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BBEJIEHIE

{lonsiTne Mepbl BeNWYMH sIBASETCHS OCHOBOIOJNArawIuM Kak
B NOBCENHEBHON XM3HM (fnnHa, IHOBEPXHOCTH, 00BeM, Bec), TaKk X
B DKCIepUMEHTANbHON Hayke (dJeKTpHYecKuil s3apsaj, MAarHUTHas
macca m T. 1.). To obmee, 9r0 mpucyme «MepaM» 3THX PasiAWIHHIX
BEeIIMYNH, 3aKII0TAETCS B COOTHECOHHUH KayKMoH 4acTH HIPOCTPAHCTBA,
YAOBIETROPSIIOMEH HEKOTOPHM YCIOBUAM, uucta, W IDPHIOM Tak,
qro0nl  00BeUHEHHIO [ABYX 4YacTell (He MMEINUX OOmMUX TOUEK
COOTBETCTBOBANIA CYMMa UHMCe], OTHECEHHRX Kaymoll ums Hux (addu-
muenocmd Mepu) *). KHpome TOro, Mepa OGHYHO €cTh YMCIO IOJO-
JRUTENHbHOE, W DTO BJIEYET 3a CccO0i TOT arT, UTO 0OHA HpEeACTaBIALT
coBoll soapacmarowyo GYHKITHIO W3MepuAMON YacTH mpocTpaHcTBa **¥),
C npyrofi cTopoHB!, OTMETHM, UTO B NPHIMEKEHHAX Majo 3ab60TATCH
00 yTOYHeHWMHM BHAa TeX dYacTell MPOCTPAHCTBA, KOTODHE pPaccMar-
PHBAIOTCS KaK «M3MePUMBIE»; pasyMeeTcs, BO BCAKON MaTemaTude-
CKOIl TeOPUM MePH B 9TOT NYHKT HEo0X0JMMO BHECTH MOJHYIO SCHOCTD,
KaK 9TO Jlenaercs, HAIPHMep, B SIeMeHTapPHOW TeoMeTpUH IpH
onpefieleHNN TILIOMAMA MHOTOYTOJBHIKOB WJIH 00’b€Ma MHOTOTPAH-
HIKOB; BO BCSKOM CJIyd4ae ceMeiicTBO «M3MEPUMHBIX» MHOKECTB J[OJIKHO,
€CTeCTBEHHO, OBITh TAKUM, 4TOOH o0beguHEeHMe NIOOHX IBYX U3 HHX
6e3 ofIEX TOUEK CHOBA OBLIO «I3MEPHMOY.

*) 3apanee He 0YeBHJHO, 9TO BEJHUIHE PA3HOLO POXA MOTYT OHITH H3Me-
DeHEl OOHEMHU ¥ TeMH ’Ke YACIAMH, ¥ HET COMHEHHA B TOM, 4TO HMEHHO yraylie-
HOe TOHATHs HW3MePeHd BeJHYIHH IPHEBEJIO JIPEBHAX IPEKOB K HX meopuu omuo-
uenul, PKBHBAJIEHTHOS TEODHH UOJOMKHATEIbHBIX JeHCTBATENbHBIX YHCET (CM.
O6man Tonmonorus, ra. V, § 2 m Ucropmuecknit owepk K ra. IV).

**) 9T0 He MPHUMEHAMO, HaIPEMeD, K DJIEKTPHUYECKOMY 3aPANY Tela; ORHAKO
Mepa ofmero 9neKTPHIECKOLO 3aPsia MOMKeT DPACCMATPHBATLCA KAR paanocms
ABYX HOJOKATEILHHX MeD HOJOMKUTeALHHX H OTPHNATENbHHEIX 3apANOB.



10 BBEJEHUE

B GonpmmHCTBE NpEeIHAYIAX OPHMEPOB MDA YacTH HPOCTPAHCT-
Ba CTPEMHTCS K HYJ0 BMECTE € ee JuaMerpoM: 3/(eCh TOTKA «He MMe-
eT JLTHHBY, TO €CTb OHA CONEP/KUTCS B HWHTEpBale CKOJb YTOXHO
MaJIOf JJIWHB, ® 3HAYAT, el MOYKHO OpHEIOAcaTh MuImb gauHy (; Mepu
TAKMX BEAWYMH HA3HBAOT paccesppnMu. OnHAKO pasBHTHE MeXa-
HAKM # QU3UKH UPHBEIO K BeIHIHHAM, AJA KOTOPHX OOBEKT
OpeHeOPeKAMEX PAasMepPOB HMMeeT He TPeHeODEKHMYIO Mepy: 210
rPaBHTANUOHALIE WM DJIEKTPHUCCKHE (TOYCUHHIE MACCH», KOTODHE Ha
caMoM qele mo Gonbimell 9acTH SIBIAAIOTCH CKOPEE MaTeMaTHIeCKMMH
abcTpakuAMa, 9eM CTPOTO DKCHeDHMEHTAIBHHIMH NOHATHAMHA. Tem
CAMBIM MATEeMATHKA HONONLIA K PAacCMOTPEHHIO Mep, OIpeeieHHHIX
caenyomuM obpasoM: Rakuolt toure a; (1 i< n) Koweunozo MHO-
ykecTBa F OTHECEHO WHCIO /M;, ee «MAacCay WM ee «Bec», M Mepa Ipo-
A3BOJIBHOTO MHO’KecTBa 4 ecThb cymMma Mace m; ToueK a;, HpHHAJJIe-
mamux 4.

C moHATHEM MEpPH TECHO CBf3AHO0 TIOHATHE 636CLUCHHOU CYMMbL.
PacemorpuM, Hampumep, B OPOCTPAHCTBE KOHETHOe Ymcao (rpaBura-
IUOHHERX WMJIH IEKTPUIECKUX) MACC M;, PACTIONOKEHHAKX B TOUKAX «;
(c KoopmmHATaMO Z;, Y;, %;); CocraBIgomas (K IpumMepy) IO OCH
Oz NpUTsKEANs, AeficTByIomero Ha Toyky b (¢ maccolt 1 u ¢ Koopum-
HaTaMd o, P, ¥) CO CTOPOHHN MHOMECTBA BTHX Macc, paBHA (IPH Haj-
(z:i—¥)

3 b
3

JeyKamuM 00pasoM BHOPAHHOM CHCTeMe eIUHMIL) CyMMe Emi

1
rae 1 = (x;—a)? 4 (y;—P)*+ (z:—Yy)? ectp KBagpar pacCTOSHMsA

Memy ToukaMm @; u b. Wammu ciosamu, Oepercs sHaueHue ¢GyHKIUH

f(z, y,2)= — 3;

(z—a)2+(y—P2+(E—y)8)"2
B KO0l TOYKe @;, YMHOKAEeTCs HA «Bec» 3TON TOUKH H COCTABJISAETCH
CyMMAa OOJYIEHHAHX TAKMM MYTEM «B3BEIICHHHX 3HAUeHUN» QyHKIUA .
O01ensBecTHG, UTO TaKMe CYMMLI MOCTOSHHO BCTPEYAXTCS B MEXAHH-
Ke: IIeHTPH TAKECTN W MOMEHTH MHEPTIHH aioT ToMY Hamboiee m3Be-
CTHHE ODHEMEPH,

Ecnm mHTaThCA PacHpPOCTPAHATH TMOHATHE B3BEMIEHHON CYMMED
€0 ClIydas TOUEUHEIX MacC HA «PaCCEeAHHYI» MEDPY, Ijae BCAKasd TOIKA
uMeeT MeDy HYIb, TO BO3HAKAET TaKad BHENIHE IapajoKCalbHasd
3a7a49a, KOTopasi MOPOAMIA MHTETPAIbHOE UCIMCHACHNE: NDAXATh CMEICT
«CcyMMe» 0ECKOHETHOTro 9HCAa WIEHOB, KAKIHMA M3 KOTOPHIX, B3ATHIA
OT/lellbHO, PaBeH HYJ0. Bo3bMeM CHoOBA HPHMMEDP BEIYMCIEHWS! IPHTH-
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jreHMA, AEHCTBYIOINET0 HA TOIKY, KOTAA MPHTATHBAIOINHE MACCH
genpepHBHO pacmpenesneHH B oGbeme V. Ecau mMHOKecTBO V pastmro
ga KOHeTHoe umeio (6e3 o6mux toduek) wacreil V;, 10 Mu Oyumem cum-
carh, 4YTO CocTaBusiomas mo ocu Oz IPUTsHKEHMA, JelicTBYWINETro
co cTopoHE V Ha TOURY b, PABHA CYMME COCTABIAOINNX IPHTSIREHNI,
meficTByromux Ha b co cropoHn rRakmoro m3 V. Ho ecam nmamerp
gaskmoro V; man, To HenpepuBHas QyHKUus [ (z, ¥, 2) MAIo MeHsETCA
p V;, W 970 I03BOAAET NPUTAKeHHWe, AeHCTBYWINee €O CTOPOHH Vi,
3aMEHHUTH LODPUTSKEHAEM TOYeYHOH Macchl, papHOH Macce m; o0be-
Ma V; m pacuonomeHHOH B POU3BOJIBHOI TOYKE a; MHOKecTBa V.
Tarxum o006pascMm, ME OPHXOUM K TOMY, 4TO B KauecTse mpuGIu-
JKCHHOTO 3HAYeHHs HMCKOMoro 4ucjaa Oeperess «cymma Pummanay

Z‘ m;f (i, Yi, 2;); 1318 TOTO ITOOH 5T0 OHJI0 3AKOHHO ¢ MaTeMaTHIeCcKoi
i

TOUYKK 3DEHHsi, HCOGXOMUMO, €CTECTBEHHO, MOKA3aTh, UTO OHTH IPH-
61MKeHERe SHAUYEGHHWS CTPEMATCA K HEKOTODOMY IIpejeny, KOTHA
MAKCHMAJbHLI puaMerp MHOMeCTB V; crpemmtess K 0, 9To Jerko
BHITEKAeT W3 paBHOMEPHOH# HeupepsiBHOCTH ¢yHRImu | Ha V
(B OpEINONOKEHNH, IT0 V KOMIIAKTHO H TOTKA b He IPHHAmICKHT V).

WsBecTHO, 4TO «METON MCYEPOHBAHUSY NPEBHHX TPEKOB H «HPHH-
nun Hapanbepmy miafg CHCTEMATUUECKOTO BHYIACACHWS IUIoIaged ¥
00beMOB OCROBAHLH HA AaHAaJOTHTHOM IDOLEcCe, COCTOSMEM B pas-
Onenmy paccMaTpPUBAEMEIX mIommaneil u 00beM0OB Ha «uoiochy. «Bape-

{IICHHHEC CYMMBI», K HKOTOPBIM IPHXOAST TaKHM OyTeM, ABIANTCA
b

He 4eM WHEIM, KaK HHTeTPaJaMi S flx)dr (cm. WMceropmueckuil ouepx
a

r rrapaM [—III «@ysrunii geficts, mepeM.»). 31ech CHOBA CYIECTBO-

BaHHWe Ipejiejia «PEMAHOBHIX CYMM» CIEIyeT M3 PAaBHOMEDHOH Hempe-

PHBHOCTH QYHRIMEH f; 9T0 ke yciaoBHe Bieder Gomee obmuil gaxr:

cymecTROBanMe mpejena s amanormaHex cymM O f (E;) (g (zivq) —
i

— g (1)) (; < &; < *344), THe UpeamoNiaraercs JUINb, 9T0 g — Orpa-

HUYeHHAA W gospacmaiowyas ua [a, b] ¢ymxnms. dror mpepera, 0603-
b

HaTaeMuil 9epes \ f(z) dg(z) u masmBaeMuit unmeepaton Cmuamveca

o
a

QYHRINHE [ OTHOCHTENBHO g, MOKET PACCMATPMBATHCH KaK «B3BeHICH-
Hasg cyMMa» QYHKIWHE f OTHOCHTEJBHO MEDH |, OIPefeJeHHOH HA
MHOKECTBE IOJYOTKPHTHX WHTEPBAIOB ]oi, f] NIpE HOMOIDH COOTHO-
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merus P (Ja, By =g (B+) — g (e +); oH yKe He Tax TecHO CBABaH
¢ putdepeHNNANBHNM HCIUCICHHEM, KaK IOHATHE OOLITHOTO WHTEr-
pasa *). To .sme camMoe MOMHO CKasarb 0 «EBOMHBIX» U «TPOMHEIXY
KTacCHIeCKUX MHTerpajiaX, CBABAHHEX COOTBETCTBEHHO ¢ MepoH
miomaneii m o0bemoB. OQpHAKO BCe 3TH MOHSITHA MATErPaja POHCT-
BEHHH MeKay c000it He TOJNBKO CBOMM OIpefieleHHeM, HO W TeM, 4Te
«<paTeTpasy W (f) Yucmosoit ¢yHKmUE f, HEUpEePHBHOW Ha HEKOTO-
poit mommaxtHofi dactm K TpsAMOil, TUIOCKOCTH WIH TPEXMEPHOTO
IIPOCTPAHCTEBA, €CTH TUCII0, OTHECeHHOe 31eMeHTY [ mpocrpaHcrsa 6(K)
HenpepuBimX Ha K Qymennii; cienopartensHo, f — p (f) ects oTol-
pasienne opocrparctBa % (K) B R (mnim, kax dacto rosopsar, «HyExR-
HuoHam), Koropoe 1° aumeilino (ro ecrs p (af + Bg) = ap (f) --
+ By (g) mpu m066x cKansApax ¢, P ®m MO6HX HeNpepHBOHX (YHE-
manx [ m g) u 2° noaomumesvro (to ectb p (f) >0 pmas noboi
HelpepuBHOG QyEKINY f > 0).

Mpumedarensuo, uro, ¥ obparHO, 3THX ABYX CBOMCTB HOCTATOIHO
O XapaKTepUCTUKU wuHTerpanos Crunreeca Ha HHTepBane [a, bl
(reopema ®. Pucca). A ecim Tar, TO MOYKHO II0 3HATCHHAM HHTCIPa-
Ta OT HeIpepPHBHEIX QYHKIMIT soccmarosumb TOPORHBITYIO €ro MePpy.

9ro mpuBopMT (eCHM TIPHEEPIKHBATHCA HHTEPIIPETANUH K f(x) dz xax

I0MARKW) K BHYUCIEHUI0 MHTETpasa oT xapanmepucmuwgcnoﬁ PYHE-
YUU UHMeEePeaLd, ecid IMPealloI0KUTh €ro W3BECTHHIM JJsf HEeIPEPHB-
pHY ¢yExuuii. VamMu cioBaMu, peddb HueT o npodossceHuu Hapie-
maluM ob6pasoM QyHEOUoHANA P (f) Ha MHOMKecTBO §yHKIMIL, copep-
mamee B(K) 1 HOCTATOUHO IMHPOKOE, UTOOH COmEpKaTh TaKKe BCe
XapaxrepucTHYecKre (YHKOUNA WHTEPBAIA.

Ecrs HeCKONbKO CIOCOG0B OCYIECTBIEGHHA ITOTO IPONOJIKEHUA;
ofivH u3 Haubosee HHTEPECHK X OCHOBAH HA MOHATHH $YHKIMOHATHHOTO

npocrpancrBa. M3secrmo, 910 B mpocrpancrse R HOPMEL [|X || =
n

= sup |z; | u ||x|}y==2) |%; | oIpexensIOT OFUHAKOBYIO TOTOIOTHIO.
<igsn i=1

A «uepexon OT KOHEYHOr0 K OCCKOHEYHOMY» IDHBOJHMT K TOMY, 4TO
B upocrpancree € (K) QyHHUMI, HeIPEDHBHLIX Ha KOMIAKTHOM

*) B 9acTHOCTH, eCiH B3ATh B KAYCCTBE g BO3PACTAIIYI0 M HelDpEPHBHYIO
copaBa cmynewuwamylo QYHKIHIO, TO COOTBeTCTBYIOmH mHTerpai CTHiATheca
€CTh He YTO HHOe, KaK B3BelleHHAsA CyMMa (YHKIUH f AJAA TOYeUHBIX MACC m;==
= g (a; +) — g (a; —), pacHoNOXeHHHX B TOYKaxX pasphBa a; (YHKnHm g.
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narepsane K = [a, b] upamoit R, pacemarpusarorcs HOPME || fllo =

b b
= 51611? [f@| allfli= S If (x)|dz (uam Slfidg, eCJiu peds upeT ob

uarerpage Crunrbeca). OgHaKo 316Ch yiKe TOIOJOTHH, OIIPefeisieMbie
THMHM JBYMA HOpMamu, OymyT pasnudHsl, u mpoctpaHcrBo € (K),
monHoe B uepsBoM caydae (OGmas rom., ra. X, § 2, reopema 1), mHe
fydeT TAaKOBHM BO BropoM. Boiee TOYHO, MOMKHO HeHTHQUIUPOBATH
sneMeHTH nonoanenus € (K) paa wopmwu || f|l; ¢ wraccamu ¢yHRImiI,
He 00fBaTeNIFHO HENPEPHBHHX, W TOTJa NPOROKEHHE HHTErpaia
fyneT IIPOCTO IIPOMOIIKEHWEM no HenpepusHocmy GYHKIHOHATIA
u (f), onpefenennoro Ha ¢ (K), Ha IIOIOJHEHHWEe 3TOT0 IIPOCTPAHCTBA
(texHUYECKHEe TOHGPOGHOCTH 3TOro Ipomecca H3noskeHsl B ri. [V).
Pasymeercsi, MBL IIPEANIOJIATaEM, YTO HHTETPAT OT HEIPEPHBHEIX QYHK-
Wit OTpefieNied MCXOnSA M3 Mephl (MOCPeNCTBOM YIOMHHAEMEIX BHINE
«PEMAHOBLIX CYMM»); AJsi TOTO 4TOGH TIOAYYHTH Teopemy Pucca,
He00X0UMO [efICTBOBATh TeM jKe CIOCO60M, HO TOXBKO HOPMY Ompe-
measits depes p (|f]), rme p (f) ecrb mosnoKUTENBHH TUHEHHEH QYHK-
muoHaNX, oupenerenBrit Ha € (K).

OnuncaHEH BRIE MeTOJ| TIPOJIOJKEHUSA HE TOJBKO I PHBOXUT
« TeopeMe PHcca, HO U M0BBOIASET, KPOME TOTO, ONUPESASIUTH UHTETr DA
A kaacca GhyHKIuUil, «ropasgo 6oilee pas3pHIBHBIX», Y6M XapaKTePH-
CTHYeCKHEe (YHKIMH HHTEPBANOB;, PACCMATPHBAg XapaKTepHcTHde-
cK1e QYHKIMH MHOKECTB, SBIANUHECH (YHKIAAME (MHTETPUDYEMHI-
M®», MBI MOKEM PacupPOCTPAHKTh HA TAKWE MHOKECTBA MeDY, 3afaHHYI0
HepBOHAYANBHO [JIA OJIHEX HHTePBaNoB, NOAOKHB W (4) = p (9a);
pasymMeercs, 3TO paclIXpEHNE COXPAHACT 0CHOBHAIE CBOCTBA aI{UTHB-
HOCTH W IIOJOKHMTEIHHOCTH MEpH.

Bce BmmeckasamHoe orHOCHTCH K mHTerpany Crunrbeca Ha nps-
MOH; OJHAKO MeTOJl HPOOJKEeHAs CPasy jKe pacupocTpaHserca Ha
MEDHI, OonpejeieHHNE Ha INIOCKOCTH WIW B TPOCTPAHCTBE, & TAKXKe
Ha KPUBHX HIM IOBEPXHOCTAX. Boobme, amanusupys HKoKa3aTeiabCT-
Ba, MOKHO 3aMETHTb, 9TO B [ECTBUTENBHOCTH OHM CHPABENIUBEL JJIsA
A1000T0 IIOJI0IKUTENBHOTO JTWHEHHOTO (QYHKIMOHANA, OIPEXETSHHOTO
Ha npocrpacTee 4 (£) ¢pyAxuuil, HeopepHBHHIX HA JIOO0M JL0KIALHO
KoMnarmuom npocmpancmee E w KaKmas @3 KOTOpPHX paBHA HYJIIO
BHE HEKOTODPOr0 KOMIAKTHOTO MHOKECTBA (3aBHCAIIET0 OT paccMarpu-
BAGMOH ()YHKITUH).
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Jdra KaTeropusA IPOCTPAHCTB, K KOTOPHIM, CTAN0 OLITH, IPUMEHUM&
TeOpUsA WHTEeIDUPOBAHUA, €CTECTBEHHO, CONEP/KUT YHCIOBHE TIIPO-
crpanctBa R" u MHOroo6pasms; OHa COTEDIKUT TaKKe HUCKPETHLHIC
IpOCTpaHCTBA (Ije TeoPHA UHTET PUPOBAHUA COBIIAfAeT ¢ TEOPHel cyM-
MHUDYeMELX ceMeiicTB peficTBuTenbHHX auncen (O6masn rom., ra. IV, § 7)),
PaBHO KAaK U IpOU3BeJeHUA (KOHEeTHHE® M DECKOHETHHE) KOMIAKTHLIX
OPOCTPAHCTB, TOKIECTBeHHLX MHTePBany npamoit R mam mexoropomy
KOHETHOMY MHOKEeCTBY; B {aIbHeHNIeM MEl YBUIUM, 9TO TEO PHSI M PH Ha
TAKUX IPOU3BEEHUAX UrpaeT BA/KHYIO DOJb B TEODUH BepPOSTHOCTEH.

Pacmupenne norstusg Meps Ha o6mnue JOKATbHO KOMIAKTHEE IIPO-
CTPAHCTBA 0COGEHHO IJIOKOTBOPHO HPOSBISAETCH B MEOPUL JLOKAALHO
KOMRAOKMHEYY 2pynn; Boobiie, DOHATHE HHTETPATA 0KA3HBAETCH I0Ie3-
HEIM ODYHHMEM BCSKHUiT pa3, Kak B TONOJOTHYECKo# anrebpe BOSHHKAET
HagoOHOCTD «IIepexojia 0T KOHETHOro K GECKOHEYHOMY», TO ecTh 0606~
HIeHUS 9UCTO alrebpanvecKUX IIPONMECCOB IIYTEM MEPEX0Ha OT KOHEYU-
HHZ CYMM K CIyd9aio, KOTa «CYMMHDPOBAHHE» NOJKHO pacmpocTpa-
HATBCA HA OeCKoHeYHoe 4THCiI0 WieHoB. ViseecrHo, Hampmmep, uro
BiIeMeHTH aazebps. koneunoid epynnot G (mag R) cyrb orobpaske-
Hua s— o (s) rpynost G B R ¢ 3akomoM yMHOMKeHus o #f =y,

rge y— QYHKIUs, OIpefejeHHAs PABEHCTBOM Y (5) =te§G]a @) B (t1s).

EcrecrBenanM 0600 meHneM 3101 anrebpul 515 IPOU3BONLHO T0KANBHO
KOMIAKTHOH rpymnsl G sABJsercsd MHOKECTBo oToOpaskenuid G B R,
HHTeT PUPYEMOE OTHOCHTENbHO HEKOTODOH CHenMalbHON Meps U Ha
G («mepa Xaapay), IpuieM yMHOKenre B anrebpe sajgaerca GopMynol

(Fr) &= 10 g ) du (.

Bupouem, BCTaB Ha 3TOT TYTh, HOBOIBHO CKODPO OKA3BIBAIOTCH
B 3aTPpyJAHCHHN W3-3a BO3MOKHOCTH «CYMMEPOBAThY JIHINDb $YHKIUH
¢ JeHCTBUTEILHLIMEA 3HAYeHUAMM, B OOJBIINHCTBE CJIydaeB OnBaer
TONE3HO YMETh OIPENeNATh WHTerpajl oT (YHKIUH, oOpefeleHHOH
Ha £ w upuHAMAaoINed 3HATEHUS B MOROAOSULECKOM 6EKMODHOM
npocmpancmee nHapy R, Hanpumep B 6aHaX0OBOM IIPOCTPAHCTBE WIH
B IIPOCTPAHCTBE ONEParopoB B 6GaHax0BOM IpoCTpaHCTBE. Brisc-
HSETCA, YTO 9TO PaCHIMPEeHNe MOMKHO JETKO IPOU3BecTH, He mpuberas
K rIy0OKMM W3MEHeHHSM B TeOPHMH MHTEr PHPOBAHUA.

B rtoM, uro Omi0 M3N0KEHO BhIIie, MHl OTHAABATH IIPENIIOYTCHUE
HenpepueHbii  QYHKIMAM; eCTeCTBeHHO 3afilaTh BOIPOC: HMEETCH U
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Ha CaMOM Jlelle CYMECTBeHHAsA 3aBUCHMOCTH MKy HOHSTHEM MephH
H CYIIECTBOBAHUEM TOIQJOIHA B TOM MHOKeCTBE K, Ha KOTOPOM OI-
penencsa Mepa? BHuMarenbHOe paccMOTpeHHe TeODHH HOKA3HBaeT,
9TO 9TOTO HET M UTO METOHH IPONOJIKEHHUS TaK jKe XOPOUIQ IPHUMEHH-
MH K IIOJIO;KHTENIbHOMY JuHeiiHOMY (QyHRImoHary W (f), ompepenen-
HOMY Ha BEKTOPHOM IIPOCTpPARCTBE 7 YHCIOBHX (YHKIUil, OnpefeIeH-
HHIX Ha NpOU360AbHOM MHOFKEeCTBe £ IIpH BHIOJHEHWH HEKOTOPHIX
JOTIOAHUTENbHEIX YCIOBUH, HAJIOKeHHHX Ha 77 m Ha p (f); o
YyCIOBUA aA6MOMAMUYECKY BLINONHAIOTCH, KoTfia 7° ecThb IPOCTPaH-
crBo &% (E) HenmpepuBHMX (yHKIHI ¢ KOMIAKTHEIM HOCHTENEM, HO
OHH TaK;Ke BHIIONHAIOTCA W B cIydae, BHemHE Gonee obmem. Ognako
sra O6abmag o6IHOCTh KAKYMAACA: B CAMOM Aelie, MOJKHO II0Ka3aTh,
uro BesAKas «abcTpakTHas Mepa» B HEKOTOPOM CMHCIE «U30MOpdHA»
Mepe, oNpefeneHHOH (MCXOHA W3 HEIPePHIBHHIX (yHKIHID) Ha Hajle-
MaleM JTOKaIbHO KoMIakTHOM mpocrpancrse (ra. IV, § 4, ymp. 10);
¢ APYroil CTOpPOHBI, B TpPoMagHOM OONBIIMHCTBE NPHIOKEHHH pedb
HAeT 0 MHOKeCTBaX F, HafeeHHHX TONOJOrWeH, eCTeCTBEHHLIM 00pa-
30M BXojiflledl B IpobieMy; B pefKUX e IIpUMepax, He IIPHHAAICKA-
MUX K 5TO# KaTeropHM, 9acTo OHBaeT I[I0JEe3HO BBECTH TOIOJOTHIO,
obmervamomyio HccaefoBarme. Mil orpaEWIMINCE KpaTKMM yKa-
3aHUEeM 3Tofi BO3Mo;kHOCTH 0000menns B riaase IV; B ocTalbHOH
YacTH 3TOH KEMIH MBI 3aHHMAEMCA HCRIOYUTENBHO MepaMu, oIipeie-
JeHHRIMY Ha JOKAJIBHO KOMIIAKTHHX HPOCTPAHCTBAX.

IlepBuie iBe ritaBs ABAAIOTCS BEOTHLIMEI B TEOPUIO: OHN HOCBAIICHH
AOKa3aTeIbCTBY HEPABEHCTB, UCIOJL3YEMBIX IS IIPOOJIKeHUA MEpH,
O U3Yy4YeHHWI0 HEKOTODHX YHOPSNOUYEHHHX BeKTODHHX IIPOCTPAHCTB —
npocmpancms Pucca, KoTopnie WrpalnT BaKHYI pPOJb BO MHOTHX
JanbHEHIMINX BOIpPOCaXx.

B raase II1 onpepeneno momsaTne Mepsl Ha NOKATBHO KOMIAKTHOM
HPOCTPAHCTBE; B Ka9eCTBE OTHPABHOH TOURM MK B3faH Teopemy Puc-
ca, KOTOpas, TakuM o0pasoM, IIpeBpaTwiach B OIpeneleHUe; CIE0-
BaTeIbHO, MHTErDaJ] OT HENPEPHBHHX (YHKUUE ompeflelNeH npecde
MepH MHOKEeCTB, KaK I0JOKUTEILHBH JNHHeHHHA ¢(YHKUMOHAI HA
& (E). Iro usnoKeHNe UMEET HEKOTODHE TeXHUISCKUE IPeHMyIecTBa
(mpowcTeKamwyEe U3 Toro gaKra, 4T0 HEOPEPHBHEE (YHKIUM 06pasy-
I0T BEKTOPHO® IIPOCTPAHCTBO,! TOTHA KaK [JIf XapaKrePHCTUIECKHX
dyHRIME MHOKeCIBa ITOTO YsKe HeT); BIpoYeM, BO MHOTHX B3ajla-
9ax UHTeTpall eCTeCTBEeHHO NosaBIsgeTcsi B (opme (yHKDHOHANA,
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onpepexennoro Ha o (E). Hakronen, pasmoctu gBYX HOTOKMTENbHEIX
nuHeWHHX (YHKMUoHAN0B Ha oF (E) (KoTopne MEH CHOBAa HAa30BeM
Mepamu Ha E) MOTYT OHTH 0XapaKTepU30BaHH KaK NMHEHHKE (oPME
Ha ¢4 (E), ynoBierpopsiomue BeKOTOPHM YCIOBUAM HenpepierocmiL,
TakuM 06pa3oM, TeopHA HHTETPHPOBAHHA NEpeIIeraercs, ¢ ONHOH
CTOPOHH, ¢ 00MIeHd TeopHell NBOMCTBEHHOCTH B TOMOJOTHYECKUX BEK-
TopHHX mpocrparcTBax {cp. Tom. Bexr, mp-Ba), a ¢ Apyroit CTOpoHH,
¢ meopueti pacnpedeaenuii, KoTopas ob6obHiaeTr HEKOTODHE CTOPOHH
HOHATHA MEPHI M KOTOPYIO ME HM3JI0KUM B OJHOM U3 caeayomux Kuaur.

I'masa IV mocesmeHa npodoascenulo WMHTerpaja; B Hell OgHOBpe-
MEHHO ONPENeNAI0TCs MHTEerpUpyeMHe (YHKIMM B Mepa MHOMKECTB,
a TakKe QYHKIMOHAIbHHE HpocTpaHctea LP, cT0oJb BayKHEE B IPU-
7I0KEeHUAX; 3/leCh IOKA3aHO TaKsKe, KaK BBEJICHMe DOHATHA U3MePUMOT
PYyREYUL TIO3BOJAET IMONYYHTh YHOOHEE TIPUBHAKYA MHATETPUPYEMOCTH.

B cnepylomux raaBax Mul HOKa3bniBaeM, 9TO U3MePUMEE QYHKIHUH
DpPOABIAIOT cebs, KaK «ILIOTHOCTIY, II03BOJIsAsA OIIPEXeNUTh Na IPOCTPaH-
cree £ HOBHIE MEDHI, MCXOAA U3 3a{aHHOH. JTO HCCHeoBaHMe, KOTopoe,
HapsAAy ¢ APYTHMH, IPUBOJUT K BaKHHIM pPE3yJNbTAaTaM B TEODIH
IBOWCTBEHHOCTH OpPOCTpamcTB LP, cpasamo, ¢ [APYrofl CTOPOHH,
C TOHATHEM 8eKMOPHOU Mepwl, KOTOPYyI0 B Hambonee 0IaronpUsTHRIX
cIydassX MOXHO BBECTH B TEOPUIO WHTErPHPOBAHUA (YHKIWME C BOK-
TOPHHIMH 3HAYCHUSME (OTHOCUTEJIBHO IOGNOKUTENBHOR Mephl).

Mu passuBaeM Takie TO, UITO MOYKHO paccMaTpUBaTh KaK COBpe-
MEHHO® TOJKOBAHHE HeH «pPasOMeHns pa MOJIOCHY TIIOMafed m ofsne-
MOB, BBEJGHHOE CO3NATENSAMHU HHTErPaibHOI0 HCYMCICHUA: NPH HeKO-
TOPHX YCIOBUAX Mepa Ha IpocTpaHcTBEé E Moxker OHTh pasbura Ha
«CyMMy» Mep, Kajkpas M3 KOTODHX OTHECEHA K «IOJIOCe» IPOCTPAHCT-
Ba E (To ecrps KiIaccy SKBUBANEHTHOCTH IO HEKOTOPOMY OTHOIIeHUIO R);
KpoMe TOoro, takoe pa3bmeHHe IO3BOJAET BHYIMCIUTH HHTETPAT OT
OYHKIME OTHOCHTENHPHO HePBOHAYANbHOH MEPH IIyTeM HHTEI PUPOBa-
HUA CHAYaJka «II0 KasKmoM IoJoce», a 3areM IyTeM WHTEIDHPOBAHUA
(OTHOCHTEIbLHO COOTBETCTBYIOIIEN Mepsl) HOoNyIeHHOR GYHKINK B (ak-
top-nupocrparcrse E /R (06o61eHNe «ABOIHOTO CYMMIPOBAHUAY B CYM-
Me ceMelicTBa, rfie HHIEKCH NIPOGEralT MHOMKECTBO-IIPOU3Be/leHUe).

Haxonen, nocmegaue nBe riaaBH OyAyT MOCBAIIEHHW B OCHOBHOM
W3VIEeHUI0 Mepu Xaapa Ha JTOKAJIbHO KOMIAKTHOH Tpyllle, MepH,
KOTOpasg C TOYHOCTHIO [0 MHOMKUTENS XapaKTepH3yeTcs CBOUCTROM
OBITh UHAPUAHMHOKE TPH BCAKOM CHBATe T'DYINOH BIEBO.



TIIABA I
HEPABEHCTBA BbBIITYRJIOCTH

1. OcHOBHOE NEePABEHCMEBO GHINYKAOCINU

Hycts E — nponsBonﬂﬂoe MHOKECTBO; IIYCTh, iajee, B BEKTOPHOM
npocrpadcTBe RE BCex KoweuHHx TUCIOBHX QYHKIUHA, OIpENeIeHHBIX
Ha E, P o3padaer MHOKECTBO BCEX TUCIOBHX (YHKIW, II0J0KATEND-
umx Ha E. C gpyroi croponst, nyctb M — oupenenennas Ha P roney-
Has uan GeckoHeunas ducnoBas (QYHKIWA, NPUHEMAIOMAs OIOMKH-
TeJIbHEC 3HAUCHHWs] W TaKas, 4TO:

1° M (0) = 0 u M noaoxcumesvro 00Hopodna, To ecth A I060ro
KOHEeYHOro pAelicTButenbHOro A >0 M (A f) = AM (f);

2° M eospacmaem Ha P, 10 ectb coorHomeHHe f<g BIEYET
M (H<M (g);

3° M ewinykaa Ha P, 1o ects (Tou. Bext. np-sa, ra. 11, § 5) ymos-
aersopsier coorHowenmio M (f + g) <M (f) -+ M (g).

Il p u M e p. Ilpegnonoskam, 9T0 % — KOHeIHOE MHOMKECTBO, HAUPH-
mMep, meTepBan [1, n»] mz N, n o6ozmaanm uepes z; (1< i< n) Koop-

n
JaHaTH Bekropa X € R™; rtorma ¢ymrmmm M, (x) = Zx,- H Mo (X) =
i=1

= sup z; OyAYT YAOBIETBOPATH CQOPMYJIAPOBAHHHM BHIIE YCIOBMAM
1gign

HA MHOeCTBe P BERTOPOB X ¢ HOJOMHTENbHEIMH ‘KOODIHHATAMHE,
BamMevuanmna 1) YVeaosaa 2° m 3° gua M SKBABaJEHTHH Clle-
nyomemy: cootnomenne h < f - g Buezer M (h) < M (f) + M (g).
2) Ilyers S — ewnyranii xonyc B P (TO eCTh TaKOe MHOMKECTBO, UTO
S+ 8= 8SndSc S opm A>0; cu. Ton. Bext. mp-Ba, ra. 11, § 1);
nycts M — womeumas uaH OeCKOHETHAd WUCHoBAA (YHKOUA € HOJOKE-
TeJIbHHIMA 3HaUeHHAMNA, ompejeieHHasg Ha S M yIOBIeTBOpAlOmas HA S
BHOleyKasampkiM ycaosmam 1°, 2° m 3° Torga MoKHO OpOXOMKATE M
Ha Bce MHOMKeCTBO P Tak, 4ro6H mpopo/sKeHHas QYHKnuMA (KOTOPYI0 MK

2 H. Byp6arm
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croBa 0603HATAM "gepe3 M) yIOBAETBODANA TEM Ke yCIOBHAM: HOCTATOYHO
A Beakoi ¢yEKnnE f € P moxoxute M (f) = 4 oo, ecanm me mHaiimerca

HE ompoit yERImH g € S Takof, garo f< g, u M (f) = iélf M (g) B mpo-
g:8, f<g

THBHOM Ciyuae. IToT cmocob Gymer upumeHeH B raase IV, § 1, mas ompe-
HeJleHAA 6eprHes0 Uwmeepana OT HOMOKHTENbHON (yHKIAN.

lpepnomerue 1. Hycmo @ (L, b, ..., ta) — KOHeunas wucaosas
Pynryus, onpedesennas u uenpepusnas Oan ¢ >0 (1<<ign)
U makas, wmo:

1° coomnowenus t; >0 (1 i< n) erexym

(P (ti, tg, ey tn) > O,

2° PYHEYUSL @ ROAOHCUMEALHO O00HOPOOHA;

3° mmoacecmeo KR, onpederennoe coommowenusmu t; > 0
(A <i<n), @ (4, t, ..., ta) >1, eunyrro.

Ecau npu smuzx yeaosuax n gyuxyuil fy, fo, ..., fo Ha E Koneunbl,
noaoscumenvritt. U maroest, umo M (f;) << 4 o0 dan 1<i<n, mo

M (@ (f1s Jos oo J)) S QM (fo)y M(f2), - .., M (fr)). €y

B camom pexe, cormacso Teopeme Xama — Bawmaxa (Ton. Bexr.
up-sa, ra. II, § 3) K ecrs ©DepecedeHWMe 7 TOMYIPOCTPAHCTB
L >0(1<i<n) ®u cemMeficTBAa BaMKHYTHX NOJYNPOCTPAHCTB
(U)wer, toe U, onpeneneHO COOTHONMIEHMEM BHA

ly+ ole +- o oo FOunln — P, >0, (2)
B KOTODOM He BCe o, paBHHW Hyx0. Ilo ycnosuio, ecnm ¢t = (¢;) Tako-
Bo, uto ¢; >0 pua 1<i<n, 10 @ (g, o ..., &) >0, u sHauwur,
Hafzerca Takoe Ay =0, 4ro cooTHomeHMe A > A, Baeder At€ K; aro
HOKa3kHBaer, 9T0 MAA Kax[oro L€ I coormomenus t; >0 (1 <i<n)
BIGKYT Oyl -+ ... -+ Quntn >0 ®, cramo OGHTb, YTO a.r >0 s
1 <k<n; torga nerko BuAerh, 4To K ecTh TakKe mepeceueHHMe
nonxynpocrpascte ;>0 (1<i<n) m rex U, y woropwx P,>0;
KPOMe TOro, HOCKOJAbKY Hauajlo He mpmHagie;xur K, to cymecTByer
o KpaiiHeil Mepe OQWH MHJeKC t, np:x Kortopom f§, > 0.

O6osmaunmm wepes C BuOyRImi koHyc B R™?'  ompenenen-
Hui cootBomerMaME ;>0 (1<i<n 4+ 1), tary <@ (by b2 yoery b))
(3aMHKaHe BHIYKIOTO KOHYCa, HOPOKAeHHoro B R™t! BRIyRAmM
muOKecTBoM K X {1}); oueBmpaHO, WT0 C ompepenserca TaKKe COOT-
somenusMu t; >0 (I<i<n 4 1) = ,

Butni <autst+ ...t amts (€I, B> 0). (3
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CnemoBarenbHo, mias awboro x € F nmeem

Bup (F1(2)s -y Fa @) <aufi(x) + ... +cunfa (x) - (4)
opu noGom VEJ. JIna moboro mHmexca U, pas koroporo B, >0,
w3 (4) w U3 yCIOBUH, HAIOKEHHENX Ha M, BHTEKaeT, 4YTO

M (¢ {f1, f2s ..., [n)) KOHeWHO W TTO
BM (@ (f1s f2r - o fr)) <@uM (f1) + oM (f3) - . . . +ounM (fr),

M 9TO COOTHONEHWe, OTEBHJHO, BHIIONHAETCst Take pas P, = 0.
Taxum ofpasoM, MH foxydaeM, 4ro TOUKa ¢ KooppuHatam: M (f,),
M (f2), ..., M (f2), M (9 (f1, ..., f»)), upmHagiesxur C, 4T0 H AOKa-
BHIBAET NPEJIGKERHE.

2. Hepasencmea I'éavdepa 1 Mumnio6crozo

B stom m B cuegyromem nyakrax E u P 6ynyr o6ozHaTarh TO Ke,
aro 1 B 1° 1, a wepes M Gyner oGosmadarsca QYHKIUA, OLpeeaeHEAA
Ha P u ygoBunerBopsiouas yCaoBWAM, IepedncAeHHEM B n° 1.

Hpegnomenue 2, Hyemy o u B — makue dea wucaa, wmo 0 << o <1,
0<B<1, a++ P =1 Eciu f u g — KOHeunbie nosoHuUmMesbHbE
dynryuu, onpedeaeunvie na E, u ecau M (f) u M (g) xoHeunw, mo

M (£°8°) < (M ()" (M () (5)
(repasencmso I'éavdepa).

B cuny npemnosenus 1 Bce cBOjHMTCH K [OKA3aTeNbCTBY TOTO,
aro B R? MHOMKecTBO, ompexeneHzoe coOTHOmeEHHsMH I, >0, 1, >0,

t‘ftg >1, sunykno unmn (Dysxmum peficrs. mepem., ra. I, § 4)
o

9ro pyrKuA u (f)=1¢ B Buoykna mua 0<<¢<7- co. Ho monomus

r:%—, poxygaem, 9ro D?u ({)=r(r+1)t7"2, a tak xar r>0, 10

D2y (1) >0 ma 10, + oof, 9T0 U foKasHBaeT nﬁe,r_mo;xenne (Dyuxnun
meifcts. mepem., ra. I, § 4, caexgcreme m3 mpepa. 8).

Cnegcreue. Ilyemv o; >0 (1<i<n)—n uucea, das komopuz

Do=1, i>0 (1<i<n)—n xoneunnzr gyuryuii, onpedesennnz

i=t

na E u mawruzx, umo M (f;) womeuno dan 1<i<n. pu smux

YCA06UAL

M (FEF5 o o™ < (M (F) (M (1)) . . (M (fn))™™. (6)
2*
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JlocTaTo9EO OPOBECTH MHAYKIHI HO 7, OPAMEHAA HEPAaBEHCTBO (D)
n

t
K qEcHaM o= oy u = .Zzai u K QyErmuam f=f,, g=(f23/3* ... fa") B .
i=

Meepnoxenne 3. Ilyemv p— koweunoe uucao, p>1. Ecau f

U g— KOHEUHble NoAoMCUMmeAbRbe BYHKGUU, onpedescnHbie Ha E, mo
1 1 1

M(f+8)"N2 < (M ()P 4+ (M(g™)? (7

(nepasencmeo Munkoeckoeo).

Momno orpammunthea cnydaem, xkorma M (fP) u M (g¥) KonednH.

B cuny npepnmomenus 1 Bce CBORUTCA K [0KAa3aTENbCTBY TOTO, 9TO
} T
B R? MHOKeCTBO, onpefenennoe ycmosuamu &y > 0, 1, >0, 1P +tp >1,
1
BRIOYKT0 HAM 4ro ¢yEKuuA u ()= (1—¢?)? sunyxkna gua 0t < 1.

i 1
Ho D2u(t):(1—%)t?_z(l—t?)p‘2>0 ms 0< 1< 1, orxyna

cliefiyer NpeiiosKeHue,

3. Hoaymnopmst N,

Ilycts p— xomedHoe pelicTBUTENbHOE uucao, p>> 1, u uwycts
FP(E, M)—MHOXeCTBO KOHEYHHIX IHCIOBHX QYHKIUA f, ompefielieH-
Bux nHa E u tagux, dro M (|f|P) koweuno. OdeBupno, 910 ecau
¢yaxnua g npuHapuaexur FP(E, M) u |f|<|g|, 10 f Toxe npm-
Hamaessnt FP(E, M); sro saMedaHHe B COYETAHUN C HEPABEHCTBOM
MHHKOBCKOTO TOKa3hBaeT, IT0 CyMMa nByX ¢yukmuit us F7(E, M)
CHOBA IIPUHAJJIEKAT 9TOMY MHOKECTBY; CTal0 OBTH, IPUHAMAA BO BHU-
MaHne TOT (axT, Ir0 M HONOKHTETHLHO ONHOPOJHA, MBl BUIHM, 9TO

: E
FV(E, M) ectb sekmoproe nodnpocmparncmeo upocrparctsa R™ Bcex
KOHEUHBIX TMCIOBHX (QyHKIHH, onpefieleHHEHX Ha K.

Ilns moGoro uncaa p >0 u 11060l KoHeTHOH YuCIOBOH PyHKIUE f,
{

ompesenennoi ma E, nonosmum Np (f)= (M (| f|P))?; rorna N, (Af) =
=|A|Np(f) mua moboro cxanspa A; ®poMe TOTO, €ciaum p > 1, TO
corxacao (7) cupaBefjABO HEPaBEHCTBO

Np(f+8)<Np(H+Np(g), (8)

nokasmBaomee, 410 /N, €CTb NOAYHOpME HA BEKTOPHOM IPOCTPAH-
cree F*(E, M) (Tou. Bexr. mp-sa, ra. 11, § 5).
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Ilrepnoxerus 4. Hycme p >0 u g >0— koreunbie wucaa, u nycmo

1 .
%=?—|——;—. Toeda 0aa A06BX KOHEUHBE wUcA08ME GYHEYUL [ u g,

onpeﬁe./tennux HAQ E, EHINOARACIMCA HE PABEHCME0

ecau Np(f) u Ny(g) koneunw.
B camom pene, HepaBeHCTBO (9) MOJKHO 3ammcaTh B BHJE

r r
MM eN<MFPN» (Mg,
a 3TO ecThb He YTO MHOe, Kak HepaBencTBo l'énbpmepa (D), mpumenew-
r r D q
HOe K ThCAAM o= — W = m x dyEKHUIAM [fI? u|g|%

Caepcreue. Il pednoacacum, wmo M (1)=1; mozda das awboii
KOHEUHOU wucaosoli gynryuu f, onpedeacnnoti na E, omo6 paxcenue
p—> Ny (f) sospacmaem mna 10, 4 cof.

B camom pmene, mpumenns HepaseHcTBo (9) K cayudaio g =1, moay-

quM, 90 N () < Np(f) wmpm mobom ¢>0; a Tak ®ak 4mcio r,
1 1 1

onpepeNieHHOe PaBEHCTBOM T:}""?’ mpo0eraeT MHOMECTBO BHade-

Huil 0 <r<{p, korfia g UpoGeraer MHOKECTBO CTPOrO MOJOKUTENb-
HHX 3HAYeHHil, TO CJHEJICTBUE JOKA3aHO.

Hpepnoxenue 5. Jas 060l koneunol wucaosoii Pynryuu f,
" . 1
onpedeaennoti na E, muomcecmeo I smauwenuii — (p >0), das romo-
p
pux Np(f) roreuno, aubo nycmo, aubo cocmaeasem unmepsaa; ecau I
1
He ceodumes ¥ mouke, Mo o0mobpaxcenue ?—alog Np(f) aubo
eunykao wa I, aubo pasno — oo enympu 1.
IIyers r>0 um s>0 rakue He paBHHE MeXny co0OH wguclHa,
1 1
910 — W — TpuHajieskaT I Bce CBOAMTCA K OKA3aTENBCTBY TOTO,

t —t
qT0 eCaH %:T'l'—is—’ rme 0<<t<<1, 10

log N (f)<tlog Ny (f) + (1 —1) log N4 (f), (10)
UM, 9TO TO Ke caMoe, K [[OKA3aTeJLCTBY HEePaBEHCTBA

Np (D <Vr () (Vs (I (19)
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KOTOpOe, COINIACHO ompejieneHno [Vp, MOMKeT OBITH 3aOWCAHO KakK
-tp
M)y <@ () ’(M(Ifl)) s (12)

t
Ecnu momoxguts oc:—f—, TO B CHJIY COOTHOIIEHHUS, ONpexeNsao-

oero p Kak ¢ysrmmo or f, r, S, uMeeM 1_‘1:(1;8::)_;;, OTRyIa

p=or+(1+a)s. Ho us mepasencrsa I'énpaepa cregyer cooTHOmMERne

M F ) <@ (M)

KOTOpOe U ABIAercsa HepaseHcTBoM (12).

Ynpamuenusa 1) [oxasars, B npegnoaoKenusx n°i, 9ro
MHOKeCTBO QYHKIHit, orpanwdennsx na E u Takux, 910 M (|f|) Komed-
HO, eCTh mofianrebpa A anrebpet RP w uro mmosecTso ¢ymyumit, orpamu-
9eHHHX Ha £ m takmx, ato M ([f|) = 0, ectp mpgean B A, Hoxazars,
910 ecau mpu 3ToM M (1) KoHeuno, To orTobpamenue f — M (f) Hempe-
DPHIBHO OpPH YCAOBUHM, UTO MHOMKCCTBO A HajIeleHO TOIOJOrUed pPaBHO-
MepHO#I cxopumocT Ha E.

2) Ilycre E — umrepsan [0, + o] uz R, S — BHOYKAHI KOHYC,
o06pazoBanHEil QYHKNUAMYU, oUpeReneHHEMU Ha E u Takmmu, 410 0 <
<[ (z) < kz va E (maa xomewnoro uwucaa k > 0, samucamerc ot f).
Nonomum M (fy = O qast f €S u M (f) = + oo pgus BCAKOH HOTOKM-
TeAbHOR QYHKIMU f, oupefesennoll na £ u me mwpunaguexamei S. [Hoka-
8arh, 9ro M ynominersopser ycaobuaM n°1 muro M (z) = 0u M (z7) =
= 4 oo pasa awb6oro gucaa r > 0, oTIMYHOTG OT 1.

3) Ilpusectn mpmMep, rae MHOKECTBO £ COCTOUT M3 ABYX 9J€MEHTOB,
Np (%) xomeano npu a060M p > 0 n aobom x € R2, Ho rae cymecTByOT
Takue 3HAWGHHA p, /A KOTOPEIX oTo6pamenue p — N, (X) He augpde-
PeHIHpyeMo.

4) Bupeciu HepaBencTso (6) M3 HepaBeHCTBa CpeI[HeI‘O reoMeTpuge-

cxoro 2%12,%2 .. 2.% Layz + .+ oz, (rme Zal = 1) (cmectH
=1
K caywaw, xorna M (f;) = 1 gan 1 L i < n).

5) Hycrs o — meficTBuTenbroe aucno, o > 1, n oyetb B =1 — a <
<< 0. ITycets, nasnee, g — KoHeuHasd QyHKUUA, oOPefeiennasn Ha £ U Taxas,
aro g (z) = O gadA neex z € E uwro M (g) > 0; moKasaTh, 9To JAA MI060it
KOHEYHOH TONOKUTENbHON (QYHKuUU f, ompefeleHHOll Ha E U TaKoi,
aro M (f) KOHETHO, BHINOJHAETCA HEPABEHCTBO

M (1%gP) > (M ()™ (M (g))P

(NpuUMeHUTH HAJNeIKAIUM OB6PasoM HepaBeHCTBO lénpmepa).
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6) BreiBecTH HepaBeHCTBO MUHKOBCKOrO U3 HepaBeHCTBa I'énbmepa
(ouenutd cmepxy M (f (f 4 g)P1) npu momomu mepamseHcrsa 'éapmepa).
Touno Tak e, ecnu M (f 4 g) = M (f) + M (g) nas nwo6oit napm
¢yakuuit f > 0 uw g > 0 Ha E, TO BHBeCTH M3 yOp, 5 HEPaBEHCTBO

1 1

M (f+8)F) P > (M ()P +(M (&)
Ans cnenymounmx caygaes: a) 0 <<p <1, f >0 un g > 0 — KoHeHEI®
DONOXKuUTeAbHEe (QyHKuuM, ompefieneHHsle Ha £ u Takue, aro f (z) +
+ g(z) >0 gan scex z € E, a M (f) u M (gP) womeuns; b) p <0,
f @ g — KoHeuHHe QyHKIuH, onpenenennsie Ha E u Takme, 910 f (z) > 0
mg(z) >0 maa Bcex z € E, wto M (f°) m M (gP°) KoHeuHH, &
M ((f + g)P) > 0.

4L
P



NCTOPNYECKNN OYEPK

(PuMckue nudps OTCHAAT K Gubamorpagum, IOMEmIEHHOM B KOHIE 3TOTO
09epKa.)

Monatus cpegHero apuhmMeTUIeCKOro U CPegHETO TEOMETPHIECKOTO ABYX
DONOKUTENBHEIX YHCEN BOCXOAAT K AHTUYHON APEBHOCTH, W nudaropeins orga-
pana uM ocofoe OpeanmodreHre. BHodHe BEPOATHO TAKKE, YTO HEPABEHCTBO

Vab <_;, (a -+ b) MexTy STUMH CpefHEME GHJIO WM XODOIIO H3BECTHO; BO

BCAKOM cllydae OHO [OKa33Ho EBKANIOM B CBA3K ¢ 3afauell 06 OTEICKAHUM MaK-
CUMyMa HpOU3BENEHUA ABYX 9UCeN ¢ 33A3HHOH cymMMoii. B KadecTse clefyomero
aTama ciaefqyer, NO-BUAMMOMY, YKas3aTh HOBAHIOI0 RaTy — 1729 1., korma MEt
HAXOMUM ABHO ymomunaeMmoe MaxsopenoM o6obmeHue 310l 3agadu Ha n gHcen
U COOTBETCTBYIOINEE HEPABEHCTBO (XOTA Topasfo Gonee TPyAHEe 3a7a9u HA BKCTpe-
MyM paCCMATPUBAJANCH 3aONrC [0 TOTO).

Hauunan ¢ kounma XVIII Beka B apanmse M B FeOMETPUN HOABAAIOTCA KDY~
rue aHANOTHYHEE HepapeHcTBa. Tak, B 1789 r. Jlomare pemaer reoMeTpuue-

CKYI0 3aJiagy Ha MAKCUMYM, KOTOpasa CBA3aHa C HePaABEHCTBOM

l/ (kg ak)2+(’§1 Br)P< é Vak+ok,

B 1821 roay Komu noxasmpaeT 9acTHHI cnydai
n

(Smon)<(3 ) (3 #h)

k=1 k=1

HepasencrBa I'éapgepa; Bymaxosckuii B 1859 r. m HIsapy B 1885 r. pac-
OpPOCTPAHAIOT HEPABEHCTBO KoMK Ha HMHTerpanH.

7 ronbko mepen cambiM KoHnomM XIX Beka HepapeHCTBA BHIIYKIOCTH che-
Jaluch 00BEKTOM cHCTeMaTudecKoro uccaegosanua. B 1888 r. (I) T'énpgep npu-
BIIeKaeT K PAacCMOTDPEHUIO 3TOrG BONPOCA BHUYKIHE (YHKIUM OFHOTO NepeMeH-
HOIO: TaK, HCXOAA U3 BOTHYTOCTM (QYyHKuEE log z, OH moJyiaeT HepaBeHCTBO
CpefHero TeOMeTPUIECKOro; NPUMEHAA Ty e Helw K ¢yHknmu z’, OH JOKA3H-
BaeT HEPaBEHCTBO, HOCAMEE eTo UMA ¥ yiKe Halifennoe rogom pansiie JI. JK. Pog-
JKEepCOM HAa OCHOBE HEDPaBEHCTBA CPEJHEro reOMeTpHUSCKore (cM. ymp. 4). Uro
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JKe KacaeTcAd HepaBeHCTBA MUHKOBCKOrO, TO OHO GBUIO JOKA3AHO MOCHETHUM
B 1896 rogy (nns KOHEYHEIX CYMM) B CBASH ¢ €rc M3BeCTHHIMU paboTamu no «I'eo-
merpuu uwucem» ((II), crp. 115—117); Ho, B TO BpeMd KakK ujeA BHOYKIOCTH
(nan gyErmuit A1060r0 YUCAa DEPeMEeHHEIX) eCTh OFHA W3 OCHOBHHIX WAEH 3TOro
TPYHa, JOBOALHO CTPAHHO, 9TO MHUHKOBCKHE He 3aMeTHA, 9T0 erc HEePaBEHCTBO

. /
moayuaerca Merofom I'énppmepa, mpumenemmniM K (1 4 a:")l" (or orpamugn-
BaeTcA NpUMEHEHHeM KIaCCUYeCKUX METO OB HCCIEOBAHHA DKCTDEMYMa cpef-
CTBAMHU HCYHUCHEHUA GECKOHEYHO MANHX).

Jna Gonee rnyGOKOrc U3yIeHUs HEPABEHCTB BHIYKIOCTH U HMX HPUNOKe-
Huil guTaresp MOMeT oOparurhea K kuure Xapad, Jlurrarsyna u Ioaua, mocss-
IeHHOI 9TOMY BOTIIPOCY H cofiepamel Takke ogeHb monnyo 6ubnuorpaguio (111).
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TTABA II
IIPOCTPAHCTBA PUCCA

§ 1. Hpocrpancrea Pucca m BHONHe pemeTrouHbie MPOCTPAHCTBA
1. Onpedeaenue npocmparncme Pucca

HanomuuM, 4910 ompejeneHHNE BO MHOKECTBe K CTPYKTYpPa BeK-
TOPHOTO HPOCTPAHCTBA HAf modeM R U ¢cTpyKTypa HOopAaKa HABHIBAIOT-
¢fl COTNACOBAHHEIMHA, €CAH OHYW Y/IOBIETBOPAT CHeTYIOIUMM IBYM
aKcuoMam:

(EO1) Ommowenue x <y eaevem z + z<y -+ z daa awbozo z€ E.

(EOq1) Omuowenue x>0 erevem Az >0 daa aiobogo ckaripa
A>0.

ITpocrpancrso E, HajeneHHOEe 3TUMH ABYMA CTPYKTypamu, Ha3H-
Baerca ynopadouennum eekmopHum npocmpancmeos (Tom. mexr.
op-Ba, ra. II, §1).

Arcuoma (EO;) osmadaer, 9ro crpykrypa nopsagka B E cormacyer-
¢Sl €O CTPYKTYPOH agiuTUBHON rpynnwu win 9vo E, magenednoe stumm
ABYMs CTPYKTypaMH, sBiferca YnopadoueHHol gpynnoii (Anrebpa,
ra. VI, §1).

Axcuoma (EOj) Baeger TOT akT, 9710 OTHOmEHUA z < ¥y U = + 2 <
< y + z pasHocunnHE. Toumo Tak e m3 (EO71) BHTeKaeT, 9TO Aas
aobore ckansapa A >0 ormomenus z <y M Az < Ay DABHOCWJLHE,
u6o A"l > 0, u smagur, orHOmeHue Az Ay Bameder At (Az) << A7L (Ay).
CnefoBaTenbHO, MOKHO CKA33Th, 9T0 B YIODAOYEHHOM BEKTOPHOM IpPO-
CTPRHCTBE CHBUI' (MEPEHOC) M TOMOTeTHSA €O CTPOre HOMCKHTENbHEIM
KOIPPUIMEHTOM ABJAAIOTCA ABTOMOPQUIMAMU CTPYKTYDPH HOPAAKA; ITOT
daKT MOMKHO eme BEPa3WTh, CKA3aB, 970 NOPAACK uUHEAPUAHMEH OTHO-
cuTeALHO N060re cABUra ¥ AI0G0H rOMOTETHH €O CTPOTO MOAGKUTENbHBIM
Kooppuumentom. KpoMe TOro, CHMMETPHA T — — z €CTh H3OMOPPUIM
CTPYKTYpPH mopsafka B E B CTPYKTYDY npomusonoaoxrnozo NOPIAKa.



1 BIIOJIHE PEHIETOYHBIE ITPOCTPAHCTBA 27

Onpepenerme 1. I'osopam, umo ynopadouennoe eéexkmopnoe npo-
cmpancmeo ecmb npocmpauncmseo Pucca, ecau e2o cmpyrmypa nopadka
ecmbv cmpykmypa pewemkl (TO eCTh ecjHW BCAKAs Iapa dJIeMeHTOB
z, y w3 E mmeer BepXHIOI TrpaHk sup (z, ¥) U HIKHOO TIpaHb
inf (z, 1)).

Il pamep. IlpocTpancrso RA neex (KOHEYHEIX YMCNOBEIX) (yHK-
nuil, onpefeNeHHEX HA IPOHU3BONBHOM MHOMECTBE A, €CTh IPOCTPRHCTBO
Pucca (¢ ornomenueM nopagka «z (1) <C y (2) aas moboro ¢ € 4»); B caMom
nene, awbeie gBe dUCHOBHE QYHKUME z, y, ONPefelicHHEEe HA A, WMewoT
BEPXHIOI (COOTB. HWKHIOW) TIpaHb, paBHY® oTobpaskeHuio ¢ —
— sup (z(2), y (¢)) (coors. orobGpaskemuio ! — inf (z (t), y (1))

MosxHo Tax:ke CKasaTh, 4To mpocrpasctBo Pucca ecTh BeKTopHOE
npocrpadcTBo E, HaJeleHHOe TaKOH CTPYKTYpOM HOpsAKa, 9ro,
€ OfHO! CTOPOHH, 9TAa CTPYKTYpa W CTPYKTypa ajjMTHBHOH rpynmH
npocrparcTBa F onpegmensanoT B E CTPYRTYPY peltemouro-ynopadoue-
#oti epynnv (Axre6pa, ria. VI § 1), a ¢ gpyroit cTopoHsl, BHOOJHACTCSH
axcuoma (EOy).

CnexosarenpHo, K mpocrTpaHcreaM Pmcca mpumeRMME Bce CBoHCT-
BAa pemeTOYHO-yNOPAMOYeHHNX TPYNO; MB HANOMHUM OCHOBHEE H3
HAx (cp. AnareGpa, ra. VI, § 1), ykasas Tare CIe[ICTBHUS, KOTOpHE
BHTeKalT us axcmoMu (EOqq).

IIpeskne Bcero mHamoMEEM 0003HAUEHMA:

zt=sup(z,0), =z =(—ax)'=sup(—=z, 0), |z|=sup(z, —z);
nveeM: z=2z*—z" u |z|=2z"427; st nABa COOTHOMEHHS paBHO-
CHIBHH ClepylomuMm: zt= —; (|z|+x), 2= —; (|z|—=). Ormomenue
<y paBHOCWIBHO OTHOMEHWW «x* <yt WM z >y ». Jlaa mobeux zx
M Y BHIIONHAETCSH HePAGEHCMBO MPEY0AbHUKA

|z tyl<lal+iyl. (1)

B cmny wHBapumaHTHOCTM TOPSAAKA OTHOCHTEIBHO I'OMOTETHH
CO CTPOTO MONOMHATEONBHLEIM KoddduunmentroM, mmeeM

sup (Az, Ay) = A sup (z, y) raa mwoboro A > 0. (2)
B gacrrocTH,
(Az)*=Azt, (Az)"=Az" pua mwoboro A > 0. (3)

' Hanporme, ana A< 0 mmeem (Az)*=(—Az) =|A|z" u (Az) =
= (—Az)*=|MA|z*; us wsroro 3akmouaeMm, uro jus Jwboro AER
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u xoboro z€ E
|Az =[] |z]. (4)

VEBapuafHTHOCT, HNOPAAKA OTHOCHTENIBHO CHBUIA IOKA3EIBAET, UTO
npu jgiobom z¢€ E

sup (.’IZ+Z, y—]—z):z—]—sup (x’ y)’ (5)

OTKYJa, B YacTHOCTH, CJefyeT, 4ro

; 1
sup(z, y)=z+@H—a) =5 (@+y+|lz—y). (6)
Hmetor MecTO cOOTHOMIEHUSA

inf (z, y) = —sup (—=z, —y), O]
sup (z, ) +int (2, y) =z +y. (8)

Ecm 220, y>»0, 20, 1o ¥)
inf (x +y -+ 2) <inf (z, z) +inf (y, 2). 9)

Ecaiu 4 m B — apa mojnMHOKecTBa MHOMKecTBa F, Kammgoe m3
KOTODPHX MMeeT BepXHIOK IrpaHb, 10 A + B rTome uMeeT BepxHION
Tpadp o

sup (A-+ B)=sup A--sup B. (10)

HBa suemenra xz, y ma E Ha3HBawOTCA He3agUCUMBIMU, €CIH
inf (jz|, |y|) =0; ma ocHOBamMEm Qopmynr (8) sr0 cooTHOmeHume
sxBuBasentHo paseHcrsy sup (| x|, |y|)=|z| + |y], a rakxe, B cuay
(6), pasencrBy | |z| — |y| |=Iz|+|y|; O ects emuHCTBEHHEIA 3ITE-
MEHT, He3aBMCHMEIH ¢ caMuUM cofoit; qiaa awboro z€ E x* m =~ Hesa-
BUCHMHE UM MOTYT OBITH OXapaKTePU30BAHH KAK eJUHCTBEHHHE He3a-
BucuMmue ouaementst Y>>0, z>>0, nqua kKoropux r = y — 2. Ecim
9JIeMEHT J He3aBHCHUM ¢ Z, TO BCAKHUM aaeMeHT 2 € E, ynoraeTBopA0MAN
yeiaosuo |z| < |y|, BesaBucum ¢ z. Ecau y u z mesaBucuMH ¢ z, TO
3THM CBOMCTBOM, B cuiy HepaBeHcTBa (9), o0mamaer m aaemMerT |y| 4+
+ |z|; B wacrHOCTH, N |y | HedaBmCEM ¢ x mpu d0boM mexoM r >0,
U3 Uero Ciaefyer, 4To Ay He3ABHCUM € Z OPH JIOGOM cKajisape A, Tax

*) HanoMHEM BKpPATIe [JOKA3aTelNbCTBO JTOTC HepaBeHcTBa. Ecau 1moxo-
AT u=inf(z -y, 2), o uLrFynu<z, aTak Kak z > 0, To 1 u
<Lz+4 2z omyna uLinf(z+y, =+ 2) =z + inf (g, z); ¢ Apyroit cTo-
PoHH, u3 mepamenctsa inf (y, z) >> 0 moaygaem Tarme u < z + inf (y, 2),
OTKYHAa OKOHYATeNbHO ClexyeT, 9TO

Linf (z4-inf (y, 2), z4-inf (y, 2))=inf (z, 2)-inf (y, 2).
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KaK CcymeCcTByeT Takoe mejoe n, 410 |A| < n, orxyma |Ay| <n |y|.
Ecnu mHOMecTBO A — E cocrouT W3 5JIeMEHTOR, He3aBHCHMEX C Z,
7 ectB A mMeeT BePXHIOK IpaHb, TO 9Ta BePXHAA TpaHb CHOBA He3a-
BHCHMA C Z *).

W, maromem, semma o pasbuenuu:

Ecau (:)ig1, (Y;)jes — O8e Koneunsie nocaedosamesbHOCIU NOA0NCU-

meavrbx asemenmos us E u D) x;= D\ y;, mo 6 E naiidemca makas
ier jes
KOHEUHAs nocaedosamesbHOCmd (5:5), jelxs NOAOICUMEALHBIT IAeMEH-

mos, umo x;= Y\ z;; 0an aw6ozo icl u y;== ) z;; daa 4106020 jEJ.
ieJ ieJ

HamoMHum BKpaTie A0Ka3aTenbCTBO 3TOr0 pe3yanTara. IIpu momomu
UHAYRIUNA 00 9McAy dieMeHToB B [ 1 B J BCe CBOAMTCA K CIyd4alo, KOTAa
I m J coBmagaior ¢ mEO:KecTBOM {1, 2} m3 AByX 2iemenToB. IlycTs, caego-
BaTeNBHO, Zy - Zs == y3 ;- ys, IHe 21 >0, 2220, y1 > 0, ys > 0;
nonomuM 2y = inf (zy, 1), ;= 2y -+ 21, Y1 = 214 - 2915 TOLAA
293 20, 22 2> 0, 291 > 0 m, B cuny (5) m (7), inf (245, 254) = 0. Kpome
TOIG, 29 ~+ T3 = Zgpy -} yg; OCTAGTCA IIOKA3RTh, UTO Zgy = Ty — Zgy =
= ys — 25 > 0. Ho

291 < 212 Zas
W 3Ha9uT, B cuny (9)
zgy==1nf (231, Z124-22) < inf (294, 240} 4-inf (299, ),

a nocroAsKY inf (254, z5) = 0, TO OTCIONA caexyer, 9TC zoy < inf (25, o),
H CTano GEITh, 2oy < Z9, 9TO M 3aBepIlIaeT JOKa3aTeNAbCTBO. '

2. IIopoacdenue npocmparncmea Pucca
€20 NOAOHCUMENOHHIMU IACHEHIMANU

Ilycts E — ymopsamoueHHOe BEKTOPHOE MPOCTPAHCTBO; MHOMKECT-
B0 P momoutenbHbIX deMeHTOB U3 F cocraBiser gsinykaviil KOHYC
¢ sepmupoi 0, to ects (Tom. sexr. mp-Ba, ra. II, § 1) raxoe muoMme-
¢rBo, 910 P L PP n AP P upu mobom A>0. O6parHo, eciu
B TOHOJOTHYECKOM BeKTOpHOM mpocrpaHcTBe E max mosem R BHOYK-
et Koryc P ¢ sepmunoit 0 raxos, aro P (1 (— P) = {0}, ro ussecrno

*) HamoMHUM [0Ka3aTeALCTBO STOr0 CBOUCTBR. MOMKHO OTDaHMIUTHCA CIy-
'gaeM, KOIAa M z, B DJIeMEHTH u3 A noxoxuTenbusl. Ilyers b = sup 4; mo ycuo-
Bui0 1aa xwGoro y € A umeem inf (z, y) = 0, oTkyma sup (z, y) = z + y;
M3 9TOr0 BHBOAHM, d9TO Sup (z, b) = sup (=, sqg y):sug (sup (z, y))=

ys Ve

=sup (z+y)=z-}sup y==z+0b, 9em # fokasamo pamemcreo inf (z, b = 0.
YEA yEA
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(ram sie), 4To oTHOmEHME § — Z € P ecTh OTHONICHWE HOpPARKA (3anm-
cHBaeMoe < Yy), coriacymoimeecsi CO CTPYKTYPOH BEKTOPHOTO IPOCT-
pancrBa B E. [lna toro 4robn onpemeneHHas TakumM ofpasoM B E
CTPYKTypa HOpPAKa OOpeneasana CTPYRTYpy npocmpancmea Pucca,
He0OXOMUMO ¥ [OCTATOYHO, YTOOH:

1° P nmopompgaio E, o ects uro6m ar060it sxemedT z € E 6ua mpej-
CTAaBUM B BHie ¥ — %, Ine £ W y npudamiemxar P,

2° P ynoBneTBOPANO OFHOMY W3 CJEAYIONUX ABYX YCJIOBHIL:

a) yobee aBa 9xeMenTta u3 P umeroT B P BepXHIOI T'paHb;

b) moGre gBa siaementa us P umewr B P mumB0OW0 Tpans (Anres-
pa, ra. VI, §1).

3. Bnoane pewtemounvie npocmpancmea

Onrepeneaue 2. ogopam, wmo npocmpamncmeo Pucca E enoane
DEULEMOYUHO, ECAL BCAKAS €20 HENYCMASL MANCOPUPOBGHHAA YACMb UMeem

6 E eepxnwio epans.
OueBuMpHO, 9T0 BCAKAA HeNyCTas MMHODUPOBAHHAS 9acTh BIOJIHE
peiieTounoro upocrpancTsa E umeer B E HIDKHIONO T'paHb.

MNpumepH. 1) Eciu A ecrs OpOU3BOAbHOE MHOMKECTBO, TO OpO-
CTPAHCTBO R4 amcnoBmx dynruuil, onpefeneHHHX Ha 4, BIOJHE pelle-

TOYHO M BepxHAd TI'PaHb B RA MaJKODPUPOBAHHOIO CeMeiicTBa (YHKIMI
ecTh ero eepruas oeubawwyas (O6mas Tom riu. IV, § 5).

2) Ilyecre F — OpousBONbHOE MHOMKECTBO; NPOCTpPaHcTBO B (F-
oepanunenntir Ha F uncnomnix QyHKiui, HajleleHHOE CTPYRTYPOH HOpHA-
Ka, UHIYIMPOBAHHOH CTPYKTYDPOH NPOCTPAHCTBA R4, Bnonme peimeToYHo.
Hanporur, eciu F ecTh TOOOJOTUYECKOe OPOCTPAHCTBO, TO HPOCTPaH-
cTB0 ¢ (F) wuciaoBHX (QyHKOUl, Henpepushur Ha F (HajejeHHOe CTPYK-
TYpoll IopgnKa, WHAYUUDPOBAHHON CTPYKTYDOH HpOCTpaHCTBa RF ), ecrts
TpocTpaHCTBO Pucca, KOTOpoe, BooOOmE TIOBOPA, He ABAAETCH BIOJHE
pemeTogHsM (cp. yup. 13). PaccmorpuM, HanpuMep, caydail, korga F = R;
nycre I ects muTeppan 0, 1[, ¢ — xapakTepEcTudYecKas (QYHROUA
uureppana I, u gycte H eCTh MHOKECTBO TAKMX HeHDEDHBHHX (yBKiui
z (1), 9r0 = < @r; fAcHO, 9r0 H MaskopupoBaHo, B & (F). Oymknma g
eCTb eepanas oeubawuyas And QyErnmit r € H, Ao He ABlIfeTcd MX Bepx-
Heli rpaEbio B € (F), HOCKOABKY @y MOJYHeNPEPEIBHA CHU3Y, a He Helpe-
prBra. IHokamem, 9T0 Ha caMoM Jlene H He mmeeT B & (F) BepxHeil rpasm;
JOCTARTOUHG MOKA33Th, YTO AJAA N1000i HENPEPHBHOH (QYHKOUM u, YAOB-
JTEeTBOPAIOMEH yCIOBHO & 3> @y, HAHETCA TaKas HeIpephBHad QyEKIum
v u, 910 u > v > ¢r. Ho u(0) > 1, m, smagaT, cymecTByeT Takoe
qmeno o > 0, aro u (8) > 0 gaa —o < ¢ < 0; eciu w ecTh perpepHBHAs
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QyHEIUA, paBHAA HYJI BHE HMHTepBada ]— «, O u Takas, 910 O <<
< w (&) << u (t) HA CaMOM UMHTEpBaJie, TO QYHKIMA v = u — W ABAAETCA
HBCKOMOiL.

Ilpepnomenne 1. J[Jas moeo umobw ynopadoueHHOe 6ekmopHOe
npocmpancmeo E 6vino enoane peuwemounvim, neobxodumo u docmamoy-
Ho, umobw E 6uio npocmpancmseom Pucca u ydosremeopano o0nomy
us caedywuux 06yr Ycaosuii:

a) 6cAKoe Henycmoe MHOxucecm80 A NOAOHCUMEALHBE IAeMEHMOE
us E, maxcopuposannoe u puivmpyioweecsi no OMHOWEHLD < , UMeem
6 E eepzniow epamnby;

b) ecakoe menycmoe mmONcECMBO A NOAOHCUMEALLHBL 3AEMEHMO8
us E, gusvmpyroyeecs no omuowenuio > , umeem 8 E HUNHIOW0 2paHb.

Heobxonumocts yesnosuin ogenmmma. OGpaTHO, TPeNIOJIOMKNM,
uro [E — mpocrpascrBo Pumcca, yjoBiersopsioliee yCIOBHIO a).
ITycrs B — Henycras MayKOPHPOBAHHAA TacTh NPOCTPaHCTBA E; MHO-
mectBO C BepXHHMX rpaHell KOHEUHHX MHOMeCTB M3 B Quintpyercs
[0 OTHOIEHHI <; HOYCTh 4 — OAMH U3 3IEeMEHTOB MHOMecTsa C U
C,—MHOxecTBO Tex z € C, KOTOpHe YHOBIETBOPAIOT YCJIOBHIO X 2> d;
ecau MH mOKasKeM, uro C, uMeeT BEpPXHIOKN TIpaHb, TO ?Ta I'paHb
Oyger Tawyke M BepxHeM rpamblo muo:ecrsa B. Ho C, — a ects
MHO;KECTBO IOJOKUTEIBHRX DJIEMEHTOB, MAajKOPHPOBAHHOE M (QUIBT-
pyioleecd 1Mo OTHOMEHHIO < ; CIEOBATENLHO, OHO MMEET BepPXHIOn
rpa#b b, u, cramno OHTB, @ | b ecTh BepXHAA IpaHb MHOKecTBa (.

C mpyro#t cropors, yciosue b) Biaeder a): B camoMm jexe, ecad I
eCTh HENyCTOE MHOMKECTBO MOJOMKUTENbHEIX 9ieMeHTOB u3 E, Masko-
PHpPOBAHHOE W PUIHTPYOIIEECS M0 OTHOMEHHKN <, W €CJIH C €Crb
HEKOTOPas MazKkopaHTa MHOomectBa F, To ¢ — F ecTh MHOMKECTBO
HOJOMUTEABHNX 9IeMeHTOB, (QUIBTPYIONMEECS 0O OTHOMICHHIO >,
U eCJM OHO HMeeT HIDKHIOW TPaHb m, TO ¢ — m CJHYKHUT BepxHel
rpasso auas F.

4, I oonpocmparncmea uw npoussedenus
6NOAHE PEUEMOUHHIX RPOCMPANCME

Ilycrs E — BOOXHe peleTouHOEe HNPOCTPAHCTBO B H — ero mek-
TOpHOe moxpmpocrpaHcTso. CTPyKrypa DNOpsaAKa, WHAYOWPOBaHHASA
B H crpykrypoil mpocrpadctBa E, coriaacyercs co CTPyKTypoit
BeKTOPHOro mpocrpamcTBa M, Ho onmpepeseHHoe TakmM o06GpasoM
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YOOPAJOUeHHOEe BeKTOpHOe HpocTpaHcTBO H Mowem u He 6umb
6NOAHE PEeULemOUHbM NPOCMPAHCIMEOM.
Tounee, MOMKeT oKasarbea, w10 H me GymeT mpocrpancrBoM Prcca
(yup. 2) mam wro H Gymer mpoctpancTeoM Pmcca, mo He §ydeT BIOJIHe
pemeToYHHM; B TOCAERAHEM CIydae IPEMEPOM MOKeT CIYMKHTh IIOANDO-
crparcrBo € (R) mpocipamctBa % (R) (n°3, upmmep 2).
Hpowme Toro, ecim H ecTh npocTpaHcTBO Pmcca (BIOJHE pemIeTOdHOe
WJIA HeT), TO MOMKeT CAYIATHCSA, ITO BEpXHAA rpanb B H ABYX BJIeMEHTOB
u3 H orapuna ot mx Bepxmell rpaam B £ (yup. 3). Haromenm, Bo3MOXKHO,
ato H OyHeT BHOOJHE PeNIeTOYHHIM, YTO BEPXHHE IDAHA BCAKOTO KOHEUHOZ0
MHOKecTBa m3 H 6yayr oqun m Te Xe B K m B H, Ho B H Oyayr cyme-
CTBOBATh 6eckoneunbie MHOMKECTBA, Ma:KOpuUpoBaHHEEe B H H HMmelomue
BepXHHG I'DaHH, pasamdEme B £ m B H (yup. 13f)).

IIycrs (E\)c1 — DPOW3BOIBHOE CEMEHCTBO YIOPANOYCHHHX BeK-
TOPHHX IpoCTpaHCTB, HamoMHEM, 4T0 B IPOCTPaHCTBe-IPOH3Be[e-

amn B — HE, OTHOIICHHE MOPANKA, MOPOKIEHHOE OTHONICHWAMHA
&l

HOPAIKA TPOCTPAHCTB-COMHOKATENCH, €CTh OTHOUIGHHWE «IJIA JI0GOTO
V€I z, <yy» (Teop. ma., ra. II1). Jlerko Bugers, 910 3T0 OTHOMIEHHE
coTIacyerca Co CTPYKTYPOH BeKTOpHOrO INpocrpaHcrBa B E; mpo-
crpamcrBo E, HajesqeHHOE 9T0I CTPYKTYpOll, HA3HIBAaeTCA RPoUssede-
HUeM YOOPAMOTCHHKX I pocTpancts E,.

eepnoserne 2. Hycms (E\)e1 — cemeiicmeo ynopadouennux
eexkmopHyux npocmpancms. Jlas mozo umobw npocmpaHcmeo-npousse-

denue E = || E, 66140 npocmparncmeon Pucca (co0TB. 6noane peusemo-
e

HEM npocmpancmeom), Heobrodumo u docmamouno, umoOn Eaxcdoe

u3 npocmpancms [E, 6wao npocmpancmeom Pucca (coorB. 8noame

PEUEMOUHBLM RPOCMPAHCMBEOM).

OrpaamgauMcs PaccMOTPEHHMEM clydad BIIOIHE PEHIeTOYHHEX MPOo-
crpamcrs. IIpegmonosxmMm, 410 Bce F, BIOJHE peIIETOTHH; IIYCTH
A — Bemycroe MaKOPHPOBaHHOE MHOKeCTBO W3 E, 4= (a,) — Karas-
mnOynbs MaopanTa MHoskectBa A. [aa aoboro €1 muomect-
BO pr,A MaKOPDHPOBAHO »JIEeMEHTOM ¢, W, 3HA4HT, mMeeT B E,
BePXHIOI0 rpaHb b,; sicHO, 10 b = (b,) ecTh BEPXHASA TPaHb MHOMKE-
ctBa 4 B E. .

O6parro, npennomoxaM, uro E Bmonme pernerouno. Ilycrs A, —
MaKOpHPOBaHHOE MHOKECTBO M3 F, u A, — mBo:xectBo u3 E, cocrosa-
mee ®M3 TakOX x = (z,), 910 2, €A, B Z, = 0 mua v~ %, Jlerro
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nEgers, 910 A, MaKODEPOBaHO B E wu, 3HAYUT, HMMEET BEPXHII
rpaEb b = (b); COrMacHO OUPENENCHHIO OTHONIGHUA IOPANKA IIA
npomsseneHns, b, = 0 muA 1=£%, a b, ABIAeTcA BEPXHEH TPaHBIo
MHOeCTBA A,, IT0 W 3aBepPHIAeT J0KA3aTelbCTBO.

Ourepeaerme 3. Iycms E — ynopadouennoe eexmopnoe npocm-
pancmeo, a V u W — dea c20 0onoanumespHblx 6eKMOPHHX NOO-
npocmpancmea. Ioeopam, umo E ecmb ynopsdouewnas npsmas
cymma npocmpanwcme V u W, ecau ranonuvecrkoe omobpaxcenue
(z, y) > z + y ynopadouennozo eexmopnozo npocmparncmea V X W
#a ynopadouenioe eexmoproe npocmpauncmeo E ecmwv usomopgusm.

IlrEpnoxenne 3. Jus moeo umobu Ynopadouennoe eekmopHoe
npocmpancmeo E  6wao  ynopadouennod npamoi cymmoil Osyx
donoanumesvusix nodnpocmpancme V. u W, neobrodumo u docma-
mouno, wmobs coommuowenus €V, y EW, x4+ y>0 srexau >0
uy>0.

B camom pene, nocrkoabky B £ ormomenus x>0, y >0 Bieryr
z 4+ y>0, ro chopmyrupoBaEHOE BHIIE YCIOBHE €CTh BHPAKEHNE
Toro, 4ro orobpaskenue (r,y) > x - Yy INpeoOpasyeT MHOMKECTBO
HOJIOKUTETBHBIX DIEMEHTOB IpocrpanctBa V X W B MHOMKECTBO
MOJOKATEIbHEX 3IeMeHTOB u3 K.

8. IHonrocvt 60 6NOAHE PEULETMOUYHOM NPOCMPAHCMEE

OnregeneruE 4. I'ogopam, wmo sekmophoe nodnpocmpauncmeo B
snoare peuemounozo npocmparcmea E ecmv noaoca, ecau ono yooe-
Aemeopaem caedyouum Ycaoeuam:

1) omnowenus x€B, yEE u |y| < |x| etexym y € B;

2) das awboii nenyemol wacmu X npocmpancmea B, manxcopuposan-
noti ¢ E, sepxnas epans sup X muomcecmea X ¢ E npunadsemcum B.

ITpumep. B mpocrpancrse R? KoHeYHEX 4HCIOBHX (yRRIRIL,
onpefeqeHHRX Ha MHOKeCTBe A, MHOKeCTBO (QyHKNmi, paBHHX HYII0
BO BCeX TOYKaX HeKoTopoll wactm M muOoKecTBa A, eCTh I0JI0CA.

3aMeganme. B mnpocrpaHcTBe R4 mopupocrpanctso B (4)
9MCIOBHX (YHKOAH, OTpaHMYeHHEIX Ha A, yA0BIeTBOPAeT YCJIOBHIO
1) omupemeneHna 4; KpoMe TOro, AJd BCAKOro MuoixectBa X m3 A (4),
MaKOPHPOBAaHHOTO B B (A), BepXHAA orHbalomas MHOKeCTBa X NpH-
magmeskar A (A). Onmaxo ecam A GeckoHeuHo, To MHOKecTBO B2 A (4)

3 H. Bypbaku
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MOKET OKA3aThbCH MANOPUPOSAHHBLM 6 R4, ue 6ydyuu marcopuposannusis
¢ B (A), n 3gaunt, B (A) He gBaAAeTca INOJOCOH B R4,

W3 ompepenenws 4 cpasy ke BuITeKaeT, 4T0 ecau B ecrts momoca
B E, To guaa moGoro memycroro MHO;kecrBa X W3 B, MAHoDPHPOBaHHO-
ro B E, inf X npmmapmemxur B. Beaxas nomoca B B E, HajeneHHas
CTPYKTYPOH YIOPAA0YEHHOTO BEKTOPHOTO IIPOCTPAHCTBA, HMHAYIHPO-
BaHHOM CTPYKTYPO# IpocrpaHcTBa £, ecTh BIOJIHE PEHNIETOYHOE IIPO-
cTpPaHCcTBO, W muA aoboro MuOmectrBa X — B, MaOPHPOBAHHOTO
B B, mepxHas rpads MHosxecTBa X B B coBmapmaer ¢ ero BepxHeil
rpaHeio B E,

Besaxoe mnepecedenwie ceMefcTBa TOJNOC BO BIIOJHE PpemeTOYHOM
mpocrpancree E cHosa aBaserca momocoit. as mxo6oro MHOMKeCTBa
M — E cymecTByeT Haumenblias hoaoca, cogepsramasa M (IOCKOIBKY
camo E ecrb mosoca); OymeM TOBODHTB, UTO 3Ta IoIoca nOpoxcleHa
MHoOKkecTBoM M.

CBoOHCTBAa II0JIOC BO BIOJHE DPEMETOYHOM IPOCTPAHCTBE OCHOBBI-
BAOTCA Ha CHERYIOMEeM IPeI0KeHNNn:

Hregnomenue 4. Hycms E — gnoane peuemounoe npocmpancmen,
u nyemv A — uacmb 3MO20 RPOCMPAHCMEA, COCMOAULAS U3 ROAOIHU-
MmeAbHUE asemeHmos u maras, wmo: 1) A - A < A; 2) omuowenus
z€A4, 0Ly<z enenym ye€A. IHycmwv, Oarnee, M — mHoscecmso
seprrux epanell ¢ E nodmnoocecme muoscecmea A, mascopuposannix
6 E. Ilpu smux ycaoeusx ecaruii anemenm x>0 us E moacem Guims
sanucan 6 gude y - z, 2de yEM u 20e z ecmv nosoHcUMeEALRBLY 2ae-
MEHM, HE3ABUCUMBILL cO 8cemU daemenmamu us M.

B camom gene, nycTh y — BepXHAA rpaHb TAKUX DJIEMEHTOB D E A,
910 v X; MO ONUpefeneHui0 Yy npuHagiaexut M, u, sHaumr, ¥ <.
Bce cBomurcs ® ToMy, Wrof6H TOKa3aThb, 9TO BIEMEHT Z = & — Y
HE3aBHCHM C KayRmeiM omementoM (€A (n° 1) mam uro u=inf(z, 1)
paHO Hymo. Ilo ycuoBEio u€ A4 m u<z —y, U CIEJOBATEABHO,
u - y< & andg Bcgroro v € A rtakoro, 9ro v x, mMeeM, IO oupene-
neHmo, v<Yy, W, craxo O, u -+ v<u 4+ y<r, TakK Kak 10
YCIOBHIO U - VEA, TO, COTTAacHO ONUPEAEICHHAI0 Y, HMEEM TaluKe
U+ v<y, ¥, HaKoHell, LOCKOIBKY U -- J eCTb BepXHAA TCpPaHb
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B E Takmx ameMeHTOB U |+ v, 9T0 vEA B v<x, 0 U 4 y <Y, OTKY-
na u<0, 9T0 ® 3aBepmaer JOKa3aTEIBCTBO,

TeoreMa 1 (®. Pumcc). Iycms A — nodmmozxcecmeo enoame peute-
mounozo npocmpancmea Pucca E. Mnoocecneo A’ anemenmos, nesa-
BUCUMBLE CO 6CEMU anemeHmamu MHodcecmea A, cocmaeasiem noaocy;
noaoca A" aneMEHMO8, HE3AGUCUMME CO 6CeMU FMEMENMAMU MHOHCECT-
ea A’, coenadaem c¢ noaocoii, noposcdennoil muomcecmeom A, a E
aeasemes ynopsadouennoti npamoil cymmot noaoc A’ u A”.

CBo#icTBA HE3ABHCHMEIX 9JIEMEHTOB, KOTOPHIE ME HAIOMHHIN
B n° 1, @ ompepenenAme MoNOCH cpasy ke MoKaswBawT, 910 A’ ecTh
monoca, a 3HAUET, A” Toske moioca. B cmry mpepmoeHus 4 u ompe-
ZeXeHdsA MOJOCH BCAKUHA snement x>0 uz E Mmomer ObITH OPEACTAB-
TeH BBUAG =Y - 2, rme Y€ A ' mz2€ A", y>0 mz>0; a Tar Rak
KK snemenT u3 F npegcraBiader cofod PasHOCTH ABYX NOTOKH-
TeIbHHX 37eMeHT0B, T0 £ == A’ |- A”; ¢ gpyroii ¢TOPOHH, IOCKOIb-
Ky O ecTb eIWHCTBOHHEI DJIEMCHT, HE3aBHCHMHII ¢ caMmM co0oif,
t0 A’ A" = {0}, orkyga Mu sariaogaeM, 910 £ ecTb IpsMas cymMa
MHOKECTB A" m A”; m, HaKoHeIl, I0CKOIbKY KoMnoHenTH B A" m A"
IONIOKATEIBHOTO djeMenTa M3 E monoskurenabrsl, 10 E ecTh ymopamo-
YeHHAs OpAMas cymma momoc A’ m A" (upemm. 3).

Ocraercs moKa3arb, a0 A coBlafaer ¢ mMoaocoil B, mopoxaeHHOR
muokecTBoM A, Ho E ecrb npamas cymma B u nonocu B, o6pasosan-
HOH 3J1eMeHTaMW, HEe3aBHCHMEIMH CO BCeMM dJIeMeHTaMu IoaocH B
a rak Kak 4 < B, 10 B’ < A’; ogHaKo, ¢ npyroi cropons, B 4”7,
H B TO e BpeMaA E apisercsa mpamoit cymmod A’ u A ; ciaegoBarens-
g0, B = A", B' = A’.

Teopema 1 u npegnomenne 4 MO3BOIAIOT JaTh KPYyroe olpegeIeHAe
JOJOCH, ITOPOKNEHHON MHOKECTBOM dJIeMeHTOB m3 K.

IIregnoxenne 5. [Tycmes E — enoane pewemounoe npocmpancmeo,
M — nodmnoaucecmeo uz E u B — noaoca, noposxdennas MmHOICECT-
gom M. ITycmu, danee, M, — MHONCECTIBO NOAOHCUMEALHBLL IAEMEHMOE

us E, Kaxcowi ua Komopuzr maicopuposar aiexmenmox euda ) | x|,
‘ 7
ede z; € M; nycmb M, — MHONCECMEO 6EPIHUX 2DAHET MAHCODUPOBAH-

bz nodmuoxcecme mruoxcecmea My; moeda muoxucecmeo M, cosnadaem
€ MHONCECTEOM NOAOHCUMEALHBLL AeMERmo8 noiockt B.
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OueBupHO, 910, M0 ompemeneHuio moiocu, Me € B; ¢ apyroit cro-
POHH, ecad B’ — I10m0ca 3IIEMEHTOB, HE3aBHCHAMEX CO BCEMH 3JIEMEH-
tTaMd MHOMecTBa My, To Teopema 1 moxasmmaer, uro E ecth ymops-
nouenHas upsamasg cymma B wm B’. Ho unpepnosserue 4 moxaseBaer,
ITO KayRABI TOJOKUTETbHHN daeMent w3 K ecrsb cyMma aieMenTa
u3 M, m smemenra u3 B’, ueM ®m mokasaHO Lpemio;KeHHe.

Caepcreue. Ifyemv a ecmb asemenm 6nodHe peuLemoumozo npo-
empancmea E. Hycms, daaece, B, — noaoca, nopoxrcoennas ssemenmon
a, a By — noaoca asremenmos, He3asUCUMBL ¢ a. J[4s 6cAK020 saemenma
>0 us E eco romnonenma ¢ B, (upm pazbmenuu E ma ymopspo-
YeHHYIO IpPAMYI0 cymMMmy nomoc B, u B;) pasHa suhll) (inf (n|a], x)).

ng

OtMerdM, 9T0 MOMOCH, HOPOKIEHHBIE DIEMEHTOM ¢ W HJIEMEHTOM
la|, TompecTBeHHE Mesry coGoit. Ecam a m b — nBa He3aBHCUMBIX
ameMenra W3 K, a A m B — 00I0CH, TOPOSKIEHHARE COOTBETCTBEHHO
)JIEMEHTAMH a4 # b, TO BCAKHA DJIeMeHT U3 A HE3aBHCHM C KajKIhIM
aneMeHTOM HW3 B; B caMoM gene, b npmHagmeKuT monoce 4’ 3ieMeHTOR,
nesapmcEMbIX ¢ A, otkyma B < A’; a B cuny reopemMu 1 Beaxrmit aie-
MeHT B3 A He3aBUCHM C KaKIHM diaeMeHTOM m3 A,

6. Tonoaoeuu 6 YnopadoueHHvL 6EKIMOPHHLL
nPoCMPaAHCcmMeax

Ilycrs E — yuopsjmoveHHOe BeKTOPHOE mpocTpamcTBo. ['oBopsr,
qro Tomnoxorua B E coeracyemes co CTPYRTYPOH YIOPALOIEHHOTO
BEKTOPHOIr0 mpocTpaHcTBa B K, ecam, ¢ OgHOI CTOPOHH!, OHA COTJIa-
cyercs o CTPYKTYPOH BeKTopHOTO mpocrpadctBa B E (o ectb (Tom.
BexT. mp-Ba, rum. I, §1) orobGpasmenus (z, y) —x 4+ y a (A, r) —> Az
HENIPEPHBHH), a C JpPyroif CTOPOHH, YIOBIETBODPAET ClejyIoHIeH
aRCHoOMe:

(TO) Mmnoacecmso aaemenmos x>0 us E samxnymo.

Impuwmepn. Tomomorms mpocrparcTBa R™ coriacyercs ¢ ero
CTPYKTYpO#l YHODHANOYEHHOTO0 BEKTOPHOTO IpocTpaHcTBa. Ecam A4-—-
IPOU3BONBHOE MHOMKECTBO B B (A) — IPOCTPAHCTBO IHCIOBHIX QYHKMME,
OrpaHWYeHHHX HAa A, TO TOLNOJOTHA, onpefedeHras B A (4) npu DOMOIH
HOpMEL || z|| = gg}; |z (¢) | (TromosorWa  paBHOMepPHOH CXOAMMOCTH),

COTIIACYeTCS CO CTPYKTYpOHl YIOPAKOYEHHOTO BEKTOPHOTO LPOCTPAHCTBA

B B (A).
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YnopangoueHHOE BEKTOPHOE IIPOCTPaHCTBO, HAfEJNEHHOE TOIMOJOTH-
eif, cormacyioumeiica ¢ ero CTPpYKTypo#l, HasHBaerca Ynopadouernnuli
MONOAOSUHECKUM 6eKMOPHBIM NPOCMPAHCMEOM. B TakoM mpocTpaHCT-
pe E MHo3KecTBO 3.1eMEeHTOB z < 0 3aMKHYTO; a Tak KaK CHBUTH ABIA-
foresi TOMeoMOpPUZMaMU, TO M3 DTOTO CIeAyeT, 110 mas awoboro a €
MHOJKECTBO DIEMEHTOB < a (COOTB. X > @) 3aMKHYTO.

IIpegnomenne 6. ITyemv ¢ omdeaumom YnopadoueHHOM mMOROAO-
2uveckOMm eKkmopHnom npocmpauncmee E muoscecmeo H uavmpyemes
no omnowenulo <. Ecau ¢uavmp cevenuii mmoscecmea H umeem
npedea 8 E, mo smom npedea ecmv eeprmas spanv mHoowcecmea H.

B camom peme, mycth bzlig z; maA noboro y € H MHO:KECTBO

xE€
rex z€ H, 11 KOTODHX 3>, €CTh MHOMKECTBO (HIBTpa cedeHmil
MHO3KecTBa H, W ciemoBaTenbHO, b €cTh TOYKA IPUKOCHOBEHUS 3TOTO
MHOKECTBA; a Tak KaKk MHOKECTBO 3IEMEHTOR Z >y 3aMKHyT0 B E, 10
b>y, m sHaumt, b ecrb MakopanTa MHOmectBa H. G mpyro# cro-
POHHI, eciu a ecTh MaykopanTa MHOKectBa H, 10 H copgepskurcd B 3a-
MKHYTOM MHOKECTBE DIEMEHTOB 2z < d; a MOCKOIbKY b — dxeMent
npuxocHoBeHms pus H, 1o b<a, 910 u 3aBepiiaeT KOKa3aTEIbCTBO.

Cagpcrsue. Hycmov E — npocmparncmeo Pucca, nadeaennoe omae-
aunoll monoaozuell, coasacywuelica ¢ ee0 cmpykmypold ynopadoueH-
1020 6¢KkMOPHO020 Rpocmpancmed. Ecau das scaroeo mroacecmea H C E,
MAJNCOPUPOBARH0L0 U HUAbMPYIOUe20cs RO OMHoweHuw < , Pursmp
cevenutl muoacecmea H cxodumes, mo E enoame pewemouno,

Yuopamuennma. 1) Ilycte F — BeKTODHOE TPOCTPAHCTBO
$yHKmIE

g(x)=gf(t)dt O<z<1),
0

rie f npoGeraeT MHOMKeCTBO Jmmeigariix ¢ymxmmid mHa [0, 1]. Ilycrs
D — mHOMKeCTBO BO3paCTAlONIAX (YHKUME, NpHHAJIeKampx F, W IycTh
E — BexTOpHOe TORNIPOCTPAHCTBO NpocTpanctBa F, mopompenHoe P.
HokaszaTh, 9To P eCTh BHIYKJH#A KOHYC, YAOBIETBOPAIOMHU YCIOBHIO
P N (— P)= {0}, m 9To MHOKeCTBO £, HajleJleHHOe CTPYKTypoil mOpaA-
Ka, oupefleiasdeMoil cooTHomeHHeM g — h € P, ecTh IpocTrpancTBo Pucca.

2) Myers I R — xomumaktHEiT murepBas. I[fowkasars, d9ro mop-
upocrparcTBo mpocrparctea R, cocrosmee m3 cyemmit ma [ MHOTO-
9IeHOB (¢ RellcTBUTeabHHIME Kod$dunmenTamm), He ABIACTCA IPOCTPAB-
crgoM Pucca).
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3) a) ycrs £ — npocrpancrso Pucca mw H — BeKTOpHOe HOAIPO-
cTpaHcTBO npocrpaHCTBa F. TIoBopaTt, uto H ecTh cobemeennoe WORIPO-
CTPaHCTBO UpOCTpaHCTBAa K, ecim AAsS JIOOHIX DBIeMeHToB =z, y ua H
sup (z, y) npuaagaesxur H. JOas toro uTobH 310 OBLTIO Tak, HEoGXOMAMO
m JocraTouHo, uro0H oTHOmenMe x € H puerao |z | € H.

b) Ifyers [ — xoMmakTHHE maETepBax M3 R, m nyers H — mopm-
upocrpanctso npocrparcrsa R!, ofpazopammoe cyxemmamm ma I MHOro-
9ieHoB uepBoi creuen ¢ — af 4 f. Tlokasars, ato H He sBaAeTcH

CoOCTBEHHEIM TOAUPOCTPAHCTBOM IIPOCTPAHCTBA R!, mo sBasercs po-
crpaHcTBOM Pmcca (1A CTPYKTYpPH, HEAYUUPOBAHHOHU CTPYKTYpoH mmpo-
chéHcTBa RI).

4) Ilyers £ — npocrpancrBo Pucca u H — BeKTOpHOE IORIPOCTpaH-
ctB0 mpocrpancTBa E. ToBopaTt, uro H — naomioe MOAIPOCTPAHCTBO IPO-
cTpaHCTBa £, ecam otHomenMsa x € H, |y | << | z | Baekyr y € H. Ilycrs

Temeph P — MHOMECTBO TeX DiIeMEHTOB x (axTop-mpocrpancrBa F/H,

A KOTOPHX B Kiaacce z EMeeTcst XoTs OH ofuH sneMenT z > 0. Iloxa-
3aTh, YTO0 P eCTh MHOMKCCTBO IOJOKUTEIBHEIX BJIEMEHTOB /IS CTPYKTYPHI
nopagka B E/H, Koropas corjgacyerca €O CTPYKTYpPOH BEKTOPHOTLO
npoctpaHcTBa B £/H m paa Koropoil £/H ecTs npocrpaHcTBO Pucca.

5) a) Topopstr, 410 YHNOpsAHOYeHHOE NPOCTPAHCIBO E  aprumedoco,
€CIH BCAKWU diaeMeHT z € £, 1A KOTOPOTO MHOMKECTBO BJIEMEHTOB nx
(n > 0 — memoe) maxkopmpoBamo, Gyaer < 0. IToxasaTs, wro 3to ycio-
BHe PAaBHOCHJILHO CJI6gyIOmeMy: Ilepecedentie NIPOM3BONBHON TUIOCKOCTH
(npoxoasameil 7epes 0) H BEIYKIOT0 MHOKeCTBa P IOJ0KUTEAbHEIX dile-
MeHTOB M3 E eCTh samrmymuii yraoBoil cerrop. Ilokasats, uro no6oe
HOAUPOCTPAHCTBO BIOJHE PENIETOYHOT0 DPOCTPAHCTBA apXUMefOBO *).

b) Myers F — mpocTtpascTBO Prcca RR wmcnonmx ¢yERNMH, ompe-
gexepHuX HA R, m oycte H — nogupocrpancrso 4B (R) ¢ymrrmui, orpann-
geHRHX Ha R; H ecTh m0THOE IOAUPOCTPAHCTBO UPOCTPAHCTBA F (yIp. 4).
ITokasars, 9ro IpocrpanciBo Pucca E = F/H (yup. 4) mHe smisercs
apXAMeflOBHM, TOYHEee, IIOKA3aTh, YTO JAJsA JdI0GoTo diaemeHta z > 0 n3
E maiigercst Taxoii saeMeHT y € E, 9T0 y 3> nzx upu mo0oM memoMm n > 0.

6) Ilycts £ — BHoaHe pelleToYHOe IPOCTPAHCTBO M V — ero Bek-
TOPHOe DofupocTpaHCTBO. IloKasarh, wro Ans Toro, yrobwm V mmeno B F
nononnerne W raxoe, 9rofu £ GBHUIO yHOPAMOYeHHOM LPAMOHE CyMMoit V-

u W, HeoOGxogmMo M J0oCTAaTOYHO, 9TOOH V GHLIO Modo0Coii; Torma W cos-
magaer ¢ HOJNOCOH 2JIeMEHTOB M3 kK, HE3aBHCHMHX CO BCOMH DJeMeHTa-

mE 13 V.
7) Hycrs E — BUOJIHE PENIETOYHOE IPOCTPAHCTBO W H — ero mior-
HOe mofumpocrpanctBo (yop. 4). ITorasars, wro ecam By w By, — nABe

¥) MosKHO IOKaszarh, 9To, M 00parHO, BCAKOE YUOPALOYEHHOE APXHEMENOBO

OpPOCTPAaHCTBO M30MOPPHO HEKOTOPOMY IONNPOCTPAHCTBY BIOJHE PpPeINeTOYHOIO
mpocrpancTBa (cp. Aare6pa, ra. VI, § 1, yop. 31).
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B3aEMHO-JONOIRATEAbHEIE TT0J0CH B E, To H ecTh ymopsfoueHHaA OpAMas
cymma mopgupocrpaHctB Hy = H (\ B, u Hy, = H (| By, u uro mnpo-
crpaEcTB0 Prcca E/H ecrb ymopapgodeHHAsS IPAMas CyMMa IIPOCTPAHCTB
Prcca By/H; u By/Ho,.

8) Tlyers (E,) — cemeiicTeo BHONHEe DEMETOYHLIX IIPOCTPAHCTB
1 E — mpomsBeflenyie IPOCTPAHCTB £, (KOTOPOE TOMKE BUIOJIHE DEIIETOYHO).

