA OAHOrO M3
TpeX THIOB KOHHYECKHX CEYCHWH MM OTHOCHTENbHO KOHHYECKOrO ceyeHus,
BBIDOXIAIOIErOcs B Napy TOuYeK, HasHBAlOTCA TeopeMamMd bBpuaHiioHna, no
WMEHH OTKDBLIBLIErO WX yueHoro, Touka, B KOTOpO#l mepecekatoTcs 3TH TpH
nuaronand, HaseiBaeTc TOouko#l Dpuanirona.

Bce xe mpu noMmolly HaHIHX FPOCTPAaHCTECHHBLIX TOCTPOeHMil MBI €me He
fIONHOCTHO JOKazanu Teopemnl DpuaHuioHa. MoxHO Gbljio 6Bl mpennonarats,
4TO He BCAKHI WecTHYronsHUK DpHaHIuOoHa Moxer OHITH flONyueH nyTeM
NPOEKUHH OFIHOr0 W3 pAacCMOTPEHHBIX HaMy TNPOCTPAHCTBEHHBIX WLIECTHYTOJb-
nukoB. OIHAKO MOXHO NOKa3aTh, YTO AEHCTBHTENLHO BCSAKHI NOCKMH 1IecTh-
YrOJbHHK, YAOBAETBOPSAIOUIHH YC/OBHAM OIHOH W3 TeopeM DpuaHllOHa, MOXeT
6bITh NOMNOJNHEH IO MPOCTPAaHCTBEHHOH (Urypsl, KOTOPYI0 MHE PAacCMOTPENH.

Mochennsin Teopema Bpuanmona TecHo cs3ana ¢ koupurypaumed (9;),
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W OOBACHSET, NoYeMy MPH NOCTPOEHHHM STOH KOH(UIyparuu MOCNEHHSAS MHIIH-
NEeHTHOCTh Bcersa cama cobo#t Buimonwusiercss. Mmenwo, Ha uept. 108 n 112
Touku 2, 4, 6, 3, 5, 7 o6pasyiOT IWECTHYTOJNBHHK, CTOPOHB KOTOPOrO MO~
nepeMeHHO NpOXONsAT 4epe3 TOvy-
ku 8 u 9, a npamste (1), (2), (3)
Npe/cTaBasioT nHaronanu 23, 45,
67 3TOro IMCeTHyronbHuka. [lo-
stoMy npamasi (3) momiua npo-
XOAUTD Hepe3 TOuKy IepeceyeHus 1
npameix (1) n (2) u Touka 1
ecTs Touka DpHaHniona sTtOro
HIECTHYTONbHHKA.

[Tpu HaiueM NOCTPOEHHH TOUKH
Konburypauumn (9,), MMewT pas-
NH4YHOE 3HadeHue: TOUKH 2, 4, 6,
3, 5, 7 05pasyioT ILEeCTHYrO/b-
HUK, ToukH 8 u 9 saBAmOTCH
IBYyMsl TOYKaMH, 4epe3 KOTOphie
NPOXOAAT CTOPOHLI IIECTHYIOJIb~
HHKa, 2 TOuka 1 eCThb TOuKa
Bpuanmona. Oqnako Takas acCum-
METpHsi 3aBHCHT He OT CylIecTBa
caMol KOH(Wrypaluu, a OT Ha-
mero Bul6opa. MmeHHo, MHE MO-
WEM TaKKe pacCMaTpuBaTh OAHY
M3 Touek 8 WM 9 Kak TOYKY
Bpuanmona; vaM foctatouso 6y-
et nokasaTb 3TO Ha Touke 8
(uepr. 113), Tak Kax MH yxe
yb6enunucs Ha uwepr. 112, uto
Toukn 8 W 9 paBHompasHu. Tou-
HO TaK )€ MHB MOXEeM [PHHATb
8a Touky DpHaHilIOEa Kawnylo H3
Touek 2, 4, 6, 3, 5, 7; Bcnen-
CTBHE DPAaBAONpPABHOCTH BCEX 3THX
TOYCK ROCTATOYHO OygeT noka-
3aTh 3TO Ha ONHOM TONBKO TOY-
ke 2 (uept. 114).

Bcenenpcrsre Ttakoli BHyTpeHHei
cuMMeTpHH  KOHGHrypauus (9,),
Ha3biBaeTCa npaBuUAbHOL KOHGH-
rypaurefi. K MOHATHIO Tpasusib-
HOCTH KOHGHIypaluu Mbl NPHXO-
MM, TaK Xe Kak W B ciydae

Yepr. 114 TOYCYHbIX CHCTEM W MHOrOrpaHHW-

KOB, NIDH M3YYeHHH Ofpele/eHHbIX

oTobpaxxeHHi KOHQWrypamuu Ha camoe celsi, KOTOpble HasblBalOTCs aBTO-
MOpGH3MaMH M MIPalT Takyi0 e DOoJb, KaK COBMEIEHHs JUIfl TOYEYHBIX
CHCTEéM M MHOFOrpaiHHKOB. ABTOMOP(W3M KOH(HIYpaLHMH NOJNy4aercss B TOM
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Cyuae, eC/d MOXHO TaK OOMeHWBAaTh MeCTaMM BCE TOYKH KOH(Hrypaiuu
Mex1y coboit ¥ Bce ee NpaAMEeE Mexry cOGoH, YTO NPK 5TOM HM OHA WHIU-
JIleHTHOCTb He TNpONajNaer ¥ He MOABMAETCS HH OHNHOU HOBOH WHUMAEHTHOCTH.
Jlerko yGenntees, 4TO aBTOMOp(UBMEI 06pasytoT rpynny. [1paBunbHOM Hazki-
BaeTCA Takasi KOH(QMIypauus, IS KOTOpOH 3Ta Ipynma TPaH3WTHBHA, T. e.

7 5
g
J, 9
&8
s 6
7 6 ¢ 7 7 J
Yepr. 115. depr. 116.

CONIEPUT CTONBKO OTOGpaeHu#, yro Mmobasi TOUKA KOHQPHIypauyu MOKeT
6LiTh MepeBenrHa NOCPENCTCOM aBToMOpdu3Ma B fio0yl0 NPYryl0 TOUKY 3TOH
KOHuUrypauuu.

Ini usyueHHss aBTOMODYH3MOB JOCTATOYHO O6GpaTuThCs K aGCTpakTHOH
cxeMe Kou(durypaumu. MOXKHO moKasath, 4TO Cxemnl KOHGburypaumit (7;)
u (8;) npapunbHe B 9TOM :
CMbiCNe, TOYHO TaK e Kak
cxema Koudurypauuu (9,12;)
(cTp. 96).

OO6patumcsi Temeph K OBYM
IpyruM KoHburypawmsm (9,).
OHu uso6paxeHs! Ha yepT. 115
u 116. Urobu ysicHuTh, ueMm
OT/IUYAIOTC 3ITH TPH KOHDU-
rypauyiH, Mb MOXeM roCTy-
OWTh CHAefylILuM 06pasom:
TaK KaK BO BCAKOH KOH(Hry-
pammn (p,) Kawnas Touka co-
€/liHeHa NpSIMLIMH C INECTHIO Yeprt. 117.

JDYTUMH  TOUKaMH Koudury-

pauMH, TO B ciaydae p=9 A KawaoH TCUKM KOHPUrypauuu NOMKHbI
OCTaBaThCH [Be TOYKM, He COelMHEeHHbie “C 5TOH TouxkoH. Tak, B Koudu-
rypaik (9,), Touku 8 u 9 He CBs3aHH C TOuKOR 1. A Ttak kak TOukH 8
m 9 Takwe He CBA3aHH W 1pyr ¢ nupyroM, To Touku 1, 8 m 9 o6pa-
3YIOT TpeyronbHMK HecBfizanHHX Touek. Takue e TpeyrolbHMKH oO0pa-
3ylor Touku 2, 5, 6 u 3, 4, 7 (vepr. 117). Ecov Ml Temepp TNpHUMeHHM
TakoH e cnoco6 k koudurypaumusm (9,), ¥ (9,); U nobaBuM K MHOro-
YTONBUKKAM OTPE3KH Me1y OCTABIUHMMCH HEeCBA33HHHIMH TOUKAMH, TO Mbi
nonyuum s koudurypaimn (9;), AeBstuyronphuk (dept. 118) u nna (9,),
OOMH ILECTUYTOMLHHK M OJMH Tpeyronbimk (wept. 119). Orciona mnpence
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BCero cienyer, YTO Tpd ueprexa {(uepT. 108, 115 u 116) neiictsuTensHo
1300paxkaioT pas/iMuHHC KOHQUrypaluy, KOTOPhIE OT.IMYAOTCH ONHa OT Apy-
roli He TONBKO ONHMM pacronoxeHuem Touek, Jlane2, MOKHO OTCIONA BHIBECTH,
yTo KOH(urypaums (9,); 3asenoMo HenpaeunbHa. B camom nene, npu no-
cpencteBe aBToMOpdusMa MH MOXEM INepeBecTH, OYEBHIHO, TOUKY ILIeCTH-
YTONBHWKA TOJLKO B TOUKY 1IECTHYTOMbHHKA e, HO HWKaK HHU B TOUKY
TpeyronbHika. HanpoTue, npaswipHOe pacnofioxeHde HecBi3amubiXx TOYEK B

-~

Yepr. 118. Yepr. 119,

koHburypaumny (9;), 3acTaBnser aymaTh, HTO 3Ta KOHMMIypauusi npaBuib-
Ha; OGonee neTanbHOe MCCIIENOBaHHE CXeMBl MOATBEPMIAET 3TO.
™ Ecau Mbi NONBITAEMCS TOCTPOUTH LIAT 32 INArom nonoGHO Koudury paumn (9y),
u obe npyrue KOHQpuUrypauuu, TO OOHApYXUBAETCSH, YTO B 3TUX Clyyasx
MOCNefHsss MHLUMIEHTHOCThL He BHINOJHSETCH camMa coGoH, HO BHIMOJHSETCH
TONLKO B TOM Clyuae, ecii Yxe B
NPENBIAYLIMX 1IATaX Mbl BCTPEYaeM pac-
NONOMXEHHUS CrieluanbHOro Buna. B sTom
JeWUT MpUYKHA TOTO, 4YTO KOH{Hry-
paw (9,), u (9;), He uMelOT TaKo-
rO MPUHLMITUANBHOTO 3HayeHHs, Kax
koHdurypauus (9;),- 3OTH KOHOUry-
pauMd He BBIPAXAIOT HHKAKOU oOuied
NPOEKTHBHO-TEOMETPUYECKOH TeopeMbi.
Yepr. 120 naer npumep TaxKoro ciyuas,
Korja nocneiHas npsaMas KoHdwurypa-
unn (9;); He mower OHTh HauepueHa.
Onnako BCcoMoraresibHele Onepaiyy, He06GX0n1MbIe TP NOCTPOEHNUH KOH(HTY-
pawn (9;);, OTAMYAIOTCS ONHOM OCOGEHHOCTHIO. MMeHHO, OHH MOTYT GhITH
BLIMNONHEHH [pH NOMOIUW ONHOH TOABKO NWHEHKH, TaK 4YTO KOHDUrypa-
unu (9,), 1 (95); MOTYT GHITH MOCTPOEHH npH NOMOUM OnHOM NuHeHku 1). Ana-
JUTHYECKU 3TO cllefyeT M3 TOTO, HTO BCE 3eMeHTH! KOH(HUIypailtuh MoryT GriTh
onpejiefiedbl JTyTeM TNOCNENOBATENEHOTO pelleHHs JHHEAHbIX YpaBHeHul, Ko3-
(uLMeHTH KOTOPHIX TIPEICTABAAIOT PALMOHA/JbHbIE BBHIPAXEHUS OT BRIYHMCIEH-
HBIX paHee onpenensiowWMX BenuuuH. [IpaBpa, ypasHeHMS NPAMBIX  Juaub
Beerna auHelHel. Ho pasi Toro yroGei nouyduTs cUCTEMY ypaBHeHWH Koudu-

Yepr. 120.

1) "UTo06bl NOCTPOHTL (Yg),, HYMHO ONPEnEIUTH TOUKH NepecedeHus npamol ¢ Kpusoil
B OPOTO lIOPSAKA. DTO MOCTPOEHHEe HENb3S BLINOAHUTH C NOMOILBIO OXHOH JAuHelikH.
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rypatiiH, HeoOXONUMO BRIYKCIHTL HEKOTOpPHE KOI(DULMEHTH NyTeM KCKMIOeHHs
WX M3 IPYTUX YPAaBHEHWH, TAaK KaK HeKOTOpbie NpsiMble KOH(HUIypaluu BHOJHE
ONpelleNIAIOTCA MPSMbIMU, NOCTPOeHHEIMM paHbliie. Boobiie roBops, Takoe HCKAI0=
yeHWe NPUBOJNMT K ypasHeHusiM GoJiee BHLICOKOU CTeneHH. JTO NOMKHO UMeTh
MecCTO, Hafpumep, Aas KOHQHUTypaiwy (8,), TaK KaK B NPOTHBHOM Clyyae Myl 6l
He BCTPETHIHCH 30eCh C KOM-
NMJAeKCHBMU 3sevMeHTaMH. Ha-
npoTuB, B KoHdurypauusx (9,)
BCE BCMOMOraTefbHbiE YpaBHe-
HUA JIHHEHHB!, a oTcloda cie-
nyeT, 4TO BCe STH TPH KOH-
¢urypaliu scerna MOryT 6HTH
OCYLIECTBNEHB! B NefCTBUTENb-
HOCTW np¥ TNOMOIUH OJHOH
JIHHERKH.

Mbl MOXeM MBICHUTE 3Jie-
MeHThl  KOHGwmrypauuii  (9,)
PacronOXeHHHIMY  Pa3AHUHBIM
o6paszom. Tak, MOXHO mpen- Yepr. 121
CT2BUTH WX BO BCeX Tpex
cnyqasix B BUlle TPeX TPEYTO/JBHMKOB, M3 KOTOPBIX MEpPBHIH BIKCAH BO BTOPOii,
BTOpOlt —B TPeTHH H TpeTuil —B neppbili. TaKyi CHCTEMY TPEeYTOJbHUKOB
NpencTaBNsioT, HaupuMep, TpeyroibHvku 157, 239 u 468 Ha uepr. 121,
258, 369 u 147 Ha uepr. 122 w 147, 268 u 369 Ha wuepr. 123.
TonoGHLIM e 06pa3OM MEl mpencTasisnu KoHurypaumio (8,) kak cucremy
UBYX B3aUMHO ONWCaHHBIX YeThipexyronbHHKoB (uepT. 107, crp. 96).

7

Yepr. 122. YepT. 123.

Ianee, ece KoHdurypanyy (9;) MOXHO NpencTaBUTh B BHIE JICBSTHYTO/bs
HHKOB, BIHUCAHHHIX W OMUCAHUBIX BOKPYr caMux cels.

Takumy IeBATHYTONbHUKAMH ABII0TCs 236159487 2 Ha uept. 124,1627384951
na uepr. 125 u 1473695281 na uepr. 126. Ilpy noMomH COOTBETCTBYIOILHMX
aBTOMOP(H3MOB MOXKHO HalTW B Koudurypauwu (9,), eme HeCKONBKO HPYrux
JeBATHYTOJILHUKOB, OONaNaIoUX TAKHM e CBOHCTBOM.

[locTpoeHue  p-YroNbHWKOB, OHOBLEMEHHO BIIMCAHHBIX K ONMUCAHHHIX
BOKpYT camux ce6si, BCeria NOMKHO MOpPHBOMMTHL K KondurypaumsM (pg).
B cavom nesie, Ha KakIOH CTOpOHe MHOTOYroQJ/IbHHKa HOMMMO JIBYX BeplUMUH,
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KOTOpble OHA COEMMHAET, JEWHT elle OnNHa BepliMHA MHOTOYTOAbHUKA,
W TOYHO TaK )K€ Kaxnas pepiuyHa JOJDKHA JiewaTh Ha TPeX CTOPOHaX MHOro-
yroawHuka. Ilpw sToM Mbl npeanonaraem TOMBKO, YTO BCe CTOPOHH M Eep-
IWIMHL MHOTOYTOJBHWKA PaBHOMpPaBHLI. B npoTHBHOM cay4yae Ha ONHON CTOPOHe
MHOTOYroJibinka Mornu Obl Jexals JAve Wau  Gonee JPYTMX  BepIINHbBI,
a ¢ Ip,rO# CTOPOHH OHIM Gkl
ZIpyTHie CTOPOHBI MHOTOYTONbHMKA,
Ha KOTOPLIX He Jiexana Onl Hu
ONHA [ONOJIHWTENBHAs B2pIIHHA.
Kondmrypauuu (7,) u (8,) Tak-
We MOryt ObiTh TNpencTaBleHbl
KaK p-yronbHWku nonoGHOro po-
na. B o6o3HaueHusx Hallkx cxem
6ynyT OIHOBPEMEHHO ONHCAHHHI-
MM M BIMCAHHLIMM B CaMUX celst
cemuyronbuk 12457361 u BOCH-
muyronbuuk 126534871.
Inst Toro yro6h O3HAKOMHTH-
Hepr. 124. CH C ApyrMM BaXKHBIM CBOHCTBOM
Kouurypaunh, HaM HyxHO 6yzer
3AHATHCHA TIPUHUMIIOM ABOHCTBEHHOCTH. OTOT NMPHMHIMN NpUideT TPOEKTUBOH
reoMeTpHyi OCOGYI0 HAIMSUAHOCTL W CUMMETPHIO. Ero MOMXHO BHIBECTH Harisj-
HO M3 MeTopa NpOEKTHPOEAHWS, KOTOPHH MH YKe NpUMeHssiM JJisi BHIEONA
Teopem Dbpuanwona.

Yept. 125. Yepr. 126.

18. Mepcnektr3a, G6ecKOHEYHO YyHAalleHHbie JJIEMEHTHI H NPHHUHN JBOMN-
CTBEHHOCTH Ha nylockocTH. Korma Ml pucyeM Ha BepTHKaNbHOH HOCKE U30-
GpaeHHe KaKoro-HuOynm» maockoro nanmwadra, TO u30OpaweHHe nIOCKOCTH
noNyuyaeTcss B TaKOM Buie: W306pakeHHe OTPAHWUEHO MPSMON £, TOPH3OHTOM,
W ABe napaanesbHble MNpsMble 3TOH MNOCKOCTH, KOTOphHiE He mnapannesibHbl
CTOpOHAM JIOCKH, H300paxaioTci B BHMA€ [BYX [MpAMBIX, [CPECeKaIOIUXCS
Ha JMHHM ropudoHTa (Yepr. 127). Touka nepeceueHusi STHX NpPAMBIX HA3hbi-
BaeTCsl B TEOPHH HEPCNeKTUBH TOYKOM cxona.

TakimM 06pasoM npu u306par<eHUU NpH NMOMOILU UEHTPANBHON NePCMeKTHBL
napanjelbHble JHHHE O6LIYHO W306paaloTcsl HermapasnjenbHuMU. Jlanee MOXHO
ybeantscsi, 4TO TaKOe K3oGpakeHde He B3aUMHO OnHO3N1auHO. TOUKH TOpH-
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80HTA Ha H300pa}eyuy He FNpPENCTABNAIOT HUKAKWX TOYEK W306parkaeMol
TIOCKOCTH, U Hao6OpOT, HA 9TOH [JIOCKOCTH WMEIOTCS TaKue TOYKM, KOTO-
prie He NONYYaOTCH Ha M300paxeHHMU. DTO — TOUKMU NPAMOH f, mapannenpHO
1OCKe 1 npoxolsiied B u306pakaeMOH MJIOCKOCTH Yepe3 OCHOBaHME NepreHanKy-
A5ipa, ONYIIEHHOTO Ha 3Ty FIOCKOCTh M3 TOYKM HaGMIONeHus.

Takoe sisnenve mower OuiTh ONMCAaHO MpoIle, €CNH NepeliTH OT TOUeK

K NpOEKTHpYWIMM MX nyyam. Kawuo# touxke P miockoctd e (uepr. 128)

Yepr. 127.

€OOTBeTCTBYET npsamMas AP =—p, coeamHsIOUAs 9Ty TOYKY € Toukoif Habmio-
nenust A. Msobpaxenue touku P Ha xaxoli-nu6o noeke f ectb Touka P’,
B KOTOpOH DpsiMasi p mepecekaercsi € NOCKON; TakuM 00pa3oM moJoxeune
npAMOll p onpenenser u3oOpawenue. Ecau Touka P onucwiBaeT B IOCKOCTH €

A

AN

4

Yepr. 128.

KPHUBYIO, TO NpsMasi p OMNKHCHLIBAeT KOHyC C BepiliWHOH B Touke A. M3oGpaxe-
Hile KPUIOW Ha IIOCKOCTH f npelcTapnser cedenHe KOHYCa 3104 MIOCKOCTLIO.
B uactHocTH, ecau Touka P omnuchiBaeT B [UIOCKOCTH € NpAMYK g, TO
KOHYC [MpeBpamaeTcss B MIOCKOCTH Y, NMPOXOMSINyI0 uepe3 TOuKy A u nps-
mylo g. Takum o6pasom, B TO BpeMsi Kak TOYKaM [UIOCKOCTH e COOTReTCT-
BYIOT MpsMble, MpOXONsUME Yepe3 TOYKY A, MpsvHE IJIOCKOCTH € NPUBOAAT
K TJOCKOCTAM, MpPOXOMSIUM yepe3 Touky A. Msobpawenuwe npsmoit g Ha
TNOCKOCTH ¢ NpencTariifeT nepeceveHHe MJOCKOCTER f M Y, T. €. ONATH-TaKH
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HEKOTOpYIO npsaMyl g'. B 5TOM COCTOMT BaxHeiillee CSOACTBO HEHTpPanbHOH
MepCreKTHRh, WMEHHO TO, YTO NpsMHE BCeriaa U3o0pa)caloTcs B BHAE NPSMLIX.
Mpbl pasbuny nepcrniekTHBHOE OTOOpaXKeHHe Ha B2 OTOGPaMEHHs, M3 KO-
TOpBLIX BTOpOE MOXKHO paccMaTpuBaTh Kak o6pauienve nepporo. CrHauana
Touku (P) u npsMple (g) HEKOTOPOH IUIOCKOCTH 3aMEHHJNCh MpsMbIME ()
n mnockoctaMu (Y), MpOXOMsSLIMMHK Hepe3 TOYKY A, a 3aTem mpsavbie U MJO-
CKOCTH, MPOXOAsIHe uepe3 TOUKy A, cHoBa 3aMeHsnuch Toukamu (P') u nps-
Meivi (g') npyrodt maockoctH. IosToMy u3 cooGpaeHMH CHMMETpPWHM HOCTa-

TOYHO GYlIeT paccMOTPeTh TOABKO TePBHIH miar.
drto orobpaweHne €-— A TONHOCTBIO ONpefeNeHO TOJNLKO B  3aJaHHOM
Hanpas/leHMu, HO He B HampableHud, obpatHoM A —e. Cpenu npSMHX,
NPOXONSIMX 4Yepe3 TOuky A, mnpsiMble, nNapaliellbHBE [IOCKOCTH €, TpH
oTo6paxenu 3aHUMaOT ocoboe moncweHue. OHW He COOTBETCTBYIOT HHKa-
KHM TOYKAaM MJOCKOCTH €, B TO BpeMsi KaK OCTafbHbe TMpsiMble, MPOXOnsi-
Imue yepes TOUKY A, ONMpenesfiiOT TOYKY TJIOCKOCTH €, HMEHHO Ty TOUKY,
B KOTOpOH OHM mepeceKkalT 3Ty WJIo-

o ckocte. Ilpsvume p,, TapamiencHble

/ 2, ,’/ MIOCKOCTH €, MPOXOJSLke yepe3 TOUKY
1

. A, 3aNONHSIOT HEKOTOPYIO MIIOCKOCTE Y.,

HWMEHHO TJIOCKOCTh, MPOXOASILYIO Yepe3
TOUKY A M MapanenpHY0 TUIOCKOCTH €
(uepr. 129). Dra mnockocts y, ONATH-
TaKH 3aHUMaeT 0CO00€ NONOWKEHHE CPeH
BCeX MJIOCKOCTeH, NpOXOASLUMX uepe3
TouKy A npuorobpaxkenun A—e. Fimen-
HO, B TO BpeMsi KaK Bce [pYrHe mpo-
Yepr. 129. XOAsiIiHEe Yepe3 TOUKYy A TOCKOCTH
COOTBETCTBYIOT ONpeneneHHoM npsamoi g
Ha TJOCKOCTH €, TNpSIMOH [epeceveHHss HX C MIOCKOCTHIO e, INOCKOCTH Y,
HE COOTBETCTBYET HHMKAKOMW NpAMOl, TaK KaK OHA He MepeceKaeT MIOCKOCTH e.
Becema 1enecoo6pasiio YCTPaHHTL 3TH  UCKIOUHTENLHEIE CyYaw  MyTeM
BBe/leHUS HOBLIX NOHATHH, NMPHCOEAMHAS K IUIOCKOCTH € TOYK4 P, B KayecCTse
«BeCKOHEYHO YnaNeHHbIX». ODTH TOYKM ONpeleNsiioTcs TeM, 4TO OHH JOMKHBI
CNYKHTH M300paKeHUsMH Nyyelt p,, ipu oTobpaxenun 4 — e. CoBOKynHocth MX
cnenyeT paccMaTpuBaTh Kak W300paxceHne NaoCKocTH Y,. Ecnn Mb Takum
06pasom u36aBUMCH OT HCKAIOYHTENBHOTO [MOJNOWEHUs 3TOH MJAOCKOCTH nio
CPaBHEHMIO € JIPYTHMH NJOCKOCTAMM, MPOXOUAIHMH Hepe3 TOUKy A, TO Ham
NPUNETCS CYHTATh M300paxceHue 9TOH NAOCKOCTH MpsiMOH nuHKeH. [Tosromy mix
FOBOPHUM, UTO GeCKOHEYHO yla/neHHble TOUKH IJIOCKOCTH € 3anOIHIIOT HeKOTOPYiO
npsMyl0 g,, HasbiBaeMyio GeCKOHeUHO ynaneHHOl mpsMOH nnockocty e').
[Tocne TOro Kak Mbl IOMONHWIM TAaKUM 06pa3oM NAOCKOCTh €, OUeBAIHO, 0TOGpa-
YKEHHE TOYEK M NpPSAMbIX TJOCKOCTH € Ha np:iMble M IJOCKOCTH, MPOXONsLive
yepes TOUKY A, [MONHOCTHIO ONpeleneHO ¥ MPUTOM B3aUMHOONHO3HAUHO.
LlenecooGpasHocTs BBEIEHWS TaKWX OMNpene/ieHul BHIACHAETCH TNPH  pac-
CMOTPeHUU OTOGpaxeHus! [IIOCKOCTH € MOCPENCTBOM HEHTPaNbHOH MepCreKTHBL

1) Haspanue «6eCKOHEUHO yHa/eHHas» OOBACHSETCH TeM, YTO JyY 3DeHus, Hanpas-
neHHbI B HEKOTOPYIO TOUXKY IIOCKOCTH €, BCerfa CTPEMHTCH K HEKOTOpOMYy aydy p,,
€C/H TOYKA MJAOCKOCTH e GECKOHeNHO YnansieTcsi B ONpeAeeHHOM HanpaBieHHH.
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Ha TIPOMSBOJILBYIO APYTyio minockocTs £+ Tak we Kax MAOCKOCTE € MBI fo-
NONHUIH  GECKOHEUHO YNAaNeHHbIMM TOYKAMM, TaK RAOCKOCTL f JONOAHIM
GeCKOHeYHO ynalleHHHIMH TOYKaMH, OGpa3yIoIMMH GeCKOHEYHO Y naneHHyio
npsiMy1o sToit nnockocTH. Ho ecam mnockocTs £ He napannenbHa niockocTy e,
TO Npu u306paxcenun A — ¢ GeckoHeyHO ynane IHblM npsiMbiM [, nnockocty £
COOTEETCTBYeT He [UIOCKOCTh {,, HO HeKOTOpas WHas MAOCKOCTb X, Mpoxo-
nsias depes touky A., Ilnockocts ) nepecexaercss € NNOCKOCTHIO € BOAb
HeKOTOpPoH rnpsaMo# I, Takum o6pa3oM, Tpr nepcrieKTHEHOM OTO6paeHiil
€— 1 TOYKaM GEeCKOHEeYHO yNaJieHHOH NpsMON OJHON MJIOSKOCTH COOTBETCTBYIOT
TOYKH OOGBIKHOBEHHOH npsiMoll npyrofi naockocti. Tonbko mnochne BBeneHHSA
GECKOHEYHO yNaNieHHhIX TOYEK LEHTPanbHAs TepCrieKTHBd  MpeBpallaeTcs
B Takoe oToOpadeHWe, NpW KOTOPOM TOYKH M TpsiMble ONHON MJIOCKOCTH
U306paxaloTcs B3AMMHOONHORHAYHO TOUKAMH W NPAMBIMH IPYrOM I1IJIOCKOCTH,
npuyeM GeCKOHEYHO yiaJleHHHle TOUKH CTAHOBATCA DPABHONPAEHBIMH C KOHeY-
HBIMH TOYKaMM.

Teneph nocMOTpHM, Kak clienyeT OGOGLIMTE NMOHATHE WHLMAEHTHOCTH MeXny
TOYKOH ¥ npsmMoli nocne n06aBneHHst GECKOHEYNO YHANEHHHIX BJeMEeHTOB.
Mu Gynem cHoBa MCXOAWTH W3 u3obpawenus ¢ — A. Kowneunas touka P
HMHIMIEHTHA C KOHe4HOU TpAMOH g B DNIOCKOCTH € TOrAa M TONBKO TOrna,
KOTla MHLMIEHTHH COOTBETCTEYIOLMAd mpsMas p U mAoZKocTh Y. Mei 0606~
IIMM 310 HA JOOble TOYKW M MpsMble B TWIOCKOCTH e. Bynem HaswiBath Gec-
KOHEUHO ynasieHHyl0 TOuKy P, WHIUMIEHTHOM € HEeKOTOpOH mnpsmolt g Torna,
KOrfa nyy p, MHLUMIEHTeH ¢ nnockocthio Y. Ecau nnockoctw y u Y, coe-
najgaT H TakuM ob6pasoM npAMas g aBisercs GeCKOHEYHO ynaneHHol npsMof
IJIOCKOCTH €, TO Mbl He NojayyaeMm HUuero Hosoro. Ecim e g ecTs KoHeuHas
npsiMas, TO IOCKOCTH Y M Y, NepPecekalorca fo HeKoTopodt npsMo# p,;
NOSTOMY BCAKAS KOHEUHas! MpsMasi MMeeT OIHYy M TONbKO OHHY O6eCKOHeuHO
YAAneHHYIO TOYKY, a WMEHHO, TOUKY nepeceueHus ¢ npamoh g,. Ecam nps-
Masi g' napanjenpHa npsMOH g, TO 9TO SKBUBAJIEHTHO TOMY, YTO TWIOCKOCTH Y',
COOTBeTCTByIOIAs npamMod g', npoxoauT uepes mpsMyio p, (Yepr. 129).
TaxkuM oGpasom nBe MpsiMble MapaJuleNbHbl TOMJIA M TOJNBKO TOTHA, ecik OHH
UMEIOT OMHY M TY e OeCKOHEYHO yIaleHHylo TOuKy. Takos cmwicn Toro
oGopoTa peuM, KOTOPHIM Mbl O CHX [OP MOMe30BajkCh, HO KOTOPLIH He
¥MeeT CMbicia Ge3 pasbsiCHEHMA: MapaliefibHble NPAMEIE TepeceKaloTcs
B GeckoHeuHOCTH. 31ech MHl BUAMM OCHOBaHKe YNOMSHYTOTO B Hayane 3TOro
naparpada daxkra, 4TO ABe napaniiefbHbE NpsMBle NPEACTaBATIOTCS Tepe-
CEeKaUMMUCA B TOUKE CX0Ha, Jiexauelt Ha TOPU3OHTE.

B kauecTBs mpuMepa TOrO, HACKOMBKO YNPOLIAKTCH I'EOMETPUYECKHE [IO--
HATHS TIPW BBeleHWH GeCKOHEYHO YNAJeHHHIX S/NeMEeHTOB, Mbl TpHBEEEM KO-
HUYecKue ceyeHus. Tak kak OHU mpeacTaBasior coGoil, kak OBJIO yKazaHO
B TepBol TnaBe, CeyeHust KPYTOBOTO KOHYCa MIOCKOCTHIO, TO OHM MOryT
6HITH pPacCMaTPHBAEME! KAaK NepCreKTHBHble H300paXeHHS HEKQTOpOH OKpYH-
HOCTH. B 3aBucuMocT OT TOro, GyLer /Iy OnWH WM lIBA NPOEKTHPYIOIIHX
nyua mapanneibHbl [UIOCKOCTY TpPOeKLuH wiu He OyneT HU ONHOrO napan-
NENBHOTO Jlyda, MH noAyyaem napaGony, rumepOony uid sianunc. B cooteer-
CTBMHM C BSTHM Mbl MOXeM cefuac CKa3aTk: KOHMYECKOE CeueHue rnpencTa-
miseT mapa6ony, runepbony WKW S/UIMAC B 3aBHCMMOCTH OT TOrO, Kacaercs
M OHO 6ecKOHEUHO YyJaneHHOU npsiMOil B OnHOW TOUYKe, riepeceKaeT JH ee
B MBYX TOYKaX MM BOBce He nepecekaetcs ¢ Helo. Tlpn  uenrpanbrol
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HpPOEKUMH Ha JAPYryi0 TJIOCKOCTH MBl TMOJy4YaeM B STHX CJyYasiXx KOHHYecKoe
ceuenne, KoTopoe au6o KacaeTcs ropu3oHTa, JMbO nepecekaeTcs € HUM, nnbo
He Tepecekaercs. Kakoro poxa Oyner 3TO KOHMYEeCKOe CeYeHHE — 3aBlicur
OT pPacnofOXeHus MNOCKICTH W306paweHHs,

Boo6uie 1ueHTpalpHas NpOEKUMS TNpPEACTAr]feT Ba)HOE BCIIOMOTaTanp-
HOe CpEeACTEO, AJs TOro 4ro6w u3 ¢Quryp CreuuansHOIO BHAA NOJyuaTh
Gonee o6uMe; Tak, Hanpuvep, (QULYpy TNOJHOTO  YeTHPEXCTOPOHHHKA
(crp. 91) Bcerna MOWHO mOJNyuHTh M3 TpPOCTOH (Urypel, M306pameHHOH Ha
yepr. 130.

Onnako 3HayeHuWe GSCKOHEYHO ynajleHHHX B/IEMEHTOB COCTOMT Tpexne
BCErO B TOM, YTO OHHM FO3BOAMIOT M3MEHWTh M CYLIECTBEHHO YMPOCTUTH
aKCHOMAaTHUYeCKOe OOOCHOBAHME MAOCKOH reoMeTpuu. VIMEHHO, eciH (rpaHu-

YNTHCS KOHEUHHIMHM TOUYKAaMHM IJIOCKO-

L CTH, TO HWHLMOEHTHOCTH TOUEK U

5 / NpsMBIX ONPENeNsieTcss CNenylonumMu

Y aKCHOMAMMU:

1 / 1. Jlse pasauurbix mouku cee-

\\ 7/ O0a onpedensiiom O0OHY npAMYIO,
—  UHUUOCHMHYIO € HUMU.

s < /7 2. [lse pasaiunvix mouru onpe-

(=— AN Oesn 10N MOAbKO OOHY UHUEOeHINn-
A7 Ne HYI0 € HuML RPpAmYIO.

W3 Bropofi akcuoMu crenyet: NiBe

% N NpfAMbie HA TOCKOCTH HMEKT J6o

AN onHy o6HLyI0 TOUKY, kW00 HU OIHOH,

\ TaK Kak ecny Ohl OHM HMeNH JiBe

g

ums Gonee OOIMX TOUeK, TO OHH
coBManu OBl B ONHY €IMHCTBEHHYIO
NpsAMYIO.
Hepr. 130. Crnyuail, xorma [Be rnpsMble Ha
TJIOCKOCTH He MMeloT ob1uefi Touxu,
onpejensiercs W OrpaHAYMBAETCS €KAMAOBON aKCHOMOH napasiesIbHOCTH:
Ecau na naockocmu Oara npou3BOAbHAs npaMAst @ U NPOUIBONLHAS
moura A sHe npsamoli a, mo 8 IMOI NAOCKOCIMU UMEEMCS O0KA U MOAbKO OOHQ
npsimas b, npoxoosuas uepe3 mouky A u He nepecexaroujasi npsmoi a; nps-
#as b Ha3el8aCMCA NAPAANEABHON K NPAMOE a, npoxodsuel wepe3 nmouky A.
Ecnn Temeps Mpl OyneM paccMarpuBaTh He TONLKO KOHEUHBIE TOYKH, HO
pacIMpUM HaIly rnOCKOCTh [0 NPOEKTHBHOH [UIOCKOCTH, 106asus K Hel
6eCKOHEYHO YNANeHHYIO NPAMYIO, TO BMECTO YNOMSHYTHIX TpPeX aKCHOM Mbl
MOXeM TOJOXHTH B OCHOBY JiBS CJENYIOLUHE AKCHOMBI
1. [Ose pasiuunsie mcuku onpedensiiom OOHY U MOAGKO OOHY Ry SIM)IO.
2. [lse pa3iuynbie npaiuvie onpeGessiom O0HY U MOALKO OOHY MOYKY.
K stuM #ByM akcMOMaM MOXHO CBeCTH WHLMAEHTHCCTh TOYEK M MpPSMbIX
npoektusHoll mnockoctH. Ilpu StoM oTHIOmE He CrefyeT OTAHYATH GeCKOHeuHo
ylaneHHHe TOYKH M GeCKOHEYHO ylaleHHHe MpsiMble OT APYTHX TOYEK M mps-
MbiX. Ecli MbI 3aXOTHM OCYLIECTBUTH MPOEKTHBHYIO TUIOCKOCTH B BUIE HEKO-
Toporo ofpasa, B KOTOPOM PaBHONPABHOCTH BCeX TOYEK H BCEX MPAMBLIX
CTaHeT HATMIBAHON, TO MBI MOXEM OGPaTHTBCA CHOBA K MYYKY OpSIMBIX M [IOKO-
credl, NPOXOASIIHX HEPe3 OMNpeneseHHYWw TO'KY, UDHYEM Mul OyneM paccuatpu-
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BaTh NpsAMble KAK «TOYKM», a TJIOCKOCTH — KaK «mpsiMbie». Ha rakolt
MOZIeNd Jierye BCEro YCMCTPETh CITPABENNTMBOCTH OOEHX MPUBENEHHBIX AKCHOM.

ITH IBe aKCHOMHI 06/1analoT TeM (DOPManLHHIM CBOWCTBOM, 4YTO OHM OCTa-
JOTCS  HEM3MEHHBIMHW, eCH CIOBO <«MpSMasi» 3aMEHWTh CJIOBOM  «TOYKa»,
a CJIOBO «TOYKa» 3aMECHHTH CJIOBOM «Opsaman». bonee peranwHoe wccrenona-
HHe MOKa3biBaeT, YTO W B OCTalbHBIX AKCHOMAX IOCKOH [IPOEKTHBHOH Treo-
meTpuy 06a aTH CnoBa MOXHO OOMEHMBATL MecTaMH 06e3 H3MeHEHHS CO-
IepXaHus CUCTeMb akcHoM. Ho Toraa u Bo Bcex CneacTBUSX M Teopemax,
BLIBONMMBIX U3 STUX aKCHOM, 006a 9TH CJIOBAa NOJDKHE GHTH B3aUMHO 3aMe-
HAleMBI.

BaaumHas 31MeHseMOCThL TOYEK U MPSIMbIX HA3bIBAETCS NPUHLIMIIOM JBOHCTBEH-
HOCTH B MPOSKTHEHOM nockocTH. COrNacHo 9TOMY IIPHHIMMY KAXKAOMY IIpeaJo-
EHWIO COOTBETCTRYET B CHJIY NBOHCTBEHHOCTH APYro2 MpemsloXeHue M TOUHO
TaK Xe BekoH durype B cuny HBOUCTBEHHOCTH COOTBETCTBYeT Apyras (urypa.
[Ipu aTOM TOUKaM, NexwalluM HAa HEeKOTOPOH KPUBOH, COOTEETCTBYET NOCHeNO-
BaTENBHOCTH NMPSIMBIX, KOTOPhIE, BOOGILUE TOBOPS, OrM6aIOT HEKOTOPYIO LPYyTyIo
KpUBYIO, Kacasichb ee BO BceX TOYKaX. Bonee metannHoe WcClenobaHue mokas
3bIBAET, YTO CeMelCTBO NpSMbIX, COOTBETCTBYIONlee B CWIYy IBOWCTBEHHOCTH
TOYKAM HEKOTOPOrO KOHUYECKOTO CEeYIHHs, BCErla OrMGaeT TakkKe HEKOTOpoe
KOHHYeCKOoe CeyeHue,

CorniacHO MpUHLMNY IBOACTBEHHOCTH NhHl MOXeM H3°TeopeM BpuaHumioHa
BBIBECTH p#A APYIMX TeopeM, HasbiBaeMbliX TeopeMamu [lackans no uMenu
yueHOro, pokazaBuiero MX. 1A TOro ytoOH HATJIAOHO MOKAa3aTh ABOUCTBEH-
HOCTH OOeuX TpYMfl TEOPeM, BHIUILEM HX DAAOM B COOTBETCTBYIOLLeH HApyT

Zpyry gopme.

TeEorPEMEL BPHAHmIOHA Teoremu INackans
*

1, 2, 3. lycms Hexomopulii we-
cmuyz2oabHuK 00pa3oéan w3 wecmu
npAMbLx, SB.1SIOUUXCH KACQIMEAbHbL-
MU HEKOMOPO20 KOHUMECKO20 CEYEHUS
(wecmuyzonbrur, ONUCAHHbIE OKOA0
Konuueckozo cewenus). Tozda suHuu,
CoedUHsOWUE NPOMUBONONONCHbLE Cep-
LuHbL, NEPeceKaiomcss 8 0OHOU mouke.

4. [Iycmp Oano wecins nNPAMoLX,
mpu u3 KOmopulx UHLUOEHMHbL € MO%-
Koii A, a mpu Opyztix — ¢ mouxoi B,
Buibepen wecmy mouex nepecedenus
max, 4mo aImu mMOYKL BMECHE
¢ coomgemcmsyUuME  COeOUHSIO-
WU MU UX MUHUSIMU 05PAZY Om wecnu-
Y20AbHUK, CMOPOHBL KOMOPOZO no-
nepeMerHo npoxoosmn 4epe3 mourku A
u B; mozda sunuu, coedunsouue
NpOMUBONO AOHCHBLE BEPLULUHBL, nepece-
Karomes 8 00HOL mouxe (Gpuaruio-
HOBQ MOUKQ WECMUYZOAbHUKA).

1, 2, 8. Ilycmbv wecmuyzoabHuK
06pa308QK Wecmblo MOUKAMU, pac-
NOAOHCEHHBLMU HQA HEKOMOPOM KOHU-
YeckOM  cevenuu  (WECHMUY20AbHUK,
BRUCQHHBIL 8 KOHUYECKOe CeueHue).
Toz2da mpu mouku nepecenerus npo-
MUBONOAOICHBLX CMOPOH AEHCAM HA
OQHOIl npsAMOL.

4. Iycmb Oano wecmv mouek,
U3 KOmMopwLX Mmpu UHYUOCHMHbL C He-
Komopoi npamoi a, a mpu Opy-
2ue—c npsmoti b. Buibepen wecms
COCOUHAIOWUX UX NPAMBLX MAK, 4MO
OHUL 8MECME C COOMBEMCNEYOUHMY
mouxamu nepecewenus  obpa3yom
Hecmuy2onbHuUK, 8epULLHbL KOMOPOZOo
PQCNONONHCEHB. HONEPEMEHHO HAQ npsi-
Mmoix a u b. Tozda mouxu nepece-
YEHUS. NPO NUBONOAONCHBLX CIMOPOK
Aexcam Ha 000l npamol (nackasesa
NPAMAS WECMUYZONbHUKA).
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durypa, cOOTBETCTBYIOLIAs nochelHed TeopeMe [lackans, oueBunHo, nomkwa
GuiTh nBoficTBenHa Kou¢urypauuk (9,),. Ho n roo6ume ckasmBaercs, yto
¢urypa, nsolicreennas HeKOTOpOH KoHurypaum1u (pwg_ }s MPENCTABNSCT T2KKe
KOHGUIYpalio # NpUTOM THRA (g py). KoHpurypaiusim crienuanboro Buna,
KOTOpHIE MK 0503H3aUKM CMMBOJ!OM (p,), ¥ TOIBKO BTHM hOHd)urypauumu
COOTBETCTBYIOT [0 NPUHLHITY ,I[BOHCTBBHHOCTH KOH(HUTypaLlMy TaKOro e Tuna.
Kazanoce 6w, uTO KOHQUrypaumus teopems! [lackans, 1. e. durypa, coorser-
CTBYIOIHAT 10 NNUHINMY RBOUCTBEHHOCTH kOH(Urypaumun (9,),, To/mkHA npen-

Yepr. 131

CTaBAfTH ONHY W3 ABYX Npyrux koudurypaimit (9,). Okxasbipaercs, ONHAKO
(uepr. 131), uro u Teopeme [lackans cooteerctByer Koudurypauus (9),.
[TosTomy MEl € caMOro Hayana Ha3Banu 3Ty KoHurypauwuio koHdurypauueil
Bpuanmouna-ITackaas. Takim o6pasom Kondurypauus (9), «IBOHCTBEHHO

a

2 (6),

1)
4 (3) (&) (%

—___

\

Yepr. 132.

WHBapuaHTHa». Kak O6GpHAaHWIOHOBY TOYKY, TaK H TacKafeBy TMpPSMYI0 Mbl
MOXeM BHIOpaTh B KOH(HUTYpaUuK COBepLIEHHO MpPOM3BOJBHO.

M3 nocnenHelt Teopemnl Ilackans npu mnomouy G6GeCKOHeYHO YylalleHHhiX
3MIEMEHTOB MOXHO TOJYYMTh YacTHHIH cayuad, koTopelit 6e3 BeelcHusi STHX
MOHATHH He MOr 6Bl CTORTH HW B KAKOH MO3HABAEMOU CBf3K C nepBOHAYaILHOU
Teopemoil. Mvenno, ecnim Mbl MpOBeieM MAacKaleBy MPSMYIO B G6eCKOHEYHOCTH,
TO NMONYYUM Clefylolliee MNpeJOKeHHe:

Ecau sepuiunpl wecmuyzorpHuica A€34CAM RONEPEMEHHO HA O08YX NPAMbLX
u ecau Kpome mo20 08 nape. nPOMUBONOAONCHBLX CIMOPOH NAPANNENbHDbL,
mo u mpemdsi napa cmopox OoadcHa Obime napassesssa (4ept. 132).
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Ator cneumanbHbif ciayual teopemsl Ilackans maswiBaetcs Teopemo#t [lanma.

Ilocne toro kak Mb y6Gemunncs, 410 Kondurypauws (9,), ABOHCTBEHHO
MHBaPHAHTHA, JIETKO BEHIBECTH 3aKJIOYEHHE, HTO M KOHurypauum (9,), v (9,;),
DO/MKHE OHITH JIBOHCTBEHHO WHBAPMAHTHHIMH. B camOM nene, B NpPOTHBHOM
cnydae ocTavanace OB OfHa BO3MOXHOCTh, MMEHHO, YTO KOH(MIypaums (9,),
npd NMpPHMEHEHHH TpUHLMNA JBOKCTEEHHOCTH mepelineT B KoHGUrypauno (9,),.
Ho xoudurypauus (9,), npaeunbua, a kondurypaums (9,), Her. Cnenosa-
TeJbHO, S5TH n1Be (UIYPH He MOryT COOTBETCTBOBAaTH IPYT APYTY 1O TPHH-
IMny ABOHCTBEHHOCTH.

Tlepefinem Tenepr x koHdurypammsm (10,). Jins T0r0 4TOOH NPENCTaBHTH BaX-
Heliyi0 u3 STHX KOHGuUrypauwuit, kondurypauuio Jlesapra, HeO6XOIHMO BBECTH
6ECKOHEYHO yNajieHHbIe SJAEMEHTH M I¥PUHIMM NBOKCTBEHHOCTH B NPOCTPAHCTBE.

19. BecKOHeuHO yja/leHHble 3JeMEHTbl M NMPHHUUN JXBOHCTBEHHOCTH B fpoO-
cTpaHcTee. Teopema Jle3apra u koHpurypauus Jesapra (105). IIponssons npoek-
THPDOBaHHE B TNPOCTPAHCTBE, MbI TNO3HAKOMWJHCH C TIOHATHEM MNPOEKTUBHOM
nnockoctH. TlpocTpancTBO B LesiOM TOYHO Tak e mnpeoOpasyercs B o6pas,
BO MHOTHX OTHOLIEHMSIX GoJiee NPOCTOl, B KIIPOEKTHBHOE MPOCTPAHCTBO», €CIH
n06aBuTh OGECKOHEYHO ynalieHHbie 3JEMEHTH; OAHAKO B STOM Clydae STOT
METOR TepecTaeT OHTh HATMSIAHEIM M MOXeT GHTH 060CHOBaH TOJBKO abCTpak-
THO. [lpexuae Bcero npeamnosioHM, YTO B COOTBETCTBUHM C TNPEXHHM TIPHHIH-
NOM Ha BCEX TIJIOCKOCTAX OOGBIKHOBEHHOTO MPOCTPAHCTBA BBEIEHH OECKOHEYHO
ynaneHHbie 9JemeHTH. Torna HampaulMBaeTcsi MEICAL Ha3BaTh GECKOHEYHO
ynaneHHOH NJIOCKOCTHIO MPOCTPAHCTBA COBOKYNHOCTL OecKOMeunO ynaJieHHBX
TOYEK H TIPIMBIX. DTa COBOKYNHOCTEH -UMEeT TO ofliee CBOHCTBO C OOBLIYHEIMH
NJIOCKOCTAMH TNPOCTPAHCTBA, YTO OHA IEPEeCeKaeTcsi CO BCAKOH IIOCKOCTBIO
no mpsMoli, a HMEHHO, Nno 6GecKOHEYHO ynalneHHOH npsiMOH STOH IMJIOCKOCTH.
Co BcfikOl OGHIKHOBEHHON npAMOH 6GeCKOHEUHO ylaleHHas IJIOCKOCTD, TaK
e KaK M BCsKas Jipyras 1JIOCKOCTh, He copmepxaiyas 9Toff npsiMol, umeeT
TOJBKO OfHY OGMIYIO TOUKY, MMEHHO O€CKOHEYHO YHA/IeHHYI0 TOYKY TNpsiMoH.
Hanee, pBe mnjaockocTd MOTYT ObITh NapajiebHH TOTAA M TOJBKO TOrna,
KOrna OHM CONEPIKAT OnHy M Ty ke GeCKOHEYHO ynaneHHyio mpsimyio!).

MHorue cBOHCTEa reOMETPHH TPOCTPAHCTBA YNPOILAIOTCH NMPH TaKOM npen-
crapieHnd. Tak, MOXHO paccMaTpueaTh TapaslIe/IbHYI0 NPOEKUMI0 KaK 4HacT-
HHH Cciydyadt LeHTpaJbHOH TNpOeKUHH, TPH KOTOPOM LIEHTPOM MNPOEKUMH CJy-
WUT OECKOHEUHO ynaseHHas Touka. Jlanee MOXKHO, HampuMep, ONPENEsUTH
pasHuLy MexIy ONHOMOJOCTHHIM THNEPOONOHAOM M THNepOONMYECKHM mnapa-
6oMOMAOM TeM, HYTO THNepOOJNOMA nepecekaeT OGECKOHEYHO YAANEHHYIO MJIO-
CKOCTb MO COGCTBEHHOMY (HEBHPOJMBILEMYCs) KOHHYECKOMY CEUEHHIO, Mexay
TeM Kak napa6oJoun nepecekaeT OeCKOHEYHO Ynal€HHYIO IJIOCKOCTL BHOJB
nape o6pasyiolux TnpsMbX. Takoe pasnnuve pPaBHO3HAYHO OOGBACHEHHIO,
DaHHOMY Ha ctp. 21, 4TO TpHM He Jexaluux B ONHOH TJOCKOCTH TNPAMBIX
Jiexxar Ha napabGonoune, a He Ha TMnepbONoKMKe, TOrAa M TOJBKO TOrna, Korma
OHHM Tnapa/ienbHbl HEKOTOPOH TMJIOCKOCTH; B €aMOM Jejie, STO 3HAYHT, 4TO
STH TPH TNPsSIMbIE TIEPECEKAIOT ONHY GeCKOHeYHO ymasieHHYIo MpsMyio, KOTopas
IO/KHA JleXaTp Ha 9TOH e TNOBCPXHOCTH, TaK KaK OHA HMMeeT C Heli TpH
OOLUMX TOYKH.

1) Tak kak, ¢ ofHOH CTOPOHBI, MAPaNNEIbHOCTh, @ C NPYrofl CTOPOHHL, OGLUHOCTH
6eCKOHeYHO YHANEHHBIX MPAMHX PABHU3HAYHBI TOMY CBOHCTBY, 4TO AAs KawaoH mps-
Mot 0HOM MNNOCKOCTH MOXHO NPOBECTH NAPAJIECAbHY 0 el npsivyio B pyro#t niocKocCTH,
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B NpOeKTHBHOM NPOCTPAHCTBE, OYEBHAHO, CJENYET paccMaTpHBaTh BCE MIOC-
KOCTH KaK NpOEKTHBHEE NJOCKOCTH, M C/IeOBaTENBHO, 31eCh HAIEET MeCTO
NPUHLMI JBOMCTBEHHOCTH Ha NNOCKOCTH. B npOCTPaHCTBE B LEJIOM HVEET MEeCTO,
OIHAKO, elie OAWH, OTJI#YHHIl OT STOTO, NMPHHLHI NBOHCTBEHHOCTH.

YUro6sl noJiyuuTs €ro, NpuBENEM, TaK XKe KaK W B Clyuae njOCKOCTA, Ipynny
aKCHOM, KOTOpbi€ ONpEneNsioT B NMPOEKTHBHOM TMPOCTPAHCTBE MHUMAEHTHOCTh
TOYEK, NPAMBIX M IVIOCKOCTEeH, NpHueM Mbl He OyneM AenaTh pasivuusi MeWILy
KOHEUHHIMM K GECKOHEYHO yJajeHHBIMH O00pasaMu. IDTH aKCHOMBI MOXHO
chopmyanposaTh clepyolumM o6pasom:

1. [lse naocxocmu onpedessitom OOHY U NIOALKO OOHY NpAMYIO; mpu
RAOCKOCMLL, He nPOX00AuLe Yepe3 00HY NPAMYIO, onpedessiiom 00HY 1 mMOAbKO
O0HY mOUKY.

2. [se nepecerxanouecs npamvie onpedessiom 00Ky i MOAbKO O0HY MOUKY
U OJHY U MOABKO OOHY MAOCKOCHLb.

A g

Yepr. 133.

3. [lse mouxu onpedessrormn 00Ky u moabko 00HY mpsmyw. Tpu mouru,
He sedicaugiie Ha OOHOUL nPAMOL, onpedensiom OOHY U MOABKO O0HY nAOC-
Kocms.

Ara cucTeMa aKCHOM OCTAaeTCsl HEM3MEHHOH, eciii OOMEeHSTL MeCTaMH CJIOBa
«TOYKa» ¥ «MIOCKOCTH» (TpH STOM TiepBasi aKCHOMA IOMEHNETCS MeCTaMH
c vpeThell, a BTOpas OCTaeTcsi HeuameHHOM). TOUHO TaK e H COBOKYNHOCTD
BCEX OCTAJLHHIX AKCHOM NPOEKTHBHOM FeOMETPHM NMPOCTPAHCTBA OCTAETCS NPH
Taxol 3amMeHe HEMSMEHHOM, TaK YTO B TIPOCTPLHCTBE IJIOCKOCTH M TOYKA
JBOMCTBEHHO COOTBETCTBYIOT APYT HOPYTY, MEXIy TeM Kak mpsMas COOTBer-
ctByer cama ce6e. COBOKYMHOCTH TOYEK MOBEPXHOCTH ABOHCTBEHHO COOTBET-
CTBYeT CHCTEMa KacCaTelbHHX IJIOCKOCTE€4 K [Apyrol NOBEPIHOCTH, TIpPHYEM
NofO6HO KOHHYECKHM CEYEHHSIM H& TJIOCKOCTH f B NPOCTPAHCTEC NMOBEPXHOCTH
BTOPOro IODPSiNKA IBOHCTBEHHO COOTBETCTBYIOT Camu cebe.

INpocrefitzas 1 B TO e Bpemsi BakHeiiuasi TeopeMa NPOCKTHUBHOH reomert-
pHM TIpOCTPaHCTBA HasbipaeTcsd Teopevol Ilesapra. Teopema Jleaapra raacur:

ITycmy Oanv 8 npocmparicmse déa mpeyzoavriuxa ABC u A'B'C'. ITycme
Ml MpeyzoNbHUKH PACNOAOHCEHb MAK, 4MmO AUHUL, COLOUHSIOL e COONLeeNi-
cmsyouue 8ePULLHLL, nepecexaromes 8 00Hol mouxe O (uept. 133). Tozda,
80-nepebiX, MPU NAPbL COOMBEMCMBYIONUX CMIPOH MPEYZOALKUKOE nepece-
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kawomesn 8 mpex mouxax RST u, 80-8mcpuix, smu mpu mouku sedcam
Ha O0HOU npsimod.

[lepeas yacThb TeopeMH JAOKa3HBAETCA BechMa Mpocto. [se mepecekawmmecs
npsmue AA' u Bb' onpenenstor cornacHo BTOpol npOCTPaHCTBEHHOH aKcHOMe
HEKOTOPYI0 MJIOCKOCTE. HO B 9TOHM NJOCKOCTH pacnoOxeHbl TaKkie H Nps-
mue AB u A'B' T1ak,u4T0 COINACHO BTOPOI! II/IOCKOCTHOH aKCHOMe OHM nepece-
KawTca B HekoTopo# Touke R. OcTacTcst HeonpepeNeHHbIM, JIEXHT JiM Toyxka R
B KOHeYHOM yaclu mpocTpauctBa Wi B CeckoneyHoCTH. CyLiecTBOBaHHe ABYX
Apyrux Touek mepeceuenuss S B T MOXHO HOKas3aThb TaKuM e 0Gpa3om.

Bropyio uacte TeopeMbl rerkO yCTaHOBMTH B TOM Clyuae, KOTIa TPEyroJb-
HHMKH pacriofiOMeHH B Pa3/IMYHHX MIOCKOCTAX. Torma STH TMJIOCKOCTH Olpe-
NEeNSIOT OJHY — KOHEUHYI0 WIH GeCKOHEYHO ylaleHHYI0 — MPSMYIO NepeceyeHus
(cM. mpocTpaHcTBeHHy0 akcHoMy 1). M8 Kawuol mapsl COOTBETCTBYIOLIMX
CTOPOH TPeYroJbHMKOB OjHa pacnojioxxeHa B OpnHOH IUIOCKOCIH, Apyras-—

iy

Yepr. 134.

B Apyro#. A Tak kax o6e CTODOHHI NEPeCceKkaloTCsi, TO TOYKAa HX NepeceyeHus
JO/DKHA JIeXaTh Ha mnpsMOH, mnpunamnexaunielt o6Geum mnockocTaM. Takum
o6pasoM MH nokasaiau TeopeMy Jlesapra nnsi ofmiero ciaydas.

Ounnako orofeHHO BaXeH KaKk pa3 TOT YacTHHH c¢iyual, korna o6a Tpeyrob-
HMKa JieXkaT B ONHOI na0ckocTH. B 9TOM cnyuae nokaszaTesnsCTBO MOXHO MPOBECTH
IPH NOMOLLH NPOEKTHPOL aHHA 8 IPOCTPAHCTBE, NOJOOHO TOMY KaK JIOKa3b!Bajiach
Teopema DBpsanwona. Ham cnesyer To/nko nokasars, 4TO BCRKAas MJIOCKas
nesaprora (¢urypa MoweT OwTh NpeiCTaBleHa KaK TNPOEKLHs HEKOTOPOH
MPOCTPAaHCTBEHHON Ne3aproBolt ¢urypei. s STOH Lend COENMHHMM BCe TOYKH
H TpsiMBle TJIOCKOM ne3aprosoit ¢urypel ¢ HeKkOTOPOH ToykoH S, nexalie#
BHe mnockocTd Gurypu (uepr. 134). [lasee nposenem uepes mpsmyio AC
TIJIOCKOCT; TYCTh 9Ta TJIOCKOCTh mepecexaercss ¢ mnpsMoi BS B Touke By,
oTauynol or Touku S. 3areM mposesem npsmyio OB,. DTa mnpsMas Jexur
B OmHOH mnockocTy € mpsmofl B'S, u Takum o6pasom 06Ge npsiMble mnepece-
Katorcss B Touke Bg. Ho Torma tpeyromwhuku AB,C u A'B{C’ o6pasyior
NpOCTPAHCTBEHHYIO Ne3aprosy (Hrypy, TaK KaK JIMHWH, COECINHHAIOUIHE COOT-
BETCTBYIOLME RBEPIUMHH, TNPOXOAAT vepe3 Touky O. JIuHHMs nepeceueHHs
nnaockocreft 060MX TPeYTONbHUKOB H306pa)kaeTcsl NPH TNPOEKTHPOBAHUHM M3
TOUKM S B BHAE MPAMOfi Ha IVIOCKOCTH MpOEKLMH, NpHuUeM TOYKH mepece-
YeHHsl COOTBETCTBYIOLINX Map CTOPOH PacCMOTPeHHHX MNEPBOHAYANBHO Tpe«

8 Tuabbepr u Kou-®occeu
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yronpunkos ABC u A'B'C’ jomxum newarth Ha stoRt npavo#t. Taium obpa-
80M Teopema Jleaapra nokasaHa NOJHOCTBIO.

Kaxk nnockuit, Tak 1 npocTpancTBeHHLH MPUHLKIE! IBOHCTB HI O “TH MPUBOAAT
K HMHTepeCHHIM mnpeoOpa3oBanusiM Teopembl JM~3apra. TIpz n> Bcero nerko
BHIETH, YTO CrpaceijinBa H Teopema, obparuas Teopcme Jlesaora; us cyuia-
CTBOLAHUA M1€3aprogoil npsMOH, Ha KOTOPOM /I€KAT TOUKM MNep ‘ceyeduss nap
COOTBETCT: YIOI{MX CTOPOH TPEYrOJBHHKOB, C/NENYeT CyIllecTsoBaHHE ne3apro-
BOH TOYKH, Yepe3 KOTOPYIO TPOXONSIT mpsMble, CO JAHHSIOLIHE COOTBETCT-
BYIOLIYEe BepLIHHB TPEYTONLHMKOB. EC/IH e TpeyroneHHKH pacronoieHbl
B OAHOfl mnyockocTH, TO Teoped a, mBOMCTBEHHas Teopeme [lesapra no mnpo-
CTPaHCTBEHHOMY NPHHLMIY ABOWCTBEHHOCTH, COBEPLIEHHO TOWISCTB2HHA C
TeopeMoHi, noJiyyaiouiesics no NPHHIUNY IBOACTEEHHOCTH Ha IVIOCKOCTH H3
TeopeMbl Jlesapra. B sTOM MOXHO yOemMTLCS TNPH HEHOCPENCTB2HHOM COIMO-
CTaBJIEHHH:

ITycmp dasv mpu naps moyer AA',
BB', CC' max, umo npsimvie, coe-
Qunsoujue KaxHCOy1o napy mo4ex,
npoxodsam wuepe3 00wy U my Je
moury. Toeda mpu mouxu nepece-
wenus npsmeix ABu AB',BCuBC),
CA uC'A' rexcam Ha 00HOI npAMOH.

TMycme dansl mpu nape nps wox aa',
bb', cc' maw, umo mouxu nepeceye-
HUS KaHOO0L NApPb 1eHCAM HA O HOL
nparoi; moz0a mpu npam.ie, coe-
Ounsrowmue mouxu (ab) u (a'dh),
(be) u (bc'), (ca) u(c'a'), npoxodam
% pe3 OOHY U My e MOUKY.

PaccmotpuM Teneph (Hrypy, COCTOSILIYI0O M3 B DIWIHH H CTOPOH IBYX Ji€Xa-
MR B ONHON TIOCKOCTH HE€3APrOBHIX TPEYrOJLHHKOB, TIPAMBIX, COENMHSIIOLIMX
COOTBETCTBYIOLUME TNapH BEPIIHH, TOYEK NMEPEC'd HUS COOTB TCTHYIOULIX mnap
cropon, zesaprosoit Toukn O m aesaprosodt npsamo#i g (uepr. 133). INpocrot

0

YepT. 135.

NOJiCYeT NOKa3LiBaeT, 4YTO 9ta Qurypa np-a T BASET KOH(PUIVDP” M0 (10"),
Ona HasbiBaeTcsl ne3aprosol kougurypaured. Ona uvecT To obme: ¢ KJHQH-
rypauuelt Tlackans cBOHCTBO, HTO MNpH TNOCAZHO ATENBHOM [0 :CTPIEHHH €e
mar 3a waroM rnocrenrss HEUHACHTHOCTL SBLIIONHSETCA C¢°'ma cobol,
Hanee xoudwurypaums [lesapra, Tak ke kak M Ko ¢urypanus Ilackans,
INBOHCTBEHHO HHBapHaHTHA. B caMOM nesie, OHAa MDErCTaB1feT ONHORPEMEHHO
Kak Teopemy [lesapra, tak u eit NBOHCTREHLYIO TEOPCMy, KOTOpasi FHIPamaeT
npeanoxen#e, COOTBCTCTByIOULee Teopeme [le3apra N0 NpHHLMNY ABO.CTBEHHOCTH.
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[TpumeHMM K }e3aprocoit TeopeMe B TIPOCTPAHCTBE MPOCHIPAHCHIBEHHbIL
npuiuMn nBoicreeHHOCTH. TIpH STOM Msl NONYyYaeM TaKOE COMOCTaBJCHHE:

TTycms Oanst mpu naps: mouex AA',
BB u CC' max, umo npsawve, 02
OunsWLe KAWOYI0 napy, npoxoinm
uepe3 00Hy u my e moury. Tozda
mpu mouKl nepecederus npamsx AB

ITycme Oanv. mpu naper naocko-
cme ad', B3, YY' maxr, umo aunuu
nep.cedenus Smuex nap niockocmet
aexcam 8 00HOI naockocmu. Toz2da
nLpU nAOCKOCHIL, NpOBedeHHble “epe3

u AB', BCu BC', CA uC'A'dos-
JICHBL AexHCAMmb HQ OJHOL npsiMOL.

npanse (af) (@F), (37) (1)
(Y2) (Y'a'), rpoxodsm uepes o’uy u
my e npsyo.

Teopema, wanucannasi cnpasa, HarJIsAHO NpetncrasieHa Ha yepT. 136. Buecto
JBYX TPeyrOJbHHKOB MH MMEEM B STOH Teopeme /[Ba Te/l€CHHX Yyria, 06pa-
30BAHHBIX TMIOCKOCTsIMH a, 3, Y # a, [, y'. Tlono6KO TOMYy Kak Mu 57O
Ienand Ha MJOCKOCTH, PacCMOTPUM M 3[eCh TNPOCTPAHCTBEHHYiO (Hrypy,
COCTaBJIEHIYIO W3 OGOWX Ie3aPrORBIX YrJOB, NJIOCKOCTEH, MPOBEIEHHBIX 4epP23
cooTBeTCTByIOUMe pebpa, JMHMH mepeceyeHHss COOTBETCTBYIOIUMX TIpaHel,
«pe3aprosbix niockocteh» (aa’, B3, yy' ua uepr. 136) u «nesaproso#l nps-
moit» (VW ma wuepr. 136). Ecm mu
niepecedeM STY NPOCTPAHCTEEHHYW ¢Hry-
Py TPOH3BOJBHON MJNOCKOCTHIO, HE MPOXO-
psett yepes touku V, W, X, Y, Z, 10 Mbl
MOMy4YHUM B STOH NJIOCKOCTH 1e€3a3proBy
KOH(QHTypaIlHIo, TaK KaK peGpa ne3aprosbix
TeNECHHX YTJIOB 0O6pa3yioT B NepeceyeHnH
C IIOCKOCTbIO EEPIUMHB NE3aproBBIX Tpe-
yroaeHuKoB. [110CKOCTSM H NpAMBIM TIpO-
CTDAaHCTBEHHOH QMIYpPH  COOTEETCTBYIOT
npAMbie W TOYKH TIJIOCKOH KOH(HIypaLuH.
Ho npocrtpancreennas ¢urypa obaanaer
BHyTpeHHell CHMMelpHel, KOTOPYIO Helb3si
YCMOTPETh B MJIOCKOH KOHQUTYPaLHH, HMEeH-
HO — NPOCTPAHC rBeHHas (HUTypa COCTOWT H8
BCEX TUIOCKOCTeH M NpPSMBIX, coenuHsiomux natb Touek V, W, X, Y, Z, npuuem
STH NATL TOYEK BNOJHE paBHOMpa: Hel. QGPaTHO, BCAKHH TIPOCTPZHCTI eHHbIH
NATHY FONLHUK TIPHBOAMT K MPOCTPAHCTEEHHON me3apropoit Gurypz, ecsri npous-
BOJIEHO BHIOpaTh mBe Bepiinuni!). A Tak Kak B NpOCTPaHCTBeH:HOW Qurype
BCe TIpAMBIE M NJOKOCTH PABHOTpPABEb, TO W TOUKH U TNpAMbIE IIOCKOH
ne3aprosofl koidurypaluy NOMKHH ObiTh TaKke paBHONDaBHHIMH. Taxum
03pa30OM Mbl NOKa3ajlH, 410 [e3aproBa KOH(PUIYPal s NPAsU/bHA U YTO MOXKHO
NPOM3B)JILHO BHGPATh i€3aproBy TOYKY W/ L€3aprosy NpAMYyl0 B KOHQUry-
pauuu %).

Yepr. 136.

1) [Ipu 3TOM Heo6XOmMMO TOABXO, yTOGH B3fThle 5 TOueK uMenu ofmee pacnono-
WEeHHe, T. €. 4TOOW HHUKAKHe 4 W3 HHMX He Jjexald B OAHOJ4 NIOCKOCTH, a TaKxe
4YTOGH HUXaKWE 3 He JexalH Ha ondoll npsavoh.

2) loaHpIV MPOCTPAHCTB HHHV 7-YrOIbHHXOM HALIBAETCH COBO(YNHOCTb BCEX Ops-
MBIX M TJIOCKOCTeH, coeauHsOIWUX n1 TOYeK, NPOHIBOILHO PACNOJOXEHHHX B Npo TPaH-
crBe. Kark jasi cayyas n7==5, Tak ¥ J/isi IPOU3BOJBHOIO 11, Mbl BCETAA NONY4YUM KOH(H-

[



116 KOH®HTYPALH

Tenepr MB! mpencrasiM ne3apropy KOHQHIypauuio Kak napy nsTHyronu-
HUKOB, OJHOBDEMEHHO ONHMCAHHBIX H BNHCAHHBIX Apyr B ppyra. s sroro
HaM TNpUAeTCd CHavajda HafiTw BOOOLle Te NATHYrOJBHHKM, KOTOphi€ BXOHAT
B Koudbwurypaumio. HMrak, mer TpefyeM, 4TOGH PRCe BepIUHHB H CTODOHH
MHOIOYTOJIbHHKA OBIIM SJeMEHTaMH KOH(QHIYpPauM¥ H 4YTOOBI HHMKAKHE TpH
NOCIeOBATE/ILHHIX BEPUIMHE He JieXald Ha OAHOM npsmoli. 3anaua 3Hauu-
Te/NBbHO YNpOLaercsi, eCiH Mbl O6paTHMCA K NPOCTPAHCTBEHHOMY TATHYIOMb-
HuKy. BepiiysaM mnsockoro MHOroyrosbHHKa COOTBETCTBYIOT pefpa NpoCTpaH-
CTBEHHOI O MHOTOYTO/LHHKa. TaK Kak B2 NOC/enOBaTe/bHEIE BEPIIHHEB IOCKOTO
MHOTOYT JJIbHHKa [MOJ/DKHBI JiexaTh Ha O/HOM npsMol koHdurypauuH, TO COOT-
BETCTByIOIME pebpa nexaT B OMHOM TMJOCKOCTH H, CHel0BaTelbHO, HHIH«
DeHTHH. [l TOro 4YTOOGH TpU TOC/AENOBAaTEeJBHHIX BEPLUHHEI JieXaldd Ha
OnHOH mNpsAMON, HCOGXONMMO TONBKO NOTPe6OBaTh, YTOOB COOTBETCTBYIOLUHME
pe6pa nexann B ONHOM NAOCKOCTH. 310 GyileT B TOM M TONLKO B TOM CAy=

Yepr. 137a. Yepr. 1376.

yae, ecid TPH nocneaosateNbHeie peGpa 06pasyioT TpeyroabhiK. Eciu Teneps
MH GyneM B KakoM-HHOynb nopsiake OOGXONMTHL OCHOEHBE TOukM VWXYZ
IPOCTPAaHCTBEHHOTO TSITHYTO/LHHKA, HanpuMep B MMOPfKe, B KaKOM OH# Sfech
BHINHCAHB, TO MBI TNOJIyYMM 3aMKHYTYIO MOC/ENOBAaTeNBHOCTL pedeps KaKk STO
Ham u Tpebyercs. OHa H 1acT HaM B KOH(QHrypauuu NATHYTOJBHHK, KOTOPHH
Ham HyweH. CTOPOMBI NPOCTPAHCTBEHHOTO MNATHYrO/bHHKAa, KOTOpbie IPH
TAaKOM OOXOne OCTalOTCS HEeHCIOJB30BaHHBIMH, O6pasyioT BTOPOH MpOCTpaH=
CTBEHHBII MHOTOYroOJLHHK nono6Horo xke pona. Takum o6pasom uyepes Kaw-
Ayl0 OCHOBHYIO TOUKY NPOCTPAHCTBSHHOIO NATHYTOJLHHKA ITPOXOMSIT JIBE TAKHX
CTOPOHBl, TaK KaK BCEr0 M3 KaxJ0H OCHOBHOH TOYKM BLIXONAT YeTHIpe pebpa

I'ypalyio, eCH TepecedeM MOJHbH 7-yrolbHUK HeKOTOPOH IIOCKOCTBIO, HE poxoasieit
HH Yepe3 oMy BepiuuHy. Bee Takue koHpurypauus npaaieHel. OHH NPHHAL/EKAT K TUILY

n(n—1) nn—1)(n—2)
6 H)

pP= 2'—'0 Y=n—2l £= =3,

Taknm 06pasoM KOHGHMrypalmsl CMEUMAIBHOTO THNA p==g NONy4AeTCs TOIbKO AJs
enyyas n=>5. JlaabHelliune npaBuibHbBIE KOHQHIYPALUHH TOJNYYAKOTCH, €CIH HCXOMMTH
H3 n-YroJIbHHKOB TPDOH3BOJBHOrO PACHOJOMNEHHS B IPOCTPAHCTBAX BHICIUMX H3MEpe-
nufl. Bee Takve xoHPHrypauun HasHBalOTCH «MHOrOTPAHHEMEY,
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H 3@ 43 HUX yxXe OBUJIM HMCNOJBL30BaHE NPH nepsoM obxopme. Bropo# mocre-
IOBaTeIBHOCTH pebep cooTeercTByeT B KOHGUMIypauu#u BTOPOH NATHYTONbHHK,
H MpocThie COoO6GpaKenusi NOKas3LIBAOT, YTO OH NOMKEH 6HThL BrKcaH B NepBHH,
Ho u3 coobpamennil cuMmerpud Takke H NePBHH NATHYTOJBHHK JNOMKEH
6uiTh BriMcan BO Bropoit. Ha uwepr. 137a m 6 M306paweHO COOTHOLIeHHE
MeXIy NpPOCTPAHCTBEHHOH cxemOHM M mapoll MJIOCKHX NSATHYrOJBEHHKOB.
OxkasbiBaeTcsi, YTO MOXHO MPHTTH K NPOCTPAHCTBEHHOMY NATHYTOMBHHKY,
COOTBRTCTBYIOIUEMY TNJIOCKOMY NSTHYTONBHHKY, BXOAsLIEMY B KOH(QHUrypauuio,
NpH NMOMOLUM cHCTeM M3 nsiTH peGep Apyroro popa. Ilpumep 5TOro MM BHAMM
Ha uept. 138. Ho moxuO yGenuThecsi, YTO B STOM Clyyae HMKAK Helb3s
pacnonoXuTe NATh OCTAaJBHEIX pe6ep LUKAWYECKH Tak, 4YTOOW 1Ba NOCHENO-
BaT&IbHBIX pe6pa Bcerna Gbliv WHIMAEHTHH, a TPH MOC/HeN0BaTebHHX HMKOTAA
He coctaBiaau 6b TpayrosisHuka. I1osTomy nocTpoeHue, ykasanHOe BHayane,
WcYepribiBaeT Bce BO3MOKHOCTH. A Tak KaK BCSKas mnepecTaHOBKa OCHOBHBIX
TOYEK COOTBETCTBYeT aBTOMOP(QH3MYy KOHQHIypaluM H TaK Kak pa3bueHHe

Yepr. 138. Yept. 139,

NPOCTPAaHCTBEHHOTO MSTHYTOJNBHHKA Ha ABe NOC/ENOBaTe/sHOCTH peGep Bnonse
onpenenseTcss NOCIENOBATENLHOCTbIO OCHOBHEIX TOYEK B NMEPBOM PAcNOJIOKEHHH
pebep, TO MB EMIONM, YTO, HE CYHTasi aBTOMOP(H3MOB, CYIIECTBYET TOJBKO
OnHa BO3MOXHOCTb pa3bueHus ne3aproBofl KOHGWrypauvM Ha JBA B3aHMHJ
BIHCAHHBIX MATHYTOJILHUKA.

[TonoOHBIM e 0Opa3’oM MOXHO PelliuTh BONPOC O TOM, MOXHO JH mpel-
CTaBUTb 1e3aproBy KOHQUrypauvio B BHIE€ NeCITHYTONBbHHKA, BIHMCAHHOTO
M ONHMCAHHOTO BOKP;T caMOro cebsi, M eC/IH MOXHO, TO CKOJIbKHMH CIIOCO6aMH.
Jlerko y6emuThcsi, WYTO COOTBETCTBYIOLUAs NPOCTPAHCTBEHHas MNOC/AeNoBaTe/lb-
HOCTb pe6ep B 3TOM Cjiyuae BCEraa lOMKHA OHITH PACTIOJNIONEHA Tak, Kak
nokasaHo Ha uept. 139. Takum 06pa3om cymiecTByeT ORHMH U TOJBKO OIMH
(uckmouasi aBTOMOPOH3ME) €noco6 NpencTaBuThH 1€32pPTOBY KOH(HIYDALHIO
KaK NecATHYroJibHUK, BNUCAHHBIA H ONHcaHHbI BOKpyT camoro cebs (dept. 140).
drta ¢urypa BoABASET OMpENEJCHHYI0 3aKOHOMepHOCTh. FIMEHHO, ecnH MH
XOTHM TIpUTTH K JpyroH BepluuHe, Jexauied Ha TOH e CTOPOHE, TO HaM
MPUXONHTCS TOTepeMeHHO npxd 00XoNe NecSTHYTONBHHWKA MNpOIYCKATh ORHY
HIW TpM BepuiuHb (BepwmHa S Ha cTOpoHe 23, 8 nHa cropoHe 34,7 na
ctopone 45, 10 Ha ctopone 56 u T. XA.). B npocTpancTBenno#i cxeme MOXHO
OGHapyxuTh elie M Apyroe CBOACTBO STOTO AeCATHYFONbHHKA, @ MMEHHO TO,
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YTO €ro CTOPOHH, B3ATHE Yepe3 OjHY, 06pa3yiOT NBa BIHCAHHHX IPYT B Ipyra
NATHYTONbHUKA.

Ile3aproi a ko ipurvpanus ve ecTh eNMHCTIeHHas koHdurypauus Tuna (10,).
Cx=Ma 1nono0u. i KOHPUTYpaLMK AOMYCKaeT €U(2 ne dTh NPYIHX BO3MOXKHO-

cred. O 'Ha M3 3Tux

cXe'!, TOYHO TaK XK€ Kak

s Kondurypauns (7,), He

MO%eT (biTb OCYLLeCT-

BJl€Ha I'M B JEACTBATENS-

4 2 HbIX, IIH B KCGMIIJIEKCHBIX

K} i BOJIM' MHAX, TaK Kak ee

\ YpatHeHuss npOT1HBOpE-

5\ yute.  Hanporus, oc-

7 TaJlbHBle  BOCEMb, IIO-

no6HO Koudu ypauusm

Tvma (9,), Fcerma MOTyr

¢ 6bITh  TIOCTPOEHH  TIpH

Yepr. 140. NnocpeacTBe OAHOH Jiu-

Hefiku. Onuako B npo-

THBOTOJIOWHOCT, 1€32proBOH KOH(HUIrypanu#u BO BCEX OCTaJEHBLIX BOCBMH OCY-

uiecTBUMBIX KOHpurypauusx (10,) mocnennsis WHLWAEHTHOTh He BLINOJHSETCSH

cama co0ofi, clenoBaTelbHO, OHH HE BhIpa-

WKaIOT HHUkaxoHh oduell reoMeTpuyeckol Teo-

peMbl M IIOTOMY MeHe2 Ba)KHB, 4eM KOHQHry-

pauus Iesapra. Opra u3 aTiX KOHQurypaumil

nzobpa:kena Ha uepr. 141. B  npusepen-

HOll  moc/iefoBaTeNIbHOCTH  TOYEK 9Ta  KOH-

durypauus Onsitb-TaKM NpEeNCTaBIfAeT NEeCHTH-

YrONbHUK, BITHCAHHBIM M OLMCaHHBI  BOKPyr

camoro cebs. Ho B atolt durype neobxonm:-

MO BCAKMH pa3 MpomyckaTb TOJBKO ONHY Eep-

IIKMHY, 4TOGH 1pH 00X0/le Nep-XOAWTL OT

OnHOH BEepuiMHH K JpYroM, pacroioneHHON

Ha Toft e CTOpPOHe MHOroyroipHu«a. bBna-

Yept. 141 rosapi STOMYy BCe BEPLIMHBI fIBASIOTCS pap-

HOMpaBHEIMH, @ BT€ CTOPOHBI MOTYT Me-

HATBCA ME.TaMH C BEP:LMHAMM, OTKYNA MOXHO 3aKNMOYHTh, 4TO 3ta KOHOH-
rypauus NOMKHA ObTh NpaBujbd i M NBOHCTBCHHO HHBAPHaHTHOM.

20. ConocTany ‘HHe teopeM [lackana u Jlesapra. Mbl OOHapy&HIH H3aneko
HIYLIME aH3JIOTHH Mexay Teopemolt [lesapra u mocnzpneit Teop2vod INackans.
O6e sTH TeopeMel GBUIM NOKa3ads NPH NMOMOLIM NPOEKTHP 'BaHUS B MPOCTPaH-
cTBe; obe TEOP:ME NPUBOMMM HAC K KOHDHUIypaLusaM, NPHYSM 3TH KOHGHry-
paLHd BO MHOTHX OTIOLUEHHSAX MO0  Hbl: 0Fe KOH(pUTypalui Obii NPaBUABHDI,
IBGHCTBZHHO HHBaPMAHTHH M MO/ ObITH OCYLIECTBJIEHD! TIDH NIOMOILH JHHEHKH;
B 06enx KOHGUrypalisiX NOCHeNHAs HHUHMAEHTHOCTh BHINOJIHANACH camMa co6Ci
# 06e MO GHITH NPENCTaBi:HE K4K MHOTOYTOJILHHUKH, BIMCAHHLIE U ONUCAlis
Hble BOKDYr caMmux cebs.

Tem H2 MeHee MexAy ABYMs STHMM TEOpEMAMHM CYIUECTBYET NPHHLHIIMAIb-
Ban pasiaua. TlpH pokasarenscTse Teopembl [llesapra Mbl nosb3uBa/JMCh TIp o

/
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CTPaHCTBEH4ON (GUrvpoll, KOTOpas MOMET OblTh NOCTPOEHAa HAa OCHOPE TONBKO
BBEI "HYBIX HAMH NPOCTPaHCTBEH-BIX AKCHOM CBsi3u 6€3 BCAKHX IPYTr4X aKCHOM.
Hanporus, koudurypauus bBpuaniona-Tlackans nosysanace npsd paccMoT-
peHHM TNOBEPXHOCTH Broporo mnopsinka. C Nepsoro E3CMAINA KAKETCH, YTO
L24TPANLHEM MYHKIOM NOKa3arib-TBA CJHYXKHT YHCTOE paccM TPeHHEe HHLH-
JEeHTHOCTH MEeXIY TOYKaMu, M)SIMBIMH M TUIOCKOCT'MH NPOCTPAHCTBEHHOID
IIeCTHYT "JIBHUKA; omHako OoJjiee peTaseHOE HCCNENOBAaHHE OKAsBBa>T, 4TO
nocTpoeHye NOOOOHLX INPOCTP3H.T.€HHBIX IHEZT yTOALHAKOB IO C(YLIECTBY
paEH 3:ayHO C TMOCTPOCHWEM JxHeHd TOH MNOFEPXHOCTA BTOPOro NOpsaKa
H YTO BO3MOXHOCT MOAOJIHOTO MOTPOEHHS HE MOMEr GHThL DOKa3aHa TOJBKO
Ha OCHOBaHHHM AKCHOM CB93H.

B nepsoit rnaBz Mel BBR2Jid KOHHUECKHE CCYEHHMSI M NOBEDXHOCTH BTOPOTO
nopsjKa IyTeM METPHYECKUX HMCCAEeNnOBaHM:i. MOkuo 6b10 6sl AyMaTh MO3TOMY,
yTo Teopema [lackaisi He Moxer OHITH HOKa3aHa 0e3 H3MepEHHS OTPE3KOB
u yrioB. OpHAaKO MOXKHO MOJYYHTH KpHBhble M JIMHeHYaTble MOBEPXHOCTH
BTOPOTO nOpsifki ¥ €e3 MSTPUYeCKHX BCMOMOratelip'.biX CPEACTB, €CH MNOJib-
30BaTLCA TOJBKO METONOM mnpoekuuitt. Ilpy Ta<oM Metone M2»HO OTOGpaXaTh
TOYKH TIPIMOH Ha royx: NpPOM3BOJNBHOM Apyrod npamolt Takiv obpaszoM, YTo
rapMOHHYECKasl YeTB2pKa Touek Bcersa 6yreT K306paxarsCy B BANE [apMO-
HUYECKOH e YerB2pKH KM YTO TPW MNPOMSBOJILHO 3alaHFBIX TOYKH OfHOM
npsMol 6vayr u3oOpa)kaTbCsl TPOMs MPOW3B YILHO 3alaHHBIMK TOYKAMH OpYrot
npsmMofi. B Takou ciyyae ropopsit, YTO OAHA TMpsMas TPOeKTHBHO OTOOpa-
waetcs Ha ppyryiol). [TocTpoenne nono6HOro o106 paueHHs OCHOBEIBAETCS KCKIO-
YMTENLHO HAa AKCHMOMaX CBf3M 11a MJIOCKOCTH W B mnpocipascree. Hanportus,
NpH MOMOLUM ONHU'X TOJBKO STHX #KZHOM HEnb3fl 3aK/MIOYHTh, UTO OTOOpare-
HUE, YNOBJIETLOPAIOILEE ABYM YKA33HIIBIM TPeGOBaHHAM — WHBapHAHTHOCTH Tap-
MOHMYeCKOTO PaclONOMCHHS TOY 2K M MPOU3BONBLHOrO BHIOOpa M300paXeHnH Tpex
TOYeK, — ONHO3HAYHO ONpMEJEHO 1711 BCEX TOYeK npaAMoi. [lig 9TOi wueiu
HeoGXONMMa el[e aKCHOMa HenpepHIEHOCTH, KOTOPYIO Mbl HibKe U ChOpMy/iH-
pyeM. Ho ecnu 1o/ .xk0 mokasaHa opr03HAYHICTH TPOEKTHBHOIO OTOGpaXeHus
B YKa3aHHOM CMHIC/Ie, TO JIMHERYATYI0 MOBEPXriOCTH BTOPOrO NOPSLKa CaMoro
ofLiero BHOZ MOXHO OMNPENENHTL KaK MOBEPXHOCTb, 06pa3yeMyr0 nepemMeHHol
npaMoH, COeaHHSIOIEeH COOTBETCTBYIOUIE€ TOYKHM NBYX NpSIMbIX, NMDHUBENEHIBIX
B MPOEKTYBHOE COOTBETCTBHE M He JIeXalHX B OAHOH njiockocTu. Torma M3 OnHO-
SHaYHOCTH NPOEKTHBHOTO OTOOpaMEeHHsl ClelyeT, YTO Ha TaKOH IMOBEPXHOCTH
JIO/DKHO JIEXKATh el OJIHO CeMeHCTB) nPAMEX. Ec/ii npoeKTHBHO pacnooKeHHEe
IpYr K Npyry npsivble WHUHIEHTHB, TO MPyMas, COENMHSIOMAs COOTBETCTBY 0+
e TOYKH, CAyXdT Orufaour#  mJIoCcKOH xpuBoH BTcporo nopsnxa. Bce
CyulecTseHHHE JJil TIPOEKTMBHOH reOMETpHM CBOHCTBA KDHMBHX  BTOPOro
MOpSifKa MOXHO BBIBECTH M3 STOIO OnpenesieHus.

ﬂ]]ﬂ NOJIHOTO OXBaTa TMOHATHA HE!IPEPBIBHOCTH HBO6X011HM1>I JBE Pa3aMYHBIX
aKCMOVBI; NP JNOKA3aTebCTEE ONHO3HAYHOCTH MPOEKTUBHOIO OTOOpaXeHus
HCMONL3YETCH TONLKO ONHA M3 HWX, MMCHHO apxuiedoea akcuoma. B apud-
METHUYECKOM BLIDAXEHMH STa akcAoMa IJIACHT: NyCTh AAHH NBa TPOM3NOJib-
HHX TOJNOXHUTENbHLIX Yucha a ¥ A, W3 KOTOPHX a MOMEeT OHTb CcKOJb

1) [Tpu STOM MpEANONAraercd, yTO STO OTOGPANKEHHE MOXET OHITh OCYHIECTBIEHO
¢ TOMOI{LI0 KOHEYHOro uMcia npoekTuplanuft u ceyeHall. Cv. A, Commesdatt],
Geometria non sfaudtiana. Bolletino di Matematica, 19230.
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yromHo Majlio, 8 A CKOJb YrOAHO BEJIHKO; TOrJa MOXHO UYMCAO & CK/IanMBaTh
camo ¢ COOOH CTONBKO pas, YTO CyMMa !I0C/ie KOHEYHOrQ 4uC/a CyMMHpOBa-
HUYl craner Gonsine A:

atata+...+a> A

Sra axcroMa Heo6XOnMMa, KOrAa NMPHUXOAKTCH M3MEpSTh HEKOTOPOE palcTos-
H#e Npd NOMOLIM ompenefieHnoft mnuub (maciutaba), u Takum 06pasoM B
Takof! (opMe OHa mpencTasiseT BaXKHeHLIYyIO OCHOBY Metpukil. HesaBucumoe
OT MeTpHYEeCKUX TIOHfITaH BbpaeHHe STOH aKCHMOMH Clenyollee. Hycrb
naHW mBe napajuienshbie npsameie (yepT. 142) m nycth Ha OnHOH M3 STHX
NpaAMHX Jewar IBe pasanynbix Toukw O u A. [lposenem Tenepb u3 Touku O
MPsSiMYI0, COENMHAMLLYI0 ee C MpOM3BOJLHOH TOuko# B, npyro# npsmoft, u
TOYKy B, coem:i¥M CHOBa NpsAMOH JMHKel C HexoTOpo# Touko#d C, mnepsofi
npsiMol, Jexaned Mmexny Toukamu O m A. 3aTem mnpoBencM 4depes TOYKY
C, npsmyio, napauensnyio OB,, KoTopas nepeceyer ADYryil0 BTOPYIO B He-
koTopo# Touke Bj. M3 arofi ToukM onaTh mpoBeneM NpsAMyIO, NapauTeNbHYO
B,C,, xoTopas mnepeceyer NepByi0 nps-

5 & myio B Toyke C,. Ecim Mu 6y em Ta-

Al /\ /\‘ /\\ ‘/\ /\\ KuM 00pa3oM NpPOBOAMTHL W Hajplie ra-

: \ AV b paanenn k npsmeiM OB, u B,C,, To

o 6 & A & apxumenoBa akcHOMa YTBEDIKAAET, MTO

B KOH.I©& KOHLOB TNOC/e KOHEYHOro
YHCAa WIATOB MHl TPHJIEM K HEKOTro-
polt Touke C,, KOTOpas yxe He Gymer
pacnonoxena Mexzy toukamm O u A. B sTOH (POPMY/NHPOBKE MK HCNOJb-
30" asiM MpeACTaBleHHE O TOM, YTO ONHA TOYKA HEKOTOPOH NpAMOM JieXHT
MEeKAy HBYMSI IPYTMMH TOYKamu STOM e upsmofl. BrickaseiBanns nonoGHoro
pona YTOUHSIIOTCA HPYroi rpynmoi akcHOM, TaK Ha3blBaeMBIMH aKCHOMaMH
PacnosIOKEHHs] WK NOPSNKa, B PaCCMOTPEHHE KOTOPHIX MH 31ech He GyneM
BX0IMTh. Hanporue, NoOHsTHe napannenbHOCTH Mbl HCMOJBE30BAM: 3I0ECH TOJBKO
I TOoro, yToOH GoJlee KPaTKO w HaiJMAHO CHOPMYJMPOBATb AKCHOMY; B
NPOEKTUBHON TEOMETPUM HOCTATOYHO OHIIO 6H NOTPeGOBATL BO3MOXHOCTD
TaKOTO MOCTPOEHHA, Kakoe H300paxeHO Hi yepr. 143. Dra ¢urypa noay-
yaercss #3 uepr. 142 kak ero LeHTpaNLHas NpOeKUMs HA APYTYI [UJIOCKOCTS.

AXCHOMH CBI3d Ha TIOCKOCTM M B MPOCTPAHCTBE, AKCHOMH DaclONOXEHHUs
¥ apxXumenoBa aKCHOMA JOCTATOYHH JUIl JOKa3aTe/bCTBA OJHO3HAYHOCTH
NPOEKTHBHOrO OTOGDAaX(€HUsi, MO 3TO JOKa3iTeNbCTBO YPESBHYAHHO AJIHHHO
U yTOMHTENLHO. M3 OHO3HAYHOCTH NPOEKTHBHOrO OTOGPAXEHHS HA MAOCKO-
CTH MOXHO BHIBECTH mnocjentive teopeMer [Tackans u Bpuanmona (He ncnons-
8yl MpPH STOM BCNOMOraresbHHX MPOCTPAHCTREHHHX NOCTPOEHHH).

Teopema Jlesapra MowxeT OblTb HOKa3aHa B NpPOCTPAHCTBE TONLKO MpH
TIOCpENCTBE AKCHOM CBSI3H; €CJIM e Mbl XOTHM HOKa3aTh STY TEOpeMy Ha mno-
CKOCTH, HE BbIXOAS B NPOCTPAHCTBO, TO Heib3sl OGOHTHCH 6€3 aKCHOM KO -
IPYSHTHOCTH, €CJH Hae NPURATH APXHMENOBY aKCHOMY k @KCHOMHl pacnono~
wenusn. Ho 8aro nmasm nokasarenncTBa 3jech AOCTATOYHO OyNEeT NPHHATH
aKCHOMbI CBfI3H M PaCroOJOXEHUS] HA TVIOCKOCTH H aKCHOMBl KOHMDYSHTHOCTH.
ApxyMenoBa e akcHOMa He HYHHa,

Ecau ucKAOYNTb 1POCTPAHCTBEHHLIE AaKCHOMBI CBA3H, TO B OTHOMGHWR O~
cneanedt reopemsl Ilackans MOxHO CkasaTh TO Ke, YTO B OTHOMIEHWM A€38p-

Yepr. 142
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roBoit Teopemu. Ilns ee mokasare/NncTBA AOCTATOYHH TOTAA MJOCKME aKCHOMEI
CBAI3H, QKCHOMBI Pacno/iO¥eHHss M KOHTPYSHTHOCTH. TeM He Menee naxe H
Ge3 npOCTPAaHCTBEHHBIX BCNIOMOraTeNbHBIX MICTPOEHHH MOXHO yCTAHOBUTH Cy-
LIECTBEHHYIO DPa3HUUY Mexny OGeHMH TeOpeMaMu TaKKe M Ha TUIOCKICTH.
ViMeHHO, ecnM MPHHATB Ha I/IOCKOCTH AKCUOMBI CBSSH M CYWTATh ClpaBef-

Yepr. 143

JMBO} [e3aproBy TEOpPEMY, TO Te€dpeMy ITa:kansn noka3atbh Heab3s. Hanpo’mn,
teopemy Jlesapra MOXHO [OKa3aTh, €CIM NPHUATL MIOCKHE AKCHOMH CBASH
u TeopeMy Ilackans. Mwl npoBeseM NOKa3aTe/NbCTBA WIS YacTHOTO Clyyas,
Korna fiesapropa npsAMas ecth OecKOHewHO
yaanewsas npsimast mnockoctd. Takoe npex- _,,,,‘
TIOJIOXKEHHE CAYXMT, TaK Xe Kak npH ycTa- - l
HOBJIEHHH apXUMENOBOH AaKCHOMEI, TOJILKO
IS TOro, 4TOGH MPOBECTH ROKA3aTENbCTBO a
Kopouye u HarnsnHee. Takum 06pasoM Mol
3apanee npuuumMaem cienyioutee (vept. 144):

Tpu rpamue AA', BB', CC' npoxcnat Bce
yepes onHy u Ty e Touky O. Kpome Toro
AB | A'B', AC || A'C'. Tenepp ¢ noMouwmo

’

A

nocneaHeit teopembl [lackans cnemyer noka- q
3arh, 4YTO Oyner UMETL MeCTO TaKxke Yepr. 144.
BC | B'C'.

Jlns nokasaTenbCTBA MpOBENEM Yepes TOUKY A npsMylo, napamieisHyio OB;
nmycTh 3Ta NpsMas mepecekaercs ¢ npsmoit A'C' B Touke L, a ¢ mpsmoit OC
B touke M. Jlanee nyctb npsman LB' nepecekaer npamywo AB B TOuke N.
Teneps TpH¥AH npuMeHnuM K STOR ¢urype Teopemy Ilackans m nputom B
TOH uacTHOH ee popMe, kOTOPast Guia npuBenena Ha cTp. 110 n HassaHa Teo-
pemoit Ilamma. Ilpexxae Bcero 1eCTHYronbHUK ONALA'B' ects uiecTHyrofn-
puk Tlackans, Tak Kak Ka¥/aWe TPH ero BepIIMMH, BSATHE uepes OAHY, Jes
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XAT Ha omHOR W ToM xe npsmoit. Ho Ml HMeem MO mpeAnonoxeHuio
NA A'B'; kpome toro no mo.tpoenuo AL || B'O. To rteopeme [lanna u
TPerbsi napa 11pITUBOUOAMKHEX CTOPOH 3TOTO MIECTHYTONBHMKA AapalneAbha,
1. e. OV | AL||AC. T ne)s paccmorpum wectuyroashuk [acianga ONMACB.
B 3701 mectvyromuux: OV AC, kak yxe pokazano, u MA| BO rno
npenoioxennto. I[losromy no Tteopese IManma NM || CB. B 3zakmo ienue
paccMoTpAM ecruyronbhink ackanst ONMLC'B'. B 3Tow 11eCTHYTONbHHIE
OV LL" u ML| BO. Orciona cnenyer, xax u B.wme, yto NM | C'B'.
Ho rak xak yxe 6mno nmocasano, yro NM I CB, t0 oTciona u cieiyer
Hawe yreepxichue: BC || B'C'.

Bce TeopeMil OrHOCHTENBHO TOYCK MEpSCeYeHHs! HAa TIOCKOCTH MOWHO Bbl-
BecTH M3 Teopem [lesap a u [Mackans. Tak kax Teneps Mbl MOMyYH/IH Te -
peMy Hesapia B kadectBe cien.TBui 3 Teopemn [lac. ang, TO MBI MOXeM
€Ka3aTb, YyTO TeopoMa [lackans suisieTcds €mMHCTBSHHOH CyINEeCTBEHHOH Teo-
peMoil O TOUKAX NepeceyeH.s HA TWIOCIOJTH M YTO, C/IeJ0 aTeNbHO, KOHGpH-
rypauus (93)1 fiBflieTcs BawHeil | eit GUrypoH B IVIOCKOHW TreOMeTpHH.

21. [lpesBapurenbHbie 33MeYaHHA OTHOCHTENDb:O (PICTPaHCT3EHHbIX KOHQH-
rypauvfl. [Tousitue koudwrypauun MOMHO 06561MTE Ha NpocTpaHcTao. Cu-
CTeMa TOYSK M IWIOCKOCTEH Has3niBaeTcsl MpCCTPaHCTB2HIOft KOHdurypanseil,
€CAM Kakasd TOY~2 HMHUMIEHTHA C OJUTHM H TeM XKe YHCJOM TWIOCKOTTeH W Kaxk-
Jas MJIOCKOCTb C O HUM M TeM e 4Yi.cioM ToyeK. [IpocToft mpumep nopo6uoi
KOH(pHrypauuMu npeactasisieT npoOSTpaHCTBHHas Teopema [lesapra. B kade-
CTBe TOYEK KOHQMrypaLmp Mbl MOXEM B3SATh MPH 3TOM Te XKe JecsiTh TOYEK,
Kakde Mbl 6paju I COOTBelCT.yiowe# niaockod ¢urype. B kauecrse mioc-
KOCTe! KOHQUrypauu¥ MH BO3bMEM IBS MJ~CKOCTH OOGOHMX TpEeyrOoibHHKOB U
TPYM [UIOCKOCTH, NPOXORSUIte Y2pe3 CTOPOHH TPEYrOJLHHUKOB M Jie aDroBy
TOouky. Torra 4.pes Kaaywo TOYKY MNPOXOAST TPH INIOCKOCTH H B KaxmoH
IJIOCKOCTH JIeXAaT mecTs To4.K. Ha ToM e OCHOBaHuM, Kak B cayyae mio-
CKOM KOHGHUTYpaUny, 4eThip2 XapaKTePUCTHYECK 1X IS NaHHOl KOHGHrypauuu
YHCNa YACBJAETBOPSIOT ONpeNe/eHHOMY ypaBHenuo. Mmenno: 5.6=10-3.

Ho B npoctpancrse MOXHO paccMarpHrate Hapsjy € KOH PHIypauusaM,
COCTOSIIMMHM M3 TOYeK M MJOCKOCTeH, Tarke M KOH(PHUIypauuH, COCTOMIIME,
KaK M Ha WIOCKOCTH, M3 TOYCK M MpP/IMLIX, MPHYEM KAKAA#A TOYKA HMHLMIAECH-
THA C OJHUM U TeM )K€ YHUT/IOM NPSM bIX H K2 Xaas npaMast ¢ OHAM M TeM e YHCIIOM
TOYeK. DTH ABA DAaafH JHLIX NPENCTABNEHHS 4acTO MOXHO MNPHMEHATH K OMHOR
U 1O e durype. Tak, TOJLKO 4YTO pacCMOTPeHHAas NpPOCTPAHCTBEHHAs nie-
3aprosa (uUrypa mnpencTaBisieT NPOCT AHCTBEHHYIO KOH(UIypaLMIO M3 TOYEK
¥ IPSMBIX, MO CYLIECTBY TOXIECTBEHHYIO € [MJIOCKON 1e3aprosoft KOH(Hry-
pauuefl. TOuHO Tak Xe W BO MHOTHX APYT.X, OOosiee OOWMX Cayyasix oOnpe-
IeNleHHbIe NpsiMble fepecedeHust MIOCKOCTel, BCTPEYalOHKecs B KOH(DUIypauuH
M3 TOYEK M MJIOCKOCTeH, 06pasylorT BMecTe C TOYKAMH KOH(DHIypanuu Koi-
(urypanmio, cOCTOSLIYI0O M3 TOYEK H TPSIMBIX; O6GpaTHO, HacTO MOXHO mpe-
BPaTHUTh KOR(UIYPANMIO U3 TOYEK M M SIMLIX B KOH(DUTYPANHIO M3 TOYEK M
MAOCKOCTeH, eca¥ no6GaBUTh ONpeneledilbie TWIOCKOCTH, B KOTOPHX JexaT
npaMble KOH(pHUrypanuu.,

7 Mul orpanuunmcs CHaReJ?, TaK e Kak M I IVIOCKOCTH, TeM Ciy-
yaeM, KOTAa 4MCIO TOYEK M IIOCKOCTefl OMMHAKOBO, T. €. KOrAa MBI HMeeM
KOHQUIYPaUMIoO TOYCK M IIOCKOCTeH, COCTOAILYI0 U3 p TOYEK H p NJIOTKO-
crefi. Ecan npu sToM BCskas TOYKA HMHUMACHTHA € N MAOCKOCTAMH, TO N0
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TeM M€ OCHODAHMAM, KaK W Ha MJOCKOCTH, BCAKAA NJIOCKOCTh KOHQHUIypaluu
MHIHAEHTHA C /2 TOYKaMH, TakHe XOHdHrypauuu Mel GyaeM 0603HaqaTh yepes (p,,).
Jlass TOro uToGH MCKJUOYHMTHL TPUBHANLHHIE C/yYyaH, TPHMEM, 4TO 7 He
menbiie 4. as p 7 koudurypauus (p,) Hesosmoxkna. Ho ecim p=8, 10
Mbl CPa3y ke MOJy4YaeM BOSMOXHOCTH YCTAHOBHTH MNSTh PA3NHYHBIX CXEM,
npHueM BCe OHM MOTyT GHITB OCyuiecTsie 'bi reomeTpuyecku. OnHa u3 3rmx
kondurypaunit (8,), Tak Hasuipaemas konurypauust Mebuyca, umeer Baw-
HOe TreOMEerpuycCKOe S3HAayeHHe, TaK Kak [MOC/AeNHNs HWHUMAEHTHOCTh 3MeCh
BLINOJIHACTCS camMa co6o#f, #u NOTOMy 3Ta KOHUrypauus BLIpaXaer onpene-
JIEHHYI0 TeOMEeTpHUECKYI0 TeOpeMy. ITa KOH(QHUIYypauuss COCTOHT M3 HByX
TeTPadApOB, ONHOLPEMEHHO BIUCAIHLIX M ONMCANHBIX OKOJIO JIPYr APYra.

Ilpu mepexone k kouburypauusm GCosee BHICOKOrO NOpsiika Mul OGyneM
noiy4aTe BCe 6GOMbiliee YUCIO B.3MOXi OcTe't, TaK 4yro OveHb OwicTpo 060-
3peHHe WX  [Ie3eTC HEBO3MOXHBIM. Tak, Hanpumep, HMEOTCs ywe 26
TeOM2TpHYEeCKH OCywecTBuMbX Kondurypamuft (9,). [lostomy mu paccmor-
pUM noapobGH.e TONBKO IB: OCOGEHHO BaXHBIE MNPOCTPAHCTBCHHBIE KOHDUIy-
panui, KOTOPLI€ MrpaiOT HM3Be THYIO POJb B MaTeMaTHYeCKMX npobiewax apy-
roro pona. Dro—koudurypanus Peiie (Reye) u nBoilHOM MIeCTHCTOPOHHKK
Hined 1w (Sct 14ili).

22. Koadurypauus Pefie. Kongurypauus Peile cocTouT M3 npedannaru To-
4eK ¥ IBeHdnuary maockocred. OHa ReIpa¥KaeT MPOEKIWBHO-TEOMETPHYECKYIO
TeopeMy, TaK 4TO MOC/AENHSIT MHUK' €l rHOCTh BHIMOJIHSIETCS 3AeCh CaMa coGol,
KaK 6bl HM BeOpanM pacnosoesue To4yek H maocwoctefl, Ho ang toro urobm
NONY4YHUTH HArisgRHOE
MPeACTABJEHHE O KOHDH-
rypauuu Peite, Mbl CcHa-

yana BuiGepeM CnieLMab- i
HOS CYMMETpHYeCKOe
pacnonoxeiue  OTHENb- \ -
HBIX TOYEK Kouburypa- — e=—2")
MH. <]

B kauectre TOuekK
KOHpHurypauuu BulGCp M
BOCEMBb BEpUIMH  ky(a,
3aTeM UeHTD Ky6a M Ha-
KoHel Tpu GecKOreyHO e
yIaneiHulX TOUKH, B KO-

TOPHIX TEP-CeKaIoTes 10 ) ul%%
yersipe  MapaaiesbHbIX T‘ﬂ?}x

pefipa ky6a (uepr. 145).
B xauectse nsockocref
KOH(HTy P2UKK BEIOEPSM Hepr. 145.

uiects rprHefl ky6a o

IIeCTh [MA' OHANBHLIX MJiOCKOCTEH, MPOXOAAMX YEpe3 Kawule Nea NPOTUBO-
NoNOXKHHIX pebpa. B kawnol niaockocTy nonyyuriueics Takum o6pasoM ¢ury-
pbl PACNOJIOKEHO LIECTh 10YEK, a HMEHHO: YeThPe BEPUINHb U NBe GeCKOHEeuHo
ylajdeHHBIX T YKH Ha KaxZOH rjaHy Ky6a M YeTHp> repilMHbl, ONMH LSHTP
Ky6a i onna OeckoredyHo ya~ieHH S TOYKA HA KAKAOH AMArOHa/JsHOM nAaoc-
koctd. C Lpyroil cTOpOHEI, B KaXAOM FOyKe nepeceKaioTcs IUECTh NAOCKOCTel,
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a MMeHHO: B IeHTpe Kyba IlecTh NMarOHalbLHBIX [UIOCKOCTeH, B KOXIOH Rep-
mwHHe Ky6a TpH IMArOHaNbHHX NUIOCKOCTH M TPU TPAHM KyGa ¥ B GECKOHeYHO
yAaNeHHHX TOYKAaX YeTIPS IPaHH Ky0a W JIBe [MArOHaJbHuIX MIOCKOCTH. Ta-
KHM O0Da30M Mbi NEACTBUTENBHO MOMYYMIM TNPH HAUIEM NOCTPOSHHH KOH(HU-
rypanuio u3 TOYeK M MJIOCKOCTeH, CHMBOOM KOTOpO# smasotces (12;).

Mu MOMeM, ORHAaKO, paccMarpuparb Hawy QUIypy kak KOHQUTYpaumio
TOYEK M NpPAMHIX, €CIM B KayeCTBe NpPIMbIX BLIOPATh HeKOTOpHE NpPAMbIE me-
peceyeHHs 3aJaHHWX BHIIE MJOCKOCTEH, HMeHHO NBHannath pebep M yerwipe
[NIaBHBIX auaroHanu Ky6a. Kawuas ©3 STHUX NpSAMBIX CONEPKMT TPH TOYKH
KOH(UTypanuH, a MMeHHO, Kaxnoe pe6po— IBe BepluuHu ¥ OaHy GECKOHEYHO
YAANEHRYI0 TOYKY A Kawnas Auarosajb — OBe BepulMHH M nenTp. Hanee, ue-
pes Kawnaywo TOYKY NPOXOAAT YeThipe MPIMLIX, HMCHHO: Yepes BEepLIMHHL TpH
pefpa M ONHA IiaBHAS QMATOHAMb, YEpe3 LEHTP— YeThipe T/JABHHX AWAro-
HalH ¥ depes Kaxayilo GECKOHEYHO yIaneHHYI TO4YKy uethipe pe6Gpa. Touxu
H npaMue XoHdurypauun Pelle 0o6pa3yioT Takum 06pa3oM KOHPUTypaumtio
(12,16,).

Jlanee, MOXHMO MNOICYMTATh, YTO 4YepPe3 BCAKYIO NMPSAMYIO NpOXOAAT TPY MJIO-
CKOCTH H B Ka¥NOH TINIOCKOCTH JIeXAaT yeTwipe npaMeix. OHH 06pasywT rMme-
CT€ € LECTBhIO JIEKAWMHMH B 3TOM NJAOCKOCTH TOYKAMH MpsiMbie M TOYKH MOJ-
HOTO YeThPeXCTOPOHHHUKA.

Kondurypanus Pefte urpaer posb B HEKOTOPHIX TreOMeTpPHYECKHX COOTHO-
IEHHAX, HANPDUMED B CHCTeMe TOYEK NOAOSHS YETHpex Iuapos, KOTOPYW Mbl
celiyac U paccCMOTPHUM.

ITono6GrEIMM TOYKaMH ABYX KDYTOB MMM IUAPOB, KaK H3BECTHO, HA3HBAIOT TE
IBe TOYKM npsaMOH, coenuHsiolledl UEHTPH KPYrOB WM IIAPOB, KOTOpLE nie-
AT STH OTPE3KM BHEIIHUM WIM BHYTPeHHMM 00GpasOM B OTHOUIEHMH, PacHOM
OTHOWeEHHUIO pandycoB. Toyka, pPacno/oKeHHas MeXAy LEHTPAMM IUapoB, Ha-
8bIBAETCRt BHYTPCHHEH, a TOuKa, Jexaiiasd Ha NPONOMKEHUH JIMHUH LIEHTPOB,—
BHewHe# TOukOi nomo6us. Ecan nBa Kpyra SBMSIOTCS BHEWIHWMHM JAPYr K

ApyTy, TO BO BHyTpEH-

Heil Touke nonobus ne-

pecekaloTcs 06e npiMbe,

Kacaioiuecss Kpyros ¢

pa3HeIX CTOPOH, a BO

BHelllHe TOyKe mnoano-

(») Ous—o6e npsMule,Kacaso-

ILMECH KPyroB C ONHOM H

J TOl e cTOpoHbi (4epT.

146). Bpawas nonyums-

umiyocs QUIypy BOKpYT

JIMHHH UEHTPOB, O6HAD, -

Yepr. 146. MM aHaNOTHYHBIE CBOil-

CTBa KacaTelbHBIX U TO-

yex nono6us aasw ;BYX 1apoB (onHako B Cryyae INApOB MMeeTCs ELIe

6ecKOHEYHO MHOrO OGUMX KacaTe/lbHHX, KOTOpHe He NMPOXOAST uepes TOUKH

nono6us). bynem o6osHauaTh uepes (ik) BHEWIHIOW TOUKY non_oﬁ;:a U yepes
(ik)' — BHYTpEHHIOIO TOYKY nono6usi AByX KPYrOB WJIM 1J2pOB &, R.

PaccmotpuM Tenepb TPH Kpyra MM 1mapa 1, 2, 3. Onu umeiOT TPH BHYT-

peHHMX M TpH BHEUIHWX, T, . Bcero wecTh Toyek nonoGus. IlpeacTasuy
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ce6e, 4TO LEHTPH WIAPOB (WM KPYroB) PpAacnONOXEHH He Ha opnHoR Mnps-
MOH, & B BepLIHHAX HEKOTOPOTO TPEYTONBHMKA, TaK YTO HHKAKHE NBE TOUKH
nosOGHs He COBMAAalOT W BCe ITeCTh 104YEK MOMOGHS He Jewar Ha ONHOM
npsmoit. Tlo Tteopeme Momwa Torma TPH BHEIUHMX TOYKM Tonobus (12),
(23) u (31) Bcerna sexat Ha onuo#l npsmoh (yept. 147); TOYHO TaK e Ha
onHOH NpPSMO# JieXaT ONHAa BHEUIHAs TOYKAa noAOOMA # [Be BHYTpEHHME
TOYKH NOJOGHS, He COOTBETCTByiOMe 5TOH ERelnned, nampumep (12), (23)
n (31) Y). Bee TOukM nomo6us pacnonoweHsl NOSTOMY HAa YETHIPEX MPSMBIX,
KOTOpHE Ha3bIRAIOTCA OCAMM NOno6ust kpyros (unu wapos) 1, 2, 3. MoxHo
yCMOTpeTb CripaBe/UIMBOCTh Teopcmbl MOHM@ M3 TOrO, 4TO TOYKM M OCH MO-
no6us 00pasyloT IIECTh TOYEK M YeThlpe HPSMBX HEKOTOPOTO MOAHOTO ye-
THIPEXCTOPOHHMKA, JMATOHa/MbHBIA TPEYTONBHHK KOTOPOrOo 06pasyeTcs NeHT-

Yepr. 147.

pamu (xpyros wWmm iwapos) 1, 2, 3. eeneM cumBonuueckoe 0503Havenie
s oceit nonodus: o6osHauuM depe3 (15°7) ock, mpoxomTwye uepes BHerl-
Hue TOYKM nonoGusi, uepe3 (1'23) ock, HA KOTOPOH paCNONONeHH TOYKH
(23), (12), (13) mn 1. n.

