IJIEMEHTBl MATEMATHURN

H BYPBAKMH

OYEPKH
[0 UCTOPUHU

MATEMATHKH

NMEPEBOI C ®PAHIIY3CKOI'O
U. . BAUIMAKOBO#

NoX& PELAKUHMEN
K. A PIBHHKOBA

U3INATEJNBCTBO
VHOCTPAHHOW JIUTEPATYPH
MOCKBA 1963






IJIEMEHTBl MATEMATHURN

H BYPBAKMH

OYEPKH
1o UCTOPUHU

MATEMATHKH

NMEPEBOI C ®PAHIIY3CKOI'O
U. . BAUIMAKOBO#H

o PELAKUHEN
K. A PIBHHUKOBA

M3OATEJBCTBO
MHOCTPAHHOM JIUTEPATYPH
MOCKBA 1963



AHHOTALIMA

IpennaraeMasi yuTaTeJsiM KHHra fBJSETCH YacTbio
MHOFOTOMHOTO COYHHEHHs <«3JJIeMEHTH MAaTEeMaTHKHY,
BHIIYCKAEMOT0 TpyNmoi KPynHHX (paHIy3CKHX Mare-
MaTHKOB, OGbeJAHHHBLIHXCS MNOA OGUIMM HCeBAOHHMOM
Hukona bypGaku. B HeMm u3naraioTcs HCTOpPHKO-Mare-
MaTHYeCKHe CBeJeHHs, Heo6XOINMble, N0 MHEHHIO aB-
TOPOB, AJISl NOHHMaHUs Pa3BUTHSA W COJEPKAHHA psja
OCHOBHBIX HJefi U MOHATHH COBPEMEHHOH MaTeMaTHKH.
TpakToBKa mnpeaMera BecbMa CBoeo6pasHa — B KHHre
OUeHb MaJi0 CChUIOK Ha KJIACCHKOB M IOYTH He Hashl-
BAlOTCA aBTOpHl HanGoJlee 3HAUHMTENbLHBIX COBPEMEHHBIX
noctuxeHuid. TeM He MeHee oOuepKH BecbMa Goratel
KOHKDEeTHbIM MaTepHajoM, M03BOJSIOUIMM CYAHTb O
pa3BuTHH MarteMartuueckux ugeii B XIX u XX BB.

KHxura unTepecHa BceM MaTeMaTHKaM M Y4YeHbIM
APVIMX CIe"MaJbHOCTEH, KeJalomHM O3HAKOMHTBCS C
A apre  HaNMCaHHBIMH Kpym-

‘ucrat., * ‘amu.

HYECKHM HayKaM



MPEAHUCIIOBUE K PYCCKOMY U3JAHHIO

ABTOpOM 3TOH KHUIM SIBJIsSIeTCH rpynnma MaTeMaTHKOB, B 6OJb-
IHHCTBe (DpaHIY3CKHUX, BBICTyNamwliass moj OGIUHM [CEeBIOHHMOM
H. Byp6aku. dra rpynna caoxuiacb B cepeiHHe TPHIALATHIX I0-
JIOB, H BCKOpe onpejenujach obias LejJb ee yYaCTHHUKOB: CO31aTb
TaKOH TpakTar, KoTopbli sBHJAcS Gbl 0630pOM Bcel MaTeMaTHKH,
MOCTPOEHHbLIM HA COBPEMEHHOM YpOBHE HAY4HON CTPOrOCTH H ONH-
palmomuMcsl Ha BO3MOXKHO Gosee ofuive npuHuunb. [lepBas Kuura
3TOr0 FPaHAHO3HOrO COYHHEHHs, MOJYYMBILIETO Ha3aHue «DJIeMeH-
THl MaTeMaTHKU», mosBuaach B 1939 r.

K Hacrosiemy BpeMeHH «DJeMEHTH MAaTeMaTHKH» HaCUHUTbI-
BawT yke 26 ToMoB. Bce oHM MOcBslleHbl ONHOK npoGseme -— U3-
JOXKeHHI0 (GyHIaMeHTabHBIX CTPYKTYP aHa/lu3a [0 MOHSITHH CTPYK-
Typbl cM. cratbio H. Byp6aku «ApxutekTypa mMareMaTHkH», DOMe-
HIeHHYI0O B KOHLe naHHo# KHuru (cTp. 245)]. CrpynnupoBaHu OHH
B mecTh KHHUr: 1. Teopus muoxects, 2. Aare6pa, 3. O6was ToR0-
aorusi, 4. OYHKUHY OeficTBUTENbHOrO mepemeHHoro, 5. TomoJsoru-
yecKHe BeKTOpHble TNpocTtpaHctBa, 6. MHTerpupoBanue. BuixopsT
OHH MO Mepe HaMUCaHHsA, BHE JQUHYECKOH MOC/IeI0BaTeJbHOCTH.
O crpykrype Bcero tTpakrata H. Byp6aku eme Huuero ompeneseH-
HOro He ONyOJHKOBaJH: «DJIEMeHTH MAaTeMaTHKH» MOCTEIIeHHO nepe-
BOASATCS HA pycckHH a3mk (yxke uzmanbl: Knura 3. O6was TomoJso-
rus.. OcHoBHble CTPYKTYpbl, Pusyarrus, 1958. Kuura 3. O6mas to-
nonorusi. Yucsa u ¢Bsi3aHHble ¢ HUMK FPYNNK U NpocTpaHcTBa, Pus-
matrus, 1959. Knura 5. Tonosiornueckue BeKTOpHble TMPOCTPAHCTBA,
WJI, 1959. Kuura 6. Anre6pa, ®usmarrus, 1962. Kuura 7. Teopus
MHOJKECTB, FOTOBHTCS K Jieuatd B M3matenncTse HHOCTPAHHOH JIH-
TepaTyphl).

Bcsikasi nmomeiTKa aHa/lM3a JIOTHYECKOH CTPYKTYpHl COBpEMeH-
HOH MaTeMaTHKH HeBO3MOXXHa G6e3 H3yUYeHHS! €€ HCTOPHUECKOro
pa3BuTHA. TakoBa onHa 3 OOIWHMX 3aKOHOMEPHOETEeH MaTeMaTHKH,
KaK H BCAKO# Hpyrof Haykd. Oco3HaHHE YKa3aHHOH B3aHMOCBSIZH
B «DJeMeHTaXx MaTeMaTHKHU» MPOSBHIOCH B GOJBIIOM YHCIe HCTO-
PHYEeCKHX OYepKoB, pa3bpocaHHBIX IO pasHbLIM ToMaM. Hactosimias
KHHra BO3HMKJIAa Kak cofpaHHe 3THX OUEPKOB, HeCKOJbKO Mepepa-
6oTaHHbIX, 4TOObl ofecneyuTb MX B3auMHYI0 cBsizb. [lpu 3TOM
«OuepkH 1O WCTOPHH MaTEMAaTHKH» NPHOGpPeNH HEKOTOPYK Lefh
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HOCTb U KaK OB HOBOE KaueCTBO, CAEJNAaBUIHCh IIEHHBIM COUHHEHHEeM
MO HCTOPHH MAaTeMaTHKH.

CnenoBajo Gbl cpa3y oTMeTHTb, uTo «Ouepku Mo HCTOpHUH Ma-
TeMaTHKH» He SABJAIOTCH HU MOJHBIM, HM CHCTeMaTHUeCKHUM Tpak-
tatoM. Ho 06 3ToM, paBHO KakK ¥ O CBOMX [eJsX, TFOBOPHT
H. byp6aku B npenucnosuu. [Toatomy Mbl He OGymeM oCTaHaBJH-
BaTbCA Ha MOJOOGHHIX Bompocax. CnenaeM numb HeKOTOpble 3aMe-
yaHus 06 OCOGEHHOCTAX 3TOH KHUTH.

«Ouepku» — nJoa KoJJeKTHBHOro Tpyna. Pa3BuTue Bcex ua-
cTell MaTeMaTHKH K HacrosilleMy BpeMeHH NpHBesNo Hallly HayKy
K TaKOMy MOJIOXEHHIO, UTO Cepbe3HOe MPOIBHKEHUE KaK B MPaKTH-
yeCKo#, Tak U B TeopeTHuyecKoH obJjacTu TpebyeT YyCHJIMH KOJJIeK-
tiuBa. Takoe e MOJIOXKEHHE CJOXKUJIOCh ¥ B MCTODHH MaTeMaTHKH.
B oco6eHHOCTH HaCTOSITEIbHO HEOOXOAHM KOJJIEKTHBH3M B HCCJe-
JOBaHHM TPYAHbIX mnpoGieM wuctopun MatemMaTiku B XIX w#
B XX BB.— npobJseM, sBJSIOIMIUXCS ¥ CaMbBIMH aKTyaJbHbIMH.
«QuepKu», HECMOTPS Ha psiil HeJOCTAaTKOB, NPEACTABJSIOT BecbMa
MOyuMTeJbHBI MpUMep COTPyAHHUECTBA YUEHBIX-MaTEMaTHKOB, COB-
MECTHO HCCJEeAYIOIHX HCTOPHIO CBoed HaykKu. MoxkHo HagesThbCH,
YTO 3TOT NMpUMep He OCTaHeTcss B JanbHellmeM Ge3 Mmogpa)KaHus.

Yeunus H. Byp6aku B co3maHuM eguHOH CHCTEMB, B KOTOPOW
BCe HWJM MOYTH BCe 06/acTH MaTeMaTHKH paccMaTpHBa/duCh Obl
C eJHHbIX OOLIMX MO3UIMI, He sIBJSIOTCS HOBBIMH B HCTOPHH HayKH.
[Mogo6GHble ycTpeMJIeHHS W COOTBETCTBYIOLIHE pe3yJbTaThl BO3HH-
KaloT BCSIKMH pa3, Korga MoA BJHUSIHHEM NPaKTHUECKHX 3alpoCoB
U yClexoB MaTeMaTHKa MHepexuBaeT Nepuol OypHBIX H3MeHEHHH,
KauecTBeHHO ee npeobpasywomux. Hctopusi Haykd XpaHUT MHOro
mono6HbIX MPHMepOB; NOCTAaTOUHO yKa3aTb Ha «Hauana» Eskaupa,
cuctemy JI. Dilnepa, HM3JI0XKEeHHYIO B CEPHH ero 3aMeuaTeNbHHIX
monorpaduii, cucremy ananauza O. Komwn u 1. 0. Temephr K HuM
no6aBasitoTcss «DaeMeHTH MateMmaTuku» H. Byp6aku kak eie
OJHH NpHMep, AeMOHCTPHUDPYIOIIUH 3Ty 3aKOHOMEPHOCTb Pa3BUTHS
MaTeMaTHKH.

ABTOop He yray6JasieTcs B Bompochl (pHIocO(CKOro xapakrepa,
XOTS M He MbITAeTCs MOJHOCTbIO HX U36exaTb; Gosiee TOro, OH NMOHHU-
MaeT, uTo 31echb «OCHOBHas Ipo6/eMa COCTOHT BO B3aHMOOTHOIIEHUH
MHpa 3KCIepHMeHTaJbHOIO M MHpa MaTeMaTHueckoro» (cTp. 258).
B To Xe BpeMsi KpHTHUECKH BOCHPHHHMAIOLIMH OTHeNbHble BHIBOJBI
aBTopa yHMTaTe/b Jierko oGHapyXHT, uto TaM, rae H. Bypbaku ka-
caeTcsl 3THX BONPOCOB, €r0 PacCyXKAeHUs] CTAHOBATCH HeJOCTaTOUHO
YeTKHMH, B H3BeCTHON Mepe CIy4alHHBIMH H He BCerja OTpaKawr
o0beKTHBHbIE 3aKOHOMEPHOCTH pa3BUTHS MaTeMaTHYeCKoid HayKH.

Csoeo6pasHbiii A3blk counHenuss H. Byp6aku usobunyer HoBbI-
mu tepmudamu. M. T'. Bammaxopa, mepeBoAuBlIAast 3Ty KHUTY, H
aBTOP 3THX CTPOK MPHJIOXKHJIM HeMaJible YCHJIUS, YTOGBl COXpaHHUTb
310 cBoeo6pasve ¥ B TO Xe BpeMs H306eXaTb IeperpyskH TeKCTa
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Hepa3bsACHEHHbIMH HHOCTDAHHBIMH  TEePMHHAMH, [epenuCaHHbIMH
pycckumu O6ykBamu. HemosHoTa ouepkoB BBIHYKAAJda BBORMTb
NpUMeyaHHsl B Tex CjyyasiX, KOrja 3Ta HEeMOoJHOTa M ONHOCTOPOH-
HOCTb TpO3WJIH HAaBSA3aTh YHTATEJNIO0 HCKaXKeHHble MpeACTaB/AeHHS
0 pasBuTHH MaTeMaTHKH. CIIHCOK JuTepaTypbl B KOHIle KHHTH
HeCKOJIbKO IIONOJIHEeH; OCHOBHYIO paGoty 3aech Bhnoauuaa JI. A. Co-
POKHHA.

B 3axkuiouenne Heo6XOZMMO YKasaTh, YTO 3Ta KHHUra — He AJ1f
Jerkoro ureHusi. Uro6B XOpoLIO YCBOUTb ee COAepKaHHe, HALO
objafaTh HEKOTOPOH MaTeMaTHyecKof KyJbTYpoH M 3HaTh OCHOB-
Hble (akTh HcTopuu marteMaTukd. Ho urenne «OuepkoB» moMoxKer
COBETCKHM MaTeMaTHKaM (a MaTeMaTuKa B Halld JHH — MaccoBas
npodeccusi) W MarteMaTHuecKM O6pa30BaHHOH HHTEeNJHIeHLHH CY-
LIeCTBEHHO DACIIMPHTbL CBOH HayuHbIH Kpyro3op ¥ u3bexaThb CTOJb
OMacHOM [/ YYEHbIX OJHOCTOPOHHOCTH M PEMECJEHHOro MOAXoAa

K HaykKe.
K. A. PoibHukos



NMPEOUCJIOBUE

B 3Ty pa6oty BkaOueHa, 6e3 KaKuX-MH60 CYLIeCTBEHHBIX H3Me-
HeHull, Gosbliasi 4acThb HCTOPHYECKHX 3aMETOK, OMyG6/MKOBaHHBIX
B MOHX «JDJieMeHTaX MaTeMaTHKH». «3aMeTKH» IiepelenaHbl Tak,
4TO HX MOXKHO UMTAaThb He3aBHCHUMO OT «DJIeMEHTOB», MO03TOMY
B NPUHLHOE OHH JOCTYNHBl KaXJOMY, XOPOUIO 3HAKOMOMY C OCHO-
BaMH KJlaCCUYECKOH MaTeMaTHKH,

Camo coGo#i pa3syMmeercsi, UTo OTHeJbHBIE CTaTbH, COCTAaBJSAIN-
ue 3TOT COOPHHK, HHKAaK He MOTYT IpeTeHIoBaTh Ha To, 4TOOH
o6pucoBaTh, XoTs Obl B caMblXx OOIIHMX 4epTax, NocjeLoBaTelbHOE
W NOJNHOe pa3BUTHE MarTeMaTHKH BIJIOTb A0 Hamux aHed. Takue
pasjesbl KJacCHYeCKOH MaTeMaTHKH, Kak AUbdepeHunanbHasi reo-
Merpusi, asare6pauueckas reoMeTpHsi, BapHALMOHHOE HCUHCIEHMUE,
eBa 3aTpParuBalTCs; NPYyrHe pasfielbl, HalnpuMep Teopus uuced,
Teopusi aHaAJUTHYeCKHX GyHKuui, Teopusi AudPepeHLHANbHbIX
ypaBHeHHH, OOGLIKHOBEHHBIX M C YaCTHHIMM HPOH3BOJAHBLIMH, MOYTH
He ynoMHHawoTcs. PasyMeercs, npo6esbl cTaHoBsATcst GoJiee 3Ha-
YUTEJbHBIMH M HX KOJMUYECTBO YBEJHYHBAeTCs, Korga Mbl MOAXO-
IUM K HalleH smoxe. OTH pasfesb He OblJIH YMBILUIIEHHO OMYyLIEHbLI
aBropoMm. IlpuunHa Kpoercss B TOM, UTO COOTBETCTBYIOLIWE [JaBhl
«DJ1eMeHTOB» eile He OblIM OMyGJHKOBAHBHI.

HakoHen, uyutarte/b He HalieT 3AeCb HUKaKHX CBeleHHH GHo-
rpaduuecKoro HJM aHEKJOTHYECKOTO XapaKTepa O MaTeMaTHKax,
TEOpPUH KOTOPBIX 3J€Chb HM3/1araloTcs; NMPH H3JO0XKeHHH Kax 1ol Teo-
pUH aBTOp cTapaJjcs M[pexJie BCEro BO3MOXKHO TOYHee BLISBUTh
ee HampaBJsiOllMe UAEH H TO, KAK 3TH HJeW PA3BHBAJHCh U BJHSJIH
Ipyr Ha Hpyra.

Hudprl, 3aka0ueHHble B KBaApPATHble CKOGKM, OTCHLIAIOT YMTa-
Tensl K JuTepatype B KOHIE KHUIH.



OCHOBAHHS MATEMATHKH. JIOTHKA.
TEOPHSA MHO)XECTB

HsyueHue TOro, 4ro OGLIUHO HMEHYyeTCs «OCHOBAHHUSIMH Mare-
MaTHKU», HHTEHCHUBHO NMpoBoauMoe ¢ Hauaja XIX B., He Morjo 0wl
yChmelmHo pa3BUBaThCsl Ge3 OJHOBPEMEHHBIX MapaJliejbHbIX YCHIHH,
HanpapJ/eHHbIX HA CHCTeMATH3aUMIO JIOTHKH HWJH, BO BCAKOM CJy-
yae, TeX ee yacTelf, KOTOpbHle KacaloTCs CUENJeHHs Mare-
MaTHYeCcKHX npeljoxeHull. Henb3s TakXKe OTHeIUTh MCTOPHIO
TEOPHH MHOXecTB M (OopMajiu3allud MaTeMaTHKH OT HCTOPHH «Ma-
TeMaTHuecKo# Joruku». ONHAKO TPagHIHOHHAsI JIOTMKA, KaK H JO-
riKka coBpeMeHHbIX (DusocodoB, uMeeT B NMpUHIHUME ropasgo GoJee
MIHPOKOe IoJe MpUMEeHeHHs, ueM MaTeMaTHka. B cBs3u ¢ 3TuM
yhgTaTeNb OyJeT HANMPAacHO HCKAaTb B 5TOH KHHUre M3J0XKEHHs HCTO-
pUH JIOTHKH, XOTsl 6Bl W B caMmbix o0muXx ueprax. Mubl orpaHuyu-
BaeMcsl, HACKDJbKO 3TO BO3MOXHO, PacCMOTPEHHEM HCTOPUH JIO-
MKH JHIIb TMOCTOJbKY, MOCKOJbLKY OHA BJHSjJa Ha 3BOJIOLHIO
MatemaTHkH. [To 3TOl Ke mpuuuHe 3[4ecb HUUEro He OyIeT CKAa3aHO
0 HekJaccHuecKHX (MHOTO3HAUHBLIX H MOAadbHLIX) Jjorukax. C eme
GOJILIIUM OCHOBaHHEM Mbl OGXOAMM MOJUYAHHEM HCTOPHIO CIOpa,
pasgensisuiero GuaocodoB H COGHUCTOB [0 BEHCKOH WIKOJH HAa [Ba
Jarepsi B 3aBUCHMOCTH OT HX B3IVISIIOB Ha BO3MOXHOCTb H CIIOCOGHI
MpUMeHeHHs JOTMKH K 06beKTaM YYBCTBEHHOrO MHpPa M K MOHSTHSAM
4eJJOBeYeCcKOro pasyma.

Tenmepr y»Ke Heab3ss COMHEBATbCs B CYIIECTBOBAHHH CHJbLHO
pasBUTON MOS/JIHHCKOH MarTeMaTHKH. He TOJNbKO MOHSTHS LEJ0ro
qycjga W Mepbl BeH4yHH (caMu mo cebe yXe oueHb aGCTPaKTHHIE)
ynoTpe6asitoTcss B caMblX APEBHHX M3 HOIIEAUIMX [JO Hac TEKCTOB
Erunta u Xangeu, HO U BCA BaBUJIOHCKas ajire6pa C ee H3SIIHBIMH
M yBepeHHBIMH TNpHeMaMH He MOXeT paccMaTpuBaThCsi B BHIE
MPOCTOfi COBOKYNMHOCTH 3ajad, pellleHHbIX SMIHPUUECKH, Ha OLIYMh.
U ecau B TekcTax Mbl ellle He HaXOOHM HHUErO MOXOXKero Ha «JQ-
Ka3aTeJbCTBO» B (HDOpMaNbHOM CMEIC/Je CJIOBA, BCE e HMeEIOTCH
BCE OCHOBAHHUSI MOJAraTh, 4TO OTKPHITHEe TAaKHX NMPHEMOB pelleHHs,
OGIIHOCTD KOTOPHIX BHAHA W3 YACTHBIX MPHUMEHEHHH K 4YHCJIOBLIM
npuMepaM, He MOIJIO HMeTb MecTa 6e3 XOTs Obl MHUHMMAaJbHOIO KO-
JUYecTBa JIOTHUECKHX paccykIeHuil [BO3MOXKHO, elle He BIOJIHE
OCO3HaHHBIX, HO CXOXHX C TeMH, Ha KOTOpbie OTNHpaeTcs COBpPeMeH-
Hblli anre6paucT, Korga mpeanpHHUMAaeT BHIUHCJAeHHe JO «OKOHYA-
TesbHOro odopmienus» eex neraneir ([166], ctp. 203 u caen.)].
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OpHrHHAJIbHOCTb IPEKOB 3aKJ0YaeTcsi HMEHHO B HUX CO3HATEdb-
HbIX MOMLITKAX DPACMNOJIOXKUTb LeNb MaTeMaTHYeCKUX N0Ka3aTeslbCTB
B Takyl TMoCJeldOBaTeNbHOCTb, UYTOOBI Nepexol OT OJHOro
3BeHa K CJefylollleMy He OCTaBJjs] Obl MeCTa COMHEHHIO M 3aBOe-
BaJ BceoOlilee mpu3HaHue, To, uTO rpeueckie MaTeMaTHKH MOJb30-
BaJIMCh B CBOMX HCCJENOBAHHAX CKOpee «3BDHCTHYECKHMHU», HeXeJH
IOKa3aTeJbHbBIMU pAacCyXIeHHUsIMH, KaK 35TO JenaloT W cOBpeMeH-
Hble MaTeMaTHKH, MOXeT ObiTb MOATBepXIeHo (B cjyuyae HeoOXo-
auMoct) «TpakratoM o wMerofZe» Apxumena [ll4c]; 3amerum,
uro y Apxumena MOXKHO HaHTH YNMOMMHAHHS O Pe3y/jbTarax «Hai-
JeHHBIX, HO He NO0Ka3aHHbIX» NMpeNIlecTBYIOUIHMH MaTeMaTHKaMu !).

OpHako B caMblX paHHHX M3 HOLIEALIMX JO HAc H NOAPOOHO
M3YUeHHbIX TEKCTOB (OHH OTHOCSITCSt K cepefiiHe V B.) HIAeaJbHbIH
«KAHOH» MaTeMaTHYeCKOTO CTHJIsi H3JOXKEeHUs y¥Ke MPOYHO YCTaHo-
BJieH. BriocsiencTBUK OH MOJIyyaeT OKOHUaTebHOE 3aBeplleHHe Y Be-
JUKHX KaaccukoB: EBkauna, Apxumena, Annonouus. [Tonarue Roka-
3aTeNbCTBA Y 3THX aBTOPOB yXKe HHUEeM He OTJHMYAeTCs OT HAIIero.

Mpbl He pacrmosaraeM HY OJHUM TEKCTOM, MAAIOIHM BO3MOXK-
HOCTb MpPOCJENHTh 33 MepBLIMH IaraMu 3TOr0 «JAeAyKTHBHOTO
MeToda»; KorJa ero cyuiecTBoBaHHe OblIo BrepBble OOHApYKeHO,
OH yXe mpencraj npen Hamu OJM3KHM K coBeplueHCTBY. MoxXHO
JIMILIb TpeAnosaratb, 4TO OH eCTecTBeHHHIM 006pa3oM MpPHCYTCTBO-
BaJ B HACTOMYMBBIX MOMBITKAX «OOBACHUTb» MUD, KOTOpble Xapak-
TEPU3YIOT IPEUecKylo MbICJAb M KOTOpHE yxKe BHAHH y ¢usocodon-
uoHuiineB VII B. Tpamuuus K TOMy 3Ke eNMHOAYLIHO TPHIHUCH-
BaeT pa3BHTHe U BLISIBJIEHHE CYTH 3TOr0 Merofia mnudaropeickon
IIKOJie B TepHOA BpeMeHH MpUOAU3UTENbHO ¢ KoHLa VI B. u 1o
cepenuHbsl V B.

HMMenno 3ta «IelyKTHBHasi» MaTeMaTHKa, SICHO OCO3HAIoWasl.
CBOM LIeJIM M MEeTOHbl, Jerja B OCHOBY pa3BUTHsi ¢uaocopckolt u
MaTeMaTHYECKOH MbICTH MOcAedyIoUX cToleTHd. Mbl yBUIUM, Kak,
C OOHOM CTOPOHB, Mo o0pa3uy MareMaTHuKd OyIeT NOCTeneHHO
pasBuBaTbcsi «(opManbHas» JOrMKa, KOoTopas NpUBeleT K CO3Ma-
HHIO (GOpMa/u30BaHHLIX $I3BIKOB, a, C JAPYrofl CTOPOHBI, TJIaBHHIM
o6pa3oM c Hauasna XIX B., Gyner Bce Gosee u Gojiee YCHAHBATLCS
HHTEpeC K OCHOBHBLIM MOHSITHSIM MAaTEMaTHKH H CTDeMJIeHHe YSCHHUTb
UX TMPUPORY, 0COOEHHO MOCJe TMOSBJIEHUS TEOPUH MHOMXKECTB.

1) Umenno JleMOKpHTOM, KOTOpOMY ApXuMej NPUIHCHIBAET OTKphiTHe (op-
mysbsl o6bema mupamufbl ([114c], crp. 13). CpaBHUTEe 3TH YNOMHHAHHsI C H3BECT-
HbIM (GparMeHTOM, NMPUIHCHIBaeMbIM [eMOKpPHTY (HO COMHHTENBHON MOAJHHHOCTH),
rae oH 3asBasieT: «HHKTO HHKOrAa He npeB3olles MeHs B NOCTPoeHuH QHUryp mo-
CPeJICTBOM [J0Ka3aTeNbCTB, MAaxe TaK HasblBaeMble erdnerckde rapiiefOHanTsl
([168], 1. I, cp. 439, u 1. II, 1, cTp. 727—728). 3ameuanue Apxumena u TOT BakT,
YTO B NOLIEAIIHX JO HAac erMMeTcKHX TEeKCTaxX HUKoraa He Gblio HafiieHo JOKasa-
TENBCTB (B KJACCHYECKOM CMhIC/E CJ0Ba), HABOJHT Ha MbIC/b, UYTO «JOKa3aTesb-
CTBa», HA KOTOpble HaMekaer [IeMOKDHT, yKe He CUMTAJMCh TAKOBLIMH B KJac-
CHYECKYIO 3MOXY ¥ He ObIM OBl HMU H B Haule Bpems,
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dopmanu3anus JOrHKH

OG61ee BreyaTneHde oT rpedeckoit ¢unocopuu V B., 0OCHOBaHHOE
Ha JOLIeNIINX JO Hac TeKcTaX (3a4acTYio OTPHIBOUHBIX), COCTOUT B
TOM, YTO B HeH TOCMOACTBOB&JO W pa3BHBa/och Bce Oojee U Oosee
0CO3HaHHOE CTpeMJieHHe PacHpOCTPAHHUTb MPUEMBl COUJeHeHHsl pac-
CYXJEeHHil, ycrmemHo NpHMeHseMble PUTODHKAMM W MaTeMaTHKaMH
TOr0 BpeMeHH, Ha Bce 00J1aCTH uyesoBeUecKOH MBICAH — APYTHMH
c1oBaMH, yToGH CO31AaTh JOTHMKY B caMoM oOlLieM CMEICje CJOBa.
Tou ¢unocodckux counHeHuft 3TOH 3M0xH pe3ko MeHsiercs. B VII u
VI BB. ¢dusocodsl ewé ToABKO YTBEPKAAIOT HJIM NPOPHLAIOT (U
JIMIIL B HEKOTOPBIX CJydyasiX MNPHBOAST TyMaHHbIe JOBOAH, OCHO-
BaHHbIe HAa HE MeHee TyMaHHBIX aHaJorusix). Hauunas c Ilapwme-
Huga ¥ ocobGeHHo 3eHOHA, OHM yXKe apryMeHTHPYIOT, MBITAsiCh BHI-
JeJUTh OGIHe MOJIOXKEeHHs, 4TOObl MOJOXKUTh HX B OCHOBY CBOEH
JHaJeKTHKH; WMeHHo y [lapmeHujga mbl BrepBble HaxomguM Gopmy-
JUPOBKY NPHHLHKNA HCKJIIOYEHHOro TPEeThero, a JAoKa3aTesabcTBa 3e-
HOHa DJjefcKoro nyreM NpuUBeleHUs K abCcypAy 3HAMEHUTHI U cel-
yac. Ho 3enon mucaa B cepeguHe V B.; W Kak Obl Hu Gblaa He-
coBeplIeHHA Halla NOKYMeHTAlHs '), Mbl C MOJHBIM OCHOBaHHEM MO-
eM Tpeinosararb, YTo B 3TO BpeMsi MaTeMaTHKH B CBOMX paforax
cBOGOJHO NOJB30BANUCh ITUMH NPHHIHNAMH.

Kak yxe OBLJIO CKa3aHO Bbllle, B Hallle HaMepeHHe He BXOMUT
OnUChIBaTh Te OGeCKOHeuyHble TPYMHOCTH, KOTOPble Ha KaXKAOM LIary
o6HapyKHUBAIOTCS B nepHof (OPMHPOBAHHS JOTHKH, a TaKkKe BO3-
HHKaIOIlHe 110 3TOMY MOBOAY COpbl — OT DseatoB u go [lnatona u
Apucroressi, BK/I04as U CODHUCTOB; OTMETHM JHIIb TY POJb, KOTO-
pylo cHrpana B 3TOM Pa3BHTHH BbICOKas Ky/JbTypa OpaTOPCKOro
HCKYCCTBA C €ro NPsiMbIM CJAeJCTBHEM — aHAJM30M s3blKa, KOTODBIH
eIMHOAYLUIHO MPHHSITO NPUMHCHIBATHL TJIaBHBIM 06pasoM coducram
V B. C gpyrofl CTOpPOHbI, ec/ld BJUsSSHHEe MaTeMaTHKH ¥ He Bcerfia Bhl-
cTynaer sIBHO, OHO TeM He MeHee CKa3hlBaeTcsi, U B UaCTHOCTH B CO-
ypHenusix IlnaToHa w Apucrorens. MoxHo ckKasaTh, utTo [lnarton
6blT IPOCTO OJEePXKHM MaTeMaTHKOiH; He BHOCS HUYEro HOBOTO B 3Ty
06J1aCTb, OH C ONPeJeJIeHHOro Nepuofia CBOeH XKM3HH HAauHHAeT U3y-
yaTh COBPEMEHHBIX eMYy MaTeMaTHKOB (i3 KOTODBIX MHOrHe GLLId
ero Apy3bsiMH HJIH yUeHHKaMH) H yXe He [1epecTaeT HermocpenCcTBeH-
HO MHTEPecoBaTbCsi MaTeMaTHKOH BIIOTh NO TOrO, YTO Mpejsaraet
HOBBIe HANpaBJIeHHs] HCCJAENOBAHUH; B ero Tpylax MaTeMaTHKa Tak-
e MOCTOSIHHO HMCIOJIb3YeTcsl B KauecTBe HJJIOCTPALUM WM MOIEJH

1) JlyumuM KJaCCHYECKHM IPHMEPOM paccyk[IeHHs MpHBElEHHeM K abecypay
B MaTeMaTHKe SBJSETCH A0KA3aTeNbCTBO HMppaiuoHaibHoctd V 2, Ha KoTopoe He-
CKOJIBKO pa3 B KOCBEHHOH ¢Qopme cchlnaercs ApPHCTOTENb; OLHAKO COBDEMEHHBIM
yYeHHIM He YNaJOCh TOYHO YCTAHOBHTH AAThl 3TOTO OTKPHTHSA, OIHH OTHOCAT €ro
K Hayajqy V B, a ApyrHe — K CaMOMy KoHUY (cM. cTp. 147 H CCBHUIKM, NpHBeJeH-
Hble TaM N0 3TOMY MOBOAY).
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(1 naxe MHOrAa faeT NMHUILLY ero CKJIOHHOCTH, KaK H CKJOHHOCTH [IH-
tdaropeiines, k MHCTHUU3MY). UTo KacaeTcs ero yueHHkKa ApHCTO-
TeJisl, OH He MOT He YCBOMTb TOrO MHHUMYyMa MaTeMaTHYeCKHX 3Ha-
HUH, KoTopblfi TpeGoBaJjicsi OT yueHuKoB AkafeMmuu. Bmocnenctsuu
H3 ero COUMHeHUH OblIHM W3BJIeUeHHl BbLIEpKKH, COCTABUBIIHE IIENYIO
KHUTY, Tle HUJH HemocpeACTBEHHO TOBOPUTCS O MaTeMaTHKe, HJIH
UMeloTcst ynoMHuHaHus o Hedl {114 d]. Ho oH, mo-BuauMomy, He cauiu-
KoM ofpemeHsin ce6si H3yueHHEM MaTeMaTHUYeCKHX JOCTHXKeHHH CBO-
ero BpeMEeHH, TaK KaK LUTHPYET TOJbKO Te MOJOXKEHUS] MaTeMaTHKH,
KOTOpHE yKe JaBHO cTajH obulen3secTHbIMH. [logo6Hoe orcTaBanue
XapaKTepHO U AJs GOJBUIMHCTBA MOCJAEAYIOIMHX (HI0cOo(OB, MHOTHE
U3 KOTOpHIX 32 HEHMEHHEeM CNelHaJbHOH MOArOTOBKH GBHIIH HCKpeEH-
He yOexJeHbl, YTO COBOPSIT O MaTeMaTHKe cO 3HaHMeM [€fa, Torna
KaK B JeHCTBHTENbHOCTH CChLIAJHCh Ha JaHHbIE, JaBHO YCTapeBLIHe.

STOT MepHoa B OTHOUIEHUH JIOTHKH 3aKaHYUBAETCS MOHYMEHTaJb-
HbHIM TpyaoM ApucroTens {4], Beaqukasi 3aciyra KOTOPOTO COCTOUT B
TOM, UTO €My BIepBble Y1aJ0Chb CHCTEeMaTH3UPOBAaTh U KOAH(DHUIHPO-
BaThb MpHEeMbl paccyXIeHHUsl, KOTOpble Yy €ero mnpenllecTBeHHUKOB !)
ocTaBaJMCh HesiCHBIMH M HechopmynupoBaHHbIMH. Ham 3mech ciae-
JAyeT ocOGEHHO BbIAENUTb IVIABHbIH Te3HC 3TOr0 TPYAa, a8 UMEHHO, YTO
KaxJoe KOPpPeKTHOe pacCyXJIeHHe MOXKHO CBECTH K cHcTeMaTHue-
CKOMY MpHMEHEHHI0 HeGOJIbIIOro uhcjaa HeM3MeHHBIX NMpaBuJi, He3a-
BUCHMBbIX OT YaCTHOH MPHUPOABI 06BEKTOB, 0 KOTOPhIX HAET peub (He-
3aBHCHMOCTb $ICHO OOHapyKuBaerTcss 0603HaueHHEeM MOHSATHH WM
BBICKA3bIBAHHUH C MOMOLIbIO O6YKB, YTO, BO3MOXKHO, GbIJIO 3aUMCTBOBA-
HO ApuctotesieM y matemaTHkoB). Ho Apucroresnb cocpenotounBaer
CBOe BHHMaHHEe MOYTH HUCKIIOUHTENbHO KA 0cOO0M BHJEe OTHOIUEHHUH
H JIOTHUECKHX pPacCyXJAEHHi, COCTAaBJAIOLIHX TO, UTO OH Ha3blBaer
CHJIJIOTH3MOM: MO CYTH 3TO OTHOLIEHHS, BbIpaxKaeMmble B Hallle Bpems
Ha fi3blKe TeopuH MHOxecTB?) B Buie AcB wmm ANB+ Qu

1) TlpaBusia, c¢opMyaupoBaHHEle ADHCTOTENEM, KaXyTcsi HaM IPOCTBIMH H
OUEBUAHBIMH»; AJf TOTO 4TOOBI HOHSITH Te TPYAHOCTH, KOTOPHIE BO3HHUKAJHU B CBA3H
C TOYHHIM TMOHHMaHHEM 3THX NPaBHJ, H Te YCHJHSA, KOTOphle AOJIXKeH 6bla mpo-
ABUTh ApHCTOTENb, 4TOGH HX H3JIOXKHTh, HeOGXOXMMO paccMaTpPuUBaTh HX B COOT-
BETCTBYIOWIMX HCTOPHYECKHX paMkax. I11aTOH B CBOMX JMajorax, B KOTOPHIX OH
o6pamaercsi K NPOCBELIEHHBIM CJyIIATeNsAM, BBIBOAHT AeHCTBYIOMHX JHL, KOTOPbIE
NyTalOTCA B TaKMX 3JeMEHTapPHBIX BOIpOCcaX, KaK COOTHOLIEHHE MeXIy OTPHLa-
Huem ACB u otHowenneM A1 B = & (B cOBPEMEHHO} TEPMHHOJIOTHH), BBIACHAS
B JaJbHefllleM npaBuJbHbli oTBeT [192].

2) CoorserctByiomue ¢opmyasl Apucrorens «Bceskoe A ectb B» u «Hekoro-
poe A ectb B»;, B stux ofGo3HaueHnsax A («cy6bexT») u B («nmpenukart») 3same-
HAIOT NOHATHS, H BhICKa3biBaHMe «Bcakoe A ects B» o03HauaeT, 4TO MOXKHO npH-
NHCaTh NOHATHE B KaxAOMY CyLIECTBY, KOTOPOMY MOXHO NPUINHCATh noHsTHe A
(A — nonstue «uenoBex», a B — NOHATHE «CMEPTHBIA» B KJACCHYECKOM IpHMepe).
Hurepnperanus, KOTOpPY0 Mbl 1aeM, COCTOMT B TOM, 4TOGHI paccMaTPHBAThb MHO-
JKeCcTBa CYIIECTB, K KOTOPHIM IPUMEHHMBl COOTBETCTBEHHO noHatua A u B; srta
TOYKa 3DEHHs, HagbiBaeMas «0ObeMHoil», yxke u3BectHa Apucroremo. Ho o pac-
cMaTpuBaeT 0coGeHHO OTHOLleHHe «Bcsikoe A ectb B» mpexpe Bcero ¢ apyroit
TOYKH 3peHMsl, HasBAHHON «COAepxKaTebHOH», rge B paccmMaTpuBaeTcss Kaxk OJHO
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cnocob clen/eHdsi 3THX OTHOLUIEHHH WJIM MX OTPHIAHHA MO cXeMe
(AcB u BcC)= (AcC).

Apucrorenb Bce »Ke ObIJI JOCTaTOUHO 3HAKOM C MaTeMaTHKOI cBoell
3M0XU U He MOT He 3aMeTHTb, YTO NOAOOHBIe cXeMbl GBIIH HeNOCIa-
TOUHBIMH [/ ONMHCAHUS BCeX JOTHYECKHX OMepaluil MaTeMaTHKOB,
Hu TeMm Gojlee Misi APYrux npumeHenudl joruxku ([4] An. Pr. I, 35;
[114d], cTtp. 256—26) '). Bo Bcsixom cayuae, yrayGieHHOe H3yueHHe
pasaHuHBIX (OPM «CHJJIOTH3Ma», KOTOPBIM OH 3aHSJICS (M KOTOpoe
MOYTH 1EJUKOM [OCBSIIEHO pPa3bsiCHEHHIO TPYMHOCTeH, MNOCTOSHHO
BO3HHKAIOLIKX BCJEICTBHE IBYCMBICTEHHOCTH MU HEsiCHOCTH TEPMH-
HOB, KOTOpble BXOIST B pacCyXXleHHe), NaeT eMy TaKxke BO3MOXK-
HoCTh c(OpPMYaHpOBaTh NpaBuia 06GpPa30BaHHS OTPHILAHHUsS Npen-
adoxedus ([4] An. Pr. 1, 46). Apucrorenio Takxe NPHHANJIEKHUT 3a-
cayra 4eTKOro pasrpaHHYeHHsi pPOJAM «OOLIMX» BbICKA3BIBAHHH OT
POJIH «YaCTHBIX», 3TOrO MEpBOro YepPHOBOro HaGpOCKa KBaHTOPOB 2).
Ho HaM cJOHIIKOM XOpOIIO H3BECTHO, KaK BJHUSIHME €ro COYHHEHHH
(KoTOpble 4acTO HHTEPNPeTHPOBANHCh Y3KO H HEBPa3yMHTENBbHO),
BecbMa omytumoe eume U B XIX B, xomKHO OBJIO MOOWPSATH
¢usocohoB K npeHeOGpexKHTeNbHOMY OTHOIIEHHIO K MaTeMaTHKe H
NpensiTCTBOBaTh Pa3BUTHIO (HOPMAJbHOH JIOTHKH 3).

TeM He MeHee OHa NPOJLOJIKaeT Pa3BUBAThCS B aHTHYHOM MHpe
B Merapckoil ¥ CTOHYeCcKOH IKOoJaX, CONepHUUYABLINX C NepHIaTeTH-
Kamu. K coxkasienuio, Mbl pacriosiaraeM CBefeHHSIMH O HX JOKTPHHAX
M3 BTOPBIX PYK, Y4aCTO B HM3JIOXKEHHH HX NPOTHBHHKOB HJIH NOCpel-
CTBEHHBIX KOMMEHTAaTOpoB. [JIaBHBIM MAOCTHIXKEHHEM 3THX JIOTHKOB
6Bl10, MO-BUAUMOMY, OCHOBaHHe ,MCUHMCJEHHsS BBICKasblBaHUH B
ero COBPeMEHHOM 3HaueHHH: BMeCTO TOro YTOGbl OrpaHUYHBATHCS,
nogo6Ho ApHCTOTeNI0, BbICKA3bIBAHHSIMH uacTHoro Buga A < B,
oHu (GOpPMYJHPOBANN NpPAaBHJIA, OTHOCSIIHECH K MOJHOCTbIO Heonpe-
OeneHHbIM BEICKA3bIBAHUSIM, U NIOMHMO 3TOro, Tak riyGokKo mpoaHa-
JU3UPOBAJH JIOTHUECKHe OTHOLIEHHS] MeXIy 3THMH NpaBHJaMH, u4TO
MOIJIH C NOMOLIbIO NPHEMOB, CHJIbHO HANOMHHAIOLUIMX COBPEMEHHbIE
Meronsl [19], BLIBOAHTL BCe 3TH NpaBHJa H3 MATH M3 HUX, KOTOPhIE

W3 TOHATHH, KOTOpble KaK-TO COCTABJAT GoJiee cjI0kKHOe MOHATHe A, uan, Kak
roBopuT ApHCTOTeJsb, «eMy MpuHajjexaT». C mepBoro Ba3risiga o6e TOUKH 3peHHs
KaxyTcs PaBHO eCTeCTBEHHLIMH, HO TOUKA 3peHHs, Ha3blBaeMasi <«cojepKareb-
HOii», 6Bla MOCTOSIHHBIM HCTOYHHKOM OCJIOXHEHHH B Da3BHUTHH JIOTHKH, OHa, Ka-
xKertcs, Gosiee fajieka OT MHTYHUUH, HeXesH MepBasi, H HOBOJLHO JIETKO MPHBOTHUT
K omu6KaM, a HMEHHO B cxeMax C oTpuuanusimu (cp. [52a], crp. 21—32).

1) O xpurHueckoM OGCYXAeHHH CHJJIOTM3MAa M €ro HeJIOCTATOYHOCTH CM., Ha-
npumep, ([52a], crp. 432—441) nau ([123], crp. 44—50).

2) OrcyTcTBHe HACTOSIUMX KBAaHTOPOB (B COBpPEMEHHOM CMbICJe CJOBa) [0
koHua XIX B. 6bl0 OfHOH M3 NpHuuH 3acTod GOPMAJBLHOH JIOTHKH.

3) PacckasbiBaloT c/ydail ¢ M3BECTHHIM YYeHBIM, KOTOPHIH Ha HeJaBHeHl KOH-
¢epenunu B IIpuHcTOHe cKasasn B npucytctBuu [égens, uto B Jioruke He GBLIO
C/elaHO HUYEro HOBOI'O €O BpeMeH Apucroress!
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MpYHUMAJNCh B KayecTBe «HegqoKasyeMbix». K coxaJieHUIo, BIHSHUE
ux OblJIO BecbMa 3(eMepHEIM M pe3yJbTaThl UX TPYNOB GLLIM npena-
Hbl 3a6BeHHI0 BIJOTb OO TOrO BpPeMeHH, KOrjaa OHH GbLIH BHOBL Hafi-
nenul gorukamu XIX B. Jlo XVII B, HenpeB3oiiieHHBIM aBTOPUTETOM
B JIOTHKe OocTaeTcss ADPHCTOTesb; B UAaCTHOCTH, H3BECTHO, uTO (ujo-
co(bI-CX01aCThl HAXOAWAHCh BCElEJOo NOA ero BJAHsHUeM. XOTS
HeJib3si npeHe6peraTh MX BKJaZoM B ¢opmajbHyto Joruky [20 bis],
BCe e HaJo KOHCTaTHPOBaThb, UTO OH He NpHBEJ K CKOJNbKO-HHOYIb
3aMeTHOMY Mporpeccy B JOTHKe MO0 CPABHEHHIO C aHTHYHOCThIO.

Tpyast Apucroresis ¥ ero npeeMHHKOB, I0-BUIUMOMY, HE 0Ka3a/u
3aMeTHOrO BJHAAHYMS Ha MareMaTHKy. [ peueckne MaTeMaTHKH B CBOUX
HCCAe0BAHUAX WM [0 MyTH, NPOJOXKEeHHOMY nudaropeiinaMu H
ux nocienosareasmu B IV B. (Teomopom, TesteroM, Esmokcom), u
MaJio MHTepecoBasuch (GOPMaJNbHON JOTHKOH NMPH H3J0XKEHHH CBOHX
pe3y/bTaToB. JTO He JAOJIKHO BhI3bIBATh YJMBJIEHHS; NOCTaTOUHO
CPaBHUTb TMOKOCTb U TOUHOCTh H3/0KEHHs MaTeMaTHUeCKHX paccy-
XKJEeHHH, KOTOpOoe MMeJ0 MeCcTO HauMHas ¢ 3TOro nepuoja, c BechbMa
PYAHMEHTapHBIM COCTOSIHHEM apUCTOTeJeBOd JOrukd. A xorga Jo-
rMKa nepeliarser yepes 3Ty CTa[HIO, TO ee NOBELYT Brepes N0 MyTH
nporpecca OnsTb-TaKW HOBhIe JOCTHIKEHHsI MaTeMaTHKH.

IeficTBUTeNbHO, ¢ pa3BuTHeM ajreGpel Hedb3s ObIO He 3aMe-
THTh aHAJIOTHH, CYyIIeCTByolled MeXay npasuaaMd (opMasbHOH
JIOTUKY U TpaBUJIaMH anareGph; U Te U Apyrue o6/1aqamT TeM 061IHM
CBOHCTBOM, UTO OHH NMPHUMEHHMHI K HeonpegejJeHHHIM 00bekTaM (BHI-
cKa3biBaHMAM uau uyucaam). M korma B XVII B. anre6panueckue
0603HaueHNsl NPUHSJIA OBOIO OKOHUaTesJbHyl0 GopMy B Tpynax Bue-
ta u Jlekapra, nouts ceffuac ke HAaYMHAIOT BO3HHUKATh Pa3JHuHbIE
MONBITKH CHMBOJHUYECKHX 3amuceil IJisi BHIPAXKEHUs JIOTHUYECKHUX Olle-
pauuii, Kak, Hanpumep, 3amucy dpuroHa (1644 r.) gokasaresabcTs
sjeMeHTapHoi reomerpuu uau Ilenns (1659 r.) apudmernueckux
nokasaresabcrs; A0 JlelOHHUIIAa BCe 3TH NONBITKH, OCTABaJHCL BeCh-
Ma IMOBEpXHOCTHBIMH M He BeJH K Iporpeccy aHaju3a MaTeMmarTH-
YeCKHX PacCyXJIeHHH.

Jleii6HuL, KOTOpHIH Obl He TOJNbKO (usocodoM, HO ¥ Beauyai-
MM MaTeMaTHKOM, yMeJ H3BJeKaTb H3 CBOEro MaTeMaTHuyeCKOro
ONbiTa POCTKH TexX HAeH, KOTOPHIM CyXJeHO OblI0 BHIBECTH (opMaJib-
Hy!0 JIOTHKY H3 cXoJacTHyeckoro tynuka'l!). Hesosek BceoGbeMJo-
1ero yma, eciu 3TO BoOOLle BO3MOXKHO, HEHCCSIKAeMBIH HCTOUHHK

) Xors Hekapr u (B MeHbiueli crenmenu) Ilackanb MOCBATH/IM YacTh CBOMX
¢dunocopckux TPYLOB OCHOBAHHSM MaTeMaTHKH, HX BKJaj B pa3BUTHe (opMaJb-
HOH JIOTMKM BecbMa He3HauHTeseH. [IpHuMHa 3TOro, 6e3 COMHEHHs, KpoeTcsi B HX
OCHOBHOH TeHJeHIHH, HampaBJeHHOH Ha TO, uToGBl OCBOGOXHMTH (UIOCOPCKYIO
MBIC/JIb OT OMeKH cxoslacTkH. OHU oTGpaceiBa/y BCe TO, YTO MOINIO OBITh CBA3AHO
Cc He#l, W B MepByl ouepelb ¢opMaJbHyIO JOTHKY. B cBoux «PasMbimsenusx
o ayxe reomerpuu» [lackajb, Kak OH caM INpPH3HaeT, OrPAHUUMBAETCS TeM, uTO
BbIDAXKaeT B XOPOLIO OTTOYEHHBIX (OPMy/aX H3BeCTHble MPUHUHMILL AOKA3ATEJBCTR
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CcaMOGBITHBIX H MJAOLOTBOPHBIX uael, Jlefi6uuun oco60oe BHHMaHHe
yaesisieT JOrMKe, TaK KaK OHa HAaXOAHJacb B LEHTPe ero GOJbLIHX
npoeKToB GopMa/ju3aluHl s3blKa H MblIIJIEHHs!, HaJ KOTOPHIMH OH
He npekpaina/J paboTaTh BCIO XXH3Hb. XOPOLIO 3HAKOMBIH C CaMoro
JIETCTBA CO CXOJ1aCTHYECKO! JIOTHKOH, OH OblJ yBJeueH ujaeei (Boc-
xonsiule#t Kk PaiiMony Jliossio) co3panust Metojxa, KOTOPbiH Gbl CBO-
JHJI BCE CYIIECTBYIOUIHE NOHSTHSI K NMPUMHUTHBHBIM [OHSTHUSM, COC-
TaBJASIOUINM «a36yKy UYejJ0BeuecKOH MBICJIH», H PH NOMOLIH KBAa3H-
MeXaHHYeCKHX KOMOHHAUUWHA AaBaJj Obl BCe HCTHHHBIE BbICKA3bIBaHHS
([144b], . VII, ctp. 185; cp. [52a], ra. II). ¥Yxe B panHeis Mosoj0-
CTH y Hero 3apofusach u gpyras, 6ojiee OpUrHHAJbHAS HJES O 110Jb-
3e CHMBOJIHYECKHX 06O03HAueHHH, KOTOpble CJYKHJIH Obl MbllLIE-
Huwo ') «HUTbIO ApuanmHbly. «HCTUHHbLE MeTOO, — TOBOPHUT OH, —
doascer date Ham filum Ariadnes, T. e. HexoTOpOe OCA3aemoe u epy-
6oe cpedcTgo, KOTOpoe Hanpaguao Oel pasym, nO0OOHO HauepTaH-
HOLM AUHUAM 8 2eOMeTpuu u gopmam onepayut, npeonucsleaemsim
obyuarowumca apumeruxe. bes atoeo Haw pasym we cmoe 6ot npo-
Odeaars OaunHbLL nyTe, He cbuswiuce ¢ dopoeus ([144b], T. VII,
crp. 22; cp. [52a], ctp. 90). Ho 25-neTnero Bo3pacra JlefiGHuIL Ohij
HEeJOCTATOUHO 3HAKOM C MaTeMAaTHKOH CBOEro BpeMeHH H CBOM Tep-
Bhle TPYARl HOCBATHJ «YHHBePCaJbHOMY s13blky» ([52a], ra. III); Ho
KaK TOJIbKO OH INO3HAaKOMHJCs ¢ anare6poH, OH HCHOJb30Bal ee
B KauecTBe MOJeNH OJs1 CBOeil «YHHBepcaJbHOM XapaKTepPHCTHKU»,
MoJ KOTOPOHA moapasyMeBaJ HeKHH CHMBOJIHUECKUH SI3bIK, CIOCOGHBIH
6e3 OBYCMBICIEHHOCTell BbIPaXaTh Bce YeJOBeYeCKHe MBIC/H, YCH-
JIUTh Hauy BO3MOXKHOCTb AeAyKuuH, H3berath owmuGox 6/arogaps
YHCTO MeXaHWuYecKHM YCHJMSM BHHMaHHs H, HaKOHEIl, MOCTPOEHHHIH
Tak, UTO «Xumepol, KOTOPble He NOHUMaeT 0aoce TOT, KTO UX co30aer,
He cmo2yr 6biTe 3anucaner e2o 3waxamuy ([144a], 1. I, crp. 187).
Muorouncnennbsie MeéTa M3 coudHHeHHil Jlefi6HHIA, B KOTOPBLIX OH
ynoMuHaeT o6 3TOM TFPaHAHO3HOM MpOEKTe M O Nporpecce, mocje-
aytouieM 3a ero peanusanueit (cp. [52a], ra. IV u VI), nokaseiBator,
C KaKOH SICHOCTbIO OH moHumaeT ¢GopMa/n30BaHHBII $iI3bIK Kak 4HU-
CTyl0 KOMOGHHALMIO 3HAKOB, B KOTODHIX HMeeT 3HaueHHe JHWIb HX

Epkauna [wanpumep, 3HAMeHHTOE MpaBHa0: <«MBICIEHHO BCerna MOACTABAATH.
onpefenenus Ha Mecto ompenenseMsix» ([175] T. IX, crp. 280), 6b10 mo cymie-
ctBy u3BectHo ewme Apucroremo ([4], 9, op. VI, 4; [114d], ctp. 87)]. Uro «a-
caerca Jlekapra, To ero mpaBusia O PacCyXKAEHHH SBJAIOTCA TNpeXae BCEro ICH-
XOJIOTHYECKHMH HACTaBJEHHSIMH (M TPHUTOM [OBOJBHO HEACHBIMH), a He JIOTHue-
ckuMH KputepusimH; Jlefi6uuy ympexkaer ero B Tom ([52a], ctp. 94 u 202—203),
YTO OHH HMeT CYyGBbEeKTHBHYIO 3HaUMMOCTb.

) Ipenwecrsennukn Jlel6HUUA, KOHEUHO, TAKXKe NMPOSBAAMH MHTEPEC K CHM-
BOJIHKE B MaieMaTuke, M Jlekapr, HampuMep, PeKOMEHAyeT 3aMeHAThL leabie (H-
rypbl «ouenb KOpoTkMMH 3HakaMu» (XVI mpasuno ans pykoBoactea ywma; [64al,
1. X, ctp. 45). Ho no Jleii6nuna HuKTO C Takol CHION He HAcTamBas HA yHHBep-
€aNbHOM 3HAueHHH STOrQ NPHHILHMA,
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cuenyieHue '), Tak yTo MallMHa CMOXeT I10J1y4YaTb BCe TeOPEMHI 2)
H Bce Helopa3yMeHHsl CMOryT ObITb pa3pelieHbl MPOCTHIM BHIYH-
cnenuem ([144b], 1. VII, ctp. 198—203). XoTs nomoGHble yasHHSA
U MOTYT NoKa3aTbCsl Ype3MepHbIMH, BCce e Hago MpU3HATh, 4TO,
HaxoAsiCb UMEHHO MOJ UX NOCTOSHHBLIM Bo3feficTBueM, JIeHGHHUL co-
37471 3HAYHMTEJbHYIO YacTb CBOHX MaTeMaTHUecKHX TPYHOB, U rmpe-
XKJe Bcero CBOM paboOThl O CHMBOJIMKE HCUHC/AEHHs GeCKOHeuHo Ma-
abix (cM. crp. 199—201). OH cam 3TO npekpacHo co3HaBajg W SIBHO
CBSI3bIBAJl CBOW HAeH O BBeleHHH HHAEKCOB H JEeTepMHHAHTOB
([144a), 1. II, cTp. 204, cp. [52a], cTp. 481—487) u cBoH Habpocok
«T'eomeTpuueckoe ucuuc/aeHHe» (cM. ctp. 72 u 84—86; cp. [52a],
ra. IX) co cBoeit «xapakrepuctHkoii». Ho oH cuuTasn, 4To ero Hau-
GoJiee 3HAUUTENbHBIM TPyaoM OyaeT CHMBOJHUYecKasi JOTHKa, HJIH,
Kax oH rosopuJa, «Calculus ratiocinator», u, eciu eMy He ynajochb
co31aTb MOJOGHOrO HUCYUC/EHHS], OH MO KpaliHed Mepe TPHXKIbL NpPHU-
CTynaJ K peaJH3alldM cBOero HaMepeHHsi. B cBoell mepBoil mombiTKe
OH CTPEMHTCsi CONOCTABHTb KaXXJOMYy <«MPHMHTHBHOMY> TepMHHY
MPOCTOE YHCJO, a KaXKIOMY TePMHHY, COCTABJIEHHOMY H3 HECKOJb-
KHX TMPUMHTHBHBIX TEPMHHOB, — NMpPOH3BeJeHHE COOTBETCTBYIOLIHX
MPOCThIX uKces ®); OH cTapaeTcs NMepeBeCcTH B 3Ty CHCTeMY OGbIYHLIE
npaBuJia CHJJOrH3Ma, HO CTAJKHBAETCS €O 3HAUWTEJIbHLIMH TPYIHO-
CTSIMH, CBSI3aHHBIMH C OTpHllaHHeM (KOTOpOe OH, 4TO BMNOJiHe ecTe-
CTBEHHO, MBITAeTCs BHIPA3UTh W3MeHeHHeM 3HAaKa), U ObICTPO OT 3TO-
ro orkasuaercsa ([144c], crp. 42—96, cp. [62a], cTp. 326—344). B
CBOMX JaJjibHeHIIHX mnonblTKax JIelGHUI cTpeMUTCst MPUIATh aPHCTO-
TesieBOH JorHke Gosiee anre6panyeckyio (GpopMy; OH TO COXpaHseT
o6osHaueHHe AB 1/ KOHBIOHKUHHM [BYX MOHATHHA, TO ynorpebaser
o6osnauenne A + B*); on 3aMeuaer B MYJbTHIIHKATHBHOH 3aMUCH
3akoH ulemnoredTHoctH AA = A, 3aMeuaeT, 4TO MOXKHO 3aMeHUTh
BhICKa3biBaHHe «Bcsikoe A ectb B» paBencTBoM A = AB u uro, HC-
XOJIl M3 3TOr0, MOXKHO MPH MOMOLIH YHCTO ajrebpauyeckoro HCyMc-
JleHHsi BHOBbL HalTH OGosblinHCTBO mnpaBusa Apucrorens ([144c),
ctp. 229—237 u 356—399; cp. [52a], cTp. 345—364); OH TakKe ro-
BOPHT 0 mycToM nousituu (non Ens) u, nanpumep, sHaet o6 skBHBa-
JIEHTHOCTH BbICKa3biBaHUH «Bcsikoe A ecTb B» u «A (He B) He cy-
uecTByeT» (CcM. HUTHpoBaHHYyl0 pa6ory). OH, KpoMme TOro, 3aMeuaert,

1) TlopasuTenbHO, 4TO B KauecTBe NpHUMepa paccyXaeHusi «mno (opme» OH
NPUBOMMT «CUET TNoJyuyaTeds» WM Jaxe opuanyeckuii texkcer ([144], 1. IV,
crp. 295).

2) H3BecTHO, 4TO TAKOE MONSTHE «JIOrHYECKON MALIMHBI» HCNOJb3YETCS B HalUH
IHH B MeTaMaTeMaTHKe, rje OHO BecbMa nosesno ([131], ra. XIII).

3) Ty HEel0 C ycrmexoM NPHMEHH] B CBOMX pa6oTax MO MeTaMaTeMaTHKe
Ténenp, HO B cinerka u3MeHeHHoM Buge (cp. [100a] u [131], crp. 254).

4) Jlefi6HHI BBOAMT B CBOE HCYHMCJeHHe JM3BIOHKUHMIO JHIIL B HEKOTOPBIX
¢parmentax (rze om ee o6osmauaer A + B), u eMy, NO-BHIMMOMy, He yAa/IoCh
OJHOBPEMEHHO YIOBJETBOPHTEJNbHEIM 06pa3oM ynoTpeGasaTbh 3Ty ONEpaunio W ome-
paumio xowsiowkuun ([52a], crp. 363).
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YTO ero JIOrHuecKoe HcuyucJeHHe MPUMEHUMO He TOJNbKO K JIOTHKe IO-
HATHH, HO TakKXe W K Joruke BbickaswBaHuil ([144c], crp. 377).
31ech, MO-BHAUMOMY, OH OJM3KO MOLXOAHUT K «6YyJ/1€BY HCUHCIACHHIOD.
K coxaJjiennio, eMy, mo-BUIUMOMY, He yAaJ0Ch MOJHOCTbIO 0CBOGO-
JHUTLCS OT BJIMSIHHSI CXOJACTHKH, OH He TOJbKO CTABUT MOYTH €QHH-
CTBEHHOH KOHEUHOH I1eJIbl0 CBOEro HCUMCJ/AEeHHS TPaHCKPHUMUHIO B
cBoMX 0603HaueHWsX TPaBUJI CWJJOrH3Ma '), HO WaeT Haxe Ha To,
yTo6bl MMOXKEePTBOBATbH CBOMMH HauboJee yHLaYHBIMH HAESMH painu
XejaHHsl BBIBECTH BCe NpaBusia ApucToTesns, naxe Te, KOTOpHE
GLIM HECOBMECTHMBI C TNOHSITHEM MYCTOTO MHOXeCTBa ?).
Bonavmast yacts pa6or Jlefi6Huua ocrasasach HeomyGJHKOBaH-
Ho# o Hauaga XX B., ¥ HEMOCPeACTBEHHOE BJHsIHHE WX ObLJIO He3Ha-
yurenbHbIM. B Teuenue Bcero XVIII u navana XIX BB. pasauu-
uule aBTophl (ne-Cernep, JK. JlamGeprt, [Tayke, Toanann, ne Kac-
THJIbOH, JKeproH) BBICTYAAJH C [ONBLITKAMH, aHAJOTHUHBIMH TMOMBIT-
Ke JleliGHMIIA, OIHAKO He MOUIMM JaJblie TOrO, HA YeM OCTAHOBHJICS
Jleli6uui; paboThl HX HMeJH Ype3BblYaWHO cJaalblii pe3oHaHC, Tak
yTo GOJILLIMHCTBO H3 HHX Ha)ke He 3HAJO O TPyHax CBOHX Mpelle-
cTBeHHUKOB 3). B 3THX ycnoBusix HauwHaeT nucath K. Bysb, KoTo-
poro cjiefyer CUMTATh HECOMHEHHBIM CO3[aTejeM COBPEMEHHOH CHUM-
Boanueckol Joruku [{24]. Ero ocHoBHas Mjes 3aKJIOYaeTCs B TOM,
YTO HAJO0 TMOCTOSIHHO CJeA0BaTh «0GBbEMHOH» TOYUKe 3peHHs M, 3Ha-
YHT, HeNocpeJACTBeHHO OnepHpoBaTb ¢ MHoxectBamu. OH 0603Ha-
yaer mepeceyeHHe ABYX MHOXKECTB 4epe3 Xy M HUX oObeiHHEeHHe —
uyepe3 X + y, KOria y x u y HeT obuux s/jemeHToB. [Tomumo sroro,
OH BBOJHMT «yHHBepcaJbHOe MHOXKeCTBO», oGo3HaueHHoe 1 (MHOXe-
CTBO BceX OOBEKTOB), mycToe MHOXecTBO, oGo3HauenHoe 0, u no-
nonueHue x, o6osHayeHHoe 1 — x. Tak ke Kak 3To genan Jled6Guur,
OH MHTepNpeTHPYyeT OTHOIIeHHe BKJIOUYEHHsS PABEHCTBOM Xy = x (OT-
KyZa 6Ge3 Tpyaa BHIBOLMT MOATBepXKAEHHE MPABHJ KJAACCHYECKOTO
cuJIoruaMa); ero o6o3HaueHuss AJAsi OObeJHHEHHsS W JOMOJHEHHs
npuaaloT Bcell cucreMe THOKOCTb, KOTOPOH He XBaTaslo CHCTeMaM
ero npeawectseHHukoB *). Kpome TOro, comocrtaBslsisi KaxKIOMY

1) Jle#i6uuy XopolIO 3HaJ, YTO apHCTOTesNeBa JIOTHKA OblJa HeLOCTaTOUHOM
A (opMasbHOTO MepeBofa MaTeMaTHUYeCKHX TeKCTOB, HO, 3a HCKJIOYEHHEeM He-
KOTOPBLIX MOMBITOK, €My He YIaloch YAy4YLIHTb ee B 3TOM OTHOleHuu ([52a],
cTp. 435 u 560).

2) Peup uJeT o NpaBuJiaxX, U3BECTHBIX KaK KKOHBEPCHA», OCHOBAHHBIX Ha MO-
cTyJaTe, uTo BhicKaseiBaHHe «Bcskoe A ecth B» Bieuer 3a coboii «Hekortoprie
A ectb B», a 370, ecTecTBEHHO, npejnoJaraer, uto A He fIBJIAETCS MYCTHIM.

3) HesHauurenbHblii uHTEpec K (opMaJbHOM JIOTHKE B 3Ty 3M0Xy OTYAaCTH
ob6bacusercs BauHsiHueM Kauta c cepenunnt XVIII B, On cuuran, uTo «HaMm He
HYXHB HHKaKHe HOBbE H306peTeHHs B JIOTHKe», TaK Kak ¢opma, B KOTOpYiO ee
o6aex ApucTOTeNb, JOCTATOYHA [/ BCEX CJy4YaeB ee BO3MOXKHOTO MPHMEHEHHS
([129 bis], 1. VIII, crp. 340). O nmormatHueckux Konuenuusx KaHTa B OTHOIIEHHH
maTemMaTHKu cM. [52b].

%) Ocob6o oTMmeruM, uTo Bysp mnoab3yercs AMCTPUGYTHBHOCTBIO IepeceyeHHs
B OTHOLIEHHH K oO6bedHHEHHIO, uTO BrHepBble O6bL10 3aMeyeno K. JlamGeproM.



18 OCHOBAHHSI MATEMATHKU JIOTMKA TEOPUS MHOXECTB

BLICKA3bIBAHHIO MHOXECTBO «C/1yudeB», KOTZa OHO BepHO, OH HHTep-
npeTHpyeT OTHOMIEHHE HUMIJIMKALHK KaK BKJIOYeHHe, H, TaKUM 00-
pas3oM, ero HCUYHCJeHHe MHOMXKeCTB [JaeT eMy NpaBujia «HCUHCJIEHHS
BBLICKa3bIBAHHUH».

Bo Btopo#t mnonosuHe XIX B. cuctema DByass 6blia ocCHOBOHR
s paGoT aKTHBHOM WIKOJNHI JIOTHKOB, KOTOpLle ee yCOBepLIeH-
cTBOBasH ¥ pononusii. Tak, HkesoHc (1864 r.) pacmiupu/a cMmbica
onepauuu o6beAHHEHHs X + y, pacnpocTpaHuB ee Ha cjiyuail, Koraa
x u y— mobeie. A e Moprau B 1858 r. n K C. TTupc B 1867 .
IOKa3aJi OTHOLIEHHS ABOHCTBEHHOCTH

(CA)N(CB)=C(AUB), (CA)U(CB)=C(AnB)Y.

Ile Mopraun B 1860 r. TakKe 3aHHMaJICsi OTHOWIEHUSIMH, ONpeaessio-
IIMMH HHBEPCHIO H KOMMO3HUIHNIO 6GMHADHBIX OTHOWeEHHH (T. e. omepa-
-1

UHSIMH, KOTOpble cOOTBeTCTBYIOT onepauusim G u GG, Ham rpa-
¢ukamu) 2). Bece 3TH paboTH cHCTeMaTHYeCKH H3JI0XKEHHB H Da3BUTHI
B o6uiMpHOM ¥ MHorocmoBHoM Tpyhe Llpénepa [203]. Onnako aw06o-
NBITHO TO, UTO JIOTHKOB, O KOTOPBIX MBI TOJILKO UTO FOBOPHJIH, MAJIO
HHTEpecoBasa BO3MOXKHOCTb MPHMEHEHHs! MOJyUeHHBIX Pe3yabTaToB
Kk MatematHke, a Byab n Llpénep maxe cuuTanu, NO-BUAHMOMY,
CBOeHl OCHOBHOI1 1e/1bl0 pa3BHTHe ajre6phl ByJisi, Konupys ee MeTonbl
¥ npo6seMbl C KJaCCHYeCKOH anare6psl (4acTo JOBOJbHO HCKYCCTBEH-
HbeiM o6pasoM). [Ipuunubr sToro, 6e3yca0BHO, ClefyeT HCKAThb B TOM,
yro 6yJeBO HCUHCJIEHHe ellle He OBLJIO JOCTATOYHO YROOHBIM JJist
3anucefl GOJbUIMHCTBA MaTeMaTHUeCKHX paccyxaeHuii3) u, Takum
o6pasoM, JHIIL YACTHYHO OTBevyaso BeduKol MeuTe JlefiGHuua.

IToctpoenune GoJee npucnocoGieHHBIX K MaTeMaTHke (opmasaus-
MOB, XapaKTepH3YyIOLHXCs B OCHOBHOM yrnoTpebjeHueM nepeMeHHbIX
BeJHUUH W KBAHTODOB, BBeldeHHHIX He3aBucuMo Ppere [89a, b, c] u
K. C. ITupcom [179b], 6bis10 mesioM H JIOTHKOB H MaTeMAaTHKOB, KOTO-
pble B OTJIHUME OT CBOHMX NMpPeJIIeCTBEHHHKOB HMe/IH B BUAY Mpexie
BCEro NMPHJIOXKEHHe HX K OCHOBAHHAM MaTeMaTHKH.

1) Cnenyer OTMeTHTb, 4TO (OPMYJHPOBKH, SKBHBAaJEHTHBlE 3THM M[paBUJaM,
Mbl yme HaxofuUM Yy HeKotophix ¢umocotpos-cxosnactos ([20 bis], c¢rp. 67 u ca.).

2) OnmHaKo TOHATHE <«/J€KapPTOBa» TPOH3BENEHHS NBYX NPOHM3BOJNLHEIX MHO-
JECTB, NO-BHAHMOMY, siBHO copMyaHposaHo ToJbko I, Kanropom ([35], cTp. 286):
KaHTop TaxkXke nepsblit onpexenser crenedb A3 (uut. pa6., crp. 287); A. H. Vaiir-
xe[l BBOAHT MNOHsITHe OeckoHeuHoro npoussefenus ([246], ctp. 369). YmorpeGie-
HHe TpadHKOB OTHOWICHHA BBEJEHO HENABHO; €C/HM, KOHEUHO, HCKJIOWHTb KJIaCcCH-
YecKHH c/yuyall YHCJOBBIX (YHKUHH AeHCTBUTEJBHBIX I€DEMEHHBIX, OHO, IO-BHIH-
MOMY, BIepBbie MOABJAETCA y HTAJBAHCKHX TeOMETPoB, a HmenHo y K. Cerpe
NpH U3YYeHHH a/reGpaHuecKuX COOTBETCTBHH.

8) Inst Kawdoe0 OTHOIIEHMS, TMOJYYEHHOTO M3 OJHOTO HJIH HECKOJbKHX HaH-
HBIX OTHOLUEHHH NpHMeHeHHeM HAUIHX KBAaHTOPOB, Hajo OblJo 6Ll B 3TOM HCUHC-

JleHHH BBOJHTb ofosnauenys ad hoc no tuny o6osHauennit G u Gy Gy (cp,
nanpumep, [179b]).



OCHOBAHHUSI MATEMATHUKH. JIOTMKA. TEOPUS MHOXXECTB 19

®pere [89b u c] crpemuscs o6ocHOBaTL apHPMETHKY € MOMOLILBIO
JOruKH, (opMaJH30BaHHOH B Buie «3anucu noustui» (Begriffs-
schrift), u uuxe (ctp. 42) MBI paccMoTpuM ero cnocob ompepedse-
HHS HATYDaJbHBIX UHCeJ.

Ero pa6oTel OT/IHYAIOTCS 4pe3BBIYAHHON TOYHOCTBIO H MOAPOG-
HOCTBIO aHaju3a nousaTud. Caenys 3TOH TeHAEHIHH, OH BBOAHT MHO-
3KeCTBO pasJiMueHHi, KOTOpble OKAa3a/JUCh CTOJb BaXKHBIMH B COBpe-
MeHHOH Joruke. Tak, HampuMep, HMeHHO OH BIepBble yKa3hiBaeT Ha
passnuune MexAay GopMyJHPOBKOH BbICKAa3bIBAHHS U YTBepXKIeHHEM,
YTO 3TO BbICKAa3bIBAHHe HCTHHHO, MEeXIy OTHOLIeHHeM NpHHaIJIexX-
HOCTH M OTHOLIeHHEeM BKJ/IOUEeHHs, MeXJAy OOBEeKTOM X H MHOXKecT-
BOM {X}, CBONSALIMMCS K 3TOMY OJHOMY 00beKTy, U T. A. Ero dopma-
JIM30BaHHAs JIOTMKA, KOTOpasi JNOMyCKaeT He TOJBKO «llepeMeHHbles»
B 3HaueHWH, yrnorpebisieMOM B MaTeMaTHKe, HO TaKXKe H «IPOMO3H-
LHOHAJbHBlE NMepeMeHHble», NMpeACTaBJsIONIMe HeompefeaeHHble OT-
HOLIEeHHs, JOMyCKalllie BBeJeHHe KBAHTOPOB, CHAe/aJjach BIOCTe[-
cTBuM (B paborax Paccena u YafiTxema) OCHOBHBIM OpyAHEM Mare-
MaTHKH. K coxaJjleHHI0, TNPUHSITHIE UM CHMBOJIBI MaJiOBbIPA3HTEJb-
HbI, CTPAILHO CJOXKHBI AJsi THHorpadckoro HaGopa W CJAHIIKOM Ja-
JIEKH OT TpPUMeHsieMbIX B MaTeMaTHYeCKO# NpaKTHKe; B pe3yJbTaTe
BCe 3TO OTTOJKHYJO MaTeMaTHKOB M 3HAUWTEJNbHO CHU3UJIO BJAHSIHHE
dpere Ha ero cCOBpeMEHHHKOB.

[Teano craBus mnepepn co60d Lesb OJHOBpPeMeHHO W 0oJiee 06-
WIHPHYIO, B GoJiee MPAKTHUHYIO; JIeso Kacajsoch uananus «Popmyas-
pa MaTeMaTHKH», LIeJUKOM HamHCaHHOro (opMaJiH30BaHHBIM $I3HI-
KOM H cOjep:Kalllero, IOMHMO MaTeMaTHUECKOH JIOTHKH, TaK¥Ke U Bce
peayabTaThl HauGoJee 3HAUHMTEbHBLIX Pa3leloB MaTeMaTHKH. Dbi-
CTPOTa, ¢ KOTOPOH eMy YyAaJoch OCYLIECTBUTb CBOM YeCTOJIOGHBbIE
NpOoeKThl TNMpPH NOMOILIM 1LeJOH IJesigbl COTPYIHHKOB-3HTY3HACTOB
(Ba#tnatn, ITnepu, Ilanoa, Bakka, Busantn, ®ano, Bypaau-®op-
TH), CBHAETEJbCTBYET O NPEBOCXOJHOM KauecTBe BBEAEHHOH UM CHM-
BOJIMKH; OHAa 6JH3KO NpPUMBIKAaeT K NMPUMeHseMOH B MaTeMaTHUecKOH
npakTHKe ¥ BBOJHT MHOTOYHCJEHHBIe H XOpOINO NMogo6paHHble CHM-
BOJIBI-COKPALIEeHHs, K TOMY 2Ke ero si3blK J0BOJbHO TMOHSITEH HMEHHO
Giarogapst OPHTMHaJbHOH CHCTeMe, B KOTODOH CKOOKH 3aMeHeHHI
pasgenuTebHBIMH TouKaMmu [177 f]. Boablioe KosnuecTBo 3HaKOB,
BBeJeHHBIX [TeaHo, Tenepb yCBOGHO MHOTMMM MaTeMaTHKaMH: yKa-
KeM Ha €, D (HO B MPOTHBOMOJOXKHOCTb COBPEMEHHOMY YrnoTpel-
JleHWI0 B 3HAUEHHH <CONEPXKHTCsS B», WM «BJjeueT 3a co6oii») 1),
U, N, A—B (mHoxecTBO pasdocTell a — b, rne a€ A u b¢ B).
C ogpyro#i cropoHel, uMeHHO B «®opmysspe» BrepBrle paH

) D9to scHO yKka3biBaeT, KaK TyG6OKO, 71aXe y Hero, YKOpPeHHJach crapas
NPUBBIUKA MBIC/HTL CKOpee «COolepiKaTelbHO», a He «OGBEMHO».
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pa3BepHYTHIl aHajsu3 obulero NMOHATHA QYHKUHH, IOHATHE obpasa ')
¥ npoofpasa U CIeNaHO 3aMeyaHHe O TOM, YTO NOCJefOBATENbHOCTD
sBJsiercs: ¢yHkuueit, onpefenensoit B8 N. Ho ynorpeGjenne KBaH-
TopoB Yy IleaHo MOJYMHEHO CTEeCHHTENbHBIM OrpaHHUYEHHSIM (NPHHIH-
NMaJbHO B €ro CHCTeMe BO3MOXKHO ynorpebJisiTb KBaHTOPH JHIUb
st oTHoweHu# suna A=>B, A& B wiw A= B). K tomy ke
nouty (aHaTHUeCKOe yCeplHe HEKOTOPBIX ero YUYeHHKOB HHOrja Aa-
BaJO NMOBOA K HacMellkaM. KpuTuka 3auacTylo HeCnpaBelJHBa; B
yacTHocTH, co croponsl A. ITyankape mkose Ileano Gbl HaHeceH
YYBCTBHTENbHBIH yIap, YTO MOCTYKHJIO NpeNnsTCTBHEM AJs AajbHel-
IIero pacnpocTpaxeHdsl yueHus: [leaHo Cpeou MaTeMaTHKOB.

Braronaps ®pere u IleaHo Gbiiu BbHIpaGOTaHB OCHOBHHE 3Je-
MeHTH (QOpMaJ/JIM30BAHHBIX SI3BIKOB, KOTOPHIMH INOJB3YIOTCSI B Ha-
crositiee BpeMsi. Haubosee pacnpocTpaneH, KOHeYyHO, si3bIK, AAHHBIH
Paccenom u YaiiTxefoM B Ux KanuTajgbHOM Tpyae «Principia Mathe-
matica», B Kotopom TouHocTb Ppere ymauyHo coueraercss ¢ yno6-
crBom cucreMbl Ileano [194]. B HacTosiiee BpeMsi GOJBUIMHCTBO
(hopMaJIM30BAHHBIX $I3IKOB OTJIHYAeTCsl OT HEro ToJbKO MoaudHka-
LUMH BTODOCTENEHHOrO 3HayeHWs,, HANpaBJEHHbIMH Ha TO, YTOOI
ynpocTuTh ero ynorpeGaenne. Cpenu HauGoJiee OPUrHHAJBHBIX U3
HUX Ha30BeM «(YHKIHOHA/bHYIO» 3alHChb OTHOLIEHHH (HanpuMep,
€xy BMecTo X€Y), npuaymannyio JlykaceBHueM, NpPH KOTOpQH
MOKHO TOJTHOCTBIO yNPa3JHUTb CKOGKH; HO, 6€3yCJIOBHO, CAMBIM HH-
TepeCHBIM sIBJsieTcsi BBeleHHbH ['Mab6epTOM CHMBOJ T, KOTOpHIH
naeT BO3MOXHOCTb PacCMaTpPHBAaTh KBAHTOPH J H Y KaK CHMBOJIHI
COKpallleHHst, u3beraTh BBeJeHHs] (DYHKIHOHAJBHOrO CHMBOJIA «Bce-
o6uHocTu» | [Tleano u Paccesia (KoTOpblil NPUMEHHM JHIIb K QYHK-
IIMOHAJbHBIM OTHOLUEHWSIM) H, HaKOHell, u36aBJjseT OT HeOGXOIHMO-
cTd QOpMYyJNHPOBATh aKCHOMY BhHIOOpa B Teopud MHoxkecTB ([122a],
1. II1, crp. 183).

IMoHaTHe HCTHHBI B MaTeMaTHKe

Marematugu Bcerga ObIJIM yBepeHBl, UTO OHH JOKAa3bIBAIOT «HC-
THHBI» HJIH <MCTHHHBIE BbICKa3bIBaHHS»; y6exIeHHe 3TO, OYeBHIHO,
He MOXKeT He HOCHTb CyObEKTHBHOTO WJH MeTa(pH3HUeCKOro xapak-
Tepa, ¥ C NO3UIHUH MaTeMaTHKH ero He/ib3sl HU ONpPAaBAATb, HU JaxKe
npuAaTh eMy CMbICJ, He NpeBpallaoOLIMil ero B TaBToJordwo. Ilo-
3TOMY HCTOpHS NOHSITHsS HMCTHHBL B MaTeMaTHKe OTHOCHTCH K HCTO-
puu GuaocopHH, a He MaTeMaTHKH; HO 3IBOJIOLHs 3TOTO NOHSATUSA
uMeja GeCCnopHOe BJHUsHHe Ha 3BOJIOLMIO MAaTEMAaTHKH M 10 3TOH
NpHYHHE Mbl He MOXKeM OGOHTH ee MOJUAHHEM.

1) O6sisaHHOe CBOHM BBejeHHeM, No-HAHMoMy, JlesekuHly B ero paGoTe
«Was sind und was sollen die Zahlen», o kotopoii Gyxer ckasano maJbiue ([60],
1. 111, cTp. 348).
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[Tpex e Bcero saMeTHM, YTO MaTeMaTHKH, 06/agaloliie OCHOBA-
TeJbHOH (GHUJI0COPCKOA KY/IbTYpOH, BCTpeualoTcst TakK Xke pelxo, Kak
u ¢ujocodsl, UMelOlHe OOLIHPHEIE NMO3HAHUSA B MaTeMaTHKe. Touka
3peHHsi MaTeMaTHKOB Ha BONpOCH (uiocopcKoro mnopsiika, Aaxke
ecJid 3TH BOMPOCH HMEIOT CYLIeCTBeHHOe 3HaueHue /Il UX HAYKH, B
GoMbIIMHCTBE CIyuyaeB OCHOBAHA HA MHEHHsiX, [OJYYEHHHIX M3 BTO-
PbIX U TPETBUX PYK U H3 HCTOUHHKOB COMHHTeNbHOH neHHocTH. MMeH-
HO [OTOMY HCTODHKOB MaTeMaTHKH HHTEPecyloT 3TH «cpelHue»
MHeHHsi, BO BCAKOM cJyuae HapaBHe C OPUIHHAJbHBIMH BbICKa3biBa-
HHSIMH TaKHX Mbicautesnel, kKak [ekapr u Jleii6uuun (o6a — mpe-
KpacHbie MateMaTuku), [lnaton (KoTopblil Gbi1 MO KpaiiHe#d Mepe B
Kypce MaTeMaTHKH cBoell 3moxu), Apucrortesb uaun Kaur (o KoTo-
PBIX 3TOTO He CKaXkellb).

TpanuiMOHHOE NOHATHEe MaTeMAaTHYeCKOH MCTHHBI BOCXOAHT K
anoxe Bosposknenusi. [1pu 3Tofi KoHIenuuu He 6blIO 6OJBIIOrO pas-
JUYHst MeXIy OObeKTaMHM, ¢ KOTOPBIMH HMeeT [esJo MaTeMaTHkK, U
06beKTaMH, U3yuaeMbIMH €CTeCTBEHHbIMH HayKaMH; H Te U OAPYyrue
CUHTAJUCh NMO3HABAae€MbIMH, ueJiOBEK OBJajeBaeT UMM NOCPEACTBOM
MHTYHIMH U DACCyXJEHHs; He NMPUXOAMTCS COMHEBATbCS HH B HH-
TYHUHH, HH B PACCYXKJEHHH, KOTOPbie TOJNBKO TOrJa MOTYT NPHBECTH
K omu6Ke, KOTJa NPUMEHsIOTCs HempaBHabHO. «/ado, — roBopur
[Tackanb, — 064a0aT6 COBEPUIEHHO AONHHbIM PA3YMOM, 4TOOLL He-
npasuibHo paccysndars 0 RPUHYURAX, CTOAb 3HAYUTENbHBLX, YTO
no4TU HEBO3MONCHO, 4TobbL @KU yckoasv3aasuy ([175], T. XII, ctp. 9).
HekapT y cBoell neuku !) NpuUXOAHT K yOeXK[eHHIO, UTO KTOALKO M-
Temarukam yoasoce HALiTu HeKOTOpble 00KA3ATEeAbCTBA, T. €. HeKo-
TOpble TOUHble U O4e8uOHble coobpancenusns ([64a)], T. VI, crp. 19;
pycckuii nepeBox, cTp. 23),—u 3TO (ecad TNPHAEPNKHUBATbCS ero
co6CTBEHHOrO paccKasa) 3aJoJro L0 TOTO, KaK OH MOCTPOMJI CBOIO
MeTa(U3UKy, B KOTOPOH FOBOPHT:

«To, 4To 7 ¢ HeOABHUX NOP NPUHAA 30 NPABUAO, A UMEHHO 4TO
Bewju, KOTOpble Mbl NOCTU2AEM O4eHb ACHO U O4eHb OTYETAUBO, CYTb
LCTUHHbLE, 2APARTUPOBAHO AUl TeM, 4TO Boe ects, uau cywecrayer,
U 4TO OH ABAAETCA coBepuierHbim cyujecTeoms ([64a], 1. VI, crp. 38;
pycckuii nepesof, ctp. 37). Xors Jleli6uuu u Bospaxaer [lekapry,
yTo OH He BHIHT, MO KaKHM NpPH3HAKAM CUMTATh HIEI0 «SICHOH
U OTUeTJHBOH»2), OH TakXe CUHTAeT AaKCHOMbl OUEBHAHBIMU H

1) Hamex Ha pacmpocTpaHeHHoe HpenaHue o ToM, uto Jlekapr Jwo6un pa6o-
TaThb y XKapKO HATOMJIEHHOH meuku. — [Tpum. nepes.

?) «Te, Koropele Oasu Ham MeTOObl, — FOBODHT OH O 3TOMY MOBOLY, —
Oaau, 6e3ycA08HO, npekpactvle nPednucanua, Ho He cpedcTéa 0Af ux obHapyxce-
Hus» ([144b], 1. VII, ctp. 21). M B IOpyroM MecTe, HDOHU3UDYS Haj NpaBHJIaMH
KapTe3uaHIeB, OH CPABHUBAET HX C peleNnTaMH aJXUMHUKOB: «Bo3emu TO, 4TO Tpe-
6yerc3}z2,9;9eﬁcrayd, Kak Hado, u Tét NOAYWUWb TO, 4T0 deraews!» ([144b], 1. IV,
cTp. .
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HeH30exXHbIMH  CJedCTBUsSMH onpefeneHuii (meduHHuuil), kak
TOJIbKO OYZeT MOHsTAa HX TePMHHOJOrHs ).

He cienyer rakxke 3a6biBaTh, UTO Ha s3blKe TOH 3M0XH K MarTe-
‘MaTHKe OTHOCHM/IM pa3/HyHble HayKH, KOTOpble B HAcTOsiliee BpeMs
K HeH yXe He NPHUMC/ISIOTCS, HHOTAA [axKe HHXeHepHOe HCKYcC-
CTBO; AOBepHe, KOTOpOe BhbI3biBaJjia MaTeMaTHKa, B 3HAUHTeJbHOH
Mepe OODBACHAIOCH NMOPA3HTEAbHBIMH yClleXaMH ee IpPHMeHeHHS B
«HaTypaJabHOH usocopuny», B «MeXaHH4eCKOM HCKycCTBe» H B Ha-
BHTaLUH.

[Tpu TakoMm B3risiie HA MaTeMAaTHKY aKCHOMblI He MOJBEpraJjHch
COMHEHHIG ¥ He o00cyXKAajuch, TAK e KaK W NpaBuja BHBOAA;
eIMHCTBEHHOEe, 4TO TpPeNOCTaBAsieTCs KaXKAOMY HCCIeNOBaTeNl0 B
3aBHCHMOCTH OT €r0 CKJOHHOCTH, 3TO NPaBO JHGO paccyXIaTb «IO
o6pasny ApeBHHX», JH60 naTh cBOGOAY cBoeil HHTyHuuH. BriGop
TOUKH OTNPAaBJEHHs TaKXkKe 3aBHCesJ OT HHAMBHAYAJbHOTO BKyca, B
peaysibTaTe 4ero NOSIBJISIOTCS MHOTOUHMC/IEHHble «H3JaHHs» EBKau-
[la, B KOTOPBIX CaMbIM CTpaHHBIM 00Pa3oM HCKaxeHa mpouHo cpabo-
raHHasi Joruka «Hauas»; Hcumc/ieHHI0 6eCKOHEYHO MajibiX H Teo-
peTHYecKOd MexaHHKe RAIOT MHUMO NeIYKTHBHbIe H3JOMKEHHs, IIO-
CTPOeHHble Ha NOpa3uTe/bHO HeOOOCHOBAHHOM (yHIaMeHTe; U, BO3-
MoxHo, CIIHHO3a HCKPeHHe BepHJl, 4TO HalHCcaJs CBOIO JTHKY, 4TOGbI
J0Ka3aTb mo o6pasuy reomerpoB «more geometrics demonstrata».
Xors B XVII B. MOXHO ¢ TpyloM HaHTH ABYX MaTeMaTHKOB, KOTO-
pble couutich Gbl BO MHeHHsix no Kak8My-HHOYIb BONPOCY, XOTS B
Te AHW Ha KaXXAOM LIAry BO3HUKAJH OeCKOHEeUHble W sI3BUTeJbHbIE
CNopbl, TeM He MeHee NMOHSTHe MCTHHB OCTaeTCsi BHe OOCYKJIEHHS.
«Cyuwecreyer auwo 00HQ UCTUHQ KACATEAbHO Kaxdod seuju, — ro-
sopur JlekapT, — 1 KTO Hawea ee, 3HAET O Hell 8Ce, 4TO MONCHO
snare» ([64a], 1. VI, c1p. 21; pycckuii nepeBol, ctp. 24).

HecMoTpst Ha TO 4TO 10 HAC He JOLles] HH OAMH MaTeMaTHUeCKHH
TekeT 'peuny BesqMKOro nepuoja mo 3THM BONpOCaM, BecbMa Bepo-
SITHO, YTO TOYKA 3DEHHs IpPeuecKHX MAaTeMAaTHKOB IO 3TOMY BONpOCY
JomycKajga ropasgo 6ojblle HIOAHCOB. TONBKO Ha ONBITe MOXHO
66110 TaK pa3paboTaTh OpaBHJIa PAaCCYKAEHMs, YTO OHH HayaJu

) B stoM nyukre JlefiGHMU ellle HAXOMHTCA TOA BJHSHHEM CXOJACTOB; OH
CUMTAeT, UTO BHICKAa3bIBaHHs YCTAHABJIMBAIOT OTHOLICHHE «CyOBeKTa» K «IIpe-
IMKaTy» MexXAy NOHATHsAMH. Kak TOJBKO NOHATHS pas/IOXKeHbl Ha «IPHMHTHB-
Hele» (UTO fBJsieTCS, KaK MBI yKe BHJIEJH, ONHOH M3 ero (QyHIaMeHTaJbHHX
uneit), Bce, mo JlefGHHULY, CBOOUTCS K TOMY, UTOOBI IPOBEPHTH OTHOIIEHHUS «BKJIIO-
yeHHs» TOCPELCTBOM TOTO, YTO OH HA3bIBAaeT «aKCHOMAaMH TOXJIECTBa» (IJaBHBIM
o6paszoM BbickasviBane A = A u ACA) u TDHHIHNOM <IOJCTAHOBKH SKBHBA-
nenTHbix» (ecni A = B, MoxHO Bciogy mnoAactaBuTh B Bmecto A [52a),
ctp. 184—206). ITo 3TOMy moBOIy HHTEPECHO OTMETHTb, YTO B COOTBETCTBHH C ¢TI0
Xe/laHHeM BCe CBEeCTH K JIOTHKE M «J/l0Kas3aTh BCe, UTO AoKasyeMo», JlefiGHuu go-
KasbiBaeT CHMMETDPHUHOCTb M TPaH3UTHBHOCTh OTHOLIEHHH DABEHCTBA, HCXOAS M3
akcuoMsl A = A W [pHHUMNA TOACTAHOBKH 3KBuBaJeHTHnx ([144a], 1. VII,
ctp. 77—78).
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BHYIIATb K cefe MoJHOe A0BepHe; Hal0 OblIO MpPe/IBAPUTENBHO NPo-
nefaTh OLOJATHH NyTh MOHCKOB HAa OLLyNb W [apajoru3MoB, UTOGHI
JaTh NpaBHJia, KOTOPHIE yXKe CUMTaJuCh HeocnopuMbiMH. Ho nymarts,
YTO «aKCHOMbI», maxe Te, KoTopble [lackanp npuuuciasn K Haubo-
Jiee OUeBHAHBIM (M KOTOpSIe, ecIH BepUTb JereHje, pacnpocrpaHse-
MOH ero cecTpod, OH sKOGbl OTKpLLI ellle B HeTcTBe 6jaromaps
cBOeMy 6e30lIH60YHOMY HHCTHHKTY), He OBLIH NPeAMETOM IOJTHX
o6CcyXIeHHH, 3Hauua0 Obl HeJOOLeHHBAaTb KPHTHYECKOTO Hyxa rpe-
KOB M MX BKyca K JHCKycCHsM H K coducTHKe. B obnactu, KoTopas
He ¢BJIseTCs] reoMeTpued B Yy3KOM 3HAueHHH cJ0Ba, MapafoKchl
DJleaToB COXPAHMJHU [JIst HaC HEKOTOphle cjelbl MOAOGHOH noseMH-
K4, a Apxumel, ynoMsiHyB O TOM, 4TO ero mpepurecTBeHHukd ([3b],
T. 11, cTp. 265) monb3oBasHCh B HEKOTOPHIX CJAyuYasix akKCHOMOH, KO-
TOPYIO Mbl O0OBIYHO Ha3biBaeM ero HMeHeM, A00aBJ/seT, YTO TO, 4TO
OblIO JOKA3aHO C MOMOLIbIO 3TOH aKCHOMBHI, «ObiA0 NPUBHAHO He 8
Menbulel cTenenu, wem 10, 410 b66i10 00Ka3aHo 6e3 Hees, U UTO eMy
JOCTaTOYHO TOro, 4TOGH Pe3ysabTaThl ero paboT ObLIH MPH3HAHBI B
TOM Ke cMbic/ie. [11aToH B COOTBETCTBHH CO CBOHMH MeTadu3Hye-
CKHMH BO33pEHHSIMM paccMaTpHBaeT MaTeMaTHKY KaK CPeACTBO MO-
3HaHUS «UCTHHH B cefe», a OOGBbEKTH, KOTOPBLIMH OHa 3aHHMaercs,
Kak uMewlnue co6cTBeHHOe ObITHe B MHpe HaeH; OH TOUHO oOnpeje-
JisleT METOJ MaTeMaTHKM B H3BEeCTHOM OTphIBKe u3 «[ocyrapcrax:
«Te, KTO 3aHuMaeTCca 2eomeTpueld u apupmeTuxol... npednoiaearor
YeT U HeweT, TPU B8UOQ Y2A08;, OHIL PACCMATPUBAIOT UX KAK U3BeCT-
Hole Bewju: KaK TOA6KO 3ITO NpeOnOAONCeHO, OHU CHUTAKT, YTO He
doaxcHer oT0asats 8 Hux Goabule oTyeTa Hu cebe, Hu Opyaum [cuu-
Tasi UX] ACHoMu Oas 8Cex; ucxo0a u3 37020, OHu OelcT8ytor No
nopaoky 0aa 1020, 4T0bbL C 06W€20 CO2AQCUA NPULITU K TOMY, 4TO
umesu 8 8udy paccmotperss ([180], kuura VI, 510 ¢ —e). Hrak,
TO, M3 Yero cJjaraercss A0Ka3aTeJbCTBO, 3TO NpeXJAe BCEro TOuka
OTnpaBJ/ieHHs, BLIGPAHHAS C HEKOTOPHIM NPOM3BOJIOM (XOTHA H «scC-
Has KaxJIOMy»), 3a npefesbl KOTOPOH, KaK TIOBOPHT OH HeMHOro
HUXKe, H He NBbITAIOTCS BBIXOAMTH; 3aTe€M HCCJAeIOBaHHE, COCTOSI-
lee U3 psja MPOMEXKYTOUHBIX 3TANOB, MPOXOAHMBIX NO MOPSIKY; H,
HaKOHell, coryacue cofeceflHUKa, rapaHTHpylollee Ha KaXKAOM 3Ta-
e NPaBHJIbHOCTb paccyxAeHus. K aTtoMy Hamo m06aBUTh, YTO, Kak
TOJILKO aKCHOMBI C(OPMYJHPOBAHE], HAKAKHE HOBBIE MONBITKH NpH-
GerHyTb K HHTYHLHH yXKe B NPHHIUNE HexonycTHMbl; [Tpoka, uuTu-
pys T'emuna, HanomuHaer: «Mot Hay4uiucs OT camux NUOHEpPOs
3TOU HAyKl COBCeM HE NPUHUMAT6 8 pacieT npasdonodobuele 3a-
KAIO4eRUA, Ko20a 0ea0 KAcaeTcs paccyxcoexutl, KOTOpole OOAMNCHOL
sotitu 8 Hayky eeomerpuu» ([114e], 1. I, ctp. 203).

Taxkum o6pasom, mpaBuJa MaTeMaTHYECKOTO Paccy:KaeHUs Obl-
JIH OTIIIH(DOBAHbl SKCIIeDHMEHTANbHO U [OJ OTHEM KPUTHKH; U ecJiH,
KakK 3TO [J0BOJIbHO npasjonono6Ho yTBepxpart [231c], kuura VIII
EBkiuna coxpanuna s Hac 4acTh apudMeTukH ApXHTa, TO He
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YAUBHTEJNbHO, UTO B HeHl MOXHO HaHTH HECKOJbKO NeZaHTHYHYIO
JKECTKOCTb [0Ka3aTe/bCTB, OOBIUHYIO MJIsS KamKIOH MaTeMaTHuYecKOH
IUKOJIbl, B KOTOPOH OTKPLIBAIOT HJIH AYMAIOT, YTO OTKPHIBAIOT, «CTPO-
rocTb». Kak TOJbKO 3TH nmpaBu/a paccyKIeHusi BHeAPHUIHUCH B NpakK-
THKY, y¥Ke, N0-BHIAHMOMY, HHKOrfla HHKTO He NOJBepraj HX COMHe-
HHIO BIJIOTh JI0 CAMOro noc/elJHero BpeMeHH; H eciH y ApHcrorens
M Y CTOMKOB HEKOTOPble M3 3THX NpPAaBHJ BbIBEJEHBl H3 APYTHX COT-
JJacHO cXeMaM pacCyXIeHHH, To NepBOHaua/bHble NpaBUJia BCeraa
npuUHUMaJuch Ha Bepy. Jofiga TakuM 06pa3oM L0 «THIOTe3», «akK-
CHOM», «NOCTYJIaTOB», KOTOpble, KAK MM Ka3aJoCb, OpeacTaBJsIH
COMUAHBIN (pyHAaMeHT NJi HayKH TOTO BpeMeHH (Kak, Hampumep,
Te, KOTOpble NOJDKHBI GbLIM BCTpeyaThesl B NepBhIX «Hauanax», npu-
nuckiBaeMblx Tpaguuued ['mnmokpaty us Xwuoca, okoso 450 r. no
H. 3.), I'pedeckHe MaTeMaTHKH KJacCHUECKOro NepHORa MOCBALLAJH
CBOH TPYAbl CKOpDee OTKDLITHIO HOBBIX pPe3y/bTaTOB, ueM KPHTHKe
OCHOB, KOTOpAsi K TOMY XXe B TO BpeMs He NpeMmHHyJaa Gb OCTaThCH
Gecn/IONHOH; H ec/I OCTaBHTb B CTOPOHe BCe NpenyObekJeHHUS Mera-
(u3nyeckoro xapakrepa, TO LUTHPOBaHHbIA Buille TekcT [lsratoHa
CBHJeTeIbCTBYeT HMEHHO 06 o6lleM COrJIacHH MaTeMaTHKOB OTHUCH-
TeJIbHO OCHOB HX HaYKH.

C npyroii cTOpOHBI, rpeyecKkie MaTeMaTHKH, KaxXeTcsd, He BepHJH
B BO3MOXHOCTb OO'bSICHEHHSI «NEPBOHAYAJIbHLIX TOHATHIH», KOTOpHIE
CAYXHJIH UM OTIPABHBIMH TOYKaMH, KaK-TO: NPAMOH JUHHHU, NOBEPX-
HOCTH, OTHOLUEHHS BeJHMUMH; eCJH OHH H AT UM «OonpefesneHuss,
3TO, OYEBHIHO, AesaeTcs A/ OYUCTKH COBECTH M 6e3 0coObIX HJIIo-
3uil 06 ux 3HauumocTH. Ho 3aTo rpeueckHe MaTeMaTHKH U (HJO-
cobbl HMeJH COBEepIIeHHO fiCHOe NpeacTaB/ieHHe 00 onpefnejeHHsX
NpYTHX NMOHATHH, He NPHUUCASEMBIX K «[epBOHAYaJbHbIM» (KOTOPHIE
4acTo Ha3bIBAIOTCH «HOMHHAJbHBIMH»). B cBsi3W ¢ 3THM BnepBble
Obl1 ABHO MNOCTaBJeH BONPOC O «CYllecTBOBAHHH» B MaTeMaTHKe.
Apucrotesb 3aMeTHJ, YTO ONpejesieHHe elile He BJjeueT 3a COGOH
CylilecTBOBaHHe OnpepnejseMod Belld M 4TO AJs 3TOro Tpebyercs
eme AUGO moctynar, Ju6o KoxasaTesabcTBo. Ero 3ameuanue, Heco-
MHEHHO, OblJIO BbIBEJeHO H3 MaTeMaTHUeCKOH NPAaKTHKH; BO BCAKOM
cayuae, EBkaun 3aboruiacs o ToM, YTOObl NOCTYJHPOBATL CYLIeCTBO-
BaHUe Kpyra M JOKa3aTb CYIIECTBOBaHHe DaBHOGeLPEHHOro Tpe-
yroJibHHKA, napaJjiiesbHblX JHHHH, KBajpaTa U T. 1. 0O Mepe TOro,
KaxK OH BBOJMJ MX B cBOM paccyxpuenus ([114e], kuura 1). dtu no-
Ka3aTesNbCTBa SIBJASIOTCS <KOHCTPYKIHSMH»: HHBIMH CJIOBAMH, OMNH-
pasch Ha aKCHOMBI, OH BBOJHJ MaTeMaTHueCcKHe OObeKTbl M JOKa-
3bIBaJ, UTO OHH YIOBJETBOPAIOT TeM ONpeJeseHHsM, KOTOpble HaJ0
onpaB1arTh.

Hrak, Mbl BUANM, UTO IDevyecKasi MaTeMaTHKa KJIaccHuecKoro oe-
puosa npHUlLIa K HeKOH 3MNHUPHYECKOH YBepeHHOCTH (KaKOBBI Obl
HH OblIM ee MeTa(H3HyecKHe OCHOBAHHSA y OTAeJdbHBIX ¢H10c0dOB);
NOCKOJIbKY elile He GblJIO 0CO3HAHO, UTO MOXHO CTaBUTh NOJ BONPOC
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npaBujia paccyX JAeHusl, yCIeX IpevyecKOH HayKu M yOexJeHHe B He-
CBOEBPEMEHHOCTH KDHTHYECKOH pEeBH3HH B 3HAUMTENbHOH CTeneHH
crnoco6cTBOBAH NOBEPHIO, KOTOPOE BHYWIAIOT aKCHOMbI B COGCTBeH-
HOM CMbICJie CJI0Ba, — JOBEpHI0, NOJOGHOMY ToMy (mouTH Gearpa-
HHYHOMY), KOTOPBIM [10/Ib30BAJIHCh B NPOLIJIOM BeKe NPHHIHIBI TEO-
peTHueckoil (pU3MKH. DTO NONYUMJIO BhIpAXKeHHe B H3peueHHH «nihil
est in intellectu quod non prius fuerit in sensu», npoTus kKoTOpOro
KakK pa3 u Bospaxkaa Jekapt. OH cuHTaJ, UTO OHO He [aeT AOCTa-
TOYHO MPOYHOr0 OCHOBAHHMs IJIst TOrO, YTO OH XeJsaJ u3BJaedb H3 IPH-
MeHeHHsl pa3yma.

Hapo poiith no ucrtokoB XIX B., uTOGB YBHIETb MAaTeMaTHKOB,
OTOIIEAILIMX OT BLICOKOMEePHsi Takoro yuenoro, kax Iekapr (He ro-
BOpSl Y¥e O BBICOKOMepHH TakuX, kak Kaut unu [erenb, npnuem
nocaedHHH HeCKOJIbKO OTCTaBaJ, KaK M rnoJjaraercs, OT HayKH CBoe-
ro Bpemenu!)). K 3ToMy BpeMeHH OHH YCBOWJIHM HOBble B3TJ/ISLHI,
cTosib e GoraTble OTTEHKaMH, KaK W Yy NPeBHHX rpekos. IlepBhlii
yaap N0 KJIacCHUeCKHM KOHIeNnUWsMm OblI HaHeceH B Haualle Beka
[ayccom, Jlo6aueBckuMm U Doiflan nocTpoeHHeM HEeeBKJIHAOBOH TH-
nep6oJsuueckoli reomerpHd. Mbl He coGupaeMcs 31ech JeTajJbHO W3-
JlaraTb TreHe3uC 3TOr0 OTKPLITHSA, NMOJOXKHUBUIEro KOHEIl MHOTOUHCJEH-
HblM GeCIVIONHBLIM NONBLITKAM A0Ka3aTh MOCTYJAaT O MapaJiie/bHBIX
(cm. [78a u b]). B macrosimiee BpeMs OHO, GLITh MOMKET, yXKe He
MMeeT TOro rJIyGOKOro BJIHSHHS HAa NPHUHLUUNBI MaTeMaTHKH, Kakoe
eMy HHoraa npunucbiBaroT. OHO NpPOCTO 3acCTaBJseT PaccTaThes
¢ MPHUTA3aHUSMH MpPOLIJIOr0 Beka Ha «aGCOJIOTHYI0O HCTHHY» eBKJH-
0OBOH reoMeTpHH U TeMm GoJiee ¢ TOuKOH 3penus Jlefi6HUILA, coracHo
KOTOPOI onpeaeneHHs BJAEKYT 3a cOG0H AKCHOMBI, 3TH NOCJEIHHE
yIKe OTHIOAb He SIBJASIOTCS OYeBHIHLIMH, 8 CKOPee «THIIOTE3aMH», OT-
HOCHTEJbHO KOTOPLIX HA/0 BLISICHHTh, HACKOJIbKO OHH NMPHCIOCOGeHH
AJIs MaTeMaTH4eCcKOro npejcTaBJeHHs uyBcTBeHHOro mupa?). laycc
u JloGaueBcxHii mosararmT, UTO COOP MEXIY PasJUYHLIMH BO3MOXK-
HBIMH TeOMeTPHAMH MOXKeT ObiTb paspelleH onbiTHbIM nyTeM ([149],
cTp. 76). Ha sToff ke Touxke 3peHusi cTOUT W PumaHn, 3naMenuras
BCTYNHTeNbHAsS JeKUusi KoToporo «O eunoresax, rexcauyux 8 0OCHOBA-
HUU 2eomeTpuu> UMeeT 1le/bl0 1aTh OGLIYI0 MaTeMaTHUYeCKYIO CXeMy
pas3/IMUHBIM ecTeCTBeHHbIM sBJeHHAM: «(JcTaerca pewute gonpoc,—
rOBOPHUT OH, — 8 KaKkoud mepe u 00 KAKOU CTenenu 3Tu eunoTessl

1) B cBoeft nuccepTAUHOHHOH peuH OH «[A0KA3bIBAET», UTO MOMKET CYIEeCTBO-
BaTh TOJIBKO CeMb ILIAHET, M 3TO WMEHHO B TOM TOAY, Korga Gbljia OTKpbITa BOCH-
Masi.

?) Ha camom mene yxe IDEKH He pacCMaTPHBAJH AKCHOMBl KaK «OUEBHIHbIEY.
ApucTorenb NMHcaJ, YTO HEKOTOPble fpelJIOXKeHHS cJefyeT NMPUHUMATh Ge3 goka-
satenbctBa: «Ha camom Oene, 0as 6cezo 6e3 UCKAO4eHus OOKA3aTeALLTBA cylye-
cr8osars He modcer (8edv pad yxoOua 6ol 8 GeCKOHEYHOCTb, Tax 4TO U 8 5TOM
caydae dokasarenvcréa Gor ne 6vin0)» (Meradusuka, 1005 13—1006 12). Sror
e B3NIAA Ha akCHOMbl ApHcToTesb o6cyxAaer Bo «Bropoil asaautuke», ra. 3. —
ITpum. nepes.
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nodreepxcdarorcs onsirom ([187a), crp. 284). Ho 3ta npobiema
yKe fBHO He OTHOCHTCSt K MaTeMaTHKe, H, KaKeTcsi, HHKTO U3 NpeJ-
IIeCTBYIOIKX aBTOPOB He MOABEpPraeT COMHEHHIO TO, UTO, Ja¥Ke eClH
KaKasi-HHOyIb «TeOMeTPHsi» ¥ He COOTBETCTBYEeT 3KCIepPHMeHTaJb-
HBHIM JaHHBIM, €€ TeODeMbl TeM He MeHee OCTaloTcs «MaTeMaTHue-
CKUMH HCTHHAMHU» 1),

OnHako, ecu 3T0 ¥ Tak, Mofo6GHOe yGexaeHHe He ciaelyeT NpH-
NHCHIBATb KAKOH-TO 6e3rpaHHyHON Bepe B KJIaCCHUECKYIO «TeOMeTpH-
YeCKyl0 HHTYHIIMIO», ONHCaHWe, KOTopoe Puman mnwiTaeTcs nartb
n-KpaTHO MPOTSIXKEHHOMY MHOroo6pasuio, sBJsiOleMycsl TeMoH ero
paboTel, OnHpaeTcss Ha «HHTYMTHBHbBIE» ?) cOOOpaXKeHHs TOJbKO, A5
TOro, yTo6bl ONpaBAaTh BBeJeHHe «JIOKAJbHBIX KOODAMHAT®; IOC/e
3TOr0 OH YyKe uyBCcTByeT ce0si Ha TBepHOH MOYBe, T. e. HA MOuUBe
ananusa. Ho ananus B KOHeYHOM cueTe OCHOBAH Ha MOHATHH Hel-
CTBUTENLHOTO YucaIa, KOTOPOe A0 3THX NOpP ObIO KpaliHe MHTYHTHB-
HBIM; B 3TOM OTHOLIEHHH Da3BHTHe TeOPHH (YHKIUME NMPHUBOLHIO K
IOBOJILHO HEOXKHJAHHBIM pe3yJbTaTaM: HCCJAefOoBaHHs camoro Pu-
MaHa MO MHTerpHpPOBAHHMIO, 4 TaKKe NPUMepHl KPUBLIX, He HMEIOLIHX
KacaTe/bHBIX, NocTpoeHHbe Bosbnano u BeflepmrpaccoM, NoJ0XHIN
Haya/Jo MAaToJNIOTHYeCKHM SIBJEeHHSIM B MaTeMaTHke. B Teuenue Ie-
JIOTO BeKa Mbl BHJIENH CTOJNBKO YyJOBHLI TAKOTO POAA, 4TO TOUYB-
CTBOBaJIM HEKOTOpOe MpechilleHHe, U YTOObl HAac HeHCTBUTENBLHO yIH-
BHTb, HaJo 6biJI0 6Bl MOKA3aTh HAM HAarpoMOXKIeHHEe CaMBIX HeJemblX
ypoxcTB. ¥ GosbliuHCcTBA MaTeMaTHKOB XIX B. 4yBCTBO OTBpAllEHHsI
CMEHHJIOCh COCTOSIHMEeM pacTepsiHHOCTH. «Kaxk uHTyuyus moscer o6-
MaHYTb Hac 0o Takol cTenenu?» — cnpamuBaer ce6a A. I[Tyaukape
([181d], cTp. 19); a DpMHUT B 3HAMEHHTOM H3peueHHH (He Ge3 HeKO-
TOPOrO I0OMOpa, KOTOPbIH, N0-BUAMMOMY, AOLIEN He 10 BceX KOMMeH-
TATOPOB) TOBOPHT, UTO OH «C YoCACOM OTBOPAHUBAETCA OT BHYULQIO
weil coxcarere 366l HENPEPLIBHLIX BYHKYLL, He UMeIOUWUX HIL 8 00-
noi Touxke npoussodrnois ([120], t. 11, crp. 318). CaMuIM cepbe3HbiM
6LLIO TO, UTO 3TH ABJEHHS, TAK NPOTHBOpeYaLIHe 3[PaBOMYy CMBICJY,
He MOrJM GbITL OTHECEHbl 33 CUeT MaJjo BLISICHEHHBIX NOHSTHH, Kak
3T0 GHIJIO BO BpemeHa «HeledHMBIX» (cM. crp. 177), Tak Kak OHH
BenblM nocae pedopMbl Bonbuano, A6ens 1 Koun, nozsogsiomeit
060CHOBATh MOHATHE Mpefeta ¢ TAKOH 3Ke TOYHOCTBIO, KAK H TEOPHIO
oTHoureHuH (cM. crp. 154). Ilostomy Hago OBUIO BHHHTH TrPyGBIH
¥ HecOoBeplUEHHHIl XapakTep Halled reoOMeTPHUYECKOH HHTYHIHH, H
BIIOJIHE TMOHSITHO, YTO TMOCJe 3TOT0 OHA C IOJHBIM OCHOBaHHUEM Gblia
QMCKPeIHTHPOBAHA KAK CPEACTBO J0KAa3aTe/bCTBa.

1) Cp. aprymentnl [TyaHkape B 3allHTy <«HOpPOCTOTHI» H «YHOGCTBa» €BKJHMLO-
poii reoMerpuu ([181c], cTp. 67) m aHanu3, Ha OCHOBAHHH KOTOPOTO HEMHOrO fa-
Jee OH MPUXOAHMT K 33KJIOYEHHIO, UYTO ONMBIT He NaeT aGCOJIOTHOrO KDHTEPHS npH
pbl6ope TOH HJIM HHOH reOMETPHH B KauyeCTBe cXeMbl IJS SIBJEHHH NPHPOMIbL.

2) K ToMy Ke 3TOT TepMHH ONpaBAaH JHIWb s A< 3; mas G6Ombiunx 3Ha-
yeHHil n B LeHCTBHTEJNbHOCTI TPeByeTcsi paccykaeHHe N0 aHAaJIOTHH.
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ATOT BHBOA HeH3BeKHO NO/KeH Oblyl MOBJIHUATH Ha KIaCCHYECKYIO
MaTeMaTHKy, H MpexJe Bcero Ha reoMerpuio. HecMorpsi Ha To yBa-
XKeHHe, KOTOPOe BHYIIAJNO aKCHOMAaTHYecKoe nocTpoenue Ekiuna,
faxe yXe B aHTHUHYIO 310Xy Hesib3sl ObLIO He 3aMEeTHTb B HEM MHO-
rHX HeJOueTOB. DoJbllle BCero MOMBITOK J0KA3aTeJbCTB H KPHTHUe-
CKHMX 3aMedyaHWH BbINAJO Ha HOJIO NOCTyJaaTa O NapaJJelbHbIX; HO
npojaoJXKaTeJd M KOMMeHTaTopbl EBK/IMZA nbiTanuch H0Ka3aThb H
ApyrHe noctyjatsl (M HMEHHO NMOCTYJAT O PABEHCTBE NPSIMBIX yIJIOB)
H oOHApyXHBaJu HeJOCTATOYHOCTh HEKOTOPBIX OnpelejeHHH, Kak,
HanpuMep, npsamModl MaM miaockoctu. B XVI B. Kaamuifi, uznarenap
«Hauas», oTMeuaeT OTCYTCTBHe NOCTyJsaTa, rapaHTHPYIOLIErO Cylile-
CTBOBaHHe YeTBePTOH NPOMOPUHOHAAbHOH; JleliGHHUII cO cBoel cTO-
poHbl 3aMeuaer, YTo EBKIMI noJib3yercss reoMeTpUYECKOH HHTYH-
Iye#H, $BHO 3TOr0 He OroBapuBasi, HanNpHMep, Korja HOmycKaer
(«Hauasna», kuura I, npean. 1), uto aBa Kpyra, KaxKabl W3 KOTO-
pbIX NPOXOAHUT Hepe3 LEHTP APYroro, uMeioT o6uyo Touky ([144b],
1. VII, ctp. 166). 'aycc (KoTopbiil caM HHOT[A N0/Ib30BAJCA TAKHMH
TONOJIOTHYECKUMHU co0o0paKeHHsiMH) ofpaliaeT BHHMaHHe Ha Ty
pOJib, KOTOPYIO HUTpaeT B €BKJAULOBBIX NOCTPOEHHSIX MOHSITHE TOUKH
(v npsMoO#), MOMelLleHHOH «MeXay» ABYMSI ADYTHMH, — MOHSTHE,
KOTOpOe caMo elile He. 6ulsi0 onpenesneno ([95a], 1. VIII, crp. 222).
HaxkoHel, ynotpefjeHne nepeMmelleHHsl —a HMEHHO B «Cjyyae pa-
BEHCTBA TPEYroJbHUKOB», — NAaBHO yXKe NPH3HAHHOe KakK caMo co0of
pasyMerolieecst !), JO/MKHO OblIO paccMaTPUBATbCA KPHUTHKAMH
XIX B. Kak OCHOBaHHOe Ha HecOpMyJHPOBaHHBIX akcuoMmax. Bce
3TO BHIPA3WJOCh B PA3JHUYHBIX YACTHUHBIX MepecMOTpax HayaJ reo-
MeTpuH, ocobenHo 3a nepuox ¢ 1860 mo 1885 rr. (I'eabmroabu, Me-
pa#, ['y3/b), HMeOIHUX LeJ/blo 3aN0JHHTh HEKOTOPble M3 3THX MPO-
6esoB. Ho Tonbko M. Tlaw [176] B cBoeit nporpamMmMe yetko copmy-
JMPOBAN OTKAa3 OT BCSKOH HHTYHIHH H CTPOTO 3TOrO NpHAEDKUBAJCS.
Ycnex ero HaUWHAHUS NMOPOJIUJ MHOTOUHCJEHHBIX CONEPHUKOB, KOTO-
pble riaBHbIM o6pazoM Mexay 1890 u 1910 rr. ganu QOBoJAbHO pas-
HOoOGpasHble NpPeACTAaB/JEHHS] aKCHOM eBKJIHAOBOH reomerpun. Hau-
GoJsiee M3BECTHHIMH U3 HUX OblaM pa6oTh [leaHo, HanucaHHBIE CHMBO-
auueckuM sisbikoM [177d], u ocobenno kuura 'mawGepra «Grundla-
gen der Geometrie» [122c], Bhmenmas 8 1899 r., kotopas 6aaro-
[Aapsi ICHOCTH M riy6uHe M3JI0KeHHSi BCKOPEe C MOJHBIM OCHOBaHHEM
cTajla CBOEro poja XapTHell COBDeMeHHOH aKCHOMATHKH BILIOTb O
TOro, YTo NpHBesJa K 3a6BeHHIO CBOUX MpeXllecTBeHHUKOB. U feil-
CTBUTE/BHO, He JOBOJBCTBYSICh TeM, 4TOOBI 1aTh MNOJHYIO CHCTeMy
AKCHOM eBKJHJ0BOH reoMerpud, I'manbepT Kiaaccuduuupyer ux no
rpynnaM C pAasJMYHbIMH NpPH3HAKAMH H CTapaercss Onpele/dTh

1) Cnenyer, onHako, orMerutb, uro yxe B XVI B. JK. Ilenerre, omun u3
KoMMeHTatopos EBK/nIa, Be3paxkaer NPOTHB 3TOTO Cnoco6a n0KasaTesbcTBA B

TepMHHAX, CXOLHBIX C TEPMHHAMH COBPEMEHHBIX KPHTHKOB ([ll14e], 1. I cTp. 249).
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TOYHBIE Mpefenbl KaxJA0H H3 3TUX IPyNn akCUOM, He TOJbKO H3yuas
CNeJCTBHS KaXIO#i M3 HUX M30JHPOBAHHO, HO TakKke obcyxkiasi pas-
JIUUHbIE «TeOMeTPHH», NOJYUeHHbIe NPH U3BATHH WK U3MeHEeHHH He-
KOTODBIX U3 3TUX akcHOM (Cpemu HUX «reoMeTpuu» Jlo6aueBCKOro M
PuMaHa sBJSIIOTCS JHUIIb YACTHBIMH caydasiMu) !); oH yGenHTesbHO
JOKa3hlBaeT, yTo B TOH 06JacTH HAyKH, KOTOopasi 4O CHX NOp CyHTa-
Jacb HauboJsee GJM3KOH K sIBJIEHHSIM YyBCTBEHHOrO MHpa, MaTeMa-
THKH noJIb3YIOTCSl ¢BOGoo# npu BeiGope moctynaTtoB. HecmoTrps Ha
3aMellaTeJbCTBO CPelH HEeKOTOphX (HI0CcO()OB, BO3HHKIIEE OT 3THX
«MeTareoOMeTpuii» Co CTPAHHBIMH CBOHCTBAMH, OCHOBHAst KOHLENLHS
«Grundlagen» nosyuuna y MaTeMaTHKOB ObICTpPOe H MOYTH €IMHO-
nyurHoe npusHaHue; A. Ilyankape, KOTOPOro Bpsj M MOXKHO 3ano-
[03PUTk B NPUCTPACTHH K (opManusmy, npumen B 1902 r. k BblBOAY,
YTO FeOMETPHYECKHEe aKCHOMBI SIBJSIIOTCSl COrJlallleHHSIMH W TIOHSITHE
«HUCTHHEI» B OOBIYHOM 3HAUEHHH CJOBa B OTHOLIEHHH HX YXKe He
umeer cmbicna ([181c], ctp. 66—67). Takum o6pasom, «MaTeMarHue-
CKasi MCTHHA» npeGhiBaeT HCKJ/IUHTENBHO B JIOTHUECKOH AELYKIHH
M3 NOCHIJIOK, IPOU3BOJIBHO YCTAHOBJIEHHBIX aKcCHOMaMH. Kak Mbl yBH-
muMm pagablie (ctp. 49—53), 3aKOHHOCTb NMpPAaBHJ PACCYXKIAEHHS, CO-
rJ1acHO KOTOPBIM NPOBOJAUTCS AeXYKIUHs, BCKOpe caMa cTraJja MNoj-
BepraThCsi COMHEHHIO, 4TO NPHUBEJO K KODEHHOMY NepecMOTpPY KOH-
UenuUui OCHOB MaTeMAaTHKH.

O01bekTbl, MOJENH, CTPYKTYPhI

A) Maremaruuseckue 06vekror u cTpykrypsl. Co BpeMeH aHTHU-
#HocTH ¥ go XIX B. cylIecTBOBa/lo MOMHOE €IHHOAYIUIHE OTHOCHTE/b-
HO Tex 0GBEKTOB, KOTOphIe IBJSIOTCA OCHOBHBIMH [Jisi MAaT€MAaTHKOB;
HMEHHO O HUX roBopuT [lnaTOH B LUTHPOBAHHOM BbllLle OTPHIBKe (CM.
cTp. 23); 3TO CyTh uHcaa, BeldMYHHB M Gurypel. Ecnu BHauane K
HUM NPHYHUCJSJINCh TaKKe OGBEKTbl M fIBJEHHS,, KOTOPDEIMH 3aHHMa-
JIUCh MeXaHWKa, aCTPOHOMHs, ONTHKA M MY3bIKa, TO Yy¥Xe Y T'DPeKOB
9TH «MareMaTHuecKue» AHCUHUNJUHB Bcerna ObIIH UYeTKO OTMAeNleHHl
OT apuGMeTHKM H TeOMeTpHM, a HauuHas c 3noxu BoapoxneHus
OHH GBLICTPO BO3BOASITCSI B PaHr CAMOCTOSITEJbLHBIX HayK.

Kak 6B HM OTJIMYAJHCh NO CBOMM OTTeHKaM pasJHyHele (HJO-
cohcKHe KOHIIeNIIMH MaTeMaTHUecKHX OOBEKTOB y pa3/HuHBIX MaTe-
MAaTHKOB U (uI0cohOB, B OLHOM NYHKTe NO KpalHei Mepe OHH
CXOASITCS, @ MMEHHO YTO 3TH OGDBbeKThl HaM Oawbl M 4TO He B Hallell
BJAACTH NPHAATb UM NPOHU3BOJbHLIE CBOHCTBA, KaK He BiacTeH QpH3HK
MU3MeHHTb KaKOH-HHOYAb 3aKOH NPHPOARL. B CyHmIHOCTH roBopsi, 3TH
B3rJIAAbl YaCTHUYHO CJIOXKHUJUCH NOJ BJAHSHHEM IICHXOJOrHYecKHX dak-

1) To, urto, no-suauMoMy, HaunGoJjiee TOPasHJO COBPEMEHHHKOB, Gbl1a «Heap-
. XMMeZoBa» TEOMETPHf, T. €. TeOMeTPHA, B KOTODOil OCHOBHOE Teno SfBJAeTCs
HeapXMMeNOBCKH YNOPSNOYeHHbIM (KOMMYTAaTHBHBIM HMJH HEKOMMYTaTHBHLIM); B
Komm[ggzr]usnom ciyuae OHO OBLIO BBENEHO 3a HeCKOJbKO JieT Lo 310ro Bepa-
Hese .
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TOPOB, KOTOpble Mbl He GyaeM r1y6oKo H3yuaTb, HO KOTOpble XOPO-
IO M3BECTHHl KaXAOMY MaTeMaTHKy, KOrJa OH H3HEeMOraeT OT TIIET-
HBIX YCHJIHI CXBATHTh JOKa3aTeJbCTBO, 6e3 KOHLA OT Hero yCKOJb-
saouiee. OTcl0Ja BCero OJMH LIar K TOMY, 4TOGH ynogoGHTb 3TO
COTNpPOTHBJIEHHE NDENsiTCTBUSAM, KOTOpDble UMHUT HaM YYBCTBeHHBIH
MHp; U Jaxe B Hallle BpeMsi HaHAeTCs He OfMH MaTeMaTHK H3 TeX,
KTO MpOMOBeJyeT HeNPHMHPHUMbBIH (popMasiu3M, KOTOpHIH B rayOHHe
coero §I oxorHo OBl moAnucaJcs Nox npu3HaHueMm dpmHura: «;A gepro,
YTO HUCAQ U (PYHKYUU QHAAU3A He ABAAIOTCA NPOU3BOAbLHBIM CO30Q-
HUuem Haulezo pasyma; s OYMaro, 4TO OHU CYU,eCT8YIOT BHe HAC 8
cuay TOU sce Heobx00UMOCTU, KAK U 00BEeKTbl PeasvH020 Mupa, U
MbL UX BCTpedaem WAU UX OTKpblBaem U U3Y4aem TOYHO TaK, KaK
aro deaaror Quauku, xumurku usu 3ooa02us ([120], 1. II, cTp. 398).

B KksaccuueCKod KOHIENIUH MaTeMaTHKH BONPOC He CTOHUT O TOM,
yTOoObl OTOHTH OT H3yuYeHHst 4yHCea W (QUryp; OAHAKO 3Ta O(HIHAND-
Hasi TOYKa 3peHHs, KOTOPYIO Ha CJOBAax MOAIEPKUBAIOT BCe Mare-
MaTHKH, MaJo-oMaJy, 1Mo Mepe HAKOMJIEHHs HOBBIX HJefll, HAuHHaeT
MOPOXKAATh HEBBIHOCHMble CTeCHeHHs. 3aTpyaHeHHs ajareGpancros
C OTPHUATENbHBIMH YHCJIAMHU NPEeKpaIiaTCs TOJMBKO MOC/e TOTo, Kak
AHAMUTHUECKAs] FeOMeTpHs AaeT UM YHOGHYIO «HHTEepPNperalHios;
uo eme B cepenune XVIII B. Janambep, o6cyKaas 3TOT BONPOC B
«Juuuknonegun» ([56a], cratbsi «OTpHUATENBHOE»), MOC]E LEIOTO
cronbiia JOBOJMbHO MyTaHbIX OOBACHEHHH Majaer AYXOM M OTpaHH-
ypBaeTcsi BBIBOAOM, UTO <«npasusa aseebpauteckux  OelicTsuil
C OTPUYATEAbHLIMU KOAUYECTBAMU 8 OOUjeM NPUHATbL BCEMU U CHUL-
TQIOTCA TOUHBIMU HE3QBUCUMO OT T020, 4TO nodpasymesaercs hod
aTuMu Koauvectsamus. C MHUMBIMH YHC/JAAMH NpoOHU3oLIen ele 6oJb-
wni CKaH#as; Tak, eclyd JONYCTHUTh, UTO 3TO «HEBO3MOXKHbIE» KODHH,
v ecau (Bmaoth fo 1800 r.) He GbLIO HUKAKHX CIIOCOGOB HX «HHTEp-
PeTHPOBATb», KaK e MOXHO, He Brajasi B IPOTHBOpPeUYHe, FOBOPHUTH
06 3THX HeoNpeneJUMbIX CYIIHOCTSX H, KpOMe TOrO, 3a4eM HX BBO-
nutb? Jlanambep faKe He CTaBHUT 3TUX BONPOCOB, CTapasick oGOHTH
ux GaaropasyMHBIM MOJIYaHUWEM, TaK KakK, OUEBHIHO, CO3HAEeT, yTo
He cmor Gbl Ha HUX OTBETHTb HHAaue, ueM 3TO CHeNal 3a CTO JleT JO
Hero A. )Kupap, HaUBHO OOGBSCHSSA, UTO «MOXMCHO 6blA0 Obl CRPOCUTS:
KOMY HYXCHbL peulerus, KOTOpole He803MONCHbI? SI oTsewaro: oHu
HYKMCHbL 0aa Tpex eeujell— 0aa cnpasedausocTu 0bue2o npasuia,
u 4T0b6L Yb6eduTsvcs, 4TO HeT Opyaux peuleHul, u padu ceoeli noses-
noctu» ([99], c1p. 22).

He nyyme 6bi10 B XVII B. 1 nonoxenue ¢ ananusom. Cuacriu-
BBIM 06CTOSATENILCTBOM ObL10 NOsiBJeHHe, KaK Obl MO 3aKady, aHaJHu-
THYeCKOH reoMerpuH, uToObl AaTh BeNHKOMY TBopeHuio XVII B, —
MOHSATHIO QYHKUHH — «NPeACTaB/IeHHe» C NOMOILBIO reOMeTpHUeCKUX
duryp ¥ 3THM CHJIBHO cnoco6cTBoBaTh (B paborax Pepma, [Tackass
wnn Bappoy) mnosiBieHHI0 HcuHcleHdsi OecKOHewHo Maubix (cp.
crp. 202). Ho, ¢ apyroit CTODOHEI, H3BECTHO, KaKHe NMPOTHBOPEUHs
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(dunocodpcko-MaTeMaTHUECKOI0 XapaKTepa AOJKHbBI OBIIM NOPOIHTH
noHATHA OeckoHeuHo MaJoid u Hegeaumbix. M ecnu [JanamGepy
3gech GoJiblile TMOBE3JI0 U OH MPH3HAeT, UTO «MeTa(u3HKay Hcuucie-
HUS GEeCKOHEeYHO MaJlbiX He COJAepXHT HUYEro APYroro, KpoMe NOHsITHS
npegena ([56a], crateu «dnddepennnans u «Ilpenen» {56b]), on ne
MOXKeT, KaK U ero COBpeMeHHHKH, MOHSTh NOJJIMHHOTLO CMBIC/]aA pas-
JIOXKEHHUS] B pacXofsilivecs psiAbl U OOBSCHUTb NapaXoKC MOJNYUYeHHs
TOYHBIX Pe3y/NbTAaTOB NYTEeM BHIYUCJEHHH € BHIPAXKEHHUSIMH, JIUIIEH-
HHIMH BCSIKOH HMHTepIpeTaldy Ha udcnax. HakoHen, maxe Tawm, rie
IIADUT «reoMeTpHuecKasi yBepeHHOCTb», €BKJIHIOBB DaMKH B3pbl-
Batorcsi: Korna B 1717 r. CrupJsuur, He KoneGJsisich, YTBePKAAET, YTO
HeKasi KPHBasi UMeeT «MHHUMYIO ABOHHYIO TOUKY B GeCKOHEYHOCTH»
([217], ctp. 93 HOB. M34.), eMy, KOHeYHO, TPYAHO CBSI3aThb TaKOH
«00beKT» ¢ OOIIENPUHSITHIMUA MOHATHUAIMH, a B Hauane XIX B. ITon-
cesie, KOTOPHI B CBOeH NMpPOeKTHBHOH reoMeTpHHu (cM. ctp. 128) 3na-
YUTeNBHO Da3BUJl 3TH HJEH, YHOBJIETBOPsieTCsi TeM, uTo npuberaer
0Jisl OTpaBAAHHUs X K BecbMa MeTa(pH3HUECKOMY «NPHHIHNY Helpe-
PLIBHOCTH>.

SlcHo, yTO B 3THX ycJOBHAX (M Kak pas B TO BpeMs, Koriaa
napajoKcajbHHIM 006pa3oM ¢ 0co6eHHOH CHJIOH NpoBO3rJaiiaercs
«aBcoNMIOTHAsT HWCTHHHOCTbY MAaTeMaTHKH) TMOHSITHe JOKa3aTe/bCTBA
B Teuenne XVIII B. craHoBuTCS Bce Gosee u Gojlee PacIIbIBUATHIM,
TaK KaK MaTeMaTHKH He B COCTOSIHHH cHOPMYJHPOBATH, KaK 3TO fe-
JaJid TpeKU, HU TOHATHH, C TTOMOLIBIO KOTOPBIX PACCYKAAIOT, HH HX
OCHOBHBIX CBOHcTB. Bo3Bpar k crTporoctd, KoTopeiii Habjogaercs
B Hauaje XIX B., HeCKOJIBKO yJyudlllaeT NOJIOXEHHe, HO He CHepIKH-
BaeT NOTOKA HOBBIX MOHSITHH: TaK, B aire6pe NMOSIBJISIOTCS MHHMOCTH
Tanya ([94], cTp. 15—23, pycckuii nepeBof, crp. 36—47), uneasbuble
yucna Kymmepa [138], 32 KOTOpbIMH CJELYIOT BEKTOPHl H KBaTep-
HUOHBI, 7-MepHble MpPOCTPAHCTBA, MOJHBEKTODH W TEH30pH (CM.
ctp. 78—83), He rosopsi yxke o GyJesoil anre6pe. OnHuM U3 60Jb-
IHX JOCTHMKeHHuH (ITO3BOJIMBIIHM BO3BPATHUTLCS K CTPOTOCTH, He Te-
psisi HUYEro M3 3aBOeBaHHH MpelUecTBYIOUIHX CTOJIeTHit), Geccrmop-
HO, SIBJISIETCSI BO3MOXKHOCTb CTPOHUTb «MOAEIU» 3THX HOBBIX NMOHATHH
B GoJlee KJaCCHMUYECKHX TepMHHAX: HIeaNbHble YKCla U MHHMOCTH
TFanya HHTEPNPETHPYIOTCSs C MOMOIILI0 TEODHH CpaBHeHHH (CM.
ctp. 101—102), n-mMepnas reoMeTpusi Moxer OBITb NpejcTaBlieHa
(ecM HYXKHO) KakK fI3HIK [/ BBIPAXKEHWUs pEe3yJabTaToB anre6pbl
«C n MepeMeHHBIMH», a JJIs KJIaCCHYeCKHX MHHMMBIX YHCes] — reoMerT-
puueckasl HHTeprperauHs KOTOPHIX TOYKAMH TJIOCKOCTH 3HAMEHO-
Bajla HawaJo pacliBera anrebper (cM. cTp. 161—164) — Bo3MoxeH
BEIOOD MEXAy 3THMH FeOMeTPHYeCKUMH «MOIENsINH» H HHTeprpe-
tTanued B TepMHUHAX cpaBHeHH# (cp. cTp. 101).

Ho MaTeMaTnku HauHHAIOT HAKOHel OTYETJHBO CO3HAaBaThb, 4TO
3TO MPOTHBOJAEHCTBYeT eCTeCTBEHHOMY HANpaBJ/eHHI0 X paGoT U YTO
B MaTeMaTHKe BIIOJIHE 3aKOHHO paccyXkiaTbh 00 00beKTax, HE HUMelo-
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UMX HUKAaKOH YyBCTBEHHOHN «HHTeprnperauuu». by B 1854 r. nucad:
«B npupode maremaruku e 3aA0xHceHa HEOOXOOUMOCTb 3AHUMATHCA
udeamu wucaa u seaudunsts ([24], 1. 11, crp. 13) 1). Te ke coobpa-
JKeHHs pykoBogsaT ['paccManom, kKorga oH jgaer B «Ausdehnungs-
lehres, uagansoM B 1844 r., cBoe HcuucjieHue B (opMe, U3 KOTOPOH
C CaMoro HauaJia HCKJIIOUeHBI NMOHSITHS UHc/Ia HJIH reoMeTPHYeCKOro
«06bekTa» 2). A HeMHOro nosfiHee PumaH B CBOel BCTYNHTe/JbHOMH
JIEKUHH C caMOro HauaJjia MPH ONMHCAaHHHM «N-KPATHO MPOTSKEHHOro
mHoroo6pasusi» 3a60THTCS O TOM, UTOGBI FOBOPHTb He O «TOUKAXY,
HO JulIb 0 «crnocofax samaHus» (Bestimmungsweise), u moguepku-
BaeT, UTO B TAKOM MHOrooGpasuu «meTpuueckue otHowenus (Mass-
verhaltnisse) moeyr 6oiTe uccaedyemol TOAbKO NOCPeOCcT8OM OT-
BACHEHHLLX BeAUUUN U Npe0CTABACHbL C NOMOUL6I0 OopMys; OOHAKO
npu HeKOTOPbLX NPEONOAONEHUAX UX MONHO C6eCTU K TAKUM OTHO-
wenuam, Koropele, 6yoyuu paccmarpusaemol Kaxooe 8 0T0eAbHOCTU,
donyckaror onpedesenHole 2eomeTpudecKue npedcTasAerus, U, cae-
008aTeAbHO, CTAHOBUTCA BO3MOJNCHOIM Pe3YA6TATHL  BbLYUCACHUL
solpaxcatsy 6 eeomeTputeckol gopmes ([187a], crtp. 276; pycckuii ne-
peBox crp. 283).

1) B sToMm oTHouleHHH JIeGHHI[ cHOBA siBAsieTcs Npedreuell: «YrusepcanrvHasn
MATeMaTuKa, — roBOPHT OH, — ABAAETCA, TAK CKa3aTs, A02UKOU 6006paxcenus»
JIOJJKHA 3aHMMATbCS €BCeM, 4TO 8 064acTu 8006pascerus n00OAeTCA TOUHbIM Onpa-
Oeaeruam> ([144c], crp. 348; cp. [52], ctp. 290—291); oH cuMTaeT TJaBHBIM pas-
[eJJOM MaTeMaTHKH TOT, KOTOPHI Ha3BaH UM «KOMGHHATOPHKA», HJIM «HCKYCCTBO
¢GopMyJi», H MOA KOTOPHIM OH NOHHMAeT IO CYLeCTBY HAayKy 06 a6CTPaKTHHIX OT-
HOLIEHHSIX MEXJY MaTeMaTHuecKMMH o6beKramu. Ho Tak kKak [0 CMX HOp OTHO-
WEHHs, pacCMaTPHBAeMble B MaTeMAaTHKe, CBOAHJHCH MOYTH HCKJIOYHTEJNBHO K OT-
HOLIEHUAM BeJHYHH (DaBEHCTBO, HEepPaBEHCTBO, NPOMOPLHOHAJNBHOCTh), JleidGHuy
HAXOMUT HHble THIIB OTHOLIEHHH, KOTOPble, M0 €r0 MHEHHIO, JOJ/IKHLI Oblau Obl CH-
cTeMaTHYeCKH H3yuaTbhCfl MaTeMaTHKaMH, KakK, HalpuMep, OTHOLUEHHA BKJIOYEHHs
HJAH TO, YTO OH HA3HBAET OTHOLIEHHEM <«ONpefeJeHUs» OJHO3HAYHOTO M MHOro-
3Haugoro (T. e. MOHATHH oro6paxenus u coorsercrBusi) ([52a], crp. 307—310).
ITo 3ToMy MOBOLY OH BBICKA3bIBAE€T B CBOMX COUMHEHHSIX MHOTO APYTHX COBpe-
MeHHbIX HJell: OH 3aMeyaeT, YTO Pa3J/IHYHble OTHOLUEHHsS SKBHBAJIEHTHNCTH B KJac-
CHYECKOll reOMeTPHH HMEIT o6lLiHe CBOHCTBA CHMMETPHYHOCTH H TPAH3HTUBHOCTH;
OH TaKXe OT/IHYAeT MOHSTHE OTHOILEHHS, COBMECTHMOrO C OTHOILEHHEM 3KBHBa-
JIEHTHOCTH, H 0C060 OTMeuaeT, YTO MPOH3BOJILHOE OTHOIUEHHE He 06A3aTesbHO
umeer 370 csoifctBo ([62a], crp. 313—315). B 3THX BHICKAa3LIBAHMSX, TaK XKe KaK
H Be3jle, OH 3amHuiaer ynorpebieHne HOPMaM30BAHHOTO S3bIKA W JAaxe BBOIUT
3HAK AJis BHIpa)KeHHs HeolpefleseHHoro orHowenHs ([52a], crp. 301).

2) Cnenyer NpH3HaTh, YTO €ro sA3bIK, HACHILEHHBIH (HIIOCOPCKOA TepMUHOJIO-
ruefl, He cmoco6cTBOBAN TOMY, UTOGbI HPEJBCTHTh MAaTEMaTHKOB, KOTOpHIE uyB-
cTBoBasiu cefs He B CBoeld Tapeske nepefl GOpMYJHPOBKAMH BPOJE CJELyIOUIEH:
«Yucraa maremaruka — Hayka 0cobOU CYU4HOCTU, NOCKOAbKY OHG pPOXOeHA
morcavio» («Die Wissenschaft des besonderen Seins als eines durch das Denken
gewordenen»). Ho n3 KouTekcra sBcTBYeT, YTo [paccMaH [OBOJIBHO OTYET/IHBO
NOHMMAJ TOJA 3THM AaKCHOMATHYECKYI0 MAaTeMaTHKy B COBPEMEHHOM 3HAUeHHH
cioBa (32 MCKJIIOUEHHeM TOro, 4TO OH JOBOJIbHO KYpbe3HO cielyer 3a Jlefi6uuueM,
CYHTAas, YTO OCHOBBI 3TOH, KaK OH TOBOPHT, «(OpPMasbHOH HAyKH» CyTh OTIpejee-
HHSl, @ He aKCHOMBI); BO BCAKOM CJIyuae, OH HacTamBaer, Mofo6Ho By.io, Ha ToM,
UTO «HA36AHUE HAYKU O BEAUHUHAX He no0xo0uT OAf MATEMATUKU 68 LeAOM»
([102], . I, crp. 22—23).
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C 3T1Or0 MOMeHTa O0oJjiee ILHPOKOe MNpUMeHEHWe aKcHOMaTHuye-
CKOTO0 MeTofa CTaHOBUTCs obuienpuaHaHHbIM (akroM. Ecau eue B
TeyeHHe HEKOTOPOro BpeMeHH CUHUTAeTcs NOJIe3HBIM NpOBepsATh, rie
3TO BO3MOXKHO, «a0CTPAaKTHbIE» Pe3y/bTaThl FeOMeTPHUECKOH HHTYH-
u¥ed, To nNo KpaiHe#l Mepe JOMycKaeTcd YKe, UTO «KJacCHUeCKHe»
00beKTHl He fBJAIOTCA eAHHCTBEHHBHIMH 3aKOHHBIMH OObEKTaMH Ma-
TeMaTHuYeCcKoro HccilegoBaHus. M aTo noTomy, uTo HMeHHO Bcliell-
CTBHE MHOMKECTBEHHOCTH «MHTepINpeTaluui» HIH BO3MOMKHBEIX «MOJe-
Jiefi» ObLIO NPU3HAHO, UTO «NPHPOAA» MaTeMaTHUeCKHX 0O6BbEKTOB MO
CYIIeCTBYy BTODHYHA W 4TO, HANpUMep, He UMeeT GOJBLIOrO 3HAue-
HUl, GyHeT JU HEeKHH pe3yJbTaT BbIpaxkeH B (opMme TeopeMhbl «UHC-
TOH» reoMeTpUH HJIH B (pOopMe TeopeMbl ajreGpel C MOMOUIbIO aHAJH-
THYEeCKOH reoMeTpud. JIpyramu c10Bamu, CYU(HOCTb MaTeMaTHKH —
3TOrO HEYJOBHMOI'O MOHATHsSI, KOTOpOe MO CHX NOP BhLIPAXKasaoch
CTOJIb PAcIIbIBUATBIME TEDMHHAMM, KaK «o6liiee NPaBUJIO» HJIH «Me-
Tapu3auKa», — NpPeACTaBJASETCS Tenepb Kak yueHHe 06 OTHOMIEHHAX
MeK1y OOBeKTaMH, O KOTOPBIX HHYEro He M3BECTHO, KPOME OMHCHI-
BAIOWIHX MX HEKOTOPBIX CBOHCTB, HMEHHO TeX, KOTOpPHe B KaueCTee
aKCHOM NO0JI0KeHb B OCHOBAaHHe TEOPHUH. DTO yxKe sCHO BHAeA ByJib
B 1847 r., Korna oH nucaJ, yTO MareMaTHkKa TPakKTyeTr «00 onepa-
yuax, paccmarpusaemolx camu no cebe, HeE3aB8UCUMO OT PA3AUUHLLY
npedmeTos, kK KOTOpbIM OHU mO2YyT npumerarscas ([24], 1. I, ctp. 3).
B 1867 r. I'ankessp, nocssias ¢cBo# Tpyal akcMOMaTH3alUuu ajreGpe,
3alHIAaeT MATeMaTHKY, C4UCTO UHTEALeKTYAAbHYIO, YUCTYIO TeOPUID
hopm, 06BEKTOM KOTOPOL CAYNHAT He KOMOUHAUUL BEAUUUH UAU UX
uzobpaoicernuti, uucen, Ho npedmerst moicau («Gedankendinges),
KOTOpbiM MO2YT COOTBETCTB0B8ATH OelicT8UTeAbHble NnpedmeTol UAU
ITHOWenUSA, XOTA Takoe COOTBeTcTaue He Heobxodumo» ([109],
ctp. 10). B 1883 r. Kautop nopmep:xxupaer Tpe6oBaHHe «CBOGOIHOI!
MaTeMaTUKH» U OGBABJASET, UTO «MATEMATUKA COBEPULEHHO He3asu-
cuma 8 ceoem pa3suUTul U ee NOHATUR CBA3AHLL TOAbKO Tpebosa-
Huamu GolTo HeNnPOTUBOPEHLBbIMU (I COOTBETCTBOBATL NOHATUAM, B8e-
OeHHbLM paHee nocpedcTsom TO4HbLX onpedeseruil» ([35], ctp. 182).
Hakouel, peBu3usi eBKIHL0OBOH reOMeTPUH JOBEpLIaeT pacmnpocTpa-
HeHde u mnonynaspusanuioo atux Haeid. Cam [lam, npugepxupaio-
IIMica MHEeHHs1 O HEKOH «peasibHOCTH» reOMeTpH4eCKHX 0ObeKTOB,
npu3HaeT, OJHAKO, YTO reoMeTpus (akTHYeCKH He3aBHCHMAa OT HX
3HAUeHUs U 3aHHMAeTcss TOJAbKO H3yueHHeM HX oTHourenuit ([176],
crp. 90); I'map6epT AOBOAHMT 3TY KOHLENIHIO JO ee JOTHYecKoro
3aBeplleHHUs], MOJUEPKUBAs, YTO JaKe Ha3BaHHs OCHOBHBIX MOHSTHH
MaTeMaTHUeCKO# TeopHH MOTYT ObITh BBIGpPAHBI MpPOH3BOJBHO !), a
[Tyankape BbIpa)aer ee, roBOPS, YTO AKCHOMBI — 3TO «3aMacKHPO-

1) CorslacHo H3BeCTHOMy aHeKAoTy, ['Hib6epT O0XOTHO MOSICHSI 3Ty MBICIb,
roBOpsi, 4TO, €C/IH 3aMEHUTS C/IOBA «TOUKA», «IPAMas» M <«IJOCKOCTb» CJIOBaMH
«CTOJ», «C1yJI» H «IIIBHasi KPYXKKa», B FeOMeTPHH HHUero He uaMmeHurcs. Hure-
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BaHHBle OTpeIeJeHHsi», MOJHOCTBIO ONpoBeprasi 3THM YTBepXkie-
HHEeM CXOJ/IaCTHUECKYIO0 TOUKY 3PeHHs.

BosHukaeT HCKylLIeHHe MNPH3HATh, UTO COBPEMEHHOe NOHSITHE
«CTPYKTYpbI» B OCHOBHOM cdopmupoBasoch okosno 1900 r.; B neil-
CTBHTEJNbLHOCTH MOHANOGHTCS ellle TPUALATHL JIeT H3ydeHHsi, YTOOBL
OHO BBISIBHJOCbH C TOJMHOH siCHOCTBbIO. KoHeuHO, pacnosHate CTpyk-
TYypH TOrO Xe POJa, eCJAH OHH AOCTAaTOYHO INPOCTHl MO CBOeH mHpH-
pofe, He TMpeACTaB/sieT HHKAKOH TPYAHOCTH; TaK, HampHMep, Ipym-
MoBble CTPYKTYpPHI OCBOeHbl yKe c cepenusdl -XIX B. Ho B 3t0 xke
BpeMss Mbl BHAMM Yycuausi ['aHkens (BmpoueM, He BIIOJIHe YCIell-
Hble), HanpaBJeHHble HA TO, YTOOb! BHIAENHTb OOLINe MOHSTHS I10JIs
M pacliMpeHHs, KOTOpble €My yaaeTcsi BBIPA3HTb B BHJE HamoJo-
BUHY MeTa(u3uuecKOro «HNpHHUHNA NepmaHeHTHOCcTH» [109] u KoTo-
pbie uepe3 40 jger 6yayT TouHo copMyaupoBaunl lteiinuuem [213].
Tpynuee Bcero nmpu 3ToM OblIO OCBOGOAUTHCSt OT BNeyaTJeHHs, UTO
MaTeMaTHUyecKHe OGBEKTHl HAM «IaHbl» B8MecTe ¢ UX CTpYKTYpol,
TOJBKO NOCTATOYHO MAOJrasi NMPakTHKa (PYHKIHOHAJBHOTO aHAaJ/H3a
Jaja BO3MOXKHOCTb COBPeMEHHbIM MaTeMaTHKaM TpPUBBIKHYTH K
MBICJIH, 4TO, HAaNpHUMep, ecTb HECKOJBbKO pAa3JHYHHIX «eCTeCTBeH-
HbIX» TOMOJIOTHIl IJsi palHOHAJbHBIX YHCEJ] H HECKOJbKO Mep Ha
YHC/OBOM TpsMoH. DBaarogapsi 3ToMy pasfeseHdI0 OKOHYATEJbHO
OCYLIECTBHJICS NepeXof K o6lieMy MOHSTHIO CTPYKTYpHL

B) Modeau u uzomopguamor. MoxHo GbI0O GH 3aMETHTh, UTO
HEOJHOKPATHO VKe BBOIHMJHCH NOHSITHS «MOJEJH» H «HHTeplpera-
IIMH» ONHON MaTeMaTHYecKo# TeOpPHH C MOMOLIbIO ApPYroi. ITo He
HOBasf ujesi, OHa. 0e3ycJOBHO, siBJsieTCd OTpa)KeHHeM TI1y6OKOTO
OLIYLIEHHS €LHHCTBA pPas3/IMUHBIX «MaTeMaTHUECKHX AMCHHIIHH» H
Ge3 KOHIIAa BO3pOXKJaeTcd Ha nouBe 3TOro ouryuieHus. Ecau cuurath
MOAJHHHBIM TPAAHIIHOHHOE M3peueHHe PaHHUX Mudaropeiines «Bce
ecTy 4ucA0», TO ero MOXHO pacCMaTpuBaTh KakK cjaef NepBoil mno-
NBITKH CBECTH TeOMETPHIO M anare6py To# 3moxu K apudMeTuke. Xo-
Tl Ka3aJ0Ch, YTO OTKPHITHE MPPANHOHAJIBHOCTH HaBCerga OTpe3ato
3TOT NYyTh, Peakiiysi, KOTOPYI0 OHO BLI3BAJO B rpeueckod Marema-
THKe, sIBUJacCb BTOPOH MOMBITKOH K CHHTE3y C HCIOJb30BaHHEM reo-
MeTpPHH B KauecTBe OCHOBBI M BKJIIOUEHHeM B Hee, B YaCTHOCTH, Me-
TONOB pellleHHst ajare6panyecKux ypaBHeHHH, YyHacJ/JeJOBaHHBIX OT
BaBUJOHsIH!), [3BecTHO, UYTO 3Ta KOHIENUHs NPOCYIIECTBOBaJA

pecHo, uTo y*e y Jlanambepa MOXHO BCTPETHTb HEUTO NOXOGHOE 3TOMY OCTpO-
ymHOMY Bbnany: «Moono dasaTe ca08am Te 3HAUEHUR, KOTODble HeAATEAbHbLS,~—
nuuer o B <«dHuMkaAonenun» ([66a], cratea «Ompenenenne»), —a cywyrocru
MoxcHO 66140 6oL c030aTb TouHble (HO CMEULHble) INEMEHTb. 2e0METpUl, Ha38a8
TPEY2ONbHUKOM TO, 4TO O6bI4HO HA3bIBAIOT KPY2OMS>.

1) Tem He Menee apudMeTHKa ocTaeTcs BHE 3ITOro CHHTe3a; H3BECTHO, YTO
EBkaupg, nocie TOro Kak OH pa3BHJ OOGILYI0 TEOPHIO OTHOLIEHHH AJS TPOU3BO/b-
HHIX BEJIMYHH, HE3aBHCHMO OT Hee Da3BHBAeT TEODHIO PAallHOHAJbHLIX YHCeJ BMe-
CTo TOro, uTo6bl pacCMaTPUBaTh MX KaK YaCTHHIA cJyyail OTHOLIEHHS BENHUMH
(cM. ctp. 146—150).
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BIJIOTb A0 (yHAaMeHTajbHOH pedopmbl P. Bombenau u Ilekapra,
cBOAsAILIEH Bce Mephbl BeJIMYHH K Mepe MJHHbI (MHAuye roBops, K AeH-
CTBUTeNbHOMY uucny; cp. cTp. 160). Ho nocse coznauus lekaproMm
u depMa aHaJUTHUECKOH TreOMeTPUH CHOBA MNpOSABJseTCs NepBas
TeHAeHI s, cnocobcTBys 6oJiee TECHOMY CJHSHHIO F€OMETPUH € all-
reGpofi, HO Ha 3TOT paa c neperecoM anre6pul. Onnako ekapTt uner
ele faJjplie B NOHUMAHUH TOTO, UTO «BCe Te OTOeAbHble HAYKU, KO-
TOpble COCTABASAIOT TO, YTO HA36L8AIOT MATEMATUKOU», IO CYLLECTBY
enuHbl. «X0Ta ux npedmeTsl pasauuHol, — FOBOPHT OH, — Tem He Mme-
Hee 8ce OHUL CO2AacytoTCA mexcdy cobol 8 TOM, 4TO UCCAEOYHOT TOAb-
KO pa3audHble, 8CTpeqarOujuecs 8 HUX OTHOWLEHUA Uil NPpONOpYUU»
([64], 1. VI, ctp. 19—20; pycckuii nepeBox ctp. 23) ). Bo Bcsikom
cjllyuae, 374 TOUKa 3peHUs] CTPEMHJach clenaTh aare6py OCHOBHOH
MaTeMaTHUeCKO# HayKOH; NPOTUB NOJA06GHOr0 BBIBOAA 3HEPTHUYHO ApPO-
tectyeT JledGHUI, KOTOPHIH, KAK Mbl BUAENH, CAM cO3JaeT «YHUBep-
canbHYI0O MaTeMaTHKy», HO Ha GoJjiee LIMPOKOH OCHOBE, Y3Ke OUeHb
G/MH3KOA K COBPeMEHHBIM BO33peHHSIM. Y TOUHSISI «COMVIaCOBAHHOCTDLY,
0 KoTopo# roeopus [lekapT, oH mepBbl ycMoTpesn ofliee NOHSATHE
n3omopbusMa (KOTopoe OH Ha3blBaeT «nodobuem») U NpenBHIEN
BO3MOXKHOCTb «OTOXKJECTBJSATH» H30MOpP(GHLIE OTHOIUEHHS HJH Ome-
palud; B KauecTBe IIpUMepa OH JaeT CJIOXKeHHe U yMHoxeHHe ([52a],
ctp. 301—303). Ho 3Tu cMesible B3rJIsiibl He NONYUHJIH OTKJIHKA Y €r0
COBpPEMEHHHKOB, Hano OHIJIO KAATh pacllHpeHHs ajreGphl, KOTOpoe
uMesio MecTo B cepenute XIX B. (cMm. cTp. 68—70), uTo6H yBUIETH
Haya/Jo peanusaldd TOro, o ueM MeurtaJs Jle#AGuuu. Mbl yxke oTMme-
yajii, YyTO HMEHHO K 3TOMYy BpeMeHH HAyMHalOT yMHOXKATbCSi «MO-
JeJu» ¥ UTO yueHble MPHUBLIKAIOT NEePEXOAHTb OT OJHOH TEOPHH K
IpYroii MOCPeACTBOM MPOCTOro H3MeHeHus TepMuHonoruu. HauGosee
nopasHTebHbIM NPHMEPOM SIBJAsieTCS JABOHCTBEHHOCTb B IIPOEKTHB-
Hoi reomerpuu (cM. ctp. 130), rme o6bIYHAS AJS TOrO BpEMeHH
npakTHKa TNeyaTaHus GOk o GOK, B ABYX JeXalluX psaoM cToJjG-
1ax, «IABOHCTBEHHBIX» TeopeM GeccnopHO chirpaja GoJbIIyIo POJb
B '0CO3HAHUM NOHSATHs H3oMmopdusma. [lonAaTue usoMopdHBIX rpynm,
ecJ/IH ero paccMaTpuBaTh C 6osiee TeXHHYECKOH TOUKM 3peHus, GBLIO
usBecTHo [ayccy mas aGeseBblx rpynn, a Ianya — pas rpynn ne-
pectanoBok (cp. ctp. 68—70). K cepeanne XIX B. 3T0 mousiTue 2)

1) B 3TOM OTHOWIEHHH MpeACTaB/sgeT HHTepec To, uto Jekapr cOauxaer
¢ apudMeTHKOH H C «KOMOHHALUSAMH YHCEJ» <UCKYCCTBA.. ede Goabvule 8cezo ya-
putr nopadok, Taxkue, Kak UCKYCCTBA DPeMECAGHHUKOB, OeAQrOUux NOAOTHA UAW
KOBpbI, ULAU UCKYCCTBA ONEHUWJUH, KOTODble NAETYT KDPYHesa ulu BolUUBAOT>
([64a], . X, ctp. 403), 3ToT mMoAX0A Kak OBl MpeJBOCXHILaeT COBPeMeHHOE Yue-
HHe O CHMMETDHH M ero COOTHOIIeHHsI C NOHsiTHeM rpynmel (cp. [245]).

2) CaMo c/0BO <«H30MOpGHH3M» GBLIO BBELEHO B TEOPHIO TPYNm B 3TO XKe
BpeMs; HO BHauaje OHO CJIyXHJIO TaKke NI 0603HaueHHsi CIOPBEKTHBHBIX TO-
MOMOpPGH3MOB, KBaJHGHUMPYEMBIX KaK MepH3IpHYecKHe H3OMOPOU3MH, B TO
BpeMsi Kak COGCTBEHHO H30MOPQH3MBI Ha3LIBAJIHUCh <T0OJIO3IPHYECKUMH H3OMOD-
¢dusMaMu»; 3Ta TEPMUHOJOrHS NMpofepiKaJtach no pabGor 3. Hérep.
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B ofmiemM BuJe NPUMeHsieTCss yxKe mjst JoObIx rpynn. B nanabHei-
meM Kaxkjad HOBasi akKcUOMaTHYecKass TeOopHs, eCcTeCTBEHHO,
BJeKJa 3a coboif onpezeseHHe MOHATHsS M30MOp(dH3MA; HO TOJBKO
COBpeMeHHOe MOHSATHe CTPYKTYPHl NPUBOIHT, HAKOHEI, K OCO3HAHHIO
TOrO, 4TO BCsiKAasl CTPYKTypa HeceT B cefGe moHsiTHe u3oMopuaMma
M 4TO HeT HyX/Ibl AaBaTb eMy ocoboe onpejeneHHe AJs KaKaOro
poaa CTPYKTYpHI.