ITorasats, 910 ecim B — mosoca B E, To KaKAasd U3 €e MPOEKIHit BL =
= pr, (B) ecrb monoca B £, m 4ro B cOBUafaeT ¢ NPOU3BefeHNeM IOJ0C

B,. Tonyenth oTciofla CHOCO6 NOCTPOEHHS IOJOC B NPOCTPAHCTBE R4
oro6paskeHmit MEOKecTBa A B R. Iloxasars, wro B mpocrpaHcTBe A (4)
9uca0BHX (YHKOUW, OoTpaHWYeHHBIX Ha A, BCAKAg IIOJOCA €CTh Cile,

Ha B (A) Hexoropoit mosocs B RA,

°9) Myers E — BHOJHe pemerouHoe HpocTpaHCTBO. loBopaATr, uro
$mapTp § B E MaKOpHPOBAH (COOTB. MUHOPMDOBAH, OTPaHUYEH), eciH
B § CymecTByeT Ma;KOPHPOBAHHOE (COOTB. MUHODPMPOBAaHHOE, OLPaHM-
9eHHOE) MHOMKECTBO. Bepznum npedesaom (COOTB. HUNHUM Rnpedesos)
Ma;KOPHPOBAHHOTO (COOTB. MUHOPHPOBAHHOT0) $UABTPA §, 0603HATAEMEIM
gepes lim sup § coors. lim inf §), HasmBaloT BHpaKeHHe iI}l{f (sup X)

(cootB. sup (inf X), rae X mupoferaet MHOMECTBO MaKOPMPOBAHHEX
X

(COOTB. MEHODHPOBAHHBIX) MHOKECTB B3 {§, KOT[a 5TO BHIDAKEHHE MMe-
er cMEICA. JIasg Toro wrofH cymecTBoBaaH o6a npemeaa lim sup §
u lim inf §, meobxoqumo 1 MocraTogHO, TO6H F GBUI OTPAHWYEH, H TOTAA
lim inf § < lim sup §; rosopsar, uro § HMeer npedes Mam cxodumes
JJIsA CTPYKTYpH LOPAAKA mpocTpaHcrBa X, ecam lim sup § = lim inf §;
TOF/[a o0uiee 3HAYeHHE BTHX ABYX BEpaKenmii o6osmagaerca lim § u roso-
pAT, ¥T0 § CXOAMTCA K 3TOMY BdiaeMeHTY. Ecian (mabTp mMeeT upeed,
TO BCAKI Gosee CHIBHBIA QHIBTP MMEET TOT Ke Ipefes (A CTPYKTYpH
mopAfKa).

a) Haa Toro uro6H orpaHWYeHHHII ¢miabrp F MMen npenesn, Heobxo-
JUMO ®M J0CTAaTOYHO, 4TOOE i;l(f (sup X — inf X) = 0, xorga X upoGeraer

MHOKECTBO OIPAHWYEHHEIX MHOKECTB, UPHHAMISKAMAX .

b) Iycts A — MHOXKecTBO, PHABTPYOmeeca o $mavTpy &, u f —
oro6pamenne A B E; roBopAT, 4ro f MMeeT Upenes 0 PuabTpy @& s
CTPYKTYPH TmOpANKa mpocrpancrsa X, ecunm f (@) ecrts 6asme ¢mabipa,
aMelomero Opeflel B £ (Musa cIpyKTypH nopsagxa). Ioxasarts, aro ecan A
eCTh YIOpAfOogeHHOe (QHALTPYOINESCS MHOKECTBO M OTOGpaskenme f
MHOKeCTBA A B FE, MaKopWpoBaHHOe B A, sSBIAETCA Bozpacralomeil
¢ymEKmmeit, To f mMeer mpefexn U0 (UABTPY CeUCHWH MHOMecTBA A,

paBHHI sup f (z).
xZA

¢) llycrs E m F — gBa BHOAHE peIIeTOYNEIX IPOCTPRHCTBA; JIA
Toro 4To0H mpomspefleHue ¢uUALTPA F B K ®m ¢mabtpa & B £ Gbhuio
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cxonsamuMca PUIABTPOM B £ X F (Mg CTPYKTYDPH LOPAxKA), HeoGXOIAMO
M [OCTATOYHO, 9TOOH KasKABIEH M3 QUabTpoB § ® ¢ GBI CXOZAIAMCA,
r rorga lim (§F X @) = (lim §, lim @).

°40) a) IIycrs E — BHOJHE pelDeroYHOe IIPOCTPAHCIBO, ¥ HYCTh
T ¢ (E) — cuabHeiimas Tomoxorus B E, [is Roropoi seskmil gpuiabrp § B E,
CXOASmAcA B CMEICIEe CTPYKTYPH mopsmka (yup. 9), CXOQHUTCH K ToMY
e mpeneny Aas J g (E) (O6mas tom., ra. I, § 7). Ilyers £ m F — gBa
BOOJHE PENIeTOYHHX NPOCTPAHCTBA, f — TaKkoe oToGpamenme £ B F,
IpH KOTOPOM [l BCAKOro Quabrpa § B K, CXOASMErocs Aas CTPYKTYpPE
nopsaKa, f (%) aBasercs OasmcoM ¢masTpa B FE, cxomAmmMca (mian
CTPYKTYpH mopafgka) K f (lim &). IloxasaTh, 9T0 B TEX NPEAIOCHLIKAX
¢yHKIMA [ HeIpepHBHA B ToNoJOrusAx J o (E) m T (F).

b) Buipectn u3 a), 9T0 TONMONOTHEA 7 o (£) OTHeIMMA M COLJIACYETCSH
CO CTPYKTYPOIH BEKTOPHOTO mpoctpancTBa 8 E u w10 oroGpaskenne r — z'
HeNpPEpPHBHO B 3TOH TOIOJOTHH; CJAef0BaTelbHO, .7 o (£) coriacyercs co
CTPYKTYDPOH YROPAMOYEHHOTO BEeKTOPHOro IIpocTpaHCTBa B E.

c) Ilycrs 3amano mpoM3BOJIbHOE OGeCKOHEWHOEe MHOMKeCTBO A, M IyCTh

'E = % (A) — BUOIHE pelleTOYHOe IIPOCTPAHCTBO UHCIOBHX (QYHKIMI,

orpaEngeHHHX Ha A. Hycts @ — MHOKecTBO (KOHEUHHIX JIH GecKOHed-
HBEIX) YHCIOBHIX GYHKIHMII ¢, onpeleleHHNX Ha A 0 TakuX, 910 ¢ (f) > 0
oisa ao6oro ¢t € A m9To Opn Ja060M nexoM r > 0 MHOKecTBO Tex ¢t € 4,
AaA KOTOPHX ¢ (2) < n, woego., Jnsa Kaxpoll gyExmum ¢ € O ofo-
3HawdM depe3 V, MHOKecTBO Tex x € E, Mas KoTophix |z | < ¢; HoEKa-
3aTh, UTO MHOMKeCTBa V,, ofpasylor QymmaMeHTaIbHYI0 CHCIEMY OKpe-
craocteit 0 B Tomosormm J 4 (E), coriacyiomeiicsa co CTpyKTypoil yuops-
A09eHHOTO BEKTOPLOIr0 NIPOCTPAHCTBA B £ M 1Ja KoTopoit £ orgeaumo
u moamo. ITokasars, 9To Tonosorus .7 (K) Gonee cuibnan, aeM 74 (£),
HO CTPOTO MeHee CHIBHAA, YCM TOIOJIOTHSI PABHOMEPHON CXOIMMOCTH B A
(BBefeHHASA NPU TIOMOIMM HOPMH || z || :t?jap | z (t)|). BriBectm oTcloga,

9T0 s TOro, 9T00H HOAMHOMKeCTBO H3 E GBUIO OTpaHMYeno (IJla CTPYK-
TYPH IOPARKA), HEOOXOMHMO ¥ JOCTATOYHO, YTOOH OHO GHIO OTPAHMYEHO
B ronoxorun 7o (£) (Tom. Bexr. mp-Ba, ria. 1II); mokazare Tamke, wro
BeaKHA ¢HABTD B £, orpaHWYeHHHI U CXORAIMUIACT B Tonoiaoruu J g (£),
CXOIMTCH [JIA CTPYKTYPH IODPSAKa; M HaKOHeN, II0OKas3aTh, 9T0 B £ cyme-
CTBYIOT (PUABTPH, cXofAmuecs s 7 (E) # HeorpaHudeHHHIE.

°11) IIycts £ — BumojiHe pemeT0o9Hoe HPOCTPAHCTBO H (xl.)LEI —
ceMeiicTBO 3eMeHTOB w3 E. Jlas mo60ro KOHeYHOTO MHOKecTBa H C /
HONOKIM s = Ext; TOBOPAT, UTO CEMEHCTBO (Z) =y cyMmupyemo Jis

WEH

CTPpYKTYPH ILIOPATKA MPOCTpaHCTBA E, ecam oTobparkenme H — sy uMeer
npefien (A71A 3TOH CTPYKTYPH IOPSARKA) IO YHOPAMOYEHHOMY (QHIBTPYIO-
IeMycss MHOMKeCTBY .7 (/) KOHeUHHIX NONMHOKeCTB HWHTepBajia [, 3TOT

Openes s HasHBAGTCA cysmsoli CEMeNCTIBa () W 3aNMCHBAETCA Zx‘.
121
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a) Jlag TOoro 4ToGH CeMeHCTBO @ et 6BJI0 CyMMHEpyeMo, Heo6Xo-
AUMO W AOCTATO4HO, ITOOH: 1° AA n1060T0 KOHEYHOTO MOIMHOMKECTBE
H < I mHOKecTBO | sg |, Tme K npoGeraeT MHOKECTBO KOHOYHHIX MOR~
MHOKeCTB W3 I, He lepeceKalommxcs ¢ H, HMeN0 BEPXHIOW TI'PaHb Iy

2° inf rg = 0, xorpa H upoGeraer § (/) (mcmoxszosarb ymp. 9a)).
24

b) OGo6muTs Ha cemeiicTBA, CyMMHUPYeMble IJA CTPYKTYPH HOPSAKS
B E, cBoiictBa ceMeiicTB, CYMMHpPYEMHX B TOHOJOTMYECKAX alemeBHIX
rpynoax (O6mas rtom., ra. III, § 4, mpeman. 2 m 3 u Teopema 2).

c) Hyers (xl)LEI — CeMeHCTBO MOJIOKUTeNIbHBIX dJIeMeHTOB U3 K; nus

TOro 9T00H 3TO CeMeHcTBO GHII0 CyMMUPYeMO, HEOGXOMAMO W HOCTAaTOTHO,
9TOGH KOHEYHHE YaCTHUHEIC CYMMEI sy COCTABIAIH Ma’KODHDOBAHHOE
MHOKECTBO (IpIMeHNUTH yup. 9b)). IlokasaTs, 9T0 ecim ()1 CYMMEpPYEMO

A ecan (yl)lEI eCTh CeMeilcTBO TaKHX dieMeHToB, uro 0 < y, < z, Aan

JIOGHX 1, TO CeMelcTBO (y,) CYMMHPYeMO H Z < th, nprugeM paBeRr-
134 134
CTBO MMe€eT MeCTO JHmb B TOM CJIyTae, eCiH z, = y UPH JIO60M t.
d) Iyers (z,) — CemefCTBO HIEeMeHTOB M3 X, IIOKAas3aTh, 410 €CAI
ceMeifcTBO (| z, |} cyMMHpyeMo M CTPYKTYPH IIOpAAKA, TO BTHM CBOM-
creoM obaafaeT m ceMeiicTBO (z,).

12) IIyerb E — BHIOJNHE DeIIeTOYHOE IPOCTpaHCTBO. IloKazaTh, 49TO
CYIIECTBYET TaK0e CeMeHCTBO (i) CTPOTO HOJOMKHTEJILHHX BJIEMEHTOB.

u3 £, uto OpH pPasJIUTHBIX JABYX MHACKCAX | W K BIAEMEHTH u uou,

He3aBUCEMH H 9TO0 Aad Jwo6Goro r > 0 w3 E maiigeTrca uo KpaitHeil Mepe
OfMH TaKo# mHgEKC L, grto inf (z, u) >0 (BOCHOAL3OBATLCA TEOPEMOIi

[Topra). BRBectn orciona, 4To xis a1060r0 x > 0 CymecTByer, M IPATOM
e[lMHCTBOHHOe, CeMeiCTBO (z,) MONOKATENBHEIX 3JEMEHTOB MpPOCTpaH-

crBa £, TakOx, 9TO z, TPUHAICKUT IOJNOCe BL, TIOPOKTeHHOM u,

(zpm a1060M L), U 9TO T = 2 Z, I CTPYKTYPH OPAAKA (B3ATH B Kade-

CTBe £, COCTABJIAIIIYIO dJeMeHTa 2 B Iojoce B ). OGpaTHO, BCAKOe MAKO-
PHPOBAHHOE CeMEHCTBO (z,) NOJOMMTEIBHEIX 3JIEMEHTOB, A KOTOPHX
z, € B, upm qw060oMm L € I, cymmupyemo B £ (yup. 11).

°13) a) IIycrs K — BUOJHE pemeTO4HOE IPOCTPAHCTBO. I[IoKazath,
4r0 ecam u #* 0 — IPOMBBOJLHHIN B3ieMenT M3 E, TO MHOKeCTBO TexX
z € E, pua Koropex |z |<n|u| (18 HeKOTOpore meaoro n, 3aBH-
CAIEro OT ), €CTh BIOJHE peleToYHOe IOANPOCTPAHCTBO C, IPOCTPAaB-
ctBa £. JOns mawoboro x € €, o6o3HauOM depes || z || HWKHIOW TPaBbL
CRaJIAPOB A > 0, mius xoroplx |z | < A | u|; wmokasaTs, 4to || z || ecth
HOopMa B (, (MCI0OXb30BaTh TOT (AKT, ITO £ apXMMeNOBO), ITO HafleJeHHOC
aT0il HOpMOH LpocrpancTBo €, WoiaHO u uwTo || z|| = sup (|| ¥ |i, || =™ I)).

b) Hycrs J — MHOMKECTBO COCTABIAIOIMNX dJIeMEHTA u B Ioiocax B
npocrpancrtea Cy,; LI0OKa3aTh, 94T0 ./ eCTh MHOKECTBO TAKHX DJIEMCHTOB
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¢ > 0 m3 C,, qaro inf (¢, u — ¢) = 0 (BocmoaL30BaTHCH Teopemoil Pmcca).
IToxkasars, 9r0 J 3aMKHYTO B HODMHPOBAHHOM TDPOCTpAaHCTBEe Cy M UYTO
JJSL OTHOIIeHHS MOPARKA, MHIYIHPOBAHHOTO OTHOMIEHHEM IOPARKA B Cy,
J ectp mouman OGynesa pemretka (Teop. mHu., ra. III; mocrarozmo
HOoKasaTh, 4T0 eCHd (c,) — CEeMeMCTBO 9JIeMEHTOB M3 J, TO Sup ¢, HpH-

HALJSKAT J).

c) ITycrs z — mpoMsBOABHEI 3neMenT H3 Cy; TOYCTh A JI060TO
DelcTBATEABHOTO A c{A) 03HAYAET COCTABIAAIINYIO BJAeMEHTA u B MOJOCC
u3 C,, mOopo:aennoi npy nomoma (Au — z)*. ITokasars, aro ecam A < p,
0 c(M) <L) gas A<<— |z nmeem ¢ (A) = 0, a gaa A > [l z||
uMeeM ¢ (M) = u. IToxasats, ar0 ecnm ¢ € J u ¢ < ¢ (A), TO cocraBiusi-
Iasi 3JeMeHTa T B T0JOCe, MOPOKACHHON NPH MOMOMH ¢, He IPeBOCXORUT
Ac (3aMeTHTh, 9YTO TOJNOCA, TMOPOMKIEHHAA ¢ (A), coBmagaeT C IOIOCOIL,
moposkmennoir (Au -+ z)t, ® WTO CcocraBAAlmAas MeMeHTAa Au — T B 3TOi
mojioce paBHA cocTaBaAomel dsaementa (Au — z)t, ¥ BHBecTH oTCHOAA,
YTO COCTABAAIOIANA DJEMEHTA z B BTOI JKe TOJ0Ce He TPEeBOCXOIUT Ac (A)).
Touno rax ;e moKasaTh, 470 €CJIH ¢ € J B ¢ < u — ¢ (A), TO COCTABIAIO-
masa JaeMeHTa x B M0JOCE, TOPOKAEHHON ¢, GoJbIIe WM paBHA Ac.

d) HUasectno (O6mas rom., 2-e mwap., ra. 11, § 4, yup. 13), garo cyme-
cTByeT H30MOpPHaM CTPYKTYpH mopafgka ¢ — 0, GyaeBoil pemerxkm [
Ha OyaeBy pemeTKy, COCTOAMYI0 W3 XapaKTeDHCTHIECKHX QYHKIHH
O(HOBPEMEHHO OTKDHTHX ¥ 3aMKHYTHX MHOKECTB BCIOKY pas3pHIBHOTO

KOMOAKTHOro mpocrpaHncTBa S. Ilokasars, 9T0 COOTHOINEHHE Z Aic; =0
i

-
BiegeT TOT (QaKT, 910 QYHKIAA 2_, Ai8.; paBHa Hymi0 Ha S (MCIOIB30BATD
1
IeMMY O pasGHeHHN); BHIBECTH M3 ITOTO 3aME4aHMA M M3 €), 94TO 0TOGpa-
menme ¢ — 0, MoKeT OHITH TPOJOJNIKEHO A0 H3oMopdmama z — 0, HOPMH-
poBaHHOTO mpocrpancrBa (, HA HOPMHDOBAHHOE NOPOCTPAHCTBO % ()
(KOHETHHIX) TUCHOBHX QYyHKUAI, HelpepHBUHX HA §, Tak, 2106k (0,)" =
= 0,, (upm momomu c) mNokasath, 4YTo Ais Joboro z € €, u ai06oro
e > 0 HalifeTcs BospacTalomjas NOCTeR0BATeAbHOCTE (Ai)ggig, TAKNX

HeHCTBHTONBHHIX THCENd, 49TO h; — h;_y < & H 9TO
n
0<z— D Ay (e Mimp) —e (Ag) < em).
i=1

e) ODaa Toro 4ro6mi S GHIO KOHEYHO, HeOOGXORMMO M JOCTATOUHO,
9106E C,, MMeJNO KOHEeYHYI0 Pa3MEPHOCTH; BHIBECTH OTCIOHA (OPH TOMOMHA
yup. 12), 9ro BOONHe pemleTogHOe NPOCTPAHCTBO KOHOYHOH pasMepPHOCTH
#30MOpYHO TpPOCTPaHCTBY-mpomsBefennio R™ (cp. § 2, ymop. 7).

f) HoxasaTtb, 9T0 B S 3aMHKaHHE OTKDHITOIO MHOMKECTBAa €CTh MHO-
FKECTBO OTKPHITOE (HCIOJNB30BAaTh TOT (akr, d9ro J eCTh TOJHAA
pemeTra). O6parHo, mycTh S — KOMOAKTHOe MPOCTPAHCTBO, O6GJIafaomee
3THM CBOMCTBOM (cmoyro60o TPOCTPAHCTBO); MYyCTh Aia aio6oit Pymxoum f,
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O yHeNpepHIBHOH CcHE3Y Ha E, g ecTh HamMeHblasgs QYHKOHA, TOXY-
HempepuiBHAsA CBepxXy Ha E ® rakas, 9T0 g > [, IOKasaTb, 4TO ¢ Helpe-
PHBHA (TOKa3aTh, 9TO AJf JI060TO a < g (z) = He MOKeT OHTHL TOUKOH
TNPHKOCHOBEHHA [JA (OTKPHTOro) MHOKeCTBa TaKHX y, 4T0 g (y) < a,
3aMeTHB, YTO B TOYKe IPHKOCHOBEHHA 2z 9TOro MHOKecTBa [ (z) < a).
BriBecrn orciona, uTo B dToM caydae @ (S) Gymer BIOJHE DEMIETOIHEIM
opocrpancrBoM. Ilokasarp, 710 ecam § GeCKOHeYHO, TO BEDXHAA IDaHb
B ‘€ (S) Ma)KOpHpPOBaHHOrO OECKOHETHOTO MHOKeCTBa He OOssana GHITbL
paBHOH ero BepxHelf ormGalomeil (paccMOTpPeTh OTKDHTOe MHOMKECTBO,
He 3aMKHYToe B S); OgHAKO 9TH ABe QYHKOHMA DaBHH MeMAYy coboil Ha

ROONOJNHEHHN HEKOTOPOro TOImero MHOMKeCTBa (paCCMOTpeTL MHOMeCTBO

1
TOYEK, I'fKe HX pasHoCTh }-n-) .

g) Iloxazarth, 9To ecnm f — umcaoBag QYHKIAA, ONIPefeJeHHAS Ha
ZOTMOMHEHMH HEKOTOPOTO Huzde He naomHozo MHOKecTBa M < S,
HeIlpepHIBHAA W orpanndennas Ha CM, 1o f MOKeT OHTH HPOROIIKeHA IO
HeIpepHIBHOCTH Ha Bce § (MCHoAb30BaTh TOT (akt, 10 ¥ (§) BHOXHE
pemIeTogHo). BHBeCTH OTCIORA, 9TO MHOKECTBO @, (S) THCIOBHX QyHKOM,
KaK KOHEeYHHX, TaK M (ECKOHeYHHX, HeNpepHBHHX Ha § # TAKHX, 9TO
71 (+o) m f1(—o0) oGpasylT HHIFe He IJIOTHHE MHOMKeCTBA B S,
eCTh BIOJHe pellleTOYHOe BEKTOpHOe NPOCTPAaHCTBO M dUTO moaoca B,
HODOKEEeHHAA DJAeMeHTOM u B K, m3oMoppHAa HEKOTOpOMY ILIOTHOMY
mogmpocrparcTBy  (ymp. 4) mpocrpamctBa %, (§) (paccMmorpers
saement f > 0 opocrpancrBa &, (S) B KadecTBe BepxHeHd rpaul
sxementoB inf (f, n)).

§ 2. JImueiinpie ¢gopMpl Ha mpocrpaHeTBe Preca

1. IToaomcumenvHsle aAuretinsvie hopmut
Ha npocmpancmee Pucca

Hanomaum caegyiomee ompegenenue (Tom. Bexr. mp-sa, rta. I,

§ 1)

Ouregeaerue 1. Ilycmv E ecmb ynopadouennoe eekmoproe npocm-
paucmeo; zoeopsm, uwmo aunetinas ¢opma L na E noaosmumenvha,
ecau das awbozo x>0 us E L(zx) > 0.

Ilockoasry L (y) — L () = L*(y — x), 10 9T0 oOmnpefeieENne
PaBHOCHIBHO YTBEP;KACHMIO, YTO OTHOmeHmMe <y Biaeder L (2) <
<L (y), o ects uro L — sospacmawwas pyarnus Ha E.

Mpamepn 1) Hycrs A — npousBOABHOE MHOMKeCTBO B E —
TOANPOCTPAHCTBO  OPOCTPAaHCTBA R* Bcex uwmcaoBHx QymKmui,
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onpefenenatix Ha A. Jlaa nwo6oro oiaementa a € A oToGpaskenme
r — z (¢) eCTh TMOJOKHUTeNbHAA JuHeinas ¢opmMa ma K.

2) IIyers I = [a, b] — xoMmakrHHZ mEuTepBad m3 R m E — mpo-
crpaBcTBO PHcca, o6pasoBaHHOe YHCHOBHIMH (QYHKOHAME, AuHeluamoimu
na / (Q@yuxumm peitcrs. mepem., ra. II, § 1, »n°3); oroGpaskenwme z —

b
- S z (t) dt ecTh TOMOMKHTeNbHAs auuedHasa ¢opma Ha E.

a

3) llyete E — HogupOCTPAHCTBO TPOCTPAHCTBA RE, oGpasoBaunoe
MHOTOZJIeHAME He BHIIe BTOPOH cremenH, t — at? - bt -+ ¢. Las xamgoro
H3 9THX MHOTOWIeHoOB r 0Go3HazuM uwepes o (r) KoapdmummeHnT mpm i2;
torga orobpaskenme z — @ (xr) GyfeT NOTOKHTEALHOH nwmueiinoi ¢op-
Mot Ha E.

4) Ilyere F — mpomsBoJibHOe  MHOKecTBo, 1l — yavmpaguavmp
B F (O6mas rom., ra. I, § 5), £ — opocrpanctBo Pucca % (F) 9HCIOBHIX
$yuxumit, orpanngennnx na F. Jasa awoboro z € E cymecrsyer limyy z (2),

rak kak z (1), ecTr 6asHc yABTPaQHALTPA B OTHOCHTEABHO KOMIAKTHOM
MuoKectBe z (F) m, ciegoBaTeabHO, cxogutca. Hpome rtoro, ecam z > 0,
to lim); z () >> 0 coracuo OpEUIMOY NPOXOIKEHHA HEPaBeHCTB; CTalo

GHrh, oTOGpaKeHHe z — lin)] z ecrs HoOXOKHTeNbHAA JHMHEHHAA GOpMa

Ha E. Ecim B kagecTBe |1 B3ATH YALTPAQHUALTD, COCTOAIMI H3 MHOKECTB,
cogeps;Kal(EX dJaeMeHT a € F, To cCHOBa MONYYHTCA TOJOKHATeJNbHASA JHHE-
Hag $opma z — z (a) (Opumep 1).

Nrepnoxerne 1. Iycmv E — ynopsdouennoe eexkmopHoe npo-
cmpancmeo uw L — maroe omobpascenue E 6 R, uwmo L (x4 y) =
= L)+ L (y) u umo omuowenue x>0 erevem L (x)>>0; mozda
das a0bozo ckaaspa A u 46020 x>0 umeem L (hx) = AL (z).

Tak kak L (—z) = —L (z) (ubo L — upepacrapieHne ajIATHBHOR
rpyuns E B R), To Mo;kHO oTpaEmIuThCA caydaem A > 0. Iag mobo-

ro nemoro n >0 umeem L (nr) = nL (z), otkyga L (% x) = % L (z),

u 3Hauut, L (rz) = r (Lx) pnsA moboro panmoHanbHOTO dmcia r> 0.
C npyron cropoHs, L Bospacraer ma E; mosromy, ecam r u r’ — gBa
panmMoHaNBHEMX UHcaa m r<A<<r, 1o rL (x)<L (Ax)<r'L (2),
a mockonbry rL (z) m r'L (r) oramgatorcsa or AL (x) cxoxb yropHO
maxo, to L (Ax) = AL (x).

Ilrepnoxeene 2. IHycmv E — npocmpancmeo Pucca, P — muo-
HCECTNBO ROAOHUMEALHBL daemenmos us E u x — M(z) — noroscu-
meavHas uucaoean Pynryus, onpedesennas na P u maxas, umo
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M@ -+y) =M @)+ M (y) Oas awbux x u y us P. Tozda cywecm-
gyem, U NPUMOM MOALKO 00HA, NOAOHCUMEAbHAR AUHelnas gopma L,
npodoascaowas M na E.

B camom mese, moboii snemMerT z € F MoKeT OHTH 3almncaH B BHIE

’

Z=1y — I, TOe & U Y IOJOKATEIbHE; OPH 9TOM, €CiId z = ¥ — &
c >0 ny >0, to M (y) — M () = M (y') — M (z'), Tak Kax
M3 paBeHcTBa §y — & = § — ' cuemyer y - 2’ =z -+ y', u, 3Ha-

awur, M (y) +- M (') = M (z) - M (y’). OGosmaumm dgepez L (z)
obmee srauenue pasaoctu M (y) — M (2) paa n060oro opepcTaBIeHN
3JIeMeHATa z B BUe PABHOCTH Y — I ABYX NOJOKUTEIBHHKX DIEMEHTOB;
AcHo, 4ro ecan z>0, ro L (z) = M (2), m (m3 mpesi. 1) memocpen-
CTBEHHO BHpHO, 9T0 L ecrb muHeiiHas gopma Ha E; HaKoHel[, efWH-
cTBeEHOCTH L ciegyer m3 Toro, urc P mOpomgaer IPOCTPaHCTBO
Pucca E.

OTMeTHM, 9TO 9TO JOKA3aTeJLCTBO IPHMEHAMO K JiOoMy ymops-
LOTIEHHOMY TPOCTPAHCTBY, NOPOKJAeMOMY MHOKECTBOM CBOHEX IOJOMKH-
TeJBHKX OJeMEeHTOB (TO eCThb YIOPAZOYEHHOMY (DHIBTPYIOIEMYCS
MHOKECTBY).

2. OMHOCUMECAPHO 02PAHUUECHHBLE AUHEUNHBIE POPMLL

ITycts E — umpocrpancreo Pucca. O6o3madnM depe3 () MHOKECTBO
noaoxcumeavnbly auHeHHNX ¢opMm Ha E; oHo npepcraBiser coOoi
JacTh ajirebpamyecKoro CouUpsokeHHOro K F npocrpadctBa E* (1o
ecTh NIPOCTPaHCTBA Bcex nmHEHHBIXx ¢opM Ha ). Ouesupwo, Q 4
+QcQ u M) = Q pas moboro ckamsapa A>>0 (MEEME croBaMHu,
Q ecrs gunyravii konyc B E*). Hpome toro, Q) (— Q) = {0}, ubo
eciu L n — L — nonomurensrsie nunaeiiasie gopmer, to L (2) >0
u L (£) <0 gns moGoro x>0, otkyna L (2) = 0 upm Beex x>0,
u, spaunt, L = 0 (upegn. 2). Cramo Omrb, MHOMECTBO @ OmpenenIaeT
B E* ommowenue nopadka L < M, paBHOCHABHOE OTHOLICHHIO
«M — L ecth mososkuTesbHAs JamHe#Hasg (opMa Ha E» miam oTHO-
mennio «pis moboro >0 L (2) <M (2)»; UOT0KATENHHKMHA 9iTe-
MeHTAMI B E* [ 9TOR CTPYRTYPH HIOpsgKa OyAyT IOJOMRUTEIbHHE
amAeiiHNEe (QOPMHL (4T0 OHPABJHBAET BBEIEHHYH TEPMHHOJOTHIO).
[Tyerp @ — BeKkTOpPHOE HOXIPOCTPAHCTBO mpocTpaHcTBa K*, 1mopok-
ACHHO® MHOMKeCTBOM (J, TO €CTh MHOKECTBO JHMHEHHHX ¢opm Ha E,
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OpeAcTaBAsiomMux coboil paswocmv G6Yx NOAOHKUMEALHBT AUHELHBLT
gfopm; MH TamguM JPYTYIO XapPAKTePHCTHKY 5JIEMEHTOB IIPOCTPAaH-
ctBa Q.

Ourepeneaune 2. [ycmv E ecmv npocmpancmeo Pucea; zoeopam,
umo aunelinas gopma L na E omHocumesbHo o2panudena, ecau 04a
awbozo x>0 us E gopma L ocepanuuena na muomcecmee mex Y€ E,
ons komopux |y| < x.

TrorEma 1. 1° Jlas mozo umobw aunelinas popma L Ha npo-
cmpancmge Pucca E 6vlia omHOCUMEALHO 02PAHUYEHHOU, Heo6x00umo
u Bocmamouro, ymobs ona npedcmasassa coboil pasnocmv 6Yxr noao-
HUMEALHBLL AUHEURBT HOpM.

2° Ynopadouennoe eekmoproe npocmpancmeo Q OmMHOCUMEALHO
02DAHUMEHHBY AUuHeUHBT (opm Ha E ecmb énoane peutemounoe Rpo-
cmpanucmeo Pucca.

Feonm L = U — V, rne U n V — gBe 10M0KATEIbHNE JTAHECHHEIE
dopmu Ha E, To orHomemme — x LYy BaedeT — U (1) < UY) <
<U@)n — V@<V <V (), orkyma cpasy BHTEKaeT, 4UTO
|L (y)|< U (x) - V (x); caepoBarensro, L OTHOCHTEIBHO OTrPaHi-
yega. OOparHo, npefmoiomuM, 9r0 L OTHOCWTENBHO OrpPAHMYEHA;
IOCTATOYHO YCTAHOBHTH CYIIECTBOBAHME TAKOH IIOJOMKHUTENBHOM
aumeeiiroil dopmm N, Koropas upm mobom x>0 ymoBuersopsier
nepapeactsy N (z) > L (x), rak rak torma N — L Gymer moxoxm-
TeIbHON JWHEHHOH (opMOii.

Ho ecam monomurenbHas nuneiiHasg ¢opma N ofbnamaer aTum
cBoiicTBoM, TO miasA gwoboro x>0 m mia 0<y < BHOOIHAIOTCH
mcpasenctBa N () >N (y) > L (y), m 3maumr, N (x) > sup L(y);

0sysx

€CJIM MBI HOKasKeM, ¥To uucjgoBas ¢ymrmua z — M () = sup L (y),
d=sysx

oupenenleHHas Ha MHomecTBe P HOJOMHTEIbHHX 3JIeMeHTOB U3 E,
[IPOOJIKACTCA [0 MOJIOKHUTENbHOH JuHeHHOA dopMH Ha F (RoTopyio
MHE CcHOBa 0603HaYuM 4depes M), To TeM CaMhIM MH JOKayKeM IEPBYIO
9aCTh TEOPEMHL M, KPOMe TOTO0, JoKaKkeM, 910 M ecTb 6eprHAA 2DAHb
mig 0 w L B Q. A tak Rak M (2) >0 ma P, 1O BCe cBOmmICA
K TOMy, 4TOOH 0Ka3aTh, 4YTO 1A JIOOHX NBYX 3JeMeHTOB >0,
' >0 us E cupasemiauso pasectBo M (z + z') = M (z) + M (z')
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(mpepi. 2). CoraacHO OHPENEICHUI) HMEeM

M (z)+ M (z') = ,Sup L{y)+ sup L(y)=

Osy<sx I<sy<x

= ~sup  L{y+y)<M(z+2).

0<y<sx, sy’ <x’
C ngpyroii CTOpPOHH, nad NIOGOTO 2, YAOBIETBOPAIONIETO YCIOBHAM
0<z<r 4+ 2', wumMeer Mecro DpaBeHCTBO Z -+ 2’ = 2z -+ u, rpge
u>0; cuemoBarenbHO, B CHUNy JeMMH o pasGuemmm (§ 1, n° 1) maii-
ayTCst TaKme pABa daeMmeHTa Yy m ¥, dro O<<y<y, 0Ly L7

W0 z =y 4y, u= (¢ — 1) + (& —y), orkyna
L@=LH + LE)<M (= + M &),
u, smagar, M (r 4+ 2')= sup L (2)<M () + M (), wuro

0<zgxtx’
i BaBepmiaeT [gOKasaTeabCTBO NEPBOM YacTH TeopeMH. IIpm arToM
DOLOIHUTENBHO JOKa3aHo, 4ro 2 ecth npocmpawcmeo Pucca m uro
IJIA BCAKOHW OTHOCUTENBHO OrpaEWdeHHON juneitmoii dopmm L ma E

7 nas aoboro x>0 cupasemauBa fopMyia

Lt (z)= sup L(y). 3]

O<y=a
Ocraercss morasarhk, 9T0  BHOJHE PENICTOYHO; A 3TOTO JOCTA-
TOYHO YCTAHOBUTb, UYTO MHOKECTBO H nosoxcumensvHbuix THHETHHX
$OPM, Ma’KOPHPOBAHHOE U (QUIBTPYIOLIEECH 0 OTHOMEHHI <, MMeeT
sepxmio0 rpadb B Q (§ 1, mpean. 1). Pacemorpmm mna moboro x> 0
umeno M (x) = sLu%L (), KoTopoe, IO HPEIOJI0MKEHNI0, KOHEYHO

€

M TOJNOKUTENBbHO; B CHIY OPENJIOKEHUs 2 BCE CBOJAUTCA K JOKasa-
TeIsCTBY TOro, 4t0 s >0 m 2" >0 somonmserca pPaBeHCTBO
Mz +2)=M(z) + M (z'); Ho 3T0 HoaydaeTcs cpasy, ecau
sametuThb, 910 M () = }416% L (z) (Teopema 0 MOHOTOHHOM Iipefieiie).

W3 popmynm (1) roruac Buireraer, ato eciu L mw M — pBe oTHoO-
cuTeIbHO oOlpaHWYeHHEHE JuHEHHHe ¢opMn Ha E, To paa amwboro
z > 0 mMeT MecTO PaBEHCTBA

sup(L M)@ = sup  (L(y)+M (@)
y=0,220, y+z=x 2)
inf(L, M) (@ —  inf  (L()+M@) (

y=0,220,y 4+z=x
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B gacrrOCTH, eciim B mepBoii us atux gopmyn samesuts M ma —L,
TO TOJXYUYUTCS PABEHCTBO
| L|(x) = sup L(y—z).
y=0,220, y+z=x
Ho ecmm z=y-+2, y>0 u 2>0, 7o —z<<y—z<x; obparno,
coorsomenme |u|<z Bmewer L (u)<|L|(|u|)<]|L|(z). Orcrona
BHTeKaer gopmya

| L|(z) = sup L(y) ans z>0, (3)

lylsx
73 KOTOPOU, B YaCTHOCTH, CJIeNyeT, 4TO

| L (@) |<[L]([z]) (4)
nas aoboro x€ K.

IIrEpnoxenus 3. Jas mozo umobu dse noaozcumesvhsle Aunelinble
gopmrr L u M na E 6viau Hezagucumuimu 6 npocmpancmee Q, weo6rodu-
MO0 u docmamouno, umobv. Gan a106020 uucaa & >0 u awbozo x>0
us E cywecmsosasu maxrue 0eéa asremenma y >0, 2>0 us E, umo

=y+zul(y +M@E<e

B camoM pgeme, coramacEo ¢gopmyne (2) 370 YCI0BHE BHpaKaeT,

aro inf (L, M) =

ITrepnomennt 4. Iycmv L — noaoscumenvhas auneiinas gopma
na E. [lasa mozo wmobun noaoscumesvnas aunetinas gopma M na E
nRpuUnadaencarq noaoce, nOpoxcdennoil ¢ L auneiinoti gopmoit L, neot-
zodumo w docmamouno, umobu. das awbozo x>0 us E u awboz0 uucaa
e >0 cywecmsosaro maroe wucao & >0, umo coomHowenus
O<y<z u L (y) <0 eaexym M (y) < e.

[okaskeM cHagama weobxofumocms yeaopus. Ecmu M >0 opu-
HAJIEeKUT [ojoce, mopoxperuoit L B Q, 1o (§ 1, caexgcrsue
uz upemi. 9) M =sup(inf (L, M)). Ecan wpoxomurs U, =M —

n

—inf (nL, M), ro U, O6ypmer mnonoRurenbHOil JWHEHHON (opmoii
sa E u infU,=0 B Q; cmegopareasHO (reopema 1), U, (x) crpe-
murca K 0, Korga n HeorpamMYeHHO Bospacraer, W CyINECTByeT

&
rakoe n, uro U, (z)<— . 3BadurcupoBaB 3T0 n, LOIYIAM, 4UTO
b 2 b 1

U, <% IJIA BCAKOTO Yy, yHoeierBopsiomero yciosusaM 0y <z,
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u, 3gaunT, coorHomenwe 0<y <z Bieder

e

M (y) < 5 -+inf (oL, M) (y) < 5 +nL (y);

e -
ecam y Takoso, 1ro L (y) L5y s TO M (y) < e, 9ro m ycraHABJIMBAET

Halle YTBEP:KACHHE.

Teneps morameM, 4ro yciopme docmamouro. Ias BCeAKOM momo-
muTeanHON auHeiHOM opmel M Ha E mosxmo mHammcats M = U 4V,
roe U npuBajiemuT noioce, mopomuennoin L B Q, a V mesapmcmma
¢ L, npuuem U u V wmonomurenprsn (§ 1, Teopema 1). Ecam M ynos-
JeTBOPAET IOCTABIEHHOMY YCIOBHIO, TO 3TO HMEET MeCTO W JJift
V=M — U, nockombky 0< V<M. Orciona MH BuBegeM, 4TO
V = 0. B camom pmemne, pasi amoboro x>0 ms E m moGoro umcia
1 > 0 maiigyrcs Takuwe jBsa snementa y >0, 23>0 ms E, 410 x =
=y+zu L{y)+V(2)<m (mpemr. 3); sagaguM OPOU3BOJIb-
Ho 4mcao € >0 m BmOepeM %<& TaK, 4YTOOGH COOTHOIICHHUS
O<u<zu L (u)<nBrexnn V (1) < e&; onpefenus y uz, Kak yKasa-
Ho BHme, noayumm L (y)<m, u smaumr, V (y)< e, a cTano Qwrh,
V)=V @ +V(E < e-+ n<2e DOCKOIBKY & IPOH3BOJIb-
HO, To V () = 0 mia moboro x>0, To ectb V = 0.

Yopasxueununsa 1) Ilyers £ — npoctpascrBo Prcca 1 = — ame-
menT > 0 m3 E. Iloxasath, 9T0 ecin Ha E CYMIeCTBYET TaKaA OTHOCHTENb-
HO orpamuyenHas JjwHeiHas opma L, gro L (x) = 0, TO MHOMKeCTBO,
cocrosmee U3 nz (A NeaHx n > (), He MoKeT GHTH MasKopupoBaHo B K.
B w=acriHocrm, pokasarh, 4To Ha mpocrpaucTBe Pmcca FE, ompefielieHHOM
B yop. 5b) § 1, He cymlecTByeT HEM OXHOI OTHOCHTEALHO OIDaHHYEHHOMN
Jgaueiinoi HopMHL.

°2) lyers L — monokutenbHAas amHedHas $opMa Ha IPOCTPAHCTBE
Prcca E. PaccMoTpuM HEKOTODHI 3demeHT a > (0 u3 E . MHOKeCTBO
TaKEX HOJOKHTeNbHHX JuHeinwx gopM M < L, aro: 1° M (z) = L ()
pas aoboro z, yEoierBopsaiomero yciaosuaM 0 Lz < a; 2° M (2) =0
Ias BceX z > 0, He 3aBACHMEHIX ¢ a. IIoKa3aTh, 9T0O 3TO MHOKECTBO HOJIO-
JKHTeIbHKX JWHEHHHX (OPM MMeeT MAaKCHMAJAbHHA 9aeMeBT L, W 4TO
aaa aw6oro r 3> 0 BHOOaHseTcA paBeHcTBo Ly (z) = inf L (y), rme y
mpoGeraeT MHOKeCTBO BCEX dJIeMeHTOB, IisA KOTOPHX 0 < y < z ® dxe-
MeHT x — y HeaaBucuM ¢ a. lloxasars, 9ro Ly, = L, pna aio6oro cka-
aspa A > 0 m9ro ecan a @ b — HeaaBHCHMHE 9JeMeHTH, TO Lq,p < Ly 4
<+ Lp. Ilokasars, aro ecam E Bmoase pemerouno, T0 Lg.p = Lg + Ly,
Korga ¢ B b mesaBHcHMHL. Ilycrs E ecth mpocTpancTtBo Pmcca HempepHB-

unx Ha I=[0, 1] dyswnmit u L (z)== (—;—), mMoKazaTh Ha IpAMepe,

4 H. Bypbaku
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gro AJIA [BYX HE3aBHCHMHX 9JIEMEHTOB a W b M3 E MOKeT mMeTh MeCTO
HepaBeHCTBO Lgip < Ly - Lp. llowaszare, uto ecaw E Buogde perme-
togHo u b >0 OpHHA[JEKHT HOJOCce, HOPOMAEHHOR a, T0 Lp < Lg.

3) Mycrs E — BHOJHe pemIETOYHOEe IIPOCTPAHCTBO.

a) ToxkasaTs, 4T0 BCAKAs JuHeinas ¢opmMa L Ha E, mempephiBHaA
B romomorua J ¢ (E) (§ 1, ymp. 10), OTHOCHTeJbHO OTpaHHYeHA H
gro | L | HempepHBHA B TomOXOTHE .7 o (E) (paccymxumaTth OT IPOTHBHOTO,

T
3aMeTHB, YTO A IH0Goro z € F UTOCIEOBATENHHOCTh HINEMEHTOB —
n

crpemurca kK O B Tomoamorm® J o (E), KOra n HeOrpaHWYeHHO Boapac-
Taer).

b) Tlyerb A — mpomsBonbuoe Geckoneunoe MHOKecrBo @ U —
yabrpaguansTp B A, MHOMECTBA KOTODOLO HMEIT NYCTO® HepecedeHme.
PaccMoTpEM HA BIOJAHe PpeIleTogHoM HpocrpadcrBe E = B (A) moxo-
JKUTeABHYI0 AAHeiHy0 ¢opMmy r — lim)) z (2); HOKasaTh, 4TO aTa JAMHGMH-
Has popma He Gyfer HempepHBHOH B Tomonorud . ( (E).

°4) Ilycts E — BOONHE DPEIIETOYHOS MPOCTPAHCTBO.

a) Ilycrb L — mojomurenbnan auueitnas dopma na E, HempepuBHasa
B ronojyorun 7o (E) (§1, yop. 10). Tloxasars, 4T0 MHOMKeCTBO TeX € E,
pis xoropux L (| z |) = 0, ecrb monoca Z (L). Iyers § (L) — moaoca,
nomonuutenssan x Z (L) 8 E (§ 1, ymp. 6).

b) Myere L m M — nBe monomurenvEse aumefintie dpopmul na E,
Hempepuisutle B Tomonorun 7o (E). Jas toro urobm B mpoctpamcrse Q
OTHOCHTEJIHHO OrpanndeHHHX $dopm na E dopma M upmrajaesxana nomxoce,
mopoxpenHoil L, meofxogmmo m pocraroumo, 4robm S (M) = § (L).
(Ilas [OKasaTeNbCTBA FOCTATOYHOCTH PACCYMAATH OT HPOTHBHOTO, JFONY-
craB, 970 M He YROBJISTBOPSET YCJOBHIO IPENTOKeHHA 4; PacCMOTpeTh
TNOCHefOBATeNbHOCTh (y,) Takux osiaemeHToB m3 E, aro 0 < yp < =,

L () < 5171 A M (y) >a >0, u BhBeCTH OTCIOFEA CYIECTBOBAHHE

Takoro sieMeHTa z 3» 0 m3 E, uro L (z2) = 0 u M (z) > a.)

¢) Mycre L m M — gBe TouoxuTenbHe IRHeinbe gopmi Ha X,
HenpepsiBEHe B Tomonoran J o (E). Iaa Toro aro6u B @ dopuut L n M
GLUII He3aBHCHMBIMY, HEOGXONUMO B TOCTaToqHO, 9TobH § (L) (| S (M) =
= {0}. ([lma [oXasaTexbCTBA HEOOXOMMOCTH, MCHOXb3YA D), MoKazaTh,
aro ecan S (L) (1 § (M) He cBOZATCA K HYAI0, TO MONOCH, MOPOKISHHBIC
L u MB Q, ameor obmuil saeMenr, oraumuHsi or 0.)

5) Ilycrs E — mpocTpancTBo Pucca m  H — mIoTHOE BEKTOpPHOE
TOANPOCTPAHCTBO IPOCTPAHCTBA E (§ 1, yup. 4). Hycrs, pamee, Q —
IIpOCTPAHCTBO OTHOCHTEBHO OTPAHNICHHHX JIUHeHHbIX Gopm Ha K, ¥ mycTh
® — HOJIPOCTPAHCTBO IPOCTPAHCTBA £, CocToAmee M3 JNMHEHHEX Gopm
L € Q, obpamawmuxcss B Hylb Ha H. TloxaszaTh, 910 © ecTh OIAOTHOE
TONIPOCTPAHCTBO HpOCTpaHCcTBA £ W 9To © ecrb BHOAHe pelleTOYHOE
IIPOCTPANCTBO, M30MOP(HOe NPOCTPAHCTBY OTHOCHTENBHO OTPAHAYEHHEIX
numeiinbix (opy Ha mpocTpancTse Pmcca E/H.
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°6) IIycte E — mpocrpaHCTBO Pucca, Q — BIOJEe pelleTogHOe Hpo-
CTPAaHCTBO OTHOCHTEJBHO OTPAHMYeHHHX JuHellHHX ¢opm Ha £ m F —
co6cmeenroe IONTIIPOCTPAHCTBO mpocrpancTBa Q (§ 1, ynp. 3). Jus awoboro
z € E orobpaskenme z’ — (z, z') mpoctpaBcrBa F B R ecTh OTHOCHTENBHO
OTpaHHMYCHHAsA JMHeHHasa ¢opMa u, Ha F, a oroOparkeHume r — uy €CThb
BO3pacTanillee JAHeHHOe OTOOpa)Kenme MpocTpaHcTBa K BO BOOJHe pellle-
TOYHOE IPOCTPAHCTBO ' OTHOCHTENHHO OTPAHAZCHHHX NMHEHHEX (Gopm
Ha F. Jlns TOoro 4robH r — u, OO0 m3omop¢uaMoM mpocrpancTsa K
Ha cOOCTBeHHOe IOLIpPOCTPAHCTBO MpocTpaHcTBa ', To ecth 4r00H Hepa-
BEHCTBO Uy > 0 Baexao z > 0w 9ToGH Usup (x,y) — SUP (ux, uy), BEOOGXO-

KHMO W JIOCTATOYHO, WTOOH BHIOJHANHCH Clefylommue ycuosms: 1° Zas
ao6oro z >0 m3 E malijercs takoez’ >0 m3 F, uro (z, ') > 0;
2° paa nioGoif mapu y 3> 0, z >0 HesaBECEMEHX dJieMerTeB U3 E, aw6oro
gacaa € > 0 m aw6oro z' > 0 m3 F cymecTBYOT Takde JiBa DIEMEHTa
¥ >0, 2 >0us Faroz’ =y + 7 n g, ¥')+ (2, ') < e (Bame-
TATH, 97O €CJAN BHIIOJHAETCS ycioBme 2° i ecliH v — Takasd HNOJOKHATENb-
BHas nupeliHas ¢opMa Ha F, 9T0 v 3> uy, TO npH aw6oM z' > 0 m3 F
A nwo6oM € > 0 BHOONHAETCA HepaBeHCTBO v (z') > (zt, 2') — &.)

Ecim BHIOIHsETCA ycioBue 2° Ho He BHIOnHsieTca yciuosme 19, To
MHOMecTBO Tex z € E, pua KotopHx (z, ') = 0 mpm awobom z’ € F,
eCcTh TJIOTHOe BEKTOPHOe THogmpocrpaHeTBo H mpocrpamcrBa K.
B arom caygae mpm momMomm (aKTOpHsanum OTOOPa’KeHHe Z ~> Uy OIpe-
JensieT maoMopdmam mpocrpamcTBa Pucca E/H Ha cofcTBeHHOe mOA-
OpocTpaHCTBO HmpocTpaHeTBa Q.

Tloxasatk, aTo ecnm F = Q, T0 ykaszaEEOe yciobre 2° BCerjia BHIOJ-
HAeTcA (MCIONBE30BATH yHp. 2).

7) yete E — mpocTpaHCcTBO Pmcca KOHEZHOH pasMEPHOCTH n.

a) Iloxasars, uro ecaim £ — apxmmenoso mpocrparctso (§ 1, ymp. 5),
TO KOHYC P NONOMMTEALHHX 9JeMEHTOB M3 E 3aMKHYT M mMeeT BHYTDEH-
HIOIO TOYKY. BHIBecTH o0TcCIOfa, 9TO TepeceveHHe OLNODHHX T'HIEpIIOCKO-
cTeil Koryca P cBoguTcs K O (McmoiaksoBaTh ToT dakt, 910 P (| (— P) =
= {0)). ' '

b) Ucmonwvays a) m ymp. 6, mokasaTh, 4TO BCAKOe apXHMeNOBO IpO-
cTpaHeTBO Pmcca pasMepHOCTH n HM30MODP(HO OpPOCTPAHCTBY-IPOH3BEJie-
rpro R” (cp. § 1, yup 13e)).

c) IpuBecTn mOpmMep COBEPUIEEHO YHOPAROMERHOTO IPOCTPAHCTBA
Prmcca pasmeprocTm 2.

8) Ilycrs E — mpocrpanctBo Pmeca m (U,) — cemelicTBO HONOKH-

TeNbHHX JuHeHHEwX dopm Ha E. PaccmorpEM Ha E Tonosoruio 5, oupe-
JelseMy!o OpPA NOMOMM MOXYHOPM U.( |z |)

a) [orasars, uro mommpocrpamcrBo H mpocrpaHcrsa E, cocrosmee
u3 Tex z, iaA Koropux U, (| z|) =0 ppm moGoM 1, ecTh IIOTHOE

DOAmPOCTPAHCTBO npoctparcTBa E (§ 1, ymp. 4); coorsercrByiomee FE
OTfleIEMOe ILPOCTPAHCTBO ecTh aKTop-mpocTpancrso E/H; myrem ¢ax-
topmsanmm  Qopme U, oOpemeasioT Ha E NOXGKATeIbHEE JmHEeAHLIe

4*
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dopuur U,, a darrop-ronmosoraa B E/H ompefenserca NpA TOMONHA
nonyuopM U, (| z ).

b) Iloka3arsb, 9TOo B IpoCTpancTBe £ oTo0paskenue x — | z | paBHO-
MepHO HeImPePHBHO, @ BHBECTA OTCIOIAa, YTO €CIIH TOTIOJNOTAS J OTHAeNHMA,
TO OH2 COILJNACyeTCA €O CTPYKTYPOH YHOPAMOYEHHOIO BeKTOPHOIO IIPO-
cTpaHcTBa B F.

c) Illpegmonokum, yTo Tomojordgs 7 orfenruMa u 4ro E — BOOJHE
pelieTognoe IpPOCTPAHCTBO; IMOKa3aTb, YTo B K BcAKas motoca B 3am-
KHyTa @ 4To ecxd B’ ecTb 3aMKHYTad I0J0CA DJIEMEHTOB, HE3aBHCHMEIX
co BceMm djeMentama m3 B, To E ecTs Tomonormyeckas IpsaMas cymma B
u B'.

d) Tpemmoxokam, uto Tomolorns J ormermMa. Ilycts £ — momoi-
uende IMpocTpancTsa E; mokaszaTh, yro ecad P ecTb MHOMECTBO IOJOMKHA-
TeJLHEIX BJIEMEHTOB @3 £, To 3ambikange P Muoskectsa P B £ ompenenser
B £ crpyxrypy mnpocrpamcrsa Pucca (cp. § 1, n°2).

e) ITokazare, 9To ecnm E orgeraMo H IOJHO B TOIOJOTHA .7, TO
AJS TOTO, YTOOH MHOMKeCTBO A (C E, ¢uIbpTpyoOINeeca MO OTHOMEHAN <,
aMeno B E BepXHIOKN rpaHb, HeOOXOgAMO ¥ JOCTATOYHO, YTOOK HJIA BCH-
Koro mileKca v MEOMkecTBo U, (2) Obiio MaKopmpoBaHO B A; Torfa fis

n060i HeNpepHBHOX @ BO3pacramouleil Ha £ 4ACIoBOd QyHKUAA [ BHIOI-
HseTcA paseHCTBO sup f (z) = f (sup A). BruBecrn orcioma, yro E BIOJHE
xXEA

PeIerovHo.

f) Npennoxoskam, uro E orferuMo @ moxuo B Tomoxorud 7 . Ilowa-
3aTh, 4To eciam $uibTp § B E MMeer Npefel AxsA CTPYKTYPH INOPATKA
B E (§ 1, yup. 9), To OH CXORATCA K TOMY Ke Ipefiely B Tomojoranm J
ACNOAL30BATL €)).

9) Mlycre E — mpocrpanctBo Pmcca m @ — OpPOCTPAaHCTBO OTHOCH-
TeNbHO OTPAHAYeHHHX JAHeHHHX (opM Ha E. PaccMoTrpmm Ha Q Tomo-
JIOTAI0, OHpPefelAeMyo IPH HoMoIa noxyaopm L — | L | (z), rme z mpo-
Geraer MHOMKECTBO NOJOKUTEIBHKX 3ieMenToB u3 E. Tlokasatb, uTo L,
HafieIGHHOE 9TOW TONOJIOTAEH, OTIEJEMO # IIOJHO.
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MEPBI HA JIOKAJIbBHO HOMHOAKTHBIX IIPOCTPAHCTBAX

§ 1. Meppl Ba KOMNAaKTHOM NpOCTpaHCTBE
1. Onpedeaenue mepuvt

Ilycre E — wommaxTHOe mpoctpamctBo. O6osEaumM depes € (E)
MHOKEeCTBO (KOHEWHBIX) THCHOBHX (yHRIMIT, Henpeptisnuiz Ha E. M
sHaeM, 910 G (E) ecTb BeKTOPHOE IpocTpaHCTBO Haj moieM R m uato
¢dyrxmusa || f]| = sug | f (x)| ecTb HOpMa B DTOM TIPCCTpPAHCTBE, KOTOPAA

€

oupepensieT B € (E) monoaozuio pasHomepHol cxodumocmu; IpU 3T0M
npoctpadcTtBo € (F), HameaeHHOe 3TOH HOPMOH, noaro {(O6mas Tom.,
ra. X, §§ 1 u 2), To ecTb ABIAETCA MEHCTBUTEABHEM (aHAXOBHIM IIPO-
CTPaHCTBOM.

Kpome Toro, mamommmM, uto € (E) ects KoMMmyratuBHAs anre6pa
pag momem R (B Koropoit mpomsmefenume fg ecthb oTo0paykenme
z— f (x) g (x)) ¥ 4TO oIpeNeNeHHAA BHIIE TOIONOTHA COrAACYETCs
¢ 9TOH CTPYKTYPOH anreGpH; Goliee TOYHO, BHIOJIHAETCA HEPABEHCTBO

gl <l fll-lgll.

Omnrepenerue 1. Mepoii Padona (unm mpocto mepoil) HG KOMRAKM-
HoM npocmpaHcmee E Hasvieaemcs 6csakas HenpepuieHaAs AUHEUHA
gopma u wa 6anaxosom npocmpancmee G (E); sHauenue gopmui u 0as
Henpepberoll Pynkyuu | Haswvisaemces unmeespasom om f omuocumenv-
HO L.

CrnemoBaTenpHO, YTBEDsK[eHKe, 9TO U ecTh Mepa Ha F, osHaYaerT,
470 oToGpaskenwe f — p (f) mpocrpancrea € (E) B R ynoBierBopser
CJeIyIOMHAM yCIOBUAM:
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2) W(f+8)=n(f)+u(g) dan awbuz uenpepuensi Gywryuil
fusg.

b) w(af) =op (f) das awbuz a€R u fEE(E).

¢) Cywyecmeyem makoe koHeunoe wucao a>0, umo

[nh|<all7]l (1)

das awboti Pyrwkyuu [€ 6 (E) (O6masa rom., ra. IX, § 3, Teo-
pema 1).

HNurerpan ot ¢pymxumu f€ € (E) OTHOCHTENBHO MepH [, B COOT-
BeTCTBMA ¢ obmumy 00O3HAYCHWAMM JJiA JNWHEHHHX (HOpM, 3amHCH-
Baercsi Kak W (f) mam (f, p); mCmONp3yercs TakKe 00O3HAYeHME

S fdp nnm S f(z)dy (z). Ecan f—mpocrosrEas ¢yHKNusA, papHad 1,

TO BMECTO Sidp MUY T Sdp; CIel0BATENbHO, mifA Joforo meii-
CTBHTOALHOTO 0. HMEeM g adp=a S dp.

B o6osnauennn Sf (z)dp (z)z ecrb  ceasannoe*) TEPCMEHHO®

(Teop. mu., ra. I m II) m, caemoBaTreaLHO, MOMOT OHTHL 3aMOHOHO JIOGKIM
IPYTHM apryMeHTOM, OTJAMYHEIM OT aPryMeHTOB, BXOZAIIHX B pacCype-

HH®, Tjie PurypupyeT «PyEKOAOHAILHEH CAMBOIY S f (z) dp (z) (cp. DyHK-

ugA fedicTB. mepem., ria. 1I, § 1, n° 4).
Kak MH ypagaM B § 5, mHOrma mpaxoAuTcs o003HATaTh MHTETpa

oT QyHKNEA MHOCPESCTBOM HOCKOJBKAX MOCTABIGHHHX PAJOM 3HAIKOB S

H NHBcaTh, HaUpHMep, S S g f (z)du (z) BMecro gf (z)dp(x).

Yepes of (E) Mu Oynem ofosHauaTh MHOMECTBO Mep Ha E; 910
BEKTOPHOE IpocTPaHCcTBO Hag R, KoTopoe ecTh He ATO MHOE, KAK COnPA-
aenHoe K 6araxoBy npoctpanctsy @ (E) (Tom. sekr. mp-sa, ra. IV).

2. HIpumepsvt mep

I. llyctb E — KOMmaxTHOE® IPOCTPAHCTBO W 4 — TOYKa u3 KE;
AcHO, uTo oToGpaxenue f — f (a) ects Mepa Ha E. Ilo npmuymmam,
KOTOPHEe BHAcHATCA faxpme (§ 3, n® 5), roBopsAT, 4T0 sTa Mepa OIpe-
NeleHa TPU IOMOINYM eJUHUUHOL MACCH, DPACROLONCEHMOU & mouke a,

*) «Hemoe» mo TepMmHONOr@A BHIycKa «DyHKIHE NEHCTBHTEILHOIO Tepe-
MOEHOTO» . (Tpum. ped.)
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n o0HYHO ee 00603HATAOT CAMBOJIOM &,. Taxum o0Opasom, aas BeAKOM
uncaoBol: pynknum f, menpepusroll ma E, mMeeM

ea () =(f, )= { 1 (@) dea(2)= 1 (@),

II. B rauectBe 0600mEnns: pacCcMOTPHM GeCKOHEUHYI0 IIOCIET0Ba-

TeIBHOCTH (d,) TO9eK U3 E U OTHeCeM KaKiol TOUKe a, HeiCTBATENb-
oo

HOE YHUCJO0 O, TAK 9TO LJ [on | <O 4 oco. Torma mns aw6oi ¢yErman

f€ (6 (E) papg ¢ obmum anenoM f (a,) o, aBCOTIOTHO CXOTUTCS, Tak KAk
HocaefioeaTenbrocTh (| f (an)|) orpammuena wwmeaom || f||. ITomomnm

p(N= 3 f(an) o

ACHO, 4TO | eCrhb JnmmeliHaa ¢opMa Ha G (E); OHa HenpeprBHa,
TAK Kak

BO1< 3 1 @) ol <UL S, o

CaepoBarenpHo, 3T0 ecTh Mepa Ha E; TOBODPAT, 9TO 0OHA OIpejieleHa
TIPH TOMOUIHA MACC Clp, PACROLONCEHHBLL 6 Moukax a, € E; nmpumep 1 cooT-
BeTCTBYeT caydaio o; = 1 u a, = 0 mia n == 1.

ITI. Pacemorpum KommaktHHit uATepBan E = [a, b] m3 R, me
CBOfIALIMIACA K To9Ke; [nf Besaroit ¢pymruum fC€ 6 (E) Mn onpepenn-
au unmezpas om f (DyEknma peiicte. mepem., ra. II, § 1, n° 4)

b
1(h=1\ (@ as
Orobpamenme f—> I (f) asasercs nmmeiinodl d¢opmoii ma €6 (E),
KOTOpasfg HempepHBHA, TAK KAaK COTJAaCHO TeopeMe O CpefHeM
I (| <(®—a) sup |f(@)|=@>—a)|f],
a<xsb

crano OuTh, f—>/(f) ects mepa Ba K, oHa Ha3HBAeTCA Mepok
JdeGeca*) ma E.

flcmo, 4TO TepMEmH «HHTErpaJ» @ obo3nHaueHHe Sf(x) dp (z) mpen-

CTaBIAIT cOGOH pacmupeHde TepMEHOIOrAH M 0003HAYEHMH, BBEJEHHEIX
IJIA 9TOTO YacTHOIO CIydas.

¥) OTHOCHTENbHO 9TOH TepMHHOJOTHA (KOTOPOH B Hacrofimedl TJaBe
HE JlaeTcA HCTOpHYECKoro ofocHoBamdsa) cM. Vicropaueckmid ouepk.
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3. IIpoussedenue Mmepst HA HENPEPUUCHYIO PYHKUUI
Iycrp u-—mepa Ha xommakrHOM mnpocrpamcrse E. Jaa mo6oii
¢yurnmu g €% (E) orobparkenme
f—ule)=\1@g@du

ecth JuHeWHas (opmMa Ha € (E); sra opMa HempephBHa, TaK Kak
B cany (1)

(e, w <Ml fell<Migl-I i

CaegoBaTenbHO, 9TO ecTh Mepa v Ha E, xapaktepusyemasi COOT-
HOIIEHAOM

{t@dv@={ 1@e@adn (2)

ansa mioboli ¢ymxmmm fC € (E). Ita Mepa oGosHagaeTcs 9epes g-U;
TOBOPAT, UTO TO €CTh npougeedeHue mepw W HA PYHEYUO g UIn
MEDA RAOMHOCMU g OMHOCUMEAbHO W; WHOrZA cootHomeHme (2)
3aNACHBAIT B COKPAIIeHHOUE (opme: :

dv (z) = g (x) dy (2).
Ouesnpho,
g-(MitHe) =g W+ g -Uo» (811+82) R=g1-N+gal
u (g18s) W=g;-(g2-|); MHBIMA CIOBAMHU, MHOMecTBO o/ (E), HageneH-
HOe BHEITHWM 3aKOHOM KOMIO3HIHH (g, W) —> g-UW K cBOell amjuTHB-
HOH CTPYKTYpOH, sABIsgercsa sodysem HAX Koabuom € (E).
amMeuanusa 1) He cuegyer cmemmBarte uucao (g-p) (f) =
= (f, g-p) = (g, p)= p (fe) ¢ gynryuei z — y (f) g (z), ABAADMEHCA
mpom3sejieEnemM (yHKmmE g m wacaa W (f).

2) B rmase V MBI ompefennM UpowW3BejeHAe MepHl M Ha (QYHKIAIO,
He 0Ga3aTebHO HETPEPHBHYIO.

4. IHonoacumearvnoie mepul

Bexroproe mpocrpamcTBo € (E) uncmoBsix QYHKOMII, HENDEPHB-
HHX Ha KOMIAKTHOM IpocTpamcTse E, ectb npocmpawncmeo Pucca
nas orEomenuns f<Cg (ra. II, § 1, n° 3, mpumep 2). Ero tomomorusa
corJacyercs ¢ ero CTPYKIYPo#l yHOpPAmOUYeHHOTO BEKTOPHOTO IIPO-
crparcTBa (ra. II, § 1, n° 6). B cootsercTBum ¢ 0o6IAMHU oIIperee-
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smamu (ra. 11, § 2, n° 1) Mz Gygem roBoputs, uT0 Mepa p Ha E noao-
HumeavHa, eclAW [iA BCAKOE HeNpepHBHoH ¢ymruum f >0, ompe-
menesHoll Ha F, BHIoOaHAercA HepasescTBo WU (f) >0; orHOImenme
HopsAfgkKa uw<(v B mpocrpaHcrBe off (E) mep mHa E osmavaer, 4To
vV — [\ eCTh IIOJO;KUTeJbHAA MeDPa, M PABHOCHILHO OTHOINEHHIO (A
6ol HempepriBHOM PyEERmEA >0 p (f)<<v (f.

TeorEMa 1. Bcsakas nososcumeavnas auneiinas @opma Ha npo-
cmpancmee Pucca € (E) Henpepwisna (WHAYe TOBODPH, ABASETCH NOAO-
scumenvroli mepoti Ha E).

B camom pnene, ecam p — monokurensHas amHeWHas ¢opMa Ha
% (E), a f — menpepuBHas wumcaosad ¢ymrumsa mHa E, To W3 Hepa-
BeHCTB — || f|| < f (2) <] f|| pnsa mx06or0 z € E caenyioT HepaBeHCTBA
—lIfllp W <p D<Iflip (@) mmm, 9r0 0 me camoe, |p (A<
Lp W)]If)], m Teopema norasama.

TeorEMA 2. Bcakas mepa HA Komnaxmuom npocmpancmee E
ecmy PASHOCMb 08YX NOLONCUMELLHBIL MED.

B camom penme, ecium p ects mepa Ha E, TO cymecTByeT Takoe
M >0, uro gna mobol ¢pyaxumna f € € (F) BHIONAAETCA HePAaBEHCTBO
[u{(H)|<M| f|; atax xar coorHOmenne 0 < g < f BIeUeT HepaBeHCT-
B0 ||g]I<|I/]], To om0 Baewer m [u (@) [ <M |[gll<M ||/, a o0 mOKa-
8HIBAeT, 970 MepPa | OTHOCHTENIBHO orpaHmYeHa m, 3Haumr (ra., II,
§ 2, teopema 1), paBHa pasHOCTM W; — [ ABYX HOJOKATEIBHBIX
nureiiEnx ¢opm Ha G (E); HO cormacmo teopeme 1 py u pp sBasIOTCH
(monoxmrenbEMME) Mepamu Ha E.

Taxum o6pasom, mpocrpancTBo off (E) mep Ha E coBnamaer ¢ mpo-
CTPAHCTBOM OMHOCUMEAbHO 02ZDAHUYEHHBE AUHEnuZ fopm Ha MPO-
crpaacree Pucca € (E); caemoBateabro (ra. II, § 2, teopema 1),
CIPaBeIABA

Teorema 3. IIpocmpancmso off (E) - mep Ha EOMRAEMHOM RpO-
cmpancmee E enoane pewemouno.

B cornacmm ¢ ofospauennamu raas 11 gua moGoit mMepw p Ha E
Hoiaraem
pr=sup(u, 0), p =sup(—u, 0), [p|=supu, —u);
HamoMHHEM, 910 u=p*—p-, |p|=p*-tu” m inf (u*, p7)=0. Kpome
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1010, IAA nwboH nosoxcumenvnol ¢yaruun f €€ (E) mameeM

Sfdu"‘: sup Sgdu (3)
0<g<f, g5 G (E)

{ralui= s gan, (%)
lg1<f, g:B(E)

OTKyja, B WaCTHOCTH, AjaA nwboii ¢yuxmum f€ 6 (E)

| Cranl<1r1atnl. (5)

5. O0umr cnocob onpedeaenus meput

IIycrs H — momaabHoe MHOKECTBO B 6aHAXOBOM IIPOCTPAHCTBE
¢ (E), 10 ecte (Ton. BerT. mp-Ba, ra. I, § 2) rakoe mHOKECTBO, ITO
BEKTODHOE HOXIPOCTPAHCTBO V, mMopoxIeHHOe MHOMeCTROM H, 8ciody
naomuo B 6 (E); AHHMMU CIOBAaMH, 5TO 03HAYaeT, 4TO BCAKAs Helpe-
peieHAaA Ha E wmcinorBad GymExuma f Mosker GHITH paBHOMepHO npmbin-
MeHA NUHEHHRME KomMOmHAImsMHE (C JelfCTBATeNbHEMEA Kodddmiuen-
tTamm) pyERumi, npmEagnexamnx H (O6mana Tom., ra. X, § 5, n° 1).
Jaa roro uroCm nuHejiAaA gopma A, oupemenenHas Ha V, moraa OHTH
IOPoOfIoNKeHA 10 HeIpepHBHOHE jmEeitnol dopmer ma € (E), 10 ecThb
70 MepH Ha E, Heo6XoIEMO H J0cTaToTHO, ITo0H OHa OblIa Henpe-
puiena Ha V, m Torma ee npomosmkenne Ha € (E) eduncmeenno. B wacr-
HOCTH, EMeeT MeCTn

Ipegnomenue 1. Mycmo H — momanabroe mHONcecmE0 6 GaHATO60M
npocmpancmee 6 (E); ecau p u v — d6e meput wa E u p (f) = v(f)
Oas awboli gynryuu f€H, mo p = v,

Cnencteue. Jas mozo umobw mepa u Ha E 6usa paswa nyaw,
#e06x00UMm0 u docmamouno, ¥mobel g fdu = 0 dan awboli dyrnryuu f
U3 HEKOmOpo20 MmOmaivHozo MHoxcecmea 6 € (E).

Il paMep. lyers £ = [0, 1]; cornacHo Teopeme Beiiepmrpacca —
Croyma (O6mas rtom., ri. X, § 5, Teopema 3) oguounesn z" (n > 0 —
1exoe) o6pasynT ToTajibHOe MHOMKECTBO B @ (E). Orciopma ciaenyeT, 49T0
Ha E cymecTByer me Goaee odnoli mepu W, AJIA KOTOPOA dACIA ¢ =

= S Z2"dp (x) AMEIOT 3a[aHHALE 3HAYCHAA. ITA YACHA HABHBAITCA MOMEH-
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mamu MEPH W; 3a7aua o0 OTHCKAHME YCIOBWH, KOTODHM JOKHA YIOB-
7AETBOPATHL MTOCIeAOBATENBLHOCTE (¢p) AGHCTBATENLHEIX YWCEA JJIA TOTO,
9T00bl OHW GRLTA MOMEHTaMM HEKOTODON Mep:l Ha FE, WaBeCTHA 1o/ Ha3Ba-
HHEM «OpPOOJNeME MOMEHTOB»Y.

Ilpennomenne 2. IIycmoe V — 6cwody naomroe sexmoproe nodnpo-
cmpancmeo npocmparcmea 6 (E); nycmv p — aunelinas gopma,
onpedeaennas Ha V u maras, umo W (fy>0 Oas awboli pynryuu
>0, nrpunadaexcaweid V; moeda p Moxem Gumv eduncmeéen-
nblm o6pasom npodosdxcena 0o mepw Ha E, u sma mepa noaosxcu-
meavHa.

Crauana morakeM, 970 W Henpepwlena Ha V, oTRynma Oymer cie-
IOBaTh, YTO [\ efHHCTBeHHBIM 06pasoM IpoposskaeTcd 10 MepH Ha K,
ITo ycaosmio cymecrsyer Taxaf ¢ymrmasa fo €V, a0 |[1 — fol|<< L

1
OTKyna ?<fo. Orcioma BHTexaeT, 4To ecam f €V, TO HepaBeHCTBO

Ifll<1 Baemer — 2fo<f<C2fp; a HOCKOABKY [ TIONOKUTENbHA
Ha V, TO

— 2 (fo) <p (N <2u(fo),

. e |p(fl<2p (fo), 970 mOKasEBaeT HeOpepHBHOCTL [ Ha V.

OcraeTcs mOKasaTh, 9TO Mepa, HDOJYyIeHHAA B pPesyabTaTe Ipo-
modsxeHns U (A KOTODPYIO MH CHOBa 0G03HAYAM Tepes [U), RoA0NHCUMesb
na. Ilycts f — mpomsBonbHAA monomurenbHad ¢yErmmsa us 6 (E);
miaA mo6oro & > 0 HaligeTcs Takasd pyERumA gEV, uro || f — gl < &;
oTcona B cAxy Toro, aro >0, g (z) > — & masa awoboro x € E, o1ky-
na g + 2efo> 0, u sEaunr, p (g) > — 2ep (fo). Ho cymecTByer Takoe
M >0, aro |p (B)|<M||k]|| paa nwoGoit ¢ymxmmu k€ € (E); cue-
moBarensHO, |p (f) — p (g)|<Me, orryma p (f)>p (g) — Me>

— (M 4 2p (fo)) &; a mockoXbKY & mpowsBoabHO, To W (f) > 0.

6. Hopxa meput

Tax xax mpocrpamHcTBO off (E) Mep Ha KOMIDAKTHOM IIPOCTPAaHCT-
Be E aBaserca conpsasjceHHum K GaEaxory npoctpaHcTBY €6 (E), 10
mu sHaeM (Tom. Bext. mp-Ba, ra. IV), gto B o (E) ompeneaserca
Hopma ||p]]: sTo HammeHBImIee w3 gucen a > 0, paa xoToprx |u (f)] <
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<L al|f|l| masa mo6oit pyrxnmn f € € (E); MoxkEO Ta¥sKe HammcaTb, UTO
lnll= sup |u(f)]. (6)

JHI<e
Hanomanm, ato o/ (E), HageaenHOe dT0il HOPMO#, NOAHO, TO ecTh
apagercaA Ganaxosvim npocmparcmeom (Tom. Bewr. mp-Ba, ra. IV).

IlrEgnomenue 3. Jas 6carol meptl |4 HQ KOMRAKMHOM RPOCMPAH~
cmee E cnpasedausa ¢opmyaa

lpll=lpl@) =1 alnl. (7)

970 cuaemyeT HemocpencTBeHHO u3 (opMmyas (4), IpuMeHeHHOR
K cydamw, Korga f—mocTosHAAsA, paBHasA 1, m6o coorHOmeHns |g| <1
7 ||gll<1 paBHOCHIBHH.

Caencreue 1. Jlasa ecaroi mepvi w>0 nHa E umeemipll = p (1).
Caepgcrene 2. JJas ecarot mepul w Ha E umeen ||p|| = ||p* || +
+lw 1l

B camom mere, |u| (1) =pt (1)+p (1) = lp* |l 4 llp~|

Haa awboit Meps Y Ha E pefictBurenbHOe (IONOKHATEIBHOS HIAN
orpunartenbroe) umcao [ (1) maswiBaercs o6well maccoll MepPH ; ecan
Mepa U nroaosxcumesvHa, TO ee obmas Macca pasHa ee HopMe. Ecanm
MeDpa [ noqoxcumesvha B ee 06mas Macca pasrwa 1, To TOBOPAT TaKIKe,
qro ee 3HaueHdme [ (f) miaA HempepuBHO# QYHKIUE f ecTh cpeduee
¢yarnEn f (OTHOCHTENBHO W).

Yuonpamuaernna 1)Ilycrs £ — BooxHe peryispHoe IIpOCTPam-
¢TBO, a @™ (F) — IPOCTPAHCTBO HEMPEPHBHHX W OrPAHWYEHHHX Ha E
gacnoBHX QyHKUEi, Hamexednoe HopMol || f || = sup | f (z)|. IIycrs E—

xEE

KOMIIaKTHO€ IIPOCTPAHCTBO, MOJNIYyYeHHOC B pe3ylbTaTe HaAeJICHHA E

o o o b
crafeiimelt paBHOMepPHOH CTPYKTYPOH, mas KoTopod Pymrumz as ¢ (K)
PaBHOMEPHO HeHpepPHBHE, ¥ IONOJIHEHAs ONpENeleHHOro TaKuM obpasoM
pPaBroMepHoro npocrpaHcTsa E (O6masn tom., ra. IX, § 1, yop. 7); ecam

Rayxmoit pyuxnum f € € (E) HOCTaBETL B COOTBETCTBEE e¢ IPOJ0JUKCHHE
o Henpepmmoc'm'f ua E, 1o Gyger ompefiesieH M30MOPGu3M GaHaxoBa
npocrpancrsa £~ (E) ©Ha G(6aHAX0BO IPOCTPAHCTBO B (EV). BriBectnt
OTCIONa, UTO BCAKAasA HeNnpepHBHAaA nmHelHana ¢opMa Ha B°° (E) mMe-
eT BER f—> L (7) Ifle B — HEGKOTOPAasA Mepa Ha KOMIAKTHOM DPOCTPaH-
ctBe E.
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IMokasarh, YTO BCAKaA MOJOMKHMTENbHAA JuHeEHHas opma ua B (E)
HeNpepHIBHA.

2) Hyetb E — KHOMOAKTHOe NPOCTPAHCTBO, & A ¥ [ — JiBe He3a-
Bucumele Mepur (ra. II, § 1, n°41) Ha E; Dokasarb, 4T0 [[A -} p || =

=NAl+1lipl

§ 2. Mepsl HA JORAQIBHO KOMIAKTHOM IPOCTPAHCTBE

1. HenpepolieHvie HYHKUUU € KOMNRAKNVHUM HOCUMEAEMN

Onpepenerne 1. IHycmv E — 40KaabHO Komnarmuoe npocmparcm-
80, a F — eexkmopnoe npocmparncmeo nad R. Hocumesem omobpasice-
nus f npocmpancmea E ¢ F nasvieaemes Haumervluiee 3aMEHYMOe MHONCE-
cmeo S € E, maxoe, umo f (z) =0 na doroanenuu S (WHEIME CIOBaMH,
S ecth sambiKkanne B E MHOkecTBa Tex 2 € E, ansa kotopsix f (z) == 0).

Ilyctey E — nOKaJBHO KOMIIAKTHOE IPOCTPaHCTRO, a F — Tomo-
JIOTHIECKOE BeKTOPHOE MPOCTPaHCTBO; 00osHaumm depes Cp (F) Bek-
TOPHOe IIPOCTPAHCTBO HeNpepHEBHHX orTobpamenmmid. £ B F, a 9epes
& » (E) mopmpocTpaHcTBO NpocTpancTBa Gy (E), o6pasoBannoe mempe-
PHBHEIME OTOOp&KeHAAME C KOMRAKMHBM HOCUmMesem; OAs J1000To
KOMIIAKTHOTO noxMmHOMNecTBa K m3 E uepes ofp (E, K) o6Gosmaanmm
MOAIPOCTPAHCTBO LPOcTPaHCTBa ¢4 » (E), cocToamee us ¢pyarumii, HO-
CcHTeab KOTOPHX cofepsxmntesa B K. Bmecro €p (E), 8 g (E) m g (E, K)
Mu OymeM Imcath cooTBercTBeEH0 € (E), ¢F (E)udk (E, K). Uepes
%= (E) MB1 6ynem o6o3HAUaTh ITOIIPOCTPaHCTBO (Cofepskamee &4 (E))
mpocTtpaHcTBa G (E), cocroAmee m3 YHCIAOBHX GYHKIMI, HenpepbaHble
u oepaHudennuiz Ha E; B 3roM mpocTpaEcTBe |lf||=sg£ | f (z)] ecTs

X

HOpMa, KOTOpasg BBOogHT B %> (E) romoxormio paRHOMEDHON cXOAm-
MoctH; H3BecTHO, uro ¥ (E), HajemeHHOe dT0H HODPMOW, nROAHO
(Obmas Tom., ra. X, §§ 1 m 2). Kpome toro, €= (E) ectp rROMMyTa-
rusHafg aare6pa mam R m mua mwboii napu ¢pymkmmii m3 € (E) cupa-
BEJIABO HEPaBeHCTBO

gl <l Fll-lgll-

JEMMa 1. Ilyemv E—.40kaabHO KOMRAKEMHOE RPOCM PAHCINEO,
K —romnaxmuoe nodmnoscecmeo us E u (Ap)1<p<n— KOHEUHOE OMEDHL-
moe nokpuimue wumroxcecméa K. Toe0a waiilemcs n HenpepbléHblx
omo6pasxcenuli fp npocmpancmea E 6 [0, 1], o6aadarowux mem ceoli-
cmeom, uwmo Hocumead omobpaxceHus fr codepacumces e Ap 0as
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n n
1<k<n u umo Z fr(@)<1 0Oaa ecex 2€E u Z fr(@)=1 Ousa
k=1 h=1

ecex zC K.

B camom pesne, myers E' — KOMIOAKTHO® IPOCTPAHCTEO, HMOJIYYeH-
HOe B pe3yibrare NpHECOeWHEeHHS K F 0GeCKOHeUHO YHaJeHHON TOY-
¥n @ (O6mas rom., ra. I, 2-e mag., § 10, Teopema 4); mHoOMecTRA
Ay =CK n A; (1<k<n) o0pasyr OTKPHTOE TOKPHTHO® IpO-
crpaEctBa E’. Ilyers (frlo<r<n — HeOpepWBHOE pa3bpmeHH® ERMHHK-
W, TOjYMHEHHOEe 3TOMY HOoKPHTHI0 (O6masn rom., ra. IX, § 4, onp. 3);
rorfa ¢yHERMEE f, ¢ HOMepamH A£3>1 yHOBIETBOPSIOT YCIOBUMAM
JIEMMEI,

‘Caenyromasa mgemma 0000maer npulimkeHre HOIPEPHBHEX Ha
KOMIAKTHOM IIPOCTPAHCTBe YHKIWIT ¢O 8HAYEHHAMH B HOPMEPOBAH-
HOM TIPOCTPAHCTBE MOCPERCTBOM JIMHEHHNX KOMOMHATMHA HOT Pe PHIBHBIX
gucsaoseix ¢ymrmumit (O6mas Tom., ra. X, § 5, mpeam. 9):

Jdemma 2. IHyeme E — 40KGABHO KOMRAKMHOE RPOCMPAHCT-
60, F — aorasvno ewmnyrace npocmpancmeo nad R, K — kom-
nakmuoe nodmmoscecmeo us E u g — Henpepusnoe omobpaxncenue E
¢ [0, 11, umerowee vomnaxmunii Hocumerv u paenoe 1 na K. ITycmo,
daaee, t, (1 <k<m) — nenpepuisuvie omobpascenus E e F ¢ nocume-
aem, codepacawunca ¢ K. Toeda 0as 410600 nosynopmust q, Henpepbis-

n
Hoti ma F, u aw06020 wucaa & > 0 cywecmeyem pasbucnue g = | g;
i=t

omobpanceHus, g Ha N MAKUT HeNnPEPLEHBLL 0mobpadcenuii g; Npocmpar-
cmea E ¢ [0, 1] ¢ komnaxmuuimu Hocumessamu, wmo ecal x; — Npo-
U3goAbHas MOuKa U3 Hocumeas omobpaxcenusn g; (Oaa 1<<in),
mo Oas awbozo xE K

g(fs (96)—1;‘41 £ (2:) g1 (z)) <eg (z) das 1<k<m. (1)

B camom gpexe, myern U-—OTKpHTOE OTHOCHTEILHO KOMIAKTHOE
MHOJKECTBO TOUEK, B Koropwx g (z)>0. Tar xar ¢ysrumm f, pas-
HOMEDHO HEeNPePHBHH B HEKOTOPOH KOMIAKTHOHW OKPECTHOCTH MHOMKE-
crBa U, TO cymecTByeT KOHEIHO® OTKPHITO® TOKPHITHE (A:)1<ign MHO-
HeCTBa D_', COCTOANIIee N3 TAKHX OTHOCHTEIHLHO KOMIAKTHBIX MHOMKECTB,
9710 71 JM0G0R mapsl x, Y TOUEK M3 OKHOTO M TOr0 K€ MHOKeCTBa
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A; Bumonasercss HepaBeHCTBO ¢ (fy () —f, (y)) <e naa 1<hk<<m.
CorsacEO semme 1 cymecTByer 7 TAKMX HEOPEPHBHHX OTOOpaskeHui
ki npocrpancrsa E B [0, 1], aro mHOcuTens k; copep:rmrcs B A; ® 91O

n
Z hi(z)=1 ma U; ecam TOmOKHTH gi=gh; (1<i<n), to g; OynyT
i=1

AenpepHBHEME oToGpakenmsvi E B [0, 1], AT KOTOPHX g= 2, g1
i=1

H TAKHMM, 9T0 HOCHTENb g; comepskutea B A; mia 1<i<n. Hycrs
Tenepp Z; €cTh TPOU3BOJAbHAA TOYKA HOCHTENRA g; (1<i<n);
ecim xCA;, TO

q (fx () g: (2) —£x () g: (2)) = g: (2) ¢ (£n (&) — T (1)) < 2g: (2)

s 1 <k<m, ® sT0 cooTHOmMeHEEe BepHO U Aia z§ A;, TOCKOILRY
B atoM caydae g; (x) = 0. Orciopa, CRIajbBasg 3TH COOTHONEBHS
®H yuwmrhBas, 410 fp,g = f,, momyuaem coormomenma (1).

2. Onpedeaerue meput

Onpepeneaue 2. Mepoii Padona (wiam mpocTo mepoil) KA AOKAALHO
Komnarmmuomn npocmpancmeée E nasvisaemesn ecaras sunelinas gopma
Ha eexmoprom npocmpancmee & (E) Henpepusubwz na E uucrosnx
PYREYUL ¢ KOMRAKMHBLM HOCUMeseM, YDosAemeopaiowas ciedyouemy
yeaoauio: dasn a106020 Komnarmmozo mHoxcecmea K < E cyxcenue p na
nodnpocmpancmeo &% (E, K) dynryuil us & (£), nocumesv komopux
codepacumes 6 K, HenpepuleHo 8 monoiozul paskomeproli cxodumocmu.

910 03Havaer, 4TO AJIA J060ro KoMmakTHOTO MHOKecrBa K — E
CymecTByeT Takoe sapHcsmiee jumb or K m p ameao Mg >0, dro
s BCsAKoit GyurmuE f € 8% (E), Hocumeaw xomopoi codepacumes ¢ K,
CIOpaBeIABO HEPABEHCTBO

()| < Ml 1, )

Jr0 ompegeseHHe TOJHOCTHIO COBIALAeT € OmpefeleHHMEM, JaHHHIM
B § 1, n° 1, korga E woMmnakrHO. ECaIE W ecTh Mepa Ha JOKAJIBHO
KoMOakTHOM mpocTpanctse E, to sHaueHme W (f) 3TOH MepH p[isa
¢yrrumn € &% (E) nasuBaercst unmezpasom om [ omuocumenbvro |

m obosmazaercs (f, W), Sfdp. HnH Sf(:c)dp.(x) (mHOTTIA € HECROJIB-

KAMH CTOSIUME PSIIOM BHa‘II{aMHS ).
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O6osnagnm gepes o (E) MBOecTBO Mep HA £; 370 €¢Th BEKTOPHOE
upocrparcTBo Hay R.

B & (E) MOYKHO OUpefeinTh TaKyi0 TONOIOTHIO OTASNUMOr0 JOKAIBHO
BRIMYRJOCIC HPOCTPAHCTBA, aToOH MEPpEI Ha E COBIIaJaJiA C JTAHEAHREIMI
dopmamu Ha 4 (FE), HempepHBHHMM B 3710f romoyormm (ymp. 1); Torma
ol (E) 6yner CONps:KeHHHM K TOMNOJOTHYECKOMY BEKTOPHOMY HpPOCTPAaH-
c1By % (E).

IIpumepsn. I. Ilyers £ — JT0oKanbHO KOMIAKTHOE IIPOCTPAH-
CTBO W ¢ — TPOH3BOJbHAS TOYKA M3 E; orobpaskeHume f — f (a) ecrh
Mepa na E, o6o3HagaemMas gepes &, (Mepa, ONpeeaeHHAS TPH IOMOINH
eOUHUMHOTL MACCHL, PACNOAOHCEHHOT 8 moOuke a).

Boo6me, nycrs N — rakoe MHOmectBO M3 FE, d9to jas mo6oro
KoMIaKkTHOrO MHOs;KecTBa K — F mepeceuenne NV (| K KoHeurO; MOMKHO
ORIO OH TaKKe CKadarh, 910 /N ecTh JUCKpEmHOe SaMEHYMOEe TOj-
upocrpaneTBo E (meficTBHTENBHO, B 9TOM CIydae BCAKad Touka ud N
obnagaer KOMHAKTHOH OKPECTHOCTHIO, COJEpIKamell JIMmbL KOHeYHOe
9HCI0 Todek 3 [V, m J060e KOMIAKTHOE MONMHOKEeCTBO U3 F MOMReT
OBITH DOKPHTO KOHEIHEIM YWCIOM Takux OKpecrHoctedl). Ilycrp oo —
ymenosas (yHKmusI, ompeneneHHas Ha F m takas, atro N ecTh MHO-
3KeCTBO TodeK x € E, rhe o (z) 5= 0; gas awboit pysxmun f € & (E)

cymma p (f) = X @ () f (x) EMeer ompeJiesieRHOe 3HAUEHHE, TAK KAK
xeE

B Hell JMmMbL KOHEYHOE IUCI0 WIEHOB oTaAuIHo ot (; KpoMe TOro, eciam
HOCHTeAb PYHKIHA f CONEPIRATCS B KOMIAKTHOM MHO:kectBe K m ecim

nonmoxute Mx= 2 la(x)],Tolp ()| < Mgl f|; Tem camrm foxaszamo,
xENK

970 | ecth Mepa. Ee masnisaror duck pemuoii Mepoil, ONpeneseHHod TpH
HoMmomna mace o (), pacrosoxceHnuz e mourar x € N. Hanpumep, ecin
E — Quckpemnoe mpoctpancTBo, TO MORHO TIpmHATH N = FE; QyHK-
nuu u3 ¢4 (E) sBAAIOTCS YHACIOBHME (YBKUHSAME, PABHBIMH HYIIO
BCIOAY, KpOMe HEKOTOPOTO KOHETHOTO Jueiaa To9eR u3 E; B gacTHOCTH,

ecanm B3gTh & () = 1 pas moboro z€E, to p (f) = Zf ().

OTMeTHM, 9TC Ha JACKPETHOM HpOCTPaHCTBe E BCHKaH Mepa P Anc-
KpeTHA; B caMOM fefte, OycTh i Mi06oro z € K auciosaa QyHKOHA e
TaKoBa, UTO ey (r)=1, ex(y)=0 maa y = z. daa mxoboit ¢yErnun
f€ & (E) MOKHO HammcaTrh, UTO f= 2 f (z) ex; oGo3Haumm depes |

xzE
Ipon3BONLHYI0 Mepy Ha E m moxosmMm o (z) = (ex); Torma wu(f)=
= Zf(a:) U (ex) = Z o (z) f (z), 970 u AOKAa3HERaeT Hallle yTBeP:KAeEHue.
xeE xEE
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ITpumep I cpasy :me oGoOumaercss Ha caydail, korga /N ecthb mpo-
K3BOJbHOE MHOKECTBO B JOKAIBHO KOMIIAKTHOM mnpocTpaHerse E,
a oo — gucjaosas ¢QyHROUA, paBHas Hyalo Ha CN m rtaras, 4910 fid

mo6oro KoMmaxrHOro mojMHOkectBa K ms E cymma ) |a (2)]
xENNK
woreuna. OdYeBHIHO, ITO BTOPOR mpmMep Mepul, HpuBegeHHHE B § 1,

n° 2, OTHOCUTCA K DTOMY CIYYAl0.

I1. as Beaxoir ¢ymrkumm f€ 464 (R) cymecTByeT KOMIDAaKTHBIA
paTepBai [a, b] € R, BHe Xoroporo f pasHA HYJNK0; CIEJOBATENLHO,
CYmecTByeT MHTErpai

~-00 b
1(h={ t@de=1{ 1 (a) dr;

KPOME TOrO, COTJIacHO TeopeMe 0 cpefHeM (DyHKOWH [EHCTB. mepeM.,
ra. 11, § 1, mpema. 6) |1 (f)|<(d — a)||f]]; sro morasmsaer, 9ToO
f— I (f) ecrb Mepa Ha R; oma masmBaercs mepoti Jebeza.

3daMeuanne. 3afaHme Ha JOKATbHO KOMIAKTHOM IPOCTPaH-
cree £ Mepm p omnpefeisier B £ (¢ Tomosnormeir mpocrpaHcrBa E)
CTPYKTYDY; MHOKeCTBO £, HajlelIeHHOE B3TOM CTPYKTYPOH, HAa3KBaeTcs
AOKAADHO KOMRAKMHBIM Npocmpancmeom ¢ mepoi. lyers £y — mgpyroe
MHOJKECTBO M  — BBAMMHO OjlHOBHadHOe orobpaskemme E Ha Ky
B cooTseTcTBHM ¢ oOmumm ompenenenusmu (Teop. mH., Pes., §8,
n° 5) cTPYKTypa JIOKAIbHO KOMIAKTHOTO TPOCTPAHCTBA € MePOi
HOJTyTaeMas B Pe3yibraTe nepeHecenus Ha E; ¢TPYKTYPH mpocTpaH-
ctsa E mocpengcrBoM oTOOparkeHmMs @, OIpefenseTcs CIefyRmuM
obpasom. OrobpasxeHue @ mepeHocuT Ha K, tomojormio m3 FE; torga
¢yaruuu f us &% (E;) — 970 Taxue QyHEKIYM, 910 fo ¢ OIPUHAFIEKAT
&% (E), a mepa py Ha £y onpegensierca paseHCTBOM By (f) = u (fo @).

B wacrtHOCTH, aémomop@dusm CTPYKTYPH JOKAJbHO KOMIAKTHOT'O
mpocTpaHcTBa ¢ Mepoil £ ecth Taroi romeoMopu3M O IPOCTPAHCT-
Ba E, aro p (f) = u (f o 0) musa moboit pysruum f € & (E); B aToM cay-
9ae TOBOPAT TaKe, ITO MePa |\ UHBAPUAHMHA OTHOCHTEIBHO IrOMeo-
MoppuU3Ma C.

ODpumep. Mepa JleGera ma R uwnsapuanmmua OTHOCHTEIBHO
atoboro cdsuza appurmpHOM rpynmst R. B camom jpexne, mus moboit
dyrruuz f€ &% (R) m nwoboro peficTBUTENBHOTO YHCAA @, HCIOTb3YSA

5 H. Byp6akn
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dopmyny samenm nepemenHux (DyEkumm peifcrs. mepem., ra. II,
§ 2, dopmyna (1)), momyuaem

+eo Foo
S f@ta)dz = g f() dt.

B maaoHeiiimem GyAeT DOKa3aHO, YTO HA 40008 L0KAAbHO KOMRAEMHOUL
epynne G CcyHIeCTBYeT OTIWYHAA OT HYJIA Mepa, uHeapuarmmuas OTHOCH-
TeJHHO BCeX JEBHX CIBHTOB IPynnn G (eBas Mepa Xaapa), W OTJIHUHAA
or 0 Mepa, WMHBapuMaHTHAA OTHOCHATEJLHO BCeX IIPAaBEIX COBUTOB (Ipasasd
mepa Xaapa); Opm 3TOM oGe 3TH MepHl ONPeReJNATCA ¢ TOYHOCTHIO [0
TIOCTOSHHBIX MHOKHTeJNeil,

3. Il pouszeedenue mepsvt HA HerPePuLEHYI0 Y HEYUIO

IIyers p — Mepa Ha JIOKAIbHO KOMIAKTHOM IPOCTPAHCTBe [,
I OycTb g — 4mcnoBast QyHkuusa, menpepusuast ma E. as moboit
¢yurnun f € ¢% (E) npoussefenne fg mMeeT KOMIAKTHHIN HOCHTENS,
m, 3HaumT, ompeneneHa QyHruuA p (fg), a oroGpamenme f - p (fg)
ecTs auHelHas gopMa Ha &% (E); moKaskeM, 970 3T0 ecTh Mepa. Ilyers
K — KoMIaKTHOE MOIMHOKECTBO U3 F, M mycTh ducio ag > 0 Takoso,
aro| p (f)| < ax || f || mas Beakoit pyrrumn f € &% (), HocHTe b KOTOPOH
cogepsurcs B K; ecnu by = ilellg lg ()], 10 |p (fe)l < axbkllfll.

CremoBarenbHo, JmHeiiHas ¢opma f— p (fg) ecrp Mepa mHa E; MH
6ymem of6o3HadaTh ee deped g-U H HA3HBaTh RpousgedenueM Mmepul
W Ha PyHKYU g WIE eme Mepol NAOMHOCMU £ OMHOCUMEAbHO W
(cp. ra. V). Taxmm obpasoM, ecam v = g-U, To auA a1060i QyHK-
naun f € ¢4 (E) BRIONTHAETCA PaBEHCTBO

(/@ dv@)= | f@)e@dn @),

KOTOpOe COKpamieHHO BamHCHBAeTCsI B Buue av (r) = g (z) du (z).

Tax e kax# B § 1, n° 3, sacHo, uto MHOKecTBO off (E) Mep mHA K,
HaJleleHHOe BHENIHEM B3aKOHOM KOMOO3HUmE (g, p) — g-|u M cBoeil
aJTATHBHON CTPYKTYPOit, sBisercs Modysem Ham KoasuoMm € (E).

4, Il onoHcumervHbLe MePbl

IIpocrpancrso &% (E) 9uciioBHX QYHKUUA ¢ KOMIAKTHHM HOCHTE-
JIeM, HenpepuiBHHX Ha K, ectb npocmpakcmeo Pucca nias OTHOIEHUS
mopaxka f<g. Bynem ropopmre, aTo Mepa p Ha E nosoxcumesvha,
ecim A M1060if HempepHBHOM YHCIOBOR ¢ymkumu f > 0 ¢ KoMmakr-
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soiM HocmreneM U (f) 3> 0. MuoswectBo of (E) mep Ha E Hageneno
OTHOINEHWEM MOPANKA W<V, KOTOPOE O03HAYaeT, 4T0 vV — |l eCTh
MOJIOKUTENbHASA MePa, W PABHOCHIABHO oTHomeHHI «u (f) < v (f)
st 6ot pyrkmEr >0 ma &F (E)».

TroreMa 1. Beakas noaodcumesvHas auHelinas @opma HaA npo-
cmpaucmee Pucca & (E) ecmb (noaoxcumeavnasn) mepa na E.

IIyers p — monoskuresnbHAst nwmHeiHaA gopma Ha & (F) m K —
OpOM3BOJIBHOE KOMOAKTHOE TmoaMHO;kectBo m3 F. (CymecTByer
TaKoe HempepHEBHOEe 0TOfpazkeHue f, ¢ KOMIIAKTHHIM HOCHTEJEM IIpo-
crparctsa E B [0, 1], 9o fy (2) = 1 wa K (aemma 1). Torma mgns
nw06oit pyarumE g€ % (E) ¢ HocuTeneM, copepkammmMes B K, mMe-

eMm—|gll fo<g<llgllfo, m, smagur, [u (g)|<|Igllp (fo), aTo m Hoxa-
3HIBAET TEOPEMY. ‘

TrorPEMA 2. Bcsakas mepa HQ AOKAABHO KOMNAKMHOM NPOCMPAH-
cmee E ecmb pasrocmv Geyxr NOAOHCUMEADHBIL Mep.

B camoM peae, mycrs p — mepa Ha E, m mycrs f>0 — mempe-
puBHass Ha K ¢QyHKOEA ¢ KOMIAKTHHIM HocuTeleMm K; COOTHOIIeE-
mue 0 < g < f 8 &% (E) Baeger, 910 |{g|| < || f|| m 2ro HOCHTEND PYRK-
1nm g copepsrmres B K. ITo yeaosmio cymectsyer Takoe aucio Mg >0,
aro |p (B)| < Mkl|lR]|| pas aw6oit HenpepuBHO pyHKIUE A C HOCHTE-
aeM, cogepskammmess B K; caegosarensHo, |u (@)|<< Millgll<
< Mgkl fll, 970 fOKABKIBAET OTHOCUTEIBHY0 OIPaHUUCHHOCTh MEDH WU.
Cramo GwMTH, | MpeRcTaBIsier cO0O# PA3HOCTH ABYX IOJIOKHMTENbHEX
nuneitaHX Gopm Ha oF (F) (ra. 11, § 2, reopema 1), KoTopsie, COITACHO
teopeme 1, apismorcs mepamn Ha F.

Wrax, mpoctpancTBo o (E) mep Ha E coBmamaeT ¢ IPoCTPaHCTBOM
OTHOCHTEJIbHO OTPAHHIEHHKX JUHeHHNX PopM HA mpocTpaHcTBe Pme-
ca &% (E); caeposareapro (ra. 11, §2, reopema 1), cupasegnmsa

Trorema 3. IIpocmpancmeo o (E) Mep Ha AOKAABHO KOMRAKM-
Hom npocmpancmee E enoane peulemouro.

B coorBerctBum ¢ oGosmadenmamm raasm 1l gis no6oif mMepn p
Ha E morokmM

w* =sup (, 0), p~=sup (—p, 0), [p|=sup (&, —p);

torga p=pr—p-, |p|=p*+p m inf(u*, n7)=0. Kpome roro,
i*
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s oboit nososcumenrvnoil Pyaruun f €K (E) mmeem

S fdp*=  sup S g dp (3)
0<g<t, g3 (B)

delul= sup Sgdu, (4)
¢ lgi<t, 82K (B)

OTKYna, B 9acTHOCTH, mis Jjwboit ¢ymwkmum f€ &% (E)

Igfdu]<glfldlu!- ()

5. O0un cnocobd onpederenHUuUs Meput

OueenenesuE 3. ITyeme E — n0kaavHo Komnakmmoe NpOCmpak-
cmeo; eoeopsm, umo eexkmopHoe nodnpocmparcmeo V npocmpancmea
% (E) uso6uavio (COOTB. ROLOHCUMEALHO U0OULLHO), ecal as 4106020
Komnakmmuozo noonpocmpaucmea K npocmpancmea E cyupecmeyem
makas omuocumeivio Komnarmuas orpecmuocmd U mmuodscecmea K,
umo 6caxas HenpepuigHas (COOTB. HENPEPbIBHAR U NOLOHCUMEAbHAR)
uucao6as PyHEYUL ¢ Hocumenem € K moxcem 6umv pasHOMEPHO RpU-
bauocena @Pynryusmu (COOTB. noaoxcumesvhumy Gynryuamu) uz V
¢ nocumenem 6 U.

Ecau E somnaxmmuo, T0 yTREpKIeHNE, 9T0 V H300uIbHO, 0O3HATAET,
9T0 OHO NaomHK0 OTHOCUTeabHO G(E); B oTOM caydae V Gymer Takswe moxo-
JRUTEIbHO M300MIABHO, B caMOM fene, B V Haiimercs Tarast QyHKIuUA

1 1
for ar0 |1 — foll<=, oTRkyma fo>; ecam [>0 — Qpymruus

m G (E), to cymectryer g€V, nna roropoit |[f — glj<e; orcioma
pureraer, 910 || f — (g -+ 2¢efo) || <4e n g  2ef;>0.

Ecmn E = R, 10 wycouno auneiinue $yaxnma uz & (R) (ro ecrn
DpAMATABHEE CTYNEHYATHX (yHKUEE) o6pasyloT NONOKHATENILHO H30-
OnabHOe HOJIPOCTPRHCTBO NpocTpaHctBa o4 (R); B camom perme, ecam
f > 0 — dynriuna us 7% (R), Hocnreab KoTOpOil codepurca B [ = [a, b],
TO fag Joboro € > O Haferca Taxkasg CTPOrO BO3PACTAlONAaA TIOCIeNOBa-
TeJIbHOCTH (zl)osisn Touek m3 I, 4T0 29 = a, T, = b @ UTO KoleGamme
¢yHKmny f Ha KaxmoM w3 mATepBanoB [z, z;4q] (Mua 0 i< n — 1)
He mpeBocxofnT & Ecam g (z) = 0 ma momnoamenmn x I, g (z:) = f (z;)
ana 0 i< n W g JauHefHA HA KaKJOM N3 WHTepBANOB [z;, z;44], TO
Nf—glt<e.
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Mpegnokenue 1. Hycme V — usobuivkoe nodnpocmpancmeo npo-
cmpaucmeéa & (E). Jaa mozo umobu aunetinaa gopma p, onpedenen-
nas na V, moara 6wmb npodoascena 8o mepwt na E, Heobzxodumo
u docmamouno, umobsl 04a 1106020 Komnarmuozo muoxcecmea K E
cysceHue gopmel W Ha nodnpocmparcmeo Vg npocmpancmea V, obpa-
s0eanmoe gyuryuany us V ¢ Hocumenem e K, Ovl10 Henpepuigno 6 mono-
402Ul pasromepHoll cxodumocmu. Mepa, noayuenHnas & pesyavmame
npodoadceHus gopms. W, eOuHcmEeHHA.