ITocne STHX npeABApUTENbHBIX 3aNedyaHUll nepedneM K 4eTohipeM LI2pam
1, 2, 3, 4, NeHTPH KOTODLIX HC JIEKAT BCE B OLHOM NOCKOCTH, 13K YTO
HUKaKue TpM UEHTHA HE MOTYT JIeaTh TaKke U HA Opuok npsaMoit (uept. 148).
Mul yTBepxrnaem, 4yro COBOKYMHOCTE TOYEK M Oceit nonobus 3TUX 113apOB
06pa3yl0T TOYKH H TNpsmble HekOTOpPOM koHdurypennu Pefie. Tak kax u3
uoThipex yncen 1, 2, 3, 4 Moo 06pa3oeath WIECTh PA3JHYHBIX Nap M Kak-

1) [lo<asareancsso. NYCTb ry ry 4-— PAARYCHl wapos (WK OKpyXHocTeH) 1, 2, 3;
TOrja CTOPOHBI TPEYruibHHMKA, 050 a30BAHHOTO LIEHTPAMH, AEAATCA BHCWIHKMK TOUKaMH
r T £
nopobHe B OTHOLLCHHYX —--r‘, -—;?, —rs. Tak Kak npoH3BEIESHHE 3THX OTHOWEHHH
2 3 1
paBHO— 1, TO BHEIUHHE TOYWKK MONOSKA MO Teopeme MeHenan J€KaT Ha oaHoH nps-
uofl. Ecan saverurh aBe BHEIHAE TOMKK HOUOOHA COITBETCTBYIOIUKMH BHYTPEHHAMM
TOUKaMH Nw.{o6us, TO IB1 OTHUILCHMA H3MCHAT 3Hax HA obpaTHLIA. [Ipu 5ToM npouase-
AeHHe CHOza PaBHO — 1, T. €. Mim CHOBA MNOJy4acM TPH TuuKH, J€Kaulde Ha OfHOH
npsaMoit,
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Hasi nmapa mnpeiCTaBASeT OMANY BHEIUHIOIO M ONHY BHYTPEHHIOIO TOWKY mnOno-
6us1, TO BCEro MMecTCs AreHanuath Toyek nonobusi. TOYHO TAK XKe MCTHI-
HOe 4Hucno ocell wectHanuat:. Mmenno, u3 derwpex mudp MOXNIO 06paso-
BaTh YeTBIpe PasjudibiX TPOUKM M Kaxgas TPOHKa mpencTaniseT yerwipe
pasnuynbix ocu, Hanpuvep (123), (123), (12'3) wu (123). Kawxnas ocs
MHOMOEHIHA ¢ Tpems Toukamu. !lanpumep oce (123) wuHumnentsa ¢ Toy-
kamu (12), (23), (13). ToyH0 TaK k> Kawnasd TOYKA UHIMNEHTHA € YETHIPEMS
ocsivu, hanpumep T uku (12) ¢ ocsmu (123), (123'), (124), (124) um
toyka (12) ¢ uesam (1'23), (12'3), (1'24) (12'4).

{VZ$

—

Yepr. 148.

Taxum 06pasom TOUKM U O7H NOJO" Ust AeHCTBUTENBHO ¢ 6pasyoT ¥oHdHUrypa-
uvo (12, 16). Hrobu yGenuTses B TOMIECTBEHHOCTH ITOM KOHDHrypam M ¢
koHpurypaumeti Peile, He06X0 UMO HaliTy ewe ABCHaAUATh COOTI €TCTBYIOWIKX
micckocrelt. BosbMeM chiauana dYeTbipe IUIOCKOLTH, B Ka/IOH M3 KOTOPHIX
Jewar no 1pW LeHrpa 11 apa; B KaWAOH ©3 3THUX NJIOCKO TEH HIIUMAEHT 'ble
C He't TOuk¥ M ocH c6pazyioT, Tak ke Kak B K Hpurypaumn Peile, yerni-
pexcTop HHMK. “ITOGW HaiiTH 7eneps eule B)ICeMb 1aliX TI0 KOCTel, BO3b-
MeM np CTO BCE HENOC aluU2 NACK CTH, KOTopple 00pasy.oTcst Kaw-
ALIMH  ARYMSt  MHLMIOCHTHBIMM € H°KOT POH TOUKOH K H( rypamiu ocsmH.
ITH OCH BO BCAKOM CAyu2e MO/KHE (if HHAIJNeKaTh K pas/iMyHbiM Tpofikam
4uces, 14K KaK IB OCH ONHON ¥ ToR e TpoHkH, nanpur ep (123) u (1'23),
ONp.nensioT FCeria [JIOCKOCTh TPeX LCHTPOB uwi2poB (B Ha'leM npum pe
nnockocts  (123), W, ci°m BareabHo, He [alOT FHUero Hobero. Boshmem
CHaajsa NBe OCH, CoOjaephainiie TOMbK BHElIHUEe TOYKH ﬂOﬂOﬁHﬂ, HanpumMmep
(123) v (124). OHu onpenesnsiioT TJIOCKOCTh, NP0 OASILYID Hepe3 TOUYKY
(12). B ar0M mmockocTH nexaT ewle weThpe APYTUX TOukd STHX ocedt (13),
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(23), (14), (24). Ho Touxu (23) u (24) sexar, kpome TOrO, Ha APYro#
ocH (234), KoTOpast COLEPXMT TaKwe elje OfHY HEQUCTAlNLYi0 BHUHIOW
Toyky nonotus (34). Takum o06pa3sm LlecTh BHEUIHMX Todek noaobus ne-
aT BCerna B OJHOH M TOM e nJIOCKOCIM. KOTOPY:0 Mbl palcMuTpend. ITa
NAOCKOCTL  comepwut Kpome oceit (123) u (124) npe npyrue «sHeu-
nue» ocu  (134) u (234). takum 06pa30M OHa  NEHCTHUIENLHO  HHUU-
IEHTHA C IUE THI0 TUYKANH W 4YeThlpbMsi npaMuIMH. BospMeM Tenepn cayuwai
onsOH BHeluHell ¥ OnHOM exyTpeHiie#l oOcell, NpHHAANEKAUMX K PA3JIHYHBIM
TpOKKaM YucesJl M HHUWNEHIHLX; 1dK K&K OHM MOTYT TEpeceKaTbCs TOJBKO
BO BHeillHeH Touke nonc6ua W TaKk Kak Bce UMGpPH PaBHONPABHB, TO MBI
mowem BHOpats ocu (123) u (124'). Ha sTtux ocsx Kpome TOYKH ne-
peceuenust (12) nexar eme Ttouxku (13), (23), (14)' #n (24). Tax xe
KaKk mnpexie, Mbl ROMeM 37KIOYUTh, HYTO B 3TOW MIOCKOCTH Jiexar elle
ocu  (134) wu (234") u Touka (34). Taxum 06pasoM ME HaxXOOUM, YTO
TPH EHYTpeHHHe TOYKM NOAOOMS, KOTOpLIE OMPENEMsIoTcs wapoM 4 ¥ OcTalb-
HLIMM LIApaMH, BMECTE C Tpemsi BIEiUHWMH TOYKAMU nonobus Tpolxu 1, 2,
3 nexar B onHOH miockocTd. [lnockocredt Takoro poma HOMKHO GbITh 4Ye~
Teipe. MH eme He paccMOTpenM clydasi, KOTODBI moJyuaercsl, echy HCXO-
IMTh M3 JIByX BHYTPEHHHUX WHIMIEHTHBLIX OCeH; OKa3blBAeTCsl, YTO Ha TOJBKO
YTO PacCMOTPEUHOH NAOCKOCTH JieaT TpU MNONAPHO HEIMIEHTHHX BHYTpEH-
HUX OCHM, HO OHM BCETrIa MMEIOT OfiHY OO!yl0 BHYTPEHHIOI TOYKYy NOROOUS.
TMostomy bl GyzeM ucxonuth M3 AByx oceil, Hanpumep (123") u (124"),
KOTOpblE Tnepecex’ I0TcA BO PHEIH:H ToYke nNONO MA—B HallleM Ccayyae
B Touke (12). B mnockoctu, ompenesnseMoit MMH, Kp"Me TOYKW NepeceyeHHs
(12) nexar eme Ttouku (13), (23), (14),, (24)'. CnenoearentHo, B 3TOH
nnockoctH nexar rarke ock (1'34) wu  (2'34) u Touxa (34). Iloatomy
9Ta NJOCKOCTH COMEp ¥MT UeThipe [HYTPEHHWX OCH; OHa mnepecekaercs ¢ peb-
pamn 1,2 u 3,4 rerpasmpa 1, 2, 3, 4 BO BHemHMX TOuKaX NOAOOGMS; C
OCTaJibHBIMH YeTbIpEMs peCpaMH — BC BHYTpPeHHHX Toukax nonobus. Takoro
pora nnockocTedi HOMKHO GHITh TpH, TaK KaK Kawiblil TeTPasip CONEPKHT
TpW Napel NPOTUBCNOJNOKHHX pefep. Tak.uM 06pa3or Mbl MONy4YWId 1Mo Ha-
memy cnocoGy Bcero 144 -+ 3 =28 na ckocreil.

Jlas Gonee nerkoro 0603penus Mbi npiureeM eie gBe cxemb (cM. cTp. 128),
YCTaHABAMBAOIME MHUMIEHTHOCID M2XAY TOUKAMH M TUIOCKOCTAMHM M MEXIY
ocsiMH M nnockocraMu. I'panu Tetpaanpa Mb 00OsHadaem yeped I, II TIE IV,
npuyeM rpanb I mnpotusBomdynowua Ttouxke 1. Ilnockocts :HemHux ToOuek
nogo6us 0603HAUMM uepe3 e, a UeTHpPE MJIOCKOCTH, CO"epwaupie no TPH
BHELUHWX W TPH BHYTPIHHMX TOYKM nonobus, obesuaumm vepes e,—e,. Ha-
KOHel, TpH OCTalbHBle TJIOCLOCTH COOT-€TITEEHHO napaM p:62p TeTpasipa
o6o3naynm uepe: (12, 34), (13, 24) (14, 23) Ilpu 0603HayeHUH TOHEK H
APSIMBIX B Haltelh 1a6auuz a8 COKPeuleHHs] ONYL[2HB CKOGKH.

Ha yept. 148 usobpamena sra koudurypauus '). B TOM, YTO 3Ta KOH-
durypauus TOXHeCTBEHHAa ¢ KOHbHrypaused, usobpaxcHHOW Ha depr. 145,
nerko ybenmibost, ecau PooGpasuth, uto ToukH (12), (1:) u (34) ysanedw
B OGECKOHEYHOCTh B HaMNpaB/eHUSAX, TONAPHU NEpPNeHHKYINPHBHX APYyT LPYTY.

1) Ecna upeacrasuts cebe wepr. 178 Kak nzockyw ¢G@rypy, TO OH K3067a34T 'O~
ccy10 KOHpUrypiuaw (124 1ng), cocTosiyo Ms Toue. 1104 »Hud 1 ocell yeTipex oxpys-
rocrell, aexauwnx B eavoll nnoc.ocri. [Ipi 3TOM 1e.ipaMt cnosd c1y eeT "OUKH 1,
2,3, 4, a pansych MOXHO B34Tb TAKLM 1 e, KaK B MPOCTPAHCTBE.HOM Ciyyae,
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Torna atu TOukM npemparaTcs B TPH GECKOHEYHO yNANEHHBIE TOYKH KOH(HU-
rypauuy, usoGpawennolt Ha yepT. 145. Bocems Touex (13),(14),(23),(24),

(13), (14), (23)', (24)' npespa-
TATCA B BepluMHH KyGa, a (34) —
B IeHTp Kyfa. B stom cayuae,

cst B GeckoHeyHOCTh. UTOGH Onpe-

U u () > ORHAKO, M TOYKHM 1 n 2 ynansr-

Yepr.

149.

HENUTh TakXe M yeTHpe Liapa,
COOTBETCTBYIOLIMX  4epT. 145,
HaM mpuzeTcs 0GOCIuTh Onpe-

neneHde TO4YeK MNOno6us mnyTeM MAO5aBneHuA npefesibHHIX CayuaeB. [lpexne
BCETO CrieflyeT paccMaTpuBaTe B Kadecrse BHellHeH TOYKM noao6us KPyros

¥ 1mapoB OAMHAKOBOrO panuyca Gec-
KOHEUHO YIAaNeHHYI0 TOYKY, JIeWALLYo
Ha nunud nentpo (uept. 149). Ecam
paccmarpuBath Jjajee map B v mio-
ckocts e (4epT. 150), To caenyer npu-

k

Yepr. 150.

HATH B KayeCTBE TOYeK NOROOUS 3THX
IByX 00pasoB koHeunse Toukn (ke)
u (ke)' nuametpa 11apa, nepreHaAHKy-
nspuoro K maockoctd e. Mmenno, ecau
NI0CKOCTb MepecekaeT MPOLOJDKEHHe
3TOr0 nMaMeTpa B TO4YKe P U eciy mjo-
CKOCTb e 32MEHHUTh CeMeHCTBOM ILapoB
K ¢ HenpephiBHO BO3pacCTalol{MM pa-

[MYCOM, Kacaioluxcs NIOCKOCTH € B TOYKe P, TO MOXHO y6emm>ca 41O
TouKM NopoGust mapos k u K ctpemstcs K ToukaM (ke) u (ke)'. Haxonen mns
ABYX TJIOCKOCTeH e ¥ f, nepecekalouxcs Mo npamofl g (ueprt. 151), cae-
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IYeT CYMTaTh TOYKAMM nonc6us 6ICKOHeYHO Y/la/leHHble TOYKH, PACMONIONEH-
Hble B HANpaBjieHHAX, TEPNEHAUKYASPHBIX K TNPAMOH g W Jensiuux nonojam
yIbl, 06pasoBaunbie OGEMMH TMIOCKOCTAMHM. 3TO ONpelesieHue TaKwe MOKHO
onpasliars NPy NOMOULY TPENENAbHOTO [IEPEX0Na, €CAH PacCMaTPHBATh NPSAMYIO &
KaKk Kpyr, nonayyaimouuiics B nepeceyeHud HBYX
LIAPOB C HENpepeBHO BO3pacTalomuMu X0 Gec-
KOHEYHOCTH paauycaMu (OQHAKO OCTAIOUIMXCS
BCE BpeMsl MNOMApPHO KOHIPYSHTHBIMU), Kacaio-
LMXCST TIOCKOCTEN e ¥ f B mOCTONHHOH TOuYKe
fpsMoNi g.

[Mpu nmoMomu 3TUX OnpenesieHUH MOXKHO Npef:
CTaBUTH KOH(ur, paunio Pelle B paccMOTpeHHOM
Bhilie B.Je, TaK Xe U KaK CHCTeMy TOYeK NOJo-
6ust. OnuwenM U3 UeHTPOB nepedvel u 3anned
rpavelt ky6a (depr. 145) wapsl 3 u 4 ¢ pa-
AMYCaMH OJMHAKOBOH BEJMYMHBI, IPUYEM Paluy-
col BoifepeM TaK, 4TOGbl KaWALI 1uap NMPOXOAMJ HEPE3 YeTHpe BepPIUHHbI
COOTBETCTRYIOUleH rpanu. [lepneHauky/spHO nMarcHassiM 3THX TrpaHelt Ha
IIPOM3BOJILHOM paccrosiuM mposefeM miockoctu 1 v 2. Torpa Touku koHdpH-
FypaluH OKAXyTCH TOY-
KaMH noao6us miecKo-
crel 1, 2 u wapos 3
¥ 4 B DacnoiOXEHHH,
auajioruynoM  usobpa-
WeHHOMY Ha wepr. 148.

Hanmpamupaercs
MBIC/Ib TOJIOKUTE B OC-
HOBY BMECTO 3ITOTO BBI-
POXIEHHOIO Ccjyyas ue-
THIpE U1apa OIMHAKOBOTO
panMyca, HEHTpH KOTO-
pHiX 06pasyioT MpaBHib-
Huii  Terpasap. Torma
BHEIIHHE TOYKH TONO-
6ust LOMKHBI COBNACTDL
¢ 6eckOHEeYHO ynajer-

. HbIMU TOYKaMU IIECTH

peGep TeTpasnipa, U cie-

JIOBATENLHO, 6eCKOHEYNO

ynaleHHas  TJIOCKOCTB

Yepr. 152. NPUHAIUIEKHT STOH KOH-

: ¢urypauuu # COOTBET-

CTByeT TMJIOCKOCTH e, B Hauem oO6GO3HayeHud. BHyTpeHHMMH TOYKaMM IIO-
nobust cayxart cepeiuHn pebep Terpasgpa. DT necTb TOWEK 0OpasyoT
BepluiHBl TIPABHALHOTO OKkTasipa (4epT. 152). Bokosbie Ipanu €ro Bceraa
ABASIIOTCS 1IOCKOCTSINM KOH(MIYpaUUH; HMEHHO, 3TO CyTh rpaHH TeTpasipa
I I, I, IV u nmrockoctu, o603nauekHble B Hantelt cxeme GYKBamMu e, €y, €y, €,.
Henocrawuive euie TpY mIOCKOCTH CYTh TPU NNOCKOCTH CHMMETpPHM OKTa3npa.
lNpsaMbeiMu KOHQUTYypauny SEAMOTCA YeThipe GeCKOHEYHO YAaJeHHBIX MPHMbIX

Yepr. 151.

9 Tuabbepr U Kon-®occen
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rpanell TeTpasnpa (BHemuMe OCH TOAOGMS) M ;BeHanuath peGep OKTasnpa
(BHyTpennue ocu nono6us).

Mul ye yKaswiBanu B mepBOH rjiaBe Ha PpONCTBO MexIy KyGOM M OKTa-

snpoM. B cooTrerctBHM cO ckazausuM B § 19 mbl MOweM Temepb CKasath,
4yTo Ky6 ¥ OnTasap asoicrsedHsl apyr Apyry. Hanee, Mei Moxew 0606muts
5TO W 1nOKasaTh, YTO TOYKH M IUIOCKOCTH 4epr. 152 nBOHRCTREHHO COOTEBET-
CTByIOT IJOCKOCTSM M TOYKaM 4epr. 145; BepmMHE u rpaHu Ky6a cOOTBer-
CTBYIOT I'pDaHsiM M BEpPIUHHAM OKTas[pa, UeHTP Kyba M LIecTb MHUMIAEHTHHX
C HUM NJAOCKOCTel COOTBETCTBYIOr 6eCKOHEUHO yNaleHHOH MAOCKOCTH M ILIECTH
HHIUMACHTHLIM € Hell TOYKaM OKTasapa, TPH OGeCKOHEYHO YAANEHHBX TOYKH
Ky6a COOTBETCTBYIOT TPEM IJIOCKOCTSIM CHMMETPpuu oKtaszipa !). Takum o6pasom
AOKaszaHo, Yto kKoHpurypauus Petie nBoficTBenHo uHBapuantHa. OKa3eiBaeTcs,
4TO MMEHHO npH JIBOHCTBEHHOM COOTBETCTBHM MexIy Ky6OM M OKTasgpom
IJIOCKOCTH W TOYKW oOnHOH Kondurypauuu Peile oTo6paaroTcss Ha TOYKH
M MJOCKOCTH JApYro#, COBepILEHHO HWHa4e pacroNoXeHHOH KOHDHUIypanuu
Peite; oanako B cmbicie NpOeKTHBHON reOMeTpuM ClefyeT pacCMaTpPHBaTh
Bce KOudurypamun Pelle xak ToxpecTBeHHHE ?).
. Tenepp Mu nokaxeM Ha KoHpurypauuu Petie emie npyroe, BaxcHoe CBO#-
CTBO CMMMETPHH, C KOTOPBIM MBI TO3HAKOMHUJHCEH NPH PACCMOTPEHHH TUIOCKHX
koHpurypauufl. MmenHo wmui nokaweM, 4TO 3Ta KOHGUrypauus npasHJBHA.
M3 ckasaHHOro A0 cuX NOp OTHIONE HEJb3s ellle BHBECTH TAKOTO 3aK/I0YEHHs,
TaK KaK MJIOCKOCTH N0 OTHOIUEHHIO K CHCTEME Toyek nonobus pacnagaloTcs
Ha yYeThipe Pa3/NMyHbIX K/Jacca, a HPU OCYIEeCTBACHUH KOHQHUrypauuu Mnocpen-
cTBOM Ky06a M OKTasnpa Kak TOYKH, TaK W IJIOCKOCTH HIDAIOT Pa3Hylo pOJb.
B cnenyronem naparpade Msl npuBefieM TakoH BuiBOX Kouturypauun Peiie,
IIpd KOTOPOM CTaHeT OYEBHAHBIM PpaBHONpaBHME BceX 3yeMeHTOB. [ aTof
HenH HaM npuuaeTcsd Osike OSHAKOMHUTBCS C NPaBHABHBIMU TENaMU Tpex- H
YeTHpeXMepHOro npocrpaictBa. Ilogo6HO TOMYy KaK MOXHO NPOEKTHPOBATh
TeNa Ha IJIOCKOCTh, TOYHO Tak ke 06pa3sl 4eTHIPEXMEPHOTrO TNPOCTPAaHCTBA
MOXHO TNPOEKTHPOBATH HAa TPEXMepHOe NPOCTPAHCTBO, U NPH COOTBETCTBYIOIEM
crocofe NMPOEKTHPOBAaHMS OAMH M3 3THX 06pa30B [aeT Kak NpPOEKLHIO KOH-
¢urypanuio Peite.

23. MpaBuibHbIE Tesla H AyeHiky M WX NpoeKuuH, B nepBoll rnaBe MH CO-
NOCTAaBAS/IM N#TL NPasUALHLIX Te€N TPexXMepHoro npoctpaHcrea. CpemM 3THX
Te/l TeTpasip 3aHWmMaeT 0cof0e MeCTO, TaK KaK OH NBOHCTBeHeH caMoMy cebe,
MeXIy TeM KaK OCTajibHele YeThipe TeJia TNONnapHO ABONCTBEHHH IPYr APYry:
oKTasnp coorBeTctByeT Ky6y, a moflekasnp — MKOcas3Apy. beite MOXeT, ¢ aTOH
OCO6EHHOCTLIO TeTpasfpa CBA3AHO M JIPYTOE€ fABJEHHMe, KOTOPOE OT/IMYaeT 3TO
TeNo OT uYeThipex JApyrux. MMeHHO 3Tu YeThipe Tena MOXHO Ha3BaTh «iEH-
TPanbHO CHMMETPHUUHBIMKU®», MOTOMY 4YTO B 3THX TejlaX BEPLIMHH FONAPHO
Mmexny coboit, pebpa mewny colo# M rpaHu mexay co60d pacnoJOXeHH
CHMMETPMYHO MO OTHOLIEHHIO K LEeHTPY; HanpHMep, €C/M COENMHHTDb BePUIURY

1) Takoe coOTBeTCTBHE MOAYYAETCA MOCPENCTBOM 10AsSPHOro npeofpasoBanus oO7-
HOCHTENBHO BMUCAHHOTO B Ky6 wiapa.

2) TlpoexTusnoe ofoSLieHHe OKTA3/pa MOXHO flONYHHTb, €CIHM WCXOAUTh M3 Kakol-
HHSYNb NpoexTHBHON CACTEMBI KOOPAMHAT B 1IPOCTpaHcTse. ENHHKYHBLIE TOYKHM LUECTH
ocell KOOpAAHAT, TaX ¥e KaK M TOYKA MepeceycHKs KOOPAHHAT eAVHMYHOH IJIOCKUCTEIO,
BCErfa fIBAAIOTCS TowxamM KoH(pHrypauur Petfie.
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ky6a c ero UEHTPOM, TO mnpsMas, COENMHAIOLIAS WX, TepeceyeT KyG
B npyro#l Bepwune. Hanporus, Terpasnp He sBISETCH LEHTPaAbHO CUMMETpHY-
HBIM TEJOM: fpsiMasl, COENUHAIOMIAst BEPLIMHY €ro ¢ LEHTPOM, MNepecexkaer
TETPasfp BTOPUYHO B CepeauHe OOKOBOH I'paHH.

PaccmoTtperueM, nono6HEIM TeM, KOTOpPble ML NpDHUPENM B NEpBOi riage,
MOXHO [0Ka3aTh, YTO U B 4YeThIPEXMEPHOM MNPOCTPAHCTBE TAKKE BO3MOMNHO
JVIIL KOHEYHOE YHC/IO TPAaBUALMBIX Tel, UMEeHHO Iuects ). B 06pasml uers-
PeXMEpHOr0 MpOCTPAHCTEA, eCcTeCTBEHHO, MOMMMO BepuluH, pebep M rpane#
B KauyecTBe OrPaHUYUBAIOLINX 3/JIEMEHTOB BXONAT TaKXKe U KYCKM [POTpaH-
crBa. Kaxk nns TpeXMEpHOTO TpOCTPaHCTBA MBI BBHICTABASNIM  TpeGoBaHue,
4TO00LI NOFEPXHOCTH, OTPAHUUMBAIOLIHE TENO, MPSACTABSIM NPAEUILHBIE MHOTO-
YTONbLHUKH, TAK Mbl [JOKHH NOrpe6oBatTs 1/  4eTHIPEXMEepPHOro MpocTpaH-
¢TBa, 4T06HLI O6NACTM NPOCTPAaHCTBA, OrPAaHUYMBAIOIME YETHIPEXMCDHEIN
06pas, SBNANUCH MPaBUILHBIMM MHOrorpaHHukamu. Mbl GyneM HaswlBaTb NO-
no6Hble 06pa3bl  «AdefikaMu», NpHYeM eclM 5TH O0pa3sl OrpavHyeHsl 7
MHOTOTDaHHUKAMH, TO n-Auelkamu. B Hmxeclenmyoued tabiute ™Mbl (pu-
BOJIMM BaXHeHIUNE JIAHHBIE O MPABWILHBIX fiYeHKaX 4YETHLIPEXMEPHOrO npo-
CTpaHCTBa.

YETBEIPEXMEPHOE NPOCTPAHCTBO

Yucno ¥ BUA OrpaUNynBaIO- Yucao
UX MHOI'OFPAHHHUKOB BEpLUMH HsoficTBeRHOCTD
5-aueflka ., . . . g TETPA3IPOB lg JsoticrBenHa camoll ceGe
8 « . s KyOOB
6 » ce..] 16 1XTpaanpon 8 } Asoticteentu apyr apyry
29 » ... 124 OKTasgpa 624 JIlBojicTBeHia camoll cebe
120 e« « « o] 120 nonekasapos 00
600 , . ... 600 feilpasnpgs 120 } Asoficrsentnt apyr apyry

CooTHoleHust ABOIICTB2HHOCTH, YKa3aHHbIE B NMOCNENHUX CTPOYKAX, BHITEKAIOT
HENnoCPeACTBEHHO M3 pACCMOTpeHus TabJMiibl, 4 HMEHHO: B YeTHIPEXMEpPHOM
OpOCTPAHETBE TOYKM NBOHCTBEHHB! NPOCTPAHCTBAM, TOTAA KaK OpsMble NBOH-
CTBEHHB MNJMOCKOCTSIM,

W3 1abauubl MBI BUIHM, YTO TeTpasnp COOTBETCTBYyeT S-auelike. Janee,
ky6, OKTa’ap, KONEKA3AD U UKOCA3AP COOTBETCTBYIOT 8-, 16-, 120- u 600-sueii-
ke. 24-aqeiika 3anumaer ocoboe mecto. MmeHHO, OHa He TONLKO NBOKCTBeHHA
camoff cebe, HO KpOME TOTO LEHTPaJbHO CHUMMETDHMYHA, MeXIY TeM Kak
npyras siyeltka, nBoicTBeHHasi camol cebe, b-fiueilka, N040GHO COOTBETCTBYIO-
uieMy eil nNpaBUILHOMY TeTpasipy TpeXMepHOTO NpOCTpaHCTBa He OO/nanaer
LeHTpaJbHOR CcUMMeTpHUeil.

[Tono6Hele ke nccnenopanus GHAM NpOBeNEHH! W JUIA NPOCTpaHCTB Gonee
BEICOKOTO 4ucia uaMepenud. OnHAKO B 3TUX Ciayuasx obHapyxuBaercs 60Jib-
was MpocTOTa M 3aKOHOMEPHOCTh, TaK KaK BO RCeX 3THX [POCTPAHCTBAX
BO3MOXHB! TOJNBKO TpHM TIPaBUJLHBLIX Teha. Bawmueiliune panHbie MB OnOATH
COMNOCTaBJAfEM B BUjpe TaGJUIb.

B TpexmepHOM TpOCTpaHCTBE 3THM TpeM BHIAM $l4€eK COOTBETCTBYIOT

1) Cwm., nanpumep, H. de Vrie, Dic vierte Dimension, Leipzig und Berlin 1926.
9*
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n-MEPHOL NPOCTPAHCTBO

'hl(‘Jlo M BMJ OTPaHHUYNRBRANO- ‘iuc.’lo
wux siueek \n1—I) usMepenuii pepuwing IIBORCTBCHHOCTD
(n+1)suelika . .| n+41 n-seex | n+1 Ie-Hcreerna camofi cebe

n-auchia ...} 2 (@n—2)-suees 2 \lﬂ ficTBeHHBI r r
Pquetika . . . .| 2" n-see < on f BOHCTBEHHBI APYT APYTY

TeTpasnp, ky6 u oktas'p (n+1=4, 2n=6, 2" =8), B ueTHpPXMEPHOM
npocTpaHcTBe 5-,8- U 16-suelika. Takum o6Gpasom nomekasnp v MKOCasnp, a
Takke 24-,120- v 600-nuefika He UMEIOT aHa/ioroB B MPOCTpaHCTBax Gonee
BHICOKOTO 4HUC/IA uU3MEpeHHH.

Yeprt. 153. Terpaanp.

Yept. 156. lonexaszp.

YepT. 154. Ky6.

Yept. 155. OkTasap. Yept. 157. Kxocasnp.

Tenept, paccMOTpUM NPOEKIIMM NPABUJIBHBIX TEN HA MPOCTPAHCTBO C YHUCIOM
W3MepeHuti, MeHbliUM HAa eauHuily. Haunem ¢ mpoeknMH npaBuibHBIX MHO-
FOTPaHHUKOB TPEXMEPHOTO MpPOCTPAaHCTBA Ia [MJIOCKOCTb. B 3asucumocty ot
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BLIGOpa LieHTPa MPOEKIMH U TIOCKOCTH NPOEKUMH, eCTECTBEHHO, 5TH MNpOeK-
UMM BHICAAAST pecbMa padnuudo. Ha wepr. 95 —99 (ctp. 87) mu suibpann na-
pamnensHylo NpOEKLUHMIO, T. e. LEHTP POEKIMU MOMECTHAM B GECKOHEYHOCTH.
Tako# cnoco6 MPOEKTUPOBAHMS UMEeT TO MPEUMYILECTBO, YTO MNapaJulensHuie
npsMbie OCTalTcs napamtensHeiMd. OJIHAKO OH MMe2T TOT HENOCTAaTOK, 4TO
NMPOYKNUK IpaHedl YaCTUYHO NEePEKPRIBAIOT APYT NpYyra. ITOT HENOCTATOK MOXHO
yCTPaHUTh, €C/IM NEPeNBHHYTL ILICHTP HPOEKUMH OuyeHb OJM3KO K ONHOW M3
rpaseil. Pamu cuMMeTpUM pacnoNioMMM ero Ha MeprneHOuKyJspe, BOC-
CTaBJIEHHOM B CepeiMHe ONHOH U3 TpaHel, M STy TIpaHb NpuMeM 3a
MIOCKOCTh Mpo KuuM, TOraa I/ nATM NpaBUNLHBIX TeNl MOJAYYaTcs npo-
eKIluM, M305paxeHHble Ha uepT. 153 —
157. Takyo we KapTMHy MBI yBUAEJH
61, ecnu Gbl ynanuau OaHy M3 rpaHed
MHOTOTpaHHMKAa ¥ B 06pa30BaBIIYIOCH
Ibipy  paccMaTpUBaid  BHYTPEHHOCTb
MHOTOTPaHHUKA.

Ecau MBI pacnosnoxun 1meHTp npoek-
LMY Ha CaMOi rpanuie rtena, TO G6OKO-

|

Yepr. 158. Yept. 159. Terpasnn.

Bbi€ [P"HH, NpOXOnfAuKe Yepes Hero, 6y1yT NpOeKTHPOBATLCH B BUIE MpAMEIX,
a MOTOMY NMPOCKIMA NOMYUYUTCH O4YeHb aCUMMETPUYHOH.

Ecmu Teneps Mbl MepeHeceM IIEHTp DPOEKLUMH BHYTpb Tena, TO O6Ha-
PYMUM  CYLIECTBEHHOE H3MeHeHHMe H300pamenusi, a WMEHHO: npoeKIus
6yner npocTuparsesi B GECKOHEYHOCTb, KAaK OBl MBI HM BHIGMpANU MJIOCKOCTD
npoekivu. B caMom 1ese, BCAKas MJIOCKOCTS, TPOXONsLLAA yepes IeHTp npoek~
LMH, NEePe eKaeT MHOTOrPAHHKK. DTO, B YacCTHOCTH, KMEET MECTO M AAS 1POXO-
nsueit yepes LEHTP MPOEKLUHMH [JIOCKOCTH, [apaiAeNbHOH TIC CKOCTH fpoeK-
1Mit, KOTOpas U NaeT OGeCKOHeYHO YynaleHHsie TOukM npoekunn (ctp. 1086).
Tem ne Menee Tako# cnoco6 NPOEKTUPOBAHUA NPUBOAMT K HWHTEPECHOMY
reoOMeTpPUYECKOMy SIBJEHHIO, NpuyeM 3TO OO6HApYy:XKWBAeTCs TOTHA, KOTAA Mbl
pacnoNoNKM IfeHTP NpPOeKIMH B ILEHTPe MHOrorpaHuuka. B 3Tom u TOibKO
B 5TOM C/lydae MOJYYaeTCs CUMMETpHYECKOe pacrnpejesieHHe MPOEKTUDPYIOIHX
nyyeil B nyuku. Mel MOxeM paccmarpupath Ny4OK Ny4ell, Kak yxe Owijio
ynomsiiyTo Ha crp. 106, kak MOzens NPOEKTHUBHOH INNOCKOCTH, ecau Oymem
HA3LIRATL MpPsAIMBIE MyYKa TOYKAMHM, @ TJOCKOCTH My4yKa — npsaMbeIMH. Takum
06pasoM MpaBuibHLIE Teld NPUBOLOAT K NPABWILHLIM  pa3IueHusiM NPOEKTHL-
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HO# ONOCKOCTH. DTHU pasbuenust GYLYT ONHOKPATHO MOKPHBATL MPOEKTUBHYIO
OJOCKOCTb TOJEKO B C/lyyae LEHTPAJbHO CHMMETPHUYECKHX Tel; y Terpasipa
Mbl MONYYUM JUISi KaXIOTO MPOEhTHPYIOLIErO Jiyya ABe Pa3iuU4HBIX MPOEKLHH,
B 33BUCHMOCTHM OT TOrO, KaKyl0 TOYKY BO3bMEM H3 [ByX TOYEK MNepecevdeHus
ero ¢ TeJlOM; IO3TOMY NpPOEKTHBHAs TMUIOCKOCTL [ABAXIL IEPEKPHIBAETCS.

ﬁ%
%
° Z 7
/é
7
s
5
3 2
Yepr. 160. Oxrasap. Yepr. 162. onexaszap.

Yepr. 161. Ky®. Yeprt. 163. Mkocasnp.

HanpoTus, y Bcex Ipyrux Ten Kaxnas napd AHAMETPaJbHO NPOTHBOMOJOM HBIX
S/IEMEHTOB [aeT OfHH 3JeMeHT pa3bueHus NMPOEKTUBHOH mnockocTh. Ecau mw
nepeceveM MNy4oK Jydel HEKOTOPOH MOCKOCTHIO, T. €. 6ynemM paccMaTpuBath
NpOEKUUI0 B COOCTBEHHOM CMLIC/JE, TO HE CMOXEM TMOJyuuTb MNPaBUJILHOLN
cummeTpud. B qacTHocTn, npoekuus Gyner 0co6eHHO mpOCTa, €CIM Mbl U33epem
NNOCKOCTb MNPOEKLWM, NPOXONAILYI0 Yepe3 BepIIMHY H TIepreHAUKYJsiPHY0
B BepIUKHE K NPAMOM, COeNMHsIOLIeil 5TY BepPUIMHY C LieHTPOM Tena (yepr. 158
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ans okrasnpa). [TaThb monyualonuxcs takum cnoco60M ¢uryp usobpaxenn Ha
yept. 159—163. Ha kawnom ueprexe o6aactb, npocrupamoumascs B Oece
KOHEYHOCTb, Bhilie/leHa WTPUXOBKOH. B clyuae TeTpasmpa MJIOCKOCTb MpOeh=
UMM MOKpuiBaercs nBaxkAel. Ha Bcex ocranshmx ¢urypax kamnsth MHOro-
YTONbLHUK [IOCKOCTH NPEACTaBASET [BE NMpPOTHUBONOJOXKHLIE [PAHM Tea.

Yepr. 164.

Ilpyroit pan npocTHIX (QHUryp MH MONYy4UM, ecl¥ BuOGEpeM INS CUMMET-
puuynbx ten (ueprT. 164 ana ky6a) 3a MAOCKOCTL NPOEKUMH OnHY M3 6O=
KOBLIX TpaHell (B Cilydae TeTpasipa MpH 3TOM Mbl HE (OJAy4YMM HOBOH (Pu-
rypu). Ha uepr. 165—168 usobpaxens sty ¢duryps ).

Yeprt. 165. OKrasap. Yepr. 166. Kyo6.

Mbl MOxeM u36paTh aHANOrHYHbIE CNOCOGB MPOEKTUPOBAHUA, ISt TOTO YTOGHI
0T06pa3uTh SUEHKH YeThPEXMEPHOrO MpPOCTPAaHCTBA B BUIE TeJl TPEXMEPHOrO
npocrpaictba. [Ipy 3TOM MapanneibHas NPOeKUUS OKA3bIBAETCH HenpuUMeHH-
MOH, r60 TOrma OrpaHUYUBAIOLIME siYeilKy MHOTOrPaHHMKH H3006passiTes
MHOTOrDAHHMKaMM TPeXMEPHOTO NpPOCTPAHCTBA, KOTOphie OYAyT HaCTHYlO
nepeKpLBaTh HPYr ApYra, YacTM4YHO MPOHMKATs UPyr B npyra. Hanpotus, Mul
monyyuM yroGHsele 11 0603peHus U305panenus, ec/ii BOCNOJb3yeMCs Cnocobom,
KOTOpHI# MBI MPUMEHSNHM AN noAyueHus uepr. 153—157. OrpaunuuBaouye

1) IlpoekuHss OKT3aSApa B BTOM CiAyyae COOTBEICTBYET pa30GHCHHIO HAOCKOCTH Ra
yeThbipe TPeyrodbHhKa NpOexTHBHOH CHCTEMOM KoopauHAT.
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siveiiny MHOTOTPAHHUKM TOTAa u306paracTest CUCTEMOM MHOrOrpaHHUKOR, W3
KOTOpPL X OOYH 3aHMMaeT MCKIIOUHTEJNEHOE MONOMXEHHE U 3alO/IHAETCH Ipy-
2

Ueprt. 168. Mkocasnp.

rMMM  Fe3 TpOMEX)TKOB ¥ NBOHHBIX mnokpuTHh. Ecam mu 3atem 6Gyaem
(p0eKTUPIBATL 3TH MOAE]IM HA MJIOCKOCTb, TO MOJYYUM NPOEKLMH, KOTOphie
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usobpaxensl Ha uwepr. 169-—172. Ha wuepr. 172 upu HekOTOpOM yCHAHU
MOXHO OCHApYXHUTb, Y10 GOABLIIOH OKT49Np 3anonHeH 23 MeHbLIWMU OKTa-
3gpaMu  (ueTHlpEX BUOOB), TAK 4YTO ECEro 3mec, uMeercs 24 rtena. Ias
120- n 600-auelixy nosyvaousecss (GUrypbl CTAHOBSITCS COBEPIIEHHO HEO60-
3PUMBIMU,

Ecny pacnonoxuTs UEHTP NPOEKUMH B HEHTPe siuelKM, TO MBI JOJ/DKHH
NONY4UTh NpasuiasLHOe pasbuenne NPOEKTHBHOTO MPOCTpaHCTEA. s mpoek-
TUBHOIO NPOCTPAHCTFA MEl HE MOMEM MCJYYHTH TéKOH e CHMMeTPUYHOH
MOJeNM, KaKylo N4eT Ny4YOK NPCEKTHPYIOLX Jyuyed s NPOeKTWBHOM MJO-
CKOCTH, T4K KaK B 5TOM cJy4ae HaM [PUIIOCH OBl paccMaTpHBaTh HEKOTO-
puitt ueTwipexMepHeit 06pa3. [ToaToMy Hem mpunercs EBIGpaTh OMNpPENC/TEHHOE
TPEXMEPHOE NPOCTPAHCTEO B Kayecrse MPOCTPAHCTBA MpOeKuMH, (pUYeM CHM-
MeTpUs 4acTHUYHO ucyedHeT. [is TO10 4TOOH xOTd GBI YAaCTUYHO COXPAHHUTHL
CUMMETPHIO, MBI PACMONONUM MPOCTPAHCTBO MPOEKIMH aHAJIOTMYHO TOMY, Kak
MBI TOJILKO 4TO Pacrno/arajiy niocKocTh NPOEKLUUH [ Cydas IPOCTPAHCTBA TpeX
M3MepeHui; Mpu 5TOM NPOCTPAHCTBO NPOeKIiY AUGO JOMKHO COBNACTh ¢ ONHUM
H3 OrPaHUYHE AI01HX NPOCTPAHCTB, COOTBETCTEEHHO U306pakeHHOMY Ha uepT. 164
pacnooykeHn1o, MM60 OHO NOJIKHO NPOXOAMTHL Yepe3 BepIUMEY KJIeTKH U UMETH
PACTIONONEHHUE, AEANOTHYHOE PACTIOAOKEHHIO IVIOCKOCTH NPOEKIHY Ha YepT. 158.

B nepsom cniyuae onuH M3 rpaHUYHHIX MHOTOTPAHHHUKOB [OJDKEH OKA3aTHCH
HEUCKAWEHHBIM, TAK KaK OH JIEXUT B CaMOM NpOCTPAHCTBE MPOEKUHUH; BO
BTODOM C/y4ae HMEET MeCTO ILeHTpPa/lbHasd CHMMCTDHfl MO OTHOIUEHHIO K U3+
6paHHO# BXpIUKHE, KOTOpAs CAYKUT MPOeKIued canoi cebs. MEl 3nech paccMor-
PHM NpPEXIE BCEro no na M3dGpaxenus 16- u 8-sueitku (vepr. 173 u 174)1).
Ilpu sromM npocrpancrso pasoBbercss HAa BOCEMb WM, COOTBETCTBEHHO, Ha
qubrﬁe 4YacTH, NpUYEM KaXKOOHM uacTU COOTBETCTBYIOT Npa JAHUaMeTpaJIbHO
PACNONOMEHHBLIX IpaHuyHLlX Tena sivefixu. Ha uepr. 173a wactu OpocTpaH-
CTBa, MPOCTHPAIOIIMECE B GECKOHESHOCTH, MMEOT Aeoskui Bun. Yersipe u3
3TUX o6nacrefi umeoT Goxopsie rpanu (Hanmpumep 1, 3, 4), neAMKOM pacmo-
JIOXeHHbe B KOHEYHOH o06/acTH NpOCTpanCTea, MPOCTHUPasch OT KOTODBIX
B GECKOHEYHOCTL OHM JOCTHTAKT MPOTUBONOJNOXHON BepiiuHbl (Hanpumep 2).
Tpu npyrux o6nacTy, HampOTUB, UMEIOT B4 pACHOJOXEHHhX APYT MPOTUB
Ipyra KOHedHnx pe6Gpa (HanpuMep 1, 2 u 3, 4), mexny Tem Kak Bce 6OKO-
BHE rjaHy npocrupatorcs B GeckoneuHocts. Ha wept. 1736 6eckoneyHo yna-
JierHas MJOCKOCTh €aMa fIBJSETCH TPAHMYHOH MIOCKOCTLIO. Mol BMIMM, HTO
16-s4efika NPUBONMT K 3HAKOMBIM HaM pas3buenHsM, a MMEHHO: K paszene-
HMI0 OpPOCTPAHCTBA HA OKTAHTH NPHU [OMOINM NPOEKTUBHOH /M LEKAPTOLOH
cucteMn koopavHat. B ciyyae 8-sueliku, kxak BunHo Ha vuepT. 174a, Tpu
4aCTU OPOCTPAHCTBA, Yyhalsitonuecs B 6eckOHEYHOCTH, MMEIOT BCE OJMH U TOT
xe Bun. Ha wepr. 1746 crpenxamu mnso6paxenn pe6pa Toit o6aactd, KOTO-
pas cOOTBeTCTBYeT KOHeunoMy kyGy uepr. 174a. K pe6pam stoff ofnactu npu-
tannexar Takxke KOHeuHme pebpa, BWXOisiigue U3 TOukM 1, kpome pebpa 1,6.

Ha uepr. 175 u 176 Tc e camsle gea cnocoba NpPOEKTUPOBAHUS [IDH-
MeHeHb K 24-gyefixe. Mut moJyuaeM takum o6pasom pasjelieHue NPOCTPaHCTBA
Ha [BEHANUATh OKTA3APOB, U3 KOTOPHIX BCe (POCTUPAIOTCH B GECKOHEYHOCTD,
He cuuTas Ccpennero, Kak nokasano Ha uepr. 175. Ho B srtux durypax

1) Jins 5-suelikn STOT crioco6 M30GpaKeHHA HEUPUTOACH, TAK KaK OHa ue obaapaer
lieHTpanbiod cuviMeTpuet.

-
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MB y3HaeM 06a CUMMETDHUYECKUX pacnonoxenus kondurypauuu Peiie, koTO-
Pyl Mu paccMOTpend B TpenwecrsylomeM mnaparpage '). Myl BunuM Ha
OKTa3npe, pacllONOXEHHOM B KOHeynoOM o6sacT, YTO IVIOCKOCTH KOHQurypa-

Uepr. 172. 24-avelika.

HH 06p33y10T B ONHO W TO e BpEeMsi TPdHHU U SABJAIOTCH MJOCKOCTSIMH CHM-
MerpUM aBeHanuaTu OKTa3npoB. Bonee peransnoe paccMOTpeHHE TIO3BOJSET

1) TaM MW NOJyYany oy ¢Hrypy M3 APYrod npu noMOLM [OASPHOrO nmpeodpd-
30BaHHA OTHOCHTENBHO wWapa. Terneph Mbl ysHaeM B HHX IPOEKLMH ONHOTO U TOro e
YeThIPEXMEPHOr0 00pasa, KOTOpble MOTyT GHIThL NepeBEACHH OgHa B APYTYIO fipU ro-
MOLM NEepeMelCHHsT MPpOCTPaHCTBa Npoekiutl,
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Ueprt. 173a. 16-Auetixa.

Yepr. 1736, 16-suedka.



MPABWILHLIF TEJA Y SYEHKM W WX NPOEKLMM 141

Yept. 174a. 8-auelika.

L

Yeprt. 1746. 8-aueiika.
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NOHSATE MCTHMHHOE OCHOBaHWE STOrO; WMEHHO, MO/HHH YeThPEXCTOPOHHUMK pas-
GuBaeT NPOEKTHBHYIO IUIOCKOCTh Ha TPH YeTHPEeXYICABHMKA M YeTwipe Tpe-
yronbhuka (Yepr. 177, yerwpexyronsuuku 1, 2, 3, tpeyroasnvku I, 11, 111, 1V).
B xoundurypauuu Peie kaxpas nnockocts pasGueaerTcs TakuM e O6pasoM
NpAMBEMKH KOH(UIypaluMu; a TaK Kak rpaHsvi OKTasipa sIBASIOTCH TPeyrob-
HHMKH, MeXHy TeM KaK M/IOCKOCTH CUMMETPUH NepeceKaloTcsi ¢ OKTA3ApOM MO
YeThIPEXYrOJIbHHKaM, TO OTCIOA2 clefyeT, YTO BCAKAas MIOCKOCTh KOHGHTypa-
MU SIBASETCS TUIOCKOCTBIO CHM-
METPMM M1 TPEX OKTaslIpoB U
ofme# rpanblo 2.4 OkTasnpos
¥ HE MmepecekaeT OMHOTO M3 JBe-
HA[LATH OKTasIpOB; TaK, HalpH-
Mep, Ha uepT. 175 Geckoneyno
ynaneHHas IUIOCKOCTh €CThb INO-
CKOCTh KOHGMrypamum, OHa He
nepecekaeT OOHOIO OKTasfpa,
MMEHHO TOro, KOTOPHIH pacnono-
XKeH B KOHeyHOH oGaactu 1).
Yepr. 176 npoiue, yeM wyepr.

175, NOCKONBLKY Ha HEM HMeeTcs p
TOJMILKO J1Ba BHAZ OKTasgpoB \
(wecTh OKTasapPOB HMEIOT TaKOH 2 m J

xe BHm, kak 1, 2, 3, 4, 5, 10,

a OIeCTh OCTaNbHBIX KOHFDYSHTHH

¢ OKrasapom 2,5, 6, 9, 10,11), Yepr. 177.

Mexny TeM Kak Ha yepT. 175

HMeIOTCS OKTa3APH TpeX BMOOB. FIMEHHO OIMH M3 HWX NpaBWIbLHBIM OKTadIp,
2 M3 OCTalbHHX TPH MMEIOT IVIOCKOCTBIO CHMMETPHH GecKOHEYHO YyIaleHHYIo
nnockocTh (Hanpumep 1, 6, 7, 8, 9, 10), a nns BOCcEMM OKTasipoB sTa IVIO-
CKOCTh CNYXKHUT Tpavbio (Hanpumep 3, 4, 7, 8§, 10, 11).

M8 Takoro nocTpoenust KOHQHIypaLu HeNOCPEACTBEHHO CenyeT yTBePHIEHHE,
NPUBENIEHHOe B KOHLe Npaisiiyuiero naparpada, a WMEHHO, YTO KOHguzy-
payust Peiie npasuavha.

BriuenpuBeneHHoe pacCMOTPEHHE HABOIWT Ha MHICAL O TOM, YTOOB MpOek-
THPOBAThL N-MepHHe MpaBuibHEE 06pa3b Ha NMPOCTPAHCTBO C BC3MOMXHO MEHb-
LIHM YHCJIOM W3MepeHuH, T. €. Ha mpsamMyl. Mm paccMOTpHM BOMPOC O TOM,

1) Kak oxrasgp uve2T Tpi INIOCKOCTH CHMMETPHH, AIPOXONSLINE Yepe3 IEeHTP. H nepe-
ceKapolHe €ro Mo kBaupaTaM, Tak 24-auelika
HMeeT 12 TpexXMepHBIX NHPCCTPAHCTB CHMMETPHH
Onu npoxonar yepe3s neHTp atol ayeHku u nepe-
CeKaloT ee KamAas No HEKOTOPOMy KyOooxTasm-
py (uepr. 178; onun H3 KyGOOKTasapOB BLIIENEH
TaKke' Ha vuepr. 172). B paccmoTpennolt Hamm
OPOEKNHH 3TH NPOCTPAaHCTBA CHMMETPHH, KaK H
BCIKHE TPOCTPaHCTBa, MPOXOASIUME Yepe3 NEHTp
npoekuut, nomxun npeo6pasoBarbCsl B IVIOCKOCPH
koHpurypauun Peile. B camom mene, TPH uYeThl-
PexyroibHHKa ¥ YeThipe TPeyronabHuKa CQOTBeT-
CTBYIOT HOMAMETpaIbHBIM NapaM u3 243 KBan-
patoe # 244 paBHOCTOPOHHHX TPEYroJbHHKOB
Ky6ooxTasnpa. Yepr. 178.
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KaK 7-MepHb#t KyG NpOeXTHpyeTCsi Ha ONHY W3 €ro T/IABHLIX [IHMaroHaneh,
€C'1 NPAMEHHTh CPTOroHanbHy:0 Mpockumio. Konubm A, B Takol awaronaau
6ynyT cayxnth naobpaweHusMn camux cebs. Touku, n3oGpaaloline 1pyrie
BepLIEHb Ky0a, Mbl 0003Hawnm no nopsaky uepes C,, C,, ... B MCpsaxe
HX pacmoiokeHus Ha NpsamMcit AB, naumnas oT Toukd A. Ho w3 Touku A
BLIXOIAT n pebep kybGa u Bce Ohu 06pasywoT ¢ npsmMoii AB pasHble yIuwl.
[TosToMy Bce MX KOHI(bI NOMKHBI MMeTh OMHy TOYKy C, B KauyeCTBe MpOEK-
uvn Ha npimoit AB. Ilanee, kaxnoe u3 pedep Ky6a napanieNbHO ORHOMY
u3 peGep, BLIXOIMIUMX U3 TOUKH A, a MOTCMy pacCTOSHHE Mexay nocienc-
BatenbHuiMu Toukamu Cp, C, ., Bcerna pasvo AC;, 1. e. nocrosHHo. OTciona
Cllenyer, Yro Ty1aBHaf IOWArCHanL pasfesnToi Ha pasHele OTpe3ku. Mown)
NOKa3aib, 4TO MOJYYHTCH KakK pas # OTpPe3KOB M HTO TO4Ka C, ISt ECIKOro

yucna k, nexamero meway 1w n—1, crywur u.obpaxenuem (}) Bepiiun
KyGa, rae (})— u3BecTHbE cuMBON GMHOMMANLHOrO KO3duuuenta. [Ipu 3ToM

TOuKa C, CAYMHT M300paeHHeM BCEX TeX M TOJBKO TeX BEPIUHH, KOTOpHIE
MCTYT OnIThL COENMHEHB € TOUKOH A k u, ue MeHee, ueM k, peGpamu kyGa

MOXHO cOcyuTaTh, YTO TAKUX BepIHH uMeeTcss B TOyHOcTH (3). B cayuae

KBazipaTa W OOBIYHOIO KyJa u3/NONeHHbe (AKTH MOXKHO JIETKO YSCHHUTE.

24. HcyHCauTeNbHEIE METO/IbI TeoMeTpHH. [10c/enHss MPOCTPaKCTBEHHast KOH-
¢vrypaums, KOTOPYIO Mbl PaccMOTDHM, HBOHHOH wwecTucTOpoHHHK Llnednu
(Szhldfli), npuBoaMT K  MHTEPECHOMY TeOMETPHYECKOMY MeTony OcoO0ro
pona, KOTOPh# Ha3LIBAETCH HUCYHC/IUTEJBHOH reomerpuell. Mo npexze Bcero
U3NOXUM 3TOT METOM, YTOOH IOTCM He NpephBaTh HCC/AENOBaHHsl IBOHHOIO
LIECTUCTOPCHHUKA; KPOME TOro 3TOT MeTol npeicTasnsieT caM no cebe 60.b-
oK MHTepec.

Ha nnockcern mmeercss GeckoHeyHOe MHOXECTBO MPTIMBIX U GeCKOHEUHOE
MHOXECTBO Kpyros. [ns Tord> yToOb OXapaKTepH30Balb MHOMXKECTBO BCEX
HPAMBIX MOCKOCTH, BHIGEDPSM HEMOMBHXHYIO CiCreMy JEeKapTOBbX KOOPAWHAT
Ha nnocckoctu. Torna, pocoduie roropst, NpaMasi ONPRA2NSAETCH TEMM JByMA OT-
Fe3Kawu, KOTODHE OHa OTCCKaeT Ha OcsX KoopauHaT. Takim 06pa3om Mbl
MOXEM BCerna, — 32 HCKJ/IOUCHUEM OJHOIO CJ/y4Yas, KOTOPHIH Mbl CeHyac yka-
KeM, — 3a/1araTh MPIMYIC aHa/UTHYecKM neyMs uucnamu. [Ipsmee, napasinens-
Hble ONHOW M3 OCell, Mbl MOXEM TaK¥e ONpenensdTh 3THM CcnocoboM, eciH
OIHMH M3 OTP23KOB, OTCEKAEMBLIX Ha OCfX, 3aNalHM KaK OTPe30K OeCKCHEeYHOH
nnune. Haopotus, pee npsimble, mpoxopsiide yepe3 Hauano KOOPIMHAT, He
MOCYT 6BITH OnpezesieHH Takum CHOcOGOM; BCE 3TH MPSMBIC AAKOT ONHU M TE
e 4YHCAA, WMEHHO: HyNu pnsi OOOMX OTpE3KOB.

losopsT, 4TO MpsiMble, He MPOXOASIIME yepe3 Hayano, OOPa’yWT cemeit-
CTBO C IBYMs MapaMeTDaMH, Enpa)asi 3THM TO OOGCTOATENRCTBO, UTO KaXuas
npsiMas ceMeHCTRa ONpelessieTcs AByMst yucaamu (napameTpamu CeMebcrsa)
H YTO HEMpepHFHCMY M3MEHEHHIO MapaMeTpPOB COOTBETCTBYET HeEMPEPLIEHOE
u3MeHenue npamblX. IlpsiMsie, npoxonsiuuz yepes Hauano, B COOTBETCTBHH
€ TakuM onpejiesienyeM 0OOpa3yioT CeMeFCTBO C OINMM NapamMeTpoM, TaK Kak
HX MOXHO ONpeneuTh NPH MOMOLUM YIJIOP, KCTOpHlE OHH 06pasylioT ¢ OJHOH
u3 oceil. Ilpunumaior, 4TO MHOrO:< 6pasue ¢ ILByMSi napamerpamu, rpy6o
FOBODS, HE YBEJIMYUTCA 3HAUMTENBHO, ecN¥ K HeMy 00aBUThL elle ceMeHcTBO
€ OIHHMM T2apaMeTpoM, KOTOpOe B FErO HENPEPHIEHO BK/IOYEHO. B 3TOM cMbiche
COLOKYMHOCTbL BCeX TNPAMBIX MIOCKCCTH TOYHO TAaK XE HAa3bIEAETCs CeMEMCTBOM
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¢ 1ByMsi napameTpaMH. Mu Bckope yGeaumcs B 1ieecO00pasHOCTH NOROGHOrO
cnocoba paccMOTpeHHUS.

Mel MOXEM ONpenensiTh NpSMbIE HA TJIOCKOCTH TAKKE M MHOTHUMH NDYTHMH
crnocofamy, HanmpuMep NHpPH MOMOLUY yria, KOTOPHIH mpsmas ofpasyer ¢ onpe-
neneHHCH MpsiMON, ¥ TOYKM, Yepe3 KOTOpYIO OHa NPOXOAMT. Tak Kak ais
ornpesie/ieHHs] TOYKM Ha MIOCKOCTH HEOOXONUMBI 1B KOOPIMHATHI, TO €C/IH MBI
TakuM crnocc€om OyngeM onpefensitb MpsiMbie, HaM norpebyeTcss BCEro Tpu
mapamerpa. Ho mbl MOMeM BbIOMpaTL OMpenensiom(Me TOYKM HA 3aJaHHOH
npssMOH, a TOYKM NPSMOH, OuYesHIHO, 0Opa3yloT cemefcTBO ¢ OIHMM mapa-
MeTpoM. AHanoruyuoe siBneHUE MBI 3aMeTuM, ecsd Gynem Onpesesarth NPsiMyo
IBYMfl JIeXAMMH Ha Hedl TOukaMmu. Torza uam norpefyercs 4YeThipe napa-
METpa, CEMEHCTBO € nap TOYEK C JByMs NapaMeTpaMy oOmnpencsaser ONHY
¥ Ty xe npsmylo. Urto6b NMONyyuTh UCTUHHOE YMCJIO MapaMeTpoB, HaM HYKHO
TakuM o6pa3oM B mocnenHeM rnpuMepe 6paTh fABa mapameTpa, a B npe-
HIeifyHieM npuMepe — OAMH NapameTp, W TakuM O6pa3oM, TaK Ke Kak ¥ Npu
nepeoM cnocofe 3afaHus NPsiMOM, MBI HAXOIWM, YTO MPSMEE HA IJIOCKOCTH
00pa3yioT cenelicTEO ¢ JBYMsl mapaMeTpaMu. 3TOT cnocol, TOJBKO HaMeyeH-
HbIl 81eCh, MOXHO ZHAJMTHYECKH YTOYHHTH, TNPUYEM MOXKHO [OKa3aTh, 4TO
YUCIO MapaMeTPOB HEKOTOPOro cemelicTBa reoMeTpuuyeckux oO6pasoB He 3aBH-
CUT OT TOro, kaknM o6pasom Mu Oynem BriOupaTh napaMeTpri. [lono6Hble
paccyxzieHMa KODOTKO 3amnHCHIBalOTCS NPUH TNMOMOUM cUMBOnaoco. B aToM
CMHIC/TIE TOBO[HT, YTO Ha MJOCKOCTH WMeeTCsi co* HpPSIMHX, Ha MpsMOH ool
ToueK H o0? nap ToueKk. Taxkoe LHIYUCJEHME HMMeeT 4HAJIOTHIO C JeeHHEM
CTereHeH Yyucen: Mbl MOXEM PasNenuTb «4uciao» oo' Bcex mnap Towex MIO-
CKOCTM Ha «uuCIo» oo? nap Touek npsMoOH, YTOGH MONYYUTH HCTHHHOE
«uncsIo» o0 BCeX MpsMBIX Ha MIOCKOCTH,

Mui npuMeHUM 3TOT cnoco6 Anst TOro, yrobbl ONpeneNuTh MHOXECTBO BCEX
KPYroOB IUIOCKOCTH. Kpyr onpenensercsi CBOMM LIEHTPOM M PaAHyCOM, TaKHM
o0pasoM 11 ONpeleneHus Kpyra HeOOXONMMO 3alaTb TPM YMCJa, H 06paTHO,
K2X/IOMy KDPYTy COOTBETCTBYeT OLH2 €IUHCTBEHHas nofo6Has Tpoiika uucen.
Takum 06pasom Ha naOCKOCTH uMeercs scero ood kpyros. Tak kak cemelcTBO
BCEX MPAMBIX HMEET TOJMLKO [IRAa napamMeTpa ¥ TaK KaK BCSKYIO TNPAMYIO
MOXHO DPaccMaTpuBaTh KaK NpeaesbHBI Cayqail OKPy®HOCTH, TO CeMeHCTEO
BCEX OKPYXHOCTEeH M MPSIMBIX Ha IJIOCKOCTH TOYHO TaK e uWMeeT TpH napa-
MeTpa. 3TOMY COOTBETCTBYCT TOT (haKT, YTO yePe3 BCAKHE TPH TOYKH MJIOCKOCTH
BCcerJa MOXHO MMpPOBESTH NUOO OK[YXHOCTb, JMOO Tpamylo. B camom nene, Ha
NJIOCKOCTH HMeeTcst 0o Tpoek TOueKk M MHOMECTBO u3 ood TpOeK TOYeK
ofpeneaser ONHY M Ty e KDHUEYI0. AHaNOFMYHO MOXHO [OKa3aTh, 4TO
B ceMeHCTB? TUIOCKHX KDUIHX € 7 NapaMerpaMM Bcerza HMeeTcsi KpuBas,
NpOXOIsiliasi Yepe3 1 cOBePUIEHHO NPOU3EO/BHO BHIOPAHHBIX TOYeK INMIOCKOCTH,
HO yYepe3 1+ 1 NPOU3BONBHBIX TOYCK MIOCKOCTH BOOOLIE H2 NPOXOIUT HU
onHa kpuraa cemefictea. OnHakO 3Ta TeOpima CHpaEemiuBa TOJNBKO B TOM
c/yyae, €C/M BKNIOWMTH B CeMEHCTBO TakKke M BCE MPENesEHBIE CllyYyaw, Tak,
MEXIY OKPYHOCTSAMH M TPOMKaMM TOYEK Ha MIOCKOCTH BO3MOXHO 0/iHOSHay-
FOE COOTEETCTBME TOJLKO B TOM CJyuae, €CNHM BKJIIOYUTH B YHMC/IO OKPYIKHO-
cTell Takke M TpAMble Kak OpencaoHull ciyualh  okpyxuoctH. Crporas
dbopvynupoBka BCEX HTHX PBHICKAa3LIBAHHH BO3MOXHa TOJNBKO MPH MOMOLIH
aHaNUTHYECKUX H aare6panyeckuX CPeACTR, NMPUYeM, B YaCTHOCTH, ROJ/LKHH
6LITh PacCMOTPEHB! TaKke WM MHMMEE OOpashl,

10 TuasGept u Kou-doccen
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Teneps nepelinemM K nojcyeTy pa3/iMYHHIX KOHMYECKHX ceyeHHH. Snnumc
onpegevisieTcsi LByMsi cBOMMHM (pOKycamu (YeTHIPBMS MapamerpaMu) W MOCTOSIH-
HO#t CyMMOH paccTOsHHS T 3THUX TOYeK, T. €. BCEero MATHIO MapaMeTpamy,
U BCSKOMY 3/1'TMICY COOTBETCTBYET TOJBKO OJIHA €TMHCTREHHAs CUCTEMA TaKux
nstd ravHeiX. CllelOBaTeNbHO, Ha TVIOCKOCTH MMeTes oo® sanuncoB. Tounc
TaK e MOMHO [0Ka3aTh, YTO HA MIOCKCCTU HMeercs 0o runep3on. D muacw
MOXHO ONpeIeHTh TaKke NBYMfA OCSMM, LIEHTPOM M HanpasieHueM OCAbiLOH
OCH, YTO OMATB-TAaKW OaeT MsITh MapaMeTpoB M ccriacyercss ¢ oduiel Teopueil.
OTciona cnenyer, yTo CeMelCTBO BceX Mapabon Ha MJIOCKOCTH MMEET YeThipe
napameTpa, TaKk Kak COIJIaCHO NMOCTPCEHMIO, MpoBeje.lHoMy Ha cTp. 11, mapa-
6Onbl MOAYYATCST KaK NMpenesbHbI cayua’l a/Mnca, npuyeM Bcerna ceMed-
CTBO 3JLIMIICCB € OIHHM NapaMeTPOM -ONpeAenseT OnAHYy U Ty ke napabony
H KaXIB 3J17IMAC BXOOMT JIMUIL B KOHEYHCE YUCIAO, a8 HMEHHO: B [B2 MO-
HOGHBIX ceMelcTRa. :

Ecau 3anaTe gBe OcH 9anunca paBHBIMH, TO MOJYYUTCS OKPYKHOCTh, OT-
CIOfla HampaumnBaeTcsi NOXHBIH EbIBOA. B camom gmese, eciv MBI yCTaHOBHM,
yTO 00e OcH HOMKHB OLITh OAMHAKOBOM JUIMHBI, TO OCTAIOTCH elle YeThHIpe
yucna ans 3amaHus KpuBoH. Takum 06pasom MowHO OGnno 6v nymMaTh, 4TO
Ha MJIOCKOCTH MMeETCsi oo OKDYKHOCTeH, a He 00%, KaK MBl TO/BKO HTO
onpenenuau. IlporuBopeune pasperuaercs TeM, YTO NPU OIMHAKOROH JnuHe
ocelt CTEHOBUTCS M3JMILIHUM TaKe M 33aJaHMe HanpaBieHud OceH, TaK Kak
ModyI0 napy MepHeHIMKYNSPHBIX NHaMeTPOB OKPYXHOCTH MOXKHO paccMarpi-
BaTh KaK MpenenbHbld cayuaft ocelt aanumnca. 2

M3 BrimeH3ncikeHHOTO HeNb3si 3aK/IOUMTh, YTO Yepe3 NATh -MPOM3BOTHHHX
TOYEK MICCKOCTH BCeria MOX'10 nposecTd anaunc, Takoe 3akmoyenue 6b0
6H Kak-OynTO mNpaBUJILHLIM, €CM K 3anuncaM n06aBuTh Takke Mapabonbt
U OKDY/KHOCTH B KayecTBe npeicnbHuX cnyyaeB. OkasniBaeTcsi, ONHAKO, 4TO
HYXHO 106a"uTh euie ¥ runep6ons. COBOKYNHOCTH BCEX KOHMYECKHMX Ceye-
HU#t HA TNOCKOCTH, T. €. Bcex rumep6on, mapadchn, SJMIUICOB, OKPYIHOCTEH
W N3P NPAMBIX U MPIMBIX (COCYUTAHHHX NBa€(Ibl), 0OpasyeT B CMbICJIE HIYH:
C/IUTeNbHOM TeOMeTPUM OO enuHcTBeHHoe cemeficrpo. CornacHo Bhimecka-
3aHHOMY 3TO CeMelCTEO NOMKHO MMeTh MATh IapaMeTpoB, TaK KaK Kawjoe
M3 KOHHYECKHX CeYeHHH NPUHAIUIeKUT K OMNPEJENEHHOMY CEMEHACTBY C MATHIO
MM MEHBIIMM YUCAOM mapamerpoB. [l COBOKYNHOCTH BCEX KOHHYECKHX ce-
YeHull nefiCTBUIEeNbHO UMeeT MeCcTO TeopeMa, YTO Yep23 MITh MPOU3BOJbHBIX
TOYEK IINOCKOCTH NPONOAMT OAHO KOHW1eckoe ceyeHie. bBonee nerannhoe
paccMOTpeHHe, KOTCpOe, OIHAKO, YK€ He OTHOCHTIA N0 CBoeH mnprpone
K HCYUCNUTENLHON reOMeTPHH, MOKa3biBaeT, YTO KCHMYEcKoe Cceyende Orpe-
Iie/sieTCs ONHO3HAYHO, eC/M HUKAaKHe YeTHIpe U3 3aianHblX TOYCK He Jnexar
Ha onuoB mpamol. Ecnm umeer mecTO 3TOT MCKMIOYHMTENBHBIN Clyyal, TO,
OYEBUJIHO, OMpenefeHne OyneT MHOrO311AYHLIM; B (aMOM [€ne, Yepe3 dYeTnipe
TOYKM NHPIMCH & M KaKyl-HUGYab MATYI0 TOWKY P MOXxHO npoBeiTu oo! map
NPAMBIX g, A, T. e. 0ol KOH14e KHX CedeHHil CHelManbHOrO BU/A, €y BH6GpaTh
B KauecTse pavMoi 2 MpOH3BOMbHYIO MPSMYIO, MPCXOAALIYIO Yep 28 Touky P. Eciu
Touka P Takke NeKHT Ha MpsAMOH g, TO uMMeeTcs Nawe oo Map MpPSMBIX,
6O B 3TOM ciayuae mpAMyI0 A MOKHO BHOPATb COBEPIISHHO TPOM3BOMBLHO.

[TpuvenuM Teneps vcyucaUTENbHEE METOAL K IPOCTPAHCTBEHHHIM OGpasam.
Onpenensis NNOCKOCTL TPEM:I Orpe3KAMH, OTCEKAEMbIMH €10 HAa IPOCTPAHCTEeH-
HLIX OCSIX KOODJHHAT, MH y6exIaeMcsi, YTO B MPOCTPAHCTBE HMeeTcs BCero oo®
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MNOCKOCTEH; BeAb TJIOCKOCTH, MPOXOJslHe YepPes Hayano KOOpAMHAT, KOTO-
pble ONHH TOJMLKO COCTaBNSIOT HCK/MOYeHUe, OOpa3yioT CeMeHCTBO € AByMst
napamerpamu. TakuM 06pa3om Hallie MCHHC/IEHHE MOTBEPHIAET SNENEHTAPHYIO
TEOpeMy, YTO 4Yepe3 TpPH MPOM3BOJBHBIE TOYKH MPOCTPAHCTBA NPOXOIUT TONBKO
OnHa TIOCKOCTL; JAEHCTBUTS/ILHO B NMPOCTPAHCTBE MMeercs oo” Tpoek Touek,
B MAOCKOCTH o0® TpOEK, Tak 4TO Mal NO/JyyaeM «4yuCIO» IIOCKOCTeH oo3,
pasnenuB MEepPEOE «YMC/IC» Ha BTOPOZ,

Onpenensis NpsAMy10 IBYMS TOYKALH, MBI HAXOIUM, YTO B MPOCTPAHCTBE MMEET-
s 00! MpAMBIX, TaK KaK B nPOCTPaHCTBE MMEETCs 00 Nap TOyeK, a Ha IpaAMOH co?,

Waper Ml MOXEM ONpenenuts, 3azasas UeHTp W pamuyc. Orciona cie-
IyeT, 4TO B NpPOCTPaHcTee umeercss oo! mapos. Ecnu n06asuTs Kk 3atomy
CeMeHCTBY elle IUVIOCKOCTH KakK MpeesbHeil cnyyall wapos, TO Hall MOTCYeT
TMOATBEPAUT W3BeCTHHH (hakT, yTO uepe3 yeThHpe TOYKH MPOCTPAHCTBA BCEraa
MOXHO MposecTH JMOO wap, /mdo maockocts. Tak e Kak v B ciyuae KOHu-
YECKHX CeyeHHH, OMpeIe/NeHHe l1apa He BCerna ONHO3HAaYyHO W B HalueM ciy-
yae OymeT ONHO3HAYHHIM TOTHa H TOJBKO TOrla, KOTJA B3STHIE YeThiPEe TOUKH
He NeXaT Ha OIHOH OKPyXHOCTH WIM Ha OfHOW IpsMOK. AHanoruyHoe siBne-
HM2 MMeeT MecTO Bcerna. Ecnu onpenzneHo ceMeficTBO mNOBepxXHocTed ¢ n
napaMeTpaMu MCYCPLIBAOLIMM 00pa3oM (Kak, HampuMep, Ha MJIOCKOCTH ceMedt-
CTBO BC2X KOHWYECKHX CEuedHid ONpeneneHO KCUepNHBaoIMM  06pa3oM
B MPOTHBOMOJOXHOCTL CEMEHCTBY BCeX 3JIMICOB), TO uepe3 7 TOueK Mpo-
CTPaHCTBa ECErJa NMPOXOAMT OIHA ROBEpXHOCTL cemeHcrea. OnHako sTa mno-
BEDXHOCTh He BO BCEX C/yyafx ONpenensieTcst OAHO3HAYHO 7 TOUKaMH, a8 TOJNLKO
TOrNa, KOrfa B3fTHIE N TOYEK HAXOMATCH B KOOLIEM MOJNOKEHHH», T. €. KOorma
MEXJy S3T#MH TOYKaMH HET OMpejie/leHHbIX reéOMETPHYECKUX COOTHOLIEHHH, TIpH-
YeM BWJ 3THX COOTHOLIEHHI 3aBUCHT OT 3aJ]aHHOT'O ceMeHCTBa MOBEPXHOCTel.

Jlukeliyaras mo:.epXHOCTh BTOPOro NMOPSIKa Onpene 1eTcst TpeMsi NPsiMbIMH, He
NeXKaMMH NONapHo B OAHOH mnockocTd. B npoctpancTse umeetes oot 3 =oo0'?
TPOEK MPIMBIX, HO TaK KaK Ha JIMH:HYaTOH MOREPXHOCTH BTOPOrO nOpsAiKa
BCAIKaf MNpsaMas TNPUHALJIEKHUT K OAHOMY CeMeHCTBy ¢ OZHMM RnapaMeTpeOM,
TO ©o? Tpoek OPAMBIX ONPENEISIOT ONHY M Ty e MOBEPXHOCTb, U CNENO-
BaTeNbLHO, BCEro uMeeTcss oo’ nuHeHyaTHiX MoBepxXHOCTEH BTOPOrO MOPSIKA.

TouHo Tak xme umeeTcs Bcero oo? TPeXOCHHIX anauncounos. B camom nene,
Mbl [OJly4YUM ECE 3JIUIICOMAME, MPHUEM TOABKO MO ONHOMY pasy, ecli 3aja-
IWM ueHrp (Tpu napamerpa), AnMHWl ocefl (Tpu napameTpa), HanpaBieHHe
6onblIOk OCH (Hea ImapaMmeTpa) M MAOCKOCTH, NMEPHEHIHKYApHON K 3TOH ocH,
M MpOXOIsllee yepes LEHTP HarnpasieHHe MeHblleH ocu (OOMH mapameTp).

Ananutuyeckoe paccMOTPEHHE MOKA3HIRAET, YTO BOOOIIE UMEETCs BCero oo?
nosepxsocTed BTOporo nopsaka. Hns atoro cemelcTBa MMeer MecTO Teopema,
YTO 4ep23 HmeBATh NMPOU3BCJAbHBIX TOYEK MPOCTPAHCTrPa Bceria NMpOXOIHMT OfHa
MOBEPXHO:Th. JIns TOro 4T00H 3TO OnpenesneHue 6bJI0 ONHO3HAYHEIM, T. €. YTOOH
TOYKH HMend A0 TAaTOudO OOulee pacmo-OKeHue Mis MNaHHOro ceMehcTsa,
HEOXOIMMO MCKJIIOYHUTHL TOT CJlyyaH, KOrza TOUKH Dacrnojo:keHbl Ha OIipe-
IENEHHBIX TPOCTPAHCTBEHHEIX KPHMBBLIX YeTreproro MOpsjkKa, KOTOPhie MOryT
6LITH TOCT)OEHH KaK TMepeceyeHWe HByX TMOLePXHOCTeH BTOPOro mnopsaka:
MOHATHO, YTO 3aJaHKe MPOH3EOJBLHOTO YiCAa TOYEK, JEWalUX Ha noxo6HoH
KpPHBOH, He ONp2lenseT OAHO3HayHO MOBEPXHOCTH BTOPOro NOPSIKA.

Tenepb MH MCKa}eM, YTO Ha BCAKCH NMONEPXHOCTH BTOPOTO MOPSAKA JNEWHUT
6eckoHeyHOe MHOXKECTBO HpsAMbIX. Jlns 3TOff wenH Ham HyxkHO OymeT HCXo-

10*
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BMTh M3 onpenesieHHOTO ¢akTa, KOTOPHH CJeNyeT HelmoCPeNCTBEHHO M3 aHa-
JIMTHYECKOrO OMnpeJie/leHUst MOBEPKHOCTH BTOPOrO MODSIKA, WMEHHO, YTO Mps-
Mas, MMeroIas TpH oOLIMe TOUKH € NMONOOGHOH NMOBEPXHOCTbIO, BCETNA LEnu-
KOM JIeXUT Ha 3TOi noiepxHoctv. Ho, oueBunHo, Ha noBepXHOCTH BTOpOro
mopsinka (M Ha BCSKOM APYroll MPOW3BOMLHOT MOBEPXHOCTH) uMeeTCs 00 Tpoek
Toyek. Ecan Mul BeGepeM Teneph Te TPOHKM, KOTODHIE J€XKAT Ha ONHOH M
TOI e MpAMOH, TO MCYMCNUTENbHAA FEOMETPHSI NO3BOJSET CHENaTh 3aKio-
YEeHHe, YTO MMEETCH BCero oo Takux TpOeK, T. €. 4TO [Ba napaMmerpa or-
nanator. Orciona cnenyeT, 4TO HeOOXOJAHMMBI [B2 AHANMTHYECKHX COOTHOILIE-
By, yTOOH BHIPAa3UTb, YTO OfHA M3 TOYEK JNEWKUT Ha npsMOH, NpoxoAswet
yepea NBE IPyTHe TOYKH.

3neck umeer MecTO ofLiast TeopeMa, WYTO YMCJIO MapaMeTPOB HEKOTOPOrd
ceMelicTBa MOKeT GBITL YMEHBIIEHO HA K, €C/IW  OrPAHHYMTHLCS TOJNBKO TeMH
9/eMeHTaMu ceMeHcTBa, KOTOphie YIOBJETBOPSIOT # HE3aBUCUMEIM COOT-
HOIUEHUSIM; HE3aBUCHMBIMH Ha3LIBAIOTCH 7 COOTHOLIEHHMH TOTAa, KOTAA MX
HeNB35 3aMEHHTh MEHBUINM, 4YeM #, YUCIOM cOOTHOmeHHH. COOTEETCTBSHHO
STOMY Ha Ka¥JIOH MOBEPXHOCTH BTOPOrO MOpSAKA NEACTBUTENBHO JOMKHO
CyLiecTBOBaTh 0o ! KOnIMHEapHHIX TPOeK Touek. Besikasi npsimas, couxepiauias
TaKyl0 TPOHKY TOueK, MO-MpelbiIyleMy HOMKHA [eNUKOM JiexaTh Ha [ro-
pepxHocTy. Ho na npsmoli nMeercs oo 3 Takux Tpoek Toyek. CrenoBaTenbHO,
KOJITHHeapHLie TPOHKM TOYEK MOBEPXHOCTH BTOPOro IOPSiIKa JexaT Ha ool
NpsiMbIX, TIPOXOASIIMX Ha nosepxHocTH. Ha asnmuncoune, snanunTHYecKOM
napaGonoune W [BYMOJOCTHOM runepHOJOHLe 3TH MPAMBIE MHUMBEL.

B 3ak/oyeHMe npuBeeM elle HECKONBKO 3aMeYyaHHui OTHOCHTENbLHO TIOBEPXHO-
crell TpeTbero Nnopsifka, TaK KaK 3TH MOBEPXHOCTH TECHO CBsI3aHE! CO CBOHCTBaMH
paccMaTprMBaeMOro Hexe JABOHHOrO wmecTUCTOpOHHMKa Llnepmu. Auanuru-
YecKH 3TH MOBEPXHOCTH XapaKTepPU3YIOTCH TEM, YTO OHH BHIDAXAIOTCA B fe-
KapTOBHIX KOOpAMHATax ypaprHeHMsiMu TpeThel crenmeHu. Ho obuee ypasHeHue
TpeTheH CTemeHH ¢ TPEMS TEPEMEHHBIMH CONEPXMUT IBajuath Ko3bu-
LHEHTOB, KOTOpLIE ONPELENSIIOTCH COOTBETCTBYIOIEH MOBEPXHOCTHIO € TOYHOCTHIO
1o obutero muoxmrens. OTciona cAemyer, 4TO wHMeeTcsi Bcero oo !? mosepx-
HOCTeH TPETLero mnopsAjKa W YTO Yepe3 NEBATHANLATh NPOU3BONBHBIX TOUEK
NMPOCTPAHCTBA BCeraa MNPOXOAMT Takas noeepxuocTh. [lpu 3roM cnepyer
IOGaBUTH K YHMCJY NOBEPXHOCTEH TPETHErO NMOPSiIKa BCE CAYyYau EBIDOMIEHHS
nozepxHocTeli. Hanpumep cneayer paccMaTpuBaTh [OBEPXHOCTH BTOPOFO nO-
psiika BMECTe C HEKOTOPOH TIUIOCKOCIBI0 KakK TNOBEPXHOCTH TPOTLEro MOPAIKA.

[Ipamasi BoOOwie uMeeT TPH OOIUX TOYKM C TOBEPXHOCTBIO TPETHETO
NOopsinKa, a [psiMas, UWMeolas ¢ TakOW TMOBePXHOCTBLIO 4YeThHpe OBLuX
TOYKH, [OJIKHA JIeaTh Ha 3TOH MOFEPXHOCTH LENMKOM. IJTO MOXHO JIErKO
3aKJIIOYUTL M3 TOrO, YTO YDaBHEHHE MOBEPXHOCTH €CTh YPaBHeHHE TpeTbeH
CTeleHH.

Mb! nokaxem Temepp INPUH MOMOUIM HCYUMCIUTENBHBIX  METONOB, 4YTO Ha
MOBEPXHOCTH TPETHETO MOPSAKA CaMOro o6lIero BHAA MOXET NeXaTh JHIUb
KOHeyHOe uyucio npaMbix. Ha Besikolt nosepxHOCTH MMeeTcss oo ® ueTBepoOK
ToueK. Jlnsi Toro yToOb Takas yerBepka OHAa KOJIMHEapHa, HeoOGXonMMH
yeThipe YCJIOBMs, TaK KakK, VIl TOrO 4YTOOW TPeThH W 4YeTBeprast TOYKM Je-
Wand Ha NPAMBIX, NPCXOAAIUX Yepe3 [MepBhEe Jee TOYKH, HEOOXOOMMO NO
nsa ycnoBua. IlosTomy Ha [OBEpXHOCTH TpeThero nopsika ofiiero Buna
aexar co ! KoAnuHeapHbnx veTBepOK Touek. DBcesikas npsiMast, coflepxallas
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MeTHpPE TOYKH MOBEPXHOCTH, JIEHT LENUKCM H2 MOBEPXHOCTH H CONEPXKUT 0o 4
npyr4x 4erBepok. [103TOMy, ecam Gbl H2a TICBEDXHOCTH J1€KaN0O GeCKOHeYHOe
MHOXECTBO MpAMEIX, TO MOBEPXHOCTb JOMkHa Obvia 6bl comepaTs Golee
yeM 0o ! KO/MHEapHHIX YeTBepOK TOYEK.

Cpentt NOBepXHOCTEH TPeThero MOPSIKA TakKe UMEETCH MHOTO JNMHeHYyaThIX
MOEEPXHOCT2H, Ha KOTOPLIX, CHeLOBATILHO, JEXKAT 00> WM GoNee KOJMM-
HeapHHIX 4eTBepOok Touek. Otciona chenyer, 4uTO ypaiHeHHe JMHeAYaToMH
MOBEPXHOCTH TPETHErC MOpsAnKa AOMKHO 0O6nanaTh CreUHans'IeM CBOKCTBOM,
2 MMEHHO, 3TO ypaBHEHAe BMeCTE € YETHIDbMS YCJIOBUAMHM KOJJIMHEADHOCTH
YeTBEPKH TOYEK IO/MKHO 3aMEHATHCA CUCTEMOH M3 MEHBIIErO Yucsia ypasHe-
Huil. MOXHO nOKa3aTh, YTO TaKas PpEAYKLHS BO3MOXHA JIHIUL B TOM CJy-
yae, €C/HM MEXINY .BanUaTbi0 KO3IPHLUMCHTAMH YDaBHEHUs! TPEThEH CTemeHu
MMEET MECTC COOTHOINeHHe CHefuaibHOro Buoa. TakuM 06pas3oM Ha mnoeepx-
HOCTH TPETLEro NOpsifka OOLLEro BHAA AeHCTBHTENLHO MOXET JIewarh JMIlb
KOHeyHOe YHCIO mpsMbix !).

AHanorMYHO MOXKHO MNOTICYMTAaTh, YTO Ha TNOBEPXHOCTH TNOPSAKA Bhille
TPETLETO BOOOINE HE JIEXHT HU ONHOH npsMOH.

25. JlBoliHo#t mecTtHcTopoHHuK Llinedau. [Ip22kae Bcero mnpuBeaeM HECKOJNBKO
NPOCTHX COOGPaXKeHUH OTHOCHTENBHO BO3MOXHOIO PACHONOMEHHs NPAMBLIX
B npoctpancTee. Tpu npambie a, b, ¢, He pacnonOxeHHee MONApPHO B ONHOH
naocKOocTH, onpenensoT runeptonoun F. IlpousBonbHas uersepras nps-
Mas d BOOGLIE TNepeceKaeTcsi C runepbOJOUIOM B NBYX TOYKax. 3Ta nps-
Masi MOXeT TaKwke KacaThcsi TMNepOONOMAa WM JeXaTh LENUMKOM Ha HeM.
B obuwem cayuae yepe3 Kaxaylo TOYKY MepeceyeHHs MPOXOAMT OnHA MpsMas,
Jexaluas Ba runep6onoulie d He MpUHAINeHalas K TOMy CeMeHCTBY, K KO-
TOpPOMy MNpHH2aNeXaT MpsMbie a,b, ¢, clenoBaTeNbHO, MepeceKaioulas STH
npamuie, O6paTHO, BCsiKas npsimasi, Hepecekaiolas npsmbe a,b,c u d,
IOMKHA JA2Karh Ha runep0OnOKMAe M NPOXOOMTHL yYepe3 TOUKY MNepeceyHus
runepGonouna ¢ npsimoh d. CinenozatenbHo, BCOGLIE rOBOPS, ANl YeTbIpex
NpPSMBIX MMEIOTCS ABe H TOJNbKO JBE MNpPSIMBIX, Nep2CeKalolUX STH YeThpe
npsmuie. ECin B HalieM npuMepe MBI BO3bMeM ciayual, korma npsMas d
ABAsieTCsl KacaTeNbHOH K rumepGO/IOMAY, TO MMEETCH TONBKO OnHA, CuHTaeMas
OBa}cAbl NpsAMasi, WHUMAEHTHast ¢ npsivbimu @, b,¢ u d. Ecau, naoGopor,
uMeeTcs Gonbiue, YeM TBe MpAMWX, MepeceKalomwux npsamee a, b, ¢, d, 1O
npamas d [OOMKHA IEIUKOM JieXaTb Ha runeptonoume. TakuM o6pasom
B 3TOM c/yuyae uMeeTcsi OeCKOHEYHO? YHC/NO MPSIMBIX, TNepeceKaloltux Mps-
mue a, b,c,d. Torna roBopsiT, 4TO STH 4YeThpe WPAMEIE HMelOT runeplo-
nounanbHOe DPacMofOXeHHe.

Tenepb, o5 TOro YTOGH NMOCTPOMTH ABOHHON wecTHCTOPOHHMK Lllnedim,
6yneM HMCXOOMTL M3 MPOM3BOJALHOH npamMoi 1 M mpoBeneM yepes 3Ty MPAMYLO
TPU MpPSMBIX, HE JeWauMx IMCIHapHO B ONMOH TMJIOCKOSTH, M 0603HAauMM
¥iX 110 COOBpaXeHHUsIM, KOTOpbie Bhisl:HATCA Huxe, yepes 2',3',4' (uept. 179).
Teneps npoeesem yepe3 npsivyio 1 HoBylo mnpsmylo 5', KOTOpas NOMkHA
UMeTh CaMoe obliez paclonokeHue MO OTHOWeHwo K npsmbiM 2', 3', 4,
Torna npaMas 5' ne 6yner nexarb B OmHOH MAOCKOCTH € mpsmumu 2/, 3, 4/
U KpoMe NpsMoft 1 HMeeTcs ellle TONLKO OfHa Inpyras MpsiMas, MepeceKaro-

1) Tak, Hanpuvep, HY yepe3 ONHYy TOYKY NMOBEPXHOCTH Xy2==1, Jexalylo B Ko-
HeyHOH YacTH NpOCTPAHCTBA, HE TNPOXONHT NPSIMAd, AGKaWaf H@ NOBEPXHOCTH.
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mas npamee 2', 3, 4',5'. O6o03nauum 3ty npamyio wicnom 6. [Mposenem
Temeps Yepe3 mpsmylo 1 mocnensiol npsmylo 6, He mepecexaioliyio mps-
mpix 6',2',3',4',5'. Jlanee BhiGepem mnpamyio 6' Tak, yToGH ueTBepKH npsi-
mux 2,3, 4,6, 2,3,5',6, 2,4,5,6' u 3,4,5,6' uMenn nanbone
obuiee pacrnionoxenue. Torma kxpome mnpsmoit 1 uMmeeTcs ellle TOJNBKO OniHa
npsmas D, mnepecekaiomass npavwe 27, 3,4, 6'. AwnanoruyHo onpenenum
npsimbie 4, 3,2 (HanpuMep mpsivas 4 WHuMIesTHa ¢ mpambivu 2,3, 5, 6" u
ommyna ot npamoH 1). Taxum 00pasoM Ml IOAYuHM H30GDaXEHHYIO Ha
yepT. 179 cxemy uHuuneHTHOCTEHN, Jlerko ycMOTpeTh, 4TO Gnaronaps HalleMy Bbi-
6opy npambix 2', 3',4', 5', 6' HUKAKUX IPYTHX MHUMIEHTHOCTEH OHITH HE MOMET.

Paccmotpuv Teneps npsimbie 2,3,4,5. Mb yTBepxmaeM, 4YTO 3TH HETHIpe
NpsIMBIE HE MOTYT HMMETh FHMepGOJIOHIansHOrO pacnosnoxenus. B camom gee,
B NPOTUBHOM CJyyad Kaiasi npimas, UHIMAEHTHas C TPeMs W3 HHX, Me-
pecekanace 6w U C yerBepTOH, a 5TO OOGCTOSITENBCTBO HO/MKHO MMETh MECTO
B Haweil cxeMe TONBKO AAst yYeTnipeX npsambix 2', 3',4',5'. Torma Tawwe W
[OCNeHHE YeThipe MPSAMBIX HMeqd OB TUMepGONOMIanbHOE PACTICJIONKEHHE,
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Yepr. 179. Yepr. 180.

YTO TNPOTUIOPEYMT HaleMy mnocTpoeHnio. [losTomy cymecTsyer Makcumym
IBe NpAMBX, WHIMIEHTHHX C npambind 2,3, 4, 5. Ho npamee 2, 3,4,5 no
NOCTPOCHKIO BCEra WHIMAEHTHH ¢ TpsamoH 6'. O603HaunM BTOpyw npsmyto,
HHLMAEHTHYI0 ¢ npsMeivb 2, 3, 4,5, uudpont 1'. Mbl yreep:naem, uTo nps-
mas 1' He cosmaraer ¢ npsMoi 6' M KpoMe TOrO mepccexaeTcs ¢ MpAMOH 6.
B cuiy 3TOro yreepkmeHMs, KOTOPOE MblI celuac IOKaXeM, Hala cxeMa
JOTONHAETC [0 cXeMbl, H300paxeHHONW na uepr. 180, koropas u mpen-
cTapaseT [BOHHOH [HECTMCTOPOHHMK. MOXKHO HEMOCPCACTBEHHO YCMOTpP.Th,
YTO 31€CH MIeT peyb O MPABHABHOH KOH(UIypauMu TOYEK H NpPSMbLIX T0
cxeme (30,, 12,). MoxHO npv NOCTPOEHHH NBOHHCTO LIECTHCTOPOHHHKA MpU-
nate emMy OCOOEHHO HAIJLNOE W CHMMETPHYIIOE DAaCHONOKEHIE, eC/d Mpo-
BECTM COOTBETCTBYIOIIHM O0pa3oM Ha KaxJIol M3 wecT¥ rpaHed kKyda no
ONHOH MNpAMOH KawIOH IIecTepKH. ITO PAaCNONOKEHUE HEMOCPEICTBEHHO
NOHATHO M3 yopT. 181 (cp. tawme yepr. 102, crp. 89).

Temepes Ham cnepyeT nOKasaTh TOMLKO YTO MPHECAEHHOE YTBE\ XKIEHHE,
qyTO MMeercs mpsMax 1', WHUMIeHTHas ¢ npsmbiMM 2,3,4,5 ¥ oTinuyHas or
npsaMoit 6', u yTO 9Ta NpsiMas NMepecekaeT Tawke mpamyio 6. Cuauena npu-
MeM NepByI0 YacThb YTEEPXIEHMS 32 NOKa3aHHylo. TOrja MH MOKaXeM, YTO
npsivai 1' wHumpentsa ¢ npsimoit 6. i sTol uenu HameceM Ha mpsiMol 1
yerbipe TOYkM ¥ Ha npsmery. 2',3', 45,6’ no Tpu TOuku, T. €. BCEro e-
BATHAJLATE TOYEK, NpHYEM S5TH TOYKH He JOMKHH COBNA/ATH C TOUKAMH
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nep2ceyeHuss Ha3BaHHBLIX InpaMbX. COrNacHO CKasaHHOMY B NpeAHAyLIeM
naparpape sTH NeBATHAAUATH TOYEK ONPEAENSIOT NOBEPXHOCTh TPETLEro IO-
paaka F;. Ho 3ta moeepxnocte Fy umeer ¢ npsMOH 1 yeTmpz o6mux TOYKH,
a NOTOMY LOJiKHA COZEPXaTh 3TY npamyro ueukoM. C Kawaol u3 NpAMBIX
2',3',4',5',6' noBepXHOCTL TaKXKe JOMKHA KMETh YeThPpe OOWMX TOYKH,
WMEHHO BHIOPaHHBIE TPU TOYKM WM OTJIMYHYIO OT HUX TOUKY MEepeceyeHus
c npamolt 1, Takum o3pasdom noBepxHOCTh [y CONEPKUT TaKKE MpPSMbIE

YepT. 181.

2',3",4',5',6', Orciona nanee crienyer, 4TO 5Ta NOBEPXHOCTb COLEPHHT
v npavble 2,3,4,5,6, TaK Kkak Kaxiaas H3 3THX NPIMBIX NEPECEKaeTCs
C 4YeTLIPbMS IIPIMHMH, JEXALMMU HA [OBEPXHOCTH. HawkoHer, Ha TOM e
OCIIOBAHMM NOBepXHOCTb F, nomkHa comepxath M npsmyio 1. Jlomycrhm
Tenepb, 4TO nps.Masi 1’ He wHIMmeHTHAa ¢ mpsivoilt 6, M pacCMOTPUM TIPAMYIO &,
KOTOpast, TAK e Kak ipaMas 5', VHIMIEHTHA c 4ETHIPbMA NPsMbIMU 2, 3, 4, 6.
Mbl CHOBa, TaKk e Kak Npu nocTpoeuuu npamol 1', wckiowaem cnyuai,
KOrma npsMasi g coenanaer c¢ npsmod 5'. [lpamMas g He MOXeT COBMACTb
c npamMoi 1', 18K kak No yc/osuio npsmas 1’ He MHUMAEHTHa c npsiMoi 6.
[lpsimas g ectb OfHa W3 NpAMHX, JEWEALIMX Ha NOBepxHocTH Fy, TaK KaK
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aTa npaMas nepeceKaercs C YETHPbLMs NPAMLIMH STOH ITOBEDXHOCTH, HMEHIIO
2,3, 4, 6. Paccmorpum Tenepr wersepky npavui< g, 1, o', 6'. Bce aru 0, ammiz
IO TOCTPOEH il0 Nepacekaiorcs ¢ Tpevs npsamuimud 2, 3, 4. Takum o6pasom
3Ta YerBepKa runep3osoufiaisHa. Mb yTPepiKiaeM, 4YTO COOTBETCTBYIONIMii
TUNepSONoNI LEeNMKOM COMIePXUTSA B noBepxHocTd F. 31O cremyer mpocto
M3 TOro, YTO KaX1ad NpAwas, WHUMAEHTHas C npsvuimu g, 1°, 5, 6', uénn-
KOM JIeUT Ha moeepxuocTd Fy. Ho corokynHocrb Takux npambix oBpasyer
MCKOMBIH runepbosions.

MokHO Jerko fokKazaTh anreSpauyecku, 4YTO NOBEPXHOCTH TPETHETO MHO-
pamKa, COmSPKAIas ISAWKOM IIOBEDXHOCTb BTOPOrO TOPSAKA, MOJIKHA He-
IIDEMEHHO COCTOATh W3 STOH MNOB2pXHOCTH W TuockocTH. Ilyete G=0 u
H=0 ypaBHeHUss TmOBEpXHOCTe! TpeTLEr0 M BTOPOrc MOPSAHKA COOTBET-
CTBEHHO; TOFZAa MHOTO4eH TpeTbel cTenewu G IOMKEH HUMETh HeNuleseM
MHOroujleH BTOPOH cTenewu FI, a 3TO BO3MOXHO /Uilb B TOM caydae, ecan G
TIpenCTaBAseT NMpoH3BeneHue MHorouneHa f1 ¥ HeKOTOPOrO JIKHEHHOrO BEIPA-
xenud. Ho 1o, uro npoeesennas uepzs mesATHaANATL TOYEK MOBEPXHOCTH Fy
nOMKH2 OBITb BLIPOA4BLIEHCSH, MErKO NpABOAMT K nporusopeuuio. Hmento,
TaKk Kak cpenu npmMmix 2',3',4',5,6' Hukaxue uyeThipe H2 PaCITONONKEHHI
runep6oonanbHO, TO MAKCHMYM TDH M3 HHX MOrnM Ol JISKaThb Ha runep-
Gonoune, MpUHALNEKAL(SM K NMOB2PXHOCTH Fy, W yUHUMYM JIBE U3 HUX JIOMKHbI
6bv OBl NpuHanmeRarb APyrol coctaBHoM HacTH NOBIPXHOCTH Fy —mio-
CKOCTK M, CJIEJIOBATENbHO, JOMKHH Obirb MHIMZECHTHHIMHU, YTO NPOTUBOPEYHT
HalleMy NOCTPOEHHIO, )

Xoa nmokasaTesnbCTea OCTAETCH B CYMIECTBEHHBLIX YEPTaX HEU3MIHHLIM, €C/H
Mbl OymsM paccMaTPUBATh HCKJIOYEHHYIO Bblll€ BO3MOKHOCTb, 4 WMVEHHO,
yto mpamas 1' (2345) cosnanaer ¢ npamolt 5' um npamas g (2316) conna-
naer ¢ npamoi 5. B sroM cayuae TaKke MOXHO CHEaTth 3aK/IOYeHHe,
yro runepbonoun, onperensieMeit npsiMeiMd 2, 3, 4, IOMKEH JeXaTh Ha
nosepxHocru F,. Onuako npanesbHblid nepexos, NO3BOJAONIME  BHBSCTH
sTOT CAyuyal u3 ofbulero, MoOeT OhITb ONpPaBlaH TOJbKO AaNre6pautecKuM
nyTeM.

Ilpy nokasarenbcte mnocnenvedt unuunentHoctd (1'6) mBoliHOro mecTH-,
CTOPOHHHKA MH TONB3OB IUCH (BAXTOM, KOTOPHIH HHTEp2CeH Cam no ceGe,
Y70 uep23 3Ty KOH(DUrypauuio Blerjia MPOXOAWUT HOBEPXHOCTL TPEThEro mo-
panka Fy. 9Ty Koadurypauuio MOXHO JIETKO IOMOJNHUTL HECKONbKHWMH ApY-
ruMM NPSMBIMH, KOTODHie TOYHO TaK e Bleraa Jsiexar Ha nosepxuoctu Fy.
PaccMoTpuM, Hanpumep, MJIOCKOCTb, OMPRUENicMYI0 WUHLMIEHTHBHIMH NPAMBIMH
1,2', a takke naockocTs npampix 1 2 u o6o3uauum uep.3 (12) sunmo
nepeceyeHust 3TUX MNaocKocred. Torxa 3Ta npsaMas MHIMLHTHA C HETHIPbYA
npameivu 1, 1°,2, 2') koropeiz uemikoM nexar nHa mosepxuoctd Fy. Tlostomy
u npamas (12) nexur nwa nosepxsoct Fy. Bcero umeercss nATHANUATL Nps-
MBIX, HaXONIIUXCS B TAKOM e OTHOLIEHMH K IBOHHOMY IIECTUCTOPOHHUKY,
Kak npaMas (12), KOToprie MOSTOMY BcE JeXAT Ha NOBEpX.10CTH F,. Nwmenno,
u3 mectd mudp moxHO 0O6pa3oBaTh KaK DPa3 NMATHAAUATE Pa3MMYHBIX Map.
Takum o6pazoM Mm Hauwnu Bcero 2-6 4- 15 =27 npsaMblX, KOTOpHIE BCE Je-
®aT Ha doBepxHocTH F,.

Mexny npavbiMu 3To#t paciupeHHOH KOHUIYPAUWH UMEIOT MeCTo €lle
W npyrue WHIMOEHTHOCTH. MMeHno, MOYKHO [l0Ka3arb, 4TO kCe T€ WU TO/bKO
Te npsMuie, o6ogHaueHnbie HaMu nBymst WH(PaMH, MHUMJIGHTH ADYT C APYTOM,
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y KOTOpHX 06e uMbpb CUMBONA pasnuyHbl. JIOKa3aTeNLCTBO MOXHO NPOLECTH,
OCHOBBIFAsICh HA TeX Ke COOOpaeHHAX, KOTOPHIMH MBI NOJL30BaIMCh IPH
AOKA3aTe/IbCTBE UHLM/IEHTHOCTH NPAMBIX 1’ H 6; Mbl 3[IECh TOJNLKO HAMETHM JO-
kasarenpctBo. M3  coofpawmenu#t cummerpuu nmoctatouHo OyreT nOKasaTh
uHuMAeHTHOCTE npaMbix (12) u (34). Ilna 1OKa3arenbCcTBAa PacCMOTPUM TPH
npambie 1,2 (34). dra Tpotika nepecekaercs ¢ mpambiMd 3' U 4'. Ecau 6b
(12) we Guno uuuunentuoe ¢ (34), To cyulecTsoBana G6bi npsiMas @, KOTO-
pas mepecekana Owl yersepky mnpsmux 1,2,1',(34), n onna, obs3atensHo
OT/MuHas OT @, npsavMas b, nepecexkaiowas npamee 1,2, 2',(34). Ecm 6w
npsaMeie @ W b coillajiand, TO 3Ta mpsMas nepecekanach 6wl C YeTBEPKOH
npamMeix 1,2, 1, 2", 1. e. 6una 6n Towsectsenna c npsimofl (12). M kpome
TOrO 3Ta e camas npsMas NMepecekana Ow mpaMyio (34), ¥TO MH He Ipes-
nonarany BHauane. TOYHO KaK e NpsAMble @ M b OTAMYHH OT NpsMbix 3’
unn 4', Tak Kak ecau Gn, HanpuMep, npsMas @ cosnanana b ¢ npamo# 3',
1O npsvMasa 3' Owna SH WHUMAEHTHA ¢ TIpaMoH 1, Bompexu waieMy mo-
crpoenuio. Torna npaMue @ U b TOuHO Tak we, Kak npsambie 3' u 4, nexanu
6bl HA MOBEPXHOCTH F ¥ 3TH ueThipe mNpsMble Obi OH  PACHOJIOMEHBI TH-
nepBonouanbHo, TaK KaK OHH BCE HHUMIEHTHH C TPOHKOH mpambix 1,2, (34).
Ho Mel y»Xe JOKa3anu HEBO3MOXHOCTb TOro, utoGwl moeepxHocTh Fy comep-
*xana runep6oJounanbHyo YerB2pky npambix. OTclona crenyer, yro npsaMas (12)
NEUCTBUTENILHO WHIMAEHTHA C mpsmMol (34) M Mo TeM ke NPUYMHAM MHIM-
neutHa ¢ npameivu (35), (36), (45), (46), (66). A Tak kak npamas (12) un-
uMIeHTHa Takke ¢ npaMemu 1,2, 1,2') To ata mpsMas, a Takke W BCAKas
Apyras npsvas, o6o3HauaeMas ABYMs Huppamu, Haule# paciiMpeHHOM KOH-
(UrypauuH HHIMAEHTHH C JASCATHIO NPAMBIMH KOHburypauud. To we camoe
MMeerT MeCTO Y J/isi NpSAMHX, 00pasyolnux ABOHHOH LIECTUCTOPOHHMK. Tak,
nanpuMep, npaMas 1| HMHIMzeHTHA € TATbIO npAMEMH 2'—6' u ¢ maTbio
npamumu {12, (13), (14), (15), (16). TMostomy cxemoit koHdurypauuu 27 nps-
Mbix noeepxwoctu Fy 6yner (135,,27,.). M3 coorwourenus 135-2=27-10
cllenyet, yTo KOHGUTypauus coaepkuT B TouHocTH 135 Touek. Kpome Ttoro
MOXHO TaKXe [0Ka3aTh, YTO 3Ta KOHPUIypanus npaBuikHA U TIOSTOMY
U3 Hee MOXHO BHIGPATh PasiUyHBIMK cnOcO6aMM ABOHHBLIE IHECTHCTOPOHHUKH.
Ecnu nc6aBuTh €m(e MNJOCKOCTH, COREpKAauMe JBE WHIMIAEHTHBIX IPAMBIX
KOH(UIypauut, TO TaKas INOCKOCTh BCErna CONEPKUT TPETHIO NPAMYIO KOH-
¢urypauuio, B YeM MOXHO yOenuThcst M3 CXeMH MHUMueHTHocTelh. K Takomy
e p23y/bTaTy NPHBONMUT M MpoOCTOe anreGpanyeckoe paccyxienune. Mmenno:
BCAKAA [MUIOCKOCTb ITePECEKAETC € NOBEPXHOCTBIO Fy; 1O KPUBOH TPETLETO
nopanka. Tak KakK TIOCKOCTb COHEPXU1 B2 MPAMbE KOHPUIypauuu, TO 3Ta
KpuBaf TPEThEro NOPAIKA JIOMKHA COAEPKATh 3TH OpAMHE, a OTCIOAAa anre6-
pauyeckuM NyTeM MOXHO BHIBECTH 33KJIOYEHHE, YTO KPUBas AOMKHA COCTOATH
U3 9TUX JIBYX NpAMBIX W HEKOTOPOM Tperhedl mnpsMoH. Jlerko MONCYMTATh,
yTO yYepes Kaxaywo u3 27 NpAMHX NPOXOAUT MATh TAKUX IIOCKOCTEH U YTO
BCEro NOMKHO ObiTh 45 Takux nnockocredl. TakuM o6pasoM KoHpUrypauus
He sBAferca IBOHCTBeHHOH caMolt cefe, Mexay TeM Kak ABOHHOH wiecTu-
CTOPOHHUK NBOHICTBEHEH caM cefe, TaK KaK OH IOCTPOEH Ha JBOHCTBEHHO HHBa-
PHAHTHOM COOTHOLIEHHH MHHIMJIEHTHOCTH NPAMBIX. MOXHO JIErKO NOMOMHUTE
RBOMHON I1@CTHCTOPOHHUK NO KOHQUrypauuu, ZBOHCTBEHHO COOTBETCTBYOLIEH
NOCTPOEHHOMH Bhille KOHpurypauud. Jlas storo cienyer BMecto npsmbix (12)
¥ OCTa/lbHBIX NpsiMbix (ik) B3ATH npyrue mpsvble [ik], U3 KOTOpHIX, Hampu-
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mep, [12] npoxomuT vuepes ToOukM nepeceueHusi NpaMbpX 1 v 2' A npsMunx
1' u 2. Cxemott Takoit koncurypanuu Gyner (35, 27,).

OGparuMcsl Teneps CHOBa K TiepBOHA4anbHOW Koudurypaumu 27 npsampx
U TOKAKEM HCUUCAMTENbHLIMM METO/IaMH, YTO Ha MPOM3BOJBLHOH MOBEPXHOCTH
Tpethero mnopsiika F, pacrnonoxena Takas kondurypaw st K. [pu atom, tak
e KaKk U BO BCEX DPaCCYXIeHHAX WCYUCTUTENLHOH TIeOMeTpuM, Clenyer
NpHHATh BO BHUMaHWE U Te C/yyau, KOraa K YacTHYHO MHMMA HIH BBHIPO-
siaercsl. JInl OKa3aTeNLCTBA HANIETO YTBEPKIGHUS IONCUMTAEM CHauana,
KaK BEJMKO MHOXECTBO [BOHHBIX IIECTHUCTOPOHHMKOB. [I0 mceTpoeHuto mns
npaMo#t 1 Mbl UMeeM NOJHYIO CBOOONY, T. €. ueThpe Mapamerfa; TOYKH Me-
peceuenust npsiMbix 1 ¢ npsimbiMu 2'— 6’ 3aBHCAT ewe OT naTH MapameTpos,
a Kaxnmas 43 NpAMeXx 2°—6' npu ompesneneHHOH TOYKe nepecedeHHs ee
¢ npavo#t 1 MOXeT 3anuMaTh eule oo MosnoXeHuH (mecaTh napaMmerpos).
[pavwe 1,2',3,4',5',6' onpenensior ApcAHON ILIECTUCTOPCHHHUK; TaKUM
o6pazoM MH HaHUIM, YTO uMeerc o0'% JBOMHBIX ILECTI.C 'OPOHHMKOB
(19 = 4 + 5 + 10). Tarke B21HKO MHOXKECTBO KOH(UTypaumik K, TaK KaK Kaxcias
U3 HUX ONpeJ:JIfETCA COOTRETCTRYIOIIMM eH JBOHHHIM IIECTHCTOPOHHHKOM,
npuyeM HMCeTCA TOJILKO KOHEYHOe YHCJO ABOHHLIX IIECTHCTOPOHHHUKOB B OJi-
HOlt u ToM e koudurypamun K. Ho Mbl yxe ykasami crnoco6 nocTpoeHus
nosepxuHocth F,, mpoxogpsuie# uepe3 koudurypauuio K. Cnenosatenbho,
MHOXECTBO MOCTPOSHHBIX TakuM 00pa3oM nopzpxuocred F, cocrasiser oo!'d
€C/li e 370 MHOXECTBO MeHee OOWMPHO, TO 110 KpaHHek Meye oo! KoH-
durypamuit K nosxubl NexaTb Ha ORHOM U TOMW ke nosepxHOCTH Fy, T. €.
no: epxHocte F, gomkna 6biTh JunefiuaToff MOBPXHOCTHIO TPETHErO MOPSIAKA.
Ho MOMHO 1IOKa3aTh, YTO MMEETCH MeHblle yem oo '3 nunefuaThIX MoBepxHO-
cTell TpeTbero NOPsi/Ka, a INOTOMY Ha MOCTPOEHHBIX HAMW IOPEPXHOCTHX
F, nomxkubl Jexarb ro kpabine#t Mepe oo ? nBOHHBIX HIECTHCTOPOHHHKOB. Ho
TaK Kak 3TH NOBEPXHOCTH, KaK Yxe OHJIO 10Ka3aH, He COACPKAT rumep-
Gosonpa ¥ Tak KaK Ha JMHEHYATHIX MOBEPXHOCTAX Nopsiika GoJjiee BHCOKOTO,
yeM FTOPOM, JIEKUT TOJBKO OAHO CEMCHCTBO I'PAvHIX JUHUHA, TO ra OHMHOMH
nosepxHocT F, He MOryr HaXOmMThcA OO % neOfiHBIX I11€CTYCTOPOHHHKOB.
Takum oGpa3oM B oflleM Cyuae MOCT)O€-4HBIE HAMK NOB¢ DXHOCTH HE MOTYT
O6biTh NMHEHuYaTaMM, a OTCIORA CJENyeT, 4ro Haile NOCTPCEHUWE OXBATHIBAET
ne Menee deM oo ! nosepxtocreff. C npyro# cropohr, Kak ObIO yka3aHo
B NpenbIyiieM naparpage, BOOGLIE He MOXKET CyU[>CTBOBAThL Gonee yem oo!?
NOBEPXHOCTEH TpeThero nopsinka. OTciona, npUHAMAad BO BHUMAaHUE anre-
OpauuecKylo NpPUPONY PACCMOTPEHHLIX HaMud OOpa30B, MOKHO CTPOLO HOKa-
3aTh, YTO HA KAXNOH NOBCPXHOCTH TPEFLETO NMOPSAKA IEHCTBUTENBHO JEXUT
Kkougurypauns K.
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JNUOEPEHUHAJLHASI TEOMETPHS

Jlo cux mop Mbl paccMaTpHBanM reoMeTpHyeckhHe oGPasbl CO CTOPOHH 1IX
obmel cTpykTypel. JudepeHuuanbHas reoMeTpust NpeicTaBiser cOGOH NpuH-
LuUNUHanbHO WHOM MeTon uccnenoBakus. Mmenno, Tenepb Mbl OyneM ONUCHIBATL
KpUBbIE M TIOBEPXHOCTH JIMIIL B HRIOCPEICTBEHHOH ONM30CTH K KakoH-nn6o
Touke KPUBOH uau nopepxHoct. C 3TOH Lenblo Mbl 6yneM CDaBHUBATL OKPECT-
HOCTb TOYKM C MpocTeiluMMu o6pa3amu, HanpuMep C NPAMOM, MIOCKOCTBIO,
KPyroM MJM 1LapoM, KOTOpbie B PaccMaTpPUBaeMOM OKDPECTHOCTH BO3MOXKHO
6mnke MOOXOAAT K KPUBOH; TakWM o6pPa3oM BO3HMKAeT, HANpuUMep, H3BeCT-
HOE NOHATHE KacaTeJLbHOH K KDHUBOW B HEKOTOPOM TOUKE.

