AJIEMEHTbl MATEMATHKH

H. BYPBAKH

'PYIIIbI
N AJIT'EbPDI JIN

NOJAJIEBPHl KAPTAHA, PErYJIIPHBIE 3JIEMEHTHI,
PACILENJSAEMBIE NMOJYNPOCTBIE AJITEBPHI JIH

MEPEBOJI C ®PAHLIY3CKOrO
A. H. PYITAKOBA

1oJ, PEAAKLIUEN
A. 1. KOCTPHKHHA

H3JATEJILCTBO «<MHP>»
MOCKBA 1978



VIK 512; 519.46

Kinra BXOAMT BO BCEMHPHO H3BECTIYIO SHINKAO-
nepuio cospeMenuofi mateMatHk# «OcHOBB MaTema-
THKH», CO3AAHHYI0 TPYHONOR (paly3cKHX YueHhbX,
BblcTynawwmux noa ncepjponnmom H. BypBaku. Psaa
TOMOB 3TOff SULMKJIONEANH YiKe BbIlLed B PYCCKOM
nepeBoje # IOJYYMA BLICOKYIO OINENKY uMTaTe.lcil.

IMepescn nepsuix raas «[pynn u aare6p Jlus
6ul BhIVIed B H3laTcabcTBe <«Mup» B 1972 o
1875 rr., a cefiuac npeaaaralorcs oucpedHble Ape raa-
Bbl. KHura nocpfilena H3YUeHHIO MOJYNPOCTHIX af-
re6p Jln. Oua cogepxXnT oOuIHPHBI MaTepHas Mo
Teopuu noaanre6p Kaprana, aBrovMopdusman aareGp
JIu, Teopun npeicTasentil noaynpoctux anre6p Jiu

Kuira npeasassauena Ans WIHPOKOrO Kpyra mMa-
TEMAaTHKOB Da3/HulbIX CNenudasbiocTell B pasioro
ypOBHSA MOArOTOBKH — OT CTYAENTOB 40 HAYUHBIX pa-
GOTHIIKOB,

Pe@akyta AuTEPATYPOL NO MATCMATUMECKIM HAYKQM

20203 — 001 © 1975 Hermanm, 293 rue Lecourbe 75015 P
b 041 (01) —78 78 © [llepesoa na pycckufi a3uik, «Mups, 1978



FTAJABA VII

NMOJAJITEBPBl KAPTAHA,
PErYJIAPHBIE 3JIEMEHTHI

Ha npoTsoKeHuu aTol 2Aasbl CUMB0AOM R 000SHAYALTCA HEKO-
ropoe nose. Boeipancenue ,8eKTOpHOE NpOCTPAHCT8O®  O3Hauaer

,BEKTOPHOE NPOCTPAHCTBO HAD noaem RY; anaroeuunvim 06pasom
o6crour 0640 ¢ BbLPANCHUAMU ,a12e0pa ./Iu ur.n. Bee areebpo Ju
np ednoaa2aroTCs KOHEYHOMEDHOLMU.

§ 1. Mpumapuoe pasjexkeHue JUHEHHBIX MpeACTABICHMH

1. Dpunapnoe pasroicerue dasn cemeicrea snGoMopPHu3nos

Ilycts V — BeKTOpHOE TPOCTPAHCTBO, S -—— HEKOTOpDOE MHO-
XKEeCTBO H r — oTobGpaxenne MHoxecTBa S B MHoxecTBo End (V).
Ofo3naunm uyepe3 P MHOXKecCTBO BceX OrofpaxeHufl MHoxkectBa S
B k. Jns xaxporo anemenra A & P 6ynem oGo3Havyats uepes V, (S)

(coots. uepes V’“(S)) MHOMKECTBO TakKHX 3JeMeHTOB v & V, uto
paBeHcTBO r(s)v =~ (s)v BumoJHAeTCS AJA BCeX s& S (cooTs.
pasencTno (r (s) — A (s))* v =0 punoJHsAeTCS A ZOCTATOUHO GOJb-

A
mux 7 u Bcex s € S). Muoxecrsa V, (S) u V" (S) saBasiores non-
IIpOCTpaHCTBaMH BeKTOpHOTO mpocrpancrsa V, npuueMm V,(S)<
Vv (S). TlommpoctpauctBo V, (S) Haswipaerca cobcraexHbim nod-
RPOCTPAHCTBOM TPOCTpAaHCTBA V, OTBevaoMuM orobpakeHuio A

(nr),a V’“( S) — npumapnoim nodnpocrpancreom npocrpancrsa V,
orBeyaoum otofpaxenno A (i r). ITegmpocrpanctso VO(S) na-
BBIBAGTCS HUAGNPOCTPAHCTEOM TpocTpaHcTtBa V (OTHOCHTENHHO Aeli-
ctBus r). Ilpu aTOM rOBOPST, UTO OTOGpAKEHHE A FABJIAETC S BECOM
LeficTBus MHOXKeCTBA S ma mpocrpanctee V, eciad 4 (Sy # 0.

B Tom wacTHOM cayuae, Korjga S COCTOMT H3 OJHOTO 3JEMEHTA §,
MHOXeCTBO P OTOXKAECTBJIAIOT € mojeM K H BMeCTO 0003HaueHHkH
Va({s}) u V"({s}) HCIIOAb3YIOT O00o3nadenus Va ) (s) u VA (s) wam
/v (r(s)) u V¥ (r(s)); npu 3TOM roBOpsAT 0 COGCTBEHHBIX MOJ-
IPOCTpaHCTBAX, IPUMAPHBIX TTOANPOCTPAHCTBAX H HHJBIIPOCTP AHETBE
npoMophuama r(s). daeMeHt v NognpocTpaHcTBa Va (g (S) Hasw-
BAIOT cofcTBEHHLIM 8eKTOpos shaoMophusMa r(s), a ecau v =0,
T 4 (s) Ha3BIBAIOT €10 cO6cTBeH HbLM SHaueHuem (cp. Aae., T VII, § 5).
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W3 nanublx onpeneneHuii HemocpeacTBEHHO cJaepyeT, YTO JJs
Jo6oro sjgeMeHTa A& P BhNOJNHEHH COOTHOIIEHHS

V)= [] V@), M
Vi) =[] Vie . @)

Mycrs k&’ — pacmupenne nois k. KanoHunueckoe oroGpakenne
mHoxectBa End (V) B Muoxecrso End(V ®, k") maer B Komiosu-
nun ¢ oro6paxennem r nekoropoe oro6paxenne r’: S»End (V ®, k).
AunanornunelM o6pasoM, o do6oMy oToOpaxeHHI0O A MHoxkecTBa S
B Nojie R KaHOHHYECKH omnpejensercss OTOGpaxkeHHe, KOTOPOE MH
cuoBa o6osnaunM uepe3 A, MHOXKecrBa S B nosae k', Hcnoassys
a1 o6o3HaueHus, CQOPMYyNHpYeM cilelylolliee NMpenJoKeHHe:

IMeegaoxkeue 1. das awboeo sarementa M P umewor mecro
paseHcTsa

(VR k) (S)=V"(S) ®:k

(V @k ) (S) =V, (S) ®, K.

[Tycts (a;) — Gasuc BekTopHOro k-mpocrpancrsa k’. JlioGoi
aneMeHT v & V ®, k" MoxeT ObiTb eIuHCTBeHHBIM 00pasoM mpej-

CTaBjieH B BHUJIeE Zv,@ a;, rhe (v;) — ceMeHCTBO ¢ KOHEUHHM HO-
cuteseM BexkTopoB mpoctpauctsa V. Tax kKak ana aoGoro ane-
MeHTa S & S BHINOJMHSIOTCA PaBEHCTBA

" ©=2E)" @=L~ r6) v;®a,
TO
ve(V ®, k’)A (Sy=v = y? (S) npu Bcex i,
ve VO, k) (S)<=v,=V,(S) npu Bcex i,

UTO M JOKaspiBaeT MpeAJsOKEeHHeE.

Mrepnoxenne 2, Hycre V, V', W — sexropusie npocrparcrea,
ar: S—End(V), r’: S—>End(V"), ¢: S— End (W) — orobpascenus.
(i) Ecan f: V —W — auneiinoe orobpascenue, dis KOTOPO2O
gs)f(W)y=7F(r(s)v) npu aoboix s=S, veV, T0 0HO nepesodur
nodnpocrpancrgo V*(S) (cootr. V,(S)) 6 W*(S) (coors. B W, (S))
npu aobom A<= P,
(ii) Ecau B: V X V' —> W — buauneiinoe orobpasicenue, 0is Ko-
T0p0O20

q(s)B(v, vy =B(r(s)v, v)+ B(v, r' (s5) )



1 § 1. [IPHMAPHOE PA3JIOKEHUE JIMHEPHBIX MPEACTABJEHUM 7

apu s=S, veV, v " V', 10 ono nepegodur V*(S)X V™ (S)
(coots. VA(S)XV‘L(S)) 8 W (S) (cootB. B Wayn(S)) dun

aoboix A, BE
(iii) Eeau B: V X V' —>W — 6uaunetinoe orobpascerue, 015 Ko-

TOPO20
q(s)B(v, v)=B(r(s)v, r'(s)v’)

npuse S, veV, v’ V', 10 ono nepesodur V*(8) X V™ (S) (coors.
V, (S) X V; (S)) 6 WH(S) (coots. B W, (S)) das aw0beix A, p& P,

YrBepxaeine (i) HETOCPEJICTBEHHO BLITEKACT M3 COOTHOMICHHS
(G —AEN'f@=F(r()=rA(E)') maseSunveV. B npe,a-
nofoxKenuax M, (il) U3 cooTHOmEHus
(@(s) = A(s) = n(s)) B(v, v)=

=B((r (s) — A (s)) v, o)+ B(o, (r" (s) — n(s) v’
aa se S, veV, o &V’ unnyknuei no # noayyaem
(gs) =21 () —n ()" B(v, v)=
= 3 (3)BE =160, @ —uEN o),
i+j=n

YTO HENMOCPEJCTBEHHO JaeT Halle yTBepxKiaeHuwe. B cayuae (iii)
HMeeM

@) =1 (s)n(s)B(o, v)y=
=B((r(s) —A(s)) v, r'(s) ) F+BQA(s) v, (r' (s) —u(s) v’

g sesS, veV, v eV, otkyna uHAyKLHeH mo n noJydyaeMm
COOTHOLIEeHHEe

G () = A(s)w(s)*B(o, v) =
= Y (1)BEO 6 =6 o 6 (7 () —uls) v),
i+j=n

us KOTOpOT'O CJIeAyeT HYXKHOE€ YTBEPXKIACHHUE.

Meegnoxenue 3. Cymmol AZP V*(S) u AZ V) (S) npansie.
= =P

Bropoe yTBepxeHHe cJAelyeT H3 NepPBOro, KOTOPOE MbL M 6y1eM
AoKaspiBaTh. PaccMOTpUM HECKOJIBKO cJlydaes.

a) Muowecrso S nycro. ¥YTBepxaeHHe TPHUBHAJBLHO,

6) Mnoscecreo S cocrour u3z o00nozo saementa S. Ilycthb

A
My Ay, o, A, — pasjavuHbie 3JgeMeHTHl noss kR u v, & V7i(s),
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i=0, 1, ..., 7, —HeKOTOpble BeKTOpbl. IIpejANoOKHM, UTO
vo=uv;+ ... +v,. Ham HyxKHO nokasate, uro uvy=0. [lasa
Kaxjgoro i==0, ..., n cyllecTByeT TaKoe [eJjoe uucjao ¢; > 0, uto

(r (s) — ki)qi v; =0. Paccmorpum MHOrousenn P (X) = [[ (X — M)qi
izl
B QU)=X—4)" Torma Q(r(sNvy=0 u P(r(s) o=

n
= Zl P(r(s)) v;=0. Tak kaKk MHorouseHsr P u Q B3aHMHO NpPOCTHI,
=

To ToXAecTBo Desy mokasmBaer, 4To vy=0.

B) S — HenycToe KOHeuHoe MHoHecT8o. ByleM JoKa3biBaTh HaLIe
yTBepK/leHHe HHAYKUMEH 10 YHCJY 3JeMeHTOB MHoxectBa S. Bui-
Gepem sieMenT SE S n nojoxum S’ =S—{s}. [lycts (v}), o p—

TaxKoe ceMelCTBO C KOHEUYHBIM HOCHTEJNEM 3JIeMEHTOB l'IpOCTpaH'
ctBa V, dro AZ v, =0 n v, = V*(S). BuiGepeM HeKoTOPHIH 3.e-
eP

MeHT A & P H o6Go3naunm Yepes P’ MHOXKecTBO TeX oToGpakeHHH

Ae P, nas Kotopeix A S =Ay1S’. V3 npeAnosioxedus HHIYKIHH,

NpUMEHEHHOT0 K MHOXectBY S’, cjeiyer, uToO > v, =0. Ecau A
rEP

=
H W -— pasjHuYHbE 3JEMEHTbl MHOXeCTBa P, to A (s) = n(s). Taxk
KaK BeaelACTBHE 6) cymma ), V®(s) npsiMasi i TaK kaK v, & V' (s),
=k

a
10 v,==0 m1a Beex AEP’. B uwacrtHoctH, v, =0, 4T0 W HYXHO

OblJIO JIOKA3aTh,
r) O6uwuil cayuaii. Tlycts (vy), < p — CeMeHCTBO C KOHEUHHM HO-

cuTteJieM 3JIeMEHTOB IpPOCTPAaHCTBA V, TaKoe, 4TO Z UL=O U
AP

v, € V*(S). OGosHauum uepes P’ KoHeuHOe NOJMHOXKECTBO TeX
3/jeMeHToB A E P, Jas XKoTopelX v, %= 0, u nycTs §" — Takoe Ko-
HeuHoe TOJMHOXKECTBO B S, 4TO H3 YCJIOBHH A& R', pe P,
A8 =nl|S’ caegyer pasenctso A==p. Torpa v, & v*S(8"). Tipu-
MeHAs B), Mbl IoayuaeM, uto v, ==0 s Bcex A & P’. TeM cambim
npeAJaoXKeHne J0Ka3aHo.

Hanomuum, uto ecau x < End(V), to uepes ad x o6o3nauaercs
oTo6paxenne y+—> xy — yx =[x, y] MHoxectBa End (V) B cebs.

Jeuma 1. Hycre x, y = End (V).
(i) I1pednoaomum, 410 nNPOcTpaHcT8o V KOHEUHOMEPHO. Has
7020 4T006L 3HOOMOPPUIM X MOMHO OblAO0 NpUBECTU K Tpeyeoas:

Homy eudy, neobxodumo u docrarouno, 4rober V = > Ve (x).
ae
(ii) Ecau cywecreyer rtakoe yeaoe 4ucao n, 4ro (adx)*y =0,
70 Kaxdoe nodnpocrpancrso V®(x) ycroliuuso OTHOCUTEAbHO 3HOO-
moppuszma y.
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(iii) 1pednoaoscum, 410 NPOCTPAKCTBO V koneutomepro. Ecau

V= 2 V%) u Kawmdoe nodnpocrpancreéo V*(x) ycroduuso orwo-
a=k
cUTEABHO IHAOMOPPHUBHA Y, TO CyujecT8yer TAKOe yeroe 4UCAO A,

yro (ad x)"y=0.

Vreepxaenue (i) cnepyer us Auze., ra. VII, § 5, n°l, npexn-
noxenne 3.

[ycts E=End (V) u B— 6ununefinoe oro6paxenue (1, v)—u (v)
npoussefenus £ X V B npocrpancrso V. Ilo onpenenenuio oto6pa-
wenust ad x

x(B(u, v)) =B(u, x(v)) + B((ad x) (), v),

rne x&E, usE, veV. Orobpaxenue adx 3agaer heiicTBue
saemenTa x uwa npocrpauctse E. Ilpumensas npennoxenue 2 (ii),
moiyunM, uto B(E%(x), V(x)) = V*(x) ans Bcex a< k. Tak xak
(ad x)"y=0, To ye= E%x) u, caemosaresnno, y(V*(x)) = V*(x),
yTO H JOKa3biBaeT yrteepxkpenue (ii).

Jlast joxaszartesbcTBa yTBepxaeHua (iii) gocrarouno paccMorpers
cayuail, Korga mpocrpaunctso V cosmnagaer ¢ V®(x). Torga, same-
HASL X Ha X — @, MBl MOXEM CUHTaTb 3HAOMODPPHU3IM X HHJILIOTEHT-
abiv. 3uaunt, (ad x)?™Y ' =0 (r1. 1, § 4, n°2), uro ¥ goKasbi-
paeT Hallle YTBEPIKIEHHE.

3amnewanue. TlpnBeieHHoe [0KA3aTEJbCTBO MOKA3LIBAET, YTO
€c/i [POCTPAHCTBO V KOHEUHOMEPHO M CYLIECTBYeT TaKOe Lejloe

yueao n, uto (ad x)"y =0, to (ad x)* ™Vl y =o0.

B npasbmeiimeM Mol OyAeM TOBODHTb, 4YTO OTOGpaxKeHHe
r: S->End (V) ynosnerBopsier yciaosuw (IIK) (,mouru xommyra-
THBHOCTH"), €CJIH

(ITK) Jas aoboii naper (s, s’) saemenros muomecrsa S cywject-
8yer TaKoe yeaoe HucAo n, 4TO

(adr (s))*r (s") =0.

TeopEMA 1. [Tpednoroscum, uto npocrparcrso V KoreurnomepHo,
Toeda caedyrowglie Yca08Us KBUBANCHTHOL:

(iy Hmeer mecro ycaosve (I1IK), u das aw06oeo s & S andomop-
puzm r(s) MoNHO npusecTu K TpeyeosbHOMY BUY.

(i) das ecex aaemenros A & P nodnpocrpancreo V*(S) ycroii-

“Us0 ornocureasno r(S), u V=xZ V*(S).
e P

Ecan V= 2, V*(S), t0 V= Y V(s) aas moboro s< S, u

AeP ack
Beaescrsue  JeMMbl 1 w3 ycnosus (ii) caenpyer ycaoBue (i),
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TIpenosnoXKuM, 4TO ycJoBHe (i) BHINOJTHEHO. Jlemma 1 u popmy.a (1)
nOKa3piBalOT, uTO mNOAnpocTpaHerBo V*(S) ycrofiuuBo orHoOCH-

reqpuo r(S). Ocraercsi 10Ka3aTbh, HTO V=AZ V*(S). Tlposexem
P

nuaykuuio no dim V. BosmMoXxHBE aBa cayuas:

a) as xaxjgoro 3JeMeHTa S & S sHIoMophu3M r(s) uMmeer
elMHCTBeHHOE coGcTBeHHoe 3nadenue A (s). Torma V= V*(S).

6) Cymectryer 3neMeHT S & S, A4 KoToporo sHAoMophu3aM r (s)
uMeeT No kpafiHe#l Mepe 1Ba pa3nUYHBLIX CcOOGCTBeHHBIX 3HAYEHHA.
B 3rom cayuae mnpocTtpancTBo V ecTp npaMas cymma Ioanpo-
cTpaHcTB VO(s), rae a = k u dim V*(s) < dim V anst Bcex anemeH-
0B a. Kaxnoe nogupocrpanctso V*(s) ycToHYHBO OTHOCHTENBHO
sHAoMOpGu3MOB U3 r(S), 1 AN 3aBeplIeHHs AOKA3aTENbCTBA JOCTA-
TOYHO IIPUMEHHTH HpPeANoJIOKeHHe HHAYKIUH.

CaenctBuE 1, ITpednoaoocum, 4To npocTpancTéo V KonewHOMepHO
u soinosnsercs ycaosue (1K), Hycre k' — pacwupenue noas k.
IIpednosomum, 4ro asndomoppusm r(s) MONMHO npusecTu K Tpe-
yeoavromy sudy npu awbom s< S. O6osnaqum uepes P’ mmuo-
acecTso 8cex orTobpadxcenuii muoxecrea S 8 nose k'. Tozda

Vek'=_¥ (V&) ().

IMycts r’: S—>End(V ®, k') — oTo6pakeHne, KaHOHUYECKH OIl-
peneneHHoe otoGpaxeHueM r. Ecan sy, s, € S, TO Aasa HeKoToporo
eJoro uucna n MMeet Mmecro pasenctso (adr(sy))’r(sy) =0, o1-
kyna (adr’ (s,))"r’ (sy) =0. Tenepb ajas A0Ka3aTeJbCTBA CJEICTBHS
IOCTAaTOYHO NpPHMEHUTH Teopemy l.

CaenctBUHE 2. IIpednosoxum, 4T0 npocrpancrso V KonewHo-
MmepHo u umeer mecro ycaosue (I1K). Obosuasum uepes v(s)
BeKTOpHOE NOONPOCTPAHCTBO > ( ﬂ r(s) V). Toeda

s=S\i=!
(i) nodnpocrpancrea V°(S) u V' (S) ycrodiuussr ornocuresho
r(S);

(i) V=""(S)@V"(S);

(iff) xaxcdoe ycrobuusoe ornocurervno r(S) nodnpocrparcreo W
8eKTOpHO20 npocTpancTsa V, daa koropoeo WO(S) =0, codepoacurca
6 noonpocrpancree V*(S);

@) X rE@VE)=vr(e).

=]
Kpome toz0, V7 (S)— eduncreenroe nodnpocTpancrso 8eKTOPHOZO
npocrparcrsa V, obaadarouee ceovicreanu (i) u (il). Ecau k' — ne-
Koropoe pacuupenue nors k, 1o (VQ®; ) (S) = VY(S)®, %"

[Tocnenuee yreepxaentne ouesuaHo. ITpu oKa3aTe 1bCTBE OCTAJb-
HBIX MOXHO BCJEJCTBHE MpeJJIokeHns 1 cunratb moje k aareGpair-
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yeckH 3aMrHyTHiM. [To Teopeme 1 V== Z V*(S) u noanpoctpan-

ctBa V*(S) ycroliuuBel OTHOCHTEJIBHO r( ) Ilnﬂ Jio6oro sjeMeHTa
s S XxapakTepHCTHYECKHH MHOrouJeH 3HAOMOpdH3IMa r(s)I V*(S)

paseH (X — A (s)Hm v* () Tlostomy mnepeceuenne || r(s)} V*(S)
i=1

paBHO Hymo, eclH A(s)==0, u pasuo V*(S), ecam A (s) % 0.
TakuM 06pasoM,

vty = 2 V*(9), &)

y10 AOKaswBaer yteepxkpenusi (i), (i) u (iv). Ecam nommnpoctpan-

ctBo W BeKTOpHOTrO MpocTpaHcTBa V YCTOH4HBO OTHOCHTEJBHO 7 (S),

10 W==AZ W*S) n WHS)=WV*(S). Ecim ke WO(S)=0,
=P

to fcHo, yto W < V* (S), a aT0 B gokasumBaet yreepxaenue (iii).
[Tycts V’ — ycTORYHBOE OTHOCHTEMLHO 7 (S) HMOANPOCTPAHCTBO
BeKTOPHOTO mpoctpancrsa V, aast koroporo V/ (1 VO(S)=0. Torza
V0 (S)=0, u, cornacHo yrsepxaenuo (iii), V' < V' (S). Eciu xe
npu atoM V = V*(S)+ V’, To sico, uto V' =V (S). U. T. [I.

Tapy noanpoctpancts (V°(S), V1 (S)) uacto HaswBaioT pas-
aoncenuem Purrunea upocrpaHcTsa V, uam orobpameHus r: S —
— End (V). Eciam MHOXeCTBO S COCTOMT H3 ONHOTO 3JEMEHTA §,
to sMecro V' ({s}) mmmyr V¥ (s) mim V*(r(s). Tlpu atom V=
—Vo(s)@V+(s), MO POCTPAHCTBA Vo(s) " V+(s) YCTOHYHBEI
OTHOCHTENbHO sHAoMOpduaMa r(s), orpanuuenue r (s)|V0(s) —
g)mbrmTeHTbeﬁ, a orpanuuente r (s)| V* (s) — 6uexTusnbit sHKOMOp-

H3MBL.

Caencreue 3. [Tycre V u V' — Koneunomeprole 8exToprsie npo-
crpancrsa, r: S—End(V) u r”: §->End (V') — orobpancenus,
ydosaersoparouue ycaosuro (IIK). Mycro f: V- V' — rakoe au-
Helinoe cropsekTusHoe orobpasenue, uro f(r (s) v)y==r'(s)f (v) drs
s€SuveV. Toeda f(VH(S)=V"*(S) 01 scex A& P

Benencreue mpepsoxkenust 1 10CTAaTOYHO [0Kas3aTh yTBEDIKAE-
HHe NPH YCJOBHH, YTO mose k anreGpanueckd 3aMKHyTo. [1pu atoM

no TeopeMe 1 V=AEB VA (S), V’=§B VAS) u V' =f(V)=
aep ep
=;,Z f(V*(S)). Hakomen, mo npeanoxenmio 2 (i) umeer mecto
ep
BrMouenne f(V*(S)) = V'*(S), 1 yTBepXAeHHE NOKa3aHO.

[TpEanoxenuE 4. IIpednoaowmunm, 4o nore k cosepwenno. ITycre
— KOHeuHOMepHOe B6eKTOPHOe RPOCTPAHCTBO, U — NPOU3BOAbHbIL
Saemenr  muoncecrsa End (V), a uy wu u, — noaynpocrai u
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HUABNOTEHTHAA KOMROHeHTbl 3Hdomopdussma u (Alg., chap. VII,
§ 5, n°8) ).

(i) V*(w)=V*(u)="V, (us) 022 scex L < k.

(i) Ecau npocrpancrso V cHaboceno crpykTypoii areebpol U
oro6 paxcenue u— ouppepenyuposanue sroti arzebpsi, TO 0robpa-
HeHus Ug U U, — TaKdte oudgepenyuposanus.

(iii) Ecau npocrpaucrse V  cHabueno cTpykTypoii aszebpul u
orobpancenue U — a8TOMOpPU3IM aToli aseebpbl, TO 0TO6paNeHus
u, u 1 +u'u, — rowe asromoppusmot.

BeaencTBue npensioxeHus 1 -9TH yTBepXKAEHHS JOCTATOUHO J0-
Ka3aTb B NPEJIOJOXKEHHH, YTO NOJe & anre6pauvyeckd 3aMKHYTO.
Torpa .

V=Y V*@).
Ak

[Moaynpocras Kommnonenra sHaoMmopduama ul|V*(u) sasasercs
roMoTeTHel ¢ Koa¢duuueHToM A B mpoctpanctee V*(u). 1o moka-
3uBaeT yTeepxkpaeHue (i).

[Ipeanonoxum Tenepb, 4TO NMPOCTPAHCTBO V CHAGKEHO CTPYK-
Typoii anre6pu. Ilyets x & V' (@), y = V¥ ().

Ecan supomopdusm u sasagerca AuddEepeHURpPOBaHHEM al-
re6pul V, 10 Xy & VA (v) (npeanosxenne 2 (ii)) u, caepoBarenpuo,

us (xy) = (A + 1) (xy) = (Ax) y + x (ny) = (ux) y + % (usy)-
TTostromy oToOpaxeHue u, OyneT nuddepeHiupoBanvem anredpst V.
Torpa orobpaxeHne u,==u-—u; Takxke Oyler IuddepeHiupona-
ugeM ajaredpol V.

Ecan oTo6paxeHpme u fBAsieTcs aBTOMOp¢HU3MOM ainreGpnl V,
to Ker(u)=V(u)=0 u oro6paxenue u, OuektusHo. C Apyrod
cropousl, xy & V™ (u) (upepgnoxenue 2 (iii)), mosromy

ug (xy) = (Ap) (xy) = (Ax) (ny) = (usx) - (uy)-

JaHnoe paBeHCTBO NMOKa3LIBAET, UTO Uy — aBTOMOP(H3M anre6por V.
CiefosaTeibHO, OoTOOpaxKeHne

Y P
14 uilu,=u'u

Toxe OyAeT aBTOMOPHH3MOM.

1) Cm. takxke Aaz, ra. VII, § 5, n°4, npemnoxenue 11, 1 Ase, ri. VIII,
§ 9, n°4. — lIpun. nepes.
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A%y

9. Ilpunapnoe pasroxcenu? das auneinozo
cemeticraa 3ndonoppusnos

TTpeAnoONIOKNM, UTO MHOXKECTBO S 06/MagaeT CTPYKTYpok sek-
TOpHO20 RpOCTparcTéa W oTobpamenue r: S — End (V) aunedno.
[TpeATOJIOKNM TaKke, 4YTO BeKTOpPHHE npoctpaHctda V u S
KOHEHHOMEPHOL.

[TreanoXEHUE b, [lycro evinoansercs ycaosue (1K), u nycrs
% S—>k —rakoe orobpaxcenue, dan kKoropozo V*(S) 5= 0. Toeda
ecalt noae k umeer xapaxkrepucruxy 0, 7o 0T00 paxcenue h aunedno,
Ecau noae k umeer xapaxrepucruny p #=0, TO cywjecTsyror raxkas
crenens g npocroco wucaa p, deaswyas dim V*(S), u raxas odno-
podnas noaunomuarsrnas pyukyus P: S-—>k crenenu g, 4ro 0as
geex saeMentos s= S cnpasedauso pasencrso A{s)? =P (s).

Taxk kak noanpoctpancTso V*(S) ycToiuMBO OTHOCHTEBHO r (S)
(nemma 1 u dopmysaa (1) u3 n°l), To MOKHO IpPENONOKHTH, UTO
V=V*(S). llyerb n=dim V. Torpa aas awbéoro s S

< det (X —r(s) = (X — A (s))™

C apyroit cropoHnsl, GopMysaa passao:KEHHs ONPEACJSHTEs] NOKA3bI-
BAET, YTO

det(X —r(s)=X"4+a &X'+ ... +a, X"+ ...,.

rae q; S — k— oxHopoxHas MOJIHHOMUAJbHAS QYHKUHs CTENeHn i,
MoxHo 3anucatb n==gqm, TAE § — CTeIeHb XapaKTePUCTHUECKOH
SKCHOHEHTHl nois & u (g, m)= 1. Torga (X — A (s))" = (X7 — A (s)9)™,
caenosarteabro, -— mh (s)? = a, (s). U3 atoro paBencrBa yxe Boire-
KaeT J0Ka3blBaeMO€ YTBepPKACHHE,

Meeanoxenue 6. Iycre noae k OeckoHetHo u BbINOAHAETCA
ycaocsue (TIK). Iycre R — pacwupenue noas k. Horowum V' =
=VQ,k, S"=8S®, k. Hycro r": 8" — End (V') — oro6pasenue,
noay4ennoe u3 r pacuiuperuem nois ckaaapos. Toeada

VO(S) ® k7 = V70 (S) = VO (S).

[TepBoe paBenctBo caepyer u3 npepqsoxenus 1. Ilpn pokasa-
TEJILCTBE BTOPOTO MOMKHO MPEANOJORUTh, uto V = V(S), nostomy

V/=V"(S). Ilyerb (sy, ..., S,) — HEKOTOpHI Gasuc MpocTpaH-
¢tBa S u (¢, ..., e,) — HeKoTOPHIil Gasuc mpocrparcrea V. Torza
CywecrsyloT Takue wmuorownennl P (Xy, ..., Xp), uYTO HMEIOT

MecTo pameHncrBa

n
r(as oL Faps,Ye = i; P (ap, ...y ap)e,
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n
ma 1<j<n uaj, ... a,k’. Ilo npeanonoxenuio r’(s)"=0
Ias Bcex s& S, caepomarennHo, Py(ay, ..., a,)=0 pias Bcex
1<, j<n v a, ..., a,= k. Tak kak none k GeckoHeuHO, TO

P;;=0. CnepoBatenpHo, Kaxmblii 3neMeHT MHOXKectBa 1’ (S') —
HUJIBIIOTEHTHHIE sHAOMOPdUIM 1 V/ = V"0 (§),

ITeEnnoxenuE 7. Ilpednoroxum, 4to nose k 6eckoneuno u

umeer mecro ycaosue ([1K). Obosnawum wepes S muoxcecrso raxux
saemento8 8 & S, daa koropoix VO(s)=V(S). Mycrs P(s)— onpe-
Oeaurens sndomoppusma npocrpancrea V[VO(S), sadasaenozo ando-
moppusmom r(s) npu s S (n°l, crencraue 2 (i) us Teopembl 1).

(i) Dynkyus §+—> P (s) noaunomuarsna na npocrpancree S. Mpy
aTom mnowcecteo S cosnadaer ¢ {se S|P (s) # 0} u orkpeito 8 S
8 Tonoaoeuu 3apucckozo (Ronosnenue I),

(i) Muosecrso S nenycro, u ecau s=S, ro VF (s)="V* (S).

YTBepxaenne o NONHHOMHAALHOCTH DYHKILHH S —> P (s) caienyer
u3 JsmHeHHOCTH oTOOpaxenus r. Ecam s S, 1o Vo (s) 2 VO (S),
npuYeM pPABEHCTBO HMEeT MEeCTO B TOM H TOJbKO TOM CJjydae,
Koria ortoGpaxenue r(s) ompeneser aBTOMOp(QH3M MPOCTpaHCTBA
V/VO(S), uto u noxaswiaer yreepxaenne (i).

[lycts k' — asreGpauueckoe 3saMbikaupe modsi k. Tak e Kak
u B npenjoxeHuu 6, paccmorpuM mpocrpancrsa V', S’ u oroGpa-
xKenue r’. 3aMeTHM, 4TO [Jisi OTOGPaKeHHs r’ CIpaBelIHBO yedio-
sue (I1K), Tak kak BepHoe a7 s, S, & S MONMHOMHUANBHOE TOX le- .
ctro ad (r (s1))? 4™ V"r(s2)=0 (eM. n° 1, samenanue) npononxaeres
na S’. Tlo Teopeme 1 umeer MecTo pasnoxenue

VI —_ VIO (Sl)@ ig Vlhi (S,),

rae A; 5= 0 npy | i< m, CylwiecTByioT HeHyIeBble OJHHOMHAI b
Hble ¢GyHKUHM P; na npoctpanctee S’ U Ueable uYHeaa g;, AJS
kotophix All=P, naa | i< m (npennoxenue 5). Tak xax mose k
Geckouneuno, 10 (P; ... P,)(s) 5= 0 a5 HeKOTOPOTO s/€MeHTa § & S
(cm. Alg., chap. IV, § 2, n°3, corollaire 2 & la proposition 9) ).
Torma A;(s) % 0 mas Beex i, otkyna V'°(S) = V'0(s), u, cieqopa-
tenbHo, VO(S)="V0(s) (npensoxenue 6). dTo mokaswiBaer, uTO
S+ g. [lycts se=38. Tak kak V7 (S) siBaiAeTCH NOMOMHUTENBHBIM
nopnpocrpancTeoM K V9(s) B nmpoctpanctse V u yeroituneo oTho-
CHTeJIbHO 3HAOMOP puama r(s), To V' (S)= V7 (s) (o caeactauio 2
Teopemn 1).

1) Cu. takxe Asz, ra IV, § 2, n°5. — {pun. nepes.
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3. Pasnoxcenue AuHelHoX npedcTasreruli HUAGROTEHTHOL
aazebpot Ju

fMycte ) — aare6pa Jlu, a M — HeKoTopmi#i B-Mopmysn. Ias
KaxAOTo oTo0pa)keHuss A ImpoctpaHcrsa ) B moge k2 B Mojyiae M
ollpefie/leHsl BeKTOpHbIe noxnpocrpanctea M* () u M, (b) (cm. n° 1),
B cayuae Korpa b—momanreGpa anre6pul Jlu ¢ u x=g, Mul
GyneM HEPENKO HCIOoJb30BaTh ofosnauenus g*(h), g, (B), g% (x) u
go (¥), BMes TIDH 3TOM B BHRY, uTo §) JeHCTByeT Ha § NMOCpPEACTBOM
NPHCOEAHHEHHOTO TPeNCTaBIEHH .

TIeepnoxeddE 8. [ycre Y — aneebpa Ju, a L, M, N — nexo-
ropuie Y-modyau. Obosnawum wepe3 P mHoxwecrso scex orobpaice-
Hull npocTpancrsa b e noae k. _

(i) Cymma AZPL’" (9) npamas.

(ii) Ecau f: L—>M — zomomopdusm Y-modyaeii, ro f(L*(H)) <=
«— M*(b) npu ecex A P.
(iii) Ecau f: L X M—> N ecre Y-unsapuantnoe Guaunedinoe oro-

6paxcerue, T0
F(L* (5) X M* (9)) = N™** (5)
npu aobetx A, B P.
OTH YTBEPKAEHHH CIENYIOT H3 npenjoxeHu#t 2 u 3.

Ieeanoxenue 9. ITycre Y — nuasnorenrnas aaeebpa Jiu u
M — koneunomepnotii H-modyas. OGosnayum 4epes P mHomecrso
orobpascerull npocTparcrea § 8 noae k.

(i) Kamdoe nodnpocrpancreo M* () asaserca Y-nodmodyiren
modyan M. Ecau Oaa scex x =Y andomoppuamel xy npusodarca

K TpeyaoasHoMy Budy, TO M=AZ M (D).
[

(i{;) Ecau noae k 6eckoneuno, To M°(x) = MP(b) dan HeroTOpo2O
reh.

(iii) Ecau nose k umeer xapaxrepuctuky 0 u orobpaxcenue
A & P raxoso, uto M*(9) =0, 10 A — aunednan dopma Ha npo-
crpancree b, obpawaowasca 6 0 na nodnpoctparcrse [B, b], u
M, (B) # 0.

(iv) Ecau [: M—> N — cropsextusnoui 20MoMOppU3M KoHeuHo-
meproix 9-modyaeii, ro (MM () < N*(B) npu scex A<= P,

(v) Iycre N — Koueunomeproi H-modyss u B — unsapuanrnas
orrocureasro Y Guauneiinas gopma na MX N. Ecau L+ p 55 0,
10 nodnpocrpancrea M* (D) u N*(b) oproconaismér OTHOCUTEABHO
Gopmer B. Ecau opma B nesuiponcdenna, ro nesoiporncdenno u ee

oepanunenue na M"(9) X N™*(6) npu awbom A< P.

YrBepxnenue (i) caemyer uz JeMmel 1 u Teopemm 1 n°l,
yreepxpenue (i) — u3 npepjoxenna 7 n°2, Yreepxkpaenue (iv)
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BLITeKaeT u3 ciaencTBust 3 reopemsr 1 n° 1, HJokaxem (iii). Mul MoxkeM
npeanonoxurb, uro M = M*(§). Toraa A (x) =(dim V)"lTr ()
rie x < b. D10 nokaspiBaeT JHHEAHOCTH OoTOGpakeHHs A (uTo cJe-
AyeT TaKxkKe H3 NpeiJokKeHHs 5) u tor dakrt, uyTo A obpauiaercs
B Hyab Ha noxnpocrpadctree [, §]. PaccMmorpum ortobpaxenue
p: b— End, (M), samanHoe QopmyJsoi

p(x)=xy—A(x)ly.

W3 nanoxenHoro sbllle caeliyer, 4TO O — npejcTaB/leHHe aJ-
re6pe Jln h B mpocrpanctBe M u 3HIOMOPH3M 0 (X) HHABNOTEH-
TeH Jas jio6oro x&bh. Ilo teopeme dureas (ra. I, § 4, n° 2,
Teopema 1) cymecrByeT Takoil aneMeHT m % 0 npocrpaucrsa M,
uto P (x)m =0 npu Becex x= 0, 1. e. me M, (h).

Ilepras nonoeuua yreepxueHus (v) cleayeT W3 upenmnoxe-
Hua 2 (ii) n° 1. Tlpu nokasaresnncTBe BTOPOH MOKHO BBHAY Mpen-
JgokeHust 1 u3 n° 1 mpexpnomarath mose B anreGpaudecku 3aMKHY-

thim. Torga, ¢ yuerom toro, uro M=) M"(§) u N=D.N* (b)
A "

(cM. (i)), BTOpast moJoBHHA C/eAyeT U3 NepBOil.

3ameqanue. TIpenNOTOKHM, UTO MONE & COBEPUIEHHO M HMEET Xapak-
tepuctuky 2. Pacemorpum B =38l (2, £), u nycte M ects §-moayab k2
OTHOCHTEMBHO TOXKAECTBEHHOro otobpaxenns amre6ps Jiu § B Endg (M).

a b
Ecan x=( )-—-npomsonbﬂm“x ajeMenT aareGpsl B, To oBosnauum
c a

yepe3 A(x) emuucTBeHHOoe pemeHue A <k ypasuenua AZ=a®- be.

Jlerko mpoBeputh, uTO M= M" (§), no npu srom My ()) =0 u orobpa-
JKeHMe A He sfBJAETCH JWHeAHHIM u He ofpamaercs B Hyan Ha [B, D],
xora aare6pa Jlu § wuisnoteHTHA.

CaepcrBoe. [Ilycte § — Huasbnorentnas aacebpa JTu u M — ko-
Heurnomeprotii H-modyas, das koropozo M°(§) =0. Mycre f: H—> M —
Aurelinoe orobpascerue, 043 KOTOPO2O

F(lx, Yh=x.f(y) —y.[(x) npu x, y<=h.
Toz2da cyujecrayer Taxoi srement a = M, 4ro [(x) =x .a npu scex
xsh.
IMoaoxum N =M X k. Ilycts b pefictyer na N no ¢popmyae

£+ (m, A)=(xm — Af (x), 0).

W3 ycaoBusi, HasloxeHHoro Ha f, BeiTekaer, uro N ecTh h-mMonyas
(cm. ra. I, n°8, npumep 2). Orobpaxkenue (m, A)—-A sBIAsieTCH
romoMopbusmom moayas N B TpusuaabHui §-moayas k. Tlo mpex-
aoxkeruio 9 (iv) moamonaynn NU (D) coaep:KHT HeKOTODHI 3.deMeHT
Bupa (a, 1), rae a <M. W3 npednodoxkennd, caeJaHHLIX OTHO-
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cuTedbHO M, caeayer, uTo
(MX0)N N° (h) =0;

nosToMy noanpoctpanctso NO(B) OAHOMEPHO H, CJAeLOBaTeJbHQ,
anuyanpyerca aare6poit Jiu §. Takum o6pasom, xa — f(a) =0 upu

moboM X & b, uTo M JoKasblBaeT Halle CJELCTBHE.

TlpEanoxeHuE 10, ycre §— arcebpa Ju u B — ee nusenorenr-
Has nodaazebpa. Ob6osnawum uepes P muowcecrso 0To6pamcerud
npoctparcrea b e noae k.

(i) Hdan aobox A, WE P umeer MecTo  COOTHouieHue
[a* (0), a* (B)] <= g*+* (V). B uacrnocru, §°(9) — nodarzebpa arcebpo
JIu ¢, codepmauwan B, noonpocrparcrea §*(§) ycroiuues. orHo-
cureasto ad §°(h), a nodascebpa Jlu §°() cosnadaer co ceoum
Hopmaausaropom 8 aaszebpe §.

(i) Ecau M ects g-modyab, TO " (6) M* (B < M (8) A 2106b1%
A, n e P; 8 wacruwocru, Kasdoe noonpocrparcreo M*(h) asaserca
g (b)-modyrem.

(iii) Ecau B — 6uauneinan ¢opma Ha npoctpancree g, uxea-
pUaHTHAS oTHOCUTEAbHO aseebpu. B, TO nodnpocrpancrea ¢*(h) u
g“ () npu A+ p %0 oproeonasshol ornocureasio popmer B. Ecau
popma B neseipoxcdenna, to ee oepanuuenue ua §*(6) X g=*(b)
He8bLpOoOeHHo npu abom A e P, 8 wacTHocru, oepanuyenue B
Ha §°(B) X g°(h) nesobiponcdsnHo.

(iv) Hpednoroxmun, uro nose k umeer xaparxrepucruxy 0. Ecau
xeg*(0) u A%=0, o sndomoppusm ad x HussnorTenten.

Oto6paxeHue (x, y)—>[x, y] npocTpanctea ¢ )X g B ¢ ABJIsieTCs
J-UHBAPHAHTHBIM B CcHJy TOoxzIecTBa $IKoGH, CleLOBATE/bHO, OHO
b-unBapuantHo. Takum oGpasoM, mepsas 4acTh yTeepkaeHns (i)
caenyer M3 npepnoxeHust 2 (ii). Yrteepxkaeuue (ii) mokassiBaercst
aHAJIOTHYHEIM 06pasoM.

Ecan x npuragnexut HopMmasnusatopy mnopmaareGpnl Jln q° (D),
10 (ady).x=—|[x, y]=g°(h) npu Bcex y=1Wh, caenosareinbHo,
(ad y)".x =0 pas n0CTAaTOYHO GOMBLUIOrO 7. DTO HOKA3LIBACT, YTO
x < ¢°(h). Takum oGpasoM, yrBepxaenue (i) MOJHOCTBHIO JOKA3aHO.

Yreepxaenune (iii) caeayer ms npemmoxkenust 9 (v).

IIpu nokasaresncrse (iv) MOXKHO NpPEANONOKHTb, YTO roJje k
anare6panyecku 3aMkuyto. Ilyers x & ¢*(§) u A = 0. Jlaa kaxmoro
nesoro uueaa n=0 u g060ro sJaeMeHTa W& P BHIOAHAETCS
cootHomenne (ad x)” ¢* (h) < g4+7* (). O603naunm uepes P, KoHeyHoe
MOAMHOMXECTBO TeX 3JEeMEHTOB W& P, aaa koTtopuix @*(B) 0.
Ecin xapakrepuctuka noast £ pasua 0 u A5=0, 1o (P, +nA) N P1=
4719 L0oCTAaTOYHO Gogbluux 1, otkynxa (ad x)”=0.

Jemma 2. Ipednoaonun, 4ro nose k umeer xapakrepucruxy 0.
Mycrs §— noaynpocras ascebpa Ju nad k, B—ee popma
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Kunaaunea u m — nexoropas nodaseebpa aqeebpor Ju g. Ilpednoro-

HCUM, 4TO
1) oepanuuenue opmor B na noBareebpy m neswiponcdenno;

2) ecau X € M, TO NOAYNPOCTAR U HUAGROTEHTHAR KOMNOHEHTbL')
JaemenTa X TOKE npuxaldiexcar M.
Tozda m — pedykrusnan nodasrzebpa Ju 8 ¢ (rn. 1, § 6, n°6).

Mo mpeanoxennio 5 r) ra. I, § 6, n°4, m peaykruBxa. Ogo-
3HaYUM Yepe3 ¢ HeHTPp mogaareGpm m. Eciyu sneMeHT X & ¢ Hup-
norenteH, 10 £ =0. JleficrBuTepH0, 1Js MoBOTO ¥ & M 3HAOMOP-
dusmpr adx u ady nepecTaHOBOUHH, MNO3TOMY IIPOU3BELCHUE
adxoady rtoxe nuibnoredrHo. Torma B(x, y) =0 u, caenopa-
tesbHO, X == 0. ITycTb Tenepb x — MPOU3BOJBHEIL 3JE€MEHT anredphi
JIi ¢ ¥ s ¥ n—ero NOAYNPOCTash W HUILIOTCHTHAS KOMIOHEHTHL.
Mo ycnosuio nem. [lpu sToM sugoMopdpusM adn uMeer pug
P(adx), rae P — HeKoTOpHIfi MHOrowleH Ge3 CBOGOLHOrO uJeHa,
nostomy (adn).m=0. CuaenoBaTesqbHo, n&¢ 1 Mo AOKa3aHHOMY
e n=0. Takum oOpaszoM, sHmoMopdusm adx IOJYNPOCT.
To ectp orpanuueHne Ha Ilomainre6py M NPUCOEIUHEHHOTO TNpei-
crasJenus anre6pst Jln g noxynpocro (ri. I, § 6, n°5, reopema 4 6)).

Ieennoxenue 11, ITpednorodncum, uro nose k umeer xaparre-
pucruky 0. ITycre § — noaynpocrans aseebpa JTu u b — ee nuireno-
renrnan noOaszebpa. Tozda asneebpa Jlu ¢°(§) ydoeaersopser
ycaosuam 1) u 2) semmor 2 u asinercs pedyxkTusHoil 6 §.

Paccmotpum sneMenThH £, X' & g; NycThb § U §” — HX NOJYNPOCTHIE
KOMIIOHEHTH, a # ¥ n’ — HAAbloTeHTHHe. Torna
¥ e ¢ (x)<=(ads) (x') =0 (npens. 4) <>
<> (ad X)) (s) = 0=
= (ad §’) (s) = 0=
<> (ad s) (') =0<=
<> 5" e ¢%(x) (npena. 4).

W3 sroro Ttakxke caenyer, uro BriaoueHne x’ & ¢°(x) Bmuaeuer
3a coboit n’ =¢%(x), uro u nokasmiBaer ycaorue 2). Tak Kak
dopma Kusnunra anre6pbl § HEBHPOXKAEHHA, TO ee OTPaHHUYEHHE
Ha ¢°(9)) Toxe HemnpoxaenHo (npensoxenue 10 (iii)). Peaykrus-
HocTh mopasredpol ¢°(h) B anre6pe Jlu ¢ BHTeKaeT Tenepp u3
JeMMH 2,

') ITo Teopeme 3 n°3 § 6 ra. I kakAWA sjAeMeHT X & § NpeICTABANETCS
€IUHCTBEHHBIM 06pa30M B BIAC CYMMBbI NOJYNPOCTOrO 3gJeMeHTa § U HHJABIOTEHT~
HOr'o sJjemMmelita n, nepecTaHOBOYHBIX MEXAY co6oi. S.nememu S H 7 Ha3shniBalOTCH
NOAYRPOCTOU U HUAGNOTEHTHOW KOMNOHEHTAMU JJIEMEHTa X,
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4. Mpumapnroe pasroxcenue anrzebpor JIu oTHOCUTENLHO
HEKOTOPO20 asToMoppusma

[TrEnnoXEHUE 12. [Tycre § — ancebpa JIu u a — ee agromopdusm.

(i) lg* (@), @*(@)] = g™ (a) dan aw0bux A, p<k; 8 wacrnocru,
nodnpocT parcreo a' (a) ssaserca nodanzebpoi anrcebpot .

(ii) ecau B — cummerpuueckas unsapuantHas OTHOCUTEALHO a
Guauneinas dopma Ha ¢, To nodnpocrparcrea §*(a) u ¢*(a) opro-
eonaavtol oTHocureasno B npu Aus=1. Ilpednoaoocunm, uro gopma B
nesoiporcOenna. Toeda npu A=%=0 ee oepanusenue Ha npoussedenue
G (@) X §'* (a) nesviposdento.

Yreepxkpenue (i) U meppas uyacte yrtBepxkAeHus (ii) caexyior
u3 npenJoxenus 2 (iii), Koropoe Hago NMPUMEHHTH K 3aKOHY KOMIO-
aunnd § X §—> ¢ U K Gununeiino#t ¢opme B. Ilpu pmokasarenbcrse
ocrapiliedicss wactn yTBepxneuus (ii) MOXHO npemmoJgararbh, 4TO
none k anre6panyecku 3aMKHyTo. IIpH 3TOM MNpepnoJoxeHuu

q= P ¢¥(a). Tak Kak yxe YCTaHOBJIEHO, YTO MOATPOCTPAHCTBO
vek

g*(a) oproromasbHo X moxpnpocrpaHcTBaM ¢¥(a) mpn Av==1 m
opma B neBblpoxpenna, 1o orpannuenne ¢opMsl B ma g*(a) X
X ¢"*(a) o6si3aTeIbHO HEBBIPOXKAEHHO.

CnenctBHE. [Ipednososcum, aro nose k umeer xapaxrepuctusy 0
u areebpa Ju § noaynpocra. Toeda nodaseebpa §'(a) ydosaerso-
paer ycaosusm 1) u 2) nemmor 2; ona pedyxrusna 8 arcebpe Jlu g.
Ycaoeue 1) ciaexyer us yreepxkuenus (i) npemnoxenus 12,

©

a ycaosue 2) — u3 upemgyioxenus 4 n°l,

5. Husapuanrst noaynpocrozo deiicreus 8 noaynpocroi
anzebpe Ju

B asrom nyukre Mol npednosazaem, 4To nose k umeer xapaxre-
puctury 0.

[lpepnoxenue 13. Hycrs § — noaynpocras arcebpa JIu u a — ee
nodaazel pa, pedykrusnan 8 areebpe §. O603HauuM 1epes M yeHTpa-
ausarop') nodaseebpo. a 8 aseebpe §. Toeda nodaireebpa M ydo-
saersopser ycaosuam 1) u 2) semmor 2 uz n°3; ona pedyxkrusna
8 aseebpe .

Ipumensia npegyoxenne 6 us § 3 ra. I x a-Moxyaio ¢, mo-
ayunm, uro §=m@P[a, g]. O6o3nauum uepes B dopmy Kusuiuura
anre6psl g, W OycTh x<a, ym, z=g. Toraa B([z, x], y)=

') Hanomnnm, uto m == {x = g | [x, a] = 0}, — Hpun. nepes.



20 . VIl DOAANTEBPbl KAPTAHA. PETYASIPHBIE 3JIEMEHTL §

=Bz, [x, y])==0, rak kaK [x, y]==0. Iro noxasviBaer, uTo noji-
NpOCTPAHCTBO M OPTOrOHAIBHO NOANPOCTPaHCTBY [a, §] oTHOCHTE IbHO
dpopmuer B. W3 Hesupoxieunoctd ¢opMmer B u pasencrsa g=
=m®[a, g] caeayer, uro orpaHudyeHue B Ha m ToO)Ke HeBHIpO-
‘SKJIEeHHO, TEM CaMBIM BulMoJHseTcss yciaosue 1) gemmbl 2.

[lycts Temepp XEEM u §, 1 — NOJAYIPOCTast U HUJIBNOTEHTHAA
KOMNOHEHTH ajementa x. [Toaynpocras koMnodenra sHgoMophnsma
ad x ectb ads {(cM. ra. I, § 6, n°3). Tak kak swgomoppusm ad x
nepeBOAUT MOANPOCTPAHCTBO Q@ B HYJb, TO HO npepioxenuio 4 (i)
ero NEepeBOAHT B HyJb U sugoMopdusm ads. Takuv obpazowm,
SEM, n=x—S§S<M U ycaoBue 2) neMMbl 2 ToXe BHHOJHAET A,

3ameyanue. Uenrpaiusatop nopaare6pst m B anreGpe ¢ He
00s3aTeNIbHO COBNALAeT C 0, CM. yOpaxXHeHue 4.

TTeEpn0ORKEHUE 14. Tycre § — noaynpocras aszebpa Ju, A — ne-
Kotopas epynna u r — comomoppuzm epynnet A 8 epynny Aut(g).
O6osnauum uepes W nodaszebpy aszebpoL §, COCTOAWYO U3 3ae-
MeHTOB, UHBapuanTHbrx oTHocureasno r(A). Ilpednoroocum, uro
aunelinoe npedcrasaenue r noaynpocro. Tozda nodareebpa m ydo-
saergopser ycaosuam 1), 2) semmor 2 uz n°3 u asaserca pedyxrus-
Hotl 8 aazebpe q.

JlokasaTeapcTBO STOTO MNpejUIoKeHUs aHaJOrH4HO AOKA3aTeNb-
CTBY OpPEABIAYILEro:

O6o3HauuM uepe3 (" BEKTOPHOe MOLIPOCTPAHCTBO aarebpn 4,
nopoxJaenHoe saeMeHTamMn Bujga r(@x—x, rie a4, x4
BexTopHoe npocTpaHCTBO (' = M+ * ycToH4uBO OTHOCHTENbHO 1 (A).
ITycTb N — LOHOAHHTENBHOE MOANPOCTPAHCTBO K NOANPOCTPAHCTBY ¢
B §, yctoiiuupoe otnockTensHo r(A). Ecnux s n,a A, 10 r (@) x —
—xenlqgt =0, caeposarenpo, x=m u x=0, NOCKOJIBKY
m(n=0. Takumu oGpasom, g=¢ =m-+ g+, O6o3nauuM uepes B
popmy Kumvura aaredps g. llyers yem, a= A, x & g; Torpa

By, r@x—x)=B(y, r(@x) —B(y, x)=
=B(r(ay, 1) =By, x) =
=B(y, x) —B(y, x) =0.

Takum o6pa3oM, TNOANPOCTPAHCTBA M u §* OpPTOrOHAJbHB OTHO-
curenbro Gopmbl B, BesmegctBrne sroro orpamuuenne ¢opmbl B
Ha W HEBBIPOXIEHHO, T. €. ycJjoBue 1) JeMMH 2 BHINOJHSAETCA.
Yenosue 2) HemocpencTBeHHO cAeAyeT H3 NaHHBX NpPeITOKeHHs '),

e I § 6, n°3, npennoxenue 4 n teopema 6. — [1pun. nepes,
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—

§ 2. Tlopaarebpsl Kaprana u peryasipible 3J€MeHTHl
aarebpst JIn

Hauunas ¢ n°2, nose k npednosacaercs GecKOHeYHOIM,

1. Hodaarze6por Kaprana

Onrepenerue 1. ITycre ¢ — aseebpa Jlu. [Hodarcebpoii Kapraua
aazepol JI § nHa3ei8aercs ee HUAbnOTeHTHAR nodaieebpa, cosna-
daouan co C8OUM HOPMAAU3ATOPOM.

Mpl TIONYUUM Jajee CAeyIoUlHe Pe3y/bTaThi:

1) ecnin none k GeckoHeuHo, TOo ajrebpa {§ uMeeT moxanredpy
Kaprauna (n°3, cnexcrsue | Teopemnl 1),

2) ecin k — none xapakrepuctuka 0, TO Bce rnogaaredput
Kaprana aare6pbl § HMEIOT OAHHAKOBYW pasMmepnoctb (§ 3, n°3,
Teopema 2),

3) ecan k — anreOpanueCKy 3aMKHYTOe IoJie Xapakrepuctakua 0,
To Bce mopaiaredpsl Kapraua anreOpe § conpskKeHbl OTHOCHTRJIbHO
[PYNIb 3JeMEHTAPHLIX aBToMopdu3MoB 3Toll anre6pm (§ 3, n°2,
teopema 1).

I pumepor. 1) Eciun anre6pa Jln ¢ HUJIBIOTEHTHA, TO €AUHCTBEH-
Hast ee nonaare6pa Kaprama ecte cama anrebpa ¢ (cM. ra. I,
§ 4, n°1, npenaoxenue 3).

2) Myets =gl (n, k) ¥ § — MHOXKECTBO AHATOHANbHKIX MATpPHIL
B anrebpe ¢. [ToxaxeM, uTto § — nonanre6pa Kaprana aare6psi 4.
IMpexxae Bcero mnomanreépa 0 KoMMyTaTHBHA, a CJELOBATE]bHO,
HuabrnoredtHa. OGosuauum uepe3 (E;;) KaHOHHuecKmit 6asuc npo-
crpaucrea ¢l (n, k). Ilyctb x = Z w;;E;; — anemMeHT HOpMasnusaTopa
noianre6pst § B g. Qopmyawr (5) u3 1°2 § 1 ra. I nokaswiBalor,
yro npu i j Kodd¢duument npu E;; B pasnoXeHUH IjMeMeHTa
[E;;, x] pasen p;;. Tak kak E;; 0, 10 [Ejy, x] =9 u pacemarpu-
BaeMbifl K09GhGbuliMeHT JOMKeH GbiTb paBeH HYJO. TakuM obpasoM,
w;;=0 npu i%j u, cieposarenbHo, x &€ §. Tem caMuiM J0Ka3aHo,
uto § siBasiercs momanreGpo#t Kapranwa anre6pmt Jlu g.

3) Mycts § — noganreGpa Kaprana anreGpel § U §; — mojai-
reGpa aare6pel g, codepxamwasi nogaare6py h. Torma h — nopaa-
re6pa Kapraua B aare6pe ¢;. D710 cpasy c/lexyeT H3 Olpegenenus 1.

[eepaoxeuue 1. ITycre §— aaeebpa JIu u Y — ee nodareebpa
Kaprana., Toefa Y — maKcumarvHas HUABNOTEHTHA no0aize6pa
areedpol (.

[1ycts §’—HekoTopas HUIBNIOTEHTHAS oA anre6pa anre6pn Jlu g,
conepxkamasi h. Torma §— momanre6pa Kaprana anare6pm b’
(mpumep 3) u, caemosaTesbno, h =1 (upumep 1).
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MoryT CylecTBOBaTh MaKCHMa/pHBE HHJBIOTEHTHBIE IOJAIreGpHL,
Z KoTopHIe He sBaAioTCA nojaaredpamu Kaprama (ynpaxuenne 2).

MMeepnoKEHHE 2. [Tycto (8;),., — KoHeunoe cemeiicT60 arzebp
Ju u §g= HI ;. ITodaree6po. Kaprana arzebpor JIu § umeror sud
ie

II 6;, ede b, ecrs nodasce6pa Kaprana & arcebpe Jiu g.
tel

Ecnun b; —noganre6pa anreGpul §; ¢ HOPMaJu3aTopoM 1, TO
11 b; — nonanre6pa anrebpm § ¢ HopMmanuzaTOpOM I n. Ecan
nofanre6psl §; HUABNOTEHTHHL, TO || §; HuabloTenTHa. Cienona-
TesbHO, ecsu §; — nonaareGpa Kaprana B anrebpe §; 1as Kaxa0ro i,
To mnojanrebpa H b; saBasercsi mopanreGpoit Kaprana B am‘e6‘pe
Jlu g. O6parno, mycte § — mopaarebpa Kaprana anreGpor Jlu g.
Tak kak mpoexuust §; monanreGpsl § HAa COMHOKUTeNb (; — HHJb-

NoTeHTHAs mojanreGpa aare6pel ;, To ]] b; — HEABNOTeHTHAs
noaanreGpa anre6pu ¢, cogepxkaumas §, mostomy §= ] (npen-
aoxenne 1), Taxkum ke oOGpasom JerKo IpoBepUTh, YTO ANS
Kaxjaoro i mogaare6pa b, coBnajaer co CBOMM HOPMaJH3aTOPOM
B anrebpe ¢;, CJeROBaTe/bHO, OHA sBJgeTcs MHojanredpoii Kap-
TaHa B ;.

lIpumep 4. Ecau none k umeer xapakrepuctuxky 0, amreGpa
gl(n, k) ectv npoussenenue upeanos 8{(n, k) u k.1l. Taxum o6pa-
30M, H3 OpuMepa 2) U NpPeAJOKeHHs 2 caefyeT, UTO MHOMKECTBO
BuaroHasnpHbeIx MaTpuu co caepom 0 —nopanre6pa Kapraua B an-
rebpe 8l(n, k).

IIPeaNoKERME 3. [Tycre §— aszebpa Jlu, ) — ee nodareebpa
u k' — pacwupenue noas k. Aaeebpa H ssaserca nodaaze6pots
Kaprana aneebpor § 10200 u TOABKO TO20a, K020a aizebpa Jlu
b ®, & ssaserca nodaseebpoii Kaprana 6 ¢ @pk’.

HefictBuTenbHo, HomanreGpa b HUABIOTEHTHA TOTHA M TOJBKO
TOTAAa, KOrjia HHJbMOTEHTHA Nofanrebpa § ®, k" (ra. I, § 4, n°b).
Kpowme Toro, ecnu n— HopmaausaTop moganre6pst h B aareGpe g,
T0 1 ®, k" — HopManuzaTop mopanredpst § ®, k" B anredpe § @k’
(rn. I, § 3, n°8),

[MrepnoxenuE 4. [lycre ¢ — aqcebpa Jlu u §) — ee HUAGNOTEHT-
Hag nodaszebpa. Han tozo urobe nodasrzebpa § 6oira nodarzed pol
Kaprana aneebpel §, neobxodumo u Oocrarourno, urobor §°(h)=1.

Ecnma ¢°(9) =10, 1o b coBmajzaer co cBOMM HOPMaJH3aTOPOM
(§ 1, npepnoxenue 10 (i)) u aBasgeTcs, creposarenbHo, Toganredpo
Kaprana B ¢. Ilpemmomoxum, uro ¢°(h) #§. Paccmorpum mnpen-
crapjenne anre6pst Jlu § B mnpocrpancrse ¢°(h)/h, mnosyuenuoe
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akTOpH3ALKEH IPUCOELHHEHHOrO 1PEACTABICHN. [Ipumenss K uemy
-reopeMy urens (ra. I, § 4, n°2, Tteopema 1), Mbl BHZHM, uTO
cymecTByeT aseMeHT x & ¢°(h), Anst KOTOPOro cnpaselJHBbHL COOT-
pomenust x &b u [b, x] = B. Orciona caenyer, 4TO x NPHHALIEKHT
HOpMAJH3aTopy mnopanre6pul ) B anreGpe § H, TaKHM 06pasoM,
b ue siBasgeTcs mojanrebpoit Kaprana B g.

Caegcreue L. ITycre §— aseebpa Jlu u b — ee nodaszebpa
Kaprana. Ecau nose k 6ecKoneuro, TO cyuyect8yer TAKOU 3NeMeHT
xe, wro h=4g°(x).

IeficTBuTenbHO, TaK Kak § =g°(h), TO MOXKHO MPUMEHUTDb Ipex-
aoxenue 9 (ii) ua § 1.

Cneacteuk 2. ITycre [ §-— ¢ — cropsexTustsui comomopdpusm
areebp JIu. Ecau Y — nodasrzebpa Kaprana 8 aascebpe ¢, TO
f () — nodaacebpa Kaprana 6 aascebpe g'.

IMpexze Bcero f(§) — Huabnorentnas nopanreépa B ¢’. C apyroi
CTOPOHbI, PAaccMOTPHM mNpeacrasieHne x+—> ad [ (x) aare6per Jln
» B npocrpadcree ¢, ITo mpeanoxenuo 9 (iv) u3 n°3 § 1 umeem
F(3°(5) =¢"°(b). Ho ¢°(Y) =1, u scuo, uro ¢’°(9) =q"(f (§)); cre-
JoBaTeJbHO, BHmonHsercsd coorHomenue [(§)=q°(f (9)). dna sa-
BEpLIEHHs JOKA3aTeJbCTBA CJAEACTBHSI JOCTATOYHO NPHMEHHTD
npennoxeHue 4.

CaeacrBue 3. [ycrs § — nodarcebpa Kaprana u €'g (n>1)—
HEeKOTOPbL 4AeH HUNCHE20 YEHTPOAbHO20 pAda aeebpet Jlu § (ra. I,
§ |, n°5). Tozda g=1+ ¢ .

HedicTauTebHO, 10 CIEACTBHIO 2 06pa3 nojajaredps h B anrebpe
a/€"g asasercs nomanre6poir Kaprama sroit aare6pnl u Oynmer
COBNANATbL C Hel, TAaK KaK cama ajreGpa ¢/%"q Hu/IbIOTeHTHA
(mpumep 1),

CaeacreuE 4. Mycre § — aazebpa Jlu, ) — ee nodascebpa Kap-
TAHG U @ — HeKoTOpas nodaseebpa 6 §, codepaucauyas B

(i) ITodaareebpa o cosnabaer co C8OUM HOPMAAUZATOPOM 8 QA-
eebpe g.

(ii) IIpeonoaoscum, uro k=R uau C. Ilycre G — epynna Jlu
¢ ancebpoi JIu ¢ u A — unreepaasras nodepynna epynnot Ju G
¢ areebpoti JIu a, Toz0a A ssasercs nodepynnot Jlu epynnot G
U cosnadaer cO C8A3HOLU KOMRNOHEHTOU HeliTpaasHO20 3AEMEHTA
c60ezo Hopmaauzaropa 8 epynne G.

O603Hauum uepes I HopMaJusaTop nogaare6pu a B 4. Tak kak
b —nopanre6pa Kaprama anre6pu 1 (npumep 3)), TO TNOA-
anmrebpa {0} apasierca monanreGpoi Kaprana ajareGper nfa (cnen-
CTBHE 2) ¥ MO3TOMY COBNAfaeT CO CBOUM HOPMaJau3aToOpOM B n/a.
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Takum o6pasom, n=qa. YTBepxkAaeHue (ii) cnrenyer u3 yTBepxnue-
uust (i) 1 caenactusi npeaaoxenus 11 w3 ra III, § 9, n°4.

CagacrBue 5. [Tycrs § — aseebpa Jlu u E — nodmunooecrso g @.
Paccmorpum deiicrsue muoxectéa E na npocrpancrse §, 3adanHoe
nocpedcréom ozparudenus na E npucoedunenrnoeo npedcrasienus.

Haa to2o 4robor nodmuoxcecrso E 6ota0 nodarzebpoii Kapraua
ancebpol 4, HeoOxo0uUMO U QOCTaTouHo, 4T00bl BbINOAHAAOCH COOT-
nowerue E = §°(E).

YKazaHHOe cooTHOWleHue Heobxomumo (mpenpsaoxenue 4). [Ipen-
MOJIOKKUM Telepb, uto oHo uMmeer Mmecro. [lo mpenJoxenunio 2 (ii)
uz n°1 § | muoxectno E saBnsierca nopanre6poi anre6put Jlu- g,
Eciu x& L, 10 snmomopduaM adg(x) HHJIBIOTEHTEH, MOCKOJBKY
E < q%(E), u, caegomaresnbHo, asuredpa E HusablNorentHa. Torma
no npeafoxenuio 4 nomanrebpa E sssisierca nonaare6poii Kap-
TaHa.

CnencrBue 6. [ITycre §— ancebpa Jlu, ky— nodnoase noas k,
048 rkoropozo [k ko] < -+ o0, u g — aseebpa Ju, nosyuennas u3 §
cyacenuem noas ckaaapos 0o ko ITycre § — nekoropoe nodmuo-
amecrso 8 §. Haa 1020 uro6e. § Goiro nodaseebpoli Kaprawna
8 aneebpe Jlu §, Heobxodumo u Gocrarouro, 4robot § Goia0 nod-
arcebpoil Kaprana & §.

D10 BLITEKAeT M3 CAEACTBHs D, Tak Kak ycuaosue §=q°(h) ne
3aBHCHT OT OCHOBHOTO MOJIS.

[Meepnoxeuue 5. Hycre §— arzebpa Jlu, ¢ —ee yenrp u h—
HEKOTOpPOe BEKTOPHOE MOONPOCTPAHCTE80 npocTpancTsa §. [as To2o
«T066L nodnpocrpancrgo ) 6110 nodareebpoii Kaprana aneebpst g,
Heobxodumo u docrarouno, «Tobol § codepmairo ¢ w ROGNPOCT pau-
cr8o bj¢c Goiao nodareebpoii Kaprana anzebpur gfc.

[Mpeanonoxum, uro §h — mopaare6pa Kapiana B g. M3 cootHo-
wenust [¢, a] < h caepyer, uro ¢ h. I[To cuaexctBHio 2 npepo-
xeHuss 4 nopanreGpa bfe ssnserca momanre6poii Kaprama B gfc,

[Mpeanosoxum, 4ro Y > ¢ u h/¢c — nonanre6pa Kaprana B gfc.
O6o3nauuM yepes [ KaHOHuueckKuit MOpDu3M aareGper JIu § Ha ¢fc.
Asre6pa Jlu § siBnsieTcsl LEHTPANbHHIM paciiupennem aareGpul hfc
H, caenoBaTeNbHO, HHAbNOTeHTHa. [lycTh M — HopMaausatop nom-
anre6per b B g. Ecau x=n, 10 [[ (x), b/c] = Bfe, nostomy [ (x) < bfe,
x=)h. dro nokasmsaeT, 4YTo anrebpa Y sasasercs nopaJrebpoi
Kaprana B aare6pe Jlu g.

Cnencraue., ITycrs €4 — o6vedunente 4AeHO8 BEPXHE20 YEHT-
paavrozo psda aszebpot JIu ¢ (ra. 1, § 1, n°6). [lodaree6pa Kap-
Tana anzebpsl § ecTé noansui npoobpas nodaszebpvt  Kaprana
aaeebpol §{E .
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JleficTBUTE/IbHO, HEHTP ajireGpe ¢/%,q ectb €4 0/%:q, ¥ caen-
cTBHE HEMENJIEHHO BBIBOXHTCS M3 MNPEINIOXKEHUS O M0 HHAYKIHH.

3ameuanue. €0 — 370 HAUMEHbIUUHA U3 HAEaIOB N aare6pH g,
TaKuX, YTO LeHTp aareGpul §/n pasen {0}; 3TO XapakTe pUCTHUECKHH
HIJBIOTEHTHBIA HAean anreGpH (.

2. Pezyaspusie dsemenitor arze6por Ju

[HamoMmuuM, uTO, HauMHas ¢ 3TOrO MecTa, HoJe k mpennoJa-
raetcst GECKOHEUHBIM. ]

[Mycte § — anre6pa JIu pasmepuocTH n. 3anuiieM XapakTepu-
cTHYeCKHH MHorousneH sHjaoMopcdusMa adx Agad ajeMeHTa X &

B BHIOEC
n

det(T —adx)= 2. a, (%) T, rae a;(x)sk.

i=0
TTpn stom a; (x) =(—1)""*Tr( A**adx), cu. Alg., chap. III, § 8,
n°1l. CnegoBaTenbHO, oToGpamxeHnue xr—>a;(x) ABASETCS OAHO-

DOAHBIM TOJHHOMHAJBLHHM OTOGpDaXKeHHneM CTelleHdH 7 — i npo-
crpancTBa ¢ B moie k (Alg., chap. 1V, § 5, n°9).

Samewanus. 1) Ecan g= {0}, 10 a;=0, Tak kak (ad x) (x) =0
npu JloboM X (.

2) Ilycrs kB’ — pacumpenue noas k. 3anuuem det (T — ad x')=
n

= Z a; (x") T ans ¥’ e ®, k' Tlpn mo6om i UMeeT MecTo coort-
i=0

HOILeHHe af|§=a,.

OnpepeieHUE 2. Haumenswee yenoe uucro 1, daa kKoropoeo
a; % 0, naswisaercs paneom aneebpot JIu § u 00603Hazaerca yepes
rg(3). JaemenT X ascebpol § HA3BLLBAETCA pecyAIpHbIM, ecau
a;(x) # 0.

Taknm ofpa3oM, A5 M0GOTO 3JEMEHTa XE§ BHIIOJHACTCS
HepaBencTso rg (1) << dim q°(x), ¥ paBeHCTBO HMEET MECTO B TOM H
TOJAbKO TOM CJy4ae, KOTXa 3/eMEHT X peryJsipe,

MHOXKECTBO PeryJiapHbX 3J€MEHTOB OTKPHTO H INIOTHO B ¢
B Tomosornu 3apucckoro (nomonuenue I).

Mpumepor. 1) Ecnn aare6pa Jlu § HuabnoTenTHa, To rg(g) =
=dimg u n060# 31eMeHT anreGprl § peryJsipe.
o
2) Iyctb g=8[(2, k). Ecan x=(; _Y)Eg, TO JErKo moj-

CUMTATh, YTO ‘
det(T — adx) =T3— 4 (@B + y)T.
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Ecap xapakTepHCTHKA 0.4 E He paBna 2, to rg(d) =1 u age-
MEHTH X, AJsi KoTophix of + v == 0, pery./sipHsl.

3) Mycrb ¢ =gl(V), rae V — BeKTOpHOE MpOCTPAHCTBO KOHeuHOH!
pasMepHOCTH . 0603Ha‘{HM yepes kR anreGpaHueckoe 3aMbelKaHHE
nonst k. PaccMOTpPUM 3JeMEHT X& §, H OYCTb A, ..., A, — KOpHH
ero XapaKTePHCTHYECKOTO MHOTOuUJIeHa B noJe k (kaxauil KopeHb
3alucaH CTOJAbKO pas, KaKkoBa ero KparHocTo). KaHoHuuecKuit
wsomopdusm npocrpaHcrea V'@V Ha § cornacoBaH ¢ 3amaHHOR
Ha HHX CTPYKTYPOH §-MOAY./E€H H MePeBOAUT 3HAOMOPPHIM 1 @ x—
—'x®1 B sunomopdusm adx (ra. I, § 3, n°3, npennoxenue 4).
Hcnosbsys npepnoxenue 4(i) us § 1, nerko mosyuuars, 4T0 KOp-
HAMHM XaPaKTeDHUCTHYECKOrO MHOrouleHa 3sHAoMmopdusma adx
apasiored A — Ay fag 1<<i<Kn, 1 <<j<Cn (KaXkpablf KopeHp 3a-
nmHMcaH CTOJNBKO pas, KaKkoBa ero KpaTtHoctb). [lostoMy paur
anre6pel Jln ¢ pased n, H a5 Toro 4to0b 3jeMeHT X OB pery-
JAPHEIM, HEOOXOLMMO H [OCTAaTOYHO, 4TOOB KaKAbli KOpeHb A;
OBl OPOCTEIM KODHEM XapaKTePHCTHYeCKOro MHOTOUJEHA 3TOro
3Jle MEHTa. :

IMeepnoxkenue 6. [Iycre §— ancebpa Jlu, k' — pacuupenue
noas Rk u ¢ =qQ k.

(iy Haa To20 ur0bbr anemenT x & § Obia peayasper 8 {, HEoO-
xodumo u docrarouno, uTobbl dnement x® 1 Ovia peeyaapen 8 ¢

(ii) rg(g)=rg(8").

DTu pesyJbTATH CAEAYIOT U3 3aMedaHus 2.

TMeepnoxenue 7. [Mycre (4;),_, — Koneurnoe cemelicTéo aseebp

Ju u gzi]:[[gi.

iel

(i) Jas Toco 4roboer srement (x;);,_., Ooia pezyrapen 6 @, HeoB-
xo0umo u Jdocrarouno, urober 0as Kawdozo il srement x; Goin
peeyaspen 8 §;.

(i) rg (@)= X rg(9)-

fel

[eiicteurensHo, pas Joboro x==(x;),_.,&¢ XapaKrepucrude-
CKHi MHOTOWIeH 3HIOMOpGU3Ma adgx ecTb NPOHU3BeleHHe Xapak-
TePHCTHUECKHX MHOTOY/ICHOB 3HAOMOP(HUIMOB adgixl.

[pepnoxenuE 8. ITycrs [: g— ¢ — cropvexTusnetl eomomop.
¢uam areebp Jlu.

(i) Ecau x-— peeyaspuoui srement anzebpor Jlu g, 10 [ (X)—
peeyasprotti aaement anrzebpor §'. OOparnoe yréepacdenue sepro,
ecau nodareedpa Kerf codepicurca 6 yenrpe areebpel q.

(i) Hmeer mecro coornowenue tg(§) =rg(8).
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Beesem o6osnauenns rg(a)=r, rg(g’)=r". Ilycp xe&q.
Torjla XapaKTePHUCTHYECKHE MHOTOUWIeHb sHIAOMOpdHU3MOB ad ¥,
adf(x) # adx|Kerf Moryr 6biTb 3anmucaHb B cJeAyIOIEM BHAE:

POY=T"4a )T+ ... +a,®T7T,
QI =T" Fbwoy ()T ... + b ()T,
RO)=T"4cos T "'+ ... +er(x)T",

rie @;, b; ¥ ¢; — NoJUMHOMHadbHble GYHKIUM Ha § U q, 5= 0,
by %0, ¢» =0, Tlpu atom P=QR, cjeJ0BaTeJbHO, BHITOJHAIOTCA
coorHomenust r=r"4+r" u a,(x)=>b, (x) ¢, (x), KoTopnle ROKa-
spBaloT yreepxjaende (i) u mnepsyio uwacTe yrBepxkaenus (i).
B ciywae korza nojasre6pa Kerf coxepxures B uenrpe anre6pu g,
IMeeM R(T)=T"', no3ToMy &, (x) = b, (x), 410 [OKAa3bIBAET BTOPYIO
yacth yreepxAenus (i).

CneacrBue. [Tycte €,9 (n==0)— Hexkoropsii wien 8epxHeeo
yenrpansroeo pada ascebpor g (ra. I, § 1, n°6).

Peeyanaproimu 68 ancebpe (  ABAAIOTCA Te 3AEMEHTbL 3TOL
aneebpot, 0bpasvl KOTOpoIX 8 §/E 8 pecyaapHot.

IMeEanoxkEHUE 9. [Tycrs § — ascebpa JIu u §' — ee nodarzebpa.
Kaxcooui aaemenr ancebpol §', peeyrapruii 8 §, pecyaapen u 8 §'.

Ecmn xeg’, to sngoMopdusM adyx mopoxkpaeT NPH OrpaHHu-
YEHHH Ha NMOANPOCTPaHcTBo ¢’ 3ugomMopdusM ady, Xx H moTomy ompe-
AensieT Ha GaKTOpIpocTpancTse ¢/y’ mekoropwdl angoMopdhusm u(x).
OGosnauum uwepes dy(x) (coors. d;(x)) pasMepHOCTb HUJIBIPO-
CTpaHcTBa sngoMopdusMa ady-x (cootB. u(x)), H IycThb ¢o (COOTB. ¢1) —
MHAHAMYM uwHcea do(x) (cooTB. d;(x)) NJs BCEX DAEMEHTOB X U3
nofanre6per ¢’. CyuiecTByOT HEHYJEBbE NOJHHOMHAJbHbBIE OTO-
6paxkenust py W p; NpocTpaHcTBa § B moae R, AN KOTOPHX

dy (%) == o <= po (x) % 0, dy(x)==c,<=>p; (x) #0.

Tax kak mnose k GecKOHEUHO, TO MHOKECTBO S TEX 3JeMEHTOB
re<g¢', nns Koropuix do(x)=rcy 4 d;(x)=c,, He myero. Bce aie-
MeHTHl MHoxecTBa S peryasipusl B §’. C Apyro#f CTOpOHH, MHO-
KeCTBO S ecTb INOJMHOXECTBO TEX 3JeMEHTOB mojasnrebpnl ¢,
AJI5 KOTOPLIX HHJALIPOCTPAHCTBO SHAOMOpdH3IMA ady; ¥ HMeeT MHHHU-
MalbHYI0 pasMePHOCTb; IO3TOMY OHO COZLEPKHT BCE 3JE€MEHTH
Nonanre6pul ¢, peryasipune B anreGpe Jlu g. :

Sameuanue. 3) B nopasrebpe §° He 06s3aTenbHO CYHIECTBYET
SJleMeHT, peryasipubii B anreGpe §. Ecaum Xe Tako#d axeMeHT cy-
liecTBYeT, TO MHOXKECTBO BCEX 3]EMEHTOB C 5THM CBOACTBOM COB-
lafaer ¢ MHOXeCTBOM S H3 NpPUBEJEHHOrO BhIIIE JAOKA3ATE]bCTBA.
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3. Pezyarapuvie saemento. u nodasze6por Kaprana

Teorema 1. ITycre § — aacebpa Jlu.

(i) Ecau x — peeyanpnoui saemenr aarzebpor 4, 1o §°(x) — nod-
aazebpa Kaprauna 3roid aazebpel.

(ii) Ecau Y — makcumanrsnas HuronoTenTras nodarzebpa aa-
2ebpol § U saemenT X< b peeyasapen 6 ¢, To h = q°(x).

(iif) Ecau § — nodasze6pa Kaprana aacebpor g, to dim (§) =
=rg(9).

(iv) Todarzebpor Kaprana arcebpor JIu §, pasmeprocTi KOTOpPbLX
pasubl 18 (3), — 370 nodarcebpsr 8uda §°(x), ede x — peeyaapHolil
anementr aaeebpol q. .

Ilyers x — perynsapubifi anement anre6pu q u h==¢°(x), OueBnano,
uto K% (x) =b. Tak kak sneMeHT x peryJspen B § (npeiioxenue 9),
1o rg(h) =dim (§), BcnencrsBue yero nomanreGpa § HUJBMOTEHTHA.

Apyroit cropons, §=q%(x) > ¢°(§) >, cJaemosatesbHO, MOA-
anre6pa bh=g¢°(h) saBaserca kak pas nomaare6poit Kaprana
anre6pbl g (mpepsioxeHue 4). Takum oGpa3om, yTBepxkaeuxe (i)
JOKa3aHo.

Ecau h — maxkcuMa/bHas HUJAbMOTeHTHAs nojanrebpa aarebpuo §
H aJeMmeHT xe b peryasped B ¢, To § < ¢°(x), a nomaare6pa ¢°(x)
HHJ/IBIIOTCHTHA, COIVIACHO YTBep X AeHHIo (i); caerosarenbHo, h=g"(x),
U yrBepxkpaenue (ii) mokasaHo.

Ecan § — nopanre6pa Kaprana anre6pni g, 10 §==¢"(x) mas
HeKoToporo 3sJementa x&0 (caeacreue | npegnoxenns 4), no-
atomy dim(h) =rg(g), uro mokasuisaer yreepxaeune (iii). Ecam xe
dim(h)=rg (1), To aneMeHT x peryaspeH B ¢. HakoHen, ecau
x/ — perysisipHLI 3JE€MEHT aare6psl ¢, TO BCJEACTBHE YTBEPKIE-
uust (1) ¢°(x’) ects nojanre6pa Kaprana, ecTecTBEHHO, pasmep-
HocetH rg (). Tem cambiM yTBepxAeHue (iv) moKasaHo.

B teopeme 2 § 3 Gymer moka3aHo, yTO ecAH mOJe K HMeeT XapaKTe-
puctuky 0, To Bce mopanre6pm Kaprama asreGput JIH § UMeEOT pasmep-
Hoets, pasuyw rg(g).

CnepcreuE 1. KaocOasn aacebpa Jlu § umeer nodaarzebpor Kap-
TAHA, U pane aaeebpol § PABEH MURUMYMY pPAIMEPHOCTel ee noo-
aneebp Kaprana.

Cnencroue 2. [Tycre f: §— ¢ — clopwekrusnoii eomomoppusm
asreebp Jlu. Ecau Y — nexoropas nodauace6pa Kaprawa s ¢, 1o
8 § cywecrsyer nodascebpa Kaprana Y, das xoropoii B = f(b).

Tosoxum a=F""(§). ITo crexcramio | aire6pa Jlu a umeer
nojanre6py Kapraua §. Ilo caencrsmio 2 npeasoxeHuss 4 umeer
mecto papenctBo | (B)==1". Hokawxem, uro nopganre6pa [ ecrsb
noganre6pa Kaprana aare6pwn ¢. OOo3nauum uepe3 N HopMmaau-
satop § B ¢. [ocrarouHo mokasarb, uro h=n. Ecin xe&n, 10
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snevenT [ (X) TpHHAANEKUT HOpPManu3aTopy mojanre6pur  §’
5 aarebpe ¢/, caeposarensio, f(x)Eb u xea. Ho rak xak §
coBNajfaeT co CBOMM HOpMajusaTtopoM B ajnrebpe a, To xe&b.

CaenctBue 3. Kawmdas asecebpa Jlu § ecre cymma ceoux noo-
aacebp Kaprana.

Cymma & mopaare6p Kaprana ajrefpbt § COAECPXKHT MHOKECTBO
RCCX PETYJAsAPHBIX 3/1eMeHTOB anre6put § (Teopema 1 (i)). Tak xak
5TO MHOMKECTBO ILIOTHO B § B TONOJOTHH 3apHcckoro, To 8=4.

Mpepnoxenue 10. [Tycre §— aseebpa Ju, &« —ee Kommyra-
TysHasn nodaazebpa u ¢ — yenrpasusarop nodasreeGpsr a e §. I1ped-
noAoN UM, 4TO 3HOOmOpPusm adyx noaynpoct npu swbom xE 4,
Toeda nodascebpamu Kaprawa 8 ¢ 6ydyr nodaiseebper Kaprana
aazebpot §, codepxcawgue «,

Iycts § — nopanre6pa Kaprana anre6pel ¢. Tak xak ajaretpaa
CONEPIKHTCA B HEHTPe § anre6phl ¢, T0 a < § < § (npeanoxenne ).
OGo3rauyuM uYepes N HopManuzatop mnopanre6ps h B anreGpe g.
CrnpaBelJMBL COOTHOIUEHHS

e, j=[h, Wb

Tak Kak snnoMophuaMel adyx, x =aq, NOAYIPOCTH H HEPECTaHO-
BOUHBI MeXy coboi, To, cornacHo Alg., chap. VIII, § 5, n° I, cy-
IECTBYeT BEKTOPHOE MOAMPOCTPAHCTBO D MPOCTpAHCTBa N, YCTOMH-
YuBO€ OTHOCHTENBbHO 3HAOMOpbu3MOB ad, &, AJist Kotoporo n=0HHDd,
Taknum o6pasom, [a, D) = hND=0, a caenosareipno, D .
Crano 6biTh, & — HOpMaJau3aTop NMopanre6psl § B anrebpe ¢, oTKyna
caenyet, yto n=D, u h — nopasre6pa Kaprana B anrebGpe ¢, co-
Jepikaiada a,

O6parHo, nycts b — mopanre6pa Kapraua B §, comepxamas
nopanre6py a. Tak kak H=9°(h) = ¢’(a) ¥ mO NPEANOJNOKEHHIO
8 (a) = go(a) =¢, To a = h ¢, u, TaknM 06PasoM, b ABJISETCS NOA-
anre6poit KapraHa B ¢ (paBeHcTBo cBoeMy HoOpMaJjusaTtopy B §
BJleYeT 3a coGoil paBEHCTBO CBOEMY HOPMAJIH3aTOpy B ().

_HPE;},HO}KEHHE 1. Mycre w~— nuasnorenrnas nodaazebpa aa-
eebpor Jlu §. Cywecrsyer nodarceb6pa Kaprana aazebpot §, codep-
swawanca e °(n).

OGosnauum noganre6py q°(n) uepes a. Tak kKak nogaiareépa n
HuJbmoTentna, to ncsa. Ilyete x&a um P(x) — ompenenureis
SHIOMOP(U3IMA MPOCTPAHCTBA (/d, HHAYLHPOBAKAOro 0TOOpAXKEHHEM
ad x. O6o3HauuM Yepes @’ MHOKECTBO TEX 3JAEMEHTOB X &4, LA
KOTOphX P(x)#0. 3To OTKpBiTOE MNOAMHONKECTBO MHOXECTBaA 0
B ronosiornn 3apucckoro. Bkiawouenns x = a’ u §°(x) < a sKBHBa-
AentHel, Ma npensoxenus 7 (ii) § 1, n° 2, caenyer, uro ¢°(y) =a
i1 wekoroporo yeun. Toraa y<da u, takuMm obpasom, o
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Henmycto. Tak Kak MHOXeCTBO a’ OTKDHITO, €ro nepeceyeHue ¢ MHO-
JECTBOM DEryJspHHX 3/1eMeHTOB aare6psl a4 toxe HemycTo. Eciu
sneMeHT x MpPHHALIEXAT 3TOMy mepecedenwio, 1o ¢°(¥) Sa u
g° (x) — noxaire6pa Kaprana aare6Gpbl a; B HaCTHOCTH, 3TO HHJIb-
notenrtHas nopaare6pa. Kpome toro, nmpemnoxenue 10 (i) us § 1,
n° 3, mokasmBaeT, uTo mHopairebpa ¢°(x) commamaer co CBOMM
HopMaJsusaTopoM B anre6pe §. Hrak, ato moganre6pa Kaprana
aare6pel g, 4to H TpeboBanoCh A0KasaTh.

4. Hodanzebps Kaprana noaynpocraix arze6p Jdu

TeorEMA 2. [l pednoaomxum, 4o noae k umeer xapaxrepucruxy 0,
Mycre § — noaynpocras aaeebpa Jlu u ) — ee nodareebpa Kaprana.
Toeda nodarecbpa b KOMMYTATUBHA U BCE €€ INEMEHT bl NOAYRPOCTbL
8 aqeebpe ¢ (ra. 1, § 6, n° 3, onpenenenune 3).

Tak kak §==¢°(h), To nomaare6pa b penykrusua (§ 1, npeno-
skenne 11), HO oHa ¥ HUJBNOTEHTHA, a CJEAOBAaTeJbHO, KOMMYTAa-
tuBHa. KpoMe Toro, orpasguueHue Ha rnoganrebpy § npucoenusen-
HOrO TNpeicTaBjieHds aareGpel § MOJYyNnpocTO (Tam oce), TaK 4ToO
sJeMeHTH nogaiareGpr b mosynpoctsl B anre6pe § (Alg., chap. VIII,
§ 5, n°l).

CaepcrBuE 1. Ecau x&h u y= ¢t (h), 1o [x, yl =2 (x)y.

JleficTBHTEIbHO, NMOCKOMBKY 3HAoMopduaM adx noaympoct, TO
g (1) = gy, (0).

CaenctBuE 2. Kaxcdoili peayaapubiii 34eMeHT aa2ebpol § noay-
npocr.

JefcTBUTebHO, KaKabIH TakKofl ajneMeHT HPHHaALAeXHT HEKO-
topo#l nopasnre6pe Kaprana (n°3, teopema 1 (i)).

CaepcrBue 3. [Tycre B — nodascebpa Kaprana pedykrustoll
aaeebpol Ju §. Toeda

a) b kommyrarusna, ,

6) ecau O — KOHEYHOMEPHOE NOAYRPOCTOe NpedCTasAerue aA
2ebpbl §, To aaementvl mroxecraa 9 (§) noaynpocrel.

O603uauuM depes ¢ HeHTP aare6pn Jlu ¢, a uepe3 8 — ee 1po-
H3BOHYI0 anre6py. IIpu atoM g = ¢ X 8, caenoparenno, § = XY,
rie ) — nopanre6pa Kaprana aare6pm & (npepnoxenue 2), Ilo
TeopeMe 2 nopasre6pa § KoMMyTarmBHa, M03TOMY nogaireGpa b
TOXE KOMMyTaTupHa. IIpu 3TOM MHOXecTBO 0 () COCTOUT H3 moJjy-
NPOCTHIX 3HAOMOPPHIMOB, TaK Ke Kak u MuoxectBo 0 (¢) (r1. I, § 6,
n° 5, Teopema 4); 3To NoKasLBaeT YTBEpKAeHHe 8).
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§ 3. TeopeMbl conpsXeHHOCTH

B arom napazpage npednosaeaercs, 4T0 OCHOBHOE noae k umeer
xapakrepucTury 0.

1. 3aemenrapnvie asTomopdusmot

[Tycth §— anre6pa Jin. OGosnauum depes Aut(g) rpynny eé
apromMopdusmoB. Ilycte x & ¢g; ecau smupoMopdusm ad x HHibNO-
reHTeH, To edd* = Aut(g) (ra. I, § 6, n°8).

OnpERENEHHE |. Suemenraproin asromoppuzmon areebpol Jlu §
Hasbleaerca a106oe npoussedeHle KOHEHHO20 HUCAQ ee aBTOMOp-
¢pusmos suda e*4*, zde swdomoppusm ad x uuaenorenren. I'pynna
3NCMEHTAPHLLX asTOMOpPuU3MO8 arzebpel JIu § 0603HavaeTca 4epes
Aut, (9).

Ecan u=Aut (), 1o ue?d*u—1=e2d4® cpenosarenpuo, Aut,(q) —
HopMaabHasd moxrpynma B Aut(g). Ecaim k=R uam C, To moz-
rpynna Aut,(g) conepxurcs B rpynne BHYTPEHHHX aBTOMOpPDH3IMOB
Int(q) anre6pu ¢ (ra. III, § 6, n° 2, onpenesenne 2).

* B obwmeM cayuae moxrpymma Aute (§) coaepXuTCi B KOMMNOHEHTE
emuunus rpynnst Aut (g). ,

Jlemma 1. [Tycre V — KoneurnoMepHOe 8eKTOPHOE MPOCTpPAHCTEO
u n— HeKoTopasa nodasrzebpa ascebpst JIu a = gl(V), cocroawas us
HUABNOTEHTHLIX 9AeMEHTO8.

() Orobpasxcenue xv+—>expx A6AseTca OUEKTUSHbLM OTOGpasie-
Huem aaeebpbt N Ha HekoTOpyro nodepynny N epynnee GL (V), co-
CTOAUWYIO U3 YHUnOTenTHulx aaementos (ra. 11, § 6, n° 1, zamesa-
uue 4). ITpu srom n=Ilog (expn). Orobpaxenue f+>folog ycra-
HABAUBALT UBOMOPPUIM MeXHcDY arcebpoil NOAUHOMUAALHBIX (DYHK-
yuk Ha N u ascebpoil, 06pa3osannoil oeparuyenusmy na N noauno-
Muarsuoix Gyuxyull na npocrpancree End (V).

(ii) Ecau x=n u asqa, T0

(exp adax) . a = (exp x) a (exp (~— x)).

(iii) Tycro V' — xoneunomeproe sexroproe npocrparncréo, W —
hodarzebpa aneebpor JTu gL (V’), cocroswas us HUABNOTEHTHbLX 216
Menros, U p — eomomoppusm u3 n 8 W. Q6osHauum 4epe3 n orobpa-
erue exp x +—>expp (x) epynnst expn 8 epynny expn’; roeda m —
eomomophuzm epynn.

ITo teopeme Duresnst MoxHo TakuM 06pasoM BHOGPATb OTOK-
AecTeiienue mpocrpanctsa V ¢ mpoctpancteom k", uro asre6pa Jlu n
OKaxercst momanre6poit anrebpel 1 (n, k) (w(n, k) — nonanareGpa
anredpst Jn M, (k), 06pa3oBanHas HUXHHMH TPEYTOJbHLIMH MaTpH-
lamn ¢ myneso#t amaroaavi). OBosHaunm uepes ng(n, k), s=>0,
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NOAMHOXKECTBO TEX 3JEMEHTOB (xil)z<1,1<nEMn (R), mna KoTOpBIX
x;;=0 npu i—j <s. Ilpu stom

[1(n, &), n,(n, Bz, . (n, k)

s+s’
(ra. 11, § 4, n°6, sameuanue), n pag Xaycmopda ONnpeAessieT NoJy-
HoMHaJbHOE oToGpaxenue (a, b)—> H(a, b) npoussenenus n(n, k)X
Xu(n, k) 8 u(n, k) (ra. 11, § 6, n°5, 3amevanue 3). 10 otobpa-
KeHHe, PACCMATPHBAEMOE KaK 3aKOH KOMIO3UIHMH, CHAGXKAET MHO-
XKecTBO N(n, k) cTpykrypoit rpynnu (ra. II, § 6, n° 5, npeaJoxe-
Hue 4). Benencrsne sameuanns 4 u3 ra. 11, § 6, n° 1, oro6paxenne
X +—>exXpX NMpocTpaHcTsa W(n, k) Ha noamHOXectBo |+ n(n, k) u
oroGpaxenue y—>logy muoxecrBa 1+ u(n, k) ua n(n, k) Guex-
TUBHBI, B3aHMHO OGDATHEL M NMOJHHOMHKAJILHE. BBHLY npenloxkennus 3
us ra. I, § 6, n°5, sty oroGpaxenns Gyayr wsomopdusmamu
Tpynm, ecaM BBECTH Ha MHOXECTBE It(n, R) 3aKOH YMHOXEHHA
(a, b)— H(a, b), a MHOKecTBO 1 n(n, k) paccmarpuparb Kax
noarpynny rpymmst GL, (k). U3 sToro serko mnosyuuts yreepxpe-
uust (i) u (iii) #Hameit semmpl. Ilycte x & n. OGosHaunum uepes L,,
R, ortobpaxeHns u+—>Xxu, u—>ux amredpu a B ce6d. Ouu nepe-
CTaHOBOUHBl ¥ HHJbNOTeHTHEL Tak kak adsx=L,— R,, 10 npu
Jio6oM a € a

(expad,x)a=(exp(L,~ R ))a=(expL,)(expR_,)a =
Ly RL,
=y a = (exp x) a (exp (— x)). (1

T
1,120

B o6osnHauennsx JaemMMbl 1 rosopsit, uto o — juHefiHoe npéf-
CTaBJIEHHE TPYNNLl eXpl, C0240CO6GHHOE C [AHHHIM MpeACTaBJes
naeMm p aare6pel JIu n B npocrpauncrse V’. Ecau & ects R, C min
110/iHOE YJbTPAMEeTpHUYecKoe HEAUCKpeTHOe noJe, T0 p == L () B cHJIy
CBOHCTB 3KCIOHeHuuajbHOoro ortobpaxkenus (ra. III, § 4, n°4,
caeacraue 2 npegnoxenns 8).

TMrepnoxenue 1. [Tycre §— ascebpa Ju, a w— rakas ee nod-
anrzebpa, 4r0 andomoppusnm ady(x) Hussnorenten npu srobom x < .
Tozda ¢'%" — nodepynna epynner Aut, (g).

Aro caeayer u3 gemmu 1 (i).

B YaCTHOCTH, eCcan BSHde B KauecTre 1t ITHABIOTEeH TH bl paauran
adsn
anre6pul §, To NOArpymnmoil e 3 Gyner rpymma cHequaisHolx AeTomop -
¢usmos anre6psr g (ro. I, § 6, n°8, onpenenenune 6). .

3ameuania. 1) Tlycts V — KOHEUHOMepHOE BEKTOPHOE MPO-
CTPaHCTBO, § — noganre6pa aarebpw Jlu a=gl (V) u x — snement
aareOpsl §, 419 KOTOpOro sHAoMoppu3mM adgx HuibnorenteH. Torpa
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CyLIECTBYET TaKOH HHJLIOTEHTHBIE 3J€MeHT n aarebpsl Jlu a, uro
supoMopuaM adun npomoaxkaer suaoMmopdusm adyx. [eiicTBu-
TeJbHO, IYCThb § H f1 — NOJYINPOCTAast U HUJBIOTEHTHAsE KOMIOHEHTHI
aieMenTa x. I1pu atom ady s u aden 6yAyT HOJAYIPOCTOH W HUJBIIO-
TeHTHOR KoMmmoHeHTaMu 3sHaomopdusma ad.x (ra. I, § 5, n°4,
aemMa 2), [TopmpocrpaHCTBO § YCTOHYHBO OTHOCHUTEJBHO 3HAOMOP-
¢uamoB adys, adan, u sugomopdusmbl ad.slg, adynl|g cayxar
MOJyNPOCTOl U HUJBIOTEHTHOH KOMIIOHeHTaMH sHIoMopdusma ad,x.
Takum o6pasoM, adyx = ad.n |4, 4TO U JOKa3biBaeT Halle yTBEpKJe-
uue. Beaepgcrsue yreepxpaenus (i) jgemmnl 1 mbl mosyuaem, uto
Jo6ol sgeMeHTapHbLl aBroMopdusM nojaareGpu ¢ npopoaxKaercs
10 HeKotoporo asToMopdusMa aareOpel a, UMeEOUEro BHA U +—>
— mum=', rne me GL (V).

2) Ilycrb V — KoHEYHOMEpPHOe BEKTOpHOe IpocrpaHcTso. st
aio6oro saemenra g & SL (V) o6o3nauum uepes @(g) aBToMopdhu3M
xv+—> gxg~! aare6pul Jlu gl (V). Torna

Aut, (a1 (V)) =@ (SL (V)).

HeiicrBuTenbHo, BeaeacTeue Gopmyast (1) maoxkectso Aut,(gl(V))
copepxurcss B MHoxectBe ¢ (SL (V)). OOpartHoe BKJlOuYeHuHe cie-
nyet us Alg., chap. I, § 8, n°9, proposition 17, u dopmyan (1).
AuasiorHunbiM 00pa3oM MOMKHO I10Kas3aTbh, 4TO MHOMKECTBO dBTO-
MOp®HU3MOB, SIBJSIOUXCA OTpaHUYEHUSIMH Ha [OANPOCTPAHCTBO
81 (V) oroGpawxeHusi uz MmHoxectsa ¢ (SL (V)), cosmamaer ¢ mHuo-
skecrBoM Aut, (81 (V).

2. Conpaxennocrs nodarze6p Kaprana

[Tyctb g — anre6pa Jlu, § — HeKoTopas €€ HHIbIOTEHTHAs MOA-
ajare6pa u R — MHOXKECTBO HeHYJ/IeBHIX Becop nojanreGpul § B npo-
CTpPaHCTBe ¢, T. €. MHOXeCTBO TaKux JuHedHbiXx dopMm As=0 Ha B,
A5 Kotopux 4*(f) == 0 (cM. mpemsoxenune 9 (iii), n° 3, § 1). Ipexn-
IIOJIOK UM, YTO '

s =0 (0D X g* ()
&R

5T0 Bcerjla HMee€T MECTO, €CJH OCHOBHoe MoJie k ajareGpanyecku
samknyto (§ 1, n° 3, npemgoxenune 9 (i)). Ecitn A= R u x=g¢*(h),
10 sHA0MOpdu3M ad x HuJbnoTeHTeH (§ 1, n° 3, npensnoxenue 10 (iv)).
OGosuauum uepes E (b) moarpynny rpynnm Aut,(g), nopoxjaeHHyio
oTo6paxeHusMu e?4¥, rae 3/7eMEHT X yLOBJETBOpSIET NPHBEACHHOMY-
Buime yeaoBuio. Ecan 4 & Aut (3), 10, Kak JerKo BujeTh, 4E (hu 1=

= E (u(h)).

Jlemma 2. (i) ObGoznauum 4epes §, MHONCECTEO IACMEHTO8 X € 1),
Oan koropuix ¢°(x) =¢°(b), T.e. MHONCECTBO TaKux 3ieMEHTO8

2 Bypbaku
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x=b, uro AMx)#0 npu scex A= R. Mnowecreo B, orkpuro u
&crody naoTho 8 b oTnocuTeasno Tonoaoeun 3apucckoeo.
(ii) Mycre R={Ay, Ay, ..., A,}, 20e 8ce saemenror &y pasauunst,

O6o3nauunm wepe3 F orobpanenue npocrparcrea 4°(h) X a*(H) X ...
e X g’“p (b) 8 npocrparcrso g, onpederentioe opmyaoii

d
Fh, xi, .., x)=2""1 ... &,
’ 1 ’ P

Toeda F sasasercs OOMUHAHTHOIM NOAUHOMUQAALHOIM OTOODANCCHUEM
(nonoaunenne I).

YrBepxkienne (i) oueBuaHo. Hokaxem yTBepxaenne (ii). ITycts
n=dimg. Ecin A& R u x = g*(p), To (ad x)" =0. Takum obpasom,
oro6paxkenne (y, x)—>e*d*y npoctpanctea § X ¢*(h) B § monu-
HoMuadbHo. OTcola Mo HHAYKLHM Mbl HOJyYaeM, 4To OToOpaxe-
nue F noauHomuanbHo. BuibepeM asiemeHT Ay < b,; nyers DF —
JuHefiHOe oTOOpa)KeHHe, KacaTesbHOE K 0TOOpaKeHHIO F B TOuKe
(hy, O, ..., 0). Iokaxem, uto DF ciopbektusHo. Ecau i & ¢° (D),
10 F(hy=+h, 0, ..., O)=hy+h, caegosatensno, DF (4, 0, ..., 0)=h
u Im(DF) > ¢°(h). Hanee, ecau x < g* (b), To

— pad X} e (adx)2 .
Fho, %, 0, ..., 0)=edxhy=hy + (ad x) . by + 2y + .5

nostoMmy DF(0, x, 0, ..., Oy=(adx).hy=— (ad i) x. Tak kax
supomophusm ad hy uupynupyeT asToMopbusM npoctpancrsa ¢t (h),
1o Im (DF) = g (§). Takum xe 06pasoM noJyYaeMm, 4ToO

Im (DF) = §"¢ (5)

JINA BeeX i; OTCIOfA CJeRYeT CIOPBEKTHBHOCTh oToGpaxkenus DF.
Hs npensnoxenus 4 pononnenus I caenyer Tenepb, uto oroGpaxke-
HHe F MOMHHaHTHOE.

IlpepnoxERuE 2. [lpednoaoxcus, 4ro noae k arzebpauuecku
samxuyro. Iycre §— aseebpa Ju, a § u Y — ee nodaseetpos
Kaprana. Cywecrsyror taxkue ssementor u < E (§) u u' < E(Y), uro
u(0) =u’ (§).

Bynem ucnosbsoBath o6osnauenus gemmu 2. Tak kak § u §) —
nogasrebps Kaprana, 10 ¢°(§)="5b u ¢° (') =Y. U3 semMb 2 u
npeanoxenuss 3 ponosHeHusi I caenyer, uro muoxectBa E ()Y,
u E(§) b comepkar oTKPHIThE U BCIOAY NJIOTHbLIE B NPOCTPAHCTBE §
OTHOCHTEJIHO TONOJOTHH 3aPUCCKOro mnoAaMHoXKecTBa. Iloatomy
E(®)bY NE )b, = @, 1. e. cymecTyior Takue snemedtsl u & E (5),
WweEE®W), hel, b, uto uh)=u' (). Torga ’

4 (6) = u (6 (5)) == 8° (u (A) = ¢*(u’ (A") = u’ (§").
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CaencrBue. Hmeer mecro pasercreo E () == E (Y’).

[Tyctb 4, 4 — 31eMeHTHl, CYLUIECTBOBaHHE KOTOPHIX YTBEPXKAAET
npepnoxenue 2. Toraa

E@=uE®)u'=E@®)=E£@G ) =wE@OQ)s'=E®F),

4TO JOKA3bIBAeT CJEJICTBUE.

Ha ocunosanmm 3Toro pesyjabrata Mb OyAeM B cjiydae, ecld
none k anre6panueckn 3aMKHyTo, o6Go3HauaTe rpymmny E (§), rume
b — Hekoropaa mofanre6pa Kaprara aareGpwl ¢, mpocto uepes E.

B o6wmeu cayuae Aute(9) = E (vaupumep, ecau aarebpa § HUJABIIO-
TEHTHA, TO rpymna E cocTouT U3 ONHOrO 3AeMeHTa, B TO BpeMs Kak s
HEeKOMMYTaTHUBHON anreGphl § CYLIECTBYIOT HETPHBHAJbHEIE 3JEMEHTAPHbHIE
aBromoptusmu). Onuako MoxHo Aokasats (ra. VIIL, § 10, ynpaxuenue 5),
4To A moaynpoctoff anreGpel JIn g uMeeT mecto paBeHCTBO Aty (g) =

TeoreEmMA 1. Tpednosoxcun, uro nose k arcebpauyecku 3amkuyro.
ITycre § — areebpa Jlu. I'pynna E asasercs Hopmaavroil nodepyn-
noi epynnst Aut(Q) u deiicrsyer na mroowecrse nodarzebp Kaprana
TPAH3UTUBHO.

ycte b§—nmoganre6pa Kaprana anrebpel g u v Aut(g).
Tak Kak
vE (B) o=' =E (v (h) = E (),

10 E (§) = E — HopMasbHnas noarpynna 8 Aut(g). Ecau §” — apyraa
nofaiare6pa Kaprana aareGpel g, To B 0003HaUeHHSIX NpeIsoxkKe-
g 2 ")) =4 u w'~'usE.

3. Hpunoncenusn reopemvt 0 conpsxcennocru nodarze6p Kaprana

TeoreEmA 2. ITycre §— areebpa JIu.

(i) Bece nodarce6por Kaprana anrzebpor § umetor o0HYy U Ty e
pazmeprocte, pasHyro T (8), U OOUK U TOT e KAACC HUALROTEHT-
HOCTHL.

(i) das ro2o 4T06bL s/1eMeHT X = § Gbla peeyripHbiM, HEOBXO-
oumo u docrarouro, urobst °(x) Geira nodarcebpoii Kaprauna 8 g,
U Takum ob6pasom MONMHO NOAy4UuTs 8ce nodaszebpor Kaprawa.

Hlokaseigass yreepxaenne (i), Mbl MOXKeM NpeANoJaratb, 4To
nojse k& ajire6paHYecKH 3aMKHYTO (CM. § 2, npensoxennd 3 u 6).
Torga ono BHITeKaeT u3 teopemn | n° 2. YTBepm,u.eHne (x1) cae-
ayer u3 (i) u nn. (i) u (iv) Teopemn 1 us § 2

[Teepnoxenne 3. [Tycre §— areebpa JIu u ¢ — ee noaa/zee6pa
Tozda caedyrowie Ycr08US SKBUBANCHTHL:
(i) nodasze6pa o' codepacur Hetcoropbzu pecyAApHLIL  INEMEHT
aaeebpor § u rg () =rg(a'); .
2*
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(i) nodaszebpa §' codepxaur Hexkoropyio nodareebpy Kaprana
anrzebput §;

(iii) xamdas nodaree6pa Kaprana areebpor §’ ecrs Taxkie noo-
aneebpa Kaprana anreebpot §.

(i) = (ii). Tlpenuonoxum, uto rg(g) =rg(q) # sneMenT x g’
peryaspen B aareGpe §. Ilyers h=¢%(x), )" =g (x) =HN¢". Torxa

rg (§') <dim by’ <dim § =rg (§) =rg (&').

CrnemoBartenbHo, Y =19 < ¢’, uro u nokaswBaer yrBepxieHue (ii).

(ii) = (iii). I1pennonoxum, uro ajreGpa ¢’ cogepxuT noganreépy
Kaprana 0 aare6per @, wu mnycrs B — nopanre6pa Kaprana
asre6pu ¢’. ITpn nokasarenncTse Toro, uto h; — nopanre6pa Kap-
TaHa B (, MOXHO NIpefnoJaraTb, YTO OCHOBHOe mose k anreGpaun-
yeckn 3aMkHyTo. Ilycte E(Y) u E’(§) — rpynnsl aBToMOphH3MOB
anre6p q n ¢’ cooTBeTCTBEHHO, accourHpoBaHHme ¢ § (n° 2), Io
tTeopeMe 1 cywectsyer asnement | & E’ (§), naa goroporo f(h) = b,.
OnHako Kax<AwlH aBToMOpduzM us rpynnst E’ (b)) urgynupoBan He-
KOTOpeIM aBTOMOpdH3MoM u3 rpynnel E (h). elicTBuresnbHo, 3TO
yTBEpXKAeHHe NOCTATOUHO IPOBEPHTH AJsT aBTOMOP(HH3MOB BHAa e2d%,
rae xe< ¢’ (h), A= 0, a B 9ToM cJayuae OHO cJenyeT U3 BKJIOUEHHHA
g’ (h) < g* (b). 3uaunr, §; — nogasre6pa Kaprana B ¢.

(iiiy == (i). [Tpeanonoxum, uro ycnosne (iii) Boimonuaercs. [Tycts
) — noganreGpa Kaprauna anre6pn §’. Tak Kax moganre6pa § ects
OofiHOBpeMeHHO -noxanre6pa Kaprana anre6phl ¢, TO OHA COREPIKHT
3JIEMEHT, peryJaapHbIi B 3To NocaepHedt (reopema 2 (ii)); mpu
stom rg (g) = dim () =rg (¢").

Cunepcreue, IMycrs ) — nusenorentnas nodareebpa areebpot 4.
Tozda nodanreebpa ¢°(b) o6aadaer csoiicreamu (i), (ii) u (iii) nped-
A0dcenus 3.

Heficturenbuo, us npennoxenus 11 § 2, n° 3, caenyer, uto
nopanre6pa ¢°(h) obnagaer cpoiicrom (ii).

TMPEnnoxENUE 4. [Tycre §— aacebpa JIu pauea I, ¢ — Kaacc
HUABROTEHTHOCTY ee nodaaeebp Kaprana u x < . Toeda 8 § cyuye-
cTeéyer nodaszebpa pasMeprocTu | U Kaacca HUABROTEHTHOCTU KC,
codepraulan 3AeMenT X.

IMycts T — nepemennasi, &' =k(T) u ¢’ =g ®, k. Ecm §h—
HekoTopas nojganreGpa Kaprana anrebpnoi §, To h) ®p & ecTs nox-
anre6pa Kaprana anreGpe ¢’. TakuM oGpasoM, panr anreGper g
paBeH [ ¥ KJacC HUJIBIOTEHTHOCTH ee nopganre6p KapraHa paseH c.

BriGepem perynapHuil s;eMeHT y anre6pul ¢. HMcnosassya oGo-
3HaueHust n° 2 § 2, noayuaem, uto aq,(y) 7%= 0. ByseM oGosHayaTeb
NPoJo/IKeHHe NOJHHOMHAJBHON (YHKUMH @; HAa IPOCTPAHCTBO §
Toxe uepe3 ;. Pacemorpum snemenr a;(x -+ Ty) Koablia MHOrO-
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Y4/IeHOB k[T] Ero crapumuum Koa(b(bﬂuuemom 6yzer a, (y). ITosromy
ageMenT x+ Ty peryasapen B aarebpe ¢. O6osumauum uepes Y
HHJIBIIPOCTPAHCTBO supoMopdpusma ad (x + Ty) B aare6pe ¢'. Torga
dimY =1, 4 K1acC HHABMOTEHTHOCTH ajredpot b’ paBeH c. Ilycrs
=0 N ®:L[T]). Ormerum, ur0 Qi £ (T) =

Pacemorpum I‘OMOMOp(bHSM ¢ Koawla k[T] wa mone k, gas Ko-
roporo @(I)=0, n mnycrb P — roMomoppusm 1@ ¢ aareGpu
A ®k[T] Ha anrebpy §. Hcuo, uro P (f) — nmogaarebpa B ¢ KJaacca
HHJABIOTEHTHOCTH < C, COomepiKallas sneMeHT $(x + T'y) =x.

Cpo6oznubiit R[T]-Monyb § ® .k [T'] conepxur nogmonyin f panra l,
npuueM daktopmonyab (§ ® k [T])/f asnsercs monynem Ges Kpyue-
ung. CiegoBaTeabHo, NOAMOAYAb [ Bogessercs B Monyde § ®; k [T]
npsiMbiM caaraembim (eM. Aze., ra. VII, § 4, n° 2, treopema 1), u
dimgp(f) =1, uto U TpeGopasoCh HOKA3aTh.

4. Conpsxcennocrs nodasrzebp Kaprarna 8 paspeumumoll
aazebpe Ju

[lycre § — paspewuMas aareGpa Jln. OGosnauuM uepes € (1)
nepecedeHyde YJACHOB HUXKHETO lleHTpaJibHOro pAga aare6pu ¢ (ra. I,
§ 1, n° 5). OHo ABJsTeTCA XapaKTEPUCTHYECKHM HA€aJIOM B {, IPHUYEM
9TO HaWMeHBINHH cpend HAeasoB M anreOpul §, A1 KOTOPHX thak-
topaare6pa ¢/m muabnorentHa. Tak Kak %~ (§) <[g, 4], To €~ (7)—
HUJIbMOTEHTHHIH Hpean B asarebpe ¢ (ra. [, § 5, n® 3, caencraue 5
teopeMmnl 1). B cuny npepnoxenus 1 u3 n° I MHoXecTBO aBToO-
MopdusmoB e2d* rre x <= € (3), cocraBiseT MOATPYNNY rpynns
Aut (3), comepxkauyocs B NOATpYINe CrelHa bHEX aBTOMOP(HH3MOB
(. I, § 6, n° 8, onpenenenne 6).

TEOPEMA 3. Mycre §— paspewunan arcebpa Ju, a B, §H — ee
nodaszebpor Kaprana. To2da cywecrsyer arement x = € (1), 0ax
Koropoeo e2d*fh =1y,

TIpoBenem muaykuuio no dimg. Cayuait ¢ = 0 Tpusnanen, Ilycrs
1 — HeHyJieBOH MHHHMAJIbHBIE KOMMYTATHBHHH HIean anre6pu g.
[Tyers @: g— ¢/t — KaHoHnueckuit Mopousm. Torma ¢ (¥ (g) =
=%~ (g/n) (ra. I, § 1, n° B, npennoxkenne 4). Bamiy Toro uro ¢ (h)
1 @ (h") — nonanre6per Kaprana aare6pu g/n (§ 2, n° 1, cnegcraue 2
NpeAJOXKeHHs 4), 10 NPeAnoJOKEHHI0O HHAYKLUHH CYMECTBYeT TaKoH

aNeMeHT x € ¥~ (q), uto e2d?Wg (h) =g (§’). 3amenss Y ua ead"[)
MOXHO JaJjee TpeAnosaraTth, 4to qa(f))-—q)(b ), T. e,
h+n=p +n

CnepoBatenbHo, nogaare6pn § u §’ sipasiiotest mopanreGpamu Kap-
tTana aarebpor §+4n. Ecan )+ n g, 1o nokasmBaemoe yrBep-
XKJCHHE BHITEKaeT H3 mnpexpnosoxeHud HHAyKuud. IlosTomy wmb
NPeANOJOXHM Temepb, 4T0. h 4 n=1§" 4 n=g.
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Tax xak uiean 1 MuHEManed, To uan (g, n] = {0}, uan [g, n]=n.
Ecan nmeer Mecto pasenctso [g, n]={0}, o nch u nc " § 2,
n° 1, nmpenjoxenue 5), MO3TOMY b=9+4n=0 +n=10. Ocraerca
paccmorpeTs cayyait [g,n]=n. Torza nc €>(g), n uiean 1
sBJsieTcst MPOCThiM §-moAyJdem. Tak Kak q=h-+n n [n, n]= {0},
To umean N — npoctoil h-monyib. Ecau §\n = {0}, o n < b, a 3na-
ynt, 4 =§ u §” =1. TIpeanonoxuM, uto § 1 n=={0}. B atom cayuae
g=b@dn u g=0H @n, Tak Kak npocTpanctea § u §’ umeor oxu-
HaKOBYIO Pa3MepHOCTb.

JJ1st KaskJoro sjieMeHTa X & b oGosnauum uepes f(x) ToT eguu-
CTBEHHbIH 3J€MeHT ujeasa N, Aasg Kotoporo ¥ — f(x) = b§’. B arux
oBo3navueHnax, ecau X, yeh, 1o

e, 9] =[x, W= @, yl=k—T&), y—TI =Y.

Mostomy f([x, y])==1Ix, [ ()] + [f (), y]. Tlo cieactsuio npepo-
xenusd 9 § 1, n® 3, cyniecTsyer Takoll sJeMEHT a &1, uto [ (x) =
=[x, a] 13 Bcex x =B, Toraa (ad @)’ (3) = (ad a) (n) ==0, raK uro

edday=x+4[a, x]=x— [ (x)

s Beex x &= b, Tarum obpasoM, €244 (§) =} u as ¥~ (g). Tem
caMbiM TeopeMa HoKasaHa.

Jemma 3. [Iycre § — arzebpa Jlu, t— ee paduxanr, @ — KAHO-
nueckutl eomomopusm areebpol § Ha GaxToparzebpy ¢/t u v — He-
KoTopoul 3semenTapHolll astomopdusm aaeebpor gfr. Toeda cyuje-
cT8yer Takoi daemenTApHbUE asTomopdusm u arzebpol §, 4TO Bbi-
NOAHACTCA PABEHCTBE0 QoU=TUoQ,

MoXHO NpeanoJoXuTh, UTO aBTOMOP(H3IM v HMeeT B e3ddd,
rie b < ¢/t u sngomopodusm adb Huabnorenten. Ilycte & — nox-
aare6pa Jlesu anare6pmr g (ra. I, § 6, n° 8, onpenenenne 7) u
a — Tako#l 3JeMeHT nojasare6pnt 8, uro @ (a)=>b. Tax KaK 3H[]0-
MopdHu3M ad; @ HUABNOTeHTeH, TO 3HAOMOPPU3IM adya ToXe HHJIb-

d
notenter (ra. I, § 6, n° 3, caencTeue HpeAnoxenns 3) U 4 =e° 87 —
3JeMeHTapHb A aBTOMOp®hHU3M aarebphl §, AA KOTOPOro Qo ="0o @,

IregnoxeruE 5. ITycrs §— arzebpa Jlu, t— ee paduxans, § u
Y — ee nodaszebpo. Kaprana 4 @ — KAHOHUMECKUL 20MOMOPPUIM
aneebpor § Ha paxropareebpy oft. Toeda caedyrowue ycrosus aKsu-
8ANCHTHbL:

(i) nodaszeGpor b u Y conpasenv. OTHOCUTEALHO epynnbL ae-
MEHTAPHOLX ABTOMOPPU3MO8 areebpol §;

(i) nodaazebpor @ () u @ (b') conpascenst ornocurTessbrHo epynnol
3ACMEHT APHOLX ABTOMOPPUIMOE ar2eGpbl dfr.

(i) = (ii). OveBupgHO.
(ii)=- (i). TTpennosoxum, 4ro ycaosue (ii) cnpaseannso, u Ho-
kaxem (i), BeaefcTBye A€MMB 3 MOXKHO mpefnonarath, uto @(h) =
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=¢ (). Ilycrs f=0h+t=10" + vr— paspemrumas mnoxanreGpa
anre6psl 3. Ilpu atom noxanre6psl § u b’ asasiorca noganreGpamu
Kaprana aare6psl P u cymecrsyer saement x & €~ (f), nast koro-
poro et =1 (Teopema 3). Tak Kak asgre Epa /v nunbnoTEHTHA,
To €~ () =r. C mpyroit croponb, €~ (f) = [f, l?]c [g, a], mosTOMY
x=1N[g, ql, © mo Teopeme 1 u3 ra. I, § 5, n° 3, sugomopdusm
ady x OyeT HUAbNOTeHTHBIM. Takum 06pa30M, 3JIEMEeHTapHLIR aBTO-

Mopdusm e*ds* anreGpsi § nepeBoAUT Hoxaare6py h B b'.

5. O0uo npedaoscenue o 2pynnax Ju

TIpEpn0XKEHUE 6. [Ipednoaoxum, 410 OCHOBHOe noae k — 3T0
nose R, C uau nosnoe neduckpernoe yasTpamerputecKoe nose Xas
paxtepuctuxu 0. IIycre G — epynna JIu koxednoll pasmeprocTi Had
noaesm k, e —ee HelrpassHoll 3aemenT, §— ee aaeebpa Jlu, § —
nodasreebpa Kaprawa aseebpor § u b, — MHOMECTB0 pecyiipHbix
24eMeHTO8 anzebpsl §, npunadsexmawux nodaseebpe b.

(i) Hycre 8 — gexTopHOE HOONPOCTPAHCTEO npocTpaHcTea {, 0o-
noaxureastoe K 0, 8,-— OKPECTHOCTb HYAsL 8 ROORPOCTPAHCTSE 8,
Ha KOTOPOL onpedeieno 3KCROHeHyuasroe orobpasenue, u hyesY,,
Tozda orobpancenue (s, hy—= F (s, h) = (exp ad s) . b npamozo npous-
sedenus 8, X h 6 g araseno 6 rouxe (0, hy).

(i) Oro6pancenue (g, h)—>F" (g, h)=(Ad g).h npsamozo npo-
ussedenus G XY, 8 g asaserca cybmepcueil'). B wacrrocru, 06pas Q
3T020 0TO6PAINEHUST — OTKPbITOE MHOXCecT80. [asn 2106020 3aeMmeHTa
x = Q nodnpocrpancrao §° (x) — are nodaree6pa Kaprana areebpot g,
conpancennas ¢ nodaazebpoti § ornocuressno epynnot Ad (G).

(iii) Tycre hy=Y,. Ecau U — npoussorsHan oKkpecTHOCTe 3.e-

menra e 8 epynne G, TO MHOMECTE80 U (Ad a) (b,) — oxpecrrocts
aesU

aaemenra hy 6 g.

Bynem ucnonnsoBath oGosHaueHus hy u 8 yrBepkieHus (i).
IMycts T — KacaTeabHOe guHeldHOe 0TOGpaxkeHne K oToGpaxeHuo F
B Touke (0, hy). Tak Kak F(O h)=hupuscex h=sh, to T, h) ="
npH BCeX h &b. C apyroil CTOpOHbI, €CJH OKPECTHOCTb &, gocTa-
TOYHO MaJa, TO KacaTeJbHbiM K OTOOpaxkeHHo §+>expad s oKpecT-
HocTH 8, B mpocrpaHcTBo End(g) B touke 0 Gymer oto6pakeHue
s+—> ad s mpocTpancTBa 8 B npoctpaHcTso End (g). CienoBarenbHo,
T (s, 0) =1s, ho] naa Bcex s & 8, TakuM o6pasom, oToGpakeHne Mpo-
cTpaHcTBa (/b B ceba, noayuyenHoe us oro6paxeHus ad hy akropusa-
nuelt, 6uextusHo. OTc04a caenyer, 4To oTo6paxenne T GHeKTHBHO;
TeM caMbIM yTBepxjaeHue (i) mokasaHo. Temeps us Toro ¢axra,
uro expad s =Adexps mas Bcex s & 8, rocraTouno OJH3KHX K O,

1) CM. Mn. Ce. pes., 5.9.1, — [Ipun. ped,
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cieayoT yrsepxaenne (iii) 4 mepBas yacTb yTBepKjeHHS (ii). Tak
kak Jio6oii aneMeHT x & Q uMmeer Bun (Ada) (k) miast HeKOTOpBHIX
acsG n heh, 10 §(x)=(Ada) (@’ (h)=(Ada)(h), n sTo moX-
ajre6pa anre6psl g, conpsikeHHas ¢ § ornocuTesbHO rpynnsl Ad (G).

§ 4. Peryaapunie siementn rpynnn Jlu

B srom napaepage 6 nn® 1, 2 u 3 npednoasacaercsa, 4ro noae
k—oaro R, C uau noaxHoe HeOUCKperHoe YabTpamMeTpusecKoe noae
xapaxtepuctuxy Hyas. Yepes G ob6o3navaercs epynna Ju Koneurnod
pasmepHocTu Had nosem k, uyepes § — ee aseebpa Jlu u yepes e—
ee Helrpasnolii asement. Mow 6ydem o6osnanars uepes §' (a), 2de
a e G, HurenpocTpancreo andomopgusma Ad (a) — 1, uaru, dpyeumu
caosamu, npocrpancreo §' (Ad(a)) (em. § 1, n° 1),

1. Baementor, pezyanptvie OTHOCUTEAbHO AUHEUHOZO
npedcrasacnus

Jdemma 1. IMycre M — anaautuveckoe mnoeoobpasue Had no-
aem bk u a=(ay, ai, ..., Qu-1, Gy = 1) — nocaedosare rbrocrs ana-
AuTureckux @ynkyul Ha mHoeoobpasuu M. Obo3nauum uepes rq (x),
20e x & M, sepxuroro epane Takux wuces i< (0, n), 4ro a;(x)=0

. . 0 .
npu j < i, a weped rq(x) = sepxnioro epans Takux wucea i< (0, n),
4T0 a; pasHa O 6 nexoropoil oKkpecTHocTu TOuKU X npu | < i.

(i) Pynryus r, nosynenpepoisna ceepxy.

(ii) 7 (x) =Ilim mfy_,x r (y) daa scex x = M.

(iil) Pynxyua rd aokarvno nocroanna.

(iv) Mroscecrso towex x & M, raxkux, uro rd(x) =r,(x), cosna-

daer € MHOXECTBOM Tex Touek mHoeoobpasus M, 8 oxpecrnocTu
KOTOpbLX (PYHKYUS T, NOCTOAHNA. DTO MHONCECTBO OTKPBITO U 8CHO0Y
naotho 6 M. Ecau k=GC u mnoeoobpasue M cea3no u Koneuno-
MEPHO, TO 3TO MHONCECTBO CBA3HO.

(i) Ecan r,(x)==i, 10 a;(x) %= 0. CiaenoBaTenbHo, AJA Bcex
TOUEK Yy M3 HEKOTOPOH OKpecTHOCTH TOUKH X ToXe q;(y)# 0, u
ra (y)< L. .

(i) Ecam r0(x)==4i, 10 ¢yHkumwn ap, ..., a,_, PaBHB HYJIO
B HEKOTOPOH OKpecTHOCTH TOUKHM X, M, TaKHM o0pasoM, JJs BceX
TOYEK ¥ M3 ITOH OKPECTHOCTH BBINOJIHSETCS HepaBeHCTBO r,(y) =1,
HNostomy liminf,  r, (y) =i. Oanako JwGasi OKPeCTHOCTb TOYKH X
COLEPIKAT HeKOTOPYIO TOUKY y, AJsf KOTOpoi# a;(y) == 0 u, cienosa-
TeJbHO, r,(y)<Xi. B pesyjpbrare Mb NoJyuaeM pPaBEHCTBO
lim 1'nfy_,xra (y)=i.

(iii) IMyete i==r9(x), m mycTh V ~ Takast OKPeCTHOCTb TOYKH ¥,
uto a;(y)=0 pmasa Bcex y =V u moboro j<i. Kak Mwl npeano-
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qoxum, xe (M—2Z2), rne Z o00603Hauaer MHOMXECTBO TeX TOYeK
mHorooGpasusi M, B OKpecTHOCTH KOTOPHIX (YHKIHUS @; paBHA HYJIO.
Tak Kak MHOXecTtBO Z 3aMKHyro B M (Mn. Cs. pe3., 5.3.5), To
mHOoXecTBO V [} (M—Z) — okpecTHOCTb TOUKH Xx. Jlsist moGo# TOUKRH ¥
u3 3TOH oKpecTHocTH 7l (y) ==1i.

(iv) @ynkuusa r, —r% nonysenpepriBHA CcBepXy, H ee 3HaueHHe
B yoGoi Touke =>0. Ecau r, (x) =10 (x), To dynkuus r, — r’ pasua
HYJIO B HEKOTOPOH OKPecTHOCTH TOYKM X; BBHAY yTBepxpaeHus (iif)
9TO 03Ha4aeT, 4ToO PYHKUHA 7, NOCTOAHHA B HEKOTOPOH OKPECTHOCTH
touku x., OGpartHo, ecau GYHKUUA r, NOCTOSHHA B OKPECTHOCTH
TOYKH X, TO BCJeINCTBHE yTBepxkaeHud (i) HMeeT MeCTO paBeHCTBO
r9(x)=r,(x). Takum oO6pasoM, MHOKecTBO £ Tex Touek X & M,
ans Kotopux rd(x)=r,(x), orkpeiro B M. Ecmu r (x) <r_(x) nas
KaKO#-TH60 TOUKH ¥ & M, To Jo6as OKPECTHOCTb TOUKH X CONEpPIKHT
TaKkylo TOUKy y, s Kortopo#t r (y) <r,(x), npuuem 9 (y) =r? (x).
CrnenoBartesibHo, B JIIOGOH OKPECTHOCTH TOYKH X CYLIECTBYyeT Takas
TOYKA Y, 4YTO

ra(y) —ro(y) <r,(x) —rd (x).

TakuM o06pasoM, MH NOJyYa€M, YTO MHOXKECTBO Q BCoOAY MJIOTHO
B M.
Ecnn muorooGpasue M cBasHo u sHauenue dynkuuu r? wa M

€CTb p, TO MHOXeCTBO { COCTOHT U3 TeX To4eK x & M, st KoTophiX
a,(x) # 0. Ecmu k= C, 10 CcBA3HOCTb MHOXecTBa Q cieayer us
Jemmbl 3 pgonosnenus 1.

TMycTs p — aHanurHueckoe JuHefiHoe mpeAcTaBAeHHe rpynnu G
B BEKTOPHOM IpOCTpaHcTBe V KOHEUHOH Pa3MEPHOCTH 7 Haj NMoJjeM &,
Pacemorpum

det(T—p@+D=a@+a@T+ ... +a, @7 +T"

OyrkUMH 7, ¥ 10, TOCTPOGHHEIE N0 MOCAEJ0BATEJIbHOCTH (ao, a, ..
.+vy @,y 1), Mbl Gynem oGo3HauaTh Yepes r, U ry COOTBETCTBEHHO.
IIpu srom nas soGoro snemenra g & (G cnpaBeAsuBbl paBeHCTBA

ro(g) =dim V' (p (g),
ro(@) =liminf_ , _dim V'(p(g)).

Jdemma 2. Hycre 0— V' — V — V” — 0 — rounasn nocaredosaress-
Hocte G-modyaeil, onpederstowux QuauTU4ecKue AUHeLiHble nped-
crasaenun o', p u p” zpynnot G coorsercrsenrno. Tozda

=S 0 — »0 0
o rp,—l-rp,, u ry rP,-l—rp,,.
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Jle iCTBHTENILHO, KaXAHA 3/JeMeHT g & G omnpeneaser (§ 1, n°1,
caefcTBAe 3 TeopeMbl 1) TOUHYIO IOC/ELOBATENLHOCTH BEKTOPHBIX

IpoCTpaHcTB
0—(V)' (" (@)~ V' (p (&) > (V") (0" () —>O.

dTo AoKa3biBaeT NMEPBYI0 yacTb yTBepKAeHus. Bropast yacty cae-
AyeT W3 IepBOH, Tak Kak Io jJemMme 1 (iv) Ha OTKpHITOM BCIOAY

MJOTHOM IOoILMHOXecTBe B (G mnmeeM rg=rp, r°,=rp, " rg,,=r

P o

OnPrAENEHHE 1, Suement g & G HasbiBAeTCA peeyasipHbiM OTHO-
CUTEAbRO AUHElHO20 npedcTasaenus p, ecau r,(g) =rp(g).

[MrennoxkeruE 1. Touku epynnot G, peeysaprvie OTHOCUTEALHO
AURELHO20 QHAAUTUYECK020 NpedcTasAeHus p 3Tol epynnol, — 3TO
TOuKU, 8 OKPECTHOCTU KOTOpPuLX (yHKyus r, nocroanna. Ounu obpa-

3Y1OT OTKpwITOE BCtodY NAOTHOe nodmHuodcectso 8 epynne G. Ecau
k=C u epynna G €8A3HA, TO MHOYCECTBO PESYAAPHOHIX INEMEHTOB
OTHOCUTEAbHO NpedcTasienus p C8A3HO.

dro caenyer u3 JgeMMmb 1 (iv).

Bameuanue. Tlycts G* — oTkphiTast noxarpynma rpymnost G. s
TOTO 4TOObI 3JMeMeHT @ € G Gbl1 peryJ/siPHBIM OTHOCHT/bHO JHHEH-
HOI'O MNpeACTABJEHHR p rpymnsl (G, HeoOXOXHMO H JOCTATOYHO,
yToGbl OH OBl PeryJspHbIM sjaeMeHToM Tpynmsl G* oTHOCHTENBHO
JHHEHHOro npejcTaBjedus p |G

2, Pezyaapuoie arementsi 2pynno Ju

OuPERENEHHE 2. Ssement epynnot G HA36IBALTCA pecyAApHLIM,
ecall OH A8AAeTCA peaynlpHolM OTHOCUTEAbHO NPUCOeOUHERHO20 nped-
cTasAenus.

Hpyramu cioBamu (npennoxkenue 1), aneMent g € G peryJspen,
ecan s JMoGoro sieMenta g’ W3 HEKOTOPOM OKPecTHOCTH 3Je-
MeHTa g B rpymne G pa3MepHOCTb HHJBIPOCTPAHCTBA SHIOMOP-
dusma Ad(g’)— 1 paBHa pa3MepHOCTH HHJABLNPOCTPAHCTBA IHIO-
mopduama Ad(g) — 1.

IreanoxeruE 2. ITycte G — epynna JIu KoHeuHol pasmepHOCTU
HaO noaem k u f — cropwextusnsii moppusm epynnet G na G'. O6pa3
npu orobpaxceruu [ peeyaaprozo 3sementa epynnet G asanercs
peeyaaproim dsementom epynnot G'. Ecau sdpo mopdusma [ codep-
aurca 8 yewrpe epynnol G, T0 048 pesyasprocTu sementa g < G
Heobx00uMo U Q0CTATO4NO, 4TO6bL 3AemeHT [ () Gola peeyasipHoiM.

[Mycty ¢ — aare6pa Jlu rpynosl G' u h — aapo MopdusMma Tf g
ato unean B anre6pe Jln g. Ilyctb p — nuHeHHOe mpexcTaB/eHHe
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rpynnst G B mpoctpaHcTBe Y, 3aganHoe dopmynoit p(g)=Adglh

a1 g & G, u nyctb Ad e[ — smuneiinoe mnpepcraBneHue rpynns G

B ¢/, paBHOE KOMMO3HUHH MopdudMa [ M NPHCOeJHHEHHOT'O Hpen-

crapienusi rpynnel G'. DTH JuHeHnbie NPeACTaBjeHHS NO3BOJAIOT

olUpenenuTh TOUHYK NocnepoBarespHocTs G-momyneft 0—>b—g—
4 e 0 -0 1}

—~ g’ —>0. [ToneMMe 2 ry =1 4 rpo; 0134 ="rp+ Iy, TaK KaK
— —_ 0 — ¢0
rAdof~rAdof n [ — oTKpniToe oTOOpaxeHue, To ri, ;=1%o f.

ChejoBareNibHO,

rAd-roAdzrp_rg+(rAd—r%d)of'

Ecan saement g peryaapen, To (r,y—r3,)(f(g)) =0, u 310 moxa-
sbiBaer, uro sgaement f[(g) peryasped. Ecau siipo Mopdusma f
JIEXKHT B LeHTpe rpynne G, TO

ro(g)=rl(g)=dim}

nas Beex g & G. Takum o6pasoM, ecau saeMeHTt f(g) peryasipew,
T0 r,4(8) =18 4(g), T. €. 3JIeMEHT g TOXe peryssapes.

Meegnoxerue 3. Iycre G, u Gy, — epynnot Jlu KoHeuwoi pas-
MepHocTd Had nosem k. [as To2o urobo. 3iement (g, g) epynnol
G X G, 6bita pecyaspen, Heobxodumo u docrarouHo, 4robor Osiau
pezyasipHbl saemenTol gy, &9 epynn Gy u Gy cooTéercTeexHo.

Vkasannoe ycsaoBue HeoGXoZHMO BBURLY Npeasoxenns 2. Iloka-
KeM ero poctatouHocts. Ecun g=(gl, &) G X G,, 10 r, (8) ==
=r,4(8)) F7r54(8,). Hcmons3ys nemmy 1 (if), Mbl monyuaem, uTO
rha@=r34(8)+tr%4(8,) Ecau snementsl g, u g, perynapus,
1018, (€)== as (£)) B P (8) = g (&), n0570MY 13, (8) =y, (2),
YTO O3HAYAET PEryJssPHOCTH 3/1€MEHTa g.

Jdenna 3. [ycre a = G u m — JonoanuressHoe NOONPOCT PAKCT 8O0
k nodnpocrparcrey ¢'(a) 8 §. OQbosnauum uepes U Hexoropyo
OKPeCTHOCTS HYAs 8 NPOCTPAHCTEE § U 4epe3 eXp IKCHMOHEHYUAAbHOE
orobpasenue okpecrnoctu U 8 epynny G. Toeda orobpadxcenue

f: (x, y)—> (expy) a (expx) (expy) ™

muooecrsa (8 (@) XMNU 6 epynny G s848eTCA  3TANGHOLM
8 touke (0, 0).

KacartesbubiMu JdHeHHBIMHE OTOGpaKeHUsAMH K OTOoOpakKeHHuAM
X+>a(expx) u yv——>(expy)a(expy)‘l B Touke 0 sBaslOTCA OTO-
6paxeuns x+—>ax u y+—>ya —ay =a(a"'ya — y)-npocrpaucrna §
B T,G=ag (co. III, § 3, n°12, mnpepnoxenue 46). Iloaromy
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KacaTesbHbiM OoToGpaxenneM K [ B Touke (0, 0) 6yner otobpaxeHne
(x, y)—>ax-+ al@a'ya—y)=alx+a'ya—y) NpOCTPAHCTBA gl@Xm
B NMpPOCTPAHCTBO ag. JTO OTOGPaXKEHNHE HHHEKTHBHO. HeificTBuTe/bHO,
ecan x&9' (@), yEm u x+a'ya—y=0, 1o (Ad(a)—1)y=
== Ad (a) x < ¢! (a), nockoasky Ad (a) ¢' (@) = ¢ (a). Beaeactsue storo
y < g' (a) u, TakuM obpasom, y =0. Tax kak oroGpaxeunne Ad (a)
HHBEKTHBHO Ha mojanpoctpanctse §' (@), Mbl monyuaem, uto x==0.
N3 pasencrsa dim ¢ =dim ¢'(a) 4- dimm cnepyer Teneps, yro oTo-
Gpaxeune [ stanbuo B Touke (0, 0).

Teepnoxedue 4. [lycre a=G u H - nodepynyckyra Jlu
epynnot G, arzebpoil JIu Koropoi asasercs nodarzebpa §' (a). Tozda
orob paxcerue (b, ¢) —> cabe~" Tonoaoeuseckozo npocr pancrea H X G
8 G asaserca 8 touke (e, e) cybmepcueii.

ITycts M — gonoanuTe bHOE K §' (@) noAnpocTpaucTBo B anrebpe g,
a exp — SKCNOHEeHIHaJbHOe OTOGpaXXeHHe OTKPBITOH OKpPecTHOCTH
uyaa U cg. Moxno BhGpate oxpectHocte U Takum o6pasow,
utoGur exp (U N ¢! (@)) < H. B atux yciaosusx otobpaxkenne [: (x, y)—>
—>(exp X, eXpy) ecTb aHaJIUTHYECKOe OTOOpaXKeHHe OKPECTHOCTH
touxu (0, 0) B mpocTpaHetBe §' (@) X M co 3uaueHusMu B H X G.
o nemMe 3 Komno3uuusa otoGpaxenus [ u otro6paxenns ¢: (b, c)—>
—> cabc~! aTanbua B Touke (0, 0), Beaeactaue atoro orobpaxenne @
ssasercd B touke [ (0, 0)= (e, e) cybmepcueit.

IMeegnoxeHHE 5. [Tycre a= G u W — HekoTopas oKpecTHOCTS
asemenra e 8 epynne G. To2da cyujecrsyer okpecTHocTs V Touxu a,
obradaoujan credyiowum ceoticteom: 0aa 1106020 sremenra ' =V
cywecrayer siement g = W, rakoi, 4ro ¢'(a’) = Ad (g) ¢' (a).

Beegem o6osnauedne ¢'==4g'(a), u nyers g==g'+4 a* — pas-
soxenune Purrunra ang augomopdusma Ad(@) — 1 (§ 1, n°1). Obo-
3HauuM vepes H moxrpynyckyay Jlu rpynnet G, aareGpa Jlu Koro-
poli ectb ¢'. Jas mwo6oro sjaementa i & H BHIOAHSETCS BKIIOUYeHHE
Ad(h)g' = g'. Tax xak [¢', "] =¢*, To cyuiecTByeT Takas OKpecT-
Hocth U asementa e rpynyckyasl H, uro Ad (h) g < g% npu h = U.
Ilockosabky orpaHuueHue sufgoMmopbuama Ad(a) —1 wa gt Guek-
THBHO, MOXHO BhIGpaTh okpecTHOcTh U TakuMm oGpasom, 4to orpa-
HHuyeHue sHpoMoppusma Ad (eh) — | Ha gt GyneT OHEKTHBHBIM IIpH
Bcex he=U. Toraa ¢' (ah) =g¢'(@)=¢' aaa Bcex h = U. Tlo npen-
aoxeHno 4 mHoxecTso Int(W) (aU) c1yKuT oKpecTHOCTBIO 3JeMeHTa a
B rpymne G. Ecau o’ = Int(W)(aU), to o' =g(@ah) g~', rre g W
u he U, otkypa g¢'(a’) = Ad (g) ¢' (ah) = Ad (g) ¢' (a).

CaepcrBue. [Tycre G* — orkpoiras nodepynna epynnot G. Ecau
asremenr a<= G pecyaspeH, To cyujecteyer Takas oKpectHocrs V
aaementa a, uro nodnpocrpancreo §' (') conpasceno ¢ §'(a) oruo-
cureaoto zpynnot Ad(G*) das scex a’ V.
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3. Cgasp ¢ pezyrapHvimu dsemenramu arzeopo Ju

ITpEfnoxeEHME 6. [Tycre V — orkpoitas nodepynna 6 § u
exp: V — G — skcnonenyuanvroe orobpaskenue, onpedeienHoe Ha
mroxcecree V. Tozda

(i) ¢ quecreyer rakas okpectrHocte W wyas 6 epynne V, 4ro
g' (exp x) = ¢°(x) 915 scex xEW

(ii) ecaw k=R uau C, 10 ¢' (expx) D ¢°(x) 912 scex x=q.

ITo caexctBuio 3 nmpexnoxenus 8 ra. 111, § 4, n°4, cywecrsyer
Takasi oKpectHocTb V' Hyas B rpymme V, uro AJs BceX x = V/
00

orobpaxenune exp (ad (x))-——Z %ad (x)* onmpeneseHo W OpH 3TOM
n=0 .

Ad (expx)——exp(ad(x)) Eciu P k(X] u a=End(y), Tro nerko

nposeputb, 4ro ¢*(a) = gP M (P(a)) mas Bcex A& k. Beaencrtsue

3TOTO

§° (ad (x)) = ¢' (exp (ad (x))) =¢' (Ad (exp x)) =g (exp )

ansi Beex xe&V/. Ecam k=R uan C, 1o ob6s3aresapHo V=g, u
MOXKHO cuuTath, 4ro V' =V, 370 noKaspiBaeT yTBepkAeHHE (ii).
Hokaxem yrsepxaenne (i), [lyers U — rakas oxpectHocTh 0
B npoc*rpax-xcme End (3), uro orobpaxenue Log(l 4+ a)=

Z (—1**! a” onpenedeno gns Becex aesU. Tlpu atom
n>0
Logoexp=1 B Hekotopo#l okpectHoctn HyJd n §'(l+a)c
< ¢°(Log (1 + ) nas dioboro a & U, O6Gosnavnm uepes W okpecrt-
HOCTb Hy/si B IPOCTPAHCTBE (, COCTOSILYIO U3 T€X dMeMeHTOB ¥ = V/,
Ias koropelx expadxes14U u

Log (exp(ad (x))) = ad (x).
Takum o6Gpasom,

g' (exp x) =g' (Ad (exp x)) = ¢' (exp (ad (x))) =
< ¢° (Log (exp (ad (x)))) = ° (ad (x)) = ¢° (x)

npu Bcex x &= W. 1o mokaseisaer, uro ¢' (expx)=¢°(x) npu Bcex
xeW,

Jlemma 4. ITycre U — okpecrroctys nyas 8 anrzebpe §, u nycTs
3Kcnonenyuatsroe orobpaxcenue exp okpecthoctu U e epynny G
ABNRLTCL  STAALHHLM 8 kaxOoi Touke muomecrsa U, npuxem
g' (expx) =q°(x) O/H aro6oeo aaementa x <= U, Toeda

() @ynkyus r%, nocroanna na mnoxecrse exp(U), u ee snaue-
Hue pasHo pauey aazebpot (;

(if) ecau x = U, 10 s4eMenT eXpx pecyaspen Toeda U TOA6KO
10200, K020a 3AeMenT X pezyiapen & aazebpe §; :
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(ili) 94 pezyaapHOCTU AEMEHTA G & eXP (U) neobxodumo u do-
crarouno, 4rober nodaseebpa §'(a) Geira nodascebpoii Kapraua
anzebpbt (- :

IMycts ! =rg(g). Ecau x & U—perynsapuniil sneMent anre6ph g,

TO
r 44 (€xp x) = dim ¢’ (exp x) = dim g° (x) = /.

Tax Kax perysaspHele aJeMeHTH aare6psl §, npunaignexanmue U,
06pasyloT OKPeCTHOCTb 3JEMeHTa X M TaK KaK OToOpaKeHHe exp
3TaJbHO B TOYKE x, TO 3JEMEHT eXpX SBJISeTCsl DPETYJSPHBIM H
r%q(exp x) =1, MHOXECTBO perynspHEX 3JE€MEHTOB aure6pu g,

npHHagdexauux okpecrHoctu U, Bcriogy miotHo B U, mostomy
r%4(@) =1 naa mo6oro a & exp(U). Ilycts a = exp(U)— peryasp-
HEH aaeMeHT rpynnbl G n a=expx a1 x = U. Tak kak ¢°(x) =
=¢'(a), To dim¢°(x) =r%,(a) =I. Takum o6pasom, X — peryasp-
HHE 37eMeHT aare6pu § u ¢' (@) — momamreGpa Kaprana sto#t
anre6pu. Hakounen, ecau aas a < exp(U) nonaare6pa §' (a) — noa-
aare6pa Kaprana aare6pmu g, TO

raql@) =dimg' (@) =1=1r%,(a);

C/IeOBATEJbHO, 3JEMEHT a peryJsipeH.

[TPEATOXKEHUE 7. [Tycre V — okpecTHoCTb 3aemenTa e 8 epynne G,
Toeda kaxdas nodaree6pa Kaprama aarce6por § umeer sud ¢ (a)
045t HEKOTOPOR20 34eMEHTa a OKpecTHOCTU V, peeyasaproeo 8 epynne G,

[To npeanoxenuio 6 cylecTByeT Takas OTKphiTas oKpectHocTs U
snemernta 0 B aJgrefpe ¢, YTO SKCIOHEHHIHAJbHOE OTOGPAXKEHHE
exp: U— G yposaersopsier ycaoBusiv JieMMbl 4. Eciau h — Hexo-
tTopas nopaareGpa Kaprana B ¢, TO CymECTBYeT peryJaspHHH 3je-
MeHT x¥ & b, nasa xkoroporo §==g%(x) (§ 3, Teopema 2). Ilpu aTom
CyLIeCTByeT TaKo#l 3jaement (= k", uro Ix&U u exp(x)e=V.
Torpa §=¢°(x)=¢° (tx) = ¢' (exp (x)), u no Jemme 4 (ii) smement
exp(fx) peryansiper B rpynne G

[TPEpnOKEHUE 8. [Tycre | — pane ancebpur Jlu §. Cywecrsyer
Takas otkpeiras nodepynna G* epynnw G, uro

(i) pynryus 1S, nocrosuna Ha G* u ee 3nauenue pasro l;

(ii) ssement a = G* peeyaspen T0200 U TOABKO TO20M, KO20A
g' (@) — nodasrcebpa Kaprana arzebpol g;

(iii) ecau ae= G, 10 Kamdas nodasreebpa Kaprana nodareebpsl
g' (a) seaserca nodareebpoii Kaprana 6 g.

(i) Tlo npennoxenuio 6 CyLleCcTByeT TaKas OTKPHTas OKPecCT-
HocTb U snementa 0 B agre6pe ¢, uto oTOGpax<eHHE €XP OKpect-
Hocty U B rpynny G ypmoBiaerBopsier ycaoBHAM JeMMbl 4. Bygem
o6osHayath Janee yepe3 G KOMIOHEHTY HEHTpaNbLHOIO 3JeMeHTa
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rpynnsl G, ecqin k=R nan C, u coxepxamyioca B exp(U) or-
KPHITYIO MOATpynny rpynns G, eciau noje k yabTpaMeTpuueckoe.
Tak Kak QYHKIHMA r§, JOKaJbHO NOCTOAHHA H €€ 3HAYeHHe B JIO-
6ol Touke MHo¥kectBa exp(U) pasuo [ (nemma 4 (i)), To sicHo, uTO
GyHKUMS rQ, MOCTOSIHHA Ha MHOkKecTe G* M ee 3HaueHHe paBHO [.