B cuny ompenenenust Mepsi Ha £ 7 onpejesieHus 3 eJHHCTREHHOCTH
npopoJikeRnAs odeBmpHA. OdeBMgHO TakKe, 910 cPOPMYITUPOBAHHOE
ycnoBrme Heo6XOmuMo A CYWMecTBOBaHUS NpomosskeHus. UTo6H
JOKA3aTh €ro MOCTATOYHOCTH, paccMoTpuM B F KOMIAKTHOE MHOMe-
cro K, m mycrb U — rakas ero KOMIakTHAast OKPECTHOCTE, UTO IIOAI-
npocrpancTBo Vy = V(& (£, U) dymrumit m3 V c¢ HocmTeldem
B U OnOTHO OTHOCUTENBHO MOANpPOCTpanHcTBa &% (£, K) B TONOJOTHH
paBHOMepHON cxogmmocTu, Tak Kak IO YCAOBWIO | HeIPePHBHA
Ha Vy B 9TOR TOMOIOrWMH, TO OHA eMWHCTBEHHHM 06pa3oM IPOIoJLKA-
ercd 0 JAuHEHHOH (OopPMHE, HeMpPepPHBHOH Ha 3aMBIKAHHU MHOKECTBA
Vus % (E, U) u rem Goaee B % (E, K), KoTopoe, 1o yciaoBuio, comep-
KUTCH B 3aMBKaHWE MHO:ecTBa V. Ilpm stoM 3madeHwe ompejeseH-
HOit TakuM oGpasoMm ma ¢% (£, K) auHeiHOH QOPMHI Uy, x HE 3aBUCHT
OT caMoil koMmakTHO#t oxpecrHOcTH U MHOmecTBa K, oGaamatomei
TeM cBoiicTBOoM, d9ro Vy mmotrHO oTHocurenbHO &% (E, K), Tak Kak
©CJM 9THM CBOMCTBOM 06JIafaloT IBe KOMIAKTHHE OKpectHoctm U
u U, muoecrsa K, 10 um 7TeM 6Gomee obaamaer w U = U\ Us;
a IOCKOJBKY BaMHKaHWE MHOmKecTBa Vy; (cootB. Vi) comepsurcs
B 3aMBIKAHWM MHOMKecTBa Vy, T0 Uy, x = Wps,k = MWy,x; CTAIO
OHTH, ompeneseHHYI0 TakuM o0pasoM Ha % (K, K) HempepHBHYIO
TuHEHYI0 GopMy MOxHO 0003HaUMTH 4eped ux. Hpome roro, ecanm
K, c K,, 10 pg, ectp cyxernue Ha o4 (E, K) dpopMu pg,, n6o ecinm
U — rarast okKpecTHOCTh MHO#eCTBA Ky, uT0 Vi MIOTHO OTHOCUTEIBHO
&v (E, K5), o Vy nimotrO Takmke m otHocuTennHo 54 (E, K,). CaegoBa-
TeIBHO, MOKHO OIPefesurb orofpaskenme W npocrpancrsa sy (E) B R,
Tpebys, 4ro0B OHO COBHANAN0 € Wy Ha J060M MTOJIPOCTPAHCTBE
& (E, K). A tax kax mo06sie qse pyHRuuy u3 ¢4 (E£) Bcerma npuHagie-
AT KaroMy-HEOGYns omHOMY &% (K, K), T0 p ecrb mumeiinasg dopma
Ha ¢% (£), m mockonbKy ee cymeHue Ha &% (E, K) HeunpepHBHO
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B TONOJOTHE paBHOMEDHOH CXONUMOCTH, TO 9TO €CTh Mepd, 9TO
H 3aBeplnaeT [OKAa3aTeJLCTBO.

Meepnoxenus 2. Hyemv V — noaoscumenvro usobuavioe nod-
npocmpatcmeo npocmparcmea &8 (E), u nycmv p — makas aunelhas
gopma na V, umo p (f) >0 0Oan ecarol gynkyuu >0 us V; moeda
B Moscem Gumb eduHcmeenHbm 06pasom npodosxcena 0o mepw Ha E,
U ama mepa NOAOHUMEALHA.

Chagana moKaskeM, 4TO st Ji060ro KOMIAKTHOTO MHOMKECTBA
K < E cymenue p Ha nogupocTpancTso Vy mpocrpanctea V, o6paso-
paHHOe QyHKIUsaMHA u3 V ¢ HocuresneMm B K, Henpepuisno B TOMOJIOTHH
PaBHOMEPHOH CXOIMMOCTH; 3THM OyzeT J0KasaHo, 49TO | eJWHCTBeH-
priM o6pasoM mpopmoibraercs go mepw Ha E (mpema. 1). Ilyers
h — menpepusHoe 0TOOpaKeHAE ¢ KOMIAKTHRIM HOCHTEJEM IPOCTPAH-
crea £ B [0, 11, pasnoe 1 ma K (nemma 1); Tak Kak V moxo:RuTeIHHO
HM300MIbHO, TO HAGETCA Taxas nosoxcumesvrnas Gyaxuus fo €V, gro

fh — fo|l<—é—; B YaCTHOCTH, fo (x)>—é—nnﬂ ao6oro z€ K. Orciona

s moGoit dpyrxuum g € Vg BrBonmM, ato — 2| gl fo<g<2]Ig |l fos
OTKyZa B CHAY TOTO, 9TO | — HOJOMHTENBHAs JHHEHHaA (opMa
Ha V,

n(g)<2|lglin(fo),

9T0 W [OKA3LIBaeT Hallle YTBEDIRICHUE,

Ocraercst mokasare, 9To Mepa Ha E, NoayieHHas B pesylbrare
mpojosKeHuss OPME U (M KOTOPYI0 MH CHOBA 0G03HATHEM depes W),
noaoxcumeavia. Ilycts f — mpowsBosbHad MOJOKUTENbHAS (YHKIUA
u3 ¢% (E); f ecTb paBHOMEPHHI IIpefiesl ITOCTIE0BATEAbHOCTY QyHKIMI
gs €V, HOCUTEAH KOTODHIX CONEPIKUTCH B HEKOTOPOM (UKCHPOBAHHOM
KoMumakTHOM MHOecTBe U; caeposareapno, W (f) = lim p (gn).

n-—>oo

C mpyroit cTOpPoHB, Kak u BHIne, yOemkmaeMcs, 910 B V' cymiecTByer
rakas ¢yErmus f; >0, 10 fy (:c)>/»;— 8 U. Crano O6mrb, ecau

Wf — gnl| = &a, TO MW EMeeM HepaBseHCTBO g, — [ > — €,f1, OTRyHA
gn > — &nf1, U (8n) > —enp (f1); oTclofa, mepexons K mpejely, MOTy-
gaeM W (f) >0, 910 W 3aBepmiaeT [OKABATEIBCTBO.

3aMevanne Ilpeqrorkenme 2 ocraeTca CHpPaBeAJHBEIM, eCJIA

BMECTO TOrO, Rerelijat IIpeguojararb V monoxureasno E306EJII)HI>IM, ceJaarsb
JAIL cjaeyomue TBa NPeANOJOKennda:
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1° Beaxas molomnrenbHas QyHKuuA w3 & (E) ecThb paBHOMEPHEIA
mpegen MONOKATeABHNX Gyuxnuit na V (Ges Kaxmx OH To Hm GHIO rAmo-
Te3 OTHOCHTEeJBHO WX HOCHTelei);

2° Beaxasa QyHKUMA f € JF (E) ecThb paBHOMEeDHHI npefed QyHKnmi
n3 V, HocaTeab KOTOPHIX CONEPIKATCA B HEKOTOPOM (3aBuMcAleM oOT f)
QUKCHPOBAHHOM KOMIIAKTHOM MHOMECTBe.

B camoM jesqe, HeTPYAHO YGeAUTHCA B TOM, ITO FOKa3arelbCTBO TMep-
BO{l wacTm oONWpalNoch JWINL Ha yciaoBme 1% a JoKasareinCTBo BTOPOH
qacTH — aums Ha 29

6. Ozpanuuernsvle mepul

IIycts E — oganbHO KOMOAKTHOE, HO He KoMnAKmHOe TPOCTPaH-
¢tBo. BooGme roBopsi, mpomsBoapHAa Mepa W Ha E He Oydem nenpe-
pHsHoll B IpocTpaHeTBe o8 (K), HafeleHHOM ToNojorueil pasHomepHoll
czodumocmu (onpefeseHHON MOCPeACTROM HOPMH || f||); EHHME cI0Ba-
Mu, BooOIme roBopsi, He CymecTsyer taxoro gmcaa M >0, gro pas
#1060t Pynryuu €K (E)

(D<M 7. (6)

Onregeneane 4. Iosopam, umo mepa | HAQ A0KAALHO KOMRAKMHOM
npocmpancmee E oepanuuena, ecau ona Henpepuisna Ha &5 (E) ¢ mono-
L02UL PABHOMEPHOL Ccxo0uMOCTIU,

Takum 06pa3oM, OrpaEHMYEHHOCTh MEDH W 03HAYaeT, 4T0 W IpH-
HAIJIEKAT IPOCTPAHCTBY, CONPSIREHHOMY X HOPMUPOSAKHOMY IIPO-
crparcTBy ¢4 (E); 0603HaTIMM 3TO CONPsKeHHOEe IMPOCTPAHCTBO Yepes
ot (E). VIsBecTHO, 9TO B 3TOM caydae HOPMA ||\ || MepH | ompepensier-
¢l Kak HamMeHbInee w3 gucex M >0, pias KoTopeX HepaseHCTBO (6)
BHITIOJHACTCS s BeAKoR dyrxnum f € &% (E); HEREME CI0OBaMH,

lull= sup  {u(N]- (7)
Nflst, f2/(E)

HszsecTHO, uTO mpocTpaHCTBO off (), HamenseHHoe 3TO# HOPMOIL,
ecTb 6aHAT0680 npoCMPAHCMEo,

Onpepenenne HOPMH || . [| mocpencTBoM dopmynsr (7) pacmpocTpa-
HAeTcd Ha Bee Mephl W Ha E; jis toro 91o0H Mepa p 6BLIa orpammde-
Ha, HeoGXomuMo W FocraTtodHo, ITo0H || p || 6mia Koreuwna.

OrMeTrM, 9T0 Ha KOMIAKTHOM IIPOCTPAHCTBEe BCAKAs Mepa Orpa-
HAYEHA,
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NMpuameps. 1) Mepa g,, onpegeneHdas OpH NOMONIA eJHHATHON
MaCCHl B TOYKe a4, OrpaHWYeHAa, W, OUeBHIHO, || &, ||=1.

2) Mepa JleGera Ha R He orpannmueHa; B caMoM jete, Axs mxoboro
nexoro » >0 cymecrayer dynruns f € 55 (R) co sHavenmamu B [0, 1],
paBuag 1 Ha mrTepBane [ —n, n] (1eMMa 1); caef0BaTENbHO, BHIIOTHAIOTCS

o0 n
coorHomenus |[fll=1 m S f(x)dx > g f(z) dz =2n, KoTOpHE NOKAa3HI-
o “n

BalOT, YTO HE CYINECTByeT KOHeYHOro umcia M, yHOBIeTBOPAMEro
yeaosmio (6).

" }(2) do

+
3) OtoGpaskenne f—> g EEn

—00

ABJsieTCA OFPaHWYeHHOH Mepoi

na R, rak war pas awoboit dyrxumm f € & (R) mmeem

00

<1 S =l

4) Tlycrs p—npouseosbrasn Mepa Ha JIOKaJZbHO KOMIAKTHOM IIpO-
cTparcTBe K, m OycTh g-— HeOpepsiBHast Ha E uncaoBas QyHRIASA ¢ KoM~
nakmuslm Hocumeaenm (TO eCTh aneMeHT o (F)); TOTAa Mepa g- |\ 02panuyena.
B camom gene, ans scaxoll dymxuma f € JF (E) mocmrens QymrKmmm fg
cofiepsxATess B Hocmrese K $yHRmmA g, oTKyjna B cuay (2) mmeeMm

IR <Mgllfg | < Mgl gll-Il /15

clefoBaTeNLHO, cupaseninBo HepaseHCTBO (B) ¢ M=Myllgil (cp. § 3,
crefcteue w3 mpepa. 11).

Ilpamep 3 mnoKaseBaer, 4TO g-iL Moyker OHTH Oorpanmuena u Ges
TOTO, YTOGH g MMEJa KOMIIAKTHHIH HOCHTeINb.

@
||

—00

ITeegmomenue 3. Jas ecaroil mepet w Ha E cnpasedausa opmyra

fpll= sup  [wl(f)- (3)
0<i<t, f2R(B)

B camom pmene, cornacHo dopMmyie (4) mpaByio dacTh (8) MOKHO
3a0MCaTh B BUJE

sap  ( sup  |p(g))= sup [u(g) ]
0<f<t, f2H(E) | gI<t, 827 (E) lgli<t, gz % (B)

Cnepcrsue. Jas aw6oii meper p na E nopmsr mep w u || pasuer;
048 moeo wmobwu Mmepa | Gwaa o2paHudera, Heobrodumo u Gocma-
mouHo, 4mobul Gsiaa oepaHuuena Mepa |p|.
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regnomenne 4. Ecau | u v — dee noaoscumesvuse mepst Ha E,

mo [|u+v{|={p]l 4]

B camom pene, dpyuxuun fC&F (E), ymOBIETBODPAOINUE YCIOBHIO

0 < f<1, obpasyor MEOKECTBO S, QWIBTPYOIIEECA 10 OTHOMEHAID < .

CienoBaTenbHO, A IIOIOMRUTENTLHON MepH ( Ha E u3 (8) m u3 rteo-

peMBI 0 MOHOTOHHOM IIpejielfe BHTEKAeT COOTHOMEHHe || ;J,H-':lirgp,(f);
f:

OTCIOKAa TOTYAC IIOJIydaeM HMCKOMOE yTBep:KpeHue.

Crnegcreue 1. Ecau pn u v—8ge noaoscumenwvuvie mepw na E
u <y, mo ||u|l<||vl|; 6 vacmuocmu, ecan v oepanuieHa, mo W
modce 02PAHUYEHT.

B cavon geae, [|v|= [l +|v—u.

Caepcrsue 2. [as awboii mepw w Ha E

el =T ]+ 1w il
B camom pmeste, mOpMa MepH (L paBHA HOpMe MepHl |@|=pt -~

(cmemersme u3 mpema, 3).

IlrepnoReERUE 5. Ecau (\— 02POHUYEHHAS MeDG, O g — 4lCA080A
Pynkyus, Henpepvienas u ozparuiennas Ha E, mo mepa g-w oecpanu-

werna u || g-pl<|lg|l-lwll-

B camom pmene, gms mioGoit $ymkmun f €8 (E) nmeem

G <l Fell<llell-Ngll- NI F1I-

B rayase IV, § 1, MH gaguM Apyry0 HHTepPOpeTAnHId HOPMH MEDH.

3 ameyvanue. B romcaysae, Korga npocrpancrso £ aokanbHEO
KOMIIAKTHO, HO He KOMIAKTHO, BEKTOPHOE IpocTpancTno 5% (E), Boo6-
me ToBOps, He OymeT 3aMKHYTHIM IIOEIPOCTPAHCTROM 0aHAaxoBa IPO-
crpaHcrea €™ (L) pyHrnuil, HeIIpeDHBHEIX W OTpaHWYGHHHX Ha L.
Boxee Touno, o60o3madus depes £’ KOMIAKTHOE IIPOCTPAHCTBO, HOXY-
4eHHOE IIpucoegnHeHneM K F GeckoHeuHO ymateHHoH Touku o (Ofmas
ron. ria. I, 2-e mag., § 10, teopema 4), mokameMm, 4TO 3aMBIKaHHE
% (E) npocrparcrea &% (E) 8 €= (E) ecrb IpOCTpAHCTBO HEIIPeDHIB-
aux Ha E Qyurimit, cmpemswyuzcs k O, koeda z cmpemumcs k o.
HeiicTeurensro, ecan f€ 6= (E) ectb ToUKa npurocHoseHus &% (E),
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To gasa moGoro & > (0 malfigercss Takada HeNpPePHBHax (QYHKIUA g
¢ KoMmakrauM HocuresneM K, uro |f (x) — g ()| < e gna Bcex z€ E;
cnemoBareasno, |f (z)]<<e masa moGoro z€CK, oTKyga BETEKaer,
aro f (z) crpemurcas k 0, korga x crpemurea K . OGparHo, ecam
f obaagaer artuMm cnolicTBOM, TO MaA Jgwoboro & >0 Haligerca Taxoe
KOMIIaKTHOe MHOMectBo K — K, uro |f (z)| < e pna awboro z € CK.
Cormacao memme 1 cymecrByeT HempepuBHOe OTOOpaskeHHMe A mpo-
crparcrsa £ B [0, 1] ¢ xommakTHEM HOCUTeneM, paBHoe 1 Ha K; Tor-
ma [f@h(@x)|<enma CK uf(x)=7Ff()h(z) ga K; a Tak Kax fh
mMeeT KoMIaKTHHI rocurens u | f (2) — f (%) kb ()| < 2& gaa xoboro
€ E, To Hame yTBep:KEeHUE KOKA3aHO.

Takum ofpasoM, BeaKag orpanuueHHas Ha E mepa |, Oymyum
HeIpePHBHOHN Ha ¢4 (£) B TONOJOrWA PAaBHOMEPHO# CXOZMMOCTH, e[HH-

CTBEHHEIM 00Pa30M IpPOJ0JKAETCA MO HempeprIBHOCTH Ha ¢F (K); 3Ha-
4eHre TIPOOJUKeRNA MePH (L AaA ¢yaxnun f u3 ¢ (E) mu 6ygem cHOBA

obosmauars wepe3 W (f), (f, n) mmS f dn. IlpocrpamcrBo &% (E)

MOeT OBITh OTOMECTBISHO € MHOKECTBOM WYHCIOBHIX (yHKIui,
HeNPePHBHEIX HA KOMIOAKTHOM TpocrpaHctee E' um obpawamwurcs
6 0 ¢ mouke ®, TO ecTh MPENCTABIAIMMUX COO0M 3amKEHymMYI0 2unep-
naockocmy B GamaxoBom mpocrpadctee @ (E'). Orcioga ciexyer, 4ro
BCAKAsA OrpaHNIeHHAs Mepa (. Ha E moxer OHTh HPONOJIKEHA [0
MepH (' Ha £, mpmdem 3uauenne u' (1) moxer GHTH BHOpaHO IPOU3-
BOJIBHO; a MOCKOJIBKY BCAKas Henpepusnad Ha E' ¢yuruusa f emmn-
CTBeHHEIM 06pa3oM Mosker OHTH IpefcTaBleHa B Buge [ = a |- g,
rhe a = f(0) 1 g () = 0, 10 W (f) = & p'(1) + p (g). OBparmo,
JIeTKO BHleTh, 9T0 cymenne Ha 4 (E) npomsBonbuoit meps Ha E’ ecrd
Mepa, oepanuierHas Ha E; mociegHue MOTYT, CjIe0BaTeJIbHO, OHITH
0XapaKTepU30BAHK KaK Mepsl HA E, KOTOpHEe TAKUM CH0COG0M MOMKHO
npoposxuTh g0 Mep wa E’ (ep. ra. IV, § 4 m . V).

7. HTuporas monoaozust 6 npocmparcinee mep .

Tax xar mpocrpamcrso off (E) Mep Ha JIOKATbHO KOMIAKTHOM
npocrpancrse E ecThb HPoOCTPAHCTBO JTHHEHHBIX (GOpM HA BEKTODHOM
npocrparcree ¢4 (E), 1o B off (E) MOKHO DAacCMaTpPUBATh TOIOJIQIHIO

rpocmoti cxofuMoctu B ¢4 (E), KOTOPYIO MEL Ha30BEM WUPOKOT mono-
aozueil B oMt (E).
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Ecan E — KOMDaKTHOe IIPOCTPaHCTBO, TO IIAPOKAaA TOHOJOrHAA
B o/l (E) ecTh He 9TO HWHOB, KaK ciafas TONONOTHA B IIPOCTPAHCTBe,
conpsuKeaHoM K OamaxoBy npocrpancTBy @ (£) (Tom. mexr. np-sa,
ra. IV).

IMuporas tomonorns B off (E) eCTh TOIONOTUA OTENUMOI0 JOKAIb-
HO BHIIYKJIOTO IPOCTPAHCTBA, ONPefesieHHAd IOCPEHCTBOM IOIYHODM

p— sup [w(fi)|, rme (fi)1<ign €CTDb OPOUBBONBHASA KOHEYHAA IIOCHE-
1<isn

mosarenbHOCTh Qymrmuit u3 &% (E). Yrsepmpmerme, 4t0 $uastp F
B o (E) wuporo crodumesa K HEKOTOPOH Mepe |, 03HAYaeT, 4TO [JIA

moGoit pyrknun f € % (E) BHIOTHAETCA PABEHCTBO (o (f) = limg p(f).

Ias seawroii pyaruun f € ¢ (E) oroOpamenne p — i (f) ects wupoko
Henpepuienas nuHelHad ¢opMma Ha mpocTpaHCTBE off (E).

Iregnomerue 6. ITyembv E — A0KAALHO KOMNAKMHOE RDOCIIDAH-
cmeo, U nycmbo 0as abozo z £ E uepes e, ob6osnauena mepa, onpedeneh-
HAA npu nomougl maccel, pagholil -1, pacnoaoscennoil ¢ moure z. Tozda
omobpadcenue x —> &, ecmb 2omeomopdusm npocmpancmea E ¢ npo-
empancmeo off (E) mep na E, naderennoe wuporoil monoaozueii, Ecau
npu smom E me Komnaxkmuo u ecau E’ osnauaem wromnarmmoe npo-
CMPAHCMEn, ROAYUeHHOE @ pesyabmame npucoedunenus k E Geckoneuno
yOaaeHHOU mouky o, moe, cmpemumcak(, Ko2da x cmpemumes K o.

Jlerko BUmeTH, UTO OTOGpaMeHWe X — &, HempepwHBHO Ha E, Tak
Kak s moboit pyermun f € 6% (E) umeem (f, &,) = [ (z) u Tar Kaw
f mempeprisHa. Ecam r m y — gBe pasamusanie TOYKH u3 E, To cyrle-
cryer Takasa ymruua f €K (E), uro f () =1, f (y) =0, u, 3gaunr,
€. = &,; TaKuMm 06pasoM, ¥ — &, — B3AUMHO OZHO3ZHAYHOE 0TOOpA-
aenne E n off (E). dua KoMmuakrHoro E TeM caMuIM yiKe IOKAa3aHo,
910 £ — &, ecTh romeomoppusm £ B o (E) (O6mas rtom., rum. I,
2-e u3g., § 10, cuencrsue 2 u3 reopemu 2). Ecau me E He KOMIAKTHO,
1o gaa aoGoit pyrknum f €K (E) dopma (f, e.), mo ompepesnennio,
crpemures K 0, Korga ¥ CTpeMuUTCs K ©; CIeFOBATeNBHO, 0TOOpameHne
x — &, NpojoIKaeTcA N0 HempepusHocTw Ha E' = E |} {w}, npn-
HEMaA B ToYKe o 3madgeHue 0. I1o mpogoiKeHHoe 0TOOpaKeHHe CHOBA
B3aMMHO OfHO3HAYHO, W00 &, == 0 gua ncex z€ E; TakuMm obpasom,
9TO eCTh TOMeoMOPPH3M KOMIAKTHOTO npocrpanctsa E' B o (E),
9T0 W 3aBEPIIAeT MOKAa3aTeNbCTBO IPENJIOKEeHHA.
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ITeegnoswenns 7. B npocmpancmee o (E) mep HG 40KQABHO KOM-
nakmuom npocmpatncmee E muoscecmso oft. (E) nosoxcumesvHuzr mep
ROAHO @ DABHOMEDHOU cmpykmype, onpedeasemoil wuporoli monoso-
euell (u, swauum, 3amkrymo ¢ off (E) omuocumenvro smoii monoaoeuu).

B camom pene, pacemorpum  ¢umastp Homm @ pgas mwmpo-
KOl paRHOMEpHOH CTPYKTYpH B of (E); D0 OIpemeseHHI0 Hpefe
wo (f) = limg p (f) cymecrayer gua awGoit ¢yrsunu f € ¢4 (E), n Ha
OCHOBAHUHN IPHAIANOA IIPONOJIKEHAA HEPABOHCTB AAA Ji060il PyHKRImY
>0 us &% (E) BumoxHAeTcs: HEPABEHCTBO [, (f) > 0; cregoBarennHo,
{lo €cTb MONOKHMTeNbHAasd Mepa Ha E (reopema 1).

OTMeTHM, YTO CaMO HPOCTPAHCTRO off (E), BOOGINE TOBOPA, He A8.44EMCR
nosnbtipe B IIAPOKOH pAaBHOMEPHOH CTpYKType (HallpHMep, MEL 3HAEM,
970 ecnr K ROMIAKTHO U GeCKOHEYHO, TO GECKOHETHOMEPHOe HPOCTPAHCTBO,
conpsyKeHHoe K GamaxoBy mpocrpaHCTBY @ (E), He OyjleT MONHBIM B Cla-
6oit tononormm (Tom. Bexr. mp-sa, ra. IV), 970 W joKasHBaeT Hame
yTBeDsKI€HME).

Bymem roBopurh, 9T0 ItomMHOMKecTBO [ mpocrpamcTBa off (E)
02parurero, eciu IR n10601 QyHERUuE f € ¢% (F) BHIIONHARTCH YCIOBHE
sug lw (f)] << 4 oo. OTMeTnM, 9YTO 6cAKAA WUPOKO CTOOAWAACA nOCAE-
BE

dosameavnocmy (jn) 0O2paHUMeHA.

Ilpepnomenne 8. ITyeme H — oepanunennoe muoxncecmeo us
oft (E); 0414106020 Komnarmuozo mroxcecmea K E cyuecmeyem maxoe
uucao Mg > 0, umo daq ecakoii mepw b € H warboili gynryuu f € 3% (E)
¢ Hocumeaem ¢ K eunoansemea nepasencmeo |n (< Mg |l

B camom pexe, nomirpocrpanerso % (E, K) mpocrpancrsa 4 (E),
00pa3oBaHHOe HENPEePHBHHME QYHKIUAME ¢ HOCHTENEM, COAEPKANUM-
ca 8 K, ectb 6aHAX0BO IPOCTPAHCTRO ¢ HOPMOIi || f |[; U3 ycmoBus suiTe-
Kaer, 9ro cymeHus Ha o% (E, K) mep p € H obpasyior MHOMeECTBO,
c4a60 ozpaHuueHHOe B TPOCTPAHCTBE, compsikeHHOM K ¢f (E, K), HO
MEL 3HaeM, YTO TaKoe MHOKECTBO CcuabHo o2panuiero (Tom. BeKT.
up-Ba, . IV), orkyma m caemyer IpemioxeHHe.

IlpEpgnomenaue 9. B npocmpancmee oft (E) mep na 40KaAbHO KoM~
naxmuom npocmparcmee E ecaroe oepanuuennoe mmoncecmeo H ommo-
CUMEAbHO KOMNAKMHO ¢ WUDPOKOL monososul.

daMuEKaHNe OTPAHHYEHHOTO MHOMECTBA B MIMPOKOl TOmOIOrum,
0YeBHAHO, OTPAHAYCHO; 3HATUT, MOMKHO MPEANONOKITE, 9T0 H mupoxo
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3aMKHYTO; TOra BCE CBORHUTCH K TOMY, YTOOH [OKAa3aTh, 4TO BCAKMIL
yabrpadpuiaprp @ B8 H muporo cxomures s off (E). o yeaonuno gas
awboit Qyaxuun €% (E) obpas ¢uasrpa @ mpu orobpamennn
w — u (f) ectb Gasme yabrpaguabsrpa B R, comepsxamero orpaHmieH-
HOe MHOJKECTBO W, 3HAYUT, CXONAIErocs, Tak Kak R J0KaabHO KOM-
nakrao. Wuevu ciopamm, @ cxogurcs B ¢MBICIe TPOCTOH CXOTUMOCTH
K amHeilHO# (opme K, Ha ¢F (E), U BCe CBOEUTCA K HOKA3aTeJNbCTBY
TOTO, YTO Wy €CTh MepPa; HO BTO cjegyeT W3 IpefioKeHusa 8 u U3 npuH-
OUIa TPONOIKEeHUS HEePAaBeHCTS.

Caencreue 1. Ilyembv v — noaoscumeavnas mepa na E; mozda
MHOKHCECEO MeD [L, 048 Komopwx | <V, WUPOKD KOMRAKIMHKO.

CnepctBue 2. Muoxwecmeo 02paHUYEHHBIT MeD, 044 KOMOPHLL
frll<e (@ >0 — npoussosbHOE KOHEYHOE HWUCHO), WUPOKO KOM-
RAKMHO.

OrMeTnM, 9TO MHOKECTBO OIPaHMYEHHEIX Mep, JUIA KOTOPHX || pn || =«
(rme a > 0), OTHOCHTeJBHO KOMIIAKTHO, Ho, BOOOLIe TOBOPSA, He KOM-
naxkmuo B NMIHPOKOH TOIOJOTHH, TAK KAK OHO HE SIBIACTCA UINPOKO 3aM-
kayThM. Hanpamep, ecin E ne guckpetHo, To B off (E) Mepa O ecTb mmpo-
KO 9jeMeHT NPUKOCHOBEHHs JJIA MHOMKeCTBa JHCKPETHEIX Mep ¢ HOp-
MO 2, onpejieTeHHEIX NoCcpecTBOM Mace 1 m —1, pacmoNOKeHHEIX B IBYX
PasJMYHEIX TOYKaxX. J{eHCTBATeNBHO, 3TO O3HAYAeT, 9TO RJaA JH0GOTro
KOHegHOro MHOKecTBa Qyurumid fp € % () (1 < k< n) m awo6oro
£ > 0 cymecTBYIOT TaKHe JBe Pa3INYHHe TOYRA z B y U3 E, 910 |f) (2) —
— fr ()] < & gus nawoboro mHuexca k.

Iiregnoskerne 10. B npocmpancmse of (E) mep na E omobpasicenue
= || u || roayHenpepusHO cHU3Y 6 WUPOKOT MONOACUL.

B camom fmexe, aTo oToOpaskeHne ecTh BePXHAA OTHOAOMAA WINPO-
KO HempepuBHEX yERIUA w — | @ (f)|, Korga f npoberaer MHO;KECTBO
¢yurmuit w3 ¢F (E), gnsa roropeix || f|l<1.

Otmermm, 910 orobpakende p — | i | npocrpamcrsa off (E) B ceba
He Gyzmer, BOOGINE roBOPs, HEIIPEPHIBHEIM B MIMPOKOI TOIOJIOrAR (YOp. 7).

Heegnomenne 11. Hyemv K — womnakmuoe muosxcecmeo us E
u H — oepanuuennoe muoscecmeo us of (E); moeda busuneiinas gopma
(fy, w) = {f, n) nenpepuisna na % (E, K) X H, ecau % (E, K) nadeae-
KO monoaoeuell paswomepHoli crodumocmu, a H — wupokoli mono-
aozuell.
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B camom geme, cymectsyer Takoe gucio M >0, uro paa anboi
dyerunu f € 4 (K, K) un aw6oit mepu € H BHIOAHACTCA HEPABEHCTBO
Iw NI M |if]] (mpem. 8). Ecmm py u p — gee mepw us H, a fo
n f — gse pyurumun us % (£, K), 10

[w () —wo F)l=1n (f — 7o)+ 1 (fo) — wo (f) I<M ||f — foll +
+ 11 (fo) — po (o)l

mocienHee e BHIPAKEHUE CKOMB yrogao wmamo, ecau ||f—foll m

[ (fo) — wo(fo)| mocraTouHO MadBI, 9TO W [OKA3HBAET NPEHIOKEHHE

(cp. Tom. pexr. mp-Ba, ra. 1V).

Yuoupamuensna °1) IIycts E — joraJgbHO KOMIAKTHOE, HO
He KOMOAaKTHOoe npocrpaHcTBo. Ilycrs, mgamee, U — MHOMKECTBO CcHM-
METPHYHHX BHIYKIEX MHOKECTB H3 o4 (E), CieJl KOTOPHIX Ha KaXKIOM
u3 nofupocrpancTs % (E, K) (rge K — npon3poxbHOe KOMOAKTHOE IIO-
MHOKecTBO U3 E) ecThb OKpecTHOCTh ( B 3TOM IIOXIIPOCTPAHCTBE AJISI TOIIO-
JOTAA paBHOMepHOH cxoxmmocrm Ha K.

a) ITokasarb, uro 9 ectb QyHZaMEHTAIbHASA CHCTEMA OKPECTHO-
creit 0 AnA JOKANBHO BHIYKIOH Tomonoram B o4 (E), Goxee cmnbHoii,
9eM TOIIOJOTHSA PaBHOMEPHOU CXONMMOCTH Ha E, W Ha3HBaeMoO#l cusbnoil
ronosorued B o (E) (undykmusenwii npedes Tomonormit B & (E, K);
cp. Tom. BexT. np-Ba, ra. 11, § 2); ara Tomosormst coriacyerca co CTpyK-
Typoit yIOpPANOYEHHOIO BEKTOPHOTO IpocTpancTBa B o4 (E). Iloraszatsh
9TO TONOJOTHA, AHAYIHPOBAHHAA B KayK/OM H3 HNOfIpocTpancTs % (E, K)
cuibHOIl Tomosmorned B J% (E), coBmagaeT ¢ TONOJOTHEH pPaBHOMEPHOI
CXOMMOCTH, BHIBECTH OTCIOHa, YTO KasK[oe U3 IIOLIPOCTPaHcTB & (£, K)
CHJIBHO 3aMKHYTO B o4 (E).

b) Ilorasarb, 9TO AIA TOFO, 4TOGH nuWHeiHOe oTOGpaskeHde IIpo-
cTparcTea % (E) B 7nOKanbHO BHIOyKJIOe HOpocTpaHcTBO F  GEUIO
HeNPEpHBHO B CHJIBHOH TONOJOFAA, HEeOOXONHAMO 7 MHOCTATOYHO, UTO-
6Bl ero cysKeHme Ha KayKgoe W3 IoAnpocrpaucts % (E, K) Ouuio me-
IPEPHBHO B TONIOJOTMM PaBHOMEPHOH cxogmmoctd. B dwacrmocTm, Mephn
na FE TOK[ECTBEHHBI CHJIBHO HENPePHBHEM InHeHHBM dopmam.

Touno Tak 3Ke, AAA TOro 4To6H MHOkecTBO H imHEHHHX OTOGpa-
smennit 4% (E) B F GHII0 PaBHOCTEIIEHHO HEIIPEPHBHO (KOTHA & (E) Hafe-
JeHO CHJbHON TOIONOrHeft), HeoGXOANMO B AOCTATOIHO, YTOOH KiuA ni0Goro
KOMIIAKTHOTO MHO:KecTBa K C E MHOKeCTBO cyKeHHl Ha & (E, K)
orobpaskennii mMHOKecTBa H OBUIO PaBHOCTENIEHHO HEIPEPHEIBHO (B TONO-
JIOTAM PaBHOMEPHOH CXOTAMOCTH).

c) Bumsectn m3 b), uto B nmpocrpanctse of! (£) Mep Ha E Besxoe orpa-
HIYeHHOe MHO}KecTBO / paBHOCTEIIEHHO HEIIDEPHIBHO, ecild o (E) Hageneno
CIJILHOA TOmOJNOTHEH.

°2) Hycrs £ — n0KaJbHO KOMIIAKTHOE IIPOCTPAHCTRO, CueTHOe B Gec-
woneunocta (OGmas rom., ra. I, 2-e magm., § 10, n°® 11).
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a) Ona nwoboit amcroBoll GyHRuUM k, HelpepHBHOH Ha E W Taxoii,
qro & (z) > 0 B0 Bcex Towrax m3 E, oGosHasmm uepes V (h) MHOMeCTBO
oyERAil f € $4(E), musa HoropHX | f | < h; IOKasaTh, 9TO MHOKECTBA
V (k) oOpasyror ¢QyEZaMeHTaIbHYIO CHCTEMY OKpecrHocTedH O pas
canbHOH  Tomomormd B o (E) (BOCHONB3OBATBCA  TeopeMoidl Y phI-
coma). BriBecT:m OTCIONa, 9TO ecam E He KOMIAKTHO, TO CHAbHAs TONOJO~
raa B 54 (E) crporo cdnbHee, 9eM TOIIONOTHA pPaBHOMEDPHOH CXOLHMMOCTH.

b) IlorazaTs, 9TO BcAKOe CHANBHO OTPAaHAYEHHOE B &% (E) MHOKeCTBO
COflep/KATCA B HEROTOpOM IopmpocTpaHcrBe o4 (E, K), roe K — maiie-
sKamAM oGpa3om BHOpaHHOe KOMIAKTHOe MHOMKecTBO m3 E (morasarhb,
9TO MHOMKECTBO, He y/|OBJETBODPANINEe ITOMY YCIOBHIO, HE OTPaHHYeHO,
NOCTPOMB IIPE IIOMOMIA TeODeMH YPHCOHA HAIIEKAILYI OKPEeCTHOCTH.
V (h)).

c) ITorasaTk, uro npocTpaHcTBO &% (E) II0NHO B CANBHOU TONOJOTHW
(3amernTh, gyTo PuabTp Komnm paBHOMepHO cxopured K QyERunA f € & (E);
paccyskias, Kak B b), IOKas3aTh, 4r0 HOCHTeNnb (YHKiAA [ HellpeMeHHO
KOMIaKTeH). ’

°3) IlIycrs E, — HecdeTHOe BHOJHE YHOPAZOYEHHOE MHOKECTBO,
mMeromee HanbONBIIANA HJIEMEHT b W Taroe, 9TO HAA J0GOro z << b MHO-
HeCTBO JJIeMEHTOB, He IPeBOCXofAmmX z, cderHo. Hamenmm E, Tomoio-
raeit J (E,), B roropoil E, rommaktHOo (O6mast rom., ra. I, 2-e mapx.,
§ 10, yop. 12); oGosnaunM uepe3 F noxajbHO KOMOAKTHOe IIPOCTPAHCTBO,
ABAAOmEeecd AonoaHeHneM sjemenTa b B E,. Ilorasatp, uto B & (E)
cAnbHAA TOHOJNOTHA COBIAJaeT C TOMOJOTHEeH pPaBHOMEPHOH CXOAMMOCTHA
A 9YTO IpocTpaHCTBO % (E), HajeneHHOe 3TOH TONONOTHeld, IOXHO
(zma moGoro x € E uwepes K, 0GO3HAUAM KOMIIAKTHOE MHOKECTEO,
cocToamee U3 y < z; eca® V ecTb ORpecTHOCTE: O A CAJBHON TOIIONOIAR
B &% (E), To gepes r, o6o3HagmM HamGodbImee CTPOrO HOJOKATENBHOE
4ncio, obnajammee TEM CBOMCTBOM, 4T0 V COXEPIKAT BCe HEIPeDPHBHEE
QyHKIWNA, HOCHATEJNb KOTOPHIX NPHHAIEKAT K, m Ana xoTopwix || f || <
< rg. llokasaTh, 9TO HIKHAS TPadb YUCe] r'y B E CTPOro MOJOIKATEIbHA,
NOKa3aB, 9TO HeJh3n HAUTH TAKYI0 BO3PACTAONYIO IOCIELOBATEIBHOCTH

(zn) Touexr w3 E, grobu lim rz, = 0). Beisecra orcrofa, 910 B 3% (E cyme-
n—o0

CTBYIOT CHJLHO OTPaHMICHHEIC MHOKECTBR, KOTODEE He CcOleprKaTca HHA
B KaKoM m3 mogupocrpancts # (E, K) (K KoMIarTHO).

4) Hyctr E — NOKanbHO KOMOAKTHOE OpoOCTpaHcIBO u off (E) —
mpocTpaHcTBO Mep Ha E. [laa nio6oro KoMIakTHOro Muoxecrsa K ms E
m aboro uexoro n > 0 oGosmadmM uvepes Sk,, MHOKECTBO (YHKITAIT
| € & (E) c HOcHTenem B K m Takmx, uro ||f || < n. Cusbnol Tonogoraeit
B off (E) Ha3HBaeTCI TOIOJOTAA DABHOMEPHON CXOIMMOCTA HA MHOKE-
cTBaX Sg,n-

a) ITorasars, 9T0 cmipHas tomosorms B o/ (E) MoskeT GHTB oOlrpe-
JejeHa IpA TOMOIIA IIOAyHOPM L — | 1 | (f), THe f npoSeraer MHOKecTBO
HOJOKATeNBHNX QYERuUHA m3 & (E)(cp. ra. II, § 2, ynp. 8). Ilokasars,
qr0 off (E) MOJAHO B CANBLHOH TONONOTHA.
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b) IToraszarb, 9TOo mum #OGOTO KOMIIAKTHOTO MHO:KecTBa K — E
6unnneitnas gopma (f, n) — (f, &) HenpepseHa Ha & (E, K) X o/ (E),
ecain &4 (E, K) Hamenreno Tomosormeil paBHOMEPHOH CXOQAMOCTH, a
oMl (E) — canbHOH Tomomormei.

Morasars, uro Gmummeiinas dopma (f, p) — (f, &) He Gymer Hempe-
PHBHOHE Ha npoussefiendan % (E) X M (E), ecna u 5% (E) u o/t (E) safe-
JeHHl CHNBHOH TOIONOTHeH, a E c4eTHO B GecKOHeYHOCTH (Cp. ymp. 2).

c¢) Iloxasare, 9TO oToOpamkenme (g, W) — g-\  IIPOMIBENEHAS
€ (E) X oM (E) 8 o/ (E) HenpepsiBHO, ecia § (E) Haj/lesNeHo TONOJOTrAe
KOMIIAKTHOH CXOAMMOCTH, a off (E) — cAJBHOA TOHOJOrHMeit.

d) Moxzaszare, wro cmapHam Tomonormsa B off (E) cormacyerca co
CTPYKRTYPOH YIOPAZOYSHHOTO BeKTOPHOTO HpocTpancIsa B off (E) (ra. II,
§ 1, n°86). Brsecrm otcroga, gro ecan H — ¢uabTpyromeecs (mo <)
MHOKeCTBO, Ma;KopupoBanHoe B off (E), To ero Bepxusa rpanb B ol (E)
COBIIaZlaeT ¢ INpefenoM ero QUIBTPa CeUYEHANR A CHJBHOH TOHO-
Jgorad (cp. TaMm ke, Ipems. 6).

5) a) IIyers @ — dmabTp BO MHOKecTBe off, (E) IOQ0KATeNLHEIX
mep Ha E. Ilokasarb, uro ecam @ IIAPOKO CXOAMTCHA, TO HNA BCAKOTO
KOMOAKTHOTrO MHOKecTBa K (T E CcymmecTByioT Takoe MHOMecTso M € @
# rakoe umeao ag > 0, aro | u ()| < ag ||/ || nna moGoit $yarmun
f € & (E) ¢ HocuTenem B K m moGoit Meper p € M.

b) Ilycre K —romuaxTHoe MHO;KeCTBO i3 E. IToxasarh, wro Guammei-
sast gopma (f, p) - (f, n) mempepmsHa Ha & (E, K) X o4 (E), ecam
# (E, K) nageneHO TONOJOTHEHl PABHOMEDHOH cxomuMocTH, a off (E) —
ITHPOKOH TOmOJOrHei.

6) a) ITorasars, 9ro mua aoGoil dyErmua g, € @ (E) orobpaskenne
{t — go- 4 mpocTpancTBa off (E) B ceba HeNpPepHBHO B MIAPOKOil TONOZOTHM.

b) Ilorasate, uro ecam H — orpanmueHHOe MHOMKeCTBO B off (E),
TO oToOpaKenme (g, k) — g+ npomspefendsa @ (E) X H B ofl (E) nenpe-
puiBHO, ecam ¢ (E) HaJeXeHO TONOJOTHeHd KOMIAKTHON CXOIUMOCTH,
a ot (E) m H — muporoil Tomoaormei.

¢) Hoxasars, gro oToGpamenme (g, W) — g-y npomssenenus ¢ (E) X
X oMy (E) 8 cft (E) monpepuBHO, ecid ¢ (E) HajleleHO ToIOJornei
ROMIOAKTHOH CXOZUMOCTH, a oft (E) u o#l, (E) — muapokoit Tomoiorneit,

7) lycrs E — wommakxteLIH maTeppad [0,1] us R.

a) ycrs Mepa p, oIpejeeHa NPH DoMom® MaccH -1 B Toume 0

1
u Maccsi—1 Brouke — . [ToKasaTh, 9TO IOCHE/[OBATEABHOCTD ([i,) LIAPOKO
n

crpemurcss K O B o# (E), B TO BpeMa Kak | Y| He cTpemurcAa mmApO-
Ko K 0.

b) Ilycre p — mepa JleGera ma E, # IycTh g, (z) = sin nz. Ilora-
3aTh, 9T0 Mepa (1 — gp) |\ IOJNOKATEJI-HA B NPH HEOrPAHAIEHHOM BO3-
pacTaHAA n MIUPOKO CTPEMATCA K 1, HO HE CTPEMHTCA CHIBHO K U. BuBectn
OTCIOfla, YTO TOMOJOTdH, MHIyHApPyeMble Ha offy (E) CHABHOM B HIAPOROi
TOLONOTASMA, PasiddHH (CP. yOp. 5a)).
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¢) IToraszars, uro Gmiammeitmas dopma (f, u) — (f, p) He Gymer
HellpepsiBHOH Ha @ (E) X o/l (E), ecanm Hajemars ¢ (E) Tonomormeit
paBHOMepHOHA CxofmmocTH, a off (E) — mApOKo# Tomosorded.

d) IoxazaTs, gro oTobpakenne (g, ) — g @ lpoussegenns ¢ (E) X
X oft (E) B ol (E) He Gymer HellpePHIBHHIM, ecii Hafeldurb % (E) ToIo-
jJorneil pasHOMEpHOHl cxommMmocrd, a off (E) — MIAPOKOil ToloNOTHEH.

8) ITycre Mg — Mepa Ha IOKanbHO KOMIAKTHOM IIpocTpaHcTRE K
nf > 0 — dyarnua us 4 (E). [lokasars, 9To gasa aoGoro &€ > 0 B ofl (E)
HaiijieTca TaKasd OKPeCTHOCT: MepHI \y AJNA MAPOKO TOMOJOTMH, 4TO JUIs
a060ff MepH p m3 9Tod okpectHoct:m pt (f) > u¥ (f) — e.

9) Ilycts £ — nOKaJbHO KOMIIAKTHO®, HO HE KOMIAKTHOE IIPOCTPaH~-
cTBO 1 off! (E) — IpOCTPAHCTBO OTpaHMYeHHHX Mep Ha E. off! (E) mpen-
cTaBiAeT cofOH IPOCTPAaHCTBO, COLPsKeHHOe K GamaXxoBY ILPOCTPAHCTBY

& (E) pysxnuii, senrpepsBHHEX Ha E 7 crpemamaxca ¥ 0 B 6eCKOHEIHOCTH;
yavmpacuabroti TONONOTHEH B off1 (E) HAa3HBaETCA TONOJOIAA, OnpeleicH-
Has MOCPefcTBOM HOPMH || ||, a caabol Tomonordeit — TONOJOrAA NPO-

croif cxogmMoctd Ha & (E).

a) TloxasaTsb, 4To ecnm K CYeTHO B OGCKOEEYHOCTH, TO caabas TOIO-
JOTHAS CTPOTO CHJIbEee MIAPOKOH ToloJornd B offl (E).

b) IlorasaTh, 910 B ff! (E) yABTpPAaCHIBHAA TOIOJOTAS CTPOTO CHIb-
Hee, 9eM CHJIbHAA TONOJOTAA (3aMETATh, 4TO €, CrpeMATCA cmabHo K 0
IpH z, CTpeMAIeMCcsa K GeCKOHeYHOCTH).

¢) Ilorasath, 910 ecnm E c9eTHO B OECKOHEYHOCTH W HE JIUCKPETHO,
T0 B offl (E) cnaGasa @ caAnbHAA TONOJOTHA He CPaBHAMEL.

d) [orasars, g0 B /! (E) BecAKOe ¢1aG0 OTPARHAICHHOE MHOMKECTBO
OrpPaEHYeHO B YJIBTPACHJIBHOH TOHOJOTAM, HO CYINECTBYIOT CANBHO Orpa-
HAYeHHEIE M He €120 OrpPaHAYEHIHE MHOKECTBA.

10) IIycre E — nOKambHO KOMIAKTHO® HPOCTPAHCTBO @ E' — KHoM-
DaKTHOe NPOCTPAHCTBO, NOJYYSHHOE B DPe3yibTaTe NPHCOSHAHEHAA K E
Gecromeyno yAadeBHOH Touxkm «. IIyers u — orpammyennas mepa Ha E;
IIOKa3aTh, 9T0 Ha E’ CyimecTByer, I IIPATOM TOXBKO OfHA, Takas mepa ',
KOTOpasA ABJIAETCA NPOJoJIKeHAeM MEPH W | s xoropoi || u' || = || p |-

11) IIycrs gust 1060 Meps P Ha JOKajJbEO KOMIIAKTHOM IIPOCTPaH-
cree E m mo6oro romMeomopdmsMa ¢ mpocrpacTBa E Ha celd gepes g
oGosmauena Mepa f— u (f°0).

a) IToxrasathk, 9T0 | g | = | it |¢ ; BHBECTH OTCIOZA, 9TO OTOGparKeHA®
p — (g mpocTpancra off (X) Ha cefs HempepHEBHO B MIAPOROH TONONOTHH
B B CHIBHOH TOIIOJOIHH.

b) Ilycte o# — MHOKeCTBO HEIPEPHIBHHIX SHXOMOPYA3MOB mpocCTpaH-
crBa ofl (E) (mna mmpoxoit Tomoxoram B off (E)), m IycTh -4 HafleneHO
TOOOJIOTAeH PABHOMEDHOA CXOFAMOCTH HA OTPARHAYEHHEIX MHOMKECTBAX
n3 ol (E). Iycre, panee, ¥ — MHOMECTBO roMeoMOpP(H3MOB IPOCT-
panctBa E, HafejeHHOe TONOJOTHell KOMIAKTHON CXOZMMOCTH, W HJIA
aoboro ¢ € § Ay—orobpaskenme p— iy, OpPAHANAEKAWEe oFf; [OKa-
3aTh, 4TO ecia® E KOMIAKTHO, T0 oTo0paKenne 0 — A, § B »f HempepHBHO.

6 H. Byp6axm
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§ 3. Hocurens Mepm

1. Cyocenue mepvt HA OMEPLLIMOE HHONCECMEO.
Onpedeaenue Mepvt NOCPEICMEOM AOKAANOGHBIX FAHNULIL

IIycts E — m0KanbHO KOMIOAKTHOE HPOCTPAHCTBO W G — OTKPEHI-
toe mHo;kectBo u3 E. Ilojupocrparcreo G npocrpaHcTBa E IOKANBHO
KOMIIAKTHO, W BCAKYI HENPEepHBHYI Ha G YHCI0BYI QYHKINIO
¢ KOMIAKTHHIM HOCHTENIEM MOKHO HPOJOJKUTH 10 HENPepPHBHOCTH Ha
Bce E, sanapas ee pasEoit 0 ma CG; cramo OHTH, TaKUM OyTeM
MOKHO OTOJIECTBATH HPOCTPAHCTEO ¢% (G) ¢ mOAUPOCTPAHCTBOM TPO-
cTpascTBa 4 (£), cocToamuM n3 HeOpepHBEHX (QYHRIMI ¢ KOMIAKT-
HEIM HOCHTeJXeM, cofepsamumcs B G. Ecan p — Mepa Ba £, To JerKo
BHJIETH, UYTO CY:KeHUE Lg MePH W Ha ¢% (G) ectb Mepa Ha G, KOTOpyw
HA3HBAOT CYJHCeHUeM MEDH (L BHa OTKPHTOE IOJIIPOCTPAHCTBO G MM emie
Mepoil, mHAynupoBanHo#X Ha G Mepoi u. Ha ocHoBammm dopmynn (3)
§ 2 cy:xeHne Mepsi W' EHa G ecTb (ug)*.

ManomerHEoe onpesieneEne ToTIac HOKasHBaeT, 1rto ecan G u H —
TaKMe Ba OTKPHITEX MHO;kecTBa M3 K, aro G D H, mecanm pg u py —
cy;xeEHs | Ba G m Ha M, to py Gyner Tamse cyseHWeM MeDH [ig Ha
OTKDHTOE NOANPOCTPAHCTBO [ JOKANPHO KOMOAKTHOTO IPOCTpAamn-
crtea G.

B raase V MH 0606maM 3TO onpefeseHne Ha caydail, Korna G ecTsb
TPOH3BOJBHOE JOKaJAbHO KOMIIAKTHOE MOANPOCTPAHCTBO TpOCTpaHcTBa K.

» Ormernm, 9To Mepa Ha G Modcem U He 6BlMb CYRCHEEM MEPH, 3aJlaH-
eHOﬁ Ba E (cp. ra. V).

: Ilycrs, manpamep, G — orkpuruii mutepsan 10, 1{ m3 R; oroGpa-

i
JKeHHne f — \7 f(—f) dz ectb Mepa Ha G, Tak Kak BcAKaAa QyHRUAA B3 o (G)
0
oGpamaeTcs B HyJAh B Hekoropoii okpecrroctH O #3 R. Ho ara mepa me
MosxeT OhTh Npofo/KeHa B Mepy Ha R, Tak kak Torma oma Gniia 6ul orpa-
HUYeHa Ha MHOKecTBe QYHRuUEN f € JF (@), nna Koropmx || f || <1, HO

3TO HEBEPHO.
OpHarko mMeeT MecTo CAelYIOmee NpeJIoKeHHe:

ITeepnosxemmE 1. ITyemo (Go)o:a — OMEpHMOE nROKEpwmMUe npo-
cmpancmea E, u nycmv Ha Kadxdom nodnpocmpancmee G, 3adana mepa
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Re mak, umo Oaa aio6oli napw (&, P) cyxcenus mep po u pg Ha
G, [\ Gg cosnadarom. Ilpu smux ycaosuar cyuecmeyem, U NPUMOM
moavko o0na, mepa W na E, cyncenue romopol na G, paswo p, 0as
at6ozo uHderca o € A.

ITpempe Bcero mokaskeM, 9r0 BCAKAA QYHKmua fEoF (E) Momer

ONTh 3almcaEa B BUJE f=2 fi, Tme nmnsa RamIOE n3 QYHEROUK
3

fi €% (E) cymecTByeT TaKONl WMHJIEKC ;, YTO HOCUTENb QyHKIWH f;
COJIEPIRATCH B G“i' Ecam K —wmocurend ¢ymExnum f, 10 Haligerca

KOHETHOE TMCI0 TakUX mENEKCOB o; (1 <Li<n), dro G“i obpasymoT

nokprrTne MEOMKecTBa K mycrs f; (1 < i< n)— BeOpepuBHEE OTOGpa-
merEnmg npocrpaumctea E B [0, 1], HOCHTeIW KOTOPHX KOMIIAKTHEL

n cozepiarcss B Go, mua I<<ign, n’ Zk (z)=1 mHa K (§ 2,

aemma 1); torma QyErmum f; = fh; yJJ;OBJIeTBopHIOT TI0CTABJEHHOMY
yCIOBHMIO., ITHMM, IPeMKHEe BCero, MmOKA3aHO, YTO €CIAH CYLIECTBYeT
Mepa |4, OTBeYAlOIas HamemMy TpeGOBAHMIO, TO OHA eOUHCMECHHA,

700 MIA BCAKOI KOHETHOH CYMMH f== 2 fi, Tne fi€ K (G“i)’ ILOJKHO
1

BEIIOJIHATHCA PABEHCTBO | (f):Zpai (f;). Haaee, cymecTroBaEAE
7

Ba ¢% (E) nwpeiiHo#l ¢opMHL [, cy:HeENe KOTOPOH Ha KaKioe u3 IOJ-
upocrpancTs ¢4 (G,) pPaBHO Ug, Oy/eT ycraHOBIEHO, ecau Oyjer
IOKa3aHO CHeRYIOLIee CBOUCTBO: cau (€:)1<icm B {#;)1<jcn— TaKNe JBE
KOHEUYHLIe mocxeopaTelbuocTH QyHKnuit n3 & (E), qaro g; €% (G“i)

mia 1 <ig m,kE%‘(Gﬁ)nnﬂl j<n m Zg, .ij(x)_—:i

ma K, 10 ._Zilkai(fgi):jziuﬁj(fkj)' Ho fgi= Efgz jr OTEYER

m

e, (F1) = 2(2 (feihy)).

Thaz

Touro Tak e

(fh,) = 2 ( 2 ug, (fgihy)).

=1 i=1

I(M:

i
A HOCKOABKY HOCHTEND fgih; cCONEPKATCA B G"‘i n Gﬂj, TO U, (fgihj;) =
=g, (fgih;), 970 W ycTaHaBJHBaeT Halle yTBep:KIeHME.
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Ocraercs moKasaTh, UTO JWHeHHas (opmMa |b ABJIAETCA Mepoii,
TO ecTh 4TO JijiA J1060TO KOMIAKTHOTO MHOMecTBA K < F cyskeHnme
¢opmu p Ha 6% (E, K) HenmpepHBEO B TOHOJOIMH DPABEOMEDHOMN CXOJ(y-
moctu. llyerp (Gai)——noxpmme MHOKecTBA K KOHEYHLIM YHCIOM

MEOeCTB Gy, W OYCTHh h;— TaKWe HempepHBHEE OTOOpayKeHMsA IIpo-

crparctea K B [0, 1], 9r0 Bocmrens QyEKOUU /; KOMOAKTEH W COHEp-
n

JRUTCA B G“t w aro ) k;(z)=1 ma K. Ecim H;— Bocurenp (QyHK-
i=1

oue h;, TO, II0 YCIAOBMIO, HalilercA Takoe w9ucao a; >0, dro
|pe, (g)|<ai|lg]l mus moboii mempepsBHOHE QYEKIUM g ¢ HOCHTENEM

B H;; cnemosarenpHO, AIS BCAKOU HempepwBHOR $ymKRumnm f ¢ HOCH-
TeleM B Klpuai (fh) | < ai|| fhi | < a; || f]l, orryma

n

lu(f)l<(ziai)llfll,

i=
9. T. f.

CnepcTBUE (OpmHDmD gokanmsamum). [Jycme p u v —3dse meps
na E, u nycmv (Gy) — makoe cemeiicmeo omypuimux muoxcecms us E,
umo daa 4106020 o cyxcenus mep u u v Ha G, pasHu Mmencdy coboi;
mozda cyscenus mep P u v Ha G = | G, mosce paswb,

@

2. Hocumeav mepvt

ITycre p — Mepa Ha J0KagbHO KOMIOAKTHOM HIPOCTPAHCTBE,
¥ oycTh {§ — MHOKECTBO OTKDHTHX MEOmecTB U < E, ofuxajanomux
TeM CBOMCTBOM, 9TO cy:keHMe MepH p Ha U paBHO my.sno (mim, Kak
emme roBopAT, IT0 Mepa | He codepacum maccel B U); N8 NPHENNNA JoKa-
AMBanum cpasy BHTEKaeT, 4To eciam U, ecTb 06sedunerue MHOMECTB
U €, To oHO camMo OPUHAJIEKAT { W, 3HATINT, ABIAETCA HAUGOIb-
MMM M3 MHOMKECTB, BXORAMMNX B .

Oppeneneente 1. Hocumesem meps | HA AOKGALHO KOMNAKMHOM
npocmparncmee E nasuieacmcs SaAMEHYMOE MHONHCECMEB0, A8ALIOUEEC
donoanenuen Hauboavuiezo omkpuimozo muoxcecmea U us E, o6aadatouye-
20 mem ceolicmeom, umo \ He codepacum macce ¢ U.

Bupaskerwe, uTo Touka x € E ne npmBanme;kuT HOCHTEJIO MEDH |,
03HA4aeT, UTO CYMECTBYeT TaKasd OKPECTHOCTH V TOYKm Z, 94TO Cye-
Hue MepH p Ba V paBHO HyJo; 3HAUHT, yTBED:KJeHNE, 4T0 X HIPUHAN-
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Ne;KUT BOCUTENI0 MEDH W, O3HAYaer, 4ro Jius 41060 okpecrEOCTH V
TOUKE T Halimercs rtarasg ¢yERUmA f € ¢ (E), 910 ee HOCHTENb CORED-
srutea B V 1o (f) = 0.

NDpuwmeps. 1) Hdar toro grobn Mepa Ha E Gha paBHA HYIIO,
HeoOXOZMMO W JOCTaTO9HO, 4TOOH ee HOCHTENb OHLI nycm.

2) Hocurenem mephi JleGera Ha R saBuserca Bca mpamas R; pmeil-
CIBHTEABHO, STOT HOCHTeJh HEe NYyCT H HWHBAPHAHTEH OTHOCHTEIHHO
Aw6oro ciasura.

3) Paccmorpum Ha murepBane E = [0, 1] cuerHOE BCIOAY mIOTHOE
MHOKECTBO (a,), H HNYCTb U eCTb Mepa, ONpefejeHHAs IOCPEJCTBOM Mace
27", pacnoyioyKeHHHX B TOYKAX 4 (MiA awo6oro menoro n > 0). Hocure-
JeM MepH |l CAYKHT Bech HHTepBaX F; B caMoM fele, IYCTh x — KaKaf-
HaGyap Touka u3 F, V — oxpectHocte 3Toit Toukdn H f > 0 — Hempe-
PHIBHAasA YAcCA0Basg (QyHKIHOsA, ompefeneHHas Ha E, pasHasa { B TouKe z
0 mMelomas HOCHTeab, copepkammiica B V (§ 2, nemma 1); Torma MmHO-
JKecTBO Tex To%eK y € V, nna roropux f (y) > 0, orkphiro B E W, 3HAYHT,
COfIep/XAT HOKOTOPYIO TOURY a,, OTRyHa W (f) > f (a;) 277 > 0.

Ieennomenne 2. Hocumeav mepti N coénadaem ¢ Hocumesem
mepvl (u| u seasemes o6velunenuem wocumenell mep p* uw p-.

B camowm jiene, ecam cy;xeHMe MeDH | Ha OTKPHTOe MHO;KecTBO U
P aBHO HYJO, TO 9TO CHPABEJJINBO U [JIA CyeHmI Mep u* m =, u 06-
patHo.

OtmernM, %10 HOCHTend Mep put H p~ Moryr OHTH He IYCTHMH
u cosnadmoyunmu mencdy coboi (cp. ra. V).

ITpEgnosernE 3. Ecau p u v — dse Mepy HA A0KAALHO KOMNAKM-
Hom npocmpancmee E u |u| < [V |, mo Hocumeav mepw | codepicumces
8 Hocumeae Mepul V.

HeicTenTeNbHO, €CHE CYy;KeHHe MepH vV Ha HEKOTODOE OTKPHTOe
MHOJKECTBO PasHO HYJIIO, TO 3TO BeDHO H JUIS MepH (.

ITeenmomenuE 4. Hocumeav cymmv dsyx mep codepacumes 8 06vedu-
HEHUW WX Hocumeael,

B camoMm piene, ecam Cy:KeHHA J[BYX Mep Ha HEKOTOPOe OTKPHITOE
MHO}KECTBO PaBHLK HYJI0, TO CYKeHHE WX CYMMH TO}Ke PaBHO HYJIIO.

Ecam p ® v — IBe HOJO/KATeNRHLHE MEPH, TO HOCHTeNb MEpDH
A = p 4+ v coBmaaeT ¢ o6befHHeHHeM HochTesnell Mep p m v; FedcTBm-
TeABHO, €CAH Iy — TOYKA U3 3TOTO 0GbeguHeHHA H V — OpomsBoidbHAA
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OKPECTHOCTb TOYKH Zj, TO CYIIECTBYeT TaKasd HeOpepHBHAaA (YHKEHA
f > 0, aro ee HocmTesr cofiep:kurcas B V W ofHo u3 jgByx amcea p (f),
v {f) crporo DojoKHmTearHO; Torma TeM Goxee A (f) = p (f) + v (f) >
>min (1 (f), v () > 0.

lirennomenuE 5. Hocumeadv cyscenus mepw | HA OMEDLMOE MHO-

scecmeo U ecmo caed na U Hocumeas mepwi .
pemnosxenme ogesmuELM 00pasoM CIEXYeT W3 OMpEeIeHMil.

ITpEpnoEENE 6. Muoaecmeo mep HG AOKALBHO KOMRAKMHOM
npocmpancmsee E, Hocumeav KOMOpHE coOePHCUMES 8 3AMEHYMOM MHO-
acecmee F, ecmb WUDOKO 3AMEHYMOE 6eKMOpHOe nOONpOCMPaKCMmeo.

B camom pgene, 3T0O MHOKECTBO €CTh IepeceYeHME HIMPOKO 3aM-
KHYTHX IunepliocKocred, mMelomux ypasaeBnms p (f) = 0, rtme f
mpoGeraer MuOMecTBo (ymErumit ms ¢f (E), HOcHTeNb KOTOPHX HE
nepeceraeress ¢ F.

IIpepuonomum, uro E He xomnarmuo; ecad B npocrpaBcTse off (£)
mep Ha E sagam ¢uaprp @, To MH OyneM TOBODHTH, 9TO HOCHTEIH
MepH . Geckoneuno ydansemes no @, ecas mas 1060ro KOMIAKTHOTO
MuoxecTBa K < E cymecreyer Takoe MuomkectBo M € D, yro Hocu-
Teab n06oii Mepw g € M He HepecexaercAa ¢ K.

IIeepnomenne 7. Ecau © — maxoii usemp ¢ off (E), umo nocu-

meav mepwl W Geckoneuno ydaasemes no O, mo p wupoko crodumcs
k0 no @.

B camom pene, myers f — npowssoasuas ¢ysrnma us ¢F (E), m
nyerb K — ee mocurens. Ilo ycmoBmio HalifieTcad TaKoe MEOMKECTBO
M € @, 10 gua Beaxod mepH p € M HocuTedb p HE IEPECEKAETCs
¢ K; cuegosarensuo, p (f) = O pua awo6oit mepn p € M, 4ro u fioKa-
3HBAeT IpelJioKeHHe,

3. Xapaxmepuszauyus HOCUMEAR MeEPHL

ITo onpepenenuio, ecim Hocwurenb GVERnUm f € 6% (E) He nepece-
Kaemcs ¢ HocHTeneM MepH W, TO p (f) = O; Goxee Toro:

ITpepnosmenme 8. Tycmb p — mepa Ha 40KAABLHO KOMRAKMHOM
npocmpancmee K. Jlas écaroii Henpepbisnoli PyHEYUL [ ¢ KOMRAKMHbLM
Hocumenem, PasHoll Hyato Hwa Hocumene S mepv. n, umeem P (f) =0.
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flycts K — mocurend gyernuu f. 3amagum & >> 0 n o6osmadum
qepes V MmHosectBo Tex x € E, nas koTopmXx |f (z) | << e; Torna,
0 ycIoBmio, V ecTb OTKDHTOe MHOJKECTBO, cofiepskamee S, W cle-
aoBaTteanno, CS ecTh OKpecTHOCTh KoMnaxTEOTO MEOxecTa K [} CV.
3mawnT, cymecTByeT HEIpPepHBHOe oToOpa;keEnme / TPOCTPAHCTBA
E 8 [0, 1], paseoe 1 ma K () CV u umerornee HOCHUTENb, COMEPKanimii-
ca B CS (§ 2, nemma 1). A mockoJbKy HOCHTeNb QYBRUNM f He Hepece-
raercss ¢ S, To u (fh)=0. C gpyroit cropoms, f = fh sa K [} CV
m | fh|{<|f| 5a E, n cramo Gurre, B cuny BuGopa V, ma E Bemon-
Hsietcst EepaBercTBo | — fh| < 2e. Hakomen, samernm, 410, OO ycixo-
BHIO, Haiimerca Taroe dHcio My, w10 | p ()| < My|lg)| maa moGoi
¢yurnum g € ¢4 (E), Hocuteab KoTopo# coyiep:xutcd B K; a Tak Kak
socurens ¢Gymkmun f — fh cogepskures B K, To |p (f — fh)| < 2M ke,
u caxegoBatensHo, |u (f)| = | p (f — fh)|<<2M ge; mockoabRy xe €
oponsBouxbEO, TO h (f) = 0.

Cnepcrenk, Ecauw dse gynryun f, g us ¢ (E) pasnw mescdy coboil
#a Hocumese mepti p, mo P (f) = pu (g).

Hns nosoxwumensnriz Mep mpemno:keEnme 8 FomycKaeT CIegyiommee
JlonoNHEHHE:

[IeepmomenmE 9. Hyeme p — nosoxcumensvras mepa wa E; ecau [ >0
— makas gynwkyus us & (E), umo p (f) =0, mo [ pasna nyamwo
#a Hocumene mepy W.

IIycrs £ — roura w3 E, B rotopoi f (z) > 0; moxamxeMm, 410
He NPWEAJIe;KAT HOCUTEN0 MepH W. JlefcTBHTEABHO, B 9TOM CIyTae
CYTMECTEYIOT TaKas OKPECTHOCTh V TOYKM z W Takoe umcio a > 0,
970 B 9TON OKpectHOCTH f (y) > a. OOo3HaINM dYepes g§ HeIPePHIBHYIO
dysrnuio g>0 ¢ mocurenem B V m morasem, 910 p (g) = 0; B camom

fene, ecim ToXoxuTb b = | g]|, TO g<—Z—f, otkyna [ (g) <

b
<Lup=o

Mrepnoxerme 10. Hycme pw — mepa Ha 40KAALHO KOMNAKMHOM
npocmpancmee E; das écaroli nenpepuisnoii na E wucaosoli gynryuu g
Hocumenv mepu. g-p Aeanemca samuiranuem T mHONcecmea mouek
. Hocumeas S mepw W, 8 Komopux g (r) = 0.
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B camom jese, nycTs T09Ka 1, He npmEAIexut I'; TOrna HameT-
cA TaKas OTKPHTAsA OKPECTHOCTb V TOUKM Zj, 9TO B KayKJIOH TOUKE
w3 V (| S pyHKOuA g paBHEA BYIW; ecam gocuteab Gyarnunm | € &% (E)
npusapiesxut V, 10 fg obpamaerca B Bynb Ha S, u 3HaUuT (Opena. 8),
u (gf) = 0; umENMN ciaoBaMm, Cy:KeBUS g-) Ha V DPaBEO HYIDO.

Ob6parHO, DOpeAmOIOKHM, UTO CYMHEEWe g-J HA HEKOTOPYIO-
OTKPHTYIO OKPECTHOCTH W TOYKH Z, PABHO HYI, W DOKaMKEeM, UTO
He cymecreyeT HH opmo# toukm m3 W (| S, B mortopoir g =% 0.
B camom peae, ecam GH Taxad TOYKA Y CyWIECTBOBAja, TO OHA HMENa
OH copepsxamyioca B W HOMHOAKTHYIO OKpecTHOCTH U, B Kamiou
TOIKe r KoTopoi g (x) = 0; mo Torma mearyw ¢ymxuomio [ € &4 (E)
¢ HocuTejem B U MoskHO Baumcars B suge f = gh, rue & € % (E) nmeer
socurenb B U — W, crano 6urb, p (f) = p (gh) = 0, 4ro mpormBo-
pevur HameMy Ipegnoioesmio y € S.

Otmermm, uro T comep/XUTCHZ B IepecedeHAH HocaTeasd S MepH L
a Hocarenas (QYHKIHE g, HO He 00:A3aHO COBHAfaTh C 3THM Iepecede-
maeM. Hanpmmep, ecim E = R, p — Mepa, ompefieneHHasA IOCPeJCTBOM
macesl 1, pacnoso:kenEod B Towke O, mw ecadm g (z) = z, 1o g-p = 0,
X0TA nepeceleHne HocHTeael FiIsg g B |4 €eCTh TOYKa 0 H, 3HaYHUT, HE
nycro.

CaencrBuE. Jasa mozo umobsl mepa g-p 6vaa pasna 0, neobxodumo
u docmamouro, umobs Pywkyus g obpaujarace 6 HYad Ha HOCUMeELe

MEDBL L.

4. Mepovt ¢ KomnarmHulm Hocumeaem

ITrepnomerne 11. Hycmv E — A0kaivHo KOMNAKMHOE NPOCIPAH-
cmeo; ecau npocmpancmeo 6 (E) ecex Henpepuignvix na E uucaoswx
Pynryuli nHadeaeno monoaoeuell Komnarmmuoli crodumocmi, mo 04s
mozo, umobu mepa nHa E moeaa 6uimv npodosscena 00 HenpepvieHolt
auneiinoll gopmer na % (E), Heobrodumo u docmamouno, umobu ee
Hocumeasv Obvli KoMnarmew; mo20a npodordcernile eduUHCmEeHHO.

B camom piene, upocrpancrso o8 (E) ectody naomruo 8 € (E) B To10-
J0TYA KOMOAKTHOH CXOQMMOCTH, TaK KaK [AJf BCAKOIO KOMIAaKTHOTO
muEOecTBa A — E cymeciByer dpymxnma i € ¢¥ (E), pasnas 1 ma 4
(§ 2, memma 1); caemoBarensro, AuA moboit pyuxnuu f € € (E) pyER-
mua fh, upuramieskamasn ¥ (E), pasEa f sa 4. TaxuMm oGpasom, Bce
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CBOJIUTCA K TOMY, 9T00H BEIACHHTH, KOTJa U HenpepHBHaA Ha &F (E)

B TOHOJOIMNM KOMIOAKTHOH cxojumoctn. Ecmm 3to mMmeer MmecTo, TO

CYMeCTBYIOT TaKkoe KOMIAaKTHOe MHokecTBo K m Taxoe gucio a > 0,

aro | (l<a sué)llf ()] mna awGoit ¢ymxmmm f € ¢4 (E); ecan
x€EK

HOCHUTeNb QymKIMU g € ¢F (E) me mepecexaerca ¢ K, To p (g) =0,
9T0 MOKA3BBAeT, ITO HOCHTENb MepH W cojgepskurca B K. O6patmo,
OPEJIIONOKAM, 9TO HocuTedb S Mepu | KommakreH. Ilyerb g —
HempepuiBHOe oToOpaskeEne mpoctpancrsa E B [0, 11, nmeromee xom-
nmakTEHE Hocutenb H B paBHOe 1 B HEKOTODOM KOMIAKTHOU OKpECT-
mocTH MHOmecTBa S (§ 2, nemma 1). [usa seaxoit pysxumnm f € % (E)
dyurmas [ — fg pasHa HyNIO B HEKOTOPOl OKPECTHOCTH MHOKECTBA
K, u smasur, no oupepmenermio Hocutexs mMepu w, U (f) = p (fg)s
orciona |p (NI<Myllfgl|l<My Sélé) [f(z)|, dwro ® B3aBepmaer
X

JIOKa3aTeJbCTBO.
CJIEJICTBKE. Besaras MEPA ¢ KOMNAKMHBM HOCUINEAEM 02DAHUNEHA.

B camom pgene, MOCKOJBKY TaKasd Mepa HeHDPeDHBHA B TOMOJOIHH
KOMIIAKTHOM CXOJHMMOCTH, TO OHa Tem Oolee HenpepHeHa B Oojee
CANBHON TOMOJOIMH PABHOMEPHOH CXOTAMOCTM.

5. Toueunvte mepovt. Mepovt ¢ KOHEUHHIM HOCUTEALH

Meegnosxerne 12. Hyeme a; (1 <i<n) — pasasuunvle mouku
A0KAALHO KOmnarmmuozo npocmpancmea E. Bearas mepa na E, nocu-
meab KOMOPOU coOepICUMCS 6 MHONHCECTNée Modek Q;, €Cb AUHEUHAR
KOMOUHAYUA Mep &g, 1<ign).

B camom jieme, Takas Mepa p paBHA HyJIO g 060l GyEKIUE
f € & (E), ynosaerBopsiomeii n coorHomenusm [ (¢;) = 0 (upena. 8);
a TaKk Kak 3TV COOTHONIGHMS MOKHO 3ammcaTb B BHiE & (f) = 0,
TO | ABIseTcsa JMHEHHON KomGuEanued Mmep &,; (AareGpa, ra. II,
§ 4, teopema 1).

B wactEOCTH, BCAKAaA Mepa, HOCHTENb KOTOPOH CBOJHUTCH K OJ(HOM
TOYKE Z, IMEeeT BUJ G &y, I'Nle 0, — OTAMIHNE 0T HyId CKalApP; TaKyw
Mepy HAaSHBAWT MoueyHoll mepoii; 3HAINT, mobad Mepa ¢ KOHEYHHM
HOCHUTEJEeM ecThb CyMMa TOYedHHX Mep.

TeopEMa 1. Besakas mepa p HG 40KAABHO KOMNAKINHOM NPOCMDAH~
cmee E ssanemes wWUpPOKUM 3AEMEHRMOM NDUKOCHOECHUS 045 8eKMODHOZG
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RPOCIPAHCMEA MED € KOHEUHBM HOCUImMeaeM, COOePHCAUUMES 8 HocUme-
ae mepsl |

B camom jiene, sossmem KomeumHoe gImcixo PyErmui fp (1 <k<p)
u3 % (E) n obosEaunM gepes3 K KOMIAKTHOE MHOKECTBO, COepskaliee
gocumrenn Beex ¢yErRumit fp. Ilyets g — meupepmBHOe oroGpasxeHme
mpocrpamctsa E B [0, 1] ¢ xoMumakTHEIM HocmrTemem, pasHoe 1 Ha K

(§ 2, nemma 1). [Tpumernm aemmy 2 m3 § 2: gua awoGoro & > 0 cymie-
n

CTByeT TaKoe pasbmenme g = Y g; 0OTOGPa/KeHNA g HA 71 HeMPEPHBHEIX
i=1

orobpakernnii E B [0, 1], 9ro ecam x; — NpoH3BOJBHAA TOIKA HOCUTE-
aa $ymrmun g; (s 1 <i<<n), To nag aoboro r € £ BHNOIEAITCH
HEPABEHCTBA

b @)= 2 frla) g (@) |<eg @) mam A<k<p.

Orcioga canemyer, 910 jas 1<<k<p

n

(0= D hn@n @) <elnl (@)- (1)

Ho ecam mocurenp yHKmmuU g; He mepeceKaercd ¢ HocHTeJIeM S
MepH p, 10 P (g;)=0; ecan e mocuTenb PYHKNUY g; HMepeceraeTcs
¢ S, T0O MOKEHO BBATH Z;€S; mnomomumB v; = (g;) Bx;y MBL MOMEM

3amucarb coorHolmenus (1) B BHE

()= 2 vi(n) |<elnl(e) man 1<k<p,

9TO0 W JIOKasHBaeT TeopeMy, mb0 & IPOUBBOJNBHO.

Ecam p>0, 1o v; >0 (1 <i<n); cregoBaTesbHO:

Caegcreue 1. Bearas noaoxcumeavnas mepa W Ha E seasemces
ULUDORUM SAEMEHMOM NPUKOCHOBEHUA OAf 6HRYKAL020 KOHYCA NOAONCU-
MEALHBL MED C KOHEUHBLM HOCUMEAEM, COOCPHCAUWPUMCS 6 Hocumene
Mepbl .

Caencreme 2. Beakas ozpanuuennas mepa | ecmb WUDOKUL ade-
MEHM NPUKOCHOBCHUS O BRNYKA020 MHONCCCTNBA MED € KOHEYHBM HOCU-
meaenm, CoOepHCAUUMES 8 HOCUMeEne MEDB [, U UMCIOWUT HODMY, He
npesocxodswyo || u .
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HeficteaTenbEo, B 0603HAYCHNAX, BBEJIEHHLX npn JI0Ka3aTelbCTRe

reopem 1, mmeem ||vi||=|p(g:)|, orryma l| vlll 21||WH=

= ZIn @) I<[plE)<Inl, rax xax [[g]|<1

aMewansnd 1) IIycre C — MHOMKECTBO MepP vV € KOHEUHHM
HOCHTeJIeM, COfleDKamluMCs B HOCHTeJe MepH [, W Takdax, 9To || v || <
< lipll. Kormza v crpemmresa K p, octaBasgch B €, T0 lm  ||v ||>

V>, VEC

> |l p |l, mocronbky $yHEKIuUA v —|| ~ || HonyHEDpepHBLA CHE3Y B MIHpO-
koit tomosormm (§ 2, mpema. 10). Ho rar wrak {|[v || < |lp |l mna v € C,
To0 || v || cmpemumea x || p ||, Korma v cTpeMATes K [, ocTaBadgch B C.

2) Teopemy 1 ¢ ee caegCTBEAAME MOKHO TaKyKe DOJYYATH, IPHMeHSA
Teopuio aBoiicrsenHOoctH (Tom. BekT. mp-Ba, ria. IV). B camom fene, mpo-
crpaHcTBa o (E) B ofl (E) npueodamces e deoiicmsennocmds OHAMHEHHOM

dopmoit (f, u) = S f du, n mMEpOKas TOHOJOTHA eCcTh He 9TO MHOE, KAK

COOTBETCTBYIOmAan caaGaa Tomosoras O (ol (E), &% (E)). OGosHaumm
9epe3 V BeKTOpHOE MOXIpPOCTPAHCTBO HpocTpamcTBa off (£), HOPOMKIeH-
HOe MepaMH &;, TAe ¢ npoferaer HOCHTeNh S MepDH pi; 9To0H HOKAa3aTh,
9TO |i eCTh MIHPOKHH 3JeMeHT NPHKOCHOBEHHA fAJA V, HOCTATOYHO IIOKa-
3aTh, 9TO |I OPTOrOHaJbHA X HMOAHOpOCTpaHcTsy V° mpocrparcTsBa % (E),
oproroHajbHOMYy K V, To ecth ur0o coorHomeHua (f, &) = 0 (rme a —
OpOM3BOJABHKI 3JeMeHT 3 S) Baexyr {(f, p) = 0; HO 3TO ne 9TO HMHOe,
Kak npeanosxenne 8. TogHO Tak jxe, ecad P ecTb BHIYKJBIH KOHYC € Bep-
muHoil 0, HOpOKAEeHENIA MepaMH &,, TO AJA JIOKa3aTeJbCTBa CaelcTBAA 1
HOCTATOYHO YCTAHOBHTH, 4TO NOJOKHTENbHAafg Mepa W UpHHAJNEKRHT
KOHYCY, HOJAPHOMY KOHycy H3 &% (F), moiaApHOMY K KOHycY P, To ects
qro cootHomeruAa (f, &,) > 0 (masa nwboro a € S) Baeryr (f, p) )

3TO BHITEKaeT W3 CJAEJCTBHA NPeJIOKeHHS 8§, Tak KaK IOJOMKATE]IbHAf,
HenpephiBHas HA S QyHKnHA, COTIACHO TeopeMe Y PHICOHA, MOMeT OHITDH
IPOXO/IKEHA [0 HeNpPePRBHOCTH [0 HOJOMUTeAbHOH (YHKINH, IpHHAIe-
swameit 97 (£). Ilycre, HakoHen, A — BHIYKIOe CAMMETDHYHOE MHOMKE-
¢TBO, HOpOMIAeHHOe Mepamum || W |[-&,, TRe a mpoberaer S; caefcrBme 2
Gyner ycTaHOBJAeHO, ecad IIOKasaTh, 49TO [ OPHHANJIEKAT HOAApe no:m—

pu A° muoskectBa A, TO ecTh uro cootHomenua | {f, &) |<< ” i

(naa aoboro a € 8) Baeryr [(f, p)| < 1; 3T0 TaKKe ABIAETICA Clef-
CTBHEM NPEAJI0KeHNA § W TeopeMH Y PHICOHA.

TeopEmMA 2. Ilycmbs | — Mepa HA AOKAALHO KOMNAKMHOM NDO-
cmpancmee E. Jlas mozo0 umobsl mouka Ty NpUnAdieicasn Hocumeno
MepyH [, He06xodumo u focmamouKo, umobv MOLeHHAS MePa €., Oblid
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UWLUPOKUM AEMEHMOM NPUKOCHOBEHUS MHONCECMER Mmep g+, 2de § npo-
besaem MHONCECTLE0 HENPEDPBIGHBLE PYHKYUL ¢ KOMRAKMHBLM HOCUMEeLeM,
Oan womopux || g-p || < 1.

JlocTaTouHocTh OYEBHHA Ha OCHOBAHWE uIpefiokenwms 6. laa
moKasaTenbcTBa HEOOXOMEMOCTH PACCMOTDAM KOHETHOE IWCI0 (yHEH-
mait fp (1<k<n) us ¢ (E) uw upomssoabHOe dmcao O > 0; pmocra-
TOYHO IIOKa3aTh, YTO cymecTByeT QyHRNuA g € % (K), ymoBaerso-
paomas  yerosmaM [l g-p ll<1 m | fy (@) — p (gfn) <8 pas
1<k<n Iyers U — TaKkas OTHOCHTEAbHO KOMIAKTHASA OTKDHTAA
OKDECTHOCTh TOUKH Ij, Ha KOTOpoil KosefaHme KaKgod (YHKITR

fr 1 < k< n) HE TpEBOCXOMUT % Tak KaK xy IpUHALIEKAT HOCHTE-

JI0 MepPH [, TO CYINECTByeT Takas QymKnms g, € ¢F (E), 410 ee HOCH-
teab conepskutest B U m 49T0 p (go) = 0; Mepa v = g,- He paBHA
HYyJI0, MOCKOABKY ee Hocuteab copepskures B U m gaa moboit GpyHk-
mn f €% (E), pasaoirt 1 Ha U, v(f)=p(go) #+ 0. Hpome toro, v
OTPaHMYeHA (CAeJCTBHE M3 IpeaoskeHns 11); TOMHOKEB g, Ha CKalAp,
MOKHO IPHHATH, 910 || v ||=1. B Taxom cayuae mia 1 <k<n n gaa
atoGoit Gyrenmn k€ &% (E) (momomEnB ap = f (r,)) MOKHO HAIHCATH
fa (o) = v (frh) = 0n (1 —v (R)) + v ((0n — ) R)-

Tak Kak HOCHTeAb MepH v UpHHALIKAUT U, TO MOKHO OTOMK{e-
cTBATH v ¢ ee cy:kemmeM Ha U; Torpa ms mpepmoioskeHms ||v|[=1
caepyer, 4T0 CcymecTByer TaKasg ¢yHKnma hCF (E) ¢ Hocmremem

B U, gro ||k||<1 & Iak(l—v(h))[<% gaa 1 <<k < n. Bcaxy onpe-
menenns oupectHoctHm U gas awboro x €U BHIONHSETCH HEpPAaBeH-

cTBO | (otp — fr (X)) (x)]g%; a TaKk Kak |[v||=1 w Hocuremb MEpH v

copepsrutest B U, 10 |v (00 — fr) ) | <% , B CIeOBAaTeAbHO, HOJOKHB
g = goh, ToNy49EM
[fr(@o) —p(gfr) | <6 ma 1<k<n.
ITO [OKA3HBAET TEOPEMY, MOCKOJBKY
lg-wll=l(goh)-nll<Ilgo-n|l=1.

Caepcreme. ITycmv p — mepa na E. J[as mozo umobv. mepa v
OBAa WU POKUM IAEMEHMOM NRPUKOCHOBeHUS MmodYas (Had & (E) ), obpa-
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306aHH020 Mepamu g-W, 20e g npobezaem &% (E), Heobrodumo u docma-
MOUHO, UMOOE HOCUMEAd Mepbl V COOeDHCAACA 6 HOCUMmeLe MePH L.

B camom peme, HocHTEnb g-p COAEPIKHTCA B HOCHTEIE Me-
par p (mpemn. 10), m sHauwmr, 3TO BEepHO [uA HOCHTeas Ja060OTO
DIAPOKOTO Ipefiena Mep Bupa g-p (upepm. 6). OGparHO, ecam HOCH-
TEJIb MEPH Vv COLePKATCA B HOCHTEJe MeDHl |1, TO Vv eCTh MUpPOKHMii mpe-
Jea Mep ¢ KOHEYHHM HOCHTENeM, COfeDyRaIllmMCA B HOCHTEJE MepH
p (teopema 1), m, caefoBaTeabHO, HA OCHOBAHWU TEOPEMH 2 eCTh DIW-
POKHiT BIEeMeHT IPHKOCHOBEHWS MOAYIA Mep g-[.

6. Jucrpemnvie mepvl

ITrEgnOKERRE 13. 48 mo2o umobb mepa P HA L0KALLHO KOMRAKMHOM
npocmpancmee E 6viaa duckpemnoti mepoil (§ 2, n° 2, mpumep 1), neob-
z00uMo u docmamouro, 4mobsl ee HOCUMELDb Oblt JUCKDEMHBIM 3AMKHY-
mulm nodnpocmpancmeom npocmparcmea E.

IIycrs p — pmckperHas Mmepa Ha FE, ompejeneHHAA NpPH HOMOINH
Mace A (), pacmONOKeHHHX B TOYKAX & JUCKPETHOIO0 BaMKHYTOYO
nomupocTpadersa [N mpocTpaHerBa F; DOKaskeM, YTO HOCHTENb MEDH
p cosmagaer ¢ N. B camoM gmexe, iis BCAKo# TOUKH @ € N m gia nio-
6ol oxpectHoCcTH V TOouUKM @ Haiigerca pymKmuma f € ¢F (£) ¢ HOCcHTe-
dem B V, pasaasa 1 B touke ¢ m 0 B ocTanbHHX TOYKAxXx m3 NV; oTcofa
u (f) = h (@) 5= 0. Ecan, manporms, b ¢ N, 10 HailieTca OKPECTHOCTD
W toukm b, He mMmenlnas HE OfHOM o0meit Toukm ¢ N; Torga masa
nro6oit ¢yERmEE g € ¢% (E) ¢ HocwremeM B W BHIIOAHAETCS PaBEHCTBO
p(g) =0, noxasuBajomee, 4To b He NPWHAJIEIKAT HOCH-
TENI0 MEPH L.

OGpaTHO, TyCTh [L — Mepa, HOCHTeJb KOTOPOil ABIAETCA JHCKpeT-
HEIM 3aMKHYTHIM moguopocTpaEcTBOoM N mpocrpaHcTBa E. Jlas moboit
qourE @ € N cymectByeT OTKpHTAag OKPeCTHOCTh V, TOUKE a, He
cofiepkaliast HE OJHOH TOUKE m3 [V, OTAMYHOH OT 4; CIegoBaTeJbHO,
cyeHEe MePH p Ha V, ecTh TodeuHaA Mepa ¢ HocuresaeM {a} (mpepr. 5)
u, sHaunT (npepa. 12), mmeer Bug A (@) &4, v A (@) == 0. Ecan momno-
wuth h (2) = 0 B roukax u8 CN m 0003HaYWTE Tepe3 v Mepy, ompe-
IeJCeHHYIO IIPH OMOINW Mace 4 (), TO Ha OCHOBaHWE IPHEIHAINA J0Ka-
IuM3aWA HOXyIaeM, IT0 [ = V.
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Takmm o6pasom, MH CHOBA OPHMJAH K BHBOXY, 9TO HA AWCKpeT-
HoM mpocrpaHcTBe E BesAKas Mepa gamckperHa (§ 2, n° 2, mpmmep 1).

Yopamuaernnsn 1) Ilokasars, wro ecmm P — raxoit ¢mastp
B off (E), 4TO HOCHTENb MEDPH U OeCKOoHedHO yAaasercsa mo @, To | CHIBHO
cxomutea kK 0 mo .

2) IToxazaTh, 9TO MHOKeCTBO Mep ¢ KOMIAKTHEIM HOCHTEJEM BCIOLY
IXOTHO B IPOCTPAaHCTBe off! (E) Mep, OTPAaHMYCHHHX B YJALTPACHABHON
TONOJIOTHH.

3) Iyers E — mutepBax [0, 1] us R. Horasats, uto B o/ (E) pac-
crostame oT MepH Jlefera jo A000it MECKPeTHON MepH He MeHbOe 1.

%) Iycts E — n0KanbHO KOMOAKTHOE MPOCTPAHCTBO, ONpeAeleHHO®
B yop. 3 § 2. IToxasars, uro BcAKasA Mepa Ha K mMeeT KOMIAKTHHIA HOCH-
TeJb (3aMeTHTh, 4TO eCIH g — KOHeYHas Bo3pacralomas umcjaoBasg QyHK-
1uasa Ha £, To HaliteTca Taxkad TOuKa zy € F, YTO g NOCTOSHHA JUIA T > Zy;
3a/(aB NOJOKATENLHYIO Mepy | Ha E, IpAMEeHATH 370 3aMevaHne K YHRnuA
g () = W (fx), e fr ecTb ¢yHKums, paBHasg {1 Aada y < = # paBHas 0
g y > x).

°5) IIycrs A — HecueTHoe MHoO;KecTBo. B MHomkecTBe P (4) pac-
cmorpuM otHomeHme «X [} CY m Y ()} CX cueTHR»; DOKazarh, 4TO 3T0
€CTh OTHOINeHWEe SKBHBAJEHTHOCTH, COTJACYIOMeecs C OTHOIIEHMEeM BKJIIO-
vemma X — Y. Iycrs B — Qaxrop-MHOecTBo MHOKectBa P (4) mo
5TOMY OTHOIICHHIO SKBHBAJEHTHOCTH; IOKasaTh, 4TO B B OTHOIIeHWe,
DoiygeHHOoe (aKTOpmsanmell W3 OTHONIEHHS BKJIOYeOHs, eCTh OTHONIEHW®
mopsagKa, mas Koroporo B ecrs GyaeBa pemerxa (Teop. mH., ra. III).
Uzsecrso (O6mas rou., ta. I, 2-e mam., § 4, ymp. 13), 410 CymecTByer
n3oMOpPPH3M CTPYKTYPH WOPSAKAa MHOKecTBa B Ha 0yieBy peImerky,
COCTOAMMYI0 M3 ONHOBPEMEHHO OTKDHITHIX M B3aMKHYTHIX NOAMHOMKeCTB
KOMIAKTHOTO BIOJHE HeCBa3HOro npocrpaHcrBa E. IToxkasarts, uTo ecam
U — HemycToe OTKDHTOe MHOMECTBO m3 E, To cymecTByeT HeCYeTHOe
ceMeliCTBO HeNYCTHIX OTKDHITHIX NOAMHOMeCTB V, MHOxecTBa U momapHoO
Gezs ofmux ToweK (HCHOAB30BaTh TOT (JaKT, 4TO HeCUeTHOE MHOKECTBO
momycKaeT HecueTHOe pa3bueHHme Ha HeCUeTHBle IOAMHO;KecTBa). BhiBecTHm
OTCIOfA, YTO BCAKAasA Mepa Ha £ HMeeT Huzde He naomiubi HOCHTENb.

§ 4. Unrerpansi OT HENpepBIBHBIX BeKTOP-QyHKINi

1. OnpedeaeHue unmespara om HenpepveHoU
GEeRMOP-PYHKUUU

Ilyets £ — noraabHO KOMIAKTHOe IPOCTPAHCTBO, U — Mepa Ha
E u F — omdeaumoe nokaavho ebvinykace npocmpancmso Had R.
Bynem wepes F’' ofosmavarh conpadcennoe K F mpocTpamcTso (mpo-
CTPAHCTBO HEeNPePHBHHX JWHeHHHX gopm Ha F), gepes F'* — anze-
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6paunecroe conpaicennoe K F’' npocTpaHCTBO (EPOCTPAHCTBO BCEX
auHeHHNX dopMm Ha F’); F MOMHO KAaHOHWYECKH OTOKAECTBUTH (KaK
BEKTOPHOE, a HEe KaK TONOJOrmYecKoe IPOCTPAHCTBO) ¢ IOAMPOCTPAH-
C¢TBOM ITpocTpaHcTBa F'*, OTOMIECTBHB KasKguil Bextop z € F
¢ amHeliHOK opmoit z' — (z, z’) ma F’' (Ton. BerT. mp-sa, ra. IV).

Ilycrs f — menpepuiBraOE 0TOOGpasKerHne K B F ¢ KOMIAKTHEIM HOCH-
reaem. [las maioboro z'€F' uucnosas gpyarumsa x — (& (z), z’) Henpe-
PHBHA Ha £ W mMeeT KOMIAKTHEIA HOCHTENb; HOJOKAM

’ 7
o )=\ (@), 2)dp (2).
flcro, 9to @ ecTs auHeiiHas ¢opma Ha F' m, BHAUHT, ABISAEICA
saemenmosm npocmparcmea F'*, KOTOPHI Ha3HBAETCH UHMEE PAAOM
g
om f ommnocumeavno p 1 obosuagaerca p (f), ‘\fdpt iy Sf(x) dp (x);

CJexoBaTeabHO, IIO ONpeIeaeHn I
St@au), )= d@, 2)dn@ (1)

nasg moboro z' € F’. Ouesugmo, (f, p)——agfdpt ecTh OHIMHEHOe

oTo0paskeRne mpomspefieHNA &%y (E) X o (E) B F'*; B 4acTHOCTH,

S £ dp = S f dut — g f dy.
OrmernM, 4ro ecam f paBHa Hym:i0 Ha Hochresne MepPH W, To HopMy-

aa (1) moxasniBaer, 9TO S fdp=0.

Mm Gygem paccmatrpmsath B F'¥ caabyio monoaceuro ¢ (F'*, F')
(Tomosormio npocToil cxopmMmocTh B F’); 9TAa TONOJOTMA MHIYIHPYeET
B F caabyio Tomonorumio ¢ (F, F’), acconmmpoBaHHYIO ¢ TOIOJOTHel,
BajanHod B F.

[eemnomerne 1. ITyems £ — nenpepusnoe omobpascenue E ¢ F
¢ komnaxmmolm Hocumesem K. ITycmov h — Henpepuignoe omoGpacenue
E 6 {0, 1] ¢ xomnaxmuwm nocumesen, pashoe 1 na K, u nyemv C —
c1ab0 saMEHyMas sunyrias obosoura muoxcecmen f (E) ¢ F'*. Toz20a

a5 410601 nososcumesvrol mepvi U Ha E unmespan g f dy npunadae-

wcum eunyraomy muoxcecmey P(h)C us F'*,
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B camom geae, C ects nepecedenne caabo 3aMKHYTHX B £'* momy-
npocTpaHcTs, cogepykamux f (E) (caegosateabuo, p (h) C ectb mepe-
cedeHAe HONYIPOCTPAHCTB, TOMOTETHIHHX BTHM TOJYIPOCTPAHCTBAM
¢ xospdunmerrom p (k)). Paccmorpum cna6o B3aMKHYTOE MOJYIIPO-
crpaEcrBo V B F'*; 510 MHOmecTBO Tarux z € F'*, uro (z, 7 )>a
ANA_HeKOTOPOTo 3a/[aHHOTO 3ieMeHTa z2' € F' 1 d)nxcnponaﬂﬂoro meii-
creuTenbHOro o. Eeam V copepwmr f (E), 1o { (z), 2') >« }"_{JIH
aoboro = € E, m caegoBarenbHo, B cuny paseHctsa fh = f

f(x), zy=U () h(2), 2)Y=h(z){ (x), ) > ah (2)

naa nwoboro z€ E. Orciona BHBOAHAM, ¥TO

| @), 2 dp(@)>a { n@dp ),

IIOCKOJIbKY Mepa | IIOJOKHTENbHA; 3TO HEPAaBEHCTBO 3alINCHIBACTCA

B BHE <S f dy, z’>>o¢p, (h), 4eM M HOKA3aHO HpeJJIOKeHume,

Orcofa ME BHIBEJEM, 9T0 IPH BHIIOJHEHHHA HEKOTODHIX YCJIOBHIl
HMHTErpaa S f dy npunadresmcum F, a Be Tonbko F’'*. Boxee TodHO,

CIIPaBEJIIABO

Ipepnomenne 2, Hycms F — omdeaumoe A0KaAAbHO 8HINYKAOE NPO-
cmpancmeo Had R, ydossemeopswwee caedywoweli akcuone:

(EC) 3amrnymas ewnyraas obotouka ¢ F aw6020 Komnaxmmozo
MHOHCecmen us F romnaxmua.

Toz0a unmespar om aw0bo20 HenpepvisHo20 0mMOGPANCEHUSL NPO-
cmpancmea E ¢ F ¢ xomnaxmuym Hocumerem npunadaexcum F.

MoskBEO OrpaHMYHUTHCA PACCMOTPEHHEM CAYIas, KOrfa Mepa II0Jo-
xuareabaa. [lycts f — $yaRnua w3 45 (E) ¢ KOMOAKTHHM HOCUTEAEM
K, muosxecrso f (K) xomnakreo B F u f (E) pasHo f (K) wam o6benn-
mermio f (K) u {0} m, spauur, To3ke KommarrHO. IlycTh A — 3aMKHY-
TafA BHIOYKIag 00010uka MHOkecTBa f (E) B F, KoMmaktHAg Ha 0CHOBA-
muu axchomiel (EC). Tak kak cnaGas romomormst ¢ (F, F') apugercsa
MeHee CHIBLHOM, 4eM tounonaorma B F, 10 A Takke cinafo KOMIAKTHO
u TeM Gomee caabo samrHymo ¢ F'* m, crano GHTH, TOMIECTBEHHO
crabo 3aMKHYTOH BhIIyKioit ofomouke C wmHomectBa f (E) B F'*;
TaknM o06pasoM, NPeHIoMKeHWe cjaegyeT M3 mpemioenus 1.

HocrtaTouHo OBIO OH HPEQNOJOKHTH, ITO BAMKHYTAs BEIYKIAA
o6osouxa B F n1060ro KOMNaKTHOrO MHOmKecTBa M3 F caabo xomnaxmua.

IloMrMo 5TOTO MH [OKa3aiaH TaKoe
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CaeperBrE. Iycmb W — 02DAHUYCHHASL ROAONCUMEALHASL MEDQ
na E. Ecau A — samknymoe eunyraoe mhoscecmeo us F u f (E) < A,

mo { fdp € lInl| 4.

3damMeganwns 1) lssecrro (Tonm. Berr. mp-Ba, ra. II, §4),
49T0 BAMKHYTAfd BHIYKIAaA 000J09Ka KOMIIAKTHOTO ITOJMHOMKECTBA
JOKANbHO BHITYKJIOr0 HOPOCTPancTBa F Beerga ectb npedkomnarmioe
MHOKECTBO (Jaf PAaBHOMEDHOH CTPYKTYDPH, WHIYIHPOBAHHON CTPYK-
typoit m3 F); torma axcmoMa (EC) paBHOCHIbHA TOMY YTBED:KIEHHUIO,
970 3aMKHyTas BHIOYKIAaA 0060M0YKA KOMIAKTHOTO MHOKecTBa m3 F
€CTh NoAH0e TOAIPOCTPAHCTBO HpocTpaHeTBa F. YcaoBue, 9To caMo F
eCTh ROAHOEe RPOCMPAHCME0, HNOCTATOYHO JJid 3TOro, HO OHO He
apaserca HeoOxommMbuM. Haopmmep, IpOCTPAaHCTBO, CORPANCEHHOE
K 0aHaxoBy NPOCTPAHCTBY © HajedeHHoe caaboll Tomodormei,
ymosnersopsier axkcmome (EC) (Tom. Bexr. mp-a, ra. IV); arto ke
BePHO s mpoctpancTBa o (E) Mep Ha J0KaJbHO KOMIAKTHOM IIPO-
CTpAaHCTBE, HAJEJCHHOIO ITHPOKON TOHOJOrmeH § 2, opema. 9).

Ecim E=R, p ecrp mepa Jlebera ma R m F ecTb 6anazxoso

npocmpancmeo Haj R, To wunmrerpan Sfdp, or ¢ymxgmm m3 4 g (R)
+o0

mpepcraBiser cofoifl He 410 HHOe, Kak HHTerpal g f (z) dz, ompene-
—_—00

nennslit B «OYHEKOAAX medcTB. mepeM.», T II, § 3; aro caenyer m3 mome-

menHol Bume QopMyast (1) m m3 dopmymst (10) B «PyHREEAX pelicTB.

mepem.», ri. II, § 1.

2) MoryT cymecTBOBaTh HempepuBHHE oToGpaskeHNsa f mpocrpan-
ctea E B F, HOCHTEnbh KOTODHIX HO KOMMAKTEeH, HO KOTOPHE 06mafaior
TeM CBOMCTBOM, 4TO Aas jgioGoro z' € F’ HempepeBHas YHCIOBaA
¢yaxumsa = — (f (z), z') EMeeT KOMOAKTHHIT HOCHTENb.

Hanpumep, ecan F ects mpocTpaHCcTBO off (E) Mep Ba E, HagexeHHOe
NIAPOKO# TomoJaormei, To COUpsyKeHHOe K F mpocTpaHCTBO F’ coBmajaer
¢ & (E) (Tom. Bekr. up-Ba, ra. 1V). OroGpaskenne z — &, IpocrpaH-
crBa E B F HenpepuBHO (§ 2, mpema. 6), HO ero HocaTeds He OyHeT KOM-
DaKTHHM B caydae HeKOMHAakTHOro E; onHako AXs X0GoH QyHKAH
f € & (E) menpepuBHas 4ucioBas QyHKuma z — (f, ex) = f () uMeer
KOMIAKTHHH HOCHTEIb.

OGosnauum gepes ¢4 (E) BeKTOpHOE IPOCTPAHCTBO, 06 pas3oBaHHOE
sTAMHA QYHKIUAME; TOTTA W3I0KeHHOE BHINE oIpefencHWe WHTeTpaja
ecTecTBeHHHM 00pasoM NpmMeHdAeTcs K QyHKnuAM u3 oFp (E).

7 M. Bypb6aru
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Temepb MPeAION0MKUM, YTO F YHOBITBOPSLT ClAeAyIOMENd aKcHoMe:
(EC,) Bcakoe 02paHuueHHOe 3aMKRYMOE GUMRYKAOE MHOICECME0
¢ F caabo noano.

OTMeTHM, 4TO BCAKOE OTPAHMYEHHOEe MHOMKCCTBO B F caabo npedrom-
naxmno (Toll. BekT. mp-pa, . 1V); caeposarensvro, axcuoma (EC,) osma-
qaeT Tarie, YTO BCAKOE OTPAHHUYCHHOE cna5o 3aMKHYTOE MHOMECTBO B F
caabo komnakmuo, TO ecTh 4T0 F noaypedpaexcusno (Tom Bexr. up-Ba,
Pes., § 6, n°15).
[Moraskem, €Yro mnpm BTHX VCIOBUAX [JAA BCAKOH QPyHKIUHU
f € &% (E) murerpan S f dp cnosa npumadaexmcum F. B camom pexe,

J0Ka3aTeabCTBO LPEIIOKEHAA 2 IPese BCEro faeT BO3MOYKHOCTH
BAKII0YATH, 9T0 WHTErpaa or nioboil ¢ymknum ws o4, (E) upwnagmie-
mutr F. Torga paccmorpmM duasrpymomeecs (0 OTHOIIGHHIO < )
Muoskectso @ tarkux ¢yaruui k € &F (E), uro 0 <h < 1; gaa BecAKoi
¢yarnum £ € ' (E) u a060it Touru z’ € F’ Haiigeres ¢pyaxnus g € D,
paseas 1 ma Hocurene pyurumn r—> ({ (2), ') (§ 2, nemma 1); orcioga
oA Besiwoll ¢yHKmuu A € @, ygoBaersopAoImelr ycnosuio k> g,
nonyuaeM

<S fhdp, z’>: S (fh, ') dp = S (f, z’)dp=<g fdp, z'>.
3TUM ycTaHOBIEHO, 4To B F'* mMHTerpai S fh dp crpemutes crabo

K S fdp mo ¢unprpyromemycs mMuomecrsy @. Ho pgis aoboro € @

n awboro z’ € F' umeem
[<§ i, 23| =| Fact wy dp|< (16 2 |aful

9T0 JOKa3EBAeT OTPAHMYEHHOCTH MHOKECTBA TOYEK th dp ws F
(Tom. Bekt. mp-Ba, ra. IV); rorma awcmoma (EC,) mokasmBaer, 4ro
S f dp opumagnessur F (cp. ria. V).