3toT Cnoco6 pacCcMOTPEHUS, Ha3bIBAEMBIM JIOKanbHON audepeHIHantoi
reomerpuelt uaM JudepeHuuantHoii reoMetpuedt B Manom (im Kleinen), no-
NOJMHAETCA OPYrHM CHOcOGOM paccMOTpeHus — nudepeHIHanbHOl reoMeTpuei
uensix ¢uryp (im Grossen), Hanpumep, ecau mbl 3HaeM O KakOM-HUGynb He-
NpPepLBHOM reOMETPHYECKOM o6paze, 4TO OH MMeeT onpejenexHoe nudeper-
111aJILHO-TEOMETPUYECKOEe CBOMCTBO B OKPECTHOCTH .1/000l U3 CBOMX TOYEK,
TO, KaK IIDaBUJIO, Mbl MOXEM CHEJATh CYIUECTBEHHbIE YTBEPXKIEHUS] OTHOCHU-
TenbHo O6llero noBeseHuss maHHoro o6pasa, Tak, HanpuMep, eCid OTHOCH-
TENbHO KAaKOH-HUOYNb MJOCKOH KpMBOH H3BECTHO, HYTO OHAa B OKP.CTHOCTHU
Ka}IOoW CBOEH TOUKM HE JIeXKUT LEJUKOM [0 OIHY CTOPOHY KacaTenbHOMH,
TO MOXHO NOKa3aTh, YIO Takas KpHBas HEOOXONUMO nOMKHA OBITb NPAMOM.,

Hapsiny ¢ HenpepbiBHBIMM MHOroJ6pasusMd ToyeKk B Jivd2peHLHabHOU
reOMETPUH DPaccMaTPHUBAIOTCS TaKKe€ MHOroo6pasus ZpPYrux 03pa3oB, HaNpHMep
MHoroo6pa3ust NpsMbIX; MEXKLY NPOYUM, TaKOro pojia NpoGseMy CTaBUT reo-
MeTpuuecKasi ONTHKa, KOToPas HCCNeNyeT HENPe)biBHbIE CHCTEMbl CBETOBBIX Jiyyeil,

Hakouen, nudepeHuuannbuas reoMeTpust NPUBONMT K 3ajaye, BIEPBLIE MO-
crasnenHod [ayccom u PuMaHOM, O MOCTPOeHMM TEOMETDHUM KaK LEJOro Ha
OCIIOBE TaKUX MOISTHH M aKCMOM, KOTOPLIE KACAlOTCH JIH:ilb HENOCPENCTBEH-
HOM OKpecTHOCTH Kawxmo# Touku. TakuM o06pa3soM BO3HHKJIO €le 10 CHX
nop HeucyeprnaHuoe uzobunue Bo3monocTel Gonee obuinx reoMerpuit, cpeau
KOTOPHIX «HEEBKJIMAOBA TEOMETPUS» INPENCTaBIsSeT BAXHBIH, HO BecbMa cre-
uMansupld npumep. OOmas Teopusi OTHOCUIENBLHOCTH NOKAa3ana, 4TO B OCHOBY
palHOHANBHOrO ONMUCaHUs (PM3NYECKOH NeACTBUTENLHOCTH NOMKHA ObITH MMO.10-
»XeHa He OObluHasg eBKJMNOBa reomerpusi, a Gosee o6uiasi PUMaHOBA | €OVETPHUSI.

26. MNnocxre kpusble. YTOOB HauaTh C MPOCTEHIUMX ClyyaeB, PacCMOTPUM,
cnepsa naockue Kpurbie. [Ipu 3TOM MBI OrpaHHuuMMCA PacCMOTPEHHSM He-
6onbitMX NOYr XKPUBOH, Ha NPOTHMEHMM KOTODHX KpHBAs He nepecexaer
cama cebs.
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[paMas, mnepecexaiomias KpuUBYK B [BYX TOYKAX, HA3LIBAETCS CeKyluef,
Ecnn Mu cTaHem Bpamatbh CeKywylo § BOKPYT ONHOH M3 TOYEK MepeceveHus
Tak, 4TOOW BTOpas TOYKa IepeceuyeHns Bce Gosee Npubankanach K Nepeoj
(uepr. 182), To cexywmas Gyner CTPEMUTLCH K OTPENe/EHHOMY MOJONKEHUIO £,

[Ipamasi, NpuHSBLIAS 3TO NOJNOXKEHHE, Ha3bl-

Baercsl kacartenbHO#t k KpuBOi. Touka mepe-

¢ CeueHHsI B 3TOM C/yuae Ha3bIBAETCA TOYKOH

KacaHust 3TOH KacateanHOM. QueBumHO, yTO

KacaTeJbHas ecTb Ta NpsiMas, NPOXOHSLas

$  uyepe3 TOYKY KacaHusi, HANPAB/IEHHE KOTOPOH

B 3TOM MecTe HauGonee nNpubmmkaerca K

TeY2HHIO KPUBOH; NO3TOMY HaNpaBieHUEM KpU-

BOH B HEKOTOPOH TOYKE HA3HIBAIOT Ha-

Yepr. 182. npaB/eHHEe COOTBETCTBYWOWER KacaTenbHOM,

[oBopsiT, uTO ABe KpHBHIE B OOHICH TOYKe Ne-

PEeCceKaIoTCsl MO YIJIOM G MK CONPHKACAIOTCH,

ecnu obe KacaTenbhble, NpOBeneYHBE B 3TOA TOYKE K KDUBHIM, O5pasyioT

yroa a uau cosnanaiot. [Ipamasi, nepneHiukynspHas K KacareJLHOH B TOuke
Ka“aHusl, Ha3bIBaeTCAd HOPMaJb!o K KpusoH.

Kacatenpias u HopManbp O6pasyoT JUISi KAXNOR TOUYKM KPUBOH OCH npsiMoO-
YronbHO# CHCTeMb KOOPIMHAT. Jra CHCTEMAa KOOpAMHAT OcoGeHHO ynoGHa
IAsT UCCNIENO3aHUsl HOBENEHMS! KPUBOH
B paccmatpusaeMofi touke. Jlas sroro
2 7 2 7

: / / eLI6ELeM NPOU3BOJILHLIM O6Pa3oM He-

KOTOpO€ HANpaBleHHE JBHMEHHUS MO
J ¢ J ¢ kpuBof. Jlanee 3aHymepyeM deTHIPS
7 KBaJ[paHTa, Ha KOTOPLIE€ OCH Pa3GUBAIOT
IUIOCKOCTL, npuWyeM HoMepoM 1 o06o-

3uayuM TOT KeazpaHt (uepr. 183),

z / ? % B KOTOPOM MBI HaXOIWMCS, KOIma HIBU-
KEMCSi B YCTaHOBJIEHHOM HanpaB/ieHuH

3 v 3 ¢y  TO KPUROH NO HanpdBJEHUIO K l1ayany
KOOPIHMHAT, HaXONsiCh OT Hero nocra-
TouHo Gausko; Homepa 2, 3, 4 mony-
Yepr. 183. YyaT OCTaNbHBIE KBAAPAaHTH, IIPU STOM

BCErjia KacaTeJbHas OTHC/NNET KBaj-

pautst 1 u 2 or ksampautoB 3 u 4, a uopMasb —kBanpaHtH 1 u 4 or
xeanpantos 2 v 3. Torma MOXHO pa3iuuaTh YeTHIpe CAyuas B 3aBMCMMOCTH
OT TOro, B KaKOM KBafipaHTe—BTOPOM, TPETbeM, YETBEPTOM WU NEPBOM —
MH HaXOZMMCS, KOr[a [BMXKEMCA IO KDUB i B YCTAHOBJEHHOM Hanpas/jenuH,
TONLKO YTO MWHOEAB Hayano koopaunar (cM. /—IV uep1. 183). Tomko B
NepBOM Clyyae paccMaTpubaeMas TOYKa KPUBOK Ha3bIBAETCA MPaBUJLHOH, BO
BCEX OCTanbHEIX Cay4ask OHa Ha3niBaerTca Ocobo# Touxkod. Boobuie mnouty
BCE TOYKM KPUBOK BemyT cebfi KaK NMpaBUILHEE TOUKW, MeXNY TeM KaK OCO-
6bie TOYKH BCTpEYaloTCsi TOABKO B OTAE/bHHX MecTax '). B cnyuae /I rosopsat

1) Aro yTBepKIeHHE HE MMEET MecTa TOJNLKO Aasi npsvol; 1'04HO Tak e maa npsa-
Molt Honpuronen fawmbl sgeck cnoco. C Gonee ray6okoH Touku 3peHus caydaih [
TAKKE MOWET NPHOGPECTH OCOOEHHHH XapaKTep, UMeHHY, ECIH KpyT KPHB.ISHL BHPO-
WAAeTCH B NPSMYIO HWIH B TOYKY; cM. ctp 160.
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%
0 Touke nepern6a; B IBYX MOCHENHUX C/ydyafXx TOBOPAT, YTO KpuBAsS HMEeT
OCTPHE HWJM KJIOB H HA3HWBAIT COOTBETCTBYIOLIYI0O TOYKY KpUBOH TOYKOH
BO3BpaTa. Hakouel MOXHO MOKa3aTh, HTO Hallle Pa3fefeHHe Ha YETHPE Chy-
yasi He 3aBMCUT OT BHIOPAHHOTO HaNpaBJieHUs HAa KPUBOH.

Teneps nonpo6yeM npencTasuTh ceGe FarisgHO, KAK U3MEHSETCS HalpaBsJe-
Hue KacaTeJbHOH B STUX TOYKaX KPHUBOM, KOTHA TOYKA KAaCAHUS NBHKETCH
0o Kpusoi. [l STOro BOCNOJb3yeMcs Crnoco6oM, KOTOPHY BrHepBhie Ghin
nau ayccom U KOTOpHI WUrpaeT OCOGEHHO FAXHYIO POJb TIPH UCCAENOBAHHUU
NOBepPXHOCTeH. YCTaHOBUM ONfATL HA KPUBOH ONpeEJle/IeHHOE HAanpaBieHWe APy~
weHusl. 3aTeM HAYEePTHM B TJIOCKOCTH KPUBOU OKpyxHOCThb panvyca 1. Ilpu-
MEM nanee, 4TO Ka KHOM kacaTenbHOH K KDUBOHM COOTBETCTBYyeT TOT paamyc,
KOTODHI BBIXODUT M3 LEHTPa OKDPYXKHOCTH NapajieNbHO DaccMaTpuBaeMol
KacaTenbHOH, @ MMEHHO B HAIPABAEHUH YCTAHOB/JGHHOIO [ABMXKEHHS TNQ KpH-
Boi (uepr. 184). Takoe mnocrpoe-
HHE [PUBOLNHUT B COOTBETCTBHE C
Kaxo#t Touko#t P kpuUBOH HeKOTO-
pyi0 TOuKy () OKpYXHOCTH, 2 MMeH~
HO TOYKy NepeceyeHHsi COOTBETCTBY-
IOLEr0 pajuyca C OKPYXKHOCTBIO.
[lpy TakoM oTo6pamkeHuH TOUKH
OKDYXHOCTH 06pasyloT «HHAMKATDHU-
Cy KacaTensHheX» K KpurLo#. Tak
KaK pallMyC OKPYXHOCTH BI€rnia Iep-
NMEeHAUKYJISIPeH K KacaTeNlbHOW B CO-
OTBETCTBYIOLIEH TOUKE OKPYXHOCTH,
TO KacaTe/bHas K KDUBOH Blerxa na-
pannensHa COOTBETCTBYIOILEH HOp- Hept. 184.

ManM K WHAMKarpuce, H 06partHo,
KacaresbHast K MHIMKAaTPUCE Napasiic/iLHa COOTBETCTBYIOUIEH HOPMAaH K KPUBOH,

[ayccozo u3obpakeHHe MPUBOTUT B COOTBETCTBUE KAXKNOK TOUKe KPHEOH
€NMHCTEEHHYI0 TOYKY OKDYXHOCTH, HO, OGpaTHO, ONHOM TOYKE OKpPYIKHOCTH
OGHYHO COOTBETCTBYET HE OIHA, a4 HECKOJBKO TOYEK KpUBOM, 3 HMEHHO BCe
Te TOYKH, KOTODHIE WMEIOT MapajjelbHble H, B COOTBETCTBUM C NPUHATHIM
HanpaBJieHHeM IBUXEHUS IO KDUBOM, HanpaBlieHHHIE B OHNHY CTOPOHy Ka-
carenpheie (P, u Py na uepr. 184).

[TycTe Tenepb nHeKOTOpas NOJIBMKHASL TOuUKa NpoGeraeT KpuBHE, H300pa-
weuHbte Ha uepT. 183, B paccmarpueaeMom Mecre B cayuasx [II u IV sta
TOYKa U3MEHFET HANDAB/NEHHE CBOETO IBIMEHHA, a B cayyasx I u I coxpa-
usieT ero. Temepb paccMOTDHM INOBeJleHHE COOTBETCTBYIONIEM TOUKH HA WHIM-
KkaTpuce. JTa TOYKA JABHKETCH NO OKPYKHOCTM B ONHOM HANPABJEHUH B CHy-
yasix I u III v uamenaeT nampaeienue IsixeHus B cayyasx [I n IV. B camom
nene, B cayuasx /I u IV B OKpecTHOCTM paccMaTpUBaeMOM TOUKM KpPHBOH
MMEIOTCA TNapainesbHble W ONWHAKOBO HANpaBJeHHBlE KacaTesbHble; B JBYX
IpyruX cnyyasx SToro Her. Tak Kak HanpaeneHHe, B KOTOPOM JIBHXKETCS
TOYKA Ha WHIMKATDHCE, YKA3HIBAET HA M3MEHEHUE HAMpamleHUs KacaTenbHOH
K KpMBOH, TO MH MOXEM ClefyiolMM O0O6pa3oM OXapakTepPH30BATh YEThipe
poAa TOYEK KPHBOH.

I. Ipasuasnas mouxa: Touka wpuBok M ee 06pas HA MHIHKATpuCe IPO-
BOJDKAIOT ABUIKCHHE B [PEXHEM HANPABJICHHH.
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Il. Touxa nepezuba: Touxa KPMBOM IBIXKETCS HaJbIE€ B NMPEXHEM Hanpasie-
HUH, B TO BpeMst KaK ee 06pa3 Ha MH/IMKATPHCE MEHRET HallpaB/ieHHe JBUKEHuUs,

HI. Ocmpue: Toukd xpuBOH NOBOpauMUBaeT OOpPAaTHO, a ee 00Pa3 HA UHpU-
KaTpuce JABHMKETCH Jianblue B NPEXKHEM HaMpaB/eHUH.

IV. Karos: Touka kpuBoH M ee O00pa3 HA MHIMKATPHCE W3MEHAIOT Hanpa-
B/leHHE JBHXEHuUs.

31O Jfenenue He UCYEPNLIBaeT BCeX BO3MOXHBIX caydaeB. Ecau  name
OrpaHMYUTBCA TOJBLKO TAKUMU JyraMH KPUBBIX, KOTOPble JIONYCKAalOT NMPOCTOE
ananMTHYecKoe MPeJCTaBJeHHe, TO U
31€Cb HMMEIOTCA elle CJlenyloure TpU
BO3MOXHOZTU: [BOHHBIE TOYKH, B KO-
TOPHIX KpHBas IcpeceKkaer cama cebs,
TOYKH, B KOTOPHIX KpHIas BHE3arHO
A 05pLIBAETCSA, W HAKOHEIl KPWUBAs MOMXeT

t n, UWMETb H30JMDOBaHHblEe TOYKH, T. €.

TaKHe TOYKH, KOTOPHE MOJHOCTBIO OTJle-

JeHBl OT BCeX OCTaNbHBIX TOYEK KpH-

M Bo#t (ctp. 177). 3ameuaresnbo, uTO

Uept. 185. UMEIOTC W IPYrie OYEeHb TNPOCTHIE U

HarjsiHble CAy4yad, HanpuMep TOYKH

H3/0Ma C yIJIOM, OT/IMYHBIM OT HYJS, KOTOpbie TPLOYIOT HOBOJBLHO COXHOTO
aHaJMTHYECKOTO HCCJIeIOBaHUS.

Tenepb MBl NEP2XOJMM K BBEACHUIO MOHSTHS KPHMBU3HBI, YPE3BBMANHO
B&XHOrO 1151 BCeH TeOpHMHU KPUBLIX M nopepxHocTed. Kak ™Mbl yBUAMM, 3TO
NOHATUE TECHO CBA3a40 C TayCCOBHM H300paKeHHeM € NOMOILLIO KacaTelb-
Huix, [IposeseM B nBYyX cocemmmx Toykax P, m P, xpusoft KkacatenbHmble f;
u f, u HOpManu n, M My, mycTh M OGyner TouKOH mnepeceuenus oOeux
Hopmasget (uepr. 185). OueBupno, yron Mewxiy ofeMMu KacaTelbHHIMH pa-
EeH yrily MekLy HOpManlsiMu:

X (¢, t2):%:(nv ny).

[lycts Temepp TOuka P, xpuBO# BCe Gmixe mnomxomur x Touke P,; pac-
CMOTPUM OTHOLIIEHHE STOTO Yriia K pacCTOSHHIO MEXy JIByMs B3ATBIMU TOYKAMH
KpuBO#. DTO OTHOLIEHHE, BOOGLIE TOBOPS, CTPSMUTCH K HEKOTOPOMY Ipeseny:

@:(’l" ”") — k
PP, T

N

L7358

~o

lim
PP
310 npenenbHoe 3HaueHne K HasniBaeTCA KPUBU3HOR KpUBOH B Touke P,.
k paBHO 06paTHON BoMMYMHE OTPE3Ka F, B KOTOPOH NEpPeXOmsiT B Mpenele
obe caupaowmecs HopMank AP, u MP,. 310 BHITEKaeT M3 CIENYIOLEro
npec6pasopanus, aHAJIUTHYECKUH LBIBOJL KOTOPOrO Mbl ONyCKaeM:

k= lim M — lim iﬂ (nl‘{zl) = lim P1p2 [ T 1 1

pp—o  PiP2 P PiPe ppsoMPUrPWPy pp o MPLr

Mbl MOXeM M RpyruM myTeM NpuTTH K Benuuuue r. ITpoPeneM OKDYXHOICTh
yepe3 Touky P, u nBe cocenume Touku Ha kpusod. Ecan Temepe mb 3acra-
BuM OCe COCGAHME TOHKM CTPEMHTbCS K Touke P, MO KpuBOH, TO Hawa
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OKPYXHOCTb OYHEeT CTPEMHMTLCH K HEKOTOPOMY ITpelleNLHOMy noaoxeruio. Kax
MOXHO OBIIO OXMNAaTh M3 MOCTPOEHUS W KaK STO TOATBEPKAAET AHANUTH-
YeCKoe HCCIENOBaHue, IpenebHOE TO.10XKEHHE OKDY:KHOCTH, MpOBeaeHHOMH
yKasauHelM 00pa3oM 4Yepe3 TOYKy P, ecTb Ta OKpYXHOITh, KOTOpas HMeer
LCHTPOM TJIpeJie/IbHOE MOJIOKEHHe TOUKH M nepeceuenus HOpmaned m, CJ€N0-
BAT/IBHO, UME:T DPaiuyc r. DroT Kpyr Ha-
3LIBAETCS KPYTOM KPUBH3 1Bl KPDHBOW B TOYKe P
P,, ero ueHTp — IEHTPOM KDHUBH3HEL, a €ro
panuyc r— paguMycoM KpuBu3ubl. Benenctsue \
YKa32aHHOTO NOCTPOCHHST OOHIMHO FOBODSIT, 4TO
KDPYT KPUBU3HLEI UMEET TPU CAUBAIOMUXA 00-

MY TOYKK ¢ KpupBoH. TTonoGueimM ke ofpa-
30M rOBODAIT, UTO Kacare/bHas UMeeT C KPUBOH
IB€ CAMBAIOMIMXCH OCIHX TOYKH.

Kpyr KpUBU3HE MOXKHO ONP2NENUTL TAKKE

¥ apyruM crocoboM. PaccMoOTpaM Bce OKpyX-

HOCTH, NPOXOnsilIME yepe3 TOYKy P KpunoH

(uepr. 186), kacaouecss Kpuso# B 3TOH Hepr. 186.

TOYKE, C LUEHTPaMM, JEeXKAWMMU HA COOTBELT-

cryromelt nopuany kpuBoll. Kpurag pas6uvaer nnockOoCTb B OKPECTHOCTH
TOuku P Ha gBe uacTH, KOTOphiE Mbi HaJOB2M CTOPOHAMH Iyru kpuroH. Ojwu
U3 pDacCMaTpHBaeMbIX OKPYXHOCTeH OynyT pacnoJioAeHbl B OKP2CTHOCTH TOu-
K1 P ne/MKOM MO OfHY CTOPOHy nyTH KPHBOM, ApYyrue— LUEJMKOM MO JIPYTyio
cropony. Kpyr kpusuaam, pa-
NIUYC KOTOPOro 0B603HAYMM ye-
pe3 r, o6nanaer Boobiue Tem
CBOHCTBOM, YTO OH DAa3nelser
06a BMLA OKpymHOCTEH u /
IIM2HI'O T2K, YTO BCE OKPYKHO-
CTH, DafUyChbl KOTOPHX GOnb-
e 7, pacnoJioXeHsl MO OJiHY
CTOPOHY, a4 I'Ce OKPYXHOCTH,
pamMychl KOTOpHIX MCHbUiE 7,
PACHOJIONKEHE 1O JAPYrYiO Hepr. 187.

cropody kpuBo#i. CaM kpyr

KpUBHM3HBI, KaK NP3aBWIO, MO paskble CTOPOHH OT HOPMajK pAacnoliodeH Mo
pasible CTOPOHBI OT KpHBOIl, T. €. OH TICPECEKaeT KPUBYIO B TOUYKE KacaHus.
ToukH, B KOTOpHIX KDYr KPHBH3HEI He IIepecekaerT KpUBOH, TOYHO TaK Ke
KeK M- 0cOOhle TOYKH, MOTYT BCTpeYarhcsl JHUIUIL B OTHENBHBIX, HCKAIOUUTE/L-
HBIX MecTax kpHBoi [Ipumepbl TakuxX TOYEK HAIOT YETHIPE BEPUIMHBI 3JUIMIICA
(ucpr. 187). M3 coobpaxenubi cHMMETpUM fICHO, YTO B 3TUX TOUKAX HE hO-
er GuITh nepeceyenus. To ke camoe JIOMKHO ObTb BOOOIIE BO BCEX TeX
TOYKAX KPUBOH, B KOTOPHIX KpUBas IIeDPECEKaeTcsl CChI CHMMETPHHU.

To, uTO Kpyr KpuBM3HBI OOLIYHO NEPECEKAET KPUBYIO, MOXHO BHIBECTH M3
nepBoro crocoda nonyuenwuss Kpyra kpususuel. Kpueas, BooGuwie rosops,
NepecexaeTcs € OKPYKHOCTBIO, KOTOpasi NMPOXORMT Yepe3 KaKyio-HUOynb U3 ee
ToyeK B 3TOM ‘Touk2., CnenoBaTenbHO, OKPYXHOCTh, NPOXONfiLAs yepe3 TPH
COCEAHME TOYKH KPUBON, MEPEXONIMT B MePBOH TOYKe €O CTOPOHB A Ha CTO-
poHy B, BO BTOPOH TOUKE — CO CTOPOHE B Ha CTOPoHy A, B TpeThe# TOYKE —

Q
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E

€O CTOpOHH A Ha CTOpOHY B; Korna TPH TOYKM CJ/MBAIOTCH, IIOBEeHHe
OKDYXHOCTH OOLIYHO HEe MEHsIeTC, TaK YTO KPYr KPUBM3HH B TOYKE CONpH-
KOUHOBEHUs] B CaMOM Qiefie JOJDKEH [ePeXONMTh C ONHOM CTOPOHH KPHBOMH
Ha npyryio ).

Kak yxe 6bi10 ymomMaHyTO, KPHUBU3HA HAXONMTCHA B CBA3H C MHJIUKATPUCOH
KacateabHbiX. [lycTb ToukaM P, u P, KPHUBOii COOTBETCTBYIOT TOYKH Q, ¥ Q,
Ha uunukatpuce (depr. 188). Torna umeem:

X (1) = 32(Q,0Q,) = Q;Qq

T. €. paiuyC KDWUBH3HBI €CTb Npefiesl OTHOLIEHUS ANMHL MajoH AYrM KpUBOMH
K ee M3006pax€HUI0 HA HMHAUKATpHCe.

Pangunyc KpuBM3HBH 1751 OTAENBHBIX TOYEK KPUBOM MOXET CTaTh GeCKoHeu-
HHIM; TOTAA KPYr KDWBM3HLI BhIDOXKAAeTcd B NPAMYyIO W, CIefROBaTeNbHO, COB-
napaer ¢ kKacarenbHod. OOBYHO B TaKOH TOuke KacaTelbHasi NepeceKaer
KpPUBYIO, W C/ICIOBaTeNbHO, MH HMeeM [el0 C TOYKOH mnepernba; OHHAKO

OLIBAIOT M WCKJIOYHMTENBHBIE Cly-

yau, Korja KpuBusHa obpaiaer-

/f ¢ B HyIb, HO TEM HE MeEHee

o KpuBasi He MepeceKaeTcss Croel

"\ KacatenpHOM; 3TU cayyau aHa-

JIOTMYHE NOBENEHHUIO KpYra KpH-

BM3HHl B BEPUIMHAX 3/HMnca (CM.
cHOCKy Ha cTp. 156).

U3 orHOlueHuss KPUBU3HH K
MHAMKATPUCE KAacaTeJbHHX clie-
nyer nanee, HTO B clyyae OCTpuUs

Yepr. 188. KpUBM3HA, KaK TNpaBuio, CTa-

HOBUTC 6GecKOHeuHo O6onbluoH,

T. €. YTO B 3TUX TOYKAX KPYr KPHBU3HLI CTHrUBAETCS B TOYKY COIPUKOCHO-
BeHua. Jlns xmoBa HENb3# BHICKA3aTh HUKAKUX OOGIMUX YTBEPKIEHHM.

B cBsI3M c ycTaHOBJIEHHDIMU HaMu NMOHSTUAMU BO3HKKAET LENLIH PSI BaXKHHIX
BonpocoB, Tak, WampuMep, HaNpallWBaeTCd MNONHTKA ONPENENUTh KPHUBYIO
TakuM OOpa3oM, 4TOOH KPUBU3HA ABJSNIACL 3aJaHHOM (DyHKUWER MIMHBI IYTH
KpuBOH. MOXHO 5OKa3aTb aHaZMTUYECKH, 4YTO BHUE KPHBOM TaKUM IyTeM
ONHO3HAYHO OIpenenserca, a € APYro CcTOPOHH, YTO JOGOH NMPOH3BOJBLHO
3ajaHHOM TaKuM CrIoco60OM QyHKIMU (C U3i €CTHBIMU MTPEANOJIOKEHUAMH OTHO-
CHUTENIbHO HEMPEepHLIBHOCTH) NeHCTBUTENLHO COOTBETCTBYET HEKOTOPas KPURas.
Taxoit cnoco6 onpenenenHss UMEET TO NPEUMyLIECTBO, HYTO OH HE CESi3aH CO
cneManbHon koopmunatHOH cucremoi. [lostomy pnvHy Oyrd M KPHBU3HY
Ha3LIBAIOT E€CTECTBEHHLIMU I1apaMeTpaMu kpupol. Ilpocredmmit cirydail — sTo
TOT, KOTZa KPUBU3HA R BCIONY NOCTOAHHA. JTO MUMEET MECTO AAA Kpyra pa-

&

1
auyca % H, KaK cCJaefyeT M3 BbIII2CKa3aHHOTO, TOJBKO nJs1 HEro. B cnyqae

k=0 MW mosyuaeM npAMyo; NPsMLle U OKPYXHOCTH CYTb TaKMM 06pasoM
e[IMHCTBEHHbIE N/IOCKHE KPUBBIE MOCTOSHHOM KPUBH3HHL.

1) Ha TOoM e camOM OCHOBaHHM KpHBas OOLIYHO He OepecekaeTcl co cBoel
KacarenbHOH.
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Janee, MOXHO MHOIMMM CIOCO6aMM IIOJyYHTH M3 OAHOH KPHBOR Ipyryio.
Tak, Hanpumep, COBOKYNMHOCTb LEHTPOB KPHMBH3FB JIAET HOBYIO KPHBYIO, KO-
TOpasi Ha3BIBAETCS SLOJIOTOH NepB( HauanpHOH KpuBOH. EciM, Hao60poT, HiX0-
T OT STOH HOBOH KPHBOH, TO INEpBOHAayasbHasi KpUEas Ha3bIBAETCH SBOJIb-
B2HTOH HOBOH. IBOJIbI'€HTH JitOOOH KpPHBOH MOXHO BCEIZa MOJYYMTH [P
MOMOIIH HHUTAHOH KOHCTPYKLHH, €CJIH TYrO HaMOTaTh KYCOK HHTH Ha KpHByIO,
32aKPENMB OAMH KOHeL; TOrfa NpU pasMalbiBaHMK JPYTrOH KCHeL, HUTH Ofu-
CbiBa€T NYry 3BOJILBEHTHI, €C/IM NPH PasMarTelBAHKK HHTHL OCTA€TCH HATAHYTOH.
IBOJILBLHTH Kpyra Mbl ye NOJY4aiu Takum cnoco6om Ha crp. 14. [Nouemy
MeXINy 9BOJILBCHTOfI' M 3BOJIOTOH BCerna CyuniecTByeT Takoe cBOeOOpasHoe CO-
OTHOIICKHE, MBI YBHAMM B crienywomleht rziaee (§ 41). -«

27. TpocTpaHCTBeHHbie KpuBbie. DOJBILMHCTBO paccMOTpeHnH, NMpPOBEAEHHBIX
B. mpenibiaylieM naparpage, MOMHO INEPEHeCTH M Ha ciyyall npocTpaHCTBa.

KacaTenphas OnaTe mOnyuyaercss kak TpenesibHOE IOJOMKEHHE CeKyllel MpH
C/IMSIHMHM JBYX TOYEK nepecedenus. OnHAKO B NPOTHBONOJIOHHOCTL TOMY, 4TO
Mbl MMEJH JUISl IVIOCKHX KPHBHIX, B MPOCTPAHCTBE HMeercsl GecyHc/ieHHOE MHO-
YKECTBO MEPNeHAMKY/SPOB K KAcaTeJbHOM B TOuKe KacaHus. DT TNepnensu-
KyJisSipbl 3aNOJIHSIIOT LEeJiyl0 IJIOCKOCTh, MMEHHO HOPMAJIbHYIO IVIOCKOCTE K KpH-
BOH B 9TOH TOukKe.

Tenepp GyneM HCKaTh MJIOCKOCTB, KOTOpasi Haubosiee GNN3KO NOJXOAMT K
KpHBOH B paccmatpusaeMOoi Touyke. C 3TOM Uedbl0 MApPOBENEM TJIOCKOCTH
uepes3 KacaTesIbHYl0 B paccMarpHBaeMON TOUKe M yepe3 COCe[HIOI0 TOYKY KpH-
BOH u OymeM cleauTh 3a M3MEHEHHEM TOJIOXKEHHSI STOH TJIOCKOCTH, €CiH
cocefHss TOYKA KPHUBOH OymeT npHONMKATbCA K TOYKE KacaHMs HauieH kaca-
TesibHOM. [lpenenbHOe nOsOKEHHe, K KOTOPOMY CTPEeMHMTCS MpM 3TOM IUIOC-
CKOCTb, H ONPEAENHT HCKOMYIO TUJIOCKOCTh, HA3LIBAEMYIO CONPUKACAIOUCIICA
naockocmer0 KpUBOH B paccMaTpuBaeMolt Touke. Compukacaioniasics nioc-
KOTh B YKa3aHHOM BHIILIE CMBIC/IE MM eeT C KPMBOH TpH COBIazaiouiue o6umue
tTouku. OTCI0N12 ClienyeT, YTO OHa, BOOGIe IOBOPS, MepeceKkaeT KPHURYIO B TOY-
Ke COMPHMKOCHOB:HHUSl, MEKNY TEM KaK BCE OCTaJIbHBLIS TWIOCKOCTH, NpOXO-
IsuIve 4epe3 KacaTelsibHYI0, OCTaBJSIIOT KPHUBYIO 110 OAHY CTOPOHY.

Tak kak compukacaiomIasics MJOCKOCTh CONEPWHUT KacaTelbHyi0, TO OHa
TiepreHIMKY/iipHA K HOpPMAJIbHOH MJIOCKOCTH. Tenepp Mbl pacCMOTPUM elle Ty
NJOCKOCTh, NPOXOASLIYIO Yepe3 B3fATYI0 TOYKY KPUBOM, KOTOpasi neprnenan-
KyJsipia KakK ‘K HOpMAajAbHOH IJIOCKOCTH, TaK M K CONpHKacalolehcs TIO0CKO-
c™M. ITa MJIOCKOCTb HA3BIBAETCH CHPAMASIOULEE NAOCKOCHIBIO.

Tpy HasBaHHBIE MJIOCKOCTH MOMHO pacCMaTpHraTh KaK KOODAMHATHLIE MJIO-
CKOCTH IIPOCTPaHCTBEHHOH AeKapTOBOH cHCTeMbl KOOpAMHAT, KOTOpas O0cCOo-
6eHHO ynoCHa Asis OmMMcauus NMOBEAEHHs] KpHBOR B paccMaTpHBaeMOH TOuke.
Kacartenehas ectb opHa OCbh STOH CHMCTEMBI; B JIDyIHe OCH, KOTOpbie JieXat
B HOPMa/IbHOH IJIOCKOCTH, HA3bIBAIOTCA IVIaBHOW HODMaJiblo M OGMHOPMaJIBIO;
I/iaBHasi HOpPMaJb JIEKHT B COMpHKacalomlefcsi MIOCKOCTH, a OMHOpMa/b —
B cnpsmisionlelt niotkoctn (uepr. 189). DT Tpu IJIOCKOCTH BBHAY HX 3a-
BHCHMOCTH OT TOYKHM KPHBOH Ha3bLIBAIOTCS CONPOBOXAAIOLINM TPEXIPAHHHKOM
KPHBO#. ITOT TpeXrpaHHHK COOTBETCTByeT CHUCTeME H3 KacaTe/bHOH H
HOpMaJiy AJig TIOCKOH KpHMBOH.

B mpoctpaHcTBe KOOpAMHATHAsE CUCTeMa OMpee/sieT He YeThpe, KaK Ha
LJIOCKOCTH, a BOceyMb OGsacteil. IIpy mnomoLIM COMPOBOXNAKONIErO TpPEX!paH-
HHKA MOXKHO aHaJIOIMYHO PaccMOTpPEHHIO Ha cTp. 156 pasniyate BOCcEMb BHIOB

11 Tuanbepr u Kon Poccex
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TOYeK KpPMBOH. OUSTB-TaKH TONBKO OIMH M3 STHX C/iydaeB NPABUIBHLIY,
ocTasbibie (€C/IM TOJBKO KpWBas JeHCTBHTENLHO TNPOCTPAHCTBEHHAN, 2 Re
JICKUT B ONHOH MAOCKOCTH) MOTYT BCTPEYaTHCH TOJIBKO B OTAE/bHBIX MECTAX.
B cnyuae npaBiuibHOl TOUKM KpuBas MepecekaerT COMPUKACAON(YIOCH TJiOC-
KOCTBE ¥ HOPMAJILHYIO MJIOCKOCTH M OCTaeTcsl N[O OAHY CTOPOHY CHPSIMJIAIOLLel
nJ0ckocTH. PaccyorpeHust ocrasnsHbBIX c/iyyaeB Mbl 31ieCh NPHBOAUTL He Oynew.
B ciyyae mnpocTpanETeeHHbIX
KPHBBIX NpPOCTOro aHaJiuTUye-
CKOI'O CTpOeHHs, TaK e Kak
M B c/iydae NIOCKHX KDUBLIX,
MOTYT UMeThb MeCTO eiule TPH
0COOEHHOCTH, UMEHHO: JABOM-
Hble TOYKH, KOHLICBble TOYKM
M H30JHMPOBAHHbIE TOYKH.

Teneps MBl 0606LIITM TayC-
COBO H306paxeHHe Ha clyua#t
npocrpancrea. C 3TOH nesibio
MOCTPOMM 1Hap pajdyca efu-
Huuel. Jns kawmol kacaresib-
HOM K KpUBOH (Ha KOTOpOii
ofpefie/ieHO HanpaeJieHWs: JBU-
WeHus) NpOoBeneM NapaJlielib-
HO el HamnpaBjieHHbIH paamyc
mapa. Kownen panuyca Ha no-
BEpPXHOCTH 11apa Ha30Bev U30-
6paxeHueM COOTBETCTBYIOHIcH
TOYKM KPHUBOH, [10JiyYeHHBIM
¢ noMouIblo KacaresbHOR. Beelt
Kp.BOH TOrAa COOTBETCTBYyET
Yept. 189. P — paccMaTpyBaeMass TOuka KpuBO#; OMpelesieHHad KpHUBas Ha no-
§ — conpukacalowancs MI0CKOCTh; N — HOPMank-  BepxHOCTM 1uapa, chepHyecKas
Hasg TWIOCKOCTh; R — CnpsMasiiomasi TIOCKOCT; MHIMKaTpuca KacaresisHux. Ec-
t — kacaTtesnbHast; f) — rnaBHas HOpMalb; b — Ou-
HOpMasib; & — KDPYT KDHBH3HBL 7 — paguyc kpy- 70 WCKOUTh He OT KacaTe/ip-
pusnel; KA-—och, kpuBusub; KM —uenrp kpy- BOH, a OT IVIaBHOI HOpMasH
BU3Bb; SM—leHTp COMpuKAacaoWerocs wapa. ujH OuHOPMaNM, TO MONKHO

MOJIy4YuTh /IB€ ApYTHE KpHBHIE
Ha eIMHMYHOM Iuape; 3TH TPH «CepHYeCKMX MHAMKATPHCHI» HAXOHATCA B
NPOCTHX COOTHOILEHHAX CO CBOMM COMPOBOMXIAIOWMM TPEXTPAHHHKOM W B3fi-
Tolt KpuBOH. MHmukaTprca kacaTesibblX ¥ MHIMKAaTpHca GHHOpMalsielt BMecTe
XapaKTEPU3YIOT, HATPUMED, YNOMSIHYTHIE BOCEMb THMNOB TOYeK KpuBOH. Mmen-
HO, caMa TOYKa KPUBOH, KacaTesibHasi H GuHOpMaJs JIMGO JBIDKYICH MO KPHBOH
B TOM € HAnpaBjieHud AaJibiue, JMGO MensioT Hampasnenue, KomGunauws
pasMuHbIX BO3MOXHOCTEHN HaeT Kak pas BOCEMb CJiy4aeB.

[TepeneceM Terepnr MOHATHE KPWBH3HB HA NPOCTPAHCTBeHHHIE Kpuskie. IIpo-
BeleM B IBYX COCeIHHX TOuYkax Kpueok P, u P, kacateibhvie f, u £y #
paccMOTPUM OTHOILEHHE {Pl%t;l Korna touka Py ctpeMutcs Kk Touke P,
TO STO OTHOUIEHHE, KaK Mpa ulio, CTPEMHTCH K HEKOTOPOMY Mpenesy, KOTO-
philt HasbiBaeTcs KpuBu3HOH Kpusoff B Touke P;. Ha nnockocru Kpueusna
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HAXOJHMTCA B ONpEJe/ieHHOM COOTHOLIEHMH C MpEeAe/]bHBIM MOJIOMEHHEM TOYKH
nepeceueHuss ABYX HOpMasel. Aua/OrMyHoe paccMOTPeHHe B NPOCTPAHCTBE
naeT He ONHY TOYKY, a Ledyi0 npsMyl0. MMenHO, paccMaTpus T mpsimyio
nepeceyeH sl COCefH:X HOPMa/bHBIX IJIOCKOCTEH H HasHBAOT €€ NpeAesibHOe
NOJIOEHHE OCbI0 KPHBH3HB KpHBOH. OHa HaxOIMTCH B HOPMAaJBHON MJIOCKO~
CTH M, KaK ClienyeT U3 nepexoga K mpengny, OHa nNapajiencHa GHHOpManu
(4epr. 189). Touka nepeceuenys ee ¢ IVIaBHOH HOPMAJIbO HA3LIBAETCS LEHT-
pPOM KpuBH3Hb. PaccTosHue r 9TOH TOUKH OT COOTBETCTBYIOUIEH TOYKHM KpH-
BOH HasHBaeTCs PaNMYycOM KPHBH3HH. Tak e Kak ¥ Ha MJOCKOCTH, 7 PaBHO
obpaTHOM BesinuynHEe KpuBM3HH. Ec/idi npoBecCTH Yepea TpH COCE:IHHE TOYKH
KPMBOH OKPYMXHOCTh W 3aTeM COJmKAaTh STA TPH TOYKH IO COBMafieHusi, TO
B Npenesie nOJyyaeTcsi KPYr KPHUBM3HBI — KpYT, KOTOPHIH JIEKHT B CONpHKa-
caionlefica NJOCKOCTH H WMEET UEHTPOM LEHTD KPHBH3HLI, a PajlyCOM — pa-
IMyC KPHBHU3HBI,

C rayccoBoit MHAMKATPUCOH KacaTesibHHIX KPUBH3HA HAXOOHTCS B TAKOM
)K€ COOTHOILUEHHMM, KaK M B Cllyyae MJOCKOCTH; Pamuyc KPHBH3HH €CTh npe-
JieJibHOe 3HaueHHe OTHOLICHUs MaioH Ayry KpHBOH K COOTBeT<TBYyMOuUleH myre
HHIVKATPUCH KacaTeNibHbIX. JIOKa3aTeNbCTEO MOXHO NpOBECTH TaK JKe, Kak
LAsl fJIOCKOCTH.

BuMecto yrna MeXmy AByMs KacaTeNbHBIMH MOMXHO B3SITh YTOJI MEXNY AByMs
COMPHKACAOLMUMHUCS MJIOCKOCTAMH, MJH, YTO TO e CaMoe, Yros Meway AByMms
6uUHOpMAJIAIMYA; NPH STOM TMPHXOAMM K HOBOMY, OYeHb BAXHOMY B TeOpHH
NPOCTPAHCTBEHHBLIX KPUBBIX MOHATHIO. Ec/M paspgenurs STOT yroJi Ha paccros-
HUe MEXLy COOTBETCTBYIOMIMMH TOYKAMM KPHBOH M 3aCTaBHTH COMMKAThCS
9TH TOYKHM, TO NpelesibHOe 3HayeHHe ¢ HTOrO OTHOLUEHHsT Ha3HBaeTcss Kpy-
yeHHeM WM BTOpPOH KpMBHU3HOH KpuBOH BO B3sTOH TOuke. O6paTHas Benu-
YHHA KpyueHys, O4YEBHAHO, €CTb npelie/] OTHOWIEHHS JUJIMHEI Majoll nyr# K ee
1306paXkeHUi0 Ha WHAWKATpHce OuHOpMasel.

KpyBuany MOXHO OBIIO NOJyYHTH ITyTEM MpENEJBHOIO Mepexoaa, B KOVO-
POM YuYacTBYIOT TPH cOcefHue TOYKH KpuBOH. YToO6B noJyudTs aHANOrMyHOE
TONKOBaHUE /il Kpy4YeHusi, HeOOXOAUMO HMCXOOUTH OT YeThIpeX COCE/HHUX TO-
uek. YeTbipemsi TOykamu BOOOmIE onpenefigercs wap. PaccMoTpum npenens-
HOe MOJIO)KEHHE Wiapa, NPOXONfINEro Yepe3 YeTHPE COCENHHE, CTPEMSILLHECH,
K coBmajgeHnio TOukH Kpupod. Illap, npunHuMaonmuéi 9TO mnpeneinHOE MOJO-
MeHue, HA3LIBAETCSl COMPHUKacalommMMcs mapoM. Kak BHAHO u3 mnpemenbHOro
nepexona, COOTBETCTBYION[ast Kacare/bHasi KacaeTcsl STOrO [Hapa, a LeHTp
€ro JIOKHT Ha ocd KpuBu3Hb! (yepr. 189). Jlnia paccTostHus STOH TOYKH OT

1 ar
LEHTPa KPUBH3HB BbIMMCIIEHHE JiaeT 3HaueHue —-- 7, TAe dr v ds— nude-

peHuMasbl AJIMHEI IyTH M paaMyca kpuBM3Hbl. Jlaniee U3 MOCTPOEHHS! MOXKHO
3aK/I0YUTL, YTO COMpHKAcaIUHCa Wap nepaceKaerca ¢ conpukacawoueics
TJIOCKOCTBI0O KaK pa3 no Kpyry kpusuanbl. Ilns pansyca conpukacalomierocs
wapa nosiyuaeM OTciofa no Teopemz [ludaropa snauenue:

dr 2 1
r+ ~) TG
ds t
TouHo Tak e Kak Ha MJIOCKOCTH BJIHYHHBI § H 7, TaK B MPOCTPAHCTBE

BEJIMYMIB S, 7, ! HA3bIBAIOTCY €CTECTBEHHHIMU NapaMeTpaMiu KpuBoH. AHasio-
rMYHO TOMY, YTO OBUIO HAa IVIOCKOCTH, B IIPOCTPAHCTBE CNpaBAJHBa CJEAYIO=

Vo
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mas TeoOpeMa: BHIE NMPOCTPAHCTBEHHOH KPHROH MOMST GBLITH ONHUM M TOJIBKO
OHUM CfOCOGOM OmpejesicH TaK, YTO NPH STOM r M ¢ OynyT Hamepen 3a-

1
nasHbIMi GyHKudsiMa ot s. Ecm - TOWJECTBEHHO obpaniaeTcsi B HyJb, TO

MBI 0OJiyydem npamyio. TowaecTBeHHOe OOpaineHue B HyJp ¢ XapaktepHusyer
niockHe KpuBele. Eciv e 7 H f NOCTOSHHL! M OTJIMYHBL OT HYJSl, TO Mul
NnoJiydaeM BAHTOBLIE JIMHHH.

Kpusbie Ha I1nape XapakTepusylTcs HeCKONLKO 60Jiee CJAOWHEIM YCNOBHEM.
Ilap, Ha KOTOPOM pacroJiOXeHbl KpuBbE, HOJOK°H AJsi BCCX TOYEK KPHMBOU
6LITE BMECTE C TEM CONMPHKACalOIMMCcs 1WIApOM. TaKuM 06pasoM BHIYHC/EH-
Hblll BLIUIE PA/IHYC COMPHKACAIOIIErOCs uapa HO/KeH OBITh MOCTOAHHBIM:

dn\2
P4 (I:') . ,lz =const.

MoxHO J[0OKa3aTh aHANMTHYECKH, YTO STO YCIOBME B TO e BpeMs
JOCTATOYHO.

Ipyrue BONPOCH, OTHOCALIMECS] K MPOCTPaHCTBEHHBIM KPHUBBIM, Mbl pa36e-
peM HIDKE B TEODHH TIOBEDXHOCTeH,

28. KpuBn3Ha noBepxHocTH. Ciiyyad aaaMnTHyeckufl, runep6onuyeckui 4 ma
pa6oanuecknit. JIHHHM KPHBUSHBEI M ACHMOTOTHYECKHE JHHHM, TOYKH OKpYyrie-
HHfl, MPHHMaJbHble NIOBEPXHOCTH, <06e3bsaHbe cemno». OrpaHuyuMcsl He30/ib-
UMM KYCKOM TOBEPXHOCTH, TaKHM, KOTODHIH He mepecekaer caM cebsi, u
OCTaBHM TIDaHWYHBE TOYKH KYCKa BHe paccMoTpenus. Paccmorpum touky P
MOBEPXHOCTH M BCE KPHBBIE, pacfAOJIOKEHHblE HA MOBEPXHOCTH H MpPOXOnsi~
mue yepe3 TOYKy P. 3aMeuaTesibHO, UTO BCe KacaTelsibHble, KOTOPHE MOXHO
NpoOBeCTH K STHM KpDHMBHIM B TO4Yke P, nexar BoOGlle B OOHOH NJIOCKOCTH,
KOTOpasi BCJIefiCTBHE STOrO HA3LIBAETCH KacaTesbHOH MJIOCKOCTBIO K IIOBEpX-
noctd B Touk: P. TOuku, B KOTOpBIX CYHIECTBYIOT KacaTelibHbIE TJIOCKOCTH,
Ha3LIBAIOTCS TMPABWIBHBIMM, BCE OCTalibHble — 0COObIMU  TOYkamu. Ocobuie
TOYKH HE MOLYT S3amnOJHATh BCIO IOBSPXHOCTb; OHH MOLYT 3aNOJIHUTEH JIKIUB
OTAe/ibHbIE TPYNMEl KPHBHIX Ha MOBEPXHOCTH.

IIpsmas, nepneHpuKy/SIpDHAS K KacaTeJbHOH MJOCKOCTH B NpaBHIBHON
Toyxe P TOBEPXHOCTH, HAa3HBAETCA HOPMaNbi0 K IOBEPXHOCTH B TOuke P.
KpuBnie, noJsiyyaomuecs NMpu nepecedeHyH MOBEPXHOCTH MNJIOCKOCTSIMH, O-
XOASILIMMH Yepe3 HOpMaJib K MNOBEPXHOCTH, HA3BLIRAIOTCA HOpPMaJibHBIMM Ce-
yenusMu. HopmasibHbie ceuenust B NpaBu/icHOR TOYKe P Wil NpaBUIBHE B
TOYke P, Wil UMeIOT B 9TOH TOUKe TOYKY mnepernba. .

Tenepp 3amaya COCTOMT B TOM, 4TOOHI MEpEHECTH MOHSTUE KPUBH3HKI HA
NMOBepXHOCTH. B cliyyae kpuBHIX KPHBH3HA XapaxTepH30BaJia OTKJIOHEHHEe Kpil-
BOM OT cBoel KacartesbHOH B paccMaTpuBaeMOi Touke. IloctaBuMm Teneph
aHaJIOTHYHBIH BOMPOC O MOBEfEHHH MOBEPXHOCTH MO OTHOIIEHHI0 K CBOeH
KacaTeJIbLHOH TJIOCKOCTH. 3/lech, OYEBHAHO, MOXHO pAariHyaTh ABA CYLIECT-
BEHHO Pa3d/MYHBIX C/yyas, a MMEeHHO: TOYKHM C BBHIMYKJIOH H TOYKH C celJio-
06pa3HOit KPHUBU3HOM.

Touka ¢ BHOYKJIOH KPHMBH3HOM xapaKTepH3yeTcss TeM, YTO KacarelnbHas
MJOCKOCTh, KAacaioulasicsi MOBEePXHOCTH B STOH TOYKE, He MepeceKkacT noBepX-
HOCTH B OJmkaliniefi OKDECTHOCTH paccMaTpUsSaeMOM TOYKH, a JIEKHT Lelu-
KOM MO OJIHy CTOpOHY MOBepXHOCTH. MHaue roBops, B TakO# TOYKe NOBEpX-
HOCTb MOXHO TMOJIOXKMIb Ha [JOCKOCTh Crosia. [lpuMepw moBsepxHoOcTed,
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BHINYKJBIX BO BCEX CBOMX TOWYKAX, MPSACTAB/SIIOT 1HAD M SAMMNCOM1. TOYKH
BEIMYK/IOK KPUBH3HKI HA3bIBAIOTCS TaKXe TOYKAMH S/VIMNTHYEC OH KPHBH3HBI.
IToBenenyte noBepXHOCTH B TOUKE CelI0O6PA3HOH KPHBUBHLI MOXHO JIETyYe
BCErC ysiCHWTL HA MOBEPXHOCTH, UMelouleH BUA FOPHOTO nepeBana (Mept. 190),
Kacatenbuas niiockocts B Bricielt TOuke P nepepasia pacriofioeHa IOpPH3OH-
Ta/bHO. XKpeGer MONHMMAETCA BNPAEO M BACBO OT TOYKH P BB2pX, B TO
FPEMSl KaK crepefiy U C3aAd OT STOM TOUKH CKJIOHBI XpeGTa mayT BHu3. Ka-
caTesibHAsl NJIOCKOSTH B TOYKe P no/mkHa, clefoBaTesNbHO, MEPEceKars Mo~
BCPXHOCTh 1O KPUBOH, COCTOSIER M3 JIBYX Nepecexaiolliuxcsi B TOuke P Ber-
Beil (MHAa4Ye TOBODA, HMEIOTCH /ABa TOPH3OHTAJBHLIX MyTH, NepPeceKalolIiXCs
Ha nepesase). Takoe noOBejeHHe KaCATENBHOW MJIOCKOCTH XapAKTEPHO LA
TOYEK CenNio00pa3HOR KPABHsHB, H fICHO, YTO NMOBEPXHOCTE B TOYKE TaKOTO
poaa Henb3s MOJOXKUTE HA MIOCKOCTH CTOJA. IlpuMepnl MOBEPXHOCTEH, BCIOLY
MCKPHUBJIEHHbIX CEIIO06PA3HO, MPEACTAB/AIOT OXHOMONOCTHLIH CHIEPEONOHN U
runcpéonuueckuti napabonoun. Touxu
¢ cennooGpasHOl KpHUBU3HOH HAa3biBa-
I0TCA TaKXKe TIunepbOJiYCCKUMHA TOY-
KaMu. Bemyksioit #  cenioo6pasubiid
THNB  OTAEHSIIOTS ONMH GT APYroro
NEPEXONHLIM C/yYaeM — TOYKAMH napa-
6o/nyeckOl KpUBHSHEL. 3IW  TOYKH
MOXHO TONYYHTD, HANpHMED, CeNyIo-
muM croco6oM: OyleM HCXOIHTh H3
IBYX KyckOB noBepxHoctelh Fu G, co-
Ip1KACAOMIMXCA B HEKOTOPOH TOuUKe
P, 1. e. uMewompx B Touke P ofuyio
KAaCaTeNbRYI0 MIOCKOCTh, NpUyeM Mo- Yepr. 190.
B2pXHocTh £ B Touke P umeer saium-
THYECKYI0 TOMKY, & NOBCPXHOLTH G — runepSonuyeckyio rouxy. Byxem tenepn
HenpepHBHO neOPMHPOBATL MOBEPXHOCThH £ Tak, uTdOb TOYka P # COoOT-
BETCTB 'IOas KacaTelsbHas [71)CX)CTh OCTABaJIHCh HEU3McHHBIMH, & NOBepX-
HOCT F B XOHLE KOHLOB mepeiwsa 6u B morepxHocts (G T(rTa1 nedopmu-
pyemast mOBepXHOCib B mpouecce nedOpuanHu NPHMET D HEKOTOPLId MOMEHT
TAKOW BUI, MpPH KOTOpOM iouka P Gyaer nas Mee napaboJsinyeckol TOYKOH.
Tak, HanpuMep, echd Mbl Ha yepr. 190 Gynem ckiOHaTh XpeGer no oGe
CTOpOHBl TNepeBaja Tak, uTOGb TIpefeHb XpeOTa BCIONY BCe elle Kacasncs
rOpU30ETAJILHON KacaTeNbHOH# TMOCKOCTH, TO TOUka P Oyner napa5oJinye-
ckoH TOuKOK. B camOM gnese, ecnx Mbl Hai Xpe€eT Hanpaso u Hanepo Gy-
JleM CKJOHAThL elle 6oJibllle, TO npexxHuH mepesan MOpPEBPaTHTCA B KyAos,
T. e. CTAHET SWIMMTHYECKOA TOuYkod nopepxHocTH. OnHaKO STOT NpuMep He
naeT BCeX TuNOB Napa6oauyeckux Touek. HaoGopor, uMeeTcss HECKOJBKG
BeChbMa Da3NMYHLIX TGIOB Man3Go/inyecKHX TOYeK, C KOTOPHIMA Mbl MOSH?KO-
Mamcst Bnocaescreny (e, 175—176, 177, 180), Mexny npoyuM, ¥ TaKuX,
KOTOphie HeJb3A BHPa3HTL IPOCTO Kak MepeXOmHbIH crywait Mexday SJHI-
THUECKOI! h THNep6OIHYC KOl TOUKAMH.

Y100:1 mark TaKKe 4MCNEHHOE BHpaXKeHle KPUBH3HE, MOXHO HCXOOHTH M3
LPHI K3H HODMAAbHBIX ceycrull B HEKOTOPOi TOuKe P nosepXHOCTH, LienTp
KPHEH3HB TAKOrO HOPMAfTbHOFO CeueHHd B TOYKe P BCeraa JemuT Ha HOP-
MYiM K NOECPXHOCTH, NPOXOASILICH 4cpe3 Touky P, uGo 3ra popmans ciy=
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JKUT HOpMaJIbl0 RJIi BCEX HOPMAlbHBLIX CeyeHufl, MPOXOIANWMX yepe3 TOuky P,
Mbl MOXEM MOJIyYuTh Bce HOPMAJIbHLIE cedyeHus, ecqin 6yneM Bpam@aTsh iuio-
CKOCTh, TIPOXOAAINYI0 Yepe3 HOPMaJb K TOBEPXHOCTH, BOKPYT STOH HOpmaim,
[Ip1 5TOM BpaiuleHMM LEHTP KPHMBU3HB GyneT ONpe/s/ieHHbIM OGpPasoM apu-
raThCl MO HOPMAJKM M TEM CAMBIM JaBarb KAPTHHY CBOWCTB KPHBU3HBI B Iau-
HOR TOYKE MOBEPXHOCTH.

B cayyae sanuntuayecko#t Toukd P (uepr. 191) LeHTpPB! KPUBUSHHEI JiexaT
Ha HOPMAJM MO OfHY CTOPOHy OT TOouku P. Boofuie npu BpaleHHH HOp-
MAJBEHOM NJIOCKOCTH pamuMyc KPUBUBHK OymeT U3MEHsiTh CBOK BEJIMUHHY, u
AN HEKOTOPOI'O ONpENENEHHOTO HOPMAaJbHOrO CedeHHst S, OH MOJNYYMT Hak-
Gosibiliee 3HAUECHHE F;, 3 WIS OPYrorO, S,—HauMeHbliee 3HaYeHHE ry. 7, W T,
Ha3KIBAIOTCA ITIABHBIMH pamdycaMd KPHUBM3HE TIOBEPXHOCTH B TOuke P;06par-

1 1
HblE BeMYMHbI kl':,-‘ # ky=-- HA3LIBAIOTCA T/ABHGIMM KDHBU3HAMM, 2
1 ]

HanpaB/ieHds] KacaTe/bHBIX K §; M S; B TOYKE P Ha3bBaloTC HaNpaB/ieHUsSMA
kpuBu3H. OkaspiBaeTcs, 4YTO STH HalpaBlgHHSl B IIPABH/ILHOH TOYKe ECeraa
' neprneHAUKyISpHel Apyr nApy-

Iy, U BCJIEJICTBHe 3TOTO Kpu-

BH3Ha JiI060I'0 HOPMAJIBHOTO

CeYeHHsl [OJIHOCTBIO Ollpefe-

NAETCS TJIAaBHBIMU KPHBH3HAMH

H yrioM STOrO HOPMAaJbHOIO

= CeyeHHs C  HANpaB/EHUSIMH

' KPHMBHU3HHI.
> B cnyuae runep3onuyeckoit
— Touku P (yepr. 192) wuent-

pPHl KPHBU3HBI JieXKaT Ha HOp-
Mann no 06e CTOpPOHB OT

TOuKH P.
Vimenno, korpa HOpMasisHOE
Yepr. 191 Jept. 192. ceyeHve HAa  MOBEPXHOCTH,

-~

HMeolel BHI TOPHOrO mnepe-
Baja, MPOXOJAMT NO O6OMM Xpe6TaM, WEHTD KPUBHM3HBI JIEWHT BHILle pac-
CMAaTpABAEMOH TOY<H P, KOrja e ceyeHHe MPIXOAMT MO OBGOMUM CKJO-
HaM, TO IHEHTP KPUBH3HB JIeHT Hidke Touku P. Ilpy 3TOM uMeercs omHO
HODMa/IbHOE CeY€HHe, UEHTP KPUBM3HBI KOTOPOTO JIEKHT Haj TOYKOH P u
KpPHBHM3HA KOTOpOro 60Jibllle, YyeM KpMBH3HA BceX JPYTHX HOPMaJbHBIX ceue-
Huft sTore posa. Ecnu MBI cTaHeM noOBOpauMBaTh HOPMA/BHYIO MJIOCKOCTH M3
3TOr0 MNOJIOXEHHsI, TO KpHeu3HAa OyAeT HenpepbiEHO YMEHbUAThCH, a panuyc
KpPHUBH3HBI yBeninunpathcsi. Korxna HakoHel, HOpMaJsibHasi TMIOCKOCTH COBRajaer
C HarpasJieHHeM OJHOTO H3 HayepyeHHbHX Ha yept. 190 ropHsOHTaNLHBIX ny-
Tel, NpOXOonsmuX wyepe3 TOYKY P, TO KpHUBH3HA CcTaHeT paBHOM HyJio, 4
LEHTP KPUBM3HBE!I YIAJIUTCS BBepX B GeckoHeunocTs. Ecid npoaomkath noBo-
pauMBaTh NaJiblue HOPMANbHYIO TWIOCKOCTB, TO LIEHTP KPHBHM3HBI CKaykoM TIie-
PeXONMT HA HIMKHIOIO TOJyNpsiMyi0 HOpMand H Jnajee M3 6ecKOHeYHOCTH
CHU3Y HAYHET JBUraThCsl BBepPX, T. €. pPajHyC KPHBHM3HH Oynet yObIBaTh, a
KpuBHM3HA BO3pacTath. Hakonew KpuBHM3Ha NOAYYMT HEKOTOpoe 3HayeHue K,
Gossluee, yeM KPUBHU3HA BCeX OCTANBHLIX HOPMAJbLHHX ceyeHdil, LEHTP KpH-
BHBHH KOTOPbIX mexxuT Huie Touku P. Tak X6 KaK B cayyae s/uaMuTHYE-
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ckoft TOUKM, Kk, M k, KasbIBAIOTCH TJIaBHBIMH KDHBH3HAMH, 4 HanpaplieHHe
COOTBETCTBYIOLIMX HOPMANbHLIX CEYEHHH — HaMpaBJieHUSIMM KpUBH3HEL. B ciy-
yae runepOO/HUeCKON TOYKHM HAnpaBACHMs] KPUBU3HB TAK)XE MEPIeHANKYS PHBI
npyr npyry. Kpome TOro ouu pensit nomosiam Yribl Meway OGeHMH FeTBSMH
KpUBOH, MO KOTOPHM Kacafe/ibHasi MJIOCKOCTh TepeceKaeT noBepxHoCTh, Ha-
npasjeHus 06euX STHX BeTBell KPHBOH HAa3BIBAIOTCH aCUMMTOTHYECKHMH Ha-
npaBlieHusiMt B Touke P.

B napaGonuueckuX TOukaX BOOOHLIE TaKke CYLIECTBYIOT [Ba NepneHIuKy-
NAPHBIX IPYr APYry ManpablieHHs KPHBU3HBI, B KOTODBIX KpuBH3HA Kk, ¥ Ry
COOTB TCTBYIOLIMX HOPMAa/BHBIX CeyeHuH OOJNBIIE M MeHbLIE KPHUBHM3HBI ECEX
OCTa/NbHHIX HOpMasibHEIX ceycHHi., IlapaboJnyeckHe TOUKH XapaKTepU3ylOTCs
TeM, YTO OjHA M3 JABYX IVIaBHHIX KDHMBHBH paBHa Hyso. Boobuie Bropas
I'naBHag KPHMBH3HA OTJMYHA OT HyJ/s. IIpu 3TOM LEHTP KPHUBH3HBI IBUKETCS
M3 TNOJIOXEHHs, B KOTOPOM OH COOTBETCTBYCT TJIaBHOH KpHBH3HE, OTJIMYHON
OT Hynsl, BAONL TO HOpManH B GeCKOHEYHOCTL
(uept. 193). Takum 06pasoM B napabosmueckoh
TOYKe, BOOOIe TOBOPS, MMEETCs POBHO ONHO HOp-
MaJIbHOE CedeHHe C KpUBH3HOM, paBHOH Hy/o.
Hanpapsienne ero ecThb ogHO ¥3 Har pae/ieHMH Kpu- <
BU3HLI, HO €r0 MOXHO paccMaTPHBaTh TAKKE H Kak
acUMNTOTHYECKOE HAamMpaBJieHHe.

Ha xaxaoM Kycke NMOBcDXHOCTH MOXHO aHam-
THYECKH OlpenesiuTs BCe KPHBbe, HampaBleHHE
KOTOpDHX B KaXIOH TOYKe cOBmanaer € HamnpasJe-
HHeM OIHOH M3 ABYX T/IaBHBIX KPHBM3H, TakuM
06pa3oM MOXHO NOJNYYHTL CeTh KpHMBBIX Ha mO- o
BEPXHOCTH, T. €. CHCTEMy M3 IByX ceMeiCTB Kpu-
BHIX, KaXJO€ U3 KOTOPHIX NMOKPhBAaET CMJOWE BeCh l
KyCOK NOBEPXHOCTH, DTH KPHBHE Ha3bIBAIOTCS JiH-
HUSIMH KDHBH3HB! TOBepXHOCTH. COrJiacHO Bhlllle- Yepr. 193.
CKa3aHHOMY JIMHHH KPHMBHSHBI B KawIOH TOYKe MO-
BEDXHOCTH [EPNEHAMKYJSPHHl IpYr K APYTy; 8HaYHT OHH 06pa3yioT OpTOro-
HaJILHYI0 CHCTEMy Ha MOBEPXHOCTH.

HMetorcsi, OpmHaKO, TOYKM, MJisi KOTOPHIX BHILUENMpPHBENEHHBIE DPACCyHACHHUS
TepsaloT cuiy. VIMEHHO, MBI MCXOmMNM M3 MPEANOCHUIKH, YTO KPHBH3HA HOp-
MaJIBHOTO CeyeHHsi M3MEHA@TO! Npu BpAl[eHMH HOPMAJBHOH miockocTd. Mo-
HeT, OJIHAKO, C/Y4MTBCSl, 4T® BCe HOPMaJibHBE CedeHHs B KaKOH-HUGynb
TOYKe HMEIOT ONMHAKOBYI KpHBH3Hy. TOrla Hanpap/eHusi TJIaBHbIX KDHBU3H
CTAHOBATCS HeONpelleJieHHKIMH; Takie TOYKHM Ha3LIBAIOTC TOYKAMHU OKpyrJie-
Husi. TIpumep noBepxHocTH, COCTOsIEH TOJNLKO U3 OMHUX TOYCK OKPYIJIEHHS,
O4eBH/IHO, TNpexcTaB/isieT Wap. Bmpouewm, wape M MJOCKOCTH CyTh €1MHCTBEH-
HbIe TIOBEPXHOCTH, COCTOSIIHE TOJBKO M3 TO4eK Okpyriyenus. BooGuie e
TOUKH OKDPYITIeHHs BCTPeYaloTcsi B BHAE M30/JHPOBaHHBIX TO4eK. CeThb JMHHH
KPHBUSHEI B 5TWX TOYKAX M TOJBKO B HHX MOMET HMeThb OCOOEHHOCTH.

Jlns nvnull KpMEM3HH MMceT MecTO MHTepecHas Teopema Iliomena. Ml yxe
(ctp. 13) O3HaKOMWJIHCL C TOHSTHEM OpPTOTOHAJILHBIX CEMe! CTB KPHMBBIX Ha
IOCKOCTH. lipOCTPaHCTBEHHYIO aHA/OTHIO TAaKUX CeMeHCTB NPEACTaBJSIOT ce-
MeHcTBa MOBEPXHOCTEH, y KOTOPHIX KacaTe/bHbIE IIOCKOCTH B KaM(IOH TOuKe
B3aHMHO NEpHeHAHKYAspHH, Tak Kak Ha JUIOCKOCTH “epes BCAKYlo TOUKY
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MOXHO NpOBSCTH JIMIUB JIBE B3aHMHO NEPNEHMMKYJ/APAbIC KpuBblE, 2 B npo-
CTPAaHCTBE MOKHO IIPOBECTH TPM B3aHMHO MNEPNEHAUKYJ/sipHble MJIOCKOCTH, TO
ecTecTBeHHO PaccMaTpHBATh Takue OPTOrOHA/IBHbIE CeMEHCTBA NOBEPXHOCTeH, ~O-

Yept. 194.

TOpLIe B KaXK10H TOYKe MmpOCTpaHcr-
Ba UMEIOT NO TPH B3aMMHO MepiieH-
IUKYJSAPHBIX TOBepxHOCTH. [Tpumep
nonoGHON OpPTOrOHAJIBHOK CHCTEMBI
NPEACTARASIOT yXKe paHee ynoMs-
HyTbie COQOKYCHLHIE [OBCPXHOCTH
BTOpPOTO noOpsaKa.

Ha nsockoctn (a ‘Takke u Ha
BCHKOM KPWBOM MNOBEPXHOCTH) JIyif
KaXnoro 3anaHHoOro ceMeilcTsa kpu-
BBIX MOXXHO HaliTH OpTOroHasbHbe
cemeficTBa KpuBbLIX. B cOOTBeTcTBUH
C 9THM MOXCHO GbiJIO GBI OKMNATH, YTO
B MpOCTpPAHCTBe JJisi JABYX OPTOro-
HAaNBbHBIX CEMEHCTB  ITOBEPXHOCTEH
BCerjga MOXHO HaHTH TpeThe OpTOro-
HasibHOe ceMelicTBO. OHAKO cornac-
HO Teopeme JlioneHa Ttakoe npexp~
noJioYkeHHe HeClipaBenuco. ViMenno,
3ra Teopeva YTBEPXMA3ET, YTO nNoO-
BEPXHOCTH TPOHHOH OPTOrOHa/NLHON
cyCcTeMbl BCErAa NepeceKkaloTcs no
nuHUAM KpupuseH. [lostoMy, ecnu

JIBOHHAsl OPTOrOHANbHasi CHUcTeMa MOBepXHOCTeH MOXeT Obith pacuiMpeHa 10
TPOHHOM OpTOroHa/IbHOH CHCTEMH, TO 33/daHHbIE [MOBEPXHOCTH NOJDKHBI nepe-

CeKatbCsl NO JIMHUAM KpH-
BUBHHL DTO yC/IOBHE TAIOKE
1 nocratoyno. K3 Teopemel
JlineHa crnenyer, YTO IH-
HUAMHM KPHBH3HBI Ha S/U/IKII-
covne SBISIIOTCS  KPUBHIE
repeceyeHust ero ¢ cogo-
KYCHbIMH OJHOMOJIOCTHBIMH
U OBYMOJNOCTHLIMM THMEp-
Gonoupamu  (uept. 194).
OnpenesnenHas TakuM o6pa-
30M CeTh KpUBBLIX (YepT. 195)
HMeeT OCOGEHHOCTH B TOY-
Kax repeceyeHus SJJIHIMCOH-
na ¢ ¢okajpHOH runep6o-
no#t. B camom nerse, stn

Yepr. 195.

YeTHiPE TOYKM Nepeceyenus IEJSIOTCS TOYKAMM OKDYIJICHHs! S/JMNCOMAA.
JluHuyM KPHBMBHBI HA SJUIUNCOMME PACMONATAIOTCS BOKPYr TOYEK OKpyr/e-
HUA, MOJAOGHO TOMY KaK Ha MJOCKOCTH PACMOJIAraeTcss CHCTeMa CO(OKYCHBIX
SANMICOB M TUNepGOos BOKPYr oSuimx (okycoB (uept. 7, ctp. 13). D10 BunM-
MO:¢ CXONCTBO He Cl/iyualHO; QHO EbIpaxcaeT BHYTpeHHee poacrBo O6OMX Cce-
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MeHCTB KpHBHX. VIMEHHO, MBI MOXEM MOCTPOHTEH JIMHHM KPHBMSHHI Ha S/JIMI-
COMIE [IPH [OMOLIM HHTH, MCTIONB3Ysl [BE TOUKHM OKPYIJIEHMs, IOZOGHO TOMY
KaK Mbl NOJB30BAJMCH (POKYCAMH M TOJYYanu 3JUIHNCH HA TJOCKOCTH NpH
MOMOILH HHTSIHON KOHCTPYKUMM. YeThpe TOYKH OKPYyIJIEHHS SJUIMIICOMAAa To-
[lADHO NHaMeTPAJIbHO [POTHBONONOXHH npyr apyry. Ilostomy moxHO aByM#t
pasnnyHeiME criocoGamu (uepT. 196) BriGpaTh nBe TOYKH OKpYIVIEHUs! TaK,
YyTO OHM He GyNyT NPOTHMBOMOJIOXHH. B ortux mByx Toukax F, m F, 3akpe-
nHM KOHUBI HMTH [OCTaTOYHOH JIMHBL, a 3aTeM OyneM HaTArMBaTh HHUTh
B TOuke P, HO Tak, 4TOGn 3Ta TOYKa Jexana Ha aanuncompe. Toraa HUTH
MO/KHA PAcnONOXMTBCA 110 Beel CBOGH miMHe Ha 3snaunconge. Pasznuusbe
[IOJI0XKEHHS, KOTODHIE NPH STOM MOKET HNPHHATH TOYka P Ha SJMueoune,
pacnosiaraioTess Ha OZHOH JMHMM KpHBHBHBL. B 3aucimocTH OT BHOOpa ABYX
TOYEK OKDYIVIEHHsl, H3MEHSIsl JJIMHY HHTH, MHI TIOly4aeM OJIHO M3 JIByX CEMENCTB
nuHu# KpuBHsHH. TakuM 06pasoM, B TO Bpemsi kak B COOKyCHOH cucTeme
KOHHYECKHX CeyeHuil OJHO cemelcT-
BO KDHBBIX COCTOHT M3 3JJIHIICOB,
a gpyroe u3 runep6on, Ha AHI-
comne oba cemelicTBA MOXKHO pac-
cMaTpHBaTh KakK OGOOGIIEHHbIE 3-
JIMIICHL.

KpuBuie Ha sanuncomne, BroJb
KOTODBIX pacnonaraercsi HHTb, CO-
OTBETCTBYIOT PajiHyCaM-BEKTOPaM 3.1-
JIMIICa, T. €. MPAMBIM JUHMAM, U TaK
®e, KaKk NpAMBlE Ha IJIOCKOCTH, Xa-
PAKTEPH3YIOTCS TeM CBOMCTBOM, uTO Hepr. 196.

OHM N4KT KpaTyaliiee paccTOsiHHE

Ha [OBEDXHOCTH MeXJy JNo6biMH OBYMS ee ToukamM. Takve KpHBEHE HAasH-
BAIOTCS TeONE3NYECKHMH JMHHAMH nopepxHocTH. Hunxe (ctp. 194—198) mu
3alimemcst Teopuell 3THX KPHBBIX.

Jns runep6onnyYecKMX TOYEeK Hapsmy € rAaBHBIME HanpaBleHHUMH KDHBHUSHEL
MbB HMEEM €Iue [Ba OCOObIX HampaBieHHsl, a MMEeHHO — acCHMIITOTHYECKHE
HanpasieHuss. AHaNOruYHO JHMHHAM KDHBHSHBI MOXKHO ONpPEHENHTh TaKke CeTh
TaKHX KDHBBIX, KOTODHE B KaXNOH TOYKe MMEIOT acHMNTOTHYeCKOE Hanpas-
nenue. Takne kpuBhE Ha3bIBAIOTCS 2CHMITOTHYECKMMH JIHHHAMH IOBEPXHOCTH.

B cnyuae runep6o/HYecKHX TOYEK TaKKe MOMXET CIy4HThCs, YTO OOe IiaB-
Hbl€ KDUBU3HBI DaBHbl. TakHe TOYKH HMEIOT HM3BECTHOE CXOACTBO C TOYKaMH
oxpyrjenns. [ToBepXHOCTH, COCTOfIHE TONBKO H3 TAKHX TOYEK, Ha3hIBAIOTCS
MUEHMa/BHRIME  TIOB2pXHOCTAMH. OHM XapakTepusylOTcs €lie M TeM, 4YTO X
aCUMITOTHYECKHE JIMHHH OOpasyioT OpTOrOHalbHy!o ceTb. B TO Bpems Kakx
COBOKYINHOCTb NOBEPXHOCTEH, OO6JafdiolMX TONBKO TOYKAMH OKpyI/eHus,
COCTONT JIMINb M8 INAPOB, KJAacC MHHHUMAJbHBIX [OBEPXHOCTEH 3HAYHTENBHO
wHpe. Tak, MUHHMaJBHYIO HOEEPXHOCTH MONHO NOJYYHTb, €CH B3ATh N0GOH
(OpMbl 3aMKHYTYIO NPOBOJNUYHYI0 (ULYPY M ONYCTHTEH €€ B MbIIBHbIH PacTBOP.
MblipHast nuieHKa, KOTOpas HATAFKBAGTCS MOWIY MPOBOJOKOH, BCETAa MMEET
BHI MHHEMalbHOH nosepxHoctn (yepT. 219—220, crp. 186). 3akon nopepx-
HOCTHOIO HATSIKEHHS, KOTOPOMY MOAUMHAETCH MbLIBHAS NJEHKA, COCTOUT B TOM,
YTO ILIEHKAa CTPEMMICS NPHHATH (JOPMY NOBEPXHOCTH HauMeHblieid [neriant.
B cOOTBETCTBHM € 3MMM MOXHQ HYHCTQ MaT¢MaTHYeckd OXapakTepu3Oorath
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MHHHMAJIbHBIE MOBEPXHOCTHM KaK TAKHE, KOTOPHE HMMEIOT HAUMEHBINYI0 [10-
MALh H3 BCEX IIOBEPXHOCTEH, OrPaHHMYEHHHIX HEKOTOPOH 33aHHOH 3aMKHYTOH
npocTpaHcTBeHHOH Kpmsoit. [Ipn stoM 3aMewaTeNbHO, YTO 3Ta XapakTepu-
CTHKa, HCxomsiias M3 obLuel npOTSIKEHHOCTH HEKOTOPOro KycKa NOBEPXHOCTH,
[IPUEOANT K TeM K€ INOBePXHOCTAM, KAK M BbIILEYKAa3aHHOE CBOHCTBO, KOTO-
poe Kacajlock Juiup Onmxaitiueli OKDeCTHOCTH J060H TOYKH TIOBEPXHOCTH.
ATy CBH3b, MOXHO ClleLyIoHM O6pasoM cjenate Godee HarnsaHol. Boabmenm
Ha HEKOTOpOH 3aJilaHHOll MHHWMaIBHON [OBEPXHOCTH, OrpaHHYEHHOH HEKOTO-
poli 3aMKHYyro#t KpuBOH S, IPOM3BOJIBHYIO, OYEHb MAYI0 3aMKHYTYIO KPHBYIO .
PaccMoTpuM  Temepb KycOK MMHHMAJIBHOH IIOBEDXHOCTH, pacnO/OXEHHbIH
BHYTpH s. Mul yTBepxnaeM, YTO 3TOT KyCOK HMEET MEHBIUYIO ILIOLIAlb, YeM
BCE IPYrHe KYcKH MOBEPXHOCTEl, KOTOphie MOIYT GbITh 3aKJIOYEHB BHYTPH S.
B npoTuBHOM cayyae Ml MOrJH Obl M3MEHHTB KYCOK MOBEPXHOCTH, HaXOXfl-
muiicss BHYTpH S, TaK, 4TOOB npH STOM IVION[Afb STOrO KYCKA YMEHBIUKJACH.
Ho Torsa u ofmast miomans NOBEPXHOCTH, 3aK/IOYEHHOH BHYTDH S, no/mkHa
6nina 6B YMEHBIINTBCH, YTO NPOTHBOPEYHT ONPELENEHHI0 MHHMMAaJbHOH Mo-
sepxHocTH. Ecau Tenepp Mm OyneM CTAruBaTh Manyild KPUBYIO S K Kakol-
HHOYIbE TOYKE MHHMMANBLHOH IOBEPXHOCTH, TO MOXHO OXMI4ATh, YTO [yTev
NpefebHOrO0 NEepeEXona Mbl [PHAEM K TakHM CBOHCTBAM MHHHMAJBHOH [IOBEDX-
HOCTH, KOTODPbIMH OHA O0jafaeT JMb B OKPECTHOCTH CBOMX TOYEK.

Besikast sajaya onpeneseHuss KDHBHIX WJH NOBEDXHOCTEH MIPH NOZP2ACTBE
KaKOTO-HMOYAb MHHHMAaNbHOrO CEBOMCTBA HA3HIBAETCS BAPHALOHHON 3apayei.
PaccvoTpenne, ananoruynoe TOMy, KOTOPOE MEI MPOBEJH A8 MHHHMAJbHBIX
MOBEPXHOCTEH, TIOKA3LiBAET Takke M JUIs BCAKOH jpyroli BapnanMOHHOH 3a-
Iayd, 4TO MHUHHMMaZNbHOE CBOHCTBO MOXET ObITh 3aMEHEHO HEKOTOPHM CBOH-
cTBOM OJmkalinielf OKpeCTHOCTH TOYKH. BwilonHeHHE Takoro poja rnpenesb-
HBIX TNEPeXONOB COCTaBNAET NPAMET BapHALMOHHOro ucuucnenusi. Takum
0o6pa3oM BapHaUHOHHOE WCYHC/IEHHE M JUQepeHNHalNbHas TeOMeTpHst HAYT
[IPOTUEOMNOJOXHBIMI NyTsAMH. B TO Bpema kak aupepernManbHas IEOMETpUst
KNageT B OCHOBY CBOHCTBa OKpDECTHOCTEH M, MCXOms M3 HHX, NENaeT onpele-
JIEHHBIE y1BEPMASHUS OTHOCHTENBHO OBLIEr0 MOBENEHHS KAaKOrO-HHOYIb Teo-
MeTpHueckoro o6pasa, B BApUALMOHHOM HCYMCIEHHM [OJy4aioT CBOHCTBa
6mnkaitmrell OKPECTHOCTH U3 CBONCTB, KOTOPHIMH 006J1afaeT nauHbilt 00pas
B LIeJIOM.

BapnaunosHoe uCYHCHEHHe HMEET OCHOBHOE 3HAYEHHE AJIA TeOpEeTHYECKOH
¢usnku. Bce BcTpevarommecs B npHpoje COCTOSIHMST DaBHOBECHUS M ABHM(EHHSA
XapakTepH3yIOTC MUHMMAaJbHbIMK CBOHCTBaMH.

Ipn nomons MbINBHOM [IEHKM MOXHO IOMy4aTb Takke M TaKHe MHHH-
Manbybie MOBEPXHOCTH, KOTOPHE OrpaHuyeHrn O6oJiee yeM ORHON KDHBOH.
Tak, nanpumep, MOXKHO MC:OAHTE H3 ABYX KOJbLCOOPA3HBIX 33aMKHYTLIX MpO-
BOJIOK, KOTOpHE KJanyTc B MbUIBHBIH pacTBOp M 3aTEM, IIOC/E H3BJIEYCHHUS
M3 pacTBOpa, OTTATHBAIOTCA OOHA OT APYro#i Tak, YTO mpH 5TOM Ofa KOJbLA
COXpaHflOT OnHY M Ty ke obulyw ock. Toima mexny o6oMMH KOJABUAMH Ha-
TATHBAETCSl TMOBEPXHOCTh, WMEIOLIas BUL, CXOHHHIE ¢ BumoM runepGosoupa
(uept. 197 n 220, crp. 186), npuyeM u3 COOOpareHHH CUMMETDHH MOXHO
OXHAATb, YTO 3Ta NOBEPXHOCTH €CTh I[IOBEPXHOCTH BpALlEHHsl. DBerHCneHHe
UOATBEPKNAET 3TO M [OKA3bIBAET, YTO MEpPHIMAHAMH 3TO# MHHHMANBHOH ITO:
BEP TH BpAIEHHS CAyXaT LENHHE JUHHH, T. €. JHHHH, KOTODHIE HMEIOT
Takylo (OPmM¥, KaKyl0 NpPUHMMAaeT NOJ BJMSHMEM CH/AH TSKECTH LENb, DOABE~
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LUIeHHas B JABYX CBOMX TCUKaX; MO 3TOH NpH4YHHE NOBEPXHOCTH 9TA HA3LIBAETCH

KaTeHOHAOM.

CBoficTBa TOYEK OKPYIJIEHHS M TOYEK MUHHUMANBHBIX NOBEPXBOCTEH coenu-
10T B cebe Te napabosnyecKue TOYKH, B KOTOPBIX OZHOBpeMeHHO O6pa-

HIAI0TCH B HYJb 03¢ IJasHHe KpHMBM3HBL. B Takoi
TOYKe 00palLAIOTCH B HyJb KPUBASHBI BCEX HOPMAJILHBIX
ceyenufl. OueBHIHO, Bce TOYKH NJIOCKOCTHM CYThb TOY-
KM TAaKOro pona, M BMeLTe C TeM INIOCKOCTH IIpef-
CTaBAsIOT COOOH €AMHCTBeHHblE NYBEPXHOCTH, COCTOS-
. 1[He TONMBKO M3 NapabyanyecKHX TOYEK OKPYIJeHus.
Ilpumep Taxol usonnpoBaHnoh mapabonuueckof ToY-
K OKDYIJIEHMsi MOXHO JIETKO TNOCYPOMTH NO aHaso-
IHH ¢ 06bIKHOBeHHbIM nepeBanom (yepT. 190, crp. 165),
ec/li OT nepeBasa OTXONAT He IBa, a TPH xpe6Ta M Tpu
CK/IOHA, TaK 4YTO IOBEPRHOCTH MNpH NOBOPOTE HA
yros 23—" coenanaer cama c¢ cobod (uepr. 198). Oue-
HJHO, YTO B STOM CJyYyae IPOTHB KAKIOro xpebra
pacrniosioxkeH ckioH. [103TOMY BCAKOE HOPMasbHOE Ce-
yeHue UMeeT 3/1eCh TOUKY Hepernfa H, C/Ie[0BATENBHO,
HY/JEBYK0 KpuBuaHy. ITOBEpXHOCTb NONOGHOrO pona
HA3LIBAETCH (OGe3bLSHLUM CeIOM». ITO HA3BaHME

N

///

Yepr. 197.

BBLI3BAHO TeM, UYTO 4eJIOBEK nJid BerOBOﬁ €31 HYXJ1a€TCd TOJIBKO B nBYX CKJIO-
Hax cemsia, B TO BpeMsl K3k o0e3bsiHe HyXCH elle TPeTHH CKJIOH U1 XBOCTA.

\

Yepr. 198.

Paanuudpit BUI noeepxHOCTEH B 3:-
JNUNITUYECKUX ¥ THIEPOOJIMYECKHUX TOYKAX
MOXeT GHThL OXapaKTepH30BaH elle 1py-
IMM CIOCOOOM, KOTOPHIH OnpanibiBaeT
HA3BaHHUS KIMIMOTHYECKHH» W «rumnep-
6onuyeckuti», I1poBenem Ha HeGOMBILIOM
paccTOSHUM OT KacaTelbHOH MIOCKOCTH
napamienbHyio e IUIOCKOCTH M pac-
CMOTPHM TNepeceuerne 3TOH MIOCKOCTH
C TMOBEPXHOCTB. B  smunruueckoht
TOYKe NOBEPXHOCTH ceyeHHe OyneT mo-
Jy4yaThCsl JIHILB B TOM cCJy4ae, Korpa
9Ta napajmielipHasi MWIOCKOCTh PAacoJio-
XeHa MO OfpeiesieHHy0 CTOHOHY OT
kacaTe/pHOR mockocTH. Ceuenue Oy-
ILT CTATMBATECA K TOUKE KacaHMsl, KOrfa
PpacCTOsiHUE MEXAy TMJIOCKOCTAMM Oyner
CTpeMHTREC K Hyawo. Ecin Mbl 3acta-
BUM CTPEMHUTBCS K HY/IO 3TO PACCTOSHUE,
HO ONHOBPEMEHHO COOTBETCTBYIOLIHM
06pa3om OyneM VBe/JHYMBATHL ced.Hue
BO Bce 6oJbiueM MaciuTabe, TO Y .uauM,

9TO yBe/iMUeHHAas KPUBAs IepeceveHnsl HEOrPAHHYEHHO TPHOAMIKACTCH K He-
KOTOPOMY 3/IMIICY, PACTIONOXEHHOMY B KcCATE/NBLHOH IMJOCKOCTH, HMEIKIIEeMy
UEHTD B TOYKE KAaCdHg, OCAMH KOTOPOTrO CAYXKAaT Hampas/ieHus KpHBH3H, Ilpu



172 JHMOEPEHIVAJILIAS TEOMPTPHS

5TOM JUIMHEY OCefl OTHOCATCHA KAK KOPEHb KCaApATHLIH M3 OTHOIUEHHS TVIABHBIX
PanyuycoB kPUBH3HH.

Ec/iu MBI paccMOTpUM TeMephb INIOCKOCTH, NApaslic/bHble KacaTe/lbHOM nnoc-
KOCTH B runepbo/Mueckoll TOYKe, pacnoJioXeHible € OAHOW OMNpene/eHHOk
CTOPOHHI ee, TO MOJyYMM NPH aHATOTMYHOM TPENEJILHOM Nepexonie runepéony,
Yy KOTOpOft JMMHBI OCeft H WX Hamnpas/iedus HAaXOAATCA B ONpefelieHHON
CBA3U C JIMHWSIMH KDHBM3HLL ¥ IVIABHBIMKM KDMBH3HAMM, T4K e KaK M B Cyy-
yae anmuntuyeckolh Toukn (uepr. 199). Eciw mbl cnenaem TO ke camoe
¢ napaiensibMH MUIOCKOCTAMH, PACIHOJIOKEHHBIME C IPYrO# CTOPOHB Kaca-
TEMLHOH [IOCKOCTH, TO NOMYYMM BTODPYI0 TMmepOo/y, UMEOLIYI Te e ocH,

yro H neppas. OGe runepbonsl KpcMe TOTO MMET OGuiHe aCHMNTOTHI, MPH-
4YeM HAnpaBJieHus NOC/eNHUX ONPeAEIAI0TCS aACHMIT OTHYCCKHMH HaNpPaB/IeHUAMA
B pacCMATPHBAeMO# TOYKe MNOBEPXHOCTH. KOHHYecKue ceyeHHs, MOCTPOEHHHIE
HaM4 TakuM 00pa3oM, HA3LIBAIOTCH WMHIMKATPHcamd J{jomeHa TOYKM TOBEpX-
HocTH. B napaGonuueckux TOYKAX COOTBETCTBYIOUIM{A cmOcO6 NOXET NpH-
BOJUTh K pa3iM4HOTO pOOA KpUBHM. B TOUKax okpyrienamss HHIHKITPHCA
Iionésa ecTh OKPYXHOCTb. 3TO JIETKO MOMHO IOK4a3aTh HA lape M HA S/LIHI-
coune. Ha oGespsibeM cemsie MHIMKATPUCA HMeET MPHUMEPHO TAKOH BHIM, KAK
nokazano Ha yeprt. 200.

29. Cdepuueckoe M300paweHHe H rayccoBa Kpuuasa, J[0 CuX MOp Mbl
XapaKTepu3oBany KpPHBH3HY MOBEPXHOCTeH JBYMS ynCJIaMM, MM2HHO I/IABHBIMM
KkpusuaHamy. aycc ykasan cnocof, KOTOPHIH JaeT BO3MOMHOCTH NEENCTABIATD
KpHBU3HY B KaXJIOM TOYKe MNOBEPXHOCTH OFHMM eNHHCTBEHHBIM YMC/IOM, 3a-
BUCALIMM KOHEYHO OT [VIaBHRIX KDMBM3H, NMOJOGHO TOMY KaK MH 3TO JejasH
B Cay4dae npoCTPaHCTBEHHBLIX KPHBLIX.

IlpoBenem uepe3 1EHTP HEKOTOPOro eNMHHYHOIO L1apa NpsiMble, Iapansielib-
Hble HOpMajsM paccMaTpuBaemMOH mnosepxHoctd. [lpumeM onHO M3 nBYX Ha-
NpaB/cHUH HOPMA/A K MOBEPXHOCTH B HEKOTOpDOH TOuYKe 33 TOJIOXKHTC/LHOE
H pPacmpoCcTpasidM 3TO COrnalIEHHE O HamnpapJjeHMHM HODMaJdd HA BCE cOcenHMe
TOYKH Hamero Kycka mosepxHOCTH. Ecau Tenepp Mbi BuibepeM TaKoe e Ha-
fpaBJjeHye ¥ HAa COOTBETCTBYIOLIEM OMaMeTpe 1iapa, TO KawJOH TOYKe Kycka
NOBePXHOCTH Oy/leT COOTBETCTBOBATH ONpese/eHHAS TOYKA HA MOBEPXHOCTH
1mapa, a MMeHHO KOHell JuaMeTpa; TakuM 06pa3oM NOBepXHOCTH Oymer OTO-
OpaxeHa Ha map. DTOT npennoxeHHbdl [ayccom cnoco6 HasbBaloT chepu-
yeckuM u306paxennemM noBepxHOCTH., T:!K KaK AnaMeTpel 1uepa MeprieHanKy-
JAPHBI K KacaTa/bHbIM [UIOCKOCTAM, MNPO“CACHHBIM 4Yepe3 KOHLL OMaMeTpa,
TO MPH rayccoOBOM H3OOLaKeHHd HOPManb B KA JIOH TOUKE MOB PXHOCTH
HMEer Takoe e Hanpabjende, KAK M HOpMalb B COOTBETCTBYIO.ueH TOYKE
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cernueckoro H3oSpaweHusi; TOYHO TAK M€ KacaTe/bHbIE TIOCKOCTH K MO-
BEPXHOCTH W Wapy napanienbubl. Cdepuueckoe H306paweHH2 MO3TOMY Ha-
3b/BAETCH TaKwe M3 OpaweHHeM € MOMOLIBI0 NapamiesbHbIX HOpMasiel WK Xe
napaieJIbHBIX KacaTeJbubix TockocTell. Takum ke cnoco6om MOXHO 0TO6pa-
3UTb TMOEEPXHOCTH It€ TOJBKO HAa 1ap, HO H Ha MPOU3BOJILHYIO HPYryio
3"MKHYTYI0 NOBEPX'IOCTH MpPH NOMOIIM TNapa/ule/bHBIX KacaTesbHBIX MJOCKO-
crefi. Takue 0603uieHHbIE OTOGpaEHMS HIPaioT M3BECTHYIO pOJb B COBpE-
McHHO# nudepeHuUManbHOH reoMerpu.

[lpn chepnyeckoM 1M305paweHMM OIHA M T4 e TOYKA WAPa COOTBETCTBYET
HECKO:JIBKHM TOYKAM MOBEPXHOCTH TOrIA M TOJNBKO TOTAA, KOTAA MOBEPXHOCTH
ofnagaeT HECKOJIbKHMM MapajfesbHbiMM M OJJMHAKOBO HANpaBJedHBIMM HOPMa-
mamy. Kak nerko yscuurh cebe M3 Har/spHOrO MPepCcTABIECHUS M KaK STO Mbi
LOKaXeM 0osiee TOYHO HinKe, B Oamkafiiiedl OKPECTHOCTH S/UTMITHYECKOH HIH
runepGoHYecKOii TOYKH MOBEPXHOCTH HET Hapasne/bHbx Hopmanel (depr. 202,
203, crp. 175). Takum o6pasom BGIM3H 3TUX TOYeK chzpHyeckoe M30Gparce-
HUE B3aMMHO ONHO3HAYHO.

Ecnu mbl npoBeneM Ha KycKe ITOBEPXHOCTH 3aMKHYTYIO Kpupylo kR, To eft
OyzeT COOTRETCTBOBATH HA Illape HEKOTOpas 3amMKHyTasi KpuBas k', PaccMOTpuM
Tenepb OoTHOlleHHe Mmiomanyd (G KycKa IIapoBOH MOBEPXHOCTH, 3aK/IOHEHHOH
BHYTpH Kp4BOf B',K mnomanu F Kycka MOBePXHOCTH, 3aK/MIOYEHHOrO BHYTpH
KpuBOo#l B, M OymeM CTArUBaTH KPUBYID K, TMPOBEJEHHYI0 Ha MNOBEPXHOCTH,
k Touke P nosepxuocty. lpu stom F u G 6ynyT CTaHOBMTbCH BCe MeHblle,
M B mpenete, KOrna KpuBas HA MOBEPXHOCTH OymeT CTAHYTa B TOUKy, pac-
CMaTpHBaeMOe OTHOLICHHME MOJYYHT ONpELE/eHHOE Npefle/bHOe SHAYeHHe:

. G
llmF-=K.
F~->0
OnpeneseHnoe TakuM 06pasom uucao K Ha3biBaeTcsi rayccOBOR KPUBH3HON
IO 'ePXHOCTH B TOuYKe P. AHaJIUTHYECKOEe HCC/IefOBAHME ITOKA3bIBAeT, HYTO
rayccosa KpHBH3HA PaBHA MPOM3BELEHHIO COOTBETCTBYIOLUMX IJIABHBIX KPMBM3H:

=~ K= klkﬂ'

layccoBa kpuBM3HA 06/anaeT ORHHM B BhiCIueH CTENeHH BAXKHBIM CBOHCTBOM:
oHa He HM3MeHseTcs npu JoGOM M3rubaHuy Kycka HOBepxHOCTH. Ilop m3aru-
GaHneM MOHUMAIOT TaKylo peOpMauyio, KOTOpas OCTABSET HEHU3MEHHBIMH
IJIMEBL M YTAB BCEX TMPOBELEHHHIX HA MOBEPXHOCTH KpPUBBIX; NOBEPXHOCTD,
cpe/aHHas u3 Kakoro-subynp noOuTH HepacTsHKUMOrO MaTepuasa, Hanpumep
n3 OyMard WJH M3 TOHKOM KeCTH, MOXET OWTh HCIO/IL3OBAHA [JIs  HArJsf-
HOro upencrasieuus uarubannf. Tak KAk rayccosa KpHUBHM3HA HE N3MEHSETCH
npy W3rubaHuUH, TO OHA MOJXKHA HAXONHUTBCH BO BHYTpeHHEH CBA3H C TAKHUMH
CBOHCTBAMU MOBEPXHOTH, -KOTOPHIE 3aBUCAT TOJIBKO OT BEJIMYKHHE AYT M YIJIOB,
MPOBeAcHHBIX HA MOBEPXHOCTH KpHBHLIX. [l09TOMY rayccosa KpuBM3HA U ee
aHanor s GONbINEro YUC/A1 H3MepeHHil MIrpaioT peiaiiiylo pojib B TEOpHH
OTHOCHTE/IbHOCTH, KOTOPas KaK pa3 3aHHMAeTcsl UCCOENOBAHMEM TaKHX «BHY-
TPEeHHUX» CrOfiCTB UCKPMBJEHHLIX MHOIOMEPHBIX MHOroo6pasuii.

[Mocrapaemcs ysicHuTh, MOYEMy rayccoBa KDHMBH3HA, ONpefensHHe KOTOPOH
BCE X€ CYLIECTBSHHO 3aBUCHT OT MPOCTPAHCTBEHHOTO DACIOJIOXEHHs MOBepX-
H CTH, TeM He MeHee OCTaeTcs Hen3meHHOH mpu marnGanun. Ipeacranum ceGe
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TenecHbll yroa, COCTaB/eHHbLH U3 KECTKHX TP2YrONbHBLIX MJIOCKUX MJACTHHOK
(a, b, ¢, d na yepr. 201), Tak yTO Kawawle JBe COCEHHX IIACTHHKH MOTYT
BpaILaThCs BOKpYr obuiero pefpa. Ecnu Tenecubit yron umeer Gosee Tpex
rpadel, TO ero ¢dhopMa MOXeT M3MEHATBCS B POCTPAHCTBE, M 3TH M3MEHEHUH
Mbl JO/DHHB CUMTATh k3ruGaHHeM, TaK KaK MpU 5TOM [JMHH M VLM BCEX
KDHBBIX, KOTOPEIC MOXHO HAYepPTHTH HA NMOREPXHOCTH TeJIeCHOrO yraa, OCTaloTCs
HeusmennbiMd. Ecmi Mol B3cctapum neprnenpukyaspst (I, m, n) K kawno#t us
GOKOBLIX rpaHeii, Hanpas/ieHHbie BO-BHE, TO NpuaeM K cepuyeckoMy H3o6pa-
HEHHIO TENECHOrO YI/1a MOCPSACTBOM OTne/bHbIX Touek (I, m', n') mapa. Yro6n
Teliepb YCTAHOBUTH aHANO MIO CO cepuyecKHM H300paKeHHEM MOBEPXHOCTH,
coenuHny nyraMu GOJBIIMX KDY« B Te TOYKHM IIapd, KOTOPHE OTOGPAMAioT
cocennue (OKOBbIE NMOEEPXHOCTH T.JeCHOro yria. TakumM o6pasom Mul nosy-
YUM Ha 1ape HeKOTOpbiH MHOTOyrosibHUK. M BOT MBI yTBepnaeM, 4YTO NpH
onpeze/esiibiX BLILC U3rn6auusax IVIOMANs STOIO MHOTOYrO/IbHUKA He MEHSETCs.
3toT QakT, OYeBHUHO, aHANO-
TH49eH HEH3MEHMOCTH Faycco-
BOH KpPHBU3HE NpH M3rnGaHHH
TIOBEPXHOCTH.

Hawe yTepxaenue nerko
[OKa3aTh NpH NOMOIUH 3Jie-
MEHTAPHHX TeopeM chepu-
yecko#t reomerpAau. Mwmenno,
H3BECTHO, 4TO MJolans cde-
PUYECKOTO  TPSYro/ibHHKA, a
parHeiM o6pasoM u  JIOGOro
cepHYECKOTO MHOIOYrOJIbHY-
Kd, COCT4BJEHHOro M3 JyT

Yepr. 201. 60spIUMX  KPYros, 8aBHCHUT

TONBKO OT CJyMMH yrioB., Ta-

kUM 06pa3oM NOCTATOYHO MOKa3aTh, HTO YIVIBL MHOrOyroJibHHKa, KOTOPHH

MK TOCTpOMIHM pisi chepuyccKOro M300pa)<eHHs HAlero TeJIeCHOTO Yria,

He M3MersioTCA np. u3ruGauuu. K3 uepT. 201 MOXHO YCMOTPETh, YTO KAWKIbM

Tako#t yron pasey ponosuendio no 180° Toro yria, KOTophi#t 06pasyioT npa

cocensiux peGpa Tenecsoro yrzia. HO IO npennosioxeHHI0 BCe STH yIJbl OCTa-
fOTCA HEH3MEHHBIMH.

Vi3 npoBeneHHOrO BhIE PACCMOTPEHMS MOXHO EBIBECTH IyTeM NpeAessHOro
nepexona T4KXe M HEH3MeHHOCTh IaycCoBOH KpuBM3HH, [O KpaliteH wmepe,
€C/W OTPAaHMYNUTBCSl BBHINYK/IWMH KyCKaMu NOBepxXHOCTH. Ilns sTOH uenmn cre-
JlyeT annpOKCHMMHPOBATH HAILY NOBEPXHOCTh BMHCAHHBIMM MHOIOrpDAHHWKAMH,
COCTABJIEHHBIMM H3 TDPEyroJIbBHHKOB C MAaJBIMH AJnMHAMM pebep, B P .MeHHTH
HAlle PAaCCyIKNeHHe K KaXIOMY TeNeCHOMY YIVIy TaKOro MHOIOrpaHHKKa.

Tenepp MOCMOTPHM, KaK MOXHO OXapaKTePH30BATH PAZHMIY MEXIY SJUIMI-
THYECKHMH, THIepGOIHYeCKMMH H Napabo/iMyeCKMMH TOYKAMH MOBEPYXHOCTH NpH
nomowH chepuyeckoro nsobpaxenna M rayccosoll kpususuu. Ecna o6xonnts
MIMIITHYECKYI0 TOYKY MO MajoH 3aMKHYIOM, He HMelled NBOMHBIX TOYeEK
KpUBOYl, MPOBENEHHON HA IOBEPXHOCTH, TO M HA 1Iape Mbl TMOJYyYHM TOYHO
TAaK e 3aMKHYTYiO KPUBYIO, He HMEIIYI0 HNEOHHBIX TouYck (uepr. 202
TouHO Tak e W nis cennoo6pa3HoH TOUKH Cdepuyeckoe H300pareHne KpH-
ro 6yzer ceobomuo OT ALOoHHLIX Touek (uepr. 203). Kak noxasmBaior
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yeptr. 202 u 203, B ciyyae runepGoONMUecKOM TOYKM Hanpasnenue o6xopa
KpuBOH Ha wape o6paTHO HanparleHWi0 OOXONa HA KDUEOH, mNpoBeneHHOR
HA MOBEPXHOCTH, MEXAY TeM KaK /5 S/IMITHYECKOH TOYKM 06a HampasJe-
Hua 00xoma cosnanalT. B ananuTHyeCcKOH reOMeTpUM MNPHHITO 0603HAYATh
I/IOlane KYCKOB MO“€pXHOcTeH ONMHAKOBBIMM WX OOpATHHIMM 3HAKaMH,
B 33BHCHMOCTH OT TOrO, COPMAfaeT Jiu HafpapieHne 06Xona rpaHuvHOH Kpu-
BOH 1711 OGOMX KYCKOB TIOEEDXHOCTH WJM e STH HampaBAHMS [pPOTHBONO-
noxubl. COOTBETCTBEHHO C STUM TayCCOBA KPHMBM3HA BHIMYK/IBIX KYC. OB MO-
BEpXHOCTH CYHTAETCH NOJOKUTENBHOHA, a4 CemnooOpasHbX — OTPHLATE/BHOH,
K Tomy e caMmomy 0603HAueHHIO B CMBIC/IE 3HAKA MH NPUXONMM, ecnu Gynem
HCXOAUTh M3 OO€MX TINaBUWX KPHBHM3H. VIMeHWO: B 8MNTHYECKMX TOYKAxX

Hepr. 202.

Yepr. 203.

HEHTPH KPURHM3HE!, COOTBETCTBYIOLIME IVIABHBIM KDHBH3HAM, JeXaT HA OnHOM
¥ TOH e CTOPOHE HOPMAJH, MEe¥IY TeM Kak B FMIepGONHYecKHX TOUKAX OHH
PACno/IOKeHb Ha MPOTHBONOJIOWHEIX MO OTHOIIEHHIO K fIO2€PXHOCTH CTOPOHAX
Hopmasnu. CrenoBaresnbHO, ec/M Mbl OyleM CYMTaTh HanpaBsieHue HOpMased
MO0 OFHY CTOPOHY OT MOBEPXHOCTH MOJIOXMTE/IbHBIM, @ MO APYryl0 CTOPOHY
OTPHLATE/LHBIM, TO MPOH3BeneHie OGOKUX PaNNyCOB IJIaBHBIX KPUBH3H — a2 3Ha-
4T, H MpOM3BEJeHHe IMaBHBHIX KPHMBUM3H M rayccosa KpuBuzHa — OymeT noso-
HUTeNBHBIM I JUTMATHYECKHX TOYEK M OTpHUATeNBHBIM MS runep6osude-
ckuxX Toyek. Tak kak u300paxeHHe NOCTATOYHO MAIBIX 3AMKHYTHIX KDHBBHIX,
He MMEWOULIMX IBOUHBIX TOYEK, TOXE He HMeeT NBOHMHBIX TOUeK, TO CdzpHue-
CKOe H30APareHHe JOCTATOYHO MAJIBIX BCIOAY BBHINYKJBIX HAM BCONY Cepsio-
06pa3HbIx KyCKOB MOBEPXHOCTEH BCerja B3aUMHO OFHO3HAYHO.
ITapabosnuueckre TOYKHM 3aHMMAIOT CpeliHee MOJIOXEHHE MEXIy SJUIHIITHYE-
CKMMU H runep6OIHYecKUMM TOYKAVH; TOITOMY CAeYeT OXHUAaTh, YTO rayc-
cOBa KPMBH3HA B Mapabo/inuecKuX TOUKAaX PaBHA Hy/0. ITO NpepnoiOKeHHE
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ovpasnuiaercs. B camom gene, napaCo/dyecKHe TOUKH XapaKTepH3YIOTCS
TeM, 4TO B 3THX TOUKAX OAlA M3 TVIABHBIX KPHRH3H parHa HymO, a 3HAYMT,
B 3THX TOYKax MPOU3BEAEHHE I/IaBIKX KDUBHM3H, T. €. rayccoBa KpHBU3HZ,
ofpauiaercss B HYJb.

[T10ckoCTb COCTOMT TOMBKC M3 mapabonuuyeckux Touek. CnenoBarenbHO, M3
MOCTOSHCTBA TayccOBOM KDUBH3HBI MpH M3ru6aHHMU BBITEKAeT, YTO HEBO3MOKHO
Ha 10MHUTh TJIOCKHA JIMCT 6yMaru Ha noJOXKHTENbHO WM OTPHIIaTe]bHO UCKPHUB-
JeHHBA Kycok morepxuoctd. M, nelictBHTeAbHO, MO KHO HeNOCPCICTBEHHO
yBenuThCsl, YTO B [IEPBOM CJy-
yae Ha Oymare o6paaytorcs
CKMazikH, BO bTOPOM ClIyyae —
paspalBbl.

PaccmoTtprm Teneps nmoeepx-
HOCTb, He COCTOSLIYIO LeJK-
KOM U3 mnapabonHyecKux To-
yeK, HO TaKylo, Ha KOTOpOH
HMEIOTCA TOUKH KaK MOJIOXHU-
Te/NbHOU, TaK M OTpHLATeNb-
HO} rayccoBolt KpuBU3HH. Tax
KaK rayccoBa KPHBH3HA H3Me-
HCTCL HA TIOBEPXHOCTH He-
NP2pBLIBHO, TO Ha 3TOH MOBEpX-
HOCTH JO/MKHH OBITH TOYKH,
LI KOTOPHIX TayccoBa KpH-
BM3Ha O6paulaeTcss B HYAb, H
TaKue TOUKH JOJIKHBI 06pa3o-
BaTL  HeNpephiBHBIE KpHBHE,
oTaensoue 061aCTH MONOKHU-
TeJLHOH raycCOBOH KDHBM3HBI
or obaicteft OTpUUATENBHON
KpuBu3nbl. Takue KpuBble,
cocrosiiMe M3 napa6osinue-
CKHX  TO4YeK,  Ha3bIBAIOTCH
napaGoNM4eCKUMH  KPHBbIMH

Yept. 204. nosepxuocty ). Koneuno, na-

pabonuyecKHe KpUBHIE LOMIKHEI

CyuIecTBOBAaTh JMMIUbL B TeX CHyyasX, KOrJAa rayccoBa KpHUBH3HA MOBEpX-
HOCTH WMeeT KaK IOJIOKHUTEeNbHOE, TaK M OTpUuaTesnHoe 3uauende. Ha mno-
BEPXHOCT$X, PAaCCMOTPEHHBIX HAMM 10 CHX MO, 3TO HU pa3dy He LIMEJO MecTa.
[MosepxHOCTH BTOPOT'O MOPSIAKA JIHGO MMEIOT BCIOXY MOJOXHUTENbHYIO KPUBU3HY,
KaK, HanpuMep, 3J/UIMNCOMJ, JHWOO BCIOAY OTPHLATENBHYIO KPHBHM3HY, K4k
OLHOMOJOCTHBIH TIunepbo/oKna, MM Me Ha HHX TrayccoBa KPHBI3HA BCIOLY
paBHa HyJI0, Kak, HanpUMep, Ha LMJMHADE M HA KOHyce, KOTOPHIE MOXHO

1) Kuetln nonsepr cBoeoGpasHoMy HccnegoBanuio napaGonuyeckue kpHswe, OH 1o-
NyCTdJ, 4TO XYyINOKECTBEHHAsl KPAacoTa JHIA MMEET B OCHOBE O! peieleHHble MaTeMAaTH-
YyecKHe COOTHOILEHHS, H B CBS3H C 3THM HApHCOBAJ BCe napaboiuyecKkHe KpUBLIE, HA
Anonnone BenbBexepckoM, JHHHM JHLUA KOTOPOTO TMPEICTABASIOT BHCUIYIO CTeNeHb
Ki1accHdeckoH Kpacorel. OIHAKO 3TH KPHUBbIE, BO-NEPBLIX, HE HMEIOT NPCCTOro BHIA
a BO-BTOPHX, He YJaJoch OGHapyXHTb 3aKOHa, KOTOPOMY OHH MOAYHHAIOTCS (YepT. 204).
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NONYYHTh M3 MIOCKOro sucra O6ymarH. Hakoner, MuHuMasnsHLie MOBEPXHOCTH
He MMeT BHM B ONHOH TOYKe TNOJIONUTENbHONH KDHUBH3HEL.

Tenepb Mbl yKaXceM npuMeps MOBEPXHOCTEH, 061anzI0MNMX NapaBOaNIECKUMH
KDMBBIMH, H PpaccMOTpuM HX cdepuyeckoe wuzobpaxenue. Onsy M3 caMbix
APOGIHIX MOrepXHocTel MoAOGHOro posna MpeAcTaBslisier MOBEPXHOCTH KOJIOKO1A.
9Ty NOLEPXHOLTL MOXHO NOJYYMTH MYTEM BpanleHus IIOCKOH KpuBO#, MMero-
weil ToYky mepern6a, BOKpyr OCH, Jiexailleh B ee MIJCKOCTH
(yepr. 205). Bynem cuutath OCh BpAlEHUS BEPTHKAJILHOH.
Ilna cnyuqasn, nzobpawenHoro Ha uepr. 205, BeTBL KPHBO,
pacnoJsioxkeHHass Bbilleé TOYKM nepern6a, o6pasyer yacTe -
NOBEPRHOCTH C 3J/UIMNTHYECKOH KPHMBM3HOM, a HIKHAS yacTh
KpupO#t 06pa3yeT 4acTh MOBEPXHOCTH C rUnepboJunueckol
kpuBu3HoH. Takum o6pasoM OKpy#HOCTb, O6pasyemas Tou-
KOit neperu6a npu BpauieHMH KpHBO#, ecTh napabo.imue-
CKasi KpHMBas KOJOKOZnA. ITO MOXKHO YCMOTDPETb TAKKE M3
MOBefeHHs KacaTenbHpIX mJockocTed. KacatesbHble miocko-
CTY B InrepOOJIMYECKHX TOYKAX MEepeceKaloT KOJIOKOI 110
neTneo6pasHoll kKpaBOH, o6pasytowledl nse BeTBH, NPOXONSA- !
uMe Yepes ToyKy Kacamma (uepr. 203). Ecqm Touka kaca- Yept. 205.
HMA npudmkaercs k napabosnyeckoll KpHBOH CHH3Y, TO
3aMKHYTAasi 4acTh NETJM CTAaHOBHUTCS BCEe MeHbiie H o6e peTBM CeyeHHsd, Mpo-
XoIfilllMe Yepe3 TOUKY Kacauus, OOpas3yloT B 5TOH TOvKe mce 60siee OCTPHIM
yron. Hakosen, korna Touka kacanus JmkeT Ha napabosuueckod KpuBOH
(yept. 207), neras craHeTcs B TOYKY Kacauus, a KpuBas oOpas,er ocTpHe
B 9TOH Touyke. Ec/M TOuka KacaHus OBHMMEFCH NaJblle B CTOPOHY 3AJHNTH-
Y2CKOH 4acTHM MOBEPXHOCTH (uepT. 208), TO KpuBas nepecedyeHHs COCTOMT U3

Yepr. 206. Yepr. 207. YepT. 208.

TOYKM KACaHMs KaK M30MMPOBAaHHOM TOYKM M HEnpephiBHOH BETBH KpPUBOH,
PACNONIOXKEHHOH LEJMMKOM B THNepOONMYeCKOH YacTH MOBepXHOCTH  Takmm
06pa3om MOMYTHO Mbl NOJAYYHIM MPUMEPHI AN Tepeyuciennbx Buiine (CTp. 158)
cryyaeB OCOBHX TOYEK MJIOCKHX KDHBBIX.

PaccMoTpum Tenepp cepuueckoe H30<paxkenue KOJIOKOJa BOAM3M napa-
GonnueckoH OKpYHOCTH (4zpT. 209). OxpywuM MPOH3BOJIbHYIO TOUYKY Mapa-
G0mu2CKON KpHMROH ROCTaTOuHO MaNOH 3amKHyTO# KpuBoH 123456781, Bhy-
TPY KOTOPOA OyneT 3akiioueH onpeneieHunii kycoK nosepxHoctu F. Tlycts
toukn I v & GynyT chicwed n Huswed Toukamu F. IlycTe Hama Kpusas

12 Cunbdepr 1 Kon-Poccen
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BCTPeYaeT napabosiieckyio OKPYXHOCTb B TOukax 3 M 7. Mepuauan, T. e,
Ta KpHBas, MpW BpalleHHMHd KOTOPOH MBI NOJYYHJIH KOJIOKOJ, B OKDECTHOCTH
ee TOYKH neperuba MMeer mapajensHeie KacaTesnbHbie (cTp. 157). OuesMpho,
COOTBETCTBYIOLIME TOYKH KOJOKOJA MMET MapalienbHbie HOpMaad U, Cle-
JOBaTe/IBHO, OOMH M TOT e 00pa3 Ha cepe. CnepoBaTesbHO, KAKIOH OKPYH-
HOCTH, PACIIO/IOXEHHOH 11apaniebHO NapabonnyecKo OKPYIKHOCTH M HECKOMABKO
BHlIE HEE, NOMKHA COOTBETCTBOBATH BTOpAs OKPYIKHOCTb, DACIOJIOKEHHAS He-
CKOJIBKO HIDKe NapabosnyecKoil M uMelonas TO e camoe cepuueckoe n3obpa-
wenue. OTCIOAA MBI BUTIHM, 4TO CpepHyecKoe H306panenHe KyCKa NOLEPRHOCTH He
B3aMMHO ONHO3HAYHO. [l TOro 4To6H crenats 3TO O6CTOATENLCTBO HAIMAD-
HbiM, BO3bMeM TOUKH 2, 4, 6, 8 Ha rpaunue F Tak, 4YTO6H TOukM 2 u 4,
a rarke 6 u 8 umenn napannenpHeie Hopmany. [1apaGo/nuecKkas OKPYIKHOCTE
nenut mowanky F na nse o6nactu F, u F,, BHyTpEHHOCTb KOTOPHIX COCTONT
HEeMMKOM M3 SMJIMATHYECKUX M, COOTBETCTBEHHO, TUMEPOOIMYECKHX TOUYEK MO~
BEPXHOCTH, KOTODhHIE, CJIEJOBATe/IbHO, MOryT ObITh B3aHMHO ONHO3HAYHO OTOG-~
paxeHW Ha pee obJsacTH Mapa.
OO6uieti rpanuued STHX nBYX 00-
JgacTedl cnymMT n3obpaxenue Iy-
ru napaGo/nyecKOl OKpYXHOCTH,
KOTOpas, OYEBHIHO, M HA L1ape
NPepcTaBisieT NYry OKPYXHOCTH,
PACHONOKEHHYIO B FOPHU3OHTA/Ib-
Ho#t mnockocTu. Ho B TO Bpems
kak F, n F, pacnonoxens mno
pasHble CTOPOHBI OT mapabouue-
CKOH OKPYXHOCTH, HX H306pa-
WeHus Ha wape oba pacnoJo-
WeHH BbIIe M300paXKeHMs napa-
Yepr. 209. 6oanyeckoll okpymHoctH. OTcio-
Ia cienyeT, YTO OHH MEPeKphi-
patorcs. [pannna nnomanku F uzo6paxaetcs B Bune Kpusoh 1'2'3'¢'5'6'7'8'I,
npuyem Touka 2' cosmamaeT ¢ Toukoh 4, a Touka 6'—c TOuKOH &', u u3-
obpakarouias KpHBas nepecexaeT cama ceb6a B STHX TOYKaxX.

