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Abstract

The (n + k)-dimensional homotopy group of n-sphere is denoted by m,4x(S™). The
determination of the group ,.,x(S™) is one of fundamental problems in algebraic topol-
ogy, and the group is investigated by decomposing into the p-primary components
pTn+k(S™) for each prime p. In the present work we consider the case that p is an odd
prime, in particular the case p = 3.

For a fixed integer k, the groups m,+,(S™) are isomorphic to each other in the range
n > k + 1, and as the limit the k-stem stable homotopy gruop n§ = lim, 7,4+x(S") is
obtained. The stable groups 7§ are computed for quite large values of k. For exarhple,
its 3-primary component 37§ is determined for k over one hundred.

On the other hand, unstable groups m,+x(S"), (n < k + 1) are not so good es-
tablished. The 3-primary components 37,x(S™) were determined for k < 46 in 1967.
Since then we have less information abount them. In the present paper we shall give
tables of 3m,,x(S") for k& < 80.

By virtue of Serre decomposition pmi+1(S?™) = ,m(S?>™7!) @ pmepa(S*™7Y), it is
sufficient to compute ,m,.+(S") only for odd n = 2m — 1, and our main tool is the
double suspension homomorphism £? contained in the double EHP-sequence

oy 2@ Y B () ) e (SPY) E (@) s

Here, @3™-1 is a homotopy fibre of the double suspension map S?™~1 —; 252m+1
and its homotopy groups are verified by use of the following IJA-sequence:

oo 2y ma(SPY) Ly (@YY <Dy mys (ST 2y (S Dl

The computation of the k-stem groups 37,,4+x(S™) is done by induction on &, from
the results of the stable k-stem groups. Several old methods are renewed by the re-
sults of many researchers including Oka, Dyer-Lashof, Nishida, Selic, Cohen—Moore-
Neisendorfer, Gray an& Harper.
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1 Introduction

Denote by m;(S™) the i-th homotopy group of n-sphere S™. The purpose of the
present paper is to determine the p-primary component pmi(S™) of m;(S™) for odd prime
p, in prticuler p = 3 , from several results on the stable groups 7y = lim @,44(S™).

By Serre [28],[29], 7:(.S™) is finite except 7,(S™) = Z and Tam—1(S*™) = Z @ (finite),
and also we have Serre decomposition

oMigt (S2™) 2 pm(SP™T) @ pmiga (ST

So, it is sufficient to determine the group ,m;(S™) only for odd n = 2m + 1. Usually,
the determination is done for each sequence of the k-stem groups
Q1 prasa(8?) D (%) D prean(T) Tp oo oo o B
connected by the double suspensions £, from the knowledge of the lower stems and
the p-primary stable group ,7y. 4

Our main tool to determine m;(S?™*+1) is the following double EHP-sequence :
L2 - @) L (1) L ma(8Pm4) Es my (@) Do
where Q2™ is a homotopy fiber of the double suspension map 22 G2m—1 oy (2 Qamid
H and P are double version of Hopf invariant and Whitehead product respectively. We

call here the elements of 7;(Q2™ "

Homotopy groups of Q2™ may be computed by the following IJA-sequence which

) as the invariants for convenience.

is exact after loclized at p :
(L3)m -+ =D Tpa(ST™H) 25 mpa(577) 5 (@)

Ly s (S 2oy (SPPTY) L
where Ao E and E o A are p times, and J o H = H,, : mi;3(S*™ ) — miys(S¥™H) is

the James-Hopf invariant.

Several lemmas for iterated suspensions in Toda[38] are reformed removing dimen-
sional restrictions by use of Moore-type representations, exponential theorems Selic[26],
Neisendorfer[19], and results of Gray{7], Harper[10] and Oka[21].

We shall give tabies of ,mn4x(S™) for odd n by a symbolic way.

For example, the table of 10- and 11-stem groups for p = 3 are presented as follows.

_1.___




n= 3 5 7 v
k=10 6 — 0o — e =< >
E=11 e — 0 = 0=<04>

where ¢ and o indicate cyclic groups Z/3 and Z/9 respectively, = indicates isomorphic
double suspension E2, — does a non-trivial E? which is not isomorphic. The last
term e = < B; > means that 3m7419(S7) is in stable range and isomorphic to the stable
group 37y, generated by the element §;. Similar for o = < af > . If 3mp4x(S") is 2
direct sum of many number of cyclic groups then the group in the table is represented
by corresponding symbols e, o or > = Z /27 stacked together vertically.

The computation is presented by using the following collection of exact sequences

(1.2),, which is called computation diagram.

m_14+%(Q3) T144(Q3) Ta+4(Q3)

Ta+x(S°) E;\ H7f4+k(35) Lz)’\H Tosn(ST) -
(Q3) \Pﬁz+k(Q3) \P7f4+k(Qg)
\H ’\ H '\H B?

2 2
T3k(S%) 4 wsan(S®) b mr(ST) D

Computation diagrams are also symbolized. For example, the above cases £ = 10, 11
are computed as follows.

n= 3 5 7
az a1
N N
k=10 e — o — e=<p>
\
Ay A, i
N N
k=11 e — o = o =<a>

Here, roman symbols indicate appropriately defined invariants, the homomorphism P
or H is erased if it is trivial and remains only the arrow if it is non-trivial.

An unstable version of the stable a-series {a, € pwfq_l;r >1L, g =2(p-1),
is a typical example. This is, for each r, a collection of elements in (rg — 1)- and

(rg—2)-stem groups and corresponding elements in ,m;(Q3™ ) such that they generates
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direct summands, with an exception pMap2—3(S1) = Z/p?, which are closed under
EHP-sequences, as is shown in Gray(7]. The collections are chosen such that they are
compatible with IJA-sequences. This means that in the computation of ,m;(S>™*!) we
can exclude these collections, by remainning few residue invariants. The collections are
called unstable alphe families.

Besides of the unstable alpha families there are some collections which can exclude
before the computation. An element £ € ,m(S*™*!) is called simple if E* =0 and
¢ ¢ ImE®. When m # —1,0 (mod p), this ¢ is independent of the 1JA-sequence.
So, we can remove ¢ together with the invariants H(¢) and = € 7:(@Q3™1) satisfying
P(z) = £. We call these three elemnts as a simple removable collection.

There are another kind of removable collection including a pair {£, A{ # 0} which
is called as short range removable collection.

The results of 3-primary k-stem groups sTam—141{S¥™*1) are given by symbolized
tables as above, divided into two parts. One is old table for ¥ < 55 and the other is new
table for 56 < k < 80. The first table revives [38], [39] for k < 45 and an anouncement
of K.Maruyama and M.Mimura in 1998 for 45 <k < 55.

The first cruicial point lies in 56-stem groups which contain unstable version of the
relation 83B; = 0. This relation holds in 5. Also the 57-stem groups contain the
relation B3¢ = 0 which holds in S°.

= 3 5 7 9 11 13 15

Lo
e o0
I
I

The second crucial points concentrate about the 60-stem, 76-stem and further stem
groups in deeply unstable range. These cases there are many invariants of not stable
type, and we have few effective methods which controle them. Our table has some
ambiguities in the 76- and 77-stem groups of deep range.




2 Double Suspension and Lemmas
2.1 EHP sequence

Let Q7 = Q(25™+1, S") be a homotopy fiber of the canonical inclusion (suspension
map) i : S — Q5™*! which induces the suspension E : m;(S™) = mi31(S™*"). Then

we have the following exact sequence (single EHP sequence).
(211) D maa(S™) 5 m(@)) D m(ST) D maa(S™) -

The Whitehead product w, = [t,, tn] € T2n—1(S™) of the identity class ¢, € m,(S™)
is an image under P', and if n is even then H'(w,) = 2t2,—;. This implies the following

Serre’s decomposition [29] for odd prime p.
(212) E 4+ wame : ﬂ','(Szm‘l) (3] 71‘.'+1(S4m"l) =, ﬁi+1(S2m) ,

where =, indicates a mod p isomorphism, that is, its kernel and cokernel are finite and
p-torsion free. So, F and ws,,. are mod p injective. -

Let Q285%™+ = ()(QS5%m+1) be the double loop space of $?™+!. We use the notation
Q%m—l — Q(9232m+1, SZm-—l) .

Q> is a homotopy fibre of the canonical inclusion (double suspension map)

i : §2m~1 5 Q28?m+1 which induces the double suspension homomorphism
E*=EoE : m(S*™ 1) — m,a(S¥™*).

Then we have the following exact sequence, called (double) EHP sequence.

(21.3) -+ D ms(87) 1@ ) By m(52mY) B mpa(sPmt) A

The homomorphisms H and P are double version of Hopf invariant H' and Whitehead
product P, and we refere m;(Q2™~?) as the group of invariants.
The following naturalities of H and P hold.

(2.14) H(a)o¢ H(ao E3¢) for a € mys(S*™*Y), € € n;(SY)
(215) P@)of = Plaof) for aem(Qi™), ¢emn(S)

— 4 -



As is well known the homology ring of 25?™*! is a polynomial algebra H.(Q.5%™*!)
= Z[u], v € Hy,». By the spectral sequence associated to a fibering
9252m+1 ST (e QSZm+1

of contractible total space F, we have
(2.1.6) H(Q28*+1, 5?1y, 0 for i < 2pm — 2 and =%, Z/p for i = 2mp — 2.

The same is true for the homotopy groups, and we have the following mod p stasbility

of homotopy groups of spheres due to Serre [29].
_ Theorem 2.1 (Serre [29]) The double suspension
E?. . ,n_i(SZm-—l) iy 77,-,+2(SZ"’+])

is an isomorphism of p-primary components for i < 2pm — 3 and epimorphism of them

fori=2mp-—3.

Let 7 = lim,, 7,1(S*) be the stable k-stem group, then the following group is said

to be in stable range.
(2.1.7) 7r2m_1+k(.5'2m—1) = 7y for k< 2(p— )m — 2.

Let S® = S*Ue*U---Ue™ U--- be James’ reduced product space [12] of n-
sphere, which is homotopy equivalent to the loop space 2(.S™*?) by the natural H-map
i:8% — Q(S™*1), and we may identify them.

Let SP = S®Ue?® U---U e* be the kn-skeleton of S™ and
hp . Q(S'2ﬂz+1) = Sz;n AR Szgm = Q(S2pm+1)

be James’s extension[12] of shrinking map S}™ — 52" /S2™ = S*™. In [34], we see
that the homotopy fibre of f, is mod p equivalent to Sgﬁ'l and that there exists a map
Ty : (S2m) — (S?P™-1) the homotopy fibre of which is mod p equivalent to S2™~1,

Then by localized at p, we have the following two fiberings :
(2.1.8) 527 - SPH) 22 0(SPmH) and ST Q(SEm) 5 (S,
and combining these, the following mod p fibering :

2.1.9 Qi(somly Ly gie , gl(chemily Eig (sten)
2 ;
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. Theorem 2.2 The mod p fibering (2.1.9) induces the following IJA-sequence which is

mod p ezact.
cre 2 Mg (S™Y) D mU(QEY) D My a(SPPHY) B Mgy (ST D -
Note that the map A, induces James-Hopf invariant H, satisfying
(2.1.10) Hp=J o H : my3(S™H) — Q") — 'miys(S7™4Y).
The map T, was re-constructed by Gray (8] s;ch that the map
g, : @35m0 g%m-1
of (2.1.9) satisfies a homotopy
8p0i® ~ Qf,: QS¥m-1 _, Q3gWm+l _, g%m-1,
for a map f, : S%™~1 5 §%m-1 of degree p. Moreover Harper showed [10]
208, ~ Q(S%f,) : Q3ST™H 5 5Wm-1 _, 3Gl
Then we have
Lemma 2.1 The following two compositions are both p times maps:
Ao E?: jm(SP™1) — pmiga(SP™HY) — m(SPPMY),
E? 0 A ,miga(SPmHY) — m(S7™Y) — pmige(SPPHY).
Note that the following naturalities hold.

(2111) I(@oE%) = I(a)o¢ for @ € mya(S*™1), ¢ € 1(SY)
J(@of) = J(@)oE* foraem(@i™"), £em(S)

Al@o B’Y) = A(a)oEt  for a € mys(S¥™H), ¢ € ;(SY)
Hy(ao Ef) = Hy(a)oEf fora € myu(S5™), £ € mi(SY)

The following exponent theorem was established by Cohen-Moore-Neisendorfer [3],
Neisendorfer [19] for p = 3, and Selic [26] for m = 1.

— 6 —



Theorem 2.3 P Lm (S t)) =0

This theorem is based on the fact that for a suitable H-structure on Q25*™*! the
p-th power p? : Q25?1 — 282+ of the product p is deformed to a map 7y, :
N2s2mil _y Sl that is,

(2.1.12) pP o~ 2 o, ¢ (Q2SPH, §2m-1) (@22, 5T

It follows

2m—

Lemma 2.2 ,m(Q3™ ") is elementary, i. e., p(,m:(Q3 )i=0.

By Theorem 2.1, E? : ,m(S%™ 1) = ,miya(S#™*) is bijective for i < 2p’m — 3.

From the exactness of 1JA-sequence it follows

Proposition 2.1 For i < 2p*m — 3, we have the following splil ezact sequence.

0 — 77 gpmis @ Zfp — pmi(Q37 ") — Tor(nf gpmi2, Z/p) — 0.

We refere the above case as meta-stable range.

2.2 Homotopy groups of $*

Consider the mod p fibering (2.1.8) of the case m =1 :
(2.2.1) S e

Let foo : S2, & CP,, = S?2UeU---Ue? U--. be an extension of the identity of
S2. Since CP,, is an Eilenberg-MacLane space of type (Z,2), a homotopy fibre Szio
of f.. is a 2-connective fibering over S2. SZ = 0.5° for a 3-connective fibre 5% of 8.

The restriction fj, over S7 of f., is a 2-connective fibering :
L i Sl )

Since S% = 5%+ is 2-connected, the fibering (2.2.1) is lifted to the following mod p
fibering :

—~—~—

(2.2.2) STty g nish

_7_
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Since H*(S2,) is a divided polynomial algebra and H*(CP,,) is a polynomial alge-
bra, the relations f2 (e?*) = k! - €2* hold in cohomology classes.

In particular, the map of 2(p — 1)-skeleton f,; : S2, - CP,_; = S*71/5!
becomes a p-equiavalence. f,_; induces S*-bundle map

fo1: 82, — 571

which is also a p-equivalence. Then we have a p-equivalence

2

(2.2.3) g:58%"1— 82, suchithat deg(f;:] og)=1 (modp).

From the fibering (2.2.2) we have the following mod p fibering

—~—

(2.2.4) g1 E, g8 e, et

Proposition 2.2 The mod p fibering (2.2.4) induces the following mod p ezact se-

quence.
cee A) 71"'(521’—_1) i} 7l','+1(§§) E) 7T;+1(52P+1) i) Wi_l(szp_l) -i) co

This exact sequence is equivalent to the 1JA sequence of Theorem 2.2 of the case
m = 1. In fact, Q? is homotopy equivalent to Q“”—SK, but the relations with the compo-
sition are a llitle better than (2.1.11).

(225)  G(ao¢) = G(a)oEBt  for ae€m(S*™), ¢ € n;i(SY)
Hj(aoEt) = Hya)oEt forac 1r,-+1(§§), ¢ € m(SY)
Al@o E’) = A(a)ot for a € m1(S*H), € € mi(STY)

Let 8, : Q28%+1 — S%-1 be the inclusion of the homotopy fibre of the map 7 :
S-1 5 083 . In [27] Selic showed that J, is homotopic to the map r; of (2.1.12).
Then the Lemma 2.1 holds for the A of Proposition 2.2.