Hanpmmep, upoctpanctBo off (E) Mep uHa E, HajelJeHHOe NIHPOKOH
Tomosoruel, ymosaersopser akcuoMe (ECy) (§ 2, mpepa. 9). 3mawmr,

JIS BCAKOH MepH | Ha E MHTerpan S ex du (z) npuuajgnemwnr o/ (E);

HO, 0 oUpefeleHHio, nia Jdoboi yrKunm | € A (E)

@)= eman@={ rau,
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OTKYHa BHITEK3eT COOTHOIICHIEe

b= S ex dpt () )

nas Joboit Mepsr | Ha E,

2. Ceolicmea unmesparad om HenpepuieNoil
sexMopP-PYHEUUU

Omcwda u do kKonya samoeo napaepaga F 6ydem o6osnanams omde-
AUMOE AOKAAbHOE GWNYKAOE NPOCMPAHCME0, YJoeiemeopaioujee AKCUO-

xe (EC).

IIregnosennk 3. Jaa awboti gynryuu £ us 85 (E) u 4060l Henpe-
PulgHOLL Ha F noiyHopmul q cnpagediugo HepaseHcmeo

a(§tan)<famalnl (3)

B camom pgene, mo Teopeme Xama— Bamaxa MHOMKECTBO TexX zZ(C F,
AT KOTOPHIX ¢ (z) << 1, MOKeT OHTH OIPeJeIeHO KAK MHOMKECTBO TOUEK,
VZOBIETBODAKINMUX CHCTEMe HEPABEHCTB Bupa |(z, a;)|<<a, (LE€I),
rae (a,)— HEKOTOpOe ceMeiicTBO TOUeK m3 F u (o) — HEKOTOpOe ceMeii-
CTBO TOJOKUTENBHEX YHCEN; IPH 3TOM COOTHOIeHWA (Z, a,)=0 gaa

moboro  siaekyT g (z) =0. Torga gna awboro x ¢ E m 11060r0 HEAEK-
ca L uMeeM

l (f (), a,) l <oug (f (x)),
OTKYy A

| § ) du| < § gt @il

TO €CTb

<5 s 0> <on (@ alnl @

Orcropa ciepyer, 4ro ecim g q(f(x))d|{p|=0, To q(g fdp)-——O;
ecuu IKe S q(f(x))d|p|=~=0, o, pasmenus obe gacru HepaseHCTBA (4)

ANA KKIOTO WHEKca | Ha 3 g (f(z))d|n|, monydum Ha OCHOBAHWH

BEITIEH3JI0KEHHOTO HEPABEHCTBO (3).

T*
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Teorema 1. Omo6paocenue f-— S f dp npocmpancmea %5 (E) ¢ F
ecmy  eQuHcmMEeHHoe AuHeliHoe omob padcenue, yodossemeopaioujee cae-
Oyrowum 0sym ycaoeuam:

a) [as awbozo0 nocmoannoeo eekmopa a€F u 0aa scaroll wucao-
eoli ynryuu g€ ot (E) evnoansemen pageHcmeo

g agdp,za-g g dp.

b) Hdaa awbozo komnarmnozo mroxcecmea K us E cyomcenue auneti-
Ho2o omo6 padwcenus f— S fdu na npocmpancmeo &% (E, K) nenpe-
pueHux omo6 pascenuti npocmpancmea E ¢ F ¢ kKomnarkmuulm HOCU-

meaem & K Henpephsno € monososuu pasHoOMEPHOU cTOOUMOCTU.

B camom meme, m ompefeneHHIO

<S ag dp, Z’>= S (ag, z')dp= Sg<a, z') dp = (a, z’) S g dp=

= <a S g du, z'> naa moboro z' € F’,
4eM YCTAHOBJIEHO YTBePIKueHWE a); ¢ Apyroil CTODOHH, HpeIoKe-
HEe 3 IIOKa3hHBaeT, dYTO Sfdu yaopxeTBopAer ycaosmio b). Ecam
o6osHaunTh uepes Hp(E) DOROPOCTPAHCTBO HPOCTPAHCTBA o p (K),

06pa3oBaHHOe JWHEHHHME KOMOMHAIMAMEA f= Y ayfp yExmmii us
)

&% (E) ¢ rosppunmeEramMmu m3 F, To BecAkoe JmHeiiHOe OTOOpaskeHHe
npocrpaHcTBa % r (E) B F, ynmosnersopsionlee yCJIOBHIO a), COBOATAET

Ha Hp(E) ¢ S fdy; opm sroMm, ecim K €CTh HpPOMBBONBHOE KOM-

maxtEOe MHOKecTBO m3 F m U — KOMODAKTHAA OKDPECTHOCTh MHOMKe-
crBa K, T0 BCAKoe HempepmiBHOe oTOOpaskeHHe mpoctpaHcTBa E B F
¢ HocmreneM B K Momer GHITH DPABHOMEPHO HpHOAHMKEHO QYHKITAAME
us Fp(E) ¢ mocuterem B U (§ 2, nemma 2), 4eM m 3aBepmaercs

JOKa3aTeIbhCTBO €J[HHCTBEHHEOCTH HHTerpajia S fdu.

[leegnomennE 4. ITycmy F u G— 0sa omOeaumbl A0KAALHO GLIRYK-
aux npocmpancmea, ydosaemsopawowuxr akcuome (EC), u nycme
U — Henpepriehoe aunelinoe omob pajcenue npocmpancmea F ¢ G. Tozda
dan 6ot gynryuu f us K p(E) cnpasedausa gopmyaa

wW({t@aw@)=ut@ . (5)
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B camoM pene, ecim uepes ‘u o6o3EaUnTH OTOGpAKEHHWE, CONPA-
JMEHHOe K u, T0 mpu awboM z' € G’ O6yAyT BHOOTHATHCA DaBEHCTBA

Ca(ftan), 2>={tam @)= u@)du=
= S (u(f), z") dp-——<g u (f) dp, z'> ,
¥ IpejJoKeHne J0Ka3aHo.

IIpm 2TOM MOKA3aTENLCTBO NMOKA3HIBAaET, YTO S u (f) du nmpmmapJe-

HET G, name ecnm G He yposiaerBopser axcmome (EC).

Ilycts, B wuactmoctH, Fy; — BEKTOPHOe NOAIPOCTPAHCTBO Hpo-
crpaHcTBa F, Hafienennoe 6o4ee cuabHOl TOONOTHEl, Y6M Ta, KOTOPaA
HHIYOHPYETCS TOMOoJOrWel HpOoCTPaHCTBA F, W IPENION0KAM, 9T
B 3Toit Tomomormm F, cHoBa ymoBiaerBopsier akcmome (EC); morpa,
ecim f ects HenpepmrpmOoe orofpaxkenme K B Fy ¢ KOMIAKTHEIM HOCH-
Tenem, To f ABAAETCA TaKKe HEIPePHBHEM oToOpasenmeM E B F,
H ero WHTerpaj GymeT OJHMM ® TeM Ke, PacCMATpHBaTh jiu f DPWHH-
MampIneit 3HaYeRus B F, uawm B F; B caMoM fiesle, TOCTATOYHO IPAMEHHTH
Hpe[yioMeHre 4 K KaHOHWYeCKOMY oro0paskenmio Fy B F.

llpepnoxernE 5. Jan ecarod ¢ynryuu g uz G(E) u awboi
pynryun £ uz &y (E) unmeepasr om £ omuocumesvho meptt v=g-p

pasern S fg dp.
B camom gene, png awboro z' € F’' umeem

<S fdv, z’>: S (f, z’)dv:S (£, z"ygdp=

= K (g, z") du=<S fg dp, Z’>,
OTKya ;I caefyer Ipedjio;KeHHe.

Ileegnoxerne 6. Hycmv f — gynryus us &8y (E); omobpascenue

n — u (f) mroscecmea of 4 (E) monomxuTeabrux mep na E ¢ npocmpan-

cmeo F uenpepusno, ecau ofy (E) Hadeaeno wupowoti monosozuell.

IIpeskzme Bcero, HemocpeACTBeHHO M3 ONIpeleeHNA MHPOKOH TOIO-

J0TWH caepyer, UTo ecam I = 2 afr ecTb JWHeHHaa KoMOuUHa-
R

nusa QpyEEnmd us ¢4 (E) ¢ xosddmmumenTamMn w3 F, 1o oToOpamenme
p — pu (f) menmpepmBHO ma ecem npocrpascTBe o/ (E).
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O6osnaunm renepdb gepes f, npousBonbEyi0 GyHKIUI0 U3 oF p (E),
gepes K KOMOAKTHYI0O OKDECTHOCTL Hocurenss ¢ymrumu f, m wepes
o HONIOKUTENbHYI0 Mepy Ha E. Mur mokaseM, 4To cyHiecTByeT TaKas
oKpectHOCTE V' Mepsl Mg B o4 (E) (0OTHOCHTENBHO IUHPOKOH TONO-
JOTHH), 4T0 MHOKecTBO W cysmeHHil Wi Ha 87 (£, K) oroGpakennit
f—p(f), rme p umpoGeraer V, papHoCTENEHHO HELPEPHBHO (eCIH
#'r (E, K) nHafeneHO TONOJIOTHEH paBHOMEDHOH CXOXUMOCTH); TOTfa
B W ronoxorus npoctoit cxopmmocTy Ha MHOKecTBe S p (E, K) yHK-
muit w3 Hp (E) ¢ mocurenem B K Gyjer coBmajarh ¢ Touoljormei
npoctoit cxoguMocTn Ha 3ambikauum Sy (E, K) B &% (E, K) (O6masn
rom., ra. X, § 3, mpegu. 3); a nockonbky f, mpumHagIemKuT ITO-
My 3amukaHu© (§ 2, memma 2), 1o orofpakenme ux — p (f))
Oyner mempepwBEO Ha W B pTO#l TOmONOTHH, TO €CTh OTOOpasKeHHe
u — p (fp) mempepwmBHO Ha V B mmpoxoil Tomosormm.

Yrobu mOKasaTh, YTO MHOMKECTBO W DPAaBHOCTENEHHO HENPEPHBHO,
paccMOTpHUM HEIpepHBHOe oToGpaskenme k mpocrpamcrea E s [0, 1],
paBaoe 1 Ha K m mMewiee KOMIAKTHHH HOCHTeJNbL; B Kadectse V
BO3bMEM MHOJKECTBO TAKHX NOJOMHTENLHHX Mep wu, 4ro |u (h) —
— uo M|, Ecau f; u f, — pBe ¢ynrnun us &y (£, K), nisa
korophx ¢ (f; (x) — f5 (x)) <& npu nwdom z € E (Toe ¢ — HeIpPepHB-
Has moixymopma Ha E), To ma E Oyjier Tarxe CUPaBefJwBO HepaBeH-
ctBo g (f; (r) — f5 (x)) <eh (r); a Tak Kak BcAkasa mepa p € V noao-
JcumeabHa, TO U3 HTOTO HEpaBeHCTBAa BHBoOgUM (mpemi. J3), 9TO
g (p (f)) —p ) <ep (B) <<e (no (h) 4- 1), wro m 3aBepmaer ROKa-
3aTeABCTBO.

COBepUIeHHO AHAJOTHYHOE PpacCyKIeHHe DNoXKashnBaeT, 9TO 0T06pa—
HeHne g — (f) IIAPOKO HelpepPhIBHO HA nwodom o2paHuyeHHOM MHOMKE-
¢TBe npocrpancTea o/} (£). Hauporus, oroGpaskenne p — u (f) me 6yger,
BOOOIE TOBOPS, UIMPOKO HEUPEPHBHHM Ha BceM upocrpaHcrse off (E)
(yap. 2).

3. IIpuaoseHue: yeHMPsvl MANCECU

llyctb A — kKomnarkmmoe MHOMKECTBO B JOKAQJBHO BHIIYKIOM
upocrpanctee F, ypmominersopsitomem akcuome (EC); pus Besiroit
noaoxcumervroll mept w wa A ¢ obmell maccoill, papHo#t edurnuye,

TOYKA g x dp (X) us F HasHBaeTcs YeHMPOM madxcecmu HIA 6apu-

YeHmpom MHO}KeCTBA A OTHOCHTEJLHO MEDH i,
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Heemnosreune 7. Ecau umeemes Komnarmmuoe mHoxncecmeo ACF,
mo muoscecmeo G yewmpos mascecmu MmHONcecmea A OMHOCUMEALHO
8cex noaoxHcumesvHuT mep Ha A ¢ obwell Mmaccoil, paswol edu-

Huye, ecmv 3amkmymas (KOMRAEMHAR) 6unykaas 006040UKAd MHO-
acecmea A.

B camom pene, G ecth o6pas npm orTofpaskeHWHM p — S X dp (x)
MHOskecTBa M ounpeneseHHRX Ha A LONOKUTENBHHX Mep ¢ ofueit
Maccoli, paBHoir 1. Ilo orobpaskeEHme p — ? X dp (x) amHe#HO Ha

off (A) n Hempeprizao Ha H B mupoxo#t Tomosoruu (upeyi. 6); a tar
Kax [ sBisercss mepeceyeHWeM IMHPOKO B3aMKHYTOHl TIHIepILIOCKO-
cTH, onpenensdemoil ypaBHeEmeM p (1) = 1, W MUPOKO KOMIIAKTHOTO
BHIIYKJIOTO MHOKECTBA OTPAHWYEHHHKX Mep W, JJIst KoTopHX || p [[<1,
To H BHUYKIO W mupoko kKomumaktHo (cp. § 2, ciemctBue 2 u3
upepii. 9); orciofia caexyer, uTo G BHIOYKIO W KoMmakTHo B F u copmep-
wmur A (mocnegnee ouyeBMjyHO, W00 BCAKAs ToYKa X € A ecrTb LIGHTP
TSKECTH MHOKECTBA A OTHOCHTENBHO MEDH €y).

C apyroii CTODPOHEI, W3 CJENCTBUSA NPEIJioKeHusA 2 BHTEKAaeT, 4To
G copepsRUTCS B BAMKHYTOH BHIYKJIOH 000/09Ke MHOKectBa A, WTo
¥ JOKAa3HBaeT HPeJIO:KeHne.

Yupamwuenusa 1) Iycte F — runsGeproBo IPOCTPaHCTBO
¢ OPTOHOPMHEPOBAHHBIM cdeTHEIM (asmucoM (e,) (Tom. BexT. mp-ma, Tia. V),
u nycth Fy — ero BCIOAY NIOTHOE IOAIPOCTPAHCTRO, COCTOAINee M3 JTHHEH-
HBHIX KOMOWHaNuii KOHeYHOTO 9HCJIa BEKTOpa e,. Ilyers E — KoMmakTHOe

1
mopnpoctpanctee R, cocroamee m3 0 m Todex 7(n>1—uenoe);

. 1 .
nycTs p — Mepa Ha E, onpefiensemas Maccoft —; B Kampoi Tou-
n

1
Ke —-. Paccmorpum Hempepasunoe oroGpakernne f npocrpaucrsa E B Fy,

opu woropom f (0) =0, f(%):%’—l; OKasaTh, 9T0 WHTErpat S f dp

ne upHHATICKHT F).

°2) Myers upocrpauctsa £ m F u orobpamenne f ompenensiores,
Kak B ympaskdemmm 1; morasarh, 910 orodpamenme p — u (f) muome-
crBa o/t (E) B F ne 6yfer HeupepuBHEM B IMHPOKOIl TONMOJOTHN (II0KAa3aTh,
aro ecau g, (1 < k < n) cyTh n HenpephIBHLIX HA E 4uCIOBBIX QyHKIHI,

N
T0 Ha E cymecTByer TaKkas Mepa | ¢ KOHSIHEIM HOCHTENCM, 9T0 \ gpdp = 0

a1 << k< n, a HopMa S f dp i exoap yrogmo Beamka).
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3) Iycrs @ — ¢uupTp B mpocrpancrse off (E) mep ma E, obnagaio-
gl CHeNYIOMUM CBOKCTBOM: JJIA J000TO KOMIDAKTHOTO MHOKECTBa
K < E cymecrByor taxoe mMuoecrso M € @ m rtaxoe wucao agx > 0,
aro | p (f)l << ax | f || mus BeAKoit HenpepnBHOR awmcaoBoil $ymxiumm f
¢ HocuTeqem B K w pas mioGoit mepw p € M. Ilycts F — oTgeinmmoe
JIOKQJLHO BHIIYKJIO® KIPOCTPAHCTBO, yAOBIeTBopAwomee axcmome (EC),
H OycTh g — HexoTopasg O¢yHKnuA #m3 o4 (E). Ilokasars, aro ecam
¢uneTp O MEPOKO CXORUTCA K g, TO oroOpamkeHme p —> b {g) CXORUTCA
K Wo (g) mo ¢pmasrpy @. Iomyaure orcioa HOBOe HOKA3aTeNbCTBO IPE-
nowenud 6 (cp. § 2, yup. 5a)).

4) IIycts F — oTHennMoOe JOKAJbHO BHIOYKJIOE HPOCTPAHCTBO, YHOB-
Jaersopsawmee akcaoMe (EC), m mycts X — KOMOAKTHOE MHOMKECTBO H3 K.

a) Ilorasare, aTo ecim o4y (E, K) HameldeHO TONOJIOTHeil paBHO-
MePHOW cxommMocTH, a off (E) — cmubHoit Tomosormeir (§ 2, yup. 4),
10 orobpaenue (f, p) = p (f) npomssemenna #'r (E, K) X o/l (E)
8 F HenpephBHO.

b) Iloxasats, wuro ecuum &' (E, K) HapeieHO TOmOJOTHEdl paBHO-
MepHO# cxoguMocTH, a off (E) — Inpoxoil TomoJormeil, To oTOOpakenme
(f, u) > n (f) Benpepuisio Kak Ha 'y (E, K) X off (E), Tak u Ha
#Ap (E, K) X H, the H — UpOH3BOJLHO® OTPAHWYEeHHOS MHOMECTBO
us ol (E).

5) Hyers F — oTmenudMoe JOKAJIbHO BHIOYKJIOE NPOCTPAHCTEO, YHOB-
nerBopsomee axcuome (EC), m mycts 4 — Takoe MHOMecTBo H3 F, 9To
A |J {0} xommaxrthHOo. Iloxasarh, uTo woria p mpoleraeT MHOMKECTBO
HOJIOYKUTEJIBHEX Mep Ha JIOKaldbHO KOMOAKTHOM IIpOCTpaHcTBe A4 ¢ HOp-~

Moit <{ 1, To ofpas 2TOTO MHOMKECTBA LPH OTOGPAHEHHAN |1 —- S Xdp, X)

)CTh 3aMKHYTasg BunyKiasa obGosouxa muokectsa 4 |J {0} B F.

§ 5. IlpouzBepenna mep
1. IIpouszeedenue deyx mep

Teorema 1. IIyemo E u F — dsa 40Ka4bHO KOMRAKEMHWEL Npo-
cmpancmea, b — mepa wa E u p — mepa na F; na npoussedenuu
E X F cywecmsyem, u npumom moivko 00HA, maras Mmepa v, 4mo
Oas w060l Pynkyuu g € A& (E) u wawboil gynryun h € 5% (F)

fe@rwavey=({s@a@)({reawwm).

1) Eduncmeennocmos meptt v. OueBHIHO, HOCTATOYHO TIOKA3aTh,
970 THHEHHEe KOMOMH ALY Egi () h; (), Tne g; €K (EY u h; € 2% (F),
i
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06pasyioT uzobuavroe MuOKecTBO B ¢4 (E X F) (§ 2, upepa. 1). 9ro
BHTCKAeT M3 CIEAYIIed JeMMsl, KOTOpas YTOUHAET ORUH o0Iuik
dakrt ns ronoxornu (Q6uiana rom., ria. X, § 5, Teopema 4), moKaswBasc,
YTO MHOKECTBO BHIICYKA3AHHLIX KOMOUHANUA ROLONCUMEAbHO US0-
6uasHo.

Jlemma 1. Hyems U (cootB. V) — omkpwimoe omHocumeibHo
romnarmmoe 8 E (coors. F) mroacecmeo u f — noaoscumenvras nenpe-
pusnas na E X F gynryus ¢ nocumesem ¢ U X V. Toeda f moxcem

6oimb pasnomepro npubauscena gynryusmu suda D, g; (x) h; (z), 20e
7

g; (cooTB. h;) — noaoxcumenvrble Pynryun ud & (E) (coots. &% (F))
¢ nocumenem, codeprcawyumcs ¢ U (coors. V). ‘

B camom pene, f paBmomepuo mnempepmBEa Ha U X V; coraacuo
ONpefeIeHNI0 PABHOMEPHOU CTPYKTYPH TPOCTPAHCTBA, ABJAOMIETOCH
mpoW3BeNeHneM LpoCTpaHCTB, ausa xwboro ¢ >0 B U {(coors. V)
CYIIeCTByeT TaKoe KOHe9HOe HOKPHTHe (A;)i<i<m (€C00TB. (Bj)1gicn}
upoerrun Ha E (coors. F) mocurens ¢yHKOmE f, 9TO Ha KaMKIOM
u3 MHOMectB A; X B; Koinebamme ¢ymKuum f He IPeBOCXORHT &.
Iyers gi (1<i<m) (coors. h; (1<<j< n))—rakne HeIpepHBHEE
orofpaskenusa mpocrtparctBa E (coors. F) B [0, 1], g9r0o HOCHTENH
¢yuruuu g; (coorB. hj;) comeprurcsi B A; (coorB. Bj) m uro

m n
D gi(z)=1(coors. X} h;(y)=1) ma mpoexunu mHocurens ¢yEKOUM
i=1 i=t

f na E (coots. F) (§ 2, nemma 1); cneoBaTebHO, IMEET MECTO TOKAECTBO
f(x, y) = Ef(x, y)gi (z) h;(y). Ecanm z; (cooTB. y;)—IpOM3BOJbHAA

TOYKA U3 A, (coorB. Bj), T0 M3 cpelaHHNX TPeRIOJOKEHMIT BEITE-
Kaer, uTo

f(=z, y)—-izjf(xi, y1) g () by ()| =
=|2”(f(3«"’ y)—1f (i, y5) g (2) by (y)l<312jgi () hj(y)=c¢,
-qTO n A OKa3nBaer HeMMy.

2) Cyujecmeosanue mepw. v. CHagala MH JOKaMKeM CJeRyIONIyi-
TeMMy:
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Jlumva 2. IHHyemv K — womnaxmmuoe mmomcecmeo uz E, a L —
romnaxmuoe muosxcecneo us F. Ecau | ecmov gynryus us 34 (E X F)
¢ mocumeaem ¢ K X L, mo gynryua

h(y) =\ f (@ y)dh(@)
uenpepusna nHa F u ce nocumeadb codepacumes ¢ L.

B camom pene, ecnium f, o3Ha4aeT 9YacTUYHOEe OTODpazKeHUe
z — f (z, y), TO h ecTb He 4TO WHOE, Kak orToOpakeHme Yy — S 1y dA;

HO Hocurenb GyHKIMA f, comepyrures B K npn soGom y € F, 1 orobpa-
weHne Y — f, npocrpadcrsa F B & (E, K) HeupepwBHO, ecin
& (E, K) nageneHo Ttomosiorueil paBHOMepHo#l cxommmoctn (Odmas
tom., Ti. X, § 2, upemia. 9); cienoBaTenbHo, h, COIJAcHO OIpefelne-
"m0 Mepw, HempepmiBHOo. G Apyroit cropomH, sAcHO, uro A (y) =0
mia yd L, raxk wax torma f (z, y) = 0 nuaa moboro z € E.

ITocne Toro, Kak ycramoBjeHa 9Ta JemMMma, i BeAKoH QyHKIuM

fE€ 8% (E X F) onpepeneno wucio v (f) =p ( S flz, y)di (x)) (ROTopoe

MBI pagm ynobcrea cHOBa 00o3HATHM depes S dp (y) S f(z, y)dir (x)) ;

Kpome Ttoro, ecau K u L—gBa KOMOAKTHEIX MHOMKECTBA COOTBET-
creenno us £ m F, To, mo upegmoio:KeHWio, CYIIeCTBYIOT TarHe
ABa umcia ax WM by, wro pna noboit ¢ywrunmm g€ (E) (coors.
hcsk (F)) ¢ mocurenem B K (cooTB. L) BHIOJNHABTCH HEPaBeHCTBO
[A(g)|<axl gl (coor. [w(h)|<br| k]). Orciona cregyer, aro mis
Beakoil ¢ynruuu fCK (E X F) ¢ mocurenem B K X L upm moGom

yCF cupaBepiuBo HepaBEeHCTBO ‘S flz,y)dh(x)|<ag||f|, m cie-

nosarenbro, |v(f)|<agbp| fl. Craro Owmre, nmneiimas ¢opma v
asinsgerca sepoli Ha E X F, u, oueBmno, 1A Hee uMmeer mecro (1).
Taxum oOpazoM, Teopema 1 TOJHOCTHIO JOKa3aHa.

Ompepenenne 1. Ecau umewomces Ose mepw A, [, onpedeieHuvie
coOOmeememeenno Ha 06y AOKQALHO KOMRAKMHMI Rpocmpancmear E,
F, mo mepoii-npoussedenuiem mepsl b ma mepy W Hasvieaemcs eOuk-
cmeennas mepa v, onpedeaennas wa E X F u ydosaemsopawwas
coomuowernuio (1) 0aa aroboti pyuryuu g€ o (E) u awboli @ynryun
h €K (F).
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IIpr porasarenbctBe Teopemhl 1 MOKHO IIOMEHATL MeECTaMM
npocrpanctBa E m F: Torgma ma E X F 6yner ompegenena mepa
f—»? dh (z) Y f(z, y) dp (y), KoTopass cHOBA Y/AOBIETBOPAET YCIO-
puio (1). Takmm ofpasom, mokasama ciefgyomas TeopeMa:

Treorema 2. ITycme A, p — dse mepw, onpedeaeHmble coomsem-
CIBEHHO HA 08Yx AOKAABHO Komnaxkmiuux npocmpancmear E, F. Jlaa
6cakol HenpepvieHol na E X F uucaoceoll gynryuu f ¢ omnarmmbin
HOocumeaeym uHmezpas om [ OMHOCUMEABHO MePHL V — RPOU3EedeHUS
A Ha p — pasen

{t@aven=-{a@{icyaw={awie)ae.
| (@)
B cuny sroro wHTEIpam OT f OTHOCHTENBHO MEPH-IPOM3BENe-

HEA v Yame Bcero o0603HAwaloT Yepes fdAidp wnm f dp da,
15 M

a nawme { (@) dr@dnty) wm {{ 1@ ydee)ar@y; ero
HA3HBAIOT OgclinbtlM HHTETpaioM orT f orHocuTeibro A u . B armx
o6osHavenuax ¢opmynaa (2) mpmHuUMaeT BUJ

(Jrepa@awn={awrepaue=
=flwplicyie. @

Qopmyia (2) ToRa3HBAET, ITO €CIM MEDH A H |1 ROAOHCUMEALHBL,
TO Mepa-NPOM3BEJIEHAE V ROLOHCUMEALHA.

M prwuepu. 1) Mepa-mpoussesienue mMepst ey (x€E) u mepu gy (y€F)
eCTh MepPA iy, y-

2) Bospmem E=F =R, a B KauectBe A m W Mepy JleGeea (§ 2, n° 2)
Ha R; HX npomnsmsefeHme HasLiBaeTcss Mepol Jlebeea Ha R2; muarerpan
or ¢yurnun | € &4 (R2) ormocmTembHO TOH Mephl ©Go3HAYAETCH depes

SS f(z, y)dz dy umm SQ f(z, y)dy dz; ¢opmyna (3) pra dyusnmm,
o

PaBHOH HYJII0 BHe KOMIAKTHOTO HPAMOYroibHEKA [a, b] X [e, d], axBm-
BalenTHa QopMyie

d b b d
v 16 y)d:c:Ssz I (z, v) dy,

nokasanuoil B «DyHKumaAx peiicrB. mepem.», ra. 1I, § 3, n° 6.
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Iockoarky mepa JleGera Ha R nHBapmanTHa OTHOCHTENbHO JAX0GOTe
casura (§ 2, n° 2), TO OTCIOfA TOTYAC BHTEKaeT, 4To Mepa JleGera ma R2
UHEAPUAHMHAG OMHOCUMeAbHo Alo60zo cdeuza npoempancmea R2,

SamMevgannsd 1) llyetb G — nokanbHO BEIIYKIOE LIPOCTPaH-
cTtBO, ymomierBopsaiomee axcuome (EC) ms § 4, n°1. Ilycrs f —
HempepuBHOe orobpaskerne E X F B G ¢ HocHTeNeM, COReprRamIMCH
B npoussenenun K X L woMnaxtHOTO MHOectBa K < F M KoMHOAaKT-
Horo MHoMecTBa L < F. AHajoruamo wusaosKeHHOH BhIre JemMme 2
(¢ yweroM mpenioenma 3 w3 § 4) moxasmBaetcsa, 910 h (y) =

= S f (z, y) dA (z) ecrs HenpepHBHaAs pyHKNNA Ha I ¢ HOocuTeneM B L,
TaxuM obpasoM, popmyna (3) npmamMmaer caegyommii Goxee obmuit
BUJ:

({tena@aw={ 0@ te o=
={awp{tcyine. @

B camom pexe, pasa moGoro z' m3 mpocrparctsa G, CONpAIKEHHOTO
k G, nmeeMm

<XS £ dA dy, z’>:S S (f, 2’y dh dp = S dxg (f, 2y dp=
={(tamzsan=(far{tap 2>,

OTKYRa u caepyer (4).
2) Oas mobGoro y¢€ F oroGpaenue f—> S f (x, y) dA (x) ecT®s Mepa

Ha E X F, Hocurelb KOTOPOH CONEPMUTCA B 3AMKHYTOM MHOKECTBE
E X {y}; a1y Mepy Mm oGo3HAUEM Ay

Jlemma 2 mokasmBaer, 9ro oroGpaskenme y-—> A, mpocrpaHCTBa F
B oft (E X F) HenpepHBHO B ITNPOKOH TONONOTHW W 9T0 JJA BCAKOH
bymaxnun fEEK (E X F) oroGpamenne y—> (f, Ay) ABisercs Henpe-
puBHOH QyHKIWell ¢ KOMIIAKTHEIM HOCHTENeM. 1aK KaK IIPOCTpaH-
ctBo Mep of (E X F) yposaerBopser akcuome (ECy) us § 4, To MoxHO,

cJefloBaTeIbHO, OIPeJeNdTh HHTEIpad S Ay dp (y), mpencraBafOMAit

coboit anemenT us off (E X F); ata Mepa eCThb He 4To MHOe, KaK Mepa-
npouseedenue v MepH A Ha Mepy W, HOCKOAbKY WHTerpaJ OT (GyHK-

nun fE€o# (E X F) oTHOCHTENbHO MEpH g Ay dp (y), mo ompepeneruso,



2 INPOU3BEXEHNA MEP 109

paBeH S (f; Ayydp(y)y= S dp () S f(x, y) dA(z). Crano Gurh, MOXKHO

HAIHMCATDh, YTO

v="{ % du ). (5)

2. Csoticmea mep-npouseedenutt

PaccmorpuMm mensoprnoe npoussedenue (Axrebpa, ri. III, § 1)
IBYX BeKTODHHX mpocTtpaHctB oF (E) u & (F) mag R; ecum

KQIKIOMY DIEMEHTY 2, gn ® Kz BTOTO BeKTOPHOTO IPOCTPAHCTBA MOCTA-
E

BUTb B COOTBETCTBHE OTOGpakeRnme (Z, y)—> 2 gx () b (y) mpomusse-
E

menmsa E X F B R, 10 Tem camniM Oyjer onpepener (anrebpamdgeckuii)

usomopgpusm uponssenenus ¢& (E) Q@ &% (F) ma & (E X F). [eiicrBu-

TeAbHO, TPENUONOKEM, I10 GyHERmmA (T, y)—> D) gx () ky (y) paBHa
R

HYJI0; OyCTh hk=ijkcp,-, rae @; €% (F), nuneilno He3aBHCHMEL,
i
TOTHA K3 ypaBHEHUA Z(z OrER (x)) 9; (y) =0, cupasemmusoro mid
; R

aoboro y € F, cuegyer, ato ) pjagr (2) =0 maa mwoboro z € E, 10 ectb
k

% pxgr =0, u 3HAYUT, ; gr D hp= 2 (; 0ix8r) ® ©;=0. Cregona-
3

TelbHO, IPHW IOMOI[M TpPefHAYIEro m3oMopdmsMa MOMKHO KAHOHH-

YeCKHE OTOKEECTBHTH TPOCTPAHCTBO HEIPEPHBHHX GQYHENUHA BUga

ng (z) ~r (y) ¢ KOMODAKRTHHM HOCHTeNIeM W TeH3OPDHOe IIPOW3BefeHNe
R

¢ (E) @ ¢4 (F). llpm sToM TO 3He caMoe pacCyKpeHWe IIPUMEHSHETCH
H K TeHsopaomy mpousBefenuio B (E) @ € (F).

Ecaim A—wmepa 53 E, a p—Mepa Ha F, To cy:eHEme Ha ¢ (E) ®
& & (F) MepHo-mpoum3BeeHUS MepH A HA [\ COBHANAET C MEH30DHbM
npouseedenuesn A QP ABYX aueeliEsIX ¢opM A m p (Aurebpa,
ri. III, § 1, n° 4). Jasa ymo6erBa Mm GypeM cHOBa 06o3HA4aTh
TAK CaMy Mepy-TpomsBefeHHue (a He ToJbKO ee cy:Kemme Ha ¢4 (E) ®
® ¢& (F)). Torpa dopmyaa (1) mpumer Bup

(g @k A py=(g, 1) (h, p). (6)

Orobpaxenme (A, u)— A @ n  umpomssepenua  off (E) X of (F)

B off (E X F), oueBupHO, 6u/uHelHO; MHEIMH CIOBaMH,

A+2R) @ i+ R =2 @y 2 @ pa+-20 @ P+ Ay D 1y,
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U 1A A06oro CRaJApa o
(0h) ® =4 ® () = (A @ ).
Meepnoxesaus 1. Hyeme A—wmepa na E, a w—mepa na F; ecau
gEB(E) u heE(F), mo
(€A Q*h-p)=(g @ ")-(A Q. ™

B camoMm mene, Aia BesAkod ¢ymxumm f€oF (£ X F) Ha ocHOBa-~
mon Gopmynu (3) mMeem

G @M@ ()= g@dh@ | f@ h@) @)=

={ @ f@ ne@h@dn,
4TO W pfOKaswBaeT cooTHomeHwme (7).

Iregnomrune 2. Hocumeav npouseedenus A @ p pasen npousgede-
HUI0 Hocumeaell mep A U W.

Bo-nepBrx, sameTuM, 910 cooTHomeHme A @ p = 0 Bieder rtoOT
garr, aro xors O ofjHa W3 ABYX Mep A, w paBHa Hyuio (Aure6pa,
ra. I1I, § 1, caenctBue 2 w3 npemgi. 7). C ppyroit croponw, ecam U
(coors. V) ectb orTKpmTOe MHOKeCTBO B E (cooTB. F), 1O CyKeHue
opomssegenua A @ u Ha I/ X V paBHO mpomsBefeHHI0 CyKeHUN Mep
A u p coorsercrBerHo Ha U m V, Kak ciaepyer m3 teopemel 1 m m3
oTpefieNieHUA CyeHMs MepPH Ha OTKpHToe MHOMKecTBo (§ 3, n°1).
Crano GHTH, {JsT TOTO 4TOOH cys;KkeHue MepH A @ p Ha U X V Ouuro
paBHO HYII0, HEOGXONUMO W ROCTATOYHO, 4TOOH CyKeHHe MepPH A Ha
U nnu mepw p Ha V GEIIO paBHO HYyJIO, II0CJE 4€ro, NPUHSB BO BHU-
MaHpe oupefelieHWe HocuTesss MepH (§ 3, n° 2), monyuuM mpenoke-
gue. OTMETHM TaK/Ke, YTO €CIUW A U [ — 02DAHUMEHHbE MEDPH, TO
A ® prome orpanmueHa # |4 @ p || < [|A]l-|] w ], aT0 cnegyer cpasy
me u3 dopmyan (2).

3. HTuporue npedeasvt mMep-npousdeederuti
Mpegnomenue 3. Jas awbod mepw Ay wma E omobpaxcenue

n— Ay ® W npocmpancmea H (E) 6 ot (E X F) wuporo nenpepuisno.

B camom pnene, ecnm f — mpom3BonbHas ¢yuknusa us ¢F (E X F)

necnu h (y) = S f(z, y) dhy (x), o cornacuo (3) (f, Ao @ n) = (h, 1),
OTKYAA CeNyeT IpPeiomenne,
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Iregnomenue 4. ITyemo B — ozpanuuennoe muoxcecmeo ¢ o# (E),
a C — ozpanuucnHoe muodxcecmeo 8 o (F); ecau of (E), H (F) u
ot (E X F) nadeaenwr wuporoil monoaozuell, mo omobGpascerie
(A W) — A Q®u npoussedenus B X C 8 ot (E X F) Henpepusno
u o0bpas mmuomecmea B X C npu asmom omobpaxcerul 02paHutueH.

ITpempme Bcero sameruM, 49ro oTobpaskerme (A, ) - A @ u scezo
npocrparcTBa oft (E) X o (F) B o (E X F) meupepwiBHO, ecau
ot (E) u off (F) Hapenenw mupoKol tomosormeit, a o (E X F) —
tomonorueit J npocmot cxodumocmu na K (E) ® ¢& (F); ato cuegyer

HeITOCPEeCTBEHHO U3 COOTHOIMEHUS (Egh Qb Q@ p)= 2 @ry MY (g, 1)
R 3

7 U3 oupefieneENA muporoi romoxornu. Tomonorust 7 B 4 (E X F)
ABIAETCA OTHENUMONl W MeHee CHIBHOH, YeM INMUPOKAas TONOJOTWS;
caefoBaTeNbHO, 0HA WHAYLUPYET HA JI000M 02DAHUYCHHOM MHOMKECTBE
B ot (E X F) 1y xe Tomosoruio, 4T0 U UM POKAsA TOMONOTHA, TI0CKOIb-
Ky TaKoe MHOMECTBO OTHOCHTEJIbHO KOMIAKTHO B IIMPOKOH TOIOJIO-
rom (§ 2, upepx. 9). Takum o6pasom, HpeplioxeHne GyeT goKazaHo,
ecnm GypmeT ycraHOBieHo, 4to obpas H MmomecrBa B X C upwm oro-
Gpaennu (A, u) > A ® p ozparuver. Urax, nycrsb f — mpousBolibHAA
¢yrruus us ¢% (E X F), n uycre K < E, L — F — raxkue gBa KoM-
TAKTHBIX MHO:ecTBa, 4To K X L sABusercs OKPeCcTHOCTHIO HOCHTEJS
¢ynrnun f. Ilo yenopmio cymectsyer rakoe umcyio a > 0, 910 gus Jio-
Goit pyarunn g € o4 (E) (coors. k € 84 (F)) ¢ Hocurenem B K (coors. L)
n nf0Goit MepeL A € B (coots. p € ) BHIOMHEAETCA HEPABEHCTBO A (g) ]«
<allgll (coors. |p ()| <allhll) (§2, mpegu. 8); torna B cmay (3)

‘ S Sf dA dul\<a2||f|| A AEBu p € C, 910 W 3aBepmaer foKasa-
TEJIbCTBO.
4. ITpouzeedernue KOHEUNO20 UUCAA MeED
IIycts E; (1 <i<n)—n JOKANBHO KOMIAKTHHX TPOCTPAaHCTB
n KE= ﬁ E, —nx npoussegenne. MHOKeCTBO NHHEHHNX KoMOUBaNnil
) ‘
‘II/IGJIOB;IX byarnuit Buga (T, To, ., Tn)—> Uy (L)) U (T2). .. Un (Zn),

roe u; €% (E;), MokeT GHTH OTOMKIECTBIEHO € TEH3OPHHIM IPOM3BE-

n
NeHneM ®o%” (E;), 4T0 chegyerT W3 pacCy’KIeHmdA, IPHUREAEHHOTO
i=1
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B n° 2, MPUMEHEHHOr0 N0 HEAYKIHUM n pas, KpoMe Toro, jemma 1
Py [OMOINH MHAYKIMH 10 72 TOKA3HBAET, YT0 IOAIPOCTPAHCTBO

n
&) 5% (E;) nosoxcumenvro usobuiono s & (E).
i=1

Obo3paunm Temeps gepes W; Mepy Ha E; (1<i<n); na E cyme-
CTBYeT, W HPUTOM TOXBLKO OfHA, TaKad Mepa v, 910 muas f; C oK (E;)
(1 i< n) uMeem

(h®F2® . ®fny V)= H (Fiv pha)- (8)

=1

JelicTBuTeIbHO, €Cim 3Ta MePa CyNecTBYeT, TO OHA eJWHCTBEH-
Ha HAa OCHOBAHMM BHIIecKasaHHoro. C pgpyrof CcrOpoHH, IyCTh
P ® P2 ® ... ® pn — Mepa Ha E, onpenenenHas pekyppeHTHO HO n:

WOU® .. . Qphn = (MO U2 ® -+ - D Phn—y) R hn.

W3 popmyas (1) m w3 sroro onpepenenns (AHIYKNHeik 00 1) Hoxy-
9aeM, 9TO 9Ta Mepa yaoBuerBopser (8); ee HABKBAIOT Mepoﬁ,-npouaee—

denuem mep p; (1<i<n) m cHoBa 0G03HAYAOT dYepes ® I;; coor-

Homenne (8) 3anmCcHBaeTCH TaK:Ke B BUfe
n

(F1®F2® -+ - Qfn, MU .. .®un>=il (i) 9)

IIpEnnosKERNE 5 (¢acCOMUATHBHOCTH HpomsBefeHEA Mep»). Hycmo
1 — pasbuenue unmepsasa [1, nl us N; mozda
rli<k<p — P P

® (& ) = ®uz (10)

k=1 jerp

B camom gene, cormacuo (9) obe 3TH MepH COBHATAIOT JJAA BCH-

Kol QyHKIuE BuAa [iQf® ... fr.
Wnrerpan or ¢yakuun fE€% (£) OTHOCHTENBHO MepH-IPOU3Be-

n
neHus ® p; obosmadaercs S fduy dyg. . .dy, mim
i=1

SSS fdug...dun, a Tarske

e
n

(1 Uz 20) dua @) dpa () - dpn (@20)5

[ —
n
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er0 HABHBAIOT KDAMHHLM UHMeZDAIOM nNopadka n WAL n-Kpam-
Hulx unmeepasom. VICmonbays accOLMATHBHOCTH HPOM3BENCHHSA Mep
U Teopemy 06 m3MeHEHHW NOPSAAKA MHTEIPUPOBAHMA, WOJIydaeM /s
mioGo#t mepectanoBku O mATepBana [1, nl ¢opmyny

g SS fduydps. . . dpn = S dpe (1) g g2y - - S fdpsoy. (1)
—

S, e

n

OGosnagerme muTerpama ® ¢opmyna (11) ouemmEHM obpasoM
pacupocTpaHAIOTCA Ha QYHKIWE cO 3HAYEHUSAMHU B JOKAJIBHO BHHOYK-
70M mpocrpaHcTRe (ymoBiaerBopsmomem akcmome (EC) ms § 4, n®1).
IlpemocTaBnseM urTaTenaio 0606IMUTh Ha HPoU3BeeRNe M1060T0 KOHEY-
HOTO 9HuCIa Mep pesyabratsl 1°n° 2 u 3, oTHOCAIMEECA K NPOX3BENCHIIO
IBYX Mep. ‘

B gactHOCTH, Mepoii Jlebeea Ha R™ HasnIBaeTCs IPOHM3BENCHNS 1 MeD,
TOKJecTBeHHEX Mepe JleGera Ha R; mrarterpana ot menpepuBHoi ¢yurinn f
C KOMIAKTHHIM HOCHTENEM, oIIpefetennoif na R" n npuinMaonmei 3Ha9eAns
B JIOKAJBHO BHIIYRJIOM IIPocTpPaHcTBe G, yhaosilerBopsomeM akcaoMe (EC),

oGosHagaeTcs
S SS £ (21, 29, ..., o) dzy dzy. . .don
e —
n
A paBeH
4o oo -0
. S day S dzs. .. S f(zq, 29, ..., zp)dzn.
—os oo —o0

Mepa JleGera Ha R™ uneapuanmmua ommuocumesdbno aw6o2o cdsuza.

5. BeckoHeuMvie NPOU3BEFCHUA MeP

IIycts (E.)gr — OpPOM3BONBbHOE CeMeHCTBO KOMHAKTHHX IHPO-

cTpapcts U FE = H E, — ux npoussepenwe, BymeMm roBopmTh, 4TO
- el

otoGpaxernne f mpocrpancrBa £ Bo MHOIKECTBO G He sagucum om nepe-

mennvr ¢ undercom v¢ J (J — mpomsBoibHast 9acTh MHOkecTBa [),

ecim cooTHomenme pry () = pry (y) Bueger f(r) = f (y). Ecanm

noaoxKaTh Fy; = H E,, To Torgma, mexoms w3 f, MOJKHO OIPENENHUThb
weJ

orobpaxenue f; npocrpanctea E; B G pakropusanmeil Mo OTHOMIEHWIO
aKBHBaJeHTHOCTH DIy (z) = pry (y) (Teop. mu., Pes, §5, n° 7).

8 m. Byp6arn
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Ecam f me 3aBHcHT 0T NEepEeMEHHHX, HHIEKC KOTOPHX HpHHAIE-
JKHUT MOHOJHEHNI0 HEKOTOPOTO KOHeuH020 MHOKecTBA u3 I, TOo TOBOPAT,
uTo f sasucum AlUULb OM KOHEYLHO20 YUCAL NEDEMEHHBIL.

Teneps oGosHaumM pna oboro mufekca L € I wepes p, notodxcu-
meabnyio Mepy Ha E, ¢ obmeil Maccoit, paBroit 1; gnsa aw6oro KoHeu-
Horo muoectBa J m3 I depes u,; 00603HAUEM Mepy-LpoM3BeeHHE

<837 g, Ha IpocrpaEcTBe E;; oHa moloskmTenbHA U mMeeT B cmay (9)
Le

obmtyio macey 1.

Heegnomerne 6. Ha npocmpancmse-npouseedenuu E = || E,
LeJ

cyupjecmeyent, U npUmMoOM MoAbko 00HA, MAKAL MePa |, ¥mo 048 4106020
KoHeuHo20 Mmuodcecmea J us I u awboii Henpepwsnoii na E uucaosoll
pynryuu f, ne sasucaweli om nepemennnxr ¢ undercom & J, svnoans-

emca paserncmso P (f) = py (fy).

B camom memne, myeth V — BEKTOPHOEe HPOCTPAHCTBO BCeX HEIpe-
PHIBEEX Ha E 9mcAoBHX QyHKNEMHA, 3aBHCAIMX JMIIb OT KOHEYHOTO
gmnciia nepeMenuHX; V eciody naomno B B(E) (O6mas tom., ri. X,
§ 5, Teopema 4). Hocrarouno, cieoBaTeibhO, MOKa3aTh, YTO CyIie-
CTByeT WOJOKHUTeJbHAasA IMHeHHadA QopMa p, ompegereHnas Ha V
n ymosixeTBopsaomas tpebyemomy yciaosmio (§ 1, mpemn. 2). Urax,
nyctb [ — ¢yHKIUA, He B3aBHCANaA OT NePeMeHHHX ¢ MHICKCGOM
V4 J; pust mo6oit ®omeuno#t wactu K O J muomectsa I cnparennameo
paBeHCTBO Wx (fx) = ps (fy); 9TO ClemgyeT M3 acCONMATHBHOCTH WPO-
u3BefieHEms Mep (upegm. O) m ®3 dopMyan (3) ¢ yueroMm Toro, UTO
fx He 3aBmCcHT 0T UmepeMeHHHX ¢ mHAeKcoM i € K [} CJ, m Toro, uro
Wxncs BMeet o6myio Macey 1. 3raunt, juid Besroi pynkuunm f € V Mosk-
HO onpepexnts GyrKnuo | (f) Kak HoCTOAHHYIO, PaBHYIO 06IeMy 3Ha-
9eHnI0 anceln Py (f;) Asa Becex KoReIHHX nopMuOxkecTB J — I, o6magaro-
IEX TeM CBOHCTROM, UTO f He 3aBHUCHT OT HePeMeHHHX ¢ HHeKcoM L4 J;
p nmreiina Ha V, B60 eanu f m g mpmrEafaeskar V, To Haliflercs Takas
KOHeYHad 9acTh J MHOxecTBa l, 9T0o HE f, HE g He 3aBUCAT OT Hmepe-
MeHHEIX ¢ HHAeKCcOM L ¢ J. A DOCKOTBKY WU, 0UYeBHUIHO, MOJOKHATENbHA,
TO IpPEAIOKeHne A0Ka3aHo,

Onpenenennasn TakuM cuoco6oM Ha E Mepa p HaswBaetcsa Mepoii-
npoussedenuem Mep W, m obosHAYaeTcs & W\,; ACHO, YTO OHA HMeeT
Wel

o6myio Maccy 1.



6 HPOU3BEJEHRAA MEP 115

Meennomerne 7. Hycme (I3)rer — pasbuenue unmepsasa I;” dasn
4106020 cemeticmea ()1 noaoAHUMeabHilr mep Ha E, ¢ o6weli” maccoii 1.

cnpagedausa gopmyaa
(R w) = ®m- (12)

AEL i€l

IT0 cpasy e cjeIyeT W3 OUpefeNeHus MepH-TPOU3Be[eHns
7 3 Toro dpaKrTa, 970 A BeAKoR Pyurimn f € € (E), sasucamei numb
0T KOHEYHOI0 IHCJIa MePEeMEHHBX, HHTEIPAJIH 0T [ OTHOCHTEIBHO MED,
¢urypupyomax B neBoi m B mpaBoii Tactax dopmyan (12), pasEH
Mexay coboii.

Mu mpenocTaBisieM 9YATATENI0 CHOPMYIEPOBATHh W /IOKa3aTh pac-
npocTpaHeHHe TpeioskeHnd 2 Ha GeckoHewHHe uponsBefenusa. OrMe-
TAM TaKKe, UTO eCIH A KayRgoro mHAEKca L €] o, — Tako# romeo-
MoppmsM E Ha cebsa, OpPE KoOTOpPOM |, MHBAPHAHTHA OTHOCHTEJIHHO
oy, TO Mepa-Ipom3BeeHHe ® [\, MHBAPHAHTHA OTHOCHTEJIHHO TOMEO-

mopdmsma (z,) — (0.(2,)) npOCTpaHCTBa E ma ceb.

6. Il poexmuerosle npedeanvt mep

Ilomatne wmMepH-TpOU3BeNeHEUA HA NPOW3BEeHHA OECKOHETHO-
To ceMelicTBa KOMIAKTHEIX NIPOCTPAHCTB 0606IMaercA CiedyiommM
obpazoM.

Iycts (E\).c; — HEeKOTOpOE CeMeiCTBO KOMIAKTHHX IPOCTPAHCTE,
W HyCcTh | — Mepa Ha NPOCTPAaHCTBe-NpoH3BefieHmm FE = HI E,.

L

Jlerxo Bmmets, 9T0 Ay AI060T0 HEmycTOTo MHOKectBa J u3 I oroGpa-
smeane f — p (fopry;) mpocrpamctBa G (E;) B R ecrp mepa ma Ej;
GydeM HasHBaTh ee npoekyuel Ha E; Mepu p u obo3HagaTh Dpry (p)
(pT0 YacTHHHA clXydail HoHATHA o6pasa MepH, KOTODHE MH 0Oynem
nayusats B Tia. V). Hpome rtoro, ecim J mw K — rakme ABa KOHEUHHX
mHOkecTBa u3 I, aro J < K, 1o pry, x (prx (u)) = pry (u), roe depes
pr;, x o6osHaveHa npoexmmsa MHO}ectBa Eyx ma E;. O6paTHo, nMeeM
clemyloliee TpeIoKenne:

IIpeguossenue 8. ITyemv daa awboeo kKoweunoeo muoxcecmsa J us
I p; ecmwv nososicumeavhas mepa Ha E;. IIpednososcum, umo ecau
J u K — makxue dsa wroneunwiz muoxncecmsa uz I, wmo J < K, mo
Pry, x (pg) = wy. Toeda na E cywecmsyem, w npumom moavko odna,
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makas mepa W, wmo 04a 406020 Koneunozo muosxcecmea J us I evnos-
HAemca pasencmso Pry (W) = Py

B camoMm mede, uycrs f — HeupepuBHas Ha E ymcaosad QyHKmus,
He 3aBHCAIAA OT TEpeMeHHHX ¢ uHuercoM t & J, rme J — KoHeuHOe
Muoxectso u3 [; Torma musa aw000d KomHeuHoll Yactm K O J MHOMKe-
cra I, wo ycuosmio, mMeeM px (fx) = py (f5), #60 fx = fropry, k.
3HagnuT, MOKHO onpenenuTs M (f) Kak obmee 3Hagemme gucen p; (f;)
A8 BCeX KOHEYHHIX MHOKecTB J < I, musg KOTOPHX f He 3aBHCHT OT
mepeMenHmx (¢ J; TOTma /OKA3aTeNBCTBO BAKAHYABAETCA, Kak
B mpemnoxenun 6.

OupepenenHy0 TaKAM ¢cI0co00M Ha E Mepy U Ha3HIBAIOT npoekmus-
HuM npedesom Mep py; ciydall IpowsBefeHUA Mep HONYyIaeTCA, KOTa
Uy €cTh Opom3BefleHme & i, ANA JIOG0T0 KOHEYHOTO MHOKECTBa

eJ
Jusl.

Yuopamuaeans. 1) Hycrs £ w F—paBa J0KalJpHO KOMIAKTHEIX
npoctpancTBa, U (coorB. V)-—OTKpEHTOC OTHOCHTEJNBEHO KOMIAKTHOE B E
(coors. F) MHOKecTBO m f— HempepsiBHoe OTOOpasKeHHe € HOCHTENEM
B U X V npocrpanctea E X F B JIOKaJpHO BHIYKIOE IPOCTPAHCTBO G.
IToxasate, 9To pmag joGoro &€ >0 m aw6oH HeOpepHBHON HA G IOXY-

HODMH ¢ cymecTByer Ttakas ¢ysrnma f)(z, y):Zaigi (z) ki (y), Toe
i

a;€G, gi €A (E), hi€# (F) pna moboro i m mHochTenbr QYHRIEH g;
(cooTB. h;) comep:kmrea B U (coors. V), uro g (f(z, y)—1f (2, y)) <&
gz, Y)<qg(f(z, y) Ha EXF.

°2) Iyers E m F — Ba JIOKAILHO KOMIAKTHEIX IPOCTPAHCTBA, L — Mepa
Ha E m v—Mepa Ha F. Ioxazats, 9o |pQv|=|pn|{&|v| (noxasars,
aro ecasr p=|[p@v|, 10 pas f=g@h, roe g€HX (E) u h€ % (F)
noxoKATeABHE, |1 | (g)-]v] (k) <p(g@ k), H BOCHOIL30BATECH TOMMO 1).

3) llycre £ m F — gBa JIOKAJIbHO KOMTAKTHHX IPOCTPAACTBA, (L — Orpa-
HU4YeAHad Mepa Ha £ W v—orpannuednasg Mepa Ha F. Iokasats, 4To

p Qv orpannuena ma E X F, uro gua awboi dyurmgmn [ € 4 (E X F)
pyEROEA Z —> S f(z, y) dv (y) npunapgnexnr % (E) u 49to

{lenaweow={ae {1coow.

4) Iycrs £ m F—ppa JOKaNbHO KOMIOAKTHHX mpocrpadcTBa. Iloxa-
sarh, uro orobpaskenme (W, v)— pn@v npomseemenns ofl (E) X ofl (F)
B ofl (E X F) nenpepnBuo, ecian efl (E), ofl (F) u ofl (E X F) HageXeHu
CHIBHOR TOLOJOTHEH,
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5) Hycets E n F—Ba JIOKANBAO KOMIOAKTHHX mpocTpamctsa. Iloka-
3aTh, 4T0 0TOOpasKeHue (u, v) — Qv upoussefgenns ol (E) X oft, (F)
B efly (E X F) HenmpepHBHO B IMHPOKOH TONONOTHH.

°6) a) Hyers E = [0, 1]; noxrasats, uro ecun (ar)jcpgn ©CTP
NPON3BOJAbHAS KOHEYHAA MOCIe0BaTeIbHOCTh OTJIHYHEIX APYT OT JApyra
saementos m3 E, To n $yERUmA |z — a, | (1 < k < n) nnHeilHO Hesa-
BUCHMEL. BHBeCTH OTCIONA, 4r0 HenpephBmas Qymsxuuda |z — y |, ompe-
neneHHaa Ha E X F, ae mpefcraBmMa B BOAE 2 u; (2} v; (y), THe u; M vy

1
HEeIPePHIBHEI,

by Oyers u; (1 < ¢ < m) — m upomsBoabENx ¢ymrnmit ms & (E);
MOKa3aTh, WUTO CYMIECTBY®T OECKOHEYHOe WHCAO TAKMX 3HAYeHNH 3ie-
MeHTa y € E, 9To AnA R&KHAOr0o M3 DTHX 3HAYEHMH CYMIeCTBYOT Mepa W

Ha E, yHoBIeTBopAIOMAas yCIOBHAM Suidp, =0(l<<i<mn S |z —

—y | dp (z) = 0 (samernTs, 4TO B NPOTHBHOM ciydae |z — y | Gymer
aneeiiHol KoMOmHanmeldl QyHKmmE u; (z) Ayus GeCKOHEYHOro UMCHA B3HA-
vennit y € E).

c) ITycre B — MHOKecTBO Taknx Mep Ha E, 4ro || p || < 1; moxasars,
yro oroGpakeHme (p, v) — p &Q v upouseenenns B X ofl (E) B ofl (E X
X E) He Oymer HempePHEBHEIM, eClIH HARENNTh off (E) u off (E X E) mmpo-
KO Tomosormeil (MCIONB3ysA b), moRaszaTh, WTO AAA MOGOH OKPECTHOCTA
V rourn O B o/ (E) cymecTByoT Takas Mepa p € V (| B n Taxas Mepa

v € V, 4T0 HHTerpal S S fz—y|dp(x)dv(y) croXb YTOZHO BeNHK).

7) Ilycrs (B er — GeCKOHEUHOE  COMEHCTBO KOMIAKTHHX IIpO-

CTPRHCTB; IYCTh JIA KasKHoro t € [ yepes g, o6osmaueHa Touka u3 E,,

a 4epes |, — HOJOKHTeNbHAs Mepa Ha FE, ¢ ofmeii; Maccoii, paBHO# 1.

Mycrs, famee, Kis M06oro KOHeYHOTO MAomkectsa J ms [ depes A (J)

o6o3Havena Mepa Ha E = H E,, sBigomascs IpoH3BeleHHeM Mep fu
Y43

maa v €J | Mep g, aaa € CJ. Iloxasars, uto Mepa A (/) IHMpPOKO

cTpeMaTes K B = & W D0 PEABTPYOINEMYCst MHOKECTBY KOHOUHEX IOJ-
eI

MaoKecTE 3 [, HO, BOOGIIE TOBOPH, HE CTPOMHTCH K | CHIBHO.

°8) Hycrs (Bu)yer — OeckOHeYHO® CoMOITCTBO KOMIIAKTHHX IpO-
CTPAHCTB, M IIyCTh A KQKLOTO L 4Yepes p, oG03HAYEHA RpPOU3EOALHAS
Mepa Ha E,. Ilyers, nanee, £ = H Ey, n V ecth mopgIpoCTPaHCTBO HpPO-

. el
crpancTBa @ (E), cocrodmee u3 HOOPEPHBHHEX (YHKIHH, 3aBUCIIEAX
JUIb 0T KOHOYHOTO UHUCJA IePEeMeHHHX,

a) Mua moboit xoHeyno#l GyHRUME f € ¥V § a1060T0 KOHETHOTO MHO-
mecrsa J < I, nns KOTOPOTO [ HE 3aBHCHT OT HépemeHme ¢ HHJEKCOM
v ¢ J, pacemorpmM mHTErpanx Wy (f;) (8] oGosmagemmsx n° 5). Iloxasars,
910 A TOro, 4robel orolpawkenme J — ujy (f7) CTPEMHEIOCH R IPERELY
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0 PUIABTPYIOMEMYCsI MEOKECTBY KOHOIHHX IIOOMHOMKecTB n3 [ Mis a06ei
¢yarnun f € V, Heo6XoqMMO H TOCTATOYHO, YTOOH AJA J060T0 MHOMKe-
crBa L < I ¢ KOHeYHEIM JOIIOJHEHHOM CeMeHCTRBO (pu (Nier, 65110 Hepe~

mHoKaeMo ¢ R (npomssefieane Mosker pasEaThCA (). Eciam sTto ycaosme
BHIIONHEHO H [ (f) 03HawaeT mpefea orobpayenns J — py (f5), TO p ecTh
anneitras dopma ma V. IloxasaTs, 9ToO [JsA TOTO, IT00H | OBlma paBHA
Hyao Ha V, He0o0X0ZMMO H KOCTAaTOIHO, YTOOH OTHA M3 Mep Wi OBIa HyleM
man 9ToOH s jioforo mMaokecTBa L m3 / ¢ KOHEYHEIM /OIIOJHEHHEM
[[w®=o.
WL

b) IlpenmonmoskmM, 9TO MepPH |, YHOBIETBOPAIOT CHOPMYIHPOBAH-
HOMY B a) YCJIOBHIO H 9TO |4 He PaBHa TORIeCTBeHHO Hyaw Ha V. Iloka-
3arh, 94TO AJA TOro, uro6H p Moria OHITH OPOXOJsKeHa Mo MepH Ha X,
Heo0XOMHMO H [JOCTATOYHO, 9TOGH ceMeiictBo (|| pe ”)LEI Gnuto mepe-
MHOKaeMo ¢ R¥; IoxasaTh, 4ro ecam 3To TaK, TO {4y 6CTh IIOJOKHTENE-
Hag Mepa ¢ o0mieif Maccoll, paBHoil 1, HMCKAIOYAad CYETHOE IOfCEMEHCTBO
AHIEKCOB U, H 4YT0 [, (1) > 0, mcka09as KOHEYHOE YHCJIO0 HHHEKCOB L.

9) OGo6muTs ompeneleHEe NPOEKTHBHOrO TPefela Mep Py (Ipemi. 8)
Ha cJaydall, Korga MepH [y EMeOT IPOH3BOJBLHHE 3HAK M TAaKOBH, 9TO
HOPMHL || py || orpammueHH. IToKasaTh, 9T0 6CIM W €CTh IPOSKTHBHLIA
npefes Mep [y, TO A M0G0 HeUpepHBHOW Ha £ unciosoll $yHKIHH f,
He 3aBACANICH OT NepeMeHHHX ¢ mAfeKcoM ( ¢ J, | p | (f) aBusercs
BepXHeil Tpadbio H IpefesioM wncel | px | (f) mo $mabrpyomeMycs MHO-
JKOCTBY KOHOYHLIX IOEMHOKecTB K m3 [, conepskammx J.



I'TABA IV
NPOAOJIKEHAE MEPBHI. ITPOCTPAHCTBA L

B smoti enase E osnauaem A0KAABHO KOMRAKMHOE NPOCMPAHCMAO,
a P — HOJOKUTEIbEYI0 Mmepy Ha E; xoeda peub udem o nexomopoil
Pynryuu (6e3 ymouHeHUL MHOIICCCMBA, HA KOMOPOM OHA onpedeteHa),
mo nodpasymesaemca, umo ¢Pyuryua onpedeaena Ha E.

Jaa awbozo muoxcecméa A us E uepes ¢, 6ydem o6Gosnauambca
zrapaxmepucmuyeckas @yHryus muosxecmsea A (paEas 1 mHa A

u 0 ma CA).

§ 1. Bepxuuii marerpan or mOaOkHTENbHON QyHRIUN

1. BepxHuti unmezpar om NOAOKUMENbHON
noayHen pepoieHott cHu3y PYHKEyUY

IIycts E — noKambHO KOMIAKTHOE NPOCTPAHCTBO M [ — ROAO-
scumeavran Mepa Ha E; 9epes ¢%; (E) (mam npocro ¢4 +) 6ymem o6osna-
YaTh MHOKECTBO KOHEUHHX ROALONCUMEALHBL THCIOBHX QYHRIHA €
¢ KOMIAKTHHIM HOCHTEJNeM, HeNIDePHBHHX Ha E; M3BECTHO, 4TO [L €CTh
Bo3pacTaiomas QyHKUus Ha pemieTRe o .

Yepes J. (E) (unim nmpocro J,) MH 6ymeM 0603HAIaTh MHOMKECTBO
ROAOJNCUMEAbHBL YUCIOBBIX (QYHRIANR, KOHEYHBX UAU OeCKOHEUHWLT,
noaynenpepuishbiz chudy Ha F. HamoMuuM, 4To cyMMa IPOM3BOJABHOTO
ceMeiictBa QyHRImA w3 J IpHHAANERUT [J; Ipou3BefeHne GYHKIUHA
m3 J, Ha KoHeuHoe umcio o > 0 OpHHamiIeXuT [J.; BepPXHSAA OrH-
Gaomas npoussoabHoeo ceMelicTBa QYERUAA n3 J . M HOKAAA ormbalo-
Mas KOMEUHOZo CeMeHCTBA GYHKIWMHA u3 [, TakiKe NPHHAMIEKAT J 4
(O6mas tou., ra, 1V, § 6, mpenx. 2 u teopema 4). Hpome roro, mam
moHAZOOUTCS ciaegyiomas JieMMa:
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Jlemma 1. Bearas gpynryus f€ S, ecmv eepxuas oesubaiowan
MHOJNcecmea (Purvmpyioujezoca no omuoulenulo <) Pynryull g € & .,
ydosaemeoparowux ycaoeuo g < f.

B camoMm pene, gaa moboro z € E, qas xoroporo f (z) >0, u no060ro
meiicreurensHOro umciaa a, 0 << a << f(r), cymecTByer TaKasd KOM-
HmaKTHASA OKpPecTHOCTH V TOUKH Z, uto f (¥) > a Ha V; ¢ Apyroi cro-
PoOHH, cymecTByeT QyHKIUA g € ¢4+ ¢ HocureaeM B V, paBHadg @ B TOT-
ke U < a Ha V (O6masn Tou., ru. 1X, § 1, reopema 2); crenosarens-
HO, 0<g<fu g () > a, 9r0 ¥ OOKA3HBAET JAEMMY.

Ouceneneane 1. Ecau na E sadana noaoscumesvnas mepa p, mo
6epIHUM Unmezpasom om GyHryu uf € [+ (OTHOCUTENBHO (1) Hasbeaemcs
noaoscumenvioe 4ucao (KOHEYHOE MIW DAaBHOE - ©o)

p*(f)= sup p(g).
ge Ky, g<t

Jlerko BEperb, uwro maaA awboit QyEKUEmE f€ L, BHUOOIHEAETCH
pasesctBo p* (f) = p (f), wEEIME ciroBamu, p* ecTb npodoadceHue
MEepH p Ha J4.

IIpumep. IIycrs E—npon3BosibHOE JOKAJIBHO KOMIAKTHOE Ipo-
CTPaHCTBO N O — TAKAA KOHEYHAA HOJOKATEJNbHAS 9ACIA0BAT QyHKIHA
Ha E, 410 cyMMa z,oc(z) KOHOYHA Jiid Ji060r0 KOMIIAKTHOTO MHOKe-

xEK
crsa K C E. Ilycts p—modoskHTeNbHAA Mepa Ha [E, onpepeleHHas
npe noMomm Mace a (z) (ra. III, § 2, n° 2); moKaskeM, 4T0 RAA BCAKOHR
$yurmun f 3> 0, DoIAyHeUpepHBHOi cHE3y Ha E, BEIIOIHAETCH PABEHCTBO
W (f) = 2 a(z) f(x), ecam ycaosathca, urto o (z)f(z)=0, Korpa
xXEE
a(x)=0, a f(z)= +foco. HelicTeuTenvuo, auga nioboi PyExumn g€ & .,
YIOBJIETBOPAIOMPEH YCAOREKD g < f, IMeeM

p)= D a(@)g@ < D a(@) (), okyma p*(H< X a(2)f(@).

xEE xCE xgE
C apyroii cToponm, mia A06OT0 AeHCTBATEABHOI0 YHCIA &, YAOBISTBO-
PAMEro yelIosnio a < 2 a(z) f(z), cymecTByeT TaKoe KOHEYHOE MHEOKE-
XEE
crBo MC E,ur0a < )} a(z) f(z) (O6man Ton., ra. 1V, § 7, n°5). Jan
xeM
aoboro z € M m moboro umcaa by < f(xr) Haligercs rtakas QyHRDEA
Ex € HK 4, uT0 g K[ ¥ gx (%) > by (1eMMa 1); eclim g eCTH BepXHAA OTH-

Galomas Qymkumb gy, TO g€ Ky, €[ B p(g) > D), & (%) by A Tk
xEM
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Kar NOoCJIeqHAd CyMMa CKOJIb YI'OTHO GJN3KA K Z o (z) f (), To p* (f) > a,
i xEM
4TO A 3aBepmaeT JOoKa3arTeJbCTBO HAIMEro yTBeP:KAEHHA.
Hregnomerne 1. Jaa  awbozo koneunozo deiicmeumenvhozo
yucaa o >0 u awboil gyrnkyuu f€J. cnpasedsuso pageHcmeo

* (@f) =op*(f). (1)

leepnoxenne 2. Pyuryus p* o3pacmaem Ha MHodcecmee [J ..

JlokazaTenpcTBO 5THX IPEJIOMHEHEH BHTEeKaeT HETOCPeICTBeHHO
w3 oupemenenus 1.

TrorEMa 1. ITyemv H — muoxmcecmeo Pymryuii us J., guivmpy-
oweecs no ommuowenur <. Hdaa anboi no./wolcume./tbnou MEDB U HA
E cnpasedausa gopmyaa

u* (sup g) = sup u*(g)=Llim p*(g). ()
gEH gEH gcH

Homosxkum f = sup g. CHagana MH [OKAXKEM TeOpeMy IJsi TOrO
geEH
JacTHOTO ciydasd, Korma ¢yrrumm g€ H w mx Bepxmasa ormbaromas

f npunadasescam ¢%;. B stoM caydae u3 reopemun [Jurn (O6mas Tom.,
ra. X, § 5, reopema 1) cmemyer, uro GuabTp cedemmii MHOKecTBA H
PasHoMepHO cXofmrcA K f Ha mMi000M KOMIAKTHOM MHOKecTBe U3 E
W, B 9acTHOCTH, Ha Hocureje K ¢ynrmmm f. A mockoasRy 0<g<f
g noboit dyrrnum g € H, To nocurens BeAkoit pynrnum us H comep-
marca B K; HO 1O ompejieNeHNI0 | HelIpePHBHA Ha BEKTOPHOM IpPO-
cTparcipe % (E,K) HeupepuBHHX ¢QyHEmmA ¢ HocureaeM B K
B TOUOJOTHMH paBHOMEDHOHl CXOJUMOCTH; OTCIOfa BETeKaer ¢Qop-
Myna (2) mus paccMaTpHBAaeMOTo CIydas.

Ilepetinem & obmemy cayuaio. ficmo, gwro p* (g) < p* (f) mua
nmoboit Gynrumm g€ H. B cuny ompemenenus 1 Bce cBOoguTCS K TOMY,
9106H HOKAa3aTh, 4TO [JIA BCAKOH QYHKmmE P € 6% ., < f, BHUOXHSA-
eTcA HePaBEHCTBO [ (1|J)<sug p* (g). O6osnaumM musa mo6oil GyHEK-

g€

nun g € H ugepes @, MHOKECTBO TaRuX QyHRImEA @ €% ., 9T0 P < g,
a uepes @ — obvepumuenme muokecte @y, worma g mpoberaer H;
NOCKOABKY H -— uasrpyromeecs MHOMKECTBO, TO TAKOBHIM SIBISETCHA
u O uf= sup @. A rtark kak P<f, 170 \ ectb BepXHAA ormbaromas

MHOKECTBA d)ymcuma inf (¢, ¢), Korma ¢ mpoGeraer @; a mOCKOJb-
Ky ¢V # ¢ymkmum inf (P, ¢) mpmmapmeskar ¢%,, TO HepBad TacTh
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IOKAasaTeNbcTBa MOKaseBaer, 4ro ( (P) = sup p (inf (P, @)). Ho
PED

Raxgas Qyarnma ¢ € @ npumapiexur MuOomecTBY Dy, u 3HaUHT,
p(inf (9, @) <p () <p*(9) < sup w* (g),

OTKyHa cpasy ke moxyuaeM, 4To p (¢) << sup p*(g). Takum obpasom,
gEH
MEI [oKa3anu, 9ro p* (f) = sup p*(g); coornomerue p* (f) =lim p* (g)
geH geH

ABIAETCS TeHeph CIeCTBIEM TEOPeMH 0 MOHOTOHHOM npepneste (OGmas
Tom., ri. 1V, § 2, reopema 2).

TroreMaA 2. Ecau f; u fo— 0se ¢pynuyuu uaz Ji, mo
p* (fi+ f2) = p* (f) +p* (f2). 3)

B camom gene, xorga ¢, (cOOTB. @,) Iipoberaer MHOKECTBO TaKHUX
$yrEIUH n3 &y, 9T0 @< f; (COOTB. Qo< fo), TO QYHRIAN ¢+ Po
ofpasynTr Quibprpynomeeca (0 <) MHOMKECTBO, BepXHAA orubamomasdt
xotoporo pasHa f, -+ f,. CuegoBarensno, B cuiy teopeMmnr 1

p* (f1 + f2) = sup p (@1 + P2) = sup (1 (P1) + p (92),
Tae (Py, P} mpoberaer MHOMKeCTBO Hap QyHKIUI N3 ¢4, IJIA KOTOPHX
Q< fi 1 P2 fo; a TAK KaK

sup (i (@1) -+ 1 (92)) = sup p (@4) +-sup . (p2)
{O6masn tom., ra. IV, § 5, crepmctBue 2 u3 mpemi. 12), To teopeMa
JIOKa3aHa.

Meepnoxenne 3. Jas awbozo cemeiicmea (fi)er Pynwyuii us J4
pr (2 1) = 2w (fo). 4
el LET

B camom pmeme, mus mo6oro KOHEYHOTO IOIMHOMKecTBa J MHO-
skectBa I u3 TeopeMul 2 (MEAYVKIUeH N0 uucly SJIeMEHTOB MHOKe-

ctBa J) Bemomum, uro p* (D) f)= D u*(f); wkorma J mpoGeraer
LEJ LEJ :

MHOKECTBO KOHEUHHX 4uacredi MHOKectBa J, OQyHKOuu g;=— 2 fi
LEJ
IpuHagIeRatT J+ u 06pasyoT MHOMKeCTBO, PuibTpylomigecs mo OTHO-

MeHNI0 < ¥ HMemee B KAaYecTBe BepxHell orubaiomeir QyHKIUIO
) fi; clemoBaTeNbHO, TpPeIOMKEHNe BETEKAET H3 TeopeMsl 1.
3

eegnosmenne 4. IHyemv | — dynryus us [Ji. Omobpascenue
p = p* (f) muomcecmea oM, (E) nosoxcumerouviz mep na K 6 3amkrny-
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myo npamyo R nosynenpepwieno cHusy 6 WUPOKOU MON0AOZUL
6 oy (E) (va. 111, §2, n° 7).

HeiticTBATenbHO, 9T0 0TOGpasKeHMe 1O OLPEJENeHAI0 SIBISAETCH
BepxHe#l ormbalomes oToGpaskenmiA P — p (g), Tme g upoberaer MHO-
KEeCTBO TaRMX QYHKUME W3 ¢4, 9T0 g <f; a mo onpemeseHNI0 MUPO-
KOH TOmONOrM¥M oTOOpaskeRmMA | — p (g) HeupepuBEH Ha of (E).

2. BHEWNHAA MePA OMEPLINO0Z0 WHOICECINEA

Ecnm sagamo ompwimoe MEOsectBo G E, T0 ero xapaxkrepucTu-
deckass (YHROUS Qg noayxenpepuisna chusy ma E (O6mas rom.,
ra. 1V, § 6, cregcrsme us npema. 1). CiemoBareabHo, MOMHEO IPIHATH
cilenyolliee OUpeneeHMe: -

Onregenenne 2. Ecau ha E 3a0anQ ROAOHCUMEADHAR MePa [, MO
sHewrel mepot awbozo omrpumozo muoxecmea G E nasvisaemcs
(u obosnauaemcs uepez p* (G)) eeprnuill unwmeepas p* (Pg).

Tarkmm o6pasoM, BHEmHSA Mepa OTKPHTOro MHo:kecTBa G ecThb
HOJIO}KHTENbHOEe THCHO, aubo KomedHoe, amGo paBHoe L oo. Cmpa-
BegimBo pasercTBo U* (F) = 0. Hpome roro, Kak mOKa3HIBaer
dopmyna (8) w3 ruasm III, § 2, p*(E)=|p|.

IleEgnosenne 5. Brewnas mepa OmEpwmozo omHOCUMEIbHO KOM-
naxmmnozo muoxcecmea G KoHeuna.

JelicTBATENbRO, B 3TOM clyuae Haiijercsa Taxasg Qymkumsa f€ o4 .,
aro Qe <f (ra. III, § 2, memma 1), oTryza

p* (G) =p* (9c) <p* () =p(f) << + oo.
Yreepiuneane, o0paTHOe DTOMY NPEJIOMEHNIO, HEBEPHO.
Nleegnomenne 6. Ecau Gy u Gy— dsa omukpuimux MHONeCNER U
G, < Gy, mo p* (Gy) < p* (Gy).
HeiictBurensro, otHomenne G, < G, YKBHBAJEHTHO OTHOIMEHUIO
Pa; < Pay-

Hpepnosxenrne 7. Hycmo & — muoxncecmaso omrpulmus MHONCECMS
us E, dusvmpyioweecs no omruowerulo < ; moeda

w*( U G)=sup p*(G). (5)
Ge® Ge®
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B camom mene, ¢yurnumE g o6pasyior dmiabrpylomeecs (mo <)
MHOJKECTBO B /J4, A WX BePXHAA oTHOAIOMasi ABIAETCH XapaKTePHCTH-
weckolt (QyHKImmedl ob6bemmHeHWs MHO;eCTB G € (J; TakuM o6pazoM,
[peIosKeHne ABJISAETCA CJIEICTBNEeM u3 TeopeMsr 1.

rennosxenue 8. ITyemo (G,), ¢ 1 — npoussosvroe cemelicmeo omrpui-
MBIE MHONCEC8; mo2da
p*( U G)< 2 p* (G). (6)
(13 4 Vel

Ecau npu smom G, ne umeiom nonapno o6uux mouer, mo
pt( U G)= 2 u* (G). (7)
el LET

B camom mene, ecin G = | Gy, 10 ¢ = sup 9g, < 2 Pg,; a ecant G,
eI (143 el

He HMeIOT IOoIapHO oﬁmnx TOYEeK, TO CPG:Z(PGL; TaKUM 06pa30M,
tel

NpeJJOMERNe ABIALTCA ClejcTBueM TeopeMe 1 m npemuomenus 3.

IIpumep. Ionoum E =R n obosmaunm uepe3 u mepy Jlebera
ma R (vn. II1, § 2, n° 2); mafigeM BHEMIHIOO Mepy OMEPHMOZ0
naTepBana G=]a, b[ (—oo<a<<b< + o0). Jlonycrum cHavaia,
aro ¢ n b xomewnu. Torma, cornmacHo TeopeMe O cpegHeM, Jis J000H
$yargmu f us ¢4, ymoBierBopsiomeid yciosnio f< g,

ff@yh:§f@ym<b;m

otryma p* (G)<b —a. C pgpyro#t cropomm, pgas mo6oro & >0
Hafimerca Taraa Qymruua f€ K., uro f<<@9g m f(x) =1 pmas
o} eLx<b—e; orcoga p* (G)>b —a —2e a TaK Kak
€ NpoM3BOIbHO, TO W* (G) = b — @; MALMHN cA0BaMH, BHEMIHAA Mepa
nHETEpBaNa G paBHA €ro dauHe. ITOT PE3YIALTAT CPa3y e PAacIpo-
cTpaHAeTCA Ha CIyYail, Korga G — OTKDHTHE HeorpaHNYeHHEHR
mHTEDPBAN, HGO TOTMA OH COTMEPIKUT OTKPHTHE OrDaEAYeHHNe MHTEPBa-
JAB CKOJb YrogH0 OOJBIMOH [IWEH, M, 3HAYAT, B JTOM ClydYae
p* (G) = 4 oo.

BosbmeMm Temeps B KauecTBe G HPOM3BOJIBHOE OTKPHITOE MHOKECTBO
m3 R; Torga G ects oOGbemHEEAE CUETHOTO (KOHEUHOTO MM GECKOHEd-
HOTO0) MHOKECTBA OTKDHITEHIX MHTEPBANOB }az, byl momapro 6es o6mumx
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togex (O6masn rom., ru. 1V, § 2, npenan. 2); caegoBareabro, p* (G) =
= 3 (br — @) (upep. 8); MHHIME COBaMH:
E

IIeepnoxerne 9. Buewnas mepa Jebeea omrpumoz0 mHodcecmea
u3z R pasna cymme 0aun €20 c6AZHBL KOMNOHEHM.

OTMeTHEM, B TaCTHOCTH, 4TO €CIu G — OTKPHTOE MHOMKECTBO
us R m p* (G) = 0, to G nycmo.

3. Bepxrruii unmespaa om mnNoAGHUMEAvHOU GyHEuun

Jlns1 BcsKoA (KaK KOHEUHOH, TAK M OECKOHEUHON) INCHOBOU (yHK-
umn >0, onpenenennoit Ha E, cymecTBylor Takme Qymrruuma k€ J .,
910 f<<h, Zame ecadm f ecThb KOHCTaHTAa, paBHAdA -l oo.

Onrepenerue 3. [Tycms p — nosoicumenvrans mepa wa E; O0aa
A0608 (KoHeunoli uau nem) wucaosoli Pynkyuu f >0, onpedesenroll
na E, seprnum unmezparom om f (omuocumenvro \) Ha3siéaemes noao-
Humeavioe (KOHEUHOE UAU DPABHOE |- 00) HUCAO

pw*(f)= _inf p*(h).
h=f, hES

Ecim f€/J4, 10 oIpemeneHHOE TAKMM IyTeM 4HMcaIo p* (f) pasHO
BePXHEMY HMHTErpaly, BBEIeHHOMY B olipeneneHmu 1, IOcKoIbRy pn*
Bo3pacTaer Ha J+.

Hapany ¢ oGosmauennmeM p* (f) Mm OymeM Take MCHIONB30BATH

oBosHATeRH g*f dp n S*f(x) dp ().

Opumep. Ilycts ma E omupefeneHa Takasg KOHEYHAas UHMCIOBAsS
$yrKmEA o >0, 3o AuA Mo60To KOMOAKTHOTO MHO}KecTBa K (— E cymma
2 o (z) komeuna. Ilycrp p—mepa, ompemeieHHAH IPHA IOMONIM MAace
xeK
a(z) (ra. 1M, § 2, n° 2). Masa mo6oii dynkmmm f >0, ompegenen-
Ho#t Ha E, m o6oit dynxkumm h € 7, Taroi, 4ro < h, umMeeM (n° 1)
pr)= a(@)h(@) > D) a(2) (), omyma p*(f)> Y] a(@)f (2).

xEE xcE xEE

Toxasen, 10 eCita pu* (f) <400, 10 p* (f)= D} a (z)f (). [leitcren-

xgE
TeNIBHO, B 3TOM Cciydae Haiigercs Taxkag ¢ymkuma h€J,, ato h > f
u p* (h) womeuna. Ilycte u (z)=~h (z) — f (z), Korga aTa pa3mocTh onmpege-
nema, u u (x) =0, KorAa f (z) =h (z) = +00; Tak KaK cymma ) o (z) u (z)
x€E
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KOmeuHa, TO miA dioboro & >0 cymecrByer Takoe KOHEYHO® MHOKECTBO

M E, aro 2 a(z)u(z) > 2 a (z) u (r) —e. Torma o6o3ravmyM gepes hy
xEM x€E
¢ynrnuio, paBeyw f(r) paa z €M u h(z) pnsa z ¢ M; odeBnpHO, hy mONY-

HenmpepHBHA CHA3Y H hy > f; HaKOHeNn, HMeeM 2 o (z) by (x)=

xeE
= a@h(@— X a@u@) < Y (@) f(@)+e cregoparensso,
xEE xEM xeE
p* (f) < 2 o (z) f (z)+&, a NOCKOABKY & MPOM3BOJLHO, TO HAINE® yTBEp-
xEE

AIeHAe TOKa3aHO.
OrmermM, 910 MOXer oKasarecH p* (f)=-4oco0 m a(z) f(z)=0 ana
moboro z € E (yup. 4).

Ivegnomenne 10. Ecau f u g—0se noaoscumenvible uUc.aogbie
gynryuu, onpedeaennvie na E u ydosaemsopsiowue ycaosuo f< g,
mo p* (f) <p*(g).

Ieegnomenne 11. Jaa a060z20 koneunozo Oelicmeumeaviozo
yucaa o >0 u awboll wucrosoll gynryuu f >0, onpedeaennoii na E,

p* (acf) = ap* (). (8)

Mpegnomenane 12. Ecau f; u f;—0se nosoaxcumenvtvie uucaosvie
Pgynryuu, onpedesennvie na E, mo

w* (fo 4 fo) <p* () +p* (F2)- 9)

B camom pmeme, nis namo60od ¢ymrumm ky€Jy, AAS  KOTOpOM
fi<<hy, n ao6oit dyHRnuR he € J4, nmuaa koropoit fr<hy, B cuiy
TEOPEMEI 2 mMeeM

p* (f1+ f2) <p* (b -+ hy) = p* (hy) +p* (ha),
orkyma (O6mas Ttom., ra. IV, §35, cmemcrBme 2 m3 mpemm. 12)
W(fkf) < dnf pr(e)+ inf pt(hy),

hizf1, €T + ho>fa, ho€d 4
uro copuajgaer ¢ mepaBencTBoM (9).

IIpegnomxennss 10, 11 m 12 BHpamawor ToT (akr, 9T0 p* ecTh €os-
pacmaoyas, noAOHUMeAbHaL, O00HOpOOHas u eunykses (QYHKDHAS HA
MHO;KeCTBe NOJORHUTeNbAKX YHCIAOBHX (YHKOuUil, ompejemresmswx Ha E
(ra. I, n°1). OrMermEM, 9TO €CIH fi W f; — JBe MPOH3BOJBLEHE IOIOMKA~
resbHEe Qynkmmu, TOo 06e uacrdm (9) Moryr He OHTH paBHRME (§ 4,
yup. 8d)); B § 4 MH yKasKeM YCIOBHs, P KOTODHX Gy/eT HMeTb MecTo
paBeHCTBO.



3 BEPXHUI AHTEIPAJN OT UOJOMKUTEILHON OYHKIITUN 127

TroreEMa 3. Jlas ecakoll eospacmainwei nocaedosameibHOCMU
(fn) nosoxcumervnvixr uwucaoswx Gyrwkyuli, onpedesennwir Ha E, cnpa-
gedausa gopmyra

w* (sgp fn)= sup w* (fn). (10)

Iockonpky kampas u3 QyEKOmit f, HE NPEBOCXOXMT Sup fn,
n
TO Bce CBOTUTCA K JOKA3aTelbCcTBY HepaseHCTBa W* (sup fa) <
n
< sup p* (f,), KOTOpOe OUEBHHO, KOTJA HpaBasd 9acTh PaBHA - oo.
n

Ecunn ke mpasas wacTh koHeUHA, TO P* (fn) <<+ co mpu mwoboM n;
MEI YIOKa3KeM, uTO s Joboro & >0 cymecTByeT TaKas 603PaAcmar-
14as MOCIe0BATENbHOCTD (gn) QYRKRIUMHA U3 Jo, 4T0 fr < gn U P* (8n) <
<W*(fa)te. Ecan g €CTh BePXHAA ormbaiomas Hocie0BaTeIbHOCTH

(gn), TO P* (g) = sup p* (gn) (reopema 1), otkyaa p* (g) < sup pu* (f»)+&;
n n
& Tak KaKk Supf,<g ¥ & IPOU3BOALHO, TO TEM CaMpM TeopeMa
n

Oymer mokasaHa.
Ilo ycuoBMio cymecTByeT Takas QYHRUAS A, < J4 9TO frn<hn

n p*(fn) <p* (hn) <p* (fn)—kieﬁ; HoKakeM, 910 (GYHKUMK

gn = SUp (hh hz, ceey hn)

VIOBIETBOPAIT nocTaBieEROMy TpeGopammio. OHE mpuEagaekar J.,
o6pasyloT BO3pacTalmylo HOCIEOBATENBHOCTE U fn < gn IIA JIO-
O6HX 1, MOKa)KeM, 4TO

y B ’

B (gn) <u* (Fn)+-e (1—3) -

IIpoBeneM wapykmmio 1o n; ciayuait n=1 tpusuanen. C gpyroii
CTOPOHH, gn+1=SUp (&n, Pn+1), gn>Tn ® bni1 > fny1 > fn, OTEYHA
inf (gn, Anyi) > fr; a Tak Kak

inf (gn’ hn+1) + sup (gm hn+1) =gn+ hn+11
TO U3 TeopeMH 2 BEITEKAaeT, YTO
W* (gns1) = B* (gn) + 1* (hnsr) —p* (inf (gn, han)) <

<I~L* (gn)+lvt* (hnﬂ)_l-"* (fn)<|-"* (fn+1)+8 (11)—2_111) 'JTET,eTﬁ =

=p* (farr) + 8 (1—2713) , 9. T. X
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Cunegcrue. Ilycmo §—CUETHOE MHONCECMBO NOAOIUMEALHBLE
yucaogr Gynkyul, @Guismpyroweecs no OmHoweHulo < ; mozda
® —
w* (sup f) = sup p* (f). (11)
€8 1S
B camoM mene, cymecTByeT BO3pacTalmas MOCIeJ0BATEIbHOCTH
$yHRIUA u3 § ¢ To# sxe BepxHedl orubaromeii, 910 u §; ecanm (f.) ecTs
HOCHAeOBaTeNbHOCTh BCeX (YHKIUA u3 §, HPOU3BOJBHEIM 06pasoM
yHopagouennas, To gepes (fn,) 0003HaTUM ee HOMTOCIE/[0BATENBHOCTD,
oNIpefieJIeBRYIO 110 WHIYKIUN YCI0BUAMEA ny = 1, fo, 41 > Sup (Fapy Tr)s
SICHO, UTO 3Ta MONIOCJIE0BATEIBHOCTh 061amaeT TpeOyeMHMH CBOH-
CTBaMH.

3amevanunsu 1) Coormomernne (11) y®e He 00g3aHO BHITON-
HATBCA, €CIA § ecrb Hecuemnoe QUIBTPYIOMEECH MHOMKECTBO IIONOMKH-
TeNBHHX QYHKUWE, He ABIAIIMXCH MOIYHENPeDHBHHME CHH3Y. Bo03b-
meM, k npumepy, E = R, ofosnaumm uepe3 p mepy JleGera ma R um pac-
cMoTpayM QuUABTpyIOmEecs (M0 <) MHOMKOCTBO { XapaKTePHCTHISCKHX
QyEEOUE @p BceX xoneunnr mopmHOecTB u3 R. HMmeeM p* (@p) = 0
VISt MOBOTO KOHETHOTO MEOMKECTBA M, TaK KAaK TOYKA COJePRHATCH B OTKPHI-
TOM HHTEpPBaJe CKOJNb YrOJHO MAJod NAHHH, W cJIe0BATeNbHO, XapaKTe-
pucrmuecKan (QYHKIHS MHOMECTBA, CBONAMIETOCA K TOUKE, EMEET BePX-
HEf MHTETpA], PABHHI HYJI0, 9TO BEITEKA®T M3 ONIpeeleHAs 3 H mnpej-
noenua 9. Ho sepxuas ormbamommas MHOMKeCTBA § €CTh HOCTOSHHASN

dyaruus, papHasd, m p* (1) = + oo,
2) 3amermM, 9TO AAA y6usawield MOCIEROBATEABHOCTH (f,) moimo-
MUTeNbHHX ¢yuxmumit pasemcrso p* (inf f,) = inf p* (f,) Momer me

n n

BHIONHATEEA, Kaske ecam p* (f,) < -+ oo upH arobom n (cp. § 4, yup. 8c)).
Irepnoxerue 13, Jas awboli nocaedosameavhocmu (f,) nosomcu-

MesbHblL YUca08ur GyHKEYUl, onpedesennnx na E, cnpasedauso nepa-

8enemeo
p* (ngi fn) <n§1 w* (fn)- (12)

Tlocratouro mpuMennth cooTHomenue (10) k Bospacranomeii moc-
" _

JIeOBATENbHOCTH QYHKIUA g, = 21 fr m yuecrs, uTO cormacto (9)
h=

IJI* (gn) <k§i w* (fr)-

B § 4 MH yKaykeM YCJIOBHsJ, NPA KOTOPHX B dopuyne (12) mmeer
MeCTO pPaBeHCTBO.
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Ilregnomenne 14 (nemma @ary). Jas awboiti nocaedosamens-
roemu (fn) noaosxcumeavhulx uucaoswr Gyrkyuil cnpagedauso coom-
HouLeHue

p* (lim inf f,) <liminf p* (f5). (13)

n-—-»00 n-—+oco
IleificTeuTensHO, XA a0060TO TEIOTO N HOIOKUM gn:inf frip;

OOCJIeIOBATENbHOCTE (gn) BO3pactaer, u liminf f, = sup gn; o'rcm(a

N0

8 caay (10) p* (lim inf f,,)ﬁsupu (gn); HO TAK KAR gn < fnip mIA

Nn—»00

>0, 1o p*(gn) <P* (fn+p), OTEYmA P*(gn) < lnf W* (fn+p)» M OKOH-

4aTeJbHO
p* (lim inf f,) < sup (inf p* (fr+p)) = lim inf p* (f,).
n-so00 n  p=0 n—y00

Caegersue. Hycmo (f,)—makas nocaedogamenvrocmv nOLOHCU-
meavrux wucaosvx Gynryuil, umo lim f, (x) = -+ oo duas awbozo zC E.

N-—>00

Ecau mepa p omauuna om wnyas, mo limp* (f,)= -+ oo.
n—>»00

HeitcTBurensvao, ecan fo— mocrodHHAs QYHKOHUA, paBHAS - oo,
TO fo siBisiercA BepxHein ormbatomeit Bcex PyHKuMA m3 4., a Tak
kak p==0, o p*(fo) > 0; HO WOCKOMBRY fo= af, musa moGoro o >0,
10 P*(fo) = + oo (mpemn. 11). Torma mepasemctBo (13) moxaswiBaer,
aro u* (f,) cTpeMuTca K -+ oo BMecTe € 7.

Heepnomennt 15. Jas awboeo ckasapa o0 u awboii napw
noaoJumeabHuL Mep W, v Ha E cnpasedausu gopmyan

(op)* = ap®, (14)
(W Av)* =p* V™ (15)

Kpome mozo, ommowenue u<v éaeuem p* L v*.

Hoxamenm coorsomenue (15). Homomum A = p 4+ v; rorma A (f) =
=w () +v({() nua f€K,; nna f€J, snauenume muTerpama A* (f)
(cootB. p* (f), v* (f)) ectp upemen mmTerpanos A (g) (coorB. M (g),
v (g)), Korga g mpoberaer puiabTpylomeeca (0o <) MHOMECTBO QyHK-
uuit g € %4, g <f; ciegoBarensHo, A* (f) = p* (f) + v* (f). Harkomemn,
ecs [ ecTh TIPOM3BOJIBHASA LONOKUTENbHAs QYHKIMA, onpemeseHHEas
ga E, to A* (f) (cooTB. p* (f), v¥* (f)) ects upemen uaTerpanmoB A* (k)
(coots. p* (h), v* (k)), worma k mpoGeraer puabTpylomeecs (no 3> )
9 m. Bypbaku
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MHOEecTBO $yRKUME A C[J,, h>> f; TakuM oOpasoMm, cHOBa, mepexons
K mpegeay, noxydaem A* (f) = pu* (f) + v* (f), 90 u moxasmBaer
(15). Tourmo rax ske poxaseiBaercsi cooTHomienue (14). W, maxromen,
eCam U<V, TO MOJKHO Hammeath v = W - (v — pu), rme v — p >0,
", 3Hagur, v¥ = p* L (v — p)*, uem pgoxasaHo, uTo p¥ L v¥.

4. BHewHsan MHePA NPOUIBOABHOZ0 MHHOIMCECNER

Omrepaenenne 4. ITyembv p — noaomcumesvnast mepa wa E; Oan
4106020 nodmmoncecmea A us E naszoeem enewneti mepoti A (0THOCUTEIDb-
HO MeDH W) U o6osHauum uepes p* (4) sepruuil unmespas p* ().

Taxum o006pasoMm, BHEMHSSA MePa MHOKECTBA €CTh MOJOKUTENILHOE
WHUCJI0, KOHEYHOE WJIN DAaBHOE -- oo, COBOAJA0Iee NJAA OTKPHTHX
MHOJKECTB C BHeENHeH Mepoii, BBeIeHHOH B oUpegeleHUN 2.

{Irennosxenue 16. Ecau A u B — 9sa nodmuoncecmea us Eu A— B,
mo p* (4) < p* (B).

Heegnomenne 17. Ecau (4p) ecmv eosapacmawwas nocaedosa-
meavrocmy mHoxecme us E, mo p* (| Ay) =supp™* (4,).
n n

Ieegnosenne 18. Jas awboli nrocaedosamesvmocmu (A,) mHo-

acecme us E cnpasedauso uepasencmso p* (U An) << 2 u* (4,).
n n

ITN MpeLIoACHUS ABIAIOTCS TepeNo;keHEneM npemaoxenmit 10
7 13 u TeopeMn 3 IIA XapaKTePUCTHYECKHAX (PYHKMMHA MHOMKECTB.

Meepnoenue 19. Jas awboeo nodmuomncecmea A= E p* (4) ecmo
HUNCHAS 2PaHb SHEULHUL MED OMEDHUMBL MHOXMCecms, codeprcauux A.

ITpennosenue ouesBumgno, ecau p* (A) = -+ oo. B mporusHOM ciuy-
gae pas Jwboro e, 0<Ce<C1, cymecrsyer taxasa Gymkuua fC.7,,
110 @, <f n p*(A)<p*(f) <u*(4)+e. Hyers G ecte MHOMeCTBO
tex zC E, 8 xoropeix f(x)>1—e. llockonbky f wuonymenpepsiBHA
cuudy, to G omkpemo (O6masn ton., ra. IV, § 6, mpegx. 1) u comep-

mut A; ¢ gpyroil cTopouw, f > (1 —&) ¢¢, 0TRYHa p* (G) <—1i—8p,* (<

1
<1—e

YrofIHO MaJo0 OTINYAETCA 0T P* (A), OTKYZa H ciefyer NpelioyKeHue.

(n* (A)-+e); a Tak KAk & OpOM3BOABHO, To p*(G) cKoOmb
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CnenctBue. Beakoe  MHOXMcecme0, OMHOCUMEABHO  KOMNAKMHOE
6 E, umeem Koneunywo 6HewHIOW MepY.

IlefictBuTeAbHO, TaKOe MHOMKECTBO COMEPIKUTCA B OTKDHITOM
OTHOCHTENIbHO KoMIaKkTHOM MHO;kecrBe (OGmas rom., rua. I, 2-e uax.,.
§ 10, mpenn. 10), BHemHAA Mepa KOTOPOro KoHeYHA (Ipemu. 5).

5. AbemparmmHasle Hepol

Ilyecth A — HpomM3BOIBHOE MHOMKECTBO, M NyCTh A — TaKoe BEKTOPHOe

NOANPOCTPAHCTBO NPOCTPAHCTBA R# Beex onpencyennsx Ha A KOMEUHHX THCIO-
BHX (yHKumHA, 910 AasA A00bx ABYX ¢ynkumi f, g m3 BB sup (f, g) npnuamie-
AT R; caenoparenbno, R ecrb npocmpancmeo Pucca. TosopaT, 910 mouo-
JHTeNbLIAA JHHeiinag gopma p Ha FE ecTh abcmpakmhuas mepa, €CIH OHA YNOB~
JIETBOPAET CleqyIonleMy YCA0BHIO:

(MA") Ecau sospacmawujas nocaedogameavnocmo (fp) dynryuii us R umeem
e xauecmee sepzueil osubanoweli gynwyuw uz J, mo p (Sup fp) = sup p (fp).

n n

Beskas nonoxknTenbnas mMepa (Pagoma) p Ma JOKaIbmo KOMNAKTHOM
mpocTpaucrBe A ecTh adcTpakTHas Mepa, COOTBETCTBYIOMAs CJydalo,
Koraa B KadecTpe A Oepercsi IpoCTPauncTBo o4 (A) BenpepblBHHIX (yHEK-
OEA € KOMIAKTHLIM HOCHTeNICM; [ACHCTBHTEJLHO, OEa YNOBIETBOPAET
(reopema 1) caefiylomeil axcriome, Gonee orpanuuuTenbnoi, gem (MA')r

(MA) Ecau H ecmb duavmpyioyeecs (no <) Mmuoowecmeo Pynuyute
us %, umewwee g8 Kauecmee eeprHell ozubarwel Pyuxyuwo us %, mo
p (sup f)y=sup p (/).

e feH

B § 4, n° 11, Mu mpmBeneM IIpHMeDH alCTpaKTOHX Mep, Be YHAGBE-
aerBopamomunx akcnome (MA)., C apyrofl cropons!, Jerko yKasaTe lpH-
Mepbl NOJOKNTeNbHBIX JHNICHHBEX ¢OopM Ha upocrpanctBe Pucca, He
SABAAIONNXCA aGCTPAKTHEIMI Mepamn. DosbMeM, k npumepy, B Kauecrse R
mpocrpaucTBo Prcca aunefivarsix ¢yurnuil na nurepsane [0, 1] (Dyax-
nnu geiicts. mepes., ra. 11, § 1, n°3) u uonoskny p (fy = f (0 +); aerxo
BHJETh, 9TO | eCTh HOJOKHMTeNIbHAas JlHelinas fopma Ha J; ONUAKO ecam

i
f. O3HavaeT XapaKTCPHCTHYECKYI0 QYHKIHIO WHTEpBAIa L—i—, 1] , T0
B (f») = 0 mas awGoro n, a u (sup f,) = 1.
n

O6Go3nagoM uwepesd .y MHOMKECTBO HMOJORHTENLHBIX QYHKOUHA OpHpnaniexa-
mAx 2, depes [J(A) HIH NPOCTO J)—MHOMKECTBO 6€PIHUT 02168 WUUE
(woneunvlz uau nem) eos3pacmalowuxr nocredosamensviocmeil gynryul uz P,
u vepes 7, (A) mam mpocT0 T —MHOMKECTBO 6eprruz 02ubaiowuz (KoHe{HblE
AU HEm) RNPOU3EOAbHHT MHONcecme u3 R,; owesnpno, J,LC J.. m 3Ta IBa
MHOJKECTBA, BOoGIIe roBopsA, pasaianyHel. Ilycts f—dysrnng ma3 J.; ecaw (gy)
x (hy)—naBe Bospacrawilme mociefoBaTelsHoCcTH (yHKRUEM W3 H,, HMeEOmMAe
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ojdHy # Ty e OyHKUHIO [ B Kauecrse BepxHell ormGaromeii, To sup u (gn) =
=sup u (h,). HedcTenTeibHO, A JIO00T0 m UMEET g, < Sup hy; 3Ha2m, Ry =
=su1;) (inf(gsm, hn)), 1 yciaoBue (MA') mokasuBaer, 9To y (gm):rslup p (inf (gm, gn))<
\<sngp i (p). OTclofia BEIBOXHEM, UTO sglpu(gn)<51711ppt(h,1)',1 U TOYHO TaK 3Ke

HoKaskeM, 4T0 sup p (hy) < sup u(gn). CTaso 6mTeh, 1A NPOH3BONBHON Bospa-
n n

crawielf mociuenoBaTenbHOCTH (gn) QYHKUNMI u3 Y7,, wuMeomell f B KauecTse

BepxHell ormbalmeif, 4ucio Sup p(gn) BaBHCHUT JHIH OT f; ero 0oGosHAYalOT
T

depe3 p¥* (f) U HABKIBAIOT éepruuM unmezpasom 0f f oTHOCUTEIbHO aBCTPAKTHOIL
MEpH |; OTO eCTh MpolHoJKenme Mepsl W Ha 7.

Ecan teueps f ecTb npoussoabias MONOMUTeNbHAS QYHKINA, ONpeIedeHHAN
Ha A, 10 ofo3HadaioT depes pu** (f) m Ha3HBAWT seprHUM uHmMezpasom OT [ OTHO-
CUTEJIBHO L HIDKHIO TPaHb umcen p** (h) mma yuxiuii 2 € 74, h > f, ecan
TAKOBHE CYIICCTBYIT, I 0o B IpoTHBHOM ciyuae. Ilocae aToro My ybemxpaemcs
B ToM, 4TO mpefnokenus 10, 11, 12, 13, 14 u reopema 3 cupaBe[AMBH A BEPX-
HEero MHTerpajia, COOTBEeTCTBYIONmero afcTpaKTHOH Mepe (¢ 3aMeHOH p* Ha p**),

Brewnas mepa OpOU3BOJBHOIO MOAMHOMKECTBA MHOMKECTBA A OTHOCHTENLHO
aGeTpaKTHOH MepHl | OMpefendercd, Kak B n°4, u mpeinokemns 16, 17 u 18
COXPAHAIT CHJAY C COOTBETCTBYIOIINM H3MeHeHHeM B O00O3HAUeHHH.

Ecam aberpakTHas Mepa | yhnoBjersopsier akcEoMme (MA), To MomHO ompe-
AeadTh BTOPOIl BApXHAN MHTerpan p* (f), medcrsyda, Kax B n°n° 1 m 3: gas Besa-

Koil dyHKumn f € 7, unonokum p* (f) =  sup @ (g), a iuA OPOU3BONBHOIMA
el ge R,

dyaxmum f >0 p* (f) = inf  p* (h). Ilpu arom onpeenenny Teopemu 1 u 2
h
=1l -+
coxpaHsawTca Ge3 HM3MeHeHHi (B cmiy akcHoMsl (MA)), paBHO KaK H PeayiabTaThl

n°® 3. Ouesmguo, aro p* (f) < p** (f) nuas awboit fyaxuum f > 0; o6a BepXHEHX
mOTerpajga COBIAfAOT Ha J;, HO MOryT He COBHagaTh HA .7, KOIZla 3TH MHO-

JKecTsa pasjmdHbL
B paabdeifinnx nmaparpadax Mel GydeM NOMYTHO BKpaTie yKa3HBaTh, Kak

pesynbTaTh, oOTHOCAIOHeCA K MepaM (PajioHa) Ha JIORAALHO KOMIAKTHOM IIPO-
CTPaHCTBe, MOryT OHTh PACHPOCTPaHeHH HAa alCTPAaKTHHE MepHL

Yupamuernunsa 1) [lokasars, 9ro ecan f n g — JiBe TOJOMUTEIbHEC
quciosee pyHkuuM Ha E, To
p* (sup (f, g)y+p* (inf (f, &) < p* () -+u* (g).

Bripectn oTciofa, 410 ecim A B B —upou3BosbHEE MHOKecTBa H3 K, TO
w* (A U B)+p* (4 [} B) < p* (A)+p* (B)
2) Tokasats, 4To, KaKOBo G HE GELI0 z € E, Bepxumii muterpan e (f) =

= f (z) ana mawoGoi gmcaoBoil Qysrmuum f > 0.
°3) Ilycers f > 0 — umcanoBaa ¢yEKRnEA Ha E.
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a) Ilokasars, 4To ;s Toro, 4ToGH oroOpakeHme L — p* (f) mpocTpaHCTBa
efly (E) B R 6bu10 HeTlpepHBHO B WIHPOKOH TONONOrHH, HeoOXOAMMO (m mocTa-
To4HO), 9TOOH f Oba HempepElBHA M HMeJia KOMIIAKTHBIA HOCHTENBL (TICIIONb-
308ath yop. 2). Jing Toro wTo0u oToGpaskenne Y — p* (f) GEUIO MOJ yHepepPHIBHO
CHH3Y B MHPOKOM TONOJOIUN, HEOGXO/INMO (M HOCTATOTHO, CM. MpELt. 4), arobu f
fplia MONYHenmpepHBHA CHHAY.

b) MNoxasars, gro mus Toro, 4roGH OTOGpasKeHHme P — p* (f) npocTpaHETBa
oM, (E) B R Gruto HempepHiBHO B cmanboil Tonosormu (ra. III, § 2, ymp. 4),
HeoOXOMUMO M [OCTATOYHO, 4TOOH f Ghuia OrpaHMYeHa W HMeja KOMIAKTHHUE
HOCHTeNb (aHAMOrMIHBIA MeToX). Basecrn orciofa, 4ro orobpaende p — u* (f)
MOJyHelpephHBHO CHH3y B CHABHON TOMONOTHH NI Beakod ¢yarnmm f > 0,
paBHOll HYMIO Ha NOMONHEHHH K CIETHOMY OOLeNHHeHHI0 KOMUAKTHHX MHOKECTB

(upIMeHHTHL Teopemy 3J).
°4) Ilycrs E — mopMuOMecTBO mwiockoctH R2, cocrosimee w3 mpamol z = 0

1 %
Il 13 TOYeK (-n— , ﬁ) , TMle n OpoGeraeT MHOKECTBO I@JEIX CTPOTO TOJIOKHTENb-

HLIX UHCeNd, a k — MHOKeCTBO Z IelHhX paunoHaBbHHEIX dHCEJ.
a) las mwoboit tourn (0, y) mpaMmoit z = 0 m xioGoro mesore n > 0 o6o-

3HaduM d4epes T, (y) MHOMKECTBO TaKHX TO4eK (u, v) ua E, 910 u<—;

it | v—y| < u Iloxasats, 9T0 ecam B KadecTse PyHIAMeHTAIbHOHX CHCTEMHE
OKpecTHOCTell Kaskoil Toukm (0, y) B3AThL MHOMecTBa T, (y), a B KazectBe QyH-
AAMEHTANbHON CHCTeMBl OKDPeCTHOCTeIl KaK[0fl W3 OCTalbHHX TOYEK MHOMKe-
c¢TBa K — MHOMeCTBO, CBOJsIieeci K STOH Todke, T0 B E Oymer oupepenena
TONOJOTAA J, OTHOCHTENLHO KOTOPoH E ABIACTCA NOKaNbHO KOMIAKTHHIM Npo-
CTPAHCTBOM, HE CHeTHHM B OeCKOHEYHOCTH.

b) Hycrs uncuosas ¢yHEnUsa o (z) > 0 na E pasna 0 B KaXkmof ma Touek

1 . 1 k&
(0,y) H pasua o B KK oll U3 ToUeK (—n— '3 ) [TorasaTs, 4T0 a4 M0GOr0 KOMIAKT-

noro mHomectsa K CE cymma 2 a(z) xoneuna, IIycTh p~monoKuTedbHAA Mepa
26K

ia E, omnpefleieAHas OPHE HOMOMH Macc & (x). [lokaszats, 4To MHOMecTBO D TOueK
(0, y) mmeer GecKOHEYHYIO BHEIDHIOW MePy (HOKa3aTh, YTO eC/M OTKPHTOE MHO-
mectBo U comepssur D, TO cymecrByoT Takoii nurepsan e < y < b B D, Takoe
MHOKECTBO B, BCIOy MIOTHOC (OTHOCUTeJNBHO OOHYHON Tomomornd B R) ma aTom
TepBaje H TaKoe Iesoe n, 9T0 mua Jioboro y € B T, (y) < U; ucnons3oBath
ansg sroro Teopemy Boapa).

5) a) Hycts (pp) — Bo3pacTamwmas DoCHef0BATENBHOCT MOMOMKATENLHAELX
Mep Ha JoKagbHO KOMIAKTHOM LIPOCTPaBcTBe K; mpeNiolio’kuM, 4TO 3Ta HOCie-
ROBaTeNbHOCTs MaKOPHPOBaHA B off, (), m 0003HaIaM uepe3 | ee BEPXHIOW
rpaub. Ilycts dyurnms f 2> O onpesienera Ha E m ofpamaeTca B Hyab Ha JOTOJ-
HeHHH K CYeTHOMY O0be[HHeHHI0 KOMIAKTHAIX MHOKecTB. [10KasarTh, 4T0 p* (f) =
= lim pg (f) (cp. yup. 3b)). -

n—oo

b) Ilyctb E # p — NOKaJBHO KOMNAKTHOE NPOCTPAHCTBO # Mepa, ompe-
nexeuuse B ymp. 4. Hyers o () — $yurnna, pasuas o (z) (o6osmasenns ynp. 4)
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. 1 k
BO BCAKOHM TOYKe («’; . —ﬁﬁ), m < n, ¥ papgaa 0 B OCTajbHHX TOWKAx H3 K,

HycTh [, — Mepa, oupeleJelHAA OpI NOMOIHA Mace A, (). ITokazars, 4To | ecTsh
aepXHAA IPafHb Mep W, B off, (E) m 9To pfi (D) = 0 aaa aswboro n, a p* (D) =
== 4 oo,

°6) a) Mycrs ‘(p,,,) — yOnBalOmMaa MTOCAEHOBATENBHOCTL HOJOKHTENbHHNX
JepP Ha JNOKAJIbHO KOMIAKTHOM mpocTpaicrBe E, A OycTh | -—— HIWKHAA TpaHb
aToll mocnenoBateabiocTu B off, (E). Mokaszats, 910 pasg a1060il dyuxknun f > 0,
11A KOTOPOil, HawiHAA € HEKOTOpOro Hoaepa, [uj (f) < - oo, HMeeT MecCTo
cooTHomen®e p* (f) = lim pﬁ (f) (» caysae, Korpma g TONYHEUpPepPHBHA CHU3BY

n—co

i p* (g) <<+ oo, 3aMeTHTH, ITO CymecTBYeT TaKasg LIOCHe[0BaTeNbHOCTh (hy) He-
(s 2]

PEPHBEKRX NONOKATEILHEX PYHKINH ¢ KOMIAKTHEM HOCHTENeM, 4T0 ) Ay < g
m.‘:i
oC
@ ato pk (g) = ) wh (hm) Min 406020 MHIERCA ).
m=1

b) Hycrs Ha guckpermom mpocrpadcTBe E = N ompefleneHa mepa [, TpH
QOMOMM Macco -1, pacnonokeHnoil B KaykdIof Touxe m > n. IlokasaTe, dro
AMKHAA rpadb yOLBAOTEI TOC/Ie0BaTedbHOCTH (U,) paBHa O, B To BpeMsa Kak
uf () = 4o gaag mwGoro n.

7) Hycts E — AucKpeTHOe HeCUeTHOE IPOCTPAHCTBO M | — HOJOMHTENDb-
#ad orpammdenHas Mepa na E. IToxkasars, B 00o3HadeHHAX n° 5, WTO eCAH Ipil-
aate R = 4 (E), T0 MHOMecTBa ., U J) pasamgan ® gro u* (E) = | p ||,
-a p** (E) = oo,

§ 2. II penedpencunvie Pynruuu U MHOICECCMEA

1. IToaowcumeaviste npeuehpercumnsie Pynryuu

Oupegeneaut 1. Ecal Ha 40K216H0 KOMRAEMHOM npocmpancmee E
3a0aKa NOAOHCUMEALHAS MEPA W, MO 2080PAM, YMO YUCA08a5 (KOHEUHAS
ual Oeckoneunan) @yuryus f >0, onpederennan na E, npenebpexcuna
omHocumenvHo mepvr u, ecau p* (f) = 0.

B arom cinyuae rosopdAr rarske, 910 f p-upedebpekuaMa HIH, ecin
3T0 He BJIEUET MYTAaHHI{E, IPOCTO MpeHebpe:xmMa.

Ipegnomenne 1. Ecaw f>0 — npenebpexcumans @GyHryus, mo
8CAKAA yucaosas PGynryui g, yoosaemsopaiowas ycaosuam 0 L g L of
(@ > 0 — crasap), npenebpexcuna.

Heitersarensro, 0 << p* (g) <<ap* (f) = 0.
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Trepnoxerne 2. Cymma w eepxuas oeubaowas nocaedosamesbHo-
cmu (fn) nOAOHUMELLHOX NPeHeOpeHUNBT BYHKYUT npenedpencumbl.

Heiicteurensuo, p* (D) fn) < D u* (f)=0 (§ 1, mpema. 13)

u sup fp < Efn
n n

leepnoxerue 3. Jas moeo umobu @Pynryus >0, moaymenpe-
priBHAA cEE3Y Ha E, 6uia npenebpencuma, Heobxrodumo u Jocmamouno,
umobu ona 06pawasach 6 Hyab HaA HOCUMELe Mepbl .

B camom peuxe, ecam p* (f) = 0, To u (g) = 0 gnsa ao6oit GyHRIEE
g €Ky, g<f; orciona caegyer (rx. 111, § 3, npema. 9), uro g obpa-
aeTcs B HyJb Ha HOCHTEJNE S MEDH W; a HOCKOJBKY f €CcTh BEPXHSAA
oruGaromas pyHRImi g € K, g<f (§ 1, nemma 1), To f (z) =0 ma 5.
Ob6parro, ecnnt f () = Oma S, 10 g () = 0 wa § miist m050d yaxmun
g€k, g<f, m sraumr (ra. 111, § 3, opemn. 8), u (g) = 0, aro, mo
olrpepeneHnio, Bieder u* (f) = 0.

2. Il penedpercumnvie MHOMECMER

Ourefeneane 2. Ecau na 40KaA4bHO KOMNAKMHOM npocmpancmee E
300aHa NOAOHCUMEALHAA MepQ [\, MO 2080PAM, UMO ROOMHONCECNEO
Ac E npenebpescumo ommuocumenvro mepw u, ecau p* (4) = 0.

Tomopar eme, ut0 A p-npenebpeacumo Win, €CJAH 3TO HE BJETET
OYTAaHWULE, LPOCTO RpereOpexcumo. OT0 OUPEIeJeHHe PaBHOCHIBLHO
TOMY, 9TO XapakTepHCTUIeCKad QYHKImMS ¢, HpeHeOpeKAMA.

HrennokernE 4. Bearoe nodmnoxcecmeo npenebpercumozo MHO-
JHCECTNEA NPEeH2ODEHCUMO; BCAKOE CuemMHoe 00bedUHeHUE NpeHebPeIUMBL
MHOHCECE nPeHebpexcumno.

JT0 ClemyeT HEHOCPEACTBeHHO M3 npemiosxenui 1 u 2.

IIpamep. Hycts p — mepa JleGera ma R. Beaxoe cBoxsameecs
K TOTKe MHOXKeCTBO {zy} mpemedpwkuvo (cp. § 1, n®3. zavesanme 1).
OrcCioma cienyer, 4TO eécakoe cuemioe muoxcecmso us R npenebpesumo
emuocumenvho wmepu Jebeza. OGpaTnoe yTBep:lenme Hesepuo (§ 4,
yup. 4b).

IlpEgnomennE 5. Jonoanenue nocumeass S mepsr | ecmyv Haubosvuee
omEpwmoe npenebpescumoe muoxcecmeo ¢ E.
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HeficTBUTENIBHO, B CHIIY IPENIOMKEHAS 3, HJA TOTO UTOOH OTKPHTOE
MHO3EecTBO G OBUio IpeHeOpe;RUMO, HeOOXOEMMO M HOCTATOUHO, UTO-

ou GNS = ¥, 10 ectb G= CS.

3. Ceoticmea, cnpasedaussie NOUMU 6¢100Y

Ilycrs E — nm0KanbHO KOMOAKTHOE IPOCTPAHCTBO M [ — IHOJIOMKH-
tesbHasg mepa Ha E. Ecam P {2} ecrb csolictBo, comepskainee edun-
cmeennbiti cBoGopEEI aprymenT € E, To csoiictBo «P {2} noumu
6ctody (omrocumenbno p)», 10 OLNPEJIESSHHIO, Y9KBHBATEHTHO CBOHCTBY
«MHOoxcecmeo mex X € E, das xomopux (e P {z}) p-npene6 pesxcumo».

Teopema 1. Jan moeo umobw uucrosas (koHeunas uau OecromHeu-
nas) @yuryus >0, onpedeaennas na E, 6vaa npenebpencuma,
reobxodumo u docmamouno, umobw f{x) = 0 nowmu scwdy.

Ycnosue Heobrodumo. JelcTBATENBHO, NPEIOIOHKIAM, 910 [ mpe-
HeOpemuMa u nyctb N — MHOmKecTBO TeX £ € K, B KotopHX [ (r) =% 0;
Torma @y <<sup (nf), u sHaumT, @y uUpeHeOpe:kuMa (upemn. 1 m 2).

n

Ycenosue docinamouno. B caMoM gelie, JOMYCTHM, TTO MHOIKECTBO
touek N, B xorophix f (z) 5= 0, npenebpesumo; torma < sup ney,
n

H, ClefoBaTedbHo, [ upeHeOpemuMa (mpemr. 1 1 2).

Ipepgnomenue 6. Ecau f u g — dse (koHeunvie ual Hem) ROAOIHCU-
meavnble Pynryuu, onpedeaenndle na E u maxue, umo f (z) = g (2)
noumu eciody, mo u* (f) = u* (g).

B camoMm nene, mycre N — IpeHeOPEREMOE MHOMKECTBO TeX TOUEK
z€E, B woropux [ (z) 5= g (z). Hockorbry ¢ymrumm inf (f, g) u
sup (f, g) paBmm wMesxmy coboil BCIORY, KPoMe TOYER MHoKecTBa IV,
TO FOCTATOYHO M[OKAa3aTh Ipemsioskenue mis caydas f < g. OGo3Hauum
uepes h GYHKIUIO, PABHYI0 | oo B TouKax MHOectBa N u 0 ma CN;
TorAa f<g< f+h orryma p* (N<p *@<p* (f + H<p* () +

* (h) = w* (f) (wbo h upemeOpeskuMa), U3 9ero W clefyeT Ipeq-
nomexme.

Hpennoskesne 7. Ecau  pynryus >0 onpedesena na E
u p* (f) << 4 oo, mo f (x) woneuna noumu eciody.
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B camom pene, mycth N — MHOMecTBO Tex Touek x2€ E, rme
f@) = 4+ oco; mna oboro wuexoro n umeeM nPy<f, OTKyda
np* (py) < p* (f); a Tak KakK » CKOJBb YyrogHO BeJmKO, 10 p¥* (V) =0.

O6paTHoe yTBep:;KJleHNMe HeBePHO: Ja)ke Korna E KoMmaxkTHO, QyHK-
nua f >» 0, oopeneseHHas Ha £ W KOHeUHAs BCIONY, MOKeT mMeTh Gec-
KOHCYHBII BepXHHI WHTerpad, KaKk IIOKAa3EBaeT IpuMep, B KOTOPOM

E=1[0,1],f(2)= —:?nnﬂz>0nf(0) = 0, a p ecTb Mepa JleGera na E

4. Kaaccst sreusarenmnbx pyHruuii

IIyers W — wmososmuresbHAsS Mepa Ha JIOKaJbHO KOMIIAKTHOM
npoctpaHcTBe E n F — mpom3BoiibHOE MHOMKECTBO. J[Ba oToGpasenus f,
g npoctpaHeTBa £ B F HA3HIBAIOTCH 9KEUSAAEHMHBIMU  OMHOCUMEAL-
Ho W (AW W-9KEUSALCHIMHbIML, a TaKiKe, eCll 9TO He BJeUeT HyTaHH-
IBl, IPOCTO sKeusaLeHmMHIMU), ecin [ (2) = g (x) noumu eciody na E.
ITockonbry ob6BenmEEHHE MOBYX NPEHEGPEKUMEX MHOMKECTB Ipe-
HeOpesKUMO, TO TEM CaMEIM OUPEAeNieHO OTHONEHWE KBHBAJIEHTHO-
ctn B MHOKecTBe FZ peex orofpamennit npocrpanctBa E B F. Horpa
MH OyaeM TOBODATH O Kadcce JKEUBAAEHMHOCMU TakoH QyHKIuUHI
f (Oe3 manpmelimumx yToUHEHHIT), To GygeT mogpasyMeBaThCs, ITO PeYb.
nher 0 wiaacce QyHKIMI, PaBHHX [ MOUTH BCIOAY; B 9TOo#H U mocie-
OyIOMAX ThaaBax Mbl OymeM oBGosHadaTh 3TOT Kiacc ]7

Irepnomerue 8. Hycmv (F,) — cuemmoe (koHeunoe uau Geckoneu-
HOe) cemelicmeo npoussosbHbL MHocecms. Jlaiawboz0 underca n 0603na-
uyum uepes fn, gn O0sa sKeuearenmHBL 0mobparceHus npocmpancmea K
6 Fp; moeda maddemcs makoe npenebpexcumoe muoxcecmeo H, umo
Oasn awbozo x & H pasencmeo fn(x) = g,.(x) stinoansemcs npu awbon n.

HeficrBurennuo, muosecrso H, vex x€ E, B roTopHX f, (%) 5%
= g, {x), npeHeOpe:RUMO, a 3HAYHT, IpeHEOPERUMO U HX O0BegmHe-
Hme H (upemi. 4), Koropoe W OymeT MCKOMBIM.

Caencrsue. Ecau @ ecmv omobpaxcenue || F, e mmoscecmeo G,
n

mo omobpascerus @ ((fa)) u @ ((g,)) npocmpancmea E ¢ G skeusa-
ACHIMHbL.

OGo3HauuM TeUEpHh uepes @ (7)) K1ace PKBEBATICHTHOCTH 06Ol
¢yarumn @((f»)), Korma f. ecThb WPOW3BONAbHAS (QYHKIHA KIACCA fn.
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B wacrroctH, ecam F ectv eexmophoe npocmpancmes Hax R,
10 | -(_?g # of OmpeNelAIoTCs COOTBETCTBEHHO KAaK KiAcCH DKBHABA-
asearaoctn gas f + gu af f m g — orobpaswenns E B F, o — cKa-
JAp); TCM CaMEIM B MHOJKECTBE KJAacCOB DKBHBAJIGHTHOCTHE OTOOpa-
wernii nmpocrpancta E B F ycraHOBIEeHa CTPYKTYPa 6€KMOPH020
npocmpancmea; TPH BTOM OHA ABJIAETCH CTPYRTYpoil gaxmop-npocm-
parcmea CTPYKTYPH 1npocrpaHctBa FF mo HOAIPOCTPAaHCTBY TEX
orobpamennit f, mIA KoTOPHX f=0 (pyarnuit, ofpanialomwuxcs
B HyJb MOYTH BCIOAY) M KOTOPHIC TawyKe HABHBAIOT npeHetpescumslil
dyuruuamu (co snadenusamu B F). Touno tak sxe onpegensercs Ipo-
usBefenne g I, rme 1 ecTh Kiracc SKBHBAJEHTHOCTH OTOGpaKkeHHil HPo-
crpaictBa E B F, a g~ — KJIACC YKBUBAJCHTHOCTH (KOHETHHIX) YHCJIO-
BMX QyHRnmi, ompemeieHHBx Ha F: TakAM 00pa3oM, MHOKECTBO
RIACCOB BKBUBAJEHTHOCTH OTOGpaseHHii mpocrpaHciBa £ B F Hagene-
HO CIPYKTYpoH Modysas HAX MHOKECTBOM KJIACCOB 3KBUBATEHTHOCTH
OIpefieicHANX Ha F KOHOUHLIX YHCIOBHX $YHKIuA (KOTOpOE B CBOIO
OUepeib HafeJdeHO CTPYRTYpoil koavya). Ecan F ectb axzebpa man R,
TO OIpefeJeHa TaKKe CTPYKTypa aiure0pH B MHOMECTBE KIaccoB
DKBHBAJIGHTHOCTH oTOGpajkeHuit mpocrpamcrsa F B F.

Hyers F — mempuszyemoe Tomosormdeckoe ImIpoctpadcTBo. Pac-
cMOTPEM B F paBHOMEPHYIO CTPYKIYPY, COINIaCyOIIYIOCA ¢ ero TOMo-
JIOTHEH ¥ ONPEJeNIeHHYIO P TOMOINH CUemH020 CeMeHCTBA YKIIOHEHMH
on (O6man rtom., i, IX, §§ 1 u 2); st Toro uroOH ABa 0TOOPAKEHHAS
f, g upocrpanctBa £ B F Opliiy 9KBHBaJEHTHH, HeoOX0IUMO H JOCTa-
TOUHO, 9YTOGH WucioBnle QYHKUHE O, (f, g) OwuIn npenebpercuimel;
ReHCTBHTENbHO, 9TO PABHOCHIBHO YTBePKJeHWI0, 9r0 B E Haiinercs
Takoe wUpeHebperuMoc MHO;KecTBO H, wro aiis nwboro z § [ papencrsBo
s (f (2), g ()) = O copamepnuBo opm smo6om n, To ecth f (x) = g (x).
B wactroctu, ecau F ecthb MeTpu3yemoe IOKAJbHO BHIIYKJIOE NPO-
cTpaHcTBo, a (¢,) — CUETHOE CceMeiiCTBO NOJYHOPM, OIUpejeasioniee
rouosoruio B F (Tou. sexr. mp-sa, ra. 11, § 5), to gua roro, urobm
nsa oroGpawenusn f, g mpoctpasncTBa £ B F OBIM 9KBHBAJICHTHH,
HEOOXO/UMO I JOCTAaTOYHO, YT0OK BCe THCAOBHE QYHKuUU ¢, (I () —
— g (%)) 6nanm TpeHes peRIMEL.

vegnomenne 9. dycmy f u g — Jea HETPEPHBHBIX 0MOGDANCEHUA
npocmpancmea E e omdeaumoe monoaozuneckoe npocmparncmeo F; das
mozo umobbl f U g OblAl IKEUBALEHMHBL, He00X00uMO U JOCMAMmOUHO,
ymobw f (xr) = g (x) 6 mamdoil mouke Hocumeas Mepbi .
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JleiictBuTeIbHO, MHOMECTBO TeX r € E, B Kotopumx f (z) == g (x),
oTKpuTo (O6mas rtou., rx. I, § 8, 2-e usn., caegcreue 1 ns upema. 6);
Es Toro 4ToOR OHO OBUIO MpeHelpeKUMBIM, HEoOXOAHMO M JOCTa-
TOUHO, 9YTOGH OHO He UMeNo OOIIMX TOUEK ¢ HOCUTENEM MEpH W
(mpepu. 5).

OTMeTHM eIme CAeAYIIui pe3yabTarT:

Mvegnomenne 10. Tyems F — mawoe omoeaiumoe 40KAAbHO GLIRYK-
a0e npocmpancmgo nad R, umo e conpaxcennom ® Hemy npocm-
pauncmee F' cyuecmeyem nocaedosameavnocms (ay), 6c10dy naomuas
e caaboii monoaoceuw o (F’, F) (Ton. Bexr. up-Ba, ti. 1V). Juas mozo
umobw Jsa omobpancenus £, g npocmpancmea E ¢ F 6viau skeusasenm-
Hbl, Heobxodumo u docmamouno, umobv. npu awb60M n HUCLO8blE
gynuryunw (f (z), an) w (g (x), a) Ovlau sxsusasenmmil.

Heobxommmocts odyeBmmma. OO6paTHO, €CiH 3TO YCIOBUE BHIIOJ-
ggercd, TO Halfercda Tarkoe mpemebpemnmoe MHO:KeCTBO H, uro s
mo6oro x ¢ H pasencto (f (x), a,) = (g (z), a,) BHIDOIHAeTCH HpH
41060M n; .3TO 03HATaeT, UT0 caabo HeMpepHBHEEe Ha F’ jnneiiHnie
dopmur 2z’ — (£ («),2') mw z' — (g(z),z') paBHH Memy coboi
B KamJ0#i m3 TOUCK a, M, CTako OHTh, COTNTAacHO IIPENNOJIOMKEHHIO,
coBagaoT, 9eM goRasaHo, 410 f (r) = g (z) mas moboro x € M.

OtMernM, gT0 ycionHue npemiokeruns 10 npuMennMo, B YacTHOCTH,
K cayualo, Korga F ecTb mempusyemoe TORAIbHO BEIIOYKIOE HPOCTPaH-
ctBo cuemnozo muna (Ton. Bexr. up-Ba, ria. 1V),

8. Oynunyuu, onpedeaerrute nNOLMU 8CI0IY

B cormacum ¢ oupenenennem u3 n° 3 roBopar, 4To oTobparenue f
muoxecTBa A m3 E B MHomectBo F onpedeaeno nowmu 6ciody, ecian
fmonoinenne MHomecTBa A ecthb mpemebpesmmmoe MHOMKecTBO. Kaac-
COM IKEUBAACHMHOCMU OTOGDa/KeHUA f HasplBaloT W 00603HadaT I6-

pes ? Kaace SKBHBaJIGHTHOCTH BCAKOH QYHKIME, oUpenelneHHOR Ha
BceM F m pasmoit f () B Tex Toukax x€ E, B roropmix f ompepe-
JeHa; fICHO, 4To HTOT Kiacc 3aBucut Tojibko oT f. ['oBopsaT, 910 nBe
dyaruun f, g, oOpegeleHHbe IOUTH RCIOLY, SKEUEAALEHMHb, €CIN

f = g: oT0 03mavaer, crano OHTH, UTO MHOMECTBO TOUEK, B KOTO-
pusx ofe ¢yuxuunm f (r) u g (zr) ompenesieHN H PaBHHE, HMeeT IpeHe-
OpexUMOoe OUOJHEHHE,
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U3 sToro cpady ke BHBOTUTCH, YTO NPEMJIOKEHHE 8 W ero cJjef-
crBue 0000IaoTCa Ha TOT ciaydail, Korma B ux GopMYIHPOBKAX IIPEfi-
MOJIOMKEHO JUOIb, UTO KasKmas ©3 QyHKUMAH f,, g, OLpefelieHa NOYTH
Bciofy; Ttorma gymrmmm @ ((f»)) m ¢ ((g.)) TO:e ompepeseHK IOYTH
BCIOLY; WKJIACCOM OKBHBajJeHTHoCTH ¢ymnxuuu ¢ ((f»)) cHoBa Gymder
? ((f))-

OyHrnus, oupepeleHHAaA NOYTH BCIOLY M UPHHEMAIOMAA 3HAUCHUSR
B BEKTODHOM OpOCTpaHCTBe [, CHOBa HAa3HBAETCHA RpeHebpencumoll,
ecniu ona sKeumBasientHa 0. FEenm [ ects npemeGpesxmmast $yHKuuUsA
¢o 3padenuAmu B F, a u — JjuHeiiHoe oro0paeHue npocrpancTBa F
B BEKTODHOE HNPOCTPaHCTBO G, T0 ciomuas GyHKIEAI uof (ompemenen-
Has OOYTH BCIONY) IpeHeCGpe:KuMa; TOUHO TAK JKe [JIHA BCAKOHN (KoHedU-
HOH) wHCia0BOH (YHKUHH g, OUPeAeJeHHOH HOYTH BCIOAY, QYHKOAA
gf (ompepenenras MOYTH BCIOMY) IIPEHEGPEKMMA.

CaemyeT OTMeTHTH, 9TO B MHOKeCTBe QYHKIUil, oIpefleleHHEX DOITH
BCIOYy M HPHHEMAKOIMKX 3HadeHWs1 B F, BRYTPEHHHH 3aKOH KOMIIO3HIMH
(f, g) - £+ g ne seasemca sawomom epynnw, TaK KaKk HCHTPaAbHEIM
3JIeMEHTOM JJIA BTOrO 3aKOHa fABAseTca QyERuuz O, 10 B TO e BpeMi,

ectn f ompefemeHa He BCHOIY, He CyIECTBYeT TaKOH (yHKINHM g, 4TC
f+ g= 0. lMeHHO 5TO CIY/RMT NpPUIMHOH BBENEHH: KIAcCOB BDKBH-

BaseHTHOCTH [, KOTOpHe yske OOpABYIT BEKTOPHO® WPOCTPAHCTBO.

Hyerp (f) — mocieoBATENBHOCTh OTOODMKEHHE B MOROA02U-
yeckoe npocmpancmeo I, W OycTh Kasmoe W3 HAUX OIPEJesIeH0 IOITH
Beiofy Ha E.lopopsar, yto nocaenoBatensuocThb (f,) cxodumes (npocmo)
k | noumu ecwody ma E, ecaum pomoiiHeHMe MHOKECTBa ToueK Z € E,
B KOTOPHX Bce (yEHKumH f, (¥) oupenelieHH W IOCHENOBATENBHOCTD
(f» (x)) mmeer npemes, paBHHI f (x), npereGpeskumMo. flcHo, 4To ecaw
IUIA Ramgoro n ¢QyHKIUA g, (ompefielieHHas TOYTH BCIOAy) PKBUBA-
jJeATHA f,, TO TOCIENOBATENBHOCTH (g,) cxXomuTes K [ modrw
BCIOY.

Ecnu F ectb monoaosuueckoe sekmophoe npocmpaHemeo, T0 TaK e
ompeneseTcA nowmu éctody cxodawulica pad, oOIUM YIeHOM KOTOPOTO
cay:xur ¢ynkuusa f,, onpemeneHHas moutu Beloay Ha F U IPHHAMA-
mas sHadendss B I; cymMmo# 3T0T0 PARa ABAACTCH (YHKIHA, ONpPENe-
JieHHag B TeX TOYKaX, B KOTOPHX OIpefesieHH W MMEIOT pefes 4acTHd-

n
HEe cyMMH ) f (), B ee KiacC BaBMCHT JIHIUb OT KIACCOB Iy.
R=1
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6. Kaaccol sxgusarenmmuocmu Pynsyuil
co anavenwuanu ¢ R

B cornacmm ¢ onpepesienmem m3 n° 3 ropopsar, uro GyHKuuA f,

ompefieNeHHas IOYTH BCIORY Ha £ W NpEHUMAONas sHAYeHUs B R,
KOHeyHa noumy ectody, eclim MHOMKECTBO TeX € E, B KoTopux f (z)
oupefieleHA W KOHEYHA, WMeET IpeHeOpesxmMoe pomonHeHme. MDyHK-
oA, KOHEeYHasd TOYTH BCIOKY, 9KBUBAJEHTHA 8CH0JY KOHeuHOU QYHEK-

IUA; BHATAT, €6 KIacC | MOMKHO OTOGCTBUTB C KIACCOM KOHEUHHE
qgcioBHX QYHRUMA, onpeeneHHnx Ha E (mam mourm Belony Ha ).
B wacrmocrm, ompepmeseHsl cyMMa W OPOMBBEJEHHE [BYX KIACCOB
MOUTH BCIONy KOHEYHHX QYHKUHAN, I MHOKECTBO 3THX KIACCOB COC-
TaBiger aszebpy Han R. Ecnum (f,) — mocmemoBaTenbHOCTH (YHK-

nuil co sHaueHUAME B R, ompemesieHHHIX W KOHETHHIX LIOYTH BCIOTY,
n

TO YacTUIHHEE CYMMBI 2 fr (x) oupepmeleHH HOYTH BCIOAY; €CIW OHU
r=1

mourn mis Beex z € E umeror upenen f (z) B R, To rosopar eme, 4ro
pAn ¢ oM WieHoM f, CXOZUTCA MOYTH BCIOZY W f CTh CyMMa 9TOTO
pama (orMetmM, 4T0 f He 00s3aTesibHO KOHEYHA MOYTH BCIOAY).

Ecin f m g — ABe 4ucaoBHe QYHKUHH, oUpefeideHHEe I KOHEIHHIE

noutH Bciody Ha £, TO 7—{—; (cooTs, 7;) €CTh KJIACC BCAKOH (QymKIHNM,
pasHo#l f (z) -} g () (coor. f (z) g (¥)) B Tex TouKax z € E, rme 510
BHpaKeHHe nMeeT cMbica. OTMeTnM, 4T0 f B g MOryT GmITh 06e sciody onpe-
desens. B B TO e Bpema f (x) + g (x) (coots. f (x) g (z)) Oymer ompenme-
jgeHa He jisi Bcex z (O0mas Tom., ra. IV, § 4, n°3); Torna, mo ompe-
neacEno, f 4+ g (cooTB. fg) ecth ¢yHKuHUs, pasHas f (r) + g (x) (CooTB.
f (%) g (z)) B Tex ToUKax, IZle 3TO BHIPA:KERHe OHpejlelleH0; TAKAM 00pasoM,
OHO OLpeJIeJieHO JUIIb IOYTH BCIOAY.

Ilycrs f m g — gBe (He o6s3aTebHO KOHEWHEE) TMCIAOBHE (PYyHK-
IHE, oUpejesicHHWE Mo4TH Beiony Ha E m rtaxme, ¥ro f (x) < g (2)
IOUTH BCIORY; ecau f, sKBUBajieHTHa f, a gy PKBUBaNeHTHA g, TO O4e-
BHAHO, 1YT0 H f; ()< g (z) mourm Bciomy. CuemnoBaTelbHO, pac-
CMaTPHBAEMOE OTHOIICHHE 3aBUCHUT JHIIE OT KiIaccoB QyHRUmH f m g;
OHO 3alNCHBACTCA B BHUIE f~<g~, H JIeTKO BHAETH, YTO BTO OTHOUICHHE
eCThb OMHOULEHUe NOpAJKa B MHOKECTBE KJIACCOB HKBHBANEHTHOCTH
$yEKUmiA co sHauemmsMzm B R. Eciu (f,.) ecTh (KoHeUHOE WIM Gec-
KOHOYHOe) CYeTHOe CeMeHCTBO STHX KIacCoB m eciam miasl aoboro n
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dyEKOENR f, W g, ompenesieHH MOYTH BCIOAY M HPHHANJIEKAT KIACCY fn,

TO U3 TPEJIOKEHHS § BHTEKaeT, UT0 onpeneJeHHEE HOYTH BCIOLY

¢pynknoum sup f, W SUp g, DKBHBAJEHTHH; 3HAYUT, HX KJIACC 3aBHCHAT
n n

JANIbL OT KJacCOB f,,, 1 JIETKO BRIETh, YTO 3TO €CTh 8¢PIXHAA 2DAHb

Sup f. 9THX KJIACCOB B MHOKECTBE KJIAcCoB (YHKIMHEME CO 3HAYCHHAMH
n

B R ¥ ymopsajoueHHOE TOJNBKO YTO YKasaHHEM cmocoboM (crenoBa-
TeabHO, HTO MHOMKECTBO SBIACTCH, B YacTHOCTH, pewemkol). Todumo

TaK ke [OKaskBaeTCA CYIECTBOBaHWE HEkHeH rpamm inf f,, m mmeeM
inf f, = — sup (~— f,). Orciona caexgyer, ato lim sup f, u lim sup ga
n n

n—oo n—o0

TO/Keé DKBUBAJEHTHH ®W HMX Kiacc, obGosHagaembiii wepes lim sup f,

n—o0

pape” inf (sup ﬁ+p); TOYHO TaK jKe ompenmensgercsa lim inff~,,.
n p=0 N>
Homeumas mium OGeckomedHas umciioBafA (yHENEA [ HasuBaercs
npenebpeacumoti, ecim oHa pkeupaiesrHa 0; aTo onpenencnue, coriac-
Ho Teopeme 1, paBHOCHAbHO ompefeneHHMIO 1 [UIA 1OJOMKHMTEIbHBIX
ompenenenanx Beony Gyuruui. Jasa toro urobet f Guina mpeueGpe-
KEMOIT, Heo6X0[uMO W [OCTaTo4HO, 4TOOH ATHM CBONCTBOM 00ijajaia

| f] (mmm w7068 06e Qpymkmmm f* m f~ Owam mpeReOpPeKUME).

7. Cayuaii abemparmHux mep

3a mcraUeHHEM TpedoeHnii 3 m 5, Bce peayabTarnl dToro maparpada
crrpaBefnBel Aas aberpakThoil Mepul p (§ 1, n° 5) ¢ 3aMenoll Beopy p¥ na p*¥.
Oun BuILOJAHAIOTCA (€3 BCAKHX H3MEHCHII, eCiHm alCTpaKTHas Mepa p yAOBIeT-
Bopser axcrome (MA); B 9TOM cjy9ae HMCIOTCA ABA ONPCACHEHUA NpeHedpesRIMol
QynKUMN, COOTBETCTBYIONIHE MABYM BCPXLUUM HHTerpadaMm p* m p**; Beskas

QyuKnHg, IpeneGperKIMad  OTHOCHTEAbLO p** npeneGPeKNMA OTHOCHTE/IBR®
pP*, HO o0GpaTnoe MOJKET He BLILOJHATLCA, eCal J 4 H J) PasjH4BBL

§ 3. Hpocrpancrsa LP
1. Hepaserncmeo Munioscrozo
Ilycts E — noranbBEO KOMHOAKTHOE LIPOCTPAHCTBO H [ — IOJO-

kuTenbHas Mepa Ba E. Oyuruums p* (f), onpeneseHHas Ha MHOKeCTBE
noaoscumesvHslr (KOHEYHHIX MM 0eCKOHEYHEIX) YHCAOBHX (yHRIUH
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na E, nosoxcumesvna, noaosiumesvno 00HOPOIHA, LINYKAG U 603pa-
cmaem (§1, npemn. 10, 11 7w 12).

Iremnokenue 1. Jas awb6oz0 Komeunozo Oelicmeumesvrozo uucaa
p > 1 u awboll napu onpedesennviz na E (konmeunbvix uiu Geckoneunbiry
noaosycumervhblxy Pyrnryul f, g evinoansemcs nepagercmso
12 1 1
W ((F+ &)™) < (w* (F))° + (u* (g7)° ()

(nepasencmeo M unkoeckozo).

B camowm mene, mepaBeHcTBO (1) 0UEBHIHO, €CiH ONWH W3 YIEHOB
B OIpaBO# 4acT® paseH -} oo. Ecum ke mpapas wacre (1) KomeuHa, 10 |
B g KoHeunw noumu ecody (§ 2, opemi. 7). Ecam f; n g— nBe kKoHewHHE
TOJOKATeNbANe (YHKIHHA, SKBUBAIEHTHEIE, COOTBETCTBEHHO, [ B g, TO
P, gP m (fy 4 g£)” 9KBUBANEeHTHH, COOTBETCTBEHHO, f’, g" m (f + g)°,
a4 TOCKOJBKY [IB€ DKBUBAJCHTHHE NOJNOKUTENbHEE (QYHEUUN HMEIOT
ON¥E ® TOT ke Bepxmmil mHTerpain (§ 2, mpemi. 6), To Bce cBugETCSH
K 7oKaszarTeiabcTBY ¢opmyin (1), xorma f ®m g — KoHeuHBIE BCIOAY
(YHKIKM; HO TOTIa HEPABEHCTBO ABJIAETCHA YAaCTHHRIM CIydaeM o6Imero
HepaBeHCcTBa MEHKOBCKOro, fl0oKa3aHHOTo B riuase I, n° 2, mpemn. 3.
Mu 6ymeM TasKe MOJIb30BATbCH CIGMYIOMEM dJeMEHTaPHRIM Hepa-
BEHCTBOM: eciu p >1, to mna nwbux umceax a»0, b>0, copa-
BE[JIUBO HEPAaBEHCTBO
a’ -+ < (a+0)". (@)

leticteurensro, mpe a=0==(0 HEpPaBEHCTBO OUYEBHMTHO, & eCII

a+b>0, To omo 3ammcmBaercA B BuAeE (a—?ﬂ)p+(&_§—b)p<1

K BBEITEKaeT u3 TOro, 4To
a \p a b \p b e b
(a—i—b) <a—}b’ (a—f/b) <a—i—b u a—}—b_]_a—f—b—l'

2, Hoaynopuwse N,

B panbmefimem yepes F Gyner o060osHATATLCA NOAHOEe HOPMUDOSAH-
HOe BeKTOPHOE mpocTpaHCTBO Haj meieM R (peficTButenbrOE Gamaxono
OPOCTPAHCTBO); HopMma dneMmeHTa z € F Gyner obo3nagarscss gepes |z |.
Ecnu 3anavo orobpaskerne f maoskectsa A B #, to |f | 6yner osnazare
orobpaskesne x — |f (z)| MmoskectBa A B R, (cnenyer ormermtsn, 4TO
|| ectp uwucavsan Pymryus, a He yucao).
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Onpenenenne 1. Hyems E — aokaivho Komnaxmmuoe npocmpancm-
60 u w — noaoxcumervias mepa na E. Jlaa awbozo omobpascenus f
npocmpancmsa E ¢ Ganaxoso npocmpancmso F u aobozo uucaa p,
1<p <<+ oo, uepes N, (f, n) wuau npocmo N, (f) ob6osnauaemca

* o s
NOAOHCUMELROE HUCLO (S 1£] d,u)l’.

Ormermm, uro umcno N, (f) mosxer oOrasaThCs paBBEIM - 00.

Hpepnosmenue 2. Ecau §f u g-—9dea omob pajcenus npocmpar-
cmea E ¢ F u a=~0—npoussoavuvii ckasnp, mo das 1 p<+ oo

Ny (af) =la| Ny (f), 3)
Np(f4g)<Np(f)+Np(g). (4)

B camom mene, coorHOmenne (3) cpasy BuTeKaer m3 ompemenenus 1
u u3 roro ¢akra, 4ro u¥ HOJOKUTENRHO OQHOPOAHA; C APYIoil CTO-
porn, mockodnky |f-+g|<|f|-+]|g|, To mepasemcrBo (4) cuepyer
13 HepaseHcTBa MuHKOBCKOTO (1) M M3 ToTO daxTa, 4ro p* Bo3pacraer.

Mu pacmpocrpaguM ompepeilenne 1 Ha coyuail ompemeleHHRX

Ha E roueunviz uau 6eckoneunbiz GuCIOBHX QYHRINHA, MOIOKHUB CHOBA
1

Ny (= ( S*[ﬂp dp)p i ragoil ¢ymkmum f. Jlerxo summeth, uro

coornomenua (3) u (4) CHOBA BHIOOAHAITCA A4 THX (QYHRINIL,
Korma f-+ g oupeflenena ma E u a=£0. Hpome T0TO0, cumpaBemiusa

Trorema 1 (Teopema o cuermoit Bumyriocta). ITycmos (fp)— nocae-
dosamenvrocmo (KOHEUHBIZL UAL OECKOHEUHBIT) NOAOHCUMEALHBL BYHk-
yuii, onpedeaennvix na E. [Jas 1 p<+ oo umeem mecmo Hepaeeu-
cmeo

o] 0

Ny (D fa) < X Nylfn)- (5)

n=1 n=1

oo

B camoM jeme, momonM f= D) fu; f ecTh BepXHAs orumbanmas
n=1
n

BO3pacTaomell MOCIenOBATENLHOCTH (GYHKIME g, = 2 fr; ompeneine-
k=1

ave N (f) n reopeMa 3 us § 1 moraswmmarr, 910 Ny (f) =sup Vy (gn)-
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n
Ho B cmny mpepnoskerus 2 Np(g,)< ) Ny (fz), orkyma cuemyer
K=t
HepaBeHCTBO (5).

Hpepnoxerne 3. Ecau f u g — dea sreusaseHmuoiz omo6 pascerus
npocmpancmea E e 6anaxoso npocmpancmeo F, mo N,(f—g)=0
dasn 1< p<<+oo; obpamuo, ecau Np(f—g)=0 0aa Heromopoeo
snaverus p> 1, mo f u g osreusasenmusl.

Ilpemmoskenne cpasy BelTeKaer m3 TeopeMu 1 § 2.

Eciu f m g— nBa sxkBuBateHTEHX OTO0paskeHWs mpocTpaHcTBa F
B F, To Ny(f)=Np(g) nua awoboro p>1 (§ 2, upena. 6); cnenona-
tensHo, N (f) sapmeur aump or xiacca T ¢ymrnum f, m, mo ompe-
nerennio, momaraior N, (f)= N, (f). Tax rar kiaccs oroGpasenuit
mpocrpanctsa E B F ofpasyior sekropmoe mpocrpasCTBO (§ 2, n° 4),
10 coornomenuss (3) m (4) MOryr OHTH TaKKe B3alHCAHK B BH[E
Np(af)=a|Ny (), (6)
Np(f+ ) <Ny (f) + Ny (g)- M
Toumo rak e ompegensercas Ny (7) i 1060ro KIacca dKBHBA-

JeHTHHX (KOHEUHHX WMiM OeCKOHEUHHIX) YHCIOBHX (QYHRIHUI.
CiegoBarenpHo, MoMHO oupepelurb Ny (f) paa ¢yExmmEm co 3ma-
wegmaMA B F (COOTB. B E), oupefeleEEON mouTH BCIOgy Ha E,
nonoskus N, (f)=N, (F); merxo Bupers, 9TO B BTOM Caydae COOTHO-
mennsa (3) m (4) cHoBa BepHH (mpegmonaras, 4ro az=0 m fig

oIpefesieHA TOYTH BCIOXY, €CIM peYb MAeT 0 KOHEUHHX WIH GecKOHed-
HBIX YHCIOBHX (QYHEIUAX).

1
. 1
Ecan 0< p<(1, 10 Bce eme monaraor N, (f):( S [ f17 dp.)p, HO

nepapenctBa (4) u (5) yme mHe sBHmonEAorca (c¢p. ra. I, ymp. 5
mra. IV, § 6, yop. 17).

3. OIpocmpancmea Fi

Iycrs F — GanaxoBo mpocTpaHcTBO M ¥ p(E) (mmm mpocto F p)—
BeKTOPHO® HPOCTPAHCTBO BCEX OToOpaskeHmM mpocTpamctBa E B F.

Jusa 1 < p<<+ oo obozHaumM Yepes FF(E,pn) maa mpocro FE(u),

a Taxke (ec¥ BTO He BiedeT HEKAKOl NyTaHunm) FF MEOMKECTBO
10 H. BypGaku
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orobpamenuii f mpocrpanctea £ B F, mua woropmx N, (f)<<4 o0
(emecto Fr mmmerca FP). WUs upemioskeEuss 2 cpasy BHTEKaer,
ar0 F ' ecTb sexmopHoe nodnpocmparcmeo NPOCTPAHCTBA F p M 4TO
Ny (f) ectp noaynopma ma sroM mnpocrpaHctee. Mmu OypmeM BCOAY
(rme He OroBapmBaeTCsA UPOTMBHOE) HPELONaraTh, 4T0 F p HAJEIEHO
TONOJOTHEl, ompegelseMoll 9TOM HONYHOPMOH; 6ymeM TOBOPHTH, UYTO
DTA TOHOJOTHS €CTh MONoAO2UAL cXodumocmu 6 cpedHem nopadka p
(s p=1 ee maswBalorT IPOCTO monoaoeueil cxodumocmu e cpedHnem;
I7ta p=2 TOROPAT TAKIKE, UTO HTO (TOMONOTHA CXOAUMOCTH B CMEICIE

CcPejlHETO KBajpaTHieckoro»). Bynem ropopurs, uro duietp & B FF,
cxopsamuiica k f B 270l Tomosmormu (coorB. mociemoBarednHOCTh (f)
2JIeMOHTOB U3 F§), crodumca e cpedmem nopsadka p; 310 O3Ha-
daer, cienoBareabHo, uTo N, (g—f) crpemnrea x 0 mo ¢uasrpy &
(coorB., uto N, (f,—f) crpemurcs x 0 npum HeorpaHIYeHHOM BO3-
pacTaHuE n).

9ra TepMHHOIOTHA Cpa3y pacHpocTpaHsierca HA Caydaid, Korga
dyurunu f, u pyaxuus f onpemenens nmmy noutn Beopy (wiu Ha QyHK-

IHE cO 3HadeHHAMH B R, onpefemenHbie W KOHEUHLIE HOYTH BCIOAY).

OTMeTHM, 4YTO JIOKAlbHO BHIOYKIOE TPOCTPAHCTBO F 5, Boobme
r0BODA, He 6ydem omdesumbln; 3ambikaBmem ( B 5TOM HpOCTPaHCTBE
CIYMUT UONNPOCTPAHCTBO Ry npenebpescumus oToOpaskeHmH upo-
crpaactea E 8 F (mpepsa. 3).

SamMedanune. Illycre F — 6aHaX0BO HPOCTPAHCTBO Had noaenm
C rommiercHHX Wmces; ToTma 1A BeAroll ¢pymumum f € £ 5 u moboro
KOMIUIEKCHOTO umcia o Gyuxmusa of npmmaniexur F5 = Ny (af) =

= |a| N, (f); mEuME cioBamu, .F} ABIfeTcA TakKe BEKTODPHHIM
nogupocrpascrBoM Hag C um N, (f) ects moaymopma Ha 3TOM KOM-
TIEKCHOM BEKTOPHOM mpocTpaHcTBe (cp. Tom. Bexr. mp-Ba, ru. 1L, § 6).

Ilpepnoxenne 4. Hyemy B — Gasuc guavmpa ¢ Fp. IIpednono-
JHCUM, UWMO cyujecmeyem makoe komnakmuoe mHoxcecmeo Kc E,
umo das awbozo muoscecmea M € B mocumeau ecex omobpasicenuii
f €M codeprcamcs ¢ K. Ecau npu ewnoanenuu smux ycaosuii B pae-
Homepro crodumes na E k £y, mofy npunadaencum #F5 v B cxodumea
x f, e cpednem nopadra p.
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970 pABHOCHIBHO YTBEPIKJEGHAIO, YTO B MHO;KeCTBe OTOGpaykeHHH
f € L, mocurens KOTOPHX COfepRETCA B (UWKCHPOBAHHOM KOMIAKTHOM
MHOKECTBe, TONOJOTHA DPABHOMEPHOH CXOMMOCTH sABIAETCA 6oaee cuab-
Hol, 4eM TOHOJOTHS CXOANMOCTH B CPefHeM HODPARKa p.

IleficTBuTebEO, TYCTh /& ~— HeOpePHBEOE oTOOpa)KeHEme HPO-
crpagcrea E B [0, 1] ¢ wxommakrmnM HocmreineM, pasHoe 1 ma K
(va. 111, § 2, memma 1). Jaa moGoro € >0 maiinercs rakoe M€ %D,
4ro s Beakoro orobpasxenms f € M mepameHctBO [f (2) — ) (2)] <
< &h (r) smnonmstercss np® Bcex z€ E. W3 aroro BEBOUM, dTO
N, f — fy) <eN, (h), orkyma m ciexyer LpefIoKeHHe.

Mreegnomerne 5. Jokaivho eunykace npocmpancmeo Ff NOAHO.

Tak kKax acCOmEMPOBAHHOE C & & OTHEIMMOE HPOCTPAHCTBO HOPMH-
POBaHO, TO MOCTATOYHO JOKA3arTh, U9TO BCAKAS ROCAEI0BAMEALHOCTLY
Howu (f,) B #F mMeer mpefel B TONOSOTHH CXOZUMOCTH B CPeTHEM
nopsnka p (O6mas tom., ti. IX, § 2, npepa. 9). Io ycuosmo gast
aoboro £ >0 mafimercA Takoe meimoe mg, 4TO U3 M >mg, n>M,
caexyer N, (fn—1fn) < &. 3Hagur, MO}KHO HHAYKOUEl IO & ONpPEeNNTH
CTPOTO BO3PACTAOMIYI0 IIOCHEOBATENLHCCTD (N;) TaKUX IEIHX ny > 0,
9710 Np(l’nk+1—f,,k)<2‘k. Ecam Mo mokaem, uro pam ¢ ofmum

WIEHOM gp = fnkH— Iny, (k> 1) cxodumes 6 cpednen nopadka p, To on

Oymer mmerb cymmy g€ Fr u f=g--f, Gyner mpenemom mocTenosa-
TeJIBbHOCTH (fnk) B #%; torma f 6ymer siaemenTOM IPUKOCHOBEHU A
nocienoBatedbrocTd (f,); a Tak Kak HDOCIEeTHSAA €CTH MOCICHOBATENb-
rocTs Homm, To oma Oymer mMmers mpemenom f, u mpepsiomerue 5
Oyper poxasamo (O6mas Tom., ria. II, § 3, mpepn. 4).

Wrak, mpemioxenme 5 ABNAETCA CJAEACTBHEM CleyONMEro mpeji-
JAOIKEHNA:

[Ieepnomerue 6. ycmo (f,) — makras nocaedosameavrocme Pymnk-

yuit us Fr, umo Z Ny (fn) <<+ oco0. Tezda pad ¢ obwum wsernos
n=1

fn (x)EF abcoatomuo cxodumes noumu ecody wa E. Ecau ¢ mouraz

o0

cxodumocmu pada nosoxcums f(x)= D) f,(x), a 6 ocmasvheizr mou-
n=1 ’

xaxr noaoxums f(x)=0, mo Pynryus f 6ydem npuuaaﬂebmamb Fr
10*
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u 6ydem caymcume cymmoll pada ¢ obwum dsenom f, (B Tomomormm
CXONHUMOCTH B CPeTHEM IOpAJKAa p); Goaee mouno, 048 awbozo n> 0
BLINOAHAEMCS HEPAGLHCIMEO

n oo
Np(f— 2 1)< X Nyp(f). 8)
E=t k=n-+1
B camom peine, pachOTpnM DOIOKUTENBEYI0 (KOHEUHYI uwin Oec-

KOHEUHYIO) cIJymmmo g(z Z | f» (z) |. Cornacro reopeme o cquHoﬁ

BHIOYKJIOoCTH (Teopema 1) umeem N (g) < Z N, () <<+ o0; moato-

My g mourH Bclofy Komedma (§ 2, mpem. 7), 970 03HAYAET, YTO DAL
¢ obmum wixeHoM f, (z) abcomiorHO cXomuTCA HOYTHE Beoay. A mo-
cKONbRY F moaHO, TO 9TOT pAN CXOGUTCA NOYTH BCIONY, W JUIS

awboro z€E umeem [f(z)|< X [ (x)|=g(z), orryma Np(f)<
. n={

< Np(g Z Np(fn) <<+ o0, uwem powrasamo, uro f mpumamaemmr

F . C APYTOil CTOPOHH, [JA JIO60T0 MeIoro n HEePaBeHCTBO
lf(x)—z fx(2) | < 5@

"BRINOJHAETCA HOUTH BCIOAY, W 3HAUHT, Np(f— Z f.)< 2 Np(fn.
K=t h=n-1

1lo ycumoBuwo pan ¢ obmum wienom N, (f,) cxomures; CJIBI[OBaTeJII)HO,

Aaa moboro e >0 Balimercst Takoe memoe n, dro Z Ny (i) <
h=n+

1 HepaBeHCTBO (8) moxasmisaer, 9410 f ectn cymma pﬂna ¢ obmum
aaeHoM f, B TOmOJNOruMM CXOMUMOCTH B CPefHEM HOPAZKA p.
Taxum o6pasom, mpepio:xenus D m 6 TOIHOCTBIO HOKA3aHHL.

4, PYynryuu, unmezpupyemsvie 8 p-ii cmenenu

Bexrtopmoe mpoctpascTBO %5 (E) (KOTOpOE MH B ciaydae, ecanm
BTO He BH3HEBaeT HUKAKHUX BejopasyMmenuit, 6yneM oGo3Hauars npo-
€10 &% p), cOCTOSIMEe M3 HENPEDHBHEIX OTOGPayKeHWI ¢ KOMIAKTHHM
HocHureseM mpoctpaHcTBa E B F, 0YeBmjHO, ABIAETCA HONHPOCTPaH-

CTHOM Ka)KJ[0OTO M3 BEKTOPHHX IPOCTPAHCTB F 3
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Onpenenerue 2. Ecau 3a0ansl A0KEAAbHO EOMRAEMHOE NpPOCM PAH-~
cmso E, noaoxmumeavnas mepa p na E u 6anazxoso npocmparcmeo F,

mo uepes L% (E, n) (mau mpocto L% (1), a Tawswe £F) o6osnavaemca

3AMBEQHUE 6 JOKAALHO ebinyKaoMm npocmpaHncmee F & (E, p) eexmop-
roz2o npocmpancmea &% p (E) nenpepwienviz omo6pascenuti ¢ komnakm-

nbim Hocumeaem npocmpancmea E ¢ F. Yepes Ly (E, p) (mnm LE (w),
LF) o6osnavaemes omdeaumoe (HOPMUPOEAHIOE) NPOCMPAHCMEO, AC-
coyuuposannoe ¢ ZLr(E,n). Toeopam, wmo @ynkyuu, npurad-
aexcamue Lh,cymo Pyunryuu, unmezpupyemsle 8 p-ii cmenenu *).
Mu Gymem Bmecto ¥R u LR mmcars £P m LP. Ecam F ectw

KOMIVIEKCHOe GaHaXoOBO IPOCTPAHCTBO, TO L7 W LY HameneHH CTPYyk-
TypOil TOIOIOTHYECKOT0 BEKTOPHOTO mpocrpaHcTsa Hap moaem G (n° 3,
3aMeuamue).

flemo, 9T0 BCcAKas QyEKUEA W3 Fp, ODKBUBAJNEHTHAS HEKOTODPOH

dyexkmmn us £, upnmpagnexur £5. OyHkmua co 3HadeHumsamu B F,
onpedesennas noumu eciody Ha E, cHOBa Ha3HBaeTcsA NHTETPHPYEMO

B p-#i CTeUeHH, eCJM OHA DKBUBANEHTHA HOKOTODOH (GyEKmuu m3 ZLh;

TOUHO TaK ke JyEKOuA co 3maveHdmsaME B R, ompepeneHnas n Komed-
Has HOYTH Bclomy Ha FE, HasmnBaercA WHTErpupyeMoil B p-il cremeHwu,
€CITH OHa 9JKBUBAJEHTHA HEKOTOpoi GyHKmuu m3 LP.

CnegoparensHo, ¢yEknmE m3 Lk (coots. m3 L) amasioTcs
UHETETPEPYEMEIME B p-fi CreNeEH (QYHKOHAMHE, OnpedeieHHUMU HA
écem E (cooTB. onpepeleHHHIMH ¥ KOHeIHHIMHA Ha Bcem E). Bouab-
NIAHCTBO TPEeNIOKEeHni, IOKa3aHHEHX B DTOM H B CJeyOIeM HDapa-
rpade mia pymrnuil us L& (coots. L), pacmpocTpaHsercs cpasy
e Ha HHTeTpHPYeMEIe B p-if cTelleHE  YHKOWH, onpeseeHHEE He BCIOXY
(cooTB. ompeseleEHEe W KOHeYHEE He BCIOAY); GOPMYIHPOBKA M JIOKA-
3aTeIbCTBO OSTHX Pe3ynbTaTOB Yale Bcero Oymer mpenocraBlieHa
9ATATENIO.

dameuganumsa 1) Kak yme ormedamocs (§ 2, n®b5), murerpn-
pyeMEle B p-il CrelleHH (QYHKOWE CO 3HaYeHHAMH B F, BooGme rosop:,

He odpaaymm 8eKMOpHO20 npocmpancmaeaq.
2) B obmem caygae mpocrpaHcrBo F L oramuso or mopmpocrpas-

crea X5 (§ 4, ynp. 8).

*) O6ocHOBaHEe 3TOH TepMHHOIOIWH 6ymer AaHo B § 4, n°2.
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Onpenenenue 2 cpasy e mo3souser chopMylIEpoBaTh CIEAYIO-
Al KpHETepHil:

- pegnoxerut 7. Jaa mozo umobw gyrnryus § npunadaenara Lk,
reobzodumo w docmamouno, umobul das awbozo & > O cyuecmeosara
makas menpepuienas PGYHKYUL § ¢ KOMRAKMHEBM HOCUMEeAeM, HMO
N, f — g <e.

Haevu cnopamm, GyEKUEA H3 .,Z’f,l SABIAIOTCA OpefenaMi HOCIEOBa-
TelbHOCTeH HempepHBHHX (YHROHI ¢ KOMOAKTHEIM HOCHTENEM & Mmono
ao2uu cxodumocmu 8 cpedunem nopsdka p.

eepnomenue 8. Hycmov f — (koneunas ual 6ecKOHEUHAR) HUCAO-
‘6asn PyHKYus, onpedeacnnas noumu écwdy; ecau das arbozo & >0
cyuecmayiom maxue 06e UMmMezpupyemvie ¢ p-ii cmenenu GYHKYUU
g, h, umo g <Lf<h noumu ecrdy u wmo N, (h — g) < e, mo [ unme-
epupyema 6 p-ii cmenenu.

HefictBurensro, [ KoHedHa mmouTE BClopy u N, (f — g) <
<N, (h — g)< e; Torna mpepioskeENe 7 MOKaswBaer, 4To f HHTe-
rpupyemMa B p-H CTeleHHU,

Tak xak mO ompefeNeHnio £r €CTh 3aMKHYTOE MOJIPOCTPAHCTEO
NPOCTPAHCTBA F p M TaK KAk IOCIeTHEee MOJHO (mpead. 5), To moxy-
d9aeM cuepylomuit pedyiaprar (O6mas rtom., ta. II, § 3, mpepmn. 6):

Teopema 2. ITpocmpancmeo L% noawno; npocmpancmeo Lk ecmo
6anazoso npocmpancmeo.

Hopma N, (f) maacca B mpocrpanctee LE cHoBa oGo3mauaercs
uepes || f]],.

TeopeMy 2 MO)KEO YTOUHHTH CJIeqyIOMIHM 0GpasoM:

TeopeMA 3. Iycme (f,) — nocaedosamesvrocmv Koww e npocm-
pancmee Lp; mozda cywyecmsyem nodnocaedoeamenbrocmy (fnk)

nocaedosamenvrocmu (f,), obuadawwas caedyrowumnu ceolicmeamu:

1° pad ¢ obuwum uwaenom N, (fnk+1—fnk) cxodumes; ,

2° pad c obwgum waeHoM fr,,, () —fn, (z) abcoaomno czodumes
noumu ecwdy;

3° ecau f ecmv Pynryus, onpedesennas na E u pasnas noumu
eciody npedeay nocaedosameabrocmu (fn, (x)), mo f npunadsexcum

ZLF u nocaedosamesvhocms (£,) cxodumes k £ e cpednem nopadra p;
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4° cywecmeyem maras noasyHenpepuisnas cHusy Pynryus g >0,
umo Np(g)<<-+oo u dan awbozo k evinoansemca Hepasencmeo
[fn, (z)[<g (z) npu sccx zCE.

Hark u B momasarensCTBe TpEJIOMKeHUS D, MOCTAaTOUHO TAK OIMpPe-
AeJuTh IO MEAYKOUH IHOCHef0BATEILHOCTH (1), 9T0bH N, (f"‘h-H_
—fnk)<2“h; torga yreepwpenua 2° m 3° OyuyT caemoBsarh m3 Ipef-
noxennsa 6 u us toro daxra, uro L5 samrayro B F 5. C ppyroii
CTOPOHHI, ecau % (x) ecTh cyMMa pAfa ¢ o6IMuM WIEHOM If”k+1 () —
—fnk (x)|, To mpennosxenme 6 moxaseBaer, 4to N, (h) <<+ oo; craio
ORTH, IO OHOpefelTeHHI0 Mephl U* CYMECTByeT Takasd HOJYHEIPepHIB-
HasA CEM3Y (QyHHROAA g>h—}—[fn1[, aro Np(g) <<-+ oo, 4eM u 3aBep-
MIaeTcs MOKa3aTejIbCTBO. -

Canexcreue 1. Ecau nocaedosameavnocmv Kowu (£,) ¢ npocmpan-

cmee Lk makosa, umo nocaedosameavhocme (£, (z)) cxodumcs
noumu ecdy k f(x), mo f unmezpupyema ¢ p-ii cmenenu u nocae-
doeameavrnocms (f,) cxodumces x f 6 cpednem nopsadka p.

B camom pene, maiifiercs Taras HOAIOCTAOBATENBHOCTS (fy, ) moce-
posareapsoctn (f,), aro (f, (z)) cxopurcs mournm mciony k g(z),

rie g —QyHKnuA u3 L, K KOTOPO CXOJUTCS B CPEIHEM HODPSIKA p
nocaeroBatensnocts  (f,). Torma cormacHo cpenaEHHM IpeAHONO-
menuam | (z) =g () mouTn BCIONY, OTKYAa M HOXydaeM Clex-
CTBHE.

Caencreue 2. ITycmv . —ecrody naommnoe muoxcecmeo ¢ Lh.

Has ecaroti gynryun £€LE cywecmsyem nocaedosamesvrocme (gn)
Pynryuti us §, obaadawas caedyOWuMU CEOUCTNEAMU:
1° nocaedosamenvrocme (g,) cxodumces k f e cpednem nopadra p;
2° Qua noumu ecex x €L nocaedosamesvrocmv (g, {z)) cxodumcsa
E f(z).

B camoM fele, NOCKoJBKY mnpoctpaHcreo L% merpmayemo, To

B £F cymecrsyer mocremosatenpHocts HKomm (f,), cocrosmasn u3
dyuxnuit m3 € u cxopsimascsa k f B cpenreM nmopaAnka p (O6masn rom.,
ra. IX, §2, npenn. 8); mocrarouHO OPUMEEHTL K DTOH mociemoBa-
_TEJILHOCTH TeopeMy 3.
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Crnencreue 2 NPHUMEHMMO, B YACTHOCTH, K CIAYYA0, KOTHA B Kade-
cTBe & Gepercsa NPOCTPAHCTBO oF p HenpepusHuL GYHKYUL ¢ Komnarm-
HBM HOCUMeAeM.

3ameuanua 1) Hocrenosarensuocrs Komn (f,) B £% momer

OLITH TAKOH, 4TO HoclegoBaTeahHOCTH (f, (z)) He CXORATCA Hu 6 o0dnoll
moyke U3 E (ymop. 1).

2) Ecan f npmuagnemur .ZI’,Z, TO He BCerga MOKeT HAWHTHChL TaKasA

mocnefoBarensuoctt (f,) HempepmBuHX (YHKIEA ¢ KOMOAKTHHIM HOCH-
TeneM, 9To0K HociaegoBaTenbuocts (f, (z)) cxommuack ecwdy ua E K GyHnx-
nuw, pamod f (z) mowrm Bewopy (§ 4, yup. 4 ¢)).

3. Ceoticmea Pynryuil, uHmezpuPyemsulx 8 p-ik cmenenu

TroremMa 4. Iyemv F u G—0deéa 6Ganaxossix npocmpancmsea,
U u-— HenpepusHoe Aukelinoe omobpadcenue npocmparncmea F ¢ G.

Tozda dasn awboii gynkyuu £€ LY caonmcnas gynryus uof npunad-
aexcum Lh.

B camom pene, ecsim f€Z%, 10 pmam moGoro e>0 mafinercs
TaKas QyHRNUA g € Ky, 910 Np (f—g) <e; arak Kak |uof—uog|<
<llufl-|f—gl 10 Ny (uof—uog) <[[ul| Ny (f—g) <o | ulf;mocxons-
Ky K€ Uog HENPEpHBHA W MMEET KOMIAKTHH HOCHTEJH,TO TEOPEMa
TOKAa3aHa.

Cnencreue 1. IIyemv a’ — npousecivnas HenpepusHas AuHeliHas

gopma na F; ecau £€ L%, mo uucaogan gynryus xz—s(f (x), a’)
(o6o3rawaeman gepes (f, a’)) npunadaexmcum ZL°.

Caencrsue 2. Ecau sadanst n mouer a, uzs F (1<k<n) un
wucaoenz gynryul fr (1 <k<n), npunadaercawpuz L, mo gynryus
n
f= Y axfy, npunadaexmum ZL%.

910 ciaegyer m3 Toro, uro oroOpasxemme :—>at R B F mHempe-
PHIBHO.

Meegaoxesue 9. Hycmv F—n-meproe 6ekmopHoe npocm par-

cmeo nad R, u nyemv (€)1 <n<n—6asuc ¢ F. [as mozo umobu
n

Ppynryus = Z enfr npunadaexcara Ly, neobrodumo u docmamou-

1O, umobv Ka¥das u3 uucaosslr @Gynkyul fp npunadaerxcara L'
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IT0 HEMOCPENCTBEHHO BHTeKaeT M3 ciemcrsuit 1 m 2 TeopemMm 4.

Irepnosxerue 10. B npocmpancmee £ eexmopuoe nodnpocmparn-
cmeo, cocmoalyee u3 (KOHEUHUL) AUHEUHBL KomOuHayuil Z apfr, 20e
R

a,€F, a f, — Henpeprignbie uucaosvie GYHRKYUL ¢ KEOMNAKMHLM HOCU-
meaem, 6cdy naomuo (B TOIOJOIHY CXONEMOCTH B CPEeJHEM IOPHI-

Ka p).
B camom pene, MHOKeCTBO &fp HENPEPHBHHX O0TOOpa)keHUIE
¢ KOMOAKTHHM HocHTeneM mpocrpadctea E B F, mo ompegeremuio,

Bcloy mWiotHO B Zk. C APYroil CTOpOHH, BCARasg QyRRIuA g€ &y
MOKeT OHTL paBHOMEpHO mpubim:xeHa GYyHKOUAME BUIA 3 apfr, THE
R

{, HEHpepHBEH M WMMEIT HOCHUTEIb, COAEP;KAIUACA B HEKOTOPOHE

gurcuposannoll KOMIAKTHOR OKPECTHOCTH HOCUTEeNA (GYEKOUH g

(rar. III, § 2, nemma 2); orcioga (mpemn. 4) BHTERaeT, YTO g ABIACTCA

B £ 21eMEHTOM NPUKOCHOBEHUA [ MHOKECTBA CyMM 2 apfr, OTRY-
E

Ia U cJaefyer NIPeJIoKeHHe.

Hrepnoxepue 11. Ecau gynryus £ npunadaescum L5, mo pynr-
yus |t | npunadaencum P u omobpaxcenue f — |f| npocmpancmea
LF 6 L pasnomepHo Henpepvigno (B TOMOJOTHH CXOJUMOCTH B CPef-
HEM NOPANKA p).

B camom mexe, mus moboro € >0 cymecrsyer rakad HempepHEB-
Had QYHKOWA g C KOMIAKTHHM HocHreseM, dro N, (f —g) <e;

a mockomsxy |1f] —|g|I<|f —gl, T Ny (] — [gl)<e, orxyaa
|f|€£P. C npyroit croposw, ecau: fy, £, — e pymkmum m3 L%, o
Ny (18] — | B2]) <Np (]y — f5), m Tem camum mokasaHo, 4To 0TOGpa-

memne f — |f | papHOMEDHO HempepPHBHO.

Mpepnoxennse 12. Jas mozo umobu wucaosan gynryus f npunadae-
acana L, neobrodumo u docmamouno, umobul raxcdas us PyHryulk
ft u f~ npunadaexcara ZL°.

Vciaorue pocraroume, ubo f=f* — f; om0 =HeoOxoguMoO,
nockoIbRYy ecan f € L7, o |f|€ ZL7? (upepa. 11).

CaepncrsuE. Bepauss (COOTB. nuxcnat) o2ubalouas KOHELHO20 Cemell-
cmea gynkyulr us L* npunadaewcum L.



154 OPOJOIKEHUE MEPHL. IIPOCTPAHCTBA LP I Iv, §3

6. Dusvmpyrowueca mnooucecmea 6 L’ u soapacmarouwue
nocaedosameavwocmu ¢ L°

~

Bumre (§2, n° 6) Mm ompemequnnm oTHOmeHWe mopARKa f<g
B MHOKECTBe ¥ KJIACCOB HKBHBANCHTHOCTH YUCIOBHX (YHRIHIA, ompe-
[eNeHEHX ¥ KOHGYHHX mOYTH BCIOAY Ha E; HajeleHHOE HTHM OTHOMIE-

HHEM W CBOEH CTPYKTYPOH BEKTOPHOTO IPOCTPAaHCTBA, MHOMKECTRO 7
cranosurca npocmpancmeom Pucca. Cnemncrsue ms mpepiosxenus 12

TIOKAa3KIBAeT, 4YTO eCJIn f~ u E— nBa sleMeHTa mopumpocrpamcrsa LP
IIPOCTPaHCTRA ff:, TO BEePXHAA I'DaHb sup (f; §) s 71/1{,71/13 ﬁ (smas-
omasca KIaccoM Kaxaon w3 ¢ymrumix sup (f, g), rme fETI«I gEg)
npuragie;xur LP; 910 mokasmBaer, B yacTHOCTH, 4ro L”, Hameaennoe

OTHOIIEHWEM ITOPAKA, HHIYIWPDOBAHHKM OTHONIEHWEM MOPSJKa B &,
ecTh npocmpancmeo Pucca.

lrepnomerne 13. B npocmpancmee Pucca LP mnadeaennom mono-
aoeueti, onpedeaennoti nocpedcmeom mopmu || fll,, omobpascenue

f— 11| pasnomepro mnenpepwigno, a muoacecmeo saremenmos f >0
BaMEHYMO.

Ilepras uyactb mpemyioKeHUs Cpady e BHITOKACT W3 IPEefIOKe-
s 114 IOCKOJIbKY 7K€ MHOKECTBO DJIEMeHTOB >0 sBaserca Tammke
MHOKECTBOM TeX ], N KOTODHX |71 =f, 1o oHO samxmyro, mGo
oTo0pasKeHUe f—> 171 menpepuBEO0 m LP orpenmmo.

Crano Owrb, B LP rtomomorus, ompemesieHHAss TOCPENCTEROM HOP-
MH || f~||p, cozaacyemcsa €O CTPYKTYPOH yHODAMOYEHHOT'O BEKTQOPHOI'O
npocrpaucrea B LP (ra. II, §1, n° 6).

ITregnomenue 14. Hycmvs H — nekomopoe nodmuoxcecmgo npo-
cmpancmea Pucca LP, cocmoawee us nososumershslr k4acco8 U huib-
mpyoueecs no omuowenuio <. Jaa moeo umober H umero ¢ LP gepx-
HI0W epandb, HeoOxodumo u docmamouno, umobl sup |[f[| << 4 oo.

feEH
Toeda sepxuas epanv muozxcecmea H ¢ L¥ ecmwv npedea (B GaHaXOBOM

mpocrpancree LP) duasmpa ceuenuil mmoncecmsa H.

Heo6xomuMocTs ouermnHA, W60 0TOGpakenue | — I f~||p ABJSACTCS
BO3pacraomeil QYHKIOWA Ha MHOMKECTBE HOJOMKUTONLHHX DJIEMEHTOR
u3 L?. Jlaa gorasarenncTBa JOCTATOYHOCTH HPEKAE BCETO 3aMETHM,
49T0 cHOPMYIUMPOBAHHOE YCIOBME, HA OCHOBAHUHA TEOPEMH O MOHOTOH-
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HOM TIpejiesie, BiaedeT, 4T0 06Gpas MEHo;xectTBa H upu orobpamennu

F— ||7||p uMeeT Iperea B R; ciemoBarenbHO, 06pa3 PUIBTpa ceue-
Hnit § B H mpu osrom orobpa:kemnu Oymer Gasucom ¢uabrpa Komm
B R. [doxasarenbcreo Oymer 3aKOHUEHO, €CJM MEL TOKaMKeM, 4YTO
caMo § ABasiercst 6asuconm guarvmpa Kowu B LP; B camom pgene, B 5ToM
cayuae % Oymer cxomurbest B LP, mockonbky LP mommo (mpema. 7),
¥ TOrja Ipejiao:Kenue Oymer cjenoBarh W3 HpemiokeEus 6 ria-
su 11, § 1.

Jna poxasareabeTBa TOTO, ¥TO §F ecTh Gasuc ¢uasrrpa Komm,
MBI BOCHOJIB3YEMCA CJIeIVIOIIEH JeMMOi:

JiemMma, Ecau f u g — mawue dee gynkyuu us ZL°, uwmo
0<f<g, mo
(No(g—NMP <NV (8))"— Vo (). - (9)

B camom pexe, ecnu f U g — HenpepHBHEE YHKIUE ¢ KOMIAKT-
HHM HOCHTE]eM, TO coorHomemuwe (9) 3amucmBaeTca B BHIE

{e—tran<(gan—{ ran

W SIBJISIETCA B 9TOM CJY9ae CJIeCTRUEM DIEMEHTAapHOI'0 HEpaBeHCTBA
(g —N?<g? —f° (n® 1, dpopmyna (2)). Hus toro 4robm mepeiiru
K ofImeMy caydualo, {OCTaTOYHO 3aMETHTh, UTO 00 Y4CTH B HEPaBEHCT-
Be (9) sABasAlOTCH HENPEePHBEEMEH Ha ZL° X L° QyHRuuaAME ¥ uTO
BCJIEICTBUE HOIPEPEHBHOCTY oTobpakenus f — | f | ma L7 (upeman. 11)
Besikag pymxmua f>0 u3 LP ecrp npenen (OTHOCHTEIBHO CXOMHU-
MOCTH B CPEIHEM IOPAAKA pP) NOCIEJOBATEIHHOCTH HOJOKUTEILHEX
HeIPEepPHBHAX (YHKIUA ¢ KOMIAKTHEIM HOCHUTEJEM.

Hoxazas neMMy, ME MOKEM YTBePHKJIATh, 9UTO A a1060ro e > 0,
0 YCJOBUIO, HAWAETCH TAKO# HIEMEHT fc H, aro _Aas J110601‘0 g> f,
nprHafjexamero H, Bunojnsaercs RepaseHCTEO (|| g gllo)”— (7 )" <e;
orciona Bmrexaer, uto (||g — f||p)? < & ciegoBarennHO, €CIAU gy

1

I §2>7—m_33 saemerTa u3 H, To ||§1——§2||p<2§5, 9eM NOKa3aHo,
yto § ecth Oasuc ¢uaprpa Homwu B LP, ¥ TeM caMuM 3aBEPHIEHO
DOKA3aTeNBCTBO Ipemokerus 14.

Cnegcreue 1. Ecau E ecmb GeprHaf 2panb Muowcecmsa H ¢ LP,
mo
llgllp = Lim || 7|5 = sup || 7. (10)

FcH TeH
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910 ciegyer U3 HempepHBEOCTH HOPMH || fll, B LP m u3 Teopemm
0 MOHOTOHHOM Hpefiede.

Caencrsue 2. IIpocmpancmeo Pucca L® enoame peutemouno.

JeitcturensHO, BCsiKoe GuAbpylomeecs (D0 OTHONIEHUIO <) MHO-
smectBo H B LP, cocrosAmee u3 MOJOMUTENLHHX KJIACCOB U MAaKOpPH-
poBamHOe B LP, uMeer ReDXHIOI I'pDaHb, TAK KAK €CIH / €CTh Majko-

paara MmHOkectea H m LP, ro Hﬂ]pgllﬁllp npu nmﬁmefEH
H OpAMeHEMO npemioxende 14. IruM caepcersue mokasamo (ra. 11,

§ 1, mpemn. 1).

Yrpeppenus mpepiomenusa 14 mepecTarT BHIOAHATHCA, €CIH
dopmynuposars ux miaf gywkyuld uz L, a He gna ux kaaccos. Boxee
TO9HO, ecam M ecTb MHOKECTBO U3 L7, COCTOAMEE U3 MOJNOKUTEIHHEIX
¢yBERIEA, ¢UIbTpylOIeeca 10 OTHOmMEeHWI <« | Takoe, 9TO
?unll) N, (f) < + o0, T0 EKaacc eepxmeli ozubawoweli g mHoxcecmsa M

€

mosicem He cognadamns ¢ eepxieil epanvio 8 L* waaccos gynryuil f € M;

B YaCTHOCTH, g MOKeT He ORITH HHTEIPHPYEMOR B p-H CTENeHH, U, [arKe

ecna g € £P, Ny (g) Mosker OmTH oramieo ot sup N, (f) (cp. §1,
1eM

3aMedanwe 1 mocae TeopemMm 3).
OpmBako BCe ke UMeeT MECTO CJIEAYIOIAsA TeopeMa:

TeoreMa 5. Iyemov (f,) — 6ospacmawwas nocaedosamesvrocmo
noaoxwcumenvrtis Pynryul us L. Jaa mozo umobn eeprnas ozu-
bawwan [ smoii nocredosameavnocmu Guia UHmMezpupyema 6 p-ii
cmenenu, Heobxodumo u Gocmamouno, umobu. sup N, (fn) << - oo.
Tozda nocaedosameavnocmo (fa) cxodumes 6 cpednem nopsadka p
Kk gynryuu f u

Ny ()= 8up Ny (f) = Lim Ny, (/o). (11)

ITockonsky HEOGXOMUMOCTH YCJIOBUA OYEBMAHA, TO BCE CBOJUTCS
K J0KA3aTeJbCTBY €I0 HOCTATOYHOCTH. Ho Ip# BHIOJHEHUH YCiIo-
BHsA mpepsioskenme 14 mokrasmBaer, YTO MOCIENOBATEIHHOCTH (f:) ecTh
pocaenosarenbuocts Homm 8 LP, u, 3Hauur, mocjaefoBaTelbHOCTH
(fr) ects mocremoBarensHocts Homu B £?; a rak kax f, (*) crpemurcs
K [ (x) npm mobom x € E, 1o f wETErpEpYyeMa B p-ii CTEIEHN U CIYIKAT
npefesoM IoCAeq0BaTeAbHOCTH (f») B TOHOJOIUH CXORMMOCTHE B CPEJ-
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HeM mopsaaxa p (caeacreue 1 ma teopemn 3). ClefoBaTesbHO, KIACC [,
OTHOCHTEJIPHO KOTODOT'0 yKe H3BECTHO, YT0 OH ARIAETCH BEPXHEH
rpPaHbBI0 TOCTENoBATeIbEOCTH (f,) 6 & (cp. § 2, n° 6), Gymer TarKe
CIYKUTh BEPXHEH rpaHbI0 9Tol mociaenosarenbmocT® ¢ LP, Torpa
coorHomerne (11) samiaserca caemcramem dopmynm (10) (a Tamme
Teopemst 3 § 1).

Caegcrsue 1. ITyemov (fn) — ybusawwas nocaedosamervrocmo
rososcumenvrur Gyrnkyul usz L°; nHuxnas ozubawwas f amoii nocae-
dosameavHocmu npunadaexwcum LP, nocaedosameavrocmov (fn) cxodum-
¢ 6 cpednem nopadkap g f, u

Ny (f) =lim Ny (fn) = inf Ny (/).

o
-

Ileprrie nBa yrBepKACHUA BHTEKAIOT U3 TEOPEMH O, MPUMEHEHHOM
K BO3pacTAalOIEedl MakOPUPOBAHHOM NOCIENOBATENHLHOCTH (yHKITI
gn = f1 — fa; OCTanbHOE YysKe OUEeBUIHO.

CnegerBue 2. ITyemoe (f,) — nocaedosameavrnocme dynryuii uz Lr.
Has mozo umobw eepxuas ozubawwasn [ nocaedosamervrocmu (fr)
Ovlaa unmezpupyema 8 p-ii cmenenu, Heo6To0uUMO U docmamouno, Wmobv

cyuwecmeosara makas gynryus g >0, umo S* gldu << 4+ oufag
npu abom n.

HeobGxogumocTs oueBHiHA, ecianm HOJMONATH g = f*. Ilpepmonomum
Telepb, 9UTO YCJOBHE BHIOJHEHO, H HOJOKUM gn = SUp fp; mOCJIeqoBa-
R<n

TEJILHOCTh (gn) BO3PACTAET W COCTOMT U3 (YHKIMHA, HHTEIPRPYEMEIX

B p-ii cremeHu (caepcrrue m3 mpexan. 12). Bospacrawomas mociaemo-

BATEJBHOCTH IIOJIOKUTEIbHHX QyBRIUE A, =g, {-g; YAOBIETBOPAET

YCIOBRSAM TeopeMs 5, tak Kak Np (B,) <N, (g + g7) <<+ oo; cuemona-

TEJILHO, ee BepXHAA orubawimas suph, WHTEIPApYEMa B p-i creme-
n

HM, H TO K€ caMoe CIpaBefJIABO AJA f=suph, —g;.
n

Caepcreue 3. ITycmb A—Hekomopoe cuemHoe MHONcecmeo, T—
guaomp 6 A, umerowut cuemuwvii 6asuc, u (fy)eeca— HeEOMOPOE
cemelicmeo noaoscumeavnuir Pynryuti uz LP. I pednoroxcum, wmo
cyujecmeyem makas Pynryus g>0, umo Np(g)<<-+ oo u fo<g
npu awobom ac A; mozda gdynkyus lim supg fo unmezpupyema ¢ p-ii
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cmenenu u
lim supgVy, (fo) < Np (lim supg fo). (12)

B camom pene, myers (A,)—yOumBatomui Oasuc ¢uawrpa F,

H OYCTh gn= SUpP fq; TaK Kaxk A, CUETHO, TO U3 CIENCTBUA 2 BHITE-
(ZEAn

Kaer, 910 g, WHTEIpHpyeMa B p-U CTeIeHM; C JAPYrod CTOPOHHI,
Nyp(gn)> sup Ny (fo). Torpa lim supg f, Gymer mmsmei: ornGawmei
(ZEAn

yOHBaOIMER NOCIeROBATeARHOCTH (g,); 3HAYMT, B cmiy ciengcrsusa 1
¢yaRmEa lim SUpg f. WHTETpHpYEMa B p-ii CTEeNeHHA W

Np (lim supg fo) = Np (inf gr) :lim Np(gn) >

> lim (sup Np(fa)) =lim supg Ny (fa)-

n-»o o> An

7. Teopema Jebeza

TeoreMa 6 (JleGer). IIycmev F — 6anaxoso npocmpancmso, o (f,) —

nocaedosamesvrocmo Gynkyul us L, YGo6AeMEOPAIOUWAL YCAOSUAM:
1° nocaedosameavrocmo (£, (x)) cxodumca noumu ecwdy k npedeay
f(x)CF; 2° cywecmeyem maxas wuucacean @Pynrkyus g >0, umo

S ghdp<<+oo u |f,(x)|<g(x) nowmu ecwdy na E npu awbom

yeaom n. Tozda gynryus f (onpedenennas nowmu 6cwody) unmezpu-
pyema ¢ p-li cmenenu u nocaedosameavnocms (£,) cxodumces k f
8 cpednem nopadka p.

PaccMoTpnM «{BOIEY10» IOCHEAOBATENBLHOCTD gpmpn = | fm — 5, | unCTO-
BHX (Qyaxnui, npmEagaexamux LP (mpema. 11); wmo ycmoBmio
lim  gmun (z) =0 nouru BewoAy, U, ¢ APYTOH CTOPOHKL, | gnn (2) | <

m—> 00, N~ oo
< 2g (x) mogru BCIOAY; NIPHMEHHB K DHTO IOCIE0BATETHHOCTH CJef-
CTBHE 3 W3 TEOPEMHI D, NOJYYaeM, HUTO lim  sup Ny (fn.—fr) <

m - 00, N —» ©
<Ny (0)=0, a mnockoasky Np(fn—£,)>0, 10 510 BIEUET
lim N, (fn—f£,)=0; unave rosopsa, mociepnomarenpHoCTh (f,)

M=+ o0, n—5 00
ecTh nocaedosameavrocmv Kowu v L% . Taxmm oOpasoM, teopema
BHTEKaeT W3 cuefctsua 1 TeopeMH 3.

Cnegcreue. yemv A— muoxcecmeo undercos, @uabmpyroujeccs.
no guaevmpy [, umeciowemy cuemnuwti basuc. Ecau (fq)eca ecmb
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cemelicmeo ynkyuli us L, cxodaweeca npocmo (8 cubicae npocmoil
cxofumocmu) no dusbmpy F noumu ecwdy k gynkyuu £, u ecau
npu smor cywecmeyem makas uucaosan Gyuryus g>0, umo

S*gpdpt<+oo u |fo(x)|<g(x) nownu ecwdy na E npu awbom

a €A, mo pynryus £ unmeepupyema 6 p-ii cmenenu u £, cmpesumen
k f 6 cpednem nopsdka p no guaempy F.

B camom pmene, mycrs (A4,)— yOnBamomuit ceeTHHE 6asuc GuabT-
pa § ¥ Q,—NOPOMBBOABHEIA dJeMeHT u3 Ap; MOCIEJ0BaTENBHOCTH
(fo,) cxommress mpocto K f mouyrwm Beiofy ma E, m 3HAUMT, COIIACcHO

reopeme 6, f wmrerpupyema B p-it crememu uw lim Np(f—f, )=0.

n - 0o

A 1nockonbRy QuasTp § ABAsErcA IEpPeCEUCHUEM 3JIeMEHTAPHEX
$UALTPOB, ACCOMUMPOBAHHKX CO BCEMH MOCIENOBATENLHOCTAME (Oin)
(O6masa vom., ra. I, § 5, mpegn. 10), o lim%Np (f —£,) cymecr-
Byer m paed (0—o0memy mnpesely BCeX MOCJIETOBATEILHOCTEH

(Vp (I— 1))

3ameuvanunda. 1) TeopeMa 6 He Oyger BepHa, eciIH YCIOBHe

[f.]<g (¢ Np(g)<<+ co) samemnts Gomee cITaGHM yCIOBHMEM:

sup Ny (fn) << 4-0o. IpegnonoxmyM, HAmpmMep, 4To [ ecyh Mepa JleGe-
n

ra Ha R; ompegeinmM HeupepHBHEE QYHKIEN CASAYIOMUM 00pasoM:

fa(@)=0 paz<{0 = z)%,fn (%):n, B fn AusefiHa Ha MHTEp-

BajIax [0, %] n [% , % . Torga lim fp (z)=0 npu xwbom z € R,

n > 0o
HO Ny (fp)=1 upu Bcex n (cp. § 5, ymup. 8).
2) Caencreme w3 Teopemsl 6 He CoXpaHAeTCsA, €CIM He Ipejmoiararhb,
aro ¢uabTp F wmMmeer cuerHni Gasmc (cp. § 1, 3amedanme 1 mociie Teo-
peMu 3).

8. Coomuowenus mewody npocmpaHcmMearnu
L (1< Pp<<+ )

Jlnsa mwboro wmena o >0 oroOparkeHue z—>|z|°"1 -Z ompeyieleHo
¥ HempepuBHO Ha pomoidEermwmum (O B F; KpoMe TOT0, HOCKOJIBKY
|z]*'-z|=|2z|%, to sra ¢ymxmus crpemurcsi x O BMecre C z,
K 3HAYHT, ee MOMKHO NPONOKHUTh IO HenpepusHOCTH B Touky O,
opunaBs eii B aToif Touxe sHawenme 0, maske ecim o< 1.




<
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TeoremA 7. Ilyecme p U q—dsea deticmeumenvhbix uucaa, 1 < p <<
<4 o, 1 <g<<+ o00. Ecau gynryus f npunadaexcum L%, mo gyuk-

p
2
yus |£|?  -f npunadacowcum L%, u o6 pamuo.
Mo ycnosuio HaiifercA uocnepnoparensuocts (f,) rakmx mempeprs-

o
HHX (YHKOHA C KOMOAKTHHIM HOCHTEIEM, YTO Z Npy(fp) <<+ o
n={

o0

n £(z)= D) f,(x) mourm Bclogy (reopema 3). Iomomum
n={

P

1
go=0+f+ ...+ |7 )

QYHKIUA g, HEMPEPHBHA W UMEST KOMIAKTHHI HOCHTENL, ¢ JAPYIOi

CTOPOHHL, |gn P=|f+04 ... 1, |p<( 21 | fn ])pth, e YHCIOBAA
n—=

Jysrnua k>0 (kopeumas wim OeCKOHEUHASA) HA OCHOBAHNH TEOPEMBI
0 CUETHOH BHOYKIOCTH YHOBIETBOPSieT HEPABEHCTRY

g 07 = (V5 (3 160 < (3, N, (1)) <+ .

Py
B 10 Ke BpeMA g, (z) crpemurcs mouTH geogy K g(x) =|f (x)|? - f(x),
u spauur, Teopema JleGera morasmBaer, wro g€ £F. ObparHoe yTBEp-
q

sKpeHHe moaydaercsa cpasy, ubo f=|g|? .g.
2y

q
MoskuO mOKasarTh, uro orobpaskenme f —> | f)| -f ecrs romeo-
mopdusy mpocrpancrsa Lp Ha L% (§ 6, yup. 10).

Caepcreue 1. JJas mozo umobw gynkyus ¥ npunadacrcasa L%,
neobrodumo u docmamouno, umobw gynryus |f|° 1§ npunas-
Aexcara $11a.

Cnenersuk 2. [as moeo 4¥mobvl noAOHUMEAbHAS HUCL08AR PYHKYUS
f npunadrencana P, neobxodumo u docmamouno, umobs Ppyrkyua f*
npunadaexcara L.

OTMeTHM, 49TO 6CHH THCIOBAA (YHKIHEsS [ HOPOM3BOALHOIO 3HAKA
TakoBa, 9TO |f |P mpERagae:RuT £, TO f He 00A3aHA MpHHALIEKATE £

(cp. § 4, yap. 8).
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9. Cayuati abemparmnsix mep

IIyers p — aberpakreas Mepa (§ 1, n°5), ompelenenHas Ha HPOCTPaH-
crBe Prcca KOHEYHHIX YMCHOBHX (QYHKUHH, OUpeleleHAHX HA MHOKeCTBe 4,
J7151 810 MepE! HOTyHOPMH N, B HPOCTPAHCTBA F f, OIpeAensIoTca, Kak Bn°n° 2
¥ 3, HPOCTOH 3aMeHOo# p* HA u**; Torma GyNyT cupaBeRIMBH 6e3 BCAKHX H3MeHEHHIT
BCe IpeRao:KkeHAA N°n° 1—3, KpoMe mpefNioKeHAA 4 (IaA MONydeHHA COOTBETCT-
BYIOIEro eMy Ipe/JIosKeHAA Haflo paceMoTpeTh TaKoi 6asac ¢punsTpa B, 9ol Raa
nro6oro MuomectBa M € B mocarenn ¢yaxuuit £ € M comepKaamch B IMOAMHO-
AecrtBe K < A, s KOTOPOro CymecTByer oTobpakennme MHOKecTBa 4 B [0, 1],
pappoe 4 Ha K ¥ mMelilee KOHEWHHH BepXHHH HHTErpaj).

Uro6n oupenenats GYHKIAH, HHTEIDAPYEMEe B p-ii CTeNeHH, HYKHO Hpe.-
HONOKATh, 9T0 QYHKUHE H3 A UpHHamIE:RaT F P (3T0, B 9ACTHOCTH, BEPHO,
ecnu gas Beaxodl ¢ymxuuma f € Ry, fP € Hy). Hocae aroro Hafo paccMOTpeTh
B ._?71’?, 3aMEIKAHAe HOROPOCTPAHCTBA %, 00pa3oBaHHOr0 JHHEHHHIMHE KoMOHHA-

DR AMA 2 apfy, Tle f, TpAHALIEKAT J; 5To 3aMmhKanme H 6ymer o6oszmavaTbCH
k

¥P. B sroM caydae BCe paccy:ieHma N°n° 4—7, KpoMe [0Ka3aTeAbCTBA TEO-
pemu 11, GyAyT cHpaBeZAHBH, C TeM JAMDb H3MeHeHHeM, 4T0 'y 3aMeHseTCHA
HA Rr, a u* — Ha p**. [leiicTBATennHO, ecnd g & HAp, TO uACHAOBag GyHK-

oEa | g | MoiKeT B He NPHHANNEKATH J2; 4To6H yCTaHOBATh Hpefnokendme 11,
r

JOCTATOYHO HOKAa3aTh, 9T0 | g | € LP. Urak, mycrs g = 2 apfr, m Oycrs V —
k=1

BeKTOpHOe HORIPOCTPAHCTBO IPOCTPaHCTBa F, HMewIIee KOHEUHYI0 Pa3MePHOCTh

m ¥ HOPOKAEHHOE BeKTOPAMH ap. 1lycrs V' — compsasxeHHOe K V HpOCTPAHCTBO,

TO’Ke HMelomee PAa3MepPHOCTL m, H HycTh (a,) — LOCHeL0BATEIbHOCTL, BCIOAY

mJA0THAS B efuHmIHOM mape | 2" [ <1 m3 V'; masa moboro z € A mMeeMm

g (2){=sup| kg (ag» an) fr (=) [/] aj, [,
n k=i

r
a mOCKOABKY | g | < Z lag]-| frl, TO cmemcreme 2 m3 TeopeMH O cpasy e
= .

IOKa3bIBaeT, ¥T0 | g | mATerpEpyeMa B p-i CTemeHH.

YUro 3Ke Kacaerca TeopeMH 7, TO OHa cIPABefAABA NAMb NP HAJAYAA NOMOJ~
HETeAbHHX yCJIOBHH, HAJNOKeHHNX Ha J (yup. 3); JOCTATOYHO HPeRHOOJOKHTH,
4ro pAsA Beakod ¢ymkumm f € Rr dymrmua | f |2~1.f cHoBa npmEapIERHT
Ry wpr a >0,

Ecnm aGcrpakTHas Mepa . yHOBIeTBOpsAeT Takie akchaome (MA)
(cM. § 1, n°5), To CcyumeCTBYIOT IBa ONpefeneHAA QYHKHHMI, HHTErpHpye-
MHX B p-if cTeneHH, B 3aBHCHMOCTH OT TOro, 6epercsa Jd p* mad p** B Ka-
9eCTBEe BePXHero MHTErpaia; IoaydaeMble TAKAM IyTeM MHOMKeCTBa (QYHK-
nmil pPa3NMUHE, eCId pasamyHsl J, B Ji. ONHaKo HANO OTMETHTb, 4TO
GaHaxoBH mpocTpaHCTBa L1, COOTBETCTBYOIIME STHM XBYM OHpENeNCeHHAM,

11 H. Byp6axn
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usomopPrr: REHCTBATEALHO, KAKAOEC N3 HHUX H30MOPPHO LONONHEHMIO
HOPMHPOBAHHOTO IPOCTPAHCTBA, ACCOLMAPOBAHHOIO C LIPOCTPaHCTBOM 77,
HalleeHERIM noayHopMoii W (| f |). CnenosarensHO, 1A BCAKOH HHTe-
rpupyeMoi (oTHOCHTeNsHO [*) QyHEIHH f CymecTByeT TaKas HHTerpH-
pyeMas (OTHOCHTeNbHO UW**) GyHKDHSA g, 9T0 f — g IpeHeOperkUMa (OTHO-
CHTEJNBHO W¥),

Yupamuaennsa 1) IIyers p — mepa Jlebera Ha E = [0, 1].
Oyers paa awboro memoro n = 20 + k (0 < k < 2") wepes f, o6osma-

k41

1 k 0 I
vYena QyHKNWA, paBHasA 1 Ha WHTEepBale o+ —on| B0 Bme ero. Ioxa-

3aTh, 9T0 HoCIefloBaTensHocTs (f,) cxommres K (0 B CpefueM HOPsAAKA
p opm mb6oMm p > 1, HO IT0 NOCIEAOBATENALHOCTS (f, (z)) HE CXOTUTCS HI
B OfHOI1 TouKe HHTepBama E.

2) ITorasaTh, 9TO BCAKAS 9HCI0BAA QYHKNHS f, IpUHALIEeKATIAS LP,
paBHA LO0YTH BCIOAY PA3HOCTH g4 — £ ABYX IOIOMHUTENLHEX (GYHHUTI,

OOJMYHENPEPHBHLX CHU3Y W TpHHAAAeRAmMUX LP (3aMeTHTh, 9T0 f (z)
oo

paBHA [OYTH BCIOAY CyMMe aGCOMIOTHO CXOMAMETOCH paga ¥, fn-(z), e
fn HeOpepHBHE N HAMEIOT HKOMUIAKTHHHA HOCHTEJb). =t

3) lMycte A — matepBan [0, +o [ m3 R m %R — unpocrpas-
crBo Pncca, o6pasosamHOe JnHeHHmMA Ha A QyHEIUAMA 2 — az ¢ feii-
CTBATENLEEM a, upoGeralomnM R; pyHruM0O z — azx 0603HATUM uepes f,.
IToxazare, wro oroGpaenme f, — ¢ sBAsgercst abCTpaKTHOM Mepolt
Ha A W 9T0 AJas 5T0H MepH LP (W) = R masa aioboro dmucaa p > 1.

§ 4. Hurerpupyembie GpyHRmM M MHOMKECTBA

1. II podoaxcenue unmezpara

W3 ompepenenus ‘npocTpancTsa £L§ BHTEKAeT, Y4To TMOANPOCTPAH-
CTBO 9% p HENDEDPHIBHHX (YHROMA ¢ KOMIAKTHHIM HOCHTENEM 6ciody
naomuo 8 L. CiaegoBaTeabHo, BCAKas HeHUpePHBHAA (B TOMOJOTHN
CXOIMOCTH B CPeHEM HOPAJKA p) AuHelinas QYHERINA, onpefe eHaas
Ha £ p W NPAEEMAONAS CBOH 3HAYCHAS B OMJIeAUMOM U NOLHOM
TOIOJOTHYECKOM BeKTODPHOM IIpocTpaHCTBe (7, MOKET GHITH e HHCTBEH-
HEIM 06pasoM npodossicena no Henpeprisrocmu fo HellpePHBHOM JHHEH-
HOli (PYEKOUM, ONpeJeJeHHON Ha Lh U IpHEEMAOMeii 3HaUenns B G
(O6mas rom., ra. II, § 3, reopema 1 m ra. III, § 2, mpepa. 3).

Ho pnsa seawoit menpepsiBEOR QyEEnum f ¢ KOMIIAKTHHIM HOCH-
TeleM, NPHHNAMANIEeH 3Hadenusi B 6aHAXoBOM IIpocTpasHcTBe F, GBI

onpepenen (ra. 111, § 4) uwmeepasa p(f)=\ fdp orrocurennso u,
u n u
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ABRIAIMHANCA 9IeMeATOM IpocTpaHcTBA F, m 6nuio mokasamo (ra. III,
§ 4, n°2, npexa. 3) HepaBeHCTBO

| §tan|<§1t1an=n.o). (1)

JT0 HEepaBeHCTBO HOKAa3mBaeT, 410 oToOpaskemme f— Sf dp ecth

auHeiiHOe oTOGpasKeHHe UPOCTPaHCTBA ¢4y B F, HelpepuBHOE B TOTO-
JOTHH CXOJHMOCTH B cpenHeM HA ¢4 p. Cramo 6mTh, MOMKHO IIPOJOI-
JKHTH er0 II0 HelPePHBHOCTH HA BCe JipocTpaHcTBO £} W IPHEATDH
clefywmee omnpefieJeHne:

Onrearacaue 1. Qyukyuu, npunadsercawue 5 (E, n), nasnearom-
cA UnmezpupyeMuMU (WIH CYMMUDYEMBLML) OMHOCUMEALHO MEPbL L
(nam eme p-unmespupyemumu). Humeepasos (omHocumesvio p) om
unmezpupyemoti gynryuu £ cayscum, no onpedeaenuio, snavernue das f
npodoadceHuss no HenpepueHocmu Ha L} AUHeliH020 omob pajcenus

g— S g dp. npocmpancmea &y 6 F; e2o0 o6osnauawom marice p(£),

S fdp uau S f (x) dp ().

Hpawmep. IIycrs xouegnas umenoBas ynrnua o > 0 Ha E TaKora,

wro pnasa a06oro KOMIAKTHOTO MHOMecTBa K C E cymma Z o ()
: ’ xEK
wonegna. IlycTh, pallee, p—Mepa, OHpefeleHHAd NOCPEICTBOM Mace
. e fz) (ra. 111, § 2, n° 2). HoxaskeM, 9T0 PyHKRUA U3 Fr unmeepupyeMt,
10 eeTh u9T0 LF=FF. HeficTBUTENRHO, B DTOM Clydae AJAA TAKOH
$ymxmun £ mmeem w* (| f[)= D} a(z)]|f(z)|<+oo (§ 1, n° 3, mpumep);
. x€E - .
naa aioboro &€ > 0 Halierca Takoe KOHeIHOe MHOKecTBO M (T E, uro

E a@)|f@)|<e Hyere ar (1 <k n)—r098n U3 M, U nycTsH

x€CM ' )

b=sup|f(ay)]; mycts, panee, mnsa RaKgore k depes Vy oGosHadeHa
k

a {ap)—

TAKadA OTHOCHTEJNHPHO KOMNAKTHASA OKPECTHOCTh TOYKH ap, 49TO

€
— 2 a () 1<E; TaKaA OKPeCTHOCTL cymecTsyeT, u6o ecum V —
xEVk

HEKOTOPasA KOMIAKTHASA OKPECTHOCTH TOUKH @k, TO CyMMa z o (x) KOHE'-
. xEV
Ha, H 3HaYAT, UMeeTCA KOHevYHOe NOaMHOMecTBO PV, He copepxa-

mee ap I TaKoe, 1TO Z el (ak)—}—z o (x) +n_£;) ; B KadecTBe Vp
x€V - xeP
11*
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M0CTaTOTHO B3aATb Jomoinmenue P orHocatensHo V. Ilpm sTomM MokHO
Ope/iHoNMKATE, 4T0 Vp He MMel0T nomapeHo o6mux Todex. O6osmawmm
Temeps uYepe3 hy HelpepHBHOe oTolpakeHHme mOpoctpanctea E B [0, 1],
pasuoe mymo ma CVyp m Takoe, 970 hg (ap)=1, ® paccMOTPHEM Hempe-
n
pHBHYI QyHKEHIO g= 2 f(ap) hp. Ecim Wp osHagaer pgomoadeHme
: k=1
MHOKecTBa {ap} B Vp, TO

pI—gh< Y a@f@+ D (Y a@f@)])< 2,

xeCM h=1 xtWy

970 W [OKA3HBaeT Hallle yTBepKAeHue. KpoMe Toro, mmeeM

h@— a@t@|=] M a@t@—g@|<n*(f—g) <2,
xt E xc E

OTKYHa AJAs mo6oii mHTerpEpyemoii PYHKOME BHTEKAaeT COOTHOHIeHHE

p)= a @)
x€E

B wacrmocTn, ecnm E — duckpemnoe OPOCTPAHCTBO, TO BCAKAA YH-
caosasa ¢yHknua Ea E mempepHsHa; ciemosateasmo (§ 1, n® 1, mpmmep),
mRTerpEpyemMsle QyEkumm f sBusiorca Temm QYHKOMAMH, IAA KOTOPHX
cemeiictBo z — a () f (2) abcosromuo cymmupyemo (O6man tom., run. IX,

§3, n°6) n p,(f)=2a(z)f(z).
x€E

Tax rkax ¢ymxuma p (f), mo onpenenenuio, HenpepsiBEa Ha L)
M IPHAMMAET CBOW 3HAYeHHA B OTAeJHMOM IIpocTpaHcTBe, TO U (f) = 0
IJA BCAKOY QyEKNuE 3 I}, ABIAKINEACHA 9IeMeATOM IPUKOCHOBEHUA
0, 10 ectp mpeme6perKUMOIl; ecam JjBe mATerpupyeMble pyBEKmumf u g
orsusasewmmubt, To p (f) = p (g). ManmMu caosamm, 3HaueHme QyHK-
oun p (f) sasmemr ammsb or Kaacca I uuTerpupyemoii pyarnun f; sto
sgavenme 0603HaTaLTCHA TAKIKE P (T), a d)yHRunHNf - (T) ABJISAETCS
HelIPePHBHHM JHHEHHERM 0To6GpaskeRmeM rpocrpancrta Ly B F. Ecan
¢yaxnua f co smavermsiMu B F, onpejeneRmasn 104Tu BCOAY Ha E,
9KBHBAJIEHTHA MHTeTpHpYeMol ¢yEKmuum, To f Toske HaawBaloT UHMe-

2pupyemoii M MOJAraioT S fdp =p (F); TOYHO TAK Ke OIPENeadnTCs

HHTErpEpyeMas (YHKOUA co 3HaueHusivu B R, ompefleeHHaA H Ko-
HeYHasA IIOUTH BCIOAY, W €€ HHTerpaJ.
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2. Ceolicmea unmezpasa

Meennoxerue 1. Jas eciakoil unmeepupyemoii HONOKHUTEIBHOIM
yucaoeoll gynkyun | cnpasedausa gopmyara

{ fan={"rap=m.(>0. @)

B camom meae, g fdp u N, (f) BeripepuiBEHN Ha £! ¥ PaBHE MEKIY

coboii mas  aw06of HenpepHsHOH ¢QyEKmuE f>0 ¢ KOMIAKTHHEM
HOCHTENEeM; € Jpyroii cropomnl, Beakas gymrmusa f>0 us L ecrs
npeged (B CMEICAE CXOAHMOCTH B CpegHeM) II0CIeH0BaTeJbHOCTH
HeHpPePHBHEHX MOJOKUTEABHHX (YHKONH ¢ KOMIAKTHRIM HOCHUTEJEeM
(§ 3, mpema. 11), oTKyZa m caemyer IIpefiio;KeHHE. .

CaepcrBue 1. [Jas awboti unmespupyemoii gynryuu £ € £k Pynk-
yus | f | unmespupyema u

{igrdp= {7 £ du= N, (D). 3)

IIpepiosxenne 1 u ero ciegcreue 1 GyAyT 9acTO HCIOAL30BATBCA
%
HAMH [UIA 3aMEHH S fdp wau N, (f) ma § fdp, B cayvae wmmTerpm-
L

pyemoii noaokureapHoit dysrmun. Hanpumep, pama toro grobe 1Be
narerpupyemsie ¢pysxonu f m g Onanm oxeueasenmubl, HE0GXOLIMO
H [OCTATOYHO, UTOOH

S |f—g|dp=0.

HanomemrM, gto mas toro, arobn dpysximua f npmmagmexana L5,
HeoOX0UMO B TOCTATOTHO, ITo0H pyaknus | f |P-1.f npuHannemanaz;
(§ 3, cmemctBme 1 m3 Teopemur 7), TO ecTh GHIla HHTErPHpPYeMa;
BT0 00BACHAET TePMUHOJOTHIO «(YHKIHA, WHTETPUDYEMan B p-i cTe-
mesmy. Hpome Toro:

Cuencrsue 2. Jasa awbol gynryuu f € £} uucrosas pynkyus
| § |° unmespupyema u
1
Ny =({11Pdu)e. (4)

Jdrto cpasy e ciaegyer ma toro, 4ro | f | mpunamuemnr £P (§ 3,
npexa. 11), n us dopmyan (2).
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IeEgnoxerne 2. Jas aw6ol unmezpupyemoii gynryuu f cnpa-
8e0AUG0 HEPABEHCME0

ledpl<S|f|dp. )

dro ToTYAC BHTeKaer u3 HepasemcTBa (1), ecam mepefitm B HeMm
K mpepeny, yimtuBasg dopmyny (5) m HenpepusHocTh Qyaxnum N, (f)
Ha LF.

Teorema 1. Iyems F u G — dea Ganazoswx npocmpancmea, a u —
HenpepuisHoe AUHelinoe omobpascenue npocmpaucmeéa F e G. Tozda
das ecakoti unmeepupyemots gynryuu f co sHauenuamu 6 F dynuyus
uof unmezpupyema u

{ulf@dp@=u({t@d@). (©)

VYme mapectHo (§ 3, Teopema 4), uTo uof mHTErpMpyeMa; COOTHO-
menme (6), 6ygyum cupasepauseiM pis f € Ky, pacupocrpaHsercHd,
00 TPUENEOY IPOXOJIKeHHS TOMIECTB, Ha JI00YI0 MHTETPHEDPYEMYIo
¢yrrnmio f: pgeficrBureapmo, orofpaykeEme f — uof HempepuBHO

B TONOJOTHH CXOJUMOCTH B CpegHeM, 4To ClAefyeT H3 HePaBeHCTBA
Ny (uof) <l wll-Ny (£).

Caencrene 1. IIyemv a' — npoussosvras Henpepusnas AUHEUHASL
gopma na F. Ecau § ecmov unmeepupyemas gynryus co snawenuamu
8 F, mo uucaosasn gyuryus , a') unmeepupyena u

(@ arap@={{t@an@, a. (7)

B rnase V MH moxaskeM, YTO MOryT CymMecTBOBATh Taxme QyHummm f
co 3HATeHEAMA B GecKoHeIHOMepHOM GaHAXOBOM NPOCTPAHCTBE, TTO
¢yreumsn  (f, a’) mmrTerpmpyema mua mo60i HempepwBHO JAmHelHOL
dopmur a’ ma F Gea Toro, urobnl f Ghuia muTerpmpyemoi.

Caencreue 2. Ecau a, (1<k<n)—eexmopn us F, a fp

(1 <k < n)y—unmespupyemvie wucaosve PHynkyuu, mo GyHryua
n

f= > apfr unmeepupyema u

n n

S (2 akfk) dp= akS frdu. 8)

k=1 k=1



3 NHTEFPUPYEMBIE OVHKIAA 1 MHOMKECTBA 167

3. I pedeavHolit nepexod 6 unmezparai

IIregnosxennE 3. [Iycmy B — 6asuc pusvmpa ¢ L. 1T pednoaoxcun,
umo cywgecmsyem makoe romnarmuoe muoxcecmso K (C E, umo dasn
06020 muoacecmea M € B nocumeau ecex Pynryuil £ € M codepacames
¢ K. Ecau npu smux ycaosusx B pagnomepno cxodumes na F & f,,
mo Pynryus £, unmezpupyena u

S fo du =limg S fdp. 9

B camom pene, B cxopmress ® f, B cpegmem (§ 3, mpepma. 4).

Neegnoxenne 4. Iyemov (f,) — s03pacmarnwas (cootB. ybusarn-
wWas) nocaedosamesbHOCIb UHMEeS PULDYemMbly HiLcroex dynkyul. as
moeo umoon eepanas (COOTB. HUNCHAR) ocubawwas smol nocaedosa-
meavhocmu, 0vlaQ uHmezpupyema, neobrodumo u docmamouno, wmobn

supS fndp <<+ oo (cooTB. igf S fndp>>—o00), u mozoa
n

S fdp=1lim S fn dp. (10)
n—>oo
OrpamuduMcss pacCMOTPeHMEM B03pacTAOmeid IOCIeN0BATEIbHO-
cti, IlocmemoBateapHOCT: (yEKUEA g, = f, 4 f{ ABIfAeTCA BO3pa-
CTamel M COCTOMT H3 HHETETPUPYEMHX ITOJOKHUTEJIbHHX (YHKITHA;
a TaK Kak ee BepxmEAd ormbatomas pasHa g = f 4 f, TO IpemIosKe-
HHe BHITEKaeT u3 TeopeMH O § 3.

TrorEMA 2. ITyemv A — mmuodxcecmeo undekcos, uavmpyoujeecs
no guavmpy F co cuemmvim 6asucom. Iyemv (f,)qca— cemelicmeo
UHmMe2pUpYemux HYHEQUL, cxodswuzca npocmo no Guabmpy nowmu
ecdy k gynkyuu f; ecau cywyecmeyem maras uucaosas PHyrkyus
£>0, umo S*gdp<—{—oo u |fq (x)| <g (x) noumu ecrody na E npu

abosm aC A, mo gynryus £ unmezpupyema u
S f dp = limg g £, dj. (1)

Teopema cnegyer u3 teopemnl JleGera (§ 3, cuemcTsue U3 TeopPeMH
6), mocKoabKRy B cOPMYJIHpPOBaHEHX Bhme yciaosuax f, cxopmres
% § B cpegmem mo $mabrpy §F.
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Caencrsue 1. ITyemv Q — monoaozuueckoe npocmpamncmso, a f —
omo6pancenue npousgedenus E x Q ¢ F, obaadaiwowee caedyowumu
€60Ticmeamu:

a) daa awbozo t € Q dynryus xz — f (x, t) unmeepupyenma;

b) 0as awboeo x € E gpynryus t — f (z, t) nenpepvigna 6 Heromo-
poil mouke ty € Q, obradarnwell cieTHOR PyndamenmasbHol cucmemol

oKpecmuocmei;
¢) cywyecmeyiom makas okpecmuocmy U mouku ty u maras onpe-

desaennas Ha E yucaosan Gyukyus g>0, umo S * gdp<<-+ oo
u [f(z, t)|<g(x) 0aa x€E u teU.
Il pu smuzx ycaosusx omobpaxcenue t —> S f (z, t) du (t) npocmpan-

cmea Q 6 F nenpepwigno 6 mouke .

Caencteue 2. Ilyemo (f,)—makas nocaedosamenvrocmev unme-
epupyemuz Gynryuli, ¥mo pad ¢ obwum uaenom f,(x) crodumcs
noumu eciody; ecau cywecmeyem Ppynwkyui g>0, daa Komopoi

%
S gdp<<-4-00 u npu a06om yesom N BUNOAHAEMCS HEDPAGEHCMEO

l 2 £ (2) | g (z) nowmu scwdy, mo cymma f (x) (onpedesennas noumu

ecway) pada ¢ obuum waenom £, (x) unmezpupyema u

Sfdp:i gfndp (12)
n={

(«DoWw1eHHOE WHTETrPHPOBAHMEE PAZAN).

4. Xaparxmepusayusi wHmMezPUPYEeMbLX YUCAOEBLX
dyrxyuil

IIrepnoxermE 5. Jaa mozo umobu (komeunas usu GecKOHeuHas)
yucaosasn gynryus f >0, noayuenpeprisnas cnusy nwa E, 6via unmee-

pupyema, neobrodumo u docmamouno, umoown S fdp < - oo.

Bee cBomuTes K JOKa3aTedbCTBY mocTaToTHOCTH yciaosusa. Ompe-
nexegme p* (f) (§1, n° 1, omp. 1) moxassBaer, 4ro I8 aIGOrO
e > (0 wmalgercds Taxkasgs HenpepwsHas QyEKnuma g>0 ¢ Kom-
IAaKTHREIM HocHTedeM, 410 g<f m p* (f)<<p (g) + . Ho ¢Pymk-
oA f — g NoNyHeNPEeDHBHA CHH3Y M IIOJOKATENbHA, 4 3HATAT
(§1, Teopema 2), p*(f) =p(g) + u* (f —g), mim, wunave,
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Nef—g=p*(f—g) =p*(f) —p(g)<e, dYeM n [oKaszaHa
mHTETpUpyeMocTs ¢yEKmum f (§ 3, mpema. 7).

Caencrene. Jasn Mo20 wmobb, KOHEUHAS HUCA0BAS gynryus f >0,
noaynenpepvisnas ceepxy na E, 6via unmezpupyema, Heo6xodumo

u docmamouno, umobn S*]‘ dp << 4 oo,

B camom pmene, ecam p* (f) << 4+ oo, To HaliercA Takas HOIy-
HelpepHBEAA CHM3Y GYHRIBA A, uto f<h u p* (h) << - oo0; QyHK-
nus h — | ompeneneHEa ITOYTH BCIOAY W NOJYHEIIPePHBHA CHH3Y,
n p* (b — fy<p* (B) << + oo; cuefosarenbEo, h — f mETErpHpYe-
Ma, a Tak Kak f{(z) =h(z) — (h (2) — f (x)) w©ouTm =BCIOAY,
TO [ METErpHpyeMaA.

3amevanue. Ipegnomenne 5 B coeJmHe}mn‘c teopeMoit 1 m3 § 1
JaeT HAM HOBHI CcIydYail, KOT[Ja MOKHO NePeX0oZuTh K Npefiely NORX

nHTeTpaioM: ecaw H ects QHALTPYyWINEecs M0 OTHOMEHWI0 < MHOMKe-~
CTBO IOJYHENDPEPHBHKRX CHM3Y HHTeIDHPYEMHIX [IOJOKHTeIbREX (yHK-

OEid ® ecam sSup S fdp < --00, TO BepxHAA orubanman g MEOKeCTEA H
. JEH

HATETpUpyeMa B Sg dp = sup S fdp=1im S fdp. Togno Tax e, ecam G
fed fEH

ecTh (AUABTPYOMEeCs O OTHOMEHNIO > MHOMKECTBO HOJYHEeIPEPHBHEIX
CBePXY MHTETPUPYEMEIX KOHOUHHX NOIOMHUTEABHHX QYHKOWH, TO HRIK-
HAA oTmHGaolas h MHoKecTBa G HHETerpmpyema H

% du = inf S fdu =lim S f dy.
S # 1EG ¢ fEG #

TeorEMA 3. JJas moeo umobw wucaosas gynkyus f >0 6uaa unme-
epupyema, neobxodumo u Oocmamouno, wmobwr Oass awGoeo & > 0
CYWecmeoeald makKas noaynenpepusnas ceepxry @dynkyus g >0
C KOHEUHBLMU SHANCHUAMIL, UMCHOUWAL KOMRAKIMHBIL HOCUneLb, U MAKAs
noaymenpeprignas crusy unmespupyemas Pyrmryui h, umo gL f<h
u ( (h—g) dp<e.

LY

Jlocmamourocmb yeaoBA BHTEKAeT W3 0o6mero KpuTepus HHTe-
rpupyemoctu (§ 3, upena. 8), npegnoxerus 5 u ero caencteus. JloKa-
meM ero Hepbzodumocmdv. Ecam f >0 mnarerpupyema, 10 gas aoboro
£>0 maligetca Takas HenpepHBHas QYHEKmEA u >0 ¢ KoOMIAXTHRIM

e
HocmTedeM, 910 Ny (f — u) < T Otciona, B cuny oupemenaenus Ny,
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BEITEKaeT cymec'rBOBaHne TaKOil NOMYHENIPEPRBHON c¢HE3Y (YHKIHH
v>0, aro p* (V)< 5 ¥ |f — u |Kv. Caenosareasno, — v () <

L<f@ —u@m<v (x) oas BeeX x € E, a mockoabKy u (x) BCIOOY
KOHeYHA, TO OTCIOfa moaydaeMm, 110 (U () — v (X)) <f ()<
<u(r) +v(r) nag Beex z€E. Oyprmum g = (u — v)*
Bk = u | v¥E ABIAIOTCH HCKOMEIMY,

Cnepcreue. [Jaa ecakot ummespupyemoti wucaosoli gynryuu >0
cylyecmeyem makas 60spacmanwas nociedosamesvhocmd (g,) KOHed-
HHX ROAYHENPEPHSHBLL €8epLY PYHKYUL ¢ KOMNAKMHLIM HOCUMELEM
U makas Yyobusawwas nocaedosameavrocmd (hp) NOAYHERPEDBIEHBLL
CHU3Y uMmezpupyemulr GyHEYUL, umo:

1° gn () <[ () <hn () Oss 6cex z € E u scex yeanx n;

2° f (x) pasna noumu eciody nusxcneli osubaioweli h nocaedosameno-
nocmu (h,) u eepxmell ozubaioweil g nocaedosamesvrocmi (gn);

S fdp=1lim S gn dp=1lim g hn dps.

n—oo n—oo

B camom pene, corsaceEo teopeme 3, AiA aA0GOTO 1N CYMECTBYIOT
TakasA DOIyHeODePHBHASA CHUBY WHTerpupyemasi GYHKIUA U, U TAKAS
HOJNyHENPEepPHIBHAA CBePXY KOHeYHAA (YHKOUA U, ¢ KOMOAKTHEM

X 1
HOCHTENIEM, 910 Un < f<Kv, | g(vn——-un) d”<7[; ecIH HTOJ0KUTDH

gn=sup (¥4, Uy, ..., Up) B hp=inf(vy, vy, ..., V,), TO HmocAEHOBA-
TeAbHOCTH (gn) B (Rn) 6ymyT mcxoMmMu. JleHicTBHTENBHO, MOCKOIBKY
g<f, 10, B cuay NpeRJoKeHWA 4, g HMHTETPAPYeMa, a TaK Kak

f—eman< (n—un) au<t, 10
S (f—g) duﬂixg S (f—gn)dn=0

(upesa. 4), 9eM foKasaHa DKBHBaJeHTHOCTh QyHKumit f u g. Touno
TaK Ke PACCY/KIAeM s IOCIeoBATeNbHOCTH (hn).

IlpuMep. Nuaa moboii monommrenbHoir mepH pu EHa R Beaxas
emynenvamas (GYHKDAA € KOMIAKTHRIM HOCHTelIeM [-HHTeIPApYyeMa;
NedCTBUTENbHO, XapaKTepHCTHYeCKAas (QYHRIUA OTKPHTOro (COOTB. 3aM-
KHYTOr0) HHTEepBANa NOJAyHeNpepHBHA CHH3Y (COOTB. CBePXY), a BCAKAL
crynenvaraa (YHKUMA ABIAETCH ANHEHHON KOMOMHANMeR TaKHX Xapax-
TepucrHiecKax Qymunmit,. OTcioma BrBoAEM, 4Te ecnd §f — auwneiivamas
¥a R dyERumA ¢ xomnaxTHeIM HocurTeieM (DymEumm HedcTB. Iepem.,
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ra. 11, § 1, n°3), ro f mETerpmpyema, mGo CIY/KHT PABHOMEDHHM Ipe-
HeJoM IIOCHe[0BATENLHOCTA CTYIEHYATHX (QYHKIHH g, € HOCHTeIeM,
cojlepsKamaMc B HeKOTOPoM (HKCHPOBAHHOM KOMIAKTHOM MHOKECTBe

{upefa. 3); UpH 2TOM S f dp = lim S gn dl.
Nn—>o0

B uactHOCTH, ecim B KauecTBe [ B3arh Mepy JleGera, To Jerko

BHENETh, 9TO AJA BCAKOM nuueigaroii ¢yuxumm f ¢ KOMIDAKTHHM HOCH-
oo

‘TeJIEM WHTErpal S f dp paBem maTerpamy S f (x) dz, ompemenemHOMY
00

B «DyExnEAX [eiicts. mepem.», ru. II, § 2.

Bamewanuna 1) lycrs f—amneiinaras ¢ynsxnua Ha R, nETerpm-
pyeMas oTHocuTeabHO Mepw JleGera; Torma |f| Tome mETerpmpyema
(cnencrue 1 m3 npena. 1), m ecan noawkute In=[—n, ++n}, 10 |f|
6yAeT cayKOTh BepxHeil oruGamomell BospacTalomell IOCTefoBATENb-
HOCTH JHHe#vaTHX QyHRUmMI |f|cpIn, ¥, BHAIHT, HA OCHOBAHUH Teo-

n . +eo
pemu 2 \ fdp=1im S f (z) dz. Vlarimn cnoBamu, muTerpai S f(z)dx
P Ni—>co
—-n —co

abcosiomno czxodumcs (Pymrmmm pelicts. meped., ra. II, § 2, n° 3);
ofpaTHoe moJyduae1ca cpasy, DABHO KAaK M BEITOKAlOmmee M3 TEOpeMEl 2
+oo +oo
PaBeHCTBO S fdp= S f (z) dz. OtMeTmM, 9TO ecam maTETpak S f (z) dz
—00 —o0
cxofuTcd, Ho He abcomwrHO, TOo f He 6ydem uwmezpupyemoli oTHOCH-
TenbHO Mepsl JleGera.

2) IlpnmennB npenmokerne 3 k Mepe JleGera n K anHelIaTHM PyHK-
UM, ML CHOBA MOJYZIOM TeOpeMy O UpeNedbHOM Iepexofe [AA WHTe-
IpanoB 0T jEHeHIaTHX (QYHKIEA HA KOMIAKTHOM mHTepBale (D yHKIHAE
Jeiicts. nepem., ra. II, § 3, npena. 1); nua nocaedosamesvrocmeil (man
¢manTpos co caerHnrM GasHcoM) AMHEHIATHX QYHKUmMI 3TO HPENIOKEHHO
SHAYATENLHO YJAyImaeTcs TeopeMoil 2, UOCKOIBKY OHA B3aMeHseT A
PABHOMEDHO OrpPAHMYCHHHX HA KOMIAKTHOM WHTepBale JnHefigaTHX
QYBELEH pasromeprylo CXOMUMOCTE Ha npocmywo (cp. § 5, TeopeMa 2).
O/lHAKO 9TO KACaeTCs NPeAelbHOr0 Hepexofa Nus abCosiomuo cxo0suuzcs
AHTErpaiioB JAHHEAIATHX (QYHKUNHE HA HeKOMNAKTHOM HNHTEpPBaje, TO MH
3aMedaeM, UTO YCIOBHSI TeOpeMh 2 NpeIoJaraloT paccMaTpHBacMELe
WHTETPANBl DPASHOMEDHO CZ0dsujumucs (B CMHCHE OUPENETeHHs, TAHHOIO
B «Dymxnaax jgeiicts. mepem.», ra. II, § 3, n°2) m, cmegosaTembHO,
. yayuamaior cpopmyanpoBaanuie B Krure IV (Tam ’Ke) ycloBHS CXOXHMO-
CTH J@IOb B TOM, ITO OTHOCHTCA K CXOREMOCTE QyHKRIMIE fo Ha m060M
KOMIIAKTHOM mHTepBame. Hawomen, ycnosms mepexofa K Opefeny, yka-
BaHHBe A CXOMAMHEXCA, HO He abcotiomuo €rodawurcs, HHTerpaaos OT
anEefMaTHX (YHKUEE, 0CTAalTCA BHe Hpefel0B OPHMEHNMOCTH TeOpHH,
H3N0KeHHOH B 9TOH raabe.
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3. Humezpupyemsvie MHOICECMEa

Oureneaenue 2. I'ogopam, wmo nodmuoxecmeo A AOKAALHO KOM-
nakmuozo npocmpancmea E unmezpupyemo OmHOCUMEALHO RNOAOKHCU-
meavrotl mepdl . Ha E (anu ellle (-uHmezpupyemo), ecau unmezpupye-
Ma TApAKMepUCmUNeckas GyrEYUL @, muoicecmea A. Koneunoe wucao

p(4) = S Qadp Hasvieaemcs mepoi muoxcecmea A.

Jlaa BCAKOTO MHTErPUPYEMOTO MHOKECTBA A BHIOJHAETCA PaBeH-
crBo p (A) = p* (4) (mpema. 1); mas Toro yToGH MHOKECTBO OBLIO npe-
Hebpescumo, HeoOXONUMO B {OCTATOYHO, YTOOH OHO MMEI0 MEpy HyJb.

Ipepnosenne 6. O6wedunenue Koneunoii cosorynnocmu (4;)i1<isn
UHMEz PUPYeMBLT MHONCECTNE UHMEZPUPYEMO U

n n
) B (191 4;) <121 B (4:). (13)
Ecau npu smom A; wne umerom nonapro obwuxr mouek, mo
n n
B (U, 4)= 2w (4. (14)

n
B camom pgene, ecim A= (J 4;, To Qa=SUpQu,, ¥ BHAIAT ¢ 3,
i=1

crepcTeuwe u3 Opemi. 12), ecnm A; mHTErpUPYEMH, TO HHETETPHPYEMO
u A; coorromenue (13) mpencrasaser coGoil YacTHH caydail aHAZO-
THYHOTO COOTHOMEeRuMA paiaA BHemHuUX Mep (§ 4, mpemn. 18), ecam mpu-

HATH BO BHUMaHME CootHOmeHHe U (A) = p* (4); makomen, ecau 4; mHe
n

HME0T IONAPHO OOMHUX TOYEK, TO @4 = 2 ®a4,, OTKyZa u caexyer (14).
i=1

IIpepnokerne 7. 1° Ecau A u B—0ea unmezpupyemvir Muodice-
cmea u B A, mo muoaecmeo C= A CB unmezpupyemo u

B (C)=p (4)—p (B). (15)

2° ITepeceuenue cuemuozo cemelicmea uHMe2pUPYeMBT MHONCECME
UHmMe2pupyemo.

Ilepsas uwactb ciegyer M3 TOro, 9r0 Qc=@s—@z. Iamee, ecam
(4n) ecrs mocaexoBaTENBHOCTH WMHTETPHPYEMBIX MHOMKECTB M A —ux
nepeceuenue, T0 @4 = inf @4,, u 3mauuT, A HETErpUpYyeMO (mpemi. 4).

n

CaepcrBue. Ecau (A,)—ybusanwas nocaedosamesvrocms unme-
epupyemuiz mroxcecme, mo p () 4n) =1limp (4,).
n n

—>00
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HefictBarensno, ecma A= (| 4,, 10 ¢4 ecrb HWKHAA orubaomas
n

yOBBatomeit mocmeoparenbEOCTH (Q4,) (Hpemm. 4).

IIeegnoskenue 8. Iycmv (4,) — eospacmaiowas nocaedoeamenv-
HOCMb UHMEZPUDYeMBLT MHOJNCECme; O0as moz2o umobb 06vedunenue
A=) 4, 6nao unmezpupyemo, Heobxodumo u Oocmamouno, wmoGsl

supp (4,) <<+ co; moeda
b (4)=lim i (4,). (16)

B camoM pene, @4, 006pa3yior B0O3pAaCTAOMIyI0 IOCIEIOBATENb-
HOCTh HHTETPHPYEMBX QYHKOUH U Qu=SUD Qa,} CIAEHOBATEIHHO,
OpeII0KeHAe BHTEKAeT U3 HpeIaoKends 4.

Crnepcreue. Iycmv (Ap)—nocaedosameavhocmv UHMeR PUPYEMBLE

&«

MHONCECE U 2 B (4p) << -} 00; moeda o6vedunenue A= ) A, unme-
2pupyemo u ! - i
B(U 40 < 3 1 (). A
JeidicrBarennno, q>A=s:L1p Pa, A

o

PHA < 2t (An)= 2 1 (An) <+ o0

n= n=
(§ 1, mpemn. 18); smaumr, A mnmterpupyemo (§ 3, cimemcreme 2 wu3
TEOPEeMH ), a HOCKOABKY W (A)=n*(4), To mmeem (17).

Heepnoskenue 9. Iycmv (A,)—nocaedosamesvrocmd  uwnme-
2PUDYEMBILT MHONCECME, HE UMEIOWUT RONAPHO O6WUT Mmouex,

u D) 1 (An) <<+ oo; mozda
n={

4] ( U An) = ngi 4] (An)° (18)

n

o0

Jeficreurensno, ecmu A= |J4,, 10 ¢4 = 2 Qan» H IPENIOKe-
n n={

Hume Bhirekaer u3 (17) w u3 ciemcreua 2 TeopeMs 2.
QDopmyny (18) MoskHO Tak:ke BRPasuTh, CKAa3aB, YTO MePAa [ 6ROAHE
addumuena Ha MHOKECTBE HHTETPHPYEMBIX HOIMHOKecTB u3 E.
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6. BEpumeput unHmMezpupyerocmu hHo#Hecmaea

ITpegnomerue 10. [Jas mozo umobu omrpuimoe (COOTB. 3amkHymoe)
8 E muoocecmeo A 6vino unmezpupyemo, Heobzxodumo u docmamouro,

ymobu p* (4) << - oo.

ITockonsky B d1O0M ciydae QYHKUUA ¢, NONyHEIPePHBHA CHU3Y
(cootB. cBepxXy), TO IPeNJIOKeHHE BHTEKAET U3 NPEJIOKEHHA O U €T0

CHeJ(CTBHA.

CnencTBuE. Beakoe KOMNAKMHOE MHONCECTNGO UHMePUDYEMO; 6CA-
KO€ OMEDPBMOoe OMHOCUMEALHO KOMNAKMHOE MHOICECME0 URMeZPUDPYEMO .

IIprwumep. Ouaz mepu Jlebera p Ba R m3 mpemnoskenms 10 BriTe-
KaeT, 9TO BCAKUH OTKPHTHI OrpaHWYeHHH HHTepBax la, b[ mHTerpm~
pyem ® mmeeT Mepy & — a (§ 1, n®2, mpemn. 9). A UOCKOABKY BCsKOE:
MHO;KECTBO, CBOJAMEECs K TOYKe, NpPeHeOPERIMO OTHOCHTENBHO Meph:
JleGera, To U3 BTOTO caefyer, UTO BCe MHTEPBAILI C KOHIAMH a | b umemnT

Taxme Mepy b — a.

Ileegnoxerue 11. IHycmv & —guavmpyroweecs no omHoueHulo
C MHONCCCMBO UHMEZPUDYEMBT OMKEpumyur muodiecme us E; Gaa

moz0 umobv muoxcecneo A= )G 6va0 unmezpupyemo, Heo6xodumo
Ge®

u docmamonro, wmobu sup p (G) <<+ oo, u moeda
Ge@®

b (4) = supp (6) =limg p (6).
Ge®

B camom mene, usBectro (§ 1, mpema. 7), uro p* (4)=supp (G);
Ge@®

TaKuM o0pa3oM, IpelioskeHdue BhireKaer u3 npemaokenus 10.

Caegcreue. Iycmb §— guavmpyroujeeca no OMHOUWEHUID D MHO-
JHeECTE0 UHMEe2DUDPYeMBT SAMEHYMBL MHoMcecme us K, moe@a 3aMmk--
nymoe muoxcecmeo B= [\ H unmezpupyemo u

HEF

W (B) = inf p (H) = limg p (H).
HES

B camom meae, mycrs Ho — MHOKECTBO H3 §; HOCKOABKY H, mHTE--
IPEPYEMO, TO OHO COAEPKATCA B HEKOTOPOM HHTErp¥pyeMoM OTKDHI--
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rom Muokectse U (§ 1, mpemn. 19); orkpoireie muomecrea U | CH,
o6pasyiomge QuABTPYIOMeecs M0 OTHOMEHHI0  MHOKECTBO, COHep-
mared B U, m ux obsequnenune pasao U (\CB; crano 6wTh, BCe CBe-
Jock K mpemaokenmio 11.

TeorEMa 4. Jlas mo2o umobv. muosxcecmeo A 6ulao UnmezpUDYEMO,
neo6rodumo u docmamouno, umoby dan aw6ozo & > 0 cywecmeosasu
maroe unmezpupyemoe omepwmoe mrosxcecmeo G u makoe Komnarmmoe
Mruoxcecmeo K, umo K <« A — G u umo

p(GNCK)=p(G)—p (K)<e.
a) Ycxorue docmamouro, n00 OHO O3HAYAET, UYT0 P < Pu < Pg
u S (Ppe—0x) dp < &; a TOCKOABKY Qg ¥ Qx MHTETPHDYEMH, TO MHTE-

rpupyema u @4 (§ 3, mpema. 7).

b) Veaosue neobzrodumo. Ecam A uHTEerpupyemMo, tTo cymecrByeT
tTdKOoe OTKDHTOe MHOKECTBO G D A, 4ro p*(G) oramdaercAd CKOIb
yrogeo Maxo or p* (4)=u(4) (§ 1, opegn. 19); smauur, Bce cBomUTCA
K JOKAa3aTeabCTBY TOr0, d4ro fuaA Jawoboro &>(0 HaiigercA rtakoe
KoMIakrHOe MHEOMectBo K < A, uro p(4)—p(K)<e. Tak Kak @4
HHTETPHPYeMa, TO CYIMECTBYeT NOJYHeNpepHBHAA CBEPXy (yHxrmes
>0, umelomas xoMmakrHE{ HocuTenb S M TaKag, UYT0 f<K Qg

u K (pa—fdp< % (reopema 3). Ilycrs 8 > 0 — mpousBonsHoe TnMCIO,

n nycrs K—wuoxecrso touek z€ E, B Koropux f(z)>»6; K 3amk-
HYTO M COREP:KUTICA B S M, CIE[OBATEIABHO, KOMNAKMHO, & MOCKOIbKY
S c A, ro K < A. Maoxecrso B=A(\CK unrerpupyemo, u 3maqmr,
f<o@x+dpp orryna

| fdn<p(K)+ 80 (B)<p (K) -+ 8p (4),
K OKOHYATEJIBHO:
R < fdut 5 <p(®)+on )+,
YT0 M 3aBePHIaeT AOKAa3areJbCTBO, TAK KaK 8 IPOU3BOJBHO.

CaepcremE 1. [Jas mozo umobs mroxcecmeo A 60 unmezpupyemo,
Heobrodumo u docmamourno, umobw das awbozo & > 0 cyuecmeosanro
maxoe komnaxmuoe muoxcecmeo K — A, umo p* (A N CK) e. Tozde
mepa p (A) ecmb sepruas epanv muoxcecmea mep p (K) xomnarmuwz
muomecme K < A4. - '



176 IPONOJIKEHHE MEPHI. IIPOCTPAHCTBA LP IJ, Iv, §4

Yenosue HeoOXomumo, 6o ecaa G u K yaoBIETBOPAIOT YCIAOBHAM
TeopeMH 4, TO
w* (4N CK) <p* (G CK)<e.
YcixoBue gocraroddo, ufo OHO BHpaMkKaeT, 4To ¢, ABIAETCH,
B TONOJOTMY CXOZMMOCTH B CPEIHEM, B3JIeMeHTOM IIPUKOCHOBEHHA
MHO3KECTBA UETerpupyeMbix ¢yHKumi ¢x (K — mpousBoibHOE KOM-
TaKrTHOe MOAMHOMECTBO HM3 A).

Cuepcreue 2. Jas ecakoeo unmeapupyemozo Muoxcecmeéa A cyue-
cmeyem:

1° muoocecmeo Ay D A,; Asasioweecs nepeceuenuem cuemHo20 MHO-
JHCECMEa UHMESPUPYEMBIT OMEDBINBLL MHONCECME U Mmaxoe, 4mo MHO-
acecmeo Ay | CA npenebpeacumno;

2° muomcecmeo A, — A, seasoweecs 006vedunenuem CHemHoeo
MHONCECTNBA KOMNAKIMHBL MHONCECME, NONAPHO He UMeWUT o6uux
mouexr, u maxoe, umo muoxcecmeo A [\ CA; npenebpescumo.

1° na moboro mexoro n CymecrByeT TaKoe WHTErPHPyeMoe
1
OTKPHTOE MHOKECTBO G, UTO p,(Gn)-—-‘u(A)<7; ecam 3a A, mpu-

HATH UepecedeHHe MHOKecTB G,, 10 W (4;)=p(4) (caemcrme u3
mpepa. 7), m 3pawdT, MHOKectBO A, () CA npeneGpesxumo,

2° QupepenaM 0 WHAYKINE KOMIIAKTHEE MHOMectBa K, caegyio-
mum obpasom: Ky A u p(ANCK,)<1;

n—1 n—1
KncANC(U L) m u(ANC(U K)NCE) <5

anga n>> 1 (reopema 1); ecam 3a 4, npuEATs 00beIUHEHEE MEOMKECTB Ky,
10 P (As) =p (4) (mpepa. 8), u smaumr, muokectBo A () CA, mpeme-
6pekumMo,

Caencrue 3. Bcakoe MHOdHcecme0 KOHeUHOU 6Heusneil mepvl codep-
seumes 8 000eJUHERUL RPEHECDeNUMO20 MHONCECTIEAd U CHEMHO020
‘ceMeticmea KOMNAKMHULL MHONECME, He UMEIWUT NORAPHO 06uur
MOYEK U UMEIOWUT KOHEUHYI0 CYMMY Mep.

Hocrarodno mpEMeHUTEH CIE[CTBHE 2 K WHTErPHPYEMOMY OTKDPH-
TOMY MHOKECTBY, COHep:KamleMy 3afaHHOe MHOKECTBO.

Caepcrue 4. Jas ecakozo omrpumozo ¢ E mmuoxcecmea U p*(U)
ecmb 6eprHAL 2panb mep p (K) womnarmuwxr muomecms K — U.
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AT0 cpasy BHTEKaeT u3 reopeMH 4, ecnu p¥ (U) << - oo. Ecau ke

p* (U) = -+ oo, TO, M0 YCIOBUIO, JIA M06OTO LEJIOTO 1 CYMECTBYOT

ragan QyHruus f € 74,, uro f< @y u u {f) >n. Ecam K ectp KoM-

HaKTHH mocutedap QyHKIuZ f, T0 [ Qg <Py, otRYRa M (K) > n,
yeM H JOKa3aHo CJXeNCTBHe.

Ormmernu, wto p* (U) sBaserTcs Takie BepXHeil rpanpid mep N (G)

TAKAX OTHOCHTeNBHO KOMIAKTHEIX OTKPHTHX MHOMKeCTB, 4ro G — U.

JeticTBurenpHo, ecau K — KOMIAKTHOE MHOKEeCTBO, cojep:rameecs B U,

T0O AJA nodoro =z EK CylecTByeT TaKas OTHOCHTEJIBHO KOMIIAKTHAA

oTKpHTas oxpecraocth V toukm z, wro ¥V < U. Toxpus K KoHeuHBIM
YHCJOM 9THX OKPECTHOCTeH, MEI IoXydmM, 49To HX o0benmHenme G ecTh

TAKO® OTHOCHTEeNBHO KOMHAKTHOE OTKPLITOe MHOKeCTBO, 4To & < U
n K — G, orkyza okromdarenbHo p (K) < p (G, < p* (U).

7. Xaparmepuzayua o2panUUeNHLIX MepP

IIrepnoserue 12. JJaa mozo umobv nosoxcumesvhas mepa [ Ha
AOKAALHO Komnakmuom npocmpancmee E 6waa oepanuuena (va. 111,
§ 2, n° 6), Heobxodumo v docmamouro, umobs E 6via0 unmespupyemvin
MHOMHCECEOM OMHOCUMEAbHO Y (WIH, YTO CBOAMTCH K TOMY jKe, YTOOH
6CAKASL NOCMOSHHAS (PYHEYUS Gbviaa UHmMezpupyema); moeda

il =n(E)= S dp.

HeiicrBurensro, me mokasamd (§4, n° 2), aro p* (E) = || p ||;
takuM o0pa3oM, mpejjoskenue ciexyer us mpemioskerns 10.

Korna peup upmer 0 DONOMKUTEIBHOH OTpaHMYEHHOH Mepe [, TO
rosopar eme, uto p {1) = || u || ectb 06was macca mepn p. Horpa ke
peds MpueT 0 MPOM3BOIBHOH OrpaHWYeHHOH Mepe p, TO obweld maccol
MepH p HaswBaor umeao pt (1) — u~ (1).

W3z teopemur 4 BEITOKaeT, YTO €CJHU [L €CTH IOJOKHTEABHAA Orpa-
HAUeHHAA Mepa, To A Joboro & > O maiigercd takoe KOMIAKTHOE
muosectso K, aro p (CK) < e.

IIrepnomerne 13. IHycmb | — noaoHumesvHast o02paHuUdeHHAR
mepa na E. IMycmo, darce, B — 6asuc gusvmpa 6 L, 06aadarwouui
caedyouyumy ceoticmeamu:

1° cywecmeyem makoe muoxcecrmeo M € B, umo Pynryuu £ € M
PABHOMEDHO 02panuycHy Ha E;

2° B pasnomepHo crodumcs Ha 41060M KOMNAKMHOM MHOINECTNEE
us E & gynryuu i,.

12 H. Byp6aku
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IIpu smuz ycaosusx £, npunadaesmum L%, a B cxodumcs  f,
é cpednem nopadka p.

ITpesxne Bcero 3amermm, uro ecam | f (z) |<<a gasa moGoro x € E
u moboit pyaxmuu f € M, ro gusi Bcex £ € E 6yner Taxske BHIOJHATE-
csa mepasenctBo | f, (z) | << a. Torga pag noboro & > 0 cymecrsyer
Taroe KoMIaKrHOe MHOmKecTBO K, dro p (CK)< &P, u TaKoe MHO-

mectBo N € 9D, uro gas BeArod ¢yExpua f € N mepaseHCTBO
1

If () —fo (r) |<e (u (K)) P cnpasepmuso mpm miobmx z € K. Ho
MBI MOeM HAIHCAThb, 4TO

f—1f)=(F—1) ox -+ (I— 1) ¢cxs

U3 BHINEH3I0REHHOTO cirenyet, yroecan f € N, ro N, ((f — fp) @) <
<eu N, ( — fo) pcx) <2ae, orryma N, (f — f3) < (2a 4 1) ¢, uro
H JOKa3HBAeT IIPeJI0KeHHe.

Cagpcreue. Jas 4060l noaoxcumesvHoll mepw n, 02PAHUHEHHOU
na E, ecaroe Henpepuignoe ozpanuuennoe omobpascenue § npocmpancm-
6a E ¢ F npunadaexcum ramdony uz Lx (1 <p << 4 oo).

B camoM pmeae, masAa mi0o00ro KOMOAKTHOrO MHosKectBa K us E
o6osraunm uepes M x MHOMkeCTBO oTo0paskeHH# nmpocrpancrsa £ B F
puna hf, rme h ectb mempepmiBHOe orobpaskenme E B [0, 1], pasmoe 1
Ha K um mMelomee KOMUaRTHHE Hocurtelb. fIcHO, yro MHO;KecTBA M )
o6pasyor B £ Taxoit Gasuc ¢unsrpa B, uyro npumamiemamme M g
(GyHKIUE DaBHOMEDHO OTPAHHYEHH H YTO B PABHOMEPHO CXOAHMTCA
K f ma m060M KOMIaKTHOM MHOMKeCTBe U3 K, orKyma m moaydaercs
caefcTBHE.

B uacrmocrn, ¢pymxmus f mHETErpmpyeMa ®m ee mHTErpan S fdp

gpAdercd MpefeaoM mo Quibrpy B WHTETPAIOB S hf dp.

CnegcrBue m3 upefuoskenns 13 Ml cHOBa HDogysaMm B § 5, n°6,
B KauecTBe CHeACTBAS H3 OOMEr0 KPHTEePHA HHTETPHDYEMOCTH. B To e
BpeMs OTMETHM, 9YTO KOIZA | ecTh HelpepHBHAd Ha E ymcnoBas QyHK-

mus, crpemsmascs k 0 Ha OecKoHeYHOCTH, TO WHTerpasn Sf dp, coBma-

HAaeT cO 3HaYeHHeM MPONOJKeHHS Mephl U Ha MHOMKeCTBO 3THX QYHKIui,
ompegenennoro B ra. III, § 2, n°6.
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8. Kaanst u addumuserole PYHruuu MHOICECCMEA

Onreneaerue 3. ogopam, umo wHenycmoe muoxncecmgeo O nodmmo-
acecme MHONcecmea A cocmasgasem KAQH, eCAU CYUjeCmeyem makas aize6-
pa A (nad R), cocmoswas us Koweynuxr wuucaoewxr Pyrryuii, onpe-
deaenntixz Ha A, umo omuowenus X € @ u @x € A sreusarenmuul.

Mpumep. Ecim p ecTh DONOKATENBHAS Mepa HA JIOKAJBHO KOM-
DaKTHOM IpoCTpaHCTBe E, To MHHeiiHKHe KOMOMHAIH C AeHCTBATENHHEIMH
xoopunuenTaMn xapaxTepucTHYecKAX (YHKUHH HHTETPHPYEeMEIX MHO-
sKecTB 00pasy0T aszebpy o4, TaKk KaK IJaf [JBYX HHTETPHpPYEMHIX MHO-
skectB X m Y QyEEnmua ¢y @y = Pxny HHTerpHpyeMa (mpema. 7);
TOLHA W3 ompefeseHHH 2 m 3 BHTeKaeT, 9YTO MHOKeCTBO HHTETPHPYEMBIX
TMOIMHOKeCTB U3 E COCTAaBIAET KIAH.

IIeegnoxemue 14. [Jas mozo umobu nenycmoe muodcecmeo O nod-
MHOJNCECNE MHONCECEa A cOCMAAfA0 KAGH, Heo6zodumo u docmamoy-
HO, UmOGb OHO YO06AEMBOPAA0 CACOYIOULEMY YCAOBUID:

(CL) Js awboii napvt muoaecms X u'Y uz @ muoacecmea X JY
u X NCY npunadaeacam D.

Heob6zxodumocmd ciepyer w3 COOTHONIEHHI

Pxyy=Px+ Py —0xPy, Pxncy=Px— PxPy-

Jnsa noKasatexscTBa docmamoyrocmu TPeKae BCErO 3aMeTMM, UTC
YKa3aHHOE YCJHOBHE Bjeier ToT (aKr, 910 [iad MOOHX IBYX MHO-
aecrs X u Y m3 @ MuOoKectBo X ()Y mpuHamiexur (P, MOCKOIBKY
XNY=XNC (XNCY). O6ozraunm uepes & (D) MHEOKECTRBO NUHOH-
HEIX KoMOMHauuif ¢ JAefCTBUTEIbHHME KOd(QUIHeHTaMH XapaKTepH-
crudeckux ¢ynxmuit MBokectB u3 . Tak Kar @xQy = @xny, TO
& (@) cocrasaser anrebpy. Ocraercsa mokasarh, 4To ecau X — Takoe

HOIMHOKECTBO u3 A, 4T0 @y = Z ci®x;, rne X; €D, to X € D,
i
J10 Gymer BHITEKaTh W3 CAEAYIOmEH MeMMH:

JIemma 1. ITyemv @ — nenycmoe muoxcecmeo nodmmodzcecms us A,
ydoeaemeopswwyee arcuome (CLY. Ecau umeemes karoe-aubo Koweumnoe
cemeticmeo (X ;)1<i<n MHOMcecme us D, mo wnailidemes maroe Koweu-
noe cemeticmeo (Y ;)1<j<m MHOMwecme u3 O nonapro 6e3 o6wuz mouex,
ymo kascdoe us muoxecms X; Aeasemcs 066e0UHEHUEM HEKOMOpOo20-
yucaa mroscecme Y ;.

12¥
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n
B camom pexe, paccmorpmMm 2™ — 1 aHomectB sumpa [|Z;, TIe

i=1
Z; = X; #nAA HEKOTOPHX HWHAEKCOB{ u Z; = CX; misf ocralpHHX
HHIEKCOB, IIpuYeM Xota OH ofHo u3 MHOkecTB Z; pasno X;. Ilycrs
(Y )1<jm — YHOpANOUEHHAs HEKOTOPHIM cIocofoM mocseoBaTedhb-
HOCTh 9THX MHOKECTB; OHH HE HMMEIOT NOIAPHO OOIMUX TOYER M IpH-

ragreskar @; ¢ gpyroil CTOpPOHEI, BCAKOE MHOMECTBO X g ABIAETCH
n

obbeuHEHNEM MHOMKECTB Y ; == (1Z;, COOTBETCTBYWIIHX TEM CeMeH-
i=1

crBaM (Z;), [ ROTOPHX Z; = Xp, 9T0 W JTOKA3HIBaeT IeMMY.
n

Temepr MH MOMeM BCAKYI (QyHKIUIO BHAA Z Py, THe X, e D,

==
m
samucath B dopme ) d Py THE Y; mpuramiesar @ u He wMmelor
i=1

m
NOmapHO OGMHUX TOYEK; ecau Qx= djq)yj, TO OAA KaKmoro
=1

mHEeKca j HenpemeHHO Oymer BRINOMHATHCA aub0 pasenctBo d; =0,
aubo d;=1, m snmaumr, X ecrtp oObegMHEHHE HEKOTOPOTO YHCIA
MHOKECTB Y j, & Clefl0BaTeldbHO, mpuHapiesxur @,

Besaxnmit knan @ mogMHOKeCTB H3 A COAeP/KHMT TiyCToe IIOJMHOKE-
CTBO & MHOMeCTBa A ; JeACTBUTENLHO, CYHNECTBYeT XOTsA GH OLHO TIOIMHO-
skectso X € @, a 3maumt, MEHOokectBo X [} CX = & upmaagxesxur @
OTMeTHM, 9TO MHOKECTBO IOIMHOMKECTB 13 A, CBOTAIICECH K CANHCTBEOH -
HOMY IOIMHOKecTBY &, eCcTh KJaH.

Ourepenenue 4. Ecau umeomes kaan O nodmnoscecme Hexomopozo
muoxcecmea A u 6anaroeo npocmpancmeo F, mo Pyuryueil, pasme-
wennoti Ha muodxcecmear uz © (uau O-pasmewjennoti Pynryuel) co
sHauenuamu ¢ F, nasvisaemcs ecaras Pynryus euda 2 a;Qx;, 20e

2

a; npuradaemam F, a X; npunadaemam .

Jlerxo Bupers, uTo MHOKECTBO &y (D) (D-pasmemenusix QyHRIHH
co 3HaueHmAMHM B F ecrb BeKTOopHOe mpocrpaHcTBe Hay R. Mm
TONBKO YTO MOKA3aad B wpeninokenan 14, aro Muosxecrso § (P) Koned-
HHX (D-pasMemeHHHX YHCIOBHX QYHKIMI cocraBider a.t2e6py HAX
R; ono 0o6pasyer Tarme BeKTOPHOE NOANPOCTPAHCTBO MIPOCTPAHCTBA
R4, moposmeHHoe XapaKTePHCTHUYECKHIMH QYHRUHSME MHOQKECTB
us @,
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Beakaa ¢ymxoua u3 Er (D) Mosker Owrhs 3amucaHa B BHE
f:ch(ij, rue, B cmry Jgemme 1, muoxecrBa Y ;€ O me mmelor
J

HOmapHO ofmuX TO4eK; orcoma ciepyer, uro |f|= Elcjlq)y]_ opu-
7

magrexnr & (D). B uacrmocrn, & (D) ecrs npocmpancmeo Pucca,
TaK Kak BepxHAa ormbaomas asyXx ¢ysrnuii n3 &€ (D) mpuman-
aexur & (D).

3amMedganmne. Herpyiuo sameruTh, 4TO onpefeieHme 4 pPaBHO-

cunbHO caegywmeMy: O-pasmemenHas QYHKIHA O 3HAYEHUAMHA B F eCTh
¢yuxpus f, npuEEMAOIAs NANS KOHEYHOE YHCIO 3HAYCHHH W Takas, 4TO

-1
ans awboro a = 0 u3 F muoskectso f (a) npmuaguexntr @,

Onvepeneraue 5. logopam, wmo koHeuHas uucaosas PyHkyus A,
onpedeaennas na kiare O nodmuoxcecms muoxcecmea A, addumuena,
ecau 0as awbvix deyx muoxcecme X u 'Y us O 6e3 obuur mouekr 6unoa-
naemca pasencmeo A (X UY) = A (X) - A (Y).

W3 aroro ompejienenud, B 4acTHOCTH, BHTeKaer, 4to A () = 0.

ITregnoxkenue 15. ITycms A — addumusnas Pyrnryus mHOIcecmaa,
onpedeaeunas na kaane ©. Cywecmeyem, u npumom moavko o0Ha,
makad sunetinas gopma (0603HadaeMas CHOBA UepPe3 A) HA 6eKmMOpHOM
npocmpancmee & (D) roneunwr D-pasmewyennvr uucaoswxr Pyrnryui,
umo A (@y) = A (X) das awbozo muomecmea X < D; npu smom,
ecau h (X) >0 das awbozo X € @, mo A ecmv noaoxucumesvHas AUHEL-
Has gopma na & (D).

Eduncmeennocme nuneitnoii opMer A oueBnpHa, 160 XapaKTePUCTH-
deckue QYHKOuM MHOMeCTB u3 @O [OPOKAAIT BOKTOPHOE IIPO-
crpaEcTBO & (D). [Jlnsi JporasarenscrBa cyugecmgosanus (GOpMB A
MOCTATOYHO MOKA3aTh, UTO COOTHOIIEHWE Eci(pXi:O’ rie X;—

1

HenycrHe MmosectBa m3 @, Brever 2 c;A(X;)==0. Ho, cornacuo
7

aemme 1, cymectByer rakoe KOHEYHOE CeMeiicTBO Y ; HEIyCTHIX MHO-

wects n3 (D momapmo Ges o6mmx TOYEK, UTO AXA KasKaoro MHAEKCA i

BEIIONIHAGTCA DaBeHCTBO Qx, = 2 ai Py, THE aubo a;;=0, auGo
J

a;;=1. CrenoBareiabH0, COOTHOLIEHHE Z ciq)Xi:O, KOTOPOE 3amuchi~
i

BaeTCA B BHUJE 2(2 Ciaij)q)Yj":O, Biever ), c;a;;=0 pua moboro
) g i
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megeKca j. Torpma, B cmay ompepmeleHuA 5, BEITONHAKTCA DaBEHCTBA
Deh (X) =X (X eiai5) 1 (Y 5)=0,
i i i
HOKasmBafomue cymecrBoBanme ¢opmur A. Hakomem, mpepgmomnosxum,
9t0 A(X)>0 nupu awbom X €®; pna scaxroir ¢ymnkmum fC & (D)
MORHO HAIACATH f= D ¢i9x;, rRe X; ¢ D me mMeroT MONApHO OGMIMX
1

TOYER; CiefoBaTenbuo, ecad f> 0, 1o ¢; >0 Anda mwoboro mugekea i,
auaa roroporo X; He TyCTO, OTKy[na k(f)zE M (X)) >0,

i

9. Hpubauncernue nenpepsleHutx HyHrUuti
PASMEUWEHHUMYU PYHEYUANRY

lpegnomenue 16. ITycmov E — 10KGAbHO KOMRAKMHOE NPOCMPAH-
cmeo, u nycmo © — Kaan nodmuonecms us E, codepacawyuii mHoxce-
Ccmeo KOMNAKMHBL nodmuoxcecmns u3 E. Jlas 106020 Henpepuienozo
omobpasxcenus § npocmparncmea E 6 6anaxoso npocmpancmeo F (coors.
410601 Koneunoii Henpepusnoii gynryuu f >0 ra E) ¢ xomnaxmHbm
HocumeneM cyujecmeyem nocaedosamenvrocmo (g,) Pynryuil us (D),
Hocumeab Komopux codepyacumces ¢ K (coots. makas nocaedosamens-
nocmo (g,) Pyuryui us (D), umo 0 < gn < f npu awbon n) u romo-
pas pasHomepro crodumces k I (coors. f).

B camom gexne, mockonbky ¢yHEKnuA f paBHOMepPHO HeIpepHBHA
Ha K, ro K MOKHO HOKDHTH KOHeYHEIM 9HCIOM TAKAX KOMITAKTHEIX
mHOmecTE X; (1 < i< m), aro0n konebaume Ppynkummz f Ha KammoMm

1
u3 X; He IPEBOCXONHUIO - A 1ar rak X; u K npunagaemar @, to
cymectryer pasbmenme K Ha Takme MHosectBa Y ; € @, uro rampoe
n3 wmHOmecTB X; (1K saABasercA o0begrHEHWEM HEKOTOPOro GHCIa
MmuokectB Y; (nemma 1). Ilyerp a; — saxement m3 F, [isa KOToporo

1
Ha Y; BEmoOnHsercA HepapeHcTso |f (z) — a; [< . Ecan momomurs

1
g, = a;Qy ;, TO [f— g |<7, OTKyZma CllegyeT IpenioKeHme
3
aasa aroro caydasa. Touno Tak ke paccyssjgaeM JJaA HempepPHBHOM

amcnoroit pyHRIMA f, monokuB a; = inf f () ¥ g, = D) a;Qy .
:x'EYj j
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Caencreag 1. Tyemv p — noaoscumenvras mepa va E; npocmpan-
cmeo &p (D) 6cwdy naommno e kaxmdom us npocmpancms Lk
(1 <p <+ ).

B camoMm pene, ms mpemnomenua 16 m Kpurepma cxoammocTH
B CpegHeM [ DPaBHOMEDHHX NpeenoB (YyHKNUH ¢ KOMIAKTHEIM
socutenem (§ 3, mpenn. 4) BHTeKaer, uro €, (D) mmorHO B mpocTpaH-
cTBe 84 p HONPEPHBHHX QyHKINWHA ¢ KOMIAKTHEIM HOCHTEIEM B TOIIOJO-
TMH CXOZUEMOCTH B CPeqHeM IOPANKA p; OTCIOHA TOIYIaeM CaefCcTBHEe.

CaenctBEE 2. Ecau p u v — makue 0se noaoicumenvuile mepu
wa E, umo p (K) = v (K) 0as 2106020 komnarxmuozo nodmunosxcecmsea K
us E, mo p = wv. :

3amMeTyM cHagana, 9re A a0Goro OTKpHTOro MHOMectBa U
cupasegnuBo paseHCTBO p¥* (U) = v* (U) (cnemersne 4 ua Teopemu 4);
TOrga TeopeMa 4 IokasmBaer, 9To KixaH O p-mHTErpMpyeMHX IOJ-
MHOkecTB M3 E coBmamaer ¢ KiaHOM V-MHTErPHDYEMHX TIOIMHOMKECTB
u 910 pud aioboro moxpmHOMectBa X € O BHmOMHSETCA pPaBEHCTBO
p (X) = v (X). CregoBarensso, p (g) = v (g) aua moGoil ¢yHKRIME
g € €(D) (upemn. 15), m torga mpegrosweHne 16 moxasmmBaer, 91O
p (f) = v (f) pasa noGoil HempepHBHOH YHCIOBOR QyHKIMH f ¢ KOM-
HaKTHHIM HOCHTENEM, TO €CTh | = V. :

10. I podoaxcerue mepul, OnpedeseHHow
Ha cemeticmee MmHOMECE

IIycts @ — Hemycroe MHOMKECTBO IOAMHOMKECTB JOKANBHO KOMOAKTHOTO
opocTpaHcTBa E, W mycts Ha @ 3afana KOHETHAS TONOKHTeNbHAA WHCIOBAA
¢yarnast X — o (X). Mu craBuM cefe 3amady OTHCKATh YCJIOBHs, MPH KOTOPHX
cymecTBYeT TaKas (MOXOKATeNbHAS) Mepa [ Ha £, 9T00H MHOMecTBa n3 @ GHInn
p-unmeepupyemu 1 9100H p (X) = a (X) fusa awboro X € ®. Mu orpaHmuEMCs
paccMoTpermeM cliygas, Korma @ ymoBIeTBOpAeT CHeTYIOUIAM YCIOBHAM:

(PC1) O6wedunenue u nepecewenue deyx muomecms us ® npunadaexcam @.

(PC11) J4s wwboii napw, cocmoaujeti us Komnaxmuozo muoxecmsea K u omupu-

mozo ¢ E muowmecmea U u maxoid, umo K < U, cywyecmsyem makoe mHOMECME0
Xed, umo KcXCU.

Otmermy, 9ro B ycnoBmm (PCiy) comepsxnTca mpemmoinoskenue & € @,

n6o Mommo mpmHaTs K = U=g. OpHako wMHOKecTBO @ Momer m

He OHTL KJIAHOM; HampHMep, MHOJKECTBO KOMIAKTHHX NOJMHOKECTB

n3 E ymosuerBopster ycaosmsam (PCyp) m (PCyy), Ho, BoOGme romops,
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He ABJIAETCA KIAHOM, Tak Kak ecin X m Y KOMIAKTHH, TO 3TOT0, Boolmie,
Helb3f cKazaTh 0 MHoectBe X [ CY.

Kpome TOro, MH IPeANIOJOKAM, 4To onpefeneHHas Ha ® pyHEmES a
VIAOBJETBOPSET CHEAYIOUMM VCIOBUAM (OIEBHAHO, HEOOXOTMMEM IH
TOro, 9To0bl 3ajada WMeja pelleHme):

(PM1) Omwnowenue X <Y eaevem o (X) < a (Y).

(PMy1) Kawosw 68 nubuau X uY us O, a (X U V)<L a(X)+

+ a (Y).
(PMy135) Omuowenue XNY=4« saeuem  a (X J Y) =
=0 (X) 4+ a (Y).

Npnuaas B ycnosun (PMyr11) ¥ = &, monyuaem, 9ro o (&f) = 0; Torga
ycaoeme (PMj) nokasmsaer, 910 o« (X) > 0 ans awboro X € @,

TeoreMa 5. Hycmv O — mnosecmso nodmMHoHECmS A0KAABHO KOMRAKMH0Z0
npocmpancmesa E, ydosaemsopawuyee ycaosusm (PCr) u (PCir), u nycme a —
onpedesennas na D Komewnas uucaosas GYHEYUL, YOSACMBOPAIOWAT YCAOEUAM
(PMj), (PMy1) u (PMy1y). [Jas moeo wmobu cyujecmsogasa makas NOAOHUmMesb-
nas mepa | wa E, wmo muowmecmsa uz © p-unmeepupyemn u u (X) = a (X) npu
awbom X € ®, neobzodumo u docmamowro, umobs @Pyuxyus o ydossemsopasa
ewe odnomy yca06uI0:

(PM1v) Jasa awbozo & > 0 u awbozo X € O naiidemes maroe xomnaxmmuoe
muoxcecmeo K — X u maroe omrpumoe muosxecmso U D X, wmo dasa ecakoeo
smuomecmsa Y € O, ydosaemsopawyezo omuowenuw K <Y U, sunoansemes
nepasencmso | a (YY) — o (X) | < e.

IIpu amom, ecau ycaosue (PMyy) swnoaneno, mo mepa U eduncmseuna; das

awbozo  Komnarmwuozo  muowmecmga K umeem W (K) = inf o (X),
XED, XDK

a Gas amwbozo omkpumozo muoxecmsa U umeenm p* (U) = sup o (X).
Xem, XU

OtMmernmM, uro ycaosme (PMyy) 5KBHBAJIEHTHO ORHOBPEMEHHOMY
BBHIIOJIHEHHIO CIeNyWIHNX ABYX YCJIOBHIi:

(PMiv) Has awbozo & > 0 u wwbozo X € D naiidemes makroe omupui-
moe muoacecmeo U D X, umo dasn ecarozo Y € @, codepmcawezocs ¢ U,
swnoansemes uepasencmeo o (Y) <L a (X) + €.

(PM;v) Has awbozo £ >0 u awbozo X € O naiidemnca maxroe kKom-
naxmuoe muowcecmeo K < X, umo daa scarkoeo Y € ©, codepmcawgeco K,
ennoausemes wepasencmso o (Y) > o (X) — e,

B camoM pene, Jerko BHeTh, 4TO ycnomm(PMiv) u (PM’fv) BIERYT
(PMyv). OOparHo, mokakem, Hampmmep, duro (PMyy) Breuer (PMiv).
Mycrs K — rommaktHOe, & U — OTKPHITOC MHOMKECTBA, NS KOTOPHX
KcXclUmn|a(Z)—a(X)|<¢e npu Beakom Z € O, ygosuerso-
psaomeM ycaosnio K — Z < U. Torga, ectm YE® n Y < U, To
X U Y opugapggesnr @ w K (X U Y) < U, orkypa a (X U Y) <
L a(X)+ & n rem Gouee o (V) < a(X) + e
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Ecam muOxKecTBO D, ynmomuerBopsiomee ycxosuam (PCi) m (PCrp),
”
COCTONT W3 KomnakmHuzr MHOMeCTB, To yciaosme (PMIv) BHmoansercs
camo co0oit, m Torna (PMrv) sKBHBaJieHTHO (PMiv).

Heobzodumocms yelioBusa (PMyy) cpasy e BolTekaeT M3 TeOpeMH 4 0 «IpH-
§JIMKeHAM» AHTETPHPYEMOT0 MHOMKECTBA KOMIAKTHHIM MHOMKECTBOM M OTKPHITHIM
MHOKECTBOM. J[OKa3aTeJbCTBO JPYIHX YTBEPIEHHWHA TeOpeMHl MH IIPOBeJeM
B HeCKOJIBKO 3TaloB,

1° Onpedeaenue monoaceun ¢ P (E).

Ias awoboit mapsr (K, U), cocrosmell u3 KOMIAKTHOrO MHOMecTea K
1 OTEpHTOro B E MmomecTsa U, depes I (K, U) 0003HaunM MHOKECTBO TAKHX
X c E, aro K < X c— U; gaa Toro arodst I (K, U) Grno He mycro, HeoOXoman-
MO ¥ jocTatouHo, uTo6nl X < U. Ecam (K', U’) ecrs mpyrasg mapa, COCTOAMAA
W3 KOMIIAKTHOTO MHOKecTBa K’ W OTKPHTOr0 MHOMectBa U’, 10

IR UNIEK, Uy=I(KUK',UNU").

[yers J — romonormss B P (E), TOpOsimeHHAs MHOMKECTBOM IIOIMHOKECTB
I (K, U), worga K mnpoberaeT MHOMKECTBO KOMIAKTHHIX IOJAMHOMeCTB u3 E,
a U — OTKpHTHX B E MHOKecTB, B CHJNY BHIIEH3JOKeHHOTO MHOMKeCTBa
I (K, U) obGpasywor 6asuc tomonornm J (O6mas rom., ra. I, § 2).

OTMmeTnM, UTO OIpefesieHAe TOHOXOrmHM J TaKOBo, 9T0 B P (£) MHO3eCTBO
KOMIAKTHHIX TOAMHOKeCTB U3 E ecwdy naomno. Yciaosme (PCiy) BHpamaer, 9T0
D naomuo B B (E), a ycuosne (PMpy) — aro ¢yuxmusa o wenpepusna ma @
B TOIOJIOTHE, HHAYOHPOBaHHON Tomosormeil 7 . Hakouen, TeopemMa 4 BhIpaxkaer
ToT akr, yro GyEEnAA X — W (X) menpepmusna Ha K¥aHe W-HHTerPAPYEMbIX
MHOKECTB B TONOJOrAM, HHIYIAPOBAHHONI Tomonormeii 7.

2° Eduncmeennocms meph .

Ob6osraunM dgepes ® MHOKECTBO TAKMX MOIMHOMeCTB X < E, 410 o (V)
CTPEeMHATCA K KOHEUYHOMY IIpeflelly, Korga Y cTpemurca k X (B Tomojiorun 7 ),
ocraBasch B O; TOrma o MOMKHO 6IMHCTBEHHHIM 00PasoM ITDOHOJIKMUTE [0 Hempe-
PHBHOTO 0TOGparkeHns o MEOKecTsa ® B R (OGmas ton., ror. I, § 6, Teopema 1).
Ecam mcxomas Mepa § CymeCTBYeT, TO, COTVIACHO CHIeJIaHHBIM BEIIIe 3aMeTaHUAM,

Knag ¥ U-HHETeIpHPYeMBIX MHOMKECTB COJeDKHTCS B dup(X)=a(X) g
awboro X € ¥; 5T0 COOTHONIEHWe CIPABEAJABO, B YACTHOCTH, MJs JOGOro
KOMIIAKTHOTO IOAMHOMecTBa X m3 K, 9eM ¥ /[joKasaHa CAMHCTBEHHOCTH MEDH |4
(crexcrBue 2 u3 mpepna. 16).

3° Il podoasscenue PyHEYUU O HA KEOMRAKMHBE MHOMCECMEA.

Tenmeps MH, He fejas TPeANOJNOKEHHS O CYIIECTBOBAHHA MePHl {4, W3yIAM
MHoecTBO (O W TpojonKenHWe o GYNRNEMAE o Ta ®. [Ipesme Bcero moka-
#eM, 4To Ji00oe KOMIAaKTHO® MHOKecTBo K NpHHaAJIeKAT ‘D u aro a(K)=
= inf «(Z). Homowum o= inf @ (Z); gna xnwbGoro & >0 mHaiigerca

ZeD, Z°K ZedD, ZDOK ,
Takoe MHoMecTB0 X €®, uro KC X m a(X)<a-+te Coranacao (PMiy)
CYMmEeCTBYeT Takoe OTKpPHTOe MHO;KecTBO [/ 70 X, wr0 1asa Bcakoro Y ¢ @, coxep-
mamerocsa 8 U, BHIONHAITCA HepaBeHcTBa o (Y) < o (X)+e < a--2¢; 3nHaumr,
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g aoboro Y € @, yAoreTBopaomero yenosuio K CY C U, ameeM a L a (Y) <
< a-+2e, OTKy/a, B CHIIy OLIpefieJieHni, clexyer, 910 K € D ua (K)=a.

JToT pe3ynbTAaT TOTIAC IOKA3HBaeT, 4ro ecad K; m K, — IBa HOMIAKTHHX
mEOecTBa 1 K; « K3, 10 & (X4) <a (K3). Ecanm ke Ky n K, — nBa Jio0HX
KOMIAKTHEIX MAOMKeCTBa, T0, B cuny (PMiy), o (K; U Kj) < ) (K1) +E(K2).
Ecam xpowme toro Ky 1 K, He mepecexantes, 10 o (Ky U Kj) = a (K;) + o (Ka).
IlefictBuTeNbHO, B 9TOM caydae HaHAyTCsa TakWe ABAa OTKPHTHX MHOKecTBa U,
n U, Ge3 o0mux Touek, uro Ky < Uy u Ky < U, (O6masn Ton., ra. LI, 2-e max.,
§ 4, mpemn. 1). 3HaumT, cornacEo (PCpp) Hafiyres Takme OBa MHOMKECTBA
X €D u Xo€®@, uto Ky c Xy < Uy u Ky < Xy < Up. Torma 00603HaIHM
qepe3 Z mponsBoibHOE MHOKecTBO U3 @, comepxamee Ky |J K 2; Ha ocroBammn (PCy)
o6benaenne iByx MuOMkecTB Z (| X; u Z [} X, npuHagueskar ©, a n0CKOIBKY
9TH JIBa MHO3KeCTBa He mepecekatorcsa, T0, mpumeHns (PMi) m (PMy11), moaygam
a(Z)za(ZNX)+a (ZN X2) > a(Ky) + a(Ks), 910 1 JoKa3HBaeT Halle
YTBEPKeHHE.

4° ITpodosrcenue Gynkyul O HA OMEDPWMBE MHONCECMEA.

Temepsr MH mOKayKeM, 9TO JJsA TOr0, 4TOGH OTKpHIToe MHOMecTBO U upm-
nagueskano ®, HeoGXONEMO W LOCTATOYNO, wToGH i K, umpoGeralomuxX MHO-
ECTBO KOMIAKTHHIX TONMHOMeCTB W3 U, BepxHss rpamb umcen o (K) Omuia
KoHeuma; Torma o (U) Gymer paBHO aToil BepxHeil Ipagd.

B caMoM felte, IyCTh OTKPHTO® MHOMecTBO U mpmHagiexnr ®; ans 1w06oro
€ > 0 maiijerca Taxoe KOMmakTHOe MHO;kectBo K < U, 4ro gna mwoboro Muo-
mectBa X € @, ymopjierBopsawoomero ycuopuaM K < X < U, BHIoOIAAeTCA
mepaBenctBo | & (U) — a (X) | < &; oteiona | @ (U) — a (K) | < &; ¢ Apyroi
CTOpOHH, ecni K’ eCTh IPOM3BOJIbHOE Cofepikameecs B U KoMIAKTHOe MHOMie-
crBo, 0 K < K |J K’ < U, orryza Ioc(U)——oc(KU K') | < &, u sHauumr,
o (U) za KUK)—e> > o (K') — &; wnrak, o (U) paBHa BepxHeil TpaHR
qncen o (X), worga K npoﬁerae'r MHOKECTBO KOMIAKTHHIX TOIMHOeCTB m3 U.

O6patHo, OycTh OTKpHTOe MHOMKecTBO U o0Gnafaer TeM CBOHCTBOM, YTO

b=sup a(K)<<+ oo (rae K mpoberaer MHOMECTBO KOMNAKTHHX IOIMHO-
KCU

#ectB n3 U); moraskeMm, 1aro U € . ,IIJIH .7110601‘0 ¢ > ( HaliieTcA TaKoe KOM-
nakTHOe MHOmectB0 K < U, uro b — & L & (K) < b; cormacmo (PM1v) oas
awboro X, ymoBaeTBopswmero ycaoBasm K < X < U, cymecIByeT Taroe
KOMIakTHOE MHOMeCTBO K’ — X, uro o (X) < a (K') + & < b + &; cuemo-
BaTenbHO, b — & <L a (X) < b -+ &, uem m jokasano, uro U € D.

W3 »sror0 XapaKTEePHCTHISCKOTO CBOHCTBa OTKPHTHX MHO3KecTB U € i)
i (U), npemge Bcero, BhTeKaeT, 410 ecim U; m U, — Takme JBa OTKPHTHIX
mHOKecTBa, wT0 U; C Uy m Us€ @, 10 Uy € @ 1 @ (U4) < @ (Usy). C mpyrofi
cTOpoHN, ecanm U; w Up — OBa OTKPHTHX MHOMKeCTBa, NPHHAAJIEKAMMX @,
To Takum ke GymeT m MEOMectBo U; U Us, m Torma o (U, U Us) < a (Uy) +
+a (Us). B camoM pgene, mycts K 03Ha9aeT OPOM3BONbHOE KOMIAKTHOE
MHOKeCTBO, comep:Kameeca B U, |J Up; mua xioboro z € K cymecTByer KoM-
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OaKTHAasA OKPeCTHOCTh TOUKH 2, copep:xamasca B U; mnn B Uy, ciemoBaTensHo,
K MoskeT GHITh TOKDHITO KOHEYHEIM YHCIOM TaKHX OKpecTHOCTell; ecam 00o3Ha-
anTh 4epes K; (coorB. Kjp) oObeaWHeHWEe TeX M3 HAX, KOTODHe COmepsKaTcs B
U, (coorB. B Uy), T0o K — K; |J K,, OTKYzA

o (K) < a (K UKo <a(K)+o(Ky)<a(U)+a(ly),

aeM TpeGyeMoe cBOHCTBO M yCTAHOBJIEHO.

5° Ceoticmea muomcecmsa ® u Pyrryul o.

Temeph oOmpefeNeHme MHOMecTBA @ W (YHKIEA G MOMKET GHTb cile-
ayomaM o0pasom mpeoOpasoBamo (¢ ywetoM yenosus (PCrp)): maa Toro
qr06: X € @, He0GX0/MMO W OCTATOMHO, UTOGH Hasf A0G6oro &> 0 CYNIeCTBO-
BANHM TaKOe KOMOAKTHOe MHOMecTBO K W Takoe OTKpHTOe MAOectBo U € D,
aro K C X C U na (U)—a(K) < e npn atoM « (X) ecth xuswnas epans (yH-
KIIH o (U) piasi OTKPHTHX MHOMKECTB U ECI_), conep:kamuXx X, W seprras epais

Ppymrouil o (K) 414 KOMOAKTHHX MHOMecTB K C X,

Orcioma MH npeskjae Bcero BHBemeM, d9ro ecad Xy, Xo u Xy U X, npm-
sagaexar @, 1o a(X; U X)) <a (X)+a(Xy). Hefictearensno, ecam U,
i Us—7Ba OTKPLTHX MHOMeCTBa n3 (O, COJepHamlme COOTBETCTBEREO X
u X, 0 raxme, aro o (U;)<a (X4)+¢ 1a(Us)<a (Xg)+E, TO MHOMECTBO
g, Ju, TpAHALIEHEAT O, COTePKAT X, U Xy n, sHaumr,

a (X3 U Xo) <a (Ug U Uy <a(Uy)+a (Uy) < a (Xg)+o (Xp) -+ 2,
OTKyJia M CleJiyeT HAme yTBEPIKieHHe,

Jlanee mokaskeM, 94TO ecan K — HeKOTOpOe KOMNaKTHOe MHOMKeCTBO, a U —
Takoe OTKPHITOE MHOMeCTBO m3 @, uro K C U, 1o a(U(CK)=a (U)—a (K).
Ha ocmopannm upegupymero @ (U) < « (K)+a (U [JCK). C apyrofi cTopomH,
gusa  mo6oro kommakTEOrO MHOMectBa K’ U () CK mmeeM a (K |J K')=
=a(K)+a (K)o (U); a mockousxy MAokectso U [ CK OTKpHTO W mpw-
sagiexar O, 10 o (U CK) ecrp BepxHAA TpaHb o (K'), 4eM JOKa3aHO,
aro @ (K)+a (U | CK) < a(U). _

Tarmnm o6pasom, onpeielieHnio O MOKHO TaKike IPHIATH CIELYIOMYK0 fopMy:

Il Toro 4toGH X € @, Heo6XOoqEMO ¥ NOCTATOUHO, YTOOH Aisa J1060r0 £ >0
CYINecTBOBANA TaKOe KOMIAKTHOE MHOKeCTBO K m Takoe OTKPHTOEe MHOKECTBO

Ued, aro KCXCcUuna(UNCK)Le..
Teneps MEH HOArOTOBNEHH K [A0KA3aTeNbCTBY TOr0, 9T0 (D ecmb kaakw
¥ o ecTs addumusnan pyuryus mhoocecmea Ha @. IIpempge Bcero moKakeM,

a0 ecrm X m Y nmpmmapiexaT @, 10 3T0 HMeeT Mecro A A X (1 CY u X |J Y.
ITo ycnoBmio, mus aioboro € >0 HalimyTcA TaKWe [[Ba KOMIOAKTHEIX MHOKECTBA

K u K' u rmakme fBa OTKpHTHX MHOMkectsd U m U’ 3 @, wro KC X U,
K'CYCU', a(U CK)<e, a(U' () CK') <e. MrokecrBo K" =K [} CU’
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KOMIaKkTHO, a MHomectBo U”=U () CK’' OTKpHTO ® UPAHAJIEKHT i)
n K" X [ CYCU"; ¢ apyroit croponst, U” (| CK” cozepmutes B 00befuue-
aan muoxxects U () CKu U’ () CK’, otryna a (U" () CK") < 2&, 1eM JOKa3aHo,
aro X [} CY €®. Touno mak ke U;=1U (J U’ OTKPHTO M NPUHAJJIERUT D,
K=K |JK' voumaxrro m Ky CX (JY CU; ¢ ppyroil cTOpoHH, U, CK
conepsxnred B o6nveyuuennn U (| CK n U'[|C K', 0TKy/la cHOBA a(U; ) CKy) <
< 2em X Y npumHapiexaT @. Haxomen, ecim X u Y He IePeCeKalOTCs, TO

& (K)=a (K)+a(K')>a(X)+a(@)—2, u ciegosateasno, a(X JY) >
>a (X)+a(Y)—2e a Tak KaK & NPOM3BOILHO, TO a (X UY)=a(X)+ad).

6° Cywecmesosanue mept L.

Corsacuo npeyiiosennio 15, Ha BeKTOPHOM IIPOCTPAHCTBE & (—Cf)) Eﬁ-paamemeﬂ-
HHX QYHEIEA CYmecTBYeT, M IPATOM TOJXLKO OflHA, TAKAasA IO OKATSIbHAS JauHel-
mas gopma B, 710 P (¢x) = o (X) mas moboro X € ®. Jlas 71060r0 KOMIOAKTHO-
10 nojMHOMecTBa K w3 E uepes § (K) o603HAaIEM IIPOCTPAHCTBO PagHOMEDHHT
npedeaos Pyuxumit u3 & (O) ¢ Aocmrenem B K. Tar rak P momommTexbHa, TO
1B () | <o (K)-1If || mas moGoit pymxmmu f € & (P), HOcHTens KOTOPOH coxep-
smnares B K; cymenneM GOPMH P Ha TPocTpaHcTBO 3THX PyHKumii Gymer miHed-
Hag (OpMa, Henpepusras B TOIOJOTAH PAaBHOMEDHOH CXOHMMOCTH; 3HAYHT, OHA
TPOMOMKACTCA 0 HeNPEPHIBHON IMOJIOKATeNbHOI INHEeiiH0H q)opMH—EK ma § (K).
Kpome Toro, ecim K m K, — JBa KOMIOAKTHHX MHOxecTBa U K < K, TO cyxe-
HEe (OPMEL ﬁ—m Ha % (K) TOMIeCTBEeHHO EK, n, crano OWThL, Ha o0befMHEHNN &
Beex % (K) cymecTByer IOJIOMHTeIbHAasA JuHeiiHasg ¢opMa 'B, ABNAWMIAACH
NpofoskeHmeM KaKioid ms dopm [

Ho mockonbrRy KaKjoe KOMITAKTHOe MHOKeCTBO IIPHHAIIEKHT ®, 10 mpo-
CTPAHCTBO 54 HENPEPHIBHEIX YACIOBHX (yHKUMH C KOMIAKTHREIM HOCHTeNeM ecTh
" nodnpocmpancmso LPOCTPAHCTBa & (mpefn. 16); ciefoBaTelNbHO, cyaceHue HA &
[OJOMKATENbHON auHeiinoll GopMi B ectsh ToxommrennHas sepa . ITokaskem,
910 i Mo00ro KOMIAKTHOrO MHOecTBa K HMMeeT MecTO paBeHCTBO | (K) =
=a (K). Iaa moboro & > 0 HaﬁneTcﬂ Taroe OTKPHTOe MHOKecCTBO U €@, qro
KcU pU)<pK&Ky+ en o (U) <@ (K) + e. Iycrs f— HenpepHBHOE
orobpaeHne HpOCTpaHCTBa E B8 [0, 1] ¢ mocurenem B U m rakoe, 910 f () = 1
Ha K (ra. III, § 2, memma 1). Mmeem p (K) < p () < p (U) < n(K) + &,
a ¢ apyroii cropomr, o (K) = B (¢x) < B () < B (gu) = (V) < (K) + &
rak Kak p (f) = B (f), To orcioma | (K) — a (K) | < &, a TOCKOMBKY & TPO-
u3BoIBHO, TO P (K) = a0 (K).

X apaKTepHCTHICCKOE CBOICTEO OTKPHITHX MHOMCCTB, IpUHALIeHRamux O,
B COG/IMHEHHMH CO CJHENCTBAEM 4 W3 TEOPEeMH 4 IIOKA3BIBAeT, 9T0 MpUHAJIerKaIae
@ OTKpHTHe MHOKECTBa CyTh He 9TO HHOe, KAaK OTKPHTHe J\-MHTETPHD yeMbIe
MHOMKECTBA, M 9TO [JA TaKOro MHOKecTBa U Bhimosmsgercsa paBeHcTBO W (U) =
= "a (U). Tanee, Teopema 4 m XaPaKTePUCTHIECKOC CBOHCTBO MHOMECTB H3 O,
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yrRasaHHOe B n° 5, IIora3blBalOT, HTO R-EHTErpapyeMule MHOKEeCTBa
ABAAIOTCA MHOMKecTBaMm 13 @ m urTo U1 TaKoTOo MHOKecTBa X  BBITOJ-

HAeTCA PpaBeHCTBO U (X) =a (X). Haromen, yrBepjgeEne 0 TOM, dTO
uw¥ (U) = sup a (X)Aaa arboro oTKPHTOT0 MHOKecTBa I/, cpasy sKe BHITe-
U

y o

raer u3 (PCyy) m caegcTaa 4 Teopembr 4.
Wrag, TeopeMa 5 NOJHOCTBIO MOKasaHa.

11. Cayuait abemparmnsix mep

Iyers p—abcrpakTHas Mepa Ha mpocrpancTee Prcca % KOHeUHBIX 9HCIIO-
BHIX (QYHKILHUI, oNpeneJeHHHX HA MHOKectBe A. IlycTs, pganee, F-—Ganaxoso

HPOCTPAHCTBO W K p— MHOKECTBO JIMHeHHHX KoMmOunanmi zakfk QyHE Uil
R

u3 R ¢ rovpduuuentama w3 F. Torma nis moboil Pynxgun f= 2 apfr U3 AF
R

OymeT BHIOILATHCA HePaBEHCTBO (COOTBercTBYMOIee (1))

[ ) ann (fo) | < w** (11]). (19)
R

B camom pmexe, cornacuo Teopeme Xama — Banaxa (Tou. Bexr, mp-ga, ra. 1I)
JOCTATOUHO JOKA3aTh, YTO JJs Ja0Goif HempepsIBHOIH JmHeiiHOH opMbr a’ Ha F

¢ HOpMoO#1 1 MMeeT MecTO HEPABEHCTBO |<2 apl (fr), a’>] < p**(]1£}); HO 3TO
R
BBITCKAET W3 COOTHOMeHMH lE (ag, a’) fx l: (f, an <] E].
- .

HepaBencreo (19), mpexpe Bcero, mOKa3HBaeT, UYTO 3JEMEHT zaku (fr)
P

u3 F szaBHCHAT TOJLKO oT f, @ He OT ee BHPAKEHHUA KAK JHHeHHOH KoMOHHAIME
$ynknumit n3 J;; ecnu, manee, moxomuts N (f)= 2 apu (fz), TO HepaBeHCTBO (19)
Rk

TIOKaKeT, 4TO JmueitHoe orobpaskenue f— | (f) nenpepbisio ¢ monoaoeuu cxodu-
Mocmu 6 cpednem. Torfa IJiA BCAKOH QYHKINA U3 L} TPOJOKEHAEM N0 Hellpe-

PHBHOCTH Ha 3TO mpocrpaHcTBo dymknum y (f) ompemenserca murerpad S £ dp.

Des BcAKAX wn3MeHeHWi, KpOMe 3aMeHH p* Ha pu**, OynyT cIpaBemJdBH
Bee cBolicTBa, cdopMmynuposarnse B n°n° 1, 2, 3 m 5 (BupoueM, MokHO 0000-
WATH TaK:Ke W cBoiicTea w3 n°n® 4 m 6; cMm. ymp. 11).

HauGonee BajkHE npuMep aGCTPaKTHOH MePH [aeT HaM onpefelleBHe
JNnHelHoH (POpPMHI Ha NPOCTPAHCTBe DPasMeMeHHHX (yHKImA HCxopsa M3 apju-
THBHOH (yHKUAM MHO}¢ecTBa Ha Kuame (npead. 15). ITycrs mmetorca Kiaan @
NOMHOKECTB MHOMKeCTBA 4 W agiuTHBHAaA (QYHKIMA MHOMecTBa A >> 0, ompe-
JejleHHAs Ha A, HaiifeM, IPH KAaKOM YCIOBHH IIOJOKUTeJIBbHAs JHHehnas $op-
Ma A, ompeffeienHas Ha & (D) pasemctBOM A (¢x) = A (X) masa moGoro X € @,
Gyner abcmpaxmuoti mepoii, To ecTh GyjeT YAOBIETBOPATEL akcuome (MA') m3 § 1,
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n° 5. Mu mokameM, 9To JJIA 3Tor0 HEOOXOHHMO W JOCTATOIHO, ITOOH aIlATAB-
Hasg (QYHKIUS MHOKEeCTBA A YHOBIETBOPANA Clefylomeil akcmome:
(ME’) Has awboii ybusawugeti nocaedosameavnocmi (Xn) muoscecms us @,

umeowur nycmoe nepecevenue, lim A (X,) = 0.
n—co

HeoGxoaaMOCTs BHITEKAeT W3 CJIEICTBAS NPeNokeHAs 7. J[0CTaTOIHOCTH
OydeT ycramomjieHa, eCiHM MH TOKayKeM, 9T0 AN YOHBalOmed MOCHeI0BaATeIBHO-
cra (f,) ¢ynknuit n3 & (P) ¢ mmxEedl ormbaromeii, paBroit 0, lim A (7)) = 0.

n—>o0

Wraxr, sagmap mpomsBoanHo € > 0, 0603HaunM 1epes B, MHOmecTBO Tex x € 4,
B KOTOPHX f, (z) 3> &; B, upnHagie;xut @, nbo apisercsa oGbernHeHAeM (KOHeY-
HOro 4mcia) MEOecTB n3 @, Ha KOTOPHX f, NPMHAMaeT 3HadeHWs1, OOJbIIME
HIH DaBHHE &.

C gpyroil cropoHH, mycTs ( O3HA9aeT MHOMKECTBO TeX z € A, B KOTOPHIX
f1 (z) > 0, m myers C, = C (| CBy; aro MHOmecTBo npunapguexar @. Ecua a
eCcTh Hamboublllee 3HaTeHNe QYHRIMA fq, TO AJa nwboro n f, < 8“Pcn + a(an,
OTKyZa

A (fr) < e-A(Cp)t+a-h (Bp) < e-A(C)+Fal(By).

Ho mnepecegennme MHOKecTB B, ecrb MHOKeCTBO Tex z €A, B KOTOPHX
lim f, (z) > &, To ects mycro; 370, B cmny (ME’), Bneser pasemcrBO
n—co

lim A (B,) = 0; crenoBaTenbHO, IJs JOCTATOIHO Gonblux n mmeeM A (B,) < &,
Nn—>0c0

n smauwat, A(f,)<<e&(a+ A(C); a MOCKONLKY €& TPOW3BOIBHO, TO
lim A (f,) = 0.
n—oo
3amMmeganusa 1) IIyerb @ — mMHOMKECTBO TOOMHOKECTB U3 A,
AHTEPAPYEMBX OTHOCHTENLHO a0CTPaKTHOH MepH A; scHo, aro @ ecrn
Knad @ 1o ompefenenHas Ha @' $yErmuA MHOMKECTBa A CHOBA yIOBIET-
BopseT arcnoMe (ME’) (upems. 6 m 7 m ciefcrBue U3 mpefa. 7). MoxHO moka-

3aTh, TTO NPOCTPAHCTBO L%, OmpefelleHHOe WCXOMS M3 3TOH (yHRIuUR
MHOKeCTBa, COBNafiaeT ¢ TPOCTPAHCTBOM £, ompeleleHHEIM MCXOXsA u3

cykeHus ¢yHEnua A Ha O (To ecTh MePBOHAYAJIBHOH (YHKOHA MBOKE-
crBa A) (yop. 15).

2) Tak e, KaKk W BHINe, NOKA3BBAETCSA, 4TO JJA TOrO, YTOGH Ompe-
nenenHas Ha § (P) nDonosrmrenbHas nuHeiiHas ¢opMa A yAOBIeTBOPAla
axcaome (MA) mz § 1, n° 5, HeoOXOAMMO W [OCTaTOY9HO, YTOOH ANIHTHB-
Hag QyHKOuA MEOMKecTBa A (ompemeneHHas ma @) ymornersopsia cie-
AyIOmel aKcmoMe:

(ME) M as wwbozo nodmmnomecmsa ¥ us @, guavmpymwugezocs no omuo-
wenuo O u makozo, umo nepeceuenue muowecms X €V nycmo,
limg, A (X) = 0.

3) IIyers p — Mepa HAa JOKAalIbHO KOMIAKTHOM IpOCTpaHcTBe E,
1 nycts ® — KI8H p-MHTerPEPYeMHX MHOKecTB. OmpepmenenHas BHa @
apnaTABHAA GYHKOUA MHOJKECTBA |4 yHOBiersopser axcaome (ME’'), mo,
Boo0me ToBOps, He ymoBuerBopser akcmome (ME) (cp. § 1, n®3, same-
gagme 1).
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Yupamuaernnsa °) Iycte H ecrp Takoe ¢QuIbTpylOmeecs

10 OTHOWIEHHIO < MHOKECTBO MOJOKUTeNbHHX WHTeIPAPYeMHX QYHRImi,

aro sup Ny (f) << -+ oo. Ilycts, manee, g ecth BepXHas oTubaoman MHO-
feEH

smecrea H; s Toro wToGH g GKna mATerpapyema m wroGH B L1 Kiace g
$yEKOEA g mMeln mpefiex 0 GunbTPy cedeHHI PUNLTPYIOMETOCA MHOMKE-
cTBa KiaaccoB ¢yHrmuit f € H, Heo0XOAAMO W IOCTATOYHO, UTOOH HJA
ai06oro &€ > 0 cymecrBoBanu: ¢pyarnus f; € H, punbTpylomeecs mo 0THO-
meHn0 < MHOMKECTBO B TONyHEUPEPHBAEHX CHA3Y WHTETPHPYEMHEX
QyHEKODEA @ Taxoe orobpaskemme f — f* mmomectBa Hy ¢ymrmmi f € H,
YEOBIETBOPAWIIAX YCIOBA® f > fi, B MHOKeCTBO B, 410 f</f* =
Ny (f* — f) < e gus nwboii ¢pysknun f € H, (upuMeHATh Teopemy 3).

2) Iyers u — Mepa JleGera ma R, m mycrs 2 — TOmOnOTHYecKoe
OpPOCTPAHCTBO, MOJYYeHHOE B DPe3yibTaTe HameJeHAs LOPOCTPaHCTBa L1
rTomonoraeii mpocroit cxogumoctn mHa R. ITokasarb, 49T0 oro6pasKemwme

f— S f dp mpocrpaHctBa € B R He Oylder HempepHBHHM HYW B ONHO

TOYKe ®3 L.

3) IIycrs I — mHTepBan w3 R m f — raroe oTo6paskemme mpomsBe-
means E X I B GaHaxoBo mpocrpaHcTBo F, wro: 1° nna mwoboro o € 1
oToGpaskerme ¢ — f (¢, @) mpocrpamcTBa £ B F mATerpmpyemo; 2° mis
nwboro ¢t € E orofpakenme o —f (¢,a) mmeer Ha [/ mpom3BOmAYIO

fo (¢, @); 39 cymecIByer Taras HETerpupyeMas (yHKIEA g > 0, uro
If& (t, @) | < g () ana awboro t € E m nwboro a € I. Ilokasars, 4TO

TIPH BHIOJNHEHUN STHX ycJIoBHi (yERmUA u (o) = S f(t, o) du (2) mud-
depeanmpyema Ha J m 9TO

u’ (a):S £, (¢, &) dp ().

°4) Mycrs p — Mepa JleGera ma matepBane E = [0, 1].

a) Ompemenuts Ha E HWTIe He ILIOTHO® MHOMKECTBO A, HMewmee
TNPOM3BOJLHYI0 MEPy ¢, 3aKIWUeHHYW B mpefenax 0 < o << 1 (mcmois-
30BaTh METOf, TIOCTPOCHMA TPOMYHOI0 KaHTOPOBA MHOKeCTBa).

b) Onpexennts Ha E TaKyio HOCIeR0BaTeIbHOCTb (4,) HUIIe He MIOT-
HHX HHTeTPHPYeMHX MHOKecTB HonapHO 6e3 ofmmx To4eK, 9T0 W (4,) =

= 27" § 910 BCAKWI WHTEpBall, CMeMKANHA ¢ B, =h61.4k, COJlePHAT MOJI-
MHOKECTBO W3 A,y CTPOTO MOJOKHTEIbHOI MepH._ Ilokasath, uTo ecim
4 = A, to 4 Gymer TOmmM MHOMKECTBOM MepH 1, a MHosectBo CA
n
OymeT He TOomEUM ¥ TpeHeGPEKAMEIM.
¢) llyers H = DOAZ,,H; TOKa3aTh, 94TO A JWOOT0 OTKPHTOTO
n—

maTepBana I — E mepecedenns mHTepBania I ¢ H m ¢ CH uMenT crporo
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HOJNOAUTENAbHYI0 Mepy. IlyeTs f—@yHKIA, paBHasa MoYTH BCIOAY XapakKre-
pucTHdeckolf QYHRIUM @p; TOKasathb, 4T0 He CyMIECTBYeT IocaefoBa-
TemrbHOCTH (f,) HempepuBHHX Ha E QyHRIuil, cxomsamieiica B kaxdol
rourke u3 E K npepmeny f (3amMeTuth, 4TO f HelnpPeMeHHO Pa3phHIBHA B KaiK-
noit Toure ua E, u vpumenntd vip. 14 us «O6meit tom.», ra. IX, § 5).

5) Hycre p — TOAOMUTEJBLHAA Mepa Ha JOKAaJbHO KOMIAKTHOM
npoctpancrBe E. Jlaa nwo6oii onpeneieHdodl Ha E (KOHe9HOH WM HeT)
ayenoBoii $yHKIMM [ NpPOM3BOJABHOrO 3HaKA ofosHaduM depes p* (f)
(separuit unmeepas QYHRINY f) HIGRHIO TPaHb dncen w (k) A QysKmui
h > f, AHTerpUpyeMHX ¥M IOJVHeIPePHBHHX CHM3Y, ecld TAKOBble CYIIC-
CTBYIOT, H--00 BIIPOTHBHOM cydae; 3T0 olipeflenenue npu f > 0 cosmajgaet
¢ ompemenennem uz § 1, n° 3. Yepes p, (f) obosnagum ducao — p* (— f)
U ero Ha30BEM HUNHUM Unmeepaiom PYHRUUHE f.

a) IMokasars, 4ro ecam f; 1 f, — TakdMe ABe 9ucaoBHe QyHKIuH,
aro ji (2) < fo (z) mouTH BewORy, TO W* (fi) < W* (f2)-

b) Nyers fy m fo — Tarue IBe 4YUCAOBHE QYHKIMU, [0 CyMMa
u* (f1) + p* (f2) oupememena u < oo; ULoKazath, 9ro QyHKUHA
f1 (2) + f2 (z) oupexemena nouTm BCOAY W AT P* (Fy - fo) < p¥ (F1) +
+ w* (fz) (Upm IoMOmE a) CBeCTH K Caydalo, Koria fi (z) <<+ o
u fy (x) << 4~ oo B RamK[o0H TOUKe).

¢) Hyers (f,) ects Bodpacramomas MocaeL0BATCABHOCTD TAKUX IUCI0-
Boix (QyHRKNMIT, 9T0, Ha49HHAA € HEKOTOporo HoMepa, u* (f,) > — oo;
1oxazarb, 4910 u¥ (sup f,) = sup p* (f»).

n n

°6) a) Hyers f — raxan wmcaosas Qymruua, aro p* () (yup. 5)
xomeugo. ITorasarb, Wro CyIllecTByeT uuTerpupyeMasi QyHKuuA fg > f,
oA Koropoil W (f;) = p* (f); eecnu fa — gpyrasti uure pupyemasd QyHK-
oA, Takadg, 970 fo > f u u (f2) = u* (f), 10 f; U f, DKBUBANEHTHEL

b) Jlaa toro 9roGs 9ucaoBas QyHKuus f Obma MHTErpHpyeMa, Heol-
XOMMMO ¥ JOCTaTOYHO, 9ITOOHL U* (f) M W, (f) OBIM KOHEYHH M PaBHEL

¢) Ilyers f—7raKaa wuciaoBad ¢QyHKmuA, 910 p*(f) um Wy (f)
KOHEYHEl; NyCTh g ¥ A — TaKue JBe HHTEI pupyemble PyHKIMM, 910 g < f<Ch
1 u(g)= (), n(R)=p*(f). Horasars, 910 Wy (f—g) =My (h—f)=0
o (f—g) = ¥ (h—f) = * () —p (f).

d) Oyers fq u fo— ABe 9uCIOBHE QYHKuuU, AJIA KOTOPHX BCe YHCaA
W* (fy)y B* (fa)y M (fi) W py (f2) KoMEUHSS; mOKasaTs, 970 iy (fy-F f2) <
< pa () ¥ (o) << p* (fy -+ f3) (3ameTsiTs, 970 ecimin go—TAKAs WHTETpH-
pyeMas QyHRuuA, 910 fo<{gp m U* (fo) = (go), TO miA MOOOH MHTCIPH-
pyeMoit ¢pyurmun ki, h < fi-+f2, BHTOAHAETCA HEpaBeHCTBO h— go < fy).
BripecTu orcona, 4To eciau f; uHTErpHpyeMa, TO

WE (fotfo) =1 (fa) 0¥ (fa)s By (fi o) = 1 (f) - s (F2)

W* (fy 4 f2) = pu* (sup (fy, f2))+u* (inf (f4, f2))

(naA mocaepHero cOOTHOWEHHA BOCHOJb3OBaTheA yop, 1 us § 1).
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e) Mycrs f—unrerpmpyemas gyaxnusa. Jdag toro atobn yukmua g,
A Kotopoit u* (g) KoHedHo, Grlia mHTerpupyeMa, HeoGxXoxmmMo u mocra-
104H0, 4T00H W (f) = p* (g) -+ pu* (f — g) (38aMeTHTH, 9TO ecu gy — WHTETPH--
pyemas QYHKIWMA, ANA KOTOPOiH & < g1 1 P* () =pu (g1), T0 f—g1 < f— g)

°7) Ilyets p—monoskmrenbHas Mepa Ha K. Jjga moGoro wmopmuo-,
mecrBa A E HazoBeM enympennel mepoli muoxectsa A m o6ozHayum
qepes iy (A) HKHRH pHrerpan (ymp. 5) XapaxrepucTH4ecKod (yHK-
IHH @ 4.

a) ITokasath, 410 p, (4) ecThb BepXHAA IpaHb Mep KOMIAKTHEIX
MHOMKECTB, cofiep:KamuXxcA B A (paccysparb, Kak B TeopeMe 4).

b) Hokazars, 3ro anda dwboro mnomMHomecTBa A H3 E komeunoi
BHeNIHeHd MepH CYIecTBYIOT TAKWE [Ba MHTEIPHPYEMEIX MHOMKecTBa A4, A2,
aro Ay A4 C A, B pyg (4) = p (4y), p* (4) = p (4:). Taa Toro
9To0H A §BIO MHTETPHPYyeMO, HeoOXOAMMO M AOCTATOYHO, aTo0H p* (4)
u My (A) ObE KoHeYHH u paBHEL. IloKasarb, 4ro, B Tex ke o6oaHa-
9eHAAX,

# (AN CA)=p. (4N CA =
u

* (A} Chy)=p* (43 ] CA) = p* (A) —uy (4).

¢) Iycts A—uHTerpupyeMoe MHOMKECTBO; IIOKa3aTh, 4T0 JJIA J0HOro
muomeerBa B (C A umeem p (A)=p* (B)-+pg (4 [ CB).

d) Mycrs An B—jBa MHOMECTBA KOHEYHOH BHeNIHEIl MGDPH, He HMeIo-
mue o6mux ToueK. Ilorasare, aro eciu C=A [ B, To0

Wy (A) +py (B) < iy (C) < Py (A) +p* (B) << p* (C) < p* (4) -+ p* (B)
n
My (C) — Py (A) — pye (B) < ¥ (4) + p* (B) — pu* (C)
(TOKa3aTCALCTBO BTOr0 HOCHeJHETO HepaBeHCTBa cpectd Ipm NMomomu (b)
K Cayuai, KOrja
Py (A) =y (B)=0;

TOKa3aTh, 4ro eciu A, B By—TaKue WHTeTPHPYeMule MHOMKECTBA, UTO
AC 4y BT By, p* (A)=p(dp), u*(B)=n(By), 10 Uy (C) < 1 (42 N By)).

°8) Ecau oroxkpecrsurs Kanommdgeckn Top T = R/Z ¢ umrepBamom
[0, 1] ms R, To Mepa JlebGera p ma 3ToM wuHTEpBaze OymeT Mepoit
Ha T; pasa mo6oro muomeersa 4 < T m awboro z € T 6yuer amers MecTo
paBeHCTBO u* (4 -+ z) = nu* (4).

a) Hoxasare, wTo cymecrByeT Takaa moprpynna H, ma T, aro MHO-
mecrBa H, = r, + H,, rne r, upoferaer MHOKeCTBO panMOHaJbHEIX
gmcen, cogep:rampaxca B [0, 1[, oGpasyior pasGuenne topa T (paccMarpu-
BaA R Kak BeKTOpHOe mpocTpancTso Haf Q, zamertuth, 9To B R mopmpo-

crpaHcTBO Q uMeer [IONOTHeRNe).
b) Mycrs H — oGpegunenue mo6oro KOHEIHOTO IUCIA MHOMKECTB H, ;

moKazark, 910 H He GymeT MHTerpUpyeMHM H 4910 U, (H) = 0 (3amerurs,
970 BCARaA HOArpyHma agguTuBHoi# rpynn Q/Z, nopo:kneHHas

13 . Bypbaknu
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KOHeqHHM YMCI0M BJeMeHTOB, nMeeT B Q/Z GecKoHeuHbH MHIEKC; BHIBECTH
oTcIofa, WT0 cymecrByeT pasbuenume Topa T na GeckoHeuHoe cueTHOE
MHOKECTBO MHOKECTB P,, KaiKH0oe U3 KOTODHIX CONEP/KHT MHOMKECTBO
Bufia z -+ H).

¢) Hocrponuts Ha ocmoBanmum b) mpumep raxoli yGniBarolmeil mocine-
TopaTenbHocT (4,) HOAMHOMECTB Ha T ¢ IYCTHIM TepecedeHHeM, 49TO
u* (4,) = 1 upm mwbom n.

d) Iyers 4 — Takoe wuHTerpupyeMoe MHOMecTBo, 4ro Hyo < 4
" u(4) = u* (Hy) > 0; mokasaTh, 910 ANA Ja0OGOT0 WHTETPUPYEMOTO
MmHOKecTBa B < 4 mMHOoRecrBa By = B | Hyu B, = B () CH, o6pasyior
pa3bmenne MHOecTBa B, i1a Kotopore p* (By) = p* (By) = u (B)
" Uy (Bi) = pyg (B2) = 0 (ucoombzosats yip. 7b)).

°9) a) IIyers p — monmo:KUTeNBHAA Mepa Ha JOKAJbHO KOMIAKTHOM
mpoctpanctse E. ITycrs B GamaxosoM mpocTparceTBe # 1 KiIaccoB DKBIBA-
nenrHocTH Qynkuuir us F1 depes G 0603HAUEHO 3aMKHYTOE BEKTOPHOE
HOATPOCTPAHCTBO, coflepiKamee IOATpocTpanceTBo L1; mycts & — saMKHY-
TOe BEKTOPHOE MONIPOCTPAHCTBO HpocrpaHcTBa F 1, cocroAimee u3 GyHK-
muil, Kaacc KoTOpHIX Hpupagne:xur G. IloKasarh, uTo jgumeiinyio dopmy
U (f) MomuO TpOAOLEUTE HA § TakuMm o6pasoM, 9YTOOH BEIIOTHAJIOCH
HepaBeHCTBO | U (f) | < Ny (f) (upumenuth Tteopemy Xama — DBamaxa).
MoxazaTh, 9T0 NNA MPOJOMKEHHOIO TaKiM CHOcoGOM HMHTerpajia Teope-
Ma 3 u3 § 3 cHoBa BepHa.

b) MNpegnonomumM, 9ro G ects mpsaAMas cyMma mpocrpaHcrea L1
u mopnpoctpancTBa H koueunod pasmepHocru. Ilokaszats, 910 A §
ocTaeTcd cupasegauBoit Teopema JleGera (tcopema 2). (ITyers (fp) >~
nocuenoBatenbHoCTh QYHKUWI M3 §, cTpeMAm@afca 0OYTH BCOAY K [ H

rakasi, 910 fo | < g, THE £ 3> 0, W Ny (g) < + co. Iyers (Uy)ishm —
m

Gazuc B H, u myeth f, = Eocnkuk'—}- hy, THE By € Z£1. Ucnonnays
k=1

ToT $arT, 9ro G ecrb HpAMAA TONOIOTHYeCKAd CyAMa npocrpasers L1
u H, 1oKasaTh, UTO O, PABHOMEPHO OrpPAHIYCHEI; BHIOUpas B ciydae
Hajgo0HocTu W3 (f,) TOAIOCHEOBATEeNbHOCTE, CBECTH K cIyd9a, Korma
KasKgasg U3 TochefoBaTeJabHOCTel (oc,,k)n>1 uMeeT Ipefies; 3aTeM BHIBeCTH

orciofa, 4ro k, (x) CTpeMuTcA TOYTH BCIOAY K Tpefeny, W TPUMEHHThH
K mociefoBaterbHOCTH (k) Teopemy JleGera; HakoHelN, 3aMeTHTb, 9To
7IBe YOATIOCAENOBATEIBHOCTH U3 (?;1) He MOTYT CTPeMHTBCSA K PasIIIHBIM
npefeaaMm B G.)

°10) a) IIyer» & — mpoctpamcTBo Pucca W W — Takas MONOKI-
TeAbHaA AuHeltHag dopMma ma &, 9TO cooTHOIEeHMe u(lz[) =0 Breger
z = 0;1orga u (| z |) ecrb HOpMa Ha &, U MbL IPEIIOTOKEM, q9To &, Haje-
JeHIoe Tod HOPMOH, noano. OTcIONa ciefyer, 4ro & BIIOJAHEe PellleTOYHO
(ra. 11, § 2, ymp. 8e)). Caegosarensro (ra. 11, § 1, yup. 12 u 13), cyme-
CTBYeT TaK0® JOKANBHO KOMIIAKTHOE IPOCTPAHCTBO F, ABIAIMEECH CyM-
Mol cemeficTBa (Ky) KOMIAKTHHX CTOVHOBBIX OPOCTPAHCTB, 9T0 § H30-
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MOPPHO HOPOCTPAHCTBY, COCTOAIIEMY W3 HeIpepHBHBIX Ha E (KOHEYHEHIX
WIn HeT) uYHCAOBHX OYHKIUH W cofep:KalleMy HpoCTPaHCTBO & (E).
OToxmecTBHM § € 9TUM IIPOCTPAHCTBOM; TOTHA cy:KeHne GopMEl (L Ha &% (E)
Gyner HOMOMUTENBRON Mepoil Ha E. ITorasats, 4ro & KaHOHUYECKH H30-
mopdHO mpocrpaHctBy L1 (u); Gomee TouHo, AsiA a1060i ompemeneHHOH
Ha E p-EHTETPEPYeMoil GYHKOMM g CymecTBYeT, W IPHUTOM TONLKO OfHA,
¢yERuMA [ € &, DKBUBAIEHTHAA ¢ OTHOCUTENLHO MepH M (3aMETHTh, 9TO
BCAKHII TOMOKHUTENBHBIA BIEeMeNT H3 & CHY/KUT BepXHeil IpaHbpi0 Iiad
BO3pacTalmell TocaefoBaTeNbHOCTH 3JeMeHTOB U3 &4 (E) u uto &4 (E)
onotHo B Z1 (u)).

b) BuBectu u3 a), uTo AaA M060oro KOMODAKTHOTO HpocTpancrba K
cyIiecTByer Takoe JOKAABHO KOMIIAKTHOC IPOCTPAHCTBO S, ABIALINeecH
TOIOJNOTUYECKON CYMMOU ceMeiicrBa CTCYHOBHX IDOCTPAHCTB, M TaKasg
TOJNIOSKUTENBHAA Mepa Vv Ha S ¢ HocHTeTeM, PaBHHKM S, 9TO BIOJHC pelle-
TOUHOE TIpocTpaHcTBO oft (K) Mep wa K, HagenemHoe mopMoii || u ||, nso-
mopgro L1 (v) (pacemorpers ma off (K) aumeiinyi dopmy p — p (K)).

c) Ilyere yu — (monoskurenbHad) aOCTPaKTHAsS Mepa, olpefeneHHast
Ha mpocrpamcrBe Pucca %7, COCTOsIEM U3 KOHEUHBIX YNCAOBHIX QYHKIUM,
olpefielleHHEIX Ha MHOKecTBC A. TToKa3aTh, 9T0 CYIeCTBYCT TAKOE JOKAIb-
HO KOMOAKTHOe HpOCTPAHCTBO FE, ABIAImieecs cymmoil cemeiictsa (Kg)
KOMITAKTHHX CTOYHOBELX TIPOCTPAHCTB, W TAKAA TIOMOMKWTCIRHAA Mepa [
Ha E ¢ HocuTeneM, DaBHHM F, UTO BHONHG DPelIeTOYHOE IIPOCTPAHCTBO
L' (u), HafeneHHOe HOPMOit H?Hi, uzomoppuo Lt (ﬁ).

11) IIycrs p — (HonokuTenIbHAA) aOCTPAKTHAS Mepa, OIpejeaeHHas
Ha mpocTpamcrBe Pucca 7, COCTOAIEM M3 YUCIOBHIX (YHKLuil, ompe-
JIeIeHHERIX Ha MHOKecTBe 4.

a) Ilycrs J' — MHOMeCTBO (KOHEYHHIX MJIW HeT) BepXHHX Orubarmo-
IMUX BO3PACTAIONIMX MMOCHEoBaTeabHOCTell QYRR u3 %; M0Ka3aTh, 910
Aasa roro, 9roGH ¢yEKmusA f ms 7' Obia uHTErpHpyeMa, Heo0XommMo
¥ J0CTAaTOYHO, 9TOOBL u** (| f |) << -+ oo,

b) Hoxasars, 4T0 AAA TOTO, Y4TOOK yuciaoBad PyuHrnus f Guna mHTe-
rpupyeMa, HeoOXOmUMO M HOCTAaTOYHO, IT00H Insa awboro & > 0 cyme-
CTBOBAJIM TaKad WHTeTpupyemas QyBKnuA g € — J' W Takad HHTErpu-

pyemas dymknua h €J', aro g << f<Lh u S (h — g) du < &.

¢) Ilpegmonosxum, 9ro mpocrpaHcTBO Pmeca % TaxoBo, 49ro mas
a0boro geicrBurensHore o > 0 u aw06oit ¢pyERumu f € 97, Oyaroug
inf (f, o) nponagneskar 57,. IMokasark, 410 AJist M0G0t GymKnuM f € R,
u n1Goro geicrBurenbHoro o > 0 MHOmecTBO Py o Tex z € A, {AA KOTO-
pHX f (z) > o, HHTeIPUPYeMO (BaMETHTb, YT0 XapakTepHUCTHYeCKas
$yHKOMA STOr0 MHOMeCTBAa TpuHAAIekuT J'). BriBectu orcioma, 9ro
MHOKeCTBO Qf,q Tex z € A4, I1A KoTOpHX [ (z) 2> o, AHTeTPHPYeEMO,

d) Hyers § — MBOMeECTBO TONMHOMECTB H3 A, uMeloImx BUI Py o,
rae f mpoGeraer %, & ¢ — MHOKeCTBO CTPOTO HOJORHTEALHEIX HECel.
Ilokasarhb, 4TO AJs TOTO, 4T00H MHOKecTBO M — A GBIO UnTerpupyeMo,

13#%
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HeobxoguMo ¥ JocraTodHo, WToGH Ansa xoboro & > (0 cymecTBoBano
TaKoe WHTEIPHPYeMOe MHOMKeCTBO G, ABIAAIOMEeCA CICTHHIM OObeguHe-
HUeM MHOMKECTB u3 §, W Takoe MHOKecTBO K, ABIAIOMEECA CHETHLIM
TepecedeHneM MpoecTB W3, 9410 K M c G 5 p (GNCK) KL ¢
(ucnonbaoBarb b}).

12) a) Hycrs T' — mponsBonbHOE MHOKECTBO DOAMHOMKECTB MHO-
ReerBa 4. Ilyers, manee, ¥ — MHOMKecTBo HOIMHOMecTB M3 A BHAa
X;NXeN - NXmNC XN+ - - NCXnyp, THe X; — MuOmecTBa M3 T,
m — HPOH3BOIbHOe IeN0e €Heao, m > 1, p — mpousBOAbHOE meldoe
qucio, p > 0. Ilokasarb, 910 HaummeHbmwmit KnaH @, comepmammii T,
€CTh MHO’KEeCTBO, siBIAIONIeeCH KOHeYHHM o0beJlHHeHUeM MHOMecTB u3 V.

b) Hycre A — MHOKeCTBO KOHEYHLIX IepeCedeHull MHOXKecTB ua I
Tlokasarb, 9T0 JAJaa M000r0 BEKTOPHOTO HPOCTPAHCTBA F MHOMKECTBO
nuneiipbix KoMOumanui (¢ KosddunumeHnramu w3 F) xapaKTepHCTHUICCKIX
¢yHRIuil MHOMKecTB KiaHa, mopompeHHoro I', coBmagaeT ¢ MHOMKECTBOM
muHelHEX KoMOMHANUil XapaKTepHCTHYeCKHX (YHKMUE MHOMKecTB 3 A.

c¢) llyets E — Tomomorudeckoe mpocrpaHeTBe u I' — MBoMKecTBO
KOMIIAKTHHX TomMHOxecTB u3 E. Ilokazatb, 4rT0 KiaaH, HOPOMTeHHBLH
muoykectsoM I', coBHmagaer ¢ MHOMKeCTBOM KOHEUHHIX o0bemuMeHmii moi-
muoxects us K suga X(\CY, rme X m Y — KOMODaKTHEE MHOKECTBa.

13) IIycrs E — oTjenuMoe TOIOJOTHIEeCKOe NpOCTPaHCTBo. JasA
aw6oi nape (K, U), cocrodmeil u3 KOMIAKTHOIO MEOMKecTBa K U OTKpH-
roro B E muomecrsa U, gepes I (K, U) o0o3HaTiM MHOMKECTBO TaKUX TOA-
muoecTB X — K, uto K < X < U, a ueped J — tononoruo B P (E),
TOPOKIEHHYI0 MHOMKecTBOM HopMuoects I (K, U) m3 R (E).

a) Iokasarb, 49r0 Kaxkpoe m3 MBoxkectB J (K, U) ogHOBpeMmeHHO
OTKpHTO 1 3aMEHyTOo B P (E); BhMBectnm otciofa, qro P (E), Hagemen-
HOe Tomonoruelr J , ABAACTCA BIONHE PETYASAPHEIM BIOTXHE HECBAZHEBIM
TIPOCTPAHCTBOM. _

b) IOaa toro grofu orobpamenne X — CX mpocrpancrsa P (E)
Ha cebs 6LLTO HeTmpepHBIo (B TONONOIUE .J ), HeoGXOAIMO N JTOCTATOYHO,
qro6bl F OBUIO KOMIIAKTHO,

¢) Bossyem B xadecrse E nHreppan [0, 1] ms R. Iloxasars, uro
orobpakenna (X, Y)—>(XUY) u (X, Y)-> XNY npoussegenus
PB(E) X P (E) B L (E) He OyAyT HeNpepHBHH B TOHOIOTHE .7 .

d) Nyers E noxaabHO KoMIakTHO. IoKazaTh, 910 TONOXOTHA, WHIY-
mUpoBaEEasg TOMONOTHCH J B MHOMKeCTBe KOMHAKTHBIX IIOAMHOMKECTB
n3 E, Gyper Gonee cUIBHOH, 9eM TOMOJOTHA, HOTYIeHHAS W3 PABHOMED-
HOH cTpYKTYDH Hpocrpancrsa E meronom yop. 7 m3 «O6meit Tom.», . I1,
§ 2; oTH IBe TOIOJOTHH MOTYT COBIANATh JHIIb B TOM CaAydae, Korga £ —
IHACKPeTHOe HTPOCTPAHCTBO.

°14) Ilyers E — A0KaNbHO KOMIAKTHOE NPOCTPAaHCTBO, B TycTh I
ecth Oaszmc Tomonornw B E, 06pasoBaHHHIl OTHOCHTENBHO KOMIIAKTHEIMH
muomectBaMu. Ilyere % — paBHOMepHAs CTPYKTYpa, COIJIACYHOMAAcst
¢ Tomonorueit B E, u nycth © — (yHIaMeHTanIbHAA CHCTeMAa OKDYHKeHHil
sroii crpyrtypH. Iyers X — A (X) — KoHeuHasA IOJNOMKATENbHAA YHCIO-
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Baa Qymunua, oupenerennad ma L. Ilycrs [as a1060T0 KOMIGKTHOTO
MmuoskecrBa K © E u moboro okpymenna V € € uepes ay (K) o6osHa-

9eHa HUMKHAA TPaHb dUCel 2 A (U;) nna scex KoHeunslx moKphTuid (Uj)

1
MHOKecTBa K, ofpasoBamHEIX MHoMecTBamu m3 [ mopafra magoct V;
Tpenmonokuy, 9To KorHa V mpoGeraer ©, BepxuAs rpamb a (K) wmced

‘ay (K) Gymer momeuwnow. IIoxasatb, uro Ha E cymecTByer (i HpUTOM

TONBKO OfiHA) TaKad mepa U, uto u (K) = o (K) pas n11060ro KOMIAKTHOTO
MEOKecTBa K (DpHMeHUTH TeEopeMy 5).

15) Myers @ — KaaH NOJMHOMeCTB MHOKecTBa 4 ¥ A — apfuIEB-
Hasg (yHKUMA MHOMKECTBa, onpefeieHHad Ha @, nmpumHUMAOIAs MOJO0MKA-
TeAbHEE 3HAYEHHA W YOBIeTBOpAbmas akcmome (ME’). IMycrs @ —
KJIaH TOJAMHOMKECTB W3 A, WHTeTPHPYEMEIX OTHOCHTEJbHO AGCTpParTHOM
MepH \; cy:kenme A, MepH A Ha 8TOT EjaH chHoBa yposaersopser (ME').

Tokasark, 910 AuA ToT0, uToBGH mpoctpancrsa ZLh (A) & Z% (M) cos-

najgaj®, Heo6XoMmMo W JocTaTouHo, 4To0H kaaH @) yROBIETBODAL cie-
IylonmmM JByM yeaosuam: 1° BexTopHoe Nopmpoctpaxcrso & (Py) Berony
nxotao B £1 (A); 2° BeAKOe A-penefpesKEMOe MHOKECTBO TaKiKe Aq-Tpe-
nebpeskumo. Iocrponts mpumep knana @y, yroBIeTBOpPAINEro NEPBOMY
¥ He YHAOBIETBOPAIOHIETO BTOPOMY M3 3THX YCIOBHH.

16) IIycts (4,) — mociaeqoBaTeqbHOCTh WHTETPHPYEMHX MHOMKECTB
B 2 B (4,) << -+ oo. Iycrs gas nwoGoro yexaoro k depes Gy 0003HAYEHO

n

MHOecTBO Takmx z € E, 410 z € 4, To Kpalinefl Mepe nna & 3HageHHH

WHJIEKCA n; MOKasath, 9To Gy umrerpupyemo u aro k-p (Gy) < 2 p (4,).
n

17} Ilyers p — moONOKUTENHHAA OrpaHMYeHHAs Mepa Ha JIOKAIbHO
KOMIIAKTHOM OpocTpaHcTBe E, | nycthb (4,) — Takad IocIefoBaTeNbHOCTh
UHTETPUPYEMHX MHOMKecTB U3 F, aro inf p (4,) = m > 0. Ilokasars, 910

n

MHOMKeCTBO B Touex u3 E, npmHajaesRamux GeckoHeIHOMY YHCIY MHOMKECTB
A, , mETerpUpyeMo M uro U (B) > m.

°18) Ilycts E — BHoaHe DPeryisipHoe OPOCTPaHCTBo, u Iycrs § (E)
(coorB. B> (E)) ecthb mpocrpamcTBo Pucca HempepHBHMX (COOTB. Helpe-
PHIBHEIX ¥ OTPaHWYEHHLIX) Ha E 4YHCIOBHX (GyHKIM.

a) Hokazars, 4ro ecam auHeiiHas ¢opma A Ha ¢ (£) HempephBHA
B TOIOJOTHH KOMIIAKTHOH CXOZMMOCTH, TO OHA OTHOCHTEJbHO OTpaHNYeHa.

b) Iycrs A — nmonomkurenbHag nuHeilmas ¢popma Ha § (E). Hoka-
3aTh, WTO ecad A ofpamaercA B Hynb Ha % (E), T0o OHa PaBHa HYIIO
7 Ha & (E) (mycth @ — KaHOHWYecKoe 0TofpaskeHue npocrpaHcTBa § (E)
Ha Qaxrop-npocrpancrse Pucca % (E)/g> (E), (ra. 1I, § 1, yup. 4);
1I0KasaTh, 9TO €CHIW h ecTh HenpepHBHAA NONOMEUTENbLEAA GyHKUHUA,
He orpamudennas Ha E, 10 no (h) <o (h?) upum nawoboM meroM
n>0).

¢) Myers E — xommakTHOE TMpPOCTPAHCTBO, HONYICHHOE B Pe3yibTaTe
Hafenenus FE cnaGeiimleil paBEOMEPHOH CIPYKRTYpoH, UpH KOTOPOR
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dyarmun w3 g (E) paBHOMEPHO HellpeDPHBHH, H IONOJIHEHUA OTYdYeH-
HOTO TAKMM 00Pa3OM PaBHOMEPHOTO TpOCTPAHCTBA; TOrMa BeAKan QYHKIAA

f € € (E) mpojoraerca 1O HeOPepPHBHOCTH [0 HeOPEPEBHOH HAa E

QYHKIMY f ¢ KOHEYHHIMH WU GecKOHEYHHIMA 3HAYCHUAMEI ( paccMorperhb

1
171 o
cy:kerzme Ha E® (F) mmeer Bug f — p (f), THe p — ToJOKUTEeIbHAA
mepa ma E (rn. III, § 1, yop. 1), moxasats, aro AnA odoit GyHRIUM

f €€ (E) byoruus 7HHTEI‘ppreMa OTHOCHTENBHO U M 970 A (f) = (?5
(ucnonb3oBaTh b), s3amermB, UYTO BeAKaA NONGKUTenbHAA QYHKIUA
u3 § (E) cay:ut sepxHeli orubatomeil HeKoTopoil mocienoBaTedbHOCTH
byurnui uz g* (E)). ’

d) TToxazaTb, 4TO0 BCAKAA TOYKA U3 HOCHTENA MepH b, He TpHUHALIE-
swamaa E, ofxamaer ciegyiomuy cBoificrBoM: A arofoii yOmBalomeil
nocaefosarenbHocTH (V) OKpecTHOCTEH TOYKH I, TepecedeHHe MHOMKECTB
V. comep:ut X0TA Obl ogHY TouKy u3 E, u obparHo.

e) BuBectu usz d), wro ecnu E N0KaNbHO KOMIAKTHO W cYeTHO Ha Gec-
KOHEeUYHOCTH, TO HOCHTedb MePhi | Cofep:utTca B E.

f) Ilokazath, 910 ecam E MUCKPeTHO, TO HOCHUTENb MEpH KOHeyen
(momycruB TPOTHBHOE, HOCTPOHTh NPOTHBOpedamumil mpuMmep — (GYHKIHIO

) . Ecau A ectb HonmrutenbHad muHefHas gopMa Ha § (E), To ee

f>> 0, onpenenennyo Ha E W Takyio, 9ro j He Gyaer p-HHTETpUpYyeMa).

g) Ilorasare, aro ecaum nuHeiHas ¢opMa A ma & (E) mon0EKUTENbHA
U HENpephIBHA B TONOJOTHH KOMIAKTHOH CXOAUMOCTH, TO HOCHTCIb Mephl
p copepsurea B E (cp. ra. III, § 3, npemn. 11).

h) Hyere Ej — KOMIAKTHOe IpOCTPAHCTBO, BBefeHHoe B yop. 3,
ra. 111, § 2, F — mopmpocrpaHCTBO M3 R, cOCTOANIeE BB NMOIOKUTENBHELX
meNbx 9ucen u u3 -+ oo, u E — JOKATLHO KOMIIAKTHOE IPOCTPaH-
CTBO, sABAAKINeecAd [ONOJIHeHWeM Todku (b, - oco) B OpousBereHHn
E, X F. IlokazaTh, 9To BecAKasd HempephBHas Ha FE ¢yHEnua orpa-
HUYeHA 7 CTPOMHTCH K MeKoTopoMmy Dpefeny, Korja z crpemurcs X Gec-
KOHeTHO yjaneHHoHl Touke (b, - oo) mpocrpaHcrsa E. BrBectu otciofa,
4970 ecad U ecTh Mepa Ha E, oUpefeneHHas NP IMOMOIOH Macchl 511—” pac-
TONOKeHHOH B Touke (b, n) mpu anwhom mexom r > 0, To BCAKasd He-
npepnBHas Ha FE ¢ysknua W-uHTErpupyema, HO HOCHTENb MeEDH | He
KOMIAKTeH.

19) Hycts E — oTneanmoe IIOJHOE JOKAIbHO BEIIYKIOe IIPOCTpaH-
¢80, £’ — compsKeHHOe K HeMy u E’'* ) F — aarefpawdecKoe cOMpsi-
meHHoe K E’ mpocrpancrso. Ilyets A4 — KoMmakTHOe MMOXMHOMKECTBO
u3 E B cmaboit Tomonorun o (E, E').

a) ITycts z — Touka w3 E'*, ABAAOIMAACA TOYKOH IIPUKOCHOBEHWS
nnAa  Bumykaod o6omoukm C MHoMmectBa A B clnaGoit  TOMONOTHHA

.
o (E'*, E'). Ilokasatb, H9ro ecadm {(an) eCTb MOCHSH0BATENBHOCTH TOYEK



H3MEPUMBIE ®VHKIMH U MHOMKECTBA 199

u3 E’, exogamasca K z; B cnaoii Tonoiorun ¢ (E', E), To lim  (z, :1:;1) =
N—>o00

= {(z, z). (3aMeTuTh, 9T0 Ha 4 CYMECTBYeT Taxas MHOXOKUTEAbHAT MED |

¢ ofmeit Maccoli, pasmoii 1, gTo =z = S ydp (y) (ra. III, § 4,

mpeAna. 7), u mpuMeHHTh Teopemy JleGera.)

b) BrBectnm u3 a), 9To ecad B E cymlecTByeT BCOIYy NAOTHAA HOCTe-
IOBaTeIbHOCTh, TO cyxenue orobpamennsa z’ — (z, z') Ha I0Goe paBsHO-
CTeTIeHHO HeIpephBHOe NogMHOecTBo H' w3 E’' HempeprBHo B caaboi
tononoruu o (E', E) (3aMeTuTh, 9To Tomodorud, mAAyuupyemas B H'
Tonosaorueii 6 (E’, E), merpuayema). BrBecTn orcioma, 9T0 B DTOM CIyIae
HerpemesHo z € £ (cm. Ton. Bekr. up-Ba, ra. IV); mukME croBaMmam,
3aMKHyTad BHUYKAad ofonodka B E cna0 KOMIAKTHOTO MHOMKECTBA
c1ab0 KOMIIAKTHA.

¢) Pacopocrpanuts pesynbTar myHKra b) Ha caywaii, xorma E ects
TIPOU3BOILIOe OTHENNMOe KBasUIIONHOe JOKaAbHO BHITYKJIO€ HPOCTPAHCT-
BO (cHa4ala, paccMoTpeB E, cBectn k cayualo, Korga F TONHO, a 3aTeM
3aMeTHTh, 9YT0, coTIacHO Teopeme OJ0epieitna (Tom, BekT, mp-Ba,
ra. IV), nocrarodno AokasaTh, 4ro BCAKAA HOCHENOBATENBHOCTH () TO-
9ek u3 C mmeeT B E pjeMeHT HPUKOCHOBEHHA OTHOCHTEJXbHO TONOJOTHH
o (£, E'); mokaszarth, 910 5T0 IIO3BOJIAET CBECTH BCE K CIyualo, Korja B E
CYHIECTBYET BCIOAY ILIOTHAsA IIOCIELOBATENbHOCTh).

§ 5. llsmepumbie PyHENHM W MHOKeCTBA

1. Onpedeaerue uIMEePURLLEL PYHEYUIL U HHONCECTE

Ouwpepenesne 1. Hycmev E — 10KQABHO KOMRAKMIOE RPOCMPAH-

cmeo U p — noaoxcumenvias mepa na E. I'ogopam, umo omo6pasicenue
{ npocmpancmea E ¢ monosozuueckoe npocmpaucmeo I usmepumo
OMHOCUMEeAbHO mepl U (WK eINe U-USMEPUMO), ecals 0as 4106020 KOM-
nakmuozo nodmwoxcecmsa K npocmpanmcmea E cywecmsywom makoe
p-npenebpescumoe muoxncecmeo N < K u maroe pasbuenue mnoicecmsa
K CN, cocmoswee us (komeunoi uau GeckoHeuroll) nocaefosamenn-
rnocmu (K;) komnaxmuvix mmozcecme, wmo cyocenue omobpascenus f
Ha waxcdoe u3 K, HenpepusHo. '

fleHo, YTO BCAKOE HEUpepHBHOE OTOOpameHMe mpocrpaHcTBa £
B F usmepumo.

OTMmeTuM, 4TO eCAW W W v — TaKue JABe IONOKHTeNbHEE MepH Ha E,
9TO BCAKOe |-TIpeHefpeRmMOe MHOMKeCTBO v-IpeHeOpexuMo, TO awbas
W-usmepumas Pynryua marsce v-usamepuma (cM. TI. V).



200 OPONOJIMEHUE MEPBEL. IPOCTPAHCTBA LP ra. iv, §95

Onpenenenve 1 mosker OHTH mpeoGpasoBaHO B CIEHYIOIMUA KpH-

Tepuii:
\

TTeepnomenue 1. Jas mozo wmobs omobpaxcenue f npocmpancmea
E 8 F 6610 usmepumo, neobrodumo u docmamouro, ymobu das 4106020
romnarmuozo nuosxcecmsa K — E u awbozo yucra € = 0 cyuecmsosano
makoe Komnarmhoe mroxcecmeo Ky — K, ymo p (K | CK) <& uumo
cyacerue omobpaxcenus f na Ky nenpepugno.

HeiictBuTenbHoO, eca¥ yKa3aHHOEe YCJIOBHE BHIIOJIHEHO, TO MOJKHO
OTmpeNeNInTh 110 HHIYKIWHA MOCHeOBATEIBHOCTh TAKMX KOMIIAKTHEIX
MuEOmectB K, < K, He pMerUux [oOnapHo o0OMX TOYEK, ITO

pn(KNnNC (GKi))<% U 9TO Ccy:HeHHe orobpaskeHHMs [ Ha Kaykpoe
=t

us K, #enpepsisHo; Torga pononHeHue 70 K o00beNNHEHNA MHOKECTB
K, Gyner mpenebpemnmo (§ 4, caefcTBye U3 IpefiL. 7), H 3HAYNT, 0T06-
paxenwme f mamepumo. OGPaTHO, UPEATONOMNM, IT0 CYIECTBYIOT TaKOe
opeHebpe:rumoe MHOKects0 N < K u takoe pasGuenue (K,) MHOKe-
crBa K(|CN, cocrosimee W3 KOMUAKTHHX MHOKECTB, 9TO CY/KCHHC
oroGpaskerus [ ma wampoe ms K, mempepmsHO; s moGoro & >0

n
Haliercsa Takoe menoe n, Iro ecnw H = |J K;, to p (K(CH)<¢
i=1

. (§ 4, cnencreume us upenua. 7); MEOKeCTBO J{ KOMIakTHO, MHOKecTBa K
(1 <ign) obpasyor KoHeYHOe pas30wenme MHOKecTBA H Ha KOM-
MaKTHHE MHOHECTBA, U cyykeHuwe orobpaskenusa f Ha kKampoe m3 K;
HEUPEPHIBHO; CJIeI0BATENbHO, HEIPEPHBHO u cymeHne [ ma H.

Mpumeyp. Myers o > 0—Tarast KoneuHasa uucnosas Pynxnud €Ha E,

910 pAA n0oboro KOMIOAKTHOrO mOaMHo)KectBa K w3 E cyMmma Z o (x)
x:K
KoHeuHa. IlycTs U -— mepa, olpefeledHast IpH HoMomM Mace o (z) (ra. III,
§ 2, n° 2); Torpa ecaroe oroGpaikenme f mpocrpancrba £ B mo6oe Tomo-
J0I'H9eCK0Oe BEKTOPHO® NPOCTPAHCTBO F M3MEpUMO OTHOCHTEIbHO MePH J.

B camom pesne, ecaim K —KoMmakTHoe HONMHOKeCTBO W3 E, 10 9ucio

b= 2 o (z) KoHEUHO; CIefOBAaTedbHO, ANA JHo00ro &> 0 mMeeTcs Takoe
x:K
KoHewHO® mojmHOMecTB0 A m3 K, 4ro Z a (z) > b—e; s10 O3HauUaer,
xTA

aro p (K N CA)<e (§ 1, n° 3, mpuMep), m ACHO, 4TO CY:ReHHe 0TOOpA-
smeHnd | Ha A HeupephHBHO.
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Ipepnomerne 2. Hyems (F,) — nocaedosamesbhocms monoaozu-
YecKUT RPOCMPpawcms, U nycmdv 0as Kaxucdozo n uepes f, 06osnaueHo
usmepumoe omobpascenue npocmpancmea E ¢ F,. Tozd0a Oasn awbozo
Komnaxmuozo mroxcecmsa K — E u awbozo € > 0 naiidemcs maxoe
romnarmuoe muoscecmeo Ky — K, umo p (K CK,) <& u umo cyace-
rue Ha K, raocooii us gynryuil f, nenpepuisro.

B camom pexe, A Kaskmoro mejoro n»1 cymecreyer Takoe

&
KomumaKTaOe MHOecTBo K, < K, arop (K (1CK,) <5z M 9TO CYIKe-

oo
uue f, Ha K, senpepsiBHO. MuOKecTBO Ky = (| K, KOMOAKTHO, Cy#Ke-
n=1

mua Ha Ko Bcex ¢ysrimmi f, renpepusHsl, u Tak Kak K (CK, conep-
murcsa B obpenuaeHum mBomecte K (JCK, To

B(ENCK)< D 5r=¢.
n=1

Ourepenernt 2. ITodmnoxncecmeo A us E nasvsaemcs usmepumsin,
eCAU USMEPUMA €20 TAPAKMEPUCMUNECKAS PYHEYUL @ 4.

Cornacro ompepaenennio 1 3ro 03HATaeT, 4T0 U3MEPHMOE MHOKe-
cTBO A €cTh TAKOe MHOMKECTBO, YTO MJIA JHO00T0 KOMOAKTHOIO MHOKE-
crBa K cymecryior npenedpessumoe Mmuosxectso N = K u pasbuenue
(K») muOmectBa K [|CN, cocrosmee u3 mOCHEHOBATEIBHOCTH KOM-
OaKTHEIX MHOMKECTB, KayR{0e U3 KOTOPHX copepurcs B A ) K uin
B KNCA.

JT0 ompejelNeHue CPaszy Ke mOo3BOJsSET cPOpPMYyIUPOBATH CIERYIO-
mAA KPUTePHil:

Irepnomenus 3. Jas mozo umobs mHoncecmeo A Guino usmepumo,
Heobxodumo u docmamouno, ymobsy 04 4106020 KOMRAKEMHOZ0 MHOJICE-
cmea K muoamcecmso A (VK Guwro unmezpupyemo.

Yenosue HeoGxonuMo, TaK Kak ofbejuHEHNEe MOCHELOBATEIBHOCTU
WHTEerPAPYEMEIX MHOKECTE WHTEIPHPYEMO, KOT/Id CyMMa HX MeD KOHeU~
Ha (§ 4, ciepcrBue w3 mpeir. 8). YeaoBue JO0CTATOYHO, W60 1A H06oro
HHTeIPUPYeMOTO MHOKecTBa B cymecTByOT IpenebpexuMoe MHOMe-
ctBo N < B wu pasbuenue wmuomectBa B(1CN ma mocienoBaTesb-
HOCTH KOMIAKTHHX MHOmecTB (§ 4, ciencTsue 2 W3 TEOPEMEL 4).

CagactBue, Omrpuimbie MHONMCECBA U 3AMKHYMbE MHONCECMEA
USMEPUMBL.

B uacrtmocTH, Bce IpocTpaHcTBO E H3MEepHUMO.



202 OPONIOJUKEHUE MEPBI. IPOCTPAHCTBA LP ra. 1v, §95

2. Il punvyun aorasiuzayun. J oxaarvio nperedpercumnsle
MHodNCECEa

IlpEnnosxenue 4 (upuHmun mokanwsaruu). ITyemv f — omobpa-
scenue npocmpancmeéa E 6 monoaoceuneckoe npocmparncmso F. Ilped-
noaoxcum, umo das awboeo x € E cyujecmsyiom unmezpupyemnas Ok pe-
cmuocmob V., mouku  w makoe usmepumoe omobpacerue g, npoCmMpan-
cmea B ¢ F,umo f (y) = g, (y) noumu eciody na V. Tozda f uamepumno.

B camom gene, mycte K — KOMIOAKTHOE MHOKECTBO; CYIIECTBYeT
KOHEYHOe YMCJI0 TAaKuUX ToueK x; € K, uro in o6pasyior mokpurme K.
Ws aroro Toruac sammodaem (§ 4, n° 8, memma 1), Uro CymecTByIOT
TaKoe mpeHebpe;xumMoe MHOKecTBO N < K ¥ Takoe KoHedHoe pasbme-
Hme MmposectBa K [} CN, cocrosmero us WHTETPHEPYEMHX MHOAECTB
M;, 910 KaOKI0e W3 MHOMKECTB Kﬂin ABAAeTC 00beNHHeHTEM

HOJMHOKecTBa U3 /N I HEKOTOPOTO Ymeaa MHOecTB M ; I UTo Ha KasK-
oM u3 M ; orobpaskernne f paBHO of{HON U3 QyHRIEI gx;- Ho nnsa xam-

goro M; cyumiecTByioT TpeHeGpe:xmMoe MHOmecTBO N; — M; m pas-
omenme muomectBa M; () CN;, cocroamee U3 HOCHEA0BATEIbLHOCTH
KOMIAKTHRX MHOeCTB K,; (n € N); ¢ apyToil CTOPOHEI, 751 KQHKI0TO0
K, ; cymectByoT npeHeGpesxuMoe MHOKecTBO Pr; < K, m pasbuenne
mHOmecTBa K,; (| CP., cocrosimee U3 TaKoW NOCIeROBATENbHOCTH
KOMOAKTHHIX MHOMECTB Kpmnj (m € N), 9ro cy:xeHme oroGpaskenus f
Ha KaKI0€ U3 MHOMKECTB Kpp; HEOIPEPHBHO. A TaK Kak obbefuHeHHe
muOkecTB N, N; n P,; upesebpe;xumo, To oToGpasienne f usMepumo.

Taskum o006pazoM, HOHATHE A3MepPAMOH (YHKIMH HOCHT JOKAIBHBIH
XapakTep.

OupeneneHue 3. MHoxcecmeo A — E naswisaemcs 10KaAbHO Rpe-
Hebpexcumbln (OMHOCUMEALHO Mepbl W), ecau Oas aiobozo x € E cywe-
cmeyem makas okpecmmocmb V. mouru x, umo mHoxecmeo V() A
nperebpencumo.

CornacHO IPUHIANY JOKAJUSANUN BCAKOE NTOKAIBHO IPeHEGpemE-
Moe MHOKECTBO uaMepumo. CBolicTBA UPEHeOPERMMEIX MHOMKECTB
(§ 2) moKasHBaIOT, 4TO M0G0 TOTMHOKECTBO IOKAIBHO IPEHED PEHTIMO-
TO MHOKECTBA JOKAJbHO mpeHefpe:ruMo m 410 jn0Goe cuerHOEe 00Dbe-
JHHEHVE JOKAaJIbHO NPEHeOPEe;KIMEIX MHOMKECTB JOKAJABHO LpPEHe-
6pesxmmMo.
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HPEnnoKENNE 5. Jas mozo umobu mHoncecmeo A Gviio A0KAAbIO
npenebpexcumo, Heobrodumo u docmamoyno, umobsl 048 4106020 KOM-
narmuozo muoxcecmea K mruoxcecmeo A | K 6vio npenebpexcumno.

ocraTognocTh OYeBUAHA, TAK KaK BCAKaA TOUKa u3 F mMeer KoM-
DaKTHYI0 OKPeCTHOCTH. IleoGxomuMocTh Ciegyer W3 TOTO, 9TO €CJIH
s noboro x € K cymecTByer TaKas OKDPeCTHOCTh V, TOUKE x, 9T0
ANV, opeBe6pesuMo, TO HaWmeTCs KOHEUHOE THCIO Touek x; € K,
pas xoropux V. obpasyor moxpurtme K, mw A (K copepmurcs

B OODeIMHEHHN LPEHEOPEHMUMEX MHOMECTB Aﬂin.

CnegctBuE 1. J[48 mozo wumobu muoscecmso A 6v140 npenebpexcumo,
Heobxodumo u docmamouro, umobe, 0HO OBLL0 AOKUALHO BPeHebDeNUMO
U UMEA0 KOHEUHYIO SHEULHIOW Mepy.

Heobxopmmocts odeBupma. OGpaTHO, €AW yCJNOBHE BEIUOJHEHO,
TO A CORePIKUTCs B WHTETPHPYEMOM OTKDPHTOM MHOKECTBe (7, ABIAIO-
meMcest o0benMHeHNeM IpeHefpesxuMoro MHosKecTBa N W IocIemoBa-
tenbHOCTH (K,) KOMOAKTHHX MHOeCTB (§ 4, ciemcrBme 2 m3 Teope-
MH 4); a Tak kak MHOecTBO A (| N m muomectBa 4 () K, npeneGpe-
JKUMEI, TO DTO BEDHO ¥ A ux o0benumeHms A.

CaepctBue 2. Bceakroe omrpuimoe 10KaAvHO npeHnebpexcumoe MHO-
scecmeo npenebpescumo (4, €Tano OHTH, COTCPMETCA B [OMONHEHUA
HOCHTENA MEepH U).

B camom pmene, BHemHsig Mepa OTKPHTOTO MHOMECTBA G CHYMKHUT
BepDXHEH I'PaHbi0 MEp KOMIAKTHHX MHOKecTB K < G (§ 4, cnegcrue 4
U3 TeopeMH 4); ecau G noKaiabHO mpeHeGpemmmo, To p (K) = 0 gas
a10G0TO CONEP:KAINErocsi B (G KOMIOAKTHOTO MHOMKECTBA, W, SHAYMT,
p* (@) = 0.

CaepcrBue 3. B 1okarvho KomnarmHuom npocmparcmee E, cuemnon
@ GCCKOHEUHOCIMU, 6CAKOe AOKAALHO RPEHeOpesumoe MHOMCeCIEo npe-
Hebpercumo.

JeficrBurensuo, Tak Xak E saBasiercs o0bequHEHHEM HOCIETOBA-
teapHOCTE (K,) KOMODAKTHEIX MHOMKECTB, TO BCSAKOE JOKANbHO IIpe-
HeGpemuMoe MHOMECTBO A aBnsercsa o0beqUHEHEEM LTPEHE(PesRUMEIX
mHOieCTB A (| K, ¥ DoTOMYy mpeHeGpesRuMo.
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Mosxro ykasaTh OpAMEPH HE CYeTHHIX B 0ECKOHEYHOCTH JIOKAJIBHO
KOMIAKTHEX IIPOCTPAHCTB W Mep HAa TakoM mpocrpaHcrBe E, urobu B F
CYIeCTBOBANA JTOKAJIHHO HPEHEODEe)KUMBEIe MHOMKECTBA, HE ABIAIONHECH
npenebperkumbiva (§ 1, ymp. 4).

Ecau P {z} ects cBoiictBo, comep:xaniee TOJABKO OJUH CBOGOMHEIR
apryment z € E, 1o cBofictso «P {x} usmeem mecmo sokasvro noumu
6c100y (OMHOCUMEALHO Mepl W)», TO ONpefeneHHI0, IKBUBATEHTHO
cBONCTBY «mHOKHCECMB0 mex z € E, dan womoptix (me P {z}), soKarb-
HO npenebpexcumo (omruocumeavro mepwi Q). Eenm F — mpowms-
BOJIBHO® MHOKECTBO, T0 oTHOmeHme «f () = g (x) noKanbHO HOUTH
BCIOZLY» €CTh OTHOMICHNE DKBUBANEHTHOCTH B MHOKECTBE 0TOOpaKeHHi
upocrpanctea E B F. B wacrHOCTH, ecim F ecTh BEKTOPHOE HPOCTPAH-
¢TBO, To oToGpaenne f wpocrpancrBa K B F, upm xoropom f (z) = 0
JNOKalbHO IOYTH BCIOAY, HASHBAETCA JLO0KALLHO RNPEHEODEHCUMBLM.
Mu mpegocraBiseM YMTATENI0 YCTAHOBUTH [JIA STHUX HOHATHR 6GOIB-
IIWHCTBO CBOMCTB, COOTBETCTBYIOLIMX T€M, KOTOPHE GHIIN mepeYucie-
HE B § 2, n°n° 4, 5 u 6, gus QyHKOuil, papHHX MeAy €000l HOITH
BCIOAY. MuI e OTPaHMINMCS 3aMeTaHAEM, YTO €CJHU ABA HEnPEPLIBHLLY
orobpamennsa f w g mpocrpamctBa E B oTgenuMoe TOIOJIOTHIECKOE
BEKTOPHOE TPOCTPAHCTBO F DPABHH Mewy CO00M JL0KAIbHO ROWMU
éc0dy, To OHU, HA OCHOBAHWH CIAENCTBHUA 2 M3 HPEIOKeHUs 5, PaBHH
noumu écrody (U, 3HATUT, PABHH MEKIY co00M B A1060N TOUKE HOCHTE-
as MepH W (§ 2, opepa. 9)); ¢ Apyrofi CTOPOHH, MH MosKeM chOopPMYIHn-
POBaTh CIEAYIOEe NPENJIOMKEeHNe, SBJAIIEeCH HEeIoCPenCTBeHHEM
CeCTBAEM NPHHOANA JOKANUSAT[HM:

Irennomenue 6. ycmo f — usmepumoe omobpaicernue npocmpan-
cmea E 6 monoaoeuueckoe éexmopnoe npocmpancmeo F. Beakoe omo-
bpaxcenue npocmpancmea E ¢ F, pasuoe f (x) wokarvro noumu écrody,
USMEPUMO.

3. daemenmapHole CoOUCIMEA UIMEPUMNBIL HyHEUULl

TeorEmMa 1. Hycmv E — 40KaAbHO KOMRAKMHOZ RPOCMDAHCMEO,
w — mepa Ha E, (F,) — nocaedosamesbHocmb mMOROLOZUNECKUL RPO-

cmpanems u F = HF a — ux npouseedenue. Ilycmo, dance, das K-
n

0020 underca n uepes f, 0603nauen0 udmepumoe OmMoGpaNEHUE NPO-
cmparcmea E 6 Fr, u nyemo f (z) = (fa (x)) € F; moeda dan awboeo
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HenpepuigHo20 omobpadcenus w muowecmsa f (E) 6 monosozuneckoe
npocmpancmeo G gyrnryus x — u (f (2)) usmepuma.

B camom peme, mas n060To KOMIAKTHOTO ToaMHCmecTBa K m3
E u mo6oro wmcma & > ( cymectByer Takoe KOMUIAKTHOE MBOKe-
crBo Ky < K, gro p (KN CK,)<¢e u 910 cymeHua Ha K,; BCex
¢yuRImi f, HempepWBEH (upefia. 2); AcHO, 9T0 GyHKOUA Uof HEUpe-
peBHA Ha K, OTKyJa U cielyerT Teopema.
TeopeMa He PaCHPOCTPAHETCS HA npouséosbioe IPOW3BENEHHE TOHO-
JOIHYECKHX HpocTpaHctB (yop. 1).
CaencrBue 1. Bepauas u nuxcHAs ozubamlyue KOHEHH020 HUCAA
UBMEDUMBLY HUCLOGHE (KOHEUHWZ UAU Hem) GYHEYUDL USMEDUMDL.

Heiicreurensno, sup (4, v) u inf (, v) HempepeiBEm Ha R X R.

CaepctBue 2. Jas mozo wmobvl (koHeuHas WAU Hem) UUCA084s
Pynryus f 6vaa usmepuma, Heobrodumo u docmamouro, umobu GuLIU
usmepuns f+ u f-.

Heob6xopumocrs BHTekaer m3 cuefctsus 1, a M0CTATOYHOCTH —
H3 TOTO, 4TO0 O0Opas3 MHoecTBa A — F mpm orobpaskeHuMH I —>
- (f* (@), (@) B Rx R me comepmur rouex (L oo, 4+ o0)
A (— oo, — 00), U, 3HAUUT, oToGpakenue (U, v) — U — U HEHPEePHIB-
HO Ba A.

Cnencrsue 3. Ecau f u g — 0sa usmepumsliz omobpascenus npo-
cmpancmea E 8 monosozuueckoe eekmophoe npocmparcmeo F, mo
omobpasxcenus, f 1 g u af (Tne o — DPOUSBOILHEI CKaaAp) usme-
DUMBL.

Wrax, MHOHECTBO W3MEPHMEIX OTobpaskenmit mpocrpaHctea E
B TOMOJOTWIECKOE BEKTOPHOE IPOCTPAHCTBO F ABIAETCA BEKTOPHBIM
TIPOCTPAHCTBOM.

Cnepcreue 4. Hamepumvie muoxcecmea cocmaeisiiom KEAQH.
B camom gexne, ecim X u Y uaMepmMEI, 10, coriacHo teopeme 1,
PxUy = Px + Pr — PxPyr T Pxncy = Px — PxPy HBMEPHMEL

Cnepcreue 5. Ilyemv F — n-mepHoe 6ekmopHOe 1 DpOCM PAHCM-
60 nad R, u nyemv (epli<rcn—e20 6asuc. [as mozo umobul
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n

dynryus f= ) epfn Gviia usmepuma, Heo6rodumo u docmamouno,
r=1

ymobs 6ulia usmepuma kamcdas us uwucaoelr @Gynryull fp.

Caencreue 6. Hycms F, G, H — mpu monoaoczuneckus 8eKmopHula
npocmpakcmea, u nycmv (u, v) — [u-v] — nenpepvisnoe Gusuneiinoe
omobpasncenue npouséedenus F X G 6 H. Ecau f ecmwv usmepumoe
omobpascenue npocmparncmea E ¢ F, a g — usmepumoe omobpascerue
npocmpancmea E ¢ G, mo [f-gl ecmv usmepumoe omobpascenue npo-
cmpancmea E ¢ H.

B uacrrocTH, ecan f ecTh m3MepmMOe 0TOGpaKEHEE MPOCTPAHCTRA
E B pefictBETCALEHOE (COOTB. KOMINEKCHOE) HOPMUPOBAHHOE LPO-
crpaHcTBe F, a g — umsMepmmoe otobpamenme mpocrpanctea £ B R
(coorn. C), to orobpasenne gf msmepumo. Ecan F — nopmuposannas
aszebpa, a f u g — msmepummeie oroGpaskerHus mpocrparctsa £ B F,
T0 orobpaskeHue fg mamepmmo.

Coepcisue 7. Ecau f ecmv usmepumoe omobparcere npocmpancm-
6a E ¢ nopmuposannoe npocmpancmeo F, mo wucaosas gpymryus | f |
usmepuma.

Irepnomenne 7. Hycmv A — usmepumoe noémuozcecmeo us F
u f — usmepumoe omobGpadscenue npocmpancmea E 6 monosoeuneckoe
npocmpancmeo . F. Tozda ecaroe omobpascenue g npocmpauncmea E
¢ F, nocmosunoce na CA u pasnoe f na A, usmepumo.

B camom gene, mycrs K ecTh UPOMBBONIBHOE KOMIAKTHOE MHOKECT-
Bo. Ilockoxsky mepecegenme K[| A (coors. K ) CA) wrTerpupyemo,
TO CyImecTByloT IpeHeOpemmumoe wMHOKectBo M < K(}A (coors.
N < K{yCA) u pastuenne (B,) (coors. (C,)) mEOs®ecTBa KN A NCM
(coorB. K[)CA ) CN), cocrosmee u3 KOMIAKTHHX MHOKECTB; ¢ IPY-
TOH CTOPOHH, IS KaKACTO MHAEKCA 1 CYNIECTBYIOT HpeHefpesRuMoe
MHO;RecTBO P, — B, u paséuenue (D,,,) maomecrsa B, (| CP, cocros-
1ee W3 KOMUOAKTHEIX MHOJKECTB M TAKOE, 4TO CysKeHme oTobpaskenus f
Ha Kampoe us D,,, mempepeBHO. M3 sTOrO Ciemyer, 910 Cy:KeHUHe
orobpaskenns g Ha Kampoe u3 C, U Ha Kaxnoe us D,,, HEUDPEPHBHO;
a TaKk KakK B To e BpeMs obbenmHenne MHO;xecTB M, N W MHOMKECTB
P, npemelpesmuMmo, TO UpERJIOMKEHHe NOKA3amo.

Ecin A ects wsmepumoe nogMHo#ecTBo U3 E u f — oToGparmenne
MHOKeCTBA A B Tomomormieckoe mpocTpaHcTBO F, To croGpaskenue f
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HA3EBAIOT USMePUMbLM, ECIIH B PEBYNbTaTe MPONOJKEHHS 0TOOpake-
BUA [ mpu nomou nocresHHol Ha CA QyHKIME monydaeTcs M3MepH-
Moe oToGpamenue upocrpanctsa E B F; mpensgoskenme 7 HOKABHIBAET,
YTO HTO CBOMCTBO LE BaBHCHUT OT TOTO (IOCTOSHHOTO) BHAUEHUA, KOTO-
poe maercs vroil mpomommennoil ¢ymxnuyr Ha CA. Iro ompemereHHe
nospodsier 0006muUTh HAa WaMepuMmble (YHKuum, ompeneserHbie Ha
H3MEPUMOM TOAMHOKecTBe w3 FE, cBoilcTBa M3MepHMHX (yHEKIUM,
oupefeneHHKX Ha BceM FE; 9TH 0600MIEHHsT ME TPEROCTABIsSEM YHTA-
tenio. OTMETHM TOABKO, UTO IPUHITAT JOKAIU3anun (Ipemi. 4) ocTaer-
¢ BEPHHIM ¥ B TOM CJyJae, KOTIa OPeguosaraeTcsi, 9T0 KaKjas U3
JyERUEI g, ompejeneHa Tonbko Ha V, (unm mourm Beiomy Ha Vi)
¥ W3MEpPEMA B YKA3aHHOM CMEICJE,

4. II pedeavt uzmepumnvix PyHiuyutt

Trorema 2 (Eropos). Hycmv A — cuemuoe mroscecmeo u § —
guremp 6 A co cuemnvim 6asucon, (fo)uca — CeMelicmeo usmepumble
omobpasxcenuti npocmpancmeéa E ¢ mempusyemoe npocmpancmeo F.
I pednosoxcun, umo npedea lim f, (2) = f (2) cywecmesyem nokaavho

noumu ecidy na E. Toeda:
1° dyuryus f (oupemeneHnas NOKANBHO MOUTH BCIOAY) USMEPUMNA;
2° Oas 406020 Komnarmuozo nodmuoncecmea K — E u awboz0
e > 0 mnatilemca makroe kKomnarmuoe muoxiecmeo K, — K, umo
p (K CK)) <& uumo cysenusn omobpasxcenuti fo, na Ki nenpepuisre
w pasHOomepHo cxodsmes wa K, k omobpaxcenuio f.

TlepBoe yrTrep:meHue sABAseTCA OUYEBHTHEIM CIECTBIIEM BTOPOTO,
KOTOpoe MHL cefinac u moraskeM. CymecTByeT TaKkoe KOMIAKTHOE MHO-

aecTpo KoK, dr0 pL(KﬂCKO)<—§— m 4r0 cy;KeHms Ha K, Bcex

dyErmui f, mempepmsHE (wpemt. 2). OGosnaumm gepes (A,) yOrBaio-
muil cueTHHit Gasume gmasTpa §F, a gepes d — paccrosiHme B F, corna-
cylomeeCs ¢ TOmoXOTHel 3Toro mpocrpancrsa. Ilycrs mas nroboit mapu
meanx aucen n>0, r >0 wepes B, 0603uaTeH0 MHOMECTBO TAKAX
touek z€ Ky, 910 X0t OH pAIA OFHOW TApH @, P WHAEKCOB, IpIl-

1
Hagesxamux A, Bumonssercs mepaseHcTeo d (fq (), fp(z)) > ana

JurcupoBaEBEX o u { wMuOmecTtBO Tex x€ K, TPH KOTOPHIX

1

d(fo(x), Ip (x))}-r—, saMkHyT0 B K, W, 3HAYHT, KOMIAKTHO;, TAKUM
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obpasomM, B, . ABIAercA CYeTHHIM O0BbemMHEHWEM cofepamuxcsa B K,

KOMIIAKTHBIX MHOMKECTB W, crano OuTs, mHTerpupyemo (§ 4, upema. 6

u 8). Eciu sadukcmposarh r, TO nepecevenme yOnBaomel Iocmeno-

BaTeJabHOCTH MHOMecTB B, , (n=1,2,...) 6Gymer uMers Mepy Hymb,

ooToMy 9TO fq (z) crpemMmrca K f(2) mo ¢mabTpy § mOYTH BCIOXY

na K,; cmepgoparentHo, lim p(B,,,;)=0 (§ 4, cnencrsme u3 upega. 7),
n

300
o g
H, BHAYNT, HAIJETCA TAKOe NENO0e ., AJA KOTOporo W (B, ,)<—275 .

OGosuaumM wepes B obwegmuenne (mas r=1, 2, ...) MaosxecTB By, 1

OHO WHTETPHPYEMO, u p,(B)<EJ ”‘(B”"”)<% (§ 4, cuemcrBue
r=1

u3 upean. 8). Yepes C oGosHaumm momonmenne muomectsa B o K,

fo (x), mO mocTpoeHmI0, pagHomepro cxopurcd K f(z) mo ¢masTpy §

ga C, a mocKOoNbKy cymenua OYHEMmi f, Ha C HEUPEPHBHH, TO

HenpepuBHO m cy:erue Ha C dyErnmm f. Torpga jna BEINOIHeHHS

¢QOpMynUPOBAHHKIX B TEOPEME YCIOBHH [OCTATOYHO BHODATH KOM-

makrHoe MuoskectBo K; < € rak, urobu p(CCK,) <%, u6o
W(ENCK)=p(KNCKy)-+uB)+p(CNCKy<e.

3aKIIOYeHAA TeopeMH 2 YiKe He O00A3aHH BHIOIHATHCA, eCiaa F
He MerphayeMo (ynp. 1). Ecam F merpusyeMo  MHOdecTBO A HeCHeTHO,
HO PpunbTP § obaazaer CHeTHHIM 0a3MCOM, TO HEPBOE 3AKIYEHAE TEOPEMEbI
2 ocraeTcA CIIpaBeflNABHM; AeHCTBUTENBHO, eCal (A,) eCTh cueTHHIT 6azmc

“~

¢unbrpa § U @, — HEKOTODPHH 3ieMeHT M3 A, TO PYHKUUN f ABISETCH
JIOKAJIbHO TOYTH BCIOAY IPelesoM HOCIef[0BaTeNbHOCTH (fy,) W, 3HAYMT,

H3MepHUMa; OJHAKO BTOPOE 3aKJNIOYCHHE TEOPEMBI 2 Moer yKe HE¢ BBHIIOJI-
HATBCA (CP. yOp. 2).
Crnencreue 1. Hyemw (f,) — nocaedosamenvrocmy (KOHEUHBE UL
wem) uucaoewr pyuryuii. Ecau f, usmepumwr, mo ¢ynkyuu sup f,,
n

inf f,, lim sup f,, lim inf f, moosce usmepumst.
n n—>oo n—co
B camom nene, pacuupennas npsaMas R, romeomopdHas KOMIaKTHO-
my marepany u3 R, merpmsyema. Torma ¢ymrmus sup f, ects mpo-
n

croifl mpemen BoO3pacTanmedl MDoCaeTOBATENBPHOCTH QYHRIOHE g, =
= sup (f4, fo, -+, fn), KoTOpHEe u3Mepumu (ciexcrsume 1 W3 Teope-
mu 1); rouHo Tak ke lim sup f» ecThb mpocroil mpepmen yGHBarOUIEH

n—oco
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HOCE0BATeNbHOCTH GYHKIUHE 7y, = SUD frnyp, KAKAAA U3 KOTOPHIX,

pz=0
HAa OCHOBABEWE UpeAHAyINero, m3MepmMa. HaKoHen, NOCKOABKY
inf f, = — sup (— f») @ lim inf = — lim sup (— f,), To atm PyHk-
n n n—+oco n—oo

MUA W3MEPIMBEL.

Cnencreue 2. Jwboe cuemHoe 06eedunerue u 1060e cuemmoe nepe-
CeueHUe USMEPUMBLL MHONCECME USMEPUMO.

5. Bpumepuu uzmepumocmu

Ecan F ects Tomosormueckoe BeKTOPHOE IPOCTPAHCTBO; TO BCAKAS
pasMemeHHast Ha ISMePHMBIX MHOsxecTBax (§ 4, n° 8, oup. 4) dyuxnus
co 3HaUeHMsAMY B F, oueBmjHO, n3MepuMa (caegcTsme 3 U3 Teopemu 1);
tTakasg QYBKM@A [ OpHHEMaeT NWOIb KOHEYHOE YHCIAO 3HAYCHMHIA,

-1
w gaa awoboro y € F muomecrBo f (y) msmepmmo. BooGme, mycrs
F — nwoboe tomomormgeckoe mpocTPaHCTBO W f — OTOGPAMKEHne Ipo-
crpaicrBa K B F, OpHHEUMaoIlee KOHEYHOE THCJAO PAa3THIHBEIX

suauenuit a; (1 <<i<m); ecnm MmHOKEecTBA A; :? (a;) usMepUMHL,
to QyErimuA f mamepmma. J[lefictBuTenbHO, mns MI000TO KOMIIAKT-
HOTO MHOKectBa K ¥ 1aA Kamporo m3 MHokecTB A; ) K cymecr-
ByIOT mpeHeGpesxmvoe MHOMecTBO NV; — A; (| K u pasGuenme MHOxe-
crea A;NKNCN;, cocroamee mus mnociegoBareabsoctn (K;,)
KOMIAKTHBIX MHOKECTB; a TaK KakK K ecrh o0wpequHeBme MHOMKECTB
A; N K u cyenne pyERnuY f Ha Kasgnoe 13 K;, TOCTOSHHO, & BHAYMT,
HEOpepHBHO, To f mamepmMa. Pamm KpaTKocTHm MH GyIeM TOBOPHUTH,
uTo orobpaskenue f upocrpanctsa K B F ecTh usmepumas pasmeujeHHas
GyHKEYUSL, eCIU OHA TPUHUMAeT KOHEYHOe THCA0 3HAYCHUH W ecnm s

ao6oro y € F muomsectBo }l(y) HA3MePHMO.

TeoPEMA 3. Jlas mozo umobe omobpascenue [ npocmpancmea E
6 mempusyemoe npocmparcmeo F  6wa0  usmepumo, Heo6xodumo
u docmamourno, ymobu 0as 406020 KOmMnarmmuo2o mHoxcecmea K — E
CYULeCmB08ala maras nocaedo8amesbhocmy (g,) UBMEPUMBLL DA3MEUEH-
wolz Pynryull co snavenuamu ¢ F, umo g, () cmpemumes & f (1) dan
noumu écex z € K.

ocrarodHoCTh BHITEKaer #3 TeopeMu Fropopa M U3 mpwBHOHIA
noxanusaimu, JlokaxkemM HeoGX0qUMOCTh: IO YCJIOBHIO HaWAyTCA

14 H. Byp6ann
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upeHefpesrumoe MHOMKecTBO N — K u pasbmenme (K,) MHOmecTBa
K CN, cocrosmee W3 TAKKX KOMIAKTHEIX MHOMKECTB, HA KHIOM
H3 KoTopex [ mHempepusHa. UroGm BHOpaTh HOCIEOBATEIBHOCTH
(g»), mocratouHO mpofenaTh clemyiomee: 0603BaINM Uepes d paccTos-
HEe, cOTIacyIoleeca ¢ Tomojgorumel npocrpancrsa F; sarem, corsacuo
aemme 1, §4, n° 8, pna xampmoro K; ¢ mHpeKkcoM i<(n BHGepem
KOHEYHOe pa3dmeHme dTOT0 MHOMKECTBA HA TAK@Ee NOCTATOUHO MATHIE
mHTeTpUpyeMuie MHO:KecTBA A;; (1<j<q;), 49ro0H KoueGamme
¢yukmuu f Ha KamgoM m3 A;; He TPEBOCXOAWIO —i—; HOJOKEM gn
MOCTOSTHHCH HA Kam#oM H3 A;; W paBHOE oOFHOMY H3 3HaUeHHH
¢yurnun f Ha sToM MHoxecTBe (Maa 1<<ign, 1<j<q), a ansn
mo6oit Toukm u3 E, He mpmHajnexaimmell HmKaxkoMy u3 A;; paBHOH
HeKoTopoMy (JuKCHpoBaEHOMY 3dieMeHTy a € F. flcHo, wro mocmeme-
BarexbHecTh (8. (2)) cxomurces K f (x) B ao0boit Touke us K, He mpwm-
Hagmeskamein V.

Cnencreue 1. Tyems § — usmepumoe omobpascene npocmparcmen
E ¢ 6anaxoeo npocmparncmeo F; Oasn 4106020 komnakxmuoego muoxcecmea
K — E cywecmeyem nocaedosamenvHocme (gn) MAKUT USMEDUMBLE
pasmewennir Pynryuli ¢ Hocumesem 6 K, umo | g, (x) |<|f (z)]
dasn awbo20 x € E u umo g, (x) cmpemumcs v f (x) 0as noumu ecex

z€K.

Coxpanus 0603HATEHNS, BBe[iCKHEIE IPH JOKA3AaTENLCTBE TEOPEMEL 3,
# 06o3HaYMB depes a;; 3HaueHHe Qymrumm f ma A;;, Mu uwomyumm
HCKOMYI0 WOCIEJ0BATeAbHOCTD, B3SB B KadecTse sEaIeHnA GyHKUWE gy

—n|aij|) B TpO-
THBHOM CIy4Yde; HAKOHEIl, HA TONOJHEHHY O0BeMHEHHS MHOMKECTB A, ;
(I<ign, 1<j<q;) nonoxwnm g, (z)=0.

Canencreue 2. ITyemv E — 40KaabHO KOMRAKMHEOE RDOCMDAHCMEO,
cuemmnoe & beckoneunocmu. Ecau f ecmb usmepumoe omobpancenue
npocmpatcriéa E 6 mempusyemoe npocmpancmeo F, mo wnaiifemcs
makas nocaed08amesbHOCNG (£n) UBMEPUMBLE DASMEUECHHWL (BYHKYUL
co sHauenusmu 6 F, umo gn (x) cmpenumes k f (z) das noumu écex
z€E.

B camom mene, ecam E ectb oGpefuHeHue BozpacTammieidl mocie-
JoBaTenbroCTH {(A,) KOMIAKTHEX MHOKECTB, TO HEIYCTHE MHCKECTBA

1
Ha A;; touxy 0, ecam laij|<7, B TOYKY aij(l_'
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A, N CAn-4 o6pasywr pasbuenue npocrpancTsa £ Ha mETErpHpPyeMEie
MHOKECTBA; CIEZOBATEIbHO, CYIMECTBYIOT TaAKOe MPEHEOPEKIMOe MHO-
mxectso N < E um raxoe pas6ueHme MHO;KectBa CNN, cocroamee ms
mocaeoBareabHOCTH (K ;) KOMIAKTHRX MHOKECTB, UTO CyKeHne QyHK-
nuu f Ha Kaxpoe us K, HEOPepHBHO; ToTma 0e3 BCAKHX H3MEHeHHH
LMOBTOPAETCA JOKA3aTENBCTBO TEOPEMBL 3.

Ilrepnosxenne 8. Hycmy f — usmepumoe omobpascere npocmpan-
emea E 6 monoaoeuuecroe npocmpancmeo F; npoobpas npu omobpaxce-
nuu f 4106020 samknymoz0 (COOTB. omEpwmozo) 8 F muoxucecmea usme-
puM.

IlecraTouso wpoBeCcTH [OKA3ATENBCTBO M Ipoolbpasa _]1‘ (4)
samxpyToro B F MHOmecTBa A. Ilyers K — KoMmaKTHOE LOIMHOMKECT-
Bo m3 E; cymecrBylor mpeReGpexnmoe MuoxectBo N — K u pasGue-
gue (K,) muomecrsa K (|CN, cocroamee U3 TAKHX KOMIIAKTHEIX
MHOKECTB, YTO cy:KeHWe QyHKum# f ma Kammoe m3 K, HeNpepHBHO.

-1
Torpa mepecewerne K, ()f (4) caymur npeoGpasoM 3aMKHYTCTO MHO-
mecTBa A mpH cy;eHEH oTo0pazkenus f wa K,; BHAYHT, OHO HBIAETCA
BaMKHYTHM B K, MHOjecTBoM W, cTajo OHTH, KOMUOAKTHO. Taxum

-1
obpasoM, MuomectBo K (\f (4) upepcrasmsier coGoit obbequueHue
-1
npere6pe;kmuMoro MHO;ecTBAa N (1f (A) M KOMODAKTHHX MHOKECTR

-1 -1
K.Nf(4), 9ro moxassBaeT M3MEepPHMOCTb MHO;KecTBa [ (A4).

TroreMa 4. ITyemv F — mempusyemoe npocmparcmeo v d — pac-
CmoarUe, cozaacyougeecs ¢ e20 monosozuel. Jas mozo umobs. omo6pa-
scerwe f npocmpancmea E 6 F 6vao usmepumo, Heobzodumo u decma-
Mour0, 4mobsl 6HLNOAHAAUCL Caedylouyue 084 Ycao6us:

a) npoobpas npu omobpadcenuu f écarozo samrrnymozo wapa uaz F
usmepuMm;

b) daa awbozo komnarmmuozo mmoxcecmeéa K — E cywecmeyem
makoe cuemuoe nodmuosxcecmeo H uz F, umo f () € H das noumu ecex

z € K.

Heo6xonmMocTh yCIOBHA a) BHITEKAeT W3 NPENIOKEHUA S; UTO ;K
Kacaercs yciaoBmsA b), To OpH 0G03HAUeHHAX, IPUHATHX B Teopeme 3,
OHO GyfieT BHIUOJHEHO, €CHH B KadecTBe H B3ATH CUETHYIO HOCIERO-
BATEJIBHOCTB, COCTABJCHHYI0O U3 B3HAYeHWH Bcex (GYBKIUH g,.

14*
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IToxaem Temeps, 9ro ycioBusa a) m b) moctaToumn. OGosHagmp
gepes K OPOM3BOJIBbHOE KOMIAKTHOE MHOMKECTBO U3 E W W3MerdAs,
B caydae HamoOHocTH, QyEKnuI0 f Ha UpeHEGPEKIMOM MHOKECTBE,
MHE MOJKeM IPeINoN0RUTH, uTo [ (K) cofepsRUTCH B 3aMEIKAHEH CUET-
HOTO MHOX€CTBA TOUeK M3 J, KOTODHE MEl PacUIoJIOMHM B TOCHENOBA-
TeJIbHOCTE (a,). Uepes A, , o603Haumm wMmHOKECTBO Tex x € K, miad

1
roropuix d (f (x), a,) <?. W3z ycaopus a) BmTeRaer, uTo A,,, H3Me-

paMo. OupepenuM fid (UKCHPOBAHHOTO P 0 HHIYKIME TOCJICTOBa-

TeJAHHOCTD MHOECTB B, p < K, monowus By , = Ay, ¥ Bhyy,p =

= Anu1,pNC (‘iyAk,p); MHOkecTBa Bp,, usMepuMul, W Te W3 HUX,
<n

KOTOpHe He TIyCTH, 06pasyioT pasbumenme muokectBa K. OGoszmaumm
uepes gn,p, QyHEKIMIO, paBHyI0 a; Ha MHOMecTBe B; pmua 1 <i<m
B DaBHYIW IIocTOsgHHOA b € F Ha pomonmenMM oOBEqUHEHUS DTHX
MHOKECTB; &nm,p — H3MePHMas pasmellenHasi (yHKIHA; Korma m
HEOTPAHUICHHO BO3PACTAET, gn,,p CTPEMHTCHA HmpocTo K PyBRKNUH f,,
paBHOH an HA B, p (n>>1) m b sa CK, u 3sHaunT (teopema 2), f, uaMe-
puma. Horma p meorpammuenmo Bospacraer, To f, () crpemures
K f(z) upu Bcex 2 € K u k b pusax € CK; cueoBaTeqbHO, CYReHHE
¢yrroun f sa K mamepumo, u, craiko OHTH, Ha OCHOBAHWH II PUHIIUIIA
TOKAIM3alMM, caMa QYHKOUA f Toke H3MepHMA.

3amezanna 1) OgHoro ycnoBus a) HEAOCTATOYHO JJisi W3Me-
puMocTu ¢QyHENAN f (ymp. 5).

2) Ecnm Tomoiorms mpocTpaHeTBa F mMeeT cuemmunil 6asuc, TO ycio-
pae b) TeopeMH 4 aBTOMATHYECKY BHIIONHAETCA KA JI0G0T0 0TOGParKeHHH
opocrpascrsa £ B F. IIpm aTtoM B nporecce J0Ka3aTenbCTBA BHISACHSETCH,
9TO0 JAOCTATOYHO IPEAIONO0MKHATE, UTO IPH 0ToOpayKeHWH f MPOoGPa3bl 3aM-
KHYTHIX NIapOB ¢ PAIIMOHAJBHBM PAAYCOM W C IIEHTPOM, IPHHAJJEHKAIIAM
HEKOTOPOMY CYeTHOMY BCIORY NJIOTHOMY MHOMECTBY u3 F, SIBJISIOTCA
H3MEPUMEIMA MHOMKECTBAMUA.

3) Ycnosme a) Momer OHTL 3aMEHEHO YCJIOBWeM, Yro IpH OTO-
G6pamennn f mpooGpa3 BCAKOIO OTKPHTOrO mapa u3 F uaMepuM.

Ocoforo ymoMHHAHWA 3aCiyKUBaerT CIyuail (KOHEYHEIX HJIN HET)
IUCHOBHIX (yHKOHIA:

Meennosxenue 9. Hycmov D — cuemnoe écody naomuoe mmoxHcecmeo
& R. las mozo umobu (KoHeunas uau Hem) uwuctosas ynryus f ovia
usmepuna, docmamouno (U Heobrodumo), umobuw das awbozo a € D
muosxcecrmeo mexr x € E, 8 womopwx f (x) > a, 6o usmepumo,
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B camoM meie, €CIM 3TO YCIOBME BHIOJIHAETCH, TO IJA JI0GOTO
b € R MHOMeCTBO Tex I, B KOTODHX f (z) > b, mamepnMo, Kak mepe-
cedeHme MHOKecTB (00Da3ylOIIMX CYeTHOE CEeMENCTBO), COCTOSAMMX
¥3 Tex Z, B KOTODHX f (%) >> a, Korga a OpoferaeT MHOKECTBO TOUEK
u3 D, me upeBocxopamux b. MroxecTBo Tex , B KoTopHX f () <C b,
H3MEPHMO, KaK JOUIOJHEeHHWE M3MepMMOTo MHO;kectBa. Haxomem, ecin
b xomeuHo, TO MHOKECTBO TeX Z, B KOTODHX f (z) <b, u3MepumMo,
KaKk [epeceueHHe MHOKECTB, COCTOSAINMX M3 TE€X &, B KOTOPHX
Flx)y<<b -+ —:7; MHOKECTBO ]% ( —o0) ToKe m3MEpUMO, KaK Iepecede-
HHEE MHOKECTB, COCTOAIAX M3 T€X Z, B KOTOPHX f (z) << n, rme n mpo-
Geraer Z. OxoHYaTeNHbHO DOJYIaeM, IT0O IPoobpas IpH 0ToOpaykeHuH f
7060r0 BaMKHYTOTO WHTepBaja m3 R MaMepmM, Kax IepeceuecHme
OBYX H3MEPUMHIX MHOXKECTB, M 3HAYHT, [IPUMEHMMA TeopeMa 4.

MoxkHO OmINIO OR TaKMe NOKa3aTh, 4YTO [AOCTATOYHO, 9TOOH A
n11060r0 a € D MHOMECTBO T€X Z, B KOTODHX f(z) > a, OHJI0 maMepuMo.

CnepctBuE. Beakas noaynenpepuisHai crudy (CooTB. ceepxy) dyrk-
YU usmepuma.

JeiicTBUTENBHO, €COE f HmONyHeNpepHIBHA CHU3Y, TO MHOKECTBO
rex = € E, B xotopux f (z) <a, saMxByTO upm JwoboM a € R.

Ecau F ects 6aHax0BO IPOCTPARCTBO, TO MMEET MECTO CJelyIOUIRi
KpUTepHi:

Ieepnomenne 10. ITyemv F — 6anaroso npocmpancmeo. Jas
mozo umobu omobpadcenue § npocmpancmea E ¢ F 6uaio usmepumo,
neobxodumo u docmamouno, umMoby ewnoAHAIUCL Ccaedywuyue Osa
yeaoaus:

a) Oan 4060l Henpepuisnol Ha F aunelinoi gopmw a’ uucaosas
pynryus z — (§ (z), a') usmepuna;

b) Gan awboeo womnarmmozo muoxncecmea K — F cywecmeyem
makoe cuemmnoe nodmmosxcecmeo H — F, umo f () € H das nownu
scex x € K.

Bce cBomuTes K DOKa3aTeILCTBY TOIO, UTO BHIIOIHSETCHA YCIOBHE
a) TeopeMu 4. OGozpauum 4epes B saMrrEyTHE map B F ¢ nearpom a
U pagHycoM Fr; COTJIACHO UIPHHIUIY JIOKAAHBAUUH KOCTATOYHO
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TO0KAa3aTh, 9T0 1A J000T0 KoMIakTHOro MEOkecTBa K < E MHOKECTBO

-1
A = KN (B) usmepumo. Wamensas B cayuae HamoGHoctm f Ha mpe-
HeOpe;KUMOM MHOKECTBE, MB MOkeM Ipefnonoxurs, ato § (K) comgep-
RUTCA B BaMBIKaHEM cueTHoro mopmHoskecrBa H us F. Ilycrs

V — samKAyTOe BeKTOpHOEe WONUPOCTPAHCTBO IpocTpamcTBa F,

nopoxkpensoe wmuoxkecrsoM H|) {a}. Tax xax B V cymectByer

CYeTHOE BCIOAY INIOTHOE MHOMecTBo, To MH 3Haem (Toum. BexT. mp-Ba,

ra. IV), uto B conpswemnom ¥ F nmpocrpamctse F' maiimerca Takas

nOCIenoBaTeIbHOCTD (a,), YTo Ais awborTo z € V mMeer MecTo paBeH-

ctBo |z | = sup | (z, ap) |/|a,|; caemoBarenbro, MHOMkeCTBO A,
n

cocroamee 3 tex x € K, B woropux |f (2) — a |<r, sABIgercs
HepecedeHMeM MHOeCTBa K M MHOKECTB, OUpeJeJeHHHX HepaBeH-
CTBaMI

[<E (x), an) — (@, an) | <7 |2n];

a HOCKOJIBKY 3TH MHOKECTBA, 10 YCIOBHUIO, MBMEPUME, TO A M3MepHMoO.

Haxomen, ormersm, 4To NpefjoeRMe 8 MO3BOJASET YTOTHUTDH
claenyolquM ofpasoM TeopeMy 3 A CiIyiad, KOTHa OPOCTPAHCTBO
F wmeTpumayemo @ KOMOAKTHO:

Ilpennosxenue 11. Ecau F ecmv mempusyemoe u Komnarxmmoe npo-
CIMPAHCME0, MO 6cakoe uamepumoe omobpaxycenue f npocmpancmeéa E
6 F' ecmv paBHOMEDpHHIL npedes (Ha BeeM E) nocaedosamervrocmu usme-
PUumMbly pasmeujeHHnr GYHKYUL.

Iycrs d osmauaer paccroaHne, colslacyomeecs: ¢ Toumojgorueil B F.
Hlaa mo6oro nenoro r HaiimeTca KoHeunoe YMCIO TAKEX TOUEK ap € F,

1
9TO 3aMKHYTHe mape By ¢ IeETpOM ap W DafHyCcoOM - o6pasyior

HOKDHTHE npocrpancTBa F'; 3HAUHT, MHOKeCTBA A ) = fl (B}) uamepu-
MH (pema. 8) u oGpasyor mokputue mpoctpancrsa E. CiemoBarenasn-
o (§ 4, n° 8, ;memma 1), cymectByer Takoe pasbucume (C;) mpocrpan-
cTBa E HA KOHEYHOE YMCIIO M3MEPHMEIX MHOMKECTB, UTO Kakaoe 3 Ap
ABisercd ofbeIUHEHNEM KoHEUHOro gmceaa MmHo:kecTB C;. O6o3HaguMm
gepes ¢; HeKoTOpyIo TOoukRy m3 C;, a uepes g, — HM3MepUMYI0 pasme-
menHylo ¢yuxnumio, pasHylo f (¢;) Ha C; (mia Kaxkgoro WHAEKca i).

Acuo, uwro d (f (x), g» (x))g—% nag scex x € E.
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6. Epumepuu unmezpupyemocmu

Teorema 5. Jas moeo umobw omobpascenue § npocmpancmea E
¢ Ganaxoéo npocmparcméo F 6uao unmezpupyemo 6 p-ii cmenenu
(1< p << + o0), neobxodumo u docmamouno, umobu § Grio usme-
pumo u umobs N, (f) 6v10 Komeuno.

Ycaosue meobrodumo: B camoM jnexe, ecam f € £%, To maitmerca
TOCIE0BATEIBHOCTD (g,) HEHPePHBHHX (YHKIMA € KOMITAKTHEIM
HOCHTEJIeM, cxofaniasgcss moutH Beoony K § (§ 3, ciemcreme 2 U3 Teope-
Mmul 3); Torma, B cmay Teopemul 2, ortoOpaxkenme f Gymer mBMepmmo.

JIlag noxasaTenbcTBA MOCTATOTHOCTH MBI IIPEIBapPHUTEIBHO YCTa-
HOBUM [IBE JIEMMEL;

JIEmma 1. Bceskoe usmepumoe muosxcecmeo, codepacawjeecs 8 uwme-
2PUpYeMOM MHOICeCBe, UHMESPUDYEMO.

B camom gene, mycth A — WaMepumoe MHO}KeCTBO, B — HHTErpH-
pyveMoe MHOmecTBO M A < B; Torjma CYIuecTBYIOT HpeHeOpesruMoe
mHomectBo N — B ¥ pasbmenme (K,) mromecrsa B()CN Ha xom-
IMaKTHEC MHOMECTBA; Takum oOpasom, A sABiIgerca o0BegUHEHUEM
npenebpesxumMoro MaEOKecTBa A (1N 1 mociefoBaTeILHOCTH WHTEIPU-
pyembix muokects A (| K, (upema. 3), cyMMa Mep KOTODHX KoHEYHA
(§ 4, mpexn. 6); orcioma caepyer, aro A wmaTerpmpyemo (§ 4, cien-
CTBHE M3 upegr. 3). .

Jiemma 2. Iycmv g — makas gynryus co snanenuamu 6 F, umo
N, (g) << 4 oo (10 ects pynrnus us Fr). To2d0a mnoaecmeo A mex
mouer x € E, 6 xomopux g (xr) 5= 0, codepacumcs 6 o6vedunenuu
RPEHEGPENCUMOZ0 MHONCECMBA U  NOCALA0BAMEALHOCIIY  KOMNAKNHBT
MHONCECTE,

B camom pene, oGosHaunMm uepes A, MHOMKecTBO TeX Touek z€ E,
1
B KOTODHIX |g (2)] > —; TOrja A Oymer o0bepmHeHRMeM MHOKECTB A,

u 6yIeT BHIOJHATHCH HEPABEHCTBO cpAn<n[g[, o'myp;d u* (4,) <
<L (nNp(2))"; smauut, A, comepwmica B ofbejuHeHNE OpeHe{pexU-
MOTO MHOKECTBA W IOCJIEIOBATEILHOCTH KOMIAKRTHHX MHOMKecTB (§ 4,
CIeNcTBAE 3 U3 TEOpeMH 4); cTamo OHTh, TO KE CaMoe CIpaBeinBO
u nasa A.
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[Tocne Toro, KaK MH [OKa3ajW STU JIEMMH, PacCMOTPHM BHAdajle
cayudait, worma I mmeer romnakmuuii mocurenn K. Cornacho cuef-
cTBHI0 1 M3 TeopeMH 3 CymECTBYeT HOCIEf0BATENBHOCTh (g,) TAKHX
H3MEPUMEIX DasMeImeHHHX (YHKOUH, dro |g, () |<|f () | B nam-
moit Touke x € E mw uro g, (¥) crpemurcs moutm Bciogy k f(z).
Ho g, npepcrasiser coboil TuHeiiHyl0 KOMOMHANMIO XapaKTepPUCTHIE-
CKUX QyHKIUII m3MePUMEIX MHOKeCTB M3 K; a Tak Kak BTH MHOKECTBA,

o jemme 1, MATETPEpYeMbl, TO g NpHHAMIGKUT £ . [[0CKOIBKY sKe
N, (f) << + oo, 10 Teopema JleGera (§ 3, teopema 6) moxaskBaer,

aro f Toxe mpumHATIEmUT L5

B ofmeMm cayZae m3 JjeMMH 2 BHTEKAeT CYIECTBOBAaHME TaKOH
nocaepoBarensaoctd (K,) KoMmaKtanx MHokecTB, uto f (r) ofpa-
aeTca B HYJAb TOYTH BCIOAY HA AONOJHEHUH 0GBeIUHEHUsA MHOKECTB
K,. O6osmauum uwepes §, ¢yuxumo, pasryo f (2) ma K, u 0 BEe ero;
f, usmepuma (upega. 7), a mockomsry |f, |<|f|, 10, B cmay yxe
RokasamHoro, f, mpumEammexar Lk. A tak Kak f (zr) paBHa mouTm
BCIORY Tpepneay mociaenopatenphocTy $ymxnmi f, (z), To teopema
Jle6era cmoba morasmBaer, uro f € £k, UYeM M 3aBepIlaeTcsa AOKa-
3aTENbCTRO.

CirefyeT OTMETHTL, UTO A0KAAbHO nperebpewcumas, HO He nperebpe-
awuman QYHKIAA He WHTETPAPYeMa; TakuM oO6pasoM, QyHKIWA, PaBHAsA
A0KAALHO nOYmMU 6ciody WHTerpApyeMoii QyHKIWH, He 06a3aHa OmrTh HHTe-
TpEpyeMoil.

Cnegcreue 1. Jfus mozo umobu. mmozcecmeo Gvlio urmezpupyemo,
Heobxo0umo u docmamouro, umobs OHO OBLO UBMEDUMO U UmeL0 KOHEU-
HYI0 BHEWHION MepY.

CaepcrBuE 2. I[Tycmo (F,) — nocaedosamesvHocnmb Monoa02ULeckuL
npocmpancms, nycmov O0as Kaxncdo20 umderca n uepes f, obosnwaueno
usmepumoe omobpascenue npocmpancmea E e F,, u nyemv f (z) =

= (fp () € F = H F.; wuakoney, nycmbv u — Henpepuieroe omobpa-
n

acenue npocmpancmea f (E) e 6anaxoso npocmpancmso G. Jlas mozo
umobu gynryus g (r) = u (f (r)) 6waa uwmeepupyema, Heobxodumo
u docmamouno, umober N, (g) << 4 oo.

HeiicTBuTensro, g wamepuma (reopema 1).
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Caepcreee 3. [us aw6oil unmeepupyemoii gynryuu £ u awboso
usmepumozo muosxcecmea A gynryua (@, unmezpupyema.

B camom geme, w3 TeopeMH 9 u ciaenctBusa 6 Teopemu 1 BHTEKaer,
aro f@, msmepuma u Ny (f,) < NV, ().

ITonomxum S fdp:S foadp pus moGoir wETerpmpyeMoir ¢yHK-
A

mun §f m noboro uamepumoro mmomectsa A. Bynem tamme pia moGoi

(xomeunoit mau Her) pynknum f> (0 BMecTO S*fcpA du nmcath S*f dp.

3amezanne. Ilycts S—mocurenr Mepnl W. Tak KAK MHOMKECTBO
CS mpemeGpexamo, 10 s moboit ¢ymxumm f dymxmma feg pasma f
HOYTH BCIOZY; CIeOBATENBHO, [ MHTerpmpyeMocru $yHknmu f meobxo-
AUMO W A0CTAaTOYHO, 4TOGH Ghna WHTErpupyema PyHRIAS fpg, m rorma

S fdp = S fdu. B wacrmocts, KoTjja S KOMIAKTHO, BCAKOE HEUpPepHIB-

Hoe orobpaskenme f mpocrpamcrsa K B F mHTerpmpyemo, Tak KaK (yHK-
nms fog mamepuma n [f@g|<a-@g, rne sepes a ofosmawena mepxHAA
rpagh ¢ynxnum |f| =a S5 opu droM mas moboil HempepuBHOH QyHKNUA g

¢ KOMHAKTHHIM HOCHTeXeM, pasmoit f ma S, umeem Sgdu:‘ fdy;
v

el
CJIE[0BATEJbHO, WHTErpak B fdp coBmamaer co smaueHmeM, HONY9eHHEIM

B pesyinbTaTe OpOAOJKeHUs, yKasauuoro B ria, III, § 3, n° 4.

7. Cayuaii abemparmusix mep

Mnr orpaEmauMcsa ciydaeM, KOTfa paccMaTpupaeMasi alCTpaKTHas Mepa [
oupefieieHa 3a/laHWeM Ha KIaHe NMOAMHOMKECTB MHOKeCTBA A aIgATHBHOH (QYHK-
IUH MHOKeCTBA A, yAoBIeTBopalomel akcnome (ME’) m3 § 4, n° 11. B atoM cayzae
uamepumoe (COOTB. JA0KaAbHO npenebpeicumoe) MHOMECTBO U3 A ompefensiercsa
KaK MHO/KeCTBO, NepecedeHHe KOTOPOTO € JIOOEIM HHTEIPHPYEMHM MHOMKECTBOM
WHTeTpUPyeMO (COOTB, upemeOpeskumo). ficHo, 9ro camo MHOMKeCTBO A uW3Me-
pHMO, 9TO W3MEPHMEE MHOKeCTBa 00pasyloT KiaH M 9To JI06oe HHTerpupyeMoe
MHOMKECTBO HM3MepPuMO.

Oro6paskenne [ MHOMKeCTB& A B wmempusyemoe NPOCTPAHCTBO F, mpuHA-
Malwmee KOHeYHOe UHCJI0 3HAYEHUIl, HA3HBAETCA UsmeDUMOL pasmelyennol Pynk-

yuel, ecnm RaAg A06oro y € F MHOKeCTBO fl(y) uamepumo. I'oBopsar, aro
orofpakenne f MHOMKeCTBA A B F uamepumo, eciu Hjis 11060r0 MHTErPAPYeMOTO
noaMHO:KecTBa A M3 A CymeCTBYeT TakasA HOCHeNOBATEILHOCTh (g,) H3MEPEMBIX
pasMelleHRHBIX QYHKIMiI cO 3HadeHusaMa B F, 410 g, (2) crpeMuIcs K f (z) Axs
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moura Beex z € X, IIpm srom oupeferennm Teopema 1 PACHpOCTPAHAETCH CPasy,
ecim OPeANoI0KATE, 9T0 Fy M G MeTpHayeMHl U 9T0 MHOMeCTR [, @MeeTcd JANIb
KOHEYHOEe YHCJHIO.

ITocae storo mpefluioikeRHWe 8 (AiA MeTPH3YeMOro IpocTpaHcrBa F) JoKa-
3HBACTCS CIHCHYIOMUM 03pazoM: nycTs K — Takoe WHTerpupyeMoe MHOKECTBO,
HAa KOTOpPOM (QYHRIUA f CIYKUT IPeEIesioM IOCHeJ0BATELHOCTH N3MEPUMHBIX pas-
MemeHunx QyERnui f,, @ nycis U — OTKPHTOe MHOKecTBO B F; mycth d —
paccroaame, coriacywmeeca ¢ Touoioruedd B F, u Uy — MHOmecTBo Tex z € F,

Jasg Koropex d (z, CU) > %; TOTIA ffP < U u U ecth oGbeuHeEAE OTKPHTHX

suomects Uy (p 2> 1). aa awboro z € K raxoro, uro f (z) € U, maiizyrca
TaK®e /{Ba MeJMBX 9ACAA 1y (2) B p (2), I10 f, (2) € Up (2) #aA » > ny (2). O1ciona

BEIBOJ[AM, 9TO €CIA NOJOMHTh G, = K [ Lg_flm (Up), To rasmpoe z € K () f (V)
m=n

Oymer OpmEANIEKATE OXHOMY m3 G,p; obpatHo, ecam Z € Gpp, TO

fm(2) € Up AIR m > n, B, clefosatelnHo, f (z) Eﬁp < U, a 2T0 NOKa3H-
Baer, uro K ] f (U) ecth obbenuueHue MEOMeCTB G,p. Ho Kaxkpoe B3 MHOMeCTB

-1
K N fm (U), Do onpepmelenulv m3MePHMHEIX PasMeIieHEHX (QYHKU®@HA, WHTErpH-

-1
pyemo; 3HAYAT, UHTETpAPYeMHl & Gy, p, a cTalo 6uTh, Tarke u K () f (U). Orciona,
TPUHAUMAsA BO BHUMAaHWE OIpefelcHUe M3MEPUMBIX MHOMKECTB, 33K/II0IaeM, 9TO

‘MHOKEeCTBO -fl(U) H3MepuMo.

JliIs nDorasarteJbcTBAa aHajora Teopems Eroposa BHAYame MOKaXKeM, YTO
Jas 1106000 MHTErpEpPyeMoro moaMmHokecrBa K — 4 u awoboro & > 0 Hadmerca
TaKkoe HETerprupyemMoe moamHOMecTBo Ky — K, uqro p (KCK;) < e @ 3gro
Ja () pasmomepno cxomurcs Ha K, K f (x); paccysieHHe OPOBOXHTCA TOYHO
TaK JKe, KaKk B TeopeMe 2, ¢ HCHOAb30oBaHHEM ToTo dakTa, uro d (fg (z), fg (7)),
‘COTJIACHO TeopeMme 1, M3MEPUMO ® 9TO, CJIENOBATEILHO, MHOMKECTBO TeX & € K,
B KoTopuXx d (fy (), f5 ()) > %, Ha OCHOBAHAM NpeJlNIOKeHHus 8, W3MepmMo.

O9TOT De3yabTAT IO3BONAET BUHIOM3MEHWUTL ONpefielleHHe H3MEPHMHX (QYHK-
1@i: ecan { m3aMepnMa, To AuaA n0GOTO WHTCTPpHpPYeMOro moamuomKecTsa K us 4
u 1100 r0 & > 0 cymecTByeT TaKoe HOTeIpHpyeMoe HouMHOKecrBo Ky < K,
aro u (KNCKy) < e u 9t0o Ba Ky QyHKuUA [ CAYIRUT pasnosmepuum Ipe eI0M
[OCJICA0BATEILHOCTA M3MEPHUMBLIX pasMelleHHHX (ynknmi. O6paruo, ecau aro
-CBOIICTBO BhLINIOJHAETCH, TO, HPHAABas € MOCIeZOBATENLHOCTH 3HA4WEHWI, CTpe-
mamuxcsg k 0, MBI OpAAEM K TOMY, 9YTO CYI(eCTBYIOT IpeHeOperREMOe MHOe-
ctB0 N < K u Taxoe pasbnenne (K,;) MEOxKecTBa K (JCN Ha M0CIEI0BATEILHOCTE
HHTeIPAPYEMBIX MHOJKECTB, 4TO HA KaKIOM X, QYHKIMA f CIyKAT paBHO-
MepHLIM IpeJ(eJoM IHOCIeN0BATeIBHOCTH (fmp)meN HBMEPHMEIX DPASMEMEHHEIX

Qyurnuit,. Ecnm ofo3HaunTh depes g, WIMEPNMYI0 PA3MEIEHHYI0 (QYHKIHIO,
paBHy f,n Ha Kp, gaa 1 < h < n A4 HeKOTOpOMY (HKCAPOBAHHOMY JJIeMEH-
Ty b € F na ponomiennu obvenmuennsa muomecTB Kp (1 < h < n), To f pasma
modTn Belofly Ha K mpelely HOCHeXOBAaTENbLIOCTH H3MEPHUMBIX pPasMeleHHEX
JyBKUME g, m, sHAYAT, M3MepUMA,
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Tenepb MOMKHO 33BePINATH 0KAa3aTeJILCTBO TEOPEMEl, COOTBETCTBYIOMEH Teo-
peMe 2; pacho0KIM HHICKCH ¢ B HEKOTOPYIO MOCACNOBATENLHOCTD () B KAsKI0-
My MHIEKCY m COIOCTABIM TaKoe MHTerpHpyeMoe MHOKecTBO H,,, 910 Hy < K,

u (KiﬂCHm)\<\§% 4 910 (YHKOWA fu,, ABIAeTCs Ha H,,, PaBHOMEDHEM Ipe-

JelI0M WAMEPAMHX PasMeN[eHHHX (ynrmmi. Ecim X, — Iepecegedne MHOKECTB
Hp,, 10 K, nuamepumo, u (K;CK,) < & 1 Ha K, KakIasg QYHKUHA f, CAYKAT
PaBHOMEDHBIM DpefesOM HM3MEDWMEX pasMelleHHHX (YHKIUH; OTCIONa Ciaelyer,
ato HA K, QyHKNUA f ABIAETCA PaBHOMEDHLIM IpeReJOM H3MEPHMBIX pasMe-
IMeHHHNX QYHKuMA, YeM A0Ka3aHo, 4T0 /| M3MepuMma.

Teopema 3 MoKeT CiyKUTh onrpelesieHHEM; NOKA3aTEILCTRO €€ CIeqcTBHA 1
NoJydaercsa Jerxo, ecld IPUHATE BO BHUMAaHWe BUOM3MeHeHHOE BHINE onpe-
HeleHme WaMepuUMHIX ¢ynKnmit. JloKasaTelbCTBO TeopeMs 4 HepeHOCHTCA
JAOIE € OJHNM W3MeHEeHHWeM, COCTOAIMUM B 3aMeHe (HMHTErPUDPYEMHIHY Ha «KOM-
TMaKTHLII.

Haxonmen, Ges Tpyna yOe:kmaeMcs B TOM, 9TO HJs PacupoCTPAaHEHAA HOKa-
3aTeJLCTBA TEOPEMEl O JOCTaTOYHO II0KA3aTh, ITO BCAKOE MHOMKECTBO M romeurnoil
BHeIIHeH MepH colepKATCH B HMHTerpEpyeMoM MHO)ecTBe. Ho, mo yciosmio,
Pp << SUp g, TRe (8n) — BO3pACTAIOmMAA IOCIENOBATEIBPHOCTh TAKMX MHTErPU-

n

PyeMBIX pa3MemeHHHX (YHKUHA, 9T0 sup p (g,) << | oo; ecam K, ectb HHTe-
n

rpAPYEeMOe MHOMKECTBO TeX Z, B KOTODHX g, () 2> 1, 10 M copepsuatca B o0be-
AuHernn K BoapacTalomeil NOCIAEH0BATEILHOCTE MEOMKECTB K, a TaK Kak Qg, <

< gn, T0 K muterpupyemo (§ 4, mpeza. 8).

Yuoupamnuaernunsa. °l) IIyers I — moayoTskpsiTeil HETEPBAI] @, b)
3 R, u myets F = RI — mpocrpancetso Beex oro0paskennit nutepsaia [
B R, HajeneHHOe TONOJIOrMel IIPOCTOHl CXORUMOCTH; AAA Jwboro z €1
aepes f (z) obosmaguM orobpaskeHme t — |z — ¢ | mutepBana I B R,
ABJIAMEECH 3IEMEHTOM LpocTpaHcrsa F; orobpaxenue f murepsama [
8 F menpepusro. Iloxasats, wro ¢ymruumsa f nuddepernupyema caesa
B Kamoil Touke ma I, HO 4To ee Jenas npomssomHas fy Gymer dymxutmeit
(co 3mauenusaMu B F), He M3MePHMOH OoTHOCHTerbHO MepH JleGera, xoTs
oHAa Oyfier CIyKATH MPOCTHM IIpeflelIOM IT0CIef0BATeIbHOCTH HepPe PHBHBIX
QYHRUEA ¥ AAa Rekmoro t €] GyHRmmA prgo fz Gymer uamepumoil
YUCJIOBOH QYHKIMEeH (3aMETHTH, 9TO fz me 6yner HempepHBHA cIpaBa HH
B oftHO# Touxe M3 I, m npuMenuts yunp. 1 u3 «O6me# Tom.», ra. IV, § 2).

°2) Mycts p — mepa JleGera va E = [0, 1] u (H,) — pasbueHue
uHTepRaza £ Ha 0eCKOHEUHYI0 IOCIeXOBATEIHLHOCThH MHOECTB MOIHOCTH
KONTHHYYMa, HHE OfHO U3 KOTOPHIX HE ABIAETCSH HA3MEPHMEIM U KOTODHIe
00a1al0T TEeM CBOHCTBOM, 4ro AJaA I0oro obbegmuenus H KoHeuHOro
ymcia MHO)KeCTB H, cOpaBe[JiNBO PaBeHCTBO Wy () = 0 (§ 4, yop. 8).
Ilycts, nmamee, 0, — B3aHMHO OfHO3HAZHOE OTOOpaskemme WHTEpPBALA

] n_——:—l , %] Ha H,. Ilycrs ana aoboro gmciaa y, yAOBIETBOPANIEro
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1
yemosuam 0 << y < 1, uepe3 n 0003HAYEHO TAKOE 1(JI0€ YACHO, ITO —— | <

<y<—i—. Onpenennm f, KaK XapaKTepHCTHIECKYID (YHKIHIO CBOJs~

mEerocst K TOIKe MHOMECTBA O, (y); XAaa awboro z € £ u npu y, crpems-
memca K 0, ynxnusa f, (z) crpemurea K 0. Iloxasath, 9T0 He CYyIMeCTByeT
HA ONHOI0 TAKOTO KOMIAKTHOIO MHOMecTBAa K < E cTpOro moloKH-
TenpbHOH MepH, 4ro f, papHOoMepHo cTpemmtTca k 0 ma K.

3) IIycrs  (fma) — MBoiHAA IOCIENOBATEILHOCTE W3MEPHMEIX OTO-
OpaskeHuil mpocTpaHcTBa K B MeTpuUayemMoe IpocTpaHcTBO F. Iomycrum,
9T0 Hpu AI060M m TOCIEeR0BaTENLHOCTS (fmn)pzq CXOQMTCA JOKANLHO TOYTH
BCIONY K QYHKUIAX g, W 9TO IOCIENOBATEALHOCTE (Zn,) CXOMHTCS JIOKAJILHO
mouaru BCIOAy K Qyuxnum k. IToxasarh, 49T0 AJA JI000r0 KOMIIAKTHOIO
mogMHOKecTBa K w3 E HafMyTcsa Takde ABe CTPOTO BO3pAacTAloOIue MOCIe-
TOBATEIBHOCTH (my) U (nry) LEIHX FHCET, YTO IIOCAEN0BATEILHOCT: QYHK-
UHl my,nj CXONUTCA MOYTH BCIOAY Ha K K h (3aMeTHTB, IT0 AAs Ji06oro
€ >0 cymecTByer Takoe KOMIaKTHoe MHokecTBo K; < K, uro
p (KNCK) < e nuwro Ha K; NOCIeN0BaTelALHOCT: (g,) W Karkmad u3
mOCJIefA0BATeIbHOCTEH (f1n,) DPAaBHOMEPHO CXOTHTCH).

°4) Mycrs pas moGoro neaoro n > 1 f, (2) = [2%2] — 2 [27-1g],
IIycrs, paiee, B KOMIAKTHOM UpPOCTpaHCTBe oTobOpakenwmit upsmoii R
B {0, 1} (mamenemHoM Tomojormedl mpocroif cxommmoctH) Fepes f o6o-
3HaTeHO npellelbHOe 3HAYEHBme IIOCIAeOBaTeNLHOCTH (f,). Ilokasars, dro
i A1000ro IBOMYHO-PANMOHANLHOIO 9UCIA I PABEHCTBO f(r z) =
= f (z) copasemamso Axs JaoGoro z € R, a pamsemcrBo f(r— z)=
=1 — f(2) — gaa aoboro z € R, ornmgHOTO OT [ BOMYHO-PANAOHAIL-
HOYO 9HCIa. BrBecTn oTciona, 970 QYHKIUs [ He H3MepUAMa OTHOCHTEILHO
mepnl JleGera p. (Paccy:xmaTs oT mpoTuBHOro; 0603HaYdB 4Yepes A MHO-
secrBo Tex z € [0, 1], B KoTopeix f(z) = 1, gomyctum, 910 4 W3Me-
pumo u p (4) = o > 0; moxasarth, 4TO CYIECTBYeT TaK0€ MHOMeCTBO I,
OpefcraBiasoomee co0oil o0'befUHEHNe KOHEIHOTO WACIA ompm*rmx AHTEP-

BazoB m3 J0, 1[, aro p (J(NC4) < T a u(ANCH L 4 ; B3SB WHTEp-
k1

BaJbl, cofiep:Ramuecsa B/ ¥ mMeIOmue BUT ] 2—’% T [ , IOKa3aTh, 4TO
IJA ABOMYHO-PANMOHAIBHOTO I ¥ He [BOMYHO-PALNOHAILHOTO Z He Oymer
BBHITOJTHATLCA COOTHomeHme f (r — z) =1 — f (x).)

5) Ilycry £ — matepraa [0, 1] ua R u F — ruan6eproso mpocrpan-
CTBO, HMeIOmee OPTOHOPMHUPOBAHHHI Oasuc (et)o< t<1» DABHOMOIIHKII
murepBany K. Ilorasarb, uTo oroGpaskenme { wmrepsana E B F, o6iaa-
Iaoomee TeM cnoiictBoM, uto f (f) = e; maa 0 < t < 1, He usMepaEMO
OTHOCHUTEeJHLHO MepH JleGera, HO aT0 npoobpas npu orobpaskennn £ Bearoro
3aMKHYTOr0 mapa uz F uaMepum.

°6) Hycth F — GaHax0BO MNPOCTPAHCTRO W f — TaKoe H3MepHMOe
otobpaxkenme mpocrpancrea £ B F, aro MuOMecTtBo A Tex z € E, B Koro-
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pux f (2) = 0, aBasAerca c4eTHHM O0beAWHEHHEM WHTETPAPYEMBIX MHO-
mecrs. Ilokaszars, 9TO CyImeCTByeT TaKas mocaenosatenbnocrth (f,) mempe-
PHBHLIX QYHKUMA C KOMIIAKTHHIM HOCHTEJ]EM, OPUHAMAIOMEX 3HAYCHWSA
B ¥, uto mocaemosarensHocts (f, (z)) cxomurca k f (x) moarm scwopy Ha
E (3ameruTh, 4T0, ¢ OXHON CTOPOHH, A ecTh o0BeflHHEHHe TPeHeOpeKH-
MOro MHOMKecTBa N ¥ HOCJIEAOBATeILHOCTH KOMIAKTHHX MHOMeCTB K,
nonapuao 6e3 o6mu@x TOUeK, 00MAXAOIMUX TeM CBOHCTBOM, 4TO CYMEHHS
¢yuxnun f Ha Kakmoe m3 K, HempepniBHO; 2 ¢ APYroii CTOPOEH, cyme-
crByeT yOnmBalomas mocaefoBarenrbHocTh (U,) OTKPHITHX MHOMKECTB,
cofepxamux A u Taxux, uro p (U,(N1C4) crpemurca k 0 opu mHeorpa-
HU9EHHOM BO3PACTAHHW n; M, HAKOHeI, IpAMeHAT: ymp. 11 m3 «OGmei
TomL.», Tia. X, § 3).

7) Oycrs f — mamepumoe oroGpaxeHue mpocrpamcrsa £ B OaHa-
X0BO IpoctpanHcTBOo F. I{ast 11060T0 1€N0TO (IOIO0KUTENLHOTO AW OTPH-
IaTEILHOI0) PANMOHAJIBHOIO n 4epe3 A, 0003HAYUM MHOMKECTBO TeX
z € E, B xoropux 2" > | f (2) | > 2""1. Jlua toro wrobu ¢ymxuua §
OblJla MHTErpupyeMa, HeoOXO[UMO H JOCTAaTO4YHO, ITOOH DAL ¢ obmum
qrenoM 2™p (4,) (n € Z) cxommiacsa.

°8) Mycts (f,) — wocaeZoBaTeNbHOCT, HHTEIpHPYEMHX (YHKUWA Ha
E, cxonsmasnca npocro Ha E k ¢ymxuuum f.

a) IToxasars, aro ecam f mHTerpupyemMa u eciu

Q, fdp,:iinolo andy.,

10 maa Jaoboro & >0 HafgyTcAa TaKoe HHTETPHEPYyeMoe MHOMECTRO A,
TaKas mETerpupyeMas PyHKums g >0 H TaKoe melaoe rg, ITO Ipm J0OOM

g fncpcA dul<<en £, (z) | < g(x) nua Bcex x € A (paccMoTpPeTh

& .
TaKOe HHTerpUpPyeMOe MHOKecTBO B, dTo S [flocs dp<7 u uro f

n> ng

orpaHm4eHa Ha B, @ mpuMeHHTHL TeopeMy Eroposa).
b) Monyctum, aro pgus ndnoboro &€ >0 cymecTByeT Takoe H3MePHMOe
MHOeCTBO A, Takas mHTerpupyemas GymKnus g >0 U TaKoe Hexoe ng,

uro npm a06oM n > ng S [in | pcadu<e u |fn (2)| < g (2) Ana Beex

z € A. TlokasaTs, 9T0 mpm 9TuX ycaoenax f mnterpupyema m gro f, crpe-
marcs ¥ f B opocrpamcree L1. U obpatHo.
c) Ipegnonosxum, at0 F = R; HOCTPoUTH, HPHEMEPH, B KOTOPHX yCJO-
BHUA a) He OB OBl FOCTATOYHHIMH, 8 YCIOBHA b) — HeOOXONEMHIMHA A
’ Y
uHTerpapyemocrd $yHrmun £ m gas roro, 4ToGm S fdp= lim \ £, du.

n—>00 v
°9) ITycrs pw—mnoxokurensuas mepa Ha E. IToxasars, 9TO ecau MHO-
JHECTBO A M3MepuMOo, T0 [ «iobozo MOTMHOKecTBa B (C £ BHIOJHAETCA

PaBEHCTBO
p*(B)=p*(B N 4)+p* (B C4A)
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(B caygae pu* (B) << - o paccMoTperh TaKOe HHTeTpApyeMoe MHO;e-
cTBO By, 9T0 B < B m p* (B) = 1 (By) (§ 4, yup. 7b))). OGparno, moka-
3aTh, UTO €CJIH MHOKeCTBO A YAOBJIeTBOpsAET 3TOMY YCIOBHIO, TO OHO
m3mepuMo (cp. § 4, yup. 6e)).

10) IIycrs (4,) — TakaA TOCIKeNOBATEJIBHOCTh NOJIMHOMeECTB n3 E,
9TO0 [N KOKAOro MHAEKCA n CYHIeCTBYeT H3MEPHMOe MHOMecTBO B, D A,,
IprIeM MHOKeCTBa B, He MMeKWT nomapHo o6mux ToueK. Ilokazarth, uTo

H*(thAn):-z H*(An) n ”*(9‘47’):2”* (4p).

11) IHyers p — HomoxuTedbHast Mepa Ha K. OnpefleseHHas Ha E
(Kome4uHasa miam HeT) UACHOBasA QYHKIUA [/ HA3HIBACTCH K8A3UURMeEZpUpYye-
#oii, ecin oHa m3MepuMa m eca:m p* (f) = p, (f) (§ 4, yop. 5). B srom
ciygae mnomaraioT W (f) = p* (f) = pg (f); Bmecro p (f) nmmyr eme

S f dp.

a) IHoxazarh, 910 eciiEm [ W g KBAaZUMHTETPUPYEMH M eCIH CYMMa
i (f) + p (g) oupenenena, To GyEKuMA f - g ompeliesieHa IOITH BCIOAY,
KBaguuHTerpupyemMa u u (f + g) = p (f) + 1 (g).

b) BmBects m3 a), wT0o Aja TOro, 4roGH f GhUIa KBAZMMHTETPHDYe-
Moii, HeoGXOmuMO M [0CTATOYHO, 4TOOH f Gbiia maMepuma # g9ro6H To
Kpaiineii mepe ofiHo M3 wmcea u* (ff) m p* (f7) OHIO KOHEUHO; TOTH2
B = p* () — p* ().

°12) Hycrs E — KOMIIaKTHOE IPOCTPAHCTBO K |\ — HOJOMKHTENbHASE
umepa Ha E. I'oBopsar, uro orpanudennas Ha E aumcioBaa QYHKUUA [ HeOpe-
PHBHA TOYTH. BCIOAY (OTHOCHTeJLHO MeDH W) Ha E, ecaHm JonojHeHHe
MHOjKecTBa ToUek m3 E, B KoTophix f HempepmBHa (oTHocureabuo E),
HMeeT Mepy HyJIb.

a) VkasaTh UpmMep TaKoi HeNpePHBHOK Nournm BCiofly $yaxmmna f,
I KOTODPOHl He CymecTByeT HH OffHOH HempepHIBHOI (YyHKumm g, pas-
HOH [ moguTH BCIOAY.

b) HomyctuM, 910 HOCHTeNb MepH | coBumafaer ¢ E. Iloxasars, uro
JJIst TOTO, YTOGH orpaHMueHHas Ha E ducioBag $yHKpua f Obia NOYTH
BCIOlY paBHa (YHKOWH, HeOPepHIBHOH mouru BCIOAY Ha E, HeoGXoammo
M JOCTATOYHO, 4TOGH CYyNleCTBOBANO WOfMHOMKecrBo H m3 E, mMelomee
mpene0peskuMoOe JIONOJHeHNe W TaKoe, 9T0 CyXeHme fry OyHkumnm f Ha H
HeIIpepHBHO (AJaA JOKa3aTeJhCTBA JOCTATOTHOCTH 3aMEeTHTH, aTo H Beooay
mwiorHo B E m 9r0 npofo/sKeHne QyHKuum fy Ha E, moayHenmpephIBHOe
cuuzy ua E (O6masn tou., ra. IV, § 6, upema. 4), ABiusgeTcs HellpephIBHON
(otHocuTensHo E) $yuknmeil B Kamuoil Touxe m3 H; BmBecTH orciofa,
49T0 f M3MEpHMa).

¢} BeBectn u3 b), uro ecam E, Kpome TOTro, mempuayemo, TO LI
n060it orpammueHHOil $YHKuMH f, TOITH BCIOAY DPaBHOH HempepHBHOH
noutn Beiofly Ha E QyHKum®, CymeCTByeT TOCIef0BaTeNBHOCTS (f,) Hempe-
pHBHHX Ha E ¢ynkumii, cxofsAamasca B kawmdoil TodKe N3 F u mMmemomasn
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mpefies, TOYTH BCIOAY DaBHEIL f (¢p. § 4, yump. 4c)) (3aMeruTb, 9T0 mpep-
JIOKEHMe CHpPaBe/lLINBO AJiA HOJYHENpepHBHOH cHu3y QyHKumm f).

d) Hycts A — coBeplieHHOe MHOMKECTBO (e3d BHYTPEHHHX TOYeK,
cofiep:xameecas B E u mMelmee CTPOTO HOJOKHUTENbHYI0 Mepy (cp. § 4,
yup. 4a)). IloxazaThb, 970 He CyIIeCTByeT HH OJHOH HEHPEPHBHOI HOYTH
Bciofly Ha E (yHKIMH, NOYTH BCIOAY PaBHOH IOJYHEUpepHIBHOH CBePXY
dynEuma Q4.

°13) Ilycrs E —KOMOAaKTHOE NPOCTPAHCTBO H ) — HOJOKHTEILHAS
mepa Ha E. I'oBopAT, uro MHOMKecTBO J° KOHeUHHX pasbuenuil mpocTpan-
crBa E Ha MATeIPHpyeMbie MHOMeCTBA, (UILTPYIMMECA OO OTHOMEHHIG
«® MeHee MEJIKOe, 9eM ©'», Pyrdamenmasvio, oCIU TS BCAKOTO OKPy~
JKeHHA V PaBHOMEDHOH CTPyKTypH IpocrpaHcTBa E cymecTsyeT pasbue-
nue o= (A;) npocrpancrBa FE, npuHamiexamee J° m Tawoe, 9To BCe A;
Mann nopsfAka V. JlaA BCAKOro KOHeYHOro pasdmenmsa = (Ap), npn-
mafiexkamero J°, @ mo6oil orpammvennoii Ha E umcnosoil Qymxnum f

nomosmmM s (f)= D inf f@-p(dn) 1 S, h=2\ sup f (z)-p (48)
- h X3A4p E XEAp

(«puMaHOBH CymMmbiy mas ¢yHknun f m pasbuennms o).
a) Iloxazats, 710 sy (f) <Tps () < p* () << S, (f) Ana nwGoro pas-

Ouenna P m w910 H 5o () m S (f) crpemares x mpefiery mo ymopsmo-

9eHHOMY QHILTPYIOMEMYCSI MHOMeCTBY .

b) Ioxasars, 910 ecim P ectb (PyHAamMeHTANLHOE) MHOKECTBO écexr
KOHEeYHHX pasbmennii mpocrpancrsa E, COCTOAMEX W3 WHTEIPHPYeMEX
MHOMECTB, TO /us 0ol wuHTerpupyeMoii orpanmdeHHoii $yHxumm f

a

cymmu s, (f) m 8 (f) crpemarca x 5 f dp wo mHOMECTBY JP.
c) Ecin f —orpannuennas ¢yHKHA, HenpepPHIBHAA TOITH BCIOAY Ha F,
o s, (f) B S, (f) crpemarca Sfdu no wobomy QPyHFAMEHTAILHOMY

MHOKeCTBY J° KoHeuHHX pa3bmeHuit mpocrpancTsa E Ha MHTEI PHPYeMEIe
MuoMecTsa (gias aoboro € >0 paccMOoTpers SaMKHyTO€ MHOKECTBO
A ToueK, B KoTopwx KoseGanme QyuKumu f OONpiie Wiy PABHO €, U AJA
BCAKoro pasdumenms J°, MHOKeCTBA KOTOPOro Maukl mopsaika V, paccmo-
TPeTH OT/eJHPHO T€ MHOMKeCTBA K3 (), KOTODHe mepecexawTca c V (A),
u Te, KoTopwie He mepecekxatorcs). Iloxasars, uro eciam f orpammuena

u NmoJNyHenpepeHIBHA CHm3y Ha FE, To s, (f) crpemMaTca K S fdp mo swbomy

$yHIaMEHTATLHOMY MHOMKECTBY J° KOHeWHHIX DasbneHmil mpoctpancrea E
Ha MHATErpUpPyeMbie MHOKeCTBA (IpeHCTaBHTH f KAK BEPXHIOO OrAaiomyio
HeTPePHBHEIX (yHKIul).

d) MuoxectBo A — E wua3uBaeTca keadpupyembvim (OTHOCHTEIBHO
B), ecIm ero xapaKrepucrmdecKasd (YHKIHA HeupepHBHA TOYTH BCIONY
IIH, 9T0 CBOZUTCA K TOMY e, eCIH ero rpaHmia p-upeneGpeskuma. Iloxa-
3aTh, YTO BCAKAsA TOUKA zy € E ofnanaer QynsaMeHTanbHOll cmcTeMoi
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KBafpUPYeMbiX OTKDHITEHIX OKpecTHOCTed (mis Jao0Gof oxpecrsoctm V
TOUKH z; Uepe3 f 0003HAIMTHL HONPEPHBHYI (YHKHHIO CO 3HAYCHIAMH
B [0, 1], paBsaymo 1 B Toake z; u 0 Ha CV; paccMoTpers MHOMECTBO Tex z,
B KOTOPHX f (z) > o fua 0 << o << 1). BeiBecrn orciofa, 9T0 CymecTByer
TaKoe (yHFaMeHTaJbHOe MHOKeCTBO KOHEYHHIX pasCueHuil upocTpas-
cTBa F, 4ro Besxoe pasGuenme @ € J° COCTOMT HMB OTKDHITHIX M H3 Tpe-
HeGPeRIMBIX MHOKECTB.

e) Hycts 9° — raroe (yHmaMeHTATHHOE MHOMKEOCTBO KOHEUHHX pas-
Omennmii mpocrpaHctBa E Ha HHTerpupyeMble MHOKeCTBa, 4TO BCAKOe
pasbmenme © € P COCTONT U3 OTKDHTHX B U3 TPeHeOPesKUMEIX MHOMKECTB.
Jus xwo6oit orpanmaendoii Ha E QyHKnuu f gepes ¢ oGosHAUMM HanGOIL-
Iy u3 QYHKIMIH, TONyHeTPePHBHEIX CHEBY Ha E U He UpeBOCXOmAmMux f
(O6mas rom., tiu. IV, § 6, mpemu. 4); HoKazarhb, 9To0 i J0GOT0 pazbue-
HHS @ € P 5, (f) = s, (g). Brectn orcrofia, I10 Aus Toro, 4ToGH s (f)

u S, (f) CTpeMIIHCE K Of(HOMY M TOMY jKe Tpefexy mo J°, HeoGXommMmo,

qr00K f OBLIa HempepHIBHA ITOYTH Beiofy Ha E.

{) BriBects m3 ¢) mpumep TaKoii npeHeOpeXUMON PyHKIME f K TAKOTO
(PyHTaMeHTaJIbHOTO MHOMecTBa J° KOHeYHHX pasbuenmii npocrpanctsa K
Ha HATeTPHDPYeMEle MHOKECTBA, IT0 5, (f) ¥ Sm (f) He cTpemaTCa K OFHOMY
¥ TOMy ke mpepmeny mo J° (B3aTh B KadectBe E mHTepBax [0, 1] m3 R,
a B KauecTBe W — Mepy JleGera).

°14) Ilycre K — rakoe JNOKAJIbHO KOMIAKTHOE UPOCTPAHCTBO, 4TO
B E 3aMHKaHMe J0OGOr0 OTHOCHTENBHO KOMIOAKTHOTO OTKPHITOTO MHOMe-
CTBAa CHOBA fABJAETCH OTKPHITHIM MHOKECTBOM (CMmoyH060 TPOCTPAHCTBO;
cp. rm. 11, § 1, yap. 13); nycrs p — Mepa Ha E ¢ HoCHTeseM, COBIAfialo-
muM ¢ E, u Takas, 910 BCAKaA HHTeTpHpyeMas OIrpaHuYenHas Ha E gucio-
pasg (QYHKIMA SKBHBAJICHTHA HempephBHO# ¢yHKumm (§ 4, ymp. 10).

a) IloxasaTs, a0 B E BCAKOe HHTJE HE IJIOTHOE MHOKeCTBO N Jo-
KaJbHO UpPeHeGPeKEMO (XA BCAKOr0 KOMIAKTHOTO MuoectBa K pac-
CMOTpeTh HETPePHBHYI (YHKNHI0, BKBABANEHTHYIO @ AN

b) Ilycrs f — (xoHewHag niam OeCKoHeYHAdA) H3MepHMasg YHCIOBasg
$ynxuua wa E, ¥ nycrs g — HauGouasmaa u3 $YHKIuiA, DOayHEUIpepHB-
HHX cHu3y Ha E u ne npesocxoupAmux f. Iloxazars, 9T0 f ¥ g paBHE MCIKIY
coGoil JOKaJIhHO TmOYTH BCIOAY (3aMeTHTh, 9TO €CIH Cy)KeHme QyHKnu# f
HA KOMOAKTHOe MHOMecTBO K HEIPepHBHO, TO f B g paBHH MeXAY coGoi
Buyrpn K, H UpUMEHHTH a)).

¢) BriBectu m3 b), uro B E BCAKOe JIOKAJHHO IpeHEGPEKAMOE OTHO-
CHTEJIHHO |\ MHOKECTBO sIBIAETCS HUTKE He IUIOTHEIM MHOKeCTBOM. B gacr-
HOCTH, BCAKoe Tomee B E MHOMecTBO OyfeT HHrfle He MJOTHBIM.

15) IIycts p — moaoKHUTeNbHAA Mepa Ha JIOKAJBHO KOMUAKTHOM
mpoctpauctBe E, m mycts [ — m3MepuMoe oro0pajkenue mpocTpancrBa E
B MeTpmayemoe ToyHoe npocrpanctBo F. Jlaa rtoro 4roGer ¢yHKmma f
MOria Ha KOMOAKTHOM MHO;kecTBe K u3 E GHTb paBHOMEPHO TPHOJIIKeHA
U3MEPHMBIMI Pa3MeIMeHHKMH (YHKIUAME, Heo0XOQuMO M JIOCTATOYHO,
q9roGH MHOMecTBO f (K) GHUIO OTHOCHTENHHO KOMIAKTHO B F.
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16) Ilycts FE — KOMIOAKTHOe NPOCTPAHCTBO, L — HOJORUTENhHAA
Mepa Ha £ u (f,) — TOCIEHOBATENHHOCTh KOHEYHBIX W-H3MEPHMEIX 9HC-
goBex $yuknui. [Toxazats, UTO cHeZylOIme CBOMCTBA BSKBHBAJECHTHH:

1° cymecTByeT mOJANOCIEeNOBATEIBHOCTD (fnk) noclefoBaTeJbHOCTH (fr,),

crpeMamanca K O mouT: Belofy Ha E;

2° cymecTBYeT TaKad MOCHeZOBATENBHOCTH (A;) KOHEUHEIX HEHCTBH-

TeJdBbHHX yHced, ar0 limsup |[A,|>0 m wro pag ¢ obmmM wireHOM
n—»o0o

Anfn () cxoguTcsa nouatn Bclopy Ha K,
3° cymecTByeT TaKas MOCIeQOBATeNbHOCTH (A,) KOHEIHHIX jeHdcTBH-

o0
TeJBHEIX THCEN, UTO 2 |Apl=-4o00 m w10 psg ¢ oOmuM wWieHOM
n=1
Anfa () abconroTO cXOmETCA TmouTH BCIOXY Ha E.
(UtoGn morasath, 910 1° Bieder 2° m 3°, BOCHOJNB3OBATHCA TEOPEMOIl
Eroposa. Uro0si mokasars, 9ro u3 3° cregyer 1°, ycranosurh, uro 3°
BJIEUeT CYIeCTBOBAHHE TAKOH BOZpacTalomeil IOCTexoBaTedbHOCTH (Ap)

H3MEPEMBIX [HOAMHOMKecTB u3 E W rakoll mopmocie/[oBaTeibHOCTH (f"h)

gocaenoBateasHocT  (fn), 910 W (4r) crpemutTcs K p(E) ® 9o

S |fnhq>Ah|dp crpemuTca K 0.)

§ 6. HepaBencrsa BrIDyKIOCTH

1. Teopema o 8vIRYKAOCTIU

Treovems 1. [Tycmoe F —6anazxoso npocmparncmso, D — guinykaoe
samrnymoe mroxcecmeo 6 F u f—makas usmepumas Pynryus, wmo
f(EyYc D. Jaa ecaroli urnmezpupyemoli wucaogoli gynkyuu g >0,
ne npenedpeyncumoti u makoi, wmo Gynkyus g unmezpupyema,

\ fgdp ,
moura ~———— npunadaencum D.
\ gdp

B camom pgeme, mycth F'—conpsikeHHoe K F 1pocTpaHCTBO
u (z, a')<a (@' €F’', a€R)—coorromlenne, onpenenAomee 3amKHY-
moe noaynpocmparncmeo, cogepsamee D. Ilockonbxky fg wunterpu-
pyema, TO mHTerpupyeMa m umciobas ¢ymkmua (fg, a'y=(f, a') g

u g (g, a')dp:<§J fgdy, a'> (§ 4, cuencreme 1 u3 Teopemm 1),

Ho, uo ycaopuo, (f(z), a’)<a pmas Beex z€E, u 3Hauur,
15 H. BypGarn
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(f(z) g (x), a’") < ag (z); MHTETPUPYHA 5TO HEPABEHCTBO, NONYIaeM

/ S du. a’N<al

4 fg I, a/<\a3 g du.

| f2dp
ITO COOTHOLIeHHe NOKA3HBAET, 4TO TOTKA S_S—T MPUHAICHKHT
gap
aro0oMy B3aMEHYTOMY IIOAYINPOCTPAHCTBY, comepxamemy D; o,
coriacHo Teopeme Xanma — bamaxa, D sApiagercsa mepecedenueM comep-
JKAIMUX ero 3aMKHYTHX Hoxympocrpancrs (Toum. Bewr. mp-Ba, ru. II),
OTKYy/a W CjiegyeT TeopeMa.

Caenacreue. Ecau mepa p umeem obwyio maccy, pasuyio 1, u ecau
dynryus § unmeepupyema, mo Sf dp  npunadaencum 3samkrHymoi

svinykA0l oGoroure muoxncecmsa § (E) 6 F.

HocraTouHo B3ATH B KadecTBe g IIOCTOAHHYIO, paBHyio 1.

2. Hepasencmeo o cpednenm

Mu yrounmm TeopemMy 1 miAA uU3MEPHMHX YucA08ur (YHKIHI
(KOHEUHBIX WM HET).

Ourenenenut 1. Ecau sadana (KoHeunas usl Hem) wucaosas @yrk-
yusa f, onpedencnnas noumu ecwdy na E, mo makcumymorm no mepe
UAU P-MAECUMYMOM (COOTB. MUHUMYMOM RO MEPE UAU W-MUKUMYMOM)
Ppynryun f nasusaemcs u obosnawaemcs ueped Mo (f) (cooTB. Mo (f))
HUXCHAs (COOTB. 8ePIHAA) 2DAHbL MHOMCECEA Mer wuces o, 048 KOmo-
puxr f{(z)<a (coors. f(x)>a) aokarvro nowmu scwdy (omuocu-

meavho ).

W3 ompegeneHns cpasy ke BHTEKAeT, 4T0 Mo () = — Mo (— f),
H, 3HAYHAT, U3 BCAKOTO CBOHMCTBA MAKCHMyMa II0 Mepe BHITEKaeT COOT-
BETCTBYIONNEE CBOMCTBO MHUHHUMyMAa IO Mepe.

Iaa awboro o > M« (f) mmomectBo Tex z € E, B KOTODHEX
f {(x) > o, noranbpHO IpeHeOpe:kMMO; HO MHOMxecTBo Tex € E,
B KoTopHX [ (2> M« (f), siBiasieTcsi o0beguHeHMeM MHOKECTB, Ha
Kotopux f (x) > r,, Korma r, mpoberaer MHOKECTBO PaUHOHAIBHEIX
upces, npepocxoasmux Mo (f); caegosarenbmo, [ (2) < Mo (f)
AoKaabHo moutH Beropy (§9, n° 2). Toumo tax ke f (r) > Mo (f)
JOKAJbHO MOYTH BCIOXY; OTCIOKA BHITEKAET, ITO Mo (f) < Mo (f),



2 HEPABEHCTBA BBIITYKIOCTH 227

ecau Mepa p He HyJeBas; IPH 3TOM COOTHOIIEHHE M (f) = Mo (f)
PaBHOCHIBHO TOMY, 9TO | MLOKAAbHO ROYMU 6CI08Y pasHA NOCMOSHHOL.
flcHO, YTO ecim Mepa W He HyJeBas, TO

inf f(z) <Moo (f) < Mo () < sup f ().
xEE x€E

Ecin pee $yHKIuMm f B g JOKAIBLHO IOYTH BCIOLY PABHH, TO
Moo (f) = Men (8) U Moo (f) = M (g).

Haxonen, eciun f u g—rakue gee pyarumu, 10 f-}- g oupemeseHa
JAOKAJHHO TOYTH BCIOAY, TO W3 oupegeneHnsa | cpasy moxygaeM, 9TO

Mo (f48) < Mx (f) +Mx(g), (1)

ecM IpaBasA IacTh ONpefesieHa; TOTHO TaK 3Ke, ecau o0e pyHROMHA fu g
MO OKUTENABHE I TAKOBH, 9TO fg OIIPeeIeHa IOKAIbHO IOYTH BCIOXY, TO

Mo (f8) < Mo (f) M (g), (2)

eciy TpaBas 9IacTh OUpPeHeieHa.

Ecmu Mo (f) << 4 o0, 10 f (r) << - o0 I0OKaNbHO MOYTHE BCIOAY,
HO He 00f3aTeqbHO N0YTH BCIOAY. ['oBOpAT, 9To YucuoBad QyEKIusA f
02DAHUYEHA No Mepe (OTHOCHTENHHO MEDPH J), ecIM OHa oOmpe-
HejdeHa W KOHEYHA TOYTH BCIOAY M eCAU NPH 9TOM KOHeUHH o00a uu-
Cia Mo (f) 1 Mo (f) (mociemHee ycioBHe cBoguTcs K ToMYy, 4TO
Mo (17 ) << 4 o0).

IIregnomenus 1 (HepaBeHcTBO 0 cpexsem). ITycmy f — usmepuman,
02panuNeRHAs NO Mepe uucaosas gynryus. Jlas 41060t unmespupyemots

yucaosoli ynryuu g >0 dyuryus fg (onpedeacnunas noumu eciodyy
UHmezpupyema u

me(f) | gdn< { fedn<Ma(h) | gan. 3

IIpu smom dea uaena & gopmyae (3) mozym 6Gumbv pAGHB MOALEO
8 mom cayuae, ecau f na muoxcecmse mex x € E, ¢ vomopux g (z) =% 0,
pasra nowmu 6ci0dy Mo (f) wau pasna noumu eciody me (f).

B camom pmexne, pymrnusa fg msmepuma (§ 5, ciaencreue 6 w3 Teope-
Mt 1); ©pm  3TOM BHUOJHATCA HePaBeHCTBA Mw (f) & (7)<
<f(r)g (*) < Mw (f) g (x), m He TonbROIOKAILHO IIOUTH BCIOAY,
HO JaKe IOYTH BCIOXY, TaK KaK MHOKECTBO TeX To4eK r € E, B KOTO-
pux g (x) = 0, saBagerca cueTHHM O00beMHEENEM WBTEIPHPYEMHIX
muoskecTB (§ 5, n° 6, memma 2). 13 aroro BEBOAUM, ITO fg HETerpupye-
Ma (§ 5, Teopema 5) wm UTO copaBefIMBH HepaBeHcTBa  (3).

15*
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C npyroit croponm, ¢yuruua Mo (f) g — fg oupemeneHa nour:
sciony u pasHa (M (f) — f) g; cnemosaresipHO, 0OHA TOJNOKUTENABHA

Ho4TH BCIOAY Ha EK; a mocKoAbKY cooTHOmeHHe Mo (f) S gdp =

= S fg dp  DaBHOCHABHO COOTHOIMEHHIO g Mo (f) — N gdp =0,

TO OHO MOMET HMeTh MeCTo JHIIb TOTHA, Korga (yHKIMa
(M« (f) — f) g npeHe6pekuMa, 9T0 M 3aBepmaeT JOKa3aTelBbCTBO.

@®opmyna (3), 3a HCKI0OYeHWEM TPABHAJIBHOTO Cjhydasd, KOrja

( g dp =0, BHBOIHUTCA %3 TeOpeMH 1, mpUMeHeHHOH K HEuTepBaxy D=
L2

=[me (f)y M (f)]. Mosxnro BHecTH B Teopemy 1 IOmOJHEHHA, AaHAIOrAY-
HEI® coflepKallmMcad B NpefJosKeBEME 1, KOTOpHe YTOYHAWT, B KaKOM
S fg dp

—S-T OpHHA[IEKUT rpaHUNe MHoMecTBa D (yup. 2).
g ap

caydae TOYKa

3. I poemparcmea Ly

Onregenesue 2. [as ecakozo omo6pancenus § npocmpancmea E
% Ganazoeo npocmpancmeo F noaaeaem No (£)= M (|E]|); 2060pam,
umo f ozpanuverno no mepe (OTHOCHTENBHO MEDH W), ecau No (f)
KoHeuHo. MHO#CeCmB0 U3Me DUMBLT U 02 PAHUNEHHBE N0 Mepe 0mob pance-
wuti npocmpancmea E ¢ F obosnavaemea L7 (E, p) (a rarme L5 (n)
oo
wim 1pocTo Ly).

Nrar, pynxnma f ws L5 Moker OHTH OXapaKrepusoBaHa TeM
CBOMCTBOM, 9YTO CYIIECTBYOT WUaMepuMas U oO2panudennas QyHKIuL,
papHasA f JIOKATBHO IOYTH BCIORY.

W3 ¢opmyan (1) cpasy mxe BuTexaer, uTo0 N (f 4+ g) < No (f) +
+Nw(g), a ¢ gpyroii cTopoHH, N (af)=]|a| N (f) aaa awboro
cranapa a. TaxkuMm 06pasoM, MHOMKeCTBO Lr ABIAETCA 6EKITO PHBLM
nodnpocmparcmeosm IPOCTPAHCTBA BCeX OTo0paskeHWMiT HPOCTPAHCTBA
E B F, a No(f) ectb mojiyHOPMA Ha 9TOM BEKTOPHOM IIPOCTPAHCTEE.
OGosznaaum wepes (f,) mocregosarenbHOCTs GYHRUME H3 L5, cxond-
myfocs K f€£F B TOmONOrMH, ONpefedeHHOH moayHOpMoil N (f);
nia goboro [eXoro m HARZYTCA JOKAMBHO NPeHeOGPEIKHMOEe MHO-
wecTBo H,, u Takoe mexoe ng, 4to upH JMO00M LEIOM R >Ry B JI0-

bom z ¢ H,, semonrsaerca HepaseHcTBo | f (2) —f, (2) | < 7171- (mocKombKRy
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BCAKOE CYeTHOe OObefMHEHHEe JIOKAALHO IpeHeOPesKMMBIX MHOMKECTB
JORAIbHO Ipenebpesxmmo); obveguuenue H MHoxectB H,, HorambHO
upenefpexuMo, W Me Bupum, uro f,(r) pasnomepHo crpeMHTCH
K f(z) ma momonmemmum nokadbHO upeHeGperkumoro MuoMxkecrsa H;
obpaTHOe ToIyYaeTcda Cpasy.

flecro, uwro awbas GyHKIMA, paBHAS JOKAJBHO MOYTH BCIORY HEKO-
Topoii ¢ynkrnum us £y, cama npuHapieskur ILp. B wacrmOCTH, J0-
KQABHO nperne6 pescumble PyHKIUM, OnpefeleHHne Ha L # npuHHA-
Majomuye 3HaYeHnd B F, o6pasyior BEKTODHOe HOXIPOCTPAHCTBO J 7
nmpocrpancTBa I w, XapaKTepusykimeecA cooTHOMeHNeM [V (f)=0
(3aMEIKaHNe HyJd B TOIOJOrMH, oIpegedeHHoil upm momomy N (f)).
Yepes Ly (E, p) (a rawxe Ly (p) mam Lg) ofosnadaercsa OTHenn-
MOe IpPOCTPAHCTBO, acCOnUUpOBaHHOE ¢ X F, TO ecTh (PaKTOPIPOCT-
pamctBo £/ A4°F; ero TONONOTHA ONpeNedAeTCA HopMol, TOTYUeHHOR

n3 Ny (arropusanueii; mopma kiacca f€ Ly sammcmBaercst No (f)
win eme ||f]jo. Ecim F=R, 10 BMecTo LR u Ly mumyr £ u L.
Oregnomerne 2. I7 pocmparemeo £ noawno; npocmpancmso Ly
ecmb 6aHaro80 N pPOCIPAHCMEO.
B camom pene, mycrs (f,)— mocaenoparennhocts Homu B ZF,
AJiA J000ro neioro n CyImecTByer Takoe medoe k,, 9TO UpH 7>k,
1
u $>k, nUMeer MecTo HepaBeHCTBO Vo (f,-—fs)<?z—; Cllef1OBATEILHO,
CYINECTByeT TaKoe JOKAIhHO NpeHeOpeKIMOe MHOMECTBO A, 9TO
1
f, (z) —fs(z) | < —- npu Beex x¢ Ay Eerm A, ects obsepumenue
MHOKeCTB A,s (upu r>k, u s>k,), 10 A, I0KaIbHO IpeHEOPEKIMO
1
n piasa awboro z ¢ A, mepasencrtso | f, (z)—f; (x)|<7 cIIpaBefJInBo

Ipu BCeX MHIeKcax r > kn, S>> kp,. O6o3nauuMm wepes A nOKauBHO
upene0peKUMOe MHOMKECTBO, HBIAMeecd o0befUHEHUEM MHOMKECTE
An, u monomuMm g, (x)=f,(x) nia z¢dA u g, (x)=0 pua z€A4;
g, TPUHAIEIKAT NpocTpaHctBy L7, W, 0O ONPENEJCHHI0 MHO-
aecrsa A, mociaegosartenbHOCTH (g,) pasHomeprno cxomurcd HA £
k ¢ymxmun g. Orcioga caegyer, aro ¢yHRmua g usmepuma (§ 5,
TeopeMa 2); KpoMe TOrO, g orpaHWdeHa Ha MHOKecTBe Tex TC X, B
KOTOPHX | gr, (%) | < Noo (€1,), @ MOCKOABKY TONOTHERNE DTOT0 MHOKECT=
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Ba JIOKAJABHO IpPeHeOpeRuMo, TO ¢ UPHHANJIGKAT UPOCTPAHCTBY Lf.

Jlerko Bumers, 4TO B L MOCIENOBATEIBHOCTH (g,) WMeeT Iipe-
HelIOM g, W TO Ke camoe MMeeT MeCTo NIA mociegosateiabHoct (f,),
860 N (f,—gn) =0 nag Bcex rn. Orciofa cpady Imosaydaerca Bropas
qacte npegmaoxenus (O6mas tou., ra. II, § 3).

<

3aMeuwanune., Beaxaa nenpepusnan u ozpahuuennas Ha E $yHx-
nuA o sHadeHEmAME B F upmAajgnexnr Lp, A
Noo (F) <[ f]|== sup|f(z)].
xcE
Hasa roro wroOH miia BCAKO HempepsiBHON m orpaHudeHHOi ynkuumm f

HMeJ0 MecTO PaBeHcTBO Noo (f) = || f]], HeoGxomumo u mocraTouno, ITOGH
HOcHTeNs MePH | Obur pasen E. B camom fede, ecjm CymecTByeT Hpe-

.HeGpekuMan ¥ He paBHAsA TOMIECTBeHHO HYII0 HempepriBHaA ¢yHKuma f

¢ KOMOAKTHHIM HocuTeJseM, TO N ()=0 u [|f]||>0. OGpatuo, eciun
HOCUTeab MepH W papeH E, To nis n1000fi HeopepHBHOH M OTpaHHYeH~
moit ¢yuxuum §f m mwoboro wmena o < || || MuomecrBo Tex z € E, BKOTO-
pux |f(z)| > o, OTKPHTO M He NycTo M, BHAYMAT, AMEET CTPOTO WOJIO-
AUTENBHYI0 BHENIHIOI MEPy, YeM H TOKasaHo, 10 N (f)=|| [||.
Clef0oBaTeNLHO, eCli HOCATENH MePH |1 paBen E, TO MOMKHO udeH-

muguyupogams HOPMEDOBAHHOE TPOCTPAHCTBO ¢f (E) HempepHBHHX
H orpaHwveHHHX Ha F Qymknumii co 3HavenmAMH B F @ HeKoTopoe noj-
OPOCTPAHCTBO TPOCTPAHCTBA L. A HOCKONBKY Lp, B0o0Gme - ToBopH,
He GyHeT OTHeNMMHM, TO HOANPOCTPAHCTBO 5 B o6meM ciygae He Gy-
HeT 3AMKHYTEIM B L}, HO er0 Kamomwueckuii o6pas B Ly Gyfer saMx-
HYTHM TOQOPOCTPAECTBOM IpocTpaHCTBA Ly (KOTOpDOR, BmpOYeM, B pac-
CMaTPUBAEMOM CIyYae MOKHEO OTOQK/ECTBHTH C 8?). Boo6me rozops,

Br omauuno or LY, TO eCTh JJA TPOU3BOJLHOH H3MepHMOH M oOrpaHm-
uenHol Pynwkumu f B o0meM ciyuae He CymecTByeT Henpepuienoli (QyHK-
nue g, paBHoidl f JoKambHO Houtm Belopy (§ 5, yop. 12). 9rto Biewer
3a coboii ToT PaKT, 4TO TPOCTPAHCTBO ¢ p HEUPEPHBHKX O0TOGparkeHuit
opocTpancTBa E B F ¢ KOMOAaKTHEIM HOCHTeJeM, BooGme roBsops, e 6ydem
ecrody naomuuM 8 L;?, TOTga KaK OHO BCIOAY HJIOTHO B KaXKJOM M3 IOpo-

crpancrs LY mpm 1. p<-+oo (§ 3, omp. 2).

4, Hepaserncmeo I'éavdepa

B srom nyHKTe dYepes p m ¢ Oymyr oGosHAvaTLCA OBa JEHCTBH-
TeIbHHX qmcda, 1 << p<C + o, 1< g< + o, CBA3aHHHe COOTHOIIE-

HUEM %—f———;—:i; BHAYHUT, q:ﬁ,ecnn1<p<+ 00,q= 4 oo,

ecin p=1, m g=1, eciu p= 4 00; p u g GyAYT HABHBATHECA CONPA-
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MCEHHBIMU NoKasameasml,.. 3aMeTHM, 4To coorHomenne 1<{p<C2
paBHocHIBHO 2< g<{ | 00; paBeHCTBO p-—¢g UMEET MecT0 B TOM
¥ TOIBKO TOM Cllydae, €clH p U ¢ PaBHH 2.

TrorEMa 2 (mepaBeHcTBO I'émbmepa). Llyemv [ u g—dse wuucao-
evle PyHKYUU, KOHeuHBle nowmu 6clody u makrue, umo [ pasra noumu
6cwdy nekomopoll gynryuu us L, a g—Heromopot dynkyuu us L9.
Toeda ¢ynryus fg (onpedeacnnas nowmu eciody) unmezpupyema u

Ny (fg) <Np(H) Nq(g)- (4)

Ilycrs fi (coorB. gy) — ¢yHEmuUA u3 LP (coorB. ZL9), KorTopoil
paBHa IodYTH Belony QyHKIEA f (cooTB. g); PyHROUA fg TOITH BCIOAY
paBHA BCIORY oIlpepeieHHONl W KOHeTHOH ¢yHKIMM figy, KoTopas
u3MepuMa, Kak IpOM3BeJeHHe [BYX H3MepPHMEIX ¢yurnuii (§ 5, Teope-
Mul 1 m 5). Ecam 1 << p << 4- o0, 10 HepaBeHcrBo ['énbmepa pgus
BepxHero maTerpata (ria. I, mpema. 4) npuBOOUT K HepaBeHCTBY (4),
u rTorga coorHomenme NNy (fg) << 4+ oo moKaswmBaer, 4To (QYHKOUA
fg unrerpupyema (§ 5, reopema 5). Ecim p = 1, ¢ = 4- oo, 10 Hepa-
BEHCTBO (4) U MHTErpUPYEMOCTh (YHKIUY fg BETOKAIOT HEIOCPEACTBEH-
HO W3 HepaBeHCTBA 0 cpexbeM (upemna. 1); raxum obGpasom, TeopeMa
MoKa3aHa [Ig BCEX CIIydaes.

Cnegcreue 1. yeme F, G, H—mpu 6anazosslx npocmpancmeq
u (u, v) — @ (u, v) —maroe uenpepuenoe Guaunelinoe omobpaxce-
uue npousgedenus FXG ¢ H, wmo |®(u, v)|<|u|:|v|. Ecau

ECLRrugcl, mo pynryua O (f, g) unmezpupyema u

ot gal<{jonglacr,ON@  ©

Heiicreureasno, @ (f, g) mamepuma (§ 5, caemcrsue 6 u3 Teope-
ma 1); a mockoasry | D (f, g) |[<|f|-]gl|, 1o mOKasmBaemoe
CJELCTBYE BHITEKaeT U3 TEOPeMH 2 U KPHUTEPHA MHTEr PEPYEMOCTH
{§ 5, Teopema 5).

Jasa mpunokeHHii BaKHH gBa YaCTHHX ciydas caegersusa 1:
Cagxcreue 2. yemv F — deticmeumesvroe (COOTB. KOMNAEKECHOC)

Ganaroso npocmpancmso, F' — g nemy cuavho conpsacennoe (Tom.
BeKT. up-Ba, ra. 1V), u nycms (z, z2') - (z, ') — kanonuuecras

buaunetinan gopma na F X F'. Ecauf € £p u g € £, mo wucaosasn
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(coorB. Komnaercrnas) gynwyus (&, g) unmespupyemna u
|§tman|< 10 o dn <, @ N, (@), (6)

Heiicreurensro, [(z, z') | <|z| |z’ |.

Cnepcreue 3. Hycme F—6anazoso npocmpancmeo, §— Pynryus

us L% u g—uucioeas Pyuryus, npunadiencawan £ mozda Pyux-
yua fg unmezpupyema u

|§ tean|< [ itgldn <, N, (o). (7)
Caencteut 4. ITyemo fi, fo, - - ., fn—N uHMezpUPYEMBLT NOAOHCU-
meavntlr PYHEYUL U dy, Oy, ..., Uy — MAKUE T CILPO20 NOAOIHCUMENL-

n

HOZ wucea, 4mo D a;=1; npu SMux YcAOSUAT Pynryus fQfge. ..
i=1

.
n
... [,» unmezpupyemna u

{roser o prdn< (§ Aan)™ (1 foaw)™ oo (§ o)™ @

B camom pene, mpomsseperme f¥if%s ... fzn, Oynyum upomsBejie-
HEeM m3MepuMbX QyHKmmii, nsMepumo (§ 5, Teopema 5, u Teopema 1);
NMOCKOJbKY HepaBerCTBO (8) CHpAaBe[UIMBO I/ BEPXHMX WMHTEIPATOB
(ra. I, cmepersme w3 mpepa. 2), To QyEKIUA f¥ifge ... ff:n WHTETPH-
pyema (§ D, TeopeMa 5), OTKYZHA M BHITEKAeT CIeJCTBHE.

Craemcreme 2 m3 TeopeMB 2 YTOUHSETCS, DKM HOMOIIH CJIELYIO-
mero IpejiIoHKeEns:

Ieepgomenne 3. ITycme F — delicmeumenvroe uiu KoMRAeECHoe
6anazoso npocmpancmeo, F' —K HeMYy CUAbHO  COMPAICEHHOE
u (z, 2') — (z, z')—Kkanonuueckas busuneltinas gopma wa F X F'.
Toeda

1° dasn wwoboii ynryuu LCLE (1< p< + )

Ny () =sup| § «t, o) dn, ®

Koeda g npobeeaem muoxcecmeo Gynkyuli us LE, das kKomopux
Nq(g) <1
2° dasa awbot Pyuryuu g€ It (1<qg< + o)

Ny (g)=sup } S (f, & du! ; (10)
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koz0a f npobezaem muoxcecmeo Pynryuti us Ly, 048 Komopuzx
Np(h) <1
HoxraxkeMm cHagana opMysny (9); Gymem paszamuaTth IBa caydas.
1° 1 < p<<+ oo. Hockoapky mpu N, (f)=0 coornomernme (9)
cramoBuTcs TpuBManbEEM (ubo Torma f wm (f, g) mpemeGpeskmMbr),
TO MOKHO BCerjia, AOMHOKMB f HA HEKOTOPHH CKAIHD, LpPefHoI0-

HuTh, 910 Ny (f)=1. onyctum crauana, aro f ects mmTerpmpye-
n

Mas pasmewernnas Gpymrums, f= | ayQs,, Tme Ay He mMewT TO-
E=1

napeo o0mmx touer (§ 4, n° 8, memma 1). 3maunr, Ho ycaoemio
n

> |arPu(4)=1. Ias mxwoboro &>>0 cymectsyer (mus awGoro
k=1

unferca k) Taxoii Bewrop ax€F’, uro |ap|?=|ay|", eciu p>1
(coors. |ap|=1, ecnim p=1) u (as ap)>(1—ce)|ay|-|ar] (Tom.

. n
Bexr. mp-Ba, ra. IV). Eemm wmomommrs g= ) aiQa,, TO
k=1

n
ap|?'p(4p)=1, ecam p>1 (coorB. sup |a;|=1, ecam
k=1 s

i< h<n

p=1), u, caegosarennno, NV, (g)=1; ¢ ApPyroii CTOPOHHL,

\ (@) div=2) (ar, ah) i (An) > (1—e) X} |an|-|ak|p (45),
r=1 B=1
L
a TOCKOMBKY |ap|=|ay|? =|a,|""!, ecim p>1 (coorB. |ap|=1.
ecnr p=1), 710 ,
n
S(f, g dp>(1—e) ) ay P (Ap) = (1—e) Np () =1 —e,
h=1
u ¢opmyna (9) muas maEHOTO Caydyas AOKA3AHA.
IlepelimeM k cayuaro, worma f eCTh TPOM3BONLHKIN JIEMEHT UPO-

crpamctBa L%, ymommersopsomuit yemosuio N, (f)=1. Ias moboro

e>0 @majierca Takas pasmemerHas ¢ymxmua £, ¢ ZLF, uro
N, (—f)<e (§ 4, cnepcrene n3 mpemmn. 16). CorsacEo ycramopieH-

HOMY BEINie cymecTByeT QyHKmna g€ L%, pmus xoropoit Ny (g)=1
u S gy dp>N,(f)—e>1—2e. Ho

~

{dgan—{ @, papt{d—t gpap
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u, B cuny (6),

|§ t—tu @ dn| <Wud—1) Ny ().

OTKY A
|§ @ gdu|>1—3,

ueM ¥ fokasama gopmyna (9).

2° p = 4 oo. MokHO CHOBa OrpaHWYIMTBCH CclIydaeMm, Korja
No (f) > 0. Ilyctp o — npoH3BOIBHOE UHCIO, YAOBJIETBOPSIONIEE
mepasenctBaM 0 <X o << N (f); mo ycaosmo MHOMecTBO Tex T € E,
B Kortopmx |f (z) | > 0, usmMepuMo um He sABIgeTCH JOKAJIBHO IIpe-
se0pesKIMBIM, a 3HAYNT, COMEPKUT KOMOAKTHOe MHOmeCTBO K CTPOro
mostokuTenbHoi Mepul. Ilockonbky f msMepumo, To cymecTByer KOM-
naKTHOe MHOecTBO K, — K, nMelmee CTPOro MOLORUTENBHYI0 MDY
¥ Taxoe, uTo cy:kenue Qynxuuu { ma K; meupepuisao. W3 atoro cie-
ayer, uro mus aoboro &€ > 0 cymecrByer pasCuenume MHOMeCTBa Ky
HA KOHEYHOE YHCJIO MHTerPUPYEMBIX MHOMKECTB, HA KayKIOM U3 KOTO-
puix Koaebarue GpyHKnuu f He HPEBOCXONUT €; N0 KpallHeHd Mepe OTHO
W3 DTHX MHOMeCTB, KOTOpoe MH o060o3HaumM uepes A, mMmeer CTPOro
MOJORUTeNbHEYI0 Mepy. UYepes a o06o3mauynM ogHO W3 3HaUYeHWA QyHK-
m f ma A; torma |a|>oa u |[f(z) —al<<e nus Beex z € A.
Haiimercss Taxoin BekTop a’ E F'yaro |2 | =1 u | (a,a") |>

>la|—e; pyErnua g = H(A) @4-a maTErpupyema, u Ny (g) =
¢ [PYyroif CTOPOHEI,

<t g an——rz (<t ) @up.
HO MBI MOMKEM HaNUACaTh, 4UTO
S(f a’) Qadp=(a, a')p (A)+ S(f—a,a)%du,
a Tak Kax
[{(f—a, a") g4 | <eqa,
T0 OYeBHMIHO, 49TO

l S (£, g)dp,'>|(a, a’)|—e>|a|—2e>a—2e;

HDOCKOJIbKY e & NPOU3BONLHO W 0L — HPOM3BOJBHOE YUCIO, MeHBIIee,
qeM N (f), 10 dopmyna (9) nmowasama um B 2TOM ciydae.
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Touno Tax ke paccympaeM jua noxasarenscrsa coorromenns (10),
paccMoTpeB ormenbHO caydam 1 <g<C+ o u g= 40 U HCHOIB-
30BaB TOT ¢pawT, 4TO IO OmpeeldeHWI0 HOPMH Ha F, mas mao6oro
z' € F' BumomHsercss paBeHCTBO |z’ |= Iswlup1 [(z,2')].

zZl<

3amevanma 1) Ilycts € -—Bcloy LI0OTHOE BEKTOPHOE IOLUIPO-
CTPAHCTBO IPOCTPAHCTBA ZqF,; toraa Qopmyia (9) ocraeTcs copaseIAEBOI,
ecanm g mpoberaer IepecedeHue NUOANPOCTPAHCTBA § ¢ MHOKEeCTBOM B
Tex QyHRUMA 13 x%,, ansa Koropux N, (8) < 1. B camom gese, mocrarou-

o
HO BaMETHTbh, WTO BHYTpPeHHOCTH B MHOKecTBa B LJOTHA OTHOCHTENLHO B
(2] o o
m 9TO Uepecedenne B (| € naoTHo oTHOCHTENBHO B, m6o B OTKpHTO.
9T0 3aMeYaHHAe IPAMEeHNMO, B YaCTHOCTH, K MHOKECTBY & = & p. (E) HOTIpE-

PHBHHX QyHKIEA ¢ KOMUAKTHREIM HOCHTeJeM (CO B3HAYeHHAMH B F’),
rorjga 1 <{g<<4+o0, 10 ectb 1<<p<L 4+ co. Ho B sroM caywae dop-
Myna (9) sepHa, ecam g npoGeraer B () & p. (E), game aasn p=1. Jleii-
CTBHTEJHHO, MOKHO, KaK W BHIIe, OTPAHMIHUTLCA ciaydaeM, korga f Gymer
pa3memenHod. B sToM ciaysae mokasamo, uro ecam Ny (f)=1, To maa

aoboro € >0 Halimercsa Takas pasMellieHHaA QYHKUAA gEZ;’?,, 910

S d, g du

KOHEJHOe YHMCJI0 KOMIOAKTHBRIX MHOMKECTB Ki, HE. IMEIOMNX mOoNmapHO 06lI[HX
TO9eK, TAKHX, 9T0 Ha Ka;KOOM H3 Ki d)YHHHKH g mMeer IMMOCTOAHHOe 3Hade-

|8(z)| <1 mpm Becex z€E m uro > 1—e. CymecTByer

HEe a; 1 9T0 ecian K ecTh 0GHelmHeHNe MEOKecTB K, TO S [T lock du<e.

O6ozpaunM uwepes U; TaKylo OKpPeCTHOCTh MHOMKecTBa K;, YTOOH MHO-
sectBa U; He WMeJd LOUAapHO OOMHX TOYeK, a depe3 h; — HeMpepHIB-
Hoe otobpaskenne npocrpanctBa £ B [0, 1] ¢ HOcmTesem B U; m paBmoe 1

ga K;. Ecam wonomxuTh h=2 azh;, 10 h(r)=g () ma K m | h(z) | <1
Hga E, m, 3HadAT,

g ,(fv h>l(P0KdH<€;

CJIeJIOBATEJILHO, ‘ S (£, h) du

> 1—23¢, 4eM W [0Ka3aHO HaIIE YTBEpK/e-

HEe. AHANOTMmYHEE 3aMeYaHHWA MOTYT OuTh cheaans Amas $opmyan (10).

2) Myers f > 0—maMepamas (KoneyHasa waAW HeT) QyHKIHA, HOCH-
TeJb KOTOPOHl COJEP/KATCA B CYETHOM O0TLeIMHEHAN KOMIAKTHEIX MHO-
mecTB Ky, Torma gasa awboro p, 1< p <-l-co, AMeeT MeCTO PaBeHCTBO

Ny (f) =sup S | fe | d, (11)

Korga g upoferaer MHOMectBo (ymEKImE m3 oF (E), MiaA KOTOPEX
N, (g) < 1. [eitctsmTensno, dopmyna (11) upemcrasiser cofoit TacTHEIR
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cayuait dopmyant (9) gas Ny (f) <-4 oo, motoMy uTe TOTAa [ HKBHBA-
neHTHA HeKoTopoil dyHrumE m3 ZLP (§ 5, Teopema 5). Ecam Ny, (f) = +co,
To gas aioboro mexoro rn >0 moaomkmM [, = inf (n, f9g,). Torma

* *
N p (fn) =sup g | Fng | dit < sup S | 1¢ | dg,

OTKyJa, Depexons K upenerxy, wmoxywaeM (§ 1, Teopema 3), uto

oo
sup B | fg | du= -}-co.

Cnepcrene 1. ITycmv F— 6anaxcso npocmpancmeo, F'—k nemy

CUNbHO COnPAJCeHNHoe U g—Nnpouseosvhas gynkyus us Lh.. Juneii-

nas gopma na L, noayuennas gaxmopusayueii ua auneiinoii ¢opmus
[ S (£, g)dp na L%, nenpeprisna u umeem nopmy N, (g).

B raase VI MH moxaskeMm, 49T0, BoOGIIe, CYMECTBYIOT HeNPEPHIBHEIE
smeeiinse gopMu Ha LY, He momywaiommecs daxropusanmeil n3 JmHeNH-

Ho#t (opmu f - S f, gydp ¢ ge£l..

B toM cayuae, Kora F ecth fiefiCTBHTENbHOE MM KOMILIEKCHO®
2uabbepmoso npocmpancmeo, OHO, Kak Mbl 3HaeM (lom. BeKT. mp-Ba,
ri. V), MoskeT GBITH RAaHOHWIECKU OTO/ACCTBICHO CO CBOMM COMPSIHKCH-
BEIM F'. A Tak ®ak npoctpaHcTBO L} moJHO, TO MMeEeT MECTO CAeNYIO-
My pe3yabTar:

Cagencreue 2. ITycmv F — deticmeumenwroe (COOTB. KOoMIAEKCHOE)
auavbepmoso npocmparcmeo. Cummempuueckas (COOTB. IpMUMOEaA)
popma na npocmpancmee L%

T o— | d g au
onpedeasem cmpykmypy euavbepmosa npocmparcmea, Oas Komopol
nopmua paera |[Ts.

5. IT puaoscenue: COOMMNOMWEHUS MEHCOY
npoecmpanemeéanu Ly (1< p< + o)

IlpEnnomenne 4. Ifyemo § — usmepumas @yrnkyus co suade-
Husamu 6 6aunaxosom npocmpancmee F; muoscecmso I mex uucer p,
1<p<+ oo, dan Komopux N, (f) womeuno, aubo nycmo, aubo

cocmasasem uumepsar npamoti R. Ecau I ue nycmo, mo cyacenue
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na I omobpascenus p — N, (£) nenpepuieno; npu smom, ecau £ e npe-

nebpescuma, mo log N, () ecmv eunyraas Pynryus om 71)- na 1.

Mu ymxe sEaem (ri. I, mpega. 5), aro MHOMecTBO J TeX KOHEUHBL
amcen p »>1, gns wortopeix N, (f) << 4- oo, ambo mycro, nmGo ecthb

uATepBan B 4to log N, (f) ects BHOyrmas ¢yEKumA oT —1; Ha J (ecam

f me npemeGpeskuMa); 70, pasyMeeTcs, BiedeT HelPePHIBHOCT: QYHK-
uum p — N, (f) ma J. JokaseM, uro Korja p € J crpeMuTes K oflHOMY
u3 KoHNOB r uaTepBana J, o N, (f) crpemurca x N, (f) B caexpyromux
JBYX clIydasX, B KOoTOpHxXx r He npuHagnexur J: 1° r < 4 oo,
aN,(f) = 4+ 00; 2°r = 4 oo,

B mepsom cayuae momyctuM, Hampumep, 9ro N, (f) xomeuno maa
p >r, u oGosmaumM depe3 A (m3MepuMoe) MHOMecTBo Tex z € E,
B xotopux |f (z) |>1; Mm MomeM mammcarh, 9TO

f1eran= 1P eadnt § 18P gcadn.

Korpa p crpemutca x r cmpasa, To [f[P¢, crpemurcs x [f[ @a,
ybusas, a |f|P@ca crpemurcs x |f| @ca, BO3pacras; mpuMeHeHHe
TEOPeMH O IePexofie K IHpefeldy [asS BepXHAX WHTETPANOB OT MOHO-
TOHHHX mociaegoBarensHocteil (§ 1, Teop. 3) norasmBaer, aro Np (f)
CTPeMUTCH K - co M, 3HAUMT, HENpPEePHBHO HA | B TOUKe .

Tenmeps npeamonosxuM, 4910 J HE CBOTUTCH K TOYKE M 910 -} 0O
cIy®uaT KoHmoM mis J. Ilpempme Bcero 3amMeTuM, 9TO, B CHIY

BHIyKIOCTH ¢yExmun log N, (f) kar ¢yHrmuu or % Ha J, cymie-

crByer lim N (f). Ioramem, g0 lim Ny (f) < N (f); mockonbry pusa

No (f) :p -+ co mepaBeHCTBO oqun;Ho, TO MOMKHO OIPAHMYHTHCS CIY-
qaeM, Korjia N (f) xomeuno. Ecau s€J, 10 gas a1:060r0 KOHEIHOTO
uncia p>s cupaBegumBo pasenctBo |[f|[P=]|f[*|f[’"°, u mepasen-
CTBO O CpeJHEM IOKA3HBAaeT, 4YTO
- p=s

No(B)<S(Ns(f)? (N (£)) (12)

Yerpemasas p ¥ -+ oo, modygaem HepaBeHcTBO lim Ny (f) < Voo (f).
P-ro0

NoxaskeMm panee, 910 lim NV, (f) > No (f). Ilycre a—npomssous-

P-»00

HOe umcno B mpemenrax 0<Ca << No(f). Tar xak, mo ycaosuiwo,
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CYHIeCTBYIOT TAKKNE KOHEUHBIE BHATEHUS P, TIA KOTOPHX /Vp (f) <+ oo,
TO M3MEpHMOe H He mpeHeOpe:ruMoe MHOKecTBO A Tex x € E, mas roro-

puix |f(z)|>> a, mAETErpupyeMo B CHAY HepaBeHCTBA Q4 << (%‘f’)P;

1
KpOMe TOTO, M3 HTOr0 HepaBeHCTBA BRBOAEMM, 4T0 Np (f)>a-(u (4))%;
yerpemMnAA p K -+ oo, moaydgaeM, wro lim N, (f)>a, 49ro m pora-

Pp—>oo
3bIBAET Hamie yTBePHICHHE.

Haxomenu, samerum, 49r0o ecim | He CBOEUTCH K TOYKE M €CIH
+ oo€l, o us (12) BmTexraeT, 4T0 -+ 0O CAYMKHUT KOHIOM HHTEp-
pajga J, 4eM M 3aBepmaercs IOKA3aTeIbCTBO MPENJOMKeHHA 4.

Cnggcreui. Ecau r, s, p—mpu uucaa, ydoseremeopalowue ycao-
susn 1<r << p<<s< + o, mo nepeceuenue Lr(\ Ly codepacumca
e 5.

OTMernM, 4TO, BOOOINEe, TOIOJOTHH, MHAYIHMPOBAHHHE B Iepecede-
mnm L (| £ tomomormamm m3 £L§ (r<p<s), pasauuns. Ecanm
He HaKJaJblBaTh HAKAKOTO MOUOJHATEJIHHOT0 YCJHOBHA Ha [, TO TOMOJO-
ram, uEAynApoBanaNe B LT (| L} Tomorornamm m3 L m XY, BooGme

]V
roBOpA, GYAYT He cpaénumy (WHHMHE CI0BaMH, OTHOmMEHHe N’ Eg MOKET
8

OPHHEMATH CKOJL YrogHO Goablome W CKOJL YLOIHO MAJLe 3HAYeHUs
T S,
Ha Xy (| LF; cp. yup. 8).

B cayuae ozpanuvenmnoii Mepsl P TUpejioKeHHe 4 MOMKeT GHITH
YTOYHEHO:

Iregnomenue 5. lycmy p— oepanuvennas mepa, u nycmov f—
p-usmepumaid  PHYHEYUR €O SHAUEHUAMU 6 GAHATO080M NDPOCM PAH-
cmee F. Muooscecmeo I wucea p, sakaiouennuix ¢ npedesazr 1< p<g
< 4 oo u makuz, umo Np(f) roneuno, aubo nycmo, aubo cocmas-

afem unmepeas ¢ navarom p=1, codeprcawyuii smy moury; kpome
1

mozo, (W (E))_?Np (f) ecmv sospacmarwowas Pynkyus om p Ha 1.

9710 ecTh HeNOCPEJCTBEHHOE CIHE[CTBHE NPENJIoKeHHS 4 M3 dTOTO
n° ¥ ciaefcTBUSA W3 mpemodenus 4 ria. I.

Caepcreue. Ecau mepa | 02panuyeHa, mo Omuowlenue r << S6ae-
uem Ly < L'r; npu smom monosozus crodumocmu é cpedrem nopad-
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Ka s 6ydem Goaee cUAbHOU, HeM MONOA0ZURL CTOJUMOCIIU 6 cpednem
nopadka r (6 L¥).

MoxHO WORa3aThb, 9TO, BOOGIE TOBOPA, TOHONOIHAA CXONUMOCTH
B cpefimeM NoOpsfAKa s Oyaer cmpozo Gosee cuavrol, IeM TOMOJOTHS CXO-
JMAMOCTH B CpeflHeM mopsaaka r (ymp. 8).

IIeepaomenue 6. Iycmv E — duckpemHoe npocmpancmeo u p —
mepa wa E, onpedesrennas npu nomowu maccek -+ 1, pacnoso-
scennoti 6 kaxedol mouke us E. Ecau § ecmb omobpascenue npocmpancm-
sa E ¢ 6anazoso npocmparcmeo F, mo muoncecmeo I uwucen p, saraio-
uennviz 6 npedesar 1< p< -4 o u makuz, umo N, (f) moneuno,
4u60 nycmo, Aubo COCMABAACM UNMEPEAL, UMCIOWULE KOHYOM | oo
u codepacawuii smy mouky; npu smom N, (£) ecmv yousawwyan dyns-
yun om p na 1.

B cavom peme, p*(|f])= D) |f(x)| ana mwboit dymxmmu £ (§ 1,
x:E
n° 1, opumep) u N (f)=||f||=sup|f(x)]; ecmm cymecrByer raxoe
xcE

qncio o0 >0, aro |f(z)|>0o pana GeckoHeYHOro MHOMeCTBA BHATE-
guii z€ E, 10 Ny, (f)= -+ co mpm a060M KOHEYHOM p; B IPOTHBHOM
ciryuae Haiiercss takoe zoCE, uro [f(x)|=|/f]|, otryma Ne (f)=
=|f (zo) | < Np (f) mpu n060M KOEHEYHOM p. A MOCKOABKY (QYyBKIUS

1
log N, (f) BEOyrIa OTHOCUTEIHHO — 1 TPUEMMaeT HauMeHbIee 3Ha-

9eHMEe B TOUKE - o0, TO OHA HeIpeMeHHO OymeT y6mearujel ynrumeis
ot p na J (Oymknuu pmeitctB. mepeM., ri. I, § 4, n° 3), uro m 3amep-
mraeT JOKAasaTeiabeTBo.

Caepcreue. Ecau E OQuckpemuo u ecau mepa p onpedeacrna npu
nomowu macce. + 1 & kawcdod moure us E, mo omuowenue r <s

erewem Ly < Ly, npu IMOM MONOAOUS CTOOUMOCMU 6 Cpednem
nopadka r 6ydem 6oaee CUALHOU, dYem MONOA02US CTOOUMOCTU 6 CpPed-

Hem nopadka s (6 ZLr).

Yopamunenna 1) Ilycts f m g — Takme [Be H3MepuEMbIe HHC-
foBre dynknmm, 910 a = M (f) B b = My (g) KOHEUHH; IIOKasaTk,
aro mus toro, Wrobh Mo (f + g) = Mw (f) + Mo (g), Heobxopmmo
A OCTATOUHO, yTOOH I M06oii mapH feficTBATeasHEX UHCeN o, B, ynos-
JIeTBOPAIOMUX YCIOBHAM O < a, ﬁ < b, MuokectBo Tex z € E, B KOTO-
pHX oamospemenno o < f (z) m P < g (z), He GHIIO JOKATBHO LpeHe-
GperRAMEIM.
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°2) IIycrs D — BHOYKIOe Telo B 0aHaX0BOM INpocTpaHcTee F,
n nycrs f — Taxas mamepumasn QyHKuuA co sHaseHusMHa B F, gro f (E)
< D. Tyers g >» 0 — maTerpmpyeMasa ¢yHEKnmA, He MpeHeGpeRAMas

‘S‘ fgdp
u takas, wro fg mATerpmpyema. IIpegmomokum, UTO TOYKA © = ‘S—d—
g ap

ABaseTcsa rpaHmdHOil AaA D; moKa3aTh, 4TO ecam V ecTh IlepecedeHHe
BCeX 3aMKHYTHX OHOPHHX Tumepiiockocreii Texa 1) B touke ¢, 1o f (z) €
€ V () D umoutm BCIOAY HAa MHOKECTBe TeX TOYeK z, B KOTOpPHX g (z) > 0
{cBecTH K C€iayd4alo, Koria F ecTh IPOCTPAHCTBO CYETHOrO THOA (TO eCTh
COlEpIKAT CUeTHO® BCIOAY IJIOTHOe MHOMKeCTBO), LIDHMEHHB TeopeMy 4
u3 § 5; mociae 9TOro 3aMeTUTH, 9TO V ecTh NepeceueHHe CYETHOTO CeMeli-
CTBa OHOPHHX TrHNepIJocKocTell Texa [ B TOUKe o).

Tlokasarp, uro ecam F KoHeWHOMEDHO W ecijld A ecTh rpaHb TOUKH
¢ oraocureasHo D (Ton. Bekr. mp-Ba, ra. 1I, § 4, yump. 4), To clenaHHOE
upefnonoxenne BIeueT, uTo f (z) € A moUTH BCIOAY Ha MHOKECTBE TeX
TO4eK z, B KOTOPHX g (z) > 0 (upoBecTn HHAYKOWIO IO Pa3MePHOCTH
mpocTpaHeTsa F).

3) IIyers p — TaxKad Mepa Ha KOMIAKTHOM IpocTpaHcTBe FE, mas
xoropoii E caymmr HocmredeMm. IToxasaTs, wro ecim nwGas m3MepuMas
¥ orpaHmveHHax 1o Mepe (QYHKIHA paBHA IOYTH BCIOAY HeIPEePHEBHOI
¢ynrinmn, To E ABIAerci CTOYHOBHM mpocrpaHerBom (cp. ra. II, § 1,
yop. 13) (paceMOTpeTh XapakTepHCTHYeCKyl0 (yHKOHI0 KOMIAKTHOTO
MHOKecTBa). OGpaTHO, ecam E ecTh CTOYHOBO HPOCTPAHCTBO, TO JLIA
TOro, 9roGH BCAKAasx M3MepHMas W OTPaHMYeHHAs MO Mepe yHKHmA GHlia
paBHA HOYTH BCIOAY HEKOTOPOH HeUpepHBHOH (QYHKmmH, HeoGXOAMMO
@ J[0CTaTOYHO, YTOGHI BCAKOe HATAE He IJJOTHOe MHOMECTBO B E GHLIO
opedeGpe:kuMBEM (cp. § 5, ymp. 14).

4) Hyers ¢ (ty, &2, ..., !3) — KOHedHass 4UHCIOBAsA QYHKIHA,
yAOBIeTBOpAIOMAs YCA0OBHAM upefdjorenns 1 m3 raasu I. Iloxasars,
910 ecad fy, f2, . -« fn CYTh n KOHEUYHHX NOJOMHATEALHHX YHCIO-

Bux (yHKOAH, WHTeTPADPYSMHX N HeIpeHeOpe:REMHX, TO (YHKIHA
@ (fi, f2» .- ., Ia) uHATErpHpyema m

Vot oo tman<o({ nan § fpdu s {aan).

IIpm sTOM A7 TOro, 9TOGH MMEJO MECTO PaBeHCTBO

Swmn”mw:Mannmgnwy
H906XOI[HMO )i} }IOCTa—TOqHO, t1'1'06111 }IJIH oo4yTnm BCeX EE TO9Ka H3 Rn
fi(z)
TH@, - T @)

¢ HoOpamHATaMH §i= uprHaJexansa rpain OTHOCH-

{ frdun
§ o (f1s vy fn)dp

TenbHO K TOUKE ¢ KOOPAHMHATAME O; = (paccyssaarn,
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Kak B yup. 2). B dacTHOcTH, €CaM p W ¢ 03HA9YAOT [BA CONPHAMKEHHBIX
LOKa3aTelst, yAOBAETBOPAIOIuX ycaopuw 1< p < -+oo, TO:
1° past Toro 4TOGH [iBe LOJOKATENbHHE YACIOBHE (YNKIEA f € LP

a g€ L9 ynoBaeTBOPSAAN PaBeHCTBY S fg dp =Ny (f) Ny (), meobxommmo

B [OCTATOYHO, 9TOGH CYI[ecTBOBAIM TAKUEe /{Ba UMcAd o, [, He DABHLIE
O/{HOBpeMEHHO HYJI0, 4TO paBeHCTBO a (f (2))P =P (g (x))? cupaBegamBO
IOYTH BCIOAY; :

2° mas TOro uTOGH [Be LIONOKUTEJNbHLE unciaoBiie QyHRnmA f € £P
B g€LT ypoBuersopsanm paseHCTBY Ny (f-Fg)=Np (f)+Np (g), Heol-
XOAHMO W [OCTATOYHO, 4TOOH CyIIecTBOBAIH TAaKMe [Ba YdACIa o, P,
He paBHEE OpHOBpeMeHHO 0, uTo paBeHCTBO of ()= Pg (x) BHmIOIHAETCH
IOYTA BCIOATY.

5) a) Iycts p—wmepa JleGera ma wmaTtepsBase E=]0, +co[. Hua
aioGoro umcaa p B umpegemax 0 < p<(--00 yKaszaTh IPAMEPH TaKHX

n3MepaMEX Qyuknni f > 0 ma K, utoGs MEOKecTBO unce r (0 < r <+ oo),
1

n

g KOTOpHX N, (f):(‘\ fr dp,)r KOHEYHO, COCTaBJAANO0 OH OfNH

m3 mHTepsasos] 0, p[, 10, p], 1 p, 40l [P, + 0] (B3ATH B KagectBe f
dysruun Bupa z* (log z)B B okpecTHOCTA O MJM - 0O); BHIBECTH OTCIOJA,
9TO A/ BCAKOro MHTepBaja I, comepsxamerocsa B0, 4 oo], cyllecTByeT
TaKag mamepmMmas (yHKEmsa f>0, 910 ] coBOajaeT ¢ MHOKECTBOM TexX
r >0, pasx xotopeix N, (f) <00 (paccMOTpeTs cyMMy [Byx QYHKUMA,
Oag  KOTOpDHX [ ABifeTcss OJHAM W3 YKasaHHHX BHOIe HHTEpP-
BAJIOB).

b) Ina mepu JleGera Ha maTepBade 10, 41[ ykasaTp Takke mpuMepH
Takox QyEKouEid f, 91068 MHOMecTBO [ ducen r > 0, maa KOTOPEHIX
N, (f) << oo, cocTaBisno OPOM3BOABHHI WHTepBal ¢ HawaaoM B 0,
cofep:rammiics B [0, F-o0].

6) Horazars, 9T0 Aas 1060H H3MepHMOH HempeHeGpe;KMMOIl UHCIO-
Boil pyExnmu f > 0 N, (f) ects dyHrima or r, GeckoHeuno AmPdepen-
nupyeMasg B KaK[AOH BHYTpeHHedl TOUKe HHTePBaja, Ha KOTOPOM OHA
KOHeUHA. BHBectm oTcloga, YTO BHYTpH HHTepBasa, Ha KotopoM N, (f)

: 1
KOHeuHa, log N, (f) ects cTporo Bmmykaasd QYHKOuSA OT 5 » €CIH TOIABKO

f He GyAeT TouTH BCIOY HOCTOSHHA Ha MHOKeCTBe TeX z € E, B KOTOPHX
f (@) + 0.

°7) Hyers f — monoxuTenbHAss, WU3MepHAMas, HelipeHeGpeKAMasn
gpncaoBas QYHKIHA.

a) Hoxasars, wro ecam fAus KoHedHOro umena r > 0 ¢ymrnma f7
mHTETpEpyeMa, To ¢yHKuua log f kBasmmmterpmpyema (§ 5, ymp. 11).

b) Hpepmonomum, aro f7 mETerpmpyeMa fuaa 0 < r < rg. Ilyets A—
MHOKeCTBO Tex z €FE, B woropmx f(z)>0; DOKa3aTe, d9TO €CJAH
u*(A4) >1, To N,.(f) crpemmTcs X -0, Korga r crpemurca k 0; ecam

16 H. Byp6axn
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p(d) <1, 10 N.(f) crpemmrcas B O ojHOBpeMeHHO ¢ r (WCIOJIB3OBATEH
mpena. 4 w3 ra. I).

¢) Torasats, aTo ecam U (A4A)=1, 1o K fr dp. crpemuTca k 1, rorpa r
v
crpemurca K O, m EMeeT B 3TOH TOYKe MIpPaBylo IPOW3BONHYIO, DaBHYKW

S log f du (mcmonb3oBaThs ymp. 8 m3 § 5); BEBECTHm OTCIONA, YTO KOrpja r

cheMHTcﬁ B 0, N;(f) crpemnrca & G(f):exp( S logfdp,) .

d) Iorasats, 1uro ecam p(E)=1 m f" m logf wuHTerpmpyemH,
to G (f) < N, (f), IpuIeM DaBeHCTBO JOCTHTAeTCA JHOIL B TOM ciydae,
Korja f UOCTOAHHA IOYTH BCIOAY (HCIOIB3OBATH yOP. 4).

e) TlorasaTs, 4To ecau W (E)=1 u ecam f m g— TaKme IBe U3MOPHMEIE
noaoxkuTenbabe Qysrnun, 910 G (f) m G (g) ompemelleHH, TO ONPENEICHO
G(f+g) n G(f)+G(g) <G (f+g), npndeMm PaBeHCTBO MMEET MeCTO JIHMIL
B TOM ciydae, ecH HaiiyTCA TaKme ABa 4mcia o, P, He pPaBHEE OFHO-
BpeMeHHO Hymo, 4T0 af (z)=Pg (z) mourm Belogy, nin ecan G (f 4 g)=0
(ncnom.aona'rr, d), paccmatpmBaa ¢yHKIHR _f%g n H_ig) .

8) Iycrts p—mepa Jlebera ma mateppame E—[0, +cof.

a) IIycrb £ >1 v h<k—pBa pericTBUTeNLHEX wumcha. Ilokasary,
9To pafg aiGoro n>1 u awoboro uwmeaa p B mpepenax 1<{p<<+w

byurun f, (z)= " npmHEagjeRar £LP; MokasaTh, YTO Opm p >

@+ n)* +

1 1
> 77, [0CAeN0BATeILHOCTE Np (fa) ctpemMmrea K O BMecre ¢ o

a mpm p< 1 6yge'r HEOTPAaHHMIeHHOM.

b) Hycn. queno k < 1; moxkasaTh, 94TO fiA aioGoro n >1 m aw6oro
ymeaa p B mpegenax 1< p<{+oo Qymrnumm g, (z)=nte"™ npumag-

1
aemat LP; morasaTh, 94T0 Ipu p < W HOCJe/I0BaTeNbHOCTE [V, (gr) cTpe-

1 1 .
MuTcA K  BMecTe ¢ R >—— OymeT HeorpaHHYEHHOM.

Buiectm m3 a) m b), dro ecam 1 { p < ¢ < o0, TO TOmOIOTWH,
mEAynupyembie B LP | £9 rtomojormAmm W3 LP m K9, He cpas:
HAMEL.

c) ITokasats, uro ecam b ectb Mepa Jlebera ma murtepsame [0, 1]
H eci® p <C ¢, TO TOIOJOrMA CXOQUMOCTH B CpeIHeM LoOpAnKa ¢ Oymer
crporo Gojee CHIBHOHW, 96M TOMOJOTHMS CXOfMMOCTH B CpegHEM MHOpAf-
Ka p (B £9).

9) Hycrs E — 6GeCKOHEUHOE JUCKPETHOE MPOCTPAHCTBO B P — TaKas
Mepa Ha E, HocmTeab KoTOpoil paBeH E.

a) ITorasars, 910 g 1 < p < --°0 mpocTpaHCTBO ZLP (n) ABIAET-
CA TONOJOTHYECKAM BEKTODPHHIM NPOCTPAHCTBOM, M30MOPOHEIM IpocTpau-
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cTBY £7P (M), TEE Mg €CTh Mepa Ha E, ompefeineHoas IpW IMTOMOIIM MACCH
+1 B Rampmoit Touxe w3 E.

b) Ilokasats, dr0 ecam 1 < p < ¢ < +o0, TO TOmOJOTAA CXORM-
MOCTH B CpefHeM HOPANKA p 6yue-r crporo Gosee CHABHOH, I6M TOIOJIOTHA
CXoOUMOCTA B cpefHeM mopAfgka ¢ (B ZLP).

10) a) Ilyets a m b — Takme gBa BeKTOpa B GaHAaX0BOM mpOCTpaH-
cree E, ato |a | = | b | = 1. ITokasars, 910 gaa a06oro Incaa t B mpe-
penax 0 < t <1 u awoboro ancaa p B mpefenax 1 < p < + oo BHIOI-
HAIOTCA HEPaBeHCTBA

|a—tb|P L 2P|a—1tPb|, 1)
la—itPb| <3p|a—th]| (2)
(BeipasnTh a—tPb B BHge auHeiiHo#i KomGuHAIUE BEeKTOPOB a—ib u
a—b u samernmts, uro pgas O0<{p<1 cuopaBefJWBEH HepaBEHCTBA
|a—pb|>1—p n |a—b|<2]|a—pb|). Bupectu orcioja, uro ecinu

Y B Z— OpOM3BOJBHEE IBa BeKTOpa m3 F, 10
ly—zp<2r|y|Pty—|z{Ptz], &)
lypty—{zPtz{<3ply—z|(yl+lz])P (&

1y
b) IloxagaTs, a10 oToGpaskenne f—> |f|® .f ecrs Bsammmo ommo-

3HaYHO0e PAaBHOMEPHO HEIPEPHIBHOE OTOOPaskeHHe IPOCTPAHCTBA x}, HA
£} (ucmonb3oBaTh HEPaReHCTEO (3)).

¢) Iloxasats, 910 oto6paskenne f—> [f[P~1.f mpoctpamcrsa £} ma
l’%‘ PABHOMEDHO HEIPEPHIBHO HA M060il OrpaHMYEHHOHR YACTH TPOCTPAaH-

cra £% (memomb3oBaTh HepaBeHCTBO (4) u HepaBeHcTBO I'émbpepa).
BuiBectn otciofia, 9TO TOMOJOTHYECKUE IPOCTPAHCTBA Z}p n £% romeo-
MODPQHEL.

°11) ITycrp F — 6anaxoBO OPOCTPAHCTBO W l’p (E, p) (mam mpocrto
ZLp(p) 1 game ZLp) — BEKTOPHOe TPOCTPAHCTBO M3MEPHMHX OTOOpaske-
#mit mpocrpascrBa E B F. Jaa mio6oro MHTerPHPYeMOro IOLMHOMECTBA
A c E m mofoit mape (8, &) CTPOro HONOMKATEABHHIX dYHCEN YOpe3
U (4, 6, &) obossaunm MHOMtecTBO oToOpamenmii f € Lp, pua KoTopmx
cymecTByer Taxoe (3aBmcaAniee oT f) mHTerpupyeMoe mogMHOMeCTBO B A
¢ Mepoii, He mpeBocxofAmeit O, 910 faa moboro z € 4 [} CB copasefauso
mepapernctBo | f (z) | <C e.

a) ITokasare, d9ro wmHOmecTBa U (4, 8, &) obpasyror d¢ynmamen-
TAJIbHYI0 CHCTEMY OKDPECTHOCTell HyJs OTHOCHTEABHO TONOJNOIHH B Lr,
corjacymmeiica €O CTPYKTYpOH BEKTOPHOIO HPOCTPAHCTBA (TOMOJIOrHA
czodumocmu no mepe). 3aMuKaume HYJIA B 9TOHl TONOJNOTHH eCTh HOM-
OpOCTPAHCTBO JIOKAIBHO HpeHeOpe:xmMbX QyHKnmil co 3HadeHusimm B F.
OGo3znaumM depes Ly OTHeamMOe IPOCTPAHCTBO, ACCOLMHDPOBAHHOE ¢ L
(TIPOCTPaHCTBO KIACCOB MB3MepHMHX (YHKuHH, PaBHHX JIOKAJbHO HOUTH
BCIOLY).

16*
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b) IToxasats, 9T0 ecan 1< p<-+co, TO TOMOMOTHA CXOAIMOCTU IO MEPe
B £} Gyner MeHee cuabHOM, 9eM TOIONOTHA, OmpefelAeMas MoJyHOPMOil

Np(f), m at0 & p (E) (m Tem Gonee Kasjoe m3 Zﬁ) BCIOAY IUIOTHO B
£ p. DHBecTH OTCIOfa, ITO €CAW HOCHTEJIL MepH | 06CKOHEUeH, TO TOLO-
JOTHA CXOAWMOCTH IO Mepe B £, cTporo MeHee cmibHA, 9eM TONOJOTAS,
oIpepesgeMad IMOCPeicTBOM NV (f).

c) IloxasaTts, aro ecam (f,) ecTs mocaexOBaTENBHOCTL QYHKIUE H3
£, cxogauaacsa mo mepe K 0, To A n060ro HHTEIPAPYEMOro MHOME-
ctBa A CymecTByeT Taxad MOJIOCJIeLOBATEJILHOCTH (f"k) mOCJIeJOBATEI b~

mocra (f,), 9rO0 HOCIEZOBATEILHOCTH (fnk(x)) cxopmures K O gasg mouTtu

BCeX z € A (3ameruTh, 9T0 AJdA moboro € >0 HAHfeTCA HHTEIPEpPyeMOe
DOAMHOKECTBO B (A Mephl, He IPeBOCXORAMEH &, U MOJIOCIef0BaTeIb-
HOCTL mocaegosateasnoctn (f,), cxomgamasica mpocto ¥ 0 Ha A4 [} CB).

ObGpatHo, myctsb (f,)—Taxasa mocmeqoBaTeabHOCTH QyHKUME U3 Lp,
970 Ajia A1000ro MHTETPHPYEMOTo MHOMecTBA A mu Io000i mogmociaeno-
BaTeJBLHOCTH (f"k) mocaenoBaTenbaocTe (f,) CyumecTByeT mogmocTeno-

BaTEJILHOCThL  MOCJAEL0BaTeABLHOCTH (f”k)’ cxopAmancas K O moutnm

Beoopy Ha A; moxasath, 4TO MocaefoBarteabHocTh (f,) cxommTea mo
mepe K O.

d) Oana Toro arobm mogmEOMkectBO H u3 Ly obnagamo TeM cBOii-
CTBOM, 4TO €ro KAHOHMYeCKHil o0pa3 B Ly IpEKOMIAKTEH, HeoOXOZuMO
. focraTogHo, 9To0H FuaA aioboro € > 0 m m060ro METETPHPYEMOrO MHO-

mectBa A < E CymIecTBOBaJO TaKoe KOMIAKTHOe MHOMKeCTBO M — F
I Takoe pa30meHMe MHOMeECTBa 4 Ha KOHEYHOE YHCIO0 WHTEIPEPYEeMBIX

MHOKOCTB 4;, uro mis Jwboro f € H HaillfeTcs WHATErpEpyeMOe MHOMie-
ectBo B — A wmepH W (B) < &, obnajaiomee ClefyOIEMA CBOICTBaMm:
1° paccrosmme mio6oii Toukm u3 f (4 () CB) o M He OpeBoCXOIHT &;
2° B KampoM u3 MHOmecTB A; [) CB wonebamme ¢pyrunuu f He mpesoc-
XOJHT €.

e) Iloxasars, 9T0 ecim Mepa W OrpaEHYeHa, TO HPOCTPAHCTBO Lp
MeTPH3YeMO H MOJHO *).

) Bosbmem B Kauecte M Mepy Jlebera ma E = [0, 1]. ITokazaTs,
910 BCAKas HempepHBHaA JmHeiHasa opma Ha Lp TOMIECTBEHHO paBHA
HYII0,
°12) Iyers (f,) — moclexoBaTeabHOCT, PyHENME U3 LT (1< p<-+00),
cxopamasca 0o Mepe k pynxnun f € £ p. Ilorasats, ur0 ecau Np (f,) < a
opn Bcex n, T0 (QyEKUmA f JOKAALEO MOYTH BCIOAY PaBHA QYHKOHEH

geLy uw Npy(g) < (HOKaBaTL, Y70 FIIA A1000r0 KOMOAKTHOTO HOAMHO-

mectBa K C E g [£17 @y di < aP, m PaccMOTPETH TAKYI0 BO3PACTAIOILYIO

*) B rnaBe V Oyger moxasaHO, 9TO OPOCTPaHCTBO Lp BCerga HOJHO.
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mOC/IeJOBATENBLHOCT, (K;;) KOMIOAKTHHX MHOKECTB, 9TO S £ P9, dp
n

CTPEMATCA K BepXHell 'PaHH MHOKECTBA THCes g [ £1P @y du) .

°13) MuomecrBo H € Z}F HA3KBAGTCH PAEKOCIMENEHIO UHMEEDUDY eMbIM,
eclli OHO YHOBIETBOPAET CIeAYIONIMM JABYM YCIOBHAM: 1° muna amo6oro
€ >0 cymecrByer Takoe 8 >0, uro Axs A10060r0 MHTEIDHPYEMOTO MHO-
mecTBa A Mepu U (4) <6 m moboit ¢yrkumu f € H BHOOIHAeTCA Hepa-

BEHCTBO g £, dp < e; 2° pua moGoro & >0 cymecTByeT TaKoe KOM-
DaKTHOe MHOMecTBo K, uwro maa Besaxoil ¢ysxunmm f € H mMeeT Mecto
HEPABEHCTBO S [ Py dn <&

a) Iorasars, 9TO HaA Toro, 4TobH mocmegoBarTeabHocts (f,) ymk-
nmid u3 x}v Obl1a MOCHEeNOBATEIbHOCTI0 {OMIM OTHOCHTENLHO TOIOJOTHH
CXOMMOCTH B CpeIHeM, HeoOXORAMO U [0CTATOYHO, ITOGH HOCHEI0BATENE-
HOCcTb (f,) Obiza mociaegoBaTenbHOCTHIO KOIA B TOHOJIOrAE CXOHMMOCTH II0
Mepe 7 aTo0 5 MHEOMKeCTBO QyHKIHI f, GBHUIO PABHOCTONEHHO WHTErPHPYEMO.

b) HDaa toro 4robm mopMHOMecTBO H < L1, ofmapgano TeM CBOii-
CTBOM, UTO ero KaHOHWIeCKmi 06pas B L} OTHOCHTeNbHO KOMIAKTEH,

HeoOX0IuMO | 0CTaToIno, uTo6n H OBIO PAaBHOCTEIEHHO HHTErPUPYEMO
® 9700 KaHOHHYeCKUi o0pas MHOmecTBa H B Lp OBl NIpEIKOMIIAKTEH
(cp. ymp. 11d)).

PacopocrparnTs aTH cBOIiCTBA HA IPOCTPAHCTBA x}; I <L<p<+x)
(cp. yup. 10). )

14) Ilycts g — monokuTeaAbHAS YHCA0BAA QYHKIES, IPUHARISIKATIAA
LP (1 L p <<+ o0). Ob6osmauum uepes [, MHOMecTBO Tex QymKimil
fe £y, nna woropux | f | < g. ‘

a) Iloxazars, uT0 B I g TOMOMOTHA CXORAMOCTH B CPeflHEM IIODANKA P
COBIajiaeT € TOMOJIOTHEH CXOHHMOCTH II0 Mepe.

b) Iloraszarh, 4T0 ecim p < ¢ <7 (COOTB. ¢ <C r < p), TO B_MHO-
mecrse Jg (| L% (| L TOLONOrAA CXOHHMOCTH B CpefiHeM TODAfKA ¢
Oyder MeHee CHILHOH (cooTB. Oollee CHIBLHOMN), YeM TOMOJOTHA CXONH-
MOCTH B CpefHeM mopafka r (Mis AByx ¢ymxumi f, f;, mpmEapmercammux
sToMy MHOMtecTBY, Hammears, uTo | f— fj |91 f— fy I8 (20)978,
W OPUMEHHTL HepaBeHCTBO l'éabfepa, BHOpAB Hapgae:KammMm 06pa3oM s
W Iapy CONPsUKEHHHIX MOKazarenei). llokasaTh Ha IpmMepax, 9To 9TH
TONOJNOrMM MOryT OHTH pasimuEsl (Cp. ymp. 8).

¢} Iycts p — mepa Jlebera ma £ = )0, +oof; dyHEDEs g (x) =

1
= (z (log?z -}- 1)) P mpumajaeskur £P, Ho He OPUHANIEKHT HEKAKOMY
X4 pns g = p. Ilokasarb, 4TO ecam g = p, TO TOIOJIOTHA CXOXHMOCTH
B CpefiHeM HOPAfKa ¢ B MHOmKecTBe [y [} £9¢ OTINYHA OT TOIOJOIHH
CXOZMMOCTH IO Mepe.
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15) IIyers h > 0 — rakas gmcaoBaa QYHKNUA, 9T0 A U h2 wmETe-
rpupyeMn; OycTh [p — MHOMKOCTBO HM3MEPUMHX YHCIOBHX  (yRKIWI
f, paa woropux | f | < h. Ilorasats, aro orobpamenue (f, ¢) — fgmpo-
m3Befenna I X Ip B £1 HemnpepwWBHO B TOHOJIOTAM CXONHMOCTH B cpen-
geM (B Ip m B £1).

°16) Ilycrs F — paenomepro ewnykaoe 0GaHAXO0BO NPOCTPAHCTEO,
To ecth (Tom. BexT. mp-Ba, ri. V, § 1, ymp. 15) oHO obmafaer caemyromgmm
cBoficTRoM: gaaA mioboro & >0 mHaififercs Taroe wucao & (g), =ro 0 <
<< 8 (&) <1 m 4r0o Eaa a106HX ABYX BEKTOpos a, b m3 F, YAOBIETBOPAI0-
mux yenopuam |a|= |b|=1, |a—b|» e, sBumonnserca nmepa-

3 @+bl<t —b).

a) IIycte p — gmedo, cofiepsamieecs B Ipefienax 1 << p << -+ oo.
IToraszarb, 4T0 Ansa mioboro &€ >> O HalimercA TaKoe HUCAO op (2), aTo
0 << 8p(8) << 1 muro Aaa mOOHX IBYX BEKTODOB a, b, yIoBIeTBOpAIOMuEX
yeaopuaMm |a | =1, b |1, |a—b|>> e copaBenumso mepasescrso

b
5@+ <a-s, @ (BEHEE) ©

BEHCTBO

(Paccymnan, OT NPOTHBHOrO; BOCIOJNb30BATHCA CTPOrHM HEPaBeH-

D
CTBOM (-15 (14 t)) < —;— (1+4-tP), copaBegausnM g 0t <1, 9T06H

HOKa3aTh, d9T0 ecClIW JiBe IOCAe[0BATeJIBHOCTH (ap), (bp) Touer m3 F
TAKOBHL, 9TO

lan|=1, (bai<t, lan—b,|<e
¥ BHPayKEHNe

| 7 (@nt b

P /1
> ([an [P+ 1D, [P)
2
Opd HEOrPAHHYEHHOM BO3PACTAHME n WMEeT Hpefed 1, TO HOIPeMeHHO

X b

lim | b, |=1, u 3#a9nT, eciHd MONOKUTL Cp=-—2—

n—»o0 | bn I
>0

~1. )

b) Ioxrasats, ¥To 6aHAXOBO IPOCTPAHCTBO LI’,Z PABHOMEPHO BEIIIYKJIO.
(Tiyers £ u g—raxme gse Qyunnma ums L5, aro Ny (f)=N, (g)=1
m Ny (f—g) > e PaccmorpeTe mETErpHpyeMoe IIoaMHomectBo A Tex
ToueK = € £, B KOTOPHX

£ (@) —g @ P> (1@ P+g@ ).

Hoxasars, gro Ny(f—g) ¢, > —;—- H 9TO, CJefOBATENbHO,
sup (Np (fp,), N, (gq>A))>/%. U paxoHen, IPEMEHHB a), IOKA3ATH,

, TO

1
- (an 1 ¢n)

oTrRyga lim
n—>oo
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9TO

5§ atptigm o, an—§

1 P €
5 (48 p%du>—4§;ﬁ6p(z) .

°17) I’asa awboro gumena p B mpepeaax 0< p<{1 oGosnaunM gepes
Z% wmHOKecTBO TAaKMX WaMepmMHX oTobpasenmit f mpocrpancrea E B 6a-
HaXoBO HpoctparcTBo F, uro N, (f) <+ co.

a) Iloxasath, ¥T0 L% ecTh BEKTOPHO® IPOCTPAHCTBO M UTO. €CIH Tepe3

By oBosnaweno muomecrBo Tex f€ £%, muna roropux Np (f)<a, TO
MHOMKecTBA B, mpm e, mpoGeramoimeM MHOKECTBO CTPOIrO IOJO0/KATEIBHEX
qmcel, 00pasyioT QyHLaMeHTAILHYIO CHCTeMY OKpecTHOcTeir 0 B MeTpH-
3yeMOH TOHOJIOTHH, COrJacyiomefica cO CTPYKTYpOi BeKTOpHOrO IIpo-
cTpaHcTBA B L.

b) Iloxasats, aro orobpamenne f—> |f|P~1.f ects paBHOMepPHO HeIpe-
priBHEOE OTOGpasKenHe mpoctpaHcTBa L) Ha :Z},- # 910 o6parHOE 0TOGPA-
JKeHNe PaBHOMEepHO HEemPepHBHO Ha J060M orpaﬂn'JéHHom MOMHOKECTBe
3 .211, (cp. ymp. 10). BrBectu oTciofa, 9To IPOCTPAHCTBO L5 HOXHO

H 9TO MHOeCTBO &% p (E) BClOgy [JIOTHO B Zg..

¢) Ecam mMepa p orpammvuena, To x}. [t .Z}f., A TOMOJOIrMA CXOZMMO-
CTH B cpegHeM Oyaer Gomee CHIBHOH, YeM TONOJOTHA, MHAYIHpYyeMas
B Z}, Tomonormel ms L%,

d) Bossmem B KagecTBe p Mepy JleGera ma E =[0, 1]. IJoxasaTs, 9T0
naa mioboi HempepwBHoi ¢yHrmum f»>0 cymecTByer pasGueHue f==

=~é—(f1+f2), rae {1220 m fy>»0—rakme pgBe Qyarnum m3 LP, 9T0
-1

Np(f)=Np (fs)=2 PN, (f). BuBecta orciofa, 9r0 B JLP saMkayTas

BHOyKmas obojouka mwoGoii oxpectHocTH B, ecTh Bce IPOCTPAHCTBO JLF

4 910, 3HAYHT, BCAKAA HeNpepHBHAA aameiinad gopma Ha LP Tomze-

CTBEHHO PaBHA HYJIO.

°18) Hycts p >0 ®w ¢ > 0 — OPOM3BOABHEE KOHedHEe [JelcTBH-
TeJNbHbIC 9WCad, B NyCTh f (Zy, Zz, . . ., &) — HEIPePHBHAA YACIOBaA
¢ymxnua, ompemenesnas zHa R7™ .

a) Ilycrs p — mepa JleGera ma E = [0, 1]. Yrobs AaA moboi
cueTeMu w3 n QyHRuME g, € LP Qyaruma f (g1, g2, - - -, &) HPUHAA-
aexana L9, HeoGX0ZUMO U AOCTATOYHO, YTOOH CYIECTBOBANQ TAK0e YACHO
a >0, 910

(@ oz I <a 4|z |4 420 )P

(Heob6xonumMOCTE JIOKA3HBATHE OT HPOTHBHOrO, MONYCTHB, 9TO IPH
n060oM megoM m > 0 cymecTByeT Takag To9Ka (Tim, - - -, Znm) A3 R, 9To0

[f (xms -2 vy ZTnm) ‘q>m(1+|x1m|+---+|xnml)p-
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Tlocae sroro moxasarth, uTo B E CymecTByeT TaKad MOCIEA0BATEILHOCTH
(4,,) WATEPBAIOB momapHO 0e3 o0mEX TOYEK, 9UTO ecim HONOKATD
gr (8) = Zpm Bas d1060r0 t € 4y, 1 gy, (8) = 0 faa mo6oii TOYRE ¢, He HpH-
HaJlJIe/RameR HIKaKoMY 4, T0 Kakias u3 QyHEumil g, Oymer mpuHamze-

mathb £P, HO f (g4, . . ., &) He OymeT mpmHammemarTh L£I).
b) IIyers p — mepa Jlebera Ha R. Yto6H pguasa mwGoil cucremur n
bynrunit g, € £P ¢yaxuma f (gy, ..., €u) OpHHALIERaANAa £9, Heob-

XONAMO I HOCTATOYHO, UTOGH CYIECTBOBAIO TaKoe 4HCIO b > 0, 4UTO
17 (@ oo ) 9O 2g || 22 |4 -- |20 PP

(Tor me Metop).
°19) Ilycts E —KOMODAKTHOe IPOCTPAHCTBO H W —Mepa Ha E. [las

aByX QyHKIEE f n g us Z% monoxuM (f, g):(?, gT}:S fg—dp,. Tocame-
JOBaTenbHOCTh PYHKUHH f, € .Z% Ha3HBAOTCA OPMOHOPMUDOSarHol, ecin
IOCAEOBATENLEOCTD, COCTABICHHAA U3 [r, OPTOHODMEPOBAHA B ruabbep-
TOBOM IIPOCTPaHCTBE L%, T0 ectb (Tom. mexr. mp-Ba, ri. V, § 2) ecan
{fm> fn)=0mnn (camBon HKpomexepa) pmias aw6oil mapn mHAEKCOB. [laa
a060i PyErnmm g € Z% KOMILIGKCHBI® 9ucla ¢, = (g, fn) Ha3HBaloTCH
romnonenmamu GYHKUAA ¢ OTHOCHTEALHO OPTOHOPMHPOBAHHOH IOCIe[O-

oo

‘BareasHOCTH (fn); MMeeM 2 | en |2<§ | g2 dp.

n=0
Ona mio6oit mapm Towek z, ¥ @3 E m moboro unenoro n > 0 moio-

n
maM Ky, (z, y) = Z fr(z) fr (y) (#8po nopadka n AJIA OPTOHOPMHUPOBAH-
k=

HOM mociemoBaTedbHOCTH (fn)); RIA BCAROH pyHKUME g € Jf% nMeeM

(@)= 2 @ @ = | Kn (e, )80 dn ).
k=0

Monoxnm Hy, (z) = S | Kn (2, y) | dp (y) (Pynryus JleGeca nopadra n paa

OPTOHOPMEPOBAHHON HOCHE{0BATONBLHOCTH (fn)).
a) Ilycrs (a,)—raxkas yObBajomas IMOCIEJOBaTEIbLHOCTH CTPOro Ho-
JORUTENLHEIX THCeJ, 9TO PAJA ¢ OOmUM UYICHOM o cXopurcd. [lorasats,
n
9T0 AJA OOYTH BceX = € £ BBRINOJHAETCA COOTHOIICHHe 2 |1z (2) 2 =
h=0
1
=0 (——) (acmonssys mpega. 6 m3 § 3, mokasath, 9To PAJ ¢ o0mEM
o

n
WICHOM oy | fr (2) |2 [cXOgHTCA mOYTH BCIOZY, W OpAMeHHTh ymp. 10 ms

: 1
«O0meit Tom.», ra. IV, § 7). Busecrtn orcioga, uro Hj (z):o(v_)
Qn

ANA [ouTH Beex z € E.
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b) Mycrs zy, — Toara w3 E. UTOOH Aas 4i060f KOMILIEKCHO3HATHOM
GYHKIUE g, OmpemeNeHHOH W HeOPepHBHOH Ha [F, UaCTHYHHE CYMMH
sp (g) OBLIN OrpaHWYEHH B TOUKE Z, (UMCIOM, 3ABHCAMEM OT g H OT Zp),
HeoGXOMMO M JOCTATOYHO, 4TOOH MHOMecTBo amcen H, (z,) 6bL10 orpa-
HAYeHO (HCIONb30BATh Opef. 3 m ToT PaKT, 9TO B MPOCTPAHCTBE, CONPH-
JKeHHOM K 0aHaxXoBy, BCAKOE €nabo OrpaHdYeHHOE MHOMKECTBO CHIIBHO
OTPaHWUYEHO).

c) Yrobn masm 41060 KOMIJIEKCHO3HAWHOH (YHKIUE g, OmpeeleH-
HOi ¥ HenpepHBHOI Ha E, pAx ¢ obmum 9neHoM (g, f, ) f» (z) pPaBHOMEDHO
cxogmica Ha E ® mMen cyMmy g (z), HeoOXOLHMO W JOCTAaTOYHO, UTOGEL:
1° BesiKas HenpephBHAasi Ha £ (QYHKNES ¢ KOMINIGKCHEIMH 3HAYCHAAMHA
Mor;ia OHTh paBHOMEDHO mpuOamiKeHA JUHeAHHME KoMOmRanusMm QyHK-
nuit f; 2° cymecTBoBala TaKas HOCTOSHHAs ¢, 49ro | H, () | < a opr
mo6oM n u aobux z € E. (3ametmth, 9TO [Ajs a10860r0 n cmpasef-

[oe]

JIUBO TOXEECTBO f, (z) = 2 {fur fm) fm (2); ¢ Apyro# cropoHH, Aas
m=0

JOKa3aTeabCTBA HEOOXOHMMOCTH yCIOBHA 2° 3aMeTHTb, 9TO A JI0-

Goif BospacTammelt HOCHEHOBATEABHOCTH (np) NeAHX d9HCeX W JdI0-
Goil mociaefoBaTENLHOCTH () TOYeK W3 E [OCIEN0BATEALHOCTh YHCOT

g Koy (z2, y) g (¥) dp (y) orpanmuesa (YmCIOM, 3aBHACAIEM OT g),

H paccyspmaTh, Kak B b).)
20) IIyers p — mepa Jlebera ua E = [0, 2n]. ITocnegoBaTenbHOCTD.
¢yHRIUA f,, rHe
fo (x):—1:, fon—1= 1__ COS Nz, fon ()= 1,_ sinnz (n>1),
Vn Va Va
€cTb OPTOHOPMEPOBAHHAA TOTAJLHAA IOCHS0BATENBHOCTh B HIPOCTPAHCTBE
Z& (em. O6mas tom., ra. X, § 5, mpepa. 8). Iloxasarh, aTo cooTBeT-

creyoman pyrrnuA Jebera H,, (z) He 3aBHCUT OT = 1 4TO Hp ~ —i—— logn.

°21) IIyere p—wmepa JleGera ma E =[O0, 1]. OmopefeanM ciemylomunm
obpazoM mocaegoBaTeNBHOCTH (fp) crymemdarhx  QyHKumit Ha E:
f—nocronHHas, paBHag 1; mycts Ans JaoGoro memoro n >0 uepes m

obosHadcHO Hamfoubmee Iexoe 9YMCAO, IpH KoropoM 2" <(n, ®m
m

oycrs n=2"-+k; f, ectb ¢QyHKnus, paBHaA 2% ma HMHTEPBaJIe

m
€ 2%  2%k4Af - 241 2k-+2
I_W s ~2m—+1 [—, —2 Ha MHTepBale [—2-ﬁ+—1-, W [H 0 B ocTadb-

HHIX TOYKax w3 %,
a) Ilokasarts, 9To mocaefoBaTedbHOCTE (f,) OPTOHOPMEpOBaHa («OPTO-

HOPMHEDOBaHHafd CHCTeMAa Xaapa»).
by Ilycrs V, — BeKkTopHOe MOZOPOCTPAHCTBO HpoCTpaHCTBA L&

(sap C), mopompgensoe QyHRumaME fp ¢ mafekcamm k < n. Iloxasatb,
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UPONOJKEHUE MEPLI, IIPOCTPAHCTBA LP I 1V, §6

9TO CyIlecTBYeT pasfueHHe mHETepBana E Ha n - 1 HOXYOTKPHTHX HHTEp-
BajoB, Ha Ka/KEOM M3 KOTOPHIX BcAKaa (VHKINA, HpHHAmJemaman V,,
Gyner mocToAHHA. BriBectm oTciofa, uro W, obpaTHo, JaA ai060i PymK-
nu| g, OOCTOSIHHOM HA KaKOoM #3 n - 1 HMHTepBaJIOB, CYmeECTByeT
dyrruua ms V,, pasHaa g sHa [0, 1] (3amermTn, urO V, HMEET pasMmep-
HocTh n - 1).

¢) IIycts g—mpoussoirHan ¢ysruua u3 l’(zz; BHIBECTH H3 b), ¥TO
ecad h ecTh emuHCcTBeHHAA QyHRUUA H3 Vp, gns xotopoit Ny (g—h)
JloCTHTaeT MEUHHMYMa, TO Ha Jo6oM martepsaie [a, B [, @a KoTopoM A
B
TocToAHHa, h(x):Bé_—a S g(t)dt.
[e4
d) Morasars, uro Aaa A060i KoMIIEKCHO3HAYHON YHKRIHA g, onpe-
JICICHHON W HempepHBHOH Ha E, pag ¢ ofmuM wieHom (g, f) f» (z) pas-
#OMEPHO cxofuTca Ha F m mMmeeT cymMmy g (z) (ncmonb3oBarh ¢)). BriBectn
OTCI0J{a, 9TO MOCHeN0BaTeabHOCTE (f,) TOTaXbHA.



TJIABA V
MHTETPIPOBAHIE MEP

B amoii enage T 6ydem osnauamv A0KAALHO KOMNAKMHOE NPOCMPAH~
cmeo, a W — noaovcumenvryio mepy wa T. Jas awboti wacmu A mro-
ascecmea E uepes ¢, o6osnanaemcs (ecau amo He npusodum k Hedopa-
3YMEHUAM) TAparmepucmuteckas Pynryus mrozceemea A. Jas awboi
MOUKU @ LOKALBHO KOMNAKMHOZ0 NPOCMPAHCMEA Yepes €, 0003Havaemcs
mepa, onpedeseHHAs NPU ROMOWU eOUHUMHOL Macchl, PACTOAOHCEHHOU
6 moure a (ea. III, §2, n° 2). IT0d uