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Kuura A. I'efiTudra ssiasieTcss MoHorpaguei 110 ocHosa-
HHSIM MaTeMaTHKH. Bonpocel ocHoBaHU} MaTeMaTHKH (Teopus
MaTeMaTHYeCKOTO AOKa3aTeNbCTBa, NpoGaeMa CymecTBOBAHUS
B MaTeMaTHKe) paccMaTpPHBAIOTCS B HeH C TOYKH 3peHHUs
HHTYHIHOHH3Ma — TeYeHHsI B MaTeMaTHKe, BUAHHIM NpeACTa-
BUTEJIEM KOTOPOTO SIBJISETCS aBTOP.

Kuaura Hanucana B ¢opme XHUBOi GeceAbl MexAy npei-
CTaBUTENSIMH Pa3JUYHBIX TOYEK 3pEHUsI HAa OCHOBAaHHA MaTe-
matiki. K 3Tofi xkuBoli Gecelle nmpHCOeAHHSIETCS H DPeJaKTOp
KHHPH A. A. Mapkos, npeicTaBHTeNb He 3aTPOHYTOrO aBTO-
poM HanpasieHHs. B CcBOMX KOMMEHTapHSIX peNaKTop He
TONBKCG BBOAUT HOBOTO cobecefHHKA, HO TaKKe CTPeMHTCH
YCTPaHWTb HETOYHOCTH, MOMNYIEHHEE aBTOPOM.

KHura paccuutaHa Ha oveHb IIMPOKHE KDYT uHTaTesel,
HayHHasi OT MaTeMaTHKOB BCeX cneuuajbHOcTell H KOHYas
BCEMH, HHTEPEeCYIOIMUMHCS MaTeMaTHueCKoH JOTHKOH H ¢u-
JNococKUMH npobAaeMaMd eCTeCTBO3HaHHU .

Pejakuus surepaTypsl NO MaTeMATHYECKHM HaykaMm



OT PEJAKTOPA

[IpennaraeMas BHMUMaHMIO YHTaressl KHura [efiTmHra moc-
BALIEHA CHCTEMATHYeCKOMY H3JI0XKEHHI0 HHTYHIHOHU3MA —
HampaBJIEHHs B MaTeMaTHKe, BO3HHKIIEr0 B Hauaje Hailiero
Beka Ojarojaps paboraM DBpayspa, Befinsg u aBropa KHUrH,
Xors B3Ikl HHTYHIHOHUCTOB NOMHOCTLIO paspessaTcs ceii-
Yac JIMIIb OYeHb HEMHOTMMH MaTeMaTHKaMH, TJIyGOKO HelpaBhbl
Te, KTO BHJAUT B HHTYHIMOHH3ME JIMIIb HeKHI «Kypbes» {cp.
H. By p6aku, Ouepku no ucropuu Maremaruku, JI, M., 1963,
53). les0 B TOM, 4TO MHOTHE U3 3TUX B3NVISJOB GBHIIM BOCHpPHU-
HATB! M YCBOEHHl MaTeMaTHKaMH KOHCTPYKTHBHOIO HampaBJie-
HUS, He YJIOBJETBOPEHHLIMH TOCHOACTBYIOUIMM B HACTOsILEE
BpeMsl «TeOpeTHKO-MHOXKECTBEHHbIM 06pa3oM MBIILIEHH Sy, IDTU
MaTeMaTHKH pasjiesisioT, B YaCTHOCTH, KpHTHYECKOe OTHOIle-
Hie MHTYHMIHOHHCTOB K 3aKOHY HCKJIIOYEHHOTO TPEThero.

Yxe NOITOMY BecbMa HEpPa3yMHO OTHOCHTb HHTYHIIHO-
HH3M K paspsily Kyphe3oB. Pepaktop mepeBopia, GyAyuu caM
npefcraBUTe/leM KOHCTPYKTHBHOTO HAaNpaBJIeHUST B MareMa-
THKe, BHJeJ CBOIO TIJIABHYIO 3ajadyy B CONOCTABJEHHH TOUYeK
3peHHs] HHTYHUHHOHHM3MAa H KOHCTPYKTHBHU3MA. 3TOMY CONOCTaB-
JIEHHIO TOCBSIIEHO OOJIBIIHHCTBO NpUMeuaHWH pefakTopa B
KOHIle KHHTH. B cOOTBeTCTBHH ¢ HeNpHHYKAEHHOH Amasordaye-
CKOH (PopMOi1 H3JI0KeHHsI aBTOpa pelaKTop BBOAUT B CBOHX
KOMMEHTapHUAX ellle OJHOTO yyacTHHKa jauamora — KoHa, u3-
JIaramouero B3MVISIIl KOHCTPYKTHBHCTOB.

A. Mopkos



NPEOUCJTOBHUE

C nesplo U36aBHTh YHUTATENS] OT NOTEPH BpeMeHH B GecnJiof-
HLIX MONBITKAX paspellluTh NpejnonaraeMele 3arafikd, s Hpe-
AYNPEeXAIo ero, YTo AeHCTBYIOLUHe JIMLIA AHAJIOra He ABJAITCS
HHM KapHKaTypaMH Ha XKUBYIIUX WJH XHBHIUX JIOReH, HH HX
JABOHHUKAMH. DTO TOJBKO KPIOUKU IJIs pasBelluBaHus upell
¥ Gosblle HHuero. /lo HU3BeCTHOH CTeleHH 3TO BEPHO Jaxe
a1 WHTA, BBIPAXKAIOUMIETr0 NOSHLMIO HHTYHIHOHH3Ma. s
SICHOCTH 51 3aCTaBJsiJl ero MOpol0 TOBOPHUTH KaTeropHuHee,
ueM roBOpHJI Obl 51 caM, ecsd Obi cBOOOJHO BLIpaxaJ cBoe cob-
cTBeHHOe MHeHHe. lHCKycCHSI CTPOTO OrpaHHYHBaeTcs HHTYH-
[IHOHH3MOM; JApYrue KOHIENIMH MaTeMaTHKU 3aTparuBaloTcs
JIHIIb NOCTOJIBKY, MOCKOMbKY OHH BKJIOUYAIOT B ce0s Bo3paxe-
HUS TPOTHB HMHTYHIHOHH3MA. I OTKJIOHAI0 BCAKHI ynpeK B
HETQJIHOM TPEJICTABJEHHH JPYTHX TOUEK 3peHwus.

B Xoze u3JjiokKeHHS 0Kas3asloch HeoOXONMMBIM 1aBaTh NOJ-
pobHble JOKa3aTelbCcTBa JaxKe TaM, TJle OHH OTJIHYAIOTCS OT
XOpOLIO HM3BeCTHBIX KJAacCHYeCKHX A0KasaTeJbCTB TOJLKO He-
60JIbIIUMH  JAONOJHEHHSIMH, NOCKOJBbKY He CYILecTBYeT HHKa-
Koro yio6Horo crnocofa yKasaTh, B KaKHe HMEHHO MecTa HYXKHO
BCTaBJATH 5TH JononHeHus. [lo Mepe HakomJieHHs MaTtepuana
1 MOCTelleHHO MpHUMeHsJ Bce O0/lee CXKATHIA CTHJB, B NPEAMNo-
JIO¥KEHHH, YTO Y YHTaTess pPa3BHJIOCH IIOHHMaHHe creludude-
CKH MHTYULMOHHUCTCKUX TPYHRHOCTEH.

Bripakaio uckpeHHI00 6/1aroflapHOCTb BCeM, KTO CBOHM yua-
CTHEM [OMOT COBEpIIEHCTBOBAHHIO 3TOH KHHIH, B YacTHOCTH
x-py Il. Tunmopy, mnpod. JI. Xeukuny u B. Taiity, npo-
YUTABIINM 9aCTH PYKOIUCH U NPENJIOKUBIIUM MHOTHE CTHJIHCTH-
deckHe nonpasku, a takxke . M. ne Uonry u ®. Ban ne Oyne-
BEeTePHHTY, KOTOpble TIATENBHO NPOCMOTPEJIH PYKOMHUCD.
e Honry kuura o6si3aHa MHOTHMH HCIIPABJICHHSMH M yJIyd-
HIEHH SAIMH.

Bo MHOrHX MecTax KHHUTH YHTaTe/lb HAHIET CTAPOMOJHBIE
paccyxieHusi, KOTOPHIM HellocTaer OOIIHOCTH H KOTOpHe 60-
Jiee TONOpHbI, 4eM coBpeMeHHHie Meropk. Ha 3to uMeoTes
Pas/uyHple NpHYHHBI. Bo-NepBBIX, MOLIHBIE METOAB! CJHIIKOM
Yacto nmpuberaloT K KOCBEHHEIM J0Ka3aTesbcTBAM, TaK YTO HX
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MOYTH HEBO3MOXKHO BBECTH 8 HHTYHIIMOHHCTCKYIO MaTeMarH-
Ky. Bo-Brophix, HauboJee oflive COBpeMeHHLIE TEOPHH Pa3BU-
BAlOTCS NpPU NMOMOUIM aKCHOMaTHueckoro Merofla. A 3Tor Me-
TOJ, XOpOLIO paboTaeT TOJNLKO B TOM cJIyuae, KOrja CyuecTByioT
KOHKDETHBIEe TeOpHH, H3 KOTOpPHIX IPH MOMOIU 0600UleHus
MO¥KHO MOCTPOUTH aKCUOMAaTHUecKylo Teopuio. Hanpumep,
o0IIYI0 TONOJIOTHIO MOXKHO OBLTO PasBHTh TOJILKO INOC/]E TOrO,
KaK TOIOJIOTHSI eBKJHIOBLIX MPOCTPAHCTB N0 HEKOTOpO# cre-
neHu Obla yiKe usBectHa. PakTHuecKH NOYTH HU OfHA YaCThb
HHTYHIIUOHUCTCKOH MaTeMaTHKH HE MCCJIEeloBaHA HACTOVILKO
riy60Ko, 4ToOn OLITO BO3MOXKHO HOCTpPOEHHE ofuiell akcuo-
MaTHYeCKOH TeOpHH. B d4acTHOCTH, B 3TOA KHHTe § JOJIKEH
Obl1 OTPAaHUYUTBCST HanbGoJiee 3JIEMEHTAPHLIM cJydaeM HHTer-
pUpPOBaHHs; KOria 3Ta o6JacTh OYyIeT H3BecTHA Jiyullle, yeM
B HAacTosllllee BpeMs, CTaHEeT BO3MOXKHLIM [IOCTPOHTh aKCHOMATH-
4ecKyl TeopHio npenmera. [laxe B ciayuae ajreGpel, rje ak-
CHOMAaTH3anHs BO3MOKHA H B HACTOSIIEE BpeMs, B CUJY BBOJ-
HOro XxapakTepa KHHTH NPeACTABJSIOCH JYUYIIHM HMETh HeJs0
¢ KOHKPETHBLIM NpHUMepoM MoJis AeHCTBUTEJIbHBIX YHCEJL.
B03MOXHO, UYTO B HEKOTOPBIX CJydYasix s HCIOJb30BaJ
ycTapensle MeTOAbI, TOTOMY 4YTO He 3HAK coBpeMeHHBIx. OnHa
U3 lLeJsiefl 3TOH KHHIH — NOMOYb pabOTAIOUIHM MaTeMaTHKaM
pasobparbcs B TOM, Kakofl H3 HX pe3yJbTaTOB MOXKHO J0Ka-
3aTh HHTYHUIHOHHCTCKH. WMHTYHIHOHH3M MOXETr NpouBeTaTh
TOJILKO TOrja, Korja MaTeMaTHKH, paboTaioiine B Pas/HYHbIX
obJiactsx, 6yyT aKTHBHO HHTEPECOBATLCH HM U BHOCHTL B HEro
CBOH BKJIajnl. UTOOH MOCTPOHTH ONpelesieHHYI0 BETBb MHTYH-
IIHOHHUCTCKOH MAaTeMaTHKH, HYXKHO, BO-NepBBIX, 06JajaTh oC-
HOBATeJbHLIM 3HAHHEM COOTBETCTBYIOILeH BETBH KJacCHUECKOM
MaTeMaTHKH H, BO-BTOPHIX, U3 ONBITA 3HATH, e JIEXKAT UHTYH-
IIHOHHCTCKHe JOBYMWIKH. B 3Tofi KHHre s cTapawch HayYHTb
foc/le[HeMy; s Hafeloch, YTO HaHAyTCHd YHUTATeNH, KOTOphIE
ycrielllHee CIpPaBATCS C JeTaJsMH TeOpHUH, YeM 3TO YAaJoch
MHe, H KOTOPLIe AafyT HHTYHIHOHHCTCKYIO TPAKTOBKY APYIHX
OT/eJIOB MaTeMaTHKH. «PeKOMeHaM¥ 4YHTATENSAM»  HMEIOT
LEeJbI0 HOMOYL MM; B HHX YKa3zaHbl Haubo/ee BaKHBIE HHTY H-
HUOHHUCTCKHE TPYIbl B HEKOTOPLIX CHEelHaJbHBIX 00JacTaX.
CucreMa CCBUIOK MOCTPOEHA CJIEYIOUMM 06pasoM:
«Teop. 2» oTchblIaeT K TeopeMe 2 TOro ¥e pasnena;
«Omp. 2» OTCHIIAET K ONpefeseHHI0 2 TOro Xe pasjea;
«Teop. 2 u3 6.2.1» orchliaer K TeopeMe 2 u3 pasfiena 6. 2. 1.

A. 'eiimumne



Hefcrpylomue auna guaJjora:
Kaacc, ®opm, Unr, Byks, Iiparm, Curn*

[. AHCOYT

Kaace. Kak pgena, rocmopun UHT? BH He OTHpaBUIHCH 3a
ropofi B TaKOH HpPeKPacHbIA JIeTHHH neHb?

UHT. Y MeHS BO3HHK/IO HeCKOJNbKO MLIC/IeH, H s APORYMH-
BaJ HX B OHOJIHOTEKe.

Kaace. Tpynomo6uBas muenal Kak BB moxuBaere?

HUurt. Hennoxo. He Buinuth M 00 pIOMKe?

Kaace. Baarogapio Bac. bBbiock 06 3akJaj, 4To Bhl pa6o-
TaJ¥ Haj CBOHM KOHBKOM — OTKasOoM OT HCKJIOYEHHOTo
Tperbero H ToMy nopoOHbiM. Hukak He nofimy, mouemy Ha Jio-
THKY cJelyeT HoJaraTbed The YTOAHO, TOJbKO He B MaTe-
MaruKe.

Uur. Mbl yxe roBopu/iu Ha 31y Temy. Meicib 0 TOM, 4TO
IJ1sl ONHCAHHH HEKOTOPHIX POJOB OOBEKTOB Jpyrasl JIOTHKa
MOXeT 0KasaThes GoJjlee Moaxoasfuled, ueM obbiyHas, o6Cyxaa-
Jach BpeMsl OT BpeMeHH H JO HHTyHIuHOHH3Ma. Ho Tonbko
Bpaysp mnepBeIM OTKPHLT OO0BEKT, KOTOPHIH AeHCTBHTEJNLHO
Tpebyer WHOH (OPMBL JIOTHKH. DTOT 00BEKT — YMCTBEHHOE
MareMaTHueckoe mocrpoenue [Bpaysp, 1908]. Ilpuuuna
B TOM, 4TO B MaTeMaTHKe MH C CAMOrO Hauaja UMeeM JIe0
¢ 6ecKOHEUHHIM, B TO BpeMsl Kak oObYHAs JIOTHKA cO3flaHa 11
paccyKneHHfi 0 KOHEUHHBX COBOKYMHOCTSX 2).

Kaacc. § 3Hao, HO, mO-MOeMy, JIOTHKAa YHHBepcasbHa H
ApUMEHSIETCS KaK K GeCKOHeHHOMY, TaK U K KOHEYHOMY.

UHT. BB J0MKHE NOHAITh, B 4eM 3aKJ/odasach nporpam-
mMa Bpayspa [Bpaysp, 1907]. Ona cocrosia B Hccaeno-
BAHNM YMCTBEHHOTO MAaTeMaTHYecKOro HOCTPOeHHs] KaK Ta-
KOBOTO, GE30THOCHTEJNBHO K TaKHM BONpocaM O MPHpOAe KOH-
CTPyUpYeMBIX 00BEKTOB, KaK BONpOC, CYLUIECTBYIOT JH 3TH

* KoMMeHTapuK pelaKTopa mnepeBOAa, NOMEUEHHEE UHQPaMH, CM,
Ha crp. 164. — ITpum.ped.



06beKThl HE3aBHCHMMO OT Hallero 3HaHus o HuX. To, uTO 3Ta
TOYKA 3peHHsT BelleT HeMOCPEACTBEHHO K OTKasy OT IpHHIHNA
HCKJIIOUEHHOTO TPEThero, s MOTY Jiydille BCero NMPOJEeMOHCTpH-
poBaThb Ha cJeRylomeM TNpuMepe.

CpaBHHM J{Ba TPHUBEJleHHEIX HUXE ONpejesieHus HaTypasib-
HEIX Yuces — 4ucja £ W uucna I.

I. % ectb HauboJiblllee NpOCTOE YHCJIQ, TaKoe, 4TO 2 — |
TaKKe MOPOCTOE; eCJIH XKe TAaKOro YHcja He CyIllecTByeT, TO
k= 1.

I1. ! ectb HauGosblllee HPOCTOE YUCNO, TaKoe, 4To [ — 2
TaKKe NPOCTOE; €CIH XKe TAaKOro 4ucja He CyLlecTBYyeT, TO
=1

Knaccuueckasi MareMaTuka cOBceM He NPHHUMAeT BO BHH-
MaHHe OUEBHJHOTO Pa3/JHuMs B XapaKTepe 3TUX JABYX oOlpele-
neHuii. £ Moxer GHITH BhUMCJIEHO (2 = 3), B TO BpeMs Kak y
Hac HeT crnioco6a BHUHCAeHHA [, TAK KaK HEH3BECTHO, KOHEUHa
JIH TIOCJIEfOBATEIBHOCTh NMAap TaK HAa3bIBAEMHIX «OJIH3HELOBY,
T. €. NPOCTHX uuce] Bupa p ¥ p + 2. ITosToMy UHTYHIHOHH-
cthl ortBepraior Il Kak ompeflesieHHe HaTypaJbHOTO UHCJA;
OHH CUHTAIOT, YTO UYHCJIO JEHCTBHUTENBHO ONpPENeJeHO TOIbKO
TOrKA, KOrja JfaH chnocol6 ero BblUHcieHUs. PasBuBas 31y
MBIC/Tb, MBI TIPHXOJAUM K OTKAa3y OT NPHHIUNA HCKJIOYEHHOTrO
TpeTbero, ubo ecau OB NOCJAEROBATENLHOCTL Map «OJA3HELOBY
6bl1a KoHeuHo# uiu GeckoHeunof, To 11 onpenensso 6bt HATY-
pajibHOE YHCJIO.

Kanace. MoxHO B0O3pasuTh, YTO COCTOSTHUE HAIEro 3HAHHS
O CYIIeCTBOBAHMH HJIH HECYIIECTBOBAHHH [OCJeRHEH Maphbl
«OJIM3HELI0By 3aBHCHUT OT CJYYaHHBIX OOCTOATEJbCTB H HE HMeeT
HUKaKOI'O OTHOIUeHHS K BONPOCY MaTeMaTHYeCKOH HCTUHHOCTH.
JIu6o cyiiectByer GecKOHEUHOE YHCJAO Nap «OJIM3HELOB», H
torpa [ = 1, nubo UX 4HCAO KOHEUHO, W TOria [ paBHO Hau-
6oabllleMy U3 TAKHX NpocThiX uuces I, uto [ u [ — 2 obpasyior
napy «6ju3HenoB». B moGoM nocTHxKHMOM ciydae [ ompege-
JIEHO; KaKoe UMeeT 3HaUeHHE, MOXKEM JIH MBI ero JieHCTBUTENbHO
BLIYHCJIUTD?

Unt. Bam apryment no cBoeil npupope siBasiercs Meradu-
3uuecKuM. EcJM c0BO «cyllecTBOBaTh» He 03HAUaeT «GbITh
HOCTPOEHHBIM», TO OHO JOJIXKHO HMeTb Kakoe-To Mertadusude-
CKOe 3HaueHue. 3ajlaya MaTeMaTHKH He B TOM, UTOOBl Hccle-
JXOBaTh 3TO 3HaYeHHEe W pelllaTh, MOMUTCHA K OHO. MBI He BO3-
paxaeM, ecjM KaKoH-HHOYJAb MaTeMaTHK JIMYHO NPHAEPIKH-
Baercsl MMMOHHpYylowed eMy Meradusudeckol Teopuu, HO
nporpamma bBpayspa TpefyeT, uToObl MBI H3YUaJH MaTeMaTUKY
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Kak HeuTO GoJiee IpOCTOe W HEMOCpeJCTBEHHOe, YeM MeTadbusu-
Ka. B H3yYeHHH YMCTBEHHBIX MaTEeMaTHYECKHX MOCTPOEHHE
«CyIeCTBOBaTb» JO/IXKHO 03HAYaThb TO K€ caMoe, 4TO «ObITh
HOCTPOCHHBIMY.

Kaace. To ecTh mokKa Mbl He 3HaeM, CYILECTBYET JIH
nocJefHAs napa «OnusHenos», 11 He Gyner onpeneneHueM Ha-
TypaJIbHOTO 4HCJIa, HO KOT/la 3Ta npobseMa Oyjer pelleHa, TO
Il BHesanmHo craHer onpeneineHueM. IlpeanonoxuMm, uTo
1 siuBaps 1970 rona 6yfier noKazaHa GeCKOHEYHOCTb MHOXKECTBA
«6JTU3HEI0BY; TorAa ¢ atoro MoMeHTa [ = 1, Bowio qu [ = 1
10 3To# jaaThl win Het? [MeHrep, 1930].

WHT. MaTeMaTHYeCKOe BBbICKA3bIBAHHE YTBEPKA4€T TOT
¢akT, u4TO OBLIO BHINOJHEHO HEKOTOpOEe MaTeMaTH4YecKoe Io-
crpoeHue. $IcHO, 4TO mepej TeM, KaK NOCTpoeHHe ObLIO ciesa-
HO, OHO ellie He ObLIO caenaHo. [IpuMeHsin 3TO0 3aMeuaHHe K
BallleMy INPHMepYy, Mbl BHAMUM, 4To J0 1 siBaps 1970 roza
paBeHctBO [ = 1 emte He 6b110 A0Ka3aHo. Ho 3Tto He TO, YTO BH
yMeere B BHAY. MHe KaxeTcs, 4TO BaM HYXKHO BEPHYTLCH K
MeTadU3HUECKUM MNOHATHSM, 4TOOH CHedaTh SCHHIM CMBICJ
Balllero BONpPOCa, T. €. K HEKOTOPOMY MHDPY MaTeMaTHYeCKHX
Belllel, CYIIECTBYIOUIHX HE3aBHCHMO OT HAILIEro NO3HaHMA, The
{ = 1 — HCTHHA B KaKOM-TO a0co/HOTHOM cMbicjiie. Ho s moB-
TOPSII0, YTO MATEMATHKA He JOJ/KHA 3aBHUCETh OT TAKHX MOHS-
THH, KaK 3TH. B 1eficTBUTEILHOCTH BCe MaTeMaTHKH, Jaxe HH-
TYHIIHOHHCTHI, YOexKAeHbl, 4TO B KAKOM-TO CMEICJIE MaTeMAaTHKA
HUMeeT OTHOLIeHHe K BEYHLIM HCTHHAM, HO KOrjJa HbITaellbcs
VTOUHHUTh, B KAKOM HMeHHO CMBICJIE, TO OKasbiBaelllbCsl BTSHY-
THIM B Xaoc MeTadu3HuecKHX TpYAHOcTel. EpHHCTBEHHBIH
cnocob6 u3bexkaTb 3TOr0 3aKJoyaercss B TOM, 4ToObl H3THATb
3TH TPYAHOCTH H3 MATEMAaTHKH. FIMEHHO 3TO 1 U UMeI0 B BHAY,
KOTJa roBOpIO, 4TO MH H3yYaeM MaTeMaTHYeCKHe NOCTPOeHHS,
KaK TaKoBHle, M UYTO KJaccHYecKas JIOTHKa He TOAUTCH A5
3TOro HayyeHus 3.

Kaace. Cioma uayr Hamu JApy3sba  dPopM u  bByks.
Komnern, y Hac 3nech B BhiCIIEH cTelmeHH HMHTepecHast JUCKYC-
cHsl 00 HHTYHIIHOHH3ME,

Byks. Pa3sBe MOXKHO TOBODUTb O YeM-HHUOYAb JAPYroM C
H06peiM ctappiM MHTOM? OH COBepIIEHHO TOIVIOUIEH 3TOH
TEMOH.

Hur. Ecu Bac Korma-su6o nopasusa Kpacora npelMera,
TO MOCBslafiTe eMy CBOIO XKH3Hb!

®opm. Ouenp xopomo! ToabKO 5 YL4BMOCH, KaKas MOXeT
OHITH KpacoTa B TaKOi HeoNpelie/ieHHOM BellM, KaK HHTYHIIHO-
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HusM. Hu oguH w3 Bamux TepMHHOB He onpefiesieH Kak Clle-
JyeT, y BaC HeT TOYHLIX NpaBWJ BbiBoJa. [loaroMy HuKorja
Helb3s Oyjier peluuTb, KaKHe H3 BallHX PaccyXKJIeHUH mnpa-
BWIbLHH, KakKue — Her [Kapuan, 1934, crp. 41; 1937,
crp. 461, [Ay6ucaas, 1932, crp. 57, 75l.

B o6biaeHHOM pa3roBope HHM OJHO CJIOBO He HMEeT NPOYHO
3aKPEeNJIEHHOTO CMBIC/IA; BCErja OCTAeTCS] MECTO /It CBOGOIHON
UTpbI BooOpaxkeHHs, TeM Gofbliee, yeM abcTpakTHee NOHATHE.
[TosToMy JnOAM HENONOHHMAIOT APYT APYra, W 3TO 3Ke NPOHUC-
XOAHT B HeopMaNH3OBAHHEIX MaTeMaTHYeCKHX paccyXie-
HusAX. EQuHCTBEHHEBIN cnocol foOUThbes abCOMOTHON CTPOroCTH
COCTOMUT B TOM, 4TOOBI OYHCTHTb MaTeMaTHUYeCKHe paccyXAeHHs
OT BCSIKOTO CMBICJA M PACCMATPHBATL HX CaMH 1o cebe, Kak
HoCJIeIOBATEILHOCTH 3HAKOB, He obpalliasi BHHMaHHe Ha 3Ha-
YeHHe, KOTOPOE OHH MOT'YT BbIpasuTh. Toraa BosMoxHO cdop-
MyJIHPOBATh TOYHbBIE NPABWJIA IJIs1 BLIBEJEHHS] HOBBIX YTBEPHK-
JeHUN U3 YTBEpKIAEHHH YyiKe H3BeCTHBHIX M H30exkaTh Heompe-
JIJIEHHOCTH, NOJYYaroleiics H3-33 MHOTO3HAYHOCTH S3bIKa.

HHT. MHe Kaxercs, YTO pasjinyde Mexjy (opMasucTaMd
M WHTYHIHOHUCTAMH SIBJISIETCS] IVIABHBIM 00pa3oM pasjHuueM
BKyca. Brl Takxke HcNONMb3yeTe OCMBbICJAEHHEIE DPAcCyKIeHHSA
B TOH TeOpHH, KOTOPYIO I'uinbepT HasblBaeT MeTaMaTeMaTHKOI,
HO BHI CTaBUTE cefe LEeTbl0 OTAENHTh HX OT YHCTO (JOPMAJILHOM
MAaTeMATHKH W OrPAHUYHTLCS NOSTOMY KaK MOXKHO GoJiee mpo-
CTBIMH pacCyXAeHHsAMH. Mhbl 3Ke B NPOTHBOIONOKHOCTL 3TOMY
3aMHTEPECOBaHbl He B (HOPMAJILHON CTOPOHEe MaTeMaTHKH, a
HMEHHO B TOM THIE PAcCyXAEHHH, KOTOpHe NMPUMEHAIOTCS B
MeTaMaTeMaTHKe; Mbl CTapaeMcs NPOCJIEIHTb €ro J0 CcaMbIX
JajleKuX CaefCcTBHH, IT0 NpejnodreHHe NpOUCTEKaeT H3 yOek-
JIeHHUSI, YTO MBI 3/leCh HMeeM JIeJI0 ¢ OJHOH M3 CaMBIX OCHOBHBIX
crnocobHOCTe!l 4YesioBeYeCKOro pasyMa.

®opm. Eciu Bu He Gyjere cCOpUTbCS ¢ GOPMATHUIMOM, TO
U 5 He OyJy CCOPHTbCS C HHTYHIIMOHH3IMOM. POPMAJIHCTHI NPH-
HajJleXXaT K caMoil MHDHOH 4acTH yesioBeyecTBa. Jlio6as Teo-
pust MoxKeT ObITh OpMaJIM30BAHA M TOTJA CTAHET NPEIMETOM
JJ1s1 HalIMX MerofioB. TakKxkKe M MHTYHIIMOHUCTCKYIO MaTeMaTH-
Ky MOXKHO TPaKTOBaTh TAKHM 00pasoM, u 310 OYJET CAeJaHO
[Kapuan, 1934, crp. 44; 1937, crp. 511.

Knacc. To ecTb HMHTYMIIMOHHCTCKYIO MATEMATHKY HYKHO
H3y4aTb KaK 4acTb MaTEeMaTHKH. B MaTeMaTHKe MH HCCJETyeM
CJICJCTBHS JAHHBIX JONYINEHHH; HHTYUIIHOHHCTCKHE AOMyLle-
HUsl MOTYT M ObITb HHTEPeCHHIMH, HO y HHX HeT HHKAKOro
IpaBa Ha MOHOMOJIHIO.
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UuT. Mol ¥ He mpeTeHiyeM Ha 3TO: Mbl YIOBIETBOPHMCH,
ecJiM BBl NPU3HAETe 3a HaleH KOHUENIHeHd ee NpaBoOMOYHOCTD.
Ho s Jo/KeH OTBePrHyTh YTBEPHKAeHHE, YTO UHTYHIHOHH3M
HCXOJAHT M3 Olpele/eHHBIX, GoJiee HJIH MeHee NPOH3BOJLHBIX
ponyumeHuii. Ero npeaMer — KOHCTPYKTHBHas MaTeMaruue-
CKas MbICb — OJHO3HAYHO ONpeJiesisieT ero MOChLIKH H IoMe-
m@aer €ro He BHYTPH KJIacCHYECKOH MareMaTHKH, a psjoM ¢
ueli. TTocjenHsas HU3ydaeT COBceM ApYyroit npefMer, 4eM Obl OH
uu asasuics. [lo 3T1oit e npuuuHe corJyiameHne Mexay dopma-
JIUSMOM H HHTYHIIHOHH3MOM INocpefcTBoM ¢dopMaH3alUH HH-
TYHIHOHHCTCKOH MAaTEMATHKH TaKXke ABJAETCH HEBO3MOXHBLIM.
KoHe4yHO, BepHO, YTO U B HHTYHIIHOHHUCTCKOH MaTeMarHKe 3a-
KOHYEHHYIO HacTh TEOPHH MOXKHO ¢opmasnsoBarb. HyxHo,
OJIHaKo, pas3ofpartbcsl, B 4eM CMBICH TaKoil dopManuzamuu. Mul
MOXKeM paccMarpuBath (POPMANBHYIO CHCTEMY KaK JIMHTBHUCTH-
yeCcKoe BbIPAXKEHHE MaTeMaTHYeCKOH MEICSH B HEKOTOPOM clie-
IHAJBHOM NOJAXOASIEM s3LIKe.

Ecau MBI mpUMeM 3Ty TOUKY 3PeHHs, Mbl HAaTOJKHeMCs Ha
OpensiTcTBHEe B BHJAE H3HAYaJbHOH MHOTO3HAYHOCTH SI3bIKA.
Tak Kak 3HaueHHE CJIOBA HeJIb3sl GUKCHPOBATL HACTOJNLKO TOY-
HO, 4TO0BI HCKJIIOYHTH BCSKYIO BO3MOXKHOCTL HENOHUMAHHS, Mbl
HHUKOTZla He cMoOXeM ObITh MaTeMaTHYeCKH yBepeHml, 4to ¢op-
MaJIbHasl CHCTeMa NPaBHJIbHO BbIPaXKaeT HAlllH MaTeMaTHYeCKHE
MBICJTH,

[IpumeM, ogHako, APYryi0 TOUKY 3peHusi. Mbl MoxkeM pac-
CMaTpUBaTh POPMANBHYIO CHCTEMY caMy IO cefe Kak B BhbICIIEH
CTENeHH INPOCTYI0 MAaTEMAaTHYECKYIO CTPYKTYpY; OOBeKTol ee
(3HaKH CHCTeMbI) CBS3AHBL C JPYTUMH, 4YacTO OYEHb CJIOMKHBIMH
MaTeMaTHYeCKHMH- CTPYKTypaMu. TakuM ofpasomM, ¢opManusa-
I{HIO MOXKHO NPOBOJAHTbL BHYTPH caMOll MaTeMaTHKH, U OHa CTa-
HOBUTCA MOIIHBIM MareMaTHYecKUM opyAdeM. Pasywmeercs,
HeJIb34 ObITh YBepeHHbIM, YTO (OPMANIbHAS CHCTEMA NOJTHOCTLIO
IpeAcTaB/seT KaKylo-HUOYyAb o6JiacTh MarTeMaTH4yecKod MblC-
JIM; B J0GOII MOMEHT OTKPHITHE HOBHIX METONOB pacCy:KJeHH:
MOXeT 3aCTaBUTh HAC paclIHpUTh (POPMATLHYIO CHCTEMY.

Popm. Mpl yKe HECKOJIBKO JIeT 3HAKOMBI C 3TOH CHTyauHeil.
TeopeMa TI'efles1s 0 HENOJHOTE NOKAa3aJa HaM, 4ro Jo0as He-
NPOTHBOpeunBas CHCTEMA, GOPMANTH3YIOAs TEOPHIO HATypaJb-
HBIX YHCeJl, MOXKeT ObTh HeNPOTUBOPEYHBO AONOIHEHA PasJ/iHy-
HBIMH  CITOCO0AMH.

HuT. Orsinude B TOM, YTO MHTYHIHOHU3M pa3BHBaercs He-
33BHCHMO OT (POPMAM3AIIHH, KOTOPAs MOKET TOJbKO HATH IO
CJlelaM MareMaTH4YecKOoH KOHCTPYKIHH.
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Kaacc. Boable Bcero meHst u3yMasier 10, 4ro Bel o6a Kak
6bl HauMHAaeTe HA nycToM Mecre. MHe Kaxercsl, 4T0 Bbl CTPOHTE
Bo3lyuHble 3aMKH. OTKyJa Bbl 3HaeTe, 4YTO Ballle pacCyxkje-
HHMe NPaBHJILHO, €CJH Yy Bac HeT NOJ PYyKOH HenorpeuruMoro
Kpurepusi Joruku? Buepa s pasroBapuBas ¢ CHrHom,
KOTODLIH SIB/ISIETCST PEeJNATHBHCTOM elile B OoJibLIEH CTENeHH,
yeMm Jiio6ol u3 Bac. OH TaK yMeJO0 BHIKpYYHBAeTCS, 4TO HHKa-
KOH apryMeHT He MMeeT AJISl HEro CHJIbl, H OH He NPHUXOAMT HH
K KaKkoMy TBEPJOMY 3aKJioueHHio. § 60I0Ch, YTO TaKOBa CY b~
6a BCAKOro, KTO OTKAa3blBAaeTCsl OT ONOpH! HA JIOTHKY, T. €. Ha
3/paBLIl CMEICTI.

Curd. Korza ynomuHaellh 4epra, OH yXke TYT Kak TyT.
Bl He roBopuH 060 MHe HHYEro IJOXOro?

Kaace. §I ynomsiHys Haumly BuepawHiono AHcKyccHio. Ce-
FOMHs S Cpaxkaloch C ABYMSI JADYTHMH INPOKJATHIMH peJIsATH-
BHCTaMH.

Curs. 1 ¢ yaoBO/ILCTBHEM noMor Okl BaM, HO CHayaJia Ioc-
JIylIaeM, 4TO FOBOPST BalIM onnoHeHTHl. ITo3BosbTe nMo3Hako-
MuTb Bac ¢ MouM fApyrom Ilparmom. EMy Oyjer oueHb HHTe-
PeCHO yYacTBOBAaTb B 3TOH AHCKYCCHH.

dopm. Kak noxupaere? Bol Toxke sB/sierech (usocodom
HayKu?

ITparm. §1 HeHaBHKY MeTapH3HKYy.

HuT. B Takom cayuae g06po noxaJosarb, cobpar!

dopm. [Toxkanyil, s1 661 He XOTes 3aMINATD MOIO NO3HIIHIO
ceflyac, Korja Hama AHCKYCCHs TI/aBHBIM o0pasoM Kacaercs
MHTYHMIIHOHH3MA M ee TaK JIeTKO MOXkHO 3anyrarh. Ho Goioch,
4T0 BH ommubaerech B OTHOIIEHUH HHTYHIIHOHHCTCKOH JIOTHKH.
Ha camoMm pesre oHa dopmasnnsaoBaHa, ¥ MHOTHM aBTOpaM MNpH-
HaJyexar ueHHele paborsl B 3rodl obsactd. [lo-Buaumomy,
HHTYHIMOHUCTBI LEHSAT JIOTHKY BbIIe, YeM Bhl JlyMaere, XOTA
OHA W OTJIMYHA OT TOH, K KOTOPOH Bbl IPHBHIK/IH.

HHT. MHe Xanb, yro s Bac pasodapyio. Jloruka — He
noysa, Ha Koropo#l f croo. Ja u Kak 370 MOMIO Opl ObITH?
OHa B cBOIO ouepefib HyxJaasach Obl B 0G0CHOBaHHH, KOTOpOe
cofiepxkasio Obl ropasjo OoJiee 3anmyTaHHble U MeHee NpsIMble
NPHHIHKNE,, YeM NPHHIHIE caMoH MareMarHKu. Maremaruue-
CKOe NOCTPOCHHE JO/KHO ObITh TAKHM HENocCpPeACTBEHHLIM IS
pasyMa H ero pe3yJibTaT AoJKeH ObITh CTONb SICHBIM, YTOOHI
He HyXJaThcsl HH B KaKux oOocHoBaHHSX. MOXHO O4eHb XO-
pOLIO TOHHMATb, SIBJISIETCS JH pAcCyXJeHUe IPaBHJILHBEIM,
He MOJIb3YACh JIOTHKOH; JIOCTATOYHO SICHOTO HAayyHOro Co3Ha-
Hus. M Bce XKe cnpaBelJIHBO, YTO HHTYHIHOHHCTCKAs JIOTHKA
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6ri1a pa3BuTa. Yrtobbl nokasath, B ueM ee 3HaueHue, NO3BOJLTE
MHe NpOJEMOHCTPHpoBaTh BaM ofiuH mpuMep. ITycts A osHa-
yaeT CBOHCTBO HAaTypaJibHOrO 4ucsia ObIThb KpaTtHeM 8, B —
6brrb KpaTHeM 4, € — Ot KpaTHHIM 2. 8a MBL MOXKeM 3amnu-
cath Kak 4 X 2a; 6sarofaps 3ToMy MaTeMaTHYeCKOMY IOCTpOe-
Huio P Mpl BHAMM, uTto cBoiictBo A BJeder cBofictBO B Wi
A — B. TlopoGHoe mnocrpoeHue @ nokasweiBaer, uto B — C.
Ynorpebnsas cHauana P, morom Q (cynmepnosuuust P u Q),
Mul nmoaydaeM 8a = 2 X (2 X 2a), 4ro AokasmBaer A — C.
DTOT Npouecc OCTaeTCsl MPHTOfHbIM, eciu BMecto A, B, C Mhl
NOACTABMM NMPOU3BOJILHBIE CBOHCTBA. A MMEHHO €CJIH IOCTpoe-
uue P mokasmiBaer, 4to A — B, 4 nocrpoeHne Q MoKasbiBaer,
yto B - C, 710 cymepnosunusi P u @ nokaswBaer, 4TO
A — C. Mnl monyunnu Jioruueckyio reopemy. Ilpouece, mpu
IIOMOII[H KOTOPOTO OHAa BHBefleHa, NOKAa3LBaeT HaM, 4TO OHA
0 CYIIECTBY He OT/IHYAeTCs OT MATeMATHYECKHX TeOpeM; OHa
TOJIEKO Gostee ofiia, B TOM e CMBIC/e, KaK, HampuMmep, yT-
BepXKJeHHEe «CJOKEeHHe WeJBX YuceJ KOMMYTATHBHO» HOCHT
Gosee oOWME xapakrep, 4eM yTBepkAeHue «2 -4 3 =3+ 2».
D10 caMoe MMeEeT MecTO M JJIs BCSKOH JIOTHYECKO!H TeopeMbt:
OHA sBJsSeTCS He YeM HHHIM, KaK MAaTeMaTHYeCKOH TeopeMoit
HauBbICIIeH OOHMHOCTH; HHAaYe TOBOpS, JIOTHKA SBJIseTCS Ya-
CTBIO MAaTEMATHKH U He MOXKET CJYXKHTb AJs1 ee 06OCHOBAHHS.
ITo kpaiiHell Mepe TakoBa KOHLENMUMS JIOTHKH, K KOTOpOH 5
NpHIIeJ ecTecTBeHHBIM 00pa3oM; BO3MOXKHO H IKeJaTeNbHO
pasBUBaTh HHBlE (OPMHI JIOTHKH AJ1S HHBIX LeJed.

Kak pas Ta MaremaTHyecKas JIOTHKA, KOTOPYIO S TOJIBbKO
410 omucas, u Owuia dopManusoBana. Okasanoch, YTO y MOJY-
yuBIIeiics (popMaJIbHONR CHCTEMBI HMEIOTCS cBOeoGpasHule CBOM-
CTBAa, O4YeHb HHTEepecHble B CPAaBHEHHH CO CBOHCTBAMH JPYTHX
cHcreM (popMasIbHOMN JIOTHKH. TOT (aKT NpUBeJ K HCCIefOBa-
HHSIM, O KOTOPBIX YIIOMSIHYJI TOCIOANH PopM; HO, KaK OBl OHH HH
OB HHTEPECHH, HX CBA3b C MHTYHLHOHHCTCKOH MaTeMar-
KOl sIBJIsieTcsl OueHb cJaaboii.

Byks. $1 Aaymaio, u4TOo BCe 3TO — BOOOpaxKaeMmble M HCKYC-
CTBeHHble TpPYAHOCTH. MarteMarHka — coBeplLIEHHO MpocTas
Belllb. $1 ompefesisiio KAKHe-TO 3HAKM M Jal0 NIpaBUJIA UX KOM-
OHMHHPOBAHHSA, BOT M BCeE.

®opm. Ho BaM moHapmo6sTCA Kakue-HHOYABL cnocobHl pac-
CYXKJeHusA, 4ToOB JOKa3aTh HENPOTHBOPEYHBOCTH Bauied dop-
MaJjIbHOH CHCTEMSI.

Byks. A 3aueM MHe 3TO HY:KHO ROKasuBaTth? He 3abrhiBaiite,
YTO Hamu GopMasibHEIE CHCTEMBI MOCTPOEHBL 15 MPUIOKEHH
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H 410 B o0llleM OHH OKa3hIBAIOTCS NOJE3HBIMH; 3TOT GakT ObLTO
66l TPYAHO OOBSICHUTD, ecsu OB Kaxkjas gopMyJsa Oblia B HUX
BuBoguMa. IloatoMy y Hac ectb NpakTHuecKash yBepeHHOCTb
B HX HENPOTHBOPEUYHUBOCTH, YTO NOCTATOYHO /15 HalIeH paGOThI.
$1 ocnapuBalo MHTYHIHOHHCTCKOE NOJIOXKEHHEe, YTO MAaTeMATHKa
KaxHM-TO 06pa3oM cBsidaHa ¢ OecKOHeuHeIM. I Mory Hamucathb
3HAK, CKaXeM o, M HAa3BaTb €r0 MOIIHOCTHIO HaTypPajbHOro
psAna. 3areM s MOry YCTaHOBHTb NpaBWJIA AJI MaHHIYJSIHH
¢ HUM B COOTBETCTBHH ¢ NPaBHJIaMH, KoTopue rocrnogui Kaace
HCHIOMB3YyeT AJA 3TOrO MNOHATHSA; HO, Aejasl 3TO, S I&JHKOM
AeficTByIO B obsacTH KoHeuHoro. Korza ke BhICTyIllaer NOHS-
THe 6eCKOHEYHOCTH, TO PACCyKAcHHe CTAHOBUTCS TeMHBIM H Iy -
TaHbIM. [103TOMYy Bce HHTYHIIHOHHCTCKHE yTBepKJAeHHA O Oe-
CKOHEYHOM KaxKyTcs MHe B BhICIIeH CTelleHH Heolpeje/leHHb-

MH, ¥ COMHHTEJNbHO JaxKe, HMeeT JIH TAKOH CHMBOJ, Kak 101"“,
KaKON-HUOYAb CMEICJ, a He sBJsieTcs npocto ¢urypoi Ha 6y-
Mare, ¢ KOTOpDOH Mbl IIOCTYIaeM IO H3BeCTHHIM IPaBHJIAM
[Abenoune, 1949].

Hur. KoHeuno, Bam KpaHHuil GpUHHTH3M JaeT MAKCHMAJb-
Hble rapaHTHH IPOTHB OMNACHOCTH HeNOHHMAaHHsA, Ho, MO Ha-
eMy MHeHHIO, OH BJiedeT 3a cO0OI0 Takoe OTpHIaHHe NOHHMA-
HHUs, KOTOpOoe TPYIHO NpHHATh. [leTH B Havya/bHOH IIKOJe yiKe
NOHHMAIOT, YTO TAKOe HATypaJibHble YHC/Ia M NPHHHUMAOT (AKT,
YTO NOCMENOBATENLHOCTh HATYPANbHBIX YHCEJ MOMeT OhTh Oe-
CKOHEYHO INPOJO/IKEHA.

Byks. MM npocTo BHYWIWIH, YTO OHH 3TO NOHHMAIOT.

HHT. 310 He BO3paxkeHHe, TaK Kak Boollue Joboe cool-
MeHHe TOCPEJCTBOM f3bIKA MOXKHO HHTEpPNPeTHPOBaTh KakK
BHyweHue. M EBkiun B 20-it Teopeme [ X KHHrH, Korja oH fo-
Ka3BBaJI, YTO MHOXECTBO IIPOCTHIX 4Hce] OecKOHeyHO, 3HAJ,
0 4eM TOBOPW/I. ITO 3JeMeHTAapHOe IOHSTHe HATY PaJibHOrO
YHCJIa, 3HAKOMOEe KaXIOMy MBIC/AIIEMY CYIUeCTBY, fABJsACTCH
dyHIaMeHTaNbHHIM B HHTYHIIHOHHCTCKOH MaTeMaTHKe. Mbl He
3asBJsieM, YTO OHO 00JajaeT ONpPeleeHHOCTHIO M TOYHOCTHIO
B a6COMIIOTHOM CMEIcJe: 3TO OBVIO OBl HeocyllecTBUMO. Ho Mbl
yTBepKAaeM, YTO OHO JOCTATOYHO SICHO JJIS1 TOrO, 4TOOBI MOXK-
HO OBNIO Ha HeM NOCTPOMTb MAaTeMaTHKY.

Byks. Mory Bo3pasurb, 4TO BBl NpeAnoJsaraere He CJHIN-
KoM MaJo, KaK AyMaer rocnoauH Kaace, a C/JHIIKOM MHOLO.
Brl McxonuTe M3 HW3BeCTHHX NPHHIMOOB, KOTOphle Bbl Oes
00bsICHEHMH CYWTaeTe WHTYUTHBHO SICHBIMH, M OJHOBPEMEHHO
oTBepraere ApPYyTHe clocoObl paccy:JeHHsl, He YKasblBas oc-
HOBaHMH jJif 3TOH JAUCKPWUMHHauuu. HanpuMep, OGO/bLIHH-
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CTBY JUOAEH NPHHIHMN HCKJIOYEHHOTO TPEThero Kaxercs Mo
MeHbIIeH Mepe CTO/b K€ OYEBHAHBIM, KaK NPHHIMI MOJHOH
uaaykuuu. [ToueMy BB oTBepraere mepBblif M npHHHMAaere
nociefHuii? Takofi HeoOOCHOBAaHHHI BHIOOp MEpPBOrO NpPHH-
jUIIa NpHJAeT Balleil CHCTeMe BecbMa JOrMaTtuiecKuil Xapak-
Tep.
Hut. KoHeuHO, MHTYMIIMOHHCTCKHE YTBEPKAEHHS HOIAKHBI
NoKas3arbcs AOCMATHYECKHMH TeM, KTO NMOHHMaeT UX Kak yT-
BepXkJeHHA 0 PaKTax, HO y HUX APYro# cMuicia. MHTyuiuoHu-
CTCKasl MareMaTHKa COCTOMT, Kak 5 yxKe OOBSCHSI FOCNORHHY
Knaccy, B YMCTBEHHRIX NOCTPOEHHSIX: MATEMATHYECKas TeO-
peMa BBHIPAXKAaeT YHCTO 3MOHPHYECKHHl (aKT, a HMEHHO yc-
HEITHOCTE HEKOTOPOro MocrpoeHus. «2+ 2=3- l» HyxHo
NOHHUMATb, KaK COKpAIlleHHe AJI51 YTBEPHKJACHHUSA: «51 BRIMOJHHI
nocrpoeHusi, o603HaueHHble MOCPEACTBOM «2+2» M «3-41», 1
HallleJl, 9TO OHH BelyT K ORHOMY H TOMY Xe pe3yJbrary». Te-
Heph CKaXKuTe MHe, rfie 3MeCh MOMKET BCTPETHThCSA HOrMaTH-
yeckdil ameMeHT? He B caMoM yMCTBEHHOM TNOCTPOEHHH, YTO
SIBCTBYET M3 €ro NPUPOAH! KaK AesATeNbHOCTH; H TeM Gosiee He
B YTBEPKACHHAX IO IIOBOJY MOCTPOEHHH, TAK KaK OHHM BHIpa-
AT YUCTO SMIHPHYECKHE PesyJIbTarhl.

Byke. Ho Benb BH yTBep:kjiaere, 4TO 3TH YMCTBEHHBIE MO-
CTPOEHHS BeyT K KaKOMy-TO DOAY HCTHHBI; YTO OHH He Hrpa
B COJTUTEP, 4 YTO B HEKOTOPOM CMBICJ/Ie OHH JO/IKHBI ObITh ileHHbI-
MH BJIsl YesloBeyecTBA — HHauye Bbl MocTynaJju 6b HeXopolio,
JocaxkAasi UM ApyruM JonsM. liMeHHO B 37O mpereH3uu A U
BHXKY JOTrMaTHYeCKHH 3JieMeHT. MareMartugeckast HHTYHHHS
BJIOXHOBJISIeT BaC Ha OOBEKTHBHLIE H BeUHKlE HCTHHBHL, B 3TOM
CMbICJIe Ballla TOYKAa 3peHHs He TOJALKO JOrMAaTHyHa, HO AaxkKe
reonoruuHa [Kappu, 1951, crp. 6].

Hur. B nepByio ouepesb MOH MareMaTHYeCKHe MEICJIH INPH-
Hapjiexkat Moell HHAMBHAYAaJLHOR WHTEWIEKTyaJIbHOH KH3HH
H OorpaHHYeHB! MOUM JHYHBIM PasyMoM, Kak u BooOlie Bce MOH
MeIcTd. Mp1, BooOle roBopsi, yOexjeHnl, YTO y APYrUX JiofeH
MBIC/IH aHAJIOTHYHBL HAalIMM COOCTBEHHEIM M 4YTO OHH MOTYT
Hac MoOHHMaTh, KOTAA Mbl BHIpaXxkaeM HalllM MBICJIH CJIOBaMH.
Bmecte ¢ TeM MBI 3HaeM, 4YTO HHKOrJa Hesib3si OBITh BIIOJIHE
YBEepeHHBIM, YTO Hac MOHsUIH Ge3 ommuGoK. B 3TOM OoTHOLIEHHH
MaTeMaTHKa MO CyTH feJjla He OTJIHYaeTcs OT JPYyrux npeame-
TOB, ecJH Bbl CUMTACTe MATEMAaTHKy AOrMAaTHYHOH MO 3TOH
NpUYKHe, TO BBl AO/IKHBI HA3blBATh JOTMATHYHBIM JoOoe ye-
JloBeyecKoe paccyxkjeHue. s MareMaruueckod MBICJIH Xa-
PaKkrepHo, ur0o OHa He BHIPAaXKAeT HCTHHY O BHeIIHeM MHpe, a
CBsI3aHA HCKJIOYMTENHHO € YMCTBEHHEIMH NOCTPOSHHSIMH. Mbl
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JOJIKHBI [IPOBECTH TPAHHLY MEXAY INPOCTOH NPAKTHKOH Mare-
MaTHKH M ee oueHKod. UrToOw cTPpOUTH MaTeMaTHYecKHe Teo-
pHH, HE HYXKHO HHKAKHX (QHJIOCOPCKHX NPEANOChIIOK, HO 1leH-
HOCTb, KOTOPYIO Mbl NPHIHCHIBAeM 3TOH JeATEJbHOCTH, 3aBH-
CHT OT HamuX (HIOCO(PCKUX HAeH.

Curd. Y Bac ycrapejble B3TJsipl Ha SI3bIK. TeM HeNoCTOSH-
HBIM TEKYYHM XapaKTepoM, KOTOPHIH Bhl OmHcasH, 00Jajaior
MepBOOLITHEIE fA3BIKM, NPUYEM $I3bIK IOBCEJHEBHOH JKH3HH B
OCHOBHOM elile NPHHAJJIEKHT K TOMY Xe THIY, OJHAaKO C Ha-
YaJIOM HAYYHOrO MHILJIEHUS] HauyuHaercs dopMasiu3anus Asbl-
Ka. B nocsegnue JecSTHIETHS CEMHOTHKH H3ydYaJiH 3TOT NpPO-
necc. OH ellle He KOHYMJICH, TAaK KAaK IOCTOSIHHO CO3JAIOTCS
Bce Gosiee TOUHLIE SIBLIKH.

Hut. Eciau peficTBUTEIbHO NyTh HayKH — ¢opMaIH3anHs
A3bIKA, TO HHTYHLUHOHHUCTCKAS MareMaTHKa HEe NPHHAIJEXHT
K HayKe B 3TOM cMuicyie cyioBa. CKopee, OHa — ecTecTBeHHas
JeITeNbHOCTL YeJIOBEKA, KoTopass caMa no cefe, KOHeYHoO,
MOXeT H3yyaThCsl HAyYHHIMH MeTogaMu. OHa JefCTBHTETbHO
H3y4YaJiach TAKHMH METOJAMH, 4 HMEHHO MeTojoM (opMaJn3a-
LIHH HHTYHIIMOHHCTCKOTO PACCYXIEeHHS H METOJOM CEMHOTHKH,
HO OYEBHJHO, YTO HH 3TO U3YUeHUe, HH eI'0 Pe3yJIbTaTH He NpH-
HAJJIEKAT K MHTYHIHOHHCTCKOH MareMaTHke. $IcHo, u4TO
Hay4YHOEe HMCCJIEN0OBAHHE HWHTYHIHOHHCTCKONH MAareMaTHKH HH-
Korja He JacT NOJIHOI'O M ONpefieJIeHHOro ee OMHCAHHUSA, TaK XKe
KaK HeJOCTHXKHMA INOJHAS TeOpHs APYrux sejeHud. Kak Obl
HY OBIH MHTEPEeCHH! M TOJME3HH 3TH METAHHTYHILHOHHCTCKHE
paccMOTPeHHs, UX HeJb3sl BKJIOYHTb B CAMy HHTYHIHOHHCT-
cKyio MatemaTtuky. Camo cobofi pasyMeercsi, 4TO 3TH 3aMeya-
HUS He KacaloTcsl ONMCAHHOH MHOKI0 HECKOJIBKO paHee dopMa-
JHU3aLUUH BHYTPH CaMOH MaTeMAaTHKH.

INparm. ITosBosibTe MHe NMOAYEPKHYTH TO, YTO ceHyac cka-
3ajy rocnoguH CurH. Hayka npopsuraercst Bnepes npH NOMOLILH
(popMasiM3allHH 53bIKA; OHA HCHNOJB3YeT 3TOT MeTOf, NOTOMY
uT0 OH 3dpeKkTHBEH. B wacTHOCTH, OKa3aysoch, UTO COBPEMEH-
Hble, NOJHOCTHIO (OPMAJIH30BAHHBIE S3HIKH SBJSIOTCS Had-
6osiee nonesHbIMH. MeasioM coBpeMeHHOTO Yy4YeHOTO SIBJISETCS
co3JjaHHe TOTOBOrO JJisi ynorpebsieHHs 3anaca (popMasbHBIX
CHCTeM, H3 KOTOpPOro OH JJisl Jiio60il TeopuH cMoxKeT BHIOpaTh
CHCTEMY, TPAaBHJbHO NPEACTABJSIOULYIO Pe3YJbTAThl OINHITA.
Ouerka popMaIbHBIX CHCTEM JJO/DKHA [POM3BOAUTLCS 110 KpPHTe-
PHIO NOJIE3HOCTH, A He [0 HeONpeJeJIEHHOMY H NPOH3BOJLHOMY
HCTOJIKOBAHUIO, IIPEANOUYHTAEMOMY B CHJY AOTMATHUECKHX H
MeTahH3HIeCKHX OCHOBAHHI.
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Uur. MHe TOoXe Kamkercs, 4TO COBEPIIEHHO CIIPABENIHBO
NaBaTh OLEHKY MaTeMaTHYECKOH CHCTeMBbl IO €€ [0JIe3HOCTH.
$1 nonycKaio, YTO C 3TOH TOYKM 3DEHHMS y MHTYHIIHOHH3MA /IO
cux nop ObLTO MaJIo IAHCOB Ha yclleX, TaK KakK 6blio Okl Mpex-
JeBpPEMeHHO NOAYEePKUBATh HEMHOTHE M cJiaCkle IPU3HAKHU TOTO,
yro OH MOXKET NPHHECTH KaKyio-1ubo MoJb3y B (QU3HKe
[Heryw, 1951]; no-MoeMy, y Hero Goblle IIAHCOB IPUHECTH
noib3y B (PHIOCODHH, HCTOPHH M CONHMAJbHBIX HayKaX. Heit-
CTBHTE&JIbHO, C MHTYHIHOHHCTCKOH TOYKH 3pDEHHS MaTeMaTHKa
ABJISETCS M3y4YeHHEM olpefeseHHbIX QYHKIHH yesoBeyeckoro
pasyMa M, KaK TaKoBas, CPOIHH 3TUM HayKaMm. OnHako sB-
JAeTcsl JIH N0Jb3a €{HHCTBEHHHIM MEPHJIOM IeHHocTH? JIerko
NpUBECTH TaKue ceprl AeATebHOCTH, KOTOPble HUKOHM obpa-
30M He CJAYXKAT HayKe H TeM He MeHee He JIMUICHbI 1eHHOCTH.
TakoBbl HCKyCCTBO, CIOPT, pa3BjeuyeHHs. Mmbl 3asBJisieM, YTO
y HHTYHIIHOHH3Ma €CTb LEHHOCTb TAaKOro Xe poja, KOTOpPyio
TPYAHO ONHcATh 3apaHee, HO KoTopas SICHO ollyllaercs, KOraa
HelocpeICTBEHHO HMeelllb leJio ¢ HUM. Bbl 3Haete, Kak TpyZAHa
s pusocodoB npobJieMa onpefieieHHA MOHATHA i€HHOCTH
B HCKYCCTBe, OJHaKo Jo0oi o0pa3oBaHHbI YesOBEK ollyllaeT
9Ty lIeHHOCTb. AHAJIOTHYHO OGCTOHT HeJI0 H C IIeHHOCTbIO HH-
Ty HIIHOHHCTCKOH MaTeMaTHKH.

Popm. [ 60JBUIHHCTBA MATEMATHKOB 3Ty II€HHOCTH poO-
KOBBLIM 00pa3oM MOAPHIBAeT TOT (HAKT, 4TO BHl paspyllaere Hau-
Gosee JparoicHHble MaTeMaTHYecKHe pe3yJIbTaThl; HacTosillee
000CHOBaHHE MATEMATHKH FOJ/IKHO ObLITO OBl CIACTH KaK MOXHO
Gonmbiie u3 ee peayabraToB [[masbepr, 1922]. 1o Mmo-
XKeT ObITb JOCTHTHYTO Ja¥e KOHCTPYKTHBHHIMH MeTORaMH,
TaK KaK MBICTUME! OllpefeneHHs] KOHCTPYKTHBHOCTH, OTJIHYHEIE
OT ollpefe/ieHHs, 3allMIIaeMOr0 HHTY HIIHOHUCTaMH. Benp maxke
HEMHOTHe CYIIeCTBYIOLIHE ceflyac MHTYHMIHOHHCTH He Ccorsac-
HEL TIOJTHOCTBIO AAPYT C APYTOM OTHOCHTE/IbHO ONpefle/ieHHs] KOH-
cTpyKTuBHOro. HauGosee SIPKHM nmpuUMepoM SIBJSIETCS OTKJIO-
HeHHe I'pHCCOM NOHSITHS OTPHUAHHS, KOTOpOe APYTHE HHTYH-
IHOHHCTHl  CYHTAIOT COBEpIIEHHO SCHBIM [DpeiineHTasns,
1936A, I'pucc, 1946, ctp. 24; 1946 A]. C pgpyroit cTOpOHHL,
Kaxercsl BepOATHbIM, 4YTO HecKolbKo GoJiee JubepasibHas
KOHIIeNMMS KOHCTPYKTHBHOTO MorJsia Obl CIAacTH KH3HEHHO
BaXKHble YaCTH KJIACCHYECKOH MaTeMaTHKH.

HUur. [TocKoNbKY HHTYUIIHOHHCTH TOBOPSAT Ha HedopMasiu-
B0BZHHOM f3blKe, MOXHO OXHAATb, YTO Y HHX OyAyT HeGOJb-
live pacxox/JeHHs] BO MHEHHAX. XOTS OHH NIPOSIBUIHCh CKOpee
¥ B Gomee ocTpeix (OpMax, YeM Mbl MOIVIH NMpPEABHAETb, OHH
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HHUCKOJIBKO He BBISBIBAIOT TpeBory, 60 Bce OHM KacdloTcs BTo-
POCTEleHHRIX BOMPOCOB W HE 3aTpPATHBAIOT OCHOBHEIX HAEH,
OTHOCHTEJIBHO KOTODHIX HMMeeTcsl IoJIHoe corsiacue. IloaTomy
B BHICHIEll cTeneHU HempaBlofoflobHo, 4ToObi Gosiee HIMpOKAas
KOHUEMIHA KOHCTPYKTHBHOCTH MOTJ1a MOMYYHTb NOANEPKKY
MHTYHIHOHHUCTOB. YTO XXe Kacaerci BUBHCEKIHM Haji MareMa-
THKOH, B KOTOpOi BHl MeHfl OOBHHfiETE, TO ee HYXKHO NpHHHU-
MaTh KaK Hen30exHOe CAeACTBHE HAMIMX HCXORHBIX YCTaHO-
BoK. Ee MoxHO paccMaTpuBaTh TaK e KaK yjaleHHe HesJlo-
poBBIX 06pasoBaHuil, NMPeKpPacHbIX Mo ¢opMe, HO MyCTHIX MO
cytd. OHO BO BCAKOM Clyude YacTHYHO KOMITEHCHPyeTcs oda-
pOBaHHEM TOHKHMX pa3NHYeHHUH U OCTPOYMHEIX METOHNOB, KO-
TOPBIMH MHTYHIHOHHUCTB! OGOTAaTHIM MATEMATHYECKYIO MEICIB Y.

Popm. Hama AucKyccus npuHana ¢$opMy IHCKYCCHH O
LeHHocTAX. V3 BamuX cJioB A MAeJa0 BHIBOJA, 4TO BHL TOTOBHI
NpU3HATh LEHHOCTb APYTHX KOHLENIHH MAaTeMaTHKH, HO 4TO
Bbl HacTaMBaeTe HA LEHHOCTH Bamell KoHuenuuu. He Tak nu?

Hurt. HelicTBUTeNIbHO, €IUHCTBEHHBIM [O3HTHBHBIM YT-
BepXKJEeHHEeM B OCHOBAHHAX MATeMaTHKH, MPOTHB KOTOPOro
A BLICTYIAIO, ABJIAETCA yTBEPXKHAeHHe, YTO KJaccHuecKas Mare-
MaTHKa HMeeT fCHEIH cMblca. JosKeH co3HATbCd, 4TO S 3TOrO
He moHuMmaw. Ho_paxe Te, KTO yTBEpXKAAIOT, YTO OHH MOHH-
MajT 3T0, MOrJIM OBl MOCTApATbCA MOHATH M HAUIy TOYKY 3pe-
HHA M OLEHHTh Hamy pabory.

Byks. To, uro Knaccuyeckas MareMaTHKa He MoxeT Mpe-
TEHMOBATb HA MOJHYIO fACHOCTh, MNOKA3aHO HaiauyueM napa-
AOKCOB.

¢opm. KoHeuHo, 5TO TaK, HO HHTYHIIHOHHCTCKAS KpUTHKA
3aXONUT ropasfo AaJjibie, YeM HeOOXONMMO IJIfi TOTO, YTOOHL
u30exarb MapajfoKkco; rocmogud MHT paxe He NpuBesa HUX B
KayecTBe apryMeHTa B MoJb3y cBoell KoHuenuuu. Des coMHe-
HUfA, JJIA Hero HenpOTHBOPEYHBOCTb HABJAETCA JIHIIb XKeJaa-
TeJbHBIM MOGOYHBIM MPOAYKTOM HHTYHIIHOHH3MA.

Curs. T'ocniopun MHT, BB omuchiBaere Bamly ReATEIbHOCTb
KaK yMCTBEHHbl€ MOCTPOEHHSA, HO YMCTBEHHBIE NPOIECCH MOXK-
HO HabMoAaTh TOJNbKO NMOCPENCTBOM AeHCTBUH, K KOTOPLIM OHH
NpUBOAAT, B BauleM cJyuyae IOCPEACTBOM CJIOB, KOTOphie BB
rosopure, u dopMyJs, Koropele Bbl mumure. kHe osHauaer Ju
9T0, 4YTO €JMHCTBEHHBIM CIOCOOOM H3Y4aTb HHTYHIIMOHH3M
ABNAETCA HU3yuyeHHe crposllelicd MM QOpMaJNBHON CHCTEMH!”

Hur. Koraa s cMOTPIO BOH Ha TO JepeBo, i yOeKIeH, 4TO
BIKY JlepeBO, U HYXXHa HeMasas TPeHHPOBKA, 4ToObI 3aMeHHTh
910 y6exjeHue 3HAHHEM TOTO, YTO B JEHCTBUTEJBHOCTH B MOH
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rJ1a3 TPOHUKAIOT JIYYH CBera, UYTO NPHUBOAHT MeHsl K HOCTpoe-
uuio o6pasa fepeBa. TouHO TaK ke, ofpalllasich K BaM, 51 y6ex-
JeH, YTO H3JIaraio BaM CBOH MHeEHHS!, HO BH, KaK l BUXKY, N0Y-
yaeTe MeHSl, 9YTO B JefICTBUTENBHOCTH $I NMPOHM3BOKY KoJeGa-
HHS BO3lyXa, KOTOpHIE 3aCTaBJSIOT Bac BHIIOJIHATH U3BECTHHIE
HeficTBHS, HampuMep NpPOH3BOAHTH JAPYTHe KosneGaHHS.
B ofoux ciygasix mepBasl TOUKa 3peHUS! fIBJSIeTCH €CTeCTBeH-
HoO#i, Bropasi e npeficTaBasieT coboii TeopeTHYeCKOe NMOCTpoe-
unue. CJHIIKOM yacToO 3a0L!BAlOT, YTO MCTHHHOCTH TaKHX IOCT-
POEHHH 3aBHCHT OT COBDEMEHHOTO COCTOSIHHSI HAayKH H 9TO
CJIOBA B JNEeHCTBHTEJNBHOCTH» HYKHO MepeBeCTH KaK «B COOT-
BETCTBHH C COBDEMEHHBIMH B3IJIsiIaMu yueHBIX». ITostomy a
NPeANOYHTAI0 AePKAThCsl TOTO MHEHHS, UTO, ONHCHBAS MHTYH-
IHOHHCTCKYIO MareMaTHKy, $ coo0mIal0 HeKOTOphle MBICAH
MOHM CJIyHIaTeNsIM; STH CJIOBA HYKHO NMOHHMATh He B CMEIC]Ie
KaKofi-to ¢dusocopckoll cHCTeMH, a B CMbIC/Ie NOBCEJHEBHOMN
KH3HH,

CurH. B TakoM ciygae HHTYHIIHOHH3M Kak dopMa B3aHMo-
DefiCTBHS MeXAy JIONLMH NpPeACTaBJseT COGOH COIHAJbHOE
siBJleHNe, H ero H3yueHHe NPHHAMJIEKHT HCTODHH LIMBHJIH-
3aIHH.

HUurt. Ero usyuenue, Ho He ero npakTvka. 3echb s COTJIaceH
¢ rocnoguHoM IIparmom: primum vivere, deinde philo-
sophati, u, ecin XoTuTe, MBI MOXeM NPEIOCTABHTL TNOC/IefHee
apyruM. ITycTs oHH HHTepecyloTcsi TeM, KaK $i cosfaBajl STH
YMCTBeHHBIE TIOCTPOEHHSI H KaK HX MOXKHO HHTepIpeTHpOBaTh
B Kako#-HuGY b dunocodun. SI moBobCTBYIOCH, CO3MaBast uX,
y6exxJleHveM, 9TO OHH BHECYT CBOil BKJaZ B NMpPOsICHEHHE YeJIo-
BEYECKON MBICJH,

Ilparm. ro obmas omutka Gpun0coPoB — roBOPHTL O Be-
max, KoTopbie OHM 3HAIOT HecOBepIIeHHO, H Mbl yXKe TOTOBH
nonacts B 91y 3ananuio! He moxer siu rocnogun UHT nokasars
HaM Kakue-HHOYIb 00paslbl HHTYHIHOHHCTCKOrO paccyxpie-
HUSl, YToOH MBI MOIJIM JIyYIle OLEHHTb STOT MpeaMer.

HUnt. KoHeuHo, 51 roToB M Haxe yGexfeH, 94TO HeCKOJBKO
YPOKOB namyT BaM Jyulilee NMOHMMaHHe HHTYHMIIHOHH3Ma, UeM
npofo/xuTe/NbHEIe AHCKyccHH. ITpomy Tex u3 Bac, KTO 3auH-
TEPECOBAaH B MOHX OOBSICHEHHSIX, TPONUTH BMECTe CO MHOMH B MOIO
KJIaCCHYI0 KOMHATY.



Il. APHOMETHKA

2.1. Hamypaasrnoe nucaa

WHT. ML HauHeM ¢ IOHATHS HATYpPaJabHuIX mucen 1, 2, 3uT. A
OHO HacTOJMLKO HAM 3HAKOMO, YTO TPYRHO CBECTH ero K ueMy-
uubyap GoJiee mpocToMy. Bce XKe s mommiTaiock B NPOCTHIX
cJI0BaX OMMCATh ero cMHca. B Bocnmpusituu moboro npeiMera
MBI TIpeficTaBasieM ero cefe KaK CYIIHOCTb, OTBJeKasCh OT €ro
YacTHHIX CBOMCTB. Mbl No3HaeM TaKxe BO3MOXHOCTb Heorpa-
HHYEHHOr0 MOBTOPEHHsI 3TOH CYMIHOCTH. 3HeCh-TO H JIEXKHT
HCTOUHHK MOHATHSA HaTypanbHoro uuena [Bpaysp, 1907,
crtp. 3; 1948, crp. 1237].

Kaacc. Passe 31u coo0paxeHUs] He SIBJASIOTCS MO CBoel
npupofie MeradHaHYeCKHMH?

HHT, OHM CTAHOBATCS TAKOBLIMH, €CJIM IBITATHCS INOCTPO-
UTb MX TEODHIO, HampHMep, pewiaTb Bompoc, GopMHpYeM JH
MBl MOHATHE CYIIHOCTH, abCTparupysich OT AeHCTBHTENBHBIX
BOCTIPUATHH TIPERMETOB, WU Xe, HAa00OpOT, NOHSITHE CYLIHO-
CTH JOMXHO Ha/JMYeCTBOBAThL B HalleM yMe, 4TOOLl JaTh HaM
BO3MOXHOCTb BOCIPHHUMAThL IIpefMeT OTHAEJLHO OT BCETo
ocranbHoro Mupa. Ho Takue Bompockl He HMelOT HHYero ob-
Iero ¢ MareMatikoi. Mul mpocTo KoHCTaTHpyeM (aKr, 4To mo-
HaATHe abCTPAKTHON CYIIHOCTH M TMOHSTHE MOCJeN0BaTeILHOCTH
TAaKUX CYHIHOCTel fICHBI R KaXAOTO HOPMAJLHOTO YesoBede-
CKOro CyIIecTBa, Aaxe JJsl MajJieHbKHX Jerefl.

Kaace. Jonyctum, MBI npH3HaJ M, 4TO BHl HMeeTe B CBOeM
pacnopsiKeHUH HaTypaJbHble uucia. Tenepn y Bac JO/MMKHBL
6LITh KaKHe-TO HCXOAHBle MO3WUMH /sl BalMX BHLIBOZOB.
ITpunumaere i Bl aKcuomel [Teano?

HHT. BBl MBIC/IMTE Ha f3BIKe aKCHOM M BHIBOROB, MH Xe
MBICIHM B TepPMHMHAX OYeBHAHOCTH — B 3TOM BCSl PasHHUA
MeXKIy HaMH. §I He NpPHHHMAI0O HMKAaKHX aKCHOM, KOTOpHIE 5
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mor 6Bl OTGPOCHTB, eclH 6bl 3axores. IloHsATHE HaTypaJbHBEIX
yHcesa He MOSABJfETcs Yy HAac Kak uucToe noHsrue. G camoro
HaYaJa OHO BRICTYNaeT B 00/MaYeHHH CBONCTB, KOTOpBE 51 MOTY
BHISIBHTH TIPOCTBIM paccMoTpeHHeM. §l cefiyac MOKaXy Bam,
4TO K 9THM CBOHCTBAaM OTHOCSITCS H Te, KOTOPHIe BBl OMHCHIBaeTe
npu noMomy akcuoM [leano. Ilycts «N» Oyger cokpaite-
HYeM JJIs BBHIPAXKEHHs «HATypaJbHOe YHC/0». [[Be mepBhble ak-
cuoMe! («1 ects N» M «ecqu x ecTb N, TO M clellylolliee 32 x
ecTb N») MOTYT OLIThb HeMmOCpeACTBEHHO YCMOTPeHB! IIPH BhI-
NOJIHeHHH NPOH3BOIMALIEro mocrpoeHus. To XKe camoe npume-
HHUMO K Tperbefl H YeTBepTOl aKcHoMaM («ec/i X H Y cyTb N H
caelyloliee 32 X paBHO CiefyiollleMy 3a y, TO X = y»; «cJelylo-
Imee 3a J1100bM N He paBHO 1»). UTo Xe KacaeTcsl Tak HasbiBae-
MOHl aKCHOMEI MO/THOM MHAYKUMH, TO ee HYXXHO pPacCMaTpHBaTh
KaK OCHOBHYIO TeopeMy O HaTypaJbHBEIX guciaax. ChenaeM He-
KOTOphle TMpelBapHTeJNbHBle 3aMedaHHs, KOTOpble OKaxKyTCs
NOJIe3HEIMH NPH J0Ka3aTesJbCTBE 3TOH TeopeMbl.
[MocTpoeHne HaTypa/JLHOrO YHC/JAA 7 COCTOMT B MOC/AENOBa-
TeJILHOM NOCTPOEHUH HEKOTOPHIX HATypaJbHBIX YHces, Hasbl-
BaeMBIX YHcaaMH, ot 1 g0 n, cuMBoaudecku: 1 —n, Ha
MoGOM 111are NOCTPOEHH s MBI MOXKeM OCTaHOBUTHC S, 4TOOB! HCCle-
JoBaTh, 00JajlaeT JIM MOJYYeHHOe Ha 9TOM luare WHCJAO HeKo-
TOPHIM OTIpefiesleHHBIM cBoBCTBOM. HanpuMep, Mbl MOXeM om-
PellesIUTb, BCTPedaercs JH JaHHOE YHCIO0 M, OTJIHYHOE OT A,
B psilly 1 — n. Ecnu Berpeuaercsi, TO Mbl FOBOPHM, 4TO m < n;
ecTH He BCTpeuaeTcs, TO Mbl FOBOPHM, wro m > n. Hasee,
HMeeT MeCTO TeopeMa: «eCJH m==n U m >n, T0 n < m».
H6o eciu m ue Berpewaercss B 1 — n, 5TO 3HAYHUT, YTO B TOT
MOMEHT, KOrJa MBI 3aBepllaeM MOCTPOEHHE 7, TMOCTPOeHHEe m
ellle He 3aKOHYEHO; II03TOMYy A BcTpeuaercs B 1 — m,
TeopeMa nosnHOH MHAYKUMH JOiycKaeT J10Ka3aTeJLCTBO
Toro e pofia. Ilycrs E(x) Tako#l npeguKaT Hal HaTypaJbHHIMH
uuciaamu, gro E£(1) uctuHHO W wro Ais mo6oro n E(n) Baewer
E(n’), tme n’ — aucno, caefyiomee sa n. [lycts p — mo6oe
HatypansHoe gucno. IlpoGerass psax | — p, Mbl 3HaeM, uTO
cBoiictBo E, ucTuHHOe AJs 1, coxpaHsiercsl Ha JoGOM Iare
NOCTPOeHUs pP; CJelloBaTeJLbHO, HMeeT MecTo E(p).
AHanoruyHble 3aMeuaHHs] MPHMeHMMb! K OOBIYHBIM peKyp-
CHBHBLIM ONpelesIeHHsIM CYMMBI H NpPOH3BeleHHs1 B 06sacTH
HarypaJbHbX gHces. [IpoGerasi 1 — p, MBI BUIHM, YTO JdeHcCT-
BHUTeJILHO @ 4~ p U p-a onpeflefieHbl A5 MOOHX HATYPaJdbHBIX
unces @ 1 p. Konn ckopo Mul 06J/1aaeM OCHOBHBLIMH METOL2MH
HHAYKUMH U PeKyPCHH, MOCTpOeHHe apHOMEeTHKH HaTy pasih-
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HBIX YHCEJ He BCTpedaeT Cepbe3HHX TPYAHOCTell, paBHO Kak #
NOoCTpPOeHHEe APHPMEeTHKH LEJNBLIX 4HCeN H Aaxe apHPMeTHKH
pauMOHANBHHIX YHCes. TPYAHOCTH BO3HHKAIOT TOJIBLKO TOTAA,
KOTIa TPHXOAUTCS PAacCMAaTPHBATL BCIO COBOKYIIHOCTh LEJIBIX
uhces, KaK B NPeANpHHSTON HaMH BO BpeMsi AHCKYCCHH IO-
nuitke 11 onpenenuts HekoTopoe menoe gucao. Ho Takue npob-
JIeMHl He OTHOCATCS K JeMeHTapHO# apHudMeTHKe.

dopm. By HEOMHOKpaTHO TOBOPHJH O PABHBIX HATypaJb-
HHIX uHcaax. UTo ato osHawaer? Passe He o6s3aresNbHO onpe-
Ie/eHHe paBeHCTBAa, OCHOBaHHOe, HANpUMep, Ha TNOHATHH
B3aUMHOOJHO3HAYHOTO COOTBETCTBHS?

Hur, JeficTBUTENLHO, STOT NYHKT HYXJAaeTcsi B HEKOTOPOM
pasbsacHeHHH. {5 5TOro MHe mpuueTcs JAaxe HEMHOTO Iepe-
CMOTpeTh Hallie NOHSITHe HAaTypaJbHOro uucsia. Ecau 6nt HaTy-
pasibHOE YHCJO OLUIO TOJNLKO — Pe3yJbTaTOM YMCTBEHHOrO
IIOCTPOEHH I, TO OHO He NMPONOJKaI0 GH CYINeCTBOBATb NOCJe
3aBepUIeHHS AKTa 3TOrO MOCTPOEHHs! H OBLIO GH HEBO3MOXHO
CPaBHMBATh €ro ¢ JAPYTHMH HATypPaJbHHIMH YHCJAaMH, IOCT-
POEGHHHIMH B JIpyroe BpeMsi H B ApyroM Mecte. $IcHO, 4TO MHl
He CMOXeM pelMTh 3Ty npobaeMy, ecau GyAeM NpUIepXKH-
BaThCsl TOH TOYKH 3peHHsI, YTO MaTeMaTHKa SABJSETCH YHCTO
yMcTBeHHOR . B NeficTBHTeNILHOCTH Mbl (UKCHpPYEM HaTy-
pasbHOe YHCJIO X CPefiCTBAMH MaTepHaJLHOTO NpelcTaBJeHHs;
C KaXJHM 5/IeMEeHTOM MOCTPOEHHS X MH CBf3LIBaeM, HampH-
Mep, TOUKy Ha GyMare. DTO NOMOraeT HaM CpaBHHUBAaTb IIpH
IIOMOIIY [POCTOr0 HaGJIOACHHS HaTypaJbHble YHCJIa, MOCT-
pOeHHble B PasNHuHOe Bpems %),

®opm. Ho Befipr 3TO cBOmHTCS K NPUMEHEHHIO B3aHMHO-
ONHO3HAYHOTO COOTBeTCTBHS!

HHT. MOXHO cKa3aTb H TaK, ec/H Mbl OCO3HaeM, YTO MPO-
IlecC CPaBHEHHSI HaXOMHTCA Ha JIOMaTeMaTHYECKOM YpOBHe.
MaremaTnKa HauHHaeTCs MoOcJe TOro, KaK BbIpaGOTaHLl MOHA-
THA HAaTypaJbHBIX YHCeN H PaBeHCTBa MexAy HUMH. KoHeuHo,
pasfie/leHHe MaTeMaTHKH M JOMaTeMaTHKH HCKYCCTBEHHO, TaK
XKe KaK H J1000e pacu/ieHeHHe Yes0BeYecKOl MBICJIH, HO OHO
COOTBETCTBYeT BRXKHOMY Das3jHYHIO B X MeTOAaX.

Byks. MoxHO 6blJI0O 6Bl 0XUAATH, YTO OCHOBHEIE MOHSATHS
MaTeMaTHKH OYAyT MPOCTHIMH M SICHBIMH, HO Balle NOHSITHE
HAaTypaJLHOTO YMCJAa OKas3HBaercsi AOBOJLHO CJIOXHEBIM.

Mut. Hackonbko s 3HalO, NCHXOJIOTHS He OTKPEUIA aTOMBI
pasyMa. Jlio6oe NMOHATHE MOXKHO aHAJIH3HPOBATb, HHYTO He-
NOCTHXKHMO caMO 1o cefe; o0bsicCHeHHe JIOG0T0 MOHATHS 3a-
BHCHT OT €ro OTHOWIeHH# K ApyruM modstusiM. [Toustue naty-
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paJIbHOTO YHCJIA He ABJISETCS UCKJIOUEHHEM H3 3TOTO MPaBUJA.
Bce e OHO NPHUIrONHO A/l TOro, 4TOGBI CNYXKHUTL ORHHM H3
OCHOBHBEIX TOHATHI MaTeMaTHKH, IVIaBHBIM 00pas3oM B CHJIY
cyeyioMuX MpHYHH.

1. OHO JIerKO TMOHHMMAeTcs JIIOOBIM UYeJIOBeKOM, HMeIoIIHM
MHHHMaJbHOEe Ofpa3oBaHHe.

2. OHO yHHBepcaJbHO NPUMEHHMO B Mpomecce cuera.

3. OHO JeXHUT B OCHOBAaHHH NOCTPOEHUS aHAJNH3A.

Knace. Eciu He Kacatbest 3tux ¢umocodckux Bompo-
COB, TO Balile TIOHHMaHHe apH(METHKH PAIlHOHAJIBHBIX UHCEN
cOBNajiaeT C HaUIUM.

2.2. Hedcmaumensroie #iucn08bie 2ene pamopbst

2.2.1. Onpederenue;, omuouierue cosnaderusn

Hur. Ha,Ho Ha ciaenyomefl CTAHIMH, HA CTAHIMH AedCTBH-
TeJbHHIX YHCEJ, MBI BCTymaeM COBceM B Jpyro#i JaHpmadr.
Kak U B KJaccHuecKOH MaTeMaTHKe, TaK H B HHTYHIIHOHH3Me,
BO3MOXHH Pas/MYHLIE SKBHBAJEHTHHIE TEOPUH JeHCTBUTENbL-
HEIX YHCEeJ [Bpayasp, 1919 A, crp. 3; [Fe#itunr, 1935].
$1 u3noXKy 3filech BKparile TEOPHIO KAHTOPOBCKOTO THNMA, YTO
nosiesHee sl HAUIMX [ese.

[IpegnonoxuM, YTO yKe pa3BuTa TEOPHS PaIlHOHAJILHBIX
ypces, BKJIOYAOLlasi TEOPHIO HX ynopsigodueHus. [locieno-
BaTeJILHOCT: {@,} PALHOHANLHBIX YHCEJ HA3LIBAeTCsl nocAe-
JdosamenvHocmoto Koww, ecnu IS KaXAOro HATYpPasbLHOrO
uhcsia k£ MBI MOXKeM HafTH HaTypaJbHOe YHCIO n = n(k), Ta-
KOe, 9TO |@nip — an | << 1/k Ao MmoOGOro HaTy pasIbHOrO YHCAA
p. DTO HYXKHO MOHMMATL TaK, YTO 110 ZAHHOMY 2 MHl B COCTOSI-
HuM 3¢pdeKTHBHO onpefenuTb n(k).

NMpumep. TIlocrenosatenbHocTs a = {2-"} ecrbh mocJe-
BoBatensHocts Komu. Ilyers nocaefoBatenbHocTs b ={b,}
onpeflejieHa CJAeYIOIHM 0OGpasoM: ecjH n-ff 3HAaK Tnocae
3anATON B JIeCATHYHOM PAa3JIOXKEHUH YHC/Ia T ecTh 9 mepBoro
BXOXJeHus mocyefoBaTenbHocTH 0123456789 B 31O pasJoxe-
HHe, TO b, = 1; BO BCSIKOM JApyroM cayuvae b, = 2-". [locre-
ROBaTEJILHOCTD b oT/INYaercsi OT @ He Goslee YeM ONHHUM WIEHOM;
TakuM ofpasoM, KJjaccuuecku b sBJjsiercsl mocJefoBaTeNb-
HocTeio Ko, HO moKa MBI He 3HaeM, CyLIECTBYeT JH BXOXJe-
HHE nocaefoBatesbHocTH 0123456789 B mecsAiTHuHOE passioxe-
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HHe 71, MBI He MOXeM HalTH Takoe f, 4TO AJs1 Jio00ro p HMeeT
1
MecTo |bnip —ba| < 53 CHIElOBATeNIbHO, MEI He HMeeM NpaBa

yTBepxIaTh, 4TO b sABJseTcs nocaefloBarenbHocThio Komu B
HaleM cMEicTe.

Onpenenenue 1. [Tocnenosarensuocts Komu us pamuo-
HaJILHBIX YHCEJ Ha3bBaeTcsl OelicrmsumenbHolM 4UCA08bIM 2eHe-
pamopom (cokpatienHo UI')D.

Jda UI' a={a,} u b= {b,) moocdecmsennst, eciu
an = b, npu J060M n. Mul BripaxaeM 3To Tak: @ = b. Onpe-
JeJisieMoe HHXKe MOHATHE COBMaJeHHus ABJseTcs Gojlee BaXKHBIM.

Onpepgenenne 2 J[JBa UI' a= {a,} u b = {b,}
coenadarom, ecau Jas Jo6oro K Mbl MOXeM HaHTH Takoe
n=n(k), 90 |@pip — bnip|<1/k mas moGoro p. 310
OTHOLIEHHe 0603Hauaercsi MNOCPeNCTBOM & = b.

T eopewma. Oruomenue coBnafienuss Mexay UI' sBnser-
csl peIeKCHBHBIM, CHMMETPUYHLIM H TPaH3UTHBHBIM. ITpocToe
J0Ka3aTesNIbCTBO  OOMIEeH3BECTHO.

3amevanue. [aa ganHoro a = {a,} MOXHO HaiiTH
Takoil b= {b,}, 4TO @a=05b u YTO MNOC/NENOBATEJLHOCTL {b,}
cxonutcs OblcTpo. Hampumep, uToOn NONYYHTH HepaBeHCTBO

1
|bnip —bn| <~ B M0OHX n H p, ROCTATOYHO B3ATH
by = anx) npu Jobom k9.

Eciu wam B nocaefyioueM H3J0XeHHH BceTpeTHTes UT,
o6o3HaueHHli 0flHOIl 6YKBOIl, HAMpUMeEp U, TO OH TaKkKe OyJeT
o60o3HauaTecsl nocpeiacTsoM {v,} u nox v, OyAeT noApasy-
MeBaTLCA -1 KOMIIOHEHTa TOCJEJ0BATENLHOCTH U.

TTocKo/AbKY MNOHATHE JeHCTBHTEJBLHOTO YMCJIA TNpeAnosa-
raeT OCHOBHHIE TOHSTHS TEOPHH MHOXECTB, TO 51 OTKJIalblBal0
Jo raaBo 111 onpefenenue JeficTBHTENBLHOTO YHC/IA, KaK MHO-
X)ecTBa cosmafatomux UI.

2.2.2. Omnowenue wHepasencmsa mexcdy YI

[TporuBopeunBocTs @ = b (2 3TO 03HauaeT, YTO MPEAIo-
JoxeHHe @ = b BelleT K IIPOTHBOPEYHIO), MHl GyJeM 3amuchi-
BaTh B BHIE @ == b.

Teopemal. Ecau a==b nporuBopeunBo, To a = b
{Bpayasp, 1925, crp. 254].
JoxasarteabcTBo. BosbMeM Takoe 1, uToOb AJs
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1 1
KaXAOro p HMEJIO MECTO | Gnyp — @ | < g, H [bnip—bn| <3
1
1 ke
| @nep — bnip| >z AN mOGOTO  p, OTKYA2 CJEOBAMO

Jlanee, NPENNOJOXHB, YTO |@n — bp| > MBI OB HMeJH

6bl, uto a = b. Ilostomy |a,,—b,,|<—2- H npu JoboM p

2 “
|@nep — bnip| <7 - TaK KaK IS KamAOTO K MOXKHO HaliTH

TaKoe 1, YTO NOCJeJHee HepPaBeHCTBO CNPaBeNJIHBO I1PH JI060M
p, 10 a=b.
Kanace. Ham HyxHO Beipa6oTaTh y ce6  IPHBBIUKY K TOMY,
yTO TaKasi TeopeMa Boofille HyXJaeTcs B JOKa3aTesbCTBe.
Hut. Jloka3aTenbCTBO HEBO3MOXKHOCTH HEBO3MOXKHOCTH
KaKOro-HHGY b CBOHCTBa He BCETa eCTh J0Ka3aTeJlbCTBO 3TOr0
ceofictBa. [loyunTenpHO npOM/IOCTPHPOBaTL STO HAa cJe-
myiouwem npumepe [Bpaysp, 1925, crp. 252]. § sanmuchiBaio
necATHYHOE pasJoXKeHHe N, a MNOR HUM JecATHYHYIO ApoOb
p = 0,333..., Koropylo s1 OOpHIBal0O B TOT MOMEHT, Koria
noc/1efoBaTesbHOCTL 3HaKoB 0123456789 BnepBhle mosp./siercs
B pasnoxeHuu n. Ecaun nudppa 9 u3 nepBoro BxOkAeHHSA
0123456789 B mt sABasieTca k-M 3HAKOM IOcje 3aMfATOH, TO
10k 1
= S

HaJIbHBIM; TOTA PABEHCTBO p=

Teneps npeanos0XuM, YTO 0 He MOXKeT OuTh PaLHo-

10% —1

EWT 6bls1I0 OBl HEBO3MOXKHO H
noc/aefoBareabHocTh 0123456789 HuKoraa He nossJ/snach 6Ll B,
HO Torza p=1/5, YToTOXKe HeBO3MOXHO. [IpemmosoxeHue, 4TO
0 He paIMOHAaJNLHO, MPHBENTO Hac K nporuBopeudio. OfHAKO
MBl He BIIpaBe YTBepXKAaTh, YTO @ PALMOHAJLHO, H6O 3TO 03-
Hayano Onl, 4TO MEl MOXXeM BRIYHC/AHUTL YHCJAMTENb U 3HAaMeHA-

TeJb HeKOTOpOH# HecOKpaTHMoil Apofu g, paBHOH p; a Aas

9TOro, OUeBHAHO, TpeOyercd, uToGb! MBI MOIJIH JMOO yKa3aTb
Bxoxaenue 0123456789 B nt, nu60 [OKA3aTh, YTO TAKOTO BXOXK-
LeHHsl He CYIecTBYeT.

Knace. M Bbl, KoHeuHo, OoTBepraere MoH HOBOA, 4TO 0
PaBHO OJHOMY M3 panHoHAJLHBIX yucea 1/3; 0,3; 0,33 u . 1.,
XOTSl MBl He 3HaeM, KaKOMy H3 HHX.

Hur. CoBeplieHHO NMPaBUJILHO; 10-MOeMy, HelCTBUTeJNbLHOE
NojoXKeHHe Bellell Jyyuie BbIpasuTh, rOBOPsl, YTO 0 HE MOXKeT
OLITH OTJIHYHBIM OT BCEX STHX YHCEJ.
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Kaacc. Mue kaxkercs, 9TO TPYZHOCTH BO3HHKaOT 6.1aro-
flapsi Ballell HHTEpPHpPeTAaUHH OTPHIIAHHS, KOTOpas OTIHYAETCS
oT ofwigHoil. I/ Bac BHICKA3HBaHHE «P HE DAIlHOHAJILHO®
03HAaYaeT TO JKe caMoe, YTO «NPeRno/ioXKeHHe palHOHaJILHOCTH
Q BelleT K NpoTuBopeunio». [losTOMy BBl rOBOpHTE HCKJIOYH-
TeJILHO O JIOKHOCTH «de jures, TOrfa Kak OGbIYHOE OTpHLaHHE
OTHOCHTCA K JIoXHOcTH ¢de factos. D10 MoxeT c1yxuTh 0Ohsic-
HEHHEM CTPAHHOTO NMOBEJEHHs BAaLIEro OTPHIAHHS.

Hur. §I Mory mpHcoenMHHTHCS K 3TOH TOYKE 3PEHHS, eCH
MBI COTVIaCHMCsl, YTO B HHTYHIIHOHHCTCKOH MaTeMaTHKE TOJILKO
JIOXXHOCTb «de jure» MOXKeT HrpaTh pOJib; BBENEHHE JIOXKHOCTH
«de facto» nporuBopeunso 6nl NPUHIHNY KOHCTPYKTHBHOCTH.

Crporo roBopsi, Ml JO/KHBI XOpOLIO pas3/nHyaTh HCMOJb-
30BaHUE «HE» B MaTeMaTHKe M €ro HCIOJL30BaHHe B MOBCe-
JIHEBHOM sI3LIKEe HeMaTeMaTHYeCKHX paccy:KZeHuil. B maremaru-
YeCKMX YTBEDXKIAEHHSIX He MOXeT BO3HHKHYTH HeOI pelesieH-
HOCTb; «He» Bcerfla UMeer TOUHBHIA cMpici. «CyXKJIeHHe p He
IBJISIETCS] HCTHHHBIM» HJIH «CYXKAEHHE P SIBJISAETCS JIOKHBIMY 03-
Hauaer «npeanoJaras HCTHHHOCTb p, Mbl NPHAEM K NPOTHBO-
peunto». Ho ecsiu Mel roBopuM, uto paHee onpegenenust UI' p
He pallOHaJ/eH, TO 9TO He MBICIHTCS KaK MareMaTHYecKoe YT-
BepXKAeHHe, a SBJSETCS NPOCTO KOHCTATHpOBaHHeM (aKrTa;
nof 3TUM s NOAPa3yMeBalo, YTO A0 CHX MOp elne He GLJIO A2HO
NOKa3aTeLCTBO PAllHOHAMBLHOCTH Q. Tak Kak He Bcerga Jerko
YBHIETH, SIBASIETCS JIH CYXKAEHHE MaTeMaTHYeCKHM yTBepxK[ie-
HHMEM HJH KOHCTAaTHPOBAHHEM HACTOSHIErO COCTOSHHS HAIETo
3HAaHHA, TO HeOOXONHMO OBITh BHHMATENLHLIM NPH (OpMYIH-
pPOBaHMH TaKoro pofa cyxienuft. Tam, rme ects omacHocThb
BNacTh B JABYCMHIC/IEHHOCTb, MBI II€pefiaeM MaTeMaTHYeckKoe
OTpHIIAHHE TIPH INOMOWIH TAKUX BBIPAXKEHHH, KaK «HEBO3MOXK-
HO, 9TO0BLIY, «JOXKHO, YTO», «HEe MOXKeT OLITh, 4T0» U T. 4., B TO
BpeMsi KaK (aKTHuecKoe OTpHIIaHHE Nepefaercsi NoCpeACTBOM
TaKHX BBHIpaXKeHMH, KaK «Mbl He BIpaBe YTBepXKAaThb, YTOY,
«HHKTO He 3HaeT, 4TO» H T. [.

Hmeercss xpuTepuil, NpH NOMOMMU KOTOPOTO MEI MOMKEM pac-
[I03HABATh MaTeMaTHYeCKHe YTBepxkKJAeHHs KaK TakoBuie. Kaxk-
Jloe MaTeMaTHYecKoe YTBePXKJAeHHe MOXHO BHIDa3HTb B (opMe:
«51 BHIMONHUA B yMe nocTpoeHue A». Marematuueckoe orpH-
HaHHe 9TOr0 YTBEPXKJAEHHS MOXHO BEIpa3uTh KaK «$I Bulmos-
HHJ B yMe NOCTpoeHHe B, KOTOpoe NPUBOAUT K IPOTHBOPEUHIO
NPENNoJIOKeHHe, 9TO MOXHO JOBECTH A0 KOHLA IIOCTPOEHHE
A». Ul yTBepxKIeHHe, U OTPHIIAHHE BHPAXKEHB! 3/1eCh B OfHHAKO-
Bo#t opme. C Apyrofl cTOpoHb!, PaKTHUECKH OTPHUIAHHEM Mep-



BOrO yTBEpKJEHHs! sABasAercs: «Jl He BLINOMHHA B yMe MocT-
poerne A»; 3T0 KOHCTAaTHPOBaHUE He MMeeT (OPMEl MaTeMaTH-
yecKoro yTBepXKIeHHs.

IparM. MHe Kaxercsl, YTO Bbl OYEHb 3aHHTEPECOBAHH! B
TaKUX NMpHMepax, KakK NpHUMep uucaa Q. I HaX0Xy HX MOYTH
B Kaxfoi Bamell pabore. IlocTopoHHeMy ueslOBeKy mocTpoe-
HHYe TAKHX HCKYCCTBEHHBIX MAaTOJOrMYeCKHX MPUMEPOB KaxeT-
¢l KaKUM-TO HECEpbe3HBIM 3aHSITHEM.

Hnr. HaM npuxomurcsA CTPOUTb TaKHe NPUMEpH, YTOOHI
yOexaaTh APYTHX B HeoGXONMMOCTH [OKa3aTe/NbCTBA HeKOTo-
pBIX npe;wmi(eﬂnﬁ. Ho 6bu10 651 HelPaBHJILHO CUHMTATh HX
CyIIeCTBEHHOH YaCTbiO HHTYHIHOHHCTCKOH MaTeMaTHKH, TOYHO
TaK Xe, KaK Obu10 6Bl HenpaBUJILHO 10JIATATh, YTO HelpephIB-
Has, Hurfe He audpdepeHuupyemasi ¢yHkuusi Befiepumitpacca
ABJAETCS CYINeCTBeHHOH YacThio KJjaccuyeckoro AuddepeH-
HAJBLHOrO HCUHC/TeHHs ®).

2.2.3. Ommnowenue omdeserHocmu mexcoy YI'

OnHaKO Mul y¥Xe€ CJUIIKOM A0AT0 3aHHMA/MHCh HeraTHBHBIM
MOHATHEM HEpaBEHCTBA, HEraTHUBHLIE MOHATHA IJAd HAC Jaxe
MeHee BaXHBI, UeM B KJaccHuecKOH MaTeMaTHKe; KOrfa TOJNbKO
BO3MOXHO, Mbl 3aME€HsCM HX NMO3HTHBHBIMU NMOHATHAMH. B Iy~
yae HepaBeHCTBA YT Mu JeJiaeM 3TO C MOMOMUIBIO CJIEAYIOEro
onpenesieHu .

Onpepenenue 1.UI a u b omdesensr, aith, eciu MOXKHO
HANTH TakKHe 7 U R, YTO |@nyp — bngp| > —z——,IlJIH Jmoboro p

(Bpaysp, 1919 A, crp. 3]. YcioBue a 1+ b Bieder a==b,
HO MB He HMeeM MNpaBa yTBepXJaTb oOpaTHOE. DTO MOXKHO
[0Ka3aTh NPH MOMOIIKM [pHMepa, eile GoJiee YTOHYEHHOTO,
ueM npembigyiuil. [TocKOMBKY ¢ HHMM CBf3aHEL HEKOTO-
pble TOHKHe BONPOCH, fl OTJIOXY €ro A0 OfHOH H3 CAelyIOHIHX
naekuuit (8.1.1). Haperocs, u ceituac foctaTouHo SicHO, uTO yc-
JoBue a 1 b Tpebyer Gosbluero, ueM ycjaoBHe @ == b, mo-
CKOJMIBKY nepBoe H3 HHX TpefyeT NefiCTBHTE/NLHOrO yKasaHHs
uuceqn n M kR, TOrAa Kak AIs NOCJAEeZHero AOCTATOYHO JIMINb
JOKa3aTe/IbCTBO HEBO3MOXKHOCTH 7).
S| BuiBeny ceiiyac OCHOBHBIE CBOIiCTBA OTHOWIEHHS 1.
Teopemal. Eciu atfbd, 10 b4 a.
Teopema2 Ecm affb u a=a’, 10 o 0.
ILokasarenbcTBo. Mbsl MoxemM HaliTH n u A,
TaKue, UTO

| @nip —bnep | > 1/ k ans moBoro p.
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Hanee BO3bMEM s, Takoe, HTO
, i
[Qmip— @, <2_k s mo6oro p.
Torma, ecau f sBasieTcss HAHGOMBIIUM U3 7L H 1, TO
la,, —b L p1s mooro
h+p h+pl > 2k A pP-
Teopemad. Ecam aifb HeBosMOXHO, TO a=2b

(Bpaysp, 1925, ctp. 2541

JokasatenncTBo Teop. 1 u3 2.2.2 GHIIO MOCTPOGHO TaKHM

0o6pasoM, u4TO B HEM CONepXKHTCS H0Ka3aTeJIbCTBO H JaHHOIM,
GoJjiee CHJIBHOH, TeopeM:l.

Teopema4. Ecau atfd, 10 s moboro UL ¢ umeer
Mecto affc uan b3 e

JokasarteancTBo. Tak xe, KaKk B A0OKA3aTesb-
cTBe TeopeMhi 2, MbI HaxomuM k2 W A, Takde, UTO

(i) [ @hip _bh+p|>71; npu JoGoM p;
(i) |G —anp|<g ~ mpH mobom p;
(i) [bas— bren] < oy npu moGoM p;
(iv) lehy — Cuap| << gi;e npu Jmo6oM p.

Torpa B cuny (i) mpu p =1 umeem ]ah+1———ch+1]>2ik,

1
W [bpyy — Chia| > 57
B nepsoM ciaywae Mbl monywaeM us (ii) u (iv), uro

1
| @hep — chup| > ; pH mobow p,

orciofa a i ¢; Bo BTOpOM cayuae

|bhsp — chep | > g mpH m0SoM p,
T.e.biec
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2.2.4. Ocnostie onepayun wad 4I

Onpenenennel. Ecan an b cym Ul u aBisioren
[OCJIENOBATEIBHOCTAMH {@n} H {b,} COOTBETCTBEHHO, TO
(iYa + b ectb nocienoBaTeNbHOCTb {@, - bn};
(ii) ab ecTb nocnenoBaTeNbHOCTb {@,b.};
(iil) — @ ecTb nocjenoBaTeJbHOCTh {— ay};
(iv) Ecmu @ 3: 0, To a ! ecThb nOCIENOBATENBHOCTL {Cn},
rae ¢n =a;!, ecmn @, =0 u ¢, =0, ecin a, = 0.

Teopewma 1. I[TocnenoBaresnvhoctd a + b, ab, —auna™
cytb Ul

,U, oKa3aTeJabCTBO. Jlerko JloKa3LBaeTCs H3BECTHLIMH
MeTOdaMH, 4TO BCe€ oOIpeJejeHHble IOoCJAENOBATC/bHOCTH
SBJSIIOTCS  NOCJef0oBaTeNbHOCTIMH  Kolirn,

Bameuvanus. (1) 3amerum, uto a ! MOXKHO ONpeNeNHTh
TOIBKO B TOM cJyuae, Koria a H: 0; 3To ycjoBHe HeO06XOAHMO
H JIOCTaTOYHO JJIsl TOro, 4TOOHI J0Ka3aTb OrpaHHUeHHOCTH IoC-
JIEIOBATeJILHOCTH, onpefesiomieit a™'t).

(2) PaunnonanbHoe 4HCJIO r MOXKeT OBITb OTOXAECTBJEHO C
N0C/IefloBaTe/IbHOCTBIO, KaXIblfl ujeH Kortopod ectb r. Ilpm
HOMOIIH 3TOTO NpHEMa CHCTeMa Noc/eloBaTeIbHOCTeH, NOpPOXK-
JAOMHUX JAeACTBUTEJBHBEIE YMCJIA, OKa3mBaeTCs pacliipeHHeM
CHCTEMH! palHOHAJbHBIX UYHCeJ. JTO 3aMedaHue OBLIO NpHMe-
HeHo B omp. 1 (iv).

(3) Ons pauuoHANBbHBEIX YHCE He HYXKHO NpPOBOIHMThL pas-
JIHUHEe MeXJy == H 3%, TaK Kak ec/H @ =~ b, T0 a — b sABAsercs

pauHoHaNbHEIM YHCIOM, OTJHYHEIM OoT O u |a—b | = p/q >§5 .

Teopema2. Ecnua=a'ub=>0',10a+b=a"+ b’
H ab=a’b’.

Ecim a =a', Tfo—a=—a’.

Ectn a0 nw a=a’, 70 a* = (@)™

HoxasateabcTBo. J[okakeM TOJIbKO NOCNelHee
yTBepxnenne. Tak kak a 0, Mbl MoXeMm HaliTH n H |,
TaKHe, UTO | @n4p| > 1/ AN1s1 moGoro p; B cuny Teop. 2 us 2.2.3

o ’ L ¥4 ’ 3’
Mbl TOYHO TaK XKe Halinem n’ u j’, Takue, uT0 |, |> 1/j
Aas gwoboro p.
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[Ipu moGom naHHOM HATypaJbHOM 4YuCJIe R MH MOXeM
onpenenuTs [ Tak, 4TOGRl HMEJIO MeCTO

’ 1
|Qp —a,, | <jTE aas  Jmoboro p.

[Mycte @t =c u (a')™* = ¢’, Torna, ecniu m HanGojbluee
us uucen n, n', I, To
’ i
' Cmip — Cmp 1
(omep — g | = Lomr = men] 1
[ @i p%mip

s Joboro p.
Orciona ¢ =c'.

2.2.5. OcnosHole moscdecmsa

J1s1 KpaTKOCTH 3amHCH OCHOBHBIX TOXIECTB s BBeAy Io-
HATHE paUHOHAJbHOH (QYHKUUH.

Onpeneaenune 1. Payuonarenas pynsyus f(a, b, c, . ..)
onpefiessieTcsl KOHEYHBIM YHCJIOM NpHMeHeHHH 4eThipeX OCHOB-
Heix onepauuii. OHa onpenensiercs fas Takux Ul g, b, ¢, . . .,
UTO BCAKHH pa3, KOra B XOA€ BHIUHC/AEHHS [ NpPHXOAMT-
csi Gpate obparhniit Ul, cam sTor UI oTnenes or Hyas.
Hanpumep,

f@b=at@+oH?*
onpenenena aas rakux Ul a, b, uto a0, b 1 0 u a + b0,

Jlemma. Ecmn f(a,b,c, ...) ABasgeTcs pauHoOHaNb-
Hoil ¢ymkumeii, a a, b, ¢, ... — nannsle Ul, HAa KoTophX f
onpejeneHa, H

flab,c ...)=x,

TO MOXHO HaHTH TaKoe HaTypaJdbHOE 4YHCIO 1, 4YTO

Xnip = [( Qnipy Dnipy Cneps - - )
Jaas moboro p.
HokxasarteanbcrTso. Iyere  @,(a, b, ¢, ...),
¢, (a,b,c,...),...—Te QYHKIUH, OOpaTHbIE BEJHUYHHBI KO-

TOPBIX Mbl JO/DKHBI BHIUHCJAHTH B Xofie Bhiuucaenus f. Torza
¢, (@ b,c....)H0, U MoXHO HalTH TakKoH HHIEKC &y,
YTO @y (@n, Oy Cny - - ) 5= 0 Ana n > ky; TaKuM XKe 06pa3oM
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natimeM &, > k;, Takoe, 4tO @, (@n, bny Cny...) =0 pas
n> kyut 1. Ecan kr — nocieHHi U3 TaK HalJeHHBIX HHIEK-
COB, TO B CHJY onp. 1 u3 2.2.4 mbl nonyyaeM, uto npu n > k,
HMEET MECTO Xp = [ (Gn, bp, Cn» « + .)-

Teopemal Ecin paunoHanbHOE TOXKAECTBO MMeeT
MeCTO JJisl palHOHAJbHBIX YHCEJ, TO OHO MMEET MEeCTO TaKiKe
u nis YT, uTo Hajo NMoHMMath B cjenylomem cMbicie. [Tycts
Fo e Xyz,...) 0 M@ G, £,4,2,...)
paunoHaJbHEE (DYHKUHH, TaKHe, 4YTO f =g, eC/qH BMecTo
py o I,... TOACTaBHTb JaHHbIC pallHOHAJbLHBIE YHCJA
Do qo» To»+--» @ BMECTO X, Y, 2, . .. IPOH3BOJNbHEIE
palKoHaJIbHBIE YHCIIa, AN KOTophiX f H g onpefienenbi. Toraa
F(Pos GosTos - - v, b,¢,...)=8 (P Gos To» + + 0y @, b, ¢, .. .)
s mobuix YUl a, b, ¢, . . ., IpH KOTOpHX f U g onpeje/eHsl.

HokasarteasctBo. [lycts

fPo Gos ros - - s a,b,¢,...)=v

H
gDp Gos Toy -« b, ¢, ...) =w.
B cuny meMMbl MOXHO HadTH HHIEKC R, Takoi, 4To
f(pm Gos Tos » « +y Qny bn, Cn, - . ~) = Uy
H

g(pOs Go> Tos + + +» Qny bn, Cny o - -) = W,

ma n >k Ilo HPENIIOJIOKEHHIO U,y = Wy; CJIENOBATENbHO,
v =w.

StuM cpasy HOKasbiBalOTCs BCe OCHOBHBIE TOXAECTBa apHd-
MeTHKH. Mpl NONOJIHHM HX CELYIOIMHMH T€OpeMaMH, BaXHbBIMH
I8 aHaJu3a.

Teopema?2 aifb Brevera+cHb+ec

1
HokaszateabcTBo Ecmn |anp—bnipl >~ 1pu

moboMm  p, T0 | (@nsp + Cnip) = (bnip + € neo) | >“}; IIpH
mobom p.
Teopemad axk0 u bik0 Brekyr ab 0.
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1 1
HoxasarteanbcTBo. Eomn [@up| >3 1 [buip| >

npu JoboM p, To .
| @nip bn+,,[>ﬁ npu mobom p.

Teopemad. ab F0 Baewer a0 u b0,

JdoxasarteabcTBo. Mo MoXeM HailtTh 2 W n,
TaKkue, 4TO

]an+pbn+p|>“11;ylan+p"‘anl<lp ]bu+p—‘bnl<l
npu moboM p; Toraa
1 1
laneo | > 5qmray ¥ 10ne 1> a7y
npua mo6oM p.
Teopemabd. a~ bif 0 Baeuer, utoa 3% 0, uau b 3% 0.

HokasarteanbctBo Ilycts a+ b1 0. ITo Teop. 2
—a+a+btf—a, 1.e bif—a. Ilo Teop. 4 us 2.2.3
b 0 nnn — a 3F 0. Bo BTopoM ciryuae npuGasiisieM @ K 060HM
yjleHaM H NpHMeHseM TeopeMy 2.

Kaace. Knaccuueckn Mbl paccmMaTpHBaeM 3TH TeOpeMBl
KaK HeraTHBHBIE CBOACTBa M JaeM IJIsi HHX KOCBeHHBIE JIOKa-
3atenbcTBa. Hanpumep, ectn a+c=b+¢, T0 a=b;
caefloBaTeNbHO, U3 a == b cneayet a + ¢ == b + ¢. Ho s Buxy,
YTO BaM HYXHBI NpsIMble J0Ka3aTeJbCTBA, NMOTOMY YTO BHI pac-
cMaTpuBaeTe MO3HTHBHOe OTHOLIEHHe 1 BMeCTO HeraTHBHOTIO
OTHOWEHHS ==,

Mur. TeopemMn 06 oTHomwieHHH 3 M HX JOKasaTesNbCTBA
npoiie TeopeM, BKMIOYAIOUWIMX == H =; C NOCJAEAHHMH HYXHO
obpaiuiaThesi ¢ GOMBLION OCTOPOXHOCTHIO, YTO 51 NpPOHJIIIOCT-
PHpYIO Ha clefylouleM NpHMepe.

[Iycte UT @ u b onpepenenn cnenyomum ofpasom: eciH
B NepPBLIX N JeCATHYHBIX 3HAKaX pa3fIoXeHHs 7 He BCTpe-
yaetcsi BxoxJenusi 0123456789, To apn = b,= 2-"; ecnu Xe
TaKoe BXOXIEHHe BCTpeyaercs, NpuueM 9 nepBoro Takoro
BXOM/IEHHS ABJSETCA k-M 3HAKOM Mocje 3amsaTofl, Toraa Ipu
HEYeTHOM £ NMyCTb @, = 27% y p = 9", aTpH YeTHOM R NyCThb
an=2"u b,=2"% Hu ana a, uu 219 b Met He B cocTo-
SIHHH PEIHTh, paBHH JH oHH Hymo. Hoab = 0! B nepsom

cayuae a.bn = 27" Bo BTOpOM @b, = 27%"; B moGom cay-
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yae |@.bn| < 1/m npu n>>m. CrenoBaTeNbHO, CyXJIeHHE «eciH
ab=0, Toa=0unn b = O» He moXeT ObITb HOKa3aHO, 1OKa
CYLLECTBYIOT HepelleHHbE MaTeMaTHUeCKHe NPOGJIEMBl TOTO XKe
poia, 4To M 1poGieMa, HCro/Nb30BaHHAsS MPH IOCTPOEHHH
npHmepa.

Kaacc. Onuako ecnu ab = 0, To HEBO3MOXHO, UTo0Hl Kak 4,
TaK B b OBUIM OTJAHYHBI OT HYJS.

Nut. 10 cnpaBepnuBo, Tak Kak a==0 u b 5= 0 BRekyT
3a coboil ab == 0, ubo s Mory fokasaTb CJACAYIOWHM oGpa3oM
9TOT HeraTHBHBIH aHaslor TeopeMnbl 3.

Jlenaro 3T0 B TpH luara.

(i) Ecrnab = On a==0, T0 b = 0, Tax KaK b == 0 pnekJyo
6bt ab == 0 (teopema 3), 3HauuT, b 5= 0 HeBo3MoXHO Wb =0
(B cumy Teop. 3 us 2.2.3).

(ii) Ecnmnab = 0u b= 0, T0a = 0, 1aK KaK 1o (i) a 5= 0
pnekyao O b = 0.

(iii) Ecmn as=0 u b5=0, To ab==0, Tak Kak ab=0
v b= 0 no (ii) Bnekyso 6u a = 0.

Popm. Paspe Mbl He Morau Gwl cKa3aTh, 4To u3 @b =
caenyerT, uTo uco a = 0, 160 b= 0, HO MBI MOXeM H He 3HaTh,
KaKO€ HMEHHO H3 3THX JABYX COOTHOMIEHHH HCTHHHO?

Wur. Bolo O onacHO nNpHMEHATb TaKoH HeaKKypaTHEIH
cnoco6 BHIpAXKEHHS B TAKHX TOHKHX BornpocaX. Mel yTeepx-
JaeM CyXJeHHe TOJIbKO Torfa, KOrjia Mbl MOXEM ero JI0Ka3aTh;
TaK Mbl yTBEpXKAaeM, uto @ = 0 wWiH b = 0 ToabKo Toraa,
KoTJla MBI MOXKET JoKa3aTh OZHO H3 3THX Cyxaeuuii. Ecam xe
Mbl YTBepKJaeM, 4TO HeBoamOxHO a ==0 u b == 0 onnoBpe-
MeHHO, TO Mbl yKa3biBaeM KaK pa3 To, 4TO Mbl JoKasafH,
M 3TO BhlpakeHHe e€JlBa JH Oojiee CJNOXHO, YeM To, KOTopoe
npejyiaraete Bbl. ECJIH MBI HCHOJMIb3yeM Baiile BbIpaIKEHHE,
TO MBI JOJKHEI BCEI'la NTOMHHTL, YTO OHO HMeeT CMBIC/, OTIHY-
Hbill OT TOro, KOTOpBIil BBIpaXeH CaMHMH CJIOBaMH.

2.2.6. Ommnowenun nopsdka mexdy 4YrI

O6 oTHowenHsaX mopsigKa st CKaXy KpaTKo.

Onpegenenunel. Mu numuem a <b, ecnu MoOXHO
1
HakiTH n W &, Takue, YTO bnyp — Qnyp >—k- npu moGoM p;
a>b o3nauaer T0 ke, uto b < a.

Teopemal. Ecam aifbd, 10 a<lb wm b<a
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JoxasaTenbcTBo Bo3bMeM n H k, Takue, UTO
1
l@ntp— buip | > + TipH Jio6om p. Onpeleaum Tenepn m > n

1 1
Tak, 4T0 | am — &, , | < gz M| bm — bmyp| <z mpn J1060M p,

A — bm > % , WIH by — am>% . B nepBom cayuae
Umyp — Omap > 57 TIpH moboM p, T.e. b<Ca; Bo BTOpoM
cayyae nonyvaeMm a < b.

Teopema?2 Eemm a<<b, To aifb.

310 crenyeT HENOCPeNCTBEHHO H3 oONpelesIeHHH.

Teopemst 1 u 2 nokasuBawT, uTo @ 1k b paBHOCHJIBHO
(a<b unmn a>b).

Teopewmad. Ecau npoTuBopeunBo, 4To a < b u mpo-
THBOpeuHBo, uTo b < a, mo a = b.

JokasaTteabcTBo. Mu NpuBOZMM K NpOTHBOpe-
YHIO NpeAnosoxeHHe, uTo a 1t b, NpuMeHuB Teopemy 1; Torxa
no Teop. 3 u3 2.2.3 cienyet, uTo a = b.

Teopemad. Ecau a < b, to naa moboro Ul ¢ umeem

a<c, uau ¢ <b.

JlokasaTenbCTBO aHAIOTHYHO JOKAa3aTeJbCTBY
reop. 4 u3 2.2.3.

Teopemad Ecmma<lbub=c r0oa<ec

JlokasaTeabCTBO aHAIOTHYHO JOKA3aTeNLCTBY
Teop. 2 H3 2.2.3.

Teopemab. Ecnna<<bub<lc,moa<lec

JokasaTenbCTBO JIerKo IonyyaeTcs M3 ofpe-
AeeHus.

Teopema7. a<b Brewer a-+c<b-+ec

HokxasaTeanbCcTBO Kak Aas Teop. 2 us 2.2.5,

Teopema8 Ecam a>0wu b>0, 10 ab> 0.

HJoxasaTenbcTBO Kak Ans Teop. 3 u3 2.2.5.

Onpenenenne2. Mo nmumem ab, ecnum a>b
1'*BO3MOXKHO, H a < b, eciu a < b HeBO3MOXHO.
3ameTuM, 4T0 a > b He To xe, uto (@ < b uwau a = b).
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Tak, B npuMepe 2.2.29}%, A0 MBI HE 3HaeM, 4TO CIlipa-
BeIJIHBO p<% HJIH p=%.
Teopema9 Ecmma<{bub>c 10a>c

JokasateabcTBo. Mb MoxeM HaliTH HatypaJb-
Hpl€ UHCAa R M n, TakHe, UTO IpH JIOGOM p HMeeT MeCcTo

1 .
basp — Cnyp > H, Jajiee, UHCIO ‘g >> 1, TaKkoe, 4To AJS
m>my 0 NpH Jio6oM ¢

1 1
lam—amig) <gz B |bm—bmig] <z
CnenaeM npefnosioXeHHe, UTO Qp — cm<41—k . Torna
1 3
bm>cm +k> am+4_k,

bm+q>bm_417e> am +21k > Qmyg + Zlie
npH JioGoM ¢, T. €. b > a. BBuay npoTHBOpPEUHs C YCJOBHSIMH
TEOpeMbl Mbi TNOJYYAEM, UTO Om— Cm > 73 am-—cm>8ik
npu J06OM m > mg, T. €. 4TO a@ > C.
Teopemall. Ecim a>b u b<c, 70 a>c.
HdoxasateabCcTBO aHaJOMHUHO.
Teopemall. Ecim apb v b}>¢, 10 apc.

HoxasarteabctBo. IlpegnoioxkuM, uto a’>c¢
Toraa @ > b uan b > ¢ no teop. 4.

2.2.7. Makcumym u munumym Osyx UYI

Onpepmenenunel. Ecau a={a;} v b=1{b,}, ToO
max (@, b) = {max (a,, b,)} u min (a, b) = {min (@, ba)}.

Teopewmal. Ecan a u b cyts UT, 1o ¢ = max (a, b)
H d = min (a, b) — Toxke UI.

HoxkxasarteanctBo Hafizem n, takoe, uto npu
ao6oM p

1 1
]an+p—an1<‘k‘v ]bn+p—bn|<7{-
[Tpeanonoxum, uto a, > b,, TaK 4TO ¢, = .
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1 1 1

TorﬂaCn+p>an+p >an——72—-= Cn—TH an+p<an+ T
1 1 1

buip<bn +—5 <a@n+ 5, TAK U0 Cnp <Cn + .

Orciopa crmefyeT, 4TO HOCHAEAOBATENBHOCTL {C,} sBJsIETCS
nocJenoBaTeNbHOCTbIO Kolu.

Teopema?2. max(a, b)<a. max (a, b)<{b. max(a,b)
= max (b, @). min (@, b)) wuMeeT  ananorMYHbIE CBOKCTBA.
max (a, b) < min (a, b).

Teopemad. Ecinx > max (a, b), 0 x>a u x> 0.
O6patHo, eciu x >a U x > b, T0 x > max (a, b).

HoxasatenbcTBo. [lepBas yacTs TeopeMul caenyer
HENOCPeACTBEHHO M3 Toro, 4To max (@, b) < @ u u3 rteop. 10
H3 2.2.6. YTo6n HoKa3aTb BTOPYIO 4acTb, AOCTaTOYHO 3ame-

1 1
THTb, 4TO M3 Xnip — Quip >T H Xnip -—bn+p>—k—c.ne)1yeT

1
Xnyp — MaxX (Qnipy bnip) > E

Teopema 4.
max (a, b, 0) = max (a, 0) max (b, 0) 4+ min (a, 0) min (b, 0).

HdJoxa3daTenbCTBO. 3T0 paBeHCTBO JEerkKo Mpo-
BepsieTcsl AJs  pailHOHaANbHEIX a, b nocpeactsoM pasGopa
c/ly4aeB B 3aBHCHMOCTH OT 3HaKoB a H b. ns UT ono caexyer
u3 onpejenenuii ab, max (a, b)) u min (a, b).

Teopemab max(a,b) -+ min(a,b) =a - b

2.2.8. A6cosmomnas seauuuna rl.

Onpenenenue. Ecau a—rl, To ero abcomomnasn ee-

Auduba |a| = max (@, —a) WaM, 4To TO e camoe, ecqu
a = {a.}, 10 |a] = {|a.{}.

3ameuanue [pabuk dyHkuun y = |x| ne spasercs
ofbefMHeHHeM ABYX MNOMyNPSIMBIX; OH AOMMEH ObiTb NONOJHEH
TOYKaMH, ANl KOTOPHIX HEH3BECTHO, COOTBETCTBYIOT JIH OHM
3HaueHHIO X, GoJiblleMy, MeHbLIEMY HJIH PaBHOMY HyJ0. D10
CAeNIaHO NMOCPEACTBOM BHILIENPHBENEHHOTO ONPEENeHHs, onpe-
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pensiomero | x| ans mo6oro UI' x. Y BooGine, ecin Mel xenaeM
paccMaTpHBATb JIOMaHYIO JIMHHIO KaK HeNpephBHYIO KPHBYIO,
Mbl JIOJIXKHBI aHAJOTHYHBIM CIOCOOOM JONOMHHThL €€ Y KamAOoro
yrja.

Teopemal. na mobex UI' @ u b umeer mecro

la| +16]{la +b].

HokasaTteabcTo. JonycetuMm, uto |a| + [b] <
[a + b|; Torna MoXHO HalTH n M k, Takue, 4TO

|@ap + brip | —= (|@nsp | + |baip|) > TpH moSom p;

HO 3TO HEBO3MOXHO HH M/ KaKoro p.
Teopema?2. |a||b|=|ab

Teopema 3. |—a|=|al. Ecoiu a 3£ 0, 10 |a7?]| =
= |a| ™.

2.3. Pecnexkmabeabrnbie OelicmBuMeENbHbIE YUCAQ

®opm. Paspernte MHe BepHYThCS K BalueMy NpHMepy ABYX
umces1, KOTOpHe JAIOT B NPOH3BelleHHH HyJb, Ge3 Toro, 4ToObi
OIHO M3 HHX OBLIO HyseM. B 3ToM npHMepe H B MOJOGHBIX eMy
BbI HCHOJIb3yeTe TakHe JeHCTBHTENbHbIe YHC/A, A KOTOPBIX
He BNOJHE H3BeCTHAa HX YNOpAJOYEHHOCTH MO OTHOLIEHHIO K
pauioHaNbHEIM uHcsaM. Heabsst in n3bexarh 3THX yCJ0XKHe-
HHU# nyTeM OrpaHHuYeHHs apHPMeTHKH TaKUMH JelCTBHTeNb-
HHMH YHCJIAMH, KOTOpble MNOJHOCTBIO JIOKa/JH30BaHBl B OTHO-
IIEHHH palMOHAJBHBEIX YUCeJ], TaK CKa3aThb, pecrieKmabebHolmu
JeHCTBHTEJbHEIMH YHCJIAMH?

MHuT. 310 Kaxercsd MyJpbiM IpeLIOXKeHHeM, NOCKOJBKY
GONBIUHHCTBO AEHCTBHTENbHBIX YHCEN, BCTPEYAIOMHUXCS B aHa-
JiH3e, pectiektabesbHb B BalteM cMuicae. [lpaBaa, s He gymaro-
YTO MOMHO 3THM NyTeM JeHCTBHTENIbHO Da3pellHTb YIMOMSAHY,
Thi€ BaMH TPYZIHOCTH, HO sl He OyZy BiaBaThCsl B 3TOT BONPOC,
TaK KaK HMeloTcs GoJsiee cepbesHble BospaxkeHHs. [Ipexne
4eM ofcyxIaTh HX, 51 AyMalo, HMeeT CMBICJ J0Ka3aTb, 4TO He-
gompble H3 BaKHeHLIMX JeHCTBHTesIbHBIX UHCEJ pecleKTa-

€JIbHEI.

lIOKasaTeJ'IbCTBO AJas 4ucja € COBEpPIIEHHO HPOCTO.

(o]
1
e = Z-—k—l (uactHunbie cymmbr psaa paiot UI).
0
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HonyctuM, 4To € =

n 1 [a0] 1
[Tonaraem s, = Z'kT , Ip= Z W
0 n4-1

m
n'

_ - (4 1)! - _
n =D ?(n+k)! <IN ;(n—]—Z)k’l—-
1 n-42

1 n41 1
<(n -

(n+1) n+1 +1)! n nln *
m

=S+ rn m{n—ND! =n! s, +nlr.

ITocnenee HeBO3MOXKHO, HOO nlr, < 1/n W He ABAAETCS LEJBIM.
Kaxace. Bet npuBenn xopolllo H3BeCTHOe JA0KA3aTEJbCTBO
HPPAUMOHANBLHOCTH €, HO JaeT JIH OHO OTHOIIEHHe MNopsAKa
mexay e u m/n?
Har. las 3TOro HyxHO OOGDaTHTb NOCJEAHIO 4acTh J0-
KasaTeJbCTBa B NO3HTHBHOE yTBepxXKIeHHe. 3ameuaeM, 4To

1 1
aror <e —sn<

<l — ) <.

! m 1 n
Tak kak n! T—Sn ABAAETCA HEeNBM, TO [n! e——;l—

>n + T 310 naeT! ‘> " 4: 0] ; CyelloBaTeNbHO, Bhl~
YHCAAA e C JOCTaTOUHOH creneabxo TOYHOCTH, MBI CMOXEM
HafiTH ero NOJIOXKEeHHe IO OTHOLHEHHIO K m/n.

Tak, uto6el joKa3aTb pecneKTaGenbHOCTb  JeHCTBH-
TeJbHOTO 4YHCJAa @, JOCTaTOYHO AaTh AOKAa3aTeJbCTBO Hppa-
IHOHAJBHOCTH @, C OAHOBPEMEHHOH OLEHKOH AJs1 CTelleHH
HPpAUHOHANBHOCTH @, T. €. C YyKa3aHueM apudMeTHueCKOH

byHKUHH @ (1), TAKOH, UTO I a —L:— '> ?6(17) Il JIIOGBIX MU n.

Yto6bl HallTH OLEHKY HPpPAalHOHAJLHOCTH JAas anreGpau-
vyeckux uucen [Bpaysp, 1920, ctp. 960], paccmotpum
JBa aareGpaHueCKHX 4YHCJA @ ¥ b; NPH NOMOUIM BHIYHCJIEHHS,
BKJIIOUAIONIEr0 TOJbKO ONepaluH Hajl pauMOHAJbLHLIMH YHCJA-
MH, HaxofuM ajreOpaHuecKoe YpaBHeHHe

flxy)=cxt 4+ ...+ =0

C melbMH Koa(ppHLHEeHTaMu, Takoe, 4T0 @ H b ABASIOTCH €ro
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KODHAMH M YTO ero JuckpumuHauT d==0 (d — uesnoe).
gpece  d = &P i —w), e w; =4, w,=0b,
i<k
Ws, + - - Wn— KOPHH ypaBHeHus f(x) = 0. Haiigem Takce
nenoe h, uto |wy —w,| < h (i, k=1,..., n); Toraa
2 ldl
la _b] > czon—zhn'—n—z .

Bepsi B KauecTBe b palHOHaJbHOE UHCIO, MBI HalileM OLEH-
Ky HPPAalMOHAJBLHOCTH d.

Bce 3TO JOBOJILHO YJOBJETBOPHTENBHO, HO, ¢ ApYyroi#l cro-
DOHBI, MBI He 3HaeM, SIBJIS€TCH JIM 3i1/1epoBa KOHCTAHTa C pa-
[HMOHAJNBHOM, TaK YTO NIPM HACTOsLLeM YPOBHe HalluX 3HaHuM
OHa He YyJoBJeTBOpsieT BailleMy ycsoBHio. Eme Tsxenee To
06CTOSATENBCTBO, YTO CYMMa JABYX peclieKTalesbHBIX UHCe
He ofs3aHa ObIThb pecrekTaGespHBIM uucaoM. I[Tpuseny mpu-
mep. S sanai Ul crepyomum o6pasoM: NHIINTe AeCSTHY-
HOE pasJioKeHHe T H OCTaHOBHTECH [IOC/Ie [1epBOTO0 BXOXKJEHHUS
0123456789 unu 9876543210 B 310 pas/ioxKeHHe; HO ec/M INpH
STOM BCTpDeTHJIach BTOpasi MOC/eJ0BATEIbHOCTb, TO H3MEHHTE
nociennuit 0 Ha 1. U m u ¢ — pecnekrabeabHble 4Mcaa.
Jass @ 310 Gbulo fokasano Dpayspom [Bpaysp, 1920,
ctp. 961]; ero mokasaTesbCTBO MOKAsbiBaeT, UTO JJis JIOGOTO
PaLHOHAJbHOTO 7 MOXKHO HaHTH Takoe HaTypaJsbHOe 71, UTO
[t — r] > 10-". Bpruucasis & ¢ n 3HAKaMH Iocje 3ansaTod,
MBI HalileM OTHOlIeHHe Nopsifika Mexay ¢ u r. Ho ¢ — He
pecniektabesnpHO (MO KpafiHe#l Mepe MBI 3TOTO He 3HaeM), TaK
KaK B HacTosilllee BpeMsl HUKTO He MOXKeT PellllTh BOIIPOC, paB-
HO JIU ¢ — & HyJI0, Gosbllle er0 HJAH MeHbllle ero.

B cuny aroro, Ho-BHIMMOMY, HeNPaKTHYHO OI'PaHHUYHBATD
apudMeTHKy pecnextabeabHEMH yucnamd. [lostomy s omy-
CKalo 3TO MOHATHE U BO3BPalLaloch K onpefenenuio 1 us 2.2.1.

2.4. I peodenst nocaedoosamensnocmeis 4Ir

B uensix nosHoTH! HM3J0KeHHS 5 cHOPMYSHPYIO omperese-
HUE TO3UTHBHOH CXOIUMOCTH.

Onpepenenue 1. [ocnenosaresnbHocts {a,} YUl (nosu-
mugro) cxo0umca Kk npedeay a, eciiv Ajisi JO6Oro HaTypasibHOTO
uucja 2 MOXKHO HaliTH HaTypaJibHOe UHCJIO 7, TaKoe, UTO JJisl
JIO60r0 HaTypasqbHOrO 4Yucia p

(1) [@—anp| <2 .
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Kaacc. B Taxux onpeeneHusx, Kak 3To, BAXHH He CJ10Ba,
a crnoco6 ux noHuMaHus. Mcrnonssys o60poT «MOxHO HalTu»,
BHI €llle pa3 3To NoJYepKHBaeTe, TaK KaK pedb HJIET He O CYylle-
CTBOBaHMHU YHCJA, 4 O TOM, YTO OHO AOJMXKHO OHTH 3dhdeKTHs-
HO usBecTHEIM. U eme onuH Borpoc. [Touemy BBl HcrOJAB3YeTe
BHIDaXKeHHe <«IO3HTUBHO CXomuTcs»? PasBe ellle uMeercs Io-
HsTHe HeraTUBHON CXOJAUMOCTH?

Unt. [defictBUTENBHO, 3/16Ch, KaK H B Cjlydae MHOTHX ApY-
TUX TOHATUH, Hapsany C MOHATHEM IMO3UTUBHON CXOJHMOCTH,
NOyYaloUUMCcs, ec/ii MPHUAaTh OOBLIYHOMY OIlpeliesIeHHIO KOH-
CTPYKTHUBHYIO (POpPMY, CYyLLeCTByeT elle GoJiee caboe HeraTHUB-
HOe TOHSTHE, KJaCCHYeCKH 3KBHBAJIEHTHOe mo3utHBHoMY. On-
HaKO MOCKOJIbKY HCTIOJMB30BaHHE TaKUX HeTaTHBHBIX MOHATHH
BJleyeT 3a co6oM JiorvyecKHe TPyAHOCTH, CBsI3aHHEIE CO CBOMi-
CTBaMH HHTYHHHOHHMCTCKOTO OTPHLlaHMA, 51 AyMaio, YTO JIyudile
paccMoTpeTh UX B IViaBe O Joruke (7.3.2).

Hmeer MecTo Kputepuit cxoaumocty Koumm. $I mpemocras-
JS10 BaM JaTh MO3UTHBHYIO (OPMYJHDPOBKY 3TOrO KpHTEpHS
U JOKasaTb, YTO OH sABJsercss HeoGXOAUMBIM H JOCTAaTOYHBIM
yCJI0BHEM CcXOAMMOCTH. MHTYHMUIHMOHHMCTCKH [0Ka3yeMbl TaKikKe
TeopeMbl 0 CXOAHMOCTH NOANOC/Ie0BATEBHOCTH, O Tpefese CyM-
MBl M NPOM3BENEHHS JBYX IoOc]efoBaTe/bHOCTE U HEKOTOpEIe
Ipyrve. OXHaKO MHOTHe KJaccHYecKMe TeopeMbl YKe He
UMeloT MecTa. B KauecTBe IpuMepa f yKaxy Ha TO, YTO OIpa-
HUYeHHasl MOHOTOHHAS I[IOCJeNOoBaTeJbHOCTh He ofs3aHa cXo-
Iutbes. [TpocTHIM nmpoTuBOpedalluM NpUMepoM sBJseTcs IMoc-
JIe[I0BATeNIBHOCTE {@,}, OlNpeleseHHasl CJelyIOIHM o6pasoM:
@, = 1—27", ecau cpeAu MNepBHIX 1 3HAKOB JeCATHYHOTO
pasJiokeHUs T He BeTpeuaercs: BxoxneHus 0123456789; a, =
2 —92n  ecqH TaKoe BXOXJeHHe HMeeT Mecto. HuKTO He
3HaeT, paBeH JH Mpeiea 3TOH IMOC/e[0BaTeJbHOCTH, €c/H OH
cywecrByet, 1 uau 2; noaroMy MBI He BlipaBe CKasarb, YTO Ta-
Koll TIpefies CyIecTByeT KaK XOpOWo onpefeseHHbt U2,

S1 He Gyly oCTaHaBJIMBATbCA Ha oOnpejes]eHUN TaKUX IO-
Hatul, Kak BepxHuil mpefienn (HauUMeHbllas BePXHAS TpaHb)
nocjenoBaTesNbHOCTH. OHU MoJyYaloTcsl U3 OOBIYHBIX oOlpele-
JeHH!l ToCPeJICTBOM HX MO3HUTUBHOTO HCTOJIKOBaHUS.

3ameruM, uto @ = {a,}, TIe @, pallOHAJbLHH!, BJe4eT, 4TQ
lim a, = a.

42



[Il. IOTOKH H BHJDI

3.1. lTomoxu
3.1.1. bBeckoHeiro npooOAXCaIOUWiecs noCAeO0B8AMeabHOCNY

o cux nop Mel mpennosarand, yro UI' ompenenserca 3a-
KOHOM, KoTophifi Mo J060My HaTypaJbHOMY 4YHCJAy 7 Jaer
ToJIHOE NpelllicaHue IJ1s1 BBIYHCIEHHS A-TO YieHa IocseloBa-
tesibHocTH. Takas Touka 3peHHsi ollpaBJaHa IIPH paccMOTpe-
HHH TOJMIBKO H3oJHpoBaHHEIX UL, HO OHa CTaHOBHTCS HeYyHo-
BJICTBOPHTE/NLHO!I B TEOpDHH KOHTHHYYMa KaK MHOXKeCTBa
Bcex UI. IloHsiTHe NpPOH3BONBHOTO 3aKOHA HeecTeCTBEHHO,
H C HUM HeJib3sl HMeTb JeJ10; OHO Morvio Obl 0KasaTbcsl I10Jes-
HHIM Ha Gasuce Kakoi-HHGYIb (opMaJbHOH CHCTEMBI, HO TOTAA
OHO He NPHBOIUT K TEOpHH, B JOCTaTOUHOH Mepe oTBeyaromel
HallleMy MHTYHTHBHOMY I[IpeACTaBJeHHI0O © KOHTHHyYMe.
Bpaysp mnepBeIM [OKa3aJ, KaKAM HMeHHO o0pa3oM MOXKHO
MOCTPOHTL YAOBJETBODHUTENBHYIO TeOpHI0 KOHTHHyyMa, He
HCTIONB3Ysi TIOHSITHSI TNIPOH3BOJILHOTO 3aKoHa 3),

UTI" Hukorza He ObBaer HaH B TOTOBOM BHJE; HaM MOXKeT
ObIThb 3aflaHa TOJNBKO KOHEYHas 4acTb [OCJAeN0BaTeNbHOCTH.
310 npUBOAUT Hac K MeicyH, yto UI' Bcersia HaxoauTcs B co-
crosgHud pocta. [loHaTHe 3akoHa cTaHOBJEHHS! CYILeCTBEHHO
JMIIb TOCTOJMbLKY, MOCKOJIBbKY OHO rapaHTHPYyeT HaM BO3MOX-
HOCTb HeOT'DAHHYEHHOTO HpPOIOJIXKEeHHS [0c/el0BaTebHOCTH;
3HAYUT, MBI MOXEM ero HCKJ/YHTh, NOCTYJUPYSA 3Ty caMylo
Bo3MOxHocth [Bpayap, 1919 A, c1p. 3; 1920, crp. 956;
1924, crp. 2451. TlostoMy mop Oeckomeuno npodorscaro-
Wetica nocaedosameavrocmoio (cokpamernno BITIT) Gyner moHu-
MaThCsl B TOYHOCTH TO, YTO BHIpAXaercsl 3THMH CJIOBaMH, T. e.
0C/IefloBaTebLHOCTE, KOTopasi Moxer ObiThb IpoJo/keHa Jo
Geckoneunoctd. IIpu sToM GespasiHuHO, KaKuM 0GpasoM oOfl-
PefesISIOTCS  YJIeHBl [10C/MefoBAaTe/bHOCTH, MOCPeACTBOM JIH
3aKOHa, CBOOOIHHIM JH BHOGOpOM, xkpe6HeM JH HJIH KaK-HH-
Oynp uHaue. KoHeuHo, 3lech Bo3HHKaeT 1Ba BOIIPOCa: 3aKOHHO
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au Beeflenue noHartus BIII u nonesHo v oHo? Ecau aaHHOe
NIOHSITHE JOCTATOYHO SICHO, YTOOBl €ro MOXKHO GBUIO NMPHHSATDH
B KadecTBe (hyHIaMeHTaJbHOTO MaTeMaTHYeCKOro IOHATHS, TO
Ha MNepBbIil BONpPOC MOXHO OTBEeTHTb yTBepauTesibHo. Ho 4
npealonararp, 4To y Bac HMelTCs cepbe3Hble COMHEeHHsl OTHO-
CHTENIbHO ero SICHOCTH.

dopm, Jla, y MeHs uMerotcsl coMHeHus. [IpuHumas 3To
NIOHATHe, Bbl BBOJMTE B MaTeMaTHKy BpeMs U 3JieMeHT cy(beK-
THBHOCTH. A OHM He OTHOCATCA K MaTeMaTHKe. DeckoHeyHO
npojomKamlliascs MocaefA0BaTEeTbHOCTE  [IPOJO/IKAeTC  BO
BpeMeHH, U clocol, KOTOPHIM OHA HPONOJKAETCS, 3aBHCHT OT
BHIGOpA, T. €. OT aKTa BOJHU BBHIGHPAIOLILEro.