(2.2.6) , A(E’6)=p-¢ and E*(An)=p-7
Let K' = S%_, U, €’ be the mapping cone of the composition
g=pp-10§:5%" — gﬁ: —* Szp—-l’

- 8 —



Since CP, = CP,_; U e” is a mapping cone of Sl-bundle map S%*~! — CP,_;, the

map fp-1: S7_; = CP,_, is extended to a map
J:K =8 ,U,e” — CP,=CP, Ue”

such that the top cells are carried by deg = 1 (mod p). Since a” = pl(z) for z €
H*(X;Z/p), it holds

(2:2.7) p'(e?) = () =€

for the orientations e? and €% of the bottom and top cells of X = CP,, respectively.

By the naturality of p' for f, the above equation holds also for X = K' = G2 U ek,
Let

(2.2.8) G:8%— S

be the adjoint of io g : S%~1 — S2_, — Q5% and let K = 5°Ug e??*1 he the mapping
cone of G. Then we have a map SK' — K of degree 1 on the bottom cells ¢® and top

cells ¢2*1. By the naturality of p' it follows
(2.2.9) pl(e?) = et in H'(K;Z[p), K =S*Uge™".

The homotopy class {G} of G belongs to m,(S5?) = 7r2,,(§§) =, Z/p. Theorem 2.2
shows that the order of a{GY} is p for some integer a = 1 (mod p). Now, we change
the map § in (2.2.3) by its a times, then the homotopy classes {G'} and {i o g} are of
order p preserving the properties (2.2.3) to (2.2.9). We denote the class by

(2'2'10) a1(3) = {G} S 772.0(53) gp Z/p.

Since the class {iog} € map—1(S?) 2 map-1(S%,) is order p, the map iog : S~! — 5]

can be extended to a map
g: (Y 571 — (Sﬁ,Sﬁ_l).

Lemma 2.3 The degree of § on top cells is —1 modulo p.

-0 —
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Proof. Consider the following commutative diagram

,P‘lt

Top-1(SY) B mypy(S2)) TN mp g (SPY)

ol -
Tapt(S%1)  —2 mypa(S2y) T2 myp1(CPp)
o o o
035 (Y27, S721) __f_., map(S2, S2_3) JT m2,(CP,, CP,_))
Let a be the degree of f;:l‘ o g, then @ = 1 (mod p) by (2.2.3). Let z be the

degree of §,. The commutativity of the above diagram implies p X a = z x p!. Thus
z=eaf(p—1)= -1 (mod p). O

In the mod p exact sequence of Proposition 2.2, we can replace 1ri+1(§) by isomor-
phic m;41(S3) for i +1 # 3. Then the homomorpisms G and I?; are replaced by G and

H, respectively, given by the following maps :
sl 2, 52 foy gop
The shrinking map « : Y% — S§% = Y?r/S8%~! induces an epimorphism
Top(S?) — (Y7, 5% = Z/p.

Then 7*(aty,) = [7] = 7*(12) if and on If e = 1 (mod p). Lemma 2.3 shows g~ —7 :
Y? — $?%, and we have the following homotopy commutative diagram :

g1 i, yw T, g

(2.2.11) 1: 51 _;1

g1 2y 82y S,
Theorem 2.4 The following sequence is mod p ezact fori+1#3 :
o -E-P-) 1T§+2(32p+1) -é-) 71','(82?_1) —E—) 1!'.;.;.1(33) ip—) 1l'-i.|.1(32p+1) —-A—') ety

where G is given by Gl)=ai(3) o E(¢) for &€ pm(S¥7Y)

and the Hopf invariant H, satisfies

HP{al(?’)’pr’ Eh = "'E2(€) for €€ '"'i(Szp-l) withp-£=0.



Proof. The adjoint of g represents «;(3), the first relation follows. For a coextension
;[ € mip1(Y?) of €, the adjoint of y,(f) belongs to {;(3),pt, £(£)}1 and the adjoint of

—~

7.(€) is E*(£). Then the last relation follows from the commutativity of (2.2.11). O

The following lemma will be applied to investigate the homomorphism A in Theo-

rem 2.4.
Lemma 2.4 If BE*(£) =0 for £ € ,mi(S*71) then & is an image of A.

Proof. Since E(G(£)) = E(ai(3)) o E*(£) = 0, it follows from (2.1.2) that G(¢§) = 0.

By the exactness of the sequence of Theorem 2.4 the lemma follows. O

2.3 Representation of invariants

In [38], we used the following representations of invariants in m;(Q3™*).

We denote an invariant = € ,m;(@53™ ") by the symbol

(2.3.1) z=Q"(¢)

if there exists an element &' € m;2(S%™1) such that z = I(£') and the stable class
& = E>=(¢') is not divisible by p.

Also, we denote an invariant y € ,m;(Q3™") by the symbol

(2.3.2) y=Q"(n)

if the stable class 7 = £*°(J(y)) is non-trivial.

Both invaiants Q™(¢) and Q" () are said to be of stable type. Remark that these
invariants are not fixed only by the stable classes ¢ or 7. @™ (&) depends on the choice
of the elements £'. Q" (57) has the indeterminacy Ker(£> o J).

On the other hand we use a reperesentation of invariants given by Moore[17].

It follows from (2.1.6) that we can choose a map



(2.3.3) G 2 Y2y Q2m—1

such that following diagram is homotopy commutative up to non-zero mod p coefficients
of i and 3 .

S2m-3 ' ym-2 _T . G2pm—2

(2.3.4) |2 o= |2

Qg?m-1 ___, Q@im-1 ___, 3G%mH

By considering the corresponding diagram of homotopy groups we have

Lemma25 If B*: ,m(S™ %) ,ma(S%™) and BH: pmiy(S%m) o

oTir3(SP™3)  are epic, then gm. : pm(Y#™2) — ,m(Q2™Y) is also epic.
We refere an image g..(7) € m(Q2™?) of v € m:(Y?*™2) to be Moore represented, or
simply, M-represented by 7.
Denote the adjoint of §: Y% — Q53 by
(2.3.5) G : Yl = Sy, PPt 63,

This map G; will be used instead of g; : Y?P~2 — Q1 of (2.3.3).

An image of G1.(7) € miy1(S®) of v € mypa(Y?H) is called to be purely M-
represented by «.

2.4 Primary computations
For the sake of simplicity, we omit the symbol of the p-component as folllows.
(24.1) m(S*™H) =, m(S?™H), w(SP) =, m(S?) and m(QE™Y) = ,m(QE™Y)

We apply the exactness of EHP-sequence (2.1.3).
The computation of unstable groups is done by induction on k for each %-stem

Toups mam414+k(S>™ 1) by using the following diagram called computing diagram.



2
m24£(S°) e Tark(S5°) =z To+x(S7) Eaa me+1(S?) £y ..

NP NP NP P
T344(Q3) Ta4£(Q3) Ta+x(Q3) me+x(QF)
=R H NH NH N H
TS 25 mean(S®) D maa(ST) B m(S?)
NP NP NP NP

M3 +k (Q%) 7l'5+k(Qg) 74k (Q;)

We shall compute k-stem unstable groups m,.x(S™) for k < pg — 2, where ¢ =
2(p-1).
First we quote the results of the stable group.

(2.4.2) 1r,".’;_,1=<ar>§Z/p for 1<r<p-1
7 =0 otherwise for 0<k<pg—2.

Here the element a; is the stable class of a;(3) € m2,(S3), and for r > 1, a, is
defined inductively by

(2.4.3) a = {on,pt,0,1}  mod ag 0w gy,

The invariant of these range are all stable type and computed by Proposition 2.1.
In the computation diagram, we remove trivial group m:(@3™ ') = 0 and replace non-
trivial group of invariants by its generator.

For the case ¥ = ¢ — 1 = 2p — 3, the diagram becomes

Q'(s)
N H
1128 D maa($) D sl B e

where E? are isomorphic since H(omio(S?™*1) = 0 and P(mom44(Q@3™H) = 0 for
m2> 1

Define a;(n) € mg4a-1(S™) by
ay(n) = E"3ay(3) for n>3.
Then 7gi2m(5?™+!) is generated by ay(2m + 1) for m > 1.




oo

Next unstable groups appear for £ = 29 — 2 and k£ = 2¢ — 1 and the diagram is

Q' ()
NH
mo1(S%) D mas(S?) D mags(S) o,
NP
Q') Q)
NE NH

2 2 2
Tf2q+2(83) i) 7l’2q+4(35) 'E-* 1(244.6(37) E’)‘

By Theorem 2.4, a3(3) = {a:1(3),ptap, Ea1(2p — 1)} € maq42(S?) corresponds to
Q-l(al) Also the stable class of a,(3) is a,. It follows that E? of the bottom line are
isomorphic and that H(mz.44(S%)) =0. Then P ;é 0 and mp.43(S®) = 0, which is also

a consequence of 73, 5 = 0.

If p > 3, we can continue this sort of discussions, before new stable generator
P1 € pmy 3 appears.

Define (1) € Tpirg_1(S") for n > 3 and 1 < r < p inductively by

ar(3) = {01(3), ptap, 0r-1(2p)} and v (n) = E" . (3).
Then we have
Theorem 2.5 The non-trivial unstable k-stem groups for k < pg—2 are the followings.
pTamtrg(SP™ ) =< a,2m + 1) >2Z/p for 1<r<p—-1 and 1<m,

pTopm—1(S?"H) =< P(Q™"' (1)) > Z/p  for 1<m<p,

pTamtrg—1(S2™H) =< P(Q'"“(a,_,,._l)) >XZ/p 1<r<p and 1<m<r-1.

Next consider lower dimensional homotopy of Moore spece Y™+! = $"U,e"*! which

is a mapping cone of a map f, : S® — S"™ of degree p : odd prime. Let
(2.4.4) gn Loy gn Ay ynrr Ty gett oy guir iy 7

be cofibering sequence. Since the map G : S — 33 represents the generator ;(3) €

map(S%) of order p, there exists an extension of G over Y2P+! :

(2.4.5) G:Y¥1 4 8% suchthat G=Goi.



Consider the composition f,0G : Y?+1 5 §3 4 §3. 53 js an H-space and YP*! is
a co-H-space. Then f,o G is homotopic to p times of G which is homotopic zero since

p times of the identity of Y?P*! is the same. So, we have a coextension A of G:
A:Y?2 5 YY such tha't ToA=SG:Y¥? gt a.ndﬂ'voi.= SG.
We denote suspensions of A and their classes by

(2.4.6) A(n): Y™ — Y™ and on) € [Y"H,Y"

for n > 4, ¢ = 2(p — 1), and call them Adams maps and Adams classes respectively.
The r fold composition of a(n) = a*(n) is defined inductively by

a'(n)=a"Yn+q)oa(n) €[Y*,Y"] for n>4andr>1,
and the r-th member a,(n) of a-series is defined by
a.(n)=tio0a"(n)om € Mp4rg-1(S") for n>dandr>1,

where i and 7 denote, by the same symbol, the classes of i : S"tka—1 5 Ytk gnd

7: Y™ = S™ respectively. Here, we must add the definition of ¢,(3), » > 1 by
o.(3) =G.(a" 1 om).

" Since the class a™~(n+g)on represents a coextension S"**1-1 — Y+ of a,_;(n+g—1),

we have forn > 3

(2.4.7) a.(n) = {a1(n), Ptasg-1,%-1(R+¢g—1)}  mod a1(n) 0 Muprg—1(S™H71).
This is compatible with the definition (2.4.3) and we have

(2.4.8) o, = E%a,(n)€m,_, for n>3.

Let [Y, Y] = lim,[Y™+*, Y "] be the stable self homotopy groups of Moore spectrum
Y = {Y"*'} which is computed by the following two exact sequecnes :

f L .C . f -
7 By = m(Y) g T _,

f. i. ﬂ'. L ]
a1 (Y) 5 15 (Y) 5 [Y, Y =5 m(Y) 25 m(Y),




B S T SO

where m{ =[S, S|y and m,(Y) = [S, Y]x for the sphere spectrum S = {S"}.
Since f,. and f, are p times we have the following split exact seqeunces :

(2.4.9) 0 — 7 ® Z/p = m(Y) = Tor(nS_,, Z/p) — 0,

0 — me_1(Y) = [Y, Y] - m(Y) — 0.

Since the identity class 1y € [Y,Y]p is of order p, m(Y) and [Y, Y], are Z/p-
modules.
For 0 <r <p, mj_; =< &, > and a, = wa"i, then it follows from (2.4.10)

mo_1(Y)=<da’i> end T (Y) =< a’i >
where d =iom € [Y, Y]

Proposition 2.3 [Y,Y]o=<1y>2Z/p [Y,Y].1=<d>XZ/p.
Foro<r<p,
Y, Yle=<a">2Z/p, [Y,Y]g1=<da",a"6 >2Z/pdZ/p,
[Y,Y]g—2 =< da"d >= Z/p .
The other groups [Y, Y] are trivial for k < pqg - 3.

Since Y™ is (n — 2)-connected we have
(2.4.10) E®:[y"** Y"|2[Y, Y for n>k+3.

We shall use the following convension.

If a stable class £ € [Y, Y} is an image of E*, then £(n) € [Y™**,Y"] indicates an
element satisfying E>({(n)) = £.

Similarly, for £ € 7¢, £(n) € max(S™) satisfies E®(¢(n)) = £.

This notation £(n) is not necessarily unique, but we can choose {£(n)} such that
E(£(n)) = £(n + 1) whenever they exist. Sometimes, instead of £(n) we use simply &,
finS*oréinY™



3 Iterated Suspension and Lemmas
3.1 Homology of iterated suspension fibre
The 2k-fold iterated suspension
E™ ¢ m(S7m1) o mypp(SPM 2R
is equivalent to the homomorphism induced by the canonical inclusion
k. gIm—l __, 2k gim—142k
“We give a homotopy fibre of i?* as the path space
2n-1 _ (Qkgim-1dk Gim-1)

The fibering Q27! — §?m-1 — Q%*g2m—1+2 jnduces the following exact sequence

including E2*
~142k HOY om—1y PB¥)  op 3 B om_ 140k HGH
3.1.1) - ﬂ?;f;,,ﬂ (@) — mT > W — ey

. where we write simply 77 = m;(S") .

From the triple (Q%+2hG2m—1+2ki2h 92"52"“”2", 5?m-1)| we have a fibering
(3.1'2) Q?m— _) ng‘.;Zh Q?’lQZm—-l-f-Zk
Then the following sequence is exact

(3‘1'3) : _') ﬂt(sz_l 1(Q§;cn-l:-21h) = 7rt+2k(Q2m —1+2k

i -
— mia (@) =

It is well known [4] that mod p homology ring H,(Q2"S™*") is a free commutative
algebra over Z/p and the injection of "S™ into the infinite loop space Q(S™) =
lim, Q°(S™**) induces an injective homomorphism of rings. Dyer-Lashof operation,
modified in {20},

Q7 : Hi(QU'S™) — Hyyjo(U°S™"), q¢g=2(p-1)

- 17 —




is defined such that it is compatible with the homology suspension and @Q’(z) = 2 for
z of degree 2j.
Starting from H,(S*™*!) = A(u), we have H,(Q5*™+!) = Z/p[u] and

H,(28%+1) = A(u, Q™ u, QP™u,- -+ ) @ Z/p[AQ™u, AQP™Q™u, - - -]

for each fundamental class u and homology Bockstein A, and then

Q™) = Z/plu, Qmu, AQ™ AQ™1, @™ Q™u, AQU™-DQm-1AQ y -]
®A(AQ™Y, Q™ AQ"u, AQT"Q™u, QP NQI I AQ Y - ).

Furthemore, we have for k < pm,

H.(Q2k+ls2m+2k-l) — Z/p[u., Q"‘u, Q”""lu, .. ’Qm+k—l,u’ Ame—lAqmu’ .. ]
®A(AQ’"u, AQ""'"u, vee AQ“‘“‘"u, Q’""“IAQ"‘u, e ) |

The mod p homology of the homotopy fibre

g;en—l — Q(Q2k32m+2k—l, S2m-l)

of the 2k-fold iterated suspension i2* : $2m—1 — Q% §?m+2k—1 jg computed by the Wang
exact sequence associated with the fibering

Q2k S2rﬁ+2k—l ‘3 Qg;‘n—] ; S2m—l .