Takum o006pazom cgepuueckoe H300pareHHe KOJOKO/IA BEBOPAYMBAETCH
BIOJb u306paxenns napabonuueckolt kpusoH. Takoe BbIBOpauMBAHHE UMEET Me~
CTO, KaK MpaBUJIO, IS napabosnuecKnX KpuBbIX JIOGHX norepxHoCTeli. OnHAKO
HMeeTCsl XapakTepHoe HCK/IoueHne, KOTOpOe MH! NMOSICHUM HA JPYrOM mpHUMepe.

IIpoBeneM uyepe3 BEPTHKANIBHYIO OCh MPOM3BOJBHYIO IJOCKOCTh, HAYEPTHM
¥a Heli OKDYXHOCTb, He MepeceKalollylo och, H GypeM 3areM BpawaTb MIo-
CKOCTb BOKPYr ocd. Torna okpyHOCTh ONMIET HEKOTODYIO TOBEpPXHOCTh
BDALIEHMS, HA3bIBaeMyld TOPOM (uepr. 210). OKpyXHOCTb pe/HMTCH BepxHel
TOukOH A M HuwHel Toukod B na pse noayoxpyxunoctd /I m JI. Yacts
TOp4, O6pasyeMast NOJNyOKPYXHOCTbI0 [, O4eBMPHO, 06/1anaeT MONOKHUTENLHOM
rayccoBO KpMBH3HOM, & 4YacTb, 06pa30BaHHAf MOYOKDYXHOCTbto I1, —OTpu-
uatessHOH. OGe yacTu TOpa OTHENAIOTCA OfAHA OT JPYrof OKpPYKHOCTAMH,
KOTOpHIE ONMCHIBAIOTCH TOYKamMM A M B. DTH OKPYRHOCTH — napaboauyecKie
KpHUBHIE Halel MOBEePXHOCTH. Bcskas KacaTeslbHasi IUIOCKOCTb, MPOBENEHHAs
K TOPy B KakoW-HHUOYyDb TOYKe OIHOW M3 3THX OKPYXKHOCTelH, HMEET C TOPOM
€/MHCTBEHHY(O0 OOLLYI0 BeTBb KPHUBOH, NPOXOASALLYI0 4epe3 TOYKY Karawus,
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TaK KaK, OYEBMJIHO, TaKas KACATeNbHAsl IUIOCKOCTh COMpPHKAcaeTcs C TOPOM
BAO/Ib LEJOH OKPYKHOCTH M He BCTpeuaeT MOBEPXHOCTH TOPA B APYrHX TOY-
kax. Takum oGpa3oM 3mech MBI HMeeM IpuMep napabo/ikyecKOH TOUKH,
B KOTOpOH KacaresbHasd MIOCKOCTH B CEYEHMH C MCBePXHOCTBIO He 06pasyer
KpHBOH, obnapatoiiedl TOYkoH 3aocTpe-
Husi, Ha vepr. 211 uzobpaxcHa Kpu-
a5, MONyYeHHAs OT fepeceyeHus ¢ fo-
EEPXHOCTBIO TOPa KAacaTe/bHOM Mio-
CKOCTH B Iniep6oaMUECKOl TOYKe TOpa,
cocenteft ¢ mapabosnniecKol KpHBOH.

Yepr. 210. Yepr. 211.

B annurTHyecKMX TOYKAaX TOpPa KacaTesbHast VIOCKOCTH MMEET C TOPOM OJILKO
OnHy OOuIYI0 TOYKY, MMEHHO TOYKY KacaHus,

Paccvotpum  Tenepb  cpepuueckoe us3obpawenne Ttopa. Boobpasum, uto
B KaXnO# TOUKE MOBEPXHOCTH BLIODAHO HAMpar/jeHue HOPMAJH, MMEHHO BO
BHEIUHIOW CTOPOHY OT MOBEPXHOCTH.
Torna ofe napaGosHueckue OKpPYH-
HOCTM, KOTOpHIE 06/1analT TOJNLKO
napa’uieJbHEIMH HOPMaIsiMH, 0TO6pa-
33TCA HA ILAD KaXAasd B OfHY TOYKY,
MIMEHHO B BEPXHIOI M HIDKHIOW TOY-
Ky 11apa. DnunTuyeckas 4actb TO-
pa He ¥MeeT MApaasenbHBIX HOpMa-
aeil. Ee cdepuueckoe usofpaxe-
HHE, KK JIerk0 BHIEThb, MNOKpHIBaer
CIJIOIL BECh AP, NPHTOM ONHO-
KpaTHO, 33 HCKJIOYEHHEM BBICIIEH
u HM3wel Ttouek wapa. Ho To e
camMoe HMeer MecTo M aia runepGo-
nnuecko# yactu. Takum 06pa3om map
HBaXMbl TOKPLIBAETCH CcdepuyecKuM M30OpaxeHueM TOpa 32 HCKIIOYeHHeM
BepxHell W HWXKHeH TOYeK wapa, B KOTOPHX 06Ge 4YacTh M300paxeHun Cpsi-
3ansl. YroGwl cpenath HAIVISAHBIM 3TOT BUA CBf3M, NOCTYMvM TaK XeE, Kak
8 npegbiaynieM npuMepe. IlpepcraBum ceGe, uUTO Mbl paccMaTpuBaeM TOP H

‘11 7LJ'
Z'
— |~

Yepr. 212.
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ero coepuueckoe H30OpakeHue CBEpXy MOA HEKOTOpHM yriom (uepT. 212)
U OKpYXHM NapaGoJHyecKky:0 TOUKY TOpa HOCTATOYHO MaJoOH 3aMKHYTOH, He
uMerolled nBOMHBLIX Touek kpupolt [2341. Bubop stoli Toukum u BHI cde-
pHUeCKOro H306pameHus KpHUBOH MOXHO YCMOTDETh HEIOCPEINCTBEHHO M3 uep-
Texa. To, yTo cdepnueckoe u3o0pameHue BHIJAIHT HANONOOME LOCBMEpKHM,
coorgercTeyeT TOMY ¢akty, HTO B 3JaMNTHueckod oO6nacTH Hampas/ieHHe
o0xona coxpassercs, Mexay TeM Kak B runmepSonuueckoft oGnacty Hampa:-
neHne o6Xoma M3McHsieTcss Ha oOpaTHoe.

Hawr npumep xapaktepeH Ansl TOro cjywas, KOLJa NMOBEPXHOCTh CONpPHKa-
caeTcad ¢ OmHOH M TOW e MAOCKOCTHIO BHOJIL HEKOTOPOH (lienpeMeHHG mapa-
Gonuueckoit) nyru kpusofl. HaoGopot, npuMep € KONOKOJIOM HJIIOCTPHPYET
HaIVIIGHO TOT CNyyal, KOrha KacaTeNpbyas MJIOCKOCTL MeHSIeTCsl EAOJL hapa-

Yepr. 213,

Gonuueckoli kpuso#l. B ofoux npumepax rapaGoJimueckas Kpu'as OTHAeNsieT
HA TOBEepXHOCTH 006JIaCTh € MOJOXMTENBHON TayccoBoH KpHBM3HOI OT obiacTH
C OTpHIATENbHOU rayccoBoii KpHBH3HOM.

B kauecTee nocsen:ero npHMMcpa pacCMOTPHM MOBEPXHOCTh ¢ MapaGosnue-
CKOH TOYKOMW, pacnoyioxeHHON H30JIMPOBAHHO B HEKOTOPOH OGracTH mNOBepX-
HOCTH, KOTOpasi B JpyrMX TOYKaxX MCKDMBAeHZ cedjooOpasaHo (yepr. 213).
Taxoit npumep nmaer onmcanxce Ha crp. 171 obe3psiHpe cenio. OueBHIHO, YTO
IJIA STOM TOBEPXHOCTH HapaJule/IbHbiMU HOpManaMM o00nanaT Te TOuKHM, KO-
TODLIE PACMOJIOKEHB AMAMETPaNbHO TPOTHEONOJIONHO MO OTHOIIEHMIO K napa-
Gonuucckolt Toske. CrenoraTensHo, 3aMKHYTOH, He MMerouled NBOUHHX TOwek
KDHBOH, npoeefieHHO} BOKpYr STOH TOYKH, COOTBETCTBYeT H2 I1Uape 3aMKHY-
Tas Kpumam, pmeaxns obionsiuess coepuueckoe pra3obpaxeHHe STOH  TOUKH.
Oue nino, MO KHO rakMM e O5pa3oM MOCTPO iTh MIOJHPOI aHHHE Napabosu-
qecKne TOYKH ¢ cennoofpa3Hot OKDECTHOCTbIO, AN KOTOPWX ctepHyeckKie
U3 OpaxeHns KPUBOH, OKpyxaioule. NMapadoNnyecKyl0 H30.HPOBAHHYIO TOUKY,
O0X0AAT COO1BETCTEYIOIMYIO TOYKY Ha Iiape TPH pasa M EooGime MpOH3EOIb-
Hoe yuc/1o pas. Ecam, Hao6opoT, UCXOAMTL M3 HM30JHPOBaHHOM mapaboauye-
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CKOH TOYKH, OKPECTHOCTh KOTODOH HMEET S/IMITHYECKYIO KDHBH3HY, TO
MOXHO MOKa31Th, YTO € pepHyeckoe H306parseHHe pener cebu TaK, Kak ecjH
6b KpuBH3HA Obiia BIIONY SJIMNTHYECKOH W HHKaKOH Hapadonnueckoit TOuKH
BoBce He Grno Gl

B sakmouenne nokawew, Kak Bemyr e JIHHHM KDHDH3HH M acHMIITOTH-
YECKH2 JIMHUM NPH cheprycckoM u3o Spaxennn. Chepuueckos naobpasenne nast
BO3MOXHOCTb TIOJIHOCTBIO OX2paKTepU3OBATH HANPARJIEHHE [JIABHHX KPHBH3HL.
ViM21H0, 5TO — enHHCTBRHHEIE HANIPARJIEHHS, NAPa/ENBHbIE HATIPABTEHUAM CROHX
n306pamenntl. TosNbKO B Cllyyae Touek OKpyrJ/ienusi 3TOT KpUrepuit HeneicTuTe-
JIeH, — JUI1 9TMX TOHYEeK BCE HaNpaBJeHMA NAapajJiebHbl HANDAP/EHHAM H30-
Gpakenuit. B cAvyae saunTHue KMX TOdek 062 HanpaineHMs TAarHMX
KPHB.13H HAMPABJEHH OAMHA..OBO CO CBOMMH M300paXeitiMH HAM, IpU ApyrOM

Yepr. 214, Yepr. 215.

BriGope HanpaesieHus HOpManu, 062 Hanpap/ieHMsi TIDOTHBONOJIOXKHE Hanp1Be
JeHusM M300paxceHnH, M2K1Y TeM Kak s runepOoJMYeCKHX TOYeK Bcersa
ONH0 M3 HaNpas/ieHH# KPHBH3HH ONMHAKOBO €O CFOMM cdepHueckuM M3oCpa-
EHHeM, a Jpyroe HpOTHBONOJIONKHO eMy.

ATOT KpUTEpHH MO3BOJAET JErKO ONPRJEANTb JMHMM KDHBH3HHLI TIOBEDXHO=
crell Bpautenysa. Mbl yTBepknaeM, yTO 5TO CyTh NapameNy H MepuMaHL
noeepxuoctell ppauienus. JleHCTBHTENLHO fCHO, uTO 062 STH cemeiicTsa
KDHMBEIX MepSXONAT B CHCTEMY Ndpajnensit W MEpDHIHAHOS Ha IIape M NPUTOM
TaK, yTO BCAKOS Hanpap/i2HHE Tapailie/ibHO HATpaB/eHMIO CEOEro H3o6paxe-
Hug, O6a nomoca BHNYKIOH 3aMKHYTOH TNOBEPXHOCTH BpAaUIEHHS MOSTOMY
BCEra CYTh TOYKH OKDYIJIEHMS.

AcnMnToTHYeCKHE HanpapieHuss o6napgaloT apyrum  cBoictBOM. Hwmewnwo,
OHH HEpHeHTHKY/IAPHH K cBoeMy cdepryecKOMy H300paXEHHIO, M NDHTOM
5TO — eNMHCTBEHHHE HanpagneHns Takoro pona. Hanpaenenus spamenys,
B KOTODHX MH NOKHH BpAWaTh ACHMNTOTHYECKHE HANPAB/ICHUS B kacaresb-
HOfi IJIOCKOCTH, I/ Toro 4TOOH TOJIYYMTb HanpabieHHs H305paxenud,
BCErNa TMpOTHEONONOXHE i OGOMX aCHMMTOTHYECKHX Hanpaesiesud. 3710
CB32HO € TeM OGCTONTeNbCTBOM, yTo cdepuuzckoe M305paenne Bcerna obpa-
IAeT HANPaBTEHHE NBHIKEHHA JUIA CEIVIO0SPA3HO HCKPHBJIEHHBIX MOBEPXHOCTEH.

Tak Kak ACHMNTOTHYECKHE JHHHH [MPOXOAAT TOJIKO NO rumepSoJmueckofi
yACTH NMOBEPXHOCTH, TO OHH JOJ/IKHE OGHApYKUBATh OCOTEHHOCTH BOIHM3H
napaGonnueckux KpuBHX. B ciyyae xorma napaGosmueCKie KpHBbE HMEIOT
H3MEHSIOMEeCH KacaTesIhHbIE IIOCKOCTH, KaK, HanpuMep, Ha KOJIOKOJIe, acCHMIITO~
THYECKHE JIMHMH HMEOT TOYKK 320CTPEHHS BAOJB napaﬁonuqukoﬂ KpuBo#
(uepr. 214). Hao%opor, eciiu BCe TOUKH MapaGoONMIECKOH KDUBOH HMEIOT on‘Hy
3 Ty e KataTenbHyio I OCXOCTh, KK y Topa, mapafonuueckas Kpusas cnymm
oruGaioulell aCHMIITOTHYE 'KUX JHHUHA, T. €. OHA KaCa:Tis B KAMNUA U3 CBOHX
TOYEK aCHMNTOTUYEKOA ikkun (4epT. 215). [losesenue acuMnTOTHYIECKUX HHKA
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Ha o0e3bsiHbeM ceane xapaktepusyer yept. 216. Ecam o6xon mo 3aMKHyTOH
KPABOM BOKDYr TOMKM TaKOTO poja npespaiiaercs B n-— l-kpaTHHit o6xon
Ha chepHHeCKOM U306pPAaWKEHNH, TO Uepe3 STY TOUKY
NPOXOAAT B TOYHOCTH 7 ACHMMNITOTHYECKUX JUHHUH,

30. PassepThiBalonuecss nmosepxHocTH. JIMHeHua-
Thle noBepXHOCTH. [Io CHMX noOp npH paccMOTpeHnu
NapabosHYecKUX TOYEK Mbl HCKJIOMAanu TOT Cly4ak,
KOTLd NOBEPXHOCTb COCTOMT WCK/AIOHUTENLHO H3
napabonuyeckux toyek. Temepw stoT cnyyaft noa-
WcH ObITh NOAPOGHO PAacCMOTPEH BBHIY €ro UCKJIO-
YUTELHOH BaXHOCTH.

IIpumepaMu MONOGHBIX MOBEPXHOCTEH MOTYT Cily-
XUTb BCe Te IOBEPXHOCTH, KOTOpHIE MONYYaloTcst

Yepr. 216. U3 KyCKa IJIOCKOCTH NyTeM €ro usru6anus. Temepb

MBI BRICK2XeM OOiyl0 TeopeMy, Inacaliy:, 470

IiBe TNOBEPXHOCTH MOTYT OhITh MyTem u3ruGadus mepepefeHH OAHA B APYryio

TOr1a, KOrjia Ha 06enxX MOBEPXHOCTSIX rayccoBa KPUBM3HA HMeET BCIOAY ONHO
M TO Xe nocmosxHoe 3Wauchue!l).

CornacHo 31Ol Teopevie MOMHO MOAYYaTh nyTem Harnbanusi Kycka mJio-
CKOCTM BCE MOBEPXHOCTH € TrayccoBOH KDHMBHU3HOH, BCIOAY pABHOH HyJIO.
B cpsisau ¢ nomo6ubiM cnoco6oM monyyeHust STH MOBEPXHOCTH HA3BIBAIOTCH
TaKKe «Pa3LepPTHRAIOLIMMUCH MOBEPXHOCTAMM».

CywectByer eme fBa MHHX crnoco6a MONyYeHUs! PasBEPTHBAIOIMXCS TIO-
Bepxuocreil. Ilpexne Bcero paspepTHIBAIOLIUMHUCA NOBEPXHOCTSMH SIBISIOTCH
Bce T€ NOBEPXHOCTH, KOTOPHe SIBASIOTCS OruGalomMMM ceMelCTBa MNOCKOCTEH
¢ omuum napamerpoM. [lepemeHHas NAOCKOCTL ceMeHcTBa Kacaetcs: 110100-
HOW MNOBEpXHOCTH BAOAb Bcell mpsiMON. DTy nNPAMYI0 MOXHO MOMYHUTH
HNyTeM TMpeAessHOrO0 TNepexofa M3 TNPSMOH mNepeceyeHHst paccMaTpHBaeMoi
MA0oCKOCTH ceMeliCTB2 € OOHOH M3 COCemHMX TIJIOCKOCTEH cemelictBa. 3Ta
npsivasfi ecTh napabonuyeckas MNpsMasl MOBEPXHOCTH, TaK KaxK IMOBEPXHOCTH
BLOJIL BCEH NpAMOM MMEET ONHY M Ty e KacaTeNbHYIO TUIOCKOCTh. Tak Kak
KpOME TOr0 COBOKYNMHOCTh TaKMX MpPSIMBIX MOKPHIBAeT BCIO MOBEPXHOCTh, TO
nocnennsisi JeUCTBHTENBHO NOMKHE COCTOATH TOJBKO K3 mnapabonuueckux
TOueK. 3aMeuarenbHO, OfHAKO, YTO uUMeeT MeCTO M OOpaTHOe MoJoXeHue,
TaK YTO TAKHM CrIOCOGOM MOXHO MOJYYUTh BCE Pa3BePTHIBAIOIIUECA NOBEPXHOCTH.
BenencTeHe 5TOro pasBeprhiBaloIMecs NMOBEPXHOCTH CYTh BMeCT€ C TeM JM-
HelluaThle MOBEPXHOCTH 2).

Tak kak Tpu mAOCKOCTH BCerza MMCIOT TOMKY Nepeceuenusi®), To scHO,
4TO CocefHHe obpasyiolue pa3sepTHBAIOLIEHCS TOBEPXHOCTH BCeraa nepe-
CEKaTCH. JTO MOXHO LOKA3aTh AHANUTHYECKH, M 5TO NaeT TpeTHH cnocob

1) las nosepxnocTed ¢ nepeMeHHOM rayccoBOH KpHBH3HOE He CYLUECTBYeT CTOJb
e APOCTOr0 NOCTATOYHOrO YCNOBHS TOTO, YTO BTH MOBEPXHOCTH MOTYT OHITH Mefe-
BEJleHbl OIlHA B JIPYTYyI0 nyTeM H3rv6anus. Heo6Xouumo, 4TO6bl MO3EPXHOCTH MOX::0
6buI0 Tak OTOGpasuTh ONHY Ha ApYrywo, 4TOGH OHM B COOTBETCTBYIOIUHX TOYKaX
oSnangany omMHAKOBOH rdyccosodl KkpHBH3HOR. OfHAKO 3TOrO YCIOBHS HENOCTATOYHO.
310 12TKO BHISICHHTH Ha puUMEpe MOBEPXHOCTEH BpalLeHHs.

?) B npOTHBONONONHOCTH STOMY B 4YeTHIPEXMEDHOM IPOCTPAHCTBE CYIUECTBYIOT
Pa3sBEPTHIBAUIHECSH NMOBCPXHOCTH, HE $BJASIOLIH>CA NHHERYaTBIMH.

3) [lpH 3rOM RNAapaANeNbHOCTH CAEAyeT NPEeACTABIATH KAK NepeceyeHne B 6ecKo-
HEHOCTH.
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NoNyyeHHUst pasBepThBaloMXCs nosBepxHocTedl. KmeHHO, TouxkM nepeceueHns
COCELAHUX MPSIMBIX OMHMCHIBAIOT KPHBYIO, W 31eCh OINpaBAMIBAETCH HarAfAHOE
npeacras/ieHue, YTO 3Ta NPOCTPAHCTBEHHAsh KpUBAsl NOJDKHA He nepeceKarthCss
‘a comnpukacaThest ¢ obpasyiomeil. Takuv o6pasoM ME MOXeM ONpeNeNuThb
passepTHBAIOLIMECS TOBEPXHOCTH KaK IIOBEPXHOCTH, KOTOphie 06pasyioTcs
KacaTesbHBIMM K TPOM3BOJIbHOM TPOCTPAHCTBEHHOM KpHMBOW. Iru moBepx-
HOCTH BMeCTe€ C TeM OrubaioTcsl CONPHKACAIOLHMMUCS TIJIOCKOCTAMU KPHMBOH.
To/bKO KOHYyC M LMAMHAP JOMKHbl CHTH HCKJIOYEHh M3 TAaKOro IpejcTa-
BJIEHHSl, MEXAY TEM KaK NpY NOMOLM IPeAblayIiero Crnocofa MOXHO HOJy-
YUTH H HX.

Btopo#i c110c06 MO3BONSIET HEMOCPEACTBEHHO ONpPefe/uTh cdepuyeckre H30-
6paxeHus BCEX PS3BEPTHIBAIOILMXCH MOBEPXHOCTEH 33 HCKJIOYEHHEM MIOCKOCTH.
MMenno, oruGaollMMp MNOCKOCTAMM SABNAIOTCH KAacaTe/bHBE IUIOCKOCTH TO-
BepPXHOCTH. DTH NJIOCKOCTH, & TaKKe H HampaBleHWs HOpMajed K HuM 06pa-
3yl0T ceMeicTBa, 3aBUCAL{HE TOJBLKO OT OAHOIO NEPEMEHHOrO Mapamerpa.
Taxum o6pazom cdepuueckoe u306pareHHe pa3BCPTHIBAIOLIEHCH NOBESPXHOCTH
BCErAa MpeiCTaBseT KPUBYIO, 2 UMEHHO MHAMKATPUCY GMHOpMane#t mpoCTpaHCT-
BEHHOH KPHBOMH, KacarenbHbie K KOTOpolt 06pasyioT mnoBepxHocTb. To, 4TO
cepuieckoe uzobpaxenne MOBEPXHOCTEH C HyNneBO KPHBU3HOH NPHBOAMTCSA
K KpMBOil, MOXHO ORJIO OXHMAaTh TaKke HA OCHOBAHUM Halliero Mepso-
HaYa/ILHOro OMnpesiesieHusl FayccoBO KPMBHM3HL, B CHJ1y KOToporo cdepuieckoe
usobpaxeHne BCAKOrO TaKOro KycKa IOBEPXHOCTM WMEET MJoianb, pas-
HyiO HYJIO.

PassepueM Teneps MOBEpXHOCTh, 0Opa3yeMyi0 KacaTeJbHHIMH Kakoh-HMOyab
MPOCTPAHCTBEHHOM KPHBOH Ha m/ocKocth, Torpa NpPOCTPaHCTBEHHAA KpUBAs
JO/KHA NepeifTH B MJIOCKYIO KPHBYIO, a NpsAMEe, 00pasyioupe I0BEPXHOCTD,
IO/MXHH TepelTn B KacaTelbHHe K 3TOHl MIocKod Kpusoit. Besikoit nyre
MPOCTPAHCTBEUHON KPABOH COOTBETCTBYeT Ayra TIJIOCKOW KpHBOH TOH ixe
nmHel. Ho kpome Toro MoxHO mnokasarth, HTO 06e KpMBHE B COOTBETCTBYIO-
IMX TOYKAX MMEIOT TAKKe OfMHAKOBYI0 KpMBH3Hy !).

Ecan ucxonnts, 06paTHo, M3 HeXOTOPOH MJIOCKOK BHINYKJO# Iyru KpuBok s
M BBHIPC3aTh KYCOK IJIOCKOCTH BHYTPM KpWBOM, TO OCTaBLIAAC YacTh NJOC-
KOCTH MOXeT ObTh TaK M30rHyTra, YTO MPOCTPAHCTBEHHasi KpHBad, B KOTOPYIO
nepexoauT nyra S, COXpaHsieT EO BCEX TOYKaX KPHUBHU3HY MM10CKOH KpWBOMH.
Ilpu sTOM MOXHO aHaAMTHYECKW NOKAa3aTh, YTO 3Td MPOCTPAHCTBEHHAas KpPHBas
MOXeT MMeTh moboe Kpyuenue. IlogoGHoe uzveHenne (GOpMbl MPOCTPAHCTBEH-
HOHN KpMBO#, NpH KOTOPOM JUIMHA Oy M KPHBU3HA COXPAHAIOTCS, B TG BPeMs KaK
KpYyY€HHEe H3MeHsie1CA, Ha3hlBaeTcsl Kpy4eHWeM NpPOCTPAHCTBEHHOH KPHWBOH.

ITpr Hamem uM3rMGaHWMM TIOCKOCTH, OHYEBHAHO, KAacaTejbhHhle K KpHBOH S
OCTAIOTCH BCE BPeMf MPAMOJMHHHBIMM, B TO BPeMf Kak, Be Jpyrue mnpsinibie
HAYa/bHOW nnockocTH wuarubatotca 2). OnHako NpM 3TOM OGHAPYIKHBAETCH,

1) 310 MOXHO HATNSAHO NpeiCcTaBUTH. B caMoM jene, yron Mexiy IABYMs cOcCefl-
HHMY KacarteabHbiM4 He H3MEHAETCs NPH H3rHOaHHH, 8 KPUBH3HA €CTb Tpenesl OTHOLIeHUst
3TOr0 yria K COOTBETCTBYWIUER nyre.

) Ilpn coBepIIEHHO NPOM3BOJALHOM H3THOAHMH KYCKAa INIOCKOCTH KOHEYHO H3Me-
HACTCS TAKWKe H KPHBHM3HA HyrH S. [last toro urobObl KpHBM3HZ Myrd KpHBOH S cOXpa-
HANAach HEH3MEHHOH, He TONbKO HEOOXOIMMO, HO M HOCTATOYHO, 4TOOLI KacaTelbHhe
K KPHBOH s ocTaramuch npsvonHHeBHbiMu. [TO3TOMY Mbl [ONY4aeM I HAXOUsLIy0 MO-
Jlenb, ©ClM Bbipe:KeM IJIOCKHH KYCOK H3 Oyvarn M 3aKperHM HeKOTopble NOAyKaca-
TeNpYbIE KPUBOH § myTeM NpPHKAEHBAHUS Haloyex.
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yTO NpH M3rnGaHAM KycKa TNJIOCKOCTH MH He ToJydaeM Bcell MOBEPXHOCTH,
0o0pa3yeMOfl KacaTi/BHbIMM HPOCTPAHCTBEHHOH KpH. OH £, KOTOpan BO3HHKAeT
u3 kpuBO# S. ITOBepXHOCTB, KOTODYIO MH NOCTPOMIIH, COMEPKHMT TOJLKO OnHy
MOJYNPSIMYI0 BCEX KacaTeAbHHIX KPHBOW £, TIOJYIpPSMYlO, OrpaHHU4YeHHYo
TOYKO.! Kazauusi. Ecam Mb MpONOMKHMM STH MOJyKacaTtelbHble JO [OJHOM
NpsMOf, TO MO y4uM ADYTyI0 4acTh NOBEPXHOCTH. KOTOpas BMeCTe C mepsoil
yacTbio 06pasyeT NMOBEPXHOCTH KacareNbHHX K KpHboii £. O6e yacTw nosepx-
HOCTM BCTpeuaoTcs 00 Kpuso#t £, oOpasyouweit octpoe pe6po, KOTOpoe
HasmBaercs pe6pom Boaepara noeepxHocTH. Ecau Temepb CHOBa 3aKkpy4MBaTh
KPMBYIO f HENpepHBHO B KPHBYIO S, TO 00e uacTM Ece TeCHee CONpHKAaca-
I0TCSl OzHA ¢ APYrO H HakKoHel COLMAnaloT HAa MJIOCKOCTH KpuBoM s. Moxxo
MOJNYYUTh LENMKOM TOBEpPXEOCTh, 06pa3yemyio KacaTenbHHIMM K KpMBOH £,
€CJIN BHEIIHIOW 4YacThb NJIOCKOCTH KPUBOH S B JIByX BSK3eMII#Pax HAaJOXHThb
OIHy Ha LPYrylo, CIOXUTH WX 0O KPHBOM S H 3aTeM MOPH KPYUeHUH
KpuBolt s oTnmennTh 06e uyactu. Ilpu 3TOM cylecTBeHHO, HTOOH KPMBH3HA
KpUBOit § HHUrie He obpamanack B Hysab. Eciu MCXOIUTHL MPH 3TOM M3 KPHBHIX
¢ ToukamMM neperun6a, TO NOBEPXHOCTh
KacaTe/lbHHX BOOOLIE COCTOMT U3 UeThIpex
JIMCTKOB, BCTPEUAIOIMXCH B TOYKe Iepe-
rn6a, M3 KOTOPHX JiBda CBA33HH BIOJb
KacateqsHOH B TOYKe meperu6a.

Teneps o6paTuvcss K JMHeHyarHM mo-
BEPXHOCTAM, KO10phle He SBISIOTCH pas-
peprhBatouMucs. CoOrJacHo cKasaHHOMY
o BHILE 5TO JOMKHE OHTHL TE TIOBEPXHO-

Yepr. 217. CTH, Y KOTOPHIX JiBe COCENHUX 06pasyloux

pacnosioxXeHsl B Pa3yIMYHBIX TJIOCKOCTAX.
B camom mene, moBepXHOCTb GynmeT passepThiBalOLIEHCS TOTAA M TOJBKC TO=
r1a, Korna cocefHve o6pasyioLiMe nepaceKalorcs,

Camo coboi#t nanpawmpaiomeecs 0600ieHHe pacCYIKAEHUH, KOTOpHE IUs
Kaxaol pasBepThIBaOIielCs TOBEPXHOCTH TNPHUBEJM K OMNpEJeNeHHIO Pacrio-
JIOXEHHON Ha 3TOH MOBEPXHOCTH KpuBOW — pebpa BO3BpaTa, MO3ROJSET ONpe-
IenuTh  Jnst BCSIKOWM  MHOM  smmeffuaTolt MOBEPXHOCTH  COOTBETCTBYIOLIYIO
KPHBYIO — TOP/IOBYIO» HJIM (CTPHUKUMOHHYIO JIMHMIO». A WMeHHO, BhIGepeM
M3 ceMeHCTBA NPSAMHX, PACIOJIOKEHHWX HAa NOBEPXHOCTH, ABe obpasylouie @
u b u nposerem oGuMit neprnenankynsp x Hum (vepr. 217). Kak wussectHo,
3TOT MEpPNEeHAUKYNApP IPEACTaBAfer Kpardaiiilee paccTOsIHHME Mex/ly MPAMBIMH
a v b. IlycT, OCHOBaHWEM 3TOr0 mepneHAMKYnsipa Ha mnpsvMolt a OGyner
Touka A. Ecim BHIOGMpaTe mpsiMyio b myuka Bce Gmnke K @, TO Touka A
CTPEMUTCE K HEKOTOPOMY IpENe/bHOMY MOJIOXEHHI0, KOTOpCEe Ha3hlBaercsl
ropJyioBoit Touxkofl mpsamo#l a. OHO COOTBETCTBYET TOYKe, B KOTOPOH 06pa3yio-
ulas Pa3BepTHBAIOILEHCS MOBEPXHOCTH MepeceKaeTcs ¢ cocenHedl obpasyiowelt
U ¢ pebpom Bo3Bpara.

Fopnosas nuuusi ecTh KpMBad, ONMMCHIBAEeMas TOP/OBOH TOUKOH, Korxa
npsMas a npoGeraer Bce o6paszyioiiue NMOBEPXHOCTH, DBHIO 6H  OmwMGOYHHKIM
3AK/IIOYNTh, 4YTO TOP/NOBAs JIMHHA OPTO™OHA/NbHA KO BCeM 00pasyoinuM.
Bene ecnm a, b, c—Tpu cocenux obpasyiomux (vepr. 217), 71O, BoOGuIE
rosops, OCHOBAaHKWE OOLIETO NepneHAvKy/lsspa K & W ¢ Ha mpsmolt b OTAMYHO
OT ocHOBauust OOLIero mepneHpukysspa K & n «a. [lostomy awnus, coemn-
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HAIOLIAs] TOPJIOBhle TOYKH, He HMMEET HEeNPEMEHHO HampaejeHus, COBManam-
Llero ¢ Hampas/jeHveM obwmero nepneHfuKynsipa, a IOTOMYy H He HOJ/KHA
0053aTe/IbHO OPTOrOHA/MBbHO MepecekaThess ¢ obpasywoumumu. Tak, Hanpumep,
rop/ioBo#t AHHHH ONHOMOJOCTHOrO ruUnNepbONONNIa BPAIUEHUS CNYKUT OKPYHc-
HOCTb, KOTOpasl, OYEBMAHO, HM B OOHOWM TOUKE HE NepneHAuKy/ispHa K oO-
pa3ywowmnM runepéononna.

JluHelluaTele MOBEPXHOCTH MNPENCTAaBAAIOT MHOroo6pasue MHPAMBIX C ORHWUM
napamMeTpoM, MO3TOMY OHM MMEIOT aHAJOTHIO C NMPOCTPAHCTBEHHRIMU KDUBHIMH,
KOTOpble MpeicTaBnsioT MHOrooGpaaue TOYEK C OXHMM MapameTpoM. Tak,
g MHeNYaThIX MOBEPXHOCTEH MOXHO BBECTH NOHATHE, aHAJOTHYHOE IOHR-
THI0O KpPMBHM3HR TPOCTPAHCTBEHHHIX KPHBHIX, @ HMEHHO TaK Ha3hlBaeMOe
dakpyuuBanne (Windung). Ecau mpt pazpmenum yron mexay asyms oGpasyio-
LIUMMH Ha KX Kpartya#lilee paccros-ue, TO 3aKPYUHraHHeM HAE3BIBAIOT Npelnen,
K KOTOPOMY CTPEMHTCH 3TO OTHOIUEHME NPH CAUSHHK 06pasyioniHx.

3akpyyuBanue XapaKTepusyeT H3MeHEHHMe TMO/IOWEHHs KacaTelbHOH Iioc-
KOCTH BlOJIb MPSMBIX, OGpAa3yIOLIMX JuHEWHaTyio mnosepXHOcTh. OueBuaHO,
KacaTenbHas MJOCKOCTh NPH JABMXEHUM TOYKM KAaCaHMsi BLOJL TaKoil npsMoi
MOXeT BpaWAaThCH TOMBLKO EOKPYr 3TOW npsMOl, TaKk Kak OHa JOJiKHA
Bcerna coxepxaTth ee. Kak MOXHO 10Ka3aTh aHANMTH4ECKH, TNOJIOXKeHHe
KacateNbHOH mOocKoCTH B Toyke P ofpasyiouleil LeJHMKOM OIpeenseTcs
KacaTe/JbHOH INVIOCKOCTBIO B rop/oBoil Touke A mnpsMo#t a, paccTos-
HueM PA W 3akpyymBaHueM JuuelyaToil mOBepxXHOCTM EOKpYr a. Pac-
npenefieHne  KACATEJBLHMX 1JIOCKOCTEH MOXHO ONMMCATL CHEAYIOILHM 006~
pa3oM: MO Mepe TOro Kak Touka P mpsmo#t @, HauuHas ot ToukH A, He-
NpepLBHO ypansercs B GECKOHEYHOCTH B ONHOM W TOM e HanpaBl/ieHHH,
yroj, o6pasyemHl#t KacaTenbHOM TIOCKOCTBIO B Touke P € KacarenbHOU
TJIOCKOCTBI0O B TO4YKE A, HenpephBHO pacTeT, CTPeMsCh K MpPSAMOMY YTay.
KacartenbHble maocKoCTH, ¢ aApyrodd CTOpoHw, OT ToukH A BenyT cibs cooT-
BETCTBEHHO W CHMMETPHYHO MO OTHOMIEHMIO K ropsiosoft touke A. Ecam nse
Touku P 1 Q npsMo# nexar mo o6e CTOPOHK OT TOYKM A Ha PasHOM
pPAacCTOSIHHM, TO KacaTeJpbHasi TJOCKOCTh B TOYKe A JieIMr TonojaM yroa
Meway KacaTelbHhIMM IVIOCKOCTSIMH, MpOBeAeHHHIMM B TOoukax P u Q.

OT1ciona cnenyer: eciu IBe JHHEHHaTHie NTOBEPXHOCTH MMEIOT OAMHAKOBOE
3aKpyYMBaHWe BAOJb OAHOH M3 00pa3syioulMX, TO HX MOXKHO TaK HaJIOXMUTH
omHa Ha japyryio, uyto 06Ge 3TH o6pasywomme COBNajalT ApPyr € [APYroMm
H KpOME TOro MOBEPXHOCTY BCIOAY KacaliOTcs JIpYr Apyra Bnoib 3tuX obpa-
aytommx. [lpn stoM cneayer TonbKO no3aGoOTHTHCE O TOM, YTOGH TIOpJOBhIE
TOMKM H KacaTefbHble IOCKOCTH B HMX Hajarajiuch, TOria BO3MOXHO Bpa-
ATk OAHY FOBEPXHOCTH MO OTHOLIEHMIO K APYroi Ha JBa NpPAMHIX yraa Tak,
YTO TOPJIOBHMHH H KacCaTe/bHHle IIOCKOCTH B HHX OCTAlOTCHl COBNAAarOUMMH.
dto obcTosTenscTBO MMeeT Gonblioe 3HaveHuwe AN KMHemaTwkh (§ 43).

PassepThIBaIOLIMeCs MOBEPXHOCTH MOXHO X4PAKTEPU30BaTh PasjHUHBIM
cnoco6oM Mo ux 3akpyuuBaHMio. ViMeHHO, oueBMAHO, YTO LMIMEADBI TOMAECT-
BEHHB C TEMM MOBEPXHOCTSIMM, Ha KOTOPHX 3dKPY4HBZHWE PaBHO HyMo, HOB
cocenHue obpasyomme 06pasyoT APYr ¢ OPyrcM Yrol, rasHeit Hymo . Ha-
NPOTHB, KOHYCH K NOBENXHOCTH, o6pasyeMmble KaczT€lb i 'VH K NpOCTPaH-
CTB2HHHIM KPUBBIM, HUMeloT GecKOHeuHOe 3aKpyuMBaHHe L. U cocerHue 06pa-
sy.cue y STUX MOBepXHOCTEH HAXQMATCS APYr Or Apyra Ha pacCTUsHHM,
pacHUM Hy7IO.
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Coepuueckoe wu3obpaxkeHHe pa3BePTHIBAIOIMIMXCT MOBEPXHOCTEH MK yXKe

onpesenuay. Jlns JsMHeNYaTHX MOBEPXHOCTEW € KOHEYHHM 3aKpYHYHBaHHUCM

cpeprryeckoe u306parxenHe OKasbIBAETCS BECh-

Ma mpocTeiM. HopMasu BO Bcex TouKax mnps-

ﬁ>\ MOH, pacnoyioxeHHOM Ha JMHeilyaTol MmoBepx-

= HOCTH, MapajsiesibHel OnpenenenHoll MIoCKoC-

TH, HMEHHO HOPMaIbHON nNJIOCKOCTH 3TOH

npsavoft, Iloatomy cepuueckoe nzobpaxenne

3TOR NpPAMON BO BCAKOM Ciyuae NpeacTasiser

ayry Goaeworo kpyra. Hopmant HenpephiBHO

BpaIaeTcs Ha MNpaMoOR yros Kaxnhlii pas,

KOI'Jla OCHOBaHHE ee, HaYMHasA OT FOPJIOBHHHI,

ynaasiercss B 06e cTOpoHH mo npsmotit B Gec-

KOHeyHOCTh. TakuM o6pa3om cepuyeckoe

n306paxenne NpsMON eCTb TOJNYOKDPYKHOCTb.

OGenM KOHLEBHIM TOYKAM MONYOKPYKHOCTH

COOTBETCTBYIOT GECKOHEUYHO YJIaJleHHbIE TOUKH

npaMoit, a cdepuyeckoe M306paxeHue rop-

JIOBO# TOYKH JIE/UT [ONIO/IAM IONYOKPYKHOCTD.

B 3akxioueHHe mocTpoum oIHY, OCOGEHHO

NPOCTYIO JMHENYATYIO MOBEPXHOCTh IMOCTOSH~

Yepr. 218. Horo 3axpyumsanus (uepr. 218). Ecre-

CTBCHHO ONSITH BHOPATh 323 TOPJIOBYIO JIMHUIO

npIMylo, TMepHeHIMKYNSpHYI0 KO BceM o6pasyiowmmM moeepxHocT. Ilycth d

€CTh IMOCTOSIHHOE 3aKPYyYHBaHHe Hallell MOBEPXHOCTH, a U b—jBe obpasyioiume,

pacrnonoxeHHHe NMOA YIJOM d ADPYT K LPYTYy M MepeceKaioimiue ropioByio TNps-
My B Toukax A u B. Torna uMeeT MecTO COOTHOLIEHHME:

a=AB.d.

OTciona C/ieayerT, 4TO NOBEPXHOCTH MEFeXOAuT caMma B cebs, ecaM 3aBHHUM-
BaTh €€ BOKPYr ropjioBod mpsMoi, Kak BOKpPyr OCH, Ha OJIMH BHHTOBOH XOI,
pasHhit d. BenencrBre Takoro CBOMCTBAa 3TY 10BEPXHOCTH HA3KIBAIOT BUHTOBOMU
NOEEPXHOCTbIO. BHHTOBYI0 noBepxHOCTh HamGoJiee o6iero BHAa MOXHO IO-
JIYYHTb, €CNY 33BMHYMBATL MPOU3BOJLHYIO MPOCTPAHCTBEHHYIO KPHMBYIO PaBHO-
MEPHO BOKPYI OCH, 3acTaB/isii €€ IPHHUMATh BCEBO3MOXKHLIE TIOJIOXEHMS.
Takum of6paszoM Hawa crielHanpHasi JuHeluatass BHHTOBAas INOBEPXHOCTh TIO-
JyuaeTcs B TOM cJydae, ecad oHCpaTh B Kauyecrse o6pazyioieid Kpusoh
NpsMyio, MepeceKalolyio Och MOA MNPAMBIM YIIOM. 3Ta NOEEPXHOCTh HAa3ki-
BaeTCs BUHTOBOK TNOBEPXHOCTHIO B Y3KOM CMEIC/IE CJ/IOBA.

AHanuTHYecKoe pacCMOTpeHHe MOKa3biBaeT, 4YTO BHHTOBas MOBEPXHOCTH
TpencTaBAAer MHHUMAJBHYIO 1NOBEPXHOCTh (4epT. 219). Bhime Mu yixe npu-
somuau (ctp. 170) npuMep MMHEManbHOW TNOBEPXHOCTH, WMEHHO KaTEHOMA
(uepT. 220). O6e 3TH MOBEPXHOCTH TECHO CBSI3aHK oOnHa C ApYrod. Buu-
TOBYI0 MOBEPXHOCTH MOXHO myTeM M3rnbaHus mpeBpaTuTe B KarteHoun. Ilpu
5TOM HeOOXOIMMO BHHTOBYIO NOBEDXHOCTh Hajarath Ha YIOBEPXHOCTH Bpa-
meHusi GecKOHe4YHO2 yuC/IO pas, Nofo0HO TOMY KaK Mbl MONy4a>M KpYrOBOH
WHAMHAP W3 miockocTH. Ilpu 3TOM BHHTOBAaf- OCh NOMKHA HAJNONKHTHCA HA
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caMyio Majiyie mnapajjienb MOBepXHOCTH, a MApsiMble JIHHeHYaToN ITOBEPXHOCTH
NepexonaT B MepHIuaHsl !).

Huxe Mel paccMoTpuM BHHTOBHE INOBepXHOCTH ¢ Gosee o6uiedl TOuUKH
3peHNst U yCTaHOBMM HX CBsidb C NO-
BEPXHOCTSIMU BpalIeHHS,

31. KpyueHHe npocCTpaHCTBEHHBIX
kpusbiX. Teopus pa3BepTHBAIOIUXCA
TIOBEPXHOCTEN najna HaM cnocob Tak
M3MEHATh MNPOCTPAHCTBEHHHE KpH-
Bble, 4TOOLI AJIMHA M KPHBH3HA MyTH
COXPAHSNINCh HEU3MEHHbIMH, a4 H3Me-
Hssloch OBl JMih KpyveHHe. B yact-
HOCTH, MyTeM B3aKPYUYMBAaHHS MOXKHO
BCSIKYIO 1IPOCTPAHCTBEHHYIO KPUBYIO £
NPEBPATATH B INVIOCKYIO KDHBYIO s,

Yepr. 219. Yepr. 220.

npHyeM BHA KPUBOH S LENMKOM OmNpenensercds KpHBO#H ¢; B caMOM Iele, Ha
KpHBOH § KpUBM3HA ompenensieTcss Kak (QYHKIHUS MUVIMHB OyTH, H OTCIOa B
COOTBETCTBHH CO CKa3aHHHIM B § 26 BUA KpHBOH S onpenensieTcsi ONHO3HAYHO.
Oxa3biBaercs; YTO MEXIY KPHBBHIMM S M ¢ CyulecTBYeT 3aMeuaTe/ibHasi CBS3b.

Teopus reoneanyeckodl KpUBM3HB — MOHATHE, C KOTODHIM Mbl O/iHxe O3Ha-
KOMHMCA TIO3XKe, — naeT MpOCTOe HEePaBEeHCTBO, KOTOPO€ MH HCMOJb3yeM
B nanbheduiem (yepr. 221a, 6). IMycTte kpuBast f NEeXMT Ha Dpa3BepPTHIBAIO-
Lelcs NOBEPXHOCTH, M Mbl NEPEBOIMM 5Ty KPHBYIO B IJIOCKYK KpHBYIO t'
TakuM OOpa30oM, YTO pa3BepThiRaeM Hally MOBEPXHOCTb Ha MJIOCKOCTh; TOraa
KpHBH3Ha k' KpMBOH t' HMKOrza He TmpeBbIlIAeT, a BOOGIUE MeHblle, 4YeM
KPMBM3HA £ B COOTBETCTBYIONIMX TOukax Kpusol f. [lycts a ects yron, o6-
pa3yeMblli conpuKacalomieics MJIOCKOCTBIO KpHBOH £ € COOTBETCTBYOLIEH
KacaTeJbHOH TMJIOCKOCTBIO pPAa3sBepPTHIBAIOLIEHCA MOBEPXHOCTH; TOrAa HMeeT
MECTO COOTHOILEHHE:

k'=Fkcosa.

ATa BCroMoraTe/ibHas TeOPEMa MO3BO/SIET BHIBECTH 3aMeyaTe/IbHyIo TeOpeMy: npu
BCAKOM 3AKPYHUBAHUL NAOCKOL 8BINYK.A0L Oyeu KpUBOL 6ce X0pdb 8o3pacmariont.

1) Crenyer o6paTHTh BHMUMaHWE Ha TO, YTOGHl TpH H3rH6aHUU BHHTOBAs OChb He
nepexoauaa B OCh BpAllleHHs, 8 Nepexonuita 6bl B HEKOTOPYIO OKPYXHOCTB, I€PNeHIH-
Kynﬂg/ﬂylo K HeH. B cooTBeTcTBUH € 3THM Ha uepT. 219 M 220 OCb reluKouja B3€«Ta
BEpPTHKAIbHOH, a OCb KarTeHOHAA — FOPH3OHTAAbHOH. .
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Ilns  nokasatenncTsa paccMOTPHMM TUIOCKYHO BHIYKTYI IYIY KPUBOR s
C KOHueBHMM Toukamu A, B (4epT. 222a). Ilycre npu seKpyuuBaHMM Kpu-
BOH § nonyvaetcs Ayra npocTpaHCTBEHHOR KPHBOH ¢ ¢ Konuamu C, D. Tpe6Gyer-

\ AR/

Yepr. 221a. Yepr. 2216.

cs JIOKa3aTth, yTo mpsiMosmHelHbi otpesok CD pnvuanee, yeM otpe3ok AB.
ITposenem uepes nyry f Konyc ¢ Bepunao# B Touke C (uept.2226). Passepnem
3TOT KOHYC Ha MJIOCKOCTH KpuBo# s. Torfa KpuBas f npeBpaTHTCS B IJIOCKYIO
KpuByio t' ¢ Konniamu E, F (uepr. 2228). Otpeskn EF v CD pashbl, TaK
kak CD npencrasmseT o05pasyoLryio
HAawero KOHyca M MO3TOMY [pu pas-
BepTbIBaHMH OCTAETCsi MPAMOJMHEHOM
M oToSpaxaercs ¢ COXPAHEHHEM HJIMHBL
Ha mpsmyto EF. Tenepr HaM ocraer-
cq ewe Nokaszate, 4To EF nsvHuee,
yem AB. Ho nyru s u ¢ wmeor pas-
Hyl0 JUIMHY, H COIJIACHO Hauiel Bcno-
Yept. 222a. MorateasHoll Tedpeme KpuBHaHa t' Beio-

Oy MeHblle KPHBM3HK [ B COOTBETCT-

BYIOILHX TOMKAX M, CJIE/I0BATENBHO, MEHbIIE KDMBM3HH S. 3HauHT, Mbl MOXEM
nepesecTy Ayry s B myry £, ecau Mbl, OCTasnasi TOUKY A HenonsmxHoM,
NP HeMaMeHHOH JnMHe nyrH OyneM BCIOJly yMeHbliaTh KpuBHM3HY s. M3

Yepr. 2226. Yepr. 222s.

BLINYKJNOCTH S HAIMSAHO BMJHO, YTO MPHM Hamel nepopMauuu Toura B Gymer
Bce Gonble ynansaThcsi OT TOYKM A. ITO Jerko NPOBEPUTH AHAJMTHYECKU.
Takum o6pa3om uHepaseucTso EF> AB, a cienoBaTenbHO, M Hafue yTBepixne-
HHe IIOKa3aHbi.

Panu npocTOTH MBI NPHMEHWM C/IENCTBHE H3 STOrO NPeNIONeHUs K TaKuM
KPMBBIM, KOTOpPble NO/MYYAIOTCH NYTEM 3aKPy4MBaHWA H3 JlyrH OKPYKHOCTH,
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T. €. K TMNpPOCTPAHCTB2HHBLIM KDHBHIM MOCTOAHNOM KpuBHM3HL. Torna nyTem
NOoAOGHOro yi e/IMUEHHSI MAIH yMeHbLIeHus] (GHUIyPHl MBI BCErla MOMXEM JOCTHUTHYTh
TOro, 4100kl 3.2 KpMBH3HAa OhiNa paBua eauHule. IosTomy Mt orpanuyumMcst no-
cnennuM cnyyaeM. PaceMoTpum BCe 1POCTPAHCTBEHHEIE KPit' ble C KPUBU3HOM], paB-
HOH eJT 1hHLE, COEMMHIOUIME nBe TOYKH A 1 [3. [Lnsi TOro 4To0h! < penn >THX KPHBHIX
Mbl HMEJIH M HYTH OKpYXHOCTe#, nonyctuM, uto AB MeHswe aByx. Torna neii-
CTBUT °IbHO M2WJAY TOYKAMH MOXHO NPOBECTH OKDYXHOCTh PaaMyca €lHHHMLHI.
OGe Toukm pa3buBalT OKPYWHOCTb Ha JBe nyru: Gosee KOpoTkyw nyry—I
n Gonee mamnnywo — I/ (uept. 223). OxasblBaercsi, YTO HMEET MECTO CJELYIO-

Yepr. 223, Uepr. 224.

muit pakT, C NepBOro B3raAna Kaxyluuiics mnapanokcanbHhM: 6onee Koport-
Kas nyra | pamiHee BCex AYr COCEIHMX KpMBBIX HAIIero cemelicTea, a Gonee
nnuenas ayra [/, unaobopor, kopoue Bcex cocennux. Ilpu stom crenyer
TONBKO WCK/MIOUMTh M3 pAacCMOTPEHH Te JYTH, KOTOphle NOAy4aloTCs K3
nyr I u Il nyrem Bpaiuenus Bokpyr AB, Tak Kak 3TH NyI'M KOHEYHO HMEIOT
Takylo ke nnuHy, kak nyra I u cooreeTcTBeHHO /. Taumm o6paszoMm peyb
HIeT O TeX Nyr:X, KOTophle noayuaioorcs w3 ayr [ u I uyTem 3akpyumBaHus.

JokaxeM Tenepb oflnee NMOJIOXKEHHe: €CNM Ayra MPOCTPaHCTBEHHOH KpHBOM £
MOC105HHOM KPMBH3HHI, paBHOM €NMHHWLE, coemmHsiionlast Toukd A u B, He
anuunee nyru I, To ona kopoye nyru /. IlepeseneM npH MomoliM 3aKpy-
yyBaHust AYTy ¢ B TUIOCKYIO YTy OKDYXHOCTH S, KOTOPYIO MBI HAaJNOXHM Ha
OKpYXHOCTh, TNpopefienHyio uepe3 AB TakuM 00pa3oM, YTO OJHH KOHeil
myrun s cosmarer ¢ Toykokt A (uept. 224). Torma ppyro#t kowen nyru s
coBnajeT ¢ HEKOTOpPOP Toukoi B' okpyxHoctn. CornacHo nOKa3aHHOM
Bhiie Teopeme xopua AB' kopoue xopaw AB. Jawna nyru ¢ pomxna GHTH
paBHa OjHOiI M3 TeX Ayr, Ha KOTOpHe pa3bueaLT OKpywHOCTe xopaa AB'.
M3 sThx nByX nyr onHa JUmHHee, ¥eM myra [/ m cienoBaTenbHO, UCKIO-
YaeTcs M3 pacCMOTPEHMS; 3HAYMT J/MHA JyrW f paBHa JIpyro#t nyre OKpy-
HOCTH, T. e. Kopoue nyru /.

Takum o6pa3oM Mpl [0K33aMM, 4YTO He CYIHeCTBYeT NYyTrH C KPYBH3HOH,
paBlo#l elmHHWLE, coenuHAoled TOUKM A M B, npoMexyTouHOH No nnvHe
mexcny nyramu [ w /1. TlocMoTpuM Tenmepb, He CYLISCTBYET JH APYrMX Orpa-
HUYEHHMI Ansl OJMHBl Tako# Jyru.

[Ipexcze Bcero nerko eufieTb, YTO IJMHA NYTM MOH.ET OHTh CKOJb YrOAHO
penMka. B camom Jene, MOKAY KPHMBBIMHM ITOCTOSIHHOH KPHBH3iihl CONEPIKATCS,
My IPOYMM, M BHHTOBHIC JIMHMH (CTp. 104), Xon BuHTa TaKHX BHHTOBhIX
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JUIUH MBI MOXEM CYHTaThb CKOJb YTOAHO ManbiM. Takum o6pasoM Mbl MOwem
TIPOHU3BOJILHO YBENHYHUTD YHUCIO BUTKOB TaKOH BHHTOBOM JMHWM MEXIY LBYMs
TOYKaMH, HaxoAdiuumuca Ha paccroaunu AB. Ho npu noctatoyHo manom
XOfle KaWUIHN 3aBHTOK MMEET N/MHY, NMPUOIM3HTEBHO PaBHYIO JJIHHE OKPYX-

HOCTH pamuyca emuMHunbl. TakuM o6pa3oM niavua
4 Iyry Mexay ToukamMu A M B moxer GuITh B caMoM
nene ckonb yronHo Gonbwoil (uepr. 225).

HaoGopor, Takas nyra He MOxeT umeTh Gec-
KOHEYHO Majio¥ I/IMHL, a HMEHHO AJulla ee BO
BCAKOM CJ/lydae NO/MXKHA NMPEBOCXOAMTH PacCTOsIHME
Mexcly ToukaMu A v B mo npsMoi. K srolt Hixk-
Hell rpaHdue, OJIHAKO, MOXHO HOAOHTH CKOJIb
yronHo 6au3ko. MMenHo, eciM B3ATH HA BuHTO-
BO# JsMHMM C KpuBH3HOM, paB4OH enMHMLE, XOA
BUHTAa OuYeHb OO/biINM, TO KacaTenbHash K BHHTO-
4 4 BOit JsuHMu Oyner nHouTH nNapaanenbHOM ocu M

Uepr. 225.  Yept. 226. paccTosHMe BMHTOBOM JYHUM OT OCH CTaHET CKOMb

yrogHo wanmM. Jiyra Ttako#t BHHTOBOH JHHWMM
CKO/b YTrOIHO Majl0 OTNHMYaeTcs OT ee Xopabl (ueptT. 226), M 3T0 AOKasHBaeT
Hallle yTBEpWIECHHUE.

Takum o6pasom MH HalM, HTO 3afaqa COe/IMHeHWs [ABYX TOYEK HaumKpar-
yafiime#d xpusBoi ¢ KpHBM3HOW, paBHOH eIMHHLUE, HS HMeeT peleHus. Bhime
MBI XapaKTepH30BalM MUHMMa/bHhle MOBEPXHOCTH MWHMMANBHBIM YC/IOBHEM,
MOXOXUM Ha 370, U Puman cchopMyaupoBan BawHble Teopembl TeOpHH GyHKUMU
B BHUIE OINpeleNieHHHX MHMHUMaibHHX ycnosul. Ortciona M BuAMM, 4TO,
Kazanocy 6w, camo cob6ofi pazymeroleecs AOMyui€HHE, 4YTO BCSIKA MHHU-
MajbHas 3afaya MMeeT pelleHHe, TpeOyer B KawIOM OTHENBHOM c/yyae no-
Ka3aTeNnCTBa, M BOBCE HE BCErna OHO ORpaBibiBaeTcd. Takue NOKa3aTeNbCTBa
CyILIECTBOBAHUSl SIBASIOTCH JIO HACTOAINETO BPeMeHH Hanbosee YTOMHTeNbLHbIMH
sanmauamu awamusa (§ 38, 39).

Bot coscem mpocrofi NpUMep MMHMMaALHOH 3anayd, He uMeloLled pele-

Husa. Ilyctb TpebyeTcs coenmnurh nBe Toukd A u B

S ——— HauvkpaTtya#wel nyro#t kpusol Tak, 4TOOH 3Ta nyra

u 6una nepneHmuKyaspHa B Touke A K npsimo#t AB.

Yept. 227. B 3tOM npiMepe MOXHO TOYHO Tak e CKOJb Yrop-

HO 6/M3KO MOMONTH K PacCTOSHHUIO IO MPAMOH Mex-

ny A n B, HO HMKOrAZ He/Mb3d JNOCTHIHYTH €ro, TaK K4K NpAMONUHEHHHIH
oTpe3oK AB He yNOB/eTBOpSeT HaileMy ycnoBuio (uepr. 227).

Hakonen, ynomsiseM 06 onHOM MHHMMa/ibHOW 3ajade, CyleCTBOBaHME pe-
WeHWsi KOTOpOH Yie naBHo mofiseprasock comHenuto. [Ilycre TpeGyercs
fBMraTh B IJIOCKOCTH cTepxeHb AB Takum o6pazoM, YTOOH OH B KOHEYHOM
cueTe MOBEpPHY/CS Ha 1BA MPAMBIX yria M MPH STOM TIPDH CBOEM JBHIKEHUH
06pa3oBan MOBEPXHOCTh HauMenbiued mnuowanu. Tonbko B camoe mnocnenHee
spemsi Beanxouu nokasan (Math. Z. 27, 1928), uro s1a 3amaya He mmeer
peuenus. 3uraaroo6pasHbIM JBHKEHHEM MONHO IVIOLIaAb 3TOM MOBEPXHOCTH
CrenaTh CKoJb yronHo manoi (§ 42).

32, OnMHHaBLATE CBOMCTB mapa. Mbl O3HAKOMMJMCH C NMOBEPXHOCTAMHU rayc-
COBOH KpHBH3HHI, paBuo#i Hymo. Teneph pacCMOTpUM TOBEpXHOCTH C TO-
CTOMHHON  TOJIOXKHMTE/BHOH MM OTPHLATeNbHOM KpueusHol. [Ipocredined

_
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M BO MHOTHX OTHOMIEIIMAX BakHeliuleli NMOBEDXIIOCTBLIO TAKOrO pona sBJsieTrcs
wap. OcHoBaTeNbHOE HCC/IE[ORAHME 1uapa JAET Marepuas, JIOCTATOUHBIE Juist
1le0f KHUIH. 31E€Ch MBI IPUBENEM TOJALKO OJMHHAAIAlL OCOOCHHO HATJSIMHLIX
cBoiicTB wapa. [lpn aTOM Mul MO03HAKOMMMCS € HECKOJBKHMM HOBLIMH [MO=
HATHAMH, MMEIONIMMH 3Ha4eHHe He TOJNBKO [I1sT TeOMeTpHH Liapa, HO H NS
obuelt Teopun moBepxHocTeR. OTHOCHTENBLHO KAXJIOTO M3 PACCMATPHBAEMLIX
CBOWCTB MBI MOCTaBHM BOMPOC, OmMpenc/seT JM 35TO CBOKCTBO Iap OJHO-
3HAYHO WM CYUleCTEYIOT W JApYTHE MNOBEPXHOCTH, OOJANaIOI{HE TaKHM e,
CBOICTBOM.

1. Todku IIAPA PACMNONOXEHHB HA TNOCTOSHHOM PAC-
CrossHHH OT OJAHOK ONPEAEANEHHOWK TOYKH W UMEKT NO~
CTOYHHOE OTHOWEHHE PACCTOSHUH OT ABYX HEMNOLBUXHEX
To ye kK, [lepBoc u3 5THX cBOHCTB ecTb snemMeHtapuoe onpelenenie uapa u
NOTOMY oOnpenensicT ero oaHosHauyHo. To, uTo wap o6.aafaeT BTOPLIM CBO-
CTBOM, MOXHO HEMOCPCACTBEHHO 10Ka3aTh aHanituecku, OnHako caenyet 3a-
METHTb, YTO 3TO BTOPOE CBOICTBO OMpeCAEAsieT KpOMe 11apa TakXke W [Jio-
CKOCTh, @ MMCHHO — IJIOCKOCTb [OJy4aeTcsi TOoraa M TOJbKO TOTAa, KOria
39TO OTHOLIEHHE PaBHO efuHHLe. B sTOM ciayuae nonyuaercsl MIOCKOCTb CHM-
MeTpun 06eHx ToueK.

2. OYEPTAHMSA W NNOCKHE CEYEHHHA IIAPA CYTb OKPYX-
HocCTu. [IlpH paccMOTpcHMM MOBEPXHOCTEH RTOPOrO NOPALKA MBI O3HAKU~
MMJIHCb C TEOPEMOKH, 4UTO BCE IJJOCKHE Cedelus H OuepTaHus ISTHX [MOBepX-
HOCTEH CyTb KOHWueckue ceuenusi. Jlis wmiapa Bce 9TH KOHHYECKHME CEYeHHs
Operpam@iorcs B Kpyrd. ITHM OGCTOSITCILCTBOM Liap ONPENENseTcs OJHO-
3nauno. [losTomy Mul HMeeM MpaBoO cnenarb BLIBOJ O U1apOO6pasHoCcTH 3ewin
W3 TOro (pakra, YTO MPU JYHHLIX 3arMCHUSX TEHb 3eMJM BCETia MMEET BUI,
Kpyra.

3. 1JaP UMEET DOCTOSHHYIO IIHPHUHY H MOCTOAHHB # OXBAT.
[Top mocrosiiHO# wWIMPHHOM TOHMMAIOT TO CBOKCTBO 11apa, UTO JBe Mapa-
JIeNbHBIC KacaTeNbHbIe [JIOCKOCTH MIapa Bcerpa WMeT OAHHAKOBOE paccTosn-
nue. Takum o0pa3oM niap MOMHO MPOU3BOJBHEIM 06pasOM BpalllaTh MEXALY
JBYMSl TAKHMH nockocTsiMH. Mo:kHO 6n110 661 fiymMaThb, YTO STO CBOKHCTBO
OnMpenense1 wap OJHO3HAYHO. B neifcTBUTENLHOCTH e MMeeTcs MHOro JIpyrHx
BBLIIYK/ABIX 3aMKHYTBLIX M YacTHYHO COBEPUIEHHO CBOGOAHHX OT OCO6EHHOCTEH
norepxHocTeH, 06.,13/12101HX MOCTOSHHOM LIMPHHON, KOTOpHIE, CJEN0BATENBHO,
TAaK:K€ MOXHO BpallaTb [MPOU3BOJBHO MeXAy JByMS mMapalje/bHEIMH rJia-
CTHHKaMM, MpPHYSM STH TIACTHHKHM OyNnyT BCE BpEMs KacaTbCs MOBEpXHOCTEH.
OnHa M3 TakuX MNOBEPXHOCTE! u3oO6parkena Ha uepr. 228 B AByX pasniud-
HBIX [OJIOXKCHHSX.

[TonaTHe nOCTOAHHON IIMPHHBI MOXKHO [EPEHeCTH TaKWke Ha KpHBLIE,
a MMEHHO: MJOCKOI BBIMTYKJIOH 3aMKHYTOH KpHUBOH MpHIMHCLIBAIOT 3TO CBOH-
CTBO B TOM CcJyyae, eciM JRe napannejbHEC KacareJbHbie K HCH BCerna
HMCIOT OJIHHaKOBoe paccTosinve. OKpY:KHOCTb MPeACTaBafgeT OAHY W3 KPHMBHIX
nofo6HOTO poaa, HO OTHIOAb He €JIMHCTReHHy10. M3 nByX nyr kpusol, Ha
KOTOPHIE BLINYKJas 3aMKHYTas KpHBas [OCTOSIIHOE IUMPHHBI pa3CHBaercs
B TOYKAX KacCaHHMs [BYMS NapajJelpHbiMi KacaTesbHLIMH, OIHY MOXHO 3anaTb
npon3BosibHO. Torna jipyrass MoxeT OuiTh BCerja onpeneieHa OIHO3HAYHO
TaK, YTOOH MOJyualolasicss 3aMKHYTash KpPWBAs WMe/a MOCTUSIHHYIO LIHPHHY.
B stom nierko y6eauteCs HEMOCPEJACIRCHHO: KacaTelbHBHIE K 3ananHHoOi nyre

e
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ONpeJeNgioT ONHO3HAYHO KacaTesibHHlE K ADYroH ayre; ciemoBaTesibHO, He-
O0XONMMO X KaXIOH M3 3aaHHBX KACATEJbHHLIX HA Olpene1eHHOM PacCcTOsi-
HUHM M C oOfipejie/IeHHO! CTOPOHH MpoBOAUTH mapainend. Torna BTOpas Iyra
TMOJIY 12€TCST MPICTO KaK orubaiomas 9TOr0 ceM HCTBa TNPSAMBIX.

Tena nOCTOSHHOH INMDHHBI, OYEBUAHO, XaPaKTEPU3YIOTCA TeM, YTO MpH
OpPTOTrOHAaJbHOM MPOEKTHPOBAHWM BCE€ UX KOHTYpH INPESACTABAAIOT KPHBHIE TOH
e CaMOH mMOocTOsMHHOM UIMPUHH. MOXHO 10Kas3aTh, YTO BCE KPHUBHE OJH-
HaLOBOH TMOCTOAHHOA [IMPDHUHH HMEIOT TaKXe ONMHAKOBYl0 IiuHy. Tak Kak
NOA OXBAaTOM Te/la MOHMMAIOT IJIMHY KaKOro-Hubyob U3 KOHTYpOB Te€/la MpH
OpPTOTOHa/ILHOM MPOEKTUPOBAHHHU, TO M3 3TOH TeopeMul cleayeT, 4YTO Tesa
MOCTOSIHHOA 1IMDHUHH HMelOT TaK¥e IOoCTOSHHHH oxeaT. Bcenencrsde storo

YeprT. 228a. Yeprt. 2286.

CBOMCTBA BCAKYIO MOB2PXHOCTH MOCTOSIHHOH LIMPHHBI MOXHO IPOU3BOJLHHIM
0o6pa3oM BpallaTh BHYTPH OXBATHIBAIOUIETO0 ee OYMaXHOI'O LMWIHHApA, He
pacTaruBas M He pa3puiBas LMLMHAP.

MuHKOBCKUIt JIOKa3an, 4YTO H, 06PaTHO, BCE BHIMYKJ/ble MOBEPXHOCTH IO-
CTOSIHHOTO OXBaTa MMEIOT TaKXKe MOCTOSHHYI0 WIMPHHY, TaK 4TO 06a 3THUX
CBOHCTBA TOBEPXHOCTH B3AUMHO OOYCJIOBIMBAIOT APYr apyra l!).

4. I1AP COCTOHMT M3 ORHHUX TOJBKO TOYEK OKPYIJNEHHA.
Mu yxe ynoMmsHynM 06 STOM CBOHCTBE paHbllie M ONHOBPEMEHHO yKa3anH
Ha TO, 4YTO TIOMHMO IuUapa 3TUM CBOHCTBOM o00JanaeT TaKKe MJIOCKOCTb
{ctp. 167). To, uro BCE TOYKM 1apa CyTb TOYKM OKpyIJIEeHMs, Clenyer,
MEXIYy NpPOYMM, H M3 TOrO, YTO BCE IUIOCKME CeyeHHs Liapa cyTh KpyrH. Ecau
repeMelaTh TMJOCKOCTb, IEpeceKalolyio miap, napamienbHo camoit cebe 1o
TeX TMOp, NOKa CeyeHHe ee C LIApOM He OGpATHTCH B HEKOTOpylo Touky P
TaK, YTO TIUIOCKOCTh CTAaHET KacaTesNbHOH, TO JieTko yOemHTbCs, YTO HHIH-
karpu:a Jlionena mis Touku P ecth OKpyxHocthb (cTp. 172), cnemoparesnsHo,
TOyka P ecTb TOYKA OKpYIJEHHS.

5. IlaAP HE HMEET ®OKAJNBHHX MNOBEPXHOCTER. Buime Mb
Bunenu (ctp. 166 u cn.), YTO LEHTPH KpPHMBUSHH BCEX HODMa/bHHX ceye-

1) Ecnn mbl norpebyem, yto6bl Bce KOHTYPH TeJla COXPAHAJH NMOCTOSHHYIO miouaab
BMECTO NOCTOSIHHOTO OXRaTa TO MH NpHIEM K JHPYroMy KJaaccy mnosepxHocrel,
K Tax HasbiBAGMbIM «IOBEPIHOCTAM MNOCTOSHHOrO mnpocBeTa». lllap ssasercs Takofl
HOBEPXHOCTbIO, OZHAKO IIap—OTHIOAL He €AUHCTBEHHAs TAKas MOBEPXHOCTb.
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HU# B KaKoH-HUGYZb TOYKE MOBEPXHOCTH NPOGEraoT BOOGIUIE HEKOTOPHH
OTPe30K HOPMalH K MOBEPXHOCTH B NaHHOK Touke. KoHuamu aToro orpeska
CJIy’aT UEHTPh KDHBU3HB [JaBHHX ceyeHui. OO6e 9TH TOUKM HA3LIPAIOTCH
¢okanbHEIMM TOYxaMH HOpManu. O6e (oxaabHbie TOUKM COSMNANnaiOT B TOM
H TOJBKO B TOM C/lyyae, eclM HMCXOOUTh M3 TOYKH OKpyrieHus. Onua u3
TOYeK yransercs B GeCKOHEYHOCTh TOrAa M TO/NBKO TOrNd, KOrAa rayccora
KDHMBHM3HA COOTBETCTBYIOUIEH TOYKH MOBEPXHOCTH paBHA HYJIO.

Korma nopmans mpoGeraer Bce TOYKM KycKa IOBEPXHOCTH, TO 06e ¢o-
KanpHble TOYKM BOOOLIE OMUCHLIBAIOT [BE MOBEPXHOCTH, KOTOpPHIE BMecTe
Ha3bIBaloTCd (OKANBLHOM MOBEPXHOCTHIO HAIUEr0 KyCKa MOBEPXHOCTH. B cayuae
wapa ¢OKa/jbHEIE TMOBEPXHOCTH COCTOST TONBKO M3 OZHOH TOYKM—LEHTpa

Yepr. 229a. Yept. 2296.

mapa, TaK Kak Bce (OKanbHHIE TOYKM COBMAnaioT € ueHTpom wapa. [lap
npencTaBasier co60# eNMHCTBEHHYIO MOBEPXHOCTb, A/ KOTOPOH yacTh ¢o-
KaJbHOH TOBEPXHOCTH BbIDOXIAeTcs B TOuKy. Tenepb mocrapaemcs HailTH Te
IIOBEPXHOCTH, I KOTOPHIX 06e uyacTH (oKanbHOH TOBEPXHOCTH BHIPOXK-
naiotcs B KpuBhe. OKasbiBaeTcsl, 4TO €MMHCTBEHHLIMH NOBEPXHOCTAMH TaKOro
pona sBJSIOTCS TaK Ha3eliBaeMble UMKAMAn JlioneHa, Ha3raHHHE TaK IO
HMEHH OTKpDHBILErO MX yuyeHoro (4epT. 229). DTH MOBEPXHOCIH MOXHO
OMpENeNnTh TAaK e, KaK orubaiolie Bcex LIApOB, KACAIOIIMXCS TPeX onpeje-
neHHnx wapos. [anee, UMKIMAB CYTh eIMHCTBEHHBIE MOBEPXHOCTH, BCE JIHHHH
KPHBH3HLI KOTOPHX NPEACTaBIAIOT OKPYXHOCTH. Ha naTu rumcoBeix Mopensx,
¢dotorpaguu KOTOpPHK HaHbl Ha 4yepT. 229, HaHeCeHH HEKOTOPHE JIHHUH
KPHBH3HEL. BrpoueM, UMKIMOLI CONPHKACAIOTCH € KaXALIM M3 OrubaeMbx
IIAPOB M0 JIMHUM KPHUBRH3HH W BCE JIMHMM KDHBM3HB LMKJHI NOJYyYaloTcs
TakuM CrnocoGom. [IpUMepOM LIHMKJAHABI MOXET CHIYXHTb yXe W3BECTHuIH Ham
top. Ero ¢okanbHasi noBepXHOCTb COCTOMT H3 OCH BPALUEHHS H OKDYXHOCTH,
OMUCHIBAEMOH 1IEHTPOM 00pa3yiollero Kpyra npH BpauieHHd. [lanee, konyc
BpalleHHs] H UWIMHAD BpaUleHHA CYTb LMKJAMAB; ONHOH HacTbO (hOKaNbHOM
NOBEPXHOCTH SIBNSETCH OCh BPAILEHHMS, IPYTas 4acThb JIeWHT B GECKOHEUHOCTH,
Y IpyrHx UMKAMA OKANbHAA MOBEPXHOCTb COCTOAIT M3 JIBYX KOHHYECKUX
ceuenu#t, B obweM Ciyyae M3 3JUMNCA M TUNEPOO/IH, DACHOJONKEHHHX IO

13 Cuab6ept n Kon-Poccen
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OTHOILEHHUIO APYT K APYTY TaK, KaK pacrnosioxeHH (okanbHbe KPHBLIE NMOBEpX-
HOCTH BTOPOro nopsaka!).

Eciu Mu Temeps norpebyeM, 4YTOOH TOJNBKO OfHA MOJ CTh (OKAJIBLHOH
MOBSPXHOCTH BHIPOXKAANACh B KPHBYIO, TO COOTBETCT YiOLUMH Kjacc MoBepx-
HocTelt Gypmet ropasno iuupe. Bce noBepXHOCTH BpalieHHs 006/1aal0T STHM
CBOKCTBOM, OJHAa 4YacTb MX (OKaNbHO!N TOLEPXHOCTH ECeria NpeacTaBIserT
ock Bpainehus HauGosee oOlne NOBEPXIIOCTH 3TOr0 pona CyTb HO3€PXHO-
cmu KaHaao8. DTO—OrubaolMe MOBEPXHOCTH ceMelcTea WapcB nepeMeH-
HOrO panuyca, LEHTPH KOTODHIX JeXaT Ha Heko1opoH kpu#Boil. Kpupas 31a
BCerna sBasercs OaHOM yacTbio (okanpHO# MOBepxXHOCTH. Ecau BMECTO 3TO#
KPUBOH B3ATb TNpSIMY0, TO MOJYYMM IIOBEDXHOCTH BpalLIEHMs, KOTODHE, cJie-

Yepr. 229s. Yepr. 229r.

JOBATEJNBHO, NPEACTARJAIOT YacTHHfl ciayyaft mosepxuocTeil kananoB. TouHo
TaK Xe KaK B CJyyae IOBepXHOCTeM BpallleHWst, H Yy JAPYrHX [OBEpPXHO-
cTell KaHajioB ONHO CeMEHCTBO JMHMII KPHBH3HBI COCTOHT M3 OKDY¥KHOCTEf;
UMEHHO 3TO CyTh Npele/NbHEIE TIOJIOMEHHA KDPYroB, IONYYaiOLHXCAd MpPH
nepeceyeHuy COCeIHUX LIAPOB.

Y Bcex mpyrux KpHMBHX MoBepXHocTe#l (pOoKanpHA NOBEPXHOCTb COCTOUT
M3 ABYyX nonocreidi. MoxHO nokazaTh, 4YTO BCKas HOpMaab B CtOoMX (ho-
KaJbHBIX TOYKAX He MepeceKaeT STHX MOJOCTed MOB2PXHOCTH, a KacaeTcd uX.
Takum o6pasom, ecnu u3sectiisl 06e MOJOCTH JOKAILHOW TMOLEPXHOCTH IS
HEKOTOPOH MOEEPYHOCTH, TO HOPMAJNM MOXHO OIfpefeNuTh Kak oObliHe Ka-
cateJibHEIE 3THX ABYX 4acTeH.

Bosnukaer Bompoc, kak najieko MOXHO MOHTH B CMBIC/He OGpAllEHHs 3THX
oTHOmeHHH. Mw 6yneM uCXOmHMTh M3 JMOOLIX ABYX KYyCKOB [MOBEpX! OocTeft
M DacCMOTDHUM CeMEHCTs0 S BCeX NpAMBIX, KacaioLMXcs O6OMX KYCKOB [10-

1) U3 Gpawengbie Ha uepT. 2293, 6 MOBEPXHOCTH MOIYHAIOTCS H3 TOPA NMPH MOMOILU
MHB pCHH B npicrpaHcree. [IpM sTOM LEHTD HHBEPCHH JEXHT B clydyae MOBEpX-
HocTi4 2296 Ha TOp: a B cCayuae mnoBepxHocrH 27%a — He Ha Tope. [loBepx-
HOCTA 4epT. 2298, T MONY4aloTCd NpY NOMOLUH NPOCTPAHCTBEHHOH HHBEPCHH H3 KOHycCa
Bpallle Msl; 4YepT. 22-T COOTBETCTBYET C.ay4alo, KOTJa LCHTD MHBIPCHH JEWHT Ha
nosepx iocti. Uepr. 2291 upencTaBAfeT NOBEPXHOCTb, MONYYJIOILYIOCS NPH IOMOLIM
HHBEPCHH H3 KPYTOBOI'O LMIHHIDA; HEHTP HHBEPCHH He JIEXHT Ha NOBEPXHOCTH LWHIHHAPA
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sepxuocTh. CnpammMBaeTcs, CYIECTBYET M NOBEPXHOCTh, HOPMaAH KOTOPOH
COCTOAT H3 ceMelicTBa S, WM, MHaYe TOBOPs, He CAYXAT JH NaHHbIE ACA
KyCKa TOBEpX't0CTH (OKaNLHOH TOBEPXHOCTH A/ KaKO#-HUOYAb MOBEPXHOCTH.
Jis Toro urobH 3TO MMeNO MeCTO, HeOGXONMMO M JOCTATOYHO ONHO enHH-
CTBEHHOE YC/N0BHE: B OGEHX TOUKaX, B KOTODBIX BCSKas mpsiMas ceMmelictBa S
KacceTcsl 05cMX [OBEpXHOCTEH, KacaTeibHble TUIOCKOCTH K OGeMM moBepx-
HOCTAM JO/KHbH ObITh TNMepneHmMKyNsipHel apyr K apyry. [Ipumep map no-
BepxHoCTeH N0106HOr0 pona TMpencTaBisier CHUCTEMa COQOKYCHBIX [1OBEPX-
HocTell BTOporo mnopsaaka. MmenHo, MOxHO mnoOkasats, 4ro J06Gbie aBE
HEONIHOUMEHHBIE CO(OKYCHblE TOBEPXHOCTH BTOPOro INOPSIKa Bceraa yaorse-
TBOPJIOT HallleMy YCJOBHIO.

6. BCE TEONE3HYECKHE JTMHHH NMOBEPXHOCTH IIAPA CYTh
SAMKHYTHE KPHBU E. [eonesnyeckue nMHHM MOBEPXHOCTH MPE; .CTaBASIOT
ofobliende NpAMLIX JHHMH Ha TOCKOCTH Tak e Kak npsimbie, OHH 006-
JIanaoT HeCKOJbKMMH BaXKHbBIMH CPOHCrBa-
MH, KOTOpbie BBUIESIIOT WX M3 ICeX Jpy-
IMX KDUBBIX HA MOBEPXHOCTH; MO3ITOMY HX
MOXHO ONPeNe/IuTh pPa3NUYHBIMK  Croco-
6amu. 3nech Mbl TNPHEENEM TPH Onpenese-
HUS: KaK Kpamuaduux NMHKAH, KaK @poH-
MAAbHULX TUHUA U KaK npsmeduwux TUHuH.

[lepsoe croicTBOo ykasmiBaeT, yTto ECH-
Kas JOCTaTOYHO Majad Ayra reofiesuueckoh
JMHMK TIPEACTABMANET KpaTyafilyio JHHHIO
Ha TNOEEPXHOCTH Cpeau BCLeX JIMHMii, cce-
JMHAOLMK KOHUB 3TOH NyrH W MOTyuMX
6LITh  NPOBEEHHHIMM HAa TMO"€PXHOCTH.
Orcioga  cienyer, uYTOo npH HM3TMGaHHH Yepr. 2291
IIOBEDXHOCTH Teojie3UyYecKie JIHHHH BCe
BpeMsl OCTaoTcs regne3uyeckuMu. [TosToMy reonesnyeckue NHHUM ABASIOTCH
OCHOBHLIMH JIMHUSIMM JUISl  ONpeleneHusi EHYTPEHHUX CBOHCTB NOBEPXHOCTH
(ctp. 173), u npH HoOMOUM BHIYEPUMBAHMS TEONE3UYECKHX JIMHMI H H3MepeHus
HX I/NAHB MOXHO OMNpEJENUTh BCE BHYTPEHHHE CBOHCIBA MOBEPXHOCTH (HampH-
Mep rayccoBy KPHUBM3HY); 5TO COO1BETCTBYET TOMY (PaKTy, YTO TreOMETPHIO Ha
NJIOCKOCTH MOXHO LEJMKOM ONpeAeNuTbh MpY MOMOUIM EEIYEPYMBAHHMSA MPIMLIX
U u3MepeHHst oTpe3koB. TouHO Tak e Kak Ha MJIOCKOCTH yepe3 IIBE TOYKH
NPOXOIMT OfHA M TOJBXO OfHA MpsMasi, Yepe3 NBE He C/AMLIKOM YIAaNeHHBHIS
TOYKH NOBEPXHOCTH MOXHO BCEria MPOBECTH OAHY H TOJNBKO ONHY AYTy Ieoe
nesuyeckolt sivHMu, OuesuaHO, 3TY HYry MOXHO TOJAYYHTb, €CINH Mexay
06enMH TOYKAMHM HA TOBPXHOCTH HATAHYTh HUTH 1).

Bropoe cBoilcTBO reoneanyeckux JMHHMH, COCTOsIlee B TOM, 4YTO OHH
APAAIOTCH  «(POHTANBLHBIMUY, TaKXe OTHOCHTCA K BHYTPEHHeH TIeOMeTpuH
MOBCPXHOCTH. MIMEHHO, MOM.HO CIpefesuTh Treole3nyeckHe MaUHMM Tpe6o-
BaHUWEM, uyTOOL 6EcKOHeyHO Manasi ayra KpHcoH AB Ha T1OBepXHOCTH
nBuraiach Bcerna «mpsamo». Ilpu 9ToM Tpebyercsi, 4TOOBl MYTH TOuYEK
AW B Bcerna uMeNu paBHylo IJIMHY M ObLIM BCErna NMepHeHAMKYNsApHH K AB.

1) Ha BHewnel cTopoHe BHIIYKJAOro KyCKka NMOBEPXHOCTH HHTb cama coGo#t pacmo-
JaraeTcst No NOBEPXHOCTH; B APYTHX CAy4YasiX HEOGXOAUMO LPICHEAHTb 3a TEM, YTOOu
HHTb HH B OAHOM TCuKe He MOKHAANa DOBEPXHOCTH. o

13



196 IHGEPEHUMAJLHAS TEOMETPHS

IyTy, KOTOPEI# MpH STOM OMNHCHIBaeT cepennHa oTpeaka AB, 6yner ckone
yrofHo ONH30K K Teome3uyeckod JHHMM, €ClMH BhIGpats nyry AB noctaToyHo
Masolt. DTO ompelesenue nenaeT NMOHATHBIM TO, YTO Yepe3 KAWIYIO TOYKY B
M060M HaNpAaB/JeHHH MPOXONHT B TOYHOCTH OAHA Teone3nueckas Muuus. [lanee,
B COOTBETCTBHH C 3THM OMNpeJe/IeHHEM MOXHO NPHONMKEHHO MOCTPOUTH reo-
IE3HYECKYIO JIMHHIO TaKUM CHOCOGOM: MyCTh MO MOBEPXHOCTH KATHMTCH BO3-
MOXWHO Manas [ABYXKOJIECHAs KOJfCKAa, KOJeca KOTOPOM KECTKO CRA3BZHLI
C OChbi0 M, C/eIOBaTe]bHO, HMMEIOT OJHHAKOBYIO CKOPOCTH BpauieHus. Tak
Kak Mbl XKelasM, YTOOb aBTOMOOHAL MOT €3[MThb Ha 3eMjle HE TOJNBKO M0
reo/e3HYeCKUM JIMHHAM H TaK KaK B LelJAX COXPaHeHHs IIWH H MO [APYTHM
OCHOBAHHAM HaM KENaTeJNbHO NPENOTBPAaTHTL CKOMbMEHHE KOJNec, TO MpH-
XONUTCA MO3a6OTUTBCS O TOM, yTOGH 06a 3aNHHX KOJECa aBTOMOGHIS MMENH
BO3MOXHOCTb BPALIATBCH € PasqUUYHON CKOPOCTHIO.

TpeTbe onpeneneHHe TEONE3HMYECKUX JHHMH KaK «OpsMeHilIuX» CBA3aHO
yie He ¢ BHYTpPEHHEN reomMeTpHel MOBEPXHOCTH, @ € IOJIOXEHHEM MOBEPXHOCTH
B mpocTpaHcTBe. VIMEHHO, Ayra reomesvyecKoH JHHUH BO BCEX CBOMX TOYKAX
HMeeT HaMMEeHbLIYI0 KDPHUBH3HY [0 CPaBHEHHIO €O BCEMH TeMH KPHUBLIMH Ha
TIOBEPXHOCTH, KOTODHIE HWMEIOT ¢ AYTOoi reonesvdecko JvHuM 06wy Ka-
CaTeJbHYIO B IaHHOR TOYKE. ITO CBOHCTBO OMpenelisieT reone3ndecKyio JHHUIO
Ha BCEM €e MPOTMK2HHH, ecl¥ 33[4Th OJHY M3 ee TOYECK M ee HanpasieHuHe
B 9TOH TOYKE, IDTYy JMHUIO MOXHO TMOJYYHTb, €CNH B 3aNaHHOM TOYKE H B
3aNaHHOM HAMNpaBJCHHH MPITRHYTb YMNPYTY0 MPAMYIO BA3AJbHYI0 WLy
H npuru6ath ee K MOBEPXHOCTHM TaK, 4TOOLI OHAa MOTJa NBHUTaThes O MO-
BEPXHOCTH TOJBKO BJOJb caMmoit cebs. Tak Kak Mria COMpOTHBASIETCH BCAKOMY
HCKPHBNEHHIO, TO OHA NPHMET BYUM T'eOHe3HYeCKOR JIMHMH.

MoxHO TaKxe onpenesMTb npaMefllie JUHHH U TaKHUM [EOMETPHUYECKUM
TpeGoBaneM, YTOOH COMPHKACAONIasAcs MIOCKOCTb KPUBOH Beerjia mpoxonuia
yepe3 HOpMalTb K TNOBEPXHOCTH BO BCAKOH Touke kpusoi. Harnaguoe pac-
CMOTpeHHe TOKasbIBaeT, YTO MpH 9TOM JBe GeCKOHeYHO GJH3KHE KacaTelb-
Hble KpuUBOH 00pasyioT Apyr ¢ APYroM Ha MOBepXHOCTH HaiMeHbUIMH BO3-
MOXHBIH yrosn. ITO OGCTOATeNLCTBO YiKe MPHBONKT K YC/OBHIO HauMeHbLIeH
KpuBu3ubl. Hazpanue reomesandeckux nHHHN OGA33HO STOMY OMpefefeHHIO
HX MpH DOMOLM cOompHKacamelcs NAOCKOCTH. DTUM KPHTepHeM MOJMb3YITCA
B leofe3dd MpH NPOBEJCHUM KpATYAHUINX JHHRA Ha 3eMHON NOBEPXHOCTH.

Feonesnyeckumy nuHuAMH 1apa cayxar Gonabluume Kpyrd. B camom nene,
MJIOCKOCTH 9THX KPYroB NEPECeKaloT 1ap MNEPeHaMKyIapHO K MOBEPXHOCTH
H Yepe3 KawAyl0 TOYKY MOBEPXHOCTH IIapa BO BCeX HAMPaBJEHUSIX MPOXORMT
oauH Gonpwo# Kpyr. CoOOTBeTCTBEHHO STOMY BCE reone3ndeckue JHHWM Liapa
CyTb 3amMKHyTble KpuBble. OJIHAKO 5TO CBOHCTBO HHKOMM 06pa3om He oOmpe-
nensieT apa; CYWeCTBYIOT ellle MHOTHe HPYTHe BLIMYKJble 3aMKHYTLIE [10-
BEPXHOCTH, FEOe3MYeCKHE JHHUHU KOTOPHIX TaKKe 3aMKHYTHI 1),

HanpammBaeTci MbIc/b MCKaThb 3aMKHYThle Treofie3HYeckve JIMHMH TaKke
U Y Bcex Apyrux nosepxHocTel. OcoGeHHO MmpocTO BEAYT ceGs NOBEPXHOCTH
BpAliCHHA. Y HUX MepHMAMaAHBI MpEACraB/sllOT BCerna reolieanyeckye JHHWH,
TaK KaK MJOCKOCTH MepHIMAHOB MPOXOAAT Yepe3 OCb M MOTOMY MNepeceKaloT

1) 3necb u B fanbHeRwem nox 3amxHyToH reonesuueckolt nuruel mMpl mozpasyMeBaeMm
TaKylo JIHHHIO, KOTOpas Ge3 H310MOB BO3BPalLaeTcss K HCXOMHOH TOuKe M He nepe-
ceKaer cama cebs,
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MOBEPXHOCTH TOJ MpPSAMBIM YoM (BLbIIE MBI yXKe NOKa3alH, YTO MEpPHIHAHEI
CHyXaT TaKXXe JMHUAMH KDHBH3HBI ToBepxHOcTH). OTClORA Cllefyer, YTO Bce
3AMKHYTLIE MOBEPXHOCTH BpalleHUusi 06/1afaloT CeMeRCTBOM 3aMKHYTHLIX Teofie-
3uYeckMX ¢ oaHuM napaMeTpoM. Ha npyrux noBepxHocTsx  cymiecTByioT
TONBKO OTAe/IbHEE JWHUH Takoro pona. Tak, MOXHO nMokasaTh, YTO Ha TpeX-
OCHOM  3/JIHMT OME ENAMHCTBEHHLIMH B3aMKHYTHIMU TEOfE3HYECKHMH JIMHHIMHU
6e3 camonepeceuyeHHM SBARIOTCA T€ TPH IUIMICA, KOTOPBIE MOJYYalOTCH B
nepeceueHHH STOR MOBEPXHOCTH € TpPeMs MJIOCKOCTAMH CHMMETPHH.

O6partHo, nMeeT MeCTO TeOpeMa, yx€ MABHO MPEANOJAraplluascs, HO JHUIb
HenaBHO Jlokasannag Jlioctepuukom M llIHupenbMaHOM, YTO Ha BCSKOH Bbi-
MYKJOH 3aMKHYTOH MOBEPXHOCTH M{OXOAAT 1O KpalHe# Mmepe TpH 3aMKHYTHIX
reofile3HyecKnx nuHuM 6e3 camomnepeceyeHuHt,

Feomesnueckue nuHuM uMeoT Gonbuioe 3HaAYeHHe IS (u3vku. MaTepuanbHas
TOYKa, cBo6omnas OT NEHCTBUA CWJ, HO BHIHYMUICHHAss OCTaBaTbCsi HAa Ofpe-
ZleieHHON MOBEPXHOCTH, BCera INBMKeTCA MO TeONEe3WYECKOH JIMHMHM MOBEpX-
HocTH. Kaxnoe M3 npHBelNeHHBLIX HAaMH oOfNpenejeHHH TeOne3MyYecKOR JHHUH
ZlaeT OCHOBaHHWE N/ 3aKOHOB MEXAaHWKH MarepHaJbHOH TOYKM; Tak, ONpene-
JieHWe Treofe3uyeCcKOR JMHMHM KkaKk Kpatuadiiell COOTBETCTBYET MNPHHUKIY
flkobun B Mexauuke; ompeneNeHue reouesdueckol kak npsmeHiieli npose-
JMeTC B MPUHLMIIE HaWMeHbUIEro mnpuHyxJaenns [aycca-l'epua; nomoxenue
CoMpHKacaioneiics MIOCKOCTH TeONe3HYEcKOH JIMHHM HaxXOIMT BhIpaXKEHHe
B ypaBHeHMax Jlarpaw:a nepBoro posa.

leonesnyeckne MUHMM HAXONATCH B HHTEPECHOH CBA3H C TeopheH (POKANBHLIX
MOBePXHOCTER W JMHUM KpUBM3HLI. Bhilie MBI yxe YNOMHHaNH, YTO HOPMaJH
K TMOBEPXHOCTH KacalTcs (OKaNbHOM MOBepXHOCTH. IJTHM CaMBIM  KaXHOH
TOYKE (POKAJbHOH MOBepXHOCTH COOTBETCTBYET HEKOTOpOe 4YanpaBlieHWE Ha
3TOH MOBEPXHOCTH, MMEHHO HarpaBjeHHE TOH HOpMalH K IepBOHAYaJbHOH Mo-
BePXHOCTH, KOTOpas KacaeTcsi (hokalbHOM MOBEPXHOCTH Kak pa3 B STOH TOYKE.
Tak e kak B cayyae JIMHHM KPWBU3HBI H aCHMOTOTHYECKHX JIMHHH, MOXKHO
WHTETPUPOBATh MoOJie STHX HanpaBieHWH Ha (OKaNbHON MOBEPXHOCTH, T. €.
MOXHO MOJNYYHTb CEMEHCTBO KpHBLIX, KOTOphleé HMEIOT B Kaxnol Touke
COOTBETCTBYyIoLliee HampasieHne. OkaswBaeTcsi, 4TO MOJYyYeHHOe TaKHMM 06-
Pa3oM ceMeHCTBO KPHBLIX COCTOMT W3 reone3nueckux Juuuit., KacartenbHele
MIOCKOCTH K STUM TeOle3HWYeCcKMM JHHMAM, KOTOPHIE MOMKHO [MOJNYYHTb H3
HOpMane!l K Ha4yalbHOH MOBEPXHOCTH, MepeceKaloT HayajibHYI0 MOBEPXHOCTh
Mo €e JVHHAM KDUBM3HEI, MPHYEM KawJas NoJOCTb (HOKAJTbHOH TIOBEPXHOCTH
JaeT ONHO M3 JBYX CeMEHCTB JMHHMH KpHBH3HEL

Mu yxe ynoMuHaMM, 4TO JiBe CO(POKYCHBIE MOBEPXHOCTH BTOPOTO MOpAMKA
pa3HOrO pona BCEFAAa MOXKHO DacCcMarpuBath KakK (POKaNbHY!O MOBEPXHOCTD
HEKOTOPOH 1OBepXHOCTH. IDTO OGCTOATENBCTBO AAeT HaM crnocob HaHTH Bce
reojie3nueckue JHHHA TPEXOCHOTO sanuncoufa. Bosbmem runepGonoun H,
codokycHblft ¢ panHbM sunmnconnoM E, [lpsamile, KoTopnie KacaloTcsi Kak
aMIMNcouMaa, TaK runep6o/ioHaa, ONpeneisoT Ha saauncoupe E none wna-
npaBnenu#i, HHTErpajbHble KPHBble KOTOPOTO COrJIACHO YKa3aHHOH Teopeme
cyTb reozesnyeckne. ORHAKO TaKMM CrnOCOGOM MH HHUKOMM OGpasoM He
MOJIyYUM BCeX reofie3MYecKMX JMHHM smauncouna E, Tak Kak yepe3 BCAKYIO
TOYKY MOBEPXHOCTH MPOXOAAT FeOAE3HYecKHe JHMHUM BO BCEX HANMPABNEHHSX,
MeXNy TeM KaK Mbl HallIM Teofe3HYyecKHe JMHUM TOJBKO IS BIOJIHE OIpe-
neneHHbIX Hanpasnenu#l. CemeHCTBO HaMNEHHBIX HAMHM TeOAC3MYECKHX NHHMH
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sanuncovna E nerko onpepenuTb: MOXHO MOKa3aTh, YTO MHl MONY4YHIH BCe
Te U TOMBKO Te reojieanyeckue JHMHUK BANuncoHaa E, KoTopule KacawTcs
KpuBOH mepeceueHns sanuncousa E u runepbononna H (depr. 230). Onu
MOKPLIBAIOT SJUIMIICOMA MOAOGHO TOMY, KaK KacaTesbHble K 3JUIHMCY NOKPLI-
BalOT MmiockocTb, KpuBas mepecevenms aanmincoupa E v runepbonouna H
(koTopasi KpOME TOTO fIHSAeTCA JIMHKeH KPUBM3HBI SIHNCOMAA, KaK Ye
6HIJI0 YIIOMAHYTO) NEAMT SJMICOMA Ha 4acTH. OnHa yacTh OCTacTCs Hemo-
KpbiTO! KDHUBLIMHM, MeWNy TeM KaK 4Yepe3 BCAKYI0 TOYKY JApYro# 4acTd mpo-
XOARAT NBe KPHBLIC ceMelicTBA.

Tenepb, uyTOGLI MOJyuYHTH BCE reofesuuyecKue JHHMM syunconna E, He-
o6xonumMo, uToOnl rumepbosoun H MpUHUMan BHJL BCEX OJHOMOJOCTHBIX
M [ABYMOJOCTHHX TIHNep50J0MI0OB COQOKYCHOH CuCTEMBl,  OmpenejsieMoi
snmuncovnom E. Ilpu s1oM QokanbHylo rumepSoJy cllenyeT pacCMaTp4uBaTh
KaK MpenedbHLIt cayualt rumepGojomna. B kadecTBe KacaTe/bHBIX STOH
BLIPOXERHOR MOBEPXHOCTH CJIeLlyeT PacCMaTpUBATL BCe TE MpAMbE, KOTOpHE

nepecexaloT QoxanpHylo runepbony. PoxanbHas ru-
nepbona nepecekaer amncoun E B yeTwipex TOYKAxX
oxkpyraenusi. [lepexons K npejeny, Mbl NOJydHM, 4TO
CEMeHCTBO reoNe3n4ecKnX JAMHUE sanuncouna E, Ko-
TOpOE MpUHAIJIEKHUT K (PoxanbHOR rumep6boJie, COCTORT
H3 BCEX TEX H TOJBKO TEX TIeOfe3UYecKUX JHHHM,
KOTOpble MPOXOANT Yepe3 TOYKY OKPY(J/eHHS Saumn-
Yepr. 230. couna '), Janee okasulraeTcs, 4TO BCAKas IeONE3d-
yeckas JIMHUSA, NPOXONALLAS HEpPe3 TOUKY OKPYIJeHHs,
NpOXONHT M Yepe3 NHAMETPasibi O HPOTHBOMOJNOKHYIO TOUKY OKPYrJIEHHsl.

B cayuae mapa Boe reoneauyeckde JMHHH, MpPOBEAEHHBIE 4Yepe3 KaKYio-
HUGYIb TOYKY P, MpOXonsT TaKke M yepe3 JPyIyi0o OMpeleleHHYI0 TOYKY,
a4 MMEHHO JHaMeTpaibHO TPOTHUBOMNOJOXKHYIO TOuke P.Teonesuueckne IuHmH,
NpoXOAsiMe YepPe3 TOYKY OKPYIJIEHHS SJUICOMAA, BenyT Ce6f aHanorudHo.
B To e BpeMsi MOXHO [OKa3aTh, YTO FEOAE3WYECKME JIMHUH, MpoXomsuide
yepe3 KaKyw-HUOYIOb APYTYI0 TOYKY S/UIMTCOHMAAZ, HE BCe MMEIOT €Ul ONHY
OO1IyI0 TOYKY.

Tenepb HampaliMBaeTcsi BOMPOC: FBASETCA JH Wap €AMHCTBZHHOH MO8. pX-
HOCTbIO, ¥ KOTOPOH BCE TEOfE3HYECKHE JHMHMM, MPOXOnsUIHE Yepe3 MpPOHM3-
BOJILHYIO TOYKY, CHOBa MepeCEKaloTcs B APYSO#l onpeneneHHOH Touke. OTBer
Ha 3TOT BOMPOC IO CHX NOP ele ke NONYYEH,

7. CPENM BCEX TEJ PABHOTO OBBEMA IIAP MMEET HAH-
MEHbLIYIO .NIOBEPXHOCTh, A CPEJAH BCEX TEJ OINHHAKOBOH
NOBEPXHOCTH OH HMEET HAUBOAbWHH OBBEM. llap onHo-
3HauHO ompenesseTcs OOOMMH STHMH CBOMCTBAMH, H3 KOTOPLIX KaWaoe ecTh
clefcTBHe npyroro. JOKazaTenbcTBO 9TOrO NPHUBOAMT K 3ajnavye BapHaLKOH-
HOTO HCUUC/IEHHA M HWCKIIOYHTENBHO yTOMMTenbHO. [IlpocTeiillee skcmepu-
MeHTaJbHOe JOKAa3aTeNbCTBO NMPEACTABNZET BCAKMM JMeTALMH MBUIbHBIR My3bIPb.
Kac¢ mbl yxe ynomuHamM, KOTZa TFOBOPWIH O MHHHMAJNbHBLIX MOBEPXHOCTSX,
MBIJIbHAS TJ*HKA BCJI2ACTBHE MOBEPXHOCTHOIO HATAXKEHHST CTPEMMTCH CTAHYThCS
B MOBEPXHOCTb, WMEIOIYI0 HAWMEHBILYIO IJomaib. Tak Kak, € Apyroft cro-
POHBLI, B MBUILHOM My3LIP€ CONEPKHTCA BTOJHE ONPENENeHHHR H HeusMEHHEIH

k)

1) Onycanyoe HA cTp. 168189 nocrpoenue NPy NOMOMLH HHT.1 TECHO CBA3AHO C 5THM,
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o6BeM BO3AYX1, TO My3LIPb NOMKEH MPU A[AHHOM OFBEME NPUHATL HAHMElib~
wyio nosepxiocTs. Habmonenne nokaswiBaeT HaM, YTO MOAOGHLIE MBUIBHLIE My~
3HIPH I'CEra HMeloT (OpMY IIapa, ec/id TOJbKO OHM HE MONBEPIK HLI 3HAYM-
TeNILHOMY BIHSHMIO CHAbLI TAKECTH TPA HAJHYHM TIONBZIUCHHLIX K HUM Karnejb.

8. CPEIM BCEX BHOYKJIBLX TEJ OJXMHAKOBO# MNOBEPX-
HOCTH WAP MMEET HAMMEHBIIVIO MOJHYI0O CPEjJHIOK KPH-
Bu3HY. Cpenielt KpuBM3HOH F B TOUKE MOBEPXHOCTH Ha3biBaoT apu.pmMein-
HecKoe CPENiHee M3 TNaBHLIX KPMBH3H R STOH TOYKe:

1
H“_-g (kg + ky)-

IMpu sToM o6e riaBHble KPUEM3HLI CcaenyeT 6paThb € ONMHAKOBLIMM WIH
NPOTHBOMOJOXKHBIMH 3HAKAMH B 33aBUCHMOCTH OT TOTO, SIBNRETCH JIM MOBEpX-
HOCTb BO B3ATOH TOuKe BHIMYKNOH MM ceanoobpasHoli. B mpoTusononox-
HOCTb TaycCOBOH KpHMBH3HE CPEiHssl KPUBHM3HA OCLIYHO HE COX)AHsEeTCH MpH
usru6Gannu. Takum 06pasoM OHa XapakTepHsyeT B MEPBYI0 Ouepesb MOJO-
JKE€HWe MOBEPXHOCTH B NPOCTPaHCTBE.

[Mpumep, nOKa3LBAIONMIl 3 1a4EHHE STOrO MOHATHS KPUBH3HBL, MBI yKe
MMEIH B MHHMMAaZbHbIX MOBepXHOCTAX. OHM onpenensiuch TeM, YTO MX
I7IaBHBIE KPHUBM3HBLI BO BCYKOH TOUKE DaBHBLI M MPOTHBONOJOKHB MO 3HAKY.
Ho orciona BHIT€<aeT, YTO CPEIHAN KPWBM3HA Yy HMX ICIORY PaBHa HYJIO.

Yr1o6Hl Temepb OMp2le/iMTb N04HYI0 CPEHIOI0 KPUBH3HY, NpeacTaBHM cebe,
YTO paccMaTpHBaeMasi MOBIPXHOCTb MMEET OIpefelieHHY0 Maccy, pachpene-
JEHHYI0 TaK, 4YTO TUIOTHOCTD B KaXJOH TOYKE PaBH1 CpelHedl KpHUFRHU3He.
IMonnass macca, kortopylo npuHobperaer Takuv 06pasOM BCH MOBEPXHOCTD,
Ha3hiBaeTCcd MO0 cpenH2R KPUBU3HOH 9TO#H MO:.epXHOCTH.

Onp=neneHue 3aMKHYTHIX [MOBEPXHOCTe, MOAHAA CpPenHSA KPHUBHM3HA KO-
TOpLIX MpPH 3afaHHOK [UIOULIAM TIO82PXHOCTH HVEeT MHHMMYM, LPHBONMT,
TaK K€ ¥KaK ¥ npepblayniee CBOHRCTBO 1Uapa, K BapHallMOHHOH 3ajade, npu-
yeM 31eChb TAKXE BHIICHAETCHA, YTO LUAP MpenciaBisieT eAMHCTBEHHYIO IO-
ePXHOCTh, OOJanaIouIyl0 STHM CBOHCTLOM.

O6a mocaenHux CBOMCTBAa 1apa MOXHO NONY“'HTb B OOlLUeH TEOpHM BHI-
MyKJBIX TeJ W3 OMPCHCNEHHLIX HEPAaBEeHCTB, CYLUIHOCTb KOTOPHX 31eCh Mo-
ctapaemcs Hametutb. Lllap pagmyca r umect moB2pxHOcTs O ==4rr* u 06DbeM

=—% 7r8, Jlisg TOro 4ToOH MOJY4YHTh OLWHAKOBYIO PA3MEPHOCTb, MBI JOJDKHBI
CpaBHHUTH Ky MOBEPXHOCTH C KBapaToM 06b°Ma. ITO JaeT HAM COOTHOLIEHHE:

0® =36nV"4,

He 3aBHCsllee OT Pafuyca W HMelolee MeCTO M BCAKOro mana. Tak Kak
wap uMeer Haubosbiiu#t o6beM W3 Bcex MOBEPXHOCTEH € TOR e caMoil
TJIOLaAblo, TO MPH CPAaBHEHHHM 1lapa CO BCeMH OCTAJbHBIMH TMOBEPXHOCTAMH
Mbl HOMKXHBLI HMETb:

0% > 36nV2

Ecnmu o603naunth yepe3a M NOJNHYIO CpENHION KPHBH3HY MOBEPXHOCTH, TO IUIs
BCeX BBLIMYK/ILIX T€J MOXHO AOKa3aTb C/elyloliHe NBA BAXHLIX COOTHOLLEHHS:
O'—3VM>0,

M} — 410 >0.
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Bo Bropo#t ¢opmyne 3HaK paBeHCTBA HMe€T MeCTO TOJNBKO /sl LIApa; HO
9TO KaK pas M CBUIETEJBCTBYET O TOM, 4YTO CpeAM BCEX BBLIMYKJALIX Tel
C [aHHOHM MOBEPXHOCTBIO WAp W TOJIbKO IIap AAaeT HauMeHbllee 3Hayenwe M.
Ecnu mexniounte M u3 o6enx ¢opmya, TO mnojyyaeTcs TONBKO YTO BhiBe-
HeHHOe CCOTHOIUEGHHEe MexIy MOBEePXHOCTLI0 U OOBEMOM, MpHuEM SICHO, YTO
8HaK paBEHCTBA WMeeT MECTO TOMBKO ang wmapa. [lpu stom i cpaBdenus
JIOMYCKA0TCA TOABKO BLINYK/Ible TENd, MEXAYy TeM Kak B LeHCTBUTENbHOCTH
HEPAB2HCTBO MeXNY OOBEMOM H TOBEPXHOCTBIO OCYLIECTBISIETCA TAKXKe
H [ TN, HS BCIOAY EBINYKJHX.

9. IIOBEPXHOCTb IIAPA HMMEET JIOCTOSHHYVIO CPEJIHIOW
KPHUBH3HY. To, 4TO NOBEPXHOCTb 1U3apa HMEET MOCTOSHHYIO CPELHION
KPUBH3HY, CNENYy2T M3 TOTO, YTO BCe €€ HOPMAa/IbHLIE CeYEeHHS] MUMEIOT ONH-
HAKOBLIH panMyC KPHMBH3HLI, a& UMEHHO paaMyc Iuapa. OnHako MOBEPXHOCTH
uapa OTHIOAb HE EJMHCTBEHHasds MNOBEPXHOCTh TaKOro pona. B camom nene,
Yy BCeX MHHHMAaJbHLIX MOBEPXHOCTEH CpenHsiss KpUBM3HA PAaBHA HY/I0 W 3HAYMT
TaKxe NocTofHHAa. Tak e KakK MOBEPXHOCTh 1lapa M KaK MHHHUMajibHBEE
NOBEPAHOCTH, BCE OCTaJIbHLIE NOBEPXHOCTH € MOCTOAHHO# cpenHed KpuUBM3-
HO MOXKHO OCYIeCTBUTb NPH NOMOILIM MLIIBHBIX Ny3uipelt. [lpoBemem uepes
NPOHK3BOJIBHYI0 3aMKHYTYI0 MPOCTPAICTBEHHYIO KPHBYIO OMpeNe/IEHHYIO MOBepX-~
HOCTb M KPOME TOr'0 HATfHEM MbLUIBHYK IUJIEHKY HAa 9TOH NpOCTPAHCTLeHHOH
KkpuBol. Jing tOoro 4toGbl MONYYHTH 9TO, MLl MOXEM, Harnpumep, MPUAATH
OTEePCTHIO TPYOku ¢OpMy 3aJaHHOH TMpPOCTPAaHCTEEHHOM KpHBOMH, 3aTeM
BbIAYTh MpKU MOMONM 3ITOH TPyOKn MblAbHLIH My3blpb U 3aTKHYTb FepMe-
THYeCKH oOTBepcTHe TpyOkHd. Torna PHYTpH NPOCTPAHCTBA, OTPAHHYEHHOrO
MBIJILHOH TIJIEHKOR M BHYTPEHHOCTBIO TPYOKH, OyHeT 3akJIOYEHO Ompene/eH-
HOe KOJMYyeCTBO BO31yXa, W MbLIIBHAR JUIEHKA MNOJ BJHWAHHUEM MOBEPXHUCTHOrO
HATXEHUs MpHMeT Takyi (OpMy, MPH KOTOPOH MOBEPXHOCTb MPH 3amaHHbIX
ycnosusx 6yner MuHuMaipHOH, BapuauvonHoe ucumcieHHe NOKasbLIPAeT, YTO
BCAKas MonoOHas MOBEPXHOCTh AOMKHA 06GNanaTh MOCTOSIHHOR cpenHelt KpH-
Bu3HOH. ITocrosiHHOE 3HayeHne cpenHel KPWBM3HLI 3aBHCHT OT TOTO, Kakoh
061beM BO3JlyXa Mbl 3aKII0YHM BHYTPH HALIETO My3bIps, YBEHYUB WIH YMCHBIIHB
naBlleHWe NyTeM BAyBaHus BO3AyXa. Eciu BHyTpeHHee naBieHHe BOOOlle He
MpeBbIIIAeT BHEUIHEIO MaBJIEHMA BO3MyXa, TO B TaKOM CJyyae Mbl CHOBa
NMPUXOMHM K MHHHUMAaJbHBIM TOBEPXHOCTSM.

CnenoBaTenbHO, B HAIMX MLUJTBHLIX [UIEHKaX Mul HMeeM GO/bIIO2 KOJH-
YecTBO MCKOMBIX MoBepxHOocTe#. Opnako Bce 3TH TNOBEPXHOCTH O6NanaloT
TeM CBOHCTBOM, 4YTO OHM OOPHLIBAIOT(S HENOCPeACTBEHHO MMPOCTPAHCTBEHHOH
KPHBOH, T e. MPOCTPAHCTBEHHAS KPUBAsA CJAYKMT AJs HMX rpanuuedr. [los-
TOMY BO3HHKAaeT BOMPOC, HE CYILIECTBYIOT JIH KpOMe FOEBEPXHOCTH MLIapa etwle
Ipyrue MOoBepXHOCTH MOCTOSIHHOM cpenHell KpWUBHM3HBLI, KOTOpbie, OAHAKO, He
HUMeIOT TpaHuUbl, a TaKKe M NPYrux ocobennocte. M BOT OKaswiBaeTcs,
4TO Ha 3TOT BOMPOC CJaenyeT OTBETHUTh OTPULIATENLHO, TaK YTO NOBEPXHOCThb
ulapa OIHO3HAYHO OMpENeNIeTCs HALIHMH ROMOJHUTENbHLIMH Tpe6OBanUAMH.
DTo 06cTOATeNBCTBO JNErKO YACHUTH ce6e HAa MblJIBHBLIX My3bIpsiX. Mul yxe
8HaeM, 4TO CBOGOAHO JNETSUIMH B BO3NYX> MbUIBHBIFL MYy3bipb BCEraa HMeeT
¢opmy wapa. Ecniv teneps Mbl GyneM BbIAYBaTh MbUIbHBIE MYy3LIDH ONMHA-
KOBOH Be/iMYMHLI, HO CO BCE MeHbliel TpaHUYHON KPHEOH, TO CJenyeT OXH-
nath (M STO MOATBEPXKNAETCH OMBLITOM), YTO BWA TPaHHYHOH KPHBOH 6yner
OKa3hiBaTh BCE MeHblUe BAMSHHMA HA (OPMY MBUILHOFO My3bIpf, TaK 4YTO B Mpe-

N
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nese STOT My3HpPh BCerna GyneT NPHHUMATL (JOPMY HE HMEIOIIEr0 PaHHUE
MBJIBHOFO MySHIPH, T. €. wapa !).

10. [TOBEPXHOCTHL WIAPA OBNAINAET NOCTOSHHOMH moJoOXu-
TEJAbHONH rAYCCOBOH KPHBH3HONW, B OTHOwennu aToH xapakrepu-
CTUKH L1apa MMEeT MeITO TO e CaMoe, YTO H B Ciiyyae CpeaHell KDWBHSIIHL.
Onno TOJMBKO TOCTONHCTBO rayCCOBOM KDHBH3HBI HAaBeDHO He ONpanensAer
TOB2pXHCCTH Wapa. B camoM neite, Bce mnOBepXHOCTH, KOTOpHIE MOMHO MO-
JYYUTb M3 KyCKa 11apOBOH TMOBEPXHOCTH TNyTeM HM3rubanus, Takxke o6nanaioT
TIOCTOSIHHOH TayccOBO# KPHBHSHOM, Tak Kak MOCNIHAS He MeHsiercs Tpu uaruba-
Huy. [loTp=6yeM Tenepp Onsirb B KayecTB: AOMOJHUTENLHOTO YCNOBHA, YTOGLI
TIOBEePXIIOCThL HE HMesa IpaHHIl B APYTHX 0COOGEHHOCTEH, ¥ CIPOCHM, HMEITCA JIH
KpOMe M)BepXHOCTH Liiapa Apyrye NOBepXHOCTH nonobHoro poxa. Okaswpaercs,
4YTO HA 3TOT BOMPOC ClefyeT OTBSTHTH OTPHIATeNbHO; OTCIOa, MeXIy MpOYHM,
ciefyer, 4YTO wap Kak Lesoe He pony.kaet wuarvbanus. Ilpewnme Bcero
MOXHO [0Ka3aTb, YTO HE HMe.onlas 0COGeHHOCTel HeOrpaHHYeHHA TOBEPXHOCTh
MOCTOSIHHON NONOXKHTEJBHOH raycco30d KpHBM3HBI He MOMET HMeTh Gecko-
HeyHoe NPOTSKCHHE KaK INIOCKOCTh, HO HeOOXOMMMO HNOJKHA OBITh 3aMKHYTOH
NIOBEPXHOCTHIO TMOAOGHO TNOBepXHOCTH 1uapa. [lpocrble BHUMC/IEHHS TNOKa-
3bIBAIOT JIanee, YTO KPOME 11apOB, KPYrOBbIX UHJHHAPOB H IIOCKOCTel
FeT APYruX MOBEPXHOCTEH, MJisi KOTOPHX OO€ [/iaBHble KDPHBHM3HBI MMEKOT
BIIOAY NOCTOsiHHOE 3HayeHHe. [103TOMy MBI MOXEM OrDaHHYHTHCA TEM CJy-
yaeM, KOrna Ha 3aMKHYTOH 1OBepXHOCTH 06e TriaBHbie KDPHBU3HH MEHSOT
3HayeHHe, NpHYyeM KOHEYHO TNpOM3BENEHHE HX BCeraa HMeeT 3ajaHHOE
TIOCTOAHHOE 3HayeHHe rayccoBolt kpheu3ubl. Ha Takolt moeepxHOCTH ROMKHA
6uITh MO KpabiHeil Mepe OpHa NparHibHAasi TOYUKA, B KOTOPOH ONHAa M3 riaB-
HEIX KDHMBHM3H MMeeT MakcuManbHOe 3HayeHHe. Oka3biBaeTCsi, MOXHO aHa-
JUTUYECKH JOKa3aTh, YTO Ha KyCke TIOBEDXHOCTH ¢ TOCTOSIHHOH mnoJio-
WUTENLHOH KPHEHM3HOI He MOXeT OuiTh TakO# TOukH., [lpyr¥Mu cnoBaMH, Ha
OTrpaHHYEHHOM HewapooSpasHOM Kycke IOBEPXHOCTH € IIOCTOSHHOH moJio-
JHUTENbHOH KDHMBH3HOH MaKCHMalbHbIe 3HAYEHHS [IJIaBHBIX KpHBHM3H BCerna
OTHOCATCA K TOYKaM TpaHHUBL. Tak KaK NOBepXHOCTh 1Iapa He HMeeT rpa-
HULbI, TO OTCIONA CJelyeT, YTO MOPEPXHOCTh 1apa Kak LeJoe He MOXeT
ObiTh M3rbaemMa u 4TO BOOCIIE KpPOME IIAPOBHIX TMOBEPXHOCTEH He cymle-

1) Ecan BbIAyBaTh MBUIBHYIO IJIEHKY, HaTAHYTYIO Ha pacTpyGe TpyOku, TO cpenHss
KPHMBH3HA MBLILHOTO MY3bIps HOMKHA, Ka3anoch Obl, HenpepnlBHO BO3pacTath OnHaKo
aTo—3abnywnenue. CHayana, B caMOM feile, CPeIHssi KpHBM3HA BO3DAcTaeT OT HyJe-
BOTO 3HaueHMs ee aaf MHIMManbHOR mnoeepxHoctH. Ho ecam mnpomomxarth cHABHO
BBIIYBaTh janbile (OTBJIEKAsiCb NPH 3TOM OT BO3MOXHOCTH, YTO NY3EIPb JIOMHET), TO
MblIbHBIH Myseipb, Kak 3TO cl€QyeT H3 TMIpOBENEHHOTO B TEKCTE PacCMOTP2HHS,
MpHHUMAeT NpHOIN3HTENbY ) BUI 11apa, HEeNPEPLIBHO yBEIHYHBAIOILErOCS; MOSTOMY CpeX-
HAR KPUBYM3HA, paBHas O6PATHOMY 3:134YEHHI0 panMyca luapa,Ge3rpaHuyHoO yMedbliaercs,
CTpeMsichb K HyMo. B cOOTBETCTBHH C 9THM Il JOCTATOYHY MaJkiX 3uaueBull ¢ cpeaneh
KPUBA3Hbl H JJIf onpenenedHod rpaHuuHOA KpuBOH cCyiuecTBYyIoT mo kpaiueit Mepe
IBe OrpaHHyeHHble kpuBOH mNOBepxHO:TH NOcTOsIHHOH Cpemyell KpuBH3HBI ¢. JTO fB-
JleHHe Haxo@MTCA B 3aMeyaTelbHOM NpOTHBOPEYHH CO MHOTHMH APYTHMM BapHALHCH-
HbIMA 3afayaMd, NP3 KOTOPBIX BCErga CyIiuecTByeT TOJbKO OfHa eauHCTBEHHas
3KCTpeMasbHas MOBEPXHOCTh, OrPaHHYeHHas 3anauHol 3aMkHyTOR KpuBOoH. Brnpouew,
eciu npsHeGpeub 3HaKOM CpenHel KpABU3HH, TO NpY mnoMomu TOH e caMod rpa-
HU4HOH Kp1BOH MOXHO monyuuTh emle ABe NPYrHs NOBepXHOCTH ToH e camoH mo-
CTOs 1HoH cpen 1ell KPHBH3HL]; 3TH NMO32PXHICTH MOXKHI OCYIUESCTBATH NPH MOMIIL1 Mblilb-
HHX nysbipell, ecim BLigyBaTh NEpBOHAYAAbUYI0 B3ATYW MHHHUMAJbHYIO TOBEPXHOC1H
¢ apyroll cTOpoHH. A
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CTByeT HEOTDZHHYEHHHIX M HE HMeloIMX OcoGeHHocTeft nomepxXmocTeR ¢ rno-
CTOIHHOHW TOJIOKHTENLHON rayccoBOH KDHBH3HOMN.

Tax kak, ¢ Npyrolt CTOPOHBI, OYEBHAHO, CYNIECTBYIOT HM3rubaeMmbie KycKu
Waporoil NOBEPXHOCTH, TO BO3HHKAET BONPOC, KAKYIO MLIDY HYIHO BHIpe3aTh
B MOBEPXHOCTH liapa, IJiI TOTO YTOGHBl OCfa/NbHAS €ro 4acThb CTaja HMard-
6aemoit. EcrecTBenno 6uu10 OB MPENNONOKHTE, YTO TAKaS NbIPA NONKHA HMETh
KaKyI0-TO MHHHMAJbHYIO BENHYHHY, HANpuMep BJHUHHY NOJylsapus. MoxHo,
OfHAKO, NOKa3aTb, YTO MMEET MECTO TPOTHBOMOJONHOE: MOBEPXHOCTL 1Iapa
CTaHOBHTCA M3rH6aeMOM, ec/n Bulpe3aTh B Hel NbIPY TNPOM3BONLHO Manof
BeMYHHBI: JOCTATOYHO JaXe Hanpe3aTh Inap BAOJL MPOM3BONLHO Manoi
nyrd Gosbulero kpyra. Hanpotus, ecnan wap nNpomsipsieMTh B OmHOM M
HECKOJILKMX  HM30/HMPOBaHHBIX TOYKaX, TO IIOBEPXHOCTH OCTAHETCS HEM3CH-
Gaemofl,

To 0OcTosTe/L=TBO, YTO TOBEPXHOCThL 1IAPA CTAHOBHTCA H3rHGaeMoft yxe
B TOM Ciiyuae, ec/id BbIpesaTh B Hell NPOH3BOJMBLHO Majsiylo IBIPY, MOXHO
IIOCTaBHTL B CBOEOCPA3HYIO CBSI3b € TMOBEJEHHEM MBUILHBIX nyswbiped. FlMeHwo,
aHa/MMTHYeCKH JIETKO NOKa3aTh C/eNyIoLlee: eCH HCXOLMTh 3 KYCKa noBepx-
HocTH F ¢ _nOCTORHHOH cpeixell KPHBM3HOH € M €C/IM HA BleX HOPMAJfX

1
K TMOBepXHOCTH F HaHeCTH OTPe3KU JJIHHON 7 ¢ B ONHY ONpelelieHHyo CTo-

POHy, TO HOBas MOBEPXHOCTH £, KOTODYI0O 0OpasyloT KOHUBI STHX OTPE3KOB,
He WMeeT IOCTOSHHOH cpelnHeH KDHBM3HH, HO 3aEeNOMO HMeET TMOCTOAHHYIO
rayccoy KpHeH3Hy 4 c%, [1OBEpXHOCTb & HA3bIBACTCHA NaPaJUie/bHOLU NOBepX-

1
HOCTLIO K TOBEPXHOCTH F Ha paccTOsHHH 5 Ecim F npencrasisieT Kycok

1apOBOH TOBEPXHOCTH, TO g TIPEACTaB/isieT KyCOK II1apOBOH MOBEPXHOCTH,
KOHLEHTpHYeCKOH ¢ F; 006paTHO, &£ TOJbKO TOrfa MOXeT OblTh KyCKOM
1IapOBOIl TOBEPXHOCTH, KOrga F npeacTaBinseT KYCOK [1apOBOH MOBEPXHOCTH.
MM _HHO, MOXWHO J[OKa3aTh, YTO HODMaMW K IIOBEDXHOCTH F mnepecekaroT no-
BEPXHOCTb £ B COOTBETCTBYIOLIHX TOYKaX Takxke HopManbHo. CrTopona mo-
BepXHOCTH F, Ha KOTOpYIO HaM NPHUXOLHTCS HAHOCHTH OTPE3KH Ha HOpMansx,
He MPOHM3EOJIbHA]; MOMXHO JIerKO YTOYHHTH HAlIH YKa3aHHA, €CJiM TMPENncTaBuTh
cefe nosepxHOcTh F Kak TNOBEPXHOCTH MBUIBHOIO My3tIDA Ha 3aMEHYTOM
OTBepCTHH TpyOKH; B 3TOM CJyyae HEOOXONMMO NPOBONHMTH OTPI3KH Ha HOp-
MaJifiX, HalpapJeHHLIX BHYTPb BAKJOYEHHOTO B TpPyOKe BO3Myxa.

1
Teneps BOOOpasuM, YTO Ha Wape paguyca —, T. €. €O CpenHeH KpuBU3-

HOH ¢, HauepueHa Manas 3aMKHyTas KpHBas R W 4TO 3Ta KpHBas Herpe-
pHIBHO medopMHpYyeTCst TaK, YTO JAeOpMHDOBAHnble KDHELIE yie He JexaT
Ha wape. Jlerko nOHsITh, YTO NpH He OYeHb CHJABHON nedOpMalHH MOXKHO Ha
BCE 3THM KDPHBLIC HATATHBATh MbUIBHYIO IUIEHKY C TOCTOfIHHOH cpemHell kpu-
BMBHOK ¢. VIMEHHO, eCiM MBI HaTgHeM Ha NEPBOHAYAJIbHYIO KDH!LYIO MHEJb-
HYIO TIEHKY, TO, €C/H BBIAYTh 3Ty IUieHKY JOCTaTOYHHLIX PasMcpoB, 3aBENOMO
MOXHO TIpei paTHTh €e B TOBEPXHOCTh CO cpenHel KpHBM3HOH ¢. B camom
nene, uiap, Ha KOTODOM pacnosioxeHa Kpueas R, npeacTaresiser coGofl no-
NOGHyI0 TOrepXHOCTb, H eJiM Mbl OymeM BbliyBaTb € COOTEETCTBYIONIel
CTOpPOHBI, TO Ha OnpefllesieHHOH CTamMH Mbl MOnyYuM OOJBIIMHA KYCOK 11apo-
BOH NOBEPXHOCTH, oOrpannyeHiol kpueo#t R. V3 cooSpawennft Henpepris-
HOCTH CJefyeT, YTO NpH COOTBETCTBYIOLIEM BAYBaHWM BO31yXa Ipu nedop-

-
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MaUWH KPUBOR R MOXHO JOCTHYB TOTO, YTO MbIb4asi TMNAEHKA, HMEBUIAsA
lepBOHAYANbHO (OPMY 1MAPOBOH MOBCPXHOCTH, NpA  AedopMaumm kpusod R
HelNpepLIBHO M3ME'ISIeTCS H NPH 8TOM COXPAHAET 3HAUEHME CpPeNHe! KPHEBHM3HSI;
Hanporus, JeQopMupyeMLle NbiIbHbIE [1€HKH He MOrYr coxpansTe ¢opMmy
wapa, TaK Kak He(QOPMHDOBAHHEIE TPAHHYHbLIE KDHMBLIE COT/ACHO HauleMmy
NOCTPOERNIO He Jiear Ha wape. Tenepb GyIcM CTPOMTH KO BlE€M 3THM MblJibe
HHIM TLIEHKaM BHYTpEHHHe TapaJiiesibHule 10 €PXHOCTH Ha PacCTOSHUH % c.
Ipr aromM Mel Gynem npoGeraTh HempepeBHOE CeMEACTBO NOBEPXHOCTEH,
KOTOpHIE COIJIaCHO TpHBefeHHON Teop:Me OymyT BCE CpeMs UMeTb NOCTOSH-
Hylo rayccopy KpueusHy 4c®. Ilepeas W8 8Tux noOBepxHOCTe# €CTh Wiap pa-

IMyCa - C, B KOTOPOM EbIpE3aHA MaieHbKas bipd, OrpaNHueHHas KpPHBOH,

nojo6HOR M MoxOGHO pacnoJioxeHHOH ¢ KpuBCH R. Bce ocTa/bHble nOBepX-
HOCTH MOryT ObITb HenpephICHO H3rHOa:Mel Ha TNEPBYW; OAHAKO OHHM He
MOryT MMeTh (OpMY Iapa, TaK K@K, KaK Ywxe GbUJIO YNOMSHYTO, B NpO-
TUBHOM Cllyuae M MblibHble TUIRHKH ROJUKHBEI OblMH Gbl MMeTh ¢GOpMY wmiapa.
Takum o6pa3oM 1uap, HMeOHMH NPOHM3BOJBHO Manyi0 HAbIPY, B CaMOM Jesie
nsrubaeM.

M3ruGasMocTh OTrPaHMYEHHBIX M HEOTPAHMYEHNIKX [OBEpXHOCTEH 6Lina
NPeAMETOM HCCJAENOBaHMS H B CJAy4yae TOB2DXHOCTe#l 3HauMTeNbHO Gosee
o6mero eupa. Heusrnbaembl Bce BLImyK/ble 3aMKHyTble OBEPXHOCTH, HaIpH-
Mep aauncouabl. TOYHO Tak ke Heu3rHbaeMol Bce BLINMYK/BIE MOBEPXHOCTH
¢ rpaHulLaM¥, €ec/IH TOBEpAHOCTL MMCET OFHy M 1y e KacareJbHyl IUiC-
CKOCTb B1OJIb KawaoH rpanuuHOl kpHeod. IlpumepoM mozoGHoit nmoB2pXHOCTH
(C IByMs TPaHHLAMM) ABJIAETCS EHIMYKJas 4acTh MOBepXHOCTH Topa (4epT. 210,
crp. 179).

Ecnu Buipe3aTh Ha 3aMKHYTOH BEINYKJION MOBEPXHOCTH NPOHM3BOJILHO Manyio
NBIpy, TO TOBEPXHOCTH CTAHOBMTCS H3rnGaeMoH. OcCTaeTcsi HEBHIICHEHHBIM,
JOCTA4TOYHO NH TOJLKO Hamp23aTh NOBEPXHOCTD.

11. LIAP NEPEBOAHTCA B CAMOIrO CEBi CEMEMCTBOM JBH-
WEHHH C TPEMS NAPAMETPAMH. COBOKYNHOCTb BCEX NBMMKEHHH, MpH=
BOISAIIMX (AP K COBMANEHHIO C CaMHM ¢ cO6OH, OYeBMIHO, MPeACTaBASIOT
rpamleHusi BOKPYr LEHIpa Wapa. JTa COBOKYMHOCTh [eHCTBUIENbHO 3aBHCHT
OT Tpex mnapamcTpoB. B caMoM peie, [Ba napaMeTpa HeOOXOLMMBI [Uist
onpejieneHHs TIONOWEHHsE OCH BpameHns (MpoXoAsmeh uepe3 LEHTP, B OCTa/lbe
HOM € MNpOM3BOJILHOH), a TpeTHH napamerp HeoOXomuM Ui OmpenesieHHs
yraa nosopora. Ilogcuer napaMeTpoB MOXHO MNpPOBECTH TaKxe H ¢ apyroH
Toukd 3peHnsi, OuepHIHO, Mobasds TOYKAa wapa MOXeT OHIb mnep2BeleHa
B JitOOYI0 JAPYryio TOUKY wIapa NpH NOMOLIM OAHOIO 13 JL MXXeHHIl ceMelicTBa
H KpOMe TOro omnpejie/leHHOe HanpaBieHde, NMPOXOoJsulee yepes E3ATYI0 TOUKY
Ha wape, MOxer GbITh nepeBelleHO B NPOM3BOJILHOE HANpaBJi:HWE, NPOXO.s-
1uee uepes BTOPYID TOYKY. DTHM ONHO3HAYHO OfpeJie/sieIcs OAHO OTOGpa-
weHne u3 Haulero cemelictea. Ho ato omnpenenenve TpebyeT Kak pas Tpex
napaMeTpoB, TaK KaK MpOM3BOJHLHO BLIOpaHHBIM 00pas TOYKHM B3aBHCHT OT
IBYX mapameTpoB, a NMpPOXONSLINE Yepe3 Hero HA lape HanpasjieHus 06pasyloT
emie OofHO cemelcTEO ¢ OoaHMM napamerpom. [locnenHu#l nopcyeT MoxeT OHITH
NpoBeNeH HE TOJMBKO IV luapa, HO M IAA IUIOCKOCTH; TakuM , 06paszoM
'IAOCKOCTD TaKXe obamajaer ceMeHCTBOM IBHMKEHUE C TpeMs DapaMeTpaMu.
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Ipyrux noBepxXHOCTeH TAaKOrO poja HE CyleCTBYET, TaK YTO 3TO CBOficTBO
onpenenseT 1WAPH H IVIOCKOCTH.

Teneps GymeM HcKaTh BCE apYrHe TOBEPXHOCTH, KOTOpHE BOOOLle 06a-
NAal0T CeMelCTBOM JBHIKeHHH; 3TO ceMeHcTBO HeOOXOAHMMO HOMKHO GOHTH
ceMelCTBOM C ONHHM HJHM [ByMs TmnapaMeTpaMH. ENHMHCTBCHHBLIMH TOBepXHO-
CTAiMH, 00ManaomMME CeMeliCTBOM NBHKEHHH C IByMsi napaMeTpaMu, SBJNAIOTCH
Kpyroeole puaMHApH. ITpoH3Bo/bHOE BpailleHHe BOKPYr OCH H TPOHM3BOJBHOE
NIepeHOCHOE JIBHKeHHe BIOJIb OCH NePEBOMAT KpPYTrOBOH LHJIMHAD B €aMOro
cebsi, DTO ecTh ceMeHCTBO JBHMXEHHH C HBYMsi mapaMeTpaMH; APYrHX e
IBHKEHHH, MepeBOAsIHX KPYroBOoH LHJHMHIDP B caMoro cebs, He CYu1eCTBYET.
IMpn nomMowmm ORHOrO M3 TAKMX JABMXeHHH MOXHO o6y TOYKY KDYrOBOTO
UMITHHApDa nepeBecTH B moOyw apyryw. HanpoTus, Hanpasnenus Henbss
0oTOOpaxkaTh NMPOW3BOJILHO, TaK Kak 00pasyiollve LHJIHHAPA TpH STHX JBHXKE-
HMfX BCEerjd nepexofsaT onaTbh B 06paszyomme.

Jlns mnosepxHOCTel ¢ ceMelCTBOM ABHXEHHH C OJHHMM TMapaMeTpoM XOPOIUHM
TIPHMEPOM CYXKaT TOBEPXHOCTH BpaileHHs. JTH MOBEPXHOCTH NpPH BCeX Bpa-
HIEHUAX BOKDYr OCH H (€C/IH MCKJAOYHMTh WIapH, MJIOCKOCTH M KpPyTrOBHIE
LUMJMBAPH) TOJBKO IIPH STHX JBHMIKEHHAX NepexomsaT B caMux cebs. Takum
00pasoM KawJas TOYKa MOXET OblTh NepeBefieHa B TNPOM3BOJBHYIO TOYKY
napanie/in, ¥ 3THM BIIOJIHE ONpelensieTcsi 0TOGpaXeHHe.

OnHaKO TOBEpXHOCTH Bpalll€HHsi OTHIONb H2 HCYEPNEIBAIOT COBOKYMHOCTH
BCeX IOBepxHOcTel, 06nanaomux ceMeHCTBOM NBHXEHHH C OJHHMM rapaMer-
poM. Knacc mnoBepxHOCTeH, XapaKTEpH3YIOLUMXCH STHM CBOWCTBOM, COCTOHMT
M3 BUHTOBLIX MOBEPXHOCTeH; 3TOT KjacC MNOBepxHOCTel OXBAaThIBaeT IOEEPX-~
HOCTH BpaLieHusi, C ONHOH CTOPOHH, H UHJIWHIAPH — C APYro#l, Kak mnpeneib-
Hele cayuan. Kak yxe 6bino ykasano Ha cr1p. 187, BCAKYIO EMHTOEYIO HOBEpX-
HOCTb MOXKHO RONYYUTH CNSAYIOUIMM 06pa3oM: BO3bMEM MNpPOH3BOJIBHYIO MNP0~
CTPaHCTBeHHYI0 KpuBylO M Oy/lem BpallaTb ee C NPOU3BONBHOM TOCTOAHHOR
YrioBOH CKOPOCTBIO BOKPYI TPOH3BOJIbHOH NPSAMOH ¥ KpOoMe TOrO TpHUAaRUM
€ii IepeHOCHOS MBHXEHHE € MOCTOAHHOH CKOPOCTbIO BIOJb 3TOH T'pPIvOH.
M3 onpenenennsi cnemyer, YTO BHHTOBbIE TIOBEPXHOCTH OONajatoT CEMEHCTBOM
JBHXEHHH € ONHMM NapaMeTpOM, a MMEHHO TeM CeMeliCTBOM MBHXer:1H, KO-
TOpOe MO3BONAET MONYYHTh 3TH NOBEPXHOCTH M3 NPOCTPAaHCTBEHHOH KPHLOH.
YroMsaHyTHe yie npelesibHbie CIy4aH TOJYHalOTCH B TOM ciyuae, KOTAA M/H
YyrjioBas CKOPOCTb HJIM CKOPOCTb M€peHOCHOrO JMBHXEHHsi pPaBHBI HYJIO.
B nepsoM ciyyae BHHTOBOe HBHIeHWE TIpeBpaiaercs B repeHOCHOE M Mpo-
CTPaHCTBEHHAsl KpHBAaA OMNHCHIBAET LHJHHAD, BO BTOPOM Cjyyae TMOay4yaeTcs
BpAlleHHe M TIPOCTPAHCTB2HHAA KPHB1f O6pa yeT MOBEPXHOCThL BpalleHHs !).

Beakas Touka o6pasyiouielt KpHBOH OMHChiBaeT (€C/H HCKJOUMTH Npeneb-
Hble C/iyyau) BHHTOBYIO JIMHHIO. TakuM 08pa3oM ceMelicTBO [BHXeHHH BHH-
TOBOH IOBEPXHOCTH C ONHHM NapaMeTPOM NepeBONMT BCAKYIO TOUYKY B IMPOH3-
BOJILHYIO TOYKY COOTBETCTBYIOLICH BMHTOBOH JIMHHH; B TNPIAENBHBIX CayudasX

1) To, yT0 KpOMe BUHTOBBIX NOBEpPXHOCTEH He CymecTByeT APYrHX MoBepXHOCTeH
C onHOmapaMeTpuyeckdM CeMeHCTBOM ABWKEHHH, clemlyeT H3 TOTO, YTO [BHXKEHHS
TIOBEPXHOCTA MO caMol ceGe obpasyiot rpymmy. Onmako BUHTOBbIe LBAKeHHS BOKPYT
TIOCTOAHHON OCH C MOCTOSAHHLIM LIATOM, €CIH NPHYMCIMTH K STHM [(BHKEHHSIM TaK¥Ke
¥ BpalueHHe BOKPYI OCH M INepeHOCHble ABMXEHLS BIOMb OCd B Kayecrse NPEAE/bHbLIX
cayuaes, o6pasyioT manGoinee obiuue opHOnMapaMeTpHuecKue [PYNNH ABHMCHYH npo-
CTPaMCTBa.,
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BUHTOBas JMHMA MepPeXOAHT B OOpa3ylollHe LHAMHIPA HAH B mapajnend
[OBEPXHOCTH BpAILEHHS.

383. Usrn6anne noBepxHocteA Ha cebsi. O60O0OLIMM Tenepb BOMPOC, BOBHHK-
IIMH B CBA3M C ONMHHAIUATHIM CBOMCTBOM INapa. PaccmoTpuM nosepxHOCTH,
KOTOpHIE BMECTO HBHXNEHMH IOMYCKAOT TPOH3BOJbHLIE H3rHOauns Ha cebs.
Enosnue ru6kuit, HO HEPACTAXKMMEIH KYCOK OJIOBAHHOH JECTH, KOTOpHIH MOMWeT
6LITE HaNOXeEH B KakOM-HuOynb MecTe Ha MOJeNb NOAOGHOH MNOBEPXHOCTH,
JIOJKeH COOTBETCTBYIOHIMM OGpa30M IepeMeiaThCsi M0 MOJEJH; TNMPH 3TOM OH
JIO/KEH H3MEHSITh CBOIO (OPMY, HO HE HCIHTHIBarb PaspLIBOB M BCE BpeMs
MIOTHO COMPHKACAThCS € TOBRPXHOCTBIO.

B TO BpeMsa KaKk NOABWXHOCTh TNOBEPXHOCTH MO CaMod ceGe 3aBHCHT OT
NOJIOMeHUsi TIOBEPXHOCTH B TPOCTPAHCTBE, M3rH6aeMOCTh TOBEPXHOCTH B cebe
NpeACTaB/iseT BHYTPEHHee CBOHCTBO MOBEPXHOCTH, KOTOPOE He MOXET HCyes-
HYTb WIH TMOSIBUTHCA TIPH H3rHGaHHH TOBEPXHOCTH.

Tak Kak IBHXeHHA TNpPEACTABJAT YacTHHIR cayyall wW3ruGawumuii, TO cpean
TeX MOBepXHOCTeH, KOTOpHIE Mbl celyac WuEeM, BO BCAKOM Cliyyae JAOMKHEI
BCTPETHTBLCS 11I0BEPXHOCTH, NEPEYHC/EHHBIE HaMH B MpenbayuleM naparpade.
Oka3sblBaercsi, YTO BCE 3TH NOBEPXHOCTH M HX H3rHOaHMs yxe JaoT cambli
o6k cayyall mopepxHOCTe#, o6namarouMx ceMelcTBOM HM3rnbaHuii Ha cels;
TakMM 00pa3oM NpH OGOGIUeHHH TOCTAHOBKH BOMpPOCa Mbl HE NOJAY4YaeM Cy-
LleCTBeHHO HOBOro knacca mosepxHocredl. Ho ycranoBnenHbie Bulllle THIIBI
NOBEPXHOCTEN NONyyYaioT Temepb HHOE 3HayeHHE. Tak, OYEBHIHO, HHJAUHADLI
ceyeT paccMaTpHBAaTh KaK He HMeloilie CyIIeCTBeHHOro OT/IHYHMA OT Iioce
KOCTe#, TdK KaK IJIOCKOCTB MOXer OuTh H3rbaeMa B JNIOGOH LHMMMHID.
ToyHO TaK e BTOpPOH mpenenbHbl cinyyal BHHIOBHIX TOBepxHocTed, cayqait
NOBEPXHOCTH BpauleHus, Tepsier cBOH OcoOwili Xapaktep. ViMeHHO, Bcerna
MOXHO KyCOK TpPOHM3BOJbHOM BHHTOBOH NOBEDXHOCTH NyTeM H3rubaHHs mpe-
BpaTHTh B KYCOK TNOBEPXHOCTH BpauieHHs. Jlis 3TOr0 [OCTaTOYHO IpHNATh
KaxkoH-HMGyNb M3 BHHTOBHIX JUHHH, NPOXOAALIMX Ha MOBEPXHOCTH, NyTeM
uarubanns QOpMy Kpyra, KOTOPHIH KOHEYHO NOMKeH OOGXOAHTh TOEEPXHOCTh
6GecuUnCIeHHOe KOJIMYECTBO Pas, TaK KaK BMHTOBasi JMHHS HMeeT GecKOHEYHYIo
naudy. TlpH aroM Bce OCTa/ibHBIE BHHTOBBIE JIMHHH CaMd COGOM NpHHEMAKOT
TAKXe BHI OKDYXHOCTEH M BCE 3TH OKPYXHOCTH HMEIOT ONHY H Ty XK€ OcCh,
TaK YTO MOJYYaloLlasics TNOBEPXHOCTh B CAMOM Jiesie ecTh TOBEPXHOCTb Bpa-
ILIeHHs, Napaj/Je/sid KOTOPOH BO3HMKAIOT H3 BHHTOBLIX JIHHHH HayaJbHBHIX IO~
BepxHocTeit. Ilpumep, moaTBepxaaioluii 3TO MOJOMKEHHe, NPSACTaB/SET ONH-
caHneoe Ha crp. 187 HanoweHuwe reankoHza Ha KaTeHOHJ.

Ecnu 0Tka3aThcsi OT pacCMOTPERHsi BONIPOCA € aHANMTHYECKOM TOYKH 3peHHs,
TO JIErKO CA€NaTh HarJAaAHLIM TO, YTO NOBEPXHOCTH, O6/afatoiue ceMeHcTBOM
usriGaHuil ¢ OJIHMM NapaMeTpOM, Bcerja MOryT OoiTh [peBpailleHs B BHHTO-
BHIE M B TMOBEPXHOCTH BPAINEHHS, H TO, YTO NMPH STOM BHHTOBHE JIMHHH
H TapajvieJid COOTBETCTBYIOT APYr HPYry.

Yepea BCSIKYIO TOYKY KycKa NONOOHOH NOBEPXHOCTH [OJ/IKHA TPOXOLHTH
KpyBasi, TNPEACTABMSAIONIA" COBOKYNHOCTb BCEX TOYEK, H300DAXAOLUIMX NAHHYIO
TOUKY, KOrZa Mul OCyIIecTBnsieM H3rubaHHs Hauero ceMeldctBa. CnenopaTensHo,
KyCOK TOBEDXHOCTH TIOKDHBA€TCA WEJWKOM H HENpPEPLIBHO -ONpENeNeHHBIM
ceMeHCTBOM KDHBGLIX, KOTOpHIE NpH pacCMaTpHBaeMbIX H3rHOaHHUsX NepeXomsT
camMu B cebi. Ecay pni6paTth 1Be TpPOH3BOJIbHBIE KPHBHIE M3 STOrO IyykKa,
TO BCE TOYKH OAHOH KDHBOH AOMKHEI HAXOMMTBCH HAa OAMHAKOBOM PacCTOSHHH
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70 reOfesHYECKMM OT JADYrofl kpHBOH, TaK KaK S5TO DacCTOAHHE [PH USIP-
Ganun He uaMeHsercsi. OTcioma crenyeT, YTO BCAKas TeORe3WYecKas JHHHS,
NepreHAHKY/IAp1as K Kakoh-uH6Gyab KpHBOH ceMeiCTBa, NepneHaHKy/sipHa
M K OCTaJIbHLIM KPHMBoIM; B CaMOM IieJie, Kparyahiuee paccrosiHne TOYKH MO-
BEpXHOCIH OT KPHWBOH, nNpOBefeHHOH Ka NOBESpXHOCTH, ONfeNensi.TCA Ha MOo-
BEPXHOCTH reofe3nycCcKOll JuHHCH, npoXomsuieil yYyepes naHHYIO 10YKY H Tiep-
NeHAUKYAApHOH K KpHeol. Takum o6pa3oM Ha paccMaTpPUBAEMBIX T BEPXHOCTAX
BCerjia MMZercs OpPTOrOHa/ibHas CeTb KPUBLIX, U3 KOTOpDHIX OAHO ceMeHCTBO
€CIb TOJILKO YTO 0:MCIHHO® ceMeliCIB), a ApYyroe COCIOMT M3 reofe3MyecKHX
auHui. BenepcrBre sTOro Broab Kawnoll KpuBOR nepporo cemelicTsa rayc-
COBa KpiB.3Ka JOMKHA OBITh MOCTOAHHOH, T4K KaK OMa OCTAETCsA lleH3MeH-
HOH npu u3rnbasuH, M BCAKAs TOYKAa KpHUBOH ceMelicTBa Mpa paccMaTpHBae-
MbIX H3rHO7HHAX [IOJKHA MNEpexoAdTb B JoOyI0 APYIY0 TOUKYy TOH e
kpuBo#. CremoBatenbHo, YTOOH ONKCaTh pacilpefielleHHe 3Hayeuult rayc-
COBOH KpuBHIHBl HAa HameW MOBepXHOCTH, NOCTATOYHO 3anaTh 3Ty KDHBH3HY
BIOJIb I'€0[e3HyecKOll JIHHHH BTOporo ceMeficrBa K&K (yHKUHIO JUIHHBI AYTH.

Jlerko Temnepp MOCTPOHTH NMOB2PXHOCTH BPAMICHHS, JUii KOTOPHX rayccoBa
KPHBH3HA MPENCTEBIAET Hanepes 3aiaHHYW (yHKUHUIO JUIMHB JYyrH MEpHINaHa.
Tak Kak MepHIM'HB NOBEDXHOCTH BpAlUgHHSi CYThb TEolJe3HYeCKHe JIHHHH,
nepeceKaiolye Mapasineny OPTOrOHaNbHO, TO TOHATHO (YTO JIETKO | POBSDHTH
BBIYKCJIEHHEM), YTO 3alaHHLIH KYcOK MOBEPXHOCTH MOXHO M3rHOaHMeM npe-
BpaTHTb BO BCe 3TH MOBEPXHOCTH BpAILEeHHS; MOCTPOEHHAs HAMH OpPTOrOHalb-
Hasi CE€Th HAa NOBESPXHOCTH MPH 3TOM MpeBPaTHTCA B CeThb MEePHIMAHOB M na-
pamiench.

Ha BMHTOBBIX NOBEPXHOCTSIX, OYEBHAHO, BMHTOBHIE JIHHHMH OGNanatOT TaKuM
e CBOMCTBOM, KakK MNapaslesii NOBepXHOCTeH BpaweHuss. OHH OMIThb-TaKH
NPeACTaBASIOT TPaekTOPDHM OTOOpa:keHHM NOBepXHOCTH Ha cebs € coxpaHe-
HueM AuH. TakuM o6pa3oM BooOile, eci¥ BHHTOLAs TOBEPXHOCTh MOXET
6LITh H3TNGAHMEM NpeBPallEHa B MOBSPXHOCTL FPALIEHHS, TO BHAHTOBbIE JIMHMH
M napajien HeOOXOAMMO COOTBETCTBYIOT APYr ADYTY. 3

BruncneHHe noka3slBaeT, 4T0 M3 BCAKONW BHHTOBON MOB2PXHOCTH MOXKHO NyTeM
u3rnbannsa TMONYYNTh IpPYroe CeMeiiCTBO BHMHTOBHIX TOBEPXHOCTeH ¢ nByMs
napaMeTpaMH M ceMeficrBo INOBepPXHOCTeH BpaleHuss C OLHHM [1apaMeTpoM.

Paccmorpum Tenepb mnoBepxuocTn, obnanaioupe ceMeicTBOM u3rhGanuil
C JIByMa HJi4 MHOTMMH napameTpaMd. To, yTo cemeficTBO uarubGanuii obna-
jaetr mo xpailHell Mepe ARyMsl nmapaMCTpaMH, PaBHO3HAayHO C TeM, YTO BCHKas
TOYKa TNOBCPXIIOCTH MOXET OblTh MepeB:feHa BO BCAKYIO COCENHIOW TOYKY.
IToaroMy rayccora Kp4BH3Ha 3TuX NMOBePXHOCTEH HomkHa ObITh mocTogunol Bee
NIOB2PXHOCTH C OCTOSHHON NOJIOYHTEALHOW Tay "COBOH KPHBH3HOM (eciiu OrpaHu-
YHTBZs JOCTATOYHO MAJILIMK KYCKaMH) MOIYT GHITh pa3repHyTHl Ha tiap (cTp. 201).
Kak sTOT nocnemHuii, OHM 0GJaIAIOT, CJENOBaTe/bHO, ceMeHCTBOM U3rHGaHHH
Ha cebs He TONAbKO C ABYMS TlapaMeTpaMH, HO Jaxe € Tp:MS MNapaMm2TpaMH.
To we camoe umeer MeCTO st ro: epXHOCTEH € ray: cOBO# KpPHBH3HOH, paB-
HOM HYMO, TaKk KaK 3TH MOBEPXHOCTH MOTYT OBITH PasLE)HYTHl Ha IUIOCKOCTh.
MoxHO aHanuTH4esKH IOKa3aTh, YTO M TOBEDXHOCTH € MOCTOSHHOM OTpHLA-
TeJIbHOH KPUEM3HON 061anal0T OMHHAKOBHIM MHOroo6pasveM H3rubaHuh.

TakuM 00pasoM BCe TOBEPXHOCTH € TOCTOSIHHOL rayccOBOH KpHBH3HON
HMeIOT OfHO O6iee ¢ TUIOCKOCThIO BaXKHOE BHYTpDEHHee CBOHCTBO, KOTOpOe
M B janbHelumieM uccaenyeM Godee nojpoSHO. MOXHO Tak TOCTPOHMThL TEO-
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METPHIO HA MAOCKOCTH, 9TO €€ OCHOBHBle ¥ Haubonee OBIIME TOIOMKEHHA
6ynyT uMeTe MECTO HE TOABKO Ha IUIOCKOCTH, HO H Ha BC€X MNOBEPXHOCTAX
C TOCTOSIHHOH KDHBH3HON H 4YTO TO/MBKO B 0OOJiee TOHKUX JETaNsix 3TOrO
NOSTPOCHUS TMOJNYYHTCH Pasinyve Memiy TUIOCKOCTSAMH M TIOB2PXHOCTAMH C MO~
CTOAAHHOM NOJIOKHTENILHOR HMAHM OTPHUULATENIbHOH rayCCOBOH KPHBH3HOU; Torpa
reoMerp4s PasAeNHTCH Ha 9 KJAWIOBY M Ha [(BE «HESBKJMAOBBI» TEOMETPHH.

31. danu iTHYecKas reoveTpusi. Ha KpHMBLIX NMOEEPXHOCTAX C/ENYEr paccMa-
TPHBATb IeOfle3NyecKHe JIMHAM KaK aHaNorH NpAMBIX Ha 1o.kocTH. MecnenyeM
Telepb 3Ty aHanorvio Gosee moapo3Ho. IlpocTefiiuee mocTpoeHHC MAOCKOMH
reOMeTpHH OCHOBBIBACTCA Ha BHIYEDUHBAHWH TIPAMEBIX W HaHECeHHH OTDE3KOB
u yrnoB. Ecam nepenecTH 3TH TNOCTDORHMA Ha KDHMBBIE MOBEPXHOCTH, TO
Tpex/e BCEro BOSHWMKAeT C/eAyIoiee IPHHUMNHANLHOE pasnuuHe: Ha 1Joc-
KOCTM Mbl BTer[la K/iajd B OCHOBY TpsiMble Ha BCeM HMX NPOTSIKEHHH, MXIY
TSM KaK Ha KDHMBBIX TIOBEDXHOCTSX MBI BCErda paccMarpHBany TOJIBKO Malible
KYCKH B COOT32TCTBHH € au(epeHUHaIbHO-TeOMETPHYECKOH TOYKOH 3peHHs.
ITosToMy MBI DOMKHH OrPaHHYHTLCS TaKMMH IIOCTPOEHHSIMHM, KOTOpble He
BLIXOASiT M3 NPENENOB KYCKa NOBEPXHOCTH H KOTOpHE, CNEeJOBaTesibHO, CO-
OTBETCTBYIOT PAaCCMOIPRHHIO MajioOH OGNAacTH Ha MJIOCKOCTH.

Ha BcsikoM 1OCTaTOYHO MasoM KycKe KpMBOH ITOBEPXHOCTH MOXHO NDOBEITH
yepe3 ABe He CHNHUIKOM ONH3KMX K IpaHiile TOYKH ORHY M TOJBKO OOHY
nyry reome3dyeckod JNMHHH, TaK e Kak Ha BCSKOH 06JacTH INIOCKOCTH
yep23 1Be He CJHIUKOM OJiM3KHE K TpPaHULle TOYKH M OXHO TPOBSCTH OIHY
H TOJBKO OfHY COEAMHSIOHIYI0O HMX MNPSMYI0, pPacnoNOXeHHyi0 B HaHHOH
o6nacru ).

Ha BcakOM Kycke TOBZpXHOCTH MOXHO NOCTPOHTb YroJi € reoie3HYeCKHMH
CTOPOHaMH TaKHM e 00pa3oM M Tak Xe ero nepeHocvrb, Kak yroja ¢ nps-
MOJIMHeHHBIMM CTOPOHAMYM Ha KYCKe IIOCKOCTH.

Toyno Tak e mNepeHOC reOme3MUEcKMX OTPE3KOB MOAYHHSACTCA TeM e
8aKOHaM, YTO M NEepeHOC NPAMONHHEHHBLIX OIPE3KOB HA KYCKe MJIOCKOCTH.

Ho ywxe npu mnpocrefliinx mocTpoeHUsX, COCTOSIMX H3 3THX TPeX aJje-
MEHTOB, a HMEHHO MPH MOCTPOCHHY KOHIDYSHTHBIX TPEYroOJibHHKOB, aHaNorKs,
BoOOwLIe roropsi, Hapywaercsi. J[Ba TPeyroibHUKa Ha3pIBalOTCA KOHIPYSHT-
HBIMH, €CJIH TMPH COOTrBErCTBYIOHIEM HAJIOXEHHWHM BEpLIMH COOTBETCTBYIOLIHE
CTOpOHB H yrabl pacHel. OueBHAHO, 3TO NOHATHE MOXET OHTb TNepeHeceHO
Ha reonesHyeckve TpeyroJbHHKM Ha KyckaX KpHBHIX mnoeepxHocTeti. Ecnn
Teneph Mbl Ha KYCKE TJIOCKOCTH GyfeM MCXOBMIb OT TpeyrosbHHka A B,C,
H nopbepeM aas Toukn A Touku B um C Tak, uto6H GbI0 AB= A B,
AC=A,C, n st BAC=<B,A,C,, TO, cOriacHO Tep Ofi TeopeMe O KOH-
rPy3HTHOCTH, Tp2yroneHuk ABC KOHrpysHTeH ¢ TpeyrosbHukom A B,C,; npx
3TOM CJIeNyeT TOJLKO MP2ATONOKUTh, Yr0 TOYKa A pacnoJiodeHa TaK Aaneko OT
rpaHuusl o6iacTH, YTO Ble 3r¥ NOCTPOEHHS BO3MOXHH B Ipexenax o6nacti.

Ecn1, omiako, npeanpunsTh aHaloruyisie NOCTPOEHHsi HA KYcKe KpHMBOH
NOBEPXHOCTH, TO reofeauvyeckan nyra BC, BooOuie roeops, HMeeTr UIHHY,
otinynyo ot ByC,. TakuM 06pasoM He MOxeT OHLITb PEYH O KOHTDYSHT-
MocTH JBYX TpeyrosbHikoB ABC n A B,C,.

B onHom ciyuae, onHako, MOXHO Nep2HeCTH TEPBYIO TEOPEMY KOHIPY3HT-

1) B cayuae ecnM IpaHMUa He BCIOAY BHINYKJA, NpsAMasi, COEQMHSIOILAS ABE AOCTa-
TOUHO GAM3KHE K TPAHUUE TOYKH, MOKET YACTHYHO JMeXaTh BHE OONACTH,
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HOCTH Ha TeOfie3HYecKHe NOCTPOeHHs,—HMEHHO B TOM cinyyae, KOTIa Kycohx
NoBepXHOCTH 06nanaeT mocrosHHON rayccoeoit Kpueusuofi. Tornma Mm MoxeM
Tak M3rubarh Haul KYCOK NOBEPXHOCTH, YTO TOYka A coBnaleT ¢ TOYKOH A,
M reomesuyeckue CcTOpoHH yria ByA,C, cOBMagyT € COOTB2TCTBYIOUIMMH
croponaMH yraa BAC ). BcenencrBue coXpaieHwus IJHH H YrjiOB TpPH HM3rH-
Gauun TOuka B, cosmajger ¢ ToukoH B m Touka Cy—c Toykol C; Takum
o6pasoM B 3TOM cayvae Tpeyroabuvkn AyB,C, u ABC nomxHul GbITh KOH-
IPYSHTHLIMH.

AkcromaTHYCCKRil aHA/IN3 THIOCKHX TeOMETPHYECKHX IOCTPOEHHH IOKa3bl-
BaeT, YTO BCe TEOPEMbI OTHOCHTE/NbHO KOHI'DYSHTHOCTH (UTYD MOMXHO CBECTH
JIOTHYecKH K TIEpBOH TeopeMe KOHIpYaHTHOCTH. CliefOBaTe/ibHO, Ha TOBepX-
HOCTAX C MOCTOAHHOM KPHBH3HOH Ui YKa3aHHBIX HAMH NOCTPOeHUH ocyiecr-
BJISIETCSI TIOJIHOCTBIO aHaylorusi ¢ reoMeTpHedl Ha KycCKe TJIOCKOCTH.

IlepByl0 TeopeMy KOHIPYIHTHOCTH MHI TIepeHEC]H Ha TOBEPXHOCTH C TO-
CTOAHHON KpHBM3HOH TakK, YTO Mbl CBA3&JIH C HHMH TIpynny H3rubaHu
¢ TpeMs napamerpamH. MOXHO, OOHAKO, 3Ty CBA3b JIOTHYECKH OOpaTHTH.
Eciay Ha KaKoH-HHOYIb NOB2DXHOCTH MMeeT MeCTO TeOpeMa KOHIPYIHTHOCTH
IUIsi TeoNe3HYeCKHX TPeyroJbHHKOB, TO OTCIONA CJENyeT, YTO TOBEPXHOCTD
nomxHa obnanath ceMelicTBOM OTOOpaXeHHHl, COXDAHSIOLUINX IUIMHY, C TpEMA
napaMeTpaMH M TNOTOMY AOMKHA 06JiafaTh NOCTONHHON rayccoBol KPWBH3HOM.
ITpexxne BCero M3 OMHMCaHHOIO BHIIIE TOCTPOEHHA TPEYrOMIbHUKOBR BHITEKAET,
470 JUISi NOCTaTOYHO MaJior0 Treoje3HUECKOro TPEYroJibHUKa BCEra MOXHO
nonobpate o3 KOHrpysHTHeIX Tpeyrosbhukos. Ho ecnu nmonowuTs B OcHOBY
HeKOTOpLlHl TpEYroJibHWK, TO TPH TNOMOLIM HAHECEHH OTPE3KOB H YTJIOB
M TOBTODHOrO NpHMMEHEHHH TepBOH TeopeMbl KOHFDYSTHOCTH MOXHO LEeJHKOM
H3MepuTh TIOBEDXHOCTH MO TaKMM e NPHHLMNAM, KOTOpule NPHMEHSAIOTCH
B NMpaKTHKe u3MepeHHH Ha 3eMHOH TOBepXHOCTH. BcsikoMy KOHrpysHTHOMY
HAHECEHHIO OCHOBHOrO TpeyrOJIbHHKa COOTBETCTBYEr TMOSTOMY HEKOTOpOe
oTOOpaXeHHe KyCKa TOEEPXHOCTH C COXPaHeHHeM JIHMH. ]

TakuM 06pa3soOM Mbl TMOKa3alH, YTO MOBEPXHOCTH C NOCTOSIHHON rayccoBoi
KPHBM3HOH CYTh €JHHCTBeHHble, Ha KOTOPHIX MMeeT MeCTO Tepeas TeOpeMa
KOHTDYSHTHOCTH It IeO0fle3HYeCKHX TpPeyroJibHUKOB.

Yro6bl nmpoCienHTh Aafiblie aHAJOTHIO 3THX MOBepXHOCTell C TJIOCKOCTBIO,
MHE JOJOKHE! TeNeph MNOMBITAThCA YCTPAHHTH OrpaHHYeHWe TONBKO ManbIMH
obnactaMd. Haynem ¢ mosepxHOCTell, NOCTOSHHAN rayCCOBA KPHEH3HA KOTOPBIX
nonoxutensHa. HanpawupasTcss MBICAL HayaTh € 1apoOBOH MOBEPXHOCTH.
OnHAaKO TeM, YTO Mbl pacCMaTpUBaeM STy IOBePXHOCTh B LEJIOM, aHaJOTHA
C TUIOCKOCTBIO HApyllaeTcss B CyLIECTBCHHOM MyHKTe. [eojesHyeckue NHHHH
wapa cyte OGombliMe KPYrH; 4Yepe3 jBe IHMAMeTPaNbHO NPOTHBOMOJOMXHBIX
TOYKM 11apa, OJHAKO, MPOXOAHT OeCKOHEYHOe MHOXeCTBO OOJIbIIKX KPYTOB,
MEeXIy TeM KaK Ha IUIOCKOCTH uepe3 JB€ TOYKH BCErNd MOXHO NpOBECTH
TOJIKO €IHHCTEEHHYIO TpAMYIO, COeNMHAIOIY0 MX. Jlasnee, B TO Bpems Kak
Ha TUIOCKOCTH JBE MNpsiMble WMeloT He Oonee OMHOH TOYKHM TepeceyeHys, IBa
GO/BUIMX Kpyra Ha Iuape Bceraa nepeceKaloTcs B ABYX NMAMETPa/NbHO MpO=~

1) ATo He Bcerna BO3MOXHO CAE€NaTh NP1 NOMOIIHM HENPEPHBHOIO Npeodpa3oBanHs
HEeBO3MOXHO 3TO CHeNaTh Jaxe Ha IUIOCKOCTH, TA€, KaK H3BeCTHO, ¥ 3epKajbHble
npeoGpa3oBanus ciegyeT oTHecTH K coBMemienusM. Ha poBepxuocTsx ¢ nocrosinHOR
He pasHOH Hy.mTIO KpuBM3HOM TaKike CyLleCTBYIOT OTOGpameHds, CoXpaHsioWue AIhHY
¥ COOTBETCTBYIOIHC 3€PKAIBHBN OTOOPAKEHUIAM.
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THBOMONOKHLIX TOYKaX. Hukakyio Apyryio nosepXHOCTH € NOCTOSIHHOH mnoOnoO-
KUTEJILHOX KPHBHU3HOM, KpOME IIApOEOH, MHEl Y€ NOTOMYy He@ MOXeM pac-
CMaTpHBaTh KaK aHanor TMIOCKOCTH, YTO BCe TaKM€ TIOBEPXHOCTH MMEIOT
0cO6ble TOYKH WJIH TPAHHLBL. )

Ipocto#t abcrpakumefl, osnako, MOXHO YCTPaHMTh MelIaionlee HaM CBOH-
CTBO WAPOBOM TOBepxHOcTH. VIMEeHHO, BBUIEJIMM TOBSPXHOCTb nOJywIap 1A
H 6yneM paccMaTpuBaTh KaxAyl0 TMapy [OuaMeTpaJpHO MPOTHBONO/ONHHIX
TOYek GOJBLIOrO KPyra, OFPaHMYMBAIOLIEr0 3TO MOJYUiapHe, KaK OfHY eNuH-
CTBEHHYI TOYKy. [anee, ecim Kakefa-HHOyOb cepHyeckas (QuUrypa BuilifeT
32 mpejiensl TPAHMYHOrO kpyra, TO OyneM 3ameHsTh TOUKH, nonajawoiiue
BHE paccMaTpHCaeMoro mosyuiapus, IiaMeTpalib-
HO TPOTHBOMOJIOXKHBIMH TOYKaM !, KOTOpbe Oy-
IyT HAXOMMTBCS HA pacCMaTPHBACMOM IO 'ylIaphH
(uepr. 231).

TakuM 06pa3oM MH NOMYYUM TO4YEUHolH 06-
pas, obnagalmuil BceMd TeMH CBOHCTBAMH, H3
KOTOpBIX Mbl HCXoau/in. Bo-mepsrix, Bcsakui
JOCTAaTOYHO MaJsiblfi KycOK OTOOpaxsaercs C cO-
XpaHeHHeM JUIMH Ha KyCOK I[IapOBOH TOBep .-
HOCTH. Bo-BTOpLIX, rpaHHua He mNpensiTCTBYyeT
HAHECEHMIO OTPE3KOB H COEAMHEHHIO NBYX TOYeK ~
reole3HYECKAMH uiiMaMH. B-TpeTbux, nse pa3- Yept. 231.

JHYHbE TOYKH BCErZa MOXHO COENMHHTH eJH-

CTBEHHOH reojie3Myeckofl JHMHMeH, a JIRe reofe3H1ecKHX JIMHWM HHKOrLa He
nepecekaroTcss 6osee uyeM B OHOM TOuYKe, 3TO ClefyeT M3 TOr0, 4YTO MNaphl
IMaMEeTPaNbHO INPOTHBOMOJIOXKHBIX TOYeK, KOTOpHe cOomepxuT Haur o0pas,
paccMaTpHBAIOTCA BCerza Kak ONHA TOYKA. AHAnor miocKoH reoMeTpHH, KO-
TOPLIH MMEET MeCTO Ha 3TOH MOLENH TOBEpXHOCTH, Ha3HIBAETCH IAAUNMUYC-
cKoll zeoMempueli, a CaMa NOBEPXHOCTh HA3LIBAETCH MOIENbI0 IAAUNMIUYECKOT
naockocmu. Jlpyryio Monenb SAJMHNTHYECKOH IJIOCKOCTH, OYEBHIHO, MOXHO
NoNy4YnTh, €CIHH HCXOAMTh U3 BCeH WIApOBO#l TMOBEPXHOCTH M PacLMaTpuBaTh
BCAKYKO Napy JAMaMeTpantHo NPOTHBONOJIONHBIX TOYeK KaK OOHY TOUKY.

PaccMOTpUM Tenepb a/MNTHUECKYO reoMeTputo, npuuem GyneM HasbiBaTh
60sbIuKe Kpyrd NpAMbIMH, a AyrH GOJbLIMX KPYroB oTpeskamu. Torma 6po-
CaloTCA B IJiasa 1Ba OT/MYHA SINHITHYECKOH reoMeTpHM OT OOLIYHOM 3BKA-
IOBOH reoMerpuu. Bo-nepBbiX, 9AAMATHYECKHE TNpPAMLIE CYTb 3aMKHYThE
KpHBHIE, MeXJly TeM KaK 3BKJANIOBHI MPSIMBIE HMEIOT GecKOHeyHOe MpOTsKeHHe,
Bo-BTOpHIX, nBe 3/MIIHYECKMX NpPsMbie BCErna MMEOT TOYKY NepecedeHus,
MeXIy TeM KO BCAKOH 9BKJAMIOBOH TpSIMOH CYLIECTBYIOT mNapajie/ibHbie
JMHHH, He nepecekaioume ee,

l'[onuoc*rao MOXHO 0603peTh B3aHMOOTHOLIEHHS annunmqecxon H 3BKJH-~
IOBOH TeOMeTpHH, €I HWCXOAUTh M3 aKCHOM 9BK/JAHIOBOH NJOCKON reoMeTpHH
H NPOBEPHTDL JUifi KAWIOH aKCHOMBI, YIOBNETBOPSAETCH M OHAa TaKXe M B 9JUiM-
TUYECKOH FeOMETPHH HJIM OHa JOJNKHA OHITh 3aMEHeHa HECKOJIbKO HHOH aKCHOMOH.
Mel yxe npexge ynoMHHann akcHomel coderatus (ctp. 108) M akcnoMsul Henpe-
priBHOCTH (cTp. 119). Bcio 9BKAKIOBY MNJIOCKYI) FEOMETPHIO MOXHO ITONHOCTHIO
AOCTPONTb, WCXOAS M3 MATH TPYyMN aKCHOM: aKCHOM COYETaHusi, MOpANKa,
KOHTPYSHTHOCTH, aKCHOMBI T1apaJieJibHOCTH M aKCHOM HelpepelBHOCTH. B ocHOBE
Kaxio# rpynnsl akCHMOM JiexaT Ofpeje/icHHble TNOHATHs; Tak, Hanpumep, Ajs

14 Tuaubepr u Kon-Poccen ’
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aKCHOM COYETaHHsi TAKHMH TIOHSTHAMH CJYXKAT TIOHATHS TOYKH, NPSIMOH M HH-
uMneHTHOCcTH. JIpyrne MOHATHS MOUYT BOSHUKATH JIMUIb B CBf3H C CLpefe-
NEHHBIMH AKCMOMAMH, KaK, HAmNpPHMep, MOHATHE OTPe3Ka MM TOHATHE MNOJy-
npsMOM BO3HMKAeT B CBA3M C akcHoMamy mopaaka. [lonsTHe OTpeska B CBOIO
oyepe]b €CTh O.HOE2 aKCHOM KOHTDYSHTHOCTH, TaK YTO aKCMOMBI KOHIPY3ilT-
HOCTH TpeSyloT st MX (OpPMYJHPOBKH ONpENENeHHBIX akcHOM nopsinka, Ipu-
BEJIeM Temepb AKCHOMBI SBKJWIJBOH TJIOCKOM reomeTpum!).

I. AKCHOMB COYETAHHUA.

1. Yeres O0se mouru npoxodum 00HG U MOALKO OCHQ RPAMASR.

2. Beskana npamasn codepxycum RO kpaliHeli mepe 08e MOYKU.

3. Cywecmsyem no kpaiiell sepe mpu mouxu, He DACNONONCEHHHE Ha
o0Holi u moi gre npimoll.

II. AKCHOMH TNOPHA IKA.

1. H3 mpex mouer, aexcauux Ha 00HOU npsmob, 00HQ nedxcum HeoO-
x00umo mescldy 08yms Opyzumu.

2. Hnn kascoox 08yx motek A u B mooxcno Halimu no kpaiineli mepe
ooy moxy C, max ¥mo oHa sexcum mexcoy A u B.

3. Ecau npamas nepecexaem OOHY CHIOJOHY HEKOMOPOZO MPEY2OA+HUKA
(m. e. codepocum MmouKy, POCHONONHCEHH) IO MedxcOy O8YMS SEPULLEAMUL), MmO
OHQ Aubo npoxodum “epe3 Sepuiliny npOMUBONOAONHCHOZO Yera, Auby ne-
pecexaem ewje 00KV CHIOPOHY MpeyzoAbHUKA.

AKCHOMHI TIOPiAKA 103! OJISIOT ONpPENEe/HTh NOHATHE, BCTPEUAIOLIEeCs B Clie-
LyIOUMX aKCHOMaX, MMEHHO: TNOHsATHE «OTPe3Ka», «yrNa», «CTOPOHbI MpAMOH
[0 OTHOUIEHHIO K KaKOW-HHOYb TOuKe», «IONYNnpsMO», «CTOPOHH INIOCKOCTH
N0 OTHOLUEHHIO K TIONY(PSAMOi»,

III. AKCHMOMB KOHTPY3HTHOCTH. .

1. Beaxuii ompe3ok ecez0a moxcem Obiinb OMAOINCeH HA NPAMOL 1o obe
CMOpPOHbE 1T HEKOMOPOLL MOYKL NPAMOL. NOAYHAIOUUECS OmMPe3Ku HA3bi-
8AIOMCA KOHZPYSHMHWMU C NEPELLM OMpPE3KOM.

2. Ecau 0sa ompe3xa KOHeDYIHMHbL € mMpembUM, MO OHU MAKICE KOH-
2pysHmHubL Opyz ¢ Opy2oM.

3. Ecau Ha 08YX KOHZDYIHIMHbIX OMPE3KAX UMeemCcs no 00HOL moure
maxozo poda, “mo O0H@ U3 ROAYHAIOUWUXCA uacmell 00HC20 Ompesxa KoH-
2pysHmKa € OOHOG u3 4acmell 6MOPO0 Oompeska, mo U 8MOPAs “acmb
nepeozo OMpe3Ka KOH2PYIHMHA €O 8MOpOl 4acmbio 8mMopozo.

4, Y201 Moscem Gbini, OMAOHCEH HQA NAOCKOCHIU NO 00€ CMOPOHbL OM Hek 0-
mopuli NOAYRPAMOL O0OHO3HAUHO; NOAYHQIOUUICA Y204 HAILIEAEMCS KOH-
20 YIHIMHBLM € NEPBOHRHANbHbIM.

5. (ITepsas meopema Konepysrmrocmu.) Ecau Ose cmoromnst u yeos,
QK NIOHEHHL MeHCOY HUMU, OOH020 MpEY20AbHUKA cosnadaom ¢ 08yMa
CMOPOHAMU U Y2A0M, 3AKNIOUCHHIM MENCOY HUMLU, OPY2020 MPeEyosbHuUKA,
MO MPEY2ONbHUKL KOHZDYIHMHbL.

) CM. Hilbe rt, Grundlagen der Geometrie, Berlin 1930. imeercs pyccku#t nepesos
¢ 5-ro Hemeukoro vsgaHus: JlaBug FunpOepr, OCHOBanus reoMeTpuH, NMEPEBOA
A. B. BacunbeBa, usji. «Cesitenb», Ilerporpas 1923,
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IV. AKCHUOMA MAPAJNINEABLHOCTH.

Ko scaroii npamcli a uepe3 8caxylo mMOUKY, He Aexcamyro wa 3mol
npAMOL, MONWCHO npdeecnu OJHY U MO.LbKO OOHY NPAMI0, HE nepecexaro-
wyrn npamoi a.

V. AKCMOMHK HENPEPHBHOCTH.

ITH akcuoMbl (POPMYNUPYIOTCS BechbMa pasamyko. Bo BcsikoM cayuae oHu
03H2YaIOT NMPUMEPHO chenyiolllee:

1. (Axcuoma Apxumena, crp. 119.) Bearuii ompesox moscro usme-
pump npu nomouu 1106020 Opyzozo.

2. (Axcuoma Kaunrtopa.) Bo 6caxod Oecxoneunoll nocaedosamens-
HOCIU B8/09/CEHROLX Opy2 8 Opy2a ompe3Kos cyuecmByem 6cezda obujas
8ceM 3mum ompe3Kam mouKa.

B snnuntuueckolt reoMeTpuH akCHOMBI COYETAaRMS, OYEBHANO, BHITONHSIIOTCS.
Hao6opoT, akcuovbl mopsiika He BHNOJHSIOTCHA; TaK KAk MpPAMHE B STOM
cllyyae APENCTaBISIOT cOOoff BaMkHYThIE JuHMM MOLO6- c
HO OKpYMHOCTSIM, TO HE/Bb3s CKa3aTh OTHOCHTENHHO TpeX
TOY2K MpPAMOH, YTO ONHA M3 HUX JIEKHT MEXAY HBYMs
npyramMu. Bmecro OTHOLIeHHS «MCXIy» IJIS TPEX TOYEK
B SMJMNTHYECKOH reOMeTPHH MOXHO BBECTH OTHOIIEHHe
pasfieiesusi YeTepeX TOUEK, I KOTOPHX MMEIOT MEeCTO
COOTBETCTEYIOLIHE akcMOoMH nopsigka. [lepsas u3 Hux
T/3CHT: 4emuipe mo4ku npamoli scezda pacnadaromcs D
OJHUM eOuHCmEBEHHb M cnoco6OM HA Ose pa3deasroujue Yepr. 232.
dpyz Opyea nape. (HaupuMep Ha 'epT. 232 TOukm
A, B, C, D pacnagaiotcs Ha paspensiouide npyr napyra maps AC u BD).

TTono610 3BKIMAOBLIM AKCHOMAM [OPSIKA /IMITTHYIECKHE AKCHOMBI MOPSIIK a
TaKXKe NPUBOIAT K ONpPSAENEHHI0 OTPE3Ka M K ADYrHM MOHATHASAM, KOTOpHie
NPUMEHSIOTCH B aKCMOMaxX KOH-
rpysursoctu. [lpu aTom, onnaxo,
C/IELlyeT MCXONMTb M3 TOTO, YTO
uB2 TOYku AB Bcerma omnpepe-

AMIOT JiBA OTpE3Ka, a He OIHH, A
NOJHO6HO TOMY Kak BCAKAsA OKDYX-=

HOCTb pa3fuBae'cs LBYMsI CBOMMH
TOykamMu Ha ase nyru. Tompko
Robasnssi TpeTblo TOuKy C nps- Yepr. 233.

MO# AB, MOXHO YCTaHOBHUTB

pasnuyue Mexay O6OouMH OTpeskaMu AB; OmMH OTPE30K COCTOWT M3
ECEX TOueK, OTHe/meMuX napoit AB or Touku C, a npyro#l — u3 OCTaiib-
HHX ToueKk npsmod AB. Jlanee caemyer MCKIOUMTL yriasl, 60abiuue
DBYX UpPAMHIX, M3 BHYTDEHNHX YIJIOB TpEyroJIbHHKA, MHaYe JiBeé CTOPOHHI
M 33KMIOYEHHMN MEeXAY HMMM yTOJ onpenensin Obl He XHMHCTBEHHHIH Tpe-
YrOJNLHHK, @ JIBa HEKOHIDYSHTHLIX TpeyronbHuka (yepr. 233), 4TO mpOTHEO-
peunt MepBoH Teopeme KOHTpysHTHOCTH !). Oxa3eBaeTcs, YTO NpPH TAKHX Orpa-

1) 3ameTHM, 4TO MnpaBhil TPeyroJbHHk uepr. 233 He pasbuBaer 3IMNTHYECKOH
MJIOCKOCTH.

4
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HMYEHHAX BO BCSIKOH JIOCTATOYHO MaJoit 061aCTH JUIHNTHYECKON MIOCKOCTH
COXPAHAETCA AHANOTHS ¢ 06/acThIO SBKIMETOBOH NMJIOCKOCTH, OT KOTOPOH Mbi HC-
XOHWI¥, M YTO 3BKJAMIOBE AKCHOMEI KOHFDYSHTHOCTH BHINOJIHSIOTCA Ha
sJMnTHYECKOH mmockoctH. To e camMoe MMeeT MecTO pisi aKCHOM Hempe-
PHIBHOCTH.

Hao6opor, akcuoMa mnapajiiensHOCTH He BHINOJNHSIETCS, 8 JI0/¥HA ObITh
3aMeHeHa YCTaHOBJAeHHOM ywe Ha crp. 108 axcuoMo#H coueraHus NpoOek-
THBHOH TUJIOCKOCTM: NiBeé NpSIMblE BCErAa HMEIOT OIHY EIMHCTBEHHYIO TOUYKY
nepeceyeHus .

Ilo OTHOINEHHIO K NOPSIKY SJ/UIMNTHYECKAs IJIOCKOCTb Beller cebsi Tak e,
Kak mpoexTuBHas. UTo6m coenath 9TO HarjsngHeli, Bo3bMeEM B KaueciBe MO-
JleI1 3JUTHNTHYECKO! MJAOCKOCTH TMOJHYIO [MOBEPXHOCTh Iapa, Ha KOTOPOH
Bce Napbl FUAMeTPaJbHO MPOTHBOMONOKHBIX TOUEK OTOWIECTBAeHH. Ecimu
Mbl GyHEM MpPOEKTHPOBAaTh IIap W3 €ro LEHTPa Ha IUIOCKOCTh, TO BCSAKas
TOYKa NJIOCKOCTH COOTBETCTBYET Mape KHaMeTPAABHO MPOTHBOMOJOKHBIX TOYEK
mapa, T. €. OOHOH TOUKE 3JIMNTHYeCKOH TIUlockocTH. Besxomy 6oabmomy
Kpyry, T. €. BCAKOH 3/IMNTHYEeCKOH npsMOH, COOTBErCTBYeT MpsAMafA nepece-
YeHHs] MJIOCKOCTH GOJABIIOTO KPyra € IVIOCKOCTBIO H300paxeHHus. JTO OTHO-
lIeHHe CTaHeT B3aUMHO OJHO3HAUHBIM, €C/IM Mbl TIpUMeM BO BHUMAaHHE TaKxe
6ecCKOHEYHO yhasieHHHe NpsAMBE [UIOCKOCTH M300paKeHus, T. €. €CAM MH STy
IVIOCKOCTh 6yner paccMaTpuBaTh KaK MPOEKTHBHYIO.

B cooTsercTBHH € STHM MBl MOXEM pacCMaTpUBATh NPOEKTHBHYIO IIOC-
KOCThb HeNOCpPeNCcTBEHHO KaK MOIe/b SJUIMNTHYECKOM mMIocKocTH, ecnd Gynem
onpenessitb PaBeHCTBO JJIMH M YrJIOB Ha STOH MOMENH HE KaK B 9BKJHAOBOH
reoMeTpuH, a yKaszaHHbBIM Croco6oM npu TmomomM cdepryeckoit TPUTOHO-
MeTpuH BInoMorateipHoro mapa. OTciona cJiemyer, YTO B 3JIHOTHYECKOH
recMeTpuM BCe TeOpeMBl O TOYKAaX IepeceyeHusi, HMelollHe MeCTO B
NPOEKTUBHON reoMerpuu, Hanpumep Teopemn [lesapra u [lackans, swinos-
HSAIOTCH. '

Ecnu Tenepr mNpHHATE BO BHHMAaHHME TONBKO OTOOpaMEHHs 3SJUIMNTHYe-
CKO{l MIOCKOCTH, COXpaHsIOIMe JJIMHY, TO MOXHO TNOCTaBHUTH BOMPOC, TaK
e KaK B Clyyae 3SBKJIMIOBOH TeOMETPHM, O IMCKpPEeTHBLIX [rpynmnax noxo6-
HBHIX OTOGpaxenuli. Bcaxoli Takoit rpynmne COOTBETCTBYeT AMCKDETHAs CPyI-
na otobpareHnH MaPOBON MOBEPXHOCTH, COXPAHIIOILHX IVIHHY, CIeNOBATEIbHO,
OIHA M3 rpYyNN NPaBUJIBHHIX MHOTOFDAHHMKOB, PAacCMOTPEHHHIX Hamu B § 13
n 14. OG6patHO, BCAKMH NpPaBi/bHKI MHOTOTPAHHHWK NPHBOIMT K IHCKpET-
HO{ Trpynne COBMEINEHHH 3SJIMNTHYECKOH MJIOCKOCTH, a UeuTpajibHhe NPOeK-
UMM MpPaBUIBHBIX MHOFOTPAHHHMKOB, UpencTaBneHHble Ha 4epT. 160 — 163
H 165 —168, paior HekoTOpwle pelweHuss CBA3aHHOH € 9TUMY IPynnaMu
sajauM, kotopas Owbuvia cdopMyivpoBaHa wa cTp. 79 mas IBKIMIOBOH
MJIOCKOCTH.

Moxno onpeaenuTh S/VIMOTHYECKYID TEOMETPHIO He TOJLKO Ha IVIOCKOCTH,
HO M B mpocrpancTse. B xauectBe Mogenell TOuek, MPAMBIX H MIOCKOCTeH
STOr0 MNpPOCTPAHCTBA MO2KHO HCMOJIL30BAaTh MPOEKTHBHOE IPOCTPAHCTBO € €ro
TOYKAMU M npambiMd. CpaBHeHHe IJHH M YIJOB NPU 3TOM ONATH-TAKH Cre-
LyeT MpOBONKTH He TaK, KaK B SBKJIMIOBOH reOMETPHH; OHO MOXeT OBITH OIU-
CaHO JIMUIb AHANMTHYECKHM, HANPHUMEP MpH [OMOIUM LIEHTPAJBHOH NPOEKLMH
rUfepIIapa YeTHPEeXMePHOro npocTpancTBa. JMCKPETHBE IPyMNnsl HajgoxeHuH
SJUIMOTHYECKOTO OPOCTPANCTBA CBASAHKW C MPAaBUJBHHIMH KJIETKAMH YeThIPEX.

&
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MEpDHOTO MPOCTPAHCTRA, H 4epr. 173 —176 MOXKHO HCTOJKOBATH KaK «3a-
MOILEHHED BJIKNTHYECKOTO NMPOCTPAHCTBA.

35. I'mnepGonrveckas reomerpysi. Ee B3aHMOOTHOWEHNS ¢ 9BKJIMIOBOH M 9~
auntHyeckolt reomerpuelt. OGparumcs Terneps K NOBEPXHOCTAM C NOCTOSIHHOM
oTpuilaTeNbHOH KpHBuM3HOH., CpelM HHUX HET NOBEPXHOCTEH! TAKOTO MPOCTOTO
Buna, Kkak wap. [opepxHOCTH BpaleHHs NOCTOSHHOM OTPULATENBHOR KpH-~
BH3HBI MOFYT MUMeTh TPH pasinuHsle Gopmbi, n3ob6parceHHne Ha uepr. 234.
Mbr BHAMM, YTO BCE STH IIOBEPXHOCTH HMRIOT OCOOEHHBIE IPaHHIEl, 33 IIpe-
nenbl KOTOPHIX OHH He MOTYT OHITH Mponokenw HenpepwBHo '), CoBoky-
HOCTH BCEX MOBEPXHOCTEH C IOCTOSHHON OTPHUATENLHOH KpUBHM3HOH He
yIaJOCh 1O CHX TOpP BHIABHTB, HO MOXHO MOKAa3aTh, YTO HH OfHA M3 3THX
NOBSPXHOCTEH He MOXeT 6uTh CBOGONHA OT OCOGEHHOCTeH.

Uept. 234a. Yepr. 2346. UepT. 2348,

TaxkuM 06pasoM HeT MOBepXHOCTeH B MPOCTPAHCTBE, KOTOpHIE MOTJIM Op
6bITh OTOOpaMeHH B OKPeCTHOCTH moboi Touxku (im Kleinen) ¢ coxpanenuem
IVIHH Ha [IIOBEPXHOCTH C MOCTOSSHHOM OTPMLATENBHOM KPHBH3HOR, TaKuX,
Ha KOTOPLIX HAHECEHWE reone3uyecKHMX OTpe3KOB HUrIe He BCTpeyaso 6ul
rpanuyHbX Toyek. OIHAKO MOXKHO HaTh Ha NMAOCKOCTH MONENH NOAOGHHEIX
abCcTpakTHO onpeneneHHBIX NOBEPXHOCTEH, TOYHO TaK e Kak Mbl MOJb3bBa-
JIMCh [POEKTHBHOH IJIOCKOCTBIO B KayeCTBE MOAEIH SJUTMNTHYECKOH MJIOCKOCTH.
Jlas aTO# LenH MBI JO/DXHBl BBECTH HOBHIH crnoco6 n3mepeHNs IJIMH K YIJIOB,
OTJHYHHIB OT cNOCO6OB, NpHUMEHAeMBIX B 3IBKJIMIOBOH M SANHNTHYECKOH reo-
merpusix. [1oBepXHOCTb, MOLE/L KOTOPOM MBl XOTHM TakuM 06pa3soM MOCTPOUTS,
HasLIBASTCA  2uneplOAUMECKOR  RAOCKOCMbIO, TeOMETPUA — 2unep 60au4ecKoil
zeomempuell.

B KauecTee TOYeK runepGomuyeckot miockocTy GyneM paccMaTpuBaTh TOYKH,
Jexalue BRyTPH HEKOTOPOrO Kpyra oOBIYHON MOCKOCTH, a B KayecTBe rumnep-
60/yecKuX MPAMBIX — XOpIbl 3TOT0 Kpyra (KOHLB KOTOPHIX MCKJAKYAIOTCH

U3 PacCMOTpPEeHHs).
Jlna Bcakoro Kycka mnosepxHoctH F moctosiHHOM oTpuuaTtesbHOR Kpu-

BH3H!>I—-—}2- MOXHO 3alath OTOGpaxeHue, nepeBonsumiee F BO BHYTPEHHIOIO

obnacte G kpyra TakhuM 06pa3oM, YTO reonesHyecKHe MNHHUM, NPOXOJSLIHE
nHa nosepxroctd F, 6ynyr npeo6pa3oBuiBaThCS B OTpe3KH npsMuix Ha G. Ilo-
HATHO, YTO 3TO OTOOpa)eHWe He MOXET COXPaHATh JUIMHY, TaK KaK Kpu-

1) Ha uept. 2346 TO/NbKO HMWKHAS IpaHKila OCOOEHHas, BBEPX e NOBEPXHOCTE
yhansieTcs B 6eCKOHEYHOCTDb, MPHYECM KPYIH IIMPOT GE3rpaHHYHO yMEHBLIAIOTCH,
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A
BusHa G paBHa Hy/ni0, B TO BpeMs KaK KDHBH3HA TNOBEepXHOCTH F OTpHua-
tenbka. [lycre A, B (uepr. 235) —o6pasm neyx Touexk P, Q nosepxHoctd F
u nyctb R, S—KOHUeBsle TOUK{ XOpHH Kpyra, mpoxonsuleift uepes A, B;
reone3nyeckoe paccronnue s Touek P n @ ynosierBopser dopmyine:

AR-BS

ln B—R‘E . (1)

s=L
-2

IMpaeyio yacts pasenctea (1) 445 BceX nap TOuYeK Hallel Moneau runepGonm-
4ecKol mIockocTH OyneM Ha3HBaTh «runepboIHuecKHM pacctosiHueM», OTob6pa-
werne F— G NpHBOIMT TaKKe K OlpeleseHHOMY M3MepeHHio «runepbonvye-
CKHX YIJIOB», OTJHYAIOIIEMycsi OT criocoba onpesiesieHHss YIJIOB B SBKIHIOBOH
reoMerpud. Tak, HanpuMep, 4TOOHI ONMYCTHTL NEPHEHIUKYIAD A u3 TOukM A
runepboaMIecKOl MJIOCKOCTH Ha MpPSIMYI0 g, HYXKHO mnpoBeCTH A B BuIE

9
P
> A -
p—""
>
Yepr. 235. Yeprt. 236.

npaMoft, coenmnsiomedt Touxy A ¢ BcmomoratenbHok Toukod P (uepr. 236).,
Jlerko ycMOTpeThb, 4TO SBKJIMAOB YFOJ MeXay npaMeiMd B u g, Boobuie ro-
EOpS, OTJHYeH OT NPSAMOrO.

INocMOTpHM Teneps, KakHe AaKCHOMBI SBKJIHIOBOH TreOMeTpHH COXPAHSIOTCS
Ha runepbosuueckol niaockoctu. [Ipexpe Bcero $CHO, YTO aKCHOMBI COYe-
TaHus BLInOJMHSIOTCA. Ecin namee Mbl OnpenenuM ITOHSTHE «MELY» AR TPEX
TOYEK, MCXOIs M3 WX PAcrOJIOKEeHHs HAa HalleH Moje/MH, TO MOXHO BHIETH,
YTO M AKCHOMBI MOPAAKAa BHITOAHTIOTCA. B kKauecTBe oTpeska AB onpexpenum
TOYKM 3BK/IANOBA OTPe3ka Ha Hameit Mozmend. B OCHOBy omnperneneHnst KOH-
rPYSHTHOCTH otpe3kos noiokuM opmyay (1). Ecan Tenepp paccMorpum
NepEyi0 aKCHOMY KOHTPYSHTHOCTH, TO MOIIO 6B MOKAa3aThCsl, YTO CBOBONHOMY
HAHECEHHIO OTpe3Ka MellaeT rpaHHuLa KPyra M yTo, CJIeHOBaTeNbHO, aKCHOMA He
BHIMOJIHSIETCH. B HeNCTBUTENBHOCTH e MpH onpeleseHun paccrosnus no dop-
Myne (1) HaHeceHHIO OTPE3KOB OKPYHHOCTH KpyTa Hukorna ne memaer. [lycrs
IaHBl BHYTpH Kpyra otpedok AB (uept. 235) u nexoTopas noJynpsmas A,
seixonsmas u3 touku A'. Torna mias Touxku B' wa npaMoH A, nns xoTopoil
nomkHo 6uTe AB="A'B', Bunoimsiercs Ha ocHoBanux (1) cooTHolIeHHe:

AR BS _A'R' B'S'
BR'AST BR 'A%y

HIY
B'S _A'S AR BS 9
BR ™~ AR AS BR® @
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Tak kax Tpm TouxH A, A', B nexar BHyTpH KpyTa, TO BCE TPH OTHOILEHHS
Q7

B NpaBoil yacTH pasencrsa (2) orpuuarenshbl. CnenoparenbHo TaKKe

b B’RI
OTpHIATENBHO, T. €. TOYKA B’ NEXHT BHYTPH Kpyra, KaKk Mbl M yTBEp¥naju.
Ecnn npuknanbiBaTh HeKOTOPHI OTPE3OK IMPOKM3BOJIBLHOE YHCIO pa3 K CaMOMy
ceSe, TO MOXHO CKOMb yronso 61u3xo mnonolfitu K mnepudepuu Kpyra, He
nocturas ee (uepr. 237); nepudepusi Kpyra urpaerT B HalueH MOmeNH Turep-
Conuyeckofl reOMeTpHH TaKylo e posb, Kak GECKOHEUHO YHaseHdas npsimas
B 3BK/HIOBOH TeOMEeTpHH.

Hame paccvorpenne nokaswiBaeT, 4TO MNepBas aKCHOMa KOHIPYSHTHOCTH
BLINOJIHAETCH HA THepbosuyeckoit maockoctd. OueBHIHO, BHIMONHAIOTCS TaK-
e aKCHOMBI KOHTPYSHTHOCTH BTOpas, TpeThs W uyerBepras. [laras axcuoma
KOHIDYSHTHOCTH, KaK ywe OO yxa3auo B § 34, paBHO3Hayra CylecTBO-

e

Yept. 237. Yept. 238.

BAHWIO JOCTATOYHO ofbie# rpyniel oTo6pameHuit, NepeBOASLIMX BHYTPEHHOCTD
Kkpyra B camoe ce6s Takum o6pa3oM, YTO NPH STOM MpSMbIE NepPeXofaT B nps-
MBIE Ke, a runepbo/MyecKie PacCTOSIHUS M YIJIbl COXPAHSIIOTCH HeM3MeHH JMH.
B npoekTHBHOH reOMeTpuM Ha [UIOCKICTH JOKAa3wiBaercs, 4YTO nNOXJ6Has
rpynna neACTBHTENBHO CymiecTByeT (STH OTOOpaeHHs NPUHALISKAT K [POeK-
THBHHIM TIP208pa3 )PAHHAM [UIOCKOCTH M MOFYT OBITb HATVIAIHO NpEeNCTaBAEHBI
npy MOMOLM MOBTOPHOTO NpHMeHeHHS WeHTpajsbHOH mnpoexuiu). Otcona
cJenyer, yTo B runepbOMHYECKON TeoMeTpHM BBLINOJNHSIOTCH Te Xe AKCHOMBI
KOHFPYSHTHOCTH. JIErKO BHIETb, YTO M AKCHOMH! HelpepbIBHOCTH BLINOJHAIOTCH.

TonbkO O/HA €RMHCTBEHHAs aKCHOMA SBKIMIOEOH TreoMeTpPHM HE BBHINOJ-
HAETCA HA THNEePGOJMYeCKOH [UIOCKOCTH — aKCHOMA MapaniesbHOCTH. IJTO
MOXHO YyCMOTpeTh u3 yepT. 238. YUepea BCAKyl0 TOYKYy KO BCAKOU npsaMoi g,
He MpoXo.slled yepe3 3Ty TOYKY, BCETAa MOXHO [IPOBECTH NYYOK MNPSMBIX,
H2 repecekaiolIuX NpAMoil g. B TO Bpems Kak B 9/UIMMTHYECKOH reoMeTpHH
IOMHMO aKCHOMBl MAPAJIENLHOCTH He BBIOJHAIOTCH TaKke SBKJIMIOBBI aK-
CHOMH! MOpAKA, TFHNepbosMyeckass TeOMeTPHsl OTJIMYAETCs OT SBKJWIOBOH
TOJNBKO TeM, YTO B HeH He BHIMOJHAETCH aKCcuOMa NapanieJbHOCTH.

Ha stoM ocnoBaHum naiia moznens npuHoOperaet 60Jbloe NPHHUMIHAILHOE
3Hayenue. B TeyeHue BCErO Cpe/HEEEKOBL M BWIoTh no Hauana XIX =,
HAMPacHO CTApaJMCh JOKA3aTh AKCHOMY NapajuieNbHOCTH, HCXOIs M3 OCTalb-
HbIX axcioM IJsxinna, OTKpeITHE MOLenH IUnepOONHYECKOH reOMeTpHH IOo-
KA3aJI0 NPUHIHMIHANBHYIO HEBO3MOXKHOCTH MONOGHOrO NOKa3aTenbcTBa, MO0
Hama MoJlesb YAOBJNETEOPAET BCeM aKcuOMaM SBKJIMAOBOI reoMeTpuH, 33
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HCKJTIOYEHHEM aKCHOMB NapanienpHoCcTH. EcnM 6Ll 5Ty NOCHEOHION MOXKHO
6bIJIO JIOFTHYECKH BLIEECTH M3 OCTa/lbHBIX, TO OHa HOMKHAa Obuia 6Bl BLITIOJN-
HATHCA ¥ HA Hawel MopesM, yTO HE HMEET MecTa.

I'nnep6osvyeckas U JUIHNTHYECKAS FeOMETPUH HAa3BIBAIOTCH HESBKJIMIOBBIMH
reoMeTpusiMd. Eciu ncxonuth M3 pacnpeneneHusi 3HayeHuii rayccoBof KpHBH3HHL,
TO SBKJIWAORA TeOMETPHsl MOJYYaeTCsl KAK MepexofiHas Mey SJUIMNTHYECKOW
U runepGoanyeckofl reoMeTpusMH. B 9TOM MOMHO y6emnTBCS H C Opyro#
TOuKHM 3penus. Tak, Mb MoJyyYyanu THUNepOOSHYECKYIO TUIOCKOCTH NyTeM yaa-
NeHusi BHEIIHHX TOYEK HEKOTOPOrO KPyra Ha SBKAMAOROH MJIOCKOCTH, MEXIY
TeM KaK IS NOJNYYEHHS BCeH SIMNTHYECKOM NAOCKOCTH HAM HYXKHO 6GHIO
[O0aBNSITh K 3BKAMAOBOH IJOCKOCTH eme TOukH 6eCKOHEYHO ynaneHHol npsi-
molt. [anee, B SANUNTHYECKON reOMETPHH HeJb3S MPORECTH HJA OXHOM mpsiMoi,
napanieNsHON naHHON npsMOH, uepes TOUYKY, JIEKANLyl0 BHe €€; B 9BKIHIOBOH
reoMeTpUH MOXHO TPOBCCTH OJIHY TaKyIlO NPSIMYI0, a B umnepboaudeckoH reo-
MeTpul — 6eCKOHEYHOE MHOXECTBO napaJie/ibHBiX npsamMuix. OcobenHo xapaxrep-
HOM JuIsl TPEX IeoMeTPHH SIBAsEeTCH CyMMa YIJIOB TpeyroJbH#Ka. B To Bpems
KaKk B SBKJHIOBOH reoMETpUM OHa pPaBHA T, B SJUIMIITHYECKOH reoMeTpHH
ona Bceraa 6oJsblle T, KaK 5TO CJELYeT M3 M3BECTHLIX TeopeM cdepuuecko
reoMeTpuH; B runepooaHYecKON MJOCKOCTH 5Ta CyMMa BCerja MeHblle T.
Hwne Ml npusefeM Harmsimsle JOKAa3aTesbCTBa 3TOTO.

Teopema 3BKNMIOBOH TeOMeTpHUH, YTO CYMMa YIJIOB BZSIKOTO TPEYroOJbHHKA
paBHa T, MOSTOMy HE MOXeT OLITh HOKa3aHa 6e3 MCIONbL30BAHUSI AKCHOMBI
napaesbHOCTH, TaK KaK B NPOTHBHOM Clyyae Ta TéopeMa pnoOMxkHA Oblia
66 MMeThb MeCTO M B runepbosnueckolt miockoctd. B TO e Bpewms, eciu
Kakasn-HUOyIb TeOpeMa MMEeT MeCTO KaK B 3BKJAMIOBOH, Tak W B runepbo-
JIHYECKOH reoMeTpuHu, TO I ee JOKas3aTe/NbiTBA SBKJMIOBA aKCHOMa ITa-
pasunieIbHOCTH 332BEIIOMO HE HYXHa. B kauectBe nmpuMepa Takoil TeOpeMn! MOMHO
NpPUBECTH TeOpeMy, YTO BCSKHIl BHEINHMH yros TpeyrosbHuka 6oublue, yem
m060it u3 NBYX, HE CMEXHBIX C HUM BHYTPEHHHX YrJOB Tpeyroiehuia. M3
paccMoTpeHusi ChePHUECKHX TPEYFOJBHAKOB JIETKO YOENHThCs, YTO B 3JUIMN-
THUYeCKOH TeOMEeTpHH STa Teopema He HveeT MecTa. OTciona caenyer, uTo s
ee /l0Ka3aTelIbCTBA HEOOXOINMMO HCMONB30OBATh IBKJUOBE 2KCHOMBI IOPSIIKA.

ITpumMepoM TeopeMbl, HMelol(ell MECTO BO BCEX TpeX reOMETPHSIX, MOMET
CIYIKUTH TEOPEeMa O pat €HCIBe YIJIOB NPH OCHOBaHWK PaBHOGENPEHHOTO Tpe-
yroabHuxa. OTciona ciaenyeT, 4TO IUII N0Ka3aTeNbCrBa STOH TeopeMbl He
HYMHL HH SBKJMIOBLI AKCHOME MOPSINIKA, HH KaKHE-HUOYIOb MNPENnoJOXeHHS
OTHOCHTENILHO MapajleNIbHOCTH.

Mul yxe yxaswiBajdH, 4TO NPOEKTHBHLIE TEOPEMBI O TOYKAX MepeceyeHHs,
“HanpuMep Teopema Jle3sapra, BeINOJHAIOTCS B 3JMNTHYECKOH MIOCKOCTH.
B sBkiuzoBoll miaockocTH 3Ta Teopema, KakK M BCAKAS ApYras TeopeMa O TOY-
Kax TiepeceyeHus, HMMeeT MeCTO JHIlbL B TOM C1yuae, €CJU MNpPUHUMaTh BO
BHHMaHie W OecKOHeyHO ynaseHHbe TOYKH. B runepbOJIHYECKOH MIOCKOCTH
TEOPEMLI O TOYKAaX fepeceyeHuss TOJBKO B TOM CAyyae MOXKHO chopMynu-
poBaTh, He OroBapuBas MCKJIOYEHUil, €CIH MPUHATH BO BHHMaHHE IBa pas-
JUYHBIX BUIA HeCOOCTBEHHHIX TOYeK: TOYKH, KOTOpBHle COOTBETCTBYIOT TOYKAM
nepudepid B Haweidl MOmeJH, ¥ TOYKH, COOTBETCTBYOILI{E TOYKAM, BHeEMI~
HHM IO OTHOWeE:HMIO K Kpyry. OueBniHO, MBI MOXEM, Hanupuvep, A HEKO-
TOPO# 1e3aproBoit KOH(UIYpaLMH Ha MJOCKOCTH NPOBECTH OKPY:KHOCT,
ONpenessiollyio Hally MOENb FHiepboMueckol INIOCKUCTH, TaK, ITO OHa Byner
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collepath NeBATh TOYEK KOHQUIypauuu BHYTPH M JECATYI0 Ha nepudepuu
Wiy BO-BHE. BcielncTsue npaBUIBHOCTH KOHQMIYPALMH MBI MOXEM pacCMaTpH-
BaTh STy TOYKY KaK [€3aproBy; TOrNd Mbl MOXeM NDENCTaBUTH ceGe Haiuy
burypy xax nea runepbo/HuecKuX TPeyroNbHHKA, coome'rcmynomne CTOPOHHI
KOTOPHX TepecexaioT MOoMmapHo Ipyr HApyra B TOYKaX runcpbosnueckol
npsiMoH. CoraacHo ne3aprosoil Teopeme, JIMHUM, COEAKHSIOLHE COOTBETCTBYIO-
1€ BEPIUKMHBI YIVIOB, MPOXONAT 4Y€Pe3 OnHy TOYKY, MeMUly TeM Kak 3TH
npsiMbie BHYTPH Kpyra He MMeloT ofutefi TOYKHM.

Ecau noneitarhCs N0Ka3aTh [€3aproBy TEOPEMY B THUNepGOAHYecKOH reo-
MeTpHH HeroCpe[CTBeHHO, He obpauasck K HameH MOJend, TO 34ech BCTpe-
4aloTCs Te e TPYIHOCTH, KaKk M B SBKNMIOBOH M NPOEKTHBHOH reoMeTpHsX.
37Ty TeopeMy MOXHO NOKa3aTh NPH MOMOLM aK{HOMH KOHrpysHTHOCTH. bBes
Hee I/ [0Ka3aTenbCTBA 3TOH TeEOpeMbl HeOOXOIMMLI NPOCTPAHCTBEHHLIE

—_—

Yepr. 239.

BcnoMoraTenbusie cpencta. VIMEHHO, B MpPOCTPaHCTBE TAKXE CYLIECTFyeT
runepGonuyeckass reomeTpusi. Monenb runep60aMuecKoro NpocTpaHCTBd MOXKHO
MONYYHTb, €CAM PAcCMaTpuBaTh B KayecTBe TOYEK, MPAMBIX M IUIOCKOCTeH
3TOTO MPOCTPAHCTBA TOYKM, OTPE3KH MPSMLIX W KYCKH [JIOCKOCTEH, Jexariue
BHyTpY C(epsl OOBIKHOBEHHOrO NPOCTPAHCTBA, U €C/K ONPENeNsATh PacCTOAHMS
MEXY NBYMsl TOYKaMH aHaJIOTHYHO ONpPEJIe/IeHUIO PACCTOSHHS B IJIOCKOH MOIENH,

Msl yxe yrnoMHHaJH, YTO CyMMa YIVIOB TPEYTOJBHMKA B IunepSoJnyeckofi
MJIOCKOCTH Bceraa Menbine m. Ha Hame#t mopenn S5TOro Henb3sg 3aMETUTh,
K KAaK runepGONMYecKHe yrasi OTHaun®oT SBKAMNOBHIX. [losToMy B crie-
nywouwen naparpade Mel pacCMOTPHM ApYyTyio Monesab runepbommueckol  muo-
CKOCTH, NOCTPOEHHYI0 M3 MOINENH, PpacCMOTPEHHOH 1O CHX MNOp; B 9TOH
HOBOH MOnenH runepionuyeckue yriae 6ynyT usobpamartbes 6e3 HCKameHuH,
Jinst STOH 1enM HaM npHAETCd MCXOAMTH M3 MPOCTOrO YYEHHH SJEMEHTAPHOH
reOMeTpHy — yuckus O cTepeorpaduyeckoli npoexiMu M O NpeoOpasoBaHusX,
COXPAHAIOIHUX OKPYHHOCTH.

35. Crepeorpaduyeckas NpoeKUHs ¥ 1peo6pasoBaHsl, COXPAHAIOUIHE OK Py -
HoctH. Mojenp Ilyaukape runep6oiuueckoii mniockocrd. [lycrs map ne-
KUT HA TOpPH3OHTamblOM maockoctn (uepr. 239). Ka sepxmero nomoca N
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mapa 6yneM NPOEKTHPOBATH TOYKM ITOBEPXHOCTH I1apa HA STy MJIOCKOCTb.
[Nonyyaowzecs TakuM 00pa3OM OTOOpaM.HHE MOBEPXHOCTM Ilapa Ha mio-
ckocte (P'— P, wueptr. 239) kaseaercs crepeorpadmyeckodl mnpoexuueh.
Ilpn sToM Bcsi miockosTh Oyner oToOpaxeHa Ha BCIO MOBEPXHOCTH WIapa,
3a uckoy2HueM Touxu N. TInOckOCTh MpoEKuMM NapajuiebHa KacaTelbHOMH
WIockocTH 1wapa B Touke N. Jlanee, e p' ecth xacaTenbHas MJIOCKOCTh
K mapy B Touke P' (uepr. 240), TO BC/leACTBME BCeCTOPOHHEH CHMMETDHH
mapa obe xacareJpHBIE MJIOCKOCTH

n u p o6pasyioT paBHLIE YIVILI

¢ xopmohi AP', coemumsionen

TOYKH KacaHus, a JMHHS nepe-

ceuenns: iockocted n_ u p' nep-

nenpukynspua Kk NP. Tak xak

NAOCKOCTH 7 NapajieibHa IJo-

CKOCTH NpOeKIHH, TO M IJIOC-

KOCTb TIPOEKIMH 06pasyer € Jy-

yoM PP' taxoit xe yroi, xak

IUVIOCKOCTh  p', M Nepecexaer

IJIOCKOCTh p' MO mpsAMoR, nep-

Hepr. 240. nennuxyaspuoit x PP', Ortciona

BEITEKAIOT HEKOTOPHIE HATJsIHBIE

cBoficTra ctepeorpaduyeckott npoexumu. Ilycts cHayana r' ecTh KacaTe/bHas
K wapy B Touxe P’ (yepr. 241); ecmm r ecTb NpOEKLMA KacaTelbHOH r,torur

‘P

Yept. 241.

06pasyior oxMHakoBuie yranl ¢ mpsmod PP'. B camom nene, Mb mosyuaem
nPAMYIO 7 KaK MepeceyeHHe IIOCKOCTH MPOEKIMH C MJOCKOCTBIO, NPOXOASIIeN
yepe3a ' 1 NP'; HO eciu HexOTOpas MiocKoCTh e, npoxonsmas 4depes PP',
nepecexaeT no mpsMeiM + u r' (vepr. 242) nBe naockoctH p u p', 06pasyio-
mue ¢ npsMo# PP’ onunaxkoshe yIJIbl W nepeceKkaolMecs no npsaMoH, wep-
neHmuKyaspHoit Kk PP', 10 u npamele r u ' o6pasyioT pasiue yran ¢ PP'.
Jlanee coobpaweHnsi CHMMETDHH ITOKASHBAIOT, YTO €cu §' €CTh NpyTas Ka-
caTenbHas K mapy B Touke P' u s ecTh Npoexuus KacatenbHoit s', 10 nps-
Mas 7 B NIep2CeyYeHHH ¢ npsiMol s 06pasyeT TakoH e yroi, Kak npamusie 7' u s',
CaienoBatenbio, npu cmepeoepaghusecko . npoeKmupoBaHu:L y2/bk KA wape
He uckavicatomes 8 npoexyuu. IlosToMy Takoe oTOGpakeHue Ha3bIBAIOT
omolpadkenile h ¢ COXPAHEHUEeHM YTIOB,
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IMycre nanee k' — npou3sosbHasi OKPYKHOCTh Ha [uape, HE NpOXONALIAf
yepes Touky N (uepr. 243). KacatenbHule MJIOCKOCTH K INapy B TOYKAaX
STON OKPYIKHOCTH OrubaioT HEKOTOPHIH KOHYC BpALIEHHs; MVCTb BeplUHHA
5TOro0 KOHyca ecrtb S. Tak KaKk OKPYXHOCTH k' He UPOXOIMT uepe3 TOHKY
N, to NS He 6ynet KacaTeJabHOH K wapy B TOYKe N W, CIENOBATELHO, He yneT

napauie/qbHa IJOCKOCTH MpOeK-
uum; nycrs M 6yner Toukoh nepe-
CeueHHusi TUIOCKOCTH MPOEKLHH C
NS. Mbl yTBepKnaeM, 4TO KpHBas
k, H300paxaloas OKPYKHOCTE &'
Ha TNJOCKOCTH TNPOEKIMH, eCTb
OKDYXHOCTb C LEHTPOM B TOHKE
M. JloxasatenbCTFO JIETKO yCMO-
Tpeth u3 uepT. 243. Ecin P' ectb
POU3BOJIEHASI TOYKA OKPYXHOCTH
k' a P-—ee npoekuus, 10 P'S
eCTh KacaTejpHash K INapy B
touke P, a PM—npoekuns
KacaTeJbHOU P'S; oTciona
X PP'S=< P'PM. TlposeneM
yepe3 Touky S npaMyio, napas-

Yept. 242.

neneHyilo PM, w nycts sta npsmas nepecekaer NP B Touke P". Torna

mbo toyku P” u P' coenajaor,

6o Tpeyroachux P'P"S uMeeT paBuble

Yept. 243.

yrasl npu Toukax P’ u P" u,
6enpeHHbIN:

CNIEOBATENBHO, STOT TPEYFOMBHHK PaBHO=

SP' =SP",

HO

FM_PM __MN
F$~ P's= 3N

7 MN
wii PM=P'S. N
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Tak Kax Touka S ONMHAKOBO ynaneHa OT BCeX TOYeK OKPYKHOCTH k',
70 P'S nocrosuna. V3 nocnenwell dopMynn caenyer, uro u PM mocrosii-
Had, T. €. KpHBas k eCcThb OKPYKHOCTb C IEHTPOM B TOuke M.

Taxum 06pasoM Bce OKPYXHOCTH Ha Illape, He MPOXOASIHE Yepe3 TOUKY NV,
npu crepeorpadHyeckOl NpoeKUMH H300PAKAIOTCH HA NNOCKOCTH B BHIe
OKpYXHOCTeH, H, 00paliasi TOJBKO UYTO MNpOBEJeHHOE HCCAEeNOBaHHE, MOXHO
BUIIETh, YTO TAKNKE M BCAKAA OKPYXHOCTH HA IJIOCKOCTH MEPEXOIUT B OKPYNK-
HOCTH Ha wape. Koraa HEKOTOpHIH Kpyr, MonBikHLIA Ha 11ape, Npubmnixaercs
K Kpyry, npoxopsduemy yepes Touky N, To nmpsamas NS npubmikaercs
K KacarenbHOM K wmapy B touke /N, a Touka M ynamsercs B 6eKOHEYHOCTb.
Orclona cieflyeT, H4TO KpyraM, DpOXOnsllMM 4Yepe3d TOuky /N I1apa, COOT-
BeTCTBYIOT Ha IJIOCKOCTH NpoeKiuH mnpimble. 310 sicHo U 6e3 mepexona
K npeneny, T.K Kak JYyyd, MPOeKTHUPYIOMHEe TOYKH OKPYXHOCTH, MPOXO-
nsuiel weped Touky [V Iapa, pacnonoxeHs! B TJIOCKOCTH 3TOrO Kpyra,
TaK YTO MpsMas, MOJyyarolascd B MNepeccyenuH STOH IUIOCKOCTH C IJIO-
CKOCTHIO NPOEKLMH, CIYXHT poeximeit Hamel oxpywHocTH. Taxum o6Gpasom
COBOKYIHOCTH OKpYXHOCTEH Ha IIape COOTBETCIBYIOT B cTepeorpaduueckoit
NPOEKLMK COBOKYNHOCTH OKPYXHOCTeH M npaMbix Ha naockoctu. Crepeo-
rpaduyeckas NPOEKLMS COXpaisieT OKPYXHOCTH.

BoabMeM Tenepb Kakoe-HMOynb oOTOGpaxeHne o' mwapa HAa camoro cefs,
NpH KOTOPOM OKDYKHOCTH HA Ilape MEepeXOmAT B OKPYWHOCTH; TaK, Harpu-
Mep, @' MOxeT OBITh BpallleHHCM IIapa BOKPYT NPOM3BOJBHOTO (He 0o6si3a-
TeJBHO MpPOXOASILETO 4epe3 Touky N) nuamerpa. Torna ortoGpawenuio a'
npu crepeorpaduyecKoit NPOEKUMM COOTBETCTBYET HEKOTOPOE OTOOpare-
HHe @ MJIOCKOCTH TMpoeKuuil Ha camoe cefsi, npu KOTOPOH COBOKYIHOCTH
OKpPYKHOCTeH M NPAMBIX IlepeXoIuT B camoe cebs. Bceskoe Takoe otobpa-
MEHHEe TMMAOCKOCTH HaselBaeTcss mnpeo6pasopaHHeM, COXPAHSIOMMM OKpyX-
HOCTH. :

Ha seK/iMIOBOH IJIOCKOCTH NpeoOpa3oBaHusi, COXPAHSIOLIME OKPYKHOCTH,
BOOGIE TOBOpS, He NPENCTaBIsS:OT B3aUMHO OMHO3HAYHLIX OTOOpaweHWH.
B camom nene, npu cTepeorpaduyeckod npoexiuu Touxke N 1iapa He COOT-
BETCTBYET HUKaKasi TOYKa NIOCKOCTH. B obuiem ciyyae otoGpawenue o' mapa
He ocrasjser TOuKy N HenomBHwHOH, a npeo6Gpasyer B TOUYKY [V HEKOTODYIO
mpyrywo Touky P', cTepeorpaduueckas npoeKuus KOTopoi mnycts GymeT P.
Torna Touka P npu npeo6pasoeaHuu a, COXPaHAIOLIEM OKPYXHOCTH, KCTOpPOe
cooTBeTCTByeT oTOGpareHnuio a’', He OyHmeT MMeTb HWKAaKOro HM30Gpa)KeHus.
3nech, TaK Ke KaK B (POEKTUBHOM reoMeTpuu, s OODBEIHHEHHS BCETO
nporecca OTOOpaXeHH! HeOOXOAMMO IpOBecTH abCTPakTHOE pacuinpeHHe
oBAMnOBOH miockoctd. OIHAKO 9TO pacluMpeHHe B yyewuu O npeobpaso-
BaHMAX, COXPAHSIOLUIUX OKPYMHOCTH, NMPOM3BOIMTCA APYrHM CHOCO6OM, YeM
B NPOEKTUBHOH TeOMETPHH; HMMEHHO, K 3BK/IHAOBOH INIOCKOCTH n06aBAsioT
€IUHCTBEHHYI0 «6eCKOHeYHO yHaaeHHywo» TouKy U, KOTOpylo mpencraBasior
cebe xax m3o0paxenue Touku N npu crepeorpaduueckoi npoexunu. Ilocae
T2ZKOIO PACUIMPEHHs] MJIOCKOCTH MOXeT OHTbh B3aMMHO ONHO3HAYHO M Helpe-
PHIBHO OTHeCeHa KO BCeH MOBEpXHOCTH Inapa, a mpeoOpasoBaHusi, COXpa-
HSIOLIME OKPYXHOCTH, NPEBPAIAIOTCA BO B3aHMHO ONHO3HAYHBIE OTO6pPAMEHHS;
B MpHMBEIEHHOM BhLIllle MpyMepe Touyka P npu npeoGpasoBanuy, COXPAHSAIOLIEM
oxpyxHoCTH, orobpaxaercs B Touky U. Ilpu cooTseTcTByomemM oroGpane-
HMHM Wapa @' OKPYXHOCTH, Npoxonsi(ue yepes P', mepeXonsiT B OKPYIHOCTH,
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npoxoxsiye yepes NN, clegoBaTesbHO, OTOOpaXEHHE @ TEPEBOAUT OKPYK-
HOCTH, NpOXOnfiye yepe3 TOuky P, B mpsiMble. B COOTBETCTBMH C 5THM
NpEACTARISIETCS] LieecoO0pasHbiM  paccMaTpUBaTh TNpfiMble Kak OKPYXHOCTH,
npoxojsiiue yepes OeCKOHEYHO YHaJieHHyl0 TOuKy. [IlapannenbHble mpsiMsle
npu npeoOpa3oBaHUM, COXpAHSIOLIEM OKPYWHOCTH, mepexonsrt Ju6o B mapan-
JleNlbHEIE K€ MpsiMble, 60 B COMPHKACAIOMIMECS OKPYMHOCTH.

TpupnaneHbiMM npumepamy npeoOpasoBaHui, COXPaHSIIOLIMX OKDYXHOCTH,
CYXaT JBWKEHHsI, MEpesepTHIBAHHUA M Npeobpa3oBaHHsI MOJOOHSA MJOCKOCTH;
OHM NepeBONST SEKJIUAOBY IJIOCKOCTH B3aMMHO OJHO3HAYHO B caMoe cebsi.
CrnenoBaTe/IbHO, €CJIH MOJIOKHTH B OCHOBY 3THX mNpeoGpasopaHuit AKOMo.neH-
Hylo Toukoi U mNOCKOCTH, TO MOXHO CKa3aTh, YTO 3TH npeo6pasoBaHus
CyTb mpeoGpa3o.-aHusi, COXPAHKIONHE OKPYXHOCTH, OCTaBJRIIOLUHE HEMOIBHX-
Ho#t Touky U. MoxHO noxazate 06paTHO, 4TO EIMHCTBEHHHE Npeo6pa3oBaHus,
COXpaHfilolllie OKDYXKHOCTH, OCTapjsiiolue HenmonBmkHo#t Touky U, cyth
TONBKO YTO HaspaHHue. Ha ocHOBe 9TOH TeopeMbl MOXHO O603peTh MOJHO-
CTBIO Bce NpeoGpasoBaHmsi MIOCKGCTH, COXpaHsomue okpyxHocty. [lycte P—
TOYKa IJIOCKOCTH, KOTOpas NpH 3ajiaHHOM NMpeoOpasoBaHWH @,, COXPAHAIOLIEM
OKpYXHOCTH, nepexoaut P Touky U, ¥ nycre P — crepeorpaguueckas
npoekuust TOYkH mapa P'. Jlanum Tenmeps mapy Takoe BpailleHde a', NpH
Kotopom Touka P’ mepexomur B Touky N. Bpauenuio @' COOTBETSTBYET
npeoGpa3oBaHye @, COXpAaHsIoLIee OKPYKHOCTH, CBOHCTBA KOTOPOTO CBSI3aHH!
NpOCTBIM HaIJs/HEIM O0pa3oM Co CBOMHCTBAMM BpauieHusi a'. 3ajaHHoe Mpe-
o6pa3oBaHue q,;, COXpaHSiIOLIee OKDPYXHOCTH, KOTOpOe TOYHO TaK Xe, KaK a,
nepeeogHT TOuKy P B Touky U, MOweT oOT/iuyareCs OT npeoOpasoranusi @
TOJBKO MPeoOpasoBaHHeM, COXDAHSAIOU{HM OKDYKHOCTH, KOTODO€ OCTaBJsieT
touky U nenopsmxHoii. IlosToMy cornacHo TOJABKO YTO NpHBEIEHHOH Teo-
peme npeo6pasoBaHHMe @, TOXMIECTBEHHO C @ € TOYHOCTBIO JIO JBHXEHHS],
ilep2peprelBaHusl UJaM npeobpa3oBaHys MoOAOOHS.

Beune MB yxe ynoMuHalH, 4To crepeorpabuyeckas MpoeKLHsl COXpaHsieT
yrisl HewameHHnIMHM. Bpamenwe @' npencraeiser oToOpaweHue miapa ¢ co-
XpaHeHHeM YIJIOB, a TaK KaK @ mojyyaercs W3 @' npu NOMOILH CTepeorpa-
¢duyeckolt mpoexuns, To @ NpejcTapiieT oToOpareHHe IJIOCKOCTH C COXpa-
HEHHEM YTJIOB; @, OTJIMYaeTCs OT @ TOJLKO Ha OTOOpareHHe € COXpAHEHHEM
yrnoB. OTciolla CIENYeT, UTO 6C€ MPeo TPI303AHUR, COXPAHAIOU,1E OKPYIHCHO-
Cmll, COXPAHSIOM HEUSMEHHBIMU Y2AbL.

Cesiab oToGpaseHuil @ W @' HarsgHO UpEACTaBJieHa Ha uyept. 244a u 6,
BHUIE/IEHNEM OKPYXHOCTH R mpoxonsilefl yep2s TOYKy P IJIOCKOCTH, KOTOpasl
fiBISIETCS CTepeorpaguueckolt mpoekuuei Goabworo kpyra [ mapa. OtoGpa-
weHne a' nepeponutr GosbwoR kpyr [ B GosbLIOH KpYr £, mpoxoisiuui
uepe3 TOuKy /N, crepeorpaduueckoii npoekuuell KOTOPOro CAyXWT NpsiMas g.
Takum o6pasom orobpameHHe @ TeEpeBOAHT OKPYWHOCTE B B NpAMY g.
M3 ueprexa MOKHO ycMOTpeTh Janee, YTO BHYTPEHHOCTh M BHELIHOCTBH
OKDYXHOCTH k mepexoasT B NOJMYNJIOCKOCTH, OIpaHMYeHHHE TMpSIMOH g, 4To,
BNPOYEM, fICHO M3 COOOpaweHHil HenmpepLIBHOCTH. ) '

IMepeBeprbiBaHiie & MNOCKOCTH BOKPYr HpsMOH g ABnsercs npeobpasosa-
HHEM, COXPaHSIOIMM OKPYXHOCTH. B cooTBercTBHM ¢ 3TMM OTOOpaseHue
i=aua™! npencrasnser coGoit npeoGpa3oraHye, COXPAHSIONIEe OKDYHOCTH,
KOTOpOE COXpaHfieT HeNOABHXHBIMH TOYKH OKDYXHOCTH K, & BHYTDEHHOCTH
M BHEUIHOCTb STOTO Kpyra nepeBOAMT ApYr B npyra. OroGpawmehue i Ha3bl-
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BAETCsl MHBSPCHEH HWJIM 3€DKaNLHEIM OTPaXKEHHEM MO OTHOLUEHHIO K KDYTy k.
310 0TOOpaXeHHE OCOGEHHO BAXKHO, W MOITOMY MBI €FO PACCMOTDHM He-
CLOJIBKO MOJPOGHEE,

Ilycte /£ npenctapisieT OKpYXHOCTb, MNEPECEKAIOILYI0 OPIrOTOHANLHO B He-
Koropoii Touke R oxpyxHocts k (uepr. 245). Toraa oxpyxsoctv £ u &

YepT. 2446.

uMeloT eme ofnHy ofwmylo Touky S, B KOTOpOli OHH TaKKe MepeceKaroTcs
oproroHansio. KacatenbHble K OKpYXHOCTH A B TOYKax R u S CyTh panuychl
OKDYHOCTH Kk, KOTOpLie Nepecekalorcs B UeHTpe M okpyxHocTH k; cne-
n0BaTeNbHO, UEHTp M noxuT BHe Kpyra h. HBepcusi [ mepeBOIMT OKpYyX-
HOCTh £ B IPYIYI0 OKPYX(OCTH K', Taloke NPOXONSALLYI0 uepes TOYKH R u S,
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TaK KAaK STH TOYKM OCTaloTcg HeusMmeHHmnMH. OKkpywwocts k' BChencrBue
COXpaHeHHsl YIJIOB NMPH MHBEPCHM JOJIKHA TaKiKe IEPECEeKaTb OKpYuHOCTh K
B Toukax R u S oproroHamsHo. Ho 3T0 BO3MOMHO JIHILB B TOM cJyuae,
ecom A’ ToxpectBeHHa ¢ A. Takum o06pa3oM MHB2pCHS £ NEPEBOAUT BCAKYIO
OKPYXHOCTb £, MNepeceKaloulyld OPTOTOHANLHO OKPYXKHOCTb k, B camoe ceOsl.
Tak xaK npu 5TOM npeoGpa30BAHMM BHYTPEHHOCTh H BHEWIHOCTh Kpyra k
HepexoiT OAHA B APYryld, TO H 06e nyrH OKPYXHOCTH h, Ha KOTOpHIe 3Ta
OKDYXHOCTh pa36HBaeTc OKPYXHOCTBIO B, TaKKe NOMKHE IOMEHATECS MeCTaAMH.

PaccmoTpum Tenep HeKOTOpYI0 Npsmyto [, mpoxoasmyo uepes Touky M,
Hampumep npsiMyro RAM; mycTe sTa npsman ¥
nepecexaeT OKPYXHOCTb E BO BTOpOH Touxe
R' (uepr. 245); rorma npsmas [ nomkHa
nepeliTH B OKPYKHOCTH WM B mpamyio I’
TaK, uro I' Gyner MNepneHAMKYNsipHa K R B
toukax R u R'. 370 BO3MOXHO TOJBKO B
ToM chyyae, ecnu [ Townecrsenna ¢ [ Ilo-
3TOMy NpeoGpasoBaHKue MHBEPCHH NEpP2BOAHT
Bce auamerphl kpyra B B camux ce6s. Tak
KaK STH OpsMble Ha paciuMpzHHOH miocko-
CTH MMEIOT NOMHMO Touku M eule onHy o6-
UIYI0 TOYKY, MMEHHO GecKOHEYHO YNasleHHYIO Yepr. 245.
touky U, To Toukn M v U nomxHbl nepe-

XonuTh ofHa B apyrylo. CnenoBaTeNbHO, COBOKYNHOCTH IPAMbBIX, HE NpPOXO-
nAIKX Yepes TOYKy M, ¥ COBOKYNHOCTH OKDYXHOCTeH, HPOXONSILIMX uepes
Touky M, 1OJDKHBI B3aMMHO NEPEXONMTH IPYr B Ipyra.

Iycts Teneps uMeeM TOUKy P OKpywHOCIM ki, OTJIMYHYIO OT Toyek R u S.
Torna npu uHBepcuH [ HM300pameHueM TOYKH P Mmoxer OHITh TOJBKO Bropas
Touka nepecevenns Q npsmoit MP ¢ OKPYXHOCTBIO £, TaKk Kak npsmag MP,
TaK e KaKk M OKDYXHOCTb h, mepexoaur B camoe cebs. CornacHo szeMeH-
TapHOH TeopeMe OTHOCHTEJBHO MPOM3BEHEHMs! OTPE3KOB XOPJ, B Kpyre HMeeM:

MP-MQ = MR3.

Touka Q HasbiBieTcs WMHBepcHel TOUKH P OTHOCHTENbHO OKDPYXHOCTH k) Mbl
HalIM CnOCcOG O.IpefesaTs ISl KaXNOH Touku P MHBEDPCHIO €€ OTHOCHIPeNbHO
OKpYXHOCTH R M 0e3 BcnomorarenpHOli okpyxHocth k. HmesHo, mycrs r—
pajnuyc OKDYWHOCTH k; Torna touky (J, mpeicTapisiollyl0 HHBEpPCHIO TOYKH P,
Mbl MOXeM onpeneiuts Ha mnoaynpsmoit MP, Beixonsuieh ua Touku M, Tak,
yT06H YHOBJIETBOPSJIOCH PAB2HCTBO

MP. MQ =,

MoxHO nOKa3aTh, YTO BCSIKOE MpeoGpasoBaHye, COXpatstiollee OKPYXHOCTH,
MOXKHO CBECTH MaKCHMyM K YeTbipeM MHBepcuaMm. Mpl paccMorpuM oco60 copo-
KYOHOCTb NMpeoOpa3oBaHUi, COXPAaHAIOIIMX OKPYKHOCTH, KOTODHle NepPEBONAT
onpenesneHHelit Kpyr k£ BMecTe ¢ €ro BHYTPEHHOCTHIO B caMoro cebsa. IrtH
oTobpaxceHusi, oueBMRHO, ob6pasylorrpynny H. Ilycrte n—-Kpyr, oproroHalb-
Hb K k; TOrna MHBepCHSi OTHOCHTENBHO 7 BO BIIKOM CJyyae OpHHAMIEKHUT
k rpynne A. MoxHO nokasaTh, YyTO BCSIKOe OTOOpaeHHe, MpHHALNEKallSe
rpynne £/, MOXHO NOJNY4YHTh TPeMsl MHBEDCHSIMHM, OCHOBHEIE OKDYMHOCTH KO~
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TOPBIX OPTOTOHANLHE K R, T. €. TAKHMH TPEMSi HHBEPCHSIMH, KOTOpHE CaMH
npuHamJiexar K rpynne H.

Tenepb MOCTaBMM HaWM HCCIENOBaHMT B CBA3b C MOJENbI0 runepbosuue-
CKO# MJIOCKOCTH, KOTODYIO MBI MOCTDOMJIM B mpeabinylieM naparpage. Ilycrs
runep6osuyeckasl MJIOCKOCTh NPEACTABJE€Ha BHYTPEHHOCTBIO Kpyra m B roO-
pacouransHoft mnockocty. TloJoXuM HA  MAOCKOCTh LIAap B TOYKE, Mpencra-
BiIsiloUleil UEHTp Kpyra; nycThb iap ¥MMmeeT pajnHyc, paBHBIR panuycy STOro
kpyra (uepr. 246). Bynem Ttenepb npoeKTHpOBaTH KPYT /. U €r0 BRYTDEH-
HOCTh BEPTHKANLHBIMM TNpAMBIMM  HA HIXHee [MOJyllapue, OrpaHuyeHHOoe
G6osbliuM  KpyroM I, KOHTDYSHTHuIM ¢ OKpyxHOCTBIO . Ilpu sToM Hawe
foJyliapue TNPEBPAaTHTCS B HOBYIO MOJENb THNEPSOJMYECKOH IJIOCKOCTH.
Besikasn xopna g Kpyra m  HepeXoMT B TMOJYOKPYXHOCTb U Ha 1uape,
OpPTOTOHAJMBHYI0 K OKpyxHOCcTH [. TloaToMy STH HOJYOKDYMHOCTH CrenyeT
Tenepb pacCMATpHBATh Kak M300pameHde rutiepboinyeckux npsMbix. Teneps
6ynem crepeorpaduyecKd NPOEKTHPOBAaTH STO MOJylapHe o6paTHO Ha IJo-
CKOCTh; NPH 5TOM Halia mpoekuus 3alMeT HeKOTOPHH Kpyr k. BHyTpeHHOCTh
5TOT0 Kpyra, Takum oOpa3om, NpeBpaTHIach B HOBYIO MOJenb Trunepboiude-
ckoit miockoeru. Ha srolt Monenu nonyokpykHOCTH U BCIENCTBHE COXPaHEHHs
YIJIOB M OKPYXHOCTEl mpu crepeorpapuueckoM NPOEKTHPOBAHHKH TEpeXOAUT
B IYTY OKPYXHOCTH %, OPTOTOHANBHYIO K OKDYX-~
HoctH k. K 9THM Qyram oxpyxHOCTel clenyer
KOHEYHO NOGaBUTb JIHAMETPH OKpYyHOCTH kK
KaK MpeieNbHbIE CIyyaH.,

PaccmoTrprm 6Gosee monpoGHO 3TY HOBYIO MO-
nenb, npennoxenHylo Ilyanxape. M3 Hawero
paccMOTpeHHust CJIeyeT, YTO COBOKYNMHOCTH AYT
OKpDYXHOCTeH, OpTOrOHalNbHBHIX K KR, MOXHO
B3aHMHO OfHO3HAullLIM cOOCOOOM TOCTABHTh
B COOTBETCTBHE € COBOKYMHOCTBIO XODI Apy=-
rod oxpywHocTH m. B cuny sroro nBe
touku A M B BHyTpH Kkpyra kR Mbl Bceraa
MOXEM COENMHHTH TOJBKO OINHOM TakoH Ayroi. Hepr. 247.

[Mycte R m S— nBe TOUKM DepeceueHMsi TakKoM

AYrM C OKpyxHocThlo K (yepr. 247); Torza Mbl MOXeM HOJYYHTH CHuep-
Gonnyeckoe paccTosiHue mexay Toykamu A v B us dopmyan (1) Ha crp. 214.
JeitcturensHo, nycts A'B'R'S'— Te TOUKM nepBOHayaibHO MORENH, U3 KOTO-
PLIX NpH ONWUCaHHOM NOCTPOGHHHM BO3HMKIM TOukH ALRS; Torma npu
MOMOLIH TeOpeM MPOEKTHBHOH T2OMETPHM MOXHO YCTAHOBHTH COOTHOLUEHHE:

AR-BS _ | [HRBS ,

BR-AS — B'R'.A'S'* 1)
Otciona nns runep6oJIMYECKOTO PAcCTOSHHA S MEKIY ToukamH A u B nawelt
OBOR Monenu noayyaercs opmyna:

AR-BS
BRAS @

Besixoe mBikeHn2 runep6osnuyeckol INIOCKOCTH BONbL caMoH cebsi [OMKHO
COOTBETCTBOBATh HEKOTOPOMY OTOOPAXKEHMIO @ BHYTPEHHOCTH Kpyra k, Ko-
TOpO€ NepPeBOAMT B CaMOe ce6f COBOKYMHOCTH AYI OKPYXHOCTER, OpTOrO-

s—clln

15 ruasbepr u Ko Poccen
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Ha/MBHEX K OKpYXHocTH k. Brosnne oueBumHo M Moxer ObiTh CTpOro Joka-
3aHO, YTO Takoe oroGpaiceHHe NpeACTaBineT NpeoGpa3oBaHHe, cOXpaHsioLiee
OKPYXHOCTH, H, CJIeJOBATEbHO, PHHANJIEAHT K PACCMOTPRHHOH Bbitite rpymnmne H,
[ToMHMO TOrO MOXKHO HOK&3aTh, uTO Tpynna Fff ToxJecTBenHa C Tpynnof
Beex runep6onuyeckux nprxenntt 1), Teneps ficHo, yT0 OTOSpaXeHus rpynnul [
KaK npeoGpa3oBaHusl, COXpaHAIOUHe OKPYXHOCTH, COXDAHSAIOT HEeH3MEHHBIMH
yOiE, @ Taloke TUnepSoNuueckHe YIabl, Tak Kak 3TH OTOOpacHHS mpeji-
crasnsioT runepGosuyeckue Ipwxenus. OTciona ceiyer, YTO SPKJIHLOBH
yran B mopenu Ilyaskape ROMKHEL ObITh NPONOPUMOHAJBHLI rHOepGoHYe-
CKHM yriaM ¢ MOCTOSIHHBIM KOS(MMUHMEHTOM MPOMOPUMOHANBHOCTH, & TaK Kak
nmoMuLi yros, pasinil 2m runepGonuyeckod MJ0CKOCTH, HOMKEH OCTABATHCH
HEHM3MEHHBIM, TO KO3DHLUMEHT MpONMOPUHOHAILHOCTH HOMKEH  PasHATHCH
enunvue. Modeav Ilyanrcape GONMHA € XPAHAMb Y2Abl HEU3MEHHbLHUL.

MOXHO yYCTaHOBHTH aHav:iTHuecku (opmyny npeoGpaloBaHusi Vst Heno-
CPEACTBEHHOro OTOGpaxey M 3aNIaHHOTO KyCKa MOBEPXHOCTH MOCTOSIHHOH
OTPHLATENLHO KPUBHBHBEI ¢ COXDAHEHHEM YIJ/IOB HA KYCOK MJIOCKOCTH BHYTpH
OKDYHOCTH B TaK, YTO NPH 3TOM reolle3Hyeckue JHHUE OTOOpas3sTCs B BHIE
IYT OKpYKHOCTeH, OPTOTOHANBHBIX K OKPYXHOCTH A.

[pocnenum Tenepp n0OKasaTebCTBO TEOPEMBI, NpUBeNeHHOH Ha cTp. 216, yTo
CyMMa YIWIOB TpEyroJibHHKa B runepOosMueckoii reOMETpHH BCerja Menbiue .
Bynem ucxoAuTh M3 MPOM3BOJMbHOTO Tpeyroabsuka ABC u BO3bMEM 3a OC-
Hoty Mopens Ilyankape (uepr. 248). Cornacho
aKCHOMAM KOHTDYSHTHOCTH, KOTOpble COXpaHsIoT
CHNY B TUOEePOONHYECKOH TeOMETPHH, MH MO-
KeM HauepTHTh Tpeyronbhuk A’ B'M, xosrpysHr-
HHH TpeyroatHuky ABC, npuuem Touxka M,
cootpeTcT yomas Touke C, OyzerT LeHTpoM
okpyxHocta k. Ho mbl Bumesn (ctp. 223), uro
BCAK3fl OKDYKHOCTB, OPTOTOHaNbHAST K OKPYy¥X-
HocTH Kk W npoxoxsuias yepe3s TOuKy A, He-
006X0OMMO NOJKHA BSHIPOM/IATBCSI B IHAMETP
OKDYX!OCTH kR, MeXJAY TeM KaK OKPYXHOCTH,
OpTOrOHaNbHBIE K OKPYXHOCTH R, HO He MNpo-
Xopsuiue yepe3d TOYKY M, ROMKHH OCTaBAfTH
Touky M po-pue. [losTomy R Hawe# Momenu
runep6Gonuyeckue npsimeie A'M u B'M nomxHbl
6LITh TMPENCTABNEHB 9BIJIH/IOBLIMU NPAMBIMH, a runepGonuyeckas mnpsiMast
A'B' — nyro#t oxpyxHocTH, OcTasnsomelt Touky M Bo-BHe, DBKNHIOBLI YIJH
npu toykax A' m B’ mpeipautaworcs nostomy B yraw tpeyronsimka A'B'M,
OrPaHHYEHHOI'O INEYMS MNpSIMBIMM H ONHOH NYroil OKpYXHOCTH, T. €. B yIJIH,
MeHbluMe, yeM yraul TpeyronbHuka A'B'M, o6pa3oBaHHOrO NpsiMOJMHERHBIMH
OTpe3Kamy, a IOTOMY CYMMa YIJIoB ocraercs Merblielt . Bcnencrteue coxpa-
HEHHs YIJIOB HA MOJENH TO e caMoe HMeeT M2CTO M JUIA CyMMBl runep6o-

UYepT. 248.

1) B kauecTBe NBIXEHMH NPUHMMAIOTCA BO BHHMaHHe 3[eCh TaxKe TakHe OTOGpa-
)KeHusl, COXpaHsiowHe IAMHY Ha rusiep6oguyeckoft NmnOCKOCTH, KOTopHle He MOIyT
61Th BOCTPOM3BENEHHI HerpepsiBHO. [1pocToe mBHKeHHe NOAOGHOro poja MOXeT GuTh
npencrasaeHo BCskol uHsepcuel, pxomsielt B cocTas rpynnbl H: enepenep (LBaHHe»
runepbonuueckolt miockoct Boxpyr npsivoft. Kak mokasaHo Ha cTp. 225, BCsikoe ramnep-
GoauyecKoe ABHKEHHE PIBHOCHJALHO CaMOe GOJbLIEE TPEM lepeBepTLIBAHHAM,
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JMyeckux yraoB runepbonnueckoro TpeyroasHuka A'B'M u KOHrpysHTHOro
¢ HuM TpeyroneHuka ABC.

Hanpalmnpaercs MBIC/Ab OTHCKATh JAMCKPETHHIE TPYOMH THIepSOJHYECKUX
neexedul. B cayyae siimntiueckoff reoMeTpuM STa 3amaya MpHBOAMNACK
K pacCMOTPEHHMIO MNPABHJBHHX MHOTOTPAHHHKOB, M TaM OHIO HEMHOIO Tpymm
nono6Horo pona. B seraumonoft reoMeTpHu YCTAaHOBHTH TaKue IPYMNH GbUIO
yxe TtpynHee. OkxasbiBaeTcs, YTO B THnepGOJMYECKON TeOMETpUHM YHCIO
OUCKPETHHX TPYNN 3HAYHMTENB'I0 OoJsblue, YyeM B SBKJIHNOBOH I'eOMETPHH.
Bce sTH rpyniel OCYLIECTBJA-
1orcs Ha Mozenu Ilyankape
rpynnamMy  npeo6pa3oBaHuil,
COXPaHAIOMWMX  OKPYKHOCTH,
KOTOpbie COJepXKarTcs B Tpyn-
ne H xaK noarpynmkl.

STu rpynnsl UrpawT posb
B Teopud ¢Qyukumni. OcobeH-
HO BaKHBI CpelH HMX Ipynmbl
cnBuroB. Chnrurom HasHBaeTcs
BesiKoe runepbonuueckoe ABH-
A#eHHe, KOTOpO€ MOXHO Mo-
JYYHUTh HEe!pEPHIBHO U3 TOM/e-
CTREHHOI'O  1ipeoOpa3oBaHusl
H KOTOpOE He OCTaBjsfier He-
MOABHXKHOM HHM OJHOH TOUKH.
B nnocko#t  smmnrTHyeckoi
reoMeTpuy HeT aHajoruii Ta-
KOMY [BMXEHHIO, TaK KaK BCsi-
KO€ MJIOCKOE S/ATMITHYECKOE Hepr. 249.

JBIKEHHE UMEeT HEMOABUKHYIO

TOYKy. B 9BKJIMIOBOH reoMeTpHy cmpuraM COOTBXTCTBYIOT NepeHoChl. °OnHaKO
IJs CIOXEHHS! CABMTOB HET TaKMX NPO.THX 33aKOHOB, Kakue CYIUeCTBYIOT aisl
C/IOeHHs MEePEeHOCOB, TaK Kak B runepGoJaHyeckol reoMeTpuy OTNajaer OJHO-
3HAYHOCTh MapaleNbHOCTH.

Mbl OrpaHHYMMCSl IHCKDETHBLIMH TPYMIaMH CABHTOB, OOJANAIOIKMMH 3aMKHY-
Toll ¢ynnamenransHo#t o6Gnacteio. HM cOOTBETCTBYIOT SEKAMAOBBI TPYINNal
NepeHOCHBIX ABMEHUH, MMeollMe NapaleiorpaM B kKauecTBe (GyHnaMeHTaslb-
Hoit o6nactv. B runep6osnyeckoil Tpynne CABUIOB € 3aMKHYTOH (yHAameH-
TanbHOU 06JacTHIO 9TA MOC/NENHAs HHUKOINA He DpelcTasiser coboll uerhpex-
yronsHuka. Hanporus, no6Goe npyroe YHc/Io yrioB, KpaTHOe HETHIPEM, MOXET
BcTpeuatbes B (pyHpamenTanpHoil obnactin. Ha uepr. 249 wuzoGpaweno mas
Cyyasi BOCBMHYTOJIBHON (DyH/I8MEHTANBHOM 00NacTH 3anojHeHHe Takumu (yH-
JlaMeHTanbHBIMH o6s1acTAMU THniepbosnyeckolt miaockoctn Ha mojenm [lyankape.
Bce nOKpHITHE KOHEYHO HAYCPTHTh HeNb3sl, TaK KAaK BOCBMHYT'OJNbHHKH,
cocrap/euHbie M3 Iy OKpPYXHOCTell, Bce OJiKe NPUXKUMAIOTCH K TPaHHUYHOM
okpyxHocTH. Tak e Kak B OCHOBHOM MapajjenorpaMe 3BKJIHMAOBLIX TPyl
NEepeHOCHBIX NBIMEHHH, H 3/11eCh CTOPOHBI (DYHAAMEHTANbHOH 06/acTH nOMnapHo
paBHHl 1 SKBHBaJeHTHH. Ha uepr. 249 sro usobpaxeHo nis onpHoH u3 ¢yHna-
MeHTanbHLIX O6nactell. COOTBeTCTBYIOLME YIJIbl DASNUYHLIX (PyHAAMEHTAJLHBIX
obnacte#t o6o3HadenH onuHakoBeiMH uMppamu. Ha uepreme MOxHO BHIeTH,

15%
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YTO BOKPYr MoGO# npoussoibHO BHIOpaHHOM BepwIMHH A BCAKas uubpa
BCTpEYaeTcsi OOMH M TOJabKO oauH pa3. OTciona ciienyeT, 4TO CyMma yrijoB
¢ysnamenTanpHol o6Gnactd no/nkHa paBusiThest 27. Bo Beskoft npyro#t rpynne
c/IBMTOB  yHNaMeHTaJbHLIE OGJACTH pacnoflaralTcsl aHaJOTHYHEIM 06DasoM,
M MIOTOMY CyMMa yraoB (¢hyHIaMeHTaNbHOH 06nacTH BCETAa NOMKHA PABHATHCA 21,
Jlanee, CTODOHH B OMNpERe/IEHHOM TMOpf/Ke, KOTOpHIl Mbl 30€Ch He
ONUCHEAEM NOAPOGHO, HOMiHH OHITH MONAapHO paBHH. B ocTaibHoM dyusna-
MeHTaJbHasg 06nacte MoxeT OuniTh 3amaHa nmpowusBosibHO. M3 Toro o6crosirerns-
CTBa, YTO CyMMa YIJIOB JO/DKHA PaBHATBCH 21, NOHATHO, NOYEMY HE MONKET
6HTb YETHPEXYroNBHEX (DyHIaMeHTalbHbIX Oobnacreli. B camom nene, cymma
yTJIOB THMEepOONHYEcKOTO YeTHIPEXyrofbHinka BCeria MeHblle 2m, KaK Jierko
BUIETH NYTEM DAa3/IOXEHUS UETHIPSXYrofbiuka Ha [iBa TPEYrOJBHHUKA.

opasno obmmprHee MHOroo6Gpalue TpYNn CABHIOB C HE3aMKHYToH (yHna-
MewTanbHOU 06aacTsio. OnHA M3 TakMX Ipynna NpPHMEHSIETCH B TEOPHH SJUIHII-
THYECKHX MORYJb-GYHKUME.

37. Merons oTo6paxcennil, OTOGpaceHns, COXpaHAIOUIHE ANHHY, COXPAHAIO-
HHe IO 1M, reoe3HYecKHe, HenpepolBHEE 0 KOH(popMibe, MH yike MHOTO=
KpATHO M PasJMYHbLIMU crocoGamu oTo6Gpamany OnHH MOBEPXHOCTH HA APyTHe,
HanpuMep NPH TOMOMIM HEHTPANbHOH NpOEKUMH MJIM Npy MOMOINH Mapais
neNpHbIX Hopmaned. Teneps, B 3aK/MOyeHHe, COMNOCTABUM BaHEHIME THIB OTO~
Gpakenuil.

Hau6onee ToyHoe M306paXeHHe MOBEPXHOCTH JaeT OTOOpa)eHHe C COXpaHe~
BveM Jnunbl. Tlpy sTOM reonesuyeckoe PacCTOSIHME [BYX TOYEK BCErfa PaBHO
reone3uyeckoMy paccTOSIHHIO MeXny obpasamu TcyeK. Bce yran coxpaHsiorcs
HEM3MEeHHBIMH, a reoJe3uyecKHe JIMHUY NEePeXoNAT B reone3uueckue xe. Kax ywe
6110 YIOMAHYTO; B NPOM3BOJBHBIX KYCKa JBYX NOBepXHOCTEN OGBIUHO HEMb3st
OTOGpa3uTh NPYr Ha JApyra c COXpaHeHHeM I/IMHBL. B camoM nene, nnsi aToro
HEOOX0IMMO, YTOOBI raycCcOBbl KPYBH3HBI B COOTBETCTBYIOUIMX TOUKAX TOEBEpX-
Hocrell covmanann. ITo3ToMy Ha HEKOTODBI! KYCOK MJOCKOCTH MOXHO OTOGpa-
3UTh C COXpaHEHMEM IJIMHBI TOJBKO TaKHe KyCKH [OBepXHOCTeil, rayccosa
KpUMBM3HA KOTOPHIX ECIONly DABHA HyJIO; TakuM OOpa30oM Helb3s, HalpHMep,
oTo6pa3nTh Ha IJIOCKOCTh KYCOK 11apoBOH NMOBEPXHOCTH. Bonepcreue sroro
BCAKAasi KapTa 3eMHOU MOBEPXHOCTH HEH3JEKHO NOMKHA JlABATh HCKAXKEHHE.

Menee TOYHO, HO Bce e uMeeT GoJiee LIMDOKOEe MPHMEHeHHe OTOOpaweHHe
¢ coxpaunenuev mnowaneli, OHO xapakrepusyercs TpeGoBaHKeM, YTOOH MIOMANb
BCAKOTO KYyCKa MOBEPXHOCTH, 3aK/TI0YEHHOTO BHYTDH 3aMKHYTOil KpHBOIi, Oblna
paBHa MJIOLIANH, 3aKN0YyeHHOU BHYTpH H300pamenus stolt kpusoit. Jlerxo npen-
CTaBATh M HETPYIHO HOKasaTh, YTO 5TO TpeOOBaHHE A MNPOU3BOJBHBIX
8aMKHYTLIX KDMBHX GyIeT BHIIONHEHO, €CM OHO BHIOJHEHO TOMBKO I BCEX
«OecKOHEUHO MalbIX» 3aMKHYTHIX KpuBHIX. IlosroMy oToCpamende, coxpaHsio-
1ee MIONaAM, JIETKO OXapaKTepH30BaTh C TOYKM 3peHus HH(epesIyansHol
TeOMEeTpHH.

Oro6paxenue ¢ COXpaHeHHeM momianell yacTo HMCNONBL3YeTcs B reorpadHH,
Ono naer pecbmMa ynoOHEIT M npocTolt crnoco6 u3006paXKeHhst YacTH 1UApo-
BOIl MOBEPXHOCTH Ha MIOCKOCTH. OmnuineM BOKPYT Liapa KpyrosoH unm-
auunp Toro e pamuyca (depr. 250). ByneM npoeKkTHpOBaTh TOWKH Iluapa
H8 MOBEPXHOCTb LMAMHADA 0OPH NOMOWM Hopmaned k wwuuapy. Ecmu
Tenepb pa3pe3aTh IUJMHID BAOJb ONHOH u3 O0pasylollMX u PpasBepHyTh €ro
Ha MJIOCKOCTb, TO, KaK TNGKaskBaeT BREIYMC/IEHHE, Mb TOMYYHM Ha [UIO-
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cKocTH H306pawenue wwapa, coxpausiolece mrowatn, Oyesunno, Hu306pare-
Hue Oyner Tem O6Onee MCKaWeHO, uyeM Jajbllle Mbl OyaeM OTXOAHTH OT
OKPYXHOCTH, 1O KOTOpO#l conpuikacao'cs WHJIRHAD M 1uap.

Takoe e BawHOE 3HAYEHHE B TE€OMETPHH, a NPIKIE BCETO AT MOPCKAX
KapT, umeeT reone3uyeckoe orobpaxenue. Ilpu sTom oroGpawenuu TpebGycercs,
4yTOOBl I'eojie3HYeCkHe JIMHHM OJHON MOBEPXHOCTH MEPSXONANHM B reoiesuye-
ckue nusud apyro#t. Taxum o6pa3om oroOpaske-
H¥sl, COXpaHsIIOLUye MJIMHY, NPeNCTABJSIOT YacTHH
cnyqait reopesnyeckuXx otobpawenud. Il yroe oro-
6paxeiine noJoGHOTO poja Mbl paccMaTpHrany NpH
H3YYEHHH 3JUIMNTHYECKOH TeOMETPHH; €CU NPOEKTH-
poBarh Iap M3 €ro LEHTPA Ha 1IOCKGCTH, TO GOJb-
Wye KpYru apa fnepexoudT B OpsMbie HA MJI0CKO-
cTH, ¥ TakuM o006pasoM 35T0 oToOpareHHe ecTh
reosnesuyeckoe orobpaxenne. Bmecre ¢ T1eM oHO
naeT reoj<3uyeckoe oTtobpameHne BceX MNOBepPX-
HOCTEH MOCTOSIHHOH MOJOXHTENLHON rayccoBoit
KPHPHM3HBI Ha rockocte. OHO ocymiecTBAsieTcs NpH
novomy onucasHoilt B § 35 momenn runmepbosu-
YEeCKOH IMIOCKOCTH.

MoxHo nokasaTh, YTO HOMHMO TOBEPXHOCTEH
NOCTOSIHHOM rayccoBolt KpHBM3HBI HET NPYruX MO-
BepXHOCTEH, KOTOpBle MOryT OBITH OTOOpaMeHb! T —
reosesdyecky Ha mrockocts, O6mas 3azaya o D

TOM, KOTAa IBAa KyCKa OBYX KDHUIEIX TMOPEPXHOCTEH
MoryT OBITH reofesuieckun oroGpa<eHbl ORHH Ha
NpPYTOH, MPHBOAMT K CJOXHLIM BEyHCIeHusM. O6-
obujeHre STOH 3anayn Ha MPOCTPAHCTBA Tpex  60- Hepr. 250.

Jiee M3MepeHUH HIpaeT U3 .€CTHYIO pOJb B COBpEMCH-

HOil (M3KKe; MMEHHO, B OOWIEH TCOPHH OTHOCHTENBHOCTH TpaeKTOPHH Mare-
pHAJLHBIX TOYEK DACCMATPMBAIOTCH KaK €OAe3HYECKHe JIMAHK UeThIPeXMepuoro
KOHTHHYYMa.

HaunGosee o6wee orofpamenne, xoTopoe BooOLle NOCTYMHO HAMSH OVY
NpENCTABNEHUIO, €CTh HenpepbigHoe oToGpaenue. Ilpu 5TOM OTOGpastewnmu
Tpebyercs TOABKO, YTOGHL OHO GBUIO B3aHMHO OAHO3HAYHHIM M UTOOBI COCerHHE
TOYKHM OCTAaBANKHCh COCEAHHMH. Taku ' 06pasov Henpepbis-

HOe OTOOpaXKEHHEe MOXET IPOM3BOSBHO HCKAXATH BCSIKYLO vize

¢urypy. Ho npu srom Heo6xonumo, 4TOOH CBfI3HWE YacTH  {y .

He pasphlBaMuCh, a pasfe/sHbie 4YacTH He O00paulanHCh
B cpsiaHbie. HecMoTtpst Ha Takyo Goabluylo OOHIHOCTB, He-
npepriBHOe OTOOpaXKcHHE He MO3rOJfeT MNep BOLHTH 1Ba
NpOv3BOJBHBIX KYCKA NOB2PXHOCTH OXMH B npyrofi. llpuMep mByX Kyckos
NOBEPXHOCTEH, KOTOPHE He MOIyr GOLITh Henp=pHBHO OTOOPA¥HbHl ONWH Ha
Ipyro#, NPENCTaBNAIOT MNOCKOLTh Kpyra H niO'KOe KDPYroso: KOJBLO, 33-
KJIOYSHHOE MEXIy JBYMf KOHICHIDAYECK' MM OKDYIKHOCTAMM (uepr. 251).
Haxe rpanyuLbl 060X 5THX KYCKOB fI0BEPXHOCTEY Helbast HellpephlBHO 0TOOpa-
3UTh OJHY Ha JPYTYIO, TaK KaK IJIOCKOITb KpYra OrpaHHyeHa OJHOH CBA3HOH
KPHUBOi, MEXIy TeM KaK rpanuua Kosbuesoil 00JacTH COCTOMT M3 ABYX pas-
ZeJIbHBIX KYCKOB,

Yepr. 261.
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Bonpoc o Tom, xorna nee moBepXHOCTH NOFYT GhiTb HEMPEPHI"HO OTOGpa-
WeHbl OLHA Ha IPYTYI0, OTHOCHTCA K 3a/ayYaM, paciMaTpupaeMHM B TONOJIO-
ruM, K KOTOpo#i Mm nepeiinem B nocnenved rnase. OueBumHO, B10T THI
oTtoOpaxieHH# OXBAThIBA€T BCe OCTAJIbHLIE; TEOMEeTpHYeckoe OTOOPaKEHH
TOJBKO B TOM CJllyyae MOWET HPHEONUTL K TIOJIE3HHIM CJIeACTBHSM, KOT/ia
OHO HenpepbieHO. Tak, mo crmocofy, npuseneHHOMY Ha yepr. 250, MBI OTO-
Opaxain KyCKH LIApOBOH ITOBEPXHOCTH HA MJIOCKOCTH € COXDAaHEHMEM NG~
maned. ITosnan waposas MOBEPXHOCTb, OYEBMIHO, MEPEXOANT B NPAMOYTOJL-
Hyl0 06nacTh. MOXHO BHAETb, YTO OTOGpaweHHe TepseT HalJsAHOE 3HAYEHHe
Ha rpaHuLax NPAMOYFOJIBHHKA, TAK KaK OHO Mepecraer ObiTh HEMNp.pPLIBHBIM.
Ilparna, B coBpeMEHHOH TONOJIOTHH pAaccMaTpuBAIOTCS euie Gojee O6mMe
oroOpaxeHus, He SIBLIOIMECS B3aMMHO OIHO3HAYHBIMH, HO Takue, KOTOpHe
TOJMLKO B OIHOM HANpAaBJIEHHM OJHO3HAYHH ¥ HEMpPEepPLILHbi, HANpUMEP OTO-
6pa)keHHe KyCKka NOBEDXHOCTH HAa IYTY KPHBOH.

Boiee nonpo6HO, ueM paccMOTPSHHHIE JIO CHX NOp THOM OTOGpareHuH,
6buiM MCCerOBaHK  OTOGPAKERHUS, COXpAHSIOUIME YIJbl, WM KOHPOpMHbIE.
Onm  xapakrepusyiorcsi TpeGoBaHHeM, uTOORI YIJB, HOJ KOTOPHIMM fepece-
KaloTcsi nBe KkpuBne, orobpawanuck 6e3 wuckawenni#t. Eciu ne cuMrare
oroGpaxenHil, COXpaHsON4X JJHHY, 10 cTepcorpaduyecKas NpOEKUMs ¥ mpe-
00pa30BaHue, COXPaHSIOLIEe OKPYIKHOCTH, MPEACTABMOT MPOSTelilive MpHMeEpHI
nono6Hubix orobpawenuil. Monesp [lyaHkape run-pHonuyeckoll reoMeTpuu
JlaeT OTOSpas€HHe MNOBepxHOCTeHd OTpULATENBHOR TaycCcOBOH KpPUBH3HBI HA
IJIOCKOCTh € COXpaHEHHWeM YTJICB.

OTtoGpaxeHHz, COXpaHAIONIe YrJH, UMeeT Koe-4To obllece ¢ 0ToGpaXeHueM,
COXpaHsIoUWMM JUIMHH. FIMeHHO, MOXHO amanuTHyecky NMOKa3arb, YTO B2ChbMa
Majble QHrypH NpH OTOOpaX<CHHH, COXPAaNSIOUIEM YT, H30GpaKaIOTCs HOYTH
6e3 WCKaweHuit; sTO 3HAYHT, YTO MOMUMO YIJIOB OCTAIOTCSl NMPHUOGIMBUTENBHO
HEHU3MEHHHIMH, NpaBla, He IJIMHB, HO OTHOLUEHHsl JUIMH, NMPUYEM 3TH OTHOLIEe--
HHfl COXPaHSIOTCA C TeM COJbIUell TOYHOCTBIO, YSM MEHble paccMaTpHBaeMast
¢urypa. Hassanue «KoH(opMHOEe» KaK pa3 H YKasblBaeT Ha STO CBOHCTEO.
IlostoMmy koH(popmMroe oroOpaxeHue B MajJOM M3 BCeX RHIIEONHCAHHBIX
TUNOB OTOOpameHHil GJMiKe BCErO MOJAXOAMT K OTOODANEHHIO, COXPAHSAIOIIEMY
IauHb., B camoM mene, u3 Halux NMpPUMEPOB BHAHO, YTO NMpPH OTOOpameHMH,
COXpaHfiOIeM IJIOLIANM, M MpH Teone3HYECKOM OTOOpaXEHMH Jaxe MpOoM3-
BOJILHO Maibie (QUrypbl MOTYT ObITh MCKaMeHL CKOJb YTONHO CHJBHO,

B T0 Bpema Kak orobpajxceHye, COXPaHRIOIIEE IJHHb, MPHMEHHMO JUIUb
B OyeHb OrpaHMYEHHOH M2p2, KOH(OpMHOEe OTOOpaWeHHe HMEET LIHPOKHE
npuMeteHusl, ¥ Kak Pa3 BONPOC O NPHMEHMMOCTH KOH(DOPMHOTO OTOOpaxeHHs
NOCTABHJI €r0 B IIEHTP MIOLOTEOPHLIX TeoMeTpHyeckrx uccnenobanu#t. Ilpocieft-
mufl Bolpoc STOTO poja, HMEHHO BONPOC O TOM, KOMAA ABA MAOCKUX KyCKa
MOBEPXHOCTH MOrYT OHTh KOH(GOPMHO OTOOpaKEHbH OAWH Ha IpPYTroH, npu-
BOAMT K HaAIVIIAHOMY MPENCTABJCHHIO KOMIVIEKCHBIX YHMCE/l ¥ pacCMaTpHBaeTcs
B 2eomempuyeckoli meopuu ByHKuull.

38. l'eomeTpHuecKkasi Teopus pyHxuni. Teopema Pumana o5 oroGpawmennsx.
KoHipopMHoe oToGpaeHHe B MpocTpaHcTBe. Bo3bMeM A KAPTOBY CHCTeMY KO-
OpAMHAT Ha MIOCKOCTH U OIHECeM NPOH3BOMBHOU Touke P, mMeiowefi Koop-
JIMHATH X, Y, KOMIUISKCHL & YHuCNe 2= X -} yi. TakuM cnocoGoM Mbl yCTAHOBUM
ONHO3HAYHOE COOTBETCTBHE MEXIY KOMIUIEKCHHIMHM YHCJAMH H TOYKAMH ILIO-
ckocru. Tlp-acTaBisercs nenecoobpasibiM 0606LMTE 3ITO COOTBETCTBUE, XO-
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MONHUB TUIOCKOCTb, TaK e KaK B Y4YeHHM O MpeobpasoBaHusX, COXpaHSIo-
HIMX OKPYXHOCTH, OECKOHCYHO yaaneHHOH TOYKOH Pgs,, KOTOPO# MH npu-
cBouM uMcao oo. [lomo6uoe HarisuHOE NpeACTaB/EeHWE KOMILVIEKCHHX YHCeN
HA3LIBAETCH 4uC20608 naockocinyro. OTOGpaieHHE ONHOIO KyCKa ILIOCKOCTH
Ha Jpyroil MpU B5TOM NPHBOAMTCS K COOTBETCTEBHIO MEXAY KOMINEKCHRIMH
yncnaMy. TIpocTeRMMM MPUMEDOM MOXET CHAYXHTh COOTHOIUEHHe w=az -} b,
rie @, b-—npou3BOJILHEE KOMIUIEKCHHE MOCTOsHHbE, npuyeM a = 0. B ka-
yecTse 00pasa TOYKH, KOTOPOH COOTBETCTBYeT KOMIICKCHOE WHCJIO 2, MBI
paccMaTpHBAaEM TOYKY, KOTOPOH# COOTBETCTBYET HMCIO w=az }b.

INonyualomeecs Takum ofpazoM oOToOpaxeHine MJIOCKOCTH Ha camoe cebs
fIpeacTaBnsieT NpocTo npeofpa3opanye 1MoaoSus; o6p: T 10, MOXHO MOJYYHTH
BCe rpeoOpa3oBaHus NOAOGHS IJIOCKOCTH, BO3HMLAIOLIHE HEMPEPHBHO M3
TOXIECTBEH.10r0 1Ps06pa30BaHus, €M 3aCTaBHTh uHMCHAa a u b npoberaTh
BCE KOMAEKCHHe 3uadcHusd, kpome a=0.

IIpeo6pazosanns Mono6Hd, COE/MHEHHHE C MePeB2PTHIRAHHEM IIOCKOCTH,
KOTOpHE HEBO3MOXHO IOJYYHTh HElpepLIBHO B CaMOH MOJIOCKOCTH, COOTBET-
CTBYIT YPaBHEHHIO:

w:a?—}-b,

rae z O3HayaeT KOMIJIEKCHOE HHCIO 2=X—yi, CONPMKEHHOE C YHCJIOM
z=x +yi. DTH TeopeMH MOXHO NOKA3aThb 3JeMeHTapHuM myTeM. [Ipesbpa-
30BaHMA, COXPAHAION[HE OKPYKHOCTH M He OCTaB/fAIOIUHE HEMOMbHKHOK
TOYKH Pos, COOTBETCTBYIOT APOGHONMHEAHHM MPeoOpasoBaHUAM:

b
wz‘c’_:jrta_ (c 0, ad—bc0), (1)

eC paccMaTpHBaTh TOJBKO Te MPEOOpa3OLAHHS, COXPAHNIOIIME OKPYIKHOCTH,
KOTOpHIE MOXHO MOJIYYHTD HENPEPHBHO M3 TOXIECTBEHHOTO MPeobpasos .Hus
Ha mnockoct. OcTanbHEE MPeo6pa3OBaHMs MOMXHO NONYYNTh, 3aMenss
B (1) # Ba 2. Viusepcus OTHOCHTE/NBHO OKDPYIHOCTM k pajMyca elnHuLa,
NpOB2HeHHON BOKpYr Hayana, Oyner, Hampumep, npeicrasieHa GopmyJof:

w—

i

B camoM nene, wMeeM:

z x—yi x24y?

T. €
X Y
Il=x——-——?+3ﬂ, v_——~—x2+y2. (2)

[ycrs M, P, Q —touxu ¢ koopnuHaramu (0,0), (x, ), (4, v), .e. P, Q—
TOYKH, COOTDETCTBYiOLIME WYHMCAaM 2, w; Torna M3 (2) crenyer, yro
Toukt P H Q pacnosoXeHs Ha OINHOM M TOM Xe€ Jiy4e, BLIXOASIIEM H3
toukn M, M uTO nns pacctosHMB MP u MQ uMeeT MeCTo COOTHOLIEHKE
MP-MQ=1. Takuv 0BpasoM TOukH P M Q COCTaBISIOT HHBEPCHIQ IO

OTHOLIEHHIO K Kpyry K.
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Eciu ucxonuth u3 Gosee obulero cootHomtenns @ ==j(z), rae f(z) npex-
CTaBASET HEKOTOPYi0 HPOGHYI0 PALHOHANBLHYIO (QYHKLUHIO OT 2, TO 5Ta (yHK-
UMsl TaKKe Blerna naet xorghopmroe oToOparenHe mIOckocTd. [Ipu sToM
HYXHO TOJIbXO OrPAHHYMTLCA TAKMMHM OGNACTAMH FUIOCKOCTH, KOTODHE He
coaepxaT OCOOBIX TOYeK, ompelenseMuX 3Tol dyHkuHeh.

Besikas ¢ynxnus f(2) takoro pona, yto w = f (¢) onpenenser KOH(OPMHOE
OTOOpAXKEHHE HA YHCIOBOH TMJIOCKOCTH, HA3HIEAETCS awasumuieckoll Gyri-
yuen '), He TOMLKO pauMOHaNbHEE, HO M NMOYTH BCE BCTPEYAIOMECH B MpaK-
THKe (QYHKLMH ABJIAIOTCS aHANUTHYECKUMH QYHKLUAMK. C aHATUTHYECKUMH (DYHK-
MMM MOXKHO MPOW3BOJMTb BHIYHCJIEHWS B 3HAYNTENBHOM Mepe TaK e, Kak
¢ neiicTBUTENbHRIMH QYHKUMAMH OT ReflCTBUTEJBHHX NepeMeHHnX. TeM cammnm
JIBYMepHas 3anaya KOHGQOPMHOrO OTOOpaXKEHHS NPHBOAMTCY K pacCMOTpeH-
HOMY ONHOMEDHOMY THY.

[Mono6uste wuccaeAOBaHW B TeOpHM (YHKUMH KOMIUIEKCHOTO repeMeHHOro
MO3EONAIOT Mp&XAE BCEr0 IOKA3aTh BAXHYIO TEOpeMy O TOM, 4TO npeobpa-
30PaHusl, COXPAHAIOLIME OKPYMIKHOCTH W, COOTBETCTBEHHO, LEJEE H IPOGHble
nuHeltHoie QyHKUMM, Hal0T BCe KOHGOPMHBIE OTOOpaMeHHS, [1epPeBOASILIHE
BHYTPEHHOCTb ORHOI'O KPYra BO BHYIPEHHOCTB MJIH BHEIHOCTb APYroro (Miu
TOro #e camoro Kpyra). Benemcreue sr1Oro rumepbonmyeckue IBHMEHHA
B Monem Ilyankape mpencramasioT Bce KOHPOPMHHIe OTOOpameHHs Kpyra Ha
camoro ceGs. Taxkum o5pasoM, eciH M3BECTHO OTHOCHTENBHO HEKOTOPOIO KOH~
¢dopMHOTrO oTOOpaNenHs, B KaKyl0 06J1acTh OHO MEPEBOIHT KPYT, TO STO 0TOGpa-~
KEHHE OTPENIENNETCs STHMH NAHHHMHM € TOYHOCTBIO RO THnepOOJMYecKoro ABH-
WeHHA. B COOTBETCTEMM C STHM MEI MOXEM OXapaxkTepH30BaThb aHATHTHYECKHE
(YHKUMH C TOYHOCTHIO JO HECYNIECTBEHHOro Npeobpa3opanus TOH 06.1acTsio,
B KOTOpYI0 OHH mnepesopaT kpyr. OG61acTH, KOTODHE NOJNYYalOTCS OnHA M3
Ipyrofl MpH MOMOILM [1pe0oGpasoBaHus,
COXPaHTIOIEr0 OKPYXHOCTH, MEI NPH STOM

%
V. He 6yneM paccMarpuBath Kak Cyule-TEeH-
2 // HO pazyuyHeie. Tak, HanpuMep, MBI MOMEM
% HrX)OAUTh OT MOJYIJIOCKOCTH, BMECTO TO-
) 4

4.‘ ro yTo6Hn HCXOAMTH OT kpyra. Tak, ¢yHk-
uus )z TepeBONAT MOMYMNOCKOCTH B
KBafpaHT, a o¢yHkuua Inz mnpespangaet
Uepr. 252. NOJIYIJIOCKOCTE B MOJOCY, OrpaitHYeHHYo
NBYMS Napae/IbHEMY TIpAMEMH. [TosToMy
JVHelHbe TTPeo6pa30BaHuUA TIOIBOJMOT JIETKO YCTAHOBUTH KOH(OPMHOE OTO-
6paxienne, KOTOpPOe MepEeBOAMT KPYr, H306paxeH:nit Ha wepT. 252, B OAMH
U3 JIByX NPYrMX, M305DaXeHHHX HA 9TOM YEpTEKe KYCKOB MJOCKOCTH.

Bo pcex 3TuX mpHmepax, KoTOpme OymyT ONMHCaHK KHike, OTOGpaseHUe
KOH()OPMHO BO BCEX BHYTPEHHHX TOYKaX KyCKOB [OBepXHOCTeH, HA TpaHHLE
e OHO KOHQOPMHO JIMiLIb MOCTOJBKY, MOCKONbKY CPaHMIEI HE WMEIOT H3Jo-
MoB. Eciv rnankas nyra rpaHuynpit KpMBOM NEPeXOAMT B JIOMaHylo, TO,

1) 3710 HarnsgRoe ompeneneRHe SKBUBaNeHTHO ToMy, YT0 f(2) RMdepenruupyema,
2) —f(z
7. & uro ormowenne L3 — (2
zZ—2
POMY KOMIUIZKCHOMY yucay f'(z,), ecin z B 97oit 061aCTH CTPEMHTCS K Zo. Cyiue-

CTBEHHO NDH STOM, YTOGH! HHCAO f (Zp) He 3aBHCENO OT MYTH, MO KOTOPOMY 2 CTPEMHTCS
K 2y B YHCJIOBOH M/IOCKOCTH,

BO BCAKOH TOYKE 2y obnactH CTPeMHUTICH K HEKOTO-
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€CTEeCTBEHHO, B 5TCM MecTe OTOOpaweHHE He MONKET ObiTh KOH(OPMHEIM.
Okasmeaercsl, Y4T0 B TaKHX TOYKAX OTOGpa)KCHHE BCEr[a COXPAHAET Mponop-
UMOHAJILHOCTD YIJIOB, T. €. BCE YI/ibl W3MEHSIOTCHA TaK, YTO KOS(HLMEHT Mpo-
NOPUMOHANBLHOCTH OCTaeTcd OnHMM M TeM xe. Tak, npu OTOGpameHuH,

onpenensemoM dynkumelt /z, npamas, OrpaHUuKLAIOMIAs PACCMATPUBAEMYIO
NOJYNJIOCKOCTh, MEPeXOJMT B CTOPOHH NpsMoro yraa. B Touke, kortopzs
[EepEXONHT B BEPIIMHY YIaa, BCE YIJIW YM2HbIIAIOTCH BABOE.

PuMaH ycTaHOBMJI BaXHYIO TeOpeMy, 4TO BecsKas 1jockas obnactb, He
OXBaTHIBAIOAA BCell SBKNMAOEOH NMIOCKOCTH, H MPHTOM TaKas, KOTOPash MOXET
OLITH F3aMMHO ONIHOSHAYHO M HENmPepLIBHO OTOOpameHa HA KDYr, MOXET OuTh
oTOOpaxeHa Ha HEro Takxwe KOHGOpPMHO. DTa TeopeMa AaeT NpeAcTaBlieHue
0 MHOroo0pasHH aHaJHUTHYeCKUX (YHKUHH.

Punanosa Teopema He Onjia cTporo aoxas3ana camum PuManom, a Gnna
yCTaHOBJeHa MM TOJBKO KaK SKBMBAJEHTHAas OANHOH 3ajaye BapHaLHOHHOTO
HCYHCIIeHHs, TaK Ha3bicaeMOl 3amaye Jlupuxse, OTHOCHTENBHO KOTOPO# Puman
CYMTaJ OYELHAHLIM, YTO OHA MMeeT peiuenHe. PaspzmiuMocts 3anauu upuxse
6Lula CTPOrO [OKa3aHa JIMIUL 3HAYMTENBHO M03ie. Mexny npouuM, ynasnoch
TaKke [0Ka3aThb PHMaHOBY TEOPeMy CJeAyIOLIMM IMPOCTHIM MyTeu.

Ilns Toro uro6m oTo5pasuTh kondopmuo Ha kpyr K mpoussosbHyn 06-
nacte G, pomyckaouyw Aedopmaumio ee B Kpyr, 6yAeM HCXODMTE OT He-
KOTOPOrO KOH(POPMHOIO OTOfpameHus @, KOTOpOe OTOOpawaeT KOH(POPMHO
obnacte G Ha wyactuuynylo obnace K, obnactu K. Moxwuo, Hampumep,
B KayecTBe oToGpameHHs a, BoiOpars npeoGpasopanne nonobusi. Ilorpe-
6yem eme, 4yroOW mpu npeoOpa3oBaHMK @, HEKOTOPasds Hamepan 3ajfaHHas
BHYTpeHuss Touka P o6nactu G mnepexopuna B UeHTp kpyra M. Ilycts
Tenepb R, mnpencraensieT obpas ppyroit PHytpenHeH Touxkn Q ofmactu G.
Torna mowuo nokasarh crnenywuee IIpeobpasosanue a, MOWeT OblTh fpe-
BpallleHO B jpyroe koHbopmHoe Mpeobpa3oBanHe a; Tak, 4to obmacte G
Gyner mnepexonuTs MNpH nNpeoOpasoamuM @, B 4acTHyHyw oOfnacts K|
obnacti K, u, nanee, Touka P onste nepeiiner B Toyky M w Tak, yto
rmiogra Q nepedidem 8 Hexomopylo mouxy R, aexcauyio na paduyce MR,
PAacnoNodHCEHRYI0 Ha Goabwenm paccmosnuu om M, wem mouxa R,. Kpome
TOrO MEPEXON OT OTOPaXenus @, K @, NaeTci KOH(POPMHLIM OTOGPaxeHHeM,
COOTBETCTRYIOIHM KOPHIO KBaApaTHOMY M3 HEKOTOPOH ApoOrOMMHeNHON GyHx-
uun. Takum e cnolo60oM MOXHO pajee M3VEHHTh NpeobpasoBaHMe a,, Tak
4TO MBI MOJYYMM [OCHAEAOBAaTeJbHOCTE KOHGODMHEIX oTOOpameHMit a, odna-
ctd G Ha wacTHyHeie oBnactu K, obnactu K, npuyem npu BceX STHX OTO-
6pameHHsX Touka P GyneT mepexomuth B Touky M, a Toyka Q — B nocnenosa-
TENbHOCTH TOYeK R,, pacnonoxeHHsx Ha papuyce MR, H Bce Gonee
yhaneHHux ot Toukn M. OxaswBaercs, yT0 obnacth K, Bce Gonee 3anos-
HAIOT KPyr K W 4TO mNOC/enoBaTeNbHOCTH OTOOpakenHd a, CXORMTCA
K KOHQOPMHOMY OTO“paXeHHWIO a. IT0 oTOJpamenve @ np200pasyer KOH-
¢dopmuo obnacte G B kpyr K, Kak Toro u 1pebyer teopema Pumana.

Onucannmit 3nece cnoco6, nanumit K&Ge (Koebe), nokasmbaer, uTo HcKO-
Moe OTobpaxenHe 06nanaeT HEKOTOPHIM SKCTPEMANbHHIM CcBOHCTBOM. MMenHO,
OYESBHIHO, 4YTO TO4Yka R obmactu K, B KOTOPYIO MepeBOXUICH TOuKa Q
orofpameHueM a4, eCTb Ta TOuKa Ha panuyce MR,, x KOTOpoH cxomsTcs
toukd R,. Otciona cnenyer, yto Aas Beskoro n umeem MR > MR,. To e
€aMO¢ HEPaBEHCTBO COXPaHAETCH, eCM H3MEepATh PacCTOsHHE He SBKIMAOBBHIM
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€noco6oM, a runepGONHYECKHM, PacCMaTpyBas BHYTPEHHOCTh Kpyra K kak
monens [lyankape rinepGosmdyeckofi naockocTu. B camom nene, runepGosnu-
JecKkOe PAacCTOsiiHe HEKOTOPOH TOUKH OT 1edTpa kpyra M usMepsiercs, TaK e
KaK 9BK/HA0B0, BAOJb Panuycd, Tak Kak pajgHych MpPeNCT2BAAIOT runepGonu-
YeCKHZ MpsiMble, MPoxOnfmue yeped Toyky M (crp. 225). Kpome oTodpanie-
HUS @ CyLleCTBYIOT H Apyrue KouQopMHue otofpawenuss & odnactd G Ha
kpyr K. OnHakO CcOrjiacHoO MpHi eneioll BHIe TeopeMe OTOBpaxeHus b
MOCYT OTJMUAThCs OT OTOSpPaXKEHHS @ TOJ KO Ha rumepOONHYECKOe IBMIKElHe
kpyra K. Iostomy, ecnd S, T ¢, 16 n3obpanenns Touek P, Q npu otobpa-
WeHUH b, TO runepbosmudeckue pacctosuus MR u ST pomkis OHb Henpe-
MEHHO paBHul. TakuM 00Pa3sOM MuI HALIMM HCKOMOE sKCTPEMA/bHOE CBOHMCTBO:
npu 8cakom KORGOPHOM omobpadxcenuu obaacmu G Ha kpyz K o6pasw
npousconvHoll nape. EHYMPennux moxex obracmu G omcmosm Ha 60sb-
wen eunepboauteckom paccmosnuy 8 kpyee K, uem npu 8csro Kosgopu-
Hoxm omobpascenunu obractnu G Ha wacmuunyio oC.aacme Kpyea K.

B curicne runep6oiddeckOdl reoMerpuMM Mm MOXEM OnMCaTh HaW cHoco®
Takum oOBpa3oM. Ecnu o6aactk G koHpopMHO oOToOpareHa Ha o6aacThb
runep6osHy. ol naockocTH K M eci MHTAThCA HEMPEPHIBHO M3MEHATb 5TO
OTOBpameHUe TaK, 4TO OHO OCTaeTcs KoHGOPM .bIM, HO NpPH 5TOM Jobbie
npe BLOpaHHBIZ TOYKH BCe 6OJEe ynanawTcs onHa OT ApyroH, 1o obnacte K'
TOCTCIEH'10  3anoJiseT BCIO  THNCPOONHYSCKYI0 MNOCKOCTh. PaccTosiHue
Mexly o6edMH TOYKAaMIl BO3PACTAET 11O OMPEAENCHHOIO KOHEe%HO20 MaKCHMyMa,
KOTOPHI# NOCTWIaeTcs TOINa M TOMbKO Toraa, korfa o6nacte K 3anosuser
BCIO THUepOOMHYECKYIO MIOCKOCTD.

Hanpamusaercs Mpicab nonpo6osaTe KOHGOPMHO 0TOGPa3HTb BHYTPEHHOCTH
o6nacti G BMeCTO I'MiicpOOIHYECKOH Ha 3BKJMAOBY TJIOCKOCTb. fienpepsigroe
OTOGpaXEHHE KOHCYHO BO3MOXKHO, TaK Kak BHyTpeHHOCTh obnactd G mno
TIPENNONOKENNIO MOXET OHTh HENpepHBHO OTOOpaXena HA BHYTPEHHOCTb
Kpyra, a BIYTPeHHOCTb KPyTa, OYEBHJIHO, HCIIPEPHBHO OTOGpaxaercs Ha
9BKJMJIOBY TJIOCKOCTH (Tak, HaripuMep, MBI MOXEM HerpepsBHO OTOGPA3UTH
OpH NOMOIH CTepeorpaduyeckol MPOEKUUH BHYTPCHHOCTL kpyra H Ha mony-
miapve, a4 NOJyWIapHe NPH MOMOIIM IEHTPANbHOM MPOEKUMH M3 LEeHTpa wapa
HENpepHBHO OTOGPA3HTH Ha 3BKIKIOBY Mockocte E). Koughop.uroc otoGpa-
XeHne o6nactu H ua maockocTs £, onHako, liepo3MOxHo. B camom nerne,
TpH TakoM OTOGpaXeHHH BCAKOMY KoH(popmHOMy OTOBpameHuio obnactu H
Ha camoe cebsi MOMKHO 6ui0 6K COOTBSTCTBOraTh KOH(POPMHOE OTOOpaXKeHHe
mIocKocTH £ Ha camoe cebs. COBOKYNHOCTE KOH(OPMHEIX OTOGpaXceHHil
o6nactn F wma ccBs mpejcrapisgeT ceMeHcrBo THepOOJHYeSKHX NBHIKEHHH
¢ Tpems napamerpamu. ITosToMy, ecnu 6hI CywlecTEOBaJO KOHGpOPMIIOE OTO-
6paxenne F{— £, TO M COBOKYIHIOCTH KOH() PMHHIX OTOSpaiKeHHH ILIOCKO-
cti £ na cebs nokna 6mna Gul NpejCTaBiasiTh CeMelcTBO € TpeMms [apame-
tpamu. Osmmako Takue OTOOpaelMss BO BCAKOM CJy4ae HPENCTaBISIOT
npeobpasopanua nonobus, a fpeobpasoBanns MmojoGus o0pasylor ceeHCTBO
€ 4eThipbMs mapaMerpamu. B camoM nene, ecnn rnpenctaBHib UX B pUAe W=
=aqaz+4 b, TO OHH ONpPENENSIOTCH Ji.yMsT KOMIUICKCHEIMU YHCIaMH @ ¥ b, T. e.
YeThIpLMA meHCTBHTENbHLMH yncidaMu  OTCloma clenyer, 4YTG HEBORMOXKHO
kouopmHoe OTo6paxenne o6nactu /7 Ha mnockocth £. BnpoueM, npess-
pa3opaHMs NOAOGH7A HCYEPNHIBAIT CUBOKYMHOCTh KOH(OPMHLIX OTOCpameHuM
TJIOCKOCTH Ha cebs.
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B npocTpancTBe MOWHO ONpenciuTb KOHGPOPMHOE OToGpaweHHe TOYHO
TaKk ®e, Kak Ha miockoctd. OnHaKO B MPOCTPAHCTBE COBOKYMHOCTH BCEX
koH(OPMHLIX OTOOpaxeHuit BecbMa orpahudena. Mmewwo, Bce aTu oTo6pa-
WeHHsi CyTh MpeoOpa3oBaHusi, COXpaHsAOUIWE CQepel, T. e. O#M I[ePEeBOMAT
COBOKYNHOCTL Cdep u mnockocTedl B ce6i. COBOKYNMHOCTL BCeX MpeoBpaso-
BaHMY, COXpa'OUIHX chepe, 06pasyeT CeMEHCTBO € AECATHIO NapaMerpaMu.
OcoBenno npocToe mpeobpasoBaHHe, coxpansiomee cdephl, NPeACTaBAsLET
nupepcas B npocrpancTee. Oua ompenessieTcsi aHaJNOTHYHO WHBSPCHK Ha
IVIOCKOCTH; €CJIH 3anaHbl TIOCTOSHHA Toyka M M MOCTOSIHHOE NOJIOWHTENBHOE
4ucNO r, TO BCAKOH TOuke P, oTIM4YHOHR OT TOukM M, cOOTBETCTByeT B Ka-
yecTBe 00pa3a Ta Touka (), KoTOpas JCHHUT Ha noaynpsmo#t MNP, srxomsumed
us ToukM M, M mns KoTopoll BHMOJHIETCH paseHcTso MP- MQ 4+ r*. Beskoe
npeoSpasopaHue, COXpaHsAoLlee Chepsl, MOXHO COCTABHTb H3 HHBEPCHH
B NpOCTPAHCTEE M MpeobpasoBanus nopobus.

89. KondopmHoe oTodpamenHe KpHMBHIX NOBEpXHocTell. MHHHMaIbHBIE MO-
BepxsocTH. 3anaya Muato. Ilpumepom KoHdOpMIOro oOTOGpaeHus KpuBoOH
MIOBEPXHOCTH HA IUIOCKOCTH CJYXMT cTepeorpaduyeckas npoexkuua. Ona
[IEPEBOJUT BCAKOE KOHPOPMHOE OTOOpaxeHHe Ha IVIOCKOCTH B KOH(OpPMHOe
oToOpaxeHne Ha wape. KoHQOPMHBIM OTOGpaXKEHHSIM HA Lidape, OCTAB:ASIOLIEM
HeuaMeHHOH TOuky /N, mpe crepeorpaduyeckoit MpoeKUuM H3 Touxku N co-
OTEETCTBY10T KOH(POPMHEIE OTOOpa2XeHHs SBKIMAOBON IJoCKocTH Ha cefa. Kak
MB yWKe YNOMHMHAJIH, 270 CyTh MPeO6pasoBaHUs I[IOROGMS M TOJNLKO OHH.
Orctona crenyer, 4To BCe KOH(OPMHHIE OTOOpaXeHHS WAPOBOH MOBEPXHOCTH
Ha ceBsi, OCTaBAAIOUIMS HEKOTOPYIO TOYKY HEM3MEHHOH, CyTb mpeoGpa3osaHus,
coxpaHsiloMe OKPYXHOCTH. Bcsxoe koudopmiHoe oTO6pawenHe wiapoBoit
MOBEPXHOCTH HA ce0sl MOKHO MEPEeBeCTH BpALIEHHEM I1apa BOKPYT €ro aua-
MeTpa B OTOOpa)KeHHe, OCTaBJITiOLIEE HeMOABIKHON ONHY Touky. [Tostomy
COBOKYNHOCTb BCeX KOHGOPMHEIX Npeoipa3doBaHuit 1apa na cebs A0MKHA OHITH
TOMIECTBEHHa € COBOKYMHOCTBIO MpeodpasoBaHHi, COXPAHAIOLIMX OKPYXHOCTH
ya wape, T. €. C Ipeo6pasOBaHMsIMK, KOTODHE MpH CTepeorpaduyeckom
NPOEKTHPOBAHHH COOTBETCTBYIOT IPeCOPa30BAHHAM, COXPAHSIOLIHM OKPYXHOCTH
Ha mnockoctd. [lpeoGpasoBanus, COXPAHSIONIHE OKPYXHOCTH Ha N/NOCKOCTH,
puipaxaiorca dopmysoit (1) Ha crp. 231. B Hee BXoAST yeTHpe KOMIeKC-
Hble MOCTOSHHKE, KOTOP-e ONpejlie/leHH, OIHAKO, € TOYHOCTBIO IO HEKOTOPOro
obiiero KoMmieKCHoro MHoxurens. ITostomy npeoGpa3oBanus, coxpaHsioLue
OXPYHOCTH Ha ILIOCKOCTH, 2 TaKKe Ha mape, o0pa3yioT CEMeHCTBO C LIeCThIO
napaMeTpamu.

OKxa3biBzeTssl, MOXKHO [10Ka3aTh, YTO MPOM3BOJLHAA 3aMKHYTasl NMOBEPXHOCTD,
KOTOpass MOweT G65Th HEMpepHBHO OTOOpakeHa Ha Inap, Kak, Hampumep,
3JUINCOK), MOXeT OhTh Tawke KOHGOpMHO oToOpawmena nHa wap. OTciopa
clieAyeT, 4TO BCAKHE JBE TAKUX IOBEPXHOCTH BCEraa MOryT OwIThb TakKe
KOH(DOPMHO OTOOPpAMEHH OfHA HA APYryld M uTO BCAKas mojo0Has [oBepx-
HocTh oBnamaer cemedicrroM KoHbopM.KX OTOGPakeHuH Ha cebs  pOBHO
C WECThI0 napaMeTpaMH. -

[ToBepXHOCTH, KOTOPHIE MOTYT OHITH OTOOpaKeHH HENPEPHIFHO Ha BHYTPEH-
HOCTh KPYTa WIW H4 SBKJMIOBY IJIOCKOCTb, KaK, HampHMep, runepbommMyeckuid
napaboJion 1, 3aBeOMO He MOTyT 6uiTh BCe KOHPOPMHO OTOOpameHH OAHA HA
APYTYI0, TaK KaK, HAIIPHMED, BHYTPEHHOCTL KPYra HE MOXeT ObiThb KOH(OPMHO
oToOpaxeHa Ha 3BKANNOBY MockocTh, CylecTByeT, OAHAKO, BawHadA TeopeMa
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0 «IM3BIOHKUMM®»: BCAKAH MOAOOHAS NOBEPXHOCTH MOWET OHTb KOH(OPMHO
oTobpaxeHa MO0 HA BHYTPEHHOCTbL KPYyra, 00 Ha 3BKAMAOBY IJIOCKOCTD.

Jlns npyrux THNOB [OBepXHOCTEH, Hampumep IJM TNOBUPXHOCTH TOpa,
BOMPOC O BO3MOKHOCTH KOH(GOPMHOTO OTOIPAXEHUS] TaKKe MOJydYaeT HCHepnmi-
patoilMit otreT. Tak Kak npu STOM HeOOXOIMME BCIIOMOraT /ibHHE TOMOJOrU~
YeCKHE CPEACTBa, TO MH BepHEMCS] K 3TOMY TOJbKO B IJiaBe O TOIMOJOIHH,

OcobeHHO HHTepecHn NpHMep KOHGQOPMHOrO OTOOpaXEHHs PEenCTABIKIOT
MHUHHUMaJIbHEE (0:.eDPXHOCTH. Bhillle ME 0XapakTepH30BaJH 3TH MMOBEPXHOCTH
(ctp. 169) Tem, uTo B KaXnOH HX TOuKe OCe TIJIABHBIE KPMBM3HL! PABHEI
no a6coMmoTHOH BeNHYHHE H HWMET MNPOTHBONONOXHKE 3HakM. VI3 sToro
onpefie/ieHHs] JIerKO BEIBECTH, YTO Il MMHMMaJbHHIX NOBEPXHOCTeH cdepu-
yeckoe KM300pawcHHe KOHGOPMHO, H OOPAaTHO, MOXHO IMOKA3aThb, YTO MOMUMO
UIapOB MHHMMaJbHHEIE [IOBEPXHOCTH CYThb EIMHCTBEHHBIC FOBEPXHOCTH, A
KOTOpHX chepuyeckoe H3oGpasenue kordopmuo. DBnaropaps atomy muup-
MasibHEE MOBEPXHOCTH TECHO CBA3aHH ¢ Teopedt ¢yHKuul. Beskyio ananuti-
yecKyt0 (QYHKIHIO KOMIUIEKCHOH Mep:MeHHOH MOXHO HCHOJB30BaTh AJls ONpe-
NeNleHHsi MHHHMaJbHOH NOREPXHOCTH.

Ecin HaTAHYTH H2 32aMKHYTYIO M[POBOJOYHYI0 (GHIYDYy MBUIBHYIO TUISHKY,
TO, KaK OHJIO yKa3aHo, OHa npHHuMaeT (GOPMYy MMHHMATbHON MOBEPXHOCTH.
Tax BO3HHKaeT mocTaeneHHas preppuie Ilnato (Plateau) sanaua: gns Besko#
3afaHHON 3aMKHYTOH mMpOCTPAHCTBSHHON KpHMBON HaANTH KyCcOK MMHHMAaJbHNY
NOEEPXHOCTH, OrpaHMYeHHHH 2TOH kpuBOH. Jlosroe BpeMsi HampacHO CT: a
JUCh IOKa3aTh Xord On CyniecTBOBaHHe NMOJOOHON MMHHMAaNLHOH [OBEPXHOC M
s Beako# samaHno#! rpanuuel. Toneko B camoe mocsnendee Bpemst Jlyrsiac
(Douglas) ') nan pemenne samauu [lnato B obmem Buie.

Hyrnac sameHsier 9Ty sanayy ewe Oones ofmeH; OH MILET HE TOJNBLKO
MUHHMAJBHYI0 MOBepXHOCTL M, 3awnoueHuyio BIyTPH 3aNaHHON ApOCTPaH-
CTREHHOH# KpDHMEOR 7, HO TakkKe M KOH(DOPMHOE OTOOpaxelHe 3ToH NOBepXHO-
ctd Ha kpyr K. C atoft uenblo OH paccMaTpHBaeT Ipexie Bcero oToOpaxe-
HHe, f1ep2BOAsLIEE KPHUBYIO 7 B OKpYxHOCTb Rk kpyra K. Oxassipaercs, 4TO
370 OTOOPaXKeHU2 XapaKTepH3yeTcd OLHWM 3KCTpeManbHEIM CBOHCTBOM. Beskoht
Xopne S KpMBOM r mpH OTOOpaXeHWU ee KOHUEBLIX TOYEK COOTEETCTBYET
xopna s okpyswuoctd k. Eciu npuusth OTHOLIEHHE % 3a JJIMHY XOpAH S
H 00pa30BaTh H3 OOpaTHMWX BEJMYMH KBaAPATOB STHX JUIMH 1O BCEM XOp-
1aM KPMBOH r Cpeptiee, TO MPH MCKOMOM OTOOPawEeHHH 3TO cpenHee 3Has
yenue OyneT HammenbwnM ?). Takum o6pasoM MOKHO CKa3aTh, YTO HCKOMOE
OoTOOpaKeHHEe OTAaJfeT B CPENHSM BCE TOYKH KpHMBOM r Ha HauboJbluee
BO3MOXHOE DPaccTosiiMe ApYyr OT jpyra. MowHO nOKasaTh, YTO OTOOpaweHHe,

1) Trans. Amer. math. Soc., 7. 33 (1931). I1pu Hecxonbkd Gojee y3<HX MOMyIIEHHAX
Hesaxonro mnepex TeM 3ajaya [Inato 6mna paspewena Pago (T. Radé, Math. Z,
7. 32, 1930).

2) dopmyas! DalT crenyiouee: nyctb P ¥  — nBe ToukH KpuBOfi 7, KOTOpHeE nepe-
xo;gr BTouky P' ¥ Q' OKPY:KHOCTH B, ¢ H f— apryMents Touexk P’ u Q'; norowuM
lr
P—,-(T:v(a, f); Torna psoiinoll mHrerpan

2 2

[v(n PP dadp

a=0 =0
ang BCKOMOro oroﬁpax{eum HMEET HauMeHbllle€ 3HAYEhKE
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obnajatouiee TaKMM 3SKCTPEMaNbHBIM CBOMCTBOM, BCerna Cymectsyer. [lpu
MOMOIIH ITOTO OTOGPAXKEHHS 7 — k MOXHO NPEACTABHTL M3BECTHHIMH AHATHTH-
yeckuMH (opMynamut ') neKapTOBH KOOPAMHATH OCTAJBHEIX TOYEK MUHMMANL-
Hol mopepxHoctH M Kak (yHkuMu Todex kpyra K.

Ecmu npennonoxurs, 4ro KpHBas r miockas, TO NMOBEPXHOCTE M BRIPO-
Kagetcss B MJOcKylo obmacte G, orpanuueHHyo kpueod r. Croco6 Iyrnaca
naer torna koHpopmHOoe oToOpawenne obnacth G Ha kxpyr K, T. e. peue-
HHE DHMaHOBOM Ssanaud. JTO pelesue, OYEBHIHO, MOJyHaeTcsd MmyTeM, o6paT-
HEIM TOMy, KOTOpHIfi 6uin Hcmonb30-aH padee. Ilpexenit cnoco6 moctpoenus
HCXONWJI OT Maphl BHYTPEHHMX TO4YeK 00/acTH; yBeJuuMpas runepOonuueckoe
paccrosinMe H300paeHME STHX TOYeK, MH JOCTHIajH TOrO, 4YTO TIpaHHLA
obnactd G MOpPHBOAHMIECHE K COBHAfeHHIo € rpandued obnactu K. Cnocob
Iyrnaca, oGparHo, CHauyala OCYLIECTBAseT OTOOpaXeHHe I'PaHHUE ob6nactu G
Ha rpauuuy obnacti K, XapakTepusyiouleecs OMpPESAeneHHEM SKCTPEMasbHBIM
colicreom. Torna oroGpaxenHHe BHyTPSHHHX TOYEK NOJYYaeTcs caMo COGOH.

Jlns npocTpaHCTBEHHBIX KPHEHX F YaCTHOTO BMAA MOXHO ONpPEAESHTH COOT-
BETCTBYIOLLME MHHIMAJbHbIE TIOBEPXHOCTH 3HAYMTENBLHO GOJee MPOCTHM MyTeM;
370 BO3MOXHO, HAlpHMep, €C/IH B KayecTse KPUBOM r BHGPAH 3aMKHyTHIH npo-
CTPAHCTREHHLIH MHOrOYTOJIbHMK, COC1aBJSHHBIH M3 NPAMONMHCHHEIX OTpPE3KOB.
Boo61e MyHHAMaALHLIE TOBEPXHOCTH, OrPaHHYEHHHIE KPHBON 7, UMEIOT OCOGeH-
HOCTH HA 3TOW I'paHMle; OJHAKO CNEeHHaJbHHM BblOODOM KPHEOH 7 MOXHO
ROCTHYb TOTO, YTOOH MMHMMAJIbHLIE MTOBEPXHOCTH MO3BOJISIM NPABHILHOE PO~
nomieHHe 3a rpanudnyo KpuByio. Takum crioco6om Heosnycy (Neovius) #) yna-
JIOCh TIOCTPOUTh MHHHMANBHYIO [IOLEPKHOCTb, KOTOPast MOXET GHTb NPOAOMKeHa
BO BCeM npocTpaHcTBe 6e3 0cOBEeHHOCTeil, KOTOpas He nepecexaeT cama cebs
K 00jlajaeT TaKoM e CHMMeTpMeH, KaK peileTKa aiMasa.

Coepudeckoe H3oOpaxeHHe 5TOH MNOBEPXHOCTH Take He MOET MM Thb
rpamiie. MOXHO HaKOHell MOKa3aTb, YTO HA MMHHMANBHBIX MOBEPXHOCTAX
HEJIb371 TIPOBECTH NapafoNMYEeCKHX KPMBHIX, 10 KOTOPHIM cdepuuecroe H30-
6paxcenue morso On GeIrb mepeBepHyTo. B TO ke ppems cdepuueckoe uso6pa-
KeHHe nopepxHocTH HeoBuyca He MOMeT rianko, 6e3 CKJIANOK M BOTBJIEHHH,
NOKPHTbL BCK MOBEPXHOCTh Iapa, TaK Kax B NPOIMBIOM ClIydae 9Ty
MOBEPXHOCTh MOXHO OBINO GBI HeNpepwBHO 0TOOpasuTh Ha wap. IlportHBOpe-
yye pa3pewiaeTcss TeM, yTO Ha noBepxHocTH HeoBuyca umelorcs 05e3bsiHbu
cenna. B Takux MecTax onHOKpaTHuiff OOXOj HA MOBEPXHOCTH mpeobpasyercs
B MHOrOKpaTHsIH ofxon Ha cdepuueckom usobpawenun ez (ctp. 180). Coepu-
yeckoe H300paXkenHe MHHHMaNBHOHN mosepxHocTH Heoenyca nostomy no-
KpblBaeT [ap B Bule OCCKOHEYHOr0 MHOMECTBA JIMCTOB, CB3aHHWX JPYT
c npyroM B u3oGpaxenusx oOe3bsHpux cepen. Cdepuueckoe nsobpaxkende
MHOTHMX [PYrMX MMHMMAaJNLHbIX [OBEPXHOCTEH OGHapy:HBaeT aHAJIOrHYHOe
noeenenue. Mccnenys obuiee noeepeHHe KOHPOPMHAHIX OTOOpaxenuit, mpen-
CTABSIEMELIX HelMHeHHBIMU (DYHKUHAMH, HanpuMep (ynkuuelt w =22, Puman
NpHLIEN K 19BEPXHOCTSIM, NPEACTaBAAIOILMM PaCuMpeHHNE [10BEPXHOCTH Iuapa
MU TJTOCKOCTH. MecTa, B KOTODHIX MOJOCH PHMAHOBOH NOBEDPXHOCTH CBA3H-
BaloTCAd APYr C ADYTOM H ONHA C APYrofi aHaloruuHo cdepuyeckoMy u30Gpa-
XeHHI0 06e3nsHBero cepna, OnaM Ha3paHH PHMaHOM TOUYKAMH BeTBJEHMS.

1) Wurerpan [lyaccona no kpusoit r.
2) E.R. Neo vius, Bestimmung zweler spezlellen perfodischen Minimalfichen. Akad.

Abhandlung, Helsingfors 1883.



MATAA FJTABA
KMHEMATHKA

Jlo cux nop Mbl paccMaTpuBaJM [JIABHHM O0PaiOM HENOABHXKHHE B MpO-
crpancTBe QUrypsl, TaK Kai FeOMETPUs KJalleT B OCHOBY MMEHHO Takue (Quryps.
Ho yx° B anemeHTapHON reOMET WM NOHSTHE NBHXEHWS HMrpaeT M3BECTHYIO
ponb. Tak, Mm Ha3bBanAu e (GUIYyPHl KOHIPYSHTHHIMM, eC/IM ITOCPENCTBOM
IBHXEHHS HMX MOXHO COBMecTMTb. JlaJice MBI pacCMaTpHMBajM IONEUKHEE
runepGonionnt (ctp. 22), onpenenssmi juHeHyaTHEe OBEPXHOCTH NPH NOCPEA-
cTBe NBMxyneHca naockocth (cTp. 182), uarubamu u nebopmyuposald nosepx-
HOCTH (uerBepras ria a). B KMHEMaTHKE [BM heHUS PacCMATPMBAIOTCH CHCTE-
MaTHYeCKH.

Ilpexxne Bcero Ml PacCMOTPMM TY YacTh KUHEMATHKM, KOTOpasi TecHO
CBSI3aHA C 2JNeMeHTapHOM METPHMKOH: YueHMe O IIADHHPHBIX MEXaHHU3MaX.
3areM MH MCCIEeLyeM HEMpepuiBHEE ABHIKEHHMs ¢ 6osiee oOLielt TOuKM 3peHHs;
npy 5TOM Mu OyneM foJb30BaThcs AM(epeHLHaNbHO-TeOMeTPHUECKHMH Me-
TONAMH. .

49. Hlapruphble MexaBu3Mbl. [T/0CKHUM 1apHMPHEIM MEXaHM3MOM Ha3LIBaeTCS
BCAKAs IIOCKAs CHUCTEMA MXECTKUX CTepXHel, yacTHYHO COEMHEHHBIX MEXIY
co00# MJIM CKPSNNEHHLIX C HEMOABMKHBIMM TOUYKAMH IUIOCKOCTH, BOKPYL KO-
TOPEIX OHM MOTyT BpAlUATECH, TaK YTO BCS CHCTEMA elle COXPAHACT MONBHK-
HOCT: B ee IJOCKOCTH. [IpocTeAMIMM TakuM MeXaHH3MOM SIBISETCH  E€IMH-
CTEGHHRIHl IKeCTKMH CT peHb, 3aKPEnJICHHHH OfHWM KOHLOM B HEKOTOpOH
TOYKE MJIOCKOCTH, BOKPYI KOTOPOH H MOXET Bpalarecs, T. €. UHPKYJb.

[TonoSHo ToMy Kak cBOGOIHHINH X Hel IMPKYJs OMUCLIBAET OKPYKHOCTD,
TaK BO BCeX NPYrMX MJIOCKMX [IAPHHPHWX MEXaHM3MaxX BCE TOUKH CT PXHeH
IOBUKY € 10 ajireOpaHyecKMM KDHBHIM, T. €. MO TAKMM KPWBHM, KOOp1HHATH
KOTOPHIX B IEKapTOBOH cHcTeMe cBs3aHH anrebpaudeckuM yp7BHeiH:M. O6-
patHoO, I BISIKOH CKOJIb YrOAHO CJOXHOHK anreOpanuyscKofl KpABOH MOMHO
nopo6p Th TAaKOE T1apPHMPIOE COWICHEHHe, C MOMOLIBI0O KOTOPOro JaHHas
KpHBas MOWeT OhiTh MOCTpoeHa (X018 GH MO KyCKaM).

Cosnanue Takol KOHCTPYKUMH s mpocreilieil anreGpanyecKofl Kpuro#,
HMEHHO Ijif npsAMof JIMHMHM, TPOACTaBIseT M3BICTHYIO 3anayy O NpsMoAHHEeHHO
HanpasisouleM Mmexanusme. Mojenp Takoro mexanuam», HHBepcop [locenve
(Peaucellier), mbl paccMoTpuM 3nech noxpoGHO. BymeM McXomwTh T H300pa-
MEHHOrO Ha uepT. 253 MexaHu3wa, COCTOSIICTO H3 lecTH crepxHed. U3
9THX cTepwHeH a u b paBHH Mexly cOBoH; TOYHO TaK e cTepxkuu ¢, d, e, f
paBHb! Mexny coGo#t. Crepihu @ M b 3aKpenneH B HenmomBmxHOH TQyKe O,
BOKPYr KOTOpPOH O#M MOryT Bpamatbc. BO BCAKOM MONOWEHHM MeXaHu3Ma
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o
Toukn P u Q DOMKHW NexaTh HA OfHOH nNpAMOH ¢ Touko#t O, wMerno wa
6uccextpuce yrna AOB. IlocTpouB OKPYXHOCTb PajHyca ¢ BOKPYr TOukH A,
noJyyaeM Jjiajlee HA OCHOBAHHU TeEOPeMH O YOPAaX, YTO MpP¥ BCAKOM MOJIO-
JKEHHH MEXaHH3Ma YIOBJETBOPAETCH COOTHOUIEHHE:

OP-0Q=(0A+c)(OA—c)=a*—c.

CooTBeTCTBEHHO € 3THM TOYKM P u Q NpenctTapnsiioT HHBEPCHIO OTHOCHTENLHO
okpyxHocTH ¢ uentpom O u pammyca } a*—c? (crp. 223). Ouen 11HO,
TOYKY P MOXHO npuBECTM B MOOYI0 TOYKY KPYIOBOLO KOJBLE, OrpaiiMyHe
HOTO KOHUEHTPHYECKMMH OKDYXHOCTSMH ¢ pa uycamu a-+c¢ U a—c
n uenrpoM B Touke O. TakuM o6pa3oM Ham anmapaT MO3 OJser A JI0S0H

"~
~ ———— ™

Yept. 253. Uept. 254.

TOYKH 3TOH 06MACTH HANTH MHBEPCHYIO TOUKY OTHOCHTEIBHO YKa3aHHOTrO Kpyra,
NoYeMy 3TOT MeXaHM3M M HasmBaeTcs MHBepcopoM. Ecim Touka P onucsiBaet
OKPYXHOCTb, NPOXONALUYI0 Yepe3 ToukKy O, TO TOYKa Q MO DKHA OMUCHIBATH
npaMyio (ctp. 223). IlosTomMy MBI MOX.M 3aKpemuT» B TOuke P eule OLHH
crepuens g (4epr. 254), npyrod koHeu KOTOPOro Mel 3aKpenMM 8 Touke M,
Haxonswelcs Ha paccrosuud g or touku O. Torpma Todka P Bul' yxneHa
OCTaB4dTbCH Ha OKPYXHOCTH panuyca g ¢ uenrpom B Touxe M. M3 paBeh-
crea OM=g cnemyer, yTO 3Ta OKPYMHNCTb NPOXOAMT ucpe3 Touky O.
[TosToMy TOYK4 Q OMMCHBACT MPSMYIO ¢, M TEM CaMblM Ha 113 3amaya pelleHa.
Kax nerko Bunerb, npamas ¢ nepneusMkyiaspna K OM; T.KuM 00pa3oM
NpAMOJMHEHHO HampapnswiMi MexanuaM Ilocenbe mnosBosifieT OMyCTHTH f1Ep-
MEHNUKYJIND HA 3aJaHHYI0 MPAMYIO.

B mpoctpancTse miapHHpHEIE MEXaHHU3MEl ONP>AENAOTCH aHANOTHYHBIM 00«
pasoM. Onmnako B 3TOM CJiydyae wmapUMPHl, COEAMHSIOILME CTEP KHH NEeXAY
COBOM MJIM NPUKPSNAAIOL] € MX K HEMOM MXKHBIM TOYKAM, NODKHBI JONYCKATh
BPAIUEHUST He TOMBKO B OJHOH IJIOCKOCTH, HO M BPALICHHUS BO BCe O3MOMXHBIX
HafpapJeHUsx B MpocTpaHcTBe. B omp-peneHHHX crydasx njyaKTHYecKH 3TorO
MOX!IO0 NIOCTHYB {IPM MOMOLUM IIAPOBBIX couneHeHui. KoHim crepxue#t mpo-
CTP#HCTREHHOTO L7 PHUPHOrO MEXaHM3Ma BCEr/a OMKCHIBAIOT aiarebpanyecKue
nosepxHoctH. OfHako A0 CHX NOp He A0Ka3aH ) 06paTHOrV MOJIOKEH !, HMEHHO,

-d
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YTO BCAKAs a/reGpaHyecKas MOBEPXHOCTH MOXeT GBITb MOCTPOEHa NPH NOMOLIN
IIAPHAPHOTO MEXaHM3Ma, XOTH TaKas TeopeMa BECHMA BEPOATHA.

PaccMoTpuM  onsiTe-Taku npocTedmlyio W3 TakMX KOHCTPYKUMH, a MMEHHO
[7IOCKO  HanpaeJsoWKi MexanuaMm. Jas atod memu  GyneM  HCXOAMTH
M3 MOABHKHOH CTEPKHEBON
MONGJIM  OHHOMOJOCTHOI'G
runep6onouna  (ctp. 21).
Iycts gu g' — nBe npsamoie
osiHoro cemelicTBa, # — o~
BWIKHAs OpAMas Jpyroro
ceMelcTBa, 1ncpeacekawmouas
npsMele g u g' B nepemen-
Hbx Toukax H u H'. Tlycts
Tenepb MOMENb, COCTABJIEH-
Hasg H3 CTepXHeH, JBMMKET-
cf TaK, YTO CTepweHb g
ocTaercst HETOIBVKHEIM
(uept. 255); Torma Besikas
rouka H' np Mol g' co-
XpaHsieT MOCTUSHHOE pac-

‘epr. 255. CTOSIHHE OT COOTBETCTBYIO-
ued Touku H mnpsmolt g.
Takum o6pa3oM ToyKM MPAMOH g’ OMMCHIPAIOT MNP ABMKSHWMK MOACIM AP
BOKPYI' COOTEETCTBYIOIUHX TOYeK MpAMOH g. Ecam Tenepb BuOpath nonoxente
npsmod A Tak, yToOn OHa
nepecekana fpsMyl0 g B
6ecKOHEYHO ynajieHHOH 82
touke U, u ecm U ectb
TOYKA nepeceyeHus MpsMoi
h c g', 1. e. Touka, COOT-
BeTCTByOLLas GeckoHeyHo
yhanenno#t Touxe U, 10 3Ta
toyka U’ nomkHa OHTb
pacnosioxeHa Ha KOHeYHOM
pacctosiiig, 160 B MPOTHB-
HoM cayyae UU'=h 6una
6b1 OeckoHevyHo ynajeHHOH
NpAMOH INOBEPXHOCTH, U,
C/IeIOBATENBHO,  TOBCPX-
Hepr. 256. HOCTb NPCACTaBasna Gul He
runepGoJsonn, a rumepbo-
nvyeckuit napaGonoun (ctp. 21). IMosTomy npu nemxenuu mopemu Touka U’
onucoiBaer 1ap GeCKOHEYHO OONbIIOTO paniycd, T. €. [JIOCKOCTb.

M3 mamero paccMOTpenusi BHTEKAeT MPOCTOE [OCTPOSHHE MICCKO Hampa-
BISIOLErO MeXanusma. TpeMs CTEPXHAMM OLHOrO ceMeHCTBAa ri.nep5osoua
NONHOCTLIO Ofpefensierca. [T0STOMYy Mbl MOXEM HPHKDEHTE K HENOIBHIKHIOMY
CTEPIKHIO g TP2MS 1MaPOBLIMK WwapuupaMu A, B, C Tpx APyrux CTepxnd a, -, C.
Jlpyre KOHUB STHX CTepXHCH MPUKPENHM (APOBBIMM LIAPHHPAMH K TPEM
tToykam A', B', C' apyroro crepxus g'. Jns Toro utoOm cTepxhu &, b, €
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ONMCHBAMK IunepbONOK, & He runepboaruecKult MapaboNonn, MOCTATOYHO BhI-
6paTb TOYKH TaK, 4TOGH yIOBNETBOPANIOCH COOTHOWIeHHe: AB: AC A'B': A'C'.
Hmenno, MOXHO 1MOKasarb, 4TO Ha TunepGoNMYECKOM napabosoune paccTos-
HHMe TpeX TOuYeK MpsIMOR g BCerna OTHOCHTCA TaK, KAK PacCTOSHUS COOTBET-
CTBYIOLIHX ToueK mpamo#t g'. B naweM MexaHusaMe BeAKas TOuKa npsaMoit g
HMEET JIBe CTENEeHH CBOOONB, TaK KaK TOABHAXHHI runepbosonn, onpenme-
nsevbill CTepKHIMH @, b, ¢, MOXET NMPHHUMATL co! JOPM, a Kawas M3 5THX
nosepxHocTet Mower euie 061aZaTH NMPON3ZOJBHEIM BpPAalllzHHEM BOKPYr Npi~
Mol g kak ocu !). COrnacHO SHIUECKA3ZHHOMY TOYKH NPSIMOil £ OMHCHBAIOT
LIapel, WMeuKe MNpAMyI0 g B KadecTBe HOHaMeTpa, a Touka U' npsmon g'
OTHCHIBAET YaCTh IMIOCKOCTH, NEPIERAMKYMIPHOH K npsmo#t g'. Moxuno ycmo-
Tpeth, uTO Touka {J' mpoferaer Bce TOYKH IUIOCKOTO KPYrOBOTO KOJBIA,
OMHCAHHOTO BOKPYr mpsiMoii g kak ocH. Takum oOpasom Hawa 3anaya pe-
weHa. Jlpyroe Bo3MO}HOe peicHue H306pa)<eHO Ha uepT. 256. DToT Mexa-
HH3M MOXHO THOJYYHTHL H3 TMpEeNuAylIero, €cliH IOMeHsTh PONH OGOHX ce-
MelCTB NpAMBIX JHHHE TOTBHXKHOTO runep6o.onaa.

41. IzmueHne miockux ¢uryp. TlycTh HEKOTODas TNOABHKHAA TJIOCKOCTh
CKOJIb3UT TIPOH3BOJIbHEIM O0pasoM 10 HeNonBWXHOR miockocTH, OnuineM
TaKoe IBHXCHHE [eOMETPHYECKH BO3MOKHO Gonee mpocThiM 0Gpa3owm.

Kak Mul yie np2xie nonpoGHO BHACHH/H, BCAKOE NSHMEHHE INOCKOCTH
nmo camoit cebe M3 HAYAJTBHOTO B KOHEYHOE MOJIOXEHHE TOMIECT3EHHO € On-
HYM eIMHCTB HHLIM NIOBOPOTOM H/H €IHHCTBeHHWM nepeocoMm (ctp. 61). Ecan
paccMaTpHBATh NEePeHOC KaK BpaueHne BOKPYr GECKOHEYHO YyIaNeHHOH TOYKH,
TO MOKHO CKa3aTh, YTO BCSKOE IIJIOCKOE MepeMelleHHE MOXET OhTh 3aMeHeHO
BpallleHHeM BOKPYI OMNp2AeNeHHOro LEHTPA.

[lycte Temeph 3amano ompeneseHHoe pBik2HHe. Torpa moABuikHas mao-
CKOCTb B HEKOTOpHII MOMEHT { 3aHHMaer ompzaeneHHoe nonoxeHue A. Cpas-
HHM C STHM IIO/IOKEHHEM [OpPYroe IMoJoxeHHe A,, KOTOpOe NONBMXHAsA IL10-
CKOCTb 3aHAMaeT B HEKOTOpHil 6au3Kui nmocnenywouiyit MoMeHT £+ A, DTOMYy
H3MeHeHill0 MonoxeHus A — A, COOTBETCTBYET ONpeAcNeHHHH LEHTP Bpalie-
g M,. Ecnn sanasate h Bce MCHbIUIHE 3HAYEHMd, T. €. e€C/u MONOMeHHe A,
OyneT Bce MeHblIE OT/AMYATHCA OT MONOXeHHS A, TO LeHTp Bpauenus M,
6yner CTpeMHTbCS K HEKOTOpPOMY mnpeneibHoMy nonoxenuio M. Touka M Ha-
SHIBA€TCSl MCHOB2HHBIM [[EHTPOM BpauleHHss s Momenra f. Hampasnenmue
JIBHKCHHA BCAKOM npyrod Touku P nmoAsu:KHO# INIOCKOCTH B STOT MOMEHT
nepreHnukysipHo Kk PM.

Ecnu Mu onpenendM MrHOBEHHhle LEHTPH! I/ BCEX MOMEHTOB JIBHXKEHHS,
TO TMCAYYUM B HEMOJBHXKHOH IVIOCKOCTH TIeOMeTpHYeCKOe MECTO MIHOBEHHBIX
LEHTPOB, MPENCTABANIONEe HEKOTOPYiC KPHBYIO, Hasueaemylo mosnoaueit. Ho
Mhl MOMEM Iyl TOTO e CAMOTO ABHXKEHHS paccMaTpysaTb AEHKYILYIOCS Ma0-
CKOCTh KAK HENOABHXHYIO, a IJIOCKOCTb, OCTABABILYIOCS HEMOABMXHOM, KAk

-~ .

1) CreneHu cBOGONLI MOXHO IOACUHTATh TaKke CACAYIOWIMM obpa3oM: ecan 61 He
6uro crepxus g', To Tpoitka Touex A', B!, C' wmena 6bl miectb creneHel csobonbl,
TAK KaKk Kaxjas B OTAENbHOCTH M3 HHX MOXET JABHraThCsi MO IOBEPXHOCTH miapa
¥, ClefoBaTenbio, uMeeT Ape treneHu csobombl. TpeGosarue, uTobbr Touxa C'! nexana
Ha onHoit mpsMo#f ¢ Touxkamu A/, B, maer gBa ycnosus,a TpeboBanue, 4TOGbl NpsiMbe
A'B' u A'C’ wvenu NOCTOSHHYIO NHHy, #3eT eiue opHo ychosHe. TakuM o6pasoM Mbl
nonyyaeM 6 —2—1—1=2 crenesd c3060aH B COOTBETCTBHU C H3NOXEHHHIMU

B § 24 metonamu.

18 Iwasbepr u Kon-occen o
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IBWKYILLYIOCst. B TakoM Bulie 3TO ABHKEHHE GYNCT NMPeCTaBASTLCS Ha6monareno,
IBHraBIIEMYCS BMeCTE€ C IMJOCKOCTBIO, TNPHHUTOH TNEPBO 1aYajLHO 33 TOMBMIK~
Hyw. Takum 06pasom u B STOH MNOCKOCTH TOWYHO TaK e IMONYYaeTcsl Ofpe-
neneHHast KpHBas KaK TeOMeTPHYECKOE MEeCTO MICHOB HUWX LeHTPoB. Oma
Ha3bIBAETCH TMOABHKHOHN NoA iHelt. O6e KpHBLIE BCIONY HETIPEPEIBHEI; OHH MOTYT
raKke MPOCTHPATBCH B GECKOHEHHOCTb, HO [O/MKIW OWTh TaM 3aMKHYTH
B CMBIC/IE MPOCKTHBHOM TCOMETPHHM, T. €. MPH 1eUTPAJIbHOM MPOEKTHPOBAHUH
Ha J1I09Y10 APYTYI0 MAOCKOCTH OHH JOJKHibl IMepPeXOIH b B KPHBLIE, Hellpephls-
Hble B COOTBETCTBYIOUMX MCCTAX TOPU3OMTA.

IMojipoblioe HccnenosaHHe MOKA3LIBAET, YTO RHI NOABMXKION M LIETIONB MKHOM
MOJIO/IHI} TTOJIH.CTBIO Onpepenser ABHXEHHE, eC/IH MPH STOM 3afalibi Be TOYKH
06eHX KpHMBHX, COBMafdiollde B HEKOTOPHE MOMcsT asuienust, MMetno, mu
BOCCTaHOBHM JPHXXEHHE, €CNH TaK Hajoxum obe KpHBHE ADYT Ha IIpyra uTo
oux GyNyT COMPHKACATHCS B 3aJaHHLX TOYKAX, H 3aTeM 3aCTABHM MOABHXHYIO
TIOIONIHIO KATHTHC Ge3 CKOJBXEIMsT MO HEMOMBHXHON, YBJCKas BMecTe ¢ cobo
CEOI0 mJocKocTe. [lpn aToM O6e xpuBhe OynyT BCCra COTMPHKACaTBCS Ipyr
C JpYICM BO BI€X MFHOBEHHHWX [EHTpax IBH:eAHsi. Taxk Kak KpHBHIE Ka1s1TCH
ofHa no ppyroit 6e3 CKOABXeHis, TO OTCIONA C/ACAYeT, YTO [Be TOYKH He-
MOABHAKHON MMONOAMM H JI. € COOTBETCTBYIOUIHE TOYKH TNOABHXHOH 10AOHHH
BCEr/Zida OrpaHMUMBAIOT AYrH PaBHOH AAMiibI HA OOeHX KplBoX.

Takum o6pazoM MBIl TMOAYYHAH A4 HeNPepLEHHX ABHXEHHI XapakTrepu-
CTHKY, MONOGHYIO TOM, KOTOPYIO MM TIpedcie HMMeNH IJsl NHCKPETHBIX HBHIKE-
HUH; BCAKOZ HenpepbiBHOE NBHXEHHE IIOJYYA€TCS IPH KayeHud ORHOH KpHEON
no npyroit. Ilpu sToM cnepyer euie HORYCTHTH, 4TO O6€ KpHBHE MOrYT
BHPOXAATLCA B ToukH (BpaimtenHe). B kauectee
ripuMeépa PacCMOTPUM HA HLEMOABHXKHOM ILIOCKOCTH
TIPOM3BO/IBEHYI0 KPHBYIO K, 8 Ha MOABHXHOK T1/10-
CKOCTH — NPsIMYI0 g H noTpefyeM, yTo6u IIPH JIBH-
EeHHH LeKoTopast Touka P mpsaMo#t g onuchrana
KpHBYi0 £ M 4YTO6H TIpH STOM IpsiMas g sce
BpeMsl OCTaBanack MepreHpHKy/sgpHO# K KpHBOH R
(uepr. 257). M3 onpepenennss LEHTPa KPHEH3HHI
HEMOCPeNCTBCHHO CJleflyeT, YTO MIHOBEHHLIH MEHTp
M Bcerpa pomkel OBITL LEHTPOM KPHBH3HL KpH-
BOil k B cooTsercTayouelt Touke P. Takum o6pazom
HEeNnoAsHkHAS IONOAUS eCTb 3BOJIOTa M  KpH-
BOH &, a mopBWXHAadA 1OMOAHS B MOABMXHOK maoc-

Yepr. 257. KOCTH eCThb €aMa hpsMas g, Tak Kak Touka M

B erna J/exHT Ha 910 npumon. TakuM oSpa3oM

IBHIKEHHE TONYYaeTCsi NPH KayeHHH npsaMol g 1o Kpusoit m. [IpH sTOM TOUKa

P npsipolt g o icuiBaeT KpHBYio R, I KO10ODPOK KpuBas M CNYKHT 9BOJIOTOR.

Paccrostuve 1BYX Touek Ha npsMOR g LCErna paBHO JUIHHE IYTH MEKRY

COOT €TCTBYIOIHMH TOYKa' H Kkpuso# m. OTcCiopa BHITCKAET YKe PaccMoOT-

peuHove BLlle TIOCTPOellHeé BCAKOH KPHBOH K3 ee SBOMIOTH NP NOMOLIM
gutH (cTp. 161).

Oco6etH0 BaX{HB KPHBHIE, OIHCHEAEMble TOYKAMH I10/BHMHOM NJAOCKOCTH
B CJyyae, KOIZd HEno#BiKHASA W MONBHXKHAS TIOJNIOHHH MPENCIaBisIOT OKPYX-
HOCTH. DTH KPHBbIE MMEIOT PasiHuHLH Bl B 33BHCHMMOCTH OT' IOrO, KacaeTcs
X TOABHMHBLIM KpYr HEMOABMXHOTO H3HYTpPH HaM u3BHe. B neprom cayudae
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KPHBHIE Ha3HBAIOTCH TIMIOTPOXOHAAMHM, BQ BTOPOM — SMUTPOXOHAaMH. Ecim
TOYKA, OIMKMCHIBAIONIAS KPHUBYIO, NEKHT HA CAMOH OKPYMHOCTH TIONABHIKIIOFO
Kpyra, TO KpHBas HasubiBaeTCd TCHIIOIMKJIOMAON MAH snuumkiounoh. Iazee,
Bl TPOXOHI M LMKJOMA SaBHCHT OT OTHOUIEHHSI PAfHyCa HeNnOABINKIIOrO
KPyra X paIMycCy ITOSBHMHOIO.

[penmonoxwuM cHayana, 4To pamMyc IMOABHXKHOLO Kpyra Kk B jiBa pasa
MeHbIlle pagHyca HEenomBHXHOro Kpyra K W 4TO MOABWKHHE Xpyr xacaercd
HeroBHwHOro H3HyTpH. OripenesuM IAA 3TOrO CAyuas TPACKTOPHIO TOUKK P
OKpyikHOcTH k, T.e. runounkaouny !). Haunem € momenra, xorma xpyr k
KacaeTcs HenonrwxHoro kpyra K kak pas B Touke P (uepr. 258). Pac-
CMOTPHM Jajee 1pyroe MojoxehHe k, monswxkuoro xpyra. Ilycrn npH aTom
Touka P nepewna B Touky P, v nycts M u m, —uentp kpyroe K u k,,

Yepr 258. Yepr. 259.

a Q—wux Touka kacauua. Tak Kak KPYTH KaTATCd OAMH HO jipyroMy 6e3
cKoabKeHHus, To nyra QP, xpyra k, pasua nyre QP oxpyxnocrn K. Tz
KaK Jance pafHyc xpyra k£ B nBa pasa MeHblue paguyca kpyra K, TO OT-

clofa HMeeM:
< Qm,P, =23 QMP.

Ha tom ke ocroBanmu Touka M ROMKHA J1€KAThb HA OKPYKHOCTH Kpyra k,,
a4 nmoromMy no H3BECTHO# TEOpEME OTHOCHTEJIBHO BIMHCAHHBIX W LEHTPAJbHLIX
yrios HMeeM:

§:QMP1=%§:Q’”1P1=%:QMP'

IMosromy mpsmas MP, coenanaer ¢ npamoét MP, 1. e. Touka P, mpu 1eu-
»eHuu onucsieaer npamyro MP. TakuMm o6pa3oM Mbl JOKa3aiH MOPasHTENb-
HH# $aKT, a UMEHHO, YTO B HAIIEM ClIyyae FPHOOLMKIOHAH CYTh AHAMETPH
HETIOABHKHOTO Kpyra. BmecTe ¢ TeM OTCIOfa BLITEKaeT HOBBHIR MeTOX Mo-
CTpOEHHs NPAMOJHHEHHO HANDZBASIONIEr0 MeXaHH3Ma,

Jlns Toro. yToGW ONMPEAENNTb TaKie H COOTBETCTBYIOLIME THMOTPO-
XOMAB!, OMHMIilleM JBHXKEHHE HECKONBKO HHHM cnocoOOM, BOCIO/L30BABUIHCH

1) BespasnHyHo, Kakyio OH TOUKYy OKDYXHOCTH Mbl HH Bbl6panu. B camom nene,
BCIENCTBHE CHMMETPHM STOH (PHIYypH, UMKNOHIH, 00pa3yeMble pPa3NmHuHbIMH TOUKaMH
OKpYKHOCTH k, OTIMYAIOTCH TOABKO YTIJOM IOBOPOTA OKPYIKHOCTH K BOKPYr LeHIpa
okpyxnoctu K.
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DONYYEHHHMH TOMLKO YTO pesyasTatamu. Mmenno, nycte S u T — e npomus-
BOJIbHHE AMAMETPaJbHO NPOTHBOMONOMKHLIE TOYKH OKPYKHOCTH Kpyra &; Torma
nyre OKpPYHOCTH ST COOTBETCTBYeT IPH KAYCHHH YETREPTb OKPYXHOCTH K,
Toukn 8 wm T pBuraloTcs Mo3TOMY MO ABYM BSAHMHO IeprICHAHKYAPHBIM
nuameTpaM s u £ kpyra K (uepr. 259). Temepb Jerko mpoCTHIMM BHIKAj-
KaMH BBISICHHTb, YTO KOrAA HeKOTOPwM orpesok ST ArmieTcsi TakuM 06pa-
30M, 4TO €ro KOHUB OMHCIIBAIOT JBE B3AaHMHO IepIIeHIMKYJApHbE MpsMbie,
TO CepefHHA OTPe3Ka OMHCHBAaeT OKPYKHOCTh, & BCAKAs Apyras Touka P
OTpe3Ka ONHCHIBAET 3JUIHNC, OCH KOTOPOrO COBMNAjaloT € NpPAMHMH S H £
Innna noayoceft paena [iByM OTpesKaM, Ha KOTOphie p33duBaeTca OTpesok ST

Yepr. 260. Yepr. 261.

0

Touxo#t P. Otciopa cnenyeT, 9TO TUNOTPOXOHAH B HalueM ciay4yae npen-
CTABASIIOT BCErpa SAJuIChl. B camom nene, BCAKas TOYKa, HEMOABHXHO Co-
enuHeHHash ¢ KPYroM k&, JexHT Ha OAHOM H3 OHAMETPOB 3STOrO Kpyra, T. €.
Ha ONHOW M3 NpsMLIX, ABE TOYKH KOTOPOH CKOJL3AT BIOJb NEPNEHAHKYNRp-
HBIX TIpSIMBIX.

PaccmoTpum Terneph cydalt, KOrna Kpyr R KaTuTcs H3BHE 10 Kpyry K.
B 5TOM cayyde STH MHMKJOHAW HMEIOT BHA Kpuso# e uepr. 260. Moo
IOKa3aTh, YTO KaK y STOH KpHBOM, TaKx H y BCEX ADPYTHX SMOHUMKIOHN
H THIIOUHMK/IOHE BCETIa HMEOTCS OCTpHd. B TakMX TOYKAX LMKJOMMAB! nep-
MeHIMKYJSApHN K HenouBmiHOMY Kpyry. OcTpHsi COOTBETCTBYIOT —TaKHM
NONOXEHUAM Kpyra, B KOTOpPHX TOuka, oOpasyiouias UOMKIOHDYy, SB-
AgeTcs TOUKOH NPUKOCHOBEHHS OKpYyxHocTed. Tak Kak B Haumiem criydae
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panuyc Kpyra k BABO® MeHBIIE pamuyca Kpyra K, TO JNOJDKHO NOAY4AThCH
KaK pa3 JiBa OCTpHs.

KacatenbHas k Hame# KpuBoil o6Aa8afgaeT 3aMeyaTenbHuIM cBOMcTBOM. OnHO
Moser OHTH yscHeno u3 uepT. 261. IlycTe KauenWe HAUHHAETCSI B MOMEHT,
Korsa Touka P, obpasyiomas KpHBYIO, COBMajnaeT C TOYKOM KacaHHs Kpy-
roB, TO €CTb KOr4a S5Ta TOYKa 0OpasyeT OnHO OCTPHE wMKIounn. Ha
yeprexxe H306pakeHO H Ipyroe moJoxenue k, kpyra k. Touka P npouna
no pyre IMKJIOHAB B TonoxeHue P,. Coenmmm ueutpsl M u m, xpy-
roe K u k. Ilpavas Mm, npoxoaur uepes ToOuKy KacaHusi Q OKpY»HO-
creit K u k H mepeceKaeT OKPYXHOCTb k, BTOpHuHO B TOuke R. IlycTs #—
Kacarenwaﬂ K LMK/IoHne B Touke P,. Tax Kak ( ecThb MIHOBEHHBIH IeHTp
IBHXXEHHS] B PACCMaTPHBAEMOM MOJNIOXEHHWH Kpyra kB, TO HanpaBleHHE HBHXe-
Hug Touku P,, a sHauut, W fpaMas ¢ nepnexaukynspunl k QP;. Tlostomy
npsMas ¢ cosnapdeT ¢ npamol PR, Tak kak yron QP;R Kak BmucaHHHIH
yron, omnMpamouuiics Ha nramerp, — npaMol. Ilono6uniM e ceoficTBoM o6na-
HaI0T KACATe/bHLIE KO BCEM SIHM- M TunouukaoujaM. M3 pasencrsa pyr PQ
kpyra K m P,Q xpyra k, B HauleM ciayyae, Korma panuyc kpyra k sasoe
MeHbILE papHyca kpyra K, caenmyert:

{PMQ=—;‘§:P1’”1Q=§:P1RQ'

Ecau Mu1 mpoBeneM uepe3 Touky R mpsaMyio s, napamneibHyo npsMofi MP,
TO lpsiMbie s U f oBpasyioT paeHele yras ¢ mpsiMo#t MR. 310 MOwHO ¢op-
MYJHpPOBATL KaK TeOpeMy TeOMeTPHYeCcKOH ONTHKH, HMeHHO: €eCJH NY4OK
napamiensHux Jydeli (s) oTpaxaeTcs OoT OKPYXHOCTH panuyca MR ¢ uen-
{TpoM M, To otpawenusie ayun () orubalT STHUMKIOHAY € LI.BYMH OCTPHSAIMH,

o6paaylom.uﬂ KpPyr KOTOpoH uMeeT wpeHTp M U pamuyc - MR Ocrpus

OHKJIOUAR JiexkaT Ha npsaMo#l, npoxoasuet yepes neurp M B HanpaBJ[eHﬂH (s)
Benencrese Takoro ONTHYECKOro CBOHICTBA KPHBAA HasniBaercss Takie (o-
KaJbHOW JMHMeH Kpyra, DTy KPHBYIO MOXKHO NOBCEAHEBHO HaONOAATH B YAIUKAX
H KPYXKax.
+ JIBe COOTBETCTBYIOLIMX SIHTPOXOMAH H306pawenn Ha yeptT. 260. Bce
SMHTPOXOHIM He HMeT ocoGeHHOcTel, eciu o6pasyiomas TOYKa pacroJio-
YKeHa BHYTPH ABMXYLIErocs Kpyra, U HaoGOpOT, OHH MMEIOT meTAH H nsOMH-
HHE TOYKH, ec/lu 06pasyollasi TOYKA B37TA BHe KpYra.
Lluknounsl TNpeacTaBnsioT NEPEXONHHIH Cayuall Mexay
O60OHMH BHAAMH TPOXOHA.

Crnepyioumi#t mpocTo# chyualt mnonyuyaercs, Korga pa-
IMyC IBHXYLIErOoCS Kpyra BTPO€ MeHblIe HemOASHK-
Horo. Fmnoumknouna ¢ TpeMst ocTpHaMH H3obpaXkeHa Ha
YepT. 262. KacarenrHnie K Hell Tawke 06aanaior ocobuM
CBONHCTBOM, KOTOPO€ MOXHO BHIBECTH aHajauTHueckH. OT-
pe3oK KacatenbHo#t ST BHYTpM KPHBOH HMEET MOCTOSiH= Hepr. 262.
HYI0 JIJIHHY, He 3aBHCAILIYI0 OT TOYKH COMPHKOCHOBE-
Husg. DT0T (akT panble cBsHBaAM ¢ ynomsHyToh wa ctp. 190 reome-
TPHYECKOH MUHMMAanbHOHR 3apauelt, 3axaioyawlomeiicda B clefywlouieM: Tpe-
6yercs NEuraTh OTPE3OK mNpAMOH B IJOCKOCTH TakuM oGpasom, yTOOW OH
Jiosepiyncs Ha 180° BOKpyr cpeiHed TOukM H STOOM QMMCaHHAd [PH ABH-
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JKEHHH YacTh IUVIOCKOCTH HMeJa HauMesbllylo miomans. Kak yxe Owino
yNOMsHYTO, Hajjexarle BHOPAHHBIM NBHXKEHHEM MOMKHO STY Mowmiadb Caenars
MpPOM3BOMBHO Majio#, Tak 4YTO STa 3amaya He Hmeer peumenuss. OJHAKO
paHblue IyMajd, YTO 3ana4a HMMEET pellleHde H YTO pellleHHe MOMHO MOJy-
ynTh, 3aCTaBids OTpe3ok ST ABHraTeCs B KayeCTBS KACATeNBHOM BLOMB
TP2YroNbHOR LHKJIOHAM TaK, 4YTOOB KOHIIW €ro OCT4BajJuChb Ha KPHBOH
(uepr. 262). IleitcTBHTeNLHO, MOXET MOKA3aThCsl, YTO STOT KyCOK MJIOCKOCTH
He MOXeT ObITh Hanee yMeHblleH. «

Kacare/ibHble K 4YeTHpPeXyroabHOW THnouuk/IoHne, oOBYHO HA3HBIEMOU
acrpouno#t (uepT. 263), Take 06aanalT aHaNOrHYHHM cBoicTBOM. MMento,
ofosnayHM 4epe3 S M 7 TOUKHM mepeceyeHHs KacareJbHON € OCSIMH CHMMe-
tpun kpusoit. Torma orpesok ST mumeer mocrosmuyio aausy. [losTomy, ecnu
3aCTaBUTh OTPE3OK CKOJb3HThL CBOUMH KOHIIAMH TI0 JByM B3aUMHO [epreH-

S it it sadednd LD DY

Yepr. 263. - Yepr. 264.

IHKYNAPHBIM T€PECeKalonIMMCcd NPsMEM, TO STOT OTPe30K orubaer acTpousy.
Mpbl e yMOMHHANM BhILle, YTO BCAKAs TOYKA OTPE3Ka, NBUKYUIETOCH TaKMM
06pasoM, onuceiBaer smrunc. OTCIONa MOXKHO 3aKJAOUHTB, YTO AacTPOM.'a
orubaercst cemeHCTBOM S/JHICOB, ¥ KOTOPOrO CyMMa OCeH HMeeT MOCTOAH-
Hy10 BenuuuHy (uepT. 264).

Boob6uie rosopsi, moseiieHHe LMK/JIOHA BECbMa PA3JHMYHO B 8aBHCHMOCTH OT
TOrO, COMU3MEPHMBEl WM HET PANMYCH r W R HBHIKYILErocs M HemoABH:KHOrO

r
Kkpyros. Ecau o MPENCTABNAET PALIOHANILHOE YHCAO, KOTOPOE MOXET 6HITE 33~

a
THCAHO B BHjiE HECOKPATHMON APOBH 5+ TO LMK/IOHIA HMeeT b OCTpHEB M 3aMBI-
KaeTcs 10Cae TOro, Kak NONBHKHBIA KpYr chenaeT @ o60pOTOB MO HElIOJABHK-

r
HOMY. HanpOTHB, €CJIH R HPpPaLUHOHANbHO, TO KpUBasi HMEET GECKOHE‘IH% MHOro

OCTpHEB M He 3aMbiKaeTcs. MOXHO IOKa3aTh, YTO B 3TOM CJIy4a€ KO BIIKOH
TOuke OO6NACTH, ONMHCLIBAEMON KATAUIMMCA KPYrOM, KPHEAd MOJXOAHT MPOM3-
BONLHO G6/H3KO, €C/AM TOTLKO HPOROMKATH JBHXXEHHE JOCTATOYHO JOATO.
Ilpencnbhbie cnyyan mpu r=oco mam R=oco hMeIOT 0coBeHnQ NpocTol



NBWXEANE MJIOCKHX ©UTYP 247

cMpicn, Ecnm r=o00, To KaTsiuuiics Kpyr NpCBpALaeTcs B NPAMYR, H Mu
noayyaeM 3BOALBEHTY kpyra (4epr. 8, crp. 14). Eciu we samennts Heno-
IBWKHEI KpYT TpsiMo#t, TO nNoayuyaeTcss «OOHIKHOBEHHas wHMKIOMAa». Takywo
KPHEYI0 OIMHUCHBACT EBCAKAS TOYKA OKPYMHOCTH KOJIeCa, KaTALIerocs no
npsimolt (uept. 265).