(i) O6osnauuM uyepes R* (coorn. uepe3 S*) MHOXKeCTBO pery-
JSIPHHIX 3J€MeHTOB NMoArpynnsl G* (COOTB. MHOMKeECTBO TaKHX 3Jje-
MeHTOB a & G*, pas KoTopuX nopaire6pa ¢' (a) 6ynet noganre6poi
Kaprana B §). Ilpu stom S*<R*. [eiicrautensuo, ecn a < S,
TO ra4(a) =1=r%,(a). Hoxaxem, uro R* <= S*. Ecau none k yio-

TpPAMETpHYECKoe, TO 3TO caeayer u3 pkiaouenus G <exp(U) u
aemmul 4 (iii). ITpeanosoxum, uro k=C. Ilo caexnctsuio npen-
JoXxenus 5, ecau a & RY, To Mjs Kaxgoro sjementa @’ M3 HEKO-
TOpOli OKPECTHOCTH 3JeMeHTa a uojaire6pa ¢'(a’) compskena
¢ mopaare6poii ¢'(a) nocpeaCTBOM HEKOTOPOro asToMopdH3Ma
anre6pu §. Berencteue sroro muokecrsa S* m R*— S oTKPHITH
B G*. Tak Kak MHOXeCTBO S* COJepXKHT BCe DEryJsipHble 3Je-
MEHTHl H3 HEeKOTOPOH OKDecTHOCTH »JeMmeHTa e (jgemMa 4 (iii)), To
MHOXKecTBo 8" Henycro. Tak Kak moarpynna G* casizua, 1o R* Toxe
casHo (npeitoxenne 1), u, Takum oGpasom, S*=R",

Ocranocy paccMmortpers cayuaif, kKorza k==R. Ilpexnnosoxum
cHavana, 4to G* dABIAETCA MHTErpajbHOH HOATPYNNOH TrPYMIE!
GL (E), rne E — nelicTBHTebHOE BEKTOPHOE NMPOCTPAHCTBO KOHeEU-
noft pasmepuoctu. Ilyersh G} — uuTerpajbHas MOATPYNNa CPyNNH
GL (E ®xC), anre6poit JIlu kotopoit cayxur ¢, =gQ® C. Cymecr-
BYeT aHamuTHUecKas QyHKuua Ha G,, MHOXECTBO HyaAeH KOTOpO
cOBMajfaer ¢ JONOJHEHHEM K OTKPHITOMY MHOXKeCTBY PeryJspHbIX
siementoB rpymnst G,. Benepctsue Mu. Ce. pes., 3.2.5, ata Qyuk-

uus He paBHa Hymo Ha muHoxectse G*. Taxkmum o6pasom, MHOXKe-
ctBo G* comepsuT perysspHble aementsl rpymmel G, Ilycts

Ad, — npucoennnenHoe mupexpctasienne rpynnel G). Jas mo6oro
sieMenta a < G* umeer Mecto paseHctBO gl (a) =4¢'(a) ® C, mo-
9TOMY py (@)=r ,4(a). Ecin a=G*—peryaspusptit snement rpynmst G,
TO OH 6y11eT TaK)Ke peryJsipHbIM SJIeMeHTOM rpynno G*, npuueMm

d (@) =r%4(a). Tak Kak Qyskunn rAd urh, NOCTOAHEH HA MHO-
KecTBax G: u G COOTBeTCTBEHHO, TO DEryJsApHbIE 3JeMeHTHI
rpynns G — 310 peryJsipHbe 3JeMeHTH Tpymnbl G, MPHHALJIEK a-

mue G I/ICHOJIbSYH NOKa3aHHOe BLIIIe, Mbl nonyqaeM, ‘lTO ecJH
a — peryJsipHbiii sjeMeHT rpynnst G, To nonanre6pa gl (a) =¢' (9)QC

sBasieTcss noganrefpoit Kaprana aare6pl g,, nostomy ¢! (a) — noa-

anre6pa Kaprana aiareGpul ¢(§ 2, npepnoxenue 3).
I"Ipe;monoxmm Teneph, YTO rpynna G opnocesizna. Torpga cyie-

CTBYIOT AeHCTBHTE/bHOE BEKTOpHOE NpocTpaHcTso E KomeuHo# pas-
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octh H oraipHbii Moppmam [ rpynnsl G Ha HeKOTOpyio
::’E’:FpaﬂbHyIO noarpynny G° rpynnn GL (E) (ra. 1, § 6, n°1,
cneactene Tteopemsl 1). Tlo mpensoxeHnio 92, ecau saeMeHt a = G
pery.isipeH, TO PeryasipeH H 3JeMeHT [ (@). Tlo noxasanHoMy Bbillte
¢! (f (a))—ato moganrebpa Kaprana aare6psl Jlu ¢° rpymmn G’
Tak kak §"' (f (@)= (Tf) ¢' (@) u oToGpaxkenue Tf sBAsETCSE H3OMOP-
dusmom aJsre6pul ¢ Ha §’, To mopanre6pa ¢'(a) GymeT noaanre-
6poit Kaprana B g. _
Tlepexonnm, HaKowen, K obuwemy caydaio (k=R). Ilyet» G —

~

yHuBepCcasbHaa HakpoBawinas rpynnsl G°, ¢==LU u ¢ — KaHoHHU-

yeckoe OTo6paxenue rpynnsl G Ha G'. Ecau snement a = G pery-
asped u @’ & q~'(a), TO 3eMeHT @’ peryJisipeH, MOCKOMBKY SIAPO
Moppn3Ma g CORepKUTCH B UEHTPe TPYMIH G (npenyoxeHnue 2),
Kak yxe ycranosneno, nopanrebpa g'(a’) — sto nopanreGpa Kap-
Tana anrebpu . Berenctsue Toro uro_g'(a) =(Tq) §'(a’) u oro-
6paxenue Tq— usoMophuam anrebpu § Ha g, nopaareGpa ¢'(a)
6yner nopaarebpoit Kaprauwa B g.

(iii) Tlo mpenJioxeHHo 5 cylecTBYeT TaKas OKpeCTHOCTb V aJe-
MeHTa a, 4To Aasi Jjwboro a’ =V nopaarebpa ¢'(a”) compsikena
¢ nopaJarebpoil aare6pnl ¢'(a) nocpemcTBOM HEKOTOpOro aBTo-
MopbuaMa anre6pel 4. Tak Kak Kaxpas OKPeCTHOCTb 3JieMeHTa a
COLEPIKUT peryJisipHeie sJeMeHTH, TO W3 yTBepxpaenusa (ii) caenyer,
uro nopasre6pa ¢'(a) cofepxur nonajire6py Kaprana aare6ps 4.
Begsienctere sToro no mpepsoxenuio 3 M3 § 3 Kaxknaa noganare6pa
Kaprana aare6psl ¢! (a) 6ymer noaasreGpoit Kaprana aare6ph g.

3amewanue. Ecmu k=0C, 1o nopaire6pet Kaprana ¢'(a) nas
pery/sipHbIX 3JeMEHTOB g, MPUHALJIEKAUNNX CBA3HOH Kommonente M
rpynosl (G, CcompaAXeHB OTHOCHTeJNbHo rpynnu Int(g). HeficTBu-
TeJbHO, MycTb R — MHOXECTBO DETYJsipHbIX aaeMeHTOB rpynmsr G.
Hasi mo6oro ajgeMeHra a < R(1 M obosnauuM uepes M, MHoxe-
CTBO Tex 3JementoB b= RN M, naa Kortopwmx mopasrebpa ¢' (b)
compsixxeHa ¢ §'(a) orHocuTesbno rpynnu Int(g). Kak usmectHo,
Int (g) = Ad(G%, rme G°— KoMnoneHTa HEATPAJbHOIO 3JEMEHTA
rpynns! G. TTo ciepcTBUIO NMpepJiokeHus b MHOXKeCTBO M, OTKPBITQ
B R. Orciona BhITeKaeT, UTO MHOXKeCTBO M, OTKPHITO H 3aMKHYTO
B R. Tak xak k=C, 10 mMuHoxectBO R M crasuo (aemma 1) u,
cjaenopatenbuo, M, =R M.

4. Hpumenenue x sremenTAPHBIM aBTOMOPPuIMAN

IMrepnoXEHUE 9. [Tycre k — noae xapaxrepuctuxu O u g — ax-
eebpa Jlu nad noaem k. Ecau a = Aut,(g), 1o pasmeprocrs Huab-
npocTpancréa 3Hdomopusma a— 1 He menswe, wem pane ax-
eebpol 4,
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Mo ,npunnuny Jlepwena“ (Alg., chap. V, § 14, n°7, propo-
sition 18) mose k& Moxer OBITh npencTaBleHO KaK oObexHHeHHE
BO3pACTaOLIETo GriabTpylollerocs ceMefictea moanonedt (ky),_,,

KaXJ0€e H3 KOTOPHIX HMeeT B KauecTBe pacmuperus nose C. IMycTs

(e,) — Gasuc anarebphl § Hajg mojieM R M Xj, ..., X, — TaKkue 3je-

MeHTbl aare6pel g, 4To 3HAOMOpduaMul ad(x)), ..., ad(x,) HHIb-
"ad d

norentrsl # a=¢"* () | ¢ (m). Ofoanaunm uepes c¥s cTpyk-

TypHBIE KOHCTaHTbl anreOpbl @ OTHOCHTeNbHO Oasuca (e,) H uepes
(x‘r') KOOpJAMHATHL BEKTOpPAa X, OTHOCHTEJBHO TOTO K€ G6asuca

(1 <r<m). CyumecTByeT TaKo#l HHAEKC j€& I, UTO 3JeMeHTHI g

u x¢ npuHapjexar nomo k;. Ilycrb g,=; ke, — anre6pa JIn nag
noseM Kj;; OHa CONEDPIKHUT SJMEMEHTH Xi, ..., Xm, H OTDaHHUEHHE q;
sugoMopbuamMa a Ha §; Oymer ssneMeHTapHbiM aBToMopdH3MOM
anre6pst §;. Ipoponxenne a; ® 1 snnomopdusma a; Ha npocrpau-
CTBO g,®k]C Gyner B CBOIO ouepenb 3JE€MEHTApHHLIM aBTOMOD(H3-
moM ajrebpul §; ® C. Ilyers G; — cBsi3Has KoMIIeKcHas rpynna Jlu,
anre6pa Jlu koropoft ecTs ¢;® C, u s — TaKko# asneMenT rpymnst G,
yto Ad(s)=a;® |. Ilpumenss npennoxenne 8 x mape (G;, s), Mul

BHIHMM, 9YTO pasMepHOCTb # HHJIbNPOCTPAHCTBA 3HIAOMOpDH3IMA
a;®1—1 ynosneTsopsier HepaBEHCTBY

n>rg (g, ® C)=rg(s) =rg(9).

Tak kak HuabmpocTpaHcTBa sunoMopbusmos a; — | ua— 1 umelor
Ty e caMylo PasMepHOCTb, TO NMPEJJIOKEHHE NOKa3aHO.

§ 5. JlunHeiinbie paspensiomue ajare6pu JIlu -

B arom napaepagpe moi npednosrazaem, 4To noie k umeer xapax-
repuctuky 0. Yepea V mor obosHauaeM 6eKTOpHOe NpPOCTpPAHCTEO
KOHEYHOU pasmepHocTu.

1. Jluneiinsie paszdeasouytie arzebpsor Jlu

Ompepeqenne 1. ITycre q— nodasecebpa anzebpor Ju gl (V).
Aneebpa JIu  naseieaercs pasdeastoweii, ecau oHa colepicur
NOAYRPOCTYIO U HUABNOTEHTHYO KOMNOHEHTHL Kaxcloeo csoezo dje-
menra (Alg., chap. VII, § 5, n°8)1).

') B cymectsyioueii smutepaType Takaam aareGpa JId Ha3HBaeTCs TaKxe
nouru arzebpauneckod MAW pacujenisemor, HO NOCAEAHHA TepMHH HeceT Cau-
KoM GosiblIyio Harpysky M HCHOJb3yeTCs HHXKe B ApyroM cMucae. — [pun. ped,
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Mpunepor. 1) Tyers V' I{”—no,unpoc*rpaﬂcma BEKTOPHOTO
npoctpancrsa V, npuiem V7> V/. MuoxecTBo 3/1eMEHTOB xegl(V),
s KOTOPBIX x (V)Y V’, 6yser pasjeasioueil nopaare6poi ai-
re6pu Jiu gl (V). Heiicteureasno, aast moboro x < gl(V) mony-
npocTas H HUIBNOTEHTHAsA KOMIOHEHTH SHIOMOPGHM3MA X paBHHI
P(x) u Q(x), rae P n Q- nHorouwsnenn Ge3 CBOGOAHOrO useHa.

2) IMpenmoJoxuM, UYTO NPoCTPaHCTBO V CHAOKEHO CTPYKTYpoit
anre6pu. Torga MHoxectso AubbepeHUHpPOBAHUN 3TOl anreGpsl
ecth pasjessiomas nogasreSpa Jiu B gt(V) (§ 1, n°1, npeasoxe-
e 4 (ii)).

3) *Hmeer Mecto Gosee obulee yTBepXxAeHHe: ajare6pa Jlu
ajre6pauveckoii noxarpynnel rpynnel GL (V) saBasercs pasgensio-
e

TTpepnoxeRKE 1. [Tycre g — pasdeasowas nodascebpa aszeGpet
Ju gl(V), x =@, a 8 u n— noaynpocras U HUALNOTEHTHAS KOMNO-
HeHTbL 3ACMEHTA X.

(i) MoaynpocToti U HUABNOTEHTHOL KOMNOHEHTAMU daeMeHTa adg x
6ydyr adys u adyn.

(ii) Saement x peeyanpen 8 § Toeda U ToAabKO To2da, Kozda pe-
2YAAPEH INEMEHT S.

(ili) Ecau §' — nodasze6pa JTu 8 gL(V), codeprawjas g, 0o ato-
60it asemenrTapusli asromopuam ancebper § npodoascaerci 0O
3./eMEHTapHO20 asToMOpPusma arcebpol § .

Tlonoxum a==gl(V). BcnencrBue aemmnl 2 ta. I, § 5, n°4,
noAynpocTas H HUJIbNOTEHTHAA KOMNOHEHTH 3HA0MopdusMa ad, x—
310 ady$ H adyn; TeM caMeiM yTBepxJeHde (i) mokasano. Bemepn-
CTBHE 3TOT0 XapaKTepHCTHYECKHE MHOroYJeHb SHIOMOPG(HU3MOB
ad, x u adys cosnamaiooT, YTO HoKasbBaeT yTBepxjuenue (ii). Ecau
sHpoMOopdu3M adg ¥ HHUABNOTEHTEH, TO adyx ==ad,n; TakuM obpa-
soM, adyn upomoskaer adgX H 1 — HUJBIOTEHTHBIH 3JEMEHT aJ-
rebpol §'. DTO JOKasbiBaeT yTBepxKjacHHe (iii).

Tyets ¢ — mopasre6pa anre6psr JIu gl(V). Kaxk Owuto moka-
sano (ra. I, § 6, n° B, Teopema 4), Ciaelyiolline yCAOBHS 3KBHBa-
JIEHTHBI:

(i) ToxaecTBeHHOe NpeflcTaBleHHe ajrebpul § MOAYIPOCTO;

(ii) anre6pa g peAYKTHBHA, H KaX/Jblll 3JeMeHT LeHTpa aJf-
re6pel § ABASETCH MOJYIPOCTHIM SHAOMOPHH3IMOM.

OTH YCJIOBHA TaKkKe SKBUBAJEHTHBI C/IEAYIOUIEMY:

(iii) mopanre6pa ¢ penyktusua B gl (V).

HeiicteurennHo, (i)=(iii) mo caexnctuio 3 u3 teopeMnt 4 ri. I,
§ 6, n°5, u (iii)=>(i) BBUADY cuaepcTBua 1 npednoxenusa 7 1. I,
§ 6, n°6. Mul moxkaxeM, 4To ecan nojgaareGpa §§ ydoBJAeTBOpsAeT
9THM 5KBHBAJEHTHHIM YCJIOBHAM, TO oHa pasfgenstouad. MoxHo
Jloka3aTh JaXXe HECKOJbKO GoJbliee:
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[TeepnoxeuuE 2, [Tycre §— nodascebpa ancebpor JIu ¢l (V),
pedykrusnan 6 §l(V), E — nekoTopoe Koneunomeproe 8eKTopHoe
npocrpanctéo u m: §— L (E) — nosynpocroe auneilnoe npedcrasae-
nue axseebpel § 8 npocrpancree E. Tozda

(i) aqeebpor q u n(g) pasdeasowue;

(ii) noaynpocreie (COOTB. HiUAbNOTEHTHbIE) dAeMEHTbL ar2ebpol T (g)
ABAUOTCA obpasamu npu orobpamenuy wn ROAYRPOCTHIX (COOTB.
HUABNOTEHTHBIX) dAeMeHT08 aszebpel §;

(iil) ecau h — pasdeamowjasn nodareebpa s §L(V), codeprayasncs
8 axzebpe @, o n(h) — pasdessrowjas nodarcebpa & gl(E);

(iv) ecau Y — pasdeasiowan nodarzebpa 6 §U(E), ro n—! () —
pasdeasrouyan nodareebpa 6 gl(V).

[lyers 8=[g, 6] u ¢— ueurp aareGput g. Torga g=8X ¢ u
n(g) =n(@) X () nmo caexcrButo npexnoxenns 5 ra. I § 6,
n°4. Ilyets y=§8, 2=¢ H Yy, Y, — NOAYNPOCTast H HHJILHNOTEHT-
Has KOMIOOHeHTH 3ajeMenTa y. Tornma y, y,=2 (ra. I, § 6, n°3,
npennoxenue 3), 3MeMeHT Y+ 2 nonynpoct (Alg., chap. VII, § 5,
n°7, corollaire de la proposition 16) u y, nepectanosoued ¢ y, 4 2.
CnemoBaTenbHo, HOJAYIPOCTAs H HHJABIOTEHTHAS KOMIOHEHTHl 3Je-
MeHTa Yy +2—310 Ys-+=2 ¥ y,. Takum ob6pasom, q-— pasgesio-
was anre6pa. Tak xak mojaJare6pa n(g) pexykrusHa B gl(E), To
Te Ke CcaMble pacCyXIeHH [OKasnBamoT, YTO 5 ({) — pasmeJsio-
utast anre6pa. C gpyroii €TOPOHLI, HHJABNOTEHTHHE 3JIEMEHTHl aJ-
re6pel ¢ (CooTB. T ({)) SBJSIOTCI HHJIBNOTEHTHHIMH 3JACMEHTAMH
noganre6pet 8 (coors. w(8)). TlosToMy HHABLIOTEHTHBIMH 3JeMEH-
TaMi B T (§) cayxaT o6pasbl npH OoTOGpAXKEHHH Tt HHJIBIOTCHTHHIX
aneMenToB u3 ¢ (ra. I, § 6, n°3, npennoxeune 4). IMonynpocTeimu
sneMeHTaMu B anreGpe ¢ (coors. B m(()) ABAAIOTCS CYMMEI MOJY-
HPOCTBIX 3JeMeHTOB mnofaJuredpsl 3 (cooTB. m(8)) H 2/1eMEHTOB
nofanreGpa ¢ (cootB. m(c)). CiaenoBarTefbHO, NOJYHNPOCTHIE 3Je-
MEHTHl B 5 (§) — 06pasnt NpH OTOGPAXKEHHH T MOJYNPOCTHIX 3Je-
MeHTOB auare6pul ¢ (ra. I, rau xe). YTBepxkimenue (ii) mokasaHo.

Yreepxaenns (iii) u (iv) HenocpeacTsedno caexyror u3 (i) u (ii).

3amewanus. 1) TlpeanosnoxeHue o NOJYNPOCTOTE NpelcTaBie-
HHUSI 7 SKBHBAJCHTHO YTBEPXKICHHIO O TOM, YTO SHAOMOPDU3M 1t (X)
MOJAYIpPOCT AJs1 JI060ro x & ¢. ITo mpepnosoKeHHe GyleT BHINOJ-
HEHO, eCcJH IIpeJCTaB/CHHE T MOJyyaeTcs H3 TOXIECTBEHHOIO
npexcrasacHus §— ¢l (V) npumenednemM HeKoTOpPO# nocnefoBaTeNb-
HOCTH CJEJYIOLIHX Omepauui: TeH30pHOro NPOH3BEeLEHHs, NPsAMoH
CYMMEI, Nepexola K JyaJbHOMY NpefcTaB/eHHIO, K MoAnpenCcTaBIe-
HHIO, K (haKTopnpelCTaB/eHHIO,

2) Mycte g gl(V), ¢ < gl (V') — pasgenstoine anre6pul Jlu
@ — usoMoppusM asure6psl ¢ Ha ¢’. MoxHO NOKasaTh, uTO @
He 00s3aTeJbHO NEPEBOAHT NOJYIPOCTHe (COOTB. HH/LIOTEHTHLIE)
3JeMeHTH auare6psl § B NOJYHpocThie (COOTB, HHJBMOTEHTHHIE)
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snementbi anre6ps & (ynpaxsenne 2). OpHako 310 TakK, ecq
aqre6pa ¢ noaynpocra (ra. I, § 6, n°3, Teopema 3).

[MeepnoxeHuE 3. [Tycte G — pasdeasrowas nodareebpa Jlu
e gl(V), a b uc~— nodnpocrpancrea sextoproeo npocrpancrsa gt (V),
npysen b= c. O6osnauum wepes &' MHONECTBO TAKUX IAEMEHTOB
xeqa, uro [x, <= b. Toeda o’ — pasdeasoujan nodareebpa Jlu.

[Monoxum §=g{(V). ITopanre6pa b’ B §l(a), o6pasoBannas
TeMH 3JeMeHTaMu z < g((g), Aas KoTtophlx 2(c) = b, siBasiercs
pasneasowedt (npumep 1). ITyere m: g—> gl (g) — npucoepunensoe
npefctaBacHue anarebpuw ¢. IlpennomxeHue 2 (iv), npuMeHeHHOE
K %, nokaswBaer, uto n~' (') — paspeasiomasi nopanre6pa. Cae-
JOBaTeNbHO, pa3fieasiomell 6yaer u nogpaareGpa o« =afln~'(§)

Caencreue 1. Ecau a — pasdessowjas nodarzebpa Jlu 6 gt (V)
u n— nodaazebpa aszebpor JIu a, To Hopmaausarop (cOOTB. yex-
Tpaauzarop) nodaseebper 1 8 a — paszdeasrowas nodarzebpa.

dTo caepyer U3 mpejJoKeHus 3, ecJau NOJOXKHTL (=1, b=n
(coors. ¢ =mu, b={0}).

CaepcrBue 2. ITodarzeGpor Kaprana pasdeararoujel nodarzebpol
Ju areebpor §L(V) qsaaorca pasdersoujunu.

10 BoiTeKaeT u3 caenpcreus .

3ameuanue. Jlanee Oymer mokasaHo yTBepxaedue (n°5H, Teo-
pema 2), ob6parTHoe K caeacTsuio 2.

2. Pa3deasroyan oborouka

[Tepeceuenre HeKoTOporo ceMeHcrBa pasfensiolinX NOAasre6p
anre6pu Jlu gl (V) apasercs, oueBnHo, paspesiolieli nogaarespoi.
TakuM obpasoM, ecau § — nopaarebpa Jlu B gl (V), To MHOXKecTBO
pasgensominx noaanrebp aarebpu Jla gl (V), cogepxkammx aj-
rebpy g, HMeeT MHHUMAaJbHBIL 3jdeMeHT, KOTOPHl HasklBaercs
pasdeasnrowert o6oaouKoli nofaare6pel §. B nanHoM naparpade sta
obosouka Oyner obosHavartbcsi 4epes e (g).

ITrenaoxeHuE 4. ITycre g — nodareebpa Jlu 6 gl (V) un — udean
a/za[eépt]u 8. Toeda n u e (n) — udearovt areebpot e(q) u e(g), e(m)]=
=4, .

[Tyerb g, — MHOXecTBO TaKux ajementoB x & gl (V), uro [x, nj =
< [a, n}. dTo MHOKeCcTBO — pasflensiiomas nojaareépa aarebpu Jln
al (V), comepxamas ¢; cjael0BaTesbHO, OHO COAEPKHT loAanredpy
e(g) (em. n°1, npeanoxenne 3). Takum o6pasom, [e(q), n] < [g, u].
Ilycte n; — MHOXKeCTBO Takux sjeseHToB y < gl (V), 40

le(9), yl < lg, n.
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ST0 MHOXKECTBO siBjserca pasfensioiiell nmopanaredpoii ajnredpsl Jlu
al (V); oHO colepKHT 1, a cJejoBaTe/bHO, H e (). TakuM oGpasom,
[e(®), e(W)] =g, 0] 1, cTago GbiTh,

le(8), e (] =g, n].

OpHoBpeMeHHO MBI nogayuuid, uro [e(q), n] =[e(g), e(m)] =n.
[Tostomy nojaJreGpel 1t H e (W) sABJISOTCA HAeanaMH aire6pul e (g).

Caeacreue 1. (i) Dig=D'e(g) daa i=1, u F'9=%"e(q) dan
i=2.

(i) Ecau ancebpa JIu § kommyrarusHa (COOTB. HUABNOTEHTHA,
COOTB. pa3pewiuma), to areebpa Jlu e(§) TOME KOMMYTATUBHA
(COOTB. HUALNMOTEHTHA, COOTB. PA3IPEILUMA).

Yreepxkienue (i) AOKasbiBaeTcss HAa OCHOBAHHM TpeJoxKeHHS 4
HHAYKUHeld no i, a yreepxnienue (ii) caenyer us (i).

Caepcreue 2. [Tycre v — paduxaa areebper JIu g. Ecau § — pas-
Oeastowyan aneebpa JIu, To u areebpa v pasdersroua.

HefcrBuTennHo, N0 npeasoxeruo 4 u caeacrsnio 1 e (r) — paspe-
maMblit upean anarebpul Jlu g. Ilostomy e(r)=r.

3. Pasaoxcenun paszderarouux asrzebp

Ecan g — HekKoTopas nopaare6pa aare6psl Jlu gl (V) ¢ paan-
KajoM t, TO MHOXeCTBO HHJBINOTEHTHHX 3JEMEHTOB B pajiHKaJje t
eCTb He HUTO HHOe, KaK HHJbIOTEHTHHI HOAeas aureGpnl §— Hau-
Oosbmuii HAeaJd HHJIBIOTEHTHOCTH TOXAECTBEHHOI'O NPEJCTaBJEHHs
aare6pnt g (ro1. I, § 5, n°3, caencrsue 6 u3 Teopemsl 1). B nannom
naparpadge Mel 6yjmeM 0003HauaTb 3TOT Hjea’a uepes ny, (g). B uem
CoAepXuUTCsl HHJABNOTEHTHBIH pajnukan [§, g]1r aarebpu ¢ (ri. I,
§ 5, n°3, Teopema 1).

IMpepnoxedne 5. ITycre G — pasdesarouyan HUALROTEHTHASR NOO-
areebpa areebper JIu gl (V). O6osnauum 4epes t mHoxcecTso noay-
npocTolx 3AemMentos aroi nodaszcebpei. Toeda t— yenrpassuas
noaa/ze)eépa 8 § u areebpa § Asaserca npoussedenuem areebp Ju t
u ny (9).

Ecan x &t, To annomopdusm ad; x 6yaetT NOAYnpPOCTHIM M HHJIb-
NOTeHTHHIM, @ CJeJ0oBaTe/bHO, HYJAeBniM. Takum o6pasowm, aJe-
MEHT X UeHTpateH B aJareOpe . Bcaemcrsme storo mopasrebpa t
O6yner Hpeanom B aJrefpe g H t(in, (3) =0. Tak Kak azareGpa g
pasfiensiiouias, To §==1- Ny (d), UTo H AoKa3LIBaeT UpeAJOKeHHE,

- TlPepaoxeHuE 6. [Tycre § — pasdeassrouyan nodareebpa anreebpol
Jdu §U(V). Ob6osnauum 4epes T MHONECTBO KOMMYTATUBHOLYL
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nodanzebp arzebpol §, COCTOSUUX U3 NOAYMPOCTLIX INEMERTOB, Hepes
T | — MHOXKECTBO MAKCUMANBHOLY DACMEHTOS B MHOK ecT8e T, auepes
26 — mnoxcecrso nodaneebp Kaprana areebpor §.

iy Mycre b= # u ¢(h) — MHONCeCTBO NOAYRPOCTHIX IAEMEHTO8

Y ynp

nodaszebpor b, Tozda ()= T 1.

(ii) Hycro t€ T | u Y (t) — yenrpaansarop nodasrzebpol t 8 ax-
eebpe §. Toeda ¥ (t) = 5.

iii) Orobpascenus @ u p A82810TCA 83aUMHO 06 paTHbimu blUeKTuS-

p ¢

ubtmu orobpascenusmu # va T u T na H.

(iv) Ecau nose k anrcebpauuecku 3amxnyro, To epynna Aut, ()
OeticTsyer Ha MHOXMcecT8e Ty TPAH3UTUBHO.

Ilpu b= # nonomum t==¢(h). BerencrBue mpepnoxkenus 5
H caefcTBua 2 npeyioxkenns 3 t= 7 u h=t X n, (§). O6o3naunm
uepes P (i) LEHTPAJH3aTOpP NPOH3BOJBLHOH HojaireGpsl Ut B aJ-
re6pe 4. Torma b () u P(t) = ¢°(h), mOCKONBKY 3/1eMEHTH
nopanre6pol My (§) HuabnoreHTHH. CuenoBartenbHo, hH=(f). Ecau
teg ntet, ot cP(t)=09, orkyna ' =t uteg,

Nyers t= 7, u ¢=19(t). O6osnaunm uepe3 § nopaareGpy
Kaprana asare6pm ¢, Ilo mpepnoxennio 10 us § 2, n°3, b= 4
u tch Iyers ty,=09(M)=J . Torma tct;, cienoBaresbHo,
t=t;, u no npexmpaymeMy b= (t)=P(f)=c¢. Taxum o6pasom,
b)) =2 n o(p(H) =t

Yreepxaenus (i), (iii) u (i) noxasanw. Ilpenmosomxum, uTO
nose k anreGpamdecku zaMkuyrto. Tak Kak rpynna Aut, (g) Tpausu-
THBHO JeficrByeT Ha wmuoxectBe 6 (§ 3, n°2, Teopema 1), ToO
rpynna Aut,(g) TpaH3HTHBHO HeiicTByeT Ha MHOXecTBE I |.

Cunencreue 1. [Hodarzebpor Kaprana anzebpol § — 3To yeHTpa-
AUBATOPLL NOAYNPOCTHLX PESYASIPHLIX INeMEHTO8 arzebpol 4.

Ecnn saeMent x € g peryasipe, 1o ¢° (x) — nopanre6pa Kaprana
anre6pol ¢ (§ 2, n°3, Teopema 1 (i)); ecnu mpH STOM JeMEHT X
nosiynpoer, to mnojanreépa ¢°(x) coBmasaer ¢ LEHTPAJIH3ATOPOM
sneMenta x B anre6pe ¢. O6paTno, nyerb § — nonanre6pa Kaprana
ajarebpel g. Torma cyimecTByeT Takas mnojairebpa te 9y, yro
b=1(t). Ilo npemnoxennto 7 uz § 1, n°2, cyuecTByer sneMeHT
xet, ana Koroporo §=¢°(x). Tak kak xt, 10 ¢°(x) == go(x) u,
Clef0oBaTeNbHO, 3JeMeHT x peryaspen (§ 3, n°3, Treopema 2 (i),

Caenctsui 2. Il pednoroxcum Gonoanuressto, 4ro areebpa Jlu §
paspewuna. Toeda

(i) nodepynna epynnor Aut (g), ob6pasosannas ssremenramu suda
edd* 20e x = €*q (cm. § 3, n°4), Tpansurusno Oelicreyer Ka MHO-
aecrse T y;

(i) ecau t= Ty, TO arcebpa § ABASETCA NOAYNPAMBIM npPOU3-
sedenuem nodareebp t u (9.
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VrBepkaeHue (i) ecTb CJeACTBHE VYTBEPKACHHA O TOM, YTO
rpyiiiia, COCTOSINAsl W3 3JeMEHTOB BHua ed* xe& &g, Tpausu-
THBHO AeHcTBYeT Ha MHoxecTBe # (§ 3, n°4, Teopema 3).

Hokaxem yreepxkuenue (ii). Ilycts t= Iy, u nyets h=19(t) —
cooTmeTcTBYIOIas nojajrebpa Kaprana aare6pnl . Beaepcrsue
npepjoxenus 5 b=t-+u, () <=t+un,(g). C apyroit cropouH,
a=Db-+1]a, a1 § 2, n°1, cregcrsue 3 npeanoxennsn 4). Tak Kak
(6, 6] =1y, (@), o g==t-n, (g). IIpu srom sacuo, uro t()ny, (g) = {0}
H, CJAedoBaTeJbHO, ajrebpa ¢ ABIAETCS NOJYNPAMBIM NpoU3Beje-
HHeM mnoganre6pel t ¥ ugeasna ny (g).

IleEgaoxkERNE 7. Ilycre § — pasfeasiowjan nodaseebpa arzebpo
Ju gl(V).

(i) Cywecrsyer raxkas nodascebpa M < q, pedykTusnas 6 aa-
cebpe gl(V), 4ro aszefipa § 7848eTCA ROAYRPAMIM RPOU3BEOCHUEM
nodascebpor JIu m u udeara 1y (g).

(ii) JTro6vie 08e nodarzebpot arzebpor Jlu ¢, obaadarowie c8oli-
creom, ykasannoim 8 (i), conpasncerst oTHocureasHo epynnst Aut, (g).

Panmukan t anrebpul § — pasgeasmomas nomanreépa (n°2, cien-
creue 2 npepnoxenuns 4). Ilo caencrsuto 2 mpeanoxenns 6 cynie-
CcTByeT KOMMYyTaTHBHAs INojajre6pa f aare6psl t, coCTOALlas u3
HOJYNPOCTHIX 2J€MeHTOB, Ias Koropo#t r=1t@Pn, (r). Tak kKak Bce
5JIeMEHTH MHOXecTBa adyt mNomympocTel, To aJnre6pa ¢ Oyner
npaMoil cyMMo#l nomaare6pnl [t, §] W ueHTpasusaropa § monasn-
re6pu t (ra. I, § 3, n°b, npemaoxenne 6). Tak Kak [t, g =1, TO
g=3-+ 1. Takam oGpascm, ecqu § — noganrebpa Jlesn anreGphl 3
(r1. 1, § 6, n°8), To ¢=8-+1 u, caenosatenapto, 8 GyxeT OLHO-
BpeMeHHo mnopaarebpoii Jlesu anrebper ¢. Ilosoxum m=4§83Dt.
Tak kaxk [8, t]={0}, To BBumy Teopemer 4 u3 n°5 § 6 ra. I
m — nojganre6pa anareGpul JIu ¢, peaykrusHas B anarebpe gl (V).
Takum obpasom,

g=38Dr=30tPn, (1) =3DtOn, (g =mDny, (g),

MOCKOJBKY M, (8) =1y, (1). YTBep®aenue (i) mokasaHo.

[Tyers Temepp M’ — mekoTopas mnomaire6pa aareGpet JIn g,
JIONOJIHUTENIbHAA K upeany ny, (g) u penykrusuas B gl (V). ITokaxkewm,
uTo nNopanareGpa M’ compsikena ¢ M oTHOCHTeNbHO rpymmbl Aut,(g).
IMo mpennonoxennro m’ =8Pt rae 8 =[m’, m] — noaynpocras
noganre6pa, a meHtp t anreSpst M’ COCTOHT H3 MOJNYMPOCTHIX
saemenToB. Torma r=tEn, ()=t @n, (1). Beuay caenctsua 2
npenjoxeHnss 6 MOXHO TNpennoJoXuTh, uTo t=1t". Torpa 8 <3,
¥ Tak Kak dimg§" =dim8, To & — momanreGpa Jlesu anre6pwl 3.
ITo Teopeme 5 w3 n°6 § 6 ra. I cymectsyeT Tako# sieMenr
x &y (3), uto e24*(8) =4¢’. ITpu 10M, TaK KaKk X NepecTaHOBOHYEH
c t, 10 e2d *(t) =t,
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4. Junetinoe anrze6po JIu HuAbnoTeRTHBLX 5HAOMOpPuUIMO8

Jemma 1. Mycre 1 — nodanzebpa arzebpor JIu gl (V), cocronmyan
U3 HUALNOTEHTHBLX dndomopdusmos, u N — nodepynna expn 8 epynne
GL (V) (§ 3, n°1, nemma 1).

(i) MycTo p — KoHE4HOMEPHOE AlHeliHoe npedcTasaeHue aseebpor N
8 npocrpancree W, Taxoe, uro 3aemenTbl mHoxcecT8a P (n) HUAL-
norentnst, W' — yeroiinusoe ornocuressHo npedcrasaenus p Hoo-
RpOCTPaHCTBO B8eKTOpHOZO npocTparcrea W, p; u p, — nodnped-
cTasaenue u (axropnpedcTasaenue npedcTasaenus p, onpedessemole
nodnpoctpancrsom W'. Mycre n, ny u ny—npedcrasrenus epynnst N,
cozaaco8aunsie ¢ p, p; U Py (§ 3, n°l). Toeda n; u my, — nodnped-
cTasaeHue U PaxTopnpedcTasaeHue npedcTasaieHus n, onpedessemole
noonpocrparcreom W',

(ii) Tycre py u p, — TaKue aunetiHble KOHEYHOMEpHble npedcra-
8aeHUs arcebpol N, 4TO 3aemMenTo. MHoxcecT8 py(n) u p, (M) Huas-
NOTeHTHBL, U NYycTe N, U W, — npedcrasaenus epynnst N, cozaa-
cosannbie ¢ npedcrasaenuamy p; u p,. To20a npedcrasaenue my @ ny
epynnvt N coeaacosano ¢ npedcrasaenuem p; @ p,.

(iii) MTycre p; u py — TaKUE aUHeliHble KOHEUHOMEPHbBLE npedcTa-
saenusn anzebpet M 8 npocrparcreax V, u V,, 410 31eMenTH
Muoocecrs 0y (M) u py (M) HuAbLNOTEHTHBL, U P — NpedcTasaeHue ai-
2e6por m 8 npocrparcrse Hom (Vy, V,), noayuennoe uz npedcra-
saenuli p; 4 po- Hycre my u m, — npedcrasaenus epynnet N,
€02AaC08anHbIE € NPEACTABAGHUAMU P U Py, U T — HpedcTasaeHie
epynnot N 8 npocrpancree Hom (Vy, V,), noayuennoe uz npedcra-
8aenull my u %y Tozda n — npedcrasaenue epynnot N, cozaacosarntoe
¢ npedcrasaenuem Q.

Yreepxauenue (i) oueBunHo, ITycts py, ps, My, Ny—PEACTABICHUS
u3 nyHkra (ii). Ecan x = n, 1o, nockoasky sggomopdusme p; (x) @ 1
H 1 ®p,(x) nmepecTaHOBOYHBI, UMEIOT MECTO PABEHCTBA

expE1(x)® 1+ 1®p,(x)) =exp(p1 (x) ® 1) . exp (Il @ py (x)) =
= (expp (x)) ® 1.1 ® (expp. (x)) =
= (exp py (%)) ® (expp, (%)) =
=g, (eXpX) ® 7, (exp x) =
= (m @ my) (exp x),

U3 KOTOPHX cJaepyer yrBepxkienue (ii). Ilycts Temeph gy, p,y, 0, Ty,
®m,, ®, Vy, V, Takue xe, Kak B dbopmysupoBke yTeepknueHus (iii).
Hua snementoB vy End V), u vy = End V, Mo 6yieM o6osnauaTh
yepes Ry, L, oTobpaxeHus u+> uy,, u+—> Ul NPOCTPAHCTBA
Hom(V), V;) B cebq. Otu ABa oToGpaseHHus INepeCTaHOBOUHbLI,
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o (x) u == (Lo,xy) — Rp,(»)) 4, TAK 4TO

expp (x).u=expLyx.eXpR_pn . U=
= Lexppu(x) « Rexp(—pi(x) « 4 ==
=Lg, (expx) » R, (exp(~x) s U=
=51 (eXp X) . U.-

TakuM o6Gpasom, yrBepxAeHue (iii) gokasaHo.

Jdemma 2'). (1) [Tycre W — nodnpocrparncreéo pasmeprocru d
sexToprozo npocrpancrea V, D —npanas N°W < ANV, 6 — kano-
nuueckoe npedcrasaenue asneebper (V) 6 npocrpancrse AV
(rn. 111, monosauenne). [Tycre x < gl(V). Toeda x(W)=W 6 rom
U ToAbKO ToM caydae, koeda B (x)D < D.

(ii) Mycre (e, ..., €,) — KanoHuseckuil 6asuc npocrpancrea k*
8 — xanonuueckoe npedcragaenue aseebpor §l(n, k) 8 npocrpancrse
ARY u xegl(n, k). Toeda x<=n(n, k) 6 Tom u TOAGKO TOM
cayuae, Koeda

0% (en-ar1 A ... ANey)=0
Oan 1 <d<Cn,
Ecoin x(W)c W, 1o sicuo, uro 6(x) D<= D. OGpatHo, npes-
nonoxuM, uto 6 (x) D < D. Ecnu u — HeHyneBOH 3J1eMeHT npsimoit D

nyeW, o y Nu=0. Tak kak otoGpaxeune 0O(x) sinnsgercs
nugdepenunpoanuem aarebput AV, to

bWy Aut+yABx)u=0.

Ho 8(x)ue ku, mostomy y AO(x)u=0 wu, cregosarenbuo,
0(x)y A u=0. Beupy npemnsoxenus 13 us Alg., chap. IlII, § 7,
n°9, 6(x)ysW, 1. e. x(y)=W. Takum o6pasoM, MH AOKasaJu,
uro x (W)W

(i) Ycnoue, ykasanuoe B yrBepxaenun (ii), ouesnano, apasercs
HeoOXOAUMBIM JJjst Toro, urobbl x & nfn, k). Ilpeanosoxum, uro
oHO BhinosHsercs. Toraa no yreepxaenuio (i) sJieMeHT x NepeBOAHT
B ce0f NOANPOCTPAHCTBA

kep-gir+ ... + ke,

nna scex d=1, ..., n, U, cleaoBaTe/bHO, €ro MaTpuua Oyner
HHXKHe#l Tpeyrosnbhoil. [TosoxuMm

=)<y, 1<n
e ——

1) B srofi ieMMe mosie £ MOxeT GHITH UPOH3BOALHEIM,
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Torna 0==x(e,) = Xnsen H, CAEAOBATENbHO, X,, =0. Ilycts i <n,
W NpeAmoJIOKHM, UTO YXKe AOKasaHel paBeHCTBA x; =0 aas j> i.
Torna

0=0((e; Aei1 A .o Ny =x(ei Ae\ oo. Ney).

CnepoBateabho, x; =0. Takum obpasoMm, x = n{n, k).

[TeeanoxeHHE 8. [Tycre n— nodascebpa arcebpe Ju gl(V),
COCTOAULAR U3 HUABNOTEHTHBIX 3AEMEHT08, Q ( — HOPMQAAU3ATOD
nodaazebpeor n 8 aseebpe §L(V). Toeda cywecreyror 8eKkToproe npo-
crpancteo E Koneunoll pasmepHocTd, npedcraeiexue @ aaee6poi
ol (V) 8 npocrpancree E u nodnpocrpancréo F eexroproeo npo-
crpancreéa E, ydosaersoparoujue ciedyouum ycaosuam:

(i) o6pas npu orobpaxcenun @ eomoreruu npocrpancrea V —
duazorarusyemoiti SHGOMOPPHUIM,

(i) nodnpocrparcreo F ycrotuuso orrocureasro p (q),

(iii) nodaacebpa M cosnadaer € MHONCECTBOM TeEX 3ACMEHTO8
x < ¢l(V), dan roropoix p(x)F =0.

[lycts n=dim V. [lo TeopeMe IDHrens MOXKHO TaKuM o0pa3oM
OTOXKJECTBUTDb NPOCTPAHCTBO V ¢ mpocTpaHcTBOM K", uto N n (n, k).
O6o3naunM uepes P aare6py MNOJHHOMMAJbHEIX GYHKOHH Ha
al(n, k). Tlycte P;, rae i=0, 1, ..., — MHOXECTBO OJLHOPOJHEIX
sneMentoB B P crenenn i, ITyctb N =exph — noarpynna HimxHed
ctporo TpeyrodbHoll rpymnel T, OGosHauum uepes J MHOKECTBO
TeX 5/J1eMEHTOB ajreGpnl P, KoToptle O6Gpauiaiotcs B Hyab Ha N;
OHH COCTABAAIT HAean B aare6pe P. O6o3naunm depea N; MHO-
JKecTBo »saeMeHToB x & ¢l{n, k), maa Kotopwx p(x)=0 mnpu
ao6om peJ. Torga N < N,;. O6patHo, nycts X & N,. O603HaunM
yepe3 p;; ToJHHOMHa/bHEIE GYHKUHH Ha npoctpanctse §l(n, k),
omnpeselseMble MaTPHYHBIMH 3jeMeHTamH. HMpean J coaepxur
¢yukumn py; (npn i <j) u p;;—1, nostomy x &7T. Kpome Toro,
ecin u — auHeiiHasg Qopma Ha §l(n, k), ofpauammascs B HyJb
Ha N, To cyuecTByeT QyHKuusa p, & P, rtakad, uro p,(2) =u (logz)
s Beex e<T (§ 3, n° 1, nemma 1 (i)). Torma p,<=J u u (log x)==0.
U3 storo MH moayyaeM, uTo log x npuHaAexuT nopajarebpe n u
xe N. Ho »10 u gokasusaet, utro N=N,.

OGosnauum JJsi IPOH3BOJIBHHIX 3JMeMeHTOB p & P, g & GL, (k)
yepes A(g)p dyukuuio x—>p(g~'x) ma mpoctpancrse ¢l(n, k).
Torpa A(g) p < P, A(g)— aBromopdusm anre6pur P, a A — npex-
crapaenne rpynnet GL, (k) B P, coxpaHndiouiee Kaxpaoe NOANpPo-
ctpanctso P;. IlokaxeM, uto

N ={x=GL, (&) |A ()] =1} 1)
Ecu x=N, pel, y=N, 10 Ax)p)y)=px'y)=0, mno-

ckombky x~'ye= N. Tlostomy A(x)peJ u, cieloBaTenbHo,
Ax)J =1, Tlycrp saemenr x < GL,(k) rtakos, uto A(x)/=/J, n
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pel. Torna p(x~!)=(A(x)p)(e) =0, nosromy x~'&N,=N u,
TakuM oOpasoM, x € N. 3to poraswiBaeT popmyay (1).

Wnean J-— upmean xomeunoro tuna (Komm, aze., va. III, § 2,
n® 10, caexpersie 2 us rteopemul 2). [lostomy cymeCTByeT Takoe
nesnoe uucao g, uro ecan W =Py+ P, + ... + P,, To MHOXKeCTBO
JNW mnopoxpaer upean J. OGosnaunm uepes A; (CooTs. wepe3 i’)
MoANpe/icTaBJeHHe NPEACTaBJIeHHs A B mOxNpocTpaHcTe P; (COOTH.
B W). Ua ¢opmyaw (1) cnexyer, uro

N={x=GL, (k) [} (x)(NW)=INW}. (2)

[Tokaxewm, uto Ans M000TO j cymecTsyer Takoe NpeAcTAB/IEHHE O
anre6per Jlu gl(n, k) B mpocrpanctse P, pnsl KOTOPOTO

ojln(n, k) cornacomano (§ 3, n°1) ¢ A;|T, 3)
0; (¥) —roMoTetHs npH Bcex rx k.1, @

Tax kak npejcraBneHue A; gBiagercs j-# CHMMeTPHYECKOH CTeNeHbio
npencTaBaeHHsl A;, TO JOCTATOYHO HOKA3aTh CYILECTBOBAHHE MpPeJ-
crapnennst oy (cm. aemmy l). Ho npexncrasmenne A, KoHTpaTrpe-
IMeHTHO npexcrasneHuio y rpynnsl GL, (k) B mpocrpaucrse gl (1, &),
3ajaHHOMY dopmMynoi

YW y=uxy, x=GL,(k), ye<qglin, k).

Ilycts npencrasnenne ¢ anre6pn Jlu ¢l (n, £) B npocTpamcrse
gl(n, k) onpexeasiercsi paBeHCTBOM

cxyy=xy, x, ysgln, k).

HenocpencTBenHo U3 onpepnesendss cjAefyeT, 4TO MNpefcTaBJaeHHS
«¢|n(n, k) u v|T cornacoBaHsl u 3HIOMOPDH3M c (x) — roMoTeTHs
npu Bcex x < k.1,. B xauecTBe 0 HOCTATOYHO paccCMOTpeTh Npej-
craBieHHe, ayajashoe K ¢ (ro1. I, § 3, n°® 3).

Ilycts Ttemepp mupeacTaBieHHe o anreépbr gl(n, k) B mpo-
ctpanctBe W — npsimas cyMma npencmBJernH o; g 0<<j<<q.
M3 pasenctsa (2) u cooTHoumenuil

A (exp (x)) =exp (o’ (x)) u o (log(y)) =log (A (y)),
renn, k), yeT,
Mbl [OJIy4aeM, 4TO
n={xesnn B|odx(NW)c/NW} (5

Honoxum d =dim (J W), u nycts 1= A%c¢", D= A2 0 W).
Beugy dopmyas (5) u aemmu 2 (i)

nt={rxenn, k)|1(x)(D) < D} "":(6)
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Tak kak nogaare6pa t(n(n, k)) coCTOMT H3 HH/IBNOTEHTHBIX 3HJO-
Moppusmos, TO paseucTs0 (6) MOXKHO 3amucarTh CJIEAYIOLLUM
obpasoM:

n={xen(, kv D)=0}. @)

PaccmoTpum reneps npocrpancteo E= AWOA'VOAVD...
...0OA"V u npeicrasnenne p, paBHOe NPSIMOR CyMMe HpeicTa-
BJIEHHS T H KAHOHHYECKHX NpeJAcTaBiaeHuit anre6ps gl (n, k) B mpo
crpaucteax A'V, ..., A®V. OGosnauum uepes E, < E moamupo-

CTpPaHCTBO, paBHOe cyMmme moampoctpadetsa D= A?(NW) u
OpsAMBIX, NOPOKAEHHBIX BEKTOPaMH €,-;41 A ... A e, mpu j=
=1,..., n. Beuny popmyust (7) u JemMmu 2 (ii) 6yAer BHIOMHATHCH
pPaBeHCTBO .
n={x & gl(V)]p (x) (Eo) = 0}. ®)

OueBnpHo, uTo ecaun x<k,l, TO sumomopdusm p(x) npuBOLAM
K AuarosanbHoMy Buay. Hakonmeu, mMHoxecrso F 371€MeHTOB IIpo-
crpanctsa E, aHHyJupyeMuX orto6GpaxkednusMu p (1), YCTOHYHBO
ornHocutesbHo p (@) (rn. I, § 3, n°5, mpeasoxeune 5), U BBULY
¢dopmyan (8) mbl mosnyuaem

n={x< gl (V)lp () (F)=0}. ©

5. Xapacrepusayuu paszdesnrowjux asze6p JMu

Kaxpaa pazpensomas anre6pa Jlu nopoxpaercs Kak BEKTOp-
HOe MpOCTpaHCTBO (a caedosareasHo, u Kak anre6pa Jlu) MoaMHO-
JKECTBOM TeX CBOHX 3JIeMEHTOB, KOTOPHE SBJSIOTCH HJIH [OJNY-
IPOCTHIMH, HJIH HHUJIBNOTEHTHbIMH. OGpaTHO:

TeoreEma 1. [Tycre §— nodascebpa ancebper Ju gl(V), nopo-
sdennas Kak k-areeGpa Jlu nodmnomecrsom X. Ecau Kaxcdotd
gaemenT MHocecT8a X A84ReTCA NOAYNPOCTOHIM UAU HUABNOTEHTHOIM,
TO §— pasdeasroujas nooaszebpa.

a) Aseebpa q KommyTarusHa.

TToaympocThle (COOTB. HHJIBIIOTEHTHEIE) BJIEMEHTH ajareGpul g
06pasyioT BeKTOpPHOe MOANPOCTPAHCTBO s (COOTB. §,). Ilo npen-
nojioxenno §=qa,Dg,, u, Takum o6GpasoM, §— pasfeAnLLAs
anre6pa.

6) Anze6pa § pedykTusua.

Torpa g=¢’ X¢, rae nomanre6pa g’ mosynpocra, a ¢ KoMMy-
tatusHa. [lo npepsioxennio 2 anrebpa ¢ pasgensiomas. Ilyers
x=a-t+besg roe asy u bec. Ilyers as an bs, by, — mony-
NPOCTHIE H HUJBIOTEHTHHE KOMIOHEHTH 3JdEMeHTOB a u b, die-
MeHTHl @, a,, b,, b, nomapHo epecTaHOBOYHH, NO3TOMY IOJY-
NPOCTOH W HHJBIOTEHTHOH KOMIIOHEHTaMH 3JeMeHTa a -+ b Gyayt
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as+ bs, a,+ b,. Onnako ag, anEg Ecan sjaeMeHT X MOJAYHpOCT,
ro x=as+ b, Tak kak a,=4¢, 10 b;=4q, orkyna b, ¢, mo-
CKOJbKY b HepecTaHoBOoueH ¢ JOOBM 3aeMeHToM H3 §. TaxuMm
o6pa3oMm, a=a,, b =>,. AnajoruuHbe paccyxKJeHus IOKa3LBAIOT,
yTO €CJAH 3JeMeHT X HHJbIOOTEeHTeH, TO a=4a, u b=2>0,. Bcaen-
CTBHE 3TOTO TNPOEKIHH HAa ¢ 3JeMEeHTOB MHOXecTBa X ABJAAIOTCA
il TOAYNPOCTHIMH, HJH HugbbooreuTHrMu. CorjacHo a), 310
o3HauaeT, 4ro mnopaareGpa ¢ pasgeasiomasi, HMcmonw3ysi panee
BRejleHHbIe 0603HaUeHHs, 110 He Heaas HHKaKHX OpejloJIoXKeHHui
o6 saeMeHnte x, Mbl OojiyuaeM Ttenepb, 4ro b, b, < ¢. IlosTomy
a;+bs, ap+b, =g, uTo N [OKasmLBaeT yTBePXKAEHHE TEOPEMEl
B 3TOM cjayuae.

B) O6wuii cayqaii.

ITpennosnokum, 4To TeopeMa JoKasana ias anre6p Jlu pasmep-
gocte < dim ¢, ¥ fHoKaxeM ee 1ad (.

IMycrs 1 — HauGosblIKil Heas HUJILIOTEHTHOCTH TOXKIECTBEH-
HOro mpescrasjenus anare6pel Jlm g. Ecan n=0, to cymecrByer
HH'BEKTHBHOE MOJNYNPOCTOe NpejcTaBleHue anrebpel , Koropas II0
5TOH mpuuuHe sBJfeTcs peaykTuBHO#. [Ipegmosoxkum, uto 140,
O6o3naunM dyepe3 P Hopmaausatop ujeana n B asrebpe gl (V).
ITpumenunm Kk Halell cHTyaluu Hpejioxenue 8; TOrAa CYmECTBYIOT
E, p, F ¢ yxasaHHeIMp TaM cBoificTBaMu. [locKosmbky g p, TO
noanpocrpaHcTeo F ycrofiunpo orHocuTenwnHo P (g). O6Go3paunm
dyepes p, npexcrasjienne u—s>p(u)| F anre6pu ¢ B npocrpaucrse [
torga n=Kerp,, O6pas KaxXaoro mnoaymnpocroro (COOTB. HHJbIO-
TeHTHOTO) 3saeMenrta anare6pel ql(V) npu orobGpaxenun p Oymer
HOJNYNPOCTHM (COOTB. HUJIBHOTEHTHBIM) (mpepnoxenue 2)., Benaen-
cTBHE 3Toro ajare6pa py(d) mopoxjaercs CBOHMH HOJYHIPOCTHMH
M HHJBIOTEHTHHMH 3JeMeHTaMu. [lo mpenmoNOXeHHIO HHAYKIMH
0o (@) — pasnensiomas nogaarebpa.

IlyeTe X — 37eMeHT H3 § U X5 X, — €r'0o I[OJYNpocTas U HUJb-
noTeHTHas KoMmoHeHTHl. [lo npejmoxenuo 2 p(xy), p(x,) — Hoay-
IpocTasl ¥ HWJIBHOTEHTHAs KOMIOHEHTH 3/1eMeHTa p (x). [TocKosbky
0o (3) — pasgeasiiomas anare6pa, CymIeCTBYIOT Takue 3JeMeHTH Y,
ZEg, uTO

Po () =px) | F, py(2)=p(xs)|F.
Torna x,=y +1n, x, =2+ 1, nosromy £, x,=4q. 4. T. II.

Crnepcrsue 1. Kasxcdas nodaree6pa areebpor ol (V), noposcdennas
pasdeasioujuny nodareebpanu, asasercs pasdessouied.

3T0 OUEeBHLHO.

Caencreue 2, [Tycry g — noda/lee6pa aneebpor JJu gl(V). Toecda
[a, 8] — pasdeasowan arzebpa.
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OGo3nauuM uepes v paaukaa ajre6pel ¢, a uepe3 8 — HEKO-
Topyio noxpanre6py Jlesu anrebper ¢ (ra. I, § 6, n°8). Torza
[0, gl =18, 8]+ [8, t] + [v, v] =844, 1].
Aure6pa [, t] pasgesionias, MOCKOJIbKY BCE €€ 3JEMEHTHI ABAAIOTCA
HuabnoTeHTHBIMH (r1. I, § 5, n°3). C npyro#t cropous, 8 — pas-
neasiouias anare6pa (npepsoxenne 2). Takum o6pasom, noganrespa
[, g] pasneasiowias (cnepctsue 1).

CnenpcrBue 3. [Tycre §— nodascebpa aaeebpor Ju gl (V) u
X —nodmuodcecrso 8 arzebpe §, nopordaouee § (kax k-arzebpy Ju).

(iy Pasdersoujan oboaouxa e () aszebpor § nopoxcdaercd noay-
npOCTOIMU 1L HUAGNOTEHTHOIMU KOMNOHEHTAMU 3AeMEHTO8 MHOXCe-
crea X.

(ii) Ecau k" — pacwupenue noas k, 10 e(@Q,k)=e(3) @, k.
e Toco urobet ascebpa § Gowra pasdeasrouer, Heobxodumo u
docraro4no, uTobur pazdersrouels 6siaa areebpa §Q, k.

[ycts g — nogaare6pa anre6psut Jlu gl (V), nopoxaennas moay-
NPOCTHIMH H HHUJBIOTEHTHHIMH KOMIOHEHTAMH 3J€MEHTOB MHOXe-
ctea X. Torpa §=gce(y). Ilo Teopeme 1 ¢— paspensioutas
ajare6pa, nostomy @¢=e(g), uto HoKasnBaeT yTBepxueHHe (i).
YrBepxnenue (ii) caenyer wus (i), motomy uyto mHOKecTBO X moO-
poxpaer k’-anrebpy q®; k.

CnencrBuk 4. [Tycrs § — pasdessoujan nodarzebpa areebpor Jlu
gl (V). Obosnauum uepes T MHONECTBO KOMMYTATUBHLLX nodairzebp
anzebpel §, COCTOAUUX U3 HUAGNOTEHTHbLX 3AemenTos (CP. Mpenio-
xKeHne 6). To2d0a 8ce maxcumarvnsle 3AeMenTol Muoxcectsa T~
UMeroT OOUHAKOBYIO PaA3MEPHOCTb.

[lycts k" — anreGpauueckd 3amMKHYTOE pacliypende Mogasa &,
Hnyets V=V ®,k, ¢ =g®,k". Paccmorpum MaKCuMaJ/bHble
s1eMeHTH i, {, MHoxectBa 7 . Ilycts t;=t, ®,6 k’, b, — neurpa-
nu3atop momanrebpe t, B anrebpe ¢ u h; =5, ®, k. Torna h, —
sto mopaiarefpa Kaprana anare6prt ¢ (nmpepsoxenue 6), moaToMy
b; — monanre6pa Kaprama aareGpur ¢. Tak kak §; =t; X 1y (9,),
o §y=1t; X n,, (b)); caegosarensno, nogaareGpa t; sBIAETCA MHO-
XeCTBOM IOJIYTIPOCTHIX 371eMeHTOB aareSpst b7, [Tockoabky anreGpa g
pasfenstomas (ciaeAcTsue 3), mopanre6ps t; u t; COMPSIKEHEl OTHO-
cmde_JIb}txo rpynnsl Aut, (q") (npemsoxenue 6), u noromy dim ;==
= dim ;.

TeopEMA 2. [Tycre ¢ — nodascebpa asneebpor Ju 3L (V). Toeda
caedyrowjue ycA08US IKBUBANCHTHOI:

(i) g — pasdersowasn arcebpa;

(ii) 206an nodaseebpa Kaprana aszebper § sasasercs pasde-
asrowet; '
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(iil) azeebpa ¢ o6aadaer pasdeasroweri nodaseebpoti Kaprana;
(iv) paduxkaa ancebper g — pasdeasroujas nodaiszebpa.

(i) = (ii). Dro BHITEeKaeT U3 CAEACTBUS 2 MpeANOKeHHT 3.

(if)=>(i). dTo BbITEKaer u3 caeAcTBus | TeopeMsl 1, Tak Kak
aarebpa ¢ nopoxpgaercs cBoumu mnoganre6pamu Kaprana (§ 2,
n°3, cnefgcreue 3 Teopemsl 1).

(i1) = (iii). OueBugHO.

(iii)=-(ii). Beuay caemcrBus 3 TeopeMnl | MOMXKHO CUHTATb
none k anreGpanyecku 3aMKHYTbIM. Torpa mogmanre6psl Kaprana
aare6psl § CONPSKEHbl OTHOCHTEJNbHO TPYIIL 3j1eMeHTapHBIX aBTO-
mopdusmoB 3Toit anrebpur (§ 3, n°2, teopema 1). Mcnosnesys 3a-
meuanre 1 u3 n°l § 3, MBI MOJAyYHM OTCIORA, YTO €CJAH OfHa MOJ-
aare6pa Kaprana paspensiiollias, TO BCe OHH pasjgeJsioiie.

(iy=-(1v). D10 moKa3aHO B CJAeACTBHH 2 mpensoxeHus 4.

(iv)=-(i). [Ipeamonokum, uto papguxkan v aaredpsl § — passue-
aswomas noganreépa. [Iyers 8 — noganrebpa Jlesu anre6psl §. Ona
ABJAseTCs pasaensoouleit (mpegsoxenue 2), nos3ToMy g=98%-+1 —
paspeastomas anare6pa (caegcrsue 1 Teopemsl 1).

JOIOJ/IHEHHE I

MoauHoMuanpHeie 0TOOpAKEHHA M TOMOJOTHA 3apHCCKOTO

B arom donoauenuu noae k npeonoageaercs OecKOHEUHbIM.

1. Tonoaozusn 3apuccxozo

IMycts V - KoHeunoMepHOe BeKTOpHOoE mnpocrpaHcrBo. O6osHa-
quM uepe3 Ay anre6py MOJMHOMUAJBHBIX (YHKIHUHA HaA NPOCTpaH-
ctee V co suauenusmu B R (Alg., chap. IV, § 5, n°10, défini-
tion 4). dto rpagyupoBaHHas ajaredpa, ee KOMIIOHeHTa creneHu |
coBnajaer ¢ npoctpaHcteoM V™, dyasshum K V. Baoxenue mpo-
cTpaHctBa V' B anreGpy Ay npopmosKaercs A0 U3oMOpPuUIMA ClUM-
serpuseckoil ancebpor S(V') ma A, (Alg., chap. IV, § 5, n°11,
Remarque 2).

Ecau (e, ..., e,) — HeKoTopui#i Gasuc mnpocrpanctea V u
(X, ..., X,) — nabop He3aBHCUMLIX IlepeMeHHHX, TO 0TOOpaKeHue
anre6psl k[Xy, ..., X,] B aare6py Ay, KOTOpPOe CTaBHT B COOT-
BercTBHE ajeMeHty [ u3 k[Xy, ..., X,] dyukuuo

M=

i_lxiei"‘?f(xn ceo M),

]

siBaserca usomopdusmom anre6p (Alg., chap. IV, § 5, n° 10, co-
rollaire de la proposition 19). .
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Meepnoxeuue 1. [Iycre H — muosecrso comomoppusmos
arzebpor Ay 8 nose k. Han npoussoavroeo ssemenra x &V obo-
snauum 4epes h, eomomoppusm [—>[(x) ancebpor Ay 8 noae k.
Toz0a xv+— h, — 6uextusroe orobpastentie npocrpancrsaV na mro-
acecrso H.

HeiicTeutenbHo, oGosxHaunM uyepes H’ MHOXeCTBO TOMOMOD-

¢usMos anrebpnl k[X,, ..., X,] B none k. Ouesuguo, 4ro oro-
opaxenne ¥+ (X (X1), ..., ng,,)) ABJAETCsT OGHEKTHBHBLIM OTOGpa-

JKeHueM MHoxecTra H’ na k"

Caeacreui. [Tycro my,=Ker (h,), 2¢0e x<=V. Tozda x—> my, —
6uexTusroe oTobpascenue mrowecT8a V HA MHOXCECT80 Tex udea-
A08 M anzebpor Ay, dan koropolx Ay/m=k.

IMTogmuoXKecTeo F mHOxecTsa V Mbl OyleM Has3nBaTb 3aMKHY-
TeiM, €CJH CyllecTBYeT Takoe ceMeiicteo (f;) 2JIEMEHTOB
aare6pul Ay, 4TO

x&EF<xeV u [;(x)=0 pna scex isl.

il

OueBHIHO, YTO MHOXecTBa J W V 3aMKHYTbl H 4TO Jwo6oe
nepeceyeHne 3aMKHYTHIX MHOXeCTB 3aMKkHyTo. Ecau mHoXecTBo F
OnpefieIeHO YCJOBHEM, YTO Ha HeM O00pallaloTcd B HyJb GYyHK-
uua f;, a F’— ycnosuem, uTOo Ha HeM oOOpamalTcs B HYJb
byHKLuH f;, 10 MHOXectBO FJF’ Gyner MHOXeCTBOM, Ha Ko-
TopoM oGpamaioTcs B HYJIb GyHKuun [ f;, u, crenosaTenbHo,
3aMKHyTO. TakuM 0o0pasoM, cyiiecTByeT TONOJOTHA Ha NPOCTPAH-
ctee V, B KOTODOH 3aMKHYTBIMH fBJAIOTCA KaK pas MHOXECTBA,
3aMKHYTble B YKAa3aHHOM BBIILIE cMBbicJe. IDTa TONOJOrHS Ha3bl-
BaeTcsi Tonoaozueli 3apucckozo HA mpocTpaHcrBe V. Ina npowus-
BOJILHOTO 3JieMeHTa [& A, o6osHauuMm uepe3 V; HOIMHOXKECTBO
tex 3aeMeHToB x&V, ana korophix [(x) # 0. MuoxectBo V;
orkpriTo B V. Slcho, uto MHOxectsa V; ofpasyior 6asuc Tollo-
aoruu 3apucckoro. (Ecam k — Tomosoruvyeckoe rmnoge, TO KaHOHH-
yeckas TOMOJIOrHS Ha MPOCTpaHCTBe V OKaspiBaeTcss Gosee TOHKOH,
yeM TONOJIOTHSA 3apHCCKOro.)

Oto6paxenue x+>Mm,, OIpeJeleHHoe B CJIEACTBHH NPeaJO-
sKeHus 1, MOXKHO paccMaTpuBaTh KakK OToOpa)enue e MpoCTpaHs
crea V B mpocroii cmekrp Spec(Ay) anredpn Ay (Komm. aze.,
ra. 11, § 4, n°3, onpenenenne 4). [Ipu aTom Tomosorust 3apHCCKOro
Ha npocTpaHctse V ssaserTcs o6paTHHM o06pasoM npu oTo6pa-
JKeHHHM & TONOJIOTHH Ha mpocTpaHcTBe Spec (Ay).

[TpEAnOXEHME 2. BexkToproe npocrpancréo V, crabacennoe T0-
noaocaueii 3apuccKozo, ABARCTCA HENPUBOOUMbIM HETEPOBuLIM NPO+
cTpanctéom. B wacTHocTu, Kaxdoe e2o OTKpuiTOE Henycroe nod-
MHONECT B0 8CIO0Y NAOTHO 8 HeM.,
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BeaepctBue TOro uto Koabuo Ay HETepOBO, NIPOCTPAHCTBO
Spec(Ay) uéreposo (Komm. ase., ta. II, § 4, n°3, crnencrsne 7
npeanoxenusi 11), u Kaxjaoe TNOANPOCTPAHCTBO HETePOBa Mpo-
cTpaHcTBa HETepoBO (tam sce, n°2, npenyoxenue 8). Ilepeceuenne
feasoB WM, B oGo3HaYeHusiX caencTBHA npennoxenns 1 ects {0},
1 mHOWKecTBO {0} — npoctolt umean Koabua Ay; C/aIef0BaTesbHO,
npoctpaHcTBO V' HeupuoauMo (ram oce, n°3, mnpeasoxenune 14).

2. Homunupyrougue noaurnomudvrbie 0T00paANCEHUA

[Myets V, W — KoHeuHOMepHble BeKTOpHbIE TMPOCTPAHCTBA H
[ — nonnnomuagabHOe orobpaxeHne npoctpaHctBa V B W (Alg.,
chap. IV, § 5, n°10, définition 4). Ecan = Ay, 10 Vof=s 4,
(ram sce, proposition 17). OtoGpaxkenne Yr—>Pof Ha3bBaAWOT Tro-
moMopdusmom aarebpsl Ay B Ay, accoyuuposanusim ¢ 0TOGpa-
xenueMm f. Ero sagpo cocrtour u3 Tex pyHkuuii $p& Ay, KoTOpbE
pasusl 0 ua f(V) (4, TakuM oO6pa3om, Ha 3aMbiKaHul TOLMHOXe-
crea f(V) B Tomosorinn 3apuccKoro).

Ounpepenenue 1. [Moaunomuansroe orobpaxcenue f: V—>W wua-
3618aeTCA OOMUHUDYIOWUM, eCAll ACCOYUUPOBAHHBIE € HUM 20MO-
Mopusm arcebpor Ay 8 Ay unvexkTusen.

Takum o6pasoM, oroGpaxenne [ sABAseTCS TOMHHHPYIOLUINM
TOrJa M TOMBKO TOrma, Korga MHoxecTBo f(V) Bciopy naoruo
8 W B Tomosoruu 3apucCKOTO.

IMpenaoxenue 3. [Ipednoaoncum, uro nose k aszebpauuecku
aamknyro. [ycre fi V—>W — Gomunupyrowee noauromuaisroe oro-
6paxcenue. Tozda o6pa3 npu [ 406020 0TKpPBITO20 8C10AY NAOTHOZO
nodmroocecrsa npocrpancréa V. codepaur oTkpoiroe 8ctody nAOTHOE
nodmuoxecrso npocrparcraa W.

HocTaTouHO f0Ka3aTb, YTO AJ5 JIOOOTO HEHY/AEBOTO 3JIeMeHTa @
anre6Gpul Ay MHOXecTBO [ (V) COLEPIKHT OTKPHTOE BCIOAY IJOTHOE
nogMHoxkectso mpoctpaHctBa W. OtoxAectBuM anarebpy Ay
¢ nojganrebpoit anrebpm Ay npu momomu roMmomopdusMma, acco-
uMHpoBaHHOro ¢ oro6paxkendnem f. Ilpu aTOM CylecTByeT Takoil
HeHYyJeBOH aJeMeHT Y& Ay, uTO 1000H ToMoMopdu3M w: Ay —> &,
He aHHyJupylomui P, Npogoakaercs g0 romomopdusma v: Ay — k&,
He auuyaupytomero @ (Komm. ase., ra. V, § 3, n°!, cnegctrue 3
teopembl 1). Eciu oToxpgectBuTb TroMoMopdusM w (CooTB. v)
¢ oanemeHToM MHoxkecTtBa W, (cootB. V), TO yTBepXnenue
0 TOM, 4YTO U NpPOROJKAeT W, O3Hayaer, 4to | (v) =w. [loatomy
W=l (V). 4.T. 1.

[yets f: V—> W — noauHoMuanbHoe oToGpakeHne U xo& V.,
Torna otoGpaxkeHue h+—>f(xo+ k) npoctpanctsa V B W TOXKE

J bypoann
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noauHoMuaabho. [IpeacTaBuM ero B BHAE KOHEUHOH CYMMbI OLHO-
POJHBIX IOJHHOMHAJbHBIX OTOGpaxKeHHi:

fo+h=7F)+Di+D, W)+ ...,

rae D;; V-—>W —onHoponHoe oToGpaxenne cTenenu [ (Alg.,
chap. 1V, § 5, n°10, proposition 19). Jluueiinoe oroGpaxenne D,
HasblBAETCH AUHEUHbIM OTOOPAN eHUeM, KAcaTervHoim K | 8 Touke X,
Ono o6osnayaeTcs yepe3 Df (xo).

[Teennoxeuue 4. ycre [: V— W — noaunomuasstoe orobpa-
ocerue. Ilpednosroxcum, 410 cywjecrsyer rakas To4Ka X, <V, uro
orobpascenue (Df) (xo) cropwexrusno. Toeda | — domunupyrouee oro-
b6paxcenue.

Tlponssens HeKOTOpble CHBHTH B mpocrpaHcTBax V u W, mu
MOXeM CHHTaTh, 4T0 Xo=0 u [(x)=0. Ilpn atom pasnoxeunne [
B CYMMY OJHOPOAHHIX OTOOpakKeHHH HMeeT BHJ

f=hH+F+ ..., roe degf, =i

n JuHefiHoe oToGpaxeuwe [, TO MPEANONOKEHHIO CIOPBEKTHBHO.
TMpeanosoxum, uro [ He sfpaseTcss HoMHHHpylouuM. Torpa cyue-
CTBYyeT TaKoii HeHYyJeBOH asjeMeHT P anrebpnl Ay, uto Yof=0.
[Mycts =Yy + Ym41 -+ ... — pasioxKeHue s/7eMeHTa P B CyMMY
OJHOPOAHBIX dneMeHTOB u degy; =1, ¥, 7 0. Torna

O=vof=%nof+¥nrof+ ... =¥mefi+o,

rge P — CyMMa ONHODOLHHX WOJHHOMHAJbHBIX OTOOpaXKeHHH CTe-
neneit > m. BernenctBue storo $,ofi=0. Tak xak f, ciopbek-
THBHO, TO P, ==0, YTO DPHBOLHT K MPOTHBOPEUHIO.

CaencTBHE. Ecau nose k ascebpautecku 3aMKHYTO U orobpaice-
nue | ydosaergopser ycaosuam npedaoxcenus 4, To obpas npu oro-
6paxcenun [ 2106020 OTKpuiTO20 6Cr00Y NAOTHO20 NOOMHONCECTEA
npocrpancrea V cofepacur oTKpoiToe 8ctody NAOTHOE NOOMHONCECTEO
npocrpancreéa W.

dTo caemyeT U3 npensoxeHud 3 u 4.

JOMOJIHEHHE 11

O1HO CBOHCTBO CBA3HOCTH

Jdemma 1. I[ycre X — c8a3H0e Tonoaozu4eCcKoe NPOCTPAHCTEO U
Q — orkpuiToe 8cto0y naoTroe nodmuoxucecréo 8 X. Ecau das aroboll
Touku x & X cywecrsyer Takasn ee okpecthocts V, uro V1 Q ceasno,
TO NOOMHONeCTB0 Q C843HO,
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JleHcTBUTENLHO, NYCTh (), — HENycTOe OTKPHITOE M 3aMKHyTOe
noamMHoxectso B Q. [1ycTb ¥ & X u V — TaKas oKpeCTHOCTb TOUKH X,

yro VN Q ceasuo. Ecan x = Q, To
VNN =VN + @,

nostomy VNQ < Q. Tak kak Q BCiogy mIoTHO B mpocTpanctee X,
10 Qp — OKPECTHOCTb TOUKH X.

Takum o06pas3om, MHOXKECTBO Q, OTKPHITO H 3aMKHYTO, HENyCTO,
¥ TaK Kak X CBSI3HO, TO flo = X. [TockoJbKy MHOXKeCcTBO Q) 3aMKHYTO

B Q, uMeeT MecTO paBeHCTBO Q= Q[]Q,=Q, uro ¥ A0KasbiBaer
CBSI3BHOCTh MHOXecTBa Q.

Jdemma 2. ITycre U — orkporeid wap 8 npocrpancree C" n
[: U—>C — He pasraa T0x0eCTBEHHO HYAIO 20A0MOPPHAS BYHKYUA.
ITycre A — nexoropoe nodmuoxecrso 6 U, rakoe, wro [=0 na A.
Toeda mnomecreo U — A eciody naorno 6 U u ceasHo.

Muoxecreo U— A Bcioay niordHo B U cormacwo Mu. Ce.
pe3., 3.2.5. Ilpennonoxum cuavanaa, yro n=1. Ecau a< A4, to
cTeleHHOM psij QYHKHMH [ B TOYKe a HEHyJeBOH, MO3TOMY Cylle-
CTBYET Takas oOKpectHocTb V, toukm a B U, uro ¢dyuruus [ He
obpamaercst B 0 Ha V,—{a}. Takum oGpasom, Touka a u3oamupo-
BaHHa B A, 370 J0KasbiBaer, yro A — QucKpernoe TOJIMHOKECTBO
B U; nosromy MmHoxkecTBo A cuetno, Tak kKak U cueTHo B 6ecKo-
HEUHOCTH. : ‘

[Myere x, y= U —A. Ob6benuHenue BelleCTBEHHbIX ad(GUHHBIX
IPSMBIX, COCTHHSIONMX TOYKY X (COOTB. y) ¢ TOYKaMH MHOXecTBa A,
IBJISIETCS TOIMM MHOXKecTBoM (06uy. Ton., ra. 1X, § b, n°2). Beaes-
CTBHE 3TOTO CyllecTByeT TakKasd Toyka zeU—A, mias xoropoit
orpeskn [x, z] u [y, 2] He mepecekaor MHOxectBa A. ITosTomy
TOYKH X, Y, 2 NPHHAJJIEXKAT OJHOH CBSI3HOH KOMIIOHEHTE MHOKe-
crBa U—A, uto n n0KasbiBaeT Jemmy B ciydae n=1. Paccmor-
puMm oOumit cayyali. MoXKHO mpelnoJoXHTh, 4T0 A — MHOXECTBO
Hyned dynkuun f (O6wy. ton., ra. I, § 11, n°l, npennoxenne 1).
IMycrb X, y e U~ An L — abdunnas npsimas, coflepxaiias TOUKH ¥
v y. Orpanuuenne ¢yHkiun [ Ha nogMHoxectso L (U ne paBHO
TOX/JECTBEHHO HYMIO, TaK Kak xe L)U. Tlo noxasaHHOMY Bhillle
TOUKA X H Y JeXar B OJHOH CBSI3HOH KOMIIOHEHTe MHOXeCTBa
(LNU)—(LNA), a caenosaTeqbHo, H B ONHOH CBA3HOH KOMIO-
HeHTe MHOXectBa U — A.

Jdemma 3. Iycre X — c843H0E KoMnieKCHOe QHAAUTUYECKOE
MHO2000pasue Konewnoll pasmeprocTu u A — nodmuoxcecrso 6 X,
ydosaereoparouee caedyrotemy Ycio8uo;

3*
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Jan aoboii Touku x & X cywecteyer PocToK aHAAuTudecKot
pynxyuu [, He obpawjaouuiica 8 HYab 8 TOYKe X U TaKod,
qr0 pocToK MHoxcecTéa A 8 TouKe X co0epiaurca 8 pocTke
MHoxcecT8a Hyaeil ¢pyuxyuu f, 8 Touke x.

Toeda muoxcecrso X — A csasno u 8cody naorvo 6 X.

Vreepxaenue o ToM, u4ro X — A BCIOLY TJIOTHO, CNEAYeT H3
Mu. Ce. pes., 3.2.5, Tlpu porasaTenbCTBE OCTAJbHOI'O MOXHO
NPEeANoJOKUTb, UTO MHOXecTBO A 3amkuyro (064. ron., ra. I,
§ 11, n°1, npegnoxenne 1), [lig moGoft Toukn x & X CylecTByIOT
TaKasi ee OKPecTHOCTb V ¥ Takofl usoMop¢H3M ¢ okpecTHOCTH V
Ha OTKpLITHI map B npoctpancrse C", uto moaMHoxkecTso c(AN V)
COILEPIKHTC B MHOXECTBe HyJiell HeKOTOPOH He paBHOH TOXAe-
crBenno Hymo Ha ¢ (V) roromopduoii pyuxkuuu. Torza no nemme 2
mHoxecTBO V 1 (X — A) cBsasHo. Benencteue seMMbl | MBI onydaeM,
4TO MHOXeCTBO X — A TOXe CBSSHO,



YOPAXHEHHS

Paccmarpusaesmsie arzebpor JIu u modyauw nad srumu arzebpamu npedno-
AQPQIOTCA KOHEHHOMepHbimU HAO nosem k; nawunan ¢ § 3, mer npednoaazaen,
470 nose k umeer xapaxrepucruxky 0.

§1

1) Ipexanonoxkum, uto k — none xapakrepuctuku p > 0. [Iyers V — Bektop-
HOe INPOCTPAHCTBO, @ S — KoHeyHoe MHoKecTBo. s Toro uTobn oToGpakenue
r: S— End (V) ynosseteopsno ycaosuio (ITIK), Heo6xomuMo H  JIOCTATOUHO,
yToOH I/ HEKOTOPOH CTemeHH ¢ uueaa p npu aobux § s & S uMmeno Mecro
paBencrgo [s7, s'7) = 0. (Mcnosp3osats popmyay (1) us ynpaxuenus 19 § 1 ra. L)

2) IlpennonoxuM, uto moste k comepiuenHo. Ilyets V — KoHeuHoMepHOE BeK-
TOpHOE npocTpaHcTBO, #, v &< End (V) u ug, uy,, U5, Up — NOAYIPOCTHE H HHIbL-
NOTEHTHBIE KOMITOHEHTH SHAOMOPGH3MOB 4 H v. TorAa caelyolHe yCIOBHSA 9KBY-
BanenTHu: (i) cyluectsyer Takoe uenoe uucao m, uro (ad #)™ v =0; (ii) sugo-
Mopdu3MB #g M U mnepecTaHoBouHH. ([Ipn nokasatennctse (i)=>(ii) MoxHO
npefnonarate noje k anreGpanyecKy 3aMKHYTHM H HCIoOAb30BaTh aeMmy 1 (ii).)

3) Coxparum npepnonoxenus us n®2. [Ipeanonoxum, KpoMe Toro, 4yTo noje k
Geckoneuno u ycaosue (ITK) Bumoanseres. Tlyets k' — coBépuieHHoe pacummpenye

noas k u A: S—> k— Takoe oTofpakeHue, 4TO v (S) # 0. Ionoxum
V=VQ@rk!, ' =SQ:k'

O6osuaunm wepe3z r’: S’ > End (V') auneiinoe oToGpaxenne, TNONYUEHHOE U3
0TOGpaKEeHHUsl & paclIMpeHHeM moJs CKansipos. Toria cymecTByeT eNMHCTBEHHOE
7’

otobpaxenne A’: S’ > k', nas koToporo & (SR &’ =y’* (87). (MocratouHo
paccMOTpeTh cayya#, Korga v=v* (S). Nyers P — rakas nonuHoMHadbHas QyHK-
ousg Ha S u g — takaa crenens XaPaKTePHCTHUYECKON SKCTIOHEHTH MOJad B, Jens-
mass dimV, uto A= P. OGo3nauum uepes P’ mojHHOMHATBLHYI0 (YHKIHIO 13
npocrpanctee S/, npononxkaiomyio P. Torma mna kaxkmoro siemenra §' & S
cyuiecTsyer d'raxoﬁ aneMent A’ (s’) = k', uro A’ (s")? =P’ (s’). Ilokasats, uTO
(X — 2’ (s"))4M V — xapakrepueruueckuit MHOToOwIeH sHIoMOppu3Ma r’ (s7).)

4) TTpennonokuM, UTO Nose k UMeeT XapaKTepHCTHKY Hyab. Ilyets g=3[(3, k)
H @ — nonanre6pa B g, NOPOKIEHHAS HEKOTOPOH AHAroHatpHOH MaTpHied ¢ col-
CTBeHHHIMH 3HaueHusMu 1, —1 u 0. IlokasaTs, yTo nomaaredpa & peayKTHBHA
B §, YTO LEHTPAnTH3ATOP I NMoZajreGpul ¢ B § COCTOMT M3 JHATOHANALHEIX MaTPHY,
CO CIeOM HyAb M 4TO HEHTPANU3aTOp NojaireSpul nt B § coBmazaer c i,
a4 CnefloBATENBbHO, He coBmajaer ¢ a4 (cM. n°b, samenanue).

i1 5) Ipeanonosxum, uto mone k Geckomeuno. Ilycrn g — aareGpa Jlu,
a V — mekotopuiit g-Monyas. IIyers n — nesoe uneno >>0; o6osnaunM uepes Vy
MHOXKECTBO TaKHX 3jeMeHToB U & V, uTo x"v==0 npu Beex x 4.



70 rJ1. Vil. MOOAJNITEBPBl KAPTAHA. PETYJISPHBIE 3JIEMEHTHI §1

a) [Tokasate, uto ecit 0 EV, 0 %, Y& G, TO

n Y
(Z xn—lyxi—l)v =0,

i=1

(Hcnoab3onats ToT dakr. yto (x + ty)? v =0 s aoGoro ¢ & k)

3amenss B stofl dopmyse y Ha [x. y], noayunts '), uto (x"y — yx")v=0,
oTKysa 6yner cielodaTe paBeHcTso x"yv =10

6) ITokasaTh, 4TO MOANPICTPAHCTRO Vp ABIAETCHA §-mOAMOAyJeM B V (Hcmos-

3oBats a)). Benencrade sroro VO(g) = U Vp— Toxe g-oaMoayas Moayas V.,

n

B) IIpeanosoxum, yro =R uau C; oGosuaunMm yepe3 G OLHOCBA3HVIO
rpynny Jlu ¢ aareGpoit Jlu g. [eitcraue anreSpul 4 112 npoctpancree V onperne-
aser neficreue rpymmm G Ha V (ru. 111, § 6, n° 1). Iokasats, uto sqement v eV
NpHHALTIEKUT DOANPOCTPaHCTRY Vp, TOra H TOMbKO Torjaa, korxa (s —1)*v=0
A9 Beex S € (; takum obpasom, VO (g)=V!(G).

6) Coxpanum o6o3Hayenusn ynpaxuenus 12 u3s § 3 ra. I. B vacruocry,
g — aqre6pa Jlu, M — nekoropuit g-Monyss u H? (g, M) = ZP (a, M)/ BP (3, M) —
NPOCTPARCTBO p-MEpHbLY KoeoMOoao2ull anre6pu A co 3HadeHHaMu B M.

a) ITokasarts, yTo noanpicrpaucraa BP (g, M) u ZP (g, M) ycrofiuuBs OTHO-
CHTEJBLHO €CTeCTBEHHOro mpeacraBieHHd 0 ajre3pe § B npoctpanctse Koueneft
CP (g, M). Ha ocHOBaHHH 3TOr0 MOCTPOHTDH NIPeJICTaB/leHHE aAreGps A B NPOCTPaH-
cree HP(a, M). Hokaszarb, yTo 3TO NpelcTaBleHHe TpugiasbHo (HCIOAB3OBATH
dopmyay 8 =di + id, ran oe).

6) Iycts kB — anreGpauyeckoe samuikavue moaa k. Ilyers x =g u Xp — co-
oraeTcTaylomHi snmomoppuaM Moayns M. OGosmauum uepes Ay, ..., A, (cooTB,
Hps -+ Byy) cOOCTBeHHBlE 3HayeHHd (B mose k) suzomopdusma adg X (COOTB. X,
¢ yueroM KpartHoctd. [TokasaTh, YTO COGCTBEHHHIMH 3HAYEHHSAMH SHIOMOP-
¢uama 0(x) mpocrpancrea CP(g, M) GyayT wuucaa p‘,-—(hi‘ + oo A ),

, p
e 1KiKmu
ISi<iz< ... <ip<n

[TonyynTe oTCIONA, HCIOMB3YSI a), uTo AP (g, M) =0, ecny HH Of4H 43 BJEMEHTOB
Hy _‘(7“;" + oo+ A ) He paBeH HyJIO.
- 'p

B) [Ipeanosnoxum, uto npeacrapiaenHe § —> End (M) tounoe u uto saemenr x
YROBJETBOPSIET YCJIOBHIO

B by Fpp e T Sp)
IPH MOBHX fis «vus [po Riy ovvs Bpti E(l, m].

IMokasats, uto Torga HP (g, M) =0 (3aMeTuTb, 4TO COGCTBEHHbE 3HAUEHHS A;
sHIAOMOp(pu3Ma adgx HMEIOT BHA W, — [, H MPHUMEHHTE 6)).

7) Iyers @ — wuabnoTeHTHas asqre6pa Jlu u V — takolt Q-MoAydb, uTO
V%(q) =0. Hokazats, uto HP (a, V) =0 npn Bcex p >0. (ocrarouHo paccmo-

TpeTk cayyadl, Korka V= yr (9), rae A 5= 0, n BuGparh 3JeMeHT X & @ TaK,
ytoGsl A (x) 7= 0. IlpumeHuts ynpaxkHeHue 66), saMeTHB, YTO BCe A; DaBHH
Hymo, a Bce W, pasubl A (x).)

1) Bro nokasarenserro coobuiua Ham k. Cennrman.
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Jloka3aTh 3aHOBO C/AeICTBHe IpejJiokeHHa 9 (mosoxkuth p = 1) 1),

q1 8) IpeanonoxuM, uro k— noie xapakTepucTuku p>0. [IyeTs g = ag-
reGpa Jlu Hax mosnem k c GasucoM f{er ..., ep}. OGosuauum wepes U yuusep-
caibiylo 06epToiBaloutyio anre6py arebpu 4, a yepes C — neutp aarebpu U.
Ilas kaxaoro i =1, ..., n Bub6epeM TaKod HEHYNEBOR p-MHO2041eH [, cTenenn d;

past xotoporo f,(ade)=0. Torma f,(e;)=C, cp. rn. I, § 7, ynpaxuenue 5.
Monoxum z; =1, (e;).

a) [Toka3aThb, 4TO 3JEMEHTH 21, ..., Zn aAre6paHYecKH He3aBHCHMH. J[oka-
3aTh, yTo U — cBoGomuniii Moayns Hag Koawuom A==~Fk|[21, ..., 2,] ¢ 6a3ucom

. O a
u3 nponasenennii e;' ... e," rae 0o, <d,. [Hcnonssosars teopemy Ilyan-
kape — Bupkroda — Burra.] Paur [U: A} moayas U uan A pasen d, ... d,; ato
crenens yucna p. Takum obpasoM, C ectb A-MOAYJIb KOHEYHOrO THIA, a CJAEHOBA-
TesbHO, k-anre6pa KoHeyHOro THNa H paaMmepHoctn n (cM. Koms. aae., ra. VIII).
6) Tlyctb K — nosie yacTHmX Koabua A n

Ugy=U®,K Cyy=C® 4 K.

Torna U(K) :’C(K) > K [oxkasate 4ToO U(K) — TEJO C UEHTPOM C(K” ABJAAIO

meecss TeAOM 4acTHHIX (ieBeiM # npasuiM} anrebpn U. em. ri. I § 2, ynpaxne-
mue 10. Tloayuurs orciona. uto [U (. :C g ] uMeeT BHI ¢* rie q — CTemeHs

yucaa p, 4To [C(K, : K]==gq¢ rie q, — crenens p. u [U:A] =ch2.
B) Ilycth d — ueKoTophifi HeHysieBOA asieMedT Koabua A u A — nogkonsuo
B U(K), aast kotoporo U <o A —d~'U Toxkasats, uro A ==U. [Mlyers x = b/a,

rie d & A— {0} — sneMeHT H3 Kosbla A; NPUMEHHTh HHAYKLUHIO MO /M, NOKA3aB,
yTo H3 ycnoBHs b & Ua 4 Uy cnenyer yorosue b Ug + Upy—y, tae {Up) —
Kanounyeckast QuapTpaunst B aareGpe U. ([las 3TOro, yuHTHBAS [€JN03aMKHYTOCTb
Kosibua gr U, NPOBECTH PpacCyXAEHHS, CAeAys KOKa3aTeJbCTBY NMpeRNOKeHHs 15
u3 Komm. aze.. ra. V, § 1, n°4.) Tonaras m =0, nonyunm b= Ua, 1. e. x = U}
BusecTn otcoga. uto C 4eso03amgnyro.
r) [TpeanosoxuM, uTo nosie k aszebpaunecku 3amxuyro. Mycts p: g>gl (V) —

HEeNPHBOAHMOE JNHHefiHOe NpeACTaBAeHHe anreGpH § H Py — COOTBETCTBYIOLIEE
npencraBnenne amre6pw U. OrpanHdueRHe npeacTaBiaeHHs oy Ha C — romomop-
¢u3M y, Koibua C B mosie k (OTOXKAECTBJIEHHOE C KO/MBUOM IOMOTETHR mpocTpan-

crea V); o6o3nauuM yepes G, ero orpaHHueHne Ha noganre6py A. IMokasarts, uto
Aas Jqwoboro roMoMopgpuamMa a (coors. y) k-aare6pm A (coots. C) B none k
CyulecTByeT 1o Kpafuefi Mepe 0OXHO HENPHBOZMMOE NpelcTaBaeHHe P AAreGpHl
Jin g, Aga KOTOPOTO Gp =@ (COOTB. Yp = ¥), NPHYEM TaKHX NPEACTABACHHA JHILL

KOHeuHoe 4HC/IO {C TOYHOCTbIO O IKBHBajenTHocTH). [TokasaTs, uto dimV ¢
B 0603nau€HUSAX OyHKTa 6) 2).

91 9) CoxpanumM o0603HaueHHN NPEILIAYINETO YHPAKHEHHSA H OPeRNONOKHM
JOTOJHUTENBHO, 4TO anre6pa Jlu Q- HuabnoreurHa.

a) ITokasaTs, 4TO MOXKHO BHOpaTh 6asuc {e;, ..., 5} TaKEM 06pa3oM. uTO

ans aoGoi napw (i, j) snement [ei, ej] paBeH MHHeAHOR KOMGHHAUHH 3JEMEHTOB ey

npH A >sup (i, j). Hanee Mb OyaeM npepnonarath, 4TO 3/1€MEHTH e, YROBIeTBO-

1} Ortuocurensto metanefi storo ynpaxuenus cm. Dixmier J. Cohomologie
des algebres de Lie milpotentes, Acta Sci. Math. Szeged, XVI (1955), 246—250,

2) OtHocuTenbHo HeTasell 3TOTO ynpaxdeuust cM. Zassenhaus H. The rep-
resentations of Lie algebras of prime characieristic, Proc. Glasgow Math.
Assoc.,, 11 (1954), 1—36.
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psioT aToMy yeaosio. Bribepem pam xamioro i==1, ..., n Takywo creneus g (i)
yueaa p, uro ad (el.)‘””=0, u nonoxuM 2, ==eJ (), A=k[z;, ..., 2,], cp.
ynpaxuenHe 8.

6) IMycts p: —>qL (V) — nunefinoe npesncrasienne aareSpul §. [peamronoxnm,
uTo sHAoMophHEM p (¢;) HHIbIOTEHTeH a1 Kaxpgoro [==1, ..., n. ITokazars,
uto sugoMopdH3M p (x) HUIBMOTEHTEH A1 Kaxioro x & g. [[Iposect unnykinio
mo n=dimg, u paccMoTpeTb c.rly!{aﬁ, KOrja p HEHPHBOAHNMO, HOKaSaTb, uTo
8 aroM cayuae p (ey) =0, U IPHMEHHTH NPEAMNOJOKEHHE HHAYKLUHH.]

B) Itycts py: g—>gL(V\) 1 p2: g—>gl(V2) — n8a suHellHux npesctasaemus
anre6put Jln g. IlpeamonoxkuM, uro V; u V, oraugnm or O u V, = V?’l (g),

V2=_-V;“2 (8), roe A, # A, — HeKoTopue Qynkuuu Ha g, cM. n°3. ITokasaTs, uTo
ectn Ay (e;) =4, (e;) mpu i= Loy To A ==}, U CyIlecTsyer HeHy.IeBoil
g-roMoMopbu3am Moayas Vi B Moayab V; (nprmerHTS 6) K §-Monytio V=2 (V,, V)
Y, HCNOJB3YsT TeopeMy OHTeJs, NOKa3aTh, YTO V cOfepKHUT HeuyseBofl g-HHBa-
pHaHTHbH 37eMeHT). BulBecTu orciona, yro ecau Moayaun Vi u V; mpoceTw, To
OHH H30MODQHEL

r) [TpenmosoxuM, yTo nmote A anre6paumueckd saMkuyto. Ilyetn R — Muoxe-
CTBO KJaCCOB HeNPHBOJXMMHIX NpencTaBaeHui aare6psl Jin g. IMonoxuM pas p= R

xp={(xp (1), .., x5 (n)) = &",

rae Xp (i) — enuHcTBenHoe cOGCTBEHHOE 3HAYEHHE HIOMODDHHAMA o(e;)- Moxasarp
uTo p > X, — GuexTusnoe orobpaxenue snoxecrea R na k", (MubekTusHocTs
cAeLyeT H3 B), a CIODBEKTHBHOCTh — H3 ynpaxkHeHHs 8 r).) Busectu us storo
TaKHe CJ€J[CTBHUS:

(1) Oas Jo6oro MakcHManpbHOrO Hueana W aare6pu A daxropaareGpa
anre6pul U/mU no ee pagukany HaoMopdHa aareGpe MaTpHIL

(ii) Cremesb JM1060ro HENPHBOAMMOrO NpejcTapienus aare6pw Jin g pasua
HEKOTOpo#H CTemeHH uxcaa p (sTo caeayer 3 (i) u U3 Toro dakra, uto
[U/mU : k] — crenens uucaa p).

(iii) JloGo#t romoMopdusm anre6pst A B moade k enHHCTBEHHBIM o6pasoM
npogoaxkaerca A0 roMoMmopduama amre6pmt C B £ (ucmoabzosats, yTo C/mC
copepxkuTesa B Ueutpe aarebpul U/mU, xoTopas sBiseTcs Joxanasuoii k-anre6poit
¢ ToJeM BhlUeTOB R).

(iv) CyuectByeT Takoe leaoe uucao N =0, uTo Nea npu moboM x & C
(10 caenyeT ua (iii))!).

10) IIpeanonoxum, 4TO Noae k HMeeT xapakTepHcTHKY p > 0. O6osHaunm
yepes g aare6py JIn c Gaaumcom {ey, €2, ea} H cooTHomleHHAMH [e), e;] = es,
[elv 93] =07 [62! 93] =0.

a) [lokazaTh, uTo uentp aarefpu Ug cosmagaer ¢ k[ef, eg, 33].

6) [IpennonoxuM, 4To noje Kk ajre6panyecku 3aMKHyTO. JloKa3aTb, YTO AJs
Mo60ro (A1, Az, A3) € B* cyulecTByeT H NPHTOM TOJBKO OAHO (C TOUHOCTHIO MO
SKBHBAJICHTHOCTH) HENPHBOLHMOE NpeJICTaBJdeHHe p aareGpsl §, AJAS KOTOPOToO
suoMophuaM p (e;) HMEeT enMHCTBeHHOe coOcTBenHoe 3Hadenue A; (i==1,2 3).
Ilpu sTOM cTenmedb p paBHAa p, eclIH A3 %= 0, n eaunuue, ecan Az =20. ([Tpume-
HOTb ynpaxkHeHuss 8 U 9 WM [10Ka3dTh HENOCPEACTBEHHO.)

1y TToapo6uee 06 stom cMm. Zassenhaus H., Uber Liesche Ringe mit Primzahl-
charakteristik, Hamb. Abh., X111 (1939). 1—100, u Darstellungstheorie nilpo-
’;e5r6terl5éie-Ringe bei Charakteristikx p>0, J. de Crelle., CLXXXII (1940),
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11) Tyers b — unasnortentnas aare6pa Jlu, V — nenynesofl h-moxyab u
A — takas Qyskuus Ha § uto V =V* (§). TTokasats, uTo caenyiouye cBoiicTa
SKBHUBaAJEHTHBI:

(i) A — nuueiinas ¢opma Ha b, obpamawmascs B Ryas Ha [B, h].

(ii) cywecrsyer Gasnc npocrpaHctTBa V., B KOTOPOM MAaTPHILI 3HAOMOP(HIMOB,
COOTBETCTBYIOUIMX 3/JEMEHTAM molaare6pn . sIBAAIOTCA TPEYTONBHBIMH.

(dns mokasatesbctBa (i) = (ii) npuMeHuTs Teopemy Dureas K h-mony.io
& (Wy, V), tne W ects h-moaysab pasmepHoctw 1, onpepenenumit JHHEHHON
bopmoit A.) '

Cpoiictea (i) # (ii) umeroT Mecro, ecan k — moae xapakrepucruku 0 (nmpen-
aoxenune 9).

§ 2

1) Muoxecrso AmarouanbHbix Matpui co caegoM 0 sBasercs mnoaanreGpoit
Kapraua anre6pel Jlu 8l (n, k), Kpome TOro ciywas, Koraa n=2 u XapaKTe-
pucTHka nois k paBHa 2.

2) O6Go3uaunM yepes e 3JIEMEHT (8 (])) aare6pu Jln 8L (2, C). HOKa3aTb;

ytro Ce — MakCHMadbHaf HHJBNOTEHTHas mojaire6pa aareGpw Jlu 81 (2, C), ne
asasiomascs nogaare6poft Kaprana.

3) TlpennonoxuM, yto mnone k umeer xapakrepucruky 0. ITycrs g — moay-
npocrast anre6pa Jl# u E — MHOXeCTBO ee KOMMYTAaTHBHBIX nojanre6p, aneMeHTrl
KoTopuX noaynpoctst B f. Toraa nonanre6pei Kaprana aareGpnl § coBnaiarmr
¢ MaKCHMaJbHbIMH sieMeHTaMH MHoxecrsa E. (McnoamssoBath TeopemMy 2 H npen-
aoxenue 10.)

B uacrHocTH, o6bennHenne nonanre6p KapraHa anre6pn § coBnafiaeT ¢ MHO-
XeCTBOM BCE€X MOAYNPOCTLIX 3JEMEHTOB B §.

4) Ilycrs g — aarebpa Jlu ¢ Gasucom {x, y, 2} u cooTHoweunusmn [x, y] =y,
[x, zl =2, [y, 2} =0. Iyctb @ — unean ky + kz sroi axre6pu. Toraa rg (a) =2

nrg(g) =1 :

5) ITpennoaoxumM, uro nose k umeer xapakrepucruky 0. Ilycrs g — an-
re6pa Jlu, T — ee pagukan u ) — nogaareSpa Kaprana aare6pu g. ITokasats, uto

=g, v] + (hNr).

(O6paTnTh BHMManue Ha To, uto o6pas D B amre6pe g/[g, r] conepxut wentTp
1/1g, t] sTolt aareGpeol.)

6) ITycrs g — aareGpa Jlu, a h — ee Huabnorentuas noganre6pa. Ecau moa-
anre6pa g° (h) umabnorentsa, TO oHa sBASETCA HojaareGpoli Kaprana aareGpu g.

7) Ilyere 8 — anre6pa Jlu, 4 — nonaare6pa Kaprana B 8 w V — HekoTophilt
8-monyae, ITycts g =8 X V — nonynpsamoe npoussenenue 3 u V. ITokasats, uro
a X V°(a) — nonaire6pa Kapraua B aareGpe §.

8) IlpemnonoxuM, uyro moje k umeer xapakrepuctuky p>0. OGosHayuM
yepes 8 aareGpy JIu ¢ GasucoM {x, y} W coornowennem [x, y] =y. IMyers V —

BeKTOpHOE R-NPOCTPAHCTBO ¢ 6a3UCOM {ei}iez/pz‘

a) [Tokasath, 4To Ha V cyuiecrByeT eIHHCTBEHHAS CTPYKTypa $-MORYyAs, npu
KOTOpoil xe, ==ie;, n ye; ==¢; | Kan BCex i. ATor $-MOAYJbL HPOCT.

6) Tlyers g=38 X V — nonynpsmoe upoussenenne 3 u V. ITokasats, uro
g — paspemnmas aare6pa Jlu panra 1, nponmspoanas asnre6pa KOTOpOH He HHJIb-
NOTeHTHA,

B) Ilna rtoro utofs 3heMeHT aarebput § Obl1 peryasipHuiM, Heo6XoaHMo H
KoctaTouio, 4To0Ll ero NMpoekius Ha 8 umesaa Bug ax + by, rae ab 7 0.
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r) VO (x + y)==0 u VO (x) = keg. BriecTn u3 sToro, uro anre6pa o obganaeT
nonaare6pamn Kaprana pasMepHOCTH 1 (uwanpumep. k(x + y)) n nopajreGpamu
Kaprana pasmepnoctu 2 (Hampumep, kx + key) (cp. ynpaxueuue 6).

9) Ilycrs a — aqare6pa Jlu ¢ Gasucom (x, y) u coorHowenuem [x, yl=y,
t=+ky u @ a->a/t —kanounueckufl Mopdusm. diaement 0 anreGpu #/t peryss-
pen B a/f, HO He sBasmercA oOpasoM NpH Moppu3ME @ HHKAKOIO Pery.ispHoro
snemeuta aare6pu g.

10) IpesnosoxuM, uto noie k Geckoneuwo. Ilycts g — aire6pa JIn. IMoka-
3aTh, UTO C/EAYIOLHe CBOHCTBA 3KBHBAJEHTHH:

(i) rg (9) =dim (1),

(ii) anreGpa § HHJBNOTEHTHA,

(iii) anreGpa q umeeT ToJbKO KOHeYHOE 4HCJIO nojajare6p Kaprana pasmep-
Hocty, paBHoll rg(g),

(iv) anre6Gpa § umeeT enuucrBenHyio nogaiareGpy Kaprana.

11) Iyers § — kommyTtaTusHast anreGpa Jlu % 0, a P — KoHeuHOe MOAMHO~
XKECTBO B }; copepxautee 0. ITokasarb, uto cyulecrByeT Takas ajre6pa Jlu g,
conepxaias ) B kauectBe nopasre6pel Kaprana, uro MHOXKECTBO BeCoB aireGpu
B & coenajaer ¢ P. (ITocTpouTs anre6py 4 Kak noaynpsMoe NpoH3BexeHue aj-
re6put b u B-moayas V, pasHoro mpsmolf cyMMe ofHOMepHHX D-moaysedl, coor-
BETCTBYIOIMX 3jeMeHTaM mHoxecTsa P — {0}, cp. ynpaxuenne 7.)

Ins Toro uto6nl 3j1eMEHT X M3 §) YAOBJeTBOpsA paBeHcTBY ) =g°(x), ue-
o6xgzmmo H IOCTATOYHO, YTOGH OH He GBI OPTOroHajeH HH K KaKOMY 3/MeMEeHTY
us P — {0}.

12) IpenmosoxuM, uTo noste k xkonexHo. ITocTpouts npumep ajnre6pu Ju g,
oBnapaloweii nogaireSpoil Kaprana §, B kotopoil He cyliecTByeT Takoro sJie-

MeHTa X, uyto §=g%(x). (Mcnoap30BaTh NpeinAyllee ymnpaxHeHHe, MNoJaras
P=p*)

11 13) Hpeanosnoxum, uro noae k xonexno. O6o3Hauum uepe3 k' HEKOTOpOe
ero pacwupenne. [Tycte @ — aareGpa JIu naa nosem k. Bynem uasmBath panecs
arebpn § H obosHayarh uepes rg(a) paHr kK'-amrebpm @ =a @, k' snement
anreGpu @ GyneM Ha3bBaTb pecyAapHoiM, €CaH OH peryasped B §'. DTH onpene-
JieHWs] He 3aBHCST OT Bhibopa moas k. IlokasaTb, 4TO ecCiH

Card (k) > dim (§) — rg (g),

To anreGpa § COMEPXHT pery/apHbifi 3JeMeHT (2 cjefoBaTesbHO, H MoxajreGpy
Kaprana).

(Ucnonb3oBaTh C/IeAyIOUHA DPe3y/bTaT: €CIH 4 — HEeHYJeBOH ORHOPOIHHIH
anement aare6pwm k[X), ..., X,] u -Card (k) =>deg(a), To cymecTsyeT Takoii
ssement x € k™, yro a(x) #0.)

14) TlpeanosoxHM, yTo k — NoJie XapakTepHCTHKH HyJb. Ilyets V — BekTop-
Hoe R-TIPOCTPAHCTBO KOHEYHOM PasMepHOCTH, § — nopnaireGpa anreGpu JIn gl (V),
Y — nopaareSpa Kapraua B g # 1, — nanGoablInit HIeas HHIBIOTEHTHOCTH d-MO-
ayas Vo (ra. I, § 4, n°3, onpenenenue 2). IlokasaTh, yTo sneMeHT nomaare6pe b
HHJIBIOTEHTEH TOMAA H TOJIBLKO TOTAA, KOTAZ OH NMPHHaLAexuT 1,. (OrpaHrunThes

cayuaem, KorZla q-Mofy/b V NOJAYyNpocT. H HCMOMb3OBATL CJeACTBHE 3 TeopeMnl 2.)

41 15) Ipemnosoxum, uto moje k Geckoneyno. [Tycte @ — asre6pa Jln,
% (A) — O6beIHHEHUE YWIEHOB BEPXHEro LEHTPaJbHOrO psifga anreGpel § o X —
asieMeHT aare6pn . ITokasaTh. uTon cjeaywiuine CBOHCIBA SKBHBAJCHTHbI:

(i) x npunamyexur mo6oi nojaire6pe Kaprana asre6pn ff,

(if) x =q°(y) npy Beex y =g (T. e. x & §°(g)),

(ili) x = F 1.
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(Hemocpencreenno sicHo, uto (iii) = (ii)=> (i), [lan nokasaTensCTBa UMIIHKAUUH
(i) =- (i) 3ameTuTsh, YTO CBOMHCTBO (i) SKBHBANEHTHO BKAWHYEHHIO x < A°(y) nas
MoGoro peryasipHoro JeMeHTa § M3 @, ¥ HCHOAb30BaTh TOT (aKT, YyTO peryssp-
HHE 37eMeHTH BCIOLY MJIOTHH B @ B TonosoruH 3apucckoro. lns pokasarenbctsa
uMmnukaunu (ii) = (iil) 3ametdTs, uyTo mommpocrpaHcTso N =a°(g) ycTOHUHBO
otiocuTeasHo @ (§ 1, ynpaxHende 5), H npuMeHuTr TeopeMy Dureas K §-Mo-
ayaio n. Bupectn oTciona, 4to n cofepkur € .0.)

11 16) ITycre § — koMmaekcuas paspemwnMasi anre6pa JIu, h — ee nonanre6pa
KapraHa wu q-—@g (h) — pasnomenwe Ha UpuMapHHE TOANPOCTPAHCTBA, rae
8° (h) =

a) HOKaSaTb, uyTO OrpaHHueHuss Ha D) suuedHslX (GOpPM, KOTODHE HA3BAHH
KoplisiMi B ynpaxuenuu 17 B) ra. 11, § 9, cosmanaioT ¢ Becamu mozaare6pu
B &, T.€ C Takavd A, uto g (h) # 0. Bmmectu otciona, uTo Takas ¢opma A
obpawaercs B uyab ua h) De.

6) Iyers (x, y)r— [x, y]" — Gunuuefivoe 3uaxkomepeMenHoe omGpameune
gXasaqa, oénanaromee CleLyIOMHUMH CBOACTBAMH:

(i) ect x=4a (I)), yesag*(h), e A% 0, p40, 1o [x, y]' =[x, y);

(ii) ecan x =00 (§), y=a* (), 10 [x, yI =[x, y—p () g

[Tokaszars, 4TO TaKum 06pa3oM MPOCTPAHCTBO § HaLE/aseTCss HOBOH CTPYKTY-
poit aare6pel JIu (Hcmosb30BaTh a)). Oﬁoaﬂaan a1y anre6py Jiu uepes g’.

B) [lokasaTs, uto ecau xeg (), o 01‘06pa>KeI-me ad’ x: y —[x, y]’
HUAGNOTEHTHO. BrBecTH H3 3TOro, u4To anre6pa & HuAbNOTeRTHa (NPHMEHHTH
ynpaxuenne 11 ta. I, § 4, x MHO)KeCTBy E 3H}10M0p(bu3Mos ad’ x, roe x npoGe-

raer o6benHHeHHe MOANPOCTPAHCTB g (9).

§3

1) Ilycre § — aare6pa JIn, §" — ee nogaare6pa Kapraua. Torma ycaosnus
npesnoxenusd 3 Bumoausiores. Ho Mpou3BoabHHE 3j1eMeHT aare6Gpw §', BCerna
peryaspHbill B g', He 06sA3aTeNbHO PeryaspeH B 4.

2) Iycts g — BewecrBenHas aarebpa JIu pasmepuoctn n, U (coors. H) —
MHOJXKECTBO peryasipHHX 3/aeMentoB (coors. nogzaare6p Kapraua) anreﬁpu aH
Int (@) — rpynna saytpensux asTomopdusmos aarebpm § (ra. II1, § 6, n°2, onpe-
peneHue 2).

a) [lokasaTh, 4TO eCanm 3neMeHTH X M Y MNPHHAAREKAT OAHOH CBH3HOH KOM-
nmoHente MHOxecTsa U, To moanmpocTpaicrBa §°{x) u ¢°(y) conpseHH OTHOCH-
TeqbpHO rpynnu Int (g).

6) ITokasats, uto MHOXecTBo U HMeeT nHIIb KOHEUHOE YHCAO CBA3HBIX KOM-
MOHEHT H YTO 5TO YHC/IO OrpaHHUEHO HEKOTOopoH koucTautofi ¢ (n), 3asucsued
TOJMLKO OT 7 (IIPHMEHHTH yupaxHeuue 2 fononuenus II).

B) BuiBecTH u3 sToro, uto uncao op6uT rpynmu Int (§) wa mHoxecTse A
He TIPeBOCXOIHT ¢ (n).

3) Ilycrs § — BemecrBennas aare6pa Jin, ¢ — ee paaukan, h u §’ — ee noa-
anre6pu Kaprana u @ — KaHouHueckn# romMomMopduam us § ua gfv. Jlokasatb, 4To
cAeLyIolIHe YCAOBHS SKBHBAJEHTHH:

(1) monanre6pm § m B’ conpsaxenn oTHocuteanuo rpymnsl Int (g);

(if) nonanre6pu @ (§) # @ (h”) conpsxenn oTHocHTenbHo rpymuw Int (g/r).
(CnenoBaTh L0Ka3aTeNbCTBY npemomexmﬂ 5.

4) ITycrs g =8 (2, R), x = ( 0 —1 ) = ( 0 —1 ) IMoka3sars, uto Rx

ZRy — nofanre6pu Kaprana anre6pu g, He conpnmeuﬂue OTHOCHTEJBHO FPYIIMLL
ut(g).
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5) a) [Tokasate, uTo cywecTsyer aare6pa Jli § nax noiem k c Gasucom
(x, y. 2, %), &1 KOTopOH

[, yl==2, [x, =1 [y, 1 =0, [g, 2] =0.

ITokasath, uto § paspewnMa H uto f=kx 4 ky 4 kz — nonaareGpa aireGpw g
6) ITokasaTh, YTO S/jeMeHTapHble aBTOMopu3IMH aareGpu § — 3To 0TOGpa-
xetust Buga 1+ A adg y+ p.adg t, roe A, p k.
B) Ilokasars, yro 1 4 ad' X — saeMeHTapHHi aBTroMopdusm aarebpu I, KoTo-

pHil He IpoloJKaeTca Lo 9JeMeHTapHoro apromopdHama aarebpr .

r) Ilycrs 8 — noaynpocras nojaareGpa Hekoropoi aarebper Jlu a. ITokaszars,
uTo 41060 sneMenrapHu# asroMopdusM nojaareSpel $ IDpojoJxkaeTcs A0 dje-
MEHTapHOTO aBToMOpdH3Ma aareGphl 4.

6) Jlwo6oil anement penykrupHoi anre6pul Jlu § coAepxuTCs B HeKOTOpoH
KOMMYTaTHBHO! nojanareGpe pasMepHoctH g (g).

7) Ilycero g — aqre6pa Jlu, §’ — nomasnreGpa aare6pet §, pelyKTHBHAas B 4.
u @ — noganre6pa Kapraua aare6pu g’. ITokasars, yro cyluecTByeT mnojanre6pa
Kaprana aare6pn §, coAepxaiwias a. Bumectu H3 srtoro, uTo rg(g') <<rg(g),
npHuYeM PaBeHCTBO BO3MOXKHO TOTJa H TOJBKO TOTA3, Koraa §  ofnalaeT cBofi-
creamu (i), (ii), (iii) npeadoxeuusn 3.

8) IMyers § — asre6pa JIu, a — ee unean, h — nofanre6pa Kaprana anre6pur g
0 ¥y (§) — oObefuHeHHe YIeHoB BePXHEro LEeHTpaabHOTO paja aarebpo §. [Toka-
3aTh, 4TO €CIH @ = §, To ¢ < B8 (Zpyrumu ciaosamu, Fo§ — 370 HauGoAbLIKH
Hpean anreGpsl §, cofjepxawuiica B §). (Crectu K ciayuaio, Koria noae £ aire-
Gpanueckn 3aMKHyTo, H o6paTdTh BHUMaHME HA TO, YTO MNOANPOCTPAHCTBO @
YCTOAYNBO OTHOCHTENBNO BCEX 3/JeMeHTapHHX aBroMopduamoB aare6psl §. Torna
U3 COOTHOIUEHHS @ < § cheayer, uTo & coiepxcHTCA Bo Bcex mopanreGpax Kap-
Tana aareGpel §. 3aTeMm HMCOOAL30BaTh ynpaxuexue 15 u3 § 2.)

9 9) Nycrs g — aarebpa Jlu, ) — ee nopanre6pa Kaprana u x — sneMent

us B. Mycre § =H P g* — pasnoxenne ®urrunra (§ 1, n°1) arreSpu § orno-
CHTEJBHO NPHCOeAHHEHHOro AefcTBHS moaiareGps .

a) Ilycrs n — makcuManpHmil mosynpocroft §-monmonyas, cosepxkaumiicn
B 90 (x)ﬂg"'. ITokasatb, uto n =0 TOrga M TOJbLKO TOrAR, KOIA4 90 (x) =0, 1.e.
Korja SJeMeHT X peryjasped B §.

6) ITokasats, uto H @ n — nonaareGpa aare6pu g. ITokasarts, uro ecu ' —
nepeceyenHe MoAaare6pPH D M LEHTPAIM3aTOpa MOANPOCTPAHCTBA 1, TO ' — Hiean
nopaareépu § @ n, conepxawmuit DY u x. BoiBecTH u3 storo, uro )’ <G, (H B n)
(ynpaxnenue 8), BCAGICTBHE Yero x AeXKHT B &y, (§ @ 1) u, 3HauuT, npuHALIeKAT
mo6oit nonanreGpe Kaprana anreGpsr ) €.

B) Ecain 15 0, To noganrebpa h € n HenusbloTeHTHA M HMeeT GECKOHEUHO
MHoro nojaare6p Kapraua (§ 2, ynpaxuenue 10). Busectu orTciona, uto Gecko-
HeyHo MHoro nojanre6p Kaprana aareSpel § COAEDKHT SAEMEHT X.

r) Hdas Toro 4roOH saeMeHT aareGpbl § Obld peryaspHsM, HEoGXORHMO H
JOCTATOYHO, 4TOGH OH MPHHAAIEKAT eIHHCTBeHHOH mojanreSpe Kaprana.

91 10) Ilycre g — asre6pa JIu, ¥ — ee pagHkad, N — ee HAHOOJbIUHA HHJBIO-
TeHTURA MAean H 4 — oAna u3 ee nojanrebp JleBu.

a) Ionoxum ¢ =n+ Dg. Iokasare, uro §' =nea. (Ucrnoabaosars to,
uro [g, r] comepxurces B n.) Ecau g0, To § = 0.

6) Ilpeanonoxum, uro noxe & asreGpauueck samkuyto. Iycrs (V;); ., —
dakropu psaaa Kopaaua — Feablepa §-MoAy.Ia § (OTHOCHTENLHO NPHCOEHHEHHOIO
npencrasaerusn), Ilokasats, uTo ecan x 71, To Xy, roMOTeTHS U Xy = 0 mpu

BCex [ Torja H TOJMbKO TOrAa, Korja x &mn. Brsectu oTcioaa, uTo AJag TOoro,
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yro0bl 3/eMeHT y & § npuHamiexkas §', Heo6XOQHMO H ROCTATOUHO, YTOOLl Ipu
Bcex [ & [ BHINonHANOCH paBeHCTBO Tt (yy.) =0.
H

B) O6o3nauum yepea N DOANPOCTPAHCTBO BEKTOPHOTNO NPOCTPAHCTBZ §, HO-
poXAeHHOE 3JAEMEHTaMH X, JVIA KOTOPuX snnomopduam ad x Huabnorented. [Toka-
3ath, 4To N — nojanre6pa aare6pnl § (MCHOAB30BATH TOT HAKT, 4TO NOJANPOCTPaH-
ctBo N ycroiunso oTiochtesHo Aute (g)). ITokasars, ucnoassys 6). uto N < g,

r) lycrs § — uekotopas womanre6pa Kaprana aare6pnt §. [Ipennonoxnm,
4TO CyllecTByeT Takoe HoaMHoxectso R B §* ugro

g=15D P s® (H).

0ER

D10 Becerma Tak, ecam mose k anre6panueckH 3aMmkuyto. [Tokasartb, yro npu
stoM N comepxir nonaareGpu g%(h), DY, n; anaectw orciona. uto N comep-

®KHT q°, u, 3uaqyut, N =¢q".
1) Ecan none k anre6panyeck 3aMKuHyTO H §7<0, TO § COMEPKHT 3/JEMEHT X,

nas koroporo ad x HuabnoreHteH. (IleficTauTeabHO, 3TO TaK notomy uto § #0.)

a1 11) Iycts g — anre6pa Jlu u v — ee pajgnkad.

a) Ilycts 8 — Hekortopas mnoaanrebpa Jlesn aareGpul g, a [ — nonmaarebpa
Kaprana anreGpnt 8. Iloxkasats, uto nmoganre6pa f cogepxkHTcsi B nekoTopodl mox-
anre6pe Kaprana 0 asnre6Spol g, pasnoft cymme momaare6psl 0 HexoTopoH nop-
aare6pun anre6pu v. (Mcnonbsosats teopemy 2, npeaoxkenre 10 u caencrsue 2
Teopemn 1 u3 § 2.

6) ITycts B' — wmonanre6pa Kaprana B g. [Tokasath, yro cymiecTByeT Takas
nonaaredpa Jlesu 8 aare6pm g, uto D’ cosmazaer ¢ cymMolt nogasre6pu Kaprana
aare6per 8 u nexotropo#l nojnaarebpu aareGpe ¥. (MoxHo TakuM 06pa3oM Bhl-
6patb mopaareGpul 3, f, ), yaoBaersopsowye yCaoBuAM nyHkra a), uto h 4 v =
== B’ + v. [Tonoxum torga 4 = 0 -} r; 970 paspemumas nogaare6pa. [lo reopeme 3
CcymecTByer Taxoii saeMenT x & %™ (a), uro e¢?da*h =1V, Torna crnemnanbubit
aBToMopgu3M eadg¥ anreGpir g mepesoamT moRaATE6PY 3 B HCKOMYIO MOARATEGPY
Jlesn.)

B) Ilycte 8 — nomanreGpa JleBu aareGper §. B — momanre6pa Kaprana B g,
paBHas cymme nonaareGpei Kaprawa t anreSpe 8 u mosanreGpm | anre6pmr T.

[Mycrts ¢ — nenrpanusatop nojganre6pu f B aare6pe v, [Tokasats, uyro | — noz-
aare6pa Kaprana aare6pw C. ([Tpy x & t sugoMopdusum ad8 X TOJYIpPOCT, 8 9HAO-
MopbHam adb X HHabIOTenTeH, crenosateanHo, [f, ] =0. Ecin y =c u [y, Iy,
10 [4, )] =, mosromy y = hNr=1)

r) Ilycts 8 — noxaare6pa Jlesu anre6pH g, f — monanreGpa Kaprawa aareG-
pH 8, ¢ — nenTpanu3atop nogaare6pu B v u I — moganreG6pa Kaprana B ¢. Torna
h=*t+ 1 —nonanre6pa Kaprana s g. (IIycts x =y + 2 (y = 8, z =) — snement
H3 HopMasu3aTopa 1t mogaare6pet B B g. ITokasaTe, uTo [y, ] =¥ otkyna y =t
H z & n. Janee nokasate, uto (2, f] @ hr < ¢, sexencrsue yero [f, [, 2]] =0,
orkyzaa [f, 2] =0 u z&c. Hakoney, [z, I] <, nostomy 2=l u x =)

n) Myers 8, ¢ Te xe, uTo u B nynxTe r), 4 q==[g, t] — HUIBMOTEUTHEIH
pagukan anre6pu g. ITycts x € 9 U u — crequanbHHiA aBToMopduU3M e % Ecnn
u(f) <t ¢ 1o x =c (PaccmoTpers npHcoeqHHEHHOe TPeAcTaBaeHne O aare6pH
3 B npoctpaHcTe 0 H 0G03HAUHTH uepes 0, yCcToHYUBO® OTHOCHTEJBHO P A0I0J-

uprenpoe k FTlg noanpocrpancrso B %'g. IMycrs p; — NMOLLpeACTaBAEHHE
IPEACTABICHNA P, ONPEAEEHHOE MOANPOCTpaHcTBOM 0, # O, =0, | & ITyers qg—
nextpanusatop f B G; H qlf'——ycmﬁqusoe OTHOCHTEJNBHO O; JOMOJHHTEJbHOE
K ¢i/ "WoOmTpoCTpaHcTBO B ¢; Ilyers x=xf+x£'+ +x,’l+x,'l', rae
X/i = q;, x} & q7. Paccympasn oT MpoTHBHOrO, NMPEAMONOKHTB, UTO HE BCE X
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paBHbI HyJIIO, HAIpUMED, x{' = ... = x;’_l =0, x;’;éO. Ecan het, tou(h) =

=h+[x], hl+y, tie y= @rtlg, Tak xak u(h)=t4¢ 10 [x;', hl+ye
= q; + q;+1 + ... + q;, HOITOMY [h, x;']e q; 7 [h, x;' = 0. Takum o6pa-
30M, x,’,’=0, YTO NPHBOJHT K INPOTHBOPEUHIO.)

e) ITycrp h — noxaare6pa Kaprana anre6pm Jlu g. Toraa §) npeacranasercs
eJIHHCTBEHHHM of0pa3oM B Bule cyMMul H[)¥ W oiHofi u3 nojgaareGp Kaprana
HexoTopo#t nojanre6pn Jlepu anreGpel §. (Ilas AoKasaTesbCcTBA €IMHCTBEHHOCTH
Hcnoab3osate A) H TeopeMy 5 u3 ria I, § 6, n°8.) BosHukawwas nogaaretpa
Jlesu onpeneseHa, Boobiue roBops, HEOJHO3HAYHO.

x) Ilycre B — nonanre6pa Kaprana anreGpu Jlu g u t==g° (hNr). Toraa
b — noxaare6pa Kaprana B f. Ilpn sroM g ==t 4 v (ucnonb3osaTh pasioxkeHune
DurTHHra AJ5 NPHCOEAHHEHHOrO NpeAcTanieHds amreGpu 9 ()¢ B npocTpanctse §).
Anre6pa t()¥ HUIBIOTEHTHA H SIBASIETCst pajukaioM aare6pnl Jlu t (ucnmoab3oBath
ynpaxuenune 5 u3 § 2).

3) IMpeanonoxuM, 4o Nose k aireGpaudeckd 3aMkHyTo. Ilycth [) — nonas-
re6pa Kaprasma aare6pnl §. Toraa cymecrByer nopanareGpa Jlesu 8 aareGph
Jln g, Takas, 4to auas awboro A & §*

g* (5 = (g* h)n 8 + (g* B) nv).

(TToab3ysicb 06o03HaYeHHSAMH INYHKTa ), B3ATb B KauecThe $ nojaareGpy Jlenu
aqrebpw f, nas koropo#t = (HN8) 4 (hNr); oHa cywecrsyer mBuay 6).!))

91 12) a) Ilycrs g — paspemnmas aareGpa Jlu u G — KoHeuHass (COOTB. KOM-
naktHasi, ecad k=R uan C) noarpynma rpymus Aut(g). ITokasats, uyro cyme-
cTByeT nojaire6pa Kaprana aare6pu §, ycrofluunasi oruocnrensto G, (ITposectu
HHAYKIOMio o dim § ¥ CBeCTH K cayyaw, Koria § eCTh pacliupeHHe HHJbIOTEHT-
HOH anre6pH §/ft NPH NOMOIUM KOMMyTAaTHBHOTO HJeaja 1, KOTOPHH sBjsercs
NpPOCTHIM HETPHBHAJBHEIM §/R-MoAyJaeM (Cp. JoKasaTeancTBo tTeopemnl 3), [oxas-
re6pnl Kaprana anre6psl § o6pasyior Torja adpGHHHOE npOCTPAHCTBO, ACCOLUUHPO-
BaHHOE ¢ NPOCTPAHCTBOM 1 Ha KoTopoM AeHcrByer rpymnma G. IlpumeHutb Co-
o6paxKeHHS O IEHTPE TIKECTH.)

6) ITyers § — paspemnmas aare6pa Jlu u 8 — nogaareGpa anre6psr Jlu Der (g).
ITpeanonoxuM, uto 6-MoAyab § noaynpocr. Ilokasare, uro cyutecrsyer mogad-
reGpa Kaprana aareGpn §, ycrofiuuBas orHocurensHo 8. (Meton ToT ke.)

91 13) Ilycre § — anreGpa JIu u G — Koueynast moarpynna rpynne Aut (g).
ITpexnonoxum, uro G ceepxpaspeuwuna (Alg., chap. I, § 6, exercise 26). ITo-
Ka3aTth, 4TO cywecTByeT nojairebpa Kaprana anreGpnl @, ycroflunBasi OTHOCH-
teasHo G.

(Tlposectn muaykuuio no dim g, Beuay ynpaxuenus 12 csectu Bce K cay-
vaio, Korjga anre6pa § noaynpocra. Ecan Gs4{l}, to BuOpats B G HOpMaabHYi0
LHKAHYecKylo noarpymny C npocroro nopsiaka (Alg., loc. cit). IMonanreGpa 8,
obpasoBaHHas 5JeMEeHTAMH, HHBaDHAHTHHIMH oOTHOCHTebHO C, pedyKTHBHa B §
(§ 1, n°5) u orauusa or g. Ilo mpeanosoxeHHww HHAYKUHH B 8 CylleCTByeT
nofanre6pa Kaprana a, ycrofiunast orHocurensuo G Ilpu stoMm 8540 (ra. 1, § 4,
yupaxHenue 21 B)), nosromy @ s% 0. Henurpasusarop § nojaireGpo 4 B § OTJIH-
YeH OT § H ycro#uuB oTHocuTennHo G. Bubepem nofaare6py Kaprama b ax-
re6pe 3, ycroituuByio oTHocHTenbHo G. Ilokasats, uro §) — nouanreGpa Kaprana
B §; CM. CJeJCTBHE NpefsoXKeHUs 3.)

IToctpouTs KoHeuHylo rpyuny aBroMopduaMos aare6pn Jin 81 (2C), uzo-
mopduywo U, (M, cieloBaTeNbHO, pPa3peuIMMYI0), OTHOCHTEJIbHO KOTOPOH He Gyxer
ycToiuuBoit HHKakas nojaare6pa Kaprana.

) Ornocurennho nertaneft sroro ympawkHenust cM. Dixmier J., Sous-algébres
de Cartan et décompositions de Levi dans les algébres de Lie, Trans. Royal
Soc. Canada, L (1956), 17 — 21,
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14)* IMokasath, 4TO M0GOE HENPHBOAHMOE KOMILIEKCHOE (COOTB. BellEeCTBeH-
Hoe) NuHelHoe mpeAcCTaBJeHHe KOHeuHOA cBepxpaspemumofl rpynnst G HHAYUH-
pOBAHO HEKOTOpPBIM mpejcTaBaeHHeM cTeneHH | (cooTB. cremenn | wuau 2) HeKo-
Top(I)ﬁ noxrpynnsl rpynnsl G. ([TpuMeruts ynpakuenne 13 k aareGpay Jlu gl (1, C)
n gl(n R).),

15) IMpeanonoxum, uto nosne Kk anrebpaudeckH saMkHyTo. [IycTs 4 — aare6pa
Jln, B —ee mnonmaare6pa Kaprana u A — noamuoxecTso B §. [Ipeanonoxum,
yTo A BCIOAY MIOTHO B @ (B TONMOJAOTHH 3apHCCKOrO) H YCTOHYHBO OTHOCHTEJNBHO
Aut, (#). Tlokasats, utro A1 Bciony mrotHo B h. ([Tycts X — sambiKaHHe MHO-
sxkecrea A1D u U =B — X. [Ipeanonoxum, yto U % (). B 0603HaueHUAX AeMMbl 2

o6pas npu otoGpaxeHnn F Mmuoxecrsa U X ﬂ’“ M x ... Xg’“p (H) comepxur
HEITYCTO® OTKPEITOE MOAMHOXecTBO mpocrpaHcTea A. Tak kak ator o6pa3 coxep-
®uTcd B § — A, TO 3T0 IPOTHBOpEyHT TOMY, 4To A BCIOAY WJIOTHO B §.)

16) ITycts V — KoueunHoMepHOe BeKTOpHOE NPOCTPAHCTBO Hal mojieM kK U § —
nonaare6pa anre6pel Jlu gl (V). Ml npensaraeM nokasath 5KBHBANEHTHOCTE CJe-
IYIOUHX Tpex cBolicTs:

(i) Bee mopanre6pnt KapraHa asare6psl § KOMMYTATHBHH H COCTOST H3 NOJY-
TIPOCTHIX 3JIE€MEHTOB.

(ii) Bce peryasipubie saeMenthl aareGpu § HOJYHPOCTHI.

(iii) MHOXecTBO NOJYNPOCTHX 3JeMeHTOB anreGpPH § BCIOAY NJIOTHO B §
B TOMOJIOrHH 3apHCCKOro.

a) ITokasate, uro (i) = (ii)=>(iii).

6) ITycts A — MHOXeCTBO NOMYUPOCTHX 3/71eMeHTOB anre6ps g. INokasats, uto
OHO YCTOHYHBO OTHOCHTEJBHO rpymnnl Aut, (g).

B) [Tokasats, uto (iii)=- (i). (CBectn (monoamenme I, ynpaxnenue 1) k cay-
yaio, Korga mnoJe k ajareGpamyueckH 3aMxHyTo. IToxasaTts, Hcnogs3ys ynpaXXHeHHe
15, uto ecau Y — nojanre6pa Kapraua B q, To ANY Bewogy maotso s ). Ha
Toro, uto [x, y] =0 mpu x = AND, y = b, Busectn, uro §) KOMMyTaTHBHA, OTKyNA
caenyet (i).)

r) ITpennonoxum, uro none k£ pasHo R, C wiH nOMHOMY yJbTpaMeTpPHUECKOMY
HeJIHCKPETHOMY TOJIO XapaKTepPHCTHKH Hyab., CHaGIuM mpoCTPaHCTBO § TOMOJO-
rHeil, MocTPOeHHOH 1Mo TonoJoruu moas k. ITokasats, uTo cmoiicrsa (i), (ii), (iif)
SKBHBAJEHTHE! ClejyiolleMy:

(iv) MHOXecTBO MOJIYNPOCTHX 3JEMEHTOB BCIOAY NJAOTHO B §.

(ITokasats, uro (iv)=>(iii) u (ii)=>(iv), cM. nomoxHenune I, ynpaxuenue 4.)

17) Ipennonoxum, uto noie k asreGpauveckn samkuyro. [Tycts g — anre6pa
JIn. § —ee nomamre6pa Kaprana u A — MHOXeCTBO S9/eMEHTOB M3 LEHTpa
anreGpul §. OBosnaynm uepes Eg moarpymmy rpynobt Aut(g), oGosHauensyio
yepe3 E B n° 2. [Tokasats, 4yT0 ecniu S — Takolt smeMent rpynnd Aut (), uro
SA=A, To cyumecTByeT sJAeMeHT t=E, npm Kortoporo th=bh u t|A=1Id,
B uacrHocTH, 5| A==s]| A. (ITyctb @ — uenTpanusatop MHOXKectaa A B anredpe g.
Tak kak h u sh — nopanre6pn Kaprana anreSpn @, TO cymecTByeT 3/ieMeHT
b E,, ann kotoporo 6 (sh) =1. Bubepem ¢ u3 anementos rpynnst Eg fponoa-

®Kapowux 0.)

11 18) Ilycre g — anre6pa Jlu, h — ee nonaare6pa Kaprana u Ug (coors. UD) —
yHUBepcanbhas o6epTrBaoias aare6pa aareSpu g (coots. B). Jlnneiinas gopMa @
Ha U HasbiBaeTCst YENTPaasHOi, eciH oHa obpamaercs B uyan wa [Ug, Ug),
T. e. p{a-b)=g(b-a) npu Bcex a, b = Ug.

a) Ilycts x, y < a. [TIpeanonoxuM, uto cyuecTayeT Takofi aneMenT s & Aute (§),
uro § (x) = y. [lokasare, uto TOrAa

9 (x") =9y

Aas moboro n & N u moGofl LeHTpabHON nuHelHol popmu ¢ na Ug.
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6) Iycrts @ — uedTpasbHas gopMa Ha Ug, orpannuenne kotopoit Ha U}
pasuo Hymo. ITokasaTb, 4TO @ = 0. (MoxHo npeinosaraTh noJe k ajure6panyecku
saMKnyTHIM. BuiBects H3 a), uto @ (") =0 ans gwboro n & N u Jwoboro pe-
ryaspHoro x € g. Menosassosars coofpaxenue o IIOTHOCTH, uToOb H3GaBHTHCHA
OT TPEANONOKENHS O PeryaspHOCTH.)

B) ITokasats, uto Ug=[Ug, Ua] + UN.

r) [Tycts V — noaynpocroit g-moflyss, Ilokasats, uto V — noaynpocroii b-
MonyJb. B uactHocty, vr () = V, (b)) npu mobom A & Bh*.

1) Ilyers V’— noaynpocrofi g-MonyJe. [Tpeanonoxum, yto V u V’ uzomMopdun
kak B-monysn. IMokasaTe, uto oun u3oMophusl Kak §-mopyau. (3ameruym, yTo
ecn a = UY, 1o Tr(ay)=Tr (ay+) BriBecTn 13 srtoro, ucnoabsys 6) u B), uto
Tr(xy)=Tr(xy-) npu Bcex x & UG, H NOIYuHTb HYXKHOE YTBEDHKIEGHHE M3
ochopandu ra. VIII us Aaze)

Ecan noge k anrebpadueckd samkHyTo, TO npeanosoxende ,V u V' h-n3o-

MophHH" 3kBHBaseHTHO Tomy, uro dim V, (§) = dim V;, (9) npu Bcex A= h.

§4

Coxpanun obosnaverus u npednosomenus uz un® 1, 2, 3 § 4.

1) MMyets G = GL, (k), n = 0.

a) Ilokasats, yTO er (g)=n npu sobom g = G.

6) IMokasaTb, uro 3neMenT g & G perysasipeH Torja M TOJbKO TOTAA, KOrZAa
ero XapakTepucruuecknit Muorowsen Pg (T)=det (T — g) cemapaGesen; nocnen-
Hee PABHOCHJbLHO TOMy, uTo nuckpumuhaut (Alg., chap. IV, § 1, n°10)!) wmuo-
rouwicna Pg (T) e paBeH HyJo.

2) ITToctponts rpynny Jlu G, mas koTopo#t dyHKRuAS ’?\d Henocrosuna. (Pac-
cMOTpeTh B KauecTBe § abeseBy aqare6py Jlu, pas kortopok Ad wnerpnBuasmen.)
3) IMycts (pi)iel — cYerHOe ceMeliCTBO aHAJIMTHYECKHX JIMHeHHbIX NpeacTaB-

genui rpynne G. JokasaTs, uro sieMeHTm rpyansl G, pery/spHole OTHOCHTE/BHO
Beex p,, ofpasyioT 8ridy niorHoe noamuoxecrso B (. Ilpusectin npumep, no-

KasplBaIo WU, UTO npeanoso:KeHne o CUETHOCTH HeJb3d CHSTh.

4) TlpennosoxuM, uto k=C ¥ G cBa3dna. Joka3aTb SKBHBANEHTHOCTb CJe-
Ly HX CBOHCTB:

(i) G uHabnOTEHTHA.

(ii) JTioGolt saemeHT rpynnm G, we paBHuil 1, peryasipen. (ITokasats chauaJa,
yro u3 (ii) cnepyer

(i1)” JTio6oit snement anreGpm §, He paBHmi 0, peryJaspen
3aMeTHTb fajee, YTO ecau § 7= 0, To CyUeCTBYET 3JeMeHT X% (0 B §, Aad
KoToporo supomopdhusm ad x Haienortexre, cp. § 3, ynpaxuenue 10. Brsectu
0TCI0/1a, YTO aare6pa § HHUJbLNOTEHTHA H CBOHCTBO (i) BRIMOJHAETCS.)

§5

1) MMokasars, uTo paspeunmass asjreGpa Jlu, paccMorpenHas B ri I, § 5,
ynpaxnenne 6, He n3doMopdhHa HHkaxol paspesassoumeit aare6pe Jlu.

2) IMycts u# (cooTs. v) — HeHyJAeBOH NoaynpocTodl (COOTB. HMIBNOTEHTHHIH)
snfgomopbusm npocrpaHersa V. Torpa orofpamenne Au > Av (A & k) — #3o0-

) Can rakke Aze, rn. 1V, § 4, n°1 u n°6. — Hpus. nepes.
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MopoHaM anre6put Jlu g =ku Ha §’ = kv, KOTOPLI! He NEPEBONHT MOSYNPOCTHIE
5AeMEHTHl B NOJYIPOCTHIE.
1}

3) Ilycts u — uenoaynpocToit U HEHUIBLIOTEHTHHIH 3HAOMOPGUIM mHpoCTPaH-
crea V. Toraa § = ku He Oyaer pasaensioiesi anre6pofi, Ho ad_q § — pasaensiio-
miast aare6pa

9] 4) Iycrs g - pasnensiomas nodaare6pa aare6pu Jlu gl (V). Ilyers
g — noganre6pa B §§, TOKAECTBEHHOE NpeAcTaBieHyue KOTopol noaynpocro. Toraa
CyILLECTBYET 3JeMeHT a & Aut.(g), Ana koroporo a{q) comepxuTCs B Nojas-
re6pe n1 npepnoxenns 7. (JlokasaTenbCTBO NPOBOJAHTL &HAJOTHUHO A0Ka3aTeJb-
cTBy npemnoxenus 7 (ii).)

q] 5) Mycts g — nogaare6pa aare6pst Jln gl (V). ITogaare6pa § nasmsaercs
a.1cebpauyeckod, ecau npu Jo6oM x € § Bce PemIMKH sneMeHTa x (ra. I, § 5,
ynpaxuenne 14) npunainexar g. Takan mnonanre6pa siBasercsa pasnensioliess.

a) OGosnaunm yepes a (@) HauMeHbLYIo anrebpanyecKyio nogaare6py anare6pu
gl (V), coaepxawmyo g§. Toraa

a(g)de(g)>4

[Mpusectn npumep, Koraa a(g) u e (g) pasanuds (paccMotpets V pasmepuocty 2

W g pasmeproctu 1).

6) Iokasarbh, uTo ecad N —wujeas B g, To t 1 a () — ujgeass B a(g) u
[a(n), a(g)]==In, g] (cremoBarb noKa3aTeabCTBY npeasoxenus 4). Briectd us
storo, uto Dla(g) =D'g npu i>1 u €la(3) =% (g) npu i >2.

B) [lokasare, uro Kaxpas ajdre6pa Jlu, coeToswasi W3 HHJILTOTEHTHLIX 3Jie-
MEHTOB, sBJAETCS anrefpanueckofi !).

q] 6) Ilycrs g — noaynpocrass mopaareGpa aare6put Ju gl (V), T(V)=

= @ T (V) — ren3opuan anre6pa mupocrpanctea V, T(V)® — nonmuoxecrso
n=0 -

HHBAPHAHTHBIX OTHOCHTEJABHO § 3aeMeHTOB aareSput T (V) u. g — MHOKECTBO
tex snementoB 4 € gl (V), aas koropux #.x==0 npu Bcex x < T (V)5. Hano
JOKA38Th, YTO =4

a) Ilokasate, uTo mnpejactaBaenue aire6puw § B AyaspbHoM npocrpascrse V*

p— .

k V usoMopduo ee mpencrasaewmo B npocrpanctee AV, rie p=dimV
(McnoJib30BaTh TO, UTo 4 coaepxutc B 8l (V). BuBecrn us 31oro, 4ro JioGoi
SJEMEHT NPOCTpancTBa Tn, m==T* (V) @ T™ (V*), unsapuanTmit OTHOCHTEbHO g,

HUBADHAHTEH B OTHOCHTEJBHO § U uTo § — asreGpaumyeckas aiarefpa (ynpaxue-

uue H).
6) Hycte W — noanpocTpaHCTBO BEKTOPHOIO mpoctpaHcTsa T, m. Ilpeano-

JIOXKHM, 4YTO OHO yCToRYHBO OTHOcUTeasHO §. [lokasars, uro W ycroituneo oT-
HOCHTEJNbHO E(aameTmb, eCJH ey, ..., ep — Gasuc B W, 1o snemeur e; A ... A ey
WHBapPHAHTEH OTHOCHTEJBHO §, @ CJEJOBATEJbHO, ¥ OTHOCHTEJLHO E).

Busectn orciona, uTO § — mueald B E H 4To §/g KOMMYyTaTHBHa (eM. npoka-

3areqabeTBO npepioxenus 4). Torma g =g X ¢. rae ¢ — LeHTp aare6pm 4.

B) Ilyetb R — accounaTusuas nogaareSpa aare6pu gl (V), nopoxiennas 1
u . [lokasatb, YTO ¢ cojAepXATcs B leHTpe aareGpsl R (3aMeTHTh, 4TO § coO-
AepKUTCA B OMKOMMyTaHTe (Mam Guuentpanusatope) aiarebpu R, KOTOPHIf
paser R) BriseCTH 0TCIOZA, YTO JEMEHTH aareGpe ¢ MOJTYNMPOCTHL

') Orirocureanno geraneft storo ynpawmeuns cm. Hlesamse K., Teopus
rpymn Jln, 1, AareGpanvecxue rpynnme, ra, 11, § 14, MJI, M., 1958.
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r) Ilycts x ¢ [lokasath, 4TO pemyiMKH 1eMeHTa X Toxe NpHHal/iexkar (
(ra I, § 5, ynpaxnenue 14) IToxasatb, uto Tr (sx) =0 nas Bcex s €4, Bube-
CTH u3 storo, yto Tr(sx) =0 upu Bcex s & §, BCJCACTBHE YEro X HHJBMOTEHTEH
(ram xe).

1) Conocrasasa B) W 1), A0Ka3aTh, uto (=0 H §=4.

7) Mycrs g — nopadreGpa aare6pur JIu al (V) [lyers m, n — aBa uedsx
ycma =0, a W uw W’ — gBa uwonnpocTpaHcTBA BEKTOPHOro UPOCTPaHCTBA
T (V)@ T?(V*), rae V* — upocrpancrso, ayaisHoe K V [lpennoioxaM, 4T0
W oW u W u W ycrofuMBH OTHOCHTEJIBHO €CTECTBEHHOTO NpeACTABJAEHHS
amre6pu § B mpocTtpanctse T7 (V) ® T"(V¥). IMokaszats uto W u W’ ycrodi-
YHBH TaKXe OTHOCHTeNbHO e (g). OBo3nauum uepe3 T BO3HHKAKWLlEe TOrAA mpef-
crasjieHHe aareGpu e (g) B W/W’. [Tokasats, uTo se(g) — paspenswoiias oBo-
Jouka anreSpnl m (g) (ucuonb3oBaTs TeopeMy ).

BuBectH u3 atoro, uro ad e (g) — pasgeasoilas ofojouka nomanreSpu ad g
anre6pu JIn gl (g).

8) Mycre @ — noganre6pa aarepul JIn gl (V) u § — nexoropas uonaireSpa
Kaprana anre6pu g.

a) ITokaszats, uto e(q)=e(h) + Da=c(h) + a. (3amerurs, uto e (h) +
+ Da — paspensoias noaaireépa (cresctpue 1 TeopeMu 1), oHa cofepxHT
g="5h 4 Da u copepxuTCca B e (A), crenOBaTebHO, COBNAnaer ¢ e (q).)

6) e(h)Ng =1\ (sameruts, uTo nonaarebpa e (§) 14 HHAbmOTEHTHA).

B) ITycts x — sjeMeHT u3 HoOpMajusaTopa monanare6pe e (h) B e(g). Iloka-
3ath, 4To x e (h). (amncars x=y -+ 2, ree y=e(h), z=4q, cp. a), u 3a-
MeTHTh, 4T0 [2, §] = e (h)1g =01, crenoBatensto. 2 &= h.)

r) Tlokasats, uto e (§) — nomanreGpa Kaprana anrepu Jlu e (g).

9) Myers g — nopanre6pa aareGper JIu gl (V) Iloxaszats, uto yeaosus (i),
(ii), (iii) ynpaxHenus 16 us § 3 sxBHBaJeHTHBH TaKOMY YCJOBHW: (V) & — pas-
Aenfiowas mOxanreGpa M ee paHr paseH paHry aaredpw f/n, () (Ecan b —
nomamre6pa Kaprama aare6pm §. TO ycjaoBHE ,paHr aareOpu § paBeH paHr
anreSpu §/n, (§)“ skuBanenTHO yCJ0BHIO ») N1, (9)=0% 1. e TOMYy, uTO %}I
He CONEPKHT HHJLNOTEHTHHX 9oneMenToB (cM. § 2, ynpaxkuenue 14). BrizecTn
H3 3TOr0 9KBHBaJMeHTHOCTE (i) B (V).)

10. Tlyetb k' — pacuimpenne noass & u §° — nekoropas k’-mojanreGpa

aare6pu JIn
gl(V® L) =8L(V)® &

a) IToxa3aTb, 4TO CyilecTByeT HauMenbllas nojairedpa § anre6pu Jla gl (V),
aas kotopohi § @ k" comepxut g’

6) IpemnonoxuM, uro none k' aareGpanueck¥ 3aMKHYTO, H 0003HAaUNM
uepez G rpynny k-aBroMopduaMoB Nous k’. 3ta rpynna pefcTByeT ecTecTBeH-
ubiM ofpasoM na mpocrpancTse V @  k'. Iloxasats, uro g ® & cosnanaer

¢ nomaare6poit Jlu, mopoxaeunoilt odpasaMu §’ npu aeficteuH rpynna G (HCnOJb-
30BaThb TOT ¢aKT, uTo wWosie HHBapHaHTos rpymus G B k' coBmamaer ¢ k).

B) IMokasats, uT0 ecan §° — pasznensowas aireGpa, To H § — pasieasouas
amre6pa. (Cectw X cayuawo, xorma mone k' aareGpanyeckd 3aMKHYTo, H Hc-
no0/5308aTh 6) BMecTe o caenctBuaAMH | H 3 Teopemu 1.)

91 11) Mpeanono:kuM HMeHHO B 3TOM ynpaxHeHHH, uTo R — cogepuentoe
noae xapaxrepuctuxu p >0
[Tyete g ects p-aare6pa Jlu (ra. I, § 1, ynpaxuaenne 20). Jlas x g obo-

3HaYHM uYepe3 (X) HaHMeHbIUyio p-Uonanrebpy, coepxkaiyio x. OHa KoMmMyTa-
i

o
THBHA H KaK BEKTOpHoe k-IIpOCTpaHCTBO NMOPOKAACTCA 3JdeMelTaMn x°, rie
»
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i=0, 1, ... DieMeHT X Ha3LIBAETCS HUALNOTeHTHHIM (COOTB. NOAYRPOCTHLM),
ecau p-oTo6pazkeHHe NMPOCTPAHCTBA (X) HUJIBLIHOTEHTHO (COOTB. GUEKTHBHO)

a) TlokaszeTs, 4TO sieMeNT X MOKHO eIHHCTBEHHHM 06pa3oM MPeacTaBuTh
B BUAE X=S-+n, rie s, n €(x) ¥ § — NOAYNPOCTON BJIEMEHT, a N — HWJIbLNO-
TeHTHHA (npumennts ynpaxuenne 23 u3 ra. I, § 1). Ecau [ ects p-roMomopdusm
aareGpe § B gL(V), o f(s) u f(n) coBnanawT ¢ nonynpocToil n HUALNOTEHTHOM
KOMIIOHEHTAMH 3HAOMOPGH3MA [ (X); 9TO HYKHO NPHUMEHHUTb K TNPHCOEIHHEHHOMY
1IPEJICTaBICHHAIO.