Then i induces a surjection of H, with the kernel (u). Thus H,(QZ"+2*') has the
induced ring structure and the following results hold.

(3.1.4) H.(Q3™ ') = Z/p[u, Avy, v3, Aw,---] ® (Au, vy, Avy,---)
fO’I' S Hz?‘m—Z, /A< H2p’m-—2p—-l: Up € H2p’m—2 and wE H2p‘m—2p’—l-
(3'1'5) H*(Qg;gn_l) = Z/P[’U»o, Upye e Uk, A’U; ot '] ® (Auo, Au) (15 PRARE Avk—l, o ')

for Uu; € H2pm—2+iq, (0 S 1 S k- 1) and v € H2p2m—2p-l .



Let
ph 2 Ho(X) — Haig(X)

be the dual Steenrod operation mod p. Then we have Nishida’s relation [20] between
@’ and pi*. In particular,

(316) i@ = sQ°, PIAQ™=(s+1)AQ +QA (s>0)

(3_1_7) nga+p —_ (3(171;‘ 1))Qs + Qa+lp£

_ (3(1’ D" 1) AQ+AQ gl + (s(” - 1) QA

(3.1.8) pEAQ™ p1

Applying (3.1.6) we have

PHAQ™Q™) = (pmAQT™' 4+ Q™ A)Q™u = QT AQ™,
PHQ™ ) = (m+i-1)Q" 1y,
PN AQ™ ) = ((m+i)AQ™H 1+ Q™ 1A = (m +i)AQ™ u,

By the naturality of gp!, the same relations hold for the correponding elements

% = i.(Q"u) € Hamp24ig(Q2% 3 2/p) (02i<k)
and v =i.(Q"Q™u) € Hyprm2(Q3" " Z/p).

Then we have the following theorem.
Theorem 3.1 (1) For degree < 2p*m — 2p* — 4 and uy € Hopm—2, v € Hyprm—2,
H.(Q3™';Z/p) = Z/pluo, ApiAv,v] ® A(Aug, p, Av, Av).
(2) For degree < 2pm —2p — 3 and w; € Hopm—24ig (0<i < k1),
H.(Q¥Y,Z/p) = Z/plug,u1, - , ur—1] ® A(Aug, Ay, - -, Aug_q),

where the following relations hold for 0<i<k-1:

plu; = (m+i— u;_g, pLAY; = (m+i)Ay;_; .
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3.2 Simple unstable elements
In the exact couple associated to EHP-sequences, the first differential is

dy = H o P : m;3(Q3™) — Wi(ng—-l).

Suppose that the d;-image di(z) of an element z € m;,3(Q3™*") is non-trivial and let

¢ = P(x) € mi3(S¥™1). Then we have
(3.2.1) E*¢)=0 and ¢¢ImE™

Such an element ¢ is called as a simple unstable element.
In the case m # 0,1 (mod p), we say this element £ removable in the sense that

the collection {z,¢ = P(z), H({) # 0} can be removed in the computation of unstable

- groups, since the cancellation of this collection is independent both of EHP-sequence

and IJA-sequence.

The above differential d; is induced by the inclusion
d: QPQm+ — gjn-?
of the homotopy fibre of i : @5™' — Q3™ . Consider the map
Gz X222 —

of (2.3.3). We choose g,, such that its induced map g,,, of mod p homology carries the
orientation of the top cell to the class ug of Theore 3.1. Consider g, : Y2Pm+)-2

Q3™+ similarly, and let

be the map adjoint to0 g,,41.

Since g, is mod p equivalence up to degree < 4pm — 5, then there exists a map

hm . Y2pm+q—3 — Y2pm—-2



for m > 1 such that the following diagram is homotopy commutatrive.
y2pm-+q-3 __hm_) y2pm—2
(3.2.2) lnggmﬁ lgm
Q3Qam+ BN Q2m-1
Let

K(m,2) =Y¥™2y, CYy%mt+i-3

be the mapping cone of the map h,,. Then g,, can be extended to amap g,,, : K(m,2) =

2m—

2m—1"and we obtain the following homotopy commutative diagram.

yom-2 L, K(m,2) T Y2mie-?
(3.2.3) 1”"‘ lam ln.’,gm“
' Q! i Q! I n2Q2m+
where 7 shrinks the subcomplex Y 2™~ of K (m,2).

These maps ¢,,, gm+1 and g,, are unique up to horhotopy. The map §,, is also mod

p equivalence up to degree < 4pm — 5. When m > 1, the homotopy class
= (] € [Y 24572, Y2m=2) [y, Y78
is uniquely determined. Then we have the following theorem.
Theorem 3.2 For m > 1 the map h,, : Y93 5 Y2P"~2 represents
Tm = ((m + 1)da — m - ad)(2pm — 2) € [Y2PmH9-3 y2rm—2],

This follows from the homology structure of @3™~! given in Theorem 3.1 (2). For
the details see Proposotion 4.5 of [37]. Desuspensions of 7, are denoted as follows:

(3.2.9) 1) = (m+1)da—m-ad)(2pm -2 -t), 7, =q9P.

In the case m = 1 we replace Q1 by the 3-connective fibre S3 of S since Q2 ~ 0353,
The space @} is also replaced by the 3-connective fibre 2255 of 2255, Then Q(2255, 53)
is homotopy equivalent to Q3 = (0253, 5%), and we have a fibering

i % 1.0
Q@ -% 58 L 0255,

x.;.t'.;-'.‘ﬁ‘.%iiﬁ.::?s%«' i

s
et




The mod p cohomology structure of SF is verified from the fibering
55— §° — K(Z,5)
and
H*(K(Z,5);Z/p) = Alu, p'u, pu, pPp'u, - ) ® Z/p[Ap'u, Ap™u, ApPp'u, -] |

for the fundamental class u € H® and the cohomology Bockstein A.

By Adem relation we have
plp'u) =2p’v and  p'(Ap'u) = Aplu.

Let ws € H?P+2(S5; Z/p) be the cohomology suspension of p'u € H?*+3, then by Serre
spectral seqeuence we have

H* (5% Z/p) = Z/plws, p' ws, pPws, - - -] ® A(Aws, Ap'ws, ApPws, - - -)
for * < p(2p + 2) with Ap'ws = 2p' Aws, and further, for wy € H *(ﬂzgg; Z/p),

(3.2.5) H*(Q%S5; Z/p) = Z[plws, p'ws] ® A(Aws, Aplws) for » < 2p°.

with  Ap'ws = 2p'Aw;.
Similarly,

H*(QS% Z/p) = Z/plws] ® A(Aws) for + < 2p’.

Let Gy : Y2+1 3 53 be a lift of G; : Y?P+! — S8, then G, is a mod p equiavalence
for dimension < 4p + 1. Approximating d: Q- 53 through g, and G, , we have a

map ky : Y22 5 Y2+ gych that the following diagram homotopy commutes :

y2rte ._El__, vyt 2, F
(3.2.6) | E | |a

'd. o~

Q@B 2 $ L, 25

where K = Y yCY?H isa mapping cone of %, and G, is a mod p equivalence up
to dimmension < 4p + 1.
Then similar to Theorem 3.2 the following theorem holds for the class 7; of &;.



Theorem 3.8 The map hy : YP~2 — Y27+ represents
fi1 = (200 — ad)(2p +1) € [y 2, Y¥PH],
As an application of Theorems 3.2 and 3.3 to the simple unstable elements, we have

Proposition 3.1 (1) Let m > 1. If an element = € miy3(Q3™"") is M-represented

by E3y for an element 7 € my(Y Pt 0-5)  then dy(z) = HP(z) € (@) is M-
represented by
hm,('y) =m0 € 7I.',(}/21»1:—2) .

(2) Let m = 1. If an element = € m:(Q3) is M-represented by 'y.e m;(Y42), then
P(z) € m:(S?) is purely M-represented by

h1.(7) = i 0oy € m(Y#*1).

For a stable element £ € nf, we denote by £(n) an element in m,x(S™) satisfying
E>(¢(n)) = ¢. We define unstableness u(¢) of a stble element £ € m{ by

(3:2.7) u(€) = Min{nl3¢(n) : BX(6(n) =€}
Using the notations Q™(¢) and Q" (¢) of section 3.2, we have the following lemmas.
Lemma 8.1 Ifu(¢) < 2p(m+1)—5 for £ € nf then
di(Q™(8)) = PH(Q™*'(8)) = (m + 1)Q™(uf).
When m =1 the above holds for £ of u(£) < 4p — 3.
Lemma 3.2 Ifu(¢) < 2p(m+1)—5 and pf =0 for £ € nf then
| L@ () = PHE™ (@) =m-T(esd).
When m = 1 the above holds for ¢ of u(¢) < 4p — 3.
Lemima 3.3 Ifu(f) <2p(m+1)—5, pt =0 and aul =0 for £ € 7§ then
4@ €) =PH@™(€)=Q"(n) for 1€ (m+1){o,p,&} - m{p,a1,¢}-

When m =1 the above holds for € of u(§) < 4p — 3.




3.3 Lemmas for p times and A

Consider the cofibering of the mapping cone K (m,2) = Y2"~2y, CY?mta-3 .
(3.3.1) ym-2 Ly go(m,2) Iy y2mie?,

Let 1x : K(m,2) — K(m,2) be the identity of K(m,2).

Theorem 3.4 The p times p-1x : K(m,2) = K(m,?2) of the ideritz’ty 1k is homotopic

to the composition '
i oa(2pm —2)ox' : K(m,2) — Y+ 2, y2mr=2 _, K(m,2).

This theorem is essentially proved by Gray[7]. Since [Y*,Y"] & Z/p, p times of
identity of Y™ is homotopic to zero. This gives a homotopy

p-ly~iofon

for some f : Y?»m+e-2 _y Y?m-2 and a homotopy equivalence between the mapping
cone of two maps. The mapping cone of p- 1x is the smash product Y2 A K(m, 2). The
mapping cone of ¢ o f o7’ contains the mapping cone of f as subcomplex. Cnsidering
' operations in Y% A K (m, 2) by Cartan formula, one obtains the p! in the mapping

cone of f and the theorem is proved.

Let
R, :Y¥mted _ y2me3 gnd  K'(m,2) = Y™y, CY¥mitet
be desuspensions of h,, and K(m,2) and consider the suspension
E : mi(K'(m,2)) — m(K(m, 2)).
If z € ImE then p-z = (p- 1K).(z). So, as a corollary of Theorem 3.4 we have

Proposition 3.2 Asuume that an element v € m;(K (m, 2)) is o suspension image then
there holds the equality

p(7) = i, (a(2pm — 2) o W (7)) -



Applying this to the commutative diagram

Tir3 ( 32m+1) ____f_'"__) Tirs ( SZm+3) N Tits ( Szm+3)

H H® H
(3.3.2) T(@™Y) —E m(QIY) I my(QEHY)
P P p

m(SP™l) = m(SPY) 2, Tipa(S?™HY)

we have the following two lemmas which generalize Theorems 5.3, 5.4 of [38].

Lemma 3.4 Assume that an element T of m2(Q3™*") is M-represented by E*(v) with
k... (7) = 0 then there ezists an element ¢ € m;(S*™~1) such that

p-§=P(y) and E*=P(z)

2m—

for an element y € m(Q2™1) M-represented by a(2pm — 2) o E%y.

Proof. By the notations of (3.2.3), £ = Q29,.+1.(E?y). By the assumption there exists
a coextension ¥ € m;(K(m,2)) of z such that 7.(7) = E?y and 7 is a suspension image.
Proposition 3.2 implies |

p(7) = ii(a(2pm — 2) 0 By).

Put T =7,,.(7) and y = gm.(a(2pm — 2) o E%y) for the maps of (3.2.3). The commu-
tativity of (3.2.3) implies

(3.3.3) p(Z) =i(y) end 4. (T)==.
Then the lemma follows from the commutativity of (3.3.2). O

Lemma 3.5 Assume that the Hopf inveriant H(£) of an element £ € mi5(S*™*3) is
M-represented by E*(vy) with hl,,(y) =0, then there exisis an element 7 € m;y3(S?™+1)
such that

p-£=EY

end H(n) is M-represented by a(2pm — 2) o E*(y).




Proof. Put = H(£) € miy2(Q3™*), then (3.3.3) holds for ¢ = gm.(a(2pm — 2) 0 E?y)
and T € m(Q3™"). Since
(@~ HY() = j.(@) - HE) =z -2 =0,
there exists z € m;(Q3™ ") satisfying T = H(¥(¢) +i.(z). By Lemma 2.2 pz = 0. Then
i.(y) = p(T) = HY(p¢) and P(y) = PU(i.(y)) = PYWH(4)(pf) = 0. By the exactness
of EHP-sequence, there exists 7' € my13(S5%™+1) such that H(n') = y. Then
H®(pf — B*) = iu(y) ~ i. H(n') = i.(y) — i.(y) =0

and p§ — E%' = E*n for some 19 € m;41(S?™ ). By putting 7 = 5' + E?1¢ the lemma
is established. a

Next we consider the homomorphism
A (ST — o (S%P™Y).
This homomorphism is induced by the map J, in the following fibre sequence of (2.1.9).
Q4S2pm+l &_} QZS2pm—l -_ ng—l — 93(S2pm+1) &) Q(S2pm—1)

By Lemma 2.1, the restriciton of the first 8, on S?™~3 is a map of degree p. Then by
taking path spaces we have a map 3, : Q¥™*' - Q¥™ ! which induces a homomor-
phism A : m;_1(QF™*) = m:_1(Q¥™®) such that the following diagram commutes.

4) _ (4)
m(S2m3) Ly (s EO, b (@) B, gy(sm-3y

(3.3.4) |» |a |= |
m(8%m3) oy mpp(S%mt) oy (QFm0) £ (St
Since the maps g,,,,_; : K(pm — 1,2) — Q¥™2 and g, : Ylom-)-2 _, Qlrm-2

are mod p equivalence up to degree 4p(pm — 1) — 5, there exists a map D' such that
the diagram

K(pm —1,2) —2 y2lom-1)-2
(3.3.5) 15,,,._. lg,m-l

2pm—3 5? 2pm—3
4 — Q@



is homotopy commutative.
Since the restricition of D' on the subcomplex Y?P(?~1)-2 ig a mapping of degree

p, it is null homotopic. So we can take D’ such as
D'=Dox': K(lpm-1,2) — YZ?(P’"-U-M — Y2lm=1)-2
Proposition 3.3 The above map D : Y?PPm-1-2+1 3 Y2rm=1)-2 represents
a(2p(pm — 1) - 2)
up to non-zero coefficient.

This lemma is Lemma 9.2 of [38]. One may prove this by use of Theorem 3.1(1).

-Lemma 8.6 If Hopf invarient H(£) € Tir1(QI™ 1Y) of £ € mipa(SP™FY) is M-repre-
sented by E2v for an element v € m;_y(YPPm=14) satisfying

hpm-14(7) = 0.
Then H(A()) is M-represented by
a(2p(pm — 1) = 2) oy

up to non-zero coefficient.

The following case is a special cse of the abovve lemma but it frequently ocuurs.

Lemma 3.7 For £ € my4(SP™), v € 75 and § € #f, there hold the following
relations up to non-zero coeffieients.

(1)  H(E)=Q(y) implies H(AE) =G (a7)=HP@ () -
2)  H(E)=Q™(7) and A(€)=P(@" (7)) implies
H(Eo8(i+4) = Q"(v8) and A(£ 0 6(3)) = P@(19)).

Proof. (1) follows from Lemma 3.6 by considering the injection image of $>*™ C Y?™rH1,
(2) follows from the naturalities with respect to H, A and P. O
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3.4 Short range unstable elements
We consider the second differential
d, : Kerd; — Cokerd; .
More precisely we consider an element & € m;(.S?™*!) satisfying the following condition.
(3.4.1) EX &) 40, E$) =0 and ¢¢ImE’.
This is equivalent to
(3.4.2) H()#0 and E*(&)=P(z)#0 for some =z € my2(Q3™").