Hur. I coracen ¢ aTtuM, H Bce 3Ke, ecJqU Mbl IIPOCMOTPHM
JoKa3aTeJbCTBa TeopeM apU(PMeTHKH JeHCTBHUTENBHBIX YHCEJ
B pasjenax 2.2.4 u 2.2.5, ToO MBI YBUJIUM, YTO OHH 3aBHCHT
TOJBKO OT BO3MOXKHOCTY HeOTPaHHUEHHOTO NPOAOJ/KEeHHs Ioc-
JlelloBaTeJbHOCTeH; MBL HUTAe He HcloJab3yeM Toro ¢dakra, 4To
UX [polo/KeHHe MPOU3BOAMJIOCH [0 H3BECTHOMY I[IPaBHJY;
3HaYUT, MOXKHO paccMaTpHBAaTb HX HPOJO/MXKeHHe, He Tpelys
cylllecTBOBaHUSA Takoro npasmia. Hanpumep, B onpefeieHHH
cymMmet iByx U™ (2.2.4) n-e npubamkenue a-1- b HaxoauTcs cpasy
nocse Toro, Kak GyayT AaHbl 71-e npubnauxkeHus a u b. Creflo-
BaTeJbHO, eciay a@ U b — GecKoHeuHO MNpojo/nkaiollivecsl IocC-
JefjoBaTeNIbHOCTH, TO M a + b — 6GecKoHeyHO MNPOJOJIKALO-
mascs HocaesoBatesnbHocth. UToGwt nmomyuuts nonsarue BITIT.
HaM He HY>KHO BBOAUTb HOBBIE MJeH, B YaCTHOCTH IOHSITHE BEHI-
6opa; cJ0BO «BBIOOP» HCIOMB3yeTcs 3Jlech B KadecTBe COKpa-
IleHHOro 0603HAYeHHsl MNOPOXKIEHUS KOMIIOHEHTH IOCJefloBa-
TenbHocTH. Mpes 3akona, ynpasasmiollero o6pasoBaHHeM [IO-
CJ1elOBATEJIbHOCTH, 3/iech HeoGs3aTe/IbHa U MOXKeT ObITh ycTpa-
HeHa npoueccoM aGcrparupoBaHus. ITo atoft mpuunHe s mpo-
my Bac cyurtath nousithe BITIT mocratouHo sichbim ).

Uro kKacaercs saBucuMmoctd DIl or moHsiTMS BpemeHH H
X cyOBeKTHBHOCTH, TO 3Jech HeoGXOAHMO JajbHeiflllee 06-
cyxknenue. Pacmupas onpenenenue ! wus 2.2.1, omperenum
Ur', kak BIIIl, Koropas cocTOMT M3 pallUOHAJBHBIX YHCEJT U
sApJisgercs nocjeloBaTenbHocTeio Komin., 3pech 3acayKuBaeT
ClelMa/lbHOI'O PacCMOTPEHHS YCJIOBHE OBbITh I1OCTENOBATE/b-
Hocteio Koum. Ecau 4nesa mocsenoBaTesbHOCTH BBIGHPAIOTCS
IPOU3BOJIBHO, TO KaK MBI MOXKeM 3apaHee 3HATh, YTO JaHHAS
Hoc/ieloBaTeNIbHOCT,  OyJlieT  mocJjeloBaTenbHocThio  Komu?
QueBHJHO, HYXHO OTPaHMYHTL CBOGOAY BHIGOpPAa HpPaBHJIOM,
Kortopoe ofecrieduBajio Obl cBofictBo Kouu do moeo, xax Oe-
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Aqerncs 6bi6Op, HalpHMeD YcJOBHeM, 4TOOB IpH JoGbX 7
1
W p BHUOJIHANOCH HepPaBeHCTBO |@n — Gnip| < ;. Ecin

BIII1 nmonuuHeHa TONBKO 3TOMY YCJIOBHIO, TO OHAa aBTOMarHye~
ckn Gyaer nocjefoBaTeJqbHOCTHIO Kotlin.

TouHo Tak ke Bcio Teopuio UI', uanoxeHHywo B2.2 n2.4,
MOMKHO paclpocTpaHHTh Ha GoJee 1Hpokoe onpefeneHue YT,
npHUBeJeHHOe 3Jlech; B COOTBETCTBUH C 3THM, HauHHas C JaH-
HOT'O MOMeHTa, MH GyJieM IIPHMeHsTh 3TO IocJjef(Hee olpefiese-
HHe.
BooCilie TroBOps, MBI HCKJIIOYHM CYOBEKTHBHBHI H BpeMeH-
Holt acmekTsl noHstus BIIII, ecan joroBopuMcs nomycKartb
TOJIKO TaKHe pacCyKJAeHHs, KOTOpHe NpPUMeHHMH K IocJeqo-
BaTCJbHOCTH HE3aBHCUMO OT TOTO, KaKMMH OKaxKyTCs ellle He
BLIOpaHHBlE ee WIeHBL.

BriGopsi, ocpeAcTBOM KoTophix obpasyercs BIII, e o6s-
3aTesIbHO JOJ/IKHBI ObITh abCoMOTHO CBOGOAHBIMH; HX cBOGOLY
MOXKHO OTpPaHHYMBATH PA3JHUHEIMH CHOCOGaMH IIPH YCJIOBHH,
YTO Ha KaxJIOM LIaTy Mbl MOXKEM pellUTh BOINpOC, KaKUM KOM-
[IOHeHTaM paspelleHO MOsBIAATBCS I[PH CJefylolleM BriOope,

1
a KakuM Her. Hanpumep, ycinoBHe «|an— Gnip| << -

TpH JIOGBIX 7 U p» YAOBJIETBOPSET 3TOMY TpeOOBaHHIO, TaK Kak
nocne BuiGopa di,..., @, MBI 3HaeM, KaKue pPallMOHaJbHble
yHc/ia ZONYCTHMBI NPH BHIGOPE @ny1, @ KaKHe — HeT. Bpayap
JoNycKaeT TaKxke, 4YTO IOCJe HEKOTOPOrO YHc/aa BHGOPOB
MOXKHO CBOGOJHBIM pellleHHeM HajlaraTb HOBble OTPaHHYEHHS
Ha JaJbHejilnne BuiGopul [Bpayasp, 1924, crp. 245].

3.1.2. Onpedeacnue nomoxa

[naBHas nonwsa nousaTus BII] sak.mouena B ero oSmHocTH.
Beckoneuno mnpopomkamoillasicss Ioc/eoBaTeNbHOCTb Kortin,
COCTOsIIASl M3 PallMOHAJNBHBIX YMCeJs, TOpasfgo Jyuylle Ipe-
cTaBJjsier KOHTHHYyM UI', ueM nocsienoBaresqbHOCTb, OINpefe-
JIeHHasl HecCIelHaJH3HPOBAHHEIM 3aKOHOM; OHa COOTBETCTBYeT
Halllell MHTYUTHBHON KOHUEMIHH KOHTHHYYMa KaK BO3MOXK-
HOCTH MOocTelleHHOTO onpeaejeHHs Todek. OGollieHue 3ToHA
HIeH MOpHBOAUT K Opay3poOBCKOMY OINpelesIeHHIO IIOTOK4
[Bpaysp, 1918, crp. 3; 1924, cTp. 244; 1954, ctp. 81.

ITomox M onpefieieH JAByMs 3aKOHaMH, MHepBbIH, KOTOPBIHA
1 6yLy HaseBaTb 3aKOHOM NOmMOKa Ap, yIpaBiseT akTaMu
BBI0Opa HaTypaJIbHEIX YHCEJ, B TO BpeMs Kak JeHicTBHe BTO-
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poro HJaH Oonoarumenvbrozo 3akona TI'y 3akmodaercs B ToM,
uto oH JmoGofi BIII, cocrosiiell H3 HaTypanbHBIX 4HCesN H 06-
pa3oBaHHOH MO NepBOMY 3aKOHY, COMOCTaBJsET IOC/TeN0Ba-
TeJIbHOCTh MaTeMaTHYeCKHX O0BEKTOB.

Puc. 1.

Yno6HO BBECTH CJefiyloillue TEePMHHEI, Kacawoiuecs Ko-
HeuHBIX nocsefioBatesibHocTedl. [locaenoBatesbHocTs  ay,...,
Qn, Qnty SABISAETCA HenocpedcmseHHol npeemruyed ai,...,an.
U ofbpatHo, ay,...,ax fABISAETCA HenocpedcmeeHHol npeduiecm-
sennuyed ay,..., Qp, Qnig.

Onpenenenue 1. 3akon nomoxa ecTb npasuio A, Koto-
poe IeJINT KOHeYHble MOC/eN0BaTeNIbHOCTH HATYpPaJbHBIX UHCE
Ha JIOMyCTHMEIe U HeloNyCTHMBIE NIPH COOMIOAEHHH  c/ieAY IO HX
yCJIOBHIA:

(1) Oaa mo6oro HaTypaJbHOTO YHCJIA 2 MOXKHO PEIHTH
nocpeacTBoM A, ABJdeTcs JH OHO YJIeHOM JOIYCTHMOH OIHO-
ueHHOH Moc/ieoBATENIEHOCTH.

(2) Ecnn nocenoBaTeNbHOCTD Qy,..., An, Gnty, TO JONYCTHMA,
JONIyCTHMa M ee INpefUIeCTBeHHHLA ay,..., dn.

(3) Ecnn maHa pomyctuMasi ocJefoBaTelbHOCTE Qy,..., dp,
To A mo3BosisieT HaM peluaTth AJ JIOGOTO HATYpalbHOTO YHCAA
k, aBnsiercsd M NOCJEN0BATeNbHOCTD &y,..., p, B JONYCTHMOH.

(4) Hna moGoii fomycTHMOH MOC/AEN0BATeNBHOCTH ay,...0n
MOXKHO HalTH 0o KpakiHell Mepe OJHO HATypaJbHOE YHCIO
k, Takoe, 4TO Qy,..., Gp,R — JONYCTHMAs MOCJENOBATENBHOCTD.

Takum o0pasoM, JonycTHMEIe IOC/AENOBATENbHOCTH MOTYT
OLITh TNpeICTaBJEHB KaK pasBepThBaloliuecs BeepooOpasHo;
cM. puc. 1. HyxHo TOBKO IOMHUTE, 4TO H3 JIOGOH BepLIHHBI
MOXKeT HCXOIHMTh GecKoHeuHoe uucio pebep.

Onperenenue 2. Jonosrumersvroti 3axon I' yr notoka M
comocras/isger Jo6ofi KoHeuHol moc/ae]oBaTeILHOCTH, JOMY-
CTHMOF COTVIACHO 3aKOHY rnortoka M, HeKoTophlii MaTeMaTuye-
CKUA 0OBeKT.
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dopm. Kakne ke ofbeKkTsI conocrasasier 'y AOMyCTHMBIM
OCJENA0BATEILHOCTSIM?

Hur. B teopuu YI' 3t0 — panuoHatpHBIE YHCHA; BOOOlle
e OHH MOI'YT OHITh JIOGLIMH paHee BBeJeHHBEIMH MaTeMaTHue-
CKHUMH OOBeKTaMH.

Onpeneaenune 3. BIIl {a,}, noquHHEHHAA YCJIOBHIO, UTO
npH JHOGOM 7 10C/1e40BATENLHOCTE &f,...,dn JOIXKHA GLITH M0-
MyCTHMOH COIVIaCHO 3aKOHY MoToKa Ay, HasbiBaercs donycmi-
moi DI, B takoMm cnyuae BIIIT u3 ofbekToB, KoTophie Ao-
[OJMHUTEAbHBH 3aKOH CONOCTABASET MOCTEAOBATRIBHOCTAM
Q1 A1y A2} oe} Goyeeey Qnye.s, SABJSETCH IAEMeHMOM nomoxka M.

Ecnn aneMenT b noroka ssnsiercs BIIIT {b,}, To MEI Oynem
HasLIBaTh b, n-ii KomnoHewmod b.

Onpenenenue 4. Ilpa aneMeHTa NMOTOKOB PAGHsL, €CIH
npH JIOGOM 71 PaBHBI HX #i-€ KOMIIOHEHTHI.

Onpenenenue 5. [IBa noroka pasxol, eciu A1 J0GOro
3JIEMEHTa OJHOTO H3 HHX MOXKHO HafTH paBHBIH eMy 3JeMeHT
ApYTOro MOTOKa.

JIerko BHIETH, YTO OTHOLIEHHE paBEHCTBA MEX]IY 3JeMeH-
TAMH TIOTOKOB H MeXAY MOTOKaMH YJIOBJETBOPSeT OGBIYHBIM
ycIoBHAM pedvIeKCHBHOCTH, CHMMETPUH H TPaH3HTHBHOCTH '8,

3.1.3. Hpumeper nomoxos

(i) Hycrs rq, 73, . . . — NepeynciIeHHe palHOHATBHEIX YH-
celt.

Ayt KaxJoe HaTypanbHOe YHCJIO 00pasyeT HOMYCTHMYIO
ONHOYJIEHHYIO IOCJeN0BaTeJLHOCTb; €CIH @y, . « ., Gy — JO-
[yCTHMAasi MOCJAe0BATeNbHOCTh, TO Qg « + +y Qn, Gn4y ABIAET-
CA JONyCTHMOH IOC/eoBaTebHOCTBIO TOTla U TOJNBKO TOTJa,

KOTHA | 7a, — fap, | << 27"

Tym: momycTHMolt mocsiefoBaTeNbHOCTH @, ..., Qp COIOC-
Tap/IsieTcsl pallHOHANbHOE YHCIO 7g,.
Anementst M cyte Ul rg, 74, .... Ilo moGomy Ul ¢

MOXHO HafiTH Takoe m, BXoisauiee B M, uTo ¢ = m; B 3ToM

cmbicsie M mpenctasigeT coGof KOHTHHYYM JAeHCTBHTEIBHBIX
uncel.

(ii) B npumepe (i) no6asuM kK Ay ycloBHe, yToGbl Hepa-
BenctBa 0 < r,, << 1 BhmonHsmuck npu JoGom n. Torma M
coctouT u3 Takux Ul x, uto 0 b x p 1.
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(iii) B npumepe (ii) no6aBuM K Ay ycaoBue, uToGs NpH
KaxJOM n > | BBINOIHANOCH HEPaBeHCTBO

<H——ra,

1
o Tay

Torna M mnpeacrasnser Takne UT y, uto 0 <<y < 1.

(iv) Ay: nonmycTHMEI Bce NOCTEOBATEILHOCTH U3 HyJeH H
e/IJUHHL H TOJHKO OHH.

Ty: mocnenosatenbHOCTH @y, . . ., @, CONOCTABASIETCA pa-
LHOHAJILHOE YHCJIO

n
Z ak2“k.
k=1

M npeacrasnser coboit motok Takux UI, uto 0 x b I,
o o a
H UTO AJIS KaXJofl ABOHUHON APoGH - = b MOXHO J0Kas3aTh,

410 X 3> b nam ut0 x < b (Takue UI' MOXKXHO HA3BAThH JABOUUHO
Pa3BepTHIBAEMEIMHU).

(v) x Ay npuMmepa iv jobaBisercs clepyiouiee OrpaHH-
yeHHe: €CAu 1 — HeueTHoe, T0 a4, = 0. M ects nortok YT,
IOXOXKHH H4a KAHTOPOBCKHH AHCKOHTHHYYM.

$lcHo, uTO, BapLupya coflepikauipecss B Ay OrpaHHYeHHS,
MH MOXKEM ONpelesisiTh PasJHUYHbIe OTOKH, cocTosiue us YI.

Sameuanue no nosody mepmuroroeut. B cBoux paHHuX my6-
Jukauuax bBpaysp HcnonbsoBanl TepMHH «Menges Ans Toro,
uTO 3]ech HasbiBaeTcs NOTOKOM. IlosiHee OH craj u3GeraThb
TaKHe TepMHHbI, KAK Menge, MHOXecTBO, KJacc, aHCaMOJb,
KOTOphie HABOAAT Ha GJIH3KOe K KJACCHYeCKOH TeOpHH MOHHMa-
HHe MHOXEeCTBA KAK COBOKYITHOCTH €ro 3JeMeHTOB H BBe&J Tep-
MuH 1noroK (roanaHiackoe spreiding, aHramiickoe spread,
¢panuysckoe déploiement). Ipyroe HoHsTHe, TaKxke aHAJIO
THYHOE KJACCHUECKOMY MOHSTHIO MHOXKECTBA, BBOJUTCS B cJe
IylolleM pasfesie HnoA HMeHeM «BHAa». Cienys 6payspoBcKoi
TEeDPMHHOJIOTHH, 1 HCIOJIL3YIO CIOBO «MHOXKeCTBO» HedopMasb
HbIM 06pa3oM B pasbsicHUTeNbHHIX NMaparpadax, Korjaa g cpas
HHUBAI0 WHTYHLHOHHCTCKYIO TEOPHIO C KJaccHYecKoH.

3.2. Buost

3.2.1. Onpedesenue suda

JIns MHTYHMIMOHHCTA HMelOTCSl fiBa crocofa onpefiesieHH
MHoxectBa: (i) mocpencteoM ofiuero crnocofa NOpoxAeHHs er
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3J1eMeHTOB; 3TO OCYIeCTB/AseTcA B MOTOKaX; (ii) mocpeacTsom
XxapaKTePHCTHUECKOro CBOHCTBA €ro 3/eMEHTOB; MHOXKeCTBa
f§aKor'o pojla Ha3hIBAIOTCA BHIAMH.

Onpenenenue 1. Budom HasbiBaeTcs CBOACTBO, KOTOPEHIM
MoryT ofsajarb MareMaTHYeckue oObekThl [Bpaysp, 1918,
crp- 4; 1924, crp. 245; 1952, crp. 1421

Onpenenenue 2. [Nocne Toro Kak Bua S GbLT olipefielieH,
Mmool MaTeMaTHUeCKHH o0beKT, onpefe/ieHHbll 10 S HJIH Mo-
ryumuil GEITh OMpelesieHHbIM 10 S U YIOBJIETBOPSAIOWHE ycio-
puio S, ecth 41ex Buja S.

3.2.2. IIpumepo: 6udos

(i) Te UT, Kotopele coBnanaiot ¢ aaHHeM YI', ofpasyior
By (Gosee TouHO: CBOHCTBO coBhnajeHusa ¢ AaHHEIM YT sB-
JAsAeTcs BHAOM; H Boollle Jo6oe omnpefelieHHe BHAa, AaHHOE
B mepBoii ¢opMe, HyxkHo nepedopMyJsaHpOBaTE TaKUM obpa-
30M); 3TOT BHJ HasbiBaercs Oeticrmsumenbroim 4icaom. Ecan
x — nefictButesibHOe unco U YI' § — wieH x, TO Mbl TOBOPHM,
uto & npedcmasasem x u uto § cosnadaem ¢ x.

(ii) Te BIIII, xorophle paBHB! 3JeMeHTaM notoka M, obpa-
8YIOT BHI — COOTBETCTBYIOMUE nomoxosud Su.

(iii) Bce meficTBUTe/IbHEIE UHCsAa 06pa3yloT BHJ, KOTODGIi
He ofpefiesieH KaK MOTOKOBHA. DTO (ONHOMEDHEI) KOHMUHYYM
(RefiCTBUTE/bHEIX YHCEJ).

(iv) Komnonentst BIIIT §, cocrosimieii u3 HaTypaJbHBIX
qucesi, o0pasyloT BuJ, KOTOPHIl MBI 111 KpaTKocTH OyjeM
OTOXJECTBJATL C §.

3.2.3. Tun euda

Kaace. Ho ecaiu Bul XoTHTe H36eXATE KPYTOBHIX Olpeseie-
HUH, pasBe BH He 00sf3aHbI BBECTH HePapXHi0 BHIOB, KakK B
Principia Mathematica?

Hur, Kpyroene ompenesieHus HCKMOYAIOTCA MPH MOMOMIH
Tpe6GoBaHusA, YTo0hl WieHB! S OLUIH ONpeleUML He3aBHCHMO
or onpenesiednss S. C KOHCTPYKTHBHOH TOUKH 3peHHA 3TO
ycioBue oueBHAHO. OHO JefCTBHTENIbHO [MOACKAashiBaeT HaM
yrnopsijoueHHe BHAOB, HallOMHHAWOUlee HepPapXul0 THIOB.

IT1 u notoKoBHAb! HA3HIBAIOTCA BHAAMH Mmuna Hyass. Bumsr,
YIeHBl KOTOPHIX CyTh BHJbl THHA HYJb, ABJAIOTCA BHAAMH
muna odun.
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Onpenenenne !. Bun HasviBaercsi BUIOM muna i, eciy Bce
ero YieHsl UMeIOT THII, MeHblUn# uyeM 7. Bunst us npumepos i,
ii M iv cyTh BHAH THUNIA HYJb; BUIL U3 lpuMepa iii — Bug THINa
OIMH.

3.2.4. ITodsudust

IMousTHe HoOABHIA IAHHOTO BHAA OMNpERENHTHL HETPYHHO.
51 ucnonp3yo cuMBONHL &, | J, (] B HX 06BbIYHOM cMbIcTe. S & T
03HayaeT, YTO Kax/blil ueH S saBnaserca dieHoM T; S =T
(S pasroT), ecnuS T uT < S. 3anuce a ¢ S o3Hayaer, 4TO Q
He MoxeT Obith uiaeHoM S. Eciu T ectd mogsug S, 10 S — T
€CTb BHJ TeX 3JIeMeHTOB S, KOTOpHE He MOTYT NpHHaIJIekKaThb
T.

Ectu TS, 10 8" =T (S —T) He Bcerja ToXIeCTBEHHO
S, u6o S’ comepKHUT TONBKO Te 3JeMeHTH S, I KOTOPBIX
MOXKHO pelNTh, NpHHaJTexaT Jadu oHu T. Hanpumep, ecan
S — BHJ JeHCTBUTENBHRIX YHcesd, a T — BHJ DanHOHAJTbHHEX
ynced, T0 S — T — BHJ UppalHOHANBHEIX YHCEJ B HeraTHB-
HOM cMbIcjie cjioBa. EcaH HeH3BeCTHO, sIBJASeTCs JH JaHHoe
JeHCTBUTE/IBHOE YHCIO pal(HOHAAbHBHIM HJH Her (TaKoBa,
CKaxeM, 3iiyiepoBa nocrosiHHas C), TO Hesib3sl CKa3aTh, YTO OHO
npunagnexur T JS — T).

Onpepenenune 1. Ecau Bugst S u T o6sagaior TeM CBOil-
CTBOM, 4TO S He MOXKEeT COIEepXKaTh JeMEeHTOB, He BXOLAIHX
B T, u T He MOXeT COflepKaTh 3/1eMEHTOB, He BXO[SIIUX B S,
1o S u T konepyswmnst [Bpaysp, 1924, crp. 246].

Teopema. Ecmn T—moagun S, 10 S'=TYES —T)
KOHTPY3HTHO S.

HokasarteabcTBo, Tak Kak S’ C S, To HaM L0CTaTouHO
JIOKa3aTh, YTO S He COLEPXKUT 3/JeMeHTOB, He BXOAAMHUX B S’.
[lycrs a=S, HoaES’; Torna aeE T, 3Haunt, a=S—T
a=S’, uT0 NPOTHBOpeYHT NpeAmnonoxeHno. CiaenoBaTelbHoO,
e ae=S’, T0 acES’ HeBO3MOXKHO.

Onpenenenune 2. Eciu TCSu TS —T) pasHo S,
T0 T — pacnosnasaemorti noaBun S, u S pasbusaemcs na T
u S — T [Bpayasp, 1924, crp. 247].

Kaacc. D10 cBOOMTCA K TOMY, 4YTO AJS KaXJOro 3Je-
MeHTa S MbI MOXKeM y3HaThb, NpuHalJIeXkuT Jau ol T. SlcHo, uto
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ecn T — pacrnosHaBaemulit mofsupg S, 10 S — T — TaKxe
pacrnosHaBaeMblii MOJBHI S.

Hut. IlosBosibTe MHe TNpPHBECTH HECKONBKO NPHMEPOB.
BuA YETHBIX HaTypAJTbHBIX UHCeJ SBJISIETCS PAacno3HaBaeMbIM
MOABHIOM BHAa N — BCeX HATypa/bHBIX UHCE.

HensBecTHO, COCTaBJ/SIOT JIH NOKAa3aTeJH CTeneHed 7, NnpH
KOTODBIX ypaBHeHHEe X" - y"™ = 2" HMeeT HeTpPHBHAJbHBIE
meJble pellleHHsi, pacnosHaBaeMblii noapup M.

IMosanee Mbl yBUAMM (Teop. 2 u3 3.4.3), UTO Y KOHTHHyyMa
HeT APYTHX paclnosHaBaeMbIX MOABHJOB, KpOMe HEro CaMoro
U MyCcTOro BHJA.

3.2.5. Ommnowenue skeusarenmuocmu mexcoy eudamu

Kak o6biyHO, JBa BHJAA, MEXIY 3JeMeHTaMH KOTODBHIX
YCTaHOBJIEHO B3aMMHO OJJHO3HAYHOE COOTBETCTBHE, HA3LIBAIOTCS
sxgusarenmuomu. Kak Mbl yxke saMeTHian B 2.1, nocTpoeHHe
HaTypaJbHOIO UHCJA /i COCTOHT B HOC/el0oBaTe/]bHOM 00paso-
BaHHH uYHcen oT | Jo #; 9TH uucaa o6pasyior Bui |—n. Bun
Ha3bIBACTCSl KOHEUHbIM, €CJIH NIPH HEKOTOPOM 71 OH SKBHBAJIEH-
TeH 1 — n.

Onpenenenue 1. Bua, >KBHBaJeHTHHIH BHAY Hary-
pajbHBIX uHceJ N, HasBIBACTCS UCHUCAUMO beckoreurbim.

Onpepenenune 2. Bux, conepxauiuii HCUHCaAUMO GecKo-
HEUHLIH NOABMM, Ha3biBaeTcsi GecKOHeUHbiM.

Ecan BuA He MoxeT GLITb KOHEYHLIM, TO OH TaKHM 06pasoM
He 00s3aTesqbHO OeCKOHEUeH.

Onpenenenue 3. Bua, 3KBUBaJIEHTHHIH pacro3HaBaeMoMy
nogBuay BuAa N, HasbiBaeTcsi Hymepyemoim [Bpaysp, 1918,
crp. 7; 1924, crp. 248; I'efitunr, 1929, crp. 511

ITpumep. Bug us nap npocreix 6usHenoB (p, p -+ 2) sB-
JsdeTcss HyMepyeMbIM, XOTs1 HEH3BECTHO, KOHEUEH OH HIH
Geckoneuen.

S He GyAy KkacaTbcsi TeOpHH KapJHHAJbHBIX YHCE,
KoTopass BO MHOI'OM OTVIHYAeTCSi OT KJACCHUECKOH TeopHH
[Bpaysp, 1924] — B uacTHOCTH B TOM, UTO JIBa BHJa He 06A3a-
HBl ObITh CPaBHMMBIMH 110 CBOMM KapAMHAJBHBIM YHCJAAM.
Jlerko patp npuMep BuAa, 0 KOTOPOM HEH3BECTHO, NYCT JH OH.
KOHeueH i WK Ke GeCKOHeYeH.

51



Kaace. TakuM BujoM 6yJeT BHJ TaKHX 1, YTO 3HaKH OT 1-TO
B0 n - 9-r0 B JeCATHYHOM Pa3/IOXKEHHH 5t COCTAaBASIOT IOCje-
EoBaTesbHOCTh 0123456789,

Hut, U3 Teop. 2 u3 3.4.3 HenocpeACTBEHHO CJedyer,
YTO KOHTHHYYM He SIBJSIETCS HCUHCJHMO-GEeCKOHEUHEIM,

3.3. Apugpmemura dedcmeumenrsvroix wuces

3.3.1. Omnowenus u onepayuu 0ra Oelicmeumervrbis
uces

B 2.2. mbl umenn meno c apudmerukoit UI. Bl serko
NOJYYHTE ONpefle/leHHsl PaBeHCTBA M HepaBeHCTBa Vsl Jiel-
CTBHTEJIbHBIX UHCes H J0Ka3aTeJbCTBa OCHOBHBIX CBONCTB S5THX
orHomenuii. [lanee, nocne oueBHAHOrO oNpefeneHHsi apHpMe-
THYECKHX oONepauuii TeopeMbl apHPMeTHKH JeHCTBHTENbHBIX
Ypces CTAHOBATCS HENOCPEACTBEHHBIMH CJIEACTBHSIMH TeOpeM
o UI'. { npemoctaBasiio BaM npofenaTh 3Ty paGoTy.

3.3.2. IIpomescymgu

Onpenenenne 1. Ecinaub—nefictBurensHele uncsa, 1o
samkHymoili npomexcymox la, b] ecTs BuI TaKHX AeHCTBUTEND-
HBIX YHCEN X, YTO HEBO3MOXKHO BBHINOJHEHHE Napbl HEePaBEHCTB
X > a u x > b v HeBO3MOXKHO BBINOJNHEHHE Naphl HEPaBEHCTB

x<amnx<bh

3aMeuanne. OnpefeneHne I0MKHO GBITh 1aHO B 3TOH C/IOXK-
HOHl ¢opMe, Tak Kak MBI MOXKEM He 3HaTb, KaKoe H3 4uCed a
H b aBnsiercs GOAbIHMM,

Teopema 1. Ecan max (a, b) = ¢, min (a, b) =d, T0
(a, b] = [d, c].

HokasartenbcTBo. Mu Bufiesn B Teop. 3 us 2.2.7, 4t0
(x> a u x> b) 5KBHBaNeHTHO X > C, @ 3TO S5KBHBAJICHTHO
(x > c¢ u x> d); noaToMy HEBO3MOXKHOCTb (¥ >a u x > b)
9KBHBAJICHTHA HEBO3MOXKHOCTH (¥ >c¢ u x > d). Tlposens
aHaNIOTHYHOE paccyxkJeHHe ¢ 3aMeHoil ¢ Ha d, BUAHMM, YTO
x & la, b] skBuBanentno x & le, dJ.

Teopema 2. Ecau a}>b, 10 la, b] ects Bug AeiicTBu-
TeJbHBIX YHCe1 X, YAOBJACTBOPSIOMHX yciaoBuio (x < a u

x B b)
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NokazaTenbcTBo. X0Ts aHHOE I0KA3aTENbCTBO QUERb
IpOCTO, OHO MOXKET NOKa3aThCsl TPYAHBLIM TeM, KTO He MPHUBBIK
K TPUMEHEHHWIO HWHTYHIIHOHHCTCKOH JIOTHKH; MO3TOMY S NpH-
Belly ero HecKospKo moppoGuee. CHauasa NpeANOJNIOXKUM, 4TO
x<auxPb U3 x< acrenyer,uro (x << a u x <b) He-
BO3MOXKHO; TOUHO TaK Xe W3 x }> b cuaenyer, 4to (x >a u
x > b) HeBoaMmoxHo. [Tostomy x & la, b].

Tenepr npemnosioxkuM, uro x & [a, b], u JonyctuMm, uTO
x < a. Torna BBully @ }> b MBI nosyussiv 66l X < b ¥ uMenH
6 (x << a u x < b), uro HeBO3MOXKHO IO MNPEANONOKEHHIO.
Takum o6pasoM, x < @. AHaNOrMUHO JOKa3hIBaercs, 4YTO

xpb.

Canepcteue. Ecnu max (a, b)=c, min (a, b)=d, 10 la, bl
ecTb BHJ TeX JeHCTBHTEJbHBIX YHCeaR X, I KOTOPHX x ¢
ux<d.

3.3.3. Kanonuueckue 4rr

Yacto ObiBaeT yAOGHBIM NpPEACTaBASATH JACHCTBHTEJbHBIE
yucaa mocpeactsoM UI mpoctoit dopmer. lycts aeficTButenn-
HOe UHUIO X 3ajano nocpeictsoM UT {r,}. Moxuo Haiitu

k, Takoe, uto |x — ri| < 27" ¥ sateM OnpejeNuTs TaKoe
nesoe X, uTo |rp — %277 << 27", TaK uto

(1) [x— 2" < 2 2™

Brmosnsisi 370 AN KaXkIoro n, Mbl noctpouM UT {x,27"},
paBHBI x ¥ o0safaromufl CBOACTBOM

_ —n-1 5 6., 5 o 15 -n,
|xn2"-—xn+12" I<—8—2 n+~m2 "= _1_6211'
U3 3TOTO CAefyeT, YTo
(2) [ 027" — %0277 <27V

Onpeaenenue Ul {x,27"), rae x, — uense uuc-
Ja ¥ rje cobmofeHo ycaoBue (2), HaSHIBACTCS KAHOHUMECKUM
ur.

Mul joxasanu clefyomylo TeopeMy:

Teopema 1. JlioGoe pneficTBHTeJbHOE YHCJO X COBMHa-

HaeT ¢ HeKOTOpuIM Kanouudyeckum UT (.27}, ymoBAETBO-
pstorum  yeaosuio (1).
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5
U3 nokaszarenbcTBa sicHO, uTo B (1) MHOXHTEND § MOKHO

3aMCHHTh Ha % 4 &,, e g, > 0.

3.4. dunumapusie nomoxu (seepa)
3.4.1. Onpedesrenue

IMorok M ¢unumapen (ecrmo 6eep), eciu 3aKOH notoka Ay
TaKOB, UYTO JONYyCTHMO TOJBKO KOHEYHOE YHCJIO OJHOUICHHBIX
nocaefoBaTebHOCTEH U uTO AJ/s JuoGoll JonycTHMoll mocseno-

BaTeNbHOCTH Gy, . .., @, HMEETCS TOJNbKO KOHEUHOE YHCJIO
3HaueHH#t K, TaKux, 4YTO 4@, . .., s, R — JONycTHMas IoO-
CJIE0OBATENbHOCTD.

byks. Ckaxure, sBasieTCs JIH CJIOBO «pHHHUTAPHEBI» HOBEIM
CJIOBOM.

Hur. Ero wucnonpzoBan Kawnu /s GIHSKOTO NOHSTHS.
Uro ke KacaeTcs «Beepa», TO, XOTA 1 H NPH3HAI0 HCNOJIb30-
BaHHE TAaKHX HOBEIX CJIOB B MaTeMaTHKE TOJNBLKO B YMEPEHHBIX
Jlo3aX, OIHAKO MOHATHE (PUHHTAPHOTO IMOTOKA ~— HACTOJIBKO
BaXHOE MOHSTHE, YTO YJOGHO MMETb JJis HEro KOPOTKHH Tep-
MHH.

Teopemal. Kaxapil 3aMKHYTEIH NDOMEXKYTOK KOH-
THHYyMa COBNAflaéT ¢ HEKOTOPHIM (HHHTADHEIM [OTOKOM
[Bpaysp, 1919 A, crp. 14; 1924 B, crp. 192].

HoxkaszarteabctBo. [Ilyctb Jannl JBa JAeficTBH-
TEJIbHBIX YHCaa a ¥ b 1 mycTh max (a, b)) = ¢ u min (a, b) = d;
torfa la, bl = [d, ¢]. Kak B 3.3.3, MBI CTPOMM KaHOHHYECKHE
yr {d,2™"} u {c.2™"}, cosnafawimye ¢ d ¥ ¢ COOTBETCTBEH-
#0. MOXHO NPEANONOKUTD, UTO dy < Cn, TaK KaK NPH dn > Cp

_ 5 o
Ml HMesH Gbl Takke [d—c 27" | <5 27" ¥).

PaccMotpuM motok S, cocrosiuuit u3 KaHoHmyeckux BIIIT
{x,2""}, Tle X YAOBJETBOPSIET YCIOBHIO
0)) dy < xn < 0 ).

[Tocsie BHIGOpPaA Xx,, CaMOE MeEHblee, OHO H, caMoe GOJb-
mee, TPH 3HaUeHHs JOMYCTHMBI Sl Xpi, TaK YTO MOTOK S
¢unutapet ). S nokaxy, uro S cosnafaer ¢ la, b]. U3z (1)
BHJIHO, UTO KaX/blfl 3JeMEHT S paBeH HEKOTOPOMY 3JIEMEHTY
[d,c]. U mnaoGopor, ecau x — anement [d, cl, To Moxmuo
nocTpouth KaHonmyeckylo BIIIT{x,2™"}, coBnagawomyo ¢ x.
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Kak panblue, 15 d, U ¢, MOXKHO JOCTHYb TOTO, yTOGHI COGIIO-
JlaNUuCh YCNoBus dy < Xn < Cn, TAK YTO X COBNAAAET C OFHHM
H3 3JeMeHTOB S.

3.4.2. Teopema o seepax

Teopema. Ecan nenowncnennas ¢ynkuus ¢ (8) omnpe-
JelleHa 1 KaXkJAoro 3JemeHTa O (HHHTApHOrO IOTOKa S,
TO, HCXOAS H3 onpefieseHusi PYHKUHH ¢, MOXHO BBHIYHCIHTD
Takoe wucio N, aro ¢ (8) Oymer onpepenstbes neppeiMa N
KOMIOHeHTaMH §; T. e. ecnu 6; u 0, — TaKue BJEMEHTHL S,
gTto nepBele N KOMIOHEHT &; coBmafaioT ¢ nepsbiMd N KoM-
noHeHTamu 0,, To Oynem umets ¢ (8;) = ¢ (8,) [Bpaysp,
1923, ctp. 4; 1924 B, crp. 192; 1926 A, crtp. 66; 1952,
crp. 143; 1954, crp. 15].

NoxaszateanbctBo. Ilycte A— 3akoH notoka S
u F — BUIL JONMyCTHMBIX KOHEYHHIX ITOCTeR0BATeNbHOCTEH,
onpefieniaeMblil A, K KOTOpoMy emie jpoGaBJisieTcsi mycras Io-
caesoBarenbHocTb. Ilyerb K — ¢uHuTapHBI MOTOK, COCTOs-
muft u3 BIII, nonyctumbix no A. YZoGHO BBeCTH CIEAYIONIYIO
TepMHHONOrHIO (cM. Takxke 3.1.2.).

IMocnenoBatenbiocTs @y, - .« -, @y Anity - - oy Qi (R >1)
SABIACTCH  npeemHuyedd @, . .., @y,  I0CJAEL0BATENBHOCTD
a4y, ...,0, ABIAETCA  npeQulecmeHHuyel  Qy, - . ., Qp,
Aniyy - - oy Qpipe

BIlllo = ay, . . ., @n, - . . ABAsETCH npodossiceHiiem Ko-
HEYHOH IOCTeZOBATeNbHOCTH Qy, g, + + +,Qn H Oy, - . .y Qp —
Hauarom o. Ecnu ¢ — anemedt K, 10 0 sBaserca K-mpopos-
KCHHEM @y, G, . .., @y [locjenoBaTenbHOCTb, BXOAsIIAs
B F, HaspiBaeTcsi Takke F-110C/€0BATENBHOCTHIO.

Ecnud — sneMenT K, ¢ KoTopbiM nocpeacTBoM ['s cooTHeceH
o6bekT O, To Mbl nosaraeM ¢(0) = f(d). asa Bcex 37eMeHTOB
K onpenenero f. Tak Kak f(d) mo/mKHO GBITb BEIYHCIHMEBIM, TO
€ro 3HaueHHe JOJ/DKHO ONpeflesThCst KOHeUHbIM YHCJIOM KOM-
MOHeHT d, T. €. HeKoTopofl mocsefoBatesnbHocThiO a(d) us F.
[lyers C — BuR nocnefoBatenbHOCTEH, KOTOpble TAKHM 00pa-
30M COOTBETCTBYIOT 3jieMeHTaM u3 K; Torja Kaxabifl 5JeMeHT
K umeer Havano a(d) us C. CnexoBaTenbHo, eciu b — mocie-
JoBaTeNbHOCTh, BXojsmas B F, To moboe K-ripofomkeHue b
uMeeT Havasio B C; Mbl BbIPa3nM 3TO CBOHCTBO, TOBOpS, uTO b
K-sanepma nocpencteom C.
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OueBHiHO, 9TO TOJMBKO INOCPEACTBOM JOKasaTesibcTBa R,
OCHOBAHHOro Ha JIaHHBIX TCOPEMBI, HAM MOKET CTAaTh H3BECTHBIM
TOT $aKT, uTo KaxMAas F-nocnefoBatenbHocTh K-3anepTa noc-
peActBoM C. DTH Xe JaHHBIE MOFYT OHITh JIBYX COPTOB, a HMEH-
HO

(i) Bun C,

(ii) oTHolLueHHS MexAy NOCNeNOBATeNbHOCTBIO, BXoAsueH
B F, u ee HelloCpeJICTBEeHHLIMH NPeEMHHIIAMH B F.

[MostoMy R, uanokeHHoe Ge3 COKpAMIeHHH, COCTOHT H3
KOHEYHOrO YHCJ/a BBIBOJOB, KaXIbll H3 KOTOPHIX SIBJSETCS
au6o C-BbIBOAOM, suG0 $-BHIBOJOM, rje HOCHAeJHHE onpele-
JSIOTCS CJIEAYIOmNM 00pasoM:

$-BEIBOA: eclH s HEeKOTOpoH F-moc/elloBaTeNbHOCTH a
Jnobasi HelocpeJIcTBeHHast npeeMHuna a B F K-3aneprta nocpef-
ctBoM C, To ¥ a K-3anepta nocpeictsoM C;

C-BLIBOJ: eclM Nl HeKotopo# F-moclieloBaTeqbHOCTH @
HenocpefcTBeHHasi npefiuiectBeHHHIa a K-sanmepra mocpefct-
BoM C, To u a K-3anepra mocpefctsoM C.

IMocnepnuit BeBoA N, HoKasbBaoOWIMi, YTO NycTas mocje-
JloBaTenbHOCTh K-3amepra mocpefctsoM C, JofMxeH OHITh §-
BBIBOJIOM, TaK YTO 3anepTocThb (T. €. K-3anepTocTb NOCPEACTBOM
C) ansa kaxJol 0JHO3JIEeMEHTHOR MOC/eJ0OBaTEIbHOCTH J0JdXKHa
OBITb JIOKa3aHa paHbllie, YeM 3aNepTocTb NYCTOf IocjeloBa-
tenbHOcTH. T109TOMY ecili 3amepTocTb OJHO3JEMEHTHOH MOC-
JieloBaTebHOCTH JoKa3aHa NPH MOMOIIHM {-BBIBOJA, TO OHA yXKe
6bina fokasaHa B R, npuueM nepBbfl ee BEIBOJ Gbll §-BBHIBO-
JoM. Orciofila cleflyeT, YTO MOXKHO OTOPOCHTb Bce {-BHIBOMLI,
JIOKa3bIBAIOIHE 3aMEPTOCTh OJHO3/IEMEHTHEIX IOCAeloBaTe b-
Hocrefi. KpoMe Toro, J0KasaTeqbCTBY 3alE€PTOCTH OJHO3JE-
MEHTHHIX MOCHeloBaTe/ bHOCTeH JOMKHO mpeAmecTBoBaTh JO-
Ka3aTeNbCTBO 3aNEPTOCTH €€ HEMOCPEJCTBEHHBIX I[PEeMHHIL.
IToBTOpSIs Ty XKe caMyi0 apryMeHTalHio AJs JBY X3JIEMEHTHBIX
nociefioBateJbHocTel H T. ., MBI JOKaXeM HHAYKIHE#, YTO
3 R MOXKHO yCTpaHHTb Bce (-BLIBOAB, TaKHM 00pasoM MbI
HOJIyUHIH HOBOE J0KasaTeabcTBO N’.

Hanee, us3 N’ MoxkHO onyCcTHTb MOGOH F-BbIBOA, KOTOPLIH
JIOKasblBAaeT 3aNePTOCTh KaKOH-HHGYAb MOCAELOBATENbHOCTH,
npuHagsexamei k C uian uMewowell npeliuectBenHul B C
Wi yxe uMmeromleii B R’ NokasatenbctBo 3ameproctH. ITocne
BceX 9THX YIPOUICHHH MBI HOJYYHM J0Ka3aTeJbcTBO N.

[lepBuift BoBoA B R gomkeH uMerb (opMy «wnobGasi Hemo-
cpeicrBenHas F-mpeemHuna F-nocnefoBaTe/IbHOCTH @ INpH-
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nanaexnt C, sHauut, a K-3anepta nocpeacrsoM C». Taxoft

BBIBOJ Mil OyJeM HasbiBaThb npumumuerem BbBojoM B K.
Iyctb Co — BUA TaKHX 3J1eMeHTOB H3 C, KOTOPbIE BCTPEYAOTCs

B NPHMHTHBHHIX BhBoJax B R. Kaxnnli HenpuMHTHBHEI

BuiBOJ, B N umeer dopMy: «Iasi Jo6GoOf HenmocpeACTBeHHOM
F-npeeMuuipl  F-nocsiefloBaTe/IbHOCTH 4 y¥Ke JoOKasaHa K-
saneptTocTh nocpeactBoM C, sHauut, m a K-3amepra nocpef-
ctBoM C». OTciofia Jierko BujieTb MO HHAYKUMH, YTO ecid B R
JIoKasaHo, uto a K-3anepra nocpeiactBoM C, To a K-sanepra u
nocpefctBoM C,. B uacTHocTH, mycTasi NOC/IEN0BATEILHOCTD
K-3anepra nocpeactsoM C,.

Umneso maroB B | KOHEUHO; KakJblM 1uar sBjsercs §-Bh-
BOJIOM, HCHOJIB3YIOUIMM JIHIIb KOHEUHOE YHC/I0 MPEABILYLIHX
$-BoiBofoB. OTCIOla CllefiyeT, YTO KOJMYeCTBO $-BLHIBOJIOB B
R xoneuno. Yucio 5JICMEHTOB Cy, BCTpeYaIOUIUXCSl B NPHUMH-

THBHBIX BbIBoJax H3 M KoHeyHo, oTKyda caelyer, uro Co
KOHeyHO. 3HAUHT, CYLIeCTBYeT KOHEUHBIi MakcuMyM N mis
JUTHHEBL mocaefoBaTejbpHocTH B Cp. DTO JOKa3bIBACT TEOPEMY.

Kuace. DT1o 3aMevarenbHO NPOCTOE JOKA3aTeNbCTBO sl
TCOPEMBL C TAKHMH JIAJIEKO HIYUIHMH CJIeICTBHIMH.

Wur. 310 — nepBoHavanbHOE JOKasaTelbetBO DBpayapa
[Bpayap, 1926 A]; Toabko DBpaysp noxasmiBaer TeopeMy O
Beepax Kak CHelHalbHBIN cjayyali ofmeli TeopeMsl O Mo-
ToKax. BrienpuBe/icHHOE JOKA3aTebCTBO NONyUYeHO H3 Gpay-
3DOBCKOI'0 OT60pPOM H3 Hero Bcero HeoOXOAuMMOro IJisl JOKa3a-
TeJIbCTBA TEOPEMBl O Beéepax.

dopm. Bonee Bcero MeHs Nopakaer B 3TOM J0KasaTesb-
¢TBe caeflyioiiee yTBepxAeHne: «OueBHIHO, YTO TOJIBKO Nocpef-

CTBOM JIOKasaTesibcTBa R, OCHOBAHHOI'O HAa JAHHLIX TEOpEMbI,
HaM MOXKeT CTaTb H3BeCTHHIM TOT $akT, uTo Kaxias F-mocne-
JoBarenbHocTh K-3amepra nocpefictBoM C». OkasbBaercs,
4TO MaTeMaTHYeCKHH DesyJsbTaT JoKasaH MOCPeACTBOM MeTo-
J0B, KOTOpbIE Ha sI3bIKe HOPMAJTHCTOB Ha3kIBAMHCh GBI MEeTaMaTe-
MaTHYecKMMH. B HacTosiee BpeMs HCIIOJIb30BaHHE MeTaMaTeMa-
THKH J/Isl IOTyYeHH s MaTeMaTHYECKHX Pe3yJIbTATOB He SIBJSIETCS
HOBBIM; NpOCTEHIINHA €ro NpHUMeP — NPHHUHN ABOHCTBEHHOCTH
B NIPOEKTHBHON I'€OMETPHH; BaXXHbIe IPHMeHEHHs 3TOrO0 MeToja
K ajnrefpe GbuH HellaBHO caenansl A. TapckuM, A. PoGuHco-
HoM u JI. XenkuHom [cM., Hampumep, Tapckuit, 1950;
Xenkun, 1953; Po6uncon, 1951]. OaHako JocTOHHO BHHMA-
HHS, UYTO INONQOHBIE METOABI HCHOJb3YIOTCA  HMHTYHIHO-
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HHCTaMM, KOTODHIM He HPaBHTCSl CTporasi (opMaNH3anHsl H
KOTOpHIE I03TOMY He MOT'YT CTPOHTb METAMAaTEMATHKY B COGCTBEH-
HOM CMBICJIe CJIOBa.

Hur. Jro BaxHBHI Bonpoc, Kacamomuficd HOPHPOAH HH-
TYHILHOHHCTCKOTO JOKasaTeJbCTBa BooOmie. Bul mpaBHl B TOM,
YTO HesIb3sl YCTAHOBHTDb pasjiMuue MeXAy MaTeMaTHKOH WM MeTa-
MaTeMaTHKOH, He IpoBeAs cTporoi jopMasH3allid MaTEeMaTHKH.
YroObl BHISICHHTb, B KAKOM OTHOLUEHHH J0KAa3aTeJbCTBO Teope-
MH O Beepax OTJHYaeTcs OT JPYTHX HOKAa3aTeJbCTB, HYKHO
cllenaTh chedyloljee 3aMeuaHue. B' Kaxgo#t MaTeMaTuuyeCKoH
TeopeMe BCTpeYaercsl YHNOMHHaHMEe NpPeABIAYILHX NOCTPOeHHH.
BoabMeM Haygauy Teop. 2 u3 2.2.5: pasa moOHX AefiCTBHUTEN b
HHIX yncea a, b u ¢, a 1 b Biever a - ¢ = b 4 ¢. 34ecs B no-
CBVIKe g 13- b JlesiaeTcsl CCHIIKA He Ha NpPeANoJOXeHHBIH (haKT,
a Ha INpeINoJoXeHHOe IOCTPOeHHe HATYPaJbHHIX UYHCET 71
u k, yaosaersopsitomux onp. 1 u3 2.2.3. Teopema yTBepxaaer,
4TO H3 5TOr0 MOCTPOEHNsT MOXKHO MOJYYHTb HaTypaJibHble
4yucaa, yAoBaeTBopsiouiHe onp. 1 w3 2,.2.3 ¢ 3aMeHolt a u b
Ha a 4 ¢ u b 4 ¢. Ho nouru B KaxkaoM ciyuae B J0Ka3aTelb-
CTBe yyaCcTBye€T He CaMo NpPeAloNokKeHHoe NNOCTPOeHue, a TOMb-
Ko ero peayJabrar. HoBoH uepToli joKasaTenbcTBa TeopeMHl O
Beepax SIBJsieTcsl TO, YTO B Hero SIBHO BOBJIEYEHA BO3MOXKHasl
¢dopMa npennoJioKeHHOro NnocTpoeHus. Tak Kak Mbl 3HaeM,
YTO MOCBLIKA TEOpPeMBl BCETAa COCTOHT B NPEANOJOXKEHHH O He-
KOTOPOM ye BHIIOJHEHHOM IOCTPOEHHH, TO MHl He MOXeM
BO3paXKaTb NPOTHB NpHBJIEYeHHS B KadecTBe OpyJAHA AOKa3a-
TeJLCTBA PACCMOTPEHHS BO3MOXKHOTO crocofa Takoro mocTpoe-
Hus %),

ITpumenenus meopemot 0 eeepax
3.4.3. Henpepuisrocme gpynryuil

HawnboJiee BaxHBIM NPHJIOXKEHHEM TeOPEMH O BeepaX §B-
JIsieTcst

Teopewma 1. OyHrnu1 f(x), onpenesnensas B 1o6of TouKe
3aMKHYTOro MPOMeXYTKa KOHTHHyyMa H NpHHHMawlasi B Ka-
uecTBe 3HAYeHHH HeHCTBHTEJbHBE YHCJA, PAaBHOMEPHO Helpe-
pHIBHA Ha 3ToM npoMexytke [Bpaysp, 1923, ctp. 5; 1924 B, D;
1926 A, crp. 67; 1954, crp. 17].

HokaszateabcTBo. B cuay teop. 1us3.4.1 npovexyTok
[a, b] coBnamaer ¢ HeKoTOpHIM BeepoM S. KaxaoMy sieMeHTy §
¥3 S conocraBasieTcs AeficTBHTeNbHOe qucao y == f(E); y coB-
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najaer ¢ xaHoHmueckuM UI' n = {n,2—"}. Ias ¢ukcuposau-
HOTO 71 CONOCTABHM 9JIEMEHTY § UHCJIO 1),; TAKHM NYTEM IOJY-
yaercs IeIoUHC/AeHHas (yHKIHsA, ONnpefieseHHas Ha S; Torfa
IO TeopeMe O BeepaX MOXHO HalTu Takoe N(7), uTo npu JoGoM
t u3 S, n, Gyaer onpeleneHo NepBHMH N KOMIOHEHTaMH &.

ITycts Tenmeps ¥y u x» — JeficTBUTeNIbHBIE uncaa H3 [a, b,
TaKHe, 4T0 |x; — x» | << 2-N; Torma x; u x; coBmajawr ¢
kaHoHHYeckKuMH YT &1 u &2, y KoTOpHIX nepBbie N KOMIIOHEHT
onuHakoBel 2°).Orciofla caellyer, 4TO 1), OfHO M TO Xe s &1
U &2, cJelloBaresibHO,

If &) —F &) <22
Takum o6pa3oM, Mel JOKasaiu, 4TO H3 |x — xa| <2~V
caefiyer | f(xy) — f(xa) | << g 2", 9ro 3HauHT, 4yTO f(X) pas-
HOMepHO HenpepoiBHa Ha [a, b] ).

Teopema 2. Eciu ToueuHbIfi BHJ siBJIsieTCS paclio3HaBae-
MBIM TIOABHOM 3aMKHYTOTO IPOMEXKYTKA, TO OH SBJASICTCS JHOO
NyCTHIM BHJIOM, JIHGO BceM NpoMmexxyTkoM [Bpaysp, 1926 A,
crp. 66] %%).

Hoxazatenbctso. Ilyerh Toueuneldi BuA Q sBJAseTCS
pacno3HaBaeMbIM NOABHAOM NpoMexyTKa E. Pynkuus f(x), pas-
Hast 1, ecoin x npuHaljaexut Q, u paBHas 0, ecsiu x npuHajie-
xut E — Q, onpefleneHa B KaxJo# Touke E, a NOTOMy JOJIK-
Ha OLITb HeNpepbiBHA Ha E; 3TO 03HadaeT, YTO OHA SIBJseTCS
KOHCTaHTOH 2%).

Teopemad. Pynkuus, Bciolly onpefle/icHHasi Ha 3aMKHY-
TOM NpoMexkyTKe E, HMeeT Ha HeM HaMMEHBLIYIO BEPXHIOIO H
HaHOOJIBILYI0O HHXKHIOK TpaHHIBI 24).

JoxkasartenbcTBo. M3 jokaszarenncTBa TeopeMsl | caenyer,
4TO JJIS 1}, HMEETCS TOIbKO KOHEYHOe YHCJIO 3HaUeHHH; NMyCThb
{n — HauMennoinee u3 HuX. Ilomoxum (,2-" = z,. Jlerko
BHJETb, UTO |2, — Zp4;|<C2-"1; mnosromy lim z, cymecr-

n—-»co
BYeT M SBJI’ETCH HauGoJbIIeH HIDKHeR rpaHbio JJs f(x) *3)

Teopewma 4. EcnndyHKIHs onpeejicHa H IOJIOXHTEIbHA,
B Jmo6GoH TOYKE 3aMKHYTOTO NpOMexXyTKa E, TO ee HauGOJIb-
Ilasi HHXKHsS TPaHb MOJNOXKHTE/IbHA 26).

HokaszaTeabcTBO. Kak B J0OKa3aTeJbCTBE TEOPEMEI 1, Kax-
Zomy ssemeHTy § M3 S conocraB/isercs KaHoHmdeckumi UIT
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1={n,2"}; n > 0, TaK 49TO JUIs HEKOTOPOTCo dHCJa n;, UMe-
eM Ny, >0. n1—¢yHkuus or §; No TeopeMe O Beepax
MOXHO HafiTu Takoe M, uto n1 Gyfer onpejeseHO nepBuiMH M
KoMnoHeHTaMu §. 3HAuuT, A/ 71 HMeeTcsl TOJbKO KOHEYHOe
quc/l0 3HadeHHH; NyCTb N, — Hauboabliee u3 HHUX. Torxa
2n, > 2-™. KpoMe Toro, npm Jmmo6oM X HMeeT MecTO

fx) > z,,,——g 2-m, nostoMy Haubosiblnasi HHXKHAS IpaHb
f(x) nonoxwurennbHa.

3ameuanue. Henb3s yTBep:kaaTh, uTo f(¥) AocTHraer cBoeft
HauboJiblliell HUXKHeH I'paHH B HEKOTOPOR TOYKE HHTepBaJa.
[IpouamocTpupyeM 3TO CJAEAYIOUIHM NPHMEPOM:

fir) = — 34 + 4cx® + 65 — 120x,

rie ¢ — AeficTBUTENbHOE YHCJO, A/ KOTOPOI'O HEH3BECTHO,
paBHO JIH OHO HYJO, GoJibllle HAH MeHbIUE ero.

fX)=—12xx4+1)(x—1) (x—o),
f(—1) = 3+8¢, f(1) = 3—8¢, f(c) = c* — 6c”.

HauMenblnass BepXHss rpads f(x) Ha ortpeske [—1,1]
paBHa 3-8 |c|, HO HeW3BecTHO, NPHHHMAaeT JH f(X) 3TO 3Ha-
yeHHe NpH X = — | wau npu x = 1%7),

3.4.4. Teopema Bossyano — Bedepumpacca

Bpaysp uccaeposan sty Tteopemy [Bpaysp, 1952B).

MBI paccMOTpPHM CJEAYIOWMN ClellHaJbHBIA CIyyYail.

(A) Ons moGoro orpaHnueHHOro 6eCKOHeUHOro BHJAA Jel-
CTBUTEJIbHEIX UHCEJ MOKHO HafTH TOUKY HAKOIJIEHHS.

KoaccHueckH 3TO 9KBHBAJIEHTHO YTBEPXKAECHHIO

(B) Kaxfwiii orpaHnueHHbId BHJ, JAeACTBUTEJNBHBIX YHCe,
He MMeIOWHi ToYeK HAKOMJIEHHsl, KOHeUeH.

OnpellesiuM Tak NOCJAe0BaTeIbHOCTD {@,}: €cJIH CpefH mep-
BHIX 71 JISCAATHYHEIX 3HAKOB B pa3jIOKeHHH W He BCTpeuaercs
nocJeioBatensocTh 0123456789, T0 @, = 2°"; B npoTHBHOM
cayyae a, = 1—2-"7. BujJ JefAcTBUTENBHLIX YHCed @, GecKo-
HeueH, HO HHKTO He 3HaeT, KakoBa €ro TOUKa HAKOIJeHHS,
ecan oHa cymectByeT — O uam 1. Ilosrtomy cefivac Mbl He
MOXKEM HHTYHILHOHHCTCKH JOKasaTb npeljiokeHue (A).

Yro xacaercs (B), To Bpaysp nokasan, urto Her HajeX.p!
JokasaTb jaxe OoJiee ciaaboe ytBepxkfeHue C, npuBoAxMae
HimKe. S Hanoxy ero paccyxjienue B 8.1.3
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Onpenenenue. Bumuucrenno oepanuyen, ecnu ussectto
HaTypaJbHOEe YHCIO 71, TaKOe, YTO S He MOXKET COAEPXKaTh
MOABUJOB H3 1 3JIEMEHTOB.

3ameua Hue, Kaxaplfl KoHeuHHI BUA YHCAEHHO OTpPaHU-
yeH, HO o6paTHoe He 0653aHO OBIThb BEPHEIM.

(C) Kaxppilt orpaHuueHHBII BHJ JAeHCTBUTENBHBIX HYHCEJ]
6e3 TOYUKM HAKOIVIEHHs YHC/IEHHO OrpaHHuUeH %),

Heckonpko ocnaGnensnle Bapuantl (A) u (C) BepHmI.

Teopemal., Ilyctb Q — orpaHuueHHni GeckKoHed-
HEIfl BHJ AEACTBHTEJBbHHIX YHCeJd, /M H N — HaTypaJjbHbIE

yucna. Torga CyumecTsyer HHTEpBal AJHHE 27, COAEpIKaului
No MeHbUIEH Mepe m 3JeMeHTOB u3 Q.

IHoxasateannctBo. Ilycth & u k& — measle uucnaa,
Takue, 4102 < kuuto Q cofepxutcs B uHrepsae (h,k). ITycts
r=(k—h+1) 2" Iycrs R — nopsua Q, comepxamuii
rm sneMeHTOB. /1Sl KaXZO0ro 3JeMeHTa X U3 R Ml ompejeanM
HeJoe YHCAO Xy TaK, 4TOGW coOmiofanuch  yCJaOBUS
(%1 — D 27" < 2 < (Kny + 1) 2771 ®). Tak xax uuciao
untepsanos (¢ — 1)27*7, (¢ + 1)27*, nepexpbiBaromuxcst
¢ (h, k), paBHO r, TO 10 KpafiHefi Mepe ONUH H3 HUX COACPKMT
HE MEHEE YeM /1 dJIEMEHTOB U3 R.

Teopema2 Ecau ansa orpaHuueHHoro Buja AedCT-
BHTEJIbHHIX yHCeN Q MOXHO HaHTH IpH JOOGOM AeHCTBHTEJb-
HOM X TaKoe HaTypaJbHOE YHCIO 7 (X), YTO INPOMEKYTOK
(¢ — 27", x+ 27") me MoXeT ComepXKaThb ABYX pas/IHYHBIX-
SJeMEHTOB M3 @, TO Q 4YMCJAEHHO OrpaHHYeH.

HokasatenbctBo. Ilycts Q comepxutcs B (A, ).
IMpomexytok (x — 27, x+ 27), rme x & [h, k], conepxkur
npomexyTok i(a, r) = (@27, (@+22""), rae a — me-
noe uucao u rae i (a, r) comepkut x 3°),

ITycth J — KaHOHMYeCKHH TOUeYHbIA Beep, COBNAJAIOMIHMA
¢ [, k]. Tak kax qoGomy a1eMeHTy § U3 J comocraBJeHHl Ie-
Jjete r(§) u a(§), To no TeopeMe 0 Beepax MOXKHO Ha#TH m, Ta-
Koe, uto r(§) u a(§) 3aBHCAT TO/BKO OT NePBHIX 1 BEHIGOPOB B
nocrpoesuu &. CieIoBaTesNBHO, TOJBKO KOHEYHOe 4uC/IO (CKa-
XeM, S) pas/MUHHX i(a, r) MoKprBaer Ik, k). B cuny Toro uto
HHKaKOH i (@, r) He MOXKeT co/iepxkaTh ABYX pas3/HYHEIX 3JI€-
MeHTOB Q, He MOXeT CYIIecTBOBaTh MOABHA Q ¢ s 4 1 aje-
mMeHTamu ).



IV. AITEBPA

4.1. Anze6paunueckue noss

51 He cobupalock JaBaTh 3[i€Ch CBS3HOIO U3JIOXKEHHS HUHTY-
UIMOHHCTCKOHA asre6pul [[eiitunr, 1941]; mens caepyromux
OTPBIBKOB COCTOMT IVIaBHHIM 00pa3oM B NpPHUMEHEHHH TeOpHH
JeHCTBUTEJbHBIX UHCEJ, OJHAKO HX JIErKO IepejenaTh AJIs
caydas abCTPaKTHOrO ajreGpaHyeckoro moJs.

4.1.1. Omnowernue omdesenrocmu

B nose HYXXHO BBOAUTL ACJIEHHE, a, KaK Mbl BHACIH, AJAA
JIeHCTBUTE/ILHBIX YHCeJ Jie/lieHHe BO3MOXHO TOJNBKO TOTAA, KOr-
Ja JeJIuTeJb OTAEJEeH OT O; OTCioJa CJICAYET, 4YTO OTHOIIEHHE
OTAEJIEHHOCTH 6y}1€T CYyLleCTBEHHBIM JJId ONpeACJIEHHUA TOJ4.

Onpepneanenne. CuMMerpHuecKoe OTHOLIEHHE 1 Mexay
aJleMeHTaMH Buja S GyZeM Ha3blBaTb OMHOUWEHUEM OMOeACHHO-
cmuy, ecd OHO obJsafiaeT eaefyromumu ceoiictBamu (i) — (iii) (cp.
2.2.3), rie a, b,... CyTh 3JeMeHTHI S.

(i) Ecan a 34 b, T0 @ = b HeBO3MOXKHO.
(ii) Ecau a 3 b HeBO3MOXHO, TO a = b.
(iii) Ecnu a 3£ b, To ans moGoro ¢, BXoasuero B S, a H-c¢
um b e

4.1.2. Onpederenue noan

MarteMaruueckuii BUA F HasblBaercs nosem, €cyid OH o6-
JajlaeT CAefyoUWuMH cBofictBamu: R, Al, A2, M1, M2, M3.
R. B F ompenesieHo oTHOIIEHHe OTAeeHHOCTH 1.

Al. B F onpefieseHO KOMMYTaTHBHOE H aCCOIHAaTHBHOE CJIOXKe-
Hue; F CONEPKUT HyJb U OOpaTHBIH JAAs KamxJAOro H3 CBOUX
a/1eMeHTOB %2),
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A2. Ecina 3£ b, To s moboro c w3 F a+ciEb+c.
Ml. B F onpefiejieHo KOMMYTaTHBHOE M acCOLMaTHBHOE yM-
HOXeHue, AUCTPMOYTHBHOE MO OTHOLIEHHIO K cJjoxenwio; F
copepxkut 1 u 1 H 0.

M2. Ecau a 3£ 0, To cymecTByeT oOpaTHBIH €My 3/J€MEHT
alu atH 0%

M3. Eciu a -6 u ¢ 0, To acH be.

4.1.3. Csolicmea omrouleRUs omoeseHHoCmi 8 nhoae

Teopemal. ab:0 Brever a3+0 u b3 0.

JokasaTteabcTBO. Ecau ab$£ 0, 7o a0 wian
ab 3F a. B nepsom cayuae Takke u a3+ 0 un (ab) a1 0,
1. e. b 3£ 0. Ilycte Teneps ab H-a, 1. €. a (b — 1) 3 0. Tax
kak 1 3£ 0, To aubo b £ 0, 6o b — 1 0. Ecau b H0,
10 61450 u (ab)p* 410, T.e. a:0. Touno Tak xke pac-
cmaTpuBaeM cayvait b — 13 0.

Teopema2 H3 a4 b3 0 caexyer, uto a {0,
win b 3£ 0.

HoxasarteanbcTBo. Kak B Teop. 5 us 2.2.5.
Teopemad. Ecmm abifced, To adfc wim b3 de

HJokasateabcTBO. ab—cdif0; a(p—d) +
dla—c)H0;moreop. 2ulb—d3H Oumua—cHO0.

Teopema 4. Ecmf (xq, ..., Xn) — MHOrOWIEH C KO3(-
¢unpuentamu 43 F u Py, ..., Pn, Gy, - - -, Gn — TaKuE 3J€-
meHtsl F, ut0 f(Py, « - -, Pn) 3 f (91, - - -5 Gn), TO 1O MeEHB-

mel mMepe A1 OFHOro i HMeeT MecTo p; 3 ¢y

JokasaTeabcTBoO. IIOBTOPHEIM HpuMEHEHHEM Teo-
peMul 2 MBI HafiieM TakKoH WieH cxi' . . . x,‘:" B f(xg .- Xn)

ato cpl'. .. p," HFegi. . . g,". 3aTeM yTBEpHKEHNE TeOPEMBI
JIOKa3bIBAeTCS TOBTOPHLIM TPHMEHEHMEM TeopeMhl 3.

dopm. Dra TeopHA aarebpanyeckux mHojdedl Mo CyLIeCT-
By ABASETCA aKCHOMaTHYECKOH Teopuei.

HaTt. OHa uAMIOCTPHPYET, KaK MOXHO IPUMEHSITh B UHTYH-
IIMOHHCTCKOR MaTeMaTuKe akcuoMaTnueckui Merop. HyxkHo,
OJIHaKO, MMOMHUTb, YTO OH COBCEM He y4aCTBYeT B OCHOBaHMSX
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MateMaTHKH; OH #ABJAsAercsl TOJBKO ynoﬁﬂuM CpeICcTBOM
H3JIOXKEHUA TEOPHH, B KOTOPOH MHOTHE TeOpeMbl HMEIOT OXHY U
TY K€ CJIOXKHYIO CHCTEMY IOCHIJIOK.

4.2. JIuneiinvie ypasrHenus
Teopust MUHEAHHX YpPaBHEHH#I OYEHL XOPOLIO HJLTIOCTDPH-

pyer, KakuM 06pa3oM MOXHO YTOYHATH K/acCHUeCKHe TEOpHH.
4.2.1. IHpasusro Kpamepa

ITycrs d — onpeaenurtess Ko3pdULHEHTOB B JIEBHX YaCTAX
CHCTEMbl ypaBHeHHI

n
(n kzlathk =8 (i=1,...,n).

Ecan d 3+ 0, 10 MoxHO peuuts (1) no npasuny Kpamep

Pemenne eguHCTBEHHO B CJAenyloeM TOYHOM CMRBICTE:

Teopemal. Ecau py, ..., pn TaKue 9ucia, 4T0 ANA
HEKOTOpOro r uMeeT MecTo p, 1} d./d, To MOXKHO HalTH Takoe £,
470

n
b;.
1§1 Qwpr I b:

HoxasarteasbcTBo. Ilyctb myu — anreGpangeckoe
AonoaHeHne ax B d. M umeem

n n
D mu D) anpr = dp,,
i=1 k=1

n
2 myb; = d,,
i=1

n n n
2 m;, 2 Qi Di # 2 myb;.
=1 k=1 =1
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Torna no Teop. 2 u3 4.1.3, no MeHbiuel Mepe A/ OAHArO
3HaueHusa I, HMeeT MecTo

n
myr kE aepr T myb;,
=1

YTO JOKa3bBa€T TEOpPEMY.

4.2.2. m ypasreruil ¢ n Heussecmuoimu. Cayqali ussecmrozo
panea.

PaccMmoTpuM Tenepb cHcTeMy m ypaBHEHHE ¢ n HeusBecT-
HBIMH

(2) L[—::‘ Za[kkab,' (i=l,...,m).
k=1

YToOW pEIINTh 3Ty CHCTEMY KaKUM-HMOYAb M3 OOBLIYHEIX
MeTO/l0B, HeOOXOAMMO 3HaTh paHr r Marpuusl A = (aw);
KpoMe TOTo, AOJ/IKHO OBITH BO3MOXHO JleseHHe Ha HeKOTOpIi

muHOp nopafka r. IlostoMy Mhul ompefenseM NOHATHE paHra
60J1ee TOYHO.

Onpenenenune 1. Matpuua A umeer pawe r, ecad no
MeHELIell MeDPe OJWH U3 ee MMHOPOB MOPAJKA r oTAeneH oT O B
TO BpeMsl, KaK Bce ee MHUHODH nopsfka r + 1 paBHu 0. Ecau

d — MyuHop mopsfika r U d 5 0, To d HasLiBaercsl 24Q6HLIM
muropom A.

Onpepenenue 2. Xapaxmepucmuseckutl onpedesumens
Cs CHCTeMbl ypaBHeHMi (2) mosyuaercss U3 IVIaBHOIO MHHOpa
d Matpuubi A npubOaB/ieHHeM CTPOKH, cofiepxaieil Kosddu-
LHEHTH $-r0 YpaBHeHUd (2) ¥ cTonblla NpaBHX YacTell cUCTEMHE
2.

Hanst Toro urobui cicreMa (2) uMena pellleHHe, HEOOXOAUMO
M JIOCTATOYHO, YTOOH Kam/IHil ee XapaKTepPUCTHYecKHHl ompe-
Jeavrens Ob1 paBeH 0. Heo6xoAuMOCTEL 3TOro yc/I0BHS MOXKHO
YCTaHOBUTL B 6oJjiee TOUHOH opMe.

Teopemal. Eciu HekoTopwii XapaKTepucTHUeCKH I
ompegenutens ¢, 1410, TO nOpu  MOOHX  3HaueHUsX
xx=pe(k=1,...,n) uMeercs i, TaKoe, qTO
LL (pl, C e ey pn) —sz
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HokasaTeabcTBo. [IpefmosokuM, UYTO I[VIABHBIM
MMHOPOM fiBJISIETCS

Q- - . Qi 'l b,
. . .o
. P
d= - wauto ¢ =| d I k=
. . |
. o | b,
o R Qsy-..0Qy b
BosbMmeM NMpOU3BOJIBHEIE 3HAYEHUS X;= Py, . - ., Xn= Dn.
[ToncraBasis X411 = Prity - - -» Xn = Pp B IEPBHE 7 ypaB-
HeHu{l W pellasi UX OTHOCHTENBHO Xi, . . ., X,, MBI IOJy4aeM
xl:qli"-yxl‘:qr)
Ls (g1 -« -5 Gry Privy - - oy Pn) — bs = '—Cs/dﬂ:()-
[Toatomy
LS (pp c ooy Pry Prits - - Pn) :H: bs»

uan no Teop. 4 u3 4.1.3 mo Mexblleli Mepe JIJsi OXHOTO
E(1 k< r) nMeer Mecto pritqr. B mocnennem cayuae
no teopeme 1 Mo MeHbme#i Mepe AJs oxpaoro i (1 <Ci<{r)

Ll(pl’ ooy Pry Prezs - ’pn):ﬂ:bz-

Ecmw ¢, =0 (s=r+1,...,m), To cucteMa (2) umeeT
pelllende BHAA
3) Xe = [o Krsgs - - s X)) (R=1, ..., 7).

10 pelweHue sB/ASETCA IOJHBIM B C/AELyIOLIEM TOYHOM
cMBICHEe: ecau (Pq, - . ., Pn) — BEKTOP, TaKo#, UTO AJIsi JIOGOro
BeKTopa (Gq, - - -» Gn), YHOBJAETBOpsIOWiero (3), Mo MeHbIel
Mepe AJisi OJHOTO R UMeeT MecTo P If ¢z, TO 10 MeHbIeil
Mepe 15 ofHOro i uMeeT MecTo L; (py, . . ., pn) 3+ b.. Hoka-

3aTe/IbCTBO 5TOH TEOpPEMBI aHAJOMHYHO [I0KA3aTeIbCTBY Teop. 1
us 4.2.1.

4.2.3. Cayuali reusgecmroeo paraa

Ecan cucrema ypasHeHuil (2) OZHOPOAHA W HMeeT DaHr 7,
TO OHa uMeeT (n — r)-mapamMeTpudecKoe pelleHue, HOJIHOE
B YTOUHEHHOM cMbicsie ciosa. OfHAKO eciu 3TOT PaHr He
u3BecTeH, TO MOXeT OKa3aTbCsi, YTO Mbl HE CMOXKEM HaHTH
HUKaKuX pellleHuil, OTAeJEeHHHX OT HyJEBOro, Jaxe eC/ad Bce
VIHHOPE! nopsiika n paBuel 0. BosbMeM, Hanpumep, ypaBHeHUe

ax 4+ by = 0,
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rle a u b — TaKMe JeHCTBHTE/LHEE UMC/a, YTO HEH3BECTHO
o1 4T0 @ = 0, Hu yt0 @ T 0, Hu 4TO b= 0, HU uTO b 1 O,
npuyeM OTHOLIeHHe a K b Toxe HeussecTHO. ([IpumMep: a = {a,},
rie a, = 2%, eciu B NePBHIX N1 3HaKax AeCATUYHOIO pas-
JIOXKEeHU S Tt He BCTpewaeTcs HocsefioBaTejapHocTn 0123456789,
U Tle a, = 2%, ecay uMeeTCs BXOXKJeHHe TAKOH MOCJELOBa-
TeJBHOCTH U JeBATKa MEPBOTO TAKOrO BXOKJAEHUS CTOUT Ha
k-M MecTe mocJie 3anAToH; b onpejensercss aHAJOTMYHO C 3a-
meHoH m Ha e.) Eciim a0 uau 6340, 1o (x = b, y = — qa)
ABnsieTcs pellleHueM, oTAesneHHEM oT (0, 0); eciu a = b = 0,
TO pellleHueM fBJjseTcs Ji00asd Napa yuces, OTAedeHHHX oT 0.
Ho Hu nepBoe pellleHue He NOAXOAUT KO BTOPOMY CJAYHalo,
HY BTOpOE pellleHHe — K NepBOMY CJy4alo, M IOCKOJbKY MH
He 3HaeM, KaKoil ciyuait uMeeT MecTO, ME He B COCTOSIHHM JIaTh
pelueHHe 34).

4.2.4. O0nopoOHble auHelitble YpasHeHUus

Kaxk yacTHEfl caydait Teop. | u3 4.2.1 Mu uMeeM J1d CcH-
CTeMH ypaBHeHHH

(4) Za,-kxkzo(izl,...,m)
k=1

CeAyIOULyI0 TeopeMy.

Teopema 1. Ecau pasr matpuust A = (a,;) paeeH n,
To Aasf JI06BIX 3HAaueHW#H U, . . ., U, TaKuX, 4T0 4, 10
0 MeHblUel Mepe J/151 ofiHOro k, HaiifeTcss xoTq 6bl OfHO i,
Takoe, YTO

2 Qpllp #035) .
k=1

Bepua Takke u ofpaTHas Teopema.

Teopema 2. Ecam pasa mao6HX Uy, . . ., Uy, TAKUX,
4T0 Uy 1+ 0 x0T Obl A/1S1 ONHOrO %, OTAes€HA OT HyJs XOTA
Obl offHa M3 JeBHX uacTell cucTeMul (4), To paHr A paBeH n.

JokasaTesnbCTBO BelleTcsl UHAYKUHeH 0 . [11s ofiHo#
HensBecTHOH pe3yJsbTaT TpuBuaJseH. [Tycth oH AokasaH A4
CHcTeM ypaBHeHuil ¢ n — 1 HeusBectHmMu. [losnaras B (4)
Xp = 0, MBI IOJyYaeM cHCTeMY OTHOCHTENBHO Xi,-.., Xay,
YAOBJ/IETBOPAIOMYIO YC/IOBHIO TEOPEMEI, O3TOMY IO MHAYKTHB-
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HOMy Ipefrno/iokKeHulo MaTpulla u3 nmepBuix 7 — | cToa6uoB
A wumeer panr n — 1. Ilycts, HanmpuMep, onpefeaurendb d,
o0pa3oBaHHbii NepBeiMM 7 — | cTpoKamu, otTheneH ot 0.
ITonoxum x, = 1 u pewnM cuctemy u3 mepBoix n — | ypaB-
HeHuii. PesyJsbraT mofictasuM B Apyrue ypaBHeHus (4). JleBas
yacTb o KpafiHeit Mepe ONHOTO H3 HUX, Hanpumep f{-ro, 6yjer
orfiesiena ot 0. A 3Ta JieBast yacTh PaBHa HEKOTOPOMY OIpefie-
JIUTEJIO Nopsifika n Matpuubi A, feseHHOMY Ha d.

4.3. Jluneinas 3asucamocms
4.3.1. Onpedenerus

Kak o6biuHO, n-MepHOe BEKTOPHOe NPOCTPAaHCTBO F" HaA
F ectv BuA nocuiefoBaTesbHOCTEH (Qy,..., Qn) 3JeMeHTOB F.
Mrur 6ymem o6o3HauaTh 3jieMeHTBI £ XUDHBHIM pUdTOM:
a = (a,...,a;). OGBIYHEIM 00Pa3sOM ONPeNeNsIoTCs CJIOXKeHHe
BEeKTOPOB H YMHOXeHHe BEKTOPA Ha s/eMeHT U3 F. UTo KacaeT-
¢S MOHATUSA JMHellHO! 3aBUCHMOCTH, TO €ro MOKHO ONpeae/siTh
JByMsi cnocofaMy, a MMEHHO B COOTHOIIEHUHU

(l) 7»1a1-{—...+7»,,a,,=0

MOXKHO Tpe0oBaTh, 160 4TOOH KoapUIHeHTE A OLlIN OTHENE-
Het ot 0, w60 yToGs! OHU He GbLiM paBHHL 0; 3TO JlaeT NMOHATHE
cuabtol U caaboil 3asucumocmi COOTBETCTBEHHO. [TocKoabKy
NnepBoe ABJAsieTcs HAMHOTO GoJiee BaXKHKIM, TePMUH 30Q8UCLLMOCHLL
OyzneT 0603HAYaTh CUIBHYIO 3aBUCUMOCTb. CHcTeMa BEKTODOB,
KOTOpasi He MOXeT OBITb 3aBUCHMOH, HA3bIBAETCS HE3a8UCUMOY.
Tax xe, KaK 1 BO MHOTUX APYTHX cJIyYasax, KpoMe HeraTUBHOro
HOHATUST MBI MOXKEM ONpefleUTh MO3UTUBHOE MOHATHE, KJacCu-
4ecKH eMy 3KBUBaJsieHTHOe. [{yMalo, 4TO Teleph BEI 3TO CMOXKETe

clle1aTh caMi.
dopm. Ecau mno MeHbliedl Mepe OAMH U3 A; OTHAeJeH OT

0, 1o
May + ...+ Ana, 31 0.
Hur. B aTOM cayuyae MBE HaspiBaeM BeKTOphi (B3aMMHO)
c80000HbIMU .

Teopema 1. dus Toro utobel BeKTOPEI
a,=(ay,..., an)(i=12,...,p)
6L ¢cBOOOAHBIMY, HeOOXOAUMO U JlocTATOYHO, YTOOLI MX MaT-
puua uMena paHr p. ITO — HelOCpPeJCTBEHHOe CJefCTBUE
Teop. 1 u 2 u3 4.2.4.
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4.3.2. Teopema u npomusopedauiuii npumep

Crenylomas TeopeMa TpebyeT HJjs cBoell NPUMeHHMOCTH
JIOTIOJIHUTENBHOTO  YCJIOBUS.

Teopemal ©Eciu BeKTopsl ay, ..., a, cBoGOAHE
¥ BekTtopsl b,, ..., b,y; cBOGOMHB, TO nNo Kpadiedl Mepe
ofluH u3 BeKTOpoB b; cBoGoneH oTa,,. .., a, (T. . a,, ..., a,, b;
cBOGOIHBI).

HJokasaTeabcTBo. Marpuua BEKTOPOB a, uUMeeT
paHr r; MOMXHO NPENNOJIONKUTh, 4To onpefeauTens d, obpaso-
BaHHBI M3 ee mepBeiX r cToa6uos, otaedeH oT (. Onpenenum
qucjaa Asp YPaBHEHHsIMH

r
bsizzkskaki (izlr-onr;s:lr""r_l_l)
k=1
H OOJOXUM

,
Cs =k2 A, (s=1,...,r+1).
=1

[Tockonbky b, cBOGORHEI, uMeeTcs onpegeuTe]b, 06pazo-
BaHHLIA U3 UX KOMIIOHEHT C UHJAEKCAMH jy, . « «, Jr4y, KOTODPHIH
otpesied oT 0. CooTBeTCTBYIOIMI OmpeReauTes, obpasoBaH-
HBIH M3 ¢z, paBeH (; 3HAuuT, MBI HailfleM Mo KpaliHell Mepe
OflHY Napy UHAEKCOB f, u, TaKux, 4To by, 1 ¢, %6). O6pasyem
Teneps onpefiesiuTens nopaaka r + 1, pobasnds k d croaber
Quy + + -y Qruy Ciy U CTPOKY €1y« - -y Ctry Ctye IJTOT ONpEfe-
Jutens paseH 0, a Tak Kak d 3§ 0, To cooTBeTCTBYIOmMMI onpe-
JesuTenb ¢ 3aMmeHoft ¢ Ha b otneneH ot 0%7). Jro JoKasbiBaeT
TeopeMy.

Knace. Kuoaccuuecku yciosue, ytobhl ay, . - ., 4, OblIH
CcBOOOAHBIMH, SHBJSETCA JIUIIHUM.

WHT. MMenHo mostoMy s u ofpamialo Bamie BHUMaHMe Ha
3Ty TeopeMy; sl MIOKaxKy ceiyac Ha NMpOTHBOPEYAUleM IIpUMepE,
YTO HET HaJeXMAbl NOKA3aTh ee JJisl [POU3BOJBHBEIX BEKTOPOB
a,,...,a,., B KauectBe F BO3bMeM ToJe JAeHCTBUTENBLHBIX
yuces; notoxkuM n = 3, r = 2, a1 = (0, 0, 1), as = (a, b, 1),
rie a 4 b cyThb AeficTBUTe/bHBIE yuc/a, TAKHE, YTO HU A4 a,
HM Juid b Heu3BecTHO, paBHEI M oHY 0, a TaKKe HUYErO Heus-
BecTHO 0 3Hauenwn a/b (cm. 4.2.3). Toraa uu Aas Kakoro u3
BekTopos (1,0, 0), (0, 1, 0); (0, 0, 1) Mo He MomxeM yTBepx-
laTh, YTO OH CBOOOJEH OT a,, as.
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4.3.3. Cucmembsl Heussecrmnoz0 pawza

Ecnu padr cucreMbl ypaBHeHUH HeH3BecTeH, TO, BOoOIIe
roBops, pellleHue HalTH Henb3s. Bce e B HEKOTOPHIX cayyasx
MOXHO MOJIyYuTh HeraTUBHBIA pedyJssTaT. B KauecTBe mpumepa
JoKaxeM cJefyIOllylo TeopeMy.

Teopema 1. Ecau xaxknaelll onmpefenurtens NOpsijika 2
Matpuusl A cucteMsl ypaBHeHHH

8
2 AipXy = 0 (i = 1,2,...,”1)

k=1

paBed 0, TO HeBO3MOXHO, YTOOH 3TH ypaBHEHHUS He HMeNH pe-
IeHHs, OTAEJAeHHOTO OT HYJ/EBOrO.

HokasartensctBo. [lpeanonoxuM, 4T0 He MOXKeT
OHITh pellleHUs, OTAEJNEHHOTO OT HyJIeBOro; HaM Halo NPUBECTH
3TO NMpEeANOJOXeHHe K IpPOTHBOPEUHIO,

Panr A ue pased n. Ecnu 651 oH Onist paBeH n — 1, To UMe-
Jock Opl pellleHue, oTAeneHHoe oT 0, cieloBaTesNbHO, He CY-
HIeCTByeT ollpelenureneil nopsaka n# — 1 Marpuus A, orge-
nerusix ot 0; Bce onn paBHel 0. Ecau Obl paHr 6bi1 paBeH
n— 2, Mpl TOYHO TAKUM Xe crocoboM MOrau Obl NMOJYyYHTH
nporuBopeyde u 1. A. Ilocne n ImaroB Ml HaxoguM, 4TO
Bce Koa(uiueHTs! paBHe! 0, HO TOrla HaBepHAKA UMeeTcsl pe-
lIeHWe, OTHEIeHHOe OT HyJs. 3TO U ecTh XKejaeMoe NPOTHBO-
peuue.



V. 1J0CKHE TOYEYHBIE BH/bI

5.1. Obwne nonamus

Mb! u3/I0KHM 3[iechb TEOpPHIO IIOCKHX TOYEYHHIX BHJOB
[Bpaysp, 1919 A]. AnanoruyHas TeopHs MoxkeT ObITb
pasBura Ajs JoGoro yucaa usMmepenud n. Haa n = 1 ona
ABJISIETCA TeopUeH BUHAOB JeHCTBHTEJNBHBIX 4dHcesd. XOTd Mo-
JET TMOKA3aThCS YTOMUTENBHBIM NMPHUBOANTD OINpeAe/IeHHe BCeX
OCHOBHBIX NOHSITHH, BKJ/IOYAas COBNAjamolue ¢ OOBMHBIMH Ofl-
pelleleHHAMH, TeM He MeHee 3TO HeOGXOLHMO CJles1aTh, MOTOMY
YTO TMOYTH /51 KaXAOro MOHATHS B JHTEPaType BCTpeyaercs
HEeCKO/IbKO oOIpellesleHHll, 3KBUBAMEHTHBIX KJACCHYECKH, HO
He HHTYULHOHUCTCKH,

5. 1. 1. Toueunvie cenepamopet 1 mouxu

Onpegxenenune 1. Touednbim eceHeparmopom HQ RAOC-
xocrmu  (cokpaumenHo TI) HaswbiBaercsi yropsloYeHHas napa
(81, E2) uMCJIOBHIX reHepaTOpOB.

Onpeaenenue 2. Toukod x HA TJIOCKOCTH HasbiBaeTCs
ynopsijoueHHasi napa (x;, Xs) AeHCTBHUTEJNBHEIX UYHCEN.

SI mpenocTaBiAK YUTATEMIO CAMOMY IMOCTPOUTH OMNpefiee-
HUsA coBnajienusi Mexay AByMs TI, MexJy ABYMS TOUKaMH u
Mexny TT u Toukoi.

Teopema 1. Kaxpmpii TT onpenensier OfHY # TOJbKO
OJHY TOUKY, ¢ KOTOpPOH OH COBMAJlaeT.

Onpepenenue 3. Kanonuueckum T naswBaercs yno-
psjoyeHHas napa KaHonuueckux UI.

CoryiacHO foKas3aTenbCTBY Teop. |. us 3.3.3, Kamaas TOUKa
coBHajaeT ¢ KaHoHHueckuM TT.
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5.1.2. Budst u nomoku

Onpepenenue 1. TT-udom (moueunoim 6udom) Ha3H-
BaeTcs BMJA, KaXJwlil yieH Kotoporo ectb TI' (rouka).

Onpepaenenue 2, TI'-nomoxom Ha3biBaeTCs MNOTOK, KAK-
Jblii 3MeMeHT KoToporo ectb TT%8). TI-noToK HasLbBaeTCs KAHO-
HuueckuM, €cJi KaXKJplll ero sjeMeHT ecTb Kanouuueckuit TT.

Onpeneanenune 3. [sa TI-Buna cosnadaiom, ecnu Kauapii
YJgeH OfHOrO U3 HHX COBNAajdeT C HEKOTOPHIM YJIEHOM JPYTroro.

Jlerko dopMyIHpYIOTCA TaKXKe aHAJOTHYHBIE ONpeAeseHHs
JJs1 OTHOWIEHWs coBmafeHus Mexay A u B, rie kak A, Tak
u B saBasercs TTI-BujoM, WA TOYeyHBIM BHAOM, Wau TI-
MIOTOKOM.

Teopema 1. Kaxawit TT-8un, uau TI-nortok, onpefenser
OfMH U TOJIbKO OJMH TOYEYHDLIH BHJ, ¢ KOTOPHIM OH COBMAJaeT.

Onpenenenue 4. IBa TI-Buna eeomempuvecku xouepy-
3HMHbLL, €CIM HU OJMH U3 HHX He MOXKeT COfiepIKaTh TAKOH uJIeH,
KOTOpBIH He coBnajgan Gbl HU C OJHHUM WIEHOM ApYroro BHJA.
3nech, XaK ¥ B Cayuae onpefeneHds 3, HYXKHO cHOpMyJIupo-
BaTh aHaJIOTWYHBIE OTpee/ieHus.

5.1.3. Paccrnosanue u monoso2us

Onpenenenuel. Paccmosanuem | x — y| MeXy ABY-
Msi TOUKAMH X = (¥;, X,) H y = (y;, y,) HasblBaeTCcs
max (| x; — Y11, | X2 — ys])-

3aMeuaHue MoxHo Objio 6Bl Pa3BUTh TEOPHIO TaKkKe
HC

V(xl — x)* + (1 — y)*

B KauecTBe pACCTOSIHMA MeXAy X H y. BrunenpuseienHoe
ompefiesieHHe u3GpaHO pajd NPOCTOTH (POPMY.JI.

[TousATHS £-OKPECTHOCTH M OKPEeCTHOCTH TOUKH P MOXKHO
BBECTH OOBIYHBIM MyTEM IPH MOMOIIY MOHSTHS PAaCCTORHHA.

Onpepnenenne 2. Touku x u y omderens: ojHa
oT Apyro#i (cokpameHHo x 1 y), ecnu x; 3£y, WIH Xg 1 Y,
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Teopema I,

(i) Ecu pH g, T0 g H p.

(if) Ectu p 3 g HeBO3MOXHO, TO p COBMajaer ¢ 4.

(iii) Ecan p cosnajaeT ¢ g, TO p It ¢ HEBO3MOXKHO.

(iv) Ecu p 3f g u g coBnajaer ¢ r, To p it r.

(v) Eciu p 1+ g, To pas moGol TOUKH r umeeM p *f r
Wi q .

Bee 3T0 JIerko JoKaselBaeTesl MPH UCHOIb30BAHUH CBOHCTB
OTHOILEHH ST OTHENeHHOCTH JJS JleHCTBUTENbHBX uncena (2.2.3).

Jlerko ¢opMynupyioTesi aHAJOTHYHBIE OMNpPefie/leHHus JJIsi
OTHOILLUEHU S OTAeNEeHHOCTH MeXAy AByMsl TI u MeXKAy TOUKOH
u TI.

Onpegxnenenue 3. Touka p HasbBaeTCs MOYKOLU
3AMbIKAHUS TOYEUHOT0 BUAA (Q, €CJIH NIPH /OOOM 71 MOXKHO HalTH
TaKyl0 TOUKY G, U3 Q, uTo | p — g, | < 27"

Onpepnenenune 4. Touka p HasbBaeTCs NPeOCAbHOL
mo4Koll JJisS ToYeuHoro Bufa Q, ecau TpPH JIOOOM 1 MOXKHO
HaliTH JBe TOYKU ¢, U rn U3 Q, Takue, 4T0 @, IF ra,
pP—qu|<2"u|p—ry| 2"

Kaacc. BepHo /in, 4To TOYKa 3aMbiKaHus @ siBjsieTcs JHGO
Touko#l @, /ub0 npelenbHON Toukoit Q7

Hur. Caepyiouii mpuMep NOKA3BIBAET, UTO 3TA JH3BIOHK-
s He o6sizaHa WMeTb Mecro. ONpefesauM Ioc/ef0BaTe/b-
HocTh {a@,} crefytomum obpasom. Ecau cpefu mneperiXx n
3HAKOB JECATHUHOrO Pa3/oXKeHHs 7 He BCTpeyaeTcs MOC/e0-
BaTenbHocTH 0123456789, TO @, = 2-%; B NPOTHBHOM Ciyyae
a, = 0. Ilyerb S — BHI KOMIIQHEHT TOC/eAOBATNIbHOCTH
{a,}; 0 aBjsieTes TOUKOH 3aMBIKAHUS S, HO HEU3BECTHO, BXOAUT
au 0 B S uiu xe 0 siBnsieTess nmpefesbHONH TOUKOR S.

Onpepneanenue b Samekanue Q TOueuHOro BHJa Q
ecTb BHJ TOUeK 3amblKaHus Q.

Onpeneaenue 6. Ilpouseodusili 6ud OT TOYEHUHOTrO
BHAa Q ecTb BHJA INpefeJbHBIX Touek Q.

Onpenesenue 7. ToueuHHH BUA SAMKHYM, ecau
OH COBMAJaeT cO CBOHM 3aMBLIKaHHEM.

Teopema 2. 3aMblKaHde U NPOM3BOAHBIH BHJ TOuey-
HOro BHJA 3aMKHYTHL.
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JoxazaTeqbCcTBAa NpPOCTH.

Teopewma 3. Beskas npefiebHas Touka 3aMbHKaHHs Q
MPUHAJJICKHT TPOU3BOJHOMY BHIAY OT

HoxasateabcrtBo. I[lycte p — npegensuas Touka
Q; Torza AJs JIOGOTO N MOXHO HAaHTH TAKHE TOYKH §n H Iy
U3 Q, 9T0 Gn 31y, [P — qn | << 2771w | p — 1| << 2771,
Jlanee, MOXXHO HAHTH TaKOe m, UTO |Gn — I} > 2", m >n

. ., ’ —-m—2 .,
U TaKue TOYKU ¢, r, u3 Q,uto|q, —q,[<2 ulr,—r,|
S . . —-m—1 » .

<2m2 Torma |q,—r,|>2"", rtak uto g, 3r,,
lp—q,1<2" u|p—r,| < 2" ITuM K0KA3LIBAETCSH, UTO
p — npefenbHas Touka Q.

5.1.4. Omxpoimete sudet, obaacmu u obaacmrsie QONONHERUA

MoXHO onpenenuTh OTKPHITHIE TOUEYHHE BHJH KaK TOUEY-
Hbie BHJBl, COCTOSII[HE TOJBKO H3 BHYTPEeHHHX Touek. Torna
jlonoAlieHHe K OTKPLITOMY TOYeUHOMY BHAY GYAeT 3aMKHYTO,
HO JIONOJIHEHHe 3aMKHYTOrO TOYEYHOro BHJA He 06s3aTe]bHO
OyJleT OTKPHITHIM: JJIsi OHOrO usMepeHusi Touka 0 obGpasyer
3aMKHYTHIH TOYEUHBIH BUJ; TOTJA ero JONOJHEHHEeM SIBJSIETCS
BHJl TOYeK, OTVIHYHLIX OoT 0, 2 OTKphITHIH BUA o0pasyercs Tou-
KaMH, ot/ie/IeHHBIMU OT 0. DTO NOHSITHE OTKPLITOTO BHAA BKJIO-
yaeT B ce0d, ORHAKO, TaKHe NAaTOJOrHYecKue cJayuaH, Kak cJie-
Ayromuii. ITycTts S osHauaer keagpat|p — x| < 1, ecau sfie-

pOBa KOHCTAHTA panHOHAJIbHA, W KBajapaT |q—-x|<%

B MPOTUBHOM cJyuae, e p U § — pasjIuuHbie TOUKH. UTOGH
u30eXKaTh TAKHUX CJAyYaeB, Mbl 3aMEHUM IOHSTHE OTKPBITOrO
BHJA Ha Goslee KOHCTPYKTHBHOe NMOHsTHe obaacmu [Bpaysp,
1918, ctp. 8; 1919A, ctp. 20]. D10 noHATHE COBCeM
POCTO, HO TOuHy10 GOPMYyJHPOBKY €ro onpeleseHHs] MOXHO
OGyAeT NMpPHBECTH JIUIUIL 1IOCJE€ HEKOTOPOH MOArOTOBKH.

B nocaepyiomem E Gyner oGozHayaTh Jub0 BClO ILJIOC-
KOCTb, JIHGO HpPSIMOYIOJBHHK C PAlMOHAJbHBIMH BepillMHAMH
H CTOpOHAMH, mNapaiJe]bHHIMH OCAM KOOpJAHHAT. Bo BTO-
poM cayuae Gy/yT paccMaTpHBaThCs TOMLKO TOUKM £, MpHuem
caM E OyAeT cuuTaTbcsl 3aMKHYTBLIM TOUEUHEIM BHIOM Jaxke
B TOM cJIyuae, ec/id 3T0 He 6y/neT oco6o oroBapuBathcs. Ipex-
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nosaraercsi, yTo £ BHGpaHO pa3 U HaBcerja 4 ocTaercs (PUKCH-
pOBaHHbIM J10 KOHIla TrJiaBHL.

Onpenenenue 1. IJuemenmaproe MHONCECIBO RPAMO-
Ye0NbHUKOG eCTh KOHEYWHOE MHOXKEC TBO I SIMOY FO/ILHHKOB C palH-
OHA/bHBIMH BEPIIHHAMH M CTODOHAMM, IapaJiiesbHBIMU OC M
KoopnuHat. He jonmyckaioTcsi NpsiMOyroJIbHHKH, BBIPOJUBLUME-
cs B NpsIMOJUHelHBIH oTpe3ok. Bykeun V, W, X, Y, Z 6ynyr
Bcerja o603HaYaTh 3JeMeHTapHbie MHOXECTBA.

Onpenenenue 2. PayuoHarbrelii aremermapHsili 00MeH
R(V) ecTb Buji paulMOHAJNBHBIX TOYEK, JEXKAMHX BHYTPH HJIH HA
rpaHUlie N0 KpaliHeH Mepe OJHOrO U3 IIpPSMOYTOJLHHKOB V.
Brewnum payuonareneim domenom R*(V) HasbiBaeTcs BUR
palHOHAJBHBIX TOYEK, He Jexamux BHyTpH R(V) («BHyTpu»
6epeTcsi OTHOCHTEJNbHO BHJAA PAUMOHAJNBHBIX TOUEK).

$IcHo, uTO 3Hauur BeipaxkeHHe «V sexur BHyTpH W». Ilo-
CKOJIbKY BCTPEYaioTCsl TOJAbKO palHOHAaJbHblE TOYKH, He BO3-
HUKAeT HUKAaKHX HMHTYHUIHOHUCTCKUX TPYJHOCTEH.

Onpenenenue 3. Ssemenmapuoii Oomen oV ecTb
10 %)e, uto R (V); enewnud ssemenmapuvii domen o'V ecTb
To ke, uto R* (V).

Teopemal. oV =E-—dV.

HoxasaTteabcTBo. (i) Ecnup o'V, 10 p apaser-
Csl Npefile/IbHOH TOYKON /ISl TMOCJAefl0BATENbHOCTH palMOHAb-
HeIX ToueK B E— oV, T.e. p &= E — aV.

(ii). Ecmu p & E — oV, TO s mio6oro n MOXKHO HaiTH
TOuKy pn, B E — aV, Takyio, uT0 |p — po| < 27"" u, nanee,
PauyOHANBHYIO TOYKY §n, TaKylo, 4To |p, — q,| < 27"
Touxa p, colepuTcsa B KBaapare | ¢, — x| < 27""?; o6o3Ha-
YHM 3TOT KBajApaT 4epe3 0. Ecau Obl 0 comepXkanics B V,
To umesno Obl MecTo p, € aV, 4TOo JIOKHO. 3HAYUT, 4acTb O
JEKHUT BHe V (BCIOMHHM, YTO B 3TOH 4acTH [0KAa3aTeJbCTBA
Mbl TOBOPHM TOJBKO O palUOHaJbHBIX Toukax). IlycTs
r. — palMoHa/JbHasi TOYKa M3 O, JeXamas BHe V; Toraa
mER VYu | py—rn| << 2", mak uto | p— ry| << 27"
ITocnenoBaTenbHOCT {r,} NOKasbIBaeT, 4To p & " V.

3amMeuanue. Ecau E npaMoyronbHuk, To o’V = alW,

rae V u W Bmecte cocTaBasiioT £ M He HUMelOT OOUMX BHyT-
PeHHHX Touek. B 3Tom ciywae Mbl roBopum, uTo V u W
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npocmo nokpewaiom E. Tam, rie He HYXHO 60SiITbCSI ABYCMBIC-
JIEHHOCTH, Mbl OyfleM HHOTJa ONyCKaThb & M 0003HauaTh 3je-
MeHTapHbi JomeH oV uepes V. 3nech, onaHako, Heo6xoauma
H3BECTHAS OCTOPOXKHOCTb, KaK MOKa3blBaeT CJAEAYIOWHH IpH-
mep. Ilyetb V' coctouT H3  KBajpaTa C  BeplLIMHAMH
0, 0}, (0,1), (1,0}, (1,1}, a W — u3 KBagpaTa C BepIIHHA-
mu (0,1), (0,2), (1,1), (1,2) u myctb X — MHOXECTBO M3
ABYX 3THX KBaapaToB. Torna aX He Toxe camoe, yto aV | JaW,
TaK KakK Touka (P, pPs), rAe 0 < p,<C 1, HO rje HeusBeCTHO,
HMeeT JU MecTo pp > 1 uau p, {1, npunammexut aX, HO
He/Jb3sl CKa3aTb, 4TO OHa NpuHajjdexut oV JaW.

OTOT IpUMED OXHOBPEMEHHO IOKA3BIBAET, YTO (POpMy.Ia

QUR = QUR, Boofuie rosopsi, He uMeeT MecCTa.

Onpeneanenue 4. Ob6aacmerw Ha3piBaeTCs OOBEAH-
HellHe TMoCJIe0oBaTe/bHOCTH {Vn} JIEMEHTAPHBIX JOMEHOB,
TaKuX, uTo V,, JexuT BHYTpH V., npu sioboM n. (Ecan E —
NPSMOYTOJBHHK H €CAH 4YacTb A TCPaHuubl V, JIeXHT Ha
rpaHune £, To gonyckaercs, 4ToOb A JexKasaa Ha TpaHuie Viyyy.)

Kaxpasi o6sacTb siBJAsieTCsl OTKPBITBIM BHAOM; JOMOJHEHHE
KaxJoi 00/acTH SBJASIETCS 3aMKHYTHIM BHAOM. JLIsi MHOTHX
1e/iell BMECTO MOHATHS 3aMKHYTOTO BUAA YAOOHO HCMOJIB30BATD
MOHSITHE G04acmHoeo donoaHerua (T. €. JononHeHus K obsacTu).

3amMeuanue 06 o6GosHaueHnnsax. [ias obo-
3naueHus obmactelt ucnoabsyiorcs 6ykeet A, B, C ¢ uliekca-
MH MM 6e3 HUX; AJMs1 OGO3HAUEHHs 3/IEMEHTAPHBIX MHOXECTB
NPSIMOYTOJNbHUKOB H 3JeMEHTapHBIX AoMmeHOB — Oykabl V, W,
unorga X, Y, Z; pna o6o3HaueHus 60/aCTHBIX JONOJHEHHH —
6ykebl M, N; pias ofo3HaueHHs] HeCIENHATH3HPOBAHHBIX TO-
yeyHbIX BHJAOB — OykBbl @, R. Takum o6pa3oM Npu HCIOJb-
30BaHHH OyKBbl A mnpexmosaraeTcsi H3BeCTHBIM, YTO peyb
uaet o6 obmactu. A = {V,} o3HayaeT, 4TO nOC/IENOBATED-
HocTh {V,} ynoBneTBopsieT ycioBuio onp. 4 u yro A = [JV,.

n

Teopema?2 Ecmu A={,}, 10
E—d=(E—Va=1 E=Vm= OaV

|,D8

lonasaTeJIbCTBo(i). Ecmmpe E—A, 10 p & Va
npu Jaio6oM m, TdK YTO

PEﬂ (E—Vn) HPEﬂ (E —Vm).
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&0
(if). Tenmepn mycts p & () &'V Tlpu moGom durcupo-
m=1

BaHHOM n uMeeM p & a'Vayy. IlycTs d— munHMyM pac-
CTOSIHHSI MEXKJly TOUKaMH OTHOCHTEJIbHBIX rpanuu V, u V,,, %9).
MoXHO HadTH TaKyl PaUHOHAJIBHYIO TOUKY ¢ BHe V,,,, 4TO

1. Soi .
|p— q1<5 d; nanee aas nioGoi pauMOHATLHON TOUKH r

us V, umeer mecto |p — r|> %d ), Tak 4yro pcEV,. TIlo-

CKOJIbKY n — IPOKU3BOJILHO, p He NPUHAANACKHAT HU OllHOMy
Vo, T. 6. pe= E —A.

3rta TeopeMa MOKA3EIBAET, UTO MOHATHE G6JaCTHOrO AOMOJI-
HEHHA MOXeT CYHUTAThBCHA KOHCprKTHBHbIM, HECMOTpH Ha CBOIO
HEraTHBHOCTD.

Teopemad. Eciu HEBO3MOXKHO, UTOGH p He MpHHAf-
gexana E— A, 1o p npunapiexut E — A.

JokasaTeabcTBO. IT0 HENOCPEICTBEHHO caenyer
U3 TOro (pakra, uto £ — A onpefeseHo MOCPENCTBOM OTPHLA-
HUSA.

Byks. Kakylo cTpaHHYIO JIOTHKY BBl TpHMeHsieTe 3fiech?

HMut. Ha camoM zene s He NMpUMEHSIIO 37eCh JIOTHKH!
51 He MOr bl 3TOro CAIeNIaTh, MIOTOMY YTO S €€ Elle He pasBHBal.
Ho Moit 10BoA AeHCTBHTENBHO MOXKHO Ha3BaTh JIOTMYECKUM,
MOCKOJIbKY OH KacaeTcs CTPYKTYPHl CyXJAeHHs. I ckaky o6
3ToM Gosiee MNOAPOGHO.

Ilycte p Gymer coxkpameHnneM fJasi «p & A»; Toraa OTpH-
nande | p ects «p & (E — A)». Brimenpusesiensas Teopema
YyTBEPKJAET, UTO | | | © BJAEYET | P. DTO OYUEBHAHO, TAK KaK
€csd JlaHo | || o, TO INpeAnosioXKeHHe HCTHHHOCTH p BeleT
K "]7]p, a noroMy K nporuBopeurio [cM. Takke 7.1.6.2. (5)1.

5.1.5. Obwedunenue u nepecederue

Teopemal OO6benuHenne KOHEUHOH WM GecKOHEUHOM
oC/IeloBaTeNbHOCTH ofnactell siBsieTcsi obsacteio [Bpaysp,
1919 A, c1p. 221

Hdoxasareabcrtso. Ilycts {4,} — nociaegosatesn-

;
HocTb obnacteit A, = {Vy). Tlonoxkum W, = [} V,,; Torna
m-—=1

[ee]
obnacth B, onpenesnenHas nocpeactBoM (W} ectb |J Ap.
m=1
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Teopema 2. Ecaiu npu HeKOTOpOM n 3/eMeHTapHhle
aomensl V, u W, umelor obiuii NpsiMOyroJbHUK, TO Nepeceye-
Hue obaacreii A = {V,} u B = {W,} ectb obaacThb.

Hoxasarteascrtso. [lyete X — npsmoyroibHux,
copepxamuiicst Kak BV,, Tak U B W ITyets Vs p((Woip =Y,
JJIS KaMaoro p; TOTAa NOC/AeRoBaTelbHOCTL {Y,} ompeaenser
obnacte C, cosnajaiomyo ¢ A[}B.

Teopewmad. [Ilepeceuenue KoHeuHoH uIu GeCKOHEUHOH
nocJefoBaTebHocTH ¢61aCTHBIX AONMOMHEeHUH ABasAeTca 66aacT-
HBIM JIOMOJIHEHHEM, a4 HMEeHHO:

NE—A) =E — UAn

HoxasatenbcTBo. «x& () (E—A,>» o3Hauaer
n

4TO Mpu JIOGOM 7 TOYKA X He NMPUHAAIENKHUT A,.
& & (E —{JA,)» osHayaeT, uTo npu Jio6OM n TOYKA X

n
He npuuagnexut A, O6a BricKasblBaHHS O3HAYal0T OJHO
H TO XKe.

O6venunenue JAByXx O66nacTHBIX J[OMOJNHEHHA He BCerfa
sBJserca GGNacTHEIM JIONOJNHEHHeM; OHO Jaxe He 00s3aHO
ObITb 3aMKHYTBIM, K4K 3TO NMPOMJLIIOCTPHPOBAHO Ha NpHUMepe,
npUBefeHHOM Besey 3a Teop. 1 u3 5.1.4. DneMenTapHble JOMEHb!
V u W, onpeaenenubie TaM, ABJASIOTCS GGJACTHHIMH JONOJIHE-
HHUSIMH; TOYKa P, KOTOPYIO s TaM paccMaTpuBas, SBASAETCA
Toukoli 3ambikanua V{JW.

Tax xe, kax B ykasaHHoM npumepe, usV u W 6b1 o6paso-
BaH 3JieMeHTapHbI#l loMeH X, MOXKHO Jo6ol nmape (WIu KOHeu-
HOMY 4Hcay) 66JacTHEIX AOMOJNHEHHH CONOCTaBHTL HEKOTOpoe
661acTHOEe JOMOTHEHUE.

Onpenenenune. EcuM =N a'V,uN =Na'W,,

TO
MUN =Na" Va1 Wa).

*
MUJN saBnsercs 66macTHHM ROMOJHEHHEM IPH YCJIOBHH,
uto anas Hekoroporo n B V., W, comepxurcs xBagpar.
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Teopema. Eciu A u B — obnactu, Takue, uto A B
Toxe obsacTk (Teop. 2), To (E —A)U(E — B) =E — (AN B).

JoxaszaTeabCTBO $CHO H3 ONpPeleleHul.

5.2, JIokaan308annsie moueunsie 6u0se
5.2.1. Jloxaruzoeanusie moueurpie 6udel U 6eepa

Onpegnenewnuel. Paccmosduem TOUKH p OT TO-
yeynoro Bujga Q (oboszmauaembiM p(p, Q)) wasbiBaeTcsi Hau-
Gosibluasi HIXKHASL TpaHb PAcCTOAHHH OT p X0 Toyek H3 Q.
IToatoMy p (p, Q) YIAOBJIETBOPSIET CJAEAYIOLIUM YCJIOBHSIM:

(i) st moGoro g us Q umeer Mecto |[p — ¢ | < p;

(if) pas moGoro HAaTYypPaJbHOIO n MOXXHO HAaHTH TOUKY gy

u3 Q, Takyio, uTo | p — ga| << p + 27"

Onpegenenue 2. Toueunnifi Bujg Q sokasusoean
[Bpayap 1919 A, ctp. 13], ecau pnst mo6ofi TOUKM MOXKHO
BHUHCJAUTDL o (P, Q).

3ameuanue. Sfcuo, uTo po(p, Q) ABIsETCS Hempe-
pLiBHOH (yHKIHeH p; NMO3TOMY, €C/AH MOMXKHO BBHIYHCJIHTbL pac-
CTOSTHME OT KaXAOH panvoHanbHON Touku Ao Q, 10 Q Joka-
JIM30BaH.
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ITpuwme p. [lyers E — kBappar ¢ pepumnamu ( + 1, 4 1)
g nyctb A — ofnacTh, OnpefiesieHHas NMpPU MOMOILLU ITOCAEN0-
BatenbHocTu {V,}, moJgyyaemoH TaK: €CJH Cpefu INepBBIX 7
JECSITHUHBIX 3HAKOB IIOC/IE 3aNATOH B JEeCATHYHOM pasJioKe-
HHM T He BCTpedaeTcsl IiocJefoBaTesabHocTh 0123456789,
TO V, COCTOMT M3 TpeX NPAMOYTOJBHHKOB C MPOTHBOINOJIOXK-
HBIMH BepUIMHAMH

(—14+2"% —1 42" u (1—2" —2
(—1+2" —2% u (=27 +2
(—14+2"% +2% u (1—27" 1—277

COOTBETCTBEHHO; B TNPOTHBHOM cJaydae V, sBiaseTcs KBajpa-
ToM ¢ BepukHamMu + (1—27").

[lycTe Temepr p — pauuoHadbHas Touka. Jiubo p & E
u toraa p (p, A) = 0, mubo p sexur BHe E, Tora o (p, A)
= p(p, E).

[losaTomy A noxanuzosan. Opnako M = E — A He JoKa-
Jn3opaH, tak kak p (0, M) = 0, rae O— rtouka (0, 0), ecu
B pas/iokKeHHe 7 He BXOAUT MocaefoBaTeabHOCTh 0123456789,
Ho p (O, M) = 1 B npoTuBHOM CJayuae.

Teopewmal. Kaxpapii orpaHHYeHHBIH 3aMKHYTBIH U JIO-
KaJH30BAHHBIH TOYEYHBLIH BHJA COBNAJaeT C HEKOTOPHIM ¢u-
HutapueiM  TI-motokom  (TT-Beepom) [Dpaysp, 19194,
cTp. 141

lokasarteabcTBo. [lycth Q — orpaHuyeHHB,
3aMKHYTHIH U JIOKaJH30BaHHLIH ToueuHHH Bua. s yrobcTsa

Touku (a2, b27"), rme @ u b — nesawle uucaa, 6yaeM Ha-
3bIBaTh y3aamu n-peusemxu. Ilpy n=1,2,3... mp pas-
JeJuM y3JB n-pelleTKH Ha Hedonycmumoie U Qonycmumble
TakuM 00pasoM, YToObl IS KaXKAOrO p, SBJAIOMIErOCA AOMY-

CTUMBIM y3JIOM 1-pemeTKd, Mbl Obl umenu p (p, Q) <'Z‘ 27",

a AJasd KaxAoro ¢, ABJAIOUIErocs HEXONMYCTHMBIM Y3JI0M rn-pe-

mertku, uMeadn 6u p (g, Q) > 27" Do MOXKHO crenaTh
B cuny Tteop. 4 us 2.2.6. Eciu p saBasercs JOMyCTH-
MBIM Y3JIOM n-pelleTKH, TO MOXKHO HaHTH TaKyl0 TOYKY ¢

3z Q,uto |[p —q|<< —Z— 27", a 3aTeM TaKyiO TOUKY , SBJISAIO-

urytocsa ysaoMm (n + 1)-pemieTkn, uTo |g — r| <% 2",
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5 _n_
Hmeem o (r, Q) <§ 27" Tak 4TO r MOXeT OHITH B3fTa

Kak JonycTumblii ysem (n + 1)-pemeTkn u |[p — r| < 27",
Paccmotpum notok S Bcex kanonuueckux TI {p,}, rae p.
SIBISIETCS] NOMYCTUMBIM YanaoM n-peweTku. Ilocie BruiGopa p,
CYIeCTBYeT 10 MeHbliell Mepe ojHa H mno Ooabluell Mepe
JIeBSITb BOSMOXKHOCTeHl 1 BbIGOpa AONYCTHMOIO pPpip. 3Ha-
yut, S saBasercs TI-peepoM. Mml jokaxkeM, uTo S coBnanaer

c Q.
(i) Ecan p = Q, 1o Hexortopulit KaHoHuueckuit TI' pasa p

NPUHALMEKHUT S.

(ii) Ilycts s — Touka, koTopas cosnagaer ¢ TI' s, B S.
WmeeM s, = {p.}, I'le p, — JONYCTUMBIl y3eJ n-pelieTKH.
|So— Pn| 2" U MOKHO HaHTH TaKyl TOYKYy ¢, u3 Q,
UTO | pn — o) << 27". CrenoBaTenbHO, |So— Gn| < 27",
[MockoabKy Kaxzoe ¢, MPHHALJIENKHUT Q, TO S, ABASETCS TOU-
KOH 3aMBbIKaHusl A/t (Q M BXOAMT B HETO B CHJIY €ro 3aMKHY-
TOCTH *1).

Koponmapuit. Ilyctb ¢ U r— TOUKH oOrpaHHYEH-
HOTO 3aMKHYTOT'O JIOKAJIH30BAHHOI'O TOYEUHOrO BUAA (), Takue,

uto | g —r| << 2" MycTb S €CTb CepellHHa oTpeska qr.
MoXHO HallTH TakoOH Yy3eJ n-pelleTKH pn, 4TO |§ — p,| <
9.27"* Toraa | g — pal <% 27" u | r—pn|<% 27", Orcio-
Aa cJaepyeT, UTO pp SABIAETCS AOMYCTHMBIM Y3JIOM 7-pe-
mweTkH %), Mel JoKa3anu Clefylomylo JeMMmy.

JleMma. EciH gur— Touku OrpaHHYEHHOIO 3aMKHYTOTO
JIOKaJIU30BAHHOTO TOYEUHOro BHAA Q, Takue, uTo | —r | < 2773,
To TI-Beep S, cosnapaiomuil ¢ @, COTEPXKHUT JBa 3J1€MeHTa,
COBMNAJAoIHe C § H r COOTBETCTBEHHO H TMPH TOM TaKHE, YTO
Y HHX OJJHH M Te XKe MepBble 71 KOMMOHEHT Py, Pg, - - -, Pn.

Teopema?2 3ambikanue mo6GOro KaHOHHYECKOTO TO-
YEeYHOTO Beepa COBMNAJaeT C HEKOTOPHIM JIOKAJH30BAHHBIM
O6/aCTHBHIM  JIONOJTHEHHEM.

HoxasateabctBo. Ilyctb H — MHOXeCTBO n-X
KOMITOHEHT 3j1eMeHTOB S; H B/NsieTCs] KOHEYHBIM MHOXKECTBOM
y3710B n-pelieTKH. Bokpyr kaxpuoll ToukH MHOxkecTBa H

OnuIIeM KBaJpaT CO CTOPOHOH AJHHBI3+2™" U C LEHTPOM B 3Tof
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touke. [TycTb V, — MHOKECTBO 3THX KBaipaToB. [lomoxuMm

[o0]
M = N V,; torna M saBasercs O6JaCTHBIM JOMOJHEHHEM.
n=1

QueBHIHO, YTO S reoMeTpPHUECKH COAepXKHTcS B M; Tak Kak M
34aMKHYTO, TO H S reomeTpuuecku cofepkutcs B M. S 1oKaxky
cefluac, 4To M M reoMeTpUUYECKH COJEPKUTCA B S.

[Tyctb ¢ — Touka M. Toraa ¢ & V. M MOITOMy MOXKHO
HaliTH TaKylo TOUKy p, M3 H, uto |g— pn | < 27"

Touka p, sBJAsI€TCS] KOMIOHEHTOH 10 KpaiiHe#l Mepe ofHOro
TI us S, ckaxkem KommoHeHTOR TI' s.; |sn —pa| P 2",
Takum o6pa3oM, AJs Kaxkaoro n Mbl Hafizem Takoit TT s, u3 S,

yto | g — 82| << 27""%; mo3TOMy ¢ ABJSIETCSI TOYKOH 3aMblKa-
Hus ana S.

HyxHo eme JoKa3aTh, 4To M Jokanusosano. Ilycts
p — Kakasi-HUOYAb TouKa rockocTd. [Tonoxump (p, Vi) = pn.
W3 noctpoenust V, u Vi OUEBHAHO, YTO Pp 1> Pniy P> Pn -+
—Z— 27" TMoatomy cyuwecTByeT lim p, =Q, H po——p,,}% 2™,

51 xouy nokasaTb, 4TO P (p, M) = Py, T. €. uTo

(i) ecu g M, To |p—q|< 00

(ii) nmpu Jo60oM n MOXKHO HafiTH TaKyl Touky ¢, B M,
4To

| p—gnl <0yt 27"

lioxasaTeanTBo(l).qevn, 3HauuT, | ¢ — p| <
5 -
Pn<tpo—-§2" npu Jwobov n, T.e. | qg—p | P,

HNoxasateabcTBo (ii). Mbo MokeM mnoc/eloBa-
TebHO HaflTH KBaApaT a u3 V,, Takoit, uto p (p, @) < pn+ 2"
M TOYKY 7 M3 @, TaKylo, 4To |p — r|<p,+ 2-27". Toraa

9 A
lp—r|<<po+52"%).

Canepcteue 1. M3 JaByx mnpequecTByIOIUX TeOpeM
cliefyeT, 4TO Ka:KIpl OrpaHHYeHHbI 3aMKHYTHI JIOKaJH30-

BAHHBIH TOUEUHBbII BMJ COBMAfaeT C HEKOTOPbIM GOJacTHBIM
JLOMOJHEHHEM.

Teopewma 3. BemecrtBenHas ¢yHKuus, onpele/eHHas
B KaxJIOifl TOoYKe OrPaHHYEHHOTO 3aMKHYTOro JIOKaJH30BaH-
HOrO TOWEUHOrO BHJA, DaBHOMEDPHO HerpephbiBHA Ha HeM.
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Teopewma 4. BemectBennas ¢yHKOust, onpejeseHHast
B KaXKJOH TOUKe OrpaHHYeHHOrO 3aMKHYTOro JIOKaJH30BaH-
HOrO TOYEUHOro BHJA, HMeeT Ha HeM HaHMeHbLIYI0 BepXHIOK
M HauOOJBINYI0 HMXKHIO TPAaHU.

Teopema 5. Eciu BemecTBeHHAst (yHKUUS onpeje-
JeHa U NONOKHTENbHA B KaXIOH TOUKe OrPAHHYEHHOIO 3aMK-
HyTOTO JIOKAJH30BAHHOTO TOYEYHOro BHJA, TO ee HauOOJb-
miass HUXKHASA TPaHb NOJOXKHUTENbHA.

IlokazaTenbcTBa 3THX TeOpeM B TOYHOCTH aHAJOTHYHH
noKasaTesibeTBaM H3 3.4.3 14).

5.2.2.  Humyuyuonucmcxkas dopma meopemor [eline —
Bopeas

Teopewma. Ilycte Q — orpaHnHueHHBIH 3aMKHYTHIH Jo-
KaJHU30BaHHbIH ToueuHbil BHA. Ecnm Kaxpoit Touke p u3s @
cornocTapjieHa ee okpecTHocTb U (p), To MOXKHO HaHTH KoHeEY-
Hoe MHOxecTBO U (qy), . . ., U (g,) 3THX OKpecTHOCTell TaKHUM

ofpa3oM, uTo @ comepXHuTCs B G U (q,)-
k=1

HokasateanbcTBo. [lo onpeneneHuio OKpecTHOCTh
U (p) conepxur kpanpat | p — x| < 27", rne h — natypass-
HOe YHcao, 3aBucsee oT p. Ilycts S — kaHOHWYecKHil To-
ueuHblli Beep, coBnajawomuii ¢ Q. Ecam Touka p uz Q cos-
nagaet ¢ TI' p” = {p’} u3 S, 1o cBsizkeM & c p’. Ilo Teopeme
0 Beepax MOXKHO HafiTH MaKCHManbHOe 3HaueHdHe h, ans h
Takoe, uTo npu JwboMm p B U (p) comepxuTtcss Kpanpat

-k

|p— x| <2™. Touku (hy -+ 1)-pelieTKH, KOTOpHiE SABJIAAIOT-
Cs KOMIIOHEHTaMH 3JIeMEHTOB S, MOXHO DPACMOJOXKHTb B KO-
HEUHYI0 NoCIeAoBaTeNbHOCTs Py . (i =1,2,. .., m). as
KaxKJloro U3 3Ha4YeHHH { MOXKHO HaWTH HEKOTOpBl (hHKCHDO-
BaHHBI1 9/1eMeHT S, CKaxkeM ¢;, B KOTOPOM BCTPEHAeTCH ), -
ITyctb g, — Touka us @, conapawomas c ¢. Toraa

, 5 b
19, = P, | g 277

[IpousBonbHass ToukKa r u3 Q coBnajgaer ¢ 3JeMEHTOM

={r} us S; r,,, =P, ; IPH HeKoTopom i, OTKyja
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lr — P 1 << %2""’1. Otciona  cilefyeT HepaBeHCTRO:
lq,— rl<—2—2’h", T. e. yto r & U (9,). I10 o3HayaeT, yTo
U(gU... UU(q,) comepxur Q.

3ameyanue. Dbpaysp [1926 C, ctp. 867] mokasan
3Ty TeopeMy B Oojiee ofuieil ¢opme (AMs TaK Ha3blBaeMbIX
JIOKAJIM30BaHHO-KOMITAKTHEIX BHJOB) %),



VL. MEPA H HHTETPHPOBAHHE

B aroii rmase £ Gyner o6o3HauaTb KBajpaT | X — 0|j>%.

6. 1. Hamepumbie 06aacmu u 062acmHbie O0RO0A-
Herus.

6.1.1. Hamepumvie obracmu

Onpepneanenune Mepoid, ob6osnauaemoll mV, snemeH-
TapHoro joMeHa V siBasieTcs ero miomajs B OOBIYHOM CMBIC/IE
cnmoBa. Ecau obiacte A onpefiesieHa MOC/A€N0BATENBHOCTHIO
{V,} >snemeHTapHHX JOMEHOB H cyulecTsyeT lim mV,, To

n—->oo

obmactb A usmepuma u ee wmepa ecth mA = lim mV,

n-»co
[Bpaysp, 1919A, ctp. 261.

Kuaace. Ilpu Takom onpefeieHUH faxke He BCSKAsh OrpaHH-
ueHHass obaacTb OyfeT H3MepHMOH.

HHT. DTo HemocpeACTBeHHO cJefyeT U3 Toro akTa,
YTO OrpaHHYEeHHAS MOHOTOHHAS MOCJIe[OBATEJBHOCTh Bellle-
CTBEHHBIX YHCeJ He 00S3aTeJbHO CXOLMTCH.

Crenywomasi TeopemMa HMeeT MeHee IPOCTOe JAOKa3aTellb-
CTBO, YeM 3TO MOXKHO Obuio OBl OXKHJATH.

Teopemal. EciuA u B usmepumele o6nacty u A D B,
o mA<{ mB.
JloKa3aTeqbCTBO OCHOBAaHO Ha CJefyoleH JeMMe.

JJeMmmal. Eciau snementapuwiii nomen W comepxutcs
B o6nactu A = {V,}, To MOXHO HalTH Takoe m, 4T0 W noxpoi-
Baetcs V.

HokasaTteabcTBo. Kakpoii Touke p us W MoxHo
COMOCTaBHTb HATYpaJbHOe 4HCIO A (p), Takoe, 4To p & Vap).
[Tockoneky W orpaHuyeHo, 3aMKHYTO H JIOKAJTH30BaHO,
TO mo Teop. 1. u3 5.2.1 u no Teopeme o Beepax cjeAyeT. YTO
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A5 3HaueHHit A (p) UMeeTcS MaKCUMyM m; Kaxjias Touka W
npuHaaaexut V,1°).

HdokaszaTeanbcTBO Teopemns L. Ilycts
A =1{V,}, B = {W,}. Iaa nannoro £ Mo CHayasna HaiijleM n,

—k
takoe, uto mB — mW,< 27", 3ateM (C NOMOILBIO JIEMMB!)
HaiileM m Tak, utobel V, nokpwBaio W, Torana mA >

MV >mW, > mB— 2" Tak kak 5T0 HMeeT MecTo
npu Jwobom 2, To mA < mB *).

Teopema?2 Ecnu obnacte A coBnajaer ¢ obanactsio B
1 ecnu A uaMepuma, To B usmepuma u mA = mB *¥).

HorkxasaTteabctBo. Ilyets A = {V,}, B ={W,}.
B cuny aemmer 1 mas kaxgoro n umeem mW, < mA.
C apyroit cTopoHbl, Nockonbky A U3MepuMa, To NMpy JaHHOM R
MOXKHO HaiTH f, Takoe, uTo mV; > mA — 2_k, a 3aTeM, HC-
nonb3ys JeMmy, HafiTi n, Takoe, uto W, noxpeieaer V;. Mimeem

torna mW, < mA — 27 Cneposatenbno, lim mW, = mA.

Teopema3. Ecau A u B — u3Mepumble ob6nacTd, TO
obnacts C = A|JB usmepuma u mC > mA 4 mB.

JlokasaTeabCTBO Jerko noaydaeTrcst U3 OHpeIIEHEHHﬁ.

6.1.2. Hamepumbie 06i1acmHbie OONOAHEHUS

Onpenenenuel. Ecmu M seaserca 66macTHHIM
JonoJHeHeM, a UMeHHO JloNoNHeHHeM K H3MePuMol ofnacTu
A, To M usmepumo u ero mepa mM pasHal — mA.

Teopemal. Ecau M; u M, aBnsioTcss U3MepHMBIMU
G6nacTHBIME  JlononHeHusMu, mM, = m,, mM, = m,,
mM,My) =m, 10 my +myp1-+m.

JdoxaszateanbcTtBo M, =FE—A, M,=E—A,,
MM, =E — (A, 4y.
B cuny Teop. 3 u3 6.1.1 umeem
m(AUA,) > mA, + mA,,
1—m>1—m1+1—m2,
my+my 1+ m.

Teopema 2. [Bpaysp, 1919 A, ctp. 26]. Bcsikoe
H3MepuMoe O6/iaCTHOE JONONHEHHEe IONOKUTEJIbHOH Mephl
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COACPXKHUT TakKoe€ JIOKaJU30BAHHOE 606sacTHoe JOIToJIHEHH e

L, wto mL> mM — 2", rie p — moGoe 3sallaHHoe HaTy-
pajbHOE YHCJIO.

,U, oOKa3daTenbcTBoO. Hmeercs nocae1oBaTeJIbHOCTD

(o)

{V.} snemeHTapHBIX JOMeHOB, Takasf, uto M = [} V,. U3
n=1

3TOH MOCJAEA0BATEbHOCTH BbIOEpeM I10/I10C/€10BATENBHOCTD

{W,}, Takyio, uto mW, — mM<2*" npu mobom n.
L crtpoutcss Temepb caeayowuM oOpasoM. Pasnenum E Ha
KBaZpaThi ¢ peGpamu JjuHbl 27°. DTH KBaJpaThl Ha30BeM
%n-KBafpaTamu. M3 kaxaoro W, ypanuMm ero nepeceueHust
C TeMM X%,-KBaJpaTaMH, y KOTOPHIX nepeceyenus ¢ W, umeior
Mepy, MeHbmyilo deM 2 °7°. Ocratok oGosHaunm uepes W,.
U3 kaxporo W, yianum ero nepeceyeHHst ¢ TEMH %,-KBajpa-
TaMH, Y KOTOpBIX nepeceuenus ¢ W, nmeioT Mepy, MeHBIIYIO

—p- k
yeM 27777, u npomomkum 3ToT mpouecc. BooGme, WY
L

(n > k) nonyvaercs u3 W, yjanenuem ero nepeceueHHuit
C TEeMH %gy -KBajipaTaMH, Y KOTOPBIX Mepa nepeceyeHui
¢ W%, menbme 2777473,
[Tonoxum
(o)
=N W
n=1
B cuny Teop. 3 u3 5.1.5 L siBaseTcst 66MaCTHBIM JONONHEHHEM.
Cornacuo moctpoenuto mW, — mW,,, < 277", Tem 6Gonee
mW — mWw), <974,
Mpu nepexome or Wi k WY mepa ymancHHbix uwacTedt
cocTapasteT caMoe Ooubliee 22172.97P74%78 — 9=P=271 14y yro
mW — mWD <27 P 4 97 2977 Orciopa cate-
LyeT, 4To cymeCTByeT lim mW.
31ech ele HENb3S 3aKMOuuTh, uTo lim mW$ = mL,
notomy uto Wit He o6a3atenbuo Jexut crporo BuyTpu W ).
Onuako NOpH INOMOWM HeOOMBIIOTO pACUIMPEHHsT KaxkK/oro
u3 W) Mbl Jierko mOCTpoMM mnocaefoBaTeabHocTs {U,) Takux

37E€MEHTAPHBIX IOMEHOB, UTo U,y BCersla JIEKUT CTPOro BHYTPH
Ug, uto L = Y Up 1 uto lim mU, = lim mW .
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[Tostomy L wuamepumo u ml = lim mW.". Ws moctpoe-
Hust W Mb1 BHHM, 4TO

mW, — mw) <§ gikr2gp—th-3 -2 op
n 3 .
k=0

[Tepexomss kK nmnpeleny, mosnyuaeM
mM — mL < 27"

Ocraertcs nokasaTh, uTo L nokanusoBano. I1ycTs %#'— ofun
M3 %,-KBaJpaTOB, MMEIOMHUX TMOJOKHTEIbHOE MepeceueHue
¢ W, Torma, no BbleNpHBEIEHHOMY NOCTPOEHHIO, Mepa
3TOro nepeceqeﬂnﬂ Gonbwe uau paBua 277" Tak kak
ngl) glli)l < 2-p 4'1 To ( g-?iﬂ”l) > 2—p an+l
— P 2'” an, I'Iepexo;m or WY k WD, Mb1 yransem

U3 %’ camoe Gosbluee ruiomanp B 4-27°7%2 tak urto WY

n+1
HMeeT yacTb, OGHIYIO C X'; clefoBaTenbho, Wit umeer obiyo

4acTb N0 KpaiiHe#l Mepe C OAHHM H3 Xp,; KBaApaToB, BXOJs-

mux B %’. Ilpomonxkast 3ToT nporecc, MB! HaliieM NocieoBa-

TENBHOCTD {¢,}, KaX[plii Y/JI€H KOTOPOH SIBJSETCH Xn.n KBa-
h

paToM H Takyio, UTO NpH Jo6oM A BHJ WA yumeer ofImyo

yactb ¢ ¢,. Hycms x* — Touka us Wi’ gq,. Mocaenosa-

TeNbHOCTh {XM} CXOMUTCS K TOYKe X, Tak Kak xS Wf{fhh)
npu JoGoM j > A, TO x4 & U,,+h . B cuny Toro uro 3TO BHI-
NOJHSETCS NPH JI}060Mh HMeeM X, & L. TakuM o6pasoM y Kaxk-
JIOTO %,-KBaJpaTa, HMMEIOIEro IMOJOXHTENbHOE MNepeceyeHue
¢ W, ectb no kpaiineit Mepe ofma obmas Touxa c L.
[Mycte H, — MHOXKECTBO %,-KBaJIpaTOB, HMMEIOUHX I10J10-
KuTeabHoe nepeceuenue ¢ W, L cogepxutcst 8 H, u BMecTe
¢ TeM KaxAbli KBafpat U3 H, UMeeT 1o MeHbluell Mepe ORHY
obmyo Touky ¢ L. [Toatomy anst moGoft paiiuoHaNbHOR TOYKH p

uveeM o (pHo) >0 (L) 3> 0 (p, Hi) + 2779).
DTUM JoKas3aHO, 4TOo L J0KaJu30BaHO.

Kopoaaapuii. V3 panHoro fokasatenbCcTBa ClAefyeT,
UYTO BCAKOE OrpaHHYEHHOE OO6JACTHOE JONMOJHEHHe IOMOMKH-
TeJIbHOH MEPbl COAEPXKMT 10 KpadHed Mepe OfHY TOUKY.
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Teopema3d. Eciu usmepumoe 66nacTHoe AONOJIHEHHE
M conepxuTcs B 37eMeHTapHom AomeHe V, To mM H mV.

HNoxasateabcTBo. M= [\W,%). donyctum, uto
mM > mV. Moxuo HaiiTu Takoe ¢, uto mM >mV +279%
torga npu Jmo6om n umeem mW, > mV 4+ 27 TIlycts
Un — vacte W,, nexawas Bue V. mU, > 27 Ortpesas
oT kKaxporo U, HeGonbIIYIO MONOCKY BAONbL I'paHULB V, Mbl
nony4uM Trn. ITO MOKHO clienaTh TaKUM 00pasoM, uToObl Tpyy
cofiepxanoch BHYTPH T, ¥ 4TOGB! NpU JIOGOM 71 UMENO MECTO
nepasenctso mT, > 27% Ilyctb (\T, = N. Torpa N — uame-
pumoe 66aacTHoe fornoiHenne ¥ mN < 279 51). 3nauuT, B cuay
nociefHero koponnapus N ColepKHUT no KpailHell Mepe
OIHY TOUKY p. SICHO, 4TO p He MOxeT NpuHajanexartb V, Tak
uyto npeanonoxenune mM > mV NPHBORUT K NPOTHBOPEUHIO.

6.1.3. [IpeneOpexncumsie u nodmu nOAHblE MoHedHole 8UdbL.

Onpenenenuel. ToueuHnil BHE, KOTOPHII MOXKHO
BKJIOUHTb B H3MepHUMYI0 00sacTb NPOU3BOJBHO MaJioil MepHl,
Ha3bIBAETCH NPeHeOpescUMbIM.

Onpenenenune?2 ToueuHwmit BHA, KOTOPHI npH
J1I060M 1 coflep:kUT B cefe 66nacTHOe JOMNONHEHHE C Mepoil,
Gonbiieii uyeM 1 -— 277 HasblBaeTcsl noumu nosMeM. Eciu
HEKOTOPOE CBOICTBO BBINOJHSIETCS] HA IOYTH IOJHOM BHJE,
To 6YyJeM TrOBOPHTb, YTO OHO BBINONHSETCS noumu 6clody.

HononHenue k npeHeGpe:KUMOMY TOUEUHOMY BHAY Q mouTH
nonHo, Tak Kak Q C A Bnever E — A CE — Q. O6paTHoe
He Bcerja crnpaBelJIMBO, TaK Kak u3 £ — A C R caepyer,
uto E— RCE — (E — A), HO nocjefiHnit BHJ He 00s3aH
coBnazatb ¢ A M Mbl He 3HaeM, SIBASIETCS JIM OH 06;aacThio %),

Teopemal. [IlepeceueHne ABYX NOUTH NOJHBIX BHIOB
eCTb MMOUYTH INOJHBIA BHJ.

HNokasartenbcTBo. [lycte Q u R — noutd noa-
Hele Buabl, M u N — 66nacTHble JONONHEHHUS ¢ MEPOil, 60Jib-

weit yem 1 — 27", conepxauuecs B Q # R COOTBETCTBEHHO.
Torna MNN C QNR. Ilycte m (MNN) = m. Ilo Teop. 1
us 6.1.2.

1 —2" 4+ 1-2"<1+m m>1—2",
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3ameuanwue. Ecmm V — sneMentapHelii JOMeH, TO
V — 66nacTHoe JononHeHHe W BHYTPEHHOCTH V ecTh 06nacThb
Toii ke Mephl. ['panuna V sBasercs 001aCTHBIM JOMOMHEHUEM
u umeeT Mepy 0. OHa MoOKeT ObITh 3aK/IO4EHa B U3MEPHMYIO
oGnactb A ¢ Mepoil, MeHblIeH 4eM 27", KOTOPYIO MOMKHO Bbl-
OpaTb Tak, uTOObl AJSI HEKOTOPOIO $ KaxKjJasl TOYKa, OTCTOS-
ulasi OT FpaHWOBl MeHee 4YeM Ha 27°, Bxoamia B A.

ITycte W — sneMeHTapHOE MHOXKECTBO MPSMOYIOJbHHKOB,
KoTopoe BMecTe ¢ V npocTo nokpeiBaeT E. JIns npoU3BobHOM
TOYKU p u3 E — A MOXHO pelnTb, anNpoOKCHMHPYS ee C ToY-
HOCTBIO 10 27°, NpPHHALNEXKHUT An oHa V uan W.

Huterpan bpayapa

51 pa3oBbO TeOpHIO HHTErPHPOBAHHUA AAA ciaydas (yHK-
HHH, onpeieneHHBIX HA nojaBuie  eaMHMYHOro KBaaparta E.
BoaMmoxHBl pasnuuHbie 0000LICHHSI, HO HM HE MECTO B 3TOM
BBECHHH.

6.2. Ozpanuuennoie uzmepumoie PyHKuun
6.2.1. Onpedesenue unmespaia

Onpeneanenuel. Orpannuennas o¢yukuas [ (x),
onpeneneHHass Ha moieule Q Buia E, usmepuma [Bpaysp,
1923, ctp. 6], ecaum npu aw6oM HATypaJbHOM 1 BBINOJ-
HSIIOTCSL CJelyIOlIHe YCJAOBHS:

(i) 3apaHa usMepumasi niockas obnacte A, c Mepof,
MeHbIeH uem 277;

(ii) E npocTo NOKpHIBA€TCS 3JMEMEHTAPHBIMH JOMEHAMH

Vnh(h:__‘lm--‘,l,opl»---»kn);

(iii) ecitw M, =E—A,, 10
() mpu x =V, M, u h+0 umeem

(h— 127" % f (%) B (D277,
(b) npu x EQ\WVro(\ M, umeem
. 2—n-1 } f (x) j> 2-—!1—1.
MHOXecTBO TpeXMepHbIX MPOMEXYTKOB

xSV, (— 127" Tz (B 1) 27T
th=—1In,....0,...,k)
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GyJxeT Has3blBaTbCA n-fi annpokcumupyrouweil noaocod ans f (x)
f(x) Oymer HasbiBaTbCsl usmepumol mnocpenctBoM (Vo)
{An}.

Onpenenenue2 Humeepar or usMepumoil ¢yHK-
K f (x) onpenensercs Tak:

(0 Sf(x) dx = lim 27 Z BV up 53).

E =-in

3aMeuvuanu A 1. Eciu npexnonarats, uro A, C A,
NP1 BCSIKOM f, TO 3TO He RaeT HHKAKUX HOBBIX OrpaHHYeHHI.

o0
B caMoM jene, eciy NONOKHTD ’IZ\J Arv=B,. uW, ,=Vn o,
=n
To [(x) TakKe OKaxercs u3MepUMOH TocpeicTBoM {B,}
i {W,.} ). IocnenoBarenbuocts {W,,} Ract mpu 3ToM TOT
e caMblfi uHTerpan. AHasoOrHYHBIM 00pa3oM MBI MOMKEM
MPEANONOXKHTb, YTO TpaHHUB BcexX V., coupepxkarcst B Ap,
u6o ecan mA, < 2" — 27, T0 MOXKHO BKJIOWHTb 3TH Tpa-
HHLBI B H3MepuMylo obgacts C, ¢ Mepoli, MeHblllel ueM 277,
d 3aTeM Hcnoab3oBath A,| JC, BMecTo An. DTOT cnocob umeeT
TO TPEHMYUIECTBO, YTO JJIsI KaAoll Touku H3 £ — (A.{JChr)
MOXHO ONpPENeNHTb, K KOTOPOMY M3 3/IeMEHTapHBIX JOMEHOB
Vnn OHAa TpHHAJIEXHUT °5).
2. Yacro OblBaeT yHROOHBIM H3MeHHTb NYHKT (ii) ompeje-
qgeHust 1 caexpyouum ofpasom:

(if bis) £ mnpocTo mNOKpBIBaeTCs SJIeMeHTaprIMH JloMeHa-
mu V) kamnanii Vconepxutes B onsom ua Vi, .

B 3ToM cayuae B nyHKT (iii) BMecTO Vn [\ M, HyxHO nOI-
craruth |J (V9 Mp).

P

Kaacc. DTo — Xxopollio H3BeCTHOe OMpejesieHHe HHTerpasa
JleGera.

Hur. KoneuHo 3To Tak, HO Beipb HY:XKHO Obl1O BbIOpATh
OIHO KOHCTPYKTHBHOE OTpejeNeHHe CPeiH BCeX KIaCCHYECKH
Bo3MOXKHBIX. [TycTh, HanpuMep, [ (x) onpefeseHa Ha £ u uMeeT
NOCTOSIHHOE 3HaueHue @, rie a — AeHCTBHTeNBHOE YHCIO,

1 1
AJIsl KOTOPOro He H3BECTHO, HH 4To @ < =, HH YTO @ = +,
1
HH 4To @ > - . B 3ToM cnyyae BHA TOMEK, B KOTOPBIX

1 o
f (x) <, HenamepuM. I Mory ckasath 3To ceHyac, XoIsl
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ee ¥ He mpuBes oOulero onpeflesieHHsl H3MEPHMBIX ToUey-
HeIX BHAOB. KoHeyHO, TO JKe 3aMeuaHue MPHMEHHMO H K COOT-

HowmeHusaM f (x) = % ufx)> %

Baxioe passuyne COCTOHT B TOM, YTO MaTeMaTHK-KJIaCCHK
BCErlla MOXKET pacIlHpuTh 00JacTh onpeieneHus cpoeil GpyHk-
1muu a0 E, nonaras ee paBHoil 0 B KaXXJ0M TOYKe, B KOTOpOii
OHa He ompefeneHa. VHTYHIHOHHCTCKH 3TO HEINOMYCTHMO,
TaK KaK OTHOCHTEJIbHO HEKOTOPHIX TOUeK Moxer OBITh Heus-
BECTHO, OmpefeseHa JiH B HuUX ¢yHKuusa. Bpaysposckoe omnpe-
JeneHue uaMepuMoi ¢pyHkuuu chopMmysnpoBaHo TakuMm olpa-
30M, YTO A5 J1060i TakoH (yHKIMM MBI TIOUTH BCIOAY 3HAeM
n160, 4TO OHa ompeneneHa, JHOO UTO ecJqH OHa onpejeleHa,
TO OHa MeHblle yeM 2" T/ie 1 MOXET GbITh B3SITO IPOH3BOMBLHO.

Toueynblit BuA, Ha KOTOpOM f (x) onpesenena, 6yAeT Hashl-
BaThCsl domernom [ (x).

Teopewmal. Tlpegen (1) cymectByer pasi BCSKO#
H3MepHMOf GyHKIMH [ (X).

Hokxasateannctno. Ilyctb f(x) wusamepuMa mno-
cpeactsoM {Vopn} u {A,}. [lpeanonoxuM, uto A, yIOBJAETBO-
PAIOT yC/NOBHAM 3aMeuaHus 1.

[Tycte p — mo6Goe HaTypasnbHOE 4HC]0, GOJbllee 4eM 1,
1 nycetb Vo (\Vor = Wi Bynem o6osnauate Wi nocpen-
ctBoM Xpz, ecau |A27"0 — k27PN < 27" w mocpeacTBoM
th, eCcJiu |h-2_n__1 — k2_p_1| > 2-".

dcno, yTto

(2) 2Pt g kmV pp — 2‘"‘12 hnV oy =
= (k2P — K2 YmW .
h,k

Us onpeneneunii caenyer, uto npu x & V(N M, (b 5= 0)
HMeeM

®3) h—1D2" B f () B R+ 127"
1 uyto npu x & VM, (k 5 0) umeem

4) (k— D277 B () P (¢ + D277
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CaenoBateiibio, npu x & W[ \M.(\M, umeeM
(5) \R™ Y Pl o L 9Pl 20,

10 BepHo Takkenpu 2 =0,k==0u npu k5= 0, £ = 0,
6o B nepBoM cayuae, Hanpumep, Ve{\Mp, & Q, Tak uro
Wo.e(\Mp Y M, C Q, u (3) Benonusietcss Ha W[\ M, M.
[Ipu 2 = %k =0 (5) TpuBHANBHO.

Kaxnast Touka u3 M, (| M, npuHagiexxuT HeKoTopomy Ws;
B CHJY (5) OHO HE MOXeT OKa3aTbefl Ype. 3Hauut, M,(\M, =

Xnp.
Hdanee, no teop. 1 us 6.1.2.

mMa(\Mp) € 1 — 27" — 2P > 12

3uaunt, mUXm > 1—2""" v mJVm <27
[Tostomy, ecan |f (x) | <<M, T0

(b) 2 [ k 2-p—1 _ h 2_"_1| myhk < (2M __l__ 2) 2—n+1 54)
h.k
(N N2 —h 27| mXp <27 mUXm P27
h.k

N3 (2) craepyet
(8) [ 2777 ZkmV i — 27" ZhmV | < (4M + 5) 27"

[Mpumenss xputepuii Komn u3s 2.4, sugum, uto npezgen (1)
cymiecTByert %8).

Teopema?2 Eciau orpaundeHHas ¢yukuus f (x) us-

MepuMa ¢ noMomsio {Van} u {A4,), a Taxkke ¢ nomompio {W .}
u {B.}, 10

9) lim 27" ' ShmV,;, = lim 27" ZkmW 5.

Myers A,UB, =C. uw E—C, = M, Moxuo npen-
NOJOXKHTh, 4TO C, COAepPXKUT rpaHulsl Vo u Wi TTonoxum
Vnhﬂ Wnk = th, €CJIH lh_ k I < 1 u Vnhﬂ Wnk == th,
e |[A—k|>1. Touka u3 Y, He MOXET NpuHamIeXaTh
M., Ttax yto M, C{J Xu. CrnenoBatenbHo, no Teop. 3 H3
6.1.2

mMn j> mUth. mUth > 1 — 2-n+1. mUth < 2-n+].
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127" S hmVan— 27 ZkmV g | = 2777 B (h— k) mX
+ 2 (h— Ry mYu | <2 (S mX o+ 2M ZmY )
< 2_,1‘1 + 2M'2_’H1 — (4M + 1) _2—f1 57)_

I10 nokasmiBaer (9).

6.2.2. ¥Ycaosus usmepumocmu

Teopemal. Tloutu Bclony onpeieseHHad orpaHHYeH-
Hast ¢yHKuus uaMepuMma [B. Bau Pootcenap, 1954, ctp. 7] %8).

Hoxasateabctso. [Iloycmosuw f(x) onpenesnera
Ha Bufie Q ¥ npu KaxxoM n BHL @ collepKuT H3MepuMoe ¢Gact-
Hoe JonosHeHHe M,, Takoe, uto mM, > 1 — 273

[To Teop. 2 u3 6.1.2 M, conep:kut JoKanuaopaHHoe 60aacT-
Hoe pomonHenne L,, Takoe, uto ml, > 1 — 27"2, Ilyctsb

A, Takosa, uto L, = E — A,. Tlpumensis teop. 3 u3 5.2.1,
MH BHAHM, uTo [ (Xx) paBHOMepHO HempepniBHa Ha L,, Tak
UTO A5 KaxAoH TOUKH x u3 L, MOXKHO HaliTH TaKyw oKpecT-
Hocts U, (x), uro |f(x) — f(x) ]| < 27" ecnn x’ JEXHUT
B Upn (x)(\Lr. Un (x) coepXHT 3meMeHTapHHI# foMeH V., (x),
BHYTPH KoToporo Jexut x. K L, MOXHO NpUMeHHTb TeopeMy
Teline — Bopenst u3 5.2.2, B culy KOTOpOH HMeeTCsl KOHeY-
Hoe yucao jJomenoB Vi (i = 1, ..., m), nokpuBawomux Lp.

Onpenenum cleryomum o6pa3oM HenepeceKaromuecst e
MEeHTapHHe JomeHh Wo,:

—1
Wnl = anv Wm = Vni_ kU (Vm ﬂ Wnk)'
=1

O6mast nJouafb, NOKpHBaeMass W,;, cocTaBiasger o

Menbweii mepe | — 27"% ocraomytocsi yacth E  MOXHO
BKJIIOYHUTb B H3MEPHMYIO 00JacTh A, C MepoH, MeHbluell YeM

27""Y, Bxmouum rpanunsi W, B uaMepumyo ofnacte B,
¢ Mepoli, MeHbllle YeM 27" % u nonoxuM C, = A.UB.UAnr,

tak uto mC, < 27", Torza f(x) u3Mepuma nNoCpeiCTBOM
{Wuy n {Ca} ™).

Mu nokaxeM ceifuac, 4To, ¢ APYTroH CTOPOHH, KaXAYHO
H3MepHUMYI0 (YHKLIHIO MOXHO TNOMNOJHHTb [0 MOYTH BCIOXY

onpejeneHHOH H3MepHMOH (YHKIMH C TeM Ke CaMbIM HHTEr-
panoM.
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Onpenenenuel. g(x) HasbiBaeTCA nonoAHeHtemM
f (x), eciiu yIOBJIETBOPSAIOTCS CJELYIOUIHE YCIOBUS:

(i) & (x) nouTu BCIOAY ompeneseHa,

(i) g (x) = [ (x) B KaxIOH TOUKe, B KOTOPOI ONpee/eHH
o6e ¢dyHKIHH,

(iii) f(x) onpexeneHa B Kaxpoli Touke, rae g (x) == 0.

Teopema?2 Ecau f(x) usmepuma nocpesctBom {V.n}

u {A,}, To yHKumMst g (x), ompeneseHHas HHXKe, FABJISETCH
nononxeHueM f (x).

gn(x) =h2""" na Vo) (E— Au);
g (x) = lim g, (x).

n-+oco

Teopemad Eciu g(x) — nomnoneHue orpaHuye-
Holi u3mepuMmoli PyHkuuu f (x), To g (x) u3MepuMa u

Sg(x)dngf(x) dx.

Teopema4 Ecan cymectByer nononHedue f(x), To
f (x) uamepuma.

JlokasaTenbcTBa 3THX TeopeM MNOJYYAIOTCH HENOCPeiCT-
BEHHO U3 ornpefejeHHH. B HokasaTesqbCTBE TEODP. 4 MH HCHOJB-
3yeM Teop. 1, yToOB! ZOKa3aTbh H3AMEPHMOCTD ONOAHEHHS [ (x).

Teopemab Ecm f(x) usmepuma, f (x) u g (x) orpa-
HHYeHBl H [ (x¥) = & (¥) moyTH BCIOAY, TO g (X) H3MepuMa

" Sf(x)dx= Sg(x)dx.

HokasarteanbctBo Ilyers f(x) usmepuma mo-
cpexctBoM {V.n} u {A,} u nyctb B, — obnacth ¢ Mepoi,
Menbilefi yem 27", Ttakas, 4ro f(x) =g (x) na E —B,.
Torpa g (x) usmepuMa mnocpeacTBoM {V.,n} U {AnUBun}
H yTBEpXKJEHHE TeopeMbl MoJjyvaeTcsl H3 orpefenenus °°).

6.2.3. Cymmor u npoussederuss uamepumblx GyHxyui

Teopemal Eciu orpanuueHHole uaMepuMble (QyHK-
1 f (x) ¥ g (x) UMEIOT O&MH W TOT XKe JoMeH @ WM ompeje-
JIeHbl TIOYTH BCIORY, To f (x) + £ (x) usmepuma u

V700 dx (e ar ={(F 0 +e@) dx
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HokxaszartenscTBo. Ilyete fo(x) u g (%) cym
nonosnenuss f(x) U g (x) COOTBETCTBEHHO.

Torxaa f, (x) -+ &, (x) fBAsieTcs nononHenueM f (x) -+ g (x).
PaBeHCTBO HMHTErpasjioB JIETKO MOJY4YaeTcsl Ha OCHOoBe onp. 1

u3 6.2.1.

Teopema?2 Ecmu f(x) u g (x) — orpannyeHHnle u3-
MepuMble GYHKIHH, To ¢yHKuusa f (x)-g (x) n3mepuma.

HoxasaTenbCcTBO. 3iech Tak xe: eclnu [y (x)

H g, (x) cyts nonoaxenus f(x) u g (x) COOTBETCTBEHHO, TO
fo ()-8 (x) ects nonoanenne f (x)-g (x)-

3amMeuaHue 3aMeruM, 4To B Teop. 2 HeT Hafol-
HOCTH TpexnofaraTh, 4to [ (x) H g (X) MMEIOT TOT Xe CaMblii
JIOMeH, Kak 3To clenaHo B Teop. 1. [Ipuuuna B ToM, 4yTo u3
fo (x)-&o (x) T 0 crnenyer Kax fo (x) 0, Tak u g (x) F 0,
B TO BpeMs KaK f, (x)-+g, (x) £ 0 Beuer Toabko, uTO fo (%) T O
Wi g, (x) 1 0. Tomen f (x)-g (x), KoHEeUHO, SIBASIETCH mepe-
ceueHueM jomenoB f (x) u g (x).

Onpepnenenue 1. Heompuyamesonas wacmo f*(x)
H Henoroscumenstas wacme f~(x) ¢yHkuun f(x) ompenens-
I0TCSL CJAeAVIOMHM 00pasoM:

f* (x) = max (f (x), 0); f~(x) =min(f (x), 0).
f*(x) u f~(x), oueBHZHO, HMEIOT TOT ke JOMeH, yTO f(x) H
f(x)=F(x)+ [ (%)
Teopema3d. Ecau f(x) orpaHuyeHa W u3MepHMa, TO
Fr(x) u f(x) usmepumsl u
Sf*(x)dx+gf'(x)dx= S f(x)dx.

HoxasarteascTBo. Ecmu [, (x) — nononuenue
f (x), To max (f, (x), 0) sBRsieTca mononnenueM f* (x); aua-
NOTHYHHIA pe3yJbTaT MMeeT MecTo W Jas [~ (x). PyHruuu
Y (x) u f~ (x) uMel0T TOT Ke AoMeH, uTo [ (x), TAaK YTO MBI
MOXKEM 3aBEpIIMTb JOKA3aTeIbCTBO, NpHMeHsss Teop. 1.

Teopema4. Ecau f(x) orpannueHa u usMepuma, TO
f (x)| uamepuma.

HokasatenbctBo |[f(X)| = (x) —f- (»).
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6.2.4. IIpedesbras meopema

Onpegenenuel. [locnegoBaTe/bHOCTh GYHKIHI
{fn (%)} cxodumcs 6 mouke x,, €Cid U3BECTHO Takoe yucio N,
uto fn (%) oOmpeneneHn! npu n >N W noC/eLOBaTENBHOCTD
fn+n (Xo) CXOZHTCH B OOBIYHOM CMHICITE.

Teopemal. Ecnmu ¢yHkuuu nocnefoBaTeIbHOCTH
{fn (x)} u3MepHUMBI ¥ paBHOMEPHO OTrPaHHYEHHl H €CJIH 3Ta
NoC/e0BaTe/IbHOCTh MOUTH BCIORY CXOMTCH K f(x), To f (x)
H3MepHMa H

tim { fu (9 dx =\ F (9 dx o).

HJdokasaTteascTso. JIA KaKIOrO 7 MOXHO HAUTH

Takoe GOOaacTHoe jononueHne My, uto mM, >1—2
1 yto lim f, (x) cymecTByeT B Kaxknoll Toyke M,. M, cc
n—o00

JIepXKHUT JAoKanH3oBaHHoe G6jacTHoe Romonnenue L, ¢ Mepoil,
Gonbuteii yem 1—27™. Mas kaxioii ToukH x H3 L,, MOXHO
HaiiTu umcno N (x), Takoe, uTo f, (x¥) onpeenena npu
n>N(x) u uro %f (x) — fr (0)|<<2™ mpu n >N (x).
B cuny Teop. 1 u3 5.2.1 u TeopeMnl 0 Beepax Mbl MOkeM HallTH
MakcuMa/jbHoe 3HauyeHue N (x). OGosnauum ero uepes N,.
Mpr BuauM, uto mpu n > N, ¢yuxkuus f, (x) onpenenena
u|f(x) — fa (¥)] << 2™ pns kaxgoro x us L,. B nocnenyto-
wem s GyAy npeanoaaratb, yto n > N,.
L, ectb pononnenue K o6nactu By, Iycts f, (x) usmepuma
nocpeActBoM {Viupn} U {Anp}. Tlonaraem Cum = Apm|)Bm,
am = E — Cpm. Vmeem mCpm < 27™
{Ipt x & Vamn [ Kum umeeM | f (x) — fo (x)|<C 27" u nanee

M —D2"t—2" % fx) B R+ D2 L2

3areM MBI MOKE€M HallTH Takoe &, 4To

@ (ke —D2™ % () P (& + D2,
3nech
(3) ‘ k2-—m+2 _ h2'—m-1 ' § 2-m+1 52)'

D10 RokasbiBaet, uTo f (x) uaMepum nocpeACTBOM {V,mp)
U {Cpm), rne n sBasercas ¢yHkume oT m %9),
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W3 HepasetictBa (8) B JoKa3atesnbctBe Teop. 1| u3 6.2.1.
MBI TIOJy4YaeM, YTO

@ |\ F@dxe— 2T kY| < (4M +-5) 27
(5) Mf (x)dx—2 ™13 hmV,,,,,,,] < (4M +5) 2™

M3 (3) nonyuaem

6) |27 22 kmV ymp— 27" SAMY yun | >
2|2 2 m Vs B 2 DV s 27

Hs (4), (5) u (6) Mbl yGexpaeMcsi, 4To
@) IX £ (x) dx—& fa (%) dx | < (36M + 47) 27,

Tak kak 3To BepHo mpH Jwbom n > N (m), To Teopema
JAOKasaHa %4).

6.3. Hameprumbie moueynbie BUCbL
6.3.1. OcHoerpte noHamus

Onpeneneununel. Xapaxmepucmuueckans pyHKyus
fo (x) Toueunoro Buma Q ompejensercs CJAERYIOUUM 00pa3oM:
fo(x) =1, ectu x= Q; fo(x) =0, ectu x & Q ).

Onpepnenenue Toveunndi BUY Q uszmepum, ecau
fo (x) usamepuma; mepa Q ectb mQ = &fQ (x)dx.

Teopesmal. Onpegenedne 2 3KBHBAJEHTHO CJexylO-
IEeMY ONpeAejeHHI0! BHA ( W3MepHM, ecjau Npu JIO6oM n
MOXKHO HAaHTH TakOH 3/MeMeHTapHblil joMeH V, W TaKylo H3Me-
pumyto obaacte A, uto mA,< 2" u QN(E — A, =
V.W(E —A,). Torpa mQ = limmV, [Bpaysp, 1919A,

ctp. 291. B 3ToM ciyyae Mbi GyZZIT/IO TOBOPHTB, YTO () H3MepuM
nocpencteoM {V.} u {4,}.

HokasateabctBo. (i) Ecmun fo (x) wusMmepuma
nocpeictBoM {W.n} u {A,}, To Q u3MepUM NOCPEACTEOM

{Wn, 2M+1-1 Lj Wn, 2’“’10 Wn, 2f1+1+1} H {An}'
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(ii) Ecau Q usMepum nocpenctsoM {V,} u {A,}, 10 fo(x)
usmepiMa nocpenctsoM {Wnn}) u {An), tae W nq =V,
Wp=E—V, u ocranbusie W,, myctsl.

Teopewma?2 Ecau Quamepum, o QJ(E — Q) stBaster-
Csl TOYTH TOJHBIM BHJIOM.

HokasarteabctBo. [lyers fo (x) u3MepuMma mo-
cpercteoM  {W.i} u  {A,). Jnsg KpaTKOCTH MNOJOKHM
X,= W, ,nn. Tlpeanonoxum, uto A. COAEPXKUT TIPaHHIIbI
X, u Wy, Tak uto Kaxpaast Touka U3 E — A, NPHHALJIEKUT
160 Xp, mibo Wy Ilyets E — An = M,. Torga QN M,=
XN M,.

Eciu x & W Ma, 10 fo (x) 5= 1. 3uauut, x & Q u
x & E — Q. CnenoBaTesbHo,

WaMn = (E — QM.

3Haunur,

(QUE — Q)NMn = (XaUWa)) N1Mn =M,
QUE—Q2M,%).

6.3.2. Vcaocsus usmepumocmu

Teopemal. Ecau sug Q usmepum, To Bug £ — Q
usmepuM u m(E— Q) =1 —mQ [Bpaysp, 1919 A,
ctp. 301

HokasarteabcTBo Kak B mnpemplaymeMm JLoKa-
3aTesqbCTBE, Mbl HalifeM Ttakoe M,, uToObl HMeNO MeCTo
QUIE — QDM, uw mM, >1—-2" Torna npu JwboM n
Ha M, uMeeT MeCTo paBeHcTBO fq (x) + f(x) = 1. Cue-
JOBaTeNbHO, TNO4TH BCIORY fo (x) + fe.g (x) = 1. 3uauur,

SfQ(x)dx+SfE~Q(x)dx:de: l.

CnencrtsHe, Ecnu  Buji Q u3aMepuM, TO BHJ
E — (E — Q) u3MepuM H HMeeT TY Ke caMylo Mepy. DT1o obcTos-
TEeJbCTBO OYEHb YIOOHO, TaK KaK OHO 4YacTO NO3BOJAET HaM
npeHe6peratb B TEOPHH Mepbl ABOHHBIM OTPHILAHHEM.
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Teopema?2 Kaxapii usMepumblii Bui Q COHEPIKUT
npu Jw00oM n JoKanu3oBaHHoe O6GJacTHoe jonofHenne L,

¢ Mmepoii, Gonbueii yem mQ — 27",

HokasarteancTBoO. [lycth Q wu3MepuM mocpen-
ctBoM {V.} u {A,}, nyctb, panee, £E — A, = M,. Moxuo
HaliTH Takoe & = k(n) >n+ 1, uto |mV, — mQ| < 27",
Umeem Takxke mM, < 1—27"2 B cuny teop. 1 us 6.1.2

mVie + mMr 1 + m (MeVe),
m (MeOVe) L mVe+ mMp — 1 > mQ — 2772
+1—2"? —1=mQ — 27",

O6nacTHoe nononHenne MV, conepxut B cebe Joka-
Ju30BaHHOe (OmacTHoe nomnonHeHuwe L,, Takoe, uto ml, >
m (MeVe) — 2™ Takum ofbpasom mL, >mQ — 27",
Tak kak M\Ve = QM, C Q, To Teopema [OKasaHa.

Teopema 3. [Ons Toro utobbl Toyeuubli BHE Q OGbLa
NOYTH TNOJHBIM, HEOOXOZMMO M JOCTATO4HO, UTOOH @ Obla
HU3MEpPHM H uMeNo MecTo paBeHcTBO mQ = 1.

HokaszarteabcTso. (i) YcioBue HeoGXoquMO, Tak
Kak, eciu Q TMOYTH MOMH, TO fo (x) onpenenena moutH BCIORY,
a 3HayuT, mo Teop. 1 u3 6.2.2, fo (x) m3MepuMa u mo4TH
Bciony fo (x) = 1. CnenoBarenbho, mQ = 1.

(i) ¥YcnoBue focTaToyHo B CHIY Npeininyllefi TeopeMsl.

Teopemad. Toueunnii Bug Q u3MEPHUM TOTAA H TOJb-
KO Torpa, korga Q|J(E — (@) mouTH monHBll TOYeuHBI!t BHX.

JJoxkasaTeabCTBso. (iy VYcaosue Heob6xonuMo
B cuay Teop. 2 u3 6.3.1.

(ii) Ycnosue jpocraTouno. ITO JOKaA3BIBAETCA, KAK NYHKT
(i) mpexblmymiero LoKa3aTenbCTBa.

Teopema 5 Kaxawli pacnosiapaeMblii nopsupx R
H3MepHMoro Bujaa (Q H3MepuM.

HoxasateanctBo. QU(E — Q < RU(E —R),
100 KaxAwil 3neMeHT Q npuHafgiexut aubo R, nu6o E — R
nE — Q & E — R. Ilostomy BBHAY Toro, uTo Buf QJ(E—Q)
noutd mnonH, BHA R{J(E— R) TakkKe NOYTH NOJAH H BHA
R usmepum.
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Cnepcteue Ecau Bup QU (E — Q) usMepum, To
(} Takke H3MepHM.

Teopema®6. Ecau uapi Q u R uamepumul u R C Q,

T0o mQ = mR + m (Q —R).

HokaszaTenbcTBo. XapakTepucTuueckue (yHK-
uun fo (x), fr (x) u fo_g (x) onpenesieHbl HA MOYTH MOJHOM

BHJIE
QRQUE—QNRUE—R)

H Ha HeM fq (x) = fr (x) + fo-r (x). 3T0 B JoOKaswiBaeT
TeopeMmy.

Teopema 7. Ecan Q u R-—reoMeTpHYECKH KOHTPY-
SHTHBIE HM3MEpHMBle TOUeYHble BHAB, TO mQ = mR.

JdokasaTteanbcTBo. E— Q=E-—R, Tak uTO

I —mQ=1—mR.

6.3.3. Obvedunerue u nepecedeHue UBMEPUMBLX MOHEUHBLX
81008

Teopemal. Ecm Q u R — uaMepuMble ToueYHBIE

Bufiel, TOQ(\R u QUR TakKe HaMepumel, m (QUR) > mQ +
mR u eum Q u He mnepecekalotes, To m (QUR) =
mQ + mR [Bpaysp, 19194, ctp. 321

IlokasaTeabcTBO. fopr(%¥) H four (x) ompene
JeHsl Ha noutd nosiHoM Buze (QUE — QYNRUE — R))

M Ha 3ToM BHIe fonr(X) =fo (¥)-fr(x) ¥ [four(x) P
fo(x) +fr(x); ecin) Q uw R He mepecekawoTcs, To

feur (%) = fo (x) + fr (%).

Teopema 2. Ectn {Q,} — nocieloBaTeNbHOCTL H3-

n

MePHUMBIX TOUEUHBIX BHAOB, S, = U Qn, mn=mS, u cy-
=1

HieCTByeT llm m, =m, To BUL S, U Q, usMepuMm u
H mS, =m [BpaySp, 1919A, cTp. 33).

HokaszatTeancTBo. [lo Teop. 2 u3 6.3.1 MoxkHO
HafiTH st o6oro Q, Takyio uaMepumyl o6jaacTb B,, 4TO

mB, < 2" w uto Q.U (E — Qu) DE — B,. Tlonoxum
B = \J B,, torma mB < o,

n=1
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OnpenennM Tenepp YHUC/AA 1y, A2, . . . TaK, YTOOH COOJIIO-
JANHCh YCIOBHA M — My, < 27" m — m,, < 2" ut a. )
3ateM HaiiieM uaMepumbie obnacta C,, C,, . .., Tak#e, 4To
mC; << 2" w E—C S E — (Sn,, — Sn)*®. Tonoxum

[ee]
C=JCiuD = B|JC. SlcHo, uto mC < 27" u mD < 27",
=1
Ilycts x — Touka Buga £ — D. Torza npu jo6oM n uMeeM
xe=E —B, TakuTo x <= @, wiu x = E — Qn; crnenopa-
TedbHo, x =S, wux = E — S,.Ectux = Sy, 10 x = S.,.
[MpeanonioxkuM Tenepb, uTo xe=E —S,. Tak kax
x=E—C, To x He npuHapiexuT S, — S,, Tak uTo
xeE—S8,
Ananoruuno, B cuny x = E—C, mpl nonyuaeM x = E — S,
u T. a. Orcioga cieayeT, uTo x & E — S,. Mel gokasany,
TakuM o6pa3oM, UTo Kaxjaasd Touka u3 E— D npunaimexuT
S, wmu E — S,. Takum obpasoM, fs, onpenenena va E — D.

Kpome Toro, na E —D wumeem lim fs, = fs . Tenepp Teo-
n—»00

pema caenyeT u3 6.2.4.

Teopemad Ecam {Q.) — HOCJIelIOBaTeJIbHOCTb H3-

MepHUMBIX TOUEYHBIX BHIOB, R, = ﬂ Qn, mR, = m, u cy-
=1

ImecTByeT 11m my, =m, To BuiA R, = ﬂ Qn u3MepuM u
mR, = m [Bpayap, 1919A, c1p. 331

HdoxazaTedbCTBO NOYTH JOCJAOBHO BOCHPOM3BOAUT
JOKa3aTeJIbCTBO Npenpiayliell TeopeMsl.

Teopema 4. Beskas namepuMas objacTb uim O6JacT-
Hoe aononHenue (6.1.1 wau 6.1.2) siBAseTCs TaKke W3MepH-
MBIM TOYEYHBIM BHAOM (o onpejenenuio u3 6.3.1), u aABe cooT-
BeTcTBylOmMe Mepbl paBHn  [Bpaysp, 1919A, c1p. 301

HokxaszatTeabcTBo. Jaa obaact 3To HeNlocpeld-
CTBEHHO cJieayeT H3 TeopeMbl 2; AJis 66J1acTHOTO AONOJHEeHHs
3To MMeeT MeCTo B cuay Teop. 1 u3 6.3.2.

Teopema 5 Ecau f(x) orpaHuuenHasi uamepumas
dbyHKuus, ompenesNeHHas Ha ToYeuHoM Buie @, u ecau
p — J06oe HaTypalbHOE 4YMCJIO, TO MOXHO HaHTH TaKue
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HeNepeceKauecs: H3MEPUMBIE BHABI
Qon(h=—1p,...,0,..., kp), uTo Emeh =1 u urto
h

(=1 277 <f () <(h+1) 27" na Qu(h+0),
— 27 f ) <27 na Q) Q.

HokxaszatennctBo. Ilyete f(x) usmepuma no-
cpeactBoM  {Vpny u {An}. Todnoxum M,=E —A, u
Npw = M, (N Vipr. YnopsapouuM N, (n > p) crepyomuM o6pa-
3oM: N, npeninectByeT N, eciau aubo n < m, aubo n = m,
h <i. Ilycte R.n — Bup Tex TouekK u3 Ngy, KOTOpBIE HE
NPHHAJJIEXKAT HU K OAHOMY M3 O6JaCTHBIX JONOJHEHHH,
npeamecTByomux Ny, nNpu AaHHOM ynopsiaoueHuu. Pazaenum
Tenepsb CJAEAYIOIUM 06pa3oM MNoC/IeN0BaTeNbHOCTE R,; Ha
YacTHYHBIE MOCJAEA0BATENBHOCTH, HauHHAKOWHECT € Ry _sp,...
R,,,kp COOTBETCTBEHHO. R, TNpPHHANIEXKUT UYaCTHUHOH mHO-
CJIE/IOBATENbHOCTH, HauwHaoelcs ¢ R,,, ecau h — nHau-
MEHBLIEE UHCI0, TaKOe, uTO

(1) (h— D2 (i — N2+ 2T
<+ 1277
Ilyets  Qun — 0GBeAMHEHHE BHAOB NOCAENOBATENbHOCTH, Ha-
ynHaomencss ¢ Rps. Buast Qp,-1p,. .+, Qp,z, 0OMajawT Tpe-
GyeMbIMH CBOHCTBaMH ).
3ameuanue Bpaysp [Bpaysp, 1923, ctp. 9] nokasei-

BaeT, YTo B KauecTBe {Jp, MOXHO BHIODATh BHEWIHHE Hpe-
JeJIbHBIE BUABL. $| He BBOXKY 3TOTO NMOHATHSL.

6.4. Humezpana Kax mepa moye4Hoz0 suoa

B nocnenyomeM uanokeHud GyAyT BCTPEUATbCS KakK IUIO-
CKHe, TaK M TpexMepHble ToueuHble BHABL. UToOb H36ekaTh
NyTaHHIBI, TpeXMepHbie BuAH OyAayT 0603HauaTbCd TOTHYE-
cKiuMH OyKBamu ),

Teopema 1. Ilycts f(x) orpannueHnas O¢yHKIud,
onpejenennasa na noapuze S Buzga E. Ilycets & u T, — Buan
TOYeK B MNPOCTPAHCTBE C TAKHMHM KOOpAHHATAMH (Dy, P2, P3),
ut0 (Py, Po) ES 1 0B ps > [ (P, P) AT 1 (py, p) ES
10 ps < f (P, po)ana £,. Torna (a) f (x) usmepuma Torzaa
U TOJbKO TOT/a, Koraa £,, 1 $,—un3mMepuMble TpeXMepHEBIE ToYel-

Hble Buzpl; (b) ecnu f (x) usmepuma, To S f (x) dx=mZ,—mS,.
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HJokasateabcTtBo (a). Tor ga. Ilycts $,; uame-
pum nocpercTBoM {By.} u {¥;,}. [TycTb 0o6o3HaueHu st BEIGPaHbI
TaKuM 06pa30oM, YToObl HMEJIO MeCTo HepapeHCTBO mdly, < 27",
[lyetp Uy, ompefiesisieTcsi IOC/EXOBATENBHOCTBIO 3JeMeHTap-
Hpix JoMeHOB {W;, s}. BoiGepem i,, Takoe, uto mlly,, §>

(1—27"")my,. [lonaras TorAa Byn,g = Wyn, 1p,— Winz,,

»lq+1
6yneM HMeTb

mBy,, o < 2727 mYy, < 27,

Ilpsamas, npoejeHHas uepe3 TOUKY x = (p;, Py, 0) DapaJ-
JI&IBHO OCH 2, mepecekaeT My, , MO OTPE3KY MM OTPe3KaM
ofmelt puHbl [ (x); nycTe Xy, ,— BHJ TakHX TOYEK X, UTO
1(x) > 27"77% Umeem mXy,, < 2" Bun X, , MOXHO
BKJIIOUHTE B 06JIaCTb Cin,q C Mepoii, Menbiedi uem 277972,

HonoxuMm By, = U Cin g Torma mBy, < 2" u ecanm

x &= E— By, 10 nepeceqe}me npsAMOii, TpoBeIeHHOM uepe3 x Na-
panneabHo ocu Z, ¢ Uy, siBasercs BujoM D, TakuM, 4TO
(o]

mD <Y 2777 = 27" 1y, [lonowum E — By, = M,
=1
Paspenum Ttemepp £ Ha KOHEYHOR MHOXKECTBO 3JeMeHTap-
HBIX JOMEHOB Y,x, TaKHX, UTO €CJH X & Y,5, TO BOCCTAHOB-
JIEHHBIH B X NepNeHANKyJsip NepecekaeT By, No otpe3ky (0, s),
Y IOBJIETBOD SIIOLIEMY YCJIOBHIO

() @h—1) 27" s (21 4 1) 27772 ),

[lpunumass BO BHHMaHHe, BO-TIEPBHIX, 3TO YCJOBHE,
BO-BTOPEIX, TO, YTONpH x & M;, nepeceuenne npsMoii, npo-
BeJIeHHOfl uepe3 x NapaienbHo ocH Z, ¢ Uy, ABAAETCA BHIAOM
C MepoH, MeHblIeH ueM 27" 8y, B-TPeTbUX, TO, UTO By.{]
(€E— %) =2, N (€ —YU,), M BHAMM, UYTO IpH
¥ =Y [ Mya UMEIOT MECTO HepaBeHCTBA

h—1) 2" B f) P Er+1) 27"

Has A= 0 5TH HepaBeHCTBA MMEIOT MECTO BO BCEX TOUKAX,
rie f (x) onpeneneno u rae f (x) <€ 0.

Mel jiokazann, TakuM ofpasoM, uTo f+ (x) usMepuma no-
cperctBoM {Y 1} u {By,}. Touno Tak XKe, ucxons us £,, MOKHO
JloKa3aTb, 4TO H3MepHma f- (x).
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[Mostomy B cusy Teop. 1 u3 6.2.3 f (x) uamepuma.

HokaszateasctBo(a). Toabko Tor ga.llycts
f (x) uamepuma nocpenctBoM (Vi) ¥ {A,} u nycts W, — n-a
annpoKcHUMHUpYyoWas mnovoca, B,—TpexmepHas 06aacTb ToueK
(P1» P2» P3), TAKHX, UTO (Py, Pg) & An 1 €, — BuJi TAKHX TOYEK
B npoctpanctBe, u4To — 27" < ps< 2. Torma BuR
D, =MW, B, C, usmepum u md, < 27"*% Bug D, nerko
MOXHO BKJIOUHTH B 064aCTb §., Takylo, uto m§, < 27",

PaccMoTpuM KoHeuHoe MHOXKeCTBo NapaJsuiesenunenos U;,, co-
CTosilllee W3 TaKUX ToueK (p,, Ps, P3), UTO NPH HEKoTopoM A
MeeM

(01 p) E Ve (h>>0) 1 05 pgp h2 "L

PaccMoTpuM TakKe MHOXKeCTBO U,,, COCTOsIIIIEE H3 TAKHX TOUEK
(P1, Ps, P3), UTO TIPH HEKOTOPOM H HMeeM

(PP EVan (B <<0) 1 0 py < h2™ ",

Bun ¥, namepum nocpencteoM {;,} u {§.}. Bun £, uamepum
nocpenctBoM {Uzn} 1 {Fa} ).

HokaszatenbcTBo (b). OHo cpady mnoayuaercs
NOCPeACTBOM INpeaenbHOro INepexofia B DaBeHCTBe

mily, — mly, = 27" 2 iV, 7).
h

B KauecTpe mpmyioKeHHs JOKaXeM CJeYIOIYIO TeopeMy.

Teopewma 2. Ecau f (x) u g (x) — orpanuueHHble H3Me-

puMmbie ¢yHkuuu, To max (f (x), g (x)) u min (f (x), g (x))
M3MEPUMBI.

HokasateabecTBo. [omoxum max (f (x), g (x)) =
h(x), min(f(x), gx) =4k (x). Iycs &, (F)(i=1,2
F=Ff, g, h k) onpepensiorca Tak, Kak %,, £, B Teop. l.
L= U 2:(8) T2(h) =Z2(f) N 22(0),
LR =N, 2T2k)=2(f) U 2=(9)-

2 () v T, (g) uamepumbl. [To Teop. 1 u3 6.3.3 orciopa cienyer,
uto % (h) u £ (k) uamepumbl. 3HauuT, A (x) u k (x) u3MepHMEL.

3aMeuaHnue IDTy TeopeMy MOXKHO J0Ka3aTh TaKxke
MeToZoM monojHenus (cm. 6.2.2).
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6.5. Heozpanuuennosie PyHrKuun

6.5.1. Heoepanuuennoie uamepumvie QyHKyuU

Onpenenenuel. HeorpumatenbHas ¢ynkuus [ (x),
onpejeneHHasi Ha HEKOTOpOM MoABuAe BHia E, usmepuma,
ec/I¥ MpH BCSIKOM HaTypPaJbHOM # H3MepHMa «yceueHHast BQYyHK-
was» 4f (x) = min (f (x), 2%). HenonoxurenpHas dbyHKuus g(x)
usmepuma, eciv n3MepuMa — g (x). Pyuxuus f (x) uamepuma,
ecay HaMepuMbl f* (x) u f- (x).

Teopemal, ®Dynkuus, onpeieneHHass MOYTH BCIOAY
Ha E, u3MepuMa. DTo sBJsieTcd HENOCPEACTBEHHBIM CJEACT-
BreM Teop. 1 u3 6.2.2.

Teopema2 CymMa JByX HeoTpHIaTeJbHBIX H3MepH-
MbiX ¢GYHKUHH C OAHHM H TeM ke JOMEHOM Hu3MepuMa.

HokazaTteabetso. min(f(x)+g(x), 2")=min (ef(x)

+ 8 (x), 29, a mocnennas yHKUMA u3MepHMa IO Teop. 2
u3 6.4 u teop. 1 u3 6.2.3.

Teopewmad. Eamm f(x) u g(x) — HeoTpHLIATE/IbHEE
usMepumble  QyHKUMH, To kA (x) = max (f (x), & (x)) u A’ (x)
= min (f (x), & (x)) wu3MepuMsL.

IJokasaTeabCTBO.

#1 (x) = min (max (f (x), g (), 2°)
= max (kf (X), %Y (X)),

s’ (x) = min (min (f (x), g (x)), 2
= min (,f (x), &g (x)).

@yHkuun B IpaBbIX YacTAX H3MepHMBI Ho Teop. 2 u3 6.4.

3ameuanwue He jgokasaHo, 4To cCyMMa JBYX H3Me-
puMblXx GYHKIHH C OOHHM M TeM ke JOMEHOM u3MepHma. Bpsin
J¥ 3To JoKasyemo. Dosee Toro, Bpsil JHM JoKazyeMo Aaxke
creaywliee 6osee ciaaboe npeasoKeHHue,

Eciu f(x) u g (x) — usmepuMble (YHKIHMH, TaKue, 4TO
Obg(x)>Ff(x), 10 f(x)—g(x) usmepuma. VcTounuk
TPYAHOCTH B TOM, YTO pasHOCTb [ (x) — g (x) MoxeT OHITh
MaJioft npu GoapwHx f (x) u g (x).

To ke caMoe 3aMeugHHe TNPHUMEHHMO K Opay>pOBCKOMY
onpeJesieHHI0O  HeOTPaHHUEHHBIX  H3MepUMBIX  (yHKOuA
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[Bpaysp, 1923, ctp. 18]. OnHaKo cooTBeTcTByIOmas TeopeMa
uMeeT MecTo JIsi CyMMHpPyeMbIX (byHKuuit (Teop. 2 n3 6.5.2,
HIKeE).

Teopema4d. Ecan f(x) usmepuMa, To | [ (x) | u3me-
puMa.

HoxasaTteabcTso. [loonpegenentio f+ (x) u f- (x)
H3MEpHMBl; OTCIOfla o Teop. 2 MojyuyaeM TpeGyeMBbH pe3ysib-
TaT.

Teopemab. Ecau npu mobom n oyuknus f, (x)
u3MepuMa ¥ mout peiopy lim f, (x) = f (x), To ¢byHKuus
f (x) uaMepuma. o

JdoKaszaTeabCTBO. llmf+(x) =f+(x); 11mf (x)=
f-(x). Ecmu f(x) HeorpuuaTeana, 10 lim 4fn (X) kf (%),

n-—-»oo

Tak 4To .f (X} u3MepuMa npu JwboMm & 7).

6.5.2. Cymmupyemoie pynKyuu

Onpenenenwne Vavepumas oyukuusa f(x) cym-
MUpYeMa, eC¥ CYIecTByeT
tim § o+ (1) dx + 1im { f- (0 dx ™),
k—00 >0

3Ta CyMMa ecTb S f (x) dx.

TeopeMal. Ecanm f(x) cymmupyeMa, g (x) — uamepu-
Ma u noutd Bewoay 0h g (x) > f (x), To g (x) cymmupyema.

HokasaTteabcTBo. Ilycte g (x) b f(x) wumeer
MeCToO Ha MOYTH NoJHOM ToueunoM puje Q. Hepasenctro

(1) min (g (x), 2'™) — min (g (x), 2% >

min (f (x), 2" — min (f (x), 2%
OUYEBHAHO, AJS TaKHX ToYeK X U3 (, B KOTOPBHIX
) g2 wm gx <2

[TosToMy, ecan 6bl AAsi KaKoro-uuOyAb x U3 @ He BbINOJ-
Hsasock (1), To x He MorJio 6Bl yAOBJETBOPATH (2), YTo ABJAsSET-
c TPOTHBOpEUYHEeM.
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CaenoBaTesbHo, HepaBeHCTBO (1) He MoXKeT ObiTb JIOXKHBIM,
a Mo3TOMy OHO HCTHHHO.
s (1) nomyuaem, uto

§rimg () dx —§ag (0 dx 5§, (0 dx —§ 47 () d.
CrnenoBaTeIbHO, CYIECTBYeT gim S £2 (x) dx.

Teopema?2 Ecauf(x)ug (x) — cyMMupyeMele IOYTH
BCIOLY onpefesieHHble MYHKuMH, To f (x) + & (x) cymmupyema
H

§¢ @ + 2 ) de = § F odr+le ) ax

Jna noKasaTesabcTBa NnoTpebyloTcd clelylomye TpH JEeMMbl.

Jlemmal. Teop. 2 uMeeT MecTo ISl HEQTPHUATENbHBIX
bynkuuit f(x) u g (x)-

HNokasaTteabc TBo. [ToroxuM f (x) + g(x) = h (x).
Toraa h (x) usMepuma no Teop. 2 u3 6.5.1

e1 [ () + 218 (%) >l (%) B of (%) + 28 (1)
[lepexonst K npefeny, BHAHM, '{TOS h(x)dx  cyumecTByer
H paBeH S f(x)dx + S g (x) dx.

Jlemma 2. Ecau f(x) n g (x) — noutn Bciony ompefe-

JenHple cymmupyemble ¢yHkuuH H 0 H g(x) b f(x), TO
f (x) — g (x) cymmupyema.

JoKaszaTeldbCTBO. [onoxum Sf(x)dx=s.
BosbmeM Jsl06oe HaTypaJbHOe #n W HailfieM TaKoe £, 4To

(s + 1)-27F <o

[Tycte uf (x) namMeprma mocpeactBoM {Vpp} u {A,}, a rg (X)—
nocpenctBoM {W,n} u (B,}. Tak Kak S of (x) dx s, TO

2PN hm Vo < s+ 1
h

JUia BCeX p, 3a HCKIIOUEHHEeM, MOXeT OBbiTh, HECKOJBKHX
MaJlbiX 3HayeHHH, KOTOPbIMM MoOXHO mpeHeGpeub. MoxHO
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TaKKe NPEANONOKHTE, UTo p > n + 1. Bom ! = 2o 1o

®my, <s4+1,
my, < (s 1) 2 <o

Bkmiounm V,; B o6smacte Cp, ¢ Mepoii, MeHbilefi uem 2 "%
Toraa va E — (4, U C,) umeem f (x) 3 2¢ 7).
Monoxnm A, B, JCp, =D, Torma mD, << 27", u Ha
E — D, uMeem
v(x) = [ (x) — & (x) = &f (x) — g (%) = r¥ ().

IMycts f (x) 1 g (x) onpenenennt Ha Q. B nocnenyomux cTtpou-
Kax {| Q HyxHo jgoGaBasith jia h =0 wim b’ = 0. Ha
Vo (N (E — Ap) [N Q] umeem

(h—1) 27 Wf ()< (R + 1) 2770,
Ha Wonw N (E — Bp) [N Q] umeem

' —1) 2P g ()< (W 1) 277
Ha Vph ﬂ Wp.h' ﬂ (E —Dn) [n Q] HMeeM

h—h —2) 27 <o () < (h—H +2) 2777,

CnefoBaTeNlbHO, MOXKHO HafiTH Takoe g, YTO Ha MOCJeAHEM
BHJE

@—D 2" <) <(g+1) 27" ™).

*
Ecnu | Vpr (| Wonw) = Xng, THe obbenuHeHHe Gepercs 110
TaKUM napam A, A’, KOTOPbIM COOTBETCTBYET ORHO H TO Ke
3HaueHHe g, To U (x) uaMepuma nocpeactsoM {X,,} u {D,} ).
v (x) mMoITOMYy H3MepHMa, a 3HaUdT, H CyMMHPyeMa COIVIacHO
Teop. 1.

JlemMmma3. Ecau f(x) u g (x) mouTs BClofy onpejenen-
HEIe HeOTpHIATesIbHEIE CyMMHpYeMble bYyHKIuH, To [ (x) — g (1)
CyMMHpYeMa.

HokasaTteabctTBo. Ecmnf(x) —g(x) = h(x), To
h+ (x) = max (f (x), & (x)) —g& (%),
— K™ (x) = g (x) — min (f (x), g (x)).
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Tak Kak 0 g (x) 3 max (f (x), g (x)) > f(x) + g (¥
u

0 min (f (x), g (x)) > g (1),

To no teop. 3 u3 6.5.1, Teop. 1 u3 6.5.2, nemme 1 u Temme 2 Mbi
BUANM, 4To A (X) cymMupyeMa.

JJokKa3zaTedbCTBO TeopeMH 2
fx)+g@x)=(F (x) + g+ () —(—F (x) — g ()
CyMMHpyeMa corJlacHo JemMam 1 u 3.

Teopewmad Ecau f(x) uamepuma, g (x) — cymmupye-
Ma u | f(x)]|<g(x) moutn Beropy, To f(x) cymMMEpyeMa.

JdokaszaTedbCTBO. OBF () H1fx)] %8
0% — f (x) > |f (x)|. CrenoBatenbHo,

0B/ (0)<gl)n0bH—F (x)<gX).

B cuny Teop. 1 f+(x) u — f~(x) cymmupyemnl. Tak Kak
f(x) = f+(x) — (— [~ (x)), To no neMMe 3 mosiyuaeM HCKo-
Mblil pe3yJibTarT.

Teopemad. Ecau npu BecsikoM n ¢yHKuus [, (x)
cymmupyeMa u paBHoMepHo lim f, (x) = f(x), To f(x)

n—»>oo

cymmupyemMa u lim an (x)dx = Sf (x) dx.
n-—>00
HokasarteanbcTBo. [l AoCTaToUHO OGOJMBIIMX 1t
uMeeM | f (x) — fn (x)| < e, 3HauuT, no Teop. 3 f (x) — fn (x)
cymMupyeMa. B cusny Teop. 2 cymmupyema u [ (x). Btopoe
yTBEpXKAEHHE TEOpeMBl NONY4YaeTcsl HenoCpefCTBEHHO.

Teopemab. Ecam f(x) cymmupyema u g (x) orpanu-
ueHa W Hu3MepuMa, To ¢yHRuuMa h (x) = f(x) g (x) cymmu-
pyeMa.

HJokasaTeanbcTso. Ilpernomoxkum, uto |g (x)|<s.
IIpu Besikom k2 ¢yHruus f (x) g (x) usmepuma (Teop. 2 u3
6.2.3), 3HauuT, u3mMepuMa A (x) (Teop. 5 u3 6.5.1).

IlpennonoxuM cHauana, uto [ (x) L 0 u g (x) <C0. Ecan
f (x) cymmupyema, To sf (x) TakKe cyMMEpyeMa, TaK 4To
HaM JI0CTaTOMHO paccMoTpeTh cayua#l, Koraa g (x) < 1. A Tor-
Ja JIerko BHAETb, UTO NpH [ > k& uMeeM
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min (fg, 2) — min (fg, 2°) 3> min (f, 2) — min (f, 2.
Orcioza

f\,h () dx——gkh (x) dx }S,f (x) dx——gkf (%) dx.

dto JokasmlBaeT, uTo h (x) cymMMHpyeMa.
B ofmem ciyuae muMeem

R (x) =" (%) g (x) + [ (x) & (0),
R (x) = [* (x) g~ (x) + [~ (%) g* (%),

Tak 4to h* (x) M h- (x) CyMMHpYyeMsl.

6.5.3. Pyuxyuu, cymmupyemvie HQ modeuHom 8ulde

Onpenenenunel. O@yuxuua [ (x) wamepuma Ha
sude G, ecnu usMepuMa OyHKuMa [ (x)f; (x). PyHKUHSA
f (x) cymmupyemna na G, ecnu cymmupyema yukuus f (x)f, (x).
B stoM canyuae

V76 e =7 ) fo () dx.

G E

Teopemal. Hamepumas ¢pyHKUHSA H3MepHMa Ha BCH-
KoM u3MepuMoM Buie G. CymMMHpyeMas (pyHKUHS CYMMHpyeMa
Ha BCSIKOM H3MepHMoM Buze G.

Hoxasarteanbctro. (i) Eciu f(x) orpanuuena,
t0 f (x) f¢ (x) usaMepuma no teop. 2 us 6.2.3.
(ii) Ecnu f (x) HeorpanuueHa, To xf (x) fo (x) uamepuma B
cuny (i) ans moGoro £ &%),
(ii1) Mo npenpiaymesi Teopeme f (x) fg (x) cymMmHpyeMa,
ecqn [ (x) cymmupyeMa
b

Onpenenenue?2. %f(x)dxz‘f(x)dx, rae G sB-

<

a
JfgeTcs HHTEpBaJoM (a, b).
Teopema?2 Ecnu f(x) cymmupyeMa, To paBHOMEPHO

Sf(x)dxl:O.

G

lim
mG—0
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HNokasateabcrtBo. (i) Ecim f(x) orpanuuena,
TO

|{ F(ddx| % (max | f () ) mG.
G

(ii) B ofweM cnyuae HafiieM Takoe &, UTOObl HMEJNH MeCTO
HepaBeHCTBA

S (ff () — &ft (¥)) dx < 27772

E

| 7@ —of ) dx <2,

E

Mpu mG << 277%™ umeen

1§ 70 de ]\ onr* (0 e+ e~ (o) et

G

\ @ —u @) ds +{ (0= (9 dxp
G

G
2*mG 4 2 mG +- 27" 4 97" L 9T ey,

3aMmeuanue Bau Poorcenap nan apyroe ompegese-

HHE Rf (x) dx [Ban Pootcenap, 1954, ctp. 621, &oTtopoe,
G
6biTh MOXeT, o0mée JaHHOTO 37ecCh.

6.5.4. Ilpedeavrvie meopemot

Teopema 1. Ecmm nocnefoBateqbHOCTh — YHKIHEA
{f» (x)} yLOBNETBOpPSIET CJAELYIONIMM YCJIOBHSIM:

(i) Bcsikags f. cymmupyema,

(i) frsr (x) << fr (x) npu a0GoM n,

(iif) moutu Bclogy cymectsyer limf, (x) = f (%), (iv)

CyLIeCTBYeT lim% fn(%) dx, To [ (x) cymmupyema M
II‘-)OO’E

n—00 v

| £ dx = 1im { £, (9 .
E E
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JNokasaTefibcTBO.

lim an (x) dx = lim lim gkf,, (%) dx.

N0 n-+00 k00

Tak kak Sk fn (x) dx He yOubiBaeT npu pocTe n U R, To MOXKHO

H3MEHHTb MOPSJAOK MNpeiesbHbIX mMepexofoB. B mnpasoil dacT
nojiy4aeM
lim limgkf,,(x)dx.

k—>00 n-»co

TocnenosarenbHocTs {xf, (x)} yaoBAeTBOpSIET ycaoBHAM Teop. |
3 6.2.4, TaK uTto

n

lim { . () dx = S’“ f(x) dx.

DTo joKasbiBaeT TeopeMy 52).

Kaacc. A cnpaBeannBa JIH HHTYHIHOHHCTCKH  YIIOMSi-
HyTasg TeopeMa 00 H3MeHEHHH NOpfALKa MNpeleJbHBIX Mepe-
X0JI0B?

Har. Jla, u s npeanaralo JoKa3aTb ee B KauecTBe yNpax-
HEHHS.

Teopema 2. (Teopema Eroposa [Poorcemap, 1954,
crp. 10].)

Ecnu ¢yHkuuu nociefoBatenbHoCTH {f,} OmpenefeHbl Ha
H3MepHMOM BHIe Q K mMoYTH BClogy Ha @ cymiecTByer
lim f, (x) = f (x), To npu mo6oM m MOXKHO HaliTH TaKoH
1—>00
uaMepuMelft nopBuax Qn BHaa Q, uto MQ — mQ, <2
u yro lim fn (x) = f (x) paBHOMepHO Ha Qm.

n—co

m

HokasaTteasbctBo. Ilycte Q,— BHZ c Mepoft

mQ, = mQ, Ha KotopoM lim f, (x) = f (x). B gauectBe Qn
n—00

Mbl BO3bMEM H3MepHMOe JIOKa/lH30BaHHOe OOGJacTHoe IOmoj-

HeHHe C Mepoit, Oosblielt ueM mQ — 27", conepxauleecs
B Q (Teop. 2 u3 6.3.2). Q. coBnagaeT ¢ ToueUHHIM BeepoM S
(teop. 1 u3 5.2.1). Kaxzaomy anemMeHTy x U3 S comocTamneHo
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HaTypasbHoe 4ucio N (x), Takoe, uto | f. (x) — f (x)|<C 277
npu n > N (x).

Teopema o Beepax roBOPHT HaM, YTO MOXHO HaHTH TaKoe
HaTypanbHoe YHcjo B, uto N (X) 3aBHCHT To/bKO OT NepBhx B
komnoHeHT BIII1 x. Otciona cieayer, uTo MOXKHO BBIMMCJIHTD
Ny — makcumyM snauenuit N (x). Torpa

[fa () — f (%) | <<27" npu mobom n> N,

H JioboM x u3 Q.

6.6. T'uabsbepmoso npocmpancmeso

$1 mokaxy, 4YTO INOYTH BCIOAY oOnpefefeHHbie (GYHKIHH
f(x) ¢ cymMHpyeMBIM KBafpatoM 00pasyioT rHAbGEpPTOBO HpPO-
crpaHcTBO B2

BemecrBeHoe THAL6EPTOBO NMPOCTPAHCTBO MOXKHO OIpele-
JIATH Pas/IHYHBIMH CHOCOOaMH.

3nece GyAYT YNOMSIHYTBI JABa CJEAYIONIHX OmpelesieHHs :

(i) KOHCTPYKTHBHOe ompelleieHHe T'HAbGEPTOBa MPOCTPaH-
CTBa KaK BHJa (NO3HTHBHO) CXOJSIIHXCS MOC/eL0BATEIbHO-
ctell AeHCTBUTENbHBIX YHCEJ, HAa KOTOPOM OOBIYHEIM 06pa3oM
onpeliesisieTcsl CKaJisipHOe NPOH3BeJeHHe.

(ii) akcHOMaTH4YecKoe ollpeAeneHue THAbGEpPTOBa NpPOCTpaH-
ctBa nocpefictBoM axkcuoM ¢on HefiMmana [pon Heiiman,
1929, crp. 64—661, [Croyn, 1932, ctp. 3]

MoxHo nokasate, uTo 06a onpezesneHHst GyAyT HHTYHIHO-
HHCTCKH 3KBHBAJIEHTHBI, €CJIH MBI CJIeAYIOIUM o6pa3oM clierka
H3MeHHM CHCTEMY aKCHOM.

Insi KpaTKOCTH 3JeMeHTH THJb0epTOBa INpocTpaHcTBa 1
6yLyT Ha3bIBATbCH GeKMOpaAMU.

Axcuomb 'nnb6GeproBanpoctTpaHCTBa,.

AxcuoMmbl | rpynnel OGeluHBIE aKCHOMBI U151 BEHLECT-
BEHHOTO JIHHEHHOTro MNPOCTpaHCTBA.

Axcuowmsl 1] rpynnel. OGbIUHBIE aKCHOMBI /151 CKaJsIp-
HOTO TpPOHU3BeJeHHs, BKJIOYas

I a. (x, x) < 0;

II b. Ecnu (x, x) =0, To x = 0.
(HyuneBoit aneMenT npocrpaHctsa H oGosHauaercs 4epes 0.)
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OTHotlleHHe OTAeNEHHOCTH BBOAMTCS CJEAYIONIHM ofipefie-
JIEHHEM.

Onpenenenne 1. x omdereno om 0O (x3f 0), ecau

(x, X) 3 0. x omoOerero om y (x T y), ecin x —y 0.

Onpepnenenune 2. Bektopm «x%,..., x* HaseBaiorcs
G3QUMHO CB0600HBIMIL, €CTTU AJSI Ka¥K0T'0 HaGopa BellleCTBEHHBIX
4HCesa at,..., @z, TAKoro, 4to a; If 0 mo MeHbiiell Mepe npH
OJHOM i UMeeM

axt + ...+ apx® 3 0.

Axcnowma I11. dns Raxkjgoro £ MoxKHO HalTH £ B3aHMHO
CBOOO/HBIX BEKTOPOB.

Axkcunoma IV (cunpHas ¢opma akcHOMB! cenapaGefib-
HOCTH).

CymectByer  Takasi 110C/IeI0BAaTEILHOCTE  BEKTOPOB
S = {e"}, uTo KaxJasi KOHeYHasl MOAMNoC/AeI0BaTeNbHOCTE S
cBo0oJHA M 4TO BHJ KOHeYHBIX JIHHEHHBIX KOMOHHaIlU#l BeKTO-
poB U3 S nnortex B H.

AKcuoMma V—aKcnoMa NOJHOTE B 00BbIYHO# (hopMe.

Sameuanune Axcuoma III sBasercs chaeicTBueM
akcuoMmel IV.

st ¢popMyJHpOBKH 00bABJEHHON TeopeMbl norpebyercs
cJefyiollee onpeleseHue,

Onpexnenenue 3. f(x) =0 osHauaer, 4TO IOUTH BCIOAY
f(x)= 0. ®yuruun f(x) u g(x) sxeusasrenmnor (f(x) =~ g(x)),
ecnn f(x) — gx) = 0.

Bun ¢yHkuui, 5KBHBaJieHTHBIX HaHHOH QYHKUHH, OyzeTr
HasuBaThCAd memayuxyuer.

B sToM pasgene f(x) o3HadaeT mHOrJa (yHKLIHIO, HHOTZa
MeTayHKIHIO, B KOTOPYIO BXOAUT f(x).

Teopema 1. Bup B? MerabyHKuuil f(x) ¢ cyMMupyeMbIM
KBaJpaToM, ONpeJe/eHHbIX OYTH BCIOJY, CTAHOBHTCS THJBbGEp-
TOBBLIM INPOCTPAHCTBOM, €CJH MOJIOXKHTD

(), () ) = | Fgeyd.

HokasatenbctBo. M3 akcwom I, II Hyxknaercs B
JloKasaTtesbeTBe TobKo 1Ib.
Hyxuo pokasath, 4to (f, f) = 0 Baeuer f =~ 0.

[lycts h (x) = f(x), Toraa ph (x) u3aMepuMa u gkh (x) dx=0.
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[Tycts 4h (x) usmepuMa nocpeactsom {V,i} u {4,). [lpen-

nonoXuM, uto m({J Vas) > 27" Honokum M, = (JVp—An,
h>1 h>1
Toria mM, > 0. OnpegenuM ¢QyHKUuI0O gx, HoJaras

g (x)=h (x) Ha M, u g (x) = 0 Ha E — M, %), Hmeem

Sg (%) dx }sz (x) dx = 0,
(€00 dr > 2" mm, > o.

Mb npuBenn, TakuM 06pas3oM, K NPOTHBOPEUHIO MPEANO-
—-n
AokeHue o ToM, u4to m ({J Van) > 27", 3uaumr,
h>1

m (hyl Van) 3> 27"

BxmiounM (V.4 B 06nacts B, ¢ Mepoii, MeHbiueii yem 2715
h31

noaoxkeM C, = A,JB,. mCn < 2. Ha E — C, umeem
f2(x) < 27". Tlonoxum D, =kg: C.. Hmeem mD, < 27",
[Tycts Ny=E — D,. Ha N, npu BCAKOM p uMeeM f? (x)<27"77,
T. e. f(x) =0.:L1Nk SIBJIsleTCS BHAOM Mephl 1, Ha KoTopoMm

f (x) =0.

Axkcuomel [II u IV Bomonusiiorcs. JokasatesncTBo 3Toro
(¢aKTa CoBmajaeT C COOTBETCTBYIOHIMM KJIACCHUYECKHM JOKa-
3aTEJNbCTBOM.

JokaszatenbcTBO aKCHOMB V (TeopeMa Puc-
ca — dulliepa).

SI chopMynHpPYIO €€ Kak Clefylolylo TeopeMy.

Teopema?2 Ilycts {f,} — nocienoBatenbHOCTb (yHK-
muit w3 B2, Takas, uTto S(f”’ — fn)®dx crtpemutcs K O mpu
cTpeMjieHHH M H N K OGeCKOHEUHOCTH; Torjga B B? uMeercs
¢yHkuua f, Takadg, u4TO limg(f — fafrdx = 0 [leiituur,

n—>00

19511].
JlanHoe J0Ka3aTeJbCTBO CiefdyeT JOKa3aTeJbCTBY (hoH
Heifimana.
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[Mpexae Bcero onmpeaesnuM Takoe HatypasbHoe N,, 4ToObl
npa m, n > N, uMeso Mecto HepaBeHCTBO

(n— Fa 2 dx <2 2.

JIIsi KpaTKOCTH TNOJIOKHM &) = ]prﬂ — pr] uh, (x) =
min (g, (x), 1). Metozom Teop. 5 u3 6.3.3 onpegenum He-

nepecekarouiuecsi u3MepuMsle BuIbl Qpn (B = 0, . . ., s), TakHe,
4to D) mQpn = 1 H 4TO HMeeM
h

(h— D277 < hp (1) < (h+ D277 Ha Quu (B 0),
— 27 () <27 na QN Q

Tonaraem Qpy |J Qo1 = Ry, hU Qon = S,. Hmeem:
>1

2“3”>Shf, dx = Shf, dx + Shf, de <L %72 mS,,
Rp S

p
mSp < 2—p+2’ me > 1 _ 2—p+2.

MonoxuMm () R, = T,. Torma mT,; > 1— 27 Tlonaras,
p>q
Hakonen, |JT,= T, umeem mT, = 1.

q
[NocneaoBaTenbHOCTD {pr} cxomutca Ha T, K QYyHKuuH f,
npudeM Ha jo6oM T, CXORHMOCTb paBHOMEpHa.

S (fm — fn, ) dx 3> R(fm — fn,)?dx <e npu m,N, >N (e),

T, E

(A) S (fn—FN2dx e npu m >N (e).
Tq

JKenaempiit peaynbTaT monyvyaercs npeesbHBIM MePeXofoM
npu g — oo. Knaccudeck# ajisi 3Toro AOCTATOMHO IMPOCTO
yKa3aTb, YTO JeBble HYactd (A) npu ¢ = 1, 2, . .. ofpa3yioT
OrpaHHYEHHYI0 MOHOTOHHYIO NOCJEA0BATeNBHOCTD.

MHTYHIHOHUCTCKH CYLIECTBOBaHHE mpefesia NPHXOLHTCH
JOKa3biBaTb NpSMbIM BbMucieHHeM. CHadana JoKamkeM Aajs
9TOrO CJEAYIOUYIO JIeMMY.
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Jlemma. Eciu
1) kaxjaas ©GyHKUHS 1nocnegoBaTenbHOCTH {f, (x)} u3-
MepuMa;

2) NpH KaXAOM n CYLIECTBYeT Sfﬁ (x) dx;

3) npd n -» co QyHKUHH [, (X) paBHOMEPHO CTpeMsTCH
K f (%), To f*(x) cymmHpyeMa H

lim\ £, () de = {1 (9 d.

HokxasarteasbctBo. [lo teop. 4 u3 6.5.2 [ (x),
a 3HayuT, H | f (x) | cymmupyeMsl.
Ilycte & npou3BoMBHO MaJjloe MNOMOXKHUTENbHOE YHCIO U

e

8BS0+ Ddx

’n:

MoxHo BeGpaTh Takoe N, 4to |f (x) — fn (x)| < npm
n > N. Torna

| Frn () — o (0 | 3 20 | fom (3) + fa (0) | <<
2n(f(x)[+m) mpu m, n>N.

Hanee umeeM
V(00 — 72 () dx| < an§ (17 (9 1+ D dx <o,

Orcropa ciepyer, 4to cymwecTsyeT lim Sf,’g (x)dx = S. Bml-

n-00

GepeM ¢dHKCHpOBaHHOe 3HaueHHe n > N, Takoe, UTO

(1) 'if(x)dx-—Sl<—§—.

n

Tak xe, Kak BHIDEe, HAXOZHM

[ (x) — fa (01 <<2n (/)] + ).

Tem 6Gouee,

[ef? () ~— &z (0120 (1 ()| + ).

Orcrona
@ |{r@ar—{afide| <on {071+ nde =4
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[To onpenenennio 6.5.2 Mol MoxeM HaiiTH Takoe K, uTo

3) lgfi(x) dJC“—'Sk n(x)dxl<—§— npu k> K.
Hs (1), (2) u (3) nonyuaem, uTo
Hk/’ dx—S’<e npu &> K.

Takum ofpasoM, sz (x)dx =S.

[MponoskuM Temepb JoKasaTedbCcTBO Teop. 2. Jlas cokpa-
WeHust nonoXuM fy, (x) = Fp (x). U3 mepapenctea llBapna

cJefyeT Npu ¢ > p
VIF x)dx 3 VIF (x)dx + V(F,(x) — F,(x))2dx.

o WEeE-) Fews

Vo (0 —Fg (pdr <27,

[Mostomy cymectsyer llm ]/S F} (x) dx u, 3HauuT, cymecT-

Byer llmSFz (x) dx. SN nmSF2 (x)dx = S. Hepases-
CTBO (1) coxpaHseTcs, ecJH 6paTb HHTerpaJsbl 0 NPOHU3BOJb-

Homy T.. Ilanee, mpu r > ro uMeeM: g Fl(x)dx<<S + 1;

Tk
]/ ﬂFz(x)dx<Vs—+T=
T

H Fﬁ(x)dx~8 F} (%) dx|<2A2“” npu ¢>p > 1o

Th Ty

Tak Kak F, (x¥) npu cTpeMileHHH ¢ K GeCKOHEUHOCTH PaBHO-
MepHO CXORHTCS K [ (x) Ha Tk, TO Mbl MOXeM, COTJIacHO JieMMe,
nmepeiTH K Npejeny.
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@) H P2 (x) dx — \ 2 (x) dx’j>A2"’“ npE P> ro.

Ty Ty

C apyroit cTopoHsl, Tak Kak mTy = 1 H

11mSF§ (x)dx =S, 10

p—co

g dx——S|<2”2npn p>r(n.
T

6

[To Teop. 3 u Teop. 2 u3 6.5.3 monyyaeM

(4) S Fi(x)dx < 27"% npu k> ry(n,p).

Ty—Ty

Ecau n maHo, To Mbl MOXeM B3sThb TaKoe p, 4TO P > I,

p>r(n)n APt
TOrAa, corjacHo (2), (3) u (4),

H P (x) dx— S| <2 npu &3> ry (n).
Tp

3HauuT, limg f? (x) dx = S uau, Gosee ABHO,

k—co Ty

©) lim limg Wf? (x) dx =
k—+o0 h—>co p

Tak Kak \ f? (x) dx —MoHOTOHHas1 HeyGbiBaloWasi (yHK-
e
1M KaK OT &, Tak M oT /1, TO MOXHO, HCIIONB3Y si CBOHCTBO, yxKe
yrnoMsiHyToe B JoKasaTenbcTBe Teop. 1 u3 6.5.4, mepectaBuTh
MOPSIOK Tpelle/IbHBIX MePeXOioB:

S = lim lim S W (%) dx=}limg WP () de = P () dx
—>ooi,0

h-»00 k-»00 £ i‘o
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[MockonbKy CyluecTBOBAaHHE HOCJEJHEro HHTErpaja AoKa-
3aHO, TO CYIECTBYET H

| 7 ) —Fa ()2 dx.
Ty

Mo teop. 2 us 6.5.3 3TOT MHTErpan paseH

i (7 (1) — fa (9)? d.

k—c0

k

[Mostomy B cuny Qopmyast (A) umeem
{ ¢ @ —fa ()2 dx e mpu >N (o).
Ty

Tak xkak mT, = 1, To TeopeMa JoKasaHa.

6.7. Aunggbepenynposanne

51 He 6yay 3/ech pasBUBaThb TeopHIO AH(depeHIIHpOBaHHUS.
JloKasaTe/1bCTBA OCHOBHBIX TeOPeM GBUIH IPHCHOCOG/EHBI IJIs
HHTYHLHOHHCTCKHX Uesell BaH Poorcenapom [Ban Poorce-
Jgap, 1954, crp. 331



VI.. JOTHKA

7. 1. Heuucaenne 86:CKA3618aHILIE

CnoBo «/I0rHKa» MMeeT HeCKOJbKO Ppas/HYHBIX 3HAYeHHH.
S1 e GyAy nwbiTaThcfl JaTh OnpeleeHHe HHTYHIHOHHCTCKOM
JIOTHKH, NOOGHO TOMY KaK $1 He HauaJl 3TOT Ky PC ¢ onpelleieHu s
MaTeMaTHKH. Bce e nosie3Ho cnesiaTh HeKOTOpbie IpeqBapH-
TeJIbHble 3aMedanusi. Halra Jloruka uMeer JeJo TOJNIBKO ¢ Ma-
TeMaTHUYeCKUMH NpelJoKeHUMH. Mol He OyneM KacaTbcs
BOIIpOCa, MONYCKAeT JIH OHAa NMPHMEHEHHS 3a NpenelaMH Mare-
MaTHKH. Byksbl p, ¢, r GyAyT HCHONB30BaTbCS B 3TOH IVIaBe
KaK nepeMeHHble JJI MaTeMaTHYeCKHX NPeLJIOKEeHHH; roTHYe-
ckue GYKBH P, q, ¢ OyAyT HCIOJb30BaThCH KaK COKpalleHHA
JJIS1 MaTeMaTHYeCKHX npeitoKeHuil. 51 He HaMepeH NPHBOAHTD
3llech MosHOe hOopMasibHOe H3J/I0KEHHE HHTY HILHOHHCTCKOH J10-
TUKH; ¢dopMasibHAast CHCTeMa, KomubuUupyomas BCe H3BECT-
Hble K HacTOfLeMy MOMEHTY CIOCOOBI JIOTHYECKOr'O BLIBOZKA B
MHTYHIIUOHUCTCKOH MaTeMaTHKe, JOCTYNHO H3J10XKeHa B KHHTE
Kaunn [Kiunu, 1952], rae uuwratednp Haiifler TakXke 06-
30p MAaTeMaTHUYeCKHX HCCAeIOBaHHH, KacalomMxcsl 3ToH CH-
creMbl. Cefiuac 1 TOJBKO IIPHBJIEKY Ballle BHUMaHHEe K HEKOTO-
perM dopMysiaM, BEIpaXKaIOUHM HHTEPecHBle CHocoObI paccyX-
AeHHs, U I0KaXKy, [OYeMy 3TH criocoObl HHTYUTHBHO SICHBI B
cdepe HHTYHIIHOHHCTCKON MATEMATHKH.

CHayana HyXHO HAacCTOJNBKO TBEPAO, HAaCKOJBKO 3TO BO3-
MOXHO, (PHKCHPOBATbH CMBICJI JIOFHYECKHX CBSI30K; f JieJalo
3T0, NaBast HeOGXOHHMbIE W NOCTATOYHbIE YCJOBHS, NPH KOTO-
PEIX COCTaBHOE BbIPaX<eH}e MOXKeT ObiThb yTBEPXKIaeMo.

7.1.1. Hcmoaxosarue 3naxos

Konsronkyus /\ He NpeACTaBjseT TPYIHOCTH. P /\ q MOXK-
HO yTBepXKJaThb TOrZla H TOJBKO TOrJa, KOrfia MOXKHO yTBep-
®KIaTb Kak p, TaK H q.
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S yxe rosopun o Juzsworkyuu\/ (2.2.5 B KoHue); p\/ q
MOXKHO YTBEPXKJaTh TOTAA H TOJNLKO TOTJA, KOrfja MOXKHO YT-
BEPXJAaTh XOTs1 Obl ONHO M3 BRICKA3bBAHHUI P U (.

Ompuyariue ~ | IBJSIETCS CHIBHEIM MATEMAaTHYECKHM OTpPHIA-
HHeM, KoTopoe Ml yxe obcyauiu (2.2.2). Ias Goabllei sic-
HOCTH BCIIOMHHM, 4YTO MAaTeMaTHYeCKOoe BHICKasbIBaHHE P
Bcerja TpeGyer NPOBELEHHS HEKOTOPOro MAaTeMaTHYECKOoro
HOCTPOEHHUST C HEKOTOPLIMU 3aaHHBIMH CBONCTBAMH. P MOXKHO
yTBepXKAaTh, KOJAb CKOPO 3TO NMOCTPOEHHE BHINONHEHO. B 3TOM
clyyae MBI FOBOPHUM, YTO MOCTPOEHHE QOKQ3bigaen BEHICKA3bIBA-
HHE P, W HasblBaeM ero dokasamesscmeom P. Hns KpaTko-
CTH mnocTpoeHHe, TpebyeMoe BbICKasbiBaHHeM P, GyneM 0603-
HadaTh Toxe GykBoH p. Torna ~ | p MOXKHO yTBepKIaTb TOTjAA
U TOJIBKO TOTJA, KOTAa Yy Hac eCTh IOCTPOEHHE, NMPHBOJSILEe
K TpPOTHBOPEUHIO NPERIIOIOKEHHE O TOM, YTO MOCTPOEHHE P
BBIIOJTHEHO,

Curd. A’ pasBe He HYXHO PashsICHUTH MOHSITHE MPOTHBOpPE-
qus?

HuT. § pymaro, 4TO MOHSATHE NPOTHBOPEUYHS NOMKHO CUH-
TaThCsl MEPBOHAYAJBHBIM MOHATHEM. Ero oueHp TPYJIHO CBECTH
K GoJiee NPOCTEIM MOHSITHSM, HO BCErja Jierko pacliosHarhb Npo-
THBOpeYHe Kak TaKoBoe. [IpakTHuecKH Mbl BCeria MOXKEM MpH-
BecTH ero K ¢opme 1 = 2. PaccMoTpuM B KauecTBe MPOCTOrO

npuMepa BeicKaskBauue P = (/2 paunmonanen). Jlanuoe
BBICKA3bIBaHHe TPefyeT MOCTPOeHHS TAKHX WENBIX g U b, 4TO
a® = 2b%. Tlonb3ysch XOpOWIO HUSBECTHBHIMH MPHEMaMH, JETKO
IoOUThCS, 4ToOB! @ M b GbuIM B3auMHO mpocTeiMu. C Apyro#t
CTOpOHBI, @ YETHO, TaK YTO a® fesutcst Ha 4 U 2b% ToXKe AeNUTCS
Ha 4. 3Hauut, b YeTHO U 2 SBJSIETCS] OOLIUM JIENHTENEM KaK q,
Tak U b. D10 NPOTHBOPEYHUT B3aHMHOI nipoctoTte ¢ U b. [Iporu-
BOPEUHIO MOXHO MpHAATh CJaefylomyo ¢opMy: HaHGOMBIINH
oOmuii nesuTe b @ U b eCTb B OHO U TO e BpeMsi 1 U 2.
Hekoropbie MaTeMaTHKH, ocoGeHHO I'pucc, BBUIBHHYJIH
BO3paKEHHs1 HPOTHB HCIOJb30BAHHUS HPOTHBOPEYHS B MaTe-
MaTHYeCKHX ' paccyXIeHHsiX. $I paccMOTpPIO 3TH BO3paxe-
HUS B CJeLyIOUleil I/aBe; 3/ech s MPHHHMAIO, YTO IOHSTHE
INPOTHBOPEYHS JOCTATOYHO SICHO M UTO OTPHIlaHHE, HA HEM OC-
HOBAHHOE, MOXHO HCHO/Nb30BATH B MAaTEMATHKE,
Hunauxkayuro p — q MOXKHO YTBEPKHATb TOTAA U TOJNBKO
TOTJa, KOTJia MBI Pacro/iaraeM TaKHM MOCTPOEHHEM t, KOTOPOE,
Oynyuu OOBEUHEHO C JIOGLIM J[OKA3BIBAIOIMM P TOCTPOEHHEM
(B npeanosoxeHHH, YTO MOCJE[Hee BBINOJHEHO), aBTOMATH-
YecKH JaBalio 6bl JlOKasbiBaiomiee q mnocrpoeHue. Jpyrumu
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c/lOBaMH, TOCTPOEHHE P BMecTe ¢ MOCTpoeHHeM t o6paso-
BHBATH OH J[0OKA3aTEeJNbLCTBO (-

IMouty Kaxaoe HoKa3aTeJIbCTBO M3 3TOH KHHUIH COCTOMT
B MOCTPOEHHH KaKoro-uulynap Takoro t. OfHMM H3 NEPBHIX
npuMepoB (KCTaTH, OY€Hb SICHBIM NPHUMEpPOM) sIBJsIeTCsS JOKa-
3aTe/NbcTBO Teop. 2 us 12.2.3.

Jloruyeckyio ¢opMysy ¢ NMpONO3UIHOHANBLHBIMH MNEpeMeH-
HeMu #°), ckaxem ¥ (p, ¢...), MOXHO yTBEpXKZaThb TOrfa
H TOMbKO Toraa, kKoria ¥ (p, q,...) MOXKHO yTBEpXKIaTb
npu NMPOH3BOJABHBIX P, ,. . .; T. € B TOM CJlydae, €CJIH Yy HAC
HMeeTcst OOMMH METOJ, MO3BOJISIOWKHA MPH MPOH3BOJIBHBIX
P, q,... MONYYHTb MOCTPOEHHE, TpeGyeMoe MPeNIOKEHUEM
A, q-..)

PaccMoTpuM, Hanpumep,

U(p, @) = (p/\*P — q- —9q).

% (p, q) TpeSyeT Taxkoro mnoctpoeHuss E, KoTopoe u3 xoka-
3atenbcTBa C AJig p U JoKasaTesbcTBa D st p — q usBJje-
KaJio Obl JIOKa3aTenbcTBO A g. [lo ompenesieHHI0 uMminkKa-
uuu E coctout npocto B coepunernu C u D. Tlostomy ¥ (p, q)
MOXHO YTBEPKAATh.

B 2.2.2 g npuBes KpuTepuil IJ1s1 MaTeMaTHYeCKUX NpeJIo-
XKeHHH. A HMEHHO: KaXJoe MaTeMaTHYecKoe MpelJIoXKeHHe
MeeT GopMy: «$I BBHIMOMHHJ MOCTPOEHHE CO CJEAYIOUIHMH
cBoficTBaMH...» Bce uerblpe JoruyecKne CBSISKH COXPaHSIOT
3ty dopMy mpeisoXeHus. YA0OHO NPH 3TOM MOHHMATh CJIOBO
«IOCTPOCHHE» B IIHPOKOM CMBICJE, 4 UMEHHO TaK, 4TOOB OHO
MorJjo o0o3HauaTb M OOIMH MeToM MOCTpoeHHsI. TakK oHO H
noHuMaJjoch B mpelbymieM a6saune. Ecau Mei moctynum Ta-
KHM o0pa3oM, a MHEl TaK H CeJaeM, TO BcsKasi JIorHyeckasi
dopMmysia GyAeT BbpaxaTb MaTeMaTHYeCKOe TpelJIOKeHHE,

7.1.2. Teopemor ucuucrenus npedrosnceriitl

B dopMynax TOYKH H CKOOKH HCIIOJIB3YIOTCS OOBIYHHIM 06-
pasoM. IIpexnonaraercs, uro — cBasHiBaer cnaGee, ueM /\ H
\/. Y1BepxiaeMble QOPMYyJIbl OTMEUAIOTCS 3HAKOM f—.

Xora OCHOBHHI€ PasJIMIHsl MEXNY KJIaCCHYECKOR M MHTYH-
IIMOHHCTCKON JIOFMKOH KacaroTcs CBOHCTB OTPHLAHHSA, 3TH
JIOTHKH HEe COBCEM COBHAZaloT H B dopMyJax 6e3 OTpPHIAHKS.
p— q-\/-q—p sABJsIeTcsl HCTHHHOH GopMyJIoil B KJlaccH4ecKOh
JIOTHKE, HO He MOXeET GHITb YTBePXKHAaeMO B HHTYHIIHOHHCT-
CKOfi Jloruke. T0 SICHO W3 onmpeaeeHu.
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B Teopuu oTpunaHHs He NPOXONMT MNPHHUMI HCKIIIOYEH-
Horo tperbero. p \/ " | p TpeGyeT obliero MeTosa AJist pelieHust
mo6oii mpoGJseMbl i — Goslee  IBHO — OOHIEr0 METOfAa, KOTO-
pblii 110 MPOU3BOJIbHOMY BbICKA3LIBAHHIO P MO3BOJASLT Obl MO-
Jy4YuTh JHOO HOKA3aTeNbCTBO P, JHOO HOKa3aTeJNbeTBO | P.
Tak Kak Mbl He pacrosaraeM TaKHM MeTOJIOM, TO Mbl He B IIpaBe
yTBEPXKIaThb 3TOT IPHHIUI.

Hpyroit ¢opmoii npunununma sBasgerct | | p—>p. Mb
BCTPETHJIH MHOTO IIPHUMEPOB BBICKA3BIBAHUEH, A KOTOPBIX 3TO
He npoxopuT. [TepBbIM U3 HUX OBIJIO ¢P PAIMOHAILHOY W3 2.2.2.
OnHako

(1) F=p—-"11p.

sicHO, uTo u3 (P) CJEAyeT HEBO3MOXHOCTb TOrQ, YTO P
HEBOSMOXKHO. $1 NpeNocTaBjfA0 BaM JaTh NOJAHOE ONHCAHHE
obmero MeTofa MOCTPOeHUA, KOTOPHII TpebyeTca masa ¢op-
Mmyast (1) coo6pa3Ho C onpefeeHUsIMH -—>H  |.

Jpyro#i BaxHo#l dopmyJsoft aBastercss ¢opmyJaa

@ =p—q-—"lg—>"1p.

Koneuno, HesIb3d cUHUTaTh HCTHHHOH 00paTHYIO (opMmyny
g =" ]p-— p — q (B KauecTBe NPOTHBOPEYALIErO IPH-
Mepa MOXKHO B3ATb g = a 1k b, p=a=Fb, rie a u b—peil-
CTBUTEJIbHBIE uHCJIa) 59).

[Mpumensis (2) nBaXJpl, HAaXOXUM

@) Fp—q-—-"T1p—"1"4.
Toncranoskoii B (1) monyuaem
(4) "~ "1 1p

IToxcrasasis ~ | | p BMecTo ¢ B (2) W ucnoabsys (1), noay-
4UM

5) 11 0p—"1p.

Hs (4) u (B) crenyer, uTo HET HalOOHOCTH paccCMaTpPUBATb
Gosee nByX nOC/EOBATENbHBIX OTPHILAHHH.

Hs |—p —p\/q c nomousio (2) cienyer, uto—" [(p\/q)—" |p.
Touno Tak ke nomyuaem — | (p\/q) — ~14¢, TaK 4TO

©6) F1eVe -1 pN\ g
125



Jlerko Bupets, uTo uMeer Mecto M ofpaTHast opMmyaa

(N e AT1a— 1PV 9)

(6) u (7) o6pasyoT ogHy M3 3KBHBaJeHTHocTefl e MopraHa.
Ipyras cnpasennnBa TOJIBKO HAaNOJIOBHHY:

(8) F="1pV 1g—"1p A\ 9)-

Crnenyomuil npuMep HOKA3BIBAeT, YTO HEJIb3s YTBEPKIaTh
“1(PAg — “lp\/ lg. lycts p Gyner npenyioxkeHuem a = 0,
a q npensoxeHueM b =<0, rue a u b — nefcTBUTENbHEIE YHCIA.
Torza 7} p osHavaer a = 0, U~ |q osHauaeT b = 0. B 2.2.5
s JoKasal, uTo ab=~ 0 3KBHUBaJEHTHO P /\ q, TaK 4TO ab = 0
skBuBaseHTHo | (p /\ q). Ho B 3Tom ke naparpade s nan
npHMep JeHCTBHUTENbHBIX YHcesn @ W b, ansl KoTopux ab = 0,
HO HEH3BecTHO, HM 4To @ = 0, HHM uTt0o b = 0

(9) =171V "p).
H60 " 7(p \V " 1p) Baekyso 6e1 o (6) “1p /A ~ 17 lp, uTO

siBasieTcs1 ipoTHBopeureM. K3 (8) c momousio (2) u (6) nonyuaem:

FTeA)=T1CIPV T9= 12 AT e,
(10) F T AD= 1P AT e

Hmeer MecTo Takxke u obpartHas ¢opmynaa

(11) =11 ATT la—="1T 1P A9

B camom Aedse, H3 NPHBEICHHOI'O HCTONKOBAHHA JOIHYECKHX

CBSI30K sCHO, 4To — |(Pp A\ q)/\P— ]1g u UTO mO3TOMYy
1@ ADA 1719 = 1p.
ITostoMmy, ecanm mano | |p/\ | |9, TO IpPeANOJIOKEHHE
T1{p /\ q) mpuBesno 651 K ~ |P, YTO NPOTHBOPEUHT MPEAIIOJO-

}KEHHOMy 171
Jlerko ycmortpers, uto

(12) 112V Te=> T He Va),

HO oOpaTHasi MMILUIHKAlHsl He NPOXOAMUT B CHJIy Halllero He-
TOJKOBaHHS CBSI3KH \/.
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7.1.3. dopmarenas cucmemt

HHTYUIHOHHCTCKO® HCYHCIEHHE NpeijiokKeHHH Obuio pas-
ButTo [[efitunr, 1930] B BuAe QopManbHOR CHCTEMBI C CHM-
BosaMH /\, \/, —, 7| B KauecTBe HEONPEAENAEMBIX KOHCTAHT
Ha OCHOBE CJENYIOUHX aKCHOM:

1 Fp—(/APp).

I @A a—(gAPp).

I HP—-g—IlpAr)—(@ANADL
v = =@ N(g—0n)—(p —r1).
\' ~q—(p—q.

\4 FEAP—9) —q

Vil F=p = (V9.

VI @V - @V

IX F{p =N Ag—=1)—>p\q —1).
X ="1p —( — 9.

XI H{p —~ @ /NP —-"19)—"1p.

[TpaBunaMu BhBOa SBJISAIOTCA OGBMMHBIE MPaBHJa BbIBOAA
KJIaCCHYECKOro HCUHCJIEHUS MNPELJIOXKeHHI.

Axcuoma X MOXKeT MOKa3aThCd MHTYHTHBHO HescHOH. Pak-
THYECKH OHA SBJISIETCH JOMOHHTEJNHHBIM YTOUHEHHEM OMpene-
JIEHHs] HMIUTHKanud. Bel moMHHTe, 4TO P — g MOXET YTBEPXK-
JaTbCs TOTJA H TOJBKO TOTAA, KOTZA Yy HAC €CTh MOCTPOEHHE,
Kotopoe, OyZyuHn OOBENHHEHO C IOCTPOEHHEM P, NOKa3hBaJIO
6br q. [TpennosnoxumM Teneps, 4To f— ~ | P, T. €. YTO MbI IOy UHITH
NPOTHBOPEUHE, HCXOASA H3 MPEANOJONKEHHS O BBHIOJHUMOCTH
noctpoeHus p. Torfa mosyueHne 3TOro MPOTHBOPEUHS MOXKHO
paccMaTpHBaTb B HEKOTOPOM CMBICJIE KaK TaKOe IOCTPOEHHE,
Kortopoe, OyAyud IpHCOENMHEHO K (HecyuiecTByHomeMy!) mo-
CTPOCHHIO P, JaeT J0oKazaTesbCTBO q. 51 Oyly HCTOJKOBBIBATH
HMIVTHKANHIO B 3TOM GoJiee LIHPOKOM CMBICJIE.

CuereMa HMHTYHMIIMOHHCTCKOH JIOTHKH, B KOTOPOH — H(-
TOJIKOBLIBAETCS] B Y3KOM CMBICJIE H B KOTODOM COOTBETCTBEH-
HO ortOpacbiBaercst akcHoma X, Obwia passuta MorancoHom
B €ro «MHHHMaJibHOM Hcuucjenun» [Horancon, 1936].
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HyxHo noMuuth, 4r0 HeJAB3s [0KasaTh ajeKBaTHOCThb
NpEACTABJICHHS HHTYHIHOHHCTCKOH TEOPHH B KaKo#-HHOYAb
cdopMasbHOH cHcTeMe. B HCTO/KOBaHHH 3HAKOB BCErjia OCTAHET-
¢sl HeKOTOpPas HeolpefeJeHHOCTh H HHKOTZAA HeJib3s Oyler JO-
KasaTb MaTeMaTH4YecKH CTPOTrO, 4TO AAaHHAA CHCTeMa aKCHOM
JeACTBHTENbHO OXBAThIBAeT c000IO0 BCE MPHUTOJHBbIE METORBI 1O~
Ka3aTe/IbCTBa.

7.2. Heyucaenue npeourxamos

7.2.1. Hcmoaxosanue Ksaumopos

[Tyctb p(x) — npeauKar oT OnHOM MepeMeHHOH X, mpHYeM
3Ta NepeMeHHas NPUHUMaeT 3HAa4YeHHs] U3 JAHHOTO MaTeMaTH-
yeckoro Buia Q. Toraa |— (¥x) p(x) o3Hayaer, 4to P(x) BepHO
Ajs moboro x U3 Q, APyrUMu CJIOBAMH, YV HAC €CTh OOHmIHI Me-
TOJ, NMOCTPOEHHs, KOTOPHIH MO JI060My 3JIEMEHTy a, BbIOpaH-
HoMy u3 (), MO3BOJIsIET HAaM MOJYYUTH MocTpoenue p{a). B ciy-
yae, Korma @ sBJseTcs] MOTOKO-BUJOM, MBI JO/KHBI GBITH CIIO-
co0HBI BBINOJIHATH MocTpoeHne P(x) s Kaxpo# BIIIT x wus
Q; B nIOKasaTebCTBE TEOPEMBI O BeepaxX Mbl BHIAE/H, YTO JaH-
HOE HCTOJIKOBaHHE KBaHTOPAa OOCHIHOCTH SBJISIETCS OYeHb CHJb-
HpM. KBaHTOpD cyiecTBoBaHUs TakKke OYHeT HCTOJKOBBIBATH-
CAd CHJBHBIMH 00pasoM. (3 x)p(x) OyZeT cuUHTaThCH BEPHBIM
TOTAA M TOJIBKO TOrna, Korxaa ¢pakTHYecKH MOCTPOEH 3JIeMEHT
a u3 @, K KOTOpPOTo HCTHHHO P(a).

BBenenue npepnkatoB ¢ Gojsee 4eM ORHUM apryMeHTOM He
npencrasisier TpynHoctedl. PopMysa HCUHCIEHHST MpefH-
KaToB MepBOH CTYyMeHH, COfepKaias MPOMO3HIHOHAJIBHEIE H
npefHKaTHBE [E€DEMEHHbIE, MOMXKET YTBepKAaThCcsl TOrIa H
TOJIBKO TOTZA, KOrZia OHa HCTHHHA NpH Jo6oH MOACTaHOBKe
KOHKDETHBHIX TNpEJJIOKEHHH W MpPejHKaToB BMECTO COOTBET-
CTBYIOIIHX nepeMelHbX. [Ipoctas dopManusauus HHTYHIHO-
HHCTCKOTO HCYHCJICHHSI NPSIHKATOB MOJIy4YaeTcst MpHcoequHe-
HHEM K HHTYHIHOHHCTCKOMY HCYHCJIEHHIO NMPENJIOKEHHH CHM-
BOJIOB, AKCHOM H NPAaBHJ BbIBOJA OGBIYHOIO HCUHCJIEHHS: TIpe-
AMKaToB, Kak 3710 6b110 hopMmysnupoBaHo ['mibbeptoM u AK-
kepmaHHoM [[uias6epr u Axkkepmauu, 1949, crp. 591, cm.
takke [[efitunr, 1946]. 1 ue Gyny pasBuBath 3Ty (oOp-
MaJibHyI0 cHcTeMy. BmecTo 3TOro s MHTYHTHBHBIMH METOXAMH
LHOKaxXy HecKOJIBKO ¢opMy.I.
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7.2.2. Teopemor ucuucrenus npedurxamos

Crenywomue TeopeMbl OYEBHIHEL.

(1) = (vx) p (x) = "1(3%) " 1p (%)

2 = (3% p(x) > 1(vx) 1P (%)

O6paTuble HMIJIMKalHH He HUMelOT Mecta. [IpotuBopeyauine
MPHUMEpHI:

(i) Tlycte x npoGeraer HeficTBHTENbHBIE YHC/IA H MYCTh
p (x) osHauaeT «x panHOHAJAbHO HJIH X HPPAHOHATBHO.

(ii). [TycTsb x npoberaeT panHoHaNbHBIE YHCIA U NYCTh P (X)
O3HaYaeT: «X PaBHO JACHCTBUTEJIbHOMY YHCJIY Q, OIpeleeH-
HOMY B 2.2.2».

3) = (vx) TTp(x) = 713X p (0)
4 =130 p (x) —(vx) " 1p (%)
() = 3% T 1p (0)—> T1(Vx) p (1)

Hmninkanus, obpatHas (5), He uMeeT mecTa. ITporusope-
yalui npumep.

Ilycts x npoGeraer pauuoHaJbHble YHCIa H NYCTh P (x)
O3HaYaeT: «x He PaBHO JeHCTBUTEJBHOMY YHCIY P, ompeje-
JEHHOMY B 2.2.2».

[MToncranoBkoit B (3) noayyaeM

6 F(vx) 717 1p(x) = 71(3%) 1p (0
Iloncranoska B (4) maer
(7) F71@3% e @) —(vx) 17 1p (0)-

Ilpumensis dopMyast (3) u (D) ucuucaeHusi nPELJIOKEHUT
us 7.1.2 Kk dopmyae (6) mawsoro maparpaga, nosydaeMm

C) F="171vx) 171 () = 7130 " 1p ().

OTa ¢QopMysna MoXeT OHTb ocsableHa CJAEAYImHM 06pasoM:

(9) =171 v p (0 =713 "1p (0.
(9) u (7) paor caepyomuil BaXKHBIH pes3yJbTaT:
(10) =171V p(x) = (vx) 17 ]p (0.

Onuum u3 HauGoiiee y JUBHTEIbHBIX CBOACTB HHTYHLHOHHCTCKOM
JIOTHKH $fIBJFeTCH TO, 4TO OOpaTHAas HUMIIMKAaLUs He HMeeT
MecTa. D10 TeM GoJlee mpuMedaTesibHo, YTo GopMyaa HCUHCe-

129



HUS MpEeAIOKEHUH, nojdyyaeMast U3 OGpaTHOR UMNJMKalluH
OrpaHHYEHHEM OGJIaCTH 3HAUeHHH X KOHEUHBIM MHOXXEeCTBOM,
HCTHHHA. B caMoM Jieiie, eciu x mpHHUMaET TOMBKO JBa 3Ha-
yeHust, TO Mbl nostyuuM gopmyay (11) us 7.1.2. Bpaysp [Bpa-
yap, 1924, ctp. 256; eittunr, 1930 A, ctp. 65; Kaunu, 1952,
ctp. 4911 man crenyiomuii npoTHBOpEYamiUA mpuMep.

IMyctb moTok M ompezensiercsi 3aKOHOM MoTOKa Ay H Jo-
NOJHUTENbHBIM 3akouoM [y, mNpUBENEHHBIMH HHXe.

Apy. TlepBasi KOMNOHEHTa JOMYCTHMOH TMOCHE0BATCIb-
pocty Moxer Ouite O uwau 1. Eciwm a,, . . ., a, — Xonyctu-
Masi NOCJIeOBATEeNbHOCTE H Qp = 0, TO apy MOXeT 6biTh 0
wian 1; ecam ap = 1, 10 @y = 1.

[ conocrapisieT foNyCcTUMOI MOCJIEA0BATENBHOCTH Qy, -.-y On
YHCIIO Q.

Kopoue roeopsi, M cocrout u3 Bcex BIIII, KoMmoHEHTH
KOTOpbIX MoryT GeiTb O uJau 1, mpuueM 3a 1 Bcerpa caenyer
TOMBKO

Crepyiomuii 3aKOH & MNPHUMHCHIBAET HOMEPAa HEKOTOPBIM
ajeMeHTaM u3 M.

Z: moc/aen0BaTeNbHOCTb, BCE KOMIOHEHTEI KOTOPO# ¢yTh O,
uMeer HoMep 1. ITocaenoBaTesbHOCTb, BCE KOMIOHEHTH KOTO-
poit cyTh 1, umeer Homep 2. ITocaenoBaTesbHOCTD, COCTOAMLAS
H3 n HyJne#d, 3a KOTOPBIMH CJELYIOT €IHMHHIB, UMeeT HOMep
n+ 2.

[Tycts x npoGeraer aneMentst M u nycTh P (x) ecTb mpef-
JIOKEHHE ¢«Z [pUNHChiBaeT X HeKkoTopbii HoMep». Torna
(Vx) 71719 (x) Bepuo. 51 nokaxy KBUBAJEHTHOE 3TOMY HpE-
aoxenne  |(Jx) ~|p(x), OpPUBOAS K MPOTUBOpeuHIo, uTO &
He TMPUMHCBIBaeT HHKAKOTO HOMEPa HEKOTODOMY 3JIeMEHTY
a us M. Tlpu 3TOM npexmosoXeHMH nepBasi KOMIOHEHTA 4
HE MOXeT 6bITb 1, Tak Kak HHaue E (@) paBHAJOCH 6B 2, TaK 4TO
nepBasi KoMnoneHTa a ectb 0. Bropasi KoMmonenTa a He MOXeT
6eiTh 1, Tak Kak Torza Z (a) paBHsIOCh 6B 3, 3HAYUT, U BTOpast
koMmoHenTa ecTb 0. [Tpofo/mKkas TakuM o6pa3soM pacCykAEHHE,
MBI BUIHM, 4TO KaXJasi KOMIOHEHTa siBisieTcst HyseM. Creno-
BaTesbHO, & (@) = 1, 4TO NPOTHBOPEUHT HCXOXHOMY Mpel-
TOJIOXKEHHUIO.

Onnako mnpennoxenue ~ |~ | (Vx)p (x) He uMeeT MecrTa.
Moxuo paxe JHokasath, uto | (VX)DP (x). B camoMm pneue,
npennosiokuM, 4to (Vx)p (x). Torma mo Teopeme o Beepax
MBl MOXEM SaKJIOUHTb, YTO Z (X) HOMKHO GbITh H3BECTHO
noc/ie TOro, Kak NaHO KOHeuHoe 4HCa0 N KOMIOHeHT X, 3TO
e MPOTHBOPEUHT OUeBHJHHIM 0O6pa3oM ompexeienuio & 87).
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Kaace. 910 meppuifi mpumep KJaccHYecKofi TeopeMbl, Ko-
TOpasi HHTYHIMOHHCTCKH He TOJbKO He JoKa3yema, HO Jaxe
JIOXHa.

HHT. ITO pacxoxjeHHe, KOHEYHO, 00yCJIOBJIEHO BBEleHHEM
BIIII. B yacTHoCTH, B nnpuMeHeHuH K BIIII kBanTOp OGmIHOCTH
MMEET COBCEM HHOM CMBICJ B WHTYHUHOHHCTCKOH MaTeMaTHKe,
yeM B KJaCCHYECKOH.

Buiio BhBMHYTO npeanosoxeHHe  [Kypoma, 1951,
ctp. 4611, uto dopmyna (vx) 17 1p (x) — 17 1(vx) p (x)
Bcerjia HCTHHHA, €Clid X NpoGeraeT KaKoi-HHOYAb HCUHCIHMO
fGecKkoHeuHbl#i BHA. BO Bcex MNpoOTHBOpeYallMX NpHMepax,
KoTopnle ObIM TNpHBEJEHB, X NpoferaeT BHI, He SBJSAIO-
muiics HCYHCAMMO OGecKOHeUHBIM. (JTO HMeeT MecTo H AJs
npusefeHHoro M, xoTs M U sABJASeTCS CUETHBIM C KJacCH-
yeckoH ToukH 3peHusa!) OfHaKo B JaHHOE BpeMs He BHIHO
nyTeii JoKa3aTeJbCTBa Npelnoioxenus Kypoxusi ).

U3 (3) u (4), npumenss (2) u3 7.1.2, nonyyaem

(11) F7171@% p () = 71(vx) "2 (%),

(12) F"1(v0) Tle () = 7171(3%) p (%)

[MocpencteoM noxactaHoBkH B (D) mosydaeM

(13) F=@x) 71 1) —71(¥x) "1p ().
U3 (13) u (12) noxyyaem

(14) F=@x 1712 —="171(3%) p (%)

3mece TakxKe He HMeeT MecTa OOpaTHas MMILIMKAIHMs, HO
ans (14) sToT ¢pakT MeHee yauBHTeNeH, ueM Lis (10), Tak Kak
COOTBETCTBYIOLLAs (HOPMYJIa HCUHCIEHHUS NIPEAJIOKEHU, a UMEH-

H0O 171V 9—"171pPVV 71719, Takke He HOKa3yeMa.

7.3. ITpurooicenus

B HeKOTOpHIX cly4asix MNapaJjieJibHO MO3HTHBHOH TeopHH
MOXHO Da3BHBAaTb HEraTHBHYIO. B IO3HTHBHOH TEOPHH Kax-
Jloe MOHATHE BBOJMTCS IIPH IIOMOIIM TMO3HTHBHOIQ OMNpejese-
HHS; B COOTBETCTBYIOMIEHl HEraTHBHOH TEODHM HEKOTOpHIE H3
HHX BBOJSTCA TIPH NOMOIIY HEraTHBHBIX ONpPEAEJeHHil, BKJIO-
YaloMUX [ABOHHOE OTPHIAHHE, HO TaKHX, YTO KJACCHUECKH
ofpefieNIcHHs] COOTBETCTBYIOIIMX MOHATHH B OOEHX TeOpHAX
3KBHBAJIEHTHBI.
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7.3.1. Omnouteriun nopadka Ha Kowmuwyyme

Onpeneaenue |. Ecnmu S—mateMatHueckuii Bujg, a < —
NpeAHKAaT, ONpeleJeHHHH Ha HEKOTOPOM MoABHAE BHIa S XS
H YIOBJETBOPSIOIM NPHBELEHHBIM HIXKe npaBuiam (1) — (4),
TO < HA3LIBAETCS OMHOWEHUEM HACMUYH020 NOPAOKG B BHJE
S u S nasbiBaeTCs 4acmUdHO YROPAOOUEHHBIM TIOCPEACTBOM <.
B nanbrefimeM a > b 6yaer o6o3nauath TO ke, 4yTo b <a

(1 a<lb—~"l(@>b A\ l(a=b).
2 a=bAbc—a<c

3 albNb=c—-a<ec

4) albNb<c—-a<ec

Onpepnenenue 2. OTHOIWEHHE YACTHYHOrO MOPsAKa < B
BHJE S Ha3bIBAeTCH OMHOuleHuem nopadka B S U S HasbiBaercst
ynopadouerHom TOCPEACTBOM <, €CIH YIOBJETBOPSETCS CJle-
Ayioliee NpaBuiIo:

(5a) a=b\a<lb\/a>b.

OtHomenne < MeXJy HaTypaJbHbIMH HJH pPalHOHaIb-
HEIMH YHMCJIaMH SIBJISIETCS! OTHOLIEHHeM nopsaka. Ornomente <
MeX/y JelCTBHTE/bHEMH YHCIaMH, BBeJennoe B 2.2.6 u B 3.3,
He ABJSETCS OTHOILEHHEM MOPsAAKa, ITO — HENOCPEACTBEHHOE
crencTBHe Teop. 2 u3 3.4.3.

Bmecto (5a) oTnomenue < MEXAY AEHCTBHTEIBHBIMH 4HC-
JIaMH yJOBJETBOPSET HHXKENPHBEJEHHBIM ycuoBHsaM (Bb) u (6),
KoTopuie caenyioT u3 (1) — (4) u (5a).

(Bb) TJ(@>b) N l(@<b) - a =105 (cp. Teop. 3 u3 2.2.6),
(6) a<<b—(yc)(a<c\/ c<b) (cp. Teop. 4 u3 2.2.6).

Onpenenenue 3. OTHOMEHHE YACTHYHOTO NOpsifKa < B
BHJle S Ha3BIBAETCA OmHoUleHUuem nceelonopadka U S HasHiBaeTCs

ncesdoynopadouer bim TIOCPENCTBOM <, €CliH < YAOBJIETBOPSIOT
ycioBusaM (5b) u (6).

B nanbnefiieM 3nak < BCerja 0O3HauaeT OTHOLLEHHE IICEB-
Jornopsiika B BHAe S.

Olrjl)pene.neﬂue& a <b osnauaer | (a>b)A]
(@ =0).

Teopemal. “|(a<b) skpupanentno | (a < b).
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HokxasateabcTBo. B cuny (1) umeem a{b —
a< b, Tak uto " ](@a<b) — ](a<b) (.(2) us 7.1.2).
YroGH n0Ka3aTh o6paTHOe, 3aMeTHM, 4To a < b/ ~|(a < b)

O3HaYyaeT To XKe caMoe, uTo ~ | (@ >b) A\~ (e < o)A\ l(a = b),
a 5To mporusopeuut (5b). IMostomMy a < b\ Na < b) He-
BO3MOXKHO; cJjegoBatesibHo, | (@ < b) — ] (a < b).

TeopeMa2 a< b skeuBanento | | (a < b).

HdokasaTeabcTso. B cury onpenenenus (4) u dop-
My (6), (7) u3 7.1 2 a < b sksusanentrO ] (@ > b \/ a=b),
TaK uto || (@ < b) —a < b [(5) u3 7.1.2)L

B cuay Teopembr 1
e << b) - "] (a<b), Tak ut0 | | (@ < b) — ]| (a<b)

[(2) us 7.1.2] > a < b.
A Tak Kak B cumy Teop. |
e < b)— "1(a<bh), 10
a<lb—"]TJ@<b (1), 2 us 7.1.2).

Teopema 3. OTHomeHHe < yNOBAETBOPSET YCIOBUSIM
(1) — (4), (5b).

IlokasateabcTBo. (1) cnexyer us onp. 4 u Teop. 1

(2) crenyer u3 (2) ana < B cuay (3) u3 7.1.2 u Teop. 2.
B camoMm gene,

a=bA 110 <0)—"1T1@<)~>a<c

3 paccMaTpHBaeTCsi aHAJIOrHYHO (2).

(4) o < caenyer u3s (4) nas < ¢ nomowsio gopmya (11)
(3) u3 7.1.2 u Teop. 2.

(5b) cenyer u3 Teop. 1 u (5b) Aas<l.

B cayyae KOHTHHYYMa OTHOLIeHHe < He YJAOBJNETBOpSET
yecaosuio (6) (cM. 8.1.1) ®%). Bmecto sToro yoBserBopsiercs ciie-
Jyioliee yCJIOBHE:

5) TT@<b A Jla=b-—>a>b
Teopema 4. Ecau < ABJISIETCS OTHOLIEHHEM TMCeBAONo

pAIka B BuAe S, TO OTHOWeHHe <, EMy COOTBETCTBYIOILEE
(onp. 4), ynoBnerBopsieT ycaoBuio (5c).

JoKkaszaTenbCTBO HeNOCPEICTBEHHO INOJyyYaercst H3
Teop. 1 u omp. 4.
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Onpepenenne 5. OrHOLleHHe YaCTHYHOIO MOpPsiAKA
B BHAe S, yHoBnersopsiomiee yciaoBuaM (1)— (4b), (5e),
Ha3biBAeTCS  OMHOWEHIeM @LUpmyaibHozo nopadka B S u S
HasblBAETCH  GUPMYAAbHO YnOpACOUEHHbIM NOCDeOCBOM HE20
[Bpaysp, 1925 A, crp. 453].

TeopeMbl 3 W 4 MOXKHO Tellepb BbIPa3HTb CJIENYIOLLHM
o6pasoM. Ecuiu < ecTb OTHOLIEHHe [ICEBJONOPsiIka B BHIe

S, 10 <, onpefesieHHOe ¢ MOMOILBIO ONp. 4, SBJAsS€TCs OTHOLIe-
HHeM BHpPTYyaJbHOroO nopsigka B S.

3aMeyanue 06 o603HaueHHsXx. Mou o603HaueHH S
OTJMYHHI OT oGosHaueHHil Bpayapa.
[lpuBoxy cioBapHK:

o6o3Hauenus stoi KHHrH: < < <
o6osHayeHHs bpayspa: <o > <
[Mprunna u3MeHeHHsi 0GO3HaYeHHA B TOM, 4TO AJS aHa-
JIM3a HaHGoJslee BaXKHBIM fiBJIsieTCSl OTHOLIEHHE IICeBIONOopsaKa
MEXKIY HeHCTBHTEJbHBIMH YHCIaMH, a [IOTOMY ero cJjenyer
0603HauaTh HanGoJee POCTLIM 3HaKoM. Kpome Toro, B 0603Ha-
YeHHsAX Dpayspa HMeercs ollacHOCTb cMellleHHss @ > b
u (@ > b\/a =0b). llocnenHee oTHOwWeHHe 5 0003Hayawo I0-
CpeicTBOM a > b.
B cooTBeTcTBHH ¢ omp. 5 OTHOUIEHHe BHPTYaJbHOro MO-
pPsdKa YIOBJETBOPSET CJAETYIOIIUM YCJIOBUSAM:

M a<b—"1@>) AT1@=0).
@ a=bANbc—-a<ec
) a<bANb=c—a<c
4) a<'b/\b<'c-—>a<.c.
(5b) T@<HATI@SE) ~a=b.
(5¢) @) AN71(@=0b) -a>b.

Teopemab. Ecim < sABNsieTcs OTHOLICHHEM BHPTYaJlb-
HOro MopsfKa B BHAE S, TO

Ta<d) —a<bu " l@a=b) —a=b
HokxasaTeabcTBoO. H3s (1) u (bc) monyuaeM, urto
a< b skeuBanentHo ] (@a>b) A T](a =b), a nocrenuee
Becuay (6), (7) ua 7.1.2. skeuBaseHTHO | (a >b \/ a =b).
Mostomy B cmny (5) u3 7.1.2. "] l(a<<b) —a<b.
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Us (1) u dopmyn (2), (1) us 7.1.2 mbl BbIBOAMM, 4TO
a=b "] (a<b). Ananormano a =b — "] (a>b). Io-
3ToMmy, ucnonb3ys (5b) u ¢opmyast (6), (7) us 7.1.2, Buaum,

yTo a = b skeuBanentHo (@ << b\/ a>>b). B0 HoKasbl-
BaeT, uto | J(a=¥5) —a =b.

o
Onpenenenune 6. [lyetb < ABAAETCA OTHOLIEHHEM
YaCTHYHOrO NMOPSNKA B BHAE S ¥ nycts 2 BHA Takux Gopmya

a=b um a<bh, KOTOpblE HCTHHHbI IS 3JEMEHTOB &, b

u3 S. OTHolleHHe < HAa3BIBACTCH HenpPOOOANCUMbIM, ECIH
BBIMOJIHAIOTCA CJElylOmHe YCIOBHA: 1 MOCBX X, Y & S,

Takux, 4To | (x < y) HeBBIBOAMMO H3 Z MOCpeACTBOM MpH-

menenns (1) — (4), umeeT MecTo x < y & 2; aHANOrHUHO
qis mobbix x, y & S, Takux, 4t0 | (x = y) HEBBIBOJHMO
u3 Z mnocpeactsoM mnpumeHeHus (1) — (4), uMeer MecTo
x=yeZ,

Teopema6. Bcsakoe OTHOIIEHHE BHPTYaJbHOro IO-
psaka Henpoposxumo [Bpaysp, 19271

JokaszateabcTBo Eanx>yeZ, 10 ] (x<y)
MOXKHO BBIBECTH U3 2 mocpeicTsoM npumenerus (1); mostomy

ecni ] (x < y) HEBHIBOIMMO H3 I IOCPEACTBOM NpHMeHe-
nusa (1) — (4), 10 7] (x> y = I) w ananornyno | (x=y = I).
[ostomy B cuay (5¢) z <y 3.
Jloka3aTenbCTBO A1l = aHaJOrHYHO.

Teopema 7. Besikoe Henpojo/MKHMOE QTHOMEHHE uac-

THYHOrO NOPSAKA €CTb OTHOIUEHHE BHPTYaJbHOTO MOPA]Ka
[Bpaysp, 19271.

7.3.2, Heeamusnaa meopus cxodumocmu

Onpenenenune | u3 2.4 moxer ObITH CHOPMYJHPO-
BaHO cleiyiomuM obpa3oM:

ITocnenosatenbHOCTh {@,} AEHCTBHTENBHBIX YHCEJ] MO3H-
THBHO CXOAHTC K TMpeieny a, eciH

(1 (V&) (3n) (VD) (| @ — @mp | << 275).
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B KauecTse COOTBETCTBYIOLIErO HETAaTHBHOTO OIpefeseHH s
BoIOHpaeM CleayoLee:

Onpepenenue 1. IlocaenopatenbHoCTs {@,) Heea-
mueno cxofumca Kk npedeay a (~ lima, = a), ecau

(2) (VE) T171(3n) (Vp) (| @ — @nip | < 27%)

[detixman, 1952].
Kputepu#t cxonumoctn Komu ecTb

(3) (VR) (31) (VD) (| Gnsp — an | < 275,

Onpenenenue2 IlocnenoBatenbHocTh {a,} He Ko-
Aebaremes, eCau

(4) (VE) T1(3n) (V0) (| @nep —an | < 275).

Xopolmo u3BeCTHO, YTO €CaH IOCHEA0BATENbHOCTh {@.}
ynoBjaeTBopsaeT (3), TO MOXKHO HaliTu Takoe JeHCTBHTEJNbHOE
yucao a, yto (1) Oyner uctuuHo. Kak NokaswiBaeT NMpPUBOLH-

Mblii Hike npumep (i), Takoro cooTHOWeHusi HeT Mexay (4)
u (2).

[Tpumepw. (i) a, =1, ectu n-fi 3HAK JECATHIHOTO
pasJIoKeHUsi N SBJASETCS JEBATKON U3 MEPBOT0 BXOXKACHUS
nocsenoBatesnbHocTH 0123456789 B 3TO pasnoxkenue (Takoe
3HayeHHe 7, €CJIH OHO CymecTByeT, OyleM Has3bBaTb HOMEPOM
MOC/IE0BATENILHOCTH), B NPOTHBHOM caydae a, = 0. Urtolwbi
J0Ka3aTh, YTO 3Ta IOCJEJOBATEJbHOCTb YJOBJETBOPSET YCJIO-
Buio (2) npu @ = 0, 5 3aMeuy cHayana, 4yTo (2) SKBUBAJIEHTHO

(5) ER) (V) THVP) (| a— @nip | <27,
[IpennosoxuM, YTO Mbl HallIM Takoe kg, YTO
(o) (V1) THVP) (| Gnsp | << 275).

[pennosoxuM, 1anee, 4To MocaefoBateabHocTh 0123456789
BXOAUT B JEeCATHYHOE Da3JioXKeHHe 7t u S HOMep IOC/efOoBa-
TEJILHOCTH.

Torpa
®) (Vp) (assp = 0),

TaK 4YTO

(VD) (| @sap | << 275,
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ITosToMy (@) He MOKeT GbITb HCTHHHBIM. HTak, Mbl YCTaHOBHJIH
caeayomiee.

Ecnu (a) uetunHo, To 0123456789 He BXOZMT B JeCATHUHOE
pasnoxenue %. OpHako Tora (vn) (@, = 0) u (a) JoKHO.

Takum o6pa3soM, (¢) BeneT K npoTuBopeunio u (5) AoKa3aHo.
SIcHO, ofHAaKO, UTO Mbl He MOXeM yTBepXKJaTb, UTO MOCTIENO-
BaTeJbHOCTb {Q,} MNO3UTUBHO CXOAWTCH.

(ii) @ = 0, eciu B MepBHIX N 3HAKaX MNocJe 3ansAToll jaecs-
THYHOTO DPas/iOXeHHsi 1 BcTpevaercs BxoxpeHHe 0123456789;
a, =1 B mnporusHom cnyuae. [locnenosatenbHocTs {a,}
He Kojie6/eTcss — A0Ka3aTeJbCTBO aHaJOIHYHO J0Ka3aTellb-
ctey B npumepe (i). OaHako Henb3si yTepkJaTb, YTO OHa
HEraTHBHO CXONHMTCS, TaK KaK HEH3BECTHO, UeMY PaBeH Npejel,
ecnH oH cymectsyer, 0 uaum 1.

Teopemal Besikagd HeraTHBHO CXoAsimiasicsi mocje-
JIOBaTeNIBHOCTb He KosebaeTcs.

HdJokasaTeanbcTBoO. DBsemieM ans KpaTKocTH clie-
nyoure 0603HaYeHHS:

(an) (VD) (| @nip — @, | << 27%) mocpencrsom ¥ (k) u

@n) (vp) (| @nsp — a 1< 27%) nocpencteom B (%, a).
Torza: B (k -+ 1, a) = % (&),

Bk + 1,0 - 717 %(R),
(VR) 17198 (k, @) — (vk) 7171 % (R),
(2) (vk) T1718 (k, a) — (vk) 11U (k).

3T0 ¥ HoKasBIBAET TEOpEMY.

Teopema?2 Ecmu “lima,=a, ~limb, =5, To
“lim (@, + b,) = a+b.

JokasaTteabeTno. Ilontoxum a,-+b,=c¢, u
a+ b =c JIna kpatkoctH GyZleM 0Go3HauyaTb

(3n) (V) (| @ntp — a| < 27F) mocpenctsom % (%),

(Tn) (VD) (| bnrp — b < 27%) nocpenctsom % (%),

(31) (WP (| Caso— €] << 27**Y) mocpenctsom € (%).
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Torna % (k) A\ B (k) — € (k), nostomy

TTIYERATIB(R) ~7171€C (R
(npumeHenue (11) m (3) w3 7.1.2).
(VE) 118 (k) A\ (VR) TT71®B ()~ (Vk) 171 € (k).
3T0 J0Ka3blBaeT TEOpEMY.

Teopema 3 Ecm “lima,=a u lima,=5, 10
a=b.

HoxasarteabcTtBo. U3 “lima, =b cnegyer, 40
“lim (— an) = — b. TlosToMy mo Teop. 2 umeem ~limc, =
a — b, rie xaxpnoe ¢, = 0.

(vk) "T71(3n) (vp) (@ — b1 < 279,
(vh) TWa—bj< 2%,
(vk) (la —b| p 27,

a=a>a.

Cnenyomasi TeopeMa He HMeeT mapaJlIesIH B MO3HTHBHOM
TEOPHH.

Teopema4 Bcesakas orpaHnueHHas MOHOTOHHas IIo-
CJIeI0BATEJIBHOCTD JEACTBHTENIbHHIX YHCeJ He KoseGJjeTcs.
[lycts ania  mociiefoBaTeNILHOCTH {Qn}

1 (vn) (@ < M),

2) (Vn) (an+1< an)'

HyxHo noka3atb, 4T0

3) (VE) T 1(3m) (Vp) (anep —an < 27%),

T. €. 4TO

@ 71 (3R) (vR) T1(VP) (@nep — an < 27
[pennonoxuM, 4T0 y Hac ecTb Takoe Ry, 4TO

(5) (V) 71 (VP) (anip — an < 27%).

JocTaTo4HO nOJNIyYHTb npoTHBOpeune, Hcxopst H3 (1), (2)
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u (5). Torma u3 ~](3P) (@urp — an > 27%7Y) crenyer, uro
(VP) (@nip — an < 27"), Tak uToO H3 (5) BuiBOAHMTCS

(6) (vn) TT71(30) (@nsp — an > 27570,

Teopema GyneT JokasaHa, e€CIH MBI NOJYYHM MPOTHBOpEUHE
3z (1), (2) u (6).
Kak uactubiéi cayuaii (6) uMeem

(7 T171@0) (@ — a; > 2747,

IMpennosoxuM, 4TO Yy Hac eCTb TaKoe Py, YTO @p, — Ay > PN
Torfa B cuay (6) umeeM 1] (37) (@ — a5, > 27 u nanee

@) (@ — ay > 2-27%7Y). Urak, ucxons u3 (1), (2) u
(6), Mbl 1OKas3aJH:

@ (@) (@ —a> 2" - 171@0 @ —a>2-274).

Hcnonb3ys npasuia (3) u (5) HcuMcjeHHS NpPeJIOKEHHH H3
7.1.2, mbl 3akmouaeM u3 (7) u (8), 4to

9) T1@n @ —a > 2.277Y,
[ToBTOpsisi 3TO0 paccyxkpeHue A — 1 pa3, Mel HaxoAHM
(10) (39 (@ — a, > h2HY),

BosbmeM Teneps i = [iwz—_}:_%]—l— 1; HaxoIuM

(11) “17139) (as > M),

uTo npoTHsopeuuTt (1).
3ameuanue. Jlerko gokasatb, uto BmecTo (1) mocTa-
TOYHO B3sTb ycjoBHe | | (AM) (vn) (a. < M).

7.3.3. Hezamusroe ucmoikosarue KAQCCUHECKO20
anaausa

[épennp Bnepeele pokasan [[égens, 1932], uto xmac-
CHYECKOE HCYHCJIEHHE NPeAJOXKEeHHH M KJaccuyecKas apuo-
MeTHKa MOryT ObiTb Pa3BHTH KakK 4YacTH COOTBETCTBYIOMMX
HHTYHIHOHHCTCKUX CHcTeM. [I1si JoKasaTeJbcTBA TaKHX Te€O-
pem HeoGxoauMa c¢opMmanu3anys HYMKHBIX yacTell HHTYHIMQ-
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HHCTCKOH MaTeMaTHKM. 3aMeyaHHs, CJeJlaHHble MHOI OTHO-
CHTEJbHO HHTYHILHOHHCTCKOTO HCYHCJIEHHS NPEeIJIONKEHHH,
NPUMEHUMBI K Jto6of ¢opManbHO# cucreMe, KoTopas MocCT-
poeHa C UEJAbIO NpPEACTAaBJCHHS HHTYHUHMOHHCTCKOH MaTeMa-
THYECKOH TEODHH: HHKOTZA HeJb3si CTPOro J0Ka3aTh, YTO Takas
cucteMa anekpaTHa. OpHAKO /151 HCYHC/ICHHS NPEJIOXKEHHH,
HCUHMCJIEHHS! TIPEIMKATOB H JJIsi 3JE€MEHTapHOH apudMeTHKH
OblTH NMOCTPOEHB! (JOPMaJIbHLIE CHCTEMBl, B KOTOPBIX KaMas
¢opMysia TIpPH TNPaBHJIBHOM MCTOJNIKOBAHHH BRIPAXKaeT Teo-
peMy HHTYHIHOHHCTCKOH MaTeMaTHKH. ITH CHCTEMBI OJAPOGHO
onucanbl B Kuure Kaumnu [Kauun, 1952, ctp. 492]°°).
On odopmaserT HX TaK, YTO, MNPHCOEIMHAA K KaxIoH U3
HHX akKCHOMY | |p — p, Mbl NOJyYaeM COOTBETCTBYIOULYIO
KJIaCCHYECKYIO CHCTEMY.

Kaunn fokasbiBaeT pasnuuHble BapHaHTH TeopeMbr ['€nens.
Hmxe npuseentr TpH M3 HHX.

Onpeneanenunel. p-+ g osnauaer ~ | (" |p/A\™19).

p D q osnauaer 7] (0 A T19),
(\/x) p (#) osnasaer 7] (vx) ] p (1).

B cuny (11) u (12) u3 7.2.2 nocnenHee SKBHBAJEHTHO

1130 p (9.

Teopewma 1. [Jlna HCUMCIEHHS NpPEANOXKEHHH C /\ B
KayecTBe KOHBIOHKIHH,}- B KaUecTBe JU3BIOHKIHH, J) B Ka4yecT-
Be MMIJIMKAlWM W ~ | B KauecTBe OTPHUAHHS BCsAKas KJjac-
CHYECKH JOKa3dyemasi (opMyJ/a BepPHA HHTYHUHOHHUCTCKH,

Teopema 2. Jlns TeopeTHKO-YHC/OBOH (opMaJbLHON
CHCTEMHl (3JIEMEHTapHOH apu(MeTHKH) ¢ /\ B KauyecTse KOHBb-
IOHKIHH, -} B KayeCTBe JHSBIOHKIHH, D) MJIH — B KaUeCTBE HM-
IIMKauuM, ~ | B KadecTBe oTpunanuss U (V) B KauecTse
KBaHTOPa CYIIECTBOBaHHA BCAKAs KJACCHYECKH A0Ka3yeMas
tdopMyna BepHAa HHTYHLUHOHHCTCKH.

Teopema 3. Jnsa ucuncyaeHus npeanuxkaToB ¢ /\ B KauecT-
Be KOHBIOHKIIMH, + B KayecTse JM3bIOHKIHUH, O HJH — B Ka-
yecTBe MMIIMKanHH H (V) B KauecTBe KBAaHTOPA CyLIECTBO-
BaHHsl BcAKas KJACCHUECKH J0Kasyemasi (opMyJia CTAHOBHT-
csi BePHOH HHTYMIHOHHCTCKH IIOCJIe 3aMeHBbl BCSIKOH BCTpe-
yaiomeiics sneMeHTapHOR (opMynsl P Ha ~ |~ | D.
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Sameganune s ucumcienuss BLICKa3blBaHHH 3a-
MeHa P Ha | | p He sBisercs o0sg3aTeNbHOH B CHJY TOTO,
yro ~| [P Dp, T.e. (7] 1P/ T1p) HctHHHAH op-
My/aa. B TeopeTHKo-uMc/IOBOH cHcTeMe K 3TOH 3aMeHe MOXHO
TaKxke He Npuberartb, Tak KakK 3jeMeHTapHbe (OPMYJIbI HMEIOT
dopMy a =0b unu a>b, rie @ u b HaTypajbHBHIE YHC]A,
a MOTOMY HCTHHHO ~ | |(@a=0b) a=bu "] (@ >b) —
—a>b.

DTH Teop Mbl JOKA3bIBAIOT HENPOTHBOPEYHUBOCTb KJIACCH-
YeCKHX CHCTeM OTHOCHTeIbHO COOTBETCTBYIOUWIHX MHTYHIIHO-
HHCTCKHX CHCTEM.

$1 mpuMeHIO Tenmepb 3TH TeopeMbl K apH(MeTHKe JeHCTBH-
TeabHEIX yuces. UI' 6eun onpejiesieH Kak IoC/e[0BaTebHOCTD
Komn, cocrosmas W3 palHoHaNbHEIX yuces. i npuMeHe-
HUS TeopeMbl 2 HYKHO NOACTABHTL B ONpeJeJeHHE MOCJefo-
BatenbHocTH Ko (Vx) BMecTo (Jx), Tak YTO MBI NOJTYYHM
onpefiefieHne HeKoJaeOGMOmEeNHCcss MOCAe0BATeNbLHOCTH.

Onpenenenue 2. Crabom Oelicmeumenvtoim HUCAO-
eoim eerepamopom [CUI) GyneM HasbiBaTh HeKO/IEGMOLLYIOCH
NIOCJ/IeI0BATENILHOCTD  PALlHOHAMBHBIX YHCEJ.

Onpepenenne copnajenus aaa Ul uMeno caenyomuii BHA:
ecin a = {a,} u b = {b,}, T0 a = b osHauyaer, UTO

(V&) (3n) (VD) (| @nep — brap [ < 27F).

Onpeneadenne 3. CUl' a={a,} u b = {b,} cos-
nadarom & caabom cmoicre (a = b), ecau

(VE) (V1) (VD) (| Gnsp — brip | < 27%).

Onpenenenued. Craboe Oelicmseumenbtoe YUcio ecThb
Bua CUrI, coBmajaromux B ciaaboM cMeicae ¢ jgaHHeiM CUI.

Onpesnenenve orHoweHusa nopsaixka gias YUI' dopmynanpo-
BaJoch caepyomuM obpasoMm: a > b o3Hauaslo, YTO

(Hk) (Hn) (VP) (an+p - bn+p > 2_k)-

Onpenenenued. ,ZI./m. CUl' u =,y u b = {b,}; a
6onrvwe b 6 caabom cmoicre (@ >b), ecau

(VE) (V1) (YD) @nsp — bnip > 27F).
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ST0 3KBHBAJEHTHO JBOHHOMY OTPHIAHHIO @ > b, Tak Kak
no (11) u (12) ua 7.2.2 M1 Jierko noayvaem, yto " | | (3x) p (x)
aKBMBaJeHTHO | | (Fx) | " 1p (%).

Kaxk caeficTBue TeopeMbl 2 Nosiygaercs

Teopema 4. [lycte S —cHucTeMa, KoTopas No/lyyaeTcs U3
TEOPeTHKO-YUCJIOBOH (OpMAILHOH CHCTEMH NDHCOEIHHEHHEM K
Hell CBOOOJHBIX TepeMeHHBIX A/ JeCTBUTENbHRIX YHCEN H OTHO-
meHuit = ¥ > aiua HUX XKe. Ilycre T TeopeMa kJaccHuecKoH
apu¢pMerukH, ¢opManusyeMas B S. Ilycrs T’ Teopema, mony-
yacMas U3 T 3amemenneM \/ Ha -, (Fx) Ha (Vx), nepeMeHHBIX
JVIi leHCTBHTE/IbHBIX ~UHCeN — NePeMeHHbIMH /1A C/1albIX
JeHCTBUTENbHBIX YHCes, = Ha = ,> Ha >. Torma T uHTYH-
ITMOHUCTCKH HCTHHHO 1).

Yro6hl pacHpocTpaHUTh TeopeMy 4 Ha aHA/N3, HeOGXOLHUMO
paclpocTPaHHTh TeopeMy 2 HJIH TeopeMy 3 Ha HCUHCJeHHe
NpeauKaToB Gosiee BHICOKHX NMOPSAAKOB WJIH Ha KaKHe-HHOYHb
Jpyrde HCYHCJIEHHS, B KOTOPBIX MOXHO (OpMa/H30BaThb OC-
HOBHYIO 4aCTb KJacCHYeCKOro aHajuza. BoaMoxHo, 4TO Ta-
KHM TIyTeM MOXHO J[0Ka3aTb HeNPOTHBOPEYHBOCTL AaHAJIH3a
OTHOCHUTENbHO HHTYHIHOHHCTCKOH MATeMaTHKH.



VIIl. CIIOPHBIE BONPOCDHI

8.1. BeckoHeunO npooOAIHCAOWLECR NOCAE008G-
meAbROCIU, 3Q8uUCAWuEe OM peweHus npodaem

8.1.1. Memod

Haunnas ¢ 1948 r. Bpaysp ony06suKoBas HeCKOMIbKO CTa-
Teil (MHOTHE M3 HHX Ha TOJJIaHACKOM f3bIKe), B KOTODHIX OH
JaeT IpOTHBOpeualde MpUMEpBl JJIsSi HEKOTOPBIX KJjaccHue-
ckux TeopeM [Bpaysp, 1948, crp. 1246; 1948A; 1948B;
1949; 1949A; 1950; 1950A; 1951; 1952B; 1954B;
1954 C]. Bce 3TH npHMepsl OCHOBaHBI Ha NMpHHIHIE, KOTOPHIH
OH H3JIOXKHJ B JoKaafie Ha 10-M MexxiyHapoaHoM dusocodckoMm
KoHrpecce (AmcrepiaM, 1948). S npowOCTpHpYIO STOT
INPUHHHI NOCPeJCTBOM CJe[yIOIHKX ONpeleaeHHH.

ByneM roBopHTb, YTO MaTeMaTH4ecKoe NpeNJIOXKeHHe P
HCMIBITAHO, ecyid AokKasaHo qu6o ~ | p, sau6o ~ | | p. Ilyers
P — HeKOTOpoe HeHCHBITaHHOE npejjioxkeHue (HanmpHMep, «1OC-
JenoBatesasHocTh 0123456789 BXOAHUT B AeCATHYUHOE PA3/IOKEHHE
ny). Temepp s caenylomuM o6pasoM onpefemo HUI' a = {a,}.
Iloka p He HCHBITAHO, 5 BRICHPAIO @, =2, €CNH 3Ke D HCIbI-
TaHO MeX]y BbIOOPOM Qm H BHIOOPOM Qmyq, TO 5 BHIOHpAIO
Qmiq = 27™ pasa moboro 4.

CurH. DTO He 3BYYHT KaK MareMaTHUYecKoe OIlpefesIeHHe.
PasBe MOXKHO CYMTaTh XOpOWIO OMNpeJeJeHHOH [oC/ae/loBa-
TeJIHOCTE PAllHOHAJIBHBIX YHCEJ], €CcJIM €€ KOMIOHEHTH 3aBM-
CAT OT TaKOro MarepHa/bHOro (akra, Kak CYIIeCTBOBaHHE K
JaHHOMy MOMEHTY JOKa3aTelbCTBA HEKOTOpPOro MaTeMarude-
CKOro BEICKA3bIBAHHSA ?

Hnr. 5 corsaced ¢ 3THM Bo3paxKeHHeM; U 5, KOHEYHO, COM-
HEBalOCh, MOXKHO JIH TIOCOBETOBATb BBOAHTL TaKHe ONpellesIeHHs
B MareMaTHKy. Kak s nmofuepkHyJ paHblle, CJIOBEeCHOe OIpe-
JelleHne He MOXeT ObiTh a6COMIOTHO CBOGOHBIM OT JABY CMEICJIEH-
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HOCTH; Teliepb Mbi BHAHM, uTO onpeienenne BIIIT ocrtaBaster
HaM HeKOTOphiH npocTop. B Takux cayuastx Mer cBoGOAHBI pe-
LIHTb, KaKOe HCTOJKOBaHHE HYKHO TNPHHATE.

®opm. Kak samerna Ban Hauuur [Banm amuur, 1949],
onpefieiende bpayapa U paccyxJeHHs, KOTOpbleé OH OCHOBHI-
BaeT Ha 3TOM onpeJieJieHHH, MOryT ObiTh HOJHOCTBIO OlpaBja-
HBl ¢ ¢$opMasbHOH TOUKHU 3peHHs.

HHT. Merox BaH Jlanuura (Kak yKaselBaeT OH caM) HPOJH-
BaeT CBET HA JaHHBIH BOIPOC C TOUKH 3DEHHS! €r0 HHTYHIIHOHH-
CTCKOrO NOHHMMaHHs. §l NONBITalOCh BKpAaTIe OXapaKTepH3o-
BAaTh €ro TOUKY 3peHHS.

Myets o; (i = 1,2,...) npu KakioM [ SBISeTCH KO-
HeYHRIM MHOXECTBOM MaTeMaTHUeCKHX BBIBOJOB. Ilocieno-
BaTeJIbHOCTh {®;} 6y}1eT 0003HauYaTLCSI MOCPEACTBOM K.

ITonoxum o, = U o;. Ilycthb p — maTemaTHueckoe mpef-

goxenue. UI' a SaBHCHT or Q; a(Q) = {a, (V)}. Ecan o0,
HE COIEPXHUT BbIBOAA HH A/~ P, HHAJIst ~ | |p, To @, (Q) = 27".
Ecau 0, colepXHT BHIBOA ~ | P, HJIH BHIBOX | | P U M — HaH-
MeHbIliee M3 f, TaKHX, 4TO O, 006JajaeT 5THM CBOHCTBOM, TO
a, (Q) = 27". B Takoii ¢opMe onpenesenue a 3ByuHT Gosee
maTeMatHyeckd. OJHAKO OCTaeTcss BOIPOC, MOXET JH OHO
CJYKUTh LleassM bBpayspa.

bpaysp xoTen nokasaTth, YTO MOXET HMETb MecTo a == 0,
B To BpeMsi Kak a 1 0 6yjeT ocTaBaThCs HeJOKa3aHHBIM (3TO
H ecTh npuMep, obemlaHHbd Muowo B 2.2.3). JieficTBHTeNbHO,
€CJIH Mbl NPEANOJNOXHM, 4YTo @ == 0, TO HH ~ | P, HH || P
HeJloKasyeMbl, 3HAUUT, | |P ¥ | | | P BMeCTe HCTHHHHI,
yTo HeBOaMOXHO. IlosTomy a == 0°). C apyroii CTOpOHHI,
a 330 o3Hauato Obi BO3MOXKHOCTD HAXOXAEHHS TaKOro ¢,
yto a > 277 Orciona caegoBano Gbl, YTO P HCHBITHBAETCS
Jlo BeiGopa @,. DTo XKe MOXKHO 3HATh TOJbLKO Torja, Korja p
JeHCTBHTE/IbHO HCHBITAHO. 3aMeTuM, 4To @ =5 0 He BejeT
K NpOTHBOpeuH1o, 60 Torja Mbi HMenH Owl a = 0.

OueBuzino, Bpaysp mpepnosnaraer, 4To eMy HEH3BECTHO
3apaHee, KakKHe BHBOAM OYyRyT jAeNaTbest; ecad Obl ObLT INpH-
HSIT 005A3aTe/IbHBIHA JJ1A BCEro HaceJleHH s 3eMHOro Iapa 3aKOH,
3allpellalomui JesaTh Kakie Onl TO HU OhVIO MaTeMaTHYECKHe
BLIBOAL, TO €ro JOKasaTelLCTBO A1 a== 0 He npoxoausao
6ul %)

B Bapuante Ban JlaHuura mony4aeTcs CJAeAYIONHH pe3yJib-
taT. [Ipu nanuoM n yTBepxaeHHe «a = 0, KaKoBBl Obl HH OBLIH
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Wns1, Onsigy « - % JOXKHO. Ecan aif0, To H3BecTHO Takoe g,
4YTO B O, BCTpedaercdl JUOO J0Ka3aTe/lbCTBO ~ | p, JHGO Ho-
Ka3aTesJbCTBO | | P.

Curn. TakuMm ofpa3oM, B TepMHHOJOFMH BaH Jlanmura
Mbl He NOJIyYaeM TaKOro JAeACTBHTEJBHOrO YHC/Ia @, 4To a == 0,
B TO BpeMf Kak a ii: O HeJoKasano.

Hur. Ha, 3To Tak. JIU4HO 9 NpeANOYUTAI0 TEPMHHOJOTHIO
Ban Jlaunmura, H30eramllyd) HEKOTOPOH JBYCMBICJEHHOCTH
cioB DBpayspa. Ban Jlanuur TOHKO aHaJH3UDYeT onpejele-
HHe Bpayspa H BBOJUT MHOIO YTOYHEHHH, KOTOpble BH MOXKeTe
naiiti B ero cratee. llo-MoeMy, He oueHb Ba)KHO, BEIpaXKaeM
JH Mbl pe3yJibTaT cjoBaMH Dpayspa uaum Bau [laHumura, eciu
MBI MIOHHMaeM, 4TO IpPH 3TOM Nojpa3yMepaercd. M He Baxkuo
TaKXK€, HA3HIBAEM JIH MBI €r0 MaTeMaTHYeCKHM pe3YJbTaTOM.
Bo BCAKOM ci1yuae, OH OKa3biBaeT, 4To 6blj10 6b rayno (foolish)
HCKaTb J0Ka3aTe/IbCTBO SKBMBAJIEHTHOCTH OTHOWeEHHH == H 1
I8 JeHCTBUTEJNbHBIX uHcea %4).

Kaacc. S 6eu1 B aToM yGexXnueH, HaumHasa ¢ 2.2.3.

Uur. Ilpumep Bpayspa BCKphiBaeT OfHY H3 NOACO3HATEJb-
HBIX I[pHYHH, OOYCJIOBUBIIHX 3TO Balle yOexieHue.

Ha ocHoBanuu npumepa bpayspa MoXKHO TaKiKe JI0Ka3arTh,
YTO BHPTya/NbHbIH MOPAJOK KOHTHHYYMa He $IBJSeTCS IICeB-
jonopsakom (cM. 7.3.1).

ITosBosbte Mue MOBTOPHTL 3TOT IpHMep. IlycTh p— Hemc-
neitantoe npejgnoxenue. Onpepenum UIT a = {a.} caenyo-
mum o6pasoM. Eciu P elue He HCMBITaHO, BHIGHpaeM @, = 27",
HO €CJIM P MCIIBITHIBAETCA MeKAY BHIOOpOM 4, H BHIOODOM Qyy,
TO BHIOHPaeM Qpig = 2 npu MoGoM ¢. Tenmepb crenyomuM
o6pasoM onpefeauM ¢ = {c;}. Eciu p eme He HCIbITaHO, TO
BLIOHpaeM ¢, = 2, €C/H e P HCIBITBIBAETCS MEeX1Y BHI-
60poM G, ¥ BHIOOPOM Qpmyy, TNIPHYEM MM 4emHO, TO NMPH KaX-
JIOM ( BHIGMDAEM Cmsq = 27"; €CHIM M€, HAKOHEl, P HCIHITH-
Baercsl MKy BHIGOPOM @, M BEHIGODOM @4y, IPHUEM T Heveni-
HO, TO IpH KaXJoM r, GosbllleM 4eM m, NpOAO/IKaeM BbIOH-
path ¢ = 2. .

Ecnu ¢ 1 0, To ¢ = a; 3uauuT, U3 a@ > ¢ caenyer ¢ = 0.
Ecmu ¢ > 0, To c== 0. Takum obpasoM, «@ > ¢ uau ¢ > O»
BJIeKJO Obl « = 0 uau c==0», oTKyja cJjefoBajo Obl «p He
OyJeT HCIBITaHO HEMOCPEACTBEHHO IMOCJE YETHOTO YHCJa BBI-
6opoB 1/ @, WIH HEBO3MOXKHO, 4TO P He OYJeT HCIBITAHO He-
NOCPEACTBEHHO MOC/Ie YeTHOTO YHC/Ia Bhi6opoB A1 a». Ho noka
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p He OyJeT HCMbITAaHO, MBI HHYErO HE CMOXEM 3HATb O YHCJIE
BLIGOPOB A/1A @, MOC/IE KOTOPBIX P, MOXKeT ObiTh, Gyjer Hc-

nbiTaHo. XoTs a> 0 %), Henb3si yTBEPXKJAATb HH a>c HH
¢> 0, a notoMy ycaoBHe (6) u3 7.3.1 He BHMOMHAETCS.

8.1.2. Ilpomusopewusocms  KaQccuweckoll — apugpmemuxu
BELYECNBEHHBIX  HlCeN

Hauunnas c 3toro Mecta, s 6yAy [OJIb30BATECS TEPMHHOJO-
rieil Bpayspa, yxe pa3bsACHEHHOH B TOH CTENEHH, YTO €C/IH
Bbl 3aXOTHTE, TO CAMH CMOXETe 3aMEHHMTb ee APYroH TepMHHO-
Jlorues.

TeopeMbl 3Toro pasfesa CHJbHEE TeOpeM NpeJbiAYILEero
pasfena B TOM OTHOLIGHHH, YTO OHH BHIPAXKalOT COGOIO IPOTH-
BOPEUHBOCTb HEKOTOPBIX KJacCHYeCKHX pe3yJ/bTaToB.

Teopewmal. IlporuBopeunBso, uto anas Ji0Goro AeHCT-
BHUTeJbHOrO uHcia a U3 a == 0 caegyet a 3f: 0.

HdokasarteabcrTsBo. Ilyere J —duHnTapHBIH NOTOK,
coBnafatouii ¢ npomexyTkoM [0, 1} (teop. 1 u3 3.4.1). Mu
ofuoBpeMeHHo Gynem onpepensts sjaeMent f us J u Yr
a(f)={a. (f)} caenyromum obpasoM. Ecan g=J, To nycts p(f)
03HAYaeT BBICKasblBanue «f pamnuoHasapHO». [lpH Kaxaom n
yucao f, BHOMpaeTcs MeXay BeIGopoM a, (f) u BbIGOpoM
@nia (/). Ecam p (f) eme ne HcmbiTaHO, TO Mbl BHGHpaem
a, () = 27". Ecau p (f) ucnbiThiBaeTCs Me}KlIy BLIGODOM Qp
H BBIOOPOM @41, TO MBI BHIGHDAEM Gmyy = 27 mpH M06oM q.
Kak # B mpegpiaylieM npuMepe, NpH Jjio6oM [ HMeeT MeCTo
a (f) 5= 0 *¢). IlpennonoxuM, 4To npu BCAKOM [ MMeeT MeCTo
a(f) 4 0. Torma pmas BcAkoro [ MOXKHO HalTH TaKoe
HatypaidbHoe uucio 7 (f), uto p (f) ucnbiTRIBaeTcs nepep
BLIGOPOM @, (f), T. e. mepex BeiGopoM f.;. Ilo Teopeme
0 Beepax MOXHO HalTH MaKCHMa/lbHOe 3Hauenue s Aas r (f);
cnepoBatenbho, P (f) mpu KakaoM [ HCHBITHBaeTcss mepej
BriGopoM fsi1. IlycTh Tenepr f o6o3nauaer BI, na koropyio
nocse Beibopa fs HE HAKNAABIBAETCH HHKAKHX JAPYTHX OTpaHHU-
YeHH#l, KpoMe OrpaHHUeHHi, COJePKAIUXCS B ONpENeNeHHH J.
$Ilcno, 4TO MBl MOXKEM MPOAO/KATh [ TAKUM CrocoO6oM, 4ToGHI f
CTajI0 pallOHAJbHBIM HJIH HppalHOHAJTBHHIM B 3aBHCHMOCTH
oT Haurero xenauud. CJeoBaTelbHO, NPOTHBOPEUHBO, YTO
p (/) mpoBepsiercsi mepe] BHIOOPOM [si1.

[Mostomy wuctuuuel oba cyxaenusi: (vf) (@ () ==0) u
“1(vh (@ (f) 9 0), rre f npoberaer J.
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®opm. OueBupHO, 4TO IPH TaKHX ¢opMaibHEX 0003HAUE-
HUAX HYXKHO INOHHMAThb KBAaHTOPh B pacllMpeHHOM CMEICIE
B COOTBETCTBHH C OpayspoBCKHM pAaCIIHpEHHEM NOHATHS
BITIT.

Uur. a3 paHHOrO MOKa3aTeabCTBA BHITEKAeT TaKXKe MpOo-
THBOPEYHBOCTb TOrO, YTO IPH JIOOOM AEHCTBUTENLHOM @ H3
a+0ua<0 cregyer a > 0 (au B TepMHHOJOTHH 7.3.1,

yTo H3 a > 0 ciaeayer a > 0).

Uro6e! J0Ka3aTh NPOTHBOPEYHBOCTD KJIACCHYECKOH 3JeMeH-
tapHoit apudMmeruku, Bpaysp nokaswBaer cJjepymouiee 0606-
menue Teop. 1.

Teopewma 2. IlporuBopeurBo, 4To npu JwGoM JeHcT-
BHTEJBLHOM a U3 a == 0 caenyer a b 0\/a < 0.

HJokaszartensctTBo. Ilyets onare J o6osHagaer
¢uHHTapHHH noToK, coBnagabouuit ¢ [0, 11, / nponsBoabHLIH
snemMeHT J u p (f) — BbICKaswBaHHE «f pauHoHaJbHO». Mhbl
onpereanm [ u UI' b (f) = (b, ()} caenyromum obpasoM.
ITpu KaxpgoMm n uucho f, BeiGHpaetcs MexAy BriGopoM by (f)
H BuiGopoM b1 (f). Ecan p (f) eme He ucnpiTaHo, TO BRIGHpaeM
by (f) = (—1)"27". Ecin Mexnay BHIGOpPOM bm(f) ¥ BHIGOpOM
bm+1 (f) BeicKaseiBanue p (f) GbLI0 HCNBITAHO H OKa3a/oCh, YTO
f MppalHOHAIbHO, TO MBI BHIGHDaeM bnm., (f) = 27" npu Besi-
KoM ¢. Ecoiu ke, HakoHell, p (f) GblIO HCIIBITAHO H 0Ka3aJoCh,
yto [ HeWppalHOHAJIBHO, TO IpPH BCAKOM ¢ BHICHpaeM
bmig () = — 27™. Kak u paubwe, b (f) &= 0 *). Ilpeanoio-
XKUM, 4TO AJ15 qoboro f ua J uan b (f) 3> 0, uan b (f) < 0.

Ecan f wuppaunuonaiasso, T0o b (f) > 0. Ilostomy ecan
b({f) >0, To f He Moxer ObiTb HPpAIHOHAJIbHO.

Ecau [ nemppammonanbho, 1o b (f) < 0. TlostoMy, ecau
b (f) < 0, to f uppaumonansuo ((2) u (5) ua 7.1.2). Takum
obpasoM, [0, 1] pasbuBaercs Ha NOABHA HPpPALHOHATBHBIX
YHCEJ M NOABHJA HEHPpALMOHAMIbHEIX 4HCed. A 3TO NMPOTHBO-
peuut Teop. 2 u3 3.4.3.

Cnepcrtsue. IlpoTuBopeunBo, uTO NI Kaxioro jei-
CTBHTeJbHOrO x HMeeM x B 0 man x < 0 *8),

Teopema 3. IlporuBopeunBo, 4YTO  ypaBHEHHE
ax +b=0, rne a5=0 u b==0 Bcerna HMeeT pelleHHE.

IloxaszateabctBo. IlycTs ¢ feficTBHTeNIbHOE YHCIO
H ¢+ 0. Tlonoxum a=c-+ 2|c|, b =c—2|c|. Torxa
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a==0ub==0.llycts x, — pemenne ypaBuenust ax + b = 0-
Ectu ¢ >0, 10 a= — 3b. 3uauut, b(3x;,— 1) =0 u
x,="5 Ecmm ¢<<0, To b=—3a, T.e. a(x;,—3) =0
u x; = 3. TTostoMy eciu x, 5='/3, 10 ¢} 0, a ecsn x, 5= 3,
To ¢ <{ 0. Tak KaK Bceria x ==Y/, WM x==3, To HMeeM
¢ >0 umn ¢ < 0. 3naunut, ecau 6H ax 4 b = 0 npu Kax-
JoM ¢ == 0 umeso pelenue, To U3 ¢ == 0 ciaenoBaso Obi, uTO
¢ 0 uau ¢ < 0. A 5To NPOTHBOpPEUHT Teop. 2.

CanencTteue. B eBKIHIOBOH TreoOMETPHH NJOCKOCTH
NpPOTHBOPEUHBO, YTO JIioOble JBe HECOBNAJaiollHe HemapaJ-
JeJIbHbIE TIPsIMBIE TiepeceKaioTcs. B camoM gene, eciu a == 0
U b0, a d nelicTBHTe/NIbHOE YHCJIO, OTAEJNEHHOE OT HYJA,
To ax + dy = b ectb ypaBHeHHe TpsMOH, He coBHajamolLe
¢ ockio Ox ¥ He napa/eiasholl ell. Ecau 6b1 BCe TaKHe NMpsIMble
nepecexkasu ocb Ox, To npu @ == 0 u b 5= 0 ypaBHeHue ax = b
Bcerza HMesio Ol pelrenue 7).

8.1.3. Mpumep, xacarouguiica meopemst 5orsyaro — Bedlep-
wmpacca

dra TeopeMa obcyxnanack B 3.4.4. Bor onna u3 ee ¢op-
MYJIHPOBOK:

(C) Besaxkuii orpaHHueHHBIH BHJI JeHCTBHTEJNBHEIX YHCE]
663 TOUKM HAKOMJIEHHS YHCJIEHHO OrPAaHHYEeH.

[Tycte p — HeKOTOpOe ellle He HCMBITAHHOE BEICKA3bIBAHHE.
O6pasyem cienyiomuM o6pasoM DBIIIT panuoHanbHEIX uHcen
{b}. Tloka p eme He ucnbITaHO, BhIGHpaeM b, = 27". Ecau
P HCUBITHIBAETCS MeXJAy BHOOpOM b, U BHIGOPOM bpyy, TO
BHIOHPaeM bmip = 27" npu moGoM p. Ilycts S — Bux KoM-
noHeHT b, 5Toll NocienoBaTesibHOCTH. [lpennonoxum, uto ¢
Touka Hakommenus S. fcHo, uto ¢ < 0. OnHako cnpaBeIuBO
Takxke, 4To ¢ 0. B camoM gene, M3 ¢ > 0 ciejoBana Ghl
Koneunocts S. IlostoMy ¢=0, T. e. P HHKOrJa He MOXeT
6bITh HMCTBITaHO, 4To npotusopeunso 1), ITostomy y S Her
TOYKM HaKomsieHds. C Ipyroit CTOpoHbi, 6yab BUL S YHCIECHHO
OrpaHHYEHHHM, MBI 3HaJH Obl Takoe HaTypaJbHOE M, YTO P
HCMBITHBAJOCh Ohl J10 BEIGOpa bpmiy. SICHO, uTO mocsienHee He
HMeeT MecTa, a NOTOMY HeT HHKaKoH HaleXIh HalTH HHTYH-
IHOHHCTCKoe JoKasateabctso Last (C) 1) [Bpaysp, 1952Bl.
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8.2. Mamemamurxa Ge3 ompuyanusn

I'pucc BbIABHHYJ cepbe3Hble BO3PaXEHHS IPOTHB HCIO/D-
30BaHMsI OTpUuaHust B MareMatuke [®Ppeiinentans, 1936 A;
Tefitunr, 1936; [pucc, 1946, ctp. 24 u cTp. 64; 1948; 1948 Al.
Cornamnasich NOJHOCTBIO ¢ OCHOBHBIMH HjessMH bpayspa o npu-
pone MaremaTukH, I'pucc, cuuraer, 4To BCsIKOe MareMarHue-
CKOE IIOHSITHE HMeeT CBOMM HA4YaJIoM HeKOTOpOe aKTyasbHO
BHINOJIHUMOE MaTeMaTHuecKoe noctpoeHue. Ecsu mocrpoenne
HEBO3MOXKHO, TO IIOHSITHE He MOMXeT OBITb SICHBIM.

Bpaysp nonyckaer TeopeMbl Bpoje cjenyiomei: «He Mo-
KeT CYIIeCTBOBaTb KBajpaTHOro Kpyras. Mbl MoxeM JoKa-
3aTb 3Ty TeopeMy, NpPHBOAA K NPOTHBOPEUHIO YTBEpXKJEHHE,
YTO Mbl HOCTPOMJIH KpYT, SABJSIOMIMEACS TaKXKe KBaJpaToM.
Cornacuo I'puccy, 5TO NpeanonoxkeHHe He HMeeT SICHOTO CMbIC-
Jia, Tak Kak OHO HHKOTIJa He CMOXeT OHTh peanu3oBano. Jpy-
IHMH CJIOBAMM, €CJIM KBaJpPATHbIl KPyT He CYIIECTBYET, TO KakK
MOXKEeM Mbl MMEThb SICHOE IpeJCTaBJeHHe O TOM, KaKHM OH OblJ
Obl, ecsiu Obl cylecTBoOBaJ? I'pHce nosTOMy OTBepraer MCNoJb-
30BaHHE OTPULIAHUS KaK MaTeMATHYECKOTrO IIOHSITHS.

Bo MHorux ciyuasix J0KasaTelbCTBO HEraTHBHOH TeopeMbl
NOACKa3biBaeT ee NO3UTHBHYIO ¢opMmy. Hanpumep, B fokasa-
TEJbCTBE HecylleCTBOBAHMS KBaJpaTHOrO Kpyra Mbl BcTpe-
4aeM IIDHMEpHO cJiefyloliee YTBepakIeHHe.

«Ecmu S kBagpar u P — mobast TouKa, TO Ha rpaHuie S
MOKHO Ha#iTH TaKue TOUKH Q u R, uro PQ 1% PR'».

Hast I'pucca jaHHOe NO3UTHBHOE YTBep:KAeHHe BbIpaXkaeT
JefCTBUTE/bHOE COJEpIKAHUE HEraTHBHOH TeopeMbl. KoHeuHo,
B GOJIBIIIMHCTBE CJy4aeB OfHA HeraTHBHAsl TeopeMa JOIycKaeT
HeCKOJIbKO TNO3UTHBHBIX MepeBofoB. ['pucc MNonbirasncs Ie-
DECTPOHUTb HMHTYMIIMOHHCTCKYIO MaTeMaTHKy, He HCIIOJb-
3ysl OTpULAHMS, U JOCTHI B 3TOM HanpaBJEHHH HeKOTO-
PHX 3aMeyaTeJbHBIX peayJabratoB [[pucc, 1946 A; 1950;
1951].

B apudmeruke Lembix U panHOHAJbHBIX YHCeN OTpHIlAHME
CYIiecTBEHHBLIM 00pa3oM He HCHOoNb3yeTcsl. @ == b B Hell O3Ha-
Yaer TO Xxe caMoe, 4To @ > b \/ a < b, a B 5TOM BBHIpa’KEHUH
OTpULIaHHsT HeT. B 5THUX JIeKUHSIX NepBbIM BCTPETHBIIHMCS
HaM HeraTUBHBIM MOHATHEM ObLIO MMOHSITHE HEPABEHCTBA MeXKAY
JeHiCTBUTEJbHBIME YHC/AAaMH @ == b. [pucc He MOXeT CYMTaTh
3TO NOHATHE XOPOUIO ONPeAEJEHHEM; BMECTO HEro OH HCMOJb-
3yeT MO3UTHBHO ONpefiefieHHoe oTHOleHHe a 13- b. OnHakKo cpe-
JH1 OCHOBHEIX CBOMCTB OTHOIIeHHs I HMeercs cheaylolee
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a1t b— a=>. BuMectro s10ro cBoiictBa y I'pucca ¢urypu-
pyer ciefylollas TeopeMa.

Teopema. Ecan a 1 b—Ttakue AeHcTBUTENbHBIE UHCJIA,
yTo a1060e AelicTBUTENbHOE YHCIO ¢, OTAEJNEHHOe OT a, OTJede-
Ho H or b, To a = b.

Jlasi 3ToM TeopeMbl HeJIErKO JaTh JOKa3aTeNbCcTBO, He HC-
nosb3ylolllee OTPHUAHMH. ['pHccy yhanock 3To clesnaTh TOJb-
KO MOCPEACTBOM INpHMEHEHHS TeopeMbl O Beepax.

ITycTs a 1 b yioBNETBOPSAIOT YCJIOBUSAM TeOPeMbl. Mbl MoXKeM
NPEANONIOKHTb, UTO @ U b onpefieNieHB NOCPEACTBOM KaHOHH-
yeckux Ul a=1{a.2"} u b= {b,27"}, TaKkux, uTO
la —a,27"|<< 27", |b—b,2"|<C 2" [Ilpu nauHoM 3Ha-
yenuH n aubo b, << a,, aubo b, = a,, mbo b, > a,. Crauana
HpefNoNOKHM, UTo b, > a,. PaccMoTpuM npoMexyToK
i= (@ — 127" (b — 1)27"] u noctpoum, Kak B Teop. 1
u3 3.4.1, puHuTapHHE nNoToK S,, coBnafatomuii ¢ i. Ilycts
¢ = {cn2™™} aBasercsa saementoM S,. Torna ¢ < b, Tak uTo
B CHIYy INPEANOJNOXKEHHS uHMeeM ¢ 7F a. DTo O3HauaeT, 4To

(IR (@M) (V) (| Cmep — Amep | 2777 > 275

Torna teM GoJjee

(FR) (VD) (| Chrp — Qrep 127577 > 27F).

[TosTOMy KaXAOMY 3/71€MEHTY ¢ M3 S MOXHO CONOCTABHTDH
Takoe HaTypaJbHOE YHCAO K, 4TO BHINOMHSAETCH YC/JAOBHE

(1) (VD) (| Cerp — Gasp) 127577 > 275,

ITo TeopeMme o Beepax Mbl MoXKeM HaHTH Takoe 7, 4TO B BBIMMC-
AsieTcs mocse BHIOOpa TepBbIX r KOMIOHEHT ¢. Torfa kR npunu-
MaeT JAMIIb KOHEYHOE YMC/IO 3HAYEHHH H MBI MOXKEM HalTH

ky = max k TaK, uTOGHI
c6S,

2 | Coy— ar, | 270> 27
HMEJIO MECTo NS JoGoro ¢ u3 S, T. e. 1 JoGoro yaaa cx2
ky-pelleTKH, NpHHALJIEXKAEro |
R
I/EemeeM a2 > (a.— 12" DBonee Toro, B cuay (2)
ar2™" oTauuHO oOT Moboro y3na ky-peumieTkH, NpHHaAAexKa-
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mero { (A DPalMOHAJbHKLIX YHCEJ OTIHYHOCTE SBJISETCS IO-
sautuBHbM  moHstHem!).  I[Mostomy a2 > (b, — 127

Ho nmeem Takke ax2 < (@, 1)27", Tak ut0 by < an+ 2

Mwu  npeanmosnioxuiu, uto b, > a,, moatoMy b, = a, + 1.

Ananornyno ecam b, << a,, 10 b, = @, — 1. MB fmokaszasu,

4yTo J/Isi Kaxzaoro n umeer Mecto |b, — a,| < 1. IMostomy
= a.

B TeopHH NOTOKOB H BHJOB He MOXKeET OBITh ONIpefe/ieH my-
cTtoil BuA. Bupa, Kak 3To 6owio o6bsicHeHo B 3.2.1, 3ajaercs
CBOMCTBOM MaTeMaTHYeCKHX OOBeKTOB, HO TaKoe CBOHCTBO
MOKeT HMeTb SICHBIH CMBICJ TOJIBKO II0cje TOro, KaK Mbl 1o-
CTpOUTH 06BEKT ¢ 3THM cBOficTBOM. BBuzny 3TOro TpeGoBaHus
mepeceyeHHe JBYX BHIOB ONpeNeJHMO TOJNBKO TOTAA, KOraa
OHO CONIepXHT 110 KpaliHeit Mepe oiuH 3JemeHT. Hampumep,
MBI MOXXeM TOBOPHTbL O BHJe ajrefpaudeckux nosiefl u o Bume
[IECTH3JIEMEHTHEIX BHJOB, HO He 06 HX mepeceyennu. OtHo-
[IeHHe Pa3JIHYusi MeXAY BHIAMH ONpeleNseTcs M0 HHAYKIIHH
crenyromuM obpasoM. [[Ba BHAA pasJIMuHBI, €C/IH B OZHOM H3
HUX CONEPXHTCS 3JIEMEHT, OTJIHYHBLIN OT JIIGOro 3JeMeHTa
Ipyroro BHIA.

B cuny psinia mpHYHH JIOTHKY MATeMaTHKH, He HCIOJb3YIO-
mell oTpunaHusi, TpyAHo dopmanusosats. Ilpexnae Bcero Her
HHKaKOro HCUHMCJIEHHS NpeNJIOXeHHH, TaK KaK HMEIOT CMBIC
TOJLKO HCTHHHBIE TpeiyoxeHds. [ajee HYXHO NPHHHMATHL
BO BHHMaHHe OrpPAHHYEHHS TpPH MPHMEHEHHH KOHBIOHKI{HH
nporosunuoHanbHuX GyHKH#A (BuaoB). [lonertku dopmanu-
sauuu npepnpuHumMaiuch I'puccom [Ipuce, 1949 A; 1950 Al,
I'nsimopom [Fuamvop, 19531 u  Bpenenpeitnom [Bpenenpeiin,
1953].
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KOMMEHTAPHH

1. (Kerp.9.) «@opmr, ¢MHTS, llparms u «CHT H» (B NOMIHHHHKE
«Sigmn») o3HaualoT «popMAaTHCT», ¢HHTYHIIHOHHCT», «TPATMATHCT» H &CHI'HH-
buuuct». ¢KJaa c c» ecTb NpeiCcTaBHTENb «KJ1aCCHYECKONH» MaTeMaTHKH. Penak-
M 3aTPYAHAETCH OObACHHTD CMEICH HMeHH «B y K B» (B momuuuuke ¢Let-
ter»). B majbmeHINX HALIMX KOMMEHTAPHSX 4acTO BHICTYMaer elle OAHH
y4acTHUK cnopa «K o H» — npejicTaBHTeNb KOHCTPYKTHBHOIO HalpaBJeHH
B MaTeMaTHKe.

2. (Kcrp.9.) Kon. 3gpascryfite, goporue koajeru! Casiiy, 4Torocmno-
auH et uanaraer agecek cBoe credo. OH COBEpLUEHHO IPaB B TOM, 4TO MaTeMa-
THYecKHe nocTpoenus Tpe6ylor ocobofi JorukH, OaHaKo s HE Mory corja-
CHTBCH C TeM, YTO MaTeMaTHKAa ¢ CaM020 HA4GAG HMEET AesI0 C ¢6ECKOHEUHEIM?.
«Beckoneunoe» BBOmUTCS B MareMaTuKy uepe3 a6erpakuuH. [IpumeHsiorcs
a6CTpaKUHA NMOTeHIHAAbHOR OCYIIeCTBHMOCTH H a6CTPaKLHA aKTyadbHOH
GeckoHeuHocTH. CyTh nocjiefHeil MHe He fiCHa, a NepBasl COCTOHT B OTBJe-
YeHUH OT MpPaKTHYeCKUX TPaHHI HAIHX KOHCTPYKTHBHEIX BO3MOXHOCTefl,
00YCJIOB/IEHHEIX OT'PaHHYEHHOCTbIO HMEIOUMIMXCS B HalleM pacllopsKeHHH
MPOCTPAaHCTBA, BPEMEHH H MAaTEPHAJIOB. ¥MCmEeHHbie NMOCTPOEGHHA, O KOTO-
PHIX FOBOPHJ cefiuac rocmoguH Mur, norenuuanbHo ocyuecTBuMbL. B KauecTBe
npoo6pa3oB OHH HMEIOT NpPAKTHYECKH OCYIIECTBHMEIE MaTepHasIbHEHE [0=
crpoenns., PaceMoTpeHue NOTeHIH A bHO OCYIIECTBUMEIX OCTPOeHH Tpebyer
0COGOH JIOTHKH — KOHCMPYKIMUBHOL MAMEMAUMULecKol A02uKU.

3. (Kerp. 11.) K oH. Mos Touka apeHus Ha GopmyaupoBky 11 4yTb-uyTh
OTIHYaeTcs OT TOUKH 3peHus rocnopuna Mura, [lo-Moemy, BoBce He A BCs-
KOTO ONpefieJieHH 1 J0/KEeH 06513aTe/IbHO HMEThCA OGbEKT, MOANAAAOMHE oA
9TO ompepesneHne, MHorga nmocTpoeHHe TAKOro OGBEKTA MOXKET COCTABJAATH
npoGnemy, H, Moka 3Ta npo6iema He GyneT pemieHa, Mbi He BrpaBe GyfeMm
YTBEpKAATb, 4YTO TaKkofi 00BeKT cymecTByer. MMeHHO Takofi npoGneMmHEBI#
xapakrep umeer onpegesenue 11 yucaa [. B Hacrosimee Bpems He yKasaHo,
T. €. He TIOCTPOEHO YHCJIO [/, XapaKTepH3yeMoe STHM ofpefeieHHeM. YKa-
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3aHO OHO Oyjer JHmb TOrAa, Korja Gyher pemeua mpobjeMa GiH3HENOB,
H JUIb TOrZa Mbl BIpaBe GyleM cKa3aTb, 4TO YHCJO ! CYIIECTBYET.

Yro Kacaercs AO «BEYHOCTH» MaTeMAaTHYECKHX HCTHH, TO [OJAaralo, 4To
3TOT BONPOC He TONBKO «MeraH3HdeckMil», HO H mpasfubiii. A cyliecTso-
BaHHe B MareMarHKe — 3TO NOTEHIHaAbHas OCYIIeCT1BHMOCTb IOCTPOEHH f.

4, (Kerp. 20.) K o H. MHe kaxercs, 4ro rocnogu M H 1 Heckosbko He-
JIoOIleHHBaeT CBOH HHTYHIHOHH3M. [Ipex/ie Bcero, pa3Be MOXKHO TaK OTAS1ATD
«TYMaHHTapHHIE» HAYKH OT HAaYK «eCTeCTBeHHBbIX»? Pa3Be 4esIOBeK C ero«yMcr-
BEHHBIMH [IOCTPOEHHAMH» He eCTb 4acTb NPHPOJLI? Bexs yMcTBeHHbIE MOCTpOE-
HH#l, TaKHe, HalpHMep, KaK NMOCTpOoeHH Bce GOubmuux M GOJbIUMX HATY-
pajbHBIX YHCEJ, OGLIYHO SIBJAIOTCA CJ&TKaMH C MOCTPOEHHH MarepHaibHBIX,
OCYIIEeCTBAAEMBX B OKpYXKalolled Hac JeHCTBHTesbHOCTH. MarepHasibHBIMH
1poo6pa3aMH TaKHX MOCTPOEHHH ABSAI0TL & IOCTPOLHU A BCe GOJIbLINX H GO/b-
LIHX JOMOB, Bce Goyiee CJIOXKHBIX Maliuy H T. 0. C Apyroft CTOpOHEI, yMCT-
BeHHLIE NOCTPOGHHSI OKAa3LIBAIOTCS HaCTO MDOEKTaMH IOCTPOEHHH MaTepH-
anbebiX. CloxHeAlHe aaropudMBl OCYIRECTBASIOTCHA CHayala KaK yMCT-
BeHHELIe ITOCTPOEHHS, a MIOTOM B Haml BeK KHOepHeTHKH BOILIOMIAlOTCS B pa-
6ore 3JIeKTPOHHEIX MALIKH, MOXOKHX BO MHOTHX OTHONIEHHSX Ha MO3T Ye-
Jgoeeka. TakuM o6pa3oM, HCCJeNOBaHHE YMCTBEHHHIX NOCTPOEHHH OTHIOAb
He gBAAeTCA HeJOM, HHTEPECYOIHM OFHH TOAbKO ryMaHHTapHbHIE
HayKH.

Xouy eme ckasarb, 4To A He NDHHALIEKY K TOMY «GOJBLIHHCTBY Mare-
MAaTHKOB», O KOTODOM TOBODHJ rocnofiid dopmM H JAas KOTOpOro IeHHOCTD
HHTYHIHOHHCTCKOH MaTeMaTHKH «POKOBLIM 06pa3oM» (Kak cTpauiHo!) MojphbI-
Baercsl TeM OOCTOATENbCTBOM, HTO HHTYHIHOHH3M YHHUTOXKAeT «HaHGosee
JpAaroleHHbey MaTeMaTHYeCKHe Pe3yJIbTaThl, KOTOPble HAJIeXKHT «CIacaThs.
Yro crnacarb u nodemy crnacarb? Ilo-BHAHMOMY, Haj KaKHMH-TO «Aparouei-
HBIMH pe3ysbTaTaMH» HABHCJIA ONMACHOCTb. TOTO M TVISAM BHISICHHTCH, 4TO
OHM JIMIIEHB! COAEPKAHHS H YTO BCE IONBITKH HX Pa3yMHOTO HCTOJIKOBaHHM S
ofpeyens Ha Heycrex. Ho TOrga 4to xe B HHX AParolleHHOrO H «KH3HEHHO
BaxHoro»? 1 y»ke coBceM cTpaHHOl KaxkeTcsi MHe Haesi rocnoguHa dopma
0 «HEeCKo/bKoO GoJsiee jiHGepabHOH KOHIENIHH KOHCTPYKTHBHOT O, ClelHaJb-
HO BbLAYMbIBaeMoOll Juisl HX cmaceHHs. BmpoueM, mycrb oH ceGe BHIAYMbI-
Baer 3Ty Kouuenuuio. Ha 1o on 1 Popwm.

6. (K crp. 24.) Kou. Mens oyeHb paiylOT 3TH BallH CJOBa.

G. (K crp. 24.) K o u. Ilo cymecTBy Mbl Tenepb NPHXOAHM K MOH ATHIO
HAaTypaJbHOTO 4YHCJA, NMPHHATOMY B KOHCTDYKTHBHOM MareMaTHKe: Harty-
pajibHOe YHCIO — 5TO CJIOBO B aiadaBure |, T. €. pAj BEePTHKAJIbHBIX LITPH-
xoB [A. A. Mapkos, 1954]. Paznnune ToibKO B TOM, UTO y Hac MaJOUKH,
a Yy BaC TOYKH.
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7 (Kecrp. 26.) K o H. Mue HenoHATHO, kakHe OGBEKTHl BH HasblBaere
«I10C/IeAOBaTeJbHOCTMH PalHOHabHbIX YHces», [Togo3peBalo, 4To Bul HMeeTe
B BHUAY HEYTO COBCEM HEKOHCTPYKTHBHOE BPOAE TeX aKTyaJbHO GeCKOHEeUHBIX
«OGBEKTOBY, O KOTOPLIX JIIOGHT rOBOpHTh rocmogHH K acc. Ecau sro 12k,
TO HAlUH NYTH 37€ch PACXOAATCA, TAK KaK f CYHTAI0 BOSMOXKHHIM DasroBapH-
BaTh JHIUb O KOHCTPYKTHBHHX oGbekrax. Korpa s roeopio o moc/iegoBa-
TeJbHOCTH palHOHANbHWX YHCEJ, TO TMOAPA3yMeBal0 NOj ITHM ajropudm,
nepepabarblBalOIIHA BCAKOE HaTypajbHOE YHCJO B HEKOTOpOe palHOHAaJb-
noe uucio [Mapxkos, 1962]. Takue anropupmnl ABAAIOTCA KOHCTPYK-
THBHLIMH OGbEKTaMM, YTO AaeT BO3MOXKHOCTb PACCMATPHBATL KOHCTPYKTHB-
Hple GYHKUHH AeACTBHTENbHOH nepeMeHHOH Kak airopHbmbl, nepepabaTthi-
BalOIHe KOHCTPYKTHBHbIe AefiCTBHTEeJbHEE YHCJIAa B KOHCTPYKTHBHHE geif-
CTBHTEJIbHbIE YHCIA.

8. (K crp. 26.) 3mecb momymeHa HeroyHoctb. [IpH ycJioBHH 4TO n(k)
He YOBIBAET C POCTOM K, AEHCTBHTENLHO MOXHO MNONOKHTL by = dy.

Boobuie ke MOXHO NMOJIOXKHTB

m(k) = max(n(l), n(2), ..., n(2k)), b, = Qpyir):
B camoM gese, Torga m(k) He yObiBaeT € POCTOM k, H MBI HMEeM NpPH BCAKHX
k, pu g

[ Cikytq = Bmiry | S Uiy r-g — Bnieryl T | Cgry — Aoy |
1 1
< ﬂ + 2_k y
1
ey +g — Tmeey | <>
1
16y p— 0k = | Gmetp) — Gy | < 5+

9. (K crp. 29.) Kou. BamH npumepb! oYeHb MHJB H OCTPOYMHHI.
Kaxkppii H3 HHUX OCHOBaH Ha HEKOTODOH B HacTosllee BpeMs HepelleHHOH
npo6neme. B, oueBHAHO, YOEXKAEHH B TOM, YTO, KAK TOJbKO HCIOJAb3yeMas
BaMH mpobJieMa GyAeT Tak HJH HHaue pemeHa (4TO BIOJHE MOXKET CAYYHTb-
cs1), Bbl TYT e H306pereTe APYrofi MpHMEp TOro xKe pPOAAa, OCHOBAHHBIH Ha
Apyro# HepelieHHOH mpoGseMe.

Jlapafite, oguako, HeMHOXKO mocdaurasupyem. IIpeacraBuM ceGe, 4To
HEeKHH reHHa/NbHblH MaTeMaTHK H306pes egHHLIA"OGIME MeTOR («ajropHdMs),
MO3BOJIAKIING pemHTh JI06YI0 eHHHYHYI0 MaTeMarHuecKylo 3agady, T. e.
JaTb MpPaBHJbHBIA OTBET ¢4as HJIH «HeT» Ha J06oll MareMaTHYeCKHH BONpocC,
Tpebyommi Takoro oreera. Beab Toraa Bbl He CMOIJIH Gbl NOCTPOHTL HU
00HO020 HYXXHOTO BaM NpHMepa H BaM, NMO-BHAHMOMY, HHYErO HE OCTABAJIOCh
Obl,kaK BO BCEM COIMIAMAaThCs CTOCTIOAMHOM K 1 a ¢ ¢ 0 M. A Bbl, 1O-BHAHMOMY,
cunTaere ce6s 3aCTPaXOBAHHBIM OT 5TON MpauHoOH nepcnekTUBL. KoHeuHo, Bb
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suaere, 4ro U&pyu nokasasn HepaspewumMocTb npobiemsl paspewenus [Uépy,
1936} # uro B HacTOsEe BpeMsl AOKasaHa HePa3PEUHMOCTb psiaa Kyaa 6o-
Jléeé CKPOMHHIX «MaccoBHIX» MaTeMmaTHueckux npo6nem. Ho Bems Bce aTH
pesy/IbTaTH OCHOBAHHI HA TOM HJIM HHOM YTOYHEHHH MOMSTHS ajaropuma
(¢enuHOro O6IIErO METOAA»), HATIPHMEP HA NMOHATHH PeKYpPCHBHOH dyHKUuH,
B Ha TPEANOIOKEHHH 00 aieKBATHOCTH STOrO YTOYHEHHS, HAPHMEpP HA Te-
suce Yépua, yTBepxKaalowmeM, YTO ¢PEKYPCHBHOCTb PABHOCHJAbLHA ¢BEIYHC-
JuMocTH». flcHo, UTO 6€3 KomaHHs B MOHATHH anropudMa HHKaKoe JoKa-
3aTeIbCTBO HEBOSMOXHOCTH paspemialomiero aiaropudma ne mpoiiger. Ecau
BHl HE XOTHTE NMpH3HaTh Te3Hc Yépua uau uto-HHGYAL B 5TOM PoAe, TO BH
BEIHYKAEHH 6YAETE CONVIACHTLCSH C TEM, YTO BCE Ballll PACXOXKAEHHS ¢ FOCHO-
JHHOM KJacc oM 3aBHCAT OT COCTOSHMSA HAIIMX 3HAHHUHA B HACTOSIIHHA MoO-
MeHT. Bee Baluu aHTHKJAAacCHYeCKHe BHICKA3HIBAHHS IPHAETCA TOrAQ pac-
cMaTpHBaTh KakK MCTHHH «de factos, a He «de jures. Ycrpausaer au 310 Bac?
C npyro#t cTopousl, ecjd 6bl BBl NpH3HATH Te3uc Yépua u coBpemeH-
HYIO TEOPHIO a/iropH(MOB, TO 3TO, MO-BHAHMOMY, 03HA4ajoO GH CYLECTBEH-
HYIO NepecTpofiKy Ballero MaTéMaTHYeckKOro MHMPOBO33pEHHs, NepPexof oT
HHTYHIHOHH3MA K KOHCTPYKTHBHOMY MOHHMAHHIO MaTeMaTHKH,

10. (K ctp. 29.) K oH. ITo-MoeMy, 3T0 OTHIOAb HE ¢OCTATOYHO SCHO».
Benb Moxer okasaTbest, YTO BCAKOE JOKAa3aTEJbCTBO HEBOSMOXHOCTH pa-
BEHCTBa @ == b Gyzaer AaBaTh HCKOMHIE 1 H k, Brnipouem, Bu Begb co6Hpaerech
BIIOC/JEACTBHH MPHBecTH Gonee BeCKHe AOBOAbl. [103TOMY OT/IOXKHM 3ITOT
crop.

11, (K crp. 31.) Ycaosue a3f 0 pocrarouno, HO He HeOGXORHMO AJf
OTpaHHYEHHOCTH MOCTEAOBATeJbHOCTH, ollpejesassomel a~l, Kak nmoKasnpa-
eT NpHMEp MOC/eAOBATeJIBHOCTH {a,}, The &, = 0 npH BcsKOM £,

12. (K ctp. 42.) KoH. B Hacrosiiee BpeMsi HHKTO AEACTBUTENBHO HE
3HaeT, yeMy paBeH Ipejes1 MOCTPOEHHON BaMH MOC/Ie0BaTelILHOCTH. MoxHo,
OJHAKO, NPHBECTH K NMPOTHBOPEUHIO NPEATIONOKEHHE O TOM, YTO TAKOTO fpe-
HeJia He cymecTByeT. B caMoM Zese, B 9TOM Ciyuae 2 He ABISIETCS NMPeNeIoM
AaHHOR NocsefosaTesbHOCTH. OTCIOa CAeAyeT, YTO B AECATHIHOM Pasiio-
KEeHHH U He meTpeuaerca psa nmudp 0123456789. Ho torma anp = 1—27"
OpH BCAKOoM n M 1 ecTh npepen HaweR mocsieRoBaTe/bHOCTH BOMPEKH npes-
TONOXKEHHI0. 3TO paccy#AeHHE, OYEBHAHO, NPHBOAUT K MPOTHBOPEUYHIO
H 6osee cna6oe npeanosoKEHHE O TOM, 4To HH |, HH 2 He ABasioTCA Npege-
JIaMH paccMaTpPUBaeMmoll nmocsiepoparesbHOCTH. KOHEUHO, Bce 3TO OTHIOAbL HE
3HAYHT, YTO MBI AOKA3aJH CYLIECTBOBAHHE Tpeiena 5TOH MOCJAEROBATEJb-
Hoct#, Jlas 3TOrOo Ham ciefoBao 6bl yKasaTh CHoco0 BHIYMCJACHHS TaKOroO
npegeJia ¢ Jo6oli TOYHOCTBIO, YEro Mbl 8 HACIMOALEE 8peMA HE yMeeM AeaTh.

HHaue, o6CTOHT Aesi0 C OrpaHHYeHHBIMH MOHOTOHHEIMH T10CJIeROBATE b=
HOCTSIMH B KOHCTPYKTHBHOM aHa/H3e, OCHOBAHHOM HA NMOHSTHH KOHCTPYK-
THBHOTO AeHCTBUTEJILHOrO YHCAA, 3hech yAAToch NOCTPOHTb BO3PACTAIOILYIQ
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OrpaHHUeHHYIO MOCAENOBaTENbHOCTb PalHOHANBHEIX YHCEN, He CXONALLYIOCS
HH K kaxkoMmy npegeay [Ilmekep, 1949]. 3ror pesysbrar He 3aBwcHT OT
TOrO, YTO MBI YMeeM Ae/1arh H YTO MKl 3HAeM B HACTOSILEEe BpeMs.

13. (K ctp. 43.) K o H. CrpaHHO cJbliuarh, YTO C NMOHSATHEM «MpOH3-
BOJIBHOTO 33aKOHA», JAIOLIETO «MOJHOE MpEANHCAHHe IJSl BHIYHCJIEHHS n-ro
yjeHa NoCJefOBATEIbHOCTHS, T. €., N0 CYIIECTBY, C NOHATHEM ajiropupma,
nepepa6arbBaILEro HaTypaibHHE YHCJA B PAlHOHAJIbHBIE, HEJb3s HMETh
nesio. CoBpeMeHHast TeopHA ajiropUMOB He GOMTCA HMETb AEJIO0 C STHM 11O
HSITHeM. JTa TeODHs1 He OCHOBaHA HH Ha KaKo# ocoboil «hopmaibHOl cHcTe-
Me», a JIMIb HAa TOM MJH HHOM YTOYHEHMH NOHATHA airopHdma. Takux
yTOUYHeHH# 6BLIO NPEfJIORKEHO HECKOAbKO, HO BCE OHH OKa3ajdHCh, 1O Cylie-
CTBY, DABHOCHJIbHEIMH,

Urto ke kacaercsi COOTBETCTBHS HapleMy HHTYMTHBHOMY NpeACTaBJe-
HHIO O KOHTHHYYMe, TO 3TO TIpeACTaBI€eHHe CTOJAb CMYTHO, YTO €4Ba JH MOX-
HO Bcepbe3 CIODHTb O TOM, Kakas TeopHs Gosee eMy coorseTcTByer. Miue
TpeacTaBAsioTcs Kyaa 6o/1ee CylmecTeeHHBMH, C OJHOH CTOPOHM, KOHCTPYK-
THBHOCTbTEODHH, T. €. BO3MOKHOCTD €e TOCTPOEHH A1 63 NpHBJIeeHHs a6CTpaK-
OMH aKTyaJbHONH GeCKOHEYHOCTH, C APYrofl — NPHTORHOCTb TEOPHH JAJs
OBCTYKHBAHHSI €CTECTBO3HAHHA M TeXHHKH.

14. (K ctp. 44.) K o H. Hukak He MOTY CUHTaTb 3TO IOHSTHE SICHBIM.
ITpexxpe Bcero cloBocoueTaHHe «GeCKOHEYHO NpPOAOJIKAIOAACT MOCIeno-
BaTeJbHOCTb» CaMo 1o ce6e pPOBHO HHUEro He BHpaxaer. [las Toro uro6wl
OHO HaYajio YTO-TO BHpaXKarh, HAfO TaK HJH HHaye Pa3bSACHHTb €ro CMEIC,
Bul roBopHTe, YTO 3TO <IOCNEHOBATEJbHOCTb, KOTOpas MoXer GHTb Mpo-
nomkeHa fo GeckoHeunoctH». Ho pas ToibKo «MOXKeT 6biTh NMPOROJKEHAy,
TO 3TO, TO-BHAHMOMY, NPOCTO KOHeyHasl MOCJIefoBaTe/bHOCTh. Beap kak
6yaro BCSKas KoHeyHasl Toc/enoBaTelbHOCTL MoXer ObiTh MpOAOJKeHa
KaK YTOLHO AAJEKO (4 5TO, HABEDHO, H 3HAYHT ¢HO 6eckoHeyHOCTH»). Takum
06pa3oM, HesICHOCTh OCTaeTCA H IlocJe Baiero mosicHeHHA. §I moposperalo,
yto BaM camHm nonsithe BITIT e xamercs Ttakum yx scubim [Cefituwr,
1955].

Bnpouem, rocnoguu K ac ¢, BeposiTHO, NO-CBOEMY «IOHHMaer», 4TO Ta-
Koe BITT. Ou cKaxer HaM, 4TO 3TO — [POH3BOJIbHOE MHOXKEeCTBO YNOpSAO-
YeHHEIX 1ap, YAOBJETBOpIOIEe CJAEAYIOLWMM YCJIOBHAM.

1. ITepBeifi 4ieH BcsKOH nMaph, MPHHapJexatulefi paccMarpHBaeMoMy
MHOXECTBY, €CThb HaTypajbHOe YHCJIO.

2. las BcSIKOTO HaTypaJbHOrO YHCJIa 71 B MHOXKECTBe HMEETCSl efuH-
CTBEHHAS N1apa C NePBHM YIeHOM 1.

Mogn-i komnonenroit BINIT ¢ rocmogmn K.1acc 6yger noHHMarhb
BTODOH ujieH MpHHaAJexallell ¢ nape ¢ epBEIM YIEHOM 71,

$1 Toxe Xouy no-cBoemy HcroskoBarh Nousitie BITII, Bonpeku BawuM
3aMEYaHHAM O «CBOGOZHOM BHIGODE» M ¢METaHUH XKPeGHsi» A NMpeparaio no-
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Humatb moj BIIIl anropudm, npuMeHUMHII KO BCAKOMY HATypaabHOMY
uncny. n-fi kommonenro#t BIIIT Y a npepraraio HaselBaTh TOT OOLEKT, B KO-
Topuifi anropudm U nepepaGaTwiBaer n.

He mory He noxaners TOTO YeqoBeKa, KOTOPOTO BBl coGHpaerech 3a-
CTaBJATh AENATh CTOMBKO «CBOOOAHEIX BHIGOPOBS HJTH «METaHHi XKpeCus».
Moe nounmanue BIIII rymannee, Tak kak anropudM MO:KeT BBINOJHATbCA
no Mepe HaJOGHOCTH MauwiMHO#. A rjaBHOe — MOe IOHHMAaHHE KOHCTpYK-
THBHO. Befb mousatHe anropubma moxer ObiTh CTAHAAPTH3OBAHO, YTO A4€T
BO3MOXKHOCTb KOJAMPOBaHHS anropH®MOB, 3amucH HX MOCPEACTBOM &CJIOB»
B (pMKCHPOBAaHHOM anaBuTe. AMTOPH(MMBL TEM CaMbIM CTAHOBATCS KOHCTPYK -
THBHbIMH OObekTaMu, K HHM MOXKHO NMPHMEHATb APYrHe aaropHdMbl, 4TO
Hmeer 6O/bLIOE 3HaueHHE B KOHCTPYKTHBHOM aHaTH3e.

Bauuu e BITIT He cyTh KOHCTPYKTHBHble 06beKThl, H 51 He yMelo C HHMH
obpamarbes.

16. (K crtp. 47.) Ko H. Ilpepnaraio ciepywilHe KOHCTPYKTHBHELE
BAPDHAHTH TOJABKO 4YTO AaHHBIX OfIpefeaeHHii.

Onpepenenuel. 3axorom nomoxa HasmBaercs aaropubu U, yaos-
JIETBOPSAIONHA C/AeJyIOWHM YCTOBHAM.

(1) ¥ npHMeHHM KO BCAKOMY HaTypambHOMY YHCTY.

(2) Ecn Y annyaupyer (1. €. nepepaGareiBaer B MyCToe CJIOBO) KAKYIO~

HUOYIb NOC/eAOBATe/bHOCTb HATYPATBHEIX HHCRN @y, . .., G, @, TO
9 aunysaupyer W ee npeIUIECTBEHHHLY 4y, . . ., d,.
(3) Ecau Y anuyaupyeT mnocjeloBaTesNbHOCTh HaTypatbHBIX uucCes
a, ..., 4a, TO 9 npHMEHHM Ko BCAKOH ee NpeeMHHuE 4, . . ., a,, k.
(4) Ecan 2 anHymupyer noc/efoBaTe/NbHOCTb HATYPalbHBIX UHCeNT
ay, .. ., @,, TO MOXKHO HaATH XOTA Obl OJHO HATYPATLHOE YHCJO R, TAKOE,
yTo 9 aHHYJHPYeT MOCAeZOBATENBHOCTE Qy, . . ., Uy, K.

Onpeneaenune !’ IlociegoBare/bHOCTH HATYPadbHHIX YHCEJ]
@, ..., a, aHHyTHpyeMHe 3aKoHoMm MNotoka U, HasmBaloTCA Oonycmu-
MM nocaedosamenbHocmany 3axona nomoxa Y.

Onpeneanenune 2. Ilyerb U — 3akoH noroka. 3axonom, Odonoa-
Humeavroim £ 2, HaabiBaeTcs aaropHbM, MPUMEHHMBIH Ko BCAKOH AOMYCTH-
MOH NOCTeI0BAaTeMBHOCTH 3TOTO 3aKOHAa MOTOKA,

Onpepgenenue?2. [lomokow HasbiBaeTcAd napa adropH(MOB,
NepBLIii M3 KOTOPHIX €CTb HeKOTOPBblif 3aKOH MOTOKA, a BTOPOH — HEKOTO
pHi¥ JONOJHHTENBHHIH K HeMy 3aKOH.

Onpepgenenune 3. ArropudM € donycmum no 3axorny nomoxa Y
ecTH OH MPHMEHHM KO BCAKOMY HaTypagbHOMy YHCTY, H IpH J060M 1
nocnegoBareabHocte € (1), .. ., € (n) ecrb monycTHMas mnocjenoBare/b-
Hoetb 9.
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Onpeneaenne 3. Eciu napa <, BY ects notoxk # anropudpm ¢
ponycTHM no ¥, To ajropuM, nepepaGaTHBAIOUHI BCsIKOe HAaTypasbHoe
gpeio n B B(C (1), . .., € (n), ectb ssemenm nomoxa <A, B).

Onpenenenune 4 Diuementst D u € IByX NOTOKOB paswb:, ecau
D ()= E(n) npu BCIKOM HATypajibHOM n.

Onpepnenenune 5 [Ba notoka paghes, eCiad JI060f 37eMeHT
OLHOTO M3 HHX €CTb 3/JeMeHT APYToro.

16. (K crp. 54.) g Tex n, JJs KOTOPbIX d, > ¢, Mbl MOMH GHl

3amenuts d,, B HI {dn2“"} Ha C,, KOCTHras 3THM COGJIIOJeHHS YCJOBHS
3o
8

Tak Kak d>d,27" ——%2““; d<c, 27"+ -2—2“", Tak Kak dPc¢

d, < ¢, B camom pene, mas rtakux n umeem: d > c,27"—

uelec, 27"+ % 27" caegoparenbho, |d —c, 27" | < % 27",

17. (K crp. 54) Tlorok S crpourcs ciepyiowHm of6pazoM. 3akoH
notoka A  BeIe/fieT B KauecTBe fONYCTHMHIX Te MOCAef0BaTeNbHOCTH LeIBIX
YHCeN Xy, . . ., X, KOTOPHE YyRoBJAeTBOpsioT ycjoBHaM (1) mpu 1 < n <k

H ycioBHAM KaunoHnuyuoctdH 3.3.3 (2) mpu 1 < n < k. [donosHdTeNbHEIH
sakoH I'; comocTaB/isier KaXK/I0H AONYCTHMON MOC/IEIOBATENLHOCTH Xy, +..y Xp,

palHOHAIbHOE YHCJIO xk2“k. Mb1 3feCh HECKOIBKO OTOHIIM OT NepBOHa-
4aJbHOTO ONpeJesieH sl MOTOKA, COTJIACHO KOTOPOMY 3aKOH MOTOKA JAOJIKEH
HMETb JeJIO C NOC/e0BaTeJbHOCTAMH Kamypaabrorx duces. Jto oGobiyenHe,
OYEeBHJ(HO, He SBJISIeTCS CYIeCTBEHHbIM, MOCKOJIbLKY C MOMOIILI0 HYMepanHH
HeJBIX yHCceJ pacCMOTPeHHe TakuX Gosiee OGIINX MOTOKOB €CTECTBEHHBIM
06pa3oM CBOIHTCH K PACCMOTPEHHIO NOTOKOB B NEPBOHAYAJBHOM CMbICJE.

18. (K crp. 54.) 3ro ycmarpHBaercs CJAeRYIOWHM 06pasoM.
BuiGop x,,,, orpasuuen Jumb ycaosreM 3.3.3(2) H ycuoBHeM

dair S Xnyy S Cpyge
[TepBoe MoxeT GbiTb IEpenHCaHoO B BHJeE
(%) 2y — 1 <Xy < 2x, 4 L
TakuM oGpasoM, UeJoe HHCIO X,,; AOKHO JHIDb GbITb TAKHM, YTO
max (@, 2x, — 1) < X, << mMin (6, 2x, -+ 1),

Beupy TOTo 4TO 3TH FPaHHUbL AJA X, 4 CYTh UeJblE YHCAA, /IS BO3MOXKHOCTH
BLIOOPA X, 4 MOCTATOYHO, 4TOGH COG/MIOAA/NOCH HEPaBEHCTBO

(s+) max (d,,,, 2x, — 1) < min (c,,;, 2x,+ 1).
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3ro HepaBeHCTBO cofnopaercs. B camoMm peste, MEI yxke 103a60THIHCDH
o coGmonenu ycuosus d,,, < ¢,,,. Beuny kanonmunocrn UI {d,27"},
HMeeM

dpyy S 2, + 1,

yto ciegyer us 3.3.3 (2), HanucanHoro pas aroro UTI', C gpyrofl cropoHmw,
npu BH6ope x, OkUIo co6aiofeHo ychaoeHe d, <C x,. CirepoBartesbHo,
dp.q << 20+ 1. Ananoruuso yeMmarpusaen, uro 2x, — 1 <C ¢, ,. Hakonen,
umeem 2x,, — | < 2x, + 1. Takum o6pazom, HepaBeHCTBO (#x) COGMIOACHO.
CrepoBatebHO, HMeercst XOTA Obl OJHO ROMYCTHMOE SHaYeHHe IS X, ..
YTo TakuX 3HaueHHH HMeeTcs He Gojlee Tpex, BHAHO H3 YCJOBHA (%).

19. (K erp. 58.) K o H. Ilo-Moemy, Bce A€JO B TOM, KaK CCBJIATHCS
Ha BO3MOXHHBIE CIIOCOGHl YCTAHOBJIEHHS ¢JAHHBIX TeOpeMbl». s TOrO
yToOBl TaKas cChUIKa 6blia yGeaHTebHOH, HARO TPOH3BECTH rJy6OKUi aHa-
JIH3 HMAMX JIOTHYeCKHX CPEACTB, MOKA3HBAIOMMH, YTO AEHCTBHTENBHO
HHBIX CIOCcO60B, KpoMe NMPHHATHIX BO BHHMaHHu€ & -BLIBOLOB H (-BHIBOAOB,
y Hac HeT. Huuero Takoro BaMH He cfieJiaHo. [la H BO3MOXKHO JIH 3TO BOOGIIE
TIpH paccyXAeHHAX O CTOTb TYMAaHHBIX Martepufx, kak BIIII B Baumem no-
HHMaHHH 3TOTO TépMHHa? BBHAY 3Toro Bee Baiie JOKa3aTEbCTBO TEOPEMbI O
Beepax Kaxercs MHe COBepLIeHHO HeyGelHTeJbHHM H JerkoBecHbiM. He-
MYZpeHO, UYTO OHO TOHpaBHJIOCH rocmopuHy Kiaaccy.

EcrecTBeHHO BO3HHKAeT BONPoc, KaK OOCTOHT A€JIO C TeopeMoil o Beepax
NpH KOHCTPYKTHBHOM IOHHMAHHH [OTOKOB H BIIIl, H3nomeHHOM MHOIO
nepen 3THM (cM. npuMedanus 13 1 14). Ha aToT Bonpoc MOXHO KaTh COBep-
IIEHHO ONpeAe/eHHEH oTBeT. [IpH TaKoM NMOHHMAHHH 3TY «TEOPEMY» MOXKHO
OTPOBEPruyTh Ha MpHMepe. Mul Bocnosb3yeMcs NPH H3JAOKEHHH STOFO TpH-
mepa HekoropuMH pesyabratamH M. JI. 3acnaeckoro [3acnaBckmui,
1962].

B nutHpoBanHOH paGoTe OH ompeaesisieT MOHATHE peayAApHOU nocaedo-
gameaprocmu («koprexas) yuces O u 1 (peub nOKa HAET O KOHEUHRIX MOCHE-
FoBaTesbHOCTAX). 310 AenaeTcs TaK, uTO HMEIOT MECTO ClefyIollHe JeMMHI,

JlemmMma |, Mmeercs anropudM, pacrnosHaOmui peryaspHoCTb rocae-
RORATEJLHOCTH, T. €. MPHAMEHHMBIA KO BCAKOIl OCNeNOBAaTebHOCTH LENBIX
HeOTPHUATENILHBIX wHcesa H aHHYJHPYIOMmHUi ee Torga H TOJbKO TOTAa, KOT-
AA OHAa eCTb peryJspHas NocAefOBaTeJbHOCT (HYJefl H eJHHHI).

Jemma 2. Nas jgo60ro HAaTYpaJbHOTO YHCIA 72 MOXeT GRITh yKasaHa
n-4jleHHasl PeryJisipHas IOCJeAOBATENbHOCTb.,

Jlemm a 3. lNpenmectennuna ay,..., @, BCAKOR Peryisapuofi nocieno-
BATEJIBHOCTH 41, ., 4, @y, PeryaspHa.
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Jlemm a 4. Kakos 61 HH Obia anropudm ¥, nepepa6aTuBAOMKE BCAKOE
HaTypa/bHOE YHCJIO B HATYPATBHOE YHCJIO, MOMXKHO yKa3aTh TAKOe HATYpaib-
HOE 9HCJIO /M, UTO TOC/AeN0BaTeNbHOCTD

x1),.... ¥

He 6yaer peryJspHoii,

IToctpoum tenepr airopudm Y takum obpazoM, uToGbi OH GbWI NpH-
MEHHM KO BCAKOR MOC/NEROBATE/NLHOCTH HATYPAaibHHIX WHCEN 4y, . . ., &,
H 4TOGhl OH aHHYJHPOBAJ] TaKyl0 I10C/Aef0BaTeJbHOCTb TOrAa H TOAbKO
TOT/A, KOT[a HMeeTcsl HAaTypalJbHoe YHCJIO p < 71, TaKOe, 4TO IOc/]efoBa-
TeTbHOCTD &y, . . ., @, PETyAApHa M 4TO @;= 2 npu p < i < n. Uuemu
cnoBaMH, Y no/KeH cpPejH KOHEYHBIX MOCJEeOBATeJbHOCTEH LEJBX HeoT-
pHIATENbHBIX YHCEJ pacro3HaBaTh IOC/AELOBATEJbHOCTH, MoOJNydYaeMule
H3 peryJspHHX [PHIHCHBAHHEM CIpaBa JBOeK (YHCIO KOTOPHIX MOXKerT,
B YaCTHOCTH, paBHATBCA HyJ10). HeTpyaHo BHAeTb, uTo Takofl aaropudu
MOXeT OHTb IOCTPOEH.

Anropudm U, ouesugHo, yroBnerBopsier yciosusam (1), (3) u (4) ompe-
JIeleHHsT 3aKoHa TI0TOKA. B cuay JieMME 3 OH ynOBNETBOpPSIET H YC/IOBHIO
(2) storo onpepenenus. TakuM o6pasoM, 2 ecTb 3aKOH IOTOKA.

ITycts 9B ecThb anropudM, NepepaGaThiBAOIHA BCAKYIO MOCAE10BATEN b~
HOCTb HeOTPHIATebHBIX LeJbIX 4uce] B IOCAeqHUR UY/AeH 3TOH nociego-
BAaTe/IbHOCTH.

P sAsasercid 3akoHOM, pononHHTENbHbM K Y. [lapa anropudmor
<Y, By ABAseTCA MOTOKOM H, OueBHAHO, BeepoM. COIVIacHO onpepneiieHHIo
9/7eMEHTOB NOTOKa 3, BCAKHE 3JeMeHT noroka <, B ponycrum no oA,
H, o06paTHO, BCAKHH alropudM, AonycTHMbIH mo ¥, ecTb 3/JeMeHT NOTOKa
U, B>.

PaccmorpuM npousBolbHEf syiemedT X nmotoka <Y, By. Ou ponmycrum
no ¥, T. e. ABAAercA ajdropudMoM, NPHMEHHMBIM KO BCSKOMY HAaTypalb-
HOMY YHCAY H TaKHM, 4YTO IPH BCAKOM HAaTypajJbHOM m MOCJefOBaTel]b-
HOCTb

(* xM,. ., X@m

aHHyaHpyercs ajaropugmom ¥, T. e, moJyuaeTcsi H3 Pery/sApHOH mocjeno-
BaTeJLHOCTH NpPHIHCHBAHHEM CIIPaBa fBOEK (UHCJIO KOTOPbIX MOXKeT pas-
uATheA nyato), Uncro m Moxer GHITh 31Ch BHIGPAHO COTVIACHO JleMMe 4 TaKHM
06pa3oM, 4TO MOC/TAeNoBATeIbHOCTH (%) He Gymer peryaspuoii. Torpa sra
nocjefoBaTe/bHOCTL GYAET copepXartb ABOAKH. Mbr BHAHM, TaKHM ofpa-
30M, 4TO AJA BCAKoro snementa ¥ notoka <¥Y, BY Moxer ObITb yKazaHo
HaTypa/bHoe uHciIo I, Takoe, uto ¥ (i) = 2, Tem caMbiM Ha 5TOM NOTOKe
onpepessfercs UeJoyHcheHHad GyHKUHA @, TaKas, yTO ee 3HAYeHHEM JJIs
snemenra ¥ moroka (¥, B) ABNgercs HaHMeHbIIee HATypajJbHOe YHCJO i,
TaKkoe, uro ¥ (i) = 2.
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BosbMeM Temepb npousBoibHOe HarypainHoe uucdo N, CoraacHo
Jemve 2, MoXeT GbTh yKasaHa peryJspHas MoCJeqoBaTeldbHOCTh

LTI PV JY O
ITocrponm anropupMu £ u Y TakuM o6pasoM, uTo

a, mpu 1 < i N,
2 mpu N < i
D0 {ai mpu l <IN 1,
t) —
2 mpu N + 1 <L i
HerpyaHo BHpers, 4ro ¥ H 9 cyTh siemelTel noroka <%, B>. Hmeem

*") E@O=9@ mpu 1 <i<N

() =

u BMecTe c TeM @ (¥) = N -- 1, Torna kKak ¢ () = N + 2. Taxum o6pasom,
1pH Jo6oM HaTypajbHoM [V MoryT GHTh YKasaHbl TaKue sJeMeHTH IoToKa
X u 9, uro 6yayr cobmwopeHs ycloBHs (), Toraa xak ¢ (X) +¢ (),
ST0 NPOTHBOPEUHT KOHCTPYKTHBHO MOHSITON Teopeme o Beepax.

3averbTe, uT0 GYHKUHS or adropudmMa ¢ onpepeieHa 3aKOHHO, T. €.
TakK, 4To ee MOXHO paccMarpHBarh KaK ¢yHkuuio or BIIII: gaa gByx aiaro-
pudmos X u ), Takux, yro X ({) =% (i) npH BcAKoM ¢ 3HaueHHA QYHKUHH @
COBIIAfalOT.

20. (K crp. 59.) B caMom gente, nyctb | x; — X, | <273, Tlonoxuu
%1+ %

-
{£\™27™) rakyio, uro | x — E(™27™ <i% 27" npu BesikoM m. (CM. 3a-

X nOCTpoPIM A x KaHOHHYECKYIO [oc/efoBaresbHOCTb

MeuaHHe B KoHue 3.3.3.) Hwmeem
[x—x; <27V (i=1,9

1 motoMy npH m < IV HMeem
(m)o—m 9 o-m -m—4 5 g—m
|2, — £ L 2 2T g

IosToMy NpH MoCTPOEHHH KAHOHHYECKHX flocaeaoBaTe/ibHOCTER {gg'"’:)""_}
u{E{™2°™} paa wHcenm x; H xy Moxuo nonoxurs (M = g{™) = g™
(m << N).

21. (K crp. 59.) Kou. B KOHCTPYKTHBH.M aHa/lH3e MNpejpJoKeHHe,
coBnagawuee no ¢opMyJaHpoBKe C Teopemoii 1, oflpoBepraercd Ha MpH-
mepe. Bonee toro, M. JI. 3acaaBcKHM NocTpoeHa KOHCTDYKTHBHAs ¢yHK-
uus fefiCTBHTe/IbHOR NepeMeHHOH, onpejejeHHasd Ha 3aMKHYTOM HHTepBa-
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ae {0, 1], koropasi He TONBLKO He SBJSETCS PaBHOMEPHO HENpPepHIBHOM
HO Ja¥e He orpanHuena [3aciasekmit, 1962]. OpHako B KoHCTpyK-
THBHOM aHa/li3e JOKa3aHa HempephBHOCTb BCAKOH KOHCTPYKTHBHOH (yHK-
UHMH JefiCTBHTENBHOH mepeMeHHOH B KaXjoil TouKe, rje oHa ompepelieHa
[Mapkos, 1958; Llefitun, 1962].

22, (K crp. 59.) Ko n. Takas Teopema uMeeT MeCTO H B KOHCTPYK-
THBHOM aHanuse [A. A. Mapkos, 1954].

23. (K crp. 59.) Iloaw3ysice Tem, uTo (yHKUHS f paxke pPaBHOMepHO
HempepuiBHa, MOXKHO C/leaylolmHM o0pa3oM J0Kas3aTh, YTO OHA NOCTOSIHHA.
Boabmem 0 > 0 tak, uyro6H HepaBenctso | f (x) — f (y) | < 1 cobawpanocs
JJis JIOGHIX JABYX TOYEK pacCMaTpHBaeMOTO HHTepBaja, TaKHX, 4TO
| x — y| <8, Tak kak [ npHuAMaer Jumb 3Hauendst 0 U 1, GyxneM HMeTh
f(x) = f (), ko cropo | x — y | <C 6. DHKCHpYeM TOUKY X, PaccMaTpi-
BaeMOTo HHTepBana. Isia /1060ft TOYKH x STOTO HHTEPBala CTDOMM psif
TOUEK Xy, « . ., X, TAKOH, uto | x; — x;_, | <8 (0 < i< n) nuro x, = x.
Hmeem f(x) = f(x;_)) (0<i<<n), orryza f(x) = f (xo).

24. (K crp. 59.) Ko u. Tak 3Byuamee npeaoXeHHe ONpOBepraeTcs
Ha TpHMepe B KOHCTPYKTHBHOM aHaiuse [3acnasckuit, 1962].

25. (K crp. 59.) z, saBAseTcs n-i KOMIOHEHTOH KaHOHHYECKOH mocJe-
JOBaTeJILHOCTH A/ OfHOrO H3 3HavenHil dyukuun f. OGosnaunm uepes
Yq4(n -+ 1)-10  KoMMOHeHTy 3TOH MOC/IENOBATE/BHOCTH., 2, . SBJASETCs
(n + 1)-fi KoMmoweHTOH KaHOHHYECKOH ITOC/TEXOBATENBHOCTH AJIsi OXHOTO
U3 suaueHuil ¢ynkuud f, OGosHauMM 4epes y, n-10 KOMIOHEHTY 5Toft mo-
crepoBarebHoCcTH. Hveem

l 2, — yn+1 l <2_n—1’
]yn_ zn+1 I <2—n_1-

BBH}Iy MHHHMAaJNIBHOCTH 2, H 2n+1 HMEEM

2y X Y,
2n11 < Y141
CregoBare/lbHO,
-n-1
241 %0 <-l/n+1_zn<2 ’
-1

2y — zn+1<yn - 2'n+1<2

H motomy | 2, — 2 2" 1 Orciopa caexyer, pajee, 4T0 | 2 —2 o-n
y n n+1 n

NPH BCSIKOM 1.

Ilyers {u,} — ogHa 43 paccMaTpHBaeMBIX KaHOHHYECKAX moc/efo-
saTteNbHOCTeH 1S 3HaueHnli GyHKuuH f. BBHLY MHHHMAaJBHOCTH Z, HMeeM
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2, < 4, IpH BCSKOM n H TMoToMy 2 < u. Takum o6pasoM, 2 — HHXKuss
rpaHb 3HaueHHH GyHKUHH [.

C npyrofi cropousl, 2z, SIBJSIETCSt N-H KOMIOHEHTOH KaHOHHYeCKoil Mo~
CllefloBaTe/ILHOCTH AJisi HeKOTOporo 3Hayenust y oyukuun f. ITostomy

|2, —y| < _8_2'", H, caejoBareasuo, |y — z| <L 3 27", Takum o6pa-

30M, GOYHKUHsI f MPMHHMAeT 3HaYeHHs, CKOb yroauo 6anskHe K 2. Creno-
BareJbHO, 2 — HaWGOMbluast HHXHsS rpanb aias [ (x).

26. (K crp. 59.) K o n. Tak 3By4aiuiee npepjoxeHne ONpOBEPraercst
Ha mpuMepax B KOHCTPYKTHBHOM anajuse. IIpexze Bcero y mofioXHTeNb-
HOH (KOHCTPYKTHBHOH) QYHKUHAH MOXeT BooOwle He OuTh Hanbosblied HuX-
uedi rpand [3acnaeckuii, 1962]. A sarem Jaxe ecid NONOXHTENbHAS
GyHKLHS DAaBHOMEPHO HeNpepbiBHA, TO H TOTAA ee HauGo/bluast HHKHSS
rpaHb MOXeT pPaBHSTbCS HYJMO. ONHAaKO PaBHOMEPHO HenpepLiBHast KOH-
CTPYKTHBHasi PYHKUHS BCErAa MMeeT HaHGOMBINYIO HHXKHIOIO H HaHMEHb-
Y0 BEPXHIOI0 TPaHH (CM. TaM Ke).

27. (K crp. 60.) Kou. O nocrpoendoii Bamu ¢yukuud [ b, OAHaKO,
He MO}KeTe YTBePAarhb, YTO OHA He JOCTHraer cBoell Haumenbluell HuxHell
rpanu B npoMexytke {—1,1]. A Bor B KOHCTPYKTHBHOM aHa/lH3€ CTPOHTCH
G&yHKUASL, PABHOMEPHO HETpPEPHBHAA B 3TOM NPOMEXYTKE H HE JAOCTHIral0-
mWas B HeM CBOGH WamMedbluefi nuxuelr rpand [3acnasckuii, 1962].

28. (K ctp.61.) B koucTPYKTHBHOM ananuse npefnoxenns (A), (B) u (C)
ONpOBEPraloTCsl Ha MPHMEpe BHAA KOMIOHEHT LUIMEKePoBOii moc/aeloBarelb,
Hoctd [cm. KommenTapuit 12} paumonanbubix udces. dToT BUA OrpaHHYeH-
GecKOHeYeH H HE HMeeT TOUKH HaKOIJEHHs, Yero HeJlb3si cKa3aTb O BHJE,
NpHBOJHMOM B BalleM MNpuMepe.

29. (K crp. 61.) Cm. 3.3.3.

30. (K crp. 6f.) Uucio a MOXHO B3SITb 3A€Ch Kak X, — 1,100

X, 2 =1 — (r 4 1)-1 KOMNOHEHTA KAHOWHYECKOH TOC/TE/0BATENBHOCTH
Anst ¥,

31. (K crp. 61.) KoH. B KOHCTPYKTHBHOM aHa/iH3e MNPENIOKEHHE,
coBmazannee no GopMyJHPOBKe ¢ Teopemoil 2, ompoBepraerca Ha npuMepe
caenytomum obpasom. Cornacuo M. 1. 3acnasckomy [3acnaBckuil, 1962]
CTPOHTCSl CHCTEMA  3aMKHYTHIX TIPOMEXYTKOB E” i=0, 1, 2,...;

j=1, ..., k;) co clefylomuMH cBOACTBAMH:
(1) kp=1;
(2) £, >0 (i==0,1,...);
(3) Eo,l = {0, 1}
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4) KaXani H3 NpoMeXyTKOB Ei+1.] (i =1... k[ﬂ) CoflepK HTCH
BHYTDH OJIHOTrO H3 NMpOMeXyTKOB E; ;]

(5) npovexcyrkn E; ;u E; ,, rje j 5 h, He HMelOT OOWHUX TOUEK;

(6) xoHus kaxporo npoMexytka E; ; CyTh pauHoHanbHHE uHCTIa;

(7) st BCSAKOTO KOHCTPYKTHBHOrO JefiCTBHTENBHOTO UHCIA X MOTyT
6uTb yKasaHbl HaTypajbHOE YHCHIO § M pauuoHa/ibHble UdCIa a H b, Takue,
uto @ <C x <C b ¥ uTO MpOMEXYTOK {a, b} He uMeeT OOLLHX TOUEK HH C ORHHM

npomexytkom E; (= 1,..., k).
ITycts Q eCTb BHJ JIeBHIX KOHLOB NPOMEXyTKOB Ei,l (i=0,12,...;
i=1 .. "k1)'

B cuny (2) n (4) Q GeckoneueH. B cuny (1), 3) u (4) QS [0, 1] n,
3HayHT, Q orpaHuueH.

Ilyctb x — KOHCTPYKTHBHOe paeHCrBuTenbHOE uHCHO0. IlocTpoHM Haty-
pajipHoe { W paunoHaNbHbIE YUCHAA @ H b, cornacHo (7), TakuMm o6pasoM, 4TO
Xx Gyner sexkaTb BHYTPH NpOMeXyTKa [a, b] M uTO 3TOT NMpOMEXYTOK He
6yner HMeTb OOWHX TOYEK HH C OZHHM H3 IPOMEXYTKOB Ei_j(j =1,..., ki).
B cuny (4) [a, b] He nmeer o6IWHUX ToueK HHU C ORHUM H3 MPOMEKYTKOB
Eh,] (h=i, j=1,... k). TlosToMy ofmumHu Toukamd Buaa Q u mpo-
MeXyTKa [a, b] MoryT 6HTb JHMb JeBule KOHLH NPOMEXKYTKOB E, j» TAe
h < i. Beugy (6) Bce 3TH TOUKH MOryT GbITh nepeuncensl. OHH 06pasyloT Ko-

HeuHHIi CMHCOK 6e3 MOBTOPeHHi: ¢;. . . ., e TloNoXHM
d= min |¢,—c¢gl.
1Sr<s<m

Ilycrs {Xn}—KaHOHH‘IECKaﬁ NoCeAOBaTeNbHOCT AJs X. Torga

1 1
HMEIOTCH HaTypaJbHble YHCIA & W p, TaKHe, YTO @ T < <b— 7

NpH BCAKOM HarypanbHoM ¢. HaitaeM HaTypa/ibHOE YHCIO 7 TaKUM 06PasoM,
uToGH coBMI0faNoch yCIoBHE

1
-r+1 ; —_
2T+ <mm(d, k)'
Hmeem:
5 —p-r
Fxp, —x1<—g 27
<27,
1
a< Xpyr —f"
Y
<x4 27— 7
<x_2_’:
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x -+ 2"<x—2“’+%

1
< Xpr T
< b.

TakaMm o06pasoM, npoMexyTok [x — 277, x-- 277] comepxurca BHYTpH
npomexyTka {a, b] u notoMy moxer WMerb ¢ BUAOM  pasBe JHIUb obuiHe

TOUKH Ci,..., €. TIpoMexyTok [x — 277, x -+ 27 7] nmeer, ofnaxo, Anudy

271 venswyio, uem d, W IOTOMY HE€ MOXEeT CO;ep:Katb GoJsiee OZHOMN
TOUKH C,.

DTHM Mbl NOK23aJIM, YTO JJisi BCSAKOrO KOHCTPYKTHBHOrO J€HCTBHTENb-
HOro yucsaa x MoxeT OblTh HaliJleHO Takoe HATyDaJbHOE YHCJAO r(x), 4TO
npomexyTok [x — 277, x4 27"] He cMoxer conepxarh AByX passHUlBIX
uneHOB Buaa . BmecTe ¢ teM 3TOT Byl OrpanHHueH H GECKOHEUEH,

32. (K ctp. 62.) Obpammubim 0as saemerima a 31eCh HA3bIBAETCS TaKOW
saeMeHT b, 9ro a+ b= 0.

33. (K cTp. 63.) 3nech sneMenTOM, 00pAMHLIM OAS 3AeMeHMA A, HA3bI-
BaeTcsl TAKOH SJIEMEHT ¢, UT0 a-¢ = |,

34. (K crp. 67.) KoH. B Bauem mpuMepe Mbl B HacTOslllee Bpems
He yMeeM YKasbiBaTh DPelieHHe ypaBHeHUs ax + by = 0, orieseHHoe OT
HyJesoro. A s MOry AOKasaTb, 4TO HEBO3MOXEH ajrOpu(dM, yKasblBaloIlui
AJsl BCAKOH NMapHl KOHCTPYKTHBHHIX JAeHCTBHTENBHBLIX 4HCea 4 W b peledde
STOrO YDaBHEHHH, OTAGNEHHOE OT HyJeBoro. dtor GakT a BhHpaxaw Tak:
«HEeBepHO, YTO BCSIKOE ypaBHeHHe ax - by == 0, rle @ U b — KOHCTPYKTHB-
Hble JefiCTBHTENbHBIE YHC/A, HMEET DEuIeHHe, OTACNEHHOE OT HYJAEeBOro».

35. (K crp. 67.) Ora Teopema He ecTb «dYacTHbIH cayuaity Tteop. 1 us
4.2.1, B KOTOPOH YHCNO ypaBHEeHH{I pPaBHO uKcay HeH3BecTHHIX. ORHAKO
Teop. 1 W3 4.2.4 Jerko BHBomuTCS H3 Teop. 1 u3 4.2.1,

36. (K crp. 69.) Mu npumensiem sfech Teop. 4 u3 4.1.3.

37. (K crp. 69 ) 3nech cleflyeT NpHHATH BO BHHMAHHE, YTO, KAK BHA-
HO W3 OnpejeseHus BEKTOPOB ¢, UMEIOT vecTo paBeHcTsBa b= c (i =1,
aryos=1, L r-H1).

38. (K cTp. 72.) 3kech aBTOP OTOXKAECTB/IAET YNODPSAOUEHHHIE Naphl
MOC/IEI0BATENbHOCTEfl C NOCAENOBATENBHOCTSMA YIOPAJNOYEHHHX IMap.
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39. (K crp. 77.) OrHocuresibHas rpandua nopsHaa S BHaa E Moxer
6uTb ompejefeHa KaK BHJ TeX TOueK p BHaa E, JJS KOTOPHX IPH BCAKOM
HaTypalbHOM f MOryT ObITb YKasaHbl TOYKH ¢, H r,, TaKWe, YTO
fp—q, 1< lp—r,|<2"uur0 ¢q, €S, ar, € E—S. B pac-
CMaTPHBaeMOM CJIy4ae 3J1eMEHTapHOro IoMeHa V ero OTHOCHTeIbHAs FpaHHLa
eCTb 3aMbIKaHHE€ pe3yJsTaTa BhlUMTAaHWUA TepeceyeHHs rpaHun V u E u3
rpanuuel V.

40. (K crp. 77.) D10 crepyer u3 Toro, uto |¢ — r| >d, TOorza Kak
lp—ql <5 d

41. (K crp. 81.) IlpuBeneHHOe B TeKCTe JOKAa3aTeJbCTBO TeOpembl 1
He yGenuresbHO [mepekBaNuHKalUUs TOYKH r B JONYCTUMBIA y3el; OT-
CYTCTBHe JjOKasartedbcrtBa mpemdioxenus (i)]. Mbt mpegyiaraem 3zech Heko-
TOpOE JIONOJIHEHHE K 3TOMY JOKas3aresbCTBY.

Joxkaxem mnpexpe BCero, uTo Cpejd JIOGHX pa3NHYHBIX NATH Y3J0B

Pr, - .. Ps N-PeleTKH HaliyTcs JBa ysla p, H p,, TaKHe, 4TO
(pp— ;| >2""1 B camom gere, nyers p;= (a;27", b2™"), rae
a; 4 b, — ueawie uucna, HeBo3sMOXHO, 4TOOH CpPegd 4>HCeT &y, . . ., G5
6bin0 He GoJlee ABYX pas/HuHBIX U CpegH uucel by, ..., b; TOXe OGnl1O

He GoJiee ZBYX pasfiHuHbIX. Ec/aH 6bl 310 6BLTO TaK, TO HMeN0Ch OB He Gollee
ueTHpeX Pa3NHUHBIX TOYeK (ah2"",b]2‘"), 2 Befib NATH Pa3lTHYHEIX TOUEK p;
COLepPXKHTCA CpeaH Touek (a,27", b/2‘"). Ecau uMelorcst TpH Pas3jIHUHBIX
QuCIIa 4, TO MYCTD G, 03HAYAET HaWMEHblllee H3 a;, a; —Hauno/bluee U3 a,; ec-
JIH e UMeeTcsl He Gosee ABYX [a3NHYHBHIX @,, TO MycTb HaHWMeHbllee H3 b,
6 P HanGospliee M3 b,. CoryacHO TOJBKO UYTO JOKa3aHHOMY, HUMEEM
(a, —aji >2 wm |b,—b;1>2. B ofoux ciyyasix ¥MeeM
oy —p, | > 27" 410 M Tpe6oBANOCH.

ITpoBezeM Temepb JJ1s1 BCSIKOro HaTypalbHOTO YHCJa f KOHCTP YKTHBHYIO
KaCCH(pHKAUHIO y3/0B n-pElieTKH Ha JONMYCTHMbIE H HEJONYCTHMBlE, KaK
B TeKcre: HmeeM p (p, Q) < e 27" KoJIb CKOpO y3eJ p n-pellieTkH Aomy-

cruM, Hp (p,Q) >27"1, komb ckopo on HepomycTHM. (B manbHeitem 3Ta
KJIacCHPHK AU H3MEHATBCS He Oyfer ) IToKaxem, 4ToO A1 BCAKOHR TOUKH ¢
BHA2 Q M s BCSIKOFO HaTypalbHOTO 7 MOXeT ObITb YKa3aH AONMYCTHMBI
y3eJ p n-pellieTKH, YIOBJETBODPAKIHA YCNOBHIO |p ~— G [<—8—2‘".

B camom pene, mycte ¢ = (¢’, ¢") € Q, H mycTh # — HATYypajbHOE
uncqo. Ilyers p’ o3nauaer n-fi uleH KaHOHWYeCKOH MNOCAEXOBATEbHOCTH
ana ¢', p” — n-fi wieH KaHOHHYecKoll mocjefoBatespHoCcTH ajst ¢”. Ilycrs

’ ” ’ ’ 5 -n ” ” 5 -n
pr=("p"). Umeem [p'—¢ |[< 527" |p"—¢"|<5 27" 1 pan

HEKOTOPBIX LeJIBIX yHcen @ n b nmeeM p’ = a2™", p” = b2~ ", Tloatomy py
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~
5

€CTb TaKOH y3es n-pelierkd, 4ro [ p; — ¢ | < g 27", BhisiCHHM, JAONYCTHM
JIH 3TOT y3eJl, YTO BO3MOXKHO BBHAY KOHCTPYKTHBHOCTH HaleHl Kaacchbu-
Kauud yasnoB. Eciim p, jponycTHm, TO mocTpoeHHe 3akoHueHo. ITycTs py
HeJIONMYCTHM.

Torma p(py, g) >2°"1 u mnotomy |py — q] > 27", Tlostomy
HMeeTCs pauHOHaJbHoe uucio &€ > 0, Takoe, uto {p; — q| > (7 +eg)2™"
Mul MoXXeM Teneps NMOBTOPHTH [OCTPOEHHe NpeAblAyLiero agaaua ¢ 3aMeHof

5 1
KoadpuuueHTa § Ha Koa(pHIHEeHT (5—{— e). 310 paer nam Takoll ysen pg

1
—_— -1 ‘
n-pelwetkd, uto |py — gl < ( 5+ e) 2" |py—gql|. Ecau p, pomy-
CTHM, TO Halle MOCTPOeHHe 3aKGHUeHO. B mpOTHBHOM Clyuae Npoio/KaeM
ero jpajplle aHAJOHYHHIM 0Gpa3oM.
ITpouecc nmoc/nefoBaTEJLHOrO NOCTPOEHHS Y3JIOB P, N-pelleTKH, TaKHX,

5
yro |p,y, — g1 <|p;—q| <3 27" noJkeH, OfHAKO, 3AKOHUHTBHCS
He mosXe ueM Ha uerBeproM wary. B camoMm gese, ecu Gbl HaM NpHIIOCH
cpelarb H OaThfl War, TO MB NONYYHIH Gbl MATH MOMAPHO DasiHUHBIX

Y3JI0B Py, . . ., Py N-PeIUETKH, TaKHX, 410 (p, — ¢ | < g 27", [last ;mo6bix

5
h ¥ | vBl HMeld Onl [ph—pil <7 27% a c gpyroll CTOPOHHI, AOJIKHHI

GuIA Gl HMTHCA h 1 j, TakHe, uTo |py — p; | > 27"

3aKOHYHTBCA YKasaHHBIH IPOLECC MOXeT, ORHAKO, JIPlLllb Ha TaKoM
JOTMYCTHMOM y3Jie p, (k << 4) n-peltterky, uto |p, —q| < —2 ", Caepo-
BaTe/ibHO, MOXeT GHTb HaiileH TaKof JONyCTHMBIH y3es p n—peme’rKH, 4TO
5

— 0=

p—q | < 8 277,
Tenepn Jierko ocyIecTBAsIeTCss HaMeueHHOe B HauaJle aBTOPCKOrO JOKa-
3aTeNbCTBA MOCTPOEHHe AOMYCTHMOro yaia r (n -+ 1)-pellierkH mo jaHHOMY
JIONyCTAMOMY Y3Jy p n-pelileTkH. IIpH 3ToM He TpefyerCst HHKAKHX mepe-

onpejie/leHAH AONYCTHMOCTH, HApYINAOMMX XOi AOKAa3aTeJbCTBa.
B camom jpene, myctb p — JOnNyCTHMBIH y3en n-pelnerkH. Hweem

5
p(p, Q) <—2'". ITosToMy MoXer GLITh Ha@jeHa TaKasi Touka g &Q,

uto [ p—q | < 2 7, Jast 5To# TOuKH MoXeT G6biTh, COIVIACHO JOKA3aH-
HOMY, TIOCTPOEH Taxon OJonycmumotli  ysea r(n-- 1)-pelieTkH, Y70

) 5 _
lg—ri<—g 27", Hueem |p—r|<2" < 27"

Danbuefilliee MOXHO Tenepb NpoOBEeCTH, KaK B TeKcTe, B uwacTHoCTH,
JUIst IOKAa3aTeJbCTBA TpeAJsioKeHHst (1) HAjf0 JIHIMIBL NMPH BCAKOM HATypalbe-
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HOM n €parh B KauecTBe p, TaKOR JOMYCTHMBIi y3el 7-peLieTKH, 970
5 -n
pP—p,l <52

5
42. (K crp. 81) Hs nepasencts [¢ —p, | <g 27" n [r—p,I<

5
—n N
-g 27" oTwoge He CllefyeT, 9T0 p, -~ XOMYCTHMBIH y3eil n-peleTKH.

[ToaTovy naHHBIA «KOpoOJJIapHi» H MOCJAeRYIOUYIO JieMMy HeJib3sl CYliTaTh
JOKa3aHHBIMH Mpb! JJOKaXXeM HX cefflyac B HECKOJNbKO oc/iabieHHolt ¢op-
MyJIHDOBKe, 3aMeHsii — n — 3 B mokasarelsaX Ha —n — 4

Kopoaaapui st JOGHX TOYEK ¢ U r OrPaHHYEHHOTO 3aMKHY-
TOTO JIOKaJH30BaHHOrO BHja Q, Takux, uto | ¢ — r|<C 274 MoxHo

HaliTH TaKoH JONMYCTHUMBIH ysel p, N-DEIIETKH, 4TO [q—pnl<§ 2-n

n

5
wlr—p,1<-g .
B npepbityiieM KOMMEHTapHH Mbl yKasblBaIH IOCTPOEHHE TaKOIo A0-
5 __
NyCTHMOTO y3/la p f-PelIeTKH, 4T0 [p — q | < g 27", HerpyxHo, opHako,
BHJETb, YTO 3TO NMOCTPOEHHe XOCTOBHO NMPOXOZUT € 3aMeHOH KoathduuHeH-

5 1
Ta g.moﬁbm pauHoHalbHEIM YHCIOM, GoblunM yeM 5 . Takum ofpasow,

MOXeT ObiTh HafiieH JIOMyCTHMBI y3eJl p, f-petleTKH, TaKo#, uTo | § — o, [<
9

9 5
16 27", Tak Kak 16 2”"+2”"‘4=§ 27", To ofa HepaBeHcTBa:

5 5
lg—p, | <g 27" n|r—p,l < g2 6ynyT npu 5ToM COGNIOZEHBL.
[Nocaenywomas nemMMa ¢ 3ameHoit B Hei — n — 3 Ha — n — 4 Teneps

HeloCpeACTBeHHO mnodyyaeTcs B aTolt  semme S osuauaer TT-Beep,
NOCTPOeHHBI, KaK yKa3saHO B JOKasaresiscTBe Teop 1.

43. (K crp. 82) IlociegHee paccyxjeHHe HHUEro He JOKasbiBaeT.
Jokasare mpepyioxeHue (11) MOXHO CleRyouiuM oGpasoM.

Haxozum paunonanbuyio Touky 7 3 V_  _ Takum 06pasoM, 4ToOsl cob/0-
JaJjloch ycjloBHe

n+2

]p -r ] <pn+2+ 2—'1_3:

YTO BO3MOXHO IO OIpeaeseHulo Prio Touka r NpHHaQJIeXUT OZHOMY H3

KBaJpaToB ¢ AnuHaMH cTopoH 3-27" 2 i ¢ uentpamu B (n + 2)-X KOMIOHeH.
Tax ajemeHToB motoka S. Ilycrs p, , ecTb uentp storo KBagpara Hwmeem

{r—=1p,.,] $3.2773 Py €T (n-+ 2)-1 KommowenTa Hexoroporo TT
9, 13 S Hwmeem [p, ., —q,] 32" u no goxasauuomy g, < M. Ipu-
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HHMAst BO BHHMaHHe, UTO P, , }>pg, MoMydyae, HaKoHel,
lp—q, 1P lp—ri+lr—puolt1p—a,
Ip—q, [ <pgd 27"7 +3.2777% 4- 2772

< po Tt 2‘”,

4TO U TpeGoBaNnOCh [OKaidTb.

44. (K crp. 83.) Ko n [Ilpextoxenus, cosnanaioune no GopMyau-
poBKam ¢ Teop. 3, 4 H 5, ONPOBEPralOTCst B KOHCTPYKTHBHOM aHaslH3e
HA mpumepax [3acsrasckuit, 1962].

45. (K ctp. 84.) Ko . B KoHCTpyKTUBHOM aHasiuse «reopava [efi-
ne—Dbopenst» onposepraercs Ha npuMepe [3acnasckufi, 1962],

46, (K c1p. 86) Ko n B KoHCTpyKTHBUOM aila’use HpeioXKeHHe
coBnajamoliee no GopMyaHpoBKe ¢ JemMO#l |, MOXET (biTh ONPOBEPTHYTO
Ha npuMepe., OnHaKo KOHCTPYKTHBHO NOKAasyeMo CJeRyoee BUHAOH3MEHE
HHE JleMMs! |.

Jemmall’. Ecan sneMenrapunifi nomed W conepxurcs B o5nacTH
A = {V,} u cywectsyer him mV, , 1o mW r-hm mV . [Cp 3acnas-

n—co 11—»20
ckuii u Llefituu, 1962.]
Jr1ofl JleMMH JOCTaToOuHO 4751 AOKA3aTe]sCTBa Tcop |,

47. (K crp. 86) Ko H. BoT KOHCTPYKTHBAOS [OKA31TeBLCTBO TEOD.
1. THyere A= {V,} B={W,} u cymectByoT mA = himV umB =

n—oo

lim W _. Ins  pandoro & Haxoaum n, Takoe, uro mB — mW 2""';
n n

n—>oo

B cuny Jemmsl |* umeen mW, 3> mA. Cnenosatensho, mB < mA + 2%y,

TaK KakK 3TO BepHO Ans Jio€oro R, umeeM mB b mA

48, (K ctp. 85) Ko n. Bropas uacts Bamzi Teop 2 senocpeicr-
BEHHO cjleyeT W3 Teop |, a ¢ MepBOf 4HaCTLIO 51 COTJIACHTHCH HE MOTY
BBHIY OCYLICCTBHMOCTH TaK HA3bIBAEMHIX CHHTYJSPHBIX  MOKPHITHH
[3acnamckuit u Uefitun, 1962]. Mue paymaercs, onHako, 4TO ormpe-
JeJICHUSL Mepbl U H3MEPUMOCTH OOJaCTH cJiefyeT HEeCKNJbKO H3MEHHUTh,
dbopMyupys ux Tak ofnacte A uamepuma, eCIH OHA COBMAfaeT C HEKO-
TOpod 06/MaCTbi0, ONpefesifieMOit MOCJAE[OBATENLHOCTHIO  3JEMeHTapPHbIX
JIOMEHOB {Vn}, JVIL KOTOpPOH MOCJef0BAaTebHOCTh YHrell {mVn} CXOaMTCS;
YHCJIO | €CTh #epa ofnacTh A, eClin HMeeTCs OC/Ie0BaTebHOCTD 3J1eMeHTap-
HbIX foMenoB {V, }, onpenesisiowas ofacTb, COBNAawIyl ¢ A, ¥ Takas,

urolimmV = p Tlpu Takux onpepeseHusx nepsas 4acTo Bawedi Teop. 2
n—-co
CTaHeT TPHWBHAJILHON, a BTOpas CMOXeT GbiTb TPaKTOBaHA Kak Teopeuva

€JIMHCTBeHHOCTH Mepbl 06JIaCTH.
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49. K crp. 88.) IlociiegHiie COOTHOMIEHHs He [OKa3aHb, # MH INOKa
[axe He 3HaeM, 4YTO BbpaxeHHe p (p, L) uMeeT cMbici. 3aKOHUHTL NOKa-
3aTeJILCTBO MOXKHO cJlenyrolluM o6pasoM. IlycTs p — mpoussoJbHas ToukKa-
Tak kak L & H,,10p (p, H,) 3 |p — q| nn1a BCAKOH TOouku ¢ BHaa L.
Tak kak sCsikuil conepxaliuiica 8 H, x,-KBanpaT uMeeT OOULYIO TOUKY
¢ L, To umeetca Touka g, BHja L, Takas, 4TO

(*) Ip—q,1plp Hy) + 27"

Jas asTofi TOUKM M g JIOGOr0 HaTypalbHOro uucia k uMeeM
p(ps Hyup) > 1p—q, |, otkyna p(p, H, ) o (p, Hy) + 27" pna mo-
CbIX HaTypalibHbiX uuced n 1 k, C gpyroil CTOpPOHBI, IIM€eM, KaK HeTPYAHO
BHIETH, Hn+1C H, nna mwoboro sarypanbsoro uucia n. Cilegosareinno
H,,SH, up (p. H)Yp(p, H,,,). Takum obpasom, |p(p, H,) —
p(p, H i > 2" 4 mnocllepopaTeNbHOCTL uHceT p (p, H,) cXoputes.
Myers [ = llm p (p, H,). INepexons k mpenelly B cooTHowmenuu p (p, H ) >

lp—ql(g eL) notyyaeM [3>{p — q|(g&L). Beugy Toro uro
nocienosatenshocTs  {p (p, H,)} HeyCwawowas, umeem p(p, H)) 3> L
CooTHolleHHe () naeT MO3TOMy

!p_qnl}l+2_nv

rne q, < L. Mut BunuM, uTo [ ecTb HauGOJbLIAS HHKHAA FpaHp UHCel
|p— g, rne g npoGeraer L, T.e. uto ! = p (p,L). Takum o6pasom,
p (p, L) MoxeT €nTh BBIUHC/ICHO nJist JICGO# TOUKK p, T. €. BUA L Jokanuso-
BaH, 4To u TpefOBajloCh [0KAa3arThb.

50. (K crp. 83.) Onemenrapunle pomenni W, Me ompesenisieM 3nech
caenyiciiuM obpasom. M = E — A, rpe A ectb c€racts [lyers A onpe-
Jeflfercs NOC/Te[0BATENbHOCTHIO 3NeMEHTapHBIX aoMedos {V,.}, re V,

*,
MpH BCAKOM n JIeXWT BHYTpH V.. [lonaraem W, =a'V .

[ee]
Cornacro teop, 2 us 5.1.4, umeem M = [\ W,_. Herpyano sugers,
n=1
JexuT BHYyTpH W, u wro lim mW, = mM
n->wo

uro npu Beskom n W,

51. (K crp. 89.) O6 usmepumoctu N cienyeT no3aGOTHTLCA NPH OTpe-
8aHUM MOJIOCOK.

52. (K crp. 80.) INoxg «ofpaTHbiM npeniokeHHeM» 37eCh OHUMAETCH
cilefyKCcLiee NMPeAJlOKEHHE «ONOJIHEHHe K MOYTH TOJHOMY BHAY €CTb Npe-
HeOpexX UMbl BHIY.

53. (K ctp. 91.) 3To onpegelietne HHTErpala HENPHrOAHO, KAaK IIO-
KasbiBaeT CJIeqyIoWuil npuMep.
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IMyets Q = E # ¢ysKuus f ToxpecTBeHHo paBHa uyJio 8 E. ITycts
npu BesikoM n umeem [, = 0, k, = 233 nycts A, ects BHyTpeHHOCTb
KBagpaTa C [NpOTHBOTMONOMKHBLIMH BepliMHamd (— 27771 — 27"1) g
2™"1, 27"71); Vnk, ecTb KBagpaT C NPOTHBONCJIOKHBIMH —BepIUHHAMH
(—2 "2 9712 y (27772 272, Vo= E—_-_Vn—__;; u nyers Vo,
ectb mycroit sup npu 0 <k <k, Herpynuo sugers, uTo ycaosus (i),
(ii) u (iii) BoimoJHeHn. BMecTe ¢ TeM HMeeM NpH BCSKOM 1

kn
g1 3 hmV,, = 27"l 27 = |,
h=—l,,

OTKYAA, COIVIACHO ONpejeieHHI0 HHTerpana (1),

Sde= 1,
E

YTO He BSXKeTCS HH C KAaKHMH HAaWUMH MpencTaBIeHUSIMHA 05 HHTerpaJfne,

Kpome Toro, mopuduuupys 8 3ToM npHMepe X, Mbl MoiziH Gbl IIOJYUHTL H

Sde:N
E

IpH J1060oM HaTypanbioM [N Bonpekr HHxecsenyiowefi Teop. 2, Teop. !
ToXKe JIerKo onpoBepraercss npH onpepedenun (l).

Mbl npegyaraeM ciepyroliee H3MeHEHHE olpefeNeHHHl H3MepHMOCTH
W HHTerpajia: Bmecto /, u k B ycaosuH (ii) u B pasencrse (1), onpeaesisio-
mem HuTerpad, nuwercs Bepaxenue C2", rge C — HaTypalibHOe HHCIO
(He 3aBHCAmEee OT n). JTo 06A3biBaeT HAC BHECTH COOTBETCTBYIOUIHE H3Me"
HeHHs1 8 (OPMYJHPOBKH H J0Ka3aTesJbCTBA MOCAEAYIONHX TEOpeM.

54. (K c1p. 91.) K coxaneHHio, Tak onpejesieHHble 3/JeMEHTapHHE
JIOMEHHI W,,' » TAe n QHKcupoBaHo, BooOWE TOBOpsI, He MOKpHBAKT E.
Yto6ni cobarocTH yenobHe (ii) (c 3ameroil ¥V ua W), MoXHO onpene/uTs sae-
menTapuble jomenst W, . paBeHcTBamH

(*) - Vﬂ+1, L] Vn+1. 2k npa — C2n < h < C2",
S 0% h=— Ca"
n+1, 2h TpH 11 = N

Torpa, onHako, BO3HHKAOT TPYAHOCTH C ycaosuem (iii), cBa3anHble ¢ Tou-
KamH gomeHa W, ,, O KOTOPHX HeH3BeCTHO, HH YTO OHH IPHHajIeXaT

Vni1, ghy HH HTO OHH NPHHALTENAT Von, ane (G catenyromuit Kommen-
TapHuii.)
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55. (K c1p. 91.) TpyaHOCTH, 0 KOTOPHIX FOBOPHIOCH B NpeAuLAymeM
KOMMEHTapHH, NIpH 3TOM ycTpaHsioTcsl, TakHM 06pasoM, OCyIecTB/ieHHe
YCJIOBHS An+1 CA,(n=1,2,...) NOCTHXHMO B {Ba 5Tala: cHaya/ia Ml
Tak H3MeHsieM A ,, uTo6bl Kaxgoe A, copepKalio rpaHHULL BCeX Vo p 3aTeMm
nepexoaum ot A, u Vn' n KB, u W, , corfiacho paBeHcTBaM () (cM. npe-
AbIYIIHA KOMMEHTapHH) M paBeHCTBaM

B,= U 4
n k:LrJAH k-
56. K crp. 93.) Bmecto (6) Hmeem

®) th k2P h 270 Y, £ G2

BMecTo (8) mosyyaem

®) | 27772 3 ke, _omn=1 VAV, [ < RC +1) 27"
57. (K ctp 94.) Bmecto sToro mosyuaem
|27 S hmY = 27 N kel | <277 (D) Xy, +

2 Mmy, ) <2 +C2M = (@2C+ 1) 27"

58. (K ctp. 94.) Kown. B KoHucTpykTHBHOM aHaliH3e mNpejsioxe-
HHe, COBMajaicuiee no (¢oOpMyJHpPoBKe C Teop. 1, omposepraerca Ha
npumepe [3acnasckuii H Lleiitnn, 1962].

59. (K ctp. 94) He BuaHo, moueMy mnocsiejHee NMpeiJioKeHHe BEpHO.
3aBeplINTL  J0KA3aTefibCTBO Teop | (B HHTYHLHOMHCTCKOM aHaliM3e)
MOXHO cJeayownM obpazom.

[Tyets Vn' =V, (x), tne x, &L, (i=1,..., m). [Ipy kaxnoM i
HAaXOJHUM UeJoe uHCAO A, TaKoe, YTO

) (h, - %) " e fix) < (h, + .g_) 27"

lns kaxporo i H pas Besikok ToukH x €V, ; () L, umeeM
(hy— 1) 27" < F ) <+ 1) 27770,

IMycts mMarypanbHoe uHcio M sBisteTcss BepxXueill rpaubio st {f (x) |
B ayers C=2M + 2. B cuay (1) umeem |k, | L C2"(i=1,..., m)
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HNonoxum

U w,, npi — C2" < h < G2,

s
n; =

npu h = C2".

Torpa, kak Jerko yGeautbcst, dyHkuusi f usmepuma mocpepctsom {7, #}
u {C.}.

60. (K crp. 95.) Bwmecto 3Toro HeyGepHTe/NIbHOTO pacCyaeHHs Mpej-
JlaraeM ciepylollee [0Ka3aTesbCTBO.

[Mycrs f namMepuma nocpeacTeoM {Vn, nu {4} Hveen - mA, >0
npH BesikoM n. Tak Kak f (x) = g (x) MOUTH BCIOAY, TO NPH BCSIKOM 7 MOMXKET
€uTh ykasaHa oGaacTb B, Takas, uto f(x) =g (x) va E — B, u uto
mB, < 2" — mAn.Torpa g u3MepuMa MOCPEACTBOM Vo ptn {4, UB,}.
PaBeHCTBO HHTerpasioB OuYEBHIHO.

61. (K ctp. 97) Ko u. B KoHCTpyKTHBHOM aHanH3e MpepsoXKeHHe,
coBnajawmee Mo (opMyJaHpoBKE C Teop. 1, omposepraeTcsi Ha mpHmepe
[3acnasckuii u Lleiitun, 1962]

62. (K crp 97.) [lpoHcxoKueHWe 3TOro HEpPaBeHCTBA HEMOHSITHO.
63. (K crp. 97.) 310T BBIBOA COBepIIEHHO HEOGOCHOBAH.

64. (K ctp. 98)) [okasatenbcTBo HeyGeaHTeNlbHO He TOJBLKO BBHAY
CCBIKH Ha TeopeMy o Beepax (CM. mpeablayliHii KommeHTapuii). [IpH-
BEJEM 3j€Chb MO03TOMY HCHpaBJeHHOe HHTYHUHOHHCTCKOE N0Ka3aTeJbCTBO
Teop. 1.

Ilas BCAKoro m MoXHO HAWTH TaKoe OCnacTHoe pomoiuenHe M,

yro mM, > 1 — 27™3 y yro lim fn(x) = f(x) B kaxpnoil Touke BHza
n--»00

M, M, conepxHT JoKaJH3oBaHHoe O6siacTHoe jpomosineHHe L, , TaKoe,

m
uto mL,, > 1—27"2, [laa Kaxp0il TOUKH X L, MOXHO HaliTH HaTypaib-
Hoe yucao V (x), Takoe, uTo f, (x) onpegeneno npu n >N (x) H uTo Toraa
[f(x) — [, (x) | < 27™3 Bcuny teop. 1 n3 5.2.1 n Teopembl o Beepax,
MOXKHO HaiiTH HauGoJbinee 3HauyeHue IV (x) npu x EL .

O6o3Hauum HauGonbiuee 3HaueHHe NV (x) vepes NV, H puKcHpyeM n> N,
[lpn x €L, umeem

(M [Fl) —f, () (<2772,

Oynruus f, usmepuma. [lycTb ona H3mepuma mocpenctsoM {V, 3
a {4 p}r A€ obnactp Ap CONIEPIKHT NPH BCAKOM p IpaHHubl Beex V, ;. Uto
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KacaeTcst MpejeJsioB M3MEHeHHS HHpeKca A, To mycTh (A | <C @M+ 2) 2
rjpe HaTypaJbHOe uHcio M sBasiercs ofiueil BepxHell rpaHblo a6como‘rm>xx
BeNMUHMH 3HaueHHii Beex dynxunii f,. (Herpynuo Bunets, yTo mocrosiunas C
B onpejefieHHH H3MEPHMOCTH QYHKUHH g Bceraa MoXeT GbiTh B3siTa PaBHOMH
2M 4+ 2, rape M — narypajbHOe YHCJO, SBASIOLlEECS BepXHel rpaHbio
ana |g(x)|) Myets L, =E — B, rie B, — ofnacTs,

Cm= Amrz U Bm’

Kp= E—C,

m

*

* *
@ Wb =Vmis an-e U Vm+2 sy U Vm+2. v U Voo annn
(Jh] << 2M + 227,
rae Beskoe V., pc [k > (2M + 2) 2™*2 paccmaTpuBaercs Kak 0Go3Ha-
yeHue A4l MyCTOro BHjA.

B onucauHoM MOCTPOEHHH m GbLIO MPOH3BOJBLHBIM HAaTYPaJbHBIM YHC-
aoM. O6nacts C,, Hu cuctema anementapibix gomenoB (W, 3 (1A} <<
@M + 2 2™) moryT OmTb TakuM 06pa3oM MOCTPORHH AJst J0GOro Ha-
TypaJbHoro uHcaa m. IlTokaxeMm, urto {W’m‘ o} {C,,} usmepsioT f,

Tak kak {V, .} W {A ) usmepsor f,, To mA,,, < 272 Tak kak
mL, >1—2""2% romB, < 27™2umC,, < 27™ 1< 27™, Takuu obpa-
30M, 104 {Wm g} 4 {C,,} Bumonseno (i).

Cobmoenne (ii) suirexaer u3 toro, utoV,, » , (k] << 2M + 2)2M+2)
0o6pasyloT MpocToe MOKphITHE £, a B MpPaBBIX uacTAX PaBeHCTB (2) Kax-
Roe Takoe V, ., , BCTpeyaeTcst POBHO OfHH pas.

Hyere tenepy x& W, , N K,, Toraa x&E— A, ., 1 Tak KaK
A, ., COIEPXHT TpaHHUEl Beex Vi, py TO X MPHHALJEKHT OLHOMY H3

SJeMEHTapHBIX joMeHoB V. ., ., rie

3) Gh— 2 < k< bh 1.

Kpome roro, x € E — B, 1. e. x € L, B cuay vero umeer mecro (1).
Tak kakx €V, ., p N(E —4,,,) 4 [, (x) onpezenero, T0

4 (k— D273 %f ()P (k+ 123,
Hs (1), (3) u (4) caeapyer, yro
=027 B i P E+ 2™

Takum obpasom, cobmwogeno u ycaosue (iii)
ITHM J0Ka3aHo, 4YTO [ H3MepHMa MOCPEACTBOM (W, nt n {C,)
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13 uepasenctsa (8') B gokaszuresnbcrBe Teop. | H3 6.2.1 [cM. KommeH-
Tapuii 56] mosyuaem nyTem mnepexoga K Npepeay

(5) |§ Fn () de — 2773 Nkmv | B (4M + 5) 27772,
) |§F ) ax — 27 Nm W, | (aM 4 5) 2 ™

B cuay (2) umeem

4h+]
mWy p= Y MV, e (R]<EMA 2) 2™,
k=4h—2
Orciona
(7 |23 3 kmV mig, o — 27N kW, | <272,

B cuny (5), (6) u (7) umeem

’ S f(x) dx — S £, (x) dx ’< A0M + 13) 27™1,
4T0 BEpHO NpH BesikoM n > N,. CiegoBaresbHo,

lim S f,(x)dx= S f (x) dx,

n—oo
9YT0 H OCTaBaJoChb AOKAa3aThb.

65. (K crp. 98.) Kown. He 3naio, 4em 310 ompegesenue Jyuiie
onpejefieHHsl HaTtypalbHOro 4ucada [ B Havase HameH JHCKYCCHH
(cMm. ctp. 23—24, 162).B ofoux caydasx He yKasblBaeTcs,KaK HaXxOAHTb HJH
CTPOMTS OTpese/siembili IPEAMET — B AAHHOM CTy4ae 3uauenHe «pyHkuum fg
B TouKe x. Jra Bama QyHKUHA, BOOGIWE TOBOPS, HE KOHCTPYKTHBHA, T. €.
OTCYTCTBYeT aJiropH(M, BEMHCAsIOmMME ee 3HaveHHe B Jo6ofi Touke, rpe
Bbl XOTHTE €ro onpefenntb. Bbl ckaxere, uto pynkuns f, onpegetena Bamu
He BO BCsKOH Touke KBajgpata E, a Jumb B Toukax Buma Q |J(£ — Q),
KOTophlil MoxeT He coBnagarth ¢ £. Ho HeBodmoxken anropHdm, Beraucasio-
Ui fQ (x) Bo BCAKOH TOUKe 3moeo suda, ecliy TONbKO BHA ( He MyCT H He
copnagaer ¢ E!

[losroMy Ballle onpejiesieHHe XapaKTepHCTHUYECKOH (PYHKLHH TOYEYHOrO
BHJA He yjosJerBopsieT MeHs. He HpaBsiTcs MHe M OCHOBaHHBIE Ha 3TOM
onpesesleHHH janbHeiilllMe oNpejesieHNsT — H3MEPHMOCTH H Mepbl ToYed-
Horo BHjpa. Ho, mo-BHAMMOMy, MOMKHO HCIDaBHTb JeJ10, MPEBPaTHB Bamy
HIXKecJenylouylo Teopemy | B omnpejesieHHst 3THX BeLeH.

66. (K crp. 99.) JokasareabctBo Teop. 2 yjaofHee TPOBOAHTS,
pgoapsysachk teop. 1. Ponb X, Gyper Torpa urpats V,. Jlokasateascrso,
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ApuBeneHHOe B TeKcTe, HE yOepntedbHO, TAK KAK BO3MOMKHEL HemycThie
w H

W
n, 2+l 3 n, aM+l_y

67. (K ctp. 102.) Hucna n; Ml Gepem Tak, 4T06bl COGMIONATHCh YCIO-

Bust n; < ny .

68. (K ctp. 102.) Mut nonbayemcst 3pech teop. 6 u 2 w3 6.3.2.

69. (K crp. 103.) M3 sToro nokasatesinCTBa BHAHO, YTO H 3eChb B Ka-
uecTse k, H lp MOXeT bt B3sito uncio C2°, rae C — guKcHpoBaHHOe A/
JAHHOH (YHKUMHM HaTypaJibHoe 4HcJIO.

70. (K crp. 103.) B uacthocty, € B gokasartesincTBe HMKec/epyiouel
Teop. 1 o3Hauaer, MO-BHAMMOMY, TpexMepHeli BHE TOoUeK (1, x”, 2),
TaKHX, 410 (¥, x") EE u urto | 2| XM, rpe M — pepxuss rpadp paccma-
TpuBaemoit TaM d¢yHkuuu f. B sTOM HOKasaTesbCTBE NpejmoNaraercd, 4TO
Bce (HIypHpyIOUIHe TaM TPeXMepHble TOYeYHBlEe BHEb! copepxkatcs B @,

71. (K crp. 104.) 3pech aBTOp, NO-BHAMMOMY, 3albiBaeT 06 3JeMeHTap-
uom povene Uy, ,, copepwamemes B U, .. Beugy sroro mepaseHCrso
mD < 27" yenp3s cuutaTh ZOKA3AHHBIM.

72. (K crp. 104.) Pasgenurs TakuMm o6pasoM E, BooGuwe rosopsi, ue

6yneT BO3MOKHO., Mul npeasiaraeM BECTH J0Ka3aTe/lLCTBO  CJEAYIOLLHM
obpasom,

Mycrs Ta usmepum nocpexcrsom {B, .} # {U; .}, rae oGosuauenusn

—an—

BuGpanbl Tak, 4ro mf; , < 272"77. Tycrs %, , onpexensiercst mocre-

JIOBATE/IbHOCTBIO 3JIEMEHTAPHHIX JOMEHOB {?[Ln s+ Has Beskoro ua-
,

TypaJbHOro q BeiGepeM iq, TaKoe, uTO m%[l’ n,tq>(1 - 2—24-5) m

L
Tonaras B, , ,=%U ,

g 2[1,1,[4, GyneM HMeTb
< ~24~5 —2n--2¢-12
m®, , ,<2 2 .

Tt moboro TpexMepHoro BHga X M JuoGofl ToukH x = (x', x")
Ha MJIOCKOCTH yCJoBHMCs o603HauaTh yepe3d X [x] BHA uHcesn 2, TaKHX,
uro (x', x”, 2) € X. Bupet B, , , [x] u U, , ; [x] cocrosr u3 xomeu-

? b 3
Horo 'dncia mnpomexyTkos. OG03HauHM udepes len’q BHI TeX TOUEK
-n- g-4,
%, ans xotopbix mi®; X1 27974 qepes X, — BHA TEX TOUEK X,
—-n—-4 ~-n—-g—3$
anst xoropuix m, . ; [x]>27"7% Hmeem mX, , . < 2 ,
—n-3
mX; , < 2 . Bun Xl’n'q MOXHO BKJIIOYHTE B 06JacTb Cl, ", q
¢ Mmepoit MeHbIeH, ueM 2-"=9-7, gup Xl n — B o6nacTb C1 n € Mepo#
, )

meHbleii, tem 2772, TosioxuM

o0
Bl, n =C1, 2 U qgl Cl, ", g*
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Toraa mB; ,<27"1, u ecnn x & E — By y, To m, , [x] < 2-n-4 4

o]
> 277074 =273, Tosowum M,, =E — By, .
g=1

nementapHbiii goMeH By , npegcTasiisier cofol 3aMbikaHHE HEKOTO-
POTO TPeXMepPHOTO palHOHAJAbLHOTO 3JeMeHTapHoro JoMeHa. Ilocsieanui
e eCTb BHJ pallHOHAJILHBEIX TOYEK, NpHHAA/eKAIHX HEeKOTOPLIM NapaJijiesie-
nunegam B, , (=1, ..., r) C panHOHAILHHIMH BEPUIHHAMH H C peGpamH,
napaJiyieibHBIMH KOOpDAHHATHHIM ocsiM  [lpoekumell Kaxjgoro mnapaJjie-
Jienuneaa ‘.B,,'  AIBJSIETCSl HeKoTopblii Conepxaiimuiicss B E npsIMOYTOJbHHK
P, p C pauHOHA/MbHEIME BepulHamH. Ilpogonkas Bce CTOPOHBL BCEX Mpsi-
MOYTOJIbHHKOB P, ; 10 nepeceueHHs ¢ TpaHuuelt E, nojiyunM HekoTopoe
pas6uenHe KBagpata E Ha HpSMOYTO/bHHKH Q, ; (t=1,...,1), obra-
Jaioiee TeM CBOMCTBOM, YTO BCSKHHA pa3, KOTZa KakoH-HHGYAbL NPSIMOYTO/b-
HHK Q,, /HMEET BHYTPEHHIOIO TOUKY B KAKOM-HHOYAb P, 5, HMeeM Q, , &P, ,
TIpsimoyrofisHHKH Q, ;, MpocTo 1OKpL BawoT E.

Jna BCsikoHl TOUKM Xy, JieXaieHl BHYTpH Qn,z, HMeeM, OueBHJIHO,

B, ,x1=28, ,lg, ] rae g, ,—uenrp npaMoyroabhuka Q, ;. 3ame-
THM TaKXe, 4TO, KAK SIBCTBYEeT H3 ONnpejeleHHs BHZa I,, paBeHCTBO

) mZ, [x] = f+ (x)

HMeeT MeCTo B Touke x &€ E, Ko/ib CKOPO H3BECTHO OJAHO H3 JBYX: JIHGO, 4TO
[* (x) onpegexnero; /inbo, uto umeercs touka z € Iy [x]. B ,lg, 1 aBas-
€TCA, OYeBHAHO, OGbeAMHEHHEM KOHEYHOTO YHC/ia TPOMEXYTKOB C pauHo-
Ha/ibHEIMH KoHuamH (I =1, ..., 9); m®B, ,1q, ] swiserca nostomy pa-
BHOHa/ibHBIM 4HcioM. Jlns kaxgoro ! Haiigem uenoe uucio h=h (I)
TaKHM 00pasoM, 4ToOH COG/IOZaAHCh YCJIOBHS

2 @h— D27 mB, , Mg, ) <@+ 1272,
[TosioxHM
® Yon=, (LthQ"' L (RIS @AM+ 9) 2.

Ipu BeskoM [ (1 << I<C?) umeem B, [qn’l] C [— M, M], rak
Kak B, , C @; orcioga

By, nlgn, d S2M, @0 () =) 272 2M, B (D (M + 1) 2™2,
C apyroii cropoHs!, m3, . [qn,,] =0, orkyzna h () > 0. Takum oBpasom,
lRQISUEM+ 92" 1ISH

Orciona ciiegyer, uTo Kaxzoe Qn' | GUTYpHpYeT B npaBoif YacTH OZHOro
H3 paBeHcTB (3). ScHo, uto Q,,,; BCTPEYAeTCH JIHIIL B OZHOM H3 STHX pa-
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seHcrB. CJlejoBaTe/ibHO, 3/eMEHTAapHBIE JOMEHEI Yn 4 TIPOCTO TNOKPHIBAIOT
kBagpar E.

IMocrpoum Tenepp obsactk F, TakuM o6pasoM, uToGbl OHAa coxep-
Hana TpaHHIL Beex Q, ;, M uToGbl cobmopaioch ycioswe mF, <2771,
Monoxum

G,= F, U By,
ITokaxewn, urto dynxuus f* usmepuma nocpeacrsom {Y .} u {G,}.

Tax kak mB; , < 2" u mF, < 27", 10 umeem G, < 27". Takum
o6pa3oM, ycjioBHe (I) BBLINOJIHEHO 1Jisl MOCJeN0BaTe/bHOCTH {Gn}, Ycnoeue
(ii), kax Mul BHpeaH, ToXe BunodHeHo miast {Y, .},

Mycte Tenepe x € Y, (K, tne K, = E — G,,. Uveem x € B, ,
u x € F,,. Tlostomy
) mlly o[x] <273
H X TOYK3 YjajfieHa OT TpaHHlL TnpaMoyrodbiHkos Q, .. C apyroil cro-
pousl, B cuiay (4)

*
e .
s Tt

Tostomy Moxer Gurhb HaiineHo [, Takoe, uto x € Q, ;H U0 A () =h.

Touka x nexur Buytpu Q, ; w noromy 3B, , [x] =8, , lg, ;1. Orciona
B cuay (2)

6)] @h— D27 mB, , [x] < (2 + 1)27772,
B cuny (4) umeem panee:
@h— 127" 2 =" < m@ , [x] —m(B, , 1N Y, , [x]),
(2h— 127" — 27" (B, , — (B, , N Yy, ) [].
Tak kak BHa T+ usMepuM nocpenctsom {8B; .} u ¥ ,} To umeem
B, — @, NUhD=B, , NE€—U ) =TNEC—-A )=

Ti—(Ea N Yy, o)

Takum o6pasom,
6) (2h — D272 — 27" 3 < (T — (T N % o) [xl.
Tak kak m By ,, [x] >0, to Bcuay (5) umeem h >0. Eciiu h 50, 0 A >0,
H B cuiy (6) HmeeM

m(Ti—E N, N Ix1> 2773,
Corsniaceo Teop. 2 M3 6.3,2 u kopo/siapHio K Teop. 2 u3 6.1.2, MoxeT 6HTD
Hafinena touka 2 & (L, — (TN ,) [x]. Vimeem z & ¥, [x]. Tlostomy
Bux ¥, [x] uaMepum M umeer Mecro pasenctBo (1). Kpome toro, umeem

m (1 — (T1NUy, 5)) [¥] > m T [x],
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H, clejoBarencHo, B cany (6) u (1)
@ @h— N2 273 f (),
C apyro#i cTopoHb, HMeeM

m (1 — (T, N Uy,p) [x] = m T [x] — m (TaN¥Y,,,) I*),
OTKYd
m (& — (GNY ) K] <L fF () — 2778,
ChepioBaresibHo,
Fr@Pm (B, — (8,0 %) [z 278
P mBy , (] 2773
® P@hA 1) 2R 23

Hs3 nepaseucrs (7) H (8) Buirekaer, uTo
=12t < DT

Te ke HepaBeHCTBa Mbl aHAJIOTHYHLIM 06pa30M noJiyuaeM H npu A == 0,
npeanodarast, uro f* (x) onpeneneno. Takum o6pa3oM, coGIOZEHO yClioBHE
(iii). Cneposarensho, dyuxuns f* wsmepuma nocpepcrsoM {Y, .} 1 {G,}.

Hanee jokasatesibcTBO H3MEPHMOCTH QYHKLMY f BegeTcs, KaK B TEKCTe,
uauHHast co cjioB «Touno Tak xe, Hexopst M3 T (crp. 104).

73. (K crp. 105.) Dra uacts nokasatenbcTBa Teop. 1 u3 6.4 rtakxke
Tpebyer HcnpasienHH. M npepsiaraeM onpependts B, Kak BHA TOueK
(P1: P2, Pa), Taxux, uto (py, pp) € A, 1 wro [pg| 3> M, tne M — pepxuas
rpaib | f (x) | (M. xommentapuit 70); €, — Kak Bug Touek (py, ps, pPa),
TaKHX, 9T0 (py, pg) € E uuro | pg/<{2™". Onpegensns sarem D,,» KaK B TeKcTe,
Gynem nmers mD, < (2M + 3)27". &, Moxer OuTh nNOCTPoeHO KaK
obnacts, cofiepxamas D, H 1akad, uro m, < (2M + 3)27"*L 1, mo-
JKeT GHThb oNpejesieHo KakK BHA TeX TO4YeK (p,, P2, Pg), A/ KOTOPHX HMeeTCs
k>0, Takoe, uto (p, p) EV,, H uo 0 pg (b — )27}
U, , —kax Bup Tex Touek (py, P3, pa), AAA KoTOpHX Hmeercs h <0,
TaKoe, 4T0 (py, py) € V H uro O<fip; < (1 + )27 L TIpu raxom nocrpoe-
unn supos §,, U, , ® U, usrarens cMoXeT p0KasaTh paBeHcTBa
L,NE@E—=8)=%5NE—8)ul,,NE—8)=%NGES,
H BHEJINTH H3 MocjiefoBatesbHOCTEH {111'"} u {§,} noanocnenoparesib-
HocTH, H3Mepsiomue j, a W3 mociaefosarensvhocredi {U,.} u {F,} — non-
NOC/EA0BATEILHOCTH, H3MepsiiomHe .
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74. (K crp. 105.) ¥ nac, cornacuo npegblaymeMy KOMMEHTapHio, Mo-
JlyyaeTcsi BMECTO STOT'O PaBeHCTBA PaBeHCTBO

mlly , — mll, = 271 ; hmV,  — 27771 Eo mY 5+

-n-1
2 2 mV, v,
h<0

jJaiolee B mpejefie TpeCyeMEIli pe3yJibTaT.
75. (K crp. 107.) IIpuBegem Godee mogpoSroe H3MoKeHHEe 3TOMO JOKA-
3aTeJILCTRA,
Hs Toro, 4to
(M lim f, (x) = [ (x),
n 00
chieflyer, 4TO
lim fr (1) = [* (),
n-»00
H OTCIOfa, 4TO

@ Tim, (7)) ()= 4 (@

npH JwoGoM HarypasibuoM k. BBumy usmepumocTd ¢yukumii f, GyHKuHH
fr (n==1,2,...) usmepumbl u TpH JIOGOM HATYpajibHoM k GyHKuMH

#f}) (n=1,2,...) usMepuMst H orpanHYensl B COBOKymHocTH. Tak

KaK paBedctBo (2), Kak u paseuctso (1), HMeer MecTo HOYTH BCIOAY, TO
dyukuus ,(f*) usMepuma corsiacuo Teop. 1 us 6.2.4. Cneposaresibmo,

¢dyukpHa f* u3MepHMa., AHANOTHYHO JOKA3bIBAETCST H3MEPHMOCTb (YHKUHHU
f~. Cnegosatenbno, ¢yukuus f usMepHma,

76. (K crp. 107.) Tox ,f~ (x) spech ¥ B ganibHefimeM NofpasyMeBaeTcs
max (f~ (x), — 2%, uro pasHo — (— ) ().

77. (K ctp. 109.) HeussectHo, oTKyga aBrop moJjiydaer mocieguee
HepaBeHCTBO. MoXHo, ofjHaKo, 3aMeHHTb Noc/AeguHe (pasbl CleyIOmUM
TEKCTOM.

Uugeke # B cucreme {Vp'h} nogguuen yciouwo |h | << C27,

rie C — HesaBHCHMOE OT p HaTypa/ibHoe uHc/io. BeiGepem p takuMm o6pa-
30M, UTOGHI 3TO HATYpa/ibHOE YHCJIO (KpoMe IBYX BHIIENPHBEIEHHEIX) YIOB-

AeTBopsiio yeiioBHio 2PF 1S 0 1 IpuhsE 0 x & Vo WE—4,)
umeeM 0 .f () > (A + 1) 2771, orkyma h > — 1. Cuenosaredibho,
suget V, ,((E —Ap), rae h <— 1, mycTh, T.e. HMeeM Vph CE —
(E—A) npu h<—1 Cornacio cnepcrsuio Teop. ! wus 6.3.2,
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uMeeM INO3TOMY

S omv,, <2
h<—1
C apyroii cTopoHHI,

2 h'mVp'h { — C2p‘ 2 mVp,h'
h<—1 h<—1

CrnefioBaresibHO,

3wV, ,>—C.

h<—1
Tonaaras
= 2p+k+ 1_ 1,
GyneM HMeTb
+kt1
Mhmv, >—C—mV, |+ 2PNy — S o,
h h>t h>!
Orciofa, npHHHUMAs BO BHHUMAHHE, YTO
mVp it X Mo <1,

h>l
noJjiyuaem

D) kv, >—C— 14 2P LNy
h h>1

Tlonbaysick Jaflee oOuEHKOH JIeBOH YAaCTH 3TOr0 HepaBEHCTBA uepe3 S,

TPeTbHM yC/iOBHeM, HAJNIOXKEHHBIM Ha p, H ycsioBHeM (s - 1)2“k L9y
nonyyaem

2 my < g1
h>!

ITosToMy MOXKHO BKJ/IOYHTL BHJ hU Vph B 061aCTh Cp ¢ Mepoit MenbuIed,
>1
yem 27771,
Ilpy x&EE — (ApUCp) HaxoiuM h, Takoe, 4YTO X EVpn h <1,
TaK Kak x%hg Vo.he Ecau npu stom onpefienero f (x) [T. e. onpepeneno
>t "

f ()], To umeem

of B0+ D2

npugem (1 -+ 1) < 2°***1 Takum obpasom, HMeeM Torja of (0 -< 2%,
H noroMy

® of (0= F (0.

d1uM MBl 0Ka3a/H, YTO PABEHCTBO (*) MMEET MECTO BO BCSIKON TOYKe X
Baga E — (ApUCp), B KOTOPO#l onpefie/leHa npasas 4acTh 3TOr0 paBeHCTBa.
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78. (K crp. 109.) B kauectse g moxer GbiTb, HanpHMep, B3TO leJoe
YHCIIO

[(h —8 — 227,741,
TJe KBaZipaTHhle CKOGKH O3HAYalOT B3SITHE LEIOH 4YacTH,

79. (K crp. 109.) Ecau £ B cucreme {V,,,} momuHHeHO YycaOBHIO
[h] < C2%, a i’ B cucreme {W, ,,} — ycnosuio |h' | < C'2° (C w C' —
HaTypajdbHEIE YMC/Ia, HE3aBHCHMBbIE OT p), TO ¢ B CHCTeMe {X4,q} MoxHO
IONYHHHTL YCa0BHIO | g | < C"2%, rpe

C"=C+C +1
(cM. npensinymuit KOMMeHTapHil).

80. (K crp. 111.) Bumecte C TeM, KaKk HETPYAHO BHAETD, ,f (x)-fq () =

minf (x)f ;(x), 2% Bo BcsikoRt Touke x, B KOTOpO# XoT1d Gbl OfHA 4acTh

aToro pasencrsa onpepenena. Cueposarenno, ¢yuknus f(x) f; (x) ua-
MepHMa.

81. (K crp. 112.) IMynkr (ii) sTOro0 AOKa3aTeNLCTBA COnEpIKHT MOrpe-
HOCTH, KOTOpLI® YHTATeNb JIerko OOHAPYKHT H HCIPABHT (CM. KOMMeHTapHil
76).

82. (K crp. 113) IlpHBeneHHOe NOKA3aTeNbCTBO IOAMTCS JHMWb JJs
HeoTpHIaTeNbHBIX DYHKIUT fn .

83. (Kcrp. 116.) K o H. MHe He HpaBHTCA Bama GyHKUHA g (CM. KOM-
mentaphii 65). Hesnbast an oGofitHch Ge3 Hee?

84. (K crp. 117.) 3necs p — npousBoAbHOE HATYpasbHoe yucao. Yucna
N, Gepyrcst Tak, uTOGH OHH OGPA3OBHBAMAH BO3PACTAOMYIO MOCHENOBa-

TeJbHOCTb.

85. (K crp. 124.)) Tak HasnBaloTCS NMEpeMeHHbIE JJIsi MaTeMaTHYeCKHX
npefjoxeHH.

86. (K crp. 125.) K o . Bam npumep HeynaueH, Tak KakK eCTb OCHO-
BaHHs mNpH3HaBath GopMyly a=Fb— altb (Wanun, 1958, 1962).
SI ¢ BaMH, 0fHaKO, BIOJIHE COr/aceH B TOM, 4To dopMyny ~1g — ~|p-— -
+p —> ¢ HeNlbast CUHTATh HCTHHHOH. B caMoM Jefe, C ee «IOMOIRBIO» MOXHO
6blo 661 M3 Bameli HcTHHHOH dopMyast (4) (crp. 125) nonyuwts 3aBe-
JIOMO Henpuropuylo dopMyny ~1"|p — p.

87. (K c1p. 130.) Kowu. B KoOHCTPYKTHBHO MaTeMaTHYecKofl Jo-
THKe HMILTHKALHA

(¢ (V)T 7Tp () > 7171¥x) p (%)
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BecbMa f1pocTo ofnpoBepraerca Ha mnpuMepe. Crpoutcs Hepaspeusumoiii
[IpefHKaT § OT OJHOW TepeMeHHOH, npoberatomefl HATypatbHWH psn, T. €.
Takoll {IpefHKAT ¢, YTO HEBO3MOXeH anropHdM, pacrmo3naiomuit ans
M060r0 HaTypaJbHOro YHCNA 1, BepHO aH  (n). CoBpeMeHHast TCOPHS a/ro-
pHMOB Jaer pa3HOOGpPa3Hble CIOCOGHI {IOCTPOEHHS TAKHX IPEJHKATOB.
Hanpumep, q (7) MoxeT BHpaXaTh NMPUMEHHMOCTb HajTerKamuM 0GPa3oM
nocTpoeHHoro anropudMa k wucay n. ITocse Toro Kak ¢ fnocrpoeH, GepeM
B Kauectse p (+) mpeaHkar q (x)\/ 7] q (x). JleBasg yacTb UMMAHKAUHH (%)
BepHa NpH fOACTaHOBKe p (x) BMecto p (x) B cuny Bameit dopMyast (9) H3
7.1.2, ¢ kotopo#i 1, pasyMeercs, cornaced. C 1pyrofi CTOpOHH!, MpenaOKeHHe
(YO p@), 1 e (yx) @@V 19(x), cormacHo KOHCTPYKTHBHOMY
MOHHMAHMI0 OOLIMX NPEIOKEHHil, BHpPaXaer oCymeCcTBHMOCTh anropHma,
MPHMEHHMOro K J1060MYy HaTypaJbHOMY YHC/IY 7 H Pacflo3HAIOLIEro, BEPHO
a4 q (n). A Takoit anropudm Kak pas He ocymecrBHM. CienoBaTesbHO,
npensioxkenue (yx) p (x) J0KHo, T. e. BepHo | (yx) p(x) H JoxHO
171 (¢x) p (x). Bor M H onpoeprau ¢opMyay (). IIpH sTOM MBI He
npnéeranH x Bameii teopeme o Beepax. [Cp. Knuuu, 1945.]

88. (K crp. 131.) K o n. BBHIy TOMBKO 4TO CKa3aHHOTO MHOIO [IpeX-
nosoxenue Kyponu kaxercst MHE oueHb cTPaHHHM. OHO BO BCSIKOM Caydae
COBEpIIEHHO He COrJacyercsi ¢ MOHM [IOHHMAHHEM JOTHYECKHX CBS30K.
Benn onposepxkenne dopMmyant (yx) 7] 7| p(x) — 17 {yx)p(x) nposeneilo
HAMH B CaMOM ¢HCUHMCJIHMO GECKOHEYHOM» BHJie — B HATYpaJbHOM psilie.

89. (K crp. 133.) K o 1. Ho Bennb raiaBy 8, conepxkamyio pasgen 8. 1.1,
Bl caMy o3araaBuan «CrnopHble Bompockl («Comtroversial subjectss).

90. (K ctp. 140). CM. crp. 434 pycckoro mepesoja.

9. (K crp. 142.) K coxanerHio, cucreMa S ONHCaHa asTOPOM HeJOCTa-
TOYHO SICHO, H3-33 Yero TeopeMa 4 OKa3hiBaeTcsi HEMOHATHOM.

92. (K crp. 144.) Kon. 3ro MHe coBceM HernoHsATHO. Ecan yx nouwio
Ha TO, uTOOBI paccMaTPHBATh <¢UHCJIOBOH TIeHepaTop» g, TO H3 pPaBeHCTBA
a = 0 cjenyer AHIIb, YTO HH NPEJJIOXEHHE —| p, HH NpeLOKeHHe |~ | p
Hukozda He 6ydym Ooxasaws.. Ho 310 BOBce He OyleT 03HAayaTh, UTO OHH
Hedokasyemo.. BronHe MBICAHMO, YTO OIHO M3 STHX MpeJIOKeHHH Jaxe
JIOBOJILHO JIEFKO NOKAa3yeMO, OHAKO YeJIOBeuecTBO Beerja OyleT HaXOOUTb
gena Gonee BaxKHHe, YeM (IOMCKH JIOKa3aTeJhCTBA 3TOr0 MNPeAJIOXNKEHHS.
51 MO3TOMYy HE MOTY CYHTaThb OGOCHOBAHHBIM HEPaBEHCTBO a == 0.

Brnpouem, 1 3Jlech BHIIEN 3a fpefensl cBoell obnactd. Benp «uuc0Bo#
reweparop» @, OfipefleNeHHL BaMH, HHKOMM 0Gpa3oM He SBJSETcsl KOH-
CTPYKTHBHBIM oObekToM. ITosToMy s, co6CTBEHHO roBopsi, HHYEro Booline
He JoJKeH GuJ Obl roBopHTh O HeM, Cuuraiire, noykanyiicta, MO BBICKA3HI-
Bauusi 0 UT' @ cMenoff  BELTA3KOA KOHCTPYKTHBHCTA HAa HEKOHCTPYKTHBHYIQ
TEPPHTOPHIO.
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93. (K crp. 144.) Kon. Bor kak BerogHo GeBaeT oTcyTcTBHE HH(OD-
Mamuu!

94. (K ctp. 145.) K oH. Bamn HeyjayHbie NONBITKH ONPOBEPTHYTH UM«
mavkanypw a 5= 0 — a 1f 0 aumb ykpenusin Mensi B MoeM IVIyHOM yOexne-
HHH, YTO OHA HCTHHHA,

95. (K c1p. 146.) K 0 n. Mouemy a>> 0, s1o Annax Benaer!

96. (K ctp. 146.) K o . ITo-BuauMoMy, Bl XOTHTE CKa3aTh, 4TO Hepa-
peictBo a(f) &= 0 nokasbiBaeTcs aHANOTHYHO TOMY, KaK B HpPefbAYyIeM
pacCyKJeHHH 0Ka3LIBanach GopMyna a > 0. O6a 3TH [0KA3aTebCTBA MHE
COBEpLIEHHO HeMOHATHHI. §I Xouy, HAa0GOPOT, IOKA3aTh, YTO, COTJIACHO Ba-
memy onpenesenuto, a(f) = 0. B camom pene, B MOMeHT, korja onpefne-
nserca a,,, (f), nam ussectusl nuub f,, rie £ << n. Ipoune f; BuGupawica

nocne onpenenenus a,,,(f). Ames xe qums f; ¢ 7 < n, Mbl HE MOXeM cy-

IHTb O TOM, HPPAIHOHAJLHO a4 f, T. €, HCHHTHBATL p(f). D10 npennoxKenue,
TaKhM 06Pa3oM, He HCTIBITAHO B MOMEHT Onpefienenus a, ., (f), B cuny wero

— o-n-1 _
a,,(Hh=2 . Tak kak 310 BepHO NPH BCcKoM n, To a(f) = 0.

97. (K crp. 147.) K o u. Haobopor, s1 Mory moka3aTsh, uto b(f) = 0
(cMm. npepsinyunii kommenrtapuit). Bamwe nokasarensctBo, TakuMm o6pasoM,
Hey6enuTeNbLHO.

98. (K crp.147.) Ko n. Tak ¢opmynupyeMoe mnpenjioxxeHue HMmeer
MECTO H B KOHCTPyKTHBHOM apanuse [Illamun, 1962].

99. (K crp. 148.) He coBceM MOHATHO, YTO aBTOP MOHHMAET 3J1eCh HOJ
«EBK/IMIOBO reoMerpyell IJIOCKOCTHY.

100. (K crp. 148.) K o . He nouumalo, noueMy BbI CUHTaerTe, 4TO IpH
¢ = 0 npepnoxeHne p HHKOrZa He MOxeT OwThb HcmbiTaHo. ITo-moemy,
BCE, YTO MOXKHO CKA3aTh B 3TOM CJyuyae, 3TO 4TO NPEJJIOKEHHE p HHKOTMa
He GyJeT HCIIHITAHO, a 3TO COBCEM JAPYroe 1eno. TO HHCKOMBKO HE «IIPOTH-
BOPEYHBO»,

101. (K ctp. 148.) K 0 1. Kak 1 yxxe HMeJl YOBOALCTBHE OTMETHTL (CMe
kovMMenTtapuit 30), B KOHCTPYKTHBHOM aHa/H3€ ONpPOBEPraercsi Ha mpuMmepe
He TONLKO MpeAJIoKeHne, coBnanaoiee no gopmymipoke ¢ (C), HO u Goiee
craboe npejsioxeHue, cobnajaiouiee no (opMysupoBke ¢ Bamefi Teop. 2
u3 3.4.4. llpy s5TOM He NpPHUBJIEKAIOTCA HHKAKHE IOCJIENOBATENLHOCTH,
CBfA3aHHBIE C XOJOM PAa3BHTHS MaTeMaTHKH.
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BUBMIHOTEKA

CBOPHUKA
MATEMATUKA

Boituan u3 newamu

MHKYCHHCKH¥ 1, CHKOPCKHUH P, daemeHrapuas
TeopHs 0606uleHHbx ¢yukuuit. Buin. I, 11

XEPMAHIEP JI, K teopun o6wnx auddepeHUuaibHbx one-
PaTopoB B YACTHHIX NPOH3BOJHBIX.

XAJIMOII M P, Jlekuun no aproguyeckoit TEOpHH,

KATIJMTAHCKHWUMY U, Bsepenne s b depeHunanbuyio anre6py.

KAPJ/JIEMAH T, MareMaTHueCKHe 3a5aYH KHHETHYECKOH TEO-
PHH ra3os.

XEHMMAH B K, Muoroanctibie dyHKuuu,

HOMUW 3V K, Tpynnu Jlu u guddepenunansuan reomerpus.
CYIO3YKH M, Crpoenre rpynnsi u CTPoEHHE CTPYKTYPH ee MOA-

rpynn.

PYTUCXAY3EP I', AtroputM 4acTHHX H pasHocreil,

HTO K, Bepoarsocrubie npouecchl. Bun I, II

TPEHAHIEP ¥, CryvaiiHse npouecchi M CTATHCTHYECKHe Bbi-
BOJIDL,

F'OPOWHT JI, 3apava Kown paa rHnepGoaHYEcKHX ypaBHEHHIl.

FYICTEWH P JI, MarematHueckas JOrHKa.
A3¥W M M, Hopmuposannbie JHHElHbE NpOCTPaHCTBA.

TPOTEHAHWK A, O Hekorophix Bompocax roMoJorayeckoii
anredpbl.

AJIBO®OPC JI, BEPC JI, NpocrpancTea PHMaHOBbLIX MOBEPX-
HOCTeH H KBa3HKoHGOPMHLIE 0TOGpaKEHHs,

JIEPE )X, XnbddepeHunanbHoe H MHTerpajibHoe HCYHCAEHHS Ha
KOMIIEKCHOM QHAJNHTHYECKOM MHOrooGpasHH.

MAHIOEJBBPOMYT C, TeopeMn 3aMKHYTOCTH H TeopeMbi
KOMMNO3HI HH.

ATMOH C, AYVTJIHUC A, HUPEHBEPT JI, Ouenku
peuwlennii 3AAMNTHYECKHX YPaBHEHHA BOJH3H IpaHHUbI.

Teopus aare6p Jin. Tonoaorus rpynn Jiu.

XAHT Ix A, MapkosckHe nmpouecch H NOTEHUHAJH.
XEPMAHIOEP JI, OueHku aasi oneparopoB, HHBaPHAHTHBLIX

OTHOCHTEJAbHO CJBHra.

BAH XAO, MAK-HOTOH P, AkcHoMaTHYeCKHE CHCTEMbI
TEOPHH MHOMECTB.

XOJ1J1 M, KomGunaTtopHbifi aHaJH3,