6) IloganreGpa anre6pel § Ha3wbiBaeTCs pasdeasioufer, ecan OHAa CONEPIKHT
MOYNPOCTY0 M HAJABIOTEHTHYIO KOMNOHEHTH KaXIOro CBOEro sJjeMenta. Iloxa-
3aTh, YTO €C1H D M ¢ — MOAMpPOCTpaHCTBA BEKTOPHOrO NMPOCTPAHCTBA §, IpHUEM
b < ¢ TO MHOXKECTBO 3JEMEHTOB X € §, AJs KOTOPHX [X, ¢] < b — pasgensiomas
nojasre6pa (To Xe [0Kas3aTeJabCTBO, UTO M IJf NPel10XKeHHs: 3); B YACTHOCTH,
kaxnas nonanre6pa Kaprana pazaensioiuias.

B) IlycTs t — KoMmyTaTuBHas nomasare6pa aqreGpm §, cocToslas H3 HHIb~
MOTEHTHHX 9JE€MEHTOB H MAaKCHMaJjbHasi OTHOCHTETBHO STOrO cBOACTBa. Ilycrh
) — uentpanusatop noganre6po t B §. Ilyerb x = h u x =5+ n — ero kano-
Huueckoe pasnoxenue. Tak kak B — pasjenswomas nopaareGpa, 10 s, n < b
(cm. 6)). Ilokasats, uto noganre6pa, nopoxieHHast f M S, KOMMYTaTHBHA H
COCTOHT M3 MOJYUPOCTHIX 5A€MEHTOR; Cl€I0BaTeJbHO, OHA coBmajaer ¢ t BuBectn
orciona, uTo 3ngoMopdusm ady x ==adyn HHALTOTEHTEH, CJIELOBATENLHO, MOL-
anre6pa b wumapnorentda Tak kak h=g°(p), o h — nomamreGpa Kapraua
anare6por § (§ 2, npentoxenne 4).

B uactHoctH, mobas p-anrebpa JIn Hag KoHeUHHMM HojeM obaagaet nofg-
anre6poit Kapraua !).

Honoauenue 1

O6osrauun wepes V gexTOpHOe npoCTpAHCTBO KOHEYHON pasmeprocTd Had
noaem k.

1) Mycrs k" — pacumpenne moast k u Vipn ="V ® k. [Tokasars, uro Tomo-
norus 3apUCCKOTO Ha TPOCTPaHCTBe V(py HHAYUHDYET Ha V tononoruio 3apuc-
ckoro npocrpauctea V n uto V Beony mOTHO B Vipn.

2) IpexmonoxuMm, uro V paBHo UNpPOH3BENEHHIO ABYX BEKTOPHHIX Npo-
crpancrs V, u V,. ;

a) Tonosorna 3apucckoro Ha mpocrpalcTBe V 6Gonee TOHKas, YeM HpPoH3Be-
neune rtomonornit 3apucckoro Ha V) um Vy oHa crporo Gosee ToHKas, ecaH
V; 9& (V] Vg 9& 0.

6) Ecan A, (coots. A;) — moamuoxectso B V, (cooTe. B V), To 3aMbikanue
A, X A, paBuo npousBesenuio saMbikanuit A, u A,.

3) IlpexnonoxuM, uTo mofe k aareGpanuecks samkuyro. Ilyers A u B — gBa

3aMKHYTHIX TIOAMHOXKeCTBA npocTpaHcrsa V u @ (cooTs. b) — MuoxecTro dyHkumil
fe A, ofpamawiuxcs B Hyab Ha A (coors. Ha B). JlokasaTb SKBHBAJEHTHOCTh

cnenyx%mnx CBOHCTB:
i) ANB=0Q.
(ii) a +b=A4,.

(iii) CywecrByer nosuHoMuadbHass QYHKIHS Ha mpoerpancrse V, pabuas |

Ha A n 0 ua B
(Mcnoanzosats Teopemy nabbepra o myasx (Koms. ase, ra. V, § 3, n°3)

s pokasareabcTsa (i) = (ii).)

) OruocurensHo feranell 3Toro ynpamxHenus cm. Seligman G. B., Modular
Lie Algebras, chap. V, § 7, Springer-Verlag, 1967,
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4) [lpeanosokum, 9ro k — No/fiHOe fode HEAHCKPETHOTO HOPMUPOBANHSL.
O6osnauum uepes F (cooTs. uepes Z) Tomosioruio Ganaxosa npocrpaHersa V

(cooTn. ero Tomosoruo 3apucckoro).
a) ITokasats, uTo Ttononorusi I Gosee Ttonkas, ueM Z (M jJaxe CTpPoro

Gonee ToHKas, ecanm V == 0).
6) IMokaszarh, uTo awGoe HenycToe Z-OTKPHTOE MOAMIOXKECTBO NPOCTpaH-

crBa V  J -mciopy nuaoTito.

Jonoanenne 11

q1 1) Hycrs X — nokanbHo cBsi3HOE Tolosornueckoe mpocrpancrso, & (X) —
nPOCTPAHCTBO BELIECTBEHHO3HAYHHX HENPepPHBHLIX Qyuruui ua X u d ~ nenoe
yneno =2 0. [yers F =% (X) [T] — yuurapumil MHorounen crenein d ¢ Kospdu-
uneHtamu B % (X),

F=T4T"'" + ... +ip FLe@X).
PacemotpuM F kak ¢ynkurmo wa R X X, nonaras
Ft, )y=t1+ "7 (x) + ... +[4(x), ecan t=R x&X.

INyers A & € (X) — Auckpumunant wmuorounesa F (Alg, chap. IV, § 1, n°10).

HOas orkpbiToro noamuoxecrsa U < X o6osnaunM uepes ZU MHO K eCTBO
Tex (f, x), rae t=R u x = U, uro F (¢, x) =0; 3T0 3aMKHYTOE NHOAMHOKECTBO
B RXU.

a) Ilokasats, uTo mnpoekuns pryi Z,,-> U -— coBersennoe oroGpaxenie
(O6wy. Ton., ra. 1, § 10).

6) ITpeanonoxum, uro U cesisvo ¥ A(x) = 0 npu scex x & U. [lokasars,
uto Z,, > U — HakpuTHE MNpOCTPAHCTBA U (06wy. ton., ra. X1) cremenn <d u
4TO YHCJIO CBA3HMBIX KOMIOHEHT npOCTPaHCcTBA RXU—ZU HE [peBOCXOAMT
d4 1.
B) Ilycte X’ — MHoXecTBo Tex Touek B X, mast koropux A = 0. [Ipeanoao-
xuM, yTo X’ Bciony maotso B X. OGo3naunM uepes of (coors. uepes %) Muoxe-
CTBO CBASHLIX KoMmmnoHeHT Muoxecrsa X’ (coors. R XX = Z,). lNoxasars, 4To

Card (%) < (d + 1) Card (s£) (ucnoas3osaTs G)).

r) IlpeanoaoxnM, uro X ceasno u d = 1. ITokasars, uTo
Card (#) < (1 + d) Card (s¢).

q1 2) Iycts V ~ BemjecTseHHoe BEKTOPHOE IPOCTPAHCTEO KoHeuHofl pas-
MepHocTH n H F — noanHoMHanpuas Oyskuusg Ha V' cremenn d. O6Gosnaunm
yepes V'’ MuOkecTBO TeX Towek npocrpanctsa V, mas kotopux F #= 0, [Toka-
3aTh, YTO HHCJAO CBA3HEX KOMIOHEHT npocTpancTsa V'’ Komeuno, ¥ 310 umcao
orpaHHYeHO HEKOTOPOH KOHCTaHTOH, 3aBHCseHd Toabko of n U d. ([IpomectH
HHayKuHio no n. CpecTH K cayuaio, Korja F He uMeeT KPaTHHX MHOXHTeaeil,
¥ MOoKa3aTb BO3MOXKHOCTH npeacTaBienus V B Buae R X X Takum o6pazoM, uTo6u
pesyabTarhl yupaxHeHus | Gwin upuMeHaMb k F !).)

') OTHocuTenbHO NPYrHX pe3ysbTATOB B TOM ke HanpasaeHun cm. Milnor J,
207% th2e808etti numbers of real varieties, Proc. Amer, Math. Soc,, XV (1964),



I'JIABA VIII

PACIHENJNEHHDBIE MOJYIIPOCTBIE
AJITEBPBI JIK

B sroii erase k — nose Hynesoii xapaxktepucruku. Ecau me
02080PEHO NPOTUBHOE, TO MO0 ,8EKTOPHLIM NPOCTPAHCTBOM HOHU-
MAETCA ,,BEKTOPHOE NPOCTPAHCTBO HAD noaem k“; ro wme camoe
orHocurca Kk areebpam Jlu u 1. n.

§ 1. AareGpa Jlu 81(2, k) u ee mpencranicHus

1. Kanonuwecxuii 6asuc s 31(2, k)

Jdemna 1. [lycre A — accoynarusnan k-areebpa, a H u X — raxue
anementor uz A, uro [H, X]==2X. Toeda

(i) [H, X"]=2nX" daa ar06020 yerozo n>=0;

(ii) Ecau Z — raroi saement asncebpor A, uro [Z, X]=H, 1o
O0sa ecex yeaotx n>0

[Z, X]=nX""H4+n—1)=nH—n+1)X""".
Orob6paxenne A— A, 3apaunoe dopmyaoit T+—[H, T], sas-

asercd AupdepeHLiHPOBAHHEM; OTCIORA cjaelyeT yTBepxieHde (i).
Ilo ycaoBuio yTBepXieHus (ii) umMeroT Mecro clefymollne paBeH-

CcTBa.
[z, X"]= Z X'HX =
i+j=n—1
= Y (XX'H+ X'2jX)=
i+j=n-1
____an—lH+ 2Xn-—l n(n— 1) —

2
=nX"""(H+n—1).

C apyrofi CTOpOHHI, BCJAeACTBHE MyHKTa (i), X*"'"H+n—-1)=
=H—-n+1)X" U T L
Hanomuum, uto cumsogom &(2, k) obosnavaerca aarebpa Jlu,

cocToAIlasl U3 KBAaAPATHLIX MaTpul, 2-ro mopsgka ¢ Ko3¢pduuueH-
TAMH M3 10/ R CO CJeAOM HyJab. JTa anrebpa siBJdeTca 11POCTOi
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3-mepnoit anre6poit Jiu (ra. I, § 6, n® 7, npumep). KaHounueckum
6asucom B 8l (2, k) nasuBaercs Gasuc (X,, X—, H), rae

=5 o) %-=(11 o) 1=(s 1)

Buinoausioresi c.ne)lyxow,ue paBeHCTBaA:
[H, X,]=2X,, [H, X-]=—2X_, [X,, X_.]=—H. (1)

ToxpectBennoe mnpejcrasiende anreSput Jlu 8((2, k) uubek-
THBHO, Mo3ToMy H — moJsiynpoctot anement anre6pst Jlu 8((2, &),
a X,, X- — ee Huibnoredtuele saementn (ra. I, § 6, n°3, Teo-
pema 3). Kak caeayer us npumepa 4 ra, VII, § 2, n°1, npo-
crpancrBo kH siBasiercs mopasre6poit Kaprawa B 8((2, k). Oto-
6paxenne U — ‘U — unBonoTuBHbI aBToMOphH3aM anrebpel JIn
8( (2, k), HasniBaeMblfl ee KQHOHUYECKOL UHBOAOYUEL; 3TA HHBOJIIOLUA
nepesoaut 6asuc (X,, X-, H) B 6asuc (X, X,, — H).

Jdemma 2. B yrusepcarsroii obepreisaroujeti areebpe arzebpeot
Ju 81(2, k) 0a1 scex yeavix n 220 BbINOAHANTCA COOTHOULEHUS

[H, X4]=2nX%, [H, X2]=—2nX",
a ecau n>0, 10
[x_, Xb]=nXv""H+n—)=nH—n+ )X,
[X,, XX ]=nX""(—~H4+n—)=n(—H—n+ 1 X*".

ITepBoe u TpeTbe COOTHOWIeHUS cienyloT u3 JeMMsl 1. Ocrans-
Hble COOTHOIICHHS BBIBOAATCA M3 HHMX C MOMOUIbI0 KAHOHHYECKOH
HHBOMOLMK anreGpel JIn 8((2, k).

2. Hpumurusnote sremenrst 31(2, k)-modyarei

ITycts E — Hekotopwuifl 8((2, k)-monyas. Ecin A=81(2, £) u
xe<=E, 10 wacro Bmecto Agx numyt Ax. Ilyets Ae k. Ecan
Hx =2»Ax, To, Aomyckas BOJBHOCTb pPeuH, TOBOPAT, UTO X — 3Je-
medT u3 E seca A win uto A — 8ec asemenra x. Ecaum E — xo-
HeuyHoMepHBIE Moay/ab, To Hp-— noaynpoctofi 3upoMOpQU3M,
NO3TOMY MHOXECTBO B5/JEMEHTOB Beca A ABIAETCHs NPHMapHLIM
NOoANpPOCTPAHCTBOM 3HAoMmopduama Hg B mpocrtpauncrse E, orse-
yalomum Becy A (cm. ra. VII, § 1, n°l),

Jeuma 3. Ecau x — asemenr seca A, 7o X, X — 34emenT 8eca
A42, a X_x— ssremenr seca A — 2.



] § 1. AJITEBPA JIH (2, k) 1 EE NPEACTARJIEHIS 87

Heitcrsurensio, HX x =[H, X ;]x 4+ X;Hx=2X x + X Ax =
= (A-+4+2)X,x 4, ananoruydo, HX_x=(A —2)X_x (cM. Takxe
ra. VII, § 1, n°3, npenaoxernue 10 (ii)).

Onpeneaenne 1. Mycre E — nexoropoui 81(2, k)-mo0yss. Ezo
HEHYACBOL 3NEMEHT HA3bIBAETCA NPUMUTUBHLIM, €CAl OH ABAAETCS
co6CT8eHHbIM BeKTOpom aHdoMoppusma Hy u npunadisemur sadpy
ardomoppusma X, g.

Iia Toro uTo6nl HeHyJeBoil 3JeMeHT e & E Gbll IPUMHTHBHHIM,
HeoGXO0AHMO H J0CTaTOYHO, YTOOBI NMPOCTPAHCTBO ke Obijio ycTOi-
YHBHIM OTHOCHTeNbHO HelicTBHA sHAOMopdusMoB u3 kH 4 2X,;
3TO cJeAyeT, HallpHMep, H3 JeMMH 3.

Hpumepor. dnement X4 sABAseTcS NPHMHTHBHEIM 3/€MEHTOM Beca 2
OTHOCHTE/LHO TPHCOENUHEHHOTO npeiacTaBieHns aareGpu Jin 81 (2, k).
daement (1, 0) npocrpanctsa k? siBaseTcd NIPHMHTHBHBIM 3/1EMEHTOM Beca |
OTHOCHTEJBHO TOXICCTBEHHOro mpencrasneus aare6pu Jlu 31 (2, k) B &2

Jemma 4. HMycro E — Herpusuarsroii KorewHomepHoitl 81(2, k)-
Mmoldyrs. Toeda oH coOepicur NPUMUTUBHOLL 3AEMEHT,

Tak Kak X, — HUJIbIOTEHTHHH 3JeMeHT aarebpu Jlu 8[(2, k),
to X,p— HuJbnmoteHTHHH sHAOMOpdu3M. Ilpemmosoxum, urto

—1
X% #0, a X¥g=0. Torna no aemme 2
m—1 m
m(Hg —m+ 1) X75' =[X-g, XTe] =0,
-1
H, C/eNOBaTeJbHO, 3JIeMeHTH MHOXecTBa X  (E)—{0} aBasiorcs
NPHMUTHBHBIMH.

IMeeanoxeude 1. [Tycre E — nexoropsii  80(2, k)-modyas,
a e — npuMuTusHolli srement mooyas E seca A. Hoaowum e, =

== D2 Xm0 04g n>=>0 u e_;=0. Tozda

n!
He, = (A — 2n)e,,
X_ep=—(n+ l)eqqs, @)
Xiep=RA—n+ e,

ITepBoe paBeHCTBO cCielyeT H3 JIeMMH 3, BTOpOe — H3 Ompe-
JeJieHusl 3JeMeHTOB e,. IloKakeM TpeTbe paBeHCTBO HHIYKIHeil

uo n. Ouo cmpasepnuBo npH n=0, Tak kak e.;=0. Ecan
n>0, to
nXiep=—XyX-bp1=—[Xy, X-]Jlg-) — X-Xsp-y =

=He,.1—X-(A—n+2e,,=
=Gh—2n+24+n—1)A—n+2)e,~ =
=nh—n+1e,-.
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CaepctBHE. [Todmodyars modyars E, noporcOeHrsill 31eMEHTOM e,
cognadaer ¢ HOONPOCTPAHCTBOM 8eKTOpHO20 npocTpaxcréa E,
HATARYTHIM HQ 8EKTOPbL ey,

DTO HenocpeACTBEHHO BBITeKaerT U3 dopmya (2).

Leawe uucaa n >0, takue, uto e, 3= 0, cocTaBASIOT HEKOTO-
pelit WHTEPBAJ B MHOXECTBE HaTypasibHbIX uuceJ N, a coormer-
CTBYIOLLME BEKTOPHl e, oOpasyioT 6asuc Haj noJjeM & MOAMOIYJA,
MOPOXIEHHOr0 3J4eMeHTOM e (LelicTBHTE/NbHO, 3TH DJAEMEHTHl JH-
He#iHO HEe3aBHCHMMBI, TaK KaK SBJSIOTCH HEHY/JeBbIMH BeCOBBIMH
BEKTODAMH C paslHuHbIMM BecaMmu). Taxoll 6asuc Mbl OymeM Ha3sbl-
BaTh GasHCOM, QCCOYUUPOBAHHOIM C TIPUMHTUBHEIM 3JIEMEHTOM e.

[MrepsoskeHHE 2. Hycre V — KoHeunomeproul nodmodyas mo-
Oyan E, nopoocdennoiti npumurusroim ssemenrom e. Toeda

(i) sec A saemenra e — yenoe yucao, pasroe dimV — 1;

(ii) nabop (ey, ey, ..., €)) AsasAerca 6aszucom npocTpancréa V
ue,=0nn>A

(iii) cobcroennoimu  3nazeruamu snfomopdusma H, cayacar
yucaa h, h—2, A—4, ..., —A, Kparnocrs Kamdoeo cobcTeen-
HO20 3Haderus pasHa 1;

(iv) kaxcowili npumutusHoli saement npocrpaucrsa V nponop-
YUOHAACH €,

(v) Komuyranr 'y modyas V coctour u3 ckarapos, 8 4aCTHOCTU,
Mmcoyae V. abcoaroTHo npocT.

Ilyete m — HauGoJsbliee U3 TeX LeJABX 4YHCeN, LS KOTOpPHIX
em # 0. Torna 0=X,e,1=(r—m)e,, caenoBarelbHo, A =m;
Taxk KaK nabop (e, e, ..., €,) ABAAeTCS 6A3UCOM MpocTpaHcTBa V,
1o yrBepxaeHua (i) u (ii) mpoxasanel. ¥YrBepxaenue (iii) caeayer
u3 paseHncrsa He, = (A — 2n)e,. Umeem X e, %0 g1a 1 <<n<Cm,
orkyzna ciaepyer (iv). [lycts ¢ — aneMeHT KOMMYyTaHTa MoAayas V.
Torpa Hce(e) =cH(e)=Ac(e), cienoBatesbHO, CYIIECTBYeT TaKoH
3JeMeHT W & &, uto ¢ (e) = ue. 3uauur,

cXle=X"ce=pX%e

aas Bcex ¢>=0. Takum o6pasoMm, ¢=p . 1, 40 W goxkasoiBaer
yTBepKAeHHe (V). -

Caencteue. [Tycre E — xoneurnomeprnui 81(2, k)-modyas.

(i) Sndomoppuszm Hg Ouaeonarusyem, u eco cobcrsennsie 3rHa-
HeHUs ABALIOTCS YeAbIMU HUCAOMU.,

(il Aaa wamdoeo uucaa p = Z oboswayum wepe3 E, cobcrsen-
Hoe nodnpocTpancreo axdomoppusma Hg, oreenaroujee cobersennomy
snauenuo p. Ilycre i — yeaoe wucao, 6Gossuiee uAu pasHoe HYo.

-

1y CM. Aue., ra. VI, § 1, n°2, onpenenenne 4. — lIpun. nepes.
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Oro6paxcenue X | E, E,—> E,_y UHBEKTUBHO NpU [ K p, OUEKTUBHO
npu i = p u ctopvekTusHo npu i == p. Orobpaicenue Xy | E_pE_,—
= E_, 9 UHBEKTUBHO npu [ < p, OUEKTUBHO HPU L==p U CIOPBEK~
TUBHO npU = p.

(iii) Jauna modyan E pasna dim Ker X, g u dim Ker X_g.

(iv) Mycre E’ (coots. E”) — cymma npocrpancrs E, no wernoim
(coots. newernoim) p. Toeda npocrpancrso E’ (coors. E”) asasercs
cymmoii npocTeix nodmodyaed modyan E, umeowux newernyio
(cOOTB. ueTHyI0) pasmeprocte; umeem E =E @ E”. [ auna modyas E
pasna dim Eq, a dauna modyan E” pasna dim E;.

(v) Hmeror mecto caedyrowue 8KAOHEHUN:

KerX,;NImX,z= 2 E,
p>0

KerX_,NImX-g< ), E,.
p <0

Ecimu E — mpocrolt Momyab, TO OH TOPOXIEH NPUMUTHBHLIM
3JeMeHTOM (JeMMma 4), W JOCTATOUYHO NMPHMEHHTb MpepsoxeHus |
u 2. Tak kak Bce KoHeunomepHele §((2, k)-MOAYJIH HOJYNPOCTHI,
TO TeM CaMbiM yTBepKAEHUS CJAENCTBUfl JOKa3aHet H B oOueMm
cayuae.

3. Mpocroie modyau V (m)

Ilycts (4, v) — KaHOHM4YecKHlt Gasuc npocrpadctBa k2. Jlis
TOX/AECTBEHHOTO npeacrasienns 8[(2, k) BepHL ciaeiyioujye coot-
HOLIEHHA:

X, u=0, Hu=u, X-u=—uo,
X, o=u, Hy=—v, X.v=0.

PaccMoTpHM cuMMeTpHueckylo aireGpy S (k%) mpocrpaHcrsa k2
(Aae., ta. 111, § 8, n°9, npeanoxenue 17). [leficTBHe 3/eMeHTOB
u3 8((2, k) oxunosHauHo npomoskaercs A0 AuddepeHUUpPOBaHHI
anre6pnl S(k?). Takum oGpasom, Mb cuadxkaem S(k?) cTpykTypoi
81(2, k)-monyas (ra1. I, § 3, n°2). Ilycre V (m)— MHOXecTBO
OJHOPOAHLIX 3JeMeHTOB anare6pul S(k?) crenenn m. Torna V(m) —
8((2, k)-nogmonyar Moxyas S(k%) pasmepHocts m -+ 1, sBAfO-
muiics m-# cHMMeTpHuecko#t cremenbio mopyas V (1) =k? (ra. 111,
ponoduenue). JIAsg IeawnX uucesq m, n, Takux, 4ro 0<{n<{m,
MOJIOKHM

elm = ( m ) um=ngt & V (m).
n
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Meeanoxerue 3. [Tpu aoboix mz=0 V(m)— abcoaotHo npo-
croii 80(2, k)-modyas. B arom modyse e ==u™ agaserca npumu-

TUBHbIM 3AEMEHTOM 6eca m.

Umeem X,u™=0 u Hu™=mu"™; caepoBareabso, u™— mnpu-
MHTHBHBIE 3JemeHT Beca m. Iloamoayab wmoayna V (m), mopox-
Jenubiil 37eMeHTOM 4™, HMeeT pasMepHocTh m+ 1 (mpeanoxe-
nue 2(i)) u, suaunr, coBnajaer ¢ V(m). Us mpennoxenus 2 (v)
BLITEKAeT, UTO MOAYJb V (m) aGCOMOTHO MPOCT.

TroreEMA 1. Kamdoid npocroii 8L(2, k)-m00yab Koneunot pas-
MepHOCTU 1 u3omopden modyato V(n—1). Kawdoui Konewrnomep-
noui 8((2, k)-modyab asasercs npamol cymmot nodmodyred, uso-

Mopdroix modyasm V (m).

Drta TeopeMa ClefyeT H3 JeMMb 4 M TpenoxkeHuH 1, 2, 3.

3amewanusn. 1) Tlpucoenunennoe npeacrabaenue anreGpn Jlu
8 (2, k) ompeneaser Ha Heil CTPYKTypy mpocroro 8[(2, k)-monyas.
dtor MOAyab H3oMOpdeH V(2); COOTBETCTBYIOILIHA H30MOP(HHIM
nepesoaut 4? B X,, 2uv B —H, v* B X_,

2) na n=0 1 m=n uMeeM

X_eM=—(m—n) ( m)u’"‘"“v"+I =—(n+1)elm,.
n

CnenoareabHo, (ef™, e™, ..., ef™)— Gasuc moayns V(m),
ACCOIMHPOBAHHOTO C NMPHUMHTHBHBIM 3J€MEHTOM ef™,
3) Mycrb @ — raxkas Guiauneitnas ¢opMa Ha V(m), 4to

@ (elm, elm) =0, ecan n4n"7=m,
D (e, e, ) =(— 1)"( ’: )

Ecin x=au-+bv v y=cu+dv, o @™, y™) = (ad — bec)™
Jlerko npoBepuTb, ut0 (popma P uHBapHaHTHA, CHMMETpHYHA TNIpH
YeTHbIX H 3HAKONEPEMEHHA IIpH HEeYeTHHX m.

IreanoxXERME 4. [Tycre E — koneuromeproui 8((2, R)-modyaes,
m— yeaoe uucao, 6oabwee uaw passoe Hyawo, P, — muoxrecrso
npumutueHsX 3sementos éeca m. [lycre L — sexToproe npocrpan-
cr80 20momopduamos uz 81 (2, k)-modyan V(m) 6 81(2, k)-modyae E.
Orobpaxcenue [+ [ (u™) npocrpancrea L 6 E auneiino, unoekTusno

u ezo obpasom asasercs P, {0}.
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OueBuJHO, UYTO 3TO oToOpaxKeHHe JauHEeHHO. OHO TaKKe HHbEK-
THBHO, MOCKOJNBKY 3jeMeHT u™ nopoxkpaer 8((2, k)-monyas V (m).
Ecnu fe L, 10

X (F@™)=FX4u") =0, H({F@m)=F(Hua")=mf@"),

caenoBaTeabro, f (U™ e P, {0}. llycts e = P,, u V — nogMonysib
monynsa E, NOPOXZeHHHH »neMeHTOM e. B cuay npesnoxenus |
cymecTByeT H3oMmopdusm moayas V(m) rma moamy.ab V, KoTopiit
nepesoaur 4™ B e. Urak, L u™)=P, U {0}.

CaeacrBue. auna usorunwoll KomnonenTst Tuna V(m) mo-
oyaa E pasua

dim (P, U {0}).

4. Juneiinoie npedcrasaenusn zpynnwve SL (2, k)

Hanomuum (Alg., chap. I, § 8, n°9), uro cumBosom SL (2, k)
ofo3Havyaercst Tpynna KBajApaTHLIX MarTpull Hopsagka 2 ¢ Kosd-
¢unpmenraMu B moJse £k W onpefendrenem, paBHeiM 1. Ecam aje-
MeHT x < 8l(2, k) nuabnmorenten, To x*=0 (Alg., chap. VII, § 5,
corollaire 3 de la proposition 5) u e*=1-+xe=SL (2, k). Ecau
E — KoHeuHOMepHOe BEKTOpPHOE TMPOCTPAHCTBO H O — JHHelHOe
npeacrasiaedre anre6pu Jlu 8[(2, k) B npocrpancrse E, To 3Hm0-
MopdH3IM 0(x) HHJBNOTEHTEH, H, CJEAOBATEJNbHO, OIpeeaeH
sugoMoppusm ef ¥ (ra. I, § 6, n°3).

OnPeERENERUE 2. [Tycrs E — KOReuHOMepHOe 8eKTOPHOE NPOCT PaH-
crgo u p (coors. m) — auxeiinoe npedcrasienue arzebpor Jlu 81(2, k)
(coors. epynnet JIu SL (2, k)) & npocrpancrse E. Ckascem, 4ro
npeocTasAeHUs P U T CO2AACO8AHbL, ecal 0% Kandoe0 HUAGNOTEHT-
HO20 3aemenra x aacebpor JIu 8L(2, k) 6binoansercs pasencrso
n(e*) =eP ¥,

Unaue rosops, npedcrasaenus p u 1 Co2AACOBAHbL, ecAu 0as
2100020 HuaenoTeHTHO20 3aementa x u3 §(2, k) oepanuuenue npeod-
crasiedus P Ha nodaaseebpy Jlu kx coeaacosano ¢ oepaHutenuem
npedcrasaenus n wa epynny 1+ kx (ra. VI, § 3, n°1).

Ecsu npencTasieHdss p U % COIJACOBaHLI, TO AVaJbHEE Tpe.-
CTaBJIeHHA, /m-€ TEH30DHLIE H M-e CHUMMeTPUYecKne CTeHeHH Npel-
CTaBJeHHA p H % Toxe coraacoBansl (ra. VII, § 5, n°4, nemmu 1 (i)
u (ii)). CornacoBaHHHIMH SABJASIOTCA TaKkKe NpeICTaBJEHHs, HHAY-
IUPOBAaHHb e TPENCTABJEHHUSMH O H 7t HA BEKTOPHOM IOANpPOCTpaH-
CTBE, YCTOHYMBOM OTHOCHTENbHO NpeACTaBieHud p u : (TaMm owe).

B wacrtHoctd, npencraBiaenue p,, anrebpu Jlu &((2, £) B npo-
crpaictBe V(m) (n°3) cornacopawo ¢ m-# CHMMeTPHUECKOR
CTeNeHblo T, TOXIECTBEHHOrO NpeActasnenus m; rpynnst SL (2, k).
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m
Kak u Bre, noJgaras eg")=(n)um-”v”, NOJYYHM, YTO

m - n
s ) 6 = (7 ) 5™ (50 ®)
ona se=SL2, Y n 0<Cn<Cm.

TeorEMA 2. [Iycre p — auneiinoe npedcrasaenue arzebpol Ju
81(2, k) 8 roHneuHomepHOM 8eKTOpHOM npocTpancrsee E.

(i) Cywecrsyer eduncrsennoe auneiinoe npedcrasienue T epynnol
SL (2, k) 8 npocrpancree E, coearacosarnnoe ¢ npedcrasaenuem o.

(i) dasn toco urobur nodnpocrparcreo F npocrpancrea E 6via0
YCTOUMUBBIM OTHOCUTEABHO NPedCTaBACHUS T, Heobxooumo u docra-
TO4HO, 4TOObL OHO ObLAO YCTOHMUBLIM OTHOCUTE ALHO NPedCTaABACHUS O,

(iii) Tycre x=E. Pasencrso m(s)x=x BbinosnaeTca 0OAR
a0boeo aaemenra s = SL (2, k) 1oeda u Toasko To20a, Koeda 3ae-
MEHT X UHBAPUAHTEH OTHOCUTeAbHO npedctasaenus o (r. e, p(a) x =0
Oan scex a = 81(2, k).

CyimecTBoBaHne NPEACTABJCHHS T CJAEAYEeT H3 HPEbLAYLIEro
u u3 teogemnl 1. C napyrolt cTOpOHH, H3BECTHO, YTO rpynma Jlu
SL (2, k) mopoxpaercs sneMeHTAMH BHiA

1 ¢ 10
X, —tx_ __
¢ +_(0 1)’ e _(t 1)’

rie te k (Alg., chap. 111, § 8, n°9, proposition 17). D10 Koxasm-
BaeT eNMHCTBEHHOCTb NpPEACTABAEHHS I,

Yreepxkpenus (ii) u (iii) crexyor u3 ckasaHHoro u Jemmu 1 (i)
rr. VII, § 3, n°1. Y. T. 1.

Kaxpauit xoneuHomepuwifi 8((2, k)-momyap cHaGxeH Takxke
KaHOHU9ecKoit ctpykrypoit SL (2, B)-moayast, KoTopast HasHBaeTcs
accoyuuposannoii co cTpykTypohn 8l(2, k)-monyis.

Saneuyanue. Korga mnose k ectb R, C uiu yJibTpameTrpuieckoe
NOJHOe HeJHCKpeTHoe moJe, aJareGpa Jiu 8[(2, k) samaserca aj-
rebpoét JIu rpymnsl JIu SL (2, k). Ilycts p ¥ # Takue Xe, Kak
B Teopeme 2, I'omoMopdusM m aBAAETCH TOMOMOD(HHUIMOM epynnbl
JIu SL (2, k) B epynny JIu GL (E); sto oueBupno, Korga E =V (m);
BBHLY TeopeMbl 1 OTcioga caexyer u o6uinii cayvait. Beugy ra. VII, |
§ 3, n°l, umeem p (X )=L(n)(X,), p(X-)=L(n)(X-). Tarum
obpasom, p=_L (n) (06paTHOE yTBEpXKACHUE CM. B yIpa:kHeHUH 18).

Meepnoxkenue 5. ITycre E, F — koneunomeproie 81 (2, k)-modysu
u [ = Homg(E, F). Tozda caedyrougue ycaosus 3K6UBANEHTHOL:

(i) f — comomoppusn (2, k)-modyareii.

(if) f — eomomoppuam SL (2, k)-m0dyaeii. .
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Veaosue (i) osnauaer, uto [ — HuBapuaHTHLl ddeMent &[(2, k)-
moxyas Hom, (E, F), a ycaosue (ii) o3nauaer, yTo [ — HHBapHaHT-
unit saemenr SL (2, k)-monyns Hom, (E, F). Tak KaK BciencTsie
nemmni 1 (iii) ua ra. VII, § 5, n°4, cTpykTypst 2THX MopyJe# corna-
COBaHLI, TO TpeANOKeHHE BbiTeKaeT u3 TeopeMnl 2 (iii).

Onpepeaeuue 3. [Tpucoedunennoim npedcrasaexuem epynnot
SL (2, k) nasvisaerca auneiinoe npedcrasaenue Ad epynnot SL (2, k)
8 npocrpancree 81 (2, k), onpedesennoe pasencTeom

Ad (s).a=sas"!

Oas scex a=81(2, k) u scex s =SL (2, k).

Korna mone & ectb R, C nan yabTpameTpHuecKoe MOJHOE HEJIHCKpeT-
Hoe mose, Mul monyuqaeM onpejenenue 7 u3 ra. 111, § 3, n°12 (em. ran e,
npenioxenne 49).

Us aemmel 1 () u (ili) ra. VII, § 5, n°4, cnenyer, 4ro npu-
coennnennsle npeacrasiaenns 80(2, k) u SL (2, k) coeaacosarot.
Us zameuanns 2 ra. VII, § 3, n°4, caenyer, uro Ad (SL (2, k)) =
= Aut, (8{(2, k)).

5. Hexoropoie saementor uz 2pynns SL (2, R)

Jlas 1pousBoOJBHOrO f{ & k* MoJoXuM

—1
e(t)=etX+et X_etX+=

(o )(cm D)=L )=

XX, X
=¢ ~e'X+e! ~.

B ofosHaueHnsix n°3 MNOJY4YHM, YTO

0Hu=—1t""o, 0(t)v=1u,
CJelOBATENbHO,
0 (1) e = (—1)""" """ . (4)

0
0 1 ) neicrayer Ha V (m)

Kak omepatop ymHoxenust ua (—1)", Ecan E — npocroit 8((2, k)-
MOAYJb He4YeTHOH pasMepHOCTH, TO 3HAOMOPDH3M O (f); siBIsIeTCA
MHBOJIIOTHBHEIM aBTOMODGH3MOM BEKTODHOro IHpocrpaHctea E.
B wacrHocTH, B35iIB B KauecTBe E IPOCTPAaHCTBO NPHCOEAMHEHHOTO
NpeACTaBAeHHH, MBI NOJY4YHM, 4TO

OO Xe=1"X_, 0(NgX-=1X,, 0()yH=—H. (5

Tarkum oGpasom, sneMenT 0 (f)2 =(
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Takum o6pasom, supomopdusm 8 (l);=06(—1); siBaserca KaHo-
HUyecKoil uHBoJlonnedt B anrebpe JIu 8((2, k).
Jlaa mo6oro ajieMmenTta ! € k* noaoxum

h(t)=(i) ?_[)=B(t)6(—l).

Torga A (f)u=tu, h(t)v=t'lv H, CJeI0BaTeJbHO,
h(f) e =™ e, (6)

TlpEpnoxenne 6. [Tycre E — koneunomepuoui 8((2, k)-modyss
ute k' Ilycrs E, — muoxecrso aaemenros modyan E seca p.

(i) 6 (f)g | E,—Guexrusnoe orobpasenuz npocrparncréa E, na E - .

(ii) Orobpasenue h(t)g|E, Oeiicreyer na E, Kax eomorerus
¢ koappuyuenrom t°.

Ecin E=V(n), T0 310 Npennoxkenue caenyer U3 Qopmya (4)
u (6). O6mui cayuaii nosywaercs orciofa Gaaropapsi Teopeme 1.

CnencrBue, [Tycre E = E' @ E” — pasaoscenue npocrparncrsa E,
—1 0
onpedenentoe 8 npedaoxenut 2. Jaement ( 0 __1) u3 epynnot

SL (2, k) Oeiicreyer na npocrpancree E’ kax oneparop ymuoscenus
nwa 41, a na npocrpancrse E” — kak oneparop ymuoxcenus Ha —1.

dto cnefyer u3 yrBepxAeHus (ii), npumeHeHHoro B ciaydae
t=—1,

§ 2. CucremMa KOpHeil pacmieneHHOH
noaynpoctToi aare6pu Jlu

1. Pacwenaennsie noagnpocroie arzebpor Jdu

Onpeneaenue 1. Mycre ¢ — noaynpocras aseebpa Ju. [lod-
aneebpa Kaprana 9 aseebps JIu § uaseisaercs pacuenasrouet,
ecau 0an scex x <Y oneparop adgx npusodurcs K TpeyeoasHomy
sudy. I'osopar, 4ro noaynpocras ascebpa Jlu pacwenasema, ecau
ona colepocul pacuenastouyro nodareebpy Kapraua. [Toaynpocroil
pacujensennoll areebpoii Jlu nasoisaerca napa (4, §), 20e ¢ — noay-
npocras asreebpa JIu, a b — ee pacuenaarowas nodareebpa Kaprana.

3anewanus. 1) Tlycte ¢ — nmoaymnpocras ajdre6pa Jlu, §H— ee -
monanare6pa Kaprana. as Bcex x < b sunomopdusm ad, x noay-
npocr (ra. VII, § 2, n°4, teopema 2). IlostoMy yTBepxAeHue
0 TOM, 4T0 h — pacmenasiomas nopaire6pa, paBHOCHJIbHO YTBep-
KIAEHHIO O THATOHAJNH3YEeMOCTH 3HxoMopduama ady x mis Beex xe=bh.

2) Ecan none k anre6pamueckn 3aMKHYTO, TO KaxKAaas TOJay-
npocras ajarebpa JIm pacmensiseMa M Kaxkzaas ee Mofaiare6pa
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Kaprana paculenssiomas. Koraa nose k ue sBasiercs aareGpau-
yecKd 3aMKHYTHIM, TO CYLIECTBYIOT HepaclieniseMble 0JyNpocThie
anre6pst JIn (ynpaxHenue 2a)), Gosee TOro, B pacuienaseMoil
aare6pe JIu ¢ Moryr OniTh nopaare6pu Kaprana, He siBasiionnecs
paciienaaomuMy (ynpaxsenue 2 6)).

3) Ilyets §— noaynpocras aare6pa Jlu, §— ee nomaare6pa
Kaprana, p — Takoe KOHeUHOMepHOE TOUHOe MpeAcCTABJeHHe aJ-
re6pnt JIu ¢, 4ro sugomopdusmMbl u3 o (h) NPHBOAATCH K AUATOHATD-
womy BHay. Torza aas mo6oro xe< 0 suroMopdusm adyx mpu-
Boputest K Auaronaabnomy Buay (ra. VII, § 2, n°l, npumep 2),
u, caefoBaTenbro, h — pacwenasiomas nogaare6pa.

4) Mo ysuguMm (§ 3, n°3, caeactsue npemiaoxenuss 10), uro
ecn b u b’ — pacuwenasiomue noganre6psl Kaprana aare6pu Ju g,
TO CyleCTBYeT 3jeMeHTapHbil aBToMopdusM aarebper JIu ¢, nepe-
sonsinvit § B B,

5) Ilycts g — peAyKTHBHas aare6pa Jlu. Torna g=1¢ X 8, raue
¢ — nentp anrebpst Jlu ¢, a & =2Dg — noaynpoctas aareGpa Jlu.
Monaare6pst Kaprana aare6pn ¢ uMeloT BHA bH=c¢X ', rne
b’ — nopasnre6pa Kaprauna anre6pst Jlu 8 (ra. VII, § 2, n°l,
npenioxenne 2). Tosopsar, uto nomaare6pa Kaprana § pacuie-
naswomas, ecau b’ — pacuenasiomias nogaiare6pa Kaprasa s 8.
OTciona OueBHAHBIM 0GPa30M RLIBOAMTCA ONpejeseHHe pacuiense-
MBIX W paclienieHHBX pefyKTHBHBIX aareGp.

2. Kopnu pacwennennoii noaynpocroi arze6pmw Ju

B arom nyukre (4, b) o03Hauaer pacujeniennyto noaynpocryio
areebpy Jiu.

Ias mo6oro saeMmeHra Aeb* obosnauum -uepes ¢*(h) mnam
npocTo 4epe3 ¢* NpPHUMapHOe MOANPOCTPAHCTBO NPOCTPAHCTBA §
seca A (cp. ra. VII, § 1, n°3). Hanomuum caeaywomue ¢axTh:
g®="5 (ra. VII, § 2, n° 1, npenaoxenue 4); anre6pa Jlu § — npamas
cymma npoctpaders ¢* (ra. VII, § 1, n°3, npennoxenus 8 u 9);
NPOCTPAHCTBO §* — 3TO MHOMKECTBO .TaKHX 3/JE€MEHTOB X & §, UTO
[7, x}=A(R)x nmas Bcex hebh (ra. VII, § 2, n°4, caexcreue |
TeopeMHl 2); suHefiHne QyHKuud A Ha b, Takue, uTo q* =0, Ha3b-
BatoTcs Becamu mopanre6pel Kaprana § B aarebpe Jlu ¢ (ra. VII,
§ 1, n°l).

Onpeneaenue 2. Kopramu pacujensenxoii areebpor JTu (g, b)
HO3bIBAIOTCA HeRYy resvie 8eca nodareebpu. Kaprana by 8 ascebpe Jiu g.

MHoxecTBO KOpHell pacuienJieHHo# anre6pr Jlu (3, §) o6osna-
yatloT yepe3 R (g, b) uau mpocto uepes R. [lpu atom

g=5& D ¢
asR
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[Mpeanoxedue 1. I[ycre a, B— Kopuu pacujeniennod areebpo
Jdu (8, 9), a (., «)— UHBAPUAHTHAA cumMMmeTpudecKas OGuiuHelHas
popma na npocrpancree § (ranpumep, popma Kurrunea ua ¢).

(i) Ecau a+p5~0, to nodnpocrpancrsa ¢* u of oproconarsHel.
Oepanutenue Gopmat (., .) Ha §% X 4~ Hesoipoxcdenno. Oeparue-
Hue opyot (., .) Ha nodareetpy Kaprana b nesstpoxdenno.

(i) Hycre x=q* y=a~* u hl. Toeda [x, yl=bh u

, [x, y) =alh)x, ).

YrBepxkaenne (i) #ABAsgETCS YaCTHBIM CJydaeM MpeaoxKe-
pua 10 (ii)us ro. VII, § 1, n°3. Ecw x= 3%, y=¢*u A=,
To [r, ylE¢* =D u

(b, [x, 1) =([h, 5], Y ={aB)x, y) =a(B)(x, y).

TeoreMa 1. Hycre o — Kopens pacujenaennori areebpor Ju (g, 9).

(i) Bexropuoe npocrpatcréo §* 0dHOMEPHO.

(ii) Bexroproe nodnpocrpatcreob, =[g* ¢ npocrpancrea b
odnomepro. OHO codepicut eduncTeenunili aremedt Hy, rakoid, «ro
a(H,) =2.

(iii) Bexropuoe nodnpoctparcrso 8, =1VYy + ¢*+ ¢~ Asasercs
nodaseedbpoi aaeedput Ju .

(iv) Ecau Xy — Henyaesoii saemMent npoctpancrea (%, To cyuje-
crTeyer eOuHcT8enHbll 3aemeHT X_ o & 4%, Tarou, 410 [Xg X-g]=
= — H,. ycre @ — auneiinoe orobpaxcenue aacebpor Ju 80(2, k)
8 anzebpy Ju @, xoropoe nepesodur X, 8 X, X- 8 X_4, u H
8 Hy; roeda ¢ — uzomopgusm arcebp Ju 81(2, k) u &,.

a) Ilycte h, — Takoii aseMeHT mnoganre6pni Kaprana b, uto
a(h)=1{(hy, h) ana Bcex h<Y. Us npemnoxenns 1 caenyer, yro
[x, yl={(x, y)h, npu Bcex x=¢% y<g¢ C Apyroii CTOPOHHI,
(92, a-% 5~ 0. Takum o6pasom, b, =[g%, ¢~ = kh,.

6) BriGepeM Takue 3JeMeHTH X & g“ eg-¢, uto (x, y)=1;
Torga [x, y] =h,. Ilpu atoM [hy, x] =a (A, )x (g, yl=—a(hy)y.
Ecnu o (hy) =0, 10 kx+ ky + kh, — nnabnorenrHasn nonanre6pa t
B ajrebpe Jiu g. Tak Kak h, = [t, t], TO agfoMopdusM ady A, HHJIB-
norenTen (ra. I, § 5, n°3, rteopema 1). Ho 310 HeBo3MOXKHO,
notomy 4to ady i — HeHyJeBOH moJaynpocroii sugomopdusm. Cie-
nposarenbuo, o (h,) %= 0. IlosroMy cymecrtByeT eIHHCTBEHHEI 3Jje-
meHtr H, = b,, rtakoii, uro a(H,) =2, u sro saBepmaer AOKa3a-
TeJbCTBO yTrBepxkaenus (ii).

B) Boibepem B mpocrpaHcTBe ¢* HeHyJseBo#t aneMeHT X,. Cyute-
CTByeT Takol sneMeHT X_, & ™%, uro [X,, X-o]=—H, (rak xak,
coryacHo 6), [Xg, 67¢]=14,). Toraa

[Has Xa] =a (Ha) Xo=2X,, [He, X—a] =—aq (Ha) X g=— 2X~a'
!Xa’ X—u.] = — H,.
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TakuM oOpasoMm, mnoampocrpancrso kX, -4 EX-, + kH, — nopan-
re6pa asare6pn Jlu ¢, u sauHeliHoe orobpakeHue @ aarebpw Jin
sl(2, R)na kX, + £X_q+ kHg, aas kotoporo @(X,) =X, ¢ (X-)=
=X_,, ¢ (H)=H,, ssaserca uszomopdusmom aarebp Jlu.

r) Ipennonoxkum, uro dimg* > 1. Tlycts y — HeHyseBOH 3ne-
MEeHT mpocTpaHcTBa §~% B npocrpancrse g, CYUIECTBYET TaKOH
HeHy/neBoll anemeHT X, uto (Y, Xq) =0. Boi6epeM sneMment X_g,
KaK B IOYHKTE B), H pPacCMOTpPUM NpeiacrasiecHHe Q: U +—> ad; @ (4)
aare6per JIn 8((2, k) B mpoctpancrse 4. Toraa

p(H)y=le(H), y]=[H,, y] = —2y,
p (X y=loXy), yl=[Xa yl =Xa, y)he=0.

Takum o06pasoM, y — HPUMHUTHBHBIH OTHOCHTEJNBHO MpeACTaBJie-
HHS P BEKTOP Beca — 2, UYTO MNPOTHBOPEUHUT HPEHJOKEHHIO 2 H3
§ 1, n°2. CnemoBsareabno, yraepxieHnue (i) noxasaHo.

n) ¥Yreepxpenue (iii) comeayer rtemepys u3 B). C xpyro#t cro-
poHsl, ecau X, — HGHYJNeBOH 3JEMEHT mpocTpaHcTBa ¢% TO, MO-
ckoabKy dim ¢~%==1, smemenr X_;, HOCTPOEHHHH B NyHKTE B), —
eIHHCTBEHHBIH 5JeMeHT M3 [poCTpaHcTBa (% Tako#, uUTO
[Xq, X—gJ=— H,. Tlocsennee yrBepxkpeHue B (iv) ciaenyer us
nynaxkta B). Y. T. .

B Oaasnetiuem mol coxpanum obosnavenus hy, He u 85, (UHToGH
OLpeseSuTh 3MEMEHTH H,, Hamo B Kadectse GopMbl (., .) B3ATb
¢opmy Kunnunura.) Ilyere X, — HeHysneBoH ajeMeHT mnpocTpaH-
crBa ¢*. Torma wmsoMopdusm ¢ u3 TteopeMsl 1| u npexacrasiicHHe
ur—>ad, @ (w) anre6pur JIu 8((2, k) B anrebpe Jlu ¢ 6yayr Hasbl-
BaTbCH ACCOYUUPOBAHHbLIMU ¢ X,.

Cnencreue. [Mycre @® — popma Kunaunea Ha anseebpe Jlu g.
Toeda npu aoboix a, b < b umeer mecro pasencrso

®a, b)= X v@ V).

Hefcreurensuo, sngpomopdusM ada.adb HepeBOAUT Kaxkjaoe
KOpHEBOE IIPOCTpPaHCTBO ¢Y B cebs, H ero orpaHuYeHue Ha gy —
romoTteTus ¢ Koshbuuuesrom vy (a)y (b); ecau y == 0, To dimg¥=1.

[Mrepnoxenue 2. Tycre a, f = R — xopru. Toeda
(i) pH) EZ;
(ii) ecau ©® — gopma Kuraunea na g, o O (Hg, Hs)EZ.

[Tycry X, — HeHny/eBoH ajieMeHT mpocTpaHcTea §%, a p — Hpej-
crapienue aare6pw JIn 8((2,k) B anre6pe JIn g, accounupoBaHHOe
¢ X,. Co6crBennbiMu 3HaueHusMHu sHpomopthuamos p (H) Gymyr O
n B(Hy), rae p=R. Hrak, yrsepxkieuue (i) BHTeKaer Hu3

4 Bvpbawn
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caeicTBus npepsoxenust 2 § 1, n°2. YrepxkicHue (ii) caenyer us
yrBepxcaenus (i) u caeacrsust teopembr 1. U. T.

IIycth a& R, X,-— HeHyJeBOH 3JeMeHT MpocTpaHcTBa (%,
X_q — TaKoil 3JeMeHT npocTpaHcTBa §° % uTo [X,, X-o]=—H,,
u p — npeacraBieHue aaredpor JIu sl(2, k) B aareGpe Jlu g,
acconunpoBaHHoe ¢ X,. Ilycre m — corjacosaHHOe ¢ P mpepcra-
Baenve rpynnsl Jlu SL (2, k) B aarebpe Jlu ¢ (§ 1, n°4, reo-
pema 2). Tak xak sngomopdusm ad X, wumienorenten (ra. VII,
§ 1, n°3, npeanoxenne 10 (iv)), To sugomophusm n (¢*+)=¢*%a
SIBJISIETCST SJEMEeHTapHBIM aBToMopdusMoMm anrebpst Jin 4. Caepo-
Bateqabno, n(SL (2, k)) = Aut,(g). Byaem ucnosnb3oBath 0603HaYe-
une 0() us § 1, n°5. TNonoxum nas Bcex = k°

8, (t) = 7 (0 (1)) =eadtxaeadt—lx_ueadtxu. (1)

Jdemma 1. (i) 8,(H) A=h— a(h)H, 017 aobozo he ).
(ii) 8, (") (¢°)=¢""P M) ® 919 6cex B=R.
(iil) Ecau a, p = R — xopnu, to 8 —p(Hy)a = R.

Mycets A= h. Ecau a(h) =0, 10 [X,, h] =[X-q, A]=0 u, cie-
noBaTespHO, 04 (f). h=~h. C apyroit croponsl, Gopmyan (5) us § 1,
n°5, nokasmisaior, 4T0 0, (f). Hy = — H,. IdTo dokasmBaer yTBep-
xpenne (). Orcioga caepyer, uto 6, ()?|h=1Id. Ecom x=ab u
he b, 10

[, 8 (1) ] = 8, (1) . [8, () 2, 2] = B (B (1) ) . B, (1) x =
= (B(h) — o (1) B (Hy) . 8, () =
= (B~ B(Hy) o) (h).6, (1) x,

CJelOBATEJ/BLHO, Ba(t)xegﬁ"ﬂ(ﬂa)“. dT10 [pOKasplBaeT yTBepKjie-
uue (ii). YrBepxpenne (iii) cmenyer us (i)

TeopEMA 2, (i) Mroxcecrso R=R(g, 0) sasanercs npusedeHHOU
cucremoli Kopreii 8 npoctpancree b,

(i) Iycro a& R — ropens. Otobpajcetive So, u,: A +—> A —
—M(Hg)a npocrpancrsa B 8 cebs — 00HO3HAUHO orzpe@e/zeﬂﬂoe
orpaxcenue s npocrparcrea §*, das koropoeo s (a)= — o u s(R)=R.
Hra awboeo | < k* orobpancenue S A8A%ETCA CONDANCEHHbIM K OTO*
Gpasceruro B, (£) | h.

Bo-nepsnix, MHOXecTBO R mopoxjaeT mnpoctpancTso b, rtak
KaK, ecjld CyllecTByeT Takod sjaeMmedtr A€ h, yro a(h)=0 nas
Bcex a= R, to ad h=0; orcwopa caeayer, 4to A =0, NOCKOJbKY
ueHTp aaredpst Jlu g pasen nyuaio. [1o onpegesnenuio 0$R ITycrs
a & R. Tak kak a(Hy) =2, 10 $=834, 1, — OTPaxKeHHe s(a) =

=—a. [lo nemme 1 (iii) umeem s(R)=R u B(Hy) &=Z naa scex
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pe R (mpemnoxenne 2 (i)). CiaenoBaTesbHO, MHOXKeCTBO R siB-
aseTcsi cucreMoll KopHe#t B mpocrpaHctBe §Y. st Bcex A=Y u
Bcex A = b* BHIMONHAIOTCA paBeHCTBA

(s(n), y=0— A (Hy)a, h)=
= (h, b — o (k) Hy) = (A, 0, () h).

3uauur, npeoSpasopanue s conpsxeno ¢ B, (f)|h. Tlokaxem, na-
KoHel, 4To R — mpuBefeHHast cucteMa KopHefi. Ilyetb a =R u
ye< g, Tak kak 3e¢e R (ra. VI, § 1, n°3, npeanoxenue 8), To
[Xq, y]=0; ¢ Apyroii cropoHs, [X_4 y]le= %72 =% =£kX, n,
caegoBaTenbho, [Xg, [X-q, y]]=0. Takum obGpasoM,

4y =20 (Hu) y=[H,, yl=— [[Xay X_al, y1=0,

oTkyaa y =0 u, ciregosarenpHo, §?*=0. Vnaue rosops, 20 — He
kopeun. 4. T. 1.

B nagbHeflieM MBl KaHOHHYECKH OTOXKIECTBJSEM NpOCTpaH-
crea § u 9*. Beuay teopemnt 2 (ii) nmoaydaeM, 4TO (MCMOAB3YS
o6osnayvenns: 1. VI, § 1, n°l)

H, =a" a1 Bcex a e R. 2

daementn H, cocrasasior, TakuM o6pasoM, cucTeMy KOpHefi RY
B IpOCTpaHcTBe §, AyanawnHyo K R.

Mu Gynem rosoputb, 4To R (g, §) — cucrema ropuei pacuje-
naennoll aazebpor JIu (g, §). Orpaxennust Sq, u, OyAeM o06o3Hauarh
npocto uepes s, ['pynny Beiins, rpynny Becos, unciaa Kox-
crepa ... cucreMnt kopueit R(g, ) Oymem HaawBaTb epynnoi
Beiian, epynnotl secoe, uucramu KokcTepa ... pacujenienudon as-
eebpst JIu (g, §). B coorsercreuu ¢ ri1. VI, § 1, n°1, 6ynem pac-
cMaTpuBaTh JeficTBHe Tpynnbl Beiiasi He TOJbKO Ha MNPOCTpaH-
ctBe b*, HO W HA mpocTpaHcTBe P, Ile OHO onpesensieTcs GopMyJIOH
Sq =0, (/) |h. Tax kak sugoMoppuamu 0, (f) aBisiroTCA 371€MeEHTAP-
HBIMH aBToMopduaMamu aare6per Jlu (g), To monayuaeMm Takoe

Caencreue. Kaocdoui asaement epynnot Beiira pacujennenuod
anzebpor Ju (g, B), Jedcrsyrouyuil 8 npoctpaucrée V), seiasercs
oepanuderuem Ha Y saemenTaproco asromoppuzma aseebpor Jlu .

O6partHoe yTBepkAeHHe cM. B § 5, n°2, npeasoxenne 4.

3amexanue 1. Tlyctb §y (cootn. §g) — BeKTOpHOE MOAINPOCTpAH-

cTBO mpocTpauctBa §) (coors. §¥) maxm Q, mOpoXAEHHOE 3ieMeH-
tramu Hy (coors. a), rae a & R. Torpa npoctpauctso § (coors. §%)
KaHOHHYeCKH OTOXJeCTBIfETCS ¢ mpocTpaHcTBOM §o ®yk (cooTs.

4*
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b ® k), @ mpocTpaHCTRO by OTONIECTBISETCH C AYaTbHEIM TPO-
cTpancTBoM K B (ra. VI, § 1, n° 1, npeanoxenne 1). F'obopsar, uto
npocrpancTBa b, M hy — 370 KaHonnueckne Q-CTPyKTYpnl Ha b u §”
(Alg., chap. 11, § 8, n°1, définition 1). Koraa nasee rosopures
0 Q-pPalMOHAJBHOCTH BEKTOPHOrO NMOAMPOCTPAHCTBA f), GHIAHHEHHOK
dopmbl Ha § W T. J., TO, €CJH He OrOBOPEHO NPOTHBHOE, IOjpa-
3yMeBaeTcs PallMOHANBHOCTb OTHOCHTEJbHO YKa3aHHbIX Q-CTPyKTyp.
Kameps Beiinss u sueitku cucremsl R (§, b) B ZaibHeiimem Oyayr
paccMaTpHBaThCsi B IPOCTPaHCTBE By ®q Runuby @, R. dtu mpo-
cTpancTBa OyidyT 0Go03HauaThes ucpesd by u f COOTBETCTBEHHO.

3ameuanue 2. Cucrema KopHe#i RY B mpoctpancTee § onpepe-
asfeT Ha § GunuHeliHyl0 CHMMETPHUYECKYIO HEBHIPOXKAEHHYIO hopmy f
(ra. VI, § 1, n°1, npeanoxenue 3), a umenno dopmy (a, b)—

> Y. {a, a){a, b). CorsacHo caejcTBHIO TeopeMsl 1, 3Ta dopma —
a=R

He 4To MHMoe, Kak orpaHuueHHe ¢opmsl KusauHra Ha nopaare6py
Kaprana §. ITponomkenne ¢opmbl B|hy X §, Ha mnpoctpanctso
Bo ®q R — 1ON0KuUTENBHO OMNpeNieseHHas HeBHPOKNCHHAS (opMa
(ra. VI, § 1, n°1, npeanoxenne 3). C Apyroi CTOPoH:l, O6paTHas
dopma s OTpaHWueHHs Ha IpocTpaHcTso § dopmbl Kuaiunra
anre6pel JlM ¢ coBnagaer ¢ KawoHuseckor Guaunetinor gopmoii Oy
Ha npocrpancree § (r1. VI, § 1, n°12).

Mycrs (4;, B1), (3, ho) — mosynpocthle paculenJeHHbie anreGphl
Jlu, a ¢ — Takoi u3OMOpGHU3M §; Ha gy, uTo @(Bh;)=h,. Toraa
oTo6paxKeHne, CONPFAKEHHOe K oToOpaxkeHuio ¢|h;, NepeBoauT
cucreMy R(g, ) B cucremy R (g1, ).

Teegnoxenue 3. ITycre §— noaynpocras aseebpa Ju, a b u
By — pacwenaniomyue nodareebpo. Kaprana 6 §. Toeda cyuwecrsyer
ugomoppusm npocrpancrséa Y Ha b, KOTOPbii nepesodur cucremy
kopreii R(g, By) 8 cucremy xopuei R(g, o).

(3a Gosee TOUHBIMH pe3yJabTaTaMH Mbl OTchiaeM K § 3, n°3,
caencreue rnpepgoxenna 10, a rtakxke K § 5, n°3, upegoxe-
Hue 5.)

IMyctb k’ — anreGpanueckoe 3aMblKaHHe MOAA R, 3 =Q ®, k’,
b7=15,®,k’. Torpa cucrema xopueit R (g, b:) apasercs oGpasom
cacrems! KopHe#t R (g, §;) npu oro6paxenun A—>A® 1 npocrpau-
crBa b} B nmpocrpanctso b ®, k' ==h;". Tlo reopeme | w3 ri. VII,
§ 3, n°2, cymecrsyer amsromopdusM anrebpel JIH ¢, uepemoms-
wui  mpocTpaHcTBO by B mpocTpaHcTso By, W, CJAeNOBATEeNBHO,
cyuiecTsyeT M30MOpGhH3M ¢ MpocTpaHCTBA §' Ha mpoCTpaHCTRO by,
KOTOpHI [epeBOAAT cHCTeMY KOpHeH R (¢, bf) B CHCTEMY KOpHef
R(4, [);) Torpa oroGpaxeHne @|f; nepeBOAHT CHCTEMY KOpHei
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R(g, b)) B cucteMy KopHelt R (8, B,) u, cleLOBaTe/NbHO, MEePEBOJHT
b B b5 4. T. L

B cuay npennoxeHusa 3 cucTeMa KOpDHeH pacllellJieHHOH aJ-
re6psl JId (3, §) 3aBHCHT, ¢ TOYHOCTBIO LO H30MOPPH3MA, TOMBKO
or aire6pnt Jlu ¢ u He 3apucuT or §. [Tosromy, HZOmycKasa BOJb-

HocTh peun, rpynny Be#ins, rpynnmy BecoB ... paclienieHHoH
aareGpel JIn (g, §) HasbiBaroT npocro rpynmof Befing, rpynnof
pecoB ... aarebpel Jlu g (cp. Takxke 3ameuanue 2 us § 5, n°3).

Ecay rpad [niHKHHa adare6pn Jlu ¢ umeer tvn A, uau B, ...
(em. ra. VI, § 5, n°2, teopema 3), T0 rosopar, uto § — aareépa Jlu
tuna A, wam By, ...

HanoMuuM, uto eciu & H P — ApHeAHO HesaBHCHMble KODHH,
TO MHOXKECTBO Takux uucen j=Z, uro B+ joa= R, dBaserca or-
peakoM [—gq, p] B MHOKecTBe Z, cofepxkuT 0 H p—g = — (B, a’y=
= —PB(H,) (ra. VI, § 1, n°3, npernoxenune 9).

Teepnoxenue 4. Tycrs o u B — aunelino Hesasucumsie KOpPHU.
Mycrs p (coots. g) — Hauboasuiee yenoe wucao j, Takoe, 4ro B -+ jo
(cooTB. B— jo) — Kopeno.

(i) Bexroproe nodnpocrpancreo <Zj< g3*ie  npocrpancrea g

—g=Isp
6.49€TCA APOCToLM Bo-m0O0Ysem pasmeprocru p + g+ 1.
(i) Ecau o4 B — kopens, to [g%, ¢8] = go+h.

[ycts X, (cOOTB. x)— HeHysneBOH 3jeMEHT INpocTpaHcTBa §*
(cootB. ¢*+re). Torpa

[Xa’ x] e gﬁ'l'(P‘H) [+ Y 0’
[Ho, x1=BMH) +paH) x=(—p+g+2p)x=(p+9g)x

fIcHo, YTO OTHOCHTENIBHO NpeicTaBieHHs aareOpnt JIu 3((2, k) B g,
ACCOLMHPOBAHHOIO C 3aeMeHTOM Xg, X fABjafeTcd NPUMHTHBHBIM
3JeMEHTOM Beca p -+ ¢g; wurak, pasMepuoctb 8l (2, k)-Momyns
_ gbrie paaa p-+ g+ 1. Seno TakKe, 4TO 3TOT MOAYJb
—q<jsp
npoc]T (§ 1, n°2, mpepnoxenne 2). Ecmt a4fe&R, 10 p=1;
C/eloBaTeAbHO, 3JIEMEeHTH mpoctpaHcTBa ¢P He ABaAsIOTCA TPUMH-
TuBHEIMH, H noToMy [X,, B8]~ 0. Tlockoabky [4%, aB] = g*+8,
OKOHUATeJabHO Toaydaem, 4to [g°, gB] = go+8.

3ameqanue 3. HanomHuMm, UTO B CHJAY CJAENCTBHA NpPeLaoKe-
Hua 9 (ca. VI, § 1, n°3) uenoe umcao p+ g+ ! moxer npuuu-
MaTb aumb 3uavenus 1, 2, 3, 4.

3amenanue 4. Tlyets (8, H) — peAyKTHBHAs pacuienieHuas aJj-
re6pa Jlu, ¢ — uenarp aare6pn Jlu g, ¢’ =2g, ¥ =0 ¢". Toraa
=¢X b, a mpocrpaHcTBO b 0TOXAECTBAAETCA C BEKTOPHHIM
MOANPOCTPAHCTBOM MpocTpancTBa H*. Jasi scex A & B, Takmx, 4to
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A %= 0, npumapHOe NMOANPOCTPaHCTBO ¢* Beca A pasuo ¢V, Kop-
Hem HasbslBaeTcs HeHysesoH Bec mnopanre6pel b B §. Bce KopHH
obpawatoress Ha ¢ B Hyab. CuMBosoM R (g, b) obGosnavaeTcs MHO-
JKecTBO KopHeH pacinemneHHoft anre6pn Jlu (g, b); oHo KaHOHH-
yecKu oTOKjecTBiasgercs ¢ MHoxkecTtroM R (47, b’). [1ycts a & R (g, b).
Kak u B OOJYNpOCTOM cJiydae, onpepesitorca b,, Hy, 8,, n3omop-
¢usmnl #((2, k) — 8, u npeacTaricHue anre6pu Jln 6((2, k) B g,
accoiupopannoe ¢ saemerntoM X, To ke caMoe oTHocuTca
K rpynne Befsig, rpynne BecoB ... paculelJieHHOH aJre6pol Jlun

(g, 9)-

3. Buauneiinoie unsapuanruvie popmor

[MpEnaoKEHHE 5. [Tycre (8, B) — noaynpocras pacwenienuasn
anrzebpa JIu, O—OGusunelinas cummeT puLecKas UHBAPUAHTRAS POopMa
Ha g, a W — epynna Beiiag pacwenaennoti aacebpo Ju (g, H).
Toeda oepanuyenue ©° popmor © Ha nPocTPAHCTBO Y UHBAPUAHTHO
orocureasno W. Ecau, kpome Ttoeo, popsa O nesoipoxdenna, 10O
u popma O Heswpodenta.

[Mycts o< R — Kopenb, X, — HEHYJNEBOH 3JeMEHT MNpoCTpaH-
cTBa %, p — acCOLMMPOBAHHOE TpeiacTaBseHue anredpol Jin 8((2, k)
B NPOCTPAHCTBE §, T — IpeicrasiaeHue rpynne Jlu SL (2, &) B npo-
CTpaHcTBe §, cornacoBanHoe ¢ p. Torga dopma @ nHBapHaHTHA
OTHOCHTENbHO MPEACTABJEHHS P H, CJEJ0BATEJ]bHO, OTHOCHTEJbHO
npeacrasienus ® (§ 1, n°4). B wacrtuocrn, ¢popma @ uasapuantHa
OTHOCHTEJBbHO 3uAoMopdusmMor 0, () |H (n°2) u, caepomaresbHO,
otrHOCUTENbHO aAefictBus rpynnsl W. Ilocsrennee yrsepxkieHue Cie-
ayer u3 npepsoxenus 1 (i).

IMeennoxenne 6. IIycre (8, b) — noaynpocras pacujeniennan
aareebpa JIu u O — He8bIPONDEKHAL UHBAPUAHTHAR CUMMETPULECKAS
buarunetinan Gopma na §. Bebepem 0Oan xamdoco KopHa & E R
Henynesoli arement X, 6 npocrpancrse §*. ITycro (H;), ., — 6asuc

npocrpancréa b u (H;)iel — raxoil 6asuc 8y, «ro @ (H,, H)) =39,

Toeda saement Kasumupa 8 yrusepcaasroli obepruisarowels areetpe
anreebpor Jlu g (rn. 1, § 3, n°7), accoyuuposannsui ¢ gopmoti O,

pasex
1 ’
D 5 XeX-at Y HH,
=R is]
HeficrBuTenabuo, u3 npeanoxenus 1 noayuaem, uro @ (H;, X,)=
=(IJ(H;, X,)=0 n1a mobux i</, a =R, u

1
® (m Xax X—g) = 844 M5t MOGLIX @, B R.
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4. Koappuyuenrot N., 4

B arom nynkre crosa cumsoaom (4, H) mot ob6osnazum noay-
nPoCTYr0 pacueniernyto aieebpy Jlu.

Jenma 2. Cyuwecrsyer raxoe cemeiict8o (Xg), o ps 470 045 Kadc-
Jdoeo Kopui o€ R

Xe=09" u [Xas X_ol=—H,.

Ilycte R; — TaKoe MNOJMHOMKECTBO MHOXKecTBa R, uro R==
=R U(—R) u RiN(—R)=¢. Haa a <R, BuibepeM B mnpo-
CTPaHCTBe ¢® NPOH3BOJbHBIH HeHY/eBod siemedTt X, CymecTsyer

eHHCTBEHHbIf 3meMenT X4 € 7% Aaa Kotoporo [Xg, X-o] = —H,
(reopema 1 (iv)). Torma

[X_g XoJ=H,=—H_,. 4. T. 1L

Ecaun xakoe-to cemedcTBo (Xg) o, YAOBIETBOPSET YCAOBHAM

JeMMH 2, TO BCe ceMeicTBa, YAOBJETBOPSIONIHE YCIOBHIM JeMMEI 2,
umeoT BHA ((oXo)ga g, TAE Lo E k" H lof.g=1 naa moboro a & R.

B daavnetiien 8 stom nyrkre uepesd (Xg),<p 0003rauaerca npo-

U3804bHOE CemelicTB8o, ylosaeTsopaiowee ycaosuam temmor 2. Cum-
goaom (., .) 0603HA4AETCA HEBLLPONCOEHHAA UHBAPUAHTHASL CUMMe-
Tpureckas Ouiunelinas gopma Ha .

Ka}K}lbIﬁ 3JIeMeHT X & ( OJHO3HA4YHO 3alluCbiBaeTCHd B BHJE

x=h + agR p’axm (h &= ba Ue & k)'

KommyTaTopel JBYX TaKHX 3/JeMEHTOB BBIUHCJAIOTCA C IOMOLIBIO
ciaenyolIux Gopmya:
[h’ Xa] =q (h) Xas
0, ecin o PeERU{0},
[Xav Xﬂ] = - Ho,) eCiaH  « + ﬁ= O»
No, Xorp ecan a+feE R,

rpe NQ,B—HeHyneBue 3J€MeHTbl noJad k.
Jdemma 3. Hara awboeo a e R
1
<Xm X—a> = _2‘<Hm Hu)‘

HeficTBUTENBHO,
2(Xg, Xog) = ((z (Hy) X, X_ o= ([Hg, Xql, X—a> =
= <Hw [Xm X—a] > = <Ha’ Ha>'
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Jdemma 4. [ycro o, & R — rakue ropuu, 4ro a+peER.
Tycrs p (cooTB. q) — Hauboaswee yesroe 4ucao j, Takoe, 4ro P+
+ ja = R (coots. p— ja = R). Toeda

N, 5N_—a, a+ﬁ=_p(Q+ 1), (3)
N_,. a+ﬁ<Hﬁ» Hﬁ> =—N_, —B<Ha+5. Ha+5>’ (4)
N Ny _y= (g + 17 &)

Tycts p — npencraaesne aare6pol Jln &((2, k) B npocrpan-
CTBE {, ACCOUMHPOBAHHOE C 3JeMeHTOM X4 IieMeHT e= Xg, 4
ABJSETCS IPUMUTHBHBEIM 371EMEHTOM Beca p -+ ¢ (npefsoxenne 4 (i)).

IMonoxum
(_..

€y =

Hs npennoxenns 1 § 1 moayyaem
(ad Xo) e, = (g + 1) €y,
(ad X_q) (ad X,) €p=—p (¢+1) €p.

910 nokasbiBaer Qopmyay (3), notomy UTO e, — HEHYJeBOi
sJeMeHT npoctpaHcTBa ¢b.
B cuny vHBapHaHTHOCTH GOPMHL (., .) CIPABEJJIUBO PABEHCTBO

<[X—a» Xa+5]» X—5>= —<Xa+5> [X-a’ X—5]>»

N—a. a+ﬁ<Xﬂ, X—g) = N"a, =B <Xa+5, X—a—g):

YTO BBHAY JieMMHB 3 noKasbBaeT dopmyny (4).

Orpanunuenue ¢opmbl (., .) Ha b HEBHIPOKAEHHO U HHBAPHAHTHO
OTHOCHTEJILHO FPYMIbI Beiiasgs (npennoxenne D). OToxIecTBHM
npoctpanctsa § u §* ¢ nmomoupio sToro orpannyenns. Econ y = R,
TO 371eMeHT H, oToXuecTBasercs ¢ 3/1€MEHTOM 2v/(y, v) (ra. VI,
§ 1, n°1, Jlemma 2); caenoBaTe/IbHO, KakoBb! OBl HU GHLJIM KOPHH Y,
d=R,

OTKYJa

(v, vy __ (Hs, Hy)
B8 = (Hy Hy ©)

Takum o6pasom, B cmiay npeanoxenus 10 (rn. VI, § 1, n° 3)
nonyiaem

@tfath) _g+1
B D » @
CnregoBaresnbno, u3 dopmya (3), (4), (6), (7) BuTexkaer, uro
(Hg. Hg)

N, ﬁN-a, 5=—N,, BN-a‘a+ﬁm=

== — N, aN—a a+5 =(q+ 1).

P
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Onpeaenenue 3. Cucremoil Llesanrre pacuennennoil areebpol Jiu
(8, b) naswsaerca Takoe cemeiictgo (Xy), o 4TO

(i) X, = ¢® 024 scex KopHell a < R;

(i) [Xy, X-g)=—H, 021 scex rxopneii a = R;

(iii) aunedinoe orobpasncenue u3 § 8 ¢, kKoropoe pasHo —1 na b
u nepesodur X, 8 X—, 041 8cex KopHel a R, asasercsa asro-
smopusmom arcebpeor Jlu .

370 onpeleneHHe HeMeIUIEHHO pPacCHpOCTpaHAeTCs Ha caywafl, korxa
(9, b) — penyktuBHan pacuennensas aarebpa Jiu.

Mu ysugum (§ 4, n° 4, cneacrsme npepnoxenus 5), 4To cH-
crembl lllesanne pacmenaensoil anre6pur Jlu (g, b) cywyecrsyror.

MpepaoxeruE 7. [ycto (Xg), op— cucrema Illesarre pacuje-
naennotl areebpor JIu (g, H). Coxpawum o6osnauenus remmol 4.
Tozda N_q _g=Ngy, gt No,g==(q+1) 022 0, B, a+B=R.

[Tyctb @ — aBToMopdusM anre6pu JIu §, paccMOTpeHHbIl B ONpe-
nenenud 3 (iii). Mmeem

N_, —BX—“—B =[X_q, X‘B] = [ (Xo), ¢ (Xg)] =
= @ ( [Xa» XB] ) =9 (Nu.. Bxa-{-ﬂ) == Nu.. |3X—u.—|3’

oTKyna moayyaeM, 4rto N_q _g=~N, ;. Benencrue dopmyn (5)
Nog=1t(q+1).

[TrepsoxerdE 8. [Tycre (Xg), o — cuctema Llesarre pacuse-
naennotl areebpol JIu (8, ). Mycre M ecto Z-nodmodyas 8 B, codep-

acawuii arementor Hy u codepocawyuiica 8 epynne secos cucremst RY.
MTycre g, — 310 Z-nodmodyrs 8 §, nopoxcdennoii modyrem M u ane-

menramu X,. Toeda ¢, ssaserca Z-nodaszebpotl anzebpor Jlu § u
Kanonuueckoe orobpascene §, ® ,k 8 § 6yder usomoppusmon.

Ecmu o, pe= R —rakne kopun, 4ro a+f=R, 10 Ny =Z

(npemnoxxenue 7). C gpyro#t cropoHn, ecan a R u he M, 1o
a(h)=Z (ra. VI, § 1, n° 9). 1o mokaswBaer, 4TO §, eCTh Z-MOJ-
anre6pa JIu anre6pur JIu . Ho M — cBoGojgHass KoMMyTaTuBHasi
rpynna panra, passoro dimb (Aze., . VII, § 3, reopema 1);
CJIeloBaTeNbHO, @, — CBOOOLHAA KOMMYTaTMBHAsd TpyNna paHra

dim g. Otciona BHTEKaeT NocCJefHee YTBEPXKAECHHE.

§ 3. MopmaareGpbl pacuienyHHBIX MOJYIPOCTBIX ajarebp JIn

B arom rapaepaghe uepes (g, h) oboswauaerca noaynpocras pac-
wenaennas aqreebpa Jlu, a wepes R — ee cucrema Kopnei.
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1. Hodanrze6pot, ycrotiuussvie ornocureasro ad

Jdemma 1. ITycre V — sexroproe nodnpocrpancreo 6 §u R(V)—
MHONcecT80 Takux Kopueil a = R, uro ¢* V. Haubossuwum 8ek-
TOpHBIM NOONPOCTPAHCT8OM npocTparcTea V, ycrotiuusem oTHOCU-
TeAbHO MHodecT8a sHOoMoppusmos adl, 6yder nodnpocTpancTeo

von+ 2

asR(V)

BektopHoe nopnpocrpanctso W npoctpanctsa V Torja u TOJAbKO
TOrJa YCTOHYHBO OTHOCHTENbHO MHOXKeCTBa 3ujoMopdusmor ad b,
KOI'Jla €ro MOXHO NPEeACTaBHUTb B BHIE

W=(Wnb>+a§R(ana>

(Ane., tn. VII, § 2, n° 2, cnexcreue | Teopemnt 1). Cnenosarensuo,
HaHOO/IbHIMM NOANPOCTPAHCTBOM BEKTOPHOI'O [IpOCTpaHcrea V,
YCTOHYHBBIM OTHOCHTEJNbHO 3HAOMODGH3MOB adl, sBasercs mpo-

crpanctso (Vb)) 4 2 (VNg%). Takum o6pasom, (V ()¢ = g°
aER
ansa kopHe#l a=R(V), u (VN3*)=0, eciu a& R(V), Tak kKak
dimge=1. 4. T. .
Ilnsi noGoro nmopMHoOKecTBa P cHCTeMB KopHell R HOMOXKHM

gP= Z ‘3(1; bPz Z b(l‘
asP a=P
Ecin PR u Q < R — nBa NOAMHOXKECTBA, TO, OYEBHAHO,

[0, 6" = 6%, )
[97, 49 = ¢P+ANR |- I)Pﬂ(_Q)' (2)

Hanomuum (ra. VI, § 1, n® 7, onpeneneunne 4), uTo HOAMHO-
JKecTBO P cucreMnl KopHell R HasblBaercs 3aMKHYTHIM, €CJH H3
yenosuit a = P, =P, a- =R canenyer, uto a-+ p< P, unaue
roBops, ecau (P+4+P)NR<P.

Jeumma 2. Mycre 1§ — seKTopHoe nodnpocTpancréo npocCTpa-
créa B u P — nodmuonecrso cucrems. kopueii R. IIpocrpancreo
Y + ¢P seaserca nodareebpoii areebpor JIu § To20a u TOABKO To20q,
koeda P — samxnyroe noOmroxcecreo cucremor KopHeil R, npuuem

I4
b2 by py
HelicTBuTesibHO,
[b" - 67 0"+ 0®1 =1V, g1 4 [4®, ¢°] =
= Bp ) F 575 97] 4 g+PIR,
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CnepgoBaTesbio, 1pocTpaHcTBo ' -+ 4P samasercs mnopanre6poit
aare6psl JIlu 4 Torja u TOJAbKO TOrjpa, Korjaa

bpn(_p) < b, H ?I(P+P)nR « gP:

4YTO AOKA3bIBAET JIEMMY.

Neepnoxenue 1. (i) [Todanreebper anzebper JIu @, ycroduusee
oTHOCUTEAbHO 3HOOMOpPusmos adh, — 3T0 BekTOpHbIE NOONPOCTPAH-
créa suda Y -+ 9P, 20e P — samKHYyTOE NOOMHONECTBO CUCTEMBL
kopueti R u § — sexropuoe nodnpocrpancrso npocrpancrsa §), co-
depacauyee bPﬂ(—P

(iiy Hycre Y u b” — gekTopHble NOONPOCTPAHCTEA NPOCTPAH-
crea ), a P, Q— 3amKryreie noOMHOMeCT8a cucTemsr Kopwueid R,
Takue, 410 b’:)bpﬂ _pys V' <b u Q= P. Jas rozo urobst nodnpo-
crparcrso §” -+ 4@ Gorao udearom 8 areebpe Ju b’ -+ ¢F, neobxodumo
u docraroyno, 4Tobst

P+QNR=Q u by b’ = [l Kera.

oesP,a&Q

Vreepxkaeune (i) cpasdy xe caenyer usd Jjemm 1 u 2. Ilyers P,
Q, b, b7 rakue e, Kax B yrBepxkaeHuu (ii). Torna

(6" 4+ 9% 0" + 69U =10, o F [V, g+ [H7, 4°] + gPF+ANR,

CrepoBaTenbHo, npoctpadctso §” -+ g Gymer ujeanoM B a.nreépe
JIn §" -+ ¢ B TOM u TOJBKO TOM cCJydYae, KOrja

bpneg =07 07, 6Pl =9 gPFANRge,
Orciofa BHITeKaeT yrBepxienue (ii).

[peasoxkenue 2. [Tycre a — nodaszebpa areebpor Ju g, ycroi-
qusas OTHocuteavno 3Hdomopdusmos adlh, u nycre Y <h, PR
rakosst, 4ro & ==0" 4 q”,

() Hycrb f—MHoa/cecreo rakux aaementros x <, yro a(x) =0
015 8cex a P () (—P). Paduxasrom areebpet JTu o sgasercs areebpa
JIu ¥4 g9, 20e Q — mroaecTeo Taxux kopreid a P, 4ro — a &P.
ITpu arom npocrparcrao 3% — nusvnorentrosisi udear areebpor JIu a.

(ii) [2a roeo 4robet aseebpa JIu a Getra noaynpocrol, Heobxo-
Qumo u docrarouro, urobet P=—P u Y =Yp.

(iii) das roeco urober aneebpa Jlu a Gowra paspewuma, Heobxo-
oumo u docrarouno, 4rober P()(— P)= . Ecau 3ro rtaK, 10
[0, a] =¢°, ede

S=(P+P)NR)U{a=Pla(l) » 0}.

(iv) Qas rozo urobet areebpa JIu a 6etra pedykrusroii nodaseeb-
poi 6 anezebpe JIu §, Heobxodumo u docrarouno, 4robe. P = — P.
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(v) Hasa Toeo urober anrcebpa JIu a coCcTOAAG U3 HUABROTEHTHBIX
aaeMenTo8, Heob6xodumo u docrarowno, urobur B =0. Toeda
PN(—P)=( u asreebpa a HUALHOTEHTHA.

Hokaxewm yrBepxaenue (v). Eciu anre6pa a cocTOMT U3 HIIb-
MOTeHTHHIX 3JEMEHTOB, TO OUEBH/JHO, YTO OHA HHJbLIOTEHTHA WU
b’ =0, Tak Kak saeMeHTH nojaare6ps ) mosynpocts. ITpennono-
xuM, uto §’ = 0. a3 npepnoxenusn 1 (i) Burekaer, uto P () (—P) = .
[To npepnoxenuto 22 us ra. VI, § 1, n° 7, cymecrsyer takas Ka-
Mepa C cucremsl KopHe# R, uto P < R, (C). CnenoBaTenbno, cy-
LIECTBYET Takoe pesoe yucao n >0, uro ecau ay, ..., ¢, EP u

pe RU {0}, To
o+ ... +a,+p&RU{0L

OT1clofa BLITEKAaeT, 4TO BCe 3JeMeHTH aarebpul Jlu ¢° Huabno-
TeHTHH, 4 3TO H JOKAa3biBaeT YTBepxkAenue (v).

Hokaxem yrBepxaenue (iil). Eciu PN (— P)=J, to ¢* — noa-
anre6pa aarebpsl Jlu g (npemsoxenue 1(i)); ata anre6pa Hunb-
IOTeHTHA BCaeACTBHE ycaoBusa (v). Takum ofGpaszom

[a, al=1¥", a®] + [g”, 9Pl = [V, 7] 4 gP+PINR — ¢P;

csiefoBaTesNbHO, anrefpa a paspelinMa H KOMMYTaHT [a, a] paBen g5.
Ecau P(1(— P) = J, TO cylleCcTByeT TaKo#i Kopewb o & P, uro
—asP. Torma Y, + 4*+ g~*—npocrasg mnogaareépa anredpoi
JIu a, u, caeposaTesbHo, anrefpa JIn a He ABAAETCA pa3peUIMMOH.

Jokaxem yrsepxaenne (i). Tak Kak P — 3aMKHyTOe MHOXECTBO,
0o (P+QNR<P. Ecit a=P, f=Q u a+p=R, To Kopeus
a4 f He npUHALNEKUT MHOXKECTBY — P, NOCKO/JbKY H3 3aMKHY-
TocTH P crnenyet, uto —f=—(a +f)+a =P, Torna kak f = Q.
Takum o6pasoM, (P+QNR Q. dro pokasniBaer, UTO Npo-
cTpaHcTBo ¢Q fABasieTcd uAeanoM B aareGpe Jlu a, © B CHIY
yTBepxaeHus (V) 3TOT ujaeaJ HUJIbMOTeHTeH., Mbl NOAYUMJIH, UTO
PN(—Q) = u PN(—P)=PNCQ, crenosarenvuo, bpn-q <
cfc Pﬂ Kera. B cuny npepnoxenus 1 (ii) nmpocTpanctso

asP, a=sQ

f 4+ qQ asaserca ugeanom B anredpe Jlu a. Tak Kak QN (— Q)= T,
TO 3TOT WJieal] paspeliuM BBUAY yTBepxaenus (iii). Caenosarensno,
OH CopepX)HuTCA B pafukane t anrebpsl JIu a. Tak Kak pagukada t
YyCTOHYHB OTHOCHTeNbHO BceX auddepenuuposanufi aaredpsl Ju a,
TO T YCTOHUYMB OTHOCHTeNIbHO 3uxoMopduamoB u3 adh. Torpma
CylIecTByeT TaKoe HNOAMHOXKecTs0 S MHoxkecTsa P, uro t==
=(t1h) + a5. IIpeanonoxum, uto a8 u uro —a < P. Torga
be=14% g% =1, caenoBareabno, 4 %=|[hy, 7% <t u, TaKuUM
obpazomM, —a<S. Beugy yreBepxpmenusa (iii) sTo mpotusopeunt
ToMy, uTto anre6pa Jlu t paspemuma. [Tosromy S < Q. Hakoner,
ecii x=tr{1h u ecmu a=P(—P), to [x, ¢*]<g*Nr==0, a
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sHauuT, a(x)==0, utro naer BkJaoueHue x =f. Takum oBGpasom,
r= -+ g9 u yrBepxkaeuue (i) mokasauo,

HokaxeMm yTBepxaeuue (iv). Buny yrsepxaenus (i) nis mosy-
MPOCTOTH NpPHCOEIHHEHHOTO TpeAcTaBjgeHus anrebpu Jiu a B aa-
re6pe Jlu § HeOOXOAMMO H KOCTATOUHO, 4TOOH! 3HAOMOpDHU3M ady x
6ou1 moaymnpocT aast scex x84 gQ (ra. I, § 6, n° 5, Teopema 4);
o yTBep:KAeHHI0 (V) AJs 2TOro HeoGXOMMMO H LOCTATOYHO, YTOGH
Q=), 1. e. uTo6u P = —P.

Hokaxem yrteepxkjienue (ii). Ecam o — mosaynpocras anrebpa
Jlu, 1o Beaencrsue yreepxueHus (i) P= — P, a suauut, jp < b’.
Boaee Toro, a < [a, a] < b, + ¢°, u notomy §" =3hp. Ecau P=— P
u b =0p, To nmo yrBepxaenuto (iv) aare6pa Jlu a penykTuBHa
Moo= ), 8; cJegoBaTenbHo, a=1[a, a] n asire6pa Jlu a noJy-

as P
npocTa.

[Mpepnoxenne 3. ITycre a — noaynpocras nodascebpa arzebpot
JIu g, ycroiuusas ornocureavrno adb, u nycre P — rakoe nod-
MHOMecT80 cuctemol Kopreil R, urto a="Yp + g°. Toeda

(i) bp — pacwenaarouans nodaree6pa Kaprana anrecebpor Ju a;

(i1) cucrema kopueii pacuenaennoii areebpor Ju (a, bp) cocrour
ua oeparuuenuti Ha nodarcebpy bp ssemenros muoxmcecrsea P.

[MockonbKy mogaare6pa JIn §p ycrodiumsa oTHocurenbnHo adbh,
TO ee HopManuaaTop B anrebpe Jlu a ycrofiuns oTHocuTesnbHO ad B
W, CJefoBaTesnbHo, umeeT Bujx bp-+ g9, rae Q =P (1emma ).
Ecan a =Q, 10

ga = [f)m ga] < [bP’ ga] < st

yTO TPHBOANT K TpoTusopeunto. CrenoBartensto, Q = J u airebpa
Jlu bp coBmamaeT co CBOHM HopMaJauzaTopoM B aare6Gpe Jiu a.
D10 HKoKa3biBaeT, UYTO OHa dBJaseTcs nomaiareGpoit Kaprauma az-
re6pnl JIu a. Eciu x =bp, To snmomopdusm ad, x n a fortiori
angomopdusM ads x IPUBOIATCS K TpeyroJbHoMy Buay. MTak, mu
noKasaJau yTeepxaeHue (i), a yrBepxaenue (ii) oueBmpHO.

W3 npenmnoxenna 1 (i) ciaepyeér, uro mogaire6pamu anre6phl
Jlu g, comepxawmumu anre6py Jlu B, asasioTcs MHOXKeCTBa BHAA
b+ g7, rme P — 3aMKHyToe NOJAMHOXKECTBO CHCTEMbl KOpHel R.
B cuny npepnoxenuss 3 ra. VII, § 3, n°3, kaxknas nonanreGpa
Kaprana anre6psl Jlu b+ gP sasasercs nonasnreGpoit KapTana
aare6psl Jiu g.

TTrEnnoxEHHE 4, [Tycre a — nodarzebpa areebper Ju §, co-
Oepycawyas 0, x — npoussorsnolii asement us aseebpor Jlu a, a
S U n—e20 NOAYNPOCTAA U HUALNOTEHTHAS KomnonenTol. Tozda
sEaunea.
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HNmeet MecTo BKaloUeHue {ad x) a a; ciaejoBaTeabHO, (ad s)acCa
u (adn)an < a. Tak kak aare6pa Jlu a coBnajaer CoO CBOMM HOD-
maJausatopom B ¢ (ra. VII, § 2, n° 1, cnencrBue 4 npeanoxenus 4),
TO SEA U RE

TregaoxeRUE b, [Tycre P — 3amKnyTOe NOOMHONECTBO CUCTEMBbL
Kopreti R.

(i) Hdan To20 urobur ascebpa Jlu Y-+ gP 6eira paspewunod,
Heobxodumo u doctarouno, 4robel P () (— P)= . Ecau 310 ycaosue
soinoanserca, to [§+ a2, b+ ¢°] =g”.

(1) Jas roeo urobu. aseebpa Jlu Y- 9P 6oiaa pedyxrusHod,
Heobxo0umo u docraroyrno, 4robet P = — P,

YrBepkaente (i) crepyer us npepjoxenns 2 (iii). Ecan P = —P,
1o anre6pa Jlu b+ 47 penayktusua (npeanoxenume 2(iv)). Ilpen-
MoJOXKHM, uto a4 =0 -+ qF — pelykTuBHas aiare6pa Jlu. Torna
g?=1[h, s”1=[n, a] = H+¢P,

a caefoBaTe]bHO, KOMMYTaHT [a, a] umeer Bun b’ -+ ¢°, rae §" < b;

Tak KakK aiare6pa Jlu [a, a] moaynpocra, 10 P = — P (npemjoxe-
uue 2 (ii)).
2. Hoeanwt

IMeepnoxeune 6. Iycre Ry, ..., R, — nenpusodumoie Komno-
HenTol cuctemsl xopreid R. Han i=1, ..., p nosoxum ¢;=
=bgr, + gRi. Tozda Qy, ..., G, — npocreie crazaemvie arzebpol JIu g.

Anre6pu Jlu §; — uneannt anre6psr Jlu ¢ (mpemnoxenue 1 (ii)).
S1cHO, UTO IPOCTPAHCTBO § ABJAETCA NPAMOH CyMMOH NMPOCTPAHCTE §;;
cJeA0BAaTeNbHO, aarebpa Jlu § — npsimoe NMpoH3BedeHHe aaredp g;.
Iycts a u b — fonmoJHMTeJbHbIE APYT K APYrY HAealsl anredpol
Jlu g. Torma umeansl a4 ¥ b NONYNPOCTH M YCTOHYHBLI OTHOCHTEJNBHO
sppoMopduamos adh. IlosToMy cyuiecTBylOT Takue IMOJAMHOXe-
ctea P, Q cucrembl Kopueil R, uro a =0, + ¢7, b =15, + ¢< Ilpo-
ctpanctsa fp, Do SBASIOTCS B3aMMHO OPTOTOHAJBHBIMH OTHOCH-

TeJbHO (opmbl KuinuHra AONOJNHHTENbHBIMH MMOAMPOCTPAHCTBAMH
B mpoctpanctee §. CuaemoBartenbHo, P n Q siBasnorcsi 06belHHe-
HUSIMH HETPHBOAMMBIX KOMIOHEHT CHCTeMbl KopHe#l R. JTo moKa-
3bIBAET, UTO {; — MHHHMAaJbLHblE Hleansl B anrebpe Jlu g.

Caeucreue 1. Yrober aszebpa Jlu § Gviaa npocra, Heobxo0umo
u docrarouno, 4roboe cucrema Kopreii R Goiia Henpusooumoii (Unane
2080ps, 4Tobol ee epad oinkuna 6oL c8a3eH).

ATo caeAcTBHE BHTeKaeT M3 NpejjoxeHus 6.
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Anre6pa Jlu a HasbiBaeTcsl abCOAOTHO NPOCTOY, ecaH AJs
Aoforo paclumpenust B noas k k’-anmre6pa Jlu ag upocra.

CaepcreuE 2. Pacuenaennas npocras aacebpa Jlu abcoaorno
npocra.
JTO BLITEKAeT U3 cJencTBus 1.

Ecotn q— anre6pa JIu tuna A; ((Z=1), B, (=D, C, (=)
unn Dy (I 2>3), To § HasbIBaeTCs KAaccu4eckor MPOCTOR paculensie-
Mot aare6po#t Jlu. Ecnu ¢ — anre6pa Jlu tuna Eg, E,, Eg, Fy nnu G,,
TO ( Ha3blBaeTCs UCKAO4UTesbHOl (MNA 0cobot) mpocToll paciien-
asieMolt anre6poit Jlu.

3. lodaaze6po. Bopean

IpEnoXkERKE 7. [Tycre b="0 + o — nodasrcebpa arzebpor JTu g,
codepoicaugan Y. Caedyrowue ycao8us 9K6UBANCHTHBL:

(i) b — marcumarsnaa paspewnnas nodareebpa arcebpol Ju g;

(ii)(cyu;eCTByeT rakas kamepa C cuctemol koprel R, uro P=
=R, (C);

(iiiy PN(—P)=C u PU(— P)=R,

(i)=>(ii). Ecau anre6pa Jlu b paspemnma, to P (— P)=@.
CnepoBatenbHo, cyllecTByeT Takas kamepa C cucreMul KOpHel R,
uro P R4 (C) (rn. VI, § 1, n°7, npemnoxenue 22). Torza npo-
CTPaHCTBO b+ g"+'9 — paspemumasi nopasnre6pa aJnrebpst Jlu g,
comepxkamias b u, crmemoBarenabHo, cosmnapgamolias ¢ b, ecau
b — Makcumanbuan paspelinMasi noganareGpa Jlu.

(ii) = (iii). D10 oueBuaHO.

(iii) = (i). TIpepnonoxum, uro P} (—P)= u uro P | (—P)=R.
Torza b — paspewnumas aare6pa Jlu. Ilyctb b — paspemumas nox-
anre6pa aarebpul Jlu @, comepxkamnas b. CymecrtByer Takoe
MOAMHOXECTBO Q cucTemnl Kopuell R, urto b =19+ 9% Torga
QN(—Q = u Q> P, a cnenoparennno, Q=P u v =05.

Onregenienue 1. IloOasee6poii Bopeas pacujenaennoll aaeebpot
JIu (g, B) Hasosaercs nodareebpa areebpol JIu 4§, codepacaujas noo-
areebpy Kaprana B u ydosser8oparouan sKeUBAACHTHOLM Y CAOBUAM
npedaoxcerus 7.

odarcebpa b pacuenanemoii areebper Jlu § nasviaercs nod-
areebpoii Bopeas aaeebpor Jlu q, ecau 6 § cyujecréyer raxas
pacwenasowaa nodasze6pa Kaprana 9, 4ro b sasasercs nod-
aneebpori Bopeas pacuenaennoti arzebpor Ju (g, ).

Myers (&, h) — peayxrusnas pacinemiensas aareGpa Jln Ilyers
g==cX 8, rae ¢ — KoMmMyTaTupHas aare6pa Jln, a § — noaynpocras. [Tox-
aire6poii Bopeas pacuwennersoii aire6pu JIn (g, B) naswisactes noa-
aareGpa aarefpst JIi g Buga ¢ XD, rne b — nonanre6pa Bopeas pac-
ulenieHnol aaredpst Ju (8, §3).
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B o6o3naueHHsX NpeAsoxeHust 7 momanare6py b HaswmiBaioT noi-
anredpoit Bopens anare6pul Jlu ¢, onpenenennoil anre6poin Kap-
taHa ) u KaMepoll C (usnu aarebpoit Kaprana ) u Gasucom cu-
creMbl KopHell R, accouuupomaHHbM ¢ C).

3ameyanue. OTobpakeHue, koTopoe Kamepe C CHCTEMbI KopHeH R
crtaBdT B cootBeTcTBue R, (C), sBIsieTcss HHBeKTHBHHIM (ra. VI,
§ 1, n°7, caeacresue | npemsioxenus 20). Caegoparenabno,

Cu——>I)+gR+(C’—6ueKmBHoe oro6pa)keHde MHOXKECTBA Kamep
cuCTeMbl KopHell R Ha MHoxKecTBO nojpanredp bBopesas pacuiensen-
Ho#l anre6pet Jlu (g, D). Takum o6pasoM, yucso nonanredp Dopens
pacuiensienHo#i asare6ps Jlu (g, ¥) pamuo mopsaky rpynmsl Beilns
cuctembl Kopuedt R (ra. VI, § 1, n°5, teopema 2).

Tlrepnoxenue 8. Ilycre b— nodaszebpa ance6por JIu ¢, a
k" — pacwupenue noas k. Toeda b ® , k" 6yder nodarzebpoii Bopeas
pacujensennoti areebpor JIu (§ R,k h &, k") 6 Tom u T0A6KO TOM
cayuae, Kozda b — nodarzebpa Bopeas pacueniennol areebper Jiu

(9, D).

STo mpesoKeHHe OUYEBHAHO BBUNY yTBepxueHus (iii) mpemso-
KeHuda 7.

TlrEnnoxkenue 9. ycrs b — nodasreebpa Bopeas pacujeniennol
areebpol JIu (g, ), onpedesennas ramepoii C cucremst Kopreii R.
c .
Hyere n=¢"+ %= > ¢* y [=dimy.
. aeER, a>0
(i) Ecau heY) u x=n, 10 xapaxrepucrudeckuil MHO2o4AeH

andomoppusma ady (h+ x) pasen T' [ (T — a(h)).
a<sR

(ii) Hauborbwuii HusvnorentHowi udeanr nodarzebpo Bopeas b
pasen u n, u [b, b]. On cosnadaer ¢ MHONCECTBOM Tex 3IACMEHTO8
nodaazebpor B, Koropoie nussnorentHsr 8 arzebpe Jlu g.

(iiiy Hycre B — 6asuc cucremot xopueii R, onpederennoili kame-
poii C. [Haa mo6ozo e« <= B nycre X, — HeHYAEB0U B3AeMEHT U3
npocrpancréa g% Toeda wnabop saemenros (Xq),op nopoxcdaer

areebpy Jlu n. Hmeer mecro pasencrso
L= 2 =
0=R, a>0, aeB

Ha npoctpanctse b, cymecTsyer Takoe ymopsmouesue, cora-
COBAHHOE CO CTPYKTYpPO#l BEKTOPHOr'O MPOCTPAHCTBA, UTO 3JEMEHTH
u3 R, (C) nNoNOXKHUTENbHEL OTHOCHTEJBHO 3TOTO YIOPSAOUEHHUS
(rt. VI, § 1, n°7). Tlycts snemeutsl A, ¥ Takhe Xe, KaK B yTBep-
waenuu (i), 1 y=gq® Torpa [h+x, yl=a(h)y+ 2, tRe zE > gb.

B>a

CnenoBaresbHo, B HoaxojsiieM 0asuce MPOCTPAHCTBA § MATpula
npeo6pasosanua adg (24 x) umeer caenyomui BuA:
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1) 310 HHXHAS TpeyroJbHasi MaTpPHUA;

2) ua ee puaronanu crost uucaa 0 (I pas) u a(h) ana scex
Kopueit a € R.

Sto paccyxJeHHe JoKa3biBaer yrepxaeHne (i). Orciona Tak ke
cJelyeT, 4YTO XApPaKTePHCTHYECKMH MHOTOYJeH 3SHAOMODP) u3Ma
ady (2 + x) paBen T H (T — a(h). TTosroMy MHOXKeECTBO 3je-

e=R, (C)
MeHTOB H3 nojanreGpol Bopens b, HuabnoTeHTHHIX B aarebpe g,
C OMHOH CTOpPOHB, W HAHOONbWIHA HHJABNOTEHTHLIR HIean NOJ-
aare6pel Bopeas b, ¢ apyroft cropoust, pasunl . M3 npemioxe-
uus 5 (i) nmosyuaem, uro n=|[b, b]. Hakoneu, yrsepxnaenue (iii)
caenyet u3 npegaoxeuus 4 (i) § 2 u npexroxenns 19 ra. VI,
§ 1, n°6.

CaencrBue. [Tycre b — nodasce6pa Bopeas aneeGpel Jlu g.

(i) Kaxdas nodarceGpa Kaprana arcebper Jlu b ssaserca pac-
wenasoweti nodarzebpoli areebpot Jlu g.

(ii) Ecau Y%y, by — nodascebpor Kaprana aseebpot Jlu B, TO

cywecrayer Taxoil saement x & [b, b], uro €*%*h, =5,
Yreepxnaeune (i) caenyer u3 npeanoxenuss 9 (i) u us npemno-

xenusd 3 ra. VII, § 3, n°3. YrBepxneune (ii) cnenyer u3 npen-
aoxeuus 9 (ii) u teopemun 3 ra. VII, § 3, n° 4.

[Meennoxenne 10. ITycre b, b’ — nodaszebpor Bopeas anzebpol
Jdu ¢. Toezda cywecrsyer pacwenasroujas nodaazebpa Kaprana
anreebpol Ju g, codepmawjasca 6 bV,

[Mycte Y —noganre6pa Kapraua aareGper Jlu b, n==[b, b],
w=I[y, V], p=>bNH u 8 — BekTOpHOE NOANPOCTPAHCTBO MPO-
cTpaHcTBa §, AOMOJHHTENbHOE K b+ B, OGosnaunm uepes 8%, b,
t’L npocrpaucrBa, oproronaabHsie K 8, b u b’ coorBercTBeHHO
otHocuTenbHo ¢opmul Kuanuura anre6pul Jlu ¢, Ilomoxum
[=dimp, n=dimn, p=dimp. Torpa dimb=dimb =1+ n,

dim8* =dim(6 +6)=2( +n)—p
H, 3HAYHT,

dim (8" N9) > dim 8* + dimp — dim g =
=2(+nm—p+p—(>U+2n)=1L 3

Bcaenctsue npeAIOKeHHS 1 us § 2, n°2, uMeloT MecTO BK/OYe-

uug n bl 0 < b’ dnements npocTpancTBa P ()N HAMLIOTEHTHBI

B ¢ (npepnoxenue 9 (ii)) u npumagnexar bV, a suavur, npuHajg-

aexkar W (opemaoxenue 9 (il)). Caeposaredbuo, pncnn <
1 7L

< b b ", oTkyna BhiTeKaer, YTO Biﬂpﬁn=0. Yuursisast ¢op-

MyJy (3), Mbl BUAHM, 4TO POCTPAHCTBO 8" (1 b ABISTETCS AOMONHEHHEM
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K mpocTpaHcTBy h B mpocrpaHerse b, Ilyers 2z — peryasapumit
B ¢ 3/JeMeHT anare6ps P; Torga cyumecTsyer TaKOH aJeMeHT
ysn, uto y+z=8"Np. Mo npennoxenmo 9 (i) snzoMopdusm
ady (y + 2) uMeer TOT XKe XapaKTepPHCTHYECKHH MHOrOWIeH, YTO
u sugoMopdusm adg 2. IMoatomy x ==y 4~ 2 — peryapHelii 3JeMeHT
anre6pel Jlu § u a fortiori anre6p b u b (ra. VII, § 2, n° 2,
npegnoxenue 9). Tak kak pauru anre6p Jlu ¢, b u b’ oguHakosw,
10 mpocTpancTBo b (x) == ¢° (x) = b"%(x) AB1AeTca noganreGpoit Kap-
TaHa OJHOBPeMeHHO B aare6pax b, ¢ u V (ra. VII, § 3, n°3,
reopema 2). Haxkonen, sra mopaare6pa Kaprana anretpw Jlu g
ABJAETCHA pacmenﬂmomeﬁ o CJAEACTBHIO H3 NPEAJIOKEHHA 9.

Caenctsue. Ipynna Aut,(9) rpansurusno OeicTayer Ha MHoOMCe-
crae nap (8, 1), 20e ¥ — pacwyenasouas nodaszebpa Kaprana as-
2ebpor JIu q, a b— nodasrzebpa Bopeas pacwennennoi anrzebpot
Jdu (g, 9.

Mycrs (£, B) u (6, b)) — nBe Takux mapui. Cyurecrsyer pac-
mensoman nogaareé6pa Kaprana ! aare6pet Jlu g, conepxamasncs
B b N0, (npenoxenne 10). CorsacHo CIeACTBHIO NmpeLToKeHHs 9,
Bce CBOAuTcA K caydaio, korga fj==f, =% TIyctb S — cucrema
KOpHeH pacmensienHoi anre6ps Jln (g, f). Toraa cymectsyioT Takne
Gasucsl B;, B, cucrems! KopHeil S, uro nogaare6ps Bopeaa by acco-
uuuporansl ¢ Gagucamu B; (=1, 2), u cymecrsyer sJjemeHT
s W (S), xoropwiii nepemoaur B; B B,  Haxkonen, cyuiecrsyer
Takoit apromopthusm a < Aut,(g), uto alf=s (§ 2, n°2, cren-
creue Tteopemsl 2). Toraa a(f)=*F u a(b)=0",.

4. Mapaboauseckue nodarze6pot

Mregnoxenne 11, Iycre p==Y 4 ¢° — nodasrcebpa arce6por
Ju g, codeprawjas B. Toeda caedyroujue yca08UR IKBUBANEHTHOL:

() asebpa Jdu D codeprcur nolascebpy Bopeas pacueniexsnoi
aneebpor JIu (4, B);

(if) cywyecrayer raxas ramepa C cucrembr Kopuei R, uro
P> R, (C);

(iii) nodmromecrso P asaserca napaboauseckum, unawe 2080p5
(ra. VI, § 1, n°7, onpeneneune 4), PU(— P)=R.

Ycaosua (i) u (ii) >xBHBaNeHTHH IO NpeffoxeHuio 7. ¥Ycio-
sus (ii) n (iii) sxBuBaseHTHH 1O npeioxenuio 20 ra. VI, § 1, n°7,

OnpegeneHue 2. ITapaboauseckoli nodaszebpoil pacujeniexHor
aneebpor JTu (8, ) nHaseisaerca nodanzebpa aneebpor JIu g, codep-
scaujan ) u yoosaereopaOulan IKEUBANCHTHLIM YCA0BUAM NPpedao-
ocenun 11. [lapaboauueckoii nodargebpoii 8 § Hasvisaerca napg-
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6oauteckas nodarzebpa pacwensennoi anreebpor Ju (g, H'), ede
)’ — Hexoropas pacwyenasou,an nodaseebpa Kaprana aseebpeoi §.

dTo onpejeneHHe HeMeAJIeHHO pacnpocTpaHseTcs Ha cayuall, Korja
(g, §) — penykTHBHAA pacuemeHHas aare6pa Jlu.

3amevanue. Ilycto B — 6asuc cucremnl kKopue#t R u b — coort-
BeTcTByloIas mnopanarebpa Bopens. Ecau Z< B, To o0603HaunM
yepes Qg MHOXKECTBO JIMHEHHBIX KOMOrHALHH ¢ KoahdpunuenTamu <0
snementoB H3 X; mojoxum P(Z)=R, (B)UQ;y u p;=0®g" ™,
[lo aemme 3 u npeanoxenuo 20 ra. VI, § 1, n°7, npocrpancrso py
gBadeTcs NapaGosndecKod mopanrebpoi, cogepxkameir B, # Bce
napabGonuyeckie mojanre6pel anre6pnl JIu g, conepxkamue b,
I0JIyYaloTCsl TakuM o6pasom.

Jdemma 3. [ycre V — KoneuHoMepHOe BeKTOPHOE NPOCTPAHLTBO,
S — cucrema Kopued 8 npocrpancree V™, P — muonecrso napa-
boauveckux nodmuomcecre cucremer S. [Tycre H — mroxcecrso
aunepnaockocrel euda Kera Oan scex awe S u F — mHoxecrso
a4eeK nPoCcTpaHcTea V OTHOCUTENbHO MHOXCECTER 2unepniockocTel 36
(rn1. V, § 1, n°2, onpeaenenne 1).

Ecau P= P, 1o nycre F(P)— muONecT80 TaKUX OAEMEHTO8
veV, uro a(v)>=0 0dsa ecex rkoprei o=P. Ecw FEF, 10
nycrs P (F) — mromecrso taxkux Kopreil ae S, 4ro o (v) =0 Oun
scex 3aementos v e F,

Tozda F > P (F)— 6uekruaroe orobpaxcenue muoxecrsa F
Ha mHoucecTéo Py 0an amoboi sueiku F = F muomecrso F (P (F))
PABHO ee 3AMBIKAHUIO.

a) llycte P = P. CymwectByloT Takue Kamepol C cucreMmbl S
¥ TIoLMHOXKecCTBo 2 6asuca B(C), uto P=S,(C)UQ, rae Q — mMHo-
eCTBO JHHEeHHHX KoMGuHauui ¢ Koshouunentamn < 0 anemeHToB
3 2 (ra. VI, § 1, n°7, npensnoxenne 20). Tlosoxum

B({C)={ay, ..., 0}, 2={a, ..., a4}
Ecan ve V, 1o clepyiolliye yCIOBHS 3KBUBAJEHTHbL
a(v) =0 pns Bcex Kopuell a & P;
a; () =0, ..., ¢, (©) =20, ¢ ()<, ..., a,(0)<0;
o (0)= ... =0,(©)=0, a,:1(0)=0,..., o, (v)=0.

CrenoBaTesnbHo, MHOXecTBo [ (P) coBmajgaeT ¢ 34MBIKAHHEM
MHOXeCTBa

{UEViGI(U)-———- see =am(v)=0, am+l(v)>01 ey (11(())>0},
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KOTOpOe siBJAETCA sUeHKo# F OTHOCHTEJLHO MHOMKECTBa rIHIep-
miaockocreit . HeficTBuTenbHo, KaXALH 3JeMeHT MHOXeCTBa
S — nuHellHad KoMONHAIMg KOPHed @y, ..., @ C Koacpcpnuneﬂ'ramn
koropuie unu Bce =0, uam Bce <<O0. C apyro#l cTopoms, ecan
B=uoy 4+ . +u,alES TO

BeP(F)@umH}O, ey U =20
<= B=S,(C) nan (—=S,(C) n Upyy = ... =uy; =0)=
=p=S,.(CO)UQ=P.

CaegoBatenbuo, P(F)=

6) Ilyers FEe #F. HCHO yto P(F)e P. C ApYro#t CTOPOHHI,
MHOXKeCTBO F COJMepKHUTCA B 3aMbIKAHHH HEKOTOPOH KaMepol OTHO-
CHTeNbHO MHOXKECTBa TrHmepmiockocreft 7 (ra. V, § 1, n°3, dop-
myas (6)) u, suHauut, asasgerca AYeAKOH OTHOCHTEJNbHO MHOXKeCTBa
creHoK 3Toft KaMepnl (ra. V, § 1, n°4, npennoxenue 9). [ostomy
muoxectso F umeer But {v& V]|a(v)==0 mas Beex a =T}, e
T — HOAMHOXKECTBO cCHCTeMH S, B KaveCTBe KOTOPOro, OYeBHAHO,

moxHo B3aTb P (F). Urak, F=F (P(F)). 4. T. 1.

Ecnu P= £, 1o sueiika F, Takasi, uto P =P (F), nasuiBaeTcs
accoyuuposannoti ¢ MHOXeCTBOM P n o6o3Hauaercss uepe3 F (P).
STH colJalleHHs PaCHpPOCTPAHAIOTCA HA cJaydait, kKorja (g, §) —
pelyKTHBHasl paclielieHHas airebpa Jlu.

Tleennoxenne 12, ITycre B — MHONMeCTBO eunepriocKocTet
npocTpancrea T)R, asasmowuxca adpamu Kopueld uz R. Obosuauum
uepea F MHOMECTEO sueek NPOCTPAHCTBA By OTHOCUTENBHO MHO-
acecTea eunepniaockocrel 4, a uepes F — MHOKecT80 napabosu-
weckux nodaszebp pacuwensennoii ascebpor Jlu (g, §). Aas areebpor
Ju p=5b+¢P = P obosnauum uepes F (p) aueury, accoyuuposan-
Hyto ¢ P, Tozda p —> F (p) — 6uextusroe orobpaxcenue muoxcecrsa ¥
Ha F. Ecau 9, 1, =&, 10

Py O Pp>F (1) <= F (py).

3To npensoXKeHHe HEHOCPeACTBEHHO CJeAyeT H3 JEeMMH 3.

[Tpumep. TlapabonmvuecKuM nojanrebpaM paculenseHHOR aJt-
re6pu JIu (g, ), comepxkaiinm anrebpy Bopess b, cooTBeTcTBYIOT
SIYeHKH, KOTOPhle COJNEpKAaTCs B 3aMbIKAHMH KaMepbl, acCOLUHPO-
BaHHO# ¢ aare6poil Bopess b (cM. nmpuBeseHHOe Bhille 3aMevyaHHe).

Mpenaoxkenne 13, Hycre p =1+ ¢” — napaboauxeckans nood-
anreebpa pacwensennod arzebpor Jlu (g, ), Q — MHONMecT8O TaKux
KopHeii a = P, uro —a & P, u 3=0-+ ¢P0=P. Toeda p=8 D 9,
20e 8 — pedyxrusnas nodareebpa 8 §, a 4% — HauboabWUL HUAL-
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NOTEHTHbLIL Udean U HUALNOTEHTHbI padukanr areebpsr Jlu p. 1] eHTp
axaeebpol JIu » pasen Hyaro.

ITo mpemnoxenuio 2 anrebpa Jlu 8 penykTHBHA B § H (92— HHJIb-
NOTEeHTHBIH HJean B 9. Ecau N — HauGOJbIUHE HHAbIOTEHTHBIH
naeal B P, To gl nc b 4 g? (npeanoxenue 2(i)). Ecan x<n) b,
TO 3HAOMOP(H3M adyXx HHJIbIOTEHTEH; cJeJOBaTeNbHO, a(x)=0
JJas BceX KopHed ae P, noaromMy x==0. D70 JoKasmiBaeT, 4ro
n=g? Taxk Kak [§, 9] = ¢?, 70 HHABLNOTEHTHEI} paxmKan anreGpul

Jlu » comepxut §9 u, suaunt, pasen 42 Tlyetb z=h-+ 2, u,
aepP

(rne heb, uy, = g% — saeMmenr H3 nenrpa aarebput Jlu p. Hus
Beex A’ & B umeem 0 =[K/, 2] = D, o (') uy; ce0BATENBHO, g =0
1Jist Beex KopHeit a < P. Toraa [A, ¢8]=0 nas Bcex kKopreii f P,
a sHauurt, h=0.

5. Hepacwenaennoii cayqail

TeepnoxenuE 14. Tycre k' — pacuupenue norgs b u ¢ = Q. k’.
IIycre m — nodareebpa JIlu 6 § u M =mQ, k’. Ecau w’ — napa-
6oauueckasn nodarzebpa (cootB. nodaszebpa Bopeas) arcebpo JIu ',
70 M — napaboauteckas nodaaeebpa (cooTB. nobaseebpa Bopeas)
aneebpsr JIu g.

Beuny npensoxkenuit 8 u 11 pocrarouno joxasarth, uTOo M
COMEPXKHT paciienAwilyo nojanre6py Kaprana aare6pe Jlu g
Tlyets b — noganre6pa Bopens anre6put JIn g. Torga b =b®, &' —
nopaiare6pa Bopens anre6pel JIu ¢', a caemoearesbHo, aareGpa
Jlu m" 1" comepxur nomanrebpy Kaprawa anre6pst JIu g’ (npen-
aoxenne 10). ITyers f— momanre6pa Kaprana B m(1b. Torna
I®, k" — nonanre6pa Kaprana B m’(|b’, a snauur, u B ¢ (ra. VII,
§ 3, n°3, npepnoxenne 3). Ilosromy f— moganre6pa Kaprana
anre6psr Jlu g, mpuuem 3TO pacilemsionas mopaiare6pa Kaprana,
TaK KaK OHa copepXurcs B b

Onpepenenue 3. ITycre a— noaynpocras (uau, 6oasee obuyo,
pedyxrusnasn) arzebpa Jlu u k — aneebpauneckoe samukane noas k.
ITodarzebpa M aseebpor JIu a Hazei8aeTcs napabouteckol (CooTs.
nodaszebpoii Bopeas), ecau m ®,k — napabosuteckasn nobaneebpa
(cooTB. nodaszebpa Bopeas) 8 areebpe Ju a ®, k.

Ecan 4 — pacwensseman anrebpa Jlu, 1o npepnoxkenue 14
NoKAasuBaer, YTO 3TO ONpPeJejeHMe SKBHBAJEHTHO ONpefeJeHHIo 2
(cooTs. omnpenenennio 1),

TTeepnoxenne 15. [Tycre a — pedyxrusnas areebpa Ju, k' — pac-
wupenue noas k U M —nodarzebpa anzebpor Jlu a. [daa roeo
yrobe, aseebpa Jlu m Oviaa napaboauteckod nodaszebpoii (cooTs,
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nodaseedpoii Bopeas) 6 a, Heobxodumo u docrarouHo, 4Tobsl aa-
eebpa Jlu m @k’ Goira napaboauseckoid nodaazebpoti (cOOTB.
nodaseebpoi Bopeas) 8 a Q@ k.

D10 npeji0KeHHe HEMOCPENCTBEHHO CJIeAyeT 3 npeioKenus 14,

§ 4. PacmenaeHnssie noaynpoctoie aareopu Jlu,
oupeyedsieMble MPHBENEHHOR CHCTeMOHl KopHei

1. Pa3smeuennsie noaynpocroie arzebpor Ju

Mpepnoxenue 1. [ycre (8, b) — noaynpocras pacujenrennasn
aazebpa Jlu, R —ee cucrema KopHeid, B — 6asuc cucremot R u
(n(a, B))y gep — COOTGETCTBYIOWAR 9TOMY OCasucy nmarpuya Kap-
rauna. Hycre X< 9%, X_,=47% daa awboeo a= B, Toeda daa
A10061x 3nemenTO8 o, B B umeior Mecro pasencrsa

[Ho, Hgl =0, (1)

[He, Xgl=n 8, o) X, 2

[Har X—g]=_n(ﬁ: (1,) X—ga (3)

[X—w Xgl =0, ecru a8, “)

(ad Xa)lﬁn(ﬁ’a) Xg=0, ecau a8, (5)
(adX-o)' "® VX =0, ecau a=p. (6)

Cemeiicreo (H,), g As41eTca Gasucom nodarzebpol Y. Ecau Xq#0

u X_q%0 npu scex o= B, 10 areebpa Jlu § nopoxdaercs mHo-
acecTgom acex 3aemenros X, u X, (¢ = B).

(OtrmeTnM, 4TO ecau o, P B u a4, o n (P, @) OyAET LebIM
agcioM <0, mosTomy dopmyan (5) u (6) uMelT cMmuiC.)

Gopmyant (1), (2) u (3) oueBununl. Ecam o« =#%=f, TO sjaeMeHT
p— a He ABsfeTcss KOpHeM, TaK KaK Bce KOPHH [peACTaBJIAIOTCH
KaK JuHeHHble KoMOHHANUH 37eMeHTOB K3 B ¢ meabiMH K03ddu-
nueHramMu onmoro suaka (ra. VI, § 1, n°6, reopema 3). 3ITto
nokassiBaeT popmyay (4). Benescrsue mpepsmoxenuss 9 u3 ra. VI,
§ 1, n°3, Mpl TakKe TmoJyuaeM, UTO G-CEpus, ONpejeIcHHAs 3Jje-
MeHntoM P, mMmeer BHJ,

{ﬁ; ﬁ.}—a! seey ﬁ_n(ﬁ: CL)(X,}.

[Mostomy B+ (1—n(B, a))ae& R, uro moxkaseiBaeT ¢opmyay (5).
PagetcrBo (6) mosydaeTcs adaJjormudsiM oOpasoM. CeMeficTBo

(Hy)yop sBIsiETCH OGa3ucoMm s RV, a cJefOBaTeJNbHO, H A B.
Ecan Xo5%=0 n X_,5#0 nasa Bcex a< B, 10 [X4 Xl =2AH,
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H A, 5=0. Takum of6pasom, nHocieigHee yTBep:KIeHHE CAeLyeT U3
npepaoxenus 9 (iii), § 3, n°3.

Onpepeaenne 1. ITycre (3, B) — noaynpocras pacujensennas
arcebpa Ju, a R -—ee cucrema xopuell. Moi Oydem wHa3b6i8aTH
paamerxotl pacyenaennol areebper Jlu (3, B) napy (B, (Xo),< B)»
ad0e B— 6asuc cucremor KopHell R, a X, — HeHyaesol 3saeMeHT
npocrpancrea §* npu Kaxdom o < B. Habop (3, 5, B, (Xo)gep), 202
(@, ) — pacwyenrennan noarynpocras aseebpa Ju, a (B, (X),op5) —
pasmerka aaeebpor JIu (3, b), Hasvidaerca pasmeuennoli noaynpocToti
areebpoi Jlu.

Pasmerkoit aare6pel Jli ¢ Ha3pBawOT pasMerKy pacilienieHHOH
anre6per JIu (g, b), rae h — nexoropas pacuienasiounias nogaireépa
Kaprana B ¢. ’

Ilyers

a; =(ﬂl, b, By, (X(ll)aegl) " a2=(a2, b2, By, (Xi)qEBz)

— IBe pasmeueHHble moJynpocreie anarebpsl JIn. Msomopdpusmom
aarebpsl Jlu @, na aare6py Jlu a, HaspiBaeTcs HM30MOPQHU3M @
anre6pnt JIu §; na anre6py Jlu g,, KoTOpHIH NepeBOANT MORAIredpy by
B nogaareGpy %, Gasuc By B B, U 3JeMeHTH X& B Xja A18 BCex
ae By (rme ¢ — orofpaxeHne, KOHTparpelneHTHoe K oTolpaxe-
nuo @ |hy). Ecau atd ycloBHs BHIMOMHAKTCS, TO TOBOPAT TaKike,

4TO OTOGPAXKEHNE @ ePeBOLHT Pa3MeTKy (Bl, (X,'l)ae&) B pas3MeTKy
2

(BZ’ (XG)GEBz)'

Ecau (B, (Xo), e p) — PasMeTKa pacilenennoi aarebpu JIu (4, b),
TO IJS KaxKJIOTO 3jeMeHTa 6 € B ofHO3HAUHO ONpele/aeH 3/1eMeHT
X-4 "3 moampocTpaHcTBa ¢, aas xoroporo [X,, X-o =—H,
(§ 2, n°2, Teopema 1 (iv)). CemeiicTBo 3.1eMeHTOB (Xo)y e py(— 5 MH
OyLeM Has3wBaTh cucremoll obpasyowux, onpedesennol Oanroil
paamerkod (cp. mpenpnoxenne 1). dra ke cucrema o6pasyiouIux
onpefensiercs pasmeTkoll (— B, (Xo),<_p)- Ilyers mast Kamaoro
Kopust a < BU(— B) 3aman TakoH saeMeHT f, & k', uTo fof_o=1
npu Bcex a & B. Toraa cemeictBo ((4Xo)y e py(—p) OYAET CHCTEMOI
o0pasyomuX, onpejeNenHol pasmerkoi (B, (taXa)yep)-

2. llpedeapuresbras KoRCTpYKyus

B sroM u crenyomeM nyHxkTax Mol 6yzem o603mauaTh yepes R
NPHBEJLEHHYIO CHCTEMY KOpHeH B BekToptioM mpoctpancrse V,
a 4epe3s B -— neKoropelii 6asuc cucreMmpl R. OOo3Haunm uepes
(n(a, B)), gep MaTpuuy Kaprana ornocurenpuo Oasuca B. Ha-

noMHuM, uto n(a, B)=<(a, BVY). Mu pgoxarem, uro cHcreMa R
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SIBJSIETCS CHCTEMOH KODHEH HeKOTOpPOH OJHO3HAYHO oOlpeleJeHHOH
paciuensieHHoH mnoaynpocToit anre6pel Jlu; Mbl yBHAUM, YTO TaKoOH
anrebpoil Oyaer asarebpa Jlu, onpefeseHHas COOTHOIUIEHHSIMH
npepJjoxenns 1.

KoHCTpyKuus 3TOro NyHKTa MOXKeT GhITh MpuMeHeHa K nw06o# kBaf-
parioii Matpuue (n(a. B)), gop Hal k, onperesHTeNs KOTOPOH He paBeH

HYJI0 H JUIs KOTopo# n (@, o) ==2 npu Bcex a € B (cM. ra. VI, § 1, n° 10,
tdopmyaa (14)).

Ilycte E — cBoGopuasi acconnHatTWsHas anare6pa Haj MHOXe-
crBoM B Hap noaem k. HanomuuM, uro E — rpajgyupoBaHnas an-
re6pa tuna N (Alg, chap. 11, § 3, n°1, exercice 3). daa Kaxaoro

0 0 0
o & B ™Mb nocrpoum sugomopousmbl X_,, He, Xg BekTOpHOTO
npocrpaHcTBa E creneneir 1, 0, —1 coorsercrBenno. as Jmo6oro

caosa (aj, ..., O,), COCTABJEHHOrO H3 3JeMEHTOB MHOXecTBa B,
MIOJIOXKHM
X (ap ooy g )y=(o, a, ..., a), (7)

n

HY (o, ..., a,) =(— Zn(ai, a)) A a,). (8)

i=1

daementn XY (a], - an) onpeaensiioTcss HHAyKHHeH 0O A Mo
tdopmyae
X0 (ay, ..oy a,)= (Xo_ng — 8, 0“Hg) (O v ees a,), 9

rae Ou, o, — cuMBon Kponekepa. Ecau (o, ..., a,) — mycroe cioBo,
to X} (0, ..., @, ) Mbl NOaraeM PaBHbHIM HY.IO.

Jdemma 1. Aasa arwboix kopred o, B B umeror mecro pasencrea

[X5, XLo]=—Hq, (10)
[Ha, H3]=0, (11)
[H, Xel=nr(@, o) X3, (12)

[H2, XLe]=—n(@, o)Xl (13)

[X% X%]=0, ecau a=%8. (14)

HeficTeuTeasHo, cootnolienue (9) o3navaer, 4TO

(XOX2 ) (#gr oo @) = (Xgr XO) (@ -, 04,) — 8y o HO(a, ., @)
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ato jokasmiBaer ¢dopmyan (10) u (14). Coornowenue (11) oue-
BupHo. Beaeacteue atoro

B X2p] (0 v @) =
n

=H (B o, .0 s “n)’]‘(ZI n(ay, G))(ﬁ, Apy vvny @) ==

=—n@ @ o, ..., 0)=
= —n(B, o) XO_B(O.I, ceey o‘n)’

yro JoKasbiBaer paseHctso (13). Haxonen,
0 =[Hg, [X3, X%11 (smuny (10), (11), (14)) =
=[[Ha, X3l —n(v, o) X3, XZ4] (sBHRy (13)) =
= [[He, X5] —n (@, o) X5, X2y (ssuny (14)). (15)
Eciau MBL PacCMOTPUM IyCTOE CJIOBO, TO OYEBHAHO, YTO
([Hz, Xg]—n(@®, 0)Xp) (@) =0,
U BeaeAcTBHe paBedcrBa (15)
([Hz, XB]—n (B, 0) X) X2y X2y, ... X2y, (@) =0
npu JOOGLIX Y, ..., Y, €< B; 910 gokasmBaer dopmyay (12).

Jenmnma 2. Bece sniomopdusmet Xg, H%, Xo_v, 20e a, B, y=B,
JUHEIHO He3a8Ucumst,

0 0
Tax xak XZ,(@)==a, 1O sicho, uro sumomopdusMbl X_, JH-
o 0
HefiHo He3aBucuMbl, I[Ipeanosoxum, UTO ZaaHa=0. Torga nas
a

JI060r0 v/eMenTa B B uMeeT MeCTo pPaBeHCTBO
0=[2 auHa, X25]=— X aan (B, @) X5,
a a
Tak kak det(n (@, a))==0, 0 a,=0 njaa Bcex a. [Ipexnosoxum,
ut0 Y, 04X =0. Beneacrue dopmya (7), (8), (9)
o
X2 () =0,

Xa (B, B) == 20, s

ais moboro feB. Hs stux pasencts caenyer, uto az =0 nus
! 0 0
Becex f. Tar kak cremenn supomopdusmor X,, He u XZg pabunb
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coorBercTBeHHO —1, 0, 1, TO yTBepxKieHHE JEMMbl CJeIyeT u3
IOKa3aHHHIX BHIE YTBePXKAEHHH.

O6osnauum uyepes / wmHoxkectBo B X {—I1, 0, 1}. Tlosoxum
Xeg=1(a, —1), hy=(a, 0) m x_g=(a, 1). [lyctp a — anreGpa Jiu
C CHCTeMOH of6pasyiomux / ¥ clIefylOHM MHOMKECTBOM ollpeje-
JISIOLNX COOTHOWeHHHA %:

[ha’ hﬁ]’

[ha» xg] - n(ﬁ» (l) xﬁ,
[hw x-—ﬁ] + n(ﬁ) (I)x_ﬁ,
[xa’ x—a] + ha’

[%6, x_ﬁ], ecan a£=p

(em. ra. I, § 2, n°3). [To nemme 1| onHO3HAYHO ompeneaeHO Ju-
HeliHoe npedcTaBiaeHne p aare6psl Jln @ B npoctpancrse E, ajs

KOTOpOro
p(%)=X5 o(h)=Hy p(r)=XL.

Hcnonbays seMMy 2, nosydaeM oOTClOja CIeRYIOIIHA pe3yabTar:

demma 3. MHOMECTB0 KAHOHUHECKUX 06pA308 8 O 3AEMEHTO8
Xa, hﬁ’ X-y, e0e a, B, YE B, auneiino nesasucumo.

B nanbHeliieM MBI OTOXJECTBJASAEM 3JIEMEHTH Xy, Ag, X—gq C HX
KaHoHHYecKuMu obpasamu B aaredpe JIn a.

Jdemma 4. Cywecrsyer eOuncTeeHrblli UHBONOTUBHbLL ABTOMOP-
gusn 0 areebpor JIu a, daa Koropozo

B(xe) =%_q, O (x—-a) =X O (hg) = — ha,
npu scex a < B.

IelicTBUTENBHO, fCHO, YTO CYIECTBYeT WHBOJIOTHMBHBIN dBTO-
Mopdusm cBoGoaHOK anreGpsl Jlu L ([), yLOBJIETBOPAIIUI JaHHEIM
yeaouaM. Muoxectso £ U (— %) yCTOHYHBO OTHOCHTENBHO 3TOTO
aBTOMOpdH3Ma, NOITOMY OH ONpejetseT npu Hepexole K dakrop-
ajare6pe MHBOJIOTHBHBIA aBTOMOpGH3M anarebpwl JIn a, ynoBmerso-
pALIIHHE ycaoBUAM JeMMbl. Takoil aBTOMOpdH3M €IUHCTBEH, TakK
Kak anre6pa JIu o nopoxjaercd CBOMMH 3JEMEHTAMH Xq, Ay, X~g
(e = B).

JanHbll aBTOMOP(H3M HA3bIBAETCA KAHOHULECKUM UHBOAIOTUGHOIM
agromoppuamom arcedbpor Jlu 4.

IMyere Q — rpynma pajukajdbHEX BecoB cucTeMH R; rpynna Q
fiBJsieTCs CBOGOAHBIM Z-MOAyJdeM ¢ Gasucom B (ra. IV, § 1, n°9),
Ha cBoGognoit aareSpe Jlu L (/) MoxHO onpeneluTh Takywo rpa-
AYUDOBKY THNA Q, 4TO X, 4 X¥_o OYAyT 3JeMeHTaAMH cTeleHeH
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@, 0, —a coorserctBenuo (ra. II, § 2, n°6). TIpu sToMm -BCe 3s1e-
MeHTH MuoxecTBa % 6GynyT ojHopopumimu. CrenoBaTenbHo, Ha
MPOCTPaHCTBE @ eNMHCTBEHHHIM 00pa3oM ONpefenseTcss TpaiyH-
poBKa THmna @, corjgacoBaHHasi CO CTPYKTypoil aare6pnl Jlu Ha a,
OTHOCHTE/IbHO KOTOPOH 3JIEMEHTH X,, Ay, X_, HMEIOT CTEfleHH «,
0, — a cooTBeTcTBEHHO. I/l NpOM3BOJBHOTO 3JEMEHTa U & Q MH
Gynem o0603HauaTh uyepe3 a* MHOXKECTBO OJHOPOIHBIX 3/1€MEHTOB
crenend W B aarefpe JIH @ OTHOCHTeNBHO yKa3aHHOHN TpajyupOBKHY.

Jdemma 5. Mycre zea. Jas roeo urobsr ze W, HeobXo0UMO
u docrarouno, 4Tobor pasencrso [hy, 2] ={u, aV)z 8unosnssocst
npu 8cex a e B.

[Mycts u=Q, u NycTh A™ — MHOXKECTBO 31E€MEHTOB XEa, AN
KOTOpbIX pPaBeHCTBO [A,, x] =(u, aV)x Bunosusercs upu maw6om
ae B. Cymma nopnpoctpancts a mpsimasi, mO3TOMY AJs JloKa3a-
TeJbCTBA JEMMBl JOCTATOYHO MOKa3aTh, uTo a* c a®. Jlna storo
paccmoTtpuM Kopuu a & B. TlycTh u — Takoit 3HAOMOP(HH3M BEKTOD-
HOTO TpOCTpaHCTBa &, 4t0o u|at=(p, aV). 1. Torma u— nudde-
peHuuposanue anre6pnl Jln @, mpuyem ux = (ad h,) ..x mnA X=X,
x=hﬁ, X=Xx_, BenencrBue atoro u=ad hy, UYTO H JOKa3HBaer

Halle yTBEpKIECHHE.

3amenanue, s neMMsl 5 caeayer, uro mawobofi uaean are6ps Jlu a
OLHOPOAEH, TaK KaK OH HAB/IAETCS NOANPOCTPAHCTBOM, YCTOHYHBEIM OTHO-
cHreabHo sHgomMopdusmosn ad A,

OG6o3nauum depes Q, (COOTB. 4epe3s Q_) MHONKECTBO JMHEHHHX

KoMOHMHALHR sneMeHTOB 6asnca B ¢ HeJsMH HEOTPHIATENbHHIMH

(COOTB. HEMONOXHTENbHBIMH) KO3(hdHLUHERTAMH, He PaBHBIMH OJHO-

BpemenHo Hymao. [lomoxum a; = Y oaruoa= Z a#, Taxk
usEQ neEQ.

Kak Q++Q+CQ+ H Q_-+Q_cQ_, To NOANPOCTPaHCTBA a,

¥ a. Oynyr nopaarebpamu ajare6pu Jlu q.

[Meepnoxeune 2. (i) Aaeebpa Ju a, nopordaercs cemeticTeom
(%a)aeB-

(ii) Aaeebpa Ju a_ nopoxcdaercs cemericréom (X_g)a=B.

(iii) Cemeiicto (hy)a=p n64s€TCA 6a3UCOM BEKTOPHOZO NpO-
crpancrea al.

(i\g) BexToproe npocT PancTEo 4 — RPAMASL CYMMA ROONPOCT PAHCTE
a,, a® ua_,

ITycts ¢ (cooTB V) — mopasreGpa anareGpul JIu a, MOpoxaeHHas
ceMelcTBOM (X )acp (COOTB. (X¥-y)ac=gr), ¥ D -— MOANPOCTPAHCTBO
BEKTOPHOTO NPOCTPAHCTBA (, NOPOKIeHHOE CceMeHCTBOM (Ag)o=s.
BRHALY TOro d4TO X, — OJHOPOAHBIE 3Ae€MEHTH MNoAAIre6pH .,
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¥ — rpajyupoBaHHasi mnopganreGpa B ay, a 3HauWT, [§,1]<r wu
9 4y — nopanreSpa anreGpol Jlu a. Tak Kak

[x-q xﬁ] = éaﬁha:

0o {%¥-¢, 2]V 41 npu Bcex a=B. TakuM xe o6pa3om Mbl I0-
AydyaeM, 4YTO V) — rpajgyupoBanHaf HojaiareGpa amarebpst Jlu a-_,
[9, VY] = v, seaencreue uero Y-+ v — momasnreSpa aaredpol Jlu a u
%, Y] = b 49 ana ao6oro kopusa a< B. Tlomoxum o =y +§ 4.
ITpoBeeHHble pacCy:KAEHHS MOKa3bBaiOT, 4YTo aarebpa Jlu af
ycTo#uMBa OTHOCHTEJbHO 3HAOMOPPU3MOB ad x4, ad hy ¥ ad x_, npu
BCex A B u, clefoBaTe bHO, ABAAETCA HIeasoM B aarebpe Jlu a.
Tak kKak o’ COHEpKHUT 2JAEMEHTHl X,, H,, X—, AJAd BCeX KOpHel
asB, to a’=a, Takum oO6pa3oM, BKIIOUYeHHsa L a,, hcal,
Y <a_ sBASIOTCA PaBEHCTBAMH, YTO H JOKAa3blBaeT HPeJI0XKeHHe.

TrEpa0KEHHE 3. Auncebpa Ju a, (cooTB. a-)~— c8obodnas
areebpa Ju, 6asucom Koropoid caymur cemeiict8o (Xg)q=p (COOTB.
(X*—a)aenr) (cMm. ra. II, § 2, n°3).

[Mycte L — noganre6pa Jlu anreSpnt E, nOpoxaeHHas MHOXe-
crsoM B. Beaexgcreue Teopemnl 1 w3 § 3 ra. II aarebpy Jlu L
MOXKHO paccMaTpuBaTh Kak cBoGomHywo anrebpy Jlu nan B. JleBoe
perynapHoe NpejacTaBJjeHHe aire6psl L  OueBHIHBIM 00pas3om
touno. Ero orpanuuenne Ha L omnpegenseT TOUHOe MpejacTa-
piaenne o’ anre6pet Jlu L B mpocrpauctse E. Ilycte ¢ — romo-
mopdusm anreSpnl Jlu L Ha anreGpy JIn a_, KOTOpBIH NepeBORUT
JEMEHT 0 B X_, 1Ja Kaxjgoro o< B. Torpa sHpomopdusm p(@(a))
npu moGoM o & B sABAsgeTca ONePaTOPOM YMHOXKEHHS cJeBa Ha
37eMeHT a B agareGpe E, mostomMy po@=p’, U 3TO NOKasbIBaeT,
uTOo oToGpaxkeHHe ¢ HHBEKTHBHO. Takum oO6pasoM, cemelicTBO
(x~)ecn ABasercs GasucoMm agarebpol Jlu a—. Tak Kak 0 (x_g)=x,
npu Bcex o (cp. aemmy 4), To ceMeHCTBO (X,)ee=p fABAsAeTCA Ga-
sucoM aqare6psl Jln a..

3. Teopema cywecreosanusn

CoxpanuM HOpepnosokeHus W OGO3HAueHHs] MpPeAbLYLIero
nyukra. HanoMuum, uto ecaun o, =B u afp, 10 n@, 0)<<O,
npuuem pasenctso n (P, a) =0 Baeuer 3a cobol n(a, py=0 (r1. VI,
§ 1, n°l, ¢opmyna (8)). MHnas kaxno#h napu (o, B) DPasAHUYHHX
2/IeMEeHTOB MHOXeCTBa B MOJOXHM

xa' 8 — (ad xa)l—n(ﬁ: a) X

Yo, 5= (ad x_g)'

ﬁ’
~n (B, a)
X_ge
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SIcHO, UTO Xq g€y, Yq,aE0a-. Eciu 0 — Kanonnuecknit aBTOMOp-
¢usM anrebpol JIn a, To 0 (x,, ﬁ)=ya'5,
Jdemma 6. Hycre a, =B u a = p. Toeda
las, ya.g] =0, [a-, x,, ﬁ] =0.

Bropasi ¢opMmyJsia noJsyuaercss H3 NMepBOH Npu NpHMeHEeHHH aBTO-
mopduama 0. [las AOKasaTeJbcTBA MNMEPBOH KOCTATOUHO MOKA3aTh,
uro [x,, Ya,pl =0 npn Bcex y=B. PaceMorpum Tpu caydas.

Caywai 1. ys5a n y==f. Tlpn stom X, TMepecTanoBOYeH
C SNEMEHTaMH X_q H X_g, @ CJCLOBATENbHO, H C Yq g

Cayuait 2. y=0. B 2TOM cayuae 3JEMeHT X, NepPeCTaHOBOUEH
C 3JIEMEHTOM X_,, MO’TOMY

[ty Yo o = (ad x-0)' ™" ® P [x,, x_g] =

=—(adx) """V hy=—n(o, p)(adx-g) " *x_,.
Ecan n(f, ¢) <0, To mocnenHee BhipakeHHe PaBHO HYJIO, TaK Kak
(adx_g) . Xx_q=0. Econ n (B, @) =0, 10 n{a,f)=0mu [xy Y, B] ==,

Cayuati 3. y=o. B aare6pe s3ngoMophu3MOB MPOCTPAHCTBA QA
HMeIOT MECTO paBeHCTBA

[—adh,, adx_,]=2ad x_,

[ad xq, ad x_,] = — ad A,

Mo3TOMY BBHAY JeMMEl | H3 § 1 GyneT BHNOJHATHCS COOTHOLIEHHE

[ad x,, (ad x_g)' ™" ® ] =
=(1—n@ o) (ads) "9 (—adh, —n(p, ).
CaenosaresbHo,
[y, Ya, gl =[ad x5, (ad x_o)' " ® 9] x_; +
+ (ad x—a)l—n(B' @ (ad x4) Xop=
=—(1—n@, o) (adx_,) """ (ad by +n @, ) x_, +
+(adx_g)' ™" ® Y (ad x,) X_ge
Tax kax [hy, x_g] +n B, a)x_p =01 [x, Xl =0, 10 [y, Yo, gl =0.
Jenma 7. Hlear n arzebpor @ ., noporcOeHHblil 3NeMEHTAMU X, 8
(o, B= B, a = p), 6yder udearom 6 arcebpe u. HOean arzebpor a_,
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NOPONOCHHbLL 9 AEMEHTAMU Yo, g (o, B B, a5=p), — udeas 8 ascebpe a,
pasHoil 9 (1),
IMycts 1 = > kx4, g TaK Kak x4 o — OLHOPOMHEI 3ie-

0, BB ap
MenT anre6per Jlu a, o [0% W]’ (nemma 5 u npemnoxenne 2).

O6o3nauum yepe3 U (coorB. uepe3 V) yHuBepcasabHYI0 06epTHBaio-
myio anrebpy aas a (cooTB. 44) M Uepe3d O — NpelCTaBJCHHE
aarebpet U, 10oCTPOeHHOE N0 WPHCOEAMHEHHOMY TIPeACTABJCHHIO
anre6psl Jlu a. Mpean anre6pet JIu a, nOpoxAeHHBIH NOANPOCTpaH-
cteom 1, papen o(U)n’. Tak xak a=a, + a®-}a_ (npemnoxe-
uue 2), ofa-)n’ =0 (remma 6) u o()n’ <’ no ngokasammomy
BHUIe, TO 10 Teopeme [lyankape — Bupkroda — Burra o(U)n =
=¢(V)n'. 3THM [0Ka3aHO TMepBOe yTBepxKIeHHe JeMMbl. M3 Hero
JIETKO TOMY4uTb, 4To wuAean anare6pst Jlum 6 (ay)=a_, nopoxmen-
HBli aeMenTaMi 0 (xy, 4) = Yo, 5 (o, B B, a 5= p), coBnagaer ¢ ujea-

jaom 6 (n) anrebput Jlu a. Y. T. .

Hnean n-} On anre6pnt Jlu a rpanynpoBaHHul, Tak Kak oH 110-
pOXIaeTcs ONHOPOAHBIMY 3eMeHTaMu. Beaencrsue atoro af(it - 6n)
TOXE uMeeT TPafxyHpOBKY Ttuna Q. B panbueiilieM B Hacrosimem
naparpade Mol 6ygeM ofGosHauaTb 3Ty anare6py Jlu uepes gp uam
npocro uyepes ¢. M3 nmpeanoxenus 2 ciegyer, uto ecau ¢M =% 0,
o MEQy win p& -, i u=0. O6osnauuM uepes X, (cooTs.
yepes H,, X_,) o6pas anementa x, (cooTB. A, x_,) B 4. U3 onpe-
meneuuii aare6per Jlu @ ¥ aneasnoe n, On caegyer, dro anareGpa
JIu g onpenensercs cucreMoit o6pasyomux ((Xg, He, X_g)),ep

CNeayIOIUMY COOTHONICHUAMHA!

[He, Hg] =0, (16)

[Ho, Xgl —n (B, @) X, =0, (17)
[Ho, X_gl +1(8, 0) X_y =0, (18)
[Xo, X—a] + Ho =0, (19)

[Xe X_g]=0  (a5p), (20)

(@dX)' "® P X =0  (ap), 1)
(adX_) " ® VX =0 (asp) (22)

[lyetb 2=q 1 p=Q. Torma ycnosue 2z & g% paBHOCHIBLHO
TOMY, UTO TPH BCeX o & B BBHINOJIHEHO paBeHCTBO [Hy, 2] ={u, aV) 2.
310 cjaelyeT H3 JieMMBl b,

Tak kak a°J(n 4 On) =0, To Kanouuueckoe OTOGpaxkenue Moj-
npoctpancra a° ma ¢° sipasiercs usomopdusmom. Takum o6pasow,
ceMeicTBo antementoB (H,), . 5 — Ga3nc BexTOpHOTO NpocTpancTaa ¢°,

Mu 6yaeM oGo3mauaTh KOMMyTAaTHBHyI0 NoAanreGpy g° aare6pni
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JIiu gp uepes bz uau npocto depes §, OHO3HAUHO ONMpeleIeH H3O-
MOP)H3M [ —> Uy BEKTODHOTO NpPOCTpaHCTBa V Ha mpocTpaHcTso b,
npu kotopoM {ug, Hy) ={(u, aV) 1 Bcex p=V u a = B.

HuBomotupuuii aBToMopdusm 6 amarebpm Jln o omnpepenser
HHBOJIIOTUBHHA aBTOMopdu3M ¢aktopaire6pe JIu ¢, KOTOPHE Mhl
6ynemM Toxe o6o3HauaTh uepe3 6. [lpu stom 6 (X,)=X_, naa
a=sBU(—B) u 6(H,)=—H,.

TeopeMA 1. ITycre R — npusedennasn cucrema kopued u B — 6a-
suc cucremot R. Ilycro §— aace6pa Ju, onpedesennas cucremotl
obpasyrouux ((Xg, Hy, X-g))yep # coornowenusmu (16)—(22), u

h= ZB kH,. Toeda (g,9) — noaynpocras pacujeniennas arzcebpa Ju,
ae

usomopguam p—> pg npocrparcrea V Ha npocrparcreo Y orobpa-
scaer cuctemy R Ha cuctemy ropred aszebper (g, 9) u npu aobom
B & R nodnpocrpancreo §* cosnadaer ¢ co6CTBEHHbIM NOONPOCT PaH-
CTBOM OTHOCUTEABHO KOPHA .

Jloka3aTesbcTBO TeopeMbl OyHeT. MpHBeAEeHO MoCde JoKasa-
TeabCcTB JeMM 8, 9, 10, 11.

Jenma 8. ITycrs a < B (— B). Tozda sndomoppusm ad X, so-
KQAbHO HuAbnoTenten ).

[Mpeanonoxum, uro o< B, O6o3HaunM uepe3 ¢ MHOXKECTBO
TaKuxX 3jeMeHToB 2 & g, uto (ad X )’ 2=0 ana mocratouHo 60Jb-
mworo p. ITockonbky ad X, — nuddepenunponanne anreépel Jlu g,
TO NOATPOCTPAHCTBO ¢ GyleT MopaireGpoil aare6pul JIu ¢. Beuny
dopmyasr (21) Xy ¢” npu mobom p & B. Crenoartenbho, §' =g,
u sHAomopdusM ad X, ioKaJabHO HUAbNOTeHTeH. TakK KakK ad X_,=
=6(ad X,)0~', 1o angomopdpusM ad X., Toxe JOKaJAbHO HHUJBIIO-
TEHTEH.

Kak 6yner mokasano, npoCTPaHCTBO § HMeeT KOHEUHYIO Da3MePHOCT,
u nosroMmy snnomopbusm ad Xy Ha caMoM Jeje SBISETCA HHILIOTEHTHHIM,

Jdemna 9. Hycte n, veQ u we W (R), nputen wp=v. Tozda
cyujectsyer asTomoppusm anzebper Ju §, KoTopul nepesodur gt
8 gv.

Jlisi TIPOM3BOJILHOTO 3jeMeHTa 0 € B 06o3HauHM uyepes §, oT-
paxeHue B NpoCTPaHCTBe V, onmpejefieHHOE 3JeMEHTOM o, TaK Kak

1) SupoMopduamM 4 BekToPHOro NPOCTPaHCTBA V HA3LIBAGTCH ADKAAGHO HilAbe
norertroim (HNH MOYTU HUABNOTEHTHbIM), €CAH L4 KakAOro sjeMeHra vV
CYLIECTBYET TAKOE LEJ0€ NOJOKHTENbHOE UHCAOo #, 4To u™(v) =0 (cM. Komn,
ase, ra. 1V, § 1, n° 4, onpenenenne 2). ITpn sTOM MONKHO ONpENENHTb eXp U
nan e* mo dopmyne e (v) = Z (1/nY) u™ (v) pas moGoro veV,

nz0
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rpynna W (R) nopoxnpaercs oTpaxeHuaMmd S, (ra. VI, § 1, n° 5,
3amewanue 1), TO LOCTATOYHO NOKAa3aTh YTBepXKIAEHHE JEMMb! AJs
W =5, BeaelcTBre neMMb 8 MOXHO ompefesnTb OTOOpaXKeHHe

ad Xa ad X-aead Xa,

0,=e e

Tak xe xak w B ra. I, § 6, n° 8, MoxHO mposepuTb, uro 0, —
aBroMopn3M aJre6pel JIn g. Ilpu atom

8 (Hy) = e Xae® *~a (Hy — 1 (a, B) X,) =
= "% (Hy — (o, B)Xa + (2, B X-o—n(a,f H, — GBox_ )=

== eadxa (Hﬂ _ n(a: ﬁ) Ha - n(ay ﬁ) X(l) =
=Hﬂ——n(a, ﬁ)HQ—n(a’ ﬁ)Xa—n(a: ﬁ)xa—n(av ﬁ)(—2xa)=
=] HB _— n(a, ﬁ) H(l‘
Ecau z ¢, 10
[Hg, 05'2] =05" [Hp — n (a, B) H,, 2] =
=0 ((u, BV z—n(a, B){n, a")2) =
=(p—(a", nya, BV) 0 'z = (samt, B') 05" 2;

caefosarteabHo, 05 'z e g’e®. Tem caMbiM HOKasaHo, uto 03 'g*
< ¢'¢“. BcaeactBie Toro uto 0, — aBToMOpGH3M H YKa3aHHOe
BKJIIOYEHHE CNPABeANHBO NpH BeeX P € Q, HMeeT MeCTO BKJIOYeHHe
05 'g" = g°¢". D10 HOKa3bIBaeT JEMMY.