Such a set of elements {£, £%¢} is called as two stage unstable elements or secondary
unstable elements.

The following diagram is commutative.

B? P
(ST —— ma(SPR) — i (QE™Y)

(3.4.3) ly lH(n l:

. A o o
micg(Q37 ) — m3(QI"TY) —— My (Q3TH?)

Next, concerning the results (3.1.5) we have the following homotopy commutative

diagram :

}/me-Z i’ ; K(m, 2) Ehm+l Y 2pm+4p=5
(3'4'4) lgm lgvrx lnggm{«z
- ] = d
%m 1 t 3 Qim 1 ¢ Q3ng+3

T . . 2 =0 =
where fiynq is coextension of A, : Y2rm+ip—6 _y y2pm+2p—4

Proposition 3.4 Assume that an inveriant & € T, 2(Q3™") is M-represented by ESy
for v € mi_s (Y +4=%) and 93}, (7) =0, then

i { Ty N1, B39} = 6() .



The complex K(m,2) = Y22 erm+2r-5  g2rm++2r—4 contains a mapping cone

2pm42p—5 _ a2pm—3 | 2pm+2p—5
C(m e = S Ue

of (m + 1)a1(2pm — 3) as subcomplex. Moreover the restriction of ?;m.,.l on §2pm+ip—6

is homotopic to a map

T . o2pm+4p—6 2pm+4-2p—5
RS —s Clmis

which is a coextension of (m + 2)a;(2pm + 2p — 6). Then as a corollary of Proposition
3.4 we have

.Lemma 3.8 Assume m # —1,—2 (mod p) and that an invariant T € Tiya(Q@2™H3) s
M-represented by E%(i,y) for v € mi_s(S?™+47%) and ay(2m +4p — 9) oy = 0, then
there exists an element £ € m;(S*™*1) such that

H() € I{ay(2pm — 1), 05(2pm + 2p — 4), B>y} and E*(¢) = P(z)
up to non-zero coefficient.

Similarly, concerning K (m,2)/Ciirr e ~" we have

Lemma 3.9 Assume m # 0,—1 (mod p) and that an invariant ¢ € 7 2(Q3™?) is

M-represented by Eby for v € m;_s(Y?™+47-8) and n,(:,),_l o = 0, then there ezists an
element £ € m;1(S?™+!) such that

Hy(¢) = JH(E) € {au(2pm + 1), oy (2pm + 2p — 2), Esfr{r}

up to non-zero coefficient.

Let By be a generator of m5,_, = Z/p. B, is given by a long bracket
b ={ag, 01+ yau}

consists of p number of a; and it is detected by the secondary operation of Adem
relation

PP lpl =0.
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In unstable case B1(n) € Mpip—2(S") of E®Bi(n) = [ is defined for n > 2p — 1,
which is stable for n > 2p + 1 and £,(2p — 1) is of order p?.
We quote from [38] the following two lemmas (Theorems 10.3, 10.8) on a little

longer series of unstable elements.

Lemma 3.10 Let | > 1 and m = pl. Then there exists an element v(2m + 1) of

Topmipg—-2(S*™*1) such that
H(u(2m+1)) = I(@n(B)) and EXDu(m -+ 1) = P(I{ax(2mp+pg— 1))
up to non-zero coefficient, where v(2m + 2p — 1) = B 2y(2m + 1).

Let B € [Y**?1-1, 7] and f € Tp4pg—1(Y™*!) be an extension and a coextension of

b1 respectively for large n. Let
Cz=S"U e"tP-ly ettt gnd CE =S"Ue™tyentre

be mapping cones of 8 and B respectively. Then £, is also characterized by the following

property.
(3.4.5) ' #0 on Cz and Cﬁ'

We have the other generator (3, of 7’?2 ptl)g—2 = L/p, which is detected by the

secondary operation associated to Adem relation
pppp+l — p2p+l + pzp 'wpl .

Lemma 3.11 Assume that m = pn for an integer n # p — 2 (mod p) end n > 1.
Then there ezists an element v1(2m + 1) € Mopm+(2pt1)g-2(S*™*!) such that

H(v:(2m + 1)) = Q" (Bs) q,nd v1(2m + 2p + 3) = P(Q™11(B)))

up to non-zero coefficient, where v(2m + 2p + 3) = E?*2y(2m +1).



3.5 Lemmas for a; times
For m > 1 consider a sphere-bundle over sphere
gm+l LN Bn(a) P, gam+2p-1

having the characteristic class @;(2m +1). We consider the boundary homomorphism
8, in the homotopy exact sequence associated with the sphere-bundle

oy Tir1(Bm(@)) 22 megg (S2m2071) oy 1 (§7mH) 25 my(Ba(a)) £
then we have
Proposition 8.5 0,(B%y) =a:(2m+1)o By for 7 € m—1(S¥™119).
Oka[21] constructed maps
(3.5.1) f:8*Bn(a)) — Bpiua) for m>1

which induces isomorphisms of H;( ) for i < 4m + 2p. Let QB,,(a) be a homotopy
fibre of the adjoint of f, then we have a fibering

(3.5.2) QBu(e) —+ Bu(e) - 2?Bpyi(a),
and the following EHP-sequence for B,,(a) :
(35.3) - D mys(Busi(@) =2 1(QBm(e)) -2 mi(Bm(@))
—lz* Tit2(Bm+1(a)) S

Furethermore we have the following commutative and exact diagram.

(3.5.4)
Tira(Bm(@)) —Zo ma(SEHeY) oy g (S7H) 2 mya(Bum(@)
wE, J«Ez \fE2 ) J,E,
Tesa(Brmit (@) —Z miga(S2mH2HY) 2y 1 5(82m43) = mys(Bmia(@))
{x lH L H
7f5+1(QBm(a)) 2 ma( @) 2 Q) o 1(QBw(a)
I e |+ l»

T41(Bm(@)) —E My (S2H2Y) Py m(SPHY) 2 my(Ba(a))




Consider the following composition :
J 08y 01 : mipa(SPPHP1) 1 (@Q37HPTY) — my(QR™HY) > s (G2
The following theorexh is due to Oka[21].
Theorem 3.5 Up to non-zero coefficients the relation
JOLI(E*y) = Bi(2p(m +1) + 1) o E3;y .
holds for any v € m;(S%Pm+r-1),

The boundary homomorphism 8, : (Q2"‘+2" ) = m(Q3™*) is induced by a

map dy : QQ§m+2"l — Q2m+1  Approximate the map by Morre spaces, then we have

a commutative diagram

yimte)-3 0 3 apmir)-2

(3.5.5) 1ﬂogm+, lgm+1
Qq2m+2p—l -ia.E Q2m+1

for m > 1, where fy) satisfies
(3.5.6) k 'n'ﬁ(])’l: = ﬁ1(2p(m + 1) - 2) .
Applyng this to (3.5.4) we have the following lemmas.

Lemma 3.12 Assume that Hopf invariant H(E) of an element { € myyq(Sm+2rH)
is M-represented by Evy for v € m(Y#(m+P)-3), [f m > 1 then the Hopf inveriant
H(8a(£)) is M-represented by fy) o 7.

If the invariants are stabel type the lemma is applied as follows.
(35.7) H() = Q™*(y) implies H(0u£)) =T (B17).-
Lemma 3.13 Let ¢ € m1(Q2™ 1) is M- -represented by Evy end y € 7r,(Q2"‘+1) is

represented by Buyy. If m > 1 then P(y) = 8,P(z).



4 TUnstable Alpha families

4.1 Alpha type invariants

First, recall the relation of Yamamoto[45] in the algebra (Y, Y], = Y [Y, Y]; over
Z[p of stable self homotopy of Moore space.

(411) 2ada = o?f + 6’

From this relation and Jé = 0 we have

(4.1.2) ofdat =t e+ (1 - t)a*td = 5 - ado’ + (1 — s)da’
a*80ts = datéa® =t -a*6ad

Next, we recall e-invariant of Adams(1]
e:m>_,— QfZ.

rg—1

In particular,

Theorem 4.1 Let r = ap” for an integer a # 0 (mod p).

(1) e(a,)=-1/p (mod1).
@) e(n5) C Z(1/pHY)/2.
(3) e{p, cr—1,01} = b/p"*! for some b # 0 (mod p).

From (1) and (2) of of the above theorem, it follows that if 7 # 0 (mod p) then
a, =7na"i =i'm.(a")

is not divisible by p, and da"d # 0 by (2.4.10).
By (4.1.2) 6078 = r - 0" Y5ad. Then o dad # 0 for r # 0 (mod p) and thus

(4.1.3) . o’dad #£0 forall s>0.
Consequently Yamamoto[45] obtained

Proposition 4.1 The subalgebra of [Y,Y]. generated by o and § has an additive base
{1y, 8,0, a*8, oo, o ad; k =1,2,---} .

. .&.1:s-_:.w:;:amzm==n=ﬂ



The results (4.1.3) implies the following

Proposition 4.2 There ezists an element o, € w,sq_l uniquely modulo p - 7rf;_l, such

that ia, = (o™ )y, a,m=a(ra™?), id7=a"0ad=7dada"!#0 and

ar € {P, ar—l,al} = {ahar-—hp}'

Proof. We know that a,_ja; = 0 since a; and hence oy, = a,_10; are J-images.

Then n(a"16ai) = a,_101 = 0. By the exactness of the sequence (2.4.9), there exists

@, satisfying i@, = 0" Y0ai = (" '4)ay. Then id,m = a" 6ad = dada”! # 0.

Since a1 is a coextension of a,_y, i@, = (a"'i)a; belongs to i{p,a,_1,01}. Since

Keri, = pﬁfq_l, @, belongs to {p,a,_;,a1}. Dually we have the others. O
(2) and (3) of Theorem 4.1 show that the order of @, is a multiple of prH.

Next, consider unstable version. a(n) € [Y"*9,Y™"], ¢ = 2(p—1) is defined in (2.4.7)
for n > 4 and d(n) € [Y™1,Y"] for n > 3. They are connected by Ea(n) = a(n + 1),
E*a(n) = a, Ed(n) = d(n + 1) and E>4(n) = 4.

Unstable versions of products are also defined naturally. For example, da(n) =
d(n + q) o a(n), ad(n) = a(n — 1) o §(n) and so on.

Lemma 4.1 The relation (4.1.1) holds for dimension n > 6, that is,
200a(n) = (a6 + 6a®)(n).
Thus the relations in (4.1.2) hold for unstable case of dimension n > 6.

The proof is seen in Proposition 4.2 of [38].

For r > 0, we define an invariant

Au(2m — 1) € Topmre-3(QE™")

to be M-represented by

(4.1.4) a"i(2pm — 2) : §¥mira-3 szpm+'q—2 - Y;epm—z (L= Q2m-1),



In the case r = 0, Ap(2m — 1) = I{ta3pm-1) # O for the identity class topm—1 €
Tapm—1(S?P™~1). We denote this element by

(4.1.5) w = I{tzpm—1) = Ao(2m — 1) € Topm—3(QZ™Y).
In the case 7 > 0, J(A.(2m — 1)) = E¥}(ra"i)(2pm + 1), that is,
(4.1.6) J(A,(2m —1)) = a,(2pm +1) # 0 in Momrg(SF™H).
Proposition 4.3 The inveriants A,.(2m — 1) are non-trivial for r > 0.
We define also another invariant
a,(2m — 1) € Topmirg-a(@3™) for >0
to bé M-represented by

(4.17) o iy (2pm — 2) : S¥mIret oy GImHr—1-3 _y y2em—2 (I Q7).

4.2 Simple unstable alpha families
By Proposition 3.1, d;-image of A,_;(2m + 1) is M-represented by
Mm © (@7 1) = ((m + 1)da — mad)(@" i) = (m + 1)6a" — mada™'i on Y™ 2,
Since da"i = (ra"'da+ (1 — r)a’d)i = ra"Ydai and ada" i = (r — 1)o"dai,
im0 (@™ iay) = (m+r)e"Yai = (m+r)a" oy on Y™ 2
Thus we have
Proposition 4.4 d1(4,_,(2m + 1)) = H P(A,_i(2m + 1)) = (m +r)e.(2m — 1).
We denote P-image of the invariant A, _,,_1(2m + 1) by
(4.2.1) @(m+1) = P(Ar—mn-1(2m +1)) € Tomirg-1(S*™*1) for 1<m<r.

In meta-stable range, a,(2m — 1) # 0 since J(a,(2m — 1)) = ia,(2pm — 1) is not
divisible by p. Then a}(2m+-1) is a simple unstable element when m+r # 0 (mod p).

In order to estimate the non-triviality of e,.(2m — 1), we prepare the following




Lemma 4.2 Assume that elements £ € m(S*™') and n € n;(S?) satisfy
p6=0, pp=0 and E*{¢on) =0,
then {ptam+1, B2, E*n} and {E%¢, E%n,pij42} are E*-images.

Proof. Let C, = S U e*! be a mapping cone of 5 and £ : S2C, — S5?™*1 be an
extension of E%¢ : §72 5 G2m+1,

Let p? ~ i or,, : Q252+ 5 Q2G2m+] be the deformation of (2.1.12).

For the adjoint Q2¢ of £ we have

pP o QE ~ 2 o1y, 0 QL 2 C) — QESEHL y Q2G2mHT

Let g = rp 0 Q3¢ : C,, = S?™~! then the adjoint of i2 0 g is E?g.
' The map u? o Q3¢ is the adjoint of
stc, &, gm1 é s2negimtl S 22 camil e, gem+1

where e is the evaluation and f, = eo $%pP 0% : §2m+ . G2+l ig 5 map of degree p.
E%g =~ f,of and f,0 & : S’C, — S+ 5 §2m+! represents —n" {Plams1, B2¢, B2}
for 7* : mia(S?™H) — [Y#*3,82mH] Thus B*{g} € —{pioms1, %, E*p}y. The
indeterminacy of the bracket is p - m;,3(S*™+) + E*m;11(S7). Since p(mj43(S*™)) C
E*(7;41(S*')) by Lemma 2.2, the above bracket is an E?-image.

The second bracket {E2¢, E?j,ptiy2} is represented by the composition € o pi :
S7*3 — 8%C, — S?™*1, where pi is a coextension of p;;5. The H({E2, E*n,ptj12})
is a p-times and zero by Theorem 2.3. O

Proposition 4.5 The invariants a,.(2m — 1) are non-trivial forr >0 .

Proof.  J(a.(2m - 1)) = B¥}((wa" Yiay)(2pm — 2)) = o101 (2pm + 1) .

If a,_104(2pm + 1) # 0 then e,(2m — 1) #0.

So, we may assume that o,_ja;(2pm + 1) = 0. Since the homomorphism J in
(2.1.9) is induced by a map j : @3™! — Q38%™+1 and j o g,, is homotopic to 3o 7 :
Y#m-2 5 §%m-2 5 Q35%™H we see that J(a.(2m — 1)) = 0.



Then under the homomorphism 7 of (2.1.9), a.(2m — 1) is the image of an element
@ in {p, &y—1,a1}(2pm+1). By Lemma 4.2, & is an E*-image of & (2pm — 1) satisfying
E>(a,(2pm - 1)) = a,.

If a,(2m —1) = I(@) = 0 then E%a = E*A(§) = p£ for some £. But this contradicts
to non-divisibility of &,. Thus a,(2m — 1) #0. | O

The results of Theorem 2.5 is extended as follows.

Theorem 4.2 Assume that r # 0 (mod p).

(1) For m > 1, a,(2m+ 1) generates direct summand of Tam4rg(S2™*+!) isomorphic
to Z/p. E?a,.(2m + 1) = a,(2m + 3) and Hy(a,.(3)) = a—1(2p+1) if r > 1.

(2) For1 < m < r, af(2m + 1) generates a direct summand of Mam4rg—1(S>™*1)

isomorphic to Z/p. H(a:(2m+1)) =7 - a,_pm(2m —1).