Ilo cHx nmop MM paccMaTpHBIIM HBIKEHHS, NPH KOTOPHIX HMEETCH TOJBKO
ONH3 €NMHCTBEHHAw [BMMKYINadcd M10CKOCTh. OpHako ¢M3WKa 1pUBOAHMT
K u3yyeHHio Gonee OOUMX dBneHH#t OTHOCHTE/NBHOro nBHeHHs. [lpencrasum
cebe, YTO MOMMMO HENOABMXHON INOCKOCTH E M NONBXHOK NNOCKOCTH e
HMEETCS elle ONHA IVIOCKOCTb f, CKO/B3fILas M0 IMOCKOCTH E HHEIM crio-
cobom, uyeM e. Torna miaockocts f OyneT uMeTb RNOAHE oOMpene/eHHOE
ABHXXEHHE TaikKe W MO OTHOLIEHHIO K IUVIOCKOCTH €, WMEHHO TaKoe IBHXEHHe,

L smnc:

Yepr. 265,

KOTOpOe BHIMT HaGmonare/b, CBA3aHHWH ¢ maockocTeio e. Iswxkenue (fE)
MIOCKOCTH f OTHOCHTEJLHO TIOCKOCTH £ MOKHO MBICJAHTb Pas/OweHHHM Ha
npikenus (fe) u (eE). HacTo wusyycHHe CIONHOrO JBHXKEHHS MOXHO YTIpO-
CTUTh TOZOGHHM pasnoxeHnHeMm. TaK, OCOOEHHO MPOCTO MOXHO PA3NOKHTH
kavenue nByX kpyroe K u k. [lyctb E ecTb HenomBxHas MJOCKOCTb
kpyra K; f— nonsimxHasg mnocKOCTb Kpyra R; My m—1uenTpsl kpyros K u k.
Yrobun onucaTth ABHIKEHHE TOYKH /7 OTHOCHTE/BHO NJOCKOCTH E, HaM Heo6-
XOJMMO BBECTH TOJbKO OAHY IIOCKOCTL €, MO OTHOLIEHHI0O K KOTOopo
TOYKAa /7 HEMOABMXHA H KOTOpasd Bpawaercs BOKpyr Touku M. IIBuikeHue
IVIOCKOCTH f 1O OTHOIUEHHIO K INIOCKOCTH € MOXeT GHITh TOJILKO BpareHHeM
BOKPYr TOYKH m. YrlOBbie CKOPOCTH BpalleHH# BOKPYr Touek M u m
BODKHE OHTh O6paTHO NPOMOPLMOHANBHN pamuycaM kpyroB K u k. Takum
06pasoM HEnocpeaCTBEHHO IO/YYaeM UHKNOHNANbHEIE ASHEHHS KAK Pe3yAbTaT
nByx spauieHnl. Ha sToM ocHOBBIBaeTCs 3HaueHHe IVIKAOMI M TPOXOHI
B acTpoHoMHH. B camoM gene, Tak kak nyTd maaHer sCkpyr CosHua mpen-
CTaBANIOT TPUOJIIKEHHO OKPYXHOCTH W TaK KaK JABHXXEHHS [MPOHCXOAAT
C 1IOCTOSIHHOM YrioBO# CKOpOCThIO M (MPHOAHIKEHHO) B OnHOR M TOH ke
NAOCKOCTH OKAMNTHKH, TO € 3eMAH NyTH NJZHET TNPencTaBnsioTCs IpH-
6amkeHHO B Buge Tpoxoui. IlosTomMy JNOKONEpPHHKAHCKAs TeOLleHTpHYEe-
CKasgl CHCTeMa aCTPOHOMHHM Jaja TONYOK K OOCTOSITENLHOMY H3Y4YeHHIO STHX
KPHBEIX.

B naweM mnpusmepe Touku M u m 1npeACTaBASIOT MCHOBEHHBIC HEHTPHI
nsuxenntt (eE) u (fe). MruosenHuil HeHTp Q IHMK/IOMIANBLHOTO JiBHMeHHS (fE),
KaK Yyxke OBJIO YNOMAHYTO, eCTb TOYKA CONMPHKOCHOBeHHs KpyroB & u K.
TakuM 06Gpa3soM TpH MIHOEBEHHHIX LIEHTPa JleXaT Ha OfHo# mnpaMoftl. MoxHO
TI0Ka3aTh, YTO BOOOLUE HMEET MECTO aHA/NOrHYHas TeOpeMa: ecii HeKOTopoe
nemenne (fE) cknapsisaetcs w3 newkennit (fe) n (eE), TO B Kawubift
MOMEHT MrHoBeHHHe LeHTpH neiienu#t (fE), (fe) u (eE) nexar Ha onmoft
TpAMOH,
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42, Mpubop nans nocrpoenuss snauncos W HXx pyaerr 1). Ilycte nea
CTepXHA ¢ M ¢ ONMHAKOBON MJMHH ¢ IUADHHPHO COeIHHEHH CBOHMH
xonuaMu Fy, Fy u Fi, F} c nByMs IpYTHMH CTEPXHSIMH @y, G, TAKXKE OJMHAKO-
BO# JUMHLI @ > ¢, mnpuueM (uepT. 266) Tak, 4TO 3TH 4eTHpe CTepXHA OOpa-
8YIOT NMJOCKHH CaMOIEPECEKAIONIHIACA YeTHpeXyrONbHHK € DPABHLIMH IIPOTHBO-
NONOXHKIMH cTopoHamH. Touka nepecevennss E crepwheit a, u a, 6yner
H3VEHATb IMOJIOXKEHHEe Ha 3TUX CTeRXHAX, KOria WAPHUPHBIH YeThPeXYrosbHUK
OyneT NpHHHMATb BCEBO3MOX -
.9 Hbl€ TION0XEHHA Ha T1JI0CKO-~

ctu. [lomectum 8 TOuke E
e LIAPHHUP € ABYMsl BPAllaioliH-~
MHCsl APYT OTHOCHTEJIBHO JpPYy-
ra THJAb3aMH, B KOTOPHIX MO~
rYyT CKONb3HTh CTEPXHH @,
U @,. 3aKpenuM Tenepb Hemo-
ABHXXHO CTepXeHb ¢ W pac-
CMOTPUM  KPHEY10, KOTOPYIO
MOXeT OINUCHBATL TOouka E.
Mb! yTBep1aeM, 4TO 5Ta KpH-
Bad €CTb 3JUIMIIC e C (QoKyca-
mu Fy, u Fy; u ¢ nocrosiuoft
CyMMOH paccTOodHHl a.
Hokasatenbcrso. Tpe
Hepr. 266. yronvunkn FyFyF} nu F,FiF}
MpH BCIKOM MOJNOMEHWH 1lIap-
HHDHOTO YeTHIPeXYroJbHMKA KOHIPYSHTHBl, TAK KAaK MMEIOT MOMAapPHO paEHbIe
croponsl. Otciona << FyFyFy=<C FF,F1, 1.e. tpeyronsink F, F} E — paeto-
Genpennnil, orkyna cnepyer nanee: F,E- EFy=F;E+ EF,—=a, 4T0 H
TpebOBaNOCH NOKA3ATH. _

[lycTs Temepb B NpPOWBBOMBHLIX TOYKAaX CTepKHeH @, M @y 3aKpeIlIeHH
niBa Konecuka Z, W Z,, KOTOphle MOryT BpALIaThCs BOKPYT 3THX CTepikHeH,
KaK BOKpyr oce#f, HO He MOTYT CKOJb3UTh mo HuM (uepT. 266). Ilycrs
Touka E JEMNETCS 1O HCKOTOPOM KPHBOK £ M ONHOBPEMEHHO KONECHKH
KaTSTCs MO IVIOCKOCTH 3TOH KPHBOK M ONponessioT noJoXeHue Touek Fy
n F,. Bnaropaps xonecukam unanpaB/eHHC ABAKEHHS MX LEHTPOB COBNajaeT
C IJIOCKOCTBIO KOJIECHKOB H IOSTOMY BCETa MepHeHIHKYAsSPHO K CTEPIKHIO,
Ha XOTOpOM 3akpereHO kKoJecHko. Ho ecam Tak, To W Bcakas npyras TOuka
cTepkHel a,, @, BCerna MOMKHA [BUTATHCS TCPHEHMANKYJsSipHO K a1060MYy
HANpAaB/EHHIO CTepXHA. JTO MOXHO CTPOrO BHIBECTH M3 TOrO, UTO pacCTosi-
HHSl [IBYX TOHEK CTep)KHs OCTAIOTC HOCTOAHHLIMH. ECAH Teunepb Mbl rLoOJpa-
3HM, YTO TNIPH HBIKEHHH CO CTEPHEM ¢ JKECTKO CBsI3aHa IUIOCKOCTH f,
napajinenbHasi IJIOCKOCTH Kpyra kB, To Touka E Ecerna OyneT cJayXHTh
MI'HOBEHHBIM LNEHTPOM IJIA JOBHXEHHS 3TOH NJIOCKOCTH. B camom One.ne, TaK
KaK BCAKasg TOYKA NMAOCKOCTH [ BCErZa JBiNKETCs MCPMeHAHKYJISIPHO K JIMHHH,
COe/MHsIIONEell ee €O BCIKMM MrHOBEHHHM weHTpoM (ctp. 241), u TaK
Kag, C Jpyro#t CcropoHel, TouWka F,; IBIbKeTCs BCErja reprneHaHKyspHO

2

&

=
&N

1) Sror npubop npennoker Eiircom(R. C. Yates, The Description of a surface of
coustant curvature Amer. Math. Monthly, 1931).
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K CTEPXHIO @y, TO MFHOBEHHHI}l LEHTp AO/MIKEH BCerja Jsexars Ha a,. Ho To
e camoe TaKie HMeeT MeCTO I a,. TakuM O6pasOM MTHOBEHHHI LEHTD
IO/DK2H COBNAanaTh ¢ TOYKOH mepeceueHHs STHX cTepiHelt. [losTomy HemomsHK-
HOR mosomHeR nBHXKEHHSI TIOCKOCTH [ Cly:MT KpHBas kB, MOABHXHOH e
TIOJIOIHER NO/MKEH CAYXHTD SJUIHIC €, TAK K3K Mbl MMOK33anH, 4To Toyka E onu-
CLIBAET STOT 9JUTHNC, €C/U BaKPEHHTh CTepyeHb €. TakuM 06pasoM TOYKH TJI0-
CKOCTH f MPH [BMXXCHMH HALIEro anmapatra HBHXYTCA IO TeM JKe KpPHBLIM,
KaK TMpH KayeHWH S/HICA e MO KpYry k. DTH KpHBHE HA3LBAIOTCH pysIeT-
TaMd 3unca.

Cpeau pyJerT saaunca ocoGeHHO BakHa KpDHBAas, ONHCHIBaeMas (OKYCOM,

KOraa saunc Katurcs mo mpamo#t. Oppa U3 TAKHX KPHBWX H300paxeHa Ha
yepr. 237. Ilpu6op Efirca 3acra-
BJIAET YCAH IIAPHUPHOTO YeThpex-
YrONBHHKA JNBHTATBCS MO TAKHM KpH-
BbIM, ecii Touka E pBuxeTcs No He-
KoTOpol npsiMo#t g. Besikas npyras
TOYKA CTCPXHA @, ONHCHLIBAET KpH-
BYI0, M2paJljie/IbHy10 TPaeKTOPHH TOY-
ku F, wnn Touku F1. B camMom nene,
CTEPXEHb @, KaK YXKe YNOMSHYTO, Hepr. 267.
eCTh O6uHit mepneHaHKyAap K Tpaek-
TOpHAM BCeX ero rtoyek. OTCiofa STOT NMPHOODP TPHBOAMT K 3aMeuaTeNbHON
reoMeTpHueckoil Teopeme: GyneM HAaHOCHTb Ha BCEX HOpMansix K pynerrte ¢o-
KyCa 9/U/IMNCa OT OCHOBAZHHMA HOPMann B CTOPOHY HEHTPA KPHBH3HH OTPE3KH,
paBHbIE NMOCTOSIHHOM CyMMe PaCCTOSHHU 3JUHIICa; TOTAa KOHILI STHX OTPE3KOB
JAeKaT OnATb-TaKH HA py.nerTe (OKyCa HeKOTOpOro 3/JMMNCa, NpHYeM STOT Mo-
CNEJHHH KOHTPYSHTEH C MEpPRbIM 3JIHMICOM H KATHTCA HO TaKOW e KpHUEOH,
K3k nepBul, HO C ApPYroil CTOPOHHI.

Haobpaxennas Ha uepT. 267 pysneTra siBasieTcd MEpPHIHAHOM MOBEPXHOCTH
Bpalll€HHst C NOCTOSHHON cpernHed KpususHoll. Kpusu3na pasna o6parHoH
BEJHYHHE MONYCYMMBl pacCTOsHMH O6pasyiouwiero samunca. Mul yxe ynomu-
HanM Ha cTp. 202, yTOo AN BCAKOM MOBEPXHOCTH C TOCTOAHHONW cpenHelt
KPHMBH3HOH cyLiecTByeT mnapajnesnbHass MNOBEPXHOCTbL € IOCTOSIHHON MOJOMKH-~
TeNbHO# rayccopo#t KpuBH3HOW. B HamieM ciaydae STa napajjiesibHas ToBepx-
HOCTb JOMAHA OBITL TaKde IOBEPXHOCTbIO BpAllEHHs, 4 €€ MEePHIHAHOM
MOMKHA CNY)KUTb KpHWBad, NapaanenbHas MepHAHaHY IepBOHAYaNbHO pac-
CMOTPEHHOH MOBePXHOCTH. B COOTEETCTBHH C 3THM TOYKA CTEPKHSA @; HAILETO
npubopa OMHCHBAET KPHBYIO, SBASIOLIYIOCS MEPHUAMAHOM HEKOTOpOH moBepX-
HOCTH BpameHHs TIOCTOSIHHOM NOMOXMTENbHON rayccoBolt KpHusHaHu. U3
COOTHOLUEHHS A KPHEM3HHI, NPHBENEHHOro Ha crTp. 202, MOXXHO YCTaHOEHTS,
YTO 9Ta KPHBAas OINMCHIBAETCS Kak pa3 cepeinHol crepwua ;. [lpunasas
CTEPXKHAM € M @ BCEBO3MOXHYIO IJIMHY, MOXHO TMOJNY4YHTh MEpHIHAaHBl BCEX
MOBEPXHOCTE# BpauleHHsl C MOCTOSHHOH NOJIOXKUTEJILHON TayCcCOBOM KPHBH3HOMH,
3a HCK/I0YEHHEM Iuapa.

43 JlpmxweHust B npocTpancTBe, [lepeHeceM pacCyXIeHHs INpeAHAYLIEro
naparpaga Ha ciydalf, xorga HekoTopas 006/1acThb MPOCTPAHCTBA 7 IBHKETCS
B MpOCTpancTEe R, MpuHHMacMOM 3a HernonsikHoe. B mpocTpancTse BesiKOe
OTHE/NbHOE JIBMMEHHe MoxeT OHhTh 33aMEeHEeHO OJHHM BpaliCHHEM BOKpYT
OlIpEAENEHHO) OCH W OXHMM IePEHOCHHLIM [BHM(EHHMEM BJIOJbL STOH OCH, T. €.
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BuHTOBEIM gBiwenueM (ctp. 80). BciencTsie STOro BCAKOMY IBHXKEHHIO, 33
HCK/IOYEHHEM TEPEHOCHOrO IBIXEHHsl, COOTBETCTBYeT ONpefle/ieHHas TpsMad
B KayecTBe BHHTOBOM OCH HJM OCH PpauieHus. VICKIOUMTENLHOE MOJNOXEHHE
MEPEHOCHOrO NBHIKCHHS MOXHO YCTPAHHTb, €CIH PacCMaTPHBATh 3TO IBHXEHHE
KaK spalleHHe BOKpPYr GecKOHeYHO YAaleHHOH OcH.

CpaBuuzass [Ba COCENHHX TNOJIOXKEHHS TIOABHKHOTO TIPOCTPAHCTEA, MOMHO
NPHTTH K TIOCTPOCHMIO MIHOEEHHOH BHMHTOBOft OCH Il KaXNOr0 MOMeHTa
NEH:KEHHSl aHanolHYHO IBHMEHHIO Ha MJOCKOCTH. B mpomecce nsuikenus 3ta
mp;iMal HENmpephl! HO M3MEHSeT CBoe TIOJIOXeHHe, MpHYeM OMHCHEBAaeT JuHel-
yaTyio MHOrepXHOCTh KaK B MpocTpakcTBe R, Tak H B npocTpaHcTse 7. ITH
MOBEPXHOCTH COOTBETCTEYIOT HEMOARMMHON H NOIBIXHON IMOJONHSM TJIOCKOTO
IBHKEHHS] M HA3KHPAIOTCA TIOABHXHLIM H HEMOIBHYKHLIM AKCOHIAMH JBHKEHHS.
ITpoc: paHCTBEHHOE [BHIKEHHE BIIOTMHE OMPENC/IeHO 3aNaHHeM 'O0OHX AKCOHIOB,
eCqIH TONBKO MU/ HEKOTOPOH MpSAMOit OZIHOrO aKCOWAa 33/laHA COOTEETCTBYIOLIAS
npamas npyroro. Torma Heo6XOmuMO HAaNOXKTD ole MIOBEPXHOCTH OJHY HAa
APYTyi0 Tak, uTo6h ofe 9TH NMpsAMBIC COBHANH, @ MOr€PXHOCTH COMPHKAaCANHCh
BIOML 3TO# mnpaAMON. JIBHXXEHHE TONyYyaerTcsi, €CJH TIOABHXKHEIM  aKCOMA
KATHTCS 110 HEMOABYMXHOMY, T. €. JBHKETCH OrnpeneseHHHM 06pa3oM, OMHCaH-
HBIM HIDKe, TaK, 4yTO OGe IOBEDXHOCTH BCE BpeMs MMEIOT OOLLYi0 MPIMYyI0
W COMPHKACAIOTCS BIOAbL STOH TNpsaMOM,

TakyM o6pa3oM MHl EHJHM 3lleCh 4HANOTHIO C IBHXEHHEM HA, IJIOCKOCTH.
Onnako o6a 3THX BHAA NBHMKEHHS 06Hapym%|’BalO'r CylIeCTSeHHYIO pa3HHLY.
HmenHo, B TO EpeMil KaK MIOCKYI0 KPHRYI0 MOXHO KaTHTh nmo mioGo#t ppyroit
MIOCKOW KPHBOH MHOM2CTBOM CNOCOGOB, NHHCHYATaf MOBEPXHOCTH HE MOMET
Katutbed Mo 060t mpyroff. Mu yxe BHIACHMIM paHee, ytO NBe JHHEH-
YaTBIX TOBEPXHOCTH MOPYT TOTIa M TO/NBKO TOrNA CONPHKACATHCA BAOJb
obpa3syiouiefi, Korza OHH BAOJb STOH 0O6pasywonleit HMEIOT OJHHAKOBOE
3akpyuupanue. Ecin sTO HMeeT MecTO, TO HeOOXOAMMO HAJNONHTH IOBEPX-~
HOCTH TaKHM 0OO0Pa3oM, YTOOK COOTBETCTBYIOIIHE 3THM TNPSMBIM TOPJOBHHE!
ofenx mosepxHocTe# coBnanu. Ilpa kavennn oboux aKcOMIOB HEOOXOIMMO,
yToOB BCE BpeMS EHIOMHAIOCH 3TO YC/I0SME H TIOBEPXHOCTH COXPaHANH
Takoe nonoxeHue. Ecnm Ha o6GeHX mnOBEPXHOCTSX TOPJOFHIE AHHHH B COOT-
BETCTEYIOUIMX TOUYKAX OOpasyloT OMiHAKOBHIE YIJW C O6pasyiomeld, To MH
HMeeM uMCcTOoe KauyeHHe ©Oe3 ckoaepxeHus Ecayu, nanpoTus, aTH yras pas-
JNHYHL, TO OIE MOrepXHOCTH NPH KaYeHHH B TO XK€ BPEMs CKOJMB3IT APYyr
OTHOCHTENIBHO Apyra Broab oSuiel obpasyomedt !). B repsom, crielnansHoM,
C/lyuae MOXHO CKa3aTh, YTO [BHXKCHHE cjaraetcds U3 GeCKOHEYHO MaiuX
FpaulHuft. B stoM ciyuae o8a akcompa NpeNCTaB/siOT NMOBEPXHOCTH, HANd-
ralouHecss ofHa Ha ApYryio.

B kauectBe oco6eHHO MpPOCTOro mpHMepa paccMoTpuM cayuaHl, korza oba

1) ¥Ycnosue, HeoGxomiMoe u JOCTATOYHOE AN TOTO, 4ro6hbl I3e JAHHelluarble moBepx-
HOCTH 6HJIH aKCOHZaMH HEKOTOpOro JABMXCHHSA, HE MuXeT ObITh TIOHSITO 683 4aHa-
JUTHYECKHX BCIOMOraTenbHHX cpefcTs. [Ipexne Bcero ropiopble nHHMH OGeHx
noBepxnocTel fomkubl ObITh TaK OTHECEHHW APYT K APYrY, YTOOH NMOBEPXHOCTH B CO-
OTBETCTBYIOIUMX TOUKAX MMENH OOMHAKOBOC KpyueHue. Torma, eciu «, o' i pencra-
BISTIOT YIini ropioBbIX AuHHE ¢ 06pasyolMMH B COOTBETCTBYIOIHX TOYKaxX H S, §' —
COOTBETCTBYIOLIME UMHBI AYT 06esX ropnosbiX JuHuH, TO HOMKHO YNOBAETBOPSTHLCSH
ypaBHeHue:
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aKcouna TMpPenCcTaBASIOT ONHOMOJOCTHBE runepbosouas Bpauenus. [opiro-
BLIMM NMHHSIMH B 3TOM CJydae CJAYXAT HauMeHbIIHEe INapajjend S5THX NMOBepX-
Hocreft. BcsemctBue cHMMeTpHHM TOBEpXHOCTeH Bpal(eHMsi Kpyueuue Io-
CTOSIHHO ¥ 3aBMCHT TOJBKO OT BHAA M B2JIHYHHBI 00pa3yioitelt runepbosnl.

I'unep60/0HAB ¢ ONMHAKOBLIM 3aKpy-
yiBaHMeM JIETKO OXapaKTePH30BATh aka-
nutuueck. Ilycts B npsMoyrosabHo#
cucTeMe X, Y KoopauHat o6pasyioiiye
\Tnep6o/H BHIPAXAIOTCA ypPAaBHEHHAM: [

x2 yZ—— x2 y2— /
ETE= =1

Takum 06pasoM OCbIO Bpalieuus CAy-  o° K
#uT ocb y. TpeGomanue, yrobel 06a v
JOJIYUaIOLMXCS THnepboiIonsa  HMenH Yepr. 268.

OIMHAKOBOE KpyYeHHe, BHIPaKa. Tcs

npoctuiM ypasHennem b= B. Ha uepr. 268 usobpaxenn rEe TaKux rumep-
6oabl ¥ uX oxycel.

Ipu kavennu 63aumroe pacnosioxenne oGOHX THIEPGOJIOUIOB He MEHseTCH.
Takiv o6pasoM, eciu 3aKpenmuTh O WH IHNep60JOHA, TO OCh BpalIEHUs
BTOPOTO MOJYUHT BpallcHHe
BOKPYT OCH BpalleHHs Nepro-
ro. Jlpnxenue OyneT 3HauM-
TEJbHO YINPOLIEHO, €CnH MBI
3aCT BHMM MEPBYIO NMOBEPXHOCTD
Bpalarscsi BOKPYr OCH Bpa-
LICHUA B OOpaTHYIO CTOPOHY.
Torna ocp BTOpPOro runep6o-
nonaa (KOHEYHO TaKxke H rmep-
BOrO) COXPAHSIET HEMOJABHKHOE
MonoXeHue B MPOCTPAHCTBE.
CitemoraTeNbHO, MBI MOJIYYHM
KayeHne O062MX 3THX MOBEpPX-
HOCTEH, eC/IM HAJIOXUM HUX Npyr
Ha Opyra Tak, 4TO OHH OyayT
COMPHKAcaThCsl BAOJL HEKOTO-
po#t mnpsmo#t u OynyT Bpa-
maTbsest 06e BOKPYT CEOMX OCef
BpalIenHsi C COOTBETCTHYIO LM
OTHOILEHHEM CKOp”CTeH.

OTtciona mnoJayvaercs yrno-
TP2OHTesbHbIR B TeXHHKE CIIO-
co6 3yGuaroit mepenaun Me-
KLY IByvsl HerepeceKaiollu-
muca ociMd. Tak kak 1npu Yepr. 269
B32aUMHOM  CKOJIbXX€HHH CTH-
pacTca Marepuas, TO A TaKOf mepenayd HeOGXOAMMO OrpaHHYHTHCH KOH=
rpysuTHeiMKH runepbononaamu. Takas nepedauya u3obpaxena Ha uepr. 269,
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B npoekTHBHOMR TEOMETPHM MHl YXE BCTPEYANMCh € T2KMMH akTamu,
KOTOpHE MOryT OLITb YCTAHOBAEHH 0€3 W3MepeHHs W CPABHeHH NJHH U
yIJIOB M KOTOPHIE TeM He NMEHE® HMelOT BIIOJIHE FEOMeTpPHYeCKHIl XapakTep.
Teneps, B TOMOJOTHH, MH OyJeM HMETb NeJI0 C FeOMeTpPHUYeCKHMH “dhaKTaMy,
AJSl YCTAHOBJIEHMS! KOTOPLIX HE NPUXOAMTCS TMpyB/iekaTh AdXe TOHATHS Mpsi-
MOH W TWIOCKOCTH, a NPUXOAMTCS MMETh B BHAY TOJBKO HEIPEPLIBHYIO CBSI3b
MeXy TOuKamu (urypl. Hp\encrasnu cefe HEKOTODPYIO TNPOM3BONLHO HedOp-
MUpyeMyl0 (HIypy U3 HePa3pHIBaeMOrO MatepHana, OTHe/bHbIE YacTH KOTOpOH
He MOTyT cKJeuBaThCsi, H OyNeM 3aHHMAaTbC MCC/ENOBAHMEM TeX CBOMCTB,
KOTOpEIC COXPaHAIOTCH MPH BCEBOSMOXKHELIX IPOM3BOMBHLIK HCKAWEHHAX (P~
TypH, cnoenaHHOW W3 mnopob6uoro Marepuana. Ilpu T4KOM PpacCMOTpeHuH,
HanpHMeEp, BCe TOMO/OrMYecKHe CBOKHCTBA Wapa B OAMHAKOBOM CTemneHd mnp'i-
HaIJ1 XAT TaKKe S/UIICoMNy, KyOy u Terpasapy. HamporiiB, Mexnpy wapowm
M TOPOM MMEeTCsl TONOJIOrHYECKOe pasjnuie. B camMoM nese, HEMOCPeNCTBEHHO
fICHO, 4TO wWap 0e3 pas3pHBOB HJM CKJIEHEAHHH He MOoxer OHTH npeBpa-
IleH B TOP.

B uctopsn reoMeTpHM Kak HAyKM TOMOLOTHYECKHE NMPOOJEMH, eCTeCTBSHHO,
NOSIBJIIOTCSH eille INO3)KEe, 4YeM NPOoeKTHBHHE, MMcHHO navius B XVIII B. Bro-
CNCOCTBMH OKAa3anoch, YTO TOMOJIOTHYeCKWe TNPeIJIO KeHHs,, HeCMOTpA Ha
KaXYIyIOCs HX HeONPeJe/iCHHOCTb, CBA3aHH KaK pa3 ¢ Hanbosiee TOYHBIMH
a0CTPAKTHBIMH MaTeMaTHYCCKHMM TIPEM/IOXEHHAMH O Be/NIIYWHAX, HMEHHO
c anreGpolt, ¢ Teopuel (QYHKUMH KOMIIEKCHOTO TMEPEMEHHOTO H C TeopyeH
rpynn. B Hactosiuiee BpeMsi TOMOJOrvyeckye MCCeOBAHMS sBAsiOTCH Hanbo-
Jiee TIIONOTBOPHEIMH IO CPABHEHHMIO C HCC/ICNOBAHHSMH BO BCCX APYIHMX OTAe]aX
MaTeMaTHKH.

B nocnefyioieM Msl OrpaHHYyMCH HEKOTOPHLIMY BOIIPOCAMH M3 TOMOJOMHH
NoBepXHOCcTefl B TpexMepHOM mnpoctpaHcrse !). HauyweMm ¢ Tex morepxHocref,
KOTOpHE MOXHO HayuboJ/iee MNPOCTO HMCCAENOBATH TOMONOTHYECKH, HMEHHO
€ MHOTOTPaHHMKOB.

41. MHororpanHHKH. MHOTOrpaHHYKOM MBI HA3LIBaEM BCAKYIO CHCTEMY MHO-
TOYTOJIbHUKOB, CofiI3aHHHIX TakuM 00pasoM, 4To, € OOHOH CTOPOHH, NpH

1) B KauectBe ManbHeHiero BBeLefHs B OCHOBHbIE NOHSTHS TOTOJNOTHH MOXHO
yroMsiyTh Hebonbinyio kuuwky Alexandro ff, Einfachste Grundbegriffe der Topo-
logie. Ha pycckom s3uike 1a e knuwka ¢ pgonomseHuwsmu B. Edpemoruua BblmIa
noa HazpaAueM: [I. Anexkcauaapos u B. E¢penmoBuy, Ouepk OCHOBHLIX NOHS-
Tl Tomoaorus, OHTH, 1936.
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KanoM pebpe cxoaaTca (MOX HEKOTOPHIM YITIOM) EBA N TONBLKO ABA MHOTO-
YronplMKa, 8 C APYTOH CTOPOHH, OT BCSKOIO MHOTOYTI'ONMBHHKA AAHHOM CHCTEMH
MOXHO nepelTH K APYroMy, nepexois 4epes pe6pa.

ITpocretimne u HauGonee BakHhle MHOFOTPAHHWKH CyTh Te, KOTOPHE
MOryT OHWTh TpeBpallleHH! B WIAp TPH TOMOLIM HeNPepEIBHON IedopManmu.
Mu ux OyneM HaswiBaTh NPOCTHIMM MHOrOrpaHuukamu. IlpuMepH mpocThX
MHOTOFPAHHHMKOB TPEJCTABNHIOT TPaBuw/ibHLIE MHOrOrpaHHuky (§ 14). Mu
YBUAMM, YTO CYLIECTBYET NOMHMO MOPOCTRIX MHOMXECTBO JPYrHX MHOTOrPaH-
HHKOB, KOTOpHe, C/e[OBaTe/bHO, HE MOryT GLITH MpeBPAlleHH B map.

Ilanee, mpasu/ibHEle MHOTOFPAHHMKH OOGN3amalOT TeM CBOHCTIOM, YTO OHM
He MMeloT Bxomsuwx pebep. Otciona cienyer, YTO MPaBu/IbHEIE MHOFOrpaH-
HUKH BHRINYKJB. BLyK/ibiM HaswiBaeTcs BcSKMH MHOFOrPAHHHK, PACTIONOXEHHEIN
N0 OJHY CTOPOHY KawjaoH M3 CBOMX TIpanell; TaKOM MHOIOrPAHHMK MOMHO
MOJIOXHUTE HA MJCCKOCTH “CTO/A HA NOOYyI0 M3 €ro rpaHeid. Bunyknocts ne
AIB/JSETCA TOMO/MOTMYECKHM CLOHCTBOM, TAK KaK MOMHO NPEBPATHTL BHIMYKJHIf
MHOFOIDAHHMK B HeBHNYKIHi{l NDY NOMOUIH HEKOTOPOrO TOMONOrHYeCKH
HeCyIlecTBeHHOro M3Menenysi. OIHaKO M3 BEINYK/IOCTH MHOTOIPAHHMKA MOXHO
cnenath 3ak/ioyeHye 00 ONHOM ero TONOJMOTMYECKOM cBoficTee. MMeHno:
NPOCTOe PACCYKACHHE TMOKA3hiBaeT, YTO BCAKMH BRINYKJEH MHOFOrPAHHHK
HeoGxonuMo mpocto# ).

Uncnio BepiukH, pefep M rpancH MpPOCTOTO MHOTOT'PAHHHKA CBA33aHO MexAy
co60l OueHb BaXXHHIM COOTFOINEHHEM, KOTOPOe HA3hBaeTCs 3HIepOBOH Teo-
peMoHl O MHOTFOrpaHHMKAax B 42CThb OTKpHBHIero ero yuenoro. Ilycre E Gymer
yucno BepumH, K—uscno pefep, F—uncno rpavell MHOrorpaHHyka; TOTrAa
3ilepoBa TeOPeMa O MHOTUIPAHHMKAX YTBEPHIAeT, YTO wuucno E— K+ F
IAs BCEX NMPOCTHX MHOFOTPAHHHKOB DAaBHO 2:

E—K+ F=2,

TlposepuM 3Ty MOpA3HTENBHYI0 TEOPEMY HA HEKOTOPHX MNPaBHILHLIX MHO-
rOrpaHHuKax:
rerpasap: E— K+ F=4— 6+4=2,
Ky6: E—K+4 F=8—12+6=2,
oktasnp: E— K+ F=6—12+48=2.

Ilns noxa3aTensCTBa TeopeMbl Dinepa HOCTPOMM HAa INIOCKOCTH M306paxe-
HHE TPOCTOrO MHOTOrPAaHHHKA, KOTOPOE MBI HA30BEM €ro IJOCKOH peueTKoh.
Jlas sroro BLIOpPOCMM OpHY W3 rpaHell MHOrOTDAHHMKA M JedOopMHpyeM
OCTaNBHEIE [PAHH TaK, YTOGH BCe OHM DPACMONOXKHIMCH B OXHOH M TOM ke
IVIOCKOCTH. SDTOrO MOXHO NOCTHFHYTh TAKHM CrOCOSOM, yTOOBI BCe GOKOrHe
rpaHH COXPAHHJH BMI MHOTOYTOJLHHKOB, OFPaHMYEHHHX MPAMOJMHEHHBIMU

1) Mexny BLINYKALIMH M HeBLITYKIbIMH MHOTOTDAHRHKAMH €CTb CBOEOOpasHoe pas-
svun:. ViMenno, B TO Bpemsi Kak Besikuil 3aMkHyThiH BbIDYkabil MHOTOrpanEnk npen-
CTaBAsieT TBEpHOE Telo, CYILECTBY 0T 3aMKHyThble HEBHITYKIble MHOTOT DAHHUKH, GOKOBbIE
TPaHH KOTOPLIX MOTYT ABHTaTbCH OPYT HO OTH: Wi€HMi0 K APYrY. 2KecTKOCTb BBITYK-
JOr0 MHOTOTDAHFHMKA HNPEACTABJRET AHAJOrMI0 C YNOMSHYTOH paHee KeCTKOCTHIO
3aMKHYTHIX BbMyKibX HoBepxAoctefl. OmHak0 o CHX MOpP HE YHANOCh BbIBECTH
HECTKOCTh TNOBepxHoCTell U3 MECTKOCTH MHOrOrpaHHHKOB IPH NMOMONIM HENOCPEACTBEH~

HOTO HpPERENbHOrO MePexofd.
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oTpesxaMH, M yToGH yucno BepwHH He uaMenwnock. (HaoGopor, nesosmowHo
cenath TaK, YTOOB MHOTOYTOJBHHKM HA TUJIOCKOCTH GEUIM Bce KOHTPYSHTHHI
HCXOJHBIM MHOroyronbHusam.) IlomyunBiuascs TakuM O6pa3oM CHCTEMa MHO-
rOyrONbHHKOB, PAcTONOMEHHLIX Ha MJIOCKOCTH, HAa3LIaeTCs TUIOCKOi peluerkoft
MHOFOTpaHHHKAa. Mu MOXEM paccMaTpuBath
yepr. 153 — 157, crp. 132, kak miockue

3 peleTKH NPaBU/IbHHX MHOIOrPa’tHHKOB.
\ ITnockast pemierka COTEPXHT CTONMBKO e
\ BepUIMH M pebep, KaK MHOIOrPaHHHK, HO
“\ rpaucil —Ha oxHy Menwine. CpenaeM Teneps
AN Pl H3MEHEeHHH B INJIOCKOH pelleTKe Tax,
\ uyrobul mpu sroM uucno E— K+ F ocra-
JI0OCb HEHW3MSHHKIM, 4 BHJ p2IUETKH ynpo-
crunca. [lpexpe Bcero, ecnm B pemietke
HMEETC MHOrOYrOJIbHHK, Y KOoToporo Golnee
TPEX CTOPOH, TO B TAKOM MHOTOYrORBHHUKE
< Yepr. 270. Mbl TIpOBefieM auaronans. [lpu 3TOM npH-
6aBATCc OmHa rpaHb M ONHO pe6Gp»H, yucno
e BePIIMH OCTaHETCH HEeWSMEHHbIM, Tak yTto yucno E— K+ F ocranercs
Tew e ‘camuM (uepr. 270). Bymem mpomomxarh sTOT MpOLECC AO TeX mOp,

fIOKA He MOJyY¥M PCINETKH, Y KOTOPOH Bce I'PaHM CYrb TPEYrOJBHYKH.
Ecnn Ml K Takofi pemuertKe, COCTaB/ieHHOW M3 TPEYrONBHWKOB, N0GABHM
BAOJE KaKOro-Hu6yib peGpa HOBRIH TPEYyrONsHMK TaK, YTO JBE?BEPLUHHH,
pacrofioieHHEe B KOHUAX B3aTOro pefpa, OyayT BepmikHAMM HOEOTO Tpe-
YrO/bHMKa, TO YHIIO BepMH H FPaHefl BO3pacTeT Ha EAHHMIY, a YHC/IO
pebep Bospacter Ha nBa (uepr. 271). Takum 06pa3oM PpaccMATPHBAExO€
YHUCIO OILITh OCTAHETCA HeM3MeHHHIM. TOYHO TaK Xe 570 UHC/IO HE M3MEHHTCH,

Yepr. 271. Yepr. 272.

ecnd Mel noGaBum peGpo TaM, Fe KOHTYpP pelleTku HMeeT rxomsurHfl yroux,
COENMHMB N1BE€ BePLIMHW KOHTYpa M INOMyY#B NPH 3TOM HOBLI TPeyrosibHHK
(vepT. 272);B caMOM nelie, MP¥ STOM YUCAO BEPIIHH HE HSMEHHUTCH, 3 YMCIO
pebep M rpane#t BO3pacTer Ha €QMHHLY.

Teneps, MOXHO HENOCPEACTBEHHO YCMOTPerhb, 4TO INpPOW3BOJIBHAS pelleTKa,
COCTAB/IEHHAS M3 TPEYrOJLHHKOB, MOXeT OLITh IOJyYeHA H3 ENUHCTREHHOTO
TPEyroNbHMKA TNyTeM MHOFOKParHOrO IOBTOPeHHs STHX MABYX Onepauyi.
Taxum obpasom uncno E— K+ F pns BCKOH pewieTKH, COCTABIEHHOH M3
TpeyroJBHUKOB, H, C/ICIOBAaTe/ILHO, 115 ECAKON NPYro# TIOCKOH pelleTkn HMeeT
TO € caMOe 3HayeHHe, KaK W M8 ONHOTO €AMHCTBEHHOTO TPEYroJib-
auka: E—K+4 F=3—3+41=1, a Tak KaK pemeTka 3Ta HMeEeT CTOJbKO
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e pepuimH M pebep, KaK MPOCTOH MHOTOFPaHHHMK, ¥ OAHOH TPaHbIO MEHbIUE,
4YeM MHOrOTpaHHHK, TO /i MPOCTOr0 MHOTOTPJHHHKA MOMKHO HMMETh MECTO

pasencTeo 1)
E—K+F=2.

[Tpn nomouw TeopeMn Dfinepa MOXKHO nath HOBOE MPOCTOE IIOKA3aTe/b-
CTBO TOTO, YT0 BO3MOXHHKI JHIUb NATH TPABH/ILHLIX MHOCCTPaHHUKOB (cTp. 87).
Ilycte B paccMaTpHBaEMOM NPaBHJBHOM MHOTOTDaHHMKe BO BCSKOH Bepll iHe
cxonsirest n rpanedt u, 3uauur, n pebep. Eciu E, K, F uMelor TO e 3Haye-
HHe, 4TO M BHIIE, TO Yucl10 pefep, ERXONALIMX M3 BCEX BepilMH, PaBHO,
cnenoparenso, nE. Ho npu sroM Mb cowuurtanM JBa pasa BCsiKoe pefpo,
TaK Kak Kaxpoe pebpo coepunsier nBe B2piiMHEL. C.ICNOBaTENBHO,

nE=2K,

[Tycts nanee B paccmaTpHBaMOM MHOTOI'DAHHMKe Kax(nasi TPaHb OrFpaHu-
yena r pe6pamu. Torna rF ecTs uyucno pe6ep, OrpaHUUYMBAIOLIMX  BCE
rpaHy MHOTOTPasHUKa; HO IIPH STOM MEl OMATh-TaxH cOcyuTd! 1M BesiKoe peGpo nsa
pasa, Tak Kak kawoe pebpo paspensier ace rpavu. Takum obpasom rF=2K.
Tloncrapnsas ofa nocnemuux 3uHauckusd B sHjaeposy GOPMyny, Mbl NOJyyaem:

WM, npecbpasys =Ty ¢opMmyny, MMeeM:
1 1 _1 1
o ntr=gtg

B cooTBeTcTBHMH €O 3HayeHHWEM YHCeJ M W r OHM HOMKubl ObITh PaBHE 3
um Gonbwe. C ppyrod cropount, ecay Oul srm 006a uncaa 6wam Gosbiue 3,

TO Mbl UMenH Obli: -
1 1 1 1 1 1 1
k=ntr—a<ztz—z=0

a 9710 Heso3MOxHO. Ecmu monoxum n=3, TO nomyunm:

TakvM o6pasom o1 n=23 r MOWeT NMPHHUMATb TOJLKO 3HayeHusi 3, 4, 5;
torna K nonyuaer sHayeHus 6, 12, 30. Tak Kak HailM paBeHCTBa CMMMETPHYHLI
OTHOCHMTENIBHO £ M 7, TO MHl TOJIy4aeM OTCIOfia COOTBETCTBYIONIME 3HAY HUS N

1) MNyankape o6o6mmy TeopeMy Jiinepa Ha ciydalt n-mepHOrO NpOCTpaHCTBA, TaM
BepuMHayv, pe6pav u rparsm coorBerctByiot O-, -, 2-, ..., (n— 1)-MepHEle 06pasHl,
YHUCNO KOTOPhiX Mbl OGosmauuM uepes Ny, Ny, Ny, ..., N, 4. Torsa aasi o6pasos, coor-
BETCTBYIOLIMX NPOCTHIM MHOTOIPAHHMKAM, UMEET MECTO PaBEHCTRO:

Noy— N+ N+ oo =1—(—1)"

Has n=23 mul nonyyaem dopmyay Dfnepa.
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st r=3. TakuM o6pasoM M HAlIM IIECTH EIMHCTBEHHO BO3MOXHHIX CJy-
yaeB, IpHYeM IBA U3 HUX TOMIECTBEHHB, MMeHHO: n—=23, r=3. Octatotcy
NATh PA3NMYHBIX THMOB, H OHM JIeHCTBUTEABHO OCYLIECTB/SIIOTCH B TNPABH/Ib-
HHIX MHOFOTpanHuKax ').

OcofeHHOCTh 3TOr0 NOKA3aTENbCTEA B MPOTHBONONOXHOCTL JAHHOMY PaHbilie
(ctp. 86) coctour B TOM, 4TO MH NPy 3TOM COBCEM He MPELNOMNAraiH, yro
BCe TDaHH CYyTh IIPaBUJbHLIE MIOTOYTOJbHYKH. Mbl NpeAmonaranst TO/bKO,
YTO Bl€ FpaHH OrpPaHWyeHH ONMHAKOBLIM YHCJAOM peCep M YTO B KAXKNOi
BEPIUHHE CXONMMTCS OAMHaKosoe uucno pebep. Takum oBpasoM, ecny orpadu-
YHTHCA TPOCTHIMH MHOTOTPaHHUKAMH, TO «TOIOJOrMYeCKH MPaBH/IbHLIX® MHOTO-
FPaHHHKOB CYLIRCTBYeT CTO/NBKO €, CKOJBKO «METPHYECKH MPaBHUIIbHLIXY.

O6parumcs Tenepr K HeMPOCTEIM MHOTOrPaHHMKAM.

B xauccrse mpumepa BosbMeM TpasMaTHyeckud Gmok (depr. 273). Oum
npeactapnser co60# YeTHIPEXIPaHHYI0 NMPH3MY, M3 CepeAMHBI KOTOPOH BLipe-
3aHa MNapannenbHO PAcHOJIOKEHHAs HETHIPEXTPaHHAs TNpPH3Ma; KPOMe TOro,

YepT. 273. Yepr. 274.

06a ocHOBaHMsi, obuiMe 1y 06ewx TNpH3M, CKOIWICHBI, KaK YKa3aHO Ha uYep-
Texke. TakoH MHOrorpaHHMK HeJib3si NpeBPaTHTh B INAp, HO 33BEJOMO MOXHO
npeepatits B TOP 2). Ilpyrie Turmbl MHOTOrPaHHUKOG MOXHO MOMYyYHTh MOK0G-
HHIM e crocoGoM, BhIpe3as HecKONbko IHp (yepT. 274).

Yrto6bl MMeTb BO3MOXHOCTHE 0003peTh Bie TakHe MHOTQOIPaHHHKH, INPHIHLIEM
KawJOMy MHOTOTPaHHHKY OTpefiesieHHOe 4yc/a0 h, TaK Ha3LIBAEMYIO CBA3HOCTE.
Mu GymeM paccmaTpuBaTh 3aMKHyTHE, HE TepeceKatolse camu cebs Jomankie,
COCTAB/IEHHHIE M3 MOC/eNoBaTeNbHLIX peGep muororpaHnuka. Ecnn nexoropeiit
MHOTOTPaHHHK pa3GuBaeTCH HA ABe OTHENbHEIX TOBEPXHOCTH Kawnofi Takoh
JIOMaHOM, TO Mbl MPHITHLIEM eMy CBA3HOCTL h=1. DTON CBA3HOCTHIO 06aa-
JAl0T, OYEBMOHO, BCE MPOCThie MHOTOTPaHHMKH, TaK KaK I1apoBasl TOBEPX-
HOCTb MOXeT OHITh pa3bura Ha nBe wyacrd moGOR mnpoBefeHHOH Ha HehH
3aMKHYTOH kpuBo#. OOpaTHO, MOXHO HENOCPEACTBEHHO YCMOTpeTh, HTO BCSf-
KM MHOTOrPaHHHK CO CBSI3HOCTHIO, paBHOH enuuuLe, BCerAa Moxer OwITb
npespaimed B wap. [Tosromy npocToie MHOMOrPAHHWKM HAa3HBAIOTCH TaKKe
OpPOCTHIMM CBSIBHKIMH MHOTOrDaHHHMKaMH.

Ha npusmaruyeckoM Gnoxe MMEIOTCSi 3aMKHYTHIE JIOMaHBE, COCTaBIEHHbIE

1) MMogo6REIM Xe o6pasoM o06o6ienne sftneposoft TeopeMul Ilyankape npuBOAUT
K ONpPeJeNeHyo NMPasuiIbHEIX fiYeeK, MPOCTPAHCTB BBHICLIEr0 4uc/a H3MepeHui.
?) [IpusMaruueckull GIOK TaKxie TOIONOTHYECKH mpaBHIEH.
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u3 pefep, ue p23GHBAaOLMe S5TOrO MHOrOTPaHHMKA (HAMpHMEp KBAApaT @ Ha
yepr. 273). BceM mHororpanmsikaM, 061aialomiiM 3THM CBOHCTBOM, MLl MPH-
nuceiBaeM 6one€ BHICOKYIO CBA3HOCTB. Jlas TOro yroGhl OnpenenuTh ee, pac-
CMO1DHM BCE JIOMAHbIE, COCTaBleHHele M3 pebep (He 06f3aTeNbHO 3aAMKHYTHIE),
COEJ(HIIIONHE JIBe TOY.(H NEPBOHAYANLHO B3ATOH JIOMaHOI.

Ecnu Besikas Takas napa snoMaHeIX pa3GHMBaeT MHOTOTDAHHMK, TO MBI MpH-
MHCHIBAEM eMy CB3HOCTh £= 2. B npoTMBHOM c/iyuae Mbl MPOAOJDKAEM Halle
nocTpocHie. Boobuie nanauMm caenyioliee OnpenefseHue:

Mroeozparnur Ha3visaemcs h-c8A3HbBLM, eCAll MOJCHO HAlimU HQ Hem h— 1
AOMAHBLX, COCMABACHHbIX U3 €20 pebep, COBOKYNHOCMb KOMOPbX He pa3-
6usaem mHozoZparKukal), Lo Heab3n waimu h a0MAHBIX, 002a0QKOl4ILX
amun csolicinsom. Ilpu 3mom nepsas u3 smux AOMAHbIX O0AIHCHA Oblmb
3aMKHYmMOU, a 8ce nocaedyroujue coeOunsiom 08¢ Mouki NpeObOyujLX.

Ha npusmarnyeckom Onoke, Kak 3TO BMAHO M3 yepT. 273, HMeercsd CH-
crema IBYX Takwx somaHmx (ksagpar a u Tpanewus b). Takum o6pasom
3TOT MHOrOTPaHHMK JI0/KeH OBITH MO MeHblueli Mepe TpEXCBA3HEIM. Mul ceii-
yac yBHAMM, YTO OH NEHCTBUTE/BLHO TPEXCBHAS3EH.

Tenepr BO3HMKaeT Bompoc, MOxer /iu Ourh 0Go6uieHa Teopema Dilzepa,
JIOKa32aHHAA BplILE MJ8 OJHOCBS3UHIX MHOIOTPAaHHHKOB, HA MHOTOTrPaHHMKH
IPOK3BONBLHON CBA3HOCTH . Mbl He MOxeM OXMEaTh, 4roGbl TeopeMa OCTa-
Niach HEMSMEHHOH, TaK KAK NpM HAWIEM JOKA3aTe/bCTBE MEl HCIONB30BANH
HNOCKYI0 PEIIeTKY, MOCTPOeHHe KOTOPOH, OYEEHIHO, BO3MOXHO TOJBKO IVis
ONHOCBSA3HLIX MHOrorpanHukoB. OKa3blBaeTcs, MOXHO MOKa3aTth, YTO BOOOLIe
uMeeT MecTo popMyna:

E—K-4+F=3—h.

Ins k=1 sra ¢opmyna naer nOkaszaHHOe Bouie paBeHCTBO. Jpyro#t mpu-
Mep paer npusmarudeckmnii 6aok. OueuaHO, oH umeer 16 BepuimH, 32 peGpa
1 16 rpaHe#t M 119 Hero HMMeer MecTO PaBEHCTBO:

16 —32+16=3—3=0.

Orciopa cnenyeT, 4TO NMPH3uaTHYeCKHH GJOK B TOYHOCTH Tpexcessed. ToyHo
TaK ke W B obuem ciayuae Teopema Diinepa siBineTcsi YJAOOHBIM CPEACTBUM
nns toro, yrobul yCTaHOBHMTH CBA3HOCTH MHOrOrpaHHuka. Jlns storo Heo6-
XOIMMO TOJNBKO COCYMTATh BEPWIMHE, pefpa ¥ rpaHd M BOBCE HE HYXHO
paccMaTpuBaTh JIOMaHnie, COCTaBleHHLIe H3 pebep.

45. IosepxHOCTH. MB!I yKe BHEENH, 4YTO MPOCTHIE MHOTOTPAaHHUKH MOCYT
6biTh 1e)OPMHUPOBAHH B ILAPOBYIO MOBEPXHOCTb, a TpPHM3Ma1nyecKnh 60K —
B TOp. ITono6HLIM e Cn0060M MOXHO 3aMeHsiTh Gosiee CJAOXKHLIE TOMOJO-
ruyeckue 06passl MHOrOrpaHHbIMM (Gurypamu. TakuM myTeM Teopusi 3THX
06pa30B NMPHBORMTCA K M3y4eHHIO (HI'Yp, COCTaBIeHHBIX H3 MPOCTBIX DJleMeH-
TOB, CTPOEHHE KOTOPHIX MOMKET OHIThb /ErkO ykazaHo. IJTOT C€moOco6 paccMo-
TPEeHHs, HA3LIBAeMBIlt «KOMOGMHATOPHON TOMONOrMefi», MMEET elle TO Npenmy-
LIECTBO, YTO OH MOKeT OWTh NMepeHeCeH HeMmOCPENnCTBEHHO Ha cay4alt uucia

1) To-ectb nBe NPOM3BOJbHBIX TOYKM MHOTOrpaHAHKA MOXHO BCerfa COEIMHUTh
kpuBoil, newamel Ha MHOrorpaHHuie M He mepecekaiouled HM OHOTO H3 NOJHIOHANb-
Abx nyTell,

17 Tuasbepr H Kon-doccen
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namepenuft Gonee Tpex. B caMom nesie, CTPyKTypa MHOTOI'PAHHHKA MOXET GHITE
MOMHOCTHI0 ONMHCAaHA TPH MOMOLIM CXeMATHYEeCKOTO YKa3aHWs COeIMHeHHH
COCTan/IMIOIUX €r0 9/eMEHTOB, 0€3 NPHB/IcYEHHs TPOCTPAHCTBEHHOrO Ipef-
CTaB/EHHUS.

B untepecax HarnasaHocTH, #a060poT, yacTo Gnipaer Gosdee 121eCcO06PAa3HBIM
MOJIOXUTH B OCHOBY HEMNOCP:JTEHHO MOBEPXHOCTH. Tak, wap mnpeAcraviser
Gonee mnpoctol 06pa3, yeM npoOcTOM MHOrOrpaHHuk, a Top 60/i.e NpPoCTOoi
obpas, yeM npuamatuyeckuil 6nok. ITo3TOMy MLI Tenepp MepoHECeM TOHSTHe
CBISHOCTH C MHOTOTPAHHHKOB 1A NPOM3BOMBHBIE TOEEPXHOCTH.

Jns wapa Ml no/mkssl nonowute h—1, a mna topa k—3. [losepxuoctn
Go/1ee BLICOKOH CBA3HOCTHM MBl MO M MOJNYYMTh, PACMIIOUIMRAS IUAPH, CHENaH-
HBIE M3 TIaCTHYECKOH MacChl, M IPOME/bLIBAS B HUX HECKO/IbKO NBIp (uepT. 275).

h=5

YepT. 275.

Yepr. 276.

[TonoGubie MOBepXHOCTH MBI OyleM HA3BIBATH KpeHpenaMu. MOXHO NOKasath,
410 KpeHzelb C p OBPAaMM JOMKeH HMeTb CBASHOCTb #—=2p + 1. Ha ueprexe
n3obpaxcHul cucreMst u3 0, 2, 4, 6 KpuBHIX, He pa3CMBAIOL(MX HA OT/NE/]b-
HhHIE YacTd KpEHIeIM CO CBA3HOCTbIO, paBuo#t 1, 3, 5, 7. Jlerko BimeTs,
YTO BCAKAs CJHeNyiouias KpHBas, COCHMHSION(as [3e TOUKH, JeKal(He Ha Kpasx
pas3pesos, NOMKHA pa36yBaTh COOTEETCTBYIOLLYIO TMOBCPXHOCTE.

Ha nosepxuoct¥ MOXHO cBOGONHee BHIOHPaTh' KPHBbE, YeM 9TO LiMSiO
MECTO Ha MIIOI OTPaHHUKAX, [Nle Mbl OrPalyyYHBA/JNCh JIOMAHLIMH, COCTAB/IEH-
HeIMH K3 pebep. IlosToMy MOMHO Hath H IpYTHe ONpejleJieHHs CBA3HOCTH
nopepx'1ocTel, HanpuMep: Ha 3avKnyrofl A-CBA3HOH TOBEPXHOCTH MO KHO
nposecTH £ — 1 3aMKHYTHIX KPHBHIX, He Pa3GHBAIOLIHX MOBEPXHOCTH; HO BCSi-
Kasg CHCreMa, coCcTosmaa #3 £ mnomOGHhIX KPUBLIX, HeNpeMeHHO pa3tu-
BaeT moBepxHocrb. Ha wepr. 276 wn3obpameHsl TakWe KpuBble st CAy-
yaeB k=1, 3, 5, 7.

MOXHO TOAYYHATH STH KPHMBHIE elle€ OHOMY YCJOBHIO, MMEHHO, norpebo-
BaThb, YTOGL OHY MPOXOIM/M Hepe3 oNpeielieHHYIO, TPOM3BOJBLHO BbI, aHHYIO
TOYKY TOBepxHocT#. Taxum O6pa3oM MOMXHO NOJyYuTh YHOOHYIO I/l MHOTHMX
neliedl «(aHOHHYECKYIO CHCTEMY pa3pe3oi» NOBEPXHOCTH, TNPHMEPH KOTOPhIX
naHu Ha yept. 285, 286, 287 (crp. 261 —263).

C apyro# cTOpOHH, TeOpeMa He OCTAeTCsl HeW3MEHHOM, ecyia OrPaHUYMTHCS
CHCTeMaMy 3aMKHYTiX KDHMBHIX, HE Nepicexaloliux mpyr npyra. Ilas moBepx-
HOCTEH HeyeTHOM CBA3HOCTH MOXHO [OKa3aTh, YTO HAa 3aMKHYTOH MOBEPXHOCTH
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cpfi3HocTH A=2p 4 1 uMeercs p u He GOJee, YEM p, 3AMKHYTHIX, HE repece-
KaloLMX [pYr IPyra KPHBBIX, He Pa30MBAIOLIMX AAHHOA MoBepXHOCTH. B cmpa-
BeflTMBOCTH 3TOH TeOpeMb! MOWHO yOennThes M3 4yepr. 276.

Jlo cnx mop Mel paccMaTrpHsaZd TOJBKO TaKHe NOBEPXHOCTH, KOTOPHIE
pacnosiomensl HEMMKOM B KOHEYHOH YacTH MPOCTPAHCTBA U HE MMEIOT PAHMIL
MOXHO pacnpocTpaHuTh HOHNTHE CBA3HOCTM M HA Gosee ofmiMe Cryuad.
CHauana mpenmo/nONMM, YTO MOBEPXHOCTH JICHKHT LENMKOM B KOHEYHOH uacTy
NPOCTPAHCTBA, HO MMEET TPaHUIy, COCTOSILIYI0 M3 HCKOTOPOTO YHC/IA 3aMKHY-
ThX KpuBwX. [lycth 3T Kpueme He nepecexaoTes ApYr € OPYFOM M He
nepecexaoT camu ceba. Torpa Mm nonyimm Takue KyCK!l moBepxHOCTef,
KaKkue H3006paweHbl na yepT. 277. Jlpyrue THOH NONOOHLIX MOBEPXHOCTeH
MOXHO TOJIyYuTh, €CJIM TPCLCTaBHTh, 4TO M306paxceHibe HA yepT, 275 u 276
3aMKHYTEIE TOBEPXHOCTH — MOJIBIE, M €CAH B HLX MNPONEeNaTh IPOM3BOJIBHOE
uucno app (vepr. 2781)). Ilns 9THX nOBepxXHOCTEH MEL! T« K¥Ke ONpelelnM

) ©00)
> k=1 k=2 h=3 h=4

Yept. 277.

Yeprt. 278.

CBA3HOCTb NP TIOMOLIM CHCTEMH KPHBHIX C €IMHCTBCHHLIM OT/iM4MeM OT JaH-
HOrO MPpeX(ie ONpefefieHus: [ep:as KpHBas He NOMKHA OHITh 3aMKHYTOH,
a JOMKHA COENUHSIThH IBe TOUKH rpanylpl, kakzaas RobapnsieMasi Kpuasi 1OJHA
HAauYMHATBECS B TOYKAX TrpaHHUbl. Torna MOBCPXHOCTH, H306pamCHHBIE HA
yepr. 278, NOMmKXHE HMMETH cBs3HOCTH 2, 3, 7, 8.

Omnpenenensie CBASHOCTH MPHM MOMOLM 33aMKHYTLIX KDHBBIX HENb3s HEMO-
CPECTBEHHO MEPEHeCTH Ha NOBEPXHOCTH, MMIOI[Me TPaHUILY. ’

JlonycTum Ttenmepb, YTO TMOBEPXHOCTh, MMEIONIAs WM He WMCIOLIas IPaHuLy,
npoctupaercs B GeckoreyHocTb, Toraa ToHonoriyecKasd CTpykKTypa HOBEPXHOCTH
3aBUCUT OT TOro, OymeM su MLl paccMaTpu aTh €€ B MCTPHUYECKOM WM
B NMPOEKTHBHOM TPOCTPAHCTB2. B 1epBOM ciyyae ML OFP2HHYMMCSH KOHEYHBIMM
ToukamMu. TOrna MpPOCTPAHCTBO MOXHO PaccMalpliBaTh Tak, KaKk OYyATO OHO
oTiesieHO OT GecxoHeyHOCTH cdepolt oyeHp Gonbioro paamyca. Mbl MOXeM
3aMCHUTL MOBEPXHICTH TOH ee YacThlo, KOTOpas pacrojioxena BHYTPH 3TOH
cpepr. Pac:maTpyuBaeMas 4acThb NOBEPXHOCTH TIPENCTABASCT O PaHMUCHHBIH
KyCOK, Pacno/ioXeHHbl#f B KOHeYHON 4acTW TPOCTPaHCTBa, K KOTOPOMY MHI
MOXEM NMPHMEHHTb TEODHIO, H3/MKEHHYIO BHue %),

1) B NpOTHBONMONOXHOCTb MNOBEPXHOCTSIM, M306paXeRHBIM Ha uYepT. 277, moBepx-
A0CTH uepT. 278, b, ¢, d He MOryT ObiTh BBIpU31HBI M3 IIOCKOro jiucta OyMira naxe
npu ;060 ero sedopmaunu. (BrcTynawuie: snech pasmiyke Urpaer polh B FeOMETPH-
yockoll Teopun PymHxuuit)

2) [Ipy 3TOM MpeE ILOJX IracTCs, YTO MH MO KCM B3iTh CTONb Goabinod wap, 4ro
HaxoafiMicA BHYTPH LIapa KYCOK MOBCPXHOCTH HC M3MEHHT c8Uel Tomosiornueckod

17*
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B nmpoexTHBHOM NPOCTPAHCTBE MBI BCTPEYaEM COB:EM JIPYTHE COOTHOIIEHH
Mpl BHIUE nNPHUOKCHIBANM KawIOH TPSMOH OIHY €NHHCTEEHHYIO, O:CKOHeuH)
yIAane:dnyio TOYKY, PacCMaTpHBas MPSAMYIO Kak 3aMKHyTyw JuHHIO, 0fe ee
BETBH, NpOCTHpaoLecss B OeCKOHEYHOCTb, C/AMBAIOTCS APYr € Hpyrom B Gec-
KOHeyHO yAaneHHo#l Ttouyke npsMoit. Kpome TOro, ata TOuyka NPHHALAEXHUT
ONHOBPEMEAHO BCeM TIPSMBLIM, MapaJjsielsBhiM JADYr npyry. B coorserctsun
€ TaKuM IIpeNiCTaB/EHHEM, IPOEKTHBHOE MPOCTPAHCTBO B LIE/OM TAKKE 3aMLI-
KaeTcst CBOMMM OeCKOHeYHO yHRa/NeHHBIMH TOYyKaMH. IIOBepXHOCTH cCOmEpIKAT
6eCKOHEYHO yRaJieHHYIO TOUKY, €C/i TOABMIKHAS TOYKA MPH [ABWKEHHH MO Hel
B HEKOTOPOM HampaesieHUM Bce Oosmee mpubmnkaeTcs K OnpljieneBHoON
npsiMO#i, B HampaBieHWH KOTOpPOH W pacmonoxena GECKOHSYHO yAasieHHas
tTouka. Ilpu sTOM BOBCe He 0Osi3aTeNbHO, YTOGH MOBEPXHOCTH M B HPOTHEO-
TIOJIOXHOM HANPABMAEHMM NPUOANKANACH K HEKOTOpoll mapasinenbHO#d mpsmod;
GecKOHEYHO yJa/jeHHasi TOMKA MOXeT ObTh IPaHMYHONI TOYKOH MOBEPXHOC!H.
Ecny we norepxriocts B 06¢ CTOpPOHH npubmixaercs Bce Gojee K OByM Ha-
panielbHBIM OPSMBLIM, TO STy MOBEPXHOCIb CICAYeT paccMaTpyvBaTh Kax
CMEIKAION[ '10cs B ee OeCKOHEYHO ynanguuol Touke. Jlanee, eciu mnosepx-
HOCTH MMEeT [PaHHMIly, MPOCTHPAIOLIYIOCsi B GECKOH:YHOCTH, TO KpHBas, o6pa-
3yIOlLasl TPaHully, NOJ/DKHA 3aMBIKAThCSsl, MPOXo/s uepe3 OECKOHeYyHOCTh, T. €,
1160 B ONMHAKORLIX HANPaBJeHHsX, J460 B MNPOTHBOIOMOWHLIX OHA JO/KHA
Gearpanuyyo npubiM.YaThCd K JByM NaPase/bHBIM NMpPAMLIM MAM CONepKaTh
yacTh GeCKOHEYHO ynaneHHOH NpPAMO#H; B ca-
MOM Jfic/ie, HE2aMKHYyTas KpHBas He MOXeT
cnyxuth rpanyueft nopepxuoctd. Tak, Ha-
NpuUMEep, MAOCKUH KYCOK MOBEpXHOCTH, OTpa-
HUYEHHBIH NpAMOH M JIOMAaHOW, COCTaBJieH-
HO M3 JBYX HOJYNpPAMHX, #300paxeHHsil
Ha yepT. 279, B NPOEKTHBHOM MLOCTPAHCTBE
He 3aMKHYT MO OTHOIUEHHIO K OCTanbHOM
YacTH MJOIKOCTH, TAK KAaK BO3MOXEH fnepe-

Hepr. 279. xon w3 Touku A B TOuky A’ uepes Gec-

KOHEYHOCTb. Mexay TeM B METPUYECCKOM TNPO-

CTPaHCTBE TOT K€ CaMblil KycO{ TIOCKOCTH BelieT celsi Tak, Kak ecnu Ol
oH Obin orpasyieH 3aMKAyYTOH KpHBOii.

To e caMoe MMEET MCCTO M aJisl MIOCKOCTH B lLenoM. MeTpuuccias mno-
CKOCTh ¥IMeeT 3aMKHYTy®D TpaHuLy, MMEHHO, 6ECKOHEYHO YHANEeHHYIO MPAMYIO.
Takum 006pa3oM OHa TOMOJOTHYECKH BKBHIANEHTHA BHYTPEHHOCTH Kpyra.
Hanporus, npoextdBuas MNOCKOCTb SBJseTC 3aMKHYTOH mosepxHocThio. Jlns
TOro 4ToO6H MONYYHTh NPOCTYIO TOMOJIOTHYECKYI0 MOJEb NIPOEKTUBHCH MINCKO-
ctH, OylaeM HCKONMTh M3 PacCMOTPCHHBIX Bhure noctpoennl (ctp. 209, 212).
[TpoeKTuBHYI0 MNAOCKOCTHL MBI Oro6paxkaiyl B3aWMHO ONHO3HAYHO HA MOBEPX-

AN L N NN NN

CTPYKTYpbl Npu IwibAeHiueM yBeaWueHud pa3MepoB mapa. MOXHO Jerxo ykasaTthb
NpUMEPB! NOBEPXHOCTEH, HE Y/IOBTETBOPSIOIMX 3TOMY Dpearnonoxennio. ODuiued,
HanpHMep, BOKDYT TOYeK MIOcKOH KBanpaTHoW peLIeTKH ManeHbKHe OKDYXHOCTH,
He nepecekaiollye ApPYr apyra. Lciu ynamute BHYTPEHHOCTb BCEX 3THX KDYroB M3
THIOCKOCTH, TO MOJYNHTCS IUIOCKAS TIOBEPXHOCThb. [lnst yacTy 3ToH MOBEpPXHOCTH, Jexa-
mefl BAYTPH HIApA, MOWKHO JErko BblUHCIHTH CBs3HOCTH, OUEBHAHO, OIHAKO, YTO 3Ta
CBSI3HOCTb 623rpaHHMyHO BO3PACTAET MPH BI3PACTaHMK AP C COXPAHEHMEM €ro LEHTPa
110< TOSHHLIM,
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HOCTE TONymapa, PACCMATPUBAsSi ABE NUAMETPANBHO MPOTHBOMONONHBIX TOYKH
GOJIbLIOrO Kpyra, OrPaHHUMBAIOLIEr0 MONYIuap, Kak ToxiecTBenHbie [lomo6-

A B
= —
V/ 4 J ¢
c V4
8 4
Yepr. 280. .
[44 19' - -
YepT. 282.
A A ,
& ’ £ ,‘# =
U :
sCc 0 U
Yepr. 281. Yepr. 283.

HBIM e 06pa3oM Mbl MOraM Obl BMECTO MOJyIIapa MCNONb30BATH KpPYT, TaK
KaK ero Moxuo ne(opMupoeaTh B nonywap. llanee Mel MOxeM nedopmupo-

BaThb Xpyr B kBazpat. Ilostomy
NIPOEKTUBHAS TIOCKOCTh TOTOJIO-
rUdecKy SKBUBAJNIEHTHA KBaaDaTy
(uepr. 280), ecnu Mu Gymem
CUMTATh KAXAYI0 Tapy HOUaMET-
panbHO TPOTUBOMOJIOXKHHX TOHEK
I'PaHMIB! KBAAPATA 33 OHY EIUH-
CTBEHHYIO TO4KY (Hanpumep TO'l-
ku An A'Ha yept. 280). 3amxny-
TLIM KPHBBIM TIPOEKTHBHOHM mJio-
CKOCTH COOTBETCTBYIOT B 3TOH MC-
JieNny, BO-TIEPBHIX, 3aMKHYThHIE KpH-
BLle, 4 BO-BTOPHIX, BCE T€ KPH-
Bble, KOTOpbIE COENMHSIOT TOMX /e~
CTBEHHblE TOUKY IPaHULbl (Hanpu-
Mep otpesok AA’ Ha uept. 280).

Tononoruyeckoe HccnenoBaHue
MPOEKTHBHOH MNOCKOCTH MBI MPO-
nomkum mosmHee (cTp. 272).
Ho cnoco6, npuseneHHbt Ha
yept. 280, HeMeNNeHHO NPUBOAUT
Hac K JpPyruM TNomOGHHIM e Mo~
crpoenusM. CHayana Mbl Gynem
UCXOINTh ONSITh-TAKU M3 KBajpara
WIM W3 NPAMOYTONbHMKA, HO MU
3TOM OyIEeM CYUTaTh TOXAECTBEH-
HBIMH TOYKH TPaHMLE], COrJacHO

Yepr. 284.

UepTt. 285.

cxeme, nmpuseneHHolt Ha yepr. 281. Mi onaTe ToNyYaeM MOneJb 3aMKHYIOH
nosepxsHocti. Ha ator pas usobpaxaeMyio NOBEPXHOCTb OYeHb JIETKO BOCCra-
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HOBUTb, UcXons u3 Mojieid. CorveM npsMOyroibHuk (ueprt. 282) cHauana B
KYCOK KPyrosoro LuanHapa (uept. 283). [Ipu sTOM Mbl NpHJIONUM CTOPOHHI TIpSi-
MOYT'ONbHUKA I, 2 npyr K APYry TakuM o6pa-
30M, YTOOL! TOXIECTBEHHBIE TOYKH 3THX CTO-
poOH melicTBUTC/NIBHO coBnanau. J[lpyrue nee
CTOPOHH 3, 4, KOTOpHE TPH 3TOM Nepexo-
IST B KPYTH, MBI MOXEM MPHNOKUTb APYT K
Ipyry 1O TOMY 2Ke TpHHUMITY, €CJIH H30rHeM
kpyrosoft wamuap (dcpr. 284). B koneuHom
cueTe Mbl TIOJIYYMM TIOBEPXHOCTh TOPA; TPaHHLA
NpAMOYrOJILHHKA Mepeiier B «KaHOHUYECKYIO
CHCTEMY pa3pe3oB» TOPa, NMPHUEM KAKALIH M3
Pa3pe3oB COOTBETCTBYET JBYM MPOTHBOIOJIONK-
HBEIM CTOPOHaM NpSMOYro/ibHUKA (depT. 285 n
Uepr. 286a. 275, b). O6patHo: ecan paspesaTb TOP BROJb
KaHOHUYECKOH CHCTeMEl, TO BCeraa MoJjyuaer-

¢ Qurypa, TONOMOTMYECKY SKBUBANEHTHAS NPSMOYTONBHUKY € YKa3aHHBIM
COOTBETCTBHEM CTOPOH. DTOT CNocO6 MONKHO pACIpOCTPAHUTh HAa BCE KPEH-

Yepr. 286x. Ueprt. 286e.

nem». Ecau cBisHocTs Kpennens paBHa 2p +1, TO KanmoHmueckas cUcTeMa
paspe3oB cocTONT n3 2p kpusbix. Ciie/I0BaTebHO, BLINIOJHUB pa3pessl, NOJIyYnM
4p-yronbHUK C ONpesieNeHHLIM cooTBeTcTBHeM cTopod. Ha uwepr. 286 u 287
1306paxeHo 9TO MNOCTPOeHMe nus cay4aes k=25, 7 1, ciefosarensHo, p=2, 3.

Otolpaxenue kpeuneneft Ha 4p-yroibHUKH HWrpaetr BaxXHYI0 pOJb Kak
B TEOPUM HemNpephiBHHIX OTOGpaweHudt (ctp. 284), Tak ¥ B TeopuM QYHKUMH
(ctp. 289). B 3imx npuiaokeHusX MCXORNST M3 TOrO, HYTO MPaBMIABHBIMU
4p-yronbHMKaMH MOXHO TMOKpLITb I'MIep6OJIMYeCcKylo TuckocTh (ecan p=1,
TO SBKJKMAOBY MNJAOCKOCTb), 4YTO b Y€ BHSCAMIM Ha cTp. 227,
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Ecnu cropoHel 4p-yronbHHKA CKNeWBaTh Miade, TO TNOMHMO KpeHuaeneH
MOXHO MONYYuTh GOJBLIOE YUCJIO APYIWX TOB:PXUOCTedH; HEKOTOPHIMYU U3 HUX
MBI 3a4MEMCH HUXe.

46. OHOCTOPOHHHE MOBEPXHOCTH. Bce pacCMOTpEHHLIE IO CHX MOP MHOro-
FPaHHUKU M 3aMKHYTHIE NOB PX4OCTH UMENW He4eTnyi CbA3HOCTh. Ilostomy
BO3HHKAET BOMNPOC, CYLIECTBYIOT JU BOOOIIE 3aMKHYTHIE MOBEPXHOCTY YETHOMR
CBSI3BHOCTH, T. €. 06pasbl, KOTOPLIE MO CBOMYy TOMNOJOTMYECKOMY IMOBENEHHUIO
HAXOASTCA NOCPeAMHE MEXAY apoM W TOPOM WM MeXIy ABYMSi KpEHAesMU.

UYepT. 287a. Yept. 2876.

Yepr. 2878. Yepr. 287T.

[Tonpo6yem paspewnts 5TOT BOMpoc. ITocTPOMM MHOTOTPaHHMK, UMEHHO
TenTasnp, KOTOPHIN COTAacHO TeopeMe Jijepa O MHOIO: PAHHHKAX HOJ/DKEH
OLITH ABYCBSI3HHIM. BYIEM MCXOmuTh WS MpaBWibHOTO OKTasapa (uepr. 288).

Jo6aBuM K BOCBMH TPEYroOJibHLIM TIPaHSIM 3TOr0 MHOTOTPAHHMKA eIle TPH
KBAaNpaTa, PaCMOJOWEHHbIX B TPeX MIOCKOCTAX, ONpefensieMblx AHaroHaIaMH
okrasnpa (wanpumep ABCD wa wept. 288). DTu ONMHHAALATH TOBEPXHO=
cTelt He onpenensiiOT MHOTOTPAaHHMKA, TaK KaK B NPOTHMBONOJOXKHOCTb NAHHOMY
BBILLIE OMpeleNieHu0 K KaXAoMy peGpy CXOmsTcs He IBE, a TPU MOB2PXHOCTH.
Ynanum Tenepp vyernipe TPEyrofbHUKA, a MMEHHO: Ha BepxHed TOJIOBHHE
OKTasnpa, W306paxeHHOro Ha ueprexe, JieBHfi mepenunit TpeyroJbHHK M Hpa=
Bhll 330HMH, a Ha HibkHel NOJIOBHHE -—JIeBUWH sanHui M MpaBell nepenHud
TpeyronbHHKM, B uTOre OCTalOTCH TONBKO yerhbipe TpEyroJIbHMK2 OKTasnpa,
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KOTOPblE HA HALIEM YepTexke 3aTPUXOBaHHL. TakuM crnoco6oM Ml MOCTPOHM
¢urypy, cocrosiyio M3 UeTblpeX TPeyroJbHUKOB M TpeX KBampaToB. PeGpa
U BepwHHL S5TON ¢urypsl coBmanaiot ¢ pe6paMy M BepIIMHAMH OKTaslpa,
HO [HArOHaJIM OKTa’npa sBJASIOTCS He peGpamy, a JHHUSMH, NPOXONSUIHMU
ckBO3L Hawmy ¢urypy. OueBHnHO, B Kaxa0M pebpe CXOASTCS B TOYHOCTH
IBe TPaHHM M OT BCKOH rpaHu MOXHO Mepeltd K mo6oit apyrofi, nepexons
gepes peGpa. Takum oOpasoM Hama (urypa MNpeaCraBiseT MHOTOrpauHMK;
' TaK KaK OHAa HMEeT CeMb
g rpadefi, TO OHa Ha3.l-
Baerc¢s renrtasiapoM. Tak
e, KaK ¥ OKTas’[ap, OHa
HUME2ST IBeHamats pebep
¥ ecTb BepuuuH. Jns
3TOro cnyyast 06061eH-
Hast TeOpeMa O MHOro-
TPaHHMKAX naer:

E—K+4+F—=6—12
4+7=1=3—~h.

[Tosromy renrasap
HMceT CBSI3HOCTD fi=2.
Kak mpocTeie MHOro-
rPaHHUKY MOTYT OHITh
nedopMHUPyEMBl B 11ap,
TOYHO TaK Xe HMMeeTcs
npocras 3aMKHyTas Mo-
BEPXHOCTb, B KOTOpPYiO
MOXHO JneOpMHPOBaTh
Yepr. 288. TenTasyp. Sgo—noaepx-
HOCTb, HA3LIBa €Mas «PHi-
ckoll moBepxHOCcTbiO» (yept. 289). Ee uccnenosan Ilreitnep. Ona nopo6ro
renTasgpy MMeeT TPU MONAapHO NepNeHAHKYJSIPHHX OTpe3Ka, NPOXONAIIUX
CKBO3b (urypy. B npsaMOYroJbHEIX KOOpAMHATAX OHa ONpeJIENsieTcss ypas-
HEHUeM:

Vi 2%+ x%y? + xy2=0,

T. €. mpencrasnaseT coGoll moBEPXHOCTb YETBepTOro MNOPSIKA.

[ToMumo ueTHO! CBASHOCTM M HaJM4YMsi KPMBHX CaMOnepeceyeHHs IOBepX-
HOCTH, TenTasnp odlanaeT eule OAHHM BAXHBIM CBOHCTBOM, KOTOpPOE OTIHYaer
€ro OT BceX JI0 CHX TOp paccMOTpeHHbIX nosepxHocreit. Ilpencrasum ceSe,
YTO 3Ta MOBEPXHOCTh OCYIIECTBIeHAa INPH TIOMOIIY HEKOTOPOH MEPCTIOHKH,
K PaccMOTDHM HEKOTOpOE CYUIECTBO, HanpUMep KYKa, KOTOpLI MoJ3eT no
5T0# nepenoHke, HauuHas € HeKOTOpo# Toukk P. Hanpordm sToH TOuKH,
C npyro#l cTopoHsl TOHKOfl NEpPenoHKY, PACnoJIOXeHa HeKOoTopast TOYKa P,
COBNaZamulas ¢ TOYKON P, eClM 3aMEHUTHh MEPelOHKY NepBOHaualbHOH reo-
MeTpuueckoli nmoeepxHocThio. Kas3anoch O, YTO YK HE MOXET NONacTh M3
TOYKH P B Touky P’ HHaue, KaK NpORenaB B KAKOM-HUOYIb MECTE MEPENOHKHU
neipy. Takoe npennonmkenye BEPHO MO OTHOLIEHWIO K APy W KO BCeM
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KpeHeNaM, KOTOphle Mbl paccMaTpusatd 10 cux nop. OmHako rentasnp
npencTaBngeT coboi MOBEPXHOCTb, A KOTOPOH Takoe MNpeNnoJoKeHHe He
onpasnbiBaeTcsl Brifepem B KauecTBe HC OnHOH TOUKH P HEKOTODYIO TOUKY
Ha KBafpaTHOH IpaHH mapas/eNbHOH MIOCKOCTH Yeprewa, Ha CTOpPOHe, o6pa-
wenHolt k na6moparemo (uepr. 290). PaccmoTpnm Tenepb TyTh, KOTOPHIH

Ueprt. 289a.

BEJeT MO TMOBEPXHOCTH renTasnpa M3
toukn P, mnepecexkaer pebpa I, 2,
3, 4 ¥ 3aTeM CHOBa TPHBOAUT Ha
NEePBOHAYAJBHYIO KBaJPATHYIO IPaHb.
)Kyk, KOTOpHIl MyTelliecTByeT [0
9TOMYy HyTH, OYEBHAHO, MNePCXOnsi
yepe3 pe6po 4, nonanaer Ha obpar-
HYI0 CTOpOHY TOH KBaipaTHOH rpa-
HH, C ITHLEBOH CTOPOHBI KOTOpPO# OH
Hauan cBoe mnyteuiectBHe. EMy npu-
XOJUTCS TPHIKAK NPOCBE JIHBATL Ti€-
pefoHKY TenTasapa, HO He Ty rpaHb,
M0 KOTOpPOM OH InyTewecTByer, a
Ipyry© TIpaHp, KOTOpAast Tperpa-
®IaeT eMy HOpOry B TOYKaxX camo-
nepeceyeHuss MOBEPXHOCTH.
Bcnencteue 3TOro rentasnp Hasbl- Hepr. 289s.

BaeTcs OJNHOCTOPOHHEH TOBEPXHO-

CTbiO, B TO BPeMS KaK LIAP U PacCMOTPEHHHIE IO CHX MOP KPEHIEJIH Ha3biBaIOTCH
IBYCTODOHHHMH. [l MOBEpPXHOCTeH, MMEeIOLIHX TPaHHLY, TaKike MOXHO Mpo-
BeCTH Takoe pasnuuue. s 3TOro cjenyer noCMOTpeTb, HMeeTcss JIM Ha
1OBepXHOCTH (KOTOPYIO paccMaTpHBaeM KaK MEPENoHKY) TaKOH mHyTb, KOTO-
pPHU BeleT C ONHOH CTOPOHBI NMOBEPXHOCTH Ha IPYrylo 6e3 TOro, 4TOOH IpH
3TOM TpPHUXOMWJIOCH MEPeceKaTb IpaHHUIly TMOBEPXHOCTH MJ/IM IPOCBEp/NBaTh
MOBEPXHOCTL B TOM MeCTe, 4epe3 KOTOpOe NPOXOAMT paccMaTpuBaeMbli MmyTk.
Ecan rtako#t myTh Ha NOBEPXHOCTH HMEETCSs TO MOCEPXHOCTH HA3LIBAETCS
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OJIHOCTOPOHHEN; B TPOTHBHOM Ciiyyae — IBYycTOPOHHelt. [ToBePXHOCTH € rpaHu-
melt, PacCMOTPCHHHWE HAMM A0 CHMX TIOP, OBITM BCe JIBYCTOPOHHHMH, HATIPHME"
kpyvr. O«asnBaercs, MOXHO Mj MB2CTH TIpHMEp ropasno 6osee mpocToH, uem
renTasgp, OMHOCTOPOHHeH TOBePXHOCTH, MMEIEH IpaHully, HMEHHO, OBEpX-
Hocte MeGuyca. Mpl 1ioCTpouM STy MOBEPXHOCTH M3 OyMamHOH NONOCKH,
KOTOpast M\ €eT BHA CWJbHO BEITRHYTOrO mpsivoyroisimmka (dept. 291). Ecau
Ml CHOXMM KOpOTKHe cTopousl AB m CD Tak, yro Toyka A coBnager
c toukoft C, a touka B ¢ Touko#t D, TO mnonyynm, KaK Mel YXe BHIEH
BHIIlIE, KYCOK KpPyroB Io IMJIMHIPA, JBYCTOPOHHIOIO NOBEPXHOCTH C ABYMS
kpasMu. Bumecto 5TOTO Mul Temeps 10 CkianbiBaHust nosepreM Ha 180° onuu
KOHel| T0JOCH M0 OTHO-
wmeHuro K apyromy. Crue-
DOBATEJIBHO, MBI CJIOXKUM
KOHUH TaK, YTO TO4YKa A
COBMAzfeT € TOukol D,
a Touka B c Toukoii C
(uepr. 292). Mul noay-
4yM Mozenb McOHyCcOROM
noBepxHoCcTH. Jlerko y6e-
IOUTBCS, YTO 3TA NOBCPX-~
HOCTb  OIIHOCTODOHHSISI.
Haueptum, Hampumep,
10 CKJIA[bIBAHUS JIMHIHIO
PP', mnapanienbHyio
JNMHHEIM CTOPOHAM TIpsi-
MOYrosipHUKa. DTa Tpsi-
Masi MO<Jie CKJa[bIBaHUsI
nepefiner B aunmio QQ’,
KOTOpast  NpeicTaBiseT
MyTh, BeAyWu# ¢ ogHOU
UepT. 290, CTOPOHW  TMOJIOCH  Ha
apyrywo ).

OnsocTopOnHYUe MOBEPXHOCTH MO KHO DXapaKTepH30BaTh NP MOMOIM APy~
TOr0 BAXHOrO TOMOJOTHYECKOrO MOHATHS, ISt (OpMyJIMPOBKH KOTOPOrO He
NPUXONUTCH TPENNoJiarath, Y4TO TNOBEPXHOCTh TpencTaBJisieT cO60 MepenouKy.
Ilpenctasum ceGe, 4YTO BOKDYr BCAKOH TOYKH 33aNaHHON MOBEPXHOCTH (32
HCKJIOUEHHEM TOYeK TIpaHHIb, eCI¥ TaKOBas HMeeTcst) MpoBeneHa Masas
3aMKHYTasi KPUBAsi, LIEJTUKOM pacroJIOXXeHHass Ha TIOBEPXHOCTH. I[lommiTaeMcst
Tenepb HA BCEX STHX 3aMKNYTHIX KPHBLIX TaKk ONpemeJUTh HanpaBieHue
06x0na, YTO ROCTaTO4YHO GJIM3KHE TOYKM GYnyT O6XONMTHLCS BCErna B ONHOM
¥ TOM Ke uanpasieHuH. Ecnum Takoe ycTaHOBJeHue HanpasieHuss 06xona
BO3MOXHO, TO OHO Ha3LIBAETCS OPWEHTAUU2H NOBEPXHOCTH U NOBEPXHOCTH
HasbiBaeTcs OpueHTHpyemod, KM BOT, OIHOCTODOHHME MOBEPXHOCTH HUKOrHA

e W7
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1) Pasnnupe mMexny MebuycoBo# NOBEPXHOCTBIO M IMIMHAPHIECKOH MONOCOH MOKHO
YCMOTPETh TaKXKE B CAEIYIOLUKWX OBYX ABJICHHMAX: TIPaHHiia MeOMYCOBOH NOBepXHOCTH
He pacnazaercsl Ha gBe 3aMKHyThle KPHBBIE, 00610 rpannie UuIHHIpuYeckoll nonockl,
a cocrout H3 oqHOH emmHcTBeHHof! 3aMxHyTOl KpuBOH. [anee, ecau pa3spesath meOu-
ycoBy MNOBepXHOCTh BAOAb KpuBo#f (', T0 OHa He pacuafgaeTcsi HOKOOHO LUAHHAPH-
yeckolt mosnoce, a ocTaercs CBs3HOH.
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He MOryt OHTb OpUCHTUpyeMbl. [l 10Ka3aTeNbcTBAa 3TOTO TNPENCTABHM
cebe OnMH M3 TEX BAMKHYTBIX MyTell, CyL(CCTBOBAHME KOTOPOrO pPaBHO3HAUHO
OIHOCTOPOHHOCTH TIOBEPXHOCTH, HampuMmep nyTh QQ' Ha Me6u cOBOff mopepx-
HOCTH, NpuyeM MBI OnsiTe OyneM paccMaTpuBaTh TOYKH Q M Q' kak Toxnes
crBeHHsie, Ecau ycrawoBum jiisi ToukH @ HEkoTOpOe HanpaeieHue 06GXona
M €C/IM COXPaHMM 3TO HampaejieHve o6X0la Ha NpOTshkeHHH Bcero mytu QQ',
T0 B TOuKky Q=0Q" Mbl HeO6XOQUMO TpHAeM C OOPaTHLIM HANpa JeHHeM
obxona. Takoe siBieHHe He Morso Gul Ha-
CTYnUTh, eciu Obl MoBepxH.C1b MeGuyca
6uuia opuentupyemoit. To xe camoe uMeer
MeCTO M AJiI BCeX IPYrMX OOHOCTOPOHHUX
nosepxHocTell. O6paTHO, MOXHO 1OKA34aTh,
YTO BCE [BYCTOPOHHHE MOBEPXHOCTH OpUEH-
TupyeMsl. Takum 06pasoM pasmenedue MNo-

A 44
p 4
8 y/j
Yepr. 291. Yeprt. 292.

BEPXHOCTe#l Ha [OBYCTOPOHHHEC M ONHOCTOPOHHHE TOMIECTBEHHO C DPa3fieJieHHEM
Ha OpHeHTHpyeMLIE ¥ HeODHEHTHDYeMLIE.

Jlerko BHAeTH, YTO MOBEPXHOCTH TOTAA M TOJBKO TOrZA HEOPHEHTHPYeMa,
eC/ii Ha Hell MMeeTcsl HeKOTOpas 3aMKHyTas Kpusas §, Takasi, 4TO Manias
OpHEHTHPOBAHHAS OKPYXHOCTB, LEHTP KOTOPOfl HempepLlBHO ABMIKETCH 110
KpHBOH S, TPUXOOUT B HAYAJILHYIO TOYKY OPHEHTHPOBAHHOH B NPOTHBO-
NOJIOXHOM HanpabjieHud (nanpumep xpuBas QQ' wa uepr. 292). Ecau na

¢

Yepr. 293. Yepr. 294.

MOBEPXHOCTH IBHMIaThCsl BAOJbL KPUBOH § MO OAHY CTOpOHY OT 3TOM KpPUBOMH
(no onmHoMy ez «Oepery»), TO B KOHLE KOHUOB MOXHO OKa3aThCfl N0 npy-
ryl0 CTOpDOHY KPUBOH, XOTR NPH 3TOM ABH:KEIMH HE NPHXOAUIOCH NCPECEKATh
kpusylo. Ilostomy roBopsT, u4to KpuBas s umeeT onuH «Geper». B To epems
KaK Ha OPUEHTHPYEMBbIX TMOBEPXHOCTSX BCE KPH:'ble HMEKOT siBa Gepera, Hanu4He
3aMKHYTHX ONHOGEpEMHHX KPUBBIX XapakiepHO J/Id HEOPUEHTHPYEMBIX MO-
pepxuocTelt. OnHOCTOPOHHUE MOBEPXHOCTH U ONHOOEpeXHEle KpPUBLIE B3aHMHO
0OyCJIOBAMBAIOT npyr Apyra. [lepsoe CBOWCTBO OTHOCUTCS K PacnOJIOXEHHIO
MOBEPXHOCTH B NPOCTPAHCTBE, & BTOPOE — K PACNOJNOWKEHHIO KPMBOH Ha mno-
BEPXHOCTH.
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B TIPOTHBONONOXHOCTE MCOKYCOBO#H MOBEPXHOCTH FeNTA3Ap COAEPHUT JMHUY,
NMPOXOASiME CKBO3b MOBEPXHOCTh. Kasanoce Obl, BCAKAs OMHOCTOPOHHSS
3aMKHYTasi MOBEePXHOCTb JOJDKHA Tepecekarth cama ce6s. B camom nene, 3rtu
NOB2PXHOCTH UMZIOT TOABKO OIHY CTODOHY M, CJIENOBATENbHO, HE MOTYT
OTrpaHHYUBATh YACTH MPOCTPAHCTBA OT BCEI'O OCTANBHOLO NPOCTPAHCTBA, T. €.
OHH He pa3bHpaloT Tpo-
CTPAHCTBO Ha BHYTpeH-
HIOK U BHEIUHIOI YacTH.
s s3aMkHyTOlH TOBepx-
HOCTU Oe3 JexalluX Ha
Hel aMHHEl camomnepece-
YeHUsl Takoe MoBeneHUe

YepT. 295. Hejb3sg ceGe mpencra-

BUTh. ¥l nelcTBuTENBLHO,

BCE ONHOCTOPOHHUE 3aMKHYTHIE NOB2PXHOCTH IepecekailoT caMu cebs. OnHako
JI0KA3aTENbCTBO 3TOrO NOMKHO OBbTh MPOBENEHO COBEPHIEHHO WHBEIM IyTEM.

He Bcaxoe camornepeceueHue TOBCPXHOCTH MPENCTABIsIeT TOMNOJOTHYECKYIO
0coBeHHOCTb. PaccMoTpuM, Hampumep, MOBEPXHOCThL BpalleHUsi, BOBHUKAIOILYIO
npu BpauleHsH U306pameHHON
Ha uyepT. 293 KpuBOft BOKpPYT
NYHKTUPHOY  npsaMoil  3TOro
yeprexa. Touka A omuchiBaer
OKPYKHOCTb, PECTABJSOIYIO
KPUBYIO caMOrepeceyeHus 3Tol
noBepxHocTH. QOnHako mnyTeMm
HenpepulBHOH  nedopMmaiHyu
MOMHO TepeBeCTH 3Ty MOBEpX-
HOCTb B TIOBEPXHOCTh Bpallle-
HUs1, 00pasyomas KpuBasi KOTO-
poit uaoGpawena Ha 4ept. 294.
Irta noBepxHOCTh He mnepece-
kaercst caMa ¢ coboft H, oue-
BUJIHO, TOMOJIOTHYENKU SKBU-
panentHa wapy. OGpaTHo,
MOXHO TIOJNYYUTh M3 1uapa
OTIHCAHHYIO TOBEPXHOCTH Bpa-
meHust. Takum o6pa3om Ha-
JU4He KPUBLIX caMonepeceve-
HHMS He MpelcTaBiseT Cylle-
CTBEHHOTO  TOTOJIOCMYECKOro
ceofictea. B TO BpeMs kak Yepr. 297.
3/1eCh KPHBASE CAMOTIEPeCeeH s
3aMKHYTa, KpUBas caMoIlcpecedeHHUs] renTasfnpa UMCEeT LIECTh KOHIEBBIX TOYEK,
UMEHHO BEpIUMHLI TenTasgpa. IJTH TOYKM NeNCTBHTENBHO Cleflyel paccMaTpu-
BaTh Kak ocoberHocTu. OKPecTHOCTh OGBIKHOBEHHOH TOUKH NMOBEPXHOCTH BCErnaa
MoxeT OLITh HempepnisHOM negopmaikelt npeoGpasoBaHa B Kpyr; IUIs OKpPecT-
HOCTM BepIIMHE rentasapa (wept. 288) momo6uas nedopmauns He BCErzna RO3-
MoxHa. 'entasnp WMeeT wecTs 0COOBIX TOUEK, M BO3HHKAET BONPOC, HMEWTCH
JI4 EOOOLUE OfHOCTOPOHHHME 3aMKHYTHIE MOLEPXHOCTH (€3 OCOGHIX TOUEK,
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Kaettn nepBuifi man npumep nono6HOH nosepxsocTH. Bymem wucxomuts ua
Tpy6hl, OTEPHTOH € 0Geux cropoH (wepr. 295). Buiue b nmodyuanu u3s
nonoGHOM TPYOBI MyTeM ee U3IM1aHdf M CKJIEUBAHMSE TPaHML [IBCPXHOCTh
topa. Ceityac mu GyneM NPHKJIafbLIBaTh TPAHMILL JPYT K IPYTY HECKOILKO
HHEM crocoGov. Tlpencrarum cebe, 4TO ONMH KOHEL TPYOBI HECKOJBLKO YiKe,
yeM APYro#, H COOTBLTCTBYIOIMY M3rubaHHeM N0ObeMCst TAKOTO PACTIONOKEHHS,
yTOoOL Gosiee y3kul KoHew TpyOw, INpolas yepe3 CTCHKY TpyOhl, BLIXO-
JUJA B OTBCP.TWE MIPOKOH wyact TPyOul Tak, uyTOOH 002 rpaHHynbX
Kpyra pacronoXunuch KOHueHTpuuno (uepr. 296). MaruGas temepn Brewn u i
IMPOKKI Kpyr BHYTPb, a BHYTpPeHHuH Y3KMH KDYI' HapyXy, MBI MOXeEM CO-
elMHUTD 06€e rpaHuIbl TaK, YTOOH 1PH 3TOM 1e NOoJTy4anock ocobernocret. Takum
06pasoM Mbl moyyitm norepxHocTs Knefina («ByToinky Kiehnas) (uept. 297).
Oua, C4eBUHIHO, OMHOCTOPOHHASA U HMCCT 3aMKHYTY:0 KPHBYIO CaMOTepeceyeHHs
B TOM MECTe, I/ie MBI BOTKHYJIH Y3KHI KOHell TPYOul B CTEHKY LIMPOKOH ee yacr.

IlepBLfl npUMEDP 3aMKHYTOH OAHOCTOPOHHEH TOB2PXHOCTH, MMEHHO, rernTa-
31p, OTAMYANCH 01 PACCMOTPENHBIX BHIIIE IBYCTOPOHHHX 3aMKHYTBIX MOrepX-
HOCTEM TeM, uTO OH HMEN HeTHYIO CBABHOCTDH; MOSTOMY MBI MOTJIM OLI OXKHIATh,
uTo ¥ nosepxHocTh KnellHa Take UMeeT YETHYIO CBS3HOCTh. B neiicTBurenb-
HOCTH K€ 3Ta MOBEPXHOCIh TPEXCBA3HA Tak e, Kak W Top. KaHouuueckas
cucTeMa paspe3oB Moxer ObiTh 3f1eCh BRIOpaHa TaK e, KaK U B CJyuae Topa;
B KayecTse TEpBOro 3amMKHyTOrO paspe3a BuibepeM ILOB, BHOJMb KOTOPOro
OLITH  COENMIleHm KOHULI TPYJbl. 3a BTOpPOH paspe3 INpuMcM Ty KPHBYIO,
KOTOpasi IepexoinuT B OTP-30k 06pasyollieil LMAHIINPa, ecau pa3pe3arh MoEepX-
nocte KnefiHa B10OSb 1UBA M CHOBA TIPUBECTH €€ B NUAMHAPHYECKHH BHI.
[Mocne paspesadusi nosepxHocTH Knefia BroJb STMX NBYX KPHBHIX OHA  TaK
we, KAK W TOP, TP XOAHT B NpAMOYrojbHuk. Ho Bcsikas KpuBas, coemuHsO-
miast ABE TOYKHM KOHTYpa NpsMOYTOJibHUKA, pa3OHBaeT NpiMoyronbHUK; 03TOMY
nast moBepxHocTH Kineita mmcem corsiacHo obuiemy onpenesieHuio A — 1 = 2,
T. €. A=23, uTto ¥ TpeGOBaNOCL AOKA3a b.

Taruv 06pasoM Mul TIOJYYMIH K3 MPAMOYFOAbHMKA (MK KBafpaTa) Mocpen-
CTBOM CKJIEMBAHHSI €r0 CTOPOH Pa3iMYHLIMH Croco6aMH NATh PasjvuybbIX
noBepxHOCTel, KOTOphle conocrasnentl B TaGaie 1) (cM. Ta6nuuy Ha ctp. 270).

Copep kaiuuecss B Tabauile AaHHLIE OTHOCUTENBHO MNPOEKTMBHOM MJAOTKOCIH
Hinke 6ynyT OGOCHOBZHEL.

U3 sToit Tabmuikl cliefyeT, YTO MBI MOXEM TOJY4YHTh MCTHYCOBY IIOBepX-
HOCTb M3 Mojenu Gyteunkd KneilHa, eciM MBI yCTpaHHM OI'IO M3 I YX CKJleil-
pauuil rpauun. CleloBaTenbHO, eciH pas3pesath NoeepxHocTh KrefiHa Baons
COOTBETCTBEHHO BHIOpaHHOfi 3avkHYTON KpHBOH, TO MBI NO/DKHBI TONYHUTH
nosepxHocts MeGuyca. IlpenocrasiseM umrartesio nponenatb 3TO Ha MOMEMH.
Ha uyepr. 298 noxasaHo mnpespamcehnie OyTouikh KnefiHa p nse mebuycos'. X
MOJIOCHL TyTeM ee paspesanus. UuTaTesh MOMET NONLITATBCA CHENaTh COOT-
BETCTBYIONMH TEpexoN Ha KBaapaTHOW MojenH.

B To BpeMsi Kak MBI MUMCIW NpUMEDLH 3aMKHYTHIX OIHOCTOPOHHUX NOBC2PX-
HOCTEH KaK C yeTHOM, TaK ¥ ¢ HeueTHOH CBA3HOCTBLIO (renrasjap M NMOBePXHCCThb
Kneiina), npuBencHuble A0 CHX TIOP 3aMKHYThle JBYyCTOPOHHHE MOBEPXHOCTH

1) B npoekTHBHOM NPOCTPAHCTBE CAENYeT PaccMaTpUBarTh OXHONOAOCTHEIE runepbononn
KaK MOBEPXHOCTb, 3aMxHy Y10 B GeckoHewsocTd. Ha ocHoBaHuM npuBeneHHOH Tabmuikl
YiTaTeNb MOXKET ONPCACAMTH, SKBUBAJCHTEH NI TONOJOrHYECKH OQHOTIONOCTHLIH runep-
6onoun, paccvarpupaemuit ¢ aroft Touku 3p:Hus, 6Gyrbise KneHsa unu  Topy.
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Inockoe Kpyropoe | [lse rpamMyHBIX
[H: KOMIBLO KPHBEIX k=2 Asycropoutss
Jler MeSuvea Ounna rpanuyHast —
y KpuBas 2 Oanocroponnsast
- 3amknyTas
0 O fre—t
Top HOBEPXHOCTS 3 JIByCTOpOHHSS
\
Y ByThiak 3amkuyTas —
y a KneHna HOBepXHOCTS 3 OuaHoCTO POHEAS
! IpoekTusHag 3amkuyTas P OLHOCTOPOHESS
TJIOCKOCTh NOBEPXHOCTD - P

BZ€rna ¥MeNnuH HEYETHYW CBI3HOCTh. Mox1;0 MoKas3ath, 4TO HE CYLIECTByeT
8aMKHYTHIX M 3YCTOPOHHHMX ﬂOBerHOCTeﬁ yeTHOH CBSIBHOCTH.

Yepr. 298a.

S

Yepr. 2986.

°

Tak e, kak nns KBaj-
para, MOXXHO I/1Sl BCAKOTO
NpaBWIBHOTO 4p-yrofib-
HHKA, CKJEHBAas pasiuy-
HeMd  cnocoBaMi  ero
CTOPOHH, MOJYYHTE MO-=
neny  OONBIIOTO Y4C/a
OMHO- M IBYCTOPOHHHX
MOBCPXHOCTEH! € rpaHH-
uefl u 6e3 rpanHvInL.
IMycte AB u CD — nBz
MOCTABJCHHEIE B COOT-
BETCTBHE [IpPYyr JApYyTY
CTOPOHK  4p-yroJbHHKa
(uept. 299); Torna pos-
MOXHBI JIBA BUIA COOT-
BeTCTEHS: 1) 1Be JIMHUH,
COeNUHSIIoIE COOTBET-
CTBYOUIUE IpYyr npyry
TOYKY, He IEP2CeKalTCs;
2) nBe Takue JIHHHMH
nepecekaiorcsi. [lepsrifi
ciayuall  MOXHO  TOJy=-
4UTh, HATIPUMED, €C/IY Ha
yept. 299 OTOXIECTBUTD
Au Cu Bmwu D, a
BTOpO# cnyuait, ecmu

oToxecTaIsioTes Touka A ¢ Touko#h D n Touka B ¢ touko#t C. Mul yTBep-
WAAEM CeayIoLiee: €CiM Kakue-HHUOYIb JiBe CTOPOHM 4p-YronbHHKA MNOCTaB-
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NeHH B COOTBCTCTEME ApYr IPYyTy N0 BTOpOMYy cmocofy, TO monyyarouiascs
fIOBEPXHOCTb BCElZid ONHOCTOPOHHSSA, HE3aBMCHMO OT TOro, Kakoi BHA COOT-
BETCTBHS BLIOpAH IAf IPYrux CTOPOH.

Jlnst [OKA3aTeNbCTBA BOCAO/Mb3YEMCS METONOM, NpHBENeHHbIM Ha ctp. 267,
H TOKaXEM, 4TO MOJIyYaloulascs TOBEPXHOCTh HeopueHtupyema. Ilycts P u P’
(vept. 299) — niBe oTOMIECTBAEHHWX TOYKH cTopoH ABu CD. Torna otp23ok
npaMo# PP' npexcrasisier 3aMKHyTHE NyTh HA MoBepxHOcTH Touka, mpoxo-
Isas STOT MyTh N0 MOBEPXHOCTH, MpeicTasneHa Toukod R, mpoberawouieh
nyts no npimo#t PP' cuayana no Touku P M 3aTeM Bo3Bpauawollefics u3
toyxn P' B CcBOe neppouauanbHoe nOnOxeHHe. [IpHmHileM Temepb TOuKe
MoeepxHoCTH, H300pakaeMol Toukol R, HEKOTOpOE Ha-
fnpasnenne 06XOa, KOTOPOE He NOJKHO HM3MERHATLCA IPH 4 s T g
gskennd  sTolt ToukH. Jlis STOrO omiuleM BOKPYT
104k R OKPYXHOCTbH BEChMa Majioro panuyca u u3bepem
Ha 5TOH OKPYXHOCTH OMpefie/IeHHOe Hanpas/enne o6xona.
St1a OKPYXHOCIb NO/DKHA HEMpPEpPHBHO [BHraThCsd BMECTe
¢ touxko#t R. [lpn npubmmkenin ToukH R K Touke P
ToNbKO nyra ST OKPYK4YOCTH OCTaeTcss BHYTPH 4p-yronb-
auka. YTo6H nNoOny4YHTh Ha TOBEPXHOCTH HM306paeHHe
3aMKHyTOM KpHBOH, Heo6xonuMoO npusneyb Toukn S'T',

jgexatire Ha mpsiMoit CD M OTOXAECTBAEHHHIE € TOYKaMH i
ST. Ho rtak kax npsmele AB u CD npuseleHs! B €O- 7 7P
OTBETCTBHE IPYr IPYTy MO BTOPOMY crmocofy, To Touku S

n &, a tTakke Toukn T U T’ pacrosioxeHH 10 pasHble Hepr. 299.

cropoHm oTp2ska PP'. Takum 06pasoM 3aMKHyTas
KpHBasi Ha MOBEPXHOCTH, MMEIOUlast ONpPEAe/iCHHOE HanpareieHde o6xona, M30-

- -
6paxaercs neymst nyramu ST n T'S'. Dra kpupas He Mp2TeprneBaeT Pasprisa,
KOTZa Touka R NpUXOAMT B TOUKY P, W HauMHAET ABHMTarbcsl faiee U3 TOYKU P'.
Ipu ynanenuu TOYkW R HA ROCTATOYHOE paccTosHKe OT ToukH P', nyra ST
NOCTENEHHO HCye3aeT, a Ayra T'S' nep2XomuT B MOJIHYI0 OKPYXHOCTh., OnHAKO
5Ta OKPYXXHOCTb HMEET HarnpasjeHHe 00XOfd, MPOTHBOIOJOKHOE TOMY, KOTO-
poe MMena OKDYXHOCTb TpH Hauaje IBHNEHHS; TakiM 06pasom Mu JoKa-
3a1M, YTO M300paraeMass MOBEPXHOCTh HEOPHEHTHpyeMa.

ONHOCTOPOHHOCTL [POEKTHBHOM TFUIOCKOCTH SBJISIETCH YaCTHHIM  CNYy4deM
Haulel TEOPEMH: B MOIC/AM TIPOEKTHBHOM TIOCKOCTH BCE COOTBETCTBHS —
BTOpOTO poIa.

O6paTHO MOXHO JIETKO MOKAa3aTh, YTO €CJIM BCE COOTBETCTBHS — MEPBOTO
pora, TO MOIENb BCErna MpPSACTABJSET NBYCTOPOHHIOK MOBEPXHOCTD.

Monenn MPOEKTHBHOM TJIOCKOCTH ME MOJy4ajd M3 LIAPOBOH NOBEPXHOCTH;
B TO e BpeMs mosepxHocth KieliHa okasanach €B)3aHHOR C TOPOM, HO B
9TOM C/lyYyae OTHOLIEHHE MEXLy HMMH GLUIO IPYroro pona, YeM CBsidb MeXny
HIAPOM H TPOEKTHBHOH MAOCKOCTHIO. [lokaxem temepn, 4yTO B meHCTBHIE/b-
HOSTM MeXIy nopepxXHOCTH0 KielHa u TOpOY MOXHO yCTAHOBHTH TaKOE Ke
COOTBETCTBHE, KaK My WAPOM H NPOEKTHUBHOH MJIOCKOCTHIO, H 4TO EO.BLie
€O BCAKOH OJIHOCTOPOHHEH MOBEPXHOCTHIO MOXHO TaKHM ke 06pasoM NpHBECTH
B COOTBETCTBHE HEXOTOPYI NBYCTOPOHHIOIO flIOBEPXHOCTE.

MH mOJy4YHaIH W3 MOBEPXHOCTH IUAPA NPOEKTHBHYIO TIOCKOCTh, PaccMa-
TPHBas Maph JHaMeTPalbHO MPOTHBONO/OXKHHX TOYEK KaK TOMAeCTBeHHHE
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toukn (cTp. 209). IMposenem Teneps TaKoe e nocrpockue Aas Topa. Bynem
Ha3LIBaTL UEHTPOM TOpa TOuKY M, B KOTOpOH OCh Topa mepecekaerca
€O BCEMM TEpNEHIHKYJAPAMMi, OMYLIEHHBIMU Ha Hee W3 LEHTPOE 06pasyiouinx
kpyroe (uepr. 300). Eciu P —xakas-undyns Touka Ha Tope, TO Touka P’
pacno/ioxeHHas CHMMETPHYHO € TOYKOR P OTHOCHTEnsHO ueHTpa M, Takike
Jie tHT Ha Tope. ByacM HasbiBaTh IHAMETPATLHO TPOTHBOMONOKHEIMU TOUYKAMY
J8€ TOYKH TOPa, PACTIOJIONKEHHHE CHMMETPHYKO OTHOCHTENBLHO Touku M. Ecmu
paccMaTpuBaTh BCE Napel AHaMETPaTbPO TNPOTHBOMOROIKHHY TOYEK TOPA Kak
TOXAECTBCHHLIC, TO MOXKHO TONYYHTh H3 TOPa HOBYIO MOBEPXHOCTHL F. Mui
YTBEPXKNAeM, YTO 3TO €CTb NOBEPX-
Hocts Kaeitna.

Jlna nokasare/nsCTBa PaccMOTPHM
o6pagyounid Kpyr Topa. AToMy 06-
pasyioleMy KpYry COOTBETCTByeT
npyro#t obpasywouit Kpyr, Kak 5To
sunHo Ha uept. 300. STumy neyns
Kpyramim Top pasfusaeTcs HAa niBe
oN0BHHL. MBI MOXEM TOJy4HTh
TOB2PXHOCTS F, ec/ii 0T6pOCHM OLHY

Yept. 300. M0JIOBHHY TOpa, a B ocTasiueiics mno-

JIOBHHE OTOXIECTEBHM TOYKH IDaHH I,

Kak 6BUIO yKa3aHo Bbllfie; COOTBETCTBEHHO STOMY JUi TIOCTPOEHHS MPOEKTHB-

HO#l TJIOCKOCTH JocTaloyHO Ouo 6paTh MOJyuiap BMeCTO II€JI0r0 I1apa.

Paccmatpupas Teneph HanpassieHHE OOXOJA HAa OTOXAECTBISEMBIX OKpPYK-

HOCTAIX, MOXHO YOeNHTHCS, YTO TIPH STOM OTOXIECTHJEHHH M3 NMOMNOBHHH TO)a
nonyuaercd mnosepxHocTbh Kieitna.

OueBHIHO, MB MO/XEM BTOPYI0 TOJIOBHHY TOPa HAJIOKHT . K3 MEPBYIO
TaKHM O6pa3oM, 4TOGH BCE MHaMETPaNbHO IMPOTHBOMOJIOMHHBIE TOUKM MOMAPHO
cosnasu. [lpu.5TOM, Kax Jerko y6emuThCsi, Mbl IOMKHH BTOPYyio MOJOBUHY
TOpa BLIBEPHYTh HAMOAOGHE MCPYATKH Tak, YTOOH BHYTPEHHsS MOBEPXHOCTD
ctana eHewde#. Eciu mpr cyioxum omsiTh ob6e MOJIOBHHH, TO TOP IDEBPATUTCS
B NIBAXIB 1OKPHITYI nopepxuocTs Kneiinal!). [losToMy roeogsT, uto TOp
MPENICTABIISET IOBYJHCTHY [IOBEPXHOCTb HAaNOKENHA IR TnosepxHocTH Kieitna.
Touyno TaK e 1uap onpenensoT Kak IBYJAHCTHYIO TOBEPXHOCTH HANNUIKEHHS
MPoeKTULHONR MIockocTH. Boo6le MOXHO [0KasaTh, YTO AN TPOM3BOJBHOH
ONIHOCTOPOHHEH OBEPXHOCTH CYUIECTBYeT JBYCTOPOHHSASA

1 ]

£ MOBEPXHOCTh, SIBASOINASICH ANA TNepBOH IBYJHCTHOA TIO-

r 2 EEPXHOCTBHIO HaNOXeHus,
P ] 47. 1ipoeKTHBHad fIN10CKOCTh KAK 3aAMKHYTast MOBEPXHOCTD.
P d 3 Js onpeneseHHs CBA3HOCTH TPOCKTABHOM IVIOCKOCTH IpH-
MEHMM I KBajgpaTHOM Mogenn Teopemy ODitiepa O MHOIO-

rpannnkax. Iposenem uepes uenrp M kpanpara (yepr. 301)
Uepr. 301. napamiess PQ u RS K cToponaM ksajgpaTa. Takum crmo-
coboM Mb pasofbeM KBanmpaT Ha ueTHIpe Ksaapara: 1, 2,

3, 4. BeencTsie cOOTBETCTBHS CrOpPOH 60Jbioro keanpata ksanpate I u 3
H306paXaI0T ONMH H TOT XE MHOFOYTOJLHHK NPOEKTUBHOH TMJIOCKOCTH. To xe
1) D10 mocTpoeHue re MoweT GHTb fPOBENEHO IIpH NOMou{M NpocToR nxedopMaiuu

TOpa, KAK MO0 Gbl [10£a3aThest € NEPBOrD B3rasua. Heo6xomiMo TOp paspesarn, YTobbl
MOACHO 6110 BHBEPHYIb OXHY I10JOBHHY TOpa.
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caMoe COpasenjuso Ans kpanpaToB 2 K 4. Ianee cropon PM u QM cre-
JlyeT paccMaTpHMBaTh Kak O/HO H TO we pebpo, Tak kKak ToukH P H Q
NpeNcTaBARIOT OBHY M Ty e TOYKy. TouHo Tak e croponst RM u SM
06pasyoT OAHO M TO ke pebpo. B KauecTBe BepIIMHLI CAEmyeT pac MarpH-
BaTh TOLKO ONHY Touky. [lostomy B dopmyny Dfsepa cnemyer NOACTABHTDL:

E=1, K=2, F=2, v
Teopema Ditnepa naer:
ChnenoBaTenbHo, NMPOeKTHBHAA MAJCKOCTH ABYCBASHA, KaK A
5TO yKasaHo B Tabaune ua ctp. 270.
B ananutnyeckod mpoekTHBHOH M€OMETPHH MrpaeT Ponb
TOPOE BO3HHMKAET MpH
npyroe pasGHeHHe fJIOCKOCTH, KOTOP 0 p Yepr. 302.

BBEJIEHHH TPWJIMHEHHLIX KOOPAMHAT. TO pasbueHHe H30-
6paxeHo Ha yepT. 302, mpuuyeM BMECTO KpanpaTa HCIONB30BAaH B KauecTse
MOJIeNNH KpPyr. JTa mOBepxXHOCTL Pa3GuBAETCH HA CEMb 06nacTed TpeMs Nyram,
He MPOXOAAIIMMH Yepes ONHY M TY e TOuky. JlomycTuM, YTO Kawnas M3 STHX
AYr mepecekaeTcd ¢ rpanuuel Kpyla B HaMeTPaNbHO MNPOTHBOMOJOMKHHX
Touykax. Torna o6nacth 2 w 5 COCTaBISIOT OAMH €IMHCTBEHHBIH Tpeyrons-
HHK; TOYHO Tak e obaact 3 ¥ 6, 4 U 7 ONPEAENsOT MO ONHOMYy Tpe-
yrojbHuKy. Moxuo y6epurbess, YTO TPH NPsMBIX, HE MPOXONSIIMX Yepes OnHY
H Ty Xe TOuKy, Pas6usaiT NPOEKTHBHYIO IIOCKOCTL MONOGHBLIM KE O<PasoM
Ha 4YeThpe Tpeyronhuuka'). Tenmepb HyXHO ROACTaBMTL B (QopMyny Iinepa
E=3, K=6, F=4, u Mn cHOoBa noayuyaeMm h =2,

TOYHO TaK e, KAk Mpl MOJYYaJH TMOBEPXHOCTH TOpPa M MOBEPXHOCTB
Kneitua u3 HX xpanpaTHHX mojeseft TMyTeM CK/IEHBAaHHA CTOPOH, MB MOXeM

R/

N

Yepr. 303. Yept. 304.

HCIONL30BATh KBAIPATHY0 MOAENb IS TOJyyeHHs MPOEKTH!HOR IOCKOCTH.
Ilns sTtoro nedopmMupyeM CriepBa KBafpat, NPeBpaTHB €r0 B MOBEPXHOCTb luapa,
M3 KOTOPOro BhIpesaH Mainil yeTwpexyronshuk ABCD (uept. 303). Ianee

1) NsobpaweHHHe Ha uepr. 301 W 302 pa3GHeHHss NPOEKTHBHOR NAOCKOCTH MK
nonyyanu Ha cTp. 134, 135 npu NOMOIUK NpoekuMd OKrasgpa. Kak unTaresb Moxer yGe-
XMTBCA. 3TO Xe Camoe pa36ueHHE HMEET MeCTO HA NOBEpXHOCTHM rentasiapa. 3Ta No-
BEPXHOCTb, CNENOBAaTeIbHO (Tak ®E KaK H «pHMCKas» nosepxsoctb LilTeftnepa), npes-
CTaBnsieT COGOI0 MOlelb NMPOEKTHBHOM MIOCKOCTH

18 T'mu6epr u Kou-®occen
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caenyer cknents AB ¢ CD n DA ¢ BC. 310 6ymeT BO3MOXKHO, €CIH MBI
TIPHIIONHMUMEM MOBEPXHOCTH B TOUKax A u C M onycTuM B Toukax 3 u D, c6nusus
Toukd A u C ¥ Toukn B u D (4epr. 304). B KoH.yHOM cueTe MBI noayuum
3aMKHYTYIO TI0 €pXH )CTh, HVMEIOLLYI0 B KayecTBS JIMHHW CaMollepeceyueHHs np -
MOJHHeHHBIR OTp230K (yepT. 305). ITa MOYEPXHOCTL TOMOOTH IECKU IKBH-
BAJIEHTHA MPOEKTHBHON I/IOCKOCTH.

( YILeCTBYeT —ajreopanyeckas rOB2PXHOCTb,
umeromas stot BuA  (4.pr. 306). YpaBHenne
3TOH 110B2PX 10CTH:

(kx® + k") (2 +y* +2%)— 22 (5% +3%) = 0.

9Ta MOBEPXHOCTb CBfI3aHA C HEKOTOPHIM (e -
PeHUNaNbHO TeOMEeTPH €ChHM MOCTpoeHueM. By-
IeM WMCXOLMTh M3 TOYKM P Ha HEKOT poit no-
BepxHo.TH F, Buinyk/ao# B Touke P. Tlocrpoum
KpPYTH KpHMBH3HH B Touke P aas B'ex HOp-
MaJ/IbHbIX cedeHuit 3To# mosepxHoc M (cTp. 165,
166). Torma sTO CcEMEHCTEO KDYroB ONMILET
OB 'PXHOCTh, M300paxeHHyl Ha uepr. 306, a
ee BHyTpennee pe6po ecTb OTPe30K HOPManu
K HAayaJEHOH MOBEPXHOCTH B TOYKe P, npusz-
JIeHHOE ypaBHEHHe OTHQCHTCS K NMPAMOYroNLHOH CHCTeMe KOOPAMHAT, Hayano
KOTOpOH HAXOMWTCS B TOYKe P, a OCH X M y COBTafaloT C HaNpaBIeHHIMH
[J1aBHLIX PAJAMYCOB KPHBM3HBI MO epxnoctd F B Touke P. k v kz——mamme
KPHMBH3HbI TIOBEPXHOCTH B TOuke P.

Ecn Mm onate OyneM Hcxoauth M3 uepT. 304, HO mpu stom Gymem
ckaaanBath ToMbko AB ¢ CD, Ho ve DA ¢ BC, 10 nosyyum 1oi epxHOCrb,

Yept. 305.

Yepr. 306a Yeprt. 3066.

TONOJIOTHYECKH 3KPUFANEHTHYIO € MeGHycoBo# noBepxHOCTbiO. [IpH 3TOM MbI
NPAMEHANH TOT e Crnoco6 CKIEHBAHMS TIPaHWL, IIPY TOMOILLH KOTOPOro
nmo epxHocTh Mebuyca no onpenenenuio mojyya~Tcs M3 kpanpata. I'pannua
HOBO# mosepxHocTH mosydaerca u3 nyr DA u BC. Ho Ttak kak Touka A
cosnanaer ¢ Toyko#i C, a Touka B ¢ Touko D, TO M3 3TMX AYr noay-
yaeTcss 3aMKHYTasi KpHBasi, KOTOPOM MBI MOXeM NpuIaTh, Ha ipuMep, Gopmy
okpyxuocri (uepr. 307). OueBHIHO, 3Ta MNOIEPXHO.Tb HE HMEET caMomepe-
ceyeHul. B mByx Toukax, noayyaiowmxca u3 touek A, C u B, D, nosepx-



fIPOFPKTHBHAST TTJIOCKOCTEL KAK 3AMKHYTASl MOBFPXHOCTDL 2

HOCTb MCKPMB/IEHA He HeIIpepHIBHO; ONHAKO nyTeM nanbHeHmed pedopmaiiuu
OKDECTHOCTEH STHX TOYEK Mbl MOJIyYa:M TIOBEPXHOCTh HEIpepbiBHO HCKPH-
BreHHyo Bcroay. Uepr. 306 u 309 pawoT npeacrasieHue 06 3TOH MOBEPXHOCTH

Yept. 307. Yepr. 308.

HecmoTp4d Ha KpYrosylo TP2HHILY, 9Ta M0 €p HOCTb He MOXET CHyXHThb
cocynom. B camoM jene, Tak Kak Oia OAHOCTOPOHHSIS, OHA HE OTAEIAeT
BHYTPEHHOCTH COCYAa OT BH IIHEro mnpocrpaiicrea. EciM 3aMkHYTH MoBepx-
HOCTb MyTeM [n00aB1eHHs Kpyra,

TO Mbl BHOBb MOJIYYHM MOJEJbH F““ jat S oy
S

fIPOEKTHEHOM MNoCKOCTH. B 3TON
MOXHO yOenuTbcs, paccMaTpHBa
yept. 307 u 305. CirenosarennHo
MBI DOJIYYUM OMATh MOJENb MeOGH
YCOBO#H 110BEPXHOCTH, €CJH BbLIP

WEM KPyr M3 MOJEH MNP eKTHk
HoH nuockoctu. llpn 3stom Ge
pa3NTHYHO, B KAKOM MecTe I
BEPXHOCTH, HB006PXEHHOH  Hc
yept. 305, MBI BLIPEKEM LIPY, HO
Ha TIPOEKTHUBHOH TMJIOCKOCT H

KaKoe MeCTO He BHIeasiercs i
CPaBHMCHMIO C NDYTHMM, TaK Ka
Ha ape HHKakas napa auame

panbHO MNP )THBOMOJNOXKHKIX TOUEh
He OTAWYa:Tcad OT JAPYTHX nap.
OcofenHo HarasAaHLH# BUA noay- Uepr. 8t

YyaeT OCTABILAsCS YacCTb HOIepX-

HOCTH, €CNM YRaMHTbh H DKHIOWO YacTb (Hrypsl H300paMeHHYI na ‘lepr. 308.
Torna mosyuaeTcss MOB2pXHOCTb, U3H6pa kenHass Ha uepT. 310, HaswBaemas
«ckpeuleHHHM koamakoMy (Kreuzhaube). CkpereHHn#l konnax np ACTaBiser
HOBYI0 MOfeAb MeGHYCOBOH TOBEpXHOCTH HMEIOLLYI0 KPYroByl0 TpaHuLy.

18
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HecMoTps Ha OfHOCTOPOHHOCTE, CKPELUEHHHR KOMMaK,

TOMoJIOTHs'

OYEBHAIHO, MOXET

CAYXHTh KPHIUIKOR cocyna. ITO BO3MOKHO TOTOMY, YTO 5Ta INOBEPXHOCTb

obnana T JMHHEH CaMOfepacey ‘HUs.

Ecnn pasprzarh ckpellleHHsii  KOJNaK BAONB JIMHHM CaMOfIEpPECEYeHHs,

Uept. 310.

TO MOXHO fIONYYWTh TIyTEM COOTBET-
cTeyion2H  nepopMann Kpyr ¢ yeTHpex-
yroashoft mim Kpyrao# AWpOH; B caMoM
Hese, MBI NpICTO B 0OOpaTHOM TMopAnke
TIPOACJILIBAEM TIOCTPOSHHE, M3D06paueHHOE
Ha yepT. 303—305. CrexopaTensHo, MH
fIONYYHM MOI2/1b MeGuyCcOBOH MOBEPXHOCTH,
ecnu 6ynem HCX0[ 1Th M3 N10CKOH 06sacTH,
3AKJIIOYErHON MeXJy IBYMS KOHIEHTpHUE-
CKMVH OKPYXHOZISIMM, H OTOXIECTBHM BCe
nape  OMaMerpajbHO  MPOTHEONOJOXHEIX
TOY2K BHYTpeHHel okpyxHocTH (yepr. 311).
C mneproro B3risga HHKaK HeMb3 3aMe-
THTh, YTO moOJyuHBIuas i ¢uUIypa mnpex-

CTaBAAET TY e CaMyl TOBEPXHOCTb, YTO H KB2ApaTHAs MOAENb TaOJHIB HA
crp. 270. OnHako MOXHO MOMYYHTH KBaJDLTHYIO MOJEAb H3 9TOH, ecsu
nociepHiol0 paspesatbh (yepr. 312), medopMHporaTh NOJNYYHBIIHECH YacTH

YepT. 311,
[4 a’
5
a 7 e] 2
a ¢
Yepr. 313.

a
€
Yepr. 312.
c' a
W7
\ !
N1/
\‘Il
2l 7 ey 2 e
Fi kS
l’ \\
/ \
AR
a <’
Yept. 314.

(ueptr. 313) M, mepeBepHyB OnHy 4acThb BOKPYT MpsMOM b', yacTHYHO CKPeHTH
FPaHuiB, a YACTHYHO TIPMBECTH MX B cooTserctsme (uepr. 314).

Hawa mMomens MpoeKTHBHON TMJIOCKOCTH HMEET JiBe OCOGHIX TOYKH, 2 NMEHHO
EBe KOHEYHBIX TOYKH JHHMM caMonepeceyenus. Bo#t (Boy) mocrpomn mpyryio
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MONe/Ib NMPOEKTHEHON MIOCKOCTH, KOTOpas He HMeeT OCOOHX TOYeK K HCKPHB-
7leHa BCIOLY HEMpEepBIBHO.

YUro6bl MOJYYHTh MoBepxHOCTH Bolifl, HYXKHO HCXOONTL He M3 KBAspaTa, a H3
HPALHM/BHOFO LIECTH)FONBYHKA, THAMETPANBHO MPOTHBOTIONOXKHHKE TOYKM FPaHu=
LBl KOTOPOTO ONNTL~i AKH CEAYET OTOXIE~
cremaTh [lyTem fedops auun MH MONYYHM
LIapoLy:0 IIOBEPXIIOCTb, H3 KOTOPOH BHI-
pesaH OpPaBWALHBIM UIECTHYTOMBHUK CO
cropoHam ', 06pa30BaHHBIMH AyIraMH Kpy-
ros. 3ty ¢urypy, Tak me K K M IIECTH-
YrOJMBLHHK, MOXHO pa3BuTh Ha TPH KOH-
IPYSHTHBIE YACTH, PACIIONOKEHUBIE CHMMET-
PHYHO BOKPYT HEKOTOPOil ocH (uepT. 313).
BelpexxeM onHy M3 97THX yacTefl H Gynem
ncdopmuposaTs ee pambue. ATy nedop-
MaluMi, Kotopas OyncT OIHCaHA [iHXe,
HPMEHUM 331€M K OCTABIIMMCA JIBYM ua-
CTiIM TIOBEPXHOJTH, H Taxkuy 06pasoM mo-

Hepr. 315. yyuM TPH HO LX KOHIPYSHIHHIX KyCKa
nosepxt ocri.  Ckaaneisas HX, TOTYYHM
B KOHEYHOM HTOre MOREPXHOCTh Dolu. 3Ta mouepxno Th 06NanaeT TaKwke
TPexXKpaTHo#t ochbio cummetpuu. Hawmedt nesnpto siBuicTcs coBMeieHue mpo-
THBOTIO/IOXHKX TOYEK TIPaHHIB LIECTHYTO/bIHKA, BHIPE3aHHOTO W3 MOLEepX-
HOCTH Iuapa.
Wrak, npeacraBuM cebe KycOK MOBEPXHOCTH

ScAaBbCdS (uept. 315) u npexne %
N BCErO fIPHBEJIEM K COBAAJIEHHIO B TOY- I/

ke N Tpu Touku A, B, C (uept. 316),
\ He OTOXIECTBJISS WX  OnFakKo,

Hb0 BTO He COOTBETCTBOBANO Ohl
NS 3aKOHY OTOXOECTB/EIIHS] TOUYEK Tpa-
HHUBI, W3 KOTOPOTO Mbl HCXOLHM.
3akpenuM Tenepb TOYKH S H N M g
CTOpOHH b, ¢ ¥ d, BLBEPHYB KBEPXY
3aMKHYTYI0 CTOpOHY @ (uepr. 317)
TaK, YTO OHA 3aiMeT MOJIOKEHHE,
u3o6pawendoe Ha ve T. 318. Yac b
MOBEPXHOCTH, BAIUTIOYEHHYIO MEXLY

CTOPOHAMM € H @, IPUNETCH TIPH 510M S
S CHJILHO PACTAHYTHL TaK, YTO OHA CTa-
Yepr. 316.  HeT mouTH miockoit. [losepueM 1cneps Yepr. 317.

netmo b vanpaso Beepx (ucpt. 318)
TaK, YTOSH OHA MOAOWINA CHH3Y K BLIJf CYMOMHHYTOH YaCTH MOBCPXHOCTH H
3aHsna fonokeHue, M306paxentoe Ha yepT. 319. B sToM oko .uaTesbHOM pac-
HOJDKEHHH AYTH ¢ U d JO/DKHbE GbITh KOf TPYSHTHH JPYr ApYry, NeTix a u b
TAKXKE KOHTPYSHTHHE IPYyT IPYry, TaK 4TO MpPH [OBOJAYMBAHHH HauleH QUrypH

2n
rOKpYr ocy SN B HanpaBleHMH, YKasaHHOM CTPCIKOM, Ha yroJ = ¢ LOMKHA
coenacib ¢ d, a b ¢ g (uepr. 319). IlpencrasuM ceGe 7Tefieps, HTO M
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fIDHTOTOBHKH BTOPO# KOH"DY3 ITHRIH SK3EMINFP TaKOro e Kycka mnosepx-
HOCTH, MpHYeM® COOTBETCTEYIOILME YacTH OOO3HAYHM COOTBETCTBYIOLIHMH
GyksamMu a', §' n 1. n. HanoxuM 5TOT SKk3eMmasp Ha nepsuifl TakuM o6pa-
somM, 4r06m d' coenana ¢ ¢ (n MvenHo Tak, YToGH Touka S’ coBrana ¢ TOY-

Yepr. 318.

ko#t S, a ~ouka N' ¢ rouko#t N). Torna nyra a' nomxHa coBnacts ¢ nyro#t b.
Cnoxum o6c stH rpa # u  smecte. Kpnsas Nb np BpaT 1TCa B KPHBYIO
caMoriepecey “Husl [10Ay4:BHIEHCs [0 .€PX' 10 TH, k2K STO BMA O ta uepT. 319.
I'pa Miua TOLEPAHOCTH TENepbh COCTOHT M3 Ayr

, a, b', 1. B stoM nerko y6enuTbcs, €C/H
CHCBA OOPATHTLCH K 11E€CTHYTOJIbLHIIKY, OT KOTO-
poro M ucxozund  (n pr. 320). Ouepwmio,
K 3TOH TpaHHUe MOX'O TPWIOHKHTbH TPETHH
3K3"MIIIAP TaxuM 00pasoM, yToOm ((prMeHss
COOTB.TCTBYOIHE 0603.1ay~Hun) iyra d coBuana
c nyrofi ¢, a ¢ b', b ¢ a" uc c d.
Takuv 05pasoM Mul TOCTPOuAH MOBEPXHOCTH
Bousi. Ha wepr. 3°'0 BHAno, 4To NOB2pXHOCTH
Bo#a skeucaneHTH npoeK MBHOH TNIOCKOCTH.
Monens Tako®w [10B'PXHOCTH, CAENAHHAS U3 MPO-
¥ BOJIOYHOH CceTsH, H306 axeHa Ha yept. 321.

Yept. 320. Kpupaa camonepeceyenns nosepxrocTu Boiis co

CTOUT M3 TPCX TETe/b, NPOXONSAILHX YePe3 TOUKY

N wu Tak ke, KaK ¥ BCH MOBEPXHOCThb, CHMMETDHYHHIX OTHOCHTEJNBHO OCH
SN. Dbonee nertanbHoe paccuorpeHre 4:pT. 320 fokasiiBaeT, YTO uepes
TO4YKy N MpoXojAaT TPH HOAOCTH mOBepxHOCTH. [ns 10ro 4.00m STH TpH
HOJIOCTH MMEH B Touke /N HENpepHBHYH KacaTeJbHYH ILIOCKOCTh, HEOOX0-
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A¥MO ¥ NOCTAaTOYHO, YTOOK IIECTh KOHIIOB MeTe/]b, CXONSLIMXCS B TOuke MV,
HMEJM B STOH TOYKE TPU MOMAPHO MEPIEHNHUKYASIPHHX KacaTeastbiX. Ecau
B OCTaJbHHX 111BaX MMEETCS HC HeNPepHBHOE M3MEHEHHE KPHBH3HH  HJH
M37OMBI, TO HX MO.KHO YCTPaHHTh MNPOCTHIM pasrnawueanveM. Ha monesm,

n—— - g

Yepr. 321a, Yepr. 3216.

n3obpaxeHHolt Ha uepr. 321, KpuBas camonepecedenus cuemaHa M3 Gosee
10JICTOH TIPOFPONOKH. JIpyTHe TOJICTHE IPOBOJIOKH CHYKaT TOMBKO NJA KecT-

KOCTH; Bakpenisomuit BHHT moMelleH B Touke S. Cpasb 3TOH  Momenu
C HaIIUM TIOCTPOEHHEM OCOOEH- —— e e

HO HaTJISIIHO BLICTYMAET Ha YepT. : A '
3216. )
B coorseTcTBMH € 9THM HO-

BepxHocTh Boitsi uMeeT Bciony He-
npepsiBhoe cepuycckoe H3o6pa-
»enue. K coxanenuio, N0 CHX
Op He BHISICHEHO, KakuM 06pa-
30M STO H300paxeHue npo-
cTupaercs Ha mape. Ecan npu
9rOM MBI 6y.A€M HCXOAHTD OT I1PO-
M3BOJIbi0I'0,HOPMAJIBHOTO BCKTO-

pa u GyneM HelpepbIBHO CTPOHTD
usobpaxiende, TO BIJEACTBHE  °
ONHOC10POHHOCTH MOBEPXHOCTH !
Bo#i MW 3aBeiOMO [pHUIEM —

K NMPOTHEONOJIOXHO HAarpas .CH- Yepr. 321s.

HOMY  HODMa/lbHOMY BEKTOpY

B ToH e Touxke. Takum oOpa3ov BcsKOH TOUKe MOB PXHOCTH Mmpu cdepu-
4ecKo't OTOOPAa¥ “HAM COOTBETCTBYET Tapa JHaMeipaibHO HPOTHBOMOJIOKHKIX
royek wapa. Ho Tak Kak mpH TakoM OTOXICCIBJEHHH WIap CHOBA MEPCXOLMT
B POEKTHBHYID TIOCKOCTh, TO CepHucckoe QToOpaxeHue nopepXHOCTH Bofia
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AaeT oto6paxenue MPOEKTHBHOH MIOCKOCTH HA caMoe ce6si, KOTOopoe, KOHEUHO,
He B3aMMHO OAH 3HAYHO, TaK Kak rape TOYeK liapa, OYEBHIHO, COOTBETCIBYET
HECKOJbKO  TOYeK MOBEPXHOCTH
Bofis.

48. HopmanbHbie ¢(opMbl MOBEPX-
HocTeil KoHeyHoH cBsi3HOCTH, Byaem
OTHOCHTb K OIHOMY M TOMY Xe
KJjaccy roBepxHocTell Bce MOBepX-
1HOCTH, KOTOpHE MOryT ObIrk TO-
3 [IOJIOrMYECKH OTOGpaXKEeHH Ojiia Ha

i S o T apyryw. Jas Toro 4ro6um nBe rmo-
7{‘ ~ ‘ T BEPXIIOCTH  KOHEYHOH CBT3HOCTH
IPHHAL/ICKATH K OTHOMY H TOMY
e KJaccy, HeoOXOMUMBI Cleyto-
IHe YC/IOBHS:

1) obe NOBCPXHOCTH MOIKHLI
ObITh TUOO 3aMKHYTHI, THOO HMETh
s O/1HHAKOBOE  YMCJIO  TPAHHYHHX
KPHBHIX;

2) NOB2PpXHOCTH NOMKHH OHTh
160 06 OpUEHTHDPYEMEI, JIH 0 06°
HEOPHEHTHPYEMHI;

8) o6e nOBepXHOCTH NOMKHBI HMETh OJMHAKOBYIO CBSi3HOCTB.

Heo6xonuMOcTh 1epeOro ycJoBHsi OUYCBijHa. BTopoe yc OBHE MOXHO
Bpa3dTh €lE TAK: BoAKas MOBEpXH CTb F, KoTopas MOMeT OHTb TOMNOJO-
rHYECKH OTOOpaXeHa Ha OPHEHTHPYEMY:0 110BepxHOCcTh (G, TaKiKe OpHUEHTHpyeMa.
B rtako#t ¢opme 3TO yTBEp)IEHHE JETKO NOKa3aTh. B cavom nene, opweii-
Tauus NoBepxHOCTH G TIPHBONMT NPH TOMOJOIHMYECKOM OTOOPAXKEHHH K OpHEli-
TalUMH MOBEPXHOCTH F.

TouHo Tak Xe JIerk0 y6emMThCs B HEOOROIMMOCTH TPCTHETO YCJOB sl
CBI3HOCTh OOYC/NOBAYBAET CYIIECTBIBAHHE CHCTEMW pa3pe30B, KOropas Ipu
TOMOJIOTHYECKOM OTOOPAaKEHHH MepPEXONHT B CHCTEMY
pa3pe3oB OXMHAKOBOH CTPYKTYpPH HAa HAPYyro# MOBepx- S
HOCTH.

Bonee noppo6HOE paccMOTpEHHE MOKA3HBAET, 4TO :
Ha3BaHHble TPH YCJIOBHSI MJIA BO3MOXHOCTH TOIOJIOTH-
4ecKoro OTO6paXeHHs AByX MOB PXHOCTEH Takwe H 10o-
craroudsl. VMeHnHO, €ClHM OTHOCHTENLHO HEKOTOpOH
MIOB2PXHOCTH M3BCCTHO, ODHEHTHPyeMa OHa WJIH HeT,

H €C/H M3B’CTHLI UHCJIO €€ KDPaeBhX KPHBHX H CBSI3- Yept. 322.
HOCTB, TO BC€rAa MOXKMO IPHMEHHTH Crnocob, MORO6-

HHH TOMY, KOTOPHH MB TIpUMEHSNIM I8 TOpAa H I OPHEHTHPYEeMHX 3a-
MKHYTH'X [TOBEPXHOCTeH CO cBi3HOCTBIO 5 1 7 (uept. 282—287, cTp. 261—268).
IIpu momomin coorBercTByOUIeH CHCTEMB Pa3pe30B M B2PXHOCTbL MOXET ObiTh
npespalleHa B MHOTOYro/bHYIO 06JacTh, IPaHUIIH kOTOPOH LEJIMKOM HJH 4a-
CTHUYHO OTOXIECTBJEHH, MPHUYEM KaK CTPYKTypa CHCTEMH pa3pe30B, TaK H YHCIO
rPaHUYHBIX KPHBWX H CMOCO0 CK/AeHBAHHS T'DAHHI MHOTOYTOJBHHKA MOJHOCTBIO
ornpene/seHsl yKasaHHbIMM TpeMst ycaoBusivu. CrenoBarenbHO, €C/M ABE Mo-
BEPXHOCTH HMMEKOT O[AHH H Te Xe NAHHHE, TO OH MOryT OHTb TONOJOIH-

re S

Yeprt. 321r.
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4eCKH OTOGPAXEHH HA ONHY M TY K€ MHOTOYTONbHyl0 o6JacTs H, cnejio-
BaTE]LHO, NPYT HA Apyra.

OpueHTHpYeMEE 3aMKHYTHE ITOBEPXHOCTH PONA p COTNACHO 3TOMY crocoby
MPUBOJAT K 4p-yroNpHUKY, CKJIEUBAaHHE CTOPOH KOTOPOI'O H306pa)cHO Ha
yepr. 322. DTtM 4p-yIONbHUKKM N2I0T HaM pAL HOPMaiblisIX THIOB BCexX
OPMCHTHPYEMbIX 3aMKHYTHX MOB2pxHOcTelt. B cavoM nene, ecaxas mno1o6uas
[OB2PXHOCTL WMEET HEeYeTHyi0 cpa3HocTt hA=2p+4 1. Jlpyro#t mnonusiéi psin
HOpMaJbHHX THNOB O6pasyioT Iap, TOP W KPEHANEBUAHBIEC IOBEPXHOCTH
C p RHPaMH.

PUMaHOBH [MOBEPXHOCTH TeOpPHH (YHKIMH YaCTUYHO CONEPKATCHE B STOM
nonpasneneHuy, XOTA MX BUI He JaeT BO3MOXHOCTH Mpeianonarats 5To. JT0
MOBEPXHOCTH, KOTOPhie MOAOGHO chepuyecKoMy u300pakeHHIO GONBINMHCTEA
MUHMMANBHBIX  [OBEPXHOCTEH  MOXHO HaNOXHMThL HA 1Hap B HECKOJLKO
CJIOER, MPHYEM STH CJIOM B TOYKAX BCTBJEHMA CBSI3aHB NpPYr € 7apyroM. Bce
STH MOBEPXHOCTH ODHEHTHPYEMH, Tax KaK OpDHMEHTalMs [OBepPXHOCTH ILapa
MOxeT OHITb MepeHeceHa Ha DUMAHOBY [OBEPXHOCThL, HaJOXEHHYI0 Ha Miap.
3aMKHYTBle ITOBEDXHOCTH MONY4YalOTCH TOTAA M TOJALKO TOrA4, €CM UCXOJUTh
OT anrejpauyeckux OQYHKIMH, B TO BpeMd KaK TPaHCLEHNEHTHHE (DYHKLHH
ECErNa NPHUBOAAT K HE3aMKHYTHIM [MOBEPXFOCTsM. Mmn He 6yneM Ha 35TOM
nOAPOOHO OCTaHABIMBATECH, TaK KaK CYLIECTBYeT MHOIO XOPOIIMX KHUT MO
reoMeTpUuecKkoll Teopuu QyHKIui.

Ilna nosepxdHocTell € rpaHuiied MOXHO TaKike Momo6paTh pAf MHOTOYIOJb-
HHUKOB TaK, YTO BCSIKas [OBEPXHOCTh C KOHEYHHIM YUCJIOM TDaHMYHBIX KpH-
BHX M KOHEYHOH CBA3HOCTU Oyner oOToOpa)arncs TONOJOTHYECKH HA OIMH
H TONLKO ONMH M3 3STUX MHOrOYroJbHMKOB. KBanpaTHhe MoOjelu InocKoro
KPYrOBOTO KOJbIla M MeOHYyCOBOH MOBEPXHOCTH MOTYT CJYXHTb NpDHMEepaMH
N0I06HHX MHOTFOYrONBHUKOB. JNs OPHEHTUPYEMRIX 1I0BepXHOCTel € IPaHHLAMH
MOXCHO MMONy4uT:t ente 6osiee HarnsfiHbe HOPMaJbHhE (GOPMH, €CJH BHPE3aTh
B luape, TOpPe UMM KPEHIENeBUAHOH TMMOBE)XHOCTH HEKOTOPOe YHCJO IkIp
(uepr. 278). HYro6bl MONYYHTE U NI HEOPUEUTHPYEMBIX NMOBEPXHOCTE! MonoGHke
e (OPMHI, MOKHO MCXOJUTH OT CKPEIIEHHOr O KOAMaKa, KOTOPHHA MB IICTPOUNH
kak Mofiens McGuycoroit mosepxuoctd (ctp. 275). Il1g 3TOr0 BHIpENeM
B lliape OMpENeNEeHHOEe YHCJIO NBp U 3aKPOEM HEKOTOphie M3 HHUX CKpellleH-
IbIMH  KOAnaxamu. Bcskas HeopHeHTHpyeMas NOBEPXHOCIhH KOHEYHOH CBfi3-
HOCTH 3KBHEBANEHTHA OAHOH U3 TakWX nosepxHocTell. Yucno ckpelieHLHX
KONNaKOB U OTKPHITHIX [KP ORHO3HAYHO OMpeAenseTcs YHCIOM T'paHMYHEIX
KPUBLIX M CBSI3HOCThIO,

CkpellleHHbIl KONMaK UMeeT OJHY KPUBYIO CaMornepeceyeHuss U JiBe OCOGHIX
Toukd. OIDHOCTOPORHHE NOBEPXHOCTH 6€3 OCOGLIX TOYEK MH YKe BCTpevanu
B Bune Oyrhiaku Kne ina u nosepxuoctu bo#tn. Bee gpyrue HeopueHrupyeMbie
3aMKHYTHIE€ MOBEPXHOCTH MOTyT OHTE OCyulecTBneHb 0Ge3 ocoGeHHOCTeH, ecau
K rnoBepxHocTu KneHina, wm x mnosepxHocTd Bo#s, nmpucOoeaMHUTH MOAXOJI-
mee udcno pydex. Ho Hukorma momo6uas noBepXHOCTb He MOMET OHITH OCY-
niectBneHa 6e3 caMornepeceueHuit, Kak 00 STOM yXe YIOMHUHAJIOCH BHILLeE.

OnHaxo B YETHPEXMEPHOM MNPOCTPAHCTBE BCE HEOPH-HTAPYEMHE [OBEPX-
HOCTH MOryT OWTh npanctasieHs 6e3 ocobennocredl u 6e3 camonepeceyeHui.
B sToM npocrpaHcTBe —Mb GyneM 0603Hauate €ro uepes Ry, B TO Bpemf
XAK TPEXMepHOe MpocTpaHcTeo GyneM o6o3HayaTe uepes R,, — chenyer mpefs
craraaTk cebe Ry Tak e pacHOJOMEHIIHM, Kak H HNOCKOCTh B Ry. [lpexas
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BCEFO NOCTPOMM B R, MOMeIb CKPENIEHHOrO KO/Maka, CBOGOMHYI0 OT caMo-
nepeceueriil ¥ OT ocobexnocTed. JINA STOrO nNpencTaBuM cee HEKO[0PbIf
CKpeIUeHHHHA KOMmaK B Ry, npuueM R, pacrionokeHo B R,. Ynamm u3 R,
KpYT e, MMEIOILMI MaMeTPOM OTPe3OK camonepeceyenus (yepr. 307, crp. 275).
B npocrpancTee Ry MH MOMXeM, 3aKPelUB OKPY)XHOCTb KpyTa, TaK BRITYUYHTE
BHY1PEHHOCTb KDYrd, 4TO HM ONH3 |HYTPEHHAs TOuYKa 1epOPMHPOBAHHOM
NOBEPXHOCTH He OyJier Jiekarsb B IO "KOCTH OKPYXHOCTH. TaknM rxe ofipasom
MBl MOXEM Ternepb B NpOCTPaHciiFe Ry IHYTPEHHOCTHL Kpyra e ne¢opMHpOBaThH
B TaKyio MOBEPXHOCTb f, YTO IPaHHLia STOH MOBEPXHOCTH He OrpHBaeTCs
OT CKPENIEHHOrO KOAMAdKAa NpPOCTPaHCTBA R,, MEXLY TeM KAK B !YTPEHHOCTh
nonepxHocTH f UeNWKOM BHnsuMBaercs W3 rnpoctpauctea R,. Ilpu Takoit
nedopMaLMK CKPELIEHHHH KOJMak MepeilreT B HEKOTOPY0 MoBepXHocTs F
MPOCTPaHCTBa /Y, KOTOPas, OYEBUNIO, He FIMeer Hi camorepeceyenui, HH OCO-
GenHocte#l. Ecnu MM Tenepon romecTuM B NpOCTPaHCTBO R, Iap C HeKOTO-
PHM YHCNOM JILp H HEKOTOPHE M3 STHX JHpP 33aKPOeM He CKpellleHHHMH
KONMaKaMu, a MoBepxHOCTAMA, MoNoOHEMU F, TO IOAYYMM CBC 3OAHBE OT
ocoBentocTed M cavoriepeceqerinli HOpPManohble (GOPMH JISl BCEX HEOPHEHTH-
PYEMBIX TOBepXHOCTe# KOHeUHOM CBA3HOCTH.

IOpyras rnpofnemMa COCTOMT B TOM, 4YTOOH MPENCTABUTH MOBEPXHOCTEMH
3a1aHHOR CTPYKTyphl anre6panyeckMMH ypaBHEHHsMU BO3MOXKHO 60Jee HH3KOH
crenenu. Tak, MH ynoMHHaIH yxe o rnosepxHoctd lIllreliHepa kak wmopesnn
npoekrHBHoi Tnockoctd. CymecTsyioT Ju anreGpauyeckue NMOBEPXHOCTH BUJA
norepxioctu  Dols, ewe neussecro. B npocrpancrse R, NPOEKTHBHYIO
IJIOCKOCTL MOXHO Ocylle TBUTh 6e3 camouepecedennit u ocobesnocreft npu
[IOMOIIM OYeHb MPOCTHX ypaBuHenud. drtoT Bonpoc Oymer onucaH B A06aB-
JIGHHH K HacToduleH raase.

Bornpoc o Tononori yecko# 3KBilBANCHTHOCTH I€PEHOCHTCS C NMOBEPXHOCTEH
Ha o6passl Tpex W Gonellero uucaa usmepenud. IIpy 5TOM MBl NPUXOMMM
K epynnam Bemmu, B TEODUH KOTOPHIX CISI3UHOCTL U OPHUCHTUPYEMOCTL I0-
BEPXHOCIM paccMaTpusaercs ¢ ropasno Gonee ofimed Touku 3penus. Cpas-
HUTE W3N0KEHHOE, HANpUMep, € ylnoMauyto# Ha crp. 252 kuurot I1. C. Ane-
KCaHJIpoBa.

49. TonoJornyeckoe orto6paxeHue NoBepxXHoCTH Ha cefs. HenopBHHEIE
ToukH. Knaccol orolpamennil. YiHBepcajbHasi nOBepXHOCTb HaJloweHHs Topa.
IIpocreiiiee  Tonoaoruueckoe orobpadenue HeKoioporo o6pasa Ha camoe
cebs COCTOMT B TOM, 4TO0 3TOT 06pa3 KaK UeNoe HenpepeBHO JAchopmu-
pyerca B camoM ceGe. Ilono6uoe orobpaxenve Mb OyneM HasuBaTh AedOp-
mauuell. JIBueins IUIOCKOCTH B camoli ceGe cyts pedopmaumn. Haobopor,
3epKanLHOE  OTPakeHue IUIOCKOCTH  OTHOCKWTENHLHO  NPIMOH  naet npumep
TONOJAOTHYECKOrD OTOGpaNeiiks, He MpenctaBlsonlero negopmaiun. B caMoMm
Aene, HPH 3ePKANLHOM OTPaXEHuM HanpaBneHue OOXORA BCAKOrO Kpyra
u3MeHsiercss Ha OOpaTHOoe, MeXAy TeM Kak aedopmalMs OCTapasieT Hanpas-
JeHue 06x0Ja HEH3VEHHBIM.

Touka, KoTopasg oTofpaxaercs na camoe celf, Ha3HPAETCH HENOJBHKHOH
TOUYKOH oTO6paxceHus. MBI Telepb JIOKa}eM, YTO BCAKOE YeNpCpHIBHOE OI0-
6paxcenue kpyra Ha ceba nomxHo obnamare [0 KpaHe#d Mepe O/HON He-
TIOJIB3KHOR TOYKOH; IIPH STOM TOUKH OKPYXHOCTH MHl TaKXe MPHUUCIACM
K kpyry. JlonyctuM, B IPOTMBONONOXKHOCTL HallueMy YTBEPKJEHHIO, 4TO
CyWecTByeT HeflpephiBHOE OTOOparieHUe Kpyra e Ha cebs, He HMeuee hHe-
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TOABIKHLIX TOYeK. Torna Mm MoweM BO BCAKOM TOuKe P Kpyra e HauepTHTh
CTYENKY, HalnpaefieHHyl0 W3 TOYKH P B ee 06pas; Takoe MOCTPOEHHE HeAb3s
6nno0  6H  OCYIleCTBMUTH TONBKO B  HENOIBHXKHBIX TOYKAax. Beiepcrsme
TIPEATIONIONEHHOH HeNpPepHBHOCTY OTOOpar\eHHH HanpapieHHe CTPENKH LOMKHO
MEHATLC HEMPEphBHO OT TOYKH K Toyke. PaccMoTpum Temepn crpesky
B KakOH-nubyab TOYKEe OKDYXHOCTH, M MyCTh 9TAa TOYKa OOMH pas npoberaeT
OKPYHOCTb B HANPABIEHMH YacoOrFOH cCipenku; NpU STOM M KacaTe/bHas
‘B 9T\ # TO"Ke Takke MOrepHeTCH ONHH pa3 B HANp:BAEHUM BPALIEHHS 4aco-
BOH cTpenkd. Mm y'Bepipaem, YTO U HarpaBleHHe CTPeJKH B 3TOH TOYKe
TOYHO TaK e NMOBePHEICs ONMH P33 B HanpaBneHWH YyacoBoli cTpeaku. B camoM
nene, yron Mexny CTpenkoH M kacarensHoOH Bcerza OTJIMYEH OT Hyns MM
OT HEKOTOPOTO KPaTHOTO T, TAK KAaK CTpeJKka B TOYKaX OKPYHOCTH BCEraa
HANpaBAeHA BHYTPb KPyra M HHKOFAAZ He Hanpa JeHa no kacarenbHod. Ho
ecmh 6bl nMpH OOHOM TIOBOPOTE TOYKM M0 OKDYXXHOCTH 4YMCAO O0GOpPOTOB
CTPeNKK OTANYanocs Or yHcna OGOPOTCB KAcaTcALHOH, TO IO Kpafiue#i Mepe
ONHAMIB JOMKHO OBJIO OBl CAYYMTHECH, YTOGH Ha OKPYXHOCTU 00a HarpaBieHAs
coBnand uiv OBM NPAMO NPOTHBONONOMNHEL. AHANOTHYHBM 00pa3oM MH
paccMOTpUM 4HMCI0 OBOPOTOB CTPeiKH nAs Kakoi-HHEYOb OKpyXHOCTH K,
KOHUEHTPAYHOH € OKPYHOCTBHIO Halero Kpyra W pacriofioxeHHoH BHYTPH
kpyra. M1 B 3ToM cnydae cTpenka IOmxHAa ONMH pa3 MOBePHYTHCH B HanpaB-
eHUH BpAIUEHUs YACOBOH CTPE/IKH, €Cni HayansHui KOHeL CTPesKH, e3AThH
Ha OKPYXHOCTH, 1'pOGETaeT OKPYXHOCTb OAMH Pa3 B HaNpaB/leHWM EpPalIEHHs
YacOBOK CTpe/KH; B CaMOM Jiele, B INPOTHBHOM Cly4ae YHCIO O06GOpUTOB
CTPeNKH HOMKHO OhJIO OB THe-TO H3MEHUThcH CKayKOOOpasHo NpH Hempe-
PHIBHOM COKPAIEHHH OKPYXHOCTH B3ATOTO Kpyra N0 KOHUEHTPHUYECKOH OK-
DYKHOCTH K, &8 STO NpOIMBOPEYMNO OB HENpP:PHBHOCTH pacrpene/eHns
CTpeJOK BHYTpH Kpyra. B TO e Bp2MA, ec.HM Mh O6yneM HenpephBHO
CTArHBaTh OKPYKHOCTb B K UeHTPY M Kpyra, TO HanpasjieHue CTPeJKH BO
BCoX TOYKAX OKPYXHOCTH KR JHOMKHO BCe MEHblLIEe OTIHYaToCH OT OAHOro
ONpeNeNHHOIO HanpaBnenusi, a UMEHHO, WAllpaBieHHs CTPenkd B rouxe M.
TakumM 06pa3oM Yucno OFOPOTOB AN NOCTATOYHO MaJibIX OKPYXHOCTEH NOIKHO
610 ObITh parHo nymo. Mrak, Mbl npuwdn k nporuopeumo. CnenopareabHo,
He CyUIECTBYeT HENpepuBHOIO OTOGpaweHMs wpyra Ha cavoe ce6s 6e3
HETIOAABUIKHHX TOueK.

INono6HniM e 06pasoM MOXHO NOKa3aTh, YTO NP BCAKOM HerpepeBHOM
oro6paxennn cdepel Ha ce6s MM60 nomKHA GHITH _HenONBHMHAS TOYKE, an6o
TOYKA, KOTOpas I[IK DEXOJIUT B IMAMETPANLHO MPOTHBONONOKHYIO TOUKY. B npo-
THBHOM C/1y4ae JUii BCAIKOH TOYKH MOMHO GO OBl OMHO3HAYHO UlpeleNUTh
nyry 6oaswioro Kpyra, COEMHACIYI0 STY Toyky ¢ ee o6pasom, TakuM
€roco6 )M Mbl noayuunud 6wl BCIONY HenpepbiBHOE [0J1€ CTPeJOK Ha f0BEpX-
HOCTH 1lapa W, paccMaTpHBas YucJI0 060pOTOB, MOXKHO OBZO Obl IOKa3aTh,
YTO NMOAL6HOE NoNe HEBO3MOXKHO ITO MOKA3biBaET, HTO HA 3eM/ie HEBO3MOXHO
BCIOAYy YCr8HOsMTL yKasaTeJd nyTeH, Hanpap/ieHunsi KOTOPHX HenpepeBHO
U3MEHANUCL Obi OT ONHOrO MeCTa K NPYTOMy.

[NpunuMas cdepy c OTONKNECTBIEHHBIMH NHAMETPANLHO NPOTUBONOJIOXHBIMA
TOYKaMyd 33 MOIeNb MPOEKTUBHOH mNOCKOCTH, MOXHO OTCioga MONy4HTh
C/e/\CTBHE, YTO BCAKOE HerpephiBHOE OTOOpaweHHe NPOEKTHBHOH MJIOCKOCTH
Ha ce6it 006/71aKdeT HeMONBUKHOM TOUKOM.

I T0ro 4T06H Jyuwe 0603PeTH TOMOJNOTHYECKHE U106paKCHIA 3a/aHHOH
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HOBEPXHOCTH Ha ce6s, MOKHO pPa3BUTL COBOKYTIHOCTL OTOOPaKeHHM HA Kacchl,
ByneM cuutaTe nBa OTOGpaXkeHUS MPUHANIEKALIMMM K OLHOMY H TOMY e
KJIaccy, ecM OHM OT/MHAIOTCH APYr OT Apyra TONLKO ONHOH nedopmainmeds;
peopMamHu  00pasyioT KNace TOXJECTB HHHX rpeobpasosanuil. Ha cdepe
MOXHO IMOJYYUTh OTOOpaeHue, HE MpPUHA IeKALNEE K 3TOMY KJ4cCy, eciu
0106pa3uTs BCAKYIO TOYKY B JMaMeTPanbHO MPOTHBONONOKHY:0 el TOuky:
B CaMOM jfieNle, OYerHMJHO, 4TO MPH TakoM orobpaweHru Hampaosedi.e 0o6xopa
AN ManbiX KDYTOB MeHseTcs Ha o’patHoe. Takum o6pa3oM Mol namid Apa
Knacca oroOpaxenuit ana c@opel. Bonee nompo6ioe paccuoTp.iHe, KOTOpoe
Hac 3aBed0 Obl CNUIIKOM [aneko, IOK43BBaeT, YTO Ha Liape HeT APYyrix
KinaccoB orofpaxcHuit, [loaToMy Bce TOmoJoruyeckue OTOGpaMeHUs IPOEK-
THBHOH TMNOCKOCTH Cy:'b AcopMaIiii.

Hao6opor, 1a Tope cyme:rBysT O€CKOHEYHO MHOro KaaccoB. Jas Toro
9106H PaccMOTPCTL HEKOTODHIE W3 3THX KJAccoB, IpefcraBum cebe, ITO TOp
paspe3al BpoaL OJIHOTO W3 MEpUIUAaoB U IIpeBpalleH B prFOBOH llld.’lldf{]_lp
C JBYMSi KpaeBSIMU OKDYXKHOCTSIMH 3aKpeluM 1eroBHKIO OnHY BIPYKHOCTH
H CTaHEM 3aKpy4uBaTh UJIMHAD BOKPYI €amoro cefs Tak, 4ToOH BTOP2S OhPyH-
HOCTH crenana R o6OPOTOB; BCsKas NMpsiMoNWHeHHAas o6pa3yioLias it \HH.Pa NPy
9TOM 0O0paTUTCs B BMUHTOBYIO JMHHIO, OOXOASINYH0 OCh UHMJIMHIpPA R pas.
Ecnu Mul teneph cHoBa cxieMM 05a Kpas, TO MONYYUM FOMOJNOrHYCCKOE OTO-
Opawenue Topa Ha camoe cefa. [lpu 5TOM BCe TOUKHM CKJCEHHBX OKPYX-
Hocred 6ylyr HCIMOABHKHBMH TOYKaMH, 2 BO BCeX OCTAJLHBLIX TOYKAX OTOO-
paxcHue Moayvaercs M3 orobpawenus kpyrosoro umnuunpa. O6rasyionue
UMAMHLPA COOTBETCTBYIOT lapannensM TOpa, M €Cad ONpeneuib JIONONHU-
TEJLHO COJDTBETCTBUE OOEHX MMOBEPXHOCTEH TaKkKe H JJIS 4acTeHd IIPOCTpaH-
CTB3a, 3aKJiOYEIHHIX BHYTPM HMX, TO MOXHO OChb [[MJHHJPA [IOTTABUTH
B COOTBETCTBHE € KOCbIO» TOPa, T. €. C TPAGKTOPWEH LEHTPAa OKPYKHOCTH,
BpauleHueM Kortopol ofpasyercs Top. Ilpu orobpamenuu TOpa, KOTOpOE
MBbl TONYYUJIM, Mapajnesy TOpa MpeBpaTUIUCh B TaKMe 3aMKHYTHE [ PUBhE
BHa TOpe, KOTOpHE OOXOmsT BHHTOOOpPA3HO ochb Topa K pa3. Jlig Takoit
KpDUBOH 9UCNO R He MOweT u3MeHuTscH Npu Jiepopmaimu Topa. [lostomy
IBa OTOOpameHust TOPa, WA KOTOPHIX 3HayeHus R pasnuyHbl, HUKOI/iA He
MOTYT NpHHALIeXAaTh K ONHOMY M TOMY e Khdaccy.

OnHako 6binO 6hl HENpaBHALHBIM, € JH GH MEl 3aXOTeJH BOCIONL30IATLCH
aHANOTHYHBIM  CIIOCOOOM 1A JIOKA3aTe/bCTBA  CYINECTBOBAHUs OECKOHEYHO
60AbIIOr0 yHCAa KaaccoB oToOpawenu#l na Oythinke Kneéna. Funroofpas-
HBIM KPUBHIM Ha MOBEPXHOCTH HMJMHAPA COOTBETCTBYIOT Ha OyThinke Kneitna
8aMKHYTBI€ KpiBHE, KOTOpHEe MOryT OHTb Ke(hOpPMUPOBaHBI OnHa B JIDYIYIO
M [pU pa3iuMyHEIX 3HauyeHuax KA. Pasuuily, koropas B 370V OTHOLIEHHH
cyuecTsyer Mewzay Topom M OyThuakolt Kiaefina, MOWHO yaCHUTL Ha KBaj-
patHex Moneasx. Ha 6yteike Knefina nMeercs JuLIb KOHEYHOE YUCIO K13aCCOB
oTobpaxenutt.

B cnydae Topa Hawm crroco6 OTHIONSL HE WCYEpnLBaer BCEX KN3accOB OTO-
6pawenu. ITonuoe o6ospenue Bcex OTOOPaM HuM CTAHOBUTCS BO3MOXHBIM
A7 TOPa JAM'LUB NPU MOMOLUM YHUBEPCANBHOH TMOBEPXHOCTH HAJNOXEHHs TOpa.
Iag Toro urobbl HpexctaBuiL ce6e STY [MOBEPXHOCTb, BOOOpasuM, YTO
SBKJIMIOBA TUIOCKOCTh HABUBAETCH HA OECKOHEYHO JUIMHHBLIH KPYTOBOH HHIHHAD,
KOTODHIH NPH STOM, KOHEYHO, GeckoHeYHO MHOro pa3 o6epTuBacTCA [JI0-
€KOCTHIO. MEI y)ke HEONHOKPAaTHO mpespailann obpesaHHuft ¢ HABYX CTOPOH
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uMRRHAD B TOP. TOYHO Tak e MOXHO NMPEeBPATHT: B TOP GECKOHEYHO MJIUH-
HEH UMAMHAD, IDMYEM OCh IMAHHAPA NepeHgeT B «OCb» TOPa, KOTOPYIO OCh
UMAHHTIpa OYNeT ONHCHEaTh OECKOHEYHO MHOTO Pas; DunuHap e 6Gyper
GeCKOHEeyHOE YHMCIO pa3 MOKPHIRATL CaMOro Cefi. DBKIMAOEA IUIOCKOCTH MPH
HauieM crnocofe OTo6pa3uTCH TOMOMOTHYECKH HA II0BEPXHOCTL, [MOKPH: 4i0-
myPo TOP GECKOH2UHHIM YHCIOM cnoeB §e3 CKNafOK M 6e3 TOueK BeTBJEHMs.
STa MOBEPXHOCTb M €CTH YHUBEPCAJbHasA TIOBEPXHOCTh HANOMEHUS TOpa.

Kawnufl o6opor MepuaMana unM napaanend Topa BEAET OT OJHOTO Clos
noeepxHOCTH K npyromy. [lposereM Ha TOpe KaHOHUYECKYIO CH:TEMY paspesoB
(omvin MepunMaH ¥ OHY napannels), Kotopas OOBIYHBIM CIIOCOOOM MpPEBPaTHT
TOp B INPSMOYTONLHUK C OTOXMIECTRJIEGHHHIMH ITPOTHBOTIONOXHBIMH CTOPOHAMU.
Ecay Ternepp OTMETHUTH, HA NOBELXHOCTH HaNOXEHHR BCE TOYKH, PaCHoJOmKeH-
HEle Ha KpDUBHX CUCTEMBI pa3pe30B, W NPEBPATUTb TOBEPXHOCTH HaJOXEHHs,
ofpaTHO, B MIOCKOCTb, TO OTMEYeHHhEe TOUKH IMOKPOIOT Ha IMOCKOCTH CH-
CTeMy NPfAMBIX, Pa30HBAIOLIYIO TUIOCKO~TH Ha GECKOHEYHOE MHOKECTBO NPAMO-
YrOAGLHHX [MONeH, MpHYEeM 5TU NOAA PACMONOMEHH TaK e, Kak (yHnaMeH-
TaneHbie 00NMacTH  MAOCKOH  Kpucramiorpauyeckol rpynnel  IepeHOCOB
(uepr. 72, crp. 70). Kaxmoe none cooTBeTcTBYeT ONHOMY CION IIOBEPXHOCTH
Hanowenus. Jlast Toro yro6W yOenurncs B 3TOM, MBI NOCTPOUM YHHBEpCalb-
HyI10 TOBEPXHOCTh HafOXeHHs Topa eure AOVruM cnocobom. Ilpencrasum ceGe
TOp KaK KBaZpaT € OTOXEECTBIEHHHIMH NPOTHBOMONOXKHbIMH cTOpoHaMu. Tak
e KaK MPH MOCTPOEHUM TIOCKOH KBanpaTHyHOH TouewHOH pererk (crp. 36),
of6pasyem H3 1NOKOOHHX KBaiApaTOB [IOCKYI0, GECKOHEYHO MHPOTHKEHHYIO
B o6e CTOpOHR MONOCY S, OrpaHuyeHHyl0 ABYMf NapannensHbIMU MPAMEIMU @
u b. Tlonoca S npeBpaTuTcd B GECKOHEYHO ANMHHEHA Kpyrosod uuamuzp C,
€CIH MH IyTeM COOTB2TCTBYIOLlero W3rHbaHus STOH IOJIOCH COBMECTHUM
npsMuie a v b. KBappare, u3 Kotophx o6pa3oBaHa MoJoca S, pa3bupaioT
uwivdap C Ha noJd, OrpaHUYEHHBbIE OKPYXHOCTAMH. Mnl BHOBB NOMYUHM
TOP, €CNU OTOXKIECTBHM [B2 OKPYXHOCTHM, OTPaHMuUBalOuiMe UHJUHIPHYECKOE
nose. Ecnn ormcanueiM BeIle criocO60M HaaoXMM UMIMHID Ha TOp, TO BCe
9TU TIONSI HaNOXAaTCA ONHO HA Npyroe, TpHYeM KaXxaoe Mofne HOKPOET TOP
OfMH pa3 UeMHKOM, a TIpaHUYHble NMHUM DACHOJIONKATCH MO KaHOHWUYECKOH
cucTeMe paspe3oB Topa. Temeps npuMeHdM K Hame#t mnonoce S TakoH ke
cnoco6, Kako# MBI TPUMEHIH 1IPH  [ICCTPOGHHU KBanpaTHOH peleTKu:
COCTaBHM BCIO MMAOCKOCT: U3 nopoOHBIX nonoc. Ecau Mb 3aTeM HaJOXUM
MI0CKOCTh GecKOHeyHoe Yhcio pas Ha tmuuap C Tak, 4To6sl ongTs nonoca S
nepewna B unaunaAp C, TO, 04eBHPHO, BIe MMCNOCH HANOXKATCR HA monocy S
¥ jeNieHye Ha KBagpaThl Kax[gOH NOJNOCH COBNAAET € JeieHWeM nojockH S.
Ecau teneps onsaTh HakpyruM nunuuap C Ha Top, TO BCe KBagparn nJo-
CKOCTM HAJOMATCH JIPYT Ha Apyra, a WX IpaHuiik Oyayr pacnooxesb Io
KaHOHUUYECKOH cHcTeMe paspe3soB TOPa, Kak Mbl H YTB2DXAAjH.

310 BTOPOE MOCTPOEHHE NaeT HAM BO3MOXHOCTH TNOJYUUTE OCOGEHHO
npoctoe oToOpaxeHWe YHHUBepcaJsHON noBepxHocTv Hanowenus U Topa Ha
nnockocts E. HMeHHO ecnm cyuTaTs SKBUBANCHTHBIMU BCe TOYKM I10OBepX-
Hoctu U, pacrionoxenHnle Ha ORHOH M TOH e TOvKe TOpa, TO B MJAOCKOCTH E
BCAIKAA CHCTEMA 3KBMBAJIEHTHBIX Towek IoBepxHoctd U mpencraBuTCA KBagpar-
Holl Toweuno# pemerko#. Hazosem Teneps ¢dyndamermansroii epynnoii (f)
TOpa Ipynny BleX TOMoJOruueckux orobpaienudt nosepxHocty U Ha cebs,
KOTOPbiE NCPEBOMAT BCAKYI0O TOUKY B 3KBMBaJeHTHYI0 efi. Torma, O4EBMIHO,
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rpynna (f) npu orolpaxenuu U~ E repeiifier B Ipynny nepeHocos, Koro.
pas NMepeBORUT KBaAPaTHYIO pellieTKy B ceGfl.

IMycte Teneps g— Kaxoe-HUOYIb IPYroe TOMOJNOTHYCCKOE OTOOPaXerue
nopepxHocTh U Ha ceGsi, KOTOpPO® NEpeBOJMT, MPaBA3, HE BCAKYIO TOMKy
B SKBHMBANEHTHYIO eff, HO BCErja MepeBONUl SKBUBANEHTIIHE TOUKH B SKBH-
BajeHTHbe *e. Torza oTo6paxeHHe g COOTBETCTBYeT ONpPefe/eHHOMY TOrQ-
aornueckoMy orobpaxenuio i Topa Ha cebn. Mwmenso, Biakas Touka P TOpa
[IOKPHITA CHCTeMOH OeCKOHEeYHOr0 MHOXECTBA SKBHMBANEHTHHX TOYeK Q)
noBepxaocTu U. Bre o6pasy (Q) Touku @ 10 OnNpefeneHuio g MOKPHIBAIOT
omHy # Ty e Touky topa P'. Takum 00pazom oTuG, a <eHMe £ Ormpenenser
orobpaxenue P— P', n sT0 TOnO/NOrMueckoe OTOOpakeHue TOpa HA PG5
MH HasbpiBaeM k. MoxHO rnokasars, 06paTHO, YTO /I KaXKNOTO 3am2HHOro
orofpaxennst i TOPa MOXHO HaliTH OTOOparkeHHWe £ NOBEPXIOCTH HANO Ke-
HHfA, KOTOPOe HAXOJMTCS B 9TOM COOTHOWIEHHWH ¢ OTOGpamenueM h. Torma g
onpejeneHo TONLKO € TOYHOCTBIO N0 MPOUBBONBHOIO OTOOPaXeHHs W3 dynna-
MeHTansHOH rpymnsl (f).

TakuM cnoco6oM Mh MOXEM Ternepb MNoJ OCcThio 0603peTh *BCe  Kiacch
otofpaxenufi Topa. Mul IpuBenem 3TO CcaeacTeve 3iech 6e3  IOXPOGHOrO
o6ocHoBanUsA; OTOJpaXenHe g NpH STOM 3aMeHseTcs OTOGpaxenueM Y B nio-
ckocty E, B KOTOpOE g epexonuT rpu orospakenun U—s E. [lycts Tenep, ABCD
KBanparHas ¢yHIiaMeHTaNbHasd oO0JacTh TIPYMnbl MEPEHOCHHX MBHXeHui (f)
B mnockoctd E, koropas coorsercreyer rpymne (f). Ilycrs. A'B'L'D' ects
o6pa3 keanpata ABCD npu orobpaxennu Y. Torna A'B'C'D Tarke mOmKHB
06pa3oB:Th OCHOBHOH mipaanenorpam rpymmu (£). Orto“pawenue Topa h
TOrna M TONLKO TOIMNA rmnpencrarnser pegopmaitnio, korna ABCD Mo xer
6LIrb [PUBENIEHA MEPEHOCHHM asuienuem B A B'C'D'. Ocranph-e knacch
oTOCpaXEeHHH TOpa COO!BETCTBY!OT ApPYruM (OpPMaM, KOTOPHIE MOXET HMeTh
o6pagyomuii napannenorpam peimetku (uepr. 39, crp. 36), a rakxe spa-
LIeHUAM M 3epKajbHEM oToGpaxenu M ksagpara ABCD B camoe gceGnl).

TloHsTHE YHUBEPCANLHOH MMOBEPXHOCTH HAJMOXEHUS MOXET OhThL OnpeieneHO
pas  Blex mnosepxHocTed. [l 3aMKHYTHIX OPUEHTHPYEMHX (OBEpPXHOCTEH
MOXHO MMOJY'IHTL YHUBEPCANbHBIE [MOBEPXHOCTH HANOKEHWS, €C/HH ITPUKNAThi-
BaT, 4p-yrOTLHHKM TakMM e 06pa3oM, KaKk MB 310 Aefaj¥ € KBanpa. amu
ans topa. OnHako mns cayyas p>1 yme Henb3sd HarJa[HO MPEJCTaBUTbL
(yHAIMEHTA bHYI0 T[PYnnNy MPW NOMOWM 3¢ KAWIOBOY TPy T€PEHOCHHX
peuxenntt. Ho MOwHO npencraBurs ¢Qynna eHTanbHyi0 TPYMNy MpH MOMOLIM
runepOONHYecKOH Tpynmbl cMeileHnH, a 4p-yroNsHMKd —IpU  [IOMOLUM ee
(yHamMeHTa 1HBIX obnacredt (vepr. 249, ctp. 227, nuepr 286, crp. 262, nng cay-
yas p_-.-Q). B cayyae noBepxHO T€H ¢ rpaHuieét Mbl MPHXOANMM K rpyniiam ne-
PEHOCOB MIIM CMeeHHN € He3aMKHYTOH (yHIOaMeHianvhoH obnacteio. [as He-
OpMEHTHLYEMBIX .OBEPXHOCTEH H. O5XO/MMC TMPY METPUYECKOM O YHleCTBIeHHH
(byHnaMeHTaIbHOR TIPyunsl NOGaBHTH TaKKe SBICIMIOBL M runepboiuyeckhe
3epKaJuHEE Npeobpa3soBaHUS K NMEPeHOCHBIM NBHKEHHAM W C/BHram.

1) Ecnu onpefendTh perierxy Kak COBOKYNHOCTL TO4EK C LENOYHCIEHHBIMH KOOpAH-
HaTaMM B JeKipTOBOH CHCTEME H eCIH NPHBeCTH Touxy A’ NpH NOMOILUH ITepPEHOCHOro
KBIDKEHHS. B COBNAfieHHe C HAyanoM KOOPAWHAT, TO Tap JaaenorpaM A'B'C'D' onpene-
AS€TC KOOPAHHATAMHA 4, b Touku B u xoopnuHataMu ¢, d toukn C. YUrobm oxapax-
TepH30BaTh BCE KAACCH OToGpakenuit Topa, HeOGXOMHMO MOACTABIATh BMECTO 4, b, c,d
BCE LEMWE YHCJa, YAoBAeTBOpsoNe ycaoBuio ad — be= x|,
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59. Kondopmuoe oToGpamenue Topa. B § 39 MBl nocra nu BONpoc O TOM,
MOWKHO JIA HEKOTOPYIO NOBEPXHOCTH xouPopmHo 0TO6pa3NTH HA camoe cels
UM Ha JPYTYIO MOBEPXHOCTH M CKONBKIMM CMOCOOaMM MOXKHO OCYILIECTBHTH
takoe orofpawenue. Tam Mb OrpPaHUY4BanuCh TaKUMH [MOBEPXHOCTAMM,
KOTOpHIE TOMONOTHYECKH SKBHUBAJEHTHBI KPYry, UM cepe, WAU BHY | PeHHOCTU
kpyra. IloHsiThe yHMBEpCanwHOH HanaramoUIedcs MOBEPXHOCTH MO3BONAer pac-
cMOTPeTh STOT 10MPOC U 1AS BCEX APYruX nosepXHocted. Mel orpanuyumcs
TeM, 4To OynmeM uckate Bce KOHGOPMHple OTOOpaXeHM TOpa Ha Npyroi
TOP UM HA TOT Xe camulit. Ilnsg Apyrux noBepXHOCTEH MK MOXeM JOCTHI-
HyTh HENMM MpM TNOMOIM TEX e MeTONOB, Kak H B Clyuae TOpa, HO
B C/lyyae TOpPa STH MeTOombl OKaimBaioTCs OoJee HarJsAHBIMU. 31ech W nanee
Mb OyneM HasbiBaTh TOPOM He TOJBKO MOBEpPXHOCTh Bpalle us, obpa3osan-
Hyl0 OKPYXHOCTbIO, Bpallaroulelicss BOKpPYr OCH, Nexamed B ee INnocKoctH,
Y0 He nepecexamiouell ee, HO H BIAKYIO NOBEPXHOCTb, TOMOAOTHUYECKHU SKBU-
BANIEHTHYIO STOH.

CornacHo AM3BIOHKLMH, yromsnyro#t B § 39, Bcsikasgs norepxMoCTs, TOMO-
JIOTHYECKH COOTBETCTBY.OLIAsi BHYTPEHHOCTH KPYra, WIH, YTO TO JKE€ CcaMoe,
SBKIUIO OH MnockocTH, MOXeT OnTh KOHGOPMHO OTOGpawena nu6o Ha I~
nep6onuyeckyio, A460 Ha SBKAMIOBY MMOCKOCTH. ITY TeOpPeMYy MHE MOMeM
[PUMEHNTH K YHHBEPCaNpHOH roBepxHocTd Hanowewus U tcpa T, Tax Kak
9Ta MOBSPXHOCTH YNOBNETBOPAET YCNOBusM TeopeMnl. Ilycth, Takum o6pasom,
nosepxHocts U KOHGOPMHO OTOGpakeHa Ha MIIOCKOCTh E, mpryeM MH OCTaB-
JsieM CHayana OTKPBITHIM BOMPOC O TOM, fBasercd Ju E SuKNHI0BOH MM
rHnepSoNnUYecKoil MIOCKOCTLIO.

dyunamenraneas rpynma (f) ecrs rpynmna KoH@opiHbX 0TOOpameHuft
nosepxHoctd U Ha cebsi, Tak Kak sTu oToOpaweHus npeo6pasyioT BCAKYIO
yacTuuryio obnacts nos:pxHocrd U B kosrpysutHyio obnacrs. Takum 0Gpa-
3om rpynne (f) npu koHdopuHoM orobpawenun U-— E momxsa coorser-
cTBOBaTH 1p,;mna (f) xoHpopmubIx oTo6Gpawenudt rmockocth E. Ho Bce kou-
¢opvHbie oTOGpameHus naockocTd E Ha cebd u3BecTRBL. 310 — runepbonu-
yecKUe JBIEHUs B ciyuae, eciu £ — runep6o/uueckas rmiocKoCTb, U SEKIUNOBH
nBIKeHUs ¥ peo6paso auua non06ks, ecnu £——3BKNKM101a TNOCKOCTS (cTp. 231).
KpoMe TOro, OTHOCH:ebHO rpynnsl (f) M3BECTHO, YTO OHAa HMeeT ornpejeseH~
HOe CXOICTBO C SBKJIMAOBOH KPUCTannorpaguieckodh rpynmoH rnepeHocos;
B CaMOM Jiefie, 33 UCKJIOYEHUEM TOWAECIBEHHOTo Mpeolpa oBaHus BCe 0TO6-
paxeHus Tpynne (f) He UMCIOT HEMO/BMXHBLIX TOYEK, M Ipynma ofnagaer
YeTHIPEXYroNsHo# (yligamenTansHOl o6nacisio, Eciu 6m E Grna runep6o-
JMYECKOH MOCKOCTHIO, TO rpynna (£) monxHa Omna 6 6.4 IMCKpETHOI
rpynno#t CHBUIOB C KOHEYHOH (yHaaMeHTansHOH 06.1acThiO, a M yiKe BhIsIC-
HWIHW paHee, u4TO (QyHlaMeHTalbHele 004aCTH STHX Tpynn HMEIOT I1D
KpaliHelt Mepe BOCeMb 1epiuuH. [l03TOMY oOCTaercs npeanoa uib, 4Yro E
NPeNCcTapIAaeT SBKJIMROBY MNNOCKOCTb. MO HO OueHs NPOCTO HOKA3aTh, YTO
BCAKO: SBK/MAOBO Mpeodpa3osanue noaobust, OTNMYHOZ OT JABUKSHMA, HMEer
HenoMIBWKHY0 TOuKY. TakuM o5pasoM rpynma (f) ROMKHA CONEPKATb KpPOMe
TOXIECTBEHHOTO npeobpasoratug TONLKO [ABUKEHUS, HE HMEelou(Me Hero-
IBWXHHIX TOYEK, T. €. mepeHocH. Tak kak, KnoMe TOTO, rpynma (f) KHCKpeTHa
U IMeeT KOHeuHyw d¢yHnaMeHTanpHyi0 06/7acTb, TO OHa JOMKHA Npeacra-

BISTH KPHCTannorpapuyeckylo Tpyniy nNepeHOCOB, DACCMOTPEHHy:0 HaMH Ha
crp. 227,
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Ilycrs Tenepsr ananoruyHoe paccMorpeHHe MPOBENGHO /S KaKOTO -HUGy 3,
mpyroro Topa T'; nycrs U’ yHuBepcaasHash MOBEPXHOCTL HANOXEHHA s T'-
nycrs ¢yunamenranshag rpyrma rtopa 17 upu  KoHGOPMHOM oro6pame:
uun U — E nepexoluT B  KpUCTannorpaduueckyio rpymmy [EPenocoB )
nnockoctd  E. Mol yxe ynomuuand, 4TO BCskoe OTOGpajkeHME TOpa mua
camoe ce0s MOWeT OHTL NONONHEHO 1O OTOOPaXeHHs HajaraloueHcs no-
BEpXi 0°TH. Tomo Tak e HIS BCAKOTO KOHGOPMHOro orobpawenus T— T
MOXI O ONpenenuts KoH(popMHoe orobpawmenne U —U' Tak, 4TO cooTser-
crBylome Toukd U u U’ rcerna Gynyr uanarateCs Ha COOTBETCTBYIONIHe
Todkd T u T'. Tlpu nomouw orobpaxenni U-— E u U — E ortobparenne
U— U neperonurcs B KoHpOpMHOe 0TOGpamenue a mnockoctd E Ha cebs.
OroGpaenne a [OMKHO IIPEACTABIATE SBKIMAOBO JBHXEHHE HWNM Mpeobpa-
30BaHME MOJIOOMS, HO, KpOME TOTO, OHO JIO/MKHO IIePeBOAUTH IPyNNy repe-
HocoB (f) B rpynny (f).

Taxum ofipasoM M ImOKazand, 4to TOp 7 TOJBKO TOIAd MOXer GHTh
KoHpopmuo oToGpaen wa Ttop T, korna rpynme (#) u (') nepesorsitcs
OfiHA B LPYIYiO UPH NMOMOWM MPeoOGpasoBaHUs NMOLOGHS WAM TP NBHKEHHH.
dTo ycioBNE MOXHO BHpa3uWTL B Gonee HarnamHod ¢opme. Ilycts nepe-
HOCHOe JiBHXeHue f, eCTs Kparyafimee cpefu pBikeHuft rpynns (£) u Hycrs
ly — ONATL-TAaKH KpaTyaiiuee M3 NepPeHOCHBIX NBHEHUH rpyrmu (£), He mapan-

JeNbHBIX MEPEHOCHOMY JiBMeHHIO f,. [TycThb m — OTHOILEHHe MTUH tl U, 3Ha-
1

YMT, M > 1; NycTh 0 — yroJ MeXIy STUMH NMEPeHOCHHMM aBHweHusamu. [lna
TOTO yro6bl 0 OH/O OJHO3HAYHO ONpeneseHo, AOCTATOYHO IIOTPeGOoPaTh,

yrobu  6b10 0<Ca<C ; . TTono6ueM e 06pasoM MOXHO rpunucats rpyrme (£)

mBa uucna m' u a'. Teneps, nas TOro yrobbl rpynry (f) MOXHO 6HIO
nepesectd B rpynny (¢') mpm rnomowu npeoGpasoranus nopo6us, neobxo-
AMMBL W 1OCTaTOuHbl ycnosusi: m=m' u o—=a' (IpocTOe NOKAa3aTeNLCTBO
BTOrO MpenocTai feM MpoBecTH YHrarenio). TakuM 06pa3oM MH MOXEM TNpH-
nucars BCAKOMY TOpy T mBa wucna m, 0, Tak 410 7 MOXeT ObITH KOH(OPMHO
orofpaxeH TONLKO Ha Te MOBEPXHOCTH TOPa, A7 KOTOPHIX 00a STH yucna
MMEIOT TO e 3Hayewue, kak ang 7. DTy napy uMcen (MM NPyryw napy,
KOoTOpas MO)eT OBbITe MOCTaBNeHa BO B3aHMHO ONHO3HAYHOE COOTBETCTBHE
€ STOH) Ha3HBAIT MOAYNAMH TOPA.

Ilas Toro uyro6el 6HIO BI3MOXHO KOHGOPMiOE OTOGpaXeHHe noBepxHOCTeH
mByx topoe T W T’, coBramenue MOZyJeH He TONLKO HeoOXomumo, HO H 1O-
cratoyno. B camom Jnene, Korpa umeercs npeoGpasoBanue ronoGus MM
LBMXEHHE @ NNOCKOCTH B cede, mepesomsimee rpymmy (f) B rpynny (£),
TOTZA, KaK Jerko BUIETb, NpHHaJIEKAeEe K @ KOHpopMHOe OTOOpawenue
U—U' onperenser Koupopmuoe orobpaxenue T— T"; orobpawenue U— U
IMEPEBOJIMT NOKpHIEAIOIIMe APYF mpyra Touku nosepxicctd U n TOJIBKO 9TH
TOYKM BCEIJa B MOKPHBAIOLMe APYT npyra Touku nosepxxoctd U'. Tloasons
WTOrM, Mh MOXEM CKa3aTh, YTO TIOBEPXHOCTH TOpPa B CMHIC/IE KOH(OPMHOIO
orobpaxenus o6pas3yioT CeMeHCTBO C NByMs MapaMeTpaMu.

Ecm npoctpancTBeHHHH 06pa3s Topa He HMeeT HMKakol ocoGoH mpa-
BUJILHOCTH, TO 3HaueHne 0GOMX MOAy/NeH Heab3s HarJANHBIM 06pa3oM MOJY4HTD
M3 ruma Topa; ecnu e Top 7 npeacTaBaser MOBEpXHOCTh BpalueHus, TO ®
BCErna UMeeT MPAMOYTonbHyl0 (yHAaMEHTAIbHYH 006JacTe H IOTOMY caeayeT
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T
NONOXMHTE 0.==5 . B sTOM cnyyae oroGpaenue U — E Moxer OHTb 3aj1aHo

ABHO. OHO TepeBO/IMT OPTOTOHAJbLHYIO CeTh MEPUNMAHOB M mapainenei B nBa
ODTOTOHANLHLIX ceMedCTBA MAapaiiefoHBX NpAMEX Ha nnockoctd  E. Ecau
B 4acTHOCTH T ecThb MOBEpXHOCTb Bpalllenusi, 06pasoBaHHAg OKPYKHOCTHIO,
TO OTHOLIEHHE . CTOPOH MPAMOYTONLHOH (yHnameHTansHol o6nacru (f)
MOXET, 3aBUCETb TOJBLKO OT OTHOILEHHUS pajMycOB MEpPUAHOHANLHOTO Kpyra
1 <ocu», [losToMy nBa KpPYroBHX TOPAa MOTYT B TOM M TOMLKO B TOM ciydae
6bITH KOH(OPMHO OTOOpa:KeHs! OAWH HA APYroH, eciu OHM MOMOGHEL.

B ueThIpeXMEpPHOM HPOCTPAHCTBE MOMKHO 3aJaTh IOBEPXHOCTH TOpa 'rax,{
YTO N8 Hee noBepxHocTs U MOXeT OHTL OTOOpa)KeHa Ha SBKAMAOBY INO-
CKOCTb D@Me C coxpaHenweM mauH (cM. nobaecnenue 2).

Tenepp nerxko oGospers Bce €nOCO6BI KOH(QOPMHOIO OTOOPAXEHHS HEKO-
Toporo Topa T Ha camoe ceba. I'pyrma (k) stux orobpaxenui momxHa
cooTBeTCTBOBaTh rpyrnre (f) newxennd wau npeobpasoBaHuit MoxoGust B mio-
ckocth E, koropeie nepesopsr (f) B camoe ce6s. I'pynnma (), ouesuzHo,
OXBAaTHBAET BCE [IEPEHOCHBIe ABMXeHus Tiockocty E B camoll cebe. v
IenkeHusi, BooGme rosops, ucyepnuipalot rpynmy (). Ecnu e rpymna (7)
HUMeeT OCOOeHHYI0O MNpaBUILHOCTH, HanpuMep ofjanaer KpaapaTHo#H ¢ywna-
MeHTanLHOH o6nacrsio, To rpymna (/) MOXeT cofepxarh TaKKe BpauleHus
M 3epkajibHBle OTPAWeHHs.

Cnocob, KOTOpe! MB MpUBENH IJIS TOPA, MOXHO IMepeHeCTH TaKXke M Ha
BCe JpyrHe Kiaacch noeepxHocrell, OnHako B GoJbluvHCTBE C/y4aeB MOBEPX-~
HOCTb Ha/loXeHust KOHOPMHO OTOOpamaercsi He HA 9BKAMAOBY IIOCKOCTD,
KaK B cAyyae TOpa, a Ha TUMepOOJIMYECKYIO INOCKOCTh, TaK [MPOUCXOMUT,
HarpUMep, Yy BleX OpUEHTUPYEMHX 3aMKHYTHX [oBepxHocTed poma p> 1.
B 9TtuX cayqadsx MB UPMXOSMM K FPYNNaM CJABUIOB, H KOH(OpPMHOe OTOGpa-
WeHUe IBYX IOBEPXHOCTEH 33aBMCHUT OT TOrO, MOrYT /M ObITh COOTBETCTBYIO-
mue Tpynnbl CHBHIOB MEpeBeIeHH APYr B JApyra myTeM TUnep6oaHuecKoro
aprxenus. Kak MokasbialOT uccnepopaHuss B TuUmepboaMYECKOH [EeOMeTpHH,
rurepbonuuecKde TPYMIb COBATOB € 4p-yrolsHOM KOHeWHOH — (yHmameH-
TanpHOM o6JacTbio onpegensiorcs 6p—6 NOCTOSHHBIMM € TOYHOCTHIO 1O
runiepbonuyeckoro gBixeHust. [losroMy kamod opueHTHpyemolt 3amMkHyTOM
NOBepXHOCTH poga p>1 coorBercTByer 6p— 6 Monyneh.

B teopuu ¢yskimit 9TOT crioco6 npumensercs IriaBHHM 00pa3oM K puma-
HOBBIM ITOBEPXHOCTSM anrebpauyeckux ¢yHkiml. Orobparenus U— E B cny-
yae p=1 NpUBOEAT K 3nAHNTHYecKuM (YHKUUAM, a B caydae p>1—k as-
ToMOpQHLIM (yHKIMAM, H3yyenHbiM Kneiinom u Ilyamkape.

HesamkHyTHIE NOBepXHOCTH NPHBOXAT K TpynnaM ¢ OeckOHeyHOH ¢QyHma-
MeHTaleHOH o6aactbio. B TeopuM GyHKuu# Takue TIpynnb BCTPEYaioTCH,
HanpuMep, MNP H3yuYeHHH IIOKa3aTeNbHOH (QYHKUMH H S/IMITHYECKUX MOLYJb-
dyHKIHH,

bl. 3anaun o cocepHHx o6Jacrdx, 3amaya o0 HHUTH M 3ajtaya O Kpackax.
B 3aknoueHue Mbl pacCMOTPUM TPH POICTBEHHBIX APYT APYTY BOIpOCa,
BO3HHKAIOWMX IpY pa3bueHuu HEKOTOPOH MOBEPXHOCTH Ha PasnHyHele 06«
nactu. Taxoe pasbueHHe MIOCKOCTH BCTPEyaeTcs, HANpuMep, Ha MONUTH-
yeckux Kaprtax. [lanee peneHue MPOU3BOJBHHIX [MOBEPXHOCTEH Ha obnactu
BCTpeyaeTcs B KOMOMHATOPHOH TONOJIOTMM, KOTAa KpWBAs MOBEPXHOCTL 3a-
MEHSeTCH TOMONOTHYECKH SKBHBAJNEHTHHM €l MHororpaunukoM. s Ttoro

19 Tuasbepr v Kon-Poccen
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yTOoOH ONPENENUTs TPAaHH MHOTOTPAHHHKA, HEOGXONMMO pPa3buTh KpPUBYio
MoBE XHOCIL Ha 06nacTH.

3anaya O cocelHHX 06nacTAX COCTOMT B TOM, uTOGH ONpENENUTbL g
HEKOTOPO#l ITOBEPXHOCTH MaKCMMannHoe yucno obnactedt Tak, yTo6H Beakag
o6.sacTs TpaHuyMna €O BCAKOH JAPYrOH BIOAL HEKOTOPOH KpuBo ). Mu
pPaccMOTPHM 3Ty 3a1ayy cHayana Ha M/IOCKOCTH, npuueM BLibepeM nBe 067a-
ctu 1 u 2, conpukacawmuecs BLOAL HeKOTOpoH KpuBOH, Ecnu Mbl Bo3uMenm
TpeTsio o6nacTh Tak, 4yToOwm OHa oxBaThiBana obnactu 1 u 2 IEJIHKOM, TO
Mbl yXe He CMOMeM ONpeNe/NuTs 4eTBEpPTyl0 06JacTh Tak, YrobH OHa rpa-
HH4YMIa co BceMu Tpems o6aactamu (uepr. 323). Ecnu e Mm paciionomum
TpeTbio 06/nacTe TaK, Kak H300paweHo Ha 4epT. 324, TO nerko Hatitu
COOTBETCTBYIOLLYI0 4eTBepTyl0 obnacts. Onnako, KaK 6b MH HU BuGpanu

Yepr. 323. Yepr. 324. >  Yepr. 325,

yersepTyl0 06GnacTh, BCErAa ONHA M3 OCTanbHLIX O6nacreft GymeT uenikom
OKpYeHa ApYIUMH oOJacTAMHM TaK, YTO ye Henb3d Hahtu mAToH obnacru,
rpaHdyamiei CO BCeMH OCTanbHHIMH yeThippMsA ob6nactaMu. Hamu onmte
[IOKA3bIBAIOT, YTO MaKCHMaNbHOE YUCIO COCERHUX ofnacTedl Ha IJIOCKOCTH
ects 4. 310 MO¥MO nokasaTh crporo. Ha uepr. 325 usobpaweHo oco60
CHMMETPHYHOE pACrosioMeHHe 3THX obnacred.

3agaya O HUTM mnpexacrasiaser cofol nBOHCTBeHHOE oO6pauieHue 3az1aq
0 cocenHux obnactsx (mputueM ABOMCTBEHHOCTH CUAYET MOHUMAThL B CMBLIC/IE
TOMOAOTUYECKOTO 060G6HeHUs! MPOCTPAHCTBEHHOIO TNPHHIMIA ABOHCTBEHHOCTH
npoextuBHo# reomerpuu). CyTh 3amayn O HUTH COCTOMT B TOM, HTOOH
ONpEeNie/IUTh MAaKCHUMasbHOE YHUCJAO TOYEK, PAaCIOJOXEHHBX Ha HEKOTOpPOH
[IOBEPXHOCTH TaK, YTO 9TH TOYKH MOTYT OHTH COENHMHEHH KPHBLIMH, JeXa-
LIMMM Ha TIOBEPXHOCTM W He INepecexapouuMu apyr npyra. Ilpoctoe pac-
Cy)neHxe IOKa3LIBaET, YTO MAKCHMMaJbHOE YMCJIO HOMKHO COBManarh ¢ MaKCu-
ManbHBIM YHCJAOM COCeNHuX obnacteit Ha ToH ke mosepxroctH. [lna mo-
Ka3aTeNbCTBA BhibepeM B KaXKAOH U3 cocemuux o6nacred omuy Touky. Tak
KaK BCe COCE[HHE OOJACTH TpaHM4ar BJOJb HEKOTOPOH KpUBOH, TO Mbl
MOXEM Kamihe JBe TOYKH COSJHHUTL KDHUBOH, Jexained TONbKO B JBYX
cMexHuX obnactsx. Ilomyyarompecs Takum O06pasoM KpDUBEHIE MHL MOXEM
NpOBECTH TaK, 4TOOH OTPeSKH KPHMBEIX, Jexaude B ONHOH M TOH e 00-
JlaCTd, HE MepeceKanuch NPyr ¢ APYroM; B CaMOM fefle, HaM HYXHO TOJBKO
COeMHATL HEKOTOPYI0 TOYKY, JIEXAHIY1I0 BHYTpU O06NacTd, ¢ OlpeleseHHEIMH
TOYKaMd rpavuusl. Takum 06pasoM BCAKOE pACIONOMEHHE 1 cocenHux 00-
—_——,

1) [lpy 3TOoM HeT HeoOXOZUMOCTH, 4700B 004aCTH LEAHKOM IOKPLIBAAW ECIO OO+
B&PX'10CTh,
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nactell HAeT OWIO pelenHe 3aNaYH O HUTH € n ToukamH. Makcumanemoe
YUCJIO TOYEK B 3afidaye O HHUTH MO3TOMy MO KpakHel Mepe paBHO MAaKCH-
MaJbHOMY uuclly cocennux oOnacteft. O6paTHO, BCSKOE peuieHHE 3amayu
O HUTHM C 1 TOYkaMy pmaeT OLHO PACMOJOWeHHEe £ cocenHux obnactedt. Ilns
STOTO HYXHO pas0uTe BCAKYI0 KDHIYIO, COENMHAIIOULYIO JIBE TOYKW, HA nBe
YACTH M DACIUMPHTB KDKIYIO TOYKY BMECTE C HUCXONSIUMMH M3 Hee 4acTamd
KpUBBLIX N0 06JacTH H4a MNOBEPXHOCTH IyTeM MPHCOENMHENHA OKPYXAOLIHX
STy TOYKy vuacTe#f mnosepxHOcTH. Torma Mb noayduM n 38€31000pasHEX
obnacteil, xoTOpbie BCErHa I'PaHMuaT npyr ¢ apyrov. ClenoBaTesbHO, MAKCH~
MalbHOE YHCJIO COCe/HUX oOnacTelt mo KpaiiHeit Mepe paBHO MakCHMaJbHOMY
YHCTY TOYeK 3aau¥ O HWTH. TaK KAk MBI TOJNBKO 4TO nokasanu obpatHoe,
ro orciona cnenyeT 4yTo 062 MAKCMMAJBHLIX YUC/Ia PaBHH,

Yepr. 326. Yepr. 327. dept. 328.

OTH MakcHMaTbHHe yucna ObIM ONpeneneHbl He TOJMBKO HJIS NMOBEPXHOCTelk
CO CBASHOCTBIO, PABHOW elMHMIE, HO M A IPyrux moeepxHocTed. Jing
NPOEKTHBHO TMJIOCKOCTM M I Topa ST uucia paskbl 6 u 7. [lpumepn
NONOGHHX pacronoxenuit npuseliekbl Ha yepT. 326 u 327. Ilpu 3Tom npo-
eKTHBHAs IJIOCKOCTh HM306paXeHa TNpH NoMOwM Kpyra, B KOTOPOM OTOXIe-
CTB/eHBbl JHAMETPANLHO MPOTHBOMOJIOXHEIE TOYKH nepudepuu, a TOp usobpa-
MeH TNPH NOMOWM KBajpaTd C OOBIYHBIM COOTBETCTBMEM CTOPOH. Yepr. 326
COOTBETCTBYET MPOEKIMM NOfEKAsNpa, H300pamenHoit na uept. 167, crp. 136.
Yept. 328 naer pemeHue 3aNayYM O HMTH B MPOEKTHBHOM IIOCKOCTH, COOT=
BETCTBYIOIIEE JiENEHHIO Ha 006acTH, u3obpaxeHHOMy Ha uepT. 326.

B Tecuofi cBusm ¢ 3ajauedt 0 cocemuux O06aCTAX HAXOAMTCs 3ajjaya
O Kpackax, KOTOPYHd MOXHO NpEINCTaBUTh B Bul€ 3aJauyM NpaKTHYecKok
Kaprorpaguu. [lycTs Ha HeKOTODOM TNOBEPXHOCTH HAuepPYEHO Ompele/eHHOe
ypcno  obnactett. Kawpgan u3 sTMX o6nacTedl BeKpauleHa orpejieleHHOH
Kpackol, mnpHyeM Hukakue IBe 06JIaCTH, rpany4amide BAOJb HEKOTOpO#
KDUBOM, He BHKpAllleHl B ONHY H Ty e KpacKy; €Ciu e Jse 006JacTu
CONMPHKKACAIOTCA TOJBKO B OAHOM TOYKe, TO OHM MOTyT ObiTh BBIKPAIUCHH!
0nvHAKOBO# kpackoit, TpefyeTcsi mna 3agaHHOM [OBEPXHOCTH OMPENEJHTH
MUHMMAaLBHOE WYMCIO KpacoK, NOCTaTOYHOE I/ TONOOHOM pacKpacku mnpH
BCAKOM BO3MOXHOM JeJieHuH MOBEPXHOCTH Ha obnacTu.

Yucno s8TO BO BCAKOM clyyae NOMKHO ObiTh HE MEHBLIE MaKCHMAaJIbHOTO
4HC/Ia BO3MOXHBIX cOcenHuX obnactelt Ha nosepxHocTH. B camom jene, i
KaKOH-HUOYNb CACTEMB pAaCrOJIOXKEHMA COCeAHMX ofnacTet HeOGXOOMMG,
uyTo6H KaXuas o6nacth Ownina BbIKpauleHa B npyryoo Kpacky. OG6parHo, Ha-
[IPAUIMBAETCS MBIC/B, YTO 3TO MaKCHMManhHOE YHCIO W JOCTAaTOYHO. B camom
nene, 660 JOKa3aHO, 4TO Ha NPOEKTHBHON MOBEPXHOGCTH JOCTATOYHO IUECTH

19¢
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Kpacok, a Ha TOpe CeMH KpAacOK AN PackKpacKd MO HAIMM TNpPaBHNaM mpy
moGoM BuGope obnactedi. Omuako nopoGHOE Ke NPEANONOKEHUE OTHOCH-
TeNbHO [JIOCKOCTH M 11apa, a4 HMEHHO, YTO JUIf STMX HOBEPXHOCTEH [OCTa-
TOYHO YETHIPEX KPACOK, MO CHX MOpP He NOKa3aHo.

PaccmoTpum npexcne Bcero nenenue Ha O6GMACTH B INIOCKOCTH. Tpu co-
ceiHux O6nacTH Ha yeprT. 329, @ HEOGXOLMMO BHKPAacHTb TpeMst PasHYHEIMH
kpackavu 1, 2, 3. Torna MOXHO BHIKDACHTH YETBepTYK OOMaCTh, rpaHMua-
uyio ¢ o6zactimu 2 u 3, Mam kpacko# 4 wmmm kpackoft 1. Eciu Mu B
Kpacum =Ty oGnacTe Kpacko# 4, TO HYETHpEX KpacOK HAM HEXBATHT Mpu
TakoM pasneseHus Ha 0671acTH, KOTOpoe u306paXeHO Ha 4epT. 329, b. Takum
00pa3oM B STOM Cilyyae HaM HYXHO BHIKDACHTb STy O6JacTb kpackoi 1.
Onnako npu Taxoit PaCKpacKe MBI HATAJKMBAEMCA Ha TPYAHOCTH NpPH fiene-

- ' \
742 7 2
7| ¢ « ¢ 7
7 2 K} , 3
3 - |
Y b ) g
Yepr. 329. ’

UM Ha obnacTd, u300paweHHOM Ha 4epT. 329, ¢; 3nech 5Ta O6NaCTh ROMKHA
6LiTh BhKpalleHa Kpackoit 4. M3 sTux NpuMepoB cremycrT, 4YTO OKpacka nep-
BHX ueThipeX ofnacTeff OmpenesseTcss PacmoiOKeHHeM JanpHeRux obnacredd.
Ipn npucoenuHeHuy HOBOH OONaCTH B 3aBUCHMOCTH OT OOGCTOSITE/NBCTB HaM
HPHXONMTCA YyXe 3aKpallleHHHe O6macTH BHOBb I1ePEKPAlUMBATh; OTCIONA -BCe
TPYHNHOCTH STOH 3anaum.

Temeps Mb TOKaXeM IyThb, O3BOJIAIONIMH HAM pa3pelunTh 3ajaydy O KpacKax
An8 1eN0ro psia 3aMKHYTHX ToBepxnocTedi. [lpu sTom Mu 6ynem nedop-
MMpPOBaTh NOBEPXHOCTh TAKMM 06pasoM, 4TOOM OHA MPeBPaTHIACh B MHOIO-
rpaHHuK, a OTAeAbHHE o6jacTh mnpespaTHiHCh OH B GokOBbe rpaHH
mHororpantuka 1), OueBHIHO, JOCTATOYHO Ppa3pelluTh 3ajady A% BCeX
MHOTOIPaHHKKOB, UMEIOHIMX TY e CBASHOCTb, KaK M 3ajaHHas [OBepX-
HOCTb.

ITpexxae BCEro AOKAXKEM CleyloLiee: BCAKHA MHOTOFpaHHMK CBASHOCTH
MOXeT ObiTh BHIKDALUGH MaKCHMYM 7 KpacKaMu, €CJIH YMCJIO 71 TaKoBO, HTO
IUI1 ECIKOTO LEJIOr0 4Mcna F>n umeeT MecTO HepPaBeHCTRO:

nF>6(F+h—3).

3areM MBI ONpeACIMM ISt BCIKOrO 3aJlaHHOIO IONOXHTENBHOrO A MUHUManb-
HOE YHCIO n,, o6Jjajaioliee STHM CBOHCTBoM. TeM camuM OyneT HOK23aHO,

1) Kag NOKASHBALT DIpUMEDH, H306paweRuble Ha wepr. 329, Takas nedopmarms
BOOOLIE BO3MOXHA /ML B TOM CHyuae, €CJH ROMYCKAIOTCA TaKie H KPHBHE GOKO-
Bule rpawd. Mg MOCAeRyOulero AOKAsaTeibCTBA 8TO HECYLUECTBEHHO.
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YTO BCSIKAT BSAMKHYTas% TOBEPXHOCTH CBS3HOCTH £ MOXeT OHTH BHKpalleHa
IIPH BCAKOM JieNieHuyM Ha O6JacTH 7, KpacKaMm.

IpencraBsM cebe Temepb, YTO CBA3HOCTh £ 3aaHa BMeCTe C HEKOTOPHIM
Lesbli YHUCIOM A, KOTOPOE MPH HAHHOR A yIOBNETBOPSCT 3aIaHHOMY YCIOBHIO.
Pa3obreM Temepr MHOTOTPaHHMK CBSIBHOCTH A Ha F yacTeli U mOkakeM Haure
YTBEPXIICHHE NyTeM MHAyKUMM JAs Boapacraiomero F. Hame yrepxaenue
ans ‘Besixkoro F<{n TpMBUaABHO, NOTOMY YTO B STOM Cly4ae NOCTATOYHO
KXyl TPaHb 3aKpacHTh HOBOH kpackod. Takum o06pasoM Hawa Teopema
yxe nokasana nns Besikoro F< Fy. Temepp Mel pokaweM ee crpasen-
nueoCTs ga  F==Fy-1. CornacHo BHIUECKa3aHHOMY MH MOXeM orpa-
HHYMTBCT yucioM F>n. Tlo npeanonoxenmio mns yucna F - ynosneTpo-
pAeTCcA HepABEHCTBO:

nF>6(F+ h—3).
ITpumenum Tereps TeopeMy Siinepa ') o MHOrorpannmkax:

E—K+F=3—h
HIu
F+h—3=K—E.

Tpu momomw Aedopmanmu, HOpH KoTOpolt uMcno F u cessHwocTs £ oCTa-
JOTCA HEM3MEHHLIMH, MH MOXEM JIOCTHYb TOFO, YTO BO BCAKO# BepLUMHE
MHOTOIpaHHHKA OyAYT CXONMTBCS TOABKO TPH TIPaHH M, CJEHOBATENbHO, U3
KawnoH TOYKM OyIyT BHIXOAMTH TOMBKO Tpu peGpa (uepr. 330). Takum
o6pasom u3 BceX E BepluuH BHIXOMMT Bcero 3E pebep, a Tak Kak npu
sTOM Beakoe pebpo cumTaeTcs pBawae, To 3E=2K. - Crenosarenbno:

6 (F+ h—38) = 6K — 6E = 6K — 4K = 2K.

Takum 06pa3oM HEPAaBGHCTBO, MMEONEE MECTO B OTHOLIEHMH uyMCla 7,
peBpaluTCa B
nF> 2K.

V3 5TOro HEPaBEHCTBA MOXHO 3aKMIOYMTb, YTO MO MeHbluell Mepe onHa
rpaHb MHOTOTDaHHMKAa OTpaHMueHa Menee, ueM n peGpamu. B camom neue,
B nmpOTHBHOM ciyyae Bce F rpaneft BMecTe GbM Gbl OFPAHMMEHH MO MEHb-
we#l mMepe nF pebpaMH, a Tak Kak IpH STOM

Besikoe pebpo cuuTaeTcs NBaXAH, TO ObO Ghi
nF< 2K. 1o 3akioyenye MpeicTaBIfeT cyTh ‘ -

OKa3aTeNbCTRA. Av vv
PaccMoTpuM Telepb OINHY M3 TaKMX TIpaHeft, ‘iﬁ
KOTOphLIE TpaHMYaT MeHee, YeM C 1 COCENHHMH Yepr. 330,

rpansimu. Tenepb NpencTaBuM, YTO BHYTPEHHAS
rpaHb BHIPE3aHa, 2 OKPYXKaIoIHe ee TPAHN TaK PACTAHYTH, YTO OHM 3aKPLIBAIOT
06pa3oBaBuIyiocss KHPY, K TaKuM 06pa30M MHOTOrpaHHHK OISTh 3aMbIKAeTCH.

1) [lpn ycrauosiesun 3TOR TeopeMBl MHI CcHenan HEKOTOPHIE IPEINOJNOXEHHs
OTHOCHTENILHO pacnonowenyusi 60KOBbIX rpanell; sTH Npennosio:xeHus B NAHHOM CHyyae
He JO/KHH BHIONHATLCA. MO#KHO, OnHAKO, YGEAUTHCA, YTO YCTAHOBACHHOE NOJOHKEHAE
NpUMERHMO K 31eCh
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INonyuueiukics HOBbIY MHOrOTPaHHHMK MMEET TAaKYIl0 e CBU3HOCTB, Kak
H crapbifl, HO Ha OnHy rpaHs MeHbiue. CnenoBaTeNbHO, MO HPEANONOKCHHIO OH
MOXET 6biThb OKpamleH # Kpackamu. BHIIONHMM OKpauinpaHue, a 3aT€M TMpo-
usseneM 06pathyio nedopvanmio. TOrfa Ham MHOrOFPAHHMK 33 MCKMOYEHHEM
BLIDE3aHHOH IPAaHM BBLIKPALIEH 7 KPaCKaMu; HO TaK Kak 5T IPaHb [PAHUYUT
camoe OGonbuiee ¢ n—1 COCENHMMH TpaHiMy, TO MBI MOXEM M 3Ty IDaHb
BLIKPAaCHMTh COIVIACHO NPENNHCaHWI0 6e3 mnpuMeHeHHs HOBOH Kpacku. 3iech
MBI JIO/KHBI OBIIM M3MEHSTh IEpBOHAYAJbHO 3aNAHNbIl MHOTOTDAHHHK TaK,
yTOGK B KaXK[IOH BepuIMHE CXONMAMCh TOJNBKO Tpu pebpa. Ho Mer Moxem
TaKoe M3MeHeHHe INPOM3BCCTH B OOpaTHOM Iopaike 6€3 M3MeHeHust OKPAacKy,
TaK KaK MNP STOM HOBHIX I'DAHHUI[ HE MO/NyYaeTcs.

Teneps nOCMOTPUM Kakue uyucia £ YAOBJACTBOPSIOT IOCTABICHHOMY yc-
nosuio. Hanuuiem 3710 ycnosue B BHae

n>6(1+452)

352ChL cRemyeT noactasuTh BMecTO F rce yucna, Gomeiuve n. Ecom h pasuo
1 wmu 2, TO npasas 4YacThb HepasenCTB2 MpU BO3pacTanuy F  CcTpeMuTCH
k 6, ocramsascy ece speMsi MeHbiue 6. Takuv 06pasom B 060MX 3THX CIyyasx
n,= 6 MHHUMaNBLHOE L1eJI0€ YHUC/O, yNOBACTBOPSAIONIEE HAILUM TPENONOXEHUIM.
Hast k=23 nparass 4acTb MMEET IOCTOSIHHOE 3HaueHue 6, M, CrenoBaTeJsBHO,
n,=7. Jlna h>3 npasas yacTb c BO3pacTaHueM F yMEHBILAETCH, K MOITOMY
JOCTATOYHO TPUHATL AJaa F MuHMManbHOe jnonyctimoe 3Havenue n-+ 1. Tlpu
2roM Mbl NOJy4aeM ins n B ciyyae A>3 HepaBeHCTBO.

(11259

Him B npeoﬁpasosaﬂnom BUIE:

n(n+1)>6n+6 6k —18, n*—5n>6h—12,
T. €.
n>;’_+; v/ 24n—23.

O603Hayas yepes [x] MaKCUMaJIbHOe LeJloe 4uc/Io, MeHblee X, HMeeM IIpH
h>3:
71 oo
m=|g+ o v/ 24H—23).

Ilna h=2 wu h=3 s1a GOpMyJa TaKXKe IaeT BEPHHE 3HAUEHUN %N, ==B
M ng="7, XOTs OHa W Henpumenuma. B ciyuae h=1 ¢opmyna naer apyroe
sHaueHHe, uMCHHO 4 BMecTo 6. DTO 3HAYyeHue IO BCeM NAHHLIM IIPaBHILHOE,
TaK KaK IO CHUX mop ue Obuio HalileHO TaKOro JeNCHHS! INTOCKOCTH Ha
obnacTu, Npy KOTOPOM 4YeTHPEX KpacOK GO0 OH HENOCTaTOYHO; ORHAKO
CTPOrO MOKAa3aTh 3TO 1O CHX TIOp He ynanock. B mpupomumoit Tabauue 0pu-
BC/ICHH 3HaueHust m, pna k=1 B no h=13,
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h= np= h np=

1 6 ([4,000] == 4) 8 [10,000] =10
2 6 ([6,000] == 6) 9 [10,447] =10
3 7([7,000] =17) 10 [10,866] =10
4 [7,775] =17 11 [11,264] = 11
5 [8,425] =8 12 [11,640] =11
6 [9,000 =9 13 [12,000] = 12
7 [9,522] =9

Iloka My nokasanm TOABKO, YTO STH YHMCJIAa KPAacOK JOCTATOYHBI I/ pac-
Kpackd. MOwHO 6bi10 OB AyMaTh, YTO CYIECTBYIOT IIOBEPXHOCTH CBA3HOCTH K,
L1 KOTOPHIX MOX(HO BCerjia OGOHTHCH MEHBLIMM, Y€M 7, YHCIOM KpacOK.
Opnaxo nns h=2, 3, 5, 7, 9, 11, 13 poka3aHo, YTO MOryt OHTH B TOY-
HOCTH n, cocenHux o6nacteit, CrefoBaTeNbHO, B STUX CJlyyasiX HaBEpHO
Helb3sl OGOHTHCH MeHblLuE, UeM n, Kpackamu, M, TakuM O06pa3oM, jiif STHX
clyyaes 3ajjaua O KpacKax NOJHOCTbIO paspemieHa. Jlns Bcex Ipyrux 3a-
MKHYTHIX TIOB2PXHOCTeH YMCNa 7, NPEJCTABAAIOT BEPXHIOW TPAaHUIYy MAA 4HC/Ia
cocennux obnacreii.

B 3azaye o kpacxax ocobenHO 6GpocaeTcs B Ii1a3a, YTO MHTYMTHBHO SICHOE
JJIS1 TIOCKOCTH HpeJIOMEeHHEe 10 CHX IIOp cTporo He nokasado. IlomoGHoro
pOnNa TPYAHOCTM BCTPEYAIOTCS B MaTeMaTuKe OMEHb 4YacTO, KOrha XOTAT YHUCTO
JIOTHYECKH, ITyTEM TNpPWBEAEHMS K YHCJIAM, IIOHATh HarjsjHele Belld. B kaue-
CTBE elle OfHOro IpHMepa Ha30BeM TEOpeMy O TOM, YTO 3aMKHYTas KpHBas,
HE UMewowas ABOUHBIX TOYEK, pa3GMBAET IIOCKOCTh HA OBE YacTH, WJH 4TO
map HMeeT HauveHbluuft 00beM u3 BCEX IOBEPXHOCTell HauHoOl IOmafiu.
O6e sti TeopeMH NOTpPeCOBaqM NOBOJBHO TPYAHHX H OOGCTOATE/BHHX IOKa-
3atesbcTB. OfHAKO 331a4a O YeTHIPEX KPAacKax fpejicTaBiAseT 3HAYHTENBHO
6onee MCKMOUUTENBHEI TpuMep NMOKOGHOrO pona, MGO ANs STON 3ajayd He
BHIHO, NoYeMy KaK pa3 ¢ Buiy HauGosnee npocrof ciayyall HpPERCTaBASCT
TaKkMe TPYNHOCTH, B TO BpeMsi Kak Haubosee CHOXHBIE CHIyYaH MOryT OBITh
paspelleHHl.

JIOBABJIEHUE K IIIECTOJ1 I'JIABE

1. MpoeKTHBHASA MJIOCKOCTb B 4ETHIpEXMepHOM MpocTpaHcTBe. Mul  ykamem
anre6pauyecKyio MOBEPXHOCTb B YETH PEXMEPHOM. SBKJIUIOBOM MPOCTpaHcTee £y,
TOMOJIOTMYECKH 3KBHUBANIEHTHYIO NMPOEKTHMBHOM IJIOCKOCTH, HO B IIPOTHBOMO-
NOXKHOCTL NMOBepxHOCTH Dofis He uMewomyi HH camonlepeceyeHMit, HU NPYrHX
ocobennoctedt. C stoff Lemblo OyneM HCXOMTh M3 ILAPOBOfl MOBEPXHOCTH

W+t wi=1 1)
M PaccMOTPHM B JIEKApPTOBHX KOOpJMHATAX X, ¥, Z,  npocTpanctea E, o6pas
x=1—v%, y=wv, z=uw, (=vw )

R/A BCEX 3HAYCHHHA MapaMeTpoB ¥, v, W, YAOBIETBOPsIOMMX ypasHehuio (1)
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Tak xak x, y, z, £ CyTb ONHOpONHLIE U KBAIpAaTHUHHE (GYHKIMU OT 4, v, w,
TO JMaMeTpalbHO IPOTHUCONO/IOXHbIE TOYKH I1apoBok nosepxuocty (1) Beersa
6ynyr nsobpamaTbea ONHOM M TOH e ToukcH (2) B npoctpanctee E,. Io-
KaXeM Temepb, YTO J[BE HenWaMeTpaibHbie TOYKM MOBepXHOCTH (1) Bcerna
COOTEETCTBYIOT ABYM pasiuYHbIM TO'kKaM (2). Bospvem cHavana toixky P
cephl, 11 KOTOPOH WM 4, HU U, WM @ He paeHsl Hymo. Toraa y, z, ¢ or-
TUYHB OT Hy/Ms M ONpeienlloT OTHOmenue u:v:w. Touka (2), cooTser-
cTByomas Touke P, TakuM 06pasoM, He H30OpamaeT HMKAKOH Npyrolt Touxu
cheps, kpome Touke P u muamerpansuoit eit touku. Ecam w0 pasro Hymo,
10 4% u v® 0HO3HAYHO ONpenenATcs 13 ypasHenndt 4% 4-v¥=1, 1® —y=yx.
CootsercTBylomas TOYKa (2) MOXeT NP2ACTABIATH TOJBKO ClENyIONHE YeThipe
touxu: (4, v,0), (4,—v,0), (—u, v, 0), (—u,—v,0). Ecntu npu stom
eme u =0 wm v=0, TO 5Ty yeTHpe TOUKM TPHUBOLATCI K mape IHaMe-
TPaTBHO NPOTHBOMONOXHEIX TOYEK, H, CIENOBATENHHO, HHYETO HE MPHXONMTCA
Gonbuie siokasmBaTe. Ecmu ke u=£0, v3 0, To crenyer npueneus enie
ypaBHeHHE Y= WV, XOTOPOE BBIIENSET U3 STHUX YeTHPeX TOYEK YWKe Mapy
nuaMeTpanbHHX ToyeK. OCTaeTcs eme MCCAeoBaTh CIy4WaH, KOF/A W@ OTIMYHO
OT HyNsl, HO OJIHA M3 NEPSMEHHBIX U, U Mcue3aeT, T. e. Jubo u=0, v} 0,
w3 0, mbo v=0, u+0, w30, nubo Hakowen u=v=0, w===1.
B nepsoM cryuae MMeeM:

x=—1, —x+twt=1;

vw—*, u, cnegoparensHo, %, @ M vw usBeCcTHH. AHANOTMYHO BO BTOpPOM
cnyyae u3pecTHo 4%, w u uw. B o6oMX ciyuasx 3akmouaeM, Kak M B ciIyyae
w=0, YTO COOTBETCTBylOIaA TOuKa (X, y, 2) obpasa (2) npencrasaser
TOMBLKO OfHY MNApy AMAMETpaiabHeX Todek Inapa (1). B TpetheM cnyuae
JIOKa351BaTh HEYEro, TaK KAK STOT CIyYalh M TaK MMeeT MecTO TOJLKO s
nByx nuamerpanbHbix Todek mapa (1). Takum oOpasom yparnenus (2) Bmecte
¢ nornonnuTenbubiM ycnosueM (1) NpencT2patioT B3aMMHO OJIHO3HAYHO M He-
NpepbiBHO Chepy € OTOMXNECTBACHHBIMHM JMAMETPAJBHO IIPOTHBONONOKHEIMH
TOYKaMH, T. €. NPOEKTHBHYIO IIIOCKOCTD.

Jlerko WCKJIOYMTB U, U, W 43 ypaBHeHufl, onpenensionmx Moxeas. Hmeuno,
M3 TpeX NOCJeNHWX ypaBuewuit (2) crenyert:

Otciona mepeoe ypacHenue (2) MepeXxOiuT B
\ y(z —t)=xzt, 6))
a ypaeuenne (1) npeppaliaercs B
¥Ry 4 2P =yef, (¢))

[MosToMy naHHas MOJeab CONEPKUTCA B INCESCEYEHHM TMIICPIIOBEPXHO=
creit (3) u (4).
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B ToM, 4TO STa Mopme]b He HMeeT ocobeHHOCTe#t, T. e. obnamaer BClOAY
HENpPepbiBHOR KacaTesBHOH IUIOCKOCTBIO, JIETKO yOenuTses, ecnn Ha mape (1)
npencTasuTh #, ¥, W KaK (PyHKIMH NBYX HE3aBMCHMBIX NapaMeTpPOB U NIPH 110~
Mo ypasHeuuit (2) uccrenoeats X, y, 2, ¢ B STOii napaMeTpuyeckol Qopme.

2. 3BKAMAOBA MIOCKOCTb B YeThbipexmepHoM mpocTpasnctse. Bee nosepxnoctu
npocrpancTBa Eg, H30METpHYHBIC SBKAHAOBOH MJIOCKOCTH, NPOCTHPAIOTCS
B OECKOHEUHOCTb, TAK KAK OHW HEOOXONMMO JIOMKHB OHTbH JuHEHuATHIMH
noeepxHocTaMu. H.npoTus, B mpocTpancTse E,; CYLICCTEYIOT IOBEpPXHOCTH,
H30METpUYHBIE IIIOCKOCTH B MaJOM, M He ABIAIOIIMecd JHHEHYaTHIMM NOBEpX-
sHoctsiMu. JlaauM mpumep nomoOHOR MoBepxHOCTH F, OHa weNHMKOM pacnono-
*eHa B KOHEYHON 06/1acTH U TONOJOFMYECKH 3KBUBAJNEHTHA MOBEPXHOCTH TOpa.
Sra nmosepxHOCTh F NpencTaBnsieTcs B NapaMeTpUYeckoil ¢opMe oueHs MpocTo:

X, =COSU, ‘Xg3==COS7,
Xg=sin u, x,=sin o

Jlunefiunift snemeHT noBepxHOCTH F ecTh

ds®=dx3 +dx? +dxi +dxi=
=sin? udu® + cos® udu? + sin® v dv? + cos? v dv? = du? + dvs.

TakuM 06pasoM MOBEPXHOCTb [ B CaMOM jieJle H3OMETPUYHA IIOCKOCTH
C NpPAMOYrOJbHBIMM KOOPAMHATAMA 4, U. DTa NOBEPXHOCTh LEJMKOM paclo-
noxena B KOHeyHOM o6nacTd, TaK KaKk BCC KOOPIMHATH JewaT MEXAay
— 1 u + 1. BrpoueM MOXHO MpENCTaBHTb MNOBEPXHOCTh F KaK ceuyeHHe
NBYX TPEXMEPHBIX rHNepusauHnpos x2 + x% =1 u x% 4 x2 = 1. Bce Touku no-
BepXHOCTH F MOXKHO nOJyYuTh, €CIH 3aCTABHTb X, U B IGKAPTOBOH IIOCKOCTH
koop/iunat (#, U) npoberath Bce TOMKM KBalpaTa cO CTOPOHaMM, Mapanielb-
HBIMH OCSIM M UMEIOIMMY JUTHHY 2T. PasnuyHbIM BHYTPEHHHUM TOYKAM KBanpaTa
COOTBETCTBYIOT pa3iHuHble TOYKH nosepxHocTH F. HaoGopot, nee rpanuussie
TOYKM KBaIpaTa MNPENCTABNAOT ONHY W Ty Me TOUKY noBepxHocTd F, ecnu onm
p2CrioNoNeHbl Ha ONHOM M TOi e mpaMo#t u-const., nau v-const. Ha nporuzo-
HOJMOXHBIX CTOpOHaX kBanpara. CrnenoeartensHo, F ecTh mosepxHOCTH TOpa,
a (1, U)-INIOCKOCTb €CTb YHHMBEDCAJbHASl IIOBEPXHOCTh HANOXEHHMS Ui 1O~
BepxuocTu F.

MoxHO 6b10 OBl NONBITATHCS OCYIIECTBUTH SBKJIHIAOBY eOMETpHUIO Ha 3a-
MKHYTHIX TOBEpXHOCTAX, HE UMEIOMX Buaa Topa. OxasbiBaeTcsi, ONHAKO, YTO
AJsl STOrO MOXHO B37Th TOMbKO OyThinky Kneftna. Ho Ha 3amMkHyTHIX noBepx-
HOCTSX CO CBI3HOCTBIO />3 M TOJBKO HA HHX MOXHO OCYIUECTBHTEL FHIIEp-
60onMUecKyI0 reOMeTpuIOo. IJJMNTHYECKas reOMeTpHs He MOweT GHITh OCy-
LIECTBEHa HM HAa KaKoM 3aMKHYTOH NOBEpXHOCTH, KPOME INapa U INPOEKTHB-
HOH IINOCKOCTH. DT TEOpeMbl MOMXHO BHIBECTH M3 IudepeHUuaNLHO-reOMe-
TpHyecko# ¢opmynn BonHe oTHOCHTENbHO HOMHOH KPHMBUBHH,
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