Jdemma 10. ITycre peQ, u npednososum, 4T0 34eMeHT | He
nponopyuonaser Hukaxkomy xopuro. Toeda cyujecreéyer raxoi aae-
Mentr w W (R), uro Hexkoropole KOOPOUHATH. 3AEMEHTA WW OTHO-
cureasro 6asuca B Ooaswe nyas, a HexkoTOpble — MeHble.

O6o3HaunM uepes Vi BeKTOPHoe mpoCcTPaHCTBO Q ®z R, B KO-
TopoM cuCreMa R sBiasieTcs cucremoii Kophe#. Ilo npexnnonoxenuio
cyuecTByeT Takoi#l sfemeHt f & Vg, uro (f, a) = 0 pas Bcex a =R
n {f, B)=0. OBosHauuM uyepe3 C Takylo KaMepy cucTeMsl RV, uTo
[ C. Tlo reopeme 2(i) u3 ra. VI, § 1, n° B, cywecrsyer Takoi
sneMent w & W (R), uro wf npuHagiexxuT KaMepe, acCOLUHPOBAH-
Hoit ¢ Gasucom B, 1. e. (wf, @)> 0 npn Bcex a & B. IlpencraBum

Y
3/IeMeHT W B BUle WU = 2, t,0. Torga
[ X=¥:]

0=(f, wy=(ef, wwy= X fo(wf, a)

a 3TO NMOKa3biBaeT, 4TO HeKoTopble yucaa [, Goabwe 0, a HeKoro-
pbie — MeHblle.
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Jlemma 11. Iycro w=Q. Ecau weg RY{0}, ro ¢*=0. Ecau
peR, ro dimgh=1,

1) Ecau Bec p He NponoOplHoHateH 3JeMeHTy H3 R, TO cyiie-
creyeT Takoil adevment weE W, uro wpeE QL UQ- (1emma 10).
Torga a®* =0, ¢g®* =0 un, ciaenosare.1bno, g+ =0 (1emma 9).

2) Tyets a <= B u m— yeqaoe uucno. Tak xax a, — csoGonuas
arredpa Jlu c obpasyomuMu (X,), .5 T0 dimad¢=1 u am =0
npu m> 1 (ra. 11, § 2, n°6, npeanoxenne 4). INostomy dimg*<1
v gm¢=0 npu m> 1. Ecnu 6 ¢* 6wuio pasno 0, 10 x, = 1+ On;
HO Torja uiean W-- On comep:xkan Obl Ay = — [Xq, X—¢], UTO HeBO3-
MoxkHO, Tak Kax a°{)(n -+ 0my=0. Cnegosareasbno, dim q*=1.

3) Ecnu p & R, 10 cyecteyer saement w < W (R), aaa xorto-
poro w(w B (r1. VI, § 1, n°5, npennoxenue 15), mostomy
dim g =dim g®* = 1. Ecan xe n — nenoe uncs10 > 1, 10 M8 =0,
a spayur, g™ =0.

JdokasaTeadbCcTBO TeOoOpeMH I,

[Mockoapky dimg’=Card B, u3 saemme 11 cmenyer, yto mpo-
CTPAHCTBO § HMeeT KoHeu Yo pasmeprocrs, pastyto Card B + Card R.
Hokaxewm, uro aarebpa Jlu g noaynpocrta. [lycts f— komwmyra-
THBHEA unean aare6pw Jlu g. Tak kak nognpoctpauctso f yeroii-

YHBO OTHOCHTCJIBHO 3110MOPGH3MOB ad b, To F=(FN )+ 2. (EN g¥).
wER

fcuo, uto @4 g~*+ kH, npu aioboM Kopue ae< B ectb noj-
airebpa, usomopduas &((2, k). Beaencraue aemmur 9 npu Jo6om
P € R moAnpoCcTPancTBO ¥ CO/IePKHTCA B HEKOTOpOH mojaaredpe
asire6bps Jlu g, usoMopdHoi 8{(2, k), mostomy (g =0 u, Takuwm
o6pasom, f Y. Torna

[f, ¢*] = TNgr =0,

#, 3HaudT, Py ()=0 npu Bcex pw< R. Benencrave storo f =0,
YTO M JOKa3elBaeT HOJAYNPOCTOTY aJdreGpel JIu g.

Eciu p e R, T0 cywecTsyer a & B, ans Koroporo {(u, o)== 0,
u aupgoMopiusm (ad Hy)|g* Oyner BcaencTsue 3TOro HeHyJesok
romoreTHe#i. Taxum oOpa3om, momaareGpa b coBmangaer co CBOHM
nopmanuzatopom B agredpe JIu g ¥, c/I€10BaTENbHO, SIBJISETCH
nojanredpoit Kaprana B mocaepnedt. [Ipun moboM ue Y supomop-
¢usMm ad u npuBoAHTCA K AHATOHAJBLHOMY BHMAY, mnoatomy (4, ) —
nosytpocras pacuielnseHnas aarebpa Jlu.

SIcHO, 4TO TIpH KaxAOM P E R JMeMEHT U ABISETCS KOPHEM
aarebper (g, ), a @* — COOTBETCTBYIOUIHM COOCTBEHHBIM WOJNPO-
cTpaHcTBOM. UMcso KopHelt aare6pws (4, ) pasuo dimg — dim b=
=Card R, nostoMy otoGparkenue pr—> py npoctpasctsa V ua H*
nepeBoAUT cHCTeMy R B cucteMy Kopuelt aarebpst (g, 0).

b BypGaxkm
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4. Teopema eduncrsennocru

IMeepnoxeHnE 4. ITycre (g, b, B, (Xa)aas) — noaynpocras pas-
mewennas anzebpa Jlu, (n(a, B)), g5 —ee marpuya Kaprana u
(Xo)gepy(-p — cooreercrsyrouas cucrema obpasyrouux. Tozda

(i) cucrena obpasyrouux (Xe, Ha X-g)lyep 4 COOTHOUEHUS

(16) — (22) us n°3 cocrasasntor 3adanue aseebpol Ju g
(ii) cemeiicreo (Xy),op 4 cooTHowenus (21) uz n°3 cocrasaswor

3adanue nodareebpst aszedbpor Ju §, nopowdeHHol 3.1eMeHTaMU
(Xa)aeB'

ITycts R — cucrema KopHe#l pacuwiemieHHoHl aare6pol (g, b).
IMpumensis k R u B KoHeTpykiHH M3 n°2 u n°3, Mbl NONYyYHM
o6beKTh, KoTopble obGosxauuMm uepes a’, ¢, X;, H/, ... BmecTo
(1, g, X(l, HCL’ .

flcHo, uro cymectByeT romomopdusM @ asareGpu Jln ¢° uHa
anreopy Jlu g, npu kotopom ¢(X;)=X, ¢(Hy)=H,, ¢(X_,)=
=X._, 01 Bcex a < B (mpeanoxenne 1). Tak kak dimg =
= Card R+ Card B=dim g, to orobpaxenne @ OGuekTusHo. Tem
caMbiM JOKa3zano yreepxpenue (i).

[Monanre6pa, NOpPoKIEHHAs deMeHTaMH (X:’)aEB B asreGpe Jlu

¢’ =a’/(n" @ O'n') = (a), D Dal )/ @ ON), ecrecTsenso oTo-
xpectsaserca ¢ a/ /. Torpa yrtsepxienue (ii) crenyer us npen-
Joxenwss 3 i omnpejeseHns upeasna n'.

CaegctBHE. Kamodasa noaynpocras pasmewenHas aszebpa Jlu
noAysaercs U3 noaynpocroi pasmedennol aszebpol JIu nad nosen Q
pacwuperuem noaa ckarapos Q do k.

D710 HenocpPeACTBEHHO CjefyeT U3 IpeAbAymero npeLjoXeHns,

Teopema 2. Mycre (8, b, B, (Xa)yep) ¥ (8.9, B, X)yep) —
noaynpocTole pasmedeHnole areebpor JIu, R u R’ — cucremol Kop-
wetl  pacujennennox anzebp Jlu (8, 9) u (¢', V), (n(e, B)y pes
(coors. (7' (e, By, s<pr) — Marpuya Kaprana cucrems. R (coots. R')
ornocuressro 6asuca B (cootB. B’) u A (coots. A') — epag Hoewn-
kuna cuctemst R (coors. R’) ormocureasro 6asuca B (coors. B').

(i) Ecau @ — raxoii usomoppuss npocrparcrsa 9* na npocrpau-
créo V%, uro 9 (Ry=R’ u ¢ (B)=B’, 10 cywecrsyer eduncreenHoii
usomopusm b pasmeqenoi areebpor Jlu (8, 9, B, (Xo)yap) Ha
pasmewennyro aneebpy Jlu (8, ', B, (X;)aeB,), npu KOTOpOM
biy="o",

(i1) Ecau [ — raxoe 6uekrusHnoe orobpaxcenue muoxectsa B Ha
mnoxcecrso B’y aro n’(f (a), [ () =n(a, B) npu aboux a, p<= B,
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TO cyuwjecTsyer u3omopPusm pasmevennol areebpor Ju (g, b, B,
(Xa) ) Ha pasmeqennyro areebpy Ju (g v, B, (X} ) EB,)

(111) Ecau cyuwjecrsyer usomopdusm epapa Homkuna A Ha epad
,Zlbmrcuua A, To cywjecreyer uszomoppusm pasmedennoil areebpor Ju
(8, 9, B, (Xo)yep) Ha passeuennyio ancebpy Jlu (¢, %, B,

(X aEB )

JoKas3aTenbCTBO HEMOCPENCTBEHHO CeAYeT M3 NpeaokeHHs 4
(i) (npu mokasatenbcTBe yTBepXAeHus (iil) HyXKHO HCNOJb30BATh
eme npepnoxenve | us ra. VI, § 4, n°2).

ITpumewanue. C Kaxkpofi noaynpocToit paciienasieMoii anre6poi
Jlu-g acconmmpyercs rpad JblHKHHA, KOTOpHI omnpefenseT caMmy
anre6py Jlu g c tounocTeio xo H3oMoppusma (reopema 2 (iii)).
I'pap [dunKuHa SBJAAETCS CBA3HHIM M HENyCTBIM TOr'Aa H TOJBKO
torga, Korga ¢ mpocra (§ 3, n°2, caemctBue | npepmoxenus 6).
Beuny teopemu 1 u3 n°3 m Teopemnl 3 u3 ra. VI, § 4, n°2,
npocThie paciienasieMule anre6pol Jlm — 310 anre6put Jlu Tunos
A (=D, B (=2, C, ({=3), D, (=4, Es, E;, Es, Fy, G,.
ITepeunciennvle B 3TOM chnucKe aaredpel Jlu momapHo Hewuso-
MOpPGhHBL

Mpepnoxenue 5. [ycre (8, 9, B, (Xo)yep) — noaynpocras pas-
newennan arzebpa Jlu u (Xo), cpy_p — €€ cucrema 06pasyrOufux.
Toz2da cyuwecrayer eduncrsentolli asTomopguam 0 aaeebpur Ju g,
das kKoropoeo 6 (Xy)=X_-, npu scex a= BU(— B). lpu arom
82=1d, u 8(h)=—h 014 ecex h=.

EJWHCTBEHHOCTb HEMOCPEACTBEHHO CJEAyeT M3 TOro, 4TO
(Xa)gepy(—p — cHCTeMa obpasyiomux aaredpst Jlu §. Beaeactsue

npefsoxKeHus 4 cyllecTBOBaHHe aBTOMOpdu3Ma O ciaenyeT H3 pac-
CyXAeHHH, NpuBefeHHbIX B N°3 mepex Teopemoit I.

CaenctBHE. [TycTs (9, b) — noaynpocras pacujeniennas aieebpa
Ju. Toeda ancebpa Ju (g, B) o6.radaer cucremoi Illesarre (§ 2,
n°4, omnpepenenue 3).

[Tyete R — cuctema KopHell pacuiennenuoit anreGpu Jlu (g, b).
Tlyete X, Aast 1:060r0 KopHA o € R — HeKOTOpHIil HeHyJ/1eBOH 3Je-
MeHT Hoanpocrpancrsa ¢% I[lpeanosoxum, 4To 3jaeMeHTH X4 BH-
6panbl TakuMm ob6pasoM, uro [X,, X_,]=— H, npu mobom a =R
(§ 2, n°4, nemma 2). O6Go3naunM uepes B HekoTOpHIA Gasuc cu-
cTeMbl KopHell R, u mycTb 8 — takoii aBToMOpdu3M aaredpst Jlu g,
uto 6(Xy)=X_-, npy a = BU(— B). Torga 8|9 = — Idy. [ToaTomy
A7 KaXAOro KOpHf o & R cyllecTByeT TaKoH 3ieMeHT [, E k',

5*
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yro 0X, =1,X_,. [Ipn atom
tof—oHo = [laX -0, t-aXq] = [6Xq, 0X-g] =
=0 ([Xq, X-o])=6(—H,) =H,.

CrenoBaTenbHO, f,f—q =1 npu Bcex a = R, Oupegeaum uncia N“vﬁ
TaK Xe, Kak B n°4, § 2. Ecan o, §, e+pER, 1O

N-g —lalsX—amp = lalg [X=gy X—g] =[0X,, 8X ] =
=0 ( [Xa’ Xﬁ] )= N(l,ﬂexu'i'ﬁ = Na,ﬂta+ﬁx—a—[3’

no3TOMy BCJeACTBHe JeMMbl 4 u3 § 2, n°4, nmoxyyaem, uTO
2 — A2
(g-+1) tatﬁ_"Na,ﬂta+B’

rae g — uenoe uucno. Takum ofpasoMm, ecad f, H l‘B ABJASIOTCS
KBaZpaTaMu B k", TO 9meMeHT [y, TOXe PaBeH HEKOTOPOMY KBaj-
pary. IlockoibKy f=1 npu o & B, o npenioxenne 19 us ri. VI,
§ 1, n°6, nokaspiBaeT, 4TO 3JeMEHTH [, & k ABAAIOTCA KBajgpa-
TaMH NpH Bcex o = R. Bufepem Mus KaXkaoro o & R HEKOTOPHIH
SJEMEHT U, & k, 1 KoToporo ul =1 . IIpu 910M MOXHO BhHGpaTh
3TH 3JeMeHTH TakK, uTo6nl 1J51 BCeX o € R BHIIOJNHANOCE paBeH-
CTBO Ughi—q=1. Tonoxum X, =u-'X . Torga npu moGom a & R

Xe€ 8% [Xop X J=[X, X_]J=—H

a
n o (X;) =0 (u;'! Xa) = u;ltaX_u = uaX_a = uuu-u.X,—q, ESS Xf_a; no-

3TOMY (X;)aeR—CHCTEMa [OleBassne  pacluensieHHOH  ajreOphl
Jlu (g, b).

§ 5. Apromoppuamsl moaynpocroii aare6pot Jiu

B arom napazpage uepe3 § 0603HALACTCA NOAYRPOCTAR arzebpa
Ju.

1. Asromopuamer pasmesennod norynpocrod
arzebpor Jlu

Hanomuum (ra. VII, § 3, n°1), uro uepes Aut(g) mu o6o3na-
yaeM rpynny astomopgusmos anredpw Jlu g. Ecam h—nolanre6pa
Kaprana anre6pul Jlin g, To oGoanauum uepes Aut(g, h) rpymny
aBroMopdHu3MoB anre6psl JIi §, OTHOCHTE/IbHO KOTOPBIX yCTOHYuBA
noganre6pa Kaprasa §. TlpeanosoxuM, 4TO mnopanreGpa 9 pac-
wmenastiomas, H NycTh K — cucteMa KOpHEH. paclIellieHHQOH an-
re6per JIn (g, ). Ecam s Aut(g, §), To oToOpaxenue, KOHTpa-
TpeAHenTHOE K OTOGpakeHuio §|0, sBaseTCHd 3JMEMEHTOM TpYMIibl



.
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A(R) (rpymnnst asromopduamMoB cucremst R). Ero mu Gymem o6o-
3HayaTh B AaHHOM maparpade uepes e(s). [Ipu arom orobpaxeHnue

e: Aut(g, h) —> A(R)

-— TOMOMODPQHU3M TIpyII.

HOna npousBonabHOR cucTeMBl KopHe# R u Gasuca B atoit cu-
creMbl oGosnaunM uyepe3d Aut(R, B) rpymnny aBTOMOppH3MOB cu-
creMbl R, OTHOCHTEJNBHO KOTOPHIX YCTOHUMBO MHOXecTmOo B. Ha-
noMHum (ta. VI, § 1, n°5, npepnoxenue 16, u § 4, n°2, caen-
creue npegnoxenus 1), uro rpynmna A(R) siBasiercs noaynpsamelM
npoussegenneM rpynn Aut(R, B) u W (R) u uro ¢axroprpynna
A(R)/W (R) KanoHuuecku usOMopdHaA Tpyifie aBTOMOPHHU3IMOB
rpada JpHKHHA cHCTeMBl KOpHell R.

Meeanoxenne 1. [lycrs (g, §, B, (Xo)y = p) — Passetennas no-

aynpocraa aqeebpa Ju, a R — cucrema KopHel pacujenieruol
aqzebper Jlu (8, b). ITycre G — mHOMCECTBO ABTOMOPPUIN0E S &
e Aut(g, D), oTHocureavro KOTOPSIX YCTOUMUBO MHONCECTE0 B U
daa koropox S(X,) = Xga npu 8cex a =B (uuaue 2080ps, MHO-
wecreo asromopPuzmos pasmeuenwoi asze6por Ju (g, b, B,
(Xa)ges) To20a oepanuenue orodpaxcenus e na MHoixecréo G —

aro usomoppusm epynnet G na Aut(R, B).

Ecimu s G, 10 scuo, uro e(s)e Aut(R, B). C apyrofi cro-
pOHBHl, OTOOpaxKeHHe

e|G: G— Aut(R, B)

GUEeKTHBHO BCaeAcTBHE TeopeMsl 2 u3 n°4 § 4.

2. Aeromopdpuamer pacuwenaennoli noaynpocrot
anzebpor Ju

[Mycts E — koMMyTaTuBHas rpynna u A= G% AY — yekoropas
yes

rpagyupoBaHHas ajnrebpa rtuna E. Hna moboro romomopdusma ¢
rpyunsl E B MyJbTHIVINKATUBHYIO rpynny k* o6o3mauuM uepes f ()
k-nuneiinoe orobpaxennue aareGpol A B ce6si, orpaHuieHHe KOTO-
pOro Ha Kaxkjoe H3 MOANPOCTPaHCTB AY — roMOTETHS 3TOTO MOA-
npoctpancTea ¢ koapduunuenrom ¢(y). dcuo, uro | (¢) — asromop-
dusM rpagyuposaHHOll aareGpst A M uro ortoGpaenne [ -— romo-
mopgusm rpynnsl Hom (E, £*) B rpynny asromopdusmoB rpagyu-
poeanHoi ajreGpu A.

IMycte b — pacmenasiiomas nofganredbpa Kaprana ajre6ps
Ju ¢, a R — cucreMa KOpHe#l pacuiemsieHnoilt aare6psl Jlir (g, ).
Hanomuum, uro uepes P(R) (coots. Q(R)) obosunauaercs rpymnna
BecOB (COOTB. Ipyfllla PaJUKa/lbHBHIX BECOB) cucteMbl KopHed R.
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[Monoxum
Tp=Hom (P (R), &%), Tq=Hom (Q(R), k")

MoxHo paccmartpuBath anare6bpy Jim g=¢°+ Z g% KaK rpauys-
aeER

poBauuyw anreépy Tunma Q(R). CornacHo cKasaHHOMY Bhillle,
onpejeseH KaHOHHYecKuii romomoppusm rpynns T B Aut(g, ),
KOTOpHi Mbl OydeM o6o3HauaTh Ha NPOTSKEHUH 3TOro maparpada
yepe3 f. C Apyroil CTOpOHH, KaHOHMYECKOe HHHEKTHBHOE OTOGpa-
xkenne rpynnsl Q(R) B rpynny P(R) onpegensier romomopdusm
rpynnbl Tp B rpynny T, KOTOpbifi MBI GyaeM 0603HauaTh yepes g.

Mel nosyuaeM NOCJIELOBATENbHOCTb OTOOpaKeHHH
q i
Tp——>To—* Aut(g, b).

Ecnn s = Aut(g, b), Tto nyctb §° — orpaHuueHue oTOGpaKeHHs
“s19)”" ua rpymty Q(R). Mer nosayuaem, 4to Aas Beex 9T,

f(pos™)==s='of (g)os. (1)
HeficTButensHo, ecmn YEQ(R) u x=gY, 10 sx= ¢ n
f(@os®) x=(gos")(v).x=
=sH@(s™y) sx) =(s7"of (@)5) (x).
Neeanoxeune 2. [TocaedosaressHocTs 2omomopdusmnos

I —> T Aut (g, B)—> A(R)—> 1

TOUHA.

a) Ilycte ¢ = Kerf. Toraa ¢(a)==1 gas mo6oro KOpHs a & R.
Tak xak MHOXecTBO R nopoxpaaerT rpynny Q(R), 1o ¢ — Heli-
TPaJNbHEH 3JeMeHT rpymnn T

6) Iycrs ¢ =T,. Torga orpaHuuenne romomopdusma f(@) na
) = ¢ — TOKAECTBEHHOE OTOBpAKEHHE, H, CACAOBATENBHO,

Imf < Kere.

B) Ilycth s = Kere. Toraa s|h=1dg. ITostomy s(g%) =g npu
moboM a & R, a 3HaQuuT, CYIIECTBYIOT TaKHe 3JeMeHThl [, < k7,
UTO SX =14 AJS BCex X & ¢% YuurniBas, uTo s Aut(g), Mu
noJyuaeM COOTHOLIEHHS

tyf-qg=1 4Js Bcex a & R,
fatﬁ=la+ﬁ, Korga a, B, e +pB<=R.

ITpu 3THX yCJI0BHAX CYIIECTBYeT TakOid romMomopduam @ & Ty, uto
¢(a)={, mnsn aw6oro kopua aR (r1. VI, § 1, n°6, caen-
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ctBue 2 npegioxkenus 19). Takum o6pasom, s={(p). Caemopa-
tesabto, Kere < Imf.

r) O6pa3s rpynnel Aut(g, §) npu 0oTOGpaKEHHH & COLEPKHUT IO
caefncTeuio u3 Teopemel 2 n°2 § 2 rpynny W (R), a mo mpenmo-
JoxeHuio 1 oH comepxut rpynny Aut(R, B). CrenosarenbHo, 3T0T
o6pa3 cosmanaer ¢ rpymnoft A(R).

Caencreue 1. [Tycro (B, (Xo)yop) — pasmerka pacuieniennoil
anrzebpot JTu (8, 9) u G — mroocecrso asromoppusmos s < Aut (g, h),
coxpanstoujux sty pasmerky. Toeda epynna Aut(g, 9) — noaynps-
moe npousgedenue epynn G u e=' (W (R)).

Heicreutensio, no mnpemaoxennto 1 Ge~!' (W (R)={1} u
AUt (gy [)) = G * 8_1 (W (R)))
TaK Kak oroOpakeHHe & CIOPBeKTHBHO (NpenJjoxKenue 2),

Caepcreue 2. I'pynna e~' (W (R)) deiicrsyer na muoxcecrse pas-
METOK pacujeniennoll aszeGpst Jlu (§, ) npocro rpansuruswo.

Heicteuteanno, mo Tteopeme 2 § 4, n°4, rpynma Aut(g, b)
TPAaH3UTUBHO JefcTByeT Ha MHOXeCTBe DPa3MeTOK pacilienjeHHol
nosynpocrofl aareGpur Jiu (g, §). [Tostomy caepctsue 2 BblTeKaer
H3 cjaeacTBus 1.

CnenctsuEk 3. [Tycte B — 6asuc cucremot R. I'pynna Kere = [ (T )
RPOCTO TPAH3UTUBHO OCUCT8YeT HA MHONEeCT8e PASMETOK pacujen-
senroi areebpor Jlu (4, 9) euda (B, (Xo)yep)-

STO yTBepP:K/IEeHHE HellOCPeNCTBEHHO CJAeNYeT H3 NpeAsoXKeHHs 2,
MMyere a=R, X,=¢°, X_,=4¢"% Takoss, ur0o [X, X_g]=
= — H,. Kak Obu1o nokasano (§ 2, n°2, teopema 2), npu mobom
te k® orpannyende Ha nojajreGpy Kaprana siemeHTapHOro asTo-
Mopdusma 1
8, (f) = 24 Kagd ! X gp2dXg

COBNIaflaeT ¢ 3HAOMOP(DH3MOM, CONpPAKEHHBIM K SHAOMOP(DHUIMY Sg.
Takum oGpasom, &(B,({)) =s,, H, caegosatenbno, 8,(f)0,(—1) e
= Kere.

Jdemma 1. [lycre a=R u t=k*. [Iycre @ — comomoppusm
epynnor Q (R) 8 k', 3adannelii gopmyrol Ai—t* o) 70204 [ (@) ==
= 0, (1) 0, (— 1).

[Tycre p — mpencraBiedne anre6put JIu 60(2, k) B asre6pe
Jlu g, acconuumposaunnoe ¢ anementoM X, H 7 — NpelcTaBleHue
rpyonet SL (2, k), corsiacoBaHHoe ¢ mnpejpcraBiendeM p. Dynewm
HCIoab30BaTh oGo3Hauenuss 0({), A(f) u3 n°5 § 1. Tlockoabky
p{(H)=ad Hy, TO aseMenTsl mnpoctpaHcTBa ¢* umeoT Bec A(Hgy)
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OTHOCHTEJIbHO IpeicTaBiaeHusi p. Beaegcrsue n°2 § 2 mul noay-
yaeM, uto 0, ()8, (—1)=n (6 ()0 (—1))=mn (A (). CaemosaTebHO,
orpaHMueHHe Ha TNPoCTpancTso ¢* 3npomopduama 8, (1) 0, (—1)
coBmafjaeT C TOMOTeTHell 3TOro MPOCTPEHCTBa C Ko3(pdHIHEHTOM

(M) (§ 1, n°5, npejjgoxenne 6), UTO U JOKa3bIBAET JIEMMY.

[TpeanoxkenuE 3. O6pa3 Komnosuyuu 20MomMoppussnos
Tp—> To~L> Aut (g, )

codepxcurcs 8 epynne Aut,(g).

[lycte B — Gasuc cucremn kopue#t R. Torpa (Hy), o, -~ Gasuc

AyanbHOH cucrembl xopHeil RV, a ayaipHbili K Hemy Gasuc npo-
crpancrTBa 0 Gymer Gasmcom rpynnel P(R). Tlosromy rpynma Tp

nopoxaercs romomoppusmavn At (Me) (t=k, a= B). Iyem
@ — OrpaHHueHue Ha rpynny Q(R) HeKOTOPOro Takoro roMoMmop-
¢pusma. B nemme | mokasawo, uro f(¢)= Aut,(g), orkyaa caenyer
Haule npeinoxeHHe,

Mycts k — anre6panveckoe 3aMbiKarne moas k. OToGpakenue,
KOTOpoe KaxkKaoMmMy aBToMopduamy s aareGpsl Jlm ¢ cTraBUT B Co-

OTBeTCTBHE aBToMOpdu3M s® ! aarebpul Jlu q Rk, ssasercs

HHBeKTHBHBIM romoMopdusmom rpynnst Aut(g) B rpynny Aut{g® , k).
Byden o6osnavars 4epes Aut,(3) HopuareHyto nodepynny zpynnet
Aut(g), Koropas cayxur noansim npoobpazor epynnot Aut,(q ®p k)
npu 3TOM 20MOMOpQU3ME; 3TO MHOMKECTBO TeX aBTOMOP(hH3MOB
anare6psl JIu g, KOTOpHle CTEHOBATCHA 3JeMEHTAPHHIMH HPH DPacIluH-
pPeHHH ocHOBHOro moJsi kB jo k. IlousarHo, uro rpynma Autg(g)
He 3aBucHT OT BhiGopa sambikKauus k u Aut,{(g) = Auty(g). [pynnnt
Auty(q) u Aut.(g) moryr Owre pasaunudsimMu (§ 13, n°l (VID)).
ITyers § — nmopaare6pa Kaprana anre6ps Jlun g. Tlosoxum

Aut, (g, b) = Aut, (g) N Aut (g, b),
Auty (g, B) = Aut, (g) N Aut (g, H).

Jemna 2. [ycte Y — pacwenasrowjan nodasze6pa  Kapraua
aaeebpor JIu § u s=Auty(g, ). [1pednosoncun, wro 1 He a8aserca

COBCTBEHHbIY BHAUERUEN O2PARUYerus. ASTOMOpPUNG S HA ). o

asR
Toz0a e(s)=1.

Pacumupssg nose k, MOXHO nmpefmnojarars, uro s< Aut, (s, b).
Pa3sMepHOCTb HHJABNPOCTPAHCTBA HAOMOpPH3MA s — | He MeHblle,
uem dim¥ (rn. VII, § 4, n°4, npepnoxenue 9). CaenosarensHo,
sHaomopdusm (s — 1)) uuawnorenten. Tak xak slih=A (RY), To
HOPAJOK 3HAOMOpdH3MAa S|) KOHeyeH H, 3HAUYHT, STOT SHJAOMOP-
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¢uam monynpoct (ra1. V, mononxenue, npemitoxenne 2). [Mostomy
(s — 1)| b =0; 270 noxasmiBaer, uto &(s)=1.

Jdemma 3. (i) Hycre m=(P(R): Q(R)). Ecau @ ecrs m-a cre-
nens asemenra epynnet To, To &= g (Tp).
(ii) Ecau noae k arcebpaunecku savknyro, 1o q(Tp)=T,

CyuectBytoT Takolt 6asuc (Ay, ..., A;) rpynnst P(R) u Taxue
ueasle uwneaa my =1, ..., iy =21, uro (aAy, ..., a;h;) — 6asuc
rpymnet Q(R). Torna m=n, ... n;. Ilyctb $&T,, H mOTOKUM

b(mA) =1, ..., b{mAr)=1. Ilycrp mi=1[ nypompu i=1, ..., [
J+i

Ecau o — TaKolt sgemeHT rpynmsl Tp, uto % (A)={", ..., x(}) =

=17, TO

%(nh,) =171 =17 = (p™) (),

a ciaefoBatedbHo, x| Q(R)=1%". D10 nokaswiBaeT yrBepxaeHue (i).
Ecau mnose k aarebpanueckH 3aMKHYTO, TO KaXAblf 2JeMeHT
rpynnbl R* siBAsieTCst m-# CTENEHbIO HEKOTOPOro 3jgeMeHTa u3 k,
a 3HAYHT, KaxXAbl# 37eMeHT rpynnul Ty sBasieTcH fm-H CTENEHbIO
HekoToporo 3neMenta H3 Ig, H yrBepxienue (ii) BhiTekaeT u3
yrBepxkaenus (i).

Teennoxenne 4. f(To) < Auty(g, ) u e~ (W (R)) = Auty (g, b).

a) Ilycts =Ty n k — aare6panueckoe 3aMbiKaHHe noas k.

Mo aemMe 3 romomopdH3M @ MPOJOJKAETCS [0 3JeMEHTa M3
npocrpanctsa Hom (P (R), k). BeaenctBue npejsoxenus 3

f@®l=Aut, 3@,k Y ®; k).

3uaunr, (@)= Auty(g, §) n Kere < Auty (g, ).

6) O6pas rpymnsl Aut, (g, §) mpu romMomopdH3aMe & COLEPKHT
rpynny W(R) (§ 2, n°2, cnencrBue TeopeMmbl 2). VuureiBas a),
Mbl BuauM, uTo &' (W (R)) = Auty (g, b).

B) Octasoch pokasatb, uto Auty(g, 0) e ' (W (R)). ¥Yuurn-
Bas 6), HOCTAaTOYHO AOKa3aTh, uro rpynna e(Auty(q, H)) N Aut(R, B),
rie B — 6asuc cucreMbl Kopueft R, pasHa {l}

IMycts s Auty (g, ) — Taxoit aproMophuaM, uto e(s) = Aut(R, B).
Monrpynna rpynnel A (R), mopoxjpeHHasi 3/J1eMeHTOM &(s), HMeeT
KoHeuHoe uuncao opO6uT B MHOoXectBe R. Ilyers U — Hekotopas

TaKasa op6ma, cojepxamas r 3JeMEHTOB, U NYCThb QU:- Z gB.
fsU

o 1
Bui6epem HekoTopbii 3ieMeHT By SU u nonoxum B;=z¢(s)" By
npn 1<<iCr, rak uto U={B, ..., B,}. Ecau Xp, — Henysensoil
sneMeHT mnpoctpancTsa gk, To moromum Xp, =s'"!Xs ana Beex
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1 <i<r. Cywectyer Iaxoﬁ 3MEMEHT CUEk',.'{TO s"Xp, = ¢y Xa,
OTKyza BHTeKaeT, uTo §'Xp, = cyXp, AAs BCeX i H, CIELOBATENBHO,

s"IgV =cy. 1. Tlyers @&Ty u s"=sof(g). [lo yrBepxaeHuio a)
s’ — saeMent rpynnsl Auty(g, ). Mu noaydaem, uro s|g¥V=
=c¢y. 1, rae

ey =c, [To@r=con (2 6).

r 1
Monoxum B={a;, ..., o} n 2 p;= Zlmiuai. Tak kak e(s)=
i=1 i=

= Aut(R, B), 10 m?— He paBHble OJHOBPEMEHHO HYJIO LeJble
yucJa OJHOro 3Haka. Mbl mosaydaem, 4To

1
¢, = CUE q>(al.) miU.

TomomopdusM @ MOXKHO BHOparth Tak, 4TOGH cj, 7= 1 n1a Beex
op6ur U. JleficTBHTEJIbHO, 3TO CBOAHTCA K BHOOPY TakHX 3Je-

MenToB @ (o)) =1y, ..., @(a;)={; u3 k*, uro OHH He 06palLaIOT
B HyJb KOHEUHOE 4YHC/I0 He DPAaBHHX TOXKAECTBEHHO HYJ/JIIO MHOrO-
YjIeHOB OT IMepeMeHHBIX [y, ..., {;. Jas romomopdHama @, BH-

GpaHHOro TakKHM 06pa3oM, MBI BCAEACTBHE JeMMBl 2 moayiyaeM
e(s’)y =1, noatomy

e(s)=e(s)e(f (@)~ =1
Caenacreue. [Tycre B — Gasuc cucrems. Kopseii R. [pynna

Aut (q, b) usomopprna noaynpsamomy npoussedenuro epynn Aut(R, B)
u Auty(g, b).

D10 cJaelcTBHE BHTEKAaeT M3 NpeanoxeHus 1, caepcteus |
NpeRsOXeHUsT 2 U NpefnoxeHus 4.

3ameqanue. Tlycrp ¢, ¢” — orpanudennst romoMopdusMa & Ha
Auty (g, b) 1 Aut, (g, b) coorsercrsenso. Ilycts [° — romMoMopdusm
rpyansl Tp B rpynny Aut.(g, §), mocrpoeHssi no romomoppusmy f
¢ MOMOMUIbIO KAHOHHYECKOTO BAOXKeHus rpynnsl Q(R) B rpynny P(R).
Bhillie MBI YCTAHOBHJAH KOMMYTATHBHOCTb Cielylollefl qHarpaMMuL

| —>Ty—1> Aut(g, B)—> A(R) — 1

I I T

I —>Ty—0> Auly(g, b) —> W (R) — 1

I I I

Tp—> Aut, (3, ) —> W (R) — |
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B KOTOPOW BCE€ BEPTHKAJIbHbIE CTPEJKH, KPOME ¢, O3HAYAT KaHO-
HHYecKHe BIoxeHHs. Mu Bujgenn (npeinoxenus 2 u 4), 4ro aBe
nepBble CTPOKH TOYHHL. B TpeTbeil cTpoke roMoMophusy e” ciopbex-
tuBeH (§ 2, n°2, caenctBHe TeopeMbi 2); MOXKHO MOKa3aTb, 4TO
ero saapo pasuo ['(Tp) (§ 7, ynpaxuenue 26r)).

3. Asromopdusmor pacujenanemoti noaynpocroil
anze6por Ju

Ipeanoxenue 5. [Ipednosoxcum, uro areebpa Jlu q pacuge-
nasema. Toeda epynna Auty(g) npocro Tpansurusuno deiicrsyer Ha
MHOXMCeCT8e pa3meToKk anszebpor Jlu g.

IMycTe el—(g, b, B, (X} )y EB) e —(g, b, B, (X2 )aCB)_.
pasmerku anre6pel JIu g. CyuwecTByer He GoJblie OLHOTO 3Je-
menta rpynnsl Aut(g), mepeBoasiiero pasMeTky e; B PasaMerKy e,
(mpennoxkennss 1 u 4). Ilyets k — anre6panyeckoe saMBKaHHe
noas k. Cymectsyer anement rpynmsi Aut, (s ®, k), Koropbit me-
pepoaut mnopaare6py Kaprawa b, ®,k B nogaare6py Kaprama
by ®rk (ra. VI, § 3, n°2, reopema 1). Takum o6pasom, mo
npenJoXeHuo 4 M CIeACTBHIO 2 MpelJIoXeHHs 2 cymecTByer te-
MeHT @ rpynnel Aut. (g ® k), KOTOpLIEL NEPEBOJIHT Pa3MeTKy (g Qrk
b Qxk, B (Xs )aEB) anre6pnl Jlu g ®,k B pasmerky (4@, F
by @pks B, (X2 aeB) Tak kaxk moganrefpa Y, H 3SAEMeHTH Xl
(cooTs. monanre6pa Y, u smemenTH X ) nopoxnawoT aare6py Jln g
(cooTB. @), TO @(g;) =g,. CiefoBaTebHO, TOMOMOPHHUEM @ HMeeT
BHI $Q® 1, rae o= Auty(g), m ¢ mepeBoAUT pasMeTKy e; B pas-
METKY éy.

Cnencreue 1. [Iycre (g, b, B(Xo)yep) — Pasmerka anzebpoi

Ju g, a G—epynna asromoppusmos sroii arcebpor Jlu, coxpa-
narowux dannyro pasmerky (usomopdras epynne Aut(R, B)). Toeda
epynna Aut(g) asaserca noaynpamoim npoussedernuem nodzpynn G
u Auty(g).

HeficTBiTeNbHO, BCe 3eMeHTh rpynnul Aut(g,) mepeBoasTt paas-
MeTky (8, B, B, (Xa)yep) B HEKOTOPYI) pasmeTky aurelpul Jlu g.
ITo npepsoxenHio 5 Kaxpauii cMexubii kaace rpynns Aut(g) mo

nogrpynne Auty(g) comepKuUT eAMHCTBeHHHIl 3jeMeHT rpynnn G.
Y. T. O.

W3 caepcreus 1 BHrekaer, uro ¢akroprpymma Aut(g)/Aut,(g)
oToxpaecTsaserca c¢ rpymnoii Aul(R, B) u wusomopbua rpynme
aBTOMOp(pH3MOB rpada [blHKHHA cucTeMH KOopHed R.

CanepctBHE 2. Ecau § — npoctas pacuenisemas areebpa Jiu runa
A, B, (n=2), C, (n=2), E;, Eg, Fy uau Gy, To Aut(g) = Auty(g).



140 TJ. V111, PACHIENJIEHHBIE TTOJYIIPOCTRIE AJITEBPLI I 3

Ecauw ¢ — ancebpa Jlu runa A, (n=2), D, (n=05) uwu Eg 10
nopadox axropepynnet Aut (g)/Aut,(g) pasen 2, u 8 cayuae, Ko20a
g — azzebpa Jlu tuna Dy, 3ra gakropepynna uzomoppra epynne S,.

310 BHTeKaeT u3 caegersust 1w rtadaun [—IX B rax. VL
3ameuanus. 1) Tlycts e, =(g, by By (X4), s ), e2=(g, by B,
(X?)aeBi), e;—.:(g, b,, B, (Y:‘;)aeBz)—paSMETKH anre6put Jlu g, s

a
(coorn. s’) — aneMent rpynmnl Aut,(q), TepeBOAAIINHN pasMeTKy e
B DasMeTKy e, (COOTB. B pasMeTKy e;) Torna s|9,=s"|Yy,. Heit-
cTBHTeNbHO, $' 'se Auty(g, ;) u s 's(B;)= B,, caenosarenabHo,
e(s’~)=1.

2) Tlycte X — mHoxectBo mnap (b, B), roe § — paciyenasmomnmas
nonaqrebpa Kaprana aqare6pw JIu g, 2 B — 6a3uc cucTeMBl KOpHEH
pacuenyieHHoi aare6pu Jlu (g, §). Ecaun x =(p, B) u x" = (§/, B')—
aJeMeHTsl MHOXecTBa X, TO cCyiuecTByeT 3aeMeHT S & Auty(g),
KOTOpBI nepeBofuT x B X' (IpepioxkeHue 5), ¥ OrpaHHUEHHE Sy, x
roMmoMop({u3Ma $§ Ha mojxaire6py ) He 3aBHCHT OT Buibopa s
(3ameuaune 1). B YaCTHOCTH, Sy, ' © Sy, x = Sx”, x, €CJHH X, X', x"e=X
M Sy x=1. Muoxecrso cemeitcte (h,) Y LOBJIETBOPSIIOITUX

YCJIOBHAM

a) hy&Y, ecan x= (), B),

6) Sx, x(fy) =hy, econt x, X & X,
NpeBpalaeTcss ecTeCTBeHHBM 06pa3oM B BEKTOPHOE IPOCTPaHCTBO,
KoTopoe Mbl 06o3HauuM uepe3z 9 (g). Ero HMHOrZa HasmiBaOT KaHoO-
Huteckol nodaazebpoii Kaprana aszebpor Jlu §. s nap x=(h, B)
n x = (%, B’) romomopduaM Sy, . NepeBoauT 6asuc B B Gasuc B’
U, CIeA0BATEJNbHO, CHCTEMY KOpHe# paciienjieHHoHR asare6pet Jlu
(g, §) B cucremy xopHeil paciiensenHoi aare6ps Jiu (g, H"); orcioma
CJeAyeT, uTO npocTpaHcTBo 9 (g)*, AyasbHOe K mpocTpaHcTsy b (g),
eCTeCTBEHHBIM 06pasoM cHabxkeHo cucteMoil KopHelt R (g) ¢ 6asu-
com B (g). MHorna roeopsAT, uto R (§) — KanoHuteckas cucrema Kop-
Hell aaeebpor JIu G, a B(q) — xanonuweckuii Oaszuc 3TOR CHCTeMB
kopueit. I'pynna Aut(g) Tak pellcTeyer ua momaareGpe b (g), uro
cHcTeMa KopHeH R (g) u 6asuc B(g) yCTOHUMBBE OTHOCHTEJNBHO 3TOTO
DeAcTBHA; T€ 3jeMeHTH rpynnel Aut(g), KoTOpble FefiCTBYIOT Ha
nofaaredpe Y (4) TpuBHMasbHO, NpUHajAexaT Toxprpynme Aut,(g).

x=X?

ITeegnoxkedne 6. ITycro Y — pacuwjenasotjas nodarzebpa Kap-
rana aascebpet Jlu g. Toela 6 obosnavenusx n°l

Auty (g) = Aut, (g) . Kere = Aut, (8). f (T

Cornacuo caepctsuio npepsnoxenus 10 § 3, n® 3, Mut nosryuaem,
uto Auty(g) = Aut, (g). Aut, (g, b). C apyroil CTOPOHEL, MO CJAEACTBUIO
TeopeMet 2 § 2, n° 2, e(Aut. (g, §)) > W (R), nostomy Auty(g, §) =
= Aut, (g, §).Kere.
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Bamewanue 3. Tlpepsoxenne 6 MOKa3biBAGT, YTO KAHOHHYECKHH
romMoMopgusm

u Toflm (T p) — Auty (9)/Aut, (3),

CYLLLeCTBOBAHHE KOTOPOTO CjefyeT M3 Auarpammbl n°2, CrOpoeKkTu-
gen. B wactnocty, rpymia Aut,(q) ConepXHT NPOH3BOIAHYIO TDYyNNyY
rpynmnbi Auty(g); Mel yeuaum (§ 11, n° 2, npeanoxenune 3), 4To 3TH
rpynnsi cosnapatwoTr. C apyrofl CTOPOHBI, MOMKHO IMOKasaTh, 4YTO
rOMOMOpP(hHU3M U UHDBEKTUGEH, T. e.

[(Tg) N Aut,(g) =" (Tp)

(cm. § 7, ynpaxkHenune 26r).

TTPERNOKEHUE 7. [lYycTo @ -—nOAYNPOCTAR pACU{ENnAfEMAS QA
2e6pa Jlu, b—ee nodarzebpa bopeas, a P, u 9, — dse ee napa-
boateckue noda.reebpol, codepacawjue b. Toeda nodarcebpor p; u p,
He conpsaceHv. OTHOCUTeAbHO epynnol Aut(g).

MoXHO NpejnoJioXuTh, YTO MoJe R aareSpaHueckd 3aMKHYTO.
IMycts s e Auty(g) — rakoit aBTomMopdusM, uro s(b) =1, Ilycte
) — nogaareGpa Kaprana aire6pu Jiu g, cogepxamasica s 6} s (b)
(§ 3, n° 3, npennoxkenne 10). Tak kax aiare6pel b u s(h) aBastorcs
nogaire6pamu Kaprana ajure6pnl s(b), To cyuecTByeT TaKo#
saement u e b, b], uro e (h)=s(h) (rn1. VII, § 3, n°4, reo-
pema 3). 3amenss asromopdusM s Ha e 29%s, MBH NIPHXOAUM
K cayuawo, Korma s(b)==19, u, takum o6pasom, aBTOMOpPPHIM §
HHAYyIHpyeT Ha nopajrebpe b saement o u3 rpynnol Be#ing W
pacuiensieHtolt anre6per Jlu (g, §) (npeasoxkenne 6). ITycrs C — ka-
mepa Befis, coorsercTymoiias adgreope Jlu b, Torma anrepw
JIu p; u p, coorBercTBYlOT Avelikam F; u F, npoctpaHcrea Yy, co-
LepsKalUMC B 3aMblKaHud Kamepol C. MimeerT MecTo paBeHCTBO
0 (F|) == F,. Tlockoabky c =W, 10 Fi==F, (ra. V, § 3, n° 3, reo-
pema 2), mosTomy P; = P.

Sameuanue 4. TlycTb ¢ — noaympocrasi paclienyseMas aire6pa
JIu, a # — MHOXKeCTBO ee napaboauueckux nopaaredp, T. €. MHO-
KeCTBO, HA KOTOpoM JAelictByer rpymnma Auty(g). Bocmonwsyemes
o6osHayennsaMH 3aMedaHus 2. IlycTb X — MOAMHOXKECTBO KAHOHH-
yeckoro Gaauca B(g). 3agaHne MHOXecTBa X SKBHBAJEHTHO 3a4a-
HHIO U Kaxpaoil mapel x==(h, B)e= X Takoro mojMHOXKecCTBa X,
B Gasuce B, uto 1as Mobmx x, X' & X oToOpaKeHHe Sy, x Hepe-
BOJUT % B Xy Ilycrh P, — mapabGosnuveckas nomanredpa ajareGpot
Jln g, coorBercTayionias MHoxecTBy X, (§ 3, n° 4, sameuanue).
Ee opGurofi oTHocuTenbHO Alty(d) siBasieTCS MHOXKECTBO Napadosu-
uecKux noganare6p p., rie x'& X. Takum ob6pasom onpepensiercs
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oToGpakenne MHoxectsa ‘B(B(g)) B MuoxectBo P[Auty(g). Iro
oToGpakeHHe CIOPBEKTHBHO BCieACTBME 3aMeuanus us § 3, n°4,
H HHDBEKTHBHO IO NPENJIOKEHHUIO 7.

4. Tonoaozua 3apuccrozo na zpynne Aut(g)

Meepnoxenuue 8. [lycre V — mHomecT80 3HOOMOpPUIMOE BeK-
Toproeo npocrpancrea §. Toeda epynna Aut(§) — 3amknyroe & ro-
noaoeuu 3apucckoeo nodmuoxcecrso npocrpancrsa V (ra. VII, no-
noaHernue I).

[Tycts K — dopma Kunauura wa aare6pe JIu g. Ecan s & Aut (g),
TO PaBeHCTBa

[sx, sy] =[x, y], (2)
K (sx, sy) = K (x, y) (3)

BLITOJIHAIOTCS Npu J06BIX X, y & 4. O6paTHO, NMyCTb § — 3JEMEHT
npoctpadcrsa V, yzosrersopsiowuii yemosuaMm (2) u (3) naa Beex
x, y = ¢. Torga Ker s =0, oro6paxeHnue s OueKTuBHO 4 § & Aut(g).
OnHako 145 JIOGHX 3JeMEHTOB X, y € ¢ oToGpaxeHust §+—> [sx, syl
n s+—> K (sx, sy) npocrpadcrea V B aarebpy Jlu ¢ u nosge k
COOTBETCTBEHHO — MOJHHOMHANLHBIE OTOOpaKeHHs.

Tlrepnoxenue 9. Ilycre ) — pacujenasrowas nodareebpa Kap-
Tana aseebpor Jlu §. Toeda
(i) [(Tq) — samxnyras 6 ronosoeuu 3apucckozo nodepynna

epynnet Aut (g);
(ii) F(g(Tp)) — ecody naornas e Tonosozuu 3apucckozo nod-

epynaa epynnot | (Ty).

Yreepxaenue (i) crenyer us pasencrsa [ (Tg) = Aut (g, §) N Kere
(npennoxenue 2). [Toaoxum m=(P(R): Q(R)). Ilycrs F — noan-
HoMuagabHast (ydrRiusg Ha npocrpaHcree V. [Ipeamosoxum, uro
oHa obpauiaercs B Hysab Ha BCeX 3jeMeHTaX, SBJSIOUINXCS M-MH
creneHaMH 3/1eMeHTOR rpymnbl [ (T), u mokaxem, uto F|f(Tg)=0.
Beupy sieMMbl 3 310 OyjeT AOKasblBaTh yreepxkiaeHue (ii).

Mmuoxecrso V' sneMentoB H3 V, HHAYUUDYIOIIUX TOXKAECTBEH-
Hoe oroGpaxkeHHe Ha ) ¥ TaKHX, 4YTO BCe INOANPOCTPAHCTBA (%
YCTOHUYMBEL OTHOCUTEJbHO NEHCTBUS 3THX 3/1EMEeHTOB, MOKHO OTOXK-
AecTBUTL ¢ mpoctpaHcTBom kX, Ilycts F’ — orpannuenue ¢ynk-
uun F na muoxectBo V’/ =FkR; 370 nosuHomMuasbHasg QyHKIUS.
Vmeer mecro Brmouenne [(Tg)c< V', Ilyets B={ay, ..., o;} —

6asuc cucremn kopue#t R. Ilycre @ (f) oas Beex t=(ty, ..., )
€ k'8 — romomopdusm rpynnst Q(R) B rpynny R, mpoponxaio-
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muit f. Torpa F'(f(q(f))) 3anucbiBaeTcss B BUAE KOHEYHOH CYMMBbl

n ny __
m“”’mezcm_“nﬁg...gz_.H(q,..” t)-

ITo OPEeANONOKEHUIO HMEET MECTO PaBEHCTBO

. m my mn, mn
O=H({ ..., )= X ¢, 0"
s veny nlez i
npu a6bx I, ..., {;=k". Taxum o6pa3oM, uucna oo, —

K03 pULHEHTH MHOTOU/eHa OT [ MepeMeHHEIX, KOTODHI o6paiaercs
B HyJb Ha k', caefoBaTesbHO, BCE OHH PaBHBI HYJIO.

IIrEpnoxkenne 10, [Ipednosoxcum, 4ro § — pacwenasemas ad-
eebpa Jlu.

(i) I'pynna Aut,(g) — scrody naotHas nodepynna epynnst Auty(g)
8 TOnoAOSUU 3aplccKoes.

(if) Ipynnu Aut,(q) u Auty(g) ceasnsr 8 Tonosoeuu 3apucckoeo.

[To npennoxenuio 3 umeer Mecto BRIoueHue [ (g (T p)) <= Aut,(g).
Ilo nmpepsoxenuio 9 asas Bcex aBToMopdpuaMoB s & Aut,(q) sambi-
Kauue MHoxectBa S.[(q(Tp)) B TOMOMOTHH 3aPHCCKOTO COAEPIKHT
rpymny s.f(To). CaemoBaresbHO, 3amblkanxe rpymmel Autl,(g) co-
nepxut Aut,(g).f(To)= Auty (g) (mpennoxenue 6). dro AoKasbl-
Baet yreepkpaeHue (i).

Iycts  Aut,(g) =Q U Q" — pasbuenne rpynnsl Aut,(g), rae
Q n Q — OTHOCHTENBHO OTKPBITbIE B TONOJOTHH 3aPHCCKOTO MHO-
xKecrBa, npaueM Q = . Ecan o = Q o ecan x — HUAbTOTEHTHBIH
sa1eMeHT aare6pu JIu g, TO oTOGpaxenue T: {+—>wexp(fadyx)
noas k B Aut,(g) moruHOMHAABHO H, CAELOBATENbHO, HEMpepPHIBHO
B tonojgorun 3apucckoro. Takum o6pasoM, MHOXKecTBO T (k) CBA3HO,
a TOCKOABKY ® & T(k), TO IMeeT MeCTO BKJwYeHHe t(k) = Q.
Taxum ob6paszom, Q.(expadkx)=Q, nostromy Q.Aut (9)c=Q u
Q= Aut,(g). dto noxkaseBaer, uro rpynna Aut,(g) cessna. Beaen-
crBHe yrBepkaeHus (i) rpymma Auty(g) toxke cmasua. Y. T. [I.

Mpbl yBupum (§ 8, n° 4, caencrtue npeanoxenus 6), uTo rpynma
Aut,(g) samkHyTa B MHOxecTBe V B TomosoruH 3apuCCKOro u
ABJAICTCS CBS3HOH KOMNOHeHTOH eauwHuubl rpynmel Aut(g). [pynna
Aut, (g), nanporus, He Oyaer, BooGine TOBOPS, 3aMKHYTOH B TOMO-
JIOTHH 3apHCCKOTO.

*IIpexnonoxuM, uto (8, ) — pacwennennaa anre6pa Jlu. [pynna
Auty(g) — 370 rpymma G (k) k-Touek HeKOTOpOH CBSI3HOR MOJYNpPOCTOll
arreGpandeckoll rpynnel (G ¢ TPUBHAJBHBIM LEHTPOM (IPHCOELNNEHION
rpymnsi). [pymna | (T) cosnazaer ¢ rpynmoft A (k), rae H — noarpynna

Kaprana rpynns JIn G ¢ amre6poit JIn §. I'pynnoit k-touek npooGpasa H
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rpyuns F/ B yHHBepcanbHOH HakpbiBaioluefi (z rpynnet G (B anre6panye-
ckoM cuwieae) Gyaer rpymna Tp,. Ipymna G (k) comnazaer ¢ ofpasou
rpynns Aute (§) B rpynne G (k) = Auty (g).«

5. bﬂyuaﬁ epynn Jdu

reanoxeuue 11, [Ipednosowmum, uro nose k paswo R, G
UM NOAHOMY YALTPAMETPU4ECKOMY HeOucKpeTHomy noatw. ITycro
b — pacwenaaowan nodareebpa Kaprana areebpor JIu g.

(1) F'pynna Aut(g, B) ssasercs nodepynnoii Jlu epynner Ju
Aut(q) ¢ aaeebpoi Ju adb.

(ii) f(TQ) u (g o f)y(T'p) — orkpoiroie nodepynne: 8 epynne Aut (g, b).

(iii) Aut, (g) — orkpeitan nodepynna 8 epynne Aut (g).

(iv) Ecau k=R uau C, 1o epynna Aut,(g) ssaserca Komno-
HenToli Helrpaasrozo aaementa 6 Aut(g), 7. e. paswa Int(g).

ITo caepcrBuio 2 mnpepnoxenus 29 ra. III, n° 8, u npeagoxe-
Huo 36 u3 n° 10 Aut(g, b) — noarpynna Jlu rpynos Aut(g), an-
re6pa JIn KoTopo#t cocTouT H3 Tex ajementoB adx (x & g), Aas
KoTophiX (adx)) =9, T. e. paBua adb.

Iycs He<Y. Cywecrsyer uncio &> 0, obnajgamoilee TakKuM
CBOHCTBOM: AJiA TakuX !k, uto |{|<e, bynxkuns exp(ly(H))
onpefesena npH Bcex Yy & P(R) n otobpaxenne yr—> exp (fy (H)) —
romomopdusM o, rpynns P(R) B rpynny k*. OroGpaxenne expfad H
olpesiesieHO INPH BceX || <& W HHAyUHPYeET TOXKAECTBEHHOE OTO-
OpaxkeHne Ha NPOCTPAHCTBE § ¥ TOMOTeTHIO C KO3 QHUHEHTOM
0; (@) Ha mpocrpaHcTBax ¢% caenoBaTeabno, exptad H e (gof)(Tp).
Beuay yrtBepxaenust (i) sTo pokasbiBaer, uTo rpymna (gof)(Tp)
COJEPKHUT HEKOTOPYIO OKpecTHOCTb | rpymmer Aut (g, 9) u, snauur,
ABAAeTCH OTKpPHTO# mnoxrpymmoit B Aut(g, b). A fortiori rpynna
f(Ty) siBAsieTcst OTKpHITOH Moxrpymmoit rpymmst Aut (g, 9).

Jnsi Bcex KopHell a & R uMeeT MecTo BKiioueHue exp ad ¢* <
< Aut.(g). Beuay yreepxkaenus (ii) rpymma Aut,(g) comepxut
HeKOTOpYylo okpecTHOcTb 1 rpymmer Aut(g), 4To JOKasbiBaeT yTBep-
xKnenne (iii).

[Mpegnonoxum, uro kR==R uau G. Torpa Aut,(q) comepxurcs
B KoMnoHeHTe enmuuusl C rpymnsl Aut(g) (ra. VI, § 3, n° 1) u
BCJEJCTBHE yTBepiKAeHus (iii) siBjsieTcs OTKpPLITOR HOATpPYNMOi
B Aut(g). Cneposaresnnno, Aut,(g)=C. Haxouen, C =Int(g)
Beaencteie npenaoxenust 30 (i) ra. III, § 9, n° 8.

§ 6. Moayau Han pacuenyieHHo# noJaynpocToi
aare6poit Jlu

B sTtesm napaepage mor o603nauaem 4epes (§, B) pacujeniennyto
noaynpocryro asreebpy Ju, vepes R — ee cucremy xop:eii, wepes W —
ee epynny Beiasi, uepes B — baszuc cuctembr KopHel R u wepes R,
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(cootB. R_)— MHOMECTBO HOAOKUTEAbHOIX (COOTB. OTPUYATEABHOLX)
Kopretl orsocureasro 6asuca B. Mot norazaem

n, = Z g% n.= Z g%

aeR,y asR_

I’+=f)"|'n+, bo=9+n_.

Hmeror mecro pasencréa n, =|[b,, b,], n_={[b_, b_].

Oas Beskoro xopus o e R Boibepem agnemeHnT X, & q% Tak,
4ToGbl BHIMOJHAJLOCH PABEHCTBO

[Xo, X—o]=—H,

(§ 2, n°4); sTor BHOOP He HPOTHBOPEYHT HM OJHOMY M3 NAHHBLIX
BHIlLIE OTpeJeNeHHN.

1. Beca u npumurusrvie 3.1eMEHTOL

IMycth V — HeKoTopwit g-Momyab. Jlas Bcsikoro A & h* o6o3Ha-
qyuM uepe3 V* mpHMapHOe OTHOCHTEJNbHO OTOOpAaXKEeHHs A MOAmpo-
cTpancTBo npoctpanctBa V, paccmarpusaemozo Kak 9-modyae
(ra. VII, § 1, n° 1). Dnementsl npoctpancrea V* nasviBaloTes 3Je-
MenTaMn Beca A g¢-momyas V. Cymma npoctpanctB V* npsamas
(ra. VII, § 1, n° 1, npennoxenue 3). KakoBrl Onl Hu Obliin KOpeHb
ae b' u Bec A €Y, nmeer mecto BRouenue ¢°V" < Vo (ra. VII,
§ 1, n°3, npennoxeune 10(ii)). Pasmepuocts npoctpancrea V*
Ha3BIBACTCS KparHocTsio Beca & B moayae V. Ecan xpatHocTh 221,
T. e. V*=£0, To roBopar, uto A — gec Moaynsa V. Ecan V — koneuHo-
MepHBII MOAYJAb, TO 3HAOMOpDHU3ME mpoctpaHcTBa V, onpenesnen-
HBle 37€MEHTAMH W3 l), NOJympoCTHl H, caefoBaTesnbno, V*— aro
MHOXeCTBO Takmx aJementoB x &V, uro Hx=~4(H)x nns scex
Hey.

Jdeuna 1. [Tycre V ecre g-modyas u ve V. Toeda caedyroujue
YCA0BUL IKBUBANCHTHOL,

(i) b v < ky; '

(ii) b kv u nv=0;

(itl) bo < kv u ¢%0 =0 Jan scex a & B.

(iy=-(ii). ITpepnonoxmnM, UTO NMeeT MeCTO BKJIOuenne b v C ko.
Torpa cyumecTByeT Takoil sjemeHT A &Y, uro veV* Ilyers
aeR,. Torpa ¢*.v = V*)VMe=0 CaepoBareabno, n,v=0.

(ii) =~ (iii). D10 OuUeBHAHO.

(iify=-(i). dro caeayer n3 TOrO, UTO MHOKECTBO (X,)
xKpaer aare6py Jin n, (§ 3, n°3, npepnoxenne 9 (iii)).

g TOpo-

3=
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Onpeaenenne 1. [Tycre V ecre g- modyas, ve V. Haszosem v
APUMUTUBHOIM 3aeMeHTOM MmOOyaa V, ec auw on orauven or 0 u ydo-
8AeT8OPAET YCAOBUAM AemMmbl 1.

[TpumMuTHBHBIR 3/JeMEHT NPUHALICKHT HEKOTOPOMY NPOCTpaH-

A A
crey V*. Ilna nw6oro snementa A &)* qepea Vi 6ynem o6osna-
4aTh MHOXKECTBO TaKHX 3jJeMeHtoB v e VA uro b v < kuv. Cre-
JAOBaTeNbHO, MPHMUTHBHbLIE snememb{ Beca 7» COBNAJAIOT C HeuyJe-

BbIMH 3/1€eMeHTAMH MPOCTPaHCTBA vh.

[Meepnoxkenue 1. [Tycre V ecrs g-modyas, v — e2o npumurussiii
AGMEHT, a @ — gec 3aementa v. [Ipednoroxcust, 4To Kaxk §-modyis
V noposcden 3rementom v.

(i) Ecau U (n-) obosnauaer yHusepcarbryto 00epToi8ar0 uyro
anreebpy ancebpor JIu n_, To umeer mecro pagercrso V=Un.).v

(i) Adaa arwbozo seca A% V*— 310 MuosNcecT80 Takux sae-
menrod x=V, ywro Hx=»A(H)x Oa2 scex H=Y. Hmeer mecro

pasgeHcrso V= @ V7“ u Kascooe npoCT pancreo | % KOHEeYHOMEPHO.
Aeh*

[ pocrpancreo V® umeer passeprocte 1, u Kawdoeui sec sodyas V

umeer 8ud ® — Z Ny ., 20e ng,— yeavte yucaa = 0.
E=P:}

(iii) Modyae V nepasaosmcum, w e20 KOMMYTAHT COCTOUT U3 CKA-
A5p08.

(iv) ITycre U(g) — yrusepcarsran obeproisaroujan areebpa areeb-
pot JIu g u & — yenrp aneebps U (). Cywecrsyer edurcraennsii 2o-
Momoppusm ¥y, areebpor Z 8 nose k, Taxoid, 4T0 048 B6CAKO20
ze= Z sudomoppusy zy s84aerca comorerueli ¢ Kosppuyuenron y,(2).

Tlyers U (b,) — yuusepcanbHaa obGepThiBarouias aare6pa adare6-
pot JIu b,. Torna U(g)=UMm-).U(by) (r1. I, § 2, n° 7, caen-
creue 6 Teopemnl l). 3uauur,

V=U(@.o=U0UMm).U®,).o=Um).v

O60o3HaunM Yepes oy, ..., @, NOMAPHO Pa3JHUHbie SJIEMEHTH U3 R .
Torpga sneMeHTH

(xZa X2, ... X )ty ooy en”

obpasyloT Gasuc npocrpaHctea U (n_), nostoMmy

V= > EXZ XD o, (1)
(pl,..., pn)eN
Iaa A e b* nosoxuM
Ty = > kx™ X0 .
(P py)ENT, ! n

O—p Ly~ ... —pnan=7..
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Beaenctsue npepnoxenns 2 (ii) uz ra. VII, § 1 n° 1, ecau Ze),
TO orpanuueHue hy|T, — romoretusi ¢ ko3pduuuentom A (k). Ciae-
nosaresbho, Ty < VA C papyro#t croponsl, u3 dopmyast (1) cie-
LYeT, uTO

V= Z T;‘.

Aem—Na,— ..+ —Na,

Cymma npoctpaters V* npamag (ra. VIL, § 1, n° 1, npensoxenue 3).
Takum obpasom, V*=T,, V — npsimas cymma npocTtpaucts V* u
V* — MHOXeCTBO Takux 3JeMeHTOB X & V, uto hx =A(h)x npu
Bcex heYh. C ppyroit cropoubl, uucao dim V* ne mnpesocxopuT

udcaa takux uabopos (py, ..., p,)=N", uro pjoy+ ... + pya,=
=®— A. dTo jokasbiBaer, uto V*=0, ecit o — A&t ), Na, uro
acs B

. A
dim V®=1 u uto Bce mpocTpancTBa V" KOHEUHOMEpHEL.

[lyete ¢ — 3gnemenT komMmyTanta Moayas V. Torpma a.as Bcex
h ) nMewT MecTO paBeHCTBA

he (v) = ch (v) = o (h) c (v),

4, cJefoBaTesbHO, ¢ (v) & V¥, mostToMy cyulecTByeT Takoil sJe-

MeHT f & k, uto ¢ (v)={v. TakuM oGpasoM, /s Kaxaoro HaGopa
7

(le--: pn)EN

P, Py P, P P P
cXog, - ~a,t = ), CAr N X-ancv =1‘X_Ull - X_’&nv,

TaK yTo ¢==1{¢.1. TloaTOMy, KOMMyTaHT Moay/si V COCTOHMT M3 CKa-
JSIpoB. IJTO JlOKa3biBaeT yTBepxaeHHe (iv), a TaKke HepasJoxu-
MocTb Moayas V.

OnpenenenHE 2. lomomopuam X us npedrowmenus 1 (iv) naso-
8aeTCA YEHTPAAbHLIM XapakTepom §-modyan V.

IeEnnoKENHE 2. [Tycte V ecre §-modyae, nopoxdennsiii npu-
MUTUBHOLM  3NEMEHTOM e 8eca ®, u X — noaynpocroi §-modyas.
O6osnawum wepes O mnoxcecT80 eomomopPusmos u3 §-modyas V
8 g-modyae X. Toeda orobpaxenue @+ @ (e)— usomoppuam eex-

TopHoeo npoctparcrsa © na sexroproe npocrparcrso Xa.

SlcHo, uyTo @(e) & Xa ans Beex ¢ = ®. Ecnu ¢ple)=0u g= Q,
10 @ =0, mockoJbKy 3/emenT e nopoxjaer g-mouyab V. Ilyers

[ — nenynesoit snement npocrpanctsa Xz [lokakeM, 4ro cyme-
cTByeT roMmoMoppusM ¢ & @, paa koroporo ¢(e)=f. Ilycts X' —
noamMonyab Moxynsi X, NOpoxAeHHuli sjementoM f. [lo mnpeno-
JKeHnio 1 monyab X' HepasnokuM H, cjeloBaTenAbHO, NPOCT, MO-
CKOJIbKY MOAy/Ab X mnoaynpocT. daeMeHT (e, f) — NpuMuTHBHBIHA
aneMeHT B g-mMoayae VX X. Ilyers N — nogmopyar monyas V X X,
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NOpoKAeHHLIH 3jeMeHTOM (e, [). Mmeer mecTo BKawuenue N[ X <
c pro (N)=X’, cnegosartenbno, NN X =0 wm NOX=X". Ecw
NNX=X', 1o moayab N cofep}KuT JiHeAHO He3aBuCHMble 3Jie-
MenTH (e, ) u (0, f), o6a — mpumuTHBHEIC 3JeMeHTH Beca . Ho
3Toro He Moxer OuTb (npeanoxenue 1), a smaunr, N1 X=0.
TakuMm o6pasom, pr;|N — unbexTHBHOe oTOGpakenue i mopyaa N
B Moayap V. 310 oToGpaKeHHE CIOPBEKTHBHO, MOCKOJIBKY €ro

06pas COAEePXKHUT 3JeMEHT e. 3HauMT, @ == pryo k' — Taxoii romo-
MopdusM ¢-moayas V B g-Mopyab X, uro @(e)=/f.

2. Hpocroie modyau, umerouue crapuinii sec

HanomuuM, 4to 3asaHue Gasuca B ompejiessieT Ha mpocrTpaH-
crTBe I)B otHomenue noparka (ra. VI, § 1, n® 6). Heorpunaresns-
HEHIMH 2JIeMeHTaMH MPOCTPaHcTna I):, OYAyT JUHeHHble KOMOHHaIHY
3JeMeHTOB MHOXeCTBa B ¢ panuoHaabHuMH Kosbdulunentamu =0,

Boo6ile MbI paccMOTPHM caefylollee OTHOLEHHE OPALKA MEKAY
3JeMeHTaMu A, B H3 H*:

A~ u Goabwe 0, ecad pasHocTs A-— U SABJSIETCS JHHENHOH
KoMOHHALlMEH 3/1eMeHTOB H3 MHOXKeCTBa B ¢ MOJOXKHTEJNbHLIMH

pauuoHaJbHEIMH KO3 duHeHTaMH.

Jdemma 2. Hycre V — npocroii G-moby1s, a @ — gec modyas V.
Toeda caedyowjue yca08UA IKBUBANCHTHYL:

(i) sce seca modyaa V umeror 8ud @ — W, ede p — paduKkasoHolli
noAoXUTeNbHIL Bec;

(ii) @ — Hauboaswuii sec modyas V1),

(ili) @ + @ ne nsanercs gecom modyan V Hi 048 KAKO20 KOpHA
o< B.

(iv) cywecrsyer npumurusHsili s4eMeHT Beca .

(i)=- (ii) = (iii). 1O OUEBHAHO. )
(ifi)=-(iv). TIlpeamosoxkum, uro ycaoBHe (iii) BhIMOJHAETCA.
Torga ans Jawboro sjremMeHTa A &) noanpocrpaHCTBO

Ker (hy, — o (h))

He DaBHO HYJO, COofepXKurca B V° H yCTOHUABO OTHOCHTE/HHO
sunomMopdusmoB §,. Munykuneir mo dimph met ybexpaemca B TOM,
yTO CyUIeCTBYeT TaKoli HeHy/eBOfi 3JeMeHT v B mpoctpancrse V¢,
gyro Yv < kv. W3 yeaosus (iii) BeTekaer, uro n,v=0, a 3Hayur,
v — NPHMHTHBHBIA 3JIeMEeHT.

') HanGoabwuii Bec Moayaa V Mbl GyneM HaskBaTh €ro Craplium 6eco.
Anasornuno BBOAHMTCH NOHATHe Mmaadwezo seca. — [Ipun. nepes.
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(iv)= (). [lycTs v — IpUMNTHBHEIA 3/JeMeHT Beca ®. Tak Kak Mo-
Ayas V mpoct, To Kak ¢-MoAyJab V nopoxpaercs 3jeMeHTOM v. Ta-
KuM o6pasoM, yreepxaeuse (i) caenyer u3 npefgaoxenns 1. U. T. I

Taknm o6pasoM, AJ% MPOCTOrO (-MOAYJAS CYLIECTBOBaHHE MpPH-
MHTHBHOTO 3J€MeHTa 9KBHBAJEHTHO CyIUeCTBOBAHHIO CTAPIIEro Beca
HJIM CYILIECTBOBAHHIO MaKCHMaJbHOT'O Beca.

Cyutectrayior TakHe npoctsie ${ (2, C)-voayau V, uro ana awbofl noa-
anre6pw Kaprawma ) anre6pw JIn 3l (2, C) Mmofynn V He umeer muKakux
secos (§ 1, ynpaxuenue 14e)). 3t Monynu OECKOHEUHOMEPHBLI HAJl TO-
aem € (§ I, n° 3, Teopema I).

s

Meegaoxenue 3. [ITycre V — npocroli §-mo0yse €O crapuium
BECOM Q.
(i) MTpusurusHoimu 34eMeHTAMU MO0yAa V A8AS10TCA HEHyAeBble

saemenTbl npocrpancréa VO.
(i1) Paccsmarpusaemoui Kax H-modyre modyae V noaynpocr.

(iii) V= @*V’“. Haa kawdoeo seca A1) npocrpancréo V*
ICOHettl-LOMEpI-L}f ’)K pome ToeO,
dim V®=1.
(iv) g-modyas V abcoawoTHo npocr.

Vreepxaeune (i), (ii), (iii) coemyior us mnpegnoxenus 1 u
Jemmul 2. YTBepxaenue (iv) caenyer H3 npexaoxeHus 1 (iil) u
Alg., chap. VIII, § 7, n° 3").

CaeacTBHE. Ecan V — KoueyHomepHolll MOOYAb, TO KAHOHUMECKHUIL
eomomoppusnu U (g) - End (V) cropsexrusen.

Aro BuTeKaer U3 yrBepxaeHus (iv), cM. Alg., chap. VIII, § 3,
n° 32).

TIpEnsOKEHHE 4. [TycTe V — npocToii §-modyse €o crapuitm
gecom @, X — noaynpoctoii §-modyss u X' — u30TUNHASL KOMNOHEHTA
runa V 8 modyae X. Toeda X' — nodmodyse modyasa X, nopoxden-
noui nodnpocrpancréom Xa. Jauna 37020 MOOYAsL pasHa pasmep-
HOCTU NPOCTParcT8a Xn.

[ycrs X” — noamopyns B X, MOPOXKAEHHBIH MOANPOCTPAHCT-
Bom Xy SlcHo, uTO Bece mopMoAaymad Mogyias X, naoMopdHbe Mo-
nyawo V, comepxkarcs B Moxpyae X”. CaenosatennHo, X' < X”.

Ho no npepsoxeHsio 2 pMeeT MeCTO BKJIOYEHHE X” < X’. Caeno-
BatenbHo, X' = X"”. C ppyroii croponn, nycth @ — MHOXKecTBO

) Cm. rakme Azez, ra. VIII, § 4, n°3, n Ase, ra. VI, § 13, n° 4, —
[Ipum. nepes.
2) Cum. takxe Ase, ra. VI, § 13, n° 4. — [Ipun. nepes.
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roMmomopbusmos g-monyas V B g-monyab X. dauna moayas X’
paBna dim, ® (Aze., ra. VIIL, § 4, n° 4), a suauut, dim, X3 (upen-
Joxenue 2).

3. Teopema cywecrsosanus u edUHCTBeRNOCTL

Mycts A=b. Tak kak b,=bPHn, u n,=][b,, b,], To oro-
Gpaxenne h—+n+>A(h) (rae hebh, nen,) aarebpu Ju b,
B nonie k siBaserca l-MepHuIM fpencTaBaeHueM agarebpst Jlu b,
O6o3naunm uepe3 L, BekTOpHOe A-NPOCTPAHCTBO, CHaBKenHoe
CTPYKTYPO# b.-MOAyNsi, KOTOPYIO oupesnessieT 3TO IpeACTaBICHUE.
Myers U (3), U(b,) — ynusepcanbusie oGepTbiBamoulne anreSphl
aas g, b, npuuem U (b,) paccmaTtpuBaeTcs Kak moganre6pa B U (g);
HanoMBuM, uto U (3) saBaserca csobGoxHuiM npasuiM U (b, )-Monynem
(rn. 1, § 2, n° 7, cnencreue 5 teopemnr 1). [losoxum

ZM=U)®uv s, L @)

Torpa Z(A)— neBulil §-mony/1b. OGO3HAUHM uYepe3 e ero 3JeMeHT
1®1.
[pepnoxesue 5. (i) Saemenr e — npumurusnoui ssement uz Z (L)
geca h, u e nopoxdaer Z (A) xax §-modyav.
(ii) Tycre zr o) =AZ Z (M. JTroboti nodmodyas modyas Z (M),
#u

orauunbili or Z (A), codepucurca 6 modyse Z* (M)

(iii) Cywecrsyer nauborswuii nodmodyav F, modyas Z (1), or-
auunoui or Z(A). Pakropmodyav Z (A)F), npocr, u eeo crapwiui
sec pasen A,

SlcHo, uTO 3neMeHT e nopoxpaaer ¢-moayab Z(A). Ecin x = p,
TO HMEIOT MeCTO PaBeHCTBa

Xe=x.DN®l=(1.x)&1 =
=1@x.1=A(x)(1&1)=»A(x)e,

OTKYZAa caefyer yTBepxkueuue (i).
p-moayabp Z (A) noaynpoct (npensoxenue . l). Ecanm G ecTs
g-noamonynb mopyas Z(A), ro G = > (G(]Z(}»)“). Tlpennonoxe-

nep*
nue G Z (\)*5£0 Bneuer 3a coboit G = Z (A), Tak kak dim Z (A)" =1
u g-moaysab Z (A) unopoxpaercs aaeMerroM e. ITostomy ecau
G#£Z(\), To G= thnzm)“cz"‘(x).
Ilycts Fx——o61l:e’;,HHeHue orauuHeIX oT Z (A) mopMmonyneit Mo-
ayas Z (A). BenenctBue ycaoBus (ii) uMeeT MecCTO BKJIOUEHHe
F, = Z"(A). 3uauur, F, — nauGospuwnit otTiuunsli or Z(A) non-
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MORyJab MoOayas Z (A). SlcHo, uto darropmonyab Z (A)/F, mpoct u
uyto o6pas aneMenta e 8 MonyJae Z (A)/F, npu KaHoHHUecKOH Npoek-
UHH SBASETCS [PUMHUTHBHEIM 3J1E€MEHTOM Beca A.

Hasee 8 3sroi eaase §-modyae Z (A)/F,, ssedennotii 8 npedio-
aenuu 5, 6yder obosnauarsca wepes E (A).

Teorema 1. [Tycre A =9*. Toeda §-modyrs E (M) npocr u ezo
crapwuil sec pasen A. Kaxcdoui npocroid §-modyss co crapuum
gecom A usomopthen modyaro E ().

TlepBoe yTeapKAeHHe caeAyeT 43 npeajoxenus b (iii). Bropoe
yTBepXKIeHHe crelyer U3 mpensnoxenus 4.

IMrepnoxeHuE 6. Tycre V ecre §-modyas, A— aaesmenr npo-
cTparctéa B*, v — npumuruenviii sirement us V eeca A.

(i) Cywecrsyer, u npurom eOUHCTBEHHBIE, 20MOMOPPUIM
Y Z(A)—> V g-modyaed, Taxoi, uro ble) =wv.

(i) 11 pednoroxcun, uro Modyss V noposder saementon v. Tozda
eomomoppusm  ciopvexrugen. Yrobur zomomoppusm P b6eta Ouex-
TUBeH, Heobxodumo u docrarouno, urobet dan Kaxd020 HeHyAae8020
anementa u aseebpor U(n_) sndomopdusm uy 66in UHBEKTUBEH.

(iii) Orobpamcenue u—>u@l modyazs Um.) 8 modyas Z(\)
6ueKkTusHO.

Tlycts K — anpo mnpeacrasaenns aare6pu U(b,) B mpocrpaun-
cree L,; B mpocrpanctse U (b, ) kopasmepHocTs 3TOr0 siipa pasHa l.
Ilyers J=U(g) K — neBnift upean aareGpum U(g), MOPOXAEHHBIA
muoxectBoM K. Torpa Momyab L, eCTeCTBEHHO OTOXKAECTBJSAETCS
¢ aeseM U(b,)-monynem U(b,)/K, a Moayab Z(A)—c neBbM
U (9)-monynem U(q)//. Vimeer Mecto pasedcrso K.v =0, nosromy
J.v=0, uto nokaswiBaer yTmepxaenne (i).

[IpennosoxuM Tenepb, YTo MOAYJIb V MOPOXKIEH IJEMEHTOM U.
dcno, uro roMoMopdu3M P CIOPBEKTHBEH.

Mo teopeme Ilyankape — Bupkrodpa — Burra (ra. I, § 2, n° 7,
caencteue 6 teopeMnsl 1) 6asuc npoctpancrsa U (n.) Ham moseMm R
aBasieTcss Takxe Oasucom npasoro U(b,)-momyas U(g). Caenosa-
TeJbHO, OTOOpaxeHne @: u+—>u® | mpoctpasctea U (n_) B npo-
crpanctso U (8) ®u s,y L, Ouekrusno. Ilycrs u=U(n-). Torna
sunoMopdusM @~ o uz oy 0 @ npoctpanctea U (n_) cosnagaer ¢ ymMHO-
KeHMeM cJieBa Ha 3JjieMeHT 4. YUMTHBag cjaefAcTsdHe 7 Teopemnl |
ra. I, § 2, n° 7, mosnyuaem, uTo rOMOMOP(U3M Uz ) HHBLEKTHBEH,
ecan u == 0. CienosaresbHo, ecjn roMoMopdu3M P GHEKTHBEH, TO
sHAOMOpdHU3M 4y HHBEKTHBEH /151 BCEX HEHYJEBBIX 3/eMEHTOB
anrebpn U (n-).

IIpeanosioskunM, 4To 3dHAOMOP(DU3M P He HHBeKTHBeH. Toraa
cyuiecrsyeT tako#h agement u=U(n.), uro u %0 u P(p))=0.
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TaxkuM ob6pasom,
uyov=1u, Hp(1@) =9 u®1)=1p(p)=0.

Cnegcteue 1. Tycre A=Y u a= B rakoswt, 4to A(H,) + 1 =N.
Toeda modyrs Z (— o -} s,A) usomopen nexoroposmy §-nodmodyaro
modyan Z (A).

Tosoxum m==h(H,). [ycets x=X".e=Z() u V—noz-
monyab Moayas Z (), nmopoxiaeHHbll 31eMeHToM X. Mebl nostyuaem,
yto x % 0 (npegnoxenie 6). C xpyroii cropomsl, x & Z (M)~ Fhe
Ecan f=B u p#a, 10 [§7% ¢*] =0 u ¢¥.e=0, caegoraressHo,
4P . x = 0. Hakouer, nockoabky [Xq, X_o] = — Hq, 1O [Xa, X4 =
=(m-+ X2 (—He+m) (§ 1, n° 1, aemma 1(ii)), oTkyna cae-
IyeT, 4TO

Xgoxt =X X" e =[Xq, X3 ] 0=
= (m + 1) X" (me — % (Hy) €) = 0.

TakuM o06pas3oM, X — NPUMHTHBHLIH 3JeMeHT Beca A — (m -+ 1)a.
YuureiBasg npejsoxenue 6, moayuaem, 4to §-Moay.ab V usomopden
monylo Z (—- a4 A -—ma)=2Z(— a4 s,1).

Cnencreue 2. IMycre p=% Z a u h, p= 9. lpednosocncum,
GER,

410 A+ P — GOMUHAHTHYIL 8eC OTHOCUTEAbHO cucTemsl R U uTo cyuje-

creyer asement w= W, das koropozo w+p=w(h+p). To2da

Modyas Z () uszomopger HexoTopomy nodmodyaio modyan Z (A).

Yreepxaenune ouesufHOo, ecaun w=1. Ilpexamonoxum, uTo
CHpaBefJHBOCTb YTBEeDPXKAEHHS YCTAHOBJIEHA IIPH YCJIOBHH, YTO
IMMHa 3JieMeHTa @ MeHbile ¢. Ecau Teneph piuHa 3JieMeHTa W@
paBHa ¢, TO CYUIeCTBYeT TaKO# KopeHb o & B, uTo w =szw’ ~!,
npuuem [(@w')=g¢g— 1. Mw noayuyaem, uro w’(a)=R, (ra. VI,
§ 1, n°6, caexcteue 2 upepsoxeuus 17) u, CJaAeN0BaTebHO,
(@'~ (A + p)) (Hy) = (A + 0) (Hyo) — neqoe uncao >=0. ITosioxum

W=w-""(A+p)—op.

[To NpeANONOKEHHI0 HHAYKIMA MOAydb Z (u') usoMopber mog-
monyJto Monyas Z (A). C apyroil cTopoHsl, no npeagnoxenuio 29 (ii)
us ra. VI, § 1, n°10, Mel nosayyaeM, uto

—a+ s’ =—at s, (A +p) —sp=w(hFp)—p=p.

Kpome Ttoro, p(Hg)=1 (ra. VI, § 1, mnpennoxenne 29 (iii)),
a anauur, W (Hy)+ | = N. Takum o6pasom, u3 caeactsus 1 suite-
Kaer, 4Yro Moxyab Z(u) nzoMopden mnoamorymo mony.as Z (w),
a cJaeNOBaTeJbHO, HEKOTOPOMY HOAMOAYJI0 Monyas Z (A).
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4. llenrpaausarop nodaasze6por Kaprana |
8 ynusepcaavroi obeproisaroujeli arzebpe anzebpor Ju g

Ilyere U — ynuBepcanbHas oOepTeiBaipowiass anarebpa anre6pe
JIu @, a VU — ynusepcaiabnas oOeprhiBamoulas anre6pa ad-
re6pel JIn . Aare6pa V ecTeCTBEHHO OTOMKAECTBJIAETCS C CHUM-
merpudeckoii anre6poit S(bh) npocrpancrsa B, a Takxe ¢ anre6poii
HOJAMHOMHAAbHBIX (QyHKuui Ha §". OGozHauuM uepe3 o, ..., O,
[OMapHO pasiquHble ToJoXKUTeabHble Kopuu. Ilyers (Hy, ..., H) —
Gasuc mnpocrpancrsa §. Ilo reopeme Ilyankape — Bupkrogpa —
Butra 3/eMeHThHl

w((q,)> (m;), (pz)_)=XZ'a1 X"_ﬂanH;"’ HT’X;’: XZZ
(q;, m;, p; — uensie 2=0) o6pasyoT 06asuc BEKTOPHOTO NPOCTPaH-
crea U. das xaxpgoro A< b uMeer MeCTO pPaBeHCTBO

(A, ui(q:), (mi)v (p)] =
=({(m—q)u-+ ... +(pr— g a,) (Wullgs), (ms), (ps). @)

Bekrtopuoe mnpoctpanctso U saBasercsd g¢-MoAyJeM (a ciefosa-
TeNbHO, W B-mOAyJeM) OTHOCHTENbHO NPHCOCAHHEHHOr'o MpexcTa-
BaeHus. Ecau A& §¥, 10 onpenesnens nommpocrpancrsa Ur u U,
(r. VII, § 1, n°3); dopmyaa (3) nokaswiBaer, yto U*=U, u uro

U= & U* (rzne Q—rpynna pamuKaibHbix BecoB CHCTeMB R).
A=Q

B uacrHoctd, U° sBasiercs ieHTpaju3aTopoM MoOAyJs b uam Mo-
ayas V B aare6pe U.

Jemma 3. Moroxcum L(n-U)NU°.

(i) L=(Un,)NU° u L — dsycroponruti udeas areebpor UC.

(i) Ul=VDL.

fcuo, uro n_U (coors. Uny) — 3T0 MHOXECTBO TaKAX JIHHEHHBIX
KoMOuHauui sqementos u((q;), (m;), (p;)), uro Zth>0 (coors.
Y. p:>0). C xpyroit cTopoHsi,

u((ﬂh), (mi)’ (pi)) = U0<-'=>~p1£l1 + cee + Prny = 10 + L] + Gnly.

Mostomy (n_U)QU®=(Un,)QU° Hakouen, (m_U)QU® (coors.
(Un,)yNU% siBasierca npasbiM  (cooTB. JeBeM) HaeasoMm B US,
oTkyla caenyer yreepxienue (i). Kpome toro, asgement u((q;),
(my), (p;)) anre6pol U° npunapgiexur V (cooTs. L) TOrfa u ToJbKO
TOMZA, KOTAA Py = ... =pp=¢g;= ... = ¢, =0 (cooTB. p, -+ ...
cee +pnt+ @+ ...+ g.>0), uto goxasuiBaeT yTBepXxaeHHe (ii).
Y, T. [O.

Beuny Jgemmbi 3 mpoekuusi U® Ha V — romoMmopdusm anre6p,
AApO KOTOpPOro pasBHo L. 2ToT TOMOMOD(H3M HAa3LIBaeTCsd
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zomomopdusmosm Xapuw-Yandpo: anredpsl UY ua aare6py V (otnocu-
TeabHo Oasnca B). Hanmomuum, uyro anre6py V MOXHO oToxZAe-
CTBHTb C ajare6pod MOJMHOMHAJbHHEX (YHKIHH Ha 6.

Meepnoxenue 7. [ycre Ae<b*, V — nekoropeid §-modyae,
NOPONHOCHHBIL NPUMUTUBHBIM FACMEHTOM 6eCa A, Y — YCHTPAAbHbLI
xapakrep aazebpor V. U ¢ — comomopgusm Xapum Yandpo aa-
eebpor U na ancebpy V. Toeda 0aa 106020 2 uz yenTpa yrueep-
caavroli obeprusaroueti aaeeCpor U svinosneno pasencrso y(z)=

= (@ (2)) M.

[Tyets v — npuUMuTHBHBIH BdJleMeHT IpocTpaHcTBa V Beca A,
a z— sneMeHT u3 LeHTpa anre6pul . Torma cyiecTByOT Takue
U, .. ypsUnn,....,nyen,vr0oz=0@)+un + ... +upn,.
Taxkum obpasom,

rRv=z2v=0@v4+unv+... +unov=9@v=(9()Rx)o.

CnencrBHE. ITycTe (. , ) — HeBLIPOMOCHHAS UHBAPUAKTHAS CUM-
smerpudeckan buaunetinas opma na areebpe JIu ¢, a C — saremenr
Kasumupa, accoyuuposarnelli ¢ 3roil Qopmoii. Tem e cumeo-
aoM (., . ) obosnanum dopuy na B*, aeaarowyrocs obparnoii opmoi
0aa oepanusenus opmer (. ,.) Ha npocrpaucréo § (§ 2, n°3,

npedsoxenue 5). Tozda ¥ (C)=(A, A+ 2p), ede p:% Z a.

GER

Bocnosbayemcsi 0603HAYeHHAMU H3 NpeloxeHus 6 § 2, n°3.
HwMeer MecTO paBeHCTBO

C= ) woxgXK-at ), woxoy X-oXa +

aeER_, o ER +
+ }: iy X Xoal+ ) HiHE.
a€ER + il
CaepnosartesnHO,
?(C)= Z m——[xa, X~a]+ZHH
aeR+ iel

Tlo npenaoxenuio 7

(€)= ) gyt (Xar Xoal)+ ) 2.(H) A (H).

aER+ iel

[Tycte Ay, — Takoll sjeMeHT mnpocrtpancrsa. b, uto (b, h)y=2»A(h)
aas1 Bcex h&h. Ilo nmpeanoxennto 1 u3 § 2, n°2, umelor MecTo



1 § 7. KOHEUHOMEPHBIE MOAYJIH 155

paBeHcTBa

i (g e Xeal) = (e gy P Xoal) = 0l =1, )

CJief0oBaTe/IbHO,

x(C)=( ZR (, a>)+<>», A=, A+ 20).
ae +

§ 7. KoHeyHOMepHbIe MOAYAH Haj pacumienJeHHoM
noaynpoctroit aarebpoit Jiu

B stom napaepade mui coxparum ocrosnste oboanauernusn u3z § 6.
Yepez P (cootB. Q) obosnaxaerca epynna eecoe (cooTB. epynna
padukassrblx 6ecos) cuctemvr Kopueid R. Yepez P, (cooTB. Q)
0603Ha4aeTC MHOMECTB80 3aemenTos8 epynnel P (coots. Q), noao-
HUTEAbHbIX OTHOCUTEABHO HeKoTopozo onpedeaennoeo Gasucom B
ynopadoxenus cucremot R. Yepes P, o6o3nanaerci MHONeCT8O
JomuHanTHbIX 6ecos8 cucremor R ornocureasvno 6asuca B (ra. VI,
§ 1, n° 10). Suemenr & npocrpancrea §* npunadaexcur P (coors. P )
roeda u ToAsKkO TO20a, Koeda ace 4ucaa A(H,), o= B, yeavte
(cootB. yeavie =0). Hmeer mecro sxawoyenue P,, < P, (ra. VI,
§ 1, n°6). Ecau we W, 10 4epes e(w) odo3navaercs OerepMUHAHT

. 1
asromoppuana w, pasuetii 1 waw —1. IToroxcum o=y Z a.
ueR+

1. Beca npocrozo KoreuHOMepHOZ0 B-MmOOYyasn

Teeanoxeude 1. ITycre V — Koneunomeproiti §-modyas.
(i) Bce seca modyan V codepicarca 8 P.
(i) V= v~
wepP
(iil) dasa scakoeo p < b* npocrpancreo V¥ cocrour uz rex xV,
0asa koropuix h.x =wp(h)x npu ecex h=h.

Hasi kaxnoro kophsi o = B cymecTByer roMoMmopdusm anaredpoi
JIu &((2, k) B anrebpy Jlu ¢, xoropuit nepeBoxut H B Hy. Ilo
cjaeacTsuio npepnoxenus 2 us § 1, n°2, sumomopdusm (Hy)y
IPUBOAUTCH K AHATOHA/JBHOMY BHIAY ¥ ero coOcTBeHHble 3Hade-
Husi — teawue vpcaa. CienoBaTtesbHO, MHOMKECTBO 3HAOMODPGHH3IMOB
(Hg)y Tpun a= B npuBogutcs K auaromansuomy Buny (Alg., chap.
VII, § 5, n°6, proposition 13). ChemoBaTenabHo, Aaa BceX A< b
sHpoMopdu3M Ay NMPHBOXUTCA K AMarona/jbHoMy Buay. ITo mpemso-

xenuto 9 u3 ra. VII, § 1, n°3, umeer mecro paBencTo V = EBB %4
uesbh*

C npyro#t cropouni, ecian V50, To u3s mpeAbinyliero BHAHO, YTO

w(Hg) & Z mna Beex KopHeit o & B, otkyna caenyer, 4to p & P.
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Iro pokaswisaer yrtBepxkienus (i) u (ii). B To xe Bpemsa sacho,
4TO SHAOMOPGHU3M A, NPUBOAUTCH K AHaroHaabHoMy Buay. Orciona
BuITeKaeT yTBepxkpenue (iii).

CaepcrBuc. ITycrs p — KoHeuHoMepHOE npedcTasaeHue aaeebpol
Ju g u ©— busuneiinas popua, accoyuuposaxnHas ¢ npedcrasie-
Huesm P.

(i) Ecau x, y =9y, 10 O(x, y) =Q u O(x, x) =Q,.

(ii) Ecau npedcrasaenue p UHBEKTUBHO, TO O2panuyenie popmbr D
Ha nodaaeebpy Y HesovLpoNcOeHHO.

Yreepkneuune (i) ciaenyer u3 npepnsoxeHua 1, moCKoAbKy aie-
MEHTB MHOXECTBA P NPHHHMAIOT HA MPOCTPAHCTBe by paunonann-
Hble 3uavednss. Ecaum npeacrasneHune @ MHBeKTHBHO, TO dopma @
uesupoxienua (ra. I, § 6, n°1, upepnoxenue 1); caegoBatenbHo,
orpatnvyenHe ¢popMut @ Ha npocTpaucTBo Y HeBripoxkAeHHo (ria. VII,
§ 1, n°3, npepnoxenue 10 (iii)).

JIEMMA 1. ITycre V — nexoropoiil §-modyas u p — coOT8ETCT8YI0~
wyee npedcrasaenue areebpol Ju §.

(i) Ecau a — Hunbnotentnoll 3ieMent aseebpor Jlu § u ecau
aaemenT P(a) AOKQAABHO HUABNOTEHTEH, TO 048 aobo2o b < g

0 (ead ab) = P (a)p (b) e—0 (@),

(iiy Ecaw a =R u o6passl 3aeMeHTO8 NpoCTpawcrs ¢% u ¢=%
npu npeocTasAenii P A0KAALHO HUABILOTEHTHbL, TO MHONECT80 8eC08
mo0Yan V YCTOUMUBO OTHOCUTEABHO OTPANCEHUS S,.

B mpeanosnoxeHuax yreepxKaeHus (i) uMeer MecTo papeHCTBO
p((ada)"b)=(adp(a))" o () nmas Bcex n=0, W, caeaoBaTenbHO,
o (e2d2p) = e2dela)g (p). C Apyro# CTOPOHH, MOXKHO HOKA3aTh TaK XKe,
Kak u yTeepxkiende (ii) semms 1 us ra. VII, § 3, n°l, uro
CnpaBeJJIHBO PaBEHCTBO

eado (a)p (b) == ef (a)p (b) e—o (a),

[Tyctb BHMOAHAIOTCA npeAnotoxeHus yrBepxienus (ii). [Tycts
0, = Yag? ¥-ae?®¥a, Tlo yreepxpmenuio (i) cymectsyer Takoi
asement S GL(V), uro p(0,0) = Sp (b)S—1 Aas Bcex beg.
3uauur, supomopdusm 0,|H conpsxen K snmomopduamy s, (§ 2,
n°2, semma 1). ITyers A — Bec npocrpancrea V. CyulectByer Takon
HeHyJeBoH 3jeMeHT x upocrtpaHcrsa V, uro o (h)(x)=A4i(h)x nas
BCEX he). Takum o6pasom, Mbl mojyuaem, uTO

(B S x =870 ("suh) x = S (*s4h) 1 = (sa2) () S™'x

npu Beex h &, CaerosarelbHo, sgh — Bec Moayas V,
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[pepaoKEHNE 2. [Tycre V — koweunomepuoil §-mo0yasp u
s & Aut, (q). .

(i) Cywecrsyer raxot asromopgpusm S & GL (V), 4ro (s (x)), =
= Sx,.S™' daa scex x = g.

(ii) Ecau s = Aut,(g), To 8 kKauecrse S MOMHO 8b16pars aeMmeHT
us SL(V), ornocureasro KoTOpo2o ycroliuusel sce §-nodmodyau
nodyaa V.

Yreepxienne (ii) caeayer u3 aemmet 1(i). Ilycte Tenepb
s & Aufy{g). O6o3nauum uepe3 @ npeacTasieHue aarebpot Jlu g,
onpenetennoe mMoaviem V. Ilo yrBepxaenuto (ii) npeacrasaenus o
H P oS CTAHOBATCA SKBHBAJIEHTHHIMH MOCJE PACHINPEHHS MOJS CKa-
asapos. CaeqoBaTe/bHO, OHH NpPOCTO 3KBUBaJeHTHH (Tu. I, § 3, n°8,
npemnoxenre 13), OTKyla BHTEKaeT CYIECTBOBAHHE HCKOMOTO
apToMopthusma S.

3asmewanue 1. Tlyctb aBTrOMOpU3M S YAOBIETBOPSET YCIOBHIO
npeanoxenuss 2(i), # nyeth §=s(h). O6osnaunm uepe3s s* uso-
*
mopbusmM Ar>Aos~! mpoctpancrsa b ua ™. fcuo, uro

A *3
S(VY) = v
B YaCcTHOCTH, HMEIT MECTO

Caencreue 1. Hsomopgusm s* nepesodur seca modyss V ortocu-
reavHo nodaacebpel Kaprana Y 8 seca modyas V orHocureasro
nodareebpor Kaprana Y; O0sa coorsercrsymoujux dpye dpyey seca
uMeroT O0OUHAKOBYIO KPATHOCTS.

CnepcrBue 2. flycre weW. Kaxkos 6uor Hu 6oia sec h < b,
A A
gekToptole nodnpocrpanctea V- u V" umeror odunaxosyro pas-
meprocrs. Mroxwecrso secos mModyas V ycrotuuso OTHOCUTEALHO
deticteua epynnet W .

JleficTBATENbHO, H30MOPGhH3M W@ HMeeT BHA S° s HeKOTOPOro
s Aut, (g, b) (§ 2, n°2, crenctsue TeopeMn 2).

3aumewanue 2. BBuAy ciaencTBHS NpPeANOXKeHHA 2 U 3aMeuaHus 2
u3 § 5, n°3, MOXKHO roBOpPUTb O Becax MOAyJsi V OTHOCHTENbHO
KauoHHueckol noganre6per Kaprana aare6pst Jlu g u 0 KpatHOCTAX
9THX BECOB.

3ameqanue 3. Jlemma 1(i) # npennoxende 2 ocTanTCs Crpa-
BeI/JIUBbIMH, IpDHYeM NPOXOAST Te€ Ke JOKas3aTeJbCTBAa, €CIH He
npeanoJsaraercs, 4ro aare6pa Jlu ¢ pacigennexnas.

2. Crapwue seca npocroix KoneuHomepHsix G-modyaeil

Teorema- 1. Zag To20 4T06bL -ApOCTOL §-MOOYAb UMEA KOHEHHYIO
pasMepHOCTb, HEobx00uMO W OOCTATOUHO, 4TOGbL €20 CTApuilil 8et
npunadrexcanr P, .
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O6osHauuM dYepe3a V HeKOTopulli NmPOCTOR ¢-MOAYJb, a uepes
& — MHOKECTBO €ro BECOB.

a) Ilpenmonoxum, uyro V — KoHeunomephwii Moayab. Torpa
& — HenycToe KOHeUYHOe MHOXKeCTBO (mpepsoxeHue 1), y KoTOporo
ecTb MakcuManbHbll ajemeHT o. [lycte a = B. Torga o + a & &,
a 3TO [OKaablBaeT, 4TO © — crapuiuit Bec Mopyas V (§ 6, n°2,
jgemMma 2). C Apyrodl ¢TOpoOH®I, CYILeCTBYeT romoMoptusm anre6pnl
Ju 81(2, k) B anrebpy Jlu ¢, Koropnsiil nepeBoAMT 3aeMeHT H
B asaemenT Hg no mnpeanoxenuto 2(i) us § 1 o(Hy) — uenoe
uucyo =0, a ciaemosartenbho, e =P, .

6) TlpennoJsioxum, 4To y MOAyas V uMmeeTcs CTaplluil Bec o,
KOTOpHIA mpunamiexur P, .. Ilycth a= B, u nycTb e — NpuUMH-
THBHbIA 3meMeHT Moaysas V Beca o. ITonoxum e, = X! e nas scex

i=Z0, m=eo(H)=N u N=Zke,~. CornacHo mnpenyoxenuo 1
i=o

us § 1, n°2, Xeep, =0. Ecu BEB u B~ a, 10 [X,, X_a]=0

a 3HauuT, Xgem+1=XBX’f§le—X"‘+lXBe——O Eciu emp #= 0, TO
M3 STHX PAaBEHCTB MBI 3aKJOuaeM, uTO &, — IPUMUTHUBHLIH 3e-
MEHT, a 3Toro He MmoxeT Guith (§ 6, npeasnoxenne 3(i)); mosromy
emy1=0. Tlo caenctBuio npensoxenus | § I, n°2, snemenr N
yCTOMYMB TaKKe OTHOCHTEJ/IBHO AeHCTBHA nofanrelphr §,, NOPOXAEH-
no#l anementamu H,, X, u X_,. Cnenosarenbno, anreGpa Jlu 8,
penykTuBHa B asreGpe Jlu ¢, u, TakuM 0o0pa3oM, CyMMa KOHEUHO-
MepHBIX MOANPOCTPAHCTB MoAyJsi V, YyCTOHYHBBEIX OTHOCHTENbHO
neiicTBUA 8,, ABAsieTcd g¢-moamoxysieM moxyas V (ra. I, § 6, n°6,
npeasnoxenue 7). [TockosbKy 3Ta CyMMa He paBHAa HYJIO, OHA
cosnagaer ¢ V. Orciona caenyet, uto aunomopodusms! (Xo)y 4 (X_g)y
JIOKaJIbHO HHJABIOTEHTHH. Y4YuThiBag Jemmy 1 (i), moayuaem, yro
MHOXKECTBO & yCTOHYHBO OTHOCHTEJBHO S, AAs JioGOoro KOpHs d.
CaenoBaTesbHO, MHOKECTBO & yCcTOHUMBO OTHOCHTEABHO Tpynnel W.
Taxum o6pasoM, kaxpgas opbuta rpynnsl W B MuHOXecTBe P nepe-
cekaercsl ¢ MuoxectsoM P, (ran. VI, § 1, n°10). C npyroit cto-
poust, ecit A= Z NPy, T A=6— >, n,o= >, na, rie
a8 V=)

n,eN u n, >0 npu scex a=B (r1. V, § 3, n°5, aemma 6)-
Crepnoatenbuo, & (| P, — KoOHeUHOE MHOXKECTBO, Y, 3HAUUT, & KO-
neudo. Tak KakK KaxXAbIE KOpeHb HMeeT KOHEUHYI0 KPaTHOCTh
(§ 6, n°l, npensoxenune 1(ii)), To Monysp V KoHeuHOMepeH.

CJIE,U,CTBHE 1. Ecau Asb u A&EP,,, 10 gMoay/lb E®)
(§ 6, n°3) beckoneunomepen.

CaepcrBHE 2. Koeda A npobezaer muoxcecrso P, §-uodyau E (A)
00pasyroT MHOXCeCT80 npedcrasureaetll KAACCO8 MPOCTHIX KOHEYHO-
MepHblX §-Modyael.
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g-MonyJab E (M) HasbiBaeTC PYHOAMEHTANLHBIM §-HOOYAeM, €Can
A-— dyHIaMeHTa bHEI BEC; COOTBETCTBYIOIEE TIPEICTABICHHE Ha3bl-
Baercs (PyHOaMeHTAAbHBIM npedcTasaeduem areebpst Jiu §; takoe
npexncrasnenue abconoTHO HenpusBopumo (§ 6, n°2, mpemsoxe-
Hue 3 (iv)).

Ecnun V — koHeunoMepHblit g-Moaynp 0 A& P, ., TO H30TUMHAas
KoMrnodenta tuna E(A) B Momyne V Ha3biBaeTcsl U30OTUNHOUL KOM-
noHeHTOU craputeco seca A modyan V.

Samenanue 1. Tlycts A& Py, 0, —npenctasienne aarebpu Jlu g
B Monyne E (L), s= Aut(g) 1 0 — kanouudeckuil 06pas snemenra s
B rpynne Aut(R, B) (§ 5, n°3, ciencreue | mpenstoxenus 5). Torna
NpeACTaBiEHHE ) ©S SKBHBANCHTHO MNpPEICTABICHHIO Pg; AEHCTBU-
TeaAbHO, ecaH S €= Auty(g), T0 mpencraBaeHUsl Py o S H Py KBHBA-
JeHTHB TNpeAcTaB/ieHHIo P, (apemnoxenue 2). Ecnu mopganre6pa
Kaprana § n 6asuc B ycToifilYMBH OTHOCHTEJNHHO aBTOMOpPpH3MA s,
TO MOAYJb, OTBeYAlOUIHH OpefCcTaBACHHIO. 0y © S, IPOCT H €T0 CTapLIKi
BeC paBeH OA.

B wacTHOCTH, hyHXaMeHTANbHbIE TPEACTABIEHHS IEPECTABISAIOTCS
Mexny cobofl mox feficTBHeM aBTOMOpP$H3MA S, H 3TA NlepecTaHOBKA
TOXKAECTBEHHA TOTAAa M TOJABKO TOrAA, Kormga s Auty(g).

A
my
i
f
1
!
|
I I |
I i a5
- 0 p-g » ¢
2
Puc. 1.

IIpEpoxkEnne 3. Iycre V — xoweunomepuouili §-modyss u
& — mnoocecreo secos modyaa V. lycre A= &, a =R, [ — mno-
aecr8o rakux wuces t=1Z, utro h-+tae= &, a p (coorB. — g) —
HaubGoavuiuil (COOTB. Haumenswuil) saement mruoocecrsa I. ITycre
m; — KparnocTs seca A+ ta.

(i) I=(—g, p) u g— p=~(H,).

(ii) Ars kamdozo yerozo wucaa u < (0, p+ q) seca d +(p — u)a
U A+ (—qg-+u)o conpaneno. ¢ NOMOWDLIO OTPANCEHUR Sq U
Megyg =Mp—y.

(i) EcauteZ ut < (p—q)/2, 10 sndomoppusm (Xq)y ecro unsvex-
rusroe orobpascenue npocrpancrea V' e npocrpancreo VT,

(iv) Pynkyua tr>m, sospacraer na orpeske (— g, (p — 9)/2)
u ybosaer na orpeske ((p — 9)/2, p).
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IMyete a e B. Cua6auMm V crpyrrypoit 8((2, k)-moayas, ompe-
JdejeHHONl ¢ moMmouplo 3nementoB X,, X_, Hy anre6pu Jlu g.
Torja Kaxjbfi HeHyJeBOH 3JeMeHT mpocTpanctsa VA+Pe mpumu-
tueH. Caegopatessto, (A4 pa)(Hy) =0 n (X-p) VA+re £ 0 pas

0<<r <<(A+ pa) (Hy) =2 (Hy) + 2p
(§ 1, n°2, npennoxenue 2). Otciopa caeiyer, uro VAtie =0 gna

p=tz=p— (A(Hy) + 2p), nostomy p + g = A (Hg) + 2p. Ipumenss
3TO K KOpHiO — d, MbHl HO.’ly‘-laEM, 4yTO

p+qg=h(H-g) + 29 =—A(H,) + 2¢.

Caegosareanto, g —p=A(Hy) u A+ fo=sZ nna p ={ = — g, uro
J0Ka3biBaeT yTBepxaenue (i).

Hmeem sg(e)=—a u sy(W)=pn -+ ka paa scex u < bh* Tlo-
CKOJIbKY MHOXeCTBO & yCcTOHYHBO OTHOCHTEJAbHO rpynnet W (cien-
cTBHe 2 npejioxenud 2), To cepust {A — go, A — ga+a, ..., A+ pu}
YyCTOHYHBA OTHOCHTENBHO OTPAXKEHUFA Sy, KOTOPOC MePEBOJHT Bec
A —ga -+t uo B Bec A+ po— uo npu Bcex 4 & k. CHOBA MpHHHMASR
BO BHHMaHHe CJelcTBhe 2 mnpejloXeHds 2, Mbi BHAHM, UTO
Mo—gyy==My—, AJs BCeX uedsix ducea u4<(0, p+g). 310 jpoKa-
spiBaeT yTBepxjenue (ii).

[To caexctsuio npepjo:keHus 2 u3 § 1 sugomoppusum (Xy), | VA+ie
unbeKTHBed npu [ < (p — g)/2. Crano Gbith, sugomophusm (Xg),
oro6paxaer mpoctpancTBo VAt® B gpocrpancreo VA+E+1e, Takum
o6pasoMm, my i =m; npu | <(p— g)/2. 3amenss Kopenb o Ha
KOpeHb — @, Mbl BHJAHM, 4TO m,  <<m, npu ¢ > (p—g)/2. Iro
JNoKa3nBaeT yTBepxknaenuda (iii) u (iv).

CaepctBueE 1. Ecau A€ u AHy) =1, o A—aes&. Ecau
rtasZ u h(Hy) =0, oheEeZ u h—acs Z.

ATo yTBepxXJAeHHe Cpa3y Ke BuTeKaeT u3 npejjoxkenus 3 (i).

CaeacrBue 2. [ycre pesP,, u v=EQ,. Ecau p+ve Z,
0 pHEZ.

3anuieM v = ZB Cq+ @, Tae ¢ =N paa smoboro o & B, Haue
oe

YTBEPKIACHHE OUE€BHAHO, ecCJH Z Ca——‘o. HpelIHOJ'[O}KHM, 4yTo
[ N=¥:1

Z CQ>O, 1 nposBeneM pa0Kaz3aTel/ibCTBO l’IHlIyKLLHef;I no Z Cqye

asB oOEB

ITycete (.].) — Onandelinas cUMMeTpHUYECKash [0OJOKUTeAbHAS
HeBbipoxkAeHHass W-uuBapuantHas Qopma na bp. Mwmeer mecto

COOTHOILIEHHE (v > ca.a)>0, a 3HayyT, cyulecTByeT f§ & B,
P=y:

TaKo#, 4TO cﬁ>1 u {(v|p)>0. Orcona v(Hﬁ)‘;I. [Tockoubky
pePyy, 10(n+v)(Hp) =1, Cornacno enencrauio 1, p4(v—p)eZ,
U JOCTATOUHO TMPUMEHHTb NPEANOIOXKEHHE HHAYKIHH.
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CaegctBue 3, [Tycre v & V — npumurusnsiii ssement seca ®,
U nYcTe X — MHONCECTBO TAKUX saemenTo8 o < B, uro o(Hy)=0.
Crabuausarop 6 § npamoi kv ecto napaboauueckas aieebpa P,

accoyuuposannan ¢ = (§ 3, n°4, sameuanue).

3ameHnss, eciqu HeOOXOLMMO, §-MOAyJab V ero g¢-nmopMoAayJjew,
MOPOXKACHHEIM 3JE€MEHTOM ¢, MOXKHO CYHTaTh, uT0 V mpoct. Ilycth
§ — ero crabusnsarop. Torga (ny)y v==0, (§)y v < kv. [lycTe 0 = B
takoB, 4T0 ®@(Hg)=0. HmeeM ot a&E X, otkyna 0o —a & X
(npennoxenue 3 (i), u, cienopareqanHto, (§-%), v=0. 10 BCe NOKa-
3blBaeT, 410 Py < 8. Ecam pg558, T0 8 =9y, rae X — nogMuo-
»ecTBo B B, cTporo conepxauee 2. Ilyets pe= 2 — 2. Torpa g8
crabuausupyer kv, a cuaenoBaTesapHO, obGpamiaer B HyJab v. Ilo-
ckoubky @ (Hg) > 0, sTo npotusopeunt npenjroxenuio 3 (iii). 4. T. [L.

[TogmHoXecTBO & MHOXKeCTBa P HasniBaeTcss R-nacoiugennsin,
eCJIH OHO YAOBJETBOPSET CJAENYIOILEMY YCIOBHIO: Aaq Jio6oro A &= £
H Ji060TO KOpHS o & R BBIIOJHAETCA COOTHOWIEHHe A~ loe &,
KaKoBO OBl HH OBIIO Lles1oe YMCJO [, 3aKkmoueHHoe Mexay 0 u A (H,).
Tak Kak Sg(A)=4A — A(Hy)a, To Mbl BHOHM, 4TO R-HaChleHHOE
[HOAMHOXECTBO MHOMXKeCTBa P yCTOAYMBO OTHOCHUTENBHO HeHCTBUSA
rpynnst W. Ilycts 4 < P. ByneM HasHBaTh 3J1eMeHT A MHOXecTBa 9
R-3kcTpemansnbin 8 muodxcecrse 4, ecnu 11 BceX KopHeH a & R

il At o &Y, nau A —a &Y.

IPEnA0KEHUE 4. [TycTe V — Koneurnomeproiil §-modyss u d — ye-
aoe uucao = 1. Toeda mnoxmecrso secos modyas V Kparnocru >=d
aganerca R-nacoiuennoin.

YTBepKJeHHe Cpasy ke CJelLyeT H3 NpelokKeHHs 3.

TIPEANOKEHME . [Tycro V — npocroii Koreurnomephoiii §-modyas,
o — ezo crapuull 8ec, X — MHOMECTBO €20 8ecos. Buibepem noroxcu-
TeALHO ONpedeaeHHyto  Hesoipoxcoertyro W -UHBAPUAHTHYO  cuM-
merpuueckyro buiuneinyro gopmy (.|.) Ha By, u nyero M—>| A=

= (A] },)”2 — COOTBETCTBYOWAA HOPMA.

(i) & — Haumensliee R-HacoileHHoe NOOMHONCECTBO MHOMecT8a P,
codepicauyee sec o.

(ii) R-skcTpemansnbie 31eMeHTsl MHOXMECT8A X, U TOALKO OHU,
CONPANCEHbL C 3NCMEHTOM ® OTHOCUTEAbHO Oelicteus zpynnot W.

(iil) Ecau p = Z, 1o |nl| <ol Ecau, kxpome tozo, p 5= w, 10
ptel<lo+ol
Ecau p He ngaserca R-3kcTpemarsrein asemenrom Mmuoxecrsa &, to

(iv) =W .(FNP,.) Han 1020 4T066L 348MEHT A MHONCE-
crea P, npunadaescar mroxecrey & (P, ., Heobxodumo u docra-
TO4HO, 4T00bL ® — A= Q.

(i) Tycte &’ — Hanmenblllee R-HACHIUEHHOE MOAMHOXKECTBO
MHoxecTBa P, copmepxainee o, Torpa &' < & (upepnoxenue 4).

6 bBypGaku
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[Mpepnosnoxum, uro & % &'. Ilyctb A — MaKCHMaJbHbI 3JEMEHT
MHoxectBa X — Z’. Tak Kak A = w, TO CYIIECTBYET TaKOi
KopeHb o € B, uto A+ o & &Z. BeeleM p u g Tak Xe, Kak B npej-
goxenud 3. TTockosbKy A — MaKCHMaJIbHBIA 2JeMEHT B MHOXECTBe
Z—X, 10 A+ po= . Tak kak MHOXKeCcTBO &’ yCTOHUHBO OTHO-
caTesbHO rpynny W, To mo npenpgoxenuio 3 (ii) A — ga = Z’. Caeno-
BaTeqbHO, A+ ua &€ &’ aasi uUeJdHX uHcesl u 3 oTpe3Ka (— g, p).
ST0 NMPOTHUBOPEYUT TOMY, UTO A &', U 0Ka3biBaeT yTBepKaeHue (i).

(ii) SlcHo, 4TO ® ecTb R-3KCTpeMaJjbHLIl 3jieMeHT MHOXKecTBa Z;
cJleIoBaTe/ibHO, ero ofpassl noj jedicTBueM rpymnel W — Toxe
R-3KcTpeMasibHble 3jieMeHTH MHOXKecTBa &. IlycTh A ectb R-3KcTpe-
MaJbHBIH 371eMeHT MHOXkecTBa &; nokaxeM, uto A = W . 0. Tak Kak
cyllecTByeT Takoii ajleMeHT we W, uro whe Py, (ra. VI, § 1,
n° 10), To MOXKHO I peANo/N0oKHUTh, YTo A & P . IlycTh o & B; BBesieM
p W ¢ TaK Xe, KaK B npeljoxeHuu 3. BciaencTBHe TOro 4To A siB-
asfercst R-a3kcTpeManbHeIM BecoM, uan p =0, uiu ¢g=0, Tak Kak

g—p="n1(Hy) =0,

ro HepaseHcTBO p > 0 HeBoamoxkuo. CienosatensHo, p==0, Tak
YO A=0.

(iii) Ilyete ne ZNPyy. Torpa o tfpeEl,, no—peQ,
§ 6, n°l, npexsoxenue 1), caepoBarenbho, 0 < (@ — plo-4 p)=
=(0|w) — (u|p); Takum obpasom, (u|u)<<(w|®), u sro yrsep-
)KJEHHe paclpocTpaHseTci € mNoMomblo Tpynnel Befsna ua Bce
aseMeHTH B &. Ecan teneps p &  — {0}, T0 M ToJyuaeM

ptolptoy=@in+2@lp+Plio)<
Solo)+2@lp)+@lo)=
=(@+plo+p)—2(@—unlp).
Ho o — u=a§3 N, TIe He Bce U3 IeJbX uuces fy, =20 paBHu

Hyao, moatomy (@-— plp) >0, mockosbky (pla)>0 npu Bcex
aesB (ra. VI, § 1, n°10, npeanoxenne 29 (ili)). Ecan p He
ABJIsAeTCA R-aKcTpeMmaJsbHBIM 2JeMeHTOM MHoXecTBa &, TO cyule-
CTBYeT TaKoil KopeHb a ER, uro pt o= u p—oa = . Takum
o6pasom,

Tull <sup(fjp+ el llu—all)<h8é1£g A,

W N0 NpefblAylieMy 3Ta BepXHss paHuLa IJHH KOpPHell paBHa | w.
(ivy =W .(Z(1Pys) Beaeacreue ra. VI, § 1, n°10. Ecan

A=, 0o a—A=Qy (§ 6, n°l, npenioxenne 1). Econ A Py,

Ho—AEQ,, To A= Z (cieactsue 2 npeljoxeHus 3).

CaeacrBue. ITycre & — KoHeunoe R-nacoiujentnoe nodMHOXCecT80
mromecrsa P. Toeda cyujecrsyer KouewrHomeproili §-M00YyAab, MHO-
#ecT80 8eco8 KoTopoeo cosnadaer ¢ &.
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Tak. Kak MHOXecTBO & YCTONYHBO OTHOCHTEJILHO AeliCTBHSA
rpynnsl W, 1o % coBnajgaer ¢ HauMeHbIIHM R-HacCHIIEHHLIM
MHOXecTBOM, cojepxamuMm Z (1 P,,. [lo npeanoxeunio b(i) &

ABJIAETCT MHOXECTBOM BECOB MOAyJd B E).
heiPy

3amewanue 2. Hanomrum (ro1. VI, § 1, n°6, caencreue 3 npen-
JoxeHua 17), 4To cylecTByeT e AHHCTBEHHBI 1eMeHT W, rpynns W,
KOTOpHIfl nepeBoauT Gasuc B B 0asuc — B; umeer MecCTo pasen-
cTBO wi==1, H 3JeMeHT — w, COXpaHfeT OTHOIIEeHHe NOpsAKa
B MHoxecTBe P. OTMeTuB 3TO, Npeano/oxum, uro V — mpocroi
KOHeYHoMepHEIl §-MOAy/b, a ® — ero crapmuil Bec. Torna wy (@) —
Maafmuil Bec Moayas V, u ero xpaTtHoctb paBHa 1,

3. Muxposeca

TTPEanoXEHUE 6. [Tyero A =P u & — naumensuiee R-nacoiyjen-
Hoe nodmunoxrcecrso MuHoxcecTsa P, codepawcaujee sec h. Beibepen

nopay .|l rak ace, xKax 8 npedaowenun 5. Toeda caedywoujue
Ycao8UL IKBUBAACHTHOL:
(i) Z=W.\

(i) sce saemenror mHoecTea & umeloT 0OUHAKOBYIO OAUNY;

(iiiy A(Hy) = {0, 1, — 1} 04a xamdozo Kopra o < R.

Kaxcdoe nenycroe R-nacoiujennoe nodmuoncecrso mHoxcecrsa P
codepaicur aaement A, Yyodosaersoparouuti npedvldyujum Ycao8UIM.

Beenem caenyioiiee ycaoBHE:
(ii’) npu Bcex o & R u 1easlX uncaax ¢, comepKauiuxcs mMexay 0
u A(Hy),
1A —tofi 2| AL

(i) = (i) = (ii"). D10 oOueBHAHO.

(ii") = (iii). [Tpeanosoxum, uro BunoadeHo ycaosHe (ii’). ITyers
a= R. Torpa umeer mecro pasencrso [|A||=/A — A (Hya]. Cae-
JOBaTeJbHO, [J9 BceX LeJNHX 4Yuced [, COAepKailHXCH CTPOro
mexay 0 u A(H,), Bemosneno Hepasencerso || A—ta || < {[A ], mostromy
TaKuX Yuces Her, OTKyjaa BuiTeKaer, uto |A(Hg) | < 1.

(iii) = (i). [Ipenmosoxum, yto ycaosue (iii) mnoaneno. Ilycrsb
weEW uasR. Umeenm (wi) (H)=2A(H,-1,)= {0, 1, —1}. Ecan
t — nesnoe uucao, cofepmameecs Mexay 0 u (wA)(Hgy), 1o Bec
WA — {0 paBeH WJIHd WA, HAH Sg(wA). To JOKA3LIBAET, YTO MHOXKe-
crBo W . A asnserca R-nHacbluienHbiM, oTKyAa & =W .A.

Ilycts %) — penycTtoe R-HacHleHHOE NOAMHOXKECTBO MHOXe-
ctBa P. B 94 cymectByer Bec A MHHHAMAJbHOH JJIMHHL. SICHO, 4TO
BeC A ynoBieTBopseT yCNoBHIO (ii'), oTkyla BeITeKaer NOc/AeAHee
yTBepXKeHue NpedoxeHUs.

6*
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TMeepnoxedue 7. [lycte V — npocroii KoreunHomeproul §-modyas,
B — MHONECTBO €20 8ec08 U A — MAKCUMAALHOUL 3AeMEHT MHOXNCe-
créa & (cm. npepaoxenue 5(i)). Toeda ycaosus (i), (ii), (iii) nped-
A0xceHls © IKBUBANEHTHBL Caedyrouwemy 1ca08UI0:

(iv) 9as ecex kopueii o &R u 8cex asaementos x & g% umeer
mecto pasercrso (x, ) =0.

Ecau sto ycaosue swinoarneno, 1o 8ce geca modyan V umeror
Kparnocts 1.

Ecay sumonneno ycaosue (i), o =W .\ u Bce Beca Mo-
nyas V HMeloT Ty Xe KpPaTHOCTb, YTO M Bec A (caeAcTBue 2
npexaoxeHus 2), T. e. kpatHocth 1. Kpome rtoro, ecan we W
1 ae R, To Bec w(A)+ to moxer OuTh BecoM Moayas V, tonbko
ecan [{]< 1. Tloatomy, ecau x € g%, TO

(xV)2 (Vw(l,)) - Vw (M +2a — 0’

oTkyna caenyeT, uto (xy)2=0. ITo pfOKa3bIBaeT HMIIHKALHIO
(i) = (iv).

OOGpatHo, OPEINOJIOXKHM, UTO BhIOJHSeTes yejoBue (iv). Ilycrs
ae R. Cuabaum V crpykrypoit &((2, k)-monmyss, onpeneseHHo#
snementaMi Xg,, X—q, Hy aarebpu Jlu g. W3 yeaosus (iv), npu-
MeHeHHOro K 3JjieMenty x=X,, ciaelyeT, uto Beca &((2, k)-mo-
ayas V npusapnexar wmuoxectsy {0, 1, —1} (em. § 1, n°2,
caeacTBHe npefuoxenus 2). B wactwocru, A(Hy) = {0, 1, — 1},
OTKyZa BHTeKaeT, 4to (iv)=-(iii).

ITrEpnoXEHRE 8. [Ipednososcum, 410 g — npocran aseebpa Jlu.
Ob6o3naqum uepesd ay, ..., 0y 34eMenTol 6asuca B, a uepes By, ...

., @, — coorsercrayrowie dyndamentarsnoie seca. [lycre H=
=mHe, + ... + mHa, — crapuuii kopens dyarsnoii cucremor RV
u J — mnomcecrso raxux undexcos i = {1, ..., I}, uro n;=1. Mycro
re P, —{0}. Toeda ycaosua (i), (ii), (iii) npedroncenus 6 sxeu-
BANEHTHOL KAWCOOMY U3 CAeCYoWlUx YCa08uULi:

(v) AH)=1;

(vi) eywecrsyer taxoii undexc i J, uro A= @&,.

Beca ®; npu i<=J ob6pasyror 6 epynne P(R) cucremy nped-
crasureqeil Henysesovlx srementos gaxropepynnot P (R)[Q (R).

Tyere A=w®; 4+ ... +u,®;, rne uy, ..., u; — 1uejbe yucsaa
>0, He Bce paBHbl Hyawo. MMeer mecro paseHcrBo A(H)=
=um-+ ... +umn;, opuuem n; =1, ..., n, =1, orkyaa cpazy

caelyeT SKBHBaJieHTHOCTh yciaoBHH (v) u (vi). C apyro#f ctopowusl,

A(H)= sup A(Hy) u A(H)> 0, nockonsky A — HeHyJieBo# sJje-
GER+

meHT MHOXKecTBa P,,. Cie/loBaTe/bHO, ycJaoBHe (V) SKBHBAJECHTHO

ycaosuio, yto A(H,) & {0, 1} ana Bcex a < R, T. e. yenouio (iii)

H3 OpelJoxeHus 6.
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Tlocnednee yTBepKAEHHe MpeAsoKeHUss 8 BbiTeKaeT U3 Cjaef-
crBusl npepnoxenuss 6 ra. VI, § 2, n°3.

Onpeaenenue 1. [Ipednosoxwun, uro q — npocras arzebpa Ju.
Murposecom pacugensennott aneebpor JIu (g, H) nasewsaercs sae-
Menr u3 muoxcecrsa P, — {0}, ydosaersoparoujuii sKeusaseHTHoIM
yeaosusan (i), (i), (iii), (iv), (v) u (vi) npedaoocenuii 6, 7 u 8.

3ameyanue. Tlpeamosoxum, d4ro ¢— npocras aarebpa Jlu.
IMycts X'V —rpad Koxkcrepa adpdunnoi rpynuer Beiins W, (RV).
HanoMmnuM, u4TO BepmiHHaMH rpacda X'V sBasioTest BepLIMHL Tpada
Kokctepa XV rpynnet W (RV) u ponosuuTenbHasi Bepmuga 0.
Ipynna A(RV) neficteyer Ha rpade X'V, ocraBasii Bepmuuy 0
wenojpmxuol. I'pynna Aut(Z’V) kanoHnueckH H3oMOphHA mOIy-
npsaMomy mnpoussefienHio rpyonbl A(RV)/W (RV) wa rpynny [,
(cm. ta. VI, § 2, n°3, u r. VI, § 4, n°3); oueBnano, uro
Aut ('V)y(0) =T, (0); caenomratenpno, MHO)kecTBO I'¢(0) cocrout
u3 0 u Bepwiun rpada XV, COOTBETCTBYIONIMX BecaM ®; npH i=J
(cM. ra. VI, 2, npeanoxenue 5 n samedanne 1 u3 n°3). Tlogsoas
HTOr, MOXHO CKa3aTh, UTO Mukposecamu 6yoyr pyndamenrassroe
8e0a, COOTBETCTBYIOWUE Tem BepPuuHam epapa XV, KOTOpbie MONCHO
noayuuts u3 sepuwunst O npu deiicreuu asemenrany epynnot Aut (X'V).

B o6osuavenusix ra. VI, tabauus [—IX, u3 npexpayuiero
BHITEKAeT, UTO CYIIECTBYIOT CjeAyIollde MHKpORBeca:

aaa tana A4, (1= 1) &y, @, ..., 6O

ons tuna B, (1222): &y

ansa tana C; (1 =2) &

s tuna Dy (12=3): &,

st tuna Eg @, @

s tana E; @,

Hos tunoB Eg, Fy u Gy HET MHKPOBECOB.

Or-1, O

4. Tensopnoie npousgedenun §-modyaeti

TMyers E, F cyts g-woayan. Torpa E*® F* = (E® F)*** npu
Jobex A, pweh* (ra. VI, § 1, n°l, npemnoxesne 2(ii)). Ecan

monpynun E u F XoHeuHoMepHB, TO E = > E' uF= > F*
rep pepP

CJIeOBaTeNbHO,
A
E®F)'= 3 E'@F.
A ue P, Atu=v
Taxum o6pasomM, MoAyar E®F ¢ ecTecTBeHHOH rpamyHpoBKoi
THHa P paBeH TeH30PHOMY MNPOH3BeJEHHIO T'PaJAYHPOBAHHBIX MO-
nynett E u F tuna P,

TIrepnoxkedne 9. [Tycre E, F — npocreie KoHeyHOMepHble §-M0-
Oyau, crapuiue 8eca KOTOPbIX PABHBL COOTBETCTBEHHO A U M.
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(i) Kosnouenra co crapuius 6ecom A+ n — npocroit no0modyas
8 modyae EQ®F, nopoxdenrbiii HOORPOCTPAHCTBOM (EQF)'™ =
=E'®@F".

(ii) ¥ ecex npocroix nodmodyaet modyas EQF crapuue seca
ne npegocxodar h4p (cm. § 9, mpensoxenne 2).

Ecau a, p=P u E“®F‘3¢O, 0 <A u p<u. Caenona-

TeabHo, mpoctpanctso (E® F)'™ cosnanaer ¢ E' @ F', ero pas-
MepHocTb paBHa 1, a A+ p —crapuwnil Bec moayas E ® F. Bce

A

HeHyJieBble 3/7€MeHTH mnpocTpaHctBa E- ® F' mnpumutusus. [lo
npejioxkernuto 4 u3 § 6, n°2, aanHa H30THNHOH KOMIIOHEHTHI
crapuero Beca A+ p B Moayne EQ®F pasHa I.

3anmeunanue. BocmonbayeMcest 0G03HAUEHHSIMH H3 HpeLIoXenHs 9.
IMycte C — w3oTHnHAsT XKOMIOHEHTA €O CTADIUMM BECOM A -+ U B Momyne
E @ F. Torga C 3aBucuT ToJdbKO OoT Moxyaelt E u F n He 3aBucuT ot BeiGopa
nopanre6ps Kaprawma § u Gasuca B. Muaue rosops, nycrs )’ — pacuien-
aswowas noxaire6pa Kaprana amre6ps Jlu g, R'—cuacrema KopHe# pac-
wenaeyHolt aare6pn Jlu (9, §7), B/ — Gasuc cucremsl xopueit R’. Tlyers
A, w —crapmne Beca moaysed E M F COOTBETCTBEHHO OTHOCHTEJBHO
noganre6pn Kaprama B’ u 6asuca B’, u uycrs C’ — M30THUOHAS KoMmo-
HenTa crapwero seca A’ + u’ B monyne EQ F. Torna C'=C. [eficTen-
TeNbHO, YTo6B! 3TO NPOBEPHTh, MOKHO, PACIIHPHB OCHOBHOE II0JE, CUHTATh
none k aare6pauveckm 3aMKHYTHM. Torma cymectsyeT aBToMopdu3M
s & Aut, (§), xoropuifi nepesoaut Y 8 ), R 8 R" u B 8 B'. llyers S &
€ SL (£ ® F) — aBroMopdu3am, ob6ragalomuit cBOACTBAMH, ePeIHCIEHHBIMA

p upemioxemnn 2 ma n°l, Torma S((EQ® F)M¥) = (EQ Y™ g
S(C)=C. Caegoparemsrio, (E@®F)*t* =€’ nNS(C)=C'(1C, orkym
BuTekaeT, uTo C’' = C, TakuM o6pazoM, KaXIBIM JBYM KjaccaM MPOCTHX

KOHEUHOMEDHBIX MO,lIy.fIEﬁ MOXHO KAaHOHHYECKH NOCTABHTH B COOTBETCTBHUE’

Tpetuil KJAacC; MHAYE rOBODS, OUPEIe/eH 3aKOH KOMNO3MIMM HA MHOXE-
cre S KacCOB NMPOCTHIX KomeumomepHHX §-Monyne. Muoxectso S,

¢ 9ToR CTPYKTypOH KaHOHHYECKH H30MODDHO aLAHTUBHOMY MOHOMAY Py .

Caencreue 1. Mycrs (dg) — ceMmelicT80 (QYHOAMEHTANbHOLY

PA=Y:]
gecos OTHocureavHo 6asuca B. ITycre A= Z myd, = P,.. Obo-
LA=F:]

aHauum uepes E, npocroii §-modyab co cTapuum 6ecosm @, 041
m
2106020 o€ B. B g-nmodyse &) (@ “Ea) UBOTURHAL KOMILOHEHTA
[ X=F:] ’
co crapuum secom A umeer dauny 1.

ITO moJjydaeTcsl M3 mpejsoXeHusa 9 MHAYKUHeR TO ZB Mg
o e
CaexncreuE 2, IIpednoaoscum, uto nose k paswo R, C uau
YAbTpaMeT puteckomy noaHomy Heduckperrnomy noaw. ITycre G —
epynna Jlu ¢ ansee6poil Jlu §. Ipednosoxcum, 410 048 Kamdo2o
yndamenrasvrozo npedcrasrenus o aaeebpor JIu § cyuecrsyer
TaKOe aunelnoe anauTueckoe npedcrasaenue o' epynnot G, uro p =



4 § 7. KOHEYHOMEPHbBIE MOAYJU 167

= L (p’). Toeda 011 Kamdo20 KOHEYHOMEPHOEO AUHElIHO20 npedcTas-
Aenus 1 aaeebpol JIiw § cyugect8yeT TaKoe AUHelHOe AHAAUTUYECKOe
npedcrasaenue ' epynnot G, yro m=L (7).

Bocnosipsyemcsi obo3Hadenusimu u3 caenersus 1. Torpa cymecr-
ByeT Takoe npejicrabjenue o rpynnsl Jlu G B mnpocTpaHcTBe X =

m
= &(@ 9 E_). ato npencrasienne L (G) COrIACOBAHO cO CTPYKTY-
o0 s

poil g-Mony.ia Ha mpocTpanctse X (ra. I, § 3, n° 11, crencraue 3
npepaoxenus 41). Tlycts C — n30Tunnas KOMIOHEHTa cO cTap-
muM secom A B mpocrpanctBe X. C yuerom npepJoxeHus 40 wus
ra. 11, § 3, n°11, mocraTouHo AOKa3atk, 4To KoMnoHeHTa C ycroii-
yuyBa oTHocuTesipno rpynnsl o6 (G). Ilyets g=G n 9o=Ad (g).

J1n1s1 BCex 3/1€MEHTOB @ & (| NMeeT MEeCTO PaBeHCTBO O (g) ay O (g)"l ==
= (¢ (@))x. C Apyrofl CTOPOHH, @ — aBTOMOPPH3IM aare6pPH g, KOTO-
pbiit nepesoant Y B Y, R—B R’ =R (g, "), 6asuc B — B Gasuc B’
cucteMb Kopueil R’ m Bec @, — B crapuuil Bec @, Moay.js E,
OTHOCHTe bHO Togaarebpsl Kaprana ) u Oaszuca B’ (H0CKOJbKY
aBTOMOp(H3M ¢ mnepeBofHT L, B (-MOAyIbL, H30MOPPHHIH E).
CnenoBaTe]bHO, aBTOMOP(H3M ¢ NMepeBOJUT Bec A B Bec D Madl
Beusy npuUBEAEHHOTO Bhillle 3aMedYaHHsi Mbl MNOJydYaeMm, 4TO
o () (C)=C.

Tleepnoxenue 10, Hyere A, we Py u E, F, G—npocroe
g-mo0yau co crapuumi eecamu A, W % AW COOTBETCTBEHHO.
Mycre & (coots, &', ") — muoxcecrso eecos modyas E (coots. F, G).
Toeda "=+ X'

Tak kak E= PE", F= P F°, 10 moaya» E®F ecTb npamas
cs=P

ve P
CyMMa NOoAIPOCTPAHCTB

(EQF'= ) E'®F.
V+0=1
ITo npennoxenuo 9 Moayab G OTOXKAECTBAAETCA C (-NOAMOAYJIEM
moayias EQ®F, nostomy &” < & + &’. Vimeer MeCTO paBeHCTBO
G*=GN(E®F)" u mocraTouno nokasats, uto G (E®F)"* 0
s veZanosZ. lyers (ep,..., e,) (coots. (fi,..., fp)) —
6asuc moayas E (coorB. mony.as F), o6pa3oBaHHLIA 2JIeMEHTaMH,
KaX/BH 13 KOTOPHIX NPHHAIJEXKHT HEKOTOPOMY mpocTpaHcTBY E¥
(coors. F°), npuuem e, < E" (coots. f; & F*). Daements ¢; ®
o6pasylor 6a3uc npocrpanctsa EQ®F. Ilpeamosoxum, YTO Hale
yTBepkAenue HepepHo. Torga cywecrsyer Takas mnapa (i, f), 4TO
y BceX »sjeMeHTOB Moayas ( KoopauHata, 3aHyMepOBaHHAs MH-
gekcoM (i, j), paBHa nymo. Ilycts U — ynuBepcanbHas 00€pThHl-
Balomaa aarebpa nas ¢, U’ — npoctpancrso, AyassHoe K U,
a ¢ — konpoussefenue s aare6pe U. [TycTb yepes x; (&) (coots. y; (1))
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0003HauaeTcs KOOPAWHATA ¢ HHAeKcoM i (coorB. j) anemeHTa u (e)
(coor. u(f1)) ans moboro u&U; myeTs 2y (1) — KOOpIAHHATA
c uHuekcoM (i, j) anementa ul(e;®J,). Iloayuaem, uto X Y,
2y U’. Tak Kak 3/eMeHT ¢, nopoxpiaeT g-moayab E, 10 x; %0
u, ananoruuno, y; 7= 0. ITo onpenenennio g-mopyis E®F (ra. I,
§ 3, n°2), eciau c(u) =D, s @ul, TO

20y () = 27, () () = (e (W), %, @)

Jpyrumu caoBamu, 2;; SIBAsieTCS NPOH3BeJICHHEM 3JIeMEHTOB X;
v y; B anrebpe U’. Tax kak 3Ta anre6pa He uMeeT Je/dTesed
yas (ca. 11, § 1, n°5, npennoxenne 10), To 2;; %= 0. ITockoabKy
A48 m060ro s1eMenta uU Brimosnsetes Braouense u(e, ® fi) =G,
MBI NPHILIH K NPOTHBOPEUHIO,

5. Hyanronoii g-modyas

Ilyets E, F cytb g-moayau. Hamomuum (ra. II, § 3, n°3), uto
npocrpancteo Hom, (E, F) cHa®keHO KaHOHHYECKOH CTPYKTYpPO#
g-monyas. Ilycts @ — aeMeHT Beca A B mMoayJae Homy (E, F). Ecau
pebt, 1o @(EY) = F*™ (ra. VII, § 1, n°1, npepsoxenue 2 (ii)).
Ecau E u F — KOHeUYHOMepHble MOAYJH, TO 3JeMEHTHl Beca A B
monyne Hom,(E, F) — 310 rpafyHpoBaHHble TOMOMOP(pH3MH CTe-
neau A B cMmbicae Alg., chap. I, § 11, n°2, definition 4.

repnoxenne 1. Hycre E — xoHnewnomepnwil g-modyas. Pac-
cmoTpum §-modyas E* = Hom, (E, k).

(i) a2 1020 urober ssemenr AP 6oin secom modyaa E°,
Heobxo0umo u OoCTATOMHO, 4TOGHL 9AeMeHT — b Obla 8ecom Mmo-
Oyan E. Kparnocre eeca A 6 modyae E* pasna KparnocTu éeca —A
8 modyse E.

(i) Ecau modyas E npocr u @ — ezo crapwuii éec, To modyse E*
npoct u ezo crapuwuil eec pagen — wy(®) (cM. n°2, sameuanue 2),

PaccMorpuM noJe £ Kak TPHBHAJAbHBEIH §-MOAYJb, BCE 3/JE€MEHTH
kotoporo umeloT Bec 0. CorsnacHO cKasaHHOMY Bollle, 3JEMEHTHI
monyas E' Beca A aBasiotcs romomopduamamu mopyas E B Mo-

Ayab k, paBHBIMH HyJI0 Ha mnpocTpanctBax E' npu ps=—A. 310
nokasbiBaer yTeepxienue (i), Ecau momyas E npoer, to u E
npoct (ra. I, § 3, n°3), u BTOpoe yTBepXKJieHHE BbITEKAET H3 3a-
MeyaHusd 2 n°2.

3amenanua. 1) Tycrs mopynn E u E' Takne e, Kak B mpen-
noxeunu 11, a apromopdusm o < Aut(g, ) Takos, 4T0 B 0003Ha-
uenusix u3 § 5, n° 1, e(o)=wy (§ 2, n°2, cneacrsue TeopeMul 2).
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Iycts o u o’ — TpeACTaB/IeHHs aareGpul JIn ¢, accouHHpoBaHHEBIE
¢ mopyasmu E u E*. Torma npexpcraBienye po g anre6psl Jin g
HeNpUBOAMMO, a4 ero CTapIUHi Bec paBeH — wg(®); CJIe10BATEIBHO,
npefcTaBllele 0o ¢ IKBUBANEHTHO NMPEACTABNEHHIO 0.

2) Tlpeanosioxum, 4to wo= — 1. Torna Kammuiii KoHeuHOMep-
Hbll g-Moxysab E wusomopben moayiaio E*. Hanomuuwm, 4to ecau
g — npoctasi anreb6pa Jln, 10 wy=—1 B caexylolWuX ciayyasx:

g — aarebpa Jlu tina A, B, (1=2), C, (I1Z==2), D; (I uetHoe >4),
E;, E;, Fy uan G, (ra. VI, tabaunusr).

Jemma 2. Ecau h® = Z H,, 10 A= Zaa Hy 20e aq — ye-

a=R
avte qucaa 2= 1. ITycro (by), . s (Co),c 5 — TKUE cemedcToa cKa-
A9po8, 470 boc,=a, Oan scex xopueli a & B. [loaomum x =
Z boXgr Y= Z CaX_o. To020a cyuecrsyer TaxKou eaomomop-

d)uam Q anreebpot JTu 6[(2 k) 8 aaeebpy Jlu ¢, uro @ (H)=H",
e(Xy)=x, ¢(X-)=

Tor ¢axr, uto g, — ueavle uucaa =1, caemyer us Toro, uro

(Hg)q e g — Oasuc cuctemnl Kopheit (Hy),op (cm. r1. VI, § I, n°5,
sameqanue 5). Jlasi nm060ro KopHs a = B HMeeT MecTo paBeHCTBO
a(l)=2 (1

(ra. VI, § 1, n°10, cneacreue npeatoxenus 29), 3HauuT;
[, x] = Z boa (B°) X, = 2x, (2)
[, 9] =G§B o (— @ (A) Xy = —2y. ®)

C npyrofi cTOpOHH,
e, gl=_ 2 bacy[Xar X} =

=anBbaca [Xe Xool = ._a;B agHy = — K, (4)

OTKyjAa C/aeAYyeT CYLleCTBOBaHHUE romomopdmsma Q.

[TeeanoXERKE 12. [Tycre E — npocroii kKoneunomeprsitl §-mody ae,
® — e20 crapuuil 6ec, a B — 8eKTOPHOE NPOCTPAHCTBO §-UHBAPUAHT-
HbLX  OUAUHETIHbLY d)opM na E. I[ycre m — yesoe uucao, pasuoe

Y @(Hy), 7. e. m/2 pasHo cymme KoOpOUHAT 6eca ® OTHOCU-
GER+
reasHo 6asuca B (ra. VI, § 1, n° 10, caencreue mpemsoxenus 29).
ycrs wy— raxoii saement epynnot W, 4ro wy(B) = — B.
(i) Ecau wo(o) %= — o, To B=0.
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(ii) I1pednorocun, uro w,(0w) = — . Toeda pasmeprocts npo-
cTpancrsa B pasra | u sce Henyaesvle aiemenTv. npocTpancrea H
Hesolpoxcdernsl. Ecau m — weTroe (COOTB. MeueTHOe) uucA0, TO 8Ce
popmol uz B cummerpuneckue (COOTB. 3HAKONEpeMEHHbLE).

a) Mycts ® = %B. Otobpaxenne ¢ moayas E B monynn EY,
onpeneseHHoe paBeHCTBOM @ (x)(y) =D (x, y) uns1 x, yE E, —ro-
moMopdusm g-momyseit. Ecin @40, to ¢70; no nemme llypa ¢
sigasercss usoMopdusMoM, H, cjaeloBaTenbHo, ¢dopMa @ nepbIpo-
snenna. CaefoBaTelbHO, g-Moayab E usomopden g-mopyaio ES,

TaK 4T0 Wg(®)==— @. Takum oOpasoM, Mbl A0OKasanu yTBEpKJe-
nue (i).
6) ITpeanosoxuM Tenepb, 4To @y(0)=-— . Torma momyabp E

uzomMopdhen Moaymo E*. BekTopnoe NpocTPancTso # HU30MOPHHO
npocrpanctey Hom, (E, E¥), a csienoBatenbHo, NPOCTPAHCTBY
Homg (E, E), paamepuocts Koroporo paeha 1 (§ 6, n°1, npengmo-
sxenue 1 (iii)). CaemomaresnbHo, dim % = 1. Beneactrue m. a) xa-
KA HeHyaeBoH saeMeHT @ npocTpaHCTBa A HeBulpoxaeH. s
x, y= E nonoxum @ (x, y)=D(y, x). Ilo npeasiaymemy cyiue-
CTByeT Tako#l smeMeHT A<k, uTto Ana JO0BIX X, y = E Boinoa-
nsietcst paBenctBo D) (x, y) =AD (x, y). Toraa O (y, x) =AD(x, y)=
=MD (y, x), oTkyAa caeayert, uto A’=1n A= =% 1. Takum oGpa-
3oM, dopma @ ujau cUMMeTpHyYecKas, WU 3HAKONEpeMeHHas. |
B) ITo mpepmoxenuto 9 (v) uz ra. VII, § 1, n°3, mpocrpancraa
E" u E* oproroHanbHb oTHOCHTEnbHO (popmbi @, ecam A+ p =0,
Tlockoanbky ¢dopma @ HeBLIPOXKAEHHA, TO MPOCTPAHCTBA E®w E™®
He OPTOrOHaJbHBI OTHOCHTeJNbHO (hopMbl M. :
r) CymecTByeT Takoit romomopdusm ¢ aareGper Jln &((2, k)
na noganre6py Jlu anre6ps Jlu g, KOTopbiil mepeBogHT 31eMeHT H
B 3JEMEHT ZI; H, (nemma 2). Paccmorpum E kKak 8((2, k)-mo-
ae +
AyJab, CTPYKTypa KOTOPOTO sajaercst 3THM romoMopduamom. Torxa
3JleMeHTHl mpocTpancTea E* uMeoT Bec 7»( > Ha). Ecmun A= P—
aeER
takoil rec, uto E* 4 0 u As%=0, A% — o, ’I‘-!(‘) — o <A< o; cae-
JLOBATEJIbHO,

—-m=—m( > Ha)<x(a;+Ha)<m( > Ha)=m.

OER, oER,

Iyctb G — usotunnas kKommnonenta tuna V(m) B 8l (2, k)-Mo-
nyae E. Torna pauna wmoapyas G pasia 1 m G coaepxuT mpo-

crpanctsa E® u E™°. Beaenctee n. B) orpaHnuenne gopmbl @ na
moayab G paeHo Hy/o. Beuay sameuanust 3 u3 § 1, n°3, uucjao m
UETHO WJH HEYETHO B 3aBHCHMOCTH OT TOTO, SIBjsieTCs 3TO Orpa-
HHYeHUEe CHMMEeTPUUECKOil miu 3HakonepeMmennoft ¢opmoit. C yue-
ToM MN. 6) 370 saBepwiaeT A0Ka3aTelbCTBO,
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OnpefenenHE 2. KoneuHomeproe Henpugodumoe npedcrasienue p
aneebpol JIu q 8 npocrpancerse E nasvidaerca oprozoxaasnsimn (cum-
naekTuueckum), ecauw wa E cywecrsyer cummerpuueckas (COOTB.
3HAKONEPEMEHHAN) HEBLLPONOEHHAN UHBAPUAHTHASL OTHOCUTEABHO
npedcrasaenus p buaunelinas popma.

6. Koasyo npedcrasrenui

Mycrtb @ — KoneunoMepHast anre6pa Jiu. [ycrs &F; (coots. E,;)—
MHOKECTBO KJAaCCOB KOHEUHOMEDHBIX a-MOZyJeH (COOTB. MPOCTHX
KOHEUHOMepHBIX a-MoayJeil). Ilycre # (z) —cBoGoaHas KoMMyTa-
tuBHas rpynna Z%. O6osnauum uepes [E] KJacC KOHEUHOMEpPHOTO
a-moayaa E. [Tyctb F — KOHeUHOMepHBIH A-MOAYJIb, H IIyCTb

(Fn’ Fn—h ey FO)
— nocJefoBaTesbHocTh (akTopoB psaga Xopaana — ['éabfepa mo-
' n

ayas F. SjeMeHT Y [Fi/Fi=] rpymnsl % (a) 3aBHCHT TOIBKO OT
i=1

Mofyast F u He 3aBucHT ot psaga Kopuana — I'éabaepa; oGosHa-
YHM 3TOT 3JeMeHT uepe3 [F]. Ecan

0—>F —>F->F'-0

— TOYUHAA [OCJEJOBATENbHOCTb KOHEUHOMEPHBIX a-MopayJael, To
[F] = [F] + [F"]. “ u
IMycte F — moaynpocTolt KOHEUHOMEPHHH a-MOAYJAb; AJd Ka-
~ P
®aoro £ =<, nyctb ng — AJMHA H30THIOHOH KOMIOHEHTH Tuna E
B monyae F; torga [F]= D ng.lE]. Ecu F, F/ — nosnynpocthie
Eeg,
KOHeuHoMepHble a-Mojayau u ecan [Fl==[F'], To moaymu F u F’
H30MOP(DHBI.

Jdesma 3. Hycre G — kommyrarusnas epynna ¢ aOOUTUBHOLE
3anuUCLI0 3aKoHa Komnosuyuu u @ F—> U — HexoTopoe oT00padce-
nue. s Kasdoeo Koneunomepnozo a-modyan F met, Oonyckas
HEKOTOPYH B0ABHOCTL, OOo3nauum uwepe3 ¢ (F) obpas xiaacca mo-
Oysn F npu orobpamenuu @. [lpednososum, 4ro 0asn Kaxcool Tod-
HOll nOCAe008ATEABHOCTI KOHELHOMEPHBLX (-MOOY Aeill

0—>F —>F—->F">0

umeem Q(F)=0o@(F")+ @(F”). Toeda cyuwecrsyer eduncTsernblil
comomoppusm 0: R (a) — G, raxod, uro 6 ([F]) =g (F) 011 kamdozo
KoneuHomeproeo a-mooyan F.

CyiiecTByer eZMHCTBEHHbH romomopdusm 6 rpynmet £ (a)
B rpyuny G, takoii, uro O([E])=¢(E) pas awboro mpocrtoro
KoHeuHoMepHoro a-moayis E. Ilyerb F — KOHEUHOMEPHBIR a-MOAYb,
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a (F,, Fu-1, ..., Fo) — nocaegosarensuoctb ¢akropos paga Kop-
naua — I'énppepa monyns F; ecam n> 0, To, NPOBOASA MHAYKIHIO
[0 n, NOJYYHM, UTO

0([F) = X 0(IFilFieil) = 5 0 FilFi-) =0 (F)

Eciu n=0, 10 [F]=0, caenosarensro, O([F])=0; c apyroit
CTOPOHBI, paccMaTpuBas TOYHYIO IOCIefOBaTenbHOCTh 0 —> (0 — 00—
—0—0, Mpl BuauM, 4To @ (0)=0.

pumep. Tlonoxkum G=1Z un ¢ (F)=dim F. CoorBercrByiomiui
roMoMoppuam rpynnsl & (a) B rpynny Z obGosHauaercst yepes dim.
IycTb ¢ — KJaacc TPHBHAJBHOrO l-MEPHOTO a-MOAYJS, H OYCThb
Y — romoMopdpuaM #—>nc rpynnsl Z B rpynny & (a). SIcHo, uToO

dimop ==1dg,
u, 3Hauut, & (a) asnserca npsamoit cyMmmoit rpynn Ker dim u Zec.

Jemma 4. Ha addurusnoi epynne R(a) cyuwecrsyer eduncrse-
HOe YMHOXCeHue, OUCTpubYTUBHOE MO OTHOWEHUIO K CAOMEHUIO U
rakoe, 4ro [E|[F]=[E ® F] 042 a0boix KoHeuHOMepHUIX - MO0y 1Ll
E u F. Takum obpasom, epynna R (1) radeasercs CTpYyKTYpoL Kom-
myrarusroeo kKoasya. Kaacc rpusuaasrozo l-meproco a-molyas
ABAAETCA 8 3TOM KOAbUE eCUHUYHLIM 3AeMEHTOM.

EjHHCTBEHHOCTh OvepHiHa. B rpynne & (a)=Z(%) CYIHECTBYET
TaKoe KOMMYTATHBHOE H JHCTPHOYTHBHOE MO OTHOUIEHHIO K CJO-
KeHUI0 yMHOKeHue, uT0 [E|[F]=[EQ®F] upu E, F =G, Ilycrs
E|, Eq— KOHEYHOMEpHHE a-MOAyJH, [ U [, — ux anunel. Hoxkaxewm,
uro [Ey] [E)] =[E)® E,], uupykuuedt no umcay [+l 1o oue-
BunHoO, ecan [y + [, <<2. C gpyrofi cropousl, mycrtb F, — mogmo-
Ayab moayast E;, orauuumii or 0 u E,. Torma no nmpeanonoxe-
HUI0 HHEYKUHH

[FUEs) = [F{® Ey] wu [EfF (] [Eo] =[E/F ) ® Ey].

C xnpyroit ctopolsl, Mogyab (E; ® Ey)/(F;&® E,) nzomopden (E/F)®
® E,;. CrenoBarenbHoO,

[Ei] [Eo] = ([EV/Fi]+ [Fi]) . [Eo] =
= [(E\/F1)) ® Ey] + [F ® E5] = [E, ® E)),

4YTO HOKasbiBaeT Hamie yTBepxjeHue. Orciona cpasy CAeLyeT, UTO
ompejesNeHHoe Bbllle YMHOMXEHHE acCOLHATHBHO, MO3ToMy Ha X (a)
onpejensieTcss CTPYKTypa KoMMyTaTHBHoro kosbna. Hakoxen, sicHo,
UTO KJAcC TPUBHAJBHOIO l-MepHOro a-MoAyJsi GyAeT B 9TOM KOJbILE
€AMHHYHBIM 3JEeMCHTOM.
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Jdemma 5. B koasye R(A) cyujecrsyer eGUHCTBEHHOLE UHBOAI-
rusnolii agromopduim X —> X, raxoi, 4r0 daa Kamdo2o KowewHo-
nepHoeo a-modyas E umeer mecro pasencrso [E|" =[E"].

EnuucrtBenHocTh oueBuAHa. [lo JemMme 3 cyliecTByeT TaKoH
romoMopdusm X +——> X* anaurusroft rpynnel & (a) B cebsi, uto
[E)f*=IE"] ans Kakmoro KoHeuHOMepHOro a-moayast E. Vimeer
MecTo paBeHcTBO (X*)*= X, H, c/iel0BaTeNbHO, 3TOT rOMOMOPHHU3M
OuerktuBen. OH sBasieTca aBTomopgdu3MoM Koabua £ (a), Tak Kax
moayab (E® F)" usomopden monymio E*® F* npu M0GbX KOHEUHO-
MepHbIX a-moayasx E u F. U. T. I

IMycts U () — yHuBepcanbuast oGepThiBafoinas aarebpa aas 4,
a U(a)" — npocTpaHcTBO, AyanbHoe K npoctpaHctBy U (a). Hamowm-
uuM (ra. I, § 1, 0°B), uro crpykrypa koaareGpu na U (a) ompe-
neaser Ha U (a)* CTPyKTypy accounaTHBHOR KOMMYTaTHBHOH anre6-
pul ¢ eaunHued. Ias Kaxkporo KoHeYHOMepHOro a-Moay.ast £ 0To6-
paxeHue u+> Tr(ug) anrebpul U(a) B mosme & — 370 sneMeHT Tg
npocrpatctea U (a)'. Ecom 0—E’— E--> E” — (0 — tounasi nocie-
JOBATEbHOCTh KOHEUHOMEPHBIX a-MOAYJIeH, TO Tg=Tg -+ Tgr. 10
Jjemme 3 cyillecTByeT, H IPATOM eIHHCTBEHHbIH, roMOMOpdHu3m, 060-
snavaemblii yepes Tr, apautusrofi rpynnsl & («) B rpynny U (a),
takoit, uto Tr[E]=1y nas sa06oro KoHeuHOMEpPHOTO a-Monyas E.
Ecau 4epes k 0603HAYHTL TpUBHANbHLIA 1-MepHHId @-MoOAyab, TO
JerKO nposepuTh, YTo Tr [R] — enunuunsiil susement kKoabita U (a)".
Hakowneun, nycts E u F — KoHeuHoMepHble a-MOAyaH. [lycts u U (a)
u ¢ — konpousseaende B Koaare6pe U (a). Tlo onpenenenuio U-Mo-
ayaa EQF (ra. I, § 3, n°2), ecan c(u)= Zui®u2, TO

Upor = ; () ® ()
CaegoBartenbHo,
Tpgr ()= Z Tr (), Tr (4]), =

—_ lZ T (1) TR (1)) = (75 ® T;) (e(w).

DTO 03HAYAET, UTO T,T;==Tgg, [aKuM 06pa3oMm, OTOGpaxKeHHE
*
Tr: & (a)— U (0)" — eoaonoppusm xoaey.

[Mycts a; u ay— aare6pu Jlu, f— romomopdusm a; B a, Ilo
KaXXJ0MY KOHEUHOMEPHOMY ap-MOAYyai0 £ onpenensieTca ¢ moMOILbIO
romomopdusMa [ HEKOTOPHIl a;-MOAYJAb H, CJA€A0BATEJNbHO, 3Jje-
meHTbl Kosely & (a;) u & (a;), KOTopele Mbl BpeMeHHO 0GO3HAUUM
yepes [E], u [E];. Tlo neMMe 3 cyimecTByeT eIMHCTBEHHBIH TaKoOil
roMomopousm rpynnsl & (ay) B rpynny & (a;) (0603navaemult uepes
R ([)), uro & () [E)y=[E], nast 106010 KOHeuHOMEPHOTO Ay-MOA YA E.
[Tpu stoM romomop¢usm £ (f) fBaseTcs roMoMoppu3MoOM KoJael.
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Ecau U (f) — romomopduam anredput U (a;) B aareépy U (ay), npo-
noJKatouyil romoMopduam [ aare6p Jlu, To creayowias qgarpamma
KOMMYTaTHBHA i
{
R () = 7 ()
l Tr l Tr
U () YR U )"

B panbuefinreM B KauectBe anredpu JIM @ MBI paccMOTpHUM nosy-
npocTyio paculenisemyto anre6py Jlu g. Koasno #(q) HaswiBaeTcs
Koasyom npedcragaenuti anredpu Jn g. Ilas kaxaoro seca A& P,
o6osHaunM 4epe3 [A] kmacc mpoctoro g-momyast E(R) co crapunm
BecoM A.

7. Xapaxreps §-modyaeil

TlycTe A — KOMMYTATUBHHHA MOHOMA C AAXMTHUBHOM 3ATHCHIO

3aKOHA KOMITO3HIIHH, Z[A]=Z'A’—aﬂre6pa MoHouza A Ham Z
(Alg., chap. 111, § 2, n°6). OGo3nauum uepes (e*), _, KaHOHHUe-

ckuit 6asuc B anrebpe Z [A]. Toraa e*t# = etet npu m06HX A, p &3 A,
Ecan 0 — sefiTpanbuuii 3meMent MoHouzaa A, 1o e® — exuHHUHLI
sneMeHT aare6pel Z[A]; aToT ssneMeHT Mul 6yreM o0603HAYATH Ue-
pes 1

ITycte E ecThb rpaayHpoBaHHOe BEKTOPHOE NPOCTPAHCTBO Haj

noJjieM k ¢ rpagynpoBKoii THna A u (EA),MEA — 3Ta rpagyupoBKa.
Eciu xaxpaoe npocTpaHcTBO E* KOHEUHOMEPHO, TO XapaxkTepom Mo-
Aynsa E HasblBaeTcst 3jieMeHT (dim E’L),veA anredpel YA Xapakrep
obosHauaerca vepes ch (E). Ecau cam Moaysw E KoneuHoMepeH, To

ch (E) =;.EZA (dim E*) e = Z [A). (5)

[lycts E’, E, E” cyTb rpanyupoBaHHBle BEKTOPHHE NMPOCTPAHCTBA
o / A A
¢ rpafayupoBKoH Tuma A, NMOATNPOCTPaAHCTBA E™* E E” KOTOPBIX

IIMEI0T KOHeUHYI0 pasMepHOCTb Haj mnoseMm k, u 0—>FE —E—
—E” — 0—TouHad Nnoc/e10BaTeNbHOCTE TOMOMOp(pu3mMoB CTenenu 0.
MB!I cpasy xe moJsydaem, 4TO

ch (E) =ch(E’) 4 ch (E”). (6)

B vactHocTH, ecau Fy, Fy — Takue BeKTOPHBIE NPOCTPAHCTRA C Ipa-

o A A
JAyHpoBKo#l THna A, 4to npoctpancTBa Fi n Fy MMe01 KOHEUHYIO
pasMepHOCTb HaX moJteM k, To BLHINOJHEHO PaBEHCTBO

ch (Fi @ Fy) = ch (Fy) 4 ch (Fy). ™
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Ecau ke npoctpaHcTsa F| H F, KOHeUHOMepHBl, TO BEPHO TaKiKe
pPaBEHCTBO
Ch(F1®F2)=ChF1.ChF2. (8)

Hpunep. Tlpennonoxuw, uto A= N. [Tycts T — HesaBHCHMas mepe-
MmenHas. CyuiecTsyeT eAHHCTBEHH I n3oMopdhuam anreé’Pu Z [N] na anre6p
Z [T], npu KotopoM mas Jaoboro ne& N asement e nepexoaur B TX
J19 Kaxmoro KOHEYHOMePHOro TrpajiyHpoOBAaHHOrO BEKTOPHOTO NPOCTPAH-
ctea E tuna N o6pa3 anemernra ch (E) B aareGpe Z [T] coBnagaer ¢ MHOro-
ynenom Ilyaukape mpocrpancrea £ (ra. V, § 5, n°1).

Ilycts E — Takoit g-Monayam, uto E = ;.Zr;* E" u kaxgoe npo-
=

A . A
cTpaicteo £ Koweunomepuo. Cewmefictso (E )LE,’* ompene-

JfeT TPAJYHPOBKY BEKTOpPHOTO mupocTpaHctsa FE. B mans-
HeflllleM MH coxpanuM oGosHaueHue ch(E) aas xapakrepa mpoct-
paucrBa E, paccMaTpHBaeMOro Kak TpPajiyHpPOBAaHHOE BEKTOPHOE
npoctpaucTBo Tuna Y*. Xapakrep ch (E) asiasercs, TakuM 06pasoM,
3JICMEHTOM TpYNIH Z%. Ecan E — KOHeuHOMEpPHHEIl MOAYJb, TO
ch(E) & Z[P]. Beaencreue dopmyast (6) u semmbl 3 13 n° 6 cyue-
CTBYeT eIHHCTBEHHHH romomopdusm rpynus & (g) B rpynny Z [P],
KOTOpHH JM060i KoHeuHoMmepHblil g-Moxynb E nepesogutr B ch (E).
drtor roMoMopdH3M Mb TOXe GyAeM oGosHauaTh depes ch. Coort-
HoueHue (8) mokaswiBaer, 4To ch A8.11eTca ecomoMoppusmom Korvya
R(a) 8 koasyo Z1P].

3amexanue. Jlioboit saement rpynne P onpefeasier npocrolf 1-mepuui
B-monyms CaenoBatessHo, onpexener romoMopdusm rpynnst Z [P] 8 rpymmy
R (h). xoTopmil Oyaser HHBEKTHBHLIM ToMoMopdH3MOM Kosen. Jlerko
NPOBEPHTD, YTO KOMIO3HIIHS TOMOMOP(U3IMOB

#(g) >Z[P]l> R (h)

CoBNanaetr ¢ roMoMOp(H3MOM, ONPEAESEHHHM KAHOHHUECKM BJIOKEHHEM
nonanre6pel Kapraua § B aare6py JIn § (n°6).

I'pynna Beitia W peiicTeyer ¢ mOMOIIBLIO aBTOMOP(H3MOB Ha
rpynne P, a caefoBaTtesbHo, Ha Kosbue ZP. Iaa nioboro A< P
i Jio6oro weW Mb noayuaem paseHcTBo wet =ew . TlycTe
Z[P]¥ — nonxonbuo W-nHBapHaHTHHIX 371eMeHTOB Koabna Z[P].

Jemma 6. Ecau hes Py, ro ch[A] e Z|P|¥. Eduncrsennous
makcumarshoul waen aaemenra chiA] (ra. VI, § 3, n°2, onpenene-
uue 1) pasen et.

Ilepsoe yTBepKaeHHe BhTeKaeT H3 CACACTBUA 2 NPeANOKEHHS 2
n°1l, a sTopoe — u3 npennoxennsa 1(ii) § 6, n°1.

— cemelicT80 (PYHOAMEHTANbHOLX
— cemMelicT80 He3a8UCUMbLLY

TeopemA 2. (i) [Tycre (G)a)aea

gecos orHocurensno 0qsuca B, a (To), < p
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nepemeHHbLX. Toz0a  orobpaxcenue [+ [ (([&,]), < ) koavya
Z[(To)ycp] 8 Koatyo R () ssaserca usomoppudmon Koaey.

(i) Tomomoppusm ch xoseya R{(a) 8 koasyo Z[P] undyyupyer
usomoppusm xoassya R () na koasyo Z[PIV.

(iii) Hycre E — xoneunomeproili §-modyas. Toeda, ecaw chE =

>, mych|A), To Oauna UBOTUNHOI KOMMONEHTbL, OTBeHQIOUleil
rER
+4+

crapuenmy secy b modyasn E, pasna m,.

CeMeiicTBO ([M)’"EP++ sipaserca 6asucom Z-monyas & (g), a ce-
MmedctBo (ch [h])hep++—6asncom Z-voayas Z|[P}¥ (nemma 6 u

npeanoxenue 3 ra. VI, § 3, n°4). dro mokasvieaer yrBepkiae-
mpus (if) u (iii). Yreepxknenue (i) ciaemyer u3 yrBep:kiaenus (ii),
geMMbl 6 n teopemsl ! H3 ra. VI, § 3, n°4.

Cnepcteue. [Tycre E, E' — xoneunomeproie §-mooyau. Toeda
daa usomopprocru modyareti E u E' neobxodumo u docrarouro,
4robo. ux xapaxrepot cosnadaai: ch E =ch E’.

Hoka3zareJbcTBO caenyeT u3 TeopeMbl 2 (ii) H noJynpoCTOTH
Mmonyneit E u E’,

§ 8. CuMMeTpryecKHe WHBAPHAHTHI

B arox napazpape wepes (a, h) obo3naxaerca pacujeniennasn noay-
npocras aszebpa Ju, wepes W — ee epynna Beiian, a wepes P — ee
epynna secos. .

1. 3kcnonenra aAunelinoi gopmol.

[Tycte V —xoHeunoMepHOe BeKTOpHOe pocTpancTBo, a S (V)—ero
criMMeTpuueckas agareGpa. Ctpyktypa Koaare6pe Ha S(V) onpene-
asiet Ha S (V)" cTpyKkTypy acconMaTHBHOH H KOMMYTATHBHO ajareGpol
(Alg., chap. III, § 10, n° 4). Bekropuoe npoctpauctso S(V)* kanoHu-

4eckH OTOXKIeCTBAsieTcss ¢ mpoctpanctsoMm || S™(VY, a S™ (V)
mz=0

KAHOHHYECKH OTOXKAECTBJSIETCA C NPOCTPAHCTBOM M-JHHEHHBIX CHM-

MeTpuUecKiHX ¢opm Ha mpoctpaHcTBe V. KanoHHUecKoe BioXeHHe

npoctpaHcrea V' =S8' (V)" B aare6py S (V)" onpeneasier HHbeKTHB-

HH romoMopgusm axre6pst S(V®) B anre6py S(V), obpasom

KOTOporo siBasietes anreépa S(V)'€ = 2, S™ (V)" (Alg., chap. III,
mz=0

§ 11, n°5, proposition 8). Anre6put S(V*) u S(V)™* Moxuo
OTOXKJECTBUTb NPH NOMOUIK 3TOro romoMopduama; anrebpy S (V¥
MOXKHO OTOXJIECTBHTb TaKke ¢ anre6poil NOJHHOMHAJbHHX (PYHK-
nuit Ha npoctpaHctse V (ra. VII, ponosnnenue I, n°1).
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Snementsl (u,) = |1 S™(V)', takue, uro uy=0, obpasyior
mz=0

unean J aare6put S (V). Aare6pa S(V)* cuaGxkaercs J-anuyeckoit

ronogorueit (Komum. aze., ra. 111, § 2, n° 5), OTHOCHTENBHO KOTO-
- *

poit ona nosua, a aare6pa S (V") nuorna B anre6pe S(V)*. Ecau
* *

(ei)l<i<n_ 6asuc npocrpaucrtea V', a Ty, ..., T, — He3aBHUCHMbBIE

nepemeHuble, o romomopousm k[T, ..., T,] B S(V*), koropwil
nepesonur T'; B €] (1 <i<Cn), apasercsa u3oMopthu3MoMm anre6p u npo-
JIOJIK aeTcsl 10 HempeprIBHOr0 H3oMophusma aarebput R [[Ty, ..., T,]]
ua aaredpy S (V)" '

[lpu mob6oM A e V" cemeilctso A'fnl cymmnpyemo B aareGpe
S (V). Ero cymMma Ha3blBAETCHA IKCNOHEHTOU AUHeliHOl gopmer A u
o6osuauaercss yepes exp(A) (B coorBercreuu ¢ ra. II, § 6, n° 1),
Ilyers xp, ..., X, € V; MBl NOojJyYaeM, 4TO -

©xp(), %1 e Ky = (W, 21 e Xy =(hy 2 oo (A X

no ¢opmyae (29) us Alg., chap. III, § 11, n°5. Orciona cpasy ke
caenyer, uto exp(A) — eduncreennoii eomomoppusm areebpor S (V)
8 noae k, npodoacarowiiii .

Ina mo6uix A, pw<V* umeer mecro paBeHcTBO €Xp (A 4 p)=
=exp(Mexp(n) (ra. III, § 6, n°l, samewanue). Orobpasxenue
exp: V*— S (V)" 6yder, rakum obpasom, comomnoppusmom addurus-
Holl epynner npocrpancrea V' 6 myasrunaukarusuyto epynny obpa-
Tumbix aaesmenros arzeopo. S (V). Muoxectso (exp (A)), o« — cBO-
Gonuoe ceMeitctBo B BeKTopHoM mpocrpancTtee S (V)" (Alg., chap. IV,
§ 7, n°3, théoréme 1).

Jdemma 1. Mycre T — nodepynna addutusrnoii epynnor V*, no-
poxwdaromas V* Kak B8eKTOpHOE npOCTPAHCTEO, U m — yesoe HUCAO
>0. Toeda mHoxcecrso pry,(exp(Il)) nopomdaer sexropHoe npo-
crparcrso S™ (V).

Cormacuo Alg., chap. I, § 8, n° 2, proposition 2, npoussenenue
JI06HLIX m 3a€MeHTOB H3 V' sBaseTcs JuHefiHol KoMOGMHaNHel Han
noseMm k anementos Buna x™, rae x € II. Ho x™ =m! pr,,(exp (x)).
Y. T. IO.

C noMomplo nepeHoca CTPYKTYpPH Jj060# aBTOMOp(U3M MNpo-
crpancTBa V onpenessier asTomopdusmbl aare6p S(V) u S(V)"
Orcioga chaelyer, 4YTO HMeEWTCS eCcTecTBeHHble JHHEHRHBIE Mpej-
craBnenns rpynns GL (V) B npocrpancteax S (V) u S(V).

2. Baoxcenue k[P] e S(H)

Oro6paxenue p—s>exp p rpynnst P B S (h)* onpenensier romoMop-
(u3M anmMTHBHOH Ipynnel P B MyJbTHIIMKATHBHbIA MOHOHI S ()"



178 IJI. VIII, PACIIETIJIEHHBIE NOJYTIPOCTBIE AJITEGPBI JIU 2

(n° 1). CnenoBaTeJibHO, CyLIECTBYeT €HHCTBEHHHBIA romMmomMophusm |
aqre6per k[P] monouna P B anre6py S(9)*, ans Koroporo

(et =exp(h) (A=P)

(MBI BOCHOJB30OBasHCh OGo3HaueHusMu H3 § 7, n°7). Beugy n°1
Y — HHBEKTHBHEIH roMoMopdusM. C NOMOLIbIO NEPEHOCA CTPYKTYPH
noayyaem, 4to P (w (e*)) =w (Y (")) mas moGoro A < P u moboro

we W. Cregosartenpho, ecan depes k[P]Y (coors. uepes S()Y)
0603HAYHTh MHOMKECTBO HHBADHAHTHBIX OTHOCHTeabHO W ajemen-
ToB aare6pel k[P] (coots. S(h)*), TO MMeeT MeCTO BKJAlOUEHHE

b (k[P]¥) =S ().

Meepnoxenne 1. Mycre S™ (9*)V — mnoxecrso asnremenros us
S™(v"), unsapuantneix ornocureasho W. Toeda pr,, (v (k[P]V)) =
= S™ (§1)V.

W3 npeawiaymiero sicHo, 4to pr, (Y (k [P]¥)) = S™ (p*)V. Jlo6oi
sneMenT npoctpaHctea S™(H*) amasercs aunHeAHOH KoMOGHHaluel
Haj noJjeM k 3J1eMEHTOB BHAA

Prm (exp )= (prm o) (eh)’

rie A= P (aemma 1). CrenosaTesnbHO, 37€éMEHTH TpPOCTPAHCTBA
S™(H*)¥ — 3710 nuHeliHble KOMOMHAIMM 3JE€MEHTOB BHJA

2 w((pryob) (e*))=(prmow>( 2 w(en),
w we W

sw
KOTOphle NpHHAAJEeXKAT pry, (Y (k[P]V)).

IMrepnoxenne 2. Iycre E — Konewromepuolil g-modyas. IMycre
U (9) = S (9) — yuusepcarvran obepToisarouas areebpa nodaszebpo
Kaprana Y. Toeda, ecau usU (), To umeer mecro pasencrso

Tr (ug) = ($ (ch E), u).

IlocraTouno paccmotperb cayuafi, Korpa u=FHh; ... h,, Tie
hy, oooy ey, Myets dy =dimE* ans ao6oro A< P. Umeem

chE= ; dye*, a caenosartenbno, ¢ (chE)== ; dyexp (), H, TaKuM
obpasom,
(b (chE), uy= ; dyexph, by ... hy)=

——=;dhx(h1) v Ahy) (@1 =
=Tr .

Caencreue 1. ITycre U (§) — yuusepcarsran obepTuisatouasn anr-
eebpa daa ¢ Iycre T U(g) — U (9) =S ()" — comomopgpusn,
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conpascennslii K Kanonuueckomy gaomenuio U (h) — U (g). Toeda cae-
Oyrowas GUazpamma KOMMYTATUBHA:

R (g)—>Z [P]
Tr l l, ]
U(g) =S (5)".

3to ToNMLKO HepedOpMYJSUPORKA APeAJOKeHUs 2.

Cnencreue 2. Hycre m — yeaoe wucao z=0. Tozda awboii 3ae-
ment npocrpancrea S™ (07)V agasercs auneinotl Kombunayued noau-
HomuasbHbix Qynkyul Ha nodaszebpe KapranaV suda x—>Tr(p(x)™),
20e p — KoHeuHOMepHOE AuHelinoe npedcrasaenue aacebpor Jlu 4.

ITo npeanoxenuio 1 umeer wmectro paseHcrso S” (5" =
= (pr, o P) (R [P]¥). Takum o6Gpasom, Z[P]W=chZ&(g) (§ 7, n°7,
teopema 2 (ii)). IMToatomy, cornacuo nemme 3 u3 ra. VI, § 3, n°4,
P (& [P]Y) coBnajaeTr ¢ NOANPOCTPAHCTBOM BEKTOPHOTO k-mpocTpaH-
crea S (b*), mopoxaennoro MmHoxectBoM W (ch & (9)) =¢ (Tr & (q)).
CaenoBarensno, S™(H*)¥ coBmagaer ¢ NOLIPOCTPAHCTBOM BeK-
TopHoro mpocTpancrea S™ ()*), TOPOKIEHHBIM  MHOMXKECTBOM
(pr, oo Tr)(%(g)). Takum o6pasom, ec/ig p — KOHEUHOMEPHOe JHHef-
HOe mpefcrasaenue anrebpol Jlu ¢, To pas moboro X &9 umeer
MECTO PaBEHCTBO

(prmoto Ty ) () = (€ o Tr) (o), S} == Tr (o (1)™.

3. Husapuanrsvie MHOZO4AeHbL

[Tycth @ — KoHeunoMepHass aare6pa Jlu. CoxpaHss THpPHHSTHIE
B n°1 cornameHusi, OTOXAeCTBUM MexkAy coboit anre6py S(a"),
anre6py S(0)"™" u anre6py nonMHOMHMasMbHBIX QYHKUMA Ha aareGpe
Jlu a. Yepes 0(a) ansa mo6oro a & a o6o3naunm Takoe audbepen-
nupopanue anre6pu S(a), uro O(a)x=[a, x] mas Bcex xea.
Uspecrno (ra. I, § 3, n°2), uro 0 amasierca mnpepcTaB/leHHeM aJj-
re6per Jlu a B npocrpanctee S(a). Ilycrs 0 (a) — orpannuenue
suxomopduama —'0 (@) ma mpocrpancreo S(a*). Torza 6° — npen-
crapaende aarebpu Jlu a. Ecm [f&=S* (%), to 0" (a)f = S" (1)
U LIS Xpy o0y X0

(e*(a)f)(xl: vy xn)=

=—l<2i:<nf(xl, ey Xi=1, [a’ xi]r Xitly ooy xn)' (1)

W3 dopmyas (1) nerko caenyer, uro 0" (a) — nudpdepenuuponanue
anreGper S(a”). VHBapuaHTHBI OTHOCHTe/IbHO MpeAcTaBjeHHa O
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(coots. 0%) aareGput JIn a saeMment aare6pm S(a) (coots. S (%))
HAa3HBACTCS UHBAPUAHTHBIM 34emenToM aazebpor S(v) (cooTs. S(a%)).

Jemma 2. Iycre o — KoHeuHOMepHOe AuHeliHOe npedcTasAeHUe
ascebpor JIu a u m — yeaoe 4ucao z20. Toeda x— Trp(x)™)—
UHBAPUAHTHAA NOAUHOMUAABHAR (DYHKyus Ha areebpe Ju a.

[MosoxuM g (X1, «vvs X)) =Tro(x1) ... p(xn) 1ipn xy, ...
., Xxpn=a. Ecau x<aq, 1O
—(6*(x)g)(xl7 Y xm)=
=1<,-Z< Trle(n) . p(-)lo (), 00lo (i) ... 0 (xp))=

=Tr(px)o(x) ... o) —Trlp(x) ... p(x,)p(x)=0;

caejoBarenbio, 0°(x) g =0. Ilyctb /4 — noaununefinas cuMmerpu-
yeckast GopMa, onpefiejieHHass PaBEHCTBOM

i
h(x,, ceey xm)=~”7 Z g(xgm, ey xo(m))-
UEGm
torpa 0*()hA=0u Tr(p(x)")="h(x, ..., x) nasa awboro xe .

Jemma 3. Hycre E — xkoneunomepueii g-sodyass u x<E.
Has 1020 4robsl X 6bin UHBAPUAHTHOIM 3reMeHToM §-modyas E,
Heobxo0umo u docrarourno, 4robot exp(ag). x = x 041 406020 HUAL-
NOTEHTHO20 3AeMEHTA G u3 aseebpol Jlu g.

OueBujHO, YTO YychaoBue JeMMb HeoGxogumo. [Ipexmosoxum
Tenepb, YTO OHO BHINOJHEHO, IlyCrb @ — HH/ABNOTEHTHBI 3JeMeHT
anrebpel Jlu ¢. CyuwiecTsyer Takoe lLiefoe YMCJO n, 4r0 a%=0.

Torga pas awoboro { &k HMeeT MeCTO PaBeHCTBO

O=exp(taE).x—x~—taEx+%!. x4+ ... + (n_l_])! tn—larg—lx’

OTKyZa cielyeT, 4To apx = 0. Ho anre6pa JIu nopoxpmaercs ceoumu
HAAbNOTeHTHBIMH 3heMeHTamu (§ 4, n° 1, npeartoxkenue 1). Caemo-
BaTeNbHO, X — HHBAPUAHTHbI 3JeMeHT ¢-moxayas E. U. T. I

[Tpu npoussoitbHoMm & & GL(g) o6o3naunm uepes S(E) aBromop-
¢u3M npoctpancTBa S(g), KOTOpHIl mpojoJkaeT aBToMOpdusM &,
a uepes S (g) — orpanuyenne Ha mpocrpanctBo S(g*) KoHTparpe-
auenTHoro K S(§) aBromopdusma. Toraa u S u S* — npencrasie-
uust rpynnel GL (g). Ecau a — HuibmoTeHTHBIH 3geMeHT ajarelpnl
JIn ¢, To guddepennvposanue 0(a) MOKaAbHO HHJALIOTEHTHO B aJ-
re6pe S(g) u S(expada)=-exp0(a), cregoBareabHO,

S’ (exp ad a) = exp 6" (a). 2)
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TleEpnoxenue 3. Hycre [ — nosunomuarsnas Qyukyus na as-
eebpe Jlu g. Toeda caedyrougue ycaosus 9KBUBAACHTHOL

(i) fos=1[ 0aa scex s = Aut,(g);

(ii) fos=1T[ daa ecex s Auty(g);

(iii) pynkyusa [ unsapuanrua.

dxBuBajentHocth yeaosuit (i) u (iii) caepyer u3 dopmyan (2)
v JeMMul 3. PaciimpuB OCHOBHOE MoJe, TOJydYaeM, YTO H3 yCjao-
Busa (iii) caeayer ycaomue (ii). Mwmnauxauus (ii)=-(i) oueBuuma.

Caenyer uMeTs B BHAY, YTO, BOOGINE TORODH, MOJMHOMHANbHAA (yHK-
uuss [ MOXET YAOBJETBOPATL YCJOBHAM IpeasoxeHus 3 M He OHTh
HHBApUaHTHOH oTHocHTexbHO rpynnbl Aut (§) (ynpawuenus 1 u 2).

TeopeMA 1. [Tycre [1(g*) — aaze6pa UHBAPUAHTHBIX NOAUHOMU-
anbublx  Qynkyuil na aacebpe Jlu g. Iycrs it S(g")—>S (H") —
20MOMOP(PUBM O2paHUYeHUS.

(i) Orobpancenue i|l(g*)— usomopdusm aree6per I1(8%) na as-
2e6py S (H)¥.

(ii) ycre I"(g") Oaa awbozo yeaoeo uucaa n =0 — muoxecrso
00HOPOOHbIX 3aeMenT08 aacebpbl 1(g7) crenenu n. Toeda I1"(g*) —
MHONMCECTBO uHelinblx Kombunayuidl @ynxkyuii suda xv+— Tr(p (x)"),
20e 0 — KOHeYHOMepHOe AuHeiinoe npedcrasaenue arcebpor Jlu g.

(iii) Tycre [=rg(g). Toeda cywecrsyer 1 aarcebpauuecku He-
3a8ucUMbLX  OOHOPOOHBIX 3aemenTo8 aszebpot 1(g"), Koropuie no-
poxcdator arzebpy I(g7).

a) Mycts f=1(¢") 1 we W. CywectByer Tako#t aBTOMOpdhHU3M
se Aut.(g, b), uto s|h=w (§ 2, n°2, caeacrsue TeopeMH 2).
Tak KaK ¢yHKOus [ MHBAPHAHTHA OTHOCHTENBLHO aBToMOpdusMa s
(npensoxenve 3), 1o i(f) UHBApHAHTHA OTHOCUTEJBHO aBTOMOP-
¢usma w. CaenoBatenbno, i(7(g") = S@H")Y.

6) Ilyete fe1(g")— takas nosuHoMuadbHass (GYHKUHS, 9TO
i(/)==0. [dokaxewm, uto [=0. PaclunpuB, ecjn HyXKHO, OCHOBHOE
[oJie, MOXKHO CUMTaTh, YTO Ioje k anrebpanueckm 3amkHyTto. [To
npepjoxenuto 3 dGyHKuus [ ofpauiaercs B Hyab Ha mopajire6pax
s(b) nas Bcex apromopdusmoB s & Aut,(g). CieopaTeqabno, noJu-
HOMUa/JbHas PyHKUMsA | o6pauiaeTca B Hy/b Ha J0GOH nopanrebpe
Kaprana aare6pn JIn ¢ (ra. VII, § 3, n°2, Treopema 1) u, B yact-
HOCTH, Ha MHOMXECTBE DETyJAsipHBIX 2jeMeHTOB aare6pu Jlu ¢. Ho
3TO MHOXECTBO MJOTHO B MPOCTPAHCTBE § B TONOJOTHH 3apuc-
ckoro (ra. VII, § 2, n°2).

B) Ilycth n— uwenoe uucao =0 ¥ L” — MHOKECTBO JHHENHbBIX
KomOuHanuit pyHkuuit suga x+— Tr(p(x)") ua g, rae p — KoHeuro-
MepHoe JuuHefiHoe npeactaBiaeHde aare6pu Jlu g. ITo aemme 2
HMeeT MecTo BkJloueHue L" < ["(g"). CiemoBatennno,

i(L) =i (@) =S ().
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Cornacuo caeacTeuio 2 npepsoxenns 2, S (%Y <i(L". 3uauur,
(" (g ))——S”(b) yTo JoKasslBaeT yTBepkieuue (i), a Takke
PaBEHCTBO i(L )—z(ln(g )), oTKyaa BBHAY 6) caenyer, yro L” =
= J"(¢"). Takum o6pasoM, MB FoKasaau (ii).

r) Yreepxknenue (iii) creayer u3 yreepxkaenus (i) 1 Teopemn 3
ra. V, § 5, n°3.

Caencreue 1. [Ipednoaowun, «ro areebpa Jlu q npocra. ycre

my, ..., m;— nokazareiu epynno. Beiira aaeebpo JIu §. Toeda
cyujecT8yoT 00HOPOOHble 3aemenTol Py, ..., P, aaeeGpor 1(g")
crenexeli

ml"l"‘l, “eey ml—l"‘l,
KoTopble aieebpaudecku Hesasucumol U nopoxcdaror areebpy I (g").

JoxasaTeabeTBo caeAyeT U3 TeopeMbl 2 (i) H K3 MpeAsiokenns 3
r1. V, § 6, n°2.

CnenctBue 2. [lycre B -—b6asuc cucremsr Kopueii R, R,
(cooTB. R_) — MHONECTBO NOACHUTEAbHBIX (COOTB. OTPULATEABHLIX)
KopHetll pacu;en/leuﬂou aneebpor JIu (g, b) orHocureasto 6asuca B,
ny o= 2, g% ! Z g%, S (h) — cumnerpuseckan arzebpa npo-

eeER R
crpancrea b, J — uaeaﬂ aazebpor S(g), nopoxdennoiii n, Jn_.

(i) S(a)=SmD/.

(ii) Hycre j— comomoppusm ancebpor S(8) Ha aacebpy S(bh),
onpedeseHHbLl YKA3AHHbLM Bbllie pasaoscertiem arzedpor S(g). [Tycro
1(8) — mHO%MCECTBO UHBAPUAHTHOLIX  9daeMeHTO8 aacebpor S(g), a
S (9 — muomecrso uHBapuanTHeix OTHOCUTeAbHo W asemenTos
aaeebpor S (9). Toeda OTO5pa0fCBHLl8 J 11 (8) — usomoppuam arzédpo
1(g) Ha aaeebpy S(H)Y.

Yreepxaenne (i) ouesnano. Popma Kuaamura onpeaensier nso-
MOPGH3M BEKTODHOrO IPOCTPAHCTBA ¢" Ha BeKTOPHOE NpocTpaH-
CTBO ¢, KOTOPHIA IpojosiKaeTcsl [0 HaoMopdu3Ma § g-MOAyJs
S(g") na g-moayab S(g). I[Ipu atom (I (g*)) =1 (g). OpToronansuoe
IOHOJIHEHHe K NOAIPOCTPaHCTBY ) oTHocuTenabHo dopmur Kuaaunra
coBHajaer ¢ nmognpoctpadcTsoM . @n_ (§ 2, n° 2, npepnoxenue 1).
Ecan oTOXeCTBUTh UPOCTPAHCTBO f)* C OPTOrOHAJNbHBIM K My - M.
HOAIPOCTPAHCTBOM npocrpaHCTBa g% TO £(b") =1, a cnenoparTesnbHo,
ES )=S0 u £(S®H)=S®)". Haxonen, £ (/) spastercs
MHOXKECTBOM HOJ]HHOMHaJIbeIX ¢hyukuuit na aarebpe Jlu g, obpa-
mlaromuxesa B Hyab Ha mopaarebpe Kaprana )., 1o nokasbiBaer,
yto oroGpaxkenve § nepeBOAHT TroMoMopdHu3M [, ONpejeseHHLIHA
B Teopeme 1, B romoMophHu3M J, onpegesieHHbH B CHEACTBHH 2,
Takum 06pa30M, yreepx aenue (ii) caenyer us Teopemn 1 (i).

Tleennoxenne 4. Hycre o — noaynpocras aaeebpa Jlu, | — ee
pane u [ (coots. I’y — MHoacecrso 3aementos aszebpor S (@) (cooTs.



3 § 8. CUMMETPHUECKHE HHBAPHAITDI 183

S (@), uxsapuanTHbIX OTHOCUTEAbHO npedcTasienus aaeebper Ju a,
ROAYHEHHO20 NPOJOANCEHUEM N PUCOCOUHEHHO20 npedcTasaenus. [TycTs
Z — yenTp yHusepcaasroil obepTuisatcuell aqzebpel arcebpor Ju a,
(i) I u I’ — epadyuposannbie arzebpor mrocourenos (va.V, § 5,
n° 1) crenenu TpancyendentHocTy 1.
(if) Azeebpa Z usomopphra areebpe mrocouaenos or | wesasu-
CUMbIX nepemMeHnbix Hal noaem k.

Kaunonnueckass guabTpauysi yHUBepCanbHOH oGepThiBalOEeH aJ-
re6pbl anre6pui Jlu @ upHAyuMpyer ¢uabTpanuio B anrebpe Z.
BeaenctBue Teopemul 1 mara. I, § 2, un®8 ru. 1, § 2, anre6pa Z
usoMmopgua I’. C yuetrom npepJoxenus 10 us Kom. aze., ra. I,
§ 2, n°9, orciona caenyer, uto (i)=-(ii).

C npyroii cropoHw, TeopeMa | ¥ CiaencTBHe 2 H3 Hee NOKa3H-
BAIOT, YTO yTBep:xkieHnue (i) BepHO, KOrga @ — paciuenyeHHasa aJ-
re6pa Jlu. O6Gmuil cayuail cBOAHTCS K 3TOMY GJjarogapsi ciaeayio-
el JeMMe,

Jdemma 4Y. Mycre A= P A" — epadyuposannas k-arzebpa,
n=0

k" — pacwupenue noas k u A'=AQuk’. [pednorowum, uro
A’ — epadyuposanran k’-arcebpa muoeousenos. Toeda A — zpadyu-
posannas k-areebpa MHO204AEHOB.

Tak kak A%=4’, 10 A'=k. Tonomum A, =€ A" n P =

nz=l1

= A,/A%. Torma P — rpajiynpoBarHOe BEKTOPHOE INPOCTPAHCTBO
¥ MOXKHO HaliTH rpaflyHpOBaHHOe JHHeliHOe OTOGpaKeHHe CTeneHu
Hyab f: P—> A}, KOMNO3UIHs KOTOPOrO ¢ KAHOHHYECKOH Npoekuuel
A, — P — ToxjecTBeHHOe OToGpamenue Ha P. CHabaum anare6py
S(P) rpanyupoBKoOfl, NOCTPOGHHOH MO T'paayHpoBKe mpocTpaHcTBa P
(Alg., chap. 1II, § 6, n°6). Fomomopduam k-anre6p g: S(P)— 4,
npoponkawouuit romomoppusm [ (Alg., chap. III, § 6, n°1),
sIBJISileTCA TPALYHPOBAHHBIM ToMomopdusmoM creneHH 0; WHAYKLHS
MO cTeneHH HeMeNJeHHO HOKasbiBaeT, YTO TOMOMOP(H3M g CIOpPb:
eKTHBEH.

Jdenma 5. Has Toeo urobut areebpa A Gviaa aiseebpoii mnozo-
ynreno8, Heobxodumo u Qocrarouno, 4Tobor npocrpancreo P Gutao
KOHeYHOMEPHBIM, @ oTObpaixenue g — GUeKTUBHbIM.

Ecian P — KOHeyHOMepHOe NPOCTPAHCTBO, TO OUEBHIHO, UTO
S(P) — rpaagyupoBaHHas anreGpa MHOTOWIEHOB, W €CJd TOMOMOP-
¢usmM g OvieKkTHBeH, TO A — rpaayupoBanHas ajreGpa MHOTouJe-
HOB. OGpaTHO, NpPeANOJOXKHM, YTO anre6pa A mopoxjeHa OLHO-
PONMHBIME anrefpandecKd HE3aBUCHMBIMH BJEMEHTAMH Xi, ..., Xp,
CTeMeHH KOTOPHIX PaBHH COOTBETCTBeHHO dy, ..., d,. Ilycts

) B nemmax 4, 5 u 6 mose & IPOH3BOMLHOE.
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%, — o6pas aneMenrta x; B npoctpanctse P. Cpasy e nposepsiercs,
UTO 3JEMEHTH ¥; 06pasyioT 6a3uc npocTpaHcTBa P, a8 NOCKOMABKY
cTenmeHb 3neMeHTa X; pasHa d;, To aareSpel S(P) u A usoMopdHbL.
B yactHOoCTH, AJs J1060r0 n uMeeT Mecto paBeHcTBo dim S (P)" =
=dim A", Tak Kak roMoMopdusM g CIOPBEKTHBeH, TO OH 06sA3a-
TeJbHO OHEKTHBEH.

Tenepb HeMeAJEHHO MOJyYdeM [J0Ka3aTenbcTBO JeMwmbl 4. Mefi-
CTBHTeJbHO, JieMMa 5, npuMeHeHHas K k’-anreGpe A’, nokasviBaer,
uto romoMopdusM g® I: S(P)®k"—> ARk’ GuexrtumeH, a caejo-
BaTe/NbHO, OHEKTHBEH H IoMOMOpdH3M g.

TTPEpsORERUE b. Coxpauum obosnadenusn npedaoxcenus 4 u o06o-
snadum wepesd p udear areebpor S (a*), nopondenrviti 0dHOPOOHBIMU
anemenramy arzebpor I crenenu = 1. Mycre x & a. To2da das Toeo
4T06bL INeMEHT X OblA HUABNOTEHTHLIM, HE0bXodumo u JocTarouto,
yrober [(x)=0 npu scex f<yp').

Paciuupsis npu HeoOXOXUMOCTH OCHOBHOE MOJIe, MOXHO CUHTATD,
yto anre6pa Jlu a==g pacuwennsema. [Ipeanonoxum TOrLa, YTO
X — HUJBIOTEHTHBIA 3neMeHT. Jas n060ro KOHEUHOMEDPHOTO JHHEH-
HOrO npejcTaBreHdst @ anarebp Jlu ¢ u Jg06oro meJoro 4ucjia
n>1 uveer mecto pasenctso Tr(p(x)")=0, mostomy f(x)==0
anag Jo6oro ofHOpojHOoro sjgementa [ < /(g*) crenenn =1 (teo-
peMma 1 (ii)) u, cienoBarensHo, f(x)==0 nnsa nobux f < p. O6parHo,
ecmi f(x)==0 npu Bcex fep, 10 Tr((adx)”)=0 npu nAw6HX
n=1 (reopema 1 (ii)), mo3TOMy X — HHJIBIOTEHTHBI 3J1€MEHT.

*Bameqanun. 1) Iyers Py, ..., Py — oAHOpOAHLIE anrelpanyecKu
He3aBHCHMble 3JieMeHThi ajare6pnl /, Kotopele ee nopoxkpaair. Toeda
cucrema (Py, ..., P)) ecto S(0*)-pezyrapras nocaedosaressrocts
(ra. V, § 5, n°5). JeficTBUTe/IbHO, pACIIHPUB NPH HEOGXOLHMOCTH
OCHOBHOE IOJIe, MOMHO CYHTaTh, 4To ajareSpa Jlu a==g pacuge-
nasieMma, Ilyctb N =dimg, a

(le evey QN—l)

— Gasuc CpTOroHasbHOro K Y moanpoctpasetsa B ¢, Ecanm
m—ugean B aare6pe S(g*), mopoxaeunnii sneMentamu Py, ..., Py,
Q. ..., Qy—;, 0 daxropanrebpa S(g*)/m wusomopdua darrop-
anre6pe S (9%)/J, rae J— unean anre6pst S (b*), nopokneHHOH 37e-
mentamu i(Py), ..., i(P;). ITo Teopeme | u no treopeme 2 us ra. V,
§ 5, 1°2, S(9")/] sBnseTcs KOHeUHOMEpPHLIM NpocTpaHcTBOM. [lo-
aToMy u npoctpanctBo S(g%)/m KoneuHoMepHo. BesepcTBHE OXHOTO
pesyabrata Hu3 Komm. ase. OTCIOXA BHTEKaeT, YTO CeMeHCTBO

1} Moxuo nokasars (Kostant B., Lie group representations on polynomial
ring, Amer. J. Math., XXXV (1963), 327—404, teopemst 10 # 15), uto p — npo-
crofi waean aareGpu S{a*) u kossuo S(a*)/p uenosamMrryTo.
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Py, ..., P, Qy, ..., Qu-;) ectb S(g")-peryasipHas nocaepoBaTeb-
HOCTh, H a fortiori 310 BepHO u aasi (Py, ..., Py).

2) Aneebpa S(a*) — c80600Hb1i epadyuposannbiii modyrs Haod .
HelicTBUTe/IbHO, 5TO caejlyeT H3 OpensoxKeuus 4, sameuanns |
H u3 aeMmMsl 5 ra. V, § 5, n°5,

4. Ceoiicrea zpynn Aut,

Jdemma 6. [Iycte V — KoneuHomepHOe 6eKTOpHOE HPOCTpPAHCT8O,
G — koHeunas epynna astomopdpusmos npocrparcre V, a v u v/ —
TaKue asementol npocrpanctéa V, uro v’ ¢ Guv. Toeda cywecrsyer
rakas (-UHBapUAHTHAR noAuHoMUAAbHAA GyHuKkyus [ Ha npocTpanu-
cree V, uro | (v') % [ (v).

HeficTBATENbHO, AN 10600 jeMeHTa S & (F cyLIecTBYeT MOJH-
HoOMHaabuas GYHKHIHA g, Ha IpocTpaHcrBe V, mpHHUMaomasg Ha
3JleMeHTe U 3HaueHHe 1, a ma asemenre sv’ — sHauenue 0. Torpa

Q)yHKIJ.I/IH g= | — ]___[ gs HNpHHHMaeT Ha 3JeMeHTE U 3HaveHHe 0,
s=@

a Ha sneMeHTaXx Guv’ paBHa 1. [MosunomuanabHas Oyuxkuus f=
=[] t.g G-unBapuaHTHa, paBHa 0 Ha sseMeHTe v B | HA 3je-
te@

mentax Gv’.

ITrepnoxenue 6. [Tycre a— noaynpocras aaszebpa Jlu u
s = Aut(a). Toeda caedyrouue ycarosus K6USANEHTHBL:

(i) s = Auty(a);

(ii) Ona a0b0ii unsapuanTHOU noAuHOMUANbHOU GyuKkyul | Ha
aszebpe @ umeer MecTO paseHcrso fos=/F.

Pacmupus noJe CKajaApOB, MOXHO CUMTaTh, YTO IOJIE aJre-
Gpanyecku 3amkHyto. Mmnaukauus (i)=-(ii) BblTekaer u3 mpeaJo-
xkeuus 3. Ilpexmosoxum, 4To yTBepxaenue (ii) BumosHsercs, u
JIOKaxXeM COPaBeNJIHBOCTb yTBepxkaeHHs (i). BBupy npennoxennsn 3
n creacreus | npennoxenus 5 § 5, n°3, MoxHo npemmoJo-
XKHTb, UYT0 s = Aut(g, ) 1 uro Hexoropas Kamepa Beins C ycroii-
4YyBa OTHOCHTeJbHO aBTOMOpdusMa . [lycTh x & C[1Dq. Torga
sxe=C. Ecau g ects W-unBapuantTHas moJiuHOMHAJdbHAas (OYHKUHSA
Ha aarebpe Jlu h, 10 g(x) =g (sx) (teopema 1 (i)). ITo semme 6
ortcioga caeayer, 4rto sx < Wx. IlockosbKy sx&E C, To x==$X
(ra. V, § 3, n°3, rteopema 2). Toraa s|h=1Idy; u s = Auly(q, )
(§ 5, n°2, npenaoxenue 4).

CaencrBue. I'pynna Auly(a) orkpura u samskuyra 8 epynne
Aut(a) 8 ronoasoceuu 3apuccroco.
TMpeanosxenue 6 nokasuiBaet, 4to Auty(a) samxuyra. [Tyets £ — au.

reGpadueckoe 3aMbiKaHHe noas k. [pynna Aut(a®E)/Aut0(a®E)
Koneuna (§ 5, n°3, caeactsue | npennoxenus 5); ¢Cle0BaTeAbHO,
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rpynna Aut(a)/Auty(a) Toxe KoHeuHa. Taxk Kak CMeXHble KJacchl
rpyane Aut(a) no noarpynme Auty(a) 3aMKHYTH, TO NOATpymnna
Auty(a) otkpeita B rpynne Aut(a),

5. Henrp ynusepcarenoi obeprsisaoujeii arzebpol

B stoM nyHKTe Mb (HKCHPyeM HEKOTOpnii 6asuc B cHCTeMsl
Kophe#t R. Ilycts R, — MHOXeCTBO KOpHeH, NONOKHTENbHBX OTHO-

1
cutensHo Gasuca B. Ilycrs =3 Z a u O — aBToMopdH3M aJ-
aER+

re6pul S(h), Kotopeill nepeBOAUT N0GOH 371eMeHT X =) B X — p(x)
H, C/1e[l0BaTenbHO, QYHKLUHIO p Ha MPOCTPAHCTBE )” — B QYHKUHUIO
A—>p (b —p).

TeoreMA 2. ITycre U — ynusepcarsnan obepruisaioujan arcebpa
ancebpul Jlu §, Z — ee yentp, V < U— yHusepcarsran obeproisaro-
was areebpa areebper Jlu Yy (oromdecrsaseman ¢ areebpoii S (b)),
U® — yenrparusarop aascebpor 'V 8 areebpe U, ¢ — comomoppusm
Xapuw-Yanopor (§ 6, n°4) us U° 8 V ornocureasno 6asuca B.
O6osnawun wepes S (H)Y mHomecrso W-unBapUAHTHOIX 3AEMEHTOS
areebpor S (h). Toeda (80@)|Z — usomopusm arcebpol. Z Ha anr-
ee6py S ()Y, ne szasucawuii or ewbopa 6Gasuca B.

a) Ilyctb P, — MHOXeCTBO JOMHHAHTHHIX BECOB CHCTEMHI
kopueit R, weW, AP, p=wh. Toraa moayab Z(p—p)
usoMopden noamonyato moapyas Z(A—p) (§ 6, n°3, cnepcrBue 2
npeanoxenns 6) m @(u)(A—p)=q(u) (L —p) maa awoboro 3me-
MmeHTa u =Z (§ 6, n°4, upepnoxenue 7). Takum o6Gpasom, MoJH-
HOMHA/bHbie GYHKUHHA (6o @) (1) u (8o ¢)(u)ow, onpenesneHHble HA
npocTpaHcTBe h*, copnagaiT Ha MHOxecTBe P, .. MHOoXKecTBO Py
MJIOTHO B HpocTpaHcTBe Y* B Tomosordu 3apuccKoro. DTO Jerko
NOTYYUTh, €CJH OTOKAECTBHTh NPOCTPAHCTBO h* ¢ npocTpaHcTBoM k5,
HCIOABb3Yys GasHc, o0pa3oBaHHHY (yHAAMEHTAJbHHMH BecaMH @,
W npumeHnsiss npepjoxenue 9 uz Alg., chap. IV, § 2, n°3. Takum
06pa3oM, HMEeT MecTOo PaBeHCTBO

0oq) () =(8-0) (1) w,

YTO MOKasbiBaeT BKawoueHue (8o @)(Z) =S (y)v.

6) Ilycts m — m3oMopdusm anrebpm I(g) na amrepy S(H)¥,
onpeie/eHHb B cJaeAcTBHH 2 Teopemnt 1 u3 n°3. Paccmorpum
KaHOHUYecKul uaomopdusm ¢-moAyas U ma g-monyab S(g) (ra. 1,
§ 2, n°8), u nycte 6 — orpanuueHnHe 3TOro H3oMopdu3Ma HA MOA-
anare6py Z. Torma 6(Z)=1(g). [Tyctb 2z — ssemeHT anreGpu Z,
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$puabTpauus Kotoporo B aqareOpe U He npesocxoAuT f.
S Ny
Z S (9)
Ng o
P
S (g)

byneM ucmnonb3oBath o6o3HaueHuss u3 § 6, 1°4, 1 noaoNKHUM

z =z D g < Mag). (my) (piy (q2), (ma), (pa)).
qitramt&p; <

ITyers 0 ((g;), (m;), (p;)) — onHOUNEH
X%, oo X HP L LCHPXP L X,

Buluncaennbilt B aarebpe S(g). OGosmauns uepes S,(g) cymmy

ONHOPOJAHLIX KOMIOHeHT aare6pn S(g) creneneit 0, 1, ..., d, no-
JyuaeMm, 4To )
0(z) = )3 Mgy (mo)r (o0 (@), (ma), (p))  (mod S, (9),

z qi+2 mi+2 pi=f

OTKYJa cJelyeT, UuTo

(n°9)(2)522 Aoy (mg). 00 ((0), (my), (0)) (mod S¢—, (5))
m;=f

H, 3HAUHT,
MeB)(2)=q(z) (modS;—;(bH)). (3)

B) [lokaxeM, uro orobpaxenue doq: Z— S (H)¥Y OGuexrusHo.
Kanonnueckue ¢uabtpauuu B ajnredpax U u S(g) unayuupyior
duabrpanun B aareépax Z, 1(g), S(H)¥ u romomopdusMmb 6
M M COI'JIACOBAHBI C 3TUMH (DUIABTPAUUSMH, TaK 4To gr (1 o 8) — n3o-
MOP(}U3M BEKTOPHOrO MpocTpancTsa gr{(Z) Ha BeKTOPHOe Mpo-
crpanctso gr (S (H)Y). Us dpopmyast (3) Mbl mosayuaem, 4to gr (¢) ==
=gr(ne8), u fAcHo, yTo romoMopdusM gr(8) ToxaecrseH. Caeno-
BaTeJbHO, FOMOMOP}HU3M gr (do ¢) GHEKTHBEH, NOSTOMY OHEKTHBEH
U rOMOMOp(BH3M

do@: Z—>S(H¥

(Komm. aze., ra. 111, § 2, n°8, caenacrsus 1 u 2 teopemn 1.)

r) Bocronbayemcs o6o3HaueHusiMu U3 1. a). [lyets E — npocToit
g-MOAYJAb CO CTapIIHM BECOM A W Y — €0 HeHTPaJbHBI Xxapaktep
(§ 6, n°l1, npennoxenune 2). Ilyers ¢ u & — aBTOMOPUIMBI,
MOCTPOEHHLIE AaHAJOTHYHO roMoMopdusMaMm ¢ U O OTHOCHUTENbHO
Gasuca w(B). Crapwuuii Bec Moaynas E oTHocurte/]bHO Gasuca w (B)
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ectb w{(A). Beaeacrsue upepanoxenus 7 § 6, n°4, Ml mosayudaem,
uyro gasi awobelx ne Z

@ (u) (A) =% (1) = ¢’ (u) (wh).
CuegoBaTebHO, BBHAY N. a)
(8° @) () (Wh + wp) =(8°9) () A +0) =@ (1) (A) =
=’ (1) (Wh) = (&' ° ¢") () (Wh + wp).

Takum o6pasoM, nonnnoMuanbHele GyHRURM (60 @) (1) U (8 o ¢') (1)
coBnaganT Ha MHoXectBe w(P..)-+ @wp M, 3HAUMT, paBHHI.

Caencreue 1. Qbosnayum uepes 7, 0aa arbozo A1) zomo-
smoppusmn z—> (9 (2)) (A) ascebpor Z 8 nose k. Cnpasedauso. cae-
Oyrouue yreepodenusn:

(i) ecau nose k anzebpausecku samxuyro, To 060t 20MmoMOp-
puam areebpor Z 6 noae k umeer sud Y, 011 HeKoTopozo A< B

(ii) ecau A, wsH*, 10 pasewcrso %p, =%, UMeeT mecTo To20Q

u ToAbKO To20a, Koeda n—+p =W (A + p).

Ecay nose k£ anre6panyecku 3aMKHYTO, TO J0GOH roMoMopbusM
anrebper S (9)” B nose k npojoskaercs A0 romomophmusMa aJ-
re6pet S(b) B mone k (Komm. aze., vi1. V, § 1, n°9, npeanoxe-
Hue 22, u § 2, n°1, cnencrsue 4 reopemul 1), a J0GoH romomop-
dusm anrebput S(h) B nosme & umeer sug f—> f(A) mas HekoTOpoOro
A=y (ca. VI, nononnenue I, npemnoxenue 1). Ecau y — romo-
mMopdu3M anre6pst Z B mose k, TO cymecTByer (TeopeMa 2) Takoil
3JeMeHT U & b*, UTo Ans A1060r0 2 & Z BHINOAHAETCS COOTHOIIEHHE

% (2) =((6°9)(2)) (n) = (@ (2)) (n — 0),

OTKyZAa BblTeKaeT yreepkienue (i).
IMycrs A, w<=DbH*, B APeANONONKHM, HUTO % =1%,. Toraa mis
JA1060ro 3jeMeHTa 2 Z BHIIOJHSAETCA COOTHOIIEHME

(be@) (@D A+0)=(p() (1) =1, ()=
=%, (2) = ((8°9) (2)) (u + p);

APYTHMH CJOBaMH, roMoMopduamsl anre6pel S()) p nose k&, onpe-
nencHHBle dJeMeHTaMBH A -+p u p-+ o, coBnanaior Ha momanredpe
S (5)¥; nosromy yrBepxaeHue (ii) BoiTeKaeT U3 CJAENCTBUS TEOPEMbl 2
u3s Komu. aae., tn, V, § 2, n°2.

Canencrere 2. ITycrs E, E’ — npocrete KoHeynomeprole §-mo0yau,
a vy, Y — ux yenrpassuoie xapakrepw. Ecau =1, To modyiu E
u E’ usomopgpnot.

Ilyctes A, A" — crapmue Beca Mmonyae#t E, E’. Beugy npenso-
Kenua 7 u3 § 6, n°4, y, =y =19 =1, CNENOBATE/BHO, CYI[ECTBYET
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rakoii ajemeHr we W, uro 7»’+p-—w (M +p). Tak xak Beca
A+p u A -+p HaxogArcs B OMHOIM Kamepe, onpeneneHHOH 6a3u-
com B, 1o w==1. CieosaresbHo, A =2, yTo NOKasbiBaeT yTBep-
KJEHHE CJIeJCTBHS.

TIPEnAOXKEHKE 7. A8 #106020 KAGCCQ Y RPOCTHLX KOHEUHOMEPHBLLY
g-mo0yaetl o6osnaium 4epe3 U, uU3OTUNHYIO KOMROMEHTY TURQ v

g-mo0yas U (modyas npucoeauueuuoeo npedcrasaenus aazebpol
JIu g 6 ee ynusepcarvuoli obeprosaowel arzebpe U). [lycro yo—
Kaacc Tpusuaasroeo §-moldyas pasmeprocru 1. Hycre [U, U]l —
gekTopHoe nodnpocrpadcTso npocrpancrsa U, noposxcdenroe Kommy-
raropamu nap 3semenros u3 U.

(i) Modyae U — nparaa cymma nodmodyaseii U,.

(i) Uy, = Z U,=[U, U].

(iii) Myero u»—aub—npoercuu}z ancebpor U Ha ee yenrp Z,
onpedeaennan pasroxertem U=ZQPIU, U]. Ecmw nel uve U
ro (W) =(vw)%. Ecau uslU u 2z Z, 1o (Uz2)f =u?2.

(iv) Tycro @ — comomoppusm Xapuw-Yanopor. Mycre AP, ,,
a E — npocroii KoHewHOMepHbil §-M00Yyab €O cTapuium secom A.
Haa aoboeo saemenra 1w = U umeer mecro paseHcrso

-aTrl_n—E Tr (ug) = (@ (u)) (A).

g-monynb U sisasieTcsi npsiMOil CyMMOH CBOHX KOHEUHOMEpHBIX NOA-
monysaelt. Orciona caenyer yrsepxpeHue (i).

Slcuo, uro Uy,=Z. Tlycre U’ — noAnpocTpaHCTBO BEKTOPHOrO
npoctpaHcTea U, cOOTBETCTBYIOIiee MOJINpPeCTABJICHHIO KJyacca Y
B npucoenvHenHoMm npexctasnennu. Torma uanm [g, U]l=U’, wim

l[g, U'1=0. Ecu y==1v, 1o [g, U] =U’, Tak uro U v<=IU, UL

C gmpyro#i croponsl, ecain usU u x, ..., x, =4, v;:)w
[0 v oo Xpo ] ==(X{ o0 Xplt — %o ... Xpix)) +
(X eus Xl — X3 ... XUX X))+ ..
e F(epuxy oL Xy —uxy L. ox,) =g, Ul
Cueziosatenbyo, [U, U] c[g, ) U] [g, > U] 2 U, Mu
v ES VE Yo

JlOKa3a/u, TakuMm obpasoM, yreepwkaenne (ii). B stux yesoBuax
yreepxaenue (iii) caegyer us aemms 5 ra. I, § 6, n°9.

Hakoneu, nycts E u A Takue Ke, Kak B yreepxpAeHun (iv).
Torna

Tr(ug) =Tr (#%)g) (tak xak u—u' <[U, U])=
=Tr (@ (u?)(»).1)(§ 6, n°4, npeanoxenue 7)==
= (dim E) . @ (47) ().
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§ 9. ®opmyaa 'epmana Beiinn

B atom napaepade mo. 6ydem noas308aTs6Ci OCHOSHbIMU 0603HA-
yenusmu uz § 6 u 7.

1. Xapakxrepol xoneunomepusix §-modyared

Iyers (et . — KaHoHHUecKul 6asuc xoubua Z[%*]. Cuabnum
¥ A

npoctpanctBo Z% oToGpakeHuil npoctpaHcTBa §* B Z Tomosoruel
MPOU3BeJleHHs] JUCKPETHHX TOMOJOTHH ero coMHOXuTesell. Ecun
P Z%, 10 cemelicTBO (@ (v)€Y), o ye CYMMHPYEMO H

p= D, p(v)e".
ve ¥

[ycte  Z{P) — MHOXeCTBO 3J€MEHTOB ¢ mpocTpaHcTBa Z%,
HOCHTE/Ib KOTOPHIX COMEPIKHTCSI B KOHEUHOM 00 belHHEHHH MHOKECTB
Buga v— P,, rtae veph'. Umeior mecro Brmouenus Z[P|c

< Z(P)=ZY¥. Tlonarast aas ¢, Y=ZP)u ve )
@)= T e pl—w,

onpenenum Ha Z(P) CTPYKTypy KOJbIla, NPOAONKAIOUIYIO KOJIb-
ueByio cTpyktypy Ha Z[P] (cemeficTo (¢ () (v — W),y HMeEET
KOHEUHbH HOCHTEN b BBHAY YCJOBHS HA HOCHTeNH (YHKUHMH @ H ).
Ecan @ = vae" H = Zyve , TO Q= Z xoY eVt

ITycTh veb. Pasﬂoafceuuem 9/zezweHTa v 1o NOAOINCUTEAbHOIM
KOpHAM HashBaeTCsl CceMeACTBO (na)aeR+’ re ng— TaKue LeJjble

yycsaa =0, uTo v= > nga. Cumsosom B (v) obosnauaercs wucao
asR
+

PasAoKCeHULl 3NeMEHTA vV N0 ROAOKUTeNbHbIM KOpHAM. Torna
PW)>0e=veQ,
B stom mnaparpade uepes K oGo3HauaeTcss TaKoH 3JeMEHT al-
re6pel Z (P):
K= )Y $By)e™
'\’EQ+

Hanomuum (ra. VI, § 3, npennoxkenue 2), uro

d= TJ (er—e )= T e(w)e

aeR+ weW

— AHTHHHBApHAHTHHIA 3aseMeHT aareGpw Z[P).
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Jdemma 1. B xoasvye Z(P) 66in0osnAeTCR paBeHCTE0

K. Il (1 —e-®)=Ked=1.

aER+
JeficTBUTENBbHO,
K= T @+eotert )
G.E +
CJe10BaTENbHO,
Ke—°d = H (I+eode24+ ..) J] 1—ev)=1.
aER,y CER,

Jdemna 2. lTycre =Y. Xapaxrep chZ (A) (§ 6, n 3) Mody/m
Z (\) npunadasexcur xoasyy Z{(P), npusem d.chZ (A)—e

Ilyets @, ..., @, — NONAPHO pPAa3/HUHbIE 3JEMEHTbl CHCTEMBI

HOJIOKHUTENBHEX KOpHeHd R,. DjleMeHTH X_., X_.,L2 v Xri"aq® 1 06-
pasyior 6asuc moayns Z(A) (§ 6, npemnoxenne 6 (iii)), npuuem
fas moboro hEhH uMeloT MeCTO papeHCTBA

n

ho (X0 X%, XY @) =[h XM L XY 01+
+ (X, .. XY Jon. 1=
=0 —may— ... —ng) () (X, ... X% ®1).

Takum o6pasom, pa3MepHOCTb MPOCTPAHCTBA Z(?»)""“ pasua P ().
dTo nokaswpaeT, uTo xapakrep ch Z (A) ompeneseH, sIBjsieTcsl 3Jje-
MeHTOM KoJbiia Z{P) u uTO

chZ (A)== 2, B (n) e*n = Ket,

Teneps MOCTATOUHO MPHMEHHTH JeMMy L.

Jdemma 3. Hycre M ecto g-modyas, nocureas xapaxrepa ch(M)
KOTOpP020 COO0ePIHCUTCA 6 KOHEHHOM O0O0DeOUHeHUl MHONCeCTs 6uda
u—P,, U~—ynusepcarsran o6eprtsaf0u¢a;z areebpa Oan g,
Z —yentp axcebpor U, Me&ED* u x, — coorsercreyowuil zomo-
mopusm aneebper Z 8 nose k (§ 8, cnemctsue 1 Teopemu 2).
[T pednoaoscum, 410 012 1106020 3iemenTa 2 E Z andomopdusm 2y
asasercs eomorerued ¢ Kospduyuenton vy, (2). O6osnaqum 4epes Dy
muoncecrao Takux anemenros AW (A4 p) — p, 4r0 mHOMecTBO
A+ Q. nepecexaerca c mroxcecTsom Supp (ch (M)). Toz0a xapaxrep
ch(M) seaserca Z-auneiinoii kombunayueil xapakrepos chZ (L) dasn
rAe Dy,

Ecan muOs)kectBo Supp(ch(M)) mycro, To yTBepKAeHHE JeMME
oueBuAHo, Ilpeamosmoxum, uro Supp(ch(M))* . Ilyctb A —
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MAKCHMAJbHBIE 3JeMeHT u3 3Toro Hocureas u dim M*=m. Torpaa
cyulecTsyeT g-romoMopduaMm @ moayas (Z(A)™ B moayas M, Ko-
TOpbii GHEKTHBHO OTOOpaskaeT mpocrpanctso (Z (A)M)™ na M* (§ 6,
n°3, npeanoxenue 6(i)). LlenTpanbusii xapaxrtep Moayast Z (A)
paBeH BCJEACTBUE 3TOrO Y, , IO3TOMY KEW(?»O—*—Q)——Q § 8,
n°5, caeactene | teopemnl 2). ITo goKasnBaer, uto Dy % J, H
nosposisier 1poBecTH uHAyKiuwo no Card Dy. Ilycrs L, N — saapo
H Kosapo romomopduama ¢. Torza mnocsgenoBaTeNbHOCTh §-rOMO-
Mop(dH3IMOB

0->L—>(ZMW)">M—>N—>0

TOUHA, CJeNOBaTesJbHO,
ch(M)=—ch(Ly+mchZ(A)+ch N

(§ 7, n°7, dopmyna (6)). Muoxectsa Supp(chl) n Supp(chN)
coep:Karcsi B KOHeUHOM OObeAMHEHHH MHOXKECTB BHAa W — P,
Insi snementra 2 & Z 3HAOMOPGU3MB 2; M 2y — MOMOTETHH C KO-
apdunnentom y, (2). Ouesunno, uto Dy = D,. C apyroit croponsl,
(A + Q)N Supp (ch M) ={A} u A& Supp(chN), a cregosarenbHo,
Ae&EDy u

Card Dy < Card Dy,.

Hanee, L—asrt0 mnommoayab wmoayias (Z(A)™ Ecmn AMeD; u
A 4 Q, mnepecekaer Supp(chL)=SuppchZ (), 10 A=A +Q,
(§ 6, n°l1, npepnoxenne I(ii)). Taxum ob6pasom, D<= Dy. Tak
kKak LN (Z A" =0, to A& D, nosromy

Card D; < Card Dy,

Tenepb 0CTaJO0Ch BOCIOJNb30BATBCA MPEANOJOKECHUEM HHAYKIIHH,

TeopEMA 1 (popmyna . Beiina ans xapakrepos). [Tycre M —
npocToli KOHetHOoMepHbLl §-mo0yae, a A — eeo crapwuti eec. Toeda

( 2 e(w)ewo).chA4== > e(w)ew®+o),

weW weW

B o6osHauennsix M3 JemMMbl 3 Y, — IEHTPaJbHBIA Xapakrep
moayas M (§ 6, n°4, npeanoxenue 7). CienoBaTenbHO, BBHAY
jgemMM 2 u 3 saemeHT d.chM saBasercs Z-nuHelfiHo# KomOuHaupeln
TAKHX 3JeMEHTOB e*tP, uto

utpsW @ +o)

Ho no anemme 7 uz § 7, n°7, d.chM — auTHHHBAapHaHTHBIA
3MeMedT, W ero eAHHCTBEHHBIH MaKCHMaJbHBIH uieH paBen eMte,
OTKyJ2a CjeAyeT yTBepiKJeHHE TEOpeMbl.
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[Npumep. Tlomoxum ¢==561(2, k), H=~kH. TIlycts a— Taxof
KopeHb pacuienseHnoll aare6per JIu (g, §), yro a(H)=2. Crapuum
BecoM g-moayas V (m) sBaseTcs Bec (mf2)a. CnemnoBaresnbHo,

ch(V (m)) = (et oetihe — g~(mf2) o=z 0)/(g'h 0 — o= 0) =
= eg—(mf2)o (e(m+1 — 1)/(6“ — 1) —
:g—(m/2)a(ema -+ elm-~ I)u+ eee F 1) —
=elmide | pm-2ap L L g=(m2a

4TO, BIPOUEM, JIETKO BhITeKaeT M3 mnpeagoxenns 2 § 1, n°2.

2. Paszmeprocru npocroix §-moodyaed
Ecin peb*, 1o nonoxum J(eH) = Zwe(w)ew”, eM. ra. VI,
weE
§ 3, n°3.

TeopEma 2. ITycre E — npocroii KoneunomepHsiii §-molyares,
A—eeo crapwuii eec u (.|.)— nosomuressno onpedeseHnas He-
sotporcOennasn cummerputeckas W-unsapuanrnas 6usuteiinas gopma
na npoctpaucree b*. Toeda

dim E = “;;"HS“> ]] (1+ (zl'g;)

U.ER+ ae R +

Tycrs T — HeszaBucuMmas nepeMenHas. na qoboro ve P obo-
3HauuM uepes [, romMomopdmam kossua Z[P] B roasuo RI[[T]],
KOTOPHi OTOGpamaer 3jaeMeHT e* B 3iaement eV!WT npu mobom
p < P. Takum obpasoM, dimE — ceoGogusifi usen psapa [y (chE).

IMpu nw06uX p, v P BHIOJHAIOTCA paBeHCTBA

fv (J (gll)) = Z s(w) eviemT —

weW

= Y e(wele™ VT =F (I ().

weW

B uacruocTtd, yuurthiBas ¢opmyast (3) u3 ra. VI, § 3, n°3, npu-
XOAUM K PaBeHCTBY

foll (@) =T, (J () =ew1oT I (1 —e-wlarT),

a=Ry
CnenosareqnbHo, nogaras Card (Ry)=N, noaydaem, uto

Fol/ @) =T" II (81@) (mod T¥*R{TI).

N3 pasencrsa J(ert?)=ch(E).J (e (reopema 1) caeayer, uro

r I (a+play=F,(chE).T I; (ol@) (mod T¥+'RI[r]]),

[oA=3 + o 4= +

7 bDBypGanu



194 [J1. VI, PACIHEMJIEHHDBIE [TOAYNPOCTBIE AJTEBPhI JIU 2

OTKYZa Mbl MOJIiydaem, 4YTO

dimE=( 11 (k+p|a) ( H (Pla)) H (: +§2;3

aER, GER,

Ho ecin a=R, H ecad KopeHb o OTOXKAECTBUTb € IJIEMEHTOM
NpPOCTPAHCTBA f, MPOMOPLHOHANbHLIM 3seMeHTy H,, TO

(A +pla)fola) =R +p, Hy/lp, H

Hpunepor. 1) Paccmorpum npumep u3 n°l. Mbl npuxogum
K ¢opmyne
dim V (m) = (g0 + 5 ) (Ho)/ 5 (H) = m + 1,

KOTOPYIO MBI MOJYYHJIH HNpyruMm crnocobom B § 1.

2) Tlyets ¢ — npocras pacuienaseMast aqarebpa Jln tuna G,.
Bocnosbsayemca o6osHavenusmu u3 ri. VI, tabauua 1X. CHa6aum
npocTpaHcTBo Y, Takoit mosoxuTeabHo onpefesenxofi W-nunsa-
puaHTHON cHMMerpuueckoil gopmoit (.f.), uro (a;]a;)=1. Torza
P=@;+ & u

(@1] o) =12, (@rlag)=0,
(@] 0g -+ o) =1/s, (@] oy + 2a;) =1,
(@] 09 4 3ay) =/, (@] 205 4 30,) =7,,
(@] ) =0, (@] a9) =%,

(@2 0g 4+ a1) =3/,
(@2] 0g + 30y) == 3/2,

(@] 09 + 201) = 3/2.
(@2 ] 205 + 30,) == 3.

CnepoBaTenbHo, ecaH ny, ny,— lejble yucsaa =0, To pa3MepHOCTb
IPOCTOrO MOAVJSI CO CTapIIHM BecoM M@, -+ ny@, paBHa

(t42) (14 257) (1 + 2

X (1 +

mf2 + 3ny/2

M) (1 + 2R X

3n,/2 + 3ny/2 3n,/2 + 3n,
) ) (1 T ) -

243

= (1 +n) (1) (14 2522 (1 4 2By ¢

(l_l__ nl+n2)(l 4+ fl1+2ﬂ2)'__:

_Utn)(d+n)@tmtn)B4n 42m) @4 nm 4 3n) G420+ 3n2)

B uactHOCTH,

pasMepHOCTs (GYHAZMEHTAJbHOTO [peACTaB/eHHs

CO CTaplHM BecOM @; (COOTB. @) paBHa 7 (coors. 14).
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3. Kparnocru secoe npocroix §-modyred

IMeepoxkenne 1. Mycre o= P,,. Toeda dan a0bozo AP
KparHocts geca A 8 modyae E(w) pasua

m=_2 (@) %@+ p)—(*+o).

TMo teopeme | u gemme | MBI HoayYaeMm, 4TO

chE ()= Ke Pd chE () = Ke™° ng (w) ev @+o),

HO2TOMY
chE ()= Z e(w)P (y) e=Ptw @+o—y

weW, VEQ+

my, = > e(w)B (v).

weW. veQy, y=—A-3+w (@+p)
Caeacteue. Ecau 3 — sec modyas E (o), orauunsiil or seca ®, 10

my, = — Z e(w) My, 4 o—wp-
weW, wsl

IMpumenum nupegnoxenHe 1| npu o=0. Torma, ecan pe
e P— {0}, 10
0= 2 e(@)B(we+u—o)

OTKyJa caepyer, 4To

Pu)=— Z*le(w)‘B(u—kwp—p)- (1)

weW, w

Takum o6pa3oM, IpelJoKeHHe | MOKa3bBaer, 4TO

m=— % e@ % e@)Be+e) —@+0)+wo—p),

weW,w
nockoabky @w(w+p) = A +p masn scex weW (§ 7, npeanoxe-
nue 5(iii)). CaenoBatensHo,

m=— #E(w’)wé‘;(w)%(w ©@+p)—(A+p—wp +p)=

weW, v
=— > e (W) Mrgr—we (Mpernoxkenne 1).
weaW, o %1 ]
4. Pasznrooentie TEH30pHO20 npous3sedenus d8yx npocrsix
g-mnodyaei
Mregnoxenne 2. Mycre A, p= P ,.. B korvye R(Q) uneer mecro

COOTHOWEHUE
Rl.ul= 2 m@®, uv)[],
VeEP

7*
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20e

o W)=, (@) P w0+ p)+ o b+ p) — (v + 20))

W, we

flycts E, F — KOHeUHOMepHble NPOCThIe (-MOAYJH CO CTaplIHMH
BecaMu A, . IlyceTb [, — AJ1MHa HM30TONHOH KOMIIOHEHTH CO CTap-
wHM BecoM v B moaysae E® F. J1ocTaTOYHO [IOKa3aTh, 4TO

=3 e@)R@@+0)+w @+o)—0+2%). (2
TMonoxkum ¢;=ch(E)== Z mge®, cy==ch(F), d=1J(e", rae aJe-
MeHT J omnpepesieH Tak };;P Kak u B n° 2. FiMeeT MeCTO paBeHCTBO
Y. lschlg]=ch [EQ F]=cic,
t=Pyy
OTKyJa2, yMHOXasi Ha d W NpuUMeHnsia TeopeMmy l, mosydaem, 4to -

Y (@) =c (e+0) = (Gépm"ec) (wgw e (W) e® <u+o>) =

t=Pys
= Z (wg\v & (w) mT+.0—w(u+n)) evte, (3)

TepP

Ho ecan ¢ =P, ., T0o £ -} p npuHagneXxuT Kamepe, onpeaes]eHHOH
6asucom B (ra. VI, § 1, n° 10); ans snementoB @w & W, OTJAHUHBIX
or 1, Ml moayuaem, uto © (¢ -+ p) ¢ Pi,. CaenorarenbHo, Koad-

¢unuedt npu e'*tP B BHIpaKEHHH Y ItJ (&%) pasen l,. Bsuay
tsPiy
dopmyan (3)

I, = Z e (w) My +p—w w40
weW

HJM BCJAEACTBHE NpefjoxenHsa |

=2 e@s@)B@ Q+o)—F+o—wl+o +o),

uTO AOKasbiBaetT opmyay (2).

[ pumep. Paccmotpum npumep uz n° 1. Ilycrs A=(n/2)a, p=
=(pf2)a u v=(g/2)a, rone n=p. Toraa

m (A, p, v)=ﬂ3(%a+%+§-a+%—-—g—a—a)——
a ——%a——a)—- |
—B(-ge-gtgetg—ge—o)+
+9(-Fomtofamt—fa—u)=

=$(n+127—q oL)_(E(n—p-z-q—2 a)_

l
+2
—~
SIE
+

o]
NI
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DT0 4YHCJI0 PaBHO HyJ10, €CIH N -+ p-+ g He HdejuTca Ha 2 UM
ecad g=n-+ p. Ecau g=n -+ p — 2r, rae r — neqoe unciao =0, To

m, p, v) =P (ra) —P(r —p— o)

caenoBateabuo, m(h, p, vi=1, ecin r<{p, u m(A, y, v)=0, ecan
r > p. Takum o6pasom, g-monyib V(1)@ V (p) usomopder mMonyaio

Vin+p®Vintp—2BVin+p—49)S ... BV(r—p)
(popmyara Kaebuia — opdona).

§ 10. MakcumaJbHele Hoxanaredpsl moaynpocTex auarebp Jin

TeopreMA 1. [Tycre V — KoHeuHOMepHOE 8eKTOPHOE RPOCTPAHCTSO,
g — pedyxrusras nodarzebpa arcebpet Ju ¢{(V), q— nodaszebpa
aazebpor JIu ¢ u ® — Guaruneiinas dopma (x, y)—> Tr(xy) na ¢ X g. -
IIpednonroxum, 4to o0pTo2oHAAbHOE OQonoaHexue N nodnpocrTpar-
cT8a q 8 § oTHocurersro Gopmor O — nodarzebpa Ju, cocrosujasn
U3 HUABNOTEHTHBIX Indomoppusmos npocrpancrea V. Tozda 4 — na-
paboaudeckas nodaazebpa arcebpor Jlu g.

a) § — Hopmaausarop nodareebpot 1 8 §. O6G03HAUHM €ro uepes P,
Nyctb x = q u y =n. [das moboro 2 & q umeem [z, x]  q, nostomy

O([x, yl, 2) =D (y, [2, x] ) =0.

Crenosartenbho, [x, yl=n. Takum obpasom, q <. Tak kak n—
Uaean B aare6pe P, cocTofAIMH H3 HUABNOTEHTHHIX SHAOMOD(PH3MOB
apocrpaicrea V, To mpoCTPaHCTBO P OPTOTrOHA/AbHO K N OTHOCH-
treabHo ¢opmel @ (ra. I, § 4, n° 3, npexnoxkenne 4r)). Tax kak
dopma @ wueBbIpoXkAeHHA!), ToO P, uTO H JOKa3biBdeT Halle
yTBEPKIEHHeE. -

. 6) Cywecréyer rtaxas pedyktusHas nodarzebpa M airzebpsl
JTu gl(V), uro nodarzebpa q 6yder noaynpimsim npoussederuem m
un. OGosxauum yepes N, (q) HauGOAbINHH Head aare6pe! JIu , Co-
CTOAIMI K3 HHJIBMOTEHTHHX 3HAOMOP(H3MOB TpocTpaHerBa V.
Torpa umean My (9) COmepKUT N U SBASETCH OPTOTOHAJbHBIM J{O-
nofHeHHeM K § (Tam ace); ciaemopaTeibHo N=1n, (q). Tak kak mo
npennojoxenno noganreépa Jlu g peaykrusua B gl (V), To oHa —
pasgensiomias mopairepa (ra. VII, § 5, n°l, npepnoxenue 2).
MosToMy anreGpa JIu , aBisoLlascs NepecedeHreM NOAAITeODH §
¢ HopMasu3aTopoM nopadare6pel 1 B gf (V), Toxke GyaeT paspensonieit
nonafare6poit Jlu (ram ae, cnepcrene 1 npemnoxenus- 3). Temepp
Haile yTBEPKAeHHe ciaelyeT U3 mpefioxenus 7 ra. VII, § 5, n°3.

) Ilyets 3 — oproroHanbHoe JonoJHenue K § otHocurespHo @, dto uxean
aare6pet JIn §. Ilo semme 3 ua ra. I, § 5, xaxani#t saeMent ujgeana gHHJII:HQ-
teared, ToxaecTsedHoe MpejcTaBaeHue anrebpu § nosynpocro (rd. I, § 6, caexn-
creue | upeanomenns 7), NOSTOMY Kaxibili saeMent ujieana 3 noayupoer (. I,
§ 6, Teopema 4). Takum oGpaszom, §==0.
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BhiGepeM Hekotopyio mopaireGpy Kaprawa § B aareGpe Jin m,
0603HAYNM Yepe3 §; LeHTpanusaTop mopasnre6pu § B anredpe Jiu g
H MOJOXKHUM ;=¢; 14, 1, =1{]g;.

B) Aacebpor JIu ¢y, 41 u N YyOOBAETBOPAIOT NPEONOAOIKCEHUAM,
cOeaanHbim OTHOCureasHo ¢, 4 u n. Tak kak nmopanare6pa Jlm m
peayktusia B gl (V), To anre6pa JIu h KoMMyTaTuBHA M COCTOHT
¥3 NOJAYHpOCTHX 3HAOMopdHu3MOB mpocrpancrsa V (ra. VII, § 2,
n°4, cnepcrteue 3 TeopeMs 2). Toraa g, = ¢°(h) u nopanredpa Jlu g,
penyktuBHa B anre6pe Jlu g (ro. VIIL, § 1, n°3, npeanoxenne 11),
nosroMy oHa peaykrtusHa u B gl (V) (ra1. 1, § 6, caencrsue 2 npen-
JoxeHust 7). fcuo, uwro mopgaaredpa JIu 1 COCTOMT M3 HHABIIO-
TEHTHHIX 3HAOMOpPhHU3MOB npocTpanctsa V. Tak Kak ) — noganrebpa
anre6pn JIu , peaykruBHas B g¢l(V), TO npHcoeaMHeHHOe Npex-
craBsenne aarebpo Jlu ) 8 ¢ noaynpocro. Ilo ompepenenuio Gy —
3TO MHOXeCTBO MHBAapUaHToB aas ad, (9); ciefoBaTeNbHO, =14 +
+ 1[5, a] (ra I, § 3, n°5, mpeanoxkenne 6). Tak Kak

D (g, 9, aD=D([H, ¢, 9 =0,

TO 3JjeMeHT mojanareGpsl ¢, OPTOTOHaJeH K (; TOTAA H TOJLKO
TOrjfa, Korfa oH oprToroHajneH K 4. TakuMm oOpasom, Iy =g;[1 1N —
opTorosajbHoe AONOJHEeHHEe K q; B g5 )

r) ITodasrcebpa Kaprana Y ascebpor Jlu m ssasercsa nodasceb-
poii Kaprana ascebpor JIu §. Tak Kak q=m@n u h=m(g;, 10
ACHO, uto q;=hPn;. Mpu srtom [h, m]=0, momanrebpa h xowm-
MyTaTHBHA, a mojganareGpa N, HUJAbIOTEHTHA; 3HauuT, anredpa Jlu g,
HUJILIOTEHTHA,

BBupy a) u B) aare6pa JInm q; ABagercs HOpManu3aTopom: W
B 1, MO3TOMY mopaJjredpa JIu q; coBnmasaer co CBOMM HOpMaJHu3a-
TOPOM B ¢; H, TakuM o6pazoM, 310 nopaare6pa Kaprana aare6pul
Jlu a. v

Tak kak aare6pa JIu ¢, peayktusua 8 g{(V), To BBHRYy cael-
creua 3 reopemnl 2 u3 ra. VII, § 2, n°4, nomanred6pa G; cocTOHT
M3 NOAYNpOCTHIX 3HAOMOp¢H3MOB mpoctpaHcTsa V. OpHako noj-
anre6pa JIM N; COCTOMT W3 HMABNOTEHTHHIX 3HAOMOpP(PU3MOB MHPO-
crpaHetBa V, noaromy 1, = 0. CneposarenbHo, § ==q; — noaaarebpa
Kaprana B ¢;, a Tak Kak nopaiare6pa Jlu ¢, -uwopMmainusyer b, 10
b =1¢,. Takum o6pasoM, A0Ka3aHO, YTO BCe 3JEMEHTH NoAanre6psl
Jlu ) nmonympocTsl B ¢ M uyTO neHTpasusatop noganrebpu JIu h
B ¢ pasen Y. Iloatomy H==g°(§) mu, ciemosaTesnmo, mnopairebpa
Jlu B siBnsierca mopanre6pofi Kaprana anre6pst JIu g.

I) G — napaboaudeckas nodaseebpa arcebper JIu ¢. Kak noka-
3aHo BHille, ) — moganre6pa Kaprana B ¢, mopanre6pa n CoCTOHT
M3 HUJIbMOTEHTHBIX 3JeMeHTOB anreSpnl ¢ u [, n] = n. OGosHauum
yepes k anreGpanueckoe 3aMbikauwe nons k. [lo onpexpenesuio ¢
gBaseTcss napaosnyecKod mopjajre6pod B anre6pe ¢ TOorAa M
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TOMBKO TOTjAa, Koraa B ®,q — mapaboandeckas nojaJnrebpa B aj-
re6pe Jlu k2 ®,q. Tax Kak paccMarpuBaembleé CBOHCTBA coxpa-
HAIOTCA TpH pPacIlHPEHHH IOJA CKa/AdpoB, TO MOXKHO NPOBOJHTb
I0Ka3aTe/NbCTBO, IPeArnonaras, uto nopaarebpa ) pacumennsoniad.
[Iyctb R — cucrema Kopueit pacurensienHoft anare6ps Jim (g, b).
Beuny mnpepsnoxennsa 2(v) uz § 3, n°l, cymectsyer Takoe ImoA-
MHOXecTBo P Muoxkectsa R, uto PN(—P)=Q n n= Zp g%,
ae
O6osnauuM uepes P’ MHOKECTBO Ta4KHX KOpHefl a, 4T0 — a & P.
Torga P’J(—P’)=R ¥ OpTOroHajbHOe JOMOJHEHHE ( TOANPO-

CTpaHCTBa 1 B { coBnmazaer C I)-{- Z g%, Tem cambim IIoKa3aHo,
oe P’

yto moganrebpa q napaGosuueckasa. 4. T. L.

Jdemma 1. Iycre §— noaynpocras aseebpa Ju, V — KoHeuno-
MepHOe BeKTOpHOe NpPOCTPAHCTB0, P — AuHelHoe npedcrasaenue
anzebpol Jlu § 8 npocrpancreée V, D — nodnpocrpancreo eexrop-
Ho2o npocrparcrea V, Y — nodaszebpa Kaprawa ancebpor Ju ¢, 3
(coor. &) — MHONMCECTBO TaKux aasementos x <Y, 4o p(x) D D
(coots. p(x) D=0), u O — Gusunetinas Popma Ha §, accoyuupo-
sannas') ¢ npedcrasirenuen o.

(i) Ecau nodaszebpa Y pacwenasowas, 7o nodnpocrparcrea §
u 8 8 b payuonasbuer HaA0 nosem Q.

(ii) Ecau orobpasicere p UHBEKTUBHO, TO oepanuterue popmor D
Ha 8 (cooTs. Ha &) HesbipONHAEHHO.

Tlpepnonoxkum, 4to nojamrebpa Kaprana § pacuenasmomas.
Tlycrb d — pasmeprocTb noxnpoctpanctsa D. IMomoxum W = A? (V)

u o= A%(p). O603naunm uepes (e, ..., e,) 6asuc mpoctpauncrsa D,
W Nnyctb e=e A ...Ae;— Pa3oXuMbIll d-BeKTOp, COOTBETCT-
sytomuii nognpocrpanctsy D. ITycts P — MHOXeCTBO BecoB NpexcTa-
BAEHHA O OTHOCHTeJbHO Tojanare6pn § u W — mogmpocTpancrso
npocrpactsa W, coorsercTByomee Becy W. Ilosoxum e== Zp er
L&
(rme " = W" npu Bcex u < P) 1 o6o3naunm uepe3 P’ MHOKECTBO
BECOB W, Aaf KOTopbix e*=%0, a uepes P” — MHOKeCTBO pasHoOCTeil
sneMenToB H3 P’. Eciim x D, To X8 B TOM H TOALKO TOM CIy-
yae, KOT/a B [I0JIe & CYILECTBYET Takoi s/eMeHT ¢, 4TO p (x).e=c¢.e
(r1. VII, § 5, n°4, jgemma 2 (i})). Tak Kak p(x).e* =u(x).e*, 10
SICHO, UYTO YCJOBHe X & § IKBHBAJEHTHO TOMY, uTo W (x)==0 pada
Bcex ue P”. Tak kak Q-cTpykTypa Ha TpPOCTPaHCTBe b 3ajmaHa
Q-noAnpPOCTPAHCTBOM Yo, MOpPOXKAeHHBIM dMemeHTaMH Hg, u o060k
3JleMeHT W u3 P” NpuHUMAaeT palyMOHAJbHHEe 3HAUYEHHs Ha Yo, TO
mbl moaydaem (Alg., chap. II, § 8, n°4, proposition 5), uro moa-
TIPOCTPAHCTBO & NPOCTPAHCTBA § pauuoHansuo Hap Q.

1) Muaue rosops, @ (x, y) ="Tr (p (%) p (¥)) mas Beex x, y = 4.
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[lyete p, n1a mo6Goro p & P — npoeKTOp Ha NOANPOCTpaH-
ctBo V¥, onpenenentsiii pasioxensiem V=& V*, a P, — muo-

=¥

JKECTBO Tex p & P, nas Koropux p, (D)70. TNoustHo, urto 8 cos-
nafaer ¢ nepeccueHueM sijiep (B mpocrpaHcrse b) aseMeHToB M3 P
BeaeficTBue 3TOro Takoe JKe paccysKjeHue, Kak s [OANpocTpaH-
cTBa §, MOKasbiBAET, YTO HOANPOCTPAHCTBO §° mpocTpaHctBa ) pa-
npoHaaeHo uan nogem Q. Tem cammM yTeepkpenune (i) mokasauo.

Pacmupus, ecan Hy:XKHO, NMoJjie CKaJspoB, MBl MOXEM TpPH JOKa-
3ateqbCTBE YTBepXKAeHHUA (ii) npeamoaarate, 4To nojae k ajsredpau-
YeCKH 3aMKHYTO M, KakK CJeJCTBHe, UYTO nojanarebpa [ paclien-
asiiomiast. [lyerb M — HeKoTopoe MOANPOCTPAHCTBO BEKTOPHOrO MpO-
cTpaHcTBa b, pauvoHanbHoe Hajy Q. [lo caencteuio npensioxenus 1
n3 § 7, n°l, nas A060ro HyneBOro 3jeMeHTa X H3 Mg =m{(]hg
BhInoHeno HepaseHeTBo @ (x, x) > 0. Takum o6GpasoM, orpanudenue
dopmbr D Ha Ng HEBHPOXKJEHHO, M orpaHudenue Gopmel @ Ha
NOXMPOCTPAHCTBO M TOXKE HEBHIPOXKICHHO, TaK KaK M KaHOHUYECKH
H3oMop(hHO NpPOCTPAaHCTBY R QqMmq.

Onpeneacnve 1. [Tycre  — nodasrceépa noaynpocroii arcebpeot
JIu g. Ilodarzebpa § Hassisaercs pasdeasioweii nodarze6poii 8 aa-
zebpe Jlu g, ecau 0as 1106020 3AeMEHTA X E | ROAYRPOCTAR U HUNG-
NOTEHTHAA KOMNOHEHTbL 3AEMEHTA X 8 aaeebpe § npuxadiemar q.
ObosHauum wepe3 WMg(q) MHONCECTBO Tex 3IAEMEHTO8 X paduxaia
aaeebpot |, 0aa KoTopox 3nGomoppusm ady(X) HUABNOTEHTEH,

[Tycte p — TOuHOE npejcTaBieHue anreOpsl JIM § B KOHeYHo-
MepHOM BeKTOPHOM mpoctpanctBe V. Torga (ra. I, § 6, n°3, Teo-
pema 3) ajeMeHT x ajareGpsl JIU § MOAynpoct (COOTB. HUJIBIOTEHTEH)
B TOM M TOJIbKG TOM cJlyuae, KOrja sHIoMopdHusM p (x) mpocrpal-
crBa V noaynpoct (cooTB. HuJgbnoreHTeH). [loatomy q — paspeasio-
1iaa nopaJjre6pa B adarebpe Jlu ¢ Torma ¥ TOABKO TOrja, KOria
p(9) — pasfeasiomasi nofanre6pa B auaredpe Jlu gl (V) B cMmbicae
onpepenenus 1 us ro. VII, § 5, n°1. Anajorvuno, Hcnosbsysa o60-
sHavenns u3 ra. VII, § 5, n°3, noayunwm

p(n, (@) =mn,(p ).

TeorEMA 2. [Tycre § — noaynpocras aseebpa Jlu, 1 —nodasrzebpa
8 4, COCTOAULAR U3 HUABNOTEHTHLIX 3AEMEHTO8, U | — HOPMAAU3ATOP
nodaaseebpor m 8 ascebpe Jlu §. Ilpednosorcum, 4ro W cosnadaer
€ MHONCECTBOM HUABNOTEHTHbIX 3NEMEHTO8 padukara arcebpol Jlu g.
Toeda nodaseebpa Ju 4 napaboauteckas.

OtrMmeruM cHavajda, uTo nojaaredpa q pasgeasomas (ra. VII,
§ 5, n°l, caencreue 1 npennoxenus 3). Beuay teopemnt 1 gocra-
TOYHO J0Ka3aTh, YTO  COBIAAAeT C OPTOrOHaJIbHBIM AOMOJIHEHHEM 1l
noaaJjreGpbl 1 orHocHTeibHO dopMel Kunnunra @ anare6psnt g. SlcHo,
uro g W (ra. I, § 4, n°3, npeasioxenne 4 r)). Beupy npeanoxe-
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uusi 7 w3 ra. VI, § 5, n°3, cymecreyer rtakass nopaarebpa m
aare6Gpul 4, peAYKTHBHAS B §, UTo anarebpa § siBISETCS NOAYIPSMBIM
npoussegenveM m u n. ITokaxkem, 4ro orpanuuenue dopmul @ Ha
m ueBbipoxkAcHHO. ITycth ¢ — uenrp nogaareGpsl m. Torma @ ([m,
m], ¢)=0 no npemiaoxenuo 5 uz ra. I, § 5, n°6, u orpannuenne
dopmbl @ Ha mopmaareGpy [, M| HeBLIPOXKMEHHO BBHAY NpPEAJONKE-
Hus I w3 . 1, § 6, n°l. Ocraercss mokasartb, YTO OrpaHHYCHHE
popmer @ Ha ¢ uesblpoxpaenHo, O6osnauuM uepes f momanre6py
Kaprana aare6pm Jlu [m, m]; trorna £ ¢ -— koMMyraTnBHast u pe-
AyKTHBHAst nopjanre6pa anre6pol Jlu ¢. Ilyets h — nomanredpa
Kapraua anreSpel Jln ¢, comepxkamwas ¢ (ra. VI, § 2, n°3,
npemaoxenue 10). Torpa ) (19 — KoMMyraTuBHass nogasnretpa aj-
re6pn q, cogepxamas L ¢, u sugomoppusm ad, ¥ MoAYIpPOCT NpPH
mo6oMm x &Y q. CaemosarenbHo, nogajiredpa §()q comepxures
B HeKoTOpo# mopanre6pe Kapraua " anreGpu q (ro. VII, § 2, n°3,
npepaoxenne 10). OGo3nauuM uepes [ mpoekuuio anreGps Jlu g
Ha M ¢ agpom 1, torxa [ (Y’) — nomaireGpa Kapraua anre6pst Jlu m
(rn. VII, § 2, n°l, caenmcrsue mpepsoxenus 4), comepxkaias
{@ ¢, u, caenosatenbHo, coslafaomas ¢ LD ¢, Beaencrsue aroro
FONY=EFD¢, u rak Kak Kaxabld 3JeMeHT mojgaareGpe ) mosy-
npoct B g, to HNq=FP¢. Torna
c={xeb|[x, n)Jzn u [x, [m, m]]=0}.

ITo semme | orpannuenue dopmul @ Ha ¢ HEBHIPOXKACHHO.

ITyets q° — opTorouasbHoe AOMOJHEHHE MOANPOCTpPAHCTBA | B §
orHocureabHO Gopmbl @. Tpenpinyuike paccyKAeHHs NOKA3bIBAIOT,
yro () q" =n. Ipennonoxum, 4to q==n’, caenosare/pho, q° 7= 1
(1 ¢ > n). Tak Kak MOANPOCTPAHCTBO | YCTOHUYHBO OTHOCHTEJIBHO
sugoMoppu3mMoB adyn, 1o ycroiluuso H °. M3 teopembl duresas
cJAeLyeT, 4YTO CyIiecTByeT Takoi ajeMenT x &, uro x€n u
[x, nf<n. Ho Torna x =(°q=="n, 4r0 OPUBOAHT HAC K IIPOTHBO-
peurio. 3nauut, §=71’,

CaenctBue 1. [Hycre G — HEKOTOPbLL MAKCUMAAGHOLL 348 MEHT
MHOXMCECTBA BCex nodaareebp areebpot JIu §, orauunbix or §. Toeda
nodareebpa § napaboauqeckas uau pedyxKTuUsHAA,

MoxHO npennosarath, uto § — nomaireépa aaredps Jin gl(V)
AJIsi HEKOTOPOro KOHEUHOMEDHOTO BeKTOPHOT'O MNpocTpaHcrea V.
Mycre e(q) = g — paspensiiomas ob6osouka mnoganaredpor . Ecan
e{q)=4¢, 10 nomaiarebpa q— ugeasa B ¢ (ra. VII, § 5, n°2, npen-
JoxeHue 4); ciaenoBaTesqbHO, OHA IOJYIPOCTa, H, TAKHM 0oOpasoM,
nojaare6pa ¢ penykrasHa B g¢. I[lpemmosoxum, uto €(q) 7 g.
Torpa e(q)==¢q, nostoMy | — pasfeasiomas nogasnreépa. Ilpenmo-
JOXKHM, uro ajrebpa JIu § ue perykrusua ¢. OOo3mauum uepes it
MHOMKECTBO HHJBIOTEHTHLIX 3JeMEHTOB pajukana aarebpsl JIu (.
Torga n==0 (ra. VI, § 5, n°3, npepnoxenne 7 (i)). Ilycrs p —
HOpMaJ/n3aTop nopairedpn 1 B §. Torma P> # P 7~ g, MOCKOJLKY
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ajare6pa g nonynpocra. CiaenosatesbHo, p=§ u nogaiarebpa g na-
pabBosuueckas (reopema 1). )

Caexcrsue 2, [Tycre W — nodaacebpa arcebpeor Jlu §, cocroawan
U3 HuasnoTeHTHuLx aaemenrod. Toeda cywecrsyer napaboauyeckas
nodarzebpa § aszebper JTu §, o6aadarowyas caedyrouumy cotlcTeamu:

(i) nem (a);

(ii) Hopmaausarop nodaiseebpor M 6 aaseebpe JIu § codepicurca
8 4,

(iil) aroboii asromopdusm areebpor JIu q, coxpansouul nodai-
ee6py 1, coxpawnser u q.

Ecau aneebpa § pacwjenasiema, 1o W cOOepiwuUrca 6 HeKoTOPOL
nodanreebpe Bopeas aacebpol Jlu q.

Ilycts q; — HopMaJusatop nojanre6pst n B anrebpe Jlu g u
=1, (q;). OnpepenuM N0 HHAYKUHH (; KAK HOpPMAaJH3aTop HOJ-
anre6pu n;—; B anrebpe ¢ u n; Kak N,(q;). ITocnenosatesnbHoCTH
(n, my, My, ...) # (91, 99 ...) BO3pacraromue. CyuiecTByer Tako#
HOMep j, 4UTO 4; =4;4, T. €. Nojanre6pa q; cosnajgaeT ¢ HoOpMa-
JIH3aTOpOM nopaJare6ps 1, (q;) B g. CnegosatenbHo, ¢; — napabdoau-
yeckasi noganreGpa (teopema 1), npuuem ncCn;=mn,(9;) H q < q;.
Ecnu nopanre6pa 1 ycToiuMBa OTHOCHTEJIbHO Kakoro-jH6o asTo-
mMopdusMa anrebpst Jlu ¢, To nomanrebpel Ny, My, ... H qq, Gy
TaKXe YCTOMYHBLI OTHOCHTEJNBbHO 3TOro roMomopdmusma. Ecau an-
rebpa Jlu g pacuiensisiema, To noganre6pa q; COLEPKHT HEKOTOPYIO
nopanre6py bopeas b, npuuem b D ng(q;) > n (§ 3, n°3, npenno-
xKenue 13).

TeoPeMA 3. [1pednoronum, 4o nose k aireebpauteck 3aMKHYTO.
Illyecro §— noaynpocras aacebpor Jlu u o — ee pa3pewumas nod-
areebpa. Toeda 8 § cyujecrsyer nodareebpa bopeas, codepaanjan
nodaacebpy a.

Beuny caexpctsus 1 (ii) npenaoxenus 4 ra. VI, § 5, n°2,
MOXKHO TpellIOJIOKHTb, 4TO Hojanre6pa a pasjpensiomias. Torpa
cyuiecTByeT KOMMYTatuBHas nojasnreépa t aare6Gpel g, cocrosinas
U3 IOJIYIPOCTHIX 3J€MEHTOB W TaKas, 4To ajarebpa a GyfeT noJay-
npsiMbiM npousseaenueM t u ng(a) (v VII, § 5, n°3, ciencreue 2
npepnoxenus 6). Cyurectsyer (ciaenctsde 2 TeopeMnl 2) Takas
napa6osuyeckast nopanre6pa ¢ aareGpsl Jln ¢, 4ro ny(a) < 1y (q)
H HopMasnusatop nojanrebpsl 1, (a) B anrebpe JIu g comepkHTCH
B (; TakuMm obpazom, a < q. ITycts b — nonanre6pa Bopens anrebpu
JIn g, comepxkamasica B q, u ) — noganreGpa Kaprana aire6pu
JIu g, conepxamasica B b, Torma h — nopanrebpa Kaprana B g,
# cyuiectsyeT TakoH snement s e Aut,(q), uro sty (ra. VII,
§ 2, n°3, npegnoxenne 10, u ra. VII, § 3, n°2, teopema 1).
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Torma s(n; (1) =n,(q) (ra. VII, § 3, n°1, sameuanue 1), Tak uro
s@=st)+s@)=y+sm@))=y+n@ b

. Cnepcreue. Ecau nose k anzeGpautecku 3amxnyro, ro awbas
MAKCUMAALHAR paspewiumas nodaszebpa aasecebpor JIu § aeanercs
6opeaesckoll.

§ 11. Knaccel HUJABTNOTEHTHBIX 3JeMeHTOB H Sl-TpoilkH

B 3tom napaepaghe wepe3 § 0D03HAUALTCA KOHEHHOMEPHAR QA-
eebpa Jlu.

1. Onpedenenue 8lrrpoiiku

OnpepENEHHE 1. 8ly-Tpoiikoii 6 ascebpe Jlu § Hasvi8aeTcs TaKOI
Habop (x, h, y) ssremenros u3 ¢, oraunnsiii or (0, 0, 0), uro

[hy x] = 2x, [h’ y] = 2.’/» [X, y] =—h.

Mycts (x, A, y) ectb 8l,Tpofika B aarebpe JIu ¢. Jluuefinoe
oto6paxenne T aare6pst Jlun 8((2, k) B anre6py Jlu g, Takoe, 4TO
1(X,)=x, 1(H)=#, 1(X-) =y, — HeHyeBo#l (mocKko/bKy ajredpa
JIn 61(2, k) mpocra) MHBEKTHBHEIH roMoMmop¢usMm, o6pasoM KoTo-
poro sBJsieTcsl MOANPOCTPAHCTBO Rx + kh - ky. 3nauut, Mb NOJY-
yaeM KaHOHHYECKYIO GHeKIHI0 MHOXKeCTBa $ly-Tpoek anre6pnl Jlu ¢
HA MHOMECTBO HHBHEKTHBHBIX roMoMopduaMoB anre6pn Jlu 8((2, k)
B aareGpy Jlu g. Ecau anre6pa Jlu g noaynpocra u (x, A, y) ecTb
8ly-Tpofika aare6pel Jlu §, TO X H Yy — HUJILNOTEHTHBLIE 3JEMEHTH
anreGpsl Jlu g, a h— ee noaynpocto#ft saement (ra. I, § 6, n°3,
npeajoxenne 4).

Jdemma 1. IMycre x, h, y, y' =4q. Ecau (X, h, y) u (x, h, y') —
dse 8ly-Tpoiiku areebpor Jlu g, To y=1y".

He#ctsutennuo, y—y =Ker(adyx) u (ady 4) (y—y') = —2(y—y’),
TaK 4To sHjoMopdpusM ad, x uHbeKTHBeH B mpoctpaHcTBe Ker(p 4
+ ady A) pas mo6oro nedoro p >0 (§ 1, n° 2, caeacrtsue npepJo-
JKeHHS 2).

Jdemna 2. Hycre w— rakas nodarzebpa ascebpor Ju @, 4ro
Oan 8cex n< n sndomopgusm ad, (n) nuasnorenren. ITycre h& g —

raKoii saement, uro [, n]=1. Tozda e*®™ . h=h+n.

fchno, wuto 4™ g ch+4nun Ilyers v =un JlokaxeM, 4TO
h+ovee®™, b Iocratouno gmoxasats, uto A+ ove e ™ . h4
-+ %°n pag moboro pz=1 (motomy uyrto € u=0 masg KoCTATOYHO
GoJblioro p). 10 oueBHAHO mpd p=1, Tak Kak ¥'n=1. [Ipexnno-
JIOXKHM, UYTO Mbl 1OKa3add CyLleCTBOBAHHE TAKHX 3JIEMEHTOB Yy, &
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n 2z, s %", uto h+4v=¢%, h+ 2, Tax kax (adyh)(n)=n, To
(ad, h)lu—GHeKTHBHoe oToGpakeHie NOANPOCTPaHCTBA N B celsd,
H €ro OrpAaHHUYCHHE HA %", OTHOCHTENLHO KOTOPOTO €71 yCToutho,
TOKe OHeKTHBHO, CJeJOBATEJNBHO, CYyLIecTBYEeT TaKo# _ 3JeMeHT
z& %"n, uro z,,=[z, h]. Torpa

Bt p Nop =2, h] 4T,
M03TOMY
E hendv—z, 42 I+ =1+ 0v+ ¥y,
W Hallle yTBep)KAeHHe JIOKa3blBaeTcs HHAYKIMed mo p.

Jdemnma 3. IMycre x=gq, p=Ker(ad x), 9=1Im(ad x). Toeda
[p, A= u P10 — nodareebpa arecbpor JIu g.

Eciv u<p 0 vEq, To cylleCTBYeT Takod 3JeMeHT w & g,
yto v ==[x, w]; CAeLOBATEJNbHO,

[0, ol=[u, lx, @]l =[x, [u, @]] —[lx, 4], w]=1[x [4, w]] =q.

Opnako, p — nopanre6bpa aare6pn Jlu ¢, ciaegoBarenbHo,

(pNa, PR =P

Jdemma 4. ycro (x, h, y) u (x, ', y') — dse 8ly-rpoiiku 8 ax-
eebpe Jlu . Toeda cyujecrsyer TaKkotl 3ACMEHT 2 & §, 4TO 9H00M0p-
pusm ady 2 HUABNOTEHTEH, U BHINOAHAIOTCA PABEHCTEA

eadgzx_x ad‘3 h ——h' adyz Yy = y/

[Tycte n=Ker(adx)}Im(adx) u g,=Ker(adh — p) nnsa mo-
Goro p e Z. Beuuy pesyasraros 43 § 1, n° 3 (npuMeHeHHbIX K mpH-
COeIHMHEHHOMY IpelCTaBJICHHIO am‘e6pb1 Jin kx -~ ky+ kh B upo-

¢CTpaHCTBE (), Mbl MoOJy4aeM, 4To N Z p; CIAEN0BATEJNbHO, SHIO-

MopousM ady N HHJABIIOTEHTEH MOpU J11060M nen u [h, nj=n
TaKHM o6pasom, {x, ¥ —h]l=0 u [x, y—y h’—h a 3HAUHUT,
4 —hen Beaiencrrue sieMM 2 u 3 cymecTByeT TAKOH 3JleMeHT

en, uto e* B h =1 TdK Kak z& Ker ad,x, 10 3%k =yx. Jleu-

Ma 1 nokasmaer, uto e* Fy=y. Y. T. .

I'IyCTb G—rpynna aBTOMop¢Hu3MoB aare6pst JIu §; 8ly,-Tpofiku
(x, h, y) 1 (x #’, y’) nasmBawtca G- ~CONDSKEHHBIMH, €ecau Cyile-
CTBYET TaKo# SJIEMeHT g=G, uro gx=x', gh=1"N, gy=y'.

IpenanoxeHue 1. ITycre G — epynna asromopdusmos areebpot
Ju g, codepicawan epynny Aut,(g), a (x, h, y) u (x's I, ') cyre
8ly-rpotiku 8 aaeebpe Jlu g. HO/zoome

t=rkx 4+ kh4ky, V=="Fx' 4+ kh' 4+ ky'.
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Paccmorpum caedyroujue ycaosus:

(i) saemenrsr x u X’ G-conpacensi; .

(ii) 8ly-rpoiicu (x, h, y) u (X', ¥, y’) G-conpsocenol;

(.ii) nodnpocrpancrea t u t'  G-conpsancensi.
Toeoa (i) < (ii)=-(iil). Ecau nose k ancebpauvecku 3aMKHYTO, TO
3TU TpU YCAOBUS IKBUBANCHTHbL.

(i) <= (ii). D10 caenyer u3 geMMmu 4.

(i1) = (iii). D10 oueBmAEHO.

TIpennonosxum, uTo NoJde k ajnreGpanuecku 3aMKHYTO, H JOKa-
skeM, urto (iii)=>(i). PaccmMoTpum mpexjpe Bcero cayuad t=1 =
= ¢ ==8[(2, k). Ilockoabky sHpOMOpDpHU3M ady X HHUJILIOTEHTEH, TO
SHAOMOP)H3M X mpocrpancTsa k* uuabmoreHteH (ra. I, § 6, Teo-
pema 3). IlosTomy cymecrsyer Takas matpuua A & GL (2, &), uro
AxA™'=x’, u, crefoBaTenbHo, CYlleCTBYeT aBTOMOP(QU3M o aare6poi
Jlu 8((2, k), ana koroporo a(x)=yx". Onnako a < Aut,(g) (§ 5,
n° 3, crepcteue 2 mpepnoxenusi 5). Ilepefinem k obmemy cayyaro.
[MpeanonoxkuM, uto npocrpaHctBa t u t° G-compsikeHsl, Torja
JOCTaTOUHO J0KAa3aTh, UTO 3jeMeHTsl ¥ H X G-conpskensl. Moxno
npennosoxuts, uro t==. [lo mpexsiiyumieMy cymecTsyer Takoi
saement P Aut,(f), uyto px=x". Ho ecau { &t — Takoi anemenr,
uyto supoMopdusm ad;! HUALTOTEHTEH, TO dHAOMOP(PH3M ady ! HUIb-
noteuten. CrenosaTenbHo, aBToMopdusm f§ npomoskaeTca A0 aJe-
meHnTa u3 rpynnst Aut,(g).

Bamevanue. TpH ycaosusi us npepjoxenus 1| GyAyT sKkBHBa-
JIEHTHBI, eC/IU NPEeATNoN0KuTh, UTo k= k% (cM. ynpaxueune l).

2, 8l,~rpoiiku @ noaynpocroix arzebpax Ju

Jlemma 5. ITycre V — KoneunomepHOe 8eKTOPHOE NPOCT PAHCTEO,
A u B — sndomopgusmer npocrparcrsa V. Ilpednoioscum, 4o s1do-
mopepuam A nunenorenten u (A, [A, Bl =0. Tozda andomoppusm AB
HUABNOTEHTex.

[Monoxum C=[A, B]. Iockoasky [4, C]=0, npu mobom ie-
JoM p>=0 uMeOT MecTO paBeHCTBA

(4, BCcP]=14, BlcP =P,

Cneposatenbuo, Tr(C?) =0 npu Bcex p=>1, uTO AOKa3bLIBAET HHJIb-
noTeHTHOCTb dHAOMOppH3Ma C(Alg., chap. VII, § 3, n°5, corol-

laire 4 de la proposition 13). ITycre Temepn k — anre6panueckoe

3aMblkaHHe nois k, a Ak 0 x= V ® ,k takoswl, uto ABx = Ax,
x = 0. Cooruomense [[B, A], A]=0 nokasuipaer, 4T0 npu JMOOBIX

neax p>>0 Hmeer MecTo pasencto |B, A”|=p[B, AlA”".
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Tlycth r — HanMeHbllee leJ0€ Yuca0, Aas kKotoporo A'x=0. Torpa '
M 'x=A"T'ABx = A Bx = BA'x —[B, A|x = —r[B, A]A"x.

-1
Tak xax sugomopdusm [B, A] vunvnorenren u A~ x50, 1o A =0,
Tarum o0pasoM, Bce coOCTBeHHBIE UHCJIA 3HAOMOphu3ma AB, npu-
HajJeKaliue Moo £, paBHbl HYJIO, UTO JOKa3bBaeT YTBepkKIeHde
JeMMbl.

Jdeuma 6. Hycre h, x< g raxosst, uro [h, x] =2x u he=(ad x)(g).
Toeda cyuwecr8yer Taxoil saemMenT y < g, 4To Habop (x, h, y) pasex
uau tpoiike (0, 0, 0), uau 8ly-rpoiike.

OGosHaunM uepes ¢’ paspewnmyio aiare6py Jlu kh - kx. Ilo-
ckoabKy x € [¢, ¢'], sunoMopdusm adg x Huabnorenteu (ra. I, § 5,
n® 3, teopema 1). Ilycth n—aapo storo angomoppusMa. Tak kak
[ad h, ad x] =2 ad x, o (ad A)n=n, Ilycts z & ¢ — TaKOil 27eMeHT,
yro h=—[x, 2z]. INomoxum M,=(adx)"q ana moboro neaoro
n>=0. Eciu n> 0, 1o mbl mosyuaem (§ 1, n° 1, smemma 1), uro

[ad 2, (ad x)"] =n((ad h) — n + 1) (ad x)" .
CrnepoBaTeabHo, ecan u & M,_;, TO
n((adh) —n+ Hu < (adz)(ad x) u + M,.
Tak xak (ad A)n cn, To U3 TUX BbIpAKEHHH CJAeLyeT, UTO
(adh) —n+ D) (O Mp-t) S0 M -

dupoMopduam ad x HuJbHOTEHTEH, HOSTOMY JAJsA AOCTATOUYHO GOJb-
mux n Mbl noaydyaem M,==0. CrnezoBarenbHO, COOGCTBEHBBIMH
uncnamu HAoMopdusma ad hln 6ynyr uensie uucaa =0, Benea-
CTBHE 3TOI'0 orpaHuuenne sHgomopdusma adh 42 Ba npocrpan-
CTBO 1 06paTHMo.

Ho [A, 2] + 22 = n, H0CKOJbKY

[x, [A 2]+ 22] =[x, A, 2]+ [A, [x, 2]} +2[x, 2} =
=[—2x, 2|+ [k —H +2[x, 2] =0.

CrnemoBaTesbHO, CYIIECTBYET TaKoll anement 2 & n, uro [A, 2] +
+ 22 =h, 2] + 22. dto ozmauaer, uro (4, y] = — 2y, ecau noso-
Kutb y=2—2'. Tak kak [x, y]=|[x, 2= —h, ar0 3aBepluaer
JIOKa3aTeJbCTBO JIeMMEL.

[TrEAnOKERNE 2 (Locexobcon — Moposzos). Ilpednosoxcum, 4o
aneebpa Jlu § noaynpocra. Hycre x — Henyaesoli HUABNOTEHTHbLL
saement aacebpor JIu §. ToeGa cyuwecT8yrOT TaKUE JAEMEHTbL
h, y=gq, uro (x, h, y) ecro 8ly-Tpoiika.

[Myctb n=Ker(adx)®. Ecau zen, 10 [adx, [adx, adz]]=
== ad ([x, [x, 2}])=0. IIo nemMMme 5 sugomopduaM ad xoadz HHJIb-
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HOTeHTeH, a caepoBarenpHo, Tr(ad xeadz)=0. dto noxasuBaer,
YTO 3JEMEHT X OPTOrOHaJeH K MOAMPOCTPAHCTBY N OTHOCHTEJAbLHO
¢opmbl Kuasmara @ amare6pw Jlu g. Tak kak ’

®((ad x)’ y, ¥) =D (y, (ad %)’y

npu Jo6uX ¥y, 4’ ¢ 1 dopma @ HeBHPOKAEHHA, TO OPTOrOHAJIb-
HBIM MOAMPOCTPAHCTBOM K MOANPOCTPAHCTBY N Gyner o6pas 3HAo-
Moppuama (ad x)®. CiemoBaTesibHO, CyIIeCTBYeT TaKOH 3JeMeHT
y' ¢, uto x=(ad x)? y’. TTosoxum

h=—2[x, y'].
Mul nonyuaem, uro [h, x]=2x u h&(adx)q. Takum o6paszom,
JIOCTaTOYHO NpUMeEHHUTb JeMMy 6.

Cneacrsue. [1pednoaoxum, 410 § — noaynpocras areebpa Ju.
Hycre G — epynna asromoppuszmos areebpor Jlu §, codepraiyan
Aut,(g). Oro6paxcenue, Koropoe kamdoii 8lyrpoiike (x, h, y) as-
eebpor Jlu § CTABUT 8 COOTBETCTBUE HUABHOTEHTHbLLE 3AeMEHT X,
onpedeasier nocpedcTsom gakropusayuy OueKTUsHoe oTO6paNCenle
mroxecrsa Kaaccog G-conpsocennsix 8ly-Tpoek Ha muoscecTso Kaac-
co8 G-CONpaNeHHbIX HEeHYAeBbIX HUABNOTEHTHBIX 3/EMEHTO8.

OTO yTBepKJeHHe BbITeKaeT M3 mpeasoxeduit 1 un 2.

Jlemma 7. Ilycre K —nose, codepicawee no Kpatned mepe
a
4 saemenra. Hycro G—epynna marpuy suda (O oﬁ')' 2de asK",

BE K, a ¢’ —epynna raxux marpuy ¢ a=1. Toeda G’ =(G, G).
Ecin o, o’ =K u p, =K, 10 -

(g aﬁ‘)(g’ af‘i‘)(g ati‘)-l(g, of:')—l:
1 — o — afa’?+ a2a’p’ + of
(o | )

B yacrtuoctn,

(6 DE )G ) =60 )

Takum o6pasom, cyimlecTByeT Takod saeMent a, < K*, uro aj7= 1
n aj % — 1, nostomy K.(1—a?)=K, orkyna cienyer gemma.

Teepnoxenue 3. ITpednoroscum, 4ro areebpa Jlu g noaynpocra.
Toeda epynna Aut,(g) cosnadaer co csoeil npousgodnoii epynnoii,
Ecau aneebpa Jlu § pacuenasema, 1o Aut,(8) — npoussodnas
epynna epynnsr Auty(g).
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ITycTb X — HeHyseBOH HHJIBNOTEHTHBIH 3JeMeHT ajarebpw Jlu g.
BuiGepeM Takue aneMeHTHl A, y = ¢, 4O (X, A, y) ecTh 8{,-Tpoiixa .
(npennoxeune 2). IlomaareGpy & anre6pul JIH g, MOPOXKAEHHYIO
TpOHKOH (x, A, y), MOXKHO OTOXKAECTBHTHL C anrebpoit JIn 8((2, k).
Ilycte o — npencrasienne anre6Gpul JIn 8 =28[(2, k) B mpocTpaH-
cTBe (, 3amaHHoe dopmydsoll z+—>adyz; nycTh T — npeAcTaBIeHHE
rpynnet SL (2, k), corsacoBannoe ¢ npencraeaenuem p (§ 1, n°4).
OGpa3 npeacTaB/eHHs T MOpPoXAeH 3HAOMOPDHU3IMAMHU eXxp (f adg x)
u exp(fadyy) npu t =k (Alg., chap. I, § 8, n°, proposition 17]
H, caexoBare/bHo, cogepxuTcest B rpynne Aut,(g). Tak Kak rpynna
SL (2, k) coBmanaeT co cBoell mpousBogHoW noarpynmofl (nemma 7
u Alg., tam xe), To sneMmeHT exp(ady X) MPUHALJEKHT NPOH3BOJA-
Ho#t rpynne G rpynnmet Aut,(g). 3maunt, Aut,(g)=G. [IpeanoJo-
JKHM Telepb, uTo anrebpa Jlu q paciuensasiema. Tak xak ¢akTop-
rpynna Aut, (g)/Aut, (¢) kommyrarusua (§ 5, n°3, samewanue 3), To
NpeabAyLUIHe PACCYKACHHS JOKA3bIBAIOT, YTO NPOM3BOAHAS Tpynna
rpynns Autg(g) coBnapaer ¢ rpynmnoii Aut,(g).

3. IIpocreie 3aemenrol

OaPERENEHRE 2. Jaement h anreebpor JIu § Hasoteaercs npo-
CTOIM, €CAU CYUeCT8YIOT TaKue IAeMenTb. X, Yy &4, 470 (X, K, y)
ecre 8lyTpoiika areebpor Ju ().

FoBopsAT Takke, uTo h — npoctoil snemenT 8ly-rpoiiku (x, A, .y).

ITeennoxenne 4. Iycro h — nenyaregoti ssement arzebpor Jlu g.
On geasercs npocToim T020a U TOABKO TO020a, Ko2da cyujecrsyer
rakoii anement x < q, uro [h, x] =2x u h < (ad x)(a).

OueBnpHoO, uTo cHOpMyTHPOBAHHOE YC.IOBHE HeOOXOAUMO. BBuay
JeMMbl 6 0HO H JOCTATOYHO.

IpEgnoxkERUE 5. [l pednoaowum, 410 § — pactyenisemas noay-
npocras aaeebpa Jlu. Ilycre H — pacwyenaarowan nodarcebpa Kap-
rana areebpor JIu §, R — muowecTgo KopHeld pacujensenroti as-
eebpor JIu (g, D) u B — 6asuc cucremer kopred R. [Tycte h— npo-
croil ansement aseebpor Jlu §, npunadasesncaujuli nodasrzebpe Y. To-
20a h conpasxcer oTnocurenrsno epynnot Aut, (g, §) raxomy srementy 1
nodaazebpor Kaprana 9, uro a(h’) = {0, 1, 2} daa rw0buix ropueii
ae B.

CoGcTBenHble 3HaueHus supoMopdHaMma adgh npHHagsexaT Z
(§ 1, n°2, cneactBue mnpeanoxenns 2). CrneloBatedbHo, h & bg.
CymecTByeT Takoli 3/neMeHT @ Tpynnbi Beiinig W paciiennensoit
anre6pel JIu (g, b), uto a(wh) =0 nas Bcex Kopue#l a = B (ra. VI,
§ 1, n°5, Teopema 2 (i)). YunThBas ciaencTBHe TeopeMbl 2 u3 § 2,
n°2, Mbl MOXKeM OTrpaHHuuThcsi cayuaeM, Korga a(h)e N npu
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gio0bix e B. Ilycteh Ry — MHOKECTBO NOJOMXHTEJNbHBIX KOpHeH

otHOocHTenbHo Gasuca B u R_=—R,. B anrebpe Jlu q cyme-
ctByetr 8ly-tpofika Buja (x, A, y). OGo3anauum uyepe3 T MHOKECTBO
takux Kopuei B, uro B(hA)=—2. Mm nomyuaem, uro T < R_

yes Zgﬁ [TpeanosoKHM, HYTO CYUIECTBYeT KOpeHb o € B, and

KOTOPOI‘O a(h) > 2. Toraa (a+PB)(h) >0 mna mobux BT u,
caefoBatesbio, a+pB& R u a-+ps%=0. Ilpnu »sroM, Tak Kaxk
BeR- uw a= B, 10 a-+Pe& R, nosroMy a—l—ﬁeéRU{O} TaK
aro [¢%, 4%] =0. BcneacrBHe sTOrO MH TMONy4aeM, urto [y, ¢4]=0.
Onnako oro6paxenue adyy|¢* HHDEKTHBHO, NoCKOJbKY a(h) >0
(§ 1, n°2, caencTBHe upefoxeHus l). ITo npoTHBOpeuHe AOKa-
spiBaer, 4ro o (h) <2 ans m06oro KopHs a & B.

CaencrBug. Ecau nose R airzebpautecku 3aMKHRYTO, 4 § — NOAY:
npocras as2ebpa Jlu pauea l, 1O 4UCAO KAQCCOB CONPANEHHDLLY
OTHOCUTEABHO apynnbz Aut, g npocroix ssementos ancebpor Jlu § He

npesocxoour 3%

HeficTBuTenbio, 060 mnoaynpocTolt sneMent anre6pwl Jlu ¢
COTPSAXKEH OTHOCHTEJNbHO rpymnbl Aut,(g) ¢ HEKOTOPHIM 3jieMEHTOM
nonanre6pel Kaprana 0.

Jdemma 8. Ipednorowus, uro noae k areebpaunecku 3aMKHYTO,
a aazebpa Jlu § noaynpocra. I[Tycre h — Takoii noaynpocroil ae-
ment ancebpor JIu G, 410 COGCTBEHHbIE 3Haqeﬂuﬂ andomopdusma
ad h payuonanvrsl, Pacemorpus ¢° = Ker (ad ), ¢> =Ker (ad h — 2).
Hycre G, — MHONMeCTBO 328 MEHTAPHDLY aBTOMOpd)uaMos zpynnbL g,
ocTaBAmomux Ha mecre h, u x e g-—raicou aneMent, uro [x, ¢°] =
= g% To2da mnowmecrso G,x colepiur nOOMHOINCECTBO NPOCTPAH-
cT8a %, orkpbiToe i 8CIOOY NAOTHOE 8 Tonoao2uu 3apuccko20.

MMycets § — noganreGpa Kapraua anreSper JIn ¢°. Ona spasercs
nofaare6poil KapTaHa anre6pul Jlu § W COAGPNKHT 3JeMeHT h
(ra. VII, § 2, n°3, npeasoxenne 10). Tlpun atom h&Yhq. Tlyers
R — cuctema KOpHell paculenyiennot aarebpsl JIn (g, §), a Q—
Tpymna pajHKalbHBIX BecoB. lorpa cymecrByeT Takoid Oasuc B
cucreMnl KopHel R, uto a(h)=0 p1a mobux a e B.

O6osuauum uepe3 U MHOXKECTBO TaKHX 3JIEMEHTOB 2 & ), 4TO
a(2) =0 unpu moboMm o< B. Tlyers (H') ——nyanbﬂmﬁ K B

6asuc upoctpaHcTea b. Ecan ze= U, 10 cymeCTByeT roMoMO phuam
rpynnsl Q B rpynny k%, Kotopslii mepeBomuT Ji060H aMeMeHT YEQ

B H a(z) ( “).

a=B
Benegcrue mpepsioxenuil 2 u 4 w3z § 4 sunomopdusm ¢ (2)
BEKTOPHOrO 1IPOCTPAHCTBA §, HHAYUHpYloOIMil Ha npocrpancrpe gv
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HI
FOMOTETHIO ¢ KO3 HLIHEHTOM Ha(z)v( a), OyAeT 3/eMeHTapHBIM
asB
aBTOMOP(HH3MOM HPOCTPAHCTBA §, KOTOPLIA, OUEBHAHO, NIpHHAJAJe-
xuT rpynne G,
[ycts s=h. Ecin y = R — 1akoit kopenb, 4to gV(1 g0, To

2=y =v (X e(H)=X a(h)v(Ha).

Tax xaxk a(h)=0 paa mwoboro KopHa a = B u TaK Kak v(H;)—
Hease uucaa, Koropele uau Bce =0, wan Bee <0, 10 Y(H;)EN

npu Jgwbom KopHe o B. CrnegoBartesbHo, MOXKHO paccMoTpeTb
(npu 2z & Y) s3ngoMopdu3M P(2) BEKTOPHOrO MPOCTPAHCTBA ¢, KO-
TOpBH HMHAYUHPYET Ha mpoctpanctse ¢¥[)g> romoretio ¢ Kosd-

duLHeHTOM HBoz(z)v Ha), OroGpaxeHnue z+—> P (2) npocTpaHcTBah
aes

B End (g% nonunommanvio. Ecnu ze U, 10 % (2)=0(2)] g%
ycrb vy, ..., Y, — MOMapHO Pa3NHUHble KOPHH pacilensieHROH
anre6pel Jlu (g, b), papHble Hym0 Ha 3aeMente A. Ecau y, = g¥, ...

e YrEgYr, 10 99 L "% = G,. CrepoBareiibHo, ToJaras

9(2, Y1y v e ey !/r)=l|P(z)3ady' e eady’x
ana zeh, yyegh, ..., ¥, < g'r, Mul onpefiensieM oToGpaxkenue p
npoctpaHctea § X gV X ... X ¢¥r B g% D10 orobpaskeHHE MOJH-.
womuansho u o (U, g%, ..., %) = G,x. Beuny npeatoxenusi 3

1 4 u3 ra. VII, nononsenne I, poctaTouHo MOKa3ath, Yro JiHHeli-
Hoe oToGpaxeHue, KacaTeJbHOe B HeKOTOpoH TouKe K oToOpame-
HHUIO 0, OyAeT CIOpBbeKTHBHHIM.
Ilyers T — nunelinoe oro0paxeHHe, KacaTelbHOE B TOUKe
4
hy= ) Hgx oroGpaxenuio z+—>P(2). Torga T (2) — snnOMOpDHHU3IM
asB
npocTpaHcTBa g%, KOTOPHI HHAyLHpyeT Ha mnpocrpaHctse gv¥()g2
FOMOTETHIO C KO3 dunueHTOM

Yy at)' M) e TT sk (0 =
wsB BB, ko
=a§3 y(Hy) ¢ (2) =y (2).

CienoBare/ibHO, nuHefiHoe OTOOpaXeHHe, KacaTesbHoe B TOUKe fip
K orobGpaxenuio z+—>p(2, 0, ..., 0), coBnamaer ¢ oroGpakeHuem
z2+>[2, x]. O6Gpas aroro orob6paxenuss paseH [x, b]. JInHefAHEIM
oro0paxeHnueM, KacaTesbHhIM B Touke 0 K OTOOpaKeHHIO y;—>
r=> P (hy) [y;, x], siBasieTcss ortoGpaxenue Yy, —>p(hy y1, 0, ..., 0).
O6pas storo mocaefHero pasen P{hy) [x, g¥] =[x, ¢V]. Takum xe
o6pasoM MBl yCTaHaBJHBaeM, 4TO 06pa3 JIHHEHHOTO OTOGpakeHus,
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KacarenbHoro B Touke 0 K orobpaxenuoo y;—>p(h 0, ..., 0,
yi, 0, ..., 0), coBnajgaer c no[IpoCTPaHCTBOM [x, gvi]. Haxkonen,
06pasoM JHHEHHOro OTo0Gpa)keHHs, KacaTeJbHOro B Touke (f,
0, ..., 0) k oro6paxenno o, 6yJeT NPOCTPAHCTBO

0 2
L, 54+ 6"+ ...+ ]=[x, ¢']=¢" WT L
*['pynna G fsaserca anreGpandeckoil rpymuoit ¢ anre6poit JIu ad g%,

TIpegnoxeune 6. [Ipednoaowcum, 4ro nose k aascebpaudecku
3amKRYTO, a4 aseebpa Jlu ¢ noaynpocra. Ilycre G — epynna asro-
mopusmos areebpu Jlu §, codepacawan epynny Aut.(9), a (x, A, y)
u (x’, W, y’)— dse 8lyrpoiiku arcebpor JIu §. Toeda caedywoujue
YCAOBUSL IKBUBANCHTHOBL;

(i) saementor b u K G-conpsocerunt;
(ii) 8ly-rpoiiku (x, h, y) u (", #’, y’) G-conpsaxcenst.

Hocrarouno pokasatb uMmmaunkaupio (i) =>(ii), 1 MbB MOXKeM
OTpaHMYHTLCA caydaeM, Korfga h==Ah'. Tlycte ¢* u G, Takue xe,
kak B Jemme 8. Tlo caexerBuio npepyoxenus 2 3 § 1, n°2, mu
nosydaeM, uto x & ¢> u [x, ¢°]=¢% CuenoBaTesbHO, MHOXKECTBO
G,x COLepXKUT OTKPbITOE H IJIOTHOE B TONOJIOrMH 3apPHCCKOrO MOI-
MHOXKECTBO MHOXKECTBA ¢%; TO K€ caMoe MOXKHO CKasaThb H O MHO-
x)xectBe G,x’. CiefoBaTenbHO, CyHieCTByeT TakoH sieMeHT a & G,
yro a(x)=x’. Tlpu asrom a(h)=~h u, sHauur, a(y)=y (@1,
JemMma 1),

Cnencrsue 1. Orobpancenue, xoropoe kaxdoi 8ly-rpoiike crasur
8 COOT8ETCTBUE ee NPOCTOU 3AEMENT, onpedeaneT ROCPEACT8oM Pak-
Topusayuu 6uekTusHoe oTOOpasicenue mHoxcecTea Kaaccos G-conpa-
acennvix 8ly-Tpoex Ha muoocecTso Kaaccos npocteix G-conpaicentsiy
318 MEHTO8.

CnegctBHE 2. Ecau rg(g)==1I, TO 4ucA0 CONPAICEHHBIX KAACCOB
oTHOCUTeAbHO epynnol Aut,(§) Heny.aessiXx HUABNOTEHTHBIX 3./eMeH-

!
1708 He npesocxodur 3. .

D10 yTBepXKIeHHE BHTEKAeT H3 cJeldCcTBUs 1, coaeicTBus npen-
JIOXKeHHd 2 ¥ CJAeJCTBHS TMpeLNoKeHHA b.

CaenctsuE 3. Ecau rg(g) =1, 70 uucao cOnpAasiCeHHbIX KAACCOB
oTHocureasno epynnet Aut,(g) nodaszebp aszebpot JIu ¢, usomopgh-

noix 8L(2, k), ne npesocxodur 3.

DTo BHITEKAeT H3 CJAeACTBHA 1, npeAnoXeHusi | U creicTsus
npeaaoxenus 5.
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4. T'raanoie anementol

Onpegenesue 3. Ilpednororum, 4ro §— noaynpocras arcebpa
Ju.

(i) Huaonorenrnoiii saement x ascebpor JIu q nassvleaercs eaas-
HoM, ecau pasmeprocTe npocrpancréa Kerad x pasna paney aa-
ee6pu JIu g.

(if) [Tpocroii aaement h aneebpvl JIu § Ha3vI6ACTCH 2AABHBIM,
ecau h— pecyaspuoill 91eMeHT u ecau COOCTBeHHbIe! SHAUCHUS IH-
Jomoppuzma adh e anrcebpauteckom 3samviKanuu noas k npunad-
aexcar mroxcecrsy 2Z.

(iii) 8ly-Tpoiixa (x, h, y) 8 aseebpe Jlu § na3sviBaeTcs 2aa8HOL,
ecau OAURA MPOCTPAHCTBA §, PACCMATPUBAEMO20 KAK MOOYAb HAO
areebpoii Jlu kx 4+ kh 4 ky, pasna paney arcebpor Jlu g.

ITPEanoxKEHKE 7. [Ipednosoxcum, uro areebpa Jlu q noaynpocra.
Hycre (x, h, y) ecrs 8ly-rpoiika 8 areebpe JIu §. Toeda caedyro-
wue Ycaosus IKEUBANCHTHOL:

(i) saement x esasnblii;

(ii) saement h esaswoiil;

(iii) 8ly-rpoiika (x, h, y) erasnas.

Tonoxum ¢° =Ker(adh—p), rtne p=Z. Iyers ¢ = ), ¢,

=¥/
EcJom paccmoTperb MPOCTPAHCTBO § KAK MOJYJb Haf am‘eé{),oﬁ JIn
a=~kx -+ kh+ ky, To ¢’ Gyner cyMMON NPOCTHX HEYETHOMEDHBIX
nmogmonyaeit (§ 1, n°2, caencrBume mnpengoxenns 2). ITyers ¥
(cootB. {’) — maMHa mpocTpaHcTBa ¢ (COOTB. §'), paccMaTpPHBAEMOro
Kak a-monyub. Beupy § 1, 01°2, Mbl noJayuaem, uro '

dim (Ker ad x) = { > I’ = dim (Ker ad h) = rg (g).

Orciofa cpa3y BHTeKaeT 3IKBHBaJIeHTHOCTb ycaoBuit (i) u  (iii).
Opuako ycaoue (ii) o3nauaer, uro dim(Keradh)=rg(g) u ¢'=4¢
HJIM, HHauye TOBOpS, YTO

dim (Ker ad &) =rg (g)

u l’==1[. Orciona caexyer 3KBHBAJeHTHOCTb YcJOBHsa (ii) apyram
YCJIOBUSIM.

TlpEnnoxEHUE 8. [Ipednoaosmcun, 4ro areebpa Jlu § noaynpocra
u #0. [ycre Y — pacwenaarouas nodarcebpa Kaprana 6 g,
R — cucrema xopreil pacujenaennoti aree6por Ju (g, b), B — basuc
cucremol R u h® — raxoii saement nodareebpor B, uro a(h’)=2 daa
a06ux o€ B.

(1) Baemenr h® npocroii u eaaswolii.

(ii) Saementror x 6 arcebpe g, 343 Koropoix cyuecrayer ¥ly-Tpoiika

suda (x, h°, y), — ar0 Te 3saeMEHTLL NPOCTPAHCTEA o Komno-
pocrp L

HEHTbl KOTODbLIX 8 KaxJdom nNOONPOCTPAHCTEE §* OTAUYHLL OT HYAA.
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Takue »aemenTnl A’ paccMarpumaguch B § 7, n°H, semma 2
(cM. TaM ke, ¢popmy.aa 1). M3 atoii semMs caenyert, 4to A° — raas- .
HbIi SJEMEHT M YTO €CJH X & ), ¢% — 5JeMEeHT, KaxAasi KOMIo-

asB
HEHTa KOTOpPOro B MNPOCTpanCTBE % OTJAHYHA OT HYJA, TO Cylle-
crByer &l,-tpoiika Buzma (x, A% y). O6parno, nyctb (x, 1% y) ectb

gly-tpoiika. Torma [4°, x]= 2x; ciegoBarenbHo, x > qy =
vER, ¥ (A)=2
= D g%, Touno Tak xke ye< Z g~ % Ilpexcrasum A% x u y
CLEB =¥
B BHE

hl = Z a,H,, tae a,>0 naa scex a< B,

asB

> Xe THe X,eEg% 1as Bcex a < B,

R=F:}

y= Z X_g e X_qE g™ a1 Bcex a & B.
B

ae
Torna

Z a.He =h= [!/, X] Z [X—ﬁ: Xa]= Z [X—a» Xa]:
csB o, BsB a=hB

oTKyAa BHTeKaeT, 4To [X-4, Xy] # 0 npu nw06bix a < B.

CnenctBue. B pacujenasemod noaynpocroii asreebpe Jlu cyujes
CTBYET HUALNOTEHTHbLI 2AABHbLE 9AEMENT.

B nepacuiennisiemofi mosnynpocroit anre6pe JIH O moxer 6uTh enmH-
CTBEHHEIM HHJBIOTEHTHHIM 3JIEMEHTOM.

TTpeanoxeune 9. [lpednoroscum, uro nose k ascebpaunecku
3amkryro, a aseebpa JIu g noaynpocra. Toeda sce npocrovie (CooTB.
HUALNOTEHTHbLE) 2AABHBIE INEMEHTbL CONPANEHbL OTHOCUTEALHO 2pynnbL

Aut, (g).

BocnosabsyeMcss of6o3naueHussMH u3 npemioxedus 8. Ilyers
h — npocto#t rJaaBHbll 2jeMeHT. OH conpsieH OTHOCHTEAbHO
rpynnbl Aut,(g) ¢ takum saeMmertoM A =1, uro a (W)= {0, 1, 2}
ajas awoboro a = B (1°3, npeasoxenne 5). Taxk kax A" — mpocroi
riaBublii ageMeHT, To a(A’)s=0 n a(h’)=2Z gas ao6uHX o E B;
cnefoBarenvHo, a(h’)=2 pas mo6bx KopHeH o & B, oTKyna
BbITeKaeT, uTo A’ = A% DTo JoKasHiBaeT yTBEPIK/EHHE OTHOCHTEIBHO
MPOCTHIX IVIaBHEIX 3JIEMEHTOB.

IMyctb x, x” — HUJILHOTEHTHBle TJIaBHbIE 3JeMeHTH. Torpa cyiue-
ctByioT 8l-tpoiiku (x, A, y) u (x/, #', y'). Tlo npemnoxennio 7 h
u b’ — npocTble TaBHBIE 3/JeMEHTHI; CJIeILOBaTeJIbHO OHH CONPSKEHH
otHocuTenbHo rpynnel Aut,(g). Takum oGpasoM, ajeMeHTH x u x
conpsiKeHbl OTHOCHTeJbHO rpynnsl Aut,(g) (npeanoxenue 6).
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Jdemma 9. B obosuauenuax npedroxcenus 8 noaoxum §° =
==Ker(ad h° — p) dsaa woboco p=12Z. [Mycro §, — MHONECTBO Tex

3/EMEHTO8 NPOCTPAHCTEA §° = Z 4%, KOMNOHEHTbL KOTOPBLX 8 KaXC-
aeB

dom npocrparcrse §% orTaudnst oT Hyan. HHycre R, — mnoxecrso
P L +

NOAOXCUTEAbHBLX KOPHell OTHOcuTeavto Oasuca B, n, = > a u
aeR_,_

x e g,: Tozda "+ .x=x + [ny, n.l

fcno, uro €*"t.x x4 [, nl. [Myets ve [n+, n.l.
TokaxeM, uto x -+ v e+ x. ITomoxum n'® = Z g*". Iocra-

r=p

TOUHO JOKa3aTh, UTO
s+ oee x4

I8 JoOHX p2>2. ITo siICHO NpH p==2, NOCKOJbKY n® ==[n,, n,]
(§ 3, n°3, mpepaoxenue 9(iii)). Ilpennonoxum, 4YTO MH HAWAH
ajleMeHT z & Y, a5 Kortoporo v 4 x — e?d2x = nl), Taxk xak cyie-
ctByet §l,-Tpoiika BuAa (x A%, y) (upepnoxkenue 8), To U3 CAeACTBUS
npennoxeuust 2 § 1, n°2, BhITEKaer, uTo [x, g°7=%] = g%, nosromy
CyLIeCTBYeT TakKoli aneMment 2’ & ¢2P~2.Cn,, 4to

v+ x—edzx e[, x] 4 neh,

Takum o6pasoM, v+ x < e2d@+#)y 4 nP+D, ¥ yame yTBepKmeHHe
JIOKasplBaeTCsl 10 HHAYKIMH. -

[TPEpnoxenue 10. [Tpednorowcum, uro areebpa Ju § noaynpocra.
MTycte Y — pacwenasowan nodaree6pa Kaprana 8 g, R — cucrema
KopHenl pacujenaennold aneeopor Ju (g, b), B — 6asuc cucremor R,
R, — MHONMECTBO KOpHEl, NOAOHUTEAbHBLX OTHOCUTEAbHO Oasuca B,

un,.= Z a%. Toe0a HuavnoTeHTHBIE 2AQ6HbLE JAEMERTBL, Nnpu-
aeR
+
Hadsexcawjue M., — ITO Te OSAeMeHTbL u3 MN,., Yy KOTOPbIX NpU

Kaxdom o & B Komnonenra, npunadiexcauyas npPocTpamcTsy §%
OTAUHHA OT HYyAf.

[Tpepnoxenne 8 u JeMma 9 AOKAasbIBAIOT, YTO TAKHE JIEMEHTHI
SIBJISIIOTCSl HUJIBIIOTEHTHBHIMH [JIABHBIMH 3dJjeMeHTaMu. JloKaxeM 00+
patnos yTepxjenue. QueBHAHO, ,MOXKHO OPEANONOKHTb, YTO
anrebpa Jlu g npocra. IlycTs A% u g7 Takue ke, Kak B IpefoxKe-
nat 8 n semMe 9. I[lyeTe @ — nanbosbmuit Kopenb. IToJ0XHM
co(h°)=2q, Toma q—h—l rae h— uncao KokcTepa cuUcTeMH R
(em. 1o , § 1, n°11, npennoxenue 31). Ilpu srom §%9= g,
g 29 = g—‘" 14 g“’k—O npu | k| > g. CywectByer raasHas 8ly-Tpoiika
(%%, A%, y°). Ilo caemctBui0 u3 npengoxeHus 2 § 1, n°2, mbl noay-
yaeM, uto (ad x%)%7 (g—9)= ¢%; cuepmoBaresbHO, (ad x°)7‘7 = 0. Ilycts
X — HUJIbIOTEHTHBIH TJIaBHBIA 27eMeHT anre6pnl JIu g, npunaiexa-
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wuit n,. Ecau E — ajre6panueckoe 3aMBIKaHHe TOJS R, TO 3Jje-
MeHTH x® 1 # x°@ 1 conmpskeHn OTHOCHTEJBLHO aBTOMOpP(dH3MA
aare6pbt JIu ¢ ® , k& (npenyoxenne 9); cremosarenvHo, (ad x)* 0.
[MosTomy cymecTsyeT TakoHl kopeHb A< R, uro (adx)2g* <=0,

TTONOKEM X = 2, X, THE X, & g2%. Torma
nz=1

(ad x)? g* =(ad x,)%9 g* + Z g% = (ad x,)% ¢*,
‘ k>4q+A (1Y)

ocKONbKY 4q + A (h%) >=4q — 2g=2¢. Takum o6pasowm, (ad x;)% g* =
— g4+ME)) ortkysa BhITeKaeT, YTO A= — ©. AHAaJOTHYHO MBI HOJY-
ol
yaeM, uyto {ad x;)% ¢—©=¢®. MMeer mecTO paBeHCTBO ® == 2, Aad,
aeB
rae n, >0 upu Bcex a= B (ra. VI, § 1, n°8, samesanue). Ecau
CyliecTByeT TaKOH KOpeHb ¢y € B, 4T0 X E Z 4%, TO H3
aEB, a#=
COOTHOLIEHUS

0L —o+ > ka

aEB, a0

caenyer, uto ¢° & (ad x))” g=¢ past moGOro p; HO 3TO HEBOMOMKHO,
cJeJOBaTeNbHO, CojlepKalasgcsad B MOANPOCTPAHCTBE §* KOMilOHEHTa
3jleMeHTa x; OTJMYHA OT HyJd NpPH Bcex a & B.

§ 12. Nopagkn Llesaaxe

1. Pewerku u nopadku

ITycts V—BekTOpHOE NPOCTPAHCTBO Haj noseM Q. PewerKoil B n1po-
crpaHcTse V HasblBaetcs TaKoOH cBo6oAHbI Z-I0AMOAY/b 7° Moaya V,
aas Kotoporo Q-nuHedHOe otoOpakeHue Or, v: ¥ ®zQ— V, uuay-
uupoBanHoe BioxenueM ¥’ B V, 6uektuBno. Ecau npoctpancrso V
KOHEYHOMEpHO, TO 3TO YCJOBHE PAaBHOCHJBHO TOMY, YTO 7 fBjAeTCH
Z-noAMOdyJNeM KOHEUHOro Tuma, mopoxjpanoumM Q-npocrpancrso V
(HamoMEMM, uTO TOo caencTeio 2 u3 Asze., ra. VI, § 4, n°4,
Z-MoayJ b KOHEeUHOro THIa 0e3 KpyueHUs cBOGOJeH); BIpoueM, TOTAa
Hallle OmpefesiCHHE CTAHOBUTCH YaCTHHIM CjyuaeM onpejeneHds 1
u3 Komm. anre., va. VII, § 4, n°1 (ram sce, npumep 3). Ecan
W — BexTOpHOE MOAMNPOCTPAHCTBO NpocTpaHCcTBa V M ¥ — pelierkd
B npocrpasctBe V, 10 7' [|W — pewerka B W.

Ecin V ectb Q-aarebpa, To nopadkos B Hell HaspiBaercd
pelierka 7 B BeKTOPDHOM mpocTpaHCTBe V, KoTOpas fBJAsAeTCA
Z-noganreGpoit aare6pul V. Tlpu stom orolpaxkenue o, y OyAeT
nsomoppusmom Q-anre6p. Ecau V ectp Q-aare6pa ¢ eaunHuued,
TO yHurapueim nopadkom B anare6pe V nasmBaercs 1nopsagok B V,
cojep¥kalluil efUHHULY.
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[pennosoxum, uro V — Guanrebpa Haxg Q ¢ KOYMHOXKEHHEM ¢
g KoenuuHued y. Ecan 7”7 — pelleTka B BEKTOPHOM HpocTpaHcTse V,
TO KaHOHHYeCKoe oToSpaxeHHe i1 77 ®z 7 — V Qq V HHBEKTHUBHO,
Bunopsdkom B Ounasnrebpe V HasniBaeTc Takofl YHHTAapHBHI mops-
g0K 77 B axre6pe c epuHuuelt V, mas xortoporo y(¥)cZ u
c(PY<i(P @z7°). Orobpaxkennsi

Vi =2 u ¢, V=7V Q,7,

IIOCTPOEHHEIE MO O0TOoOpaXKeHHAM Yy M ¢, cHaGXawT nopsaok 7°
CTPYKTypoO#t GuasnreSpol Haf Z, u oToOpakeHHE Gy, y GyLeT H30-
Mopdusmom Q-6uanredp.

2, Pasdeanennvie crenenu @ Guanzebpe

[lycts A — Heroropas k-anrebpa ¢ epuuulell, x< A, d=k,
ne N. IToaoxum

n-—1
£, d) — x(x—d) ... (x—d((n—1)) =H (x — id)/(i + 1). (1)

m!
i=0

Mmbr nosnyuaeMm, B gacTHoctH, uto x4 =1, x(b d=x Bygem cun-
TaTh, uyTo X 9 =0 g nensx uncena n < 0. ITosoxuMm

£ = gm0 X ()
nt’

(x)=x(n,l)=x(x—l)---(x—n+])‘ )

n n!

ITeepnoxenue 1. ITycre A — 6uaree6pa ¢ konpoussedenuem c,
U nycrd x — ee npumurusnoti saement (ra. 11, § 1, n°2). Toeda

c(xm = Y  xrdQxad, (4)

peN, geN,
ptg=n

ITpu n<<O yTBepxpense TpuBHanbHO. JlOKaxeM Haule mnpej-
JoxeHnne HHAyKuHeH mo n. Ecau mas Hekotoporo n dopMmyaa (4)
BepHa, TO .
(n+ Ve (xatlh @)= ¢ (x — dn) ¢ (xi» D) =

=(x® 1 + 1 ®x—dn1 ® I)C(x(n: d)):

= Y [xxlo D@ xler ) L ylo, D) @ xx(@r d) —
pta=n

—(p 4+ q) dxt» D @ 5@ 9] =
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= Z (x—-pd) x(P: d)®x(qv d)..l_ Z X d) ® (x_ qd)x(q’ d) —

p+q=n pta=n

=2 (p4 )zt dQxad 4

p+q=n

+ Y (g4 DHxr dQ et d) —

p+q=n

= ) rxndQxsdp Y gpin D yls D=

r4-s=n-+1 r+s=n+l

=(n+1) Y xndQxsd,

r4s=n+l

Cnenosia'renbﬂo, dopmyna (4) BepHa u jas n- 1.

3. Leaouucrennovil sapuanr reopemvt
Myanxape — Bupxzopa — Burra

[TycTs § —KoHeuHOMepHas aaredpa JIu nag nosem Q, a U(g)—ee
yHUBepcanbHas OOepThHIBapoUlas aJjredpa, cHaGKeHHas CTPYKTYypoi#
GuaareOpel. Ecau [ — coBepllleHHO YNOPAJOUEHHOC MHOXKECTBO,
x = (X;);; — CeMEeNCTBO 3/1eMeHTOB anare6per Jin §, a n=(n;),.,; €

& NU) — MyJAbTHHHAEKC, TO MOJONKUM
ny
¥
x(n) = T (5)
ier *

rjiie COMHOXKHTEJNH Paclo/IOXKeHb B COOTBETCTBHH € YNOPsROYEHHEM
MHOXecrBa [/ M mpoH3BefeHue BuuHcasercs B U (g).

Teopema 1. [Hycre U — Gunopsdox 8 Ouasrecebpe U (g),
G =N g— nopsadox 6 ancebpe JIu ¢ u (x;),_, — 6asuc npocrpan-
crea 9. CHab6Aum mHONcecT80 I HEKOTOpuIM COBEPUIEHHbIM NOPATKOM
u npednoaoscum, 410 dan Kaxdoeo n & N! 3adan Takoii saement [n]
uz O6unopadca U, uro Quasrpayus saemenra [n] — x™ 6 6uan-
2ebpe U(g) menswe |{n|. Tozda cemeiicTéo srementos [n] no ecem
ne N/ ob6pasyer 6asuc Z-modyrn U.

OGosunauum uepes U,(g) ans p<N MHOXKeCTBO 3JeMEHTOB
6uanrebpei U (g) dunprpanun <p. Torga o6passl B mpocTpaHCTBe
U, (8)/Up-1(8) Tex snemeHTOB &%, nas KOTOPHIX |n|=p, 06pasyior
6asHc aToro BekropHoro Q-npocrpancra (r1. 1, § 2, n°7, reopema 1);
cJaefoBare/bHO, sjeMeHTh [n] o6pasyioT Gasuc BekTopHOro Q-mpo-
crpanerBa U(g). Ocraercs JaokasaTh chefylomiee YTBePKAEHHE
(rme mui mosaraem M =N’); -
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(*) ecan saeMeHTH U = U, (as) =ZM u d =N — {0} TakoBnl, uTo
du= 3. aaln], ®)
neM

TO d HeNuT Kaxablii Ko3hhULMEHT an.

Pacemorpum ana xaxjoro uesoro uuciaa r =0 urepuposanuoe
KonpoussgeQerue

Crp U>T (U=URUR ... RIAU.

[To onpenenenuio ¢y — Koeauuuua B 6Gunopsake U, ¢ = ldy, c,=c
(kompousBesienue B Gunmopanke %), U A Beex r =2 oTobpaxe-
HHE C,y| ONpeJessieTCss Kak KoMmosuuus po(c, ® l)oc:

c, &1
U~ UG, U T (U) @2 > T (),
rjae oro0paxkenue p ONpejieieHO YMHOxeHueM B aareGpe T (2).

PaccMOTpUM KaHOHHWYeCKYIO NpoeKIHio m Gumopsinka A Ha UT =
= Ker ¢; 1 KOMIIO3H1IH10

e =T (n)oc,: U—->T (U").

Jdemma V. Hycre n=N!. Ecau ln|<r, 10 c,+([n])=0. Ecau
|n|=r, TO

c,+([n])=(’zx@(1)®xm(2)® cor B o, (7)

20e @ npoGeeaer muodcecT80 orobpaxcenuii Habopa {1, 2, ..., r}
8 MHoocecr8o I, npunumarowjux n; pas 3sHauenue i 648 Kaxcdozo
iel.

ITo npensoxenuro 1

¢, (A=Y P g ... @xPr),

TJie CYMMHUPOBaHHe PACIPOCTPAHSETCS HA MHOXKECTBO TAaKHX HOCje-
posareqnbHocTell (py, ..., p,) U3 r 3JeMeHTOB MHoxecTBa M, uTO
pi+ ... ++p,=n. Beuny npemtoxenns 6 wusz ra. I, § 1, n°3,
oToGpaeHnue ¢ paBHO HYJIIO Ha MHOXKecTBe @/ () 2/,—;(g). Orciona

c/leAyeT, uUTO A r =Hh
o ([n])=ct () =D a(x®)® ... @a(«"), (8)

4

IIpu r >1n] us coornowenus p;+ ... 4+ p,=n ciaenyer, uTo
N0 KpaidHed Mepe ORMH 3JEeMeHT p; paBeH HYJMO, OTKYAA
¢y ([n])=0. Tlpu r=|n| emuHCTBeHHble HeHyJeBble UJIEHHI
B TpeTbeM BHIpaXeHHH B dQopmyse (8)— 310 Te, ML KOTOPHIX
Ipil= ... =|p.|=1; orciona Bhirexaer ¢popmyaa (7).

Bepuemcs x gokasatenbcrBy TeopeMsl 1. Bocnoseayemcst 06o-
3HAYEHHUAMH YTBEPK/ACHHA (*) M JOKa)eM, HCIOJb3ysi HHAYKIHIO



4 § 12. TIOPAIKH MEBAJIJIE 219

,BHH3" MmO |n|, uto uucao d peauT BCe Qp. M Z0CTATOUYHO
6oapwnX |n| 310 oueBuaHo. Ecau d menaur a, Aaa |n|>r, TO,
nosarast

Wo=u— ZI; (anfd) [n] = 2,

MBI NoJaydaeM, 41O

d = 3. ag[n]. (9)
. (nl<r -
Iast a06oro oto6paxkenusa ¢ MHoxXectsa {l, ..., r} B MHOXe-
¢TBO [ IOJOXKUM
Co=Xeh ® ... QXpn
U Gy =an, The n=/(card9='(i)),.,. TTo semme 1 u3 dpopmys (9)
ClelyeT, 4uTo
7Yy —
det (W)= wEZ]ra(pe(p, (10)

nostomy ¢ (W) € T'(%J')DQT' (%). Ho nonmonyas & monyna U™
BblIEJIETCA B HeM NOpaMbiM caaraeMmsiM (Asze., ra. VI, 4, n°3,
clencTBHEe TeopeMsl 1); sHauut, noamomynb T (¥) — mpsimoe cua-
raemoe Momyaa T (UY) u ¢f (W)= T (9). Oanaxo mo mpesmo-
JIOKEHHIO 3JeMeHTH X; ofpasywor Gasuc moayas ¥, a cielnoBa-
TeJIbHO, 3eMeHTH e, o6pasyior Gasuc monyas T (9). Takum

o6pasom, u3 ¢opmynsl (10) caeayer, uto uucsao d AesUT YHCIA ay,

4 3TO 3HAYHT, 4TO d JEJHT U 4YUCIA a, Opu |n|=r. TeM cambim
yTBEP:KAEHHEe (%) JOKA3aHO.

4. pumep: mnozounensvl ¢ yervimu 3HAYEHUAMU

ITycth  V — KOHeuHOMepHOE BeKTOPHOe MPOCTPAHCTBO HAX
noseM Q, V* — ayanbHOe mpocTpaHcTBO, 77 — pellleTka B NPOCTPAH-
cree V, 7 — MomyJb, AyanabHblii K Z-MOAYJI0 7° M KaHOHHYECKH
M30MODP(HBEIH HekOTOPO# pelerke B nmpocrpaucree V*, S(V)— cuwm-
MeTpHuecKas aiareGpa mpoctpaHctsa V H

A S(Vy— A(VH

— KaHOHHYecKoe OHeKTuBHOe oToGpaxenue amre6pst S(V) Ha
anre6py mnosHHOMHAJNBHHIX ¢yHkuui Ha V* (Alg., chap. 1V, § 5,
n° 11, remarque 1). Ecan ortoxpectsuts aarebpmr A(V*X V¥) u
A(V)®qA(V"), 10 oToGpaxeHne A 6yaeT MePeBOAHTb KONDPOU3-
Begenne anre6pel S(V) B oro6paxenne A(V)—A(V*X V7,
KOTOpOe MOJMHOMHAJbHOH (YHKUMHM @ Ha MpocTpaHCTBe V* cTaBut
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B COOTBETCTBHE IOJUHOMHAJBHYIO (QYHKIHIO

(, y)—> o (x+ )
Ha npoctpancree V* X V* (Alg., chap. 1V, § 5, n°11, remarque 2).
r

Y/
TEMH 3JEMEHTAMH, KOTOPHIM COOTBETCTBYIOT [OJIHHOMHAJbHbIE
oTo6paxenus Moayasa V* B nose Q, npHHUMAalOLMe Ha pelleTke 7°*
ne/ble 3HAYCHHS.

r

Z

O6o3HauumM uepes ( ) noamuoxectso B S(V), o6pasosaHHoe

IMeegnoxkenue 2. (1) Mrowecrso ( )—6unopﬂaox 8 buaa-

Ve
eebpe S(V), u (Z)(]V=7’.

7 h
(ii) Z-arcebpa ( ) nopoxcOena yAeMeHTamiL ( n)’ e0e he 7,

Z
n =N.
(iii) Ecau (hy, ..., h,) — 6asuc pewerku ¥, TO 31eMeHTbL
(a)=Ca) ()
n) \m/) \n/’
ede naboper n=/{(n;, ..., #,) npobezaror N', obpasywr 6asuc
Z-nodyan (Z
IOas mo6oro m <N noaoxum S, (V)= Z SHV), Sp ()=

i<Km
=; S*(¥°). Beuay npemnoxenus 15 u sameuanns us Alg., chap.
IV,\§ 5, n°9, MH mosyuaem, YTO
, r |
$u (1) =8, (1N (7 ) =7 $a ),
4
MOSTOMY (Z )ﬂ V=2". Taxk Kak S,,(¥’) — pelretka B npocrpan-

7
cree S, (V), T0 Sm(V)ﬂ( 7z )——Tox(e peleTka B IIPOCTDAHCTBE

4

7
S, (V). C npyroit cTopoHbl, Z-MOLYJb Sm(V)ﬂ(Z)—npaMoe

7
cjaraeMoe B Sm+1(V)ﬂ(Z ) (mocKosIbKY ¢ akTOpnpOCTPaHCTRO He

HMeeT KpYUYeHHsi), H, CJAEAOBATENbHO, CYLECTBYET JOMOMHUTEIbHBIH

r
K HeMy cBoGojHbIH Z-MoAyab. Takum o6pasoM, Z-Moay.b (Z)
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cBoBonen. Bosee Toro, sTo ywurapHu# mopsinok B anrebpe S(V).

Iyets (4,), o — Gasuc Z-monyas ( ) 10 rakxke Gasuc Q-mo-

z
ayas S(V), u pas moforo ssieMenta

eeS(VXV)=8(V)®S(V)

CYILIECTBYeT OJHO3HAYHO ONpefesieHHbH Habop 3/eMeHTOB (v,)

anrebpel S(V), naa komporo qJ=Zu,1®vn. Kak u Bume, Mul
6yneM oroxpaectBasTbh ainrebpy S(V) ¢ aareGpoit A(V"), a anre6py

. 7YY
S(V)®S (V) — ¢ aare6poit A(V* X V*). Torna, eciu ¢ e( 7 ),

TO NOJMHOMMaJbHas (GYHKUHA X+—> @ (¥, y) IpH KaxkioM ye 7™ -

r
OpHHAIJIEKHT MNOPAAKY (Z) ITostomy v,(y) =Z npu Bcex n

u JoboM yE 77, 1. e vne( Z)' DTO JOKAa3bBAeT, YTO KOIpO-

7 7 7
u3BefeHue oTobpaxaer z ) B (Z)®Z(Z)' Ecmu he? u

h
neN, Tto (n oTOGpaxaer 3jgeMeHT U< 7" B ueI0e YUCIO

u(h) h r
( " : cJeNoBaTelbHO, (n = 7 ) Yreepxaeune (iii) coae-

qyeT Temepb H3 TeopeMpt 1, NpUMeHeHHOH K KOMMYTaTHBHOH
anarebpe Jln V, a u3 Hero BHITeKaeT yTBepikAeHHe (if).

CagacrBui. [lycre X — Hesasucumas nepemennas. Mroeo-

X .
4AeHbL (n)’ 20e n= N, cocrasaaror 6asuc Z-modyas, obpaso-
sanno2o muozousenamu P e k[X], Oas xoropux P(Z) Z.

Ecnu P(Z)< Z, to untepnoJsimdoHHas ¢opMysna Jlarpamxa
(Ane., r. 1V, § 2, n°1, npennoxkenne 6) mokaswipaer, YTO KO3(-
¢dunuenTsl MHOrowieHa P npunagnexar noawo Q. [Tostomy MosxHO
NpeNnoJOKUTb, 4TO kR =Q, H NpPUMEHHUTb INpejIokKeHHe 2 IpH
V=Q, =1

5. Heckoavxo dopmya

B arom pasdeae mot 6ydem 0603Ha4ATH Yepe3 A accoyuaTusryo
areebpy ¢ edunuyed. Eciu xe A, 1o 8mecro adyx Mot 6ydem
nucars ad x, .
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Jdemma 2. Ecau x, ye A uneN, 1o
q

n P .
(ad x) y = Z (—1)7 ’;_'yiq'_= Z (— l)‘lx(l’)yx(q) (1

n!
ptrqg=n p+qg=n

HeficreutensHo, o603HauYAM uepes L, u R, orobpaxeHus
2—>%z U z+—>2x anre6pul A B cebsa. Torza BC/eNCTBHE TOTO,
uyTo 3HZOMOpOM3MB L, H R, NepecTaHOBOYHbI,

n 1 n 1 1
A (adey = (L= R = Y (=) LB R
prq=n

Jdemma 3. Ilycre x, he A u A=k raxossl, wro (ad h) x = Ax,
Tozda 0as aw06020 n=N u a06020 muozonsena P e k[X] umeer
MECTO PABEHCTBO

P (h) xn) = ¥™P (h + nd). (12)

Tak kak sugomopdusM ad A — auddepennuposaHie anre6pu A
1 siaeMeHT (ad A) X mepecTaHOBOYEH C 3JEMEHTOM X, TO

(ad i) x" =nx"~1 ((ad h) x) = nix" (13)
CrenoBaresbHO,
(ad ) £ = nAx™,

Takum o6pasoM, ¢opmyna (12) nonyuurcs H3 CBOETo HacTHOTO

cayuas
P(h)x=xP(h+ 1), (14)

ecJil 3aMEHHTb 3Aech 3JeMeHT x Ha x™ u A ma nA. JocraTouno
nokasate Gopmyay (14) npu P= X", TlposeneM HHAYKUHIO MO M.
dopmyna oueuana npu m==0, 1. Ecaiu oua sepua npu P = X", To

K" e =h . h"x=hx(h+ 1" =x(h 43",
DTo 3aBepliaeT NoKaszaTeJbcTBO (opmyust (12).
Jemma 4. Mycre x, y, he A u
[y, s]=h, [h, x]=2x, [h, y]l=—29. (15)
(i) Aas aoboix m, n =N 8oinoansercs cooTHouleHue
() = Z y(m=p) (m to—p—1- h) x(n=n), (16)
p>0 P

(ii) Tycre A’ ecto Z-nodarzebpa anzebpor A, nopoxdernas

h
saementamu x™ u y npu meN. Toz0a (n)eA’ npu scex

neN,
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3anuwem ¢opmyay (16) B sxkeupasentHoil dopme

m-l—n—p—l—h)x(n_p).

p (17,4)

(ad x(m) yom = Z y<m~m(

p=t

Oua tpupuasbiHa npu m=0. TIpoeeseM J0Ka3aTeJbCTBO HHAYK-
uneft mo m. Y3 dopmyan (17,) Mbl noayuaeM, uTo

(m+ 1) (ad £) ym+D = (ad £#) g™, y -+ >, (ad x) y =
p— Z y(m-p) (m + n— p - l - h )x(ﬂ—l’)y + y(m) (n _— 1 —_ h)x(ﬂ—l)

p=l p
(18)

(§ 1, n° 1, nemma 1). Ho, mpumensas Ty xe JemMmy H JeMMy 3,
nosyyaem, 4ToO

(m-l—n—-:))—l—h)x(n_p)y:

(m-l—n—;)— 1 —h)(yx(ﬂ—p)-{—(ﬂ,—p—l_h)x(n—p—l))=

=y(m+n~5+1—h)ﬂmm+

mtn—p—1—nh
+(
p
IMoncrasass noayyeHHoe Broipaxenue B dopmyny (18), M nmeem

(m + 1) (ad x) yim+d =

)(n —p—1—h)xr—p=h,

= Z (m—p- l)y(m—tl+l)(m+n_p+1_h)x(n—tl)+
p=1 p
—p—1—h
+Z!/"""”(m+n 5 )(n—p—l—h)x‘"""“-l-
p=1

+ym(n—1—h)xtr=D=
m+n—p+l——h)x(n_p)+

=) (m—p+ l)y"""’“’( P

p=t

—_—p—1—
+Z!/"”‘"’(m+n ’ h)(n—p—l—h)xm—i’-“.

p=0 p
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3aMeHsis BO BTOpofi cymMMe p Ha p— | M neperpynnHpoBbiBas
YjeHbl, [OJYIUM '

(m + 1) (ad x™) ym+D = Z>: yim=p+1) A x=p), (19)
P>l
rjape
m+n—p+1—nh
ay=tm—p+1) A
m—+n—p—~nh
te—p—n ("7,

[onaras z2==m-+n-—p—h, MoxHo mnepenucats A, TaKxe
B CJAeAylollieM BHLE!
1
1
+ oo e—meze—D...-pt+2=

=%z(2‘"1) = pFm—p+ D+ D)+ pl—m)=

= (n+ 1)(Z)=(m+1)(('”+1)+n;p_l—h).

[Moxcrasasist 3To0 B ¢opmydy (19), Mol noayuaem opmyay (17,.41),
OTKyJa caefyeT yTBepxaeHue (i).

[IpeanosoxuM, 4TO ( )EA’ npu p<n. Torpa mias Beex

mHoroudsneHos P & Q[T] crenenu < n, aas kotopuix P(Z) = Z, P (h)
6yner Jaexatb 8 A" (n°4, caexctBue npepgoxenus 2). Tarum
o6pasoM, yuuteBas dopmyay (16) u paseHcTBO m=n, UMeeM

N n—1—h
i ()=( i)

n-—1
+Zy(ﬂ"ﬂ)(2n—p—1——h)x(n-P)E A’.

p=0 p
’

Orciona yreepkaenue (ii) BHBOAUTCA HHAYKIHeH HO #.

6. Bunopsadku e ynusepcasvnoii obeproisaroujeii arzebpe
pacwenaennoi pedyxkrusnol anrzebpor Ju

[ycts ¢ — peaykTusHas aarebpa Jln-Hag nosem Q, ) — pac-
menaspomwas nojanrebpa Kaprada aarefpn JIn § u R=R (g, })
(§ 2, n°l, sameuanue B5).
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Onpenenenne 1. Pewerka #6 6 npocrpancree nodaiazebpol
Kaprana Y% Hasoieaercs Qo3eosennoli ') (ornocureassno aiszebpo
Ju g), ecau Ho = 5 u a(38) = Z npu xamdom o< R.

Sameuanus, 1) Ilyete B — Gasuc cucremsl R. Pemretka 6 B )
fIBJASETCH [103BOJIEHHOH TOrja M TOJBKO TOria, Korjga H, e # u
a(d6) = Z upu aio0HX o< B.

2) Iyctb ¢ — nenTp anare6psr JIu g. Ias Toro yToGel peineTka 7
B b Gblaa 03BOJIEHHOH, HEOGXOAMMO H AOCTAaTOYHO, 4TO6L Q (RV)
c# <P (RV)YDc. Tlpu stom M ) Dg — no3BoaeHnas pellleTKa
B nogaare6pe Kaprana 9§ &g aare6pu JIu £Dg. Omnako moryT
CYLIECTBOBATh TAKHE RO3BOJIEHHEE PelleTKH 74, uto H + (76 ) Dg)D
@ @#Nc) (em. § 13, n°1, (IX)).

3) Ecan aare6pa Jlm ¢ moaynpocra, TO n03BOJIEHHHIMH pellerT-
KamMu B mnojajnreGpe Kaprana ) sBasiiotcsi Takue HOATpynnsl 4 -
BEKTOPHOro mpoctpaHctBa b, uro Q(RV) < # < P(RV).

B maabnefinieM B 3TOM IyHKTE MBI Ipefrosaraem, 4To 3aduk-
CHPOBAHEl HEKOTOpas pacllelneHHas peAyKTuBHasg aare6pa Jlu (g, b),
fasuc B cuctemui KopHeit R =R (g, §) ¥ aas Kaxmoro o = B Takas
napa JeMeHTOB (Xg, Yu), UTO

Ya E47% x,= 0% [ya: xa] = Ha' (20)

Ecnu uepes ny (cooTB. 1) ofosaHauuTe notanare6py Jlu anreGpnt
JIu ¢, NOPOXAEHHYIO 3JeMeHTaMHu X, (COOTB. Y4), TO, KAK H3BECTHO
(§ 3, n°3, npeanoxenue 9 (iii)),

g=n-Qydn,, (1)
U@=Um-)®@,U () &,Uny) (22)
(rme uepe3 U(g), ... o603HayeHB YHHUBepCajbHbie OGEpTHIBAIOLLHE

anre6pet aare6p Jlu g, ...).
O603Hauum uepes U, Z-nopaare6py anarebpu U (ny), mopo-
xKaeHuyio anemenramu x npu o< B u n<=N. Ilycrs W — rpynna

Befina cucremn Kopueit R, a R, — MHOXKeCcTBO KOpHEH, MOJIOXH-
TeJbHbIX OTHOCHTeNbHO Gasuca B.

Jdemma 5. (i) U, — peuerca 6 sexroprom npocrpancree U (n,).
(ii) [as aw0b02o kKopHa o & B umeer mecro pasencTso

U . NU(@gH) = @N Zxm,

[To onpepenennio Z-monyabp %, nopoxmaercsi saeMeHTaMH

xm = T[ xt
¢ 1<isr @ (D) ?

!y B opurunane permis. — IIpun. nepes.

8 DBypb6akn



296 rJI. VIIL PACILETIJIEHIILIE TTOJYITPOCTDBIL AJITEGPBI 11 6

rie reN, o=(@(@))=B" u n=(n()=N". Cuabaum aareGpy
U (n,) rpaayupoBkoil Tuna Q(R) TakuM oGpasoM, uToOHl BCe MOA- .
npoctpaHcTBa §“(a & Ry) Obin OfHOpOAHBIMHU cTeneHH a. Toraa
O HOUJIEH xg‘) OMHCAHHOTO Bhllle BHAA OXHOPOAEH H ero CreneHb

paBHa
2 e =Q(R).
[<i<<r

OfHO4JIEHOB TAKOro BHAA NAHHOH CTelMeHH ¢ KOHEYHOe YHCJO,
H OHH MOPOXAAWT HaJk Q OIHOPOJAHYIO KOMMOHEHTY CTeNEHH ¢
anre6pu U (n,). D10 AoKaskiBaeT yTeepxiaenue (i).

Ecan a= B, o U, N U (g% conepKUTCS B CyMMe OTHOPOAHHX
KOMIIOHEHT, CTelMeHH KOTOPHIX KpaTHbl «. [lo mpemmiayuieMy mop-
npoctpaHcteo 2, (VU (§%) nopoxanaercst djMeMeHTaMH xg", AJsl KO-

TOPBIX Zn(i)qa(i)e Na. Orciona caenyer, uyto @ (i) = a npu Bcex i
(nockosbKy B — 6asuc cucreMbi KopHefl R). ITosromy

M+ ...4+nO) )+ 0 )
a(I).o..n(r) . '

) —— ln (1)) n @) =
xg‘——xa R

Takum obpasom, U, N U (§%) = @ng”, 4TO H JOKAa3blBaeT yTBep-
n

skpeHue (ii). 4. T. .

Ecom E u F cyrs Z-nomvoaysan B U(g), To najee B 3TOM
naparpage Mbl OGynem uepes E.F o6osnayatb Z-moaMoAysb Mo-
nyas U(g), nopoxaeHusl NpousBejeHusamu ab, rie a=E, beF.

Tpepnoxerue 3. [Mycre 6 — do3soaeHHraa peuieTka ¢ 1nodais
eebpe Kapramna 9. IHycre U,, U-, Uy cyre Z-nodareebpsr anr-
ee6por U (8), nopoxidentoie coOT8ETCTEEHRO daemenTamu x\™ (a & B,

h
neN), y (e B, neN), (n) (he 2, neN), a U— Z-nod-

aazebpa aacebpor U(Q), noposwdennas muoxcecrsasu U, U-, U,.
(i) U — 6unopadox 8 Guaazebpe U ().
(i) U=U-.Uy. U, UNb=056, u npu aobon o= B
UNg=Zx,, UNG =17y,

Mo Jaemve 5 n npemtoxenuro 2 AU, U-, U,— nopaaku
B Q-anre6pax U (ny), U(n-), U(h) coorercTBeHHO, H

+h .
( p+q)e%o a8 Mobwx hedb, g2, p=N. (23)

Monoxum L=%U_.U,. U, =U(g). Tlo popmyae (22) £ — pe-
metka B U (g). ITo nocrpoenuio

U- =&, (24)
LU 2, (25)
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B TO BpeMs Kak u3 JeMMul 3 n cdopmya (23) ciemyer, urto

U, L =L, (26)
Z.U=Z. (27)
Mycts a=B, neN, reN, o=(@¢(@) =B u
(m (), ..., m(r)) =N
ITokaxem, 4TO
xmylm L g e & (28)

WM BBUAY ycJaoBHA (25) uTo
(n) ) (
[x&, y<m< ygpm(r)'”]e &. (29)
JlokasaTennCTBO INpoBeleM HHAYKuUuel no r. Paccmarpusaemblit
KOMMYTaTop npejctanaseT cobofl CyMMy UJIEHOB BHIAA

I (3 k+1 k-2
P - VP T, WSV o0

[Tpn e @(k+ 1) snemeHTH X, U Yy, NepecTaHoBouHsl. Cie-
KoBaTe/lbHO, [x{, yg},g{ﬁ)‘”]=0. Ecan a==¢(k -+ 1), To BHpaxe-
nue (30) aBasieTcs, corsacHo hopmyae (17,,), cymMoii BolpaXkeHuH BU LA

g—h
1 k k41 k+" )
ygrzl() ) ygrz( ))yc(pmk(+ )= P)( o )x(n P)y m( N, ygpm(r()r) , (3D

rae qEZ, p=N—{0}, h=36. W3 npeanonoxeHus MHAYKIHH

u ycaoBuit (24) u (26) caeayer, uto Beipaxenue (31) mpHHALIEKHUT

pewerke &. Takum o6pasom, Mbl fokasanu dopmyay (28).
Cornacro (28), xMU_ < Z; crenoBaTenbio, corjacHo (25)

u(27), s\WZ <&, orkyna U, L =L n
P.ElcU Uy LPU-. P&

Takum o6GpasoM, £ ectb Z-nonanare6pa B U (g); crefnoBaTelbHO,
U =%. Ecnn ¢ — Konpoussenenune B Koanarebpe U(g), To ¢(U) <
cUR,U (n°2, npemnoxenne 1), IlycTh y — Koepumuua B Ko-

h
aare6pe U (g). Tak kak y (x&”’) =y (y&")) =y ((n)) =0 npu n > 0,

t0 y(U)=Z. D10 HokasbiaeT yTeepxaenue (i). C zpyro# cro-
POHBI, M3 NnpeRJoXeHHus 2. n°4 BriTeKaer, YTO

UNY=ZLNY)=UNY =,
U, aHAJOrMYHO, BBHAY JeMMH 5
UNG=U. ¢*=Zx,.
D10 HoKasbiBaeT yTBepxkAeHue (i),

8
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3anmeqanue. 4) Tlo npeanoxenuio 5 us § 4, n°4, cyuecrsyer
efuHCTBeHHb aBTOMOpGHU3M 8 anrebpw Jlu g, Takoit, uto 0 (x,) =y,
H 0 (y,) =X, npu Bcex a = B n 6(h)= — h npu Bcex h =), npuuem
0?=1. U3 nocrpoenns pewerkn 4 caepyer, 4To aBTOMOPHH3IM
aare6pn U (g), koTopHii nporomxkaer O, nepeBoguT peleTky 24 -
B ce0s.

CnenctBue Y. Hoaoscum G =N q. Tozda G — nopadok 8 ax-
eebpe JIu §, ycroiuwussui oTHocuTeasHo asromopdusma ©. Hmeer

Mecto pasaoxcenue G =76 -+ Y (9NgY). Hdrgs amoboix a=B u

a=R
ne N orobpaxcenus (ad x)"/n!, (ady,)*/n! nepesodar pewerku U
u9 s ceba.

IMepBoe yTBepKaeHnue oueBHAHO. Bropoe nosyuaercss u3 cpasHe-
uus rpagyupoBok Tuna Q(R) B U(g) n 9. Tpertbe yTBepKiaeHHe
BhITeKaeT M3 JeMMb 2 n°b.

Cnencrere 2. Ilyete we W. To20a cywecrsyer 3aeMeHTapHbL
asromopusm @ aszebpor Jlu q, nepecrarnosounsii ¢ 0, Koropoii
nepesodur pewietku G u U 8 ceba u cayscur npodoadceruem asro-
Mopusma w.

JocraTouno uccaenoBaTh cayua, KoTjga aBTOMOp(pU3M @ HMeeT
Buz S, (0 = B). 3amernm, uro supomopdusmbl ad x, u ady, npo-
crpanctBa U(g) J0KalpHO HUJBNOTEHTHH, HHauye TroOBOPSA, JJIsI

Kaxnoro u € U (g) cyiecTByeT Takoe nesoe 9ucio n, 9to (ad x,)" u=

==(ad y,)" u == 0. DTo N03BOJAET ONPELEIHTD SHAOMOPPHIMH e “o =

(o]

=Z—’1—!(ad x,)" m e* ¥ npocrpancrsa U (g). Jlerko nposeputb He-
n=0

NOCPEACTBEHHO, UTO 5TH aBToMopdu3Mbl anre6pot U (g) nepeBonsr pe-
wetky % B cebs. [Toaoxum g=e! “ee? Yae?? *a, @ == Yag?d *ag?d¥a,
Tak Kak @;la=qy|q (§ 2, n° 2, bopmyaa (1)), To @, = @,. [TosoKHM
Q; =@y =¢@. VMeerT MeCTO paBeHCTBO ecpe“‘::cp, TaK uto O u @
nepecranoBoudbl. C mpyrofi cTopoubl, @ | = w BCaencTue JeMMu 1
3z § 2, n°2,

CaepctBuk 3. Mycte a = R. Ecruxe9NgtuneN, rox" s U
u sndomopgusm (ad x)"/n! nepesodur pewerku § u U 8 cebs.

DTO HelOCPefICTBEHHO BHITEKAET U3 NOCTPOEHHS pelleTKn U
U caefctBHs |, ecin o =B, B obuem caydae cyllecTByeT Tako#
anemenT w & W, uro w(a)< B (ra. VI, § 1, n°5, npepaoxerue 15).
[To crnemctBmio 2 cywectByeT aBroMopdusm ¢ anarebpel Jlu g,
KOTOPHIH nepeBoguT peuietkd ¢ u 24 B cefs, a NOAIPOCTPAHCTBO §°
B gV, oTKy&a MBI mosiyyaeM fOKa3blBaeMoe CJIENCTBHE, HCNOJb3ys
NepPeHOC CTPYKTYPH [I0J NeHCTBHEM §.
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Cneacrsue 4. Cywecrsyer takaa cucrema lllesaaqe (Xa)yer
8 aaeebpe (4, 9) (§ 2, n°4, onpenenenue 3), 40 Xy =1x, 4 X_q =1,
das o B. [Iaa moboii cucremor [llesanre (X‘,’-)ae r € 3Tumu csoil-
créamu u 1106020 KkopHa O & R asemenr X! cocrasaser 6asuc
peuterku G (4%

Hns o= B nonoxum X,=x,, X_o=1y, s a=R,—B
Boifepem Takoit ajgeMent we W, uro w(a)= B, M Takoh asTo-
Mopduam @ aare6pul Jlu v, uto 8¢ =¢b, ¢ (9)=9 u ¢(h)=w='(h)
npu bk &Y (cnencrsue 2); noroxum X, =9 (¥, o) X_, = (v, @)
Torpa

[X—a’ Xa] = CP([yw (@)’ Yo (a)]) =9 (Hw (a)) =w" (Hw (a)) = Hﬂ’
6 (Xa) = ecP (xw (a)) =q>9 (xw (a)) = (yw (a)) = X—a'

CnemoBateabho, (X,) — cucrema llesanne. Kpome Toro,

aeeER
NG =0 (I N3* ) =0 (Zxo @) = ZXa (32)
INg e =eEFNg ¥ @) =09(Zy, ) =2ZX_, (33)

Iycts (X;)aeR'—TaKaﬂ cucrema Illesanne, uro X;=xa,
X ,=Y, npp e« & B, 1 S— MHOKeCTBO TaKMX KOpHeH a &R,
yro X, =+ X,. Beuny npennoxenus 7 us § 2, n°4, S — samxuy-
Toe MHOXecTBO KopHe#l. Tak kak S D BU(— B), o S=R (ra1. VI,
§ 1, n°6, npennoxenue 19). HUs cdopmyan (32) u (33) cruenyer,
yto $4* =2ZX, npu Bcex a =R.

3amewanus. 5) Pacemorpum cucremy lesamne (Xg),op, moO-
cTpoerHylo shite. Ecan o, B, o+ B R, 1o, monaras [X,, Xgl=
=N gXa+p MB nomyvaem, uto [Xg X 9N ¢**® u, caenona-
TeJNBbHO, Na,ﬂel (cm. § 2, n°4, upenaoxenue 7).

6) Mbl nHoNy4HIH 37€Ch HOBOE JOKAa3aTeJbCTBO CYIECTBOBAHMSA

cuctembl 1llepanne (cMm. § 4, n°4, caencTeue npenloKeHHa 5),
He 3aBHcsliee oT JeMmbt 4 § 2.

7. Hopadku llleganne

IMyctb (8, §) — paciuenyeHHas peaykTuBHasi aare6pa Jlu Hag
noseM Q, a R — ee cucrema Kopueil. Bribepem

a) IO3BOJIEHHYIO peleTKy 6 B nomanrebpe Kaprana b (n°6,
onpenenenue 1),

6) pewerky %* B moampocTpaHcTBe ¢° ANA KaXIOTO o & R.
Tonoxum =@ ) %°. 310 pemerka B aarebpe Ju a. O6o-

aeR
3HauuM uYepes U Z-nopanre6py aare6psi U(3), NOPOKAEHHYIO
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h .
3JeMeHTaMHK (ﬂ) (h = 56, n =N) n anemenramu +” (x = 9% a =R,

ne N). Hakonen, nas a = R u x = ¢*— {0} nonoxum
w, (x) = (exp ad x) (exp ad y) (exp ad x),

re Yy -— eJHHCTBEHHbIH 3JeMeHT MPOCTPAHCTBA ¢~ %, AJS KOTOPOTO
ly, x] =H,. B arux ofo3xHaueHUsiXx HMeET MeCTO

TropEMA 2. Caedyrowue yyca08Usl IKBUBANCHTHDL:
(i) Cywecrsyer Takasn cuctema Llesarre (X,), o p PaCUjERIEHHOL

arzebpor Ju (g, b), uto §* =1ZX, npu ecex a = R.

Gi) UNe=9 u [9*, 9™ =ZH, npu scex a = R.

(iii) das amobox a =R, x= %", n= N sndomoppuan (ad x)"[n!
ancebpor Jlu § orobpascaer pewerky 9 6 cebs, u (9% 9 *]=1ZH,.

(iv) Jas aoboeo a =R u awbozo 6asuca x npocrpancTéa G-
asTomoppusm w,(x) nepesodur peuterxy G 8 cebs (1. e. oroipa-

aHcaeT noonpoCT PancTso KAl noonpocrparcreo G'a ® npu geex p= R).

(1) = (ii) Mycts (Xo)yr

woii aare6pnl Jlu (g, §), uro ¥°=1ZX, ana Jawboro a =R, u
B — Gasuc cucrembl R. [11g o = B N0J0KHM X5 = Xg, Yq = X—q.
Mycrs ' — Gunopafok, acCONUUPOBAHHEIN C pelleTKol 4 u 3ne-
MEHTAMH X, H Y, COrAacHO Npexgnoxenuto 3 w3 n°6. fcHo, uro
U =U. Tlo caencrsuam 3 u 4 npeanoxenus 3 xW e U’ npu

Bcex a =R, x=% u n=N. CaemosartenbHo, U=, 1. e.
ycaosHe (ii) BBITOJIHEHO.

(ii) = (iii). D10 oYeBHAHO BBHAY JeMMH 2 H3 n°bH.

(iii) = (iv). Tlyetb a = R, a x — 6asuc pemetku 9 Tak kak
9%, 97%]=1ZH,, 10 onHO3HAUHO OMpeLeICHHBI 3NeMEHT § & ¢
aa Koroporo [y, x] = H,, npusamiexur pewerke ¥~ ". Tak Kak
no ycaosuio (iii) pelrerka & ycrolukBa OTHOCHTEJNBHO 3HIOMOP-
¢usmoB expadx u expady, To OHa YCTOHUYMBA TAKXe H OTHOCH-
TeJIbHO 3HAOMOpPGHU3IMA w4 (). _

(iv)=>(i). Ilycts B - 06asuc cuctembl KopHell R. Has mwoboro
a< B subepem 6Gasuc x, pemerku 9. Ilyetb y, =g * — rakoil
3JeMeHT, 4T0 [yq, X,]=H,. Ha dopmya (6) § 1, n°5, mbl mony-
yaeM, UTO Y, == W, (X4) . X4} CAE€LOBATENLHO, MO yeaoshio (iv) y,—0a-
auc pewerkn §~ % Tlycrs 9’ — mopsgox B anarebpe JIu g, ompe-
JeJIEHHbIE peLIeTKOH 6 M 3aeMeHTaMu X, H Y, (1°6, caexcraue 1
npepjoxenuss 3). Torpa pemerka & ycToHunBa OTHOCUTENbHO
sugomoppuamos (ad x,)'/n!, (ad yg)"/n! (Tam oace) u, cienoBaTebHO,
OTHOCHTENLHO W, (Xq).

— rakas cucrema llleBanJje paciyennen-
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[Tycts Teneps f=R. CymiecTByiOT TaKHe KOPHH Uy, Qy, ..., O, YTO
p= SuSgpny -+ Sa (o)
(ra. VI, § 1, n°5, npeatoxenne 15). Toraa no yeaosuo (iv) supo-
MOpdHIM W, (xar) c W, (xar_]) Ce W, (xal) oTobpakaer pe-
wetky % na pewetky $° n no npeamAyuiemy oTtoGpaxaer
% g na 9 Ng" Tak kak 9 Ng" =% (npeadoxenue 3 (ii)), To
g N gﬁ =%® Ciemosatesnuo,

G=#D ) (GNP)=H#D ), =9,
=R BerR

a 3TO BBHUAY CJ€ICTBUA 4 npeaoOKEeHHA 3 3aBepuiaet pgoKasa-
TEJAbCTBO.

OnpreaefeHuE 2. Ecau 8bINOAHAIOTCA 3KBUBANCHTHBIE YCAOBUS
(i) — (iv) reopemor 2, To nopadox & naszesaerca nopadkom Illesanrre
pacwenaennol aszebpor Jlu (g, h)

3amewanue. Tlopsinku IlleBanse B aareGpe JIu (g, b) Bcerna
cyutectByoT. [lefictBuTesnnHo, nopagkom lllesansie aBasieTcst MHO-

xecTBo HD Y, ZX, rie (Xg) — cuctema lllepanane agare6phnt
asR

Jn (g, b), a # — rakas pemerka B nojajnre6pe Kaprana h, urto
QR Y # <= P(RV)D¢
(rae ¢ — uentp aareGpol Jlu g).

aER

Teorema 3. Coxpanum obosuadenus Havara n°7, u npednoao-
wum, 4ro G — nopadox lllesarse pacwenaennoti areebpor Ju (g, H).

(i) U — bunopsdox 8 aazebpe U (g).
(ii). Tycre B — 6asuc cucremor kopreit R u (Xo)yepy—p — T
Koe cemeilcTeo dsementos ancebpol JIu g, uto §* =1X, npu o

h
e BU(— B). Tozda Z-areebpa U nopoxcdaercs sieMeHTAMU (n)

w XP (he#, a=BU(—B), n=N). Ecau arcebpa Ju § nosy-.

npocra u 7 = Q(RV), 10 Z-aacebpa U nopoxdaercs ssemenram X w
(a=BlJ(— B), ne=N). :
(ili) Mycrte B — Gasuc cuctemet xopuedi R, Ry — coorsercrayto-

Ljee MHONECTBO NONONCUTEAbHIX Koprel, R_ = — R, i, = 2, g,
e N=1
+

n_= p. g Toeda

e=R_

U=(UNU @) (UNUO).(2UNU (1))
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[Tycre (h;); o, — 6asuc pewerku H. [as xamdoeo a < R nycre

Xq — 6asucnoui eextop peuerku %°. Cuabdum muoxcecrso [ R
coseputennvim nopadxom (Mo npednorowcun, uro [INR= Q). Han

rellUR o . ny (m
, u ne N noasomun e = " ,ecuwhesl, uey =Xy,

ecau )& R. Toeda npoussedenus euda ] &™), 20e (n,) npo-
resIUR

Geeaer NUR, obpasyror 6asuc Z-modyaa U. [poussedenus

h
H (nl ), ede (m) npobeeaer NI, oGpasywor 6Gasuc Z-modyas
rel A
UNU(9). Mpouseedenus J[ X{"™, 20e (m,,) npobeeaer N*+, o6 pa-
sytor 6asuc Z-modyrs UNU (n).

Ilyete B u (Xo),cpy(_p TaKue xe, Kak B yrBepxienun (ii),
npuuem [X-g, X, =H,. OGosnauum uepes U’ Z-nopanaredpy

h
aare6pol U (g), MOPOXKAEHHYIO 3JEMEHTAMH (n) u X¥ (he 4,

aeBU(—B), n=N). Ilpn pokasareascrse ummiukanuu (i) = (ii)
B TeopeMe 2 Mbl BHJeaH, uTO pelieTka %24’ coBnagaer ¢ % u
Apaserca OunopaakoMm B aJarebpe U(g). 310 RoKasnBaeT yrBep-
Kpuenue (i) ¥ mepmBylo uacTb yrBepxAeHus (ii); BTOpas caemyer
u3 jgemMmbl 4 (ii). Yrteepxkaenue (iii) caepyer ns teopemb 1 (n® 3)
U npepsoxenus 3 (n° 6).

8. Honycrumoie') pewerku

O600wWwas TePMHHOJIOTHIO, NIPHHATYIO B TEOPHH BEKTOPHHIX MPO-
CTpaHCTB, Mbl OyfeM TOBOPHTb, UYTO 3HAOMOPGHU3IM u Momyas M
npusodurca k OuazoHaabHoMy sudy, ecJH CYLecTByeT Takoill Gasuc
monyJasa M, uro martpuua suzomopduama 4 B aroM Ga3uce guaro-
HaJibHas,

Jeuma 6. [lycroe M — cso6odneiii Z-modyss KoHneunozo Tuna,
u— 3ndomoppuam modyan M, a v — sndomopdusm u @1 sodyas
M ®zQ. Mpednosowum, 4ro dan scex n &N umeer mecto 8K.aw0-

v
yeHue (n )(M) = M. Toeda sndomoppusm u npusodurcs k duaeos

HAABHOMY 8UODY.

a) s moboro muorowieHa P = Q([T], ana xoroporo P(Z) <= Z,
BHIOJMHEHO BKJoUeHHe P(v) M M (n° 4, caeacrsue NpenJoxe-
HHust 2); caepoBaTtenbHo, det P (v) = Z.

) B opurunane admissibles, eM. opuveuanue x crp. 225, — [Ipun. nepes.
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6) O6o3nauum uepes Y, (f)=1%-+ a4~ + ... xapakTepucTu-
yecKMH MHorowieH sujpoMopgusma v. Ilyere k= Z, n<N. Ilpu-

T—k
MeHsAs paccyXJeHHe a) K MHOTOWIEHY ( , MBI BHIHM, YTO

YucJio

v—Fk
an=det( " )=( 7 det(v— k)det(v —k —1) .
Ldet(v—k—n+1)=

‘(”‘)) Yo (B) %o (B4 1) oo g (R — 1)

neqoe. Ilyet B — 1 < — a;/d. Torna Mel moayuaem, uTo

Yok +n—1D=nl+(uy+(k—1)d)n"14 ...

[ | an—-1 l

[Yo (BF+n—1)
[an1=__r¢_nd£__

CunenoBartenbHo, ecau a, 70 npu Bcex n< N, T0o, HauuHasa ¢ Jo-
CTaTOYHO OOJBIINX A, MNOCJeAOBATEJbHOCTb |a@,| cTporo yGholBaer,
yro HeBo3MOxHO. OTciofia caefayer, 4To 3HAOMOPGHU3M v HMeeT
co6CcTBEHHOe 3HaueHHe, paBHoe Leaomy uucay A. [Tosoxum M =
=Ker(u—~a.1l) u M"=M/M’. Torna M’ coBnagaer c mepece-
yepueM Moaynst M W HeEKOTOPOro BeKTOPHOTO IOANPOCTPaHCTBA
npoctpancrea M ®zQ; caegosatensHo, Z-monyas M” — mopyib
6e3 KpyueHHs KOHeuHoro tuma, T. e. M” — cBOOGOIAHHIH MOAYJb
panra < d. ByzeMm [oKa3nBaTh Hallle yTBepKACHHEe HHAYKLHeH
no d ¥ NPHMEHHM MpenJioKeHHe HHAYKUUH K 3HA0MODPH3MY - MO-
Ayas M”, mojydyeHHOMY mo 3HAOMOPhH3MY u. Mbl IPHXOAUM K 3a-
KJIIOUeHHIO, YTO BCe COGCTBeHHBIe YHC/aa SHAOMOP(GU3MA U B HEKO-
TOpPOM aJjreGpanHueckKy 3aMKHYTOM pacuiupeHud mnojst Q uessle.

B) [MokaxeM, 4TO 3HAOMODPGHM3M U NPHUBOIUTCS K AHaroHaJb-
HoMmy Bupy. Ilycte A — coGcTBeHHOe 3HaveHHe 3HAOMODGdH3MA v,
u nycTh X & M ®7Q — takoit ssnement, uto (v — A x==0. Torna
v (vx — Ax) =2 {vx — AX); caeldoBaTeNbHO,

T(o—h—nt Do—A—n+2) ... 0—h—1)(v—21) x=

n—1
——-—(11’1— (vx — Ax).

Beuny a) orcwoja caenyer, 4rto vx — Ax < nM upu Bcex n & N,
nostoMy (v —A)x=0.
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r) Ilyctb A — cobGcTBeHHOE 3HA4eHHe 3HAOMODPdH3MA v, K NYCTh
{A—a, A+ b)— orpe3ok B MHoxecTBe Z, cojepxalluil Bce co6-
cTBeHHble 3HaueHWs sHAOMopdH3Ma v. PaccMoTpHM MHOrousen

p (T —2—D(T—A—2)...(T —A—D)
P(T)=(—1) - X
% (T—A+1D)(T—24+2)...(T—2+0a)

a!

Torna P(Z)<Z, PAM)=1, P(p)=0 npy p=ZN(A—a, 4+ b)
¥ W 5= A, Beaencrteue a) P(v)(M)<= M. Beuay B) sumOMODDHIM
P (v) npoertupyer npocrpancTBo M &z Q Ha cob6cTBeHHOE NMOANPO-
CTPaHCTBO, COOTBeTCTBYOUlee cobcTBeHHOMY 3Hauendio A. Y. T. I,

3amenanne. 1) Ecau Mb 1pennonoxuM TOJAbKO, UTO SHAOMOP-
(hU3M U TMPUBOAUTCH K NHATOHAAbHOMY BHJIY C UEJbIMH COGCTBEH-
HBIMH 3HaueHWsIMH, TO 3HAomMopbU3IM u He odA3aTenbHO OyaeT
NPUBOJUTHCT K [MArOHaJLHOMY BHAY (paccMOTpPHM, Hamnpumep,
M =122, nonaras u(x, y)=1{_y, x) npu Bcex (x, y) = M).

Iycts g, b, R, 7, 9%, %, U rakue xe, kKak B n° 7, u npes-
noJsoXuM, uto & — nopsgok lleBasse B pacmenieHHoid anre6pe
Jlu (g, b).

Onpegenenue 3. [ycre E ecrs g-modyas. Cxasicem, uro pe-
werka & 8 modyae E Odonycruma (ornocurensno peuterku G), ecau
BOINOAHAITCA CAeOYIOUjUe IKBUBANCHTHBLE YCA0BUSN:

(i) asee6pa U orobpaxaer peiuerky & 6 cebs;

(ii) dan ar0bboix o =R, x&= %%, n=N, he# pewerka & ycrou-

h
YUB( OTHOCUTEABHO IHOOMOPPUIMO8 (n u xm,

3amewanusn. 2) Ilycte @ — nmpHcoeIMHEHHOe TNpeACTaBJeHHe
anre6pnt Jlu q B upoctpanctee U(g) ¥ a, x, n, A, Takue xe, Kak
B npuBefenHoyM Bbullie yeaosud (ii). Ilo aemme 2 p(x) U < 4.
C npyroft cropowusi, ecau peE N, To ‘

P (( z ))x"” = ( a;i)h ) XM == ( nap(h) )xm)

h
(n° 5, ¢dopmyaa (13)), nosromy p((p)).%c%. 910 HOKasH-

BaeT, uro @ — monycTumas pewierka B aareGpe U(g) u, caexo-
BaTeJbHO, ¥ — JOMyCcTUMAA OTHOCHTEJbLHO NMPUCOEAHHEHHOTO Mpej-
CTaBJIeHHUs pellcTKa B ajreGpe Jlu (.

3) Tlyets E — KoHeuHOMepHBI ¢-MoAyab, & — HONyCTHMAs pe-
weTka B Moayde E u ¢— uentp aare6pul Jlu ¢ 1To aemme 6
Ka/XKabli 3TeMeHT LieHTpa ¢ onpejedsieT B MoAyae E aHgoMopdusM,
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KOTOPbHIH (PHBORZUTCA K JAHaronaabHomy Buny. CaenoBaTenbHO,
monyiab E moayupoct (ra. I, § 6, n° 5, Teopema 4). Takum o6pa-
3oM, E — npsmas cymma npocthx £g-moayJseil, Ha KOTOPHX ¢ Jeii-
cTByeT Kak romoretusi. [lo semme 6 &=@B(ENEY), u nas
Jaio6oro Beca A mopyas E

M) = Z.

4) Ecau aare6Gpa Jlu g noaynpocra M ecau # =Q(RV), 10 no
teopeme 3 (ii) ycaosusa (i) u (ii) oupegesenus 3 3KBHUBaJEHTHH
YCJOBHIO

(iii) mas aob6ux o= R, x=%", ne=N pewerka & ycroiiuusa
OTHOCHTEJBHO 3HAOMOpP(PHIMOB x!P),

5) Ilycrs B — 6asuc cucreMoi KopHeH R; B NMpHBeJeHHKX BhIILe
ycaoBusx (ii) u (iii) MoxHO 3ameHHTH yciaomHe ,a < R“ Ha ,o&
e BU(— B)* (ram axe).

TeoPeMma 4. Tycte E — Koneunomepnstii §-mody.as. Tozda credyro-
uiie YCA0BUSL IKBUBANCHTHYL:

(i) 8 modyse E cyuwecrsyer donycrumas pewierxa,

(ii) xaxcOoviii aremenr pewerku 76 onpedesser 8 modyare E audo-
MOpPUIM € yeavimu COOCTBEHHBIMU 3HAYEHUAMU, KOTOPLLL MOXCHO
npusecTu K OUQEOHQAbHOMY BUDY.

(i)=-(i1). D10 caenyer u3 sameyaHus 3.

(ii) =~ (i). Tlpeanonoxum, uto ycsaorue (ii) BLIIOJHEHO, H AOKa-
JKeM, 4T0 BuinmoaHeHo ycaoBue (i). Tlo Teopeme 4 us ra. I, § 6,
n° 5, MOXHO NPEATOJONKHTL, YTO 3JEMEHTB H3 LeHTpa ¢ onpeje-
JSIOT ToMoTeTHH MOAy/as E u uto E — npocroit Dg-monyas. Ilycrb
B — 6asuc cucremb KopHe#t R U g=n_.@PHYHEHn, — coorBeTCTBYIO-
wee pasnoxenue anre6pw Jlu g. [Tycte A — crapwui Bec £g-mo-
nyns E u e = E* — {0}. TTonowum & = U .e. SIcHo, uto U . E <&,
Tak kKak wmogyab E npoct, 10 U(g).e=FL u pewerka & mnopo-
KHaeT Moayab £ kak BeKTopHoe npocTpaHcTBo Haj Q. Ilpu h e 38

h A(h)
H ne N uMeer MeCTO paBeHCTBO (n e=\ , )ee‘:‘le. Caepo-

BareabHo,

(UNU (). e=Ze.

Takkak U(ny).e=0, 10 & = (U (U (n_)).e BBUAY npeaoxenus 3.
Torpa us teopemul 3 (iii) ceayer, uro & ectb Z-MoAyJab KOHey-
HOTO THOA.

Canepcreue. Ecau areebpa Jlu g noaynpocra u ecau 76 ==Q (RV),
TO Y 4106020 KOHEHHOMEPHO20 §-MOOYA[ ecTo QONYCTUMAR peweTKa.
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§ 13. Pacmenasembie npocToie aareépu Jin
KJACCHYECKOTO THMA

B srom napaepage 015 kaxdozo Tuna KAQCCUMECKUX paciyenste-
Molx npocToix aaeebp Jlu Gyoyr asHO onucawol:

(I) anreGpa aToro THma, ee pa3MepHOCTb M €€ PACLIENJAILHE
nogaare6psl Kaprana;

(II) ee myaJsbHas cucTeMa KopHeil;

(III) ee momanre6psr Bopenss n napaboauyeckHe nopajreGpui;

(IV) ee mpocthle dynnaMeHTanbHbie NpeACcTABIEHHUS;

(V) Te mpocThie ¢yHAaMeHTasbHBIe IpeJCTABJEHHS, KOTOpPHE
SIBJSIIOTCS] OPTOTOHAJbHBLIMH HJIM CHMIJIEKTHUECKHMH;

(V1) anre6pa WHBApHAHTHHIX TOJHHOMHAJbLHBIX (YHKIH;

(VII) uexkoTopble cBofictBa rpymn Autg, Autyg u Aut,g;

(VIIl) orpaunyenne dpopmol Kuanuara na noganre6py Kaprana;

(IX) mopsizku Ilepanae.

1. Anze6pa Ju Tuna A, (I >=1)

(I) Tlycre V — BekTOpHOE NpPOCTPAHCTBO pa3mepHocTd [ -+ | Hag
nosem k, ¢ — anre6pa JIn 8((V) sugomopdusmoB npocrpancrsa V
co cnenoM Hydb U (¢;),<; <,y — 0a3uc npocrpancrsa V. Otobpa-

JKeHHe, KOTOpoe KaXKAOMY 3/JeMeHTy anare6pul JIu ¢ cTaBuT B COOT-
BETCTBHE €r@ MATpUIy B 3TOM 0asuce, NO3BOJISET OTOKAECTBUTL aJI-
reGpy JIu ¢ ¢ aareGpoit Jlu 8((/ 4 1, k) MaTpui co cieloM HyJb,
HsBecTHo, uTo ¢ moJsynpocta (ra. I, § 6, n® 7, npemnoxenne 8).
Hanomunm (Alg., chap. II, § 10, n° 3), uto uepe3 E;; mu 060-

3HauaeM TaKyl MaTpuuy (@), uro a;;=1u a,, =0 npu (m, p)+*
= (I, j). Marpuusl

E,, Ui, i<I41, i%]),

Ei.i—Ei+l.i+l (1<i<l)

o6pasyior Gasuc anre6pnl Jlm g. Takum o6pasowm,
dimg=1(l 4 2).

[Tyers ) — MHOXKECTBO AHArOHAJBHBIX 3/1€MEHTOB anredpsl Jlu
gl(l 41, k); cemeficTBO (Eii)1<i<z+1 sRjdsieTcss 6A3UCOM BeKTOPHOTO

npocrpauctBa b. Ilyerb (&), < <, — Oasnc mnpocTpancTsa %
AyajbHBlA K Gasucy (E”)]<i<,+l. Hdas mo6oro he)

[h, Eij]=(@i (h)'—éj(h))Ei] (1)

Besencrsue popMya (8) us rt. I, § 1, n° 2. Tlyers § — MHOXKeCTBO

3/IeMEHTOB IIPOCTPAHCTBA h CO cjeAOM HYJb, W NYCTb g; =§;|).
Toraa b — nopanre6pa Kaprana asre6pum Jlu ¢ (ro. VII, § 2,
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n° 1, ynpaxuenue 4). CootHoluenue (1) KoKaswiBaeT, 4TO 3TO pac-
ienJsirolas nojaJjreépa Kaprana n uTo KOpHSIMH pacluenJieHHOH

. - %
anre6per Jlu (g, h) cayxar snementsl &; —e; (i j). ITyets ho—
MHOKECTBO 3JIeMEHTOB HPOCTPAHCTBA §*, CyMMa KOOPAHHAT KOTOPBIX

B Gasuce (&;) paBra uyJio. OToGpasxkenue A —>A|bh npocrpaHcTBa %o
B b* GuekTuBHO. Takum o6pasoM, cucTeMa KOPHeH paclienJeHHoH
ajare6pel Jlu (g, b) — cucrema tuna A, (ra. VI, § 4, n° 7). Caeno-
BaTeJbHO, ajrebpa Jlu ¢ mpoctra (§ 3, n° 2, caeactsue 1 npenso-
wenus 6). Takum o6pasoM, §— npocras pacujenasemas aszebpa
Jdu runa A,

Jlio6yro pacmendsomyo nopaure6py Kaprana y” anreSpn Jlu g
MOXHO IHOJYYUTb M3 HoxajreGpel § ¢ TMOMONILIO 3JEMeHTaPHOTO
apToMoptuama (§ 3, n° 3, caencreue npepnoxenus 10). Tak kax
Aut, ¢ coBmagmaer ¢ MHOMXKECTBOM aBTOMOP(H3IMOB x —> sxs~!
agre6pu Jlu g mas s SL(V) (ra. VII, § 3, n° |, 3ameuanune 2;
cM. takxe (VII)), To cyumectByer Takoit 6asuc f mpocrtpaHcTtea V,
4TO b’ COBNANAET C MHOMXECTBOM g TeX 31eMeHTOB aire6pn Jlu g,
MaATPHIB KOTOpHX B 6asuce § puaroHaJbHbl. TaK Kak MHOXKECTBO I)B
COJLEPKHUT 3HAOMODPPHU3M, COOCTBEHHBIE 3HAYEHUSI KOTOPOTI'O NONApHO
Pa3JIMUHBl, TO €[HHCTBEHHBIE BEKTOPHBIE MOANPOCTPAHCTBA IPOCT-
pancrsa V, ycrofiunBble OTHOCHTENBHO 3J€MEHTOB by, — 9TO T€, KO-
TOPbie NOPOXKJEHB KaKUM-AHOO TOAMHOKECTBOM MHO}KeCTBa B.
Orciona caenyert, 4To oTo6paskeHue [3»——>I)fi OIpenesieT npu ¢pakKro-
pusanuu- ¥3omopdusM MHOXECTBA paaJjioxeHuil npocrpancresa V
B npamylo cymmy /-1 nmoxnpocrpancre pasMepHocTd | Ha Muo-
KecTBo paculenssioux nogajire6p Kaprana aare6pn Jlu g.

(I1) Nycte a=¢g; —eg; (i % j) — HeKoTOpL# KOpenb. Torga
g% = kE;;. Tak Kax

[Ey, Byl =E;—Ey

ua(Ey;—E;)=2, 1o (§ 2, n° 2, reopema 1 (ii))

Ha= Eii - Eii'
(II1) TlomoxmuM oy=¢€, — &y, Gy=€ —&;, ..., O =8 — &41.
Besaencreue n° 7 (I) ra. VI, § 4, Mo Bumum, uto (a4, ..., 0;) —

6asnc B cucreMbl KOpHeH R; TNOJOKHTEJbHHIMH KOPHSMH OTHOCH-
TeJbHO Gasuca B ABJAAIOTCA KOPHH &; — &; NPU [ < j; COOTBETCTBYIO-
uiast mopaare6pa Bopens b coBmagaer ¢ MHOXKECTBOM BEPXHHX
TPEYTOJIbHBIX MAaTpHI, CO CJAEXOM HYJb.

Paazom B npoctpaHcTBe V HasbiBaeTCs MHOXKECTBO BEKTOPHEIX
noxnpoctpaHcTB npocrpaHncrsa V, oramunmix ot {0} u V, KoTopoe
COBEpIIEHHO YNOPANOUEHO NO BKJIOUYEHHIO. YNOPSAOYHM N0 BKJIO-
YEHHIO MHOXKeCTBO (aaroB npoctpaHcTsa V. MakcuMaJbHBIMH
¢paaramu Gyayr muoxectsa {W,, ..., W;}, rne W;— BekTopHoe
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NOANPOCTPAHCTBO Pa3MEPHOCTH [ H
Wic...cW,

Hanpuwep, ecan V; — noanpocTpancTso B V, nopoxieHHoe 3.1e-
MEHTAMH ¢y, ..., €;, 10 {V, ..., V;} — MakcuMaabHbiil ¢.iar,

Hemenaenno mnosnyuaeMm, 4to b — MHOKECTBO 3/7eMeHTOB aJ-
re6pet JIu ¢, COXpaHsIOUIMX 3/JeMEHTbl MaKCHMATBLHOTO (hJara
{Vi, ..., V;}. Obparno, nockoabky anare6pa Jlu b comepxur b
¥ matpuusl E;; npu { <J, TO Mbl BHAHM, U9TO €IHHCTBEHHBIMH He-
TPHBHAIBHLIMH [OAIIPOCTPAHCTBAMH, YCTOHUHBLIMH OTHOCHTEABHO D,
O6YAYT BeKTOpHBIE mpocTpaHcrea V.

Ilycte & — maxkcumanbHbid @aar B npoctpaHcTee V. M3 mpe-
ABAYIIETO CJefyeT, 4TO MHOXeCTBO D amemenTtos anrebpu Jiu g,
OTHOCHTENbHO KOTOPBIX YCTOHUMBH BCe 3JeMeHThl dviara 6, — nopm-
aare6pa bopeass anre6pnt Jlu ¢. Ilockoabky Bce mogasnre6psl
Bopesass agare6pel JIn ¢ nmosnyudloTcs ¢ NOMOIUBIO 9JEMEHTAPHHX
aBTOMOpP¢$H3MOB H3 nojanare6pbt b, To MB BHJIHM, 4TO oTOOpaxe-
HHe 0+ by Oyner OMEKTHBHHIM OToOpaKeHHeM MHOXKECTBA MAKCH-
MaJbHBIX (1aroB Ha MHOXeCTBO nopanare6p bopens anre6put Jin g.

[Tycts B — 6asuc npoctpanctsa V. Beuay (I) n Bcrencrsue
npeasinywero nogaiareépamu Bopeas, copepxawmnmu 9, AsasoTCa
Te mopanrebpb, KOTOpble OTBEYAOT MAaKCHMaJbHHM ¢Jaram,
Kax bl 371eMeHT KOTOPbIX NOPOMAEH NOAMHOYKECTBOM MHOXKeCTBa .
OTu $aarn HaAXOAATCs BO B3aHMHO OJHO3HAYHOM COOTBETCTBHH
CO BCEMH COBEpIIEeHHBIMH MOPsiiKaMH Ha MHoXKecTBe . DTo COOTBeT-
CTBHe YCTAHABJHBAeTCs C/IEAYIOIHM 006pasoM: KaxXJIOMYy MOJHOMY
yIOpPAJOUYEHHIO @ HA MHOXECTBe f IOCTaBUM B COOTBETCTBHe ¢Jar
(Wi, ..., W}, rae W, — BeKkTopHOE NOANPOCTPAHCTBO, MOPOKAEH-
HOe NMePBHIMH I 3JT€MeHTAMH MHOXKeCTBA f OTHOCHTEJILHO NOPALKA o,
Tak kak umeercss (/- 1)! coBeplueHHBHIX IOPsiAKOB MHOXKecTBa P,
TO MBI MoJyuaeM Takxke, uTo cyulectByer (! 4 1)! nopanre6p Bopens
pacwensentof anre6psl Jlu (80(V), §g) (§ 3, n° 3, sameuanue).

[lyete vy — duaar B npoctpancTBe V. Tak kKak v comepxuTtes
B MaKCHMaJIbHOM (Jare, TO MHOXKECTBO P, 3/1eMeHToB aarebpet Jlu g,
OTHOCHTEJbHO KOTOPbIX YCTOHUHBH 3JeMeHTH ¢uara y, — mapabo-
Janyeckas nopasre6pa agarebpo Jlu g, ITokaxkeM, YTO eJHHCTBEH-
HBIMH HeTpPHBHAJbHHIMH BEKTODHBIMH MOJAMPOCTPAHCTBAMH, YCTOii-
UMBLIMH OTHOCHTEJbHO P, OyayT aiementol ¢aara vy. as sTord
npeanosoxuM, uro y={V;, ..., qu}, rae 1<K < ... <<l

Monoxum =0, i,4,=1- 1. Henycrboie oTpes3ku
[l0+ lv i1]7 [ll + l> i2]> BRI [lq+ l: iq+1]

3ajaloT pasbueHnme MHoxectBa {l,..., /4 1}, uT0o mosBosser
sanucaTh Kaxiyio KsajpaTHyio MaTpuuy nopsika [-+1 B Buge
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610K0B (Xop) <y pcgyr ANTEOPA P, coBmamaer, Takum 06pasoM,

¢ MHOXeCTBOM Di;- ajseMeHToB (Xg;) aare6pw Ju

i 1<a, b<g+1

© g
8l (141, k), raxkux, uro X_, =0 npu a>b. Tak xax p, . Db,
e

s L
q
TO HETPUBHAJBHLIM BEKTOPHHIM NOANPOCTPAHCTBOM, YCTOHYHBHM

OTHOCHT@NIbHO 3HOMOPHH3IMOB H3 P, ;s ABJIAETCA OIHO H3
e g

npocrpaHets V5 ecan i < i< i, , T0 aare6pa bil‘ i CONEPKUT
snemeHt E;, i m MOAMPOCTpaHCTBO V; ne coxpaHsieTcs noj aei-
cTBHEM 3TOH anreGpbl, OTKYAA cjaejyeT Halile YTBePXKIEHHE,

Takum oGpasom, 2! (h1aroB, comepKalHXCs B MaKCHMaJbHOM
¢aare {V, ..., V,}, naor Ham 2! nonapHo pasaHuHBIX mapadosH-
uecKHX TojaiareSp, cogepxamux nogaarebpy b. Tax kak cyue-
ctByer B Tousocrn 2! napaGosmumuecknx mnopanre6p, comepxkauux b
(§ 3, n®4, zameuwanue), TOo orClOla CjlelyeT, UTO Yy >, — OGHeK-
THBHOE OTOGpa’keHHe MHOXKecTBa (pJ1aros mpocTpancTBa V Ha MHo-
KecTBO npapaBoandyeckux mnomaire6p anreGpn . Boaee Toro,
p, D ¥, TOrAa H TOJBKO TOTAA, KOTHa vy v

PaccmorpuM  mapabosnuyeckyil  nojaarebpy  p = P ;
y vee q

(1<ii< ... <iy;<<l). Ilycte & (cOOTB. 1) — MHOKECTBO TAKHX
sneMeHTOB (Xap); < pcgyr @ITECPH Ju ([ + 1, k), uto X, =
npu a 5= b (coors. a>=b). Beuny npeinoxenus 13 us § 3, n°4,
Mbl noJsydaem, 4to p=8&@n u nopaJsrebpa § peAyKTHBHA B Npo-
cTpaHCTBe , a N sBIsieTCst cpady M HAaHGOJNbIUHM HHJIbIOTEHTHBIM
HieaJoM, U HWJILIOTEHTHLIM pamukas’ioMm alrebpu JIn g.

(V) Myers &,=¢ 4+ ... +e npu r=1, 2, ..., Toraa
d)i(Hai)=6,-,~, a CJAel0OBaTeJbHO, &, — dDyHIaMeHTaJbHLII Bec,

COOTBETCTBYIOUIHH KOPHIO .
[Tycth 0 — TOKAeCTBeHHOe npejicTaBieHne aare6pw JIn g B npo-
crpaucre V. Buewnss crenedbp A0 npeacraBienus ¢ jgeHcTByer

B npocrpaHctBe E= A"V. TIlycts (e, ..., e;4;) — OHKCHPOBaH-
gulll 6asuc B mpocTpancTBe V. SdeMenth e, N ... Ney, rne
i< ... <li, obpasyior 6asuc B npocrpancree E. Ecan he b, 1o

(A’cr)(h.).eil VAN /\eir=(8i1+ —l—s,-r)(h)eir/\ o /\e,-r.

CaenoBaTesbHO, KaX/IHil Bec uMeeT KpaTtHocTs 1, &, — Bec npej-
ctaienus A6, u mo6o# Apyroff Bec umeeT BHA &®,—M, T U — IO-
JIOXKHUTENbHBI pajHKadpHEA Bec. TaknMm ofpasoM, &, — cTapluuii
Bec npejcrasiennss A0 H ey A ... A e, — NPUMUTHBHBHI 3JeMeHT,
orpeuaomufi  gaumomy crapuieMmy Becy. Beaepcrue n°7 (IX)
r. VI, § 4, rpynna Beillist 8 paccMaTpuBaeMoM cayuae OTOXKIECT-
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BJIsieTCsl C CHMMETpPHYECKOH rpynnoH sneMeHTOB

{81, ey 81+|}.
ChnenoBaresnbno, opbuTa Beca @, OTHOCHTenbHO rpymns Beitna co-
CTOMT H3 BCeX BeCOB & + ... +¢&, rae i< ... <i. Takum
o6pa3oM, BecaMH IPOCTOro MOAYJS, NOPOXKIEHHOrO IIPUMHTHBHBIM
aneMeHTOM e; A ... A e, OyayT Beca BHIA g + ...+ g, M, Cae-
A0BaTeqbHO, caM MoAyJab copnagaer ¢ E. [Tostomy Ao — wenpu-

godumoe npedcTasienue co CTApUIUM BeCOM @,.
TakuM o6pasoM, npencrasiaenus Ao (1 <r <!) dynnamen-

I+1
taiapHee. [Ipu stom dim Ao = .

r

(V) VimeiloT mecTo paBeHeTBa wy(a)) = — oy, @y (@) = — oyj—y, ...
(r1. VI, § 4, n°7 (XI)); cienosatenbHo,
— wo (@) =&y, — Wo (D) =By, ....
[Tycrn
0)=n]6)]+ +n[(?)l (nl,...,nlEN)

— HEKOTOpHIH JOMHHaHTHBIH Bec. Torma gns Toro, 4To6u Hempu-
BOOIHNMOE Hpe,ILCTaBJIeHHe cO CTaplLIPIM BECOM ® OBLIO OpTOTOHaJIb-
HbIM HMJH CHMILIEKTHYEeCKHM, HeOGXOMHMO H [OCTATOUHO, YTOOB!

N =N, N=—HN—15 «..

(§ 7, n°5, mpemioxenne 12). B dacTHOCTH, ec/u [ 4eTHO, TO HHU
OflHO (yHOaMeHTANbHOe mpefcTasienue anrebpel Jlu 8L (14 1, k)
He dBJSIETCS HH OPTOTOHAJBHKM, HHM CHMILIeKTHUeCcKUM. Ecun
[ weueTHo, To npexacrasienne A'c npu i = ([ + 1)/2 ue siBasietcs
HH OpPTOrOHAJbHBIM, HH CHMILIEKTHYecKMM. Beiegcrsue n° 7 (VI)
ra. VI, § 4, cyMMa KOOpAMHAT Beca @ OTHOCHTEIbHO CHCTEMH

NMpocTuIX Kopuel (o, ..., @;) paBHa

1 [i41 1—1 [41 141
o (2 o+ )+ (et )] =
— 1 {41

=142+ ... +—’-—2,—+~f;—,
rak uto npeacranienne AYT"2c spasercss oproromaabHEM Iph
= —1 (mod4) u cumniekTndyeckum npu /=1 (mod4) (§ 7, n° 5,
npepioxene 12). ITOT nocaeAHuil pe3ysabTaT MOMKHO YTOYHHTH
crenyomuM o6pasoM. BrifepeM HeHyJseBOil ajleMeHT € B NPOCTpaH-

! .
cree A'T'V. Vunoxenne Bo BHemHeft asire6pe moayas V ompe-
gensieT GuJHHeliHOe 0TOOpaXeHHe TPOCTPAHCTBA

A([+l)/’3 V >< A(l+])/‘2 V

(+1n2
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Ha MNPOCTPaHCTBO ATV, kotopoe sanmchBaeTcss B BHIe
(u, v)—> D(u, v)e, rne O — GununeliHas ¢opMa Ha npocTpaH-
cree AT V. Henocpeactsenno npoBepsercs, uto @ — He-
HyJeBas (-HHBapHaHTHas (a cJefoBaTe/bHO, HEBHPOXK/AEHHAS, CHM-
MeTpuueckasi, ecau (/-4 1)/2 ueTHO, H 3HaKONepeMeHHas, eCc/H
(! + 1)/2 neuerHo, dopma).

(V1) TIpu Bcex x & g XapakKTepUCTHUYECKAN MHOroYJaeH 3HAOMOD-
¢dusma o(x) = 3anucHBaeTCs B BHIe

T+ F )T+ T2 4+ fre (),

rae fo, ..., fr41 CyTh Q-HHBAapHAHTHBE TOJHHOMHAJbHbIE (YHKIHH
(§ 8, n°3, asemMa

Ecau x=§5E;; 4+ ... +&41E/i1, 1419, T0 ¢ TouHOCTBIO A0
sHaka (GyHKUHH f,(x¥) COBHAZAIOT ¢ 3AEMEHTApHBIMH CHMMeTpHUe-
CKAMHM (YHKIMAMHE OT &, ..., &;4 cTenened 2, ..., 4+ 1 cootser-
ctBenno. Beuay n®7 (IX) ro. VI, § 4, dyukuuu f;|9 nopoxpaiot
anre6py, COCTOSILYIO U3 3/7eMeHTOB B S (h¥), HHBapHaHTHBIX OTHOCH-
TeAbHO rpynnbl Befins, n oHH aareGpanuyecKH He3aBHCHMHL. TakdM
obpasom (§ 8, n°3, npepnoxenue 3), Gyurunu [y, fa, ..., f11
MOPOXKAAIT anredpy HHBAPHAHTHHIX MOJHHOMHMAJBLHBIX (YHKIMH
Ha § M ABAAOTCH afreGpayuecKd He3aBHCHMBIMH,

“(VII) Tlyers @p(g)=0q(g) npu awbom g=GL( 41, k) —
aBTOMOphuaM x +—> gxg~! anre6psl Jlu ¢. Toraa ¢ — roMoMopbhusm
rpynnst GL (I + 1, k) B rpynny Aut(g). Mmeer MecTo paBeHCTBO

@ (SL (I + 1, k)) = Aut, (g)

(VII, § 3, n° 1, samexanue 2). TlycTh k — anreGpanmueckoe 3aMbl-
Kanue noaa k. Torpa

GL(/+1, ky=Fk*.SL(+ 1, k)

caenoBatensho, @ (GL (141, B))=q; (SL (I+1, k))=Aut, (g ®, k).
Otciona caenyer, uro @(GL (I + 1, k)) = Auty(g). C npyro#i cro-
poubl, Auty(g) =@ (GL(/ + 1, k)) BBuAY npemnoxenns 2 u3 § 7,
n° |, npUMEHEHHOr0 K TOXIECTBEHHOMY MpeJCTaBJeHHI0 anrebpol
JIn ¢. 3naumr,

Auty () =@ (GL (I + 1, k).

SdapoM romoMopduaMa ¢ sBASETCS MHOKECTBO 3/eMeHTOB
rpynosl GL (I 41, k), mnepecTaHoBOYHBIX €O BceMH MaTpUilaMH
nopsiaka [+ 1, 1. e. MHOXKeCTBO k* OGpaTHMbIX CKaJMAPHLIX MaTPHIL.
CrnepoBartenbno, rpynna Aut;(g) oroxkpmecTsasercs ¢ TPynmnoH
GL(I + 1, k)" =PGL(+ 1, k). Sapo romomopduamMa ¢ =
=¢q@|SL (I + 1, k) paBrO P4y (k), rae pys; () — MHOXKECTBO KOpHEH
(I 4 1)-& crenenn u3 exaununpl B nose k. ChaegoBaTenbHO, Ipymna
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Aut,(g) oroxknectsasercs ¢ rpymmoit SL ({41, &)u, (k) =
=PSL(/ 4+ 1, k). C npyrofl cTOPOHH, HMEETCS TOUHAsI HOC/IENOBa-
TENbHOCTh

1o>SL(+1, B> GL{I+ 1, k) =5k 51,

u o6pas k' npu romomopopusme det cosmamaer ¢ R+l Orciona
BHITEKAIOT KaHOHHUYECKHE H30MOPGhHIME

Aut, (g)/Aut, (g)—>PGL (I + 1, k)/PSL (I + 1, k) —>
—>GL(+ 1, )/ SL{L+ 1, k) —> bR+,

Ecou k=R, mw Bujum, urto Auty(g) = Aut. (g) npu neuetnom [ -k |
u yrto rpynma Aut,(g)/Aut.(g) usomopdbua Z/2Z npu uernom [+ 1,
B oGosnauenusx § 5 [(Tg) ecTb MHOXKecTBO aBTOMOPGHH3MOB

anareGpn JIM g, HHAYUUDYOUNX Ha nmojajare6pe Y ToxKAecTBeHHOe
oToOparkeHue, H, CJE€H0BaTENbHO, 3TO MHOXeCTBO paBHo @ (D), rue
D — MHOXKECTBO juaroHaJbHmX Mmatpuu rpynnel GL ({4 1, &)
(§ 5, mpemnoxenue 4). Ilycts D’ -— MHOXKeCTBO JHaroHa/bHBIX
saemenToB B rpynne SL (/4 1, k). H3 npennoxenus 3 § 5 u us
onpenenchus rpynnu Aut,(g) caenyer, uto f(q(Tp)) < @(D’). Ilo-
kaxeM, uto [(q(Tp))=¢ (D). Iycts

2 0
d= '
0 Apr

— asnement u3 D’. CymectByeT Tako# anemenT { = Hom (Q(R), &)=
=Tq, uTo Z(e; —e;)=A/A;" npu mobbix i n j. Jlerko mposepHTs,
uto [({f) =g (d). Beupy n°7 (VI ra. VI, § 4, rpynna P(R)
nopoxkjeHa MHOxecTBoM Q(R) u 3neMeHTOM €==g;, 06pa3s KoTo-
poro B dakroprpynne P (R)/Q(R) umeer nopsnox [+ 1. Ho

I+ De)=C(e;~e)+(er—e)+ ... +(e1—g))=
=A==l

¢/eJ0BaTeNbHO, TOMOMODP(hI3M { IpoosskaeTcs 10 roMoMopduzma

rpynma P(R) B k% 23To nokasmuBaer, uto (& q(Tp), OTKyna
¢ (d) =f(q(Th). -

Hanomuum (§ 5, n°3, cuaegcTsue 2 NpeasoXxkeHHs 5), UTO
Aut(g)=Auty(g) npu /=1 u uro rpynna Aut(g)/Auts(g) u30-
Mopbua Zf2Z npu [Z>2. Otobpaxkenue 6: x+— — 'x sBasieTcs
aBTOMOp¢iaMoM anrebpul JIu ({4 1, &), 1 ay=06|) e W, ecan
1222 (ra. VI, § 4, n°7. XI); caenoBaTeabno, KJacc veMeHTa
B dartoprpynme Aut(q)/Aut,(q) — HeTpuBUAIBHBIA 3.neMeHT 3TOR
daxTtoprpynns (§ 5, n° 2, npennoxenue 4).
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(VIII) Orpauuuenne ¢opmpl Kusiuura va nopgasnarebpy Kap-
taHa ) uMeer BHA

q)(glEll—l— te +§I+I I+ 141 §/E11+ : +§;+IE1+I.H—I)=
=L E&—g)E—E) =2 ¢ ) (€)=

DT 0 Te 2 (58) (54) =

=20+ X2EE
(IX) Tlpu 1 << l<]<l+ | nmosoxum
Xet—ej = Eii, Xej—ei - Eji~

Torna pnst mo6oro a € R BHNoJHAITCS paBeHCeTBa [Xq, X o] = —H,
n 8(X,)=X-, (rme 68— asromopduaMm x+—> — ‘x, BBeseHHBI]
B (VII)). CnenosareasHo, (X,) ~ cucreMa LlleBaase pacuensen-
uoit anare6pnl Jlu (g, b).

[Tosoxum k=Q. Jo3BoseHHBIMH pemeTKaMﬂ B InopaJre6pe
Kaprana b (§ 12, n° 6, onpepenenue 1) fBARIOTCS Te, KOTOPHIe
cogepkatcest Mexay Z-moayiem Q(RV), nopokaeHHBIM 3/1€MeHTaMH
E,;—E;i1 i+ T. € 06pa3oBaHHBIM AHATOHAJbHBIMH MaTDHILAMH
us sl({-+ 1, Z), u Z-monyaem P (RV), nopoxaeHHBHIM MHOXKECTBOM
Q(RV) u By — ({++1)™" X By (v, VI, §4, 1°7, VIII), 7. e. o6pa-
30BaHHBIM JHaroHa/JIbHBIMH MAaTPHIIAMH CO CJelOM HyJb BHAA
x4+ (4 l)hla I, rhe Koap¢uUHEHTH MATPHUB X — I{eJble YHCJA
urae asZ. OTClO[_la cneayer, uro anare6pa 8l ([ -+ 1, Z) asasercs
nopsgkom Ilesasse pacmensennoil anre6psl JIu (g, b), accoumun-
poBaHHEIM ¢ jpo3BoseHHOH pemerkol Q(RY) m ¢ cucremo#t Hle-
Baste (Xg). Jlerko nposeputs, uto A'ZH — JONycTHMasl pelueTka
B npocrparctee A'QY' ormocuresvno SL(I--1, Z) (§ 12, n°8,
onpeaeieHue 3).

C npyroit cropous, ¢i(l+ [, Z) — mopsinok IlleBaase B pac-
ulenJeHHON peAyKTHBHOR ajarebpe JIu gl (/4 1, Q); ero npoekuus
Ha 8l(/ + 1, Q) napaanenpHo ueutpy Q. ! aare6pu JIu gl ({4 1, Q)
ectb nopapok IlleeaJuie pacuiemieddoit aare6pu Jlu (g, h), onpe-
AeJCHHBI A03BOJIEHHOHA peletkodi P(RY) B npocrpaHctse ) u cH-
cremoi [lleBase (Xa) 3ameruM, uto ajarebpa Jlu gl ({41, Z)
He coBHajaer ¢ npaMoil cymmoft cBomx nepeceueHuil ¢ 8((/+ 1, Q)
H ¢ leHTpoM ajire6pu gi(/+4 1, Q).

aesR

2. Anze6pet Iu Tuna B; (1>1)

(I) Hycre V — KoHeuHOMepHOe BEKTOPHOE IIPOCTPAHCTBO, a
W — HEBBIPOXKJE€HHASl CUMMETpUUecKass Ou/HHelHas dopma na V.
MHoxecTBO 3HAOMOPGH3IMOB X mpocTpaHcTBa V, TaKuX, 4TO
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¥ (xv, ')+ Y (v, xv')=0 mnpu awbmx v, v’ <V, —noganrebpa
anre6pet Jiu 8((V). dra nopganrebpa nonynpocta, ecin dimV =% 2-
(rn. 1, § 6, n°7, npennoxenue 9). O6osnauun ee 4epes o(¥) u Ha-
308em opTO2OHAAbHOL aazebpoll Jlu, accoyuuposarnoli ¢ gopmor W.

Tpegnonoxum, uto V — NpPOCTPAHCTBO HeueTHOH Pa3MEPHOCTH
2l+1>=3, a ¥— popma ¢ MakcuMaabHeiM uHAeKcoM [. OGosHa-
yuM yepe3z  KBajpaTHuHyio GopMy, ¢ KOTOPOH accomuupoBaHa
6unnneiinas dopma W. Ilpu x<= V wmb nosnydaem, yto Q{x)==

=%‘1’ (x, x). CornacHo Aze., ra. IX, § 4, n°2, MBI MOXeM mpes-

CTABUTH TPOCTPaHCTBO V' B Buje NPAMOH cyMMbl ABYX MaKcHMaJb-
HBIX BIOJHE H30TPONHBIX TMOANpocTPaHcTs F i F' u HeH30TPOMHOro
0 HOMEPHOro mojanpoctpadHersa (G, opToroHalsHoro K F 4 F’.
C To4HOCTBIO A0 yMHOXeHUs PopMel W Ha HeHyJeBYIO KOHCTAHTY
MOXKHO TPeNON0XKUTh CYIIeCTBOBAHHE TaKOro 3JeMeHTa e e (G,
uto Wie, ) = —2. anee, ¥ ycranaBnuBaer JBOHCTBeHHOCTh
mexay mnpoctpaHctBamu F u F’; mycts (€:), <1« — Oasuc mpo-
crpauctsa F u (e—;),<;, — AyatbHbil K Hemy 0asuc mpoctpaH-
crBa F’. Torna

(e, ..., €5, €, €=y vvny £-y)

— Gasuc mpocrpaHctea V u
=l
— 2
QT re)=—F+ T r,

nostoMy Matpuueil Ouandeiinoft dopmer W B 3tom Gaszuce 6yger
KBajpatHas MaTpuua nopagka 2/ -4 1

(0 0...0 1

0 0 s 0 0...10
S=1{0 —2 0], s=f- -+« +« .« .« %,

s 0 0 01L...00

1 0...0 0

Tje § — KBaZpaTHas Martpuua nopsajaka [, sce KO3QdUIHEHTH KOTO-
poH paBHH HYJO, KpoMe TeX, 4YTO pacHo/joxeHb HA OOO6OYHOH
auaroHanu ') u pasusl 1. Basuc mpocrpancrsa V, KoTopwii 06ia-
JaeT 3TUMH CBOHACTBaMH, OyneT HasmBaThcsl ero 6asucom Burra.
Takum ofpasom, asareGpa Jlu g=0(¥) oToxnaecTBasieTcs ¢ aja-
re6poii Jiu 0s (2! 4 1, £) kBagpaTHmx MaTpun a nopsagka 2/ 4 1, pas
KoTopux a=— S 'aS (Aze., ra. 1X, § 1, n° 10, dopmyast (50)).

1) Mobounoli ZnaroHaabo KBALPATHOH MATPULH (a”)l<i 1<n Ha3bBAETCH
=h
MHOKECT BO JEMEHTOB a;;, [Ae i+j=n+1
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Jlerko BbIYHCJINTH, YTO § — MHOMECTBO MAaTpHL, BHAA

A 2'cx B
Yy 0 x|, 2)
C 25y D

rae £ ¥ y — MaTpulibl, cocrosiyde H3 | cTpokd u [ croabuos, a
A, B, C, D — rakne KmajpaTHbie MaTpuibl nopsgka [, uro B=

=—s'Bs, C=—s'Cs u D= —s‘As. Tak kax oTto6GpaxkeHHe

A +—>s'As npoctpasctea M, (k) B ce6s — 5To OTpaxKeHHe OTHOCH-
TeJbHO MOOOYHOW AWarcoHaJJdd, TO

d1mg——2[+l2+2 —1(21+l)

[TycTh ) — MHOXKECTBO jMaroHajbHBIX 3jeMeHTOB aJare6per Jlu g.
3To KoMMyTaTHBHaa NojaJarebpa aJ'II‘eﬁpr JIu g, 6asuc KoTopoi
COCTOUT H3 3JEMEHTOB

H,=E,;,—E-; - (1<i<)).

ITycts (e;) — Gasuc npocrpancrtsa b*, myanpubit K Gasucy (H;).
[Mosnoxum

=2E; 0+ Eo, -: (1<i)),
X o=—2E so—Eq: (1<i<I),
Xe—e; =Eij—E—j 1<i<ig,
Xejo, =—Ei+Eoroy (1<i<j<D, ®
Xsi+s]=Ei,—]—E,-,_,- (I1<i<kikl,
Xoge, = —E_j i + By (1<i<i<I).

Jlerko mnpoBepuTb, 4YTO S5TH 3JaeMeHThl o6GpasyioT 6asuc mopnpo-
CTPaHCTBA, IONOJHHUTENBHOIO K D B MpOCTpPaHCTBe §, H YTO eCIH
hsh, 10

(2, Xa] =a () X, (4)

ans o6oro a & R, rae R cocrout u3 +¢; v e, +¢; (1<i < j<).
Orciona BoTeKaeT, 4ro nomanare6pa h coBmajgaer co CBOHM HOD-
MaJii3aTopoOM B aﬂreﬁpe Jin ¢ (a caemoBaTesbHO, OHA — MOAAJ-
re6pa Kaprawa B ) ¥ spasercs pacuenasiomed nogaarebpoii,
a KOpHH pacmemieHnoll aarelpu Jiu (g, b)) — snementn 43 R. Cu-
creMa KopHeil R pacuweniednoit anreOpu JIu (g, ) mmeer tun B,
npu 1 222 u tan A; (uuaue ropops, Tin By) npu [==1(n°5 (1) ra. VI,
§ 4, pacnmpocrpanenHbli Ha cayuaii [=1). Cunenosare/abHo, §—
noaynpocras pacwenasemas areebpa Jlu tuna By
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Kaxpas pacwenasionias nogaireépa Kaprana anre6pe Jlu o (¥)
nojsydaercss W3 b ¢ moMmollblo 3/7eMeHTapHOro aBToMopdusma an-.
re6poi JIn 0 (¥), 1. e. ¢c noMouibio aaeMenta rpynnsl O (W) (eum. (VII)).
CaegoBaTenbHo, paculetlisitonell nojanreGpoit Kaprana 6ynet MHo-
KECTBO TeX 3/eMeHTOB b, aareGpur Jln , MaTpHLbl KOTOPbIX B He-
KoTopoM Gasuce Butra P mpoctpaneTrsa V guaronanbubnl. Cpasy xe
npoBepsieTcs, YTO eJMHCTBEHHbIMH BEKTOPHBIMH OANIPOCTPAHCTBAMH,
WHBAPHAHTHBHIMH OTHOCHTEJbHO Dg, SIBASIIOTCH Te, KOTOpbie nopo-

XJAeHb HEKOTOPHIM MOAMHOMKECTBOM Oasuca B.

Ecau [=1, to y aare6p o(¥) u &((2, k) oaunakoBsle cHCTEMB
KopHeil u, cleAoBaTenbHO, oHH U30MOpdHE! (M. Takxke § 1, ynpax-
neude 16). C storo mMomenta Mpi Oyaem upeanogaaratb, 4910 /2 2.

(I1) C momowpio 1°5 (V) us ra. VI, § 4, onpenenaum cucremy
kopue#l RY. Msi noayyaeMm, urto

He, =2H;, Hei—aj =H;—Hj, He 4o, =H;+H,.

(I Tlonoxum oy =¢g,—s,, ..., O;—) = &;—| — &;, &; = €;. BRUAy
n°5 (II) ra. VI, § 4, (o, ..., a)) — Ga3uc B cucteMsl KopHell R;
I0JI02KUTEJbHBIMY OTHOCHTEJNbHO Ga3uica B SABJASAIOTCS KOPHH €; H
g; = ¢; (i < j). CoorBercTBylowas noxaareépa Bopeas b— ato muo-
JKECTBO BEePXHHX TPeyroabHbIX MaTpuiy aaredpsl JIu g.

HenocpeacTBenHo mnpoBepsieTcsl, YTO €AMHCTBEHHBIMH YCTOYH-
BHIMH OTHOCHTENBHO Moganrefpsi b BeKTOPHBLIMH NOANPOCTPAHCT-
Bamu npoctpanctsa V, otauunbivu ot {0} u V, ABAAIOTCA 3/1€MEHTHI
MaKcuMaJ/bHOro (Jara, CooTBeTcTByloWero Gasucy (e;), T. e., ¢ 04-
HOH CTOpPOHBI, BIOJHE H30TPONiHBle moampocTpaHcTtea Vi, ..., .V,
rge V, mopoxpeHo BeKTOpaMm# e, ..., €;, a C APyrod cTOpPOHHI, Op-
TOroHaJbHble K HUM mnogmpoctpadersa V.-y, ..., V., The opro-
roHanbHOe K V,; mpoctpaHcTBO V_; HOPOXAEHO BEKTOPAMH €&y, ...
cevs €1, €0, €y o ..y €—;— ¥ HE sIBIsICTCS BIIOMHE H30TpONMHBIM. OHaKO
ec/ii HEKOTOpOe BEKTOPHOe MOANPOCTPAHCTBO YCTOHUHBO OTHOCH-
TelbHO KAaKOTO-TO 3JeMeHTa H3 aare6pnl JIM §, TO OTHOCHTE/IbHO
STOTO 2JIeMeHTa yCTOHUMBO H OPTOTOHaJibHOE AOIOJHeHHE K 3TOMY
nognpoctpaHcTsy. CaenosaTenbHo, nogasnreépa Bopeas b cosma-
JaeT C MHOXKEeCTBOM 3JEMEHTOB aJu"e6pb1 Jln ¢, oTHOCHTeJIBHO KO-
TopbiXx ycroituus ¢aar {Vy, ..., Vi}.

CxkaxeM, uTo aar usorponex, ecjd KaXAblf ero saeMeHT 4B-
ASieTCst  BIOJAHE H30TPONHHIM MOANPOCTPAHCTBOM. ®aar {Vy, ...
. V} — MakcuMaJ/bHblil u3oTponusiit daar. Tak xak rpynua Jlu
O(‘I’) JeHCTByeT TPAH3UTUBHO M Ha mnopanre6Gpax Bopens aarebpw
Jlu ¢ (cp. (VII)) u Ha MaxkcumaabHblX H30TpOmHmIX daarax (A.e.,
ra. 1X, § 4, n°3, Teopema l), To MBI BMIHM, UYTO IJf KaxJOro
MaKCHMa/abHOTO H30TpomHoro ¢.ara 6 mnpoctpancTBa V muoxe-
crBo By ssnemenToB aareOpul JIM @, OTHOCHTENBHO KOTOPBIX YCTOH-
yuBbl 3JeMeHTBl (aara &, smasiercs noaaareGpoit bBopeas B g,
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a 0 +—> by — GuekTHBHOE OTOGpaXKeHHe MHOXKECTBA MaKCHMAJbHBIX
M30TPONHLIX )JAroB HA MlIoKecTBO nojaaredp Bopess anre6pst J1u g.

Tlycte 6 — u3otponubil ¢aar, ¥ NycTh Ps — MHOMKECTBO 3Jie-
MeHTOB aJaredpel JIM ¢, OTHOCHTENbHO KOTOPHIX 3neMeHTH dJara &
yerofiunBul, Ecom 6 = {Vy, ..., V,}, To py — napaGoanueckas noa-
anre6pa anreGpnl Jlu g, cogepxaurag b, ¥ nerko NMpPOBEPHTH, 4TO
€AHHCTBEHHLIMH YCTOHUMBLIMH OTHOCHTEJNbHO NMOAANTEGDH Py BrOJHE
M30TPONHLIMH TojnpocrpancrsaMu = {0} 6yayT snementsl daara 6.
Takum o6pasoM, mpl noaydaem 2° napaboJHYecKHX mnopaaredp
B 4, cogepxamwux b. Kak u Bolllle, Ml BHIHM, 4TO &+ —> Ps— GHex-
THBHOE OTOOpakeHHe MHOMKecTBa H3OTPONHHX (JaroB mpocTpaH-
crBa V Ha MHOXKecTBO napabonudeckux nomanrebp anreGpnl Jlu g.
Bosiee Toro, Py O Py TOrAA 1 TOJBKO TOTZa, KOTAa & <= &,

(IV) Coraacuo o, VI, § 4, n°5 (VI),
;=g -+ ... +g a1<igI—1),
_ 1
0] =-2‘(81+ )

— ¢dyHlaMeHTanbHble Beca, COOTBETCTBYIOIIHE MPOCTHIM KOPHSM
@, ..., ;. TIlycTb 0 — ToXKjecTBeHHOe IIpeAcTaBaeHye ajrebph
Jlu ¢ B npocrpancrse V. Buemnss crenens Ao peficTsyer B npo-
crpanctee E=A"V. Ecau A<, 10

g(h).e,=¢;(h)e; nmpu —I<i<l

Orciona craeayer, uto npu 1<{r<Cl ¢+ ... -+ & — crapmui
Bec npeactasienus Ao, unpuuem sJeMeHTH Beca & + ... + &,
NpONOpLUHOHAJBHE BeKTOpY e; A ... A e, Mu nokaxem ceiuac,
uro npun 1<<r<{I— 1 npedcrasarenue N0 — pyndamenrarsroe
npedcrasaerue aree6po. JIu g co crapuwum secom ®,. Has 3toro
JOCTaTOYHO MOKa3aTb, 4TO MpeacTaBieHde A’C HeNnpuHBOAHMO NpH
0<r<{2[+ 1. Bununeitnas ¢opma ® na npocrpancrtee A’V X
X A2V, onpegenennas ¢opmysolt

xAy=0(K, yles A ... NegNegAe—y A ... Ne-y,
HHBApHAHTHA OTHOCHTeJbHO aareGpwu JIM g H ycTaHaBnuBaeT JBOH-

cTBenHocTh Mexay npocrpanctsayMu AV i AT V. Caenosa-
TeMbHO, npeicraBaenne Ao ayaavuo npexacrasaeHuio A TI7o,
M JOCTATOYHO JAOKa3arTb, uTo npeacrasienus A’c npn 0<Cr <!
HeNpUBOAUMDI HJH, XO0TA 6B, YTO HaWMeHbllee nopnpocrpancrso T,
npocrpancrsa A’V, cogepxainee BekTop e; A ... Ae, H yCTOH-
4iBOe OTHOCHTEJbHO anreGput JIM ¢, coBnamaer co BceM NPOCTPaH-
cteoMm A'V. 3Brto nenmocpexpctBenmHo BuaHo npu r=0 u r=1
(em. dopmyny (2)). Tlpu r =2 (cnemoBaTeiabho, [>>2) npeacra-
piedne A?0 W npHcoeduHeHHoe mnpejicTaBicHHe aare6pel Jlu g
(koTopoe HempuBOANMO) UMEIOT OAHY 1 Ty e Pa3MEPHOCTb
[2l+41) u omguu u TOT XKe cTapwHil Bec & e, (ra. VI, § 4,
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n°5.1V). Otciona Mbl aenaeM BIBOX, YTO npencrtasinetue A%c sxeu-
BANGHTHO NMPUCOEOUHEHHOMY Np20CTaABAEHU'O U, CNeA0BATENbHO, He-
IPUBOAUMO. DTO JOKA3HBaeT Hallle yTeepxaeHue npu [=1u[=2,

[MposeneM wuupykuuio 1o [, mpeanosaras, yro [=r>3. 3a-
MeTMM cHauaJja, 410 ecau W — HEH3OTPONHOE NOXIPOCTPaHCTBO
B V HeyeTHO#l pa3MepHOCTH, OPTOrOHaJbHOE nopnpocrpancTey W/,
To orpanuyedune ¥y ¢opme W Ha W HeBbIpOXKAeHHO H anrebpy
JIn o(‘FW) MOKHO OTOXKJECTBHTb C mnojasnre6poit B g, o6paso-
BAHHOH 3JeMeHTaMH, KOTOpHe JAeicTBYoT Ha W’ HyJesbiM 06-
pasoM. Ecau dimW < dimV u ecau Wy — dopma MakcumanbHOro
UWHIeKCa, TO H3 NPEANONONKEHHs HHAYKUMU CIENYeT, HTO MPoCTpaH-
cteo T,, colepxaliee HeHy.JIeBOH aseMenT Buaa w’ A w, fIe
e N W u we AW 0<<k<r), conepxmur Ttakke © A
AN . Ieiicrutensno, a.(w Aw)=w Aa.w 1upu Bcex
aso(Vy). Hdoxkaxkem Tenepb uupykuueid no p<(0, r), uro npo-
ctpanctBo T, CONEPIKHT 3JE€MEHTH

x=e; A\ ... /\e,-r_p/\e,-l A ... /\e,p

mpr 1< < vl <L, < n —IK<)i< ... <Jp 0. Tlpu
p =0 3T0 CJeIyeT U3 HENPHBOAUMOCTH AelcTBus aaredpu Jlu gl (F)
B npoctpanctee A'F (n°l), tak Kak B anreGpe Jlu § comepkarcs
9JIeMeHTbI, OCTaBJISIOIHE YCTOAYUBBIM MOANIPOCTPAHCTBO F=V,=

= Z ke; v MHRAyUMpYIOIIME HA HEM IIPOU3BOJbLHBIH HAOMOPOU3M

(CM (bopmyny (2)). Ecu p=1, 1o nyctb ¢ = (1, [) — Takoe yucjo,
uto g% —ji u 4T0 cymectsyer Ae&(l, r— p), ILJs KOTOPOro
g=1i,. Ecau p=2, 10 mycts ge(1, [J—rakoe uucmo, 4ro
—q&{j, ..., j,}. C TOYHOCTHIO [0 HepecTaHOBKH 3JEMEHTOB &
MOXHO NpejroJsaraTb, 4to ¢ == 1. Torga Bo3bMeM B Kauectse W npo-
CTPAHCTBO, OPTOrOHa/MbHOe K mpoctpancTBy W' == ke, + ke_|. Ecau
p=1,10 x=e, AN ~'W; Tak Kak npocTpaHcTBo I, COXEPKHUT
BEKTOD & A ... A e, TO MH BUAHM, uTO I, COAEPXKHT BEKTOD X.
Ecan p>=2, o uti x=e_, AN ™'W, umu xse, A ey A N W,
Tak kak 110 npeAONOKEHUIO HHAYKIHA IPOCTPaHCTBO T, COEPKHUT
e NN ... ANe,yHme_ s ANeg Aes A ... A é—o TO Mbl BHAHUM,
4yTo I, COREpPXKHUT BEeKTOp x. DTO 3aBepllaeT A0Ka3aTe/bCTBO.

llpyroe JA0Ka3aTe bCTBO HENPHBOAHNMOCTH MNpeAcCTaBaCHHA ArO' CM.

B ynpaxHeHHu 6.
Tenepy Mpt onpenenuM ¢GyHaaMeHTaJbHOE IIpeACTaBJACHHE CO

CTapuiuM BecOM ;.

Jdemma 1. I[Tycre V — Koneunomeproe 8eKTopHOe RPOCTPAHCTSO,
Q — nesoipondennas keadparuunas popma na V, ¥ — Ouiuneinas
cummerpuseckas Gopua, accoyuuposannas c¢ gopuot Q, C(Q)—
areebpa Kaupgopda npocrpancrsa V orHocureavno gopror Q u
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fo — KoMnosuyus Kanonuneckux oTobpaxcenud
o (B) > g (V) > VRV > VRV —>CH Q)

(nepsoe orobpanenue — KAQHOHU4ECKOE BA0JCeHUe, TpeTse oTobpa-
HEeHue onpede/zeno € NOMOWYLIO KAHOHUHECKO20 U30M0pphusma npo-
crpancre V' u V, ycranasaueaemoeo ¢opmoii ¥, a uerseproe —
c nomouybro ymnomeuu}z 8 aseebpe C(Q), cM. A/ze ra. 1X, § 9,

n°l)., Hoaomuu f= fo
(i) Ecau (e,), (er)—— rakue Oasucet npocrpancrea V, 4ro
¥ (e, e;)=20,, 1o fo(a)=2(ae,)e: npu scex a< o (W)
r

(i) Ecau a, b=o(¥), 1o 2. (ae,)(bel)=— X (abe,)e.

(iii) Ecau acso(¥) u veV, ro [f (@), v] =av.
(iv) Ecau a, b o (¥), 7o [f(a), [(O)] =] (la, b]).
(v) Muomecrso [ (o(¥)) nopoxdaer accoyuarusnyro aszebpy

Cc* Q).
(vi) [Tycro N — Hexoropolli sesotil C* (Q)-m0dyrs u p— coor-

seTcreyrowuti eomomoppusm aseebpol C*(Q) s End,(N). Tozda
po [ — npedcrasaenue arzebpor JIu o(¥) e npocrpancree N. Ecau

N — npocroti C” (Q)-m0odyas, To npedcrasaenue pof Henpusodumo.

Yreepxkaenue (i) ouesupuo. Ecin aq, b=o(¥), o (monaras
¥(x, y) =<, v)

Z (ae,) (be;) = ) Zs:t (ae,, e (be], e,)ee;=
= r’zs;t (e,» aey)(e;, beyee;= szt (ae;, be)ee;=
= — SZ: (e, abe)ee;=— Zt: (abe,)e,

uTO JOKa3nBaeT yTBepxkaenue (ii). Jaaee, BBHAY (i) AAA KaxAoro
veV uMeeM

[ (@), ol =+ Z ((ae,)elo — v (ae,) ) =
Z ((ae,) e/v + (ae,) ve, — (ae,) ve, — v (ae,) e]) =
=3 Z((aexeﬂ ) = (ae, vyel) =
‘ a(z (@, v)e,)+ -;—Z@,, av)el =

2
L
2

1
av+ 3 av=av,

I
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uTo AoKaswmiBaeT yrteepxkpaeHue (iii). Temeps

[ (@, [ (6) = [f (a), %Z (be,) e:] (epnay (i) =
= Z ([F (@), be,Je;+ (be,)[{ (a), &]]) =
— 1 )" ((abe,) e, + (be,) (ael)) (smitmy (iii) =
=3 X ((abe) ¢, = (bae)e])  (smuny (i) =

=f(la, b]) (BBUAY (i),

YTO [O0Ka3biBaeT yTBepxkaeHue (iv). Ilpu noKasaTe/lbCcTBe yTBep-
KAeHUsi (V) MOXKHO, PAacIiHPHB OCHOBHOE IoJle, MPeAnoJararb, 4YTo
noje k aJjreGpanueckd 3aMKHyTO. Bribepem Taxkof 0assic (e,)
B npoctpatctee V, uro W(e, e )=9 , otkyna e/=e. Ecau
i#]j, 10 E;;—EpsoW) u

1
F(Eyy — Ej) = (eie) — eje1) = ey

HO 3JIEMEHTHl €;e; MOPOXIAlT ajlredpy ct(Q).
Yreepxaenue (vi) caepyer us yrsepxkaeruit (iv) u (v). . T. .

Bocnosibdyemcest Tenepn 0603HaueHUSAME U3 HAYAIA 3TOTO MyHKTA.
MMonowum V=F-+F, u nycts Q (coots. W) — orpanuyenie
dopMer Q (coorB. W) na mpocrpaHetso V. Toraa Q — HeBbIpo-
KJAeHHAst KBajpaTiyHas (opmMa MAKCHMAJbpHOrO HHAeKCa ! na
npocrpaHcTBe V pasmepuoctd 2/, n axre6pa Kaudpopna C(Q) —
LeHTpPasbHas mpocTag asnreGpa pasmeproctn 2°0 (Aze., T IX,
§ 9, n°4, reopema 2). Ilycts N — pHelunsig ajre6pa MaKcHMaJb-
HOTO H30TPONHOr0 MOANmpocTpaHcTsa F’, HOPOKAEHHOrO BEKTOpaMil
e—1, ..., e~y OTOXKEeCTBUM NPOCTPAHCTBO F H AyasibHOe K HeMy
npocTpancTBo F/ ¢ momoiplo GuauHeiiHo# popmbr Py o6o3HauNM
uepes A(x) (coots. uepes A(y)) mpu x&F’ (coors. upu y&F)
SHAOMOP(HU3M JIEBOrO BHEIIHEr0 yMHO:KeHHs Ha X (COOTB. JIeBOTO
BHYTPEHHEr0 YyMHOXeHHs Ha y) B npocTpanctee N. Ecun
Ay oy akEF,, TO

)»(X).(al/\ ‘e /\ak)=x/\al/\ ... G
AMy)ddar A ... ANap)=

(—1 ™" ¥ (a, Da A oo Nag=i ANt A oo N Gg

M=

i=1
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Jlerko npoBepuTh, 410 A (x)2=A(y)’=0 u
ARAY) F A=Y (x, y). L.
Otciona mb noaydaem (Aze., ra. IX, § 9, n°1), uTo cymecTyer
eNMHCTBEHHBI roMOMOphu3M (0603HAUHM ero Takxke depes A)
aare6ppt C(Q) B End N, xortopwiii npomomxaer ortoGpaxenue
A: FUF’ >End N. Tak kak dimN =2% a y aare6pun C(Q) ectn

TOMBKO OJMH KJacC HEeNPUBOLHMBIX MoayJaeli pasmeproctn 2
(Aze., ra. 1X, § 9, n°4, Teopema 2), TO NpeiacTaBieHHe ajarebOpH

C(Q) B npocrpanctBe N, onpeneneHHoe roMomopdusamom A, He-
MPHBOAUMO. DTO CIHHOPHOE NMpefcTaBaeHe aare6pol C Q) (ram oxe).

PaccMOTpHM Tenepb OTOGpajKeHHe W: 0 r—> equ MpocTpaHcTBa V
B CY(Q). Jdas vV umeem

(e0) = — €v” = — Q(e0) Q (v) = Q(v) =Q (v),
11 otroOpakeHue | €IMHCTBEHHHIM o00pasoM NpPOJOJMNKaeTcss MO ro-
vomopdpusma (o6osnauum ero Takxke uepes p) aarebpm C(Q)
B CT(Q). Tak kak aare6pa C(Q) npocra u

dim €1 (Q) =dim C (Q) =2/,
TO MBI BUAHM, 4TO W — usonoppusnm, CiepoBaTtenbHo, oTobpaxkeHue

Aou~! onpepensier Ha npocrpaHcTBe N CTPYKTYPY TMpPOCTOTrO

C*(Q)-moayast u p=~Aop~'of — HenpuBOAMMOE mNpeACTAB/EHHE
ajre6pu Jlu g B nmpoctpancrBe N (memma 1 (vi)).
C npyro#i croponu, BeBHAY JeMMb 1 (i) uMeeM

F(H) = 5 (eie—; — e_e,).

Tak Kak ee_,= —elee_,=eeee_, uee_.+‘e_e,=1, 10
1 1
l"_l"f(Hi):'g"‘e—iez:—'5+€ie_i.
Orcioga Mbl noaydaem, uto npu 1<Ci; < ... <, <!
P(Ht)(e—i, A /\e—ik)_——
1 R s .
—ge-i N ... ANe—y, ecan i€{iy, ..., i},
= ! . g ,
se-i, A ... Ne-y, ecrn ieE{iy, .., i)
U naa heh

py(e—i, A ... Ne-y)=
=(% (e1+ ... +e)—(e,+ ... +8ik))(/l)(e—i|A'~-/\e—ik_)- (5)
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STO NOKasblBaerT, UTO0 &; — CTaplIKil Bec npeacrabienus p. [Ipen-
cTaB/jeHHe P HA3HBAETCA CNUHOPHLIM npedcTasaenuem aarebpui
Jlu g. 3amerum, uTO BCe €ro Beca MPOCTH (K TOMY Ke @; — MH-
Kposec).

(V) Tak xak wy=-—1, TO KaxkJxoe mpocToe KOHEUHOMEpHOe
npejctaBnenue anre6pst Jin ¢ — uaK opTOrodaabHOE, HIH CHMIJIEK-
tuyeckoe. Beuny n°5(VI) ra. VI, § 4, cymma UHCIOBHX KOOpAHHAT
Beca @, OTHOCHTeabHO Gasuca (aj, ..., @;) — LeJOe YUCJIO IpH
1<r<{!— 1. Crepoparennto, npeicrasienne A’o oprorosaanHo.
Bosee toro, pacmupenne ¥, dopmbet W Ha mpocrpancrso A’V
HHBAPDHAHTHO OTHOCHUTENBHO 3TOr0 TPENCTaB.JIeHHS. .

a5l cHHHOPHOrO MNpeACcTaBJeHHsl CyMMa YHC/IOBBIX KOOPLHHAT

_ 1
Beca ®; OTHOcHTeabHO Gasuca (a;, ..., @;) paBHa 7(1 + ...+ )=

g+0n
= ——— (ran ace). CienoBaTeNbHO, 3TO NpeACTaBjaeHHE OPTO-

roanpuoe mpu [=0 uay — 1 (mod4) m cuMniaekTHUECKOE NpH
[=1 uau 2(mod4). PaccMOTPHM IONOJHATEJNbHYIO OWJIMHEAHYIO
popmy @ Ha npocrpancTBe N = AF’, onpejeneHnyio ciaeryolnM
obpasom: ecau x= AF u yes AF, 1o ®(, y)=0 npu
pt+gln

p(p+1)

xAy=(—=1) 2 @, ye.1 A ... Ne-,

npu p -+ g=1. Jlerko nposeputb, uto @ — HeBHIPOKAeHHAA dOpMa,
cummerpuueckas npu [=0, — 1(mod4) v 3HakomepeMeHHas npu
=1, 2(mod4). Ianee, BBuay neMMb 1 (i) Mbl nmoayuaeM, 4To
npu 1 <<i<<!

f(Xe,-) = €¢8i, f(X—ei) = — &—y»
anpn 1<i< <!

1
f (Xgi_g’.) = 53 (e,-e.., — e_je,-) =e;8-; = eye;ep-;.

Aunagornuso
f (Xe,-e;) = — eoejece—i» f (Xe,+e;) = eoeieoe;
H
f (X-ei—ej) = eye—;80—},
I03TOMY
ulof (Xei) =e;, W 'of (X—ei) =l
"

H_Iof(Xigi—_'—ej)=Cej:ieij npu 1<, i</, i#j, rae ce{l, —1}.

Jlerko npoBepuTb, uTO ¢opma D ¢-uHBapuaHTHa (CM. ympaxue-
Hue 18).
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(VI) 3anuuiem xapakTepHCTHYECKHH MHOTOUJEH 3HIOMOPGdH3Ma
o(x) 119 X=¢ B BUIE

TR F )T+ () T2 L g (1),

rae fi, ..., fy41 — UHBapHAHTHBIE MNOJHHOMHAJBHHE (GYHKIHMH Ha
aareGpe Jln g.

Ecan x=§H 4+ ... +§H, €9, 10 Pynkuun f;(x) pasHb
C TOYHOCTBIO N0 3HAKA 3JeMEHTADHBIM CHMMETPUUECKHM (YHKIHAM
OT nmepeMeHHbIX &y, ..., &, —E&, ..., —§;. Takas cummeTpHUecKad
(QYHKLHA paBHa HYJI0, €CJAH €e CTeneHb HeueTHA, H

T R f () T f () T34 L - f,, ()T =
=T(I*—g)... (I*—8),

Tak yto QyHKUMH fo(x), ..., fo;(x) paBHBI C TOUHOCTBIO A0 3Haka
37€MeHTapHBIM CHMMeTpPHuUeCKHM (QYHKUUAM OT IepeMeHHBIX
&, ..., & u apiaoTcs ajare6paudyeckd He3aBHCHMBIMH 0Gpasylo-

wuMu  aare6pet S (ra. VI, § 4, n°5(IX)). YuureBas Teo-
pemy 1(ii) u3 § 8, n°3, mbl BuauM, UTo [1=f3=f;= ... =0
(fo» far ++.s foy) — anreGpaudeckn He3aBHCHMOE CeMeHCTBO, NOPO-
XKHAaomee ajare6py HHBAPHAHTHHIX MOJHHOMHAJBHBIX QYHKLHH HA §.

(VII) IockoaibKY enuMHCTBeHHHH aBTOMOpdu3M rpada biH-
KHHa — TOXKJecTBeHHOoe orTo0paxkenue, To Aut(g) = Auty(g).

[Tycte = — rpynna npeo6pasoBanuii mopoGusi mpocTpaHcTBa V
oTHocuTebHO ¢opmel W. Ias awboro g=2 nycTh ¢ (g) — aBTo-
MopbH3M x+—> gxg~' anre6pnl Jiu ¢. Torma ¢ — romomopdusm
rpynnet 2 B rpynny Aut(g). ITokaxeM, 4To 3T0T TrOMOMOPH3M
ciopeekTuBeH. [lyctsb a <= Aut(g) = Aut,(g). [To npeasoxenuio 2
us § 7, n°1, cymecryer Tako# ajsement se& GL (V), uro a(x)=
=sxs~' Aaa Bcex x=gq. Takum o6pazom, mnpeoGpasoBanue §
nepepogut ¥ B Oununeiiny.o dopmy ¥’ ma V, ToxKe HHBapHaHTHYIO
OTHOCUTE/IbHO anreOpul JIu ¢ H, caeg0BaTe bHO, NPONOPLHOHANBHYIO
dopme W (§ 7, n°5, upemnoxkenne 12), Iro noKasbiBaeT, UTO
=P

Tak Kak ToKJecTBeHHOe npejAcTaBJacHue anre6psl J1u § HenmpHBO-
ILHMO, TO €ro KOMMYTaHT COCTOMT M3 cKaaapos (§ 6, n°l, npex-
JoxeHue 1); 3HauuT, agpom romomopdusma ¢ sipiserca k*. [lo-
stomy rpynna Aut(g) = Aut,(g) oroxzgecTsaserca ¢ rpymnno#t /R
Ho, cornacmo n°5 u3 Auze., ra. IX, § 6, rpynmna 2 coBmanaer
¢ mpousseaenuem rpynn k" u SO(¥); creaoBaTenbHO, Trpynna
Aut (g) = Aut,(g) oroxkpectBasierca ¢ SO(W).

ITycrs OF (¥) — npuBeneHnas oproronaipHas rpynna ¢opmu ¥
(Ane., ra. IX, § 9, n°5). Tak kak rpynna SO (¥)/0F (V) kommy-
TaTMBHa (ram oce), TO rpynma Aut,(g) coxep:kHTCSA B 07 (¥)
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(§ 11, n°2, npennoxenue 3). B meHfcTBATENbHOCTH 3TH rpynmnbt
COBNAAAOT (ynpaxmeﬂne 7).

(VIII) Kanonnueckasi Ouaunefinass ¢opma @p Ha npocTpaH-
crBe b* sanaerca dopmy.ioi

Db+ ... e g+ . HEE)= 41—2(§§.+ oo +EED)

(ra1. VI, § 4, n°5 (V)). Usomopdusm npocrpancrBa h Ha mpocTpaH-
cTBO b*, ompemenseMbli dopMmoli Dy, nepeBoanT 3JgeMent H;
B (4l —2).¢;. Crano 6wiTh, obpatHoll K Dy dopmoi, T. e. orpa-
HuvyeHueM Ha b ¢opmbl Kunnunra, Oyner

O(&H,+ ... FEH, EH + .. +EH)= |
— = (EE + ... FEE).

(IX) Paccmorpum aneMmeHTH X, (¢ = R), onpezeiaenusle ¢op-
myaamu (3). Jlerko npoBeputh, uTo [X4, X-ol=—1, npu a =R.
C npyro#t croponsl, nycte M — marpuna 14 Eq o Tax kax M=
=S8'M™'S, To oroGpamenne

0 g——M''gM

— aBToMopduam anre6pe Jlu ¢ u 0(X,)=X_-, npu Bcex a = R.
CnenoBatennto, (X,) — cucrema [lesanrse pacujeniennoi areebpo
Jdu (g, b).

ITpenmonoxum, uro k =Q. Tlonanre6pa Kaprana b comepurt
ABe KO3BoJIeHHble pemeTku: pemeTky Q(RVY), mopoxaeHHnywo aJe-
mentamu Hy, u pemerky P(RVY), nopoxpenuyio siementaMum H;
M COCTOSIILYI0 M3 TeX JAHaroHaJbHBIX MAaTPHL, € LeJLIMH KO3¢hdu-
LMeHTaMH, KoTophie cozepxarcs B Dh. Orciopa caenyer, uTo
0g(2l 4+ 1, Z) (muoxectBo MaTpHl u3 auarebpn Jlu g c mHenbiMH
Koadpunuentamu) cosnajgaer ¢ nopsaaxkoM Hlesaane P(RV)-+
+2.Z. X, anre6pnt Jin g. Tak xak (Xie, P =2Ess 750 (Xae,)’=0
" (X“iiei)2=0’ TO pelleTka 7°, mopoxjenHas 6GasucoM ButTa

())_;<;<, — AOTycTHMAs OTHocHTeaNbHO 05(2/+ 1, Z) pemwerxa
B npoctpaHcTBe V. AHaJoru4Ho, JONYyCTHMOR pelietrkold B mpo-
crpanctBe A’V 6ymer A'7.

PaccMoTpuM Tenephb CIMHODHOE mpejcTaBieHde o ajare6pbl JIu g
B npoctpactee N = AF’. Tak Kak Beca 3TOro npencraBJeHHs
He oro6paxator peitetky P(RVY) B Z, To y Hero HeT peLIETKH,
RonmycTUMo#l oTHocuTeabHo 0g(2/ 4+ 1, Z). Onuako peumetka A,
NOpOXAEeHHAs KaHoHHueckum OasucoMm (e—; A ... A e—;,) npo-

ctpanctBa N (ana 1<Ciy < ... < ip<<!), sIBAsieTCcst LONYCTHMOM
pelIEeTKON OTHOCHTENbHO nopﬂ;u(a [llesatie & = Q(RV)—i— ZZ Xg-

I.LEHCTBI/ITQJII:HO, SICHO, HYTO peleTtka N ycromea OTHOCHTeJIbHQ
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BHEIIHETO0 YMHOXeHHA HA e_; ¥ BHYTPEHHErO YMHOXEHHS Ha e;
(npu 1<Ci<I). Popmyan u3 (V) nokaswBaloT Takxke, YTO pe-
mertka A yctoiuusa orHocutesnHo p(¥9). Tak kak, Kpome Toro,
0(X,?=0 mpu Bcex o =R, To Mbl [ojgyuyaeMm, UYTo peuneTka A’
JOTyCTHMA.

3. Anze6pa Ju tuna C,(1>=1)

(I) Tlycts W — HeBbIPOXKIEHHASA 3HAKOTePeMeHHasi Ou/IHHeHHAs
opMa Ha BEKTODHOM NpoOCTPaHcTBe V KOHEUHOH Da3sMEpHOCTH
2/ >=2. MuoxecTBo 3Hj0MOpGhHH3MOB X npoctpaHcTBa V, A/ KOTO-
pox W(xv, v')+ ¥ (v, xv")=0 npu Bcex v, v’ &V, — noaynpo-
crasg nojanre6pa aare6pei Jlu (V) (ra. I, § 6, n°7, npengoxe-
aue 9). Oua obosnauaerca 4epe3 $p(¥) u Hazw8aerca cumniaexkTu-
yeckoll aazedpoit Ju, accoyuuposannoii ¢ popmoi V.

Beaenctue Ase., ra. IX, § 4, n°2, npocrpancTBo V MOXKHO
NpeaCTaBUTh B BHIe APAMO CyMMH ABYX MaKCHMAJbHBIX BIOJHE
H30TPOMHBIX NOANPoOCTpaHcT8 F # F/, CONpsKeHHbIX OTHOCHTE/BHO
dopuet W. TlyeTs (), ., ., — Ga3Hc mpocTpaHcTsa F,a(e-)<ici—
conpsiKenublii 6asuc mpocrpauncrsa F’. Torpa

(el, cees €y Cmyy wu s e_l)

— Gasuc npocTpaHcTBa V. Mbl Gynem HasbiBaTh Tako#t 0asuc ba-
sucor Burra (maum cuMmilektHudeckum GasucoM) mnpocTpanctsa V.
Marpuna ¢opmel W orHocHTeabHO 3TOr0 Gasuca — KBajpaTHas
mMarpHila nopsaka 2/ Buja

J(Os)
T \—s o)

rje s — KBajpaTHas MaTpHIla Nopsiaka [, Bce 3jeMeHTH KOTOPOH
paBHHI HYJIO, 3@ HCK/IIOUeHMEM DachoJIOXeHHbIX Ha NOOOYHON Aua-
ronanyd siemenros, paBabx 1 (cm. n°2 (I)).

Anre6pa Jlu g=28p (¥) oToxpecrsasercs ¢ anredpoit Jlu 8p (21, k)

TAKHX KBaJApaTHHX MATPHIL a mopsaka 2/, uro a=—J""al=
= J'aJ (Asre., ra. 1X, § 1, n°10, dopmydasl (50)); OHH UMEIOT BHI

(¢ _as)
2=\c —s'As)

rie A, B, C— takde MaTpHubl nopsiaka [, 4To B=s'Bs u C=
= g'Cs; unaue rosops, B u C — maTpuupl, CHMMeTPHYHbBIE OTHO-
cHTeNbHO NofouHoH nuaroHadu. Orciofga Mbl moJyuaeM, 4TO

dimg=0r 42480y 4 1),
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[Tycts h — MHOXKECTBO JHaroHadbHbiXx MaTpuy aareGps Jlu g.
DTo KOMMYyTaTHBHas mojaare6pa aare6pn Jln ¢, Ga3ncoMm KoTo-
poit Gyayr saementst H;=E; ;—E_; -, npu 1<<i<</l. Tlycts

(e, )1<;<1 Gasuc, conpsixennnlit K (Hy). Has 1 <<i < <l MOJIOKHM
X?ei = Ei. —i»
X—Qei - E—t i

(6)

Jlerko npoBepHTh, UTO 3TH 3/JeMeHTH 06pa3syT 6GasuC AOHOJHH-
TeJMbHOTO K J [ONIPOCTPAaHCTBA B NPOCTPAHCTBE § U YTO €CJH
heb, T0

[h’ Xa] =a (h) Xq (7)

oast aoboro o = R, rpe R — MHOXKecTBO, 00pasoBaHHOE 3JeMeH-
Tamu == 2e; M *g; +¢&; (i <J). U3 storo cnenyer, uro noganre6pa
JIn b coBmamaeT co cBoMM HOpMaJusaTopoM B aarebpe Jiu ¢ (u,
c/eoBaTebHO, H — mopanre6pa Kapraua B g), nogaarebpa b pac-
[ensiiolNas, a KOpHsSIMH paclienyeHnoi aare6pu Jlu (g, b) se-
JsioTed 3/1eMeHTH U3 R, CrucreMa KopHell R pacien/eHHOH a/are6psl
Jin (g, b) umeer tun C; npu [ =2 u tun A, (ua4, HHaAue TOBOPs,
tan Cy) npu [=1 (ra. VI, § 4, n°6 (I) ¢ yuetom cayuas [=1).
CrenopatenbHo, § — npocras pacujenasemasn areebpa Jlu runa C,.

Kaxpas pacwenaswoias nofanreépa Kaprana B § MoxeT OLTh
nosyueHa u3 ) ¢ moMowiblo 3/JeMeHTapHOro aBToMOpdu3Ma, a cJie-
JOBATENbHO, C MOMOIIBIO 3JEMEHTA M3 CHMILJIEKTHUECKOH TI'pynmbl
Sp(¥) (cMm. (VII) u coBnanaet, TakuM o6pasoM, ¢ MHOKeCTBOM Yy
TeX 5JeMeHTOB aJjrebpnl Jii ¢, MaTpHUBl KOTOPHIX ,llI/IaI‘OHaJIbeI
B HeKoTopoM G6asnce Burra f. HemocpemcrBeHHO mnpoBepsercs,
YTO e/(MHCTBEHHBIMH yCTOMUHMBLIMA OTHOCHTEJBHO D4 NOANPOCTPaH-
CTBAMH BEKTOpPHOro mnpoctpancrsa V OGyAyT IpocTpaHcTBa, [NOPO-
JKAEHHBIE HEKOTOPHIM INOAMHOXKeECTBOM 6asuca f.

Slcuo, uTo 8P (2, k) ==8((2, k). Kpome toro, y anre6p Jiu ép(4, k)
i 0g(5, k) OIHHAKOBEIE CHCTEMB! KOpHeH; c/e10oBaTeJbHO, OHH H30-
mopdHel (cM. ynpaxuenue 3). C 97020 momeHTa Mol npednoaazaen,
yro 1 = 2.

(I} Ucnoawsyst ra. VI, § 4, un®°6 (I) u 6(V), ompeneaum cu-
creMy KopHel RY. Mul monyyaeM, uTo

I_I2Si=Hl:’ Hei_9j=H’:_Hi’ H81+81=Hi+Hi‘
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(III) HOJIO)KP!M Oy =8 —8y ..., Oy =8 — &, a =2gl‘
Beuay VI, § 4, n° 6 (II), (ay, ..., a;)— Gasuc B cucreMsl Kop-
el R. TloJjiokuTe/NbHBIME KOPHsAMH OTHOCHTenbHO Oasnca B sp-
aswtea 2e; u g; +¢€; (i <j). CoorBercTBylomast nogajareépa Bo-
pessi b — MHOXKeCTBO BEPXHHX TPeyroJibHBIX MaTpull anre6psl Jlu g.

[Tycts 6 — uszorpounnllt ¢uaar npoctpanctsa V (1. e. Takoi
¢sar, Bce 3JeMeHTH KOTOPOTO — BIOJIHE H30TPONHBIE OTHOCHTENbHO
dopmsl ¥ mopmpocTpaHCTBa) W Py — nojanre6pa, obpasoBanHas
TeMH 3JeMEHTaMH ajare6pwl JId §, OTHOCHTE/IbHO KOTOPHX SJeMeHTH
¢nara & ycrofiunsnl. Paccyxaas tak xke, xak u B n°2 (III), moxuo
noKa3aTb, 4TO O+ P — GHEKTHBHOe oOTOOpaKeHHe MHOXKeCcTBa
H30TPONHBIX (paroB (COOTB. MAKCHMAaJbHBIX H30TPONHBIX (iaros)
Ha MHOXKECTBO napabojuuecKuX nojaire6p (cooTs. mogasre6p
Bopens) anre6pnl JIn §; BKJIOYEHHE Py D Py HMEET MECTO TOTAA .
H TONBKO TOT'AA, Korjpa &6 ¢,

(IV) Beuny ra. VI, § 4, n°6 (VI), dynnamenraibuniMu Becamu,
COOTBETCTBYIOWHMH Oy, ..., 0 OyayT &; =g+ ... + g (1<<i<).

Mbul 110KaxeM, 410 ¢GynjaMeHTaJbHOE NpPeJCTaBJIeHHE O,, COOT-
BETCTBYIOLIEE Becy @, MOXKHO PEaJH30BaTh KaK NOANpPeACTaBJIeHHE
npefctasienuns Ao, rie ¢ — TOXKIECTBEHHOE MPeACTaBJCHHE aJ-
re6put Jlu g B npocrpaHctBe V. asa storo usyunm pasjioxeHue
npejactasnenuns Ao anredpn Jlu ¢ Bo BHewHeil ajare6pe AV.

ITycts (€]} — 6asuc npocrpancrsa V¥, nyanbuniit k Gasucy (e;).
3HakonepeMmeHHyo Ousuneiinyio Gopmy W MOKHO OTOXIECTBHTH
¢ snementoM e A?V' (Alg., chap. 11, § 11, n°5), u Jerko
NPOBEPHTH, UTO

l
!4___ * L]
I'= glei/\e_i.

ITycte W* — ¢opma, o6paTHas K popme ¥ (Aze., ru. 1X, § 1, n°7).
fleno, uto

W (e}, e)) =0
npu i —J u ¥(e}, e ))=—1 npu 1<<i<{Il. Ecau oromnac-
crBuTh popmy W' ¢ ssaementom I' e A2V, To

!
I'= Ze,—/\e__i.

i=1

OGosnauuM Tenepp udepes X.. suAOMOPGH3M BHEIIHEro YMHO-
wenus caesa na ajieMent ' B mpocrpanctee AV, a uepes X, —

9 bBypdakn
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9H10MOPhHU3M  BHYTDEHHEro yMHOXeHus ciaeBa Ha — I B npo-

crpancree AV
]
X-u-—-—(Zei /\e_i) A U,

i=1

{
X+u=(z e /\e*_i) A U

i=1
Hus toro urobel BuuHcIuTh X4 H X-, PacCMOTPUM CJiCAYIO-
wmui Gasuc B npoctpaucrse AV: gas moboit Tpoiiku (A, B, C),
00paszoBaltuofl TPeMsl HenepecekaroujumMucy TOLMHOXKEeCTBaMU OT-
peska (1, [}, noaoXKuM
eA,B‘C'—:ea‘ VAP /\Ca’n/\e_bl/\ e /\e_bn/\(,’c] ,/\@—CI VAN
oo A €, A\ e,

rae (@, ..., ay) (coors. (by, ..., b,), (c1, ..., €p)) — 37€MEITH
3 A (coors. B, C), pacno/joxkeHHple B Bo3pacraiouleM MOpsJKe.
Takum 06pasomM, Mb mogyyaeMm Gasuc mpocTpadersa AV, u mnpo-
CThie BHIUMCJAEHHsT TOKA3bIBAIOT, YTO

Xoveqppe= X ea, B, Culip (8)
el l), i AUBUC

Xyelq pc=— D, €4 B C-iih (9)
jiecC

IMycrs H — snjgomopdusm mpoctpauctsa AV, kotopoifi Ha Moa-
npocrpauncree A’V csoantes k ymuoxenuio Ha (I —r) (0 <<r << 20).
Jlerko mpopepuTh (cM. ynpaxHdenne 19), urto

[X+: X—] - Hy
[H‘, X+] == 2X+,
[H, X_]=—2X_.

WHaue roBops, BEKTOpHOE MPOCTPAHCTBO &, mopoxaeHnoe Xy,
X_ u H, — nogaaredpa Jin B End (AV), usomoppuaa st(2, k), u
A’V — noanpocrpanctBo sgiceMeHToB Beca [ —r. OGo3HaunM ye-
pes E, mnomnpocrpancrso B AV, obpasopaHHOe NPHMHUTHBHLIMH
sdementami, 1. e. E,=(A"V)NKerX;. U3 § | caeayer, uto npu
r < | orpanuuenne omepatopa X- Ha A’V HHBEKTHBHO H UTO IPH
r <! npocrpatcreo A"V pasnaraercsi B HPSMYI0 CyMMY

NV=EDX_(E,_,)DXL(E,_)D ... =
=E DX (ATV).
20 21
3To nokaswBaer, B H4cTHOSTH, Yro dim E,=( r) o ) mpu
O r <.
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C npyroit cTopoHsl, camo onpenenenue anaredpw Jlu «p (V) no-
KazelBaeT, uTo 3jaeMeHT [ ammyaupyercs BTOpo#l BHelwuel cTe-
MeHblo APEACTaBICHNA, AYaJbHOTO K IMpeictaBienuio o. Awnago-
ruuHo, sneMeHt |' anHyaupyertcs npefcrtasiennem Ao, U3 storo
cpasy cjaedyer, 4to 3HAOMOpbuambl X, X_, a CIe10BaTe]IbHO,
u H nepecranosounbt ¢ sugoMopdusmamu Ao(g) npu g g. Cue-
floBaTenbHo, nogmpoctpanctea E, npu O0<{r </ ycrofiunen oTlo-
cnteabuo A’o. [Tokaxew, uTo oepauuuenue npedcrasaenus N'o
Ha npocrpancteo E, — pyHoamenrassroe npedcrasaenue o, seca o,

1<<r<)).

[Tpexxne Bcero saMeTHM, 4to Beca mnpeacrasienns A’c orHo-
cuteabHo nogaqareSper Kaprana § umeior Bul € -+ ... +aik—-
— (g, + ... +e,~r~k), rae iy, ..., i, (cooTB. f1, ..., fp-p) — pas-

JHuHble 3aeMenTw oTpeska (1, /). CrneposarteibHO, cTapliuil Bec
npeacrasienus A’ paBeH

6),=81+ e +8,,
M BEKTODH Beca (3, — BEKTOpPHBI, MPONOpPIHOHAJbHbLIE BEKTOPY 1A ...
Lo Aer=en ... 1o 5 Popmyna (9) noxasmsaer, uro e; A ...

... Ne,= E,. JlocratouHo, cienoBaTelNbHO, I[10Ka3aTh, YTo Orpa-
HuueHue npeicTaBiacHds Ao wa npocrpaucTso E, HenmpHBoAMMO.

Ecan s < Sp (W), To npogosaxkeHHe snaoMopdusma S Ha mpo-
crpancto AV (coors. AV®) mnepesomur saement [' (coors. ™)
B cefa H, CJAeR0BaTeNbHO, TMEePECTAHOBOUHO C 3SHAOMODPHIMAMH
X, u X_, a moanpocTpaHcTsa E, yCTOHYHBH OTHOCHTE.IBHO 2TOTO
npogonxkenua. CiaenoBarenbro, E, CORepKHT moanpocrTpaHctso F,
MOPOKIAEHHOE BEKTOPaMi, MOJydaloLIMMHCA H3 e A ... Ae, nox
neiicteiem rpynnk Sp(W). Kak mokaswiBaer teopema ButTra, 310
TaKie€ HEHYJEBHE Pa3JOXKHMBIE r-BEKTODBI, UTO COOTBETCTBYIOIIHE
BEKTOpHbIE [MOANPOCTPAHCTBA MPOCTPAHCTBA V BMOJHE H3OTPOIHBL
Takue r-BeKTOpPbl MBI OyJleM HasblBaTb H3OTPOMHBIMH.

Jdemma 2. Hycre F,, 1 <<r<I, —nodnpocrparcrso 8 AV,
nopoxcdennoe U3oTponnsimy t-gextopant. Toeda

i
ANV=F+X (N7V)=F + (ZI e A e-i) ANV

[Torkaxem CHadaJsla, Kak M3 JeMMbl 2 CjaejlyeT Hallle yTBepxKje-
uie. Tak kak F, < E, u E,NX_(A"2V)=1{0}, 1o u3 aemmbi 2
BeiTekaer, uto F,=FE,. C apyro#i cropon, nycth s Sp((¥);
Torjpa aBToMoppH3M a+—>sas~' npoctpauctsa End (V) ocrasiser ¢
yCTOHUYMBOA H HHAYHHPYET Ha Hed HEKOTODbIA aBTOMOPMOH3IM H3
Atty(g) (em. (VII)). CrnenosatenbHo, OH MepeBOAMT KaxKjioe Henpu-
BONHMOE TpeacTaBaenue airedpe JIi g B 9KBUBaJeHTHOE MpeacTa-
Baenne (§ 7, n°1, npepnoxenu~ 2). Tak KaK BekTop ¢y A ... Ae,
IpHHAAJNEKUT HelPUBOAUMONA KOMUOHeHTe upeictaieuns Ao u

9*
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npoctpanctso E, = F, nopoxieHo o6pa3aMu BeKTopa e/A ... Ae,
npu npeoGpasosanusx u3 rpynnsl Sp(¥), To mnpeAcrasaesue aJa-
re6pel Jlu g B mpoctpaHctBe E, usornnHo. OpxHakKo KpaTHOCTb
cTapliero seca @, paBHa 1, MO3TOMY MpejCTaBAeHHE HENMPHUBOLAMO.

Ocranocs goxasate semMy. [lpu r =1 oHa oueBUmHa. Bynzem
JOKasbiBaTh ee MO HHAYKUHUH; NycTb r = 2. Tlo npepnosoxeHuwo
HHAYKLUH HaMm JOCTaTO4YHO JOKa3aTh, YTO

Fiol A\VEF +T ANV
HJH 4TO eClH y — pasnoxumbil (r — l)-sektop 1 x =V, 10
=yAxsF,+T ANV

Iyets (ii)ngiig — takoll 6a3uc BuTTa mpocrpanctsa V, uto y=—

=fi A ... A f,-;. JocraTouno npoBecTd JKOKA3aTeAbCTBO B CJAY-
yae, Koria x=/f,, Ecau ig&(l—r, — 1), T0 r-BektTop f; A ...
AT A fi H30TpOMeH. B npoTHBHOM cJay4Yae MOMHO NPEANo-
JIOXXHTb C TOYHOCTbI) /0 TepPEHyMepalHH 3JeMeHTOB [;, 4T0 [=

!
=1—r. Torna I'= ), f], A f_,, oTkyna caeayer, 4rto
j=1

]’)

r—2
1
fr1 /\f1~r=,T,_i:—2‘(r"—Zfi Ao+
=

+Z(fr—-l Af]..,""fj /\f_])),

j=r
1
2=T:mr/\f1/\ e

g LA o A A A= A E)

Ho
Focs A vy —E Ny = (o E) A (Fy— ) —
—FANF T N
1 MBHl Cpa3y ke MmoJayuaeM, 4TO NpH r < j<{/ r-BeKTOpHl
BA oo Ny Ao+ F) A (Fis = 12)),
EAC ANF AT NF L w A AT AT

usotponnsl. CinepoBarenavho, z& F, 1" A /\’"QV, 4TO 3aBeplliaer
JI0Ka3aTeabCTBO.

(V) Tak xak wy=—1, 10 A1060e HENPUBOJHMOE KOHEUHOMED-
Hoe MpejcTaB/ieHHe aareGpul JIM § OpTOroHa/ibHOE HJIH CHMILIEK-
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tryeckoe. Bemencreue n°6 (VI) ra. VI, § 4, cymma koopauuar
Beca @, OTHocHTedbHO Oasuca (a, ..., O;) paBHa

t+2+4 o+ —Ddr+r+ o444

TaK YTO MNpEACTaBJIeHHE ¢, OPTOrOHAJNbHOE MNPH YETHHIX 7 H CHM-
NJeKTHYeCKOe NPH HEeYeTHHX 7.

Tak xak BekTopbl &y A ... Ae H e-y A\ ... A e~, npuHagie-
J)KaT noanpocrpaHcrBy E, u

Wrler A oo Aoy et A oo Aeo)=1,

TO orpaHuuenne ¢opmbl W) Ha mpocTpaHcTBO F, SBJSIETCH He-
HYJIeBbIM; C TOYHOCTbIO XO IOCTOSIHHOIO MHOXKHTEJS 3TO HHBAPHAHT-
Hasi OTHOCHTEJNLHO O, OHauHefiHas Gopma, cHMMeTpHUYecKas, ecsH
r U4eTHO, W 3HAaKOoHmepeMeHHasi, eC/lH 7 HeUeTHO.

(V) Ons moGoro x & g xapakTepHCTHYECKHH MHOTOYJIEH 3HIO-
Mopbuama o(x) umeer BUJ

T2 F () T2 - L+ o (x),

rae fi, ..., foy — HHBapHAHTHBIE TNONMHOMHMAJbHBIE (GYHKUHH HA
aare6pe Jlu g.

Ecmn x=§H{+ ... +§H; =%, 10 ¢ TOYHOCTHIO 10 3HaKa
GbyHRUHH f; (x) paBHbl 3JEMEHTAPHBIM CHMMETPHYECKUM ¢ YHKUHAM
OT &y -v.y &y —E&1y ++., —E&;. B HEUETHBIX PA3MEpPHOCTAX ITH
GYHRUHH PaBHLL HYJIIO, HO3TOMY

T2 LT 4 L @ =(T =) ... (1P — &),
Kak u 8 n°2 (VI), mpl monyuaem, uto fi==fy=[f;= ... =0 u
(Fas fas - ooy Ta))

— a/Jre6paHyecKH He3aBHCHMOE ceMeHcTBO, Nopoxkaaioilee aareépy
HHBAPHAHTHBIX NOJHHOMHAJBHBIX GyHKuu# Ha anreGpe Jlu g.

(VII) Tak kak TOXKAECTBEHHOE OTOGparKeHHe — eIHHCTBEHHBIH
aproMoppuam rpada dmuruua, to Aut(g) = Auty(g).

[Tycte £ — rpynna npeoGpa3oBanuii nono6usi mpocrpaHctsa V
otHocuTeabHo dopmbt ¥ (Aze., ra. IX, § 6, koneny n°5). Kak u
n°2 (VII), moxuo nokasatb, uto asromopdusMbl aarebpul Jln ¢
HMEIT BuA Xx+—>sxs~!, rae s 3, Ttak uro rpymna Aut(g)=
= Auty(q) oroxaecraaserca ¢ Xfk".

IOas moGoro se& 2 mycTh p(S) — KO3dPUUHEHT nofo6Ha Je-
menta s. OTo6paxenue s— u(s)mod k™ rpynnel £ B rpynmy k'/k™
SIBJSIETCA rOMOMOP(GH3MOM A, SAPO KOTOPOrO comepxkuT k. 1;
Cle10BaTeNbHO, A — roMoMopdusMm rpynubt E/kT B rpynny k'[k™.



262 IV VI, PACILEMJIEHHBIE MOJYNPOCTBIE AJITEBPbL JIH 3

[Ipn stom Sp (W)N &"= {1, —1}. PaccMOTpUM [OCTENOBATENBHOCTD
roMoMophu3MOB

L= Sp(W)/{l, —1} > S/k* —> k'Jk2 — 1. (10)

OTOﬁpa/KCHI/Ie v HHbekTHBHO, # Im (1) < Ker X, Tak Kak Koa¢pdu-
upedT noaoOus anemeHToB H3 Sp (V') pasen 1. Ecan hoa(p(puunem‘
NOKOOHA 37eMeHTa § €& 2 — 3JleMeHT H3 k™, TO CylUleCTByeT TakoH
aJeMeHT v & kY, uto vs & Sp (V). C"leJlOBaTC'IbHO Im (1) = Ker (A).
Taknum o6pa30x1, [10CJ1€J0BATe/IbHOCTh (10) toyHa. OTOKIECTBAM
Sp (W)/{1, —1} ¢ moarpynnoi rpynnsl X/k". Tak kak rpynna k'[k™

KoMmMyTaTHBHa, To rpynna Sp(W)/{l, — 1} COmEpKHT MPOU3BOLHYIO
rpynny rpymnno ¥/%° CJIELLOBaTe'IbHO Aut, (%) COMCPKHUTCA B rpynme,
Sp (ML, -1} (§ L1, n°2, npeaqolxenue 3). B nelcTBUTENBLHOCTH

oHH coBnazawT, n rpyvuna Aut (g)/Aut,(g) oroxkiceTBaIgCTCS C rpyn-
noit k7k™ (ynpaxiicune 9).

(VIIT) Kanonuueckas GuanHefinass ¢gopma (D, Ha upocrpan-
ctee b 3ajzaercs (opmyJoi

< ’ 14 _
O (e + o0 FEE, Bt REE)=

1
R EST EE+ .. Feg)

(rn. VI, § 4, n°6 (V). Caenosareanto, obparHas k Dy ¢opma,
T. e. orpannuende Ha ) dopmsel Kuaaunra, nmeer BHf

OEH 4+ . FgH, EH A+ L +EH)=
=40+ DEE+ ... FEE).
(IX) Paccmorpum anementel X,, onpenenenHsie Gopmynamu (6)
(e = R). Jlerko nposeputs, uto [X,, X_oJ=—H, npu a=R.

C napyroii crToponbl, oroSpaweHne 0: a—> — ‘g — apToMOphHaM
aaredpol JIn @ n 0(X,)=X_-, a1a moboro kopua a & R. Cueno-
BaTeJbHO, (Xg) — chcrema llesasse pacuiensieHHoOR anreGprl
JIn (g, H). )
TIpeanosoxum, uyro 2==Q. [TonanreGpa Kapraua b ‘conepxur
4

ABe J03BoJieHHbIe pelieTkH Q(RY)= ZZ H, 1 P(RVY=Q(RV)+

i=t

asR

1)
+%Z.Z H, (rq. VI, § 4, n°5(VIIl)). Jlerko Buaerb, uro
i=t
Q(RY) — MHOKeCTBO MaTpHL, H3 ) ¢ uelnMH KO3h(DHIHEHTAMH.
Caenoarenno, nopsaok Llepanse Q(RV) 4 Z Z .X, coBnagaer

ne R
¢ MHokecTBOM P (2/, Z) Marpuu u3 aare6pnl JIH § ¢ uLedbIMH
KO3 (hHLHEHTaMHU.
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Pacemorpum  penykrusayio aareSpy Jlu o (V)4 Q. 1. Jlerko
BHJETh, UTO MIOXKECTBO €€ 3JEMEHTOB ¢ HeJLIMH KoppuuueHTamu
aBasercs B Hell nopsakom llepande; cae10BaTe LHO, €ro NPOEKUHA
Ha aare6py Jlu op(¥) napansensno Q.1 — nopsanok [HesaJsie

P(RY)+ X Z.X,. |

Hanee, aas awdoro kopHs a < R umeem X, =0. Orcioaa cne-
Ayer, UTO pellleTKa 7’ NMpocTpaHcTBa V, nopoiKAeHHAs BEKTOpaMHU e;,
nonyctuMa OTHocuTenbHO nopanka I[Hesasasde 9(2(, Z). To xe
sepuo s pewetkd £,V A'7° 8 npoctpaHctre E,.

[Hakoden, npocTpaHcTso £, COAEPXKHT AONYCTHMYIO OTHOCH-
TeNbHO nopsaika lleranae

P(RV) + aéz.xu

pemeTky ToAbKo upH detHoMm r; E,( A" — oana u3 Takux pe-
HIeTOK.

4. Aneebpor JIu runa D, (1=2)

(1) Hycerp V — BekTOpHOE TPOCTPAHCTBO UeTHOH pasMepHOCTH
20224, u nycrs W — HeBBIPOXKJEHHAsSE CHMMETpHYUECKAs GUHHeHHas
¢opma MakcumasabHoro wHHAekca ! Ha npoctpaHcrse V. Bsuny
n° 2 us Auze., ri1. 1X, § 4, npocrpaHcTBo V' MOXKHO NpecTaBHTDb
B BUJAE NPAMOH CYMMBI ABYX MAaKCHMAaJbHBIX BIIOJIHE H30TPONHBIX
nopnpocrpancts F u F'. Ilyets (e), ., ., — Gasuc npocrpancrsa F,
a (é_1);<;<;— AyaubHblll Gasuc mpocTpaHCcTsa F’ (oTHOCHTENBHO

ABOHCTBEHHOCTH MEXAY npocTpaHcTBaMu F u F’, onpeaeneHHOM
tdopmosi V). Torna e, ..., e, e_;, ..., e_; — 06a3uc NpocTpaH-
crea V. Byaem wuasbiBarte ero Gasucom Burra mpocTpaHctpa V.
Marpuua Ouanneiinoll ¢opmsl W B sTOM 0Gasice — KBajpaTHas
MaTpuua S mnopsaaka 2/, Bce sjeMeHTb KOTOPOIl paBHbL HyJo, 3a
UCKJIIOUeHHeM 3/1eMeHTOB, PacMoIOKEeHHbIX Ha MOGOUHOHN AaroHanu
1 pasubix 1. AsreSpa JIlu g =0 (¥) oroxpecrsasercs ¢ anreSpoH
05(2[, k) Tex KkBaApaTHHIX MaTpuul g nopsaka 2/, AMa KOTOPBHIX
g = — S'gS. Ee pasmepnocts pasna [(2/ — 1). TIpocToe Bbiuucie-
HHe MOKAa3blBAET, YTO § COBNAajaeT C MHOXKECTBOM MAaTpHI BHAA

(¢ o)
C D/’
rae A, B, C, D — raxne kBapparHbie Marpuubnl nopsiaka I, uto
B=—s'Bs, C=—5'Cs u D=—s'As (s — marpuua nopsjxa /,

BCe 3/1eMEHTbl KOTOPOH paBHbLI HYJI0, 33 HCKJIOYEHHEM 3JeMeNTOB,
pacno/JoKeHHbIX Ha NMODOYHOHA jHarodanu H pasHHIX ).
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ITycTh h — MHOXKECTBO JIHATOHAJABHBIX MATPHLL, IPHHAIEKALLUX
aare6pe Jlu g. dTo KomMMmyTaTuBHasi nojaJrebpa anreGpul JIu g, -
G6asuc Kotopo#l oGpasyior agemedtot H;=E; ;—E_;, _; npu
1 <<i<!. Tlyerb (g;) — 6asuc nmpoctpaHersa b*, OyasbHblil K Ga-
sucy (H;). Tlomowum pas | <Ci < j<!