C) Apugmerusayus saaccuueckoll matemaruxu. Bee 6oJbllee H
Go/iblllee HCIIOJNb30BAHHE MOHATHS «MOJEJAH» JaJo BO3MOMKHOCTb
ocymecTBuTh B XIX B. yHHOUKauuI0 MareMaTHKH, O KOTOPOH Meu-
tanu nudaropeiiusl. B Hayase Beka 1enoe YHCAO W HenpephiBHAs
BeJIHYHHA Ka3aJHUCb NMOHSTHSMHU CTOJb XK€ HECOBMECTHMBIMH, KaK H
B aHTHUHYIO 310XY; A€ACTBUTesNbHBle uyucjga OBLIM CBSI3aHBI C MNOHS-
THeM reOMeTpHUYeCKOH BeJHUHHBbl (BO BCSIKOM cjyuae, ¢ IJHHOH) H
HMEeHHO K Hell M o6paulajuch IJisi «MOjejeidl» OTPUIATEJNbHBIX H
MHUMBIX yucest. [laxe pauuoHasibHoe YHCAO GBIIO MO TpaIHIHH CBS-
3aHO C NpeicTaBJeHHeM O «jejeHHU» BeJUUWHBl Ha paBHbIE YaCTH;
TOJIBKO Ilesible YHC/IA OCTABAJHCh B CTOPOHE KaK «UCKAIO4UTEAbHbLE
TEOpexusa Hawe20 padyma», kak ckasaa Tlaycc B 1832 r., npoTuBo-
MOCTaBJsAsl MX MOHATHIO npoctpaHctBa ([95a], . VIII, crp. 201).
[TepBble ycuans npubiau3uTb apudMeTHKY K aHAJJU3y HAYaJHCh C
pauHoOHaNbHBIX yHCeJ (NOJOXKHTENbHBIX W OTPULATENbHBIX) H GBLIH
npeanpuHaTel Maptudom Omom (1822 r.); npubausutensHo B 1860,
ero uzesi 6olia noxxsaueHa I'paccmanowm, [aHkesem u Beliepurpac-
coM (B ero HeonyG/JMKOBAHHBIX JeKIHUsX); NocJdelHeMy NpUHAaIJe-
KUT HJesl NOJYUUTb «MOJeib» PALHOHAJbHbBIX NOJOXKHUTEIbHBIX UHCE/T
W LeJbIX OTPHUATEJNbHbIX YHCEJ C NMOMOMIbIO KJ1aCCOB Map HaTypaJb-
HbIx yuces. Ho Hazmo 6bl10 ele 106UTbCS CAMOr0O BaXKHOT0, a HMEHHO
HalTH «MOJeJb» HPPALHOHAJBHBIX YHCEJ B TEOPHUH pAIHMOHANBHBIX
yucet; K 1870 r. ata npo6JjeMa yxe He Teprneja HHKAKOro oTJjara-
Te1bCTBA, TaK KaK NOCJe OTKPBITHS <«NaTOJOrHYecKux» (HakToB B
aHajM3e BO3HHKJA HEOOXONHMOCTb NPH ONpeleSeHHH AeHCTBUTE/b-
HbIX yHcesJ H306aBUTHCS OT BCeX CJAeNOB reoOMeTPHUECKO# WHTYHLIHH H
OT CMYTHOTO MOHATHS «BejaWuyuHHa». M3BecTHo, uTo 3Ta mnpobiema
6blia pa3pellleHa K 3TOMY BpeMeHH NPUGIH3HTENbHO OJHOBPEMEHHO
KautopoM, HenekuHaom, Mspeem m BeflepmrpaccoM, npuuem jo-
BOJIbHO pa3/iUYHBIMH MeTogaMu (cM. cTp. 155—156).

Hauunasi ¢ 3TOro BpeMeHM LeJble uHcjga CTaJdd OCHOBOH Beel
KJlaCCHYecKkoil MaTeMaTHKH. KpoMe Toro, «Moxenu», onupalominecs
Ha apucMeTHKy, npuobperaloT emle 6oJibliiee 3HAaUeHHE BCJIEICTBHE
pacUIMpeHHst aKCHOMAaTHYeCKOr0 MeTOJa M yCTaHOBUBLIEroCs B3IJsiia
Ha 00beKTbl MaTeMaTHKH KakK Ha cBOOOJHBIE NMOPOXKAEHHs: pasyMa.
B nefictBuTebHOCTH 3Ta cBo6oja, npoBo3rsaileHHass KaHTopow,
6bl1a orpaHuueHa npo6/aeMoll «CyLIeCTBOBaHMsSi», KOTOpas TpeBo-
KHJIa elle FPEKOB W paspellleHHe KQTopo# ceiyac GbLIO OCOGEHHO
Heo6X0nHMO, TaK KaK Tenepb BcsiKas anesAlUss K HHTYUTHBHOMY
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NpeicTaBJEHHIO YyXxKe He MpH3HaBajach. Jlasablle MBI YBHIHM
(ctp. 50—51), uto B nepBble roabl XX B. MOHSITHIO «CYLIECTBOBA-
HHUsI» CYXKJeHO ObLIO ChIrpaTh HEHTPANbHYIO POJb B PasjHuHbIX DH-
Jgocodcko-marematHueckux nepunetusx. Ho B XIX B. no artoro eme
He JOLILIM M CUHTAJH, UTO JOKa3aTeJbCTBO CYLIECTBOBAHHS MaTeMa-
THUECKOro 00beKTa ¢ 3aJaHHBIMH CBOHCTBAMM COCTOSJIO, KaK H Y
EBKaima, npocTo B TOM, 4TOOBI «CKOHCTPYHPOBATh» OGBEKT, HMeEIO-
U yKaszaHHble cBOicTBA. Has aTux lenelt U cayXuiu apudmerH-
yeckKHe MOJENH; KaK TOJNbKO JeHcTBUTe/NbHble yucjga ObLIM «HHTEP-
NpeTHpoBaHbl» B TePMHHAX LeJbIX YHCes], TeM CaMbiM ObLIM HHTep-
npeTHpoBaHbl 6Jjarofaps aHaJHTHYeCKOH reOMeTpPHH TaKXke U KOM-
IJIeKCcHbIe yucsa i reomeTpus EBKAnIA; TO Ke caMoe NPOHU30LIIO H
CcO BCeMM HOBLIMM ajre6pauyecKuMu OObEKTaMH, MOSBHBLIUMHCS
B XX B.; HakoHel, beabrpamu u KieliHy yaasoch NOJYyYHTb — U 3TO
OTKpbLITHE MMeJIO IIHPOKHH Pe30HAHC — eBKJAHAOBH «MOJEJH» HeeB-
KJAuQ0BbIX reoMmerpuit JloGauesckoro u Pumana (cM. ctp. 131—132)
U, cJeJ0oBaTe/]bHO, apudMeTH3HPOBATh (M TeM CAMBIM MOJHOCTbIO
Y3aKOHUTb) TEOPHH, K KOTOPbBIM MePBOHAYaJbHO OTHOCHJHCH C
GOJBIIMM HeLOBEpHEM.

D) Axcuomarusayus apu¢pmeTuxu. YxkaszaHHoe pasBUTHe Hampa-
BJISIJIO BHUMAHHEe YyueHbIX Ha H3yueHHe OCHOBaHUH caMmoii apudpme-
THKH, KOTOpOe W Hauajoch B AeHcTBUTeNbHOCTH okoso 1880 r. o
XIX B. yueHble, NO-BHAHMOMY, He MBITAJHChL OMPEAENHTbL CJAOKeHHe
¥ yMHOXeHHe HATypaJbHBIX YMceJ HHaue, 4eM mIyTeM mpsiMoro ob-
palleHds K HHTYHLUH; TOJAbKO JleH6GHHUL, BEPHBII CBOUM NPHHLMNAM,
HACTOWYMBO yTBEPXKHaeT, YTO CTOJIb <«OUeBHJAHble HCTHHBI», KaK
2 4+ 2 = 4, ne MeHee HYXJAIOTCA B [JOKa3aTeabCTBAX, €CJIH MOpas-
MBICJIHTh 06 OmpeneseHHsIX 4HuCes, KOTopble Tyaa BxoadaTr ([144b],
1. IV, crp. 403; cp. [62a], ctp. 203); on He cuMTaj, 4YTO KOMMYTa-
THBHOCTb CJIOXKEHHS W yMHOXEeHHs siBasieTcsi caMo coboil pasymero-
mwuMcst cBoiictBoM !). OnHaKo OH He HIAer AaJjblie B CBOMX paccy-
KJIEHHSIX 1O 3TOMY BOMPOCY, KOTOpHIH K0 camoi cepeaunnl XIX s,
He [OJYuYHJ HHKakoro passutus. [axe Bellepmrpace, Jekuuu Ko-
TOPOro 3HAYMTEJNBHO COCOB6CTBOBAJH PacnpocTpaHeHu o uaell «apud-
MEeTH3aUHU», NO-BUAMMOMY, He MOUYYBCTBOBAJ HeOGXOAMMOCTH JIOTH-
YeCKOro YsICHEHHsI TeOpHH uenblx yuces. [lepBbie 1Iary B 3TOM Ha-
[paBJleHHH, KaK KaxeTcs, GblM cHedaHbl ['paccMaHOM, KOTODPHIH B
1861 r. ([102], 1. II5, cTp. 295) nan onpeleneHHe CJA0KEHHIO U yM-
HOXKEHHIO LeJIBIX UHCeJN M J0Ka3biBaJ HX OCHOBHBIE CBOHCTBA (KOM-
MYTaTHBHOCTb, ACCOLMATHBHOCTb, AHCTPUOYTHBHOCTL) MOCPEACTBOM
TOJIbKO ONHOH omepauuy x — X + | u NpUHIKNA MONHOH MaTeMaTH-

1) B xauecTBe NpHMepa HEKOMMYTATHBHBIX NeHCTBUM OH yKasbiBaeT Ha Bbl-
YHTaHHe, Ne/ieHHe H Bo3BeleHue B cremeHb ([144b], 1. VII, ctp. 31); oano Bpems
OH Jjame npo6oBasl BBECTH NOAOGHME ONEpPal{H B CBOH JOTHUECKHE HCUHCJIEHUS
([52a], crp. 353).
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yecKOH MHAYKUMH. DTOT MPUHLHUM GBI SICHO NOHSIT H BIEpBHE MpHU-
meHen B XVI B. uraabsnuem ®. Maspoauxko [157]1), eciu He cuu-
TaTh GoJlee HJIH MeHee CO3HATE/NbHBbIE MPUMEHEHHS ero B aHTHYHOCTH,
¥ LIUPOKO HCIOJb30BAJCH MaTeMaTHKaMH HayHHasi C ePBOIl MOJOBH-
upt XVII B. Ho nuwe B 1888 r. Henexung ([60], 1. III, cTp. 359—
361) dopmynupyeTr MONHYIO CHCTEMY akcHoM apudMeTHKH (cucTe-
MY, KOTODYIO TpeMsi rojaMH MO3[Hee Bocrnpousses [leaHo W KoOTO-
pyio O0OGbIYHO HA3BIBAIOT ero wuMeHeM [177c]), comepxkallyio,
B YACTHOCTH, TOYHYIO (DOPMYJMPOBKY NPHUHIMUNA MOJHOH MaTeMaTH-
yecKoH HHAYKUMH (ynoTpebasiemoro u [paccMaHoM, XOoTs OH ellle
He JlaeT eMYy SICHBIX ompejesieHui).

Kasanoch, uTO 3Ta akCcHOMAaTH3auys AaJa BO3MOMXKHOCTbL JOCTHI-
HYTh OKOHYATeJbHOro 06OCHOBAHHSI MaTeMaTHKH. B HeficTBHTeNbHO-
CTH UMEHHO B TO BpeMsi, KOrga GBI sicHO C(OPMYJIHPOBAHH AKCHO-
MBIl apU(pMeTHKH, OHA YKe, 10 MHEHHI0 MHOrHX MaTeMaTHKOB (M B
nepByio ouepefb caMmoro [enekunna, a takxke [leano), nepecrana
GBITh MEePBHYHON HAYKOM H YCTYNH/A CBOIO POJIb TEOPHH MHOXKECTB —
caMoif HOBOH M3 BCeX TeOpHH MAaTeMAaTHKH; MO3TOMY MOJEMHKY, KO-
TOpas pa3pasuaach BOKPYT MOHSITHS [eJOro uuc/a, HeJb3si paccMma-
TPUBATh H30JHPOBAHHO OT BEJNHKOTO «Kpuauca ocHoBauuit» 1900—
1930 rr.

Teopus MHOXeCTB

MoK HO yTBepX/aTh, UTO MAaTeMaTHKH H (hHI0CODH Bcex BpeMeH
foJlee WM MeHee CO3HATeJbHO NOJb30BaNHCh TEOPETHKO-MHOMXKeCT-
BeHHbIMH paccykaeHHssMuH. OQHAKO B MCTODHH Pa3BUTHS HX B3LJIA-
JOB MO 3TOMY NIpeaMery HeOGXOAMMO ueTKO OT/eJNHTb BCe BOMPOCHI,
CBsI3aHHbIE C MOHSITHEM KapJAHHAJBHOrO uHcaa (U, B YACTHOCTH, C MO-
HsITHeM GeCKOHEYHOCTH), OT BOMPOCOB, CBSI3aHHBIX TOJBKO C MOHS-
THSIMH PHHALJIEXKHOCTH U BKJ/IIOYeHUs. DTH nocelHHe 6oJiee HHTYH-
THBHBI U, MO-BUAUMOMY, HUKOr'A He BO36GYKAAMH MOJEMHKH; HAa HHX
Jlerye Bcero ObJIO OCHOBAThb TEOPHIO CHJJNOTH3MOB (KaK 3To cje-
nanu JledGHUI U DiiNep) UM BBECTH aKCHOMBI BPOZe «llesoe Gosblile
yacCTHy», He TOBOPsl yXKe O TeX aKCHOMaXx reoMeTPHH, KOTODHIE OTHO-
cATC K NepeceyeHUsIM KpHBBIX M moBepxHocTed. [lo konua XIX B.
HHKTO He YrJayGJsijicsi B onpejeseHHe MHOXecTBa (HJH, [0 TepMH-
HOJIOTHM HEKOTOPHIX aBTOPOB, «Kjaaccas) o6DBEKTOB, 06Jafaioiux
TeMH WJIH HHBLIMH JaHHBIMH CBOHCTBaMH 2). 3HaMeHHTOe «omnpenese-
nue» Kanrtopa: «I100 muoscecT6om nonumaror 06veounenue 8 00HO

) Cm. takxe [34].

2) Mul yxKe BHAeH, uto Bysb He Koje6Gercs NaxKe BBOOHTb B CROe HCYHCJHe-
HHE «YHHMBEDCAJbHOE» MHOXeCTBO | Bcex OGBEKTOB; 3Ta KOHUEMUHs, N0-BHIUMOMY,
He TOJBEprajach KPHTHKe B TO BDEMs, HECMOTpsl Ha TO 4To 6buia OTBEprHyTa
ApucToTesieM, KOTOPHIH JaeT HOBOJbHO TYMaHHOE HOKa3aTeJbCTBO C LEJBIO MOKa-
3aTh ee abcypauocth ([4], Mer. B, 3, 998b).
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obujee 06BEKTO8, XOPOWIO pA3AULAEMbIX Hauwlell UHTYuyued Uil Ha-
weti moicavro» ([35], crp. 282) nocse ero onyGavKOBaHHsI He BEI3BA-
JIO TNOYTH HUKAKHX Bodpaxenuit!). Ho kak TOJbKO K MOHSTHIO MHO-
JKecTBa NMPHCOENUHSIOTCS NOHSATHS YMCJa U BEeJUUHHBI, [TOJNOXKEHHEe B
KopHe MeHsercs. Bonpoc o GeckoHeuHO#l AeJMMOCTH MPOCTPAHCTBA
(GeccriopHO, nmOCTaB/IeHHBIH ellle paHHUMH nudaropeiiiiaMu) npusel,
Kak H3BEeCTHO, K 3HAuMTe/bHBIM 3aTpyiHeHHsIM B ¢GHuiaocobuu: or
dneatroB no Boaenano u Kanrtopa matematuxku ¥ ¢uaocodsl He B
cuiax GblIM paspelIUTh Mapajgokca O KOHEUHOH BeJHYHHE, COCTOs-
mei U3 GecKOHeYHOro yHucja TOUeK, He MMEIOLINX BeJHYHHBbL. Dblio
6Bl HEHHTEpPecHO HM3JjaraTh, XOTs Gbl U B CaMOM CXaToM BHIe, TY
HECKOHYAEMYI0 M CTPACTHYIO MOJEeMUKY, IOAHSBUIYIOCS BOKPYT 3TOTO
BOMpoOca, co3faBliero oco6eHHo 61aronpusaTHBIE YCJAOBHS JJs MeTa-
(busHMuecKHX M TeOJOrMYecKHX paaraarojbcTBoBaHui. OcraHoBHMcs
JIMIIb HA TOYKE 3peHHsi, pasfiedsieMOd, HAUNHAS ¢ aHTHYHOCTH, 60JIb-
IIMHCTBOM MaTeMaTHKOB, KOTOpas B OCHOBHOM CBOJAHTCS K TOMY,
yTo6Bl BOOOILE OTKA3aThCSl OT CIIOPOB BBHAY HEBO3MOMKHOCTH paspe-
IIHTh MX HEOTPOBEPKUMBIM crOCOGOM — HAa 3TOH MO3UIUHU CTOAT U
coBpeMeHHble (popmaJsucThl. [Togo6HO TOMY Kak 3TH nocCjJefHHe cTa-
paioTCsl MCKJIIOUHTb BCSIKOE BMEIaTeNbCTBO «MapafoKcaabHBIX» MHO-
xkecTB (cM. HXKe, cTp. 44—49), K/JIaccHyeckde MaTeMaTHKH TIIa-
TeJbHO H30eraioT BBOAHWTbL B CBOH paccyXJAeHHs «aKTyajdbHyio Gec-
KOHEYHOCTb» (T. €. MHOXEeCTBA, cojiepXKallfe OeCKOHEUHOe YHUCJIO
06BEKTOB, KOTOpblE MpEAnogaraloTcsi ORHOBPEMEHHO CYIIeCTBYIO-
IIMMH, 10 KpafiHell Mepe B MBICJIM) M JOBOJIBCTBYIOTCS «NOTEHLUHAMb-
HOH GECKOHEUHOCTBbIO», T. €. BO3MOXKHOCTBIO YBE&JIHUHBATL KaXIYIO
NAHHYIO BeJWUUHY (WM YMEHBbIIATh ee, ecJH pedyb HJAET O «Hempe-
peiBHOM» Beauuune) 2). Ecau rTakas Touka 3peHHs M BKJO4Yasa
HEKOTOPYIO JOJI0 JHIeMepus3), oHa BO BCAKOM CJyyae CHOCO6-
CTBOBAJa Pa3BUTHIO GOJIbLIEH YacTH pasfesioB KJacCHYecKoil Mmare-

1) ®dpere, NO-BHAHMOMY, NPHHAJJeEXKAJ K UHCJIY HEMHOTHX M3 €ro coBpeMeH-
HUKOB, KOTODble He 6e3 OCHOBAHHS MOJHSJIHM CBOM roJioca NMPOTHB PACIHJBIBYUATOCTH
nono6ueix «onpegenenuii» ([89c], T. I, crp. 2).

2) TUOHMYHBIM T[IPEMEPOM YKa3aHHOH KOHLENMUHH sABJsAerca (OpMYJIHPOBKA
Eskanpa: «IlepBbix umces cymecTByer Gosblle BCAKOrO NpPeJJIOXKEHHOTO KoJHue-
CTBa MepBbIX uuceJ». Temepb Mbl BHIPa)Kaem 3TO, TOBOPsSl, UYTO MHOXKECTBO I1PO-
CTHIX 4Hcell GecKoHewHo.

3) B pamkax KJjacCHueCKO#i MaTeMaTHKH, OUYeBHIHO, NPaBOMOYHO TOBOPHUTh,
4TO TOYKA NPUHAJJIEXKHT NPAMOH JHHHHM, HO HeJaTh OTCIOAA BHIBOL O TOM, UTO
npsAMas «COCTaBJeHa U3 Touek», Hesb3sl Ge3 HapylleHHs Ta6y Ha aKTyaJbHYIO
GecKOHeYHOCTb, U ApHeTOTeNb MYcKaercss B AJHMHHBIE PaccyXKAeHHsl, uTOGBl ONMpan-
patb 3107 3anper. B XIX B., oueBHAHO, mJs TOro uToGHl fpeceub BCe BO3PakKEHHS
3TOr0 pOJa, MHOrHe MaTeMaTHKH H30eraloT roBOPHTb O MHOXKeCTBe U CHCTeMa-
THYHO PACCYXKAAIOT <0 copepxanuio». Tak, Hanpumep, [ajsya roBopuT He O uHc-
JIOBBIX TOJISIX, HO TOJBKO O CBOMcTBAaX, OOLIMX BCeM 3JieMeHTaMm 3Toro moJs. Jlaxe
Maw u F'uab6epT B CBOMX aKCHOMATHYECKHX H3J0XKEHUSiX €BKJHIOBOH reoMeTpPuy
BO3/IePKHUBAIOTCA OT YTBEP:KAEHHs, UTO MPSMble JHHHU H IIOCKOCTH CYTb MHOXe-
crBa Touek. IleaHo — eIHHCTBEHHBIH MaTeMaTHK, KOTOPHIH CBOGOAHO ymOTpebJsier
A3bIK TEOPHH MHOXKECTB B 3JI€eMEHTapHOH FeOMEeTpHH.
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MaTHKH (BKJ/IOuUas TeODHIO OTHOLIEHHIl, a MO3[Hee HCUHCJIeHHe Gec-
KoHeuHo Maubix) !). Ona Kaszajacb NpeBOCXOAHOH Orpajol, oco-
6eHHO Iocje CMNOPOB, MOPOXKIEHHbIX TeopHeli GeCKOHEUHO MaJblX,
H, HaKoHell, B TeueHHe XIX B. mpeBpaTu/iach B HeKYyl0 MOUTH YHH-
BepcasbHO NPHHHMAeMylo JOrMy.

O61iee MOHsITHE PaBHOMOIIHOCTH B 3apOABILIEBOi dopMe MosiB-
JqsieTCsl BlepBble B OAHOM 3aMeuanuu [asuaes ([93b], 1. VIII,
ctp. 78—80). Ou Haxoaut, uto oTobpaKeHHe n —- n? ycTaHAB/IH-
BaeT B3aHMHO OJHO3HAaUHOe COOTBETCTBHe MeXKAYy HaTypa/JbHHIMH
YHCJaMH W HX KBaJpaTaMH, OTKyAa cjelyeT, uTO akcHoOMa «lesoe
foJiblile YacTH» He MoxeT ObITb NpHMeHeHAa K GeCKOHEUHBIM MHO-
xectBaM. Ho BMecTo TOro, uto6bl AaTtb TOJYOK K DPaIMOHANBHOMY
H3yueHHI0 GEeCKOHEUHbIX MHOXKECTB, 3TO 3aMeuaHHe, TO-BHIMNMOMY,
TOJILKO YCHJIHBaeT HeJoBepHe K aKTyasbHO#H GeckoHeuxoctH. K sto-
MY 3aKJIOueHHIo U npuxoiut caM lanunedt, a Kowwn B 1833 r. uu-
THDYET €ro TOJbKO /s NOATBEpXKJAEHHs 3TOH »Ke TOUKH 3peHus.

[Torpe6HOCTH aHa/M3a, U B YAaCTHOCTH yriyGJaeHHoe H3yueHHe
yHKIHUH JeHCTBUTEIbHOH NepeMeHHOH, KOTOpOoe TNPOBOAUTCS B Te-
yegue Bcero XIX B., NOJOXHJAWM Hauyaao TOMY, yYTO BIOCJAEACTBHH
ctopMupoBaJioCh B COBpPEMEHHYIO TeopHio MHOXKecTB. Korna B 1817T.
BoJsbllaHO [OKa3bIBaeT CYIIECTBOBAHME HHUXKHeN FpaHH MHOXKeCTBa,
orpannuennoro cHusy B R [22c], on eme paccyxkpaer «mmo comepxa-
HHIO», KaK H GOJBUIMHCTBO €ro COBPEMEHHHKOB, FOBOPSI HE O MPOH3-
BOJILHOM MHOXKeCTBe MAeHCTBHUTEJbHBIX UHCEJ, HO O MPOU3BOJbHOM
csoiictBe sTHX nocieauux. Ho Korma uepe3 Tpuauarte Jer
oH nuumer cou «Paradoxien des Unendlichen» [22b] (Bbluuenuine
B 1851 r., uepe3 Tpu rojga mnocjie ero CMepTH), OH, He KOJie6JsCh,
OTCTAaHMBAET NMPABO Ha CYIIECTBOBAHHE «AKTya/JbHOH GECKOHEUHOCTH»
M NpaBO FOBOPHTbL O MPOH3BOJBHHIX MHOXkKecTBax. B stoil paGore on
onpefessier obllee NMOHSATHE PABHOMOLIHOCTH JBYX MHOMKECTB H J0O-
KasblBaeT, uTO ABa.I0GbIX KOMIAKTHBIX HHTepBaJa B R paBHOMOLUIHE;

1) INpuunna 3Toro, Ge3yc/OBHO, 3aK/iOyaeTcs B TOM, U4TO MHOXecTBa, pac-
cMaTpuBaeMbie B KJACCHUECKO!l MareMaTHKe, NPHHAJ/MeXaT K HeGOJBILOMY YHCaY
NpPOCTHX THIOB M OOBIYHO MOTYT ObiThb MOJHOCTBIO OMHCAHBl KOHEYHBIM YHCAOM
YHCJOBBIX <«MapaMeTPOB», TaK YTO PACCMOTPEHHe HX CBOJIHTCH K PaCCMOTPEHHIO
KOHEYHOTO MHOXKecTBa uuces (Tak OOGCTOHMT J[eJsio, Hampumep, ¢ a/jreGpanyecKUMH
KPHUBBLIMH H TIOBEDPXHOCTAMH, KOTOPLIe HOJIFOe BpeMs OBIIH IIOYTH €IHHCTBEHHBIM
CTPOMTEJNBHEIM MaTepuajoM <«QHUryp» KJaccuueckoil reoMeTpuu). Bmiors po
XIX B., MOKa pa3BHTHe aHAJN3a He NMPHUBEJO K DACCMOTPEHHIO MPOM3BOJIbHHIX ya-
cTeil MpPsIMOi JHHUM MM R™, MHOXecTBa, KOTOpHe OT/IHYaJuCh Gbl OT Hpeile-
CTBYIOUIHX THIOB, BCTPeYa/JHChb OYeHb pelako. Tak, Hampumep, JleltGuuy c mpu-
cyuieii eMy OPHTHHAJbLHOCTBIO MBICJAH paccMaTpHBael 3aMKHYTHIA JIHCK Ge3 LeHTpa
KaK «reoMeTpHUYeCKOe MecTo» HJH (CTpaHHHIM 00pasoM mpeIBOCXUINAsA TEOPHIO Hjyea-
JIOB) CUHMTaeT, 4TO B apH(QMeTHKe «le/joe» ecTb «POJ» MHOXKECTBa CBOHX KpaT-
HBIX, H 3aMeyaeT, YTO MHOXKECTBO XPaTHHIX 6 ecTh IepeceueHHe MHOXKeCTBA Kpar-
HBIX 2 u MHOXkecTBa KpaTHhix 3 ([144b], 1. VII, crp. 292). C navana XIX B.
MHOXKeCTBa 3TOTO IIOCJeIHEr0 THIA CTAHOBATCS OGBIYHBIMH B ajre6pe U B TeOpHH
yHces Kak, HampuMmep, KJjacchl KBaJpaTHUYHBIX ¢opm, BBedeHHHX [ ayccoM, wuiu
Kak m[oJs W Haeasw, ompepejeHHble J[leIeKHHAOM JO KAHTOPOBOH pPeBOJIOLHM.
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OH TaKxe 3aMeyaeT, YTO XapakKTepHOe pasjinuyHe MeXAy KOHEUHbIM
u GeCKOHEUHbIM MHOMKECTBAMH COCTOHUT B TOM, UTO 6eCKOHeYHOe MHO-
*ecTBo E paBHOMOLIHO NOJIMHOXKECTBY, oT/IHyHOMY OT E, HO He naet
HHKAKoro yGelHTeJbHOTO [A0Ka3aTejbCTBA CBOEMY YTBEDKAEHHIO.
K tomy ke obuiuii TOH 3T0H paboThl cKopee (usocodpcKuii, ueM Ma-
TeMaTHYecKHH, W NPH OTCYTCTBHH JOCTAaTOUHO UETKOrO pasaHuHs
MeXJy NOHATHEM MOLIHOCTH MHOXEeCTBA H NMOHSATHEM BeJHUMHL! WJIH
nopsiika 6eCKOHEeUHOCTH nonbITKH Bosbiano o6pasosath GecKoHeu-
Hble MHOXeCTBa Bce GoJee U GoJiee BHICOKHX MOLIHOCTeH TepmsaT mo-
paxeHue, U OH npuberaet K TOMYy, YTO BBOJHT B CBOM PacCyXK/JeHUS
coo6paKeHHsi 0 pacxOlsiLIUXcst PSAAX, KOTOpbie a6COMIOTHO JHLIEHbE
KaKoro-iu60 cMeicna.

Teopuss MHOXKeCTB, KaK ee NMOHMMAIOT B HalUM JHH, CO3JaHa re-
uuem I'. Kantopa. KaHTop TakXKe OoTnpaB/isieTcsi OT aHaJau3a, W ero
paGoTbl O TPUrOHOMETPHUECKHX DAAAaX, HAMHMCaHHBE NMOJ BJHsSHHEM
aHaJoruyHblx pa6oT PuMaHa, ecTeCTBeHHLIM 06pa3oM NMPHUBOAAT ero
B 1872 r. K mepBOH MoONbITKe KjaaccHUUHUPOBATb BO3HHKAWOlIHE B
3TOH TEOPHH «HUCKJIIOUUTENbHbIE» MHOXeCTBa!) NMOCpPeACTBOM MOHH-
THS M0CJIeI0BATENbHBIX «IPOU3BOAHBLIX MHOXECTB», KOTOPble OH BBO-
IHUT 10 3TOMY NOBORY. DTH HcciefoBaHHs KaHtopa M ero cmoco6
omnpeneseHus 1eHCTBUTEJIbHBIX YHMCeJ, HECOMHEHHO, MPHBENH K TOMY,
YTO OH 3aHHTEPecoBAJ/ICsi BOMPOCAMHM DAaBHOMOIIHOCTH, TaK KakK B
1873 r. o 3aMeuaeT, YTO MHOXECTBO DAalLHOHAJBbHBLIX YHCeN (WU
MHOXECTBO ajre6panuyecKHx 4Hces) SBJASIETCS CUETHBIM; a B CBOeH
nepenucke ¢ JleleKHHAOM, BlepBbie BBICTYNHBUIMM B 3TO XXe BpeMst
[36], o cTaBHUT BONMpPOC O PAaBHOMOIIHOCTH MHOMKECTB LeJblX U fel-
CTBHUTe/IbHBIX UHCEN M HECKOJbKHMU Hele/sIMH NO3AHee caM paspe-
maer ero otpuuarenbHo. Hauwnas c 1874 r. oH cocpenorouunBaer
CBOE BHHMaHHe Ha npobJjeMe Pa3MepPHOCTH M B TeueHHe TpeX JeT
TILETHO CTapaeTcs MOKa3aTh HEBO3MOMHOCTb B3aMMHO ORHO3HAUHO-
ro coorBercTBust Mexay R u R® (n> 1), noka, k cBoemy HayMie-
HHIO 2), eMy He YAaeTcs oOnpelejuTb 3TO cooTBeTcTBHe. [losyuus
pe3yabTaThl, CTOJbL e HOBble, KAK M MOPa3HTesIbHbIE, OH BCEleso
nocesiimaer ceGsi TEODUM MHOXKecTB. B IlecTn HayuHbIX MeMyapax,
ony6nukoBaHHLIX Mexay 1878 u 1884 rr. B Mathematische Annalen,
OH OTHOBpEMeHHO 3aTparuBaer NMpo6jeMbl PaBHOMOLIHOCTH, TEOPHIO
COBepIIeHHO YMOPsiIOYEHHBIX MHOMKECTB, TONOJIOTHYeCKHe CBOHCTBA
R u R” u mpoGseMy Mephbi; MPOCTO MOPa3UTeNbHO, KAKYI0 UeTKOCTh
NOCTeNeHHO NPHOGPeTAaloT Yy Hero NMOHATHS, KOTOPbIe, Ka3aJ0Ch, GblIH

!) Peub uper o MHOxecTBax E CC R, TakuX, 4TO eCJIM TPHTOHOMETPHUECKHH psa
+00
che”’xcxonmcx K 0, 3a uckmoueHnem Touek E, TO HeoGXOQMMG MOJyyaem
— 00
¢p= 0 nnsa Bcakoro n ([35], crp. 99).

2) «f ar0 BuMmy, HO He eepio & 3Tos, — muiieT on emexunny ([36], crp. 34;
sTy ¢pa3y OH NHINET MO-(PPaHIY3CKH).
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fe3HaZeXHO 3aNMyTaHbl B KJAAaCCHUECKOH KOHIEMIHH «KOHTHHYyMa».
B 1880 r. y Hero BO3HHMKaeT MBICJb HTEDPHPOBATh «TPAHCHHUHUTHO»
o6pasoBaHHe «IIPOM3BOJAHBIX MHOXKecTB». Ho 3Ta nnes Gwiia peanu-
30BaHa JMIIb yepe3 ABa rofa, C BBeJeHHeM BIIOJIHE YIMOPSsJ0YeHHBIX
mHoxecTB. [Tociennee GblIO ONHUM M3 HauGoJee OPUrHHAJbLHBIX OT-
kpeiTuii Kauropa, 6sarogaps KOTODOMY OH MOF HAayaTh TUIATeJib-
HOe HccJeloBaHHe KapAMHAJBHBIX yucesa ¥ cHOPMYJIHPOBATE «PO6-
JeMy KOHTHHyyMa» [35].

CToab CcMesble BO33DeHHsl, ONPOKHJBIBAIOLIME TPATHIHU JBYX
ThICAYENeTHH W TPUBOASILIIHE K HEOXHJAHHBIM H MapajoKcasb-
HBIM pe3yJbTaTaM, HE MOIVIM He CTOJKHYThCS € CHJIbHeHINe#d omrmo-
sunMeli. M geficTBUTe/ILHO, cPeldd BJAHATeNbHBIX HeMELKHX MarTe-
MaTHKOB TOT0 BpeMeHH TOJbKO OAuH BellepmiTpacc oTHocuics K
pa6oram Kaurtopa (cBoero GBIBIIEro yueHWka) GoJjee WJIM MeHee
6/1arOCKJ/IOHHO; JpyrHe YyueHble He pasiefsiii 3TOrO OTHOLIEHHS,
1 Kantop HaToskHyJcss Ha HenpuMupumylo onmnosuunuio lIBapua
4 ocobenno Kpouekepa!). IlocTosiHHOe ayllIeBHOe HAaTpsiKeHHe
B CBSI3H C HenpH3HaHHEM ero ujeH, ¢ OgHON cTOpoHH, M Gecmon-
Hble TIOMBITKH J0KAa3aTb THIOTe3y KOHTHHyyMa —C Jpyro#, npu-
BeJH K TOMy, uTo y KaHTopa mMOsIBWIHCH nepBbie CHMITOMBI HepB-
HOro paccrtpolicTBa, cHusuBllero ero pa6orocnoco6Hoctb ). Toabko
K 1887 r. y Hero BO3pOXJAaeTcss HHTepec K TEOPHH MHOXeCTB.
B cBoux nocsaenuux paborax, onyOauKoBaHHbIX B 1895—1897 rr.,
CH IJIaBHHIM 06pa3oM Da3BUBAeT TEOPHIO COBepPLIEHHO YMOpPsi10YeH-
HBbIX MHOXKECTB W HCUHCJeHHe MOPSAKOBBIX uucesa. B 1890 r. on mo-
Kasa/j TakxkKe HepaBeHCTBO M < 2", OJHAKO He TOJbKO mpobJema
KOHTHHyyMa ocTaBajach (M ocraetcs OO CerofHsiLIHero OHsI) He-
paspelleHHOH, HO H B caMOi TeODHH KapAHHAJbHBIX yMCesJ HMeJics
cepbe3ubll mpoGes, Tak kKak KaHTopy He yJaanoch yCTaHOBHTh
CYUIECTBOBAHHE OTHOLIEHHS TMOJHOH YNOPSIIOUEHHOCTH MeXIy JI0-
ObIMH KapAMHAAbHBIMH 4YHcAaMH. ITOT Tmpobes ObLI 3amMOJIHEH
yactuuno Tteopemoir @. DBepuwmrefina (1897r.), mnokasbiBaouIed,
uto otHoweHns a<{b u b<{a Baekyr 3a coboii a="53), u oco-
6enno Teopemoii Llepmeso [251a], B xoropo#i mOKasbiBasach
BO3MOXHOCTb BIOJIHE YNOPSIAOYHTL JI060€ MHOMKECTBO — TEOpeMa,
kotopyio yxke c 1883 r. mpexgyraaeBan Kanrtop ([35], cTp. 169).

JenekuHa ¢ HeyCTAHHBIM BHHMaHueM cJeguJ 3a paBoTaMu
KanTtopa ¢ camMoro ux nosiBjeHMsi: Ho Torga kKak Kaurop cocpe-

1) Cospemennuxn Kponekepa yacTo lesaiu HAMEKH HAa €ro LOKTPHHEPCKYIO
MO3ULHMIO B BOMPOce 06 OCHOBAHHAX MAaTeMAaTHKH; MOXKHO MPENNOJIOKHTh, 4TO TPH
JHYHBIX BCTPEYaX OH BbIpaxKajcs GoJjee SICHO, YeM B CBOHMX CTaThsix (B KOTOPHIX,
Kacasicb BONpOCa O POJIH HaTypaJbHBIX YHCEJ, OH OTPAHHYMBAJCA TeM, YTO IIO-
BTOPSi CBOM 3ameyanus 06 «apudMeTH3alUHu», CTaBliMe yXKe OGaHaJbHHIMU
k 1880 r.) (cp. [241b], ocoGenno ctp. 14—15).

2) O6 stom nepuone xu3uu Kaurtopa cm. [202b].

3) Dra Teopema yxke Obl1a moayuyena [lemekuugom B 1887 r., Ho no0Kasa-
TeabcTBO ee He Owlio ony6sukoBano ([60], T. III, crp. 447),
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JOTOUHJ BCe CBOe BHHMaHHe Ha O0ecKOHeUHBIX MHOXECTBax M
ux kJaccubukanuy, JlefeKUHA NPOJOJKAJa CBOM DPa3MBILLIEHUs
O TIOHSTHH 4Hc/Ja (KOTOphle y:Ke TNPHUBENH ero K OonpefeseHHI0 Hp-
palMOHANBHBIX YHCEJ [OCPEACTBOM «ceueHui»). B HeGoabloi
pa6ore «Was sind und was sollen die Zahlen», ony6auKoBaHHOI
B 1888 r., HO ocHOBHbIE pe3yAbTaThl KOTOPOH OTHocsiTcs K 1872—
1878 rr. ({60], T. III, crp. 335), on nokasmiBaer, KakuM obpasom
[OHSITHE HATypaJbHOro uucjaa (HAa KOTOpPOM, KAk MHl BHAENH, B
KOHEYHOM cuYeTe OCHOBAaHA BCsi KJaccHuecKas MaTeMaTHKa), MOIJIO
caMo GbITb DOPOU3BOAHBIM OT OCHOBHBIX TOHSITHH TEOPHH MHO-
ecTB. M3yuast (M, mo-BUAMMOMY, BIIEpPBbie BbIpa)Kasi SICHBIM $i3bl-
KOM) 3JieMeHTapHble CBOHCTBA MPOU3BOJBHBIX OTOGpaxKeHUH OJHO-
ro MHOXeCTBa B Apyroe (He NMpHHHMaeMble BO BHHUMaHue Kauro-
pPOM, KOTOpHII HHTepecoBaJics JHUIb B3aUMHO OJHO3HAUHBIMH CO-
OTBETCTBHSIMH), OH BBOOWT [J51 KaxXJAOro oTo6pakeHHst [ MHO-
x)ecrBa E B ce6a moHATHe «lenu» 3jaeMeHTa @€ £ oTHocHUTebHO
[, a uMeHHO nepeceueHne MHoxecTB KcE, Ttakux, uto a€cK u
f(K)=K?'). 3artem oH npuHumaer B KauecTBe onpedesenus Gec-
KOHeyHoro MHoxectBa E (akr, uTo CyllecTByeT ¢o—B3aHMHO OJHO-
sHauHoe otoGpaxenue E B E, takoe, uto @(E) =+ E 2). Ecan, kpome
TOro, cyllecTByeT Takoe OToOpa)keHHe ¢ U TaKoH SﬂeMEHTaécp(E)

nasi kotoporo E Gynmer uenbio a, Ienekunn rosopur, uto £
«npocTo GeCKOHEYHO®», 3ameuaer, UTO «akKcuoMmbl [leaHo» B 3TOM
ciyuae BHINOJHSIOTCS, W nokasbiBaer (no [leaHo), xkak orcioaa
noJiyuaroTcsi BCe 3jeMeHTapHble TeopeMbl apudmeruku. Ero usmo-
KEHHIO He XBATaeT TOJbKO aKCHOMbI GecKOHEYHOCTH, KoTopyio [le-
nekuHyp (Bciex 3a DoabmaHo) nbiTaercs HokKasaTb NyTeM paccMor-
penust «MuHpa wMmbiciell» («Gedankenwelt») kak eaunoro MHo-
KecTBa 3).

1) Bropoe pokasaTenbCTBO, Kotopoe fAan LlepMeso cBoefi TeopeMme, OCHOBaHO
Ha NOYTH aHAJOTHYHOM IOHATHH.

2) Mpb BHpesaH, uTo DoJsibllaHo yXKe OTMeTHJI 3Ty OCOGEHHOCTb GeCKOHeYHLIX
MHOXKECTB, HO ero Tpya (MaJso pacnpoCTPaHeHHbH, KaK KaxeTcs, cpPelu MaTeMa-
THKOB) 6bln HeussecTen [lemexungy, korga on mucan «Was sind und was sollen
die Zahlen».

3) Jpyroit MeTox ompeje/ieHHsl MOHSITHS HATypaJbHOrO YHMC/IAa W YCTAaHOBJe-
HHUS ero OCHOBHBIX CBOiCTB 6hi mpepsioxeH B 1884 r. ®pere [89b]. TIpexne Bcero
OH crapaercs 6oJiee TOYHO ONpeNeNUTb NOHSITHE KapAHHAJBHOTO YHCJa KaKOro-
HHOYyAb MHOXecTBa, ueM 310 geian Kawtop. IlocnemHuiti K HaHHOMY BpeMeHH
ompefesNus JIMIIb INOHSITHST DPaBHOMOIIHBIX MHOMKECTB M MHOXKECTBA, HMEIOLIEro
MOILHOCTb, He GOJIBIIYI MOLIHOCTH APYroro MHoxecTBa. UTo Kacaercs JaHHOro
HM HeMHOTrO IO3JHee ONpeneJieHHst «KapAHHaJbHOro uucaa» ([35], crp. 282), oo
Tak e HesACHO M 06ecrnosie3Ho, Kak M ONpeleseHHe NpPsAMOil JHHuH y EBxiupa.
®pere, Bcerza CTpeMSIIHACA K TOYHOCTH, NPEJIOKUJ ONpeNesNHTbh KapaHHAJbHOES
yHCI0 MHOXKecTBa A KaK MHOXECTBO BCeX MHoxkecTB paBHoMomnumix A ([89b],
§ 68); satem, onpeneaus ¢ (a) = a -+ 1 mus mo6oro KapmuHasibHorouucaa (§ 76),
OH omnpegenseT BO MHoxecTBe C BCceX KapAHHAJbLHBIX YHCEJ OTHOLUEHHE «D eCTb
¢-caelyiolliee 3a Gy, 03HAYaLICe, UTO D NMPHHAANEKHT K IepeceyeHHi0 BCeX MHu-
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C npyro# cTopoHbl, [lefekKHH] B XOJle CBOMX paboT no apudme-
THKe (M HMEHHO 1O TEeOpHMH HAeas]0B) NpHIIEN K PacCMOTPEHHIO
NOHATHA YNOPsAJOUEeHHOro MHOXecTBa B GoJsiee ob6iuell (opme, uem
y Kanropa. Toraa kKak moc/edHHii OrpaHHYMBAETCst HCC/AeJOBaHHEM
COBEPLIEHHO YyNOpsiIOYeHHbIX MHoxecTB!), JlegekuHny paccMaTpu-
Baer o6Iui cayyaid u yray6iasercs B uayueHue pemerok ([60], t. I,
crp. 236—271). Ero pa6oTel B TO BpeMst He Obl1M 3aMeyeHbl. XOTd
pe3y/bTaThl 3THX PaboT, HalileHHble BHOBb Pa3/JHYHBIMH aBTOPaMH,
cTaJd NOsiBJATbCS HaunHasi ¢ 1935 r. B MHOrOYHC/IEHHBIX Ny6JH-
KauHusix, MX HCTOpHYEeCKOe 3HaueHHe 3aK/louaeTCss He CTOJBKO B
BO3MOXKHOCTH NpPHMEHEHHs,, K TOMY :Ke BecbMa OTrPaHHUEHHOTO,
3TOH TeOpHH, KaK B TOM, UYTO OHH HBJSIOTCH ONHHM H3 INepBBHIX
NpUMepPOB THIATENBLHOrO akKCHOMAaTHYeckoro nocrpoeHuds. B mpo-
THBONOJOXHOCTb 3TOMY MepBble pe3y/abTaThl KaHTopa o cueTHBIX
MHOYKECTBaX, WM MHOXKECTBaX, HMEIOIIHX MOUIHOCTE KOHTHHYYyMa,
OBLICTPO HAUIM MHOTQUHC/TEeHHbie M BaKHble NpUMeHeHUs, Na)e B
HanGoJlee KjaaccHuyeckKHXx npobsjeMax aHa/au3a?) (He roBopsi yxe O
Tex pasfesax KAHTOPOBCKHX paboOT, KOTOpbIe NOJOXKHAH HAYasuo
ofuiell TONOMOTHY U TeOPHH Mephbl (cM. HuxXe, cTp. 141 u 234—235).
Kposme rtoro, HauumHasi ¢ nocjegHux jer XIX B. nmosBasioTcs Iep-
Bble NpHMeHeHHs NpUHUHMNA TPAaHCHUHUTHOH HWHAYKIHH, KOTOPHH
CTaHOBHTCS,, 0COGEHHO Nocje [oKa3aTelbCTBa TeopeMbl lLlepmedo,
HeoOXOAMMBEIM OpYyIAHeM BO BCeXx pasjenax CcOBpeMeHHOH MaTeMa-
tukd. B 1922 r. KypaToBcku#i nasnaraer cBOIO BEpCHI0 3TOrO NpHH-
nuna, 6osee yno6Hylo aas pabotel, uzberasi ynorpe6/eHus BINOJHe
ynopsifoueHHbix MHoxecTB ([139a], ctp. 89); B HacTosiiee Bpems
NpUHUHKN T/aBHBIM o6pasoM ynoTpebJsieTcsi HMeHHO B 3TOi (opme,
KOTODYI0 BNOCJEACTBUH BHOBbL Hamen Llopu [252]32).

weets XCC, Takux, uto ¢ (a) € X u ¢ (X)X (§ 79). Hakoneu, ou onpegmenser
HaTypaJibHOe YHCJIO0 Kak ¢-caepymoutee 3a 0 (§ 83); camo coGoii pasymeercs, uro
oJsi Bcex ompefesenuil @dpere mosb3yeTcsi A3BIKOM CBO€H <«JIOTHKH IIOHSITHII».
K coxaJ/leHHIO, 3Ta KOHCTPYKL{HSI OKa3ajach MOPOUHOM, TaK Kak MHOMXKecTBO C HiH
MHOKECTBO MHOJKECTB, PaBHOMOIIHBIX MHOKeCTBY A, 0KaszaJjoch «lapamoKcalb-
HeIM» (CM. HHXKe).

1) JloGOMBITHO OTMETHTb, YTO KaHTOp HHKOrJa He XOoTead JOMyCTHTh Cylle-
CTBOBAHHS CPEQM 3THX MOCJeJAHHX HeapXHMeJOBCKH yMOPSZOUEHHBIX TPYMM, Tak
Kak OHH COJepXaau IMOHATHe <«aKTyaJbHO GecKoneurno MaJoii» ([35], crp. 156
u 172). ITonoGHble OTHOIIEHHS NOPsiiKa ObIIM eCTeCTBEHHBIM o6pa3om obHapy-
»enel B HceaenoBanuax Jlwo6ya-Peiimona o mopsigkax GeckoweyHoro  (cp.
cTp. 225) M oMCTeMAaTHYeCKH H3yuanuch Bepouese [232].

2) B 1874 r. Beiiepmrtpacc B nuceMe k [ioGya-PeiiMoHy yKasbiBaer Ha
npuMeHeHne K QYHKUHAM JedCTBHTENBHOH nepeMeHHOH TeopeMnl KaHtopa o BO3-
MOXKHOCTH PACIOJIOXKHTh pallHOHAJbHble YHCJAa B HOCJefoBaTebHOCTh ([243b],
ctp. 206).

3) BcaencTBHe 3TOro 3HAUHMTesIbHO YMEHBIIHJICS HHTEPEC K KAHTOPOBCKHM I1O-
PAIKOBBIM YHc/1aM; BooOuie TOBOpPS, MHOTHe H3 pesyJ/bTaToB, NOJyYyeHHBIX KaH-
10pOM H €ro nocnefoBaTesiMH B apudMeTHKe NOPAAKOBHIX H HECYeTHBIX Kapad-
HaJbHBIX YHCEJ, OO CHX MOP OCTalTCS H30JHPOBaHHBIMH.
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K xonuy XIX B. OCHOBHble MOHSITHSI KAHTOPOBOH TEOPHH NOJY-
yaloT npusHaHue '). MB BHIe/NH, YTO K 3TOMY BPeMeHH 3aKOHUMJICSH
npouecc (opmanan3auldd MaTeMaTHKH U IMOUYTH IMOBCEMECTHO 6bla
NPUHAT akcHoMaTHdeckHH Metold. Ho B 3To Xe Bpems paspasuics
HCKJIOUHTENBHBIE MO CBOEH CHJe «KPH3HC OCHOBaHHH», KOTOPHIH
GoJiee TpUALATH JeT MOTPsica] MHUP mMaTeMaTHKU H BpeMeHaMH rpo-
3UJ1 OMOPOUYHTHL HE TOJBKO BCe ee HelaBHHe 3aBOEBAHHS, HO TaKXKe
H HauboJiee Kaaccuueckue ee 06/1aCTH.

IMapanokcbl TeOPHH MHOMKECTB
W KPHU3HC OCHOBAHHH

ITepBble «napajgoKcadbHble» MHOMKECTBA MOSIBUJIHCH B TEOPHH
KapAHHAaJbHBIX U NMOPAAKOBBIX yuces. B 1897 r. bypaau-®opru npu-
uies K BHIBOAY, UTO HeJsb3sl yTBepKOaTh CYLIeCTBOBAHHE MHOXKECTBA,
06pa30BaHHOrO M3 8Cex NOpAOKOBbLLX HuCeA, TAK KAK 3TO MHOMKECTBO
6bl10 Gbl BNOJIHE YNODPSAOYEHHBIM H, CJAELOBATeIbHO, H30MOPGHHIM
OJHOMY H3 CBOHX OTPE3KOB, OTJIHUHEIX OT HEr0 CaMoro, 4TO fBJAsieTCH
a6eypaom [31]2). B 1899 r. KaHutop B nucbMe K JleaekuHay oTMme-
TWJ, YTO, He Bnagas B NPOTHBOpeuHe, HeJb3sl CKa3aTb, YTO Kapau-
HaJbHBIE uHcsa 06pa3yioT MHOXKECTBO, WM FOBOPUTh O «MHOXKECTBE
BCEX MHOXeECTB» (MHOMKeCTBO NOJMHOXKECTB 3TOr0 NMOC/aAeJHero «MHO-
xKecTBa» Q OblIO 6B PABHOMOILHBIM NMOAMHOXECTBY MHOXeCTBa Q,
YTO MNPOTHBOPEUHT HepaBeHCTBY m < 2%) ([35], crp. 444—448).
Haxkoneu, B 1905 r. Pacces, aHanu3upysi [OKa3aTeJbCTBO 3TOro He-
paBeHCTBA, MOKa3aJ, 4TO M3 YCTAHABJMBAIOLIETO €ro pacCyXKIeHus
ciaenyer (6e3 oOpallleHHs] K TeOPHH KapAMHAJbLHBEIX YHCea) OPOTHBO-
PEUMBOCTb MOHSITHSI «MHOXKECTBAd BCEX MHOXKECTB, KOTODHIe He CO-
nepxat ce6s B KauecTBe 3JeMeHTa» [194]3).

MoxHo OblLIO GBI TPENNOJIONKHTb, UYTO MOHOOHBIE «AHTHHOMHH>»
MOTYT BO3HHKaTb TOJBKO Ha nepHdepuu MaTeMaTHYeCKOH MBIC/IH,
MopoXKaaeMble PacCMOTPeHHEM MHOXKECTB, HMEIOIIHX «BeJHUHHY>»,
HeIOoCTynHyio Anag uHTynuud, OJQHaKo BCKOPe BO3HHKJIM JApYrHe
«MapafloKChl», yrpoxkaollue HanbGoJiee KJIaCCHUECKHM MOJOXKEHHSIM

1) O¢wuuansHoe TMpH3HAHHE TEOPHH MHOJKECTB (DOM30LLIO YXe Ha [lepBom
MexAyHapoaHoM Kourpecce matemaTukoB (Lliopux, 1897), na koropom Apamap
[106] u Typsuu mpHBEaH MHOTOUMC/IEHHBIE CJy4Yad NPHUMEHEHHS €e B aHaju3e.
Bospacraouee BiusiHue Juabbepra B 3Ty 310Xy 3HAUMTENBHO CIOCOGCTBOBAJIO
pacrnpocrpanennio upeil Kaurtopa, oco6eo B ['epmaHuu.

?2) 310 sameuaHue Gbuto yxe chenano Kauwtopom B 1896 r. (B Heomy6auko-
BAHHOM mHCbMe K ['minbepry).

3) Paccyxnenue Paccena 6/M3Ko K aHTHYHBIM MapajfokCaM, Haubosee H3BeCT-
HBIM M3 KOTODBIX SIBJISIETCS TapajOKC THOA <«JkKena», MOBJEKWHH 3a coboil Gec-
YUC/IeHHBe KOMMEHTAapHH B (OpMasibHOM KJIacCHYECKOH JIOTHKE;, CYTh ero 3akJio-
uaeTcsi B TOM, 4TOObl OMpene/uTh, FOBOPHT JIM YeJOBEK MpaBAy HJM HET, KOriaa
OH MPOH3HOCH1 cJoBO «s1 Jjry» (cp. [195]).
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matemaTtuku. Je#icrButensuo, Beppu u Paccen ([194], 1. I,
ctp. 63—64), ynpomas paccyxaende )X, Pumapa [186], 3ameuaror,
YTO MHOMKECTBO LeJbIX YHCeJ, OnpefeseHHe KOTOPHIX COLEPXKHUT He
GoJiee TPUHAALATH PYCCKUX cJOB '), siB/sieTcst KOHEUHBIM, HO TeM He
MeHee ornpefiesieHle 1e/10ro Yuc/ja Kak «HauMeHbILIero 1esoro, KOTo-
poe He MOXKeT OBbITb OMpeje/NeH0 MeHee YeM TPHHAALATBIO PYCCKHMH
cJ0BaMu», NPOTHBOPEUHBO, TaK KaK 3TO OMNpejeseHHe caMO COnep-
*KHUT TOJIBKO JBEHaALlaTh PYCCKHX CJOB.

XoTst mopoGHble paccyXIeHHs, CAMLIIKOM HeoGbluHble B MOBCE-
JAHEBHOH MpaKTHKe MaTeMaTHKOB, MOIJIH MMOKa3aTbCsi MHOTHM H3 HHX
cBOero pojxa KanamGypamu, TeM He MeHee OHH SIBHO yKa3blBaJiM Ha
Heo6X0AMMOCTb TEepecMOTpa OCHOB MAaTeMAaTHKH, HMEIOLIEro Lesbio
YVHHYTOKHTbL «MapajgoKchl» Takoro pona. Ho eciu mMateMaThku eu-
HONYHIHO TIPH3HABAJH HeOOXOZMMOCTb MepecMOTpPa, MHEHHs HX pa-
IMKaJbHO PacXOJHJHUCh MO BOTPOCY O crocobe ero OCyllecTBJEHHS.
OpHa rpynna mMaTeMaTHKOB, Ha30BeM HX «HAeajucTaMu» UJau «dop-
MaJUCTaMu» 2), cuuTasa, 4TO MOJOKeHHE, CO3JaHHOe «1apafOKCaMt»
TeOpHH MHOXKECTB, BeCbMa aHAJOTHUHO TOMY, KOTOpPOe BO3HHKIOQ B
reoMeTpUH [0cJAe OTKPBITHS HeeBK/IHJOBBIX T€OMETPHH HJH <«IaTo-
JOrM4ecKHX» KPHBBIX (KakK, HanpuMep, KpHBBIX 0e3 KacaTe/bHOH);
OHO JIOJI)KHO NPHBECTH NPHUMEpPHO K aHAJOTrHUHOMY BBIBOAY, HO TOJb-
Ko 6ojiee oblieMy, a MMEHHO UYTO HANpacHO MNBITAThbCs CO34aBaTh
KaKyI0-HHOYAb MaTeMaTHuYecKyl0 TeODHIO NPH MOMOIIM oGpalieHHs
(SIBHOTO HJIH HeT) K «HHTyuLuH». OJHH M3 TJIaBHBIX NPOTHBHHKOB
(opManucTHUECKOR IIKOJIB! HaJ CaelYIOIYI0 XapaKTepHCTHKY ee IO-
suuu: «Popmaauct, — rogopur bpaysp ([30a], crp. 83), — cuu-
TaeT, 4TO pa3ym 4eaosexa He 064000eT TOYHbIM OTOOPaNceHueMm nps-
MbLX AUHUL uAW, HAnpuMmep, duces evlule OecATu.., [lelicTeuressto
U3 HEKOTOpbLX OTHOWEHUL MencOy MATeMATUHECKUMI CYUHOCTAMU,
KOTOpble MbL NPpUHUMOEM 30 QKCUOMbL, Mbl 861800um Opyeue OTHO-
LeHUs NO YCTAHOBAEHHOIM NPABUAAM, C NOAHOL YBEPEHHOCTHIO, YTO
TaKum o6pa3om NOAYHAeM UCTUHbL U3 OpYeux UCTUH C NOMOULbIO A0-
euteckoeo paccyscdenus... (Ho) das ¢opmasucra maremaruveckas
TOYHOCTb 3AKAIOYAETCA TOALKO 8 PA38EePTbL8AHUL NOCAe008ATENbHO-
CTU OTHOWEHUL W HE 3ABUCUT OT 3HAYEHUL, KOTOpble XOTAT npudaTs
TeM OTHOWEHUAM UAU CYULHOCTAM, KOTOPbLEe OHU C8A3bLBAIOT.

Takum o6pa3oM, GOpMaJHCT CTPEMHTCS TMOABECTH  [OA
TEOpPHIO MHOXKECTB aKCHOMAaTHYECKYI0 OCHOBY, aHaJOrHYHYIO OCHOBE

') B noanuHHuKe peub #ngeT O 16 dpaHuysckux cnosax.— [Tpum. nepes.

?) Pasiuuns MexIy STHMH AByMsl IIKOJAMH IMIaBHBIM 06pasoM ¢uJIocod-
CKOro nopsjKa, W 3/eCb Mbl He MOXeM BXOAHTb B JajbHeliluue NoAPoGHOCTH Mo
5TOMY BONPOCY; CYLIECTBEHHCE y HHX TO, YTO OHH OGDBEIMHSIOTCH Ha MOYBe YHCTO
MaTeMaTnyeckux BonpocoB. Tax, Hanpumep, ApgaMap, TUNUYHBEIH NpeACTaBHTENh
«HJeaNHCTOB», CTAHOBHUTCS HAa TOUKY 3PEHHs, OueHb GOJHM3KYI K (opMajucTHye-
CKOH, KOTAd rOBOPHT O 3aKOHHOCTH PacCyXXJEHHH TEOPHH MHOXKECTB, XOTf HE Bhi-
paxaeT CBOIO TOYUKY 3peHHsi B akcuoMartuyeckoii dopme ([10], crp. 271).
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3JieMeHTapHOH reoMeTPHH, rie He NBITAIOTCS N0O3HATbh, HU YTO TaKoe
«BelllM», KOTOpble Ha3bIBAIOTCS «MHOXKECTBAMU», HM UTO O3Hayaer
OTHOLIeHHe X €Y, HO TJe NepeyucasioTcst yC/JIOBHs, HaJOXKeHHble Ha
3TO nocJiefiHee oTHoweHne. CaMo co6oit pa3yMeeTcsi, UTO 3TO AOJIXK-
HO GHITH CHENaHO TakK, YTOOH B aKCHOMATH3UPOBAHHYIO TEOPHIO ObINH
BKJIIOUEHBI 10 Mepe BO3MOXKHOCTH BCe pesysbTarel Teopun KaHrtopa
H uto6bl B Hell He CyLIeCTBOBAJIM «IapajoKcajbHble» MHOXKECTBA.
[eppoiit npuMep nomoGHON akcuomarusauuu Obl1 naH B 1908 r.
Llepmesio [251c]; ou usberaer «CAMMIKOM GOJbLIMX» MHOMKECTB Iy-
TeM BBeJeHHsI «aKCHOMBblI cesieKiuu» (Aussonderung), mo KoTopoH
cBoiictBo P (x) Juwb TOrfa onpejensieT MHOXeCTBO, 06paszoBaHHOe
u3 06/afaloHX 3THM CBOHCTBOM 3JeMeHTOB, ecan P (x) BJeyer 3a
co6oii oTHOoeHHe BHaa ¥ € A'). Ho Hck/IoueHne napanokcos, aHa-
JIOTHUHBIX «napafgokcy Puiltapa», MOIVIO OCYIIECTBUTLCS TOJIBKO NMPH
OrpaHHYeHHH CMBIC/IA, NPHUIHCBIBAEMOrO MOHATHIO «CBOHCTBO». Ilo-
stoMy llepMesio orpaHunuuBaeTcsi onMcaHdHeM, K TOMY e BeCbMa
pacnjiblBYaTBIM, THIA CBOHCTB, KOTOpble OH Has3bIiBaeT «onpedenen-
HbLMU», N YKa3BIBAET, UTO HaJ0 OrPaHHUYMBATBCS 3THMH NOC/AEIHUMH
NpH NPUMEHEeHHH aKCHOMBI CeJIeKIHH. DTOT NyHKT 6bla yrouned Cko-
nemom [209a] u Ppenkesnem [85a], KoTopble NoOKaszaaH, yTo IJsi €ro
MOHMMAaHUsl TpebyeTcss UCXOAHTb M3 NOJHOCTbIO (OpPMaJH30BaHHOH
CHCTEeMBI, B KOTOPOH MOHSITHS «CBOHCTBO» H «OTHOILEHHe» MOTepsJIH
BCSIKOE «3HaueHHe» W CTaJH NPOCTHIMU 0603HAUEHHSIMHU [Js1 pas3auy-
HBIX COYEeTaHUH 3HAaKOB, 06PA30BAHHBIX MO SIBHO CHOPMYJIUPOBAHHLIM
npasuaam. [Ipu atoMm, pasymeercsi, HeO6XOAUMO OBLIO BBECTH B CH-
CTEeMy HCHOJb3yeMble TaM [paBUja JIOTHKH, 4ero elie He TpeGoBa-
Jock B cucreme Llepmesno — ®penxens.

BrnocsenctBuy GBLIM NpefJIOKeHbl HEKOTOpble ApYrHe BApPHAHTHI
aKCHOMATH3alLMK TeopuHn MHoXKecTB. CpeaM HUX OTMETHM CHCTeMY
¢on Hefimana [238 a u b], xotropas OsMxKe MOZXOAUT K HAUBHOM
koHuenuuu Kanropa, uem cucrema Llepmeno — ®@penxens. Kanrop
BO u3beXkaHHe napajoKCaJbHBIX MHOXecTB npemaoxua ([35],
ctp. 445—448) B nepenucke c¢ JlenekHHAOM pasjuyaTh gBa BHIA
MHOKECTB, a MMeHHO «MHoroo6pasus» («Vielheiten») u coGcreenno
«MHoxecTBa» («Mengeny). [lociennue OT/MHuAOTCA TeM, 4TO HX
MOKHO MBICJIHTB B BHJe OfHOro o6bekra. ®on Heliman nonbayercs
5TOl Hueell, uTOGL Pa3/UUHTL ABa THNA OODBEKTOB: «MHOXKeCTBa» H
«knaccel». B ero cucreme (mouyTH NOJHOCTBIO (GOPMAJH30BAHHOH)
KJIACChl OT/IMYAIOTCA OT MHOXECTB TeM, YTO He MOryT GHITh IOMe-
IeHBl cjdeBa OT 3HakKa € . ONHO M3 NpeuMyLUecTB NMOJOGHOH CHCTeMbl

') Hanpumep, napagokc Paccesna umen 6bi Mecto B cucreMe llepmeio,
TOJBKO eciH Obl B Hell 6BLIO JOKa3aHO OTHOLIEHHe (32)(x€x)@(x€z); camo
coGoii pasymeercs, YTO NMOJOGHOe [OKA3aTEJbCTBO, €CAH GBI OHO GBLIO MOJYYEHO,
HeMeJUIeHHO M0BJIEKNI0 6bl 32 COGO HEOGXOAMMOCTh CYIIECTBEHHOTO H3MEHEHUs
ILAHHOH CHUCTEMBI,
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3aKJ/I0YdeTcsl B TOM, UTO OHa peabUJHMTHPYET MOHSITUe <YHHBEPCAaJb-
HOrO KJacca», KOTOPhIM mnoJb3oBasuck jorukn XIX B. (oH, ecrecT-
BEeHHO, He fIBJSIeTCS MHOMKECTBOM); OTMETHM Takke, uto ¢oH Hef-
MaH B cBoell cHcTeMe u3beraer (AJsi TEOPHH MHOXKECTB) BBOIHThH
cXeMy aKCHOM, 3aMeHssl ee MOAXOASIIIMMH akcuomamu (uro obJjer-
yaeT Jioruueckoe uccaenoBauue). Bapuaute cucrembl pon Hefimana
Gbin naHbl Bepuaiicom u ['énesnem [100 b].

HecmoTps Ha TO YTO M3 NMpUBeJEHHBIX BhILIe CHCTEM [1apafOKChH
GbLIH, TNO-BUAMMOMY,. UCK/IIOUEHBI, 3TO yaajoch CHesaTb 3a cueT
orpaHuueHui, KOTOphle He MOTYT He Ka3aTbcsi KpailiHe NPOH3BOJIb-
ubiMH. B onpaBnanue cucremn Llepmeso—®peHKesass MOXKHO cKa-
3aTh, UTO B Hell (OPMYJHPYIOTCS TOJBKO Te 3amnpeThl, KOTOpHe He
npensiTCcTBYIOT OOBIYHON NpaKTHKE NpUMeHeHHs! MOHATHS MHOXeCcTBa
B pasJUuHBIX MateMaTHuyeckux Teopusix. Cucremsl ¢pon Hefimana u
[énens GoJsiee naneKu OT OOBIYHEIX KOHLEMUHMEI; B MPOTHBOBEC 3TOMY
He HCKJIOUEHO, YTO OHM JaioT GOJbHIYI0 BO3MOXKHOCTBH BKJIOUATh
HeKOTOpble BHOBb BO3HHKAIOIIHE MaTeMaTHyecKHe TEODHH B CBOH
paMku, ueM Gosee y3kas cucreMa llepmeno—®PpeHkes,

KoHeuHo, He/b3s1 yTBepXKAaTh, UTO XOTst OBl OQHO M3 3THX pelle-
HHI MPOM3BOAMT BreuaTsieHWe OKOHuaresbHOro, Ecsu oHH ynoBJaeT-
BOPAIOT (HOPMANIUCTOB, 3TO MPOHCXOAMUT NOTOMY, UTO MOCJeqHHe He
XOTST NPUHUMAaTh B coobpakeHHe MHIAMBUAYAJbHYIO MNCHXOJOTHUE-
CKYIO peakilii0 KaXXAOro MaTeMaTHKa; OHM CUMTAIoT, 4To (opMasu-
30BaHHBIA SI3bIK AOCTHraeT cBOeH LeJH, eCJU C ero NOMOIIbI0 MOXKHO
3anucath MaTeMaTHuecKHe paccyxk/JeHus B (opMe, JHLIEHHOH BCH-
KOH NBYCMBICJAEHHOCTH, H TeM CAMBIM OH MOXET CJAYXKHTb CPEICTBOM
BHIpAXKEHUSL MaTeMaTHUecKO# MBIC/IH; KaXKAblH BOJIeH, TOBOPSAT OHH,
JyMathb, 4TO eMY YTOJHO, O «NPHPOJAe» MaTeMaTHUeCcKHX CYLIHOCTeH,
uin 06 «ACTHHHOCTH» TeOpeM, KOTOPBIMH OH MOJB3YeTcs, JHMb Gbl
ero paccyxk/JeHHsi MOrVIM ObITb 3anucaHbl OGIIENPUHATHIM A3BIKOM !).

Jpyramu ciaoBaMy, ¢ ¢uA0COPCKONH TOUKH 3peHHs no3uuus Gop-
MaJICTOB BbIpa’kaeTcs B TOM, U4TO OHH He HHTepecyioTcsi npobie-
MaMH, MOCTaBJeHHBIMH «NapafoKCaMH», H NOPLIBAIOT ¢ BO33PEHUAMH
[TraTtona, KOTOPHIH CTpEeMHUTCH NMPUAATh MATEMaTHUECKHM MOHATHAM
HHTeJJIEKTYa/lbHO® «COJepIKaHue», obliee NJAsi BCEX MaTeMAaTHKOB.
Muorune mMateMaTHKH OTCTYNAIOT OT NO40GHOrO PasphiBa ¢ Tpaauives.
Pacces, HanpuMep, neitaercs H3bexxarb napagokcos nytem GoJee
yray6sienHoro ananusa ux ctpykrypnl. ITogxsatus uneio JK. Pumapa
(n3noxennyo B craTee [186], rne oH copmyaupoBas cBoil «napa-
IOKc») u BrnocsaenctBuu passutyio A. Ilyankape [181e], Paccen u

1) TuibpbepT, BO BCAKOM Cllyuae, KaxeTcs, BCErAa BEPHJ B OOBEKTUBHYIO Ma-
TeMaTHyecKylo «ucTHHy» ([122], crp. 315 m 323). [daxe (opma/ucThl, KOTOpbIE,
kKak A. Kappu, npuuepxuBaioTCs MO3HUHMH, BECbMA CXOXeH C H3JIOXKeHHOH HaMH
3/leCh, C HErojJOBaHMEM OTBEPraioT MBLICIb O TOM, YTO MaTeMaTHKy MOXKHO pac-
CMaTpUBaTh Kak MPOCTYI0 HUrpPy, H HACTauBAlOT Ha MPHU3HAHHH ee «O0GBeKTHBHOM
Haykoi#i» ([54], crp. 57).
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YVaiiTxen 3aMeualoT, uTO Bce ONpeleseHHs NapajoKca/bHbIX MHO-
KeCTB HapyIIAOT CAeAYIOIKH NPUHIMN, HAa3bIBaeMBIH «IPHUHIUNIOM
HOPOYHOTrO Kpyra»: «DJIeMeHT, KOTOPHI onpeje/sieTcss yepe3 COBO-
KYOHOCTh BCEX 3JEeMEHTOB KaKOoro-HuGyJAb MHOMXKeCTBa, He MOXeT
npuHaajgexarb 3Tomy MHoxkecTBy» ([194], 1. I, ctp. 40). dt0 XKe
npeaJoXeHde MoJOXeHo B OcHOBY KHurH «Principia» u ansa obecne-
yenus ero GhIa co3faHa «Teopusi THHOB». [TomoGuo paGote dpere
(BooxHoBuBIIed aBTOpOB), Joruka Paccesa W YafiTxela BKJOYaer
«IIPONO3HIHOHAJbHBIE MepeMeHHble»; TeOpH THIIOB NPHUBOAMT K KJac-
cupHKalMy Pa3/HYHBIX NepeMeHHBIX, OCHOBHBIE YepTHl KOTOpDOH 3a-
gJIoualoTest B caenytomeM. OTnpaBHBIM MYHKTOM siBjAsieTcst «o6sacThb
HHAXBHIOB», KOTOPble HE YTOUHSIOTCS H MOryT GbITh Ha3BaHbl «O0b-
exTamu nopsinka 0»; OTHOLIEHHS, Y KOTOpHIX NepeMeHHble (cBO6OX-
Hble, 160 cBA3aHHblE) CYTh MHAHBHIBI, HA3BaHH «OOBEKTAMH mep-
BOrO MOpsifika»; BoOOLIe TrOBOPsi, OTHOIIEHHs, Y KOTOPHIX MepeMeH-
Hble CyTb OOBEKTHI Mopsiika < n (U nmo KpakiHel Mepe OJHA U3 HUX
nopsiika n), Ha3BaHb «0GbeKTaMH mopsiaka n + I» ).

MuoxecTBo 06beKTOB MOPSIZAKA N B TOM cJyuyae MoXKeT ObITh Ol1-
peliesieHO TOJbKO OTHOLIEHHWeM nopsiika n + 1, ¥ 3To ycJaoBHe Jaer
BO3MOXKHOCTb 6e3 TPyJAa HCK/IIOUHTh NapafoKcajbHble MHOXKECTBA 2).
Ho npuuuMn «HepapxHH THIOB» HACTOJIbKO OrpPaHHYHTENEeH, uTo,
€CJIH CTPOro ero NpHAEpXKUBAThCS, MOMXKeET MNPHBecTH K Oe3HaAexXHO
cjaoxuoil Matemaruke 8). Uto6el u3bexarth 3THX nocjdenctsuii, Pac-
cesql ¥ YaifiTXel BHIHYXKIeHH ObIIH BBECTH «AKCHOMY CBOJAHMOCTH»,
yTBEPKIAIOMYIO CYIIeCTBOBAHHE [Jsi KaXKJI0ro OTHOLIEHHS MexAy
«MHAMBHIAMH» OTHOILEHHS 1epg8o2o NOpAO0Ka, KOTOpOoe eMy 3KBH-
BAJIEHTHO; ycJOoBHe 3T0, OYAYyuH CTOJb Ke NPOH3BOJbHBIM, KaK H
aKCHOMBI (pOPMAJHCTOB, 3HAUHTENBHO CHU3HJIO HHTepec K MOCTpoe-
Husim «Principia». ITostomy cucrema Paccena u Yaiitxega umena
GosbIIKE ycreX y JOUMKOB, YeM Y MareMaTHKOB; K TOMY e OHa

1) Tlo cyliecTBy, 3TO TOJBKO HA4ajlo KJIaCCHPUKAIHH <THIOB», O KOTOpPHIX
HEBO3MOXHO [aTh TOYHOTO IMpeJCTaBJIeHHS, He BXONS B OYeHb IJIMHHBIE NOSCHe-
HHsl, 4UTaTesb, HHTepecylouuics 60jee NOAPOOCHBIMH OOBSCHEHHAMH, HaljgeT HX
B NpeluCJIOBHH KO BTOPOMy ToMy «Principia Mathematica» [194].

2) B cHcreMe Paccesa u YajiTxea 3amuchb OTHOLUEHHS X € X fge sBJSAETCS 3a-
KOHHOfi B MPOTHBOMOJOXKHOCTb, Hampumep, cucreme Llepmesno — ®penxens.

3) Hanmpumep, B cucteme «Principia» paBeHCTBO He eCTb MepBHuHOe NMOHATHE:
aBa ob6wekTa @, b paBHB, ecaM AJs BCsKoro cmoictBa P(x), P(a) u P(b) ss-
JISIOTCA  3KBHBAJIeHTHHIMH BbicKa3biBaHusMH. Ho 3To onpeneneHue ue wumeer
CMBbIC/1A I/ TEOPUH THIIOB: JJIS TOrO, YTOOB NMPHUIATH €MY CMBIC], HAg0 OBLIO GBI
no KpaiiHell Mepe YTOYHHTH «MOPANOK» P, HO 3TO Gbl NPHBEJO K HEOO6XOLHMOCTH
pas/imuaTh GecKoHeyHocTb oTHomenuii pasedctBa! Kpome Ttoro, llepmesno yike
B 1908 r. [251b] 3ameTHs, uTo B MHOTOUHCJEHHBIX ONPeNeNeHHsIX KJAACCHYECKON
MaTeMaTHKH (Kak, HampuMep, B ONpeNeJeHHH HHXKHEeH TDaHH MHOXKecTBa u3 R)
He MPHHHUMAeTcs BO BHMMAaHHe IIPHHLMI MOPOYHOTO KPYra» M uTO MPHHATHE 3TOTO
NpUHUMNIA TPO3U/IO Obl HANOXKHTL 3alpeT HAa BaXKHHE pasfesbl HauboJee TpPauH-
UHOHHBIX MATeMAaTHYECKHX TEOpUi.
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He MOJHOCTbIO (hopMasnu3oBaHa'l), B pe3yJbTaTe 4ero MHOTHe Mes-
KMe ee JAeTajdH OCTalOTcs HesicHbIMH, Jlenanuch passiuyHble MO-
NBITKH yNpPOILEeHHs] W yscHeHust 3Toit cucreMbl (Pamcefi, XBucTek,
Kyaiin, Poccep); crpemsick HCnoJab30BaTh Bce GoJee H Goaee ¢op-
Ma/n3oBaHHblE A3BIKH, 3TH ABTOPH 3aMEHJIOT NpaBu/a «Principia»
(koTopble OblIH elie B KaKOH-TO Mepe OCHOBAHBl Ha HHTYMLMH) Or-
paHUUYEHHUSIMH, OTHOCSILIMMHUCS TOJBKO K 3aMHCH PAacCMaTpHBAEMbIX
coueTaHu#l 3HAKOB. DTH NpaBuJa He TOJBKO OKa3ajHChb TaKHMH XKe
HEeMOTHBHDOBAHHBIMH, KakK M 3ampeThl, H3J0XKEHHble B CHCTEMax
Llepmeno — ®penkenss uan ¢or Hefimana, Ho u, moMuMmo 3TOro,
6ynyun OoJjlee JaneKHMMM OT MaTeMaTHYeCKOH MNpPaKTHKH, NPHUBE/H
B HEKOTOPBIX CJydyasix K HenpHeMJeMBbIM CJIeACTBHAM, KOTODHIX He
npeABHAENH UX aBTOPHl (Kak, HanpuMep, mapanokc bypaan-®opru
WM OTpHLIaHUe aKCHOMBI BHGopa).

MaremaTHky BBIIE PACCMOTPEHHBIX INKOJ He XOTEeJH OTKas3bl-
BaTbCs OT Kakoil Obl TO HM OBbLIO YAacTH M3 HACJENCTBA [IPOLIJIOrO:
«Hukro He cmoxcer usenars wac u3 pas, cos0annozo 041 Hac Kauro-
poms, — rosoput T[uabbept ([122c], cTp. 274). das 3Toro OHH
CKJIOHHB TNPHMHDHUTBCA C OrpaHHUYEHHSIMH, MaJOCYLU[eCTBEHHbBIMHU
/5 MaTeMaTHYeCKHX paccyX)AeHHil, NMOTOMY UYTO OHH COOTBeT-
CTBYIOT NPAKTHKe, HO, NO-BUAUMOMY, He MNpPOAUKTOBAHBLI HAIUIUMHU
YMCTBEHHBIMH MPHBBIUYKAMH U HHTYUTHBHBIM MOHSTHEM MHOXECTBA.
OnHM npeamnoyuTalOT BCE YTO YrFOAHO, HO TOJBKO HE BTOPIKEHHE
MCHXOJIOTHY KaK KDHTePHs MIJsi OLEHKH 3aKOHHOCTH MaTeMaTHKH.
UTro6bl TOJMBKO He «NPUHUMATL 80 BHUMAHUE CE0LCTE HAULe20 MO3-
ea», kak rosopur Agamap ([10], ctp. 270), onu Ge3pONMOTHO MOKO-
pAIOTCST HeOGXOAMMOCTH OTPaHHUUTh 06J1aCTh MATEMATHKH 10 GOJb-
e 4acTH NPOHM3BOJBHO C YCJAOBHEM, 4TO B 3Ty o6jacTb 6Gyaer
BKJIIOYeHa KJjaccHyeckass MaTeMaTHKa M He OyayT CO3RaHbl mpe-
NSITCTBHS JJ1S AasbHelllero pasBuTHs.

CosepwienHo uHaue BefyT ce6s MaTeMaTHKH, CTOSIIIHE HA MO3H-
LHMsIX, KOTOpble HaM OCTaJjJock paccMoTperb. Ecau ¢opmanucts ro-
TOBBl OTKa3aTbCs OT KOHTPOJSl «YMCTBEHHOrO B30pa» Haj TeM, UTO
OTHOCHTCS K MaTeMaTH4YeCKOMY PacCyXIeHHIO, TO MaTeMaTHKH, KO-
TOPBIX OKPECTHJIH «3MIIMPHCTAMH», «PeasucTaMH» HJH <HHTYHLHO-
HHCTAMH», He NPH3HAIOT NoJ06HOro orpeueHus. MM HeoGxonuMa He-
Kasi BHYTPEHHSIsl YBEPEHHOCTb, TapaHTHUPYIOLIAsl <«CYLIeCTBOBAHHE»
MaTeMaTHYeCKHX 06beKTOB, KOTOPBIMH OHM 3aHuMaloTcesi. Korna peus
1712 TOJNBKO O TOM, YTOOBI OTKa3aThCs OT MPOCTPAHCTBEHHON HHTYH-
MY, cepbe3HBIX BO3paxKeHHH He OblIo, HOO apudMeTHUEeCKHe «MOje-
JIE» [aBaj¥ BO3MOXKHOCTb YKPHITbCA 33 HHTYUTHBHHIM MOHSITHEM
uesnoro uyucaa. Ho korzma Bcras BOnpoc o TOM, 4ToGhI MOHSITHE 1eJ0T0

1) Paccen u Vaiitxexn (xak u @pere) NpHUAEpPKHBAITCA KJaCCHUECKOH
MO3HUHH B OTHOIUEHMH MaTeMaTHYeCKHX ¢opMyJ, KOTOpble AHJsi HHX BCeraa
NOJIKHBl MMeTh «CMBIC/I», OTHOCAIIMACH K M[OJCO3HATENbHOH HEeATEeJBHOCTH Mbl-
LIJIeHHS.
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YHCcla CBECTH K MOHSTHIO MHOXecTBAa (3HAauuTelbHO MeHee HHTYH-
THBHO TOUHOMY), a 3aTeM 0e3 HHTYHTHBHOIO OCHOBAaHHSA NOCTaBHTH
6apbepbl NpUMeHEHHIO MHOXKECTB, IOSBUJIACh HeNPUMUPHUMAs OIIO-
sunus. [TepBHIM K3 ONMO3MUHOHEpPOB (KOTOPHIH B CHJY aBTOPHTETa
CBOEro reHusl JoJiKeH OB OKa3aTb HauboJbliee BJHSHHE) OBLI
[lyaHkape; npuHAB aKCHOMAaTHYECKYIO TOUKY 3PeHHS B OTHOLIEHHH
reoMeTpUM U apH(MeTH3allMu aHajHu3a, a TakxKe A06pYIO yacTb TeO-
puu Kanropa (KOTOpyl0 OH OIZHHM H3 NepBbIX IIOLOTBOPHO NpHMe-
HAJ B cBOMX paborax), OH, OJHAaKO, OTKa3blBaeTcsl NPH3HATh, YTO H
apudMeTHKa TakKXKe MOXKeT OBTb MOJBEPrHyTa aKCHOMAaTHYeCcKOH
TpaKTOBKe. B uyacTHOCTH, OH CYMTaeT, UTO MPHHIHUN NOJHOH HHAYK-
IUU siBJASeTc OCHOBHON HMHTYHMLMeH Hauero pasyMa U 4YTo B HeM
Heab3l YCMOTpeTb uHcToe corjauienue [181e]!). BpaxkneGuo Ha-
CTPOEHHBIH B MpuUHUUNE K (OPMaJH30BAaHHBIM s3bIKaM, MOJE3HOCTh
KOTOpPHIX OH ocnapuBaet, [lyaHkape NOCTOSIHHO NyTaeTr NOHATHE I[e-
JIOro yucjaa B (popMajM30BaHHON MaTeMaTHKe W NPUMeHeHHe IebIX
yHcesq B TEODHHU J0Ka3aTelbCTBa, KOTOpas TOrAa elie TOJbKO HaMme-
yanack U O KOTOpPOW MBI cKa)eM mnosjnHee. KoHeuHo, B To Bpem#
6bIJIO TPYAHO NPOBECTH 3TO pPas/jHude TaK YeTKO, KAK B HAWIH JHH —
nocse 50 JieT H3yueHHH U OOCYXKIEHHH, — HO ero yxKe, OfHaKo, XO-
poLIO YYBCTBOBANM Takue yueHble, Kak I'mapbept u Pacces.
Kpurnka Takoro poma 3HauMTeJbHO YCHJAM/Ach NOCAe BBeJIeHHS
Lepmesno B 1904 r. [251a] akcuomer BeiGopa. ITpumeHeHnue 3Toi mno-
clegHed B MHOrOYMC/JEHHBIX AOKa3aTeJbCTBax aHaln3a H TEOPUH
MHOXECTB OCTaBaJjoch IO TeX NOp NOYTH He3aMeueHHHIM ?). Paspu-
Basi ugeo dpxapra Wmuara, Lepmeno siBHO chopmynupoBan 3ty
aKCHOMY H OCTPOYMHO BLIBeJ U3 Hee J0Ka3aTeabCTBO BO3MOXKHOCTH
BIIOJIHE YNOPALOUUTE Jo6oe MHOXKecTBO. [TosiBHBLINCL ONHOBpeMeH-
HO C «NapafoKcaMH», HOBBIH BUJ pPacCyXAeHHH cBOell HeOOBIUHOCTEIO,
[i0-BHANMOMY, BHeC CMATeHHe B Cpefly MareMaTHKOB, CTOHT TOJNbKO
packphiTe ciaenytomuii Tom Mathematische Annalen, urto6m y6e-
OUTbCH B TOM, KaKHe CTPaHHBIe HeJOPa3yMeHHs BO3HHKAJH [0 3TOMY
IIOBOAY Yy MaTeMaTHKOB, KOTOpHIe, TaK e Kak, HanpuMep, lleundauc

1) IlyaHkape AOXOAMT O TOTO, YTO TOBOPAT B CYLIHOCTH O HEBO3MOMKHOCTH
ompejieuTh CTPYKTYPY, B KOTODOil BBIMOJHAJMHCH Gbl Bce akcuomel [leano, 3a
MCK/MIoueHneM MNpuuuuna noJuofi unpykuuu ([181c], crp. 65); npumep (maHHBIA
[MTagoa) wesnbix umcen ¢ orofpaxenueM x—> X + 2, 3aMeHAWIUM X —>Xx + [, mo-
Ka3blBAa€T, YTO 3TO yTBepXKLIeHHe HeTOYHO. JII0GOMBITHO, YTO Mbl HAXOAHUM €ro
yxke y dpere, rie OHO HM3JOXKeHO MOYTH B Tex ke TepmuHax ([89b], ctp. 21, e).

2) B 1890 r. ITeano, DoKasbiBasi CBOIO TEOPeMy CYIleCTBOBAHHs HHTerpaJioB
auddepeHunabHbBIX ypABHEHHH, 3aMeTHJ, YTO OH eCTeCTBEHHBIM 0GpasoM IpH-
e K <«npumenexuro OecKOHEHHO MHO20 pPAa3 NpPOU3BOAbHO20 3AKOHA, KOTOPbLL
KandOMY KAQCCY CTABUT 8 COOTBETCTBUE UHOUBUO 3T020 KAGCCA»; HO OH CPA3Y XKe
no6aBu/, 4TO MOJOGHOEe [OKa3aTeJbCTBO [Js HEro sBJSETCS HelpHeMJeMbIM
([177€], ctp. 210). B 1902 r. B. JleBn 3aMeTHJ, UTO TAKOE XK€ pacCyXiueHHE GblIO
B CKpHTOH (opme ucrmosab3oBaHo &. BepHurefiHoM Ais OLHOro N0Ka3aTesbcTBA
H3 TEOPHH KapAHMHAJbHBEIX uHcesa [145].
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u DepHiuTe#iH, ObIK XOpOLIO 3HaKOMBl ¢ MeTogaMu KanTopa. Kpu-
tika . Dopess, ony6iuKoBaHHAAg B TOM Ke ToMe, 6GoJiee o6CTOA-
TeJbHA U pelIHTellbHO NpPHUMBEIKAaeT K Touke 3penus A. Ilyaukape o
IeJbIX YHCeaax. OTH B3IMVISAbl NOJNYUYHJIN JajbHelllllee pa3BUTHe H IUH-
poko obcyxaanuck B nepentcke d. Bopeasa, Bspa, Anamapa u Jle-
6era, nycbMa KOTOPHIX A0 CHX IIOp CYMTAIOTCS KJjaccHyeckKuMm o6pas-
nom ¢paHuysckoii Matematuueckoil tpamuuuu [10]. Dopean nauu-
HaeT C OTpULAHUA AaKCHOMBI BHIOOpa, TaK KaK OHA NpeAnoJaraer B
obmeM HecueTHYI0 6eCKOHeUHOCTb BBIGOPOB, YTO HENMOCTHKHUMO [/
watynnd. Ho Anamap u Jle6Ger 3ameuatoT, uto U cueTHas GeckoHeu-
HOCTb NPOHM3BOJIBHBIX NOC/AELYIOIHKX BEIOOPOB He Gojiee NMOCTHKHMA
I/ MHTYUMIMH, TaK KaK npeanosaraet 6eCKOHEUHOCTb onepailui, Ko-
TOpble HEBO3MOXKHO OCO3HATbh Kak COBeplLIaioldecs B AeHCTBHTeJNb-
HoctH. Hns JleGera, KOTOpbIN paclinpsieT TpaHULbl NOJEMHKH, BCe
CBOLMTCS K TOMY, UTOOHl YCTAHOBUTBL, UTO MMEIOT B BHIY, KOTAa ro-
BODAT, YTO MaTeMaTHUeCKU# 0OBEKT «CYIeCTBYeT», OH TpebyeT fB-
HOTO «Ha3BaHHWf» CBOHCTBA, KOTOPOe OJHO3HAUHO ONpeResno Obl
06beKT (Mbl GBI CKa3aau «(PYHKIHOHAJAbHOrO» cBolcTBa). dasa dpyuk-
UK, Nog06HOI TOM, KOTopol moJjb3dyercs Llepmesno B CBoem paccy-
XKIEeHUH, 3T0 — To, uTo JleGer HasblBaeT «3aKoHOM» Bhi6opa. Ecuny,
npofoJxaeT OH, 3T0 TpeGOoBaHHMe He YAOBJETBOPSETCH U yueHBIE
OrpaHHYUBAIOTCA TeM, UTO «AYMaioT» 06 3Toi QYHKUHH BMECTO TOrO,
yTOGBl «HA3BaTb» €e, MOXKHO JU ObITh YBepEHHBIM, UTQ B TeueHHe
paccyXIeHHsi OHH Bcerga AyMaioT o ToM ke camoMm ([10], cTp. 267)7?
B cBasu ¢ atum y JleGera BO3HHMKAIOT HOBLle COMHEHHA; eMy
KaXeTcs, YTO €aM BONpPOC BhIGOpa ONHOrO 3jeMeHTa M3 MHOXKEeCTBa
nopoxnaer 3aTpyAHenus. Hamo 6viThb yBepeHHBIM, UTO TakKo# aJje-
MEHT «CYIIECTBYeT», T. €. YTO MOXHO «Ha3BaTb» XOTA Obl OAHH H3
3/71eMeHTOB MHOXecTBa !). MOXKHO JIH TOBOPHTh O «CYLIECTBOBAHHU®
MHOKeCTBa, B KOTOPOM MBI He MOMKeM «Ha3BaTb» KaxKABIH 3JeMeHT?
Yxe bBap 6es KosnebGanus OTpHLl@eT «CyLeCTBOBaHHe» MHOMKeCTBa
NOAMHOXKeCTB JaHHOro OGeCKOHEUHOro MHOXKeCTBa (CM. IIMTHPOBAH-
HbIH OTPBIBOK, CTp. 263—264). Hanpacno Apamap 3ameuaert, uTo no-
go6Hble TpeGOBaHHUA BeAyT K TOMY, UTO BOOOIle NpHAETCA OTKa3aThb-
csl OT pacCMOTPEeHHs] MHOXKEeCTBa NeHCTBUTEJbHBIX UHCEN; K 3TOMY

1) Tak HaswhiBaeMBIi «BHIGOpP» 3JEMEHTAa BO MHOXecTBe B [eHCTBHUTENBLHOCTH
He MMeeT HHMYero OGLIEro ¢ akCHOMOH BhIGopa. DTO MPOCTO MaHepa BEIpAXkKaThCA,
U TaM, T'le OH ymnoTpeGJsieTcsi, MOA HHM HMeIOT B BHAY NPHMeHEHHe CaMpIX 3Je-
MEHTapHBIX JIOTHYECKHX MNPaBu/1 (B KOTOpPele He BXORHMT 3HaK 7). IloHsTHO, uro
npUMeHeHHe 3THX NpPaBHJ K MHoxkecrBy A TpebyeT, uto6n 6blIO NOKa3aHO, YTO
A== . Aprymenrauus JleGera Kacaercss MMeHHO TOrO MYHKTA, TaK Kak /a3
Hero Mog00HOEe 10Ka3aTeJbCTBO TOJNBKO TOTAAa NPHMEHHMO, ecau Oyler TOYHO
HasBaH oaud saeMment u3 A. Tax, Hanpumep, JleGer He mpH3HaeT paccyXueHuit
Kaunropa ([35], ctp. 115—118) B moxasaresbcTBe CYIlleCTBOBAHHMS TPAHCUEHIEHT-
HBIX yHcesJ. DTO CYUIeCTBOBaHHe [/ Hero J[AOKa3aHO TOJbKO I[IOTOMY, YTO BO3-
MOXKHO «Ha3BaTb» TPAHCUEHIEHTHblE YHCJIA, TakHe, Kak uuciaa JIMYyBHIAS uJl

ygcaa T UM €.
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JKe 3aKJII0YEHHIO IPUXOIHT B KOHeuHoM HTore ¥ 3. Bopeas, Ho eciu
OTBdlEYbCS OT TOro (akTa, UTO CYeTHble MHOXKeCTBa, NO-BHAHMOMY,
MOJIYYHJIH MpaBO rpaxKAaHCTBa, MaTeMaTHKa IOYTH BO3BPATHIACh K
KJaCCHYECKOH MO3ULUH NMPOTHBHUKOB «aKTyaJbHOH GEeCKOHeYHOCTHY.

Bce 3T BO3pakeHus OblLIM He CJAMLIKOM cHUcTeMaTHuHbl. Ha moaio
Bpayspa u ero mKoJBl Belnaja poJb KOPeHHLIM 006pa3oM nepecmo-
TpeTh MaTeMaTHKy B cBeTe NOROGHLIX, HO elle GoJsiee pagMKajbHBIX
npuHUunoB. Mbl He 6yaeM 31ech NBITAaThCSl H3JaraTh CJAOXKHYIO AOK-
TPUHY HHTYHLHOHH3Ma, KOTOpas MMeeT TaKoe Ke OTHOLIEHHe K NCH-
XOJIOTHH, KaK M K MaTeMaTHKe, U OrpaHHUHUMCH ONUCaHWeM ee Hau-
6oslee nopasuTeNbHbIX UePT, OTCHIJIAs HHTepecyolluxcs Gojee NOM-
poGHBIM H3J0KeHHeM K paGoram Dpayspa [30a ub]u lefitunra[121].
Jas Bpayspa MaTemaTHKa TOKAECTBEHHA «TOYHOI» 4YacTH HAaMIUX
MBbIc/efl, KOTOpasi OCHOBaHa Ha MEPBHYHOH HHTYHLUMH NOCJAeaOBa-
TeJILHOCTH HAaTypaJ/ibHBIX UYHceJ U KOTOPYIO HEeBO3MOXKHO 6e3 HcKa-
JKEHHA NepeBecTH B GopMasbHylo cucTeMy. K TOMy Xe oHa «TOYHa»
TOJILKO B yYMe MaTeMaTHKOB, M Obuio Obl yTonHeH HaxesdTbcs H30-
GpecTH TaKoe CpeACTBO KOMMYHHKAllMM, KOTOpoe Obli0o O6bl JH-
1IeHO BCeX HeCOBEepIUeHCTB M JBYCMBICAeHHOcTeH #3bika. Camoe
6oJblllee, HA YTO MOXKHO HalefiTbCf, — 9TO BbI3BAThb Yy CobeCelHHKA
G/1aronpuUATHOe COCTOSIHME yMa C MOMOLUbI0 GoJsiee WM MeHee TY-
maunbix onucaHuit ([121], crp. 11—13). Jloruka, no mMHeHuIO MaTe-
MaTHKOB-UHTYHLMOHHCTOB, HMeeT He GoOJblliee 3HayeHHe, ueM
13BbIK, — JIOKa3aTeJbCTBO YOEeJUTEeNbHO He B CHJY JOTMYECKHX npa-
BUJ, YCTAHOBJEHHHIX pa3 H HaBCeraa, HO B CHJAY «HENOCPeACTBEHHOM
OYeBHAHOCTH» Ka)KAOro CBOEro 3BeHa, DTy «OUEeBUAHOCTb» HAmo K
TOMy e NOHMMaTb B 60Jiee y3KOM cMbicie, 4eM y 3. Bopeas u ero
iipuBepxKeHueB. [To3TOMy B MHTYHLHOHHCTCKOH MaTeMaTHKe Hesb3d
rOBOPUTb O TOM, YTO OTHOWIeHHe BHAA «R wnau (He R)» HCTHHHO
(MPUHILHUI HCKIIOUEHHOTO TPEThero), ecjau TOJAbKO [Jsl J106O0H cucre-
Mbl 3HAUEHHH NepeMeHHbIX, HMEIOUINXCA B R, He/lb3d [10KAa3aTh, UTO
ONHO M3 OBYX mpeastoxeHuit R, (He R) ectb uctuHHoe. Hanpuwmep,
3 ypaBHeHHs ab =0 Mexnay JAByMs HeHCTBHTeJbHBIMH YHCJIaMH
Heslb3sl 3aKMOUUTh «a = 0» uian «b = O», Tak Kak Jerko o6pa3oBarhb
SIBHble NpHUMepbl HeHCTBHTE/NBHBIX UHcesa a, b, Hjisg KOTOpHIX HMeeM
ab = 0, x0T B gaHHOe BpeM$sl He yMeeM [0Ka3aTb HM OJHO U3 ABYX
npennoxenuit a =0, b = 0 ([121], cTp. 21).

HeT Huuero yauBHTeabHOrO B TOM, UTO, HCXOAS M3 3THUX NpPHHIH-
NOB, MaTeMAaTUKH-UHTYUIMOHUCTBI NPUXOAAT K pe3y/jbTaTtaM, CHIbHO
OTJIMYAIOMIMMCS OT KJacCHUeCKHX TeopeM. MHOrue M3 3THX nocjef-
HUX HCYe3aI0T, HANpuMep OGOJNBIIMHCTBO «3IK3UCTEHLHAJBHBIX» TeO-
peM ananu3a (kKak, Hanpumep, TeopeMbl bosbuano u Befiepuirpacca
AJ151 4ucqaoBHIX QyHKuHMi). Ecan yHKuna nelicTBUTeJbHON nepeMeH-
HOW «CyIIeCTBYeT» B MHTYHIIMOHHCTCKOM CMbicJIe, oHa ipso facto ue-
npepelBHA; OrpaHUYyeHHass MOHOTOHHAs [OCJAeNOBATEIbHOCTh Heii-
CTBHTe/JbHBIX UMces He o0s3aTeJbHO HMeeT npepea. C gpyroil cro-
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pOHBI, MHOTHE KJaCCHUeCKHe [MOHATHS MOAPAa3AeNsTCs, N0 MHe-
HMIO MHTYHLHOHHCTOB, Ha HECKO/bKO CYIUECTBEHHO Pa3JIMUHBIX MO-
uatuil. Tak, UMelOTCsi [Ba NOHATHS CXOAUMOCTH (AJs nocJenoBa-
TeJbHOCTH J€eHCTBHTEJbHBIX UYHCeN) M BOCEMb TNOHATHH CUETHOCTH.
Camo co6oii pazyMmeercsl, YTO TPAHC(HHUHUTHOH HHAYKLUHH U ee NpH-
MEHEHHIO B COBpPeMeHHOM aHanM3e (Tak Xe Kak U Goablieil yacTu
tTeopun Kauropa) BbIHOCHTCS NpUrosop Oe3 npaBa 06KajoBaHHUS.

Tonbko Takum o6pasom, corinacHo bpayspy, Mmartematuueckue
NpeNJOXKeHHs] MOIYT HAamOJIHHThCA «COAepxkaHHeM». PaccyxineHus
¢dbopmaaucTOB, BHIXOAALIME 33 Opeesbl TOro, YTO AOMYyCKaeT HHTYH-
IIHOHU3M, OTBEPraloTcsl, TAdK KaK UM HeJb3s NPHAATb «CMBICA», K
KOTODOMY MOXKHO ObLI0 OBl NPUMEHHTb HHTYUTHBHOE TOHSITHE
«HCTHHBI», $IcHO, 4TO NOLOGHBIE OLEHKH MOTYT ONMHPAThCH JIHIIb Ha
fIOHSITHE MCHXOJOTHYECKOro MM MeTa(H3uyecKoro mnopsaaka, npen-
HlecTBYIOlllee «HCTHHeE». Ecau 3TO Tak, TO OHH He NOJJIEXKAT KaKo-
My-1160 06CyXKAeHHIO.

CuJsbHble aTaKu Jarepss WHTYHIMOHHUCTOB, HECOMHEHHO, 3aCTaBHU-
JIH MaTeMaTHKOB — He TOJIbKO NepeJOBBIX LIKOJ, HO H NPHBEpKEH-
leB TPaAULUHOHHOH MaTeMaTHKH — OpPraHH30BaTh Ha KaKoe-TO BpeMst
0GopoHUTeNbHble HelicTBUA. OAMH M3BECTHBII MaTeMaTHK NpH3Hal,
UTO 3TH aTaKM NMPOHM3BEeNM Ha HEro TakKoe BmeyaT/eHHe, YTO OH J0-
OpPOBOJILHO OTPAaHHYMJI CBOH HCCJeNOBaHHs 06/JacTAMH MaTeMaTHKH,
KOTOpble CUMTANHUCh «HaJdeXHbIMH». Ho Takue ciayuam Gbliu pex-
KkuMu. VIHTYHLHOHHCTCKAd IIKOJa, O KOTOPOH B MaTeMaTHKe BCIO-
MHHAIOT KaK O CBOEro poja HCTOPHYECKOM Kypbe3e, BO BCAKOM CJy-
yae, OKaszasja YCJAyry MareMaTHKe TeM, YTO 3acTaBuJa CBOHX IMPO-
TUBHUKOB, T. €. NOJaBJjsiollee OOJbIINHCTBO MAaTeEMaTHKOB, YTOUHHTDL
CBOM MO3HWLUH U $ICHEe OCO3HAThb NPUUYMHBI (OLHHU JOTHUYECKOTOo I0-
pAaka, Apyrue — NCHXOJOTHUECKOr@) UX Bepbl B MaTeMaTHKY.

MeramaTemaTHka

YenoBueM sine qua non Bcefl MaTeMaTHKH B JI0GYI0 3MOXY CYH-
TaJ0Ch OTCYTCTBHe NpoTHBOpeunid. Hauwuasi ¢ Apucrorens, joruka
6bla yike HAaCTOMBKO PAa3BHTA, UTO yYeHble MPEKPacHO MOHHMAJH,
MTO W3 NPOTHBOPEYHBOH TEODHH MOXKHO BBIBECTH BCE UYTO YrOAHO.
Jloka3aTenbCTBa «CYL1eCTBOBAHUA», KOTOPHIE CO BPEMEH aHTHYHOCTH
CUMTANNCL HEOOXOAMMBIMH, CJYXWJH, OUEBHAHO, rapaHTHed TOro,
YTO BBEJEHHE HOBOTO MOHSTHS He NpPUBEAeT K NPOTHBOPEUHIO, 0CO-
GeHHO ecy 3TO NOHATHe OBLIO CAHIIKOM CJOXKHBIM, YTOOH OBITH He-
nocpeACTBEHHO BOCNPHHATHIM ¢ MNOMOIIbI0 MHTyHLWH. Mbl BHienn,
yto ¢ nosasaeHHeM B XIX B. akCHOMAaTHUYeCKOH TOYKH 3PeHMs 3TO
TpeGoBaHHE CTAHOBHTCA Bce OoJiee HACTOSTENbHBIM M UTO OTBETOM
KA Hero SIBMJIOCh NOCTPOeHHe apudMeTHUecKux «monenei». Ho ue
MorJia nid 6bITh NMPOTHBOpPeunBOH caMa apudmeruka? Takoll Bompoc,
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KOHeuHO, He Mor ObiTh nocrasJjeH g0 KoHua XIX B.— 1o Takoi cre-
neHY ILeJble yMcada, Ka3ajoch, NpUHAAAeXKadd K TOMY, UTO siBJAAJ0ChH
HauGosiee HafeXHBIM B MHTYHUHH. HO nocje nosiBjeHHs «mnapamok-
COB» BCe, Ka3aJoch, GbIIO MOCTABJAEHO MOJ BONPOC, H BIOJHE MOHAT-
HO, UYTO BBI3BAHHOE 3TUMH NapajoOKCaMH 4YyBCTBO HeyBepeHHOCTH
3aCTAaBHJIO MaTeMaTHKOB KOHIlA NMPOULIOro BeKa OTHOCHThCHA ¢ 6OJb-
UM BHUMaHHeM K npoGJjeMe HENPOTHBOPEUUBOCTH apHhMeTHKH,
yTo6Gbl CHAcTH OT KPYLIEHHs: XOTSl Obl K/JIaCCHUECKYID MaTeMaTHKY.
ITostomy I'mab6epr, nepeuuc/sii B CBOeM H3BECTHOM BLICTYMJIEHHH
Ha MexAyHaponHoM koHrpecce 1900 r. HacyliHble 3aflaud MaTeMa-
THKH, MOCTABUJ JaHHYI0 npoGjiemy Ha BTopoe Mecto ([122a], T. III,
ctp. 229—331). OH BBICTaBHJI HOBBIH NPUHLMKI, BHI3BABUIHA MHOIO-
yUcJAeHHble OTKJMKH: B TO BpeMs KaK B TPAAHIHOHHOH JIOTHKe He-
NPOTHBOPEUUBOCTh HEKOTOPOTO NOHATHS [esaJjia ero JHlIb BO3MOXK-
HBIM, gist [uapGepra HenpoOTHBOPEUHMBOCTb HEKOTOPOTO IMOHATHS
(mo kpaiiHeit Mepe [Js MaTeMaTHUYECKHX MOHATHH, OnNpeiesdeHHBIX
AKCHMOMATHUYECKH) SKBHBaJIeHTHAa €ero CYLIeCTBOBaHHWIO. B cBsasu ¢
5THM BO3HHKajla HeOGXOIMMOCTb JOKasblBaTh a priori HempoTHBOpe-
YHBOCTb HEKOTOpPOfi MaTeMaTHYeCKOH TeOpHH elle A0 Hadaja ee CH-
CTEeMAaTHYeCKOTro pas3BUTHS. VIMeHHO Ha 3TOil TOYKe 3peHHsA CTOWT
A. Ilyanxape, KoTophlii, 4ToOb npo6UTL Opewib B opMaiuaMe, N01-
XBaTbiBaeT wuaelo [uanbepra W HaCMeULIMBO MOJUEepPKUBAaEeT, Kak
Janekd GOpMaJUCTH ero BpeMeHH OT BO3MOXKHOCTH OCYLIECTBHTL ee
([181e], cTp. 163). danpuie Mbl yBUAUM, Kak ['HAbOEPT npUHSJA 3TOT
BLI3OB; IOKa OTMeTHM, uTO GJjarojgapsi ero aBTOPHTETYy, a TaKKe
aBTopuTeTy IlyaHkape TpeGoBaHHUs, BbICTaBJEHHble NOCAEHUM, 0J-
roe BpeMmsi NpHHUMAJUCh (6e3 OrOBOPOK Kak (GopMatHcTaMM, TaK H
KX NPOTHBHUKAMHU, B pesyibTate MHOrHe (pOpMa/IMCTBl BepUJH B TO,
4yTO Teopus AoOKaszaTejabcTBa [MiabGepra OblIa COCTABHOH YacTbio
MaTeMaTHKH U HeOOXOJHWMBIM BBeJeHHeM B Hee. DTa JOrMa He npef-
cTaBJfeTcs HaM OGOCHOBAHHOH !), ¥ MBI CUHTaeM, YTO BTOpIKeHHE
MeTaMaTeMaTHKH B H3JI0XKeHHe JOTHKM W MaTeMaTHKH MOXeT H
IOMXKHO OBITh CBeIEHO K CaMoOM 3JjeMeHTapHOH YacTH, KoTopas
TpakTyeT 06 ynorpel/eHUM COKpaIlaMOIIHX CHMBOJIOB H AedYKTHB-
HbIX KpHuTepueB. TakuMm 06pa3oM, 1es0 HIeT He O TOM, «UTOGHI OT-
cTauBaTh CBOGOJAY NPOTHBOpeuHsi», Kak 3To yTBepxkiaer IlyaHkape,
HO CKOpee O TOM, YToGHl CuMTaTh BMecCTe ¢ Ajxamapom, uTo OTCyT-
CTBHE INPOTHBODEUHS MOXKHO KOHCTAaTHpPOBaTh Jaxe TOr[Aa, KOTAa
ero He yraetcs nokasatb ([10], cTp. 270).

Hawm ocraercs aumb gath KpaTKHii HCTOPHYECKHH OuepK HccJe-
noBaHuii I'unbbepra W ero WIKOJAB M B OOLIHX uUepTax ONHCATh He
TOJIBKO 3BOJIIOLHIO, KOTOpas B KOHIle KOHLOB NpHBeJa K OTpHIla-

1) CorsacHo YHCTOl HOKTpHHe ()OPMAJIHCTOB, CJOBO «CYIECTByeT» B ¢opma-
JM30BAHHOM TeKCTe HMeeT He OoJibille «3HAUYEHHSI», yeM [PYyrHe cJoBa, a APyrue
THIBl «CYLIeCTBOBAHHSI» B (DOPMaJH30BAHHBIX [0Ka3aTeqbCTBAX He paccMaTpH-
B8aI0TCA.
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TeqbHOMY pe3yabraty I'énend, u onparaarte a posteriori ckentuuunsm
Anamapa, HO TakXe M BBI3BaHHBIH BceM 3THM IMporpecc, OTHOCSH-
IMiicd K MO3HAaHUIO MeXaHM3Ma MaTeMaTHYeckoro pacCyKIeHHs,
Gnarozapss KOTOPOMY COBpeMeHHasl MeTaMaTeMaTHKa cTaja aBToO-
HOMHOH HayKOH HeCOMHEHHOIro HHTepeca.

B 1904 r. B cBoeM [OKJage Ha MeXJIYHapOAHOM KOHrpecce
({122 ¢], ctp. 247—261) T'uapbept npuHMMaeTcd 3a npobaemy He-
npoTHBOpeunBOCTH apupmeTuku, OH KOHCTATHPYET, UTO He MOXKeT
ObITb U peyd O TOM, 4TOOBl J0Ka3aTb ee MOCPeiCTBOM Mojedu!),
B 0OIMX yepTax uanaraet apyroit merog. OH mpeasnaraet paccMma-
TPUBaTh HCTHHHBIE NpefJoxKeHHA (OpPMaJHU30BAHHOH apHPMeTHKH
KaK cOueTaHHd 3HAKOB, COCTOSIIIHe M3 CHMBOJIOB, He MMEIOIIUX 3Ha-
YeHHs], U J0Ka3aTb, 4TO, NOJb3ysich NMpaBUIaMH 06pa3oBaHHS U CO-
e[lMHeHUs] 3THX COYeTAHUH 3HAKOB, HUKOTJA HeJb3sd MOJYUHUTb Takoe
coyeTaHUe 3HAKOB, KOTOpoe GymeT UCTHHHBIM BHICKa3bIBAHMEM H OT-
puLaHHe KOTOporo takxe Gyner McTUHHBIM. OH faxke HaGpachiBaer
TaKOTO pORA N0KAa3aTelbCTBO I8 (popMann3aMa MmeHee OGLIMDPHOTO,
uyem apudmernka. Ho, kak 3ameuaer Hemuoro nosasee A. [lyankape
([181¢€], crp. 185), 3TO nMOKa3aTeNbCTBO CYLIECTBEHHO HCIIOIb3YeET
NPUHLIUN UHAYKUHY H, MO-BUAMMOMY, OMHUpaeTCss Ha NMOPOYHHIH KpYyT.
'map6epT He cpa3y OTBeTHJ Ha 3TH KpPUTHUECKHEe 3aMeuaHHs, U B
nocnenyolue 15 neT MaTeMaTHKH He NpeXnpHHUMaJU KaKHUX-1HO0
NOMLITOK JaJibHeHllIero pa3BUTHA 3TUX Hael; Toabko B 1917 r. ['mab-
OepT (BBIHYKAEHHBI!I OTBeTHTb Ha HaNajKH HHTYHLHOHHUCTOB) BO3-
Bpainaercd K npoGieMe 00 OCHOBAHHMAX MaTeMaTHKH, KOTOpPO# OH
He nepecTaBaJj 3aHMMAaTbCfl YyxKe A0 KOHIA CBOeH HayuHOH nefTenb-
HOCTH.

B ceoux paGoTax no 37O TeMaTHKe, MPOBOAMMBIX MPUGIH3H-
teabHo ¢ 1920 mo 1930 r., B KOTOpHIX aKTHBHO Yy4acTBYeT IeJjas
IKoJila MOJIOABIX MaTeMaTHKOB (AkkepmaH, Bephaiic, dp6pan, don
Hefiman), I'nab6ept nocteneHHo NPUXOAUT K GoJiee TOUHOMY Ofpe-
JleIeHHI0 NPUHLUHIOB cBOell «TeOpHH M0KasaTenbcTBa». HesiBHO mpu-
3HaBasl 060CHOBAaHHOCTb KPUTHKH [lyaHKape, OH fomyckaeTt, 4To Hc-
nojb3yeMble B MeTaMaTeMaTHKe apu(pMeTHUeCKHe PACCYXKIeHHS MO-
ryT ObITb OCHOBAaHbI TOJIbKO Ha Hallled MHTYHLMH LeJbiX uncesa (a He
Ha ¢opmanu3oBaHHOH apudmertnke). [Hns storo Kasasoch cyuie-
CTBEHHBIM OTPAHHMUUTh PacCyXJIeHHs GHUHUTHBIMH npoueccaMu («fi-
nite Prozesse») no Tuny, gonyckaeMOMy HHTyHIHOHHCTaMmH. Tak,
HanpuMep, MeTOJAOM OT NPOTUBHOIO He/lb3si JOKa3aThb B MeTaMarTe-
MaTHKe CyIIecTBOBaHHE COYeTaHHs 3HAKOB WJIM NOCJeI0BATeNbHOCTH

1) «Mogenn», pauusle onpefenenusmu Jenexkuuga H Dpere, nepeBogar BoO-
npoc B APYTYIO MJIOCKOCTh, 3 HMEHHO MPHBOAAT K BONPCCY O HEMPOTHBOPEUHBOCTH
TEOPHH MHOXKeCTB. JTa npo6jeMa, HeCOMHeHHO, GoJiee TpPyaHas, ueM mnpoGiema
HeNpoOTHBOPEUHBOCTH apU(MeTHKH, a B 310Xy, KOrja elie He GbIo CHeJaHO HE
OfHOH cepbe3HONl MONMBITKH, YTOOBl H36exaThb «IapaJoKCOB», OHAa JOJKHa Oblja
KasaThCsl elle TpyqHee.
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cOoyeTaHHUH 3HAKOB, HYKHO [aTb SIBHBIH 3aKOH HX MOCTPOeHHs !).
C npyro#t cropoubl, ['uab6epT paciiupsieT CBOI NepBOHAYAJbHYIO
nporpaMMmy B ABYX HampabJseHHsix. OH He TOJNbKO MOAXOAHT BIJIOT-
HYI0O K BOMNpPOCY HeNPOTHBOPEUYHBOCTH apU(METHKH, HO ¥ MNbITAETCSH
TaK)Ke J0Ka3aThb HeNpOTHBOPEUUBOCTb AEHCTBHTEAbHBIX UHCesJ M Aa-
Ke HempoTHBOPEUYHBOCTb TeOpHH MHOXKecTB ?). Kpome Toro, x mpo-
6/1eMaM HenpOTHBOPEUYHUBOCTH NPHUCOeAHHSIOTCS NPOOGAeMbl He3aBHCH-
MOCTH aKCHOM, MOJHOTH 3) M paspemuMocTd, Huxe naem xpatTkuii
0630p 3TUX PAas/HYHBIX BOMPOCOB W OCHOBHBIX MCCJAeNOBAaHUH, UM
MOCBSILIEHHBIX.

JloxkazaTenbCTBO HE3a8UCUMOCTH CHCTeMbl BHICKa3biBaHHi Aj,
Ay, ..., An cocTOHT B TOM, YTOGBI MOKa3aTh, UYTO [Js KawKJIOro
HHaeKca [A; He SABJSIETCS TEOPEMOl B TEOPHH J i, MOJYUEHHOH, ecau
B35iThb 32 aKCHOMBI A; ¢ MHIEKCAMH j # . DTOT NyHKT OyneT ycra-

HOBJIEH, eCJIM H3BeCTHa HeNpOTHBOpeuHBas Teopust J;, B KOTODOIi
A; (j# i) ABnsiOTCA TeopeMaMy, Tak Xe Kak «He A;». ATy npobie-

MYy MOXHO TOKe paccMaTpHBAThb C ABYX TOYeK 3PeHUS B 3aBHCHMO-
CTH OT TOTO, MPEANOJNaraeTCs WM HeT HeNPOTHBOPEYHBOCTb HEKOTO-
pHIX Ipyrux Teopuil (HanpuMep, apu(GMETHKH HJIU TEOPHH MHO-
xkectB). Bo BTopom cayuae mMbl uMeeM feso ¢ npobaemoii «abcoator-
HOH» HenpotuBopeuuBocTH. M HaoBopor, npobieMbl nepBoro TtHna
pewraiTcs Kaxk npobjeMbl «OTHOCHTeNbHOH» HeNpOTHBOPEUYUBOCTH C
MOMOLIBIO NMOCTPOEHUs COOTBETCTBYIOLIUX «MOJefell». MHorouncseH-
Hble 0Ka3aTeNbCTBa TOr0 poxa GbLIM NPHAYMAaHBl 3a40JT0 A0 MOJ-
HOi Qopmansusaluy MaTeMaTHKH: AO0CTAaTOYHO BCIOMHHUTb MOJEJH
HeeBKJIM/J0BOI reomMeTpud (cM. ctp. 132), Bonpochl He3aBUCHMOCTH
aKCHOM 3JieMeHTapHON reoMeTpuH, paccMoTpeHHHle I'mabbeprom B
«Grundlagen der Geometrie» [122c], Tak ke kak u paGorw llTeii-
HHUIA Mo akcuoMmatuke aare6pbl U Xaycaopda u ero nocjeaoBaTe-
Jiel 10 aKCHOMATHKe TOIMOJIOTHH 4).

1) Bosee noxpo6Hoe H TOYHOe omnHcaHHe (GHUHHTHBIX MPOLECCOB, MPHHATHIX B
MeramaTeMaTHKe, MOXKHO HalTH, Hampumep, B jHccepranuu K. Dpbpana [118].

2) Korna TroBODPAT O HENPOTHBOPEYMBOCTH TEODHH MAeHCTBHTEJBHBIX yHceds,
TIpeANoJIaraloT, Yto OHA OlpejejeHa AaKCHOMATHYECKH, Ge3 MPHMEHEHHS TeopHH
MHOXECTB (MM 10 Kpalined Mepe 0Ge3 NpPHMEHEHHS HEKOTOPBIX aKCHOM 3TOH
nocnefHell, Kak, HampuMep, aKCHOMBI BhIGOpa HJH AKCHOMbI O MHOXECTBe MO~
MHOKECTB).

3) Mbel ynorpe6sisiem Goslee MPHHATEIA Yy HAC TePMHH <IIOJHOTa», XOTH caM
H. Byp6aku nuiner «kareropuysoctb» (catégoricité). B wnameit jurepatype kare-
TOPUYHOCTh OOBIYHO MOHHMAeTCs B CMBICJe H30MOp(H3Ma BCeX HHTepHpeTanui
cucteMbl. — [Ipum. nepes.

4 Bomupoc, KOTOpHIE 4YacTo 06CYy¥KaaJcsi, KacaeTcsi HE3aBHCHMOCTH aKCHOMBI
BbI6OpPA M TUIOTe3Bl KOHTHHYYMa (MO OTHOINEHHIO K JPYrHM aKCHOMaM TeOopHH
MHOKeCTB, HanpuMep, B cHcTeMe Llepmesno — @penkens unu B cucreme ou Heii-
maHa — Bepuailica — I'égens1); HAXOAHTh TEOPEMBbl, SKBHBAJEHTHbIE TOH MJHM ApY-
roff, GBLIO OJHON M3 H3JIOOJEHHBIX TeM JJs OGCYXKAeHHS NOJBbCKOH IIKOJB (Cp.
[208a u D], rze uMmeercs ofuwHpHas GuGanorpadus). Ppenkesnb [85b] nocTpomn
Molesnb TEODHH MHOXECTB, Jle akCHoMa BHOGOpPa He BepHa, HO AKCHOMH 3TOMH
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Teopusi J HasbplBaeTCs MOAHOU, eCaH JJsi KaXKA0ro BHICKAa3hBa-
Hug A us J (He comepxKallero HUKakKo# Apyroit GyKBbl, KDOME KOH-
cTaHTBl M3 J) OAHO M3 ABYX BhickasniBaHuit A, (He A) sBisiercs
teopemoil B J'). Ecim ocTaBUTBL B CTOPOHe HEKOTOpHle OYEHb 3Je-
MeHTapHble (POPMaJU3MBl, TOJIHOTA KOTOPRIX Jerko fokasyema ([123],
cTp. 35), TO noJjyuyeHHble B 3TOM HanpaBJ/eHHH pe3yJbTaThl OYAYT
rJaBHBIM 06pa3oM OTpHLATeNbHbIMH; HaunboJiee 3HAUMTEJNbHBIH U3
uux nan K. I'énesaem {100 a], koropbriii noKa3as, 4To ecjiy Teopust J
HEeNpPOTHBOpeuuBa M ecJH aKCHOMBl (HOpMaJH30BaHHOH apH(MeTHKH
aBAsOTCA TeopeMaMu J, torga J He nosaua. OcHOBHas uies ero
OpPHTHHAJBLHOIO METOLA COCTOUT B TOM, UTOOH YCTAHOBHTH B3aUMHO
OIHO3HAYHOE COOTBETCTBHe (pa3yMeercs, MOCPEACTBOM «(PUHHTHBIX
MpPOIECCOB») MEXIY MeTaMaTeMaTHUeCKUMH YTBepKIeHHUSIMH M He-
KOTOPHIMH BHICKA3HIBAHUAMH (HDOpMaH30BAHHONH apHUOBMETHKH; MHl
OrpaHHUMMCH TeM, YTO OMHLIeM ee B o6GHUX yeprax ?). Hauwmnarwor c
TOrO, 4TO KaxKJAOMY COUETAHHIO 3HAKOB A, KOTOpOe SBJsieTCs TePMOM
HJIH OTHOLIIEHHEM U3 J , B3BAUMHO OJHO3HAYHBIM 06PA30M OTHOCHT Iie-
Jgoe uyucao g(A) (c moMOIIBIO SIBHOH KOHCTPYKUHH, BBINOJHSEMOil
KBa3uMMeXaHHuyecKH). AHAJOrHYHO KaXKAOMy AoKasaTenabcTBy D us J
(paccMaTpuBaeMOMy Kak MOCJAeNOBATEJbHOCTb COUETAHHUH 3HAKOB)
MOXHO B3aMMHO OJHO3HAYHO COMOCTABUThL lesoe yucio A(D).

Hakonen, MOXHO naTh mpollecc sIBHOTO IOCTPOEHHs] OTHOLIEHHS
P(x, y, 2) ua J?%)), tak uto B J P(x, y, 2) Baeuer 3a coGo#i, 4TO
X, Y, 2 — UeJble yKc/ia ¥ BRINOJHAITCH ABa CAeJYIOUIUX YCI0BHS.

1. Eciu D ectb pokasatesnbctBo A(A), rae A(X) ecTh oTHolle-
HHe U3 J, a A ecTb BHIsIBJeHHOE Lesoe YHcao (T. e. TepM U3 J , KO-
TOpHI ABJsieTCs LesasiM uucaoMm), torga P(A, g(A(x)), A(D)) ectsb
TeopeMa H3

2. Ecsin BHISIBIIeHHOe 1e/loe yuc/do y He HMeeT Buna kA (D), uan
eciu uw = h(D), u D He ectb nokasarenbctBo A(A), Torma (ue
P(A, g(A(x)), u)) ectb TeopeMma u3 J .

[Myets S(x) Oymer orHoweHueM (He(J2)P(x, x, 2)) ¥ mycTh
1= g(S(x)) sBasercs trepmoM u3 J. Ecan Teopus J Henportuso-
peunBa, TO B J HeT HUKAKO20 00KA3aTeAbCTEA TPeNIOKeHHs
S (7). HefictBuTenbHO, eciu 6b D GBIIO TaKMM J0Ka3aTedbCTBOM,
0 P(1, £(S(x)), A(D)) 6b10 GH TEOpeMOil U3 o ; HO 3TO OTHO-

TEOPHH He SIBJSIOTCHS TOYHO TAKHAMH, KaK B IPENIIECTBYIONIMX CHCTeMax; 3TH pa-
60Tel Gblan Tpomoskennl Uépuem [50] u Jlunmen6aymom u MocroBckum [146].
[po6aeMa HEe3aBHCHMOCTH THMIOTE3H KOHTHHYYMa, MO-BHAHMOMY, 10 CHX MOp He
paccMarpuBanace (cp. [100c]).

1) AT0 yacto BBHIpPaKalT, rosops, uto ecau A He ecTh Teopema H3 J, TO
teopus J ', moJyuennass mpu pgoGaBieHnn A K akchomaM J, IPOTHBOPEUHBA.

2) Boaee noapo6uo cm. [100a] uan ([131], ctp. 181—258).

3) TlonpoGHoe omucauue g(A), h(D) u P(x, y, 2) sBAsAeTCH CJHLIKOM JJHH-
HLIM H KDONOTJHMBHIM, a 3amuce P(x,y,2) mnotpeGoBajsa Ob TAKOro KOJHUYECTBA
3HAKOB, UTO OHA MNPAKTHUECKH HEBO3MOXHA, OJHAKO HHM OJMH MaTeMaTHK He
CUMTAeT, YTO 3TO B KAKOH-JHOO CTENEHH CHHXKAaeT LEHHOCTh ero NOCTPOEHHH.
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uleHHe He uyTOo HHoe, kKakK P(y, 71, A(D)), u, crexoBsare/bHO,
(32)P(y, 1, 2) 6o 6bl TakkKe TeopeMoit H3 J, TaK Kak 3ToO
nocjeqHee OTHOlIeHHe 3KBUBaJeHTHo (He S(¥)), To Teopus J Oblia
61 nporuBopeudBod. C  gpyrol CTOPOHEl, M3 CKa3aHHOrO BHILIE
cjenyeT, 4TO AJsi BCSIKOTO BhIsiBJAeHHoro uesoro u (ue P (y, 1, 1))
ectb TeopeMa u3 J. Orcioga cilenyer, 4To HeT HuKakoeo 0oKasa-
teavcréa B J Aas (He S(7)), Tak Kak 3To MocJjefHee OTHOLIEHHE
sksuBajienTHo (3 2)P(y, 7, 2) W cyllecTBoBaHMe LeJoro yucjia W,
takoro, uto P(y, ¢, u), o3Hauaao Obl, 4TO TeOpHsi J MNpPOTHBO-
peunBa B CHJy NpeillecTBylollero '). Ota MeTaMaTeMaTHuecKas Teo-
pema T'émenss BnocaenacTsuu Obl1a of6oOLleHa B pas3/MUHBIX HANpa-
paenusax ([131], ra. XI) 2).

[Tpo6aema paspewunmocry («Entscheidungsproblem»), Heco-
MHeHHO, sBJsieTcsl Hau6oJjiee NPETEHIMO3HOH U3 BeeX, [IOCTABJEHHMIX B
MeTaMaTeMaTHKe: OHa 3aKJI0YaeTcsi B TOM, YTOOB! ONMpenesnuTh, BO3-
MOJKHO JI¥ 1Js1 JaHHOro (OpMajii30BaHHOTO si3blKa BOOGpasHThL He-

1) Ha camom fesie, 5Ta MOCJeAHSis YacTh paccyXJIeHHs IPeANoJaraer HeuTo
Gosbllee, YeM HeMPOTHBODPEUHBOCTb (J , UMEHHO TO, UTO HA3bIBAETCH «®-HEMPOTH-
BOPeUdHBOCTbIO» J; 9TO O3HAyaeT, YTO B J He CymeCTBYeT OTHOLWeHHs R (x),
takoro, uTo 3 R(x) ciegosano 6ul x € N ¥ uTOGBI 1151 KAXKIOTO BHIABJIEHHOTO lie-
aoro i R(n) 610 661 Teopemoit u3 J, xoTa X (X E€N) u (ne R(x)) Toxke sB-
asiercst TeopeMoii B J, K tomy ke Poccep mokasaJs, 4To MOXKHO H3MEHHThL AO-
KasaTeqncTBO [€fesis Tak, YTO HyXKHO MpEANoJiaraTb TOJbKO HENPOTHBOpPeuH-
soctb J ([131], cTp. 208). ’

2) HeTpyAHO 3aMeTHTh aHAJOTHIO MeXAy paccyxieHusmy [égens u codus-
MOM JiKeua: mpeisoxenue S(Y) yTBepKAaeT CBOI COGCTBEHHYIO JIOKHOCTb, €CJIH
ero HHTepPNPeTHPOBATh B TepMHHAX MeraMmaremartuku! CllellyeT Takke OTMETHTb,

4TO MpensNOXKeHHe
(v2) ((z€N)=> (we P (1,7, 2)))

MHTYMTHBHO HMCTHHHOE, TaK Kak Mbl HMeeM [0Ka3aTenbcTBo B J (He P (Y, 7, 1))
JUIs BCAKOTO 6bIABACHHO20 11eJIOT0 W; M, ONHAKO, 3TO HpeljokKeHHe HeIOKa3yeMo
B J . D10 moJoXKeHHe MOXHO cOJIH3UTL C Pe3yJbTAaTOM, paHee MOJyueHHBIM JIEBeH-
reiimoMm u Cxkoaemom (cM. [209a]), nocjemHuii MareMaTH4eCKH OMNpefessieT
OTHOLIEHHE MEXJYy ABYMS HATYPQAbHbIMU UYUCIAMH X, Y, KOTOPOE 3alHCaHO Kax
X €y u ynosierBopsier akcuomaM ¢oH Heiimana aas teopun MHoXecTB. Otcrona
Ha TepBblii B3IVIsj ClellyeT HOBBIH «mapaaoKc», TAK KAk B 3TOH «MOJIesaH» BCe Gec-

KOHeuHble MHOXecTBa Ol 6bl CHeTHHIMH BoTpekn HepaBeHcTBy Kantopa nt < 2™.
Ho B melicTBHTEJBLHOCTH «OTHOMIEHHe», ompeneseHHoe CKOJIEMOM, HE MOXeT GbITh
3amgcaHo B (opMasH30BaHHOH TEOPHH MHOMKECTB, TaK e Kak H <«TeopeMmas,
yTBepKAalouas, YT0 MHOXKECTBO IOAMHOXKeCTB OECKOHeYHOro MHOXKecTBa HMeer
JIHIIb CYETHOe KOJHYECTBO «3JeMEHTOB»; IO CYIIEeCTBY 3TOT «IapafoKc» SIBJsSETCs
Goslee XUTPOYMHOH (opMoii 6aHaJBHOIO YTBEPXKJAEHHS O TOM, UTO MOXKHO 3amu-
caThb He GoJiee KOHEUHOTO YuCJ/IAa COYEeTAHHH 3HAKOB HEKOTOpo#l ¢(opMaJu30BaHHOM
TEOPHH H YTO M03TOMy a6CypIHO MNpPeACTaBJAThH HeCcUueTHOe MHOXKECTBO TEpPMOB
TEOPUH; 3TO 3aMeuaHHe OJIH3KO K TOMy, KOTOpOe yiKe MDHBEJIO K <IapaloKcy
Puwapa». ITono6Hble paccyXmeHusi [0Ka3blBalOT, uTo (OPMAaJH3aUUs TEOPHH
MHOXeCTB HEO6XO0IHMa, ec/H JKeJaTeJbHO COXPaHHTh CYHIHOCTb NMOCTpoeHus KaH-
tTopa. MaTeMaTukH, MO-BUIMMOMY, COIJIaCHbl C 3aKJIOUeHHeM, YTO MeXay Ha-
LWUUMH «MHTYMTHBHBIMH» KOHLENUHSIMH TOHSATHS MHOXECTBa MJH LEJOro yucsaa
u (opMajH3MaMH, KOTOPble, KaK M0JAaralT, HX BbIPAXkaloT, CYHIeCTBYeT JHLIb I0-
BEPXHOCTHAs COlJIaCOBAHHOCTb; DAa3HOIJIACHA y HHX BO3HHKAIOT TOJIBKO TOTrZa,
KOrja Bcraer BOMpPOC O BhiGOpe MeXAy TeMH HJIM APYTHMH,
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KHH KBa3HMeXaHHUECKHH <«YHHBepcallbHBIH [polecc», KOTopblfi
noapoJisi 6bl AJs1 JO60r0 OTHOLIEHHS U3 paccMaTpuBaeMoro ¢op-
MaJii3Ma KOHEYHBbIM UHCJIOM Ollepallui OMpeNesuTh, HCTHHHO JIH 3TO
OTHOLIEHHe HJH HeT. Yxe cpead OOIMPHBLIX NpoekTos JleliGHuLA
BONPOC O pellleHHH 3TOH npobJeMbl 3aHHMaJl TOYETHOE MECTO, U OHO
BpeMsi mko/aa 'unbbepra, No-BUAUMOMY, CUMTAA, YTO MOAOLLIA COB-
ceM G6JHM3KO K ero paspelleHuio. leficTButenbHo, AJst opMaai3MoB,
comepXKallldX MaJlo MepBOHaua/dbHBIX 3HakKoB H axcuom ([131],
ctp. 136—141), MoxHo onucaTb 3T npouecce, Ho ycunus, uanpa-
8/leHHble Ha YTOUYHEHHe NpoO6JeMbl pa3peUIMMOCTH MOCPEICTBOM yeT-
KOTO OmnpefieJleBdsi TOro, 4TO c/efyeT MOHMMaTb MOJ «YHHBepcasb-
HBIM MPOLECCOM», IO CHX IOD NMPHUBOIMUIM TOJBKO K OTPHLATEIbHBLIM
pesvabratam ([131], cTp. 432—439). K ToMy x,e pelnienne npoGiembt
pa3pelInMOCTH 1Jisi TeOPUH J JdaeT BO3MOMKHOCTb TOTUAC K€ Y3HaTb,
ABJsieTCs 1M J NMPOTHBOPEUHBOM UJIM HET, TaK KaK JJist 3TOr0O 10CcTaTOY-
HO NPUMEHUTb «YHHBEPCAJbHBIH NPOLEecc» K HEKOTOPOMY OTHOILEHHIO
U3 J U K ero OTPHLAHHUIO; ¥ Mbl YBHUAMM, UTO PelIMTb BONPOC 3THM
croco6oM aJsi OOBIUHBIX MAaTeMaTHYecKHX TeOpHH HeBO3MOXKHO!).

W neficTBUTENbHO, HMEHHO B BONPOCE O HEIPOTHBOPEUUBOCTH Ma-
TeMaTHYeCKHX TeOpHH, KOTOPHIH sBJ/seTCs HA4YajJOM U CYLIHOCTbIO
MeTamMaTeMaTHKH, pe3y/bTaThl OKasajuch HauboJjiee 06MaHUMBLIMH.
B teuenue 1920—1930 rr. 'unbbepT U ero mkoja pa3BUIM HOBble
MeTOoAbl, 4TOOBl NPHUCTYNUTHL K 3TOH npobJeMme; J0OKa3aB HeNpPOTHBO-
pPeuYuBOCTb YacTHHIX (OpPMa/IU3MOB, OXBATHIBAIOIIUX yacTb apupme-
tuku (cp. [118], [238c]), owu nonaraau, yTo y:Ke AOCTHIMIH LeJH
H J0Ka3a/J{ He TOJbKO HENpOTHBOPEUHBOCTb apU(DMETHKH, HO TaKkKe
H HempOTHBOPEUHBOCTL TEOPUH MHOXKecTB, korga ['énenab omupasich
Ha HemoJIHOTY apU(pMETHKH, BbIBEJ U3 Hee HEBO3MOXKHOCTbL J0Ka3aThb
nocpeacTBOM «(hHUHUTHBIX mnpoiieccoB» [unb6epra HEMPOTHBOPEUH-
BOCTb JI06G0# Teopuu J, cojepraiieil 3Ty NOCJeRHION 2).

1) Caemyer yeTko OTJHYATh MPoG/eMy pa3pelIHMOCTH OT Bepbl, pasjeliseMoi
MHOTHMH MaTeMaTHKaMH M, B YAaCTHOCTH, ¢ OOJIbIUOH CHJIOH BbIPaXKeHHOH [Mib-
6epToM, B TO, UTO PaHO HJH MO3JHO MBI y3HaeM O KaXIOM MaTeMaTHuecKOM
NPe/IOKEHHH, SIBASIETCS JH OHO HCTHHHBIM, JIOXKHBIM HJIH HEpa3pelluMbiM. 3jech
peub MAeT O YHCTOM INPOSIBIEHHH Bephl, KPHTHKA KOTOPOH JIEKHT 3a mpejenaMu
Hauero o6CyXIEHHS.

2) C ymoTpeG/ieHHEM YKa3aHHbIX Bbllle 0603HAYEeHHH TOYHLIA pe3yabTar
Ténens cOCTOHT B cienyiomeM. ['oBopuTb, 4To TeopHsi J HENMPOTHBOpDEUMBA, 3Ha-
YUT yTBEPXKIaTb, YTO B J HET [OKAa3aTe/bCTBA s OTHOWeHHs 0 £ 0; 3 3TOro
cleflyeT [Jis BCSAKOTO BbisiBJIEeHHOro wuesoro, uro (He P (0, g (x = x), 1) ) ects
Teopema u3 J” . PaccMoTpuM Bhickassisarie (y2) ( (2 € N) = ne P (0,8 (x £ x), 2)),
KOTOpoe o0Go3HauuM uepes C; «mepeBonsi» B (POPMANH30BAHHYIO apHUBMETHKY
paccyxieHue (IaHHOe BBIlIE), C INOMOILBIO KOTOPOTO MeTaMaTeMaTHdeckH Io-
KasblBaeTcsi, UTO «ecdH J HempoTHBOPEUHBA, TO B J HEe CYLIECTBYeT 1OKasa-
TeqbetBa S (y)», MOXHO ycTanoBuTs, uto C = (neg2)(P (1, 1, 2)) ects Teopema
u3 J', uHaue TOBOPS, UTO C@S(*{) ecTb Teopema u3 J . Otciona cieayer, 4To,
ecav J HenpoTuBOpeuuBa, C He ecT6 Teopema u3J , TaK Kak B 3THX ycaorusax S(7)
He ecTb TeopeMa u3J . B 3ToM cocToHT Tounas dopMysupoBka Teopembnl I'émens.
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Teopema T'énensi, omHako, He MOJHOCTBIO B3aKpHIBaeT JABEPH
nanbHeHIIMM NONbITKAM JIOKA3aTesbCTB HEeNpPOTUBOPEUHUBOCTH INPH
VCJIOBUH OTKa3a (XoTs Obl 4acTHUHOrO) OT orpanuueHuit ['uabbepta,
Kacalomuxcs: «QUHATHBIX npolecco». Tak, B 1936 r. Ientueny [97]
yaajoch 10Ka3aTh HENPOTHBOPEUMBOCTL (OpMasu3oBaHHOR apHP-
MeTHKH «HUHTYMTHBHBIM» NpDHMEHeHHeM TPaHCGHHHUTHOH HHAYKLHUH
BOJIOTb [0 CYETHOTO MOPSAKOBOTO YHC/IA £, !). «YBEpeHHOCTb», KOTO-
pPYI0O MoxeT Jarth MNOAOOHOe pacCyX/AeHHe, pasyMeercsi, MeHee
oGocHOBaHa, ueM MpPH [0Ka3aTeNbCTBaX, YAOBJETBOPSIOLIMX MepBO-
HauaJbHLIM TpeGoBauusaMm ['unbbeprta, U MO CYUIECTBY sIBJASETCS fe-
JIOM MCHXOJIOTHH KaxJ0ro MaTeMaTHKa; OJHAaKO cJieJyeT MpH3HaTh,
yTO NOJ00HBIE «JI0Ka3aTelbCTBa», yrnorpebsiioulie HHTYHTHBHYIO
TpaHCHHUHHTHYIO HHAYKLHUIO 10 AAHHOTO MOPSAKOBOTO YHCJA, MOMKHO
6bu10 Obl CUNTATh BAXKHBLIM LIArOM Blepel, eciu Gbl OHM OblIH mpo-
BelleHbl, HanpuMep, AJNS TEOPUH HNEeHCTBUTEJNbHBLIX UHCEA WJAH A
CyLIeCTBEHHON 4acTH TEOPHH MHOXKECTB.

C npyro#l cTOpOHBI, BHYTPH CaMOH TEOPHH MHOXKECTB BO3HHKAeT
fosblIOe KOJMUECTBO NPOOJIeM «OTHOCHTENBHOH» HENpOTHBOPEUHBO-
CTH B CBfI3M C MHOTOYHMC/JAEHHBIMH HMEIOLMMHCS B Hell «THNoTe3a-
mu», Haubonee 3aMeuaTebHBIH pe3ynbTaT B 3TOH 06/MacTH yaanoch
nonyuutk 'énemo; B 1940 r. o moxasaJ, 4To eclu TEOpHs, KOTOpas
COmepXHUT akcuoMbl cucTeMbl GoH Helimana — BepHaiica, 3a uckJio-
yeHHeM aKCHOMBI BbIOOpa, fIBJsieTCsi HENPOTHBOPEUHBOM, TOrla Teo-
pusi, B KOTOPOH K 3THM daKCHOMAaM NPUCOeIHHSIOTCS OueHb CUJIbHAas
dbopMa akcuoMHl Bei6opa (HanpuMmep, BpoJe TOH, KOTOpYlO JaeT HaM
ynotpebyenye cuMBoJa 1) H 0606leHHAs THNOTe3a «KOHTHHYyMa»,
ToxKe siBasieTcst HenportuBopeunso# [100b). [Tosnpuee H. Hosak-Tan
nmoKasaJ, 4TO HeNpOTHBOpeuHBOCTb cHCTeMbl llepMeso — ®perkens
BJeyeT 3a coGOH HenpoTHBOPEUYHBOCTL cHCTeMHl (o Helimana —
Bepnaiica — ['épens [172] 2).

1) TeHTUEH COOTHOCHT KaXXIOMY joKasaTeJbcTBY D dopMmasusoBanHoR apud-
MeTHKH nopsiikoBoe uncio a (D)< €; ¢ npyroit CTOPOHHI, OH OIHCLIBAET MpOLECC,
KOTOpbIH, OTIPABJSSACH OT BCAKOTO NOKa3aTenabcTBa D, MPHUBONSINErO K MPOTHBO-
peumio, fdeT 10KasaTesqbcTBO D', Takke NpHBOAsAlLee K NPOTHBOPEUHIO, H TAKOE,
uro a(D’)<a(D); Teopus BnoMHe YNOPSIAOYEHHBIX MHOKECTB 4T BO3MOKHOCTH
NPHITH K 3aKJIOYEHHIO O HeCYLIeCTBOBAHMHM TAKOro JoKasaTeibctsa D (sTo Tum
pacCy KIeHHsl, KOTODBIi pa3BHBAET KJAACCHUECKHH «OECKOHEUHBIH CIyCK» TEeOpHH
qHCeI).

2) PaGotbl coBerckux MatemaTHkoB (I1. C. Hosukosa, A. A. Mapkosa u np.)
BHEC/IH BecbMa GOJIbLION BKJAA B JIOTHUECKHE OCHOBAHHS MaTeMaTHKH M CBA3aH-
Hble ¢ HUMH oGjactd. To, 4TO 3TH paGOTHl He HAUIIH OTPAaXKEHUs B HACTOAMIeH
riaBe, CHHMXAeT 3HAueHHe BLICKA3aHHBIX B Hell o6WIMX xapakrepuctHk. O cym-
HOCTH Yr.OMAHyTbIX pa6or cM. c6. Maremaruka 8 CCCP 3a 30 ser, I'TTH, 1948,
a takxke c6. Maremartuka B CCCP 3a 40 ser, ®usmarrus, 1959. — [Tpum. peo.
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Baarogapss MCTOPDHM M apXeOJOTHH MH HMeeM BO3MOXKHOCTb
03HaKOMHTBCA C MHOTOUHC/JEHHBIMH «CHCTEMaMH CUHCHEHUS», ePBO-
HayanbHOe Ha3HaueHHe KOTOPBIX COCTOSJIO B TOM, 4TOGBI JaTh Kax-
JIOMY OTIeJbHOMY LeJOMY YHCIy (L0 HEKOTOPOro npepesa, KOTOPHIH
ycTaHaBJAHBaJCcsl NPAKTHUECKUMH NMOTPeGHOCTAMH) HaHMeHOBAaHHe H
NHCbMEHHOe BHIpAaXKeHHe, COCTaBJeHHOe Ha OCHOBe GoJjiee WM MeHee
peryJsipHbIX 3aKOHOB M3 OrpaHHYeHHOro KOJHYecTBa 3HakKoB. Hawu-
Gosee ynoTpeGUTeJNbHBI INpHeM COCTOS B PAas3jokKeHHU LesblX
yhceJ B CyMMBI «NOC/IeJ0BATENbHLIX €RHHUU» by, bo, ... | bn, ...,
Kaxaas U3 KOTOPHIX sIBJSETCA LeJBIM KPaTHHIM NpelUIecTByIOUIeH;
¥ ec/H, KaK NpaBuJao, OTHOIWeHHs b,/b,_; paBHbH OJHOMY U TOMY Ke
yucay b («ocHoBaHHMe» cucTeMbl, uale Bcero 10), To 3TOo nmpaBuio
¥MeeT MHOrOuYHcJeHHble HCKAloueHus. Hanpumep, y BaBuJIOHAH
b,/b,_, unorna pasHo 10, uHorga 6 [166], a B XxpoHOsOrHueckoi cu-
creMme Mmaisa b,/b, —; paBHO 20, 3a uckJlOueHUeM n = 2, a by/b; = 18
[164]. Uto KacaeTcsi COOTBETCTBYIOLIErO0 MUCbMEHHOTo H300parkeHud,
OHO JOJIXKHO MOKa3blBaTh YHCIO «eJMHHI» b; KaXKAOro nopsaka i
Bo MHOrux cucTeMax (HampuMmep, y erHNTsH, rPEKOB U PUMJSH) no-
cjefoBaTesqbHble MHOXHTeqd kb; (rme k u3MeHseTcs ot | jo
b;41/b;— 1) o603HaueHb CHMBOJIAMM, OJHOBPEMEHHO 3aBHCALIUMH
ot k u or i. [TepBelil U Ba)KHBIH LIAr Brepen COCTOSI B TOM, UTOGL
0603HayaTh Bce yucaa (AJs OAHOH M TOH e BETWUHHB R) OJHHM
3HAKOM; 3TO NPUHIUN <NO3UIHOHHOCTU», NPH KOTOPOM HHIEKC i BhI-
CTymaeT HesiBHO: CUMBOJI, NpeJCTaBAAIOMHUA kb;, CTOUT Ha i-M MecTe
B NOCJEL0BATeNbHOCTH «OTPe3KOB», MPeCTaBJAIOIAX H306paxae-
moe uucjo. [lepBasi cucteMa 3TOro poja BCTpeuaeTcsl Y BABUJIOHSH,
KOTOpble, HecOMHeHHO, yxe B 2000 r. 1o H. 3. 0603Hauaju ONHUM H
TeM ’xe 3HaKoM Bce KpaTHhle k60%{ cOOTBeTCTByIOLHE JIOGBIM
3HayeHHsAM nokasatens creneHu i ([166], ctp. 93—109). Heyno6-
cTBa NOJOGHOH CHCTeMbl KDOIOTCS, OYEBHJHO, B JABYCMbICIEHHOCTH
ynorpe6ssieMblX CUMBOJIOB, TaK KaK HHYTO He yKa3blBaeT Ha TO, 4TO
eJUHUIBl HEKOTOPOro NOpsiKa MOTYT OTCYTCTBOBATh, WJIH, APYTUMHU
cJOBAMH, CHCTEMA He MONOJHEeHa BBeIeHHEM 3HaKa «HY/b». OmHako
MBI BHAMM, UTO BaBUJOHsIHe 06Xoaunuce 6e3 3TOro 3Haka B TeueHHe
GoablIed yacTH CBOeH MCTODHHM; (DaKTHUECKH OHH Hayalu ynorpe6-
JATb HyJb TOJBKO NOCJHeIHHE JBAa CTOJETHS HO H. 3. U TO TOJBLKO
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BHYTPH Kakoro-HMGyAb 4ucaa; A0 3TOCO JIMIIL KOHTEKCT YTOUHSJ
3HayeHHe fAaHHoro umcsaa. CucreMaTHUecKH HyJb ynotpebusics
TOJMBKO B ABYX CHCTEMAaX CUMCJAEHHs: B cucTeMe Mails (mo-BHAHMO-
My, Bowenulei B ynorpeb/eHHe C CaMoro Hayana XpHCTHAHCKOH
spul [164]) u B Hawe# COBpeMeHHOH NEeCATHUHOH CHCTeMeE, 3aUMCTBO-
BanHO# (uepe3 apaGoB) M3 MHAMHCKOH MaTeMaTHKH, B KOTOPOH
ynorpe6JieHHe HY/st 3aPEruCTPHPOBAHO C NEePBLIX BEKOB Hallell 3pHI.
Cnengyer, KpoMe TOro, OTMeTHTb, YTO NOHATHE HYJf Kak uyHucaa (a
He Kak NpPOCTOro 3HAKa pasjeseHHsi) U ero BBeleHHE B CHCTEMbI
CYHC/JEHHUS] TaK¥Ke sIBJASETCH OPUrHHAJbHbBIM BKJAAAOM HHIHIIEB
([59], 7. I). Camo coboii pasymeercs, YTO, KaK TOJNBKO ObL1 OTKPHIT
NPUHIUN NO3HUHOHHOCTH, €ro yxe 6e3 Tpyaa MOXKHO Obls10 pacnpo-
CTPaHHUTh Ha CHCTeMEI ¢ IIOObIM ocHOBaHHeM. O6cyxaeHHe TOCTOHHCTB
pasjuuHBIX CHCTeM, npeiajaraembix HauuHas ¢ XVII B., BeIXOZHT
3a npefesbl AaHHOH IVIaBH, TaK KaK OTHOCHUTCSH K BBIUHCJIUTENbHOH
texuuke. OrpaHHUMMCs 3aMeuyaHHeM, UTO omepalusi, kotopas Cay-
JKHT OCHOBOH 3THX CHCTEM, a2 HMEHHO JeJ/ieHHe, Ha3blBaeMoe «eBKJIH-
JIOBbIM», He ynotpefJsjgach A0 TPEKOB H, OUEBHAHO, BOCXOAHUT K
nepBuIM nudaropefinaM, KoTopble BBe/IH ee B KayeCTBe CYIIECTBEH-
HOTO OPYAHMs CBOelt TeopeTHyeckod apudpmeruxku (cMm. ctp. 103).
OGuye npoGJeMbl nepeuncaeHusi, oObeIHHEeHHblE B pasfies, Ha-
3hBaeMbli KOMOGHHATOPHHIM aHaJ/JM30M, NMO-BUAMMOMY, He H3ydasuCh

110 MIOCJeIHUX BEKOB KJacCHYecKOH APEBHOCTH; A0 HAC AOUIA TOJb-
n nin—1 o
KO OJHa ¢)opMyna<2)=~—(—2———), otHeceHHas kK III B. Hawel 3pHI

Huguiickomy matematuky bxackapa (XII B.) Oblsa ussectHa 006-

n
masa ¢dopmyaa ajs (p). Bosee cucremarnuyeckue uccienoBaHus

comepxarcsi B pykonucu Jlesu G6en I'epcona (nauaso XIII B.): om
NoTy4usl peKyppeHTHYo (GopMyJy 1Jsi BHUKHC/IeHHs uncia Vi  pas-
MelleHHH U3 n 06BEKTOB MO P, U B YaCTHOCTH YHCJ/A NEepecTaHOBOK A
06BEKTOB; OH Takxke cOpPMy/JIHPOBAJ] NpPABH/IA, SKBHBaJeHTHLIE CO-
OTHOUIEHU M

(;):%ﬁ " (nip)———'(;z,) (1226], 1.VI, cTp. 64 — 65).

Ho, mo-BuauMoMy, 3Ta pyKonuch Obllla HeM3BeCTHa ero COBpEMeH-
HUKaM, H MaTeMaTHKH [OCJAeAYIOUIMX CTOJETHH JIHIIb I0CTeNeHHO
BHOBb HAxXOAWMH 3TH pedyibrathl. Cpeau HHX CJedyeT OTMETHTb
Kapnauna, noxasapumero, 4To YHCJO HENyCTHIX MOAMHOMECTB MHO-
®ecTBa M3 1 sjaeMeHToB ectb 2" — 1. Ilackanb u Pepma, ocHoBas

o n
HCUHCJeHHe BEpPOATHOCTEH, BHOBb HAUWIJW BbIpaxKeHue AJsd (p), U

ITackasnb nepBbIi 3aMeTH] CBSA3b MeXKIAY 3TUMH YHCJIaMH U dopmy-
jgoit 6unoma. Ilocsenusiss, no-suaMMOMY, Gblia 3Hakoma apabam
yxke ¢ XIII B. u kuraituam B XIV B.; 3ateM 3Ta (opmyna Gbiia
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BHOBb HaigeHa Ha 3anapme B Hayajse XVI B, Tak Xe Kak H Me-
ToJ, BBIYUC/JAEHUS] O PEKYPPEHTHOCTH, HA3BAHHBIA «apupMeTHye-
CKHM TPEYroJdbHHKOM», KOTOpbll 0OblYHO npunuchiBaioT [lackaaio
([226], 1. VI, ctp. 35—38). HakoHew, Jleit6Hun okosno 1676 r. noay-
yis1 (He onyGaukKoBaB) oOmyio GoOpMy/ay «NOIMHOMHAJIBHBIX KO3(-
¢unueHToB», xotopyio 20 JeT cnycTs He3aBHCHMO OT HeTo HauleJ H
ony6aukoBan Myasp !).

1) Hcrtopuu KOMGHHATODHOTO aHa/ju3a B 3TOH rJiase (Kak, BNpPOYEM, H BO-
o6ute) ner. O mpeaMeTe 3ToH BaXHOH# B HacTosllee BpeMs OBJACTH MaTeMaTHKH
cm., Hanpumep, Puopnxamn JIx., Bsenmenue BwomOGuHaTopHblii aHamus, HJI,
Mocksa, 1963; Xoaa M. KoMmGuuaropuwmii ananus, HJI, Mocksa, 1963, —
ITpunm. peo.



3BOJIIOLUS AJITEBPbDI

B MareMaTHKe CyLIeCTBYeT HEMHOrO NMOHATHH, KOTOpble ObljiN Obl
nepBHyHee MOHATHS 3aKOH KOMMO3HLHH: OHO KaxeTcs HeOoTAesH-
MBIM OT 3JeMEeHTapHbIX BBIUHCJAEHHH C HaTypaJbHbIMH YHCJaMH
¥ HU3MepUMbIMH BesiuunHaMu. Camble ApeBHHe NMaMSATHHKH, JOLIeA-
liMe JO HAc OT MaTeMAaTHKU erulTssH ¥ BAaBMJOHsH, MOKAa3bIBAIOT,
yTO TOrjia y:Ke Gbl1a H3BECTHA [OJIHASt cUCTeMa I[PaBUJ BBIYHCITIe-
HHMS C HaTypaJbHBIMH YHCJAMH, palHOHAJBHBIMH YHCAaMH 60Jib-
[IMMH HYJs, AJUHAMH U NJIoWAaAsiMH. XOTS BaBHJIOHCKHE TEKCTHI,
KOTOpble 1O Hac AOMUIIH, COAep:KaT TOJBKO 3aJaud C KOHKPETHBIMH
YMCJOBBIMM NAHHBIMH '), OHM He OCTaBJ/ISIOT HHKAKOrO COMHEHUS
B OGLIHOCTH NPHMeHsIeMbIX NPAaBU/I U NOKA3bIBAIOT COBEPLIEHHO 3a-
MeyaTeJbHYI0O TEXHHKY ONepUPOBAHUS C ypaBHEHUSIMU MNepBOH U
sropoii crenedu ([166], ctp. 179 u ca.). Mbl He HaxoiuM TaM,
04HAKO, HUKaKOro CTpeMJIEHHsl ONpaBHaTh NpHMeHsieMble MpaBHJA
WK 1aTh TOUHBle OnpejeseHys] BCTPEUAIOUIMMCs ONepauusM: H To U
JApyroe ocraeTcs ellle B 06J1aCTH 3MIHPUKH.

Hao6opoT, Takoe cTpeMJ/ieHHe NOSBJASETCst Upe3BBIYAHHO YETKO
y¥Ke Yy FPeKOB KJacCHUYecKOH 3MOXH; NpaBjfa, MBI ellle He BCTpeuaeM
TaM aKCHOMAaTHYeCKOH TPAKTOBKH TEODHH HATYpaJsbHBIX uHcesa (Ta-
Kas akcuoMaTusauusi nosisuaack ToJabKo B Konue XIX B.; cMm.
ctp. 36), Ho B «Hauanax» EBkanzna Bo MHOrUX cayuasx gaercs dop-
MaJjbHOE [0Ka3aTesNbCTBO NPABUJ HCUYHUC/IEHHS, CTOJIb K€ OUeBHI-
HHIX», KaK U NPaBHJAA HCUUC/JAEHUs C LeJBIMH 4YHCJIaMu (Hanpumep,
KOMMYTATHBHOCTb INPOU3BENEHUS [BYX paluHOHaJbHBIX uucesa) 2).

Haubosee 3aMeuartesibHble 10Ka3aTes]bCTBA TAKOrO0 pojga OTHO-
CATCH K Teopul 8eAUtUH — CaMOMY ODHTHHAaJbHOMY TBOPEHHIO rpe-

1) He nago 3a6niBaTth, YTO TOJNBKO HayuHas ¢ Buera [233] Bomiu B ymotpe-
Gsienue GyKBeHHBIE 0603HAYEHHS BCEX 3JIEMEHTOB (MaHHBIX H HEH3BECTHHIX), BCTpe-
yalouKXcs B 3agayax ajre6pol. Ilo 3Toro Bce ypaBHeHHs, peluaeMele B aJjreGpan-
4eCKHX TPAKTaTaxX, HMeJH YHCJIOBble KO3(DGhHUHEHTH; ecqH aBTOp (GOPMYJIHPOBAJ
ofliee TMPaBHIO A/ TPAKTOBKH aHAJOTHYHBIX YpaBHeHHH, OH pedan 3To (Ha-
CKOJIBKO 3TO GbIO B ero cunax) OGBUHBIM f3bKOM. Ecau crmeunanbHas ¢opMyJn-
poOBKa TAaKOr0 Poja OTCYTCTBYET, TO NPOBeJIeHHe BBIYUCAEHHH B PacCMaTPHBAEMBIX
KOHKPETHBIX CJyyasix pesjaer Gojiee /M MeHee MPaBIOMOLOGHEIM IMPENNOJOMKEHHe
0 TOM, YTO aBTOP 3HAJ 3TO MPABHJIO.

)B «Hauanax» HMeercs M JIOKAa3aTeJbCTBO KOMMYTaTHBHOCTH YMHOMXEHHS
nesbix uncest (cM. Kuury VII, npena. 5). — Tpum. nepes.
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yecKoil MaTeMaTHKH (3KBHBajieHTHOMY, KaK H3BeCTHU, TEODUH [O.I0-
KUTEJbHBIX BelleCTBEHHbIX uHces (cM. cTp. 148—149)). Esxaug
paccMarpuBaer, Hanpumep, NpOU3BefeHHEe JABYX OTHOLIEHHH BeJH-
YHH, MOKa3bIBaeT, YTO OHO He 3aBUCUT OT CNeLHallbHOTO BHIA, B
KOTOPOM 3ajaHbl OTHOLIEHUs (NepBhf npuMep «daKTOpU3ALUHy» 3a-
KOHA KOMIO3MLHHM 10 OTHOUIEHWIO 3KBHBAJEHTHOCTH), H YTO OHO
komMmyTatusao ([80], Kuura V, npenn. 22—23) ).

Cuaienyer, oMHAKO, NPU3HATh, UTO HAPSAY C NPOrpeccoM CTPOrocTH
vy EBkaupa naGaiomaercss HEKOTOpHIH 3acToil, a WHOrga gaxe HIBH-
KeHHe Hasaj B OTHOUIEHHH TeXHUKU ajreOpanueckux BBIUHCJAEHUH.
[TonaBasiomee npeobsafaHie reOMeTpUH (MJIst KOTOPOH, OYeBHIHO,
¥ OblIa 3aJymMaHa TeOpHUsi BeJHYMH) NapaJji3oBajo BCSKOe aBTO-
HOMHOe pa3BHTHe aJjrebpavueckux 0603HaueHHH: 3JieMeHTBI, BXOHs-
U{Me B HCYMCJAeHHe, NOJIKHB OBITb BCe BpeMsl «NpeacTaBHMBIMH»
reoMeTpuueckd. Kpome Toro, nBa 3akoHa KOMIO3HLHH, BCTpeuaio-
IIMecst y ApeBHUX, ObLIM onpefneseHbl He Ha OLHOM M TOM Xe MHO-
#ecTBe (caoxkKeHMe OTHOLIEHHH He ObLJIO ONpefejeHo B 0OO6ILEM
BHje, a MpOM3BeleHHe OBYX JMJHH SBJAAIOCH He MJIHHOH, a mJjo-
wansio). B pesynbrate HemoCTaTOuHOH T'HOKOCTH. OMepUpPOBaHHe C
OTHOLUEHUSIMY BBIIIE BTOPOI CTeneHw OBIIO NPaKTHYeCKH NOUTH He-
BBITIOJTHUMO.