Proof. (1) folloﬁs from that «, of 7 # 0 is no divisible by p. (2) follows from Proposi-
tions 4.4 and 4.5. : O

The computing diagram for the above result is presented as follows.

n = 3 5 7 -5 2r —-3 2r —1 stable
Qr-1 Qp—2 Qr—3 as Qs a)
NE Nr N&#H NEH NH NH
k=rq—2 a;(3) a;(6) ay(7) --- of(2r-5) ai(2r-3) ai(2r-1)
NP NP NP NP P
Ay A, A Ay Ay Ay
NH
k=rqg—1 a,(3)= ,(5) = a,(7) = --- = a,(2r-5) = a,(2r-3) =a,(2r-1) % a,

4.3 Unstable alpha families

Here we consider (rg — 1)-stem and (rq — 2)-stem groups of the case »r =0 mod p.
Proposition 4.5 of this case is

(4.3.1) HP(A;—m-1(2m +1)) = H(a;(2m +1)) = 0.
It follows from Lemmas 3.5, 3.6



Lemma 4.3 Let 7 =0 (mod p) and m > 1.

(1) There ezists an element a”\(2m — 1) € Tom—34rg(S°™!) such that
E*a"(2m—-1)=qa}(2m+1) and p-a'.(2m—1)=qa;(2m—1).

(2) IfH(E) = Ar—m-1(2m +1) for an element £ of Tami242q(S¥™1?) then there exists
an element &' of Tomrg(S>™+!) such that

H(E) =Arm(@m—1) and E*¢' =pt.

Let r = ap*™) for @ # 0 (mod p). Then a, is divisible by p*"). Denote by ot an
element satisfying p°of” = o, for 1 < s < v(r).

Gray[6] gave unstable elements a,(.’)(2m + 2s + 1) which converge to al?).

We consider an element ;™) (2m — 1) of Tpm_34rg(S¥™2), if it exists, to be satisfy
(43.2) E*a:®(2m—1)=a(2m+25—1) and p'c®(2m-1)=a(2m-1).
Now, we quote the following results of Gray(7].

Lemma 4.4 Let r = ap” for a # 0 (mod p), v = v(r), then there ezists an element
a:(")(2r — 2v — 1) € mopr—2,—3(S*~21) such that

E*a:)2r — 2w — 1) = w = PI(tgpr—1) € Topr—3(S*1).
Moreover, H(ax™)(2r — 2v — 1)) = Q¥~2Y(al,,) for a genervior a,, of ImJ N75,,.
For convenience of discussion we propose

Assertion A In Lemma 4.4 we can take G, 11 instead of @, up to non-zero coefficient.

For r < p(p— 1) we see that ,m,_, has a single generator, hence Assertion A holds.
For the case r = p(p—1), ,75,_, has another generator a8 . Since Q¥ ~2~!(a,f7")
= HP(Q*~?"), we can replace o, in Lemma 4.4 by &,,;. The next not alpha type
generator of ;x5 is oy 7 ~28,. Thus Assertion A holds for r < p? + 1, and so on.

We do not know any counter example for Assertion A.



The following theorem show the relations betwen Grays element in [7] and our
invariants in EHP-sequence. Rcall (4.2.1) : o} (2m + 1) = P(Ar—(ms+1)(2m + 1)).

Theorem 4.3 Let r = ap” for a # 0 (mod p) end v = v(r) > 0. There are elements
@M+ 1) € Tamo14+g(S*™*1) for s<v and s<m<r—s
and as.")(Zm +1) € Tomsrg(ST™HY)  for s<v and s<m
satisfying the following properties up to non-zero coeffietents.
(0) a:® @2m+1)=a.(2m+1) and A”@m +1) = a,(2m +1).
Q) p-2PCm+1)=""2m+1) and E2i@m+1) ="V (2m+3)
for 1<s<v and s<m<r-s.
@) p-ad?@m+1)=c""2m+1) end E2?(2m+1)=a"(2m+3)
for 1<s3s<v and s<m.
(3) HE™Em+1)=A4,_.2m=1) for 1<m<v+1,
P(Arma(2m+1)) = Ba;@m+1) for v+1<m<r.
(4) The orders of ar®(2m+1) and ol (2m+1) are both p*+'.
(5) If Assertion A holds for r, in particular if r < p*, then
H(a:(’)(2m +1))=a,—m(2m—1) for s=Min(v,m+1)endl <m<r-v.

Proof. If the element £ € oy 124-4(S*™*?) of Lemma 4.3(2) exists, then we get succes-
sively &,&',--- ,£™) and the lagt element £ € my,,,(S°) satisfies E?™~2¢(m-1) —
p™ ¢ and H(¢™-Y) = A,_1(1) = H(a,(3)). Thus £™=1 is of order p, and the order
of £ is p™*1. It follows from Theorem 4.1 that m < v. This shows that if m > v such

an element £ does not exist, and

(4.3.3) a,2m+1)=P(A—n1(2m+1)) #0 for m>v.

Next the above results implies that for larger values of m, os)(2m + 1) is of order
p**1 if it exists. Lemma 4.4 and Lemma 4.3 show the existence of ot)(2m + 1) for
r—v>m>v. If (43.3) holds for m = v then there exists a*") (2v + 1) of order
p”*! which contradicts to Theorem 2.3. Thus P(A,_,_y(2v + 1)) = 0. This means the
existence of o) (2v + 3) with H(a!?(2v + 3)) = A,—,_1(2v +1). Then the existence

of ™ V(2m +1)) for 1 < m < v + 1 follows.



Consequently (1) to (4) are established. (5) follows from Lemma 4.4. O

We define by A?™*+! a subgroup of ,m:(S2™+!) generated by ol or E%a;). Thus

(4.3.4) Al = <al¥2m+1)> for s=Min(v,m)
Amtl = <P @m+1) > for s=Min(y,r —m,m) and m<r—v

A¥m+l = 0 otherwise.

Also we define by AQ?™~! a subgroup of m;(Q3™1) generated by A,_,(2m —1) or
Gr—m(2m — 1) € ImP. Thus

(4.3.5) AQX! <A_nm(2@m-1)> for 1<m<r
A ,2.;'1._21 = <@-m(2m—-1)> for 1<m<r-v
AQ¥™! = 0 othersise.

We call subsystem of computing diagram consists of A?*! and AQ?™? the system

of unstable alpha families.

Proposition 4.6 The homomorphz’sms E?, H and P in EHP-sequence are closed on

unstable alpha families up to a k-stem groups for k < pP+*lq—2 .

The computing diagram of unstable alpha family of the case »(r) = 1 is as follows.

n= 3 5 7 2r -5 2r -3 2r —1 stable
Qy_3 ar_2 Qr-3 a3 a2 (al)
NE RN# RN&=H NEH NE
k=rqg—2 0}(3) =a}'(5)—=al'(7)—=--- = o' (2r—5)—= o' (2r—3) —o(2r—1)
NP NP NP NP
Ay Ae A Ay A Ay
NE N=&m
k=rqg—1 a(3) =a.(5)=al(7)=---= a\(2r-5)= . (2r-3) =a'(2r—-1) 5 o'

In this case the invariant a; = a;(2r — 3) is out of the unstable alpha family. -
If v(r) = 2, then a; and a; are out of the family.



4.4 Removability and Residue

We have seen that the unstable alpha families are close with respect to the EHP-

sequence. However, the EHP-sequence on these systems is not necessarily exact.

Proposition 4.7 The ezactness of EHP-sequence on unstble alpha families breaks on
the following two points:

(1) The invariants a,(2m +1) for r — v(r) < m < r are not H-images of unstable
alpha families. We must ezclude them.

(2) The unstable elements a;(2r — 2s — 1) for s =0 (mod p) and s < v(r) is a

kernel of A and generates not alpha type inveriant.

We shall excluding unstable alpha families and make a computing diagram mod A.
In that case above two sort of elemnents must be added as residue elements.

On the other hand, compatibility of the unstable alpha families with respect to
1JA-sequence, especially the homomorphism A : m;,5(S2™*H) = m(S%™1) have to
be checked. '

Consider the case r # 0 (mod p) of Theorem 4.2. Since E? : AF77 , —
A4l = Z/p is isomorphic and A o E? = p., we have A(AZ"10) = 0. Then
1JA-sequence produces two invariants A,(2m — 1) and e,(2m — 1).

For the generator a}(2pm — 1) and o} (2pm + 1) of the (rq — 2)-stem groups satisfy
H(a!(2pm — 1)) = a}_,.(2pm ~ 3) and H(a}(2pm + 1)) = e;_,,_1(2pm — 1). By the
definition of a; we have a}_,, = aoa,_,_,. Then it follows from Lemma 3.7 that
A{a?(2pm + 1)) = o (2pm — 1) mod KerH = ImFE?. This shows that Delta cancells
the generators of the (kg — 2)-stem groups.

For the case » = 0 (mod p), the results are similar but rather easier by using higher
order generators.

There is an exceptional case that E? : AZm 0., — AFmit, (e =0,-1)is
injective but Coker E? = Z/p. In this case correspondent A are both epic, and produce

one invariant for each.




5 Old Table of 3-primary Groups
5.1 3-primary Groups, stable to unstable

The results of 3-primary k-th homotopy groups for & < 45 was given in Toda[37],[38]
and announced for k < 55 by Maruyama and Mimura in 1998.

We begin to quote from Oka[22] the following list of 3-primary stable homotopy
groups 373 with generators for k < 62 excluding the alpha type generators o, a},, a;-

For the notations of generators, we use those given in [22).

5.1.1
( Lz'.frzL of 37 =< generator >, relations up to sign
(1) 3y =< B >, B = {1, a5, }
: (2) 3y =< ayfhy >.
(3) 37y =< f} >.
f (4) 3y =< @i} >.
(8) amgs =< fi >.
(6) 33y =< 1By >.
(7) 3 =< B} >, B3 = {13, 6=}
@) 355 =< f1f2 >.
9) 3y =< € >, € = {1, 01,0}
(10) a5y =< € >, &1 = {01,3,8,}.
(11) 37y =< a1 f1fa >.
(12) g =< B >, e =By
(13) aep =< € >, €2 = {a,3,6,} = 2{3,01,6,}.
(14) 3Mes =< p >, p={o,05,61}, pp=aie.
(15) 3Tas =< BBz >.
(16) a3y =< By >.
jf (17) iy =< c1B7B; >.
(18) 3msp =< B >.
19 a=<@>  f={aae}
(20) Sy =< a1f33 >.
:

8 —42 -




From now on we restrict ouself to the computation of 3-primary unstable groups

mod A, and use the notation
P = am(S™)/AY,  QF = sm(Q3)/AQ} end w = smi/Af

for the sake of simplicity.
The computation of the 3-primary components of the k-stem groups =, for odd
n will be done usually by induction on & and n for the following sequence of double

suspensisons E?
(5.1.2) g, Dl B Bpgma Bopamia B ST e
oL 3+k 5+k 2m—1+k 2m+14-k kI

where we assume that the stable group = and the unstable groups mjmii, ; for j < k

are already fixed.
Each double suspension E? is verified by using EHP-sequence (2.1.1) of p = 3 which

is rewritten as the following exact sequence :

2m— - 2m+1 2m—1
(5.1.3) - Qo i Ly i “14k = Mom 14k s Qim 24k =

2m—

The computations of the k-stem groups are done by use of the following

Computing Diagram mod A

E 5 B 4 E? Im— 1 B
“3+k — T —> Tg4r —F - —) ‘fz:: 2+k "';:Ik —
NP P NP
1 3 5 2m—1
Q,, Q2+k Q4+k T T 2';—2+k
NH o N H '\ H o ’\ H
‘ 5 7 2m—1 1
T — o ——’ Mgk — °°° —" Mom—1+k 2$ix+k —’
NP NP NP
1 3 5 2m—1
Ql+k Q3+k Q5+k Tt ot sz:—1+k
N#H N H N#
E? E? E? E? E? E?
3 5 7 -1 1
Tgpk —F Tgyp —F Ty —F -0 —F My — 2nm112+k —F -

Here the group Q3m~} ., has to be fiexed in advance by the IJA-sequence of Theorem

2.2. For k < 107, @2™~1,, contains extra elements
(5.1.4) w=1IP() € Qignls, a1 €Qips a2 €QimS




of section 4.5. Let _Q_;::___: +& be the quotient over the subgroup spanned by (5.1.4).
Then the invariants mod A is obtained by the following exact sequence.

J, _6m+1 A _6m-1 I A2m-1 J. _6m+1 A _6m-1 I
(5-1-5) T Momp itk T Mok sz-—1+k T Mg — Mo g4p —F """ -

In the case m = 1, H : n3,, — Q} is bijective for k 7 0. Then the group =3, , will
be computed directly by the following sequence

‘(5-1-6) T &” ﬂi—!—k = Wg«:—k Rn W§+k _‘?13 7r’3(+k Ly "§+k S )
derived from Theorem 2.4. Remark that the sequence (5.1.6) is exact except the case

k=11

In the computating diagram, many numbers of generators in Q>™~! are given as

stable type invariants
Q™) € Qi or QO €@y for tem

given in (2.4.1) or (2.4.2). We represent such generators by corresponding roman
charactors. The following (5.1.7) is the list of stable type invariants correponding to
the stable generators in (5.1.1).

(6.1.7) Invaeriants Q™) and @ (&) for fend, k<55

k ITO 3171101 13 20 23 |126] 29 [130] 36 137138
3 vlag|oa |Bi|aaBi | Bi |aBi | B lanBe | BE | BB € | &
b 21 ab® | b,

B

Q") lli]alas ab | ¥ aby | 0% | bby | € | e
Q7 (6) B| AB |B*[ AB? AB, | B3 (BB, | F' | B,

k 39 [40]42]45] 45 | 46 | 47 49 [50]52] 55

£ 1515, i‘ € | p |aiea| PiPs | Pi€ alﬁ?ﬂ_z ﬁf :,»2 a1

mE N abby | b Tea [ph] x | 0%, | b | ab?b, | &° | 12 | ab2
Q (§) || AAB, |B*|Ey| x | AE» | B*B, | BE'| AB*B, | B | B2 | AB?




The first differentials

d] =HoP: 7|','+3(Q§m+l) — 7r'_+3(s2m+l) — ﬂi(ng—l)

of these stable type invariants are verified by use of Lemmas 3.1, 3.2 and 3.3. The

results depend on the values of m (mod 3) as is seen below.

Proposition 5.1 The image d;(z) = HP(z) € Q

2mbl oo s
T € Qgmi3+k 19 given as follows.

2m-1
8m+4-k?

up to sign, of each invariant

di(z) = 0 for the remainning inveriants :

(5.1.8) T o=
(5.1.9) z

Proof. If ay¢ is not divisible by 3, then for z = Q™*+1(£), di(z) = (m + 1)Q™(€) # 0
by Lemma 3.1. This is applied to invariants z = b, %, by, bby, €', b2 by, be’, b3, where we

note that o€ = 1.

Similarly, it follows from Lemma 3.2 that for X = B, B%, B,, BB,, E', BE', B2 we
bave d;(X) = £AX if m = 1,2 (mod 3). But in the case m = 0 (mod 3), d;(X) is not
necessarily zero and may be a form Q™(n) for some 5. dy(B) = 0 since 7§y = 0. Then
by the naturality, dy(X) = 0 for X = B2, BB,, BE'. Also for the case m = 0 (mod 3),
di(E') = 0 since 7§; = 0 and d,(B2) = 0 since n; = 0. The relation d,(B;) = b°

ab, ab?, aby, b°, e;, abby, b?, €3, ab3, 1°, abl,

AB, AB?, AB,, B®, ABB,, B*, AB®B,, B®, AB:.

follows from Lemma 3.3 and the relation in (7) of (5.1.1).