Xe;~e; =Eij—E-j -,

X—ei+e] :_Ej.i+E—t,—j: 1
Xei+e]. :Ei,—-/—E!‘-—i’ ( )
X—g,-—g. = - E.—], i + E_i,].

STH 37eMeHTH 06pasyioT 6asHc JOMNOJHHTeIbHOTO K § B ¢ moi-
npocrpancta. Ecau A& ), 1o

[h’ Xa] =0 (h) X

ans aw6oro a & R, rie R — MHOXECTBO 3/1eMEHTOB BHJA + &; &= &
(i < J); caemosatennHo, §) — pacwenasionias nojasnre6pa Kaprana
B § U KODHAMH paciienyedHoli aare6ps Jlu (g, ) 6yayT ameMeHTsl
cuctembi R. Tlpu 3TOM cHcTeMa kopHeH R paciien/ieHHoO# anare6ph
Jlua (g, b) umeer tun D, npu [ >3 u tun A, X A; (unaue rosops,
tan D,) npu [=2 (rn. VI, § 4, n°8 (1), ¢ yuetom cayuas [ =2).
CaenoBatenbHo, ecau | 2= 3, To § — pacujenagemas npocras arzebpa
JIu runa Dy

Jlio6asi pacwenasiionias nojanre6pa Kaprana B g nosiyuaercs
H3 nojajre6pnl ) ¢ MOMOIIbIO 3JAEMEHTApPHOro aBroMopdusMa aJ-
reGpol Jlu ¢, T. e. ¢ nomoupio saementa rpynns O (W) (cm. (VII)),
H, CAe0BaTeNbHO, COBNAJAeT C MHOMKECTBOM D, Tex a/leMeHTOB
anarebper JIu ¢, MaTpHua KOTOPBIX OTHOCHTENBHO HEKOTOPOro Ga-
suca Burra f numaronanbHa. HemocpexcrseHHo nposepsieTcsi, uTO
eIMHCTBEHHBIMY  HHBApPHAHTHHIMH  IOANPOCTPAHCTBAMH  OTHOCH-
TeNbHO §g OYAYT MOANPOCTPAHCTBA, NMOPOKAEHHbIE HEKOTOPBHIM MOA-
MHOXeCTBOM 3/JeMeHTOB 6Gasuca f.

Tax kak y anre6p JIu og(4, k) u 38((2, k) X 8((2, k) oaunaxo-
BHE CHCTEMB! KODHeHd, To oHH u3oMop(dHbl. [To aHamornuHelM co06-
paxeHusM u3oMophHBl anre6psl JIu 0g(6, k) u 81(4, k) (cM. Takxke
ynpaxHenue 3). Jaaee mor npednoaaeaem, 4ro 1= 3.

(II) Onpenenum cucreMy kopHeit RV, ucnoabsyst n°8 (V) us
ra. VI, § 4. Mbl noaydaem, 4To

Hei—e‘i =H; —H,, He[+e]~ = H; + H;.

(I11) TTIOIOKHM @ ==& — €9, Gp==8q— €3, ..., Q[ =&/~ — &,
a,=¢;—, + ¢, Coraacdo ra. VI, § 4, n°8 (1I), (ar, ..., @) — Ga-
3uc B cucrembl KOpHedl R; NOJOXKHTEAbHBIMH KOPHAMH OTIIOCH-
TeJbHO 3TOrO Gasnica OymyT e; -k e; (i < j). CooTBeTCTBYyIOIAsSH TOA-
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aare6pa Dopeasi b cosmagmaer ¢ MHOXKECTBOM NpHHAAJAEKAU[HX
anrebpe JIH ¢ BEPXHHX TPEYrOJIbBHBIX MATPHL.

Jlerko npoOBEPHTH, YTO €AHHCTBEHHBIMH HETPHBHAJLHBIMH HHBA-
PHAHTHLIMH OTHOCHTeJAbHO mnogaarebpsl bBopenss b noxnpoctpal-
CTBAMH $BJSIOTCS BIOJHE H30TPONHHIE NoAnpocTpaHcTBa Vi, ...
LV, ; rie V, nopoxjeHo BEeKTOpaMH e, ..., e, a V;—-Bex-
TOpaMH €y, .+., €/—1, €~;, & TAKKE ODPTOTOHAJLHHE JOMOJHEHHSA
Vi, ..., V_;41 nomnpoctpancts Vi, ..., V,—,. OproronajnHoe
ponoanenne V_; mnogmpocTpaHcTBa V; MNOpPOXKIEHO BEKTOpPaMH
el, vy €, €—7y ..., €~(;+1). HO TpPOCTOE BHUHC/EHHE MOKA3bIBAET,
YTO €CJH 3JEeMEHT g & (§ NEepPeBOAMT moAnpocrpaHcTso V,—; B cebs,
TO €ro MaTpHlUa HMeeT BHJ,

A X B
A 0
(0 —x)y '
0 0 D

rae A, B, D — ksagpartubie maTpuusl nmopsiaka [—1, x (coots. y)—
MaTpulia, cocTosiiasi U3 2 cToa6uos u [ — 1 crpok (cooTB. 2 CTPOK
u [ — 1 croabuoB) u A= k. M3 sroro caeayer, 4To mHpoCTPaHCTBA
V, u V] takxke ycToHumBel OTHOCHTeJbHO ajemeHTa a. Caenosa-

Te1bHO, D COBMajzaeT C MHOMXECTBOM 32JIEMEHTOB 4 &, OTHOCH-
TeJNbHO KOTOPHX YCTOHYNBLL BCE 3JeMEHTHl H30TPOMHOroO ¢uJrara
(Vi, ..., V,—=1). 3amMerum, 4T0O, Kak CJeAyeT H3 NPEABAYIIETO H
teopembl Burra (Aae., ra. 1X, § 4, n°3, reopema 1), V, u V;—
eIHHCTBEHHBE MaKCHMaJbHble abCOMIOTHO H3OTPONHEIE NOANpPO-
CTpaHcTBa, coflepKaiite V,_,.

Hazosem m3oTponHblit (aar xeasumaxkcumaasrsim, €ClIH OH CO-
cTodT B3 [ — | BHOJMIHE M3OTPOMHHIX MOANPOCTPAHCTB pasMepHOCTEH
I, ..., I— 1. Tax xe, kxak 1 B n°2, MH BUJHM, UYTO AJA Kamjg0ro
KBa3IMaKCiIMa LHOTO 130Tponnoro ¢iara O MHOxKecTBO By sje-
MEHTOB 4 & §, OTHOCHTEJLHO KOTODLIX 3JeMeHTHl (pJara 8 ycToH-
yuBH, fBAgeTca nopadaredpoil Bopens B g, a 0+ by — OueKkTHBHOE
oTOOpaxeHHe MHOMKECTBA KBA3IMAaKCHMAaAbHBIX H30TPONHBIX (/1aros
Ha MHOXKecTBO nofanare6p bBopens.

ByneM HaspiBaTh H30TPONHEIA (ar cOOGCTBEHHBLIM, €CJIH OH He
COJIePXKHT OjJHOBpeMeHHO H [-mepHoro u ([ — l)-MepHOro moampo-
crpanctB. Ilyctb & — Tako# u3oTponHuit daar, W nycTb Py — MHO-
KECTBO 3JIEMEHTOB @ € ¢, OCTABAAOUMX YCTOAYHBBHIM 3JeMEHTHI
daara 8. Ecam GC{VI, s Vy, V;}, T0 P, — nNapaBoanuecKas
nonaarebpa B §, cogep:xkamas nogaiareépy b, U Jerko NnpoOBepHTb,
YTO €IMHCTBEHHHIMH aGCOMIOTHO H3oTponmHbiMH = {0} moanpocrpan-
CTBAMH, YCTOHUHBBIMH OTHOCHTEJABHO Y5, OYAYT 3/eMeHTH (Jiara d.
Tax kak cymectsyer 2/77 COGCTBEHHBIX H30TPOTHIBIX (h/1aros, co-
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4 S
nepxauxes 8 dbaare {V,, ..., V, Vi} n conepxauux siemesT
4
V,_, (coots. V, coots. V;, cooTs. He coiepxamnx uu V, ,, uu Vy,
Hu V7)), to cyiectsyer 2' napaGosuuecknx noaa.aredp, comepxa-

wnx noxajire6py Dopens b, Kak u Bbitie, MOXHO 1M0Ka3aTb, UYTO
& — Py — OnexTHBHOE 0TOOpAa’KEeHWe MHOKeCTBA COOCTBEHHBLIX H30-
TPOMHLIX (H1aroB HA MHOXKECTBO mapaboJauyeckuX nojganaredp aj-
re6per JIn g.

(1V) Beaeacrsue n°8 (V1) us ra. VI, § 4, dpyHIaMeHTaIbHLIMY
BECAMY, COOTBETCTBYWOIIMMH MPOCTHIM KOPHAM O, ..., G OYAyT

d;=¢e +e+ ... te (I<<Ii<I—2),
®_1 :—;—(el +e+ ... Feste_—¢),
G)l:%-(ei—‘—ﬁz—‘“ v Fes et
[lycts 0 — TOKAecTBeHHOE mnpejacras/enne aare6pb JIu g B npo-

crpanctse V. Buewmnsin creneub A0 npeicrasienuss o geAcTByer
B npocrpatctse E=A"V. Ecau h<b, 1o npn 1<i<<I umeem

o(h)e,=¢e;(h)e;, o(h)e_;=—¢e (h)e_;.
Orciona caeayer, uto aas 1<Cr<C/ cymma e+ ... +¢, —
crapimufi sec npexacrapienun A’o, v aJemcHTH Beca € + ... F ¢,
COBNANAIOT C 3JEMEHTAMH, MPOMNOPIHOHANBHBIMH 3JeMeHTy ey A . ..

A Cr.

TMokaxem, uro npu 1 <r<{/— 2 npedcrasaenue N'o — pyn-
damenraasHoe npedcrasieHue seca o,.

Jlasi 3TOro JOCTATOYHO [MOKa3aTh, uTo npejcrabiedne Ao He-

npusoaumMo npu 1<{r<{/—1 (3aMerum, 4TO Alo IPUBOAUMO, CM-
ynpaxHenue 10) pnu uto waumedbliee MOANPOCTpaHcTBO T, mpo-
crpancrsa AV, comepkamiee BeKtop e A ... A e, u ycrofiunsoe
OTHOCHTEJbHO anareGpul JIn ¢, coBrmanaer Co BCEM NPOCTPAHCTBOM
NV, dceuo, yto sto tak npu r=1. Tlpu r =2 nosayuaem, KakK H
B 1m°2, uro mnpejcraBaedue ACc 3KBHBAJIEHTHO MPHCOEIHEHHOMY
npexcTariento anaredpu JIu ¢, KOTOpoe HempPHBOAMMO, TAK KakK (
npocta. Jlanee 10Ka3aTeabCTBO MPOBOANTCS MHAYKUHEH Mo [ Tak Ke,
Kak 1 B n°2, HOo B npeanosoxeduu, uro [ — 1 =r =3.

Tenepb HaM Hajgo onpenesnTb (yHAAMEHTAJbHBIE MpexcTaBie-
HHS, COOTBCTCTBYIOLIME CTAPIIMM BecaM ®;_; u &;. Ilycts Q-—kBaj-

patnunas dopma x»——>—;—11’ (x, x). B n°2 (IV) mMb onpegenan ciu-

HopHoe upejcrasienne A anre6pnsl Kanddopra C(Q) B npocrpan-
ctee N = AF’. HenocpeficTseHso mpoBepsiercs, UTO MOANPOCTpPAH-
ctBo N (coors. N_) npoctpanctsa N, paBHOe CyMMe NOANPOCTPAHCTB
A’F’ nas yeTublX p (COOTB. nJisl HeueTHbLIX p), YCTOHYHBO OTHOCH-
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Te/IbII0 OrpaHuueHHsi npencrabaedns A Ha C*(Q). Caenosatensio,
npeacrasacuns A, u A_ anre6pel C*(Q) B mpocrpasctsax N,
H N_ cOOTBETCTBEHHO — NOJYCIHHOPHbE NPEICTABJICHHst aaredpsl
C*(Q) (Aae., ra. 1X, § 9, n°4); oHH HeNPUBOLHMDBI, HMEIOT pas-
MEpHOCTb 2'"! 1 neskBUBaJEHTHDI. fyctbp,=2x,_0/Hp_ =% of—
COOTBETCTBYIOULHC HENPUBOAMMBIC NPEACTaBICHHs ajiredpsl Jlu g
(n®2, semma 1 (vi)). Beseacrsue aemmut 1 (i)

1 1 !
fH)=g(eie; —ee)=ee;, — 5=5 —e_ie,
u Mbl BuauM, Kak u B n°2 (IV), uro mpu s n 1<<i) < ...
oo < ip<<[ nMeeT MeCTO paBeHCTBO

Mof(h)(e_sy A\ oo Neoy)= .
= (3t oo be)— (et e ) )W) (es At Aeyy),

CnenoBare/ibHO, CTAapUIMM  BECOM IpeiCcTaBieHHsi p, (COOTS. p.)
6yzet @, (cooTB. @;_1).

[Tpeacrasieduss o ¥ p_ Ha3bIBAIOTCH HOAYCHUHOPHbLIMU nped-
crasaenuamy anrebpol Jln g. Bee Beca aTux npexcrasaenuii npo-
ctol. [Ipexncrasienue p=7»of=p+@p_ Ha3biBAIOT  CRUHOPHBIM

npedcrasienuesm aneedpst Jlu 4.

(V) Tlpn 1 <r<<I— 2 dynnameHTadbHble NpefcTaBaeHus Ao
OPTOrOHaNbHLI, U paciinpenue ¢opmol W Ha npoctpanctso ATV
MHBAPHAHTHO OTHOCHTEJBHO 3THX NpeJCTaBJEHUH.

PaccMoTpuM Tenepb CIMHOPHOE NpeAcTaB/ieHde P aareGpsl Jiu q.
Kak u B 1°2, M0oxHO nokasaTs, uTo npu 1<, </, i+

f (Xei—ei) ==+ eie-—jv
f(xei+a,-) = o= e;ey,
i(x—gi-—ai) == i E_ie_]-.

Orciona caenyer, 4To HeBLIPOWKIAeHHas Ouinuedinas dopma @,
BBefenHaa B n°2(V), uuBapuaHTHa oTHocHTeabHO 0 (q). Taxkum
0o6pa3oy, CIHHOPHOEe TPEACTaBJCHHE O OCTaBAseT HiIBAPUAHTHOMN
HeBBIPOK 1eHHYIO OnanHeituyo dopmy, cummeTpuyeckyio npn [ =0,
—1(mod4) n 3nakonepemeunyio npu /=1, 2(mod4).

Ecau [ yeTHO, TO orpanHueHHs ¢opMbl @ Ha NpPOCTPaHCTBA
N, n N_ HeBLIPOXKJEHHBI, W M0JIYCOHHOPHBIE IIPEACTABICHAS OYAYT
OpTOroHaabHuMH HpH [=0(mod4) H CHMIIEKTHYECKHMH MpH
=2 (mod4). 3ametum, uto wy==— 1 (ra. VI, § 4, n°8(X1)).

Hao6opor, ecau [ HeveTHo, To mpoctpancrtsa N, u N_ Bno.ne
H30T JONHB OTHOcHTE/IbHO (opmbl O. Ilpu stom —uwyg (o) =q; npu
Ii<i—2, —wy(o)=0a-; u —wola—)=0a, (ra. VI, § 4,
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n° 8(X1)), oTkynra caexver, 4To — Wy (@) = @;-y; HOAYCHINOPHHIE
NpeACTaBleHHs He AB/SIOTCH HU OPTOTOHAIBHBIMIN, HII CHMILICKTH-
YeCKHMH, U KAXKA0€ W3 HUX H30MOPHHO NPeACTABJEHHIO, AyaJbHOMY
K APYroMy.

(V) Huas yoboro x & ¢ xapakTepucTHUeCKud MHOroOYJeH 3HL0-
Mophu3Ma o (x) HMeeT BHI

T4+ 1T+ o+ ).

Kak u 8 n°3, fy=/[,=f;= ... =0. Bauay n°8(1X) uz ra. VI,
§ 4, u teopemur 1 u3 § 8, n°3, cymectByer Takas MOJHHOMHAIb-
nas ¢yukuus | ua aareope Jlu g, uro ¢yHRuMn [y [4 ...y for—or

f-mopoxaaior anredpy / (9¥) MHBapUAHTHHIX ITOJHHOMHAJbBHBIX (QYHK-
uuil HA §; 9TH QYHKLMI anreGpaudecku HesapicHMbl 1 [2=(— 1)' f,,.

Iast aoGoro sjeMenta x & ¢ Mbl umeeM '(Sx)='xS = — Sx,
cJe0BaTeNbHO, MOXKHO paccmorperb ndadduan Pi(Sx), koropsii
ABAAETC NOJIMHOMHaNbHOH dyrkUMed or x. OpHako

for (x) = det x = (—1)" det (Sx) = (— 1)* (P (Sx))

C/le10BaTe/bHO, MOMKHO TONOXKHTb | (x) = PI(Sx).

(VII) Hamomuum (§ 5, n°3, caengcreue | mpepstoxenus 5), uro
rpynna Aut(g)/Auty(g) otoxpmecTBasercst ¢ rpynnofl asromopdus-
moB Aut (D) rpada Hunukuna D pacuienyeHnofl anre6put Jlu (g, H).
Korpa [5=4, AutD —rpynna mnopsaka 2, o6pa3oBaHHas TeMH
nepecTaHOBKaMH Kopueil @, ..., @;, KoTopble He MECHSHIOT KOpHeH
ap, ..., @;—y. Korga /=4, rpynna AutD ofpasopaHa mnepectaHoB-
KaMH KopHeidl aj, ..., @y, OCTABJAIOWUMU KOPeHb Gy HA MecTe; 3Ta
rpynna usomopdua rpynme ©; (em. ra. VI, § 4, n°8(XI)). Bo Bcex
cayuaax noarpynma rpynnsi AutD, ofGpasoBaHHAs saeMeHTaMH,
OCTaBJSIOUIMMH HAa MeCTe KOpeHb Gy, HMeer nopsafaok 2. OGosHa-
uuM uYepe3 Aut’(g) coorsercTeywouiyio noarpynny B rpynne Aut (g).
Ecau [=44, to uMmeer mecto pamedcrso Aut’ (g) = Aut(g), a ecan
=4, 1o (Aut(g) : Aut’(g)) =3; kpome TOTO,

(Aut’ (g) : Auty(g)) =2.

AneMentT s e Aut(g) npuHaptexur rpyane Aut’(g) Torda u
TOJILKO TOr'fa, KOTAa SHAOMOP)U3M CGoS 3KBUBajdeHTeH 3HAOMOp-
¢busmy ¢ (310 ciefyer H3 TOro, YTO @ — CTapUIHN BeC IpenCTaB-
aeHus ¢). Orciona mbl, kKak 1 B n°2(VI1I), 3akaoyaeM, yTo rpynna
Aut’ (g) otoxpecreaserca ¢ rpynmo#i X/k*, rae £ — rpymma mpe-
o6pasoBannil momobusi mpoctpancTsa V orHocuteabro dopmb W.

ITycrs s Z, u nycrb A(s) — KoadduuneHT noRo0HsA 3aeMEHTa

s. Toraa det (s)=7»(s)’, ecan s — npamoe npeobpaszoBaHHe IMOJ0-
6ust, u det (s) = — A (s)’, ecu s — o6parnoe npeoGpazoBanue NOLO-
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6usa (Aae., rn. 1X, § 6, n°5). ITpamole npeo6pasoBanns mNoxO6HS
ofpasyior MOATpyIITy 2, unpekca 2 B rpymne X HMeer wmecrto
BKJIIOUeHHE Ty D k. prnna X [k* cosnadaer ¢ nodepynnoi Auty(g)
epynnor Aut’ (q) =Z/k*. [eficTBUTEIbHO, 3TO AOCTATOYHO HOKA3aTb,
KoTjaa mnoJje k anreOpanuyeckKn 3aMKHyTO; Torja rpymnna Auty(g)=—
== Aut,(g) paBua cpoeit npoussogHoii rpynne (§ 11, n°2, npenno-
KeHue 3) H, CAe0BATeNBLHO, COfepKHuTea B 2. /k*, a Tak kaxk obe
rpynmbl HMeT B X/R* HHAeKC 2, TO OHH COBNAAAIOT.

C npyrofi croponn, kak # B n°3(VII), Ml BaauM, 410 HMeer
MECTO TOYHAS MOCJEL0BATENBHOCTD

1—>SOM)/{l, — 1} —> S/ —> k*[k2 > 1,

Otoxpecteum SO (W)/{1, — 1} ¢ noarpynmoi rpynnst T/k"=Aut,(g).
Tak kak rpymnna lz//’z2 koMMmyraruBHa, Aut,(g) = SO (W)/{1l, — 1}.
Ha camoM Jene MOXKHO J0KasaTb (pra)KHeHHe 11), uro rpynna
Aut, (g) uzomoppua obpasy B SO (¥)/{l, — 1} npupenennoit opro-
rodHaabHo#t rpymnst OF (V) dopmer W (Aze., rn. 1X, § 9, n°5).

(VIII) Kanonnueckas 6unnneiiHas hopma @, na npocrpanctae b*
3ajaercd QopmMmyso

Op(Eey+ ... +Ee, B+ ... -{—g;al):
1 ’ ’
= 4([__1) (§1§]+ LI +§[§1)

(ra. VI, § 4, n°8 (V)). CnenoBatenntno, orpaHHueHHe Ha § opMbi
Kunnnura uMeer BHJA

OEH 4+ ..o +EH, EH A+ L +§;H1)=
=40=DEE+ ... FEE).

(IX) Paccmorpum saeMentl X, (o R), onpenpeneHune ¢op-
myaamu (11). Jlerko nposeputs, uto [X,, X_, ]= —H, npu a =R.

C napyroit cropoHd, oroGpaxenne 0: a—> —'a— aBToMoOpdH3M
anre6pst JIn ¢ 1 6(X )= X_, npu moGuix a & R. CrenosarensHo,
(Xa)aeR—cuc"rema IHleBanne pacwennennoit anre6pu Jin (g, H).

[Tpeanonoxum, uto k& =Q. Beaegcrsue n°8 (VIII) w3 ra. VI,
§ 4, B nopanre6pe Kaprana ) umelorcst TpH J03BOJIEHHBIE peIleTKH,
€cqd | HeueTHO, u 4eThbipe, ecau [ ueTno. OTMeTuM, 4TO pemerka 7%,
mopoxAcHHAA saeMeHTaMu H;, nossosneHHas. Ho ata pelueTka cos-
nagaeT ¢ MHOMECTBOM AMATOHAJBLHEIX MATPHIL C LIEJBIMH 3JeMeH-
tTamu u3 aare6pst JIn §. Orciona mbl nosyyaem, uro 0g(2/, Z) — no-
panoxk Illemaane 76 -+ ZZ-Xa anrebpu JIn g. Tak Kak X5=0
npu Jo6eX a & R, TO pelleTka 7’ B npocTpaHcTBe V, mopoxjaei-
Has Gasucom Butra (e;) — momyctumas peiierka B npocTpaHcTse V
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oTHoCHTeILH ) Mopsaka 0g (21, Z). To xe Bepiuo aia pewetkn A'Y
B upocrpanucise A"V.

Hanporus, eciin B3ats P (RV)=Z. %Z H,+ 7 B xauecTse 103B0-
i=1

JeHHOR pemetsu M §=P(RV)+ 2 Z.X, B KauccTse nopsaka
Llesarie, To Ml BuguM, uto B npocrpanctee A’V ponycTumMast pe-
1IeTKa C¢yulecTByeT TOJIbKO NMPH YETHOM r; TPH TAKHX 7 pelleTka
A7 nponyceruva.
_ Pacemorpinst peayktusnyo  aaredpy o(W)+Q.1. fcno, uro
=0+ Q.1)N g2, Z) — nopsipox Hlesaaae. Mopaiok llle-
BALTIE ¢ COBNALACT ¢ NpocKuUHeR mopsaka § na aaredpy Jlu o (W)
napasieasis uentpy Q. 1.

Haxonen, kax 1 B N 2, Mbl BUAHM, UTO pemertka . ¥, (coors. .172),
MO OAKICHHAs  sieMeHTaMu ey A ... Ae-, (cooTB.e—; A ...
oo N e-i,, ), AOIYCTHMA OTHOCHTEJIbHO HOJNYCTHHOPHOTO MPeicTaB-

Jdedus nopsijika Uiesaane Q(RV) + Z Z.X,. Opnako B mpocTpan-
aER

cTBax A, 0 A’- HeT PelIeTOK, AONMYCTUMbIX OTHOCHTE/IbHO MOpsAKa
vg (21, Z).



TABJHUIA |

KaxmoMy ¢yHmpaMecHTaAsHOMY BeCy TOCTAaBUM B COOTBeTcTBHE |
{coorB. — 1, 0), ecsn oTBeuamllee eMy HENPHUBOLHMOE MpeacTaB-
J€HHe OPTOTOHAJBbHOE (COOTB. CHMMJEKTHUECKOS, COOTB. HE OPTO-
roHaJIbLHOE W He CUMIIeKTHUYeckoe)., BeuluvcneHuwe 3TOro umcia His
anre6p Jlu Tunos A;,, By, C;, D, Owno cienano B § 13. Huxe
VKa3aHel TakxKe pe3yabTathl anas anre6p Jlu runos Eg E-, Eg, F,,
G, (nocratouno nNpUMEHUTH npepnoxenue 12 uz § 7 u nn®9 (VI),
9 (XD), 10(V]), 10 (XI), 11 (VI), 11 (XI), 12 (XI), 12 (V]), 13(VI),
13 (XI) u3 ra. VI, § 4)

A (1=1) B, (1=2)
0 npu r == l—;——l o, | mpu r4!
®, "
(— 1) npn r= —l—+2—1 & (—1)1E
C, (=2 D, (1=2)
®, 1 opu rs=l—1,1
®, (=1 i _ {0, ecan | He4eTHO
@O ()2 ecan | uerno
Eq E, Eq Fy G,
& O @ 1 @& 1 @ 1 & 1
(I)Q 1 (I)Q - 1 (I)z 1 6)2 1 6)2 1
@ 0 @, 1 oy |1 ®; |
(1')4 1 (1_)4 1 (_64 1 ("_)4 1
" 0 b; — 1 @5 |
6)6 0 —6 1 (1_)6 1
®; — 1 ® 1
l

kol
S S



TABJHLA 2

Ins kaxporo QyHpaMeHTAJbHOIO Beca YKax)eM pPa3MepHOCTb
COOTBETCTBYIOULETO HENPHBOAMMOrO NPEJICTABJIEHHS, BBIYHCIEHHYIO
npyu nomomu teopemu 2 u3z § 9

A (12=1) B, (1=2)
[+ 1 2041
so<r<y (10 sa<r<i—n (777)
&, 2!
C, (I1=2) D, (1=2)
i 21 2l _ 21
o, (1<r <) Y Rl PP a1 <r<<i—2) .
®_ 2!
&, of-t
Eq E,
6)1 27233 6)1 133=7.19
@, 78=2.3.13 B, 912==24.3.19
&,  351=3%.13 ®; 8645 =5.7.13.19
& 2925=32.5%.13 ® 365750=2.5%.7.11.19
&  351=3.13 @ 27664=21.7.13.19
fo 27 =3 @  1539=3%,19

6)7 5622.37



TABJHIIA ¢

273

Ly

3875=>5.31
147250 =2.5%.19.31
6696 000 =26.3%.5%. 31

6899079264 =25.3.72,112,17.23.31
146325270 =2.3.5.72.13%.19.31
2450240=2%.5.13.19.3l

30380=2%.5.72.31

248 =23.31

F,

52=2°.13
1274=2.7%.13
2713=3.7.13
26=2.13



YIPAKHEHHA

Mo npednoiaeaen, 4To0 XapaKTePUCTUKA OCHOBHO20 MOAS R paena wywMo.
Ecau ne o2osopeno nporusuoe, TO paccuarpusaemvie aszebpol Ju nped-
N0.102AKTCA KOHEUHOME PHbIMU. .

§1

Yepes 8 oGosuayum aare6py JIn 8L (2, k).

1) Myers U — yuuBepcanbHas ofeprhiBaioman aarefpa nas 8. [loxasars,
YTO BMEMEHT

C=H2— 2 (X3 X_ + X_X4)=H2 4 2H — 4X_X,

NPHUA1IeKHT HEHTPY yuusepcanbHoil o6epreipaomed anrefput U u ero ofpa3s
B (IPEACTABACHHH, aCCOUHHPOBAHHOM ¢ Moaysaem V (m), sasasiercss romoreried
¢ koshdrunentom m (m - 2).

2) ITycrs 2.k n Z ()) — BeKTOpPHOE MNpOCTPaHCTBO ¢ GazucoM (ey), rae
n=0, 1, ..., n X,, X-, H— sunovopdusmu npocrpanctsa Z (A), ompexeJen-
Hele dopmyaami (2) u3 npensoxenus |

a) [Tokasatb, uTo TakuM ofpasom na Z (A) 3azaercs CTPYKTypa 8-moryas.

6) Mpeanoaoknm. yro A ue aBjgercs USTBIM MOJOXKHTENbHEM uncsioM. [To-
Kaszare, uT0 8-moayan Z (A) mpoct. )

B) [Ipexnoao:knm, uro A — nenoe uicao ==0. IMycrs Z° — mopnpocrpancTao
B Z (), NOPOKJIEHHOE 2JIEMEHTAMH e, A > A. Ilokasats, yro Z' ecTh 8-mogMo-
oyab moaydas Z (X)), uzoMophunit moayao Z (— A — 2), u dakropmonyas Z (M/Z'
nsomopten npocrony 8-moaymo V (A). IMoxasaTh, 4TO enHncTBeHHHMH §-nOx-
MopyasMi Moiayas Z (A) sisasiorea monysn 0, 27 Z (A).

3) Myers £ — BekTOpHOE upocTpanctso ¢ 6asucoM (e,) [Tycts

nez

a(y=ay+an, bny=by+bn, c(n)=cy+c1n

— rpnit aduiisle Gynkigin ¢ Koahdnuuentamn B noae k, Omupereanm sngoMop-
¢uamel X4 X~, H mpoerpanctea E ¢ momombio dopmya

Xyen=ua(n)en—y, X-ep=>(n)e,+,, He,==1c(n)ey,.

HokasaTh, YTO 151 TOTO 00Kt [IpH 3TOM I1a NpOCTPaHCTRE E Guna onpeénenena
CTPYKTYypa Q'MO\L[yJIﬂ. 11e06X0HMO H JIOCTATOYHO, 4TOOK GriAH BHITOJHEH b yciao-
Bud

(l]b]=1‘ Cl=‘—‘2, L‘O=—a0b¢ ""albo.

[Tpr kKakux ycaoBHfX 3TOT MOIY/Jb NPOCT?

q 4) IMycrs g — aare6pa Jiu; g-moayan E  11a3biBaeTcss A0KAALHG KOHey-
HbLM, €CJHI Ol sIBAsieTCs] Of'be;IIIHeIIHEM CBOMX KOHEYHOMEpHHX @(-NoaMonyned.
JIpyriiMu cnoBaMu, 3TO 3HAWGNT, 4T0 10000 §-mo/mony. s Mopyas E koneuxoro
tTnia (kak U (§)-moayab) KolleunoMepeH.
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ay Myers 0> £ »> £ > E” » () — TonHan 10CJ1eI0BATE1bHOCTh  §-MOdyael.
[TokasaTs. uto ecauw Moayad E 4 E” 1okanbHO KoHeunbl To # Modyabr £ Jo-
KaJbHO KOHEUeH (CBECTH K cayvaw Korla £ — Mo.iy.Jp Kouewuoro THma, H uc-
M0Jab30BaTh ToT (AaKT 4To yHuBepcadbias obepTuiBaoinad airedpa U (g) nére-
poma, cm. ra. 1. § 2 n®6).

6) IMpeanonoxum, uro aareGpa Jli g noaynpocra. [Tokasars. uto Monyas E
JIOKaALHO KOHEueH TOrla H TOJbKO TOTAa KOTjJa ol sBJAAeTCA NpaMoH cymmofi
NPOCTHX KOHEUHOMEPHBIX §-MOJLYJed.

B) ITpeanonoxumM, uTo §==8, [TokaszaTb. uTo MOAyab E 1n0KaabHO KoHeueH
Torfga M TOJbLKO TOTAA, KOTAA BHIMOJHAIOTCS CACNYIOHIHE YCJIOBHA:

8,) E oGuanaer 6aszucom, o6pa3oBanHbiM COOCTBEHHLIMH BEKTOpPaMH 3HIOMOD-
¢dusma H,

B2) HROMOPHHIMEI X+F H X__E JOKAJAbHO HHJbINOTEHTHBL.

(Cnauana n0KasaTh. UTO €CIH MOIVAb E Y10B.IeTBOPsET YCAOBHAM By) H B;)
n ne pasen (). To oH cotTepKHT NPUMHTHBHBI 3TeMEOHT @ Bec KoTop [0 paseH

m+1
tesoMy udeny m =0 sarevm nokasars, wro X e==0 u caeaoparetso, E
cotepkuT Moayab V (m). okasaTeasCTBo 3aBepl@eTes MPHMEHEHHIEM YTBepKie-
HHs a) K MAKCHMANBHOMY I0KAILHO KoHeuHOMy foamoaymio F o monyas E.)

5) Mycts E — nokadbno Koweunwidl 8-Moayub (ynpamuenme 4). Jlasg mo6oro
m 220 o6osnaunM uepes L, BekTOpHOE HPOCTPAHCTBO S-TOMOMOPHH3MOB HS
Vim) s E.
a) [Moetpouts uzoMopdusm Monyaed E u @Lm ® V (m).
m

6) O6osnauum yepes @, HusapuanTHyio OGusHHeiiHylo dopMmMy HA mpocTpan-
cree V (m), onpenenennyio 8 n°3. sameqanue 3. Ilyctb st dioboro me N
b — nekoropas Guinueiinas gopMa ua npocrpaucree Lp, a b — 6uauineitnas
‘bopMa Ha mpocTpaHcTee E, KOTOpas COOTBETCTBYET PH H30MOP(H3ME H3 yTBepK-
aeuus a) npsmoit cymme dhopM by @ M. Tokasats, uto hopma b uHBapHaHTHA
K 4yTo Jio6as uHBapmaHTHas OHJIuHeiliHasi PpopMa Ha mnpocrpaHcTee £ mpexpcras-
JAsieTCsT TaK eAuHCTBeHuHM obpasoM. Has Toro uro6m dopma b Obita cumMer-
prueckof (CoOTB. 3nakolepeMeHHoH), Heo0XoauMo ¥ AOCTATOUHO, HYTOGHL MpH
YeTHHX M GOPMBI by ObiH CHMMerpuuecKuMi (COOTB. 3HAKONEPEMEHMLIME) U
qTo6bl NMPU HEUeTHHIX M (GOPME by, ObIIH 3HAKONEDEMEHHBIMH (COOTB. CHMMET-
puyeckimu). Hro6um Qopma b Gbia HeBLIPOKIEHHOH, HEOGXOLHMO H LOCTATOUHO,
4yToGe QOpMEl by ObisiM HEBHPOKAEHHBIMH.

B) ITpeanoaoxuM, yto E — koneynomepnuiil Mmoayan. [Tokasars, 4To ou Toraga
H ToJLKO TOTIA ABJseTcs ModoreunbM (kak U (8)-moayan), korna dim Ly <Km 41
npu Bcex m =0,

6) Ecnu E — koHeuHoMmepHbifl 8-Mony/b, 4 1 — Heaoe 4YHCIO, TO 0603HAYHM
uepes G, Pa3sMepHOCTb COGCTBEHHOro NMOANPOCTPaHCTBa 3HIoMopdusma Hy, orse-

yaouero cobersentomy suavenmo n. OGosuauny uepes cp (T) saemenrt xoubua

2[7, 77'), onpenenenuniit parencrroM cp (T) = Z a,T"
nez
8) Onpeneaum npocrpanctBo L. kak B ynpawueHuu 5. Ilokasats, uTo

dim Ly = am — am 9 a15 moBoro uenoro yucana m = 0.

Busectn orcwona, uto ¢g(T) =g, (T) toraa u TosabKo Torza, koraa monyan FE

n E° naomopgnb. Ilonyuuth aTor pesysneraT. HCnoabsys yupaxHense 18 )
u3 ra. VIIL § 3.

6) llokasars, 4TO Cpgyp==Cp~+Cp M Cpgp==Cg.Cp.
B) [lokasatb, 4T0 Cy (g (T) = (rmtt —-m=Y[(T =T"!).
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r) Buisectn u3 yreepxaenuil a) — B), uto ecan mz=m =0, 10 $-MoAy.Ib
V (m)®V (m’) nzomopden mony.io :

Vim+a')yBVimt+m —2BVint+m—4HD ... BV (m—m).
Ecan m 220, 1o $-ymoayan SV (m) usomopden Mojlyaio

VEem @V (2m—4) DV 2m—8) @ . @{ VA0), ccan m aero,

V (2), ecan m lteueTHo,
a $-moayan A%V (m) usoMopdeH Moay.o

V (@), ,
VEm—2)DVEm—6)@V 2m—10D ... @{ VEO? Sg::: ,”n’ :ee:::uo

,

7) Ilycrs E — $-moayas KoHeunol pasmepnocti. [Tokasath. 9To MoAayab,
IyausHbI K mMoayawo £, usoMopden Moayaw £.

8) Ilokaszats, uTo 8-Moapysap V (/m) MoXKHO peadn3oBaTe Kak MPOCTPAHCTBO
OZHOPOJZHBIX MHUTOUJEHOB [ (4, U) CTemeHH n1 OT ABYX HEPEMENHLX, B KOTOPOM
onepatopel X1, X— # H sapanm dopmynramu

aj i o o
Rl =u55 X‘i__z’%’ Hi=ur =055

99 lpucoeannennoe peficteue aareSpor JIn 8 onpenenser AelcTBue oTolt
anredpor Ha cBoell yHuBepcanbHoll ofepTuiBaiomeil aarebpe U, a Takike Ha cpoell
cuMMeTpuueckoit aarebpe S ==¢pS8-.

a) Ompepenuts Beca $-mogyas S” Bupectn ¢ HX MOMOIIbIO CaeaylolHe
H30MOpPHIMBL §-Moayaeil:

S P>V 20DV 2n—-4)BV2n—8dH ... RV (0), n ugerno,
S">V 2n) PV 22— PRV E2r—8)P ... PV (2), n ueuerHo.

B uacTHOCTH, 37eMeHTH npocTpancTBa S” nHBaApPHAHTHBIE OTHOCHTENBHO AEHCTBHS
aare6pel JIn §, obpasywT moanpoctpaHcTBo pasmepHoctd 1 (cootB. 0), ecan n
YeTHO (COOTB. HEUETHO).

6) I[Tokasatb, uto nojaare6pa aareGpel S, ofpasoBaHHasi HHBaPHAHTHBIMIE
OTHOCHTE/BHO 8 sneMeNTaMH, coBhnagaeT ¢ aare6pol muorounesos k(1) rae I'=
= H? — 4X_X,. Moayas S"T.8" 2 usomopden moayaio V (2n).

B) Ilokasath, uto uenrp aareGpem U coBmagaer ¢ aarefpoil MHOrMouYJeHOB
R [C]. rne C — snemenTt, onpeleneHHnHA B ynpaxHeHHH 1 (uchmoab3oBath 6) #
teopemy [lyankape — Bupkroga — Burra).

10) I1ycts m — uenoe yncao >0, S — FpaﬂprOBaHHaH aarebpa k(X ..., Xm]
H a, ... a4, — 31eMeHTH H3 k. Tycts O = . ; 1 “.Xin — KBajapaTHunast
i, =
dopma; nonoxum D; = 6%’ D= Z b;;D;Dy, rae (b;;) — maTpuua, oSparHas
i

i, =1
K Marpiille (al.].).

a) ITokasats, uro ma S cywecTByer, H NPHTOM €JHHCTBEHHAs, CTPYKTYpa
1
&-moayas, aas xotopodt Xif ——=% D (f), X_.i=?(b'[ uo Hf = --(m/2 + nyf,

ecat [ — oAnopoilibiii MHOTOUAEH CTEUCHH .
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6) lloaomnn A" =87 Ker D, lukaszars, uTo npocrpa .cTso S" cusnaaer
¢ npsmoil cymmoii noanpocrpancte ®F. A4, rpe 2p + g =an. Busectu orciona
TOKIECTRO

> dim (A" TR=(1 + T)/(1 — )™\,
n=0

B) Ecnn [ — nenyaeroil ssement npocrpancrsa A%, 1o suementn OFf, p >0,
oGpasyioT Gasuc npoctoro $-noamonry.s B 8, KOTOpuUl l30Mopden MoayJio

VA (——rg-—n) U3 YyIpaxHEeHUs 2.

r) PasoGpats cayuaii m=1 u m==2. Hcnonbsonars cayualt m =23 ais apy-
roro [0KazaresnbCcTBA ynpaxHenus 9.

11) Tlpeaponoxum, uto mnode R ajreSpauuecku samkuyro. [lycrs § — aa-
re6pa Jlu. V — npoctoft §-moaysie H D — Teao suaoMOpQH3MOB §-Monyas V.
IMoka3aTh, yTo €caH node k Hecuetno!), To D==k. (Ecau 370 He Tak, 10 Teao D
COAEPKHT Toje, H3OMOPHHOE oMo k(X), rae X — ne3aBHCHMAs nepeMenHas, u
Mp nonyuaem, uro dim, D> N, otkyaa dim, V> Ng, uro HemosMoxlo, mo-

ckosbKy V — Monoreunnti U (§)-MoayJin.)

1 12) Ilyers g=k, u nycrs W — BexTopiioe IpOCTPaHCTRO ¢ 6asdncoM
(P(,, ey, €, ..-).

a) IToxasaTb, 4TO CylLeCTRYET €AMHCTREHHOE Npe/CTaRaeHHe P, anmreSphl Jlu 8
B npoctpancrae W, AJs KOTOPOTO

] n
pa (H) en =241, pq (X+)en—= (00 () 1) 5
1 n
pg(X-)en= (5 pq (H) + 1) (— geo + e + e3).

Torna p, (C)=4q, rne C=H?+42H —4X_X, (cm. ynpaxnenne 1). ITpencra-
BJEHHE D, HEMPHBOAUMO, DIEMEHTH x & 8, ANA KOTOPEIX SHAOMOPGH3IMH Dg (X)
HMeIOT COGCTBEHAble 3navends, npollopuHouanbis Xy. dupomophusm p, (X4)
uMeeT cofcTBenHoe 3naueHne 1 xparnoct 1.

6) Ilyctb p — Takoe mpocroe mpefcTaBieHHe anreGphl JIn 8, uto o (C)=4q
H uTO 9HmoMOppu3M P (X) HMeeT coGeTBeHHoe 3HaueHue 1. ITokasaTs, 4TO mpep-
CTaBnenHe O SKBHBAJEHTHO MPEACTABJIEHHIO Pg.

91 13) INpeanonoxum, uto k= C, [lycts C =H? 4 2H — 4X_X_, cm. ynpax-
nexue 1. Ilpeacraeaenne p anre6pur Jin 8 =81 (2, C) nasmsaercs H-mnaromamn-
3UPYEMBIM, €CJHH MPOCTPAHCTBO MpPEACTABIEHHS P HMeeT GasHc, ofpasoBaHHmIf
COGCTBEHHBLIMH BekTopaMH snzomopduama o (H). MMyers ¢g=C n v = Q/Z.

a) Ilpennonoxnm, uro B npocrpanctse S HMeeTCs 0asuc (w), < c» 3aHYMe-
poBannpit anementamu u3 C. Ilycts Sy, = Z Ceyp. CyitecTByeT eIHHCTBEHHOE

wev
npelcTaBleHne Py, g aare6pnr JIn 8 B npocTpanerse Sy, Takoe, UTO

0o, ¢ (X+) ew = (g — ©* — )" e 1,
Po, g (X} ew=(g — w? -+ ©)" eg—1,
o, g (H) ey = 2wey,.

Y Y1Bepikienne ocTaeTcs BepHLIM. Jaxe ecin none k cuerno; cMm. Quillen D,
On the endomorphism ring of a simple module over enveloping algebra,
Proe, Amer. Math. Soc., XXI (1969). 171—172,
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1, o
(Vesosuyest, uto apu Bcex z& € 22 — KBajApaTHLII KOPeHb H3 3jemenTa 2
apryMeHdT KoTuporo npunaiaexut orpesky (0, m).) OGosnaunm uepes Sy,

$-M0/1yab. onpele.ettil apeiactTasaenneM Py 4. Torma pg, 4 (C) = 4q.

6) Ecan ¢ =% u® 4+ a npn mobuix 4 € v, To MoAYIs Sy 4 TpocT.

s) ITpcanodaomiy, uto 2050 u g umeer sun u?-+u, rae # € v (uTo onHo-
anaudo onpeiedset saement u). [yern S q (COOTB. S:', q) — BeKTOpIOE HoInpo-
CTPalicTBO B Sy, NOPOKIEHHOE SIEMENTAMH eq OPH @ i (COOTB. NpH @ > u).
. - + . o
Torna S, g Sv’q npocthie $-MojiMOnY.IH MOAY.IS Sv, o

r) ITpeanoaoxuM, uTo 20==0 u uto g HMeeT BuO U® - u, Tie uS v, 4 >0

THOSHE - 0 +
(uto ojHO3HAYHO onpeleaser oaement u). Ilyers Sv,q (COOTB. So. " Sy q)__

BEKTOPHLIC 110NPOCTPANCTBA B Sy, MOPOKAEHHHE 3JIeMEHTAMH €y NpH @ < —n
(coorn. npn —u<Lw<gu, w>u) Torna S, Sg,q n S;‘”q— npocruie $8-noa-
MoaYaIn MOAVIA Sy g

v, g

1 1 -
o} Tlpetgodoxuy, dro U=7+ Z H uro q=—. Myers ST, -y,

(COOTB. Sf,,_, _,,‘) — BCKTOPHOE MOANPOCTPAHCTBO NPOCTPAHCTBA Sy, . HOPONK/IEH-

2 f2, ~y
i Si’l/b 1, SBIIOTCH NPOCTHIMH 8-nOAMONYNSAMH Monyas S

. [ 1
noe 3JeMelTavu e, TPy @ s — — | COOTB. npu w>—-§-). Torna S:./

=y =Yy
- =
e) Qsdo3nayum qepes pqu, pg'q npencranBaenus, COOTBETCTRYIOHLHE MOAYAAM

Sy e S'Z,‘ o B cayuae 0) aienmentsl ¥ & 8, A3 KOTOPHX 5HA0MOPDH3M p;q(x).
uMeeT coberneloe 3Havenie, — 1o ateMentu M3 CH. B cayuanx B) — 1) anementn
x &8, 118 KOTOPHX 3I10MOPDH3M p; q(x) o6/agaet coOCTBEHIBIM 3HAUEHHEM,
cocranasior CH -+ CXy. Ecan alevenT x HuapnoTeHTeH (a ciedosaTedniio, Npo-
gopruoHaten X4) # le papen Hy.ao, To SHAOMOPPUIM O ¢ (¥) nmeer cofictpen-
noe suavyenne O kparnoctu 1. Ecau adeMeHT 1 moaympocT, TO NPocTpAHCTRO

npelcTaBaenus P, HMeer 6a3uc, 06pa3oBaHNLIi COGCTBEHHBIMA BEKTOPAMH SHI0-

Mopthu3va ,o;q(x). Auatorguutle pesyabTaTh BepHBE L [PeACTaBACHHS p;}' 7
ecan aiement Xy 3avmeHuTh Ha X—.

%) Iyers V — mpocroit 8-MoayAb H @ — COOTBETCTBYIOIlee MPeCTABAECHHE,
Torsa ¢ (C) —romoterns (ucrnodb3oBath ynpaxHenue 11). TMpeanonoxuM, uto
o (C) == 4q. Tlokasarp, uto ecau npeicrasienve o H-Zuarowanusupyemo, 10 V

- +
H30MOPOhEH OAHOMY H3 MOAyaed S, o Sg. 5 u Sg, o DACCMOTPEHHKBIX B M. 6)—1).

Joka3aTb, uTo npejcraBiaeHve p sABasercs H-anaroHanusupyeMuiM Toria ¥ ToJbKO
Toraa, Korda y s3uiovopduama g (H) ecth COOCTBeHHOE 3HAueHHe; A0CTATOYHO
ragxe, uTober Vv suioMopduama p (X4) Ob10 cobeTBerHoe 3Hadenue 0,

9 14) Coxpaunm obosnayeniia npeawayumero ynpaxuenus. O6osnauum ue-
pes B, dakropairepy aareSpur U (8) o apycTopolineMy njeany. nopox/eHHoMY

siementoMm C —4q, a dyepes ur—>u* 0603HAYMM KAHOHMHECKHI TOMOMODP(pHIM
U ($) > B, Paccmorpum npejicrasienus u3 ynpaxnewudl 12 uw 13 kak npez-

crapaenus aareépol By
a) Bee aiesentil aire6psl B, eqHHCTBeHHNHM 00pa3soM BbIPAXKAIOTCA B BHAE

> Xip, H)+ Y g (H)XS,

r=9 s>0

TAC pr U Gs — Milorounenn. Ecaw aBa saementa anre6pu B, NMOpokaaoT oauH
U TOT K€ JACBhl BAeds, Tu oM PONOPLHOHAIBHEL
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6) Ilycrs Mp HaxoauMes B yciaomusix I 6) ynpaxnenus 13. Ilyets a — ne-
HyJ1€BOA 3J€MEeHT NpocTPaHcTBa Sy 4. Ecln a — coG6CTReHHLIH ReKTOp SHIoMOp-

dusma py o (H) ¢ coGCTReHHHM 3HAUeHHEM A, TO AHHY.TIT)HPOM BCKTapa @

ABASETCH MeRbft wiean aiare6pnl By NOPOKIEHHBIH 21eMCHTOM H* — J.; ectu a.1e-
MeuT a He sBJdeTcd COOCTBEHHBINT BEKTOPOM 3HIoMopdisMa py 4 (I To ero
AHHY.JIATOP — HEMOHOreHHBIR JeRblll Wiea..

+ o
B) PaccmoTpny npencrabienns o ¢ 113 YIpaxHenus 13. Ecau a — nenynepofi

2JEMEHT B NPOCTPAHCTBE OMHOTO W3 STHX MPEACTaBAEHHIL, TO €ro 4HHy.JIATOp
B airebpe B, -- neMonorenHbit JeBni unean.

r) PaccMorpum npencrasienne p, n3 ynpaxnenns 12, Annyaatop snementa ég

B aareGpe B, nopoxuen smementom X — 1. Ecan saement a & W we iponop-

IIHOHAJeH 3JIeMEHTY ep, TO €ro aHHY.JIATOPOM SIBISIOTCS HEMOUOrCHNbId JeBbift
uiealn.

1) Jlo6o# aproMopduam aareSpur Jln 8 mpodo.akaercs Zo aBToMopduima
areSpm U (8) n onpeneaser npu nepexoae K dakroparefipe asToMophnsm ad-
reGpu By nyers 4" — noarpynna rpymin A = Aut (B,), noayuenras taknM ofpa-

3oM. TTokasaTte, uto 4’ £ A. (ﬂycn @ — 31uoMophH3M X b—s I—Xz x] aareGpn B ;

. ’

9TOT 3HACMophU3M JoKannHo Huabnotenten, ef & A o & A”)
e) C moMmombio nepeHoca CTPYKTYpw rpymna A 1eficTByeT iia MHOXECTBE
KJ1aCCOB NPOCTLIX npenctasaennit aarebpwr B, ITyers & (cooTs. @t m3) — mpea-

=3 +
cTapjeHue THRA Py 4 W3 yhnpakHenus 136) (coorTs. npefcramsiennc Trna 05 4 13

v

ynpaxueHns 13, cooTs. npexctassenne THNa p, us ynpaxuenus 12). Toraa Muo-

xkectsa Aw.. Am, n Am; nomapuo He nepecekatorcs. (Mcnonnzonath a) —r).)
Ecan § & A — takolt asToMopdR3M, uTo Y. — IPEICTARICHNE THHA 0Op 4 I3

ynpaxuents 136), 1o p= A’ (ucnoasdorats a) u 6)). Beimectu orciona, urto

ecay P — apToMopdHusM BHla e® w3 1), T0 npeiacraBielile 0 =, o obaajaer
CAeIYIOILHM CBOHCTBOM: AJa JioGoro aneMenta x & 6 — {0} y augovopdusma o (x)
HeT CoBCTBeHHBX 3HaueHud '),

15) Ilyers § — Tpexmepnast aarefpa JIu [TokasaTh, uTo clelyioliliie yCJIoBHs
skpuBanentin (cM. ra. I, § 6, ynpaxkuenue 23).

(i) g =1g. a}.

(i) dopya Kuarnura aare6puw JIn § nesmpoienia.

(iii) aareSpa JIn g momymnpocra.

{iv) aareGpa Jlu a upocra.

9 16y Iycmn § — npoctas 3-mepuasg aareGpa Jiu, n nvers M —ec bopua
Knnannra, O6osraunm uepes o (M) oproronazisnyo aarefpy dopum @, 1. e. nox-
anre6py areGpul Jln gl (g), ob6pasoBaktylo daeMenTami. OTHOCHTEIBIO KOTOPHX
tdopyva @ unsapuanria.

a) Iokasatb, uro ad: § - o (D) — uzomopdusn.

6) Hoka3ath, 4to cjeaylouine cBoficTBa anre6pn JIv § 3KBHBAaJENTHH:

(i) g conepxuT nenynerolt u3oTpomHmil (oTHocuTeannno Gopab O) BekTop.
(ii) g comep)XHT HeHYJEeBOH HHALMOTENTHLI! 3.1€MENT,
(iii) ¢ usomopdua 8.
B) [TokasaTtb, 4TO CYUIeCTBYET paclunpenue k, noast k creneuu <2, Haj Ko-
TopuiM aarebpa Ju g, )=k &, g nsomopdua aareSpe Jln ﬁ(k‘).

') ITonpoGHocT oTHOCHTENbHO yrpaxkuenuit 12—14 em, Arnal D., Pinczon G.,
Sur les représentations algébriquement irréductibles de I'algebre de Lie 81 (2.
I. of Math. Phys., XV (1974), 350—359.



28) I'J VI PACHIEIIETHIBIE HOAVIIPOCTBLIE AJIFEGPDBL JiH §1

r) Cnadaunm mektopHoe npoctpanctBo A ==k @) g enuucTBeHHOR CTPYKTYpO#
anreGpul, B Kotopolt | — eaHHHUHbI! 3aeMeHT M npoussedeHne § X g —> A sazano

thopmyaoh | |
xy=5 0 .1+ 50n yl (xys9).

Mokasats, uto A — anrepa xparepuuoHoB Hax rojseM k') 4 uro § — nomanre6pa
Jlu aare6pot A, ofpazoBaHHas 3JeMEHTaMH CO C/Ie0M HYJb (PaCUIMPHE OCHOBIOE
noJe, OrpaHHYHTbLCS CAyyaeM § =158 # MokasaTh, uTO TOrja aare6pa A oToxie-
cTBAasercs ¢ aare6poll marpuu M, (B)).

O6parHo, ecant D — aareGpa KBarepHMOHOB HAaI ToJeM K, TO 3MeMeHTH co
caeoM Hyab 06pasyiorT npoctyio 3-Mephyio aare6py JIH H COOTBETCTBYOLUAs
aare6pa A oromnaecrsasercs ¢ D.

a) Hokasate dopmy.sl

D(x, x)=— 8NrdA (x), @ (x, y)= 4TrdA (xy),
2[x [9 2l =0(x, y)2— O (x, Dy (x, 4, 29)

e) IMokasatb, uTo guckpuMunaut ¢opmel @ (oTHoCHTeABHO HeKoToporo Oa-
auca aare6pu JIu ) umeer Bug — 2A% rme A < k.

%) Ilyers n — nenoe uucno ==0. [TokasaTe, uTo g-mofyan S”(g) obmamaer
eIUHCTBEHHBIM NIPOCTHIM MOJAMOAYAEM pasMepHocTH 2n -+ 1, 4 sToT Moayab aGco-
JIOTHO TpoCT (CBECTH K CIYyYal §==85 M BOCIONb30BAThCH YIpaxHeHdeM 9).

ITokasats, uto aarefpa JIn § uMeeT aGCOMIOTHO NPOCTOM MOAYJb pasMep-
HOCTH 2f, TOJbKO ecan olia n3omopoHa 8, 1. e, ecan aaredpa A usoMopdhua My (k).
(TTyers V — takoit Monyab. Ecan n 222, To nokasath ¢ 11oMolUbI0 yIIpaxKIeHHs 6 B),
uyTo §-MoAyab V & g4 nMeer enHHCTBEHHBH aBCOMIOTHO NPOCTON MOAMOAYNbL pas-
meprocTH 2 — 2. Cgectu Bce, TaKHM o6pasoM, K cayuawo n =1, KoTopu#t Tpu-
BHaJEH.)

9 17) Coxpauum oGosliaueHHs OpeAslAyluero ynpaxkuexus. [ToKasaTh, uToO
npu Beex n 22| aareGpa U (§) COMepKHT eAHHCTBEHHBIA ABYCTODOHHH HAean iy,
rakofl, uto U (§)/i1, — npoctas leHTpanbhas aarebpa pasmeprocTd n? (pacuwu-
PEHHEM 110/ CKaJsPOB CBECTH anajH3 K cayyaw, korja § =8, W mokasaTh, UYTO
Toraa i, — anpo romomopdusma U (g) - End (V (n — 1))). Mool niaean xoneu-
HoH KopasmepnocTH B anreGpe U (§) nmeer BHI Wy, ﬂlun20_ ﬂ_mnh, rie ydcaa

. ’ 2 2
, 1OUAPIIO PASAHMHLL €TO KOPAIMEPHOCTL paBna 1y -+ ... n;, (IPUMENHTH

TeopeMy miotnocth). Mieaas 1, — eIuncTReHIbie MakclMaIbHble JABYCTQPOUHIC
1aeann Koneulnfi KopassepnocTn B aarespe U (g).
ITokasars, yto Ui, nopox/el (Kak ABYCTopoliiil 1ieas) sdeMenTaMi BHjia

LITRREY) y

x’—g(b(x, x¥) (xe=4g) n urto takropatreépa U (g)/ulz 0TOXKIECTBAACTCS

¢ anreGpoil kKearepuuonoB A u3 ynpaxHeHus 6.

Korpa anre6pa Jlu g usomopdua 8, aarebpa U (§)/ut, uszomophua My (k).
Ecau ke aare6pa JIu g ne nsomopoua 8, to aare6pa U (g§)/ul, usomopdpua M, (k)
TOPA2 W TOJBKO TOIJd, Korjga n HeueTHo (HCNoAb3oBaTh ynpawkHenue 16 k))?2).

9] 18) Ipeano.okuy, uto & pasiio R, C waH NOM0, MOJHOMY OTHOCHTENBUO
LHCKPETHOr0 HOPMHPOBAHHS C [OJIEM BHIUETOB XapakTepHCTHKH p 7= 0 (Hanpumep,
KOHEUHOMY PACINHPEHHIO Tofs p-afuyeckux uHcen Qp).

Y Han anre6pa marpun Mo (k). — puns. nepes.
?) Koraa n wetno, To MoxHo loKasaTs, uTo aareGpa U (g)/ut, nsomopdua
aaredpe M, (A). :
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a) ITycrs 1 — Huasnotenrtdas aarebpa Jlu, N — rpynna Jlu, noayuyenuas
H3 N C loMoiublo 3akona yMHoxeuns Xaycmoppa (ra. III, § 9, n°d), u
p: n-> gl (E) — auuefinoe npeicrasaense aare6pnl Jlu n B KoneunomepioM sex-
TopHoM npoctpanctse E. IIpemnosoxuM, uto smIoMopbuam p (X) HUJBIOTEHTEH
npu moboM x en, H nomoxkuM T (x)=exp (p (x)). Ilokasars, uro 7 — enui-
cTaeniiblii roMoMopbhusm rpyurt JIu @: N > GL (E), takoil, uto L (¢) ==p.

(Korna k=R unau C, ncnoan3osath cBs3HocTs rpynnu N. Korga mnose k
YABTPAMETPHUECKOR, I0Ka3aTh, UTO COGCTBEIHNE 3Hayed sunoMophuamor @ (x),
x & N, pasubl 1; 1ast 3TOr0 A0Ka3aTh CHayala, uTo ecau £ — Konedloe pacliu-
penve noast £ u (Ar, ..., Ay, ...} — TaKas M0CTELOBATEILHOCTS 3TEMEHTOB M0 B,
ato A, =AL ., 0pu Beex n u A;=1, To A, =1 npu Bcex n.)

6) ITyctb p: 8- gl (E) — KoHeurHoMepHoe JIHHEfHOE HpeacTaBaeHie anreSphl
Jln 8, u nycrs m — romomopduam rpynnm SL (2, £) B rpynny GL (E), coraaco-
BaHHEH ¢ npeicraBaeduem p (n°4). IJokasaTh, 4TO 7 — eAHHCTBEHHHIH roMoMop-
dusM rpynn JIu @: SL (2, k) - GL (E), takofi, uto L (@) = p. {(Mcnoas3osats a)
IJs LOKa3aTeabCTBA TOTO, YTO TOMOMOD(HSMB 7T 4 (@ COBMNAJAIOT HA 3.1eMeHTaX
BHIA exp (n), rAe N — HUJABHOTEHTHHIA 3JeMeHT B 8, W 3aMeTHThb, uTOo rpynna
JIu SL (2, k) nopoxnaercs saemedramu Buxa exp (n).)

§ 2

1) Mycts § — npocras 3-mepnas aare6pa JIn u @ — ee dopma Kuaannra
(cv. § 1, ynpaxuenusn 15—17).

a) dneMeHT X & g peryaspeH Torfa U ToabKo TorAa, korga @ (x, x) 5= 0.
[Mycts By = kx — nopaareGpa KapTana, nopoxaendast TakuMm aneMmeHroM, Joka-
3aTh, Y410 By — pacwemasomast nozadre6pa TOrZa U TOJALKO TOIAd, Korja sJie-
met 20 (x, x) ABASETCT KBAaApPATOM B rofe A

6) IMTokasars, uto

g — pacmenasiemas anrebpa Jlu <= § usomopdua 81 (2, k).

2) Ilycrs k; — pacuipenne noas k KoHeUHOH cremenn n ==2.

a) ITokasarb, uro moaynpoctras k-aarebpa 8l (2, k) nepacuienasema,

6) ITokasatb, yto paciuienasemas npocras k-aareGpa 8l (n, k) copepxkut nog-
aare6py Kaprana §;, kotopas me sipasercss pacwiemriiomed. (PaccMoTpeTs HEKO-
Topoe BaoxeHue aarebpu k; B aarebpy M, (k) u nomoxurs §; =k, (18l (n, k).)

3) Mycrtb (8, ) — pacuweniennas noaynpocras anreGpa JIu, R — ee cucrema
Kopuelt u K — orpannuenue na nogaare6py h dopms Knmmmzra anrebpwm Jlu g.
Torma B o6Gosnauenusnix ra. VI, § 1, n® 12, K=BRV u K==4vy (R) (I)RV, ecan
cucTeMa KopHeil R HenpuBojguMa: ecail, KpoMe TOTo, BCe KOPHH CHCTEMBl R HMeloT
OIMHAKOBYIO AIHHY, TO

K (Hy, Hy) =4k o1pu Beex ae R,
rae A — uncao Kokctepa rpynnal W (R).

Ecnn, wanpumep, §—aarebpa Jlu tuma Egq E; uan Eg 1o K (Hy, Hy)
pasuo 48, 72 uau 120.

4) Iyerb (g, B) — pacwennennas noaymopocrast aare6pa Jlu (Xa)g e g — ce-
MefiCTBO 3JEMEHTOB, YZOBJETBOPSIOMHKX Yyca0BHAM JemMMb 2. Ecan a, PE R u
cean a-+ SR, To onpepesnM uncra Ngg no hopuyaau [Xg, Xpl = N“-BXG*'B;
ecn o+ B & R, To nonokuM Ngg=0. [okasars cienywomue HopMy.ip:

a) Nq 8 = — IVB’a.

G) Ecan a, B, y= R — rakue xopuu, uro a4+ p + y=0, 1o

Nep _ Moy _ Vya
vy lwo  BH
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B) Eean o, By, 0 R— takue KopHu, uto a-+ B4+ v+ 6=0, n ecan
cyMMa JoDLIX JIBYX KopieHd He paBHa HYJO, TO -

r - T r T
Ny.pd v.0 _}‘ Aﬁ.vNa,é + Av,a“\’ﬁ.é =
N+d v+ 0 a+6,a+6) P+o p+0o
5) Mycrs (g, §) — pacwenaennas noaynpocras aare6pa Jlu, u nycrs
(Xg)y e p — CEMElCTBO BTEMENTOB, YIOBAETBOPAWMHX yCAOBHIM JdemMn 2. Tlyets
B — Gaanc cneremu kopHelt R. OneMmentn Xgq (e = R) u Hy (o = B) obpasyior
6asuc BexTOpHOro npoctpanctsa §. IlokasaTe, uro anckpumusant gopmu Kua-
auura aare6po Jiu § B sToM Gasuce (Aae., ra. 1X, § 2) — pannonasslioe yucao,
e sapucsee oT Bmbopa noiaareSpn Kaprana ¥, Gaszuca B n aaementon Xg').
n .

BriBectd oTCloAa, YTO 32JE€MEHT U3 HPOCTPAHCTBA A" g, n=dimg, onpezenen-
HLIE BHelWuuM lpousselennem saementoB Hy (a e B) n Xy (o0 & R). He saBHCHT,
¢ TOYHOCTLIO [0 3haka. oT BumOopa nomaareépot ), Gasuca B u siementoB Xg.

B) Myctb (Xq), < p — cHerema Wesanse pacinensientoll noayupocroll anr eGpnl

Jlu (g, D). Ilyers o, B R, u nyets p (cooTs. g) — nanbosbluee neJoe YUCAO f,
takoe, 4to P+ ja = R (coors. B — ja = R), cm. xemmy 4. [lokasats, uro

ad (Xo)* (Xp—ga) = = ' Xgp(hmgo P11 O<E<p+g.

Buwisecry orciopa, uro aare6pa g, w3 onpeleseHma 8 ycroHumBa OTHOCHTE/BHO

0.

d
onepatopor ad (X)¥/k!, a TaKKe OTHOCHTENBHO ONEPATOPOR e o) (cm. § 12).

7) HNpeanodoxnm, uro k — ynopsiouersoe nose, [Tycrs (g, §) — pacwenaen-
Hag noaynpoctast anreépa Jlu paura [; nosoxnum dimgq=1[,+4 2m.

a) [lorasarn, uro gopma Kuaaudra @ anreGper JIu § — npamMas cymMma AByX
¢dopM: lediTpaibHoil QopMbl padra 2m u HEBLIPOKIAEHHOH NOIOKHTEIBHO onpe-
HeJdCHHON GopMbl panra /; B 4acTHOCTH, e€e HHIEKC paBeH /.

6) INycrs @ — nuBomoTHRNHE anToMopuaM aareSpnl JIu g, orpaHHYeHue
koToporo tia nopaaredpy Kapraua h pasio —Id. Ilokasats, uro dopma

(£, ) > —D{x,0(y), x ys4g

CHUMMEeTPHYECKAsd, HEeBLIPOKACHHAA K MOJOKUTE/JABHO ONpEACJCHHAN.

B) Iyers P = k(W) rae o —snemenr <0 us k. OGo3uauum uepes ¢
neTpitBnaLibl k-arToMopdusy noas &', Ilycts g, — k-NOANPOCTPAHCTBO B §4) =

=k’ ®r g, 06pa3oBaHHOe TAKAMH JeMEHTAMH Y, YTO

Q@) .y=(@D .y
Mlhkasats, wro §, ccTe k-mosairebpa Jlu aareGpbt Gy M 9TO WHBEKTHBHOE
orofpaxenne u3 §, B aaredpy Jlu §(xy NMPOTOMKALTTS 10 usoMophusma anrebpn

I &' ®,9, na § . Aaredpa Jlu g, moaynpocra u /@ h —ee nomaarebpa
Kaprana.

ry [Mokazarn. uto ¢opua Kuaauwra aareGpm Jlu g, orpullaTensHo onpene-
aena. Brseetn oTciola, uto §, — HepaclienaseMas aare6pa Jlu (3a uckiaouenuem
cayuas §==0).

A) B cayuae korna k= R, nokasaTs, uto rpynna Int(g.) xomuakrua.

8) a) Ilycrs g — aarebpa Jin u n — neaoe unexo 2= 0. Ilyers I, (9) — nox-
MHOKECTBO npoctpanersa g%, ob6pasosanuoce cemefictsaMu (x5, ..., Xu), KOTopbie

1) TlopoGnoe BuiKCIeNne 5TOrO NUCKpUMHuHANTA cM. B padore: Springer T. A,
Steinberg R., Conjuiacy Classes (n° 4.8). Seminar on Algebraic Groups and
Related Finite Groups, Lect. Notes in Matl. 131 Springer-Verlag, 1970,
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mopoxIanT § Kak k-aareGpy. [Tokasarb, uTo MHOXKeCTBO 24 (§) OTKPHTO B Npo-
crpanctse §" B tomosorau 3apucckoro (ra. VII, nonoanenne ). Ecaw &’ — pac-
wupenue noas k, to Z,(8,)N9"=2Z,(8). Burecru orcoona, uto rpocrpan-
CTBO f(py MOXNET OHITb HOPOKIEHO /1 SMNEMEHTAMH; 3TO JKe BEPHO U OT0CHTAIRNO
nceft aareGpel Jn g.

6) Mycts (g, §) — pacwennentas noaynpocras arredpa Jli. J1yers x — Takoil
sIeMeHT nmpoctpancersa b, uro o (x) % 0 qan MioBoro kopust a & R 11 (x) 5= B (x)
a5t A6oH napel  pasaHuHbBIX KopHell o, P R. s mmoboro ¢ = R nycrs

yq — HEHYJIeBofl 3iemeHT npocTpaucrea §% 1 y= Z yq. [lokasare, uro 1as

g R
1060r0 KopHf @ & R cyuecrsyeT tako#t MHorowren P, (7)) e k[T] Ges csobon-
HOTO YaeHa, UTo yq = Pg (ad x) . y. Burectn oTciona, uro aaredpa JIn ¢ nopo-
W1E€Ha MHOXecCTBOM {x, y}.
B) [TokasaTb. uto Beienctsue a) u 6) mobas nogaynpocras aaredpa Jlu MoxeT
SpITh NMOPOXKACHA TBYMS 3jeMeHTaMH.

91 9) Mycrs G — cBY3nad BewiecTBeHnan KoneuitoMepuan rpyima M. Tlycrs
q — ee aare6pa JIu, ¥ nyctb {Xy, ..., X,} — uopoxiaouce ceseiicTso aredpH
Ju g TIpn mobom m 20 obosnaguym uepes Ty noarpyuny rpyuun G, nopo-
KEHNYI0 2TeVeHTaMH exp (2_’"xi), 1<<iKn. Toria mieoT MeCTd BKTHOYEHHUS

| Vel I el )

a) IMokasats, uTo oObenuHeHie rpyun 'y BCOLY maotuo B rpyane G.

6) Tlycts Hpy — KoMnonenTa eiiiin 3asbikanust L'y rpynist [y Toraa
uMetoT Mecto BraAYendsg Ho Hy < ... u nocaezorareawiocts (Hpg) crabui-
aipyerces. Ilyers H — oGbeaunenne Bcex Hy. [lokasats, wro rpyusa H uop-
vaibHa B G (3ametuTh, uro H Hopuaimayertca scemn Hoarpymnamu [py) 1 uto
o6pa3 I'm B G/H — nuckperTHas moarpymua rpyuns G/H. Tak kak ofbeinuende
3THX NOArpymn Bcioay MIoTao B G/H, To BuiBect u3 srtoro, uto G/ nuasno-
renrua (em. ra. I, yiupaxuenune 23r)).

B) [lpeanonoxuM, uto §=2g. Ilokasats, uto G=H, T e rpymna Tp
BCiogy mJoTHa B G aast JocraTodyHo Godblioro m

10) MMycre G — cesisHad noJynpocrast Beulecrsenuas rpynna Jld. [lokaszats,
ucnosb3ys ynpaxuenus 8 u 9, uwro cyuectByer BCloNy MMoTHas MoArpymnna
rpyuns G, NOPOXKICHHAsS JBYMS 5JeMECHTaMH,

11) Iyers R — cucreMa Kopuefl panra [ u D, — COOTRETCTBY0ILAS KaHOHH-
veckas 6uanneiinas Gopua (ra, VI, § 1, n° 12). Panr matpune O = (Dp i B\) der
. =

apen | 1 ®? = @. BmBectn orcioga Qpopuy.a O, (e a)=Trd =1,
p y R
aeER

§3

1) Tlycts I’ — noxrpynna koweuHoro wuHjAekca B rpynne Q (R) u P=T)R,

Torna aare6pa Jn b 4 I)P penyKTHBHA, it mofas peAyKTHBHAS Noa1redpa areGpsl
Jlu g noayuaerca taxuM oGpasom. (Hcnoabsosars ra. VI, § 1. ynpaxieune 6 6)).

2) TMycrs X — MHOXECTBO PEeAYKTHBHEIX NMolaaredp anrebpel Jlu g, oranunnix
oT g u conepxamux P. Halitn makcuvaabubie snementn Muoxecrsa X cnocoGom
u3 ra. VI, § 4, ynpaxuenue 4. [Tokazatsb, U4To pasMepHOCTh LENTpa Taxoli MaKcH-
MaanHol noganredpsl JIn paBHa O uau 1 B 3aBHCHMOCTH OT TOro, HAXOAUMCS Ji
Mbf B yeaoBuH a) nax G) YKasaHHOro ympamiieHH.

3) MNycre b — nonaareGpa Bopeast aarebper Jlu g u [ =rg (9). ITokasaTs,
4TO MiHiTMaJbHoe uncio oGpasylomux aareGpul Jin b paBno !, ecnm [ 55 1, y 2
ecan [ =1,
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4) TMpeanonaoxuy, uto k=R umu C. [Mosoxknm G = Int(§) u oroxzaecTaum
aare6py Jlu rpynus G ¢ g. Tlyers b — nomanre6pa Bopeas pacwensennoh
aareGpu JIH (§, B) 1 1 — MHOKECTBO ee HUABNOTEHTHHIX saemenToB. OGo3nauum
uepes H, B u N unterpaabusie noarpynnsl rpynnst Jlu G, aare6pnt JIu KoTopwix
pasunt B, 0 u n coorsercrBenno. Mokasats, uto H, B, N — noarpynnu JIln 8 G,
tpynna N oaxxocssiza # B — noaynpsimoe npoussenenue rpyan H u N.

5) Iyctes nt — napaGosnnueckass nopaare6pa nosymnpocrofl aarebpe JIn a.

a) IMycrs P — mojasreGpa Jln anre6pw Jlu m, Hust toro utoGel ) Guiia
napaGoanueckoll monanre6poli aare6pu JIn a. HeoGXOAHMO H JOCTATOYHO, UTOGH
aareGpa Jln p cofepxkana paaukaa v aiare6pn JIn i n uroOn anreGpa Jlu pfe
6naa napaCosinucckoil nojaare6poil B m/r., :

6) Ecau ' — napaGoaunueckas nonasrcGpa anreGper Jlu 4, To Kaxkaas MoA-
aareGpa Kaprana aare6pw Jlu wmiNw’ ssasmercs iwogaare6poii Kaprama B a.
(Cectd K cayualo, Korza a — paculemszemasn asareGpa JIun, u npaMenuts upeg-
noxende 10 x nojasreGpaM Bopeas, cogepxamumes B mt ¥ ni’.)

6) Ise noiaareGpu Bopeas noaynpocroit atre6pu Jlg a nasuiBatTes ApO-
TUBORO.I0XCHBI MUY, CCIU HX nepeceuenne — noaajre6pa Kaprana. [Tokasats, uTo
ecan D —nonasre6pa Bopeas aare6ps Jlu a u b — nopaare6pa Kapraua 5 b,
TO B @ CYIHECTBYET €JINHCTReHIAS noja.are6pa Bopeasn. Kotopas nporusononoxnua b
u conepxut . (Ceectn K pacuienasemMoMy cayuaio.)

7) Ilyete a — noayupoceras aaredpa Jlu, § — nonaaredpa Kaprauma anre6per
Ju & u 8 — noayupocrast noiaare6pa anreGpu Jlu 6, comepkauas nopaareSpy
Kapraua . IMTokasars, uto

(a. §) — pacutensennas aareGpa Jlu <= (8, §) — pacwemntennas anrebpa Jlu. -
[TocTpouTh mpimep, Korna agreGpa Jlu a4 pacweniseva, a aare6pa Jln 8 — uer.
(Bsarb a==38Yy (4, k), 8=81(2, £"), rae k' — kBanpaTuyHoe pacwHpeHHe noss R.)

8) BriGepem 6asnc cucreMsl Kopiell R U OnpefenHM MHOKECTBO IOJIOKH-
teapHbix kopliefi Ry. [lpemnonoxum, uTo cucrema R HenpusoguMa. IlycTs

G — HauGoabwHi Kopenb, § — MHOXKECTBO KOpPHEH, OPTOrOHAMbILIX KOPHIO G, H
S+ =S§ n R+.
a) Ilyctob

g/ —_—-QSC_BIY)S‘ |"+= Z ga’ n_ == Z g—a'
a ES+ aES,
Torpa §" — nmoaynpocras aare6pa Jlu u §' =ho D m  Dwi_.
6) Moaoxum
ne= ) 8% b= > g% nm= Y g%

GER+ ‘IER+_S+ GER+-S+—(‘1}

Toraa
My =uge Dp. [y, Dol =0 [n4, g% =0.

B uacrthoctH, anre6pa JIn p — nnean B asnreGpe Jlu ny.

B) Jlust JtoBoro Kopus @ & R4 == S —{G} cymectsyeT eIHHCTBEHHBIH KOPEHb
o ERy — Sy —{@}, makoit, uto a+a’ =a. us moboro Kopis A& R4 =
— St —{G} MoxHO Bubparh TakoH HEHyJaeBoH aneMeHT Xy M3 [POCTpaH-
crea g% uro

[Xe Xo] ==£ X5 ecan GER+—S+—{5},
[Xq Xgl=0, ecin o, PeRy —Sy, PFEa).

1) dto ynpaxkuenue uam coobmua YKozed (Joseph A.),
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9) TocTpouth MpuMepLr TaKuX moaynpocTuix aaredp Jlu 4, uro

a) y amreopu Jln a Her nopasnredput Bopess;

6) y aarebpn Jlu a ecTs mojaare6pa DBopeuas, Ho @ — HepaculemiseMas
aarebpa Jlu.

91 10) Ilyets a — noayupoctas airebpa Jlu i x — ee aazement. Ckaxkey,
uto X npusodurca K duacona.ieHomy 8udy, ecau suiaoMopdusy ad x upHBOAMTCS
K AHaroHajuiioMy Buay (Aae, ra. VII), 1. e. ecau cyuwectpyer Gasuc anreGpul
Jlu a, oGpaszoBanHuiii coGCTBEHHMMIl BeKTOpamMu 3HIOMOpdU3Ma ad x.

a) Ilycre ¢ — kovmyratuBuas nojaareGpa aareGpu JIu a, o6Gpa3oBaHHas
3/eMeHTaMH, KOTOPble NPHBOJSTC K HHAroHaabHOMY BHAY, H nycTh L — MHOXKe-
crBo Becos atreGpu JInm ¢ B npeacraBaennn ad,. MHoxkecTBo L — KOHeuHoe
noAMHOKeCTBO B ", cofepxaulee 0O (3a ucwkmouyendueM cayyad a=0), 0 4 =
= @ a* (¢). [TokasaTk, uTo cyuiecTByeT Takoe noaMitoxecrso A muoxkecrsa L,

AL
yro MuoxectBO L — {0} — HecBsa3noe o6benuHenne MHoxect8 M u —M u uro
M4+ MNL c M. Ecoin mtoxectBo M obnanaer s3THMH CBOACTBaMH, TO MOJO-
M EB A M__ 0 M 0
XKHUM 4" == a“(c) m p”=0a"(c) P a" Anrebpa Jlu a° (¢) — 1neuTpanuzaTop
reM
nofaareGput ¢ B aarebpe Jln a. TMonaareSpa a®(¢) peayktisua 8 a (ra. VII
§ 1, n°5), u ee nogairebpu Kaprauna ssasioTes nojanre6pamu Kaprana aareGput
Jlu a(ra. VIL, § 2, n°3). Ilokaszarn, uto I)M—napaéommec;(aﬂ nojsanretpa
aare6put JIn a wu a™ — MHOXKECTBO HHABNOTCHTHHIX 3/MEMEHTOB W3 palukaia
aare6pnt Jlu I)M. (Bocnosb3oBathea Tem, uTo aaredpa JIu ¢ comepkutes B m0i-
aare6pe Kaprana aire6ps Jlg a M, pacwiHpHB IMoJe CKaJlsipOB, CBECTH Bce
K cayu€ako, Korza sTa nojaare6pa paciuenJsonias.)

6) Coxpauum o6o3HadueHds ( M[PEANOJOKEHUT W3 M. a) H INPEINOJONKHM,
Kpome Toro, uto aare6pa a pacuienysieMa [TokasaTb, yTo C co/fepXKHTCH B pac-
wenaaowed noxaare6pe Kapraua anre6pe Jiu a. (PaccMoTpers pacIlemsioLyo
nonaiare6py Kaprana B aare6pum JIn a, coaepxkauyiocs 8 asnrebpe Jin I)M. Ta-
KHM 06pa3oM, cyiecTByeT enuncTBeHnas monaare6pa Kaprawa ' aareGper JIn
a®(¢), tTakas, uto momaare6pa 0 codepxurcs B %’ @ aM. MNokasats, uto §’ —
pacuenasoas noxaare6pa Kaprana anre6pet JIn a u )Y comepxur C.)

11) ycrs a=]__[ai—npon33e11erme KOHEYHOr0 4YHCJA TOMYIPOCTHX

aare6p Jlu. IMoganreGpa g aare6pur Jlu a ssasercs napaboauyeckoit noganre6pon
(COOTB._ nojganrebpost bBopesss) TOrZa W TOJNBKO TOrAa, KOTja OHA HMEeT BHJ
q= I]_ 9;, TAe (;, — napaboauuecKas nonaire6pa (coots. monaare6pa DBopens)
anre6pe Jln a; aaa xaxporo i.

ql 12) Iycts £’ — KoneuHoe paciiupenne noss k, 4’ — noaynpocras k’-anre-
6pa Jlu u a — coorBeTcTBYIoUlan k-aare6pa Jlu. [Tokasats, uto y aareGp Jin a
¥ a’ ofuHakoBbie napabosuueckde nomaare6punl (cooTs. mopanredpu Bopeds).
(Pacwupurs moJe CKajasipoB A0 aire0paiyeckoro 3aMbKaius MoJsi 2 H BOCMOJb-
30BaTbCH ynpaxkHenuem 11.)

13) Mycte p 0 9 — ABe napaboauueckue noAare6pnl MOAYNpOCTOH aare6pr
JIu a4, ¥ nycTe N - HHJBNOTENTHHIR pagukaa nojajre6pul p. [lokasaTs, uTo
m=(pNq) + n —napaGosrueckan nojaareGbpa aare6per Jiu a. (Csectu K Cay-
yaio, Koraa 4 — pacigeniasemas aiare6pa Jlu, a g — nomaareGpa DBopeJs, BHOpaTh
nonanre6py Kaprawa ) cozepxawywess B P{14, # ONpeIeNdTh TaKoe IOAMHO-

KecTBO P cooTBeTCTBYlOWEN CHCTEMH Kopue#l, uto w==§ + gp.)
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14) Bocnoan3yeMcs o603HAUEHHAMH W3 yrpaxHeHHas 9.
a) Iyern a = B. [Tokaszats, uto nKer ad Xg — npavas cyMMa npocTpaHers
f8

g°. rie P wnpoberaeT \ilOAKECTRO TaKHX 3IEMEHTOB H3 R4, U9 KOTOpHIX

o+ fe&E Ry

6) BuiBecTu oTciona. uTo ccad aareGpa JIu @ mpocra, To HeHTp nolasrebpu n

pasen g% rne & — nanGoabmuil xopeHs cuctemn Ry. B o6mem cayuae pas-
MEPHOCTH UeHTpa aareGprl JIv 1 paBua UHCAY 1IPOCTHX KoMmonedT anrebphl Jiu g

§ 4

Anre6per Jlu, paccvaTpuBaembie B 3ToM iiaparpade, e 06a3aTeIbH0 KOHEYHO-
Meplibl.

1) Bocnosmnayevcst ofo3unauennavu us n° 2. [lyets A = kB KaxnoMy xopHio
a & B 1oCcTaBUM B COOTBETCTBHE TaKie 3SH/0MOPOHUIMbI X’La, Hé, Xé BeKTOp-
HOro npocTparctra E, uTo

-

1 (g ven an)=(l(a) - f: n (e, a)) (@ oo @).

i=1

by
X0 ooy ay=1(a a;, ..., a,),

A .
Boktop X; (¢ «.., @,) onpereaqercs uniykuueid no A ¢ noMouso Gopmysl

Xh(a, ooy =(X2 X =0, HY) (e, ..., a,) .

—
e 8y - CHMBOJ Kponexepa: yciosumes, uTo ccau (@, ..., ) — nycro#

= A
nadop, To BexTop Xg (@), .... @,) paBen nyno.

ITokasaTs. uTo yTeepxkienns aeMv | u 2 ocraioTcs CIPaBELIUBHIMU IAS 3THX
sHAOMOop{u3MoB. Mel nosyuaem. TakuyM o6pasoM, mpeictaBienue p,: @ > gl (F),

/1 KOTOpOro
A A A
Pi (%) =X 0a (Bg) =Hg, oo (¥_o) =X

11 2) Bocnonssyemea o6osnauenusvu ud n° 3. Ilpeanonoxum, 4to 1 — ugean
B aarebpe Jlu a.

a) Iyets o v B — aBa pasanuibix sneMenrta u3 B. [Ipexmonokum, d9to 4AR
nocTatouno Goapmoro N saement (ad xq)Y xg npuHaaexur ugeany ur [Toka-
3aTh. 4T0 Xqg & Ui (IMpumennts pesyaprarer § 1, n®2, x akropaareGpe a/u,
cHa6xernofl nmoaxonsamed crpyxktypoil 8l (2, k)-Monyas.)

6) IokasaTts, uTo 1 - 01 — HauMenbUIME HIean KOHEYHOH KOpa3MepHOCTH
B anreGpe Jlu a. [loxasaTh, uwTo 2TO TaKMke HaWMEHLIIMH HIean cozepxaumuil
sextopnl (ad x,)* xg u (ad x_ ) x_g.

3) Nyers (4, §) — pacwenaennas noaynpocraa anareGpa JIu, R — cooTser-
CTByIOULAdA CHCTeMa KopHeH u B — 6asuc cucteMsl xopHed R. Ilyers aas mo6oro
Kopiiss a = B (cooTs. mo6oil mapu (a, f) = B?) R(a) (coots. R (o B)) — 3amk-
HYTOC HOMAIOKECTBO B R, 00pa3oBaHHOE KOPHAMH o= O (COOTB. HaWMEHblIee
3aMKHYTOe [OIMHOMXKECTBo cHcTeMb R, comepxauee o u = B). Tlyers g (o)
(coots. 4 (o, B)) — npoussonnas anreGpa aareGpu § + gR @ (coore. § + gR@ B),
cu. § 3.

a) IToxasaTs, uTo § (a) =kHy D g*P g% ona wsomopdua 8l (2, k).

6) IMokasaTs, uto aare6pa Jlu g (o, f) moaympocTa 11 NopoxkAdeTca MNOAAN-
re6pamMu § (o) ® § (B). Ee cucrema kopneit oToxaecrsiagerea ¢ R (o, B).
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B) [lyets § —amebpa Jln (me oOszaveanlio kolledHoMepuas). [lycts 1pu
Bcex ¥ = B i1y, —romoMophuam agreGpnl JIu g (a) 8 & Ilpernoioxkum. uto gas
moGoil napy (a. ) cymecrsyer romomophusv Jog: § (e B) > 3, KoTopil 1po-
AomxaeT u romomopduaM g # roMoMopduav fg. [lokasats, uto Toraa cyuue-
CTBYET EIMHCTBeHHNIA roMoMepdhusM [: g > 8, koTopulfl 1poloaiKaeT Bce romo-
MophH3Mel fq BocnonbsoBatbesi npeadoxennem 4 (i).)

4) TlycTs § — paciuenasieMas noJaynpocras aarefpa Jlu n 0 — asroMopduanm
noas k. Ilyeth g5 — aarebpa JIn, noayueruasa w3 anre6pn JIn g 3ameHoft noas
CKasisipoB ¢ moMouwbio aptroMopdusva 0. [TokasaTe. uro aaredpa Jlu §g H3oMopdHa
aare6pe JIu g (Bocnoas3oBaThes ciaeAcTBHEM npeanoskertus 4.)

5) a) yecrs § — npocrast anrebpa JIn u B — KOMMYTalT npucoeAHIeHHOro
npesacrasaerns anare6pn Jlu §. [lokazats, yTo Ry — Hoae, ABIgI0ILEECS KOHEYUIHIM
pacmipensem noas k. v uro § — abcoToTHO NipocTas k -anrepa.

HaoGopoT. ecin &, — KoHeuHoe paciiupentHe noas R u § — abCodioTHO
npocras k,-anre6pa Jlu, To § — npocTas k-aare6pa JIM, U KOMMYTaHT €€ LipH-
COENMHEHHOrO NPEACTABJCHHS OTOKIECTBISETCH C NoJeM R,

6) Myets k" — pacwmpenne l'anya nons k, conepxawee noxe k. [Nokasats,

4TO §(gr) — MpoOU3BEIEHHE aBCOMOTHO IIPOCTHIX aire6p Jlu B KOTHYeCTBE, paBHOM
[£:: k]. Tlockoabky amre6pa Jlu g(k,.) pacuielnersas, To sTu aareGpu Jlu Mo~
napuo u3oMOpOHE (BOCTIOJB30OBATLCA YyHpaxuennem 4).

6) Iycts A — KOMMyTaTHBHOe KOJbIIO, H NycTh U ecTh A-aaredpa Jly,
onpejeJennas cemeficTroM ofpasylowux {x, y} n cooTHOLICNHAMH

[z [x, y}1=0, [y [y [y x]]] =0.
[Mokasarh, uTo It — cBOGOAHBIE A-Mojnyab ¢ Gasucom
{x. y. [x g) 1y [x gl
Ecan A=k, nokasaTh, uTo aare6pa Jlu u usomoppsa aarebpe Jlu ap/n  coor-
BeTcTRyowell cucreme KopHe#d Tuma Bs.
€ 7) Mycts A — KOMMYyTaTHBHOE KOJbIO, B KOTOPOM 3.deMeHT 2 o6patu,
u iiycts U ecT» A-aare6pa Jlw, onpegenennas cemeficTsoM ofpasyiouux {x, y}
H COOTHOIUEHHSIMH
[x, [x, yl} =0, [y 4 ly ly, x]]]]=0.
Iokasarts, yTo W — cBoGomHbiii A-MoIynb ¢ 6a3HCOM
C AN B N /A E A7) | R 78 172 B0 ) B A AR A E A 7)) ) 2

Korpa A=k, noxasars, uro aareGpa Jlu 1t uzomopdia aarebpe Jlu ai/n,
cooTBeTCcTBYIOIel cucteme kopred Tuna Go.

§5

1y Unneke moarpynmst Auty (g) B rpynne Aut (9) komeuen.
2) Ecan § — pacienssiemass npoerass anreG6pa Jlu tuma Gy Fy, nan Es 1o

Aute (g) = Aut(g)
3) ITycts § — pacwenasiomas noganredpa Kaprana aare6put Jiu g, b — noa-
anreGpa Bopeas pacwennensofl aareGpu Jlu (g, §), n==[D, 0] u ¥ =-expad 1.

Toraa
Aut(g)=N.Aut(g, §) . N.

TMycrs s e Aut (g). Mpuvenurs npegnoxende 10 us § 3, n°3, k aareSpe Jlu
(1s (b), sarem npumenuts teopemy 3 us ra VI, § 3, n°4.)
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4) Tlycrs § — noganre6pa Kaprana aare6pw Jlu § 4 § — TaKOA 5.€MEHT H3
rpynnet Aut (g, §), uro sH == H npn Bcex oranunbix ot HyAs saemenrax H
us § IlokasaTh, uyTo § — a1eMeHT KoueuHoro mopsitka. (CpecTn X cayuaio,
korjga ) — pacwenasiomas nonagare6pa Kaprana, # mnifpars Takoe uejoe YHCJIO
n>=1, uro e (s)?=1. Toraa cywecrByer Takoli 3IeMEHT ¢ < TQ. uto [ (@)= s"
fyctn 0 — anpoMopdusn, conpsikensuil ¥ sHpoMopdusMy s|H. [MokasaTs, uro

—_— ?
1+0+6+ ... +6" =0, n srsectn orciona, uto s* = 1.

€1 5) a) Ilyers a = Aut () # Nt — HUABOPOCTPAHCTRO SHAOMopdhu3Ma a — 1.
ITokasaTh, yTO C/AeAyIollHe YCAOBHSI IKBHBANEHTIIHI:

(i) Ker (a — 1) — nopnaareGpa Kaprana aareGpor Jln §.

(ii) 1 — nomanre6pa Kaprana aare6pst JIn § n a < Aut, (9).

(iil) dimn=rg (8) ¥ a = Aut, (g).

6) [pennosioxuM Temepb, uTO mHosie R aareGpanyecku 3aMkHyTo. IlycTh
V — BekTopHOe mNpocTpaHCcTBO, R — cucTeMa KopHeH B npocTpaHcTBe V, TQ—
rpynna Hom (Q (R), £*), n — neaoe wucao =1 u T, — noarpymma rpynabr TQ,
o6pasopannas sJAeMEHTaMH, NOPSAOK KoTophix jpeaut a. Ilycrs § — npumurHBHL
Kopenb CTeneHu n u3 eaunuus B none R. Ilyers ana noGoro HEP(RV)
P (H) — anement yrH> Y H) g rpyINIB TQ. Oro6paxenne P — roMmomopdusm

Py P(RY) na rpynny Tpn, sapo KoToporo pasuo nP (RY) Nyers tesT,
n C — aanLKOB B IPOCTpaHCTRE P(RV) ® R Torpa cymecrsyior takne w = W (R)
u He P(RY), uto —lﬁ-H eCu P (wH) = ¢. (Bocnonnsosarscs ri. VI, § 2, n°1)

B) ITycrs B — nomasire6pa Kaprama asare6pel JIu § n R — cucrema KopHefl
pacwenaenyoii anredpu Jlu (g, ). Mlyere n, {, $ Takne xe, kak B 6), a f — xax

B n°2. [Tycts HEP(RV). MHoxecTBO aaeMeHTOB H3 aareGpw JIu ¢, uuBa-

puanTun X oTHocuteasHo f (1 (H)), pasno b + Z g%, rme R’ — MHOXeCTBO TaKHX
0ER’
kopueft a = R, uro a (H)y = nZ, u [ (b (H)) ynosierBopser yciaosusam n. a) tTorga

1
H TOJLKO TOTJAa, KOT/a 3/JeMeHT ZH NPUHAANEKUT HEKOTOPOMY albKOBY.

r) IIpexnosoxnum Ttemepsb, uto aareGpa Jlu § npocra. ITyere B u R Takne

ke, KaK B YTBEDKACHUH B), (al, ..+ @;) — Gasuc cuctemn R, A — uncao Kok-
cTepa cucTeMbl R, { — NOpPHMHUTHBHHLE Kopeub cTenens A u3 eMHHANW B noJe k
u H - takoft asnement n3 nojanre6pur Kaprana §, uro o, (H)=lnpni=1 ..., L

Jloka3aTb, UTO BHINOJMHSIOTCS Clelylollihe YCJIOBHA:

(i) I‘omomo?(pn:ﬂv[ vyt rpymu Q(R) B k* onpenenser saewent
rpynnst Aut (8, §), kotopulil yaomaersopser ycaoBUAM YTBEDXKAEHHA &) M mo-
pALOK KoToporo paBeH A. (Boclionb3oBaThCs YTBEPKAEHHEM B), a TaKXKe Npejo-
wenneM 5 w3 ra. VI, § 2, u npenaoxenvem 31 3 va. VI, § 1)

(ii) IMopsnok kaxmoro asToMopdH3Ma Kouewnoro mopsaka anreGpsr JIu g,
KOTO[))blI':I YAOBNETBOPSI€T yCAOBUSIM M. a), He MeHblle A, (Bocmoabsoeatscs 6)
H B).

(iii) ABromopdusMul nopaaka A aareGpet Jlu §, KoTtophe yLOBAETBOPSIOT
ycroBuaM 1. a), 00pasylT KaacC CONpsiKEeHHmX aneMeHToB B rpymne Aute (g).
(Bocnonb3opathes npeanoxennem 5 u3 n°3)

) [Myers ) u R TakWe ke, Kak B B), H nycts @ — npeoGpasosanue Kok-
crepa u3 rpyonn W (R). [Tlyers s < Aut(g, B) — Takofi aBTOMOpDU3M, uyTO
e (s) = w. [TokasaTh, uTo aBTOMODGH3M S YAOBJAETBOPSET YCIOBHAM M. a) H ero
nopsanok pasen k (Bocnoansosarsest npedaoxenueM 33 ua ra. VI § I, rn. V,
§ 6, u°2, u npepnoxenney 9 u3 ra. VIL § 4.)
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e) Ecait s = Aut (g). To caeayiolumue yeaoBus 9KBHBAJIEHTHBL

(i) aBTOMOpdH3M S YAOBJIETROPSET YCJAOBHUAM YTBEPKIEHHS a) H HMEET Io-
panoK h;

(ii} cymecrsyer Takan momasre6pa Kaprama §) asreGpwr Jlu g, ycroituusas
OTHOCHTeAbUO aBTomopdusaMa s, uro orpaHuueinie s | — npeobpasonanue Kok-
crepa U3 rpynns Beiia pacuienseunoit aaredpw Jlu (g, §) (BocnoanzopaTeca mm.
r) u n).}

x) XapakTepucTiiyecKHH MHOrouased asroMopdusma H3 m. r) (i) pasen

A =T =1 T[ (1 —g=®),

aER

XapakTeprcriyeckiii MHorowilen arroMopdusamMa s u3 m. 1) pased

!
B(=(T"=1)"TT (r - g"’i) m, — noKasaTean cucreMst R),
. ] i )

i=1

(Bocmoansoeatees npenmoxennem 33 (iv) w3 ra. VI, § 1, n°11) Bugectn us
cootHowenuss A (T)==B(T), uro npy Bcex =1 uyucio rakux i, yTo m; 2= j,
paBHO YHCJAY TakuX KopHeil a & Ry, uro a(H)=/; takx Mb nonysaem npyrum
nyTeM pe3yanTar ynpaxHeHHs 6 B) us ra. VI, § 47).

6} Tlpemnomoxum, yro k=R waun C. Tlyers G —rpymna Jlu Auty(g).
Tlokasath, 4To saeMeHT a & G peryasped (B cmbicae ra. VII, § 4, n°2) torna
H TOJbKO TOTJA, KOTA3a OH YAOBJIETBOPSAET YCAOBHSIM ynpamuenus 5 a).

7) TpeanonoxnyM, uto aare6pa Jlu § pacwennsema. ITycrs B (g) — kano-
nuyeckult 6asuc Kanonnveckofi nonaare6put Kaprawa B amreGpe Jlu ¢ (n° 3,
samewanue 2). Ecnin s & Aut(g), To asToMopdu3M 5 HHAYUHPYET nepecTaHOBKY
na muoxectBe B (g). O6o3HauuM uepes sgn(s) 3uak srofi nNepectanosKi, [loka-

N n )
3aTe, uTo aToMopdusM s xeficreyer Ha npocrpancree Mg (rae n=dim g) mo

bopmyJe
X —>sgn(s). x.
4 8) MMycrs k — aqrepanueckoe 3amblKanue noxd k& M §=E®kg. I'pynoa

Tanya Gal(k/k) ecrecrsednnM o6pasom pelicTsyer Ra anre6pe Jiu g H Ha
KaHoHHYecKo#l mopanrebpe aarebpm Jlu g (n°3, sameuanne 2), a Takxe Ha cH-

cTeme KODHelt R u ee KaHoHuueckoM Oasuce B. TakmM o6pa3oM, Mbl Nogyuyaem
HenpepbBHL roMoMopdu3M (T. €. roMoMOphH3M, AAPO KOTOPOTO OTKPHITO)

m: Gal (k/k) > Aut (R. B).

ITokasatb, uto ajgre6pa JIu ¢ ABAAeTCS pacliemnyieHHoll Torma ¥ TOJLKO ToOrfa,
KOra BHINOJHEHB! CIeNyOlHe ABA YCAOBHS:

(i) TomoMmophuam @ TpuBHAIEI.

(i1} B aareGpe Jlu § cojepxnred molaareépa Bopeas D.
(Hano nokasate, uTo nonaare6pa Kaprana D), comepxamasca B aare6pe Jiu b,
sBAfeTCd pacllemsiomedl Toria M TOAIRKO Toraa, Koraa romoMopbusm 7t
TpUBHAJNEH.)

9) MycTe R — npuBeieHHad cuCTeMa KopHel, B — 6asuc cucreMnl R H
(%0 Do B, (Xg)qe ) — CoOOTBETCTBYO AR pa3meuenHan moaynpocras atreépa Jin

(§ 4). TIycts £ — asnreGpanyeckoe 3ambikaimie noas ku p: Gal (R/k)—>Aut (R, B)—

1} Moapo6GHOCTH OTHOCHTENBHO 3TOrO ynpaskieHus cM. B crathe: Kostant B.,
The principal three-dimensional subgroup and ths Belti numbers of a com-
plex simple Lie group, Awmer. I. of Math., LXXXI (1959), 973—1032

/310 BypSakn
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HenpepsiBHEG roMoMopduam (cum. ynpaxHaenne 8). Ecan o & Gal (I%/_k), To ofo-
3HAUMM 4epe3 P, Takoi k-munelinbiA asroMopusm anreGpu JIn g, =k ®,, 8¢ uTO

04 (2(“) =X, (0) ECT(:.—CTBeHHbIM 06pa3oM mPoROTIKHUM nfﬁcmne rpymnu Gal (k/k)

Ha k 1o mefictBust Ha §o. IIycTh § — NOAMHOXECTBO B §o. OOpa30BaHHOE TAKHMH
SJIeMeHTaMH X, 4TO P, (x)=0"',x npu Bcex o < Gal (k/k).

a) Ilokasars, uto § ectb k-noganreGpa Jlu anre6pw Jln 5, H 4TO MI'BEKTHB-
loe otoGpaxenne anreCpst Jin g B aareGpy Jln gy nponoaxaercs Ao H3oMOp-
¢nama amre6p Jlu R ®, g u g, B yactuocry, aarebpa Jln g moaympocra.

6) Mycrs by — monaare6pa Jlu B §o, mopoxpennas B, u saementamu Xg.
TTonoxum

By=k®,b, b=gNb; h,=E®,b, H=gND,

ITokasats, uTo E@k b =Fo, k ®k h= 30, Tak uto b — monanreSpa Bopeas aare-
6pul JIn § u h — nmomaareGpa Kaprana.
B) IlokasaTh, 4TO TroMoMopdH3M =, accouuHpoBaHHHA c anreGpoit Jlu g
(cM. ynpaxuenune 8), coBnamaeT ¢ rOMOMODPHH3MOM Q. i
91 10) Ilyers ) — pacmenasiomas nogaare6pa Kapranma B aarebpe Jlu g
8 (Xg)qe g — cucrema [lepatne pacwiemennoli aareSpo Jin (g, D), em. § 2,
n°4. Ecan o € R, To noJoxum
X X X
eu__=ead aead _aead o
u oBo3naunM uepes W momrpymmy rpyinm Aute (g, ), nopoxaennymo saemen-
tamu Og. _ .
a) IToxasats, uro & (W) =W (R).
6) Ilycre s W, u nycts © =g (s). [Tokasars, uro

§(Xg) ==Xy 0PH BCEX OGS R

(Bocnoss3oBarbes ynpaxuenneMm 5 u3 § 2.)

B) IMyects M — aapo romomopduama e: W - W (R). ITokasats, uto M co-
LepP:KHTCS B HNOATPYIIE PPYIIIBl f(TQ), o6pasoBanHofi TakUMH aJaeMenTaMH [ (@),

uyro @?=1. [Toka3sath, 4T0 M COHEPKUT STEMENTLI [ (9,) onperenrenHsie paBeH-

v
cTeamn @, (B) = (—1)<B' a") (3ame1‘mb, 4To 9é=f(cpa)).

r) *Mycts @ & Hom (Q, {:1}). IlokasaTs, uro anement | (@) npunannexut M
TOrKa H TOJbKO TOMAA, Korda @ NPofo/kaeTcsl Jo roMomopdusMa rpynnsl
B rpymny {==1}. (M3 nocraTounocty cienyer, uto M comepxur siaemeHTH [ (@y)-
Urobnl n0Ka3aTh HeoGXONMMOCTb, HaJ0 CBECTH K cayyal k= Q H BOCIOJbL3O-
Batbest TeM, uro M comepmuren B [ (Tg)NAut, (9) =Im (Tp). em. § 7, ynpaxue-
Hue 26 r).) BmBecrn orciona, utro M uzomopdeH INBoFCTBEHHON rpymne rpymmkl
Q/(@N2P) )

11) B ofosHauennsx u3 1°2 OPEHIONONKHM, UTO k — JOKABHO KOMAAKTHOE
HEJIHCKDETHOE YJIbTPAMETPHUECKOe MOJe, H, CNefOBATEIBHO, OHO H30MOPYHO R, C
HIH KOHeuHoMy pacmupenuwio nons Qp (Komsm. aze., ra. VI, § 9, n°3). Ilpn

Bcex n>1 ¢akroprpymna k'[k*" komweuna (cM. Komm. ase, ra. VI §9,

') TlogpoGHocTH oTHOCHTENBHO 3TOTO ynpamHeHus M. B cTaTwe: Tits J,
gNé)rn}zli(lslsateurs de tores. I, Groupes de Coxeter étendus, J. of Algebra, IV (1966),
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ynpa:kHeHHe 3, A7 y/AbTPAMETPHUYECKOro cayuas). BuBecrn orciofa, 4To (pakTop-
Tpynmns TQ/Im (TP) u Aut (g)/Aut, (9) xoneuus.

Korna k=R, nokasars, uto T J1m T p u30MopHa AyanbHOMY NMPOCTPAHCTBY

K BeKTOpHOMy " npocrpactBy (Q(}2P)/2Q wuaa moaem F.. Korgza k=C, to
To= Im (Tp); sro unrerpaasnas noarpynna B rpymne Jln Aut (g), arrebpa Jlu
KoTopoil papHa §.

9 12) Myers § — pacmemmomaﬂ nmopanreGpa Kapraua aareGnw Jln g,
A — nogmuoxkectBo B h u s Aul (g) — rakodi apToMOpduaM, uro sA=A.
HOoxasars cyliecTBoBanue Takoro aproMopdusma /e Aut(g, B), yro t{A=s5]4A
u ts—' e Aute (g). (Ilyers @ — uenrtpaansatop vuoxecraa A B aarebpe Jlu g;
37O PeAyKTHRHas nojanre6pa B §, B koropolt sh w b — pacmemasioupe mox-
anreOpu  Kaprana, BoipecTw otciona  cymecTBomaniie  Takoro asToMopdusma
u = Aut, (a), uro ush) = P. [Tokasate, uto cymecrTryer asTomopdhusm v < Aut, (g),
KOTODHA npopos:kaeT apToMopdusm u 0 v| A == Id ;. [onoxuts == vs.) Brectu

orciona, uTo ecan s < Auty(g), To cyuweernyer Taxoﬁ saement @ & W (R). uro
wlA=s]|A

1 13) ycers (8. B, B, (Xg)q = p) — PasMeuennas nosynpecras aaretpa Jlg,
R — cucrema kopueil pacuengennofl aare6pur Jlu (g, D), A — cooTBeTcTBYIOUIHI
rpad Heinknna 1 @ — noarpynna rpyonu

Aut (R, B) = Aut (A).
Ecau s = @, to nponomkuM § no aBroMophH3Ma aareGput Jlu g no dopmyaam
s (Xy) =Xsq ¥ §(Hg)=Hsy 1pu Bcex a = B, cp. npeanoxenne 1.

OroxpecTBuM  TAKHM 06p330M rpymny @ c¢ noarpynnoii rpynnst Aut (g, h).
O6o3HauuM 4epes q (coots. b nonanre6py Jiu anre6pet JIn g (cooTB. aarebper
Jln B), o6pasoBanHyl0 HHBapHAWTHHEIMH oTHOCHTeAbHO (O sMeMeHTaAMH.

a) Ilycts a = B, u nyers X =@ . a. [TokasaTs, BoCnOAbL30BABLINCH TAGJH-
namu #3 1. VI, yTo RO3MOXKHI TOJBKO CAELyIOILHe ABa CAyuas:

(i) Bce sneMeHTH H3 X, OTVIHUHHE OT &, OPTOrOHAJbHBI EMY;

(ii) cymecTryeT H NpPUTOM TOJLKO ONHH 3JeMeHT U3 MHokKectBa X — {a},
KOTOpHil HE opToroHa’eH Kopnio o W n(q, ¢)=n(a, a)==—1

6) ITycte i — orobpawkenne orpaunuends B* > H* u nyers B ==i(B). Oro-
Gpaxenue B-»B oroxlecrsaser B u B/®. Ilokasars, uro § — mogynpocrasn
aareGpa JIn, uro I)-—-pacmermmomaa nonanre6pa Kaprana u uro B — Gasuc
CHCTEME KopHeli R(g, f)). (3aMeTHM uro B COOECPIKUTCA B CHCTEME Kopued
R(g, f)) H UTO BCE 3JAEMEHTH H3 R(q f)) ABJAKOTCS NHMEANHIME KOMGHHAUHAMH
¢ menuMH KO3(OMHIMEHTaMH ONHOrO 3Haka 5MeMenros us B.) Eean & = B 1o
COOTBETCTBYIOINUA AyansHHil kOpeHr H; & ) sajaercs dopuynamu

H; = Z H, B cayuae (i) us a),
i(a)=da
H;==2 Z H, B cayuae (ii) us a),
iwa)=0a

rIe CyMMHpOBaHHe NPOBOXUTCA N0 TakKiNM ajeMeHTaM ¢ & B, yro [ (@) == G. Ecan
o6pasom ajemeHTa B S B apaserca f < B, 10

nB, &)= ) n@ o) & cryuae (i),

i(0)=a

n(p, 6)=2 Z (B, @) B cayuae (ii).

i(a)=a

1/210*
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BoipecTH otciaa onpejesneHue rpada wiHKHBa cueTeMbl Kophef R(§, f')‘),
nesapucuMoe ot napu (A, @), R .

B) ITokasatb, uto ecan axreGpa Jlu g npocta, To aaredpa Jlu § Toxke npocra,

Ecan g —aare6pa Jlu tnuna A;, ! 2>2, u nopatok rpynnn @ pasen 2, To
g — aareGpa Jln Thna Byjg ecan { — uernoe wuncqo, u tina Cyy o ecan | — He-
UeTHOE YHCIO.

Ecan g — aareGpa Jln tana Dy, [Z>4, n nopagox rpynnu @ paseH 2, TO
§—anre6pa Jlu Tuna Bj—.

Ecan g --aare6pa Jlu tuna Dy u nopagok rpynnn @ pased 3 uau 6,
TO §——anre6pa JIu tunma G,

Ecan g — anre6pa JIu tina Eg u mopaaok rpynnu @ pased 2, to §—a.n-
re6pa JIu tuna Fy.

§6

1) INokasaTth, UTO MOXXHO ONpPEAEaHTh MOAY.Ib Z (A) Kak (pakropnpejcrasne-
nye NpeiCTaBJCHUS P, M3 YNpaxueHHs 1 u3s § 4

2) Myers p —sec moayas Z (L) (coors. moayas E (A)). [TokasaTte, uTO
CYILECTBYET TaKasl MOCJAE/]0BATEJALHOCTL BECOB Mo, ..., Wn MOAYAs Z (A) (cooTs.
moayas E (X)), uto py==4, p,=pn n g, —p, =B npu I <ign

3) Tlpennonoxum, uro aare6pa JIn § npocra, H 0603HayHM uyepe3 & HaH-
Goabwnit Kopers cucremun R. TorZa moayap E (@) usomopden g OTHOCHTENLHO
npucoeanHeHHoro npeactapaenns. Ecin C — saement Kasumupa, accounnponaH-
auii ¢ dopmoit Kuaanmra na g, To obpa3 siementa C B End E (@) pasen
TOX/ECTBEHHOMY sHaoMopousMy (cm. ra. I, § 3, n°7, npemsoxenue 12), BrbecTH
OTCIOJa, YUHTHIBAS CIEACTBHE MPENIOKENUR 7, UTO :

@, (6 &+ 20) =1,

rne @, — xanonnveckas Ouanneiinas dopma ma npocrpancrse §* (ra. VI, § 1,
n°®12).

4) Bocnoabsyemcst 0603HaYeHUAMA B3 N° 4.

a) ITycte m & N. Pacemorpum na N™ ynopsgouenue, 3ajaHHOe TPOH3BE-
ZeudeM ynopsgoueHHi. [ToKasaTh, YTO Ias XaXKAOTO MOAMHOXecTBa S u3 N™

MHOXECTBO MHHHMAJBHHX 3JeMEHTOB B S KoHeuHO.
6) Mycts @, ..., Gy — NONAPHO pA3AHYHBHIE HJAEMEHTH H3 cuCTeMbl R,

o
X;je g ' = {0}, S — MHOXeCTBO TaKHX HelyAeBHX nocaejosatensHoctedt (p,) &
& N™, uro Z p,a; =0, u M — MHOKECTBO MHHHMATbHHIX SJEMEHTOB H3 S.

Toraa b u snemMenTot Xf‘ anm, rae (py. .... p,,) S M. nopoxnawor aaredpy ue.
B) [Tokasats, uTo aare6pa U°? uéreposa cnepa n cnpasa. (Cuabmute U°
duapTpaunedl, uuayumpoBauHodt dQuabTpauneii anare6ps U (9), H nokasaTb, BOC-
nosb3oBaBwxc, a) B 6), uTo gr U° — kommyTaTuBuas aareG6pa KOHEUHOro THNA.)
r) Tlokasate, uro mnpu JwoboM A = B* U* — nesuit (cooTs npassii) U-mo-
IyJb KOHEYHOTO Tuna.
1) Ilyers V — npoctofi g-moayab, Tako#l, uto V= @ Va. Ecam ogHo
hezh*
HS npocTtpalcTB V) ne paBHO 0 4 HMeeT KOHCUHYIO PasMepHOCTb, TO BCE NPO-
crpancTBa Vj Koueunomepnn (Bocmosin3oBarees T).)

5) ITokasats, uro ecan §==81(2, k), To moayan Z (A) atoro mnaparpada
nsomMopbHu Moayasm Z (A) u3 § 1, ynpaxHeHnne 2.
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§7

Bce paccmarpuBaeMue B 3TOM naparpade (kpoMe ympaxHenu#t 14 u 15)
§-MOAYIH NpeAnonaraloTess KOHeYHOMePHEIMH.

1) TIycte ® & Py 4; o60o3uaunm uepe3 S (@) MHOXecTBO Becos monyas E (@),
HA4Ye TOBOPS. HAUMEHblIee R-HACHILEHHOE IOAMHOXECTBO MHoxecTsa P, cogep-
xamee o (npeinoxende 5). Ecan A = S (o), To A=w (mod Q) O6paruo, nycts
A e P — Takoi#t Bec, uTo A= (mod Q). Joxa3aTe 3KBHBAJEHTHOCTb CAEAYIOIIHX
cBOitCcTB:

(i) A= S (o)

(ii) m—wkeQ_*_ npu Bcex w e W;

(1ii) Bec A npunaznexuT BHIYKJIOH oGogaouke MuoxecTBa W.® B mpo-
CTPaHCTBE f);

(Oas gokasaTeJbCTBa uMIIHKauuu (iii) = (ii) HyXHO 3aMeTHTb, uyTO Bec
® — we ABAgeTcs auHeliHol koMmGuuaumed ¢ kospouuwentamn =0 sneMEHTOB
H3 Ry; oTCl0I2 HYXKHO BBIBECTH, YTO B CHJY BLIMYKJIOCTH BeC ® — wA TOXe
ABAseTCH JMHERHON KoMBuHauued ¢ koshobuuuentramn =0 snemesToB H3 Ry,
a Tak Kak ® — WA TOpuHALIexRUT @, To © — wh & Q+ Jna foka3aTeabcTBa

amnaukauuu (i) = (i) HyXHO BHOpPAaTh Takoli 3meMeHT «, uTo WA & Py,
H OpUMeHuTs, caejacTeHe 2 npeanoxeHus 3. UMnaumkaums (i) = (iii) moaywaercs
HeIOCPeACTBeHHO.)

2) ITyetb (R;); &y — MHOXECTBO HEIPUBONHMEIX IIOACHCTEM CHCTEMH Kop-

Heh R u §= H §; — COOTBETCTBYIOLLEE PA3NAOKeHHe anreGpu JIn g B Ipous-
il

BeneHue npocTux ajnre6p JIn. OToxpgecTBHM rpynuy BecoB P c IpoxsBeleHHEM

rpynn P (R;) w cuabaum kaxayio rpymnny P{R;) oTnolleHHeM NOpsAAKa, ompe-

penennnm 6asucom Bi= B R;.

a) IlycTs m=(mi)iel — 3/1eMEHT MHoxecTBa Py = H P4+ (R;). Tloka-
iel
3aTh, u4To mnpocTofi @-monyap E (@) H3oMOpdeH TEH30pPHOMY [POH3BENEHHIO
npoctax §;-Monyneit E (w;)

6) Ilycte A (coOTB. ;) — MHOXECTBO 9/JEMEHTOB H3 MHOXecTBa Pt
(cootr. mHOXKecTBa Py 4 (R;)), KoTopne 06saJaloT SKBHBAJIEHTHLIMH CBOHCTBAMH
(i), (ii), (iii) u (iv) u3 npemnoxenuit 6 u 7. [Tokasats, uro A = H M ;, HHAUE

ie]
rosops, uto @ ./ Toraa H TOJABLKO TOTA3, KoTAa Aasti Kaxjaoro [ €[ mec
@, — HAH HyJb, HJH MHKDOBEC CHCTeMbl KOpHei R, BmBectn orciofa, 4o

M — MHOXeCTBO [IpeAcTaBHTenelt B rpynne P smeMedToB H3 rpynnmt P/Q.

B) Ilycete E — npocroit §-Monyab, a & — MHOXeCTBo ero BecoB. IIokasats,
YTO MHOXeCTBO & COREPKHT €IHHCTBEHHHIHA sJeMeHT u3 J, IpHUeM ero KpaT-
HOCTh paBHa MaKCHMyMY KPaTHOCTeH sneMeHTOB Z.

3) a) Mycte E ectb §-Moayan. I[lokasaTh 3KBHBAJIEHTHOCTb CJEYIOLIHX
yCJIOBHH:

(i) Paur nomynpsimoro mnpousmeneHus aareGpu JIu g Ha E crporo Goabme
panra aareGpu Jin g.

(ii) 0 — Bec moxyas E.

(iii) ¥ Mmomyns E wuMeercs pagMkanpHu¥ Bec (T. e. Bec, IPHHALMCKAMUA
rpynne Q).

6) ITpennomoxuM, uto MoAyJaer E mpocr. [Tokasats, urto yenosua (i), (ii),
(iii) sKBHBaJAEHTHE TAKOMY YCJOBHIO:

(iv) Crapumuit Bec Mopyas E — pagukansHHH Bec.

Ecan 9TH ycnoBHA BHIIONHEHH, TO Ha npoctpanctse £ He cymlecTmyer
HHKaKOH 3HaKOIepeMeHHON HHBAapHAHTHON GHaHHERHOH (OPMH, OTJHYHOR OT Hys.
(Bocnonssosatbest npegnoxenuem 12 u mpensoxenneM 1 (it) us § 6.)

10 BypGaxsy
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4) Mycrs k' — pacwmpenne moast k& H § =g, [lokasats, uTo Kaxami
§’-MOAys b MOAYUAETCA paclIMDEHHeM MOJSI CKaJspPOB H3 HeKOTODOTO §-Momyds,
ONpe/le/leHHOr0 OIHO3HAYHO ¢ TOYHOCTBIO 0 H30MOpdH3MA

5) Mycts £ ecTh g-Moayab [loka3aTh KBUBANEHTHOCTh CAEAYIOUIHX YCIOBHIL

(') Monyne E rtouen (1. e KaHoHu4eckoe oToOpaxkenue anre6pu Jlu g
B gl (E) mnbekTHBHO).

(ii) Kaxapift kopeub anre6ps JIm § npeacrasasercs B BUAE Pa3sHOCTH ABYX
BecoB Moayas E

9 6) Ilyers @ — nuBomoruBHuA asToMopduaM aarebpu JIn g, orpaHuueHue
Kortoporo Ha nonanre6py Kaprana B paBmo — Id. Tlokasarts, uro ecau E ecthb
g-Molyib, TO Ha E cyllecTByeT Takas HEBHIPOK/AEHHAs CHMMeTpuueckas Guau-
Hefinan ¢opma W, uto

Ui(x.a b)+¥(a, 9p(x).b)=0,r1e x=4g, a, b= E.

(Ceectn K cayuaro, korma Moayas E npoer [Tokasats, uto MoAaynas, monyuaio-
mudich u3 E nox peficrBueM arToMopbu3Ma @, usoMopden Monayro E*, ayansdoMy
Kk MoAymio E, oTKyZna c/eiyeT CYINecTBOBAHWE HCBHPOIKIAEHHON GuanHeRHOH dop-
Mo ¥, yxosaeTBopsifomedl npHBeAeHHOMY Bhille yCaoBwio. ITokasaTh 3aTeM, uTo
ecad e — NPUMHTHBHHIE BekTop npoctpaHctea £, To ¥ (e, e) % 0. Busectn
orcwoxa, uro ¥ — cummerpuveckas dopma.)

7) Ecom AEP_H_, T0 0603HaTUM uYepes p,: U (g) > End (E (A)) opencra-
BJ€HWE, ONpelesNeHHoe NpocTHM §-Moayaem E (A). Mwmeer Mmecro paBeHncrso
Im (p,) = End (E (4)); monoxum m, =Ker (p,).

a) ITokasaTb, 4To upeans N, [ONapHO PAa3MHYHH W UTO STO eAUHCTBEHHbIE
ABycTOpOHHHMe ujeannl M anmrebpu U (g), rakwe, uto U (g)/n1 — npocTas .Ko-
Heqﬂomepﬂaﬂ k-anreGpa.

6) Ecau I — KoHeuHoe NOJIMHOYKECTBO MHOKeCTBA P44, TO TOJOKHM o, =

ﬂ m,. Iokasarsb, yTo KaHOHHUECKOE OTOG paxeHHe U (g)m, > H U(g)/luh—-

rel 1 X=¥}
usoMophHaM H uTO KaxkAHN ABYcTopomHul miean anre6pu U (g) koHeuHoH Ko-
Pa3sMEPHOCTH HMeeT BMA MM, W 5TOT BHA ONpeAE/TeH ONHO3HAUHO.

B) [Tokasate, uTo ruaBmuil anTHasToMopduam amreSpu U (g) mepesomnt m,
B Mys, e A" = — wpd (cu. npedsnoxenue I1).

ql 8) ITycts § — moayupocras aareGpa Jlu (B Bude HCKAOUYEHHSA B 9TOM
ynpaxKHeHw¥ MH He mpefgmosnaraeM, uro aare6pa Jlu § pacuennsemas). [Tycrs

k — anre6paHuecKoe 3aMbIKaHHE MOJA B M

% Gal (k/k) > Aut (R, B)

— roMoMopbH3aM, onpereneHHr B § 3, ynpaxuenue 8, C momomsio roMoMmop-
dusMa 7t Mbl onpejenseM fefictsue rpynnn Gal (k/k) na MHoxecTse Dy H0-
MHHAHTHHIX BeCOB CHCTEMH R OTHOCHTeNbHO Gasuca B; oyctb Q — cHcTeMa npej-
crapuTenell aneMeHToB dakropMuoKecTBa Dy /Gal (B/k).

a) ITomoxum §=E®k g. Torna ecam I — KoHeuHOE MOIMHOXKECTBO MHOXKe-
cTBa T)t“" ycmﬂlmsoe_ oTHoCHTenbHo rpymnel Gal (B/k), To ARycTopouHui
uiean ut, amreGprl U (§), accounuposannmii ¢ MHoxecTBoM [ (cM. ympaxkHe-
Hue 7), HMeeT BHI E®k m, rae m,—msycmpormm’a unean aare6pu U (g). ITo-

Ka3aTb, YTO MH HOJyuaeM TakuM 06pasoM TOYHO IO OZHOMY pasy Bce ABYCTO-
pouHne HAeann aare6pu U () koneuHolt KopasmepHOCTH.
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6) Ilyers ©@ =Q, [(w)—opbuta sroro Beca ® mnol aeficTBHeM rpPYMIH
Gal (k/k) 1 Gu — ero craumonapnas mofrpymna. [lycrs kg — moipacuinpenue

pacuHperus k, COOTBeTCTBYIOlee, corsnacHo Teopud [anya, rpynme Gg. IToka-
3ate, uro U (g)/my (@) — TpocTasn ajarefpa, UEHTP KOTOPOH M3oMopden mouo Kg.

Kaxaru# takoit ABycToponHnii nnean m amare6pst U (g), uto U (g)/m — npocras
KOHEUHOMepHAs aireGpa, COBNANALT C ONHAM M TO/bKO OAHAM U3 HICATOB M, (

B) Buaromaps romoMopdusmy m rpynma Gal (k/k) AedCTByeT Ha KoJblie
R(g). OGoznauum uepes R@)i“v MOAKOJbIO KOJbLA R(E), o6pa3oBaHHoe 3Je-
MeHTaMH, HHBAPHAHTHLIMM OTHOCHTeNbHO rpymmsl Gal (k/k). ITokasars, uTo oTo-
GpaxeHue [E]P—>[E®k E] POOJIKAETC 1O HHBEKTHBHOTO roMoMopduama
kombma R (§) B Koabmo R (§)™, KosApo KOTOPOro — rpymna KPYUeHHS; STOT

romoMopduam seiaseTcs H3oMoPHHIMOM TOTAA H TOJBKO TOrja, Koraa mts aioboro
Beca ® € Q aiarebpa U(g)/m,(m) u3oMophHa aareGpe Marpull Hag moteM Rqy [To-

KasaTh, YTO 3TO TaK, Korla B aareGpe Jlu umeercs nogaarebpa Bopeas!).
9) ITycts a1 ¥ a; — aarebpwr JIn. [lokasath, yTo cylllecTBYeT € AMHCTBEHHH

roMoMophHU3M
[ R(a))®z R (a,)—> R(a; X ay),

rakolt, uro [([E]®[E,])=[E; ® E,], rae E; ects a;-Monym (i=1,2). TTo-
Ka3aTh, 4To roMoMopdusm [ HHBEKTHBEH M 4TO OH GHEKTHREH, eCad 4; WUJH 0y —
pacuienfiseMas moJaynpocras aireGpa Jlu.

10) Hyers I' — noarpynma rpynnu P, copepxkamas rpynny Q. Takas moz-
rpylmna ycTodunBa OTHocHTeslbHO Tpymmsl Befas W,

a) Ilokasats, uro ecan A& Py, (1T, To Bce Beca moayas E (A) npunaa-
aexart T.

6) ITycts Rp{g) — nomrpynma rpynmu R (g) ¢ 6asucoM, o6pasosanruM [A],
rae Ae Py (T. Ecam E ects §-moayas, To [E]e Rp(g) Ttorma u Tomasko
Torza, Koria Bce Beca Monyas E npunaanexar I'. Busecrn orcioga, uto Rp(g)—
MOAKOMbIO KoJbua R (§).

B) ITokasath, uto roMomopdusM ch: Ry (g) > Z[TI'] — usomopthuam xosmbua
Ry () wa moakonbuo kombua Z [I'], obpasomamioe W-uHBapuHaHTHLIMH 9aeMeH-
tamu, (Mcnoan3oeaTs Teopemy 2 (ii).)

r) Onucats Koablia R(g) u Rp(g) mpu =81 (2, k) n I'=Q.

91 11) Coxpauum o6osnauenus n° 7. Has awboro neaoro m =1 oGosnaunm
gepes W™ sunomopduamM Koabua Z [A’l; KOTOpH#t MepeBofHT e* 8 e™. Mu no-
ayyaeM, uto ¥i=1Id u WMo WYr=y¥mnn

IMycrs E ecTs A-rpaiynpoBaHHOE KOHEUHOMEPHOE BEKTOPHOE INPOCTPAHCTBO.
Ilaa kaxpgoro n =0 ofo3naunm 4epes anE (coots. SpE) n-10 BHEWHIOW (COOTB.
CHMMETPHUECKYIO) cTeleHb MoayJs E, cHaGKeHHY0 eCTeCTBEHHON rpaiyHpoBKof,

a) ITokasats, uto

nch (saE) = zn: W™ (ch (E)) ch (sp—mE)

m=1
H n
nch (azE)= Y (—=1)™ 1 ®™ (ch (E)) ch (ap-mE).
m=1

!) TlonpoGHOCTH OTHOCHTENBHO 9TOrG yNpawuemus cM, B cratbe: Tits J,
Représentations lin€aires irréductibles d’un groupe réductif sur un corps quel-
conque, J. de Crelle, CCXLVII (1971), 196—220. T

1
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BrisectH orcioga, uto ch (syE) n ch(ayE) Bupaxkaiores B BHAE MHoOrouJe-
woB oT W™ (ch (E)) ¢ pandonaJbHHMH Ko3QdHUMenTaMu, | < m < n. Hanpumep,
BLIONHAIOTCA PAaBEHCTBA

ch (5:E) = 5 ch (E)* 4 5 ¥* (ch (E))
ch (a:E) = % ch(E) — % W2 (ch (E)).

6) IlokasaTh caefywugde ToxkiAecTBa (B aare6pe (QopMaJbHEIX CTENEHHHIX
panoB oT ofiHoil nepemennofi T ¢ kospouuuentamu u3 Q[A]):

i ch (shE) T"=exp{ i ¥ (ch (E)) T”’/m}

n=0 m=1

i ch (anE) T"=exp{ i (=)™~ W™ (ch (E)) Tm/m}.

n=0 m=1

B) Ipeanonoxum, uto A —rpynna; sTo faeT BO3MOXKHOCTs onpexeants ™
s mobux m & Z. Ilokasate, uto ecau E* ~— ayauabHull rpany¥poBaHHbIi Mo-
ayas ') monyas E, To

ch (E*) =¥~ (ch (E)).

r) C nomowpio romoMopdusma ch OTOXECTBUM R (§) ¢ moaKo/bLOM KoJIbLA
Z [P]. Tloxa3saTh, uTo Koablo R (§) yerofiuuo oTHocuressno V™, m & Z, u uto
8TO K€ YTBEPXKIEeHHe CIpaBeJIHBO JIA MoJKoabua Rp (§), onpeneJeHHoro B mpe-
AHAYILEM YIOPaKHEHUH,

12) Mlyets A= P |, u nycts &, — MHOXKECTBO BECOB MOAYJA E (). Tloka-
8aTh, uTO B OfIUeM cJIyyYae BKJIIOYEHHE

Q?AC},-—P_F_'_

He BunoJusercs. (PaccMorpers, HampuMep, NpUCOELMHEHHOe TpPeNCTaBJEHHE
anre6per JIu 8 (3, k).)

13) Ilycre A== Z ag® — saemeHT u3 Py 4. O6osnauuM uepes &n nupm
as=B

n=0,1,.,. MHOXECTBO TaKHX BecoB W MoAyJs E (A), uTo Bec p — A paBmeH
cymMe n amementos u3 B. Ilyere s, — cyMMa KpaTHocTell 3neMeHTOB U3 &y
(paccMaTpuBaeMEIx Kak Beca B Monyie E (A)). [Tycrs T =2 Z ag. Mokasars, uro

a=hB
a) T — uesoe yuciao =0;

6) s,=0mpu n>T usp_ =5
B) €CJH 7 ~— leaas 4acTh T/2 TO §) 6 vo0 K Srqte

9 14) Ilyere A= Py, F}I-—HaHGOJIbUJHH coGCTBEHHBIN noumou Jb MO~
Zyas Z (A) ¥ U — NPUMUTHBHLI 9JeMeHT Beca A B Moayue Z (A), §yG n° 3.
TTokasatb, 4TO

=Y v@x. 0" — 3 yu_)x (",

as=B asB

l) E;=(E_i)" iEA.-—HpuM' nepeaf
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15) lyete A= H" u v (cooTB. ) — NPUMHTHBHHIA 3eMEHT BeCa A B MO-
zyae Z (&) (coots E (A)). Ilyers I (coots. I’) — aHRyaAATOpP 3/€MeETa U (COOTB. ¥’)
B aare6pe U (g).

a) I=U(@ns+ Y U(g)(h—Ah).
hesh
6) Mnean I’ sBasteTCA MaKCHMAJbHHIM JIeBHM HieanoM aire6pu U (g), or-
auuHeM oT U (§) n colepxawmuym uaean [.
B) Eecin A= Py, TO
, : A(H,)+!
r=r+ ¥ 0@xfo*' =14 ¥ vm_)x
aeEB

asB

M(H )+t
—-a .

(Bocrosih3oBaThest MPeRBIAYIHM YIPaKHEeHHEM.)

q 16) Tyets V u V' — zBa g¢-Monyas. CkaxeM, 4TO MoAyamn V' noduunen
monyaio V, eciin cymecTByeT Takoe JHHefiHoe oToGpameuue f: V >V, uto

a) oro6paxenne [ ciopbeKTHBHO; ) 06pa30M NPHMHUTHBHOIO SJEMEHTa MO-
zyas V npu oro6paxenun [ sapaserca au6o 0, 1M60 NPHMHTHBHHIA S1eMeHT
Mmoayast V’; y) oroGpaxeHue [ ecTh N—-roMoMopdH3M.

a) Ilyets otoGpaxenue [ yxosaerBopser yecaosuam a), B), y). Ilyete v —
npuMHTHBELI aneMenT MoZynst V. Torma /o6pas npu oToGpaxenunn f @§-moamo-
Ayasi, TOPOKIEHHOTO JJIEMEHTOM U, pPaBeH @-NOAMOZIYJIO, IOPOXKIEHHOMY 3ie-
meHTOM f (0).

6) Ilycts otoGpaxenue f: V-V’ yaosiaerBopsaer yeaosuau a), 8), y). Ilyers W
ecth §-moaMoRyab Moxyas V. Torga (W) ectp g-nogmozyaws Moxyas V', noz-
yHHeHHHA Mozymo W,

B) [lycre V=E @ ... DE; n V= E;@ e @E;, — pa3N0XKEHHS MOLY-
neit V u V' B cyMmy mpocteix moaysed. Ias Toro utoS6H Mojyas V' 6ul1 moZ-
YyuHeH MOZAYJ0 V, HeoGX0LHMO H ZOCTATOUHO, YTOOH! GhLi1o §' < S H CYIeCTBOBA

taxofl anementT 0 & &, uTO MOAYIb E; TOAYHHEH MOAY a0 Eg ) TpH i == L ...,5"
r) Ecau Mozyss V' nopuumen Moxymo V u ecam mozyiw V mpoct, TO Mo-
ayap V' mpoct uan paser 0. .
1) Ilpeanonoxum, yro Moayau V u V' npoerul. Ilycth A u A — UX cTapluue
peca. Urto6m mMoayab V' 6wl moguuumed Moxyao V, HeoGXOZHMO M ZOCTATOUHO,
yro6u A’ (Hg) <<A (Hg) npu Bcex o & B. (Jlns Z0Ka3aTelbCTBa AOCTATOUHOCTH
BOCIOJIb30BATECH NPeAblAYUIHM YIpaKHEHHEM.)

17) llyets A, p=Py4+ u a= B rakosu, uto A(Hg) =1 u p(Hy) =1
Mycrs F=E (M) @ E (k).
a) Tlokasath, uro dim F*** =1 u yro dim F**# % =2,

6) ITokasaTe, uro oToGpaxkeHHne Xg: FMtu—a_y phtu CIOpBEKTHBHO H 4TO
HeHyJeBbie 3JEMEeHTH H3 sJpPa 3TOr0 OTOGPaKeHHT — NPHMHTHUBHLIE 3JEMEHTH
(sameTuTh, uTO eCaH P& B — oTaAMUHHA OT @ KopeHb, TO A+ U —a-+f ne
SABJASIETCst BeCOM Moayas F).

B) BuiBecTn orcrona, uto Mopyas E (A) & E (i) CoAepKHUT, U IPHTOM TOJBKO
ONHH, MOAMOZRYJNIb, H30MODPHEIT MOAYIO

EMA+p—a)

r) Iokasats, uto $? (E (A)) (coom. A2E(A)) COAEPKUT, H TMPHTOM TOJIBKO
OAHMH, TIOAMORLYJB, H3oMOpHEI Mozymwo E (24) (coors. E (24 — a)).

91 18) BniGepeM Ha npocTpaHCTBE b; HEBHPOXKIEHHYIO TOJOMHUTENLHO olpe-
zeneHnylo W-HHBapHAHTHYIO CHMMETPHUYeCKYIo Gumuuefinyio gopmy (.|.) IMyers
Ae Pyy.

a) Myets p — Bec mMoayas E (A). IpepcraBum sec A — [ B BRZIC Z kqo.
asB
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IMycts @ & B — 1akoii KopeHb, uTO kg 5= 0. [ToxasaTs, 4TO CYLIECTBYIOT Takue
ALy eew Gn € B, uto (A o)) 5= 0, (0 |a2) %0, ..., (Gp—1][@n) 5% 0, (@, |a)5£0.

6) Tlycrs v — npUMHUTHBHEIA 3aeMeHT Moayas E (A), H nycTb KOpHH Gr, «..
veny Op € B yIOBIETBOPAIOT CAEAYIOUHM YCIOBHSM:

(i) (ailai+1)=,&0 wpu i=1,2,..., n—1;

(i) (o, ai)=0 npu j>i-+1;

(iii) A(Hal) #% 0 n A(Ha2)= =A(Han)=0.
IToxasaTb, 4TO X_anX_a e X_alv 7= 0. (3aMeTHTb, yro npu 1<<s<<n
A—al— e —as—]‘*‘an

we smasetcs BecoM Moaxyas E (A), w mmBectu oTCiosa mmAykuuedl mo s, uTo

X o X_,0%=0EcmnoeS no%1, 10X
g —Og =0 - ) n 7> —Qg(n) T (n—1

X_%(])v=0. (IfyeTe r — HauMEHblIee Lea0e YHCAO. TaKOe, YTO O (r) & r.
Bocriob30BaThCsl yTBePKACHHEM ), UTOCH 10KA3ATb, YTO A — Q) — .+ — % (r)

He sBaseTcs BecoM Monyas E (X))

B) ITyete A’ & Py 4. Lensro, coennnsiiomweli Beca A u A', Ha3niBaeTCA Takas
NOCAeN0BATRALHOCTE (T, .oy Op) SMEMeHTOB H3 B, uro nz2l, (Ala)) %0,
(o] a2) =0, ..., (Gp—1]0s) %0, (@,|A/) % 0. Takas uenv HasmBaeTcs MUHL-
MAABbHOU, €CJH HHKAKaf CTPOro cojepxkaniascs B (G, ..., O,) NOANOCHENOBA-
TefbHOCTh He coeanusier Beca A u A Torma (“i|“1)_0’ ectn |j—il=2

(Mla)=0 econ =22 1 (A ]|a)=0 ecmn iSn—1.

r) Oyers (@4, ... @) — MHHHMAJbHAS uellb, COGNHHAIOLAn Beca An A
Ecan v — npumutdpuuil Bektop H3 Monyat £ (A), To nonoxum

vs=X_o Xog,_ -+ X oY (s=01...,n),
’ /
v=X_q  Xea,, - Xogt (6=01... n)

ao=(A] @) an= (=" ]|an), as=(=1)*T" (05| a541), 1<s<n—1. Io-
Ka3aTh, UTO

2 4
Z aSvS ® vS
) §=0
— OPHUMHTHBHEI} SaeMeHT Beca A -+ A" —ay— ... —a, moayas E(A) ® E(A)

H 4YTO 3TO elIPIHCTBeHHbII:I ¢ TOYHOCTbIO A0 TIOMOTETHH HpHMHTHBHHﬂ SJEMEHT

TAKOTO Beca.
(Bocmonp30BaThCA YTBEpKASHHAMH 6) M B). UTOGH MOKAa3aTh, uTo J0GOfA

saement Monyas E (A) ® E (A) umeromufi BeC
AFA —~a— .. —ap

. . ’
ABJNseTCH JMHeRAHON KoMGuHanuelh sneMentToB U, @ 0. IToxasaTe 3atem, uro Takas
JuHelHasg KoMOHHALHS — NPHMHTHBHHIA BeKTOD.) ,

BrBeery orcioga, uro Moaysab E (A) ® E(A’) ComepiHT, H NIPHTOM TOJBLKO
OAuH, §-OOAMOAYHb, H3OMOPOHHI MOLYIIO

EQA+N—a— ... —ap).
([Tpn #i="1 Mu UpEXOJHM K ynpaxueHuio 17.) K

* n) Mycrs @ - npumuTnBHLi sxeMent Moayas E (L) ® E (A). Tpeanonoxum,

4To BeC ¥V 9aeMeHTa @ OTJIHYeH OT A -+ A% IMokasatb, 4TO TOrA CyLleCTBYET
TaKas uemb (Gp, .4, Gp), COSMUHsIOMIAs Beca A H A, uTo

'V<A+Ar,“al"- see — Qp.
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(TTyers € — MHOXKECTBO TaKHX KopHeH o & B, uro Koopiunata Beca A 4 A" —w,
orsevaowas o, oraHuHa ot 0. Ilyers D (cooTB. D') — MHoxeCTBO Tex xopHefl
0 =C, Ansi KOTOPHX CYWECTBYIOT TAKHE KODHH Y «e- y;=C, uro (Myl) #+0
(coots. (A1) #=0), (v |v2)# 0, ..., (V= |V)# 0 (v,]@)70. Ilyers Y
(cootB. Y’) — mMHOKecTBO BecoB Monyas E (A) (coors. Moxyas E(A)) Bunma
A— ) koo (COOTB. Buza A — ) kaa), rie kg =N. Tloxaszate, uTo sie-

asC X=X

MEHT @ [ODPUHALNEKHT MOLYJIO ( Z E(A)“) ®( Z E(?»')“'). Bocnoas3o-
neyY wey’
BATHCS YTBEPKICHHEM a) W TeM, 4To v %= A + A’, u nokasars, uro D (1D 5= ¢).)
e) [TokasaTh 5KBHBaJEHTHOCTh CAEIYIOWHUX CBOHCTE:
(i) Monyas E (A) @ E (L) usomopden Moxymo E (A + A).
(ii) E(A) ® E (L") — npoctoit MOAYJIb.
(iii) He cymecrByer nenu, coenunsioweil peca A H AL
(iv) Cucrema xopueit R —npamas CyMMa Takux cuereM R u R;, 4TO

'a

AsPR)u MNe P(Rl),

(v) Aare6pa Jlu g — opoussenende nByx uneanos 8 u $, Takux, uTo
g.E(A)=0mu 8.E(M)=0.

(Bociostb30BaThC  YTBEPKAEHUEM TI) A48 NOKA3ATEIbCTBA SKBUBANEHTHOCTH
yenosuit (ii) n (iii)!).)

19) BocrnoasayeMcs oGoanauennsmu npernoxenns 10, Tlyers & — anreGpan-
yeckoe 3aMbikaHue Noas k. Ecau x& g, To uepes & (k) (cootB. & (%), cooTa.
%’0 (x)) ofosHauuM MHOKeCTBO COOCTBEHHbIX 3HaueHuilt sHAOMOD(pH3MA X

(cootB. Xp, COOTB. xG) B k. IlokasaTs, uTo 9?0 () =%, (x)+ & (x) nas Beex

xeg u uto fpu 3aganEntX E W F 3T0 CBOACTBO ONpejesser NpoOCTofl §-Mo-
Ayae G ¢ TOUHOCTBIO RO H3oMopdHu3Ma.

20) IMpeanonoxum, uro k=R wuan C. Ilycrs I' — onuocssidnaa rpyma Jiu
¢ aareGpoit JIu g. Ilyers A, w, E, F, G rtakue xe, kak B npepnoxenuu 10,
Myers (€1, ++., en) (cooTB. (f1, ..., fp)) — 6asuc E {cooTs. F), obpasopaHHHH

BEKTODAMH, COGCTBEHHBIMY OTHOCHTEJBHO ), Mpuuem e EM y fie= F*. Moxno
paccmarpusath E, F, G kak I-monyau. Ecin y=T, 10 o6osnaunm uepes a, (y)
i-10 KOOpNHHAATY BEKTopa Y .e;, a uepes by (y) ~— j-lo KoopauHaty BekToDa Y . fi.

[Tokasats, uro GyHKOHA aib] Ha rpynne I' He paBHa TompecTBeHHo HYJ0. BH-

Bectu otcofa uro aaa Jwoboft mapet (4, f) HaliZercs TakoM sAeMEHT B MOLYJIE
G c E® F, xoopauHata KoToporo ¢ HoMepoM (i, j) He papea 0, oTkyda mpH
k=R nau C caenyer noBoe AoKasareiabcTBo npenjoxenus 10. [Nepefirn orciona
K cayualo k= Q, 3aTeM X NPOH3BOJEHOMY MoJio, ¢M. ynpaxHenue 4.

21) Iyerb A, p & Py, E, F, G — npocruie §-MOAYJH CO CTAPUIAMU BECaMH
A o A+ u n—uenoe umeao = 1. Torma, eciw © — sec Mopyas E xpart-
HocTH 1, TO ® - L — Bec Monyas G KpatHOCTH > n. (Mbl umeem GOtH <
c B E'®F’ Ecm dimG®** <n, 1o mpoekums mpocrpancrsa GOTH

vio=0+p , ,

na npocrparcteo E® ® F* umeer Bua £ @ F*, a E” crporo comepxkuten B EC,
Bupectn otciona NPOTHBOpEUHE, BLIOpaB moAxoxdmue G&83UCHI B MOAYJIAX E
v F v nosTopsis cxemy JoKasaTesbcrBa mpeldoxenns 10.)

22) TpennonoxumM, uro aarebpa JIM ¢ npocra, HHAYE FOBOPS, MPEANOJOKHM,
uro cucreMa R mnempuBozguma. [lokasats, uTo cyuiecTsyer, W OPHTOM TOJBKO

) Moxpo6rocts cM. B crarbe: Jouxuu E. B, MaxcumansHue Moarpynnsl
kaaccuyeckux rpynn, Tpyamr MMO, 1. 1 (1952), crp. 39 — 166.
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ONWH, HeHy/jeBbH HOMHHaHTHHIA Bec A %= 0, Tako#, 4To MHOXECTBO BECOB MO
tyas E(A) pasuo W . AU {0); torpa A =g, rae @ & R — rako#l KopeHs, yTo Hg —
HaHGOJBIIHA KOPeHh CHCTeMnt RV. Ecau Bee KOPHH HMEIOT OJUHAKOBYIO
nnay (cayuauw A; Dy, Es, E; Eg), T0 A==@. IT0 eIHHCTBEHHHHA KOpeHb, fB-
asouEics HOMHHAHTHHIM BECOM; COOTBETCTBYIOUIEe NpPeACTAaBJEHHE — 3TO NpH-
coefinHeHHOe npefcTapiedde aare6pnt JIu 9. B apyrux cayuasx A — eguHCTBeHHHHA
KOpeHb MHHHMAJbHOR IJHHDBL, SBAMIOLIAACS NOMHHAHTHHM BecoM; B 0603Haye-
Huax us ra. VI (rabauyet) mer umeem A =3, (tun Bj), A=&; (run C;), A =&,
(tun Fy), A= &, (tun G3).

23) MNycrs U® — uentpaansatop mojanre6pn Kaprana § B aareSpe U (g) (cMm.
§ 6, n°4).

a) Ilyerb V — (koHeunoMmepHhil) g-moaysb. [Tokasars, 4To rIpoCTpaLCTBa v
Ae P, ycroftuuBH oTHocuTebHO U” u uTO ecan momyae V npocr, v} 0, 10
vh — IpOCTOH UO-MOJJ.yJIb (BOCHOJIbSOBaTbCS{ pasioxenneM U (g) = @U’"

Tan afce)

6) IToxasates, uro a/Ma MGoro saeMedtra ¢ =0 H3 U? cymecrByer takoe
npocToeé KoHeyHOMepHOe MNpPeNcTaBIeHHE @ aareGpnl U°, yto p(c) #% 0. (Boc-
HOJIL30BATLCS YTBEPXKAEHHEM a), a Takxe ynpaxsenneM 3 a) us ra. I, § 7.

24) Ilycre U — accounardsras aare6pa ¢ eguunued, u nycrs M — MHoxe-
CTBO €e JBYCTODOHHHX HAeaunoB KOHEUHOH KOpasMepHOCTH.

a) Ilycrs U* — BekTOpHOE MpOCTPaHCTBO, ABONHCTBeHHOe K mpocrpancrsy U.
IMycrs 86 = U*. Ilokasats 9KBHBaJeHTHOCTb CleIYIOUIHX YCJHOBHIL:

(i) eymecrByer Tako#fl ugean me M, yro 6 (m) =0; ,

. » V4

(ii) cywmecTByloT 1Ba TaKHX KOHEYHHIX ceMefCTBa (Si) H (Gi) 9JeMeHTOB
us U*, uto

0(xy) = ZG (y) mpu amwobux x, y=U.

daements 6 ¢ 3THM cBolicTBoM o6pa3syioT noanpocrpaHcteo U’ npocrpancrsa U®,
KOTOpoe COBMAjJaeT C MPOCTpaHCTEOM, oOo3nauentnM B Ase, ra. II, § 11,
yupaxseuue 27, uepes B’. Ha U’ CYUIECTBYET EJHHCTBEHHAS CTPYKTYpa Ko-
anre6pu, B Kotopofi konpouseenenue c: U’ - U’ @ U’ sapaercs ¢opmyaoi

c(®)=2 6,80,

rae 0;, e:'e U’ — raxue sneMedTH, 4To 0 (Xy) == Z 6 (x)e (y) npu ao6ux X,

ysU (em. (i)
Koaare6pa U’ — o6bennHenne (bmmpyromerocﬁ Bo3pacratollero cemeficraa
KoHeuHoMepHEX noAnpoctpanere (U/m)*, m & M. IlyanbHoe K Helt IPOCTPAHCTBO

oToxkaecTBageTcs ¢ amre6poit U = lim U/m. Ecau cuabaute aare6py U tonoaornedt
<
NpoeKTHBHOIO Ipejeia JIHCKPETHO TONOJOTH3HPOBAHHHX npocrpaders U/m,

meM, to aunkeiiHne ¢opMmu, HenpepuBHhe Ha U, coBnagawor ¢ sieMeHTaMH
us U,
6) ITlycts £ — xoneunomepum#t jneBuit U-monysae. Ero aunyastop m, npu-

HaZJAeXHT MHEOXecTBY M; KoMno3uuusa U U/m - End (E) cuaGxaer monyan E

CTPYKTYpO# seBoro U- -monyas. Ecan F — xoHeuHoMepHudi aepuii U-ModyJm, TO
annefinoe orobpaxenne [ E—>F spaserca U-romoMopdusmMom TOrla H TOJBLKO

TOrJa, KOrja 9To U-romomopdmsm Ecan a=E, b= E", to aunefinas ¢opma
0g, 5: x —>(xa, b) npunagaexut U u

(%, 05, ) =(xa, b) nupu Bcex x& 0.
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Jlunefinne ¢opMu 04, p (upn pasanunux E, @, b) NopoxRaloT BEKTOPHOE NMPO-
crpancreo U’ wman k.
8) Ilycts XU—MHO}KECTBO KJaccoB H3oMODQHBHIX KOHEYHOMEPHHX JEBHX

U-moxnyaeit. Ins moGoro EeEXU nycrs #, ecTb k-anHefnnil snAoMophnaM Mo-

E
ayas E. Tlpepnonoxnm, uro

feup=upof nna moGoro feHomy(E,F) n E, FeX,

-
Mokasatb, uTo cyumecTsyer, n NPHTOM TOJBKO OJMH, TAKOHA SJeMeHT X E U,
aTo0 Xp =g 111 awboro EsX,. (Cpecrn k cayualo, korza U — KoneuHo-

MepHas aare6pa.)