Toabko Ha 3akaTe KjacCHUecKOH rpeueckod MaTeMmaTuku [luo-
dhaHT BO3BpallaeTcss K TPALHULUHH <JOTHCTOB» WJH NpodeccHOHab-
HBIX BBIUHCJAHTENeH, KOTOpble NPOJOJIKaJd NPUMEHSTb NpaBHJa,
yHacJelOBaHHBE OT erunTsii U BaBusoHsiH. He 3a6orsce Gosbuie
0 reOMeTPUYECKOM NpeACTaBJIEHUH pacCMaTpUBaeMblX «uucess, Jlno-
(daHT, ecTeCTBEHHO, mpHlles K HeoOXOAHMMOCTH pasBHTb NpaBusa
aGcTpakTHBIX asrebGpanueckux AeiictBuit. Hanpumep, oH naer npa-
BHJIa, KOTOpble (Ha COBPEMEHHOM si3blKe) 3KBHBaJIeHTHH (GopMyJie
XntM = xmyn g HeGOJNBIIMX 3HaueHui (DOJOXKHTENbHBIX HJIH
orpunareibibix) m u n ([70], 1. I, crp. 8—13). Heckonbko nasibure
(ctp. 12—13) dopmyaupyercss «npaBujo 3HAKOB» — IEPBbIi 3apo-
JBILI UCUHCJAEHHUS ¢ OTpULlaTejJbHbIMM uHcaaM¥ 2). Hakowen, Iuo-
¢aHT BnepBble ynorpeb/sier GYKBeHHBIH CHMBOJ AJ5 06G03HAuYeHHs
HeH3BecTHOro B ypaBHeHHH. OpnHako OH, NO-BHAMMOMY, He 3aGo-
THTCS O TOM, uTOGbl CBf3aTh METOJBl, IpHMeHsieMble UM MJsl pelie-
HUs, ¢ OOIIMMH MOHATHAMH. YUTOo Kacaercss akCUOMAaTHUECKO#H KOH-
Lenuuu 3aKOHOB KOMIMO3HLHH B TAKOM BHIe, B KAKOM OHa HauyaJja

1)y EBknun, npasma, He naeT TYT (OpPMaJbHOro ONpefesieHHs MpPOH3BedeHHA
JIBYX OTHOLIEHHH, a TO ONpefeJieHHe, KOTOpoe HMeeTCsi HeCKOJbKO fajbiie B «Ha-
yanax» (Kuura VI, omp. 5), cunraercs mo3gHeHlInM HOGaBJIeHHEM; TeM He MeHee
OH HMeeT COBepLIEHHO siCHOe MpeicTaBjieHue o6 3Tofl omepauHu U 06 ee CBO¥-
CTBAX.

2) uodaHT nHe 3HA/J OTPHUATE/bHBIX YHCEJ; 3TO MNPABHJIO MOXKeT OHITb I10-
3TOMY HHTEPIPeTHPOBAHO TOJBKO KaK OTHOCsLIeeCs K HCYHC/IEHHIO MHOrOU/eHOB
H T03BOJISAIOIee «Pa3BepHYTb» Npou3BefeHHe BHua (@ —b)(c — d).



66 3BOJIIOLMS AJITEGPhI

nosiBAsThest y EBK/INAa, TO OHa, no-BHAMMOMY, dyxaa [uodanty,
TaKk ke Kak H ero HeMmoCPeACTBEHHBIM nocjaenoBaTesssM. Mbl ee
BCTPeTHM BHOBb B ajre6pe Tosbko B Hayase XIX B.

g 3Toro 6b10 He06X0AUMO, UTOOHl B TeueHHe MpPOMEKYTOUHLIX
BEKOB, C ONHOH CTODOHBI, pa3BHJach cHcTeMa aJjre6panueckux 060-
3HaueHu#, gocTaTouHasi AJis BbIpa’KeHHst aGCTPAKTHBIX 3aKOHOB, H,
C APYro# CTOPOHBI, YTOGE! MOHATHE «YHCJAa» MOJYYHJIO TaKoe pacllH-
peHHe, KOTopoe ce/ao Gbl BO3SMOXKHBIM NepexoJ OT pacCMOTpPeHHUst
pasHoo6pa3HblX YaCTHBIX cjyyaeB K obmum KoHUenuusim. C sToit
TOUKH 3peHNsl aKCHOMaTHyeCcKasl TeOpHUsl OTHOLIeHHH, co3gaHHas rpe-
KamH, Oblia HEJOCTaTOYHa, TaK KaK OHa TOJNBKO YTOUHsJa HHTYH-
TUBHOE TOHsITHe MOJIOXKUTEJBHOro NEeHCTBUTEJNBHOrO YHCJa U onepa-
UMK Hal 3THMH yucjaaMM, B 6ojiee CMYTHOM BHJAE H3BECTHBIE YIXKe
BasuJoHsiHaM, Tenepb.peub 6ymeT HATH O «YHC/IAX», O KOTOPHIX
rpeKy He COCTaBHJ/IM ellle IOHATHS W s KOTODBIX MepBOHAayaJ/bHO
He OBIJIO HUKAKOTO PeasibHOTO «TpefcTaBJeHHsi»: C OJHON CTOPOHDI,
0 HyJe M OTpHLATeJIbHBIX UMCAAX, KOTODHle MOSIBUJIMCH C Hayasa
CpelHHX BeKOB B HHAMHCKOH MaTeMaTHKe!), ¢ JPyrofi — o MHHMBIX
yucjax, CO3LaHHBIX HTaJbsHCKHUMH anarebpaucramu XVI B.

Ecsi ocTaBHTb B CTOpOHe HYJb, KOTOPHIH ObLT BBEIEH KAaK CHM-
BOJI B CHCTeMe CUMCJIEHHs] Mpexje, yeM CTaJ paccMaTpuBaTbCs Kak
ygesio (cM. cTp. 62), o6y xapakTep 3THX pacliUpeHuii (no kpai-
He#l Mepe BHauaJsle) OBIL1 YUHCTO «POpMasbHBIM». DTO O3HAUAET, YTO
HOBBlE «UHC/Ia» [OSIBASIIOTCS BHauajde KakK pe3y/bTaThl onepalui,
MpUMEeHsieMBIX B yCJIOBHAX, B KOTODBIX, CCJAH MPHAEPKHBATLCS CTPO-
roro onpejejeHust, 3TH Onepalliy He UMEIOT HHKAKOro cMbicjia (Ha-
npuMep, pasHocTb @ —b ABYX HaTypasbHbIX uHces, ecaun a < b).
Orciofia U Ha3BaHHUA, JaBaeMble 3THM UHCIAaM: «JOXKHBIE», «DUKTUB-
Hble», «<a6CypAHBIE», KHEBO3MOXKHbIe», «<MHUMbIE» U T. 1. [las rpekos
KJIacCHYE€CKOH 3MOXH, NMOGOPHHKOB $ICHOCTH MBIC/IH, NOAOGHBIE pac-
urgpeHusi GblJIM HEMBICJAHMBI, OHH MOIVIH NOSIBUTBCS TOJIBKO Y BBIUHC-
Jautessi, 6ojiee pacrnosoXKeHHOro, yeM TpeKH, OKa3blBaTh HECKOJbKO
MHCTHUECKOe JOBepHe CHjie CBOero MeTofa («OGUIHOCTb aHaju3a,
kak 6yayt rosoputh B XVIII B.) u crnoco6Horo yBjeubcsi MexaHH3-
MOM BBIUMCJIEHHH, He npoBepsisi, 060CHOBAH JH KaXIBH war. Jro
nosepue Oojblllell yacTbio OKa3bIBaJOCh OMpaBAaHHbIM a posteriori
TOYHBIMM pe3y/bTaTaMH, K KOTOPBIM MPHUBOJAHJIO paclnpocTpaHeHHe
Ha HOBble MaTeMaTuueckHe OGBEKTHl TeX MpaBHJ HCUHCJIEHHS, KOTO-
pble OBIJIM YCTaHOBJIEHBl CO BCel CTPOrocTbiO TOJNBKO [Jisl paHee H3-
BECTHHIX 4ucesJ. IDTUM OOBsICHAETCS TO, UTO YUeHble MOCTENeHHO
OCMeJIU/IHCh paccMaTpHBaTh caMM Mo cebGe (HE3aBUCHMO OT MpPHJIO-
KeHUH K KOHKDETHBIM BBIUUCJAEHHUSIM) 3TH OGOGUIeHHS TMOHATUSA
yucja, KOTOpble BHauaJe [OSBJSJIHCE JHLUIL KaK NPOMEXYTOYHbIe

) OnepupoBaHue ¢ OTpunaTeNbHHIMH UHCAAMH COAEPXKHTCH ellle B 3ajauax
«MareMaTuKH B NeBATH KHWrax» (kuTaiickuil tpaxtat Il B, mo H. 3.). — [Tpum.
nepes.
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3BeHbsl B I10OCJ€10BATEJbHOCTH Ollepalti, HCXOAHBIH M KOHEUHHIl
MyHKT KOTOPBIX COCTABJSJIM HAacTosiliMe «uucia». Ho kak ToabKo
3TOT wWar GBI cAejaH, HAYWHAIOTCS NMOUCKH 6oJjiee MJIH MeHee OCH-
3aeMbIX HHTEPNpPETalMil IJisi HOBBIX CYLIHOCTEH, KOTOpble MOJ1yuaioT
TakuM 06pa3oM MpaBo rpaxKAaHCTBA B MaTeMaTHke !).

YKe WHAMHIB B HEKOTOPBIX CJYYasix 3HaJH HHTEPNPETANHIo
oTpULATeNbHBIX uucesa (KakK, HanpuMep, HOJT B KOMMEDYECKHX
3ajgauax). B mocsaenymwouiie Beka, no Mepe TOro Kak Ha 3amax mpo-
HUKaJu (4yepe3 mocpeiHHuYecTBO apaboB) MeTOAb ¥ pe3yJbTaThl
MaTeMaTHKH TPEKOB H WHAMHLEB, OMEepUPOBAHHE C TAKUMH UHCAAMU
CTaHOBHTCsl Bce Gosiee OGBIUHBIM M UM JAIOTCS ApYrue «npegcraBJe-
HHs» — reoMeTpuuecKHe MJIH KuHemaThHueckHe. B 3toM, a Takxke #
B yJayulleHHH aJjrebpanyeckofl CHMBOJHKH COCTOSJI e€JHHCTBEHHBIN
OLIYTHUMBIil mporpecc ajre6pbl B KOHILE CPEAHHUX BEKOB.

B nayane XVI B. aareGpa mepexuBaeT HOBHIH nogbem <DJaro-
Japsi OTKPBITHIO MaTeMaTHKaMH HTaJbSIHCKOH IIKOJbI PeLIeHHs1 «B
panukajax» ypaBHeHu#t 3-#, a 3atem u 4-H crenenu (cM. crp. 90—
91). MmenHo nostomy, HeCMOTpPSI Ha BCe OTBpallleHHe MAaTeMAaTHUKOB,
OHH OBLIH, TaK CKa3aTb, BbIHYXK/JEHB BBECTH B CBOe HCUHC/IEHHE
MHHUMBlE UHCJa; MaJjo-noMaJgay, OJHAKO, POXKIAeTcsi JOBepue K HCa
UHCJIEHHIO C 3THMH «HEBO3MOXHBIMH» UMCJAAMH, TaK XK€ KaK H C OT-
pULATENbHBIMY, H 3TO HECMOTPS Ha TO, YTO B TeueHHe GoJee IBYX-
COT JieT He GBIJIO MPHAYMAHO [Jsi HHX HUKAKOTO «MpefcTaBJeHHUs ».

C apyro#t ctopoHbl, airebpanuyeckue 0o603HAUeHUs MOJYUYAIOT pe-
uraoliee ycosepiueHctsosaHue y Buera u Jlekapra; nauuHas c Hde-
KapTa, ajreGpanueckas 3amuch MaJoO ueM OTJHUYaeTcss OT COBpe-
MEHHOH.

C cepeaunnl XVII B. 1 10 xonua XVIII B. o6mnpHble FOPH3OHTH,
OTKPBITHIE CO3JAHHEM HCUHCAeHHsi GECKOHEUHO MaJblX, CTIOCOGCTBYIOT,
no-BUAUMOMY, HEKOTOPO#i moTepe HHTepeca K ajare6pe BooGlle H, 0CO-
O6eHHO, K MAaTeMaTHYeCKUM HCCJIeOBAHHSM 3aKOHOB KOMIO3HIMH HJIH
MPUPOABI AeHCTBUTENBHBIX MM KOMILIeKCHBIX uyHces ?). Tak, sakoHbi
CJ0MKEHHUsS] CHJ U CKOPOCTeH, XOPOILO H3BeCTHbIE B MeXaHHUKe ¢ KOHlla
XVII B., He HalIM HHKAKOTO OT3BYKa B ajre6pe, XOTsl B HHX H
GbUTH 3aJI0KEHBl 32YaTKH BEKTOPHOro Hcuucsienusi. [TonamoGuioch
IBHXKeHHe ujel, KoTopoe npusesao oko’xo 1800 r. Kk WHTeprperaiu

1) DTH NOMCKH COCTABHJM JHIIb MPEXOASIIYI0 CTAagHI0 B Pa3BUTHH MOHATHI,
o kotophix Huer peyb. C cepenunnl XIX B. mpou3owsio BO3BpalIeHHe, HA 3TOT pas
COBepLIeHHO CO3HATe/NbHOe, K (POPMAJbHOH KOHUEMUHH PAa3/HYHBIX pACLIMPEHH
MOHSATHA uucaa. DTa KOHUENMuHs Gbla o6oClieHa B TOUKY 3peHHs «(popMajuamar
¥ aKOMOMATHKH, KOTOpPhble TOMHHMPYIOT B COBPEMEHHOH MaTeMaTHKe.

2) Caeayer HCKJIOYHTh H3 OOLIEro NpaBuja MNONBITKH JlefiGHHLA, ¢ OXHOI
CTOPOHHI, anre6panu3upoBaTh pAacCyXneHus QopMmanbHOi JOrHKH (cMm. cTp. 16),
¢ Apyrofl CTOPOHBI, CO3[aTh «reoMeTpHYECKOe HCUHCJIeHHe» MyTeM OMepPHPOBaHUA
C reoMeTpuyeCcKHMH BeJWuMHaMu Ge3 ofpamieduss Kk koopiuHatam ([144a], 1. V,
crp. 141). Ho 3T mombITKM OCTajquChb B CTaAMH HAGPOCKOB M He HAILJIH OTKJHKA
y ero coBpeMeHHHKOB. OHHM 6blnH B030GHOBJeHB Toabko B XIX B. (CcM. maqbuie).
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KOMIJIeKCHbIX uMcesa (cM. cTp. 161), uTOo6Bl B UMCTOH MaTeMaTHKe
ObLIO BBEIEHO CJAOKEHHe BEKTOPOB !).

HMeHHO B 3Ty 3M0XYy NOHATHE 3aKOHAa KOMIIO3HIHH BlepBhIe pac-
npocTpaHsiercst B a1re6pe B ABYX pPasJMuHbIX HalpaBJeHHsIX HA 3Je-
MEHTHl, UMeIoIlHe ¢ «UHCAaMu» (B CaMOM WIHPOKOM CMEIC/eE, KOTO-
pHi NpUAaBaj¥ 3TOMY CJOBY) JHUIb OYeHb OTAaJeHHble aHaJOTHH.
[TepsbiM W3 3THX paciwupeHuit Mbl o6s3anbnl K. @. Tayccy 6aaro-
napsi ero apudMeTHUECKHM MCCJIeIO0BAHHSAM KBaJAPaTHUHBIX GOpPM
ax? + bxy + cy? ¢ uenbiMu Ko3pduuuenramu. JlarpaHx omnpene-
JI4J1 OTHOLIEHHEe 3KBHBAJEHTHOCTH BO MHOXKecTBe (OPM C OAHMHAKO-
BHIM AMCKDHUMHHAHTOM 2) ¥, KpPOMe TOro, NOKa3aJ TOXIeCcTBO, C
[IOMOII[b}0 KOTOPOTO B 3TOM MHOXECTBE BBOJUTCS KOMMYTaTHBHBIH
3aKOH KOMMO3WIUHK (NpaBnaa, He BCIOAY onpenenennbil). Mcexons us
3THX pe3yJabTartoB, ['aycc mokasas, yto TakuM o6pasoM ompeieseH-
HBIH 3aKOH KOMIIO3HIMH COBMECTHM C BBeJeHHBIM OTHOLIeHHEeM 3KBH-
BajgentHoctd ([95al, 7. I, ctp. 272; pycckuit nepeson crp. 333):
«...0enaeTca HenocpedCT8EHHO SCHbIM, — TOBOPHT OH, — NOHATUE
Kaacca, COCTABAEHHO20 U3 08YX UAU HECKOAbKUX 3A0QHHbIX KAAC-
cos». OH npucrtynaer szaTeM K H3yueHHIO «()aKTOp-3aKOHA», KOTO-
pBlil OH onpenessieT THM crnocoboM, U MO CYIIeCTBY ycTaHaBJUBaerT,
4yTO (BbIpa)Kasich COBPEMEHHBLIM SI3bIKOM) 3TO 3aKOH KOMIO3HIHH
abeseBoil rpynnel. ['aycc npoBogUT ucc/efoBaHue Yalille BCEro C Mo-
MOILBIO paccyXjeHui, HaMHoro Gojee o6mux, 4eM 3TOoro Tpebyer
paccMaTpHUBaeMbli MM chelHaqbHEI cayuyail [HanpuMep, paccyxie-
HHe, C IIOMOLIbI0 KOTOPOro OH AOKA3bIBAET €AWHCTBEHHOCThL 3JIEMeH-
Ta, CHMMETPHUYECKOro MAAaHHOMY, NPHMEHHUMO naJs J0oGOoro 3akoHa
komnosuuuu (taM xke, ctp. 273; pycckuii nmepesog, ctp. 334)]. Ho
OH Ha 3TOM He OCTaHaBJHBAETCS: BO3BPALasiCh HECKOJIbKO gaJjee K
TOMY e Bonpocy, ['aycc oTMeuaer aHajOTHIO MeXAYy KOMIO3HIHel
KJaaccoB (opM M yMHOXKeHHeM lieJiblX yHces 10 MPOCTOMY MOIYJIIo 3)

) Dra omepauus Gblja BBefeHa K TOMY Ke 6e3 BCAKOH CCHIIKM HAa Mexa-
HUKY; CBsi3b Mex1y oGeHMMH TeopHAMH Obla SBHO MPH3HAHA TOJBKO OCHOBATe-
JIIMH BeKTOPHOro HcuucieHust Bo BTopoit tperd XIX B. (cM. cTp. 78).

?) Jse ¢hopMBl BKBHBaJIEHTHBI, €CJH OQHA M3 HHX HOJYy4aeTcs W3 APyrodl my-
TeM «3aMeHnl fepeMenHbix» X =ax 4By, y'=1x-+ 3y, rae «, B, 7, 8 — rakue
uesete, yto ad —fy=1

%) 3ameuatensHo, uto [aycc noabsyercs a00uTusHOf 3anuchi0 Aas 0603HA-
ueHHS KOMMO3MLMH KJIAaCCOB KBAJPATHUHHX (opM M JesaeT 3TO, HECMOTPs Ha TY
AHAJIOTHIO ¢ YMHOXKEHHeM, KOTOPYI0 OH caM MOAYePKHBAeT, H HECMOTPS Ha TO-
xkaecTBo Jlarpauxa, KoTopoe, ompefensis GOPMY, COCTABJEHHYIO H3 ABYX MaHHBIX,
HaBOAUT 6oJjlee ecTeCTBEHHBIM 06Da30M Ha MYJBTHINIMKATHBHYIO 3alHCh (K KOTO-
po#i M BepHysauch Bce mociefoBatenu [aycca). Dto Gespasauuue K ¢opme o6o-
311aUeHHs cJellyeT paccMaTpHBaTh Kak elle ONHO CBHIETEJbCTBO TOTO, K KaKOM
o6lHOCTH npumes ['aycc B cBOMX B3IMIsifax Ha 3aKOHB KoMmosuuuH. OH He orpa-
HIYHBAJCA K TOMYy K€ PacCMOTPEHHeM KOMMYTATHBHBIX 3aKOHOB, KaK 3TO MOXKHO
BHIETb 3 OJHOTO OTPHIBKA, HE ONMYGJHKOBAHHOTO INIPH €ro »U3HH, HO OTHOCH-
werocs K 1819—1820 rr., rae on jpgaer Gosee uem 3a 20 et go [amusbroHa
GopMyas as yMHOXeHHs KBatepHuoHoB ([95a], 1. VIII, ctp. 357).
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(tram xke, cTp.371; pycckuit nepeBod ctp. 457); OH 3ameuaeTr Takxe,
YTO rpynna K/1accoB KBaJpaTHUHBIX (OpPM AAHHOrO AHCKPHMHHAHTA
He Bcerjga sIBJAsieTCsl UHMKJAWUECKOH. Ykasauus, koropele 'aycc paer
MO 3TOMY MOBOAY, NMO3BOJSIOT AYMaTh, UTO OH OTKpHLI, MO KpafHe#
Mepe JJisi 3TOTO YaCTHOro cJjyuasi, oBLIyl0 CTPYKTYDPY KOHEUHBIX
abesesnix rpynn ([95a), r. I, crp. 374; pycckuii nepeson, crp. 460—
461, u 1. II, cTp. 266).

Jpyrasi cepusi HCCeJOBaHHUI, O KOTODHIX Mbl XOTEJH CKa3aTh,
TaKxe NMPUBOJAHT K MOHSATHIO TPYMMNBI, KOTOpOe ¥ OBLJIO 3THM CHOCO-
60M OKOHYAaTe/lbHO BBEeJEHO B MaTeMaTHKYy: 3TO «TeOpHs MNojcTa-
HOBOK», pa3BuTHe uie# JlarpaHxka, Baugepmonna u Taycca o pe-
LIeHHH ajre6pavuyeckux ypaBHeHHH. Mbl He GyJaeM oCTaHaBJIUBAThLCS
3gech Ha noJApobHOH ucTOpuHM 3TOro Bompoca (cMm. ctp. 93—97).
Onpenesenne «pou3BelleHHsi» IBYX MepecTaHOBOK KOHEYHOrO MHO-
KecTBa 3/JeMEHTOB, a TaKXe BBeJleHHe TepBhIX MOHATHH, OTHOCS-
IIMXCSl K KOHEUHbIM TIpymnam'!) mnepecTaHOBOK: TPaH3HTHBHOCTH,
MPUMHUTHBHOCTH, HEHTPaJbHOTO 3JeMEeHTa, NMepecTaHOBOYHOro 3Je-
MeHTa ¥ T. A. cjeayer oTHectd K Pyddunu [193] u Kown ([42a],
[2], T. I, cTp. 64).

Ho sty nepsbie HcciiefoBaHUst OCTaBaJUCh B OOLIEM JAOCTATOYHO
MOBEPXHOCTHEIMM, H TOJBKO JDBapHcT ['asya NosKeH cuMTaThed HA-
CTOSIIIUM OCHOBOTIOJIOXKHHKOM TEOpHH. B CBOMX 3HAMEHUTHIX MeMya-
pax [94] ou cBes m3yueHHe ajsreGpadueckuUXx ypaBHEHHH K paccMo-
TPEHUIO TPYMNIN MepecTaHOBOK, KOTODble OH HM COMOCTaBWJ, W HpPh
9TOM 3HAYHTEJNBHO yIrayOHJ H3yueHHe MOCJAeAHHX KaK B TOM, 4TO Ka-
caetcs ob6mwHX cBOHCTB rpynn (MMeHHO ['alya mepBBI ompenenau
MOHsITHE HOPMAJIbHOIO JleJiUTesist ¥ MOHSJA ero BaXKHOCTh), TaK U B
TOM, 4TO OTHOCHTCsI K ONpefieseHHI0 Ipynm, o61analomux cnenuanb-
HBIMM CBOHCTBAMHU (pe3yJ/ibTaThl, JOCTHTHYTHIe UM 3/1€Ch, 0 CHX ITOD
OTHOCcsITC K HaubGojee TOHKMM INpeasoxeHusMm teopuu). K T'aaya
BOCXOJAUT M TlepBas Haesi «JHHEHHOro NpeACTaBJIeHHs TPYNNb» 2), a
3TOT (GaKT ICHO NMOKAa3bIBAET, UTO OH BJajJes] MOHATHEM w30MOpPu3-
Ma JOBYX TPYMMNOBBIX CTPYKTYp HE3aBHCHMO OT HX «peajH3alHu».

XoTs HECOMHEHHO, 4TO reHuaJnbHele MeToasl ['aycca u Ianya npu-
BeJIM HX K OUeHb LIMPOKOMY B3IJsLy Ha NMOHSATHE 3aKOHA KOMMO3H-
LMK, HH TOT HYM APYTOH He UMeJH cjyuasi CHeluasbHO Pa3BUTh CBOH
Hed mo 3TOMY MOBOAY, U UX paboThl He 0Ka3aJu HeNocpPeaCTBEeHHOro

1) TlonsiTHe cJ0XKHOH ¢YHKUHH OBLIO, padyMeeTcs, H3BECTHO ropasfio paHblle,
no kpafiHell Mepe masi (QYHKUHMH NeHCTBHTE/JBHBIX M KOMILJIEKCHBIX TepeMeHHbIX;
HO ajreGpaHuecKMii acleKT 3TOro 33KOHA KOMIIO3HUHHM M CBfA3b C MpPOM3BEJEHHEM
JIBYX TMepecTaHoBOK ObUIM BBIABJEHBI TOJbKO paboramu AGeas ([}, 1. I, ctp. 478)
u [anya.

?) Kak pa3 B CBSI3H c 3THM [aJjya C TOMOIIBIO CMeJOro pacuupeHus «op-
MaJu3Ma», KOTOpHIH TNpHBeJ K KOMIJIEKCHBIM 4HCJIaM, PaccMaTpHBaeT «MHHMBIe
KOPHH» CPAaBHEHHSI N0 NPOCTOMY MOJLYJIO H OTKPHIBAeT TAKHM 00Pa3oM KOHeuHbLe
noas (cMm. crp. 101).
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BJIHSHHS Ha 3BOJIIOLHUIO aGcTpakTHO# anre6phl '). HauGosee ouryTH-
MbIH Aporpecc Ha nytd K aOCTPaKLUHH IIPOHCXONMT B TPETbeM Ha-
npaB/ieHHH, a MMEHHO BCJIEACTBHE Pa3MBbILIIEHHA O NPHPOJIe MHH-
MBIX uMces (reoMeTpuyeckasi HHTePHpPeTalHss KOTOPbIX MOCAYXKHIa
B HauaJe XIX B. MOBOZOM MJisi MHOTOUHCJIEHHBIX HCCJeN0BaHHMH)
anreGpaucThl aHTAMACKOA wiKogbl nepBble B 1830—1850 rr. Bbige-
Aunu aGeTpakTHOe MOHATHEe 3aKOHA KOMITO3HIMM H TOTYac Xe pac-
WHPUIH 06/1aCTh a/re6pbl, MPUMEHHB 3TO MOHSITHE K MHOXeECTBY HO-
BbIX MaTeMaTHueCKHX 00bekTOB. Dysnb mocTpous anre6py JOTHKH
(cm. crp. 17), FamunbToH — ajre6py BeKTOPOB, KBAaTEPHHOHOB H
o6wHK runepkoMmiekcHex cuctem {108], Kaau — anre6py matpui u
anre6py ¢ HeacCOUMaTHBHLIM 3aKoHOM KommosHuuu ([44], t. I,
ctp. 127 u 301, u 1. I, cTp. 185 u 475). Ha koHTHHEHTe He3aBHCHMO
OT 3TOro LJIO Pa3BHTHe B Mapas/ielbHOM HamnpaB/ieHHH, HMeHHO B
o6aacTH BEKTOpPHOro Hcuucjaenust (Mé6uyc, DenmaBuruc), nuHeliHOMR
anre6pul  u  runepkommniekcHeix  cucrem  (I'paccman)  (owm.
cTp. 79—81) ?).

Becb 3TOT BHXPb ODPHTHHAJBHLIX U MJOJOTBOPHBIX HJAEH OXKHBHJ
anre6py nepsoii mosoBuHbl XIX B., H OHa BbIIIJIA U3 Hero OGHOBJIEH-
HOH BIJIOTb QO CBOHX OCHOBHBIX TeHAeHUHH. [lo aToro merombl u
pe3ysbTaThl ee KOHI@HTPHPOBAJHCh BOKDPYT LeHTPalbHOH mMpoG.e-
MBI pellleHHs1 anreGpavyecKux ypaBHeHHH (HIH OJHOPAHTOBBIX ypas-
HeHHil B Teopuu uucen): «Ascebpa, — rosoputr Ceppe BO BBeneHHH
K CBOEMY KypCY Bhicllell anre6pel,— eCTb, COOCTBEHHO 2080DA, AHA-~
auz ypasrenuti». TTocae 1850 r., xoTs TpakTaThl no ajarebpe emie
‘IOJITOe BpeMsi yAeNsIOT NPeuMYyliecTBeHHOe BHHMaHHe TeOPHH ypas-
HeHWil, HOBbie H3BICKAHHUS Y¥Ke He CTeCHeHbl 3a60TOH O HeMelJieH-
HOM MPUJIOKEHHH K PellleHHI0 YHCJeHHBIX ypaBHeHHi. Onu Bce Go-
sniee U GoJiee TPYNIHUPYIOTCS BOKPYr mpoGJaeMbl, KOTOPYIO MBI cefiyac
CUUTaeM OCHOBHOH B aJre6pe, — a HMEeHHO npobJjeMbl H3YUEHHSR
anre6panuecKuX CTPYKTYP.

D11 paboThl NOBOJBLHO OTYETJIHBO DaclpefensioTcsl MO TpPeM Ha-
fipaBJeHUSM, KOTODble MPOAOJIKAIOT COOTBETCTBEHHO TPH TeueHHs
uieli, MpoaHaJU3UPOBAHHBIX HaMH BBIIe; OHM Pa3BHBAKOTCA mna-
pa/jfesbHo, HO He OKasbiBalOT Jo mocaensux Jger XIX B. omyTu-
MOro B3aUMHOrO BJHsIHHS 3).

STO npexie BCero rnoctpoeHue B HeMelko# Mmkose XIX B. (du-
puxJje, Kymmep, Kponekep, Henekunn, I'nab6ept) teopuu anre6pa-

') Pa6ors lanya ocraBamuch K TOMY e HEH3BECTHBIMH BIUIOTH 10 1846 r.,
a uccjeaoBanus [aycca okasanum HenocpeiCTBEHHOE BJIHSIHHE TOJNBKO Ha TEOPHIO
yice.

%) 3ameuareNbHOe W3JI0MKEHHe OCHOBHBIX TEOPHHl PaccMaTpHBAEMOro [epuona
comepxutcs B Tpyaax [aukens [109], oTHocsiiuxcs Kk ToMy e Bpemenu. Tam
COBepIIEHHO SICHO TMOHATO M MPeNCcTaBNeHO aGCTPakTHOe MOHATHE 3aKOHAa KOM-
CO3HLHH.

3) Mbl co3HaTe/bHO OMycKaeM 31eCh BCe TO, YTO OTHOCHJIOCHL B 3TOT TEPHOR
K 3BOJIOUMM aareGpauuyecKkoil reoMerpHd W TEOPHH HHBAPHAHTOB, KOTOpAas C Heit
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MUeCKHX uHces, Bedylleil cBoe Hauano ot pabor ['aycca, koTopoMy
NpUHAAJENKAT MepBbie HCCAELOBAHHUsSI TAKOrO pojia, a MMEHHO yHcel
a+ bi (a u b— pauronanbubole). Mpr He GyneM 3Jech 3aHHMAThCA
3BOJIIOIIHEH 3TOH TEOpHH; [AJs HalleH LEJH HaM HeoOXOAUMO TOJBLKO
BHISICHUTb, KaKHe aGCTPaKTHHIE a/ire6pauueckde MOHSATHS 31eCb MO-
siBusanch. HaunHas ¢ mepBhIX e mocjefgoBaTenedl 'aycca, nousitue
noas (anreGpavyecKHX YHCeJs) JIeKUT B OCHOBe Bcex paBot 1o 370-
My BONpOCY (TakKxe, BMIpouyeM, KaK U B OCHOBe H3bICKaHUH AGens u
Fanya no anareGpanueckuM ypaBHenusm). OGsaactb npuUMeHeHHS
3TOro MOHSITHs yBesnuuuBaercs, korga Jlenekuun u Bebep[61] cTposrt
TeopHio anreGpauuecKHX (QYHKUHMH ONHOH nepeMeHHOH, KOmupys ee
¢ Teopuu ajnre6pavueckux uuces. IedeKHHIy TakxkKe MB 0GA3aHbl
BBefeHueM moHsitus udeasa ([60], T. III, crp. 251), Koropwiii maer
HOBHIH TIpUMep 3aKOHAa KOMIIO3HMIHH MEXIY MHOMECT8AMU 3jeMeH-
toB. Hauunas c¢ pabor [lemekunaa u Kpouekepa, Bce GOJbLIYVIO H
60/IbIIYI0 POJIb B TeOpPHH ajrebpanyeckux moJsiell urpawT abeserbl
rpynnel H MOAYJH; Mbl BepHEMCSl K HUM To3JgHee (cM. ctp. 81—82).

MBI OTJI0XKHUM NMOKa TaKXKe H HCTOPHUIO DPa3BUTHHA JHHEHHOH aJre-
6pbl (cM. cTp. 73) M rHNEpPKOMIMJIEKCHBIX cHCTeM (cM. cTp. 113), Ko-
ropast pasBepteiBaercsi B KoHue XIX u nayane XX BB. 6e3 BBefleHHA
HOBBIX ajrebpanueckHx noHaTHi B Axrauu (CuasBectp, B. Kiug-
tdopa) u Amepure (bB. Ilupc, K. C. Tlupc, duxcon, Begep6opu) no
nyTt#, HameueHHomy [amuabToHOM u Kanu, a takke B ['epManuu
(Befiepwtpacce, Henekunn, ®pobennyc, Moaun) ') u Gpauuun (Jla-
repp, 9. KapraH) He3aBHCHMO OT aHIJIOCAKCOB H OTJIHYHBIMH OT HHX
MeToJaMH.

Uro KacaeTcss TEOPHH TPYMN, TO OHA MePBOHAYaJbHO pa3BUBaeT-
cA KaK TeOpHsi KOHeUYHbIX TPYMN MepecTaHOBOK. DTO NPOU3OLIAO
BeaefcTBHe nyGaukauuMu pa6or I'anya ¥ ux pacnpocTpaHeHus 6ia-
rogapsi pa6oram Ceppe [206] u ocobenHo 6GosbmoMy «Tpakrarty o
noacranoskax» K. )Kopnaua [129a]. )Koparan noasea urtor mpenme-
CTBYIONIHM HCCJAEAOBAHHAM CIeLHaNbHBIX CBOHCTB TPYNM TepecTa-
HOBOK (TPaH3UTHBHOCTH, NPHMHTHBHOCTH H T. 1.), 3HAUUTEJNbHO yCO-
BepUIEHCTBOBAJ 3TH HCCAENOBAHHS H MOJNYUHJI Pe3yJbTaThl, MHOTHE
13 KOTOPBIX He ObIIH € TeX mop yayuirenbl. OH MOABEPr TakXe ray-
GOKOMY H3YUEHHIO OUeHb BaXKHble CIelHajbHble TPYMIbL: JHHEHHbIE
rpynmsl ¥ UX MOArpynnbl (cM. crp. 136). Kpome toro, on BBea ¢yn-
JaMeHTaJbHOe TIOHsITHe NpelAcTaBJeHHss OJHOH Ipynmbl APYroH, Tak
e Kak (HeCKOJbKO To3JHee) TOHsATHe (DAKTOPrPymnbl, H A0Ka3an
yaCTb TEOPeMbl, H3BECTHOI NOJA Ha3BaHHeM «TeopeMnl KopraHa —

TECHO CBsi3aHa; 3TH [IBE TEOPHH Da3BHBAJHCh. Clelys MPHCYLIHM HM MeTouaM,
OpPHEHTHPYSICb Ha aHaJu3 CTOJBKO XKe, CKOJIbKO H Ha ajreGpy; TOJbKO HEAaBHO
OHHM HALLIH CBOE MeCTO B OGLIMPHOM 3JaHHH COBPeMeHHOH aJre6phi.

1) Mosun xua u pa6oran B PocchH, Mo3TOMY HermpaBOMEPHO OTHOCHTb €ro
K matematHkaM DepMauin. — [Tpum. nepes.
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[énppepas !. HakoHen, x )KopAaaHy BOCXOAHMT M MNcpBOe HCCJAeHO-
BaHUe OeckoHeunvix rpynn [129b], KoTopoe HeCKOJbKO JIeT cnycTst
6bl10 3HAUMTEAbHO pacHIMpeHO B JABYX PAasJiHUHBIX HAanpaBJeHHsX
C. JIu, ¢ onHoit croponsr, U @. KneiiHom u A. Tlyankape — c Apyro#.

Mexny Ttem onpenejeHHe «aGCTPAKTHOMN» rpynnel GbIJIO AaHO
Kaan B 1854 r. ([44], 1. I, cTp. 123 n 131) onHOoBpeMeHHO c onpeje-
JIeHHeM OJHODOJHOro MpOCTPAaHCTBA H B Takoil popme, KoTopas sB-
JeTCst KOPPEKTHOH TOJIbKO AJsi KOoHeuHbix rpynn. OQHako paxe uc-
cledoBaHUs abCTpPaKTHBIX KOHEUHBIX TPYNN ellle J0Jroe BpeMs pac-
CMaTpHBAJ/INCh KaK H3yyeHHe I'Dynn MOJACTAHOBOK H ToJbKO K 1880 r.
HauHHAEeTCs CO3HaTeJbHOE PAa3BHTHEe aBTOHOMHOH TEOPHH KOHEUHBIX
rpynn. Mel He Oylem 3/7ech CJAeAUTb fAaJjibllle 32 HCTOpPHEH 3TOKH
TEOPHH.

31ech He MECTO Tak¥ke AJsi pasroBopa o HeoOGblualiHOM ycnexe,
KOoTOopbiil Beinas ¢ KoHua XIX B. Ha K010 HIeH Tpynnbl (M MOHATHS
UHBAPUAKTA, TECHO C HUM CBSI3aHHOrO) B aHa/Ju3e, FeOMETPHH, MeXa-
HUKe U TeoperHuecKoll dusuke. [lociennuit nepuon pasButus ajre6-
PBl, O KOTOPOM MBI 3/leChb FOBOPHM, KaK pa3 U XxapaKTepH3yeTcst aHa-
JIOTHUHBIM BTODKE€HHeM MOHATHsSI IPYNNB U POACTBEHHBIX C Hell aJ-
re6paHuecKuX NOHATHH (rpynna c onepaTtopamu, KOJbIlO, HAeasl, MO-
AyJb) B Te pasmetsl ajireGpbl, KOTOpble Ka3aJlUChb A0 3TOro OvyeHb
ylaeHHBIMH OT chepbl FOCHOACTBA 3THX MOHSITUH, YTO ¥ MPHUBOIHT
K CHHTe3y TeX TpeX HampaBJeHHH, KOTODble Mbl pPacCMaTpPHBAJAK
BhIIE. DTO 06befHHEHHE SIBASETCS B OCHOBHOM JIeJIOM COBpPEMEHHOH
HeMmellKol WKoabl. PaGora mo akcMiomMatH3auuu ajre6phl, HauaTas
B nocnieauue roawbl XIX B. Hemnexunaom u ['uap6eprom, Guisia ¢ GoJib-
UM ycnexom mpoposKeHa . LlrefinnueM, 3aateM, HaunHasic 1920 r.,
nox BausinueM . Aptuna, D. Hérep n anre6pancramu ux HIKOJbE
(Xacce, Kpynaem, O. Ilpeiiepom, Bau-mep-Bapnenom). Tpakrar
Bau-nep-Bapaena [231a], ony6ankoBauubiii B 1930 r., BoepBhle CO-
6paa 3TH paboTh B eAMHOe 1leJ0e, OTKPBIB NYTH M CJYXKa NpPOBOA-
HUKOM [Jisi MHOTOYMCJEHHBIX HCCJAeJOBAHHH NOCJefHHX JeT no ab-
CTPaKTHOH aare6pe.

1) JKopaau yCTAaHOBHJ TOJIBKO HHBaPHAHTHOCTH (¢ TOYHOCTHIO 10 MOPAAKa)
nopadkos ¢akroprpynn B «psige )Kopmana — ['énpnepa» A KOHEUHOH TPYIILL;
O. Téabmep mokasaJ, 4to caMH (AKTOPrpynmel (C TOUHOCTBIO A0 MOPSiAKa) HE
3aBUCAT OT paccMaTpuBaeMoro psiia [124].
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JIuHeiiHasi anre6pa siBJsieTCsl ONHOBPEMEHHO OAHOH U3 JpeBHei-
IUX U OZHON M3 caMbIX HOBBIX BeTBeli MateMaTHku. C oxHO#H cTO-
POHBI, C MOMEHTa BO3HHKHOBEHHsS MaTeMaTHKH BCTpevyaloTcsi 3ajna-
Ud, KOTOpble PelaloTCs ONHHM YMHOMXEHHEeM HJIH JeseHHeM, T. e.
BbIUHCJIEHHEM OJZHOTO 3HaueHHst QYHKIHU [(X) = ax WM pellleHHEM
ypaBHeHHst ax = b; 3T0O W eCTb THOWYHBIe NPOGJEeMbl JUHEHHON aJ-
re6pbl, U AJs1 MX TPAKTOBKH M KOPPEKTHOH MOCTAHOBKH HYXKHO
«MBICJUTb JHHEHHO».

C zpyroit cTOPOHBI, He TOJNBKO 3TH BOOPOCH, HO H MOYTH BCe, UTO
KacaeTcsi ypaBHeHHUii NepBO¥ CTeNeHU, y¥Ke OueHb NABHO GBLJIO OT-
HeceHO K 006./1acTH 3jJeMeHTapHOro oGyueHHs!, KOria HOBoe pa3BHTHe
MOHATHH TeJsa, KOJblLd, BEKTOPHOrO TOMOJOTHYECKOro NpOCTPaHCTBA
¥ T. I. IOMOIJIO BBISIBUTb M OLEHHUTb OCHOBHBle MOHSITHS JIMHEHHOI
anreGpbl (HalpUMep, NOHsTHe ABOHCTBEHHOCTH). Toraa 3aMeTHJIH,
YTO MOUTH BCH COBpeMeHHas ajrebpa MMeeT CYIeCTBEHHO JUHEHHBIN
xapakrep, H «JUHeapH3alusi» sIBJAseTCs ONAHOH U3 ee OTIHUUTENbHBIX
uepT. TO NOMOIJIO JuHeHHOH ajrebpe 3aHsiTh mojoGaioiee eff Me-
cro. IlpocienuTh HcTOpHIO JUHEHHOH aJdre6pEl ¢ TOH TOUKH 3peHHs,
Ha KOTOPOH MBI CTOUM Tenepb, 6blJI0 Obl CTOJMb e BaXKHOH, CKOJb U
TPYyAHOH 3anauell; U Mbl BbIHYKAeHbl OyleM OrpaHHUHTLCS 37€Ch
OGLIUHBIMH 3aMeUaHUSIMH.

W3 cxazanHoro BHAHO, UTO JHHeHHas aJjre6pa, 6e3 COMHeHHs,
NOSBUJIACh HA CBeT, 4TOOBl YAOBJETBOPHTb HYXKJBl BBIYHC/IHTE/ISI-
npaktuka. Tak, HanpumMep, TpoiiHoe npasuao ({226], 1. I, ctp. 150—
155) W npaBuJIO JOXKHOIO NOJOXKEeHHUs, 6ojee UIU MeHee sicHO chop-
MyJHpPOBAHHBIE, UrPaJM BaxKHYIO pPOJb BO BCeX PYKOBOACTBAxX IO
npakTHuecKoit apudMeTHKe OT erunerckoro nanupyca Pafinga no
PYKOBOACTB, MNpPUHSATHIX B HalIMX HayaJbHBIX MIKOJAX, uYepe3
Apua6xatty, apa6os, Jleonapao Ilusanckoro u GecuucsieHHble «BHI-
yhc/IMTe/IbHBIE KHUIH» CPeJHHX BeKoB M snoxu Bospoxknenus. Ox-
HaKOo, GLITb MOXET, OHH BCeraa NpeACTaBJSIM TOJbKO BBIAEPXKKH
JJIsi MPaKTHUeCKOro HCNOJb30BaHHs M3 ropasfo Gojee nepefoBOH
HAYYHON TEOPHH.

Uro KacaeTcss MaTeMaTHKOB B COGCTBEHHOM CMBIC/IE 3TOTO CJIOBA,
TO XapakKTep HX H3bICKaHHH MO JHHelHOH a/irebpe siBjasieTcs (QyHK-
1Hell o61eld CTPYKTYPhl HX HAYKH.

B npeBHell rpeueckoii maTeMaTHKe, CyAsl MO u3JjoxeHuwo B «Ha-
yajgax» EBKauaa, OblIM pa3BUTH JABe abCTpaKTHbHE TEOPUH JHHEH-
HOrO Xapakrepa: ¢ OLHOH CTOpOHBI, Teopusi Beauunnsl ([80], Knura V;
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cp. ctp. 148), ¢ apyro#t — uensix uncen ([80], Kuura VII). VY BaBuio-
HSIH Mbl HAXOAUM METOABI, ropasfio 6osee 6M3KHe K Halled 3/eMeH-
TapHOH ajreGpe; OHH yMeJH OUeHb H3SILHBIM CMOCOG0OM pellaTh CH-
cTeMbl JuHe#dHHX ypaBHenuit ([166], crp. 181—183). B npomonxe-
HHe NOJroro BpeMeHH, OJHAKO, mporpecc JHHeHHOH anre6pel 3aBH-
cesl GoJiblile BCEro OT OGIIMX yCrexoB ajare6panyeckoro HCUUCAEHHS;
MOA 3THM aCleKTOM, UYXKABIM TeMe 3TOH IJaBhl, ero U cleyeT pac-
cMaTtpuBaTb. JleHAcTBUTENbHO, UTOOBI NPHUBECTH JHHEHHYIO CHCTEMY
K ypaBHEHHIO BHAA ax = b, NOCTAaTOYHO, eClH peub HAeT 00 OZHOM
HeU3BeCTHOM, 3HaThb nmpaBujia (u3BeCTHHIe yxKe [{uodaHTy) nepeHoca
YJIeHOB M3 OJHOH CTOPOHBl YypPaBHEHHs! B ADYIyIO H NPHBEIEHHs I110-
Jn06GHBIX wieHOB. Ecsin Ke peub HAET O HECKOJBKUX HEH3BECTHRHIX, TO
JAOCTATOYHO YMETh elile MOCJHe0BaTeabHO HX HCKJAIUaTh A0 TeX Mop,
noKa He OCTaHeTCss TOJbKO ofHO. B TpakTarax mo aJarebpe no
XVIII 8. rocnoncrsoBajto y6exaeHHe, 4TO 10 OTHOUIEHHIO K YpaBHe-
HHSIM TepPBOH CTeMeHH BCe yKe CHeJaHO, eCHH H3JIOXKEeHbl 3TH mpa-
BHJIA; UTO JKe KacaeTcsi CHCTeM YpaBHEHHH, Y KOTOPHIX YHCJO HeH3-
BECTHBIX PaBHO UYHMCJAY YypaBHeHHi (APYrHX He paccMaTpHBaJjdH), a
JieBble YaCTH He SIBJSIOTCS JIMHEHHO He3aBHCHMBIMH, TO HEH3MEHHO
NOBOJBLCTBOBAJINCL 3aMeyaHHeM, YTO 3TO YKa3biBaeT HA MJIOXO MO-
craBleHHyl0 3ajgauy. B tpakratax XIX B., u naxe Gojee Mo3qHUX,
nporpecc HaGaORaeTcsi TONBKO B OG0O3HAUeHHSIX, KOTOpPHle MO3BO-
JIOT 3aMUCcaTb CUCTeMY 7 ypaBHeHHH C 7 HEH3BECTHBIMH, a TakikKe
B TOM, 4TO BBOJSITCS ONpeJeHTeNH, KOTOPble NalOT siBHble (OpPMYJibt
s pellleHHH «B ofiueM ciayudae»., DTHMH ycrmeXaMH Mbl 06513aHbl
rnaBebpiM o6pazoM matematukaMm XVIII n Hauvana XIX BB. 3acayra
npuHangexana 6sl Jlei6uuny ([144a], 1. I, ctp. 239), ecan 6bl oH
pasBHJI W onyGJHKOBa/l CBOH HJEH, Kacalolhecsi 3TOro mpeaMera.
Ham Hyx)Ho GyjmeT cHauaja H3YUHTb Da3JjiHuHbBle HampaBJeHUs
uieH, KOTOpbie B 3HAUHTENbHO GoJiblIell CTEMeHH, YeM HCCAEAOBaHHUS
cCHCTeM JIMHeHHBIX ypaBHeHHH, cnocoO6CTBOBAJN Pa3BHTHIO JHHEHHOM
anre6pel B TOM CMBIC/Ie, B KaKOM MEI ee Terepb noHnMaeM. ®epma,
BIOXHOBJeHHbIi HuayuenueM Amosonus ([82], . I, ctp. 91—110;
panu. mepes., T. III, crp. 86—101), nousa aaxe panbuie [exapra
([64a], . VI) npuHuMn aHaJMTHYeCKOH FeOMeTPHH M NPHIIEN K Mbi-
¢/ 0 Kaaccu(UKaluM MJIOCKHX KPHMBBIX MO MX MOPSAKY (3Ta umues,
CTaBliiass MOCTeNEHHO MPUBBIYHON BCEeM MaTreMaTHKaM, Gbljia OKOH-
yaTtenbHo noHaTa B kKoHue XVII B.). OH yCTaHOBHJ OCHOBHOHM MpHH-
ILUM. 0 KOTOPOMY ypaBHeHHe MepBOro mopsiika Ha MJIOCKOCTH Mpef-
cTaBjsieT NPsIMyl0, a ypaBHeHHe BTOPOro NOPsiAKA — KOHHUECKOe
ceueHHe, — IPHHLHKN, H3 KOTOPOro OH celyac ke BBIBOJHT «OUeHb
KpacHBble» CJAEJCTBHS O reOMeTPHUeCKHX MecTax. B To ke BpeMs oH
npoBes kKjaaccuduxauuio 3apmau ([82], 1. I, crp. 184—I188, dpann.
nepeB., T. I, ctp. 159—163), pasmenuB ux HA onpeleeHHble 3aJaUu:
3aja4d, KOTOpble CBOAATCH K OZHOMY YPaBHEHHIO C IBYyMs HeH3BecT-
HBIMH, K OJJHOMY YPaBHEHHIO C TpeMs HeHM3BeCTHEIMH U T. A. OH 3a-
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METHJI NPH 3TOM, YTO NEepBble 3aKJIIOYAIOTCSl B OMpee/NeHHH TOUKH,
BTOpbIe — JIMHHYM HJIM TeOMeTPHUeCKOro MecTa Ha MJOCKOCTH, Cle-
JyloliHe — NOBEPXHOCTH U T. A. («...8 Takoi 3adaue passicKusaercs
He TOAbKO TOHKQ Il He TOAbKO AUHUA, HO Yeaas nogepxHocTs, pe-
warowas 3a0a4y; 0Tcro0a poxrcdaroTca nPOCTPAHCTEEHHbLe 2eOMETPU-
YecKue MecTa u TaKdxce Caedyroujue 3a HUMU», UINTHPOBAHHAA pabo-
ta, cTp. 186, 3/1ech yxe UMeloTcs 3apOAbIILIH N-MEePHOH reOMeTpHH).
DTo BBICKA3bIBAHHE BBIJBUraeT MPHUHIUM pa3sMepHOCTH B ajarebpe u
B ajreGpadueckofi reoMeTpUu U HaMedaeT oObefuHeHHe ajire6phl H
reOMeTpUH B TOJHOM COOTBETCTBHH C HAesiMH coBpeMenHocTH. Onx-
HAaKO, KaK Mbl BHIEJH, TOHagobujoch 6oJsiee OBYX BEKOB, 4TOOHI
3TH UJeH NMPOHUKJIU B YMBI JIOJLeH.

[To xpaliHefi Mepe 3TH HAeH BCKOpe NMPHBEJH K DaclBeTy aHaJ/H-
THYECKON reOMeTPHH, KOTODHIil NOCTHraeT BCell CBoOeil MOJHOTH B
XVIII B. B pa6orax Kuaepo, Diinepa, Kpamepa, Jlarpanxka u mHo-
rux ApyruX. JluHefiHbli xapaxkrep (opMysa npeobpaszoBaHus Koop-
JHHAT HA MJOCKOCTH M B NMPOCTPAHCTBE, KOTOPOrOo He MOT He 3aMe-
THTb yKe @epma, Obl1 OTYUETJHBO YCTAHOBJEH, Hanpumep, Iije-
pom ([81a] (1), . IX. ra. II—III, mpusioxenue ra. IV), ocHoBas-
IIHM HAa HeM KJacCH(HUKAILHWIO NJIOCKHX KPUBBIX M TOBepXHOCTEH Mo
UX TMOpsiiKaM (HHBADHAHTHBIM KaK pas B CHJY JUHEHHOCTH 3THX
dopmya). diiiep BBear takxke ([8la] (1), r. IX, ra. XVIII) cnoso
«atdUHHOCTbY HJs1 0603HAUEHHST COOTHOLIEHHI MeXJy KPHBBIMH,
KOTOpbIe MOTYyT GHITb MOJYUYEHBl APYr M3 Apyra npeofpas3oBaHUsSMH
X’ = ax, y = by (BnpoueMm, OH He BBHISSBUJ TeOMETPHUECKOH HHBA-
PUAHTHOCTH 3TOro OTpeje/eHHus, KOTOpoe, TakuM o0pasoM, ocra-
BaJOCh CRSI3aHHBIM CO ClelHaJbHBIM BBIGOPOM oOCefl KOOpAHHAT).
Heckoabko mo3anee Jlarpaux mnocBaTHa Ledbld meMyap ([140],
1. I1I, cTp. 661—692), KOTOPHI KOJTOE BpEMsi MOJb3OBAJCS 3aCaY-
KEHHOH M3BECTHOCTBIO, THUIHYHO JHHEHHBIM W TOJHAWHEHHBIM Npo-
6/jeMaM aHaJIUTHUECKOH reoMeTpuH Tpex u3aMepeHuil. [IpuMepHo B
3Ty Ke 310Xy B CBA3H C JIMHEeHHOH Npo6jaeMoil OTBICKAHUS MJIOCKON
KPUBOil, npoxoasuled uepes sagaHHble Toukd, y Kpamepa [53] u
Besy [18] odopMasieTcst cHauasa HeCKOJNBKO 3MIHPUYECKHM OGpa-
30M MOHsITHE OMNpefeauTesas. PasBuToe 3aTeM MHOIHMH aBTOPAMH,
3TO TOHSITHE W €ro OCHOBHBEIE CBOHCTBA NPHOGPETAIOT OKOHYATEJb-
il Bua y Koww ([42a], [2], 1. I, ctp. 91—169) u HAxkobu ([127].
1. I, cTp. 355—392).

C npyroil CTOPOHBI, B TO BpeMst KaK y MaTeMaTHKOB CYLIECTBO-
Basla TeHJEHLHUs] OTHOCHTBLCS C NpeHeOpelKeHHeM K ypaBHEHHsiM mep-
BOH CTeneHH, pellleHHe NH(depeHIMaNbHBIX YpABHEHHH COCTABJSAIO,
Hao6opoT, KanuTadbHylo npo6aeMy. EcTecTBeHHO, 4TO cpelau 3THX
ypasHeHHuil OueHb PaHO HayaJ iy BHAEJASTH JHHEHHblE ¢ TOCTOSIHHBIMH
Win TlepeMeHHBIMH Ko3((dHIHeHTaMH, U HX H3yueHHe CnocoGCTBO-
BaJ0 TOMY, 4TO OBIJIO OLlEHEHO CaMO MOHSTHe JHHEHHOCTH U Bce C
HuM cBsizaHHoe. 1o 3aMeTHo yxke Yy anamGepa [56¢], Jlarpauka
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([140], 1. I, crp. 471—668) u Diaepa ([81 a] (I), 1. XII), o TOMB-
KO TepBbIHi M3 HUX cyejq HeoGXONMMbBIM CKasaTb, UTO ofllee pelle-
HHe HEeOZHODONHOrO ypaBHeHHs SsIBJAsieTCsl CYMMOH ero YacTHOro
pelleHHss ¥ OOLIEro pellieHHss COOTBETCTBYIOLIEro OXHOPOJHOro
ypaBHeHusi. KpoMme Toro, Korma 3TH aBTODbl YTBepXKAaKT, UTO 006-
Imee pellleHHe JIHHEHHOro ONHOPOAHOrO YpaBHeHHs 7n-TO NOPsAKa
siBJsieTCst JUHefHON KoMOWHAaLlMell 1 4aCTHbIX pelleHHi, OHU He OT-
MeuaroT, 4TO 3TH pelueHHst HOJIKHbl ObiTb JIHHEHHO He3aBHCHMbI, H
He HesaloT HUKAaKUX YCHJIHH, uTOOBI BHISIBUTb 3TO noHsTHe. [To-BH-
nuMoMy, Toabko Jeknuu Komu B IlosuTexHuueckoil mkose mpo-
JUJIM CBET Ha 3TOT NYHKT, KakK M Ha MHorue apyrue ([42b], cTp. 573—
574). Jlarpanx [140] BBen (mpaBma, YUHCTO BBLIYUC/AMTEJNbHO H Ge3
CrellHaJbHOrO HauMeHOBaHHsi) ypaBHeHue L*(y) =0, conpsxeH-
Hoe JuHelHHOMY nHbdepeHnasbHOMy ypaBHeHuio L(y) =0, uto
B CHJIy COOTHOLIEHHS

sz(y)dx:f L*(z)y dx,

HUMeIoIlero MecTo AJs BceX y M 2, oOpalalomuxcss B HYJ b Ha KOH-
ax NpoMeXyTKa HHTEerpHMpOBaHHs, sIBJAsieTCS THIUYHBIM NPHMEpPOM
IBOHCTBEHHOCTH. TouHee roBopsi, Mbl BHAHM 3xech, 3a 30 Jer A0
Toro, kKak l'aycc siBHO onpenenus MOJACTAHOBKY, CONPSIXKEHHYIO
JMHe{HOH NOJACTaHOBKe TpeX MepeMeHHbIX, MepBblii OGeccrnopHbli
npuMep «QyHKUHOHANBHOTO oneparopa» L* «TpaHCnOHHPOBAHHO-
ro» HJH <CONpPSIKEHHOro» onepaTtopy L, 3afaHHOMY ¢ NOMOIIbIO

O6unvHelHON (YHKUHHU (3Zecb HHTErpadg fyzdx).

OnHoBpeMeHHO, M onsiTb-Taku Gjgaromaps Jlarpauxy ([140]
1. 111, cTp. 695—795), nuHefiHble NMOACTAHOBKH crepBa TOJbKO OT
2-x ¥ 3-X nepeMeHHbIX 3aBOEBLIBAIOT apH(pMeTHKy. SIcHO, 4TO MHO-
XKeCTBO 3HaueHHH QyHkuuMu F(x, y), KOrma x ¥ y NpUHUMAIOT BCe
Le/ble 3HAUEHHsl, He MeHsieTcsi, eClM Haj X, Yy COBepuIaercs npo-
U3BOJIbHAS JIMHeHHasi MOACTAHOBKA ¢ LeJbIMH KO3(dUIHeHTaMU H
onpeneautesem 1. Ha stom ¢ynnamenranbuom Habawonenuu Jla-
rpaHXK OCHOBaJ TEOPHIO NpeACcTaBjJeHUs uuces (GopmaMmu, a Takxe
TeopHIO npuBeneHus ¢opm. [aycc mesaer wiar, BCIO CMeJOCTb KOTO-
poro HaM ceHyac TPYAHO OIIEHHTb: a HMEHHO, BBOJAUT MOHATHE
9KBHBAJEHTHOCTH M Kiaacca ¢opm (cp. crp. 68). B cBs3u c 3TuM OH
MOHS  HeoO6XOAMMOCTb YCTAHOBJIEHHss HEKOTODbIX 3JeMeHTapHbIX
NPUHIUIIOB, OTHOCSIUMXCS K JHHeHHBIM MNOACTAHOBKaM, H BBeJ, B
YaCTHOCTH, MOHSITHE TPAHCNOHHPOBAHHOH MJHM CONPSXKEHHOH Moj-
cranoBku ([95 a], 1. I, cTp. 304). Hauunas c aroro moMmenTa, apud-
MeTHueCcKOe H ajre6panyeckoe HCC/IeJOBaHHe KBaAPaTHUHbLIX PopM
OT ABYX, TPeX, a MO3/Hee OT # NepeMeHHbIX, GUIHHEeHHbIX GOpM, KO-
TOpbBle C HUMH TEeCHO CBSI3aHBI, a TakXe HeJaBHee 0GoflLieHHEe 3THX
NMOHATHH Ha cJydyali 6eCKOHeYHOTO uHcjAa epeMeHHbIX COCTABUIH
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BIJIOThb [0 HaUIMX [AHeil HauboJee MJIOLOTBOPHLIA HCTOUHHK NpOrpec-
ca JuHefiHo#l aare6per (cp. crp. 134—137).

BriTh MOXeT, emte 6GoJjee pELIHTENBHBIM [IPOrPeccOM sBJsieTcs
to, uto I'aycc B Tex ke Disquisitiones co3man Teopuio KOHeUHBIX
aGeneBbIx rpynn (cp. cTp. 68), KOTOpble BCTPEUYaAlOTCs TaM B YEeThl-
pex pasjiMuHBIX BHAAX: B BHAe aAJHTHBHON TPYNIMbl LeJbIX UYHCeN
no MoAyJaio m (m — uejoe 4YHCJI0), B BHAE MYJbTHIJIHKAaTHBHOH
rPYNMBl YHces, B3AUMHO MPOCTHIX C /M MO MOAYJIO M, B BHAe rpyn-
nbl KjJaccoB GHHAPHBIX KBaAPAaTHUHBIX (OpPM, HAaKOHeL, B BHIE
MYJIbTHIJIMKAaTHBHOH Ipynnel KOpHelt m-ii cTeneHu U3 efuHunbl. Kak
Mbl yXKe TroBOpuJiH, ['aycc Bce 3TH rpynnel TPaxkTyeT Kak aGesieBHl
rpynnel WJH, TOYHee roBopsi, Kak Moxayau Ham Z'). OH uayuaer ux
CTPYKTYDy, OTHOLIeHHsi u3omopduaMa u T. 4. [lo3nHee on ucciaenyer
MOZLYJIb «IEJbIX KOMIJIEKCHBIX uHced» a + bi kak GecKoHeuHBI MO-
oyib Haj Z,-u30MopGhH3M KOTOPOro ¢ MOAYJEM MEePHOLOB 3JJIHITH-
yecKHX GYHKUMH (KOTODBIH MM 3Ke GblJ OTKDBHIT B KOMIJIEKCHOH 06-
JlacTH) OH He MOr He 3aMeTHTb. JTa HJesl SIBHO NOSIBHJIACH YXKe, BO
BCSIKOM cnyuae, y Skofu, HanpuMep B €ro 3HaMeHHTOM A0Kasa-
TeJbCTBE HEBO3MOXKHOCTH CYIIECTBOBAHUS (YHKIHH C TPeMsi mepHo-
JaMH, a Takxe B ero B3rjsjaax Ha npobseMy obpamieHus abeaeBbiX
unrerpasos ({127}, t. II, crp. 25-—50). Bckope oHa mnpuBesna K
teopemam Kpouekepa ([136 al, 1. III, crp. 49—109).

3nreck TOT MOTOK, 3a HamnpaBJeHHeM H H3rH6aMH KOTOPOTO Mbi
clelHIH, CMelIHBaeTcsi C JAPYTCHM, OCTaBaBUIMMCs AOJTOe BpeMs
noaseMHbIM. Kak GyneT nerasbHO H3JI0XKEHO B JPYroM MecTe (CM.
cTp. 128), «uucrasi» reoMeTpusi B TOM CMBICJe, B KakOM ee MOHH-
MaJ{ B NPOLIIOM BeKe, T. €. N0 CYLIECTBY NPOeKTHBHAsi reoMeTpHd
MJIOCKOCTH M NMPOCTPaHCTBA Ge3 NPHUMeHEHHsi KOODAHHATHOrO MeTo-
na, 6ei1a cospana B XVII B. Jlesaprom [63]. Ero umeu, snauenue
KOTOPBIX NPaBHJbHO OLEHWJ Tako#l yueHnH, xak Pepma, u Hauau
ocylIecTBAATh TakoH, kak Ilackanab, Oblid Bce-TAaKuW 3aTeM 3a0bITHI,
NOTOMY 4YTO HX 3aTMHJ OsecTsiLUH ycrnex aHaJUTHUECKOH reoMer-
puu. [IpoeKTHBHOH reomeTpHeli CHOBAa CTaJiH [OJb30BAThCS TOJb-
ko x kKoHuwy XVIII B. 6aaromapss Mouxy, 3arem [loHcerne u ero
conepuukam, bBpuanmony u [lamo. OHa TO nOJHOCTBIO M CO3Ha-
TeJBHO OTHeAsach OT aHAJHTHYECKHX METOLOB, TO OKa3biBaJach
C HUMH BHyTpeHHe cBs3aHHoH (B I'epmanuu). Ho npoekTuBHBIE mpe-
o6pasoBaHusi, ¢ Kakof Obl TOUKH 3peHHs HX HH paccMaTpHBAThb
(cHHTeTHUeCKOH H/IM aHAJUTHYECKOH), sIBJSIOTCS He UeM HHHIM, Kak
JUHeHHBIMH [OACTAHOBKAMHU MPOEKTUBHBIX, HJIH «BGapHLeHTpHuUe-
ckux», Koopauuar. Konuueckue ceuenuss (B XVII B.), a nosnsee
KBaJPUKH, [POEKTHBHOE HCCJAEIOBAaHHE KOTOPHIX JROJTOe BpeMmsi
COCTAaBJSJI0O OCHOBHOH MpeJMeT H3yuYeHHsi 3TOH LIKOJBI, SIBJASIOTCS
He ueM HHBIM, KaK KBaApPaTHUHBIMH HOpMaMH, TeCHYIO CBsi3b KOTO-

1) Z — gonbuo ULenblx palHOHANbHBIX uyuced. — [Ipum. nepes.
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pHIX ¢ JHHe{HO! anre6poil Mbl OTMeuasu Bbime. Ko Bcem 3TuM
NOHATHSAM TPHUCOENHHSIETCS ellle MOHSITHe MOJSIPHOCTH, TaKkKe
BeefieHHoe [eszaproM. TeopHsi MOMIOCOB M MOJsIp CTAHOBHTCH B pY-
Kax MoHxa 4 ero nocjejfoBaTtesedl MOIIHBIM HHCTPYMEHTOM HJisl
npeo6pasoBaHHst TeOpeM reoMeTpHH. Bckope ona mosyuaer HasBa-
HHe npuHuuna ABoHcTBenHocTH. IlpaBpa, Helb3si yTBEpPXKAATb, UTO
Gbl1a 3aMeueHa CBsi3b NPHHIUNA IBOHCTBEHHOCTH C COMpPsSiKEHHLIMH
auepeHIaNbHBIME YDaBHEHUSIMH, eCJH TOJBbKO He UMETh B BUIY
ropa3no Gosee mo3nHee BpeMs (3Ta cBsi3b OblIa yKasaHa [IuHkepJe
B KoHile Beka). OqHako GblJIO 3aMeueHO, CBHIETEJIbCTBOM UeMY siB-
nserca paGora Illaas [46b], pomcTBO 3TOro mpuHuUHMIA C MOHATHEM
noJisipHoro cdepHueckoro TpPEyroJbHUKA, BBeIeHHOro B cdepHue-
ckyto reometpuio Buerom ({233], crp. 418) u Crensnnycom BXVIB. 1)
Ho nBOHCTBEHHOCTb B MPOEKTHBHBIX MPOCTPAHCTBAX SIBJSETCSH TOJb-
KO OJHMM M3 acleKTOB ABOHCTBEHHOCTH B BEKTOPHBIX MPOCTPAHCTBAX
C TOYHOCTBIO A0 TeX BHAOH3MeHeHHH, KOTOPble ONpEeNeNsifoTCs mepe-
xonoM OT a(®hHHHOrO MPOCTPAHCTBA K NMPOEKTHBHOMY (KOTOpOE siB-
JasieTcss ero (akTOP-MPOCTPAHCTBOM, €CJAH B KauecTBe OTHOLIEHH$
IKBUBAJEHTHOCTH MPHHSTH «YMHOMXKEHHEe Ha CKalspy).

XIX Bek, GoJgee uem n06oH Apyroit Bek B Halleil HCTOPHH, Gl 60-
rar MepBOKJACCHBIMH MaTeMaTHkaMH. Ha HecKojbKHX cTpaHuuax
OueHb TPYAHO OMHCATh, AaXKe eC/IH OrPaHMUMBaThbcs HanGosee xapak-
TePHBLIMH YePTaMH, BCe TO, UTO MPOU3BEJ BeCh 3TOT MOTOK HIeH, mpok-
Is1 yepe3 HX DYKH. Bckope HauuHaer omyliathes Heo6XOAHMOCTb
HEKOero reoMeTpHUYECKOro HCUHC/AEHHs, KOTOPOe HaXOAHJI0Ch Obl Tje-
TO MOCpeJHHE MeXAY UHCTO CHHTETHUECKMMH MeTOAaMH, KOTOpble
MOXHO CPaBHHUTb C NPOKPYCTOBBIM JIOXKEeM, Ha KOTOPOM J0GpPOBOJIb-
HO MDPUHUMAaJH MYKH HX BepHBIE MOCJeJOBATENH, C OJHOH CTOPOHHI,
M aHaJHTHYECKUMH METOJaMH, COEJHHEHHBIMH C MPOHU3BOJbHO Ha-
BSI3aHHOH MPOCTPAHCTBY CHCTeMOH KoopauHat, —c apyro#. O Ta-
KOM HCUHCJAEHUH MeuTasa (Ho He co3jgan ero) JledGHHI, oHO GHLIO
B BecbMa HecoBeplIeHHOM BuJIe HabpocaHo y Kapuo [39]. Cua-
yaja [OSIBASIETCs CJOXKeHHe BEeKTOPOB, HEsIBHO cojepikKalieecs Y
[Faycca B ero reoMeTpHuecKOfl HHTepHPETALHH MHHUMbIX uHCea H
MPHJIOXKEHHH HX K 3/JeMeHTapHOM reoMeTpuu (cp. ctp. 162). 3arem
BennaBuTHC pasBHBaeT METON «3KBHUMOJEHTHOCTH», U HaKOHel HC-
yhcaeHne npHobperaeT OKOHuaTenbHyoo ¢opmy y I'paccmana, Mé-
6uyca u Famuabrona. OgHospeMeHHO ¢ 3THM MéEGUyc cosnaeT NOA
Ha3BaHUeM «GapHLEHTPHYECKOrO MCUHC/IEHHs» BapHaHT, [PHCIIO-
co6/eHHbIN N5 HYXJI npoekTHBHOH reomerpuu ([160], 1. I).

B Ty Xe 3m0oXy M Te XKe MaTeMaTHKH COBepLIAIOT [epexo] OT
IVIOCKOCTH M «OOGbIYHOrO» MPOCTPAHCTBA K MPOCTPAHCTBY 1 H3Mepe-

1) TNoaspHblii TpeyrosbHUK Obla, NMO-BHAHMOMY, BmepBhle ymotpeGien Hacn-
pagaunoM-Tycu (XIII B.) B ero «Tpakrate 0 NMOMHOM UeTHIPEXCTOPOHHHKE» (CM,
nepeRof Ha pycckuil saspik B. A. Posendeanna). — [Tpum. nepes.
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EHi — 1Mepexofl, CTOJNb ecTeCTBeHHbI (CTOUT TOALKO H36paTh 3TOT
MyTb), YTO MHl BHIenaHu ero yxe y ®epma. 10T nepexon sB/asercs
HeH30eXHbIM, TaK KakK ajre6padueckde COOTHOLIEHHs, KOTOpPbe 1
IBYX M Tpex MepeMeHHbIX caMd co60i HHTepHpeTHPYIOTCs reoMet-
pHUeCKH, HMEIOT MeCTO M [1Jsi MPOMU3BONBLHOrO YHC/IA MepeMeHHBIX.
[TosTomy orpanvuuBath cebsi TeOMETPHUYECKHM S3bIKOM, COOTBET
CTBYIOLIHM MPOCTPAHCTBY TOJLKO Tpex H3MepeHHH, Oblio 6bl I4
COBPEMEHHOTr0 MaTeMaTHKa CTOoJb e HeyJOOHBIM sipMOM, Kak TO,
KOTOpOe Mellaso r'pekaM paclpoCTPAHHTbL MOHATHE YHCJIA HA OTHO-
IeHHs] HeCOM3MepHUMBIX BedHuHMH. [103TOMY TepMHHOJIOTHST U Hiew,
OTHOCSIIHECK K MPOCTPAHCTBY 71 H3MEPEHHH, MOSIBJASAIOTCS MOYTH
OJHOBPEMEHHO C pa3/IHUHBIX CTOPOH: B HesicHON ¢opwme y Taycca u
COBEpUIEHHO SICHO y MaTeMaTHKOB CJAeYIOUIero MoKoaeHHs. KMx
GOsblllasi WM MeHbllasi CMeJOCTb B MOJb30BAHHH A-MePHBIMH MPO-
CTpaHCTBaMH, GBITb MOXKET, He CTOJIbKO 3aBHCeJa OT UX MaTeMatH-
YeCKHX CKJIOHHOCTeH, CKOJIBKO OT UX (PHI0COMCKUX HJHU AaxKe UHCTO
NpaKTHYECKHX BO33peHHH. Bo BcsgkoM cayuae, okono 1846 r. u Kaan
u ['paccMaH yKe NOJb3YIOTCst 3THMH KOHIENIHUSIMM caMbIM Helpu-
HyIeHHbIM o6pasoM. KM 310, Kak rosopur Kaau B oTnuuue ot
[paccmana ([44]. 1. I, crp. 321), «He npubezas Hu K Kakomy meTa-
pusuueckomy norarturos. Kaau ocrtaercs Bce BpeMsi 6/JH30K K aHa-
JUTHUeCKOH HHTepnpeTanyd ¥ MeTOAy KOOpAMHAT, TOrga Kak y
[paccmana ¢ caMoro Hayaaa yXe IpH ONpeleNeHHH CJ0XKeHH:
BEKTOPOB B N-MepHOM MpPOCTPaHcTBe GepeT BepxX reoMeTpHUeCKHH
acrekT, MPUBOASIIMUE ero K paccyJAeHHsIM, O KOTOPHIX MbI BCKOpe
6yaeM roBOPHUTh.

Mexny teM ugeu I'aycca mo6GyKaaqun MaTeMaTHKOB K H3yUeHHIO
anre6p WM THIEPKOMIJIEKCHBIX CHCTeM ABYMs Pa3/HYHBIMH CIIOCO-
6amu. C ONHOH CTOPOHBI, MBITAJHUCh PACLIMPHTbL 06JacThb HeHCTBH-
TeJbHBIX UHCEN HHBIM Croco60M, YyeM MyTeM BBeJeHHsi K MHHMOH equ-
HuLpl» i = V —1, 4, takuM o6pa3oM, OTKPHITb cebe, GLITbL MOXKET,
Goslee OOIIMPHBIE U CTOJb Ke MJI0JLOTBOPHbIe 06J1aCTH, KakK 06/acTb
koMmmaekcHbix uncena. Cam Tayce ([95a], T. II, crp. 01780) Gbi yGe-
X JeH B HeBO3MOXKHOCTH TaKOro pacHIHPeHHsi, 0 KpaliHell Mepe ec/u
ILITATBCS COXPAHHTb OCHOBHbIE CBOHCTBA KOMIJIEKCHBIX 4YHCel,
T. e., TOBOPSi COBPEMEHHbIM f3LIKOM, Te, KOTOpble AeNaloT HX KOM-
MYTaTHBHBIM TeJoM. H1 TO /i nmoj ero BiMsiHHEM, TO JM He3aBHCH-
MO OT Hero coBpeMeHHHKH [aycca, KaxeTcsi, pasfelsuid ero
y6exieHue, KOTOpOe Tropasfo mno3fHee OblIO TOUHO 0GOCHOBAHO
Beiiepuitpaccom ([243 a], 1. II, crp. 311—332) B ero Teopeme. Ho
KaK TOJNbKO YMHOXeHHe KOMIIEKCHBIX 4hces OBLI0 MHTepPnpeTHpo-
BaHO NPH MOMOIIH MOBOPOTAa B IJIOCKOCTH, OKa3a/loch, 4TO A
paclIMpeHHs 3TOTO MOHSTHS HAa MPOCTPAHCTBO HEOGXOAMMO pac-
cMaTpuBaTb HEKOMMYTAaTHBHOE yMHOXeHHe (TaK KakK MOBOPOTH B
npoctpaHcTBe ofpasylor HeaGesneBy rpynmy). JT0 ofHa H3 Hied,
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KOTOpble PYKOBOAUJH ['aMUIbTOHOM !) NMpPH OTKPLITHH KBaTEPHHOHOB
{108], siBuBImMXCSt MepBBIM NPUMepOM HeKoMMyTaTuBHoro tesna. Oco-
6eHHOCTb 3TOro mpHMepa (eIHHCTBEHHOro, KaK 3TO MO3JHee IOKa-
3an ®pobennyc, KOTOpHH MOxkeT ObITh MOCTPOEH HajJ mojeMm JOeH-
CTBHUTEJbHBIX YHMCes) HeCKOJNbKO orpaHuHuuBana cdepy ero feicTBus
BONpeKH, a OBITh MOXKET, U BcaelcTBHe 06pa3oBaHus haHaTHUecKCH
IIKOJIB «KBATEPHHOHHCTOB». DTO CTpaHHOEe siBJeHHe elle pas Io-
BTOpHJIOCh ¢ COuuHeHueM [paccmana. 3areMm mnomyJsipU3aTopbl H3-
BJeKJAH U3 pabGor ['amusibtoHa um I'paccmMaHa «BeKTOpHOe HCUHCJe-
Hue». OTKa3 OT acCCOUMATHBHOCTH, MPOUCUIEUINH HECKONbKO MO3XKe
y Ipeiica u Kaau, xotopble mocTpounu «uucia Ksiaus, He OTKpBLI
uHTepecHbx myteil. Ho nmocie toro kak CuibBecTp BBesd MaTpPHIB H
SICHO ONpefleIU/l MOHsiTHe panra (He naB emy HasBauus) ([221],
1. I, ctp. 145—151), Kanu cozman maTpuuHoe ucudcaenue ([44],
1. II, cTp. 475—496), 3amMeTHB, UTO MaTpulla #BJseTCs JAUIIL Gojee
KPaTKUM 0603HaueHHeM HeKOTOpOH JHHeHHOH MOACTAHOBKH (BaxK-
HBIH (akT, BIOCAEACTBHH 4aCTO ymycKaeMbll U3 BHAY), TaK e Kak
u obosnauenme laycca (a, b, ¢) ans cdopmu aX? + 2bXY + cY2

HanoxeHHoe siBAsieTCcst JULIb OJHMUM U3 HauboJiee MHTEPECHBIX
IJIsi HAc acmeKTOB MHOrOYMC/JeHHbIX HccaenoBanuit CHabBecTpa U
Ksan o6 ompepesnutensix 1 o060 BceM, YTO C HUMH CBSI3aHO, — HUC-
C/leLOBaHHH, M300UAYIOIIUX 3aMbICAOBATHIMH TOXKAECTBAMU U Blle-
YaTASIOMUMY BHIYACTEHUSAMH.

'paccMan BBen (Hapsily C MHOTHMH APYTMMH MOHSATHAMH) TaKxke
anare6py Haj moJjieM AEHCTBUTENbHBIX YHCe], 2 HMEHHO BHEIIHIOW aJ-
re6py ({102}, 1. I}, koTopast HocuT ero uUMsi. Ero counHenue, npen-
[IecTBOBABIlIee MO BpeMeHH KHUre ['aMUJIBTOHA ¥ CO3MAHHOE MOUTH
B MOJIHOH NYXOBHOH H3OJISIMH, ROJrOe BPeMs OCTaBaJOCh MaJOU3-
BECTHBIM BCJEJCTBHe CBOeH OPHUTHHAJNBHOCTH, a TaKXKe BCJAENCTBHE
tduaocobckux HescHOCTeH, KOTODLIMM OHO H300UJI0BaJ0, UeM CHa-
yaja U OTTOJKHYJO, B yacTHocTH, Mé6Guyca. [IBUKHUMBI TeMH Ke
eAsiMU, YTO U ['aMUABTOH, HO TPAKTYys HX C Gojee HWIMPOKOH TOUKH
3peHust (KoTopas, KaK OH cKopo yOenuJcsi, coBmajgasja c BO33pe-
HUamu Jleit6uuua), I'paccman nocrpoua obumnpHOe adreGpauuecKu-
reoMeTpuueckoe 3JaHHe, B OCHOBe KOTOPOrO JexaJja reoMerpuue-
cKasi WJIH «BHYTPEHHsisi» KOHIEMIUsi (yXKe MNOYTH aKCHOMAaTHU3H-
pOBaHHAst) BEKTOPHOIO MPOCTPaHCTBA n U3MepeHui. M3 uncaa Hau-
6osiee 37eMeHTapHBIX Pe3Yy/JbTATOB, K KOTOPbLIM OH MpHILIEN, MpHBe-
JleM, HampuMep, omnpeleseHHe JHUHeHAHOH He3aBUCHMOCTH BEKTOpPOB,
onpejlejieHHe Pa3MepHOCTH, a TaKyKe OCHOBHOe COOTHOLIeHUe

dim V+4dim W= dim (V4 W)+ dim(V n W)

([102], ctp. 209; cp. [102], t. I, cTp. 21). Ho rnaBHBIM opynaHem
17151 UccaefLOBaHUN npo6JeM co6CTBeHHO JMHeHHOH ajare6ph, a 3a-

) CM. uHTepecHoe mpeiucnosHe K ero «Lectures on quaternions» (Jlekuuu
0 KBaTepHHOoHax) [108], rZe OH OMHUCHIBAET BCIO MCTOPHIO CBOETO OTKPHITHS.
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TeMm 1npobjeM CTPYKTYphl €BKJHAOBa MPOCTPAHCTBA, T. €. OPTOTO-
HAaJbHOCTH BEKTOPOB (B KOTOPOH OH HaXOAWT 3KBUBaJIeHT HeJOCTa-
BaBlleH eMy ABOHCTBEHHOCTH), ObLJIO BHelllHee W BHYTPeHHee yMHO-
JKeHHe NOJUBEKTOPOB,

Hpyroil nytb H3yueHHs THIEPKOMIIEKCHBIX CHCTEM, OTKPHITHI
['ayccom, uMeeT HCXOAHBIM MYHKTOM IleJble KOMIJIEKCHble YHCJIa
a + bi. OT HUX ecTecTBeHHO mnepeliTy K ajre6pam uau Gosee 06-
IIHM THMEPKOMIJIEKCHBIM CHCTeMaM HajJ KoJbLOM Z LeJbIX YHcenl H
noneM Q paumoHanbHbIX yuced. [Ipexne Bcero Gbla COBeplIeH Ie-
pexon K cucrteMaM, PacCMOTpeHHbIM ele ['ayccom, KoTopble mopo-
XKJAEHbl KOPHSMU U3 eJHHUIB], 3aTeM K noJsM ajre6panuecKux 4u-
cell ¥ K MOOYJSIM LeJabX anrefpandeckux uuces. [TepBuie cocraBu-
JIM OCHOBHOH mnpexMeT HcciaenoBaHuil KyMmepa, uayueHue mnocnaen-
Hux Obl10 npexnpuHsaTo upuxie, dpmutoM, Kponekepom u [eine-
KUHIOM. 3/1eCb, B NMPOTHUBOMOJOXHOCTh TOMY, UTO MPOQUCXOIHUT B ai-
re6pax Hajx noJjemM AefCTBHTEeNbHBIX YHCeN, HeT HeOOXONHMOCTH OT-
Ka3blBATbCSl HH OT OJHOTO H3 XapaKTePHCTHUeCKHX CBOHCTB KOMMY-
TATHBHHIX TeJ, H3yYeHHeM KOTOPbLIX orpaHuuuBanuch B XIX B.
Jlunefinbie cBOHCTBA M, HanpuMep, NOUCKU Oasnca AJs LEJbIX YHCe
nojsi (Heo6xoguMmoro pjsi o6uiero omnpefeseHdss AUCKPHMHHAHTA)
MrpalT AJs MHOTHX BONPOCOB CYIIeCTBeHHYIO poab. ¥ [leneknnpa,
BO BCSIKOM CJyuae, MeTOAbI CTAHOBSITCS THUIHYHO «THIepPKOMIJIeKC-
ubiMu». Cam [leleKHHI K TOMY e, XOTsi U He CTaBHJ nepex coboi
o6myio npobaeMy ajnrebp, XOpoIO CO3HABAJ 3TOT «THIIEPKOMILIEKC-
HbIH» XapakTep CBOMX PabOT W TO, YTO POINHHUT UX C pe3y/bTaTaMH
Befiepuitpacca, OTHOCSIIMMHUCS K TUIIEPKOMIIIEKCHBIM CHCTEMAaM Haj
nosiem nefictButeabubix uucesa ([60], oco6enno 1. II, ctp. 1—19).
B T0 ke BpeMsi onpeneseHne CTPYKTYPBI MYJAbTHIINKATHBHON [P yMIH
eUHUL B moJle ajre6panuecKux uuceJ, JaHHoe [[MpuxJe B ero 3Ha-
MenuTbix Memyapax ({71], 1. I, ctp. 619—644) u noutw ogHOBpeMeH-
#o dpmurom ([119], 1. I, ctp. 159—160), B BuIcIe# cTeneHu crmo-
co6CTBOBAJIO BLISICHEHHIO NMpPeNCTAaBAEHUsI O MOAYJAsX Hax Z, UxX cu-
cTemax o6pasyomux U o6 ux 6asucax, eclu OHHM CyIIecTBYIOT. 3a-
TeM MNOHsITHe HAeana, KoTopoe [lefeKHHJ ONpenenus IJsi moJei aJ-
re6panuecknx uucea (Kak MOAYJs HAL KOJbIOM LEJbIX YHCEeN Io-
as) ([60], t. III, ctp. 251), Torga Kak KpoHekep BBesn 3KBHBajeHT-
HOe MOHATHE AJIs1 KoJell NMOJHHOMOB ([Of Ha3BaHUEM «CHCTeMb! MO-
nyaei») ([136 a], 1. II, ctp. 334—342), naer mepBbI npumep Mo-
yJsi, OoNnpeneNeHHOro Haj KOJbLIOM, Gosee o6IMM, ueM Z. ¥ Tex
JKe aBTOpOB, a 3ateM y ['mib6epTa MOCTeneHHO MOSIBJSIETCS B ya-
CTHHIX CJyuasiX [OHsSTHe TPYNNBl C OmepaTopamy, a TaKXke BHIsAC-
HAETCS, UTO, UCXOAS U3 TAKOH TPYIMEL, BCErAa BO3MOKHO MOCTPOHTh
MOAYJb Ham NMOAXOASALIMM 06pa3oM OnpeleseHHEIM KOJIbLOM.

B 1o ke Bpems apudMeTnko-aare6panyeckoe H3yueHue KBajpa-
THYHBIX ¥ OUJIMHeHHBIX (POPM M HX «IpUBEEHUS» (WJIH, UTO TO XKe,
MAaTpPHI H MX «MHBAPHAHTOB») NPUBOAMUT K OTKPBITHIO OOLIHX MpHH-
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LUNOB pelleHHsi CHCTeM JIHHeHHBIX YpaBHeHHH — NPHHUMIIOB, KOTO-
pble M3-3a OTCYTCTBHS MNOHSITHS paHra YCKOJb3HYJAH oT Sxo6u!).
[TIpo6GneMa pelleHHst CHCTeMbl JIHHEHWHBIX YypaBHEHHMH C IeJbIMH
KosbduuneHTaMu B LeJBIX yucaax Oblla NoCTaBJeHa H pelleHa
LJSl 4acTHOro caydast DpMHTOM, a 3ateM B obueM cayuyae — CMH-
toMm ([210], 1. I, ctp. 367—409); peaysbrartbl nocaeaHero GblLIH
BHOBb HalizeHbl Tosabko B 1878 r. dpobennycom. Ha srtor pas ouu
SIBUJIHCb YAaCTbIO TOH OOIIMPHOH NporpaMMbl HCCJeLOBaHHH, KOTO-
past 6bia HaMeuena KpoHekepoMm M B KOTOpOit yuactBoBas Beiiep-
wrpacc. Ilonyrio KpoHekep B xofe cBoMX paGoT NpUmal OKOH-
yaTeJbHBI BHJ TeopeMaM O CHcTeMaxX JIMHeHHBIX ypaBHeHHi ¢ Hel-
CTBUTENbHBIMU (HJIH KOMIJIEKCHBIMH) Ko3(hduuuenramu. Ouu Gblin
TaKXe C MPUCYLLefi eMy TIIATEeNbHOCTbIO H3J0XKeHbl 3HaAMEHHTBIM
aBTOpPOM «AJIHCHl B cTpaHe yyjaec» 2) B MaJOH3BECTHOM Tenepb py-
kKoBojcTBe. UTo ke Kacaercs camoro Kponekepa, To oH He 3a60-
Tujacs 06 ony6JMKOBAHHH CBOUX Pe3y/abTaTOB, OCTaBJSAsS 3TO CBOUM
KoJljieraM M Y4eHHKaM; Jaxe CJOBO «paHr» OblJO BBEAEHO TOJBKO
®pobernycoM. Takke B cBOMX JeKuHsx B DepaunHckom yHHBepcH-
tere Kponekep [136 b] u Befiepiurpace BBesiM «aKcHOMaTHYECKOe»
NOHATHe onpeneduTensi (Kak OOJHJIHHENHOH 3HAKoNepeMeHHON
(GYHKUMHM 7 BEKTOpPOB B NPOCTPAHCTBe AN H3MepeHHH, HOPMHPOBaH-
HOH TaK, 4TO OHa MpHUHHMaeT 3HauyeHus | AJs elMHUUYHON MaT-
pHIBI), 3KBUBAJEHTHOE TOMY, KOTOpPOe BBHITEKAaeT H3 HCUHCIeHHUS
I'paccmana. B cpoux jexkuusix KpoHekep, He UYBCTBYsi HeoGXOmH-
MOCTH B 0cOG0M HAWMEHOBAHUM U ellle He BHYTpeHHUM 006pasom,
TaKXe BBeJ TEH30pHOe NpPOH3Be/leHHe MPOCTPAHCTB M «KPOHEKEepPOB-
CKOe» yMHOXKeHHe MaTpull (JAHHeHHAasi MOJACTAHOBKA, WHAYIHPOBAH-
Hasi B TEH30PHOM MPOM3BeNeHHU NAHHBIMH JHHEeHHBIMH MOACTAaHOB-
KaM¥, NPUMEHEHHbBIMH K ero COMHOXHTEJsIM).

OTH M3bICKAHUSI He/b3sl TaKkKe OTAEJHUTb OT TEODHM HHBAPHAH-
TOB, co3faHHoi Ksuu, dpmutom n CuibBecTpOM («HHBApHAHTHASA
Tpouuar 3), Kaxk Mo3jHee HA3bIBAJ 3THX yUeHBIX DPMHUT B CBOHX [HCh-
Max). Dta TeOpHs C COBPEMEHHOH TOUKH 3DeHHs SBJSETCS Npexkae
BCero TeopHell npeacTaB/eHHH JHHeHHBIX rpynn. Tam BeisiBJAfeTcs,
yro ajare6padyeckMM SKBHBAJEHTOM INOHSTHsI ABOHCTBEHHOCTH B
NpPOEKTHBHON TreOMeTPHH SfIB/IAETCS pasjiuyeHHe MeXIY MocjenoBa-
TeJbHOCTSMH KOTPeJHeHTHBIX M KOHTparpeiHeHTHBIX NepeMeHHHIX,
T. €. BEKTODAMH B HEKOTODOM MNDOCTPAHCTBE U eMY COMNpPSAKEHHOM.
M rtorma kak panblle BHUMaHHe YyAeNnsJ0oChb (OpMaM HH3IIHUX

1y O kJaaccuuKal{H CHCTEM A yPaBHEHHH C 7 HEH3BECTHBIMH, KOTAa ompeje-
nuTesb paBeH HyJo, ok rosoput: «paullo prolixum videtur negotium» (ona me
MoxeT ObITb KpaTKo HcroskoBauna) ([127], . I11, cTp. 370).

2) Ksppon Jlpiouc (nuTepaTypHeiii MceBAOHHM; HacTosimee uMa Yapans
Hoaxcon), 1832—1898. TNpodeccop matematukn OKcOpPACKOro yHHBepCHTETA.—
Hpun. peo.

3) B opurunajne «la trinité invariantive». — [Ipum. nepes.
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NopsiiKoB, a 3aTteM ¢opMaM MNPOH3BOJNBLHOrO mopsiika or 2 u 3
nepeMeHHbIX, Tenepb GblJ cOBeplleH NMepeXod K HCC/leOBaHHIO GHJIH-
HelHBIX, a 3aTeM [MOJUJIUHEHHBIX (OPM C HECKOJbKHMH INOCJeN0-
BATeJbHOCTAMH «KOIDEeIHEeHTHHIX» WJH «KOHTPArpelHeHTHBIX» Ie-
peMeHHBIX, UTO 5KBHUBAJeHTHO BBeJeHHIO TeH30poB. Ilocaennue
HauWHAIOT pAacCMATpHUBATbCAd CO3HATENbHO M NPHOGPETAIoT nomny-
JSIPHOCTb TOCJe TOro, Kak IM0J BJHsHHeM TeOpPHH MHBAPHAHTOB
Puuuu u Jlesu-Uusura B 1900 r. BBOAST B aHddepeHIHANbHYIO Ieo-
MeTPHIO «TeH30pHOe HcuucaeHues» [185], KoTOpoe 3aTteM BOLLIO B
MOIY BCJEICTBHE ero NMpUMeHeHMsl «PeJSTHBHUCTCKUMHU» (PU3UKaAMHU.
[IporpeccuBHOe B3auMHOe TPOHHKHOBEHHe TEODUH HHBAPHAHTOB,
nupdepeHuHaIbLHON TeOMETPUH, TeOpHH AHG(epeHIHAAbHBIX ypaB-
HeHMH C YacTHBIMM MPOW3BOAHBIMH (OCOGEHHO TaK HasbiBaeMmasi
npo6iema Ilbadda u ee o6o6iieHne) NpUBOAAT K TOMY, YTO Treo-
MeTpbl HaUWHHAIOT MaJjo-lioMaJjJy paccMaTpuBaTh cHadana 3HaKo-
nepeMeHHble GUIUHeHHble U epeHnHaNbHble DOPMBI, B YACTHOCTH
«OUJINUHeHHBIH KOBapuaHT» (opMel 1-ro nopsika (BBeieHHLI B
1870 r. JlunmuueM 1 usydeHHbii ®pobGeHHYCOM), UTO BNOCAEACTBHH
npuBoaut . Kaprana ([40a], 1. II, crp. 303—396) u Ilyaukape
({181b], . I1I, rn. XXII) k cospaHHIO HCUMCIEHUS] BHEWIHUX Audde-
peHuuaabHBIX GopM. [ass o6pasoBaHUs HHTEerpajibHbIX HHBapHaH-
toB [lyankape BBOAMT MX KaK BHIDAXKEHHs, CTOSIIMe MOJ 3HAKOM
KpaTHBIX HHTerpanoB, toraa kak KapraHn, noGyxKiaaeMmblii CBOMMH
U3BICKAHUSMU B o6sacTu Teopuu aJnarebp, naer uMm 6ojiee dopMalib-
HOe onpenesieHNe, 3aMedasi MPH 3TOM, yTO ajrebGpanyeckue NMpaBuaa
HCUHC/IEeHUS A HUX SKBMBAJeHTHBI BHelIHeMy yMHOXeHHIo ['pacc-
MaHa (OTKyZa M [POM30ULJIO MX Ha3BaHue). DTUM ObLIO OKOHYA-
TeJbHO YCTAaHOBJEHO MecTo B MaTeMaTHKe TPyaoB I'paccmana.

[TepeBoa ucuucieHMss BHelIHHX AuddepeHNHaNbHBIX GOPM Ha
sI3bIK TEH30PHOTO HCUHCJeHHsi HeMoCPeACTBEHHO MOKa3biBaeT CBA3b
HOBOTO HCUUC/NEHUS C aHTHCUMMeTDHYeCKMMH TeH3opaMu. Ecau
BCTaTh Ha YHCTO ajre6paudyecKkylo TOUKY 3PEeHHUsl, TO MOXKHO CKa3aTh,
4TO KOCOCHMMeTpHUYeCKHe TeH30Dbl TaK OTHOCSITCS K 3HAKOrepeMeH-
HbIM [OJIMIHHeAHBIM (OpMaM, KaK KOBADHAHTHble TEH30PBl — K
Jo66IM nosunuHeHBIM GopMaM. CoBpeMeHHasi TeOPHsi MpeaCTaB-
JIeHH#l JHHeHHOH rpynmnel eme 6oJiee NMOMOraeT YsICHHTb 3Ty TOYKY
3peHust. Tak, HanpuMep, C ee MOMOIUBIO MOXHO YCTAHOBHTB, YTO
onpeneseHde JeTepPMHHaHTa, naHHoe Beitepmrpaccom u Kponeke-
poOM, U onpefesieHHe, BbITeKalollee M3 HcuHucIeHUs ['paccmana, no
CYIUECTBY TOXKIECTBEHHBI.

Mu nopomay, takuM 06pa3oM, K COBPeMeHHOR 310Xe, KOrna ak-
CHOMAaTHYECKHH MeTOJ ¥ MOHSITHe CTPYKTYPHl (CHAyala HHTYHTHBHOE
M TOJIBKO COBCeM HelaBHO TOYHO ONpeJe/eHHOe) MO3BOJIMIH OTHe-
JHUTb TOHSITHS, KOTOPHe OblM npex e 6e3Ha exHo 3anyTaHbl, chop-
MYJHPOBAaTbh TO, YTO OBLJIO HESICHO HJHM YCKOJAb3aJ0 OT CO3HAHHS,
J0Ka3aTb B oflieM BHIe TeOpeMbl, KOTODble ObIJIM H3BECTHBI JIHILUbL
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JUIs. 4acTHHIX cayyaeB. [leano, omguH H3 co3nareleil akcuomaTrHye-
CKOTO METOJa, a TAKXe OJWH H3 MepPBbIX MaTeMaTHKOB, 110 AOCTOHH-
CTBY OLleHUBIIMX npousBeneHHe I'paccmana, nan B 1888 r. ([177b],
ra. 1X) akcuomaTHueckoe onpejejeHHe BeKTODHBIX MPOCTPAHCTB
(xOHeyHOro Wi GeCKOHEUYHOro uucsa M3MepeHdH) Haja nojeMm Jei-
CTBUTEJIbHBIX UHCEJ] H, IPHUMEHHB BIOJIHE COBDeMeHHble 0603HaUeHHUs],
onpeneuN JuHelHbie 0TO6paXKeHUs1 OJHOrO0 NPOCTPAHCTBA B JIPYroe.
Heckosnbko noske [TnHkepJie HIIET NYTH 1/ pacUIMpeHUst NMPHJIO-
KeHHg TaK NOHHMaeMOH JHHeHHOH a/jre6pel K TeOpHH (PYHKUHI B
HanpasJeHHH, KOTOpoe, NpaBaa, OKasajoch Majlo MJIOJOTBOPHEIM.
Ero Touka 3peHHsl N03BOJK/AA eMy 1O KpailiHell Mepe yBUIeTb B «CO-
npsiKeHHOM ypaBHeHHH Jlarpau:ka» 4acTHHIH caydyall compsiKeHHO-
ro JuHefiHoro oro6paxenusi. Bckope (B 3ameuaresbHbIX paborax
I'uab6epra W ero WIKOJBI, NMOCBSIIEHHBIX THJAbOEPTOBBIM MPOCTPAH-
CTBaM W HX NPHJIOXKEHHIO K aHajJH3y) 3Ta CBsA3b BLICTyNHJa eule
sicHee KaK [/t OObIKHOBEeHHHIX nuddepeHLHa/NbHBIX YpaBHEHHH, TaK
W 1J51 YpaBHeHHH C yacTHRIMH npousBoaHbiMu. [lo nmoBony 3THX noO-
caenuux usbickauuil Ténaun [224 a], Takxke BBoas camoe O6uiee
BEKTOPHOE NPOCTPAHCTBO (HO TOJBKO C NOMOLIbIO KOOPAHHAT) Haj
noJjieM NefCTBHTEJbHLIX 4HCes, OOHAPYXKHJ, UTO TeOpHsi OmnpenesHu-
Tesell He HyXHa [JJis J0Ka3aTelbCTBAa OCHOBHBIX TeOpeM JIHHeHHOH
anre6pel, a 3TO Ho3BoJseT 6e3 TpyAa PacnpocTpaHuTh HUX HA MpO-
cTpaHcTBa OeCKOHEUHOro uucsaa u3MepeHHi. 3aMeueHHbllt Ténau-
neM (pyHmaMeHTanbHBId (paKT 03HAuAET TAKXKe, UTO B TAKOM aclieK-
Te NuHelHas anarebpa, oueBHAHO, NMPHMEHHUMA IpH JMOGOM OCHO3-
HOM IoJle.

C npyro#i cropoHml, nocje BBeaeHuss Bawaxom B 1922 r. mpo-
CTPAHCTB, HOCSIIUX ero uMs '), B oaHOH npo6ieme, KOTopasi, npaB-
na, SIBJSIeTCsl HACTOJbKO e TOMOJOrHYeCKOH, HACKOJbKO H aJre-
6panueckof, BCTPETHJHCh MPOCTPAHCTBA, He H30MOp(HEIe CBOEeMYy
COnpsi2KeHHOMY (cM. cTp. 226—229). YKe MeXAy KOHEYHOMEPHBIM
BEKTOPHBIM [POCTPAHCTBOM M €My CONPSIXKEHHBIM He CYIeCTByeT
«KaHOHHYECKOro» u3oMopdusaMa, T. e. ONpeleNsieMOro CTPYKTYpo#,
YTO JaBHO MOJYYMJIO CBOe OTpaxKeHHe B PasJHYeHHH MNOHATHS KO-
rpeiHeHTHOCTH H KOHTparpeiHeHTHOCTH. TeM He MeHee pasjuyMe
MeX1y MPOCTPAHCTBOM H €My CONpPSKeHHbIM OBLIO YCTAHOBJIEHO
Juine nocjae pabor DaHaxa # ero WKoAb. DTH paGOThl BbISIBUJIM
TaKxkKe HHTepeC MOHSTHS KopadMmepHocTH. YUTo Kacaercs QBOMHCTBeH-
HOCTH MJIH «OPTOrOHAJbHOCTH» BEKTOPHBIX MOANPOCTPAHCTB HEKOTO-
pOro MPOCTPAHCTBA W €My CONPSIKEHHOro, To crnocob, KOTOPhIM OHA
Tenepk (OPMynuUpYyeTCsl, NPeACTaBJAseT He TOJAbKO YHCTO BHelIHee
CXOACTBO C COBPeMeHHOH (OPMYJHDOBKOH OCHOBHOH TeOpeMHl Teo-
puu Tanya, a Taxxe npuHuunom asoficTBeHHocTH [ToHTpsiruna mas

1) 1o noJHbIE HOPMHPOBAHHblE BEKTOPHLIE IMPOCTPAHCTBA Hajd mMoJjeM faei-
CTBHUTEJIBHBIX HJIH KOMIIJIEKCHBIX YHCeJ.
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JIOKAJbHO KOMNAKTHBIX afeeBbiX rpynn. STOT NPHHIMI BOCXOIHUT K
BeGepy, kotopeiit B 1886 r. B xone cBoux apudMeTHYECKHX HCCJle-
JOBaHHH 3aJI0XKHJ ero OCHOBBI AJisi KOHeuHblx rpynn [241d]. B reo-
pun Tanya upess «IBOHCTBEHHOCTH» MeXAY MOATPYNNaMH H MOINO-
nsamu opopmasiercss y Jeneknuna u T'nanbepra. A uges opTOroHasdb-
HOCTH MECXKAY BEKTOPHBIMH MNOANPOCTPAHCTBAMH C OYeBHIHOCTbHIO
BHITEKAEeT cHauaja M3 JABOHCTBEHHOCTH JHHEHHBIX MHOroo6pasuii B
NPOEKTHBHOH reOMeTpPHH, a TaKkKe W3 MOHATHS H CBOHCTB OPTOro-
HaJLHBIX JIOMOJTHEHHH B €BKJAMIOBOM M THJIbOEPTOBOM [pPOCTPaH-
cTBax (OTKyJa M NPOHCTeKaeT ero HasBaHue). B Hame BpeMsi Bce
3TH HUTH coGHMpAalOTCsl BOeNHHO B pykax aJrebpaucrtoB . Hérep,
AptuHa u Xacce M TOMOJOrOB, TAKMX, KaK I1OHTPATHH ¥ YHTHH, He
6e3 B3aMMHBIX BJHSIHUHA, OKa3blBaeMBIX HMH JDYT Ha Apyra.

OnHOBpEMEHHO NPOH3BOLHTCS KPHTHUECKOe HccJenoBaHue C (le-
JIBIO HCKJIIOYHTb B Ka)KAOM MNYHKTe THIOTe3Hl, He sBJASIOIINECs CO-
BeplleHHO HeOOXOAUMBIMH, H OCOOEHHO Te, KOTOpble 3aKPLIBAIOT jBe-
pH M3BECTHBIM NpHJOXKeHHAM. Tak, GblJI0 3aMeueHO, YTO B MOHSITHH
REKTOPHOTO MPOCTPAHCTBA MOXKHO 3aMEHHTb MOJsi KOJAbLAMH H, CO-
3naBas ofllee NMOHSTHe MOAYJS, TPAKTOBATh eIHHOOGPA3HO 3TH NpO-
cTpaHctBa, abejeBbl TPYNMNbl, ChelnxaJbHble MOAYMAH, YKe H3yueH-
Hole Kponekepowm, Beiiepmirpaccom, Henekuupowm, Llrefinnuem, u
Igaxke TPYIMbI C OEPAaTOPAMHU H, HanpuMep, NPHAOXKHTh K HUM Teo-
pemy JKopnana — I'énbnepa. OnHOBPEMEHHO NyTeM DasJHuyeHHs
npaBbiX M JeBbIX MOjyJed coBeplliaeTcs Nnepexojn K HEKOMMYTaTHB-
HOMY cJyuailo, K yeMy NPHBOJAMJIO COBpPeMeHHOe pa3BHTHE TeOpHH
anre6p amepukanckoil (Benep6opH, [IukcoH) u ocobeHHO HeMeIKOil
(3. Hérep, ApTHH) HWIKOIAMH.

HakoHell, coBceM HeqaBHO MOSIBUAAChL NOCAeHSIsE TeHAEHIHs, KO-
TOPYIO 31ecCh cJelyeT OTMEeTHThb; JUHeapu3alus Teopuu [anaya, co-
nepxainasica B 3apoabiuie B TeopeMme [enekunpa ([60], 1. III,
cTp. 29) o JAMHeHHON He3aBHCHMOCTH JIOGHIX aBTOMOD(PH3MOB o,
6biia 3aBeprieda AptuHom [5a], 3arem Gbuta ofobuieHa Ha Mpowus-
BOJIbHBIE DACIIUPEHHS] KOMMYTATHBHBIX H [arKe HEKOMMYTaTHBHBIX
tea ([128], ra. VII).
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Teopus noseft W TecHo c Hell cBf3aHHAs TeOpPHs MHOTOUJEHOB
GepyT cBOe Haya/j o OT TOH 4aCTH KJaccHuecKod anareGphl, KoTopas
6blsia B LleHTpe BHHMaHHs BMJIOTh g0 cepeaudnl XIX B. Mb umeem
B BHAY pellleHHe ajre6panvyecKUX ypaBHEHHH W SKBUBAJEHTHBIX HM
npo6JeM reoMeTpHYECKHX MOCTPOEHHH.

[TonbiTKa pewinTh anre6panueckoe ypasHeHHe cTeneHu > 1 cpasy
e HaTaJKHBaeTCss Ha COBepPUIEHHO HOBBIe TPYAHOCTH, TaK Kak He-
M3BECTHBIE yXKe He MOTYT ObITh ONpejeseHbl C NIOMOLIBIO PAlHOHAJb-
HBIX OMepaluil HaJ AAaHHBIMH BeJHUHHAMU. DTy TPYAHOCTb AOJIKHEI
OblIM 3aMeTHTb yXe OueHb J1aBHO, M OJIHUM M3 HauboJiee BAXKHHIX
BKJIaJJOB BaBHJIOHSH CJeIyeT CUHTAThb TO, UYTO OHH CYMeJH CBeCTH
pellleHHe KBaApaTHBIX M OMKBAjADATHBIX yPaBHEeHHH K OXHOH HOBOH
anreGpanyeckoll omepaluHd — U3BJEUEHHIO KBAaAPATHOrO KOPHS, UTO
NOKa3biBaeTCsl HaJHuyMeM B JOLIENLIMX [O HAc TeKCTax GOoJbIIOro
KOJIMUECTBA UHMCJOBBLIX YPaBHEHHH, pellleHHBIX WMEHHO 3THM CIIOCO-
6om ([166], cTp. 183—193). AHTHYHOCTL He TNpPOABHHYyJa HaJblie
¢opmasIbHOrO HCUUCJ/IeHHs, OTHOCALIerocs K npobJjeMe pelleHus aJ-
re6panueckux ypaBHeHHH. JlefiCTBHTENBHO, TPeKH KJ/acCHUYecKOi
3MOXH OTPAHHYHJINCH TeM, YTO BHOBb HAlJIH BABHJIOHCKHE (HOPMYJIbL
8 TreOMeTPDHYECKOM BHJe, a ynorpeGieHHe HX B anre6pauyeckoi
dopme He 3acBuAeTe bCTBOBAHO paubile 'epona (100 r. H. 3.) u
Iunodanra.

OnHako B JpYyroM HamnpaBJjeHUH TPeKH CHesajd peliuTe/ibHbIH
war Brnepeld. Mbl MaJjio OCBEIOMJIeHbB O TOM, KaK BaBUJIOHSIHE TPaK-
TOBaJH KBajJpaTHble KOPHH W3 HENOJHBIX KBaApaToB'!) W Kak oHH
X NOHHMAJH: B TOM HeGOJbLIOM YHCJe TEKCTOB, KOTOpble 10 Hac
JIOUIJIH, OHH, KaXeTCs, JOBOJbLCTBYIOTCSl HOCTATOUHO TPYOGBIMH MpH-
oauxenusmu ([166], ctp. 33—38). B nudaropefickoit wmkose, rue
6BII0 CTPOTO YCTAaHOBJIEHO MOHSTHE COM3MEPHMBIX BEJHUHH, C KOTO-
PHIMH CB$I3bIBAJIMCh UYThb JIM He PeJUTHO3Hble NPeICTaBJeHHs, Takas
TOUKa 3PeHHs OKasaJjacb HempHemJieMoH. B03MOXKHO, 4To Heymauu

1) Bo Bcex npumepax KBafpaTHbIX M OHKBajJpaTHbIX ypPaBHEHHH, BcTpeyaro-
(IMXCsi B BABHJIOHCKHX TeKCTaX, HaHHble MOROGpaHbl TaK, 4YTOOBl NOA KOpPHEM
CTOAJ TOJHBIF KBagpar.
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MHOTOUMC/IEHHBIX NMOMBITOK BBIPA3UTh PALHOHAALHO } 2 H mpuBean
HX B KOHlle KOHLOB K [0Ka3aTe/lbCTBY €ro HPpPalMOHAJbHOCTH ').

Mpr Gyzem roBOpHThL B ADYroM Mecte (cp.ctp. 150) o Tom, kKakoe
ry6oKoe BJHSIHHe 0Ka3aJjo 3TO OTKPHITHe, siBUBIIeecsi BaXKHHIM I10-
BOPOTHBIM NYHKTOM B HCTODHM MATeMaTHKM, Ha TOHSTHE «UHCAa»
y TPEKOB M KaK OHO NpHBeJO HX K CO3LaHHIO ajre6pbl, Hocsaued
UCKJIIOUHTEJIbHO reoMeTpuyeckuil xapakrtep. B srofi ajreGpe rpekH
HalIK cnoco6 npeacraB/eHust (WJad, ObITb MOXeT, J0OKA3aTeabCTBO
«CyleCTBOBAHHAY») HECOM3MEPUMBIX OTHOLIEHUH, KOTOpble OHH OTKa-
3BIBAJHCh CYHTATh yucaamy. Yame Bcero oHM cBOAHMJHM aldreGpanye-
CKyI0 npoGJeMy K HaXO0X/JIEHHIO TOUKH NepeceueHHs ABYX BCromora-
TeJbHBIX KPHUBBIX, BHIOPAaHHBIX NOJXKHBIM 00pa3oM, HJIH K HeCKOJb-
KUM TOC/Je0BaTeJbHBIM ONpefeeHusiM Takux touek. [Tosmuue tpa-
UMY, He 3acayxuBamomue 60abu1oro foBepus, Bo3soast k [laarto-
Hy BBelleHHe NepBOH KiaacCHOHKAalLMW TAKHX [OCTPOEeHHH, KOTODHIM
Gblj1a npefHa3HayeHa jpoJras u OJecTsiasi Kapbepa: no-BUIUMOMY,
no coobpaxeHusMm Gosee hua0ocoPCKOro, 4eM MaTeMaTHUeCKoro, xa-
pakTepa OH BBIAENHJ MOCTPOEHHUS C MOMOIIBLIO «UHUPKYJs U JHHeH-
Kn», T. €. TakHe, B KOTOPBIX B KauyecTBe BCIIOMOraTesJbHBIX KPHUBBIX
GepyTcsl TOJIBKO mpsiMble W OKpyxHocTH ?). Bo Bcskom cayuae, EB-
kaug B «Hauasax» [80] orpaHuuuBaeTcss pPacCMOTPEHHEM TOJABKO
Takux npoGJeM, KOTOpble Pa3peUlMMBl 3THM Crnoco6oM (He JaBas
UM, OfHaKo, oco6oro Ha3BaHus). IT0 06CTOSITENbCTBO, Ge3 coMHe-
HUS, HeMaJo clocoGCTBOBAJO MPHUBJAEUEHHIO BHUMAHUSI MaTeMaTHKOB
noc/eylomuX BeKoB K TakuM npo6iemaM. Ho mbl Tenepe 3naem 3),

1) Omuu M3 COBPEMEHHbIX aBTOPOB OCTPOYMHO 3aMEeTHJ, YTO KOHCIPYKUHS
NpaBHABHOTO 3BE3QUATOr0 MNATHYrOJNbHHKA, MW3BecTHoro nudaropefinam (oH sB-
RAJACSA Y HAX OJHHM W3 MHCTHUeCKHX CHMBOJIOB), HEMeJJIEHHO NPHBOJHUT -K [0Ka-

3aTeJbCTBY HPPALHOHAMBLHOCTH V5. On NPeAJIOXKH THIOTe3y (KOoTopasi, K CoXa-
JIeHHIO, He MOJTBEPIKIAeTCs HHKAKUM TEKCTOM), YTO HMEHHO 3THM CMOCO60OM MH-
(aropefillbl OTKPHJIH HPpaLMOHaNbHbIe yHucaa [237].

2) B cBa3u ¢ 5THM NpHHUMNOM [InaTOHY NPHNHCHIBAIOT TaKXe KJacCH(HKa-
HMIO TIOCKHX KDHBHIX Ha <«IJIOCKHE TeoMeTpHUecKHe MecTa» (Npsivast u Kpyr),
«NPOCTPAHCTBEHHbIe T[eOMETPHUECKHe MeCTa» (KOHHYECKHe CeueHHd [MOJydaeMble
KaK TJOCKHe CeueHHs MPOCTPAHCTBEHHOrO Tesa, KOHyCa); BCe OCTafbHble KPHBBI®
HA3BIBAJIHChL «TOTO Y papixol». JII0O6ONBITHO, YTO BJHAHHE 3TOH KJIACCH()UKALHMH CKa-
3ajoch eme Ha J[lekapre, xoTopelli B cBoeli «['eoMeTpuu» OTHOCHT K OfHOMY M
TOMy e «DOJYy» YDaBHEHHs cTelleHH 21 — 1 u 21 WMeHHO NOTOMY, 4TO ypaBHe-
Hus cTemeHd 1 u 2 pewaioTcs ¢ MOMOLIBIO MEPECeYEHHs «IJIOCKHX reOMeTPHYECKHX
MeCT», a cCTemeHH 3 H 4 — «IIPOCTPAHCTBEHHBIX reoMeTpuueckux Mect» ([64a],
r. VI, crp. 392—393, pycckuii nepesox crp. 320—327).

) OmnpenenenHe TOUEK NepecedeHHs NMPAMOH H OKPYMKHOCTH (WJH IBYX OKPYXK-
HOCTE€il) 3KBHBAJIEHTHO peLIeHHI0 OJHOr0 KBAaApaTHOro YpaBHeHHs, Ko3ddu-
LUMEHTH KOTOPOro fABJAKTCA pAaUHOHAJbHBIMH (QYHKIMAMH Ko3(dHUHEHTOB pac-
cMaTpHBaeMbIX YPaBHeHHH MPAMOH M OKDPYXHOCTH (MM ABYX OKpyXHocTeil). U3
3TOro JIerko 3aKJ/IOYHTh, YTO TOYKA, NMOCTPOEHHAs «IHDPKYJEM H JIMHEHKOH», HCXOxst
U3 3aJaHHbIX TOYEK, NPHHAJJEXHT paclinpeHuio L noas Q pauuoHanbHBIX YHcel,
KOTOpOe MoJyyaercs CJaedyiowuM o6pa3oM: ecan K —mose, MoJydeHHOe MyTeM
npucoenHenus k Q KOOPIHHAT 3aJaHHBIX TOYEK, TO CYLIECTBYeT BO3PacCTaio(as
nocnegoBatebHocTb nodtedt (L;), 0 <C i< n, npomMexyrounsix mMexay K u L u yno-
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yTO aJjre6panueckhe ypaBHEHHS, KOTOpble MOXKHO PEIUHTh «LUHPKY-
JieM H JHHeAKoi», ABJSIOTCS YpaBHEHUSMH OueHb ChellHaJbHOro BHU-
J1a; B YaCTHOCTH, HeNMpHBOAHMOe (HAJ 1noJjeM panuoHAaJNbHBIX UHCEN)
ypaBHeHue 3-# cTeneHH He MOXKeT ObITb pelIeHO TaKHM COCO6OM, U
rPeKH y¥Ke OueHb DaHO BCTPETHU/IMCh CO 3HAMEHHTBIMH 3ajJauamy
TAKOro poga: yaBoeHHeM Ky6a (T. e. pelleHHeM ypaBHeHHs X3 = 2)
u Tpucekuuedt yrna. KsaapaTypa Kpyra nocraBuJa HX, C APYro#
CTOPOHBI, Nepel npo6sieMoll TpaHcUeHAeHTHOCTH. s Toro utoGhl
pelIuTh 3TH NPOGJeMBl, TPeKH BBOJAUIM MHOTOYHC/IEHHble anreGpan-
yeckHe (KOHMUEeCKHe cedyeHHsi, Luccoupa [uokjeca, xkouxouga Hu-
KoMezna) W TpaHClLeHAeHTHble KpUBHle (KBajapaTpuca [unoctpara,
cnupadb Apxumena), uTo noGYAMIO HX HauaTb HUCClieJOBaHHe 3THX
KPUBBIX. OTHM Obla NOATOTOBJeHA MnoyBa AJA OyAyLero pas-
BUTHsI aHAJHTHYECKOH TreOMeTpHH, ajre6panyeckofi TeOMeTpHH H
vcuucjeHus OGeckoHeuHO MaJnbX. Ho 3TH MeTOABl He CHocoGeTBO-
BaJiM yclexaM B pelleHMM ajnre6panueckKHX ypaBHeHHH '), u enun-
CTBEHHOM aHTHYHOH pabOTOH, BHecllel 3HAUUTeJbHBIH BKJAag B
3TOT BONPOC M OKa3aBlleH AJNHTeNbHOe BJHsiHHEe Ha aJjreGpaucToB
CpeiHHX BeKOB H 3m0xH Bospoxkienus, Oeia X Knumra «Hauan»
Esksauna [80]. B aToil KHure (OCHOBHBIE NPHHLHIB KOTOPOH HEKOTO-
pble HCTOPHKH HayKH ObITaloTCs BO3BecTH K Testery) EBkaupa pac-
CMaTpHBaeT BHIPAXKEHHs, NoJyyaeMble NyTeM COUYETAHHSI HECKOJbKHX

panuKaJoB, KaK, HallpuMep, V\/a + Vb (rneaub— pauuoHaib-
HbE), TPUBOAUT YCJOBHS, NPH KOTODBIX 3TH BBIPAXKEHH$ ABJIAIOTCS
MppalHOHaJbHEIMHU, pa3bUBaeT HX HA MHOrOUYMC/IEHHBIE KaTeropHu
(IoKasbIBasi, UTO OHM OTJIMUHBI APYT OT ApPYyra) u uayuaer asareGpau-
yecKHe COOTHOIIEHHs MeXIy 3THMH DPasJHUHBIMH HPpalHOHAJBHO-
CTSAIMH, HarmpUMep Takoe, KOTOpPoe Mbl OBl Telnepb 3amnucasy cjaelyio-
muM 06pas3oMm:

= 1 /- — T (v/= ——
VVotVa =V 0Wp+Vi—a+V S WVi—Vi—a.
Bce 370 6b1710 BhIpaxkeHO HAa oO6bIYHOM Ajs «Hauana» sispike reomer-
pHH, YTO Hesiajlo H3JIOXKeHHe OCOGeHHO HeYJOOGHLIM M 3anyTaHHBIM.

ITocae ynaaka KJaCCHYECKOH rpeqecxoﬁ MaTeMaTHKH U3MEHUJIUCh
B3rJg4abl H Ha aﬂre6pauqecx-ne YpaBHeHHH. HECOMHEHHO, 4TO B Te-

sretsopstoutnx yeaosuam K= Lo, L =Ly [L;:L;_]=2n1a1 i< n Orcrona
NyTeM MOBTOPEHHS PaccyIeHHs MOXHO BHIBECTH, YTO cTeneHb noJs amya N, no-
poxpennoro pacwupenueM L Hag K, ects crenens gBoiikH. O6GpaTHO, MOXKHO A0Ka-
3aTb, YTO €CJH 3TO YCJOBHE BHIMOJHEHO, TO CYLIECTBYeT MNOC/JeJ0BaTeJbHOCTh T0-
aeft (L;), npomexyTouneix Mexay K u Ly, KoTopasi 067ajgaeT yKka3aHHBIM Bhille
CBOMCTBOM, H, CJefoBaTe/JbHO, Npo6/ema pa3pelliMa <«UUPKYJeM H JHHEeHKOIi»
(cp. [227], cTp. 351—366).

1) M3-3a orcyTceTBus rub6KOro aJjre6pauvyeckoro HCUHCJIEHHS TPEKH He JHeJaJin
NONBITOK KJaccu(pHUuHpoBaTh NMPo6IeMbl, KOTOPbie OHH He YMEJIH pellaTh LHPKY-
JeM M JIHHeHKoH; apalbl mepBhle CBeJH MHOTOQUMCJIEHHbIE NMpo6JeMbl TakKoro poaa
(nanpumep, NMOCTPOeHHe TMPAaBH.IbHBLIX /1-yFOJBHHKOB NpH n =7 H 9) Kk ypaBHe-
HuaM 3-fi creneHu.
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yeHHe BCEro KJaCCHUECKOro nepuoja rpeku Bjajgejd MeTOZaMH Mno-
JYUEeHHs] CKOJIb YTOJHO TOUHBIX NPUOJIMIKEHHH KBAJAPATHBIX KOpHei,
0 KOTOPBIX, K COXKAJIEeHHI0, MBI MJ0XO OCBeJOMJIeHH !). ¥ MHIufEB,
a 3atem y apaGOB W MX 3aNajHbIX CONEPHHKOB B CPelHHE BEKa H3-
BJeUeHHE KODHell BceX CTelmeHell CTAHOBHUTCsS omnepainel, KOTOpYIO
HAuMHAOT CUMTATh TAKOH »Xe OCHOBHOH B asre6pe, KakK H pamuo-
HaJbHbIE ONepalyy, ¥ 0603HauaTh, KaK ¥ 3TH NOCJeaHue, Bce GoJiee
u Gosee yNOGHBIMU [JIsi HCUUCJAEHUS CHMBOJaMu ?). B Teopun Kman-
paTHBIX ypaBHeHHH, KOTOpas cOBepLIEHCTBOBAJach B TeueHHe BCEro.
CpellHEBEKOBbS (YHCJIO KOpHeH, OTpHIaTeJbHble KOPHH, HEBO3MOXK-
HBIH cJyual, KpaTHbI KOpeHb), a TakKxXe B TEOPUH OUKBaApPaTHBIX
ypaBHeHHU} ObLIH MOJyuYeHBbl NMpUMephbl GOPMYJ pellleHHusl ypaBHEHUH
«B pajHMKajax», M0 aHAJOTHH C KOTOPBIMH aare6paucThl B TeueHHe
MHOTHX BEKOB MBITAJHCh HAHUTH (OpMYJB JJIs pelleHHsi YpaBHeHHH
BLICLIHX CTeleHeH, U B MepBYIO ouepelpb 1Js ypaBHeHHH 3-H cTeneHH.
Jleonapno [luzaHckuil, OCHOBHOII NPOBOAHUK apalcKoil HayKu Ha
3anan B XIII B., yxXe 3HaJ, BO BCIKOM CJyuae, YTO HPPaLHOHAJb-
HOCTH, KOTOpble GblH KJaaccupuuupoBanel EBkaugom B X Kaure,
He MOTYT CJYXHTb AJsi 3TOH leau (HOBOe N0Ka3aTeJbCTBO HEBO3-
MOXKHOCTH B TEODHH, KOTOpAsi HACUHUTBIBAET HX TaK MHOro). Mul
BUJHMM, YTO OH MOBITAJICS MPOBECTH aHA/JOTHYHBle BBLIYUCJEHHUS C KY-
6uuecKUMH KOpHAMH. Tak, UM OBLIM NOJIYYeHB pa3/JHuHble COOTHO-
LIeHus, KakK, HanpHMep,

V16 +V54=V250,

1) Hanpumep, meTon Apxumenga s BbIYHCJIEHHS nNPUOTHKEHHI uyHcaa =
TpeGyeT 3HAHUS HECKOJBKHX KBaJpAaTHBIX KOPHEH C MOBOJIbHO GOJBLION CTENeHbIO
TOYHOCTH, HO MBI He 3HaeM CIoco6a, KOTODbIM ApXHMeJ NoJydaj HX 3HaueHHs.

MeToa HaxoXIEeHUs MOC/TeN0BaTe/bHBIX MPHOIHKeHHH Ve, KOTOpble MONYyYaroTCst
MyTeM pAa3JoXKeHHs 3TOr0 YHUC/ia B <HENpPEpbIBHYIO NpoOb», H3BecTeH (B reome-
Tpuuecko¥ cBoeli ¢opme) u3 opHoro tekcra Teona Cmupsckoro (II B. H. 3.), HO
OH BOCXOJHMT, ObITb MOXKeT, K MepBbim nudaropeiinam. Urto kacaercs TOoro Merona
MoJlyyeHHst HeOTPaHHYEHHBIX TNPHG/MXKEHHH KBaapaTHBIX KOPHeH, KOTOpHI ymo-
tpebasieTcss W cefuyac B 3JeMeHTapHOH MaTemMaTuKe, TO OH 3aCBHAETEJIbCTBOBAH
1o6K0 y Teona Aunekcanppuiickoro (IVB. H. 3.), x0Ts GbL1, HECOMHEHHO, H3BECTEH
yxe ITronmemero. 3ameTum, HakoHel, uto y [epona (okoso 100 r. H. 3.) BCTpe-
yaeTcsl yxe NPHG/IMKEHHOe BBIYHCJICHHe KyGuueckoro KopHs.[Meron HaxoxleHHus
HoC/efoBaTe IbHbIX TPUOMHKeHuH V2 6bi1 obochosan ewe Eskmuom B 9—10-u
npepioxenusx Kuuru 11 «Hawan». — [Tpum. nepes.]

n
2) o Irtudens (XVI B.) HUKTO He OTMeuaJ H He A0OKasbiBaJ, 4TO Va, eciu
@ ecTb lleJoe, He SIBJAIOUIEECS TOYHOH f-fi CTeNeHbio, eCTh HPPauHOHAJbHOE YHCJO,
[310 yrsepxknaenne He cosceM BepHo. CornacHo Ilnatony, Tester pokasad,

3 —
aro Va HppaLHOHAJIEH, eC/H a He sBJsercd TOUHBIM Ky6oM. Eskaupg B «Haua-
k

nax» HCcJeloBas HPPALMOHAJBHOCTH BHAA Va, ecan k= 2n, — Ipum. nepes}
IlokasartenbctBo, AaHuoe Ilrtudenem ([216], crp. 103), 6biio ckomuposaHo ¢ go-
KasaTe/nsCcTBA EBkAuAa mns cayyas n = 2, ¥ Malo BEPOSATHO, 4TO 3TO HeTPYHHOE-
oGo6LieHHe He ObIJIO JO HEr0 HHKEM 3aMeUYeHO.
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aHajoruyHsle ¢opmynam EBknujaa aas KBagpaTHbBIX pagHKaJloB
{npuMepnl TaKoro poja BCTpeualoTcs elle paHblle y apa6Gos). Ho
npouio ellle TPU CToJeTUss OeClVIOAHBIX ycHau#, noka CuUunuoH
neab Peppo B camom Hauage XVI B. He Hawen dhopmyay

=V 5V B+ E VSV G o

A pellleHHs: ypaBHeHHH x3 + ax = b,

Mbl He MOXKEM 37eChb OMHCHIBATH MKHBOMHCHYIO HCTOPHIO 3TOTO
CEHCALMOHHOTO OTKPHITHS — CCOPbl, KOTOPYIO OHO BBI3BAJIO MEXAY
Tapranve#t, ¢ onxHoH cTopoHbl, H KapaaHo u ero wKosao#f — ¢ Apy-
roéf, a TakXe OCTAHABJHUBATLCH Ha BeCbMa NMPUMeUaTeJbHbIX NOPTpe-
Tax YueHbIX, HTPABLIUX NPH 3TOM TIJaBHYK pojb. Ho Mbl HOJKHBI
OTMETHTb, UTO CJIEACTBHEM 3TOr0 OTKPBITHSI SIBUJCS PELIMTEJbHbIN
nporpecc TEOPHH ypaBHeHHH, oco6eHHO B paborax KapmaHo u ero
wmkoael. Tak, KapmnaHo, y KoToporo OTBpalleHHe K NPHMEHEHHIO
OTpHlaTebHBIX YHces OblJIO MeHblle, YeM y ero COBPeMEeHHHKOB, 06-
Hapy»XXuJl, 4T0 KyOHuecKHe ypaBHeHHsI MOrYT HMeTb TPH KOpHSA, a Gu-
KBajzpaTHbie ypaBHeHust — ueThipe ([38], 1. IV, crp. 259). Ou 3ame-
THJ TakXKe, UTO CyMMa Tpex KopHell ypaBueHusi x3 4 bx = ax? + ¢
(B KOTOPOM OH yMeJ YHHUTOXKATb 4JeH ¢ x?) Bcerna pasHa @
(Tam xke). HecoMHeHHO, pyKOBOACTBYSICb 3THM COOTHOLIEHHEM, OG-
HOCThL KOTOPOTO OH HHTYHUTHBHO uyBCTBOBaJ, Kaphano npuiuen
BHepBbie K Haee 0 KpaTHOCTH KopHsa. OH ocMmenunics naxe (ue 6es
0paTOpPCKHUX NMPEeAOCTOPOXKHOCTEH) (opMajbHO ONEepUPoBaTh C Bhipa-
JKEHHSIMH, COIepXKallUMH KBajpaTHble KOPHU M3 OTPHIATENbHBLIX
yygces. Ouenb npaBaonoAo6HO, 4TO OH NpHLIEN K 3TOMY, NOTOMY 4TO

Takde BbIPAXKeHHsi MOJY4YaloTCs eCTeCTBeHHBIM 006pas3oM Mpu ymo-
a

Tpe6aenun hopmyasl (1), ecau (—2’)—)2 --I—(g)3 < 0 (rak Ha3bIBaeMblii
«HeNnpUBOJMMBIH» cayyail, njis kKotoporo KapnaHo o6napyxua cy-
LiecTBOBaHHe Tpex AEHCTBUTE/bHHIX KOpHe#). Bo Bcakom cayuae,
3T0 06CTOSITENLCTBO BLICTYIAET C MOJHON SICHOCTBIO Y €ro nocJaeno-
satens P. BomGesn, KoTopuiit B cBoelt «Asre6pes ([23 a], cTp. 293)
I0Ka3aJ COOTHOLIeHHe

13/2+V—121=2+1/T—"1

¥ ABHO WM3JIOXKHJ TNpPaBHJA HCUHCIEHHs C KOMIUIEKCHBIMH 4HCJIaMH
B dopMe, yKe oueHb 6/M3KO# K coBpeMenHoii !). Hakonen, B 1545,

1) BomGenan ([23a], ctp. 169 u 190) paccMaTpuBaer KOMMJEKCHble 4HCJa Kak
«auHefilble KOMOHHALHH» 4YeTblpex OGa3HCHBIX 3Je€MeHTOB «piu» (+ 1), «meno»
(—1), «piu de meno» (4i) u «meno de meno» (—i) C NONOXKHTEJBHBIMH KO3(h-
¢uunentamu. OH cunTaeT akCHOMO#H, yTo «piu» u «piu de meno» He MOryT 6biTh
coXeHBl (B CMbIC/]e npHBeleHHst MOJOGHLIX 4ieHOB. — [lepes.), a 310 ecThb NepBoe
nosipJieHHe MOHATHA JIHHEIHOR He3aBHCHMOCTH.
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npyromy yueHuky Kapaauo, JI. ®eppapu, ynajsoch HailTH pelleHue
o6iero ypaBHeHus 4-# cTelneHH NPHU NOMOIIM ypaBHeHHs 3-# cTe-
neHu ).

[Tocne cTosb CTPEMHTENLHOrO NPOJBUIKEHHUs Blepe] B ClAeayio-
meM nepuone, npoaosxkasueMcs fo cepeaunsl XVIII B., npoucxo-
IOUT TOJILKO DPAa3BHUTHe TexX HOBBIX HAeH, KOTOpble GblIH BBEJEHbI
uTaJbsgHCKOH 1iKoJ0i. Buera Gsaromapsi cyulecTBEHHOMY Mporpec-
Cy, KOTOpbIH OH BHec B asnrebpauyeckue 0603HaueHHs,, CMOI' Bhipa-
3UTb B 00mIE€M BUJe COOTHOLIEHHS MeXIy KoacbcbuuHeHTaMH H KOp-
HAMH a/re6paHyeckoro ypaBHeHHs, MO KpaiHeil Mepe nJs cayyas,
KOrZla Bce KOPHH MoJ0xuTedbHb 2) ([233], cTp. 158). Bosee cMeabiii
A. JKupap [99], He Kosne6isich, yTBepkiaaeT (KoHeuHO, Ge3 nokasa-
TeJILCTBA), YTO YpaBHEHUE CTeleHH 1 HMeeT POBHO 71 KOpHeil ¢ yue-
TOM U «HEBO3MOMKHBLIX KOpHeH», KaXJOro C ero CTeneHbid KpaTHO-
CTH, U UTO 3TH KOPHH YJOBJETBOPSIOT coOTHOWleHusM Buera. On
TaK»Xe BlepBble HAaXOAUT BHIPA)KeHHEe CYMM OJHHAKOBBLIX cTeneHel
KOpHeH o cTeneHyu 4.

Ho B XVII B. Mblcab yueHbIX ofpaTujach K APYrHM HanpasJe-
HUAM HMCcJAefNOBaHUM, U anareGpa Juwb 6jgaroaapsi OTpaxKeHHOH BoJI-
He cMOrJa B HEKOTODOH CTeNeHU BOCHOJIb30BAThCS OTKPBLITHSIMH, ClI€-
JaHHLIMH B aHAJUTHUECKOH TeOMeTpPUH H HCUHCJHeHHH OeCKOHEeuHo
maabx. Tak, ¢ MetogoM [lexapTa HaXoXJIeHHS KacaTeJbHHIX K aJi-
re6panyeckuM KpHUBbLIM (cp. cTp. 182) cBsA3aH KpuTepHil CymiecTBo-
BaHHsl KPaTHOTO KOpHsI anre6panuyeckoro ypaBHEHUs, KOTOPHI Gblj
chopmyaupoBan nociaenoBatesnem J[ekapra Tymge ([64b], T I,
crp. 433 u 507—509). Pasiuuenue ajre6paduecKkMX M TPaHCLEH-
JIEeHTHHIX (QYHKLHHE npousollio, 6e3 COMHEHHs, NMOA BiaHsHHeM [le-
KapTa aHaJOTHYHO TOMY, KaK OH pasjiuyaeT B cBoeil «[eoMeTpuu»
«TeOMEeTpHUeCKHe» U «MexaHHuyeckue» KpHuBble (cp. cTp. 181 u 202).
Bo BcsIKOM cJiyuae, Takoe pasJiMueHHe yXKe BIOJHe YeTKO BbICTyNaeT

y Ix. peropu, koropuiii B 1667 r. mertasncs naxe [40KasaTb, 4TO
l'lJIOI.IJ,.’:lllb KpYroBOro cexTopa He MoOXKeT ObITb aJjre6pauyeckoi
¢yukuueii xopabl u paxmyca [104a] (cp. (115 bis]). Bbxpameﬂne
«TpaHCleHAeHTHbI» uaeT oT JleliGHUIA, KOTOPOrO B TeueHHe BCeit

) Ecau ypaBHenHe INpHBefeHO K BHAy x* = ax® + bx 4 ¢, TO OmpeneisoT
yHCa0 2 Tak, yTo6bl NpaBasi YacTh ypaBHeHHs

(¥ +2)P=(a+22) 22+ bx 4 (c+ 2?)

6blJa NOJHBIM KBAaJpaToM, UTO MPHBOAHUT K YPaBHeHHIO 3-ii CTeneHH Haj 2.

2) Buera, CTpPacTHHI MOYHTAT&NIb [PeBHHX, CHCTEMAaTHYECKH BO3JEPXKHUBAJICA
B CBOMX pPAacCyXIEHHfX OT BBeJeHHs OTpHIATe/JbHBIX uHces. TeM He MeHee oOH
yMmeJ, Koraa 31o OblL10 HYXHO, BLIPaXkaTh Ha CBOEM f3blKe COOTHOLUEHHS MeXAy
ko3hdHUHEHTaMH H KOPHSIMH, ech HEKOTOpble M3 HHUX OBlJIM OTpPULlaTe/bHbi; Ha-
npuMep, eciu ypaBHeHne X% 4-b =ax uMeer [Ba NOMONKHTEJBHBIX KOPHS

x;, x, (@>0, b>0).s 10 Buera nokasmBaer, yTO xf—l—xg +xxy=a u
xyxg (xy + x5) = b ([233], ctp. 106).
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€ro I[esTeTbHOETH He MNepecTaloT HHTePecoBaThb BONDPOCH KJacCCH-
¢ukauuu. B 1682 r. Jlefi6nuu Hamea npocroe 10Ka3aTelbCTBO pe-
Byabrata [Ix. [peropu, nokasas, uTo sinx He siBasieTcs aJjreGpau-
veckoll pynkuuenr x ([144 a], 1. V, ctp. 97—98) ). Bmecre co cBouM
apyrom UupHray3om OH Obln OJHMM M3 HEMHOTHX MaTeMaTHKOB
CBOEro BpeMeHH, KOTOPLIf ellle HHTepecOBaJICcsi npoGAeMOH pelleHHs
«B paguKanax» anre6pauueckux ypaBHeHui. Buauase JleiGuun uc-
CJIeN0BaJ «HENMPUBOAUMBIN cayuyaii» KyGUueckoro ypaBHeHus U y0e-
nuicst (6e3 MOCTaTOYHBIX J0OKa3aTeabCcTB), 4TO B 3TOM cJjydae B
dopMysax pelieHUs HEBO3MOKHO M30aBHTbCSI OT MHHUMBIX BeJHUHH
([144d], cTp. 547—564). TlpuMepHO B TO Ke BpeMsi QH NbITaeTcs,
Takxe Oe3ycrnellHO, pelINTb B paAvKaJax ypaBHeHHe 5-# cTeneHH.
Korna nospnee UupHrays yTBepxkan, 4To pemwusa npobjeMy, yHHU-
TOXHB B ypaBHEHHH BCe UJeHbl, KpOMe JBYX KpaHHHX, OyTeM NOj-
CcTaHOBKH BHaa y = P(x), rae P(x) — noaxoasimuM o6pasoM BhI-
GpaHHbIil MHOTOUMeH 4-# cTeneny, JIefAGHUL cefluac e 3aMeTHJ, 4TO
YpaBHeHHsl, C MNOMOLILIO KOTOPHIX ONpeIensiioTcss KO3 (OUIHEHTH
muorousiena P(x), umelor crenedb > 5. OH cuuTaj NO3TOMY, 4TO
Tako#l MeTol ob6peueH Ha Heynauy ({144d], ctp. 401—403).
[To-BuaumMoMy, Giarofaps noTpeGHOCTSM HOBOTO aHajH3a MaJo-
nomaJsy BO3poju/cs uHTepec K ajnrebpe. Merton wuntefpuposanus
pauuoHaJbHLIX JApo6el, paspaboranHbiii JlefiGuuiem u Horannom
BepHynau, ¥ TeCHO ¢ HUM CBs3aHHBIH BONPOC O Jorapudmax MHH-
MBIX YHCEJ NMPHUBEIH K YrayOJeHHI0 UCUUCIEeHHsI ¢ MHUMBIMM YHcad-
MH H K HOBOH NOCTAaHOBKe BONpPOCA O Pa3J/IOKEeHHH TOJMHOMA Ha JIH-
HeliHble MHOXHTeaH («OCHOBHasi Teopema aJrebpei») 2). C camoro
Hauasna XVIII B. pewenue gByusneHHoro ypasHenus x” — 1 = 0 Gbl-
g0 csegedo Korecom m Myaspom kK npo6seMe fesjieHuss Kpyra Ha
n paBHbIX uacTeil. [I/s BeIpaXKeHHs! ero KopHell «B paaukanax» 10-
CTATOUHO 103TOMY CflesiaTb 3TO [Jsi NPOCTOrO HEUeTHOro 7, H
MyaBp 3aMeuaeT, YTO NOACTAHOBKA ¥ == X + 1/x cBOAHUT TOrZa mpo-

1) Onpenerenue, Koropce paer JIefGHHIU «IPaHCUEHJEHTHBIM KOJHYECTBAM»
([144al, 1. V, crp. 228, cM. TaM ke, cTp. 120), Kaxercs CKOpee MPUJIOKHMbIM
k QYHKUMAM, 4eM K uHc/IaM (Ha COBPeMEHHOM S3BIKE TO, YTO OH JeJaer, CBOAMTCS
K ONpefleJIeHHI0 TPAHCUEHIEHTHBIX 3JIeMEHTOB Haj [MOJIeM, MOJYYeHHEIM MyTeM
NpPUCOeIMHEHHST K MOJIIO PAlMOHANEHBIX YHCeJ NaHHHIX 3ajmaud). Tem He MeHee
BeCcbMa MpPaBAOMONOGHO, YTO OH MMeJ AOCTATOYHO SICHOe MpeACTaBJeHHe O TPaHC-
UEeHIEHTHBIX YHCJIaX (HECMOTPS Ha TO. 4TO 3TH TOC/JeNHHe GBLTH TOYHO oOmpefe-
Jenbl TosibKO B KoHue XVIII B.); BO BCSiKOM ciyuae, OH MONYEPKHUBAET, UTO TPAHC-
UeHNeHTHass (YHKUHSA MOXKeT NPHHUMATh palHOHa/bHble 3HAYEHHsT MJIs pauHo-
HaJIBHBIX 3HAUEHHII apryMeHTa M 4YTO, CJENOBATENbHO, €ro J10Ka3a1eJbCTBO
TPAHCUEHIEHTHOCTH Sin X HeZOCTATOYHO, YTOGH YCTAHOBHTH HPPaLHUOHAJILHOCTD
gucaa w ([144a], . V, crp. 97 u 124—126).

?) MOXHO MpexCTaBUTb ce6e, B KAKOM 3aPOMBILIEBOM COCTOSIHHM HAXOIHJIOChH
TOrJa ele HCYHC/JeHHe C KOMILIEKCHBIMH 4YHCJ1aMH, eCJH yuecTb, uTo JIefGHHIL
(onun W3 HauGoJee ONMHITHEX CPeIH MAaTeMaTHKOB CBOGrO BpPeMeHH B 3TOH Tex-
HHKe) NHcan Tak, Kak GyATO cuMras’, yTo x* 4+ | Helb3s passoxUTh HA ABA MHO-
xurens Bropoit crenenn ([144a], 1. V, crp. 359—360).
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6JeMy K pelleHHIO ypaBHeHHs ctenenu (n— 1)/2. Uto kacaercs «oc-
HOBHOH TeopeMbI», TO TOcJe NpoBaJja psfla NONBITOK HaiTH ofllee
pellieHHe «B pajHKajax» [BKJIOUasi HECKOJbKO MNONBITOK JHsjepa
([81 a] (I), 1. VI, erp. 1—19 n 170—196)] HaunHaoT UcKaTb ee AO-
Ka3aTesJbCTBO a priori, He HcnoJb3ysi ABHBIX (opMys pewenus. He
BXOIs B JeTajid npeljaraeMblXx MeToHoB (KOTOPBIe NPHUBEJNH B KOH-
11e KOHIIOB K Joka3aTteibcTBaM Jlarpanxka u aycca, cp. cTp. 110—
111 u 161), caenyeT npuBecTH 3Iecb TOUKY 3peHHs, C KOTOPOH 3Ta
npo6sema paccmartpuBanack B cepeaune XVIII B. Ilpeanonaranocs
(6e3 kakoro-au60 HHOrO ONpaBAAHHS, KPOME CMYTHOI'O 4YyBCTBA OOIII-
HOCTH YTBepKJeHHs, NPOUCTeKaBlIero, No-BUAUMOMY, Kak y Kupa-
pa, U3 COOTHOLIEHHH MexXAYy Ko3(hduUHeHTaMU U KOPHSMH ypaBHe-
HHSI), YTO YypaBHeHHe CTeNeHH 7 BCerfa HMeeT H <«HUAEaJbHBIX»
KOpHeH, ¢ KOTODPBIMM MOKHO ONEPHPOBATh, KaK C UHC/IAMH, He 3HAA,
ABAAOTCA AU OHU qucCAamu (LeHCTBUTENbHBIMY HJIH KOMIJIEKCHBIMH) ;
Tpe6oBasoch N0Ka3aTb, 4TO MO KpaiiHell Mepe OQWH H3 3THX KOpHeH
siBJsieTcst OOGBIUHBIM KOMILJIEKCHBIM uMcJoM!) (npH 3ToMm paspeuna-
JIOCh NOJIb30BAaThCSA, €CAM 3TO ObLIO HYXKHO, MCUHCJIEHHEM HIeatib-
HHIX KOpHell). B 3To#i HecoBeplieHHOH (opMmMe MOXKHO YCMOTPeTh
nepBele pocTKH ofmed e «(popMajbHOrO NPHCOEJHHEHHS», KOTO-
po#i, HecMoTpst Ha Bo3paxkeHwe ['aycca ([95 a], T. III, cTp. 1), cy-
XKJAeHO OBbLIO CTaTb OCHOBOI COBPeMeHHOH TeOpHH KOMMYTaTHBHBIX
noJieil.

B 1770 r. ocHoBomoJgaratomumu Memyapamu Jlarpauxka ([140],
1. III, ctp. 205—421) n Baumepmounpma [230] oTKphiBaeTcss HOBBIU
pellalomuil nepuoi B HCTOPHU TeOpHH ajire6panyecKHX ypaBHeHHIl.
bBosee niu meHee ynauHble SMIHDHUECKHEe NONBITKH HAHTH DOPMYJHbL
pellieHHsi, KOTOpHIe 6e3pa3/iesibHO MOCHOACTBOBAJIM JO 3TOr0 BpeMme-
HH, CMEHHUJIHCh CHCTeMaTHUeCKHM aHaJu30M MOCTaBIeHHBIX npobJem
H MeTONOB HUX pelleHUsl, aHAJIU30M, KOTOPHIfl yepe3 HIeCThAECHT
JeT NpHBeJd K OKOHUYaTeJbHEIM pesayibrataM [aaya. M Jlarpauxk u
BangepMoHI HCXOAMJAHM U3 HeomnpeneSeHHOCTH (GOpMyJ pelleHHs
ypaBHeHHs crerneHu < 4, NpUYKMHON KOTODPOH sIBJsIach MHOro3Hady-
HOCTb BXONSIIIMX B HHUX PafAUKanoB. DTOT (HaKT NPUBJIEK BHHMAHHE
Ainepa ([81a] (I), . VI, ctp. 1—19), koTopblii nmokazan Mexay
npouyuM, Kak B dopmysae neap Peppo HaLo coueTaTh 3HAYEHHS] BXO-
IIHX B Hee PaJMKaJOB AJS TOro, 4ro6bl MOJYUHTh TPH KOpHs, a
He NeBsAThb. JlarpawK 3aMeTHJ, UTO KaXKAbIH U3 KyOHUeCKHX DajuKa-

Ja0B B ¢popmynae geib Peppo MOXKHO HanucaTb B BHUJIE —;— (x1 +

+ o x; + 0%x3), Tie o siBaAseTcs KyOHUeCKHM KOPHeM H3 eIMHUILH,
a X;, Xy, X3;— TPH KOPHs NAHHOTO ypaBHEHHS, B3siThle B ONpele/ieH-
HOM nopsiike, H o6HAPYXKHJ CJAeAYIOIMH GyHAaMeHTa bHBIH (akKT:

1) 3ameruM, uro marematuku XVIII B. uacTo Ha3BIBAJIH «MHHMBIMH KOPHSMH»
«UJleaJIbHbie» KOPHH, O KOTODbIX Mbl TOBOPHJHM, H TBITAJHCh JOKAa3aTh, 4TO

9TH KODHH HUMEIOT BUJ a4 b6y —1 (cm., Hanpumep, [140], T. 111, cTp. 479).
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bynrnua (x; + wxy+ 0’x3)3 oT Tpex KopHell MoKeT NPHUHATb TO.b-
KO 08a DPAa3/MUHBIX 3HAUEHHS] NPH BCEBO3MOXKHBIX NEPecTAHOBKAX
KOpHeH, 4yTo 06bsicHsIeT a priori ycnex MeToJa pellieHHsi 3TOTO ypaB-
Henusd. ChesaB aHaJOrMUHbIH aHAJH3 METONOB peIleHHs ypaBHeHUsd
4-ii cTeneny, Jlarpanx npullen K (QYHKUHH X Xp -+ X3X; HeTbipex
KOpHeH, KOTopas NPUHUMAaeT TOJAbKO TPu Pa3jiHUHbIX 3HAUCHUS NPH
BCeX IlepecTaHOBKaxX KOpHeH, BCJeJCTBHE Yero OHa siBJAsieTCS KOPHEM
yPaBHEeHHsl TPeThbell cTeneny, KO3 HUIHEeHTb KOTOPOro paiHOHAaJbHO
BbIpaXKaloTCa uepe3 KoO3(pGhHIHEHTb HCXOZHOrO ypaBHeHHs!). IDTu
dakTel, Mo MHeHH10 JlarpaHxka, SIBASIOTCS UCTUHHbIM HPUHYUROM
u, TaK CKA3aTeb, merau3uxol?) peuwlenus ypasnerud 3-t u 4-i cre-
nernu» ({140], 1. I11, ctp. 357). Onupascs Ha 5Tu npuMepsl, Jlarpanx
cTaBHT nepex co6oii npobaeMy 06IIero U3yyeHHs TOro. CKOJbKO 3Ha-
yeHHi %) v MOXKeT NMPHUHATH pallHOHaJbHAs QYyHKIHA V oT n KopHel
IPH BCEBO3MOKHbBIX NepecTaHOBKAX 3THX KOpHeH.

Takum 06pa3oM, OH B AeHCTBUTEIbHOCTH NOJOXKHI HAyajo (B
TePMHHOJIOTHH, ellle TeCHO CBSI3aHHOH C TeopHell yparicHHU) Teo-
puu rpynn v noJjel, MHOrHe (yHIaMeHTaJbHble Pe3yAbTaThl KOTO-
PHIX OH CaM IOJIyuH/, H NPUTOM C MOMOUIbIO TeX Ke NMPHHLHIIOB, KO-
TOpble YNoTpebsiloTcs U Tenepb. Hanpumep, oH KoKasas, 4TO YHCJIO
v sABJsieTcs OeJHTeNeM nl, MyTeM Tex e pacCyXKIeHHH, KOTOPhLIMH
Termepb JOKa3blBAIOT, YTO NMOPSAOK NOATPYNNbl KOHEYHO!H TPYMML! fAB-
JaseTcs meauTeseM mnopsiika rpynmnel4). Eme Gosiee 3ameuaresbHa
TeopeMa, B KOTODOH OH JOKasbiBaeT, uTo ecad V, u V, sBiasmorcs
ABYMsi palUHOHAJbHBIMH (YHKUHAMH KOpHeH, OCTAIOLIMMHUCS HEH3-
MEHHBIMH TIpH OJHHX H TeX XKe NepecTaHOBKAaxX, TO Kax1as M3 HHUX
ABJsIeTcsl pallHOHAJbHOH GYHKUHeH npyroil u KoshhHUIMEeHTOB ypaB-
HeHHs1 (uacTHbil cayuail TeopeMmbl [asya, xapakrepusymoiued mnog-
[10J1e HOPMaJILHOTO pacCIIHPeHHs Kak NoJje MHBapHAHTOB €ro rpymnmnbl
[anya). «3ra npobaema, — rosopur Jlarpaux, — npedcragiserca
MHe O0HOL u3 8aucHelwux 8 Teopuu ypasHenul, u obujee peuierue,
KoTopoe Mol eli 0adum, nOMONET NPOAUTL HOBBLYL CBET HA 3TY 4ACTb
aree6pors ([140], 1. 111, crp. 374).

1) Bapuur Ttakke cuesas 3To 3amevaHne B cBoHx «Meditationes algebrai-
cae», ONMyG6IMKOBAHHBIX B TOM e 1770 r., HO oH OB HaleK OT MOJIyYEHHS M3
HEro TexX CJEICTBHil, KOTOphle NMPHUBOAHMT Jlarpauix.

?) B 370M MOHSATHH, KOTOPOE TaK 4acTo ynorpeGasjock aBropamu XVIII s,
MOXHO YCMOTDETb IlepBOe HHTYHTHBHOe MpeJICTaBJjeHHe (elle OYEHb CMYTHOE)
0 COBPEMEHHOM IOHSITHH CTPYKTYpoL.

3) JlarpaHK y¥Ke OTJIHYAET DPAa3JIHUHbIE PGUYUOKANbHbE BbLPANCEHUS, KOTODole
nonyuarorcs u3 V myrem nepecraHoBok mepemeHHsix X; (1< i<n), n pasanuHbie
3NQYeHUus, KOTOpble MPHHHMAIOT 3TH BBIPAXKEHHS, KOTHA X; SBJSAIOTCA KOPHSAMH
anre6panyeckoro ypaBHeHHs C 3afaHHBIMH YHCJOBBIMH KO3 (HUHEHTaMH; HO
B €ro H3JIOXKEHHH HMEIOTCA ellle HEKOTOpble KOseGaHHsi B 3TOM BOIIpOCe, TO.IBKO
y Tanaya 310 pas.auyeHune crajo 6ojee OTYETIUBBIM.

4) AHasorHyHble paccy)KAeHHs BCTpeyaioTcss y Jiijepa NpPH [0KasaTelbCTBe
vanon teopembn depma u ee o6oGuennit (cm. [81a] (I), T II, crp. 328—337). —
[Ipum. nepes.
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[To Mbicaiu JlarpaHika, Bce TH M3bICKaHUS SIBJASIIOTCSI €CTECTBEH-
HbIM BBeJeHMeM B aHaJIU3 BCeX BO3MOXKHBIX MeTOMNOB pelieHus aJ-
re6paudyeckux ypaBHeHHH NyTeM HX NOCJe/JOBaTe/lbHOTO CBENEHUs K
ypaBHeHHSIM HU3mHMX cTereHed. Takoii MeTos, KaK OH noxasals, Tec-
HBIM 06pa3oM cBsi3aH ¢ 06pa3oBaHHeM pallMOHAJBHON (QYHKIMH OT
KOpHeH, KOTopasi NpHHUMaeT IPH BCEBO3MOXKHBIX NepecTaHOBKaXx
KOpHe# MeHbllle n 3HaueHUH. PyKoBOACTBYSiICb CBOMMH pe3yJbTaTaMH
IJsi ypaBHeHMst 3-f crTemeHM, Jlarpau BBOZMT M B 0o6LIeM cayuae

n

«pe30/IbBEHTHl Jlarpanxka» ¥, =hzl ofx,, rne o, — KopeHb n-ii cTe-

neny u3 emuHunsl (1 <k -<n), siBHO nMoOKasbiBaeT, Kak, 3Has 3TH N
yuces, ONpeesUTh KODHH X, H HILeT B OOlLleM cJydae HOPSIIOK
ypaBHEHHs, KOTOPOMY YIOBJIETBODSIOT Y,. TakK, HalmpuMep, OH O-
Ka3blBaeT, UYTO eCJaU 1 — NPOCTOe, TO Y, fABJAAIOTCH KOPHAMU ypaB-
HeHUsl cTeneHU 7 — |, KO3(hPUIHEHTH KOTOPOrO palMOHAJbLHO 3a-
BHCAT OT KOPHsI ypaBHeHus cTeneHd (n— 2)! ¢ KoadduimenTamy,
palvoHaJbHO BBIpa)kawlUMucs 4épe3d KO3DPHUHEHTH HaHHOrO
ypaBHenus. «Bor, ecau a He owubatocb, — 3akaioyaer Jlarpanx, —
UCTUHHbLEe RPUKYUNLL PeUEeRUS YPABHeRU U aHaiu3, Haubosee npu-
200HbLL, 4TOObL NPUBECTU K PeUleruro; KAk Mol Bude/m 8ce c800UTCA
K HeKOTOPOMY UCHUCAEHUIO KOMOUHQUUL, ¢ NOMOWbIO KOTOPO20 no-
AYHQIOT Q@ priori pe3yasTaTsl, KOTOpblx caedyer oxudaTs» ([140],
t. 111, cTp. 403).

Uro kacaercss Memyapa BaHmepmoHma, KOTOpHIE OB Hanucad
COBepUIEHHO He3aBHCHMO, TO OH COBMajaeT BO MHOTHX NYHKTAax C
MeMyapom JlarpaH:ka; a MMeHHO 3TO OTHOCHTCSl K Hlee Haxoxjie-
HUSl pauuMoHaJbHCH (QYHKLUMM KOpHed, KOTOpast NPHMHHMAaeT NpH Iie-
pecTaHOBKaxX KOpHell BO3MOXXHO MeHblllee 4HCJO Pa3JMUHBIX 3Haye-
Huit!). BaHpepMOHJ BBOAMT TaKiKe J1Jsi 3TOTO «pe30jabBeHTy Jla-
rpanxka». Ero pa6oTa naneko He HMeeT TOH SICHOCTH H OOLIHOCTH,
KaK HccjieqoBaHHe JlarpaHXa, ogHaKO B OJHOM NYHKTe OH HJET
nasnblile, TpUMeHsss Te e HAEH K YypaBHeHHIO [efeHHs Kpyra
x"—1=0, roe n— HeueTHOe NpoOcCTOe uucJJ0. JlarpaHk HOBOJLCT-
ByeTCsi HalOMHHAaHHEM, 4YTO 3TO ypaBHeHHe CBOIHTCS K ypaBHEHHIO
ctenedu m = (n— 1)/2 ¢ paunoHanbLHEIME K03 HUIMEHTaMH, He Nbl-
Tasicb PelIMTb ero mpu 7 > 11. BaHgepMoHH ke yTBepxKpaer, uTo
m-e CTeNeHH pe30JbBeHT JlarpaHixa 3Toro ypaBHeHHS pallHOHAJbHBI
BCJIEJICTBHE COOTHOLIEHWH MeKAY pasjJUuHbIMH KOpPHSIMH YpaBHeHHH
x" —1=0. OnHaKOo OH [NOBOJILCTBYyeTCS NPOBEPKOH NpaBHILHOCTH

1) B 3THX HCCJEIOBAHMAX, KOTOPble OH B JIEHCTBHMTEJBHOCTH MPOBOXHT
TONLKO IJiA ypaBHeHHa 5-ii cTeleHu, B NepBHI pa3 MOABJAETCS MOHATHE UMNPU-
murusroctu ([230], ctp. 390—391). Bo3sHukaeT ecTecTBEHHOe KesnaHHe COMH3UTH
meronnl Jlarpanka u BaugepMmonma ¢ uX pa6oTaMH TOro e BpeMeHH 06 olpe-
nenurensix, 6Jaronaps KOTOPHIM MJess MepecTaHOBKM H BCe, yYTO ¢ Hell CBS3aHo,
J0/KHO ObJIO CTATh AJSI HAX MPHBLIYHLIM,
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3TOro yTBEpXKJAeHHs TOJbKO g n = 11, He 060CHOBbLIBasl ero B 06-
meM ciaydae.

Tonbko uepe3 30 JeT pe3y/abTaThl, chopMyaupoBaHHele Bangep-
MOHJOM, OBLTH MOJHOCTbIO JOKa3aHbl FayCCOM ). DTH OKOHYATeJb-
Hble Pe3yJbTaThl OTHOCHTENbHO ypaBHEHHS x"—1=0 (n— Heuer-
HOE MNpOCTOe) BXOAST B OOINYI0 MpOrpaMMy ero JOCTONaMSTHBIX
apudmMernueckux uccaemosanuit ([95a], 1. 1, crp. 413 u craen.) u
NMOKa3bIBAIOT, B YaCTHOCTH, Kak ['aycc macrepcku Baajes TeMm, YTO
MBI Telepb Ha3blBaeMm Teopueil LHHKJIHUECKHX rpynn. [Tocne pokasa-
TeJbCTBA HenpuUBOAMMOCTH nosunoma @, (x)= x" — 1/x — 1 naa He-
yeTHoro mpocroro n 2) y laycca Bo3HHKaer ujes 3anucatb 72— 1

KopHeil 3Toro nonunoma B Buge (¢ =(, (0 <k <n—2), rae g —
nepBooGpasHblii KOpeHb cpaBHeHHsi 2" !'=1(modn) (uro, Bblpa-
JKasCh COBPEMEHHBIM $I3bIKOM, 3KBHUBAJEHTHO YCTAHOBJEHHWIO TOTO,
yro rpynna I' ypaBHenus @,(x)=0 uuxkauuna). Kaxjgomy penu-
Tearo e yhcsa n— 1 OH cTaBHT BcooTBeTcTBHe f = (n— 1) /e «nepuc:
moBy M, =0, 40 40,4 oo 0 pony (1 <v<S) ¥ nokaswl-
BaeT MO CYUIeCTBY, 4TO JIHHeHHble KOMOHHALHHU NEpPHOAOB 7, € pa-
LHOHANBHBIMHU KO3(h(duIMeHTaMH 06pasyioT noJe, NOpoXKAeHHOe Ka-
KUM-TH60 M3 f mepHOLOB 7, ¥ HMelollee cTeneHb f Hajg noJjeM pa-
LUHOHAJIBHEIX YHces] (3TO NOJe, eCTeCTBEHHO, COOTBETCTBYeT NOArPYyI-
ne I' mopsinka e). Mb He MOXeM 31eCb BXOAHTb B JAeTaJH €ro
aHa/q¥3a ¥ Tex Ba)KHbIX apH(MeTHUeCKHX CJEACTBHEl, KOTOpble H3
Hero BeiTeKaloT. OTMeTHM TONBKO, uTo I'aycc mosyuaer, B YaCTHOCTH,
3HAMEHUTYIO TEOPEMY O BO3MOXKHOCTH MOCTPOEHHS KLHUPKYJIeM U JIH-
He#Kofi» MHOTOYTOJNILHHKOB, UHCJO CTOPDOH KOTOPHIX €CTb NPOCTOe

R
yucao Buga 22 -+ 19%). Uro kacaeTcs pa3pemiuMocTH B paJuKajax
ypaBHenusi M, (x) = 0, oHa 1€rKo BBITEKAeT M3 TeOPHH MEPHOLOB,
f-1

NnpUMeHeHHOH K f-M cTemeHsM pe3oJsibBeHTH JlarpaHika X o, (rae
v=0

(u)f= 1) 4).