E [J10] 11 [20 [ 21 [26] 27 | 36 | 37 |[37]38[39[ 43
T b B b* B? b2 Bz bbz BBz e | E El Ez
m=0]ab] 0 [ab®| 0 lab,| ¥ |abby| O Bl 0le] O
m=1|ab| AB |ab® | AB® | ab, | AB, | abb, | ABB, | b | B*| 0 | AE;
m=2|0|AB| 0 [AB*| 0 {ABy| 0 |ABB,| 0 | B*| e, | AE;
k 46 47 [47] 48 [ 52 53
=z || 0%, | B®B, |b¢ |BE | B2 | B? |
m=0 || ab®by 0 1 0 labd] O
m=1| ab’b, | AB’B, | t° | B® | ab} | AB}
m=2| 0 |AB’B,| 0| BS| 0 [AB:




P e e e Pt v A

From the relations in (13) of (5.1.1) and Lemma 3.3, it follows d;(E;) = Q™(n) for
n={m+1){a1,3,6} — m{3,01,6:} = ((Mm+1) — 2m)ex = (1 — m)e,.
Thus the results for E, are obtained.

For m = 0 (mod 3), we have similarly d,(Ez) = Q™(n) for = {ay, 3,€2}. Asuume
that 7 # 0, then n = £6203; by (15) of (5.1.1). By (13) of (5.5.1)

an = {al,a1,3}ez = —Qg€gy = 02{3, al,el} =0Q3€1 = 3&'61 =0

which contradicts to a;7 = a1 08. # 0. Thus dy(E>) = Q™(5) = 0.
dy = 0 for the elements z in (5.1.8) and (5.1.9) is proved without difficulties. O

Next consider the short range unstable elements { H(£) = = # 0, E%¢ = P(y) # 0}.

Assume that stable elements «y and § satisfy
(5.1.10) 6 € {au, 01,7}

From Lemmas 3.8 and 3.9 we have the following propositions.

Proposition 5.2 Let m = 0 (mod 3). For the elements in (5.1.10) let z = Q™*%(y)
and y = Q™(0) then there exists an element £ € m;(S*™!) such that

H({¢)=y and E%* =P(z).

Proposition 5.3 Let m =1 (mod 3). For the elements in (5.1.10) let X = @"+2(7)
and Y = Q" (5). Assume that the relation di(X) = HP(X) = 0 is obtained as
in Lemma 3.9, for example by a computation in stable range. Then there ezists an
element ¢ € m;(S*™*1) such that

H(¢) =Y and E* = P(X).

The elements 7, § in (5.1.10) and the related invariants are listed as follows.

Y oa[enfi [anBi [enfe [ BE [ €1 |aiBBe | BE | @

Bl Bt | B |BB€|w]| BB | i€ | B
a| ab | ab® | aby | 0® | ey | abby b* | ph
bl o | 6 [ bby | & |ph| 2 be' | b3
AB | AB* | AB, | B® ABB, | B*
B* | B® |BB, | F B’B, | BF’

(5.1.11)

R E RS




5.2 Computation diagram mod A of lower stems

In order to compute groups 72, succesively, we use computing diagrams mod A,
omitting the symbols E?, H and P, replacing Q,, by its generators. We also replace

7%+ by a collection of symbols which indicate direct summands such as
(5.2.1) o 27/3, oZ[9 and >=7[27.

The symbol = at E? means bijective such as

(5.2.2) o=, o=0 and ©>=».

The synbol — at E? means not bijective and non-trivial such as
(5.2.3) e—30, 0>, 0—e, D0 0—30 ond >,

where the first two are injective, the next two are surjective and the last two are p

times.

First observe the 10-stem groups 3m,.+10(S™) :
2 2
311'13(53) '-E-') 31!'15(35) L 371'17(57).

This is represented as

e —0—/]™e.

The equality A o E? = p- of Lemma 2.1 implies that
Ql,=<b>2Z/3 and Q},=0.

This is the only case we know that (5.1.5) cannot be applied.

Then computing diagram mod A up to 27-stem is presented as follows.




Theorem 5.1 The k-stem groups mod A 7)., for k < 27 end odd n are computed as
follows. : |
n= 3 5 7 9 11 13 15
a
N
k=10 e=e0e=<f>
k=11
k=12
b
N
k=13 e =e=e=<mq>
k=14
k=15
ab
k=16 \.,\
AB b
k=17 e
“B
k=18
k=19
ab
N 2
k=20 se=e=e0e=e¢=<f0{>
AB b
k=21 e Ne=e A(v(5)) = P(B)
N N
B a
k=22 (o{ w=I(P())#0
v (3)
k=23 ,\0=.=.=.=0=.=<alﬂ?>
B? ab
N N
k=24 o= o A(P(b)) = P(AB)
AB b
k=25
ab? B
k=26 ,\. \0=0=.=.=<ﬁ2>
AB? P
k=27 \o
'\Bz
n= 3 5 7 9 11 13 15




All invariants of Q>™~! for m > 2 are in metastable range, and generators are
obtained by Theorem 2.2 or Proposition 2.1 as is shown in the above diagram.

The generators of Q! = n3, ; are verified by (5.1.6) from the the results of A.

Since E? : n¥,, — n7,, are isomorpisms of e for k = 13,20, 23, then from AoF = p-
it follows A = 0: w7, — w3, So, the generators of n3,, = Q}, and =}, = Q1,; are
obtained by Theorem 2.4 as is shown in the diagram.

E? =0:m3,, — n3,, for k=21,24. It follows from Theorem 4.3 that A : Mhpp =
7245 are surjective hence isomorphic. Thus we have no more generators of 1r§ e

By the exactness of EHP-sequence, the only possibility of the case ¥ = 16 is
HP(b) = ab. By composing f3, it follows from the naturality that HP(0?) = ab?
for the case k = 26. The cases k = 17 and k = 27 are similar.

For the stable generators a1y, %, a1 62 and f,, by the exactness of EHP-sequence,
we see the only possibilities for the cases & = 13,20,23,26. The cases £ = 21 and

k = 24 are also uniquely determined from 7y = 0.

In the above computation we need only the exactness of EHP-sequence and the in-
formations on invariants. However, the computaions in the sequel have some ambiguity
and we need several lemmas of section 3 in order to determine the exact sequences.

So, we shall divide our computing diagram into three parts, simple unstable el-
ements, short range unstable elements and remaining part containing long unstable
series which may converge to a stable class.

For example, the computation diagram in Proposition 5.1 is divided into the fol-
lowing three parts (1), (2) and (3).

(1) Removable simple unstable elements.

(ns k) = (31 16) (37 17) ('?’s 26) (31 27)
ab. AB. ab: AB'2

b B b B?

Here the symbol \ is omitted. Each collection consists of {z, P(z) € #2,,, HP(z) # 0}
for a pair {z,d,(z)} listed in Proposition 5.1, m =1 (mod 3).




(2) Removabdle short range unstable elements.

n= 3 5 7 9 11 13 15
AB b
k=21 ei>e = o
B a
B? ab
k=24 e =90&e
AB b

(3) Remaining parts.

n= 3 5 7 9 11 13 15
a
k=10 \o=o=<,31>
b
N
k=13 e =90 =90 =<1 >
ab
N 2
k=20 0=0=0=0=<ﬂ1>
X
N 2
k=23 o=o=o=o=o=o=<a1ﬂl>
B
l'\
k=26 .=0=0=.=<ﬂ2>

In (2), the symbols ™\ are also deleted for the sake of simplicity.
The symbols e < e at k-stem groups between n = 2m — 1 and » = 2m + 1 indicate
that the homomorphism

At — maml ., where m=0 (mod p),

cancells two cyclic groups of order p correponding to two e .
For the case k = 21, A # 0 follows from Lemma 3.7. By the naturality, we have
A # 0 for the case k = 24 composing «; from the right.

From this diagram we have the following results on the Hopf’ invariants of origins
of stable classes:

(5-2.4) H(f:(5)) = I{ea(9)) and H,(6x(9)) = J(H(B2(9))) = 51(25).



5.3 3-primary k-stem Groups for 28 < k < 35

We consider the computing diagram mod A for 28 < k < 35. In this case, the

invariants are stable type except w = IP(i) € Q3, 4.

Theorem 5.2 The mod A k-stem groups n%,, for 28 < k < 35, n : odd, are obtained
as the direct sum of the following three parts.

(1) Removable simple unstable elements.

(k)= (9,28 (9,29) (3,32) (3,33)
al: AB ab, AB.z

® [ ]

B b, B,

(2) Removable short range unstable elements.

n= 3 5 7 9 11 13 15 17 19
AB* P
k=31 eioe = o
B? ab
BS 2
k=34 o=o(<1£0
AB? p?

n= 3 5 7 9 11 13 15 17
w
k=29 e=ce=o0e=o0e=0e=e0=<qaf>
ab?
k=30 \o=o=o=o=o=o=o=<.ﬂf>
b AB b
k=33{ \o=o=o=o=:—)\o-—>o
B \az \a

Let v be a generator of mi3,33 = Z/9 then up to non-zero coefficient,

Hw)=b, 3v=apf(13) end Av=oa8}(11)+ P(B).




Proof. The first two of (1) follows from Proposition 5.1. Let £ = a;(3) o 15:(6),
then H¢ = aby. E*¢ =0 and P(b) = ¢ follows from a;(5) o a;(8) = 0. By Theorem
2.4, H(—£) = AB; for £ € {a1,3,a:5:} in S%. In S%, £ € aafs = —as{®1,3,P2} =
-1} = 0. Thus P(B2) = ¢ mod oyi.

(2) is proved by composing 3; from the right to (2) of k = 21,24.

(3). The results of k = 29 and k = 30 are unique solutions. For the case k = 33 we
should make the following general statement. O

Lemma 5.1 Let | > 1. Then the followings hold up to non-zero coefficients.

(1) There evists elements v(6l + 1) € ali1,, satisfying,
H (v(ﬁi +1)=@Q%B) =b, and v(6l+3)=P(@"**ay)) = P(a)

where v(6l + 3) = E?v(6l + 1). Thus v(6l + 3) is of order 3 and E®vu(6l+3) =0 .

F’u;‘thermore we have
AWl +1)) = P@" '(B)) = P(B) mod E’i3,.
(2) Ifl# 2 (mod 3) then the order of v(6l+1) is 3 .

(3) Ifl=2 (mod 3) and E® : nl; 3, — w1 15 surjective, then the order of v(61+1)
is9 and

A(v(6l +1)) = P(B) + E*/',

where v' is an element of mig.6(S%3) satisfying B’ = 3vu(6l + 1).

Proof. Since f; = {a1,04,0;}, (1) follows from Proposition 5.2 the existence of £ =
v(6l + 1) with H(¢) = b and E*{¢) = P(a). By Lemma 3.7,(1) and Lemma 3.2
HA((6! +1)) =@ (cuBy) = AB = HP(B), and the last statemnt follows.

In the case (2), a; = @3(6! + 1) = H(aj, 4(6] + 3)). Then P(a;) = 0 and E? :
Tt = Megrons i injective. Thus 3v(61 + 1) = 0.

In the case(3), a2 is out of alpha invariants and P(a;) # 0. o is M-represented
by ai an a; is M-represented by a?i. Then by Lemma 3.4 P(a;) = 3v(6l + 1). Thus
v(6l+ 1) is of order 9. Let A(v(6l + 1)) = P(B) + E*v'. By Lemma 2.1, 3v(6l + 1) =
E*Av(6l + 1) = B*P(B) + E%' = E%'. ]



5.4 3-primary k-stem Groups for 36 < k < 45

In the result of the 33-stem groups, we see a long series of unstable elements
(A1) @B8) 5 afB)E 1) E api9) B afal) B api(13) S o

where a133(3) = a1(3) 0 §}(13) for a generator 33(13) of }3 with stable limit 3. Then

we have not stable type invariants
ab® = I(ufBi(6m — 1)) and AB® with J(AB?) = oy 33 (6m + 1)

form=1and m=2.
In the computing diagram mod A for 36 < k < 45, invariants of not stable type are
w € Q2,4 and the above ab®, AB3.

Theorem 5.3 The mod A k-stem groups nl,, for 36 < k < 45, n: odd, are oblained
as the direct sum of the following three parts.

(1) Removable simple unstable elements

(n,k)= (3,36) (3,37) (9,38) (9,39) (15,40) (15,41) (3,42) (3,43)
ab® AB® ab® AB?  ab AB  abb, ABB,
® [} L]

b? B3 b’ B? b B bby BBy
(n,k) = (3,43) (3,44) (9,44) (9,45)
bt B? aby AB,
L] ® L ] L ]
e E' by By

(2) Removable short range unstable elements

n= 3 5 7 9 DS s R (S A [ VIS0 () )
B? .
k=36 e =0 (a_lz °
AB b
b ab
k=40 ¢ o %—3 ®
ABy by
AB3 B
k=41 0ei> @
B3 2




k=43 .§.=.ab
AB b
k=45 oé—’ozoa
(3) Remaining part
n= 3 5 7 9 11 13 15 17 19 21 23
ab,
k=236 \o=0=o=o=o=o=o=o=<ﬁ1ﬁ2>
AB; b
k=37 \0<—:\o=o=o=o=o=o=o=<e'>‘
"B, B
k=38 | \o=0=o=0=<£1>
bb,
k=39 \o=o=o=0=o=o=o=o=o=o=<a1ﬁlﬂ2>
BB,
k=40 \0=o=o=o=c=o=0=o=o=o=<ﬂ14>
ab®
k=42 \o=o=o=o=o=o=o=<ez>
w b
k=45 \o—)\o=o=o=o=o=o=o=o=<<p>

Proof. (1) From the relations d;(t?) = ab® and d;(B?) = AB? in (1) of Theorem 5.2, we
have d,(0®) = ab® and d,(B?) = AB? by composing #, from the right. The remaining
relations on d; follow from Proposition 5.1.

(2) The short range unstable elements in k£ = 36,43,45 are established by Propo-
sitions 5.2,5.3. The removability of the collections in & = 43,45 follows from Lemma
3.7,(1) and one in k = 36 from Lemma 3.7,(2).

In k = 40, di(AB;) = d;(A;)ofB2 = az00, is represented by o8, = —{e,1,3}82 =
ar1{e1,3, 2} = 1P} in S?. Thus dy(AB;) = ab®. The other 3 simple unstable elements
in k = 40, 41 are established by Proposition 5.1 and naturality. The removability follows
from Lemma 2.4.



(3) di1(B;) = AB; follows from Proposition 5.1. Then the results of (3) are uniquely
determined by the exactness of EHP-sequence. The removability in k=37 follows from
Lemma 2.4. _ O

It follows from (3) of the theorem
(542)  w(@)=T, u(e)=15, ule)=11, u(p)=9,
(5.4.3) u(B1B2) =5, u(1Pr1fa) = 3, u(Bi) = 3 and u(3p) = u(arez) = 7.

Here we refer to applications of 8, of Oka.
In Theorem 5.1 apply 8, to the short range unstable elements in the 21-stem groups,
then we obtain those in the 24-stem groups :

P(a) = B'(v), H(v)=b = P(AB)=E*(8.(v)), H(0:(v)) = B*.

We see similar situations from the k-stem groups to the (k + 3)-stem groups for
k = 31 and k = 33. However, for elements of «7,, we cannot apply Lemmas 3.12, 3.13
gsince the case m = 0 is excluded. In the case m = 0, the map f(;) in (3.5.5) does not

exist, but Theorem 3.5 still holds. So we prepare the following

Lemma 5.2 Assume that Hopf invariant H(£) of an element £ € iy (S?PF?) is M- -
represented by «y for v € miy, (Y""’z“z). Then up to non-zero coefficient there holds
JH(0u(£)) = Hy(0a(£)) = By 0 By,
where By : Y o 5% s an extension of By(2p + 1).
Proof. 8, is induced by d, : 2S%*! — $% and H, is induced by h, : 253 — QS¥P+,
Then H,d, is induced by h, o Qd, : Q252+ 5 Q5%+ whose restriction on $%-1 is
homotopic to zero. Thus h, o Qd,, induces a map
B : QT = Q(Q28%PH §%-1) 2524

Let B, : Y? — $2*1 be adjoint to ' 0 gypy : Y22 o QP! 5 0252+ then
Theorem 3.5 shows that 8,]S%*~! = £;(2p + 1). Then the lemma follows. O

For example, apply the lemma to €'(7) € 7,4, with H(€'(7)) = b, and put §3(3) =
3.(¢'(7)) and B{(5) = E*(B1(3)). Then we have |

(5.4.4) BL(5) = au(5) 0 €(8) = Bi(5) 0 B3(15) £ P(AB;).




5.5 3-primary k-stem Groups for 46 < k£ < 55

For 46 < k < 55, the invariants in the computing diagram mod A are all stable type.

Theorem 5.4 The mod A k-stem groups nj, ., for 46 < k < 55, n : odd, are obtained
as the direct sum of the following three parts.

(1) Removable simple unstable elements

(n,k) = (3,49) (15,50) (15,51) (3,52) (3,53) (21,52) (21,53)
AE, ab? AB? ab%b, AB®B, ab AB
®

E v "B “wn BB, b B

(n: k)= (3,53) (3a 54) (9, 54) (9)55) (9’ 55)
[ B° abbg A?Bz i

b BE by BB, ¢

(2) Removable short range unstable elements

n= 3 5 7 9 11 13 15 17 19 21 23
3
k =46 Bo=o<a£20
2 ; AB? p?
BB, b
k=47 tre=o
BB
B B
k=148 0(—§o=o .=.£,b.
E b AB b
k = 49 el e=
, By B3
B*“B b
k=50 3=oa<b—’20
ABB;bby
BE' bt
k=51 e =900
Bt ¢
B
k=52 B 20: o(a;lpo
Aszz
AEz €2 4 bs
k=53 eSe e =900
E? E, B® B,
AB? B
k=255 cio(—'o
B2 ab



(3) Remaining part

n= 3 5 7 9 11 13 15 17 19 21 stable
abbg
k=46 \o=o=o=0=0=0=0=0=0=<ﬂfﬂ2>
b4
N '
k=47 e=—e=o0o=e=e=e=e=0= 0 =< [ >
b2b, AB; by
\ \o(jo—o—o—o
k=49{ o—0=0=0=0{:.0§0=_=0-_-=0’-\=0=<a1ﬂfﬁ2>
be' Bz B
k=50 \o=o==o=o=0=0=0=0=0=0=<ﬁ15>
ph
N 2
k=52 ._-—.o=o=o..o=0=o=0=0=<ﬂ2>
€1
k=153 ,.\o=o=o=o
2 b
k=55 <o=o=.=0=o=o=0=0=0=0=<alﬂ§>

Proof. (1) The first relation di(E;) = AE, cannot establish by Proposition 5.1 or
Lemma 3.2 because u(E;) = 11 and E; is not M-representable. Except this all the
other simple unstable elements are established by Proposition 5.1.

(2) Except the cases k = 49, 50, 51, short range ubstable elements and their remov-
ability are established by Propositions 5.2, 5.3 and Lemma 2.4.

The case k = 50 is established from the case k£ = 24 of Theorem 5.1 by composing
P2 from the right.

Consider the case k = 51. Let 5 be the element in k = 48 such that H(p) = ¢
and E?y = P(B®). By Lemma 5.2 { = 8,(n) satisfy H(¢) = BE' and E*¢ = o;(5) o
Eq. Then E°¢ = a,(8) o E%) = 4(8) o E*P(B®) = 0, and E* = 0 by (2.1.2). If
E? = 0 then ¢ = +P(ph). But HP(ph) is purely M-represented by i.a;p(7) =
i E*(a1(5)9(8)) € 1. E*n, 45 = 0. Thus E%¢ £ 0, E* = 0 and E?¢ = +P(B*). The
removability follows from one in k = 41 of Theorem 5.3 (2).

The case k = 49 is remained.




(3) Let £ = a1(7) 0 p(10) € 77, 45. Since & = E(cu(6) 0 9(9)), it follows from (2.1.2)
and k=48 of (2) that £ € E*ng 45 = 0. Thus 63(5) € {1(5), 1(8), p(11)} is defined.
Then (2(5) gives an origin of the stable class §2 = {e, a1, }. The other origins of
stable classes of (2) are obviously established.

Long range unstable elements in k£ = 53 is a unique solution.

Consequently only the case & = 49 is remained as follows in question where the

sequence {a187B2(2m + 1)} is removed.

n= 3 b 7 9 11 13 15 17 19 21
AE2 €2 €1 A32 bz
NNOXN NN
k=49 ® e 0 =0 0L 0= 0 =60 =0
NN NN N
By, E, B B, B

The above groups and E? are unique solutions. The removability follows from
Lemma 2.4 and Lemma 3.7. a

Note that the long range unstable elements in k£ = 49 is given by Lemma 3.11.

Also we see there an example of Proposition 8.4 for ¥ = B® € 7,9 such that
O(B?) = i.(e1). Proposition 3.4 states that e; € {7]3,174 ,B3} Since p = g3 in
stable range, €1 € {fm, Tm+1, B3} holds for m = 0 (mod 3). Thus we have

Lemma 5.3 Ifm =0 (mod 3), there ezists v € mamt1, satisfying
H(v)=e and E*v)= P(B%).
We denote the long range unstable elements in k = 49 and k = 53 as follows.

(5.5.1) v1(13) € mi3,4 with H(v:(13))=b, and P(B) = E%v,(13) = v,(19),

(5.5.2) va(9) € ma,ss with H(vz(9) =e1 and P(ab?) = E®vy(9) = v5(15).
By Theorem 2.2, these elements induce the following not stable type invariants.

(5.5.83) w1 = u(5) = I(v1(17)) € Q3,59 and Uy =Uy(5) € Q2,0, J(U1) =v1(19),

(5.5.4) w2 = us(3) = I(vz(11)) € Q3159 and Up = Us(3) € Q3105 J(U2) = v2(13).



(3) Let £ = a1(7) 0 p(10) € 77, 45- Since £ = E(a;(6) o (9)), it follows from (2.1.2)
and k=48 of (2) that ¢ € B’ s = 0. Thus §3(5) € {a1(5), 1(8), p(11)} is defined.
Then B2(5) gives an origin of the stable class 82 = {ai,a1,p}. The other origins of
stable classes of (2) are obviously established.

Long range unstable elements in £ = 53 is a unique solution.

Consequently only the case k = 49 is remamed as follows in question where the

sequence {c18262(2m + 1)} is removed.

n= 3 5 7T 9 11 13 15 17 19 21
AE2 €2 €1 ABQ bz
N N N N N
k=49 ° seice =0 e e =0e=e0e= o
NN NN N
Ez El 33 Bg B

The above groups and E? are unique solutions. The removavility follows from
Lemma 2.4 and Lemma 3.7. ' O
Note that the long range unstable elements in & = 49 is given by Lemma 3.11.

Also we see there an example of Proposition 3.4 for + = B® € =, such that
&(B®) = i.(e1). Proposition 3.4 states that e; € {7s,75", B%}. Since % = fmys in
stable range, €; € {, flm+1, B°} holds for m = 0 (mod 3). Thus we have

Lemma 5.3 If m =0 (mod 3), there exists v € mamtl; satisfying
H(v)=e1 and E*v)= P(B%).
We denote the long range unstable elements in k = 49 and k = 53 as follows.

(5.5.1) vi(13) e mil 4 with H(vy(13))=b, and P(B)= E®v;(13) =v;(19),

(5.5.2) v2(9) € mguss with H(va(9)) =er and P(ab?) = E®vy(9) = v5(15).
By Theorem 2.2, these elements induce the following not stable type invariants.

(5 5. 3) U = u1(5) I('Ul(l?)) € Q5+59 and U1 01(5) € Q5+50, J(Ul) = ‘01(19) N

(554) uz =w(3) = I(v2(11)) € Q3,59 and Up = Ua(3) € Q3,49, J(Uz) = v2(13).




5.6 Table of 3-primary k-stem Groups for k£ < 55

Summerizing the results, we have the following table of 37,44(S™) for odd n and k < 55.

n= 3 5 7 9 11 13 15 17 19 21 23 25 27 29
k=3 o =<o > |
k=6 ®

k=17 e=0e=<qp >

k=10 e 30 —e=<f >

k=11 e—o=o=<a;>

k=13 e=e=e=<a1f; >

k=14 e o o

E=15 e=oe=o0e=0 =< Q4 >

k=16 °

k=17 °

k=18 e o o o

k=19 e=e0o=e0e=0=0 =< Qg5 >

k=20 e=oe=e=e=< >

k=21 ® o=

k=22 ® 30 —0—0 —}e

_ e do=0=0=o0=o0=<0ak>
k-—23{ o=o=o=.=o=o:<a§ﬂ%’>
k=24 oe=e o

_ ° e=0=0=90= >
k 26{ e ¢ o o ¢ o A
- e=0=0=0=90—0=0 =<0y >
k=21{ ¢ 7
k=28 °

_ e=0oe=o0e=0e=0=0=< 0 >
k=29 { e 162
_ 0O="0 =0 =—0=0 =0 =< 3>
k—30{.......‘61
— 0=.=‘=.=.=.=.= =< >
k=31{ Tz, ¢ =<0s
k=32 °

_ ° °

k—33{ e=9=0e=0=90 0

— *o=e °
k—34{ ® —0 —b> —}> —}> —}> —}0 —}e



k=35

k=36{
k=37

k=38
k=39 {
k=40 {
k=41

k=42 {
k=43 {
k=44

k=45 {
k=46 {
k=47 {
k=48

k=49 {
k=50 {
k=51{
k=524
k=53 {
k=54 {
k=55 {
n =

0—-)0-—)D=D=D=|>=D=b=>=<d9’>

o= 0=o=0=0=.=0=0=<ﬂ1ﬁ2>
[ W ] ®

e o se=e=e=0e=e=e=0=<¢€ >
e e—0e—=0=0=<¢€ >
(] [ ] ® [ e ® [ 2 [ ] [ ]
P —e=e=o0e—=0e=e0e—0=0=0=< Gy >
®
o= =.=.=.=.=a='o=o=o=<alﬂ1ﬁ2>
.-o=o=o=0=o=0=0=0=0=<ﬂf>
L L ]
[ [ [ J
PY e=0o—=0e=0e=0=0=0=< € >
o o [ [ ] [ J ® [ [ ® ]
e=—e—e—e0e=6—o0=e—e=e=06=0=< Q) >
[ ]
® [ ] o=20
L ®
e Y0o=0=0=0=0=0=0=0=< QP >
[ o=
._—_g=.=o=o=o=o=o:=o=.=0=<ﬂfﬂ2>
*e= @ (]
® 30 —30—30—>0—>0—>0 >0 —30—30 @
IO =0=—=0=0=0=0=0=0=0= =o=<a',2>
[ =49
.=o:.-_-_.=o=o=9=o=o=0=o=<ﬂ1€'>
® o=@ o=e ]
.=.=.=.=.=o=0=0=0=0=0=.=<0161ﬁ2>
[ ] [ ] o=0 ® o=0=0=90
o=0=.=0=0=0=0=0=0=0=0=0=0=<ﬁ15>
o= ® ]
[ J [ [ J ® [ ] [ ] ] [ ] ® [ [ ] [
e=0=e0e=0=06=0=0=—0=0—0=0=0=0=<0;3 >
e=29 ® [ J
.=o=o=o=o=o=o=o=o=o=o=0=<ﬁ§>
® [ = ] [ ] [ ]
® [} (] O=0—=—0=9 L
® o= L J
[ ] [ ]
[ ] [ J [ [ J o o [ ] [ J [ [ J [ ] [ ] [ ]
.=.=.:s:.=0=0==:=:‘:_:==0=.=0=.=<al4>
.=.=..—_-.:.=.=.=.=Q=.=.=’=.=.=<alﬂ§>
3 5 7 9 11 13 15 17 19 21 23 25 27 29



6 New Tables of 3-primary Groups
6.1 Stable elements and Stable type invariants

For the results of the stable k-stem groups for 55 < k < 81, we quote from Oka[22],
Nakamura[18],Tangora[33] and Ravenel[25].

6.1.1
( Lis?‘, of 3m; =< generator >, relations up to sign
(1) gy =< 1B >.
(2) 3es =< 13153 >.
(3) 3Tgy =< A >, A = {Bs,€1,04}.
(4) smia =< P03 >, BiB} ={ou,3,2}.
(5) 3711}94 =< f5 >.
6) 3y =< i >, p={o, 01,7}, 3p=a1fif;.
() T =<f>  B=fr=ap
) g =< Ve, M2 >, a2 = {au, 01,05}

We use notations of invariant similar to (5.1.7).

(6.1.2) Invariants Q™(¢) and Q (£) for £emp, 55<k<8l.

k H 62 65 [68] 72 (74|75 75 |78
f ﬂlﬂzz a]ﬁxﬂ% A f% Ps | alﬁ?ﬁ{ ﬂg
QmE) || bbs | abby | 1| 80 [ bs [m]| x b3
Q" (&) | BB} | ABBZ | L | B°B? | By | x | AB®BZ | B}




6.2 3-primary k-stem Groups for 56 < k < 61

First remark that all invariants in Q,, for 55 < k < 61, odd n > 1, and Q}
sms+2(S?) of k < 59 are fixed by the previous results.

Theorem 6.1 The mod A k-stem groups 77, (n : odd) for 56 < k < 61 are obtained
as the direct sum of the following three parts.

(1) Removable simple elements (with stable type invariants)

(n,k)= (15,56) (15,57) (3,58) (3,59) (9,61)
abz AB2 (ng AB% ABg

® ® ®
b B, - b B2 B,

(2) Removable short range elements (with stable type invariants)

n= 3 5 7 9 11 13 15 17 19 21 23 25 27
AB2?B, b%b, : AB b
k=57 ° o= si"0=o
B Bz (Lbbz B Q
k= B5  be' B3 ab?
= Type =y = Y5
k=59 ABB, ., %,
2 aby
E 60 B3.§2 . abb% 34 e 32 ab
o = = e = =
AB%; 5B, ' B *=°*B%
k<61 B%E’ b e e
= .é.s.be' olozoBs

(3) Remaining parts

n= 3 5 7 9 11 13 15 17 19 21 23 25 27
B2  ab*b, ph
NN
k=56{ o 02028 —e=o0
N N N
b5 AEz €9 (4] b3
k=57 \O-—)»\o—-)o
N N
E, E



n= 3 5 7 9 11 13 16 17 19 21 23 25 27

b‘?{?z
k=59 o= 90 = o\
U\ Uy 'u,g ph
N
k=60 o\ . \(—J o\
U? Ul w ABz bz
k =61 \o\(—-’\o=o=o=o\
ab§ 3232 abbz Bz ab2 B

Proof. We start to establish the 58-stem groups. Since u(4%) = 5 the simple element
of (n,k) = (3,58) in (1) is removable. Two blocks in k = 58 of (2) are fixed since no
other invariant which may vanishes any element of these blocks. The stable group 75
is trivial. Thus the 58-stem groups are the direct sum of the corresponding groups in
(1) and (2).

Similarly the groups of the 56-stem and 57-stem groups in (1) and (2) can be
removed. In order to fix the 56- and 57-stem groups it remains to fix those in (3) from
stable results n5; = w5, = 0.

From the results of the 58-stem group, P(E2) # 0 and P(E;) # 0. By Proposition
5.1 HP(E,) = 0 at (n,k) = (7,57). It follows then that =7, is of order 9. But this
groups is cyclic by Lemma 3.2 since ie; = i{p, 0,61} = @ 0i0¢;. Thus the 57-stem
groups are fixed.

By Lemma 2.4, the group =g, is generated by an element
v(3) € {es(3), pie, RO} with H(u(3)) = BL.
We denote v(n) = E*3y(3). _
Since H(By(5)) = a = I(a;(5)), we have H((338>(5)) = ab?b;. Then
7oy =< v(5),00 > Z/3 D Z/3.

Apply Lemma 3.8 to the relation ¢ € {a1, 01,61} of (5.1.1),(14), then we have an
element £(7) € mj; such that

H(7)) = ph = I(p(17)) and Plex) = B*%(7) = £(9).



Also applying Lemma 3.4 to aie; = i.{3, a1, €1} = +i.e; we have
3¢(7) = £ P(eg).

Thus £(7) is of order 9 and generates the kernel of E* : nl; — n}7. The kernel of
E® : 3, = n}} is generated by an element of order 3 which i8 mapped to 3¢(7) under
E.

Consequently the result in & = 56 of (3) follows from the following lemma.

Lemma 6.1 v(13) = 86,(13) up to sign.

Proof. In the 52-stem groups, we see that 33(9) # (2(9) o 2(35) but 82(13) = f2(13) o
£2(39). Then, up to sign,

v(10) € {@1(10),p,53(13)} D {1(10),, B2(13)} 0 2(40) > 57 (10)B2(40) = 5}5(10) .

The difference v(10) — 836;(10) belongs to ;(10) o'wl3. Since X = 0 it follows
E(v(13) — £335(13)) € a1(14) oy = 0, and the lemma is proved by (2.1.2). O
Note that up to sign

(6.2.1) P(ez) = v(7) = B} Ba(T) -

Next we consider the cases £ = 59,60, 61 of (3).

New invariants come from A : 7§, — #g; and A : w3, — 73,. Since E2 0 A = p-,
the image of first A is < v(5) & #82(5) > and the second A is surjective. The kernel
of the first A is < v(7),83f> > an the second one is < F}€'(7) >, since H(B2e(5)) =
I(a16:1€(9)) = I(B3). Then we have not stable type invariants

b, € Qly, B’By, U €@l and B’E' € Q}

with 6%b, = I'8}0:(5), J(B®Bz) = B36:(7), J(U) = v(7) and J(B2E') = i€ (7).

The first short range unstable elements in £ = 60,61 of (2) is obtained from those
in £ = 50,51 of Theorem 5.5,(2) by composing §; from the right respectively. The
second short range unstable elements ink = 60, 61 of (2) is obtained by Lemma 3.8 and
Lema 5.2 respectively.




Then (3) of k£ = 59,60, 61 is established by EHP-sequence which complete the proof
of Theorem. W]

In the above proof we find the following relations.

Proposition 6.1 Up to sign the following relations hold.
(1) H(v(3))=B3, H(B}B:(5))=ab’h;, H(£(T)) = ph,

3§(7) = P(e2) = v(7) £ B{fa(7), &(9) = Pler), P(V’) = v(13) = £3{F:(13).
(2) There ezists £'(7) € wh4 such that H(¢'(7)) = AE, and

H(p1e(5)) =0, 3¢(7) = pie(7) = P(Ey), &(9)= P(Ey).

Apply Lemma 3.5 to H(£(7)) = ph, then Proposition 6.1 (1) shows that H(8}(5)) =
ab?b, is M-presented by ai(10) o p(13) € {315, 1(9), p(12)}.

Similarly, H(¢'(7)) = AE;, shows that H(82€(5)) = b° is M-presented by a(10)oaze;
where a6, € mge(Y ™) is a coextension of aj€x(13) = 3p(13).

These are represented by stable class as follows.

Proposition 6.2 Up to sign the following relations hold.
(1) 1fiB: = {3, 1,9} .
(2) i = {oi,3, e} ie. B € {3,a1,3, €2} .



6.3 3-primary k-stem Groups for 62 < k < 70

The invariants in Q},,, for 62 < k < 71 are stable type except four invariants
related to simple elements at (n, k) = (3,62), (3,63).

Theorem 6.2 The mod A k-stem groups w3, (n: odd) for 62 < k < 70 are obtained
as the direct sum of the following three parts.

(1) Removable simple unstable elements

(n,k)= (3,62) (21,62) (3,63) (21,63) (9,64) (27,64) (9,65) (9,65)
ab®b, ab® AB’B, AB® ab%h,  ab ¥ ABB,

*wo, ‘22 *BB, B2 w5, b b *B%B,

(n.k)= (27,65) (9,66) (15,66) (15,67) (15,67) (3,68) (15,68) (21,68)
AB B abb, ABB.g b abb? B? ab,
’ o

) ()
B BE'  bb, BB, ¢ bb? E' b2

(n,k)= (3,69) (21,69) (9,70)
ABB? AB, ab}
® [ [ J

BB B, b

(2) .Removable short range elements

n= 3 5 7 9 11 13 15 17 19 21 23 25 27
Bng abbz
k=62 =
* = BB,m,
AB} b2 BF bt
k ——1 63 o o = *e=0 (_‘4.
h BY ¢
S °BB, aby
k=64 * = QE .b
2 U2

k=65 AE% eg.E"=.b3.
k 66 BB% abf, 2 E] .é_; Bz '

= o= 1Y
k — 67 ABZ? b AB?2 p? _

- RN
k=68
k 69 AB?B, b%b,

= ( ] 2 @ = @

B’ %:'Bz 0 B ap

k=170 OEE'O = .64 o = .Xéz.lﬂ




(3) Remaining parts

n= 3 5 7 9 11 13 15 17 19 21 23 25 27
a,bi
k=62 .=o=o=o=o=0=0=o=0=0=0=0=---<ﬂ1ﬂ§>
bb2 e
\o—- —e—e=e0= 50—0—0—0-—0—0—0— < afpE >
k=65{ b dnidnbdnh it =235t hdnh i X151
B2 ab%byph "ab?
B N
k=68{ o_::)gz):_c_o_o_o_o_o_ <A>
¥ A, e ter B AB b
NN N NN
k=69{ ® —0 —e o=o=o=o=o.—+o—+o
NN NN
E, E; B a; o

Proof. Since B} = a;€’ we may regard that b* = ae' and b° = abe’. All collections
of (1) are of type {z, P(z), HP(z) = taz}, P(z) € m.(S®%**3). The collections in the
cases (n,k) = (3,62),(3,63) are obtained from corresponding collections at (n,k) =
(3,52),(3,53) of Theorem 5.4,(1), by composing ;. The other collections in (1) are
also simple and removable by Proposition 5.2.

Except short range collection in k = 66 of (2), the other short range collections in
(2) are all established by Proposition 5.3.

Consider the element ¢ € 73, of (5.4.2). Since H(¢) = BB, we have H(£0(3,(43)) =
BB2. Since m37 = 0 by Theorem 6.1, it follows from (5.4.2)

E*(€ 0 52(43)) = B16a(T) = Bu(T) 0 B B2(17) € By(T) o 73 =

Thus B*(¢ 0 B5(43)) = £P(AB}). By Lemma 2.4 A(P(8})) = % 0 5,(43), and (2) has

~ been established.

$15%(5) and @10,63(3) are defined. So, k=62 and k=65 of (3) are completed.



Next observe unstable groups 7,4, and 7% ., n : odd. From the stable results
gy = Ty = 0, we see that these unstable groups are consist of collections in (1) and (2).
It follows that B}, abj, ph are H-images and B, E), B, a,, a are mapped injectively
under P.

Also we see that my;, 53 = 0 for n = 5,7 and 7%, ¢, = 0 for n =5,7,9.

Since HP(0°) = ab® = 0 we have P(}°) € E*nl 4 = 0, and b° is an H-image.

Also we see by Lemma 3.9 that

P(AEp) = E?n for some 1 and Hp(n) = {a1, a1, a1€2}(15) = By€2(15).
In stable range, fie2 € 75, =< 7 >, i # 0 and &Py = 301p = 0. Thus
H,(n) =0 and P(AE;) € E*rl ¢ = 0.

Then the first extension e — o — ¢ in k = 69 of (3) is established by Lemma 3.7.

Let € n{3, 43 satisfy H(£) = ph. Since HP(e3) = aes = 3ph = 0, we have E2£ # 0.
By Lemma 3.7 and ¢ € {a;.03,€1}, we have P(e;) = E%.

By Lemma 3.7 and Proposition 6.2, there exists £’ € w}],q; satisfying 3¢ = E%¢'
and H(£') = ab®b,. Thus the order of £ is 9 and B¢ = 0.

A is given by {f,€1,01}. Since B5(11) 0 €4(37) € w}}, 44 = O there exists A(11) €
{B2(11),€1(37),01(75)} with E<X(11) = \. Since E®¢' =0, A\(9) with E2\(9) = A(11)

exists. A\(9) must satisfy H(\(9)) = £B2. Then k = 68 of (3) is established, and we

have P(b*) = 0. Thus k = 69 of (3) is established by Lemma 3.7. 0.

6.4 3-primary k-stem Groups for 71 < k < 80

In the next theorem all invariants are stable type.

Theorem 6.3 The mod A k-stem groups n%,, (n : odd) for 71 < k < 75 are obtained
as the direct sum of the following three parts.

(1) Removable simple unstable elements

(n,k)= (9,71) (15,73) (27,75) (27,75)
AB} AE, ab  AB?
[ J

B ‘m ‘v ‘p




(2) Removable short range unstable elements

n= 3 5
E=T1
k=172

ABB? bb2
k=73 [ Xk BN |

BB}

k=174
k=175

(3) Remaining parts

AB? B2 BE'

11 13 15 17 19 21 23 25 27 29 31

ABB, bb,
oo =e
BBQ abz
Bt ¢ B2 ab
oo =9 e=90e
E b AB b
€2 €
oo =e
E, B3
Bng bez

o=00

ABgf bby

oe=00

2 ph B* ¢

n= 3 &6 7 9 11 13 15 17 19 21 23 25 27 29 31 steble
abb? ab®by ph
k=72{ .=.=‘—.=.=:=:§:§:§:=.=.=.=.=.=<ﬁfﬂg>
Astngzbz b2
k=73{ b==0=0=0=0=0=0=0=0=0
Bs be B
k=74 e=e=0e=0e=0e=e0e=0e=0=0=90=<[F; >
PR |
k=175 ¢ }0=0=O0=0=0=0=0=0=0=0=0=0=0=o0=< u>

Proof. From the results of k& = 70, we see that the H-images of the 71-stem groups are
AB2, ABB, and bby. Then the stable result 73, = 0 implies that the unstable 71-stem
groups are direct sum of ones in (1) and (2).

Consider the 72-stem groups. Since H(0}0%) = abb3, the series {8263(2m+1),m >
1} can be removed. P(ph) = 0 since n}3,,;, = 0. Then only possible element which

cancells with ph is b3. Thus the 72-stem groups are fixed.
The 73-stem, 74-stem and 75-stem groups are fixed without difficulty. O

Theorem 6.4 The mod A k-stem groups w72, (n : odd) for 76 < k < 79 have a direct
summands given by the direct sum of the following three parts.



(1) Removable simple unstable elements

(n, k) = (15,76) (33,76) (15, 77) (15, 77) (33, 77) (15, 78) (21, 78) (3,79) (21,79) (21,79)
ab®, ab ¥ AB?B, AB B abb, AB’B ABB, b

%, % % ‘B B BE W ‘BB BB, ¢

(2) Removable short range unstable elements

n= 3 5 7 9 11 13 15 17 19 21 23 25 27 29 31 33
' BB, abs
k=176 e=0e
4 , AB?’z ba
E
k=177 %(—e’zo Eo:oﬁ’o
BB% ab?, Ez E1 33 B2
k=178 = QA(-—’zobz s 12
B AB* b
k=179 L o0 —eo
B? ab

(3) Removable long range unstoble elements

n= 3 5 7 9 11 13 15 17 19 21 23 25 27 29 31 stable
m
k=178 .=Q=Q=.=.=Q=.=.=.=.=.=,0=.=Q=.=<ﬂg>
k=79 l.:.:.:.
B}

Proof. In k = 78, B3(5) = B2(5) 0 B2(57) exists and H(G3(5)) = 0. Then the 78-stem
groups are fixed, and P(l) = 0. Since 75, = 0, [ has to be cancelled with B2. The
others are easily obtained. O

Now, the following groups * and invariants remain to be fixed.

n= 3 5 7 9 11 13 15 17 19 21 23 25 27
L abb?
B:B: U} w
k=176 * * * * * * * * *
U3 Uz U1 w €3
ABB? 2
k=T7 * * * * * * * * * * * *
ab?




where not stable type invariants are given as follows :
J(U3) = Pes), J(Us) = P(E,), ,J(Uz2)=v2(19), J(Up)=11(25),
and ug = I(v2(17)), w3 =I(vi(23)), w=I(P(i)).

First we have HP(w) = u; by Lemma 3.13.

We consider two cases : Case (I) P(U3) =0 and Case (II) P(U;) # 0.

In the first case, there exists an element £ satisfying H{ = U; which must be
cancelled by the invariant ab%. Then the groups * in the 77-stem groups are all iso-
morphic to Z/3 and connected by isomorphisms E?. It follows that the invariants
Us, Us, Uy, w, ABB2,b3 are mapped injectively by P and there exists an element 7'
with H(') = B2B}. Applying Lemmas 3.7 and 3.9 to the relation 838} = {a, 3, A},
we have the existence of 7 satisfying pn = E%(y') = P(ABB2) # 0 up to sign.

In the second case, Lemma 3.9 shows that P(ABB2) = 0 and the existence of an
element 5 with H(7) = ABB? whcih must be cancelled by ab®.

By the exactness of EHP-sequence we have the following posibilities.

Proposition 6.3 We have the following variations.

n= 3 5 7 9 11 13 15 17 19 21 23 25 27
Case (I)

k=76{ 0—-)2—-)3}=}>:=.=0=0=0=.

k=17 0= 0 =0 =0=0=0=0=0=0=0=0=0
Case (II)

k___76{ ® ::g#.:.:.:.:o:.

k=TT * =0 = 0 =0 =0 =0=0=06=0=0=20

Here => means that the image of E* : nl 45 — w344 i the upper foctor, and o is a

group of 9 elements.

Finally, we remark the above result implies that H(n3,,,) has two generators, stable

and non-stable type. Also the groups @3, ,, has similar two generatiors. Thus we have.

(6.4.1) T 2Z/3DZ/3 and E*(nd,.) =0.



6.5 Table of 3-primary k-stem Groups for 56 < k < 80

The followings are the table of 3-primary k-stem groups mod A .

n= 3 5 7 9 1113 15 17 19 21 23 25 27 29 31 33 35 37 stable
' _ *—0—e ®
k"56{ 0O=0=—0—0—=0—0
*—0—e ° e o=0o
E=5T{ o o4
k=58 e o e=e e=e o
k=59{ oO=0=90 e =9
e
e=e o o oe=o» e=—e ¢
k=60{ 3" ¢ o
k=61 oe=¢ o o ¢ o=¢ o oe=0=0=¢
=e=e=e=e=e=e=e=e=e=0 =e=e=e=< [0 >
k=62{ ® o=e o ®
e o o—e¢ °
k=63 { t—e
k=064 ° e=e0 o °
________________ 2
k=65 { STUTOTITITITISIT T s e e < ol >
° e=0=0=9 °
k=66 e=e e o °
(] e o=0o
k=67 { :
k=68{ o=o=o=:=o=o=o=o=o=o=o=0=o= =< A>
*—30—) @ ®
- ® *—0—e O=CG-=0=0—=0—0—)
k_69{ e o=—e . ¢ ° o
k=170 o o o=¢ e=e o
k=T1 ° o eo=e¢
e=e=e=e=0=0=0=e=0=e=0=e=e=—e=e=e=e =< 20 >
k=72{ ° o eo=eo e=e¢ o
O=—0=0—=0—=0
O—0=0—0—0—0=0—=0=0=
k=73{ e eoe=e oooo:oo....

— O=0=0=0=0=0—0—0=—0—0=—0=0=0=0 = >
k=74 { == * * =<Ps
k=75{ 0—)0:0:0:0:0:2:2:2:0.—.0:0:o=o=o= =o=o=o0=< U >

o oe=e ®



k=16 { .
e o ® o=e O o
k=77 { 0=0=0=0=0=0=:=:=:z:=:=0 .
® ¢

o= ®
k=79{ : ®e O6=0=0—¢ : o o=e

n = 3 5 7 9 1113 1517 19 21 23 25 27 29 31 33 35 37 stable

The results for £ = 76 and k = 77 are not yet fixed and we show an example. The

variations are seen in Proposition 6.3.
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