91 25) [Tycts @ — anre6pa Jlu u U — ee obepruBaomas aare6pa. [Ipumenum
onpe/le/ieHNs M pesyJbTaTH ynpaxnenu# 24 x anre6pe U. B wacrmocts, MH mo-
ayuaewm, uro U’ < U™ u nyanbmoe X U’ mpocTpancTso oToxaecTBaMeTcs ¢ aareSpol

-~

U =lim U/m; xanounueckoe oTo6paxemue U->U wuuwexruBo (ra. I §7,

€
ynpaxHeRue 3).

a) Crpyxrypa xoaare6pm na U (ro. II, § 1, n°4) onpemensier nexoropyio
CTPYKTYpy anre6pr Ha AyaibHoM mpoctpancre U® (em. ra. II, § 1, n®5, mpen-
aoxenne 10, a takxe Alg., chap. II1, § 2, n°10). Toxasars, uro ecan E, F - xo-
HeyHOMepHHIE A-MOLYJH, TO

0

2,6+9,0=0,8c, pga TPH a<E bsE, cEF, deF,

Bueects orciona, uro U’ — mopanrebpa amre6pu U*. Haauuue cTpykTyp
aare6pu u KoanreGpu ua U menaer U kommyraTuBHO# 6uascebpoii (Alg., chap.
III, § 1t, n°4).

6) Iycts x — saement u3 U; oToxzectBuM x ¢ junefinodi ¢opmoli U~ k.
TlokasaTb 9KBHBAJEHTHOCTh CJAEAYIOINX yCJIoBHi:

(i) x —romomopduam anre6pu U’ B mose k.

(i) xggr=%g ® xp 119 MOOBHX KoHeuHoMepHHX d-Monysed E n F.

(IMoxasars cuavasna, yto ycaoene (ii) sKBHBaNeHTHO YCJIOBHIO

2 _ - .

(ii") x(9a®c, b®d)-—x(9a,b)x(00'd), rne acE, besE", c=F, dsF,
H HCMOJB30BaTh To, 4To By p Mopoxpaior U)

B) Ilycrb x — ajeMent aiareGphl 0, yaosneTBopsaoumi yeaosuam (i) u (ii)
yreepxaenun. 6). [TokasaTb SKBHBANEHTHOCTb CAEIYIOMHX YCIOBHH:

(iii) x nepesomur 1 anre6pu U’ B enuuuly noas k

(iv) x#0.

(v) Ecan cnaGanth mojie k CTPyKTypod TpuBHAIbHOrO d-MOAYJs, To X, == Id.

(vi) das noboro a-mopyas E snioMopduam Xp o6patTuM.

(dxBuBanentHocTs (iii) <=~ (iv) cuepyer m3 Toro, uro x — roMoMopduam
are6p, Omuako x,=AlId, rae A=k Bocnoassosasmucs a-usoMmopdusmom
k® E > E, Mu ToayuaeM, uro Axp==Xx, aas moGoro Moxyas E, u, B uacr-
woern, nosaras E ==k, noayuaem, uro A?=A. Cayuafi A =1 coorBercTByer
x 0, oTKyla CJAEAYIOT SKBHBANEHTHOCTb (iv) <==(V) 1 nmiukauus (vi)=> (v).
Ilnst gokasatennersa MMIUMKanmu (v)=-(vi) mago nokasate, uro ecan F — Ry-

N ¢ —_
anpHRl K E Moxyab, To xFoxE—?» IdE.)

r) IIycrs G = MHOXECTBO 9/eMeHTOB H3 0, yroBnetnopsiomux NpHBeleHHHM
Bue yciaosusaM (i) — (vi). Ilokasars, uTo G — moarpynna B Ipynne oGpaTHMEX
snementos u3 U.

[ycrs x=G. Ecan E — KoneurnomepHu#i a-Moaysb, T0 X p& GL(E). Ilpu-
MeHHM 9TO K cayuawo, kKorga E =@ oTHOCHTeNbHO NPHCOEAMHEHHOro NPEeACcTa-
paenus. Caegosarensno, x, & GL (). [Tokasars, uTo %, — aBTOMOPONSM aaTeCpHI
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Jlu a (Bocrmosb3oBaThCsS A-roMoMOphH3MOM a @ 4 = a, 3aZaHHHIM KOMMYTHPO-
BauneM). Takum o6pazom, Mu monyuaeM roMmomopdusym rpynn v: G -> Aut (a).
Ecan E — KoHeuHOMEpHHIH G-MORYNb, TO

xE(y.e)=v(x) (y).xE(e), e ysa, es L,

(Bocnonbsobarscest d-romoMopdusmMoM 4 @ E - E, 3amaubnim geficTBueM a ua E.)

n) Taannei#t anruasTomMopusM O anreSpur U nporo/ikaercs 1o Henpepris-
HocTH Ao aHtuaBTomopdusma U. Conpsxenuni#l sHaoMopduam coxpauser U’ u
unnyuupyer Ha U’ nexoropyio umsepenwo (Alg., chap. III, § 11, exercice 4).
Ecan x <G, 10 0 (x)=x"1,

e) Ipennonoxum, uto anrebpa JIu a nmoaynpocrta ). IlyeTs 7 — HuABIOTEHT-
HbIl adeMenT adre6pn JIi a. Torna cyiecTByer, H TPHTOM TOJBKO ORHH, TaKoH 3.e-
menr e us rpynnu G, uro (e) =exp (ng) mnst moBoro KOHEWHOMEpHOro 4-Mo-
ayaa E. Mu noayvaem, uro v(e")=-exp(adn)e Aut(a); caenoBarennHo,
Aut, () = v (G).

ITokasath, uto ecau D — momanre6pa anre6pu Jlu a, 06pazoBaHHAA HUJBIO-
TeHTHEIMH 3/I€MeHTaMH, TO

n

e, M=l . m)

rne n, me b u rme yepes H oGosmauen pax Xaycmopda (ra. II, § 6).

1 26) ITpumenum o€osHayeHHs U Pe3yabTaTH yHpaxKHeHUd 250 K cCayuaio
a=¢ (pacliemeHHb} cayuai).

a) Ilyetb x &G 1 0 =0 (x) —ero ofpas B rpynne Aut(q). Ecau p — upen-
ctaBieune anreGpu Jlu 4, TO NpencTaBieHds p H poC SKBHBAJEHTHH. BuBecTH
orciona {cM. n°2, samewanue 1), uto o npunagiexur Autg (§). PacnpocTpanuts
9TOT Pe3ynbTAT WA TPOUBBOJLHEIE NMOAYNpPOCTHe anreGpol

6) [lycrs @=Tp=Hom (P, k*), rne P=~P(R). Ecitu E ectb g-MOny.ib,
To MycTs @ — oHIOMOphH3M Momy.is E, orpaHuuesye KOTOPOro Ha Kaxioe

nommpoctpancreo E* (A< P) sBasercs romoreruedi ¢ Kos(duuuentom @ (A).
Iloxkasath, uYTO CymecTBYyeT eQUHCTBeHHuH Takoft aneMeHT ¢ (Q)e=G, uro
(@) =0y Ana moGoro MoRyas E. (Bocnosb3oBaThCs yupaxHeHneM 24 B) W

xapakrepusayuamu (ii) u (vi) u3_ ynpaxmnenus 25.) Takum o6paaoM, MH nony-
yaem rTomomopdusm & Tp—>G. Iloxasatb, uTo TroMOMOpdH3M ! HHBEKTHBEH.

Bocnoapsyemcs orHm roMoMop(u3MOM Aas OTOXAecTBAcHUS Tp ¢ moxrpynmoit
rpynan G. Komnosumust T, —> G -> Aut(g) asasercs romomopdusMoM, KoTophii

B § 5, n°2, ofo3navuen uepes [ogq.
8) Ilycts x & G — TaKol 9/MeMeHT, 4To O == 0 (X) [pUHALJIEKHT INOATPYyIne
f(TQ) rpyans Aut;(8) (§ 5, n°2); umage romops, ITOT OMEMEHT TPHBHAABHO

zeficreyer Ha ). OGo3nauuMm depes P s/ieMeHT H3 TQ-—-Hom (Q. &%), coorsmer-
cTByOWHH aneMeHTY X. [lokasaTb, UTO X [PHHALIEKHT TP. IocaepoBarenbHo
JlOKa3aTh CJAEAYIOLLHE YTBEPKACHU:
B;) Ecau E ects §-MORynb, TO X — 970 D-sunomopdusm Moayas E
(Bocnoabsosarbest g-romoMopbusMoM 8@ E—> E u Tem, uro X TpPHBHANBHO
zeficrayer wa J.) B uactnocru, npoctpaHersa EM yeTOMUMBLI OTHOCHTENBHO SHAO-
MoppusMa xp.

1y *B asroM cayuae MOXHO nOKasars, uyro U’ — Guanre6pa anre6panyeckoit
OTHOCBS3HOH MoJynpoCcToH r;;lynm,x A, amreGpa JIu xoTopo#t paBHa &, u uTO
G —rpynna k-touek rpynnu A,
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Bz) CymecTByeT Takoli sieMeHT 9=Tp uro ana moboro g-momyns E u
ao60ro NMPHMHTHBHOTO 3jeMeHTa e K3 E Beca A uMeeT MeCTO paBeHCTBO
xge=¢ (A) e.

(Bui6paTh @ Tak, YTOGH 9TO PABEHCTBO BHMOMHAIOCH, KOLAA E — npocrpan-
CTBO, OTBevawinee QyHAaMeHTaNbHOMY npeicTaBaenio E (®y). BruBecTa orcioza
[oKas3aTenbCTBO OJd Cayyas mopynei E (A), A= Pi4, BOCHOJB30BaBUINCE TeM,
4TO TaKOH MOAVJB BKJIAJHIBAETCA B -TeH30PHOe NpPOM3BeleHHe MoZLyJdell THMA
E (@), [Tepefitn orciona K obiuemy cayuai.)

B;) Brbepem @ rtakum ke, Kak B Bp). Ilycre E — mpocroli §-Moayas co
crapuiuM BecoM A, ¥ nycrth p — Bec Moayas E; rorna A — p e Q. ITokasats,
uTO orpanuuenHe sngoMopdusMa x, mHa npocrpancrro E¥ — romortetns ¢ koag-
duiwertoM @A) b (u — A). (JoKa3aTeabCTBO [OPOBOIHTCA TaK JKe, Kak o

B cayuae B))).
By) Ecnim A, pe& Py w ecin kopeur o= B Be OpTOrOHaNeH HH K A,

HH K W, TO
A +p—a)=0(A+ pPp(—a)

orkyna creayer, uto @ (a) =P (a). (Bocnonb3oBarbes yTBEpKAEHUAMH Bjy), Bj3)
¥ TeM, uto MoAyar E (A 4+ p — o) BkaansiBaeTca B Moayab £ (A) & E (u), cm.
ynpaxuenue 17))

Bs) BuiBecTd u3 yreepmnenus Bs). uto ¢|Q =1, u BOCHOJB30BATECA yTBREp-
MAEHUEM B3) 1S LOKa3aTesbCTBA TOTO, uTo Xx ==/ (@),

r) C nomouipio romoMophusMa [ OTOXKMECTBHM rpymiy TQ ¢ nmoarpymnno#
rpynnst Autg (§). Beaencreue yTeepKAeHUs a) Mbl NMONyYaeM, HTO

Auty (g) < v (G) < Auty (g)
H BBHIY B) ¥MeeT MecTo paseHcTBo © (G)[) TQ=Im (Tp) Busectd otciona, yTo
Aute(g)nTQ=Im (Tp) n uto [ (@) = Aut (g} (cm. § 5, n°3). Crenomareasuo,

KaHOHHYECKOE OTOOpameHHe
v TQ/Im (Tp) > Auty (g)/Aut, (9)

— nszoMophuam.
1) Slapo romomopdusma . G -> Aut, (§) pasHo anpy roMoMop dusma Tp~>
-> TQ; oHO u3oMopdHO
Hom (P/Q. &*).

S10 xoHeuHas abenepa rpymna coiepxamasics B enTpe rpynnu G, H ee mops-
nok Heaut (P:Q). Ecan noae k anre6padueckd 3aMKHYTO, TO OHa COBnajaeT
C MPOCTPaHCTBOM, AyanbueiM K P/Q (Aae., rn. VII § 4, n°8).

e)IMycts o= R, Xy = 9% u Xy &= 97 % — Takue srements!, uto [Xg, X—o] =
= — Hy, # nycrs pg — COOTBETCTBYIOUIEE MpEACTABICHUE am‘e6§)u Ja 81 (2, k)
B mpocrpauctee §. Eciu E ects g-Moayaw, To mMu nosyyaem (§ 1, n°4) npencra-
BjeHne rpynnel Jlu SL(2, k) B npocrpaHerBe E u, caenoBarennHo (ynmpaikie-
nne 2506), B)), romomMopduam

@ SL(2, &) > G.

A (H
[Mokasate, uto Im (¢,) Comepur anemenrm u3 TP Bua A+r=—>t ( “), fe k*,

Busectd oTCi0fa, 4TO aneMentH Im (@g), o & B nopoxaaior rpynny G (nokasate
cuauana, 4T0 TIPyNna, KOTOPYo OHY NopoxjiaioT, comepxut Ip).” B wactrocry,

rpymna G nopoxpaerca odementamy Bina e", rae n < g% ae B — B. Ilpous-
BOAHas rpymma rpynnst G coenagaer ¢ rpynmnoii G.

x) Ecan G’ — rakas noarpynna rpynnu G, uto v (G') = Aui (g), 10 G' =G
(BOCIOIBL30BATLCS YTREPKAEHUEM €)). .
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3) Iycrs E — rounwmit §-mofyan, H ayers I' — noarpymna rpynmnu P, mopo-
xneunas BecaMn wmoayas E. Torma P>TI D Q, cm. ympaxsenne 5. ITokasarb,
YTO AP0 KaHoHudeckoro romomopdusmMa G — GL (E) coBmazaer ¢ moarpymiof
rpymnet T p, 06pa3oBanHON 3neMenTaMu @, OrpaHMYeHHe KOTOphX Ha noarpymny I'
TpuBHaasHo. Ecanm, B wacraocry, I' = P, to romomopduam G - GL (E) uubeKTH-
Bed. Ecmn T = Q, T1o s3TOT roMomoppH3M pasnaraeTci B KOMIOSHUHMIO

G —> Aute (g) - GL (E) n romomopduam Aut, () > GL (E) nubekTHBReH.

27) Iycre Q=P/Q. Ecan o =Q u ecan E ects §-MoAyab, TO 0003HaUHM
uepes Ey, npaMyo CYMMY [POCTDAHCTB E* e A= @. Torma E == @ Eg.
weER
a) [Tokaaatp, uto E, ecTs g-mommoRyas monyns E. Bumoausiores paBencTsa

(ENo=(E-p)" 1
E®Fo= P E.® Fg
a+B=0
rne F — npyro#t §-MORyan.

6) Mycrs ¥ = Hom (R, #*) = Ker (Tp > TQ). OToXpmecTBHM Yy C 5J1E€MEHTOM
agpa f: G- Aut,(§), cm. ynpaxHeuwe 26x). IlokasaTts, uro nefictBHe 7y Ha
monyne Eq sinasiercs romorterHefl ¢ Kosd)(ibnunen'rom % (®).

B) Ouncatp Momynn Eg. xorma §=3L(2, k).

§8

1) Ilycts f — uuBapuanTHag monuHoMuanbHas GyHKUHA Ha anreGpe JIn g.
INokasats, uto ¢ynkuns f nuBapuautHa oTHOocHTensHO rpynne Aut (g) Torza m
TOJLKO TOrAa, Korxa f|) mumapuanrua oTaocuTensHo rpynnsl Aut (R). Busectn
orciona, uro ecanm rpad JluHkuHa cucTeMbl KOpHefi R HMeeT HeTpUBHaIbHBIH
aBTOMOPGH3M, TO CYLIECTBYeT WHBAPHAHTHAs NOJWHOMHalbHA# (GYHKIHS Ha aa-
re6pe Jlu §, KoTopas He MHBapuauTHa OTHOCHTenbHo rpymnun Aut (g).

2) TMonoxnum ¢ ==31(3, k). Ilokasats, uro x+—> det{x)— uuBapuauthas
AonHHOMHaAbHAs GYHKUMS Ha §, KOTOpas He MHBADHAHTHA OTHOCHTEJABHO TPYMIIH
Aut (g) (Bocmonn30BaThCH ABTOMOPHHIMOM X —> — 'x).

3) IMyers @ — moayupocran aare6pa Jlu u s & Aut (a). IMokasats, uro ciae-
Lylolle YTBEPKAEHHS 9KBHBAJIEHTHHL:

(i) s = Auty (a).

(ii) AsTomopduam s meficTByer TPHBMAJBHO HAa LeRTPe yHUBepcaasHOf ofep-
ThBawolleli aarebpu U (a).

(ii1) Jdas noBoro x & a cyluecTByeT Takol t & Auty (@), uro tx =sx.

(Bocmoan3oBatses UpemoxeHneM 6, yToGbl mokasath, uto (iii)=> (i).)

4) Tlokasars, 4TO B csnedcTBHH 2 nupemtoxenus 2 n B TeopeMe 1 (ii) mMoxkuo
OrpaHMYHTLCS MPENCTABACHAAMH P, BECA KOTOPHX — PaiHKaAbHEE Beca (3aMeTHTS,
uTo npemnoxenne | ocraercs cnpapexiMBuM, ecan koasho k [P}V samenntb
oasuoM £ [Q]Y, rne Q — rpynna pajHKanLHEIX BecoB).

5) Bocnoansyemes oGo3nayenuamu u3 § 6, 7. ITyets A = §*. Beaw (A 4+ o) —
—wi(A+p)&E Q+ s awoboro w & W, w %% 1, To Moayas Z (A) npocr.

(Bocnoas3osaTsest caenctueM 1 (ii) u3 teopemu 2).

6) Ilycrs a — anre6pa Jlu, f — nosnnomMuansHas QyHKIMa HA 4, 2 X, Y — SJe-
MeHTH H3 aare6put Jin a. [Tonoxnm fy = 0" (y) f (cm. n° 3) n oBo3naunm yepes Dyf
amnefinoe oro0paxkeHue, kacaTenpHoe K oroGpawenuio [ B rtouke x (ra. VII,
nonoanenne I, n°2). Tloxasars, uro fy(x)} = (Dyf) ([%, y]). BuBect# orciona,
4yTo Korfla [ — mHBapmautHas ¢yukuus, To otobpaxenne Dyf obpawaercst Ha
npoctpatcrse Imad (x) B Hyss.
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7) ‘Mycts dy, ..., d;— XapakrepHcTHUueCKHe crenmenn aareGpsr [ (g), oM.
ra. V, §.5, n°l. Haa mwoboro uesoro uucaa # >>0 o6o3HayuM depes r, YHCIO
SJEMEHTOB CTeNeHH # HEKOTOPOro ojHopoasoro Gaauca monyaa S(g) max I (g)

o0

(cM. 1° 3, gameuanue 2) n noaoxum r(T) = Z rnT" IlokasaTe, yTo
n=0
i=!
rM=0-1""J[(1=7%) me N=dimg,

il
8) Moaoxum [=rg(g). N=dim(g). Ecan x g, To onpemeaum a; (x),
0<<iN, no dopmyae

N
det(T+adx)= ) TV"la (x).

i=0

Takum o6pasom onpeleneHnass GYyHKUHSA a; SIBASETCA ONHOPOAHON NOJMHOMHAMR-

no#t (Qynkuued cremend { H HHBapuaHTHA oTHOCWTEenbHO rpymmsl Aut(g). Ecau
xeh u iSN—1 10 a,(x) ecTb. -1 sneMenTapHan CHMMeETPHIeCKas (yHKUMA

ot @(x), x < R. B uacruocrn, @), _, (x) = H @ (x). [TocTpouts mpumep, Korga
ae=R

GyHKNUH a; HE NOPOKAAOT aire6py nojnHoMHanbRHX GyHKUHE Ha aareGpe Jlu g,

HHBAPHAHTHHX OTHOCWTelsHO rpymmut Aut (g).

9) O6o3nayenus Te xe, uwro u 8 n°6. Myers A= )*, z&Z, 2/ — obpas
sJeMeHTa 2 NoA JeHCTBHeM TJaBHOTO aHTHaBTOMOpdH3Ma aarebpu U(g) n
wo & W ~— anemenut, kortopuii nepesoaut B B — B. Tlokasath, uToO Xy (2} =

='—"'x--w0 (A) (Z,).

([ocTaTouHO A0Ka3aTh yTBepiAeHHe mph A & P4 . Bartem Hano pacemortpers
neficteue siaemenTa 2z Ha monayasx E(A) w E (A)* n Bocmoam3oBaThes npepaoxe-
Huem 11 us § 7))

10) (B stom ynpaxknenuH, KaK ¥ B TPeX IOCHEAYIOIHX, MBl BOCIHOJL3YEMCS
o6o3nauenusivu H3 § 6.) ITyctes A =),

a) [yers N, N’ — takue §-noamofyan moayas Z(A), uto NN <= N n uro
darropmonyas N/N’ npoct. Ilokasarth, 4TO CyIMECTByeT Takoil Bec p = A —Q,,
yro dakropmoryab N/N’ usomopden monyawo E (u) (mpumenuts Teopemy 1 us § 6)
nuro p+p=W.(A+ p) (puMennts caencteue | ua teopemur 2).

6) IMokasaTs, uto Mmonyas Z (A) pasnaraercs B paa Kopaawa — Féasnepa.
(ITpUMeHHTE yTBepXKIEHHE a) M HCMOJAR30BAaTH TOT dakT, uro Beca Momyas Z (A)
HMEIOT KOHEUHYIO KPaTHOCTH.)

11) TIyers A= B* u V — nenysnesoft §-moamonyas moayas Z (A). [Mokasars,
yro CYWECTBYeT TaKoH aneMeHT u & h”, wro monyas V comepxuT npocTol §-mog-
Monyab, H3oMopbuul Z ().

(TTyctes A — MHOQXECTBO TaKHX 3/deMeHTOB v & D*, uro momyas V comepxur
g-monmonyas, Haomopdunii Z (v). BocnosbaoBasuruce mnpedsaokenuem 6 us § 6,
HAJQ MOKa3aTh CHaua’a, uto A s= (. 3atem nokasaThe, 4TO MHOKecTBO A KOHeyHO,
H pacCMOTpeTb TaKol sieMeHT p MHoxecTsa A, uTo (p — Q+)nA ={n})

i 12) a) Iycrs A, p < 3°, Jhio6oh nenynesolt §-romomopdHam Moryas Z (p)
B monyab Z (A) mabexrusen. (Bocnoas3oBathest mpepaoxkenneM 6 ua § 6.)

6) Mycrs r &N, A — koHeuHoe nogMHoxkecTro B N7, m == Card (4). Has
aoboro £ = N’ nyets s (E) —cymma KoopauuaT BekTopa § W B 4 () — uneao

TakHX Ha60pOB (Mg)ge 4 HEOTPHUATENBHHIX UENMX 4YHCEH, 4TO E= Z ngd.
asA

Torza 315?4 (B) << (s(8)+ 1)™ ana Beex § & N', ([loxasate HHAYKIHeH no m.)
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8) Mycts 4, p = 0" [lokasats, uro dim Hom(Z (p), Z (1)) < 1. (ITyems @,
H @y — OTJIHYHEE OT HyaAs G-roMoMopdusMu U3 Moayas Z () B Moaynas Z (A).
Ecan Im (1) = Im (o), To BBHRY npemnoxenus 1 (iii) u3 § 6 romomopdusmur
H Qg JUHeHHO 3aBucHMbL [1peanoaoxkum, uto Im (@) %= Im (@;). Ecan moayas Z (p)
npocrt, To cymma Im (@) -+ Im (@;) npsmasn. Buizectn orciona, uto B (E + 4 — p) >
=2% (&) ana mobux & & h”, oTKyaa cielyeT OpoTHBOPEUHE C YTBEPKICHHEM 6).
B o6meMm cayuae Bocnosb3oBathest ynpawueHuem 11.)

Koraa dim Homy (Z (n). Z (A)) = 1. mu, nonyckas BoabHOCTh B 06o3Have-
HHsAX, mnweM Z (pn) = Z (A).

r) ITycts v & §*. MuosxecTBo Takux A& B, uro Z (A — v) < Z (A), 3aMkHyTO
B mpocTtpaHcTBe D* B Tomosorun 3apucckoro.

90 13) a) ITyctb 0 — HuabnorentHas anreGpa Jliu, x =a,ne N, p& N, Torza
cywectsyer Takoe uucio e N, uro #ly, ... yp = U()xP i mo6bix

Yis -« Yyn =
6) ITyets A, p = b* v o = B — rakne s1eMeHTH, YTO

Z(sgp—p)=Zp—p)=Z(A—p)

Ipeanonoxum, uro A & P. ITycts p= A (Hy) & Z. ITokasars, uTo
6,) eciu p <0, To Z(A— p) =Z (sqr — p);
6;) ecan p >0, To Z(Sqg— p) = Z (g2 —p) <= Z (A — p).
(Bocnosib30BaThes yTBepKAenHeM a) M ciegctsHeM | npemioxenus 6 § 6.)
B) [Tycts A= ¥, a = R4+ u m= A (Hy). [pennonoxumM, uro m & N. Tloka-
2aTh, 4TO

Z(sgh —p) =Z (A —p).

(Dokasats cHauana 310 yTBepxkieHue mias A & P, no/as3ysch yTBepxkAeHHeM 6);
3aTeM AOKa3aTh oOUIMH CaAYyuall ¢ HCMOJNB3OBaHHEM yhpaxkHeHHs 12r). 1),

14) *ITyets @& — moaynpocras anre6pa Jiu, Z(a) — uentp aarebpm U (a).
ITokasars, uro U (a) — ceoGonHu#t Z (a)-Monyas. (3aMeTHTs, uTo aJjreGpa gr U (a)
nsoMopdHa anreGpam S (a) u S (a*) ¥ Bocroab3OBATHCH 3aMeyaHHeM 2 U3 n°3.),

91 15) ITyers ¥ — npuBoasAmMicss K GUArOHAJNLHOMY BHAY 3/M€MEHT anreGpH
JIu g (§ 3, ynpaxuetune 10), a y — Takoli moyIPOCTON 3JEMEHT 3Tol anre6pu JIH,
uro f(x)={(y) ana n060ii WHBapHAHTHOM NoNHHOMHAJbHON OYyHKUMM [ Ha §.
TMokasaTts, uro cymectsyeT Takoft aBToMopduaM s & Aut, (g), uto sy = x. (3ame-
THTb, 4T0 Yy 3HZOMophu3moB ad x ¥ ad y onMHaKoOBEIE XapaKTEPHCTHUECKHE MHOIO-
UJeHB, CM. yIpaxKHeHHe 8, oTKyAa CJAeAyeT, YTO SJEMEHT y NPHBOAMTCA K JHATO-
HaJbHOMY BHAY. Baaromaps ynpaxuenuio 10 B3 § 3 Mbl MoXeM nepefiTé K cayuaio,
Korlla 3JeMeHTH X H y conepxarca B noxaiareGpe Kapraua §, u Bocnonb3osatecs
TeopeMoft 1 (i) ¥ aemMMofi © 4 HOKA3aTEJALCTBA TOTO, UTO 3JMEMEHTH X H Y
CONPSKEHH OTHOCHTeJbHO rpymnel Bedia W.)

16) ITycts a — moaynpocras aare6pa JIdu, X — 3JE€MEHT H3 @& H Xg — n0JY-
npocras CocTaBAsoLlas sJeMenTa X. JIokasaTh, YTO eciH [ — WHBAPHAHTHASA MOJH-
HOMHaJbHad ¢yHKuHs Ha aareSpe Jlu a, 1o f(x)=F[(xg). (Ceectu K cayuamw,
Koraa ¢yHKuus [ umeer Bux x —> Trp (x)™)

1) Iloapo6Hoctn oTHocHTeNbHO yupawxuemuii 10—13 cMm. B cratee: Bepn-
wrefin M. H., Tenpdaun U. M. Teandann C. Y., CTpykTypa npencraBaeHui,
MOPOXXAEHHHX BeKTOPoM crapumero Beca, Pyyky. anaays., 5, swi 1 (1971),
crp. 1-9.

B sToii paGoTe pokasaHo Takke, 4to ecam A, A’ & )" — Takue Beca,
4To Z(A,——p)CZ,(A/—p), TO CYWIECTBYIOT TaKHE Vi, ..., ‘YnER+, 4To
A=svn svzsvll, H (svi svll)(Hle)EN ipu 0<Ci<{n. Orcona

noJyyaeTesi, 4T0 MOAyab Z (A — p) mPOCT TOTAA H TOJMbKO TOrA4, Koraa A (Hy) = N*
APH BCeX @ € R4, '
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17) Ilpeamosoxum, uTo mone Kk anreGpauyeckH B3aMKHYTO, H TOJOKHM
G = Aut.{(g). Ilycts %, y & §. IlokasaTh 3KBHBAJEHTHOCTb CIAGAYIOUIUX YCJOBHMIA:

(i) IToaynpocrsie KOMIOHEHTHl 3JAEMEHTOB X H 4 (-CONMpSIKeHs!,

(ii) Oas kaxnoft uHBapHaRTHOR MONMHOMHAJMLHOH QYHKUHH [ ua § uMeeT
MmecTo pamenctso [ (x) =] (¥).

(Bocnoabzosatses ynpaxeenusmu 15 u 16.)

18) Ilycrs @ — mosynpocras anre6pa Jlu, [ ==rg (a), [ — anreGpa uuBapuaur-
HBIX NOJHHOMHANBAbIX GYHKRUMN Ha a B Py, ..., P; — onHOpPORHBIE 3/1eMEHTH U3 [,
Kotophle nopoxnatoTr aarebpy /. OyHkuuH P; onpelensior NOJHHOMHANLEOE OTO-

6paxenne P: a—> k.. Ecam x =a, 10 ofosnaunm uepes DyP: a—> k! numeitnoe
oTo6paxenne, KacaTeabuoe K oTofpaxeruto P B toure x (ra. VII pmomosame-
Rue I, n°2),

a) Tycrs § — nomanre6pa Kaprana amre6put JIi o u x = }§. Hokasats akeu-
BaJEHTHOCTb CAEAYIOUIHX YC/JIOBHH:

(i) orotpaxenne DyP|h — uzomopdusm npocrpancrea b na A

(ii) smeMenT X peryaspes.

(Cectn x pacluelneHHoMy cayuaito. BuGpare Gasuc B npocrpamcree B u
o6o3naunth Tepe3 d (x) NeTepMHHAHT MaTPHUBL, COOTBeTCTBYOINEH B 3TOM Gasuce
otoSpaxeuus DyP|D. ITokasats ¢ nomomeo npentoxenns 5 uara, V, § 5, n°4,
4TO CyUIECTBYeT TaKoil sjqeMenT ¢ &€ k¥, s kotoporo d (x)2 =¢ H a(x), rie o

as=R
npoGeraeT MHOXeCTBO KopHell R paciennerrofl anmre6pu JIn (a, §).)

Ecan ste ycioBus Beimonuensl, To A ==h P Imad (x) u Ker DxP = Im ad (x)
(rocnonb3oBaThes ynpaxkuenueM 6, aToGH N0Ka3aTh, ITO Ha npocTpanctee Im ad (x)
oroGpaxenne DyP oGpamaerca B Hyab).

6) Ilokasatp, 4YTO MHOXECTBO 3JEMEHTOB X & @, TAKHX, YTO Paur orobpa-
werus DyP papen /, OTKPLITO M BCIOAY ILIOTHO B @ B TONOJOTHH 33PHCCKOTO.

§9
Bce pacemaTtpuBaeMple §-MOAYJH HPEANOJATAIOTCA KOHEYHOMEPHLIMH.
1) Eciu m—uenoe gucno = 0, to dim E (mp) = (m+l)N, rae N = Card (R+).

2) ITokasats, uTo CylleCTBYeT, H MPHTOM TOJBLKO OJHA, TaKas MOJMHOMHAJDL-
nast ¢pyukuus d na npocrpascree §* uro d (A} = dim E (A) nas moBoro AS Py 4
Creneus stoft ¢pyukunu papra Card (R+). VimeeT mecTo paReHCTBO

d(wh—p)=¢(w)d(A—p), tHe w=W, A=h*

B uacrnocry, $yukuus A+ d (A — p)? uusapuantHa otrOCHTENbHO W. BriBecTH
OTCIOA3, YTO CYIIECTBYyeT EXHHCTBEHHEN] SJ€MEHT 4, NPHHAAAEKAIUE LEHTPY
anreSpnt U (g), ana koroporo %, (W) =d ()2 nmpu Beex A =DH* (nmpumemuts
teopemy 2 u3 § 8, n°5). Koraa g==81(2, k), To u==C -1, rae C — anemenr,
onpenenesHufl B ynpaxreruu 1 u3 § 1

3) Mycte Ay, ..., By — XapakTeprcTHYecKye cremend anreSpel HHBAPHAHTOB
rpymist W o(ra. V, § 5).

a) ITokasarb, uTo mpu Beex j=>1 ywmeno takux i, uro k; > j, paBHO uwucay
TaKUX aER+, 4TO (p, Ha>=i (Crecty K cayualo, korna cucrema kKopHeil R
HePHBOAMMA, H BOCHOJb30BAaThCA ynpaxHenuem 6 B) us rm VI, § 4) (Cm. § 5,
ynpaxuenye 5 x).)

6) BuiBecTH M3 IpeHAYLIEro ¢GOpMYyay

=]

IT o Hoy=TT (& — 1)t

GER.'. i=]
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9 4) TIpennonoxuM, uro aare6pa JIu § mpocra, u 0603nayuM depea y Takofl
saeMenT #3 R, uro H, — nan6osbmufi Kopenb CHCTEMb KOpHeft RV Tpencra-
sum Hy B Bume Hy = Z ngHg. Toraa {p, Hy) = Z ng=h—1, rne A — uucao

asB

Kokcrepa cucteMun kopHeit R (ra. VI, § 1, n° 11, npennoxenne 31).
a) Ilycts a=B. ITokasats, yto a4 moboro ﬂER+

(@ +p H<A+ 1y ~1,

Ile paBEHCTBO focTHraerca npH P =y. Bubectn orciofa, uro awawit npocrofi
MHOXHTeab qHcaa dim E (©g) He nmpeBocxomut kA - ng — 1.

6) IMpennosnoxuM, 4TO @y — He MHKPOBeC, T. e. fig = 2. [Iyers m & (2, ng)
u p=h-+m—1 TIlposepute (cM. ra. VI, raGauyet), uto cymecTByeT Tako#
KopeHs f & R+, Lns Kotoporo (@, Hgy=n, u {p, Hgy=h — I —(ny —m);
caefloBaTenbHo, (®g + p, Hpy=p. BuBecthH orciona, 4To e€caH p — IPocroe
yucao, To ono geaut dim E (®y). (3aMeThTb, 4TO p He fejut HUKAKOe H3 YHCEN
{p, Hg), rme B =R, cm. ynpaxnenne 3)

B) Korna g — anre6pa JIn tuna Gy (coots F,, Eg), To A==6 (coors. 12, 30)
n dim E (&) menurcs ua 7 (coors. ua 13, 31). Korna g — anre6pa Jlu tuna Eg
(coorn. E;) u &y He saBasercs MukposecoM, To ditm E (&) menurcs na 13
(coors. Ha 19).

41 5) a) [lyets a=R, x=¢% y=g~% u uycrs E ectd g-Monyas. IToka-
sarth, uTo niA JiobGoro A& P _

Tr ((x9)g | E*) = Tr ((x9) | EMF®) + A ([, 9]) dim EX

BrBecTy oTCIONA, YTO

hépk( [, y1) dim (E}) . &* = (1 — ™) AEP Te ((xy)g | EY) . e~

6) CnabauM npocTpaHcTBO D* HeBHIPONKIEHHON cuMMeTpHueckoll GwinHefHof
dopmodi (., o) uHBapHawnTHOH oTHOCHTEAbHO W. ITycTth A — Takoil snaoMopbusm

BeKTopHoro npocrpauctsa & [P], uro A (e*) ={u, p)e* npu Bcex p= P Ecan
a, b= k{[P}], To nonoxum \

A’ (a, b) = A (ab) — aA (b) — bA (a).
JHokasars, Y10
AT (&) =, uy T (e"), e peP,

A" (e, et) =2 (A, pyertH, rie A, psP,
A’ (ab, ¢)=al" (b, ¢) 4 bA (a, ¢), rae a, b, c=k[P].

B) [lycts A& Py, ¢, =ch(E(A) n d =J (e°). Ilokasats, uro
A (e, d) = (A + oy A+ p) .

(Bocrmosb3oBaThCca yTBepXKAennuMH a), 6), caencTeneM npenjaoxedus 7 H3 § 6
u dopmynoit (3) us ra. VI, § 3, n°3)

rs) Busectn us npeanAyulero u u3 npemaoxenus 5 (iii) § 7, n°2, xpyroe
Aokasareabctso ¢opmyas . Bedias,
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1) Has ao6oro A = h* nonoxum dim E* = m ()). BuBectn u3 yTBepKae-
Hud a), 4TO
400
Tr ((x9) 5 | EY) = 3 (a4 ia) ([x, 9]) m (& + ia),

i{=0

4o
X O io) ([x g1) m (A4 io) =0,

i=—o00

e) Mycts (., .)— HeBHIDOKAEHHAA MHBapHAHTHAasA CHMMeTpH4Yeckad GHau-
HefiHan ¢opMa na aare6pe Jlu g, orpaunyeHwe KoTopoii Ha nopaare6py Kap-
tana §) pasHo o6paTHoll ¢dopMe K (opme, BHOpaHHo# Buiwe [Tycts I' — coor-
ReTCTBYIO KM aieMent Kasumupa. [Ipennonoxum, uro Moayab E npoct. [Tonoxum
Pp=v.1, rae y= £ [lloabsyacs yTeepxaenneMm i) u mpeanoxenuem 6 u3 § 2,

n®3, nokaatb, uTo naa Joforo A & h* umeeT MeCTo paBeHCTBO

+o0 -
ym (A) =, Wym )+ Y, D (h+io, aym (A + ia),

aesR i=0
a TakKk¥Xe 4To "
m@ =G Nm @A)+ Y mMhay+2 Y Y mA+ie) (i 0=
oSSR, asER,y i=I
4 00
=M A+2mM)+2 Y, Y m(h+ia) A+ ia, a).
aER+ i=1

k) Ipeanosoxum, uto Moayas E npoCT, W NyCTh @ — €ro cTapllyil Bec.
BeiBecTn u3 yrepxaenus e), Uro Ans aioboro A h*

400
@+po+py=G+pr+m@y=2 Y Y m@®+i0)d+ia a).
as=R, =l

(Hanomuum, uto BBHAY npemnoxkenus 5 u3 § 7 (@ -+ p, @ 4 p) > (A + p, A -+ p),
ecin A — oraHunHE oT @ Bec Mozyas E. Tlpezbinylas dopMmysa Aaer, Takum
o6pa3oM, cnocol NMoCAeNOBATENBHOrO BHIYMCAEHHA Pa3mepHocTH m (A)!).

6) Ilycts x +—> x* — uuponouusa B aare6pe k [P], koropas nepesoaut ef
B e~ P ana moboro p < P

a) IMosoxum D =d*d = H (1 — ¢%). Moxkasats, w0 d*=(—l)N d, rae

aeR

N =_Card(R_). 4, caenosareabHo, D == (—=n¥ 42,

6) Onpenennm aBe aunefiubie Gpopmui & u [ Ha k [P] no dopmyaam

e(l)=1, e(eP)=0, rae ps P —{0},

i

l(i)-—-%e(o.f), rae m = Card (W).

Mokasats, uenoanays dopuyay d =1J (¢, aro 1 (1) =1.

!} MTonpo6GHOCTH OTHOCHTENLHO STOrO ympaHewus cM. B craThe: Freudens
thal H, Zur Berechnung der Charaktere der halbeinfachen Lieschen Gruppen,
Proc. Kon, Akad, Wet. Amsterdam, LVII (1954), 369—376.



310 IJ1. VIII, PACIIENJIEHLIE MOJYNPOCTLIE AJTEBPHI N1 §9

B) Myers AP uc,=chE(R)=] (e***)/d. Tokasats, uro I(c,)=0,
ecan A = 0. ([lokasaTenbCTBO NMPOBOJHTCA TaK Xe, KaK ¥ JOKA3aTeNbCTBO yTBep-

kneHus 6).)
r) ITokasats, uto ¢opMa [ mnpuHUMaeT nenble 3HAYEHH Ha nonajirebpe

zZ [P]W=ch R (g) anre6pwt k£ [P]. Ecam E ectb §-Monynb, TO PasMepHOCTb NoA-
NpPOCTPAHCTBA WHBAPHAHTHBIX OTHOCHTeJbHO § 3jnementoB B E pasna [ (ch E)
(Csecrn K cayuaio, Koraa E npoct, # ucnosaszosath 6) # B).)
1) HNokasats, uyto dim E = Z I(c; ch E) d(a), rze d (A) =dim E (A).
Ae P++
B yacrtHocTy, .
[ (c,vcu) ==0,,, ecaH MpsP,,.

e) Ecin A, u, ve Pyy, 1o menoe uucao m (A, u, v) H3 npentoxenus 2
* .
paBHO I(cxcucv). BroiBecTH oTciona TOXAECTBO

dMdw= D, mA pvd®, Ap vePyy
VEP++

(IpumenuTs yTBepxkaerue 1) K §-Moaymo E=E (A) Q E (n).)
91 7) BocnosabsyevMest oGo3hatuenusMid U3 J0OKa3aTeabCTBa TeopeMbl 2.
a) [Tokasars, urto

foU)= ] (MI0T” _~wlaTz)
(1ER+

6) BuiGepem B kauecTse (.|.) xaHOHHUecKylo Ouauueiinyio Qopmy CDR
(rn. VI, § 1, n°12). ITokasatb, uro

fo (7 @)=V (14 L5 (ulw)  (mod TVHR YT,

mmedy= [ ®le
aER+
B) BrBecTn u3 yTBepxaenus 6) M M3 paBeHCTBa J(e}‘+p)= ch (E) .J(ep)
Gopmyay
. dim E
Y wleedim £ = a1+ 2p).

pespP

r) IMpennonoxuM, uro aare6pa Jlu g npocra. [okasats, ato (p | p) = dim ¢/24.
(TTpuMeHUTH yTBep:KAEHHE B), B35B B KaueCTBe A HanGOAbIIKA KOPEHb CHCTEMH R,
¥ BOCIO/Ib30BaThCs yhpaskHeHneMm 3 u3 § 6.)

1 8) Ilycts ¢ — noansoMuansHas GYHKUMS HA OpoCTpaHCTBe )* cTemeny r.
IToka3aTh, YTO CymiecTBYeT eJIMHCTBEHHasl NoJaMHOMHanbHas ¢ynkuus ¥ Ha mpo-
crpancTee Y, uuBapmanTHas oTHocHTenbHo W M cTenend <f, Aas Koropolt

Y % (w) dim E* =¥ (A +p) dim E
nep

npu Jio6oM npocToM §-MoAysae E co CTapIuM BecoM A.

(MccnenoBath cHagana caywail P {u) ==(u|v)", rne sec v < P He oproro-
HaleH HHKaKOMY KOPHIO; /Il 3TOrO BOCHOJB30BaThcs ToMoMopdusMoMm fy us
AOKasaTeNbCTBA TeOpeMH 2, a Takxe mpexnoxkennem 5 (i) ua ra V, § 5, n°4.)
: 9) Bocnosnsayemes ofo3nauenusMu us ra. VI, rabauya 1, ans amreSps Jlu g
tHAa A,. Ilyers n, p — ueanme unena =0,

a) P (nay 4 pag) =1 4+ inf (n, p).
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6) IMycts A = n®, + pd, Torza dim E(A)=%(n+ Dp+n+p+2).

Kparuocts Beca 0 B mMonyJe E (A) pasua 0, ecid A — He palluKajbHBIH Bec, T. e.
ecau ns=p (mod 3), a ecan A—palukanbHslll BeC, TO KPaTHOCTL pasHa 1 4-inf (#, p).
10) Bocnoansyemea oGo3naueHusimu H3 ra. VI, rabauya 11, pasn aarepu
Jlu ¢ tuna By, Ilyern n, p — neasle uncaa = 0.
a) MveoT MecTo paBeHCTBa

3 (nes + p (@ + 20) =1+ p (p+3)
B (naz +p (0 +a)) = [p?4] +p+ 1,
P (n (2 4 az) + p (a1 + 2a5)) = [#2/4] +ﬂ+1+np+%p(p+3).

6) Tycre A ==n(u; + a) + p (2, + 2a;). Kparnoers Beca 0 B Moayre E (A)
paBHa
[(n/2] + 1 + np + p.

11) MNpennonoxum, yto aareSpa Jlu § He sBAsSeTC NPOH3BeleHHeMm anrelp
panra I, [lycts n e N. IToxasars, 4To CyUleCTBYeT IPOCTOH §-MOAYJb, ¥ KOTO-
pore ectb Bec KparHoctH == n. (IIpemmosoxuTh, YTO YTBePXIeHHE HEBEPHO.
IMycrs Ej — npocroil Moayab, oTBeuaiownii crapimemy Becy A & Py .y, CpaBuuTs
dim Ej H YHC/a0 Da3jHuHEIX BecoB Molyust Ej, xorza (A]A) —> co (oBosnavenns
H3 TeopeMnl 2).)

12) Mycrs U® — nentpannsatop nonanre6pet Kaprana b B aare6pe U (g).
Ecan paur anre6pwm Jlu § pased 1, to UY — xoMMmyraTHBHas aareGpa. Eciu
paur anre6pu Jlu § He MeHbure 2, To y aare6pst U° cymecTByioT HeMpURoAHMELE
IpeNCTaRJeHHs CKOab yrogHo Gospliofi KoHeyHo#l pa3mepHoctu. (Bocnoanso-
BaTbea ynpaxneuueM 11, a Taxwke ynpamuennem 23 a) us § 7.)

13) Ilyets R — cuereMa Kopuelt B BekTopuoM npoctpaHere V. JIpa ase-
MEHTa ©; B Uy H3 MPOCTPAHCTB2 V HasmBAIOTCH PA3veOUHEHHb MU, ECAH CHCTEMA
R — npsmast cyMMa ABYX Takux cucteM KopHedl Ry u Ry (ra. VI, § 1, n°2), uto
BEKTOPH U, IPUMANIENKAT BEKTOPHHM NOANPOCTPAHCTBAM MpocTpaHcTRa V, mopo-

KAeHHEIM cucteMaMu Ry, i==1, 2, [TokasaTb, 4TO ABa 3JeMenTa IPOCTPAHCTRA Vg,

npuHaanexamue olHOfl kKaMepe cHCTeMH R, OyIyT pasbeIMHEHHBLIMH TOTAA H
TOJbKO TOTJA3, KOrJa OHH OPTOroHAJbLHEL

9 14) a) [Iycts p, vE P44+ u y—Bec monyas E (). Ilyers py — mpea-
crapienue anrebpu Jli § B npocrpadetse E (u). Myets Xg=g¢% — {0}, Yo =
g %— {0} Ecam a = B, To nmoaoxkuM vog=v (Hy) u

E* (v =E@'0 [] Kerpy(Xo)'e",
oEB
E™ (v M =E@Y 0 [] Kerpy (Yo)'@",

ashB
d¥ (v, v) =dim EY (1, v, v),
d” (v, v)=dim E” (, v, v).

Ias aio6ore A= BH* nodomuM A* = — wod, rie wo— snemedt H3 rpyuns W,
KoTopuifi mepesofuT B B — B Tlokasats, uro

a7 oy v =d" (n, — v, V).
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6) lycrs &) A, = P ., V ects g-moayn» Hom, (E( *) E(}2)) — MHO-
KECTBO TAKHX (p =] V ll'ro }'(l «@=0 npu 06X @& € B, H W — NPUMHTHBHEL
BeKTOP n3 Moayas E (k ) IMokasars, 4To oTo6paxerne ¢+—> @ (w) —n3oMopduam

*

A (Hg)+1
muoxectBa U Ha MHOXeCTBO TakHX BEKTOpOB v & E (A,), uro Yal( o) L0=0

npu mcex o = B. (Ilns noKa3aTeabcTBa CIOPBEKTHBHOCTH HYIKHO BOCTIOMb30BATHCS
ynpaxHennem 15 u3 § 7.)
B) B o603naueduax 13 NPeANOKeHHs 2 10Ka3aTh, YTO eCJAH Ay, Ay ASP4 4, TO

m(hp Ay My=d¥ (A Ay— A, ) =d" (A A — 4%, A)) =
=dt (A b= hy Ay =d" (A, A — 1, &),

(SEMOTHTb, uro uncao m(A;, Ay, A) paBHO Pa3aMepHOCTH MPOCTpaHCTBA §-HHBa-
PHAHTHEIX 9/1eMeHTOB B NPOCTpPAHCTRE

EQ)QE (M) & E (A),

H, CIeNOBAaTeNbHO, COBMALAET C M (l; A, 12).)
r) Mycre Ay, Ay & Py, ¥ NycTh A — €QHHCTBEHHbLIH 9A€MEHT MHOXECTBa
*
P, . 0W. (% —2,). Torza
m (}\.1, }\,2, }\,) = 1.

(Bocrob30BaThest yTBepKAEHHEM B).) BoiBecTH orciona, uto Moayas E (A)RE (M)
CONEPXKHT, H TPHTOM TOJBKO OHH, MOAMORYJb, H30MOPOHMA Monyaw £ (A),

n) CoxpanuM oGosiiayednsi yroep:xaenus r). [TokasaTb SKBUBATEHTHOCTL C.le-
AYIOLIHX ycqosnu

(iy A=M +

(ii) IMII——IIM £ Jal,

(ili) Beca A m 7»2 OPTOTOHAJBHH,

(iv) Beca A u AQ pasbenuuennne (ynpaxHedue 13),

(v) Beca A, H A pasbelHHEHHHIE.

BuiBecTH orcioda, uto Moayab E (A) @ E (A2) npoer. Tommko echau Beca Ay
1 A; pazbeuHenHue (OTKYIA ClelyeT Apyroe HOKa3aTeJbCcTBO ynpaxkHenHs 18 e)
us § 7).

15) TMomoxnm N=Card(Ry), c= [[ (0. Ho) nd(})=dimE,, ecnn

(lER+

A = P4 4. Iokasats, uTo a8 nio6oro BemecTBeHHOro uueaa § >0

o N
Z d(x)'5<l—(z m's) .

A.EP++ m=1
BuiBecTH oTCiOfa, UTO Z d(M)75 < 4 oo, ecin s> 1.
AEP,

4 16) a) Ilycrs g — anreGpa Jlu Thna Fy Bocnoms3yemcsi 0Go3HaueHHsMH
ms ra. VI, ra6auya VIIL Ecan i==1, 2, 3, 4, To nolokHM

=P NG —Q)
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MuoxectBo Becos moay.is E(@;) — HecBsigHoe OGBeJMHEHHE S1EMEHTOB W, roe
» npoGeraer MHoxecrso &; (cm. § 7, npepnoxenue 5 (iv)). Torma

& =1{0, 3, &}

&2=1{0, @, B2 B3 By D) -+ Dy, 284}
&y =10, @, s, B}

&,={0 &,}.

6) C moMoumpbio TeopeMmsl 2 M0Kas3aTh, UTO
dim E (@) =52, dim E (®,) = 1274,
dim E (®;) =273, dim E (&,) = 26.

B) Bocnoib3opasmucy npefsoxenueM | u3 ra. V, § 3, u taGawuamu u3
ra. VI, nokasars, 4ro

Card (Wa,) =273%2"3 (3~} =24,

Briuncaurs Takke Card (W), ..., Card (W . 2®,). Bupecrn orcioga, 4ro 4HCIO
secos Moayas E (@) paBuo 553; tak Kak 8To uucao crporo mensiue dim E (&),
TO KPaTHOCTb OJHOTO M3 9THX BECOB He MeHble 2.

r) IIpoBecTy auanorHuuple BHYHCHAEHHS A BeCOB @, (s @y BuBecTH or-
Ci0/a, BOCMO/b3OBABINKCH yrnpaxuHenueM 21 u3 § 7, uto ecau p — npocroe HeHy-
Jepoe npejctaBiaeHue aireGpel JIu §, TO y NpeicTaBieHHS P eCTh BeC, KPATHOCTb
KOTOpOro He Memblue 2.

n) Joxka3zaTb analoruduHoe YTBEepKAEHHe B cJyuyae mnpocrofi anre6pnl Jlu
tuna £y

e) [Tycrs @ — paciuenaseMas npocras anre6pa Jld. BoisecTd H3 yTBepXKAeHHH
r), &) u npemnoxkenuit 7 u 8 u3 § 7 oKBUBANEHTHOCTH CHEAVIOMHX YCJAOBHH:

(i) y aare6pst Jlu a umeercss npocToe HeHyJeBOe NpeiCTaBjeHHe, BCce Beca
KOTODOTro HMeoT KpaTHOCTh I,

(ii) tan anre6pn Jlu a ue pabeH uu Fy, un E,.

§ 10

1) Myers 8=81(2, k) u g=281(3, k). Oroxnecrsum 8 c noganre6poi Jlu
aare6pel JIg § ¢ NOMOUIBIO HENPHBOAMMOro npeacramieHus aare6pu Jlu § cre-
nedn 3. Tlokasarh, 4TO Bce MOANPOCTPAHCTBA NPOCTPAHCTBA §§, CONEpKAUlHE all-
re6py Jlz 8 u ycroiuusme oTHocnTesbro ad, 8, coBHazaioT HAin c aareGpoit JIu 8
nay ¢ aJgreGpoft Jlu §. BuBecTu oTcioga, 4TO $ — MaxkcHMaJbuasi Cpefu OTJIHMY-
HHX 0T § nogaareGp Jlu aareGpm Jlu g.

2) Mycrs m =—;— (dim (g) + rg (9)). Paamepuocts mo6oii paspemnmol moA-

anre6pul anre6pol Jlu § He NPEBOCXOAMT M; ecad OHA paBHA M, TO 3TO NOJAJ-
re6pa Bopeas. (CBectu K cayuao, KorMa NoJe aare6panueckd 3aMKHYTO, H Boc-
NOJb30BaThCA TEOPeMOR 2.)

3) MpeanosioxuM, 4To mode k paso R, C Hi# NOAHOMY HELHCKPETHOMY
yabTpaMerpuueckomy mnosio. CrabauM rpaccmanuan G (§) BeKTOPHEIX HOANpO-
CTPAHCTB IPOCTPAHCTBA § ECTECTBEHHOA CTPYKTYpO# aHANHTHUECKOI'O MHOroo6pa-
3ua Hag k (Mu. Cs. pes., 5.2.6). PacemorpuM moaMuoxkecrsa B G (g), o6pasosan-
Hbi€

(i) momanreGpamu,

(it) paspemumsiMu momanre6pam,

(iif) HUABIOTEHTHHIMH NOAAJTe6pamy,

(iv) nogamre6pami, o6pa3oBaHHBIMH HHJIBHOTEHTHRIMH 3J1€MEHTaMH,

(v) nopanre6pamu Bopeas.

11 Byp6aku
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[Moxasats, uTo 3TH MHOXKeCTBA 3aMKHYThl (Al [0Ka3aTeabCTBa STOrO YTBEp-
XAGHUS B cayuae (V) BOCHONB30BATHCS YOpakHeHHeM 2). BuBecTH oTCioAa, 4TO
KOTJa moJie k JOKaJbHO KOMNAKTHO, TO 5TH MHOXKECTB2 KOMIAKTHHL. .

[TokasaTe Ha npumepax, uro noaMmHoxectsa B G (g), o6pasopanHue

(vi) mopanre6pamu Kaprana,

(vii) penyktnBHMMH mojanre6pavMu anreGpu JIu g,

(viit) moaynpocTuMH momanre6pamH,

(ix) pasmesasiomumu nopaareGpamu,

He 06si3aTebHO 3aMKHYTH, faxe Korna k==C.

4) MpeanoaoxuM, uro k== C, [Tycte G == Int (§) = Auty (§), u nycrs B—unu-
TerpanbHas noArpymna B rpynne G, airebpa Jlu b kotopoft siB.1sercs nomamre6poi
Bopenss anreGpnt JIu §. ITokasaTe, uto B — Hopmanusatop nogaiareGps B
rpymne G (BoCloab3oBaThest ynpakHeHueM 4 u3 § 3 u ynpawuenrem 11 ua § 5).
C nmomowpio ynpaxHenuss 3 BuiBecTH orciona, 4To G/B — komnakr.

1 5) [Ipeanoaoxum, uro aare6pa Jlu § pacwenasiema, Ecan h — pacienasiomas
noganre6pa Kaprama B anreGpe JIH §, To o6o3nauum uepes E () nmoarpymny

rpymus Aute (§), mopoxaennyio saementamu €24%, x & g% (h), a = R(g B), o
ra. VII, § 3 n°2.

a) TMycts b — nonaare6pa Bopeass anreGpm Jiu g, conepxauias monaare6py
Kapraia B, u nycts By — monanre6pa Kapraha anre6pm Jlm b. Ilokasars, uto
monanre6pu By 0 § conpsuketn ¢ nomowsio 9aeMenta u3 E ()). Burectn orcioaa,
yro E () =E ().

6) Iycrs §” — pacmemnsiiomas nofaare6pa Kaprana B anre6pe Jlu g. [Toka-
sats, uro E(§) =E(§"). (Ecau B —monanreGpa Bopens, conepmamas §’, 7o
BuGpaTh nofanrebpy Kapraua §, B aarebpe Jlu DD’ u npumeHuts yTBepkie-
Hue a), uro6u Hokasarte pasencrso E (§) =E (§;) =E (¥).)

B) Ilycrs x — HuasmoreHTHH saement B anreGpe Jiu g. Ilokasate, uro

etdr e E (h). (BocnonbzosaBimuch %Tsep)xneﬂuem 6) n caencreueM 2 TeopeMsl. I,
cBectd K cayuaw, korma x & [b, bl.) Bmecrn ortcioma, uro E (D) == Aut, (g).

))
°9

6) (a) ITokasaTh SKBHBAJNEHTHOCTb C/IEAYIOLIHX YCIOBHI:

(i) B anreGpe JIn § HeT HHJABHNOTEHTHHX 3.1eMeHTOB % 0,

(ii) B aarebpe Jlu § HeT nmapabGoyHueCKHX MoxanreGp, OTAHUYHBIX OT §.

(Bocnosib3oBathesi caencTsaeM 2 teopemsul 1.)

Takasi anre6pa Ha3WBAeTCS ANU3OTPONHOL.

6) Ilycrs p — mMaHAMaiabHas napabosdueckast nojaiare6pa aqare6pu Jln g,
¥~ panHkaa B P u 8 ==p/r. [Tokasatb, uTo aare6pa JIu 8 aunsorponna. (3amerTuth,
uto eciu ( — napabonHueckast mojairebpa aare6pul Jin 8, To mpoo6pa3 anreGpu
JIu§q 1; p — napaGosnueckass mopanreGpa aareGpu Jlu §, cM. ynpaxHeHne 5 a)
us § 3.

91 7) a) Mokasars, uro caenyowre cBoficTBa MOJsi & SKBHBaJEHTHH:
(i)OJI;o6aﬂ aHu30TpoONHas moaynpoctast aare6pa JIlu Ham & (ynpaxHenue 8)
asHa (.
P (ii) Jliobass mosympocras anreGpa Jlu Han k comep:kuT molanareGpy Bopeas.
(Bocrnoab3osaThes ynpaxkHenueM 6 Ans AokasaTenbcTBa HMMHRAUuA (i)=(ii).)
6) ITokasaTh, yto u3 yenosufi (i) u (il) smrtekaer caepyomee yeaosue !):
(ilf) Jlio6as KoHeuHoMepHas aiare6pa Han k, sIBJAIOILAsICA TEJIOM, €CTh IMOJIE.
(Uau: rpynna Bpayspa mo6oro anre6pandeckoro pacuupeHuss moas k pasHa 0.)
(Bocmoab3oBaThest aareGpoft JIu, cocrosime n3 aneMenTOB TaKo#t aare6pHl,
npuBeleHHHN ciael KOTOPHX DaBeH HYJ0.)
B) ITokasats. uto ycaorus (i) u (ii) cmenyior u3 ycaosun

') Ha camom mene ycaoBre (iii) sxsusasenrno ycnoBusm (i) u (if). Cm. no
aromy nosody Steinberg R., Regular elements of semisimple algebraic groups,
Publ. Math. I. H. E. S., XXV (1965), 49 — &0.
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(iv) Ona mo6oro KonewHoro HaGopa TaKHX OZHOPOAHHIX MHOTOWIEGHOB [q &€
€ k[(X)); <] crenen > 1, uro Z deg [, < Card (), cyumecTByioT TaKue aJe-

a
MeHTH X; & k, He BCE DABHHE HYJIO, 4TO f, ((x,-),-e,)=0 NP4 BceX 0.
(Bocnosb3oBathes npepsoxenseMm 5 us § 8.)

§ 11

1) MMyets g = 81(2, k). Moaoxum G == Aut, (§); 3Ta rpylilla OTOXKAECTBIAETCS
¢ PSL, (R), em. ra1. VII, § 3, n° 1, 3amewanue 2.
a) HoxasaTs, 4TO 11060/ HHABIOOTEHTHHIA aleMeHT U3 § (-conpsKeH ¢ 3Jje-

02 .
MEHTOM (0 o) mPH HeKOTOpoM A & k. Tako s;eMeHT sB/seTCs TVIABHEM TOTAa
¥ TOJBKO TOrJAa, KOTAA OH HeHyseBoH

0 A 0 '
6) DaeMeHTH (0 o) ¥ (0 g , rie A, uek* G-conpsKeHsl Toraa
¥ TOMLKO TOTa, KOTAA aieMeHt A~ 'p smasercs KaipatoMm B mone k.

B) Kaxamfi npoctoft ssement aareGpu Jly g G-compsimeH ¢ 3JeMEHTOM

(o -1)
0 —1)°
0 1 00
2) IMycts A=(0 0), B=(1 0). Torna A — HHJABNOTEHTHAR MATPHUA,

a AB — HeT, H
o B=(§ 7o)

BeiBecTH oTCioda, uTo jJemMa 5 He ofoGuiaeTcs HA MO XAPAKTEDHCTHRE 2.

3) Iyers ¢ — panukan anrefpu Jlu g 1 8= g/t. [Tokasars 5KBHBa/NEHTHOCTD
CJeLYIOIHX YyC10Byi: .

(i) anre6pa Jlu g ue cofepwut 8ly-Tpoek;

(ii) anre6pa Jin 8 me comepxut 8ly-tTpoek;

(iii) anre6pa JIn 8 annaotponna (§ 10, ynpaxuenue 6);

(iv) anreGpa JIx 8 He COZePKHT OTVHMYHHIX OT HyJs 3/1@MERTOB, KOTOPHeE
NpUBOAATCA K AHaroHaipHoMmy BuAy (§ 3, ynpaxuenue 10).

(BocrosipsoBaTees mpensoxenueM 2 u ynpaxkHenuem 10 a) us § 3.)

4) Tlycere V — mekTopHoe TNpocTpaHCTBO pasMepHoctH n =2, §=380(V)
g rpynna Jlu G = PGL (V) oroxaectBasercs ¢ rpymiol apToMophuaMoB areGpH
JNu g. Ilpoussossuan 8l,-Tpofika B aareGpe JIu § cuaGxkaer V crpykTypoft Tou-
Horo 8! (2, k)-Moxyns, u, Hao60POT, Kakias Takas CTPyKTypa mocrasiser 8lp-
tpofiky; 8ly-Tpofika siBasieTcs TIaIABHOA TOFAA M TOJLKO ToOrAa, Kora CoOTBeT-
ersyromuit 8 (2, k)-Monyas npoct; ABe Blo-Tpoiikn G-conpsKenH TOrAa H TOJBKO
Torja, Korga cooTmercryloutue 8{ (2, k)-moayan nsomopdunl. BrBectd orcioja,
yTo Kjacchl G-conpsxennocrn 8ly-Tpoexk anreGpu Jlu § B3auMHO OLHO3HAYHO
COOTBETCTBYIOT TaKHM HaGopaM HEOTPHUATEJBHBIX HENHX uHucesd (mg, Mz, ...), 4TO

m+2my+3m;+ ... =n Hm; <.

91 5) Ipeanosoxum, aro aare6pa JIu g mosynpocrta. [Tyers a — noganre6pa
anre6pul JIH @, PelyKrumHasm B aareGpe Jiu §, umeioluas TOT Ke PaHr, 4To # §,
H Conepxalias raaBHyio 8l-Tpofiky anre6pur JIu g. [TokasaTs, 4To 4 == g.

91 6) IlpenmonoxuyM, uto aire6pa Jim ¢ aGcousiorHo mpocta, H 0603HaYHM
yepe3 # ee yHeno Kokerepa. [TycTe ¥ — uuabnoTeHTHHE sneMmedT B aarefpe JIu .

TMoxasats, uto (ad £)2*~1 =0 u uro (ad x)*»~2 3£ 0 Toraa u Toabko TOTAa, KOTAA
X — IaBHHE HUABOOTeHTHHIM 2jeMeHT. (CRecTH K caywaio, korma aaredpa Jli @

11+
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paclielVieHHas, a X COZEPXKHTCA B mojajreGpe ny u3 mpennoxenus 10. Bocopo-
H3BECTH [10Ka3aTeabCTBO MpeltoxeHus 10.)

91 7) IlpennonoxuM, arto anreGpa Jlu § noaynpocra. [Tycts x — HHJBIOTEHT-
HEIH sjeMeHT u3 §. UTo6H sieMeHT % Gl IJaBHHM, HEOGXOZUMO U JOCTATOYHO,
uroGLl OH conepxaJjica B nopaire6pe Bopeas anreGper Jlu §, n npHTOM TOJBKO
B onuofi. (CBecTH K ciyualo, KOria nose k aireGpanueckH 3aMKHyTo. Bocroas-
soBaThest OpemnoxkenueM 10, a taxxe npernoxennem 10 uz § 3, n°3.)

8) Ins toro urtobu B moaynpocroli anre6pe JIu Guia raasHas 8l,-Tpoiika,
HeoOXOAMMO H JOCTaTOUHO, YTobH ajre6pa JIu Gria HeHyeBOH H CoJepiKana Mol-
anreGpy bopens.

9) TIlpeanonoxHuM, uto anre6pa Jlu § moaynpocrta. [TyeTe N (coorn. P) —
MHOXeCTBO HHJBIOTEHTHHIX (COOTB. INIABHEIX HHJBIOTEHTHHX) 2/EMEHTOB airefph
JIu g.

a) IMoxkasaTs, 4To P — OTKPHITOE NOAMHOXKECTBO B MHOXKecTBe N B TONOJOrHH
3apucckoro (BOCMOJb30BaTHCA YHpaxKHenHeM 6).

6) TlpexnonoxuM, uyro anreGpa Jlu g pacuennsema. IToxasaTs, 4To MHO-
Kectso P BCioay mioTHo B MHoXxecTBe N. (Bocmosb3omartscs npemioxennem 10
H caexctsueMm 2 Teopemsr 1 uz § 10.)

10) TlpexmosoxHwM, uTo § — mosynpocTas pacuienasemas anreGpa Jlu. ITycrs
(x, h, y) ects 8ls-Tpofixa B anre6pe Jiu §.

a) ITokasaTs, 4To Cyuwiectsyer mojanreGpa Kapraua h anre6pm Jlu g, conxep-
xamas sneMedT h. (Bocmoan3opartscs ynpaxkuenHeM 10 6) uz § 3.) )

6) BuGepem ), xak B yrsepipenun a). IToxasate, uto Torma h & Bg u uto
cymecTeyer Takoll Gasuc B cucremn Kopuedt R (g, D), mas koroporo a (h) &
{0, 1, 2} npu Bcex a & B (cM. npemsioxenne 5), DneMeHT X NPHHALJIEKHT NOMI-
anre6pe Jln anre6per JIn g, mopoxknenHol npoctpancTsamMu 8% a < B. )

B) BuimecTu u3 yrtBepxnmeuuit a) u 6) H TeopeMu [xekoGcoHa — Mopososa
HOBOE J0KA3aTENbCTBO TOrO, UTO KAXKAHH HHJBINOTEHTHHIA saeMeHT anrebpu Jlu ¢
colepHTCs B NofaareGpe Bopeas (cm § 10, caencrsue 2 TeopeMu 1).

91 11) Oyers (x, &, y) —rnasuas 8ly-tpofika B mosynpocro#t aareGpe Jlu g
CuaGuuM g crpykrypodt 8 (2, k)-moayas, onp(izxe.neHHoﬁ sTofi Tpofiko#l. ITokaszars,

YTO TaK ONpejeseHHHH MOLYJb H3oMopdeH @V(Qki —2), rne k, — xapakrepu-
i=1

CTHYECKHE CTENeHH aJre0pH HHBAPHAHTHHX MOJHHOMHAJNBHBIX GYHKLUHH Ha aareGpe

JIu §. (Ceectu K cayuaio, Korga § — pacmenisemast npocras aiare6pa Jln. Boc-

nmosis3oBaThes caencteueM | Teopemer 1 w3 § 8 n°3, m ympaxuenweM 6 B) H3

ra VI, § 41))

91 12) Mpepnonoxum, uto amre6pa Jlu § moaynpocra. [lyets x &g u s
(cooTB. n) — noaynpocras (COOTB. HHJBIOTEHTHAS) COCTABAAIOMAS SJAEMEHTA X.
IMyctb Gy (COOTB Gg) — LEHTPANH3aTOP 3/1eMeHTa X (COOTB. S) B §.

a) TTokasaTth, uTO n ~— HUABNOTEHTHHH 31eMeHT mosynpoctoil aare6pnt D (as)
U lLeHTpanu3aTop ajseMeHTa n B g DaBeH a4, BuiBecTH orciofa, 4uTo dima, <
< dim ag, ecan 1= 0, T. e, eciyr X — HeMOJYNPOCTOH 3JNEMEHT.

6) IToxasaTs, uto dim ay =rg (§) TOrZa u TOJABKO TOrJa, Korja 7 — IJaBHBIH
HHABNOTEHTHHIH ajement B D (as).

B) [Monoxum G = Aut, (§). ITokasats, uto mis Bcex A & k cyuecTByer Tako#
/IeMeHT O, & G, aro Oy x =5+ AMn (Ecan n 5= 0, mokasaTb, 4TO CYIUECTBYeT

) MoapoGHocTH OTHOCHTENbHO yhpawkHenuit 6 — 11 cM. B ctarbe: Kostant B.
The principal three-dimensional subgroup and the Betti numbers of a complex
simple Lie group, Amer. J of Math., LXXXI (1959), 973 — 1032.
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takan 8l;-Tpoiika B asrebpe Jlu ag lpocTas KOMIOHeHTa KOTopol paBHa n,
H BHBECTH OTCIOfA, 4YTo- MMeeTcst roMoMopdusm ¢: SL (2, k) > G; B KauecTBe ,
B3sATb 06pas noj JeHCTBHEM ¢ MoAXoJsilero AHAroHaJLHOTO 3/IeMEHTa H3 rPynmhl
SL (2, £)). BuiBecTH OTCIOAA, YTO 24eMEHT S NPHHALNEIKHUT 3aMKKAHHIO MHOXeCTBa
G . x B TOMOJIOTHH 3aPHCCKOr0.

r) ITokasate, 4TO €CHH 3JeMEHT X He MOJYIPOCT, TO OH He NPHHALICHKHT
3aMblKaHUI0 MHOXecTBA G . $ B Tomodoruu 3apuccKoro (BOCNOJNB30BATBECH Hepa-
sectBoM dim ay < dim a5, oM. yrTeepxkzmente a)).

1) HNpeanosoxuM, uTo nose k& anreGpanueckd 3aMkHyTOo. JloKasaThb 3IKBH-
BAJIEHTHOCTDL CJIEAYIOHIHX YCI0BHIL:

(i) snement x moaynpocr;

(ii) muoxectBo G .x 3aMKHYTo B §§ B Tomosorsu 3apuHCCKOTO.

(Umnmuxanus (ii) = (1) caeayer ua yrteepxpenus B). Ecam ycaoeue (i)
BHIDOAHEHO H ecad x’ NpUHALMEXHT 3aMBIKaHHIO MHoxecrTBa G .x, To ynpax-
menue 15 u3 § 8 nokaseiBaeT, uTo Tosynpocras KoMmoHeHta s” snementa i’
npuHagaexur G .x, TaK 4To 3j€MeHT ¥’ MPUHALJEXKHT 3aMBIKAHMIO MHOKeCTBa
G .s’. loka3aTe/bCTBO 3aBEPLUAETCH NPHMEHEHHEM YTBEDMKAEHUS T) K 3JICMEH-
Tam x’ u §’)

e) IpexnnonoxuM, yTo Mose £ ajsre6paHyecKH 3aMKHYTO.

IMycth Fy — MHOXECTBO TaKHX 9jieMeHTOB ¥ & §, uto [ (x) = (y) Ans Kaxcoh
MHBAPUHAHTHOR MosMHOMHAJBHOA $yHKUuH [ Ha anreGpe JIu § BrioueHue y & Fy
FEMeeT MeCTo TOrf¥a M TOJBKO TOTA3, KOTA4 MOJAYNPOCTasi COCTABJMIOMIAS 3Me-
medara y G-conpsxena c alemedtoM S (§ 8, ynpaxuenue 17). Ilokasats, uro
Fy — obbenuHenyue KoHeuHOTo 4Hcaa opGut rpymnet G H MX YHCJIO He MPeBOCXo-

T 3t® rre I (x) — panr aarebpu Jlu D (ag). Tosbko ofHa N3 3THX OPOHT
3aMKHyTa — 5TO OpOUTA 3/1eMeHTa S, H TONBKO OJHAa U3 OpGHT OTKPHTA B Fy —
aro op6uTa, ofpa3oBaHHasi TaKUMK sneMentaMH y & Fy, uro dima, =rg(g).

13) IpeznosoxuM, uto anre6pa JIu § noaymnpocra.

a) Mycrs (x, 4, y) — raapuas 8ly-Tpoiika B anreGpe JIu g, u nyete b — nog-
anre6pa DBopens, cogepxanias siement x (ynpaxuenue 7). [lokasare, uTO
anre6pa Jlu b comepxkutea B Im ad x.

6) [IpenmonoxuM, uto mnofte k anreGpamueckd 3aMKHyro. [lokasarth, uTO
ans aoboro aqementa 2 n3 anre6pn JIu g cyilecTByloT TakHe X, [ g, The
X — rJaBHBA HUJABOOTEHTHEIH asieMenT, 4To 2 =[x, {] (IpUMEHHTDL yTBepXKIeHue a)
K nojaare6pe Bopeas, cogepxauieil a1eMeHT 2).

14) TMpexnonoxkum, uro aare6pa Jlu @ noaynpocra. Ilyers P — napaboau-
yeckag nojaire6pa asure6pel Jlu §, u mycrte [, u [y — ABa roMoMop¢uaMa
aare6pel JIu § B KoHeuHoMepHyio anareGpy Jlu. ITokasaTe, YTO W3 COOTHOLIEHUS
filp==f2|p caenyer, uto f,=Ff, (Cmectu x ciyuaw, Koria anre6pa JIu ¢
pacmeln.;leﬂﬂa;{, a sareM K cayuaio §=38[(2, k) u Bocmoab3oBaThcst eMMolt 1
ua n°l.

1] 15) Mpeanonoxum, uro anre6pa JIu § nosympocra.

a) ITyets x — uRAbNOTeNTHLIN sjeMeHT anre6pn JIu §. [okasars, uTo aie-
menT x comepxutcs B Im (ad x)? (Bocnossaopathes npensoxenieM 2), Brmecru
oTciofa, uyto u3 paseHcrBa (ad x)? =0 crenyer x =0.
~6) Ilyers (x, A, y) ectb Bly-tpofixa B anrebpe JIlu g, u nyerh 8==kx D
@ kh P ky. dokasaTs 3KBHBAIEHTHOCTb CAEAYIOMUX YCIOBUH:

(i) Im(ad x)2=*Fk. x;

(ii) 8-Monyne §/8 pamen npamo#t cymve Moxy.ell pasmepuoctH 1 u 2;

(iii) enmncrsenHbie coGcTBeHHbie sHauemuus sumoMopduama ady h, orTauuube
or 0, 1 u —1, papusl 2 ¥ —2, a X KpaTHOCTH paBHH 1. -

. B) [IpennonoxuM, 9To § — paciuenasemas npocras anareGpa Jln. [lycrs
b — pacwemsowas- nonanre6pa Kaprana 8 anrebpe Jlu §, B — 6asuc CHCTeMBl
KopHell R(f, J) u y — crapmuit Kopesnb cicreMn R (g, B) orHocureasHo Gasuca B.
[yctb (x, A, y) — rakan $l;-Tpoiika, ure h & g 1 @ () =0 upu Beex a & B
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(cM. mpeanoxenue 5). Ilokasars, uro yemoBusi (i), (ii), (iii) yrTeepxmenus
6) BWIOJHEHE TOFMa H TOJMBKO TOPMa, korma h=H,; B stom cayuae x =gV
ysg v

r) CoxpaHnM TNpeinoNOXeHHS YTBepXKAEHHs B) W mnoaoxum G = Auf,(g).
TTokasats, uto 8l,-TpoikH, ymoBaeTBopswoine yciaoBusam (i). (ii), (iii), G-conps-
*eHH (Bocnous3oBaThesa ynpaxnenueM 10). I[Tyers x¥ — HeHyJeBoi HHALNOTEHTHBII
snemenT aareGpbl Jlu §, YROBJETBOpsOHE yeaoBHio (i); NokasaTb, UTo 3aMbi-
KaHue MHoxkecTBa G .x B Tomosoruu 3apucckoro pasHo {0} G . x.

16) Iyets (x, k, y) ects 8l,-Tpolira B aare6pe Jlu §. [lokasars, uro ecuan
—2 — gBafpaT B TNoJje k, TO 3JMEMEHTH X — Y ¥ /i COHPSIKEHB ¢ MOMOMIBIO
snemenTa u3 rpynnbl Aute (§) (cects x cayuawo, korfa § == 8!(2, k)). Busectn
oTciona, uto ecan anareGpa Jlg § noaynpocrta, TO 3J4eMEHT x — Y NOJYIpPOCT
H PeryJ/isipeH TOTZa H TOJBKO TOrja, KOraa S/eMeHT A peryispeH.

§1 17) Iyems (x, h, y) — raasuas 8l,-Tpofika moaympocrolt anre6pu Jlu ¢,
OGosnauuM uepes §; Zasa moforo [ & Z coSCTBEHHOE NOILNPOCTPAHCTBO SHAO-
moppuaMa ad A ¢ co6erBeHEBIM 3HaYeHHeM i. MMeeT MecTo paBeHcTBO § = @ 8

is2
u §;=0, ecan i HeueTHO. Mpsimast cymma B anre6p Jlu g, i 20, — nonaare6pa
Bopens anreGpwsr Jlu g, u §o — nonanreGpa Kaprana.

a) ITokasaTh, 4To npu BCeX 2 & b uwentpanusatop anementa y + 2z B asnre-
6pe Jln § umeeT pasMepHocTh [ =rg (g).

6) Tlyers I — anareGpa HHBApPHAHTHLIX NOJHHOMHANBHEIX (QYHKIME HA §
u P, ..., P, — onHoponHnue snevenTh anre6ps I, KOTOpHe ee MOPOKIAIT.

IMonoxum deg (P;)=~%k,=m,+ 1. Tlokasats, ur0 G6asuc ueHTpaimwsatopa ¢
snemedta x B aireGpe JIn § pameH x,, ....x, [he X; & g2ml_ (em  ynpaxne-
Hue 11).

B) Ilyers i & (1, 1), u nyers J; (cooTs. K;) — MHOXECTBO TaKHX JEMEHTOB
je 1, uro my==m, (coots. m, < m;). ITlycts f,=k[X;, ..., X;] — Tako#t
MHOTOUJIEH, YTO

i=t
fi(ap «.n al)=Pi(y-}-jZ:1 ajx]) npu (a])Ekl.

Toxkasats, 4to MuOrouner f, — cymMma JnHeiHo# hopMbl L, or snemenToB X],
j&J;, 1 HeKOTOpOr'o MHOTOUJeHA OT NePeMeHHEIX X!‘ je K,. (Ecan tsk*, 10
aBToMOpdu3M anreGpni Jln §, koTOpHi paBed f* Ha MPOCTPAHCTBE §,; NpPHHAL-

- 2m
aexHT Aut, (§) u nepeBoauT aieMeHT y B { 2y, a 37eMeHT X; B f fx]. Boe-

NOJb30BATHCS HHBAPHAHTHOCTBIO MHOToWwieHa P; OTHOCHTENbHO 3TOTO aBTOMOp-
¢usma.)

r) Ilyers P — oToBpaxenne anre6pu JIu § B kI, onpenenennoe ¢ nomomsio
MHOrouseHoB P,. Ecin 2 €8, To 0603HaynM uepes DpP: g - k' nnmedtnoe oro-
Gggimﬂne, KacaTeabHoe k OToGpaxenuio P B Touke z (ra. VII, nomosnerue I,
n°2).

[Mokasats, uto ¢(1Imad(y — x) =0 (pasnoxuts aareGpy Jlu § B npaMyio
c¥z\my TIPOCTHIX MOAMOLYJe# OTHOCHTEJBHO NMOofaure6phl, TOPOXKAEHHOH AaHHOH
8ly-Tpoiikoit). BmmecTn oTCioma, uTo orpaEuyeHue Dy_xP na aqre6py JIn ¢ —

H30MOPPHU3M NPOCTPAHCTB € H & (Bocnoss3oBatses NpefblaAy UM YUDaKHeHHEM,
a rtakxe ynpaxueHueM 18) a) us § 8). IlokasaTh, BOCHOJMB3OBABIUNCE STHM
pe3yqapTAaTOM, UTO OTpesenuTenb auHeHHBIX (opm L;, oopereneHHEX B yTBeps
ACHHH B), OTJHYEH OT HYJS, OTKYJAa BHITEKAIOT CJACLYIOLIHE Pe3y/bTAThL
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) MHOrOYAGUBl [y .+ [; aIre6paHyeckd He3aBHCHMBl M NOPOKIAIOT al-
re6py k[Xy, ..., X; .

ry) otobpaxenne z+> P(y-+ 2) aare6pw Jlu ¢ B k! noauHoMuanbHO u
GHeKTHBHO, H ofpaTHOe oTobpaxeHHe TOXe NOJHHOMHANBHO:

r3) nas mwoboro z € y -+ ¢ nuHefiHoe oToGpaxkenne D,P|C Hmeer pawur [,

B uwactHoCTH, oTOOpa:kerHe P: g—>kl CIOPBEKTHBHO.

n) Ecan noae k aareGpandveckd 3aMKHYTo, TO KaXABH 37eMeHT anre6phl
Jln §, HeHTpanu3aTop KOTOPOro HMeeT Pa3MepHOCTh [, CONpsKeH € NMOMOIILIO
rpynns Auty (§) ¢ oIHHM U TOJBKO OZHUM SJeMEHTOM H3 MHOXecTBa y =+ C.

e) Ipupectn npuvep npocroit anreSpel JIH, KoTopas He coJepKuT rIaBHofi
3l,-TpoiikM M s Kotopoll oToGpakenue P ue sIBASETCS CIODBEKTHBHBIM (mouo-
HTh k=R u [==1),

§ 13

1) Hokas3aTh, UTO HHXKE IepEUHCHEHB BCe paclueisgeMue NPOCThle a/reGphl
JIu, pasmeprocTh KoTopHX < 80:

3(A=B,=C), 8(A) 10(B;=Cy), 14(G.), 15(A3=Ds), 21 (B3nCy)
24 (As), 28 (Dy), 35 (As), 36 (Bym Ci), 45 (Ds), 48 (As), 52 (Fy),
56 (Bs u Cs), 63 (A7), 66 (Dg), 78 (Bs Cs u Eg), 80 (Ag).

2) Myers (g, §) — pacwennennas apocras anre6pa Jiu u B — Gasuc cuc-
temnt xopuefi R (g, §). Torma mnpocTue g-momyau E (A), A & Py — {0}, muun-
ManbHOH pasMepHOCTH — 3TO Te, Y KOTODHX A — OfMH H3 CJeRyOIHUX byHIa-
MEHTAJAbHEIX BECOB:

G (4) Oy nd (A, 122 & (BuCp =22y &), & 0 & (Dy;

@ (Dy, 1 225); & u ®g (Eg); ©7 (Eg); @s (Eg); @y (Fi); &) (G2)

IIBa TaKnAX MORY.If NOJyYalOTCH APYT H3 Apyra aBToMophH3MoM aareGprr JIn g.

Anre6pa JIu tHna Ly — eaMHCTBeHHAs, IS KOTOPOH MHHHMAJBHYIO paiMep-
HOCTh HMeeT MpHCOeJHHeHHOE MpeiCTaBiaeHHe

3) a) [Mocrpouts uszomophuam amare6put Jlu 8L (4, k) u opTorouaanHoit an-
rebput JIu- 0g (6, k). (Bocmosb3oBaThCsi TeM, 4YTO NpPeLCTABAEHHE Aga 3 n°l
(V) — oproroHanbhHoe npejcraBieHde pasMepHoctd 6.) JlokasaTh, UTO ABa THIa
HeNDUBOAMMBIX TNpeacTaBaeunil pasvepHoctn 4 aare6pumt JIu 8L (4, k) coorser-
CTBYIOT ABYM MOMYCTHHODHBIM NMpeicTapieHnsmM anre6prl Jn o (6, k).

6) IMoctpouts u3omoppusv aare6pu JIu €p (4, k) u opToroHannHof anre6put
JIn 0 (5, k). (Boconb3zosathea TeM, 4To NpeicTaBiende G; u3 n°3 (V) — opro-
ronanbHoe mpejcrapieHHe pa3MepHocTH 5.) JlokasaTh, 4To HeHpUBoZMMOeE Upel-
cTapnelue pasmepHoctH 4 aare6pet JIu 8) (4, ) coOTBETCTBYET CIHHOPHOMY
peAcTaRIeHHIo anre6ps Jlu o (5, k).

8) [ocrpouts HaoMopduam 8L (2, k) X 8L (2, k) -> 0 (4, k), ucmombays ren-

30pHOE [NpPOH3BEJEHHE TOXKIECTBEHHHX TNpPeICTABACHHA JBRYX COMHOXHTenelt
8L(2, k). Moayunts 5TOT pesyasTat TakiKe ¢ moMoubio . I, § 6, ynpaxuedne 26.

4) Ilycte S — KBafpaTHas MaTpPHUA NOpAAKA N

0...0 1

0 0...1 0

O, nti=)=] . .....
0 e 0
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daeveHTaMH aarebpm Jln Dg (1, k) SABJSIOTCSH MaTpPUIlb] (a”), AHTHCHMMETPHYH bIE
OTHOCHTE/ILHO TOGOYHON jAHaroHa m:

a aas 6ol mapst (i, f).

3 AP B P
Aare6pa Jln og (n, k) — pacuenasemas npocras asrebpa Jlu tina Dy, ecian
n — yeTHoe uucao =6, u THna B(n_”ﬂ, ecan n — HeyetHoe uyuciao =5 [ua-
roHa.IbHBIE (COOTB. BEpXHHE TPeyroJbHele) Marpyubl u3 aarebpw JIn 0 (n, k)

ofpasyioT pacutenasiiomyio nogaare6py Kaprana (coors modanare6py Bopess).

5) Boenosnsayevces o6osnayeHuavu w3 n°l (IV), tun A; [Ilokasats, uto
ccam n 220, To 8"0 — nenpupoauMoe npeicrasnende aireGps Jin 8L (I 4 1, k)
co crapuwiuM BecoM n®d; (Peanusosatb npeacrasnende S% o B npocrpaHcTse
ORHMOPOIHBIX MHOrOYNEHOB CTeNeHHW n OT nepeMeHunX X, ..., X; W 3aMeTHTh,
YTO eIHHCTBEHHBIM MHoroustenom f, Takum, uto 9f/0X;==0 npu i =1, ssasercs

omHounen XJ € TOYHOCTBIO RO YMHOXeHH Ha ckansip.) [Toxasars, uro Bee Beca
9TOTO NIPEACTABJEHHS] HMEIT KPaTHOCTb I.

6) BocnosbayeMmest o6o3HauennamMi n3 n°2 (IV), tun By Ecmu 1<{r U~ 1,
204+ 1
TO TNOKas3aTh, 4TO pasMepHocTb Molyas E (®,) pasHa ( ), H BbIBECTH
r

r
oTCl0da LPYyroe IoKasatedsctBo Toro, uTo J\ ¢ — dyHiamenrassHoe mpegcra-
BJEHHE C BeCcOM @ )
7) BocnospayeMest o6o3uavenusiMvun w3 n°2 (VII), tun B;. [Mokasats, uTto
06" (¥) — rpynna, cocTosiliags H3 KOMMYTaTopoB ajemeHToB n3 SO (¥). (3ame-

TuTh, uyto rpynma O (V') pasua {4 1} X SO (¥), cregoBaTensHo, HMeeT Ty Xe
rpynny KoMMyTatopos, uto u SO (¥), u npumennts Aa2, ra I1X, § 9, ynmpax-

nenue 11 6).) Buisectn u3 sroro, uto Aut, (g)=06" (¥).
8) Bocnosmbayemest oGosuauennusmMu u3 n°3 (IV), tun C;(/ >=1). IlokasaTs,

yTO0 npeacraBieHHe S?0 SKBHBANEHTHO NPHCOEAMHEHHOMY MNPEACTABJCHHIO aJe
rebpu JIu g.

9) Bocnosbayemesn obGosuayenuaMu w3 n°3 (VII), tun C; (/ = 1). B uacro-
ctH, oroxaectBuM rpynny Aut. (§) ¢ nomrpynno#t rpynnst Sp (¥)/{x 1} TToka-
3aTh, 4TO 00pa3 CUMIIEKTHYecKol TpaHcekluuH B ¢akroprpynne Sp (¥)/{=x 1}
(Aae., ra. IX, § 4, ynpawxueune 6) npunagnexur rpymne Aute(g). BeBectn
orciofa, uto Aute (§) == Sp (¥)/{=x 1} (Aae, rn. IX, § 5, ynpaxuenne 11) u yro
rpynna Aut (g)/Aut. (g) oToxzaectnasercst ¢ k*/k*2.

4 10) Bocnonsayemesi oBo3Hauennsmu us n°4 (IV), tan D; (I = 2)

1
a) Ilyetb x H y — sseMeHTH NPOCTPAHCTBA NV, OIpe/e/IeHHbIE paBeH-
CTBaMH

x=e, N...Ney,_y Aeg

y=e N ... Ne_ Ne_,.

Torna x — UPHMHTHBHBI 2JeMeHT Beca 20, a y — NPUMUTHBHBIL 1€MEHT Beca
26, _,. Moamogyas X (coots Y) mpocrpancrea Al V, nopoxaeHHb# 3neMeH-
ToM X (COOTB. 3.eMenToM y), u3omophen monymo E (20,) (cooTB. MoAymo
E (20,_)). Tlokasats, nogcuutas paamMepHOCTH, 4TO Al V=X@Y; rakum obpa-
30M, HPOCTPAHCTBO Al V — upsiMaa cymMMa A8yX IPOCTHIX HEH30MOPOHBIX MORYI€iL,
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6) lyectbe=ce; A ... Ae; Ae_| A ... /\e_lEAZIV,HHYCTh ¥, — npo-

romxkenne dopusl ¥ Ha npoctTpaHcTBO AV Tyers ze AV Ookasars sksu-
BaJICHTHOCTH

ze Xz ANt=¥(z, t)e ans BcexteAlV,

zel¥ 2z A\Nt=—W;(2 )e npaa Bcex tEAlV.

(Ecnu uepes X’ u Y’ 0603HauuTh NOANPOCTPAHCTBA, NODPOXKJEHHBE PAaBBLIMHU
yacTAMH 3THX pABEHCTB, TO CHayana Halo JAoKasats, 4yto X' m Y’ — mpocTpan-
cTBa, HHBADHAHTIIHIE OTHOCHTEABHO §, COJEPKALIHE X H § COOTBETCTBEHHO.)

8) [pexnosoxum, uro 2z — wucreui') saement (Alg., chap. III, § 11, n°13),
u ofo3nauuM uepes Mz acCOUHHPOBAHHOE C HUM /-MEpHOE MOANPOCTpPAHCTBO NpPo-
crpaucta V. ITokasats, 4To Mz — a6cooTiI0 H30TPONHOE MOAIPOCTPAHCTBO TOT A
H TOIGKO TOTAA, Korga 2 npuHamnexut Hau X, uam Y. (Ecam My a6coawrtno
H30TPOMNHO, BOCIOJb30BAaTECA TEM, YTO CYLIECTBYET OpPTOroIfa/blioe 1peobpaso-
BaHue, nepepogsimee M, B My; ecau Mz — 11e abcosoTHO H30TPOMHOE TMOANPO-
CTPAHCTBO, TO HOCTPOHTH TaKoil [-BekTop f, uto 2 A (=0, ¥;(z {)=1, u npn-
MeHuTb NYHKT 6).) Ecmy 2= X (coots. 2 €Y), To paaMepHOCTb NpoCTpPanCcTBa
My/(My V1 M) — uetHoe uenoe uucao (coors. HederTHoe), cM. Aze, ra. IX, § 6.
ynpaxaeHde 18 r).

r) Hyecre s — npaMoe (cooTB. o6paTHoe) mpeoGpa3oBaHue mogofus B Npo-
crpaHctee V. Ilokasate, uTo npeofpasoBaHue Als OCTaBASIET YCTOHUMBHIMH,
npoctpauctea X u ¥ (cooTs. mpeo6pasyer mpocrpanctea X u Y jgpyr B apyra)

11) Bocnoabsyemcs oGoznayennsamMu u3 n°4 (VII), tan D; (I 2> 3). TNokasarts
470 og)* (W) — rpynua, coctosimad H3 KoMmMyTartopos rpynast SO (V). (Ipuwve-

uuts Aae, ta IX, § 6, ynpaxunenne 17 6), u Aae, ra. IX, § 9, ynpaxHenue
11 6).) Buiectu otcioma, uto rpynma Aute () cosmagaer ¢ ofpa3oM rpymnmsl

03’ (¥) 8 rpymme SO (¥)/{+1}. Ias Toro uyrobu smement —I| npHnannexa

rpynne 03' (V), Heo6X0AUMO ¥ JOCTAaTO4HO, YTOGH [ GLIO ueTHO BAH UTOGH —1
6ena xBagpatoM B noje k (Ase, ra IX, § 9, ynpaxkuenue 11 B)).

12) ®opwmoit Kumnuura ua anrebpe Jln 8l (n, k) cayxur oTo6paxkenue
(X, Y) —> 2n Tr (XY). ®opmoit Kuanuura na aare6pe Jiu 8p (n, k), rae n uetno,
asasercs orabpaxenue (X, Y) — (n + 2) Tr (XY). ®opwmoit Knanunra na anreGpe
JIu o (n, k), re S — HeBHIPOKENHAS CHMMeTpHYeckast dopMa paHra 7, SBASETCH
oro6paxenne (X, Y) —> (n — 2) Tr (XY).

13} Anre6pa uHBapHAHTHBHIX MHOMOUWJCHOB HA anre6pe Jlu § mopoxneHa

a) B cayuae A; ynkuusamu X +—>Tr(X"), 2<i<<t 4+ 1,

6) B cayuae B; dyukumsmu X —> Tr(X%) 1 <i<<|,

8) B cayyae C; dyukunsmu X —> Tr (Xzf), 1<igY,

r) B cayvae Dy pynkuusmu X 'I‘r~(X2’), 1<i<<!{— 1, u ogHoHl u3 IBYX
TaKMX MOJHHOMHAMLHEIX DyHKIHi |, uyto [ (X)? = (—1)’ det X.

14) a) Mycts G — rpynna Jlu, accounuposannas ¢ aarebpoit Jla g = 8l (n, k)
no crnocoby u3 § 7, ynpaxHernue 26, EcrecTrenuasi cTpykTypa §-MolyJas Ha upo-
ctpanctRe k" mnopoxkuaer romomopduam @: G - GL (n, k). Mcnoas3osaTs 1. 3),
rasm e, uTOOBl 10Ka3aTh, YTO @ — HHBEKTHBILIA TFOMOMODOH3M, H €), Taxm e,
yro0H g0Ka3aTh, 4TO

Im () =SL (n, k).

1y HanoMuyuM., uTo 9JeMeHT 2 IpocTpalcTaa AIV Ha3bBaeTCA YHMCTHIM,
eCaH 2 OTIHUEeH OT HYJA H COBNATACT ¢ BHEMIHIIM IIpoH3BeleHHeM ! 3.TeMeHTOB
npocrpadersa V. — Ipum. nepeas.
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6) Tlyets E — koneunomepHuii 8l (n, k)-MOAyJas H P — COOTBETCTBYNOLIEE
npencrasienne anrebpsl JIu 81 (s, k). Tlokasath, uTO CYIWECTBYET eXHHCTBEHHOE
Takoe npeacTaniennue f: SL (1, k) - GL (E), uto 5t (e*) == ¢**) nas n060ro nuab-
MOTeHTHOro 3aeMeHTa ¥ H3 ajare6psl Jiu 8l (n, k) (ncnosbzoBath I a)). Ckaxewm,
4TO NPeLCTABIeHHS P U T coesacosanst, OGOGIIHTL Pe3yabTaThl, TOKa3aHHble
npu n=218§ |, n° 4,

B) [lpennomoxumM, uto k cosnamaer ¢ R uay C, HJH C NOJHHM OTHOCHTEJIBHO
NHCKPETHOTO HOPMHPOBAHHS I0JEM, XapaKTePHCTUKA 0.5 BHUYETOB KoToporo #0,
TToka3aTh, 4TO NPeACTABJIEHHS O U 7 COMNVIACOBAHBI TOTZA H TOJBKO TOIJA, KOrma
7t — TakoH romomopdusM rpynne JIn, uro L () =p. (McnoabsoBaTh TOT Xe
Meton, uto B ynpaxuenun 186) uz § 1.)

r) JlokasaTb anajoruyHele yTBepxaeHds oTHocuTeasHo 8p (2n, k) u Sp (2n, &),

9 15) ITycts V — BekTOpHOE NMPOCTPAHCTBO KOHEYHOH pasMepHOCTH =2, § —
noganre6pa Jlu aare6pu JIu End (V) n 0 — saement u3 ¢. Ilpennonoxum, uto

(i) V — noaynpoctofi §-MOLYMb;

(ii) 6 — anemerT panra | (1 e. dim Im (8) = 1),

(iii) npsmas Im (8) nopoxnaer U (§)-monyns V.

a) Hokasath, 4To ycnoBust (1) — (iii) BuNoaHsOTCH (IPH HOAXOASULEM BLI-
Gope anemerta 8), korga g =8l (V), xorna § =gl (V) nan korma ua mpocrpar-
cree V cywecTByer Takasi HeBHPOXKIEHHAs 3HaKonepeMeHHas dopma ¥, uto
g=28p(¥) uau g="k.1 P8y (¥). B kaxkioM u3 5THX CJyuaeB B KauecTBe B
MOXHO B34Th HHJBIOTEHTHHH 3/]eMEHT; BO BTOPOM cayuae (M TOJBKO B HEM)
B KauecTBe § MOXKHO B3sTb NONYIPOCTOR 3/EMEHT. ‘

6) Mu co6upaeMcs ToKa3aTh, YTO YeThipe BHIUIENPHBEIeHHLIX Cl1ydasd — eXliH-
CTBeHHbie BO3MOXHOCTH. CBefleM cpasy e K cilydaw, Korma k — anreGpauydeckn
saMKHyToe moJe, [TokasaTh Torama, uto V — mpocrodt g-Moayas 4 uto §==¢P 3§,
rie 8 — noaynpocrtas aare6pa Jiu, a ¢ pasHa 0 uay k. 1. TTokasats, uto Mmonyns V
He MOXKeT ObiTh H30OMOp(eH TeH3OPHOMY TPOU3BefeHHIO {-MOAyJeH pasmep-
HOCTH ~>2; BHIBeCTH OTCiOna, 4To 8 — mpocTas aare6pa Jlu.

B) BuSepem nomanre6py Kaprana §) aareSper JI# 8 n Gasuc B cucreMn Kop-
Hei R (8, ). ITycts A — crapunil Bec 8-moayas V (oTnocuTeabHo Gasuca B),
M NyCTh e — HeHyJneBoW sdeMeHT mpocrpanctBa V seca A. Torna crapuinii Bec
LyanbHOro wmopyas V* paper A*=— woh (§7, n°5). Ilycts e* — Heuyneso#t
slleMeRT mpocTpauncTsa V* Beca A*. OGLiuHEM 00pasoM OTOXKIECTBUM NP OCTPAaH-
crea V® V* u End (V). Tlokasats, uTo cyinectsyioT Takue x &V, y & V", uto
xQ@yesgux e)+#0, (e y) 0 (paccMOTpeTh 3JeMEHT, CONPsiHKEHHBIR K 7€~
MeHTY 8 oTHOCHTeJbHO e, rae n — NOAXOAAWHUA THJBIOTEHTHLIN 91eMeHT anrefpst
JIu g). Mcnonbaosats 1o, uTo § ecTs D-moamo, y s moayas V @ V™, urobu BH-
BECTH oTCIOna, uTo aare6pa Jlu § comepkuT saeMeHT e ® e*. Benencrane sToro
A+ A*=2a, rae G — uanGoabluuil KopeHb aireGpel Jlu 3.

r) TTokazats uto anre6pa Jlu 8 me moxkeT 6bTh anareGpoit JIn Tumos By
(1>=2), Dy (1 =4), Es Ey, Eg Fy, G, (sesienctsue ra. VI, rabauyw, & — dyu-
JAaMEHTAJIBKbH BeC I [OSTOMY He MOXeT WMeTb yKasaHHui Bulue BHE A -+ A%).
BuiBecTn oTcCloza, uTO 8 — Ham anre6pa Jlu Thoa Aj, wam aare6pa Jlu tuna Cy;

- - - ~ - - -
B IePBOM Cyuae A==@&; uau ®,== &, a BO BTOpOM cayyae & =20; =&, + &),
taK Kak ¢ pasHa 0 uam k.1, OTKyAa moayvaloTCa YeThipe cayuas IL. a) '),

91 16) Ilycrs g — aGconoTHo mpocras anre6pa Jlu Tuna A (I = 2), kB — aure-

6pauueckoe 3aMmbikaude mnoas k u m: Gal (B/k) - Aut (R, B) — romMoMopduam,
oflpefeneHHL B ynpaxHeHRHn 8 us § 5

) TompoGuoctd cv. Guillemin V. W., Quillen D., Sternberg S., The clas-
sification of the irreducible complex algebras of infinite type, J. Analyse
A/éath., ]XVII (1967), 107—112, [Pycckuit neperon: c6. Maremaruxka, 12:6 (1968},
63—66.



413 YITPAKHEHUSI 393

a) Ilpeano.oxuy, 4TO 3t~ TpHBHAABHLIE romoMophusy. lukasaTs, uTo cy-
LIECTBYIOT DOBHO /ABa JABYCTOPOHHHX HJeana M u M B aireGpe U (g), Takux,
yro D=U(g)/m u D’ = U(g)/m’ — npocrele ueHTpalbHbE aare6psl pasmep-
nocru ([ 4 1)? (Bocnoas3oBatees ynpaxuenueM 8 us § 7). Laasuuli 4[THABTOMOD-
¢usm aare6pu U (g) nepecraBager m u m’. B vactnoctn, anreGpa D’ nzomopdua
nporuBonoaokuoll amedpe anre6puw D. Komnosumus g —-> U (g) > D oroxpe-
cTeasier § ¢ nopaarebpoit Jiu BID anre6pul D, o6pa3oBaHHOH aneMeHTaMu co

cnenoM Hyae [ast toro utobel aareGpa JIn § Owlia pacuienasiemodt (M, ciefo-
BaTe/sHO, H3oMopduolt 8L (I + 1, k), neoGxoxnmMo u nocratouso, yrobu aareSpa D
6e11a u3omophua Myt (k).

HaoGopor, ecan A - npocras UeHTpaqbHas aare6pa pasmepuoctd (I -4-1)2
10 81, — aGcomoTHo npocras amre6pa Jlu THna A; m cooTBeTCTBYOWLHE roMo-

Moppusm s TpuBuanen, [se rakue aareGpsl 81, u gl,. wsomopbHH Torma u

TOJBKO TOTAA, Korja anre6pnt A u A H30MOpPGHH HAM AHTHH30MOPQHEL
6) IlpennonoxuM, uto romomop¢usm x ueTpusnansed. Tak kKak B rpynme

Aut(R, B) 1pa snemenTa, TO AZPO rOMOMOP(HIMA T — OTKPHTAS MOATpYHNA

B rpynne Gal (k/k) nnnekca 2, koTopasi no Teopur [anya cooTBeTCTBYeT KBaapa-
THYHOMY pacumpenuio K ntons k. OGosgauuM uepe3 X k—> % HETPHBUANBLHYIO
MHBOJIOLHIO NOJAS Rj.

ITokasaTs, uTO CcyllecTByeT eAHHCTBEHHBH IBYCTODOHHRE Hiean M amreSps
U (g), Takoft, yro D = U (g)/m — npocras anre6pa pasmepuocrs 2 ([ 4 1)2, uentp
KOTOPOH fBNfeTCS KBAADATHYHEIM paCIiupeHHeM noas k2 (AOKA3LIBaeTcsl TeM e
crocoGom). Moxno O0TOXIECTBATL UeHTp adre6per D u ky. Hpean m ycrofivus
OTHOCHTeNIBHO TJaBHOre aHTuaBToMopduaMa anreSput U (§); sToT amTuanToMop-
(u3Mm onpegensier Ha ¢akropaareGpe D TakoH HHBOJIOTHBHbIA aHTHABTOMOPHHIM G,
yro O (x¥) = X% npu Bcex x<k;. Komnosunusa §—>U (9)—>D oToxAeCTRAET § C IOA-
aareGpoit JIu §uD,U anre6pet D, o6pasoBaHHOH TaKUMH 37eMEHTAMH X, YTO

o(x)=—x u Trp, (x) =0. HaoGopor, ecau A — mpocras ueHTpanbHas k-

anre6pa pasmeproct ([ 4+ 1)?, cHa6xeHBas MHBOMOTABHBIM AHTHABTOMOP(GHIMOM O,
orpaHHYedHe KOTOPOro Ha ky ecTh oroOpamenue X > &, To anre6pa Jlu 8u, —

abconoTHe npocTast anrebpa Jlu Tuna A; u cooTBercTByIOULMA roMOMOPHUIM T —

roMoMop(u3sM, aCCOUHHPOBAHHBIA ¢ KBAApATHUMBIM paciiMpeHueM kg nons k., Jas

Toro utofbi ABe Takue anreGper Jlm Su, o u 8y, - Ob14 H3OMOPDHLL, Heo6XO-
) .

AMMO ¥ JOCTATOUHO, uTOOBI CyIieCTBOBaa Takod k-uzoMopopusM [: A —> A, yro
¢ of=Ffo0.

ITpu D = My, (k) nokasats, 4TO CyliecTBYeT Takass 00paTHMas 3pMUTOBA
matpuua H nopagka {4+ 1, egHHCTBeHHas ¢ TOWHOCTBIO JO YMHOXEHHS HA 3Je-
MeHT H3 k¥, uro

o(x)=H."% . H'

i moGoro x = Mgy (k). Tlokasats, uyro amre6pa JIu § oroXaecTBASETCH
¢ amre6poit JIu 8u(/ 4 I, H), o6pasosannolt u3 Takux marpun x, uro x.H -+
4+ H.'%=0u Tr(x)=0.

41 17) Ilycte g — abcomoTno npocras aare6pa JIu tuna B; (coore. Cy Dy),
rae [ >2 (coots. =3, [ >>4). Koraa g — anre6pa Jlu Tuna Dy, npeanonoxum,
KpoMe Toro, 4To MOpafoK o6pasa romoMopduama nu: Gal (k/k) -> Aut (R, B), onpe-
netenHoro B ynpawxuedun 8 u3 § 5, He npesocxopur 2. ITokasarts, yTo Torna
CYLIeCTBYIOT [poCTan leHTPanbHasn anredpa pasmepuoctu (21 4 1)? (coors. 472 41?)
¥ TaKOH HHBOMIOTHBHHA aHTuaBTOMOp(H3M ¢ anreSpum D, uro § usomopdua nox-
anare6pe JIu aareGpst D, 06pa3oBauuOfl TAKMMH >JAEMEMTAMH X, YTO O (X) = — x
u Trp (x) =0 (paccyxaaTe TaK e, KaK B ynpaxHenuu 16 a)) .

!y TlogpoGree oTHoCHTeabHO ympawkuenuit 16 n 17 cm. JxexoGcom H,
Aare6psl JIn, «Mup», M., 1964, ra, X, u Seligman G., Modular Lie Algebras,
Springer-Verlag, 1967, chap. IV.
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18) Ilycts V — xoHeuHOMepHOe BEKTOPHOE NPOCTPAHCIBO, ( — HEBBIPOWKACH-
Hasg KBagpartuudas dopma ma V u W — cuMmerpuueckas Guadueitnas Qopya,
accounnpoBanHan ¢ Gopmoit Q. OGosnauum qepes g anre6py Jln o (¥) u uepes
¥, — pacmupenne bopMer ¥ Ha npocTpaHcTBO A (V).

a; Mokasats, uTo cyuecTByeT n3oMopdH3M BEKTOPHBHIX NPOCTPANCTB
8: A° (V) > g, xapakTepusyiomuiics CeAYVIOIHMY SKBHBAJIEHTHHIMA CBOHNCTBAMM:

(i) Ona mobuix a, b W x u3 mpocTpancTsa V HMeeT MeCTO PaBeHCTRO
BaAnb).x=a.W(x, b)—b.¥(x, a)

s 2

(ii) Qast ¥, y 13’V u u us A (V) nmeer mMecto paeenctso ¥y (x A y, u)=
=W(x, 6(u).y).

ITyers 0 — ToOkAECTBeHIIOe NpeicTaBlenne aare6pu Jlu § B npocrpatcrse V;
toraa usomopdusm B ycranapauBaeT SKBHBAJEHTHOCTb NpeACTABJIEHHS Az(c) "
NPHCOeANHEHHOTO MpencTaBaenns aarebput Jln g.

6) OnpegenuM JdHefiHoe NpelCTaBJeHHe [: g—>C+(Q) KaK B jgeMMme | us
n® 2 Tlokazats, uto [B(a A b)=§—(ab-—ba) npH a, b n3 npocrpauncrsa V,

H BLIBECTH OTCIOAA HOBOE JOKa3aTesnbeTBO yTepxmenuit (iii), (iv) u (v) demmm 1
nz2 n° 2.

B) Ilycrs [, F, F', ep, N, A 1 p o3nauaioT To ke, yto # B n° 2. BuGepem
saeMent e = 0 B npocrpancrse M (F') B onpegesam Gunnneftnyo dopmy @ nHa
npoctpancTtee N dopmyol

sAy=(=1)PP2 0 (5, y)e (x= A" (F) y=N).

[Mokasats, uTo M (A(a).x, y)+ @ (x, A(a).y)=0 npn Becex x, y uz N
B a 43 F@F’ Busecrn orcioia, yto ¢opma (D HHBAPHAHTHZ OTHOCHTENBLHO
npejcTaBaends @ aare6pw Jlu § (3aMeruTb, yro aare6pa Jln p (§) mopowzena
MuoxectsoM A (F P F') neaepcrsue yTeepxaenuit a) v 6)).

19) IIycts V — KoneunoMmeprnoe BeKTOpHoe npocTpanctso n E=V P V*
Onpenenud na npocrpancrse E HeBbipoxgenuyo Guaunnednyio dopmy @, no1oKuB

@ ((x, £*), (g, ¥*)) = (%, y*) + (y, &").
MHosoxum N = A (V) u Q(x)=—;—(D(x, x) npy x=E Kak u B n° 2 (IV),

yepe3 A: C(Q)—> End (N) ofo3maunm courOpHOE npexcTaBieHue, oTobpaske-

Hue f: o((D)—>C+ (Q) ompemesneno, kak B JeMMe | w3 n° 2, u o — auHefiHOE
npeacrabieHne Acf aare6pm Jln o (@) B npocrpancree N.

a) IlocraBuM B cOoTBeTCTBHE KauAOMY 3irgoMopdmuamy u mnpocrpancrsa V
suaoMopduam i npocrpanctea £ mo dopuydae i (x, %) == (u (x), — ‘u (x*)) Io-
KasaTh, 4T0 «+—> i — romomopdusm aarebpur Jlu gl (V) B aare6py Jlu o (D).
Boaee Toro, mam kamxporo suzomopbuama u u3 gl(V) o (&) — eauncTBeHHOE
nuddepenuupopanne agare6pu N (V)=N, koropoe coBnagaer ¢ 3HAOMOP-
¢dhu3MoM 4 Ha npocrpanctee V.

6) IHyers ¥ — HEBBIPOXKEHHAST 3HAKOMEPEMenHas Guannefiias  ¢popma
Ha npocrpanctee V wu y: V > V* — usomopdusm, onpegeneHBb dopMysofl
¥ (x, y) =(x, ¥(y)), rme x, y u3 npocrpancrea V. [lokasath, 4YTO 5HAOMOD-

¢u3mbl X4+ B X~ npocrparctBa E, onpenenentsie hopMyaMy
Xi (o ) =" (), 0), X-(x x7)=(0, —v(x}),

nprEapexar are6pe Ju o (®). Toxoxum H = (—1). TTokasats, uto (H, Xy, X-)
ects 8lp-Tpofika B aare6pe Jiu o (D). .

B) Ilokasats, uro roMoMopdHu3M P NEePeBOAUT 9AeMeHTH H, X4, X— aare6pn
JIn o (®) B sHgoMopdu3Mu npoctpaHcTBa N, KoTopee B n° 3 (IV) o6o3navenn
yepes H, Xy u X-— coorBercTBeHHO Brsecrit orciofa, u4to (M, X4, X-) ectp
§Ig-TpoﬁKa anreGpu Jlu gl (V).
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LIndput B cchIKaX yKa3wlBalOT MOCAEROBAaTeNbHO [naBy, maparpad u

k  VII. cormamenus
Vi (S), Vi (9), VA (S), V¥ (s) VILI1I

g, (9), g*(H) VIL 13
a,(x), rg(g) VII 22
Aut (g), Aut,(g) VIL 3.1
g=g=(]%"g VIl 34

T rg VII 4.1
e(g) VIL.62

A, VII on. I.1

D VIL Jlon. 1.2
H, X4, X= VII LI

Vim) VII13

h(t), 0() VIIL15

g b R(g H)=R VIIL22

8% Ba 8a. Hor hq, g (), sq VIII 2.2

Ng,g VIIL24

g°, 5, VIIL3I

n(a ) Xo, HO, X0, VII 42

9, a, ay, a— VIIL 4.2

xaﬂ, yaﬂ, n VIIL 43

Aut (g, §), A(R) VIILS.

Tp Ty Auty (g), Auty(g, B), Aut, (g, §) VIIL52
8. 9), R, W, B, Ry, R—, n, u~, by, b-, Xg, Yo He VIIL. 6 cora.

v* VIIL6.I

Z(A), E(A) VI 63

P, Py, Piy, Q Qu4, p VIILT7 cora
w, VIIL72

[E], [E]*, #(a) VIIL.7.6
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Z[A), e, ch(E) VIHL77

exp (A) VIII 8.1

8(a), 6" (a), 1(g), 1(3*), S(g), S(g") VIII. 83
w4, %, m. 8, 6, ¢ VI 85

PB(v), K, d VIIL9I

J (M) VIIL9.2

(x, h,y) VHIILI

L) ) (z) VIIL 122

x, [n], ¢y, & VIIL 123

B, Uy U=, Uo L, G VIILI2G6
o(¥) VI 132

gp(¥) VIII 133
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AGcomoTHO ﬁpoc'ra;l anre6pa  Jlu
VIIIL. 3.2

6asuc Burra VIIL 132, VIIL.13.3,
VI 134

— kaHoHuueckuft VIIIL. 53
6unopanok &-6uanrebpu VIII. 12.1

sec moayas VIL L1, VIIL61
— — wmuaamuui VIIL 6.2
— — crapwuii VIII. 6.2

raaBHas gly-Tpoiika VI 11.4

rJaBHBIA HHJIBIIOTEHTHbIA
VL 11.4

— npocroii saement VIIL (1.4

roMomopdusm Xapuw-Haunpu VIILG6.4

rpynna Befins pacimennenuoft anreGphi
Jlu VIIL. 22

— BecoB paciuengennofi aare6pet Jlu
VI 2.2

IJIEMEHT

Ao3Bosiennas pemerka VIIL 12.6

gonyctuman pemetka VIIL 12.8

JOMHURUpYIOLIEE NOJHHOMEAILHOE OTO-
6paxenye VII. pom.

M30THIHAS KOMIOHEHTA CTapiiero peca
A VIIL72

usotponubiit daar VIIL 132, VIII 13.3

— — KBasuMmakcumagwHeiii  VIII. 13.4

MHBAPHAHTHAS TNOJHHOMHaJIbHAA (YHK-
uua VIIL 83

HHBONIONHS KaHOHHueckas B 9%1(2, k)
VIHL. 1.1

KaHOHMYeckad uHBOMomus 8 sl(2, &)
VIIL 1.1

— mnoxaare6pa Kaprana VIII. 5.3

— cucreMa Kopueit VII1. 5.3

KaHoHudeckut 6asuc VIII 5.3

KOJbLUO TpeAcTaBjeHui aare6pel  JIn
VIIL 76

KoMnoHeHTa HuabnoTeHtHas VII. 1.3

— noayupoceras VIIL 1.3

KOPEHb  pacllenJeHRol
VIiL. 22

kpaTHocTb Beca B Moxyae VIIL 6.1

anre6psl  JIn

JuHelHoe orobpaXkeHHe, KacaTesbHoe
K TNOJAHHOMHA/JbHOMY OTOOpakKEHHIO
VII. non. 1.2

muxposec VIII. 7.3

HeNpPHBOAHMOE OpTOroHa/JbHOE IIped-
crasaenye VIII. 7.5

— CHMIJIEKTHYEcKoe npelicTaB/aeHHe
VIIL. 7.5

unabnpoctpancrso VIIL 1.1

of6oJIouKa pasiessolas nojanre§phl

Ju s gl(V) VII.52
opToronaabras asarebpa Jlu VI 13.2

napa6osauueckas nomaaredpa VI 3.4,
VIIL. 3.5

nopaare6pa Bopeas VIII1.3.3, VIIL 35

— Kaprana VII. 2.1

MOJAHHOMHAJBHOE JNOMHHHDYIOLlEE OTO-
6paxenune VIL monm. 1 2

NONYCIHHOpHOe TNpeCTABIEHHE
VIIL 13.4

nopanok B Q-amre6pe VIII. 12,1

nopsinok llesanne VIII. 12.7

npumapuoe mnoanpocrpancteo VIL L1

NpUMUTUBHHIH  3JE€MEHT B  Moay.e
VIIL 1.2, VIIL. 6.1

ApHCORIHHEHHOE TNpeICcTaBJEHHe Tpyll-
nut JIi SL(2, k) VIIL 1.4

npoctoit saement VIIL 113
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pasfeasiouian o6osouka noaanarebpoi
JIu 8 gl(V) VIL 52

— noxaarebpa Jlu VIL. 5.1, VIIL 10

pasJoXKeHne Mo MOMOKHUTEAbHBIM KOp-
M VIIL 9.1

— ®urrudra moayas VIIL 1.1

pasMeTKa paclienyesHol [10aynpocToit
aareGpnl JIn VI 4.1

pa3MeueHHasi noaynpoctas aiare6pa Jlu
VIIL 4.1

panr anrebput JIn VII. 2.2

paciienyiedHas HCKAOUuTeabnas  (MJH
ocobas)  npoctas  aarebpa  Jlu
VIIL 3.2

— penykTHBHasa asareGpa Jin VIIL. 2.1

pacierineMas KJjaccHueckKas Tpocras
aare6pa Jla VIIL 3.2

— pedykTHBHas ajarebpa JIn VIII 2.1

pacwenasiomas noxaare6pa Kaprana
VIIL. 2.1

perynsipHblii saement 8 aarebpe Jlu

VII. 2.2
— — B rpynne Jlu VII. 4.2

— — JHHeilHOTO npeacrableHds
Vil 4.1
pelleTka B BEKTOPHOM [pPOCTPaHCIBe

Hag Q VIIL 121
— nossonennas VIII. 12.6
— nonycrnmas VIIIL 12.8

CHMIVIEKTHYeCK as
VIIL 133
cHcreMa oOpasymollux,

paameTkoil VIII. 4.1
— lesanne VIII.2.4
cobcreedHoe 3HaueHue VII 1.1
— noanpocrpadcreo VIIL 1.1
coGerseHuslit sektop VIIL 1.1

anreGpa JIn

onpeleaeHtbix

cornacosaHHble fpeactasJdaenns VI 3.1,

VI 4

CNHHOpHOe npeAcrasaenne VIII. 13.2,
VIIIL. 13.4

Teopema Hxeko6cona — Mopozora
VIIL 112

Tonosorna 3apucckoro VII. gon. 1.1
yeaosue (ITK) VII. 1.1

daar VIII i3.1
tdopmyaa Beitas VII1.9.1
— Kaebwa — Foprana VIIL 9.4

dyHraMeHTasbHOE npeAcTaBleHe
VIIL 72

dyugamentaabibli  npoctoil  g-MoRynb
VIIL. 7.2

xapakrep uesTpanbHeii VIII. 6.1
— g-monyas VIIL 7.7

MEeHTPaNbHbI]
VIIL. 6.1

xapakrep MONY AT

anemeHTapHbli aBToMOpdusmM VII3.1
skcnodenta VIII 8.1

fiveflKa, AacCCOUMHPOBAHHasi ¢ uapabo-
JUYECKHM noiaMHoxectBom VIII. 3.4

R-3kctpeMadnbHbulil anement VIII 7.2
R-Hacwimiennoe noamHoxecrso VIIL 7.2
sly-tpofika VIIL 11,1



CBOJIKA HEKOTOPBIX BA)XHbLIX CBOMCTB
NMOJIYNPOCTBHIX AJITEBP JIH

B sTo0ii cBOAKE uepe3 § oGo3HauaeTcs moJaynpocras aireépa Jiu
Hap nojaeMm k.

Modanrze6pn Kaprana

1) Ilyets E — MHOXECTBO KOMMYTATHBHBEIX NoAajre6p aare6pnl
Jln g, Rotopble B Hel pPeAYKTHBHH; 3TO MHOXECTBO COBNagaeT
TaK¥Ke ¢ MHOMKECTBOM KOMMYTATHBHbLIX N0Janre6p atoit anre6per J1u,
BCE 3JIEMeHTH KOTOPHIX noaynpoctsl. [Toganre6pst Kaprana aare6put
Jlu ) ABAsIOTCA MAKCHMAJLHBIMU 3JjeMeHTaMH B E.

2) Ilyets x — peryaspubit aneMent anare6per Jlnm g. Torna
x mnoaymnpoct. Cyiiectsyer eguucTBeHHas mogaarebpa Kaprana
aare6psl JIn , KoTOpas COLEpPKHT X, — 9TO LEHTPAIH3ATODP 3Je-
MenTta x B aJareGpe Jln g.

3) Tlyers x — moaynpocroit sieMeHT aJsre6pel Jin ¢. Torpa
X OpUHANJIERUT HeKoTopoll mopasre6pe Kaprana amre6pst Jlu g.
Jas Toro uto6ul 3JeMeHT x GBI peryJsipeH, HEOOXOAUMO H AOCTa-
TOYHO, YTOOH DPa3MEPHOCTb ero LUEHTPAJH3aTOPa COBlajaJa ¢ pPaH-
rom aare6pst Jln g.

4) Tlyets bH— nopaare6pa Kaprana B §. Oua uHasuBaercs
paculenJisiioniefi, ecan gjag Juoboro x =H augoMopdhusM adgx npu-
BOAUTCS K TpeyroibHoMy BHAY. AJreGpa Jlu § HasbiBaercs pac-
menasemoil, ecIn B . COLEDKHTCS paculensiouas Hopaareépa
Kaprana (370 Bcerga nMeeT MeCTO, €CJH ToJse k ajrebpanyecku
3aMKHYTO). Pacuien/ennoll noaynpocroit ajare6poit JIu HaseiBaeTcs
napa (g, b), rae ¢ — noaynpocras aare6pa Jlu, a h — pacuwenasio-
mwasi noganaredépa Kaprana B g.

B panpuefimem B 3TOH cBomKe uepe3 (g, §) oBo3nauaercss pac-
HienJeHuasl noaynpocras aareépa Jiu.

Cucremnt xopred

5) Hast kaXmoro sJaeMeHTa o U3 TMPocTPaHcTsa b, AyasbHOro
k b, 0603Haunm uepes §* MHOKECTBO TaKuX x & ¢, 4to |k, x] =a (h) x
npu Bcex he b, Ecau a=0, to 3"=10. Kopuem pacmenienHoil
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anre6pet JIu (3, b) HaswiBaercs Kaxnwlit snement a & b*— {0}, nna
koToporo §" 5= 0. OGosnauum uyepes R (4, §) (unu mpocto yepe3 R)
MHOX€CTBO KOpHeHl pacuienyennodl anrebpul Ju (g, §)..dTa cucrema
KopHe#l B )* npusenena B cmuicte ra. VI, § 1, n® 4. das Toro
ytobn anre6pa Jlu ¢ Obl1a mpocta, HEOGXOZHMO MW AOCTATOUHO,
yTOGH cHcTeMa R 6blia HeNpHBORHMOM.

6) Ilpu awb6oM o & R pasMepHOCTL TOANPOCTPAHCTBA ¢

pasHa 1. BekTopnoe mpoctpanctso [, ¢”%] comepxkurea B mogad-
re6pe b, pasmepHocTh ero paBHa !, W B HeM CONEpPKHUTCSH POBHO
ojuH TaKoHd ajement H , uTO a(Ha)=2. Mpul noayuaem, urto

Ha=av (ra. VI, § 1, n° 1l); mnoxectso aiementos H,, rme
a e R, — cucrema Kopueil RV, nyanbuast K cucteMe R.

7) Umeer Mecto pasgoxenue g=5b@P GB g”. Cymectsyer
asR

o a
takoit Ha6op (X ),cp, 4YTO NpH BeceX ¢ &R Mu umeem X &4
u [X,, X_,]=—H,. JlioGoii sieMenT x & § OJ4HO3HAYHO 3amu-

-Q,

coiBaeTc B BHJAE
x=h+ X A X, rne heh, b k.
oeER

KoMMyTaTop JBYX 3J€MEHTOB H3 § BBIUHCJAETCS C IOMOLIbIO

dopmy
[A, X, ]=a(h) X,
[Xy Xg]=0, ecn a+fe& RU{0},
[Xa’ X—a] = Ha'
[Xe Xg] =N, pXy1p €cm o -PER,
rae N, , —HenyJeBbie sJeMeHTH U3 moJs K.

8) Ilycte B — 6asuc cucremsl KopHed R. Aare6pa Jlu g mopo-
xAeda saemenramun X u X_, npu a & B. Ilpu stom [X, X s]=
=0, ectu o, pEB 1 az=p. Tlyers (n(o, ), pep — MaTPHU2
Kaprana cucremn R (oruocutenpHo ©Gasuca B). HMueior Mecro
paBencta n(a, f)=ua(Hy). Ecin o,p=B n a=p, 1o n(a, ) —
nesqoe OTpHLATENbHOE YHCAO. BBIMOIHANOTCS CJaeAYIOmINe COOTHO-
LIEHHUST:

(ad X Y= »@B X =0, (ad X_p)'~#@PHX__ =0,

9) Ecm a, B, a-+-f= R, 10 nycts q,p — HauGoOsILIIEE TaKOE
1esoe YHeqao j, 4ro p— ja & R. MoxHO BLIGPATh CHCTEMY (Xa)aeR

u3 0. 7) tak, uto Ny g=~N_g -p, eci a, B, a - p = R. Torna Ngp=
= 4 (qaB + 1). CyuiecTByeT HHBOJMIOTHBHLIH aBTOMOphu3M 0 aa-
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re6pu JIn ¢, Korophiil nepeBoAUuT Xy B X.q HPH BCeX a & R; Mbl
nonyuyaeM, uro 0(h)=—h npu Bcex h<b. Torga Z-noamonynnb
B §,, MOpoxAeHHbi snementamu H n X, sBasercs Z-nojaJjre-
6poil anre6pnt JIn ¢, a KaHoHHYecKoe oro0paxeHHe §, ® R —q —

H30MOP(PHU3IMOM.
Tapa (g, b) monyuaercs u3 pacileneHHol NoaynpocToi areSpnl
Jln nap Q pacuupenneM noJst CKajsipoB.

10) I'pynna Befins, rpynna Becos, ... CHCTEMBH KopHel R Haaml-
Baercsi Tpynno#t Beiins, rpynmnoi Becos, ... pacIienyieHHoN anreGpe
Jlu (g, b). B nanbuefimuem rpynna Be#insg oGosnauaerca uepes W,
Msul paccmarpuBaeM ee eHcTBHe He TOMbKO Ha B, HO Takxe H Ha )
(c momomplo nepenoca CTPYKTyps). Ecan uepes by (coors. §g) oGo-

3HAYHTb BEKTOPHOE MOANPOCTpaHCTBO B § (cooTs. B b') Hax nosem Q,
nopoxeHHoe snemedTaMi Hq (Coots. a), To npoctpanctso b (coots. §%)
KallOHHYECKH OTOXKJECTB/SETCSl C MpPOCTPaHcTBOM hy ® ok (coors,

* *
¢ by ®ok) u npocrpancTso by OTONKACCTBAAETCA C AYANLHEM NPO-
crpancteoM K D, Kamepw Befinst cucremn R Mbl paccMmarpuBaem
* *
wian B npocrpanctse b, =70, ® R, uin B =1 ®R.

11) Tlyers @ — popma Kunundra anre6per Jlu §. Ecaun a + p%0,
TO NMpocTpanHcTBa ¢* U ¢P OpTOroHanbHu oTHOCHTeNAbHO @, OTpaHuye-
ue ¢opmu @ Ha ¢* X ¢ HeBupoxjaeHHo. Ecin x, y =), To

D (x, y) =GZE:Ra(x)a(y). Mu nonyuaem, uro @ (H,, Hg) & Z. Orpa-

uuuenne ¢popMel @ Ha §) HHBapHAHTHO OTHOCHTEJbHO rpynns Beiins
W 1 HeBHPOXKAEHHO; orpanuyenne ¢opmsl O Ha §, MONOKHTENBHO
onpejesieHo.

12) C rouHocThio A0 HM30OMOpP(pH3Ma CHCTeMBl KOPHeH pacmen-
aenHoit anreSpel JIm (g, §) 3aBUCAT TOABKO OT ( M He 3aBUCHAT
or Buibopa nozaire6psl Kaprama ). Ionyckasi BOIbLHOCTbL pedH,
MBl HasblBaeM rpynny Beitia, rpynny Becos, ... paculenyieHHON
anre6psl JIn (g, ) Takke rpynmo# Befinf, rpynmoii Becos, ...
aare6pn Jlu g.

Ecan R, — npuBeJeHHas CHCTEMAa KOpHeH, TO CyliecTByeT TaKas
monynpocTast pacuiensiensast aare6pa Jlu (g, b,), uto ee cucrema

KopHeit R (4, ;) usomopdua R;; Takas pacumennennas aire6pa Jlu

onpezeaseTcss OAHO3HAYHO C TOYHOCTBIO 10 H30MoOp(QH3Ma.
Knaccudpurkanua pacuiennseMsix MONyNpPOCTHX anredp JIu, TakuM
ofipazoM, cBOAHTCA K KAacCHPHKALHH CHCTEM KOpHeH.

Hodanrzebpm
13) Ecan P < R, 10 nonoxum ¢Ff = @ ¢ 1 Yp= ZP kH,.
ase

aepP
Mycte P <= R, ' — nNoOANpPOCTPaHCTBO BEKTOPHOT'O MPOCTPAHCTBA b
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n a=) @gP. Hdasa roro urobs anrebpa Jlu a 6bi1a nojanrebpoii B
4, HEOOXOZHUMO M AOCTaTOYHO, UYTOGBl P GbIIO 3aMKHYTHIM TMOAMHO-
’KECTBOM CHCTEMBI KopHed R u uT06HI npocTpancTso )’ copepixalo
npoctpaHcTBo Ypp(-p). Hrobn anrebpa Jlu a Obwia peiyKTHBHA
B anrebpe Jlu ¢, HeoOXOZUMO H AOCTaTOYHO, YTOOE P = — P. Uto6wl
anrebpa-Jlu a 6pl1a paspeminMoi, He06X0ZHMO 1 ZOCTATOUHO, YTOGH

PA(—P)=2.

14) Ilyetb P — 3aMKHyTOe MOJAMHOXKECTBO CHCTeMbI KOpHei R,
u nycrb b=10@ ¢°. Crefyiouue ycaoBUsi SKBABAJIEHTHH:

(i) b — makcuManbHas paspemumas noga/ire6pa B anrebpe Jlu g;

iiyPN(—P)=@nPU(—P)=R;

(iif) cymecrtByer Taxkas xaMmepa C B cucreMe R, uto P =R (C)
(em. VI, § 1, n° 6).

Ioganre6poit Bopens pacwiensienHoil anreGpst Jhn (4, §) naswl-
BaeTcs: nojanare6pa anreGpu Jln ¢, colepxauias mnojanreGpy
Kaprana ) u y/O0BJNETBOPSIOILAS TPHBEJCHHLIM BHIlE YCIOBHAM.
IMoganreGpa b anre6psr JIn § HaswmBaetca ee nmojanreGpoit Bopeas,
ecIH cyllecTByeT Takas paculemsiiowas nogaiareépa Kaprama p’
arre6pol  Jlnu g, uro b—noxanre6pa Bopeans pacmensenHoit
anre6per JIu (g, §’). Ecnu nome k& anre6panueck# 3aMKHYTO, TO
3TO 3KBHBAJEHTHO TOMY, U4TO b — MakcuMasbuas paspellnMas
nopanreépa B .

Mycrs B=f)€BgR+(C)—noaanre6pa Bopeass pacmenscHHOH
anreGpsl JIn (3, b). HauGonbuimii HuUMbNOTEHTHHIN HAean anreGpbi
Jiu b pasen [b, B]=gR+(C). [Tyers B — Gasuc cucreMbl KOpHe#H R,
accolMMpoBaliHbii ¢ kamepoit C. Anrebpa Jlu [b, b] mopoxmaerca
nojnpocrpancteamu ¢%, rie a < B.

Ecau b, b — noganre6per Bopenst anre6per Jlu g, 1o B § cyuie-
crByeT nopanre6pa Kaprana, cogepxamasica B b(1b; Takas nog-
aare6pa Kapraua sBJsieTcsl pacliennsiomief.

15) Tlycre P — 3aMKHyTOe MOIMHOXECTBO B cCHCTeMe KopHeH R
u »=0h@PgP. Creaywiuue ycjiOBHs IKBHBANEHTHHL:

(i) anre6pa JIu p copepxur nopanrebpy Bopens pacmensennoit
aare6pet Jlu (g, b);

(i) PU(—P)=R;

(iif) cymectsyer Taxam kKaMepa C cHcreMe KopHe#l R, uTo
P> R, (C).

[Tapa6oauyeckoii nogaare6poii pacuienjennoil anre6ps Jin
(g, b) wasniBaercs momanrebpa asrebper Jlu ¢, coiepxaiias nox-
anre6py Kapraua b u yxoBJetBopsioniasi npHBeJeHHbIM Bhillle ycJo-
BuaM. [lomanre6pa p asnrebpol JIu ¢ HasbiBaercs napaboaHYeCKOH,
ecly CYUIECTBYeT Takas pacuenJsiowmas noganreGpa Kaprana b’
B 4, qTo,p——napa60quecKaﬂ nofajre6pa pacllen/eHHol ajreGphl
JIu (g, b).
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[Iycts p=) D3’ — napabo.uueckas nojaarebpa pacujennes-
Hoft anreGpnl JIu (4, §), Q — MHOKECTBO TaKux KopHell a < P,
yro —a g P u §=01GHg¢’N-", Torma p=8P g%, anredpa Jlu 8
pPeLYKTHBHA B ¢, 49 — Han6OJbINUH HUIBNOTEHTHHIH nieal U HUJb-
NOTeHTHHH pajukan B aarebpe Jlu p. Ilentp anrebpwr Jlu p
pasex 0.

Asromoppusmsi

16) IToxrpynna rpynnst Aut (§),mopoxaeHHas ajseMeHTaMu e?ds,
rle x — HUJABNOTEHTHBIH 3JeMeHT, coBmajaerT ¢ rpyanoil Aut, ()
sJeMeHTapHBIX aBroMopduaMos anrebpul Jlu §. D10 HOpMaabHasd
noarpynna B Aut(g), ¥ oma cosnagaer co CBoefl NpPOU3BOAHOH
rpynnoH.

Ecau k& — anreOpanyeckoe 3aMbiKanue noss k, To rpynna Aut (g)
ecTecTBeHHBIM 006pasoM BraagsBaercs 5 Aut(§®, k). [Mosoxnu

Auty(3) = Aut () N Aut, (§ @ 1 &)

D10 HopMasbHaa noarpynna rpynnel Aut(g), # oHa He 3aBHCHUT oT
BeIOOpa 3aMblKaHus R. Mp nMmeeMm

Aut, (3) = Aut, (@) = Aut (g).

TIpoussonnas rpynna rpynnsl Auf, (q) coenanaer ¢ Aut,{g). [pynnm
Aut(g) n Auty(g) samkuyrel B End, (q) B Tomosorum 3apucckoro,
Auty (g) coBnanaer ¢ KOMIOHeHTOH HefiTpaabHOro a/1eMenTa B Aut(g),
u rpynna Aut,(g) Bciony niorua B Aut,(g).

[Tyers B — 6asuc cucremnl xopHed R u Aut(R, B) — rpynna
aBTOMOD}M3MOB CHCTeMbl KopHeHl R, OTHOCHTeabHO KoTopoit B
yerofiyns. Torma rpynna Aut(g) siBasercs noaynpaMbBIM NPOM3-
Bef¢HMEM TNOArpynnsl, usoMmopduo#i Aut(R, B), u noxrpynms
Auty(g); B uacruoctu, ¢axkroprpynna Aut (3)/Auty(g) usomopdpua
rpynne Aut (R, B), xoropasi B cBolo ouepenb u3oMophHa rpymne
asToMop¢dnsMoB rpada binknua aareGpwl Jiu g.

17) Pasmerxo#t aare6pel Jlu ¢ HasmBaercs Tpofika (b, B,
(Xa),ep)> TAe b’ — pacmenasomasn nogaire6pa Kaprana B g, B —

Gasuc cucteMbl KopHel R (g, )’) u Xy — OTIHUHBIE OT HYAS 3/EMEHT
npocTpaHcTsa §* ajsi Bcex o & B. I'pynna Aut,(g) npocro Tpan-
SUTMBHO JelCTBYeT Ha MHOXKeCTBe pa3MeTok anrebpunl Jiu g.

[pymna Aut.(g) TpaH3UTHBHO IefiCTBYeT Ha MHOXeCTBe mnap
(8, b), rne f — pacwenasomas noganre6pa Kaprana aare6pu Jlu g,
a b— nonaare6pa bopeas pacuensienHol aare6psi JIu (g, f).
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18) OdosHaunm uepes Aut(g, )) MHOKECTBO TAKHUX aBTOMOP (Pus-
mos s = Aut (a), uro s(h) =Y. Tloaoxum

Aut, (g, b) = Aut, (g) N Aut (g, 9), .
Auty (8, §) = Auty (g) N Aut (g, b).

Ecnn s & Aut (g,)), To oToOpaxceHHe, KOHTPArpPeAHEHTHOE K OTO-
Opaxenuio s|b, siBastercst aneMentoM rpymnsl A (R) aBroMophusmMoB
CHCTeMBl KOpHed R; 0003HauMM 3TOT 3/1eMeHT uepe3 &(s). Oro-
Opamxenue &€ —romoMopdusM rpynnst Aut(g, b) B rpynny A (R). Hpu
atoM Auty(g) =Aut, (@) . Kere u

e(Auto (g, b)) =e (Aut, (g, ) =W.

Iyets Tp=Hom (P (R), k), To=Hom (Q (R), £"). Buaoxenne
rpynusl Q(R) B P (R) onpeaensier roMmomopdusM T'p B Ty. Tlyers
Im(Tp) —ero obpas. Ecau (T, 1o nycrs f(f) — rakolt 3uxo-
mopdusM aarebpul Jlu 4, 4yto aas moboro ae R {0} orpanuye-
nue f(f)|a* —romorerus ¢ Koadouumentom [(a). Tormpa () =
e Auty (3, §) ¥ [ — HHBEKTHBHBIA rOMOMOP(HU3IM I'DyINbI Tq B rpynny
Auty (g, v). IlocnenoratensHocTu

{1} > To-L> Aut (g, ) -%> A(R) — {1}

{1} > To—Ls Auty (g, 5) —5> W — {1}
tounsl. Mmeer mecto Bkmouenne | (Im(Tp)) < Aut, (g, §); nepexons
K ¢agroprpyunaM, mnojayuyaecM olipefiesieHHbIH 3SHAOMOPODHUIMOM
clopbekThBHbI ') roMoMoppuam To/lm (T p) = Auty(8)/Aut,(g). ['pynna
f(Tq) 3amknyra B Aut(g) B ronosxoruu 3apuccxoro, # rpynna f (Im (7))

sciofy maoraa B [ (Ty).

Koneunomepuote modyau

19) Iycrs V — xoneuHoMepHudl g-Monydab. g mawodoro u & b
nycrs V" — MHOXecTBo Takux sseMentoB v & V, uro A.v=p (h)v
npu Beex h & ). Pasmepuocts mpocrpancrsa V' masmpaetces Kpar-
HoCcTblo U B MoayJe V. Ecau ata kpaTHOCTh He MeHbine 1, T. e,
ecan V" 550, To p masmBaercs BecoM Moxmyas V. HmeeT Mecro

pasnoxenne V= €D V¥, Jhoboir Bsec Mopyss V IpuHHAamJexuT
wep*

rpynne P(R). Ecan p—Bec moayas V, a weW, 1o wu — Bec

Monynsi V To# ke KpaTHocTH, uto H u. Ecam ve V" n x& 4%

10 x.0 & V*

1) Ha camom neae sror romomopdusm Guexruser (§ 7, yupaxuerue 26 r)).
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20) Nycts B — 6asuc cucreMbl kopHeit R. BuiGop B onpejnenser
OTHOUIeHHe MOPSJAKA HA MPOCTPAHCTBE ho: HEOTPHILATENLHBIMH 3Jle-

MeHTAMH NMPOCTPAaHCTBa I)Z SABJAIOTCS JUHeAHBe KOMOUHALIMK 3Je-
MEHTOB M3 B ¢ HeoTpHlUaTe bHbLIMH PAallHOHAJBHBIMEH KO3(pduLHEH-
taMud. OGosmauuMm depe3 Q. (R) (coors. uepes R_.) MHOXKeCTBO
NOJNIOKHTENbHBIX 3JeMeHToB rpynnsl Q(R) (cooTB. cucTeMel R).

Iycts V — npocToit koneuHoMepHBIH §-MOAYJIb. Torfa Moayss V
uMeeT ctapmnit sec A. KpatHocth 3TOoro Beca paBsua 1, u aTor
Bec JoMuHaHTHHH: ecau ae= R, To A(Hq) — nemoe uncio = 0.
Ecau Q“V’”= 0, To a = R . Jlio60f1 Bec Monyna V umeer Bug A — v,
rae v Q. (R); obpaTHo, ecd LOMHHAHTHBIH Bec UMeEET BUO A — v,
rae v=Q, (R), To 3to Bec Moayasa V.

21) JIa KoHeuHOMepHBIX NPOCTHIX MOAYJs, HMeIOllHe OJMHAaKO-
Bble cTapiuie Beca, wu3aoMopduel. Jlio6oH [QOMMHAHTHEIE Bec
SIBJSIETCS CTApUIMM BecOM HEKOTOPOro KOHEYHOMEPHOTO NPOCTOro
§-MOLY 5.

JIro6oit KoHeuHOMepHBI NpocToit §-MOAyJb abCOJMIOTHO MpPOCT.

22) IMyctp ® — dopma Kuanuara anrebpur Jlu g, C=U () —
COOTBETCTBYIOWIME 23jeMeHT Kasumupa, (., .) —dopma ua mpo-

CTpaHCTBe b*, obpatuass kK @|HXH, u p=—; Z a. Ilyers V —
asR,y

npocToil KOHeYHOMepHHH ¢-MoAayJb co cTapmuM BecoM A. Torpa
C, —romoterust ¢ Koapouuuentom (A, A +2p).

23) Iyctb V — KoneuHoMepHb §-MOAYJb, V* — nyadbHHi MO-
Ayab. Jas Toro 4ToObl 3MeMeHT W = H° O6bln BecoM Moayas V©,
HeoOXOJUMO H JOCTAaTOYHO, HYToGbl 3jeMedT — U OblJI BecoM
Monyss V, u KpaTHOCTb Beca W B MopayJde V* paBHa KpaTHOCTH
Beca — U B Moayae V. Ecau V —npocrtoit Momy.ab co cTapiium
BecoM A, To V" — mpocToit MOaysb co cTapmuMm BecoM — wgh, Iie
Wy — aJeMeHT rpynne W, koropuifi nepesonut Gasuc B B Gasuc — B.

24) Ilyctb V — npocTolt KOHeuHoMepPHBIH §-MOZY/b CO CTAPIIMM
BECOM A M % — BeKTODHOe MPOCTPAHCTBO (-HHBAPHAHTHHIX GuAMHei-
HblX ¢opMm Ha npocrpanctse V. Ilyctb m — Uedoe 4uc/ao, paBHOe

> A(Hg), u nyctb saement wy= W Taxofl ¥e, Kak B 1. 23).
aeR

+
Ecau woh = — A, To npocTpanctsa V u V* He usomopdun u F =0.
Ecin wyh = — A, 70 dim% =1 u Bce HeHY/IeBHE 371eMEHTH B IPO-
cTpaHcTBe % HEBHIPOXKJEHHDI; €ClM m — 4eTHoe (COOTB. HeueTHOe)
uyhcao, to Jiobasg dopMa H3 npocTpaHcTBa $B cHMMeTpHYecKast
(coOTB. 3HakomepeMeHHAs).

25) 'Hycn, Z [P} —rpynnoBas aare6pa rpynnst P=P (R) ¢ k03¢-
ounuentamu B Z, Ecau A & P, To o6o3uauum yepes e* coorBer-
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CTBYIOLIHH sneMeHT aare6psl Z [P]. SneMentw e*, A & P, obpasyior
6asuc nan Z rpynnoBoii aare6psl Z[P], W npu Bcex A, p < P Bu-
TIOJIHEHO COOTHOIIEHHE elet=¢htH,

IMyets V — KoHeuHOMepHEIA §-MoayJab. XapaxTepoMm Mmonyasa V
(o6o3naueHre ch V) nasniBaetcs aJeMeHT Z (dim V") &" rpynnosoii

usph

anrebpul Z [P]. DTOT 3NeMeHT NpHHALJNEKHT Noxaarebpe Z[P]W
anre6pul Z [P], o6pasoBannoil W-uHBapHaHTHLIMH 3JeMeHTaMi H3
Z [P]. BuLIMOMHSIOTCS COOTHOLLEHHS

ch(V@V)=chV+ch(V)

ch(V®V')={(ch V).(ch V).

JIBa KOHGUHOMEPHBIX §-MOAYNS C OXHHAKOBLIMH XapaKTepaMH H30-
MODPQHHL.

Has mo6oro kopHA o < B nycets V, — npocToit 4-MoAYJib, cTap-
muii BeC KoToporo — ¢yHpaMeHTalbHEI Bec ®,, COOTBETCTBYIOLIHNI
KOpHIO o, DJaemeHTH ch V,, o & B, anre6pauueckH He3aBHCHMBEl H

nopoxaaior Z-aare6py Z[P)¥
26) Tlycte p — nmoaycyMMa noOAOXKHTeIbHHX KopHel, Ins mio-
Goro anemenTa w & W nycth e(w) — onpene/HTelb aBTOMOphH3Ma

w, paBHbiH —=1. Ecau V — npocroil KoHedyHOMEpHBIH (-MOIYJb CO
CTapuIuM BecoM A, TO

(X e(w) ew).ch V=21, ¢(w) ew®+o

weW wesW
H
M+ 0 Hy) )
dimV = H (p, .
aER4

27) Ons mo6oro Beca v & P myets P (v) — uncao Takux Habo-
poB (n‘l)aeR , THe i, —IleJpi€ HeoTpHllaTe/bHble YHCaa, UYTO V==

= ), nga. Iycts V — TPOCTON KOHeYHOMEPHBIH §-MORyJb CO CTap-
(IER+
mHuM BecoM A. Ecim p & P, To KpaTHOCTh Beca |4 B NPOCTpaHCTBE
V paBHa
2 e(@ F@h+o)—u+o)
weW
28) Mycrs V, V/, V7 — npocThie KOHEUYHOMEPHBIE (-MOXYJH, A,
W, v—HX crapmHe Beca. B monyite V®V’ nnuna H30THOHOM
KOMIIOHeHTH THNa V" paBHa

2 e@w) P@®+p)Fw (4 p) — v+ 2)).

w, w’eu’/
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B uyacTHocTH, ecaum v=A-4+ {4, TO COOTBETCTBYIOLUIAS H3OTHIIHAaA

A
KOMTOHEHTa TpocTa H NMopo:kiaercs npoctpancteoM (V& V) -
=V

Hrneapuanrnsie noaunomuanvusie pynxyuu

29) Asre6pa no.aUHOMHAABHBIX GYHKUHI Ha anareGpe Jlu g
OTOXACCTBJAETCH C CcHMMeTpuuecKod aJare6pod S(g*) mpocrpan-
cTBa ¢ M, CJICA0BATEJ]bHO, ABJISAETCH KAHOHHUECKHM (-MOAYJ/IEM;
NO3TOMY MOYHO OTpeleaHTh HHBAPHAHTHEIC TOJHHOMHUaJAbHbE QYHK-
uun Ha adrebpe Jiu g. Iyers fe& S (). Has toro urtobul dyHK-
nua [ ‘6bl1a UHBApHAHTHOH, HeOOXOAMMO d AOCTATOYHO, 4YTOOH
fes=f mnpu Bcex s& Auty(g) uam utobnl fos=f npu Bcex
s = Aut, (9).

30) Ilycte [(g") — anreGpa HHBAPHAHTHHIX TOJHHOMHUAAbHBIX

GyHKUHE HA @ H S (59 — aare6pa W-uHBapHaHTHBIX [OJHHOMH-
anbHBIX (yHKUEA Ha nopmaare6pe Kaprana . Ilycts

i: S(g)—>S®"
— romomopduam orpanudenus. OroGpaxkenne i|7(q") sBasercs
u3omopdusmMom aare6pu /(g% Ha S(6%)¥. Ecau [ — panr anre6pbi

JIlv ¢, 1o B aare6pe /(g") cyuwectsyer ! OAHODPOAHBIX 3J€MEHTOB,
KOoTOpble aarefGpanyeckd He3aBHCHMBl U NMOPOXKA AT 3Ty anarebpy.

31) Onas toro utolb 3iaeMeHT & anareGpsl JId ¢ GbJ HHJbIO-
T€HTeH, HeoOX0oAHMO H JOCTaTOYHO, HTOOMI f(a)j——O aas Joboi
ofHopoanoit ¢yHkuuu [ u3 aare6pws /(g"), cTenenb Kotopo# > 0.

32) Ilycth s € Aut(g). Oas toro 4toGnl afeMeHT S NPHHAAAE-
xan rpynmne Auty(g), Heo6X0AUMO I JOCTATOYHO, UTOGH fos==f
npua scex fe1(g).

8l -rpoiixu

33) sl,-Tpoiikoit B asnreGpe Jlu ¢ HaswiBaetca HaGop (x, A, y)
ageMenToB asarebpwe Jlu g, oTauuneii or (0,0,0) u Takoi, uTo
[h, x] =2x, |h, y]=—2y, [x, y]=— h. Torga x, y — HAILNIOTEHT-
HHE 2JeMeHTH aare6pel Jid g, a sjJeMeHT A TOJYIpOCT.

34) Ilyetb x — HeRYJI€BOH HHUJbLNOTEHTHHH 3JeMeHT aareGpbl
Jla g. Toraa cymecTBYIOT Takde 3JeMeEHTH A, y € ¢, uTo (x, h, ¥)
ecTb 8ly-TpoOiika,

35) Iycts (x, £, y) u (x', #’, y') cyrb 8ly-Tpoitru B anreépe Jlu g.
Torza cAeAyIOUWIHE YCJAOBHS 3KBHUBAJEHTHHI:

a) cyuiecTByeT Tako# aBTomopdusm s & Aut,(g), uto sx=x’;

6) cyiiecTByeT TaKoi aBroMopdudm s & Aut,(g), uto sx=x’,
sh="H, sy=y’.
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36) Ecau nose k aareGpanueckd 3aMKHYTO, TO ycJaoBus a) H 6)
H3 0. 35) 3KBHUBAJEHTHHl YCJOBHIO

B) cyutectsyer Takoil astoMopdusm s < Aut,(g), uro sh=*n’.

KpoMe TOro, Ydc/o KJaccOB CONPSXKEHHBIX OTHOCHTEJNBHO rpym-
nsl Aut,(§) HeHyJeBBIX HAJIbIOTEHTHHIX 3JEMEHTOB He IPEBOCXO-

nat 3', rme [ — panr anre6pst Jlu g.

37) HuapnotrenTHHH sa1eMeHT x B aare6pe Jlu g HasbiBaercst
rJaBHBIM, €CJH pa3MepHOCTb €ro paBHa paHry aare6puw Jlu g.
[saBHbIE HUJIBIIOTEHTHBIE 3//eMEHTH B ajnrefpe g cymectsyior. Ecan
nosie k anreGpauyecKd 3aMKHYTO, TO BCe TJaBHbBE HHJILIOTEHTHEIE
3/JE€MEHTH CONpsiKEHBl OTHOCHTEJbHO rpynnsl Aut, (g).

.
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