") T'aycc He cchutaercs Ha Bangepmonma B cBoux «Disquisitiones», no
BeCcbMa NPaBHoONOfo6HO, uTO OH uuTaja ero MeMmyap (cp. [195a], t. X» Abh, 4,
cTp. 58).

2) IloHfiTHe HENPUBOJHUMOrO MHOTrOUW/IeHa (C palHOHAJBHBIMH KO3¢duLHeH-
tamu) BocxoAuT K XVII B, u Hbioton n JlefiGHHL yKe NPEAJONKHUJIH CIIOCOGHI,
KOTOpble T03BOMsIOT (N0 xpaiiHeil Mepe B NMpPHHUUIE) HAHTH HENPHBOAMMBIE MHO-
KUTEJIH MHOTOU/eHA C palHOHaJbHEIMU Koadouuuentamu ([144a], 1. IV, ctp. 329
u 355). Ho pmokasaresnpcrBo ['aycca siBUJIOCH MEePBBIM NMPHUMEHHMBIM K MHOXCECT8Y
MHOLOYJIEHOB Kak YrofHO GOJIbIION CTemeHH.

%) laycc ompefesneHHo yTBEPXKJAeT, YTO BJIaL€eT JOKA3aTeJbCTBOM TOTO, YTO
3TOT cJydYall €NHHCTBEHHbIH, NPH KOTOPOM MHOrOYrOJIbHHK, HMMeMOIIHii 1pocToe
YHCO CTOPOH, MOXHO MOCTPOHTh LHDKyJeM M JuHeiikoil. OpHaKo 3TO AoKasa-
TeJbCTBO HHKOTJAa He OBLIO HM OMyGJHMKOBAHO M He GBIIO HaiifleHo B ero 6yMarax.

%) Ha camoM fJese, ecinm HYXHO [0Ka3aTh TOJBKO TO, YTO yPaBHEHHE Da3-
PeWHMO B PajHKanax, TO MOXKHO OTPAHHYHTbCA cnyqaeM e =1 U NPOBOAUTHL pac-
CYyXJeHHe HHAyKUHe# To n.
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HenocpenctsenHo K Tpyaam JlarpaHxa npHMBIKAlOT HccaeloBa-
HRs ero cooTeyecTBeHHHKa Pyddunu [193], xoTopble coBnanamu no
BpeMeHH ¢ co3nanueM «Disquisitiones». [Tpomonkas uccnenoBauue
BOMpOCa C TOr0 MecTa, Ha KOTOpPOM octaHosuJjcsi Jlarpanx, Pyddu-
HH CTaBUT CBOEH 1lesbl0 0Ka3aTb HEBO3MOMXKHOCThb DelINTb «B PaiH-
Kanax» «ofuiee»!) ypaBHeHHe 5-if creneHd. PacranyToe U HesicHOe
noka3aTenabcTBo PydduHH ocTasoch HemosiHBIM, HeCMOTPSt HAa TO
YTO OH ero HecKoJbKO pa3 nepejenbiBas. Ho oHo GO yKe OYeHb
6JH3KO K (KOPPEKTHOMY 0O CBOeMy NPHHLHIY) Q0Ka3aTesnbCTBY,
KoTopoe no3xe noayuusn AGenb?). OCHOBHOM HHTEpeC ero COCTOHUT
rJiaBHbIM 06Pa3oM BO BBeJeHHWH HCUHCIEHHS MOJCTAHOBOK M HepBHIX
NOHATHH TEOpHU rpynn, Kotopwie Pyddunu passua aas roro, 4To6bl
IoKa3aTh, YTO He CYIIecTByeT (YHKIHM NATH KODHel ypaBHEHUS,
KOTOpas NpU NMPOU3BOJBHEIX NepecTaHOBKax KopHeH nmpHHuMana Gbl
GoJsibllle IBYX H MeHbIe OSITH 3HaUeHHH.

Mgbr yxe rosopuau (cM. ctp. 63), Kak 3TH nepBble HaGpOCKH
TEOPUH TPYNN MepecTaHOBOK OBbIIH uYepe3 HeCKOJBbKO JieT Pa3BUTH U
cucTemaruauposanbl Komn. Ho ecan nocreneHHo cTaHOBHIUCH Bce
6osiee 1 6osiee sICHBIMHU IMOHSITHsI, HEOGXOAUMble AJsi PAa3BUTHs HAed
Jlarpanxa, KoTopele Obl1H CBsiI3aHbl C NOJACTAHOBKAaMHU, TO OCHOBHBIE
NPHHIIMNL TEOPHUHU NOJeH elile He GBI BBISBJAEHH Tak e OTUeT/IH-
Bo. Kak pa3 sroro-to u He xBaTasio Pybdunu. dro GbLI0 cHenaHo
AGesnem u 'anya Ha nocsaenHeM 3Tane HCCJAefOBaHusi npobieMbl pe-
weHNus anre6pavueckux ypaBHeHHUH.

B Teuenne Bcell cBoelff XOpOTKOH xu3Hu AGenb He nepecrasaill
HHTepecoBaTbesi 37O npobseMol. Bynyun moutu eme pe6eHKOM, OH
oyMaj, 4to Hauwesa (GOpMyJay pellleHHss B pajHKa/nax o6liero ypas-
HeHHs b- creneHH. YG6GequBIIMCh MO3AHee B cBoel oLIHOKe, OH He
nepectaBasJ 3aHUMaTbcsl 3TOH npo6JjeMoH, moka He [0Kasaj, 4TO
takoii dopmyasl He cywecrsyer ([1], 1. I, cTp. 66). Ho on na 3toMm
He ocraHoBuics. Torna Kak ero comepHuk SIKoGH pasBHBaJ TEOPHIO
3JVINOTAYECKUX (QYHKIMHE aHaJUTHUeCcKMMH MeTogaMH, B paforax
Abensi noMuHHMpOBaJsia aire6panueckas TOUKa 3peHHs Ha 3TOT BOII-
poc, UeHTpajbHOe MeCTO B KOTOpPOH 3aHMMasa TeopHs ypaBHEHHH
nenenus saauntrueckux ¢oyukuui ({1], 1. I, crp. 265, 377 u naxee).

1) Marematuku XIX B. MOHMMAIOT NMOJ 3THM B CYIIHOCTH YyDaBHEeHHe C He-
onpejesneHHbIMH KOo3(¢uUHEHTAMH HaX MOJeM palHOHaJbHBIX uHcead. Ho cospe-
MeHHOe MOHSTHE HeoNpefe/ieHHbIX BeJHYHH CHOPMHPOBAJIOCH JHIIL B NOCJAEXHHE
roasl XIX B. Jlo 3TOro moax <«MHOrOYJEHOM» HJH <«PAalHOHAJbHBEIM BbIPaXKEHHEM»
Becerna MonuManu ¢yHKUHUIO KOMILIeKCHoro nepemenHoro. ITox «o6weii» asnreGpau-
yeckoil ¢yHKUHell MOHMMajau ypaBHeHHE, KO3(QHIHEHTH KOTOPOro SIBJSIOTCA He-
3aBHCHMBIMH KOMIUJIEKCHBIMH T€DeMeHHBbIMH, a KOPHH SABJAIOTCS «aJjre6panyecKuMu
GyHRUMSAMU» OT 3THX nepeMeHHHIX. Takoe NOHHMaHMe, Mo NpaBie ToBoOpsi, GbIIO
COBEpILEHHO JHILIEHO TOYHOTO CMBICJ]A, €CJH MPUAaTh CJOBY «dyHKuus» ero peii-
CTBHTeJIbHOe 3HaueHHe, PasyMmeercs, paccyXJeHHsi C STHMH «aire6panuecKHMH
GyHKUMSMH», BOOGLle TOBOPS, OB BHYTPEHHE KODPEKTHBI, KaK B 3TOM MOXHO
y0enuThes, MepeBOfs MX Ha A3bIK COBPeMEHHOH asre6psl.

?) Memyapu Pydounu Twates bHO NpoaHaausupoBann B [32].
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A6enp mosyuas Takum o6pa3oM HOBbIE THIBI ypaBHEHHH, pa3pellH-
MBIX B PajJiHKanax, METOJOM, CKONMPOBAaHHEIM ¢ Mertona [aycca aJs
ypaBHenu# neiendsa kpyra ([1], . I, crp. 310 u 358) 1). Ot 3THx pe-
3yAbTAaTOB OH NepeXOJHT K oO6lleld KOHLUeNuuu «abeneBbIX ypaBHe-
HUH», paspeliHMOCTb KOTOPbIX B pajuKasax OH [0Kasal B CBOEM
3HamenutoM Memyape ([1], 1. I, ctp. 478). B cBsi3u ¢ 3tuM oH man
TOUHOE onpejeseHHe NMOHSTHS MHOTOUJeHa, HENPUBOAUMOrO Haj 3a-
LAHHBIM ToJieM (moJieM, MOPOXKAEHHHIM Ko3(duIHeHTaMH u3yuae-
moro ypasHenus) 2). CMepTb cpa3usia ero B 1829 r., xorza oH uH-
TEHCHBHO 3aHMMaJIcst 061lelt Npo6aeMoii XxapaKTepHCTHKH BCeX ypas-
HeHHUil, paspelIMMBIX B pagukaJjax, u coobmusa Kpeasae u Jlexauapy
pe3y/bTaThl, yKe oueHb 6JH3KHe K pe3yabtatram [aaya ([1], 1. I,
cTp. 219—243, 269—270 u 279).

3. Tanya u cyxpeHo GbJIO TpeMsi TOJaMH 103¥Ke YBeHYAaTb 3TO
rpanano3toe gaeno [94]. Ou mauaa c Toro, uTo aaJ, Kak 1 AGesb, HO
elle GoJiee UeTKO onpefesieHue (C TOUHOCTBIO 10 TePMUHOJIOTUH) NPH-
Ha[JIeXKHOCTH HEKOTOPOH BeJHUHHB K NOJIO, NOPOXKIEHHOMY daHHBI-
MH BeJHUMHAMH, a TaKkKe ONpefesSeHHs] NPHCOENMHEHHS U HENpPUBO-
JUMOro Haj JaHHBIM TNoJeM MHorouJdeHna. IlycTb mano ypasuenue
F(x) = 0, 6e3 kpaTHBIX KOpHel, ¢ K03DdHIHEHTaAMH U3 3aMaHHOTO
noast K. Tanya noc/enoBaTesibHO J0Ka3blBAeT, UTO «8Ce20Q MOXNCHO
o6pasosars Takyro ¢yrkyuto V oT KOpHel, 4TO Hu 00HO U3 3Ha4e-
RUti 3TOl (PYHKYUU, KOTOPbIe NOAYHAIOTCA, eCAU NepecTAsAATb 6Ce-
MU BO3MOXMCHBIMU CNOCOGAMU ee KOPHU, He GydeT pasno Opyeomys,
uto 31a QYHKUHS «OydeT 06.4a0aTy TeMm CBOUCTBOM, 4TO BCe KOPHU
paccmaTpusaemo20 YpasHeHus pPAYUOHAAbHO BbLPANAIOTCA KaK
¢yukyuu or Vs u uro, ecau V, V/, V”, ... — KOpPHH HeNPHBOAUMOTO
ypaBHEeHHUs, KOTOPOMY yaoBJeTBopsiloT V, u «ecau a = f(V) asaser-
ca 00HUM U3 KOpHed 3a0aHH020 ypasHenus, To [(V’) rosce 6yder
KOpHem 23T020 ypasrerus» ([94], ctp. 36—37; pycckuii nepesox
cTp. 66—67). I'oBopst coBpeMeHHbIM si3bIKOM, ['anya pokaswiBaert,
yro V, Tak Xe Kak d J1060H eMy conpsiXeHHbH Han K sJeMeHT,
nopoxaaer noje N xopHeit F. [Tocne storo on onpepessier rpynmny
I' ypaBaenns F = 0 Kak MHOXeCTBO NepecTaHOBOK KOpHe# X;, KoTo-
pble MOXKHO NMOJYYHTb, €C/IH B DalHOHANbHBIX BEIPAXKEHHSX X; uepes

1) Taycc yxe B «Disquisitiones» ykaseiBan Ha BO3MOXKHOCTH 060GIIHTH CBOH
MEeTOABl M MPUMEHHTb HX K YPAaBHEHHIO HefeHus jeMmHucKatwl ([95a], . I, cTp. 413).
On paccMOTpes B CBOMX 38MeTKaX, KOTOpDble OBl ONyGJHKOBAHB TOJBKO B HAalH
nHH, aumb cayuait nenemus ua 5 ([95a], 1. X, crp. 161—162 u 517). Kak mHuorue
ApYrHe €ro KpaTKHE M 3arajouHble yKasaHus, Kortopsie Iaycc /o6ua pas6pachl-
BaTb B CBOMX NpOH3BeJeHHAX, ¢pasza u3 «Disquisitiones» nopasuna ymu ero co-
BPeMeHHHKOB. Mpl 3HaeM, YTO OHAa HeMaJo CNOCOGCTBOBaNa BO36GYKIECHHUIO HHTe-
peca y AGeas u §IKo6u K HCCIeNOBAHHIO BONPOCA.

2) IMoustue moas (kak H Gosee oblLiee MOHSITHE MHOXECTBAa) ObLIO 6Gojee
HJM MeHee uyXa0 Maremarnueckod wmbican o Kaurtopa u Ienekuuna. Abeabp u
Fajnya onpenessiii 34eMeHTb! «OCHOBHOIO MOJA» Kak TaKkHe, KOTOPhie MOTYT GhITh
BbiPaXeHbl KaK palHOHajbHble (QYHKIUHH JaHHbIX BEJHYHH, HO OHH HE [PHLIIH
K MBICM SIBHO DAcCMOTPETh MHOXKECTBO, KOTOpPOe OHH 06pasyioT.
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V samenutrb V OZHHM H3 CONpsKeHHBIX emy 3JeMenToB, Otciona
OH cefiuac ke NOJyuyaeT OCHOBHYIO XapaKTepHCTHKY 3J€MeHTOB U3
K xak TakHX, KOTODble OCTalOTCsi WHBAPHAHTHLIMH TIPU BCeX mnepe-
cranoBkax u3 I' ([94], ctp. 38—39). 3artem T'anya nokasweiBaer, uTo
ecan N conep:kHUT noJje KopHefi L gpyroro MHorousneHa, TO rpymna
N uan L siBasieTcss HOpMaJsibHBIM fHenuTenaeM rpynnsl I' (nonsitue,
KOTOpOoe OH no 3ToMy ciyuato u seoaut) ([94], crp. 256—26 u 41).
Orciofa OH nosyuaeT, HakKOHell, KDUTePUH pa3pelIuMOCTH YypaBHe-
HHSI B paJiiKaiax NpH MOMOLIH pacCyK/AeHHUsl, KOTOPOe B CYIIeCTBeH-
HBIX 4ePTax CBOJIHUTCA K C/IEAYIOLIeMY: ecd NpednosoXKHTb, YTO OC-
HOBHOe noJjie K COMepKUT Bce KOPHH U3 eHHHIBI, TO MO NPEANnoJo-
’KEHHIO JIOMKHa CYyIIecTBOBaTh BO3pacTalollasi MOC/e10BaTeNbHOCTD
npomexyrounbix Mexay K u N noneit (K cpm Ko=K, K,=N,

a nosne Kj,, nonyuaercs npucoeinHeHHeM K K; Bcex KopHe# ABY-

uJeHHOro ypasHenus x'i—a,=0 (rme @,€K;). Torma B I' cyume-
ctByet y6uiBaiolas nocaegosatenabrocts noarpynn (I'), raxux, uto
o =T, T, ={e] (nefirpanvubifi sneMent), npu stoM I, ecTs HOD-
MaJbHBIH geauTeab B Iy u daktoprpynnul I'yT,.; HUKIHUHBL (B
3TOM cJyuae roBopsr, uto rpynna [' paspewuma). Hao6oport, ecau
3TO TaK, TO NPHMeHeHHe pe30JibBeHTH JlarpaHa NOKa3blBaeT, UTo
K;,, noayuaercs u3 K; nyTeM npHcoeJHHEHHsS K HEMYy BCeX KOpHeH
JABYUJEHHOIO ypaBHEHHS, W MO3TOMYy ypaBHeHne F(x) = 0 paspe-
muMo B paaukanax !). HeBo3aMoxKHOCTb pelileHHsi B panuKaiax «ob-
ero» ypaBHeHHs] CTelleHH >4 siBJsieTCs TOrga CJeJCTBHEM TOro,
yto rpynna I' aToro ypaBHeHust, u3oMopdHast CHMMeTpPHUeCKOH rpyn-
ne ©,, HepaspelnMa.

Hauunas c cepeaunnt XIX B. anreGpanctsl, KaK Mbl 3TO y¥Ke CT-
meuanu (cp. crp. 70), 3HaUHTENbHO PACLIUPSIOT MOJE CBOHX HCCJe-
JOBaHUH, QO 3TOrO INOYTH MOJHOCTBIO OrpaHHYeHHOe H3yueHHeM
ypaBHenH#. B cBere otkpbiTH#i I'anya Grl1o 3aMeueHo, yto npob.e-
Ma pellieHHst «B PafiiKajax» eCTb TOJbKO YAaCTHHIH U JOBOJBHO HC-
KYCCTBEHHHIH cayuall o6umell npobGseMbl KnaccuuKalUHd HppamHo-
HanbHocTefl. Kak pas sta nocjennsis npoGieMa M mnoJBepraJiach
aTakaMm C pPasJjHYHBIX CTOPOH B TeueHHe Bcero koHuma XIX B. H MHO-
royxc/ieHHLle pas3pO3HeHHble pPe3ysbTaThl, HaKalIWBasiCb MaJjo-mo-
MaJly, NOATOTOBHJHN NouBy Al cuHTe3a UlTefinuna.

1) Ecaum K He comepKHT BceX KOpHefl M3 eXMHHUB H ecan E — mose, nomy-
gennoe u3 K rlxgucoennﬂennem Bcex 3THX KopHeli, To EMIN sBaserca abeneBeM
pacwnperneM K, oTKyna serko nonydntb (MpHMeHsisl CTPYKTYPY KOHEUHHIX abe-
JIeBBIX TPYIIN), 4TO s Toro, yto6ul rpynma N uag K Gbiia paspemnma, Heo6xo-
JAUMO W [0CTAaTOYHO, 4To0bl Gblna paspemmma rpynna E(N) nag E. Ecan yuects,
YTO KODHH M3 eIHHHMUB BHPa3UMbl «B pagHKalax», TO BHIHO, 4TO KPHUTEPHil
Tajya He 3aBUCHT OT IPEANOJIOKEHHH OTHOCHTEJbHO yHcJsoBoro nosis K (M umeer
cuay B Gosee obuieM ciayuae ans Jwo6oro noss xapakrepuctikH 0). Ha camom
nejqe [anya He fejiaeT HHKAKOrO YIPOIIAIOLIETO MPeATNON0KeHHS OTHOCHTENbHO K
M TPOBOMMT DPEKYPPEHTHOe pacCyJeHHe OTHOCHTeNbHO MOPsifiKa pPaflKaJjoB,
Tnoc/ieoBaTeNLHO npucoefnHaeMbix K K ([94], cTp. 43),
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OcHOBHO# NpHHUKN KjaaccHpuKauuy ajsre6panyeckKux HppalHo-
HaJbHOCTeH Ol moayudeH Gjaromapsi Teopuu [asya, xotopas cBo-
Auja u3yueHuwe ajre6paHyeckoro ypaBHeHHs] K H3yUYeHHIO ero rpyn-
nbl: B geHcTBUTENBHOCTH OCHOBHBIM NIPEAMETOM H3YUYEHHst B UHCTOH
ajre6pe paccMaTpuBaeMOro nepuoia M sBHJAach TEOPHsi TPyNN me-
pecTaHOBOK, O KOTOPOil 3Jecb He NMPUXOAMTCS TFOBODHTL (CpP. CTP.
71). Ipyrue ycnexu Teopuu anre6pavyeckuXx mnojei Obliu ciel-
CTBHEM Pa3BHUTHS B Ty XKe 310Xy TEOPHM uHces] W ajrebpanueckoi
reoMeTpHH. DTOT Mporpecc 3akja04aJjcsi raaBHEIM 06pa3oM B CHOCO-
Ge H3J10KEHHsl TEODHH, U UM B GoJjblledl yactd Mbl 06si3anbl Hene-
kunny [60], KoTopblfi BBEJ MOHSATHS Tesla W KOJbllal) W CHCTEMATH-
yeCKHM pasBHJ (B TECHOH CBsI3W CO CBOMMH H3BICKAHHSAMH 1O rumep-
KOMIIIEKCHBIM CHCTeMAaM) JIMHeHHBIH aclmeKT TEeOPHH paclIMpeHHi
(160], 7. III, ctp. 33 u caen.). OH TakkKe BOepBble paccMaTpHBAJ
rpynny [asnya Kak rpynny aBToMop@u3MOB HCCJAeayeMoro pacuupe-
HMS, 4 He TOJBKO Kak TpYyNny MepecTaHOBOK KOPHeH ypaBHEHHS.
Ienexunn nokasaja (AJs YHCJAOBBIX noJjel) (GyHAaAMEHTaJbHYIO Teo-
peMy o JuHeliHOH HesaBMCHMOCTH aBTOMopdusmos ([60], r. III,
cTp. 29), a Takxe cyuecTsoBaHue y nojas laidya HopmajdbsHoro 6a-
suca ([60], T. II, cTp. 433). HakoHen, o npucTynaer K npobJjeme
anre6panvyecKkux pacliupeHnii 6€CKOHEUHOTO NOpsiika W yCTaHaBJIH-
BaeT, uTo TeopHusi ['anya He MoxXeT OBITh K HHM HENOCPEACTBEHHO
npuMeHeHa (Tak kKak He mo6as noarpynna rpynner [asya Toxpe-
cTBEHHA C TPYMNOH MoJist M0 OTHOWEHHIO K NOANOoA0). PyKoBoumbli
cMesofi HHTYHLMeH, OH yxe npo6yeT paccmarpuBath rpynny [asaya
KaK TOIOJOTHYECKY0 Tpynny?) —3Ta HAes NOJHOCTbIO Cco3peJa
Toabko, Korga Kpysaib [137 d] B 1928 r. pasBua Teopuio pacuupe
uuit 'anya 6ecKoHeyHOro nmopsuaka.

[TapaanensHo 3TOH 3BOJNIOLUMM YTOYHSETCS MNOHSITHE TPAHCIEH-
IEeHTHOro 3JeMeHTa Haj noseMm. CyliecTBOBaHHe TPaHCUEHAEHTHBIX
ypcen GulIO BrepBble foKasaHo JluysuaneMm B 1844 r. nytem siBHOH
KOHCTPYKIIHH, OCHOBAHHOH Ha TeoDHH AHODAHTOBBIX NPHOGAHKEHHH
{147 c]. B 1874 r. Kautop nan apyroe «HeKOHCTPYKTHBHOe» JOKa-
3aTeJIbCTBO, HCHOJb3Ysi NPOCTHIE COOGPaXKeHHs O MOIUIHOCTH MHO-
xects [35]. Hakonen, DpMuT nokasan B 1873 r. TpaHCUEHJeHTHOCTD
e, a Jlupgeman B 1882 r. — TpaHCIUEHAEHTHOCTb T METOJOM, aHaJO-
THYHbIM MeTOLy JDpMHTA, 3aBeplIMB, TakuM 06pa3oM, aHTHUHYIO

npoGseMy KBaApaTypnl Kpyra ®).

) TepMHH «TeJso» (cOrps) npUHAamJeXHT camoMy JlenekuHIy, a TepMHH
«KoJbllo» Obln BBenen ['uabbeprom ([lemeKMHA Ha3blBa/J KOJbLA <«MOPSAKAMHY).

2) «...MHuooecT80 3Tux nepecTaAHO80K 006pa3yeT 8 HEKOTOPOM CMbicAe Henpe-
poleHOe MHO2006pasiie, 3TOT 80Npoc met He Oylem 30ece yeaybaarss ([60], 1. 11,
crp. 288).

%) IlpocThie mOKa3aTeJbCTBA THX TEOPeM MOXHo Halfitd, Hanpumep, B ([122],
1. I, cp. 1).
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Urto kacaeTcsi 3HaueHHs] TPAHCUEHAEHTHBIX yHcea B ajdre6paunue-
CKUX HcyucaeHusix, To Kponekep B 1882 r. samerus, 4to ecau X
sIBJIsieTCsl TPAHCIeHAeHTHBIM 3J1eMeHTOM Han noJieM K, to nose K(x)
usoMophHO mos0 pauuoHadbHbIX GyHKuME K(X) ([136a], 1. II,
ctp. 253). OH chenan K TOMy Xe NpHCOeNHHEHHE HeompeleseHHHX
571€MEHTOB K MOJII0 KPaeyrojbHbIM KaMHEM CBOEro H3JI0XKeHHs TeO-
puu anre6paunveckux uucen ({136a], . II, ctp. 245—387). C npy-
roil cropoHsl, Henekunn u Be6ep nokasanu B ToM xke roxy [61], kak
apupMeTHUeCKHe MeTOXBl MOTYT CJYXHTh OCHOBOH TeopuH aJreG-
pauvyeckux KpUBbIX. TakUM 06pa3oM, BO MHOTHX HamnpaBjeHHsX Opo-
SIBASIOTCS aHAJOTHM MeXAy apU(pMeTHKOH u ajnre6pauuyeckoi reo-
MeTpHeH, KOTOpBle OKa3aJuCh YPe3BbIYANHO NJIOLOTBOPHBIMH H A
TOH, W 1Jist APYTrOH.

Bcerpeuartomniecss BO BCeX 3THX M3bICKAHUAX NMOJsi 06pa30BaHbl U3
«KOHKPETHBIX» 3J1eMEeHTOB B CMBICJIe KJAaCCHUYeCKOH MaTeMaTHKH —
KOMIJIEKCHBIX YHcea WA (YHKIHUHA KOMIJIEKCHOT'O [1epeMeHHOro ).
Ho yxe Kponexep B 1882 r. orgaer cefe oTueT, UTO «HeonpeaeseH-
HElE 3JIeMeHTHEl» WUrpaloT B ero TEOPHH pOJb 3JeMeHToB 6asuca He-
KOTOpOH aJjrebpnl ((hakT, KOTOPHIHA CMYTHO NpeauyBcTBoBajgu [aycc
u Tanaya), a He poJsib nepeMeHHbIX B CMbIC/Ie, KOTOPHIH UM NPHAAIOT
B anaausze (136a], t. II, ctp. 339—340). Ou pasBuBaer sty HIeI0
B 1887 r. B cBsi3W ¢ OGLIMPHOA NporpaMMmoH, KoTopasi NpeTeHmyeT
0 MeHbIlell Mepe Ha nepecTpoHKy Bcel MaTeMaTHKH, M3 KOTOPOH
JOJI)KHO GHITh BHIGPOLIEHO BCE TO, UTO He MOXKeT GHIThb MOJYUYeHO my-
TeM ajreGpavueckux onmepallMil Haj ueabIMH uHciaaMu. Kak pa3 mo
sToMy mosoay Kponekep Bockpemraer ugeto Komu ({42a] (I), r. X,
crp. 312 u 351), koropeiii onpenenua nosne C KOMIJIEKCHBIX YHCeJ
kak nose BuiuetoB R[X]/(X? 4+ 1). KpoHekep nokasaJj, uTo TeopHs
anre6pavyecKHX YHCeJs COBepPLIEHHO He 3aBUCHT OT «(pyHAaMeHTaJb-
HOH TeopeMbl ajre6pbly U Ha)Ke TEOPHH BeIeCTBEHHBLIX uMceJs, TaK
Kak Kaxaoe noJe asre6panyeckKux uuces (KOHEUHOH CTeleHH) H30-
mMopdHO HekoTopoMy moJio BhiueToB Q[X]/(f) (rme f— Henpusogu-
mulit Hag Q morouner ([136a), r. 111y, ctp. 211—240). Kak 3amerun
HecKOJIbKO JeT cnyctst Be6ep [241al, nenasi mepBble HaGpOCKH aKCH-
oMaTHUecKol Teopuu noJel, 3ToTr Merton KpoHekepa npUMeHHM
B JeHCTBHTEJILHOCTH K JMI060MY paciiMpeHHio OCHOBHOro mnojas K.

1) Kak u ux mpenwectsennnku, Kpounekep, [enexunn n BeGep He onpene-
JAMM B JeHCTBHTEJNBHOCTH MOHATHS «aJjreGpanuyeckoil GyHKUHH» OJHOTO HJH MHO-
ruX KOMIJIEKCHBIX TMepeMeHHbIX. JlefcTBHTENbHO, Hesb3si KOPDPEKTHO ONpeesHTh
«asrebpanueckylo (QYHKIHIO» KOMIJIEKCHOTO TePeMeHHOT0 (B  aHAJHTHYECKOM
cMbiciie) €e3 ompeneseHHsl COOTBeTCTBYyMomed puMaHoBOoH nosepxHoctH. Ho kax
pa3 mocTPoeHHe PHMAaHOBOH IOBEPXHOCTH (YHCTO ajare6pauyecKUMH CpPEICTBAMH)
aBJsiercsl KoHeuHo# uenplo Jlemeknnna u BeGepa. dror Kaxymmiics nopouHblil
KPYr HCYe3aeT, KOHEYHO, €C/AM ONpeleNHuTh MoJe ajreGpaHyeckux QyHKuuil Kak
abcTpakTHoe ajrefpauueckoe pacLIMPeHHe MOJS PAaUMOHAJBHBLIX (QYHKUHMA., B mefi-
CTBUTE/JBHOCTH TOMbKO ITHM ONpenesNeHHeM u moab3yiotcs HenekuHx u Be6ep,
YTO TOJIHOCTBIO OMPABABIBAET UX Pe3y/IbTATHI.
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BeGep ykasbiBaer, B yaCTHOCTH, UTO B KauyeCTBe K MOXKHO B3ATh
noste Z/(p) (p — mpocToe YHCJ/IO), BK/IOUHB TeM CAMBIM B TEODHIO
noneH HcuucJeHHe CPAaBHEHWH «[NO MOAYJIO p». DTo MOCJTenHee MO-
fIBUIOCh Ha cBeT BO BTopoil nosnosune XVIII B. y Dinepa, Jlar-
paunxa, Jlexxaunpa u [aycca. Ilpu sTom 6rila 3aMedueHa aHaJIOTHs
ero ¢ Teopuell asreGpauyeckux ypaBHeHui. PasBuBas 3Ty awuano-
ruio, ['anya (B CBsI3H C HCC/eJOBAHHAMHU 110 TeOpHH rpynn) 6e3 Ko-
JNe6GaHull BBeJ «HeaJbHble KOPHU» CpPaBHEeHHs, HellpHBOIMMOLO MO
moay/wo pl), u ykazan ux ocHosHble cBofictBa ([94], cTp. 15—23) 2).
Ecau npuMenuts MeTon KpoHekepa k Z/(p), TO MOXKHO BHOBb MO-
JYYuTb (C TOUHOCTBIO 0 TEeDMHHOJIOTHH) MpeACTaB/JeHHe, KOTOpoe
nanu yxe Ceppe u Henekunn ([60], 1. I, crp. 40), Teopun «MHH-
MmeIX [anyas.

Ko BceM atuM npHMepaM «abCTPaKTHBIX [10OJei» NPHCOeIHHUIIHCD
€llle HAa MCXOJle BeKa MOJisg COBEPLIEHHO HOBOTO THMA, @ HMEHHO Mo-
Jasi GdopMasbHBIX PsALOB, BBeleHHBle Beponese [232], u oco6enno
p-aguueckue noas ensens [117]. Orkpuitie ux npuseno Illrefinuna
(kak oH caM 06 3TOM $ICHO IMOBODHT) K BBIJeJEHHIO aGCTPAKTHBIX
MOHATHH, OOLIMX /IS BCeX 3THX TeOpuH, B QyHIaMeHTa/JbHOM TpY/e
[213], KoTOpHIE MOXKET CUMTAThLCSI HAYaJOM COBPeMeHHOH KOHIeMIHH
anre6psl. CucTeMaTHuecKH Da3BHBAs CAENCTBHS M3 AKCHOM MoJleH,
OH BBeJ TaKuM 06pa3oM MOHSTHH HPOCTOTO MoJs, cenapabesbHOro
(anre6panueckoro) 3jeMeHTa, OMNpe[eJHs] CTeleHb TPaHCLEH/EHT-
HOCTH pacllMpeHMst ¥ [0Ka3as, HaKOoHell, CYyIIeCTBOBaHHe aire6pau-
YeCKH 3aMKHYTOTO DACLIMPEHHs POHU3BOJLHOTO MOJS.

Coscem HenaBHo teopus lllTefiHuna 6Gbia gonoJHeHa B HEKOTO-
pbIX BaxHbIX myHKTax. C onHOA cTOpOoHEI, paGoThl ApTHHA chenanu
OueBMHBIM JuHeHHbI xapakrep Teopuu ['anya [5a]. C mpyro# cro-
ponbl, ofllee MNOHfATHe NPOU3BOAHOH (CKOMHpoBaHHOe ¢ (opmasb-
HBIX CBOHCTB KJacCHuYeckKoro Aud@epeHIHANLHOIO HCUUCIEHUS),
Kotopoe npenuyscrBoBaa Heaekunn ([60], 1. 11, crp. 412), a Ulrei-
HUL BBeJ JJIf UYacTHOTO cJjyuasi MOJs pPauHOHANLHBIX (GYHKUHI
([213], cTp. 209—212), 6Bl10 C ycnexoM NMPHUMEHEHO MJsi H3yuyeHHs
TPaHCLeHIeHTHHIX pacllMpeHHi (CyIIecTBEHHBIX MJsi COBpPeMeHHOM
anrefpanuecKoff reoMeTpuH), U HMeHHO A5t 06OGIIEHHs HaA 3TH
nocJjeHue NOHATHA cenapabenbHocTy [244 b].

1) B pykomHCH, OTHOCsimiefics mo Bceil BepoaTHOcTH K 1799 r., HO omy6au-
KOBAHHOH TOJIBKO ToOC/Je €ro cMepTH, [aycc H3/J0XKHJI HAE0 BBeJEHHS TAaKHX
«MHHMBIX» M MOJIyUHJ] 3HAuMTeJbHYI0 YacTb pe3yabTatoB [aaya ([95a], 1. I,
ctp. 212—240, B ocoberHoctd crp. 217).

2) Tanya mOJIHOCTBIO CcO3HaBas (opMaJbHbIl XapakTep anre6pauueckoro
MCUMCJ/IEHS H He OCTaHaBJHMBaJCs Mepej TeM, YTOObl B3sTh, HANpHUMep, MPOH3BOJ-
HYI0 OT JIeBOH uHacTH CPaBHeHHsd, UTOOBl NOKAa3aTh, UTO 3TO IOCJEIHEE He HMeeT
KpaTHBIX «MHHMBIX» KopHell ([94], crp. 18). OH moayepkuBaeT, B YacTHOCTH, YTO
TeopeMa O NPHMHTHBHOM 3JIeMEHTE HMEeeT MeCTO AJs KOHEUHOro moJs TaK xKe,
KaK W aas noas uucen ([94], crp. 17, mpumeu. 2), HO He NOKa3biBaeT 3TOrO.
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djeMeHTapHble apHdMeTHYECKHe ornepaiyuu, ¥ 0CO6eHHO BBIUHC-
JieHusl ¢ ApoGSMH, He MOTyT He NPHUBECTH K MHOTOUHC/JAEHHBIM 3MIH-
puueckuM HaOJIOAeHUSM, OTHOCALMMCS K NENHUMOCTH LeJbIX 4ucels.
OnHako HU BaBUJIOHsIHe (KOTOphble ObliM TaK CBedyIH B anare6pe),
HH eTUNTsiHe (HecMOTpsl Ha MX akpoOaTHYecKue BHUHCJIEHHS C APO-
6sIMH), MO-BUAUMOMY, He 3HAJIH OGLIHX 3aKOHOB JAeTHUMOCTH, H TOJbKO
rpekKH SIBUJINCb 3Jechb HHHUHaTopaMu. Co3pgaHHasi UMM TeopeTHue-
cKasi apudMeTHKa, OCHOBHOe H3JI0KeHHe KOTOpoil conepxkutcs B VII
n IX Kuwrax EBxiupa [80], HH B ueM He ycTymaeT npeKpacHEIM OT-
KpBITHSIM T'PEKOB B JApyrux obsjactsix MareMaTHkH. CyulecTBOBaHuE
o6liero HauOOJbLIErO AENHTENSt ABYX ILEJbIX uHcesJ NOKa3bIBAeTcs
B camoM HauaJge VII Kuuru c noMouisio npomecca, H3BeCTHOrO MOJ,
Ha3BaHHeM «aJjropurMma EBKaupa» !). 3TOT ajaropuT™M sBjsieTcs oOcC-
HOBOH BCeX MOCJAeAYIOIIUX PACCMOTpeHUE (CBOHCTBA MpPOCTBIX UHCEJ,
CylecTBOBaHUe U HaxoXKJAeHHe oO6Llero HaMMeHbLIEro KpPaTHOrO H
T. K.). BeHIlOM Bcero 3naHus ABJSIIOTCS [Be 3aMeuaTelbHbie Teope-
MBI, B OJHOH M3 KOTOPBIX AOKa3biBaeTcss 6eCKOHEUHOCTb YHCJA Mpo-
cTriX unces (npensnoxenue 20 Kuuru 1X), a B Apyro#t naercsa cro-
c06 mMOoCTpOeHHst UeTHBIX COBEpUIEHHBIX YHCes, HCXOAS U3 HeKOTODBIX
NpOCTHIX yuces (3TOT cnocol, Kak nokasad Jisep, gaet B gefcTBu-
TeJbHOCTH BCe UeTHHie cOBeplieHHmle yucaa). OmHako cyllecTBoBa-
HMe W eIHHCTBEHHOCTb PAa3/OXKeHHs 4HCJIa Ha NPOCTble MHOXKHUTEJH
ge Gbulim mokasaHel B obuiem Bujge. Ho, Bo BcakoM cayuae, Es-
KJIMJ $IBHO JIOKa3blBaeT, UTO KaXKJoe lejoe AeJHTCsl HAa NPOCTOe UHC-
a0 (npenpsoxenne 31 Kuuru VII), a tTakxke JABa cilelylOIHX Opei-
aoxenus (npensoxenue 13 u 14 Kuuru 1X): «Ecau 6yder or edu-
HUYbL CKONbKO Y2OOHO NnOCAed08aTeAbHO NPONOPYUORAALHOLY YllCen,
10 e 4lCA0, 4TO 3a edunuyel, 6yder nepsoe, To Haubobuiee 4ucai0
He OyleT u3MepPATbCA HUKAKUM Opyeum, KpOMme HAXOOAUUXCA

1) Ecnu @y H @y — ue/ible 4MCJA, TakHe, 4TO @y >dy, TO A, onpefessercs
peKyppeHTHO (11 7> 3) Kak OCTaTOK OT eBKJHAOBA LEJEHHS Qp_p HA Ay_i;
€CIH M — HaUMeHbIIMH HHIEKC, WIS KOTOPOro & =0, T0 ay,_; sBasercs o. H. &
a, U @y, DTOT TpOLUECC SBJAETCS PAcrnpocTPAHEHHeM Ha 06JaCTb UesblX uwHcel
MeTojla TONepeMeHHOro BBLIYHTAHMS (HasblBaeMoro wuHorza aviueaigesil) mas
oThicKaHHs o6lieil Mepbl ABYX BequudH. [locsennuil mMeton, 6e3 COMHeHHS, BOCXO-
nut K nHgaropedinam. OH sBJAsETCH, M0-BUAMMOMY, OCHOBOH JOEBJOKCOBOH TEOPHU
UppAaUHOHAJILHEIX uHCcesa.
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cpedu nponopyuUoHarbHolx 4uceal)» (nHaue roBopsi, CTeNeHb NPO-
CTOTO YHCJa p” MOMKeT NeNHTbCsS TOJNbKO Ha CTENeHH p C MokasaTe-
nem <n).

«Ecau aucao 6yder nHaumenbuium usdmepsemoim [HaHubiMu] nep-
BbIMU  HUCAQMU, TO OHO He UBMEPUTCS HUKAKUM UHbIM nepsoim
YUCAOM, KPOMe NePBOHAHAALHO U3mepAsuiux eeo» ') (uHaue roBopH,
npousBefeHHe PA3JHYHBLIX NPOCTHIX YHCEJN pj-pz+++ p, He HMeer
OpYTHX LeJuTeseld, KpoMe py, Po, ..., P,)-

ITo-Bupumomy, EBKaua noroMy He dopmyaupyer obLiyio Teope-
My, UTO y Hero He XBaTaeT afleKBaTHOH TePMHHONOI'MH H CHUMBOJMUKH
JJif IPOM3BOJIbHBIX CTeNeHell 1e/10ro yucaa ?2).

XoTst BHEMAaTeJNbHOEe HCCAeqOBaHNWe NMPUBOMUT K BecbMa BeposiT-
HOMY 3aKJIOUEeHHIO O CYIIeCTBOBAaHWH B TeKcTe EBK/InIa HecKOIbKHX
nocJjenoBaTe bHBIX CJ0eB, KaXAblA K3 KOTOPHIX COOTBETCTBYET ONpe-
Je/leHHOMY 3Tany B pa3BUTHM apudMeTHKH %), Bcs 3Ta 3BOJIOUHSA,
no-BUAMMOMY, NpoTeKasaa ¢ Hauasa V RO cepenussl [V BB. fo H. 3.,
¥ MOXHO TOJIBKO BOCXMLIAThCSi TOHKOCTbIO M JIOTHUECKOH HameXKHO-
CThIO BCeX ee NOCTPOEHMH; HYXKHO ObLIO XKAAaTb IBA ThICSUEJIETHS,
yTOOBl MPUCYTCTBOBATh NpH NOAOGHBIX XKe ycnexax apu(pMeTHKH.

Hcrounnkom nocaenyiomero pa3BUTUS TEOPHU UHCes NOCHYKHIU
npo6ieMbl, Ha3blBaeMble «HeONpefe/ieHHbIMH» HJAH <«IHO(PAHTOBLI-
Mu». TepMHH «AHOGhAHTOBBl ypaBHeHHS» B TAaKOM BHIe, KaK OH Te-
neps ynorpebasieTcs, He cOBCeM ompapjaH ucTopuueckd. [Tox atum
OGLIYHO MOHMMAIOT anrebpanyecKue ypaBHEHHs (MJIM CHCTEMBI TaKHX
ypaBHeHUH) C LeJbiMH KO3(dHLHeHTaMH, y KOTODHIX OTBICKHBAIOT
TOJMIbKO I€JOUHC/IeHHble pellleHHs; pelleHne OGLIYHO HEBO3MOKHO,
ec/ld ypaBHeHHe «ONpeleseHHOe», T, €, HMeeT TOJIbKO KOHEUHOe yHC-
JIO pelleHHH (HeHCTBHTENbHBIX WM KOMIUIEKCHHIX); HANpPOTHB, NpO-
6seMa yacTo AONycKaeT pellleHHsi, ecd YHC/IO HeM3BECTHHIX GOJiblle
ypcaa ypaBHenuit. Ecau [nodaHT u Obli, MO-BHAMNMOMY, NEpBBHIM,

1) Lurupyem mo mnepesopy <«Hawan» J. JI. Mopayxas-Boatosckoro. —
Mpun. nepes.

2) JIns mOATBEPKAEHHS] 3TOH THNMOTE3bl MOXKHO elle 3aMeTHTb, uTo A0Ka3a-
TeJbCTBO TEOPEMBl O COBEpPIIEHHBIX YHC/IAX fBJfeTCs, Mo CyTH [eja, TOJMbKO
YACTHBIM CJyyaeM TeopeMbl 06 OJHO3HAUHOCTH PA3JI0XKEHHs HA NPOCThble MHOMKH-
tesqu. K TOMy e Bce CBHieTeNbCTBA COTJIACYIOTCSI B TOM, 4TO HAUMHAsi C 3TOM
STMOXH _ PasOKeHHe 3aJaHHOTO WYHC/IA HA MNPOCTble MHOXKHTEJH GBLIO XOPOUIO
ussecthio M HM cBoGogHo mNosb3oBamuch. Ho modHoe A0KA3aTeNbCTBO TEOpeMBl
0 pasJioXKeHHH BcTpeuaerTcs TosqbKo Y Iaycca B nauase «Disquisitiones» ([95a],
1.1, crp. 15).

%) Cp. [23Ic]. TIpumepom ocraTka G6ojee CTAapoil TEOPHH MOTYT CJYXKHTh
npeanoxennss 21—34 Kuurn IX, Tpakrylomme o HauGosiee MPOCTBIX CBOHCTBAX
nemumocTd Ha 2. OHM BOCXOAST, NO-BHAMMOMY, K TOMy BpeMeHH, KOrja eme
He 6blja pa3BuTa ofuiasi TEOPUS NMPOCTHIX uKces. K TOMy Ke H3BECTHO, UTO KaTe-
FOPHH UYETHOTO H HEueTHOro Hrpaju GOJbIIYI PoJb B (QHI0COPCKO-MHCTHUECKHX
TeOpHAX MepBEIX MudaropeiiueB. Bee 310, ecrecTBEeHHO, NMPUBOAMT K MpeLNo/oNKe-
HHIO, YTO GparMeHT BOCXOAKWT MMeHHO K HHM (cp. [146]).
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KTO DaCCMaTPHBAaJ «HeoNpele/eHHble» npobJemsl !), To OH JHWbL B
BUJE HCKJIIOUEeHHS HAXOAHJ UX LleJOYUCIeHHble pelLIeHHsd, a ualle
BCEr0 JOBOJBCTBOBAJICS HAaXOXKAEHUEM O00HO20 PAYUOHAAbHO2O pe-
wenHus [70a]2?). [IpoGaeMbl 3TOro THMA @H yallle BCEIO MOT DelIUTb
yicTo anreGpanyeckHd, He ONMHpasick Ha apU(PMeTHUECKYIO HPUPOLY
neu3secTHRIX ®). [loatomy Teopust menuMmoctu urpaer y Huodanura
JIMIIb OYeHb HE3HAUUTENbHYIO POJb (CI0BAa «HPOCTOE YMCJO» BCTpe-
yaioTcst Toabko oaul pa3 ([70a], Kuura V, 3agaua 9, 1. I, crp. 334—
335), a noHATHe B3aMMHO NPOCTHIX YMCeJ MOSIBJISETCH TOJIbKO AJS
J0Ka3aTeJqbCTBA TeOpeMbl, YTBepXKAalolell, YyTo 4acTHOe B3aUMHGQ
NPOCTHIX YHCEJN MOXKeT ObITb KBaJPaTOM TOJIbKO B TOM Cjyuae, eCjH
KaXJl0€ U3 3THX YHCes ecTb KBajgpar *).

Hayuenne 1esouncaeHHbIX pellleHHH HEONMpPeNeNeHHbIX ypaBHeHHI
@ayajoch MO-HACTOSIIEMY B MEPUOJ PaHHETO CpeJHEBEKOBbA Yy Ma-
trematukos Kurtas u Mumuu. IlepBule, BepoATHO, mpUIIK K Hccle-
NOBaHUSIM 3TOr0 poja, HCXOAS K3 MPaKTHUECKUX MpobseM co3qaHusd
Kajsengapst (rae ompepeneHue oO6uUHX MEPHOLOB HECKOJBbKHX IIMKJIOB
aCTPOHOMHYECKUX ABJIeHHH cocTaBJsieT Kak pas «AH0(aHTOBY» mpo-
Gaemy nepBoil cremenu). Ml 06s3aHbl UM, BO BCAKOM cayuae, npa-
BUJIOM DelleHHs COBMECTHBIX JHHEeAHbIX CpaBHeHUH (BeposiTHO, MexX-
ay IV u VII BB. H. 3.). Uro Kacaercs uHAuHIEB, paclBeT MareMma-
THKHM KOTOpHIX oTHOocHTCs K V—XIII BB, TO OHHM He TOJIBKO Aaju CH-
CTEeMaTHUYECKYI0 TPAKTOBKY (MyTeM MpUMeHeHMs aJjroputmMa Eskiu-
Ja) cucteMbl AMO(AHTOBHIX JHHEeHHBLIX YPaBHEHHUI C JHOOBIM YHCIOM

) Takue npoGJemsl Bcrpeuaorcss B «Hauanax» EBkanna (nmpensoxenue 10,
Kuura I11) u y Apxumena (3amaya o 6bikax). [lepBas npo6iema Takoro popa 6bl1a
pelena eute nHdaropefinaMH, a HMMEHHO HAXOXJCHHE LEJOUHCJEHHBIX pelueHuil
ypaBuenns x> + y? = 22 — Ilpum. nepes.

?) Yawe Bcero Metoa Huodanta TakoB, 4TO Aa€T BO3MOXKHOCTb HaliTu 8ce
pellleHHsl HEONpeJle/IeHHOTO YpaBHeHHs WM GeckoHeuHoe yucjo HXx. CM, cienyro-
wywo cHocky H. Byp6aku. — ITpum. nepes.

%) HuodaHT CBOAUT HECHpeneneHHble MPo6JEMbl K 3a0ayaM OT OAHON HEeM3-
BECTHOM, BbIGHPAs BMECTO OCTAJbHBIX HEH3BECTHHIX TAKHE YHCJA, KOTOpHie Aesaiot
BO3MOXKHBIM pellieHe PesyJbTUPYIOUEro ypaBHeHusd. Bo3HHKHOBeHHE Takoro Me-
TOJla, KaK KaeTcs, GbIIO CBSA3aHO TJaBHEIM 00pasoM ¢ cHMBOJHKOH [HodaHTa,
KOTOpasi He MO3BOJIAJa ONEPHPOBATH OJHOBPEMEHHO C HECKOJIbKHMH HEH3BECTHHI-
mu. OfHako BO BpeMs BbluHc/eHH JIMOGaHT He BhIMYCKAaeT M3 BHAY T€ UHCJIOBHIE
I0JICTAHOBKH, KOTOPble OH CHe/iaJ, H H3MEeHSeT MX B CJyuyae HEYNayd, ec/]H 3TH
YHC/MIOBBIE 3HAYEHHs] HEe MOAXOAAT, NMPH 3TOM OH MHIUET YCJAOBHE COBMECTHOCTH
I/ TOACTABJIEHHBIX HEH3BECTHHIX M pellaeT 3Ty 3ajauy, BCHOMOTaTeNbHYio MO
OTHOLUIEHHIO K TNepBOHAuajbHOH. JIpyrHMu ciaoBaMu, JIHOdaHT u3MeHsieT mojcra-
BJIEHHBIE YHCJOBBlE 3HAYEHHA TaK e, KaK Mbl Gbl 3TO CHe/Najd ¢ mapameTpaMH,
TaK YTO €ro KOHEeUHbIl Pe3y/JbTaT CBOAHTCS K HAaXOMAEHHIO PalHOHAJbLHOTO Mapa-
METPHUECKOTO  NpeJCTaBJEHMSl  3aJaHHOro  ajre6pandecKoro  MHOroo6pasus
(cp. [1141]).

4) MHorue JnaHHBle YKAa3HBAaIOT Ha GoJsee o6WMpHHE apuMeTHyeckue M0-
sHauus JluodaHTa: OH 3HaJ, HanpHMep, uYTO ypaBHeHHe X2+ Y2 = He HMeeT
palMOHAJIbBHLIX perleHui, ecin n —1iuenoe Buga 4k + 3 [Kuura V, 3amaua 9;
Kuura VI, sagaua 14 [70a], 1. I, ctp. 332—335 u crp. 425; cp. takxke ([114i],
ctp. 105—110)].
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HeH3BeC¢THHIX I, HO ¥ OBbIIM NepBbIMH, PACCMOTPEBIIHMH H PeLIHBLIHU-
Mu npoGeMbl BTOPOH CTeneHH, CpelH HUX YaCTHbIE C1yyan «ypaBHe-
uust ®epma» Nx2 + 1 =y? ([59], 1. 11, crp. 87—307).

Mbl He MOXeM 31ech BOAPOGHO MPOCAEIHTh HCTOPHIO TEOPHHU
nuoGhaHTOBBIX ypaBHeHMH Bblllle MepBOH cTeneHH, Kotopas OJaro-
naps pa6Goram @Pepma, Jiinepa, Jlarpamxa u laycca mpusena B
XIX B. K Teopuu Leablx alre6panueckux uucesa. Kak Mbl yKe oTMe-
yanu (cp. ctp. 74), n3yueHde JNUHEHHBIX CHCTEM, KOTOPOe, KaK Ka-
3a/och, y¥kKe He COLEPIKUT HHTepecHBIX npobJeM, GbLJIO B 3TOT me-
pHOJ B HEKOTODOM npeHe(pexKeHHH; B YAaCTHOCTH, He feJajoch yCH-
JHH, uTo6Bl cHOpMYNHPOBaTh OOIIMe YCJOBHS COBMECTHOCTH CHCTe-
MBI ypaBHEHHH HJHM OmHcaTb MHOXecTBO peileHnd, OnHaKo B cepe-
nuHe XIX B, OpMuT, 3aHUMasiCh Teopuell uHces, MPUILeJ K HeoGXo-
JHMOCTH NMPUMEHHUTb pas3J/HuHble JieMMbl O JHHeHHBIX AHO(aHTOBBIX
ypaBHeHHSAX, B 4YaCTHOCTH «IpHBefeHHYI0 (QOpMy» JuHeHHOH MOACTa-
HOBKH ¢ ledbiMu Kosdpduuuentamu ([119], 1. I, crp. 164 u 265).
Haxkonen, mocse toro Kak Xerep Haulen B 1858 r. yciaoBue coBmecT-
HOCTH CHCTEMBI, paHT KOTOpo# paBeH uucay ypasHeHud, I'. [Ix. Cmut
8 1861 r. onpenenua MHBApHAHTHBble JEJHTENH LeJOUHCJIEHHOH Mart-
puIbl ¥ NOJYYHa OOLIYI0 TeopeMy O MPHUBeNEHHH TAaKOH MaTpHLBl K
«kaHoHuueckomy Buay» ([210], 1. I, ctp. 367—409).

Mexny Tem mocreneHHo Bce GoJiee H 6ojiee YTOUHANOCh MOHSITHE
aGeseBodl rpymmnbl BcJAeACTBHe ero npuMeHenns [ayccom (cp.
ctp. 177) n 3HaueHHs, KOTOpoe nNpHOGpPeJIo 3TO MOHATHE B NMOCJAEAYIO-
WeM pa3BUTHH TeopHH uuces. ['ny6oxoe Hcc/eloBaHHE KOHEUHOH
aGesieBOll T'pPYMIBl KN1ACCOB KBAAPATHUYHHIX (DOPM € 3aaHHBIM JHCKPH-
MHUHAHTOM, H3NoxeHHoe B «Disquisitiones», npusesno 'aycca k 3a-
KJIIOUEeHHIO, YTO HeKOTOphble W3 3THX FPYMM He ABJAIOTCS HHKIHYECKH-
mu: «Taxk xKakx 00H020 OCHOBAHUA,— FOBOPHUT OH,— B8 3TOM CAYyHae He-
00CcTaToUHo, To Heobxooumo Gpars 08a uiu Oasxe Goabuiee HUCLO
KAQCCO8, NpU YMHONOHUU U KOMNO3UYuULl 2) KOTOPbIX NOAYYQIOTCA
yoce sce ocraronsie» ([95a], 1. I, crp. 374—375; pycckuii nepeson
cTp. 462). Henb3st GbITh yBepeHHBIM B ToM, uTo l'aycc XoTesn 3THMH
CJIOBaMH ONMCAaTh pasJ/oxeHHe IPYINNLl B OPSMOe MPOU3BelleHHe HHK-
Juyeckux rpynn. Ho, Bo BcsikoM cayuae, B ToM Xe paspene «Disqui-
sitiones» OH 10Ka3bIBaeT, 4TO CYILECTBYeT 3JeMeHT IPYMNNbl, MOPSA0K
KOTOpPOro paBeH HamMeHblleMy 0OlileMy KpaTHOMY MOPSIIKOB Bcex
3/1eMeHTOB — JIPYTHMH CJIOBAMH, OH IMOJyuaeT JOKa3aTe/JbCTBO CY-
1[eCTBOBAHHsT HauObOJbIIEro HHBAPHAHTHOTO MHOXKHTENs TpPYyNIIbl
([95a], T. I, crp. 373; pycckuit mepesoa crp. 460). C mpyro#t cropo-
HbI, eMy GBLIJIO H3BECTHO MOHSITHE MPSMOro NMPOM3BeNEHHUs, TAaK KaK B

1) AcTpoHoMHuYecKHe 3ajayM TaKKe INPHUBOLHJH UHAHHALEB K HCCIEAOBAHMIO
takoro poxa ypaseenu# (cp. [59], t. II, ctp. 100, 117 u 135).

?) Taycc BBOAMT anNUTHBHOE OGO3HAUEHHE Jis KOMIO3HMUMH KnaaccoB. ITog
«yMHOXKEHHEM» OH NJOHHMaeT, C/le/loBaTeNbHO, YMHOXKeHHe Kjacca Ha Leloe YHCaQ.
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onHOM pyKonucH, fatupoBadHoi 1801 r., HO He omyG/MKOBAHHOM NPH
ero XW3HH, OH HabpocaJs obllee NOKA3aTeNbCTBO PA3JIOKHMOCTH KO-
HeyHoH aGesieBOH TPYHNBI B MpsiMoe MpousBeneHue p-rpymm!) ([95a],
1. II, ctp. 266). Bo Bcsikom cayuae, B 1868 r. uspatesar mpoussefe-
guli [aycca IllepuHr, BROXHOBJIEHHBI 3THMH pe3ysabTaTaMu (a
HMEHHO pPYKOMHCbIO, KOTOPYIO OH OGHapyXua1), Hokasan (Tak-
e IJs TPYNIBl KJA4aCCOB KBaJApaTHUHHX (popMm) 0oOUlyI0 TeopeMy O
pasnoxenun ([199], t. I, crp. 135—148) metonom, KOTOpHIi uepe3
nBa roga 6eu1 passut Kpouekepom ([136al, 1. I, cTp. 273—282) 6o-
Jiee aGCTPAKTHEIM 06pa30oM M KOTOPBIA B CyLIECTBEHHBIX UepTax COB-
nmajaer ¢ MeTojloM, yrnorpebJiseMbM B Halle BpeMmsi. UTo Kacaercsi
abesieBbIX rpynn 6e3 KpyueHHs, TO MBI y¥Ke TOBOpHJIH (cp. cTp. 77),
KaKk Teopusl 3JJAMNTHYECKHX (YHKUMH H abejieBbIX HHTErpaJios,
passutas 'ayccom, AbeneM u g}(oén, NpHUBOJHMIA MaJo-IoMalay K
ysICHeHHI0 UX CTPYKTYyphl. [lepBrii n HanGosee 3HaMEHHTHIH NMpUMep
pasnoxeHuss 6eCKOHeYHOH rpyHnbl B NPSIMYIO CyMMY OeCKOHEUHBIX
UMKJHYeCKUX rpymn Obl1 gaH B 1846 r. upuxise B ero memyape
0 eAuHHLAX nojs anare6panueckux uucena ([91], . I, ctp. 619—644).
Ho tonbko B 1879 r. ®poGenuyc u IlTukennbeprep ([91], § 10)
0o6HAPYXKHAW M HCIO/Ib30BaJH CBSI3b MeXAYy TeopHeH abeseBHIX
rPYIN C KOHEUHBIM YHCJIOM o6pasylolux u teopemoit CMura.

K sTOoMy BpeMeHH OTHOCHUTCSI TaKxkKe 3aBeplieHHe TEOPUH MOJO-
6ust MaTpuL (¢ AeHCTBHUTEbHBIMU WM KOMIJIEKCHBIMU KO3(dhHLMeH-
tamu). IloHsiTHe CcOGCTBeHHBIX 3HAueHWH JIMHeHHOH [OACTaHOBKH
SIBHO MOSIBJSIETCS B TEOPHH CHCTeM JIHHeHHBIX AupdepeHIna bHBIX
ypaBHEHUE ¢ MOCTOSIHHBIMH KO3dpduLmeHTaMu, Kotopyio JlarpaHx
NpUMeHsIT K Teopuu MaJbix KosaeGauuit ([140], 1. I, cTp. 520) u oH
xe ([140], 1. VI, ctp. 655—666) n Jlanaac ([142], r. VIII, cTp. 3256—
366) — K «BEeKOBBIM» HepaBeHCTBAM MJaHeT. DTO IOHATHe COfepkKa-
JIOCb HEsSIBHO BO MHOTHX APYrux mpobJemax, M3yyaBIUHXCS B cepe-
qude XVIII B., Kak HaxoxJeHHe ocell KOHHYECKOro CeUeHHs] HJH
KBaApHK (ocyulecTBieHHoe BrepBnie finepom) ([8la] (1), T. IX,
cTp. 384), UM M3yuyeHHe TIJaBHBIX OCed HHepUHMH TBepLOro Teja
(rakxke passuToe disiepom ([8la]) (2), r. III, crp. 200—201). Cy-
LeCTBOBaHUe IVIABHBIX Ocell MHepUuu OblIO OTKpHITO ge CerHepom
B 1755 r. MHl 3HaeM Temeph, UTO paccMaTpHBaeMoe MOHsTHe (B ro-
pasgo 6oJee CKPHITOM BHIe) MPHCYTCTBOBAJIO C CaMOro HauaJa
B TEOPHH ypaBHEHHH C YAaCTHBLIMH MPOM3BOLHBIMH, B UacTHOCTI B T€O-
pun ypaBHeHus KonebaHus ctpyHul. Ho (He rosops 06 stom nocJen-
HeM cJjlyyae) POACTBO MeXJYy STHMH PasJHYHbIMH mpobJeMaMu Gbl10
o6HapyxeHo Toabko Komm ([42a] (2), 1. V, ctp. 248, u 1. IX,
crp. 174). K Tomy ke Tak xak 60/bIas 4acTh THX npobjeM MNpH-
BOAMT K CHMMETpPHYEeCKMM MaTpHullaM, TO BHauaje G6GoJblie BCEro

1) AGesnb Takxke no XORY [Hesia JOKa3wBaeT 3TO CBOACTBO B CBOEM MeMyape
06 aGenesbix ypasHenusx ([1], r. I, crp. 494—497),
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U3ydarTcs cOOCTBeHHbIe 3HaUeHHs 3TUX nocaefHHX. OTMeTUM 34ech
Ke, uro B 1826 r. Komwn noxasbiBaeT HHBAPHAHTHOCTE cOOCTBEHHBIX
3HaueHWH 3THX MaTPHIl OTHOCUTEJbHO Npeo6paszoBaHust MogoGHsi H
NOKa3kBaeT, 4TO AJsi CHMMETpHUYEeCKMX MaTpuy 3-To mopsiika 3TH
3HaueHns pefictButenbhnl ([42a] (2), 1. V, cTp. 248). DTOT pesyib-
TaT OH TPHU roja crnycrsi o6o6mua Ha Jaobble CHMMeTpHUYeCKHe HeH-
ctBuTenbHEle MaTpusl ([42a] (2), 1. IX, cTtp. 174) !). O6uiee nousi-
THe «NPOeKTHBHOro npeoGpasoBaHus», BBeneHHoe Mebuycom
B 1827 r. ([160], T. I, ctp. 217), Bckope mpuUBOAUT K npobJeme Kiaac-
cuduKauyn 3TUX npeobpaszoBaHHil (CHavaJa aJs 2-x U 3-X H3Mepe-
HUH), YTO sIBJISIETCS He ueM WHBIM, Kak npob6JaeMoii mono6usi cOOT-
BeTCTBYIOLIMX MaTpuu. Ho posaroe BpeMsi 3TOT BONpOC TPaKTOBAJCH
TOJILKO «CHHTETHUECKHMU» CpeLCTBAaMH, KOTOpbie BHOBb OBIIH pac-
npoctpaHenel B cepexnvHe XIX B.; nporpecc B 3TOM HanpaB/eHHH
(BOpoueM JOBOJNBHO MeAJIEHHEIH), O-BUANMOMY, He 0OKa3aJl BJHSHHUS
Ha TeopHuio cOOGCTBeHHbIX 3HaueHu#l, Mnaue o6cTosano neno ¢ ApY-
UM TeoMeTpHYeCKHM BOINIPOCOM — KJaccu(HuKauueldl nyuka KoHHue-
CKHX CeYeHHM# HJIM KBaJAPHK, KOTOPBIH C COBPEMEHHOH TOUKH 3peHHst
CBOIMTCS K HU3YUEHHIO 3JeMeHTapHbIX Aenurteneil matpuusl U + AV,
rne U u V gaBasioTcs cHMMeTPHYECKUMH MaTpullaMu. MMeHHO B 3TOM
nyxe nogoules K 3Toit npo6aeme B 1851 r. CunbBecTp, KOTOPHIH Tia-
TeJbHO HccJefoBastl (B ueisiXx HaHTH «KaHoHWYecKHe (OpMBI» pac-
CMaTpHBaeMOro IyykKa),uTo NPOHCXOAUT ¢ MHHOpaMu Matpuub U +
+ AV, korpa BMecTo A NOACTABJASIOT 3HaueHHe, obpalraioinee geTep-
MHHAHT MaTpuusl B uyas ([221], 1. I, crp. 219—240). OxHoBpeMeHHO
NPOUCXOAUT NPOrpecc YHCTO anreGpanyeckoro acrnekra TEopHu cob-
CTBEHHHIX 3HAUeHHH; Tak, HECKOJbKO aBTOPOB (B TOM YHC/Ie H CaM
CunbBectp) nokasbiBaloT 0kogao 1850 r., uTo cO6CTBeHHble 3HAYeHHUS
Un aBnsioTcst n-MH CTeneHssMH coGCTBeHHbIX 3HaueHui U, Torma xax
Ksau B 1858 r. B Memyape, B KOTOPOM OH 3aK/JaJblBaeT OCHOBY HC-
yucnennss matpun ([44], 1. II, crp. 475—496), dopmynaupyer «reo-
pemy [amunpTona — Kanu» A5 KBaapaTHOH MAaTpHIbI [1POU3BOJIb-
HOro nopsifka?), LoBOJBCTBYSCh €e J0Ka3aTeJbCTBOM [1yTeM NPsSMOro
BbIUKC/IEHHs A/ MaTpull nopsaka 2 u 3. Hakonern, B 1868 r. Beiiep-
mrpacc meTonamu CHJbBecTpa HaXOAHT «KaHOHHUYECKHe (HOpMBbI»
«nyuka» U + AV, rae na stor pas U u V sBAs0OTCH KBampaTHBHIMH
MaTpulaMH, He 006A3aTelbHO CHMMETPHYECKHMH, NOAYHHEHHBIMH
eauHcTBeHHOMY yeqoBHio, uto det (U + AV) ne pasen Toxaecreenno

1) Vxe Jlannac s 1784 r. ([142], 1. XI, crp. 49—92) cpenan monmbiTky goka-
3aThb 3TOT pe3yJabTaT /s YacTHOTO CJy4Yash <BEKOBBIX YPAaBHEHHil» MJaHCT.
Diinep 6e3 HoKasaTeJbCTBAa MPHHHMAJ, YTO YpaBHeHHe 3-Fo MopsifiKa, naioliee
OCH [JeHCTBHTe/IbHOH KBaJIPHKH, HMeeT JeHCTBHTeJbHbHle KOPHH. [lOmBITKa poka-
3aThb 3710, cienanHas B 1773 r. Jlarpamxem ([140], t. III, ctp. 579—616), okasa-
Jach HefgocTaToyHo#i. BnepBble cTporoe fgoka3aTesbCTBO 3TOr0 (hakTa 6bLJIO AaHO
Amertom n Ilyacconom B 1801 r. [105].

?) TaMubTOH MOMYTHO JOKa3an 3Ty TeopeMy Aas MaTpHi mopsanka 2 u 3
HecKOJbKHMH romamu panbuwe ([108], ctp. 566—567).
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uyao. OTclofna oH BBIBOLUT ONpejelieHHe 3JeMeHTapHbIX AejuTenel
NPOU3BOJNBHOH KBaApPaTHOH MaTpHUbl (C KOMIIEKCHBIMH UYJeHaMH)
M JOKa3bIBaeT, UTO OHH XaPaKTePH3YIOT ee C TOUHOCTBIO A0 mopobus
([243a], T. I, cTp. 19—44). D11 pe3yabTaThl GBIIH YACTHUYHO BHOBb
HaligeHbl (NO-BUAMMOMY, He3aBHUCHMBIM 06pa3oM) ABYMS TOAaMu
nosxke JKopmnanom!) ([129a], crp. 114—125). U 3zmech Takxke Ppo-
Genuyc B 1879 r. nokasaJj, uto TeopeMmy Befiepmrpacca MoxkHO Jer-
KO BbIBecTH U3 Teopuu CMHUTa, pacnpocTpaHeHHON Ha MHOTOUJIEHH
([90b], § 13). :

MBI TOIBKO 4TO KOCHYJHChH TEOPHUHM HeJIHMOCTH MHOrOYJIEHOB OT
ONHOH NepeMeHHo#. Bompoc o neseHnn MHOro4JeHOB Kak o0 orne-
pauuy, o6paTHON yYMHOXKEeHHIO (3Ta nocJenHsisi 6bl1a M3BECTHA yXKe
duodaHty, no kpailiHeil Mepe [Jisi MHOrouJeHOB HeOOJbILIUX CTelne-
HeH), HoJKeH Gbll ObITh €CTeCTBeHHbIM 006pa3oM MNOCTaBJEH ¢ Ca-
MOro BO3HMKHOBeHHs1 aare6pbl. OaHako $ICHO, 4TO 3Ty MnpobJjeMy
Hesb3sl GBLIO paccMaTpuBaTh B o6LIeM BHAe A0 TeX MOp, MokKa He
Gblia BhipaGoTaHa CBsi3Has cucreMa O0O03HAUYEHHH AJS Pa3JIUYHBIX
creneHedl HenaBecTHo#. U neficrBurenbHo, no cepenuusl XVI B.2) Mbl
He BCTpeuaeM NPHMEPOB NMPUMeEHeHHs K MHOrouJeHaMm <«eBKJHIO0Ba»
mpoliecca B TaKoM BHJe, KaK Mbl ero Tenepb 3HaeM. CTeBHH (mpuMe-
HSIBIUMH 110 cymecTBy o603HaueHHe cTeneHelf) OblJ, BepPOSATHO, Nep-
BbIM, KTo MpUINeJ K HAee pPacCnpocTpaHATh «aaroputm EBxnumas
[/ OTBICKaHUs HauboJblIero ofuiero AesuTessi ABYX MHOTOUJIEHOB
([214], 1. I, cTp. 54—56). B ocraibHOM NOHATHE 1JHMOCTH 1O Ce-
penuel XVIII B. cuuTanoch NPHCYWMM TOJBKO HEJbIM UYHC/IAM.
B 1770 r. Diiniep OTKpPBLII HOBYIO IMIaBy apH(dMeTHKH, CMeJo pacnpo-
CTpaHMB MOHSTHE JeJHMOCTH Ha leJble Yyuc/Ja KBAAPaTHYHOro pac-
IIMpEeHUs: KeJas ONnpelesuThb AeJHUTeNH yHc/la Buaa x* + cy? (rae
X, Yy, C—lejsle paluoHAJbHBIE), OH mojaraeTx—y )y —c=
:(p+q V —c)>< (r + sV —c) (roe p, g, r, s —1e/jble palHoOHAb-
HBIE), U, B35IB 3aTeM HODMBI OT o@enx yacrel, 6e3 Kose6aHUi yTBep-
XJAaeT, UTo TaKHM 06pa3oM MoJydaloTCsl BCe AesuTenn x2 + cy? Buaa
p? + cq? ([81a] (I), 7. I, crp. 422). [pyrumu cnosamu, Ditep pac-
CykAaeT Tak, Kak ecu Obl KOJ/bIO Z[V—c¢] 6buo koablom raas-
HBIX uAeasnoB. Hecko/bko nafiblie OH NMPOBOAHT aHAJOTHYHOe pac-
cyXJeHHe /11 NPUMeHeHHs MeTofa «6ecKOHeUHOro Cnycka» K ypas-
Henuio x° + y3 = 2% (meso cBoauTCA K 3anuch TOro, uro p? -+ 342

1) >XopnaH He ynmoMmuHaeT o6 HHBapHaHTHOCTH MOJYYEHHOH UM KAHOHHYECKOH
¢dopmbl. VIHTepecHo 3aMeTHTh, CBepX TOTO, YTO OH TPaKTyeT BOMPOC He S
MaTpHull C KOMIUVIEKCHBIMH 4YJIeHaMH, HO JJIsi MAaTpUIl HAaj KOHEUYHbLIM moJeM.
TlonuepkHeM, 4ro, ¢ APYroil cropoHel, ['paccMan Hayunas c 1862 r. man meron
npuBefeHHss MaTpHOBl (C KOMIJIEKCHBIMH uieHaMH) K TPEYroJbHOMY BHAY #
yNOMsIHYJl sBHO O CBA3M MeX/Jy 3THM MNpHBeJeHHeM W KJacCH(pUKALHell npoek-
THBHBIX Npeo6pasoBanuit ([102], T. I, crp. 249—254),

?) Cp., nanpumep, [26].
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sBasieTcss Ky6oM, uro Dfilep u JAenaeT, moaaras p—q VY — 3=
=(r+s5V —3)"). Ho naunnas c 1773 r. Jlarpan:k nokasbiBaeT, 4To
JNeJIMTeNH yHceJ BuAa X2 + cy? He BCcerga HMeEIOT TOT Ke BHA. ITO
6LLTO mepBbIM NPUMepOM TeX (PyHAaMeHTaJdbHbIX TPYLHOCTeH, KOTO-
pble BBIIBHJHMCH ropasio GoJiee 4eTKO B HcclenoBaHusix [aycca u
ero mnocJjenoBaTeseidl o AeJHMOCTH B MOJSIX KODHEH U3 eNMHHLBI!).
Ha sty noss, BooGie roBopsi, HEBO3MOXHO PACNPOCTPAHUTh OCHOB-
Hble CBOHCTBA JeJMMOCTH LeJbIX PAalHOHAJBHBIX YHCeJN, CYLIeCcTBO-
BaHHe HauGoJbliero o6Ilero AenuTess W eIHHCTBEHHOCTb Pasfoxke-
HHsl HA NIPOCTble MHOXHTeNH. 3/1eCb He MeCTO [Jis TOro, 4TOoGhLl OIH-
chiBaTh, Kak KyMMep ass noseit kopHe# u3 enuuuis [138]2), a sarem
Henexkunn u KpoHekep?3) mias NpPOH3BOJbHHIX mNoJgell anareGpauye-
CKHX uHce] CyMeJH MpeoJoseTb 3TO TPO3HOe MPensTCTBHe NyTeM
CO3/1aHHSI TEOPHH HleaJsloB, UTO SIBUIOCh OTHUM H3 HAHGOJee peHiao-
LIUX [OOCTHKEeHHH coBpeMmeHHolt aare6pbl. Ho [lenekunpn, Bceraa
OTHOCHBHIMICSt ¢ 60JbUIMM HHTEpecoM K OBOCHOBAHMIO Pa3JHUYHBIX
MareMaTHUeCKHX TEOPHH, He OCTAHOBHJCS Ha 3ToM ycmexe. AHanu-
3UpYysi MeXaHH3M OTHOLIeHHH JeJHMMOCTH, OH 3aJ0XHJ OCHOBH CO-
BpEMEHHON TEeODHH pelleTUaTBHIX TPyNn B MeMyape (KOTOPbli He
NOJYYHJ OTKJIHMKA Yy ero COBPEMeHHHKOB W B mpojosKenue 30 Jjet
ocraBaJjics 3a6GBITBIM), siBaAsiomeMcs, 6e3 COMHeHHs, OLHON H3 Mep-
BeIx pafoT no akcHomaTHueckoil aarebpe ([60], t. II, cTp. 103—147).

C cepenunbl XVII B. moucku nokasaTelbCcTBa «OCHOBHOH Teope-
MBI aareGpsly OblJIM OJHOM M3 NepBooYePeHbIX 3afay (cp. crp. 93).
Mpr He 6yneM 3mech HamoOMHHATb O nonbiTke [lamambepa, xotopas
NOJOXKHAA HayaJdo LeJOH CepHH J0Ka3aTelbCTB, ONUPAMOLIUXCS HA
ucuyuciaeHne OGeckoHeyHo MaJabix (cp. ctp. 161). Ho B 1749 r. Sinep
NPUCTYNHJ K pellleHHIo 3ToH npol/jeMbl cOBepLIEHHO HHBIM 06pasoM

1) Kawxercs, urto 6bln Takoll MomeHT, Korma [laycc Hamessacf, YTo KOJBUO
HeJBIX YHCeJ TOJsI KOPHeH n-fi CTemeHH H3 eJHHHIBI ABJAETCA KO.BLOM TJIaBHBIX
uleanos. B onnoii pykomucu, me ony6aukoBaHHOH mpH ero xusuu ([95a], 1. II,
ctp. 387—397), aycc nokasbiBaeT CyllecTBOBAHHE MpOLECCAa eBKJHLOBA [esleHHs
B ToJe KOpHeH KyOHUecKHX M3 eJHHHIb H JaeT HeKOTOpele yKasaHnus o6 aHaJo-
rMYHOM TIpouecce B moJsie Kopuell 5-# cremenu. OH NpHMEHser 3TH pe3yJbTATHI,
HanpuMep, [Js AOKA3aTelbCTBAa MeTOAOM <«G@CKOHeYHOTo CIyCKa», MPOBEAEHHOro
GoJlee KOpPPeKTHO, ueM y Dilsiepa, Hepa3pelInMocTu ypasHeHus x® 4 y% = ¢3 g mose
KyOHUeCKHX KODHell W3 eJMHHIbl H NOJYepKHBAET, YTO 3TOT METOJ MOMKHO pacHpo-
cTpauuTh Ha ypasHenue X° - y5 =15 Ho ocranaBiMBaeTcsi nepel ypaBHEHHEM
X7+ y7 = {7, 3ameuas, yTO 3/eCb yKe HeJb3si OTOPLCHTH a priori caydali, xorma
X, y, t He Oenasitcs Ha 7.

?) Hauynnast co cBoeft mepBofi paGorel 0§ «HAeaJbHHX uHcaaxs, Kymmep
SIBHO MOJUePKHBAET, YTO ero MeTON MOKeT ObIThb [PUMEHEH He TOJbKO K IO0JIM
JeNleHHA Kpyra, HO M K KBaJpaTHUHbIM IOJAAM, W TaKHM CNOCO6OM MOTYT GOHITh
BHOBb TOJy4eHbl pe3ysabTaThl ['aycca o GHHapHBIX KBaApaTHuHBIX dopmax ([138],
crp. 324—325).

3) OxnHospeMenHo c JlenekMHIOM OGOCHOBAHHE TEOPHH HEJIHMOCTH B MPOH3-
BOJIBHBIX MOJAX aJjre6pauueckux uucesn Owoiio gavo E. M. 3osorapesvim [3]. Ero
MeTON HJAeasNbHLIX MHOXKHTeNedl Obln Onuxe K HAesM Kymmepa, uem MerTonst
Henexunna u Kpouekepa. — [Tpum. nepes.
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([81al], (1), 1. VI, crp. 78—147). On crapaJjcs Joka3aTb, 4TO Kax-
AbIH MHOTOUJIEH f ¢ AefCTBHTENbHBIMH KOS (HIHEHTAME MOXKHO pa3-
JOXHTb B NpPOHU3BeJeHHe ABYX MHorouieHoB [ = fif; (oTamunblx oT
KOHCTAHT) ¢ Oedcrsuresbroimu KospdunrenTaMu. ATo najo 6bl eMy
J10Ka3aTeJbCTBO «OCHOBHOH TeOpeMbl» DPEeKYPpPEHTHO O CTeneH  f.
Kak on 3aMeuaeT, JOCTATOYHO OCTAHOBHTLCS HAa NEPBOM MHOXKHUTeJ/e
HeyeTHOH CTeMNeHH, U, CJIeloBaTeNbHO, BCSI TPYAHOCTb CBOJHUTCS K pac-
CMOTpEHHIO c/yyasl, KOrla MHOrouseH [ uMeeT yeTHYIO cTeleHb 1.
Dfiylep orpaHyuuBaercss TOrAa HCc/eJOBaHHEM cJayuasi, Korga o6a
MCKOMBIX MHOXHTe/si UMeloT cTenelb /2. OH yKa3bIBaeT, uTo nyTeM
MCKJIIOUEHHs], IPOBEJEHHOI'0 COOTBETCTBYIONHM 00pa3oM, MOXKHO BhI-
pasuTh Heu3BecTHble KO3GbGHULUHEHTH [ W fo B BHIe palMOHaJbHBIX
GYHKIHMA OT KOpHSt ypaBHeHHs ¢ JeHCTBHTeJNbHBIMH Ko3(ddullneHra-
MH, ¥ KOTOPOTO MepBbIil H MOCNEIHHUI UJeHBl UMEIT APOTUBONOAONC-
Hble 3HAKW, BCJENCTBHE Uero 3T0 ypaBHeHHe MUMeeT MO KpaiiHeil Mepe
OJHH HeHdcTBUTeNbHBIH KopeHb. Ho mokasaTtenbcTBo dilnepa siBaser-
cs JULb HabpocKkoM, B KOTOPOM MHOTHe CYIIeCTBEHHble NYHKTHI
o6oiinensl MomuanueM. Tonbko B 1772 r. Jlarpanxy ypaJnoch npe-
0/J0JIeTh TPYAHOCTH, BO3HUKIIHE B CBSI3H ¢ 3THM J0Ka3aTeJlbCTBOM
([140], =. III, cTp. 479—516). On 3To cmenas ¢ NOMOIIBI BecbMa
IJIMHHOTO ¥ KPOMOT/IHBOIO aHasH3a, KOTOPbIH N0Ka3bIBAeT ero saMe-
qaTeNbHYI0 BHPTYO3HOCTH B NPHMEHEHHH MeTOJOB «Teopuu [anyas,
KOTOpbIe OH co3paan (cp. cTp. 94—95).

Bce ke Jlarpauxk, Kak Ditiep u Bce HX COBPEMEHHHUKH, 6€3 BCAKHX
comHeHu#l ¢dopManbHO OnepupyeT C «nojeM KOpHel» MHOrouseHa
(ww, roBops ero sA3bIKOM, paccMaTpUBaeT <«BooOpaxKaeMble KODHH»
3TOr0 MHOrOYJIEHA), XOTS1 MaTeMaTHKa ero BpeMeHH He COJeprKana Hu-
4ero, YTo MOTJIO GbI ONPaBAAaTh TaKOM cnocob paccyxkaeHuil. [Tostomy
I'aycc, KOTOpBIH ¢ caMOro Haya/na Obll pelIHTeqbHBIM NPOTHBHHKOM
Gesynepxkuoro ¢opmanusma XVIII B., co Bceft cusoit obpymuics
B CBOeH JHccepTalHu Ha 3To 3noynorpebaenue ([95a], t. I1I, ctp. 3).
Ho Taycc He 6bl1 661 camum co6ofi, ecan Obl OH He NMOYYBCTBOBAJ,
YTO /10 3aKJAI0UajJoch BO BHEIIHE NMOPOYHOM H3JIOKEHHH MO Cylie-
CTBY KOppeKTHBIX paccyxaenuii. I Bor Heckosbko seT cnycts ([95a],
1. III, ctp. 33, cp. Takxke [95b]) T'aycc npoBen Gosee mpocroii Ba-
pHaHT paccyxpaeHuli Dijepa, HaMeueHHblH elile B 1759 r. Poncene
(xoTOopbIf, ONHAKO, He CyMeJ XOPOLIO NPOBECTH €ro), U BhIBEJ TaKUM
cnoco6oM ellle 0JHO J0Ka3aTeJbCTBO «OCHOBHOH TEOpeMBI», B KOTO-
pOM OH TIIaTeJbHO H36eraeT ONmepupoBaTb C «BOOGPaXKaeMBIMHU»
kopusiMi. OH 3aMeHsieT HX yMeJbIM MPHCOeAMHEHHeM H CIeluaJH-
3alHell HeonpeaeJeHHBIX BeJHUHH !).

') B ykasauHoit pa6ore Taycca, Kak HeTPyAHO BHIeTb, CONXEPKUTCH, IO
CYLIeCTBY, MOCTPOeHHe MOJs Pa3/okKeHHs MHOrousieHa. Drta KOHCTPYKUHA OGhlna
BNOC/IENCTBUN B o6uieM Bupe nposenena Kpowekepom (cu. [3b]). — [Tpum. nepes.
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Posb Tonmosoruu B «(pyHIaMeHTaJbHOH Teopeme» Oblia CBefleHa
K €IMHCTBEHHOMY NpeIJIOXKEHHIO, COrIaCHO KOTOPOMY, eCc/H MHOro-
yaeH ¢ jgedcTBUTENbHBIMH KO3(GHIUEHTaMH MeHsieT 3HaK B HEKO-
TOpOM HHTepBase, To OH ofpallaeTcs B HEKOTOPOH TOYKe B HyJb
(teopema Bosplano ans MHOroujaeHos). dta TeopeMa JIeXKHT TaKxKe
B OCHOBe BCeX KpPHUTepHeB [HJisi OTHeseHHs NefCcTBUTENbHBIX KOpHeH
MHOTOu/IeHOB (c JeHCTBUTeJbHBIMH KO3((duLHeHTaMH), KOTOphIe
sBJAsANCh H3J00MeHHBIM npeaMeroM aJjre6pel XIX B.!). B xonme
5THX HCC/IeI0BAHHI He MOIJIH He 3aMeTHThb, UTO CYIIECTBEHHYIO pOJIb
npu 3TOM MrpaeT He CTOJBKO TOMNOJOTHS, CKOJbKO CTPYKTypa ynops-
pouenHoctd R 2). Tak, HanpuMep, TeopeMa BoJibuiaHo /15 MHOrouIe-
HOB BepHa M JJIA MoJis BceX JelICTBUTeJbHbIX ajdre6paudeckux yucel.
AToT XOA MBICJell Hallle] cBOe 3aBeplieHHe B aGCTPaKTHON TeopHH
yrnopsiioueHHbIX nojel, co3nanHoli Apruaom u Ilpeitepom ([5b] n
[6a u b]). OnnuM u3 ee HauGoJiee 3aMeuaTeJbHBIX Pe3y/bTaTOB $IB-
JISIeTCs, KOHeUHO, OTKPBITHE, YTO CyliecTBOBaHHe OTHOLUEHHs MOpsALKa
B MoJie CBSI3aHO C ero YWUCTO ajre6panuyecKUMH CBOHCTBAMH.

1) TTo 3ToMy BoOmpocy uuTaTesb MOXKeT, Halnpumep, mocMoTperb [206] wau

[231], cTp. 223—235.

?) TenpeHuust npumUchBaTH npeobJajfaoliiee 3HAUYeHHe CTPYKType Ymnopsilo-
4eHHOCTH JCHCTBHTEe/IbHLIX UYHCeJ CKa3biBaeTcs TaKke B ONpefeseHHud [deilCTBH-
TeJbHBLIX UYHCE] MeTOIOM «ceueHHil» JleleKHHAa, XOTA 3TOT MeTOX B CYULHOCTH

MPUJIOKEM KO BCAKOMY YNOPAAOYEHHOMY MHOZKECTBY.
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Mut Bugenu (crp. 79—80), uTo nepBble HEKOMMYTaTHBHBIE aJjre6-
pel nosiBuanch B 1843—1844 rr. B pa6orax amuabrona [108] u
Ipaccmana ([102], 1. Ip). IIpu BBemenuu xBaTepHHOHOB ['aMHABbTOR
¥MeJl yXKe siICHOe TpeacTaB/jeHHe O NPOM3BOJLHBLIX ajre6pax KoHeu-
HOro paHra Haj nojeM JedcTBUTeNbHBIX uucea ([108], npexuciosue,
ctp. 26—31) '). Hemuoro nosanee, passuBas CBOIO TeODHIO, OH
NpHUlles K Hjiee PacCMOTPeHHs! «GUKBAaTePHHOHOBY, T. €. a/ire0pHl Haj
noJieM KOMIUIEKCHBIX uHces, HMelolleli Ty e TalJ/HIy yMHOXKeHHs,
4TO M TesJo KBarepHHOHOB. ITo sTomMy nosoay I'amMH/IbTOH 3aMeTHI,
yTO NMpPH TakoM pAaCUIHPEeHHH NOosBJAsIOTC Aenutenu Hyas ([108],
crp. 650). Touka 3penns I'paccMana Gbl1a HECKOJBLKO OTJIHYHOM, H
JoJiroe BpeMsi ero <«BHelllHsis aJjre6pas» ocraBajsach B CTOPOHE OT
Teopuu aJjre6p 2), HO HECMOTPS Ha ero si3blK, KOTOPOMY HeJOoCTaeT
TOYHOCTH, MOXHO ycMOTpeTb y I'paccMaHa nepBylo HAel0 ajiredpul
(xoHeuHoro WM GeCKOHEUHOro paHra Hajm nojeM OeHCTBUTEJBHBIX
unces), NMOPOXKIEHHON cUcTeMOH 00pasylOLHX H COOTHOLIEHHH Me-
xay uumu ([102], 1. Iy, cTp. 199—217).

B 1850—1860 rr. BBomsiTcsi GoJsiee UM MeHee SIBHBIM 006pasoM
HoBeie npumepnl anrebp. Ecau Ksau, pa3suBas TeopHio MaTpHll
([44], r. 1I, crp. 475—496), ewme He paccmaTpHBaeT KBajpaTHble
MaTpULBl Kak o6pasyiomue ajre6py (3Ta TOuka 3peHust Oblia
sicHio BeIpaxeHa oGoumu ITupcamu B 1870 r.[179 c]), TO OH 1O Kpail-
Hell Mepe 3aMeuaeT MO 3TOMY NOBOAY, UTO CYLIecTByeT CHCTeMa MaT-
pHL BTOpPOro MopsjKa, AJMs KOTOPHIX ClpaBeljHBa Tabsuuna yMHO-

1) TaMHJBTOH He ymOMHMHAeT O TIOHATHH M30MOpdH3Ma OBYX aJure6p; Ho Ha-
yyHas C 3TOr0 BpeMeHH MaTeMaTHKH .aHIVIMHCKOH IuKoJBl, a UMeHHo ne-Mopram u
Kaun, yXKe Xopowlo 3HAIOT, YTO H3MeHeHHe 6a3fca He MeHSIeT CyIIeCTBEHHBIM 06-
pa3oM H3yuaemyio ajre6py (cM., Hampumep, B paGore Kaau o6 anre6pax paura 2
([44], 1. I, cTp. 128—130)).

2) Moxer 6blTh, NMPHYHHA 3TOr0 3aKJKOUAETCs B TOM OOGCTOATENBCTBE, yYTO,
NIOMHMO «BHEIIHEro yMHOXeHHsl», ['paccmMaH BBes elle nJil [OJHBEKTOPOB H
YMHOXEHHe, Ha3BaHHOE HM <PErpecCHBHBIM», HJ'M <BHYTPEHHHM» (KOTOpOe eMmy
3aMEHsJI0 BCe TO, YTO OTHOCHJIOCH K ABoiicTBeHHOCTH). Bo Besikom ciyuae, Becbma
npHMeyaTesnbHo, uTo okosio 1900 r. B crathe CTynu — Kaprana B «DHunk/onenmi»
([40a], T. II,, crp. 107—246) Brewnsia anare6pa He pacCMaTpHBAeTCs KaK OJHA
M3 aCCOLMATHBHBIX aare6p, a TpakTyeTcsl OTHeJNsHO B crathe He nopuepxi-
BaeTcd TakKXke, yTO OJAMH M3 THNOB aJre6psl paura 4 (tun VIII ma crp. 180)
ABJISI€TCSl BHEIUHEH anre6poli HA MPOCTPAHCTBE ABYX H3MepeHHI],
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KeHHsi KBaTEPHUOHOB; 3TO 3aMeUyaHHe MOXKHO paccMaTpHBaTb Kak
nepBbLIf NMpUMep JuHEHHOro npeiacTaB/ieHust aiare6per!). C apyroi
CTOpPOHB, B MeMyape, B KotopoM KsJu onpezessieT abcTpakTHOe 1o-
HATHe KOHEYHOH TpYMMNE], OH 1aeT NO XOAy Nena onpeieseHHe Tpyn-
IIOBOH a/re6pHl, He H3BJeKas, OJHAKO, H3 3TOTrO OnpefeseHHsi HIKaKHX
caencteuit ([44], 1. 11, cTp. 129).

Mkl He MOXKeM OTMeTHTb HHKaKHX 3aMeTHBIX YCIEeXOB BIJAOTb A0
1870 r. Ho ¢ sToro MOMeHTa HayMHAlOTCA HCCJAeLOBaHHs OOuiei
CTPYKTYpHl a/ire6p KOHEUHOH pa3MepHOCTH (HajJ NOJeM J1eHCTBHTEb-
HBIX HJIH KOMIJIEKCHBIX uHces). IlepBhle mraru B 3TOM HanpaBJ/eHHH
6ul1u caenansl b. [TupcoM, KOTOPHIE BB/ MOHATHS HHUJILIOTEHTHOTO
3JleMeHTa, HIeMIOTEHTHOTO 3jeMeHTa, [0Ka3aJ, uTo Besikas aJjre6pa
(comepxkalllast WM He cojepiKalllasi eIHHHUYHBIN 3/7eMeHT), Yy KOTO-
poll mo KpalHHeHd Mepe OJHH 3JleMEHT He ABJeTCS HHUJBINOTEHTHHIM,
COZIEP>KHT HJEMNOTeHTHHIH 3jJeMeHT # 0, W HanHcaJd 3HaMeHHTOe
pasJ/oxeHHe

x =exe—+ (xe — exe) + (ex — exe) + (x — xe — ex+ exe)

(rme e — MIZeMNOTeHTHHIH, a x — Npou3BoJbHLIH 3nemenT). B. [Tupc
npuines Takxe K ujee (elle HeCKOJIbKO HesiCHOH) Pa3JioKeHHs HIeM-
MOTEHTHOTrO 3JeMeHTa B CYMMY «IIPHMHUTHBHLIX» HIEMIOTEHTHBIX 3Je-
MeHTOB, KOTOpble nonapHo opToroHatbHbl [178]. Kpome Toro, corsac-
Ho Kauddopay ([51], ctp. 274 2)), b. Ilupcy cneayer npunucath
BBeJeHHe MOHSITHS TEH30PHOro NPOU3BENEeHHs ABYX a/are6p, KOTopoe
cam Kununddopa HesiBHO npHMeHH] K 060061IeHHI0 «OHKBATEPHHOHOB»
Famuabrona ([51], ctp. 181—200) u HeCKOJbKMMH TOJZaMH [1033Ke
sBHBIM 06pa3oM K M3yueHHI0o ajnreGp, KoTopble HocAT ero ums ([51],
cTp. 266—276 u 397—401). B. IIupc npumMeHuUJ 3TH HOBBIE OHSTHS
s Knaccudukanuu anre6p HeGosbUIMX pa3MepHOCTed (Hax noJem
KOMIJIEKCHBIX yHces). DTok npo6jeMofl 3aHUMAaJHCh TaKKe 0KOJO
1880 r. ¥ npyrie MaTeMaTHKH aHIVIO-aMePHKAaHCKOH IIKOJB BO TIJlaBe
¢ Ksmu u CusnbBectpoM. Takum o6pa3om, GbICTPO 3aMeualoT Cyie-

1) Tlo mpaBge rosops, Kanu He pOKasbiBaeT CYLIECTBOBAHHSI MpeACTaBJe-
HHSl H He BBINHCBIBAET SBHO MATPHL, O KOTOPHIX HIET peub, H, MO-BHANMOMY,
He 3aMeuaeT, YTO HEKOTOpble H3 HUX HEOOXOAUMO SIBJSIOTCS MHUMBIMH (BO
BCeM STOM MeMyape HHM pasdy He YTOUISieTCs, SBJSIOTCH JIM  «KOJHUYECTBAy,
BXOAsLIME B MATpHIbl, AEACTBHTEJbHBIMH HJIH KOMIIJIEKCHBIMH; HO Ha cTp. 494
BCe-Taku IOfBJIAETCA CJAydyaliHO KOMIJEKCHOe uHca0). MoxHo 6blio Gbl mOAy-
MaTth, YTO OCTaercsl cAesaTh TOJBKO OXHMH LIAT, YTOGhl OTOXKAECTBHTH «GHKBaTep-
HHOHBI» [aMHJIbTOHA ¢ KOMILIEKCHBIMH MaTpuuamu 2-ro nopsiaxa, Ha camom gene
5TOT pe3yabraT Gbu1 siBHO cdopmysaupoBan [Tupcamu tosabko B 1870 r. ([178],
crp. 132). O6Gmas wuges perynsipHOro HpeACTaBJeHHs ajreGpel 6bia BBEJIeHA
K. C. Iupcom [179¢] oxomo 1879 r.; 3Ty upelo yxe B 1876 rony mpemuyBCTBOBaa
Jlarepp ([141], 1. I, ctp. 235).

%) B. Tupc serpetun Kanddopna B Jlowpome B 1871 r.; u TOoT m APYroi
HeOJHOKPATHO CCBLIAIOTCA HA CBOM Geceldbl, OJHA M3 KOTOPHIX, BEPOSITHO, COCTOS-
Jach Ha 3aceflanud JIOHJOHCKOro MaTemaTHueckoro oGuiecTBa, Ha KoTtopoMm Ilupc
TpeCTABHJ CBOM De3YJbTaThl,
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cTBOBaHHe GoJsbLIOro pa3Hoo6pas3usi BO3MOXKHBIX CTPYKTYp, U GJa-
rogapsi 3ToMy QakTy HCCJAEAOBAHHs MOC/eLYyHOLIEero nepuoga Oblau
HanpaBJieHBl Ha MOJydYeHHe KJjaccoB aJre6p, obJjajgamlomux Gosee
crenuaJbHBIMH CBOHCTBAMH.

Ha koHTHHeHTe, rie 3BOJIOUHs HOeH I1Ja HECKOJIbKO HHHIM my-
TeM, aHaJOrHYHbIe HCCJeJ0BaHUs MOSABJSIOTCS HeMHOro patee 1880 r.
B 1878 r. ®pobenuyc n0KazaJj, 4TO KBATEPHHUOHBI COCTABJSIOT €IHH-
CTBEHHBIH mpuMep Tesa (KOHeUHOH pa3MEepPHOCTH) Haj NOJeM Jefi-
creuTeabHbIX yncesn ([90a], crp. 51—63). IToT pe3yabraT GHJ He3a-
BHCHMO HalileH M ony6aukoBan aByms rogamu nosxe K. C. [Tupcom
[179a]. Hauunas ¢ 1861 r. Beiiepurpacc, yTouHsisi OAHO 3aMeuaHue
laycca, B CBOHMX JIEKUHSX XapaKTepu3oBasJ KOMMYTATHBHEIE aJi-
re6pul 6€3 HUJBMOTEHTHBIX 3JeMeHToB ') Hax R uan C kKak npsimoi
KOMIO3UT noJjed (u3oMopdubix R uaum C). emekunn co cBoei
CTOPOHBI MNpHUIEN K aHaJOrMuHbiM BbIBogaMm K 1870 r. B cBsisu
CO CBOE€H «THMNePKOMMJIEKCHOH» TPaKTOBKOH KOMMYTATHBHBIX TeJl.
CooTBercTByIOLIME  [OKA3aTeldbCTBA  GLIIM  ONyGJMKOBAHBI B
1884—1885 rr. ([243al, 1. II, crp. 311—322, wu [60], . II,
crp. 1—19). B toM ke 1884 r. A. Tlyankape B KOpOTKOH ¥ BecbMa He-
noaso#i sametke ([181a], 1.V, crp. 77—79) npussek BHHMaHHE K BO3-
MOYHOCTH PacCMaTpPHBATb YPaBHEHHS Z;=0;(X1, ..., Xn, Y1, ..., Yn),

KOTOpbI€ BbIPAXAalOT 3dKOH YMHOXE€HUSA (2 xiei) (2 )’:91) = Z 20y
i 1 i

B HEKOTOPOH asre6pe, Kak onpenensionine (pasyMeeTcs, JIOKaJdbHO)
rpynny Jlu. Dro 3aMeuyaHHe, NO-BUAMMOMY, MPOH3BEJIO CHJbHOE
Breyarjenne Ha Jlu u ero nocaenosareneii (Cryau, Uledepc,
®. Ilyp, uemuoro no3guee Moauu u 3. Kaprau), Kotopsie B 310
BpeMsl 3aHUMAJ/IUCh Da3BUTHEM TEOPHH <HEMPEPHIBHBIX» TPYIMN, a
MMeHHO npo6/eMoll X KJaccHdukauuu (cM., B vacTHocTH, [198],
crp. 387). B reuenue 1885—1905 rr. paccmarpuBaemasi npo6iema
npuUBesa MaTeMaTHKOB 3TOH IIKOJNB K MPHMEHEHHIO AJisi H3yUeHHs
CTPYKTYpPH a/are6p Tex Ke MEeTOLOB, KOTOPbIE OHH yiKe YIOTpe61s.u
npd H3yuyeHuH rpynn u aare6p JIu. DTH MeTOABl OCHOBHIBAIOTCH
npexiae BCEro Ha PacCMOTPEHHH XapaKTePUCTHUECKOTO MHOrouseHa
3/€MeHTa anre6pbl 10 OTHOLIEHHIO K €ro PeryjsipHoMy npejucraBJe-
HHIO (3TOT MHOTOUY/JEH YyXKe BCTpeuaeTcss B yKa3aHHBIX Bbllle pabo-
tax Befiepuirpacca u [lenekuHga) U Ha pasjioKEHHH 3TOTO MHOTO-
yjeHa Ha HENPHUBOAMMBle MHOXKHTead. Kak oGHapy»KHJA HeMHOro
nosxxe ®pobenuyc, 3To pasjokeHHe OTpPa)kaeT pasJOXKeHHe pery-
JISIPHOTO MpPELCTaBJEeHHs] HA HENPUBOLUMBIE COCTABJSIOLIHE.

1) B nefictButenbHoctH BefiepuiTpace Hasnaraer Ha cBou aare6per  Godee
xKecTkoe TPeGOBaHHE, a MMEHHO YTOGhl ypaBHeHHe

atax+ ... f+ax"=0
(rme @; m HeW3BeCTHOe X NPHHAAJIEKAT ajdre6pe) umeso GeCKOHEYHO MHOr0 KOp-
Hell TOJIBKO B TOM cayuae, eCiu a; ABJIAIOTCH KPaTHbIMH OJHOTO H TOro Xe€
JeJUTeJIA HYJd.
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B xonxe uccaenoBaHui ajre6p WIKOJAOH JIM nocTeneHHO BHISIBJSA-
I0TCS «BHYTPEHHHe» NOHsTHs TeopuH. [JoHATHe panuKaJja mosiBjsieT-
csl B CIeLHaJbHOM ciyuae (B KotopoM ¢akropasrebpa no pagukany
ABJAsieTcs npsiMbiM Komnosutom ted) y I'. Illeddepca B 1891 r. [198]
v GoJsiee sicho y Mousuna [161a] u Kaprana ([40a], . I, ctp. 7—105),
KOTOpble MCCef0BaNH OOMHUH cayuall (caM TePMHH «paauKag» OblI
sBeged PpobGennycom, [90f]). Crynu u Ileddepc [198] sicho ouep-
THJIK NOHSITHE a/reOphl, ABJsAONIedcs NPIMbIM KOMIO3HTOM HECKOJIb-
Kux apyrux (monstde sto npepsunen b. Ilupc ([178], cTp. 221)).
Haxkonen, Moaun [161a] Been dpaxkropanreGpy HeKOTOpO# ajareGps —
MOHSITHE 0 CYILECTBY 3KBHBAJEHTHOe IMOHSITHIO JBYCTOPOHHETO
uneana (onpenesensoro srnepsbie Kapranom ([40a], 1. II, ctp. 7—
105)) uiau romoMopdusMa (TepMHH, KOTOPHIM MBI TaKiKe 0Gsi3aHbl
®poGenunycy). 3aech oueHb sicHa aHaJOrusi ¢ TPyNIaMH, a HECKOJb-
Ko mosnHee, B 1904 r., dnmreitn u Begep6opH paccMoTpesas KoMno-
3ULHOHHBIH pSN ABYCTOPOHHHX HIEaJOB H paclpOCTPaHHJIH HA Hero
teopemy JKopnana — I'énbnepa. HauGosee BakHble pe3ysabTaThl
sToro mepuopa npuHaggiexar ®. Moauny [161a]: pykoBomcTBysiCh
TIOHSITHeM IPOCTON I'PYINMNEL, OH onpeje/us npoctele ajsre6pul (Han C)
M MoKasaJ, 4TO OHH ABJAIOTCS ajrebpamMu MaTpull, gajgee, OH Moka-
3aJ, YTO CTPYKTYypa NPOU3BOJIbHOHA anreGpbl KoHeuHoro panra Hax C
CBOJHUTCS NO cyIlecTBY K ciayuawn (yxe usyuedHuomy Hleddepcom),
koria ¢akropasre6pa no pagHkajgy sBJseTcs NPSMOH CyMMON TeJ.
OTu pe3ybTaThl uepe3 HEKOTOpOe BpeMsi ObLIM BHOBb HalieHbl H
yCcTaHOBMeHB! GoJiee sicHBIM U 6oJjee cTporuM o6Gpasom 3. KapraHom
([40a], 1. II, cTp. 7—105), KoTOpHIl O 3TOMY MOBOAY BBEJ MOHSTHE
NOJYNPOCTOH anreGpel M BEISIBHJ YHCJAOBBIE HHBApHAHTH («leJjble
Kaprauna»), cBsidaHHble.c MPOU3BOJBHOH aare6poit Hax nosem C.
Takum o6pa3oM, OH HOBeJ TEOPHIO 3THX ajirebp 10 TAKOro ypoBHS,
KOTOpHIH 10 CHX mop emie He npeB3oiaeH'). Haxowen, on pacmnpo-
CTpaHUJ pe3yabTaThl MoJjuHa W cBOM COOCTBeHHble Ha aJjareOpbl
nan R.

Oxkosio 1900 r. HaunHaeTcs pa3BUTHe HAel, Beayllee K oTOGpach-
BAHHIO BCAKUX OFPAHHUEHHH OTHOCHTE/bHO OCHOBHOIO MOJIsSi BO BCEM,
YTO KacaeTcst JIMHeHHOH a/areOpbl; B YacTHOCTH, CJEAYyeT OTMETHTb,
YTO MOryuee BO3[eHCTBHe Ha H3yueHHe KOHEUHHIX Tes oKasaja aMe-
pHKaHCcKas WKoJaa, rpynnupoBaBmasicss Bokpyr 3. I'. Mypa wu
JI. . Iukcona. Haubosee 3aMeuaTeNbHbIM M3 pe3y/]bTaToOB 3TOH
WKOJIb siBJAsieTcss Teopema BenepGopHa [242a], B KOTOpOil nokasbl-
BAaeTCs, YTO BCSIKOE KOHEYHOe TesJo sBJAseTcss KOMMYTaTHBHBIM.
B 1907 r. BenepGopHu pacnpocTpanus pesyabTathl Kaprana na cay-
yail OpOM3BOJBLHOrO OcHOBHOro noss [242b]. Ileaass 370, oH NOJIHO-
CTBIO OTKa3blBaeTcsi OT METONOB CBOMX MpeIlIeCTBEHHHKOB (3TH

1) CyuiecTBeHHbIe TPYAHOCTH BO3HHKAIOT NPH H3YYEHHH PANHKaJa, IJs CTPYK-
TYpbl KOTOPOTO RO CHX MOp HE HALUJIH HHKAKOro YJIOBJ/IETBOPHTE/bHOTO MPHHIHKNG
KJ1aCCH(UKALHH.
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MeTO[Abl CTAHOBSITcSi HENPUMEHHMbBIMH, KakK TOJbKO OCHOBHOE MOJe
nepecraet GbITb adre6panyecku 3aMKHYTBIM HJIH BEIECTBEHHO 3aMK-
HyTBHIM) W BO3BpalllaeTcsl, COBEPLIEHCTBYS €ro, K MeTOAY HIeMIOTEeH-
toB B. TTupca, 4TO N03BOJSIET eMy 32BEPIUHTb TEOPEMY O CTPYKTypax
noJIyNpPOCThIX aare6p, H3yyeHHe KOTOPBIX CBOJAHMTCS K H3yUYeHHIO He-
KOMMYTaTHBHbLIX Tesd. K TOMy »Ke Teopusi paclUMpeHHsi OCHOBHOIO
noJisi HaXOJHUT CBO€ ecTecTBEHHOEe MeCTO, M, HaKOHell, OKa3blBaeTcs,
4yTO Kax/JAasi noaynpocras ajare6pa ocraeTcs noJynpocToi npu cena-
pa6eqbHOM pacLIMDEHHH OCHOBHOIO NOJsA ') M CTAHOBHTCS NPSMBIM
KOMIO3UTOM LEeHTPaJdbHbIX aJjreGp MaTpHI, €clH 3TO pacliHpeHHe
B35ITO AocTaToudo GoabimuM ([242b], crp. 102) 2). Heckosbko nosa-
gee JlukcoH nJsi n = 3 [67] u cam BenmepGopH mjas NPOU3BOJILHOIO
n [242c] moctpouaM nepBble TNPHMEPbl HEKOMMYTATHBHBIX TeJ
paHra n? Haj MX HeHTPOM 3), OTKpbIB TakHM 06pPa3oM B YacTHOM
cJayyae TEOPHIO- «CKpellleHHbIX NPOM3BelJeHHi» H «cHcTeM (akTo-
poB», Kotopas Oblna nosjHee passuta P. bBpayspom [27] u 3. Hé-
tep [169 c]. Hakonen, B 1921 r. Benep6opH Aokasan 4acTHHI Cay-
yall TeopeMbl 0 KOMMYTHPOBAHHH.

Mexny tem B 1896—1910 rr. ®pobenuyc, bBepucaiin u U. llyp
pa3BuJH GJIM3KYI0 K TeOPHH ajreGp TeOpPHIO JHHEHHOro npejcranJie-
Husl rpynn (KOTopasi orpaHHuYMBajiach BHauaje NpeCTAaBACHHEM KO-
HeyHblX rpynn). dTta Teopust Geper Hauaj0 OT OJHOTO 3aMeyaHus
Jlenexunna, koTophlfi (nmaxKe po nybaukauuu cBoeil paboThl 06
anrebpax) B 1880 r. BcTpeTH/cs NPU CBOUX HCCJAeIOBAHHUSIX HOP-
MaJibHblx 6asncoB pacuiupenuit ['asya ¢ «TpyNNOBHIM JeTepMHHAH-
ToM» det(x-1), THe (X)c; ABIAETCS NOCHELOBATENBHOCTbIO Mepe-

MEHHBIX, MHOXECTBO HHJEKCOB KOTOPHIX 06Pa3yloT KOHEYHYIO rpyll-
ny G. IpyruMu cioBaMH, 3TO ecTb HOpMa OOIIEro aJjeMeHTa rpyn-

1) B to BpeMms, Koraa nucaid Benmep6opn, moHsaTHe cemapaGesnbHOro paciiH-
penusi ellle He GbLIO OMpefesNeHO, HO OH HeABHO MOJb3yeTcs NMpeNJOKeHHeM O TOM,
YyTO €CJM HeMpPHUBOAMMBI HAaj OCHOBHBIM IOJIeM MHOTOuJeH [ HMeeT KOpeHb X
B HEKOTOPOM pacluupeHud, 1o Heob6xomumo f’ (x)=%= 0 ([242b], ctp. 109). Tosbko
B 1929 r. 3. Hérep Bhigennna o6CTOsITE/NIbCTBA, CBA3aHHbIE C Hecenmapabe/bHOCTHIO
pacluHpeHnst 0CHOBHoro moJs [169b].

OrmeTHM 3pmech Apyrod pesysabTaT, CBS3aHHBIA C BoNpocamMu cenapaGejbHo-
cti (¥ Temepb OTHOCHMBIl K TFOMOJIOTHYECKOH aJjrefpe), a MMEHHO Da3JOKHMOCThb
anreGpsl B MPAMYIO cyMMy (HO He B NpsiMOe MpOHM3BeleHHe!) ee pagukaja u moJy-
apocroii monanre6pel. DToT pesysibTaT (KoTopeii Obi1 gokasaH MoJHHOM 1js
cayuasi, Koria ocHOBHbiM moJeM sBiasercs C, u Kapranom mis anre6p Ham R)
6nia chopmyanpoBaH B oblileM BHae BemepGopHoM, KOTODHIA B HeHCTBHTE/BbHOCTH
[0Kas3aj ero TOJbKO AJA cjyuasi, Korna ¢akropaJarebpa mno ee pagukajiy sB-
nsiercst npoctoit  ([242b], crp, 105—109), mpuMeHs s K TOMY K€ OTHOCHTEJbIIO
HeNnpHBOLMMEIX ITOJTHHOMOB Ty K€ THIIOTe3Y, YTO W BhILle.

2) ApudMeTnHyecKHe HCCJeNOBAHHS JIMHEHHBIX NPEACTABJIEHHH TPynm, KOTOpLIE
HayaJHCch B Ty JKe 3M0Xy, NMPHUBENH TaKXKe K PacCMOTPEHHIC NOHATHS, SKBHBA-
JIeHTHOTO TIOJIIO PasJolKeHHss HeKOToporo mpeacrasjeHus [204d].

3) 3amernM, uto B «OcHoBaHHAX reoMerpuu» ['HinGepT nasi mpuMmep Teia,
HMeioliero GecKOHEUHbIHi paHr Hajx cBouM HeHtpoM ([122c], crp. 107—109).
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noBo#t anreGpbl G OTHOCHTENBHO pery/asipHoro mpeacrasjeHus. [le-
JIeKUH 3aMeTuJ, uto ecau G — abeJieBa, TO 3TOT MHOrouwieH pas-
JaraeTrcs Ha JHHelfHble MHOXUTEJNH (3TO0 06061370 JaBHO AOKa3aH-
HOe TOXIEeCTBO O IHPKYJAAHTAX», KOTOPble COOTBETCTBYIOT IIMKJIH-
yeckuM rpynnaMm G). B oueHb uHTepecHoil nepenucke ¢ ®pobenny-
com ([60], 1. II, cTtp. 414—442) [enekunn B 1896 r. o6paTus BHH-
MaHHe Ha 3TO CBOHCTBO, Ha ero CBsi3b C TeOpHel XxapakTepoB ale-
JeBbiX rpynm [241c] ¥ Ha aHaJOrHYHBle Pe3YJbTAThl OTHOCHTENBHO
CrenuaNbHOro cJ1y4ass HeKOMMYTAaTHBHBIX TPYMN, KOTOpPble OH MO-
Jyuus B 1886 r.

Heckonbko MmecsineB cnycTss ®PpobeHHyC NOMHOCTBIO pewidya npo-
GaeMy pasyokKeHHst «TPYNIOBOro JeTepPMHHAHTa» HA HENPUBOJHUMbIE
muoxuresu [90d] 6naronaps cBoemy GaectsimeMy 06061 eHHIO MOHS-
tisi xapakrepa [90c], o KoTopoMm MBI He MO¥KeM 31ech roBoputb. Ho
caefyer OTMETHTb, YTO B IIOCJAeAyIOIeM pa3BUTHH 3TOH Teopuu !)
@pobennyc Bce BpeMs IpeKpacHO CO3HAeT ee POACTBO C TeopHei
anare6p (o xoropoft lemekuHm NMPOOJKAJ HACTOSATENLHO TOBOPUTh
B cBoux nuceMax). Ilocie Toro kak Ppobenunyc BBeJ A7 pynn no-
HATYHST HENPUBOAUMOTrO NpeACTaBJeHHs U BIOJHEe NPHUBOIUMOrO Npes-
craB/eHHs [90c], a TakXKe MoOKasaJ, 4TO peryJsipHOe NpejacTaBJeHHe
COIePKUT Bce HENPHUBOAMMBbIE NMpPEACTABJEHHS, OH NPeNJOXKHJ MNpH-
MEHHTh aHaJoTHYHble MeTOARL K Teopuu Monauna — Kaprauna [90f].
Y DBepucaiiaa [33] u H. Lpr? [204¢c] «runepKOMIIEKCHBIN» acHeKT
1€0pUM He BBICTYNAeT SIBHO, HO HMEHHO Yy HHX MOSIBJSIOTCS Ha CBET
OCHOBHBIe CBOHCTBa HENPHBOAMMBIX NpejcTaBjeHult, Jemma Llypa u
Teopema bepHcafina. HakoHen, Hago 3aMeTHThb, YTO UMEHHO B 3TOH
TeODHH BO3HHKJHU BIepBble ABA YACTHBIX CJAyuas TeODEMH O KOMMY-
rupoBauuu: B aucceprauuu M. llypa [204a], B koTopoil cBSA3BIBAIOT-
csi (OpH NOMOIIH KOMMYTHDOBAHMS B KOJIblLie 3HAOMOPGHU3MOB TeH-
30pHOTO NPOCTPAHCTBA) NpeAcTaBJeHHs JHHEHHOH Tpynnel c Npef-
CTABJIEHHSAMH CHMMETpHUECKON Tpynnbl, a Takke B ero pabore
1905 r. {204c], roe oH MoKaseiBaeT, UTO MATPHILI, MePECTAHOBOUHBIE
CO BCEMH MaTpuuamu Henpusomumoro Hapn nosaem C npeacraBienus,
OTJAuvaTes oT / TOJNBKO CKaJsspHbIM MHOXKHTesleM (3TOT pe3ysbTaT
TaxxKe BbITeKaeT U3 TeopeMbl BepHcaiina).

OcraBasioch TOJBKO OTYETJMBO BBISIBUTb O6LIME cyGcTpaT 3THX
TeOpHH; 3TO GBIIO AeJ0M HeMeLKOH IIKOJbl BO riaBe ¢ 3. Hérep u
3. Aprunom B nepuon 1921—1933 rr., KOTOpEI! U IBHJICS BpeMeHEM
co3llaHHUsl HOBOH ajreGpel. Yxke B 1903 r. B Mmemyape 06 asreGpauye-
CKOM WHTerpupoBaHWM JHHeHHBIX AHDPepeHIHaNbHbIX ypaBHEeHHI
([181a], t. III, ctp. 140—149) A. Ilyankape onpefneaus B ajreGpe
NOHSITUS JEBbIX ¥ NPaBbiX HAEAJOB, a TaKXKe MHHHMAJbHOTO HiaeaJa.
On 3ameTus, 4TO B noJynpocToil anre6pe BCSAKHUH JeBBI uaeas sip-

1) Yacte pesynbratoB PpoGenuyca Oblia HosyyeHa Hesasucumo P, Mosu-
HoM B 1897 r. [161Db].
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JIfeTCs NPSIMOH CYMMOH CBOHX IepeceueHHH C NPOCTHIMH COCTABJIAN-
IUMH ¥ 4TO B ajsreGpe MaTpHL NMOpsSAKA n MUHUMAaJbHBIE HAeasbl
uMeloT pasMepHocTe n. OHaKO ero pafora ocrajachk He3aMeueHHOH
anre6pauctamu ). B 1907 r. BenepGopH BHOBB Onpefesus JieBbe H
npaBble Haeansl aare6pbl M J0Ka3aq HEKOTOpble HX CBOHCTBa
(a ©MeHHO YTO pajuKa/ siB/JseTcs HauOGObLUIUM JIeBBIM HHJILIIOTEHT-
HeiM uaeasoM ([242b], ctp. 113—114)). Ho HyxHO GblIO XKAATh 10
1927 r., 4TO6Hl 3TH NOHSATHS NOJYUHJIH CYILEecTBEHHOe MpUMeHeHHe
B Teopuu anrebp ?). O6o6mwasi cnocoGbl MpeallecTBYIOIIUX A0Ka3a-
TeJbCTB, MOSIBUBUIMXCS B pasanuHbix Mecrax?), B. Kpyaas B 1925 r.
[137a] u . Hérep B 1926 r. [169a] BBesi U cUCTeMAaTHUECKH UCTMOJb-
30Bajd yCJIOBHS MAKCHMaJbHOCTH M MHUHHMasbHOCTH. IlepBBIf uc-
noJib30Baa HX, 4yTO6el TeopeMy Pemaka 0 pas/oXeHHH KOHEUYHOIi
TpyMMbl B NpsiMOe NMPOM3BeJeHNe Hepas3/0XKHUMBIX IPYMIN pacrnpocrpa-
HUTb Ha abeJieBbl TPYMIEl C ONepaTopaMH (KOTOpbie OH M Omnpefe-
JsieT AJsl 3TOro cjayuasi), TOria Kak BTOpasl HCMOJb3yeT 3TH YCJO-
BUSL JJIS XapaKTepHCTHKH KoJjen Jlemekunma. B 1927 r. 3. Ap-
THH [5¢], mpuMeHsis Ty Ke HIel0 K HeKOMMYTATHBHBIM KOJIbLAM, T10-
KasaJj, Kak ¢ TOMOIIbI0 CHCTEMATHYECKOr0 M3YUeHHsT MUHMMAJbHBIX
HIeaJOB MOXKHO pacnpocTpaHuTs Teopemy BenepGopHa Ha Bce KOJIb-
1138, Y KOTODPBIX JIEBble UJ€aJbl YAOBJIETBOPSIOT OJHOBPEMEHHO YCJO-
BHUSIM MaKCHMaJbHOCTH ¥ MHHHMAaJJbHOCTH #).

C npyro#t croponsl, Kpymie B 1926 r. [137b] ycTaHoBHa cBs3b
MeXJy TNoHsTHeM abeseBOf TFPYNNBLI ¢ ONepaTopaMH H MOHSATHEM
JWHeHHOro MpeacTaBieHus TPYNM; 3Ta TOUKa 3peHUs Ghuia oGobie-
Ha Ha ajre6pbl U AeTatbHO pa3suta J. Hérep B ocHOBomosarawmei
pa6ore B 1929 r. [169b], KoTOpasi MO BaXKHOCTH BBeNEHHBIX MACH H
SICHOCTH H3J/0XKeHusi Hapsiny ¢ memyapoM MUlrefinnna o xommyTa-

1) 3ameTuM Takxe, uTo B 3TOM Memyape I[lyaHkape oTMeuaer, 4To MHOKe-
CTBO OMEPaTOpOB TPYNMNOBOi aJre6pel, KOTOPble NEepPeBOAST HEKOTOPLI BEKTOp
NPOCTPAHCTBA JHUHEHHBIX MpPEACTaBJNEHHH TPYNNBl B HYJb, ABJAAETCH JEBbIM Huea-
JIOM; OH IOJQYePKHBAET, YTO 3TO 3aMeuyaHHe MOXKEeT ObITb NPUMEHEHO K TeopHH
auneitnbix npencrasienuit ([181a], 1. III, crp. 149), onHako o caM He pasBui
STy HAEK.

2) HHTepecHO OTMeTHTb, YTO B INPOMeXYTKe IOHSTHs JEBOrO M TPaBOro
yreana TMOSBJAIOTCA HE B HCCIeJ0BaHHAX aare6p, Ho B onHoH paGorte 3. Ha-
tep u B. Ilwmeitnnepa [171], nocBsimeHHo#l KoJbuaM auddepeHUHa bHBIX OMe-
paTopoB.

3) YcnoBue MaxcHMaibHOCTH (B BHIE <«YCJOBHH BO3pACTAIOLIEH LEMOYKU»)
BocxomMT X Jlenexunny, koropeiii ssHo ssomut ([60], t. III, crp. 90) ero mpu
M3YYeHUH H/a/0B B MOJAX a/nre6panyecKuX YHCeJs; OJHHM W3 NEPBLIX MPHMEpOB
NPHMEHEHHS] PacCyIeHHs C MOMOUIBIO «yGblBaioLlell LEMOyKH» SBJSETCS, KOHEUHO,
TOT, KOTOPLIl uMeeTcsi B MeMyape Bexep6opna 1907 r. o mByCTOpOHHHX Haeanax
([242b], cTp. 90).

4) B 1929 r. 3. Hérep nokasana, uto K KoJbiaMm Ge3 panukajoB 5TH TeO-
peMbl TPHJIOXKHMBI, eCJH BHIMOJNHATCS TOJAbKO YCJI0BUsS MuHHMadbhoctH ([169b],
cTp. 663); K. I'onkunc nokasan B 1939 r., 4To 0AHOrO 3TOr0 YCJAOBHSI AOCTATOYHQ
AN TOro, 4TOOH pajuKan Gbl HHIBLNOTEHTHHIM.
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THBHBIX TeNaXx $BJsieTcsl OLHUM M3 KpaeyroJbHbIX KaMHell COBpe-
MeHHO! JuHeHHON anreGph!).

Hakonen, B cepuu pabor, navaroit B 1927 r. ([170], [27], [169c]),
D. Hérep u P. Bpaysp (x xoropbiM Hauunad ¢ 1929—1931 rr. npu-
coepunsiorcs A. Anpbept n X. Xacce) BHOBb NPHHHUMAIOTCS 3a U3Y-
yeHHe HEKOMMYTATHBHBIX TeJ C TOO MeCTa, Ha KOTOPOM OCTaHOBHU-
auce BemepGopH u IlukcoH, Ecau nauGosiee BaxHasi 4acTb HX pe-
3yJIBTATOB, COCTOsIAA B IMyGOKOM H3yueHHH 6Pay>pOBCKOH TpVINBL
(B yacTHOCTH, Haj NOJSIMH anre6GpavyecKHUX 4HCe]), U BBIXOAUT 3a
paMKH 3TOH TIJIaBbl, TOJYEPKHEM, BO BCAKOM CJyyae, YTO B X0Je 3THX
pa6oT YTOUHSIOTCS TeOpeMbl O KOMMYTHDOBAHHH, a TaKKe IOHATHE
NoJIsi PasyioMEHHsl NPOCTOH ajre6pbl U BBISICHSIETCS €r0 CBsi3b C
MaKCHMaJbHEIMH KOMMYTaTUBHBIMH noanoismMu. Hakowen, B 1927 r.
CkoJieM xapakTtepusyeT aBTOMOpPQHU3MbI npocThix KoJjer [209b]; ero
TeopeMa HeCKOJbKO JieT cnycTst Oblia BHOBb HaiigeHa . Hértep
[169b] u P. Bpayapowm [27].

Urak, kK 1934 r. sneMeHTapHasi TeOPHsI NPOCTHIX H NOJYIPOCTHIX
KoJiell y’Ke NOYTH NPHHsAMA CBOM OKOHYaTesJbHBIH BHJI (O COCTOSTHHH
Teopud B 3T0 BpeMsi cM. [66]). C storo BpeMeHH oHa pa3BHBanach
B ABYX Pa3JHUHBIX HANpaBJeHHUsX, O KOTOPHIX MBI KOPOTKO YMOMS-
HeM. C oaHOH cTODOHBI, Teopusd «cucteM cdaxkropos» P. Bpayspa u
3. Hérep HenaBHO NoJyYHsia HOBBble HMIyJbChl 6Jarofaps ee BKJIO-
YeHHI0 B COBPEMEHHYIO roMosioruyeckyto anre6py?). C gpyroii cro-
pOHBI, ObIJIO CAeJaHO MHOrO NONBITOK, YBeHUABLINXCS GOJbIIMM HJH
MeHbBIUIHM YCIIeXOM, PaclpOCTPAaHUTbL XOTS Gbl YACTHYHO PEe3YJbTATH
KJIaCCHUEeCKON TeOpHH Ha KoJiblla, B KOTOPHIX He BLIMOJHAKTCA YCJI0-
BHS MHHHMAaJbHOCTH 3), MM Ha KoJblla 6e3 eIHHUUYHOTO 3JeMEeHTa.
Ho no cux nop 3TH pacnpocTpaHeHHs Pe3yJbTaToB He HALLIH OT-
KJAMKOB B JIPYTHX yacTsXx MaTeMaTuku. )Kenawowmux Gosee neTanbHO
TO3HAKOMUTBCS C 3THMH paBoTaMH MBI OTChIIaeM K HeLaBHO HalH-
canHoMy ouepKy H. [TxxekoGcona [128].

) MiMeHHO TaM COJEP:KHUTCS BrepBble B OOLIeM BHJE MOHATHE roMOMOpdH3IMa
IJis TPYNN C ONepatopaMH, HHBEPCHHIX KoJlell, ABYCTOPOHHHX MOAyJel, Tak e
KaK M 3HaMeHHTHle «TeopeMbl 06 u3oMOpdH3Max» (KOTOpHle [JSi KOMMYTaTHBHBIX
rpynn cogepxarca yxe B [169a]). UacTHele clyyad WM CIeACTBHSL 3THX TeOpeM,
KOHEUHO, GBIIW yXXe M3BECTHB 3aj0Jir0 A0 TOTO, HAanpuMep (B OTHOLIEHHH BTOPOi
TeopeMbl 06 uzoMopdusMax), y ['énpiepa B CBfI3H C H3YYEHHEM KOHEUHBIX Tyl
[124], y Hemekunaa — aGenessix rpynn ([60], t. III, ctp. 76—77), y Begep6op-
Ha — IBYCTOpoHHUX HaeastoB ([242b], ctp. 82—83); uto Kacaercs mepBoil TeOPEMBI
06 nzoMophu3Max, T0 oHa GhJIa sBHO chopmyaupoBaHa, Hanpumep, Cerbe B 1904 r.
([65], cTp. 65).

2) Mer He MOXKeM 3ech H3JaraTb HCTOPHIO 3TOH TEOpPHH H ee B3aUMOCBA3CH
C TIOHAITHEM pAaCUIHPEHHs OJHOIl TPYNMBl MOCPEICTBOM APYTOH; HO HYXKHO ymoMs-
HYTh, UTO MepBble «CcHCTeMbl HAKTOPOB» Kak Pa3 H MOSBUJHCH BNEpBHe B CBSI3H
¢ npoGnemoit pacmipenus rpymisl B Memyape 1904 r., B kotopom H. Illyp 3aJjo-
JKHJI OCHOBBI TEODHH MPOEKTHBHBIX mpejcTaBJjenui rpynm [204b].

%) Hauunas c 1928 r. Kpyasb pacmpocTpaHHi Ha MPOH3BOJbHBEIE MOJyNpoO-
cThle MOJYJM o6liKe TEopeMbl O MOJNYNPOCTHIX MOAYJAX KoHeuHoi mumuel ([137c],
crp. 63—66), :
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Teopuss KBagparHuHBHIX (OPM B ee COBPeMEHHOM BHJe BOCXOAHT
Julib Ko BTOpolt nogosuHe XVIII B., H, Kak MBI yBHAUM [aJblie,
ee pa3BuTHe GBLI0 00YCJIOBJEHO B OCHOBHOM MOTPeOHOCTAMH apHd-
MeTHKH, aHa/ju3a u MexaHuku. OnHakKo ¢GyHIAaMeHTaJlbHblE MOHSTHS
9TOil TeopHH (DaKTHUECKH MOSIBHJIMCH yXKe BMeCTe C eBKJHAOBOM reo-
Merpuelt, o6pa3sys ee ocToB. [1osToMy Hesb3sl NPOCJHEAUTb HCTOPHIO
ee pa3BHTHsl, He YNOMsSIHYB, XOTs Obl BKpaTlle, O Pa3BHTHH dJeMeH-
TapHO# reoMeTpPHH CO BpeMeH aHTHYHOCTH. PasyMeercsi, Mbl orpaHu-
YUMC# 3[eCh pPACCMOTpPEeHNeM 3BOJIOUNH JHIIb HEKOTOPBIX HIeHd 06-
lero nopsifixa, OTchlaasl yuTaTessl, KOTOPBIH HHTepecyeTcsi noApo6-
HBIM HM3JI0XKeHHeM HCTOPHHM TOH HJIHM HHOH OTHeJbHOH TeopeMsl, K
CrenHaJbHbIM paboTaM HCTOPHYECKOrO M IHAAKTHUECKOro Xapax-
tepa !). TakKe HeOOXOAUMO NOJUEPKHYTb, UTO, H3jaras HHXKe pas-
JIMUHble WHTepnpeTaluyd KakoH-HUOGYIb TeOopeMbl Ha pPa3HBIX ajred-
panueckux M reoMeTPHUYECKHUX f3bIKAX, MBI OTHIOAb He cobupaemcs
yTBepXaaTb, 4TO NMOLOGHBIe «NepeBOAbl» BCeraa ObLIM B TakOH Xe
CTelleHH XOpOLIO H3BeCTHH, KaK B Hacrosilee BpeMs. Kak pas
Hao60poT, rJaBHasl LeJb 3TOH TIJaBbl COCTOMT HMEHHO B TOM,
yroGbl 1M0Ka3aTh, KaK MaTeMaTHKU [OCTeNEeHHO, LIar 3a INarom,
0CO3HABaJ/IW POACTBEHHble CBf3H MeXKIy mpobjeMaMH, BHEUIHEe BHI-
paxeHHe KOTOPBIX TaK CHJAbHO OTJHYajJoCh APYr OT Apyra. Mmu
XOTHM TaK¥Ke M0Ka3aTb, Kak B XOJe 3TOro mpolecca UM YAaJd0Ch
NPHBECTH B OTHOCHTE/JbHHIN NOPSANOK TOT BOPOX TeOMETPHYECKHX
TeopeM, KOTOpPbIH OBl yHacieRoBaH oT ApeBHHX. HakoHell, Mbl 1o-
nbITaeMcss TOYHO ONpefeUThL TPAaHUIBl TOrO, UTO HANO MOHHUMATb
MO «reoMeTpHeH».

Ecnu octaBuTh B cTOpOHe (DOPMYJIH pelieHUsl ypaBHeHHil BTOpoil
cTeneHH, OTKPHITHe BaBuJjoHsHaMmu ([166], ctp. 183—189), 1o po-
XKJeHHe OCHOBHBIX MOHSITHH TeOPHH KBaApaTHUHBIX (OpPM HYMKHO
HCKaThb B reoMeTpHH. BHaua/le OHHM MOSIBJISIOTCS KaK KBaJpaTsl pac-
CTOSIHMH (Ha MJIOCKOCTH HJIM B NPOCTPAaHCTBe TpexX H3MepeHuit), a
NOHsITHE COOTBETCTBYIOIIEH «OpPTOrOHAJbLHOCTH» BBOAUTCS MOCPeEN-
CTBOM MpPSIMOro yrJja, omnpefesneHHoro EBKJAHZOM, KaK TN0J0BiHA
pasBepuytoro yria («Hauasa», Kaura I, onpenenenne 10). Ilpu
3TOM MOHSITHS PACCTOSIHUSI U NPSMOrO yIya CBSI3BIBAIOTCS TeopeMoi

1 Cwm. ([226], 1. ¢ IV no VI, takxe [135] u [79], . III).
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[Tudaropa, sBasomefics KAOYOM KO BCEMY eBKJAWAOBY 3HaHHIO !).
[Tonsite yrsa, oueBUAHO, GBLIO YXe C HAaBHUX BpeMeH BBeleHO
B TpeyecKkyld MaTeMaTHKy (3TO TOHATHe, HeCOMHEHHO, ObLIO IO-
Jy4yeHO OT BAaBHJ/OHAH, HCKYILIeHHBIX B yrnorpebjeHuu yrios G.a-
rogapst csoeMy O60JbLIIOMY aCTPOHOMHUYECKOMY ombITy). KH3mectHo,
YTO B KJ1aCCHUECKYIO 310Xy OblIM ONpenejeHbl TOJbLKO YIJb, MeHb-
wie 2 npsIMBIX (K TOMY Ke «onpefiejeHne» EBKJAMAA TaK ke TyMaH-
HO W MpaKTHYeCKH HEeNpPUMEHHMMO, KaK M TO, KOTOpPOe OH JaeT AJid
npsiMOil JINHHM HJIM MJIOCKOCTH). [ToHSiTHe OpHEeHTALlMK He BHIeJsier-
csi, HecMOTPst Ha To yto EBKIMI noabsyercss (6e3 aKCHOMBI M Om-
peneseHus) TeM (AKTOM, 4TO NpsAMasi JHHHS NeJUT IJIOCKOCTb Ha
IBe 06J1acTH, KOTOpble OH TLIATeJbHO pasjuuaer, Koraa 3To GbBaer
Heo6xonuMmo 2). Ha »3Toli craguum wuies rpynnel BpalleHHs IJIO-
CKOCTH ellle KpaliHe HecoBepLIeHHAa W peaJjiH3yeTcs [OCPeACTBOM
ciaoxeHus: (BBeldeHHoro EBkiamaom Ttakke 6e3 oObsicHeHuil) He-
OpPHEHTHPOBAHHHIX YIJIOB NOJYNPSAMBIX JHHHH, KOTOPOE TOMLKO TOTAA
B NpHHIHNE onpefeeHO, KOraa cyMMa HX He 6oJblile ABYX Mps-
MuIx ). Uro xacaercs TPHrOHOMETPHH, OHa He YJOCTAHBaeTCs BHH-
MaHHsi TeOMeTPOB M OTAaHa B PacnopsKeHHe 3eMJeMepOB H aCTpo-

1y B GosbwuHcTBe ApeBHux uuBuausauuii (Eruner, Basusonus, Hugus,
Kurail) yuenrle, O-BUANMOMY, HE3aBHCHMO APYT OT Apyra Haulid GOpMYJHPOBKH,
Kacaiomuecss MO MeHbluell Mepe HEKOTOPBIX YACTHBIX CJay4yaeB «TeopeMbi [luga-
ropas, a HHIHHAIB Ja)ke MMeJH MpeACTaBJieHHe O MPUHIHMNAX JAOKa3aTesbCTBA 3TOH
TeOpeMHl, COBEpIIeHHO OTJIHYHBIX OT BCTpevalomuxca y Eskanaa (kotopwii paer
JBa [0Ka3aTeJbCTBA: OJHO C TOMOMIbIO TMOCTPOEHHS BCIOMOraTe/bHbIX Guryp,
Apyroe — ¢ ymoTpeG/enueM Teopun nupomopuuu) (cp. [226], T. IV, crp. 135—144).

%) TIcHsITHe OPMEHTHPOBAHHOrO yIrja C €ro pAas/MYHBIMH BapHaHTaMH (yroJ
MeXAy NPAMBIMH JHHHAMH, YroJ MeXAy MOJyNpAMBIMH) NOSBHJIOCH 3HAUHTEJBHO
no3gHee. B aHamuTHueckoil reomerpun ditnep ({81a] (1), 1. IX, erp. 217—239 u
305—307) BBes MOJsIpHble KOODAHHATHI M COBPeMeHHOE MOHfATHEe yriaa (hU3MepeH-
HOrO B pajuaHax), NPHHHMAIOLIEr0 MPOH3BOJIbHbIE 3HAUEHHS (MOJNOKUTEJbHBIE
uan otpuuatensusie). JI. Kapro [39] nonoxus Hauaslo TeHZEHUMH, KOTOpPas B Te-
yenne XIX B. GyfeT MpPOTHBOMOCTAB/IATH «CHHTETHUECKYIO» F€OMETPHIO TeOMETPHH
ananuTHueckoii. Crapasch, pa3paboTaTh MepBYI0 HACKOJBKO BO3MOMKHO CaMOCTOA-
TeJbHO, OH BBIHYXKJEH, YTOObl He DAcCMaTPHBATh PA3JIHMUHBLIX CayuaeB ¢ GUrypamy,
KaK 5TO JeJajl aHTHuHble TeOMeTPhl, CHCTEMaTHUeCKH BBOAMTH OPHEHTHPOBAHHBIE
BeJIMUMHB, AJUHB M yrasl. K HecuacTbio, ero pab6oTa 3HAUHTEJNbHO yCJOXKHEHA
CTpeMJ/leHHeM He BBOJHTH OTPHIATEJbHBIX UHCeJ (KOTOpHle OH CUHTaJ MPOTHBOPe-
yuBbIMH!) M 3aMeHATb HX MaJOyNOGHOH CHCTEMOH «COOTBRTCTBHH 3HAKOB» MEXAY
oTnenbHbIMu ¢urypamu. Toaeko MéGuyc ([160], 1. II, crp. 1—54) BBOAMT B pac-
CYXJEHHSI CHHTETHUECKOH reoMeTpuH NOHSITHE OpHEHTHPOBaHHOrO yria. OnHako,
TaK K€ KaK M ero MocjeJoBaTesv BIJIOTh JO COBCEM HelIaBHEro BpeMeHH, OH
BBOIMT ODHEHTALHIO IYTEM HeNOCPeJACTBEHHOro 00pAalIeHHs K NpPOCTPaHCTBEHHOI
UHTYMUUH (NPaBUJIO, Ha3BaHHOE «uesoBeuKoM Awmmepar). ToJbKo ¢ pasBuTHeM
fn-MepHO# reoMeTpHH W ajre6paHuyeckoll TOMOJOTHH YyJa/och HAHTH TOYHOe OIlpe-
JeJleHHe «OPHeHTHPOBAHHOrO MPOCTPAHCTBAY.

%) Opnako Mbl HaxofuM y EBkJMZa 7o MeHbliell Mepe jBa OTSHBKa, B KO-
TOPHIX OH FOBOPHT 06 yriax, «CymMma» KOTOPHIX MOXKET MpEBBICHTb 2d, a HMEHHO
MpH PacCMOTPEHHH HePABEHCTB, KOTOPHIM JOJKHB yIOBJIETBOPSATH TRJIECHBIH yros
M wiockue yrabl Tpexrpannuxka («Hauvama», Kuura XI, npemn. 20 u 21), ue ro-
BOpsl YKe O «PATCY¥KIEHHAX» OTHOCHTETBHO «Mepbl» yIJIOB, K0TOPas, 6e3yClOBHO,
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#omoB., HMmenno st nocaenHue (Apucrapx, I'unmapx u ocoGenno
[Mronemeir [183]) ycTaHaBAMBAIOT OCHOBHBlE COOTHOLUEHHSI MEX.Iy
CTOPOHAMH W YIJIaMH NPSIMOYTOJIBHOTO TPeyroJbHHKa (IJI0CKOro
i chepuyeckoro) ¥ COCTaBJsIOT NepBble TabJauubl. MMeoTes B Buay
Tabauubl, famolide XOpAbl AYr, Bblpe3aeMHX yrjaaMmu § < © Ha OK-

.0
PYXHOCTH pajuyca r, NHaue roBopsi, uucia 2rsinz; BBeleHHE CH-

Hyca, 6oJjee yROOHOro IJsi OnNepUPOBaHUs], NOSBHJAOCL ¥ MHIMHCKHX
MaTeMaTHKOB cpenHHX BeKoB. [Ipu Bblumc/aeHun stux rtabaun dop-
MyJia cJOXKEHHs AYr, B TO BpeMs ellle HeH3BeCTHasl, 3aMeHsJach 3K-
BHBaJIeHTHBIM TpuMeHeHHeM TeopeMbl IlroseMesi (Bo3MoOKHO, BocC-
xonsime#l k 'unnapxy) o UeTBIPEXCTOPOHHHKAX, BOMCAHHBIX B KPYT.
Epkaun u [epoH paioT npensioKeHHsi, 5KBUBAJIEHTHble (GopMmyiie

a?=b2-+}c2—2bccos A,

CBsI3bIBAIOLIEH CTOPOHBI M YTJbl JI060r0 MNJOCKOTO TPEyroJNbHHKA,
OnHako B 3THX NpefsoXKeHUsiX elle HHKAK HeJab3si YCMOTpPeTh mep-
BOTO NOSIBJEHUS TNOHSTHs1 OUJAUHEHHOH (OpMBI, acCOLUHHPOBAHHON ¢
MeTpuueckoll ¢GopMoOH, H3-3a OTCYTCTBUSI BEKTODHOTLO HCUMCJIEHUS,
KOTOpO€ BO3HHKJO ToJbKo B XIX B.

[TepeMerienuss (uau aBHKeHus!), ubo passinude MeXAy 3THMH
JIBYMsi NOHSITHSIMH He OCO3HABaJ/oCh siCHO He TOJBKO B aHTHUYHYIO
3M0XY, HO M 3HAUHWTe/bHO NOo3JHee) ObLIM u3BecTHBl EBkauny. Ho no
HeM3BeCTHBIM HaM NpPHYMHAM OH, NO-BHIHMOMY, HCIBITHIBAJ SIBHOE
oTBpallleHHe Nepej HX NpHMeHeHHeM (HanpuMep, B caydae «paBeH-
CTB4 TPEYTrOJIbBHHKOB» CO3Ja€eTcsi BreuaT/JeHHe, UTO OH NpHUMeHsieT
NOHsITHE NepeMellleHHs JHIUb MOTOMY, YTO He MOXKeT chOpMyJaHpo-
BaTh noaxoasmyio akcuomy ([114e], 1. I, cTp. 225—227 u 249))
Kaxk 6bl To Hu 6bl710, OH npuberaer K NOHATHIO NepeMellleHHs: (Bpa-
IEHHs1 BOKPYT OCH) AJisi Onpeje/ieHHs KOHYcOB BpallleHHs H cdep
(«Hauana», Kuura XI, onpen. 14 u 18), Tak xe Kak u ApxuMen a5
onpejesieHust MOBEPXHOCTeH BpallleHuss BToporo nopsiaka. Ho o6mas
Hlesi npeo6pa3oBaHHsi, NPUMEHSEMOr0 KO BCSIKOMY NPOCTPAaHCTBY,
MOYTH Yy’KAa MaTeMaTHuecKod MblciH BNJIoTh g0 koHna XVIII B.2).

aBJsiercss MHTepnoasiuueit (cp. crp. 165). B atux aByx orpmiBkax Eskaupm, mno-
BHAMMOMY, CJelyeT HHTYHIHH, BBIXOAS 3a MNpeldesbl TOro, 4TO MAOMYCKAIOT ero
coGCTBeHHble ompefiesieHusi. Ero mociefoBaresu euie MeHee WIENETH/bHBI, H, Ha-
npumep, ITpoka (V B. 1o H. 3.), He KosieGasch, GOPMyHPYyeT OOIIYIO «TeopeMy»,
JaIylo CyMMy YIJIOB BHIIYKJAOro MHoroyroneHuka ([144e], t. 1, ctp. 322).

) OnpeneneHue TepMuHOB «NepeMeiieHue» (déplacement) w «mBHKenue»
(mouvemenl) cm. B kHure «Elements de Mathematique», 1, Les structures fon-
damentales d’analyse, Livre II, Algébre, chap. 9, § 6, n. 6, p. 101, Paris, 1959—
Ilpum. nepes.

%) B xauecTBe NPHUMEPOB 5TOTO MOHATHS MOMKHO NPUBECTH «TPOEKUUH» KAp-
TorpaoB M ueprexXHukoB. Ilrosemero Gbiia H3BecTHa cTepeorpaduueckas mpoek-
uusa (B XVI B. 3Hamu yxe, YyTO OHA COXpaHAeT YIJbl), a UEeHTpaJbHAS MPOEKLHUs
HTpaeT MepBOCTENeHHYIO posib B pabore [esapra [63]: Ho 3mech peub uaer o co-
OTBETCTBHH MeEX/y BCEM INPOCTPAHCTBOM (MJM IOBEPXHOCTBIO) H MJIOCKOCTHIO,
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o XVII B. MBI He HaXOAWM HHKAKHX CJEAO0B MNOHATHSI KOMIO3H-
MM JIBHXKEHHH W ellle ¢ MEHbUIMM OCHOBAHHEM MOHSTHs KOMIO3H-
UK nepeMelneHuil. Pazymeercs, U3 3TOro He c/jefyeT, 4To ApeBHUE
rPEKH HEAOCTATOYHO TJYGOKO BOCIPUHHMAJH MOHSTHA <NPABUILHO-
CTH» H «CHMMETPHU» reOMeTpHUYeCKHX (DUryp, KOTOpbIe MBI B HACTOS-
lee BpeMsi CBA3BIBAEM C IOHATHEM IPYNNH NepeMellenuit. FIx Teopus
NpaBUJIbHBIX MHOTOYTOJILHHKOB M B GoJ/bllell CTeneHH Teopus mnpa-
BHJILHBIX MHOIOIPpaHHHKOB—OJHAa M3 HauGoJiee 3aMeuaTesNbHLIX IJ1aB
Bcell aHTHYHOH MaTeMaTHKH — NOKa3bIBAlOT Kak pa3 obparHoe!).

Hakowel, noc/efHHM H3 CYIIECTBEHHbIX BKJa4OB B MaTeMaTHKY
CO CTOPOHBI TPEKOB B 00/1aCTH, KOTOPYIO MBI 3[eCh pacCMaTpHBaeM,
SIBJISSETCS] TEOPHsSi KOHHUECKHX ceueHHH (YTO KacaeTcsl KBaapHK, rpe-
KaM GBIJIH M3BECTHBI TOJIbKO HEKOTOpble KBaJPHUKH BpallleHHs, H, 3a
HCKJIOueHHeM cdephl, OHH ObIIM He oueHb TIJ1YyOOKO H3yUeHHI).
HuTepecno 3meck OTMeTHTb, YTO, XOTSl Y TPEKOB HHKOrga He Obli
cpOopMyJUPOBAH OCHOBHOH INPHHIUHN AHAJHTHUECKOH TeoMeTpHH
(rnaBHBIM 06pa3oM H3-3a OTCYTCTBHs ajreGphl, yaoGHOH ans pa-
6OTBbI), OHH B CBOHMX HCC/AELOBAHHSX OTHENbHBIX «(DHTYP» LIHPOKO
MOJb3yIOTC «KOODAHUHATAMH» IO OTHOLIEHHIO K [OBYM (M Jaxe
GOJIbIIEMY YHCIY) OCAM HA MJIOCKOCTH. DTH OcH GHIIX TECHO CBsi3a-
HH ¢ QUTypo#, yTo SIBJAETCA OMHUM H3 OCHOBHBIX MOJOXKEHHH, OT-
Juyalomux ux Meron or meroga Pepma uaum lekapra, y KOTODPHIX
OCH YCTAHOBJ/IEHBl HE3aBHCHUMO OT paccmartpuBaeMmoil guryphl. B ua-
CTHOCTH, MEPBBHIMH KOHHUYECKHMH ceueHHsiMH (MOMHMO Kpyra), Ko-
TOpBle BBOASITCS B CBsI3H ¢ NpobaeMoil yaBoeHHst Kyba, siBASIOTCS
KpHUBble, JaHHblEe ypaBHEeHUsAMH y? = ax, y = bx?, xy = ¢ (Menexn,
yuennk EBrnokca, xuBmuii B cepenute IV B.2) ). dTu ypaBHeHwus
KOHHYeCKHX ceueHHi (OOBIUHO OTHeCEHHBle K JBYM HAKJOHHBIM
ocsM, 006pa3oBaHHBIM AMAaMeTPOM H KacaTeJbHOH B OJHOH H3 ero
TOYeK NepeceueHHsl C KPHBOH) uallle BCero ynorpeG/sOTCA MpH Hc-
cefloBaHUM npo6seM, CBSI3aHHBIX C CAMHMH 3THMH KDHUBBIMH (TOr'na
Kak «(oKaJjbHble» CBOHCTBA HTPalOT HE3HAUHTEIbHYIO POJb BOMpPEKH
TOMY, YTO MOXKHO GblJIO GbI MpeAnojarath Ha OCHOBAHWH IIKOJbHOH
Tpaauuuu, Bocxoasimel Bcero qaumbe K XIX B.). M3 Bceit o6mupHoif
TEOPHUHM MBI OCTAHOBHMCsI 3[eCb Ha MOHSITHH CONPAXKEHHBIX NHaMeT-

OnHo H3 CBOHCTB HMHBEPCHH, COCTOsilee B TOM, YTO npeo6pasoBaHHe Kpyra
2CTb KpYr MJH TpsiMasi JIHHMA, OblI0 B OCHOBHOM 3HakoMo Bmery u npumenssocs
UM B npo6iemax mocrpoeHust kpyroB. Ho nu oH, un ®epma, KOTOpHIl pacumpsier
3TH TNOCTPOEHHs, TNpHUMeHsss WX K cdepam, He TOXORAT HO TOro, 4TOGH BBECTH
HHBEPCHIO KaK Npeo6pa3oBaHHe IJIOCKOCTH WJH NPOCTPAHCTBA.

I) Cm. nmo sTomy mosomy [212], rae MMelTCS TakKe HHTEPECHsle 3aMeUaHus
© COOTHOLIeNHAX MEXAY TeOPHAMM TDYyNN TNepeMelleHHH M Pa3/HYHBIMH THIAMH
ODHAMEHTOB, CO313HEBIX AHTHYHOH H CpPEeLHEBEKOBOIl LHUBHJIH3AUHAMH.

) [lo-BHAMMOMY, Hies pacCMaTpPHBATh 3TH KPHBBIE KaK IUIOCKHE CeyeHHA
KOHYCOB C KPYTrOBBIM OCHOBAHHeM (TakiKe BBICKa3aHHAasa MeHexMOM) BO3HHKJA
yXe nocAe HX ONpeleseHuss MOCPENCTBOM TpeJIIICCTBYIOIMX ypPaBHEHHH (Cp.
[114b], crp. XVII—XXX).
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poB (y¥Ke H3BeCTHBIX ApPXuMeny) H Ha CBOMCTBe, KOTOpOe B HAacTOs-
Iee BpeMs CJAYKHUT onpefeseHHeM MOJsPbl TOYKH. DTO CBOHCTBO
Ge1o gaHo Anosasonuem {114b] nsast cayuast, Korza ToYka HaxOAHUTCs
BHE KOHHUYECKOro ceueHHsi (noJsipodl Ajsi Hee Oyder npsiMasi, cOelu-
HAIOIIAs TOYKM KAaCaHMs KacaTeJbHbIX, HAYIIUX M3 3TOH TOYKH).
C coBpeMEeHHOH TOUKH 3DEHUst 3TO [ABA IIpUMepa «OPTOrOHaJbHOCTH»
0 OTHOIIEHHIO K KBaApPAaTHYHOH (opMe, OTJIHMYHON OT MeTpPHUECKOH
¢opMbl. ORHAKO BIOJIHE OYEBUAHO, YTO CBfA3b ITUX MOHATHH C Kjac-
CHYECKHM MOHSITHEM MepPNeHAHKY/ISpOB HHUKAaK He MOrjga GbITb OCO-
3HaHa B Ty 3MOKXY.

Ho Hekapra u PepMa Helb3ss yKas3aTb Ha KakHe-1d60 Apyrue
JIOCTUXKEHHS; HO C CAMOr0 MOMeHTa MOSIBJEHHS aHaJUTHYECKOH reo-
MeTpHH aJjrebpauueckasl TeOpus KBaJPaTHYHHIX (opM HAUUHAET OC-
BOGOXKAaTbC OT CBOeif reomerpuyeckofi oGosouku. Depma yxe
3HaeT, YTO ypaBHeHHe BTOPOH CTeNeHH B IJIOCKOCTH NpeACTaBJser
KoHuueckoe ceuenue ([82], 1. I, ctp. 100—102; ¢ppanu. nepesoxn,
r. III, ctp. 84—101), 1 HaMeuaeT aHaJIOrHYHBIe MIEH AJS1 KBAaJAPHK
([82], T. I, ctp. 111—117; dpanu. nepeson, 1. III, ctp. 102—108).
B reuenue XVIII B. ¢ pa3BuTHeM aHAIUTUYECKOH reOMETPUU IBYX H
Tpex u3MepeHuH BO3HUKAIOT (0COGEHHO B OTHOIUEHHH KOHHYECKHUX ce-
YeHHH ¥ KBaAPHUK) ABe Npob6JaeMbl, OTHOCSIIHECS K LIEHTPaJbHbIM M1PO-
6/7eMaM TeOpUHU: cBeJlleHHe KBaApaTHUHOH GopMbl K CyMMe KBaAPaToB
4 HaxoXJeHUue ee «oced» MO OTHOUIEHHIO K METpHUecKo# dopme.

I KOHUYECKUX ceueHH#l 3TH ABe NMPoGJeMbl CAHIIKOM 3JeMeH-
TapHBI, YTOGBl JaTh TONUYOK CKOJbKO-HUOYIb 3HAUUTENBHOMY Pa3BH-
taio anre6pul. s caydas npOH3BOJBHOIO YHC/AA HepeMeHHBIX fep-
Basi M3 Ha3BaHHBIX npobaeM Obuia pemteda B 1759 r. JlarpaHxewm,
KOTOPBIH 3aHSAJACH €0 NMPU M3yUeHUH SKCTPEeMYMOB (YHKIHUH MHOrHX
nepemennbix ([140], 1. I, crp. 3—20). Ho 3Tta mpo6sieMa moytu ToT-
yac xe OblIa OTOABHHYTAa HAa 3aJHUN NJIAH BOINPOCOM O HAXOXKIe-
HUH ocell na)Ke A0 TOro, Kak Obl1a cPopmynupoBaHa TeopeMa o0
uHBapuaHTHocTH pasra!l). Uro Kacaercs 3aKOHA HHEPLHH, TO OH OBl
otkphIT fkoGu B 1850 r. ([127], 1. I11, cTp. 593—598), KOTOPBIH HOKA-
3bIBAJ €ro TeMm e CnocoboM, KakoH ucnoJgbsyercs u HbiHe, U Cuib-
sectpom ([221], 1. I, ctp. 378—381), orpauuuusiuumecs ero Gopmy-
JIPOBKOH KakK MOUTH OYEBUAHOrO NpeasoxeHus ?).

) 3anumasicb npo6jeMoli, He3aBUCHMOH MmO cBoeft mpupome OT BeIGOpa oceit
Koopau#at, JlarpaHX He MOr He 3aMeTHTh, UTO €r0 METOA COJAepXkaJ MHOra
[poM3BOJa, HO €My He XBaTaJo elle MOHATHH AMf TOro, YTOGH yTOUHHUTB CJIENYIO-
Iy MbICTb: «Bnpodem, — roBopHT OH, — 4T06bL He OWLOUTBCA 8 ITUX U3bICKA-
HuAv, HOOO0 3aMeTuTy, 4TO npeobpasosaHHbie (K CyMMe KBaIpaTOB) (hOpMb. MO2YT
6biT OTAUYHBIMU OT TeX, KOTOpble mbl 3a0QAu; HO, UCCAeOYs 3TO ABAeHue baudce,
MbL HEU3MEHHO HAXO0UM, 4TO, KaKogb. Ob. OHU Hu Obiau, OHU 8ceeda MoeyT 6biTo
K Hum ceedenbL uau no Kpaineii mepe codepscarsca 8 nux [?]» ([140], . 1, crp. 8).

2) Taycc Takye MpHIUEJ K 3TOMY pe3yJbTaTy H, N0 CBHIETeJbCTBY PHmaHa,
KOTOpbIfi Toceuian ero Jexuun B 1846—1847 rr. ([187b], crp. 59), nokaseiBai ero
B CBOMX JIEKIHAX O METOAE HaUMEeHBIUHX KBaApaToB,



126 KBAAPATUUYHBIE ®OPMBbl. 3JIEMEHTAPHAS FEOMETPUS

[Tpo6aeMa mpuBeLeHHs KBaJPHKH K ee OCSIM NPeJCTaBJseT yXKe
ropasgo Gosbluve anarebpanueckue TPYAHOCTH, YeM aHaJOruyHasg
npo6ieMa [Jsi KOHHUECKHX ceueHHH. DHsep, KOTODBIH BIEepBHe 3a-
HSJICS €10, He OB B COCTOSIHMH J0Ka3aTb, 4yTO COOCTBEeHHble 3Haue-
HHUs G6yAyT HeHACTBUTEJNbHBIMH; OH JONMYCTHJ 3TO MOCJe NONLITKYU 060cC-
HOBaHMs, He MMelolleli nokasartenbHod cuanl ([81a] (I), . IX,
crp. 379—392) ). Xorsa sra npobseMa u Obiia pemreHa kK 1800 r.,
HO TosbKO Koy nokasan cOOTBeTCTBYIOLLYIO TeopeMy Ajsi no6oro
yucaa n nepeMennsix ([42a] (2), 1. IX, ctp. 174—195). B 310 *e
BpeMa Komn nokasbiBaer, uTO XapakTepUCTHYECKOoe YpaBHeHHe,
npampoee co6CTBeHHble 3HAUYeHUs, OCTAeTCss MUHBADUAHTHBIM NpH Ie-
pexofie K HOBBIM IIPSIMOYTOJIBHEIM ocaM ([42a] (2), 1.V, cTp. 252) 2).
Jdaa n =2 unu n = 3 3Ta UHBAPUAHTHOCTb Obla UHTYHTUBHO «oue-
BuAHay Ojarogapsi reoMeTpPUUYECKON HHTepnpeTaldd cOBCTBEHHBIX
3HAUEHUH NOCPeACTBOM OCeH KOHUYECKOrO CeYeHHs] HJAU COOTBET-
cTBylollell KBaapuku. K TOMy Xe B XOZe HcCJaeJOBAHUHE 3TOro BO-
npoca ecTecTBeHHBIM 00pa3oM NOSBUJIHCH 3JeMeHTapHble CHMMeT-
puueckie OYHKUUH OT COOCTBEHHBIX 3HaueHHH (moJyuuBlIHe pas-
JMYyHBIe TeOMeTpuueckue HHTeplnpeTanud, 0cobeHHO CBsi3aHHBIE C
TeopeMaMd ANOJJNOHUS O CONpSIKEHHBIX JHAMETPax); B YaCTHOCTH,
y Dfisepa Bnepsble MNOsBJAsieTcss JHCKpuMuHAHT aas n =3 ([8la]
(1), 1. IX, cTp. 382) (u3BeCTHHIH yKe HABHO AJst 1 = 2 B CBSI3H C
TeopHell KBaJpaTHbIX ypaBHeHHil). Dinep HAXOAHT ero Npu KJjac-
cudukaluu KBaJApHK (Bblpaxas yCJOBHe TOrO, YTO HEKOTOpasi KBa-
puKa He MMeeT GeCKOHEUHO yJaJieHHOH TOYKH) M He yNOMHHAeT 06
WHBAPUAHTHOCTH INPH 3aMeHe NpPAMOYroabHbeIX oced. Ho HemHoro
nosgHee, C TOsSIBJeHHeM apH(MeTHYECKOH TeOPHHM KBaJpaTHUHBIX
dopm ¢ ueabiMu Kos3pdHiHeHTaMH, JIarpaHK NpUBOAUT 0cOGkI cay-
yaj (mas n = 2) WHBAPUAHTHOCTH QHUCKPUMHHAHTA NpPH JHHEHHBIX,
HO He OpPTOroHaJbHEIX NpeoOpa3oBaHuUsix mepeMenHnix ([140], 1. III,
crp. 699), a TI'aycc ycraHaBauBaeT Aist 7 = 3 «KOBAPUAHTHOCTb»
JUCKPUMHHAHTA NpH J1060M JHuHeliHOM npeo6Gpasosanun ([95 a), 1.1,
crp. 301—302) 3). Kak Tosbko ofmas ¢opMyJa YMHOMKEHHs ompe-

) EMy GoJbllle MOCYacCT/HBHJIOCH NPH ONpeleNeHHH TJaBHBIX ocell MHepUuM
tBeproro Tesa. Ceesst mpoGJeMy K ypaBHEHHIO TpeThell CTeleHy, OH 3aMeuaer,
YTO 1aKoe ypaBHeHUEe HMeeT Mo KpaiiHell Mepe OAHH AefICTBHTEJbHBLIH KOopeHb, a
3HauydT, 0 Kpalimefi Mepe 0QHY oChb HHepUHH. B3sB 3Ty ock 3a oauy 3 oceir
KOODIHHAT, OH CBONHT mpoGJeMy K INVIOCKOi, KOTOpasi yiKe pellaeTcsa Jerko
([81a] (2), 1. 111, ctp. 200—202).

2) Cneagyer OTMeTHTb, uTo BIIOTH Ao 1930 r. mox «kBaapaTHuxoil ¢opMOoiis
MOHUMAJNH OJHODOAHBIl MHOTOYJIEH BTOPOTO MOPSAKa OTHOCHTENbHO KOODIHMHAT,
B3SITBIX 110 OTHOUIEHHIO K 3alnaHHOH cucTeme ocefl. ITo-BuauMOMy, ToJBKO Teopus
rub6epTOBBIX NPOCTPAHCTB INpHBEJa K «BHYTPeHHeH» KOHUEMUMM KBAJApPaTHUHBIX
dopM naxe IJs NMPOCTPAHCTB KOHEUHOrO YHC/IA H3MepeHHil.

B cBssu ¢ atumu uccaenoBaHusivu [aycc ompepessier o6paTHyio (uHBepc-
Hylo) KBaapaTHuHyi ¢opmy ([95a], 1. I, ctp. 301) u nosyuaer yciaoBHe MOJNOKH-
TeNbHOH OINpeNe/eHHOCTH TaKOH (OpPMBI, paccMaTPHBas MOCJEA0BaTeNbHOCTh
T/IaBHBIX MHHOPOB NMCKpPHMHHaHTa (TaMm e, ctp. 305—307).
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nenuresned Oblia mokazaHa Koww u DuHe, dopmyna [aycca He-
MelJIeHHO pacnpocTpaHsanach Ha cjayuyall jmo6oro yucjaa nepeMeH-
Hpix. B 1845 r. uMeHHO 3Ta (opMy./ia MOCAYXKHAA NEePBBIM HUMIMYJb-
coM mJist o61ell TeOpHM WHBAPHAHTOB.

K IBYM NOHSATHSIM, KOTODble y ADEBHHX TIPEKOB 3aMeHsJH Teo-
pHIO NepeMelleHUH, — K MOHSITHIO ABHXEHHS M MOHATHIO «CHMMeT-
puu» ¢urypel — B XVII—XVIII BB. npubasssercs TpeTbe BMecCTe
¢ npobjaeMOll H3MeHEHHsI NPSMOYTOJNBHBIX OCeiH, KOoTOpas mo cyle-
CTBY 9KBUBaJIeHTHA 3TO# TeopuH. Dijiep MOCBsilaeT 3TOMY BONPOCY
HeCKOJIbKO paboT, MbITasch B epBYIO ouepeab NOJAYUHTh YI0GHblE 15
onepupOBaHUs MapaMeTpuuecKue BbIPAXKEHHs 151 GOpMYJ H3MeHe-
Husi ocell. M3BecTHO, KakKoe nmpuUMeHeHHe HAULNA B MeXaHHKe TpPH
yria, BBefieHHble uM s n =3 ([81a] (1), r. IX, crp. 371—378).
He orpanuunBasice 3tuM, Jitjaep B 1770 r. craBut nepen co6ofi 06-
myio npobseMy OpTOrOHaJbHBIX npeo6pa3oBaHuil mJis Jw6oro n u
3aMeuaeT, 4TO OHd MoOXKeT ObITb paspelleHa BBeJeHHEM B KauyecTBe

nn—1)

napamMeTpoB ——5—- YIJIOB, H, HaKOHel, misi n = 3un=4 oH
naet nJst GOpMyJs BpalleHHs paylOHA/LbHble BhIpaxKeHHs (B (yHK-
LUAX COOTBETCTBEHHO OT 4 ujau 8 OZHOPOAHBIX [1apPaMETPOB, CBS-
3aHHBIX OJHHM COOTHOLIEHHEM); 3TH (OPMYJBl COBMNAJZAIOT C TEMH,
KOoTOpble OBIIH MOJyuYeHbl MO3JHee C INOMOLIbIO TEOPHH KBATEPHHO-
HOB, HO caM Jiljiep HHUYEro He TOBOPUT 006 HX MPOUCXOXKIAEHHH
([81a] (1), 1. VI, cTp. 287—315) 1).

C apyro#l cTopoHbl, Diijiep yKasblBaeT, KaK MOXHO aHaJHTHue-
CKH Pa3bICKHBaTb «CHMMETPHH» IVIOCKHX GHUryp. DTH HCCAeI0BaHHS
NPUBOAST €ro B CYIIHOCTH K J0Ka3aTeJbCTBY TOrO, 4TO HepeMele-
HHe Ha TJIOCKOCTH siBJseTcs JuHOO BpalleHueM, JuGO NepeHocoM,
Jau60 MepeHoCoOM C MOCJeNYIOUHM CHMMeTpHUeCKHM OToOpa)KeHyueM
([81a] (1), . IX, crp. 197—199). bBricTpoe pasBuTHe MeXaHHKH,
KOTOpOe NPOUCXOAHUT B 3Ty 3MOXY, JesaeT HeoOXOAUMBIM OfIiee H3y-
yeHHe MepeMelleHUH; HO BHauaJjie BONPOC CTABHTCS JHIIL 0 «BecKo-
HeYyHO MaJbiX» NepeMellleHHsiX, HaNpaBJieHHbIX NO KacaTeJbHOH K
TPaeKTOPHH HeNmpepPLIBHOrO ABHUXKeEHHS.

TosbKO TaKHe NepeMelleHHs H BcTpevatores y Topuueanu, Po-
GepsaJsst ¥ [lekapra NpHu uccaefOBAHUAX OTHOCHTEAbHO KOMMO3HLHH
JBHXEHHH H MTHOBEHHONO WLEeHTpPa BpalleHHs NJIOCKOro ABHXKEHHA
(cp. crp. 180—181). MrHoBeHHBIfI LeHTp Obl1 onpenesneH B obiiem
puge HoranHom Bepnysanan; Hanambep B 1749 r. u Dilsep B cie-
AyloweM ToAy paclIMpfIOT 3TO NOHsATHe, J0Ka3aB CYIIECTBOBAHHE
MrHOBEHHO# OCH BpalleHHs A5 ABHXKEHUH C HENOABHMKHON TOUKOMH.

1) Diiiep He ngaeT K ToMy ke (GopMyJy KOMIO3HUHH BpaiuieHul, BHIpaxKeH-
Hyl uepe3 MapaMmeTpel; IJs n = 3 OHa BIepBbie NaHa B 3aMeTKe [aycca (He omy-
SnukoBaHHO# npu ero xusuu ([95a] 1. VIII, ctp. 357—362)) u B onmoit paGore
Omunna Poapureca (1840 r.), Koropeli BHOBb HAaXOAMT NapaMeTpHYECKOe IMpef-
cTaBjeHHe Diijepa, K 3TOMY BPEMEHH MOYTH 3abbIToe,
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Anasornynasi TeopeMa /s KOHEUHBIX nepeMelleHuii Gblia cdop-
MmyaupoBasa dinepoM TobKo B 1775 r. [81b] B MeMyape, rme ou
OLHOBPEMEHHO OTKPLIBAeT, YTO ONpejejHTesab Npeo6pasoBanus Mo-
BOpPOTa paBeH e[HHHIle; B CJeAYIOIeM roiy OH I0KashiBaeT Cylie-
CTBOBaHHE HEMOJBHMIKHON TOYKH IJIsl NJOCKHX Npeo6pasoBaHuii mo-
no6usi ([81a] (1), r. XXVI, crp. 276—285). Ho suws [lanio yaasocsk
B cBOMX paboTax, KOTopble OH HauWHaeT ny6aukosath ¢ 1830 r.[46a],
co31aTh CTPOHHYIO TEOPHIO KOHEUHBIX M GeCKOHeuYHO MaJblx nepe-
MeLIeHHH.

Hrak, Mbl IOAXOLHUM K NepHOLY, KOTOPHI MOXKHO Ha3paTh 30-
JIOTHIM BEKOM TreOMeTPHH H KOTOpbH yKJaajabBaercss grosso modo
Mexay mataMu ony6.aukoBanus «OnucarenbHoit reoMerpuu» MoH-
xka (1795 r.) [162] u «dpaanreHckoir nporpaMMmbl» @. Kuefina
(1832 r.) ([132], 7. I, crp. 460—497). OcHOBHBIE DOCTHXKEHHS, KO-
TOPHIM Mbl 005iI3aHBl 3TOMY BHE3aIIHOMY BO3POXKIEHHIO TeOMETpHH,
CBOAATCS K CJAELYIOIINM. )

A) TlonsiTne GecKOHEYHO yHaJIeHHOTO 3jeMeHTa (TOUKH, NpAMOH
HJIH IJI0CKOCTH), BBelenHoe J[lesaprom B XVII B. [63], Ho pac-
cmarpuBaeMoe B XVIII B. kak npocroii 060poT peun, peaGH/IHTH-
pyercst U cucteMaTtHuecku ynorpebasiercsi IToucene [182], koTophi,
TakuM 06pa3oM, npeBpallaer NpOeKTHBHOe NMPOCTPAHCTBO B oOllHe
paMKH AJ51 BCeX reOMeTPHUYecKUX SIBJeHHH.

B) B T10 xke camoe Bpems Gaaronaps Mouxy u Iloncene ocy-
LIeCTBJSIETCS NEPeXOf K KOMNAEKCHOU MpoeKTHBHOH reoMerpuu. [To-
HATHE MHHMOH TOUKHM, clopajuueck# ynorpeb/seMoe B TeueHHe
XVIII B., Tenepb (COBMeCTHO C MNOHATHEM GeCKOHEUHO YJIaJeHHOM
TOYKH) NpUMEHseTcsl AJs1 (GOPMYJHUPOBOK, HE3aBHUCHMBIX OT «CJy-
yaeB pacnoJioxeHus: ¢puryp» adppuHHON NeHCTBHTENbHON reoMeTpHH.
XoTs B CaMOM HauaJle ONpaBlaHWs, BbIABHraeMmhie B 3alIUTy 3THX
HOBOBBeJIeHHUH, elle BCTPeualoT CHJALHOE CONpPOTUBJeHHe (0COGeHHO
CO CTOPOHBI 3AIUUTHHKOB LIKOJbI «CHHTETHUECKOH» FeOMETpHH, rjae
ynorpe6./ieHHe KOODJAHHAT CYUTANOCh NO30PHBEIM), TO Tenepb HeJb3st
He BHMeTb, YTO «NPHHIMUN CJAyYalHBIX OTHOWeHuH» MoHxa, nIu
«pHHUUN HenpepelBHOCTH» [loHcesle, siBJsieTcsl MepBBHIM POCTKOM
HleH «ClelHaliu3aliu» COBpeMeHHoH anre6panyueckoll reoMeTpun !).

OnHuM H3 NepBHIX pe3y.bTAaTOB, BBITEKAIOIIMX H3 3THX KOHLEN-
LU, ABJSETCS MOJOXKEHHEe O TOM, UTO B KOMIJIEKCHOM NPOEKTHBHOM
[IpOCTPAHCTBEe BCE HEBHIPOXKIEHHBle KOHHUeCKHe ceueHHs (COOTBeT-
CTBEHHO KBAaADHUKH) HMEIOT ONMHAKOBYIO NPHPOAY. DTO NPHBOILHT
[ToHcesle K OTKPHITHIO «H30TPOMHBIX» 3JEMEHTOB. «Kpyeu, nomeuiex-

1) DTH «IPHHUHNBI», KOHEUHO, OMpaBAbIBAOTCA (KaK B CBOE BpEMS 3aMeTHN
Kowwu) mnpuMeHeHHeM TIPUHUMNA TPOJOJIKEHHS aJre6paHuyecKuX TOMKIECTB HA
OCHOBAHHH TOTO (haKTa, UTO «CHHTETHUECKHEe» TIeOMeTPH BCeria pacCMaTpHBAIOT
TOMbKO Te CBOHCTBA, KOTOpble MOTYT GbITh BEIDAXKEHBI AHAJTHTHYECKH B TOXKJAE-

cTBax nomo6HOro popga.
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Hble NPOU3BOABHO HA NAOCKOCTb, — FOBOPHT OH, — He ABAANTCS
BNOAHE He3aBUCUMbIMU 8 OTHOWEHUU Opye K Opy2Yy, KAk 3TO MONHO
66110 661 npednoaazate ¢ nepso2o 8324180a; UOEANbHO OHU UMEOT
Ose obujue mHumoie Touku 8 Oeckoreunocrus ([182], 1. I, cTp. 48).
Hanee oH TakuM ke 06pazoM BBOJUT «OMOHJHUECKYIO KPHUBYIO»,
MHHMOEe KOHHMYeCKoe ceuyeHHe, HMeloliee B OeCKOHEYHOCTH oOfluue
Toukn co BceMu chepamu ([182], 1. I, crp. 370). Xotss on ocobo
He ynoMHuHaeT o6 u3oTponHbIx ofpasyloumux cohepsl, Ho No Kpaii-
Hell Mepe sIBHO NMOJUYepPKHBAeT CYIIeCTBOBAHHE Y JIO60H KBaApPUKH
NpAMOJUHEHHBIX 0Opa3yoUUX, AeHCTBUTENbHBIX HJAH MHHUMBIX (TaM
xe, crp. 371) 1),

[Tocnenosatenu Iloncene (ocoGerno Iluokep u 1lanb) ucnodb-
3YIOT 3TH IIOHSITHS B elle 6oJblledl CTeneHH, ueM OH caM, 0cOGeHHO
IPU U3YYeHHU «(POKaJbHBIX» CBOHCTB KOHHUECKHX CeUeHWH H KBal-
PHK.

C) buam chopmynvpoBaHel B 0o6iieM BHJe NOHSTHA TO4EYHO20
npeobpasosanus W KOMNO3UIMM TaKHX NpeoGpazoBaHuil, KOTOpBIE
CTaJId CHCTEMAaTHUECKH BBOAUTLCSI KaK CPEACTBO JHOKA3aTEIbCTBA.

o 3Tux nop, Kpome cMelleHul U NPOEKIUi, MaTeMaTHKaM GbLIH
M3BECTHBI JIHIIL HEKOTOpPble YAaCTHble NpeoGpasoBaHusi: HEKOTOPHIE
IPOEKTHBHBIE NPeo6pa30BAHUA IUIOCKOCTeH THHA X = }a_, y’=—§,
ynorpe6asieMble Jla-I'upom u HbioToHOM; «addunHbie» npeobpaso-
panus x' = ax, y’ = by Kaepo u Diwrepa ([81a] (1), 1. IX, ran. XVIII)
U, HaKOHell, HEKOTOpble YaCTHble KBaJpaTHuHble mnpeobGpa3oBanus,
BCTpeuatolitecs onsrth y HbiotoHa, MakisopeHa u DpekeHpumxa.
Monx B cBoeit «OmnucareqbHOH TreoMeTPUH» NOKa3blBaeT BCe, YTO
MOXKHO H3BJleub W3 YynotpeljeHHd MJIOCKHX NPOEKUHH B 3-MepHOH
recomerpud. ¥ IloHcesne onHuM u3 H3/I0GJIEHHBIX H CHCTEMaTHUECKH
NpUMeHsieMBbIX NPHEeMOB J0Ka3aTedbCTB SABJAETCs NpHBEJEHHe MO-
CpPeACTBOM MPOEKIIUM CBOHCTB KOHHUYECKHX CedeHHH K CBOHACTBAM
Kpyra (MeTox, KOTODHIA yxKe ynorpebasin npu cayuae [lesapr u
[Tackanab). Has toro uTo6bl UMeTb BO3MOXKHOCTL TaKHM Ke 06pa-
30M fepedTH oT KBaApHUK K cdepe, [loHcene uzobperaer nepshlil
npuMep NpoeKTHBHOro npeoGpasoBaHysi NPOCTPAHCTBA, KTOMOJOTHIO»
([182], r. I. ctp. 357). HakoHel, oH BBOAUT TakxKe HepBble NPUMepHI
GupauHoHaJbHbLIX NpeoGpa3oBaHuil KpHBoH B ce6sa. B 1827 r. Méo6u-
yc ([160], 1. I, ctp. 217) u B 1830 r. He3aBucumo ot Hero Ilajb
([46b]. cTp. 695) onpeneasior Haubosee obuive JHHEHHbBE NPOEK-
THBHbIe pe00Pa30BaHUsl; B 3TO e BpeMs NOSABAsiETCS HHBEPCHSI H
Jpyrue 7Td4Nbl KBaZAPAaTUUHBIX NPeo6pa3oBaHHH, H3YueHHE KOTOPHIX

! TlepBblM YIOMHHAHHEM O MPAMOJHHEHHBIX O6Da3yIOUHX KBAAPUK Mbl 006s-
3aHbl, N0-BUAMMOMY, Peny (1669 r.), KOTOpHIH 3aMeTHJI, YTO OZHOMOJOCTHBIA TIi-
nep6oOJIONT BpalleHHs MoXeT ObITb 06pa3oBaH BpallleHHEM NPAMOil BOKDYT OCH,
He Jexaiuei ¢ Hell B ognoil njockocTH. Ho uayuenue npsimonuHeiiHbIx 06pasyto-
wux 6bL10 MPeAnpuHATO TOJbKO MOHXKeM H ero ILKOJIOH,
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NPUBOAMT K 3aPOKIEHHIO TeOPHH GUpallMOHANbHLIX Npeobpa3oBanui,
yCnelurHo pasBuBaolneiicss Bo BTopoit nososuHe XI1X B.

D) Ilousitue 080UcT8eHHOCTY TIONyUaeT MOJHOE OCBElleHHe H CO-
3HaTe/bHO CBA3LIBAETCS C TeopHell OuauHelHbIXx popM. Teopus no-
JIOCOB W NOJsip KOHUYECKHX ceueHUH, KoTopas co BpemeH Amou-
JoHus Oblia JHWIbL OTYACTH pa3BuTa B Tpydax [esapra u Jla-Tupa,
npuMensiercs MoHxKeM U K KBagpukaM. MoHXK, a Takxe ero yue-
HHKHM C NOMOIIbIO 3TOTO CPEACTBA NpHOODEeTaloT BO3MOKHOCTb MNpe-
o6pa3oBbIBaTh H3BeCTHble TeopeMbl B HOBble pesyJbratel!). Ho
yecTh CO3JaHHst OOILIero MeTOAa M3 OTHENbHBIX DPA3PO3HEHHBIX pe-
3yabTaToB npuHaanexuT [loHcene, KoTopblli 060CHOBan ero B
cBOeH TeopHu Npeo6pasoBaHUil «MOCPEACTBOM B3aUMHBLIX TOJSIP» H
TeM CaMbIM CO3/aJj OpyAHe upe3BbUaHHOH 3dpdekruBHOCTH. He-
mMHOro mnorons, u uMmeHHo y JKeprona, Ilmokepa, Mébuyca u
[llans, obimee noHsiTHe ABOHCTBEHHOCTH OCBOGOXKAAETCS OT CKOBbI-
BaloLlel ero CBfI3W C KBaJpaTHUHbLIMU (OPMaMH, elle oueHb MPOUYHOH
y IToncene. B uacrHocTH, Mé6uyc, Hccedyst pasjMuHble BO3MOMKHO-
CTH JBONCTBEHHOCTH B 3-MepPHOM NPOCTpaHCTBe (onpenejeHHOM 6u-
JuHeliHOH (opMoii), oTKpbiBaeT B 1833 r. [BOHCTBEHHOCTb MO OTHO-
IIEHHI0O K 3HaKomepeMeHHo# OuauHeitHo#t ¢opme ([160], 1. I,
ctp. 489—515) 2), KoTopas WHTeHCHBHO M3yuasach B XIX B. B Bue
TEOPHH «JIHHEHHBIX KOMNJIEKCOB» U pa3BHBa/ach B CBSI3H C «reOMerT-
puell NpsiIMbIX JHHHA» W «KoopAuHatamu Iluiokepa», BBeJeHHBIMH
Ksau, I'pacemanom u [1niokepom okogao 1860 r.

E) C nosiBeHHeM NpOeKTHBHOH reoMeTPHH HHTEHCHBHOe H3yuYe-
HHe CBOHCTB KJACCHUECKOH I'eOMEeTPHH ‘M0 OTHOLIEHHIO K NPOEKTHB-
HBIM NPOCTPAaHCTBAM OBICTPO NpHBEJSO K TOMY, YTO OHM OLLIM pas-
meNeHbl Ha <«NPOEKTHBHbIE CBOHCTBA» M «MeTpHUECKHe CBOHCTBA»;
He Bnajasi B NpeyBeJHYeHHe, MOXKHO YTBepXKAaTh, YTO 3TO pasie-
JeHHe ObLIO OJHUM M3 Haubojiee OTUETJNUBLIX NpPOSIBJAEHHUIT TOTO, UTO
BIOCJEACTBHH CTAJO COBPEMEHHbIM NOHATHEM CTPYKTYDHI.

Ho Iloncene, KoTopblii NepBHIM BBOAMT 3TO pasJiduHe U 3Ty Tep-
MHHOJIOTHIO, TaKXe 3aMeuaeT M TO, UTO CBf3BIBACT 3TH JBa THINA
cBofictB. Manaras B cBoem «Tpakrate» npoG/eMbl yrjioB, CBOHCTBA
KOTODBIX €NO0-8UOUMOMY, He ABAAIOTCA TeMU, KOTOpble Mbl HO38QAU
NPOEKTUBHBIMU... TEM He MeHee OHU B8biTeKAIOT TAK RPOCTO,— FOBO-
PHUT OH, — U3 APUHLUNOE, COCTABAAIOULUX OCHOBY [3TOTO TpyAal... 4TO
A He 0Yymaro, 4TO KaKafa-Aub0 UHAS 2eOMETPUYECKASA TeOpus Mo2aa
6bL npusecTu Kk 3TOMY e ChOCOOOM OOHOBPEMEHHO 6Goaee NPAMBIM
u 6osee npocToim. B aToM Her Huue20 YoUBUTEAbHO20, eCAl NPUHATH
80 BHUMAHUE, 4TO NPOEKTUBHble CBOLCT8A Pueyp Heobxodumo As-

1) HauGosee usBecTHOi sBJsieTcss Teopema bpuanwona (1810 r.), npeoGpa-
30BaHHasg M3 Teopemsl ITacka/is ¢ MOMOIIBbIO NMPHHIMIA ABOHCTBEHHOCTH.

2) Hxopmxunu (Giorgini) B 1828 r. yxKe craJjKHBajCs ¢ MOJSAPHOCTBIO M0
OTHOLIEHHIO K 3HaKomepeMeHHO# ¢dopme B cBsisn ¢ npobiemoit cratuku [98].
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AAIOTCA CAMbIMU OOUUMU U3 Tex, KOTOpble MOeYyT um npuradie-
HATb;, TAK 4TO OHU OO0AXCHbL COOepitaTs 8 8ude NPOCToLX CAOCTEUL
gce npouue c80UCTEA uAsu 0cobble OTHOUWIEHUS NPOTANICEHHOCTU
([182], t. I, cTp. 248). 1o npaBme roBops, Hocje 3TOrO 3asiBeHHs
HEMHOTO CTPaHHO BHIETb, UTO OH HCClelyeT NpobJaeMy YIIOB BeCh-
Ma HCKYCCTBEHHBLIM CIOCOOGOM, CBsI3blBasi HX ¢ (HOKaJbHBIMH CBOH-
CTBAMH KOHHUECKHX CeYeHHH, BMECTO TOTro UTOObl NPAMO BBECTH LHK-
JTUYecKHe TOUKH; Ha CaMOM JeJie, Tonbko yepe3 30 ser Jlarepp (6y-
nyuu elite yueHHkoM [losuTexHHuecKo#l IIKOJbI) maj BhIpAXKeHHe
yria Mexnay NpsSMbIMH JHHUSAMHE C TIOMOMHIBIO IBOHHOrO OTHOUIEHHS
3THUX NPSIMBIX M JBYX H30TONHBIX TPSMBIX, HCXOAALIMX M3 TOH XKe
sepuiunb  ([141], 1. II, ctp. 13). Haxkoneu, Kanu ([44], 1. II,
cTp. 561—-592) sicHo dopMyaHupyeT OCHOBHYIO HAED O TOM, UYTO
«MeTpHYecKHe» CBOHCTBA NJIOCKOH (QUTYpPHl SBJASIOTCH He 4eM HHBIM,
KdK «NPOEKTHBHBIMH» CBOHCTBaMH (Urypbl, HONOJHEHHOH NHKAHUE-
CKHMHM TOUKaMH — 3HaMeHaTeJbHasi BeXa Ha NYTH K «DpJiaHIeHCKOH
nporpamMmMe».

F) Heesxaudosa eunepbosuueckas zeomeTpus, BO3HUKIIAS OKO-
Jo 1830 r., BHauaJsie OcTaeTcsi HECKOJIBKO B CTOPOHe OT JABHIKEHHS,
OCHOBHbIE UEPTBbl KOTOPOTO Mbl M3jaraeM. Bo3HUKHYB H3 coobpaxe-
HHH cyry60 JOrHuyeckoro nopsiika, KacalolIMXcst OCHOBAHHH KJaccH-
YyeCcKOH reoMeTpHH, 3Ta HOBas reoMeTpus Oblia M3JI0XKeHAa OTKDHIB-
WIHMH ee yueHbIMH !) B TOI Ke aKCHOMAaTHUECKOH U «CHHTETHUECKO»
dopme, Kak u reomerpusi EBkiauga, 6e3 cBs3H ¢ NPOEKTHBHOH reo-
MeTpuell (BBeJeHHe KOTOPOH ¢ TOUKH 3peHHs KJIacCHuecKoH Mmonenu
Ka3aJjoch yXe HCKAIOYeHHBIM a priori, Tak Kak B 3TOH reoMeTpuu
OTCYTCTBOBAJO TIOHSITHE eNMHCTBEHHOH mnapaJ/iiesbHOH). DTHUM, KO-
HeyHo, ¥ OOBACHSIeTCS TO, UTO OHAa J0Jroe BpeMs He NpHBJeKasa
K ce6e BHHMAaHHS MaTeMaTHKOB (paHIy3CKOH, HeMeluKOH ¥ aHrJIUi-
CKO# IIKOJI MPOeKTHBHOH reoMerpuu. [TloaTomy, korga Kaau B cBoeM
IHTHPOBAHHOM  Bhlle (¢GyHnaMeHTanbHOM TpyRe ([44], T I,
cTp. 561—592) npensaraer 3aMeHATb LHUKJIHUYECKHe TOUKH (paccMa-
TpUBaeMble KaK KOHHYEOKHEe CeueHHs «TaHTeHIHaJbHO-BbIPOXKIEH-
Hble») HEKOTODbIM KOHHUYECKHM ceuyeHHeM (KOTopoe OH HasbIBaeT
«aBCcoMIIOTOM»), OH M He MBICJAHT O TOM, UTOOBI CBSI3aTh 3Ty HIEH0 C
reomerpueit Jlo6aueBckoro — bBoiiau, XoTs u yKasbiBaeT, Kakum o6Gpa-
30M OHAa TNPHBOJAHT K HOBBIM BbIDAKEHHSIM AJAS <PACCTOSHHUI» MEXKIY
ABYMsi TOYKAMH, H yIOMHHAEeT O ee CBA3H co cdepHyecKoil reoMer-
pueit. Cutyanus usmensiercs K 1870 r., Korjla HeeBKJIHIOBbl reoMeT-
puH B peaysabTaTe pacnpocTpaHeHus TpynoB JloGaueBckoro u omy6-

1) HssectHo, uto [aycc yxxe c¢ 1800 r. mpuwen K yGexAeHHIO O HEBO3MOK-
4OCTH 10Ka3aTh noctynat EBKaMAa W 0 JIOrHYeCKOd BO3MOMHOCTH Da3BUTh reoMe-
tputo, rae Gbl 3TOT moctysaat He Obla Bepen. Ho oH He omy6smKoBas CBOHX pe-
3YJAbTATOB MO 3TOMY BONPOCY, W OHH OBbIIM CaMOCTOSITENBHO HaiigeHsl B 1829 r
Jlo6auesckiM u B 1832 r. Boitau DBosee nogpoGHo o6 3toM cm. [78a u b]. (Cm,
rak e B. ® Karan [4] *. — [Ipun. nepes.)
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JukoBauus pa6or I'aycca W BcTynHuTeqbHON Jekuud Pumana craju
HanboJiee aKTyasJbHHIMH B MaTeMaTHKe cBoero BpeMeHu. B 1868 r.
BenbTpamu, KoTopoMy paGora Ksiau He Oblia M3BecTHa, Cielys IO
nyTH, ykazaHHoMy PuMaHOM, BHOBb HaXOAHT BblpaxKeHHs LJs pac-
CTOsIHHH, AaHHble K3/H, HO cOBceM MO JAPYrOMYy NOBOAY, a HMEHHO
paccMaTpuBasi BHYTPEHHOCTb KpyTa Kak H300paxeHHe MOBepXHO-
CTH NMOCTOSSHHOW KPHBH3HBI, B KOTOPOH reofle3nueckue JIUHHH Mpel-
cTaBJ/IeHbl NPSIMBIMH JuHHAMH [15a]. JIBymsi ronamu nosxe Kuieiny
yrasoch (He3aBHCUMO OT DejbTpaMu) 0GbeJIHHHUTb 3TH 1BE TOYKU
3peHusi, KOTOpble OH JHOMOJHHJ OTKPLITUEM HEEBKJIWAOBA 3JJIHNTHU-
yeckoro npocrpancrBa ([132], 1. I, cTp. 2564—305) 1).

G) Bropasi no/JioBuUHa paccMaTpUBAeMCH HaMH 3MOXH XapakTe-
pusyeTcsi pa3BUTHEM KDHTHUECKHX Da3MbliiJeHHH, B X0jJe KOTOPBIX
PUBEPIKEHI[bl «CHHTETHYECKOH» reoMeTpUH, He AOBOJbLCTBYSCh TEM,
4TO WM3THAJIM M3 CBOHX J0Ka3aTeJNbCTB KOOPAHHATHI, NpeTeHNOBaJH
Ha BO3MOXKHOCTb 060#THCH 6e3 neHCTBUTEJbHLIX YHUCes Jaxke B reo-
MeTpHYeCKHX akcuoMaX. I'iaBHbIM mpejcTaBHTEEM 3TOM LIKOJbI 5B-
asiercs ¢on llraynr, KoTopoMy B 3HauUTENbHOH CTENEHH YaaeTcs
OCYILeCTBHTb 3Ty TPyAHYI0 onepainuio [239]. Ero paGoThl BhI3bIBaJH
BceoblIee BOCXHIIEHHe He TOJbKO B CBOe BpeMs, HO H B HauaJe
XX B, M ecsu Tenepb HAesM 3TOTO pPoja yxKe He NMPHAAIT TOTO XKe
3HAYeHHs, TAK KaK BO3MOMKHOCTb HX I[10J1€3HOr0 MPHMEHEeHHs1 OKasa-
Jlach JOBOJbHO He3HAUNTEJNbHOH, BCe JKe CjlelyeT NPH3HAThb, UTO yCH-
aus ¢pon llrayara 4 ero yueHMKOB CHOCOGCTBOBAJH BbISICHEHUIO
pOJIH [eMCTBHTENbHBIX HJIH KOMIIEKCHBIX «CKaJspOB» B KJacCcHue-
CKOH reoMeTpHH, uTo NpHBeJo K (POPMHPOBAHUIO COBPEMEHHOrO [10-
HSITHS TeOMeTPHH Hal NPOH3BOJbHBIM OCHOBHBIM MOJIEM.

K 1860 r. «cuHTeTHUEeCKasi» reOMeTPUs NOCTHIJIA CBOEro amnores,
HO KOHel ee BJajbluecTBY NpUGIHKAJCSH GbLICTPLIMU liaraMd. AHa-
JIUTMUYECKasi TeoMeTpHs, ocTaBasicb B TeueHHe Bcero XVIII B. rpo-
MO3JIKOM H Heu3dlHOH, HakoHel npuobperaet B pykax Jlams, Bo-
6uabe, Kowu, Tlaokepa u MéGuyca cTpPOHHOCTb MU KPaTKOCTb, UTO
JaeT eff BO3MOXKHOCTb BCTYNHTb B NOEIVHOK C PaBHbIMH IIaHCaMH
Ha ycnex co cBoeil conepHunedl. Haunnas npubausuresnsto ¢ 1850 r.
MOHSITYSI PPYMNNbl U HHBAPHAHTA, HAKOHEI-TO TOYHO cHOpPMyIHPOBaH-
Hble, MaJlO-0MaJjy 3aBOEBbIBAIOT NOJe GUTBLI, © MaTeMaTHKH 3aMe-
YaloT, UTO TEOpPeMbl KJIacCHUeCKOA reOMEeTPHH SIBJSIOTCS He YeM HHBIM,
KaK BblpaskeHHeM TOXIeCTBEHHBIX OTHOIUeHHH MeX1y MHBapHaHTa-
MH HJH KOBapMaHTaMH TPYyNibl nogo6Hs ?), TOUHO TaK XkKe KaK Teo-

1) Ilpumep cdepHuecKkolf reoMeTPHH Ha HEKOTOPOe BPeMsl BHYIUHJ BEPY B TO,
YTO B NMPOCTPAHCTBE C TOCTOSIHHOH TOJIOXKUTENbHOH KPUBH3HOMH Beerna CyllecTByIOT
napbl TOYEK, uepe3 KOTOpbIe MPOXOAMT GoJiblle YeM OfHA reofe3nyecKas JIHHHS.

2) HanpuMmep, JieBble YaCTH ypaBHEHMH TpeX BBICOT TPeyronbHHKA SABJAIOTCS
|OBapHAHTAMH TpeX BepIUHH TPeyroJbHHKA OJs TCPYNIsl 10A00Us, a Teopema
0 TOM, YTO 3TH TPH BBHICOTBI HMEIOT OHY OCLIYIO TOUKY, S5KBUBAa/JSHTHA yTBEpPXKie-
HHIO, 4TO TPH KOBAapHaHTa, O KOTOPbIX HAeT peub, JIHHEHHO 3aBHCHMBEL
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peMbl MPOEKTHBHON reOMeTPUH BHIPAXKAIOT TOXKAECTBA (HJIH «CH3H-
[HH») MEXAYy KOBapHaHTaMH NPOEKTHBHONH IpyNnbl. 3TO MOJOKEHHE
6bl10 MacTepcky uajokeHo @. KiellHOM B 3HaMeHHTOH «IpJlaHreH-
ckoii mporpamme» ([132], 1. I, cTp. 460—497), roe oH pekoMeHayer
npekpaTHThk OecNIOAHBIH CIOp MEXAY «CHHTeTHUeCKOH» ¥ «aHaJHTH-
yecKOH» TEHJEHUHsSIMH: eCJIH, TOBOPHT OH, OOBHHeHHe INOCJelHed B
TOM, UYTO OHa CTaBHT B IPHBHJIEIHPOBaHHOE [OJOKEeHHe CHCTEMY
POU3BOJIBHBIX OCEH «CAULLKOM 4ACTO ObLAO OCHOBATEAbHbIM NPU TOM
HecosepuleHHoM cnocobe npumeneHus meTooa KOOPOUHAT, KOTOPbLL
ynorpebaanca paneuie, TO OHO PYUWUTCS, KAK TOALKO peus uder
0 PAYUOHAALHOM NPUMEHeHUu 3T020 meroda.. O6aacTs npoOCTPaH-
CTBEHHOU UHTYUYUL He JOAXCHA GbiTb 3aKPbLTOL 0N AHAAUTULECKO20
MeT00q...»; U OH [OJUEPKUBAET, UTO <«He cAedyer HedOoOUeHus8arTsh
npeumyu,ecTs, KOTOPsie MONCHO NOAYHUTb NPUMEHEHUEM XOPOULO NpU-
cnocobaerno20 0as dassneldulux tccaedosanuii popmaausma, KoTo-
polli, ecau MOXNCHO TaK 6blpa3uTbCA, Onepexcaer HAuly MolcAbY
([132], 1. I, cTp. 488—490).

Takum o006pa3oM, MaTeMaTHKH TNPHUXOAST K palUdOHAJbHOH H
«CTPYKTYpHOH» KaaccH(UKALUH TeopeM <«reoOMeTPHU» B COOTBeT-
CTBHHU C I'PyNIaMH, OT KOTOPBIX OHH 3aBUCAT: JUHEHHOH Ipymnnbl A/
MPOEKTHBHOH reOMETDHH, OPTOTOHAJIbHOH T'PYMIbl AJS METPHUUYECKHX
npo6JieM, CHMIIJIEKTHYeCKOH TpYyNnbl AJS TeOMEeTPHH «JIHHEHHOro
gommiekca». Ho npu GecrouwrafHoM cBeTe KJacCHUecKasi FeOMerT-
pust — 3a HCKJIOueHHeM aJjre6pandeckol u auddepeHuuasbHO
reoMeTpuii 1), Koroprie yxKe O0GOCOGHINCH B AaBTOHOMHbIE JHC-
LUIJIWHBL, — OBICTPO YBAJZaeT MU TepsieT BeCb CBOH OblIoH GJieck.
Yxe o6obuieHne MeTOZOB, OCHOBaHHBIX Ha ynorpe6ienHu npeobpa-
30BaHUil, NPUBEIO K TOMY, YTO 06pa3oBaHHe HOBBIX TEOpPEM CTaJo
HECKOJIbKO MeXaHHUeCKHM mnpoueccoM. «Tenepsy», — rosopur Llags
B cBoeM «Mcropuueckom ouepkey, onyGJuKoBaHHoM B 1837 r.,—
«kancOblll 8 COCTOAHUU B3ATb KAKYIO-HUOYOb UBBECTHYIO UCTUHY U
npUMEHUTb K Hell pasdauunsie obuyue npuxyunsl npeobpasosanull;
TAK OH NOAYHUT Opyaie UCTUHbL, OTAUUHbLE OT NePBOHAUANbHOL AUOO
b6osee obuyue; K HUM TOXe cmoeyT ObiTb npumeHeHsr nOO0OHbLe e
onepayuu; TaKum o0b6pasom, moxuHo Oyder yseauwusars, nouTu 00
6eCKOHeUHOCTH, HUCAO HOBBIX UCTUH, BbIBEOEHHbLX U3 Nepeoil... u,
3HAUUT, KAXCObLL, KTO 3AX04eT, MOXeT npi TenepeuiHem COCTOAHUU

) Her nago6HOCTH H3.1araTh 34ech HCTOPHIO 3THX [ABYX IHCLUMILJIMH H 1e-
TaJbHO PaccMaTpHBATh BJHSHME «DPJAHTeHCKOH TNPOrpammbl» Ha HX ToCJenyio-
llee pa3BHUTHE. YNOMsiHeM JIHIUb, 4TO aJjre6paudeckas reoOMeTpHsa mocie GoJee
yeM BEKOBOTO HCCJIeJIOBAHMS HHKOTAA He H3yyasach TAK HHTEHCHBHO, KaK Terlepb.
Yro ke Kacaercd AH(pepeHIHAIbHOH reoMeTpHH, TO nocje ee GJectsimiero pac-
usera B Tpyrax Jlm, [ap6y u uX YYeHHKOB e€H cTajna YrpoxaTb OMAacCHOCTh
BracTh, MOA06HO 3JeMEeHTAaPHOH KJacCHYecKoil reoMeTpHH, B CKJIEPOTHUECKOEe CO-
CTOSIHHE, TOKa COBPeMeHHble HCC/IeLoBaHHA (OepyllHe CBoe HAyajJo OCOGEHHO OT
uneit . KapraHa) pacClOGHHBIX NPOCTPAHCTB H «IVIOGalibHbIX» mpoGjeM He bep-
Hy/JH el ee KH3HeCOCOOHOCTD.
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Hayku 0606wats U c030a8aT6 HOB0E 6 2e0METPUu; 2eHuli 60Ablue
He A8AfeTcs Heobxo0umolm O TO20, 4TO0bL BHOCUTL CB0H AENTY
6 NOCTpoeHue Beau4ecTsenHHo20 xpama Hayku» ([46], ctp. 268—
269). Onnako ¢ pa3BuTHEM TeODHHM HHBAPHAHTOB MOJIOXKEHHe CTa-
HOBUTcA Gosiee onpeneseHHbIM, TaK KakK OHa JaeT BO3MOXHOCTB (110
Kpalineifi Mepe, AJIs «KJaccHyeckux» rpynm) chopmy.aupoBath 06-
IHe MEeTOAbl, MO3BOJISIOLME B MPUHIIUNE 3AMHCHIBATH YHCTO aBTOMA-
THYECKHM crocofoM sce anreGpauyeckue KOBapHaHTH! H BCE UX «CH-
aurun». B To Xe Bpems 3Ta nmobGena o3HayaJjga CMepPTb Kak caMoil
KJaCCHUECKO! TEOPUU HHBAPUAHTOB, TaK M «3JEMEHTapHOI» reoMmer-
pHH, KOTOpas cTajla CJAYXHTb IPOCTLIM cJOBapeM AJ151 TEOPUH HHBA-
puaHTOB. PasymeeTcs, MLl He pacroJ/iaraeM HHKaKHMHU JaHHLIMHU, YTO-
6bl mpenyranaTtbh a priori, kakHe MMEHHO H3 GeCKOHEUHOTO MOTOKa
«TeopeM», KOTOpble MOXHO CO3RaThb 3THM cnocoBoM ¥ BLIpa3uTh Ha
f3bIKe TeOMEeTPHH, MO CBOEH MPOCTOTE M U3FLIECTBY CTAHYT PSIAOM C
KJAaCCHUECKMMHU pe3y/bTaTaMH, 3Jech ellle UMeeTcsl HeKOTopasi orpa-
HHYeHHasi 06,1acTb, B KOTOPOM C ycneXoM ympaxKHSIOTCS MHOTOYHC-
JieHHBble J1I06UTeqH (reOMeTpHs TPeyroJbHHKa, TeTpasapa, aareGpau-
yeckle KpHBble, MOBEPXHOCTH HHU3UIMX MOPSAKOB W T. A.). Ho mas
MateMaTdKa-mpodeccHoHaJ/ a 3Ta KHJa yXKe HCTOLIEHA, TAK KaK B
Heft HeT GoJibllle MpoGJjeM CTPYKTYpbl, CHOCOGHHIX AaThb UMOYJbC H
JPYruM pasfielaM MaTeMaTHKH; U 3TOT pa3fes] TEOPUH TPy ¥ HH-
BapUAaHTOB MOXKHO PacCMaTPHUBATh KaK Obl 3aKOHUEHHBIM — O MOSIB-
JIeHUs] HOBBIX HJel !).

Hrak, nocae «3dpaaHreHcKoil nporpaMMbly eBKJAUA0BA H HEEBKJIH-
J0Ba reoMeTPHH C UHCTO ajre6panyeckod TOYKM 3peHHs MpeBpaTu-
JuCh B GoJsiee MIM MeHee YNOOHBIH S3biK JJIsi BbIpaXKeHHs pe3yJbTa-
TOB Teopuu OGHIHHeHRHBIX DopM, mporpecc KOTOpoH Lie napaJjjenbHo
pPa3BUTHIO TEOPHUH HMHBApHAHTOB?). Bce, YTO OTHOCHTCH K MOHATHIO
paHra GujuHeiiHON (OPMBI U COOTHOLUEHUH MeXAy 3TUMU dhopMaMH
W JuHeAHbIMH Npeo6pa3oBaHUSAMH, OLIIO OKOHYATE/IbHO BHLICHEHO
B paGorax ®pobenuyca [90a]. dpoberuycy Mbl 06si3aHbl TaKKe Ka-
HOHHYECKHM BbIDa)KeHHeM 3HaKomepeMeHHO# ¢opMbl HalX cBoboj-
oM Z-monysem [90b]; ofHaKO KOCOCUMMETPHUECKHE ONpelesuTe N
BCTpeyaloTcsi yxKe B HauaJse Beka y [1dadda B cBs3u ¢ mpuBelennem
nuddepenumasbublx Gopm K HopMadbHOH ¢opme. SIKo6H, KOTOpHIH
B 1827 r. BHOBbL paccMmarpusaet 3ty npobaeMy ([127], 1. IV, c1p. 17—

1) PasyMeercs, NON06HOe HensGexKHoe najeHue reoMeTpHH (€BKJIHIOBOH WJH
NpPOeKTHBHOM), CTO/Nb OUEBHAHOE MAJds Hac, J0Jroe BpeMs ObJIO He 3aMeueHO Co-
BpeMeHHHKamu; a0 1900 r. 3Ta AHCUMIVIMHA TPOAOJKAJaZ OCTABATHCH BaXKHBIM
pasiesoM MaTeMaTHKH, 4YTO HarJsiJHO NOATBEPKN2eTCA TEM, KaKoe MeCTO OHa
3anumaer B Enzyklopiddie; mo caMbix moc/enHHX JleT OHa 3aHHMAJja eule TakKoe
e MeCTO B yHHBeDCHTETCKOM [IpenojaBaHHH.

2) B uwacTHOCTH, HHTepec, KOTOPHI MpPOAB/AAETCS K HEeBKJHIOBOH reoMeTpHH,
BbI3BAH He 3Tofl GaHaJbHON aarebpaHuecKoil TOUKOH 3peHHs, HO ee CBSI3AMH C
mubdepeHIHaNTbHONR reoMeTpHell B ¢ TeopHeidl YHKUHH KOMIIEKCHBIX NepeMeHHEBIX.
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29), ycTaHaB/HMBaeT, YTO KOCOCHMMETPHUECKHH Onpeje/nTe b HeveT-
HOrO MOpPsiIKA paBeH HYJI0; OH o0pasyeT TakKe Bbipa)KeHue JJd
npacpduana u nokasbiBaer, UTO OH siBJseTCHA JeJUTeseM KOCOCHM-
METPHUYECKOro onpefeute/ia yetHoro nopsinka. Ho fko6u He 3aMe-
THJ, 4TO 3TOT NocJelHuH ecTb kBaapat ndadduana, uto 6nwi0 ycra-
HosjeHo Kaau Toabko B 1849 r. ([144], 1. I, cTp. 410—413). [TousTue
OuJMHEeHHOH cHMMeTpPHUeckoH (opMbl, aCCOLUHPOBAHHOHN ¢ KBajpa-
TUYHOI ¢opMolt, mpexacraBasieT HauboJee 3jJeMeHTApHBINA cayuai
npolecca «MoJasipu3aluu», ABJASIONIErocs OXHHM U3 OCHOBHBIX OpY-
NMH TEOPHH HHBAPHAHTOB. DTO IOHSTHE, HA3BaHHOE «CKAaJSiPHBIM
Mpou3BeleHHeM», UMeJO OrPOMHBIH yCleX, BHAayajde TOAbKO Cpenyt
monyJ/1spH3aTOPOB «BEKTOPHOTO MCUHCJAEHHS», a 3aTeM, ¢ HauaJja
XX B., moBceMecTHO GJarofapsi HEOXKHUAAHHO MOJyueHHOMY 06001e-
HHIO B TEOPHH THAbLGEPTOBLIX NpOCTpaHCTB (cM. erp. 223). Ita Teo-
pusi BHecsa TakKxKe SICHOCTb B IOHSITHE COMNPSKEHHOro Onepatopa
(koTOpOe paHblle MPOABJAJIOCH TOJBLKO B TEOPUH JUHEHHBIX AU(-
(depeHIHANbHLIX yDaBHEHHH U B TEH30PHOM HCUHCJAEHHH B BaJjbCe
KOBaDHAHTHBIX U KOHTPABapPHAHTHBLIX HHAEKCOB, MOCJAYIIHBIX AUPHU-
XKepCcKOH naJsiouke MeTpHUYECKOro TeHzopa). JTa »Ke TeopHs, HAKOHell,
npujana penbedHOCTb MOHATHIO 3DMUTOBOH (OpPMBI, KOTopas Obll1a
BBeJleHAa DPMHTOM B CBSI3U ¢ ero apu(MeTHUeCKUMH Hcc/leJoBaAHUSMH
([119}, 1. 1, cTp. 237), HO ocTaBasach HECKOJbKO B CTOPOHE OT OCHOB-
HbIX HaNnpaB/eHHi pa3BUTHsS MaTeMaTHKH BIJOTH ao 1925 r., Korna
KOMILJIEKCHbIE TH/JAbOEPTOBBl MPOCTPAHCTBA ObIU TIPUMEHEHB B KBaH-
TOBOH TEOPHH.

Bce Gosbillee ¥ GoJblllee 3HaueHHe NpHoOpeTaeT H3yyeHHe OPTO-
roOHaJbHOH TPYIMIIbI U TPYNNBI MOROGUS — SIBHO BhIAEJEHHbIX H HCCJe-
gyemblx ¢ cepeauHbl XIX B. M cTaBLIMX 1eHTpPasbHOH NpoGaeMoi
TEOPHH KBAJAPaTHUHBIX (OPM,— a TaKxKe JIPYIHX «KJIaCCHUECKHX»
rpynn (MMHeHHOW TIpyNOBl, CHMIJIEKTHUYeCKOH H YHUTapHOH). Ml
OrpaHH4YuMcsl JHUIIbL TeM, YTO OTMETHM TY CYIIeCTBEHHYIO poJib, KO-
TOPYIO CbITPaJ/H 3TH TPynnsl B Teopuu rpynn JIu u B nuddepenu-
ANbHOH TeOMeTPHH, ¢ OJHOH CTOPOHH, U B apU(pMeTHUECKOH TeopHuH
KBaapaTHUHbIX GopM — ¢ apyro#t (cm., Hanpumep, [207] u [76]) ).
ATo 06CTOATENbCTBO, @ TaKKe paclIMPeHHOe NMpUMeHeHHe MOHSATHS
IBOMCTBEHHOCTH K CaMBIM Pa3/HUYHbIM Npo6/JeMam NPHBEJIH K TOMY,
YyTO B COBPEMEHHOH MaTeMaTHKe HeT HH OJHOH TeopHH, B KOTOPYIO
Tak HJH HHAue He BXOAM/IHM Obl OGunnHellHble ¢dopmbl. Bo Besikom
cJyyae, Mbl JOJIKHBl OTMETHTb, UTO UMEHHO H3yueHHe rpyMNnbl Bpa-
IeHH#A (TPeXMepHOro NpoCTPaHCTBA) NPHBEJO [ aMU/IbTOHA K OTKPHI-
a0 kBaTepHHOHOB [108]. OTkpriTHe 'aMu/ibTOHA OBIIO 06OGIIEHO

) He roBops yxe O KBAaHTOBLIX TeODPHSX, TJe JHHelHble NPeACTABJEHHS
OPTOTOHAJBHEIX TPYMNMN MOJYYHJHM GOJbINOe PACTPOCTPAHEHHE, H O TEOPHH OTHOCH-
TeJbHOCTH, KOTOpas IPHBJIEKIa BHMMaHHe K «rpynme Jlopenua» [aBasiouiefics
OpTOrOHaJIbHOW rpynmoli pas ¢opmbl ¢ curdartypoi (3.1)].
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B. Knuddopaom, xoropeiit B 1876 r. BBes anre6pbl, HOcsilde ero
UM, H J0Kas3aJ, YTO OHH SIBJSIOTCS TEH30PHBIMH MNPOU3BeJEHHsI-
MU ajre6p KBaTEPHUOHOB, UJH a/jre6p KBATEPHHOHOB W HEKOTOPOrO
KBaZpaTuyHoro pacuupendas ([51], ctp. 266—276). dtu asarebpsl,
BHOBb HaHJeHHble Jlummuuem uepe3 vetbipe rofa [148b] u npnme-
HeHHbBle UM /s TapaMeTPHYeCKOro MpeACTaBJeHHUs] OPTOTOHAJAbHbBIX
npeo6pa3oBaHui n nepeMeHHbIX (nyTeM 0O600LIEHHs TeX, KOTOpble
Ksau noayuun pas n =3 ([44], 1. I, ctp. 123—126) u n =4 (r. 11,
ctp. 202—215) ¢ moMouIbl0 TEOPUH KBAaTEPHHOHOB), a TaKXKe Bbl-
Tekawollee M3 HUX MOHATHe «crmuHopa» ([40b]wu [47]) TakkKe MOJIKHBI
OblIM BOHUTH B MOAY B HaluM AHH 6/arofaps HCHoJb30BAHHIO UX B
KBAHTOBBIX TEOPUSIX.

Hawm ocraercs cka3aTb HeCKOJbKO ¢J/10B 06 3BoJIIOLMH HeH, KO-
TOpBle NOBJEK/IH 3a cO6OH MOUTH [0JHOEe CHATHe KaKux-iu6o orpa-
HHYeHHH B OTHOIUEHHH KOJbllA CKaJIsipOB B TEODHH NoJyTOpadHed-
HBIX (OPM — TeHJeHUUs, TIpHcymias Bcell coBpeMeHHOH aJare6Gpe, HO
KoTopasi, BO3MOXKHO, NPOsBHJIAach 3/iechb paHblle, ueM B ADYTUX ee
gyacTaXx. Mel yKe oTMeuasJH NJAOJAOTBOPHOCTb [OCTPOEHHS TeOMET-
pHHM Haj MoJieM KOMIJIEeKCHBIX yHucea (KOTOpoe K TOMY e B TeueHHe
Bcero XIX B. NPHUBOAWIO K NOCTOSHHBIM KOJJIH3HUAM MEXJy 3TOH
reoMeTpHel W reoMeTpueidl Haj noJeM NeACTBUTe/]bHBbIX uHcesa). fc-
HOCTb B 3Ty o6JiacTh 6bljia BHeceHa T/aBHbIM 006pa3oM akcHOMAaTH-
YeCKHMH MCCJEJ0BAaHUAMH OCHOBaHuii reoMerpuu [122c], mpoBoau-
MbIMH B KoHie XIX B.

B xome atux uccaenoBaHuii 'mabbepTy H ero comepHHKAM IMpH
H3YUeHUH OTHOLIEHHH MeXAYy Pas3/jHuHbIMM aKCHOMAaMU MNPULLIOCH
CTPOHTb COOTBETCTBYIOLIHe NPOTHBOpeualllie NpUMepHl, JIsT KOTOPHIX
OCHOBHOe Tes10 (KOMMYTAaTHBHOe WJH HeT) ob.1afiaer 6oJiee Hau Me-
Hee MATOJIOMUECKUMHU cBoficTBaMHU. TeM caMbiM OHH MPHYYHAHU MaTe-
MaTHKOB K «TeOMEeTPHSIM» COBEepLIeHHO HOBOro THna. ¥Yxke [anaya
paccMaTtpuBaJ ¢ aHaJuTHYeCKON TOYKH 3peHHs JHHeHHble npeobpa-
30BaHHUs, KO3 (HUIIMEHTE U mepeMeHHble KOTOPHIX NMPHHUMAIOT 3Ha-
YeHHs] M3 HEKOTOpOro npoctoro KoHeuHoro nmods ([94], ctp. 27). Pa3-
BuBas 3tu uiaeu, JKopaau [129a] ectecTBeHHBIM 06pasoM MNpHile] K
pPaccMOTPEHHUIO KJIaCCHUeCKUX TPYI Hal TAKUMH MOJAAMHU. DTH rpym-
nel Bce Gojiee u GoJiee BHeAPSIIOTCS B pasjuuHble 06JacTH MaTe-
matukd. OkoJso 1900 r. JIMKCOH pacnpocTpaHuJ HCC/AeJ0BaHUS
JKopaana Ha NpoM3BOJNILHBIE KOHeuHnle NoJsi. Brocneactsuu 6blio
3aMeueHo, 4To OoJblias uyacTh pesdynabratoB [lukcona — XKopmana
o6o6uiaeTcss Ha cJaydall coBeplIEHHO NPOU3BOJBLHOTO «OCHOBHOTO
noJsi». 3T0 06yC/A0BIMBAETCS MO CYLIECTBY OOLIMMH CBOAICTBAMH H30-
1pONHBIX BEKTOPOB H TeopeMoii BHTTa, KOTOpBiE B KJAACCHUYECKHX
cayyasx OblIM TpUBHAJMbHBE,, a [Jis cjayuyas NPOU3BOJBHOTO OCHOB-
HOro 1oJisi GblJM ycTAaHOBJAEHH ToibKO B 1936 r. [248]1).

1) Bosee mogpo6Ho mo 3Tomy Bonpocy cM. [69b].
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Ho npu nono6HoM, Bce 6Gojee U Gosnee «a6CTPAKTHOM» Hampa-
BJIGHHH DPAa3BUTHs TEOPHH NOJNYTOpaJuHeHHB'X (popM OblJIO KpaiiHe
XKeJaTelbHO COXDAaHHUTh TAaKYl TePMHHOJIOTHIO, KoTopas MJsi Cay-
yas MPOCTPAHCTB 2 U 3 M3MepeHHH 3aHMCTBYeTCsl M3 KJacCHUeCKoH
reoMeTpHH, H pPACIPOCTPAHUTL ee HA clyuall A-MepHBIX H faxKe Oec-
KOHeuHOMEPHBIX NpocTpaHcTB. TakuM o6pa3oM, Kjaaccuueckas reo-
MeTpHsl Nepepocya cebs M M3 JKHBOH CaMOCTOATEeNLHON HAyKH INpe-
BpaTHJach B YHHBepCaJbHBIH A3bIK BCeHl COBpeMeHHON MaTeMaTHKH,
061218101 Hil UCK/IIOUATEIbHON THOKOCTBIO H YAOGCTBOM.



TOMOJIOTFHYECKHE MPOCTPAHCTBA

ITouaTHst mpenesna UM HeNPepPbIBHOCTH BOCXOAST K JIPEBHOCTH.
Hecropus ux passButusi He Oblia Obl MOJHOH 6Ge3 cHUCTeMaTHUYECKOTro
H3yueHHsl He TONbKO MaTeMaTHKOB, HO Takxke U ¢uaocodos ['perun,
ocobGenHo Apucrotensi, u 6e3 H3yueHUs 3BOJIONHH 3THX NOHATHH B
snoxy Boapoxaenuss u B nepuon nosijaeHuss AHddepeHIHANTBHOIO
W HHTerpa/jbHOro ucuucienus. OgHako nogoGHoe H3yueHHe, He-
CMOTPSI Ha ero OYeBHAHBIH HHTepec, 3HAUHTENbHO BBIXOAHJAO GHl 3a
pPaMKH HaCTOSIIIEro ouepka.

CosnaresnieM TONOJIOTHH, PaBHO KAaK ¥ MHOTHX JAPYrux BeTsell
COBDEeMEHHOH MaTeMaTHKH, cjelyeT cuuTaTh Pumana. JleficTBUTe/b-
HO, OH NepBHIH MBITAACs BbIAEJNHTh MNOHSTHE TOMOJOTHUECKOro MpOo-
CTPaHCTBA, BBIABHHYJ HJAEI0 CAMOCTOSITENBHOH TEOPUH 3THX IMPO-
CTPaHCTB, ONpeleNU] HHBAPHAHTHI («udcsaa DBeTTu»), ceirpasuine
TJIaBHYI0 pOJb B MOC/AeAYIOIeM DPa3BUTHH TOMOJOTHH, H JajJ UM
nepsble NPHMEHEHHs B aHa/au3e (NepHoAbl abeseBbIX HHTErpaJjos).
Ho caMmo HanpaBjeHHe MaTeMaTHYeCcKOH MBbICAM MEPBON NOJOBHUHBI
XIX B. B KaKoii-TO Mepe y}e pacudCTHJIO NyTh AJsi TBOpuecTBa Pu-
MaHa. B camoM nese, KeaHHe NMOJABECTH NOA MaTeMaTHKY NMPOUHBIH
byHIaMeHT, siBUBIIeeCs MPUUYHHON CTOJIb BAXKHBIX HCCAEJOBAHHUH B
tTeueHde Bcero XIX B. H He 3aKOHUEHHBIX elle U cefiuac, NpHUBeJO K
KOPPEKTHOMY OIpeJleJieHHIO NOHSATHS CXOAALErocs psifa ¥ YHCAOBOH
nocjenoBaTeabHOCTH, cTpeMmsineiics K npeneay (Kowmwu, AGens), a
“TaKMKe NOHATUS HenpepbulBHOH PyHKuuM (Boasnano, Kowu). C npy-
ro#f croponsl, nansoe ApranoM u I'ayccom (cM. cTp. 161) reomerpu-
yeckoe NpefcTaBldeHHe MOCPEeICTBOM TOUYEK MJIOCKOCTH KOMIWIEKCHBIX
yWceJl, WM, KaK TOBOPUJIM pPaHblle, K MHHMBIX» 4Hces (Ha3blBABLIMX-
ca urorga B XVIII B. Takke «HEBO3MOXKHBIMU»), CTAJ0 NPUBBIUHBIM
IJist GOJIBILIMHCTBA MaTeMaTHKoB. I/ TOro BpeMeHH OHO GBLIO CTOMb
JKe MPOrPeccHBHBIM, KaK B HallM JHH HCIOJAb30BAHHE reoMeTpHue-
CKOTO si3blKa [JJIsi M3yueHHs rMJAbGepToBa NPOCTPAHCTBA, M COLEp-
’aJji0 B 3apOJblllle BO3MOXKHOCTh F€OMETPHUECKOrO BBIpAXKEHUS 1
Bcex 00bEKTOB, CIOCOGHBIX K HenpepbIBHOMY u3MeHeHHIo. ['ayce, Ko-
TOpPBIH B pesyJbTaTe CBOHX HCCJAEJOBAHUH MO OCHOBAHHUSIM reoMert-
pHit, HEeBKJIHOBOU reOMeTPHH, TEOPHH NMOBEPXHOCTeH, eCTEeCTBEHHBIM
06pasoM OpHulle] K THM KOHIENIHsM, NO-BUAUMOMY, y¥Ke HMesa B
BAAY NOAOGHYIO BO3MOXKHOCTB, TaK Kak, onpefenss (He3aBUCHMO OT
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ApraHa 1 ppaHIy3CKHX MaTeMaTHKOB) reoMeTpHueckoe MpeicTaBJe-
HHe MHUMBIX yHces, ynoTpe6asa GopMyJHpPOBKY «ABYKPaTHO NpPOTS-
xeHHas Beanunnay ([95a], t. II, ctp. 101—103 u ctp. 175—178).

Hccnenosanus anre6pavueckux (GyHKIHA M HX HHTErpasos, ¢
OfHOH CTOPOHLI, M COOCTBeHHble Da3MblLlIeHHsi (BO3HHKIIHE MOJK
BiausHueM pafor [aycca) o6 ocHOBAHMsiX reoMeTpPHH — C ADPYTOH,
noGyaunun PuMana cocTaBuUTb NporpamMMmy HccieloBaHu#,” KoTopas
U aBJseTCss NMPOrpaMMOH COBPeMEeHHOH TOMOJIOTHH, M CAeJAaTh nep-
BHIe 1l1ar¥ B ee peaJju3auuu. BoT Kak oH, HanpuMep, rOBOPUT &6 3TOM
B cBoell «Teopuu abemeBblx Qyukuuit» ([187a], crp. 91; pycckuit
nepesof ctp. 90—91): «/Ipu usyuesuu PyHKyuil, nosysaemvix npu
UHTE2PUPOBAHUL NOAHbIX Ouheperyuancs, nouTu HEBO3IMONHO
obotitTuce 6e3 HekOTOpbix npedaodceruti, OTHOCAWUXCcA K analysis
situs ). 100 aTum HaumeHOBAHUEM, KOTOpoe ynorpebasn yxce Jleli6-
HUY, XOTA, MOJCET Ob6iT6, U 8 HECKOAbLKO UHOM CMbICAE, CAe0YET ho-
HUMQTb 4QCTb TEOPUU HENPepoL8HbLX 8EAUYUH, KOTOPAA u3ydaer Tu
8eAUHUHBL HE KAK CYUW,eCT8Youjue He3a8UCUMO OT UX NOAONEHUs U
usmepsemole ¢ nOMoOwjbto Opye Opyea, HO COBEPULEHHO OTBAEKAACH
OT U3MepeHUus, u3y4as TOAbKO COOTHOUWIEHUA 83QAUMHO020 PACNOAO-
weHua u exatouenus. S ocrasasivo 3a coboil npaso uccaedosars 3Tu
06BeKTbL N030Hee, CnocobOM, COBEPUIEHHO He3AB8UCAULUM OT BCAKO20
U3MEpPeHUA...» :

A B cBoeH 3HAaMeHHTOH BCTynuTedbHOH Jekuun «O rumoresax,
JeXauiux B ocHoBaHuH reoMetpuns ([187a], crp. 272; pycokuit nepe-
BOA cTp. 279), OH rOBOPHUT: ¢...00ujee NOHATUE MHO20KPATHO NPOTA-
MEHHOU BenudunbL?), KOTOPOe BKANHUAET NOHATUE NPOCTPAHCTBEH-
HOll BeAUdUHbL, OCTAAOCH COBEPULEHHO HEPa3pabOTAHHbIMS.

«...[TonATue Beau4UHbL MOKHO 06pA308AT6 AUULL 8 TOM CAY4QE,
ecau emy npednocaano obujee noHATUE, KOTOPOE OONYCcKAeT Pasiut-
ribie cnocober 3adanusn®). B 3asucumocru or rozo, cywecreyer uiu
HeT HenpepoLBHblii nepexod or 00HO20 cnocoba 3adanus K Opyeomy,
3TU cnocober 3a0anus 06PA3YIOT HEnpPepoLBHoe Uil QUCKPETHOE MHO-
2oo6pasue. Ordessrvle cnocobeor 3a0aHUs HA3LIBAIOTCA 8 NEPBOM
cay4ae TOUKAMU, O 80 6TOPOM — IAECMEHTAMU ITO20 MHO2006pA3Us
(tam xe, cTp. 273).

«...H3meperue cocrour 8 HaroxceHuu Opye Ha Opyea cpaswu-
8aeMbLX BEAUHUN; 3HAYUT, OAA U3MEPEHUs HE0O6X00UMO umeTs Cho-
€06, 4T06bL NeperoCcuUTs 00RY BEAUdURY, NPUHATYIO 3Q eOUHUYY U3-
mepenus, no dpyeoid. Ecau takoeo cnocoba HeT, T0 0ge seauuunel
MOJMCHO CPABHUBATHG TOAbLKO T020Q, Koeda 0OHQ U3 HuUX cOCTasAAeT

1) To ecTb k aHanH3y NOJOXKeHHH (IepBOHAYAJbHOE HAa3BaHHE TONOMOTHH). —
IIpum. nepes. -

2) PuMaH NOHHMaeT NOA 3THM, KaK SIBCTBYeT M3 JaJbHeiilllero, yacTb TOMNO-
JIOTHUECKOTO MPOCTPAHCTBA NPOHU3BOJBHOTO HHCJA H3MEPEHHH.

%) ¥V Pumana «Bestimmungsweise». B pycckoMm nepesoze mox pegakumed
TonyapoBa 3TOT TePMHH NePEBOAHTCS KAaK «COCTOsHHE» (CTP. 250). — [Tpum. nepes.
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4acTe Opyeod... Hccaedosanus, KOTOpble MOXCHO To20a npOBOOUTS,
00pa3yI0T He3AB8UCUMYIO OT Mepoonpedenenus OOWYIo YACTb YHeHUS
0 BeAudUHAx, 20e BeAlldliHbL PACCMATPUBAIOTCA He KAK CYUW,ecT8YIO-
wjue He3asucumo OT C80e20 NOAONCEHUS U He KAK BuLpAXNCEeHHbLe 4e-
pes edunuyy usmepexus, HO Kaxk obaacTi mHo2006paszus. Takozo
pooa uccaedosanua cTasl HEOOX0OUMbLMIL BO MHO2UX YACTAX MATe-
MATUuKU, 0COBeHHO 8 Teopiill MHO203HAYHbLY QAHAAUTUYECKUX (DYHK-
yuds (tam Xe, ctp. 274; pycckuit nepeBoa ctp. 280—282).

«...Onpedeserue noaosxcenus 8 300anHOM MHO2006pa3UL, Koeda
3TO B03MOXCHO, CB800UTCA, TAKUM 00pA30M, K onpedeseHuto KoHed-
HO20 KOAUHECTBQ 4UCA08bIx 3Hauewull. Bnpouem, cywecrsyror mHo-
2000pa3us, 8 KOTOpbLx 04 onpedeseHus NOAOXCEHUs Tpebyercs He
KOHeuHOe ulcA0, @ DecKOHeuHbLl pad Ul HenpepsigHoe MHO2000pa-
3ue 4ucaogoix 3Hatenut. Takoeo poda mro2006pasus 0bpasyror, Ha-
npumep, 803modcHble cnocobol onpedeserus (Pyrmkyuu 8 300AHHOL
064aCTU, BO3MONUCHOLE NOAONCEHUA NPOCTPAHCTEEHHOL Pueypors (Tam
Ke, cTp. 276; pycckuit nepeBon ctp. 282).

B mnocnesgHeM MNpeAsIOXKEHHH BIeDBble BbIABHUrAeTCsi MbICJAb 00
U3yueHHH (YHKIHUOHANbHBIX NPOCTPAHCTB; 3Ta Hiesl BbIpaxKeHa yxe
B nuccepraunn Pumana. «MuoocecTso atux pyuxyuli, — roBOpUuT OH
no nosoay npobjeMbl MHHMMYMa, H3BECTHOH MOJ Ha3BaHHeM NDHH-
uuna [lupuxne, — obpasyer csa3nyto 3amKryTyo obaactes ([187a],
ctp. 30), uto npeacraBasier co60H, XOTs U B HecOBepILUEHHOH (opMe,
3apojblll  JOKa3aTeabCTBAa, JaHHOrO BrnocleacTBHH [uanbeprom
npuHuuny upuxsne, u gaxe GONbUIMHCTBA NpUMeHeHHH (yHKLHO-
HaJbHBIX [POCTPAHCTB B BapHAIlHOHHOM HCUHCJIEHHHU.

Kak Mbl ViKe roBOpH/IH, PHMaH MOJOXKHJ HAayaJO BbINOJHEHHIO
3TOH rPaHAHO3HOH NMPOrPaMMbl TeM, UTO OMpenesusa «uucaa bertuy,
cnepBa aJas rnosepxHocTu ([187a)], ctp. 92—93), 3arem (Ttam iKe,
cTp. 479—482; cp. Ttakxke [187c]) ans mHoroo6pasus moboro uucaa
M3MepeHH# M MPHUMeHHJ 3TO oOnpeje/jeHHe K TEOPHH HHTErpasos,
Pe3ysapTaToM Obll0o MNosiBleHHe ajre6paduyeckol TOMNOJIOMH — BeT-
BM MaTeMaTHKH, pa3BHUTHE KOTOPOH ¢ camoro Hauasa XX B, L0
Bce GoJsiee GbICTPLIMHM TeMIaMU; HO Mbl He MOXKEM 3/1eCh NPOCAENUThb
HCTOPHIO 3TOTO Pa3BUTHS.

Uro kacaercs obieii TEOPHH TONOJIOTHUECKUX MPOCTPAHCTB, KakK
ee npencraBasn cebe PuMan, To 117 ee yCHnelHOro pa3BUTUs Oblilo
Heo6xoauMo GoJiee cUCTeMaTHYHO, 4eM 3TO [eJaJjloCh BO BpeMeHa
PuMaHa, U3YUUTb TEOPHIO JAeHCTBHUTENbHbLIX YHCEJN, YHCAOBBIX MHO-
JKECTB M TOUEUHBIX MHOXKECTB Ha NMPSIMOH JIMHWH, HA NJOCKOCTH U B
npoctpaHctBe. MayueHue 3to, ¢ ApPyroil CTOPOHBI, GbIIO CBS3aHO C
uccaefoBanusiMu (HanosioBuHy ¢dunocopekumu y Boabuano, cyry6o
MateMaTHuecKuMu y JlenekuHaa) npUpOALI HPPALHOHANBHEOTO YHCIIA,
a TakikKe C Pa3BHTHEM TeOpHH QYHKUHH JeHCTBHUTEeJNbHOH NepeMeH-
Hoii (B KoTOpYylo caM PuMaH BHec CylIeCTBEHHbI BKJ/aJ CBOUM OIl-
pefelleHHeM HHTerpasia ¥ cBOeil TeopHeHd TPHFOHOMETDHUECKHX s«
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noB W KoTopasi Obl1a mnoJsioxkeHa B ocHOBY pa6or [lio6ya-Peiimona,
Iunu, Bediepuitpacca ¥ APYrHX MaTeMaTUKOB). DToH TeMe IOCBA-
maJjuck pabotrel BTOpoi nosioBuHs! XIX B., u ocobenno Tpyas Kan-
TOpa, KOTOPBI! mepBbIM Olpedenn (BHauaje Ha NPsiMOil JIMHUH, 3a-
TeM B €BKJIHJ0BOM N-MeDHOM NpPOCTPAHCTBe) MOHSATHS TOUKH CTylle-
HHSI, 3aMKHYTOTO, OTKPBITOTO ¥ COBEPIIEHHOTO MHOXKECTBA U MOJyUH
CYIIECTBEHHBIE PEe3YJbTAaThl O CTPYKTYpPe 3THX MHOXKECTB Ha Mps-
moii (cp. ctp. 155—156). Ilo 3TOMYy BOmpocy MoxHO oGpaliaThes
He ToJbKO K counHeHusim Kaurtopa [35], HO TakXe H K OoueHb HHTe-
pecHoii nepenucke ero ¢ Jemekuniaom [36], rae sicHo BbIpa)KeHa
uaess 4Mcala H3MepeHHH, paccMaTpPHBAaeMOro KaK TOMOJOTHYECKHH
HHBAPHAHT.

HanbHeiilllee pa3BUTHe TEOPHU H3JI0XKEHO, HAlpUMep, B M0IY-
MCTOPHYECKOR, MoaycucteMatuueckolt ¢opme B kHure Illéudanca
[202a]. Cpeau MmHorux TeopeMm caMoi 3HauuTesJbHOH Gblia Teopema
Bopensi — JleGera (noka3anHasi BHauaJje DopejeM Ajsi 3aMKHYTOrO
OTpe3Ka NPAMOH W NMOKPBIBAIOLIETO €ro CUETHOTO cemelicTBa OTKpHI-
THIX UHTEPBaJNOB).

CHauana ugeu KaHTOpa BCTpPEeTHJIH JOBOJBHO CHJbHOE COMPO-
tuBgaenye !). ONHAKO ero Teopusi TOUEUYHBIX MHOXKECTB Ha NpPsSMOH u
Ha NJIOCKOCTH NoJyuuja GbICTpoe M LIMPOKOe NpHMeHeHHe BO (paH-
Y3CKHX ¥ HeEMeLKUX WKonax Teopun dpyukuuil (FKopuaan, [1yaukape,
Kaeitn, Mutrar-Jledaep, satem Agamap, bopess, Bap, JleGer u ap.),
B UAaCTHOCTH, B KaXX/[OM M3 MepPBbIX TOMOB DopeseBcKofl KoJsJIeKIHH
CONEPIKUTCS 3/eMeHTapHOe H3J0XKeHWe 3TOH TeOpHH (cM., HAmpH-
Mep, [25]). [lo Mepe pacnpocTpaHeHHst 3THX HJeH MOSIBIASIIOTCS pas-
JIUYHBIE MONBITKH HUCNOJB30BAaTh BO3MOXKHOCTh UX IPUMEHEHHs] K MHO-
KecTBaM HO yxXe He ToueK, a KpHUBBIX Hau (PyHkuuii. O6 3Tom,
HanmpuMep, CBUAETeIbCTBYeT HazBaHue meMyapa Ackousu [8] «O npe-
NeJbHBIX KPHBBIX MHOrooOpaaust KpHBbIX» (1884 r.). ITa xKe MBICIb
Guljia BbIpaXkKeHa B cooGuieHMM Amamapa Ha MaTeMaTHUeCKOM KOH-
rpecce B 1896 r. B Lltopuxe [106]; oHa Tak:Ke TecHO cBsid3aHa ¢ «PyHK-
UMAMH JUHHH», BBeJeHHbBIMU Bosabreppa B 1887 r., u ¢ co3nanuem
«(DYHKIIHOHANBHOTO HCUHCJAEHHS», T. €. TeOPHH (QYHKIHH, apryMmeH-
TOM KOTOPBIX SIBJASIOTCST QYHKLUHK (3a CipaBKaMH OTChlJIaeM K pa-
6orte BoabTeppa o pyHkuuoHasbHOM aHasuse [236]). C gpyroi cro-
DOHBI, B 3HaMeHuTOM Memyape ['uabGepra ([122a], 1. III, cTp. 10—
37), rie oH, caellyst uiesM Pumana, 10KasaJ cyIlecTBOBaHUe MHUHH-
MyMma B npuHuxne lupHXje M OTKDBUI «IpsiMble METOABI» BapHa-
LMOHHOTO MCYHCJAEHHS, yiKe SICHO MIPOSIBJSIETCS €ro JKUBOH HHTepec
K MHOXKecTBaM (YHKUMH, A/ KOTOPBIX CHpaBed]uB NpHHUUN BoJb-
naHo — BefiepuiTpacca, a WMEHHO YTO BCSIKAas MOCJAEI0BaTeNbHOCTb
COJAEPXKHUT CXOAsIIYOCs MOoAnocaefoBaTeabHocTh. [logo6HEIE MHO-
KecTBa BCKOpEe Hauya/Jid WrpaTh BAXHYIO POJb He TOJBKO B BapHua-

1)y Cp. crp. 41,
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HHOHHOM HCUHCJIeHHH, HO H B TeopHH GYHKUHUH JeACTBHUTeJbHOH Ie-
pemenno#l (Ackoau, Apuena) u B Teopuu (YHKIMH KOMIJIEKCHOM
nepemennoli (Buraau, Kapateonopu, Monress). Hakonen, usyuetne
(bYHKIIMOHAJNBHBIX YPaBHEHUH U 0cOOeHHO AaHHOe D pearonbMoM pe-
IIeHHe KJacca ypaBHeHMH, HocsAllero ero ums [88], npuseso Kk TOMY,
yro (QYHKLUHS cTaja pacCMaTpUBATbCA KAK apryMeHT, a MHOMKeCTBO
GYHKLUHA Kak aHajor MHOXEeCTBAa TOUEK, B OTHOHIEHHH KOTOPBIX
6BJIO TaK ¥Ke eCTeCTBEHHO ynoTpelJsiTb s3BIK TeOMCTPHH, KAK U B
OTHOLIEHHH TOYEK eBKJHJ0BAa 7N-MEpPHOro MpOCTPaHCTBA (IpocTpat-
CTBa, KOTOPOe TaKiKe He MOJAAeTCs HHTYHUHH», Gaarofapsi uemy
MHOTHEe MaTeMaTHKH JAOJTOe BpeMs OTHOCHJIHUCh K HEMY ¢ HeJlOBe-
pueM). B uacrHocTH, M3BecTHhle TpyAbl I'mnbGepra o6 HHTErpaJb-
HbIX YpaBHeHusx [122b] naiu Bo3MoxkHocTs dpxapay lmuznry [201b]
onpelesHTh U M3YyUUTh TeoMeTpHYeCKH TH/IbGEPTOBO NPOCTPAHCTBO,
B noJiHOH aHajoruu c reomerpuell EBkauna (cm. cTp. 224).

Tem BpeMeHeM MOHsITHE aKCHOMaTH4YeCcKOH TEOPHH mpHOGpPeTaso
BCce BO3pacTalolllee 3HayeHue, TMaBHHIM 0o0pa3oM 6Jarogapsi MHOTO-
yncJeHHbIM paboTaM 06 OCHOBaHHsX TeoMeTpHH, CPeAH KOTOPHIX
HauOOJBIIMM W pPellalouldM BJUSHHEM N0Jb30BaJjguch paborel I'nib-
Gepra [122c]. B xome atux pabGot I'maw6ept B 1902 r. [122¢] 1aa
nepBoe aKCHOMaTHueckoe onpejejieHHe «JBYKPaTHO MNPOTAXKEHHOTO
MHOroo6pasusi» B cMHcjie Pumana, — onpeje/neHue, KOTOpoe, Kak
OH TOBOPHJ, NaBaJO0 «OCHOBY JJISi CTPOTO aKCHOMATHYECKOTO H3J0-
xenusd analysis situs». [Ipu 3ToM OH NMOJNB30BAJCS YXKe NOHATHEM
OKPECTHOCTH (B HCCKOJIBKO OIDaHMUYEHHOM CMbICJe B CBSI3H C Tpe-
GoBaHHAMU npo6JeMbl, pacCMOTpeHHeM KOTOPOH B TO BpeMsi Orpa-
HuuuBaJjcs I'napbept).

[TepBbie ycuaus, HanpaBJjieHHble HA BhiieJleHHe TOTO, UTO ABJSIET-
cst OGLIMM B CBOMCTBAX MHOXECTB TOUeK W (YHKIUH, OB CllesaHbl
®pemwe [87a] u ®. Puccowm [188b]. Ho nepBriil #3 HUX, OTNpaBAsgACh
OT MOHSITHS Npejesa MOCHeA0BaTebHOCTH, He CMOT MOCTPOUTD Y 106-
HYIO ¥ MJIOJOTBOPHYIO CHCTeMY aKCHOM; BO BCSIKOM cJjyuae, OH Bhl-
ABUJ POJCTBEHHYIO CBsI3b MeXAY NpuHUHNom Dbogbunano— Beiiep-
wrpacca u teopemoil bopens — JleGera. MMenno no sromy cayuato
OH BBOAMT TEPMHUH «KOMIAKTHBIA», XOTsl NPHAAET €My HEeCcKOJbKO
HHOe 3HAayeHHe, YeM TO, KOTOpPOe OH HMeeT B Hawu aHu. Yto Ka-
caercs ®. Pucca, KOTOpPBIH OTTa/JAKHBAETCH OT MOHATHA TOYKHM Ha-
KOMJIeHHUs (MJIH, CKOpee, YTO B CYLUIHOCTH OJHO H TO e, OT «IPOH3-
BOJHOTO» MHOXKECTBa), TO €ro TeOpHs OcTajach He3aKOHYEHHOH H
JaHa UM JUlIb B BHJIE MpeJBapHTeNbHBIX HaMerTok. Hauano o6umeit
TOMOJIOTHH, KaK MBIl ee [OHAMAaeM Cerofnsi, nosoxusa Xaycmopd
([113a], r1i. 7—9). BepHyBIIUCh K NMOHATHIO OKPECTHOCTH, OH 0TOGpas
cpenu akcuom I'map6epra 06 OKPECTHOCTSIX HA MJIOCKOCTH Te, KOTO-
peHe MOIJIM [aTh ero TeOpHH KejlaeMyl0 TOYHOCTb M OOUHOCTD.
['1aBa, B KOTOPOH OH pa3BHBAeT MX CJEJCTBHUS, OCTaeTCs 06paslnom
aKCHUOMaTHUeCcKOH TeopHH, aGCTPAKTHOH, HO yXKe 3apaHee NpPHUCIO-
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co6/IeHHOH K MPUJIOXKEeHHUsIM. BrojiHe ecTeCTBeHHO, YTO OHa NOCHY-
JKHJIa OTINPABHOH TOUKOWM AJs MOCJAeAYIOUIHX HCCAeLOBaHWH 0O 06-
wefl TOMoJIOTHH, U 0cO6eHHO A/si paboT MOCKOBCKOH WIKOJbI, Tpyn-
NUpOBaBUIMXCsSt GoJblIell YacThIO BOKPYr MNpoGJeMbl MeTpH3aluu
(cp. cTp. 166) 1).

Mkpr 10JKHBL 3[iech 0cOG0 OTMETHTh JaHHble AJIEKCaHADOBHIM U
YpEICOHOM Onpefe/eHHst KOMIMAKTHBIX MPOCTPAHCTB (HA3BAHHBIX HMH
GUKOMIAKTHBIMH MPOCTPAHCTBaMH), 3aTeM J0Ka3aTelbCTBO THXO-
HoBa [228] KOMIAKTHOCTH NPOU3BENEHHsI KOMMAKTHBIX MPOCTPAHCTB.
Hakonen, BBegenue A. Kaprauom [41] duabTpos, craBmiux gparo-
[eHHbBIM OpYAHeM JJisi BCSIKOTO POAa NpHJAOKeHHH (rle OHH ¢ ycme-
XOM 3aMeHsIIOT MOHsTHEe «cXoguMoctd mo Mypy — Cmury» [163]),
3aBepiino Gaarogaps teopeMe 06 yabTpadHABTPAaX YCOBEpPLIEH-
CTBOBaHHE M YHPOIIEeHHE TEOPHH.

1) OcgelieHHe OCHOBHBIX M€l U 3TaroB Pa3BHTHS TOMOJOTHH, & Takke vKa-
3aHUs Ha BaxHelwylo Jutepatypy cM. B cratbe II. C. Auekcangposa [1]* —
Mpun. peo.



PABHOMEPHDBIE NPOCTPAHCTBA

OcHoBHbIE MOHSTHS W OPENJOKEHHs, OTHOCAILIHECST K paBHOMED-
HBIM MPOCTPAHCTBAM, MOCTENEHHO BBLAENSIIHCL M3 Teopuu (PYHKUMI
NEeACTBUTENLHLIX MMEpeMeHHBIX W TOJbKO C HeJlaBHHX NOP CTaJu
npeaMeTOM CHCTEMAaTHUeCKOro HayueHusi. B cBoeM cTpemJjeHHH TOY-
HO 060CHOBAaTh TeOpHIO psifioB (cp. ctp. 154) Kowu B KauecTBe OT-
OPABHOIO MYHKTA MCXOJAHJ U3 NPHHLMIA, KOTOPLIH OH, MO-BHAUMOMY,
CUMTAJ OYEBUAHBIM H COIVIACHO KOTOPOMY MJisi CXOAMMOCTH MOcJjie-
JloBaTeJibHOCTH (&,) HEOGXOAMMO H JAOCTATOYHO, YTOGLI Ia,,ﬂ,——a,,l
GBIJIO CKOJIL YTOMHO MAJO0 JJIst AOCTATOUHO GOJbLIMX 72 (CM., HANPH-
sep, [42a} (2), 1. VII, ctp. 267). Bmecre ¢ Boabuano [22c] o 6bia
OJIHUM U3 MEePBLIX, KTO ABHO c(HOPMYIMPOBAJ 3TOT MPUHLHI U MOHSJI
ero 3Hauexue. Orciona ¥ HasBaHHe <«IIOCJAENOBATEIbHOCTh Kolin»,
JlaHHOe MOCJefl0BATeJbHOCTAM AeHCTBHTENbHBLIX YHCEJ, YIOBJETBO-
PRIOIIKX YCJOBHIO, O KOTOPOM ILJIa peyb, a TaK¥kKe B LIHPOKOM CMBIC-
Je mocjefoBaTteJbHOCTAM (X,) TOYEK MeTPHYecKOro MPOCTPAaHCTBA,
TAaKHX, YTO PACCTOSIHUE OT X,i, MO X, CKOJb YTrOoJHO MaJo AJs AO-
cratouno Goabuwinx 7. OTciofa, HaxoHell, HadBaHue «buabTp Komiuy,
nanHoe o6o6LieHnio mocjaefoBatesbHocted Koy B paBHOMepPHBIX
MpOCTPaHCTBAX.

Korma BmocsienCcTBHH HWHTYUTHBHOE MOHSITHE JEHCTBUTENbHOTO
yuc/ja y¥Ke He YJIOBJETBOPSJIO MaTeMaTHKOB W OHH, UTOOBI OABECTH
NOJ aHAJU3 MPOYHYIO OCHOBY, CTAPAJNUCH ONpPENESUTh NEHCTBHUTENb-
Hble 4MCJia, HCXOIs H3 PAUHOHAJbHBIX UHCEJ, TO HUMEHHO NPHHLHI
Koiun gan uM camoe MJI0JOTBOPHOE H3 BCeX MPeAsOXKeHHbIX BO BTO-
poii mosouHe XIX B. ompenesenufi. Mbl UMeeM B BuAy oOnpelede-
une Kanropa ([35], ctp. 93—96) (pasBuroe HAPsiAY C APYTHMH TaK-
xe [eiine [115] Ha ocHoBe uaeil KanTopa u, HECOMHEHHO, CAMOCTOSI-
TeabHo Meps), corjiacHO KOTOPOMY KazKJAOH TMNOCJelOBaTeNbHOCTH
Koiin pauuoHajbHLIX uicesd («bhyHIaMeHTaNbHOH MOCJAeL0BaTe N b-
HOCTH» no TepMHHOJoruu KaHTOopa) CTaBHUTCSI B COOTBETCTBHE Jel-
cTBUTEeNbHOE uncao. [Ipun 3Tom nByM nocsaenoBaTenbHocTsiM Koy
pauuoHaJbHbIX uucea (ap) u (bp) OTBeyaeT OJHO W TO XKe nefi-
CTBHTe/JbHOE UYHCJIO TOrJa M TOJNBKO TOrAa, koraa |a,—b,| cTpe-
MuTca K HyJ10. OcHoBHasi Ujaest 3lech Ta, 4YTO C ONpelesJeHHOH Tou-
KM 3DeHUst MHOXeCTBO Q panHOoHaAJNbHBIX UHCEJN «HEMOJHO», & MHO-
JKECTBO [JEfCTBUTENbHLIX YHCEJ «IOJHO», MPHYEM OHO [OJydaercs
13 Q nMocpeacTBOM ero «IOMOJNHEHHUSI».

C gpyroiét croponn, [efiHe, BIOXHOBJEHHBIE ugesaMu Beiep-
mrpacca 1 KaHtopa, nepBblil onpenenna B CBOUX TPyZax paBHOMED-
HYIO HeNpepLIBHOCTb AJS UHMCAOBBLIX (PYHKIHH OZHOH MM HECKOJb-
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KHX neHcTBUTeJbHBIX mepeMenHnx [l115a] u nokasajn, 4To Beskad
yucsoBas QYHKUHMs, HEeIPepbiBHAS HA OrPAaHHYEHHOM 3aMKHYTOM HH-
tepsase 13 R, Gyzer Ha Hem paBHOMepHO HempepbiBHa [115b]; sto
u ecTb «Teopema [efiHe». DTOT pe3yJbTar CBs3aH ¢ KOMNAKTHOCTBHIO
3aMKHYTOr0 OrpaHuyeHHoro uHrepsaia B R («reopema DBopenas —
JleGera», cp. crp. 141). [lanHoe T'efiHe Q0Ka3aTeabCTBO €ro Teo-
peMbl MOMeT TaK¥Ke CJAYKHTb C HEKOTODBIMH H3MeHEHHSIMH [0Ka3a-
TeJbCTBOM TeopeMbl Bopens — JleGera (uTo mokasajoch HEKOTOPBIM
aBTOpPaM BIIOJIHE AOCTATOYHBIM, YTOGBl Has3BaTh ee «TeopeMoid [eii-
e — Dopensa»).

PacnpoctpaHeHue 3THX Haedl Ha GoJiee oflMe MPOCTPAHCTBA Ha-
4aJoCh IOCJe TOro, KakK CTaJd M3yuaThb BHauaje Ha YacCTHBIX CJY-
yasgX, a 3areM B OOlLleM BHIe MeTpHYeCKHe MPOCTPAHCTBA, B KOTO-
pBIX 3aIaHO paccTosiive (uncaoBass (YHKUHs nap TouYeK, YAOBJe-
TBOPSIIOLIMX HEKOTOPHIM AKCHOMAaM) M OnpejeseHbl OJHOBPeMEHHO
TONOJIOTHsE M paBHOMepHas CTpyKTypa. ®pelne, KOTOpPHIA NepBHIM
naj obuiee onpefesneHHe 3THX NPOCTPAHCTB, MOHs BCIO BaXKHOCTb
3HaueHusi npuHuuna Kowm [87a] u BBea AAST MeTPHYECKHX TNPO-
CTPAHCTB MOHSITHE MPEAKOMIAKTHOrO, WM «BIOJIHE OrDaHHUYEHHOTOY,
npoctpadcrBa [87a u b]. Xaycmopd, passuBass B «Mengenlehre»
[113a u b] Teopuio MeTpHUYECKHX MPOCTPAHCTB, BBISICHUJ, B YACTHOCTH,
YTO K HHM IpUMeHUMO nocTpoeHue KaHtopa, o Kotopom Obl10
CKa3aHo Bblllle, ¥ TeM CaMbIM IOJYUYHMJ U3 BCSKOrO METPHUECKOrO
«HEMOJIHOTO» TPOCTPAHCTBA (MHBIMH CJOBAMH, IIPOCTPAHCTBA, B KO-
TOpPOM He BBINOJHsieTcsi NMPUHUUN KoLIW) «IoJaHOoe» MeTpHuecKoe
POCTPAHCTBO.

Metpuyeckne NMpOCTPaHCTBA CYTb «paBHOMepHbIe NMPOCTPAHCTBA»
oco60ii MpUPOLbl; paBHOMEpPHLIE NMPOCTPAHCTBA B oOlIeM BHAE ObLIHA
J4lIb HenaBHO ompenesneHbl A. Befinem [244a). o Hero ymenu npu-
MEHSITb TIOHSITHST W Pe3YJbTaThl, OTHOCSLMECH K «DPaBHOMEepHOH
CTPYKTYpE», TOJbKO K CJAydYald MeTPHYECKHX IMPOCTPAHCTB. IDTHUM
oOBbsicHsieTCsl Ta BaXKHasi pPoOJib, KOTOPYIO HIPalOT BO MHOTHX COBpe-
MEHHBIX TPYZAax IO TONOJOTHMM MeTpHUeCKHe WM MeTpH3yeMble Tpo-
cTpaHcTBa (M, B YaCTHOCTH, KOMMAKTHbie MeTpH3yeMble MPOCTpPaH-
cTBa) B mpobJeMax, rie PaccTosiHie B JelCTBHTENBHOCTH GecloJies-
Ho. Kak To/lbKO OBLJIO NMOMYyuYeHO OnpejesneHHe DPaBHOMEPHHIX MPO-
CTPAHCTB, YKe He NPEACTABJSIO HHKAKHX 3aTpyAHeHuil (0coGeHHO
MpH HAJHYHH NOHSITHst GUABTPA) PAacHPOCTPaHUTh HA 3T NPOCTPaH-
CTBa NMOUTH BCIO TEOPHIO METPHUUECKHX NMPOCTPAHCTB B TOM BHIe, KaK
oHa w3JoXeHa, HanpuMep, XaycaopdoM (a TakkKe pacHpoOCTPaHHUTD
Ha BCe KOMMAaKTHbie MPOCTPAHCTBA PE3YJbTAThl, H3JIOXKEHHBle M5
MeTPHUYeCKHX KOMIAKTHBIX MPOCTPAHCTB B TOMOJOrMH AJjieKcaHapo-
Ba — Xonda [2]). B uactHOCTH, TeopeMa O NOMONHEHHH PaBHOMEp-
HBIX MPOCTPAHCTB eCTh He YTO HHOe, KaK MepeHeceHHe 0e3 KaKHX-
JH60 CyllecTBEHHBbIX H3MeHeHHH KaHTOPOBA IMOCTPOeHHs HeHCTBH-
TeTBHBIX UYHCe/.



JEUCTBUTEJIbHBIE YHUCJIA

Bcsikoe uamepeHue BeJHYHH npeamnosaraer XoTss 66l CMyTHOe I10-
HsiTHe JOeHCTBUTeAbHOro uyucaa. C MaTeMaTHUeCKOH TOYKH 3DEHHF
3apoXaeHHe TEeOPHH JeliCTBUTENLHLIX UMCeJ CcJeldyeT OTHECTH KO
BpeMeHH 00pa3oBaHUs MPOTPecCHBHOH CHCTeMbl HyMepauuH BaBH-
JIOHSIH, Jarolell B MpHUHLHIE BO3MOXHOCTL 0603Hayarth Jo6ble NpH-
G/nKeHHbie 3HAUEHHs KaXJAoro aeficTBuTenabHoro uucaa [166]. O6-
JajgaHde noJOGHOH CHCTeMO# M BBHITEKAawomasi OTCI04a yBePEeHHOCTh
B YHCJOBBIX pacueTax Hen3OeXHO NMPUBOJMJIH K «HAHBHOMY» MOHS-
THIO AeHCTBUTENbHOTO 4HCJ/a, MOUTH COBNAAAlOUIeEMy C TeM, KOTOpOe
B HAIIM JHH MOXKHO BCTDETHTb B 3JeMeHTapHbIX yueGHHKAx Mare-
MaTHKH (CBsi3aHHOe C JeCSATHYHOH cHCTeMO# cuuc/leHHs) HJIH Y (H-
3MKOB ¥ HHXXeHepoB. DTO NOHSTHE He MOAJAaeTcs TOUHOMY ompene-
JIEHHIO, HO ero MOXHO BbIPa3HuTb, CKa3aB, UTO YHUCJAO paccMaTpu-
BaeTcs Kak onpenejeHHoe 6aronapsi BO3MOXKHOCTH MOJydYaTb €ro
npubanXKeHHble 3HAUeHHss U BBOJAMTb MX B BhluuciaeHHsi. Bce ato k
TOMY e CONpSiKEeHO C HEeKOTOPDbIM HeH3GeXHBIM CMelIeHHeM Mep
BEJUYHH, AAHHBIX OMBITOM, KOTOpble, €CTEeCTBEHHO, He JOMYyCKAaloT

HEOTPAHHYEHHOTO NpPUOJHMKEHHS, M TAaKHUMM <«UHCIAaMH», Kak V2
(npennoJsiarasi, uTO HMeeTCs aJrOpHTM AJsf HUX HeOrpPaHHUEHHOTO
npUGIHKEHHUS).

[TonoGHas «mparMaTHyeckas» TOYKA 3PeHHUs MOSIBASIETCS] BO BCEX
MaTeMaTHUeCKMX LIKOoJaxX, TrJe BbIYHCAHTENbHOE HCKyccTBO G6eper
Bepx Hald 3a60oTaMH O CTPOrOCTH M TeOpeTHUEeCKHMH coobpaxe-
HusiMu. B rpeueckoii MareMarnke, Ha060POT, rOCIOACTBYIOT MMEHHO
atu nocjenHue. Eit Mbl 06si3aHbl CO3JaHHeM IMepPBOH CTPOroil u CH-
CTEMATHYECKOH TEeOPHH OTHOILUEHHH BeJHUYHH, T. €. [0 CYIIeCTBY nel-
CTBUTEJbHBLIX yHcea. DTa Teopusi OblIa co3naHa B pesyabraTte psiaa
OTKDBITHH, OTHOCSIIMXCS K MPOMNOPUMSAM, H B YACTHOCTH K HECOHU3-
MepHUMBbIM OTHOLIEHHSIM, 3HauYeHHe KOTOPbIX B HCTOPHUH pAa3BUTHS
rpeyeckoil MbICAH TPYIHO MepeoLeHHTb, XOTs 3a OTCYTCTBMEM TOUY-
HBIX TEKCTOB MBI MOMXKeM OODHCOBAaTb HX TOJbKO B CaMbIX OBGLIMX
yeprax. I'peueckass maremMaTuka C caMOro BO3HUKHOBeHHs Gbljia He-
pPa3pBIBHO CBsi3aHa YacTHYHO € HAYUYHBIMH, 4aCTHYHO ¢ ¢Guyaocod-
CKHMHM H MHCTHYECKHUMH TEOPHSMH O MPONOPLHSX, MOJOOUSX U O1-
HOIUEHHSIX U, B UACTHOCTH, O NIPOCTbIX OTHOUIEHHSIX» (Bhlpa)KaeMbiX
APOOSIMH C MajbIMH UHCJAUTENIMH W 3HaMeHaTeasmu). Onua us xa-
pakTepHBIX TeHAeHUHH nudaropedckod LIKOJb 3aK/IH0UaJach B TOM,
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Y70 OHA CTPEMHJIACH OOBSICHUTb BCe C NMOMOLIBIO LEJbIX YHCEeJ W HUX
orHoweHui. Ho Kak pas uMeHHo B nmudaropefickoi 1ikKose Objia OT-
KpbiTa HECOM3MEDHMOCTb CTODOHB KBajpaTa C ero AMAaroHaJblo

(uppanuOHaNbHOCTD VE); 3TO, HECOMHEHHO, MepBHI MpuMep A0Ka-
3aTe/]bCTBa HEBO3MOMKHOCTH B MaTeMaTHKe. ¥Ke TOT (PakT, 4TO IO-
nobuass npobiema O6bla NOCTaBJeHA, CBHAETENLCTBYET O UYETKOM
[MOHMMAHUH Pa3/Uuds MeXAYy OTHOLIEHHEeM H ero NMpUOIHKEeHHHMH
3HAYEHUAMH H JOCTATOUHO YOEeAHTEeIbHO MOBOPHUT O TOM, Kakas Ipo-
macTb OTHAeJsleT TIpeyeCKHX MaTeMaTHKOB OT HX M[peAllleCTBeH-
HHUKOB !).

Mbl mI0X0 OCBeNOMJIEHbl O PAa3BHTHHU HJEl, KOTOPhIE COMYTCTBO-
BaJM 3TOMY Ba’KHOMY OTKDBITHIO M cjaeldoBajau 3a HUM ?). OrpaHu-
yuMCsl KPATKHM IePeYHeM TeX M3 HHX, KOTOPbie JIEr/IH B OCHOBY Teo-
pHM OTHOIUIEHHH BeJHYMH — TEOPHH, MOCTPOEHHOH BEIHKHUM MaTeMa-
tikoM EBnOKcoM (coBpemeHHuKoM U ApyroM Ilmartona) u mpouno
yCBOEHHOH Kjaccuueckoif rpedeckod maremartukod. Ona wusBecTHa
HaM B MAacTepPCKOM H3JjoxKeHun EBkaupa, nansom B V Kuure ero
«Hauas» [80].

1) Cy0BO 4uca0 W NOHATHE YHCAa OTHOCATCS TOJBKO K HATy-
paabHbIM uHcaaMm > 1 (B cymHoctd 1 siBisieTcst MOHa0#, a He uHC-
goMm). OHM He OTHOCHATCS He TOJBbKO K HPPALHOHAJBHBLIM UHCAAM,
HO Jaxke K TOMY, UTO Mbl Ha3blBaeM PalUOHAJbHBHIMH YHCAaMH, TaK
Kak MocJelHHe OWJIM [Js TPEYeCKHX MaTeMaTHKOB KJaCCHUecKoil
SMOXH OTHOLIEHHSIMM uMces. 3[ecCh AeJ0 He TOJbKO B TePMHHOJOIHH,
TaK KaK CJOBO «YHCJO» Y NPEBHHX I'PEKOB (H y COBPEMeHHLIX MarTe-
MAaTHKOB 10 HelLaBHEro BpeMeHu) ObLJIO CBsSI3aHO C UAeeld cucremer ¢
06olnbLM 3aKOHOM KOMno3uyuu (ca0XKeHne u yMmHOXKeHue). OrHo-
[IeHUsl leJbIX YHCeJ B KJacCHYeCKOH rpeyecKOll MaTeMaTHKe pac-
CMATPHUBAJHUCh KaK OMNepaTophl, ONpefeseHHble HA MHOXKECTBe Ie-
JBIX UYHCeJ HJH ero NoIMHOXKecTBe (OTHOLIEHHE P K ¢ sBJSeTCSs
onepaTopoM, KOTOPbIH KaxaoMy uucay N, KpaTHomy ¢, OTHOCHT Lie-
Joe yucjio p(N/q)) u o6pasylomue rpynny no yMHOMKeHHIO, a He CH-
cTeMy ¢ JABOHHBIM 3aKOHOM KOMMO3HIMH. B 3TOM OTHOlleHun rpeue-
CKHe MaTeMaTHKH CO3HATEeJbHO OTMEXKEBLIBAJHCH OT «JIOTHCTOBY» HJH

1) OTKpbITHE HPPALHOHAJIBHOCTH V2 onuu npunuceiBaotr camomy Iluda-
ropy, NO-BHAHMOMY, Ge3 JOCTATOYHBIX OCHOBAHHI, JIPYyrue — HEKOTOPHIM mHda-
ropeiinam V 8. HuKkTO He ocmapuBaeT cBHaeTenbcTBO I1/1aTOHA, KOTOPBIH B CBOeM
«TeaTeTe» MpPUMHUCHIBAET [0Ka3aTeNbCTBO nppanuonanbuocmﬁ V5 «u rax da-
see, 0o V17 » Teomopy Kupenckomy, mocsie uero Tester u6o momyunn o6umiee
nokasateabctso jas V N (N — uenoe, HemosHeli KBaapaT), Ju60, BO BCAKOM
cayyae (€cJH, YTO BO3MOXKHO, 10KA3aTesbCTBO Teozopa OblJ0 OOMHM 1O CBOEMY
MPUHLMIY), AaJ MeTOL KJacCHQHKALHMH HEKOTOPBIX THIOB HppaUHOHAJLHOCTEH.
Ham Heu3BecTHO, GblIM JIM 3TH NepBble AOKA3aTeJbCTBA HPPALHOHAJBHOCTH BbI-
noJiHeHbl B paMKax apu(@MeTHKH HJH reoMeTpuH; cM. o6 stoMm [111], ra. IV, cp.
takxe [114a], [235] u [112].

2) 3a cnpaBkamu oTcbiiaem K [14a] [224b u c] u, kpome Toro, k paboTiM,
nepeuHc/eHHBIM B TMpeAbIIYyIIeM NPHMeYaHHH, a Takxe K [231Db].
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npohecCHOHANL Y BhiUUCANTE1eH, KOTODBIE, TAK Ke KaK H HX eru-
[NETCKHE M BaBHJUIC He NPeJUICCTBEHHNKH, He 3aAyMbIBasich, pac-
cMaTpuBaau APOGH WM CyMalbl LEJAOro uyucaa M ApoOGH Kak uHcha.
BecbMa BO3MOIKHO, UTO TaKoe OrDAaHHYeHHOE MOHATHE uMciaa ObLTo
BBLI3BAHO cONGPaXKCHUSAMH CKopee duaocodckoro, yeM mMateMmaTHue-
CcKOro xapakrtepa. B pesysnbraTte pasMbllJieHHH [OCPBBLIX I'DEUECKHX
bunocohcB 0 €IHHOM M MHOMKECTBEHHOM CJOKHI0CH yGexIeHHe,
uyTo eamidua (B 3TOU cucieMe HAell) He MOXKeT ObITh pasjeseHa, He
Tepsis CBOero CBOHCTEAa ObITb eAMHON !).

2) Teopusi BeTUUHH CTPOUTCS aKCHOMAaTHUECKH, Cpasy /s Bcex
BHIOB BeJHYMH (MMEIOTCS, ONHAKO, HaMeKH Ha MpeliecTBYIOlIHe
TEOPHH, B KOTOPBIX, [10-BUAHMOMY, PACCMATPUBANUCh OTAEJbHO OJIH-
HBI, IO AAH, 0OBeMBl, BpeMs U T. 1.). BelUuHHBl OAHOrO U TOTO XKe
BHa XapaKTepU3VIOTCS TeM, YTO OHH NOAAAIOTCS CPABHEHHIO
(T. e. mnpexmoJsaraercs, 4TO AJs HHUX ONpedeJeHO OTHOLIeHHe
paBeHCTBA, KOTOPOe MO CYLIECTBY SIBJISIETCS SKBUBAJEHTHOCTBIO, U
oTHOILIeHHe > u <), YTO UX MOXKHO CKJAAbIBaTh U BHIUUTATH (Ompe-
neneio A + B u A— B,ecan A > B) 1 4T0 OHU YAOBJIETBOPSIOT aK-
cvoMe, MOJyUMBlIeH Ha3Bauue «akcuoMbl Apxumena». [Tocnenuss c
€caMOT0 HauaJsia BOCIPHHMMAaJach Kak KJoU KO BCceMy 3[1aHHIO (OHa
1 B caMOM JeJjie HeoOxoauMa Npu Jaw60#i akcuoMaTuuecKo# xapak-
TePUCTHKe JeHCTBUTENbHBIX uHced). OHa Ha3BaHa «apXUMENOBOH»
cosepienHo caydaiino. CaM ApxuMen Bo BBeJIeHHH K cBoell « KBaapa-
Type napa6oan» ([36], 1. II, ctp. 265) nonuepxuBaer, uto 3Ta ak-
cioMa ynoTpedasjiach €ro npeailleCTBEHHUKAaMH, UTO OHA Hrpaer
CYIIECTBEHHYIO PoJib B pa6oTax EBIOKCA M YTO ee CNEACTBHS HEe Me-
Hee JOCTOBEPHBI, 4eM OnpejeseHus Maoulaned 1 o0beMOB, CHeJNaH-
Hble 6e3 ee NOMOULH ?).

HerpyaHo 3aMeTWTb, UTO TEOPHIO NEHCTBUTENbHBIX UHCET MOXK-
HO HEMoCpeACTBEHHO Pa3BUBAThb Ha 3TOH aKCHOMAaTHUeCcKOH OCHOBe.
3ameTuM, uTo AJs EBIOKcA BeJHUYHHBl ORZHOr0 BHAA 06pa3yior cH-
CTeMy C OOHUM BHYTPEHHHM 3aKOHOM KOMIMO3HUMHU (CI0KEHHEM), HO
4TO 3Ta cHcTeMa o0jafaeT 8HEUWIHUM 32KOHOM KOMIO3MIIMH, UMEIO-
LM B KAuecTBe OMePaTOPOB OTHOUIEHUSA BEAUYUH, KOTOPbIE BOCHPH-
HUMaJHCh Kak obpa3sywoluiue abeseBy rpynny no ymroxcexuro. Ilycts
A u A’ aBaAOTCS BeJHUMHAMY OJHONO M TOTO XKe BHAA, TAK XKe Kak
B u B’. Ornowenuss A w A" v B u B’ no onpedeaenuro pasubl, ecau,
1) Tlnaton ([180], Kuura VII, 525e) BbicMenBaeT BLIYHC/IHTeNel, «KOTOpbLE
pa3MERUBAIOT eOURULY HA MEAKYIO MOHETY» H TOBOPUT, YTO TaM, Tle OHM AeJaT,
yueHoble YMHOXKAloT: 3TO O3HauaeTt, uToO, HanpHMmep, AJiA MATEeMaTHKOB, paBeHCTBGL
IBYX omomeﬂnﬁ—z— H %ycrauaanuaaercx He nyTeM JejeHus a Ha b W ¢ Ha d,
4yTO BejeT, BooOiie roBOpsl, K HCUHC/IeHHIO Apolell (TakKHM crnocoGom meicTiso
Basmu Obl erHNTsHE U BAaBUJOHsHE), HO MyTeM OpPOBepkH, uto a+d =b-¢c, U Tak-
e B IPYrdx MogoOGHLIX Cayyasx.

%) SIBHBII HaMeK HA MOJIEMHKY, KOTOpasi 10 HAC He JOIIIA; MOMKHO MOAY-
MATh, YTO 3TO HalWl COBPEMEHHHK TOBOPHT 006 axkcuome uepMEJIO,
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KaKOBH Obl HY Gbl/IH lleJible uHcaa m U m’, HepaBeHcrso mA < m'A’
pieueT 3a coGoff HepaseHcTBO mMB < mM'B’ W HepaBeHCTBO
mA > m’A’ Bneuer 3a co6oii HepaBeHcTBo MB >m’B’. Ananoruu-
HBIM 00pa3oM ONpefessiOTCss W HepaBEHCTBA MeXKIY OTHOLUEHHSIMH.
To, uTO 3TH OTHOILEHHs 06pasyioT 06AGCT6 ONEPATOPOS IJIS BeJHUHH
JM060ro poaa, 3KBUBAJEHTHO akcHoMe (He chOpMyJHPOBAHHON 5IBHO,
HO MHOrOKpaTHO ynotpeb/seMoll B uajoxeHuu EBk/IMma) cymiecTBo-
paHusl 4eTBepPTOl NMPOIIOPUHOHANBHOMH: ecau 3afaHo oTHoweHue A/A’
¥ BeqnunMHa B’, To cyulecTByet BeauuuHa B Toro xe Buaa, uto u B,

B A
Takas, 4To g7 = 7+ lakum ofpasom, reHua/bHas uies EBioxca

naBaJja BO3MOXKHOCTh OTOX/JECTBUTh 0O6JaCTH ONePaTopoB, Olpene-
JIeHHBIX A48 Jio6oro Buga Beauuud!). AHaJorMYHBIM crioco6oM Mo-
JKHO OTOMKIECTBHTh MHOXECTBO OTHOLUEHWH HesblX uncea (CM. BhILIE)
¢ NHOOMHOMECTBOM MHOMXECTBAa OTHOUIEHWH BEeJHYMH, a4 WMEHHO C
MHOXKECTBOM DPAaLHOHAJbHBIX OTHOWIEHHH (OTHOLIEHUF cOoU3MepH-
MbIX BesnunH). OQHAaKo MCXOLst W3 TOTO, UTO 3TH OTHOUIEHUsS Kak
OnepaTopbl Ha LeJBbIX YHC/AX onpefeseHbl (BOOOIIe TGBOPS) TOJb-
KO Ha 4aCTH MHOXeCTBa IeJLIX uuces, Obl10 HeOOXOAMMO Pas3BHThb
oco6yio Teopuro (Kuura VII EBkanpga).

Hrtak, yHHBepcaabHass 06JacTh ONEPaTOPOB, MOCTPOEHHBIX 3THM
cnoco6oM, Oblla JIJsi TPEYeCKHX MAareMaTHKOB TeM Ke, ueM /s
Hac SABJSIETCS MHOMXECTBO HeHCTBHUTENbHBIX uYHcesa. JICHO K TOMYy
)Ke, UTO, HMesl CAOMEHUE BeJUYUH W YMHONCEHUE OTHOLIEHHH
BeJIMUMH, OHK 006/1a1a/Hd SKBUBAJEHTOM TOTO, YeM JJIsi HAC SABJsSETCH
noae NeHCTBUTEAbHBIX 4KMCeJ, HO B 3HAUUTEJNBHO MeHee yI0OHOH mJs
o6pamienust popme 2), C apyrofl CTOPOHBI, BO3SHHKAET BOMPOC, OCO-
3HaBaJM JH OHH 3TH MHOXeCTBAa (MHOXeCTBO BEeAHYHMH 3aJ4aHHOTO
BHA, HJIA MHOXECTBO OTHOLIEHHH BeJHUYHH) KaK NO/HblE B HAlUeM
cMbIc/ie cjoBa. B npoTHBHOM cayuae He coBCeM SICHO, MOYEMY OHH
JONyCKaNn (Laxe He HCNBITbIBAs HEOGXOMMMOCTH clesaTh W3 3TOro
aKCHOMY) CYIlIeCTBOBAaHHE 4YeTBepPTOH nponopuuoHaanHoH. DoJee

) OHa TaKKe NO3BOJISIET COBEPLIEHHO CTPOTrO BLIMOJHATH TO, UYeM LUHPOKO
I0/b30BAJIUCh TiePBble rpeueckie MaTeMaTHKH, KOTJa CUHTajJM J0Ka3aHHOH Teo-
pemMy O NpONMOPUHSX, KAK TOJBKO OHa Obla NOKaszaHa [Js JIOGOro panuoHalb-
Horo oTHoweHusi. [To-BuaumMomy, no EBaokca nenasuch NONBITKH MOCTPOHTH Teo-
puio, KoTopasi 6bl LOCTHTrajsa TOH e LeJH, ONpelessisi OTHOLIEHWS ABYX BeJHUMH
TeM, YTO Mbl Ha3blBaeM Ha COBPEMEHHOM S$3blKe U/JeHaMH HeNpepbiBHOH ApobH,
BhIpaxkaiolleli 3To oTHOlWeHHe. K 3THM NONBITKAM €CTECTBEHHO MNPUBOAMJ Tak
HasblBaeMblil «ajaroput™ Esknuma» mas Haxoxpenus obmweid Mepnl A u A’, ecau
OHa CyllecTBYeT (MJM 1Jis ONpelejeHHs O.H.1.), cp. [14a].

2) dopma 6blia cTOJb MaJo yHOGHOM, UTO TPEYECKHM MaTeMaTHKAM MPHXOMLH-
Joch, YyTOObl NMepeBeCTH Ha CBOH A3bIK aJre6paHyecKyil0 HayKy BaBHJIOHSH, CHCTe-
MmaThueckd npuGerarb K MOMOLIH APYTHX CPEJCTB, 4 HMEHHO K COOTBETCTBHIO
MexJy INBYyMs Oaunamu H naou,alvt0 NPAMOYTrOJbHHKA, NOCTPOEHHOrO Ha 3THX
IBYX DJHHax B KauectBe CTOPOH. CTPOro roBops, 3T0 He €CTh 3aKOH KOMIIO3HUHMH
W OH He [T BO3MOXKHOCTH YAOOHO 3alHCaTh ajre6panyecKue OTHOLIEHHMS Bbllue
BlupuH CTeNeHH,
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TOro, HEeKOTOpble TEKCThl Kak OYATO CCHIAKTCS Ha HAeH TAKOTO
pona. Hakonen, apeBHue NpUHHMANH 33 OYEBUAHOE, YTO KpPUBAf,
KOTOPYIO MOJKHO OMHMCATH HENPEPbIBHBIM [ABH/KEHHEM, He MOXKeT me-
peiTH ¢ O HOM CTOPOHBI MPSIMOK JIHHHHK HA APYryl0, He nepecekas ee.
DTOT NPHHLHKMN, HCIOJb30BAHHBIH MMH B CBOMX HCCJAeLOBaHHAX 0O

3, —

yaBoeHun KyBa (mocTpoeHue V2 ¢ nomomwmsio nepeccueHHi Kpu-
BBIX), MO CYLIECTBY 3KBHBaJIeHTeH CBOHCTBY, O KOTOPOM HIeT peub.
OnHaKo TEKCThl, KOTOPHIMH Mbl PacrnoJsaraeM, He Aal0T BO3MOXHO-
CTH TOYHO YCTAHOBHTb, UTO AyMaJ/H [APeBHHe MO 3TOMY NOBO.Y.

B TakoM cOCTOSHUYM HAXOAMWJAACh TEOPHUS AEHCTBUTENbHBIX uHCE]
B KJAaCCHUECKYIO 310XV rpeueckoid martematukd. [1pu BceMm Bocxuile-
HMH, KOTOpOe BbI3bIBaeT NnoctpoeHue EBAOKca, He ocTaBaAlLIee XKe-
JlaTh HHYEro Jyullero ¢ TOYKHM 3PEHHsI CTPOrOCTH H CTPOIHOCTH, BCe
XKe cJaeyeT NMPU3HATh, YTO €MV He XBaTaJjo FHOKOCTH W UTO OHO He
cnoco6CTBOBAIO PA3BHTHIO BLIUHCAUTENbHOH TEXHHKH, H OCOGEHHO
asre6panueckoro ucuucienusi. bosee Toro, ero sorunueckyio HEOG-
AOJIMMOCTb MOT OLIEHHTb TOJbKO VYM, BJIOGJEHHBIH B CTPOTOCTL H
UCKYUIeHHbIE B abcTpakuusx. [103TtoMy BroJiHe eCTECTBEHHO, YTO Ha
3aKaTe I'PEUYeCKOM MaTeMaTHKH MaJio-NoMaJy BO3POXKAAeTCs «HAUB-
Hasi» TOUKAa 3PeHHUA, COXpaHUBLIASCS B TPaAULMH JoructoB. Tak,
HanpuMep, ona nomuuupyer y Hduodanra [70], 6siBUIErO CKOpee Bep-
HBIM [OCJeAOBaTeNeM 3TOH TPAAMIIHMU, ueM NPHBEPKEHIEeM OQHIH-
aJbHOU Trpeyeckoll HaykH. PopMa/jbHO BOCMPOH3BOAS €BKJIHIOBO
onpeaenedve uucaa, Juodautr (dakTHuecKH MOHHMAeT NOJA CJAOBOM
«UMCJ0» HEU3BECTHOe B ajnreGpanyecKux 3afauax, peuieHue KOTOPHIX
MO3KeT ObITb I[€JIBIM YMCJIOM, WM ApOObIO, AU NaKe HUPPallHOHAb-
HeiM, uhceaom '), Xors nopo6Has nmepeMeHa BO B3IVIsIAaX B BOMpoce
0 yucJe CBSI3aHA C OJHUM H3 CAMbIX 3HAUUTEJNbHBLIX JOCTHKEHHI B
UCTOPDHH MAarTeMaTHKM, W HMMEHHO C pa3BuTHeM aJjreGpel (cM.
ctp. 65), cama no ce6e OHa, KOHEYHO, HE TOJIBKO He SBJSETCS Mpo-
IpecCHBHOI, HO CKOpee L1aroy Hasan.

31ech MLl He HMeeM BO3MOXKHOCTH NPOCJEIUTb 3a TeM, KaK Me-
HSIJIOCh TOHSATHE yMcaa B HHAMACKOH, apa6GCKOU u 3amajaHoil mare-
vaTHKe BILIOTb N0 KOHIIA cpenHux BeKoB. [Ipeo6.apgatomnim GbLIO
«HaUBHOE» MOHATHE YHMCaAd, U, XOTS B TeUCHHE BCETO 3TOrO nepuoaa
B OCHOBY MareMaTHuecKoro o0yueHHsi OblIM MOJOXKeHb «Hauana»
EBkanaa, BrnojJHe BO3MOXKHO, uTo yueHue EBaokca ocraBasocs B oc-
HOBHOM HEMOHSTHHIM, TAK KaK B HeM Yyxke 0oJibllle He BHIEJH Heo6-
xogumocTH. «OtHouleHHst» EBKAKMIA ualle BCEro Ha3bIBAJUCh «UH-
CJaMH»; K HUM TIDUMEHSJIM MpaBHJa HCUUCJEHHST LeJbIX uuces] H,
TakuM 06pasoM, noJyuajgud TOUHblE Pe3y/bTaThbl, HE CTapaschb HOMC-
KMBAThCs NPHUMH ycrexa 3THX NPHEeMOB.

1) «Uucso» oxasbiBaeTcs HepauuoHadbHeIM», JTuod auTt, Kaura IV, npoo-
gema 1X. O6 3ToM noBopoTe K HAaUBHOMY MNOHATHIO uncIa cM. takxe y EBToxkus
B ero «Kommenrapuax k Apxuvexy» ([36), r. 111, crp. 120—126).
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Onuako, yxe B cepenune XVI B. P. Bom6ensu wussoxun B
«Anre6pe» ) cBOIO TOUKY 3peHHs, KoTopasi (ec/d NPeanoJOXKHTb,
yro pesyabtatl Kuuru V EBk/juza xopowo H3BecTHb) Oblia [0
CYLIeCTBY KOppeKTHOH. [IpHHSAB, 4TO mpu yCTaHOBJEHHOH eNHHHUIe
JJIMHBL ¥MeeTCsi B3aHMHO OJHO3HAUHOe COOTBETCTBHE MeXAy MJH-
HAMH W OTHOLUEHHSMH BeJHYUH, OH OMNpefe/]n] pasJnuyHble aJjre-
Gpauueckue onepauud Hajl AJUHAMH (pa3yMeeTcsi, NpepnoOJOXKHB
ennHu1y (UKCHpoOBaHHOH). Bripasus uucaa mocpeacTsoM MJIHH, OH
MOJYUHJ reoMeTpHUecKoe OnpefeseHHe TMMOJAst AeHCTBUTENbHHIX UH-
cen (3Ta TOukKa 3peHust OObIYHO nNpunuceiBaetrcs [ekapry) u TeMm
caMblM gaJa cBoelt «AnreGpe» NPOYHYIO FeOMETPHUYECKYI0 OCHOBY 2),

Ho «Agare6pa» BomGensn, XoTs M NOPasHTENbHO OnepeaHBllas
CBOI0 370Xy, He II1a Jajsee H3BJeYeHHS KOpHeH U pelIeHHs B
pamumkajax ypaBHeHmit 2-, 3- u 4-# creneneil, npuueM, pasymeercs,
BO3MOXKHOCTb H3BJIeUeHHs KOpHell NpuHHUMasnack UM 06e3 Kakoro-
au6o o6cyxaenusi. Cumon CreBuH [214] TakKe CTOUT Ha aHANOrHYHOM
TOYKe 3PeHHs] B BONPOCE O UMCJ/Ie, KOTOPOE OH CUMTAeT BBIPaXKeHHEM
N1 Mepbl BeJHUHH M NPUHHMAET CyIIeCTBEHHO «HeNpephIBHEIM» (HO
e yTOUHsieT 3HAUeHWs, KOTOPOe OH Jaer 3ToMYy cjoBy). Eciau o or-
JInyaeT «reoMeTpPHUECKHe uHcaa» OT «apU(MeTHUeCKHX uHceT», TO
TOABKO B CBSI3W CO cnocofoM MX onpejedeHus, He ofpaiias BHUMA-
HHS HA pasjMyMe UX OPUPOABL. BOT 4TO OH TOBOPHT MO 3TOMY MO-
Boly: «Mot npuxodum K 8bl800Y, 4TO He CYULECTBYET HUKAKUX ab-
CYpOHbLX, UPPAYUOHAABHBIX, HENPABUALHLLX, HEOOBACHUMbBLY UL
2AYXUX HUCEA, HO 4TO Cpedu 4uces CYw,ecTeyer TAKOe CoBepuieH-
CTBO U co2aacuUe, 4TO HAM HAOO0 PA3MBILLAATG OHU U HOYU HAO UX
yousuresvroll 3axonuennocTero» ([214], crp. 10). C gpyro# cro-
pOHBHI, Npeo6pasoBaB BlepBbie 3) HHCTPYMEHT [eCSITHUHBIX JApobel
B METOJ HCUHCJAEHHs W NPEeNJONKHB [Jsi HUX 3anuch, yxe OJIH3KYIO
K COBpPeMEHHOH, OH $ICHO CO3HAaBaJl, UTO 3TH APOGH NAIOT aJrOPpHTM
HEOrPaHUUEHHOTO NPUO/IMIKEHUs] BCSIKOro AeHCTBHTEJNBHOrO uHcJa,
Kak 3T0 fIBCTBYyeT U3 ero «lIpusoxeHus x asgrebpe, colaepkaiiero
obGulee npaBuma0 OJas Jawoboro ypaBHeHHs» (1594 r.) (6pounopa,
e[IMHCTBeHHBIH H3BEeCTHBIH HaM 3K3eMmnisip KoTopodl cropena B JIy-
BeHe B 1914 r.; cMm., oxHako, [214], cTp. 88). 3anucas Takoe ypas-
Henue B BHIe P(x)=Q(x) (rme P ecTb MHOTOYJEH, cTeMeHb KO-
Toporo Bhile crenedd mHorounesa Q, a P(0) < Q(0)), on 3ameHsieT

1) 3mecs umer peub o kHure 1V «Anre6pei», XxoTOpas ocTaBanach HeH3JaHHON
BIJIOTh N0 HalWIHX AHe#. [lJs Hallero H3JIOXKeHHs He UMeeT 0COGOro 3HayeHHSs,
6eln s uaed BomGessin H3BeCTHBI ero COBpeMEHHHKaM WJIH HeT.

2) Mbl He Kacaemcsl 3[ech HCTOPHH yNMOTPeGJEHHs] OTPHLATEJbHBIX YHCEJ, YTO
otHocHTCst K anre6pe. OTmeTum Jmimb, 4To BomGennn B Toit ke paGore HaeT
B BBICILUE[l CTENEHH SCHOe M UHCTO (GOpMaJbHOEe ompenelenue (mogoGHoe TOMy, KO-
Topoe MOXKHO Obl1o OBl HAHTH M B cOBpeMeHHOH aJreGpe) He TOJDBKO OTPHLATEJb-
HBIM KOJHYECTBAM, HO TaKiKe H KOMIJIEKCHBIM UHCJaM,

3) HecsitMuHBle OpOGK CHCTEMAaTHUECKH YMOTPeGJsMCh yKe caMapKaHICKHM
matematikoMm Jxemuunom an-Kamu B XV B. (cM. [2]). — Mpum. nepes.
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x uucaamu 10, 100, 1000... no Tex nop, noka P(x) > Q(x), uto, ro-
BODHT OH, OmpejensieT yHca0 LU KopHsi '), 3atem (ecnu, ganpumep,
KOpeHb uMeeT jBe LHbps) noacrasasior 10, 20, ..., uTo u onpeje-
JIleT YHCJI0 AECSATKOB; TakxKe MOCTYNAT U AJ1f caelyiolledl UH$pH,
3aTeM [AJIs NOCJENOBATENbHLIX JECATHUHBIX 3HAKOB. «[Ipodo.dcasn
rak 00 6eCKOHe4HOCTU, — FOBOPHT OH, — MOMCHO Npubiusuroca Gec-
KoHeuHn O.auske K uckomomys ([214], ctp. 88). Kaw suano, Cresin
(HECOMHEHHO, MepBbll) HMeJ sICHOe MpeACTaBJeHHe O Teopeme
Bosbiiao M cYHTAT ee OCHOBHBIM OpYAHEM [JIsi CHCTEMATHUYECCKOI O
pelieHHs UHCJCBLIX ypaBHeHuil. Mbl ycMaTpuBaeM B 3TOM sICHO BhIpa-
KEeHHYI0 HHTYHTHBHVIO KOHUEMNIHIO YMCJIOBOrO KOHTHHYYMa, TaK 4TO
0CTaBaJsoch clesaTh HEMHOTOe [JIsi ee OKOHUATEJNLHOTO YTOUHEHHS.

OnHako OKOHUaTe/bHOe BHeJApeHHe KOPPCKTHBIX METOJO0B B I10-
CeAYIOUUX ABYX CTO/IETHsIX OblJIO ABAaXKIbl 3alepKaHO Pa3BHTHEM
JIBYX TEOPHH, UCTOPHIO Pa3BHUTHS KOTOPBIX MEI 31l€Ch He H3J1araem,—
ucuyuc/eHuss OeCKOHEUHO MaJbix M TEOpHH psigoB. B mnonHsTO# B
CBSI3H C HUMU JIWCKYCCHH MOXHO YCMOTPeTb, KaK 4 BO Bcex 3moxax
UCTOpUM pa3BUTHs MAaTeMAaTHKH, [ONepeMeHHOe MNpeoGJaajaHue TO
CTOPOHHHUKOB JABHXKEHUsI BHepeJ, AaKe CONPSI)KEHHOro C HEKOTOPOH
HeyBepeHHOCTbIO, B yOeXJeHUH, 4TO BMOCJEACTBHH BCerjpa Halijgercs
BpeMsi /sl OCBOEHHSI 3aBOEBAHHBIX TEPPUTOPHH, TO KPUTHUYECKH Ha-
CTPOEHHBEIX YMOB (He 00513aTe/bHO YCTYNAIOIIHX NepPBBIM B OTHOLIe-
HUY HHTYHTHUBHBIX crnocoGHocTell W M306peTaTe/LHOCTH), KOTOpble
CUHTAIOT, YTO CTOUT MOTPATHTb CHJBL, YTOOBl HAHTH TOYHOE KbI-
paxkenue u Ge3ycJIOBHoe OnpaBiaiue cBOUM Bo33peHusm. B XVII B,
rJ1aBHbIM OGBEKTOM crmopa ObliIo NOHSTHe GECKOHeuHO MaJol, Ko-
tTopoe, Gyayuu omnpaBjiaHHbHIM a posteriori noJyueHHBIMM C ero
GOMOIILIO Pe3y/abTaTaMH, Ka3aJjoch, BCTYNAN0 B OTKPHITOE NMPOTHBO-
fopcTBo ¢ akcHoMoil Apxuvena. Mbl BHAMM, KaK camble NpOCBe-
{€HHble YMBI TOrO BpPeMeHH B KOHLe KOHLOB YCBAaHBAIOT TOUKY 3pe-
HHS, MaJIO 4eM OTJIMYAIOLLYVIOCS OT TOUKH 3peHHs bDomGennu, npruem
rJiaBHOe OTJIHYMEe COCTOsiJ0 B 6OJbliIeM BHUMAHHH C HX CTODOHBI
K CTPOrMM MeToJaM aHTHuYHbIX MaTeMmaTukoB. Mcaak Bappoy (yuu-
Te1b HbroToHa, KOTOPHI M caM npHHHMana 60JbliOe ydyacTue B CO-
3MaHHK UCYHC/IeHHs OeCKOHeYHO MaJjbix) Aaer OJecTsilee H3J0¥Ke-
HHe 3THX METOJAOB B CBOUX «JIeKIHAX 1O MaTeMaTHKe», TPOUHUTAHHBIX
B Kem6pumxke B 1664—1666 rr. [13a u b]. TlpusnaBas HeobxoaH-
MOCTb BepHYThcsl K Teopud EBnOKca AJs Toro, uToGs BHOBL 0OpeCcTH
B BOMpOCe O UHCJe BOLIEAUYI0 B NOTOBOPKY «TEOMETPHYECKYIO TOU-
HOCTb», OH BBIABMraeT B ee 3ALUTy XOopoulo 0GOCHOBAHHBIE apry-
MeHTHl (TaK Kak OHa, 1O ero CBMUJETeJNLCTBY, Ka3aJach HEMNOHSATHOM
MHOTHM H3 ero COBpeMeHHHKOB) MPOTHUB TeX, KOTOPHe OLlEHHBAIU €€
KaK HesicCHYI0O M fAaxe abcypaHyio. C Apyrofi CTOPOHBI, cnpenessist
Yyucsaa KakK CHMBOJBL, 0003Hayaplllie OTHOUIEHHS BeJMYUH U BCTY-

') 3pech uMeercst B BHAYy uuc/0 uudp B Ueod uactu xopusa. — [Tpum. nepes.
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nawolilde Mexay coboil B KOMOUHAaLWK NO NpaBujaM apapmernue-
CKHX omepaluil, OH MOJY4YHJ noJe AefCTBUTEeNbHBIX 4HUCeJ, BHIPaXKeH-
HBIX B TEPMHHaX, KOTOpble ynoTpeb Is/IuCh BIOCAEACTBHH HbOTOHOM
B ero «ApudmeTdke» W B KOTOPBIX ero nocjaenoBaTenu no [ene-
kuHga 1 KaHTopa HHYero He H3MEHHJIH.

Ho kak pa3 K 3TOMy BpPeMeHH BBOAMTCS METO] PasyioxkeHHs B
psABL, KOTOPBHIH BCKOpe B PaGoTax «3aKopeHe/blX» aare6paucToB
NpHHUMaeT HCKJIIOUHTeNbHO POpPMa/IbHBIN XapaKTep H OTB/EKAeT BHU-
MaHHe MaTeMAaTHKOB OT BONPOCOB CXOJUMOCTH, KOTOPble BO3HHKAIOT
npyd pasyMHOM NpPHMeHeHHH PsAA0B B o6sacTu nefCTBHTENBHBIX YH-
ces. HeloTOH, raBHBIA cO37aTelb 3TOrO MeTO]a, CO3HABAJ BCIO He-
06X0AMMOCTh PACCMOTPEHHs 3THX BOMNPOCOB; U eCJH OH UX Hejgocta-
TOYHO OCBETHJI, TO OH MO KpafHed Mepe 3HaJ, 4TO BBOAHUMLIE HM
CTeneHHBIE Psifibl CXOASTCS AJIsi MaJlbiXx 3HaueHUH nepeMeHHoH «ua-
ie BCEro» Tak e XOpoulo, Kak reoMerpuueckas nporpeccus (cxo-
AMMOCTb KOTODPOH Obijla yKe XOpOILO H3BeCTHa JAPEeBHUM MaTeMaTH-
kam) ([167 a], 7. I, ctp. 3—26). K sToMy ke Bpemenu Jlefi6uuu 3a-
MEeTHJ, UTO 3HAaKOuepeayIIHHACs pPsifi, yleHbl KOTOPOro yOBIBAIOT 1O
abcooTHOH BesqHuHHe U cTpeMsaTcss K 0, siBAsieTcs CXOASILMMCS.
B caenyiomem crosetuu (B 1768 r.) Janambep BbicKa3hBaeT COMHE-
HHe B OTHOLIeHHH ynoTpeOJeHus pacxopsiluuxcs psaoB. Ho 6aaro-
naps aBtoputeTy BepHysasu n ocobenno Dilnepa noaoGHbie coMHe-
HHSI B TO BPeMs OBbUIM MCK/IIOUMTENIBHBIM SIBJEHHEM.

$lcHO, yTO MareMaTHKH, HMelolle OOBIKHOBEHHe [M0Jb30BAThHCH
psilaMu [l YHCJAOBBIX PacueToB, He cTaju Obl Tak npeHeGperartsb
noHsitieM cxoaumoctd. He cayuailiHo nepBbIM B 3ToH o6JsacTH (Kak
¥ BO MHOTHX APYTHX), KTO BEepPHYJCS K KOPPEKTHBIM METOjaM, OKa-
3ajcs MaTeMaTHMK, KOTOPBIH y»Ke B panHed MOJOAOCTH JIOOHJA 4uH-
caoBble pacuethl. D10 6bl1 K. @, 'ayce, Kotopheiii mouTu peGeHKOM
nosib3oBajicss ¢hopMmynamu apHPMeTHKO-reoMeTpuueckoro cpemdero!)
M eCTeCTBeHHO TMpHIleJ K CO3JLaHHIO SACHOTO [OHATHS MpexeJa.
B onHoit ero pykonucu, otHocseitcst K 1800 r. (Ho ony6/1uKOBaHHOM
ToJbKO B Hawe BpeMs) ([95a], 1. X, crtp. 390), MOxkHO HaHTH
TOYHOe OMnpejeseHHe BepXHeH W HHUXKHell TPaHM, C OJHOH CTOPOHHI,
i BepXHEro M HHIXKHEro mnpejesa nocjefoBaTeNbHOCTH NEeHCTBHTE/b-
HBIX 4Hces — ¢ Apyrof. CyliecTBoBaHHe NepBbIX (AJisi OrpaHHUYeHHON
nocJie0BaTebHOCTH), N0-BHAKMOMY, OBIJIO NPHHATO KaK OuYeBHIHOe,
a noclefiHHe OBLIM  KOPPeKTHO omnpejeseHbl KakK Mpeessl
SUp Unsp M infun.p npu n, cTpemamemcs Kk +oo. Iayce, ¢ apy-
>0 p>0
roff CTOpPOHBI, HaeT TaKxXe B cBoeM Memyape 1812 r. o runep-
reomeTpuueckom psage ([95a], . III, ctp. 139) mnepBHii oGpasen

1) MNpu  samasusix  Xo, Yo >0 MycTb Xpp) = (X4 Yu)/2 Yo =V XY
ans n, cTpemamlercess K +4-00, X, U Yy, crpeMATcs (odeHb OBICTPO) K 00-
meMy mpedesy, HasbiBaeMOMy apPH(QMETHKO-reOMETPHUYECKHM CPeXHHM  ulce.l
Xo H ¥o. 3rta QyHKUIHA TeCHO CBSI3aHA C 3JJMNTHYECKUMH OYHKUHAMH H 51B-
JSI€TCR OTHPAaBHOM TOYKOH IJa BaXHbx pa6Gor 'aycca B panuoii o6sacTu.
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HCC/IeOBaHHS CXOXMMOCTH, NpPOBEAEHHOTO, KAK OH TOBOPHT, €10
scetl cTpozocTu, 4T00bL YOOBACTBOPUTL TeX, KTO NPeonoYuTaeT cTpo-
eue meroder Opegrux eeomerpos». Ilpasna, 310 Mccaeg0BaHue CTOS-
JIO B MeMyape Ha BTOPOM [Jalle U He KacaJjoch OCHOBHBIX MpHHLH-
nos Teopuu psaoB. OHu OLlIM BHepBble YyCTaHOBJeHb Koin B
«Kypce anannza» uznanus 1821 r. ([42a] (2), 7. lII) cnoco6ow,
KOPPEKTHBIM BO BCEX OTHOUIEHHSX, HaulHas ¢ Kputepust Ko, sicHO
c(OopMYJUPOBAHHOrO U MPHHSTOrO B KauecTBe oueBUAHOro. Tak Kak
NpH onpeaeseHHH YHCeJ OH NMpUIepKHUBaeTcsi Touku 3peHus Bappoy
1 HeoToHa, TO MOXKHO yTBEpXKIaTbh, UTO AJSI HETO AENUCTBHTEJbHbBIE
yhcja onpeiedeHbl aKCHOMaMM BeJHYMH M KpuTepueM Kour.
DTOro U Ha caMmMoM Jlese JAOCTATOUYHO [JIsi WX ONpeleseHus.

B 3T0o e BpeMss OKOHYaTeNbHO VSICHsSieTCsl APYroif Ba’KHBIH
aCIeKT TeOPHH NelCTBUTENbHBIX unces. Kak Mbl yxKe rOBOpUJIH, BCe-
ria CYMTaJOCh FeOMeTPHUECKH OYEeBHAHBIM, UTO [ABe HeNpepbIBHbIE
KpHBBie He MOTYT NMEpPexXoAMTh OfHa uepe3 APYrylo, He mNepecekas
npyr apyra. ITpuHuun 37oT (DO/KHBIM 06PasoM yTOYHEHHBIH) GblI
OBl 5KBHBAJIeHTEH CBOHCTBY NPsSMOI ObITh MOJIHBIM MPOCTPAHCTBOM.
STOT NPUHLMKI MOJIOXKEH B OCHOBY «CTPOrOTO» 10Ka3aTejbCcTBa, AaH-
Horo layccom B 1799 r. teopeme [amamGepa, corjiacHo KOTODO#
BCSIKHA MHOTOWJeH ¢ JeHCTBUTEJIbHBIMH KO3(h(UIHEHTAMH HMeeT
JNeHCTBUTENbHBIA HJAH KOMIJIEKCHb KopeHs ([95a], 1. III, ctp. 1).
lokasaTeJabCcTBO TOIi e TeopeMbl, nanHoe ['ayccom B 1815 r. ([95a],
t. III, crp. 31), onupaeTcs Tak e, Kak H NpeALIecTBYIlas eMy
nonbiTKa JlarpaHmxa, Ha aHaJOTHYHBIH, HO 60Jee MPOCTOH MPHHIKII,
COrMIacHO KOTOPOMY MHOrOYJIeH He MOXEeT H3MeHHTh 3Haka, He 06-
pauiasice B HyJAb (NPHHLHUN, KOTOPHIH, KaK MBI BHIE/H, yXKe Oblj
ucnoas3oBan CreBunoMm). B 1817 r. Bosasuaso, ornpasassics OT
Kputepusi Koy, naet no/sHOe [0Ka3aTelnbCTBO 3TOr0 MOCJE€HEro
NPHHIKNA, KOTOpOe OH MOJyyaeT Kak 4acCTHBIA ciaydyalli aHajoruu-
HOH TeOpeMbl [Jsi HeNpPepbIBHBIX YMCJAOBBIX (DYHKIHH 4MCJOBOH Ie-
pemennoir [22c]. Slcuo coopmyaupoBas (no Kown) «kputepuit
Kouwiu», on crapaercss ero 060CHOBATh paccyX/JIeHHeM, KOTOpOe, 3a
OTCYTCTBHEM KaKOTO 6bl TO HU Obl10 apudMeTHUECKOro OnpeieneHus
HNeHCTBHTENBHBIX UHCeJs, He ObIO 4 He MOrJO ObITh HUYEM HHBIM,
KpoMe nopouHoro Kpyra. Ho ecan nmpuHsTe 3TOT nyHKT, Bes ero pa-
6oTa COBeDLIEHHO KOPPeKTHa M 3aMeuaTes]bHa TEM, YTO COHAEPKHT
He TOJNBKO COBPEMeHHOe onpejesneHue HenpepblBHOH (yHKUUM (gaH-
HOe 3]eCh BllepBble) BMeCTe C J0Ka3aTeJbCTBOM HelpPepbIBHOCTH MHO-
rousieHa, HO W [10Ka3aTeJbCTBO CyIIeCTBOBAHUS HHIKHeH IDaHH ApO-
U36046H020 OTPAHUUYEHHOTO MHOXKecTBa JefCTBUTENbHBIX uMcea (OH
rOBOPHT He O MHOXKeCTBax, HO, UYTO TO K€ caMoe, 0 CBoHcTBax jaeH-
cTBUTeAbHBIX unces). C apyrofi cropons, Koun, onpenensis B cBoeM
«Kypce anamiza» ([42a] (2), 1. 11I) HenpepsIBHEIe GyHKIHMH OXHOM
WJIH HECKOJNIbKHUX UMCJOBBIX MePeMeHHBIX, Tak¥ke J0Ka3biBaeT, uTO
HenpepblBHAass (QyHKUMS OLHOH MepeMeHHOH He MOXKeT HM3MeHHTh
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3Haka, He oOpaTHBLIKCHL B HYJb. OH Hcnodb3oBaa paccyxienus Cu-
mona CteBuHa, KOTOpPble eCTECTBEHHBIM 06DPAa30M CTAHOBATCH KOp-
PEKTHBIMH TIOCJIe TOrO, KakK Obljia onpeneseHa HENPepbIBHOCTb W BBe-
nen kputepuii Kowwu (uan, Kak TOJNBKO AONYycKaeTcs, Kak 3TO cle-
nan Kouix, 3KBUBaJEHTHBIH IIPHHIMI «BJOXKEHHBIX HHTEPBAJOBY,
YyaCTHBIM CJyuaeM KOTOPOro, OYeBHJHO, SIBJsIETCSs CXOIUMOCTh Oec-
KOHEUHBIX JeCSTHUHBIX Apobeii).

Ha sToM ypoBHe NOCTHXKeHHMII MaTeMaTHKaM OCTaBaJioCh JHIIb
YTOUHHTb ¥ Pa3padoTaTh NOJYyYeHHBble PE3YJAbTAThi, HCIIPABHB HEKO-
TOpble HETOUHOCTH M 3aloJIHUB HeKoTopble npobenwn. Koluwu, Hanpu-
Mep, OLHO BpeMs moJiaraJ, 4TO CXONSIIMICS Psij, YIeHAMH KOTOPOTO
ABJSIOTCS HelpepbiBHbie (YHKUMY OLHOH IepeMeHHOH, MMeeT B Ka-
yecTBE CyMMbl HenpepsiBHYIO GyHKIHIO. UcnpaBieHusi, BHeCeHHbIE B
570T NyHKT AGeseM B ero BaxHbix paborax o psgax ([1]. 1. I,
crp. 219; cp. rtakxke 1. II, cTp. 257 W najnee). madm BO3MOXKHOCTD
Befiepmtpaccy BHECTH OKOHYATelbHYIO $ICHOCTh B IOHSITHE pPaBHO-
MEpHOHN CXOAUMOCTH (CM. cTp. 214), YTO H3JI0KEHO B ero JeKUHsiX
(e M3IaHHBIX, HO MMEBIINX 3HAYHTeJNbHOe BJHSIHME HAa MaTeMaTH-
koB). C apyroii cropors!, Kown ponycrus, 6e3 JOCTaTOYHBIX OCHO-
BaHH#, CylIeCTBOBAHWME MHHHMyMa HemlpepbiBHOH (YHKUHH B 01-
HOM M3 CBOMX [0KAa3aTeJbCTB CYIIECTBOBAaHUS KOPHeH MHOroujeHa.
BeiiepmTpacc BHeC SICHOCTb B BONMPOCHI TaKOT0 POJa, 10KA3aB B CBOHX
JIeKUHSIX CYIIeCTBOBAHMe MHHMMYyMa st (DYHKUHH UYHCJIOBHIX Nepe-
MeHHBIX, OTpeleseHHbIX B 3aMKHYTBIX OrDaHHUEHHBIX HHTepBaJax.
WMeHHO ero KpHTHKA HEONMPaBIaHHOrO MPUMeHeHHsl 3TOH TeopeMbl
K MHOXecTBaM (yHKuui (Hau6Gojiee M3BECTHHIM IIPHMEPOM TAaKOro
npuMeHeHust siBJsieTcsl «npHHUHN Jlupuxse») MoJ0XKHIA Hauadao
passuTHio mAaeit (cm. cTp. 141—142), npuBenuux K o6iieMy ompe-
JeJIEHHIO KOMMAKTHBIX NMPOCTPAHCTB H AABIIHX COBPEMEeHHY dop-
MYJIHPOBKY TeODeMBbl.

B 310 e BpeMsi BeiiepuTpacc B CBOMX JIEeKIUHUSIX NPH3HAET JIOTH-
yecKUH HHTEpecC MOJHOr0 OTHENeHHsI MOHSTHS AeHCTBUTEJbHOrO UH-
cna OT Teopuu BeanuwH. B camom nmese, ynorpebJaenue nocgaenHedl
03HayaeT BO3BPAaT K aKCHOMAaTHYECKOMY OMpedeNeHHI0 MHOXKecTBa
TOueK TPsIMOH JIUHMM (MM B KOHEUHOM HMTOTe MHOXKeCTBAa JeHCTHH-
TeJbHBIX YHCEN) H K NPEeIIOoJOXKEeHHIO CYUIeCTBOBAHHA TAKOrO MHO-
wecTBa. XOTsi 3T@T CNOCO6 fABJAsSeTCS MO CYLECTBY KOPPEKTHLIM, BCe
e NPedNoUYTHTENbHO HCXOIHTh TOJMBKO M3 DALHOHAMbHBIX 4HCes] H
BLIBOAHTb M3 HHX HeHCTBUTEJNbHbIEe YHCJAA MOCPEACTBOM IOTOJHE-
Hua 1). DTo BBLIMOJHHAH PAa3JHUYHBIMH CHOCOGAMH U HE3aBHCHMO

') B camom pneae, TakWM 06pasom BOMPOC O CyLIECTBOBAHHH, T. €., FOBOpPS
COBpPeMEHHBIM SA3BIKOM, BOMPOC O HEMPOTHBOPEUHBOCTH TEOPHH AEHCTBHTEIbHBIX
yHces, CBOAT K aHAJOTHYHOMY BOMPOCY JJIS PAlMOHAJBHBIX YHced APU yCA0BuU,
00naKo, 4ro Teopus ab6CTPAKTHbIX MHOXCecTg npednoiazaerca u36ecTHoU (1aK
Kak TOMOJIHeHle TMpeanojaraer MOHATHe OO6IIEro MOAMHOXECTBA 6eCKOHeWHOro
muoxectBa). Muaue roBops, Bce CBOOHTCS K 3TOH MOC/efHeH TeOPHH. MOCKOJBKY
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apyr ot gpyra Befiepwtpace, Henekunn, Meps u Kanrtop. B 1o
BpeMsl Kak npeinoxeHHas lleiekuHnoM npouenypa, HasBaHHAg «ce-
yepusamu» ([60], 1. I, crp. 315—334), HanoMuHaer oupenejaerue
EBaokca, Apyrue npeatoKeHHble MeTOIbl OJH3KH K METOHaM, NpH-
MeHSieMBIM BIOCJAEACTBHH Xaycaopdom [Jisi NONOJTHEHHS MeTpHue-
cKoro npoctpancTsa. B 370 ke Bpevs Kaurop Hauunaer passuBath
TEOPHIO MHOXKECTB JeHCTBHTEJNbHBIX UHCe1, HIed DPacCMOTPeHHs
KoTopbiX mnpuHaaiexut [enexunny [36], u noayuaer ocHOBHble
3/eMeHTapHble Pe3yJbTaTbl O TOMOJOLHH TPSIMOH JIHHHHU, CTPYK-
Type OTKDBITHIX MHOXKECTB, 3aMKHYTbIX MHOXKECTB, IOHSATHH
MPOU3BOJIHOIO MHOXKECTBA, COBEPLIEHHOIO BIIOJHE HECBS3HOrO MHO-
JKeCTBA U T. .

Kaurtop mpuaaj TeopuH ACHCTEBUTENbHLIX UiCEJ 34 He3HAUUTE/b-
HBIMH HCKJIIOUEHHSIMH ee OKOHuaTeabHywo ¢opmy. OTMeTHM BKpart-
e, B KaKOM HampaBJeHHH 3Ta Teopus Oblna npomosxkeHa. Kpome
paGor no obuieil Tormosoruk (cM. cTp. 142) U npuIoKeHUH K TeOpHU
MHTerpupoBaHusi (cM. cTp. 235), HYXKHO npexle BCEro OTMETHTb
HCCAeJOBaHUs CTPYKTVPHl M KJaccHhHKalHI0 MHOXKECTB TOUeK Ha
npsAMOH, a TakkKe 4YUCJAO0BbIX (DYHKIHA nefCTBHTENbHBIX MePeMeHHbIX.
BrepBrle 37U npoGJevbl BO3HHKawoT B paGorax bBopeqs [25], xoro-
PBIi B OCHOBHOM HHTEpeCyeTcsa TeopHed Mephl, HO Cpenau Mpo-
uygx OmnpejpejeHHil Toayuyaer TakXkKe M onpeneseHHe «GOpeseBCKHX
MHOXKECTB». DTH MHOXEeCTBa NPUHAAJNeKAaT K MUHHMaJRHOMY ceMell-
cTBY MHOXecTB H3 R, cojep:amux HHTepBaJbl H 3aMKHYTHX [0
OTHOUIEHHIO K CUETHOMY UHCJY onepauuil o6belHEHHs U nepecede-
His u onepauun C. C 3THMH MHOXECTBAMH TeCHO CBsI3aHbl TaK Ha-
3niBaeMble «GbyHKIUHH Bapa», T. e. Te QYHKUUH, KOTOPLIE MOTYT OBITEL
MOJY4eHbl, UCXOAS M3 HeNnpepbiBHbIX (QYHKLHN, «TpaHCcHUHHTHBIM»
NOBTOPEHHEM ONepalud NpelenbHOro nepexoiaa, NpPHMEHEHHOro K
noc/e0BaTebHOCTSM. DTH (GYHKuUM Obiau onpencsaeHbt Lspom B
X0Ze OueHb BaXKHbIX PAGOT, B KOTOPBIX OH NMOJHOCTBIO OTKa3bIBACTCH
OT TOYKH 3DEHUs Mepbl, uTOObl CHCTEMATHUECKH HCCJeN0BATL Kade-
CTBEHHBIH W  «TOMOJOTHUECKHH» acrnekTel 3THX Bomnpocos [9al.
B ¢BsI3H ¢ 2THM OH NlepBbIi BBeJ W HauaJ H3yuyaTb NOJYHENpPephiB-
Hble QYHKLHH, a O] XapaKTePUCTHKH (DYHKLIH, ARJAOINXCA fpe-
Jes1aMi HeNnpepbIBHBIX, BBeJ BaXHOE MOHSITHE TOLIMX MHOMECTE
(MHOXKECTB <«IepBOii KaTeropuum» mno TepmuHoa0rHM Dspa) (cm.
crp. 167). Uro Kacaercss MHOI'OYHCJ/EHHBIX paboT, KOTOpble MOoCaAe/1C-
BaJ4¥ 34 W3biCKaHUSIMH D3pa W KOTOPBINH MBI 0O6si3aHLI TJIaBHbBIM
50pa3oM PYCCKOH M OCOOEHHO MOJbCKOH IUKOJAM, TO Mbl MOXeM
37€Cb TOJTbKO OTMETHThb HX cyllecTBoBaHue (cM. cTp. 167).

B3 1ee MOJKIO BhIBECTH TeOPHIO palHoHalLHbiXx uncet. Haofopor, ecau He mpen-
noJaraTb BO3MOMHOCTb HCIO.1b30BAHUA TEOPHd MHOKECTB, TO HeNpOTHBOPeui-
BOCTI: TeCpHH 1¢HCTBUTCIBHBIX 4KCe] He CBOIMTCH K HENPOTHBOPEUNBOCTH apad-
MeTHKHM, ¥ 114 3TOil TeopHH CHOBa OKa3sbiBaercs HEOOXOJHMLIM F#9Th HE3ABHCH-
MYyI0 aKCHOMAaTHUEeCKYIO XapakTepHCTHKY.



MOKA3ATEJIbHAY ®YHKUHSA H JJOTAPH®MbI

UcTtopHsi TeOpUH MyJbTHNIAMKATHBHOM rpymnsi R, neficreuress-
HBIX MOJIOXKHTEJbHBIX Yucesl TeCHO CBfi3aHa C pPAa3BUTHEM IOHATHSA
cTenereli MOJOXKHUTEJLAOro UKcaa U yrnoTpebisseMbIMH A5 HUX 0060-
sgayeHusiMu. KOHIENUHs «TeoOMeTpUueckoi nporpeccuu», obpasye-
MOH TMOocJeJ0BaTeIbHLIMH CTEMEHs MU OAHOTO M TOrO ¥Ke uucJa, Boc-
XOAMT K erunTaHaM u BaBuiioHsinaM. OHa 6bljla 3HaKOMa rpedyeckuM
MareMaTHKaM, u yXe y EBknuna («Hauana», Kuura IX, npemso-
wenne 11) pana o6uras (GOPMYJHPOBKA, SKBUBAJEHTH2s MPaBUIY
ama® =a™*t " as UeabX IOJOXKHTENbHLIX NokasaTedsell. B cpeguue
Beka (panunysckuit matematuk H. Opem (XIV B.) BHOBbL HaxondT
5TO MpaBuJo. Y Hero, Takke BIepBhle, MOSBAsETCS MOHATHE APOG-
HOTO TIOJIOKUTENBHOro IMokKasaTelss ¢ 0003HAYeHUSAMH, yKe 6Jau3-
KHMH K HallMM, ¥ TpaBujia HX HCUUCHeHHs (chOpPMYJIUPOBAHHLIE B
o6memM Bume). Hampumep, oH BBeJl [Ba NpaBH/id, KOTOPble Mbl Te-
neps Boipamaenm Tak: (@b)"=a'"b"", (@™ = (@™#)" |55].

Ho ungen OpeMa caullKoMm omnepenuy MaTeMaTHKY €ro BPEMEHH,
4100bl UMeTb BJHsSHHE Ha COBPEMEHHUKOB, H €ro TpakTaT OblJ Obi-
cTpo 3a6uir. B caenyroomewm Beke H. Illioke BHOBbL copmyauposan
npaBuyio EBKiMIA U, KpOMe TOro, BBeJ 3KCIIOHEHIHAJbHble 0003Ha-
yeHUd AJs cTeleHell HeU3BECTHLIX B CBOMX yPABHEHHSAX H, He KoJieb-
nsich, ynotpe6asa nokasatedn 0 ¥ Le/ble oKa3aTeny, MeHbLIHe HY-
as1'). Ha aror pas (xora pa6ora Illlioke octaBasach B pyKONUcH H,
no-BuAMMOMY, Obliia He OueHb pacnpocTpaHeHa) Huest U30MOp(HH3-
Ma MexXJIy «apH(MeTHUeCKOH mporpeccueii» nokasaTteseil U «reo-
METPUUECKOH TpOrpeccHeii» CcTereHedl yike He TepsieTCs H3 BHAY.
HIrndens ([216], T. 35 u ctp. 249—250) pacunpocTpansieT ee Ha
oTpuiiaTe/IbHbIe M Ha ApPOOHLIe MoKasaTenu creneHedi. Hakonen, sra
e 1aesd TPUBOAUT K ONpENe/]eHHI0 JOrapHOMOB H K MOCTPOEHHIO
nepBLIX Ta6./n1, COCTABJIEHHLIX HE3ABUCHMO APYT OT APYra MOTAAH[-
nem JIxk. Henepom B 1614—1617 rr. n wsefinapuem JK. Biopru (pa-
6oTa KOTOpPOTo mnosiBMJACh JAUWDL B 1620 r., XOTA ero KOHUeNus

1) Ilioke, HanpuMep, nHcan 12‘, 122, 123 u 1. 1 Bmecro 12x, 1242, 12x3 u
T. A; 12° Bmecto uncna 12 u 122™ pyecro 12472 ([49], cTp. 737—738).
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BOCXOoAHT K nepBeiM rogam XVII B.). HenpeprBHOCTL H30MOp-
¢usma, ycranosnessoro mexxay R u R7,y Bioprn HessHo npen-
noJjaraercsi, Tak Kak OH MNpUMeHseT HHTepHoJsIUUIO npu o6pauieHuy
¢ tab6aunamu. Ona, Hao60poT, ABHO chOPMYJHpPOBAHA B Omnpenedne-
Huu Henmepa (Bo BCSIKOM cayuae, HacTOJbKO SIBHO, HACKOJBKO 3TO
GBIJIO BO3MOXHO B TO BPeMsl C €ro CMYTHBIM NpeJCTaB/ieHHeM O He-
npepeBHOCTH) 1),

M3nuiHe oObSACHATb, KakKylo YCJAYry OKasasqdi Jorapudmbl B
yncnoBbIXx pacueraXx. C TeopeTHUecKOH TOUKM 3peHHS 3HaueHHe HX
ocoGeHHO BO3pacTaer ¢ BBeleHHeM HCUMC/IeHHs 6eCKOHeuHO MaJblX,
C OTKpbITHEeM pasjoxeHuss B psanbl log (1 + x) u e’ n nudoepen-
MaJbHBIX CBOMCTB 3TUX QYHKUHI (cM. cTp. 175—176). UTo Kacaercs
onpeneJseHusl noKasaTeJbHbBIX YHKUHH U JgorapudmoB, To A0 cepe-
nuHbl XIX B. MaTeMaTUKH JOBOJIbCTBOBAJUCH TeM, UTO HHTYHTUBHO
JONYCKaJH BO3MOXKHOCTb MPOJAOJIKUTb MO HENnpepbIBHOCTH Ha MHO-
KeCTBO AeHCTBUTENBHBIX uHce] GYHKUHIO a”, onpeneneHHyO IJs
BCeX PallHOHAJbHBIX X; H TOJBKO MOC/]e TOro, KaK NOHATHE NeHCTBHU-
TeJIBHOTO Yucsia OblsI0 OKOHUATeJbHO YTOUHEHO M BHIBEIEHO H3 MOHS-
THd PalHOHA/JMbHOro uucaa, Obl1a OCO3HAHA HeoOXOAHUMOCTb JaThb
TO4HOe 060CHOBaHHE NMOAOOHOMY NPOLO.TKEHUIO.

') Henep paccmartpusaer 1se Touku M, N, aBHKyuiHecsi OLHOBPEMEHHO IO
JIBYM MpSAMBIM, NMpHueM aBHxKeHHe M paBHoMepHO, a I1BHKenHe N TakoBo, uTo
ckopocTh N mpomopuyoHa.ibia ee abcupcce; abeuncca M Toraa Ho ompele.ieHHIO
ApJasiercsl Jorapudmom abeudcent N ([163a], cTp. 2).
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Mb yxe roBopHJH ') 0 TOM, KaK pa3BUTHe aHAJTUTHYECKOH reo-
MeTPpHH Ha IVIOCKOCTH H B NMPOCTPAHCTBE NPUBEJIO MAaTEMATHKOB K
BBeJEHHIO MOHSTHS n-MepHOro npoctpaHctBa. OHO paBajo BO3-
MOKHOCTb [10JIb30BaThCsl UPe3BbIYaHHO YAOGHBIM TeOMEeTPHUYECKHM
S3bIKOM, MO3BOJISIFOIIAM KPATKO W TOYHO BhIpa)KaTh ajre6panueckue
TeopeMbl 00 ypaBHEHHsIX € JIIOGBIM YHCJIOM HEH3BECTHBIX H 0COGEHHO
Bce O6lipe pe3yJbTaThl JHHeHHo# anare6pul. Ho xorss k cepenune
XIX B. 3THM $3bIKOM y2Ke HIMPOKO 0Jb30BAJUCh MHOTHE TeOMEeTPHI,
OH BCE ellleé OCTaBaJiCs YHUCTO YCJOBHBIM, a OTCYTCTBHE HHTYHUTHB-
HOro» MpeJCTaBJeHUs MNOPOCTPAHCTB ¢ GoJlee 4eM TpeMsi HU3Mepe-
HUSIMH, Ka3aJoch, He paspellajo pacCyXkAaTh B OTHOLIEHHH HX IO
HenpepbIBHOCTH», ONUPASiCh HCKIIOUUTENbHO HA «HHTYHIHIO», Kak
3TO paspeliajoch B OTHOUIEHHWH MJIOCKOCTH HJM npoctpaHcTBa. [lep-
BBHIM, KTO OCMEJIMJICSI paccyjaartb noJo6HBIM 06pazoM, MO aHaJo-
THY C MPOCTPAHCTBOM Tpex H3MepeHu#l (cM. crp. 139), 6b1 Puman,
NoJb30BABIINHACS UM B CBOMX HCCJeJOBaHHUAX 110 analysis situs u no
ocHOBaHHsM reoMerpuu ?). BrnocsencTBuu paccyKaeHusi TAaKOTO poia
6blIM ¢ GOJIBLINM YCNEXOM HCMOJb30BaHBI MHOTOUHCJIEHHBIMH MarTe-
MaTHKaMH, OCOGeHHO AJsi TeopHu anrebpanueckux QYHKUHE He-
CKOJILKHX KOMIJIEKCHBIX mnepeMeHHbXx. Ho Tak kKax BO3MOXHOCTb
NPOBEPKH NMPOCTPAHCTBEHHOH WHTYyHUMH OblIa B TO BpeMsi BechbMa
OrpaHUYEeHHOH, MOMXKHO OBJIO C MOJHBIM OCHOBAHHEM OTHOCHTbCH
CKenTHYeCKN K [A0Ka3aTeJbHOH cuje NOAOOHBIX paccyXIeHuH, M10-
NycKasi UX KakK YHCTO 3BPHCTHUECKHE, MOCKOJBKY OHH AeJajd oYyelb
npaBAONOAO6HOH CnpaBelIMBOCTh HEKOTOPHIX TeopeM. I[losTomy
A. Tlyankape B cBoeM MeMyape 1887 r. o BhlueTax JBOHHEIX HHTe-
rpaJjioB (GYHKUMHA ABYX KOMIJIEKCHBIX MepPeMeHHBIX TINATeJbHO uzbe-
raer aneJJIMPOBaTh K HHTYHLUH B OTHOLIEHHH UYeTHIPEXMEPHOro Mpo-
crpanctBa: «Tak KaKk 3TOT eunepeeomerpudeckuil 36lk euje OTTAl-
kusaer oT ceba mHO2Ue Cepbe3Hbie Yymbl, — FOBOPHUT OH, — £ 60y
ynorpebaary e2o pedko». IIpuMensieMble UM C 3TOH Le/bI0 <YIOBKH»
MO3BOJSIOT €My CBEeCTH JeJO K TONOJOTHUECKHM pacCyXAeHHsM B
3-MepHOM NpPOCTPAHCTBe, Ile OH yXKe, He KoJebasich, npuberaer K
untyanau ([181a], 7. III, ctp. 443 u caen.).

) Cm. cTp. 78—79.
2) Cwm. taxxke paGorsl JI. Wlaeduu ([200], 1. I, crp. 169—387), manucauHHe
B 3TO K€ BpeMs, HO OMyGJHKOBaHHbIE TO/IbKO B XX B.
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[Tomumo atoro, oTkpbiTHst KaHTopa, H 0COGEHHO ero 3HaMEeHUTas
TeopeMa, ycTaHaBauBaiowas, 4To R u R” paBHomownel (4TG, Kasa-
JIOCh, CTAaBWJIO MOJ BONPOC Aaxe NOHSITHe pa3MepHocTH) !), noka-
3bIBAJIK, U4TO [Jsi MPOYHOH OCHOBEI T€OMETPUUECKHX M TOIOJOTH4Ye-
CKHMX paccyxkJeHu:i HeoOXOAHMO ObLJIO MOMHOCTb!O OCBOGOAHTL HX
oT BCsKoro ofpawieHuss K HHTynnuud. Mbl yxke rtoBopuanm (CM.
crp. 138), uTo 3Ta nMOTPeGHOCTL MOJOXKHIA HaYad0 COBPEMEHHOMY
nonuManuio o6ueit tomosoruu. Ho eie 10 cosnauus nocaenHeid ma-
TeMaTHKH Havyaju CaMblM TilaTeJbHbiM 00pas3oM H3yyaTh TOMOJO-
THI0 YHUCJOBBIX TNPOCTPAHCTB U HX HENOCPeACTBEHHLIX 00606uleHHH
(«n-MepHble MHOroo6pasusi») MeTOLAMH, OTHOCSIIMMHUCH IJaBHBIM
o6pa3oM K TOH BeTBH TOMOJOTHH, KOTOPYIO HAa3bIBAKOT «KOMGMHa-
TOPHOH TOMOJIOTHel», WM, Jyulle, «aare0pauyeckoll TOMOJOrHe,

Mpbl He MOXKeM ee 3/1eCb paccMaTpUBaTh.

1) MurepecHo OTMETUTb, 4TO, KaKk TOJbKO JleldekuHd o03HAKOMH.JICH C 3TAM
pesy:;ibTaToM, OH IMOHs.1 NPHYUHY ero BHAHMOH MapamoKCaJbHOCTH # 3aMeTH.
Kaurtopy, uto, BepOsTHO, MOXHO G6bL10 6bl 10Ka3aTh HEBO3MOMHOCTbL B3QAUMHO
00HO3HAYHO20 U B3AUMHO Henpepel8HO20 CcOOTBETCTBMH Mexny Rm u Rn s

m=n ([36], cTp. 37—38).
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Mb He OyaeM 3ech BHOBb MOAPOGHO M3JaraTh UCTOPHIO Pa3BHU-
THSI TEOPUH KOMIJIEKCHBIX YHCeJ W TEODHH KBAaTEPHHOHOB, TaK Kak
OHM B OCHOBHOM OTHOCSiITc K aareGpe (cM. crp. 79 u 90), HO cKa-
JKeM HEeCKOJbKO CJIOB O TeOMeTPHYeCKOM MNpPeNCTaBJeHUH MHHMLIX
qyces, KOTOpoe BO MHOTHX OTHOLIEHHSIX 3HAMEHOBAJIO PeLIuTe bHBIH
nporpecc B PasBUTHH MaTEMAaTHKH.

[TepBoe ueTkoe nonuMaHHe B3aUMHO OAHO3HAYHOTO COOTBETCTBHSA
MeXAY KOMIIEKCHBIMM YHCJAAMHM U TOYKAMH MJOCKOCTH GeccropHO
npunanaexur K. ®. I'aycey!), oco6oit 3acayroit Koroporo siBjsieTca
nepBoe NpUMeHeHHe 3TOH HAeH K TeOPUHM KOMILIEKCHBIX 4MCes H sic-
HOe MpeJBHAEeHHe BCEro TOrC, YTO CMOTJIM HM3BJEYb W3 Hee aHAJHCTH
XIX B. B teuenue XVII u XVIII BB. MareMaTHKy NOCTeneHHO NpH-
XOOsIT K yOeXAeHHIo, UTO MHHMBle UHCJa, AAlOlHe BO3MOXKHOCTBb
pelllaTh ypaBHEHHsI BTOPOI CTEMEHH, MO3BOJASIOT TaKXKe pellaTh aJj-
reGpanueckue ypaBHenus awo6oi crenend. B XVIII B. 6u11n ony6au-
KOBaHBI MHOTOUMCJ/IEHHBIE MOMBITKH [10Ka3aTesJbCTBAa 3TOH TEODPEMH,
HO, He TOBOpSl Y¥Xe O TeX, KOTOpble cOHepXasjd MOPOUHBIH KDY,
cpean HHUX He OBLJIO HH OAHOH, KoTopas Obl He BbI3bIBaja Cepb-
e3HbIX BO3paxkeHu#l. B pesysabTaTe BHHUMATEJBHOTO H3yueHHs BCex
MONBITOK [0KA3aTeJbCTB M AeTajbHOH KPUTHKU ux npobesioB [ayce
NOCTaBUJ LeJbl0 CBOed AMccepTauuu (Hanucanso#t B 1797 r., us-
nanuoél B 1799 r.) naTh, HakKoHel, CTporoe AOKasaTeJbCTBO. B3sB
3a OCHOBY HJel0, BHICKAa3aHHYIO MuMoxonoM [JamamGepoM (B moka-
3artesbcTBe, ony6aukoBanHoM [lanambepom B 1746 r.) 2), oH 3ame-

1) Mness mofoGHOTO COOTBETCTBHs, HECOMHEHHO, BIEpBBle BO3HHKJAA Yy Bai-
anca, u3aoxkBuwero ee B 1685 r. B cBoem «Tpakrare mo aare6pe»; Ho ero co-
o6pazkenust MO 3TOMY NOBOIY OCTAJIHCh HESICHBIMH W He OKa3aju BJHSIHASL Ha ero
COBPEMEHHHKOB.

%) 310 nokasaTeancTBo (B KotopoMm Jlaiambep K ToMy 3Ke He HCHOJb3yeT
3aMeuaHusi, MOC/AYXKHBIIErO OTMPABHBIM NYHKTOM 15 laycca) sBAseTcss MepBbIM
[0 BpeMeHH, He COJepKAallHM JIorHUeCKHX OwWHOoK. [aycc, KpUTHKys caabble
MYHKTBl 3TOrO NOKAa3aTe.1bCTBA, MPH3HAET, OIHAKO, LEHHOCTb OCHOBHON naed [a-
nambepa: «HcTurmeli cTepicenb O00KA3ATEALCTBA, — FOBOPHT OH, — KAK MHE Ka-
HeTcs, e 3arpacuscercs Bcemi ITumu gospascenusmu» ([95a], T. III crp. 11).
Heckonbko nanbumie OH HaMeyaeT MeTO[, ¢ MOMOLIbIO KOTOPOTO MOXHO CTPOro
npoBecTH paccyxkiaenust JlanamGepa. B TakoM Buae 3TH paccyXIenus, ¢ Tou-
HOCTBIO [0 BTOPOCTEMEeHHHIX XeTa.lefl, COBMAlalr ¢ paccyxieHusyy Kowu B 0l-
HOM H3 ero 10Ka3aTe; bCTB 3TOH 3Ke TeODEeMBI.
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uaeT, 4yTo TOukH (@, b) mJjockocTH, AJs KOTOPBIX @ + bi siBAsAIOTCS
KODHsIMH MHorouseHa P(x +yi) = X(x, y) +iY(x, y), npencras-
Js10T co60i Touku nepeceueHust KpuBbix X = 0 u Y = 0. [lytem Kka-
YeCTBEHHOTO H3YUEHHsT 3THX KPHUBBIX OH NOKa3blBAET, YTO HEKOTOpas
HenpepbiBHAst AYTra OAHOIT K3 HHX COENMHSICT TOUKH IBYX Pa3/IHUHBIX
obJsiacTeil, pa3rpaHUYeHHbIX APYro#, U 3aKJiouaeT OTClOAa, UuTO KpU-
Bole mepecekatorest ([95a], t. III, ctp. 3, cm. Takxke [95b]). D10 HO-
Ka3aTeJbCTBO MO CBOeil SICHOCTH H OPHTHHAJBHOCTH MpejCcTaBJsieT
3aMeuaTe/bHbIHl MPOrpecc MO CPaBHEHHIO CO BCEMH MpejLIecTBYiO-
IIUMH U sBJsieTCs, 6€3 COMHEeHHs, IPHUMEPOM YHCTO TOMOJIOTHYECKOTO
paccyxieHusl, IpPUMEHeHHOro K ajire6panueckoil npoGaeme !).

B cBoeit aucceprauun I'aycc He onpenesus siBHO COOTBETCTBHA
MeXJy TOUYKaMH MJIOCKOCTH M MHHUMBIMH uuciaMu. [To oTHoWeHHIO
K 9THM NOC/JEeIHHUM H BOIPOCAM HX «CYLIECTBOBAHUSI», KOTOpPbIE MOJ-
HUMAaJIUCh B TeueHHe JBYX CTOJETHH, OH 3aHHMaeT CHAepiKaHHYIO Mo-
3MIHI0, HAMEPEHHO MPHUBOJS BCe CBOM PACCYKIEHHUST K TAKOMY BHIY,
4TOOBl B HHX yuYaCTBOBaJU TOJbKO NeHcTBHTeJbHble uucsaa. Ho xon
uned ero nokasaTtesabcTBA Oblal Obl a6COJIIOTHO HENOHSATEH, ecJH Obl
OHO He mpenmoJaraJjo COBePUIEHHO CO3HaTeIbHOE OTOXKIECTBJEHHE
TOYeK MJOCKOCTH M KOMIIEKCHbIX 4uced. DTa THMOTe3a MOJKper-
JsieTcss TeM O0OCTOSITeJNbCTBOM, uTo I'aycc OJHOBpPEMEHHO IPOBOLHJ
HCC/e10BaHUsI 110 TEOPHU UYHCEJ W TEOPUH BJJIHNTHUYECKUX (DYHKIHI,
B KOTOPBIX yUacTBYIOT KoMIIJIekcHble uucaa. o Kako#l creneHd reo-
MeTpHUecKast KOHLEMIHsT MHUMbIX CTaJja [Jiss Hero NPUBBIYHOH H
K KakuM pesy/jbTaTaM OHAa MOrja IPHUBECTH B ero PyKax, sicHO mo-
Ka3blBaloT 3aMeTku ['aycca (onyG/aHKOBaHHbBle TOJIBKO B HAWIM NHH),
B KOTODbIX OH MPHMEHsieT KOMIMJEKCHbie uYHcJaa K mpob/eMam sJe-
MeHTapHoil reoMerpuu ([95a], 1. IV, ctp. 396, u 1. VIII, ctp. 307).
Ewe GoJsiee onpenesieHHbIl XapakTep HOCHT nucbMoO K DBeccemio, na-
tuposaunoe 1811 r. ([95a], . VIII, ctp. 90—91), rne oH HaMmeuaer
OCHOBbl TEOPHH HHTErpHPOBAHUA (YHKIHH KOMIJIEKCHOH MepeMeH-
Ho#i: «[10006HO TOMY, — FOBODPHT OH, — KAK 8Ct0 0baacts OelicTsil-
TeAbHbIX BEAUUIN MONCHO NpedCcTABUTb ¢ NOMOWbI0 6GecKoHeuHol
npamoil, moxcro cebe npedcrasuts («sinnlich machen») o6aacre
gcex 8eAudUH, 0eliCTBUTEAbHbLX U MHUMbLX, C NOMOUbIO GecKOHey-
HOU naocKkocTu, 20e Kanoas Touka, onpedenexnas cgoel abcyuccol
a u ceoeil opdunaroti b, npedcTasAseT 8 TO e 8pems BCAUHURY
a -+ ib. Henpepoisroli nepexod ot 00HO20 3HQ4eHUs x K Opy2omy
npoucxoour, cAe0o8aTeAbHO, N0 HENPEPLIBHOL AUHUL U, 3HAYUT, MO-
HeT OCYULeCTBAATLCA BGECKOHEUHbIM HUCAOM CHOCODOS...»

) Taycc ony6ankoBan ueThipe poKaszaTeabcTBa «Teopembl [latambepa —
Taycca»; nocaelHee M3 HHX SIBJISETCS BapHAHTOM MEPBOrO H, Kak M nepBoe, ONHU-
paeTcst Ha MHTYMTHBHO OYEBHJHOE TOIO/OIHUECKOe CBOHCTBO MJIOCKOCTH; HO BTO-
poe W TpeTbe J0Ka3aTe1bCTBA OCHOBAHBL HA COBEPIUEHHO HMHBIX TPHHUHIAX (CM.
crp. 110—111).
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Ho Ttonbko B 1831 r. (npu BBeneHuu «uucesn ['aycca» a + ib, rae
au b— uease) laycc ony6GJauKOBaN OTYETNHBOE H3JIOXKEHHE CBOMX
muicaeil mo stomy Bompocy ([95a], T. II, Theoria Residuorum Bi-
quadraticorum, Commentatio secunda, art. 38, crp. 109 u Anzeige,
crp. 174 u cnenyiouas). Tem BpeMeHeM Ujdesl reOMeTPUYECKOrO Npe-
cTaBJieHHsi MHHMBIX dHces Obl1a BHOBb HaiJleHa He3aBUCUMO IBYMs
CKDOMHBIMH HCCJ/IeIOBATE/ISIMH, MaTeMaTHKaMHU-o6uressiMu, GoJee
W14 MeHee CAMOYUYKaMH, 1J/1s1 KOTOPBIX 3Ta Hlesl IBUIACh eAHHCTBEH-
HBIM HX BKJIaJOM B HayKy, npuueMm o6a He HMeJH HHKAKHX KOHTaK-
TOB C HayyHBIMH KpyraMu cBoero BpeMeHnH. [loaTomy ux paGotam
yrpoxaJa OMmacHOCTb OCTAaTbCs COBEPLIEHHO He3aMeYeHHBIMH. DTO H
NpPOH30ILIO C MePBbIM H3 HHX, faTuaHuHOM K. BeccesneM, oueHb sicHO
3aJyMaHHOe U H3JI0XKEeHHOe COUHHeHHe KOTOPOro nosisujaock B 1798 r.,
HO OBIJIO U3BJeYeHO H3 3a0BeHHs JHIIbL BeKOM no3xe. Takoe e 3J10-
K/II0YeHHe uyTh He NMPOM30ILIO H cO BTOPHIM — LuBefinapuem K. Ap-
ranoMm, pa6ota KOToporo jsiullb Gjaarofaps cayudatr Obina ofHapyxe-
Ha B 1813 r. uepes 7 ser mocje ee ony6aukoBaHus!). dra pabora
BbI3BaJia OXKIHBJAEHHYIO Auckyccuio B Annales de Gergonne, u Tema
ee cTaja MpeIMeTOM HeCKOJbKHUX NyO6JaHKalUui (MaJOH3BECTHBIX aB-
topoB) Bo ®panuuu u AHrauu Mexay 1820 u 1830 rr. Onnako asis
TOro uTOOBI ITOJIOKHTH KOHEI[ BCEM 3THUM CIOPaM U CKJIOHHTb MaTe-
MAaTHKOB K HOBOI TOUKe 3peHHs, He/JOCTaBaJo aBTOPUTETa GOJIbIIOrO
uMeHn. ToJbKO K cepelliHe Beka reoMeTpHuecKoe MpeAcTaB/eHHe
MHHMBIX BeJHYHMH CTajo, HaKOHell, OGILENPHUHSTHIM BCIeJCTBHE Ny6-
aukanuit [aycca (o xkoropblx roBopujoch Bhillle) B ['epManuu, pa-
6ot I'amusabrona u Kasiu no runepkoMn/ieKCHBIM CHCTeMaM B AHr/iuu
¥, HaKOHell, NpU3HaHus ero co ctopodsl Kowu 2) Bo ®paHnuuy, Bcero
3a HeCKOJbKO JIeT 10 TOro, Kak PHMaH nyTeM reHuasbHoOro o6o61uie-
HHSI 3HAUHTEJNBHO PAcUIMPHUJ DOJIb T€OMETPHH B TEOPHHM aHaJHTHUE-
ckuX QYHKIHA U TEM CaMBIM CO3/aJ TOMNOJOCHUIO.

HsmepeHue yrioB ¢ nOMOIIBIO Iyr, KOTOpPble OHH BHIPE3aIOT Ha
OKPY’KHOCTH, $IBJISIeTCSl TaKHM e APeBHHM, KaK H caMO MOHATHe
yraa. Takoil cnoco6 H3MepeHHs Obl1 yXe H3BeCTeH BABHJIOHSHAM,
OT KOTOPBIX K HaM MNepellja eJHHHIA H3MepeHHs YIJIOB — rpaayc.
BnpoueMm, 1/ HHX BONDPOC CTOSJ TOJbKO 06 H3MepeHHH YIJOB,

1) B nporusomnoJoxHocTh 'ayccy Beccenp n Apran obpamaior GoJibille BHY-
MaHHsi Ha ONpPag0aHie BHIUMC/IEHHA C KOMIIEKCHBIMM YHC/IAMH, 4eM Ha NpHMes
HeHHe TpelJOKeHHOT0 HMH TeOMeTPHYeCKOro MpelCTaBJEHHS K HOBBIM Hccje-
noBaH#AM. Beccenb He yKa3biBaeT HHKAaKHX [PHJIOMKEHHH 3TOro MpexcTaBJeHus,
EnuHcTBeHHOE NpUJIOXKeHHe, yKasaHHOe ApPraHoM, COCTOMT B JOKa3aTeJbCTBE Ten-
pemsl lanamMbepa — I'aycca, KoTopoe NpencTaB/seT JHLIb BAPHAHT 10KAa3aTe/lbCcTBa
camoro JlanaMGepa M BBHI3HIBAeT Te K€ BO3PameHHs.

2) B csoux nepsbix paborax (c 1814 no 1826 r.) o6 unTerpasax ot GyHK-
UMit KoMMiekcHofl mepeMenHoli Kommu paccMaTpuBaeT KOMIJIEKCHble YHC/IAa Kak
«CHMBOJIHUECKHE» BEIPAXKEHHS M He OTOXKAECTBJSET HX € TOYKAMH MJOCKOCTH,
yTO He MelldaeT €My MOCTOSIHHO acCOUMHPOBATB TOUKY (X, Y) C 4YHCAOM X + iy
¥ B CBSI3H C 9TUM CBOOOAHO NMOJMb30BATLCS A3LIKOM I'€OMCTPHH.
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3akgaoueHHbx Mexay 0 u 360° uTo OblI0 /g HUX HOCTATOYHBIM, TaK
KaK YIrJibl CJIYKUJIH Yy HUX B NePBYIO ouepeib JJsi ONpejieseHHs Io-
JoXKeHHs] HeGeCHbIX TeJ B TeX UM HHBIX TOUKAX HX BHIMMBIX Tpaek-
TOpUH U AJIsi cOcTaB/JeHHs TaOJHUIl [Js HayYHBIX H aCTPOJIOTHYECKHX
nesed.

Y rpeueckux reoMeTpOB KJaCCHUECKOH 3M0XM ONpejeseHHe yriaa
(Esknun, «Hauana», onpenesnenust 8 u 9) Obio ewe Gosiee y3KHM,
TaK KaK OHO OTHOCHJOCH JIHIIb K YIJaM, MeHbLIHM ABYX HpPSIMBIX.
Tak Kak, ¢ Ipyrofi CTOPOHBI, HX TeOPHS OTHOIIEHHH H Mepbl OCHOBHI-
BaJjlaCb Ha CPAaBHEHUH NPOH3BOJBHO GOJBIIHX KPATHBIX H3MepsieMbIX
BeJMUHH, TO YIJIbl He MOrJiu ObITb HJIsi HHX H3MEPUMBIMU BeJHUHU-
HaMH, XOTS y HHX BCTpeuaeTcs NOHsTHe paBHBIX YIJIOB, YyrJjoB 6OJb-
LIMX HJIH MEeHbUIMX OAMH APYroro, a Tak:Ke CyMMBbl ABYX YIJIOB, ecJH
TOJIBKO NOCJeJHsIs He NMPeBOCXOAUT ABYX npfAMBIX. Tak xe Kak cJo-
JKeHue apo6eil, U3MepeHHe YIJIO0B JOJIKHO Obl0 OBITh B HX IJIasax
SMNUpPUYECKOH npollefiypoil, He HUMeolleil HayyHOro 3HauyeHus. ITa
TOUKA 3PEeHHsT XOpOUIO HJJIIOCTPUpPYEeTCs BbI3bIBAOLIUM TayGokoe
BocxnileHne MeMyapoM Apxumena «O cnupaasax» ([3b], 1. II,
ctp. 1—121), B KOTOpOM OH JaeT KMHEMaTHUeCKOe ONpefeseHHe Cilu-
paJu, TaKk Kak He MOXeT FOBOPHUTb O MPOMOPLHOHAJBHOCTH Pajauy-
COB-BEKTOpOB u yrJjos (onpepnesteHue 1, ctp. 44, cp. dopMyaupos-
Ky npeaJdoxeHua 12 Ha ctp. 46). M3 sToro onpeneneHus oH mno-
JyyaeT, Kak 3TO BUAHO H3 NPOAOJKEeHHs1 ero paGoThl BCe TO, YTO OH
Mor 6Bl MOJYYHUTb C NMOMOUIbIO 00lIero MOHSITHS Mepbl Yrja, ecju
6bl OHO y Hero Oblyo. UTo KacaeTcst rpeyecKHX acTPOHOMOB, TO OHH,
No-BUAHMOMY, AOBOJIBCTBOBAJHCH B 3TOM BONpoce, Kak U BO MHO-
rdX ApYrUX, TeM, u4To CJeJoBajJH 3a CBOMMH BaBHJIOHCKHMH Mpel-
IIeCTBeHHUKaMH.

M 3pech, KaKk U B pPa3BUTHH NOHATHS AeHCTBUTEJLHOrO uHc/a,
{(cp. crp. 150), ocnabaeHue ayxa CTPOrocTH B MEPHOA ynajka rpe-
yeCKOll MaTeMaTHKM NMPHBOAMT K BO3EPATY K «HAMBHOH» TOUKe 3pe-
HUsl, KOTOpasi B HEKOTOPOM OTHOIUeHHu 6/uXKe K Hallel, yeMm CTpo-
ras Kouuenuus Eskaupa. Tak, O1HH U3 MaJ100CBEeJOMJEHHBIX JI0/IeH,
3aHHMaBIIHXCst ponosHeHUsaMi «Hauass, BctaBus B TekeT EBKJuja
3HaMeHuToe mnpennoxenue (Esxknun, «Hauwanma», Kuura VI, 33):
«YTJBl IPONOPUHOHAJBHBL AYraM, KOTOPble OHH BBIPE3aIOT HA OKPYIK-
HOCTH» '), 8 aHOHUMHBIH KOMMEHTATop, pa3bHpas «40Ka3aTejJbCTBO»
9TOr0 MpeasoXKeHUs, He KoJeOJdch, BBOAUT, KOHeUHO, Ge3 Kakoro

1) To, uto 3TO NefCTBHTE]bHO BCTABKA, He [OAJIEXKHT HHKAKOMY COMHEHHIG
BBHIY abCypIHOCTH JOKAa3aTeJbCTBa, HeyMeJo CKOMIPOBAHHOIO C KJacCHUECKHX
obpasios Merona EBmokca; O4eBHIHO TaKiKe, YTO 3TOT pe3yJbTaT COBCEM HeyMe-
cred B Konlle Kuuru VI BecbMa nHKaHTHBIM sABJAeTCA To OOGCTOATEJIBCTBO, 4TO
Teon B IV B. H. 3. craBur cefe B 3aciyry cHejaHHoe WM 100aBjeHHe K 3TOi
BCTaBKe, B KOTOPOM, KaK OH M[OJaraeT, IOKa3blBAeTcf, YTO <«ANA0uadu CexTopos
Kpyea nponopyuoHassHel ux yewrpasvHoim yesam» ([80], T. V, ctp. 24), u 310
CrycTs LiecTb BEKOB I0C1e TOro, Kak ApxuMen Halle] MJIOWIAZH CEKTOPOB CIH-
pa.eft!
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66l TO HU ObL10 OGOCHOBAHHUSI LYTH, PaBHble NPOU3BOJBHO OOJIBLINM
KPaTHBIM [JIHHBl OKDYXXHOCTH, M yIJIbl, paBHble 3TUM ayram ([80],
1. V, c1p. 357). Ho naxe Buer B XVI B., koTOphIfi Kak 6yaT10 OB
oueHb OJM30K K COBPEMEHHO! KOHUeNUHH yIia, Korna oGHapy:KHui,
yTo ypaBHeHHe Sin Ax = sin @ HMeeT MHOTO KOpHeH, HAXOAUT TOJBKO
Takie KODHH, KOTOpble COOTBETCTBYIOT yIilaM, MeHbUIHM IBYX Nps-
meix ([233], ctp. 305—313). OKoHUaTedbHO 3TY TOUKY 3peHHs OCTa-
uin toabko B XVII B. ITocne Toro xak orxpeitie HbloToHOM pas-
JIOXKeHHSI B PAABl Sin X U COS X MaJo BbIpaXKeHus AN 3THX (YHK-
UMM, rofHble [Jsi BCceX 3HAUeHHH aprymeHTa, Mbl HAaxXOAHUM, HAKO-
gell, y Dfjsepa B CBA3H C PacCMOTPeHHEM JIOTapH(MOB «MHHMBIX»
ypcea UYeTKYI0 KOHIENUHI0 TMNOHATHS Mepbl NPOM3BOJBLHOIO YyrJaa
([81a] (1), 1. XVII, ctp. 220).

Knaccuueckoe onpeflesienne Mephbl yrja uepes AJAHHY AYTH Kpyra
ABJAETCSI, KOHEUHO, He TOJbKO MHTYHTHBHBIM, HO W NO CYLIECTBY
koppekTHbIM. ONHAKO, I/ TOro YTOOBI CHenaTh ero CTPOrHM, HeoO-
XOAHMO UMETb MOHsITHe AJHHBI KPUBOH, T. e. HHTErpaJbHOE HCUHCJIe-
gue. C TOUKM 3DeHHS CTPYKTYP, KOTOpbIe NpH 3TOM YYacTBYIOT, Ta-
KON MeTOJX onpeleseHHs $§IBJAsSETCS OuyeHb OOXONHBIM, TOrAa Kak
BO3MOXHO JaTb ONpefiesieHHe, He MNOJb3ysiCb HUKAKUMH JPYTHMH
cpeacTBaMH, KpOMe Teopuu TomnoJoruueckux rpynn. eifictBuTtesnbuas
¥ KOMIJIEKCHAasl NoKa3aTejibHble QYHKIHUHM MOJYYAIOTCSs, TakuM obGpa-
30M, H3 OJHOrO H TOTO K€ HCTOYHHKA — TeOpeMbl, XapaKTepusylolie
«0JHONIapaMeTpHyecKHe TpyNnbl».



METPHYECKHE NMPOCTPAHCTBA

Kak Mbl yxKe ropopuau (cMm. cTp. 146), MoHsiTHE METPHUYECKOrO
npocTpaHcTBa ObLIO BBefeHO B 1906 r. M. ®pelle U HeCcKOJBKHUMH
rogaMu I[03/Hee MNOJYUYHJIO JajbHellllee pa3BHTHe B paGore Xayc-
nopda «Mengenlehre». ITocse 1920 r. ono npuoGpetaer GoJsplloe
3HauyeHue Gaaromapsi pynaamenraasHbiM Tpynam C. Banaxa u ero
IIKOJIBl B 06GJaCTH HOPMHPOBAHHBIX NPOCTPAHCTB U HX NPHMEHEHHs
K QyHKIHOHAJbHOMY aHaau3y (cM. ctp. 227 u 231) — ¢ oxHo#l cTo-
POHBI, WU B CHJY TOTO HHTepeca, KOTOPHIH MpeacTaBJsieT MOHSTHE
abCcoJIIOTHOH BeJIMUYHHBI B apudMmeTHke U B ajarebpanueckoi reomer-
puu — ¢ Apyro#l (rae nonoJiHeHue Mo abCOJMIOTHOH BesNHUYHHe OKa-
3aJ10Ch BeChMa IJIOJOTBOPHBIM).

3a nepuon BpemeHu ¢ 1920 no 1930 r. MocKoBcKasi 1IKoJia mpo-
BeJa LEeJYI0 CEePHI0 MCC/Iel0OBAHHH TOMOJOrHYeCKHX CBOHCTB METpH-
YyecKHX MpOCTpPaHCTB. B yacTHOCTH, 3TH PabOThl ObIIM HANpPaBJeHH
Ha TosyueHHe HEOGXOAMMBIX H JAOCTATOUHBIX YCJOBHH AJs TOTO, 4TO-
6bl JaHHOe TOIMOJOrHUecKoe IMPOCTPAHCTBO ObLJIO MeTPHU3YeMBIM.
B cBsi3u ¢ 3TUM HanpaBJieHHeM HCCJAelIOBAHHH OOJBIIOH HHTepec
BLI3BAJIO NOSIBJEHHE IMOHSITHS HOPMaJbHOTO NPOCTPAHCTBA, ONpeje-
aennoro B 1923 r. Tuuem, 3HaueHHe KOTOPOro ObLIO, OJHAKO, NMPH-
3HAHO TOJbKO mocJe nosisjeHusi pa6or Ypeicona [229]!) o nponoaxe-
HHH HeNpepBIBHBIX YHCJAOBBIX QYHKIME. 3a BBIUETOM TPHBHAJBHOIO
cnyuasi GYHKUHH OJHOH JeHCTBHTeJbHOH NepeMeHHOH npobjaeMa
pacliMpeHdss Ha Bce NPOCTPAHCTBO YHCJOBOH HeNpPepBIBHOH (yHK-
I{Y, ONpeleseHHOH HAa 3aMKHYTOM MHOXKeCTBe, BIepBble Oblia HC-
cienoBaHa (mas caydasi miaockoctu) A. JleGerom [143d]. Ewe ao
noJyueHus: YPbICOHOM OKOHHATEeJbHOrO peay/bTata OHa Obljia pas-
pemena I'. TuueM nJist MeTpuuecKHX npoctpaHcTB. Pacnpocrpanenue
3TOH npo6JeMbl HAa (YHKIHH CO 3HAUEHHSIMH H3 JIOGOr0 TOMOJIOrH-
4eCKOro MPOCTPAHCTBA MOJYYHJIO 33 MOCJelHHe ToJAbl G0oablIoe 3HA-
uenue B ajareGpauueckoii Tonosoruu. Kpome toro, Henasuue paGotel

1) I1. C. Ypbicon (1898—1924) coszian B 1921 r. Teopuio pasMepHOCTH, uTO
SBHJIOCh (AKTHUECKH HOBBIM 3TalOM pa3BHTHA BCefl TEOPETHKO-MHOXKECTBEHHOM
tonojorud. HaubGosee 3nauuTesdbHble pe3yabTathl B 3Tod o6aactH B 20-X rr. o
3 nocnenyoulem npusaptexur [1. C. AnekcanapoBy. YueHHK TnOC/JegHEro
0. M. CmuproB B 1951 r. Hamen Heo6X0AHMMOe i I10CTAaTOYHOE YCJAOBHE rOMEO=
MOP(HOCTH TOMOJIOrHYECKOro MpoCTpaHcrsa MeTpuueckoMy. — [Tpum. ped.
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ACHO TIOKasaJ/id, YTO B 3TOi 006JacTH NOHATHE HOPMAJbLHOTO MpO-
CTPAHCTBA MaJ/io NPHUTOJAHO LJs ynoTpeOGJeHHus, [IOTOMY YTO OHO elle
JoNycKaeT OueHb MHOTO «IaToJOruii». Yallle BCEro ero mpUXOAUTCs
3aMeHsiTb 60Jlee Y3KHM MOHSTHEM MapakoMIaKTHOTO MPOCTPAHCTBa,
BBejJeHHbBIM B 1944 r. JK. /Ivénonne [69a]. HauGosiee 3HauuTeIbHEIM
pe3ysnbTaTOM 3TOH Teopuu sBjsercs Teopema A. I'. Croyna [218],
COMVIaCHO KOTOPOH BCSIKOE MeTpH3yeMOe [POCTPAHCTBO MapakoM-
nakTHO !).

Mu yxe otmerunan (cM. cTp. 156) HauGoslee 3HauuTeNbHbIE pa-
G6oret KoHna XIX u nHauana XX BB. (Bopess, Bap, JleGer, Ocryg,
IOnr) no kJaccuduKalMu MHOXKECTB TOueK B npocrpaHcTBax R” m
o KJdaccudUKALUU U XapaKTepUCTHKE UUCAOBBIX (YHKIHUH, MOayyeH-
HBHIX HTepallliefi MpOleCccOB NpejesbHOro nepexoja (mJIs mocaeno-
BaTeJqbHOCTeH (DYHKIHH), HaudHAsi C HenpepbBHBIX GyHKuui. Kak
OblJI0 GHICTPO 3aMeUeHO, MeTpPHYeCKHe MPOCTPAHCTBA SBJSIIOTCS
ecTecTBEHHOH 06J1acThi0 a1 HCCJeJoBaHWi MOA0GHOro poga, pas-
puBaeMbix HauwHas c¢ 1910 r. rnaBHbIM 06pasoM pycCKOH W MOJb-
ckoii wKosaMH. MMeHHO 3THM IIKOJaM yHaJjoch BCKPHITH Ty OC-
HOBHYIO DOJIb, KOTOPYIO B COBPEMEHHOM aHaJu3e WrpaeT MOHsTHe
TOLIET0 MHOXecTBa M TeopeMa O [ePeCceyeHHH CUeTHOrO uHuc/aa
OTKPBITHIX H BCIOAY IJIOTHBIX MHOXECTB B MOJHOM METPHYECKOM
npocTpaHCTBe, JOKasaHHas cnepBa (HezaBucuMo) Ocryzom [173]
nJs uucaoBof npsimoit U Bapom [9b] nnst mpoctpancTs R”.

C mpyro#t croponel, Cycaun, ucnpasass B 1917 r. omu6ky Jle-
Gera, mokasas, 4YTO HenpepuiBHbIE 06pas GopeneBCKOro MHOKe-
cTBa He o0Gs3aTedbHO OyneT OOpejieBCKUM MHOXKECTBOM, W 3TO MPH-
BEJIO ero K ONpejle/IeHHI0 U K H3yueHHI0 GoJsiee OGIIHPHOH KaTeropuu
MHOKECTB, HAa3BaHHBIX «aHAJHTHUECKHUMH», HJIH <«CYCJHMHCKHMHY».
[Tocie GesBpemeHHo# cMepT CycjgHHAa H3yueHHe 3TOro BOMpoca
6bL10 TPOROJKEHO JIy3uHBIM (HMZeH KOTOPOro B CBOe BpeMsi BIOX-
HoBuan CycJiMHA) H MoJbCKUMH MarematukaMu (cM. [1562] u [139b]).
3HaueHHe 3THX MHOXeCTB B HacTosilllee BpeMsi 3aKJiouaercs r/aB-
HBIM 00pasoM B HX NPHMEHEeHUH K TEOpHH HHTerpupoBaHus (rme
Gjaarogapsi MX clelda/JbHbIM CBOHCTBAM OHHM JAOMYCKAalOT MOCTpPoOe-
HHUs, KOTOpbie GbiIH GBI HEBO3MOXKHBI Ha MPOH3BOJbLHBIX H3MEPHUMBIX
MHOXKeCTBaX), a Takke K COBDeMeHHO#l TeopHM NOTeHIHaJja, rie
OCHOBHASI TeopeMa O EeMKOCTH CYCJMHCKHX MHOMEeCTB, AOKa3aHHas
coBceM HenaBHo . Illoke [48], npenocraBusa GoraThie BO3MOKHOCTH
JJis Pa3NHUHBIX NPUMEHEeHHH,

') 3ra rteopema nana BO3MOXKHOCTb peLIHTh NMpoGseMy MeTpu3audn 6o.ee
YIOBJFTBOPHTEJbLHEIM 06pa3oM, ueM 3T0 AeNaNoch C NOMOIIbIO KPHUTEPHEB, MOJy-
yeHHBx 0Koso 1930 . pyccko-mosbekoit wkodoit («kputepuii Harara—CwmupHoBa»).
Cnepyer, ofHaKko, OTMETHTb, YTO O CHX INOD 3TH KPHTEPHH ellle He MOJy4HJ U
NpUMEHEHHs; KaK 3TO 4yacTo CJyyasoch B HCTOPHH MaTeMATHKH, caMo peluelive
npo6ieMbl MeTPH3aluH, MO-BUAHMOMY, HMeJNO MeHblie 3HayeHHs, YeM Te HOBHIC
TNOHSITHSI, KOTOPbIE PA3BHJIHCh Ha ee OCHOBe.
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B 1604 r. 'anuseft, KoTopbll HaXORWJCS TOrZa B auoree CBOei
HAYYHOH NedATeNbHOCTH, CUMTas] /OKA3aHHBIM, UTO 3aKOH ABHXKEHHS
10 NPSIMOH JIMHHM CO CKOpOCTbIO, yBe/HUHBAIOIIeHCs NPONOPLHO-
HaJbFO TMPOHJEHHOMY NyTH, OyfeT HMeHHO TakuM (x =Ict?), KoTo-
pHI OH OTKPBIT NpU U3yueHHH cBoGoxHoro napenust rea (93b, 1. X,
crp. 115—116). 3a nepuoxn Bpemenu ¢ 1695 no 1700 r. He 6blji0 HH
onHoro toMa Acta Eruditorum, ekemecsiuHo Beixoaswiux B Jlefin-
uure, rae Gbl He mosiBMAMCHL MeMyaphl Jleit6uuna, 6patbes Bepuys-
v, Mapkusa ne Jlomurans ¢ ucciaenOBaHUSIME CaAMBIX pa3HoOo6pas-
HBIX Npo6JeM AH(GdepeHHaNsbHOIO HCUHCAeHHs, HHTerpaJbHOro Hc-
YUCJIeHUsl, BApUAIMOHHOTO HCUHCJAeHHs, W rjae Obl He ymoTpel.s-
Juch 0GO3HAYeHHs, 3a MaJbIMH HCKJIOUEHHSIMH CXOXKHe C TeMH,
KOTOPHIMH MBI ellle NMoJb3yeMcsi Ao cHX mop. Takum oGpasom, wuc-
uyncnenne (par excellence «calculus») caoXwuioch noutd B TOU-
HOCTH B TeuyeHHe OJHOrO CTOJIeTHS; U MOYTH TPH CTOJIETHS MOCTOSIH-
HOro ero ymnotpe0OJeHHsl ellle He COBCEM IMPUTYNHAH 3TO HH C YeM
He CpaBHUMOE OpYJIHe. '

I'pexu He uMenn U He npeacraBasnu ceGe Huuero nogo6xoro. Mm
OblJIO M3BECTHO TOJBKO a/dre6pauueckoe HCUHC/IeHHe BaBHJOHSH, H
TO OHHM OTKa3aJiUChb OT ero ymotpelbJjeHHsi, nepeBeisi €ro YacTHYHO
Ha s13bIK reoMeTpuu. Kak pas B pamKax reoMetpuH U GbLJIO cAesaHo
X Haubojlee reHHasbHOe MaTeMaTHUeCKOe OTKDhITHE, a MMEHHO HX
METOJ TPAaKTOBKH NPOGJeM, KOTOpble MHl TernePb OTHOCHM K HHTe-
rpajbLHOMY HCuHcJeHHI0. EBIOKC maJ nepBbie MPUMEPB! 3TOr0 METOAA,
3aHUMAasCh BOTPOCOM OmpefeseHHs 0O6beMa KOHyca M MHPaMHUIBI,
KOTOpble NOLLIM A0 Hac B GoJiee W/IM MeHee TOYHOH Nepenaue EB-
kauaa ([80], Kuura XII, npensn. 7 u 10). Ho ocoGeHHO BaxHO, 4TO
3TuM npo6/emMaM MOCBsiLeHbl MOYTH Bce paGoTsl Apxumena ([3b] u
[3c]); Gaaromaps MCKAOUHTEILHON yHaue Mbl U Telephb elle MOXKeM
4yhTaTh GOBLUIMHCTBO TBOPeHHH ApXuMela B NOMJHMHHHKAX, Ha 3BYU-
HOM JOPHYEeCKOM HapeudH, Ha KOTOPOM OH HX Tak THIATEJbHO cocTa-
BHJ, BIJIOTb [0 TOro, KOTOpoe GblJIO HAHAEHO COBCEM HemaBHO U rie
M3/1araeTcsi «3BPUCTHUECKHI» METON, IpUBenIudii Apxumena K Heko-
TOpHIM M3 ero HauGoJsee mpeKpacHHX pedyabraToB ([3b], T. II,
crp. 4256—507). Tak Kak onHa n3 caabbiX CTOPOH METOAA HCYepMhl-
BaHusi EBOKca cocTosiza B TOM, UT0, OyAyuu Ge3yKOPU3HEHHBIM Me-
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TOJOM JI0KAa3aTelbCcTBAa (€C/H TPUHSATHI HEKOTOPBIE MMOCTYJ/aThl), OH
He SIBJISJICS METOJOM OTKDLITHSI, ero NpHMeHeHHe ¢ HeO6XO0IHMOCThIO
onupaeTcsi Ha NpelBapHTe/IbHOe 3HaHHe pe3y/bTaTa, KOTOPHH HAa10
J0Ka3aTh '). ApxuMen no sToMy nosony nuiuer: «Kozda peus uder
0 Teopemax, cTpozoe 00KA3aTeAbCTBO KOTOpbLx 8nepasie Haues Es-
0oKC, N0 N0BO0Y KOKYCA U RUPAMUOGL... HEMAAYIO POAb HAOO OTBECTU
u [emokpuTy, KOTOpbL nepesili ChopmMysUpO8aL ITU NPedAoHeHs
6ea crpoeoeo dokasareascreax ([3b), T. 11, ctp. 430) 2).

310 06CTOATENBCTBO UPe3BblYalHO 3aTPYAHsieT JeTajbHbIA aHa-
au3 paGor Apxumeja, — aHaJ/u3, KOTOpHIH, M0 MpaBie roBopsi, elle,
Kaxetcs, He Obl1 cAejaH HH OJHUM COBpPeMeHHbIM ucTopuHkoM. [lo-
3TOMY MBI Bce ellle He 3HaeM, [0 KaKoil cTemeHd ApxuUMel OcO3Ha-
BaJl Te POJICTBEHHBIE CBSI3H, KOTOPble OGbeIHHSIOT Pa3JMuHbe HCCJle-
JyeMble UM NpoGJaeMbl (CBs3H, KOTODble Mbl Obl BBIPA3HilH, TOBOPS,
YTO OJMH M TOT XKe HHTerpaJ MosiBjsiercss BO MHOIHX c/lydyasix B pas-
JHUHBIX TeOMeTPHYECKHX acNeKTax) ¥ Kakoe 3HauYeHHe OH WM MpH-
naBaj. B kavecTBe nmpuMepa paccMOTpHM cjeAyOllMe 3afauM, U3
KOTOpBIX NepBas Obla pellleHa EBROKCOM, ocTaabHBle — ApxHMme-
JgoM: 06beM NMUPaMHIDbI, MJolaib ceTMeHTa napaboJbl, UeHTp TaKe-
CTH TpeyroJbHHKa Y MJCLIaAb CNHUpaJH, Ha3BaHHOH apXHMMeNOBOH
(ee ypaBHeHHe B NOJSPHEHIX KOOpAHHATax p=cCw). OHHU Bce 3aBHUCAT

OT UHTerpaJia fx2 dx, A, HU B 4YeM He OTKJ/ICHASACH OT CYyTH METona

McuepNbIBAHHS, HX BCE MOXKHO NPHBECTH K BBIUHCJIEHHIO «CYMM rH-
MaHa» Buaa X an’ B caMom nene, ApxuMen HCC/IeNyeT CAMpanb

({3b], . 11, crp. 1—121) ¢ moMouIbIO JeMMBI, KOTOPYIO MOXKHO 3aIH-
cath Tak:

N N
N3 < 321,12 =N+ N2+ }::]n < (N4 1)

ApxuMesn nOKasbiBaeT {MeTOAOM HCYepNbIBAHHS, MPH IOMOLIH
pa36ueHHs TPeYroJbHHKa Ha TapaJjiJejbHble CJIOH), UTO LEHTP Ts-
XKecTH TpeyroJbHHKa HaxXOOHTCs Ha Ka)KllOﬁ H3 MeJHaH, CcJeno-
BaTeJbHO, B TOouke MX mnepeceueHust ([3b], t. II, ctp. 262—315).
Hnst mapa6oJibl oH mpejasaaraer Tpu crnoco6a. OIHH M3 HHX, <3IBPH-
CTUYECKHil», NMpeJHa3HaueHHBI# TOJBKO LJS TOTO, UTOObI «npudarb
HekoTopoe npasdonodobue pe3yasTarys, COCTOMUT B CBELEHHH MpoO-
6JeMbl K 3ajiauye 00 OTHICKAHHH LEHTPa TSXKECTH TPEyroJbHHKA My-
) 3ro yreepxaeHne H. Byp6aku BecbMa crnopHo. Merox «HcuepnbiBaHHSI»
EBmoKca cojepan 3JeMeHThl Teopud TpenenoB H Obln He MeHee 3ddexrtuseH,
yeM Teopus npenesoB. [peyeckne MaTeMaTHKH MOIJIH C €ro NMOMOIIBIO He TOJbXO
I0Ka3bBaTh, HO H HAXOAHTb HOBLIE Pe3ynbTaThl, 4TO OHM C YCIEXOM H [e.jaJH,
Kak 06 3TOM CBHAETeJbCTBYeT XoTs Obl counnende Apxumena «O coupansx (cM.
[10a]* u [3a]* u [3b]*), o koropom H. Byp6aku roBopur Huxe. — [Tpum. nepes.

2) Tekcr Apxumexa wmpl mpusomuM no mepesony C. JI. Jlypbe «Apxnven»,
¢1p. 138, — [pun. nepes.
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TeM pacCyKjeHHs, 3aUMCTBOBAHHOTO M3 CTaTHKH. B xoze 3Toro
nokasaresbcTBa ApxuMen Ge3 KoslebGaHHil paccMaTpHBaeT CErMeHT
napa6oJsibl KaK cyMMy GECKOHEUHOrO YHCJa OTPe3KOB NPSIMbIX, mapaJ-
aenapHeix ocu ([3b], 1. II, cTp. 435—439). Bropoit MeTox OcHOBaH Ha
aHaJOrMUYHOM [PHHLMIE, HO IPOBeIeH CO BCEIO CTPOTOCTBIO IO CIIO-
coby «ucuepnbiBauusi» ([3b], 1. II, ctp. 261—315). B nocsennem
J0Ka3aTeJbCTBE, HEOOBIKHOBEHHO OCTPOYMHOM, HO HauMeHee MNpH-
roJHOM st 0600IeH)s, HCKOMasi MJI0IA/lb NPeJCTaBlieHa KaK CyM-
Ma reoMeTPHYeCKOlH NPOTPEcCHH, COCTABJAEHHON C NMOMOIIbID CIelH-
anbHBIX cBOMCTB napaojbl. Huuto He ykasbiBaeT Ha CBsisb MeX1Y
3THMH npo6jeMaMH U 3ajadell onpegesdeHuss o6beMa NMHUPaAMHIHL
Bonee Toro, naxe nomuepkusaercs ([3b], 1. II, ctp. 8), uro mpobae-
MBI, OTHOCSILIMECS K CIIHPAJIH, He HMEIOT «HHYero o6Imero» ¢ HeKOTo-
pPLIMH ADYTHMH, OTHOCSIIMMHUCS K cdhepe u K mapabosouny Bparie-
HHsl, O KOTOPBIX TFOBOPHUT ApXHMeJ B TOM Ke NPEIHCAOBUM U CPeIH
KOTOPBIX HaXOAUTCst 04HA (a UMeHHO o6beM mapabosonaa), Kotopas

CBORHTCS K MHTerpagay fxdxl).

Kak BHIHO M3 3THX NpPHMepOB, NPHHIUN HCUepILIBAHHS, 3a Hc-
KJIOYeHHeM 0cOOBIX CJyYaeB €ro HCKYCCTBEHHOTO NpPHMEHeHHs, CO-
CTOMT B CJIeYIOLIEM: C NMOMOLIBIO «CyMM PHMaHa» noJjyuamoT Bepx-
HMe W HHXKHHe TpPaHH [Js1 HCCAeNYeMOH BeJHYHHbI, KOTOPble Hero-
CPeACTBEHHO CPABHHUBAIOT C 3apaHee 00bsABICHHBIM BbIPAXKEHHEM 1
3TOH- BeJINUHHBI HJIH C COOTBETCTBYIOIIUMH IPAHAMHU JJIsi Y3Ke pelleH-
HOU aHajoruuHoi npo6aembt. CpaBHeHHe (KOTOpOe M3-3a HEBO3MOXK-
HOCTH ynoTpeGasiTh OTPHLATEJIbHbIE UHC/AA COCTOMT U3 ABYX dacTeil)
HauMHaeTcss cakKpaMeHTaJbHBIMH CJOBaMHU: «B mpoTHBHOM cayiae
oHa (T. e. uckoMasi BejauuuHa.— [Ipum. nepeg.) Gwbiia Gbl 1460
Goablie, MH60 MeHblIe; IPENOJOXKUM, €CJAH 3TO BO3MOXKHO, YTO NHA
GoJblile U T. [.; NPEANONOKHM, eCclH 3TO BO3MOXKHO, UTO OHAa MeHb-
e ¥ T. A.», OTKYJa H caM MeToJ noJayuus y ydeHnix XVII B. naspa-
HHe «anarorHYeckoro», WJIH «MeToja INpuBeleHHss K abcypays
(«amayoyn eis 'addvatovs).

AnanornuneiM o6pasom ApxuMej M3jaraer onpejeseHHe Kaca-
teabHOl K cniupaau ([3b], 1. II, crp. 62—76), — u301upoBaHHHIH pe-
3yJIbTaT, NMPUTOM €NHHCTBEHHBIH, KOTODBIA MBI MOXKEM yKa3aTth Kak
AHTUYHBIA MCTOUYHHK «audPepeHUNANbHOTO HCUUCJAEHHUS», €CAd He
CYUTATH CPABHHTEJNLHO JIETKOrO ONpefesieHUsl KacaTeabHbBIX K KOHH:
YECKHM CeueHHsIM M HEeKOTOPBIX 3a7ay Ha HaXOXJeHHe MaKCUMYMOB

) H. Byp6aku He ynomuHaer, uro ApxuMel cBes N0 KpaliHeli Mepe TpH pas-
JUYHBIE 3a7aYd K BBLIYHCJIEHHIO OJHOH H Toil Ke «CcyMMbl PumaHa», a HMeHHO:
onpepesieHde TJIoWAaAH BUTKAa CIOMpaJH, 3JJIHICOMIA BPALIEHHS H CEI'MEHTa rHmep-
Gosouna BpaweHusi. To ectb ApxuMel cyMe 37ech yBHIETb Te <DOACTBEHHblE
CBSI3H», O KOTOpBIX roBopurcs Bblwe. To o6crTositenbcTBO, uTo ApXHMen peman
3ajaud ¥ [APYTUMH MeTojamH (IpHueM, I[0-BHIMMOMY, KBagpaTypa mnapa6oJbl
ABJseTcst OfHOH M3 HauGosiee paHHHX PaloT), He MOXKeT NO3TOMY CJAYXHTb LO-
Ka3aTeJbCTBOM yTBepiKJeHHs aBropa. — llpum. nepes,
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# munumymoB'). M neficTBuTesbHO, ecau B 06sacTH «MHTErpupoBa-
HHsi» TPEUEeCKUM MaTeMaTHKaM GblI0 NMPefoCcTaBJeHO OPPOMHOE MoJie
[0J19 MccJedOBaHUH He TOJbKO B CBSI3U C npobJjeMaMu NJjouwajged H
06’b€MOB, HO U CTATUKOH M THAPOCTATUKOH, TO OHU OBbIIM JHILIEHbI
KakKoH-1160 BO3MOXKHOCTH, 32 HCKJIOUeHHeM KHHeMAaTHKH, Cepbe3HO
3ausaTbcA H3yueHueM auddepenuupoBanua. [IpaBna, Apxumen naer
KHHEeMaTHUecKoe OmNpejeseHHe CBOeH CNHpa/au; M TaK Kak Mbl He
3HaeM, KaK OH Npulle] K CBOEMY OMNpeleseHHI0 KacaTesJbHoH 2), Mbl
MMeeM NpaBo 3agaTb cebe BONPOC, He OBLIO JIM €My HM3BECTHO YTO-
nu6o o cjoxeHuu aBHxKeHuH. Ho B Takom ciyuae passe He INpu-
MeHHJ Obl OH CTOJIb MOTYUHH MeTOA K ApYruM npobaeMam 3TOro xe
pona? Dosee BepOATHO NPeANOJIOXKHUTb, YUTO OH BBIHYKJAEH GblJ MOJIb-
30BaThcd KaKMMH-HUOYAb «3BDUCTHUECKHMMU» NpHEMaMu .AJs nepe-
Xola K MNpejejy, KOTOpble MOIJIH GObITb MOACKA3aHbl H3BECTHBIMH
eMy pesyJbTaTaMH C KOHHUECKHMHU ceueHUsiMH. [ToHsTHO, uTO mO-
cleHUe MO CBOe#l NpHpoje 3HAUUTEIbHO MpOlle, TAK KaK MOXKHO
[NOCTPOHTbL TOUKH NepeceueHis NPsMoH U KOHUUECKOro ceueHHs H CO-
OTBETCTBEHHO OMNpefenuTb YCJOBHEe COBNaLeHusa 3Tux Touek. Uro ka-
caeTcsl caMoro onpejiesleHus KacaTebHOH, TO nOcJeHss NOHHMaeTcs
KaK mnpsMasi, OTHOCHTEJbHO KOTOpO#i BO/IM3M TOUKHM KacaHUsi Bcd
KpHuBasi pacnosaraercss no ogHy ctopoHy. Ee cyuiecTBoBaHue npen-
[1071araJoch; Npeanojarasoch Takxke, YTO BCAKAA KPHUBAsT COCTOMT
13 BBINYKJBIX AYT. B 3THX yc/aoBusix Ass JoKasaTeabCcTBa TOrO, uToO
HexoTopas npsiMas siBJseTcd KacaTeJbHOH K KpHUBOH, HYXHO JOKa-
3aTb HEKOTOPble HepaBeHCTBA, UTO W JeJaJjoch, pasyMeercs, ¢ CaMoi
6e3yKOpHU3HEHHOH CTPOrOCTbIO.

C TOYKHM 3peHUs CTPOTOCTH MeTOAbl ApXUMeZla He OCTaBJSIOT XKe-
nath Huuero Jsyuuero. Eme B XVII B. HauGosiee ckpynyJ/esHble Ma-
TeMaTHKH npuberany K «anaroriuyeckoMys J0Ka3aTesabCTBY, UTOOHI
clesaTh HeCOMHEHHBIM KaKOH-HHOYAb KaxyuHicst 0cCO6eHHO TOHKHM

1) B HeHCTBHTEJIBHOCTH 45 ONPENENeHHs] KacaTeqbHBIX M 3KCTPeMyMoB Ap-
XHMeJl TPHUMEHs1 eIuHble METONbLl, KOTOpble MOryT ObITh Ha3BaHbl J1dddepen-
IHAbHBIMH, NIPHUEM HaXOXKJeHHe 3KCTPEMYMOB OH CBOLH. K Ofpeile’eHHI0 Kaca-
TeJbHbIX. Tak, Apxumel mokasbiBaeT B couuHenuu «O wiape w nuaunape» (¢ Tou-
HOCTBIO 10 0603HauyeHHit), uTO BbIpaxKeHHe y = X2 (@ — X) MOXKET wuMeTb Maﬁljlcu-

Mym M npu X = X, JMwb B TOM c/ydyae. eCc/IH KpUBble ¥, == X2 H y,= prp—

HMeIT B Touke (Xo, M) obumyi xacaTensuyio. HeTpyaHo BUmeTh, uTo aHasuTH-
YeCKH 3TO YCJOBHME 3KBHBAJEHTHO CJelyloulieMy Heo6X0AMMOMY YCJOBHIO IJa
CYWECTBOBAHHS 3KCTpeMyMa npouspenenuny = f(x) g (x): (fg) =f'g+ fg’' =0.
dtor Merox Owi1 Xopomo u3secred yueHsiM XVI—XVII BB. (Puuun, Topuueinn
W Ip.), KOTOpble UM IIHPOKO NoJb3oBajuCch. BoJee nompo6HO cM. o6 3toM B [3a]*
u [3b]*. — Tpum. nepes.

?) Meroa onpefesends KacaTesbHOH, KOTOpHIM I0Jb30Bajcsa Apxumen, Mo-
xer GBITh BOCCTAHOBJEH Ha OCHOBAHHH aHA/HM3a [OKasaresabcTBa caMolo Apxw-
Mela, KOTOPOe NOJHOCTBK HowWw.0o 4o Hac. CM. 06 3TOM B LUTHPOBAHHOII BHIILe
pa6ote u B [3a]* u [3b]*. — MTpun nepes.
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pesyavrar ([82], 1. I, ctp. 211—254, dpannysckuii nepesoa 1. III.
crp. 181—215, u [175], 1. VIII, ctp. 249—282). Uro Kacaercs HX
MJI0JOTBOPHOCTH, TO OHA B JAOCTATOYHOH Mepe 3acBHIETEJbCTBO-
BaHa pabGoramu Apxumena. Ho gas Ttoro, uto6el HMeThb MpaBo
BH/IeTb B HUX «HHTerpa/jbHOe HCYUCJeHHe», Halo Gbljio Gbl MOKA3aTh,
YTO CYIIECTBOBA/J KakoH-HHOYAb HAaGpPOCOK KJaacCHUpHKAIUK pa3HO-
06pasHBIX reOMeTPHUECKHUX NpobieM B COOTBETCTBHH C BHAOM HHTe-
rpana, jexailero B X ocHoBe. Kak Mbl yBunuM naqabiue, 8 XVII B.
HeOGXOUMOCTh 1aTh TaKYIO KjaacCU(HUKAIHIO MOCTENEeHHO CTAHOBHT-
csl OJHO# M3 OCHOBHBIX 3a60T reoMetTpoB. Ecau y ApxuMena Henb3st
HaliTH Jaxe ee CJaeJOB, He sBJseTCS JH 3TO NPH3HAKOM TOrO, YTO
nofoGHble TEOPHU Ka3aJHCh €My B BbiclIell cTeneHH «a6CTPAKTHBIM U
U u4TO OH, HaoGOpPOT, NPU BCAKOH BO3MOMKHOCTH MAaKCHUMaJbHO HC-
H0/1b30BaJs crnenupUueckue cBofcTBa u3yuaeMblx ¢uryp? I He noa-
JKHBI I MbI IPUATH K 3aK/JIIOYEHHIO, UTO 3TO YAUBUTENbHOE CO3/1aHHe
Apxumena (Ha KOTOPOM MO TNPU3HAHHUIO TBOPIIOB HHTErPaJbLHOTrO
HCUMC/JEHNS 3TO HCUMC/JAeHHe LEeAHKOM OCHOBAHO) B KaKOH-TO Mepe
[POTHUBOMNOJIOXXHO HHTErpajbHOMY HCUHCAeHHI0? !)

B MaremaTHKe K TOMY e Hesb3si 6e3HaKa3aHHO JOMYycKaTb 0G-
pa3oBaHHUs MPONMACTH MEXAY OTKPBITHEM M J0Ka3aTe/ bCTBOM. B G.aa-
FONpPUSATHBIE IJisi PA3BUTHS MaTeMaTHKH 3MOXH YuYeHOMY oOcTaeTcd
TOJIbKO, He COrpellldB MPOTHB CTPOrOCTH, 3aNMCLIBATb BO3HUKIIHE
y Hero ujJed Tak, Kak OoH ux noHumaer. MHorga naxe oH Moxer
MUTaTb HaJeXAy, uTO [EeHOH YNauHbIX H3MeHeHH{I B MaTeMaruuye-
CKOM sI3blKe W B YCTaHOBJ/IEHHBIX 0603HAUEHUSX OH BHIPA3HUT TO, UTO
ecTb B JeHcTBUTeNbHOCTH. Ho yacTo Takke eMy NPHUXOAUTCS Aenarh
BbIGOD MeXKAYy MEeTOZaMH HEeKOPPeKTHBIMH, HO, GbIThb MOXKET, MJ0J0-
TBODHBIMH, M KODPEKTHBIMH METOZAMH, KOTODble OJHAKO He AaloT
€My BO3MOXKHOCTH BBIPA3HTb CBOIO MBIC/Ib, HE HCKaxKas ee U He IpH-
Gerasi K yTOMUTEJAbHBIM ycuausM. M 10T u gpyroil nyTh He CBOGOJHB
ot onacHocteil. 'pekd WIAK MO BTOPOMY NYTH, H, MOXKET ObITh, B 3TOM
B 60JbUIeH CTENEeHH, yeM B CTePHAH3YIOIEeM BJAWSHHR PHUMCKOro 3a-
BOeBaHusl, cleqyeT MCKaThb NPHYHHY MOPa3UTeNbHOr0 3aCTOsl HX- Ma-
TeMaTHKH, HACTYNHBLIEro NOYTH TOTUac ke nocde Oaecrsillero pac-
uBeTa. Dbisid clesiaHbl He JHUIIEHHble NPaBAONONOOHS NONBITKH 06b-
SICHHTh 3TO TeM, UYTO B YCTHOM IpeNoJaBaHHHU y mnocjefoBatenel
Apxumena u AnoJsiOHHSE MOTJIH COZEPXKATbCS MHOTHE HOBLIE Pe3yiib-
TaThl, ONHAKO OHH He ObLIM 0OHAPOAOBAHH H3-32 HEXKEJNAHHsi YUEHBIX

1) Mm gymaem, 4TO NMpH OTBeTe Ha 3TOT BOMpPOC HeJab3d MpeHeGperaTb MHe-
HHeM TBOPUOB uHTerpasbHoro ucuucienns. Ho u cam H. Bypbaku yxe agaer na
Hero OTpPHIATEJbHBIH OTBeT, KOrla yKasblBaeT Ha HaJHuHe y ApXuUMela «CymM
Pumana». Tlpn xapakTepucTHKe aHTHYHOH MaTeMaTHKH MpaBH/bHee ObLJIO 6Bl Tro-
BOPUTb He 006 MHTerpaJbHOM HJH JHpdepeHIHaIbHOM HCYHCJIEHHMH, YTO Mpeano.ia-
raetr pasBHTYIO CHCTeMy [MpaBuJ1 H 0603HAYeHHH, HO .HIIp OO WHTerpa.jbHBIX H
aubdepeHHaIbHBIX MeTolaX, KoTopble GeccmopHo Oblin y Apxnmena. (Cm., Has
npumep, [10]*). — [Tpun. nepes.
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npeAnpUHUMATL uUpe3BblUaiiHble YCUAHS AJs NpPHBeNeHHs 3THX OT-
KPBITHI K TeM KaHOHaM, KOTOpble CUHTAaNUChb HEOOXONMMBIMH s
ny6aukauud. Bo BCAKOM cayuae, 3TH cooO6paXKeHHst He OCTaHaBJ/H-
Basun MaTteMaTHKOB XVII B., Korma OHM, CTOJKHYBIIHCH C LeEJbIM
COHMOM HOBBIX NpO6JeM, CTApajuCh CHPAaBUTbCA C HHMH NyTeM
TIIAaTeJbHOTO H3YUeHHUs TPyAOoB Apxumesa.

B To BpeMsi KaK BeJHKHe KJACCHKH rpedyecKoil JHTepaTypbl H
¢usocopun 6nl1M u3gaHnl B Mranun yxke no 1520 r., B u3jgaHusx
Asine MaHyca H HEKOTOPBIX IPYruX, fnepBoe neuaTHoe u3gaHue Ap-
XUMena Ha rpedyecKOM M JATHHCKOM si3biKax [3a] Obl1o BbIOYLIEHO
lepsaruycom u3 basens Tosbko B 1544 r., npuuem 10 3TOro BpeMeHH
poo6uie He G0 M3naHuil paGor ApxuMena Ha JaTHHCKOM S3LIKE.
Ha martemaTvkoB TO# 3n0XM (MOrJOLIeHHLIX aJjre6panyecKUMH HC-
C/Ie/IOBAHHSAMH) OHH He OKa3aJ/H 3aMeTHOro BJHSHHS, H TOJLKO B
snoxy [ananies u Kensepa, koropble o6a OblIM CKOpee acTPOHO-
MaMH M (U3MKaMH, HeXejd MaTeMaTHKaMH, 3TO BJAHSHHE CTaJo
omyTtumbeiM. C 3toro BpeMeHH # a0 1670 r. He GbLIO HH OQHOrO
¥UMeHH, KOTopoe Obl CTOJb Ke YacTO YIOMHHAJoch B paGorax TBOp-
OB HCYHCJIeHHsi OeCKOHeuyHO MaJiblX, Kak uMms Apxumena. [losiBu-
JIOCh MHOTr'O IeDeBOJOB M KOMMeHTapHeB ero pabor. Bce, HaunHas
or ®epma u koHuasi bappoy, 6e3 KoHIa ero UHTHPYIOT; Bce yTBep-
KIAIOT, YTO TBOPeHHs ApXxuMesna SBJASIOTCS [Jsi HUX 06pasuoM H
HCTOYHUKOM BJOXHOBEHMS.

IlpaBna, Kak Mbl YyBHAHM paaJjbllle, TOLOOHBIE YTBEDIKIEHHs He
caenyeT NMOHUMaTbh OYKBAaJbHO; B 3TOM-TO U KpOeTCsl OJHA H3 TPYA-
HocTel, BO3HUKAIOUWIUX MPHU MONbITKE NMPaBHUJAbHOH OLEHKH 3THX MpO-
u3BeneHuH. MICTOPHK n0/KeH yuMTHIBATH TaKxKe OPraHU3allHio Hay-
KH TOTO BDeMeHH; OueHb ellle HecOBeplleHHas B HauyaJje Beka, K
KOHIly ero 6Jiarojapsi CO34aHMIO HayuHBIX OOLIECTB M BLINYCKYy Ha-
YYHOH MNEepHOJAMKH, YKPelJeHWI0 U pPa3BUTHIO YHHUBEDPCHTETOB oOpra-
HM3alyMsi Hay4YHOH JKH3HH CTajla yXe OueHb MOXONHUTb Ha COBpe-
MEHHYIO.

Jo 1665 r. MaTeMaTHKH H3-32 MOJHOTO OTCYTCTBHSI MEPHOAMKH
JON¥KHBI ObLIM AJS1 pacnpocTpaHEHHs CBOMX paGoT npHGeraTth J#60
K snucTossipHON Qopme, JHG0 K M3MaHUIO KHHTH, uallle BCero 3a
¢BOH CueT HJH, eCIH MM 3TO YAaBaJjioch, 3a CueT KaKOro-HUGYIb Me-
uneHata. Manateau u neuaTHHkH, crnocoGHble Ha TakKoro poja pa-
GoTy, OblIM PelKH H K TOMYy e MajJoHanexHbl. [locne GecuucseH-
HLIX MPOBOJIOYEK M OCJHOXKHEHHH, CBSI3aHHBIX C NeyaTaHueM noxo6-
HbIX KHHT, aBTOp OOLIYHO CTaJiKMBaJcs ¢ GeCKOHeUHLIMH BpaXjael-
HBIMHM BDLINAaJaMH CBOUX NPOTUBHHKOB, He Bcerna a00DOCOBECTHBLIMH
M 3aYacTyl0 HalHCAaHHLIMU ¢ YAMBHUTEJILHOH $I3BUTEIbHOCTBIO. B ca-
MOM peJie, MpH OOwell HEeyBepeHHOCTH Na)Ke B OTHOLUEHHH CaMHX
NPUHLMIOB HCUHCJeHuss 6eCKOHEYHO MaJjiblX KaXXKIOMYy He MpeiacTa-
BJISJIO TPYJAA OTBICKATb B PAcCy>KAEHHSIX CBOMX MNPOTHBHHKOB MecCTa
cnabble WJIH, BO BCSIKOM CJyuae, TYMaHHBle u crnopubie, [ToHsaTHO,
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YTO B 3THX YC/JIOBHAX MHOTHE yueHbLle NMpeAnouyuTasy COOKOHHO ocTa-
BaThCsl B CTOPOHE M cOOOIIATb CBOM METOJbl H Pe3yJbTaThl TOJbKO
u36paHHbIM ApY3bsAM. HekoTopble M3 HUX, U OCOGEHHO HEKOTODLIE
T06HTeNH HayKH, Kak, HanpuMmep, MepcenH B [lapuxe n noaznhee
Koannus B Jlonnoxe, noasepxusasu oOLIUDPIYIO MEPENHCKy C yue-
HBIMH Pa3HBIX CTPaH, MOCLIAsi UM BBIAEPKKH H3 pas3jHuHbIX paboT
1 MHOTHA [Jae MpUIJieTass K HUM TJAYNOCTH COGCTBEHHOTO MpPOH3-
BoacrBa. MatemaTuku, o6janas «MeTOZAMH», KOTOphle 3a HeHMe-
HYeM OOIIMX MOHSTHH U OnpeneseHHH OHU He B COCTOSIHMU GLIIH HU
o6/1eub B TeOpeMBl, HH Aaxe 0OoJjiee HUJIM MeHee TOUHO cHOPMyaupo-
BaTb, OBLIH BBIHYXKJEHBI JOBOJBCTBOBATLCS MX NMPOBEpPKOH Ha GOJib-
uIoM uucJe mnpumepos. YTOGb BHISIBUTH MOIIb CBOMX , METOAOB,
OHH MOCHIIAJH BbI30BLI CBOHM cO6paThbiM, HHOTLA CONPOBOXKIAAS HX
3alIM()pDOBAHHBIM H3JI0KEHHeM CBOUX COOCTBEHHBIX pe3yJbTaToB.
Mousonble CTyAeHTh NyTellecTBOBAJH, Noxkajayi, Gojblle, ueM Te-
nephb; HAEH WX yuuTesell 3auacTyio Jyulle PacnpoCTpaHsJIUCh C (10-
MOIIBIO 3THX TNyTeWlecTBHH, ueM TNOCPeACTBOM HX ONMyGJHKOBaHUS,
XOTst 3TO U GBbIJIO JIMUIHEH MpUYMHOH A5t HemopadyMmenuil. Hakowern,
MHOTHe MaTeMaTHKH, CpeiH KOTOPHIX OBIIO HeMaJo TajaHTAUBLIX,
paboraaM HaA OJHHMH U TEeMH e eCTeCTBEHHO BO3HHUKABLIMMH
npobieMaMH, He HUMes B3aMMHOIO KOHTAaKTa ¥ NOYTH He 3HAs pe-
3yJALTaTOB APYr Jpyra, BCJAeACTBHe uero G6Ge3 KOHIA BO3HHKAJH
CMOpHl O MPHOPHUTETE, a cAydyau o6GBHHEHHsI APYr Apyra B MJjaruare
OblIH OTHIOAb HE PeIKH.

CienoBaTeIbHO, HCTOPHK JOJKeH 06pamarthess K YACTHHIM [THCh-
MaM H 6yMaraM yueHbX TOrO BpeMeHH He B MeHblIeH Mepe, ueM K
ux ny6aukauusiMm. Ho B 1o BpeMs kak G6ymaru [iofirenca GbljiH co-
XpaHeHbl B LEJOCTH M mpekpacHo u3aauel [126b], HayuHOe Hac’en-
ctBo Jlefi6Huua, Hanpumep, O6bLIO ONMYGJHKOBAHO TOJNBKO UYACTHYHO
¥ KpaliHe HeyJIOBJETBOPHTeJNbHO, npousBenedus HplooToHa BoOGwWIE
He yBHJAEJM CBeTa, a TPYAbl MHOTHX HHBLIX MaTeMaTHKoB Ge3Bo3-
BpaTHO yTepsiHbl. Bo BcsikoM cayuae, B pe3yJjbTaTe HelaBHEro Hay-
UeHHs PYKONHCeH cTaJjo BMOJIHE OUEBHAHBIM, UTO, HECMOTPsS Ha CIO-
pBl M pas3HOrJiacus, LapUBIIHE cPelH YUeHBIX, BeJUKHe MATeMaTHKH
TOT'0 BpeMeHH, MHcaBlIHe O CBOUX COGCTBEeHHBIX paborax, 06 3B0OJI0-
WK CBOHX MJ€H, O TeX BJHSIHHAX, KOTOpble OHH HCIHBITHIBAJH, H O
TeX, KOTOPHle OHU ‘He HCMBITBIBAJIH, AeJajH 3TO UeCTHO, HCKPEeHHe H
BrnosiHe go6pocoBecTHO !). Takum 06pasoM, 3THMH JparoueHHbIMU
CBHIETeNbCTBAMH, KOTOPEIMH MBI pacrojiaraeM B JOBOJbHO GOJbIIOM
KOJIMUeCcTBe, MOXHO [0/1b30BaThCs C NMOJHBIM A0BepHeM, H HCTOPHKY
He Hajxo ynoro6/sTbcss B OTHOLIEHHH HX CydeOHOMY cJjef0BaTesio.

') 3ro, Hanpumep, otHocuTcs K Topuuessn (cm, [175], 1. VIII, crp. 181—194)
n K Jlefi6nuuy [155]. PasyMeercs, MBl HE XOTKM CKa3aTh, YTO KakOH-HHGYAb Ma-
TEeMaTHK He MOXKeT MHTATh HJUTIO3HH OTHOCHTE/NBHO CaMOGHITHOCTH CBOHX HIel: HO
Tak OlIKOAaThCsl B OTHOILEHHM ceGsi CKJOHHBI He caMble KpPYTHble M3 HHX.
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K Tomy ke GOJBLIIMHCTBO CIIOPOB O NPHOPHTETE COBEPIIEHHO JHIle-
Ho cMuicaa. [1pasna, xorna Jlelt6uun npuHsa o6o3Hauende dx nas
«anddepenuranas, on He 3Haj], 4yTo HblOTOH yXe necsTh JieT Ha3an

no/ib30BaJICs 3HAKOM X JIs1 «GhJIOKCHH», HO uTO Gbl H3MEHHJIOCD,
ecan Obl OH 3HaJ 06 3TOM? B KauecrBe MOyuuTeJSbLHOrO mpUMepa

dx
BCIIOMHHM, KTO OLII aBTOPOM TeOpPeMbI Iogx:f—;— M Korjpa OHa

nossuaacs? ®opmysna B TOM BHAe, KaK OHA JaHa Bblllle, MpHHa/e-
xkut JIeliGHUILY, TaK KaK 00€e ee yaCcTH HAMUCAHK B ero 0003HAYEHUSIX.
Cam Jleit6unn u Bannuc npunuceiBator ee I'puropuio ne Cenr-Bun-
uenry. Tlocaennni B cBoeM «Opus Geometricum» [103] (mosiBuBIIEM-
cs B 1647 r., HO, O ero cJ0BaM, 3aKOHYEHHOM 3HAUHUTENbHO pPaHblle)
N0Ka3blBaeT TOJMLKO CJAeAyIOUMH 3KBHBaJseHT: ecax f(a, b) o6o3ua-

. A
yaeT mjolanb runepbosuyeckoro cermeraa << x <<b, 0 <y << <

10 oTHOWeHHe b'/a’ = (bja)” Baeuer 3a coGoit f(a’', b')=nfla, b).
K sToMmy ero yueHuk ¥ KoMMeHtaTop Capaca mouTH HEMeNJeHHO
[197] no6asasier, yTo maomwanH f(a, b) MOryT «CayXUThL BMECTO JIO-
rapupmoB». He notomy anm ou Gosbllle HUYEro He TOBOPHT U caM
['puropuit Huyero He n06aBMJ, UTO AJsi GOJLUIMHCTBA MaTEMaTHKOB
€ro BpeMeHHU Jorapudmbl GLIIH «CpPEICTBOM BBLIUUC/TIeHHUs» (e3 mpa-
Ba HAa HX ynoMHHaHue B maremaruke? [Ipasna, Topnuennn B mUCh-
me 1644 r. [151] roBopHT 0 CBOMX HCCJAEAOBAHHAX KPHUBOH, KOTOPYIO
Mbl 6Bl 0603Haunan y =ae~*, x> 0, npu6asus, uto TaM, rae He-
nep (KOTOPOT'O OH K TOMY Ke OChIMaeT NOXBajJdaMHU) «CJaeJ0BaJi TOJb-
KO apu@MeTHUECKOH NMpaKTHKe», OH caM «H3BJeKaJ reoMeTpHuecKoe
paccyxaeHnue». Topuuesasn ocTaBuj 06 3TOH KPHBOH PyKONHCh, IBHO
NPUrOTOBJEHHYIO K H3[aHHIO, HO OCTaBIIyIOCS Heomy6JMKOBaHHOH
1o 1900 r. ([225], . I, ctp. 3356—347). IekapT B 1639 r. cranku-
BaeTcsi C TOH e KPUBOH B cBsA3u ¢ «npobiemoil [eGona» u onuchbl-
BaeT ee, He ynoMHuHas o gorapudpmax ([64a], T. II, crp. 514—517).
Kak 6bl To HH 6bli10, B 1667 r. [1xk. ['peropu ([104a], Bocnpousse-
neno B [126 a], crp. 407—462) naetr, HY HA KOro He CCLIIASCh, Mpa-
BWJIO 1Jisi BBLIYHCJAEHHs MJIOWAAM THNepGoIHYeCKHX CErMeHTOB II0-
CpeacTBOM JIOTapH(MMOB (IeCATAUHLIX). DTO TpeGyeT TeOpPeTHUEeCKUX
3HaHUH O CBA3M MeXAy KBaapaTypol runep6osnl U JorapupMamu
¥ OJHORPEMEHHO 3HAHHsI CBSI3H MEXKIY «HATYPaJbHBIMH» H «J€Cs-
THYHBIMU» Jorapudmamu. He ortHocsatcss nu o6Bunenus [toiirenca,
ocnapuBarlIero npuoputer peayabTaroB [peropu ([126b], 1. VI,
crp. 228—230), TOMbKO K 3TOMY moOcjAegHeMy NYHKTY? ITO Tak Xe
He fICHO J/s1 Hac, Kak W 1Js ero cospeMeHHHKOB. [locienuue, BO
BCSKOM C/yuae, HUMeJH yXKe sicHOe NpejicTaBJeHHe O TOM, uTo Cy-
[IeCTBOBAHHE CBsI3H MeXAy Jorapudmamu U KBaaparypoil runep6o-
Jipl GLIJIO Y2Ke 1aBHO M3BECTHO, XOTsi OHH MOIVIM COCJAaThCs JHIIbL HA
HaMeKH, COlepkKallluecs B NUCbMaX, und Kuury I'puropus ne Cent-
Bunuenra.
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B 1668 r., korga BpoyHkep maj (c TLlaTelbHBIM AOKa3aTelb-
CTBOM CXOIMMOCTH, NPOBELEHHBIM MyTeM cpPaBHEHHsl C reoMeTpHue-

cKoit mporpeccue) psiabl mas log2 u Iogg ([29], Bocnpoussene-

no B [156], 1. I, cTp. 213—218), oH mpencTaBua HX KaK BbIPaXKeHHs
CerMeHTOB COOTBETCTBYIOUUX THNepGosi U J0GaBHI, UTO NOJYUYeHHbIe
UM UHCJAOBble 3HAUEHHs HAXONSITCS «B TOM JKe OTHOLIeHHW, UTO H
norapudmei» 2 u 5/, OnHako B TOM ke roay B pa6ote Mepkartopa
([158], BocnipousBeneno B [156], 1. I, ctp. 167—196), unn Gosee TOuU-
HO B H3JioXKeHHH paboTel MepkaTtopa, caenannom Baaaucom ([240 b],
BocnpousBenerno B [156], T. I, crp. 219—226), asnik meHsiercss. Tak
KaK CerMeHTbl rumnepGoJ/ibl NPOINOPIHOHAJbHBL Jorapudmam, a, Kak
XOPOLIO M3BECTHO, MOorapubMbl OnpefeseHbl B CHIY HX XaPaKTePHBIX
CBOHCTB C TOYHOCTBIO [0 MOCTOSIHHOTO MHOMHTENs, HHYTO He MelllaeT
paccMaTpUBaTh CEerMeHTbl THIepGOo/bl Kak JorapudMel, Ha3biBaeMble
«HATYypa/JbHBIMU», HJIH THIEepGOJHYECKHMH (B MPOTHBONOJNOXKHOCTD
«HCKYCCTBEHHBIM», WM «IeCcsiTHUHbIM», Jorapupmam). Kak ToaBKO
6bi caenaH 3TOT TMOCAeAHHN uiar (yeMy crnoco6CTBOBan psif AJs
log (1 + x), nauubil MepkatopoMm), Obla noJdyueHa TeopeMa

dx o
]ng=f7 C TOYHOCTBIO N0 06O3HAUEHHH, HJIH, CKOpee, OHa IIpe-

BpaTujach B onpefenenne. Kakoe MOXHO BBIBECTH HHOe 3aKJoue-
HHe, KpOMe TOTO, YTO OTKPbITHE NPOH30LIJIO B pe3y/bTaTe NOYTH He-
YJIOBHMBIX TIeDPeXO0J0B H YTO CHOP NO 3TOMY MOBOAY O NpPHOpHTETE
Obli Obl pABHOCHJIEH CIIOPY MeXJy CKPUNKOH M TPOMOOHOM OTHOCH-
TeJbHO TOYHOIO MOMEHTa MOsIBJEHHS ONpelesieHHON MeJOAHH B CHM-
dounu? Ilo npaBae roesopsi, B TO BpeMsi KOrjpa Apyruae OTKPLITHA B
MaTeMaTtHke, KaK, HanpuMep, Teopud uncen Pepma u nuHamuka Helo-
TOHa, HOCAT MeYyaTb MHAMBHAYaAbHOCTH, Da3BHTHe HcuHcaeHHs Oec-
KoHeuHO MaJblx B XVII B. HanoMuHaeT mocTeneHHOe W Hen3GexHOe
pa3BepThiBaHHe cUMGOHHH, B KOTOpo# «Zeitgeist», siBassice omHo-
BPEMEHHO KOMIIO3UTOPOM H JHpPHIKEpPOM, OTOHBAeT MY3bIKaJbHBIH
putM. Kaxablli BHIIONHAEGT OTAENBHYIO DOJIb B CBOEM MY3bIKaJbHOM
TemOpe, HO HHUKTO He SIRJAsSETCs CO3/jareseM TOH TeMbl, KOTOpasi
noutu Ge3HajeXHO 3amyTaHa BBeleHHEM CJ/0XKHOTO KOHTPAaNyHKTa.

[TosTomy ncropus HcuyucieHHs GECKOHEYHO MagblX HOJXKHA GbITh
HanucaHa B QopMe TeMaTHUecKoro aHa/au3a. Mbl orpaHHunMcs
37lecb CyMMapHbIM H3JI0KeHHeM, KOTOpOe HM B KaKoH CTeneHu He
npeTeHayeT Ha Oe3ynpeuHyio TO4HOCTb !). Bor, Bo BcsikoM cayuae,

') B naabuefiieM H3,10XeHHH, eCTH Mbpl Gymem MpHIHCHIBATH pe3y.abTat
onpefieeHHOMY aBTOPY H oNpeje]eHHOH jgarte, 370 OymeT 03HauaTh TOJBKO TO,
yTO 3TOT pe3y.JbTaT Obll eMy H3BecTeH HMeHHO B [aHHOe BpeMs (4TO, uallle
BCEro, BO3MOXKHO MPOBEPHTb MO NOAIMHHHKaM). OpHako Mbl He MOXeM OHITh
a6COJIOTHO YBEPEHH B TOM, WTO OH He 3HaJ ero paHblle H 4YTO OH He MO.JYYH.1
ero oT APYyruX. Mbl TaKkke He XOTHM yTBEDXKI1aTh, YTO 3TOT Ke pe3yJabTart ne
OBl HE3aBHCHMO MO.TyYeH ADYrHMH, BO3MOXKHO, paHblie HJH [MO3JHee [aHUOrQ
pesy.abTaTa.
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OCHOBHbLIE TeMbl, KOTOPble BLICTYMAIOT Aa)Ke NPH NOBEPXHOCTHOM
Hccae10BaHHH.

A) Tema maremaTu4eckou CTpO20CTH, COCTABJAIOLIAST KOHTpAcT
c TeMO#l 0 6ecKkOHeyHO maaslx, Hedeiumolx U Jupdepenyuarax. Mo
BUaesnH, 4To o6e TeMbl 3aHHMAalOT BUAHOe MecCTO Yy ApxuMena; nep-
Basi — BO BCeX ero TPyZAax, BTopasi — B OJHOM ToJbKo Tpakrarte «O
MeToJe», KOTOphifi He Gbl1 u3BecTed B XVII B. Tak uto ecau Bropasi
TeMa Oblia 3aMMCTBOBaHAa, a He BHOBb OTKPHITA, TO Mepejfiaya MOryia
IPOM30UTH TOMbKO Gjaromapsi ¢uaocopckuM tpaguuusm.*IIpunuan
fecKOHEeYHO MaJblX MOSBJSETCsS K TOMY e B ABYX PasjHUHHX (op-
Max B 3aBHCHMOCTH OT TOTO, HMeeTcsl JIU B BUAY «AHPDepeHLHpO-
BaHHe» WJIH «MHTErpupoBaHHey. UTO KacaeTcsi moC/JelHEero, To NyCcTh
TpebyeTcsi BLIYHC/IHTD MJOLAAbL MJIOCKOH Gurypel; ee nenst Ha Gec-
KOHeuHoe 4Hcsio 6ecKOHeYHO MaJiblX napaJiiefbHBIX [OJI0COK C Mo-
MOWbI0 GECKOHEUHOro 4uc/ia PaBHOOTCTOSLIMX MapasiesbHbIX Mps-
Mbix. Kaxkaasi U3 3THX MOJIOCOK fBJsieTCS NPSIMOYTOJNBHHKOM (XOTS
HH OIHA M3 KOHEUHDLIX MOJIOCOK, MOJIYYeHHBIX C IMOMOIILIO JABYX Mma-
pasJenbHbIX, HAaXOAALUIUXCS Ha KOHEUHOM pACCTOSIHHH, He siBJsercs
npsaMoyroibHukoM). Takum ke o6pa3oM TBepaoe Teao BpalleHHs]
GyleT pasJyiolKeHO MJIOCKOCTSMH, NepneHAHKYJ/spHBIMH K OcH, Ha Gec-
KOHeUHOe YHCJIO IHUJAHHAPOB C OAHHAKOBOH 6eCKOHEYHO MAaJoH BbI-
coroit ). AmHansoruudbii cnocof BbIpaxKeHUss MOXKHO YIOTpeGUTD,
KOrja peub HAeT O pAas3/OoXeHHH MJOUIAJH Ha TPeyroJbHHKH [0-
CpelCcTBOM MepeceKaloMXcsl MNPSMBIX, HJAH paccyXpaas o MAJHHe
JIVTH KpHBOH KaK O MHOTOYTOJbHUKe ¢ GECKOHEYHHIM UHCJIOM CTOPOH
u T. A. HecomHeHHO, UTO Te HEMHOTHe MaTeMaTHKH, KOTOpHIE I0Ji-
HOCTBIO YCBOMJIH MeToAbl Apxumena, kak-to ®epma, [Tackans, I'oit-
reHc, bappoy, He HCcOBITHIBAIM HUKAKUX 3aTPyAHEHUH, KOorja Hamo
6LI10 3aMeHsITh B KaXKAOM OTAe/]bHOM caydae ynorpebJeHHe 3TOro
s3bIKa TOYHBIMH J0Ka3aTeJbCTBAMH; OHU MO3TOMY 4acTO OTMeualoT,
YTO 3TOT SI3BIK CJAYXKHT TONBKO /s COKpalleHuii. «boswio 6ot aee-
ko, — roBopuT ®Pepma, — dare dokasaresscTeo 8 dyxe Apxumeda...
docrarouHo npedynpedute 06 ITOM pa3 u Hascezda, 4T0Obl u3be-
a#aTs nocroanHelx nosropenuil...» ([82], . I, crp. 257); T0 xe roso-
put u Tlackanb: «HTax, oOun u3 3Tux MeTo008 OTAUHAETCS OT OpyYy-
2020 TOAbKO cnocobom selpascenusy ([175], 1. VIII, ctp. 352) 2);
u bBappoy co cBoficTBeHHBIMH eMy JYKaBCTBOM M JIAKOHHUHOCTLIO:
«Longior discursus apagogicus adhiberi possit, sed quorsum?»

1) Cm., HanpuMep, uanoxenne [lackans B nucbme k Kapkasu ([175], 1. VIII,
ctp. 334—384). OrmerumM, yTo Onarofapsi oGasiHMIO ero 3aMeyaTejbHOTO $A3hIKA
[Tackanio [0 TaKoi CTeneHH YAaeTcs CO3AATh HJIIO3HIO COBEPHIEHHOH $ICHOCTH,
YTO0 OAMH H3 COBPEMEHHBIX H3JaTesefi NPUXOZHT B 3KCTa3 OT «TIATENLHOCTH,
ACHOCTH H TOUHOCTH 10KasaTesbCTBa»!

?) Ho B nuceMe [Tackans x rocnoguny A. D. D. S. ykaseiBaercsi: «..xe ocra-
HABAUBAACO HU Ha MeTOOe Osudceruid, Hu Ha Mmerode HeOeaumvix, Ho caedys
merodam Opesuux, Jas TO20 4TODbL 6Ce 6biA0 Gbl NPOUHBLM . Geccnoprbim»
([175], 1. VIII, crp. 256).
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(MOXHO 6bl10 OBl YAJHHUTL aMarorHYECKHM pacCysKjeHHeM, HO IJs
yero?) ([136], crp. 251). [To-Bugumomy, Pepma ocreperaercsi BbiIBH-
rate Kakoe Obl TO HH ObLIO YTBepXKJEHHE, KOTOPOro OH He MOr Obl
o6ocHOBAaTb TaKHM 00pa3oM, H TeM caMbiM o6peKaeT ce6st Ha OTKas
0T (opMYJNHPOBKH OOLIMX pe3y/bTaTOB HHaye KaK MNOCPEACTBOM
HaMEeKOB WJIH [0J] BHAOM «MeToja». bappoy, X0Td 1 OueHb 0CTOPOXK-
HBIH, ObLJI, OJHAKO, MeHee LueneTHAbHHIM. UTo KacaeTcsi OOJbLINH-
CTBA HX COBPEMEHHHMKOB, caMoOe MeHbILIEee, YyTO MOXHO O HHX cKa-
3aTh, 3TO TO, UTO CTPOTOCTh He SIBJISIETCsl HX OCHOBHOH 3a60ToH
YTO 1711 HUX UMst ApXuMe/ia yacTo He GoJjiee UeM BBIBECKA, PEKJIaAMHU-
pyrouias, 6eccnopHo, A0pPOrofi ToBap, OTBETCTBEHHOCTb 33 KOTOPBIH,
onHako, Apxumen, KOHEUHO, He B3 On Ha cebsi. C eule 60/b-
IIHM OCHOBaHHEM 3TO OTHOCHTCS K auddepeHunupoBanuoo. Eciu KpH-
Bas, KOTJla peub HeT O ee COPAMJEHHH, Ynog06/aseTcs MHOTOYIOJib-
HHUKY ¢ GecKOHeUHBIM UHCJIOM CTOPOH, TO 3ech «0eCKOHEUHO MaJsasi»
Jyra KpHBOH ynono6JsieTcsi «6eCKOHeUHO MaJoMys OTpPe3Ky NpsiMoi,
an6o xoppae, nub60 OTpPe3Ky KacaTelbHOH, CyILeCTBOBAHHe KOTODOH
nonyckaetcs. HakoHer, mMoxer paccMaTpHBAThCs «GeCKOHeWHO Ma-
JAefl» UHTEpBaJ BpeMeHH, B TeueHHe KOTOPOro (KOrja MpHHHMAeTcs
BO BHMMaHHe JIHIIb CKOPOCTb) IBHIKEHHE «SIBJSETCS» PABHOMEPHLIM.
Jexapr, Kenasi onpeiesHTb KacaTeJNbHYIO K LIHKJIOHIAE, K KOTOPOH
HeJib3sl NPUMEHHThL ero oblilee NMPaBuJo, ¢ elle GoJblIEH CMeNoCThIO
ynoao6ssieT KpHUBBle, KaTsdlluecss OJHA 1O JAPYrOH, MHOTOYTOJbHH-
KaM, [/ TOro 4ToGbl BBIBECTH, UTO «B OECKOHEUHO MaJjioM» JIBHXKe-
HHe MOXHO ynofioGHTh BpallleHHIO BOKDPYr TOUKH Kacanus ([64al,
1. I1, ctp. 307—338). U 3neck Takke Takoit MmaTeMaTHK, Kak depma,
CTPOUT Ha MOAOOHBIX cOOOpaKeHHsX CBOH NpaBHJa AJs1 Olpesielne-
HHfl KacaTeJLHBIX, a Takke MaKCHMYMOB M MHHHMYMOB H OKa3hl-
BaeTcsl B COCTOAHMH OOOCHOBATh HX B KaxJIOM OTHAeJBHOM clyyae !)
([82], r. I, ctp. 133—179; ¢dpanuysckuii nepeson, 1. III, ctp. 121—
156; cp. taxxke [82], T. Il u nanee, oco6enno crp. 154—162 u supp-
lément aux Oeuvris, cTp. 72—86). Bappoy naet aas Gonblueid yacTu
CBOMX TEOpeM TOYHBbIe A0Ka3aTeJbCTBA MO CHOCOOY JPEBHHX, HCXOMAA
M3 MPOCTBHIX MPEANOJIOXKeHHH 0 MOHOTOHHOCTH M BeINyKjaocTH. Ho Te-
nepb yxKe He TOJMJIOCH BIHBATh MOJOAOE BHHO B cTaphie Mexa. Kak
MBI Temepb 3HAEM, BCe 3TO BEJO K CO3[aHHIO MOHSITHS Mpefiesa; HO
ecan MoxHo Ha#iTh y [lackans, HeloToHa u ap. dopMyaHposkH, Ko-
TOpBE OUeHb HANOMHMHAIOT HAallH COBPEeMeHHble OMpefieNieHHs, TO
CTOMT TOJABKO PacCMOTPeTh UX B KOHTEKCTaX, YTOOBI CTa/ii 3aMETHH

1) ®epma Mor crporo ofocHoBaTh cBOe NMpPABHJO AJS HAXOXKIEHHS KacaTellb-
HBIX H SKCTPEMVMOB B TOM Cjyyae, KOrja KpHBas 3aJaHa ypaBHeHHeM
y = P,(x), rue P,(x) — mHorousen. B mnucome xk Mepcenny B 1643 r. ([82],
supplément aux tt. I—IV par M. C. de Waard, Paris, 1922, ctp. 123—125) on
u3noXkun Takoe obocuopanue. Cu. [9)%, [11]*. — [Tpun. nepeg.
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HenmpeojoMHMble NPensTCTBHSA, KOTOPhe MellaJd CTPOroMy H3/l0xKe-
uuto. Korna nauunas ¢ XVIII B. MareMaTHKH, 3a60TsICb 0 SICHOCTH,
XOTeJIM HaBeCTH HEKOTOPbI# MOpPsiiOK B XaOTHYECKOM HarpoMowKie-
HUHU cBOMX GOraTcTs, mogoOHble YKa3aHHs, BCTPeUaloluecs B Tpyaax
UX NpeALIeCTBEHHHKOB, ObIJIM AJIS HUX B BBICLICH CTENeHH LEeHHLIMH.
Jlanambep, HanpuMmep, oObsicHsIeT, 4TO B AU PepeHLInPOBAHAN HET
HMYero, KpoMe MOHSITHs mpejeJsa, KOTOpoe OH TOYHO Olpefessier
[56b]. MoxkHO AyMaTh, UTO UM DYKOBOZM/IH CooGpaskeHuss HoroTona
0 «MepPBBIX U MOC/TEHUX OTHOLIEHHSIX HCUe3AIOLIUX BeauuuH» [167 b].
Ho nockosbky Mbi rosopuM o XVII B., Heo6xoauMo MpH3HATH, UTO
nyTh ‘K COBPEMEHHOMY aHa/ju3y Obl1 OTKPBIT TOJbLKO TOraa, Koraa
Hbroton u JIefi6HU1, NOBEPHYBIUHCh CMHHOH K MPOLIJIOMY, PEIIH/H
BpEMeHHO HCKaThb OnpaBiaHHe HOBLIM MeTORAaM He B CTPOTHX JOKa-
3aTeNbCTBAX, a B OOGH/IMM Pe3yJbTATOB M HX B3aHMHOH COIJIacoOBaH-
HOCTH.

B) Kuwemaruxka. Yxe Apxumel nAal KHHeMaTHueckoe Orpe-
nejeHyie cBoell cnupasu. B cpelHMe Beka pasBuBaercs (HO, 3a
HeMMEeHHeM Y Hac J0Ka3aTejbCTB MPOTHBHOrO, 6e3 HHDUHHTe3UMallb-
HBIX paccMOTpeHHMH) B BecbMa 3a4aTOYHOH (opMe Teopus H3Me-
HeHWs BeJMUUH KaK QYHKUMI BpeMeHH M UX rpaduueckoe npejcra-
BJeHHE, HCTOKH KOTOPOTO, BO3MOKHO, HaJl0 UCKATh B BaBUJIOHCKOH
actpoHomuu. Ho nns martemarnku XVII B. sBjiseTcs upesBhHuUaiiHO
BaXKHHIM TOT (AKT, UTO C CAMOTO CBOEro BO3HHKHOBEHHs NPOGIeMhl
auddepeHIHpOBaHHsT GbIIM CBS3aHbI He TOJNBKO C KacaTeJbHBHIMH, HO
# co ckopoctamu. [anunedt [93a u b], u3yuass 3aKOH H3MEHEHHs CKO-
pOCTH NMpH CBODOAHOM M4fEHHH Teja (Iocie MOJYUYeHHs WM 3aKOHa
H3MEeHeHHs] NMYyTH X=af? B ONBITAX C HAKJOHHOH NJIOCKOCTbIO), He

npuMeHseT, oflHaKo, AuddepeHunporanus. CHayajsa OH BbIJBHraeT
dx
pasHble THIOTE3Bl O CKOPOCTH ¥ ==—r ==CX ([93b], . VIII, crp.
203), 3ateM v = ¢t (tam ke, crp. 208) M crapaercs HaNUTH 3aKOH
NyTH PacCy:KJAeHHSIMH, TOBOJBHO TYMaHHBIMH, O rpaduKke CKOpPOCTH
Kak ¢(yHKuuu BpeMenu. Tak ke paccyxpaaer u [ekapr (B 1618 r.)
0 3aKOHe U = cf, HO, OHAKO, KAK HCTHIH MaTeMaTHK M C SICHOCTBIO,
nonyckaeMoit si3bikom Hefmenumeix!) ([64a], 1. X, crp. 75—78).
Y oboux rpaduk ckopocTH (B YaCTHOCTH, NpsiMasi JHHHSI) Hrpaer
[JIaBHYIO DOJIb, H HEBOJNBHO 3ajiaelllb cebe BOMpOc, 10 KakoH cTeme-
HH UM 000MM Obljia sICHA MPOMOPLHOHAJBLHOCTb MEXKJY IPOH/IeHHbIM
nyTeM W IJIOMIAASIMH, 3aK/AIOYEHHBIMH MEXJY OCbl0 BPeMEeHH H

1) Jlekapt naxke po6as/ifer JIOGONBITHOE TEOMeTPHYECKOE pacCykieHHe,
v
¢ TIOMOLIBIO KOTODPOro OH BEIBOLHT 3aKOH X = af® u3 rumoresst W:‘Ct' 3arto
HHTepecHO HabJI01aTh, KAaK JECATb JeT CIyCTs OH CaM 3alyThiBAeTCss B CBOHX
3aMHCKaXx W MepernuceiBaer ynoTpe6aseMoe MepceHHOM HETOYHOe pacCyxeHHe Mo
3TOMY 3Ke BOMpOCy, rie rpauk CKOPOCTH Kak (DYHKUHH BpeMeHH CMelllBaercs
¢ eé rpadurkom Kak ¢yHKUMH OT npoiaerHoro nytH ([64a], . 1, cTp. 71),
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KPUBOH cKOpocTell. 31ech TPYAHO UTO-11GO YTBEPKAATh, XOTH S3BIK
Hekapra kak G6yATo mnpeirnosaraer 3HaKOMCTBO C 3THM (akToM
(KOTOpBEI HEeKOTOpble HCTODHMKH CUHTAIOT H3BECTHHIM yXKe B Cpel-
Hue Beka [247]), a y [anunest Mbl He HAXOAHM O HEeM SICHBIX YIIOMH-
wanuii. B 1670 r. ([13b], ctp. 171) DBappoy pnaer stomy ¢akry
Toynylo GopMyIHpoBKy. Bo3MoKHO, B TO Bpemsi OHa HHM AJS KOTO
He MpeicTaBjsjia HHYero HOBOTO, U caM Dappoy He Bmizaer ee
33 HOBOe OTKDPBITHE; HO U JJIsl 3TOr0 pe3y/bTaTa, KakK U aJs J1o60ro
JPyroro, He cJjeayeT cTapaThCst OMpelenuTb TOUHyl anaty. Uro ka-
caeTcsi TMIOTe3bl U = CX, TaKXKe paccMoTpeHHO# [ajujeeM, TO OH
orpaHuuHBaercsi (UMTHpOBaHHAs paGoTa) AOKa3aTeJbCTBOM ee He-
BO3MOXKHOCTH (UJIM, BBIPa’Kasch COBPEMEHHBIM sI3BIKOM, 10Ka3a-
TEJBCTBOM TOTO, YTO ypaBHeHHe %;—cx He UMeeT HeHYJEBOTO pe-
IeHHs!, KOTopoe ofpamiaercss B Hysab npu ¢ = 0) npu moMouu Ty-
MaHHOTO pacCy¥JAeHHsl, Pa3BUTb KOTOpPOe BHOCJEACTBHM B3sJa Ha
ce6st Tpyn Pepma ([82], 1. II, cTp. 267—276) u KoTOopoe cBOAMTCH
MPUMEPHO K TOMY, UTO 2X siBJsieTCsi pelleHUeM OJHOBPEMEHHO C X,
x # 0, 4To NpPOTHBOPEYHT (PH3UUECKH OYEBUIHOH eJHHCTBEHHOCTH
pelleHHs.

dx
Ho umeHHO 3TOT 3akoH -EZC)C npuBest Henepa K BBeIEHHIO
ero .HOI‘apH(pMOB, KOTOpDBIM OH JaeT KHHeMaTHUUYeCKoe Oolpeae/ieHHe

[165]. B mamux o603HAUEHUSIX OHO 3aNUCHIBAETCS CJAEAYIOMIMM OG-
pa3oM: ecJH MO ABYM NpPSIMBIM IepeMelfaloTcs JBe TOUKH 110 3aKOHY

dx —0 dy ay . R
=@ %=0, Gr=—-", Yo=T, TOMbl TOBOPHM, 4YTO X €CTb
r
«jgorapudMm» y (B cOBpeMeHHBIX OOO3HAUYeHHSNX: x=rlog(7)).
/

[4
MBl BHAeJH, UYTO KpHBas pelleHHs %:} nossJasiercs B 1639 r.

y JlekapTta, KOTOpHIi onucbiBaer ee KuHemaTuuecku ([64a], t. II,
crp. 514—517); npaBna, oH AOBOJBHO NPe3pPHUTENBHO OTHOCHTCH KO
BceM HeasreGpanuecKHM KPHUBBIM, Ha3hiBash HX «MEXaHHUECKHMH» H
paTys 3a HX HCKJIIOUeHHe M3 reoMeTpHH. K cyacTeio, 0JHAKO, 3TO
Taby, IPOTUB KOTOPOrO 3HAUUTEJNBHO MO3JHee CuuTas] HeOOXOMUMEIM
CHJIBHO BO3pa)kaTb JlelGHUI, He cOGJIONAJNOCH HH COBpeMeHHHKa-
Mu JlekapTa, HH UM CaMHM.

Hugaouna u JorapudMuueckass CnHpajib NPHUBJIEKAOT K cebe
BHHMAaHHe MaTeMaTHKOB, M HX pEeBHOCTHOe H3yueHHe OKa3blBaer
Moryuee cofeHCTBHe B3aHMHOMY NPOHHKHOBEHHIO FeOMeTPHUYECKHX U
KHHEMATHUYECKHX MeTonoB. [IpHHUMN CcJOXKeHHd ABHIKEHHH, TOUHee
CJIOJKEeHHS CKOpOCTel, OBlJ I10JIO¥KEH B OCHOBY TEOPHH [IBHKEHHS
cHapsi0B, H3noxenno# [annneem B 1638 r. B «Discorsi», mezespe,
coznaHHoM MM Ha ckjone Jger ([93b], 1. VIII, cTtp. 268—313; pyc.
nepes. cTp. 418—486). B 3Toii TeOpHUH HESBHO COAEPIKAJOChL HOBOE
onpejle/eHHe KacaTelbHOH k napa6ose. [ajusieil SCHO 3TOrO He BHI-
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paxaer; B MPOTHBONOJOKHOCTL eMy Topuuesu HacTaWBAeT Ha 3TOM
nyukre ([225], 1. III, ctp. 103—159) 1 ocHOBHIBaeT Ha TOM Ke NpHH-
e oOIIWH MeTOJ OnpeleseHHs KacaTeJbHBIX K KPUBBIM, NOnnalo-
myMcs KHHeMaTHuecKoMmy onpepnejenuto. [IpaBpa, B 3TOM OTHOUIe-
HHH er0 Ha HEeCKOJbKO Jer onepeaua PoGepsads ([191], ctp. 3—67),
KOTOPBIH MO €ero ¢JjoBaM, MpHuIlejJ K 3TOMYy XKe NPH M3yUYeHHH
uukjJouasl. Ta Ke 3ajada o NMOCTPOEHHH KacaTeJbHOH K LHKJOHIE
npenocraBuna Pepma cayuail 10Ka3aTh MOUIb CBOETo MeTona AHG-
dbepenuuposanus ([82], r. I, ctp. 162—165), B T0o Bpems kak [le-
KapT, 6yIy4Yd He B COCTOSIHHM MPHMEHHThL K Hel cBOif aJjrefpanue-
cKHH MeTon, H306peJ Mo 3TOMY cJlydal0 MTHOBEHHBI LEHTp Bpalle-
uus ([64a], 1. II, cTp. 307—338).

[To Mepe pa3BHTHS HCYMCJAEHHS GECKOHEYHO MaJbIX KHHeMaTHKa
nepectaet 6bITh 060cobaeHHON HayKoi. CTaHOBHTCs Bce GoJiee oue-
BHAHBIM, uTO BONpeku Jlekapry asreGpanueckHe KpuBble M aJire-
Gpanueckue (QYHKIHH, ecJH PACCMATPUBATbL HX C «JIOKaJbHOW» TOU-
KH 3pDeHHsi, T. €. C MO3UIHUH HCUUCTeHUs] GECKOHEUHO MaJiblX, HHUeM
He OTJIHYAIOTCHA OT APYTHX, ropasfo 6oJsee obuiux. OyHKUUH U KpH-
BBlE, ONpeJesieHHble KUHEMATHUECKH, SIBJASIOTCS TAKUMH Ke (YHK-
LHUSAMH H KDHBBIMH, KaK U JpyTHe, U NOANAI0TCS HCCAeJOBAHUIO TEMH
e METOJaMH; IepeMEeHHOe «BpeMs» fABJAeTCs MapaMeTpoM, Bpe-
MEHHOH acCMeKT KOTOpPOro — TOJbKO uHCThIE 06opoT peun. Tak, y
lofirenca, 1axe kKorjga peuyb HAEeT O MexaHHKe, npeo6Jgajaer reo-
verpusi ([126b], 1. XVIII), a JleliGHUIl B CBOeM HCUHCJAEHHH HE OT-
BOJAUT BpeMeHH KaKo#-1u60 npuBHaerupoBanHHoll posau. HaoGopor,
Bappoy AymaJa cpejiaThb U3 OJHOBDEMEHHBIX H3MEHEHHH DPa3JIHUHBLIX
BeMUHH Kak GYHKIUH YHHMBepca/bHOI He3aBHCHMOH MepeMeHHOH,
NPUHSATOH 32 «BPEMs», OCHOBY HCYMCJEHHS] GECKOHEUHO MaJblX, U3-
JIOXKEHHOTO reoMeTpHUecKH. DTa Hjesi, NOSBUBLIASACS y HEro BO Bpe-
Msl MOHCKOB MeToda CJOKEeHHUsi [IBHXKEHHH, CyllecTBOBaHHe KOTO-
poro eMy ObIO H3BECTHO JIMUIb MOHACJBIIIKE, MOAPOOHO H3JI0XKeHA
C NOMOLIbIO OueHb SICHOH M 060O6IEHHON TePMHHOJOIHH B MEPBHIX
tpex ToMax ero «Lectiones Geometrical» [13b]l. Or, nanpumep,
TIIATeAbHO [OKAa3bIBAeT, 4TO ecJH MOJABHIKHAf TOUKa HMeeT B Ka-
yecTBe MPOEKIHH HAa JABe B3aHMMHO NepHeHAHKYaspHble ocu AY, AZ
nBe MOABHMKHble TOUKH, H3 KOTOPBIX OJHA ABMIKETCS C IIOCTOSHHOM
CKOPOCTEIO @, a Apyrasi— CO CKGPOCTBbIO U, BO3pacTalolleii Bo Bpe-
MEHH, TO TpaekTopus OyaeT HMeTb KacaTe/bHYl0 ¢ HAaKJOHOM, paB-

v
HBIM —, H OyneT BOTHYTa B HanpaBJeHUH Bo3pactanus Z. B cBoux

«Lectiones» oH pa3BuBaeT 3TH HAeH AOBOJBHO TJIYGOKO M, He Ge3
HEKOTOPOT'O0 KOKEeTCTBA, MpHAaeT BCeMYy H3JOMKEHHIO, OT HayaJjga 10
KOHI[2, I'eOMeTPHUECKYl0 (opmy, HACTOJNBKO u30erast aareGphl, Ha-
CKOJIBKO 3TO 6bL10 BO3MOXHO. Bce xe BoamoxHo ([16a), 1. I,
ctp. 431—453) yBupmers y Bappoy u y $fIkoBa Bepuysanu sksupa-
JIEHT 3HAUUTEJNBHOM YaCTH HCUHCTIeHUs GEeCKOHEeUHO MaJbiX HbioToHa
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u Jleii6uuna. Takue xe HIeu cJayxaT oTnpaBHOH Touxolt U HeioTo-
ny ([167a)], 1. I, crp. 201—244, u [167Db]); ero «(h/a10eHTH» SIBJISIOTCS
pas3UUHBIME BeJqHuHHAMH, (DYHKIHSIMH «BpeMeHH», KOTOpOe ecTh He
YTO WMHOe, KaK YHHBepCaJbHBIH MapaMeTp, a «(JAIOKCHU» — MPOU3-
BOLHble 1O «BpeMeHU». B0O3MOXKHOCTb NpH HAZOOHOCTH H3MEHWTh
napaMetp, Kotopylo npusHaer HbloToH, Takke UMeeTcst H B MeTO/e
Bappoy, xoTs nocieiHHH MoJb3yeTcsi el0 ¢ MeHbHied THOKOCTbIO !).
[Mpunsiteli HeloToHOM $13BIK (JIIOKCHH, YCBOEGHHBIH TaKXe aHIJIHH-
CKHMHM MaTeMaTHKaMH CJeAylolllero BeKa B CHJY aBTOpPHTeTa ero
cosnaressi, MpeACTaBJsieT, TakuM o6pa3oM, nocjaenHee JAOCTHKEHHE
KHHeMaTHUeCKUX MeTONOB paccMaTpUBaeMOro HaMH MepuHOAa, POJb
KOTOPBIX B JeHCTBUTEJbHOCTH OblJIa yXKe 3aKOHUeHa.

C) Aneebpauueckas ceomerpus. DTOT BOMPOC UyKJ Haleil Teme
W BBOJAHMTCS JHUIIb B CBA3H Cc TeM, uTo [lekapT, B Ayxe cBoed cHcTe-
MBI, THITAJCs cAedaTh ajre6paHueckde KPUBBIE HCK/IIOUHTENbHBEIM
o6bekToM reomerpur ([64a], . VI, ctp. 390); nostoMy assi ompene-
JIEHHsl KacaTeJbHbIX OH JaeT ajreOpauko-reoOMeTPHUECKHE MeTO[,
a He aubdepeHunanbHeii, Kak 310 Aenaer Pepma. Pesyabrath,
OCTaBJIeHHble HaM B HacJelCTBO APeBHHMH, OTHOCSIIHeCH K repece-
YeHHIO NPsIMOH JINHHM W KOHHYECKHX ceueHHH, paccyKAeHHs caMoro
IlekapTa 0 mepeceueHHH ABYX KOHHYeCKHX CeUeHHH H CBs3aHHHle C
5THM NPOGJEeMBl eCTECTBEHHO AOJIKHBI OBUIM HABECTH ero Ha MBIC/b
0 TOM, 4TOOBl NMPHHSATH B KaueCTBe KPUTepHsl KacaHHs COBMajeHHe
IByXx Touek nepeceuenusi. Ceifuac HaM H3BECTHO, uTO AJs aJdrebpau-
42CKOH reOMeTpPHH 3TO BMOJHe KOPPEeKTHHIH KPUTepHH, KOTOpBIH 06-
JlajaeT TakoH CTemeHblo OGLIHOCTH, YTO He 3aBHCUT OT MOHSTHs Npe-
nena " OT NPUPOABl «OCHOBHOro moJisi». BHauane Jlekapt npuMenser
ero Majgo yAoOHHM Croco00M; OH HINET YCJAOBHS COBMAjeHHs ABYX
TOUEK MepeceyeHuii U3yuaeMoH KPHBOH H OKPYXKHOCTH C LIEHTPOM Ha
Ox ([64a], 1. VI, crp. 413—424). Ero yuenuku, Ban-Cxoyten u
l'y;mle, 3aMeHSIIOT OKPYXKHOCTh MPSAiMOil JIHHHEH U moJy4aloT B popMe

F
— F—fHaKJIOH KacatenbHoH K KpuBo# F(x, y) =0, npuueM «npoussoa-

y

) O6 ortHouenusix Bappoy u Hbiotcma cm. [174]. B nuceMe, HanncanHom
B 1663 r. (cp. [190], 1. 11, crp. 32—33), Bappoy roBODHT O CBOHX YK€ AaBHHX
pacCyXIeHHAX O CJOXKEHHH [BHXKEHHH, KOTODble TIPHBEJIH €ro K OTKPHITHIO
BecbMa oOuiefi Teopemsl O KacaTeJbHbX. Ecim 310 Ta TeopeMa, Kotopas mo-
meuteHa B ero «Lectiones Geometrical», gekuus X ([13b], ctp. 247), 10 oHa
JeHCTBHTEJBHO HACTOJIBKO 00606ileHa, 4TO CONEPXKHT B BHIe YacTHOro cJjyuyas
BCe, 4TO OBIIO N0 CHX MOp cHejaHO B 3Tol obnacti. C apyrofi cTopousl, HewoTon
6b11 yuedukoMm Bappoy B 1664 u 1665 rr., omHako OH TOBOPHT, YTO CaMOCTOS-
TeJbHO TOJYYH. CBOE MPaBHJIO, MO3BOJISIOIIEe BHIBECTH H3 COOTHOLIEHHS MeXIy
«(bJI0EHTAMH» COOTHOILEHHe MeXKAy HX «duiokcusiMuy. Bronne B03MOXHO, uTO
HeioroH, obyuasice y DBappoy, YyCBOW.1 OCHOBHYIO HA€I0 O BeJHYHHAX, H3MEHSIO-
IHXCH KaK (YHKUHH BPEMEHH, H CKOPOCTAX HMX H3MEHEHHsS; €ro pasMblIIeHAs
o nuHamuke (K KoTopeiM bBappoy He HMes HHKAKOrO OTHOILUEHUSI) BCKOpe II0-
MOTJIH YTOUHHTbH 3TH MOHSATHS.
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Hble MHOTOU/eHb» Fy u F,’, onpeaeseHbl Ha OCHOBaHUM (opmadb:
Horo npaBusia ux ob6pasoBauusi ([144d], 1. I, cTp. 147—344, u [64b],
cTp. 234—237;; K sTomy xe BpeMenu u fHe-Cuio3 nosmydyaer 3TOT
pesyabrar ([144d], crp. 232—234). Camo coGoii pasyMeercH,
yTO OTMeueHHbIe 3J1eCh PasjHuMsi, KOTOPBIMH TOJBKO ¥ MOKHO NpH-
naTh cMbIca crnopy Mexknay [exkaprom un depMa, He Morau ObITh
saMeueHsl marteMatukaMu XVII B. Mbl ynoMsiHy/Jiu o HHX, YTOOHI
NMPOJIHTL CBET HA OAMH M3 Haubosee JMOGONBITHEIX 3MH30J0B H3yuae-
MOil HAMH HCTODHH H 4YTOOBl KOHCTaTHPOBATh HeMeNJIEHHO MOCJeno-
BaBllee 3a HHMM TMOJHOe HCYe3HOBeHHe ajre6paudyecKHX METOIOB,
BPEMEHHO NOIVIOWEHHBIX AH(depeHHaibHbIMU MeTOLaMH.

D) Kaaccugurayus 3a0a4. dTa TeMa, KaK Mbl ye TFOBOPHIIH,
no-BHAMMOMY, OTCYTCTBYeT B paGoTax ApXxuMena, KOTopoMy OGblIO
HOBOJMLHO 06e3pa3anyHo, KaK pelatb 3afauy — HemocpeicTBeHHO
Wiy NpUBeleHHeM ee K yxkKe paccMoTpeHHo# 3apzaue. B XVII B. 3a-
naun auddepeHIHPOBAHUS NOABJAIOTCA CHAya/a B TPeX Pas/HuHbIX
acmekTax: onpejeleHHe CKOPOCTeH, KacCaTesNbHbIX, MaKCHUMyMOB H
MuHUMyMOB. B oTHoweHnuu nocnennux Kennep {130a u b] 3ameuaer,
4yTO H3MeHeHHe (YHKUHMHM NPOHCXOAUT OCOBGEHHO MeHNJIeHHO BOJIH3H
MakKcUMyMa (3aMedaHue, KOTopoe Mbl HaxoAuM yxe y Opema [247],
ctp. 141, u paxke y BaBMJIOHCKHX aCTPOHOMOB). B cBf3u ¢ atuMHu
sanauaMu Pepma okoso 1630 r. ([82], 1. II, crp. 71 u 113—179)
u3Jjaraer CBoH MeTojq OeCKOHeUHO MaJbiX, YTO Ha COBPEMEHHOM
f3biKe B OOLIEM CBOAHTCS K cnoco6y HaXOXKAEHHs IBYX MEPBHIX uje-
HOB (NOCTOSIHHBIH uJieH M 4JieH NepBoro nopsaka) psna Tefisopa u
3aliCH TOTO, UTO B Cjiyyae 3KCTpPeMyMa BTOPOH uJieH paBeH HYyJO.
Hcxomss 13 3rtoro, PepMa npuMeHsieT 3TOT METOA H MAJsi Ompe-
IeNieHHsl KacaTeNbHBIX M JAaxe [Jsi HaXOXAeHus TOouek neperua.
Ecnin mpuHSTH BO BHHMaHHe TO, UTO FOBOPHJIOCH Bbillle O KHHEMa-
THKe, OYAET SCHO, UTO YHH(UKAIUS TPeX TUIOB 3a1ay, OTHOCSIIHXCS
K nepBOH NPOH3BOAHOMH, OblIa OCYIIECTBJEHA YKe OoueHb paHo. Uro
Kacaercst 3ajay, OTHOCAIUUXCS KO BTOPOH NMPOU3BOAHOH, OHM BO3HH-
Kal0T ropasno Mno3jiHee, rMaBHBIM o6pa3oMm B paborax [iofirenca o6
3B0JIIOTe KpHBOH (omy6mukoaHHoH B 1673 r. B ero «Horologium
Oscillatorium» {126b], 1. XVIII). K stomy BpeMenn Hbiotron co
cBouMH (UIIOKCHSIMH y2Ke pacrnosaraj BCeMH HeOGXONUMbIMH AHAJH-
THYECKMMH CDeACTBAMH IJis paspelleHHst NofRoGHbIX 3agay. Hecmo-
Tpsi Ha BeChb TaJlaHT reoMeTpa, BJAOXKeHHbIH B HUX [tofireHcoM (ero
MCC/IeJOBAHUSIMH BIOCJAEACTBHH BOCNOJb30Banach AuddepeHLnab-
Hasi reOMeTpHsl B NIePHOJ CBOErO BO3HUKHOBEHHS ), 3TH 3aJauH B pac-
cMarpuBaeMbl NepHOA NPUTOAHMAUCH TOILKO Ha TO, YTOOBI MOKA3aTh
CHJY METOLOB HOBOTO aHaJHu3a.

UTo KacaeTCst MHTETPHPOBAHHsI, TO OHO MNOSBHJIOCH y TPEKOB KakK
CPeACTBO BBIUUCJEHHS NJomanelt, o6beMoB, MOMEHTOB, AJHHBI OK-
PYXHOCTH M nJolajeld MNOBEPXHOCTH c(epUUECKUX CEerMeHTOB.
XVII B. no6aBus K 3TOMY CnpsiMJeHHe KPHBBIX, BBHIUHCJCHHE MJO-
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majay nopepxHocTed BpaileHus u (B paborax [ofirenca o ¢usuyve-
ckoM Mastuuke [126b], 1. XVIII) BbluncieHne MOMeEHTOB HHep-
uuy. BHauase BakHO OBJIO YCTAHOBHTb CBSI3b MeXK/y BCEMH 3THMH
3agauyamu. [TepBbfl rpoMajHbIil WIAT Brepe/l B OTHOLIEHHH Ompefiesie-
Hus niowafeil u o6reMoB Obll cnesnad Kapasbepu B ero «['eoMeTpun
HelleqiUMBIX» [43a]. B Hell oH cdhopMyaupoBaJ u noJsaraJ, 4to JOKa-
3a/1 CJAAYIOUMH MPHHUKUN: ecaH ABe MJIOCKHe (DHrYpBl TaKOBBI, 4TO
BCSIKasi mpsiMasi, mapaJijie/lbHasi 3aJlaHHOMY HanpaBJeHHIo, pacceKaer
HX 110 OTpe3KaM, JJHHBl KOTOPBIX HAXOASTCSH B MOCTOSHHOM OTHOLIe-
HHUH, TOTJIa W MJOIWIAAH 3TUX ¢GUryp OYLYT HAXOAHUTLCH B TOM Ke
OTHOWEHHH. AHAJOrMYHbIE NPHHLUHND [eHCTBYyeT a/1s1 O0GBEeMOB TeJ,
pacceueHHBIX MJIOCKOCTAMH, NapaJjiieqbHbIMA HEMOABHKHON MJI0CKO-
CTH, H COOTBETCTBEHHO IJIOCKHX CeueHMH, y KOTOPbIX maomann 6yayr
HMeTb MOCTOsiHHOe OTHoweHHe. He Hck/IoOueHAa BO3MOXKHOCTB, UTO
3TH NIPHHLHMNBI OblIM NOAcKasaHel KaBajbepn TeopemMamu Esrinpa
(unun ckopee EBaokca) o6 oTHomeHHH OODBEMOB MHPAMHI OJHOM
BBLICOTHI M UTO, MpeiKie ueM HX OGOGIIHTb, OH NPOBEPHJ HX Clpa-
BEIJIMBOCTb Ha OOJBLIOM YHCJe NPUMepoB, B3AThIX y Apxumena.
OH «onpaBibIBaeT» UX, ynorpeb.ifAs fA3bIK, O 3aKOHHOCTH KOTOPOTO
cnpamunBaer I'anumaes B nmucbme 1621 r., Torpa Kak B 1622 r. on npu-
MeHsieT 3TOT SI3bIK 6e3 BCAKHX Ko.ne6aHHH ([93b], r. XIII, cTp. 81—
86). Bor CyulHOCTb ero MeToja: MyCTb JaHbl JBe IJIOLIAJAH —
onHa 0Lx<Ca, 0K <f(x) npyras 0 <x<<Ca, 0<<y <g(x).

ti—1

CyMMBR OpAHHAT Ef( 2 g (k—a) OJlHA K APYrofl HAXOASATCS B

n

OTHOUIEHHUH, KOTOpoe [/ I0CTAaTOYHO BOJIBLIOrO 7 MOXKET GbITh Clle-
JIaHO KaK YrofiHo O/JHM3KHM K OTHOLUEHHIO ABYX IJIOLIajeH, 4To He-
TpyAHO Obli0o OBl MOKAa3aTh A5 MOHOTOHHBIX [ M g C NOMOIILBIO
MeTofla HcuepnbiBaHMA. KaBaJjbepu mepexofHuT K mpefledy, mosaaras
n = oo, 4 TOBOPUT O «CyMMe BCeX OpPJAHHAT» NEPBOH KPUBOMH, KOTO-
pas K aHaJIOrMYyHOH CyMMe MJisl BTOPOH KPHBOH HaXOAUTCS B OTHO-
UIeHuH, B TOYHOCTH DAaBHOM OTHOUIEHWIO MJIOILAJNeH; TO Ke HMeeT
MecTo H AJsi 00BeMOB. DTOT f3LIK 3aTeM MOJYYaeT MOBCEMECTHOe
NpHU3HAHHe Jlake cO CTOPOHH TaKHX aBTOPOB, Kak Pepma '), KoTopHii
SICHO BUJIMT CKPBITHE 32 HUM TouHwle (pakThl. IIpaBaa, BnociaencTauu

) ®epma He noab3oBajcs fA3BIKOM HeneauMbiX. OH mepswiii nocie Apxd-
Mela paccMaTpHBa/ HaCTOSIIHE HHTerpaJjbHble CyMMBl H clesan GoJbuIOi war
Brepeq M0 CPaBHEHHIO CO BCeMH CBOMMH MpejllecTBEHHHKAMH, BBelsi pa3buenue
MpOMeXKYTKA WHTErpHPOBaHHs HAa HepaBHble yacTH. C NMOMOLIBIO 3TOrO MeTOma H
IBOHHOrO TMpeieJbHOro NMepexojd OH BBIYHC/IHJ HeOrpaHHuYeHHble MJIOHWIALH, KOTO-
pble Ha COBPEMEHHOM fI3bIKE MOJXKHO 3amHCaTb TaK.:

[ee]
dx
x '
a
o > 1, paunonanbhoe. — [1pun. nepes,
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MHOTHe MaTeMaTHKH, Kak, Hanpumep, Pobepmaan ([191], ctp. 3—
67) u IMackaab ([175], T. VIII, ctp. 334—384), npeanounrator cmo-
TpeTb HAa OPJAMHATHl KPHBOH, M3 KOTODPBIX CKJaJbIBAETCSI «CyMMax,
He KaK Ha OTpe3Kd NpsSMbIX, Kak y KaBasabepu, Ho Kak Ha npsiMo-
YroJbHUKH ONHOH M TOH Ke OeCKOHeUHO MaJ/IOH BHICOTHI, UTO He
BJsieTCsl GOJIBIIUM MPOTPECCOM C TOYKH 3PEHHUs CTPOrocT (uTo Obi
Hu rosopusa oG 3ToM PoGeppanb), HO, MOXeT OBbITh, ClepKHBaeT
BoobpaxeHue, He 1aBasi eMy CJAMLIKOM JIETKO COHTH C NPaBHJILHOIO
nytH. Bo BcsikoM cayuae, ecqu peub HAeT TOJMBKO 00 OTHOLIEHHSX,
TO BbIpa)KeHue «CyMMa Bcex OpJAHHAT» KPUBOH y = f(x), wiu, co-
KpalleHHO, «BCe OpAMHATBI» KPHUBOH, B KOHEUHOM HUTOre, KaK 3TO
siCHO BblcTynaeT B paborax Ilackajs, siBAsieTcs TOUHBIM 3SKBHBa-

JIEHTOM fydx Jleti6uuua. Ilpunstas KaBaabepH TepMHHOJOrUS

Heu3BexHo BJeueT 3a coboil chopMynUpOBAHHbIE BbLIIIE NPHHLMIL,
a M3 HHUX BBLITEKAIOT CJeICTBUS, KOTOpPble Mbl BHIDa3UM B COBpPEMeH-

HBIX 0603HAYEHUAX, YCJOBHBUIUCH, UTO ffdx 6yner o6o3HauyaTh

TOJLKO IWIOMIAMb, 3aKI0ueHHYI0 MexAY Ox u KpuBoil y = f(x).
[Npexme Bcero miowanb BCAKOH MIOCKOH (Uryphl, BhlceKatoLleld Ha
Kaxmoi npsMoil x = const oTpe3kH, cymMMa [JHH KOTOpPHIX paBHA

f(x), paBHaffdx. ATto XKe uMeerT MecCTo s o6bema Tesa, BhiCe-
Kalolllero Ha KaxJAo# MJOCKOCTH X = const ¢urypy c¢ niomansio,
paBHoil [(x). Bosee Toro, ffdx «/IMHE{iHO 3aBHCHT» OT f, T. e.

[G+edx=[fdx+ [gdx, [cfdx=c[fax.

B yacTHOCTH, BCe 3aJlaud O BBLIUUCJCHUM mJoulafed u o0LeMoB npu-
BeleHbl K KBajapatypam, T. €. K BBIUHCJACHUSAM njoulageil Buga

ffdx, M 4TOo MOXKeT ObTh Gosee HOBO M GoJsiee BaxKHO, paccmar-

pHBAIOTCSl KaK KBHBAJeEHTHble JBe 3aJaud, 3aBUCSLIME OT OAHOH H
TOll e KBaApaTyphl, NPHUEM B KaXKAOM OTHeJNbHOM CJydyae HMeeTcs
BO3MOXKHOCTb DELIUTb, TAK JH 3T0. I'peueckie MaTeMaTHKH HHKOrIa
He JocCTHranu (MM, MoxeT ObITb, HUKOrJa He paspewasu cebe no-
cturatb) Takoli cremeHn «abcTpakunu». Tak, Kasaabepu ([43a],
ctp. 133) 6e3 BcsKoro Tpyma «J0KasbizaeTs, YTO [Ba MOA0GHBIX
o6beMa HaXomsaTcs MexkAy coBoi B OTHOLIEHHH, PaBHOM KyGy oTHO-
wenHst MOROGHBIX CTOPOH, Toraa Kak ApxuMen (opMydupyer 3TOT
BHIBOJ JJIS1 KBAADHK BDAl(€HUsI U HX CEIMEHTOB TOJMbKO B TePMHHaX
Teopuu paccmartpuBaeMbix uM Tea ([3bl. 1. I, ctp. 258). Ho uTo61l
npuiiTH K 3TOMy, HeoO6XOAMMO OBlLIO BHIOPOCHTH CTPOroCTb ApxXH-
Mmena 3a 6oprT.

Hrak, MaTeMaTHKH MNOJYYHJIH 0O KpalHed Mepe BpeMeHHO
cpefcTBO Kiaaccudukauuu npobaeM B 3aBUCHMOCTH OT HeHCTBHTEJb-
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HbIX MJIM Ka)KyHIMXCsi TPYAHOCTeH, NpejCTaBisieMblX KBaapaTypaMH,
K KOTOPbIM OHH CBOAWJHUCL. B KauecTse Momenn ciyxunia anreGpa
TOTO BPEMEHH, NOCKOJNbKY B anare6pe, Tak ke Kak M B aareGpanue-
CKHX npob/eMax, BO3HHKaBIUKUX B reoMerpuH, ajare6pauctsl XVI u
XVII BB. B NPOTHBONOJIOKHOCTL APEBHUM rpeKaM, KOTopble HHTepe-
COBAJIUCh TOJIBKO DeUIeHHsIMH 3ajay, Hauaau ofpamiaTh BHUMaHHe
rJ1aBHHIMPO0PA30M Ha MX KaCCH(OUKALHUIO B 3aBUCHMOCTH OT XapaK-
Tepa CPeACTB, KOTODHIE MOIMH CJYXKHUTb JJIss UX DEUIeHHst, H TeM
CaMbIM SIBUJIHCb NpeJBeCTHHKAMH COBPEMEHHOH TeopuH ajre6pauue-
ckoro pacwupenusi. OHM He TOJbKO NMPUCTYNHJHM K NEepBOH KJacCH-
¢ukanuu npobJeM B 3aBUCHMOCTH OT CTeleHH YpPaBHEHHs, K KOTO-
pOMy OHH CBOJAATCSH, HO M [OCTABHJIM Nepel COB6OH TPYAHBIH Bonpoc
0 BO3MOKHOCTH pa3pemluTb BCAKOe ypaBHeHHe MOCPeJACTEOM pa-
JUKaJoB (B KOTOpPYyIO HeKOoTOpbie yiKe He Bepusau) #u T. A. Ouu
TaKXke CTaBHU/IM Nepel cofoH 3ajauyy NPHUBECTH K reOMeTPHYECKOM
TunuuyHoit ¢GopMe Bce mnpobJeMbl 3afaHHON CcTeneHW. B  HHTe-
rpajbHOM HCUHCJAeHHH npHHuuNbL KaBadbepu TaKsKe MOKa3bIBAIoOT,
YTO MHOTHe 3ajJauM, pellieHHble APXHMeIOM, NPUBOAAT K KBaapary-

pam fx” dx pas n =1, 2, 3. KaBaabepyu npuayman opuUruHa bHbIHA
MeTOoJ, UYTOObl OCYIIECTBHTb 3Ty KBaApaTypy AJsi CKOJb yrOIHO GOJb-
2a

WX 3HAYeHW# n  (MeTOd CBOAUTCS K 3aMeuaHHIo, UTo fx” dx ==
0

=c,a"*! B cusly NpUHUMNA OJHOPOAHOCTH, U K COOTHOLIEHHIO
2a a a
fx”a'xs f(a—}—x)"dx:f[(a—i—x)”—{—(a—x)”]dx,
0 0

OTKyJda MyTem MPOCTHIX Npeobpa3oBaHUH MOJNYy4aeTcsi PeKyppeHTHoe

tooTHOWenue aJs ¢, ([43a], crp. 159, u [43b], cTp. 269—273)). Ho

yxke ®epma noctur ropasmgo OGosbuiero, Aokasas CHadasda (1o
a

n-+1
1636 r.), uto fx” dJC:—:T_}_—TIIJIH nesoro nosoxurenastoro n ([82],

0
T. II, ctp. 83), nocpeacreoM opMyabl AJas CyMM CTeneHefl NMepBbIX
N ueabix yucesn (MeTOJ, 3aMMCTBOBAHHBII M3 KBaApaTyphl CIH-
paju ApxuMena) M pacnpocTpaHuB 3Ty (GopMyJay Ha cjayyai Mpous-
BOJILHOTO panuoHanasuoro n + —1 ([82], 1. I, ctp. 195—198). On us-
JIOXKHJ J10Ka3aTeJbCTBO 3TOro pesyJjbrara (coobienHHoro Kasasbe-
pr B 1644 r.) Juwb 3HAuYMTeJbHO 1103:Ke, yXKe MOCJe UYTeHHs Tpy-
nos Ilackanss no wunrterpuposanuto!) ([82], t. I, crp. 255—288;
bpanuysckuii nepeson, T. I11, ctp. 216—240).

) 3ameuarenbHo, yto ®Pepma, 06GBIUHO TAKOH IeNeTHIbHBIH B MPHJIOXKEHHAX
CBOUX OOIIHX De3y/abTaToB, MOJb3yeTCsi CBOHCTBOM aRAHTHBHOCTH HHTerpasa, Hu
c/JoBOM ero He omnpasabiBas. OcHOBBIBaJCS JH OH Ha HESBHO OOMyCKaeMmoil
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ATy pe3ysabTaThl BMecTe ¢ COOGDaKEHHSIMH TEOMETPHUECKOTO
nopsiika, ynorpe6/aseMbIMH BMECTO 3aMeHbl NIepPeMeHHbIX H HHTerpH-
POBaHHSI 10 4ACTAM, NO3BOJANN yXKe pewlaTh 00/blIOe KOJHYECTBO
3ajauy, CBOAsIIUXCS K 3JeMeHTapHbBIM KBajapartypaM. Bue 3Toro mpe-
KJe BCEro Mbl CTaJKHBAaeMCsi ¢ 3ajayaMu KBaJpaTypbl Kpyra u
KBaspaTypsl runep6osnl. Tak Kak B paccMaTpuUBaeMylo 310Xy 00blU-
HO peub LI1a O «HeoNpeJeJeHHbIX HHTErpasax», pellleHHe 3THX NpO-
6JeM B COBpeMeHHOH TEPMHHOJIOTHH AaeTcs COOTBETCTBEHHO o0part-
HEIMHM KPYTOBBIMH GyHKuusiMH U jorapudmoM. IlepBrie 6bl1H Bhipa-
XeHbl FeOMEeTpHYeCKH, W MBI BHAMM, KaK JOrapH@Mbl MOCTENEeHHO
MpOHHKAJIH B aHaJu3. DTH KBAJAPaTypbl SBUJIHCH NPEIMETOM MHOro-
yucaenHeix pa6or Tpuropusi ne Cent-Bunienta [103], Tiofirenca
([126b], T. XI, ctp. 271—337, u 7. XII, crp. 91—180), Banauca
([240a], 1. I, crp. 355—478), I'peropu [104a]. ITepsnlii u3 Hux no-
JaraJi, 4TO OH paspellln/ KBaApatypy Kpyra, nocjaefHHil — 4To A0Ka-
3aJ TPAHCLEHJEHTHOCTb T; BCe OHH paboTaJu Haj PasBHTHEM METO-
JIoB GECKOHEUHOTo NpUO/IHKeHHs] KPYrOBbIX (GYHKUHE H JorapudMOB,
O[IHH — C TEOPETHYECKHM YKJIOHOM, JPYyTHe — C BhIUHCIUTeNbHBIM. Bee
5TH H3BICKAHMsA BCKOpe npuBeau B pa6orax Heiorona ([167a], T. I,
erp. 3—26 n 29—199), Mepxkaropa ([158], Bocnpoussonutcs s [156],
1. I, crp. 167—196), Tperopu [104d], 3arem JleliGuuna [144d] K
o6IMM MeToJaM pasJsioXKeHHs B psiibl. Bo BcsikoM ciyuae, y mare-
MATHKOB [OCTENEeHHO BO3HHKAeT YyOeXJeHHe B «HEBO3MOMKHOCTH»
TaKHX KBAaApatyp, T. e. B HeanreGpauueckoM XapakTepe onpefelse-
MBIX UMH QYHKUHH; H B TO }Xe BpeMsi OHH yCBAUBAIOT NPUBBIYKY CUH-
TaTh NpobJeMy pelleHHOH, HACKO/IBKO OHA JONYyCKaeT 3TO MO CBOeH
npPHPOJe, eCIH OHA CBejleHa K OJIHOi M3 «HeBO3MOXKHbBIX» KBaapatyp.
Tak o6CTOUT Aeso, HanpuMmep, ¢ 3ajavaMu, OTHOCAIUHMMHUCS K LHK-
Joue, KOTOpbIE PeLIajHuCh IOCPEefCTBOM KPYTOBBIX (DYHKUHUHA, H K
cnpsiMyeHHIo napaboabl, cBOAsLIeHCA K KBajapaType rHIep6oIbl.

3agayu cripsgMJeHHs, U3 KOTOPBIX MBI TOJIbKO UTO YIIOMSHYJIH JBe
Haubosiee U3BeCTHBIE, HMe/IH Oco60e 3HAUeHHe, TAK KaK OHH CJYKH-
Jd eCTeCTBEHHBIM TeOMeTPHUYeCKHM IMepexoaoM Mexay Anddepen-
UMpPOBAHHEM, KOTOPO€ OHH NpPeANnoJararmT, M HHTEerpHpoBaHHeM, K
KOTOPOMY OHH NPHBOAST; K HMM MOXHO NPHCOENHHHTb 3aJauM OIl-
peleleHHs: Ijlollafeil NOBepXHOCTefl BpauleHus. AHTHUHBle MarTe-
MaTHKH pacCMOTPeJH TOJNBKO CJyuyan OKPYXHOCTH u cdepu. B
XVII B. 3TH BONpOCHl BO3HHKAIOT AOBOJILHO I103HO; IMO-BHIHMOMY,
HenpeojouMasn AJs JAaHHOH 3MO0XH TPYMHOCTb 3aJauM CHPSIMJEHHS
sasMnca (paccmMaTpHBaeMoro kak HauboJjee NpocTasi KPUBas mocle
okpy)KHOCTH) ofeckypaxusna MatemaTukoB. Hekoropeii moctym k
5THM npobjieMaM [al0T KHHeMaTHueCKHe MEeTOHbl, UTO IO3BOJHJIO

KyCOUHOII MOHOTOHHOCTH H3y4YaeMblX HM (QyHKUHH, AJs KOTOPHX aaAHTHBHOCTD,
IeHCTBUTENbHO, HETPYAHO [0Ka3aTh MOCPEJCTBOM METOLA HCUYEPIHIBAHHS, HJIH OH
yXKe, Hanepekop camoMmy ceGe, OblJq YBJ/leueH H3BIKOM, KOTOPHIM MOJIb30BaJCsi?
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PoGepsaaio ([191], ctp. 363—399) u Topuuensnu ([225], 1. III,
cTp. 103—159) nonyuutb Mexay 1640—1645 rr. pesy/abTarthl OTHO-
CHTe/NbHO OYyT cnupajell; HO ToabKOo K 1660 r. aTH npo6/ieMb oxa-
3aJiUCh B lleHTpe BHUMaHHUs. B 1658 r. cnpsiMienye MuKJIOUAL GhLI0
noayueno Penom ([240], 1. I, ctp. 533—541); HemHoro nossuHee Kpu-
Basi y3 = ax? Gwlsia cnpsMieHa pasjMuHbIMH yueHbimMu ([240a], T. I,
crp. 551—>5563; [64b], 1. I, crp. 517—520; [82], 1. I, ctp. 211—255;
dpanuysckuit nepesod, 1. III, crp. 181—215). HekoTopsie aBTOpHL
rakxke ([82], T. I, ctp. 199; [126b], 1. I, cTp. 334) cBomuam cnpsim-
JieHde napaboJbl K KBaapaType ranepGoasl (T. e. K anreGpauko-jo-
rapudmuueckoit ¢yunxuun). ITocmennnit npuMep ocoGeHHO BaKeH,
TaK Kak fBJsieTcss YaCTHHIM cJayvaeM oO6IlIero MnpHHIIHMA, 110 KOTO-
pomy cnpsiMJeHHe KPHBOH y = [(X) ecTb He 4TO MHOe, KaK KBajpa-
typa y= V1 (f (1)) Diipa BHLIBOAHT ee, clAenysi UMEHHO 5TO-
My npuHuHny. OueHb UHTEPECHO TaK¥Ke NPOCAENUTb 34 TEMH INOMBIT-
KaMH, KOTOpble UMeloTcs y cTaperomero Pepma B pa6ore o KpHBO#
y3 = ax? ({82], 1. I, crp. 211—255; ¢pannyscxkuii neperoa, 1. III,
crp. 181—215); ¢ xpuBoit y = f(x), uMetowmedr ayry s = g(x), oH
acCOUHMHPYET KPHBYIO y = g(X) W onpelensier KacaTeJbHYH K I[1O-
caefHell, HCXOAs M3 KacaTeJbHOH K nepBoit (rOBOpPS COBPEMEHHBIM
A3BIKOM, OH JI0Ka3blBaeT, YTO X HaKJIOHHI [/ (X) u g’ (x) cBsizaHbl co-
orHomenuem (g’ (x))2 =1+ (f'(x))?). Dtor pesy.abTar oueHb 6JH-
30K K OTKpPBITHIO Bappoy, u CTOMT TOJbKO CKOMOHHHPOBATb €r0 C pe-
3yabTaToM Diipa, uTo npuGaAM3NTeIbHO H JesaeT [peropu B
1668 r. ([104d], ctp. 488—491), 4TOOBI MOJYUHTH COOTHOLIEHHE Me-
K1y KacaTeJbHBIMH M KBajapatypamu. Ho ®depma yTBepxkaaer ToJb-
KO, 4TO ecJH [JJs ABYX KPUBBIX, H3 KOTOPbIX Kaxjaas OTHeceHa K
npAMOYTONbHON CHCTeMe Ocefl, KacaTeJbHble B TOYKAX C OAHHMH H
TEMH ke aOCIHCCaMH MMEIOT BCerja OAHH M TOT XKe HaKJIOH, TO KPH-
Bble DaBHBI, HJHM, HHAaue roBOps, ecaM H3BecTHa [’(x), To ompene-
asercs 4 f(x) (¢ TOUHOCTBIO KO nOCTOAHHOM). OH 060CHOBLIBAET 3TO
yTBepXKIeHHe TYMaHHBIM paccyXJeHHeM, He HMeIOUIMM HHKaKOH Jio-
KasaTejnHO#N neHHoctd. IlouTu uepe3 mecsTb JieT NOsiIBHJIUCL «Lec-
tiones Geometrical» Bappoy [13b]. C camoro nauana (gekuusi 1) on
BBULBHIaeT MPUHLMIL, COMMIACHO KOTOPOMY MpH NPsIMOJIMHEHHOM JIBH-

KEHHUH ITYTH NPONOPUHOHAJNBHEI IJIOLIAASIM f’l)dt,3aKJIIO'{eHHbIM Mme-
0

KIY OCbI0 BpeMeHH W KPHBOH cKopocTeii. MoxHO OblIO NOgyMarTh,
4TO OTCIO[A H M3 CBOEr0 KHHEeMaTHUeCKOro MeToJa Olfpeje/ieHus Ka-
caTeJbHbIX, O KOTOPOM Y¥Ke YIOMHHAJ0Ch, OH BbIBEIET CBsI3b MEXKMY
MpPOU3BOJHOH, MOHHMAeMOH KakK HAakJ/JOH KacaTeJbHOH, M HHTerpa-
JOM, NOHUMAaeMbIM Kak miomanb. OfHaKO OH 3TOro He JedaeT u Jo-
Ka3biBaeT HECKOJbKO JaJjbllie YHCTO TeOMeTPHYECKHM Cl1oco6GoM
([13b], mexuus X, § 11, ctp. 243), uTo ecau ABe KpuBble Y = f(x),
Y = F(x) Ttakne, 4r0 OpaMHaTBl Y MNPONOPLHOHAJbHE MJoOLIa-
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X

AdM fydx T. €. ecJH CF(x)——ff(x dx, Torja Kacare/bHas K

Y = F(x) nnepecekaer ocb Ox B Toqxe ¢ abcuunccoit x = T, onpexe-

c
JsieMOH [OCPeACTBOM MNPOMOPIHUH L =21 310 JI0Ka3aTeJbCTBO K
Y T

TOMY K€ COBEpLIEHHO TOUHOe, HAauHHasi C SIBHOrO MPEATNoJOXKeHHs
MOHOTOHHOCTH [(x); yKasblBaeTcs TakKKe, 4TO HAmpaBJeHHe H3Me-
Henus f(x) ompemessieT HampaBJeHue Boruytoctd Y = F(x). 3ame-
THM, 4YTO 3Ta TeOpeMa TepsieTCss CPeld MHOMKEeCTBAa JPYrHX, 4acTo
OyeHb HHTepecHbIX. ¥ HenpenyOexJeHHOro yuTaTelsiss BOSHHKAET HUC-
KylIeHHe BHIETb B Hell JIMIIb CPEJACTBO pellaTh IPH MOMOIUH KBaj-
patypsl npobJjemy )T, f(:)
KpPUBOH, UCXOJs M3 JAHHBIX O KacaTeJbHOH (HJH, KaK Obl MBI CKa-
3aau, nuddepeHnuansbHoe ypaBHeHHe cllenuajbHoro Buupa). M sto
Tem Gojee, yTo MpUMEeHEHHs, KOTopble el maer bDappoy, oTHocsiTcs
npexJe BCero K 3ajauyaM TaKoro xe poja (T. e. K quddepeniuaib-
HHM YpaBHEHHUSIM «C Pa3helsiOLIMMHUCS NepeMeHHBIMH»). B nanuoM
cayyae ymoTpeGasieMbli Dappoy reomerpuueckuii s3bIK siBJsIETCS
MPUYHHOMA TOrO, YTO CBSI3b MeXKAY AM(D(depeHUUPOBAHHEM U MHTerpH-
poBaHHEM, CTOJb SsiCHAsi, KOraa fejo MAeT O KMHeMaTHKe, 31ecb He-
CKOJIBKO 3aTEMHEHA.

C npyroit cropoHsl, GbJK cHOPMYIHPOBAHBI PA3JHUHbIE METOMbI
OJsl IpHUBENleHHsi OQHHX NpoO/eM HHTErPUPOBAHMS K JAPYLUM H L5
HX «pellleHHsi» HJIM NPHUBENEHHS HX K «HEBO3MOXKHBIM» 3agauaw,
KOTopbie ObLIN yXKe KaaccHbHUHPOBaHH. B cBoell HauboJsiee npocToi
reoMeTpHyeckoit hopMe HHTErpHpOBaHHe 10 4acCTHM COCTOHT B 3a-
MHCH IJollaau, 3akmodyeHHoil Mexay Ox, Oy u Ayrodl MOHOTOHHOH
KpuBO¥ Y = f(x), coemmmoumﬁ Touky (a, 0) ocu Ox c Toukoii

, T. e. HeKyi0 npobJeMy onpeje/eHus

(0, b) ocu Oy, Kak fya’x—- fxdy, ¥ oHa yacTo ymorpebJsercs

HessBHBIM 06pasoM. y HaCKaJIﬂ ({175], 1. IX, crp. 17—18) umeercs
caenyiomee o6obimenne, eme 6ojee 3aByaJupoBaHHOE: MYyCThb f(x)

onpejesjeHa, Kak ¥ BbIIe, ¥ NycTh g(x) ecTb QyHKuus >0, a
b

G(x)_-zfg(x)dx, TOrga HMeeM fyg(x)dxzf G(x)dy, uro on
0 0 0
HCKYCHO MAOKasblBaeT, ompefedsisi ABYMsi crnoco6amu oGbeM Tena
0<x<a 0<y <f(x), 0<2<g(x). YacTuniif cayuait  (x)=x",
n-+1
G(x)=—;TT urpaer BaxHywoo poJb Kak y [lackans ([175], 1. IX,

ctp. 19—21), rak n y ®epma ([82], 1. I, crp. 271). [Nocaennnit (pa-
6oTa KOTOPOro HOCHUT 3HaMeHaTe/bHOe HasBaHHe «TpaHCMyTaUHA H
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HcnpaBJjeHHe ypaBHEHHH KDUBbIX H HX pa3/IHYHbBIE MPHUMEHEHHs NJIsi
CpaBHeHHsi KPHBOJIHHEHHBIX IJollanefi Mexay coboit U ¢ MpsiMOJIH-
HeH{HBIMH MJIOLIA/SMH...») ero He JOKa3bIBaeT, TaK KakK, BEPOSTHO,
cydTaer Gecrose3HBIM MOBTOPATL TO, YTO Y¥Ke ObLIO OnyGJHKOBaHO
[TackadeM. DTH TeopeMbl O «TPAHCMYTaLHAX», B KOTOPBIX MbI GBI
yCcMOTpeaId KOMOHHALMIO HHTErPUPOBAHHUS [0 4AaCTSIM ¥ 3aMeHBl Ile-
pEMEeHHBIX, B KAKOH-TO CTENEeHH 3aMEHsIOT 3Ty MOCJeNHIO, KOTopas
MosiBUJIACh 3HAUMTEbHO mo3fHee. [[eHCTBUTENBHO, BBEeleHHe 3aMe-
HBl [epeMeHHBIX NPOTHBOPEYHJO Obl XapakTepy MBILIEHHsT TOrO
BpeMeHH, ellle CJAUIIKOM FeOMETPHYECKOro M B OueHb MaJoOH cTerneHH
aHaJUTHUYeCKOro, 4ToOwl pa3pelldTb cebGe MOJAb30BATbCS MEpPeMEH-
HBIMH, KpOMe TeX, KOTopble 00YCJOB/AUBAIOTCS (UTYpPOH, T. e. ONHOU
HJIM IpYroit KOOpAUHATOH (MJU HHOrAA NOJSPHBIMH KOOpAHHATAMHU),
a sateM ayro#i kpuBoi. Tak, mbl HaxonuM y [lackaas ([175], 1. IX,
cTp. 60—76) pe3yJsbTaThl, KOTOphle, B COBPEMEHHbIX 0003HauyeHHUSX,
ec/i¥ MOJIOKHTbL X = oS £, y = sinf, ans oTAedbHBIX (yHKuUH f(x)
UMEIOT BHJ

1 /2
Jrwdx=[royat,
0 0

ay Tperopu ([104d], ctp. 489) nas xkpuBoit y = f(x) u ee nyru s

fyds=fzdx npu z=y V1-4y”*. Tombko B 1669 r. Bappoy

yaaercst moJyuYuTs o6myio TeopeMy 3aMeHbl nepemeHHbix ([13b],
ctp. 298—299). Ero ¢opMmysaupoBKa, Kak Bcerna reoMeTpuyeckas,
CBOJMTCS K CJEIYIOIEeMY: MyCTb X M Y CBSI3aHBl OMHOPOIHBIM COOT-
HOIIEHHeM H NYCTb P ecTb HAKJOH rpaduKa 3TOro COOTHOIIEHHS B
Touke (x, y); Torma, ecaum GyHKuumu f(x), g(y) TaKOBH, uTO
f(x)/g(y) = p LA BCAKUX Nap COOTBETCTBYIOLIMX BeJHYHH (X, y),

TO IO AAH ff(x) dx, fg(y)dy, 3aKJI0UeHHble MeX1y COOTBET-

CTBYIOIUMHU npefesaMu, 6yayT pasHel. O6paTHO, eC/iM 3TH MJI0oIAanH
BCcerna paBHbl (HESIBHO MOApa3yMeBaeTcs, UTO f U g UMEIOT MOCTOsH-
Hbele 3HakHu), To p = f(x)/g(y). Ob6paTHOe mnpenoOKeHHEe, ecTecT-
BeHHO, [aeT BO3MOXHOCTb NDHMEHHTb TeopeMy AJis pellleHus AUd-
GbepeHUHaNBbHBIX YPaBHeHHH («C pa3fe/solUMHCs IepeMeHHBIMU» ).
Ho Bappoy mnomelaer 3Ty TeopeMy TOJIbKO B MPHJIOXKEHHH (JIEK-
uus XII, npunoxenne [1I, reopema IV), rae, oTmeuasi, 4To MHOTHe
H3 ero NnpelllecTBYIOUUX Pe3yJAbTATOB SBJSIOTCS JHIIb YaCTHBIMH
cyyasiMH, OH BBbIpaXKaeT COXaJ/leHHe, YTO OTKPBLI €€ CJAUIIKOM
MO3JHO AJsi Toro, 9To6el AaTh e GoJblllee mpHMeHeHHUe.

Hrak, x 1670 r. Mbl UMeeM cjlelyIOILYI0 KapTHHY. MaTemaTuku
HAYUYHJIHCh * TPAKTOBATb €AHHOOODPA3HBIMHU crocob6aMu mpoGJaeMsl,
CBsI3aHHBble C NepPBOH NMPOU3BOAHOMH, a ['lofireHc uayuaer reomeTpHue-
CKHM [yTeM BONPOCH, CBf3aHHble co BTOpOH MpoussoAHOH. Bce
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npo6ieMsl MHTErPHPOBAHHSI OHM YMEIOT yxKe CBOAHTb K KBaapary-
paM; OHH BJIAN€IOT Pa3HOOOPA3HON TeXHHUKOH, HMeIoLlel reoMeTpuye-
. CKMH aCleKT, IJisi MpUBeJeHHUs] OAHUX KBAaApaTyp K APYTHM B ciyuae
HX HEJIOCTATOUHOH KJaccH(UKALHUH, H C 3THUX MO3HUHHA OHH NPHUBHI-
KaloT o0pallaThCsl C KPYrOBBIMH H JIOTapH(MMHUYECKOH (YHKIHSMH.
OHH NOMOIIJIM K MOHHMAHHIO CBSI3H MeXAy AHpdepeHuHpoBaHHEM
W MHTErpHPOBAaHHEM W Haualld M3yuyaTb «oOpaTHble 3ajaud Ha Ka-
caTeJibHblE», KAK Ha3blBaJH B TO BPeMsl 3aflaul, MPUBOASILHE K AUD-
depeHIHaIBbHBIM yDaBHEHHsSM nepBoro nopsiika. CeHcalHOHHOE OT-

kputie MepkaTopom psina Iog(1+x)=——2# MOPOAUIO
1

HOBHIE BO3MOXKHOCTH MpPHUMEHeHHs PsiOB, W [JIaBHBIM 06pasoM cre-
MeHHBIX PSJOB, K TAK Ha3blBAeMBIM «HEBO3MOXKHBIM» npobiaemam. Ho
YHCJI0O MATEMATHKOB B 3TO BPeMsi CTpaHHBIM o6pa3oM ybbuiBaet. Bap-
poy octaBJsieT Kadeapy npodeccopa, 4yTo6bl cTaTh MPONOBEJHUKOM.
Ecin He cuutath [ioiirenca (KOoTopblil yxKe H3[aJ MOYTH BCce CBOH
TPYABl MO MaTeMaTHKe H MOJYYHJ BCe OCHOBHble Pe3Y/bTaThl, H3J0-
xennsle B kHure «Horologium Oscillatoriums ([126b], 1. XVIII),
KOTOPYIO OH OKOHYaTeJbHO peNaKTHPYeT), TO AaKTHBHbIMH OC-
ratotcs ToJbko Heioton B Kem6puaxke u [Ixk. I'peropu, yeaunus-
wuiicst B A6epauHe, K KOTOPBIM B CKOPOM BPEMEHH CO BCEM [BLJIOM
neopura npucoesnnsiercs u Jleit6Huun. Bce Tpoe: HeioTon yxe c
1665 r., JIx. I'peropu co BpeMeHH onmyGJMKOBAaHHs OTKpBITHS Mep-
katopa B 1668 r., Jlei6uun npubausuredbdo ¢ 1673 r.— mocBs-
marot ce6si rIaBHBIM 06pa3oM HauboJjee aKTyaJbHOH TeMe 3MOXH —
H3y4yeHHIO cTemeHHbIX psigoB. Ho ¢ Touku 3peHus kKjaaccuuxanuu
3a/lay OCHOBHOH pe3y/JbTaT HOBBIX METOJOB, IO-BHAHMOMY, COCTOHUT
B CrJa’KMBaHHUU BCSKHX pas3/juuuil MexXAy HUMH. [leficTBUTENBHO,
HetoToH, B Gosblielf cTerneHH aHANHTHK, 4eM ajarebpauct, He KoJel-
asich, coobwaer Jled6uuuy B 1676 r. ([144d], cTp. 224), uto oH Mo-
KeT pellaTh Bce AU depeHuHa bHble ypaBHeHus !). Ha sto Jlei6-
uun, otBeuaetr ([144d], ctp. 248—249), uto, Ha06oOpPOT, peyb HAET O
TOM, 4YTOOBI MOJYUYHTb pelleHHe B KOHEYHOM BHJAE KaXJAblH pas,
KOrZla 3TO BO3MOXKHO, «MpejrnoJsarasi KBaapaTyphi», a TaKxe O TOM,
yTOGbLl y3HATh, MOXKET JIM BCsIKasi KBafparypa ObITb CBeleHa K KBaj-
paTypaM Kpyra ¥ runep6oJibl, KaK 3T0 ObJIO KOHCTaTHPOBAHO B 60JIb-
LIMHCTBE yXKe paccMOTpeHHbIX ciyuaeB. [To 3ToMy noBody OH Hamo-
MHHaeT, uTo [ peropy nostaras (Kak Mbl Termepb 3HaeM, OH MMeJ HA 3TO
OCHOBa#Hst), UTO CIPsIMJIEHHe 3JUnca U runep6oJisl He CBOAMTCS K
KBafpaTypam kpyra u rumepGonbl. JIefiGHul crnpalliuBaer, B KaKof

) Bo Bpems 3Toro o6MeHa NHCbMaMH, KOTOpble He HeENOCPeACTBEHHO ajipe-
CylOTCsi IpYr ApYyry, HO oduuHaabHO, yepe3 cekperapsi KeoposeBckoro obiiecTBa,
HeloTon u3Jjaraer cBoH MeTon cJefyIOIIMM o6pasom: 5 accdae 10 effh 12 i ..
.. TTrSSSSSttuu — anarpamMma, B KOTODOH 3aKJ/OueH MeTOJ pPelleHHs MOCpPefCTBOM
CTEMeHHEIX PsiA0B C HeonpeleseHHHIMH Kosdduuuentamu ([144d] crp. 224),
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CTeneHH MeTOA PsJ0B B TOM BHJe, Kak ero ynorpe6iasier Hbiotos,
MOXKeT pa3pelldTb 3T0T Bonpoc. Heioton co cBoefi croponnr ([144 d],
ctp. 209—211) coobmaer, 4uto OH 06JajaeT KPHUTEPHUSIMH, KOTOpDble
OH He yKa3blBaer, 4TOGbl PelIHTb, NO-BHAHMOMY NOCPELCTBOM H3Y-
YeHHsl PSIAOB, BONPOC O «BO3MOXHOCTH» HEKOTOPBIX KBaipatyp (B
KOHEUHOM BHe), H B KaueCTBe NpHMepa fAaeT OYeHb HHTEPECHbIH

psSiL LJsl MHTerpaJa fx'"‘(l—{—x)‘3 dx.

Mbl BUAHM, KaKOH OrpoMHBII wmiar Bhnepen Obll clesiaH MeHee
yeM 3a AecaThb JeT. Bonpock knaccuduKauuu yKe cTaBsiTcsi B 9THX
nucbMax B COBpeMeHHBIX TepMHHaX. OAMH H3 HMX, NOCTABJEHHBIN
Jlefi6uuuem, 6ol paspeumred B XIX B. mocpeactBoM Teopuu abeje-
BbIX MHTErpajioB, APYrod — 0 BO3MOMKHOCTH NpUBeLeHHs 3aJaHHOrO
nuddepeHIHaNbHOIO ypaBHEHUs K KBagpaTypaM — ellle OCTaercs
OTKPBITBIM, HECMOTDPSI Ha DPsiJ Ba)KHBIX pPabGoT moc/aefHEr0o BPEeMeHH.
Takoit GeIcTpHIl nporpecc oObsicHseTcss TeM, uTo Hbioton u Jleii6-
HHLI, KaXKAblH He3aBHCHMO APYT OT APYra, cBeJld OCHOBHBIE ONlepaliy
HCuHcAeHHst GeCKOHeYHO MaJbiX K ajroputmy. JloctaToyHo 3amu-
caTh B CHMBOJIHKe, KOTOPOH NOJIb30BaJiiCh OJHH WJIH ApYyro#, 3aia-
yy KBaJApaTypsl HJIM pelledus JAuddepeHunanbHoro ypaBHEHHH,
uTo6bl yOeAuTbCS B ee ajre6panyeckoll CTPYKType, ocBOGOXKAEHHOH
OT reoMeTpHuyeckKod 060/I0UKH. MeToabl «TpPAaHCMyTalUU» TaKxke 3a-
NMUCBLIBAIOTCS NPOCTHIMH ajre6panvyecKUMH TepDMHHaMH; NpobJeMbl
KJaccu(UKaLHK CTABSATCS OUeHb TOUHO. B OTHOIIEHHH MaTeMaTHKH
XVII Bek yxXe GblJ 3aBepliieH.

E) Hurepnoasyusa u ucdiucaeHue pasuocrerd, DTa Tema (OT KO-
TOPO# MBI He OTHAeNsieM H3yueHHsi 6HHOMHAJBLHBIX K03(h(HIHEHTUB)
BO3HHKAeT OYeHb PAHO M NPOROJKAET NPHBJEKATh BHUMAaHHE B Te-
yeHHe BCEro BeKa MO MPHUMHAM KaK TEOpPEeTHUECKOro, TaK M MPakTH-
yeckoro xapaktepa. OfHOH M3 OCHOBHBIX 3aJay 3M0XH OblIO HCYHC-
JieHHe TPHIOHOMeTPHUECKHX, JOorapuhMHUECKHX, HaBHIalHOHHBIX
TabMnul, CTaBUIMX HeOGXOAWMBIMH Ojarogapsi GBICTPOMY Pa3BHTHIO
reorpauu, MopexoAcTBa, TEOPETHUECKOH M MPAKTHUYECKOH acTPOHO-
MuH, (hu3ukH, HeGecHOH MexaHWKH. MHorue u3 HauGoJiee H3BECTHBIX
mateMaTHkoB, oT Kennepa po Tiofirenca u HbioTona, BKNaabiBaioT
B 3TH HAyKH CBOIO JOJIIO TPyAa HJH HeNOCPeACTBEHHO, WJH MyTeM
TEOpPeTHUECKHX HCCIel0OBaHHH HaHboJiee 3(hGHEKTHBHBIX NpPOLECCOB
npubaMKeHHs.

OpnHo#t u3 nepBbIX npo6JeM NpPH NO/Ib30BaHHM TabJHLAMU H [a-
Ke NpPH HX COCTaBJeHHH siBAsieTcss npo6JjeMa HHTepnoasuud. [To
Mepe BO3pacTaHHs TOUYHOCTH BbluHcjAeHHH yuenble XVII B. Hauu-
HAT 3aMeuaTb, UTO JpeBHHUH cnocob JHHEeHHOH HHTEepPHOJISIIHH CTa-
HOBHTCS! HECOCTOSITEJABbHBIM, KaK TOJBbKO NepBbie pa3HOCTH (pa3HOCTH
MeX1y MocjJeJ0BaTeJbHbIMH BeJHUMHAMH TaOJHIbl) 3aMeTHO OT-
KJIOHSIIOTCS OT NocTOsiHHOH. Mul BUAMM, Hanpumep, uto Bpurr ([28],
ra1. 13) mosp3yercst NpH BBIYKCJEHHH JIOTAPH(PMOB Pa3HOCTSMHU BhIC-
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urero, ¥ fake J0BOJILHO GoJibliioro, mopsigka. ITosgHee Mbl BHAHM,
kak Hpioron ([167a], 1. I, ctp. 271—282, u [167b], kuura 111, nem-
Ma 5; cMm. takxe [86]) u k. I'peropu ([104d], ctp. 119—120), ne#t-
CTBYSI He3aBHCHMO, NpPOBOAST NapaJJelbHble HCCAELOBAHHA HHTEp-
NOJISIUMK M cTeneHHbIX psinoB. O6a OHM NPUXOASAT K OLHOMY H TOMY
Xe ¢ NOMOLIBIO Pa3/JHUYHBIX MeTOJ0B: C OJHOH CTOpPOHHI, K (dopMmyne
HHTEPTNIOJIAALHY TIOCPEACTBOM MHOTOUJICHOB, H3BECTHHIX NOJA HMeHeM
«HBIOTOHOBBIX»; W ¢ [Opyrofi —k GuHoMuanbHoMy psiay ([104d],
ctp. 131; [144d], ctp. 180) ¥ K OCHOBHWIM B KJaCCHUECKOM aHaju3e
pasjoxeHusM B cTeneHHsle psigael ([104d]; [167a], 1. I, cTp. 3—26 u
271—282; [144d], ctp. 179—192 u 203—225). He npuxomutcs co-
MHEBATbCS B TOM, 4TO 3TH ABAa HaNpaBJeHHs MCCAENOBAHUN BJHSIIH
APYT Ha Jpyra H OblIH Takxe TecHO cBsizanbl y HbioTOHA ¢ OTKpHI-
THEM NPMHLHKTIOB HCUHCJHEHHst GecKOHEeuHO MaJiblx. [ peropu, Kak #
HerotoH, yneaser 60/bl10oe BHUIMaHHe BBIUHCIUTEILHOH NPAKTHKE, CO-
CTABJIEHUIO M ynoTpe6/eHHI0 TaGJul, BHUHCJAEHHIO CYMM YHCJIOBBIX
pANOB H HMHTerpajoB. B uacTHOCTH, XOTs y HHMX He/b3s HAHTH HH
OJHOrO TINATeJbHO pa3paboTaHHONO [0Ka3aTedbCTBA CXOLHMOCTH
B /lyXe LIMTHPOBAHHOIrO Bblllle JOKa3aTeJbCTBa JopAa Bpoyukepa, o6a
YUEHBIX TIOCTOSIHHO YNMOMHHAIOT O CXOAHMOCTH pPaccMaTpHUBaeMbIX
MMM PAJOB C TOYKH 3pDEHHs1 MX NPAKTHUECKOTO NMPUMEHEHHs: K BHI-
yncsenuaM. Tak, mbl BuauMm, Kak Heloton B oTBeT Ha BoOmpoc, mo-

craBiedHbii  KosasunHsom c¢ npakrtuueckoit wmeasio ([190], 1. II,
. N

S

crp. 309—310), npuMensieT k npu6AUKEHHOMY BBIUHCIEHHUIO 2‘ )
p=1

15 GosblMX 3HauyeHui N uacTHBIE cayuall MeToda CyMMHDOBaHHUS,
W3BECTHOTO TNoJ MMeHeM MeToAa Jiinepa — Makjopena. Mur Betpe-
yaeMcsl OUeHb PAHO TaKXKe C BBIUHCIEHHEM 3HaueHHH QYHKIHH N0 HX
pasHOCTSIM, ynoTpeG/isieMbiM KakK MeTOJ NPaKTHYeCKOro HHTErpHpo-
BaHMSl M Jaxke, MOXKHO CKasaTb, IIDH HHTerpupoBaHuu Auddepen-
uuanpHoro ypasHenus. Tak, B 1599 r. Pafit, KoTopsifi foJXKeH Obli
paspelluTh Ha OCHOBE HABUTAIMOHHbIX TAa6JHIl 3a7auy, KOTOPYIO MBI

dx 1
6bl 3anMcany B BUle —d—t- == SecC t = m, CKJiaabiBaeT 3HAa4eHHUsd sec t

LS 3HAUEHHH NYT, B3ATHIX ¢ HHTepBajoM B ORHy cekyHny ([249];
cp. [165b], ctp. 97), ecTecTBeHHO nNOJyuas, 3a MajbIMH HCKIIOUe-

t\
HUAMH, TaGJHIy BeJHUHH logtg(%+—2—). DTo coBNajeHHe, 3aMe-

yeHHOe y¥Ke NpPH BbIUHCAEHHH nmepBbix Tabaui logtgf, ocrasocs He-
06bsCHeHHBIM BIIOTH RO HHTETPHPOBAaHUS Sec £, BhINogHeHHOro I'pe-
ropu B 1668 r. ([104c] u [104d], cTp. 7 u 467).

Ho 3T BONpOCH HMEIOT TakKXKe H YHCTO TeOPeTHUeCKHil M jaxe
aputMernueckuit acnekT. O603HayuM NOCPeACTBOM Ax, noc/eno-
BaTe/bHble PA3HOCTH OJHOM H TOI e [I0C/IeN0BATENbHOCTH (Xn),c n»

’
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onpee/ieHHble PEeKYPPEHTHBIM CNOCOGOM NOCPEACTBOM COOTHOLIEHHH
r r—
AXp=Xpp1— Xp» A, =A(0"x,),
¥ o6o3HauuM uepe3 S’ omepanuio, o6paTHYI0O A u ee HTepalHAM,
nonaras y,=3S8x, ecm y,=0, Ay,=x, u S'x"=8(5""x,);

nosyuaeM
Sin—p—1
r
Sx,,—g()( . )xp.
B wacrtHocTH, ecu X, =1 nas mo6oro n, To Sx,=n, a nocjaenosa-
reapHocTH S2x, n 83X, SBJIAOTCS MOC/AEIOBATENbHOCTSMH «Tpe-
YTOMIbHBIX> M «NMDAMHIA/IBHEIX> YHCEN, YXKe H3YUeHHBIX IPeuecKH-
MH MaTeMaTHKaMH; B 06llueM cayuae

S'x,,::(r;) s n>r (uSx,=0 gaa n<r).

C 3TOoil TOUYKH 3peHHs TaKHe NOC/JAeL0BaTeJbHOCTH HAayaJu pac-
cMaTpuBath He no3gHee XVII B.; OHM NOSBIAIOTCA Takke B KOMGH-
HATOPHBIX 3ajauax, KoTopele 1160 camMu no cebe, Ju6O B CBA3H C
BEPOSITHOCTHBIMHU 3aJ4aYaMH HCPaJH AOBOJbHO GOJBIIYIO POIb Y Ma-
trematukoB XVI B., nanpumep y ®epma u Ilackans, a 3atem u y
Jlefi6uua. DTH Ke NOCAELOBATEJbHOCTH MOSIBJASIOTCS B BhIpaXe-
HHUAX CYMMBI m-X cTeleHell NepBbix N upceJ HaTypaabHOro psiaa,
BBIYHCJIEHHe KOTODBIX, KAK Mbl yiKe BUJEJH, JeXUT B OCHOBe HHTe-

rpupoBanus | x™dx MJAs 1eJOro uMcia m NOCPeACTBOM HepBOro
p

metona Pepma ([82], 1. II, ctp. 83). Takyiwo ke npouenypy npume-
Hser u Baanuc B 1655 r. B cBoeli «Arithmetica Infinitorum»
([240al], . I, cTp. 355—478), He Gyayunm 3HAKOMBIM C paboTaMmu
(neony6aukoBaHHbiMH) PepMa u, Gojee TOrO, 3HasI, 110 €r0 CJAOBAM,
0 MeTo#e HeNeJUMBIX TOJAbKO 0o Jekiusm Topuuesanau. [Ipapna,
Baaauc, Toponsick K cBoell IesH, He 3alepXKHUBAETCs HAa TIIATe/b-
HBIX HCCJefoBaHHsiX. Kak TObKO OH MoJiyuaeT pe3ysbTaT AJsS He-
CKOJIBKHX TI0CJIe[0BaTeAbHBIX YUCe] HaTypadbHOro psifa, OH CUuMTaeT
ero « N0 MHAYKIMH» BepHBIM [JIsi BCSIKOTO LIeJIOT0 /1, KOPPEKTHOo IMe-
PeXOHUT OTCIOfAa K m = 1/n [Jjsi n 1eJ0ro, 3aTeM, ONSITh C MOMOIIbIO
«MHAYKUHH», eme Gosee CyMMapHOH, uYeM nepBas, KO BCsi-
KOMY panuoHajseHoMy m. Ho wuHTepeC M OpHIHHAJBHOCTH €ro
paGoThl 3aKJIOUAIOTCH B TOM, UTO OH, OTNPAaBJsASiCb OT Hee, MocCTe-
feHHO MOXOAHT JO H3YyueHHs1 «3ijepoBa wuHTerpana [(m, n) =
1

=f(1 x"™" dx (Benmumna kotoporo aas m u n>0 paeHa

F(m + )I(n+ 1)/T(m + n+ 1)) ugpyrux eMy NOZOGHLIX, COCTaB-
nsieT AJs UesdblX uHCell m K n TabJHuIly 3HauyeHHH l/l(m n) ss-

n
NpPUEMaMH, MOYTH TOXKAECTBEHHBIMH TeM, KOTOpble YNOTPeGJsIoTcs

m n
Jsolledcsl He UeM HHBIM, KakK Ta6Jauleld I1esblX yuces ( + ). H
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cefiyac nJis u3JoxKeHUs TeopHu I'-pyHkuwil, npuxonut x GeckoHeu-

HOMY NPOH3BeIeHHIO 15 l(% —;) =% = (I‘ (-3—))2 HeTpyaHo x Tomy

e cJesaTbh ero MeToJ KOPPeKTHBIM NyTeM WHTerpupoBaHUs MO, dac-
TSAM M OYeHb NPOCTOH 3aMeHBl NMEePEeMeHHBIX, a TaKXe NyTeM pac-
cMoTpenus [(m, n) s J1106bIX HefcTBUTENBHBIX M W N, 0 4eM Bai-
JIMC He MOT M MeuTaTh, HO YTO Cjesajock BO3MOXKHBIM GJaaromaps
HBIOTOHOBY aHasu3y. Ho, Bo BcAkom ciyuae, npofenaHHas Basnu-

m n
COM «HHTepnoJduusa» OT ILeJblX ( ;l'_ ) K HelleJIbIM 3HAaueHUSAM 17

(TouHee, K 3HAUEHHSIM BHAA n = p/2, rae p —leloe HeuyeTHOe) IO-
cJyXHujaa TOYKOH OTNpaBJeHHUsi Js HauuHawoulero HelotoHa ([144d],
cTp. 204—206). Tlocnenuuii BHavaje, Hccledysl YacTHBIA caydai

(1 — x2”%, npHuwen K GUHOMHAIBHOMY PSiLy, 3aTeM K BBELEHHIO x°
(B TakoM 3Ke 06O3HAueHHH) HJs1 JelCTBUTEJNbHBIX a H HaXOXKIEHHIO
NPOU3BOHOH OT X2 NocpeaCTBOM GHHOMMAJBHOTO DPsifa; NPH 3TOM
He Henaetcs GOJBLUIKX YCUJAUH AJA NOJNYyUYeHHS JOKA3aTeNbCTB H [axe
cTporux onpenedenuii. Kpome Toro, 3ameuaTesbHbim HOBIIECTBOM

ABJIsIeTCst TO, YTO HBIOTOH BBHIBOAHT fx" dx pas @ #+—1 u3 Belpa-

xeHust ans npousBomuoit x* ({167a], 1. I, ctp. 3—26, u [144d],
ctp. 225). M xora HbloTOH BCKOpe mocJie 3TOTO OBJajnes] ropasio
Gonee OOLIMMH MeTOZAMM Pa3JjlOKeHHs B CTeNeHHble Psiabl, TAKHMH,
KaK MeTOJ, HasbiBaeMblil MHOroyrojbHukoM HploToHa (njs ajre-
6paunueckux ¢yukuuit) ([144d], crp. 221), u meTon Heompexnese-
HBIX KO3(hQHUIHEeHTOB, OH HeOJHOKpPaTHO BO3BpallaeTcs BHOCJEN-
CcTBHH K GUHOMHANBLHOMY PAAY M ero o6006lLleHHsIM, OKa3blBas emy
onpefesteHHoe npeanoutenne. Mmenno us storo psiaa, no-BuauMomy,

OH NOJIYUHJI pas3JjioKeHHe fx“(l +x)P%dx, o KOTOPOM peub LLJla Bbi-

me ([144d], ctp. 209).

Ha KoHTHHeHTe MeXJAy TeM HaeH pa3BHBaJHCh COBepPLIEHHO
OTJMIHYHBIM O6pa3oM, NMpHYeM B ropasjio Gosee a6CTpakTHOM Hampa-
BireHun. I[lackanb, kak u Pepma, 3aHUMANCAd HcCleJOBaHHEM
GHHOMHAJBHBIX KO3(p(HUUHEHTOB (U3 KOTOpPbIX OH 06pa3oBhIBaJ
cBofl «apu(meTHUeCKUH TpPeyrojbHHK») ¥ HX NpPUMeHEeHHeM K Hc-
YUCJAEHHUIO BEPOATHOCTEH M K HCUUCJIEHHIO KOHEUHBIX Pa3HOCTeH.
Korna on mpucTtynaer K MHTEIDHUPOBAHUIO, OH M TyJa BBOIMT Te XKe

HaeH. Kak u ero npeauieCTBeHHUKH, NMPpHUMeHAdA fA3bIK HeleJTHMbIX,
x

[Mackane nouumaer uHterpan F(x) =ff(x) dx Kak 3HauyeHHe OT-

a
HOIIeHHsA «CYMMBI BCeX OpAHHAT KpI/IBOfI»

sUw))=_X /(%)

0<p<Nx
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K «eqununes N= X 1 mia N=oo ([175], 1. VIII, crp. 352—
0<p<N
355) (xorga oH OcTaBJ/seT 3TOT $3bIK, YTOOBl BOCHOJIb30BATLCA KOP-
PeKTHBIM $I3BIKOM METOJa HCUePNBbIBAHHsl, NOJ 3THM HHTerpajoM OH
MOHMMAET Tpefles 3TOTO OTHOLIEHHsI NPH HEOTPAHHYEHHO YBeJHuH-
patoiieMcsi N). Ho, umes B BuAy npobiemy MmoMmenToB, [lackanb 3a-
MeuaeT, uTo, KOrja peub HAET O MHUCKPETHHX Maccax y pacnovo-
KEHHBIX Ha PaBHHIX PACCTOSIHUSIX APYr OT JApYyra, BbludcjAeHHe 00-
ulefi Macchl CBOAMTCA K onepauuu Sy,, KoTopas Obljia onpefeseHa
BhILIE, a BLIUMC/JIeHHe MOMeHTa — K onepanuu S?y,. AHaJOrHYHO OH

NMOBTOPSAET OnNepanuio f s OﬁpaSOBaHHH TOro, 4ToO OH Ha3biBaet

«TpPeyroJibHON CYMMO# OpOHHAT», a 3HAUMT, Ha HalleM sA3blKe Ha-
—202 n
XOnuT mnpenen cymmo N S (f<7\7)) T. e. HHTerpan Fy(x) ==

X
=f F(x)Cx noBasi wrepauus naetr eMy «OHpaMHIajbHble CYMMBI»
0

X

F; (x)=fF2 (X)dx, 1. e nﬂe}leﬂm Belpaxkenuii N °S° (f(%))
0

M3 konTtexkcrta BuAHO, uTo [lackanb ocranas/jiuBaercs Ha 3TOM MecTe
He W3-3a HejocTaTka OOGIIHOCTH MEICJel MM $I3bIKA, HO JHUIb MO-
TOMY, UTO OH PacCYHTHIBAeT BOCNOJ/b30BATHCSI TOJBKO 3THMH OIpe-
JeJleHUsIMH, CHCTeMaTHuecKoe ynorpeb/aeHHe KOTOpPHIX COCTaBJsieT
OCHOBY Gosblueit yacTH ero pedyabratoB. OH N10KaswiBaeT CBOKCTBA
BBEJIEHHBIX HM «CYMM», KOTOpble MBI Obl 3aMUcajJy TakK:

Fx) = [(x—a)f@)du, Fy(x)=-y [(x—uPf(a)du
0 0

([175], . VIII, crp. 361—367). Bce 570 OH 3anuckiBaer 6e3 egHHOMN
(OpMYyJIbl, HO MOJB3YSICh TAKUM NPO3PAUHBIM H TOUHBIM 3BIKOM, UTO
€r0 MOKHO HeMe[JIeHHO NepeBeCTH B POPMYJbl, KAK MbI TOJbKO 4TO
370 cnenanu. ¥ Ilackansi, Kak M y ero npejgliecTBEHHHKOB, TOJbKO
ropasgo 6ojee 4YeTKO H CHCTeMaTHYHO, NpU BbIGOpe He3aBUCHMOH
nepeMeHHO# (KoTopasi Bcerja siBJsieTCsl OJHOH M3 KOOPAHMHAT HJH
1yrodl KpuBOH) HesIBHO NpPEANOJaraercs, UTo HHTePBaJ HHTerpalHH
pasfensiercsi Ha YacTH DABHOCTOSIIIMMH TOYKAMH (XOTs M «GecKo-
HeYHO GJH3KUMH>). DTH TOUYKH B 3aBUCHMOCTH OT OGCTOSTENLCTB
pacnonaratorcst u6o Ha ocu Ox, 6o Ha ocu Oy, au6o Ha myre
kpuBo#f, u Ilackasb crapaeTcs He [0ONYCKatTh B 3TOM OTHOILIEHHH
nukakofl aBycmeliciensoctu ([175], . VIII, crp. 368—369). 3ameny
nepeMeHHBIX OH NPOU3BOJHMT HAa OCHOBAHHM NPHHIMNA, KOTOPHIH CBQ-

JAUTCS K TOMY, 4TO rmomanbff(x) dx Moxer OBIThH 3amHcaHa Kak
S(f(x:)Ax;) nns BcsiKore nMoApasjeseHHsT HHTePBasa HHTErPAUMH Ha
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«6eCKOHEeUHO MaJjible» DaBHble MJIH HepaBHble HHTepBaJbl Ax; ([175],
1. IX, cTp. 61—68).

Mpbl BUAHM, 4TO 3TO YXKe OueHb O6sH3KO K JleliGHuuy. Baaronapsa
cyact/IMBOMy cayuato Jlefi6Huu, Koraa oH 3axoTes MNPHOGLIHTHCS
K COBpeMeHHOHl eMy MaTtemaTHKe, BcTpeTusa [iofireHca, KoTopelit TOT-
yac ke fAan emy counHeHusi Ilackans ([144d], cTp. 407—408). On
GblT yKe NOATOTOBJEH K MX BOCNPHSATHIO CBOHMH PasMbIILJIEHHSAMH
0 KOMOHHAaTODHOM aHa/lH3e H, KaK Mbl 3HaeM, TILATEJbHO HX H3Y-
Yusi, YTO ¥ HALLJIO OTparkeHue B ero coGcTBeHHOH paGorte. B 1675 r.
OH 3amucaj faHHyio Bbille Teopemy [lackans B dopme omn (xo) =
= x.omno—omn (omnw), rie OMN® SsBJAsSETCS COKpAI[EeHHEIM
ofo3HaueHHeM HHTerpasa or o, B3aToro ot 0 g0 x, Kotopoe JleAo-

HUII HECKOJIbKO [HeH CNyCTsi 3aMeHsieT f o (nepBas 6yksa «summa

omnium ®»), BBOAs B TO xe BpeMsi d /151 6eCKOHEUHO MaJsoil «pas-
HOCTH», HJH, KaK OH BIOCJEACTBHH TOBOPHJ, AuddepeHuHana
([144d], ctp. 147—167). IToHumas 3TH «pa3sHOCTH» KaK BeHUHHBI,
KOTOpBIe MOXKHO CPaBHHBATb MeXJy cO60H, HO He ¢ KOHeyHbIMH BeJlH-
yMHAMH, OH uallle BCero NMPHHUMAeT $IBHO HJIM HeSIBHO, YTO Aubde-
peHiMa’g dx He3aBHCHMOH nepeMeHHON X paBeH eluHule, dx = |
(uto npuBOAMT K uieHTH(HKauun Auddepennnana dy c NpoussBol-
HOM %—>, W BHaua/Je HCKJIIOUaeT ero M3 CBOero o603HAYEHHS WHTer-

paJja, KOTOPHIl NMO3TOMY MOSB/ISETCS Kak fy, a He Kak fydx.

Bckope, OfHaKO, OH BBOAMT 3HaK AHddepeHnnana noj HHTerpas H
cHCTeMaTHUeCKH MNpHIepXKHBAETCs 3TOM 3alMCH, 3aTeM 3aMeuaer
HHBAPUAHTHBIA XapakTep 3TOH 3alHCH B OTHOLIEHHH BbIOOpA He3a-
BHCHMOIl NMepeMeHHOM, YTO NOJIOXKHJI0 KOHell Heo6X0AHMMOCTH BCe Bpe-
Ms NOMHHUTB O cHesnaHHoOM BbiGope !). JleliGHHII BhIpaxaeT siBHOE
yIOB/IeTBOpeHHe, KOIAa, NPHCTYNHB K H3yueHuio pabot Bappoy, ko-
TOpBIM JO CHX NOD He yJessil NOYTH HHKAKOro BHHMAaHHUS, OH OOHa-
pYXKHJ, yTo O6IIas TeopemMa O 3aMeHe lepeMeHHBIX, KoTopoii Bappoy
npufaBajs Takoe 60JbLIOe 3HAUeHHe, HeMelJeHHO BbITeKaeT H3 ero
cob6etBenHoro cnoco6a o6osnauenuil ([144d], ctp. 412). Bo Bces
3TOM K TOMY e OH OuYeHb GJIH3KO NMOAXOAHUT K HCUMCJEHHIO KOHeu-
HBIX pa3HOCTeH, H3 KOTOPOTo BLIBOAHMTCHA €ro AuddepeHunansbHoe Hc-
yyuc/JeHHe MOCPEeACTBOM Iepexona K mpefesy, TOuHO 060CHOBATh KO-
TOpBIH €My, KOHeuHO, Obl10 OBl JOBOJIBHO TPyAHO. Benenctsue storo
OH HacrTauBaeT Ha TOM, YTO ero NPHHUUNBI NPHUMeHstOTCs Ges-
pasqMyHO M K TOMY M K Apyromy ucumcaenuto. OH onpeneneHHO

1) «lIpedynpesxcdaro, urobur ocrepeearucs orbpacsléars dx — owubka, KOTO-
pyto wacro OONYCKAXOT U KOTOPAR NPEenATCTEYET NpOOBUNCERUI0 6neped, Tax Kak
TeM caMbiM AuulaeT Hedeaumble, kax 30ece dx, ux O0OWHOCTU, ..u3 KOTOPOL
npouctexarorT  becqucaennvie  TPAHCPUaYpaAyUU U IKBUNOACHTHOCTU  (hueyp»
([144 a}, 1. V, crp. 233).
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uutupyet Ilackans, korga, Hanpumep, B nepenucke ¢ Moranom bep-

uyanu ([144a), . I11, cTp. 156), o6pamasch K CBOUM NepPBOHAUANBHbIM

MccJeIOBaHUSAM, HaeT (GOPMYay HCUHC/IeHHsT KOHEUHBIX DasHOCTeH,

KOTOpas siBJisieTcs YaCTHbIM cayuaeM ¢opmyast HelotoHa, u BbiBu-
(o]

X”

W n
JMT U3 Hee «MepexofioM K npefeiy» dopmyay y =2, (—1) dx” .
1

(rme y saBasercs OyHkiMedl, obpamatoleiics B Hyab npu x = 0,
dry
dxn
BaJIeHTHYI0 TOH, KoTopyio eMy coobuiuan Bepuyanu ([144a], t. III,
ctp. 150, u [17a], . I, cTp. 125—128) u xoropyio nociaenHuil mno-
KaszaJ M[ocJeoBaTeNbHBIM HMHTErPUPOBAHHEM M0 dacTaM. Kak Mbl
BUJNM, 3Ta popMyJa oueHb 6auska K psay Te#nopa; B 1715 r. Teii-
JIOD BOCIPOHM3BOANT HMEHHO paccyxKleHue Jlefi6Huua o mnepexone
K npenesny, UCXO/sl U3 HCUMCJIEHUS KOHEUHBIX pa3HOCTeH, uTOOk! noJy-
YuTh «CBOH» psf [222]!), K TOMy e He CJHMUIKOM €ro HCHOJb3Ysl.

F) B onucaHHO# Bblllle 3BOJIIOIMH MaTeMaTHUeCKHX HIeH MOXHO
6bl10 3aMeTHUTb NPHCYTCTBYIOMIY B Hell M BO3pacTamoimylo a4-
eebpausayuro aHanusda GECKOHEUHO MaJbix, T. €. CBeJleHHe ero K
OnepayUoOHHOMY UCHUCACHUIO, OCHALIEHHOMY cHcTeMoll elnHoo6pas-
HbIX 0603HayeHHH ajdreb6panueckoro xapakrepa. Kak HEOQHOKPATHO
M COBEepLIEHHO OTYeTJIHBO YyKaswmBasa JleiGuuun ([144a], 1. V,
ctp. 230—233), Hapo Oblo cAeJaTh AJst HOBOIO aHajausa TO, UTO
Buer B cBoe BpeMms chenaas [IJsi Teopuu ypaBHenuh, a [exapr —
s reoMeTpuu. UTo6bl 0co3HATH HACyUHYIO HEOGXOLUMOCTh 3TOTrO,
JOCTaTOYHO NPOYNTATh HECKOJbKO cTpaHul U3 Bappoy; Hu Ha oany
MHHYTY 3JeCb HeJb3st ob6oiiTHch 6e3 Toro, 4To6bl He HMETb Nepej
rnazaMyu GUryphl, MOJYac OUeHb CJA0XKHOH, NpeABapUTESbHO BHIUEp-
yeHHOH ¢ KPOMOTJAHMBOH TIIaTeJbHOCThIO; HAa 100 cTpavum (JeKuuu
V—XII) norpe6osajoce He MeHee 180 duryp, KoTopnlie M cocTa-
BJISIIOT OCHOBHOE COJlepKaHue paboThl.

[lpaBna, Bonpoc o6 aare6pansauud He Mor OBITb gaxe NoOCTa-
BJEH, NpPEXJe ueM Cpeld MHOXKeCTBa reOMeTpHUYEeCcKHX MpejcTaBJe-
HUH He TMOSIBUJIOCH HekoToporo exnHoo6pasusi. Oxsako puropuii ne
Cent-Bunuenrt [103] yxe BBoaua (nox naszpaHueM «dictus plani in

a

—ee [NPOM3BOAHHIMH B TOuKe Xx),— (GoOpMyny, 3KBH-

1) Onst ucuMc/leHUs KOHeUHHIX pasHocTeit Tefinop Mor, ecTecTBeHHO, OmMH-
pathcs Ha pe3ysbratel HbioToHa, cofepiKaluuecss B 3HaMeHHTO JeMMe ero «Prin-
cipia» ([167b], Kuura I1I, neMmma 5) u u3ganHbie B HONOJHeHHOM Buje B 1711 r.
([167a], 1. I, cTp. 271—282). Uro Kacaercss uleH repexofa K Mpejeny, OHa Ka-
Kercs THIHYHOH A/ JleiiGuuua; 6b10 GHl TPYAHO NOBEPHTH B OPHTHHAJBHOCTB
Teltiopa B 3TOM Bompoce, eciu Obl MBI He 3HaJH MHOTOYHMCJIEHHBIX NPHMEPOB BCeX
BpPEMeH, KOIJla YYeHHKH He HMMeiOT MOHATHA HH O 4YeM, KPOMe COUMHEHHH CBOMX
yuuteseir n nokposHTesnell. Teiisiop He umutHpyer Hu Jleii6Huua, Hu Bepuymau; Ho
Koraa OymeBasa moJevHka mexay HeioroHom n JleiiGuuuesM, TeHisop Gbui cexpe-
tapeM KoponeBckoro ofiwecnsa, a c3p Fcaak ero BceMOrylum Npe3sHIeHTOM,
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planum>>) HeKHH 3aKOH KOMIIO3WIIMH, CBOJIALILUNACHA K cCHCTeMaThue-
b

CKOMY YyNoTpelb/1eHUI0 HHTerpaJjos ff(x)g(x)dx, paccMarpuBae-

MBIX Kak oObeMbl TeJja
a lx b 0Ly <f(n), 0lz<Lg(x).

OnHako oH Obla1 JaJieK OT TOro, uToObl COesaTh OTCIOAA BBHIBOJHI,
KOTOpBle BMNOCJEJCTBUH, KaK MHl YKe BHIe/IH, GblaM noJjyuenw [lac-
KaJleM Ha OCHOBe H3yueHHs TeX xe Tes. Bajauc B 1655 r. u [lac-
kaip B 1658 r. cocTaBMJH, KaxXKAblH [Js CBOero ymnorpeGieHws,
A3bIKH ajJre6pauvyeckoro xapakTepa, B KOTOPBIX, HE 3aNUChIBass HU
eqMHOH (GOpPMYJIbl, OHH AAIOT (OPMYJHUPOBKH, KOTOPHIE MOXKHO He-
MeIJIeHHO, KaK TOJbKO 6yJIeT MOHAT MX MexXaHW3M, 3anucatb B Qop-
MyJiax MHTerpaJbHOro ucuuciaenus. J3ek Ilackans oco6eHHO siceH u
TOYeH; M eCJH He BCerja MOHsATHO, MouyeMy OH OTKasajcs OT Mpd-
MeHeHHs1 ajre6panueckux o603HaueHHE He ToabKo Jlekapra, HO H
Buera, BCe e He/b3sl He BOCXHIIATHCS €0 MAaCTEPCTBOM, KOTOPOE
MOIJIO INpPOSIBUTbCH JIHIIL Ha OCHOBe COBEPUIEHHOTO BJlaJeHUs
A3BLIKOM.

OnHako uepe3 HecKOJbKO JieT Bce pafMKa/lbHO MeHsieTcs. Hblo-
TOH NepBbIf BBICKAa3blBaeT MBIC/JAb O 3aMeHe Bcex ofepalHdil reomer-
pUUeCKOro XapakKTepa B COBPeMeHHOM eMy aHaJ/H3e OeCKOHEeyHU
MaJibix E€IMHCTBEHHOH aHaJuTHUecKOH onepaiueit — nuddepesuu-
poBaHHeM — M pelleHHeM OOpaTHOH 3ajaud. MeTold CTeneHHHIX psi-
IOB, pasyMeeTcs, 1aBaj €My BO3MOXHOCTb NPOH3BOAHTb 3Ty Ole-
paLMIO C upe3BblUaHHOH NerkocTbio. HbloTOH 3aUMCTBYeT CBOH s3BbIK,
KaK MBI yxKe BUIE/H, HCXOAS M3 TOA (PHUKLHUH, 6YATO YHHBEPCANbHBIM
napaMeTpoM siBasieTcss «BpeMsi». OH Ha3blBaeT «(JIOEHTAMU» Mepe-
MeHHBIe KOJINUecTBa, ABJAAIOLNecs (DYHKUHUSIMH 3TOrO napamerpa, 4
HX Npou3BoAHble «(uloKcHsaMHU». [lo-BHAMMOMY, OH He NpHAaBa.l
ocoGoro 3HaueHHsi 0603HAUEHUSIM, U €ro MpPHUBEPKEHIbl BHIOCe]-
CTBUH J1a3Ke NOXBaJas/IHCh OTCYTCTBHEM CHCTeMaTHUecKoro o603Haye-
HHSl KaK HeKHM npermyuiecTBoM. Tem He meHee y HpioToHa ¢ pan-
HUX Top BbIpabaTbiBaeTCst MpPUBbIYKA 0603HAuaTh /s CBOEro JiMu-

R o dx . d?x .
HOTO MOJIB30BAHUS (i 'Kl4I0 TOUKOM, T. €. —r KaK X, —p Kak X
u T. . UTo KacaeTcss MHTerpUpoOBaHUs, TO, KaxeTcsi, HbloToH, Tak
xe Kak W Dappoy, Bcerna paccMarpuBag ero Kak 3agauy (Hairu
daioeHTy, 3Has (JIIOKCHIO, T. e. pPelIMTb X = f(f)), a He Kak orme-

pauuio. [loaToMy y Hero HeT HH Ha3BaHMsl M5 HHTerpana, HH
MOCTOSIHHHIX 0G03HAuUeHHH [HJsi Hero (3a HCKJIOUeHHeM HeCKOJbKO

pa3 BcTpeuaioulerocst KBagpara | f(¢) | uan [J f(¢) BMecToO ff(t) dt).

He noromy JiH, 4TO €My IPETH/J0 AaBaTb HMsi UM 3HAK CYIIHOCTH,
KoTopass He HUMeeT €AHHCTBEHHOIO olpedeJsieHUsi, HO olpelesieHa C
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TOYHOCTBIO [0 aAJAWTHBHOH NMOCTOSHHOH? 3a HeWMeHueM NOATBEpPK-
JAIOIIero TeKCTa 3TOT BONPOC OCTAETCsI OTKPHITHIM.

Hackonbko HploTOHy O6Bl1a CBOHCTBEHHA 3MMNUPHUYHOCTb, KOH-
KDeTHOCTb, OCMOTPHTEIbHOCTb B CBOHX CAMbIX CMEJbIX BbICKA3bl-
HUAX, HacToJbKO [Jsi JlefiGHHLA XapakTepHa CHCTEMaTHUHOCTB,
CK/IOHHOCTb K OOOOLIEHHSIM, K NpPeANpHUMUYMBOMY HOBATOPCTBY, a
nopo#t u K aepsoctd. C IOHOCTH OH Jieslesisl HALI0 CO3RAHUS «XapaK-
TEPUCTHKH», UJIH YHHBEPCAJbHOTO CHMBOJIHUECKOTO si3blKd, KOTOPbIH
noJxeH Gbll cTaTh MJIsi COBOKYNMHOCTH 4Y€JOBeueCKHX MbIc/el TeM
Xe, yeM ABJSIOTCS anrefpanueckne 0003HAYeHHst AAs anare6pul. B
3TOM $I3blKe BCSIKOE HMS HJIM 3HAK JOJIXKeH OBbIThb KJII0OUOM KO BCEM
cBoficTBaM 0603HauaeMON BelWlH H HX MOXKHO Gblio Obl KOPPEKTHO
ynotpebasTh naxe 6e3 KOPPEKTHOro paccy:KiaeHHst (cM. ctp. 15).
He tpyaHo cuuTaTh NOAOGHBIN NPOEKT XHMEPHUECKHM; ONHAKO He
CAy4a#HO, 4YTO HMEHHO aBTOP €ero CKOPO Hamlen W BbLIEJHI
OCHOBHBIE KOHIIENIHH HCUHCAeHHS OecKOHeYHO MaJjblX W JAaj UM
0603HaueHHs] NOYTH B OKOHYaTeJbHOM BuJe. Brire Mbl  yxe
MO3HAKOMUJ/IHCh C HX MNOSIBJEHHEeM Ha CBeT M OTMETHIM Ty Tiia-
TeJIbHOCTh, ¢ KoTopo# Jlefi6Hul, ortmatomuil cefe, NO-BUIAHUMOMY,
TIOJIHBIH OTYeT B CBOEH MMCCHH, NOCTENEHHO NepefesblBAET H H3Me-
HSeT MX, NMOKa HAaKOHell He NOOHBaeTCss HCKOMOH MPOCTOTHI K OCO-
6enno uuBapuantHoctH ([144a), 1. V, ctp. 220—226 u 226—233).
Y70 BaxHO 3JeCh OTMETHTb, 3TO TO, 4TO y¥Ke C caMOro HauaJzaa (He
3Has eule Huuero o6 uuesx HbioTOHA) OH HMeJs SICHYIO KOHUEMIHIO

f u d — uHrerpana U auddepenlnana — Kak B3aNMHO OOGPaTHBIX

onepartopos. [IpaBna, meficTBysi TakuM 06pas3oMm, OH He Mor u3be-
aTb HEeONHO3HAYHOCTH, MpHUCYyUled HeoNpeleseHHOMY HHTErpagy,
YTO M SIBJISIETCS YSI3BUMbIM MECTOM €r0 CHCTEMBI, KOTOPOe OH JIOBKO
06XONNT, TaK e KaK U ero nocienonaresnu. Ho uto nopaxkaer yxe
NpH NEepBOM [OSIBIEHHH HOBBIX CHMBOJOB, 3TO To, uTo JlefiGuuil,
cpa3y »Ke 3aHSABLIMCH (DOPMYJHPOBKOH NpaBHJ AeHCTBHH C HHUMH,
3aaymaJcss Haj BONPOCOM, BepHo JH, uto d(xy) = dx dy ([144d],
crp. 165-—166), 1, OTBETHB Ha HEro OTPHLATEJAbHO, MOCTEIIEHHO MpHU-
Wwes K HaxXoxJeHHIo BepHoro npasuna ([144a), 1. V, ctp. 220—226),
KOTOpOe BIIOCJEACTBHH OH 0606IIMJ B CBOeH 3HaMeHHTOH dopMmysne
ans d"(xy) ([144 a], . 111, ctp. 175). KoHeuHo, B To BpeMsi Koraa
JlefiGuu wes ewe owmynsio, HbIOTOHY yxe 3a fecsTb JeT 10 3TOro
OBIIO H3BECTHO, UTO €C/JAH 2 = XY, TO 2 = XY - Xy, HO OH HUKOTJa He
naer ce6e TpyZa roBOpPHTb 06 3TOM, BHAS 3[eCh JIHIIb HeJOCTOMHBI
6bITh 0060 OTMEUEHHbIM UYAaCTHBIH cayuaft cBoero npaBuJaa st gud-
bepennupoBaHus cooTHoweHus F(x, y, 2) = 0 Mexnay ¢JaroeHTaMH.
Hamnporus, ocHoBHO# 3a60Toll Jlefi6HuLa ObLJIO OTHIOAb He HCIOJb-
30BaHHe ero MeTOJOB JUIsl PelieHHs] KaKHX-AH00 KOHKpeTHBIX 3ajgay
¥ TeM Gojiee He JJ1sl TOTO, YTOGbI BEIBECTH UX M3 CTPOTHX U Heys3BH-
MBIX OPHHIMOOB, HO, NpeX/1e BCEero AJs NOCTPOeHHs aJropurMa, Ko-
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Topelfi OCHOBHIBaJcsi 6bl Ha (oOpPManbHOM NPHUMEHEHHH HEeKOTOPbIX
npocTbiX npasui. MMeHnHo ¢ 3Tofl LENbIO OH COBEPUIEHCTBYET aJjre-
Gpanueckue 06O3HaueHHs BBeJeHHeM CKOOOK M MOCTeNeHHO MNPHHH-
Maet 3Hak log x uau lx ans jgorapudpmal) u HacTauBaeT Ha <«HCUHC-
JeHHH TI0KasaTelbHbIX (YHKIHH», T. e. HA CHCTeMaTHYeCKOM pac-
CMOTpEeHHH ToKa3aTeJbHbIX (QYyHKIMH a¥, X¥, x¥, rle nokasaTesb $B-
JsieTcsi nepeMeHHO!N BesuunHOH. B To Bpems xak HbloTOH BBOAMT
(GJIIOKCHH BBICIIErO NOPSAKA TOJNBKO CTPOTrO OTPAaHHUEHHO U B TOH Me-
pe, B KakKOil OHH HeOOXOZHMMBI B Ka*KAOM KOHKPeTHOM cJjyuae,
JlefibHHIl yXKe C caMOro HauyaJa OpHEHTHpyeTcs Ha CO3JaHHe «Olle-

pallHOHHOI'0 HCUHCJIEHHA» NOCPEACTBOM HTepHPOBaHHA du f; BCe

Goiee U Gojiee y6exkaasicbk B aHAJOTHH MeXIy YMHOXKEHHeM yHcel
¥ KOMIIO3HIIHEH OMepaTopoB CBOETO HCUMCJEHHS, OH CMeJ0 M OueHb
yIayHO BBOAMT HJsi 3amHcH urepauun d o603HaueHHe TMOCPeACTBOM
nokasarejiefl creneHedl, T. e. nuwer d” ajs n-i utepauun ([144d],
crp. 595 u 6012), u [144a], 1. V, crp. 221 u 378) u naxe d-!, d™

I/ fn ero nosropenuii ([144a], r. III, ctp. 167), u ou crapaercs

Iaxe TNPUAATL CMBIcA d° IJsi BCSKOTO HeHcTBHTeabHOro a ([144al,
1. II, ctp. 301—302, u 1. III, cTp. 228).

Henb3si ckazaTb, uto JleliGHUIl He WHTepecoBajcs Takke TpHMe-
HEHUSIMH CBOEr0 HCUHCJAEHHs, XOPOWIO 3Hasi (KakK 3TO 4acTO MOBTO-
psat emy Toiirenc ([144d], ctp. 599)), uto oy npeicTaBisiioT co6oil
npoGHBLIA KaMeHb, HO Y Hero He XBaTaJjlo TepleHHs, 4TOObl HX yIJy-
6UTb, U OH I'JIaBHBIM 06pa3oM M 31echb HUIET cayuasi, uToGbl chopmy-
JM4pOBaTh HOBble oOuWe npaBuaa. Tak, B 1686 r. on sanumaertcs
([144a], 1. VII, cTp. 326—329) onpeneseHueM KpPHBU3HBI KDIBbIX H
conpukacaouleficas okpyxHoctd ¥ B 1692 r. mpuxoaur K oGLIHM
npUHUMNAM KacaHus NJIOCKHX KpuBhIx %) ([144a] t. VII, cTp. 331—
337). B 1632 r. ([144a], T. V, crp. 266—269) u B 1694 r. ([144a],
1. V, ctp. 301—306) ou 3ak/JanbiBaeT OCHOBHI TEODHH OruGaroLIUX;
B 1702 u 1703 rr., BMecte ¢ HMoranHom DepHy//au, OH BHINOJHSET

1) Ho y Hero HerT 3Haka 114 TpHroHOMeTPHUecKHX OYHKUHH, a Takke H
A «uHcsia, Jorapudm KOTOpOro ectb xX» (32 HeMMeHHeM CHMBOJa [Js e).

2) «...3T0 66120 6bL NPUbAUSUTEAbHO TO de camoe, KaK ecau 6oL 8MecTo Kop-
Heil u cTenered xoTeau 6b. 8ceeda noOcTagAATy OYKBbL u 6MECTO XX uAu x3
6pate m uau n_nocie T020, Kak 00BABAEHO, 4TO OHu OO0AXCHbL BbIT6 CTeneHAMu
seaununse x. ITocyOure, cydape, kax 66t 310 6bi10 00pemenutervno. Tak oce
obctour Oeno ¢ dx u ddx, u pasHOCTu ABAAIOTCA He 6 Mewbuleil mepe OelicTauUAMU
(affections) Had HeonpedeseHHbiMU NO MECTY BEAUMUNAMU, HeM CTENEHu ABAAIOTCA
OeiicTeuamu Had 0TOeAbHO 83ATOL eeaudunold. IToatomy mue kaxerca, yro 60-
Aee eCTeCTBEHHO O00603HA4UTL uX Tak, 4Tobbl CPA3Y 9e MONHO bbli0 y3HasaTeb
geaunury, OelicT8uAMU HAO KOTOPOU OHU AB8AAIOTCAY.

%) Buauase B CBfi3H C 3THM OH [ONMYCKaeT CTPAHHYIO OWHNOKY, mMoJjarasi, uro
«leJyIolast OKPYIKHOCTb» (COTMPHKAcaloOWIasics OKPYKHOCTb) HMMeEET B TOUKE CO-
NPHKOCHOBEHHS YeThipe TOYKH, OOIIHe C KPUBOH; W OH JHIL C TPYAOM COrJa-
maercs C Bo3paxeHuamH OpaTtbeB Depnysnu mo stomy nosoay ([144a], . III,
crp. 187—188, 201—202 u 207).
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MHTErpUpOBaHue PAalHOHANBHBIX ApOGell MOCPENCTBOM pAa3JOXKeHHA
Ha npocrefillne, HO BHauyajle (QopMajbHbBIM 06pa3oM M He BHUKAA
B 06CTOATEbCTBA, COMPOBOXKAAWOIINEe HAaJHuHe JHHeHHbIX KOMII-
JIEKCHBIX MHOXHTeseli y 3HaMeHarteds ([l44a), 1. V, ctp. 350 —
366). Onnaxabl, B aBrycre 1697 r., pasMbiunisas B 3KuNaxe Hal BO-
npocaMu BapHAaLMOHHOrO HCUHcJaeHHs, JIeHGHHIl HAXOMHUT MpPaBHJIO

nHGdepeHIINpOBaAHUsS N0 MapPaMeTPy NO0J 3HAKOM f U, MOJHBIH 3H-

Ty3uasMa, cefiyac xe coobwmaer o6 stoM Bepuyaan ([144a], 1. 11,
cTp. 449—454)7 Ho B 3To BpeMs OCHOBHble MPHHIHUIB €ro HCYHC/Ie-
HHA yKe AaBHO OblIM YCBOEHBbI H HX yrnoTpebieHHe HAuaslo PAaCHpo-
CTPaHATbCS; ajre6pau3anus aHaauza GecKOHeUHO MaJsiblx cTasja co-
BEpUIUBIUUMCS PaKTOM.

G) B rteuenne XVII B. caMmbimM#t pazHoo6pa3HbIMH cnocuGaMu
BBOAMTCS M YTOUHseTCss MOHATHe (yHKUMH. Bcsi KuHemartnka omi-
paeTcsi Ha MHTYUTHBHYIO, a B HEKOTOPOM pOJe U 3KClepHUMeHTaJb-
HYI0 KOHIENUHIO H3MEHSIOLUXCS BO BpPeMeHH BeJHYHH, T. e. QYHK-
uuil BpeMeHH. Mbl yxke BHIeNH, KaK 3TO [PHUBEJNO K MOSIBJEHHIO
GyHKUHH OT mapaMeTpa B TAKOM BH/e, KAK Mbl Haxoaum ee y Dap-
poy, a nox umeHeMm ¢awoeHtThl — 1 y Helorona. [Tousitue npoussosb-
HOHl KpHBOH BCTpeyaeTcss 4acTo, HO PefKO YTOUHsieTCs; BO3MOXKHO,
YTO OHO YaCTO MLICJAUTCS KHHeMaTHueCcKM WJH, BO BCSIKOM cJyuae,
3KCMepUMEeHTaJJ bHO, H He CYUTaeTcs HeoOXOAMMBIM [aTh KPHUBOH
aHAJHTHUYECKYIO HJIM TeOMeTPHUECKYI0 XapaKTepHCTHKY MJsi TOro,
yTo6B MOXKHO 6BLJIO O Hed paccyxjgatb. B uacTHOCTH, HMeHHO Tak
o6cTosiIo meso (MO NPHYMHAM, KOTOpBIE MBI TeNepb MOXKeM Jyulle
MoOHsiTh) TpH HHTerpupoBaHuu y Kasauawepu, Ilackans u bBappoy.
[Mocsnepuuil, paccyxngass O KPHBOH, onpefne/eHHOH YpaBHEHHSMH
x=ct, y =7 (¢) npu npeanosoxeHuH, 4To '2’ BO3pacraeT, onpeje-

TeHHO yTBepIKIaeT, UTO «He umeeT 3HaweHus», GymeT Ju ‘2’ BO3-
acTaTbh «Pe2YASIPHO NO HEKOTOPOMY 3AKOHY UAL JCe Hepe2yaspHO»
([13b], ctp. 191), T. e., KaK MBI Tenepb cKa3ajau Gbl, HOMycKaeT WU
HeT aHaJWTHYecKoe onpeleneHue. K HecuacTblo, 3Ta sicHas u IuIo-
JNOTBOpHAsi HJesi, KOTOpasi BHOBb BO3HHMKJaa B XIX B. yTouHeHHas
HajjexauwuM o6pa3om, He MOrJa B TO BPEMs BHIAEPKATb HATHCKA
co3fanHoi [lekapToM NyTaHHUIbI, MOPOXKAEHHOH TeM, 4TO TOT Nep-
BHIM JeJOM H3rHaj M3 «reoMeTpHH» Bce KPHBBIE, He MOIAAIOLIHEeCs
TOYHOMY aHAJUTHYECKOMY OMNpeNeJeHHIO, a 3aTeM CBeJ MpPOLecCH
(GOpMHUPOBaHHUs, JONYCTHMBIE IPH TaKOM ONpeleseHHH, TOJbKO
Kk anre6panueckuM onepauusM. IlpaBaa, B 3TOM nocjenHeM NMyHKTe
GOJIBLUIMHCTBO €r0 COBPEMEHHHKOB 3a HHMM He nocgeposaJju. ITocre-
NMEHHO, W 4acTO HeYyJOBHMBIM 06pa3oM, pasjiMuHble TpPaHCUEHIEHT-
Hble onepanuy, Jorapudm, nokasaresbHas QyHKIUs, TPUTOHOMETPH-
yeckue (DYHKIHH, KBAAPaTyphl, pelleHHs AuddepeHUHAIbHBIX ypaB-
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HeHUH, Nepexoj K npejenay, cJOXKeHHs PsJOB NOJyYaloT NpaBa rpa-
KNAHCTBA, XOTs B KaxKJOM OTJe/JbHOM clyuae H He JIeTKO YKa3aTb,
Korna MMeHHO COBepUIMJICS NepBHIE wiar Brnepel. K ToMmy ke 3a
nepBbLIM 11AroM Bhepej 4acTo CJAeAyeT Liar Hasan. Tak, Hamnpumep,
IJasi Jorapudma BaXKHbIM 3TanoM cjelyeT CUHTATh MOSIBJAEHHE JO-
rapudmuueckolt Kpusolt (y =a" uau y = log x B 3aBHCHMOCTH OT
gei6opa ocefl), sorapuMuueckol cnupaJjy, KBagpaTypbl runep6osl,
pasnoxenue B psax log(l + x) u npaxe npuHsTHe CHUMBOJa logx
Ui [x. B OTHOLIEHHM TPHUTOHOMETpHUECKHX (YHKIUH, XOTsi OHH B
HEKOTOPOM CMbICJle U BOCXOAAT K aHTHYHOCTH, HHTEPECHO OTMETHTB,
4TO nepBasi CHHYCOHAA MOSIBJASETCS He Kak OnpejeseHHasl ypaBHe-
HHeM Yy = Sin X, HO KaK «CNYTHHK pyJeTbl», Hanpumep y PoBGepsaas
([191], cTtp. 63—65). UmeeTcss B Bumy KpuBas

y=R(1——cos%>,

T. e. BCloMorareJ/bHasi KpUBasi, onpeJe/ieHie KOTOPOH BBIBEIEHO U3
onpeaeneHns LUKJIOUIBL.

UTo6Hl BCTpeTHTh O6uiee MOHsSITHe AHANHTHUECKOTO BbIPAXKEHHS,
HyXHO oOpaTuthcst K paboTe [Ikx. ['peropu, onpenenuBllero ero
B 1667 r. ([126a], ctp. 413) Kak HeKkyi0 BeJHUMHY, NOJNydaeMyio u3
JIPYTUX BEJNHUHH [OCHeJOBATeJbHOCTLIO aJjrefpaHueckux omnepamnui
cunl A066IMU OpYeuml onepayuamy, KOTopsle MOXCHO 8006PA3UTb.
B cBoem npexmuciaosuu ([126a], ctp. 408—409) oH crapaeTcst yTou-
HUTb 9TO NOHSITHe, 00bsICHsIsST HEOOXOAUMOCTb NPHCOBOKYNHTh K M-
TH oNepauysM ajre6pnl !) IIecTylo onepalHio, KOTOpass B KOHEYHOM
cyeTe eCcTbh He uTO HHOe, KaK nepexonx K npeneay. Ho atu uHrepec-
Hble MBICJIM BCKOpe OblLIM 3aBBbITHI, 3aX/JECTHYTbie NOTOKOM OTKpBHI-
THH, OTHOCSILIMXCS K PAa3JIOXKeHHsIM B Ppsifibl, OTKPBITHSIM, CHeJjaH-
oM camum ['peropu, HeioronoMm u apyrumu. HeoGelualineiil ycnex
3TOr0 MOCJEeNHEro MeTOAa MOPOAUJ AJUTEJNbHYIO NMYyTAHHLY MEXAY
OyHKUHSAMH, NOANAUWMMHCS aHAJUTHYECKOMY ONpeAeseHuio, U
(YHKIHSIMH, PA3J0KHMBIMU B CTENEHHbIE Psibl.

Uro kacaercs Jlefi6uuua, 1o oH, KaxeTcsl, IpUAepKHUBAeTCss Kap-
Te3MaHCKOH TOUKHM 3DEHHS, pAacCUIHpPeHHOH SBHBIM [pHMeHeHHeM
KBaJAparyp M HesBHBIM MpHMeHeHHeM [PYrux omepaiy#, Xopotio
M3BECTHLHIX B aHaJ/M3e TOrO BPEMeHH, KaK-TO: CJOKeHHe CTEeNeHHBIX
psnoB, pelleHne AuddepeHuHa bHbIX YpaBHeHnH. Morann Bepuysau
DU pPacCMOTPEHHH NPOU3BOJNBLHOH (YHKIHMHM OT X TAKKe BBOIUT ee
KaK «KO0Aau4ecT80, 06pa3osanHoe Kakum-Aubo cnocobom u3 x u no-
croanMelx geauduns ([144a), t. 111, ctp. 150}, yrouHsis MHOrAa, uTO
OH HMeeT B BHJY KOJIHUECTBO, COCTaBJIEHHOe «anzebpaudeckum uaiu
TpancyerOenTHoiM cnocoboms ([144a], 1. 111, crp. 324). B 1698 r.

1) HmeroTcs B BHAY ueThipe paLHOHAJbHble ONEPALHH H H3BJeueHHe KOpHei
Mmo6oi  ctemenn. [Ixk. Tperopu Bcerza Obl1 yGexilen B BO3MOMKHOCTH pewiath
ypaBHeHHs BCeX CTelleHel MOCPeICTBOM PaJ1HKA.I0B.
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OH NpUXOAHUT K corsacuio ¢ JlefibuuieM o ToM, uToObl HasBaThL Ta-
Koe KosnuecTBO «(pyHkuueii ot x» ([144a], 1. III, crp. 507—510 u
525—526) !). Yxe Jlefi6HUL BBOAUT CJOBAa «KOHCTaHTa», «MepeMeH-
Hasi», «napaMeTps U YTOUHsieT B CBSI3d C Oru6GalOlHMH MOHSITHE
ceMeiicTBa KDHUBHIX, 3aBHCSIIIHX OT OJHOrO WJM HECKOJbKHX Mapa-
merpoB ([144a], 1. V, cTp. 266—269). Bonpock o6o3nauennii Takxke
yTouHsitorcst B nepenucke ¢ Morannom Bepuynnu, mocaenuuit oxor-
HO nuwer X Wau § ansg 0603HAuUeHHs NPOU3BOJILHOH QYHKIHMH OT X
([144a], 1. III, ctp. 531); Jleit6uuu omo6psier 31O, HO Npejsaraer
TaKxke o6o3HaueHus x!, x2 tam, rjae 6bl Mbl Hanucanu fi(x), f2(x), u

., dz
npeasnaraetr AJasi NPOH3BOAHOMU dx GyHKIMH 2 OT x 0603HaueHHe

dZ (B orauuue ot dZ, kotopoe oGo3Hauaer auddepenuan), Toraa
kak Bepuyanu nuumer AZ ([144a], 1. 111, ctp. 537 u 526).

Hrak, reponueckasi 3moxa 3aKOHUHJIAacb BMecTe C BEKOM. Dblio
CO3MaHO HOBO€ HCYHUC/JAEHHe CO CBOMMH TOHSTHSAMH H 0603Haue-
HHSIMH, B TOM BHJe, KOTOpbIH nan emy Jleli6uuu. [TepBbie ero yueHuxH,
fIkoB n Morann BepHy//y, conepHHYaloT ¢ yuutesaeM B oBJjacTH oT-
KPBITHH, uccaelys Te GoraThle 06J1aCTH, NYyTb K KOTOPHIM OH UM
ykasaJ. [lepBbiii TpakTaT nuddepeHHalLHOrO U HHTErpaabHOrO He-
yuc/aenuss Obl1 Hamucad B 1691—1692 rr. Morannom bBepnysin?)
B KauecTBe NOcoOHWsi AJs OJHOTO MapkKu3a, KOTOpbi#l moxasaJs cebs
xopowHnM yueHukoM. To, uto HeloToH, HakoHel, pewuacs B 1693 r.
ony6JHKOBaTh CKYNOH M KpaTKHi 0630p cBoero yueHus: o JIIOKCHIX
([240a], 1. II, crp. 391—396), He uMmesno GOJNBLIOro 3HAUEHHs, €CaH
ero «Principia» ganu nuMumy pa3MmblllieHHSM Ha IeJblii BeK, TO B
06/1aCTH HCUHCJIeHHs1 6eCKOHEUHO MaJblX OH HAeT BPOBEHb C BpeMe-
HeM, a BO MHOTHX NYHKTax MaTeMaTHKH faxe ero oOrOHSIOT.

K ToMmy e HeZOCTAaTKH HOBOH CHCTeMbl OUeBHIHBI, MO KpalHell
Mepe mJist Hac. Pa3pymuB oqHUM yaapoM TPaAHIHIO ABYXThiCcAUeseT-
Heil naBHocTH, HbloToH n JlefiGHHL OTBOAAT OCHOBHYIO pOJIb AHD-
(hepeHUHPOBAHHUIO W CBOJASAT HMHTErpHpoBaHHe K 0OpaTHOH K HeMy
onepauuu. [Tonano6unock nenoe XIX croserve n yacts XX, uTo6ul
BOCCTAHOBHTb CIpaBel/IHBOe pPaBHOBeCHe, CHe/aB HHTErpHpOBaHHe

1) To stux nop u yxe B pykonucu [673 r. Jleii6uun ynorpe6asi 3rto
CJI0BO KaK COKpalleHHe M 0003HaUeHHs BeNHUYHHBI <«BbINOAHANOWed Ty uAl
UMY (PYHKYUIO® OTHOCHTEJBHO HEKOTOPOH KPHBOH, HAanmpHMep IJHHY KacaTes-
HOH MJH HopMaju (orpaHMYeHHHIX KPHUBOH M ochio OX), WIH TNOLHOPMAJH, MOA-
KacaTejqbHOH M T. L.. 3HAYHT, B ofuleM QYHKUHIO MepeMeHHOH TOYKM Ha KPUBOM
B OubdepeHiiiaJbHO TeOMETPUUECKOM ONpeneseHud. B Toll ke pykomucn 1673 r.
KpHBas IMpeanoJaraeTcs ONpPeleNeHHON COOTHOIEHdeM MeXAYy X H Y, «3aJaHHBIM
ypaBHeHHeM» (T. e., Ha HalleM si3bike, ajireGpanueckuM ypaBHeHnueM) (cp. [155]).

2) Yacte TpakTaTa, OTHOCAmAACH K WHTErpajbHOMY HCYHC/EHHIO, Oblia u3-
nata Tonbko B 1742 r. ([17a], 1. 111, erp. 385—558, u [17b]); wacte ¢ muddepen-
uHaJdbHBIM HCUHCeHHeM Gbiia HelaBHo HaiileHa W u3maua [17c]; npaBaa, Mapkus
ne Jlonurane B cherka mnepegenaHHOM Bule ONyB/aHKOBaa ee Ha (PaHUy3CKOM
f3blKe NMOJ CBOMM HMeHeM, 0 ueM BepHynnu He Ge3 HeKOTODOIl ropeud ynoMHHaeT
B CBOMX NMUcbMay K JleiiGnuuy.
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OCHOBOH ofulefi Teopun (PYHKUHUA AeHCTBHUTELHOrO NMEepeMeHHOro H
HX COBpeMeHHBIX 0600uieHuil (cM. ctp. 238). Ha ocHoBe 3T0ii npsimo
NPOTHBONOJIOXKHO! TOUKH 3DeHHsl pa3BUBaercCs upeaMepHas H Jaxe
HCKJ/IIOYHTe/bHASl POJIb HeONpeje/eHHOr0 HHTerpaJsa 3a cueT onpeje-
JeHHOro MHTerpaJsa, 4To Mbl BHIHM yXe B paGorax bappoy u oco-
Genno Hblorona+u Jleii6uuua. M 3pecy XIX Bexky npumioch ucnpa-
BAATL mnoJsoxeHue. HakoHeu, ycraHoBjennas JlefiGHuueM TeHIeH-
uusi hopMaJbHOro o6palleHusl ¢ CHMBOJIAMY pa3BUBasach B TeueHHe
scero XVIII B., BHIXOAA majeko 3a mpejesbl TOroO, YTO MOLJIO JO-
NYyCTHTL COCTOSIHHE aHaJ/u3a TOro BpeMeHH. B yacTHOCTH, HAafO npH-
3HaTh, UTO NOHATHe Nu(pdepeHunana, ganuoe JlefiGHUIEeM, o npas-
Ie TOBOpS, He HMeeT HHMKAKoro cMmbicia. B nauage XIX B. oHO He
Mo/b30BAJI0Ch JOBepHeM M TOJbKO MOCTeneHHO Hauajo mnpuobpe-
TaTb aBTOPHUTET, W ecdu ynorpebieHue guddepeHIHanoB NepBOro
nopsiika B KOHIle KOHIOB Obl10 NOJHOCTBIO y3aKOHeHO, nuddepeH-
LIMaJbl BBICLIErO MOPSAAKA, CTOMb yA0OHble A5 ynorpebJeHus, emie
J0 cero oHA He peaGUIHTHPOBAHBI.

Kax 6b1 To Hu 6bl710, ¢ KoHIa XVII B. ucropusa nuddepeninain-
HOr'O MCUHCJ/eHHs pasBUBaeTcs B JBYX HanpaBjeHHAX. OQHO M3 HHX
CBSI3aHO C NPUJIOXKEHHUSMHU HCUUCAeHHUs, Bce 6osee OOLIKMPHBIMH, MHO-
rouncJeHHbBIMH M pasHoo6pas3HbiMH. K nuddepeHunanbuoit reomer-
pUM TJIOCKMX KDHUBBIX, AvddepeHUHATbHBIM ypaBHEHHSIM, €TeneH-
HbIM. psilaM, BapHallMOHHOMY MCUHCJEHHIO, O KOTOPbIX y¥Ke TrOBO-
pHJ0CH BbIlle, NPHCOBOKYNJAOTCH AupdepeHHaNbHAS TreoMeTpHs
NPOCTPAHCTBEHHBIX KPHBbLIX, 3aTeM MOBEPXHOCTEH, TeOPHUs KpPaTHbIX
HHTErpasioB, YPaBHEHHS C YACTHBLIMH NPOU3BOJAHBLIMH, TPHUTOHOMET-
pHUEecKHe psifibl, H3yueHHe MHOTOUYHUCJAEHHBIX CIelHaJbHbIX (YHK-
UM ¥ MHOro Apyrux mnpobjeM. Mbl 3aiiMeMcsl 3xech Jullb pac-
cMOTpeHHeM paboT, KOTOphie CIOCOGCTBOBAJIY BLISIBJIEHHUIO, YIayGJe-
HUIO ¥ YKpemJieHHI0 CaMUX NPHHIUINOB HCUHC/IeHHsT GECKOHeYHO Ma-
JblX, 1 HMEHHO TOrO, UTO OTHOCHTCA K (YHKUHUAM HeHCTBUTE/bHOI
nepeMeHHOH.

C >To# TOUKH 3peHHs Bhigalomuecs: Tpaktatel cepeaunn XVIII B
He BHeCJIH HHUEro CyllecTBeHHO HOBoro. MaksopeH B Aurauu [154],
Dditiep na koHtHHeHTe ([8la] (1), T. X—XIII} ocraworcsi BepHbI
yHac/JefoBaHHOH uMu Tpaauuuu. [1paBna, nepBulil W3 HUX NbITAETCH
HEMHOTO pas3bsICHATb HeKOTOpble M3 KoHuenuuil Heiotona!), B T0
BpeMsi KaK BTODOH, npejaenbHO pa3BuBas QopManusm JleidGuuua,
yroBjeTBopsercs, nogo6xo Jledbuuny u Tefsopy, TeM, 4TO OCHO-
suiBaeT auddepeHHanbHOe HCUHCAeHHe Ha JOBOJbHO HESICHOM Ie-
pexoxe K mpejeny, OTNPaB/ssACh OT HCUMC/IEHHS KOHEUHBIX Pa3HOC-

1) 1 neficTBuTe bHO, UM KpaiiHe Heo6XomWMO OBLIO HAHTH 3aIMUTY OT (HU.I0-
cO(CKO-TE0IOTHYUECKO-IOMODHCTHUECKHX aTaK 3HAMeHHToro emuckona bBepkan. [lo
MHEHHIO M0CJIeHero, TOMy, KTO yBepoBan BO (JIIOKCHH, He TPYAHO Gbl10 MOBEpPUTD
W B TaMHCTBA pEJMTHH; 3ToMy apryMeHty ad hominem Heab3s oTkasartb Hi
B JO/HKE, HH B MHKaHTHOCTH,
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Tel, KOTOpOe OH OueHb TIIATeJNbHO H3jaraer. Kpome roro, Jitsiep
3aBepuaeT faejo JledGHuina, BBOAs 0603HAueHHs, KOTOpble BOLIIH
B NPAKTHKY M NPUMEHSIIOTCS 10 CHX NOp AJs €, [ U TPUrOHOMeTpuye-
ckuxX (yHKUHMH, 1 Gosee WHPOKO npuMeHsis w. C Apyro#l CTOpOHBDI,
ec/li OH yallle BCero W He JesaeT PasjUuusi MexAy (DYHKIUIMU H
aHAJUTHYECKHMH BBIPAaXKeHHSIMHU, OH HAcTaUBaeT B TBS3U C TPHUTOHO-
MeTpHUeCKMMHU pAfaMH U npobJjeMoil 3Byuauiedl CTpyHb Ha Heo6XO-
JHMOCTH He OrpPaHHYMBATBLCS pPACCMOTpPEHHEM MNOAOGHLBIM 006pasoM
onpejeseHHBIX (DYHKUHI (KOTOpble OH HA3hLIBAET «HENPEPBLIBHBIMH»),
HO TakXe NpH cjydae HCCAeNOBATb NPOU3BOJbHLIE HJIH «Pa3phiB-
Hble» (DYHKIMH, KOTOpble HA MNPAaKTHKe MNPEeACTABJSIM 3aIaHHbIMHU
OAHOH uJAH HecKoJbKMMM ayramu kpuebix ([81a] (1), 1. XXIII,
cTp. 74—91). HakoHell, XOTs1 3TO W HECKOJbKO BLIXOAHT 3a mpeje-
Jbl Hallefl TeMbl, HeJib3s He YNOMSIHYTb O pacopocTpaHeHuH dilie-
pOM noxasatedbHoll QYHKIHM HAa KOMIUVIEKCHYIO 08/JacTb, uTO RaJo
€My BO3MOXHOCTb BHIBECTH CBOHM 3HaMeHHThle (OPMYJIb, CBSI3LIBAIO-
[He NOKa3aTeJbHYI0 W TPUFOHOMeTpHYeCKHe GYHKUHH, a TakKe
HaTh OmnpejefieHde JOrapu(pMoB KOMMJIEKCHHX UHCesJ. DTHM OKOH-
yaTeJbHO BHISICHSIeTCS M3BECTHAsi aHAJOrHs MexXay JorapudMom M
o6paTHBIMH KPyroBbIMH pyHKUHsSMH, HiaH, Ha s3bike XVII B., Mexny
KBaZpaTypaMu Kpyra u runep6ossl. dTa aHajsords 6bla 3aMeueHa
yxke ['puropuem pne CeHT-BuHueHTOM, 3atem yrouHeHa [toiirencom
u ocobenno JIx. I'peropu, a y Jlefi6uuua u BepHyasu oxa BHCTY-
nuna npu GopMaibHOM MHTErDHPOBAHUY BbIPaXKeHUs
1 i
T2~ 2(x+F0) 2(x—0)°

Opnunako [Hanambep, KOTOPHH nuTas BpaXAe6GHOe YYyBCTBO KO
BCSIKOH MUCTHKE, B TOM UHcJie U K MaTeMaTH4ecKOH, B CBOHX 3aMeua-
TenbHLIX cTaTbax ([56a], cratbu Huddepenunan u I[penen, a raxk-
xe [56b]) oueHb sicHO ompenenuJ NMOHATHS Npefgena ¥ NPOU3BOAHBIX
M ¢ GOJIbIIOH CHJIOH OTCTauBas CBOe MHEHHe, YTO B 3TOM B CYIIHO-
CTH M 3aKJouaeTcst Bcs «MeTaU3nKa» HCUHCAeHHsT 6eCKOHEUYHO Ma-
avix. Ho 3Ta Mynpast MbicaIb He Obljia mofgxBaueHa HeMelJeHHO. Mo-
HymeHnTasipHas paGora Jlarpamxka ([140], T. IX—X) npexcrasaser
MONBLITKY OCHOBATb aHAaJHU3 HAa ONHON M3 HaubOJee CIOPHBIX KOHIEN-
uvit HeioTOHA, HMeHHO HA TOH, B KOTOPOH CIIyTaHbl NOHSTHS- IPOU3-
BOJNLHOH (YHKUMH H (DYHKLUHH, Pa3jOXKHUMOH B CTEeNeHHOH psid, H
u3BJeub M3 Hero (paccmMarpuBas Ko3(h(hHIUHeHT ujeHa NepBOro no-
psanka B psige) noHsithe AuddepenunupoBanus. Pasymeercs, TakoH
MaTeMaTHK, Kak JlarpaHx, He MOT He NOJYUYUTb NPH TOM BaXKHBIX U
NOJIe3HBIX Pe3yJabTaToOB, KaK, Hanmpumep (cnoco6oM, He 3aBHCHALIHM
OT er0 MCXOJHOrO NPEeAnoJOoXKeHUs, O KOTOPOM MBI TOBOPHJH), 06-
Llee M0Kas3aTteabcTBO Qopmynnl Tefsopa ¢ OCTATOYHHLIM UJIEHOM
B BHJe MHTErpaja Hu ero OLeHKOH NOCPeACTBOM TeOpeMbl O CPelHeM.
Pafora Jlarpauxka siBuach K TOMY e MCXOJHLIM NYHKTOM MeTOAa
BefiepmiTpacca B Teopud (yHKIUHI KOMILIEKCHOrO NepPeMeHHOro, Tak
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e KaK ¥ B COBDeMeHHol ajreGpanueckoil TeopHu (OpMaibHLEIX CTe-
neHHbIX psnoB. Ho ¢ TOUuKM 3peHHsi ero HemocpeACTBEHHOH IleJIH OHa
cKopee siBJSIeTCA LIAaroM Hasaj, YeM NPOJABHIKEeHHEeM BIepen.

U, nao6opor, B yue6HuKax Koy Mbl HAKOHEU-TO HaXOAUMCSH Ha
tBepnoit mouse ([42a] (2), 1. IV). OH onpenenser dyHKLHIO B OC-
HOBHOM TaK, KaK MBI 3TO JejiaeM CerofHs, XOTs H ynorpebjasieT He-
CKOJILKO TYMaHHBIH# si3biK. TOUYKOH OTHpaBlieHHs CJAYXHUT YCTaHOB-
JIeHHOe pa3 M HaBcerja moHsiTHe npenena. V3 Hero HeMemJsieHHO
BLIBOJSATCS NMOHsITHE HenpepblBHOH (YHKUMH (B COBPeMEHHOM CMBbIC-
Jle ¢J10Ba) W NPOU3BOJAHOH, TaK XKe KaK U MUX OCHOBHbIE 3/eMeHTap-
Hele (BOAcTRA. CylllecCTBOBaHHE NPOM3BOAHOH, B KOTOpPOe O Tex Nop
MOXHO OBLJIO TOJBKO BEpPHUTb, CTAHOBHUTCS BOMPOCOM, H3yuaeMbIM
o6bIUHBIMH cpefcTBaMu aHagu3a. [To npasgme rosops, Kowm 3TuM
ne uHrepecyercsi. Ho, ¢ apyroi#i ctopoHsl, bonbuano, npuasi camo-
CTOSITEJILHO K TeM »Ke NPHHIHUNAM, CTPOHT NpHMep HenpepbIBHOH
GYHKUMA, He HMelOUled HH B ONHOH TOUKe KOHEYHOH NPOU3BOJHOH
[22a]. TIpumep 3TOT He Gbl1 ONyGJAMKOBAaH, a caM BONpOC Gbla MOJI-
BEPTHYT OTKPBITOMY OOCYXKJAeHHIO ToJibKO Be#epluTpaccoM B ero
pabore 1872 r. (u B ero kypce Jekunii B 1861 r.) ([243a], . II,
cTp. 71—74).

B oTHOUIeHWH HHTerpupoBanus pa6Gotbl Kowmwu npencrasiasiior
co60¥ BO3BpaT K 3A0POBHIM TPAAMLHUSIM aHTHYHOCTH U MEPBOH MOJO-
Buel XVII B., HOo onupaloTcs Ha elle HEJOCTAaTOYHble TEXHHUYECKHe
cpencrBa. OnpeneseHHbIH HHTerpaJ, KOTODBIH CJAHIIKOM MAOJTO OC-
TaBaJics Ha BTOPOM IJIaHe, CTAHOBHUTCS NOHSITHEM NEPBOCTENEeHHOro
3HaueHns, Ans KoTOporo Kolln OKOHYaTeJNbHO YyCTaHaBjUBaeT 060-

3HayeHHe ff(x) dx, npemjoxenHoe ®Pypbe (BMecTo HeymOGHOIO

a
=b .
ff(x) dx[jg:a], KOTOPBIM HHOTJA MoJib3oBajics ditsep). s ero

onpenenenus Komu Bo3BpallaeTcss K MeTOAY HCUEPNBbIBAHHs, HJH,
KaK Mbl Tenepb FOBOPHM, K «cyMMmaM PumaHa» (xots GoJiee TOYHO
6blJ10 6Bl HA3BaTh X CyMMaMHu ApxuMena, ujiu cymmamu Esnokea l}).
[TpaBna, matematiku XVII B. He CUATANH HYKHBIM [OJABEPraTth KpH-
THYECKOMY aHajlu3y MNOHATHe ILIOIIAAH, KOTOPOE HM Kasajloch
HACTOJILKO K€ ICHBIM, KaK W NOHATHE HECOH3MEePHMBX AeHCTBUTENb-
Hbix uuces. Ho cxomumocts «cymMM Pumana» kK njomagd mnop
KPHBO; . NOCKOJIbBKY HMeeTCs B BUAY MOHOTOHHAS HJIH KyCOUHO-MOHO-
TOHHAsl KpUBasi, OBLIO NOHSTHEM, XOPOLIO YCBOEHHBIM BCEMH aBTOPAMHU
XVII B., 3a60THBLINMHUCS O TOYHOCTH, Kak, Hanpumep, ®epma, [Tac-
kaneMm, Bappoy. k. I'peropu 6bl1 0cO6EHHO XOpOLIO MOATOTOB.IEH

') B pa6Gorax ApxuMena, AefCTBHTEJIbHO, BCTPEYAIOTCsl BIEPBBlE BepXHHE H
HUP.HHE HHTErpa/bHble CYMMBbl, OIHaKO Mbl He HaxoAuMm HX Y EBIoxca, KoTopwiil
onvelenss MJAOWAaAH KW 00beMBl TOMbKO Kak TNpeesbl IMOC/]eL0BaTe/NbHOCTeH, —
[Tpum. nepeas.
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CBOMMH paccyX/JIeHHSIMH O Nepexofe K MNpeleny H CBOMM 3HAKOM-
CTBOM C JOCTaTOYHO a6CTpPakTHOH (OpMOI NPHHIMNA «BJIOXKEHHBIX
HHTEPBAJOB» U Ja)e, NO-BUAMMOMY, COCTaBUJ TIIATEJbHO OTpPaGo-
TaHHOE J0Ka3aTeJbCTBO CXOAMMOCTH, OCTaBlleecsi HEH3JaHHBIM
([104d], ctp. 445—446), KOTOpPHIM MOr 6Bl NOYTH 6e3 H3MeHeHHH
BoOCIo/b30BaThcA Kouin, ecau 6bl OH ero 3HaJ!). K HecuacTeio Aas
ce6s, Kown npereHgoBaJs Ha TO, 4YTO J0Ka3aJ CYLIECTBOBaHHe HH-
Terpaja, T. e. CXOAMMOCTb «cyMM PumaHa» misa moGoii HemnpepbiB-
Hoit ¢yHKuMHU. Ero nokasarenbcTBO, KOTOpOe GbLIO GBI KOPPEKTHHIM,
ecny Obl ONHMpPAJNOCh HAa TeopeMy O DaBHOMEPHOH HeNmpepbIBHOCTH
HempepbIBHBIX (GYHKUMH B 3aMKHYTOM HHTepBaJje, 0Kasajoch JH-
[IEHHBIM BCSIKOH NOKa3aTeJbHOH CHJBI H3-32 OTCYTCTBHS 3TOrO MO-
usitud. Tlo-BuauMomy, JIUpuxse TakKe He 3aMeuas 3TOH TPYAHOCTH,
KOrjla COCTaBJAJ CBOW 3HAMEHHThle MeMYaphbl O TPHTOHOMETPHUECKHX
psaiax, TaK Kak, LHTHDPYS AAHHYIO TeOpeMy, OH Ha3blBaJ ee «JIerko
nokasyemoii» ([71], 1. I, cTp. 136); npaBra, OH MpUMeHSET ee JHLIb
K OrpaHHYEHHBIM KYCOYHO-MOHOTOHHHIM GVHKUHMAM. Puman, Gosee
OCTOPOKHBIHA, YIOMHHAET TObKO O MOCJAENHHX, KOrja peub HAeT 06
UCHO/b30BAHUH €ro Heo6XOAMMOro M NOCTATOUHOTO YCJIOBHS LJs
cxonuMocTH «cyMMm Pumauna» ([187a], crp. 227—271). Kak TosbKO
TeopeMa O PaBHOMEPHOH HempephIBHOCTH Oblja ycTaHoBjaeHa [efiHe
(cp. cTp. 145), npobJiema yXKe He npeAcTaBuia HHKAKHX TPYIHO-
creii. B 1875 r. ona 6bl1a Jerko paspeuleHa Jap6y B Memyape 06
HHTErpUpOBaHuU pa3pbiBHBIX (yHKuni [58] — Memyape, B KoTOpOM
K TOMY e MHOTHEe NYHKTHI COBNAJAIOT ¢ pe3yJbTaTaMU HCCJIel0Ba-
uuit I1. [Tro6ya-PeiiMona, UMelomuMy BaxKHOe 3Ha4YeHHe W M3TaHHBI-
MH NpUGJIH3UTENbHO B 3TO ke BpeMsl. TeM caMblM Gblia BNEpBble, H
Ha 3TOT pa3 OKOHUAaTelbHO, JOKa3aHa JUHEHAHOCTb HWHTerpaja oT
HenpepbiBHOH (yHKUUH. C ApPYyroi CTOPOHEI, NMOHSITHE PaBHOMEDHO
CXOJUMOCTH NOCJTeJOBaTeIbHOCTH H psifla, BBeleHHoe 3eflifeneM
B 1848 r. u npuoGperiiee oco6oe 3HaueHue nocae pabor Beftepurpac-
ca (cp. ctp. 215), NO3BOJNHJIO cTPOro 060CHOBATb HECKOJIBKO OrpaHu-
YHTesbHblE YCJOBHS INOUJIEHHOTO HMHTEerpUpoBaHusA pAxa u nudde-

peHUHpOBAHHUA IOA 3HAKOM f B OXHAAaHHUH COBPEMeHHBIX Teopnﬁ,

0 KOTOPBIX MBI 3Jiech He GyJeM FOBOPHTb W KOTOPHIM GbLIO CYXIEeHO
OCBETHTb 3TH BOMPOCH CMOCOGOM, OKOHYATEIbHEIM Ha JaHHOE BpeMs.

Hrtak, MBl AOILIM A0 3aBepLIAIOLIETO 3Tana KJacCHYecKoro Hc-
yrc/ieHusl 6ecCKOHeYHO MaJbiX, NPEACTABJCHHOrO B BeJHKHX TpPaKTa-
tax no aHaausdy koHua XIX B. C uHTepecylouiell Hac TOUKH 3peHHUs
HanGojiee BhAamWuUMcs sBjseTcs Tpakrar JKopaauma [129c¢] kak
B 3CTETHUYECKOM OTHOLIEHHH, TAK H MOTOMY, UTO OH He TOJbKO daeT
MOUCTHHE 3aMeuaTesbHOe H3J0KeHHe KJIaCCHYeCcKOro aHaJjau3a, HO H
BO MHOTHX NYHKTax MpeiBOCXHINAET COBPeMeHHbIl aHa/lHu3 U OTKPHI-
BaeT 1Js HEro JOpory.

4) Tlo xpaiineii mepe rak yrtBepxkjiaer TépHOYN B cCBoeM pe3ioMe O PYKOIIIICH.
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Pasgnune Mexay «O6ecKOHEYHO MaJabiMH» (WaIu «OeCKOHEUHO
6OJIBIIMMUY) Pa3HBIX NMOPSAKOB B CKPBITOH (opMe BCTPeudeTCcs yiKe
B nepBbIX paborax no AuddepeHIHa IbHOMY UCUHCACHUIO, HATIPAAMCD
B paborax ®epma. ¥ HeloTona u Jleli6Huila oHO yXKe paccMaTpH-
BaeTCs BIOJIHE CO3HATeJbHO BMECTe ¢ Teopueil «pasnocTteli BbICTUe-
ro nopsnka». Bckope 6bl0 3aMeueHo, uTo B HauboJsee MPOCTHIX
cayuasix mpefes (WM <HCTHHHOE 3HAaueHHe») BeIpaxeHus f(x)/g(x)
B TOYKe, NPH MPUOGJUKEHHH K KOTOPOH [ M g cTpeMmMaATcs K HYJIO,
MOXKeT 6bITh HalileH nyTeM pas/oxkeHus 3Tux GyHKuHi B pan Tei-
gopa BGau3u 3TOH TOuUKH («mpaBujio Jlonutassf», KOTODHIM, [0
BceHl BepoOsITHOCTH, Mbl 06s3aHbl Moranny Bepuysasn).

3a npenenaMu 3TOTO 3JeMeHTAapHOTO c/1yyasi OCHOBHOH mpoG.ie-
MOH «aCHMNTOTHYECKHX OLIEHOK», BCTaBlIeHd nepej MaTeMaTHKaMHu B
koHie XVII B., ABasiercsi TOYHOe WM NPHOGJIKEHHOE BBIUHC/IEHHE

n
CYMM BHJA kzlf(k), Korja n oueHb BesJHKO. [lono6Hoe BhluHCIEHHE
lleIEICTBI/ITeJIbI-I—O HeoOX0JMMO KaK /51 MHTepNOJHPOBAHHUSI U YUCI0-
BOH OIEHKH CYMMBbl PSifia, TaK W B HCUHCJAEHHH BEpPOSTHOCTEH, rie
«pyHKUHH OGOJBIIUX YHCeNd», TaKue, Kak n! WiIH (fl) HrpaiwT pe-
WAyl posb. ¥xe HbioTOH mjd nosydeHHs npHOIHIKEHHBIX 3Ha-
n

o 1
ueHHH CYMMBl E 2T eCaH 1 ABseTcs 6O/IbIINM, YKa3bIBaeT Me-
k=1
TOA, KOTOpPBI CBOAHTCH (AJsI 3TOF0 YACTHOTO CJaydast) K BBIUHCJIE-
HHIO NepBBIX ujeHOB (opmyabl dinepa — Makmopena ([190], . II,
ctp. 309—310). K koHuy Bexa $IkoB Bepnyanum B xome ucciaexnosa-
HUY 1O TEOpHH BEPOATHOCTEH CTABHT 3afauy ONpejejeHHs CYMM

n
S, (n)=2 p* 1. e. MHOrOuEHOB OT £ '), 061K 3aKOH 06Pa30BaHHs
pr=1

KOTOPHIX OH U OTKpBIBAeT (He AaBas nokasartenncTBa). [Ipu 3ToM OH
BIlepBBIe BBeJ B BHIPAXKEHUA A4 KO3(DGDULHEHTOB 3THX MHOTOUJEHOB
Yuc/a, HOCsIIMe ero WMs, M HallleJl peKypPPEeHTHOe COOTHOLIeHHE,

1) 3t1o npocreiilive «MHOrousens bBepuymiu» By (x).
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nospogsmoouee nx Bbluucautbh ([16b], crp. 97). B 1730 r. Crupauur
n

MOJYYMJ aCUMMTOTHYECKOe pasJoxenue aas X log(x—+ka) npu
k=1

1 HeorpaHHYEHHO Bo3pacTamwuieM, Ko3()HUIHEHTH KOTOPOro BBIUHC-
JISI0TCSt PeKyPPEHTHBIM 06pasom.
B npomexyTox BpeMenu c¢ 1730 no 1745 r. BbIXOAST pelllaiolue
paGoTel Diljepa, OTHOCSIIIHECH K PsiiaM M CBSI3AHHbIM C HUMH BO-
n

npocam. Tlonoxus S(n)= 2 f(k), Diiiep npuMensieT K OYyHK-
k=1
uun S(n) ¢popmyay Teilnopa u noayuaer

ds 1 48 1 438
f(n)—S(n)—S(n—l)=Eﬁ—— 5T an? 37 31 dn®
ITo ypaBHeHHe OH «ofpalnaer» ¢ MOMOIIbI0O MeTOAA HeonpeneseH-
HbIX KO3(Q(HULHEHTOB C Leablo HAUTH pemeHHe Bm(a

S(m)=a [ fin)dn+Bf (n)+ 1 o2 +39% 4 ..

U noJayvyaer Liar 3a uarom

— f(n) 1 df 1 d¥f 1 dsf
S(”)—ff(”)d”+ o 12 dn T T0 dn 30980 dns

TaK Kak BHayaJ/le OH He CMOT ONpefesuTb 3aKOH 06pa3oBaHusl Kos(Q-
¢unnentos ([81a] (1), 1. XIV, crp. 42—72 u 108—123). Ho okouao
1735 r. 1o aHaJIOrHH C pa3/jioXKEeHUsIMH MHOTOuJieHa Ha MHOXHTEIH
nepBoi CTeNeHU OH, He KoJjebaach, nuwietr GopMyay

s s

1—_smaz__—

=(1-2)(1-222) 1 ~ =)~ =)~ =)

U, IpUpaBHHBasi KO3 DHUIUUEHThl pa3/J0XKEHHUI B PSIJbl MO LEJBIM CTe-
neHsAM o0eMX uacTed paBeHCTBA, MOJYYaeT, B YAaCTHOCTH (s a =
< 1

= 1/2), U3BeCTHOE BhIpAXKEHHE CYMM PSIOB 2k C TOMOLLBIO CTe-

=1

nereit ') ([81a] (1), 1. XIV, ctp. 73—86). Uepea Heckosmbko Jer,
HAaKOHell, OH 3aMeuaer, uTo Koa(bcpnuuemm NPU 3THX CTeNeHsX T 3a-
LaloTCs TeMH e COOTHOIIeHHSIMH, uTO ¥ KosdduuueHTh ero dop-

1) B 1743 r. Diinep B OTBeT Ha KPUTHUECKHe 3aMeuUaHHs CBOMX COBpEMEH-
HHKOB JaeT HeMHOro Honee HpaBﬂOI‘lO,ZIO6HbIl/l BBIBOJ «<3m1eposux paa.nox(emm»
TPUrOHOMeTPHYecKHX (YyHKUMI; HanpuMep, pasjoxeHHe sinx B OeCKoHeudoe

Nnpou3BeJeHHe BhIBENEHO U3 BhIPaXKeHHs sin x = b7 (¥ —e~') nu3 toro (akra,

Py \ T
uto € ecTh npeiea MHorouleHa (1 -+ l—n{) ([81a] (1), 1. XIV, crp. 138—155),
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MYJibl CYMMHPOBAHUS, H HAXOAUT HX CBSI3b C YHCJIAMH, BBEJCHHBIMH
Bepuysiu, ¥ ¢ ko3pPUUMEHTAMH DA3JIOKEHHS B Pl BbIpaxKeHHs
z/(ex— 1) ([81a] (1), t. XIV, ctp. 407—462).

B 310 Xe BpeMsi W He3aBHCHMO OT JDinepa Maknopen npuuiei
K ToH xe (opMmy/Je CyMMHDOBAHHSl, HO MeHee DHUCKOBAHHBIM [1y-
TeM, CXOJHBIM C TeM, IO KOTOpOMY MBI HjieM ceroass. OH uTepupyer
«popmyay Teiopas, Belpa)kawmouwyilo f(x) c NOMOWLIO pasHOCTeH
f‘Qk“)(x—{-ol)—f‘?k*” (x), — (opMyJay, KOTOPYIO OH MOJAyYaeT, <0f-
paugasi» TeHJOPOBHl Pa3JIOKEHHs 3THX PAa3HOCTeH MeTOJI0M Heompe-
IeneHublx Kospduunenton ([154], 1. I, ctp. 672—675). OgHako oH
He 3aMeuaeT 3akKOHa o6pa3oBaHHs Ko3(h(ULUHEHTOB, OTKPbITOro Jii-
JIEPOM.

Ho MakJaopeH, nogo6Ho Jiiepy ¥ BceM MaTeMaTHKaM CBOEro
BpeMeHH, NpeicTaBjasieT BCe CBOU (OpMysbl B BHAe PSAJAOB, CXOIH-
MOCTb KOTOPBIX fa)e He H3yuaeTcd. DTO He O3HAYaeT, u4To B TO
BpeMsi MOHATHe CXONSLIMXCA pAJAOB COBCeM He NPHHMMAJIOCh B
pacueT. Yxke co BpemeH §jlkoBa DepHyJnu ObJIO M3BeCTHO, YTO rap-
MOHHUECKHH Dsi pacxoiuTcsi, a DHaep caM YTOUHHJ 3TOT Pe3yiib-
TaT, OLEHHB C MOMOIWIbIO CBOeH (OPMYJBl CYMMHPOBAHHUS CYyMMYy n
nepBbIX useHoB 3Toro paaa ([8la] (1), . XIV, ctp. 87—100u 108—
123). Ditnep 3aMeTHJ TaKXKe, YTO OTHOLIEHHe JBYX IOCJIeA0BaTeNb-
HbIX uyucen DBepHy/nsnn HeorpaHuueHHO BO3pacTaeT, BCJAEICTBHE Yero
cTeneHHON psAfl, UMEIOMIMH 3TH 4YHc/Ja B KauecTBe KO3(DGhHUUHEHTOB,
He MoxeT cxoautecs ([81a] (1), r. XIV, crp. 357) !). Ho TeHzmen-
uua K (OpMaJbHOMY HCUHCJEHHIO OKa3blBaeTcsi OYeHb CHJBHOH, H
naxe HeoOblyallHass MHTYMUHsA camoro JDfijepa He Bcerja cracaer

00
ero OT abCypAHBIX YyTBepKIeHWH, Kak, Hanpumep, 0= > X"

n=-—o00
([81a] (1), r. XIV, cTp. 362) 2).

Mpsl yKe roBopuau o ToM (cM. ctp. 153), KaK MaTeMaTHKH Ha-
yana XIX B., ycraB oT HeoGOCHOBAHHOIO U HeoBGy3gaHHOro ¢opma-
JA¥3Ma, BepHYJH aHaAu3 Ha nyTth crporocTd. Ilocne Toro Kak nous-
THe cXojsiulerocsi psaa OblJIO yTOYHEHO, BO3HHKJIA HEOGXOJUMOCTH
B MPOCTBIX KPUTePHsX, KOTOPble JaBaJju Obl BO3MOXKHOCTb J0Ka3aTb
CXOJIUMOCTb MHTErpaJjioB U PSAJOB MOCPEACTBOM CPABHEHHUs C YxKe U3-
BECTHBIMH HHTEerpajiaMu d psaamMu. Komu naeT HeCKOJbKO TaKHX
kpurepres B «Aure6pamueckoM anaause» ([42a] (2), 1. III),

) Tak kak psA, KOTOpHIH Diinep HCCAENYeT B ITOM MECTO, BBEJEH UM AnA
YHCJIOBBIX PacuyeToB, TO OH Geper TOJbKO CYMMYy TeX €ro 4YJeHOB, KOTOpble HAYT
B y6blBaolieM MOPAJKe, a HauHHas C TOrO WHJAEKCA, C KOTOPOro UJeHH BO3-
pacTaioT, OH 3aMeHsieT HX OCTaTKOM, MPOHCXOXKJEHHe KOTOPOro He yKasblBaet
(o6imMit BHA OCTaTOYHOro uneHa ¢opmyabl dfinepa — Makiopeda mosBJseTcs
Toabko y Komm).

2) JIio60NbITHO, YTO Yyepe3 CTpaHMLy mocje 3Toit dopMmynasl Diiep mpegocre-
peraeT MaTeMaTHKOB OT ymoTpel/eHHs PacXOASLIHXCs PAJXOB Ge3 COOTBETCTBYIO:
Hero ux HccaefoBaHHus!
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a AGeab B cBoeM mnocMepTHo u3dfanHoMm wmemyape ([1], r. II,
crp. 197—205) noayuyaer JorapudMHYecKHe KpPHUTePHH CXOIH-
moctu. C gpyro#t croponrl, Komn ([42a] (1), 1. VIII, ctp. 18—25)
06bsicHSIeT MapajoKc Takux pAAOB, Kak psa CrupJuHra, mosyues-
HBbIX OT npuUMeHeHus1 popmyJbsl Jiljiepa — MakJjaopeHa (4acTo Hashbl-
BaeMBbIX «MOJYCXOAAMWUMHUCH psgaMu»). OH nokasbiBaer, 4To €CJIH
(B cuay 3aMeuannst diisiepa o uncaax bepHynan) obumui uned 4y (n)
TAKOro psiia AJjsi QuKkcuposanHo2o n 6eCKOHeUHO BO3PACTAeT BMeCTe
k

¢ k, TO NpU (PUKCUPOBAHHOM k uacTHas cyMMma S, (n)= 2, u,(n)
1

n=
JlaeT acUMNTOTHYECKOe pasjoxkeHHe (/s 1, CTPEMSIIIErocs K + oo)
(yHKUHH, «IpeiCTaBJeHHOH» 3THM psSIOM, TeM GoJiee TOYHOE, UeM
Goablie k.

B 6osblIMHCTBe HCUHCJAEHHH K/JIaCCHUeCKOro aHaju3a BO3MOXKHO
no/yunTh OOIIMH 3aKOH 06pa3oBaHUS AaCHMITOTHUECKUX pasjoxe-
HUH QYHKIHH C APOU3BOALHO OOAbUWIUM YHCTOM YleHOB. DTOT DakT
npuBes K J0Jr0 TIHyBIIeMYycsl cMellleHHIO (1o KpalHe#l Mepe B s3bl-
Ke) MeXIy pAlaMM U acHMOTOTHYECKHMH pasnoxeHusMu. Korna
A. Ilyaukape B 1886 r. 6eper Ha ce6s tpyn ([181a], 1. I, cTp. 290—
296) ko1MpUUHMPOBATbL 3dJMeMeHTapHble NpaBH/Ja A5 aCHUMNTOTHue-
CKHX Da3JoXKeHHi (Mo umesablM cTeneHsiM l/x B OKpecTHOCTH -+ 00),
OH Bce ellle ynotpefJsier ca10Bapb Teopuu psios. M rosabko ¢ nosie-
JeHHeM aCHMNTOTHUeCKHX pas3J/oXeHHH, BO3HHUKIIMX W3 aHa/HTHue-
CKOH Teopuu 4HceJ, HaUMHAIOT YeTKO OTJIHMYaTh MOHSTHe aCHMITO-
THYECKQIo pPas/oXKeHHs OT MOHSTHS psija B CHJIY TOro, 4To 1.5 60.b-
IIMHCTBA 3a/adu, C KOTODbIMH HMeeT fe0 3Ta TeopHsi, yaaeTcs sBHO
MOJNYUYHTb TOJBKO OueHb HeGOJblLIOe UYHCJAO ujeHOB (ualle BCero—
OIUH uJIeH) HCKOMOTO Pa3sioKeHHs.

ITH 3a7aYd TaKXKe JPUYUUIN MaTeMaTHKOB I0JIb30BAaThCs LIKA-
JIOH CpaBHEHHS, OTJHMUYHON OT LUKAaJbl cTeleHed NepeMeHHOH (nel-
CTBUTEILHOH WJIM llesounc/eHHol). DTO paclIMpeHHe BOCXOAHT IJIaB-
HBIM o6pasom k paGoram II. J{ro6ya-Peitmona [72a u b], kotopstii
nepBblii CUCTEMATHUECKH HCCAeq0Bas npobseMbl CDaBHeHHs (QYHK-
M B OKPECTHOCTH HEKOTOPOH TOYKH H B OueHb ODHUTHHAJbHBIX
paGorax YCTAaHOBHJ «HeapXMMeAOB» XapaKTep IUKAJbl CPaBHeHHS.
B 10 Xe Bpemst OH H3yuuJs 0oOIIMM 06Pa30M HHTerpHpoBaHue u AUD-
(epeHUHPOBaHHE OTHOUIEHHA CPaBHEHHS, MOJYYHB MHOXECTBO HHTe-
pecHbiX BbiBOJOB [72b]. OnHakKo ero JAoka3aTelbCTBAM He .XBaTaeT
sicHOCTH M cTporocT, u Toabko k. I'. Xapau [110] nan koppexkTHOe
u310xenue peaysavratoB [lio6ya-PeiimoHa. Ero ocHoBHas 3acayra
COCTOHT B TOM, YTO OH OGHapYXKHUJ M A0Ka3aj CYIUeCTBOBAHHE MHO-
KecTBa «3JeMeHTapHbx QyHkuui», ¢ynkuuii (H), nas kortopsix
oGbluHbIe OMepalMH aHalu3a (MMeHHO AHddepeHIHpPOBaHHE) MpH-
MeHHMbl K OTHolleHHsm cpaBHeHus (des relations de comparaison).



FTAMMA-®YHKL HUSA

Vness «uHTepnoJsiliUU» NOCJAeJ0BATENbHOCTH (U,) NPH NOMOLUK
3HaueHHH WMHTerpasa, 3aBUCSLIET0 OT [eHCTBUTEIbHOIO HapaMmerpa
A u paBHOro 4, mjs A = n, BocxomuT K Baasucy (cp. crp. 194—
195). MneHHO 3Ta Hles B OCHOBHOM PYKOBOAHWJAA JiJepoM, Koraa
on B 1730 r. ([81a] (1), T. XIV, crp. 1—24) npeanpuHss HHTepno-
JALMIO MOcjAeJoBaTedbHOCTH ¢akropuasoB. OH Hauyasa ¢ 3aMeua-

Yy (k+1\" &
HHs1, uTO 1! paBeH 6eCKOHEUHOMY NPOHU3BeJeHHUIO ]I ) FLn’
rR=1
YyTO 3TO NMPOM3BeleHUe OnpeleneHo AJs JOGOro 3HauYeHHs 7 (Lesoro
WM HEeT) W 4YTO, B YACTHOCTH, AJsl n = !/, OHO npuUHUMaeT 3HaueHue
1/, V = cornacHo ¢opmysne Baanuca. AHajorust aToro pesyJsbrata

C pe3yJabTaTaMu Baanuca HOﬁyX{IIEIET ero BePpHYThCA K HCCJ/enoBa-
1

HHIO HUHTerpaJa fxe(l—-x)”dx (n — uenoe, e—moboe), yxe
0

pACCMOTPEHHOro noc/efHUM. DiiJep MojydyaeT OTCIOAA BEJIHUHHY

n!
nocpeacTsom asjoxeHuss 6GUHOMaA. 3ameHa
CFDEF+D ... eFn 0P b
HepeMEHHbIX NOoKa3bIBaeT, 4YTo nl aABJdgeTca npengesoM HHTErpaJia

1—x%\"
f(——?—) dx npu 2, cTpeMsimieMcsi K HYJ0, OTKYAa NOJyuaercs

. o . 1\"
«BTODOH HHTerpaJ diepa» n! =f(log7) dx. TeM xe MeToLOM
0

n npuMeHeHHeM GopMmynn Baaawca on noayuaer dopmyny

1 R
1 1 /=

fj/log;dngl/n.
0

B nocaenyiomux paborax JilJep yacTo BO3BpalllaeTcsi K 3THM
WHTerpajaM; OH OTKpBIBaeT Takxke (opmy.y aononanenui ([81a] (1),
1. XV, crp. 82, uw 1. XVII, crp. 342), dopmyny B(p, q) =
=@ ([81a] (1), T. XVII, crp. 355) u uacTHhlil cayyait ¢op-

RN Vo)) .
myabl Jlexanapa-—I'aycca, coorerctByrommit x =1 ([8la] (1),
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r. XIX, crp. 483). Pasymeercsi, Bce 3To npomesbiBaercsi Ges 3a-
60THl O BONPOCAX CXOJUMOCTH.

Faycc nponoskaer usydenue ¢pyHKuuu I' B CBSI3H CO CBOHMH HC-
C/lIeflOBAHUSIMH THIIEPreOMeTpHUYeCcKOH (YHKUWH, AJ5i KOTOPOH (DyHK-
uusi T' siBasiercst npeflefibHBIM cayuyaem ([95a], 1. III, cTp. 125—162).
Bo BpeMs 3THX HcC/ef0BaHHH OH MoJiyyaeT o6IIyl0 hopMysay yMHO-
KeHHs (Yy»Ke HEeCKOJBbKO paHee 3aMedeHHYIO JlexaHapoM ais p=2).
[Tocnenytowmne uccnenoBanusi GyHKuuu I' rJaBHBIM 06pa3oM HMeJH
B BHAy TMpPOAOJKeHHe 3TOH (QYHKIUH HA 00JaCTh KOMILJIEKCHBIX
yhces1. JIMb HefaBHO GbII0 OGHAPYXKEHO, UTO CBOHCTBO Jorapudmu-
yeCKOH BBIMYKJOCTH xapakrtepuayert I'(x) (B neificTBHTebHOH o6Ja-
CTH) C TOYHOCTBIO 10 MHOXKHTEe/ss CPpeiu BCex pelleHHH (yHKuHo-
HaJbHOrOo ypaBHenus f(x + 1) = xf(x) ([21], crp. 149—164),
a Aprtun nokasas [6d], kKak MOXXHO MPOCTO yBsI3aThb BCe KJacCHye-
ckue pe3yabTathl 0 Gynkuun ['(x) ¢ 3THM CBOHCTBOM.
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ITousiTHe NpoH3BONBHON (DYHKUHH, KaK H3BECTHO, (opMHUpyeTcs
tTonbko K Hauaay XIX B. Tem Gosnee upea oGumero H3yueHHs MHO-
)KecTB (YHKUMH H HajesJeHHs HX TOMOJNOTHUYecKOH CTPYKTYpOH He
nosinsiercs 40 pador Pumana (cm. ctp. 140) u HauuHaeT paspaba-
TeIBaThcA B KoHle XIX B.

OnHako NOHATHE CXOAHMOCTH [OCJAeN0BATENbHOCTH YHCAOBLIX
GbyHKLME O6oJsiee HJM MeHee CO3HaTeNbHO MNPUMEHSAJIOCH C CaMOro
HauaJa NOABJNEHHA UCUHCJAeHUs GecKoHeuHO MaJblXx. Ho npu sTom
Jes0 Kacajocb TOJBKO MPOCTOH CXOAUMOCTH, Ja HHaue U He
MOIJIO ObITb BIJIOTh 4O TeX NOp, MOKAa MOHATHA CXOAsIerocs psia
¥ HenpepbIBHOH (YHKIMM He GbIJH TOUHO onpefeseHsl Dosblano u
Kouwr Flocsennuil BHauase He 3ameyas pas3fdudsig MeXKIy MPOCTOIl
A paBHOMEpHOH CXOJMMOCTbIO U CUHMTaJ, YTO MOXKeT A0KasaTb, 4TO
M0G0l cxoasluiica pan HenpepblBHBIX (PYHKLHH HMeeT B KauecTBe
cyMMBbl HenpephiBHYI0 ¢dyHkuuio ([42a] (2), 1. III, cTp. 120). Owu6-
Ka 3Ta OblJla MOYTH HeMe[lJeHHO 3ameueHa AGejeMm, KOTOpHIH of-
HOBpPEMEHHO J0Ka3aJ/ C NOMOIbIO PacCyXJeHHUs, CTaBLIero KJaaccu-
YeCKMM H HCHOJIb3YIOLIero /s AaHHOrO YacTHOro cJyyas HIeo
paBHOMEpPHOH CXOQMMOCTH, UTO CyMMa CTeNeHHOro psfa ABJSETCS
HenpepbIBHOH hyHKIAEH BHYTPH ero HHTepBaja cxomumoctu ([1],
1. 1, cTp. 223—224) OcraBanock TOJNLKO BbIAENHTb U 0GOGIIUTL 110-
HSITHEe PABHOMEPHOH CXOAHMOCTH, UYTO M OBIJIO CHENaHO He3aBHCHMO
apyr ot ppyra Crokcom u 3efigesem B 1847—1848 rr. u camum
Komwu B 1853 r. ([42a] (1), 1. XII, cTp. 30) ).

B nocaenneit tpern XIX B. HeMelkas IIKOJA MOM BJMSAHHEM
Bediepuitpacca u Pumana (I'amkens, io6ya-Peiimon) u ocoGenno
UTaJbAHCKAA CHCTEMAaTHUECKH H3YyualoT MOHATHS PaBHOMEPHOMH CXO-
NMMOCTH M CBSi3aHHBIe ¢ HUM Bonpochl. Mranegauust Iunau u Apuena
YTOUHSIIOT YCJOBHS, HeoO0XOAHMBble A/ TOro, 4YTOGH! Npejes nocJeno-
BATeJbHOCTH HeNpepbIBHBIX (QYHKUHHA OBl HenpepblBHON (GYHKIHEH.
AcKOJIM BBOAHT OCHOBHOe NOHATHE DABHOCTENEHHOH HeNpepbIBHOCTH
¥ JOKa3bIBaeT TEOPEMY, XapaKTeDHU3YIOILYI0 KOMIIAKTHEIE MHOXKeCTBa

1) B paGore, noMeuerHoit 1841 r., Ho u3mauuo#t Toabko B 1894 r. ([2434],
1. I, ctp. 67—74), Befiepmtpacc ¢ npefenbHON YETKOCTBIO HCMOJB3YET MNOHATHE
paBHOMepHOIl CXOAMMOCTH (KOTOPYIO OH BIepBble TaK HA3bIBAeT) AJS CTeMEeHHBIX
PSANOB OJHOM MJH HECKONbKHX KOMIJIEKCHBIX NMepeMeHHbIX.
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HenpephBHBEIX QyHKuui [8] (TeopeMa, KoTopas GblIa BHOCAEACTBHH
nonysasspusupoBaHa MoHTeldeM B €ro TeOpHH <«HOPMaJbHBIX Cce-
MeHCTB», ABJAAIOLIUXCA He YeM HHLIM, KaK OTHOCHTEJbHO KOMMAaKT-
HBIMH MHOXeCTBAaMH aHaJHTHUECKHX (hVHKIHH).

C nmpyro#i cropoHsl, cam Beliepmitpace oTkpein ([243a], T. IIi,
ctp. 1—37), u4TO NOCpeACTBOM MHOTOUJEHOB BO3MOMXKHO PaBHOMEPHO
npu6AU3UTh UHCJAOBYIO HENPEePhIBHYI0 (PYHKIHIO OT OTHOH UJIU He-
CKOJIbKHX JeHCTBUTEeNbHBIX NMEpeMeHHBIX HAa OTPaHHUEHHOM MHOXe-
cTBe. DTOT pe3y/bTaT NMpHBJIEK K cebGe JKMBOe BHHMaHHE H MOPOAHI
MHOT'OUHCJIeHHbIE «KOJHUeCTBEHHbIe» HCCAeI0BaHUs, KOTOpble BHIXO-
JAT 3a npeflesbl paccMaTpUBaeMo#l 3[iech TOUKH 3pEHHUS.

CoBpeMeHHBIH BKJAag B 3TH npoBjaeMbl NPEHMYLIECTBEHHO Bhipa-
)Kaercsl B TOM, uToOBI pacnpocTPaHUTh UX 06JacTh AefcTBUSA, Ha-
CKOJIKO 3TO [PEACTABJSAETCS BO3MOMKHBIM, paccMaTpuBas HX s
¢yHKUMH, 06JacTh OnpejleneHUs] H MHOXKECTBO 3HAaYeHHH KOTOpPBIX
yKe He orpaHudeHbl R nam npoctpaHcTBaMH KOHEUHOrO YHCJa H3Me-
peHull, 1 TeM CaMbIM C NOMOIIbIO OOIIHMX TOMOJIOTHUECKHX MOJOXKe-
HUH MoMelllast X B HX eCTeCTBeHHbie paMkH. B wacTHocTH, TeopeMma
Befiepwtpacca, Kotopasi yXKe craja He3aMeHMMBIM OpyAHeM KJjac-
CHUECKOTr0 aHaJsu3a, 3a nocjefHUe rOJbl NOJYYHJIa PACIPOCTPAHEHHE
Ha Gosee obuine cayuyau B paborax M. I'. Croyuna. PasBuBas uueio,
BBefeHHYl0 A. JleGerom (mpu nokasaTedbCTBe TeopeMbl Beiiep-
lTpacca), OH BBISIBUJ BaXKHYIO pPOJib, KOTOPYIO IIPH aNNpOKCHMAIIH
HenpepbIBHBIX YMCJOBBIX (YHKUHH HrpaioT peleTKH (annpokcuMa-
uuu ¢ noMombio «peweryarsix (latticiel) Muorousnenos»), n noka-
3aJ, ¢ ApPYyro#l CTOpoHBl, Kak 06o6umenne TeopeMbl Beiiepmtpacca
BjleyeT 3a co6oil Lesblil pAX aHAJOTHUHBIX aNNPOKCHMAIHOHHBIX
npejasoXKeHHH, KOTOpble, TaKWM 06pa3oM, OKa3blBAlOTCs TOpPa3no
TeCHee CBAI3aHHBIMH Mex1y co6oil [219].
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O61mas Teopusi TONOJNOrHYECKHX BEKTOPHBIX NPOCTPAHCTB BO3HHK-
Jia B nepuoj npubausurensHo Mexay 1920 u 1930 rr. [TosBnenne ee
ObIJIO HCMOJABOJbL MOArOTOBJNEHO H3yueHHeM MHOTOUHCJEHHBIX MpO-
6iaem (yHKIHOHAJBHOrO aHaJju3a. [103ToOMy Heslb3si NPOCJAENUTH ee
HCTODHIO, He YNOMSHYB, XOTsl Obl B OOLIMX 4epTax, O TOM, Kak H3y-
yeHHe 3TUX npobJeM MaJo-noMaJy NpPUBesO MaTeMaTHKOB (ocoGeH-
HO ¢ Hauana XX B.) K OCO3HAaHHIO CBsI3ed MeXIy H3yuaeMbIMH MPO-
6sieMaMH U K BO3MOXHOCTH (opMyJjHpOBaTh UX 3HAUUTeNbHO Go-
jiee 06MM 06pa3oM M NPHMEHATb K HUM eNHHOO0Opa3Hble crnocoGhl
peLIeHHH.

MoxHo cKasaTk, YTO aHAJOTHH MeXay aJjre6poit ¥ aHaJu3oM
U CTPeMJieHHe paccMaTpPUBaTh (DYHKUIHOHAJbHBle ypaBHeHHs (T. e.
TaKyue, B KOTOPbIX HEH3BECTHOH siBJsieTcsi (PYHKIHS) KaK «Ipefelib-
Hble cJaydaHu» aJjre6pavuyecKHX ypaBHeHUH BO3HHKAIOT BMecTe C MO-
sIBJEHHEM HCUHCc/AeHHsT 6@CKOHEUHO MaJiblX, KOTOpPOe B onpejeeHHOM
CMBICJTe OTBEYaJso NMOTPEeGHOCTH 06006IIeHHs] «OT KOHEUHOro K 6ecko-
HeuHOMY». OfHaKo mpsMbIM ajreGpanyecKUM NPEAKOM HCUHCACHHS
6ecKOHeuHO MaJibiX sBJASeTCs HCUHCJeHHe KOHEUHBIX pa3HocTel (cp.
crp. 192—194), a He peuenHe O6GLIUX JHHEHHBIX CHCTEM; INepBbie
aHaJIOTHM MEXJy 3THMH CHCTeMaMu ¥ 3ajauaMu auddepeHimans-
HOro HCUMCAEeHUS MOSIBASIOTCS He paHbule cepeansl XVIII B. B cBs3H
¢ ypaBHeHHeM KoJeG6amwouiefics CTPyHbl. 3Jeck Mbl He 6yxeMm
BXOJHTb B paccMOTpeHHe noapo6HOH HCTOPHH 3TOH NpOGJEeMbl; HaM
Heo6X0MMO, OJIHAKO, MPOC/AENUTh NOsBJEHHe ABYX (DyHIaMeHTalib-
HBIX Hfell, KOTOpble NOCTOSIHHO GYAYT BCTPeuaThCsl BNOCJAEACTBHH U
KOTOpble, NO-BUANMOMY, 00513aHbl CBOMM nosiBjeHuem [, Bepuynamu.
[TepBasi U3 HHUX COCTOMT B TOM, 4TOGBl paccMaTpHBaTh KoseGaHHs
CTPYHBI KaK «IpefeJbHBIA cjaydaii» KoleGaHHs CHCTEMBI I TOUEYHBIX
Macc npu GecKOHeuHO Bo3pacTaromieM n. M3BecTHO, 4TO mJisi KOHeu-
HOro n 3Ta 3ajava B JaJjbHellleM HOCTaBHJIA NMePBHIH NpUMep Hcce-
JOBaHHsl COOCTBEHHBIX 3HAyeHH{ JHHeHHOro npeo6pasoBaHus (cp.
ctp. 107). DTuM uKMcaaM COOTBETCTBYIOT B PACCMaTPHUBAEMOM «Iepe-
Xofle K Npeaesy» YacTOThl «COOCTBEHHBIX Ko/eOGaHW» CTPYHHI, yKe
JaBHO MOJIyueHHble SKCNIEPHMEHTAJNbHBIM NyTeM, HO CYIECTBOBaHHE
KOTOPbIX TeOpPeTHUeCKH GblJI0 YyCTAaHOBAEHO (M UMeHHO Telsopom) B
nauane XVIII B. 1y dopmMasibHY0 aHAJNOrHIO, XOTS U YIOMHHAEMYIO
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BIOCJNEACTBHH 10BOJbHO peaxo ([220b], ctp. 390), Hukorna e teps-
au u3 Buay MareMatHkd XIX B.; HO, Kak Mbl YBHIHM NO34Hee, BCe
ee 3HaueHHe BBISBUJIOCH AHWB K 1890—1900 rr.

Hpyroit uneeit [I. Bepnynnn (BO3MOMXKHO, HaBeSHHOH 3KCHepH-
MeHTaJbHbIMH (akTaMu) OBl «NIPUHIHI CYNEPIO3HLHH», COrJIACHO
KoTOpoMy HauboJjiee ofluiee KoJeGaHHe CTPYHBI JOJ/KHO «pasja-
raTbCsl» B CYNEPHO3HLHIO «COOCTBEHHBIX KOJeGaHHH», uTO O3HAuaeT
Ha si3blKe MaTeMaTHKH, UTO OO6llee pellleHHe YpaBHEHHs KOJeBJiio-

medcsa CTpyHBl JOJKHO pasjarathCs B psf Z,cncp,,(x, t), rue
n

¢, (X, £) IpeiCTaBJASAIOT COOCTBeHHble KoJebaHus. H3BecTHO, uTo 3TOT
MPUHIUIN NOCAYXKHJ HA4yaJoM AJHTEJBHOrO CHOpa O BO3MOXKHOCTH
pas/oXKeHHs: B TPHIOHOMETDHUECKHH DS <«IPOH3BOJBHOH (yHK-
IIUH», — copa, KOTOpbifl Obl1 paspelleH TOJbKO B MEPBOfH TpPeTH
XIX B. nocje Beixoxa B cBeT pabor @ypre u Iupuxae. Ho eue o
5TOr0 ObIIM HalJeHbl ApPYyrve NpPUMepHl DPAa3JOXKeHHH B psifibl 1O
«OpPTOTOHAJIbHBIMY ) dYHKUMAM: chepuuecKHM QPYHKIUAM M IOJIH-
HoMaM JlexaHapa, a TakxKe pasjuHuyHBIM CHCTEMaM BHJIA (ei*nx),
rae A, yXe He sBJAIOTCS KPAaTHBIMH OJAHOTO M TOrO Ke yucJja, KO-
Topbie GblaM BBeleHH B Hauaste XVIII B. B 3amauax o xoJeGanusx,
a takxe Pypbe n Ilyacconom B Xome MX HCCJeNOBAHHI MO TEOPHH
tenjotel. K 1830 r. Bce siBJeHUsA, 3aMeueHHble B 3THX PasJHYyHBIX
yacTHLIX cJayuasix, Obliu cucreMartusanposanbl LTypmoM [220a u b]
u JInysuaseM [147a u b] u o6beanHeHs B 06LIYI0 TeopHio Kojeba-
HHH A5 GyHKuuil onHo#t nepemennoi. Oun paccmartpuBaor audde-
peHllHaJbHOEe ypaBHeHHe

(P Fre@y=0 (>0 x>0 (1)

C TPAHHYHBIMH YCJOBHSIMH

y'(@—hy@)=0
y'(6) +hoy (6) =0

¥ MOJIydYaloT cjieayloumue GyHAaMeHTa bHbie Pe3yabTaTh:

1) 3amaya uMeeT HeHyJ/eBOe pelleHHe TOJbKO TOTAd, KOrma A
NMPUHAMAET OJHO U3 3HAUEHHH mocjeloBaTeNbHOCTH (A,) uHcea > 0,
cTpeMsIIHXCA K + 00;

2) AJasi BCAKOrO A, pellleHHsl SIBJASIIOTCH KDATHHIMH OJHOH H TOM
Ke (GYHKUUH T,, KOTOPYIO 1;40}1(}10 NpeAnosoXHTh ;(HOpMHpOBaH-

(hy>0. hy>0, a < b) @)

o 2
HOM», HAJOXHUB YCJOBHE fpv,,dx=l, npuyeM fpfumv,, dx=0
a a
A m =+ n;

1) DTOT TepMHH, OJHAKO, He MosABJasgeTca a0 pabor 'mabbepTa,
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3) Bcsikas oyHkums f, nBaxael guddepenuupyemas B [a, b],
yIOBJIETBOPAOLIAS TPAHHUYHBIM YCAOBUAM (2), MOXeT ObITh pasJo-

XeHa B PaBHOMEpHO cXoasumuiics psx f(x) = X ¢,v,(x), rae
n

cn:fpf'vndx;

b
O o
4) HUMeeT MeCTO PaBeHCTBO fpf2dx=‘>_‘cn (yxe nokaszaHHOe

a n

[TapceBaseM B 1799 r.— BmpoueM, uHcTO (hopMaJibHBIM CHOCOGOM
IJiss CHCTEMBl TPHrOHOMETpPHUeCKHX (VHKIHH, OTKyfa Henocpesi-
CTBEHHO BHIBOAMTCS «HepaBeHCTBO Deccessi», chopmysuposanHoe
NocJeJHUM TaKxKe AJsi TPHrOHOMEeTpHuecKHX psaaoB B 1828 r.).

Uepe3 moJsiBeKa 3TH CBOHCTBA ObIJIK JOMOJHEHB! B paborax [pama
[101], koTophiit, mpoaoJKas Hccaef0BaHUs UebblllieBa, BHABUI CBA3b
MeXIy Pa3/oXKeHUSIMH B Psibl OPTOrOHAJNBHBIX PYHKUMH U npobJe-
MOH «HAWJYUIIEero KBajgpaTH4YHOro NMpUOIHKeHHs» (HemocpeacTBeH-
HO BhILIeAIIed M3 «MeTOfa HAWMeHbIIMX KBaJpaToB» ['aycca B ero
tTeopud owu6ok). 3amauya COCTOMT B TOM, UYTOGHl [OJs 3ajxaH-
HOli KOHEUHOH Toc/e10BaTeNbHOCTH GYHKUHE (), ., ., HAHTH A9

qzyHKLIHH f auHelinyio KoMGHHAIHIO Zaz% 711 KOTOPOH HHTerpa.

N 2
fp(f——z aiupl> dx pfocTHraer cBoero MHHMMyMa. B npunuune
a i
3gecb HMeeTcsl B BHAY OOBLIKHOBEeHHAs 3ajaua JHHEHHOH aJjreGphl,
Ho I'paM pmas elt OpUrHHAJIbHOE pelleHHe, MPHMEHHUB K ¢; mpolecc
«OpTOHOpMasu3aluu», OOLIYHO HAa3blBaeMblii HMeHeM Jpxapja
Imuara. [lepexons 3ateM K cayualo 6ecKOHeUHON OPTOHOPMAJbHOH
cucTeMbl (¢n), I'paM cTpeMuicsa y3HATb, KOrja «Haugayulllee KBaj-
paTHYeckoe NPUOIHKEHHe W, QYHKIHH [ IHHEHHBIMH KOMOHHALMSIMH
n mepBBIX (QYHKIHH TNoc/aefoBaTeJbHOCTH cTpeMmutcst K 0 npu Gec-
koHeuHo !) Bo3pacTawooueM 7. TakuMm o6pa3oM, OH NPUXOLHUT K Ompe-
IeJeHHUI0 MOJHOH OPTOHOPMAJbHOH CHCTEMBl W K YTBEPKIEHHIO, 4TO
5TO CBOHCTBO 3KBHMBAJIEHTHO TOMY, UYTO He CyUIeCTBYeT (YHKIHH, OT-
auuHo#t or 0 ¥ opTOoroHa/dbHOM BceM ¢,. OH pa)e NMbITaercs Hccae-
LOBaThb IIOHSITHE «CXOAHMOCTH B CpeJiHeM KBaApaTHUECKOM», HO [0
BBeJeHHs1 (QyHAaMEeHTaJbHBIX MOHSATHH TEODHH Mephl eMy yaaercs
NONYYUTh B 3TOH obsacTu JHIIb BeCbMa 4acTHEIE pe3y’abTaTH. Bo

) CrnemyeT 3aMeTHTb, 4TO BO BCeM 3TOM JoKasate]bCTBe ['paM He orpaHu-
ypBaeTcsl PACCMOTPEHHEM HENpephIBHBIX (YHKUHH, HO HAcTauBaeT Ha HeoGXOMH-
b

MOCTH YCJIOBHS f?fz dx < 0.
a
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BTOpO#l mosiosiHe XIX B. OCHOBHBle YCHJIHMSl MAaTe€MAaTHKOB-aHAJHTH-
KOB ObLIM HampaBJeHbl Ha pacnpoctpaHenue Tteopuu Lrypma—
JIuyBuais HAa (YHKUHH HECKOJBbKHX [lepeMeHHBIX, K ueMy MpHBO-
IHJO0 M3yueHHe yPaBHeHHH ¢ YaACTHBIMH MPOM3BOAHBIMH 3JLIHIITHYE-
CKOro THIMA MaTeMaTHueCKOH (H3UKH H eCcTeCTBEHHO CBSI3aHHBIX C
HHMH KpaeBbIX 3a1ay. BHHMaHHe B OCHOBHOM KOHLEHTpPHpYeTCs Ha
ypaBHeHUH «KoJjeb.momencs MeMOpaHbI»

Ly (u)=Au—+hu =0, (3)

J1J1st KOTOPOro B JOCTATOYHO NPaBH/IbHON o6sactd G paswicKiBaercs
pelueHde, o6pamalonieecss B HyJb Ha KOHType. 3HAUHTebHbIE TPYA-
HOCTHM aHAJHUTHYECKOTo MOPSAKA, MOPOXK/JEHHBIe 3TOH 3anayei, GbLIN
peojIo/ieHbl JIHIIb [OCTelleHHO, HCNOJBOJb, TaK KaK TOrJa HEeuero
6bLJIO ¥ IyMaTh O NDHMEHEeHHH K Hell MeTOOB, OKa3aBUIMXCS ycnell-
HBIMH A5 (GYyHKUHH 0qHOH nepeMeHHOH. HanoMHHM OCHOBHBIE 3TAMNbl
nyTH, BeIVIero K pelleHHIo: BBeleHHe «byHKuuH ['puHa» o6Jjacru
G, cviiectBoBaHWe KOTOpOH nokasaHo IlIBapueM; nokasaTenbcTBO
CyuleCTBOBAHWS  HaHMeHbIIEro COOCTBEHHOro 3HayeHHs, Takxke
nantoe IlIBapuem. Hakonen, B 1894 r. B cBoeM 3HaMeHUTOM MeMyape
([181a], 1. IX, ctp. 123—196) A. Ilyankape ypnasoch 10Ka3aTh Cylle-
CTBOBAHHe W OCHOBHBIe CBOHCTBa BCeX COOCTBEHHBIX 3HaueHHH, pac-
cMaTpHBAs NpPH 3aJaHHOHM «NPABOM YacTH» [ pellieHHe 4, YpaBHEHHS
Ly()=/, xoropoe o6pauiaercs B HyJb Ha KOHType 06jacTH, H no-
KasbiBasi C MOMOIBIO HCKycHoro o6obmerus Merona llsapua, uto
u, ectb MepomopdHas GYHKIIUA KOMIJEKCHOH nepeMeHHOH A, HMelo-
1as TOJBbKO MpPOCThle JelCTBUTE/bHBIE MOJIOCA A,, KOTODble H $B-
JISI0TCA HCKOMBIMH COGCTBEHHBIMH 3HAUEHHSAMH.

OTu Mccye0BaHUSI TECHO CA3aHbI C MEePBBIMU IIaraMu TEOPHUH JIH-
HefHBIX MHTErpaJbHbIX YpPaBHEHHH, KOTOpbie, HECOMHEHHO, B HaH-
GoJiblllell CTemneHH Cnoco6CTBOBAJAM NOSIBJEHHIO COBPEMEHHBIX HeH.
OrpaHHuMMCSs 3[leCb HEKOTODBIMH KDaTKHMH YKa3aHUSMH O pa3BH-
THY 3TOH TeopuH. DTOT TUn (DYHKUMOHAJbHBIX yDaBHEHHH, cropa-
audeckH nossassluiics B nepBoil nosouHe XIX B. (AGenn, JTu-
yBHJIIBL), HaunHaeT npuobpeTaTb Ba)KHOe 3HauyeHHe [OCJe TOTO,
kak bsp u K. HeiimaH cBesin pemenune «3anaun Hupuxsae» ags 1o-
CTATOYHO MNpaBuAbHON o6sacTy (G K pelIeHHI0O <HHTerpajbHOro
ypaBHEHHUS BTOPOTO pona»b

() + [ K(x y)uly)dy=/(x) “

OTHOCHTeJNbHO HeusBecTHOH GyHxuuu u. B 1877 r. K. Hefimany yna-
JIOCh PEeLIHTb 3TO ypaBHEHHe MeTOJOM «MOC/ef0BaTeNbHEIX NpHG/IH-
Kenui». Haxoxsich, HeCOMHeHHO, NOJ BNeyaT/JeHHEM YikKe YIOMsiHY-
THIX BHILIe ajreGpanueckux aHAJOTHH, a Takke pe3yJbTaToB, MOJY-
YyeHHBIX MM JJs1 ypaBHeHHsi KoseGuawouieiicsi Mem6panbl, [lyaHkape
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B 1896 r. ([181a], 1. IX, cTp. 202—272) NpUXOAHT K HIee BBEIEHHSA
nepeMeHHOro nmapaMerpa A nepeji HHTerpajoM B IpeaUIecTBYIOLIEM
ypaBHenuu. OH yTBepXKAaeT, 4To, TaK XKe Kak U A/ ypaBHEHUs Ko-
gebionielics MmeM6paHbl, peuleHHeM siBasieTcss MepoMopdHas dyHK-
uus oT A. EMy He yzmajoch foKas3aTb 3TOT pe3yJbTaT, KOTOPLIA GBI
ycTaHoBJEH (MJIsi HenpepelBHOTO «siapa» K u KoHeuHoro uHTepBaJja
la, b)) uetbipe roma cnycts M. ®pexnrosbmom [88]. TTocaennuit, mMo-
xeT GbITh, GoJiee CO3HATENbHO, UeM ero MnpejlleCTBEHHHKH, BCe-
ue10 PYKOBOACTBYeTCs aHaJjoruell ypaBHeHus (4) c JuHefiHON cu-
creMoH

S [ 1
Elkﬁpq'{‘ﬂapq)xq:bp, 1<p<n), (5)

yTo6bl HAUTH pelleHHe (4) Kak uyacTHoe ABYX BhbIpakeHuii, o6paso-
BaHHBIX N0 o6pasiuy onpenenuTesed, BXxoasdmux B ¢opmyas Kpa-
Mepa. K ToMy xe caMa Mbic/ib OblJIa He HOBA: C CaMoro HauaJja
XIX B. MerTon «HeompenedeHHBIX KO3(D(DHUIHEHTOB» (CBOASILUHCS
K TOMY, uTOGHl ONpelesHTh HEH3BECTHYIO (PYHKIIHIO, NpeanoJarae-

MYIO Pa3/IOKHMOH B PSil X C,$,, TAE ¢, — H3BECTHBIE (YHKIMH, My-
n

TeM BbIUMCJIEHHs KO3(P(UUUEHTOB Cn) NPUBES K «JIHHEHAHBIM cHCTe-
MaM ¢ GEeCKOHEUHBIM YMCJIOM HEH3BEeCTHBIX»

ngaiiszbi (i=1,2...). (6)

dypbe, BCTPETHB TaKYIO CHCTEMY, «PelIaeT» ee elle B ayXe Mare-
matuky XVIII B.: oH or6pachiBaeT Bce UjeHBl, HMelOllHe HHIEKCH!
i uan j GoJblle 7, HAXOAUT sIBHbIE DPeLICHHS MOJYueHHOU KOHEeuHOH
cucteMbl no ¢opmysaM KpaMepa, a 3aTeM «nepexomuT K npeeny»,
yCTpeMJisisi B pellleHHH n K oo! Korga BnocsaencTsuu nogoGHbE TPio
KM [epecTajsu YJIOBJETBOPATb MAaTeMaTHKOB, pellleHHe BCe-TaKH
cTajd MCcKaTh ¢ nomounelo onpeneauteneit. C 1886 r. (mocae pa6or
Xuana) A. Ilyankape, a 3ateM ¥ ¢oH Kox nocrpounu Teopuio
«onpefenuTenell 6eCKOHEUHOro MNOPSAKAa», NO3BOJAIOMYIO pellaTh
HeKoTOpble THNBI cuUCTeM (6) B COOTBETCTBHH C KJIACCHYECKHMH 06-
pasuamu. M ecau 3TH pesysnbTaThl He MOTJIM GBITH HENOCPEACTBEHHO
npuMeHeHbl K 3ajaue, nocrasjieHHOH PpeAroibMoM, To, BO BCSKOM
cayuae, Teopus ¢on Koxa nocayxuiaa eMy o6pasiuom /s cocTaBJe-
HHSI CBOUX «OIpeneuTesnei».

Kak pa3 B 3TO BpeMsi Ha cleHe nosiBasiercs [uianbepT u Jgaer
HOBHII TOJIUOK Pa3BHUTHIO Bcell Teopuu [122b]. On mauas c Toro, uro
jJonosHua pabotel Ppenronbma 3H(GeKTHBHEIM OCYILECTBJEHIeM
NpefesbHOTO Nnepexoida, KOTOPBIH CBOAMT pelleHHe CHCTeMHBl (D) kK
pemwenuio ypasHenus (4); I'mipbepr ceilyac xe A06aBUI K 3TOMY
COOTBETCTBYIOIMH NpefesbHbI Mepexon - A/ls TEOPHH AeHCTBUTE/b-
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HBIX KBaJIpaTHUHBIX (OPM, K KOTOPOMY, eCTeCTBeHHO, NPUBOISAT THIIbI
MHTErpaJjbHbIX ypaBHeHHﬁ C CUMMeTDHUECKHUM SAPOM (T. e. TaKHM,
uro K(y, x) = K(x,y)), HauGojee uacTo BCTpeuarolivecss B Mare-
matuueckoit ¢usnke. Takum o6Gpas3oM, oH npuuies K ¢GyHAaAMeH-
TaJbHOH (QopMyJse, HenocpeACTBEHHO o6oOuamlned npuBelgeHue
KBaJpaTHUHOH (GOPMEI K ee OCAM:

2

ffbK(s, t) x(s) x(¢)ds dt _—_i fcpn Yx(8)ds|, (7)

rie A, — cOOCTBeHHble 3HaueHus: (HEOGXOAMMO MAeHCTBHTEJbHbIE)

sapa K; ¢, o6pa3yoT OpTOHOPMAaJbHYIO CHCTEMY COOTBETCTBYIOIIHX

coGCTBEHHBIX (DYHKUHEH, npaBas uactb Gopmysel (7) siBAsieTcss CXO-
b

JAMKMMCST PSIOM INIPH fx?(s)ds<1. FuabbepT Takxke nokasald,
a
yro Kaxkjas GyHKUHS, <«OpeacraBuMas» B BHie [(x) =
b b

:f K(x,y)g(y)dy, nonyckaer «pasJjoxeHHe» 21% (x)fgo,,(y)f(y)dy,

a a
U, PYKOBOACTBYSICh JaJjibHelilllel aHajJorued ¢ KJjaaccHuyecko#i Teo-
puell KBaApaTHYHbIX (opM, ykasasj BapHALHOHHBIH METOX olpene-
JIeHUs! A, KOTOPHIH sIBJSieTCSI He 4eM HHBIM, KaK paclpocTpaHeHueM
XOpPOUIO H3BEeCTHBIX SKCTPeMaJibHBIX CBOHCTB oceii KBaapuk ([122b],
crp. 1—38).

Atu nepBble pe3yabTaThl [HabbepTa GBLUIM TOTUAC e MOAXBA-
yeHnl J. llImuarom, KOTOpHIA npuaaa um Gojee NPOCTYIO U OGIIYIO
tdopmy 6e3 npuMeHeHHs «onpenenuTtenefi Opearoabma» u nepexona
OT KOHEUHOro K 6eCKOHEYHOMY M yXKe oueHb OJIM3KO mojJolllesa K ab-
CTPAKTHOMY H3J/I0XKeHHIO, TaK Kak B ero J0Ka3aTe/bCTBaX OYEBH[-
HBIM 06pa3oM HCNO/Ab30BAJHCh TOJNBKO OCHOBHBle CBOHCTBA JIMHeM-
HOCTH U MOJIOXKHTeJabHOCTH HHTerpaJa [201a]. Ho tem Bpemenem y
Tunpbepra nosiBasitoTcs eule 6osee obue KOHUenuuHd. Bee npenure-
CTByloL{He paGoThl BLISIBHJH Ba*kKHOe 3HaueHHe (YHKLUHH C HHTErpH-
pyeMuIM KBajapatoM, a dopmyaa Ilapcesans ycranaBauBaga TecHyIO
CBA3b MeX Ay 3THMH QYHKUUSIMH H NOC/eL0BaTelbHOCTAMHU (C,), Ta-

KHMH, UTO Ecﬁ < -4-c0. DTa upes, HeCOMHEHHO, pykoBoauaa [Hib-
n

GeproM B ero memyapax 1906 r. ([122b], ra1. XI—XIII), B koTopHIX,
BO3BpAlIAsich K CTapoOMy MeTOAy <«HeonpejeseHHHX Koadduuuen-
TOB», OH IOKa3blBaeT, YTO pellleHHe HHTerpajbHOro ypaBHeHus (4)
KBHUBAJIEHTHO OerKOHEYHOH cUcTeMe JIMHeHHBIX ypaBHeHH#

X, &-Elkpqxq_.b Pp=12...) 8)
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b
st «<koshduuHenToB Pypues X, =fu(t) , (£) dt HeussecTHOlT PyHK-

oUH U 1o OTHOLUeHH}O K JaHHOH HOJIHOI/I OpTOHOpMaJIbHOI/I CHCTe-

Me (o,) (npu b, = f f()o, (#)dt v k,, f f K (s, 2) 0, (s) o, (£) dsdb).

Kpome Toro, enHHCTBeHHmMH pemeHHﬂMH [8] KOTOpBIE HAJ0 NMPHHHU-
MaTh BO BHUMAaHHE C 3TOH TOUKH 3peHHsi, sBASAIOTCS Te, AJsT KOTOPHIX

Exi < 40, nos3troMy I'nabbepT MOCTOSIHHO OTPaHHUYMBAETCS STHM
n

tunoM pellenuii. Ho B mpoTuBONO/MOXKHOCTL 3TOMY OH pacLIMpsieT
VCJIOBHUsI, HaK/MaAblBaeMble Ha «GeCKOHEUHYI0 MaTpuuy» (Rpq) (KO-

tTopas B (8) TakoBa, qToEk§q<+oo>. [Tocsie 3TOrO CTaHOBUTCH
p,q

SICHBIM, YTO B OCHOBe BCell TEOPHH JIEXKUT, XOTsI U He BBEJEHHOE sIBHO,
«npoctpaHcTBo T'uabbepra» nocienoBartenbHocTedi (X,) HdefcTBU-

TeJAbHBIX YHCEN, TAaKHX, uTO Zx?, < 00, BO3HHKAWLIEe B Pe3y.ab-
n

TaTe «NpelesbHOro Nepexona» OT eBKJIHIOBA NPOCTPAHCTBA KOHEUHO
pasmepHocTH. Ho oco6enHo Ba)KHBIM AJs MOC/AEAYIOIIEro Pas3BUTHs
ABJisieTCst TO, UTO I'M/IbGEPT BBEJT B 3TO MPOCTPAHCTBO He 0JHO, a ABA
Pas3JIMYHBIX TTOHATHS CXOAMMOCTH (COOTBETCTBYIOUIUX TOMY, UTO BIIO-
CJIeICTBUM CTAJH Ha3bIBaTb cnabod W cuabHOH TonoJorueit) '), a
TakkKe «NPHHIUN BEIGOpa», KOTOPBIH eCTh He uTO HHOEe, KaK CBOMCTBO
caaboit KOMIAKTHOCTH efMHHUYHOro mapa. HoBasi sinnefinas anreGpa,
KOTOPYIO OH pa3BUBaeT B CBSiI3U C pelleHHeM cHCTeM (8), LeJukoM
onMpaeTcs Ha 3TH TOMOJOTHYECKHE MOHSITHS: JMHelHble oToGpaXe-
HUs, JIMHeHHble (OpMBI 4 OGUAuHeHHBle (OPMBI (2CCOUUMPOBAHHLIE
¢ JUHeHHBIMH OTOOpa’KeHHsSIMH) KJAaCCH(MUIHUDPYIOTCS W H3y4yaroTcs
¢ TOUKH 3PEHHUs] UX CBOHCTB «HenpephIBHOCTU» ?). B uactHocTH, [Hilb-
6epT OoTKphIBaeT, uTo Mertoa Ppenronbma o6si3aH CBOUM ycClexom
MOHATHIO «BIIOJIHE HENPEePLIBHOCTH», KOTOpPOe OH cHopMyaupoBan
1as GunuHeinbix dopm ) ¥ noaBepr ray6okoMy H3yueHH0. Mp He
MoxeM 3Jech Gosiee MOAPOGHO rOBOPUTH HU 06 3TOM BaXKHOM NOHS-
THH, HM O IIPEKPacHbLIX H CoAepXkKaTeJbHBIX paboTax, B KOTOPHIX

1) BapualHOHHOe HCYHC/IEHHE eCTeCTBEeHHbIM 06pasoM NpHBEJNO K PacCcMOTpe-
HHI0 PA3JIMYHBIX MOHATHH CXONMMOCTH B OJIHOM H TOM e MHOXKecTBe (yHKUMi
(B SaBHCHMOCTH OT TOro, TpeGOBajaChb J TOJBKO DAaBHOMEPHAsi CXOHMMOCTb
QYHKUHMA WM paBHOMeDHas CXOAHMOCTh (YHKLUHI BMeCTe C HEeKOTOPHM YHCIOM
MX NPOU3BOJHEIX); HO THNBl CXOZHMOCTH, NpelJoxeHHele I'mabGepToM, 6w CO-
BeDUIEHHO HOBBIMH [JIfi TOFO BpEMEHH.

?) Cneflyer OTMeTHTb, YTO MOA «HenpepeiBHOH» QyHxuueir fo 1935 r. mpak-
THYECKH BCerfa MOHHMAJHM OTOGpakeHHe, npeofpasyiollee JIOGYI0 CXOAALLYIOCS
noc/Jef0BaTebHOCTh B CXOASILLYIOCS IOC/eJ0BaTeNbHOCTh.

%) Ona Tuns6epra OuiuHeiiHas ¢opma B(x,y) BIOJHE HeNpephiBHa, ecJH
B(xun,yn) cTpemutcs K B(x,y), xoraa (¥n) u (y») caabo cXoAsiTcs COOTBeT-
CTBEHHO K X H Y.
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Funbbept u3/IaraeT CHEKTPaJbHYIO TEODHIO CHMMETPHUYHBIX GUJIH-
HelHbIX (opM (OrpaHHYEHHBIX HJIH HET).

Sapik 'nab6epTa ocTaercs elile KJIaCCHUECKHM A3LIKOM, H Ha BCeM
npoTsixKeHHuH cBoux «Qrundziige» oH He ynyckaeT W3 BHAY NpHMe-
HeHWil TeOpHH, HJJIIOCTPUPYSA ee MHOTOUMC/JIEHHBIMH [PUMEpaMu
(OHH 3aHMMAIOT MOYTH MOJIOBHHY KHHrH). Ciefyiolilee nokoJeHHe
CTOHUT y2Ke Ha ropasgo 6o/ee abcTpakTHOH TouKe 3penus. [Ton Buusi-
HueM B3raanoB OPpemwe ¥ P. Pucca Ha 06Uyl TOMOJOrHO (CM.
crp. 142) 3. Wmunr [201b] u cam dpeme B 1907—1908 rr. cmeno
BBONAT B ([efCTBHTENbHOE HJIH KOMIJIEKCHOE) «MpocTpaHcTBO ['Hilb-
6epTa» s13blK €BK/AMOOBOH reomerpuu. MiMenno B atux padorax Boep-
Bbie BCTDeyaeTcss YIOMHHAaHHe O HOpMe (C COBpeMeHHBIM 0603Haue-
Huem [|x||), HepaBeHCTBO TPEYroMbHHKA, KOTOPOMY OHA yAOBJAETBOPSIET,
a Takxe ToT Qakxr, uro npocrpaHcrBo [unbGepra «cenapabenabHo»
u noano. Kpome rtoro, lIMuAT nokasbiBaeT CylecTBOBaHHE OPTO-
roHa/bHOH MPOEKIUHM HAa 3aMKHyTble JIMHeliHbie MHOroo6Gpasus,
YTO AaeT BO3MOXKHOCTb NPUAATb TEOPHH JIHHEHHBIX cucTeM ['Hiabbep-
Ta Gosee mpocrtyio U obmyio ¢opmy. B Tom ke 1907 r. ®pewe u
@. Pucc 3ameTuJn, 4TO NPOCTPAHCTBO (PYHKUUH C HHTErPHPYEMBIM
KajpaToM o6Janaer cOBeplIeHHO aHaJOTHUHOH «reoMeTpHell; aTa
anaJsiorsi 6uiJia IOMHOCTBIO BhHISICHeHA, Korjaa HeMHoro nosxe @. Pucc
u 3. Quulep nokasaJH, YTO 3TO NPOCTPAHCTBO NOJHO H H30MOPPHO
«npoctpadcTBy ['mabbepray, H 0JHOBpeMeHHO GJeCTAMIUM 06pa3oM
BLISIBH/IM 3HauyeHHe HOBOro opynusi, co3fanuoro JleGerom. C 3Toro
BpeMeHH MOXKHO CUMTATh, YTO OCHOBHEIE MOJIOXKEHHS TEOPHH T'HJIb-
6epTOBBIX NPOCTPAHCTB NMPOUYHO YTBEPAHJIHCH B MaTeMaTHke. Cpenu
JIOCTHKeHHHA GoJiee NO3LHEro BpeMeHH HeOOXOAHMO YHOMSHYTbH 00
aKCHOMAaTHUYeCKOM NpeACTaBJAEHUH TEOPHH, JaHHOM NPUOIH3UTeNbHO
B 1930 r. M. T'. Croynom u k. pon Hefimanom, a Takxke O CHATUH
orpaHuueHuil «cenapabenbHocTH» B paborax Peasuxa, JIésura u
®. Pucca [188g], Boimeauux okoso 1934 r.

Opnnaxko B camoM HadaJse XX B. BO3HHKJHN [pyrHe HanpasJ/eHUs,
YCHJIMBLINE TEHAEHIMIO, NPUBEALIYIO K TeOPHH HOPMHPOBAHHLIX NPO-
crpanctB. OGumas unes «QyHKIHOHANAA» (T. e. UUCJIOBOH GYHKIHH,
onpene/eHHON HAa MHOMXECTBe, 3JeMeHTBl KOTOPOro caMy SIBJSIIOTCS
YUCJIOBHIMH (GYHKIHUSIMH OJHOH WM HECKOJBKHX JNEeHCTBUTENbHBIX
nepeMeHHBIX) BhIIEJAHAACH B nocjaefHHe decsiTHIeTHss XIX B. B cBsi3H
C BapHAlMOHHBIM HCUMC/JEHHEM, ¢ OJHOH CTODOHBI, U TeopHel HHTe-
rpajbHbIX ypaBHeHH# —c¢ npyrod. Ho xorst 310 nousarve u GblLio
paspaboTaHo rj1aBHBIM 06pa3oM HTaJbsSHCKOH wIKoJOH, [Tnnkepse u
ocoGenno BosbTeppa, Tak xe kak U GoJjee oblas uies «onepa-
TOpa», Bce Ke paGoTBl 3TOH INKOJBl 4aCcTO HOCHJIHM JOBOJBHO (op-
MaJibHBI XapakTep W OTHOCHJHCH K YAaCTHBIM THNaM npobJeM, Tak
KaK B HHX OTCYTCTBOBaJ OGOCHOBAHHBIH aHAJHU3 JeXaIluX B HX OC-
HOBe TOMOJIOrHyeckKux moJsoxkenui. B 1903 r. Axamap noJioxui Ha-
yaJo COBPEMEHHO!N TEOPUH «TOMOJOrHYEeCKOH» NBOHCTBEHHOCTH, HC-
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cienyst HauGosee o6uide HenpepbiBHblE JiMHeliHble «QYHKIHOHAJIBI»
Ha npoctpancTee & (/) HenpepbIBHBIX UMCJAOBHIX (YHKIUH B KOM-
NakTHOM HHTepBaJe [ (IPOCTpaHCTBO, HajeJleHHOe TOMOJIOTHEH paB-
HOMEPHOH CXOAMMOCTH) M XapaKTepH3ys HX KaK Npefesbl IOCaen0-

BaTeJbHOCTeH HHTerpaJsos x—+fk,, ) x(¢)dt.
I

B 1907 r. ®peme u ®. Pucc Takxke NOKa3bBaIOT, UTO HENpPephIB-
Hble JIMHeliHble (popMbl HA NpocTpaHcTBe ['Mib6epTa SBJIAIOTCS «OT-
paHHUEHHBIMH» QopMamu, BBefeHHbIMU [niab6eproM. 3atem, B 1909 r.
®. Pucc naer okoHuaTeabHYI0 (GOpPMYJHDPOBKY TeopeMe Amamapa,
BEIDA3HB KajKAblii HENpPEepBIBHBIA JHHEHHbIH OyHKuMoHan ua & (I)
uHTerpajsoM CruibTbeca. DTa TeopeMa B JaJibHefllleM [OCTYXKH-
Ja OTNPaBHOH TOYKO# AJs COBpeMEHHOH TeOpHH HHTErpHpOBaHUS
(cM. cTp. 241).

B caenylomem rony tor ke ®. Pucc [188c] sHauurensHo passua
TEOpPHIO, BBelAs U U3yuuB (no o6pasly TeopuH npocTpaHcTB [Hib-
6epra) npoctpaHcrtBa L7 (/) ¢yHKuud c cymMmuHpyeMoH p-it cre-
neHblo B HHTepBase [ (njs mnokasartesst CTeNEHH p, TAKOIo, 4TO
l<p< + o), a yepe3 TPH rofia nocjae 3TOro OH, NPOJOJKAsS Mpe-
JbAyLiKe HccaenoBanust [188e], my6uamKyer anaJsorHunyi pa6ory
o npocrpanctsax nocsaenoBatesbHocrei LP(N). Kak Mbl yBumum
fajbllie, 3TH HCCAENOBaHHs HEeMaJso crnocoGCTBOBANU Pas3bsCHEHHIO
BONpoca O JABOHCTBEHHOCTH, TaK KAaK B HUX BNepPBble BCTPeUAIOTCs
IBa JBOMCTBEHHBIX NPOCTPAHCTBA, MEXKAY KOTOPHIMH He CYILECTBYET
ecTecTBEHHOTo H3oMopduaMal).

C storo BpeMmenu @. Pucc HauuHaeT pasMbIILIATE 06 aKcHoMa-
THUECKOM HCCJIeIOBAHUM, OXBAThIBAIOIEM BCE MOJIYUEHHBIE De3yilb-
rathl ([188c], crp. 452); W, NO-BUAMMOMY, TOJNBKO IENETHIBHOCTh
aHAJUTHKA, He JKeJalollero CHWIIKOM HaJieKo OTXOLUTb OT KJacCH-
yecKOH MaTeMaTHKH, YyAep:KaJjia ero OT TOro, 4robel B 3TOM [AyXe
panucarb CBOM 3HaMenutwld Memyap 1918 r. o reopun Ppearossma
[188f]. B Hem oH paccMaTpuBaeT B NpHHIUNE nmpocTpaHctBo & (1)
HenpepbIBHBIX (YHKUHMI HAa KoMnakTHoM uHTepBaJe. Ho, onpenenns
HOPMY B 3TOM NPOCTPAHCTBe H 3aMeTuB, uto & (/) npu 5ToH HopMe
ABJSIETCS NOJIHBIM, OH yxKe 6OJiblile HUKOTAA He T0Jb3YeTCs B CBOUX
paccykJAeHUsIX HHUEM HHBIM, KPOMe aKCHOM NOJIHBIX HODMHPOBAHHBIX
npoctpaHcTB ?). He Bxoas 3neck B noapo6HOe paccMOTpeHHe 3TOH

1) XoTs IBONCTBEHHOCTh MEMXIY L'u L® u HOPHCYTCTBYET HESABHO B G0Jb-
wuHcTBe paboT 3Toro BpeMeHH o6 uHTerpaJde Jlebera, Toibko B 1918 .
I'. llrefiurayc pokasaJj, uyto Jio6as HenpepbiBHas JauHeHHasa dopma na L! (/)
(rze ] — KOHEUHbIHl HHTEpPBaJ) MMeeT BUI

x> f F(t) x () dt, tre fe L™ ().
I
2) @. Pucc fIBHO TOBOPHT, YTO INIDHMEHEHHE €ro TEOPeM K HempepbiBHbIM

(GYHKUMAM €CTb CBOErO poja «IPOGHBIA KaMeHb» AJIsi ropasfo GoJsee o6LWMX KOil-
uenuni ([188f], cp. 71).
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paGoThl, OTMETHM, UTO B Hell BNepBbIE BCTpPeUaeTcsd ONpelejeHHOe
06IHM 06pa3oM NOHSATHE JHUHEHHOro BIOJIHE HENPEPBIBHOTO OTO-
6paxenusi (Kak HaloLero npeoGpa3oBaHHe OKPECTHOCTH B OTHOCH-
TeJLHO KOMIAKTHOE MHOXKECTBO) !); MacTepcKHM akcHoMarHue-
CKMM aHaJju3oM Bcsi Teopus PpexarosbMa (B ee KauecTBEHHOM ac-
neKTe) CBOJAUTCS K OOHOH (yHIaMeHTaJbHOH TeopeMe, 4 UMEHHO UTO
J6oe  JIOKaJbHO KOMIAKTHOE HOPMHPOBAHHOE NPOCTPAHCTBO
SABJISIETCST KOHEUHOMEPHBIM.

OGuiee onpepeseHHe HOPMHPOBAHHBIX NPOCTPAHCTB GbLIO LAHO B
1920—1922 rr. C. Baunaxowm, I'. Xanom u 3. Xeanu (nocjennuit pac-
CMaTpUBaJ JHllb NPOCTPAHCTBA MOCAEAOBATEIbHOCTEH NeHCTBHTEND-
HBIX HJIM KOMILIEKCHBIX uuces). B nocjenylomue necsatb JeT Teopus
9THX NPOCTPAHCTB Pa3BHUBAETCS I'JaBHBIM 06pa3oM B CBSI3M C ABYMs
BONPOCAMH, HMEIOLIMMH KaNuTajJbHoe 3HauyeHHe MAJAs [NPHJIOXKe-
HU#, — TeopHell [JBOHCTBEHHOCTH M TE€OPEeMaMH, CBsi3aHHBIMH C IO-
HATHEM «KaTeropuus Dapa.

Mbl Buzmesn, uTo HAes JBOHCTBEHHOCTH (B TOMOJOTHYECKOM
CMBICJe) BOCXOIHMT K Hayasy XX B.: OHA HesIBHO NIPUCYTCTBYET B T€O-
puu I'mabpbepra u 3aHuMaer LeHTpaJbHoe MecTo B pabBore ®. Puc-
ca. Ilocaennui, nanpumep, yxe B 1911 r. 3ameuaer W nokKasblBaer
([188d], cTp. 41—42) c noMouUIbI0 paccyXKIeHHs COBEpLIEHHO 06-
mero xapakrepa, uro cootHowenue |f(x)] << Mlxll (BssToe Kak
ONpeJeNeHHEe «OTPAaHHUYEHHBIX» JIMHEHHBIX (YHKUHOHAJOB B INpO-
crpaHctBe ['mab6epra) 3KBHBAJIEHTHO HENPEPBIBHOCTH [, eciu Bce
paccMoTpeHHe NPOHCXOAUT B mpocrpauctBe & (/). B cBasu ¢ xapak-
TePUCTHKON HeNpepblBHEIX JHHeHHBIX (yukuuonatos Ha & (I) ou
3aMeTHJI TaKXKe, YTO YCJAOBHE TOTO, 4TOGH MHOXKecTBO A 6BlLiIO
nioTHEIM B 8 (I), COCTOMT B TOM, UTO He CYIIECTBYeT HHKAKOH Mephl
Crunbtbeca p = 0 Ha /, KoTropast Gblia Obl KOPTOroHaJbHa» KO BCEM
dyukuuaM u3 A (o6obmast TeM caMbIM yCJI0BHs I'pama [Jisi NOJIHBIX
oproHopMaJbHbIx cucteM). Hakonen, B Toli Xe paGore OH KOHCTa-
THPYET, UTO NPOCTPAHCTBO, conpsixkeHHoe ¢ L™, «6osbmiey, yeM npo-
crpancTBo Mep Cruastheca ([188d], crp. 62).

C npyro#i ctopoHsl, ®. Puccy B ero paborax o npocTpaHcTBax
Lr(]) u LP(N) ynaercss U3MeHHTb METOJ pelIeHHs JHHEHHBIX CH-
creM B npoctpaHctBe ['uab6epra, pauneéi 3. HImunrom [201b], rak,
4yTO6bl €ro MOXKHO GBIJIO MPUMEHSATh K OoJiee obmuM cayuasm. Maes
[lIMuaTa cocTosiia B TOM, YTOObI HAHTH «3KCTPEMAJbHOE» pelleHHe

1) B cBoux pabotax o mpoctpanctsax LP @. Pucc onpefens BToJiHe HETpe-
pBIBHBIE OTOGpaXKeHHsl KaK Takue, KOTopble NpeobpasyloT Kaxayw ciaabo cxoas-
Iylocsl TOC/®L0BATE/BHOCTh B CHJIBHO CXONALLYIOCS DOC/ELOBaTeJbHOCTb, a 3TO
B JaHHOM CJayuae (l'lfl/lHPIMaﬂ BO BHMMAaHHe cJa6yl0 KOMIIAKTHOCTb €XHHHYHOTO
mapa B moctpanctse LP, rae 1 < p < 4 00) skBHBaJEHTHO AaHHOMY Bhie ompe-
nenenuo. Kpome toro, ®. Pucc ykasaa, yto mas npocrpanctsa L? ero ompepe-
NeHHe (NlepeBelleHHOe ¢ $I3bIKA JIHHEHHBIX OTOGpaXKeHHH Ha SA3BIK OHJHHeHHBIX
¢dopm) sKBHBaseHTHO ompelenesnio unn6epra ([188c], crp. 487).
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cucreMbl (6), onpenenuB Ty TOUKY 3aMKHYTOro JHHEHHOro MHOro-
o6pasusi, NpelCcTaB/sieMOro ypasHeHusiMi (6), paccTosiHie KOTOpPOH
OT Hauasa 6yJeT MHUHHAMaJbHBIM.

HUcnonrsyst 1y ke ugero, ®. Pucc mokassiBaeT, 4To HeoOXOnH-
MBIM M JOCTAaTOYHBIM YCJOBHeM JJst CYLIeCTBOBAHHA (GYHKUHH
X€L?(a, b), ynosnerBopsiouleii ypaBHeHUAM

fa,.(t)x(t)dt=b,- (i=1,2...) (9)

1 1 o
(B KOTOpBIX a; npuHamaexur LY, rne ;—l—?z 1) U TaxoH, 4To
b !
flx(t)l”dt<M", ABJISIETCS BLINOJIHEHNE HepaBeHCTBA

a
l/q

n b
Db | <M [ B sy 0)]° at (10)
- a

s JI0G0H KOHEUHOH MoCJef0BaTelbHOCTH NeHCTBHTEJIbHBIX YHCel
n), 1<<in.

B 1911 r. [188d] on mogoGuuiM e 06pasoM MOAXOLHT K «IPO-
GaeMe 0OOOlIEHHBIX MOMEHTOB», COCTOSILIEH B pelleHHH CHCTEMBI

[u@®yazy=b, (=12 ..., (11)

rie a; — HenpepbiBHB, a HeuW3BeCTHOH siBasiercss Mepa CTuab-
theca E!). 3mech MBI BHAMM, YTO MOKHO COHOPMY/IHPOBATL 3Ty
npobaeMy Kak npobJeMy onpeleleHHss HeNpephIBHOrO JHHEHHOIO
PyHKUHOHAIa Ha & (/) Mo ero 3HaueHHSIM HAa 3afaHHOH MOCJ]eNOBa-
TeJbHOCTH TOYeK 3TOro NPOCTPAHCTBA.

B Ttako#i ke (opme paccmarpuBaerT 3Ty npobiemy Xeaau (B
1912 r.) u nonyuaer ycaosuss ®. Pucca HeCKOJIbKO MHBHIM METOJIOM,
o6nagaroluM GoJiee MHUPOKOH ob6nacTbio npuMeHeHusi?); B 1921 r.

1) Knaccnueckast «mpo6ieMa MOMEHTCB» COOTBETCTBYET CJyualo, B KOTODOM
nireppan] a, b [ecTs] 0, -+ co [wnn] — oo, + oo [ 1 o (#) = £ Kpome Toro, wepa
npennosiaraeTcs MOJOXHUTeNbHOH (B cBoem Memyape 1911 r. @. Pucc mnoscuser,
KaK MOAXKHBl OBITh M3MeHEHH ero oOHiue yCJOBHS, KOTIa HIYT pElEeHHS 3TOro
poma). Cpenu pasjMuUHBLIX METOJOB pellleHHs KJAacCHYecKofi mpobieMbl MOMEHTOB
crepyer 0co6o oTMeruth Meron M. Pucca, B KOTOpPOM H3fIIHO OGbexHHEHH! 06-
wre uaen QyHKUHMOHANBHOTO aHalu3a M TeOPHH (QYHKUHHA KOMIIEKCHOH mepeMeH-
HOMl [/l TIOJIyYeHUsi SIBHBIX ycJIOBMH nas b; [189].

?) Tak xe kak u ®. Pucc ([188d], crp. 49—50), Xeamu B cBOeM J0Kasi-
TenbCTBE HCIOJIb3yeT «HIPHHIHMT BLIGOPa», KOTOPHIH, pasyMeercs, eCTb He UTO
HHOe, KaK cnabast KOMNAKTHOCTb @IHHHYHOrO iapa B mpocTpaHcTBe Mep CTH.b-
theca; ®. Pucc Takxke npHMeHHJ aHaJoruynoe cBoiictBo B L (1 < p < -+ o0).
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OH BO3BpallaeTcst K 3TOH mpo6JieMe W paccMaTpHUBaeT ee npu GoJee
o6mux ycaoBusix. BBoas moHstHe HOpMBI (Ha MPOCTPAHCTBe MocJe-
foBaTeJbHOCTEH), KAK Mbl 3TO BUJEJH BhIIIe, OH 3aMeydaeT, 4YTO OHO
o6o61aeT MNoHATHEe «KaJAuOPOBOUHOH OGYHKIMH» BBIMYKJOro Teja
N-MepHOro MpOCTPAaHCTBA, NPHMeHsieMOro MHHKOBCKHM B ero 3Ha-
MeHHUTBIX paboTrax mo «reoMerpuu uuceda» [159a u bl. B stux xe
paGorax MuHkoBCKHuil onpenenuna (B R™) monatHe onopHo# rumep-
JIOCKOCTH ¥ «onopHo# yHkuun» [159b] 1 nokasan cymiectsoBanue
ONOPHOH THUMEePMJIOCKOCTH B JI060H TIPaHHYHOH TOUYKe BBINYKJIOTO
tena ([159a], crp. 33—35). Xeqnu pacnpocTpaHua 3TH MOHATHS Ha
NPOCTPAHCTBO MocJeoBaTenbHOCTeH E, cHabXeHHOe HEKOTOPO# Hop-
MOH; OH YCTAaHOBHJ [BOHCTBEHHOCTh MeXay E W npocTpancTBOM
E’ nocienoBartenbHOCTEl 4 = (U4,), TaKUX, LJs KOTOPHIX MpH BCS-
koM xX==(x,)€E pan (z, x,) cxoautcsa; on onpemeaun B E’ Hop-
My dopmyon )sfil()) —I—lf;[']i—' rae (4, x) o6o3Hayaer CymMMy psijia;
5Ta ¢opMmyJa naeT B KOHEUHOMEPHBIX MPOCTPAHCTBAX OMOPHYIO
Gyukuuo '), Pemrennte cucremnt (6) B E, rme Kaxpaas W3 mocjaepo-
BaTeJbHOCTEH uiz_—(ai]-)j>1 npejanoJjaraertcsl npuHapdexalleir E’,
CBOJMTCS, KaK 3TO MoKasbiBaer XeJssd, K NOCAELOBATENBHOMY pe-
uieHdIo ABYX 3afzau: 1°. Ha#itu HenpepbiBHYIO suHeliHylo ¢opmy L
Ha HOpMMpOBaHHOM npoctpaHctBe E’, Takyilo, uro L(#;)=¥&;, nas
JI060ro MHOEKca i, 4TO BefeT, KaK OH 3TO OTMedaeT, K YCJIOBHUSAM
tuna (10); 2°. YcraHOBUThL, MOXKET JIM Takas JuHeHHast dopMa ObITh
3anucana B Buge U—>{u, x) nas x € E. Iocaenuss 3anaua, Kak 3a-
Meuaer XeJJH, He 0653aTeNbHO PelIaeTCst B MOJOXKHTENbHOM CMBIC-
Je, naxe ecau L cyliecTByeT, ¥ OH OTPaHHUHBAETCS TeM, 4TO AaeT
HEKOTOpble NOCTATOUHBIE YCJOBHSI, BJeKYIHe CYIIeCTBOBaHHe pele-
Hust x € E B onpefeNeHHBIX 4acTHbIX cayudasix [116].

Aty upen o6JeKalTCss B OKOHuareJbHyio ¢opmy B 1927 r. B
¢ynnamentanbiom memyape I'. Xana [107], peayabTaThl KoTOpoOro
Obuin uepe3 aBa roaa (HezaBucumo) Haigensr C. Banaxom [llc).
Meron MunkoBckoro — Xe/liM npuMeHsieTcsi XaHoM K JoGomy
HOPMHPOBAHHOMY MPOCTPAHCTBY H JaeT B CONPSIXKEHHOM NPOCTPAH-
CTBe CTPYKTYPY MOJHOTO HOPMHPOBAHHOIO MPOCTPAHCTBA. DTO JaeT
BO3MOXKHOCTb XaHYy pacCMaTpUBATh NOCJEJOBATEIbHEIE CONPSKEHHbIE
K HODMHPOBAHHOMY NPOCTPAHCTBY H MOCTAaBHThL B OOILIeM BHAE MpPO-
GjeMy pedJieKCHBHBIX NPOCTPAHCTB, KOTOPYIO JIMIIb CMYTHO Opef-
punen Xesauau. ITomumo atoro, Xau paspelld onpeleseHHBIM U HaU-
6oJiee o6UIHM 06pPa3OM C MOMOMIbIO TPAHCHUHUTHOH HHIAYKUMH MO
YHCJY M3MEPEHUH KaNUTaJbHYIO NPoGaeMy MPONOJXKEHUS HempephiB-
HOro JHHeHHOro (GYHKUHOHAJa C COXPaHEHHEeM ero HOPMHl M TeM ca-

1) Yto6bl MOJYYHTh THM 0MOocOGOM HOPMY, Hafo MHPeAMNOJOXKHTb, YTO COOT-
Howenue (&, x) =0 gaa Bcakoro x € E BJeuer 3a coboii u =0, Kak Ha 3To,
BNIpOUEM, SIBHO yKa3biBaeT H Xeaq,
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MBIM J1aJl epBble NPUMePbl HETPUBHAJILHOrO NPUMEHEHHs AKCHOMBI
BeiGopa B (yHKuHoHanbHoMm aHanuse'!). K stum pesynbratam Da-
Hax NMPUCOELVHUJ OTKDPBIBAIOLlEe HOBBIE MEPCNEKTHBH HCCeNOBaHUe
cBsi3efi MeXJy HenpepblBHbIM JHHEHHBIM OTOOpaxKeHueM W ero co-
NpsiKEHHBIM, DACHpPOCTPaHsia C MOMOINBIO BechbMa TJyGOKOH Teo-
peMbl 0 ci1a6o 3aMKHYTHIX MHOXECTBax B CONPSIKEHHBIX NMPOCTPaH-
¢TBax Ha o0luMe HOPMHUPOBAHHbIE MPOCTPAHCTBA Pe3yJbTATHI, KOTO-
pele [0 3TOro BpeMeHM OBIJIH HM3BECTHBI TOJBKO [Js1 NPOCTPAHCTB
L7 [188c). DTu pe3yabTaThl NOJIYUUIH enle Gojee spKoe BbIpayKeHHe
DY MCMOJIb30BAHUH MOHATHS (PAKTOPNPOCTPAHCTBA HOPMHPOBAHHOIO
MpOCTPAHCTBA, BBEIEHHOTO HECKOJIbKHMH TrofaMu mo3aHee Xaycmaop-
t¢om u camum Danaxom. Hakowreu, Banaxy xe npuHamjiexur orT-
KPbITHe CBSI3W MeX1y CJlaGoH KOMIAKTHOCTBIO €NMHHYHOro liapa
(3aMeueHHOH B MHOrOUYMCJIEHHBIX YACTHBIX CJyuYasiX, KaK yxke ObLIO
orMeueHO Bblllle) U pedJIeKCUBHOCTBIO NO KpaiiHed Mepe AJs MNpo-
crpancTB cuetHoro tuma ([11a], crp. 189). MoxHo cuuTath, uTO C
3TOr0 BpeMEeHH B OCHOBHBIX uYepTax Gblia co3gaHa TeOpHs [BOii-
CTBEHHOCTH HOPMHPOBAHHBIX NPOCTPAHCTB.

B 370 ke BpeMsi NOsyuYnau 0ObsICHEHHsI TeOpeMbl napajfokcalb-
HOro XapakTepa, NepBble NPUMePH KOTOPbIX BOCXOASIT NPUOIH3H-
teabuo K 1910 r. B stom rony Xeanuurep u Tensuy no CyuecTBy
NOKas3ajy, uTo MOCJAeJOBaTeJbHOCTh OTPAHUYEHHBIX OHJHHEHHBIX
dopm B,(x, ¥) B npocrpaHctBe [mnb6epra, 3HaueHHst KOTOPHIX
B,(a, b) pna mwo6oit 3apaHHoil napbl (@, b) orpaHuueHel CBEpXy
(uncniom, a priori 3aBucsmuM oT @ u D), HA caMOM [elle PABHO-
MEPHO O2paHu4eHa Ha KaxXjaom uiape. MX 1okasaTesbCcTBO NPOBO-
AMTCS METOZOM OT NPOTHBHOTO M COCTOHT B NOCTPOEHHH PEKYPPEHT-
HHIM MeTOJOM Takoi mnapwl (@, b), mas KOTOpoi Hapyliaercs
npeanoyioxkenne. STOT MeTON, H3BECTHBIH ¢ TeX NOP MOX HMeHeM
«MeTofa CKoJsb3silero rop6a», okasajcsi NOJEe3HBIM B psifie aHaJjo-
rHuHbX BonpocoB. Bnpouewm, JleGer npumensia ¢ 1905 r. aHa OruuHbIi
npueM /s Jl0Ka3aTelbCTBa CYIIECTBOBAHUs HENpPepbIBHbIX (YHK-
uui, pax Pypbe KOTOPBIX B HEKOTODPHIX Toukax pacxomgutcs. OmpHO-
BpeMeHHO ¢ XeajuHrepoM u Tensuuem OH NMPUMEHHJ 3TOT XKe Me-
TOM AJiA OOKAa3aTejbCTBA TOrO, 4TO €1ab0 CXOAALIAsics MOCJeq0Ba-
TeqbHOCTH B L' orpanuyeHa no HopMe 2). B mocnenyiouide romw st
npuMepbl YMHOXaioTcs, HO 0e3 BBelleHHs CYIIECTBEHHO HOBBIX

1y B 1923 r. [11b] Banax yXe mpoBes aHajOrMyHoe pacCyX[IeHHe AJf ONpe-
HeJeHHs] HHBAPHAHTHON Mepbl HA MJOCKOCTH (OMpelesieHHON MJsf 2/06bix OrpaHH-
YEHHBIX MHOXECTB).

%) OTMeTHM TakXKe aHAJOTHYHYI (GoJiee MPOCTYI0) TeopeMy, AOKA3aHHYIO
B 1907 r. Jlanmay u nocayxupwmyio ®. Puccy Toukoii oTmpaB/ieHHs AN ero Teo-
pux mpoctpaHcTB  LP: ecau qpﬂn ¢ OOUHM 4JIeHOM UpX, CXOXUTCA AJs mo6oit
nocieaosatesasHoctn  (X,) € LY(N), To mocaenosateibHOCTh () MPHHALIEKAT

LP (N) (rne %4——‘?:1).
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uneit Bmaote mo 1927 r., xorma baunax u Hlreiinrays (yactuuso B
corpyauuyectBe ¢ C. Cakcom), cBSI3aB 3TH SIBJIEHHS C NOHSTHEM TO-
L1ero MHOXECTBA U ¢ TeopeMoii bapa A/if MOJHBIX MeTPHUYECKUX Ipo-
CTpaHCTB, Aaau oburyio GOpPMYyJTHDPOBKY, OXBATHIBAIOLIYIO BCe Mpen-
HIecTBYIOIIME 4YacTHele cayuau [12]. V3yuenwe BonmpocoB «KaTero-
puu» B MOJIHBIX HOPMHPOBAHHBIX MPOCTPAHCTBAx npuBoauT banaxa
B 3TO e BpeMsl K MHOTOUHCJEHHBIM APYIMM pe3yJibTaTaM OTHOCH-
TeJbHO HeNpephiBHBIX JHHEeHHbIX oToOpaxkeHudd, Haubosee sameua-
TeJbHBIM H, 6€3yC/JIOBHO, CaMbiM TJYGOKHM H3 HHX SIBJSIETCS TeO-
peMa «0 3aMKHYTOM rpaduke», KoTopasi, Kak U TeopemMa Danaxa —
Illrefinraysa, okasaJjiach TMepBOKJACCHbIM OPYAHEM COBPEMEHHOTO
¢yHKuMoHaMbHOrO aHaJauaa [1lc].

HNapanue tpakrara Danaxa!) «Teopust JuHeHAHBIX omepamuii»
[11a] o3nauamo, ec;u MOXKHO TaK CKasaTh, HACTyMJeHHe 3peJOCTH
TeOPHH HOPMHPOBAHHBIX MPOCTPAaHCTB. B 3TOH KHUre H3/I0XKEeHH Bce
pe3yabTaThl, 0 KOTOPBIX MBI FOBOPHJIH, TaK e KaK H MHOrue Apy-
rHe, nNpaBla, elle HECKOJbKO G6ecrnopsiiOyHO, HO 3aTO ¢ MHOTLOYM-
CJIeHHBIMH TMOPA3UTEJIbHBIMH MNPUMePaMH, B3STBIMH M3 pasJIHuHbIX
pasgesoB aHaJjJW3a, KOTOpblie, MO-BHAMMOMY, NMpeaBellaJud 3TOH Teo-
puu GJaectsmyoo 6yayiHocTh. [deficTBuTenbHO, paGora uMena 6oJb-
woil ycnex; ee BJHsIHHE BbIPA3WJIOCh, B YACTHOCTH, B TOM, UTO SI3BIK
Banaxa u ero o60o3HaueHusi MOJYUW/IM HeMelJeHHOe H YyThb JU HeE
nosceMecTHoe npusHanue. OmgHaKo, HeCMOTPA Ha G6OJbllIoe KOJHUe-
CTBO HCCAeNOBaHHH NO mpocTpaHcTBaM DaHaxa, KOTOphle BeJHCh B
TeyeHHe ABAJIATH JeT, MPO6JIeMbl, KOTOpble OH OCTABUJ OTKPBITHIMH,
He MOJYYHJIM Kakoro-1u6o omytumoro passutuss. C gpyroi# cro-
POHEBI, €CJIH HCKJIOUHTL TeopHio 6aHAXOBBIX a/are6p W ee NpUMeHe-
HHS K FaPMOHHYECKOMY aHaJIM3y, MOUTH MOJIHOe OTCYTCTBHE HOBHIX
NpuMeHeHH Teopuu K OoJublinM npoGaeMam KJAacCHUECKOTO aHa-
Ji3a HECKOJbKO PasouyapoBaJid TeX, KTO BoaJjaraj Ha Hee GoJbline
Ha e JIbl.

Hau6osee nmogoTBOPHBIM OblNO, MNOXKaJdyH, ee pasBUTHe B Ha-
npaBJeHHH PaclLIMPEHUs] U YCOBEPLIEHCTBOBAHUS AKCHOMATHYECKOTO
aHa/MM3a KOHLeNUuH, OTHOCALIMXCS K HOPMHMDOBAHHBIM MpPOCTpaH-
cTBaM. XOTs (YHKIIHOHAJbHBIE MPOCTPAHCTBA, BCTPeuaBlIHecs ¢ Ha-
yaja XX B., B OGOJbUIMHCTBe cJyuaeB O006Jamajyu <«eCTeCTBEHHOH»
HOPMOH, TeM He MeHee yxXKe OBLIM 3aMeuyeHbl HEKOTODble HUCKJIOYe- -
uus. Oxono 1910 r. 3. Myp npensoxua o606IIHTL MOHSITHE PAaBHO-
MepHOH CXOJAMMOCTH, 3aMEHUB er0 MOHSITHEM OTHOCHTEJBHOH paBHO-
MEPHOH CXOLHMOCTH», NMPH KOTOPOM OKPECTHOCTh HyJsi o6pasyercs
GbyHxkuusaME f, yaoBJerBopsiolMMH HepaBeHcTBY | f(f) [ <eg(?), rame
g ectb QYHKUHA, BCIOAY 6oJsblliasi HYJsl, KOTODAsi MOXeT MEHSIThCS
BMecTe ¢ okpecTHocThl0. C npyroit cropousl, eme g0 1930 r. 6b10 3a-

1) Buorpaguio C. Banaxa (1892—1945) u cnucok ero pa6or cm. Ycnexu
marem. nayk, 1946, 1, sun. 3—4. — [Tpum. peo.
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MeUeHO, UTO TaKHe NMOHSTHS, KaK NMPOCTast CXOAUMOCTb, CXOAUMOCTb
no Mepe IJas H3MePUMBIX (DYHKUMH MM KOMIAKTHAs CXOAHMOCTb
I8 UeJblx GYHKIHHA, He MNOLJAIOTCH ONpeJeseHHI0 TOCPeJCTBOM
HopMbl; B 1926 r. ®perue 3aMeTHJI, YTO TAKOTrO pojia BEKTOPHbIE NIPO-
CTpPAaHCTBA MOTYT OBITH MeTpH3yeMbiMH u nNoJHbMH. Ho Gosee 06-
uasi TeopHsi 3THX NPOCTPAHCTB MOrJa IJIOLOTBOPHO pa3BUBATHCS
TOJIBKO B CBSI3H C MOHsATHeM Bhinykjaoctu. [lociennee (koropoe, Kak
MH BHIeNH, 3apoaunoch y Xesau) crtano o6beKToM uayuenusi bBa-
HaXa M ero YUeHWKOB, KOTOPble BHUJENH B HEM BO3MOXKHOCTh GoJiee
reOMETPHYHO HCTOJKOBBIBATb MHOTOUHCJEHHBIE MNpPENJOXKEeHHs Teo-
pHH HOPMHPOBAaHHBIX NPOCTPAHCTB, pacuuliasi TeM caMbIM NyTh 00-
LleMy OmnpefeJeHHI0 JOKaJbHO BHIMYKJBIX MPOCTPAHCTB, KOTOpOE
6bu10 nano k. don Hefimanom B 1935 .

Teopusi 3THX NPOCTPAHCTB, W HMMEHHO BONPOCH], CBsiI3aHHBbIE C
ZIBOACTBEHHOCTBIO, MOJNYUHIU 0CO60e Pa3BUTHE 3a MOCAeJHHe AeCATh
Jger. B cBsisau ¢ 3TUM HamO OTMETHTh, BO-NMEPBHIX, MpPOrpecc B Npo-
cToTe M OOIIHOCTH, CTaBIUMI BO3MOXKHBIM 6Jarofapsi yTOUHEHHIO
OCHOBHBIX MOHATHE obulell Tonosoruu B Teyenne 1930—1940 rr.; Bo-
BTOPBIX, BAaXKHOCTb, KOTOPYIO NPHOGPE]O TMOHATHE OrPaHHUEHHOro
MHOXecTBa, BBeleHHoe KosamoroposeiM u Hefimanom B 1935 .
OcHoBonoJsiaramlias poJb 3TOr0 MOHSATHS B TEOPHUH IBOHCTBEHHOCTH
6b1a siCHO nokasaHa B Tpynax Makku [153a u b]. Hakouen, u sto
OCHOBHOe, r71aBHasi noOyAuTeNbHast MPHUMHA HCCAeJOBaHUi JexaJsa
B OTKPBIBIIMXCS HOBBIX BO3MOMKHOCTSIX NPHMEHEHHH K aHaJIu3y TaM,
rie Teopusi banaxa oxkasamnach HepefictBeHHO#. B cBsisu ¢ aTHM Ha-
10 YNOMSIHYTh TEOPHI0 MNPOCTPAHCTB mocienoBaTesbHoCTed Kére,
Temnuia ¥ WX YUEHHKOB, M3JIOXKEHHYIO B CEPUH MeMyapoB, BHIXOMS-
wux ¢ 1934 r. [134], HepaBHee nosiBIeHHE TEOPHH «AHAJHTHUECKHX
¢yukuuoHanos» @PaHTanbe U OCOOGHHO TEOpHIO paclpeleseHul
J1. UlBapua [205], B KOTOpPOii cOBpeMeHHasi TEOPHs JIOKANbHO BBLIMYK-
JBIX NIPOCTPAHCTB Hallna cefe noJe NpHMeHeHHs, HECOMHEHHO, Aa-
JIeKo ellle He HCYEepIaHHoe.
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PasBuTHe COBpPeMeHHOro IMOHSITHSI HHTErpaja TecHO CBA3aHO C
3BOJIIOIHEH MOHATHS (QYHKUHMH W C YrayGJeHHbIM H3YYEHHEM UYHCJIO-
BbIX (DYHKIHH HeHCTBHTEJbHBIX NlepeMeHHBIX, KOTOpOe BeJeTcs C Ha-
yana XIX B. MaBecTHo, uro yxe Diijep noHuman (QyHKuHio AoCTa-
TOYHO 06ImIMM 06pa30M, TaK KaK CUHTAJ, YTO 3a4aHHAs KIIPOH3BOJIb-
Hasi» KpHBas, KOTOpasi BCTpeuaercs CO BCSAKOH NpsAMoOi, napas-
aeapHoil ocu Oy, TOABKO B OZHOH TOuke, ompenessieT (QyHKLHIO
y = f(x) (cp. ctp. 206). OnHako OH TakK XKe, KaK U GOJLHIHHCTBO
ero COBPEMEHHHMKOB, OTKasblBajcs NOMYCKaTh, YTO TakHe (YHKLUHH
MOTYT BBIPAXaThCsl «aHANUTHUECKH». DTa TOUKA 3pEHHUs He H3Me-
Hsilach BIUIOTb 1O pa6oT Pypbe; OTKPHITHE MNOCJAEIHUM BO3MOXK-
HOCTM TNpPeLCTaBJAsATb pPa3pbiBHble (QYHKUWM C TMOMOIIBIO TPHTOHO-
MEeTpHUYECKUX PsIOB!) uMeso peluaioliiee BJAHSHHE HA NOCJEAYIOLIHe
nokonenusi. [lo mpaBae rosops, nokasateabcTBam Pypne saBHO He
XBaTaJg0 TOYHOCTH, H 06JacTb, B KOTOPOH OHH HMEIOT cuJay, Obl1a
Hesicia. OHaKo WHTEerpajdbHbie GOpPMYJIBl

a,,=%fcp(x)cosnxa’x, b,= %fcp(x)sinnxa’x n>1), (1)

natoime KoshuineHTs pasJsjoxeHuss ¢ B psag Pypbe, uMead HHTY-
HTHBHO OUEBHJHBIN CMBICJI NMPH NMPEATOJOXKEHHH, UTO ¢ HempephlBHA
H KYCOYHO MOHOTOHHA?). ITHMH HMeHHO (QYHKUHAMH H oOrpa-
nuuuBaercss Hupuxsie B cBoeM asnaMenuToM Memyape ([71], 7. I,

1) CnoBo <«OTKDBITHE» 31eCh HMeeT BeCbMa OTHOCHTE/BHBIH CMbICI. JiJepy
yxke OblJIH H3BeCTHB Pa3/OKEHWS B TPHTOHOMETPHUYECKHe PAAbl HEeNePHOMHUECKHX
OyHKUME, Takux, Kak X Hau x%, a ¢dopmyns (1) BcTpevatores 8 1754 r. B omHoit
pa6ore Knepo u y Dfitepa B memyape 1777 r. Ho Torna Kak MaTeMmarHku
XVIII B. 32 HeMMeHHeM SICHOTO ITpeACTaBJEHHS O TOM, YTO O3HAYaIOT pasJjoxkKe-
HUS B Psifbl, NpeHeGperajH 3THMU DPe3yabTATAMH H HEMOKOJNeGHMO BepH/H B He-
BO3MOXHOCTb MOJIyYeHHs] TAKHX PasJoXKeHHil AN «pa3pbBHBIX» dyHKuui, ®ypbe,
Hao60pOT, yTBEPKAAJ, UTO STH DA3JOXKEHHS CXONATCA: «Kakosa 6br Hu Oblia
Oannaa Kpueas, KOTOpas COOTBeTCT8YeT @(X), HE3aBUCUMO OT TO020, MONHO AL
ee BbLPA3UTL QHOAUTUHECKUM YPABHEHUEM UAU OHA He 3QBUCUT Hu OT KaKo20
peeyaaprozo 3axkonas ([84], 1. I, cTp. 210).

2) Qypbe CYHTAET WHTErpPas OMNPEIEJEeHHBIM C MOMOLLbIO MOHSTHA ILIOLIAMH.
HanomHuM, YTO aHaJHTHYeCKOe OINpefeJieHHe HHTerpaia MOSIBJSIETCS TOJ/bKO
y Komn (cp. crp. 207).
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crp. 117—132), rme ou ycraHaBauBaeT cXOAUMOCTb psAna Pypbe; HO
yXe B KOHIe cBoeH paBoThl OH CTPEMHTCS PAcnpOCTPAHHUTD NOJYYeH-
Hhle pes3y/bTaThl Ha Gosee o6unMpHble Kiaacchl GyHKUuHA. HM3BecTHo,
yTo 1o 3TOMYy cayudato Hupuxje, yrounss ugedn Pypbe, onpenesnser
obulee noHsATHe (YHKUMH TaK, KAK MBI ero NoHHMaeM ceiuac; ecre-
CTBEHHO, HaJo OblIO HAuaTh C BBIICHEHHS TOTO, B KaKHX C/Ayuasix
6BLII0 ellle BO3MOXKHO NpunucaTh cMbica popmynam (1). «Koeda wHa-
pywerut HenpepblHOCTU [nas ] umeerca OeCKone4HOe 4UCAO...
rosoput Jlupux/e (uuTHpoBaHHas paGota, ctp. 131—132), — 10200
Heobxodumo, 41066t pynkyua ¢ (x) 6wsa Takod, 4T0, ecau 00603HA-
yute nocpedcreom a u b dsa Kakux-HuGYyds KOAUUECTBQ, 3AKAIOUCH-
Hblx Mmenl0y —m u +1, MOXCHO Gblio Gor NOmMecTuTs medcdy a u b
Opyeue Koauuecrsa r u S, docrarouno 6auskue dpye k Opyey, Tax,
41006l PYHKYUS OCTABANACH HEnpepbul8HOLl 8 UHTepsase oT r 0o S.
Jeeko ybedutocs 8 HEOOX00UMOCTU 3TO20 O2PAHUYEHUS, NPUHUMAA
60 BHUMQHUE, 4TO Pasiu4nele 4ieHsl pada Pypee cyre onpedesen-
Hble UHTeepaasl, u npubeeas K OCHOBHOMY NOHATUIO UHTE2PAAQ.
Toeda CTAHOBUTCA ACHO, YTO UHTEZPAA OT (PYHKYUW UMeeT CMbLCA
TOAbKO 8 TOM CAytae, Koeda (ynkyus yoosaersopaeT chopmyiupo-
BOHHOMY BbLULE YCAOBUIOS,

B nepeBome Ha coBpeMeHHBIH $3bIK, [[UpHXJE, IO-BHAHMOMY,
CUMTAJ, UTO HMHTErpupyeMocTb (YHKIHH 3SKBHBAJEHTHA YCJOBHIO,
YTO TOYKH paspbiBa 06pasyloT HUTOe He IJIOTHOe MHOXecTBo. K TO-
My Ke HEeCKOJbKHMH CTPOKaMHU HHXe OH JaeT CBOH 3HAMEHHUTBIH
npuMep (GYHKLUHH, PABHOH ¢ A/si PALHOHAJbHBLIX X M HHOMY YHCIY
d pas MppalMOHANbHBIX X, W YTBEePXKAAeT, UTO 3Ta GYHKUUS <«He
Moeaa 6oL 66iTe nocTasiena» nop 3Hak uarerpaaa. Ou o6eian pac-
CMOTPeTh 3TOT BOINPOC B CBOHX MOCJAeAYIOIINX paboTax, HO OHHM TaK
¥ He OblJIM M3IaHbI!), ¥ B TeueHHe 25 JileT HHKTO, KaxKeTCsA, B 3TOM
yanpaBleHWH He NMPOIBHHYJCS HM Ha WIAr Bhepej, BO3MOXKHO, IO-
TOMY, 4TO B TO BpeMsl H3yueHHe CTOJb «I1ATOJOTHUECKHX» (DYHKIHMIT
HH Y KOrO He Bhi3biBaJo HHTepeca. Bo BcsikoMm cayuae, xorna Puman
B 1854 r. ([187a], cTp. 227—264, pycckuil nepesoj, cTp. 227—260)
3aHsyica 3THM BONpocoM (ONSTb-TaKy B CBSA3W C TPHUTOHOMETpPHUe-
ckuMu %) psimaMu), OH cuesJ HeoOXOAMMEIM [aTh ONpaBAaHHe CBoel
paboTe: «ubo npu 8cem HeCOBePULEHCTEe HAULUX 3HAHULL O TOM, KAK
cUAbL U COCTOSHUS MATepul USMEHAIOTCA 8 OeCKOHeHHO MAAOM 6
308UCUMOCTL OT MeCTQ U BPEeMEHU, 8Ce dice MbL MOJNCeM C YeepeH-
HOCTbIO CKQ3aTb, 4TO Te (PYHKYUU, HA KOTOpble He PACHPOCT PAHAIOTCS

1) CyAs Mo HEeKOTOpPhIM (JOBOJIBHO TyMaHHBIM) yKasaHHsim Jlummuua [148a],
Jlupuxse, MOXKeT OBITh, BEpHJ, UTO €C.IH MHOJKECTBO TOYEK pPa3phiBa sIB.slercs
HUTJe He MJIOTHBIM, TO CrO «IPOH3BOJHOE» GYAET KOHEYHBIM. Bo Becsikom ciyuae,
OH OTPAHHYMBAJ CBOM HCC/IEOBAHHS CJyyaeM, NMOAMAafaioOLIHM TNOA 3TO YCJIOBHE.

2) Or Hupuxne ¥ Pumana o Hamux JAHeH MBI MOXeM MpPOCJTEIHTH TECHYIO
BA3b MEX1y TeopHeli WHTerPHPOBAHWS M TeM, UTO Mbl HA3blBAeM Temepb <«rap-
MOHUYECKHM aHANH30M» H YTO SIBJSIETCSI B HEKOTOPOM CMbicJle MPOOGHBIM KaMHEM
I 3TOH TEOPHH.
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ycaosus Hupuxae, 8 npupode He 8cTpedaioTca. Tem He menee,—1po-
JOMKAET OH, — HYMCHO OYmaTe, 4TO CAY4QAU, He pacCMOTpexHble [du-
puxie, 3acCAyxcusaroT BHUMAHUR no 08ym npusunam. Bo-nepsoix,
Kax ykaseisaer cam [upuxiae 8 3axawoueHue cgoeti paboTol, ITOT
80NPOC CTOUT 8 TecHeliuleli 843U ¢ OCHOBHbIMU NPUHYUNAMY UCYUC-
neHuss 6eCKOHEeUHO MAAbLX U MONCET CAYHUTb 048 TO20, 4TOObL NpU-
dare atum npuryunam 6OLbWYHO ACHOCT6 U onpedeseHHocTs. C
3TOL TOUKU 3PeHus UuccAedosadue YnOMAHYTLLX CAy4aes8 npedcras-
ASeT HEROCPEOCTBEHHbLE UHTEpEC.

Bo-gropeix, obaacte npumenenus pados Pypee He o2panuyu-
soercsa OOHumuy Auws Quaudeckumy 3adauamu; 3Ty PAdel npume-
HSIOTCA Teneps € YCnexom Taksxce 8 004aCTU 4uCTOl MATEeMATUKU, A
UMEHHO 8 Teopuu 4Yucen, u MONHO OYmaTv, 4To 30ecb KAK pa3 Te
yHryuu, npedcTasuUmMocTs KOTOpblX ¢ NOMOUWbIO TPUSOHOMETPUYE-
CKux paoos He Goira soiacnena [lupuxae, OOANCHBL USPATL BANCHYIO
poass ([187a), ctp. 237—238, pycckuit nepeson, ctp. 234—235).

Hnes Pumana cocrosisa B TOM, 4TOOBI, OTIPABJAACh OT NpOIlle-
oypsl npubaukeHus uHTerpaJta, peabunurtupoBanuoit Kouu, omnpe-
JeJUTh, B KAKHX CJyuYasiXx «CyMMbl PuMana» GOyHKHUH [ Ha orpaHu-
yeHHOM HHTepBaJe [a, b] cTpeMsiTcss K npeneny (eciad MakCHMaJb-
Hasi JJMHA HHTepBaJioB pasbueHus crpemurcs K 0). Ou 6e3 Tpyna
nojiyuaer pellieHde 3TOH NpoBJeMsl B CleAylollleM Bufie: JJas BCs-
Koro a > (0 Hafigercad Takoe pas6GueHue uHTepBaJja [a, b] Ha uacTy,
MakCuMajlbHasi JJIHHA KOTOPHIX AOCTAaTOYHO Mana, a CymMMa HHTep-
BAJIOB 3TOr0 pasGueHusi, B KOTOPbIX KoJeGauue f > a, ABAsIeTCA MpoO-
u3BoJMILHO ManoH. KpoMe Toro, oH noxkasbiBaer, 4TO 3TO YCJOBHe
BBIIIOJIHSIETCSI He TOJBKO [J151 HEeNMPEepbIBHBIX U KYCOUHO-MOHOTOHHBIX
dyHKUHH, HO TaK¥Xe U s GYHKIHH, KOTOpble MOTYT HMeTh BCIOMY
MJIOTHOEe MHOXKECTBO TOuYeK paaphiBal).

Memyap Pumana 6ui1 ony6saukoBan To/bKo B 1867 r., mocae erg
cmeptd. Ha stor pas Bpems Oblio GoJiee GNAronpuaTHHIM A Ta-
KOro poja HCCJIefOBaHUH u «HUHTerpas Pumana» sauan nogo6ato-
mee eMy MeCTO B YriyGJeHHOM H3YUEHHH <«HENPepBLIBHOCTU» M
¢yukuuit  pedicTBHTesqbHON nepeMeHHoi (Beitepmrpace, Hrobya-
Peiimon, 'ankens, [luHu), KOTOpOe NpPHBEJO K NOSBJIEHUIO TEOPHH
mHOXecTB B paGorax Kauropa. ®opma, nanHas PumanoM yc/ioBuio
HHTErPUPYEMOCTH, HaTaJKMBala Ha MbICAb O «Mepe» MHOXKeCTBa
TOueK paspeiBa (DYHKIMH B HeKOTOpOM uHTepBaJe. [lpoiwio, oana-
Ko, okoso 30 Jer, npexje uUeM YHaJoch HAWTH IJIOAOTBOPHOe H
yno6Hoe onpejesieHHe 3TOTO MOHSTHUA.

IlepBoie MOMBITKH B 3TOM HanpaBjieHUU Obliu caenans LTosnb-
ueM, I'apuakom u Kauropom (1884—1885). IlepBnie aBoe, 4TOGH

1) B nporusonosoxuocts 3toMy I'. JIx. Cmur B 1875 r. mocrpous mepsslit
npuMep QYHKLUUH, HE HHTEDPHPyeMOH B cMbicje PuMaHa, MHOXKECTBO TOYeK pas-
pbiBa KOTOPO# siBJsieTcs Hurfe He miortubiM ([210], 1. II, crp. 86—100).
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onpefie/IMTh «Mepy» orpaHuuenso# uactu E u3 R, paccmarpuBator
muoxkectBa FDE, KoTopble sIBASIIOTCS KOHE4HbIMI COBOKYMHOCTSIMHU
HHTepBaJoB, 6epyT AJsi Kaxmoro F cyMMy IJIHH COOTBETCTBYIOLIHX
HHTEPBAJIOB M HA3bIBAlOT «Mepol» E HUKHIOW IpaHb 3THX YHCeJ.
KanTop cpasy e paccMaTpuBaer OrpaHHueHHOe MHOKecTBO E B
npoctpancTBe R™ W anst Kakgoro Takoro MHOXeCTBAa W 4HCJa
p > 0 onpenessier okpecTHocTh V(p) MHOXecTBa E, o6pasoBanHylo
TOUKAMH, PACCTOsSIHHE KOTOPBIX oT £ He mpeBmilnaer p, a 3atem Ge-
peT HHXHIOIO TrpaHb «o6bemoB» V(p)!). ITo sTOoMy ompeneneHuio
«Mepa» MHOXKEeCTBa pAaBHSETCS Mepe ero 3aMblKaHHs, OTKyda, B
YaCTHOCTH, CJeNYeT, uTo «Mepay oObelHHEHHS ABYX MHOXKeECTB, He
HMeloHX OOLIUX TOUeK, MOXKeT ObITh TOYHO MeHbllle CYMMBI «Mep»
3THX ABYX MHOXecTB. HecoMHeHHO, @Jist TOrO 4TOGBI CrJIaAuTh 3TO
nocjenHee 3artpynHeHue, [leano [177a] u Kopmam ([129¢], 1. I,
crp. 28—31) yepe3 HecKOJBKO JeT BBOASAT Hapsigy ¢ «Mepoi» Kan-
Topa u(A) mHOXKecTBa A, 3aKaOueHHOro B kupnuue /2?), «BHYTpeH-
#ioto Mepy» p(/) — p(/ — A) u HA3HBAIOT «U3MEPUMBIMH» MHOMKeE-
ctBa A (MMeHYyeMBle Telepb <«KBAaAPHPYEMBIMH»), LI KOTOPHIX
5TH ABa uHcJaa coBnafaior. O6benuHeHre IBYX KBaJPHPYEMBIX MHO-
xectB A, B 6e3 o61uX TOUEK TOTJA TOXKe KBAIPUPYEMO H HMEET B
KayecTBe «Mephl» cymmy «Mep» A u B; HO OTKpPHITOe OTrpaHHYEH-
HOe MHOXKECTBO He 00si3aTeJbHO KBAIPHPYeMO, TAK 3Ke KaK ¥ MHO-
JKeCTBO pallHOHAJIbHBIX YHCeJ B OTPAaHHYEHHOM HHTepBaJe; 3TO 3Ha-
YUTENLHO CHMIXKAJI0O HHTepec K IOHATHIO «Mephl» [leano — JKopaana.

3acayra BHISIBAEHHS HEIOCTATKOB MpeALIECTBYIOIIMX OIpejese-
uuil  npuHamaexur . DBopemo [25], KoTOpHIE yKasaa Takke H
crocoGul UX HCIpaB/ieHusd. Yke co BpeMenu Kanrtopa 6blio u3BecT-
HC, UTO BCcsiIKOe OTKpbiToe MHOkecTBO U mn3 R aBisercs o6beaune-
HHEeM CUETHOro ceMeHCTBA CBOHMX «KOMIIOHEHT», OTKPBITHIX HHTEPBa-
JIOB, MOMAapHO He HMelOUIHX OO6IUUX TOouek. BMecTo monslTok npu-
6au3uth U «cHapyXu», 3aMKHYB €r0 B KOHEUHBIH PsJ HHTEPBAJOB,
Bopenb, ommpasick Ha UpeALIECTBYIOUlHe Pe3yJbTaThl, Npejasaraer
B3sitb Mepoii ans U (korma U orpanuueHo) cyMMy AJIMH ero KoM-
NOHEHT. 3aTeM OH B BecbMa OOIIMX uepTax®) ONHUCHIBAeT KJacc
MHOKeCTB (MOJMYUHBUINX BIIOCJEACTBHH Ha3BaHHe «GOpeeBCKHX»),
KOTOpBle MOMKHO NOJYUHTb, OTNPABJSACH OT OTKPBHITBIX MHOXKECTB

1) KaHTOp He JaeT TOYHOrO OMpeJe/eHHst 3TOT0 «0GbeMa» M OrpaHMYMBaeTCs
3aMeuYaHueM, UTO ero MOXKHO BBIYHCJHTbL C TOMOIIBIO KPaTHBIX HHTerpa’os ([35],
ctp. 229—236 m 257—258). Jlerko BuAeTb, Y4TO ero oOINpefe/eHHe SKBHBAJEHTHO
onpepenenuto llronena — [apHaka, ecin npuMeHHTs TeopeMy Bopesns — JleGera.

?) Tlox XKHMpNHYOM NOHHMAeTCss MHOXKeCcTBO Toyek R™, ompepesseMbix Hepa-
BeHCTBaMH @; < X; < b;; i =1, ..., n. — [Ipun. nepes.

%) B 1o BpeMst Mepa a5 Dopeas Oblia siMiub TeXHHYECKHM CPeACTBOM TMpH
H3YUEHHH HEKOTOPBIX DSANOB PalHOHAbABIX (YHKIMH, # OH caM NOAYePKHBaeT,
yro MIJis NOCTaB/JIEHHOH MM LEJIH HCIOJb30BAHHE MepHl IVIaBHBIM 06pasoM om-
paeTcs Ha TOT (PaKT, UTO MHOXKECTBO, Mepa KOTOPOrO OTJHYHA OT Hy]s, He
spagerca cuetHeim ([25], cTp. 48).
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6eCKOHEYHBIM IIOBTOPEHHEeM oOlepauuil cyeTHOro OObeIHHEHHs H
«BbluHTaBus» A — B, 1 yKa3biBaeT, uTo AJiT 3THX MHOXEeCTB MOXKHO
onpefeNuTh Mepy, 06JafaIUyi0 OCHOBHBHIM CBOHCTBOM HOJAHOU
addurusHocTu: ecnu mocnegoBaTenbHOCTh (A,) o6pasoBaHa Hu3
«6opeseBCKUX» [OMapHO HellepeceKallUuXcsi MHOXecTB, TO Mepa
HX o6beluHeHHUs: (IIpeArosaraeMoro OrpaHHYEHHBIM) paBHAa CyMMe
HX Mep.

AT10 ompeneseHHe OTKPBIBAJO B aHa.1u3e HOByW 3py. C oJHOH
CTOpOHBI, B COeJHHEHHH C COBpEMeHHBIMH eMy paboraMu Bspa oHo
SIBNSIIOCH OTIPABHON TOUKOH AJSI LEeJOro psiia HCCJAeLOBaHHM TOIo-
JIOTHYECKOr0 XapaKTepa M0 KJAaCCH(MUKAUMM TOYEUHBbIX MHOMKECTB
(cM. ctp. 167); HO raaBHBIM 06pa30M OHO MOCJYXKHUJI0 6a3ucOM JJid
pacluupeHus MOHATHUS MHTEerpaJga, ocyluecTsieHHoro JleGerom B ca-
MoM Hauaje XX B.

JleGer naunnaer cBoio aucceprauuio [143a] ¢ Toro, uto yrouHsieT
¥ pasBuBaer Kpatkue ykasauus 3. Dopeas. Cienys Merony
ITeano — )KopnraHa, oH onpefessieT «BHELIHIOI MeEPY» OrPaHHYeH-
soro MHo¥)ectBa A © R Kak HUXKHIOW TpaHb Mep OTKPBITHIX MHO-
skecTB, cofepxamux A; zarteMm, eciu [ ecTh uHTepBaJ, coaepKalluil
A, 10 «BHYTpeHHsAs Mepa» A ecTb pasHocTh BHewrHux Mep [ u [ — A.
Takum o6pasoM MOJyyaeTcss MOHsSITHE «H3MEPUMOro MHOXKECTBay,
KOTOPOE OT/IHYaeTcsi OT I1ePBOHAYANBHOTO «KOHCTPYKTHBHOIO» OIpe-
nenenus DBopeast TOAbKO NMpHCOeJHHEHHEM UYacCTH MHOXECTBA Mephl
Hyap B cMbicse Bopensi. 1o onpejlesneHue HermocpeacTBEHHO pac-
npocTpansercs Ha mnpoctpaHctBa R"; crapas koHuenuus onpege-

b

JIEHHOTO MHTerpaJa ff(t)dt OT OTPaHHUYEHHON HEOTPULATEJbHOI
a
(GYHKIHH KaK «IJIOIaAM», OrpaHHYeHHOH KpHUBOH Yy = f(Xx) u mnps-
MBIMH ¥ = @, X = b u y = 0, n1aBana TakuM 06pa3oM HeMelJeHHOE
pacrnpocTpaHenue HHTerpaia Pumana Ha mo6Gble dyHkuuy f,. ansa
KOTOpBIX Mepa MpeJlIecTBYIOLIero MHOXecTBa Oblla ompefeseHa.
Ho opuruuaiasHocTh JleGera mposiBAsieTCs He CTOJbKO B Hiee IO-
NOGHOTO pacllupeHusa '), CKONBbKO B OTKPBITHM OCHOBHO# TeOpeMBH
0 mepexoje K Npejeny NojA 3HaKOM TaKuM 06pa3oM OlpeJiesIeHHOro
MHTErpaja — TeopeMbl, KOTOpasi ABJseTCcs y Hero CJeACTBHEM [0J-
HOH agauTuBHOCTH Mephi 2). OH ceffuac e yBHJAesN Ba)KHOe 3Haye-
Hue 3TOil TeopeMbl M CHeJas ee KPaeyroJbHbIM KaMHEM IuAaKTHue-
CKOTO H3JIOXKEHHS cBOeill TeopuH, KoTtopoe OH naa B 1904 r. B cBoeit

') HesaBucumo ot JleGera 31y ke Mblcab Bbickasan ¥. . IOur mas nony-
HenpepuBHBIX QyHKuui [250a].

2) Apuena [7a] mokasas wacTHBI cJayyaii 3TOH TeopeMbl, B KOTOPOM peib
HIET O TOCJeNOBATEJbHOCTH HHTErPHPYEMBIX B CMbicje PHMaHa B KOMIAKTHOM
HHTepBaje W PAaBHOMEPHO OrpaHH4YeHHBIX (YHKUHH, TMpefes KOTOPHIX TakkKe HHTE-
rpupyeM B cMbicie Pumana
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3HaMeHHTOH KHure: «VIHTerpupoBaHue W OTHICKAHHE NPHMHTHBHBIX
dyuxumity [143c]1).

Mb He MoxXeMm 34ech NOApPoOHO mNepeuyncaATh GeCuHcJIeHHBIE
JOCTHKEHHs] B 06J1aCTH KJAacCHYeCKHX NpobseM HCUHCIeHHs: GecKe-
HeYHO MasnblX, KOTOpble OBbIM NOJYYeHbl B PE3ysbTaTe OTKPBITHS
Jle6era. OH caM NPUMEHHJ Yy¥XKe 3Ty TEOPHIO B CBOell AHCCEPTaLHH
IJ1s1 pacnpocTpaHeHHs KJAaCCHUECKHX MOHATHH IJAMHBL M MJOLIANH
Ha Gojiee o6liHe MHOXeCTBa, YeM KpPHBbIe JIHHUMA U OGBIYHBIE MO-
pepxHocTd. [To Bompocy 06 HHTEHCHBHOM DAa3BHTHH 3TOH TeOpHH B
noc/eylOllhe MOJIBeKa OTChllaeM YHTAaTesNs K HellaBHO BHIILEAIIEMY
tpyay JI. Uesapu [45]. YnomsHeM TakKe O npHMeHEHHSIX K TPHTOHO-
MEeTPpHUECKHUM psifiaM, pa3BUTHIX JleGerom nouts cpasy Ke nocse ero
guccepraunu [143b], KoTOpble OTKpBIBA/IM HOBBIE MEPCNEKTHBBI AJS
3TOH TeOpHH, pa3pabOTKa KOTOPOHl B Hallle BpeMs ellle AajeKo He
sakoHueHa (cM. [253]). Hakoneu onpemenenne npoctpancrs L? u
teopema ®umepa—Pucca ([83], [188a u c]; cp. ctp. 224) ocobeHHO
crnoco6CTBOBAJIH BBISIBIEHHIO TOH POJIH, KOTOPYIO MOIJIO CHIIpaTh B
(GyHKUHOHA/NbHOM aHa/n3e HOBOe MOHATHEe HHTerpasja; ero 3Haue-
HHe TOJBKO BO3pacTajo BMecTe ¢ NOCAeAYIOIAM o06obueHneM
3TOTO MOHSITHS, O KOTOPOM MBI BCKOpe OyleM TFOBODHTb.

[Ipexze Bcero OCTaHOBUMCSI HEMHOTO JOJbIle Ha ONHOI U3 Mpo-
61eM, koTopoit JleGer yaennsn Hanbosblilee BHUMAaHIe, HAa CBA3H MeX-
Ly TOHSATHSIMHM HHTerpana M npuMutHBHO#. [Tocsme Toro kak Puman
flan o6o6iieHye HHTerpa/a, ecTeCTBeHHO OBbLIO MNOCTABHTBH BOMPOC,
CnpaBe[IMBO U A5l 3THX 6osiee O6IMX CyyaeB KJaaccHYecKoe COOT-
BeTCTBHE MEXIY HHTerpajoM H NpAMUTHBHOHN, UMeollee MeCcTo LJs
HenpepblBHBIX QyHnkuuii. HM60 nerko nate npuMepbl QyHKIHH f, HHTe-

X

rpUpyeMBIX B CMblcje PuUMaHa, U TaKHX, 4TO ff(t)dt He HMeeT B He-
a
KOTOPBIX TOYKAaX MNPOU3BOAHOH (Zaxe nNpPOM3BOAHOH cnpaBa HJH
cieBa); u Hao6Gopor, B 1881 r. BoabTeppa nokasan, uto QyHKUHS
F(x) MoOXeT MMeTb NMpPOM3BOJHYIO, OTpDaHHYEHHYIO B HHTepBate /,
HO He HHTerpupyemyio (B cMmbicie Pumana) B /. C noMouibio oueHb
TOHKOrO aHajau3a (mpu KOTOPOM Nepexoi K Ipefeny NOJA 3HAKOM
WHTErpaja Jnajseko He sBasercsd pocraTounsiM) JleGery ypaercs

1) Cpean Hambosee 3HAUHTENbHBIX CJGACTBHII 3TOf TeopeMbl B oOulelf Teo-
pun MHTEDPPHPOBAHHS Halo OcOoGeHHO OTMeTHTh Teopemy EropoBa o cxomumocT
0C1e10BATEJbHOCTH HM3MepHMBIX QYHKUMA [75], yTOUHSIOLIYIO MNpelllecTBYIOLINE
BhickasbiBaHuss Bopens u JleGera. C npyroii CTOpPOHB, H3MepHMble (YHCJIOBHIE)
¢yskuun cnepsa Oblam olpelesiensl Jle6erom MpH MOMOWM TOro CBOHCTBA, uTO
s takoi yHKuum f o6pas Kaxmoro HHTepBasta u3 R, naBaemsiil ¢yHKumei,
obpaTHoit K f, ecTb usmepumoe MuoxectBo. Ho waumnas ¢ 1903 r. Bopens u Jle-
Ger ofpaTHiM cBOe BHHMaHHe Ha TOIOJIOTHYECKHe CBOHCTBA 3THX (PYHKUHH; OHH
NpYHSIM OKOHuaTenbHyo (opmy y Buraau, xoropelit B 1905 r. [234a] mepssiit
COpPMyJIMPOBAN CBOACTBO H3MePHMbIX (YHKUHMA, OGHIYUHO H3BECTHOe KaK <Teo-
pema Jlysuna» (KOTOpHIi BHOBb Haules ero B 1912 r.).
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nokasaTb, UTO eclu [ uHTerpupyema (B ero cMbicae) B [a, 6], To
X

F(x)=ff(t)dt ¥MeeT MOUTH BCIOAY MPOH3BOAHYIO, paBHy10 f(x)

a
[143c]. HaoGopot, ecnn dyHKuus g auddeperHunpyema B uHTEpBae
la, 6] u ecnu ee npousBonHas g’ = f oepanu4ena, To f uHTErpUpye-
X

Ma U Mbl EMeeM cpopmynyg(x)——g(a)-_—ff(t) dt. Ho Jle6er koH-

cTatupyer, uto npobJeMa CUHJILHO YCJOXKHsieTcsi, Korga g’ Heorpa-
HHYeHa. B 3ToM cnyuae g’ He 06s13aTeJqbHO N0JKHA OBITbH HHTErpH-
pyeMa, ¥ NO3TOMY OJHA W3 MepBHIX 3a4ay COCTOAJa B TOM, UTOOHI
0XapaKTepH30BaTb HenpepbIBHble GYHKUUM g, AJNS KOTOpbIX g’ cy-
IIeCTBYeT MOYTH BCIOAY H siBJsieTCs HHTerpupyeMoi. OrpaHHuuBasch
caydyaeM, rjae OAHO M3 MNPOU3BOAHBIX!) uyHcesa ¢GYHKUUH g BCIOLY
KOHe4rO, Jleber nmoxasaJ, 4To g HeoOXOAUMO ecTb QYHKIHUSI ¢ 02pa-
Hu4eHHOU Bapuauuei ?),

Hakonew, oH ycTraHaB/AuBaeT NpefJioxkeHHe, OOpaTHOe MNOCJe[-
HeMy pe3yabTaTy: (YHKIHS C OrpaHdueHHOfi BapHauueit g npomy-
CKaer NMPOU3BOJHYIO NOUTH BCIOAY, U g’ MHTerpHpPyeMa; Ho paBeH-
CTBO

gx)—g@=[gat 2

BHINOJIHAETC He 00653aTe/NbHO, Pa3HOCTb MeXAY O06eMMH 4acTaMH
5TOTO paBeHCTBAa eCTb (YHKIUS C OrpaHUYeHHOl Bapuauueil, He
paBHas NOCTOSIHHOH H MMelolllasi NPOM3BOJAHYIO, MMOYTH BCIOAY paB-
Hy1 HyJo («cuHryaspHasi» dyHkuus). OcraBajoch 0XapakTepuso-
BaTb (YHKIUH C OrpaHHueHHOH Bapuauueil g, Takue, AN KOTOPHIX
HMeeT MecTo paBeHCTBO (2). JleGer ycraHaBiuBaer, 4To 3TH PYHK-
uuu  (HasBaHHBle BuTanu, KOTOPBIH TIIATeNbHO HX HCCJeL0BaJ,
«aBCoOMIIOTHO HEenpephLIBHEIMH») HMEIOT CcJeAYiollilee CBOHCTBO: MOJ-
Has Bapuauus g B OTKpbITOM MHOxectBe U (cyMMa moJHBIX Bapua-

1) TlpousBoAHBIMH YMCJIaMH clpaBa (YHKUHH g B TOYKe X SBJSIOTCA Npe-

. X+ h)—g(x . R X+ h)—g(x
lim sup g +})L £(x) lim inf gx+ i)z & ).Aﬂanomqﬂo
h->0 k>0 h>0 k>0
onpenensioOTCs NMPOM3BOAHBIE YHC/IA CJaeBa.

2) Otu ¢yHkuuu Oblan BBeneHn JKopaaHoM B CBA3UM CO CIPAMJEHHEM KDi-
BhiX [129c]; OH mokasaj, 4TO MM MOXKHO JaTh /[Ba CJIeAYIOMIHX SKBHBAJEHTHBIX
onpefesedusi: a) f ectb pa3HocTh JBYX Bo3pacTaomux QyHKuMi; 6) ajs scsi-
Koro pa3buenusi MHTepsasa [a, b] mocpeacTBom Bo3pacramllueil KOHEUHoH Moc/e-

n

ueJibl

AOBATEJIBHOCTH TOUEK (X;)g < j < PH @ = Xo, b = x,, cyMma 2 | f () —f (xi-1)]
i=1

orpaHuueHa YHCJIOM, He 3aBHCSIIHM OT paccMaTpuBaeMoro pasbuenus. BepxHss

rpaHb 3THX CyMM ecTb noAxas sapuayus | B la, b].
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uuit g B KaJoil u3 cBA3HbIX KoMnoHeHT U) crpemurca Kk 0 Bmecre
¢ mepoit U.

Huxe Mbl yBHIHM, KakuM 06pa3oM, B HECKOJIbKO OcCJaGieHHOM
dopMe, 3TH pe3ysbTaThl NpHOOpeNu BMOCJAEACTBHH ropasnc Gosee
obuiee 3HauyeHue. B cBoell mepBoHauasbHOH (OpMe OHH HaXOAUJH
ce6e [OBOJILHO OrpaHWuYeHHOe TMOJie TPHMEHEeHHsl, He BBIXOJs 34
paMKH  «TOHKOH» Teopuu (YHKUHH JeHCTBUTEJNbHBIX NEePEeMeHHBIX,
nocjenyloiee pasBUTHe KOTOPOH MBI 3[eChb He pacCMaTpPUBAEM.
OrpanuuuMcs ynoMuHauueM o riyGoKuX HccllenoBanusx Hauxya u
ero conepHukoB u nocJjeposareseit (I[leppou, me na Basne-Ilyccen,
XuHuuH, Jlysun, Banax u 1. 1.); uutarens Haiger noapo6GHOE H3JO-
xkeHne 31ux pabor B kuure C. Cakca [196].

OnHuM u3 HauGosiee 3HAUMTEJIbHBIX CJEACTBHH Teopuu JleGera
ObIJIO pa3BUTHE TEOPHH KpaTHHIX uHrerpasos. CamMo 3TO MoHsATHE
6uno BBefeHo B cepenune XVIII B., BHauane B dopme «Heompene-
JIEHHOrO MHTerpana» (mo aHaJioTHH C Teopuell MHTerpasa ot (yHK-

UMM OJHOH MepeMeHHOH fff(x, y)dxdy o6o3Hauaer pelieHue
2
ypaBHEHHUS —o%g—yzf(x, y)). Ho yxke B 1770 r. y Dfinepa ciokuiach

SCHAsl KOHLeMIHs ABOWHOro WHTerpasa, pacnpocTpaHeHHOro Ha or-
paHHUeHHYI0 06/1acTb (IpaHHIIaMH KOTOPOH SIBJASIIOTCS LyTH aHAJUTH-
YeCKHX KPHBBIX), U OH MPaBUJBbHO 3anuchiBaeT GOpMyay IJis BBIYHC-
JIeHHs] TAKOTO HHTerpasia MmocpeacTBOM ABYX MOCJAeL0BATENbHHIX NPO-
cteix uHterpanos ([81a] (1), t. XVII, crp. 289—315). Herpynxo
6bl10 060CHOBATH 3Ty GOpMYJay, OTHPaBJAssich OT «cyMM PuManas,
ecJIH MHTerpupyemas ¢pyHkuus Obl1a HempephiBHA, a 06J1aCTh HHTe-
rpUPOBAHMs He CJAHLIKOM CJ0XHA; HO KAK TOJIbKO Haua/lu paccMmar-
puBaTb Gosee obuiHe cjyuyad, MeTox PuMaHa BCTpeTHJS Cepbe3Hble
saTpyaHenust (f(x, y) Morma GbiTb HHTErpupyeMoii B CMblcie Pu-

MaHa, a fdxff(x, y)dy Mor He HMMeTb CMBICJ]A, KOrja MPOCThbIE

MHTErpasbl B3siThl B cMblciie Pumana). OgHaKo 3TH TPYAHOCTH HC-
ye3aloT, ecju TpPUHATHL onpenesneHue JleGera; mnociaegduil B cBoefi
JMCCepTalHMu yxKe TMoKasal, uTo eciu [(x, y) sBjsercs orpaHHueH-
Holl «dyHkuuein bBspa», To TakumMu xe OyayT W GyHKIMH

y—>f(x, y) (mna moboro x) u x—>ff(X, y)dy u uMeeT MecTo
tdopmyaa
[ [ric yydxdy = [ ax [ 7(x, y)dy 3)

(vaTerpan B3AT no NpsMoyrojbHuKY). Heckonbko mozguee ®yGunu
[92] cyumecTBeHHO MOMOJHMJI 3TOT pe3yJbTar, [A0Kas3aB, UTO €CJH
IPEeANOJIOXKHUTh TOJABKO HHTErPUPYEMOCTb GYHKIMH f, TO MHOXKECTBO
TOYeK X, TaKHX, 4T0 Yy—>f(x, y) He GymeT HHTErpupyeMoi, nMmeer
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Mepy HyJb, YTO MO3BOJASJIO pacnpocTpaHuth Gopmyay (3) Ha 3TOT
ciayuai.

Haxkounern, B 1910 r. [143e] JleGer 3ausjca pacnpocTpaHeHHeM Ha
KpaTHble HHTerpajbl CBOHX pe3yJdbTaTOB OTHOCHTENbHO NPOH3BO/I-
HBIX NpocTbix HHTerpasoB. OH nmpucoenuHsieT kK GyHKIHUH [, HHTETpH-
pyeMoil Ha JI0OGOM KOMNAKTHOM MHOXecTBe u3 R”, ¢ynxyuro muo-

KecTsa F(E):ff(x)dx, OnpefeseHHYIO [Js JI060ro HHTErpH-
E

pyemoro MHoxkectBa E U3 R"; B 31OM nonstun o606ueHo nosaTHe
«HEOTpeleJIeHHOTO WHTerpasas. B cBsi3w ¢ 3TUM OH 3ameuaet, UTO
takas QYyHKiHa ob6Janaer CJAeAYIOIIHMMH JABYMsi CBOHACTBaMH:
1) oHa BnosiHe amgAWTHBHA U 2) «abCOJIOTHO HenpepbiBHa» B TOM
cmbiese, uto F(E) ctpemutcs k 0 BMecTe ¢ Mepoit E. OcHos-
Haa yacTe MeMyapa JleGera cocToMT B J0Ka3aTeJbCTBe 00PATHOTO
npensioxenus !). Ho oH Ha 3TOM He ocraHaB/JuBaeTCcss H, NPOAOJ-
JKasi MCCJefOBaHW B TOM e HaNpasJieHHH, NOJUePKHBAET BO3-
MOXKHOCTb 00001ieHHs1 NMOHATHa (GYHKLHK ¢ OTPaHHYEHHON BapHa-
nued, paccMarpuBas (QYHKUMM Hu3MepuMoro MuoxkectBa F(E)

OJHOCTBIO aAHTHBHbE 1 Takue, uto 2 |F(E,)| octaercs orpanu-

n

YeHHOH 1Js J060oro cueTHoro pasz6ueHus £ Ha M3MepHMble MOAMHO-
xectBa £,. U ecau om orpaHdumBaeTcs Tem, 4TO pPaccMaTpHBaeT
Takve QYHKUHH TOJLKO Ha MHOMKecTBe «kupnuuei» u3 R”, a1a nac
SICHO, YTO OCTaBaJoCh CAeJaTh BCero JHUIb 1Iar, 4To6bl NPUATH K
o6lleMy TOHATHIO Mepbl, KOTOpoe W Oblio onpexpetedo B 1913 r.
Ox. Pagonom u 0O0beNHHHJIO KaK MOHATHE HHTerpaJja JleGera, Tak
u noHsatHe uHTerpajsa CTHABTbECA, K PACCMOTPEHHIO KOTOPOrO MBI
Tenepb U Nepednem.

B 1894 r. T. CrunbTbec onyG6JauKOBaJ BecbMa OPHIHHaAbHBIH
memyap «HccienoBanue HenpepblBHBIX Ap0oGeii» [215], B Kotopom B
CBSI3H C BONPOCOM JOBOJBLHO YAaCTHOTO XapaKkTepa OH CTaBHUT H C
peoKHM H34IIeCTBOM pelllaeT COBEPUIEHHO HOBHIE MPO6.IeMbl TEOPHH
aHaJUTHYeCKUX (QYHKUHUI U TeopHH (QYHKUHUI AelicTBUTEJbHOH Nepe-
menHo 2). Uro6nl BeIpa3uTh Npene HEKOTOPO# NOC/eI0BaTesbHO-
cTH aHaguTHueckux (pyHkuui, CTHAbTbEC, MEXKAy NPOUMM, MPHLIEN
K BBENEHHIO TMOHATHA [OJIOXKHTEJbHOTO «pacnpejieseHus Macc» Ha
IpsAMOY, MOHATHS, KOTOPOe YiKe NaBHO ObIJIO H3BeCTHO B (H3HKe,
HO KOTOpOe B MaTeMaTHKe IO CHX IOp paccMaTpHBAJOCh TOJbLKO
pH HEKOTOPBLIX OrpaHUYUTENbHBIX NPenno/oXKeHusx (00bIUHO mpef-
[0JIaraJgoch, 4TO B KaXXJOH TOUKe CYIEeCTBYeT «IJOTHOCTb», H3Me-
HALIAsCSA HenpepbiBHHIM 06pa3oM). CTHJBTbeC 3aMeTHJI, UTO 3a/1a-

1) TnaBHBIM OpyZueM 3TOTO JIOKa3aTeqbCTBa CJYKHT TeopeMa O NOKPBITHH,
A0Ka3aHHas HeckoJbKo panee Buranu [243b] u npo cux mop ABJsowascs OCHOB-

HOM B BONpOCAX 3TOro poJla.
2) 3xecb xe OH.1a chopMy.IupoBana H pelieHa HapaBHe € APYrHMH 3HaMe-
HUTas «npo6.1eMa MOMEHTOB» (cp. cTp. 241).
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HEe TAaKOro pacnpefeseHHs SKBHBaJeHTHO 3aJaHHI0 BO3pacTalollei
GyHKuHM @(X), KOTOpas BblpazkaeT BCIO Maccy, 3aKJIOUEHHYIO B HH-
TepBaJe ¢ KoHuamu 0 ¥ x i x>0, npyuem Macca MeHdeT 3HaK AJd
X< 0 ¥ TOYUKM paspbiBa ¢ COOTBETCTBYIOT MaccaM, «CKOHLEHTPHPO-
BaHHBIM B OJHOH Touke» !). 3arem CrTH/bTbec 06pa3yeT AJis TAKOro
pacnpeneseHuss Macchl B wuHTepBajde [a@, b] «cymmbn Pumana»

;f(si) (¢(x;+1) —9(x;)) u nokaswlBaet, uTo Korga [ HempepbiBHA B

[t:, bl, sTM cyMMBl CTpeMATCS K mpeleay, KOTOPHIH OH 0603HauyaeT

ff(x)ch(x). Tak kak CruapTbecy Hago O6bIO HHTETPHPOBATD
a

TOJILKO HenpepbiBHble MYHKIHM (M gaxe GOyHKuuu audhepeHnupye-
MBIE), OH He CTaJ fAajiblle M3yyaThb 3TOT HHTerpaf?); B mocJjeaylo-
lllee NeCATHJETHE 35TO MOHATHEe, MO-BHAMMOMY, He NPHUBJIEKaa0 K
ce6e Buumanus ®). Ho B 1909 r. ®.Pucc [188d] npu pewennn npo-
6neMbl, TOCTaBAeHHON AJaMapoM HECKOJIbKMMH TOHaMu pafble

(cp. ctp. 224), nokasaJ, uto uHTerpassl CTH/bTbeca f—>ffdcp

IBASAIOTCA HauGoJiee OGLIMMH HenpepbIBHBIMH JIMHEHHBIMH q)yHKuHo-
HaJlaMu Ha npocTpaHcTBe & (/) 4MCAOBHIX (DYHKIHI, HelmpepeBHBIX
g untepsage [ = [a, b] (npuuem & (/) cHabxkeHo Tomosorueit
paBHOMepHOH# cXxoxumocTH) *). M3amecTBo 1 npocTOTA 3TOrO peayJib-
TaTa MOYTH HeMeAJIEHHO BbI3BAJM pas3JjuuHble 0006iienus. Haubo-
Jee ymnayHoe M3 HuX Obuio mnpepnoxeno [Ix. Pagonom B 1913 r.
[184]; komM6unupys unen ®. Pucca u Jlebera, [I:xx. Pamon mokasas,
KaK MOXHO ONpeeJHTh HHTErpas C NOMOIBIO NPHEMOB JleGera, or-
npaBasack oT IIPOU3BOJILHOH «BMOJIHE aJIUTHBHON (QYHKIHHM MHOXKe-
cTBa» (onpenesieHHONH Ha MHOXKecTBaX, H3MepUMBbIX 1o JleGery), BMe-
CTO TOr0 uTOGbI MCXOJHTb H3 MepHI JleGera. [onsiTue OTIpefiesIeHHOH

1) CruapTbeC He JeJaeT pa3/IHuMsl MeXAy pAa3HOr0 poja HHTepBajgaMH,
HMEIOIMMHI OJHH M Te e KOHIb @, b, W 3TO NMPHUBOLHT €r0 K MBICJH, YTO y TO-
YyeK paspbiBa (QYHKIMH ( 4YacTb MacChl, CKOHLEHTPHDOBAHHOH B ¢, NMPHHAIJEXKHT
MHTEPBIJIY C HAyaJoM B TOUYKe C, a Jpyras 4acTb — HHTEPBAJdy C KOHUOM B ¢
COOTBETCTBEHHO 3HaueHHIo ¢ (¢).

2) Hano, onHako, OTMETHTb MepBOe MOSBJEHHE HACH «CXOTHMOCTH» MOCJ]el0-
pateabHocTH Mep y Cruabteeca ([215], ctp. 95; ¢dakTHueCKu peub HIET O CuAb-
Hom mpenese).

3) Opnako oHO mpHoGpeTaeT BaxkHoe 3HaueHHe, Koraa B 1906 r. ['uabGepr
§ ero WIKOJla HAUMHAIOT PAa3BHBAThb CMEKTPAJbHYIO TEOPHIO ONMepaTopoB. B cBA3m
¢ 3THM XeJuerep B 1907 I. ompelresifieT HHTErpajhl, Mo106Hble TOMY, KOTOPBUA

oH 0603HauuI f ar H KOTOpble BHaua.le KasaJjuch 6ojee OOGLHMH, yeM HH-

'rerpan Crunbtbeca. OnHako B 1912 r. XaH moxasas, 4To OHM CBOASITCS K 3TOMY

noCenHeMY.
4) B sToii pa6ore Takxke MOSBJISETCS MOHATHE CXOAUMOCTH B ocHOBHOM (limite
vague) moc.ienoBatesabHocTH Mep ([188 d], crp. 49).
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3THM chmoco6oM «Mepel Panona» ua R™ norsomaer nousitue
(GyHKUMH «c orpaHHuyeHHod Bapuauueii». [Ipencrassenne momoGHOH
(OYHKIHY B BUAe PA3HOCTH ABYX BO3pacTarmolUuX QYyHKUUE sBJjsercs
YACTHBIM CJyuyaeM MpencTaBJeHusl Mephbl B BHJAE PA3HOCTH ABYX MOJO0-
KUTeNbHBLX Mep. TakuMm Ke o6pa3oM «Mmepa c¢ 6a3oif pu» COOTBeT-
CTBYyeT NOHSITHIO «abCOMIOTHO HempephIBHOH» (QYHKUMH, a pasJo-
JKeHHe KakoH-HUOyAb Mepbl Ha Mepy c 6a30f W U Mepy, CHHLYJsp-
Hy0 OTHOCHTE/JBHO [, COOTBETCTBYET pasJ/lOoKeHHI0, MOJYyUeHHOMY
JleGerom, GYHKIUM C OTPAHUYEHHOH BapuHaluell HAa cyMMY alCoOJIOT-
HC HenpepbiBHOH (MYHKIHH M «CHHTYJSpHOH dyHKuuu». Kpome toro,
Pazmon nokasaJi, uTo «IJIOTHOCTb» MO OTHOLIEHHIO K W Mephl ¢ 6a30i
W ele CyLIecTByeT, KOria u ecTb Mepa, UMeiolasi B KauecTBe 6asbl
Mepy JleGera. OH ucnosab3oBaJ MbICAB, BeicKa3daHHYyl0 Puccom (pas-
BUTYIO U MONYJ/SIPU3HUPOBaHHVIO Brociaefctsuu JIx. don Heiimanom
U IPYTHMH), O MOCTPOeHHH o6pasa Mephl W MOCPeNCTBOM oTobpaxe-
pust 6 u3 R” B R, BriGpannoro rtak, uto 6(n) Gynaer mepoii JleGe-
ra na R

[Toutn Beseg 3a mosBiaeHHeM MeMyapa Panona ®peuwe 3ame-
THJI, YTO TIOYTH BCE Pe3yJbTaThl 3TOH paBoThl MOryT ObITH pacnpo-
CTpaHeHBl Ha cJyuyal, Korja «BMOJHe aAAUTHBHAs (QYHKIHS MHOXe-
CTBa» BMECTO TOTO, YTOGbl GBITH ONMpelfeJeHHOH Ha H3MEPHMBIX MOJ-
muHokecTBax R”,  onpemesserca A HEKOTOPBIX MOAMHOMKECTB
Kakoro-Hu6yaer MHoxectsa L. (DT NOAMHOXKeCTBA TaKOBHI, UTO
ollepallii CUETHOro OGbeJMHEHUS W BBIUMTAHUS» NAIOT TaKHe MHO-
JKeCTBa, s KOTOPBIX ¢(yHKuus onpenenena.) OnHako BbIpaxKeHHE
Mepsl ¢ Ga3o#l p B Bue g u OCHOBbIBaJoch y JleGera u Panona
Ha paccyXJeHHsX, B KOTOPBIE CYLIeCTBEHHbIM 06pa3oM BXOauJa To-
nmosoruss R?. Mel BHJeJH, UTO JOKa3aTeldbCTBO PanoHa npumeHumMo
JIMLIb, €CJU | ecThb Mepa, uMeroliasi B kauectse 6asnl Mepy JleGera.
Toabko B 1930 r. O.Huxoaum [168] moay4dus 3Ty Teopemy B ee
obuieit dopMe MOCPEACTBOM MNPSMOrO PAacCyXAeHHUs, 3HAYHUTEJbHO
yIpoOIIeHHOro 4Yepe3 HecKoabkKo Jer GoH Heiimanom 6aarogaps
MCNOJIb30BAHUIO CBOHCTB mpoctpaHers L2 ([238d], crp. 127—130).

[Mocne mgMyapa Pamona MOXHO cuHMTaTh OGLIYIO TEOPHIO HHTEr-
DPHPOBAaHMS B OCHOBHOM 3aKOHUEHHOH; CpPelu NOCHEAYIOLIMX HOCTH-
KeHuil B 3TOH 06sacTH cjdelyeT OTMETHTb JHIIL Onpeje/ieHHe
GeCKOHEUHOro NpousBefleHUss Mep, BBeAeHHoe [lanuenem [57b], u on-
pelesieHHe HHTerpa/ja (QYHKUUM CO 3HAUEHHSMH B MIPOCTPAHCTBE
Banaxa, naunoe boxuepoM B 1933 r. [20] u npexwecTsyouee Gosee
oflieMy H3YUYeHUI0 «caaboro HHTerpaJia», Pa3BUTOrO CIIyCTS He-
ckoabKo Jet Teabdaunnom [96], Haudoprom u Ilerru ([73] u [74]).
Ho ocraBaJjioch ellle MOnyJasipH3UPOBaTh HOBYIO TEOPHIO M cHejaTh
W3 Hee MaTeMaTHYeCcKoe OpyJdHe LIMPOKOro ymoTpebJieHHsA, Tak Kak
BoabIHHCTBO MaTeMaTHKOB K 1910 r. Bce elle BuIeaH B «HHTErpaJe
JleGera» WHCTDYMEHT BBICOKOH TOUYHOCTH, TpeOyHOIIH#A NeJHKaTHO-
cTH B oOpalleHHH M [peAHA3HAUYeHHBIH TOMBLKO [/ H3bICKAHUI B
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BHICINEH CTeNeHH TOHKHX M B BhICIUeH cTenmeHu a6GCTPaKTHHIX. ITO
6BJIO BBIMOMTHEHO B KHure KapaTeoZopu, Koropas HoJroe Bpems
ocTaBaJjiach Kjaaccuueckod [37] u Koropas, KpoMe Toro, oGoraTuia
Teoputo PajoHa MHOTOUHCAEHHBIMH ODMIHHAJbHBHIMH 3aMeuyaHHSIMH.

Ho B »3TO#i »Xe KHHMIe NOHsSTHe HHTerpajia, KOTopoe NpeBbIllEe
Bcero 3aHuMago JleGera (Kak 3TO JOCTATOYHO SICHO BhIPaXKeHO 3a-
raBUAMH ero auccepraiuu [143a] U ero ocHoBHOH pPaGOTH 1O 3THM
sonpocam [143c]), BnepBble ycTynaer Mecto NOHSITHIO Mephl, KOTOpOe
y Jle6era (xkak o Hero y JKopnaaHna) Obljlo BCOMOTraTeNbHBIM TeX-
HHYECKHM CPeICTBOM. IJTO H3MeHeHHe TOYKM 3peHus y Kapareo-
nopu, 6e3yca0BHO, 00513aHO TOMY Upe3MepHOMYy 3HAueHHI0, KOTOpoe
OH mpugaBaj «p-MepHelM MepaM»!). C sTux nmop aBTOphl pabor
0 HHTErpHMpoOBaHHIO pa3bu/iuCch HA ABAa Jarepsi, B 3aBUCHUMOCTH OT
IBYX pa3/JHuHBIX TOYEK 3peHHus, U AesJo He obomuiock 6e3 ne6aTos,
BO BpeMsl KOTOPHIX, eCJd U He OBLIO NPOJHTO MHOTO KPDOBH, TO ObLIO
nposuto MHoro uepHuJa. OmHa vyacTh MaTeMaTHKOB cjefoBaja 3a
KaparteojopH; B HX u3J0XxeHHH, Bce OoJiee u 6ojee abCTpaKTHOM
H aKCHOMAaTH3UDOBAHHOM, Mepa CO BCEBO3MOXKHBIMU TeXHHUECKHMHU
H30IIPEHUSIMH, KOTOPEIM OHA NOALAeTCsl, He TOJbKO MTrpaeT AOMHUHH-
PYIOILYIO POJIb, HO U MMeeT TeHAEeHLUUIO K MoTepe CBS3U C TONOJOTH-
YeCKHMH CTPYKTYpPaMH, C KOTOPhBIMH oOHa (aKTHUeCKH CBsi3aHa B
GosiLIIMHCTBe TMpo6jeM, rae oHa Bcrpeuaercs. Jlpyras 4acTb B
CBOUX HM3JIOXKeHHsiX 6oJjiee WJIH MeHee HJIM3KO MPUMBIKajka K MeTOAY,
npepnoxenHomy Onrom B 1911 r. B MeMyape, K coxaJjieHUIO, MOYTH
nesaMeueHHoM [250b], u 3arem passutomy JaHueaeMm. Hasyuas
unterpasa’ JleGera, IOur ornpasasiics ot «uHTerpasa Kollu» ot
HelmpephIBHBIX (PYHKIWH C KOMMAKTHBIM HOCHTeJdeM, KOTOPHIH mnpejn-
noJiaraJjicss M3BeCTHBIM, [Jig TOro 4TOGHl MOcjaef0BaTeNLHO Onpene-
JUTh BEPXHHI MHTerpas or MOJyHenpephIBHEIX CHU3Y (QYHKUUH, a
3aTeM OT MPOU3BOJLHBIX YMCJOBHIX (YHKIHH, OTKyAa OH MpHIIeS
K onpeneNeHUI0 HHTErpupyeMblx (yHKIHH, CKOMMDPOBAHHOMY c oOf-
peneseHusi JleGera /i MHOXeCTB — BCe 3TO YHCTO «(YHKUHOHA/b-
ubiMH» crioco6amu. B 1918 r. Hauuens ([57al; cp. [150]) pacnpoct-
paHul 3Ty TeOpHIO C HeKOTOPHIMH H3MeHeHHSIMH Ha (yHKIHH,
onpesnejeHHble Ha MPOU3BOJILHOM MHOoxkecTBe. Ha 37O ke Touke
3peHHst (M B TECHOH CBsI3M C MeTOAaMH, MPHMEHSIeMBIMH B CMEKT-
anbHoi TeopuH ao T'enbdanna) croutr ®. Pucc B cBoeM MmeMyape
[188h], B KoTOpOoM oO6JekaeT B KpaTKyl0 U HU3smHYyI0 Gopmy

1) 3pech uMeeTcst B BUAY oGoOimenHe NMOHATHA <«[JIMHA MJOCKOH KPHBOH» Ha
cnyuaii IPOM3BOJILHBIX 3HAuyeHWH n M p u3MePeHHH 06beMJIOUIero u H3yyaemoro
NPOCTPAHCTBA; NPH 3TOM, CaMo cofofi pasyMeercs, MoJaraiT, uTo 0<p<n Ho
He Bcerja, YTO p €CTh ILesloe yHucJa0. DTOT BOMPOC PaccMaTpUBajiCs B TPyAax
MHOTHX MaTeMaTHKOB, HauHHas ot MunkoBckoro, Kapateomopn u Xaycmopda;
cam JleGer, KOTOpbIi B CBOEeH JucCepTallMH 3aHMMAJICS JIHIIb YACTHBHIMH CJy-
yasMH, KaxeTCs, BHAeJl B HEM TO/NbKO CPeACTBO, KOTOpOe [aeT BO3MOXKHOCTD
HCTILITaTh CHJ1y BLIKOBAHHBIX UM OpYAHH.
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HEKOTOpPhle pe3yJbTaThl MO TEOPHH YIODPSAOYEHHBIX MPOCTPAHCTB,
UrparoliX H3BECTHYIO POJb B TEOPHH HHTErpUpOBAHUS.

PasButue Teopun uHTerpupoBaHus c 1920 r. cjaeayer uckarb He
CTOJILKO B paboTax, UHTaTb KOTOpble GoJiee HJiH MeHee MPUSATHO, HO
cojJepKaHue KOTOPbIX He MOIJIO yKe CYILIeCTBEHHO OTJHUYATbCA APYT
OT mpyra, HO TJiaBHbIM 0Gpa3oM B 06/acTH ee NMPHUMCHEHWH: B TeO-
puu BepositHOcTell (HeKoraa C/AYXKHBIUEH NpemjoroM mJs pasJuy-
HbIX 3arajick W 1apaloKCOB H CTaBLIeH BETBbIO TEOPHH HHTErpHPO-
BaHMs TOJABKO Mocje ee akcuomaTtusauun Kosamoroposbim [133], HO
BETBbIO ABTOHOMHOH, CO CBOMMH MeTONAMH M COOGCTBEHHEIMH IpO-
G6/1eMaMH), B 3Proguyeckoil TeOpHM, B CMNEKTPaJbHON TEOPUH H B
rapMOHHYECKOM aHaJjii3e, 1ocje TOFO Kak OTKPbITHe XaapoM Mephl,
KOTOpasi HOCHT ero WMs, H Pa3BHTHe Hjel, CTHMY/JIHpPOBAHHOE 3TUM
OTKpbITHEM, cle/alH HHTerpaJsg OAHHUM H3 Haubo/ee BaxKHbIX OpY-

nUMH B TEOPUH TPy



MPUNOXKEHUEY

APXHTEKTYPA MATEMATHKH

MaremaTHKa MM MaTeMaTHKH? 2)

Jatb B Hacrosiliiee BpeMms oflllee NpeAcTaBjgeHHe O MaTeMaTHue-
CKOH HayKe — 3HAUWT 3aHSIThCS TaKUM 1eJ0M, KOTOPOe, KaK KaxKer-
cfl, C caMoro Hayaja HaTaJKHMBaeTCs Ha TMOUTH HeNPeonOJUMbIe
TpyAHocTH O6sarofapsi OOLIMPHOCTM M pa3HooOpasuio paccMaTpH-
BaeMoro marepuasa. B coorBercTBuu ¢ o6uleil TeHAeHIMEH B Hayke
¢ KoHna XIX B. yuc/0 MaTeMaTHKOB M 4Mcja0 PaboT, MOCBSLIEHHBIX
MaTeMaTuKe, 3HaUUTeThHO Bo3pocso. CTaThu MO YUCTON MareMaTH-
Ke, Ny6JaHKyeMhble BO BCEM MUpe B CpeJHeM B TeueHHe OJHOro roja,
OXBaTBLIBAIOT MHOTHE ThICSIUM CTPpaHull. He Bce OHU HMEIOT, KOHEUHO,
OJMHAKOBYIO II€HHOCTb; TEM He MeHee MOCJe OYMCTKH OT Heusbex-
HBIX OTOGPOCOB OKAasblBaeTcsi, 4TO KaXAb rox MaTeMaTuueckas
Hayka o6orauaercss Maccoél HOBLIX De3yJbTaToB, NMpuobperaer Bce
6osiee pazHooGpasHoe coJep:KaHHe U MOCTOSSHHO [AaeT OTBETBJIeHUS
B BHJe TeopHil, KOTOPhe GeCrnpecTaHHO BUJOU3MEHSIIOTCS, Mepecrpa-
UBAIOTCS, COMOCTABJSIOTCS M KOMOMHUPYIOTCS Apyr ¢ ApyroM. Hu
OIMH MaTeMaTHK He B COCTOSIHHH MPOCAEIUTb 3TO PA3BUTHE BO BCeX
MOAPOSHOCTAX, AaxKe eCJAH OH MOCBATHT 3TOMY BCIO CBOIO [esiTe/b-
HoCTh. MHorue u3 MareMaTHKOB YCTPauBaIMOTCs B KaKOM-1ubo 3a-
KOyJKe MaTeMaTHueCKOll HayKM, OTKYJa OHM M He CTPEMSTCS BBIATH,
1 He'TOJbKO MOUTH MOJHOCTBIO UTHOPUPYIOT BCE TO, UTO He Kacaercs
npeaMera KX HCC/eJOBaHWH, HO He B CUJAx Aaxe MOHSTh A3LIK U
TePMUHOJOTHIO CBOMX COOpaTheB, CMENMAaNbHOCTh KOTODHIX fajeka
or uux. Her Takoro mMareMaTuka, namxe cpeau ob/safalolmux caMoi
o6IIMPHOH 3pyAuNMel, KOTOPBIH Obl He UyBCTBOBaJa cebs uyKe3eM-
IleM B HEKOTOPHIX 06/1aCTAX OrPOMHOrO MaTeMaTHYeCKOro MHUpa; 4To
Ke Kacaercss Tex, KTo noao6Ho Ilyankape uau I'manbepry ocra-
BJAsIeT MeyaTh CBOEro TeHusl MOYTH BO BCeX ero 06JacTsX, TO OHH
COCTAENSIOT AaXe Cpein Haubosee BeIUKHX Defuaiilllee HCKilOue-
Hue.

ITosToMy faKe He BO3HHMKA@eT MBICAU 1aTb HECMeUHaJqUCTy TOu-
Hoe MpejCTaBjieHMe O TOM, YTO NaxKe CaMH MaTeMaTHKH HE MOTYT

1y 'N. Bourbaki, L’Architecture des mathématiques, Les grands courants
de la pensée mathématiques (Cahiers du Sud), 1948, p. 35—47. Pycckuit
nepeBol Gbin Hameuatan B cOopHHKe «MartemaTuueckoe npocBellleHHe», Bhin. 5,
1960, ctp. 99—112, nepesoa c dpannyackoro M. H. Jlenckoro. — Mpum. ped.

2) La Mathématique ou les Mathématiques? (1. e. omgma marematnka uan
HECKOJbKO MaTeMaTuk?). — [Tpum. nepes.
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NoCcTHYL BO Bcel nmosadoTe. Ho MOXHO cnpocuTh cebsi, saBaserTcs Jn
570 OGIKPHOE pas3pacTaHue Pa3BUTHEM KPEMKO CJO0XKEHHOro opra-
HH3Ma, KOTOPBIf ¢ KaXablM nHeM npuobGperaer Bce Gogblie U 60Jb-
file COrJIaCOBAHHOCTY M €JMHCTBA MeXJY CBOMMH BHOBb BO3HMKAIO-
IIUMH YaCTSAMHU, UK, HANPOTUB, OHO SIBJASIETCS TOJIbKO BHEIIHUM IIPH-
3HAKOM TeHJIeHIMH K MAyleMy BCe JaJiblie 4 JaJblie pacnany, o6y-
CJIOBJIEHHOMY CaMOH NMpUpPOAOH MaTeMaTHKM; He HaXOJIUTca JM 3Ta
noceqHsis Ha NyTu npeBpauieHus B BaBujoHckylo 6GauiHio, B CKOI-
JleHHe aBTOHOMHBIX JNMCLUMIJIWH, H30JMPOBAaHHBIX JPyr OT JApyra
KaK M0 CBOMM METOJaM, TakK W MO CBOMM LEAAM U JaxkKe MO S3bIKY?
OpxHuM CJIOBOM, CYUIECTBYIOT B HacTosllee BpeMfd OfHA MaTeMaTvKa
Wa¥ HeCKOJIbKO MaTeMaTHK?

XOoTs1 B JaHHbIH MOMEHT 3TOT BONPOC OCOOEHHO aKTyaJieH, HH B
KOeM cJyyae He HajJO AyMaTb, 4TO OH HOB, €ro CTaBUJM C NEPBbIX
JKe IIaroB MaTeMaTuueckofi Hayku. Benb neiicTBHTesbHO, eciu
[laxe He INPUHUMATb B pacueT NPUKJIAAHOH MaTeMaTHKH, MEXIy
reoMeTpuedl U apudmeTHkoH (no xpafHeli Mepe, B HX 3JeMeHTap-
HbIX pa3jieiaXx) CyUIecTBYeT OueBHAHAsi Pa3Hulla B NMPOUCXOKIEHHH,
MIOCKOJIbKY MOCJe Hsist BHauaJJe Oblla HayKod O AUCKPETHOM, a mep-
Basi — HAyKOH 0 HeNpepbiBHON NMPOTSXKEHHOCTH ([ABa acnekra, KOTo-
pbie GblIM KOPeHHbIM 00pas3oM MPOTHBONOCTABJEHB! APYr APYry No-
cJe OTKPbITHS uppalunroHanabHocTell). IMeHHO 3TO OTKpbiTHE OKa3a-
JIoCb POKOBBIM [Jisi NEPBOH MOMBITKH YHUPHKALMH Hallei HayKu —
apudmerusanuu nudaropeiines («Bce BEUU CyTb YHCAA»).

Mb! 6bl 3aLIAH CJAMIIKOM [gaJieko, ecjau Gbl OT HAC MNOTpedoBasH
NpoCJAeINTb Te NPeBPATHOCTH CylabObl, KOTOPbHIM MOABEpPrasach yHH-
TapHasi KOHIlenuus MaTeMaTHKH OT nudaropeiilieB A0 Hamux IHel.
Kpome Toro, ato—pa6ota, K KOTOpo#l GoJiee NOATOTOBJEH (HJIO-
cod, uem MaTeMaTHK, TaK KakK oOulell yepToil Bcex NMOMbITOK 00b-
€MHHUTb B eJUHOe 11ejl0e MaTeMaTHUeCcKHe AHMCIUMIHHBI — BCe PaBHO,
uger au peub o [lnarone, o Hexapre uau JleiiGuuue, o6 apudme-
TH3anuu uau jgoructuke XIX B., — siBAsieTcs TO, YTO OHU JeaaNuch
B CBS3M C Kakof-nmu6o GoJsiee UM MeHee NPeTeHLUHO3HOH dusocod-
CKO# CHCTEMO{, NpuuyeM HCXOIAHbIM NMyHKTOM A/ HUX BCeraa ciay-
KUY alpUOPHble BO33DEHUs] HAa OTHOLIEHHS MeXIy MaTeMaTHKOH U
IBOHHON MeHCTBUTEJNbHOCTbIO BHeEUIHero Mupa u Mupa mbicau. Ca-
Moe Jyulllee, YTO Mbl CyMeeM CJAenaTb, — 3TO OTOCJATb YHUTATe/s
10 3TOMY BONPOCY K MCTODMUYECKOMY K KDHUTHUECKOMY HccJegoBa-
gm0 J1. BpyHcBura «3rtanel maTematnueckoit ¢unocoduu '). Hama
3ajaua ‘Gosiee cKkpoMHa U Gojiee TOUHO OuepueHa; Mbl HaMepeBaeMcs
0CTaTbCAd BHYTPM MaTeMaTHKH W MCKaTb OTBET Ha NOCTABJEHHbIH
BOMPOC, aHAaAU3UPYysl ee cOOCTBEHHOE Pa3BUTHE.

) Brunschvig L., Les étapes de la philosophie mathématique, Paris,
Alcana, 1912,
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Jlornueckuit dopmanusm
H aKCHOMATHYECKHH MeTof,

[Tocne Gosnee unu MeHee oueBHAHOrO GAHKPOTCTBA Pa3yIMYHBIX
cHCTEM, Ha KOTODble MBI YKashiBa/Ju BHILIE, B Hayajie 3TOr0 BeKa,
Ka3aJioCh, MOUTH MOJIHOCTBIO OTKA3aJUCh OT B3IJIsla HAa MaTeMaTH-
Ky Kak Ha HayKy, XapakTepuayeMyio eAHHBIM NPeAMETOM U eIUHBIM
MeTONOM; CKOpee HabJ/0jajnach TeHJEHIMs pPaccMarpUBaTh ee Kak
«psifi AUCLHUIJIMH, OCHOBBIBAIOIIUXCSl HA YACTHBIX, TOUHO ONpeJeseH-
HBIX MOHSITHSIX, CBSAI3AHHBIX ThHICSYBIO HUTeH» !), KOTOpblE NO3BOJISIOT
MeTOAaM, NPHUCYWIHNM OAHOH H3 AWCLMIVINH, OMJIOAOTBOPATL OJHY
HJH HEeCKOJIbKO JPYrux. B Hacrosillee BpeMsi, HAONpOTHB, MHl IY-
MaeM, YTO BHYTPEHHsist 3BOJIIOLHS MareMaTH4eCKOH HayKd BONPEKH
BUAMMOCTH GoJsiee ueM Korjaa-iu6o ynpouumsaa egHMHCTBO ee pasJiny-
HBIX YacTed M CO3Jaja CBOero poJa IeHTPajbHOe AP0, KOTOpoe
aBJsercsi ropasno 6ojiee CBA3HBIM IleJbIM, 4YeM Korjga Obl TO HH
6b110. CyliecTBeHHOE B 3TOH 3IBOJIOLUMM 3aKJ/OYaeTcss B CHCTEMAaTH-
3allMy OTHOUIEHMH, CYLIECTBYIOLUIMX MeXIYy PasJHuYHbBIMH MaTeMaTH-
YeCKHMH TEOPHSIMH, €e HTOrOM SBHJIOCh HampaBsJ/eHHe, KOTOPOe
06GLIUHO HA3BIBAIOT «AKCHOMATHUYECKUM METOLOM>.

HMuorpa roBopsit Takke «GopmanuaM» Hin «popMaucTHUecKHi
METOA»; HO HeOOXOAMMO C €caMOro Hayaja ocTeperatbCsi MyTaHHIIHL,
KOTODPYIO BBI3BIBAIOT 3TH HEAOCTAaTOYHO UETKO ONpefiesieHHbIE CA0BA U
KoTopast ¥ 6e3 TOro 4acTo HCMOJb3yeTcst NPOTUBHUKAMH aKCHOMATH-
yeckoro merona. Kaxkpomy u3BecTHO, YTO BHelIHel OTJIHUYUTEJNbHOMH
yepTO# MaTeMaTHKU sIBJIsieTCS TO, YTO OHA NpeACTaBJjsieTcss HaM TOH
«JTUHHOH 1eNbI0 paccyxkaeHuil», o Kotopoit ropopun dekapt. Kax-
nasi MaTeMaruueckasi TeOpHUsl IBJseTCS 11eNOYKOH BBICKA3bIBAHHH, KO-
TOpble BHIBOAATCA APYr M3 Apyra cOrjacHoO NpaBujaM JOTHKH, BO BCEM
cylilecTBEHHOM COBNafaiollel ¢ JIOrMKOH, H3BECTHOH cO BPeMeH ApH-
CTOTesis MOJ HasBaHWeM «(POpPMajbHOH JIOTHKH», COOTBETCTBYIOLIHM
ofpasom npucnocobaeHHOH K cnenuduuecKuM NoTpeGHOCTAM Mare-
matuku, TakuM o6pasoM, yTBep:KAeHHe, UTO «AeAyYKTHBHOE pPacCyX-
AeHHe» sIBJAsieTCs Ui MaTeMaTHKH oObeJHHSIOIMM HayaaoM, — TpH-
BHaJbHas ucTHHA. Ho cTOb NOBepXHOCTHOe 3aMeuaHue He MOXKET,
KOHEUHO, CJYXHUTh 0O0bsiCHEHHEM eIMHCTBA Pas3/MYHBIX MaTeMaTHue-
CKHWX TeopHull, TOUYHO TaK e, Kak HeJab3si, HanpuMmep, oObe IHHUTL B
efINHOH HayKe PU3UKY M GHOJOTUIO NOJA NpeIoroM, uTo W Ta, U APY-
rasi UCNOJb3YIOT 3KcnepUMeHTanbHblll MeToA. Cnocob paccyxaeHus,
3aK/IOYAOIUACA B NOCTPOEHHH LEMOUYKH CHJIIOTU3MOB, SIBJISETCS
TOJBKO TPaHCPOPMHUPYIOIIUM MeXaHH3MOM, KOTOPHIH MOKHO HmpHMe-
HSITh HE3aBHCHMO OT TOI'0O, KAKOBBl NOCHIJIKH, K KOTOPHIM OH IpHMe-
HsieTcsi, W KOTODBIH, cJ/efoBaTeqbHO, He MOXKET XapaKTepH30BaTh
NPUPOAY 3THUX NocaedHHX. [IPYyrHMH CJIOBaMH, 3TO /Wb BHeIUHSS

1) JI. BpyHCBHr, UHT. COY., CTp. 447.
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topma, KOTOPYI0O MAaTeMAaTHK NpUAaeT CBOeH MbICJH, OpyAMe, Iesalo-
iee ee crnocoOHOH OOBLEIMHATbCH € APYTHMH MbICAAMH '), H, Tak
CKas3aTb, A3bIK, NPUCYLINII MaTeMaTIIKe, Ho He GoJsee TOro. ¥ TNOpsiao-
YHUTb CJOBApb 3TOrO 3blKA U YTOYHIITH €r0 CHHTAKCHC — 3TO 3HAUMT
clesaTh OUYeHb NoJe3Hoe Ael10, 3Ta pa0doTa U cocraBiasieT AeHCTBU-
TeJbHO OJHY H3 CTOPOH aKCHOMATHYECKOro MeToga, a MMEHHO Ty,
KOTOpyIO cJefyeT Ha3BaTb JOrHueckHM ¢dopmanusMoM (114, Kak
ellle TOBOPST, «JOTHCTHKOH»). Ho — u Mbl HacTauBaem Ha 3TOM —
3TO TOAbKO 00HG CTOPOHG W TpPU TOM HaHMMeHee HHTepecHas.

To, uTo aKcHOMAaTHKA €TaBUT nepel cQOOW B KayecTBe OCHOBHOM
Heny — ypasyMeHue cyllecTBa MaTeMaTHKH, HMEHHO 3TOro He MoO-
KeT 1aTb JOoruueckuit (opmanusm, B3sithli caMm no ceGe. TouHo
TaK e, KaK 3KCIIepHMeHTA. 1bHbIH METON HCXOJTHT U3 anpuoOpHOH yBe-
PEHHOCTH B INOCTOSIHCTBE 3aKOHOB MPHPOALI, aKCHOMAaTHUeCKHH Me-
101 GepeT 3a TOUKY onopbl y6ekI1eHHe B TOM, UTO ec]d MaTeMaTHKa
He siB/sieTc HAHHU3bIBaHUEM CHUJJOTH3MOB B HanpaBJeHuu, u3bpaH-
HOM Hayraf, To oHa teM 06oJlee He siBJsieTcsd 6GoJiee UJH MeHee XHUT-
pPbIM HCKYCCTBOM, COCTOSILIHM M3 MPOHU3BOJIbHBLIX COJHKEHHH, B
KOTOPOM TOCNOJCTBYeT OJHA TeXHHueckas JOBKOCTb. Tam, rae mo-
BEPXHOCTHbIN HabJ/101aTeb BUAUT JUILIb JABE UJIH HECKOJbKO TEOpHUH,
COBEPUIEHHO OTJAWYHbIX APYr OT Apyra no cBOeMY BHEUIHEMY BHAY, U
rje BMelLIaTeJbCTBO I'eHHAJbHOrO MaTeMaTuKa NMPHBOAHT K OOHapy-
JKEHHI0 COBEPLIEHHO «HEOXHJAHHOH MOMOLUM» 2), KOTOPYIO OJHA H3
HHX MOKeT OKa3aTb JPYroii, TaM akCHOMAaTHUECKHH METOJN VUHT Hac
HCKaTb rJayO60KHe NMPUUKUHBI 3TOrO OTKPBITHSI, HAXOAUTb OOllHe HIeH,
CKpbIBAlOUIMeCsl 3a JeTaJjsiMH, NMPUCYIUMMH KaxJI0H M3 paccMaTrpH-
BaeMbIX TeopHil, H3BJeKaThb 3TH liJed H NOABepraThb HX HcC.Iel0Ba-
HHIO.

[loHsiTHE «CTPYKTYPbI»

Kakyio ¢opmy npuoGperaer 3toT MeToA? MHMwmenno 31ech
akcuoMatuka Gousblile Bcero cOHKaeTCsl ¢ 3KCNePUMEHTAThbHBIM Me-
tonoM. Yepnasi H3 KapTe3HaHCKOrO MCTOUYHHKA, OHa «pa3jeiser
TPVAHOCTH, YTOOK! Jyullle HX paspeludTb». B jpokasaTeiabcTBax Ka-
KOH-JIH60 TEOpPUH OHA CTPeMHUTCS PA3bBEAUHHUTb TVIABHBIE TMPYKHUHLI
GurypupyouUuX TaM paccyxk/eHuil; 3ateM, 6epsi Kaxa0e H3 COOTBeT-
CTBYIOLUMX NOJIOKEHHH 430.1UpOBAHHKO ¥ BO3BOJAsA ero B OOWiHil NpUH-
LI, OHA BHIBOAUT U3 HUX CJeICTBHSA; HaKOHell, Bo3pallascb K H3Yy-
YeHHOH TEOpHH, OHA CHOBA KOMOUHUpYET NpenBapHUTe]bHO BbleJeH-

1) Kaxa1biii MareMaTtuk, BIpoueM, 3HaeT, UTO [0Ka3aTeIbCTBC He fABJIAeTCH
«IOHSITHEIM» B TNOMJHHHOM CMBIC/Ie 3TOTO CJ0BA, eCJH OTPaHHYHTBCS JIHIUbL IPOBep-
KOl TPaBH.JIBHOCTH BBHIBOIOB, KOTOpbi€ €ro COCTaB.AIOT, W He MbITaThCsl MOHATH
OTYETIHBO HJ1€H, KOTOpble NPHBEIH X CO31aHHI0 9TOH UeNOYKH BHIBOLOB HpPeANo-
YTUTEJIbHO Tleped BCAKOI 1pyroil.

2) JI. BpyHcBuT, LT, cou., cTp. 446.
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Hble COCTaBHble 3JeMeHThl M H3Y4aeT, KaK OHH B3aUMONEHCTBYIOT
Mexny co6oii. KoHeuHo, HeT HUYero HOBOTO B 3TOM KJACCHUECKOM
coueTaHHH aHalM3a W CHHTe3a; BCH OPHTHHAJBHOCTb 3TOr0 MeTOofa
3aKJ/I04aeTcsd B TOM, KaK ero NpuMeHsoT.

UTo6bl NPOHAMIOCTPHPOBATL NPHUMEPOM TOJBKO 4TO ONHCAHHBIH
MeTol, Mbl paccMOTpuM HauGosiee crapylo (u Haubojee mnpo-
CTYyI0) aKCHOMAaTHUeCKYI0 TeOpHIO — TeopHio abCTpakTHBIX TIpyN.
PaccmoTtpuM caenyioline TpU onepauuu: 1° caoxcenue detdcTsurens-
HbLX 4ucen, TIPH KOTOPOM CyMMa ABYX JeHCTBHTE/bHBIX uHcesa (no-
JIOKUTE/bHbIX, OTPHLATEJNbHBIX U HYJ/5) onpeleneHa oObIUHBIM 06pa-
30M; 2° YMHONMCEHUe Yeablx 4ucens no RPOCTOmYy MOOYArwo p, NpHUEM
3JeMeHTaMH, KOTopble Mbl paccMaTtpuBaeM, dBJfiOTCA uucaa 1, 2,
3, ..., p— 1, a npousBeleHueM [IByX TAKHUX UHCeJ SIBJsETCS, OO Onpe-
JeJIeHHI0, OCTAaTOK OT [JeJleHHs Ha P HUX NPOU3BeNeHUA B OGBIYHOM
cMbiciie; 3° «KOMNO3UYUIO» nepemeujeruti B eBKINL0BOM TPEXMEPHOM
NpoCTPaHCTBE, NPHYEM pe3y/bTaTOM 3TOH KOMMNO3HIHKH (HJIH OPOU3-
BeneHneM) nAByX nepememeHudt T u S (B3sTbIX B JaHHOM MOpsilKe)
Mbl OyIZeM cuuTaTb, NO OMpefeseHHI0, NepeMelleHHe, MOJyueHHOe
B pe3yJbTaTe BBINOJHEHWS cHauaja nepeMeliedus T, a satem S.
B xaxxo#l M3 3THX Tpex TEOpHH ABYM 3JeMEHTaM X H Y, B3ATHIM
B JaHHOM NOpSJKe, pacCMaTpHBaeMOro MHOXeCTBa (B NMepBOM CJy-
yae MHOXKECTBA BCeX NeHCTBUTEJbHBIX UHCEJ, BO BTOPOM — MHOXKe-
cTBa yHcea 1, 2, 3, ..., p— 1, B TpeTbeM — MHOXKECTBA BCeX Mepeme-
[IeHHI) CTAaBHTCA B COOTBETCTBUE (C NOMOIIbIO 0co60H A5 KaXI0ro.
MHOXecTBa NpPOLEeAYDhl) TpPeTHH OAHO3HAuHO ONpeleseHHbI 3Je-
MEHT TOro e MHOJKeCTBa, KOTOPBIH MBI YCJIOBHMCSH BO BCEX Tpex
clyyasix CUMBOJHUYecKH o6o3Hauath xty (37O OyHeT cymMMma, ecid X
H Yy — NeHCTBUTeNbHble UHCJIa; UX NPOU3BENeHHe N0 MOAYJI0 p, ec/H
OHUM — HaTypa/JbHble uucia - p—1; pe3yJpTaT HX KOMIO3HUILHH,
€c/M OHM ABJSIOTCH nepemeuieHusiMu). Ecau Ttenepp paccmoTpers
cBOficTBa 3TOH «onepauMu» B KaKAoH M3 Tpex TeopHi, To obHapy-
KUTCA 3aMeuaTesbHbIi napanJean3M; BHYTPU Ke KaxIo#l M3 3THX
TEOpU# 3TH CBOHCTBA 3aBUCAT APYr OT [APyra, U aHAJIU3 JOTHUECKHX
cBA3ell MeXAy HUMHU NMPUBOAUT K BhlAEeNeHHIO HeGOJIbIIOrO uhcaa Tex
CBOMCTB, KOTOpble fBJSIOTCH HE3aBUCHMBIMH (T. €. TaKHX, 4TO HH
OIHO M3 HUX He SBJseTCS JIOTHUECKHM CJAeACTBHEM OCTaJbHbIX).
MoxkHo, Hanpumep !), B3fTb TpPU CJAeLYIOUAX CBOACTBA, KOTOPbIE MbL
BBIP23UM C NOMOIIBIO HALUIUX CHMBOJIHYECKHX 0003HaueHHH, HO KO-
TOpBI€, KOHEUHO, JIerKO NepeBeCTH Ha fA3BIK KaXJAOH U3 3THX TeopHii:

a) KakoBbl Obl HM OBIIM 3/JEMEHTH X, Y, 2, uUMeeM (xty)1z =
=s xt(Y12) (accOLHMATHBHOCTbL ONMEpPalLHH X1Yy);

1) DtoT BHIGOD HE ABJAETCS €NHHCTBEHHO BO3MOMHBIM, W H3BECTHBI PA3JIHY-
Hble CHCTeMbl aKCHOM, <«3KBHBAJEHTHBIX» pacCMaTPHBAeMOH, NpHYEM aKCHOMME
KaXJofl CHCTEMbl SIBJSIOTCS JIOTHYECKHMH CJGICTBUSMH aKCHOM 0G0l Apyrofi
CHCTEMBI.
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b) cymecTByeT 3JeMeHT e TaKOH, UTO NJ/si BCAKOrO 3JeMeHTa X
etx = xte = x (MJs CJOXKEeHHsi JAeHCTBUTeNbHBIX uuces— uHcao O,
IJIsi YMHOXEHWsl Mo MOAYJ/II0 p — 4uciao 1, nJjs KOMOO3ULMH mepe-
MELIeHHH — «TOXKIEeCTBEHHOE NepeMellleHHe», KOTOPoe OCTaBJ/isieT Ha
CBOEM MecTe KaXAYI0 TOUKY NPOCTPaHCTBA);

¢) mast Kaxporo sjeMeHTa X CYUlecTBYeT 3JeMeHT x’, Takoi, uTo
¥’ = x'wx =e (015 CJIOXKeHHs JNeHCTBHTENbHBIX 4IHCeT — NPOTH-
BOMOJIOXKHOE UHCJA0 — X, IJIss KOMMO3UIUM mepeMelieHHH — oGpat-
Hoe mepeMellleHHe, T. €. TaKoe, KOTOpOe KaxKAylo TOUKY, mepeMelleH-
HYIO CMellleHHeM X, BO3BpalllaeT B HUCXOAHOe MOJOXKeHHe; IJs yMHO-
KEeHHs M0 MOAYJIO p CYILecTBOBaHHe x’ clienyer W3 OuUeHb MPOCTOro
apu(pMeTHUECKOro paccyKaeHHus !).

Torna Mbl ycTaHaBiMBaeM, UTO Te CBOHcTBA, KOTOpble NpH IO-
Mo o6uiX 0603HAaYeHHH BO3MOXKHO BLIPA3UTb OQHHUM U TeM Xe
c6pa3oM B KaxKJIOH M3 3TUX TpeX TeOpHH, SBJSAIOTCS CJAEICTBHEM
Tpex npenblAyumux. Hampumep, nocraBum nepex cofoil Ledab AoKa-
3aTh, UTO U3 X1y = X12 caefyeT y = 2. Moxpo 60 6Bl 3TO creaaThb
B KaXao#H W3 3TUX TeOpUH, HCNOJb3Yys paccyXkIeHHs, crnelHduye-
cKkue n/si naHHoH Teopud. Ho MoxHO uM36paTh ciaedylomuil obpas
NeHCTBUH, KOTOPBIH MPUMEHWM .0 Bcem TpeMm cjayuasiM. M3 cootho-
IeHHs] X1y = XT2Z Mbl BBIBOIMM paBeHCTBO X't(Xxty) =Xx'1(x12)
(¥ uMeeT cMblcJ, onpefesneHnbii Boimie). Jlajee, npuMeHsis a, no-
ayuuM (x'rx)ty = (x’tx)t2. Mcnoab3ys c, 3anyilleM 3TO COOTHOIle-
HUe B BUMe ety = e12, U, HaKoHell, NpuMeHsds b, noayuaeMm y =
uyTo U TpebGoBasoch A0Ka3aTh. B 3TOM paccyXKJIeHHH MBI MOJHOCTbIO
a06CTparupoBadyuch OT NPUPOAB 3JEMEHTOB X, Y, 2, T. €, HAM He3aueM
Obl10 3HAThb, SIBASAIOTCS JH OHU JEHCTBUTEJbHBIMH UHCJIaMH, HATY-
pajJbHBIMU uyucaaMu < p — 1 uian nepeMeiieHusiMH. EnnHcTBenHas
II0CHIIKA, KOTOPOH MBI MOJb30BaJHCh, 3aKJ/J1l0Yalach B TOM, UTO Olle-
pauus xty Hal sJeMeHTaMH X, y YAOBJETBOpsieT CBOHCTBAM a, b, c.
Huns Toro uto6nl M30eXaTh CKYUYHBIX MOBTOPEHUH, NMPHUXOIASAT, TaKUM
o6pa3oM, K MBICJAH, UTC yAOOHO pa3 M HaBceria BbIBeCTH JCruye-
CKHE CJIeCTBUS M3 3THX TpeX eNHHCTBeHHbIX CBOHCTB. HeoGxomnmo,
KOHeuHo, AJs1 yao6cTBa peud MpUHATh 06IIyl0 TepMUHOJorHIO, [0BO-
pSIT, UTO MHOXKECTBO, Ha KOTOPOM onpefe/eHa onepauHs xty, xapax-
TepudyeMasl TpeMsi CBOACTBAMH a, b u ¢, CHaGXKeHO CTPYKTYPOU
epynnot (uau, Gojee KOPOTKO, siBasieTcst epynnoil). Yciosus a, b, ¢
Ha3bIBAIOTCS aKCHOMaMH TPYNNbl 2), U BBIBECTH H3 HEX HX CJei-
CTBUSI — 3HAUUT NMOCTPOUTb aKCHOMATHYECKYIO TEOPHIO I'pYl.

s
1) 3aMeTHM, uTO OCTaTKH OT JedeHHs Ha p uHcea 1, x, x2, ... X" .. nHe
MoryT GbITb BCe pasauunbiMH. [IpHpaBHAB ABa H3 HHX Ipyr APYry, Jerko MOKi-
3aTh, uto cTenenbx¥—! (k£ > I) or x uveer octatox, pasusli 1. Ecau X’ sBaserca
octaTkoM of deqenust xX*~{=1 na p, 10 mponaBefenue XX’ MO MOAYMIO p pasHo 1.
?) Pasymeercsi, 3TOT CMBIC.1 CJ0BA <«aKCHOMAa» He HMeeT HHuero o6Liero
¢ OOUIeNPHHATBIM CMBICIOM BBIPAIKeHHsT «OUeBHAHAS HCTHHA».
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Temepr MOXHO OOBSCHHTB, YTO HaJ0 NOHHMAaTb B obumieM cay-
yae nox maremaruueckoid cTpyxkrypor. OO6uieil uepToil pPa3IMYHBIX
NOHATHH, 06beHHEHHBIX 3THM pPOJOBLIM Ha3BaHHeM, SIBJSIETCS TO,
4TO OHYW TMPUMEHUMBI K MHOXeCTBY 3/JeMeHTOB, NpPUPORAa KOTOPHIX !)
He onpeneseHa. Yro6wl onpefeauTh CTPYKTYDPY, 3aXalOT OQHO HJIH
HECKOJIbKO OTHOIUEHHH, B KOTOPBIX HAaXOASTCS €ro 3JeMeHTHI %)
(B cayuae rpynm — 3TO OTHOHIEHHE Xty = 2 MEXAY TpeMs Opou3-
BOJILHBIMM 3JIeMEHTaMHu); 3aTeM NOCTYJAUPYIOT, UTO JaHHOE OTHOLUue-
HHe HJIU JaHHBIe OTHOLIEHHS YIOBJETBOPSIOT HEKOTOPHIM YCJAOBHAM
(xoTOpBIE Mepeunc/sIOT W KOTOPbie SIBJSIOTCS QKCUOMAMU DaccMma-
TpuBaeMoil cTpyktyphl) 3). IlocTpouTh aKCHOMATHUECKYIO TEODHUIO
LAHHOH CTPYKTYPBl — 5TO 3HAUHT BHIBECTH JIOTHUECKHE CJIELCTBHS U3
4KCHOM CTPYKTYpBI, 0TKQ3Q8WUCH OT KaKux-aubo opyaux npeonoao-
#eHil OTHOCHTENbHO pacCMAaTPHBAaeMbIX 3J1eMEHTOB (B 4acCTHOCTH OT
BCSIKAX T'HIIOTE3 OTHOCHTENbHO HX «IIPHUPOJBI»).

1) Mp CTaHOBUMCH 3[eCh Ha «HAauUBHYIO» TOUKY 3peHHs H He Kacaemcs
UWIEKOTJIHMBHIX BOMPOCOB, IMOAY(HUNOCOPCKHX, MOJyMaTeMaTHUecKnX, BO3HHKIUHX
B CBs3M C mpoGaeMoOH «IpUPOAbI» MareMarAueCKHX «0O0beKkToB». OrpaHuuumcs
3aMeyaHHeM, YTO MepPBOHaYa/bHBIA NJIOpPasu3M B HAIUMX MPENCTaBJIEHHAX 3THX
«06BEKTOB», MBICAUMBIX CHayasla KaK WAeaNu3uPOBAHHBIE «aOCTPAKIHH» YyBCTBEH-
HOTO OMbITA H COXPAHSIOWIMX BCIO PAa3sHOPOJXHOCTb 3THX MOC/AENHHX, B pe3yjbTare
akcomaTtHueckux HccnepoBanuii XIX—XX BB. 6bl1 3aMeHen e[(MHON KoHLem-
umeli, MOCpeICTBOM IOC/Ief0OBATEJbHOTO CBeJeHHsi BCeX MaTeMaTHYeCKHX IMOHATHH
cHauaja K TMOHSTHIO LeJoro yucsaa, 3aTeM Ha BTODPOM 3Tame K MOHSTHIO MHOMNCe-
76a. [TocnenHee, paccMaTpuBaeMoe H0Jroe BpeMs KakK «IepBOHAuaJbHOE» H «He-
onpeleanMoe», GbIIO 0GbEKTOM MHOTOYHCJEHHBIX CIIOPOB, BBI3BAHHBIX XapaKTepoOM
ero HCKJIOUHTENbHOH O6IIHOCTH W BechbMa TYMaHHOH Npupofoil npeicrasieHuil,
KOTOphle OHO y HaC BhI3bIBaeT. TPYXHOCTH HCUYe3JIH TOJBKO TOrga, KOTAa HCYe3/o
caMO TMOHATHe MHOXecTBa (M C HHUM Bce MeTacdu3HyeCKHe MCeBRONPOGJIEMBI OTHO-
CHTEJIBHO MaTeMaTHUYeCKHX <«O06beKTOB») B pe3yJbTaTe HeNaBHUX HCCIAeIOBaHHH
o Joruyeckom copmanusMe. C TOYKH 3peHHs STOH KOHUENMUHH eXHHCTBEHHBIMH
MaTeMaTHYeCKHMH OGbeKTaMH CTAaHOBSITCS, COGCTBEHHO TOBODPS, MAaTeMaTHuYecKHe
CTPYKTYypH. Uurarenp Halimer 6ojiee NOApPO6HOe pasBHUTHe 3TOH TOYKH 3peHHs
8 caenyomux AByx cratesx: Dieudonné J, Les méthodes axiomatiques mo-
dernes et les fondements des mathématiques, Revue Scientifique, 78 (1939),
9224—232; Cartan H. Sur le fondement logique des mathématiques, Revue
Scientifique, 81 (1943), 3—11.

2) B pefCTBUTEJBHOCTH 3TO ONpele/ieHHe CTPYKTYpPhl He sIBJISeTCS HACTOMBLKO
06LLHM, HACKOJBKO 3TOTO TPeGYIOT HYXKAbl MaTeMaTHKH. HyKHO Takxke 0XBaTHTb
M TOT CJydYail, KOorja OTHOLIEHHsl, ONMpeleNslOLIHE CTPYKTYpPYy, HMEIOT MeCTo He
MeXIy 3JeMeHTaMH DacCMaTpPHUBAaeMOTo MHOXKeCTBa, a MeXIy NOOMHOMcecT8amu
3TOTO MHOXKECTBa, W jgaxe, B 0ojee ofuieM cJayuae, MeXAy 3JE€MEHTAMH MHO-
KecTB emie Gojiee BBICOKOH «CTeleHH» — B TaK HA3bIBAEMON «JIECTHHLE THIIOBY.
JlasbHeiiline JeTann uuTaTeb Hakhger B Hamux Eléments de Mathématique,
kuura I (cBogka pesyabrartoB), Actual. Scient. et Industr., Ne 846.

8) B cayuae rpynm Hamo OblJIO Obl, eCad COGMIONATh MOJIHYIO CTPOTOCTb, CUH-
TaTh AaKCHOMOH, KpoMe a, b, ¢, M YyTBepxkJeHHe O TOM, YTO COOTHOLUEHHe
2 = XTy onpefe]sieT OJHO H TOJBKO OQHO 2, KOrga AaHbl x, y. OGBIUHO CYMTAIOT,
YTO 3TO CBOACTBO MOJIMAJHBO TMOJAPa3yMeBaeTCs CaMOH 3alUCBIO 3TOID OTHO-
HIEHHS.
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OcHoBHbIE THNBI CTPYKTYP

OTHomeHus, SIBJASIOLIMECS HCXOAHOH TOYKOH B oOnpeledeHHH
CTPYKTYpbl, MOTYT GBITL MO CBOEH NPHUPOJe BechMa pa3HOOOpa3HLI-
mu. To oTHouledHe, KOTOpOe GUCYPHPYET B TPYNNOBBIX CTPYKTYpax,
Ha3BIBAIOT «3aKOHOM KOMIIO3WIMH»; 3TO TAKOe OTHOILUEHHE MEeXHy
TpeMsi 3JeMeHTaMH, KOTOpOe ompeje/sieT OIHO3HauyHO TpeTHH 3Je-
MeHT KaK (YHKIHIO IBYX nepBbix. Koraa oTHoweHns B onpelieseHHH
CTPYKTYpPBbl SIBJASIIOTCS «3aKOHAMHM KOMIIO3HUHHU», COOTBETCTBYIOLLAS
CTPYKTypa HasblBaeTcs aJsre6panyeckoil CTPyKTypoll (Hanpumep,
CTPYKTypa MoJst onpesessieTcsi AIByMs 3aKOHaMH KOMIO3HLHH C HaA-
JexauuM o0paszoM BbLIOpAHHBIMM aKCHOMAaMH: CJOMKeHHe H YMHO-
JKeHue JeHCTBHUTE/BHLIX YHCes ONMpeaensioT CTPYKTYPY MoJs Ha MHO-
JKeCTBe 3THUX YHceJ).

Jpyro#l BaxHLIi THN NpencTaBasioT co0OH CTPYKTyphl, onpene-
JeHHble OTHOLIEHHeM MOpsifiKa; Ha 3TOT pa3 3TO — OTHOLIeHHe Me-
Ay ABYMsI 3JIeMEHTaMM X, Y, KOTOpOe uallle BCero Mbl BhIpaxKaem
CJIOBAMH «X MeHblle HJH PABHO Y» U KOTOpoe Mbl 6yiaeM 0603HA4aTh
B ofieM cJiayuae xRy. 3nech GoJibule He MpeanoJsaraercsi, UTo 3To
OTHOLUEHHE OJHO3HAYHO ONpejenasieT OAMH H3 3JeMeHTOB X, Yy Kak
¢byHKuHI0O apyroro. AKCHOMBI, KOTOPbIM OHO NMOAYHHSETCS, TAKOBHIL:
a) 145 Bcex x xRx; b) us cootHouleHuit xRy, yRx caenyer x = y;
¢) u3 coornHowennit xRy, yRz caeayer xRz. OueBHAHBIM NMPHMEpPOM
MHOXKeCTBa, CHAGKEHHOro TAKOH CTPYKTYpOll, SIBJASETCS MHOXKECTBO
HesablX 4uces] (MJAM MHOXKeCTBO [elCTBHTEJBHBIX YHces), MpHUEM
3nech 3HaK R 3amensiercs Ha <. Ho Hango sameTutb, ute Mbl He
BKJIIOUHJIM B UYHCJO aKCHOM aKCHOMY, OTpa)KaloUlyio Chaedyloliee
CBOWCTBO, KOTOpPO€ KaKeTCsi HEeOTAEJUMBLIM OT TOro NMOHATHS HODSI-
Ka, KAKUM Mbl NCJAb3yeMCss B OObIIeHHOH XKH3HH: «KakKOBi Obi HH
OLIIN X, Y, UMeeT MecTo U xRy nau yRx». JIpyruMu ¢JoBami, He
HCKJIIOUAETCs Cayyal, Koraa /Ba 3JeMeHTa MOTYT 0Ka3aThCs Hecpas-
Humbimu. Ha nepBbli B3r/s 3TO MOXKET NOKAa3aTbCsi CTPAHHE'M, HO
JIErKO MPHUBECTH OueHb BaxHbLie MPUMEDPBl CTPYKTYP NOPAIK2 [id
KOTOPbIX MMeeT MecTO MMeHHO 3T0 06CTOATeNLCTBO. MMeHuo ¢ Takum
TOJIOKEeHHEeM Bellleli Mbl cTajdkuBaeMmcs, Korga X, Y osHauawT Iox-
MHOXKECTBA HEKOTOPOro MHoKecTBa, a XRY o3nauaer «X conxepxur-
cg B Y», WJIH KOrja X, y SIBJASIOTCS HAaTypaJbHLIMH UHCIAMH,
a xRy o3HayaeTr «x AeJHT y», HJH, HAKOHell, Koraa f(x) u g(x)
SIBASIOTCA AeHCTBHTENbHBLIMU (YHKIUAMM, OnpefeNeHHBIMH Ha WH-
tepBasie @ < X <Cb, a f(x)Rg(x) o3Hauaer: «kKakoBO 6bl HH GBLIO
X, f(x) <g(x)». OTn npuMepbl B TO Xe BpeMs NOKA3bIBAIOT, CKO.b
BEJUKO paszHooOpasue oO6JacTell, rae NOSBASIOTCS CTPYKTYPHI NO-
psiIKa, ¥ 3apaHee Jai0T NpeAcTaBJ/ieHHe O TOM, HaCKOJbKO HHTEPECcHO
WX H3yUeHHe.

Mbl ckaxeM elle HeCKOJIbKO CJIOB O TPeTheM Ba’KHOM THIIE CTPYK-
TYP — TONOAORUYECKUX CTPYKTYpax (UJH TONOAO2UAX), B HUX Ha-
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X0oaaT aGCTpaKTHYI0O MaTeMaTHYyecKylo GOPMYJHPOBKY HHTYHTHBHbIE
NOHATUS OKPeCTHOCTU, npedena U Henpepui8HOCTU, K KOTOPHIM Hac
NPUBOJKT Hallle NpeACTaBJeHHe O NPOCTPAHCTBE.

Hnas nepexoga K a6CcTpakuuu, HaxoAslled CBOe BbIpazkKeHHe B
aKcHOMax TaKOH CTPYKTYphl, TpeGyIOTCS YCHJHS, 3HAYHTENBHO
60sbLIMe TeX, KOTOpble MMeJW MeCTo B NpelblAyLIMX npHMepax, H
pasMepbl HaCTOsIIEH CTaTbH BBIHYXKJAIOT HAc OTOC]AaTh YHTaTelseH,
KeJalolUX NONYyYuTh GoJiee nOApoGHBE cBeleHHS 1O 3TOMY BONpOCY,
K clelHanbHOH Jutepartype !).

CraHpapTH3auusi MaTeMaTHYECKHX OpPYAHi

Mebl nymaeM, 4TO HaMH CKa3aHO JOCTAaTOYHO AJsS TOrO, YTOGHI
yhpTaTe b MOI co3naTh cebe QOCTAaTOYHO sicHOe NpencraBljieHHe 00
akcuomarnyeckoM wmetome. HaubGosee Gpocarouieficas B riaasa ero
YepTOi, KaK 3TO BHIHO H3 H3JIOXKEHHOTO BHIlle, ABJSETCS peasu3a-
ISl 3HAYUTEJbHOH 3KkOHOMuUU moicay. «CTPYKTYphl» SIBJASIIOTCS OpY-
OJuamu MaTeMaTHKa; KaxAbli pa3, KOrga OH 3aMeyaeT, 4TO MeXAy
#3yyaeMbIMH UM 3JIeMEHTaMH HMeIOT MeCTO OTHOLIeHHs, YAOBJETBO-
psiolilie akCHOMaM CTPYKTYphl ONpeleseHHOro THIA, OH cpady MoO-
JKeT BOCIIOJIb30BAThCs BCeM apceHasJoM OOLIMX TeopeM, OTHOCSIIHX-
csl K CTPYKTYpaM 3TOrO THHA, TOr4a KaK paHblle OH JOJKeH Gbla Gbl
MY4HTeJbHO TPYIHThCS, BBIKOBBIBAasl caM CpeACTBa, HeOOXOXHMMBIE
AJisi TOro, yToObl HITYPMOBAThL paccMaTpuBaeMylo npobJaemy, npHuem
UX MOLIHOCTb 3aBHCeJa Gbl OT ero JIMYHOrO TajlaHTa H OHH GbLIH
6bl OTATYEHBl YACTO H3JIHLIHE CTECHHTEJbHBIMH NPELNOJONKEHHAMH,
06yc/OBJEHHBIME  0COOeHHOCTAMH H3yyaeMod mnpoGmembl. Takum
06pa3oM, MOXKHO ObIJIO OBl CKa3aTb, YTO AKCHOMAaTHYECKHH METOJ
ABJSEeTCA HE 4eM HHBIM, Kak «cuctemoil TeHslopa» B MaTemaTuKe ?).

Ho 3to cpaBHeHue — HejgocTaToyHOe, MaremMaTuK He paGoTaer
nogo6HO MalllMHe; Mbl JOJXKHBl OCOGEHHO NMOAYEPKHYTh, YTO B pac-
CYXK/JEHHSIX MaTeMaTHKa OCHOBHYIO POJIb HIpaeT ocobasi ukTyuyua 3),
OTJIMYHAn OT OObIIEHHOH UYBCTBEHHON MHTYMIHH H 3aKJIOYaOIasics
CKOpee B HemOCpeJCTBEHHOM yraJblBaHuHu (NpenuIcCTBYIOUIEM BCs-
KOMY pacCyKJeHHI0) HOPMAJbHOrO NMOJNIOXKeHHs Belllell, KOTOpOe, KakK
K4yKeTcsl, OH BIpaBe OXKHUAAThb OT MaTeMaTH4YecKUX COHBEeKTOB, CTaB-
IIWX B pe3yJ/bTaTe ero YacTOro ONEPHPOBAHHS C HHMH CTOJb e JJs

- 1) CM., HanpuMep, Hawu Eléments kuura III, BBenmenne k raase 1, Actual.
Scient, et Industr., Ne 858. (Pycckuii nepemoa: Byp6aku H., Tomosoruyeckue
crpyrrypel, M., 1959.)

2) Cucrema Teiijopa — KanuTaJHCTHYeCcKasi CHCTEMa OpraHH3auuu TPyaa,
NpedJloKeHHAass aMepHKaHCKHM uHxeHepom @. V. Teliopom nas mnoJyuenus
MakcuMaJbHOH mpubblin. OXHUM H3 3JeMEHTOB 3TOH CHCTEMBl SBJSIeTCS H3yue-
HHE TPYIOBBIX IIPOLIECCOB NMYyTE€M UX PAa3JloXKeHH Ha COCTaBHBe 3JeMEHTBI. —
Mpun. ped. .

3) HMuryunuus, KoTopas, BOpOYeM, 4acTO OIHG6AeTCH (KaK M BCAKAsA MHTYHIUS).
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Hero NPUBBIYHBIMH, KaK M 00beKThl peatbHoro Mupa, Ho Beab Kax-
1as CTPYKTypa CcOXpaHsieT B CBOeM si3blKe HHTYMTHBHble OT3BYKH
TOi crelHdHYecKOH TeopHH, OTKyJda ee H3BJEK aKCHOMAaTHUeCKUH
aHa/u3, ONMCAaHHBIA HaMH Bbllle. M Korga HccienoBaTelb HEOXKH-
JaHHO OTKpbIBaeT 3Ty CTPYKTYPY B HM3YyUeHHBIX UM sIBJEHHSX, 3TO
IJIST Hero siBJsieTcst Kak Obl TOMUKOM, KOTODBIH cpa3y HarnpasJsieT HH-
TYUTHBHBIH TOTOK €ro Mbic/edl B HEOXHJAAHHOM HanpaBJIeHHH, H B
pe3ysipTaTe 3TOI0 MaTeMaTHYeCKMH JaHAWAT, N0 KOTOPOMY OH
JBYKETCsI, NoJlyuaeT HOBOe ocBelleHHe. UToObl OrpaHUYHUThCST CTa-
pbiM NPHMEPOM, BCIOMHHUM nporpecc, OCYyIIecTBJeHHHH B HayaJe
XIX B. 6sarogaps reoMeTpHYeCKOH HHTeprnpeTalud MHUMBLIX Be-
JIMYUH; ¢ Hauled TOUKH 3peHHs!, 3TO OblJ10 OOHApyKeHHe B MHOXKECTBe
KOMIIJIEKCHBIX YHCeJ XOpOLIO H3BEeCTHOH TONOJOrHUeCKOH CTPYKTY-
pPBl — CTPYKTYPB! €BKJHAOBOH IJOCKOCTH — CO BCEMH CJAeLYIONIUMH
OTCIOJa BO3MOXKHOCTSIMHU NPHJIOKEHHH, — OTKPbITHE, KOTOpPOe B pY-
kax [aycca, A6ens, Ko u PumaHna MeHee ueM 3a OJHO CTOJIETHE
06HOBHJIO BeCb aHAJ/H3,

Takue npuMepbl yMHOXM/HCh 3a nocienuue 50 JeT: npocTpaH-
cTBo ['Mab6epTa u Gosee o6uwHe (YHKUHOHAJbHBle MPOCTPAHCTBA,
BBOJISILIIHEe TOINOJIOTHYECKHe CTPYKTYPHl B MHOXKECTBA, 3/J1eMeHTaMH
KOTOPBIX SIBJASIIOTCS yXKe He TOUKH, a (PyHKIHH; p-aJUyeCKHe YHCIA
IeHsensi, MOCPeACTBOM KOTOPBIX — ellle Gosiee YOUBUTEIbHOE 06-
CTOSITEBCTBO! — TOIMOJIOTHSI BOLlApUJIACh B TOH 06/acTH, KOTOpas 10
3THX NOp CYHTaJach LAPCTBOM AHMCKDETHOro, PaspbliBHOro Mo Tpe-
MUMYILEeCTBY — B MHOXecTBe LieJbIX uuces; Mepa Xaapa, Ge3rpaHuu-
HO pacluMpuBluasi 06J1acTb NPUMEHeHHsl NOHATHS MHTerpasa M CIo-
co6CTBOBABIIAs BecbMa rJyGOKOMY aHaJH3y CBOHCTB HelpepbIBHBIX
rpynmn, — TaKOBBl pellalolide MOMeHThl B IpOrpecce MaTeMaTHKH,
T. e. NOBOPOTHl, KOr'Za CBeT TeHHsl OIpelesisj HOBOe HampaBJjeHHe
TeopuH, O6HapyXHBasi B Hell CTPYKTYypy, KOTOpasi, KaK KaszaJoch
a priori, He Urpasa TaM HMKaKOH pOJIH.

3To rOBOPHUT O TOM, UTO B HACTOsilllee BPeMsi MaTeMaTHKa MeHee
yeM Koraa-1u6o CBOAUTCS K YHCTO MeXaHHMUecKoi Urpe ¢ HU30JHpPO-
BaHHBIMH (OpMyJsaMH, GoJjee ueM Korna-nu6o MHTyHUHUs Ge3pa3neb-
HO TOCIOLCTBYET B reHe3Hce OTKPBITHH; HO Tellepb H B AaJjbHefleM
B ee pacrnopsiKeHUHM HaXOAsiTCS MOryLIeCTBeHHble pbIYard, Inpeno-
cTaBJieHHble efi TeopHell HauboJjee BaXKHBIX CTPYKTYp, H OHA OKHMBI-
BaeT eJUHBIM B3IJIsJ0M YHH(GHUMPOBAHHBlE AKCHOMATHKOH OrpoM-
Hele 06J1acTH, B KOTOPBIX HEKOrjJa, Kak Ka3aJjoch, L1apua caMHil Gec-
dbopMeHHBIH Xaoc.

0630p B ueaom

PyKkoBOACTBYsiCh KOHIENMIMe#l aKCHOMAaTHKH, MOMbITaeMcsi Mpe-
CTaBUTb Tenepb MaTeMaTHuecKuil MHp B uesoM. KoHeuHo, Mbl Gosee
He pacmo3HaeM 3/eCb TPaAHLHOHHBIA NOPSIAOK, KOTOPHIA, MOLOGHQ
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nepBbIM KJacCH(UKAUMAM BHJOB XKHMBOTHBIX, OFPaHHUHBAJCA TeM,
4TO pacCTaBJsAM PSJAOM APYr C JAPYroM TEOpHH, NpeACTaBJsIOILNe
HauboJiblilee BHeLIHee CXOACTBO. BmecTo TouHO pasrpaHUyeHHBIX
pasgenoB aareGpbl, aHa/inM3a, TEOPHH 4YHCeN W TFeOMETPHH MBI yBH-
I¥M, HanpuMep, TEOPHIO MPOCTHIX UYHCEJN NO COCEACTBY C Teopuelt
anre6panyecKUX KPUBBIX HJH €BKAHJOBY IeOMETPHIO PSJIOM C HHTe-
rpaJbHBIMH ypaBHEHWSIMH, U YNOPSAO0YMBAIOIWINM NPHHLUKIOM OyneT
KOHLIENIUS uepapxuy CTPYKTYp, UAYIIeHd OT MPOCTOro K CJAOXKHOMY,
0T 06111ero K 4aCTHOMY.

B ueHTpe HaXoAATCH OCHOBHBIE THNBI CTPYKTYD, H3 KOTOPHIX MBI
TOJILKO 4TO NEPeuucJuau rJaBHeliine, TaK CKa3aTb, nopoxodaroujue
crpyktypol (les structures-méres). B KaXaA0M M3 3THX THOOB roc-
MOACTBYET yXKe JOCTAaTOYHOe paszHoobpasue, TakK KakK TaM Hauo pas-
Juyath HauGoJsee o6LLYI0 CTPYKTYPY pacCMaTPUBAEMOro THNA C HaH-
MEHBUIMM YHCJAOM aKCHOM H CTPYKTYPBI, KOTODble MOJYYaroTcs M3
Hee B pe3ysabTaTe ee oborallleHHsi AONOJNHHUTEJNbHBIMH akCHOMaMH,
KaXJasi U3 KOTOPbIX BJleueT 3a co60i M HoBble CaeicTBust. MMeHHO
TaKAM 06pa3oM TeopUs rpynn, HOMHMO TeX OOIIMX NOJOXKEeHHH, KO-
TOpble CNpaBeNJIUBL [J1s1 BCeX TPYNN U 3aBUCAT TOJbKO OT aKCHOM,
nepeurcaeHHbIX BbILIE, COAEPXKHUT, B UYACTHOCTH, TEOPHIO KOHEUHEIX
rpynn (B KoTopo# 106aBJASIOT aKCHMOMY, IV1aCSILIYIO, YTO YUCIO 3Je-
MeHTOB TDYNNbBl KOHEUHo), TeopHio abeseBBIX TPYNN (B KOTOPHIX
HMeeM Xty = ytx, KakoBbl Obl HU OBLIH X, Y), a TaKkKe TEOPHIO KO-
Heunoblx abenegolx epynn (B KOTOPOH NpeAnosaraloTcsi BhIOJHEHHEI-
MH 0Ge BbILIeyKa3aHHble aKCHOMEI). TOUHO Tak Xe cpeld ynopado-
4eHHbIX MHOJKECTB Das/nyaioT Te, B KOTOPbIX (KakK NOpU ynopsijo-
YEeHHOCTH B MHOXECTBE LEJNbIX WJIH B MHOXeCTBe NeHCTBHTENLHBIX
yyucen) JoGble ABa 3JeMeHTa CPaBHAMBl M KOTOpble HA3HIBAIOTCS
aunetino ynopadouyennoimu (totalement ordonnée); cpeaum atux no-
cleqHHX 0C060 H3YuyalOT MHOXECTBa, Ha3blBaeMble 810AHe Ynopado-
4eHHoIMU (B KOTOPBIX, TAK XKe KaK B MHOXKeCTBE HaTypaJsibHBIX YHcel,
KaxXaoe MOAMHOMXKECTBO MMeeT «HaHWMeHhIUUH aneMeHTs). [logoGuas
Ke rpajalds CyLUecTByeT H AJs1 TONOJOrHUecKUX CTPYKTYP.

3a npeenaMu 3TOro nNepBOHAya/JbHOIO fApa NOSABJSIOTCS CTPYK-
Typbl, KOTOpble MOXKHO Obl10 Obl Ha3BaTh CcAOXCHbimu (multiples) u
B KOTOpBIE BXOJSAT OLHOBPEMEHHO OfHAa WM HEeCKOJbKO NOpOKIalo-
IIMX CTPYKTYP, HO He NPOCTO COBMeIeHHble APYr C ApyroM (4To He
najo Gbl HHYEro HOBOrO), a OPraHUYeCKH CKOMOUHUPOBAHHbLE NPU
MOMOLIH OJHOM MJH HeCKOJbKHX CBS3bIBAIOLIMX UX akcHoM. MmeHHO
TakKo# XapaKTep HOCHT TOnoOs02u4ecKas areebpa, usyvamolas CTpyK-
Typhl, onpejensieMble OJHUM HJH HECKOJbKHMH 3aKOHAMH KOMIIO3H-
OU# W OAHOH TOoMoJIorMed, KOTODble CBSI3aHbl TeM YCJOBHEM, YTO
anare6panyeckne ONepalnud SBJASIOTCH HeNPEPHIBHEIMH (YHKIUAMU
(nnst paccmMaTpHBaeMoil TONOJNOrHH) 3JeMEeHTOB, HaJ KOTOPHIMH OHU
npousBoisitcsi. He MeHee BaxHOH siBAseTCs aneebpaudeckas TONO-
Aoeus, KOTOpast paccMaTpuBaeT HEKOTOPble MHOMXKeCTBA TOUeK
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IPOCTPAHCTBA, ONpeleseHHble TONOJOTHUECKHMMHN CBOHCTBAMH (CHUM:-
NJeKChl, IMKJAB M T.[.), KAK 3J1eMeHThl, HaZl KOTOPbIMH IPOU3BOAATCH
anreépamecxne onepaunu. CoefMHeHue CTPYKTYPHl NOPSAAKA M aJre:
6panueckoit CprKTypbi TOYHO TaK ¥Xe H30GHJyeT pe3y/bTaTaMy,
NpUBOAS, C OQHOH CTODOHBI, K TEOPHH AENHMOCTH RIELAJIOB,.a C APY-
roff CTOPOHBI — K TEOPHH HHTErPHPOBAHHUS U K «CNEKTPasbHOH Teo-
pHH» OnMepaTopoB, rie TOYHO TaK XKe TOMOJOTHS HLPaeT CBOI POJb.

Hakouen, nanee HauMHAIOTCH COOCTBEHHO 4aCTHBIE TEOPHH, B KO-
TOPBIX 3J€MEeHTbl pAacCMaTpPHBAaeMbIX MHOXKECTB, KOTOpbie N0 Cero
MOMeHTa B OOILIHX CTPYKTypax OblIM cOBeplIeHHO HeONpeaeeHHBIMH,
nosnyyamoT Gosee onpeleseHHYI0O WHAHBHAYAILHOCTh. FIMEHHO TaknM
06pa3oM HOJy4YaloT TeOPHH KJIACCHYECKOH MaTeMaTHKH. auaju3
bYHKUMH [OeHACTBHUTEJBHOH M KOMIVIEKCHO# nepeMeHHOH, Andde-
peHIUanbHYI0 TeOMeTpHIo, alre6paHyeckyld TreoMeTPHIO, TeOpuw
upces. Ho oHu TepsitoT cBOIO GBIIYI0O aBTOHOMHOCTb M SIBJASIIOTCS Te-
nepb MepeKpecTKaMH, HAa KOTODBIX CTAJKHBAIOTCS M B3aumored-
CTBYIOT MHOTOYHCJIEHHbIe MaTeMaTHYeCKHe CTPYKTYPbl, HMefoliue fo-
Jnee oOIIKE Xapakrep.

UTo6bl COXpaHHTb NPABUJAbHYIO NMepPCIeKTHBY, HEOOXOIUMO (1ic.Ie
sToro Gersoro o63opa cedyac Ke AOGABHThb, YTO OH JHOJKEH , dc-
CcMaTpUBaTbcsl KakK BecbMa rpy6oe nmpubiukeHne K HCTHHHOMY M0-
noxeHuIo 1ej B MateMaTtuke. OH sIBAsIeTCS OLHOBPEMEHHO CXeMaru-
YecKUM, U0eaAU3UPOBAHHbIM U 3ACTHLBULUM.

CxeMaTHUYeCKUM—TaK Kak B feTalsX He Bce HIeT Tak
rJafKo U IJIAHOMEpPHO, KaK 3TO MOXKeT NPeACTaBHThCs MocJie TOro,
YTO MBI pacckaszaiu. Mexay NpOYUM, UMEIOTCS HEOXKUa+Hble BO3-
BpallleHusl HaszajJ, Korja Teopus, Hocdmas spKo BblpaXeHHBIH yacr-
HbIfi XapakKrep, Kak, HanpuMep, TeOpHsl NeHCTBUTEJNbHBIX YHCeJ, UKar
3bIBaeT NOMOIIb, 06e3 KOTOpOil Hesb3ss OGOHTHCH NPH MOCTPOEHHH
Kakoi-nu60 obllell TeOpUH, Kak, HapuMep, TOMNOJOIMH HJIH TeOpHH
HHTEerpupoBaHus.

UneanunsupoBaHHBHM—NOOTOMY UYTO AAaJeKO He BO BCEX
pasjenax MaTeMaTHKH HEKOTOpas onpejeseHHasl 4yacTb KaXIoH H3
OCHOBHBIX CTPYKTYp pacno3HaHa ¥ BMellleHa B YeTKO OyepyeHHHe
rpaHulibl, B HekoTOpeIXx Teopusix (Hanpumep, B TeOpHH uyucesa) cy-
IeCTBYIOT MHOTOYHCJEHHBle H30/HPOBAHHBIe Pe3y/bTaThl, KOTOPHIE
J0 Cero BpeMeHH He YMeIOT HH KJacCH(PHUHUPOBATh, HU CBS34Th YIO-
BJETBOPHTEJBHBIM 06pa30M C U3BECTHBIMH CTPYKTypaMHK

HaxkoHell — 3 acTh B LI UM, TAK KaK HeT HHYero 6ojiee yyxa0ro
aKCHOMaTHYECKOMY MeTOAY, YeM CTaTHuecKas KOHLENUHS HayKd H
Mbl He XOTe/JM OCTaBHTb Yy uuTare/]s BHeuyatJeHHe, GyaTe Obl Ml
NpeTeHAO0BaNH AaTb OYEPK ee OKOHYaTesJbHOro coctosiHus. CTpyk-
TYpbl He OCTAlOTCS HEH3MEHHBIMH HH IO MX YMCJY, HH 110 HX CYLIHO-
CTH;, BIIOJIHE BO3MOXHO, YTO JajibHellllee pa3BUTHE MAaTeMaTHKH MpH-
BeieT K YBeJHUEHHIO uucaa (yHAaMeHTaJbHBIX CTPYKTYP; OTKDHIB
NJ0AOTBOPHOCTL BBEJEHHsI HOBBIX aKCHOM HJIH HOBHIX COYeTAHHUH ak-
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CHOM, MOXKHO 3apaHee OUEHHTb 3HaueHUe 3THX OTKDBITHH, eC/H CYy-
JAHTb O HHX MO TeM, KOTOpble Aa/M yXKe H3BeCTHBIC CTPYKTYPHL
C ppyro#i CTOpOHBI, NOCJAeNHHe HH B KOeM cjydae He SIBJASIOTCH
yeM-TO 3aKOHUYEHHBIM, H OblIO Obl BeCbMa YAMBHTENILHO, €C/lH OBl HX
JKH3HeHHasi cuaa Oblya yxe ucyeprasa.

BBensi 3TH HeusHexxHble NMOMPaBKH, MOMXKHO Jyullle MOHSITh BHY-
TPEHHIOIO XKH3Hb MaTeMAaTHKH, MOHATh TO, UTO CO3JAaeT ee eAHHCTBO U
BHOCHT B Hee pa3HooOpasue, MOHATb 3TOT GOJBIIOH rOPOA, YbH Npes-
MeCTbsl Hé MepecTaloT Pas3pacTaThCsl HeCKOJbKO XaOTHUeCcKuM o6pa-
30M Ha OKpYXalolleM ero MNpOCTPAaHCTBe, B TO BpeMsl KakK LeHTp
NepHOANYeCcKH mepecTpauBaercs, cjaelys KaKAbl pa3 sce Gojee H
GoJjiee ACHOMY IJIaHY M CTpPeMsiChb K Bce GoJiee W Gosiee BeJHYECTBEH-
HOMY pacroJ/IoXeHHIO, B TO BPeMsl KaK cTapble KBapTaJsl ¢ HX JaGH-
PHHTOM NEPEeYJKOB CHOCATCS AJisl TOro, YTOOBI NMPOJNOKHUTbL K OKpauHe
yJaulel Bce Goslee mpsiMble, Bce GoJiee LIMPOKHe, Bce GoJee YAOGHHIE.

Boaspamenue K mpowjomMy M 3aKjoyeHue

KoHuenuus, KOTOPYI0 Mbl TOJBKO YTO MBITAJHCh H3JI0XKHTb, BO3-
HHKJa He cpasy, a JHIIb B pe3ysibTaTe Oojiee 4eM NOJYBEKOBOH
3BOJIIOIMH M Oblja BCTpeyeHa He 6e3 CONpOTHBJEHHS KAaK CO CTO-
poHbl $usocodoB, TaK U CO CTOPOHBI MaTeMaTHKOB, MHorue U3 3THX
nocJeJHAX LOJrO He MOIJIH COrJacHThesi paccMaTpHBATBL aKcHOMa-
THKY Kak uyTo-1u60 GoJibliee, yeM HeHYXKHble TOHKOCTH JIOTHKOB, He-
cnoco6HBIe OIIOZOTBOPUTL KaKyIo-AH60 Teopuio. dta KpHTHKa 00b-
AcHsieTcsl, 6e3 COMHeHHsl, HCTOPHYECKOH c/y4aHHOCTBIO: aKCHOMAaTH-
3allMH, KOTOPble MOSIBUINCH NEPBLIMH M KOTOpble HMeJH HauGo/bIIN i
OTKMUK (akcuoMartusauuu apubmeruku Henekunna u IleaHo, eBkiu-
noBo# reomerpuu I'napbepra), Kacanuch YHUBAJIEHTHLIX TEOPHH, T. €.
TaKHX, KOTOpble MOJHOCTBIO OMpefessiluCh COBOKYMHOCTBIO CBOUX
aKCHOM, NpHUYeM CHCTeMa 3THX aKCHOM He MOIJIa ObITb NnpHMeHeHa
K Kako#-1u60 Apyrodl Teopuu, Kpome TOH, U3 KOTOPOH oHa Oblia H3-
BjeueHa (B MPOTHBONOJOXHOCTb TOMY, YTO MBI BHJeNH, Hampumep,
B Teopuu rpynn). Ecau Gbl 3TO uMes0 MecTo /s BCeX CTPYKTYp, TO
ynpek B OecCIIOAHOCTH, BBIABHHYTHI MO ajgpecy akKCHOMATHYECKOTO
MeTona, OblL1 OBl MOJHOCTBIO ompaBiaH!). Ho 3ToT MeTon nokasan
CBOI0 MOILIb CBOMM pa3BHTHEM, W OTBpalleHWe K HeMy, KOTOpoe

1) Mbl GblIH CBHIETENSIMA TakXke, ocOGeHHO B TO BpeMS, Korja akcHoMaTi-
geckufi MeTO[ TOJBKO YTO Hauaj pa3BUBAThCS, pAaclBeTa YPOMJIHBBIX CTPYKTYP,
fIO/IHOCTBIO JIHILEHHEIX NPHJIOXKEHHH, eIHHCTBEHHOe IOCTOMHCTBO KOTOPHIX 3aKJIO-
Yajochb B TOM, 4TO, H3ydasi HX, MOXKHO GBJIO AaTb TOYHYIO OIEHKY 3HAYHMOCTH
KaXJO# aKCHOMBI, BHISICHSI,, YTO NPOHCXOMHMT, KOILa 3Ty aKCHOMY yIajsioT HJH
aufousaMensior. OUeBHIHO, B TOT MEPHOA MOXKHO GbLI0 MOAAATbCA WCKYLIEHHIO H
clenaTh BBIBOJ, YTO 3TO — €JHHCTBEHHBIE pe3yJbTaTbl, KOTOpPblE CJAeAyeT OXHAATh
OT 3TOT0 MeToia.
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elle BCTPeyaeTcsl TaM U CAM, MOXKHO OOBSCHHTb JHUIbL TeM, YTO
pa3yM MO eCcTeCTBEHHOI NPHYUHe 3aTPyHHSETCS AOMYCTUTb MEICb,
YTO B KOHKDETHOH 3ajaye MOXKeT OKasaTbCs MJIOAOTBOPHOU dopMma
HHTYHIUH, OTJHUHas OT TOH, XOTOpas HemocpeNCTBEHHO MOJACKa-
3bIBaeTCsl JAHHBIMH (H KOTOpas BO3HHMKaeT B CBs3U c abcTpakuuedt
GoJiee BBICOKOTO NopsAaKa 1 GoJiee TPYAHOH).

Yrto KacaeTcst BO3paxKeHUH CO CTOPOHBI PUAOCOPOB, TO OHH OTHO-
csitesl K 00J1acTH, Iie Mbl He pellaeMCsi BCepbe3 BHICTyNaTh H3-3a
OTCYTCTBUSI KOMIIET@HTHOCTH; OCHOBHasi npobJjeMa COCTOMT BO B3aH-
MOOTHOIIEHHH MHpa 3KCMepHMEeHTaJbHOr0O MU MHpa MaTeMaTHYeCKO-
ro!). To, uTO MeX1y 3KCIepUMEHTaJbHbIMU SIBJEHUSIMH U MaTeMaTH-
YeCKUMU CTPYKTYPaMH CYIIeCTBYeT TecHasi CBs3b, — 3TO, KaK Ka-
xKeTest, OO COBepLIEHHO HeOXHAAHHBIM 00pa3oM MOATBepkKAeHO
HeJaBHUMH OTKDPBITUSIMH COBpeMeHHOH (U3HUKH, HO HaM COBepLIEHHO
Heu3BeCTHbl IMyGOKHe MPUYMHBI 3TOro (ecad TOJBKO 3THM CJIOBAM
MOKHO NMpHUNHCATh KAaKOH-MUGO CMBICA) U, OBITh MOXKET, MBI MX HH-
Korpa W He y3HaeM. Bo BcgKOM cayuae cienlaHHOe 3aMeuaHHe MOTLJIO
6bl NO6yAuTh puaocodoB B GyaymeM ObITh Gosee GaropasyMHBIMHU
MpU pellleHHH 3Toro Bompoca. Ilepex Tem Kak HauajJoch pPeBOJIO-
[MOHHOEe pa3BUTHEe COBPEeMeHHOH (PU3UKM, ObLJIO MOTPaueHO HeMaJo
Tpyaa U3-32 JKeJaHHUs BO 4TO OBl TO HH CTaJs0 3aCTaBUTh MaTeMaTHKY
pPOXKAATbCS M3 3KCNEePUMEHTAJNbHBIX HCTHH; HO, C OAHOH CTOpOHBHI,
KBaHTOBas (U3MKa MOKaszana, YTO 3Ta «MAaKpPOCKOMHUecKas» HHTYHU-
s [efiCTBUTENIbHOCTH CKpbIBaeT «MHKDOCKONHMYEeCKHe» SIBJeHHH
coBCeM HApPYrod MPHUPOABI, MpuueM AJS UX H3yudeHHsi TpeOYIOTCH Ta-
KHe pasjesibl MaTeMaTHKH, KOTOphle, HaBepHoe, He OblIM H306peTeHb
C UeJbi0 NPUJIOKEHHH K 3KCIepHMeHTalbHBIM HayKaM, a ¢ Apyrof
CTOpOHBI, AKCHOMAaTHYECKHII MeTOA MoKa3aJ, YyTO «UCTHHBI», H3 KO-
TOPBIX XOTeJH CclesaaTb CpPeJOoTOuYHe MaTeMaTHKH, SIBJASIOTCS JIHIIb
BECbMa YACTHBIM acMeKTOM OGLIMX KOHLEMUHH, KOTOpble OTHIOAb HE
OTPaHUUYMBAIOT CBOe NPUMeHeHHe 3THM UaCTHBIM cayuyaeM. B KoHlue
KOHI[OB, 5TO HHTHMHOE B3aMMONpPOHHKHOBEHHE, FapMOHHYECKOH He-
06X0OMMOCTBI0 KOTOPOrO MBI TOJBKO UYTO BOCXHINAJMCh, MpPENCTaB-
Jasiercsi He 6oJjiee ueM cJayyadHbBIM KOHTAKTOM HayK, CBSI3H MEXAY KO-
TOPLIMH SIBASIIOTCS ropa3no 6osiee CKPBITHIMH, YeM 3TO Ka3aJoch
a priori.

B cBoeli akcumomaTtuueckoil cdopMe mareMaTHKa mpeacraBiasercs
cKonsieHHeM aOCTpaKTHBIX (OpPM — MaTeMaTHUECKHX CTPYKTYp, H
OKa3biBaeTcst (XOTsi MO CYIIECTBY M HEH3BECTHO, MOUeMy), YTO HEeKO-

1) Mpl He KacaeMmcsi 3Jechb BO3DaxKeHHH, BLI3BAHHBIX MPUMEHEHHEM [paBU.I
(OpMaIbHOH JIOTHKH K PacCyXXIeHHSIM B aKCHOMATHYECKHX TeODHSX; OHH CBf3aHH
C /IOTHYECKHMM TPYAHOCTSIMH, Ha KOTOPble HAaTa/KHBAeTCH TeOPHs MHOXKecTB. 3a-
MeTHM TOJIbKO, YTO 3TH TPYAHOCTH MOTYT OBITh NMPeojoJieHbl TaKHM 0Gpa3oM, 4To
HE OCTAaHeTCs HHKAaKoi HeyBEepPeHHOCTH HJIH COMHEHHS OTHOCHTEJBHO IPaBH.Ib-
HoctH paccyxaeHuil. Ilo moBomy sToro MoxHo oOpaTHThesi K crathsiv Kaprawa
u JOpénoHHe, KOTOpble GBIIM LHUTHPOBAHH BhILLE.
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TOpble aCIeKThl IKCMepUMEHTaNbHON JefCTBUTENbHOCTH KakK OyXTO
B pe3yJbTaTe NpeloflpefeseHHs YK/JAaJBIBAIOTCS B HEKOTOpHle U3
3Tux ¢opm. KoHeuno, Henb3s OTpHLATb, 4TO OOJBLIMHCTBO 3THX
thopM HMejl0 npU CBOeM BO3HMKHOBEHHMH BINOJIHE Ompeje/ieHHOe HH-
TYUTHBHOE COJepiaHHe; HO KaK pa3 CO3HATEJNBbHO JIHIIAs HX 3TOTO
cojepXaHHsl, UM CyMeNnH NPUAaTh BCIO UX AeHCTBEHHOCTb, KOTOPAast U
cocTaBJsieT UX CHJY, H clesandu JJss HUX BO3MOXKHBIM [1pHOGpecTH
HOBBIe MHTepIIpeTaluyd U MOJHOCTHIO BBIIOJJHUTbL CBOIO pPO/Ib B 0o6pa-
60TKe NaHHBIX.

To/bKO HMest B BHJY 3TOT CMBICA cj0Ba «OpMa», MOKHO TOBO-
DUTb O TOM, UTO AaKCHOMAaTHUYECKHH MeTO] siBJsieTCs «POpManu3aMom».
EnuHcTBO, KOTOpPOE OH MAOCTaBJsieT MaTeMaTHKe, 3TO — He KapkKac
(popMaJsIbHOH JIOTHKH, He eJHHCTBO, KOTOpPOe JaeT CKeJ/eT, JUUIEeHHbIH
KH3HH. DTO — NUTaTeJbHBIH COK OpraHu3Ma B [OJHOM DasBUTHUH,
NOfAaT/IUBBI U IJIOJOTBOPHBIH HHCTPYMEHT HCCJelOBaHMsl, KOTOPHIH
CO3HATe/NbHO HCNOJbL3YIOT B cBOell pabore, HauuHas ¢ ['aycca, sce
BeJHKHe MBICJAUTE/IH-MaTeMaTHKH, Bce Te, KTO, cJelys ¢GopmyJe
Jlexxena-Ilupuxse, Bcerja CTPeMUIUCh «uOeu 3aMeHUThb BblulUCAC-
HUAMU>,



OBbSICHEHHE OBO3HAYEHUWM

N — MHOXeCTBO HaTypaJjbHbIX YHCEJ
Q — nose palMOHAaNBHBIX YHCEJ]
R — nosie mefcTBHTeNbHBIX yHCeJ, COBIajaiollee C YUCJIOBOH MPAMoit
R™ — n-MepHoe uMClOBOE TPOCTPAHCTEO, SABJSIIOLIEECS TOMOJIOTHUECKHM POH3-
BeJleHHeM 7 MPOCTPAHCTB, KaXkJAoe U3 KOTOPHIX eCThb YHCJIOBAasi mpsiMasi.
R* — My/nbTHNIMKATHBHAS TPYMNNa HEHyJeBHX sJeMeHTOB U3 R
K— reno
K* — MyJbTHINMKAaTHBHAS TpYyNIa HEHYJNEeBBIX 3JeMeHTOB H3 K
Z — KOJbLIO LleNBIX yHced
(7 — NyCTO€ MHOXeCTBO
R"jr — MYJbTHIJIMKATHBHAS TPYNNa MOJOXHUTENbHbIX HeHCTBHTEJbHBIX UYHCes



NEPEBOJA HEKOTOPbIX TEPMHHOB,
YINOTPEBJISEMbIX H. BYPBAKH?)

BuekTuBHOE oTOGpaxkeHue — application bijective
HubekTHBHOEe oTOGpaxeHue — application injective

Mepa c Gasoit b — mesure de base u

Mepnl B3auMHO CHHryJsipHble — mesures étrangéres
MHoKecTBO BHOJHe ynopsifoueHHoe — ensemble bien ordonné
MHoOXecTBO coBeplieHHO ymopsiioueHHoe — ensemble totalement ordonné
MuoxecTBO Tollee — ensemble maigre

[MosnyropanuHneiinas ¢popma — forme sesquilinéaire

Pemerka — ensemble réticulé

Pemeruaras rpynna — groupe réticulé

Cna6as tomosorusi — topologie faible

Coueranue 3HakoB — assemblage

CxonuMocTh B OCHOBHOM — limite vague

CiopbekTHBHOe oToGpaxkeHne — application surjective

1) OGbsicHeHHe NpPHBEJEHHHX TEPMHHOB CM. B COOTBETCTBYIOMIMX KHHUrax
H. BypGaku. — [Tpun. nepes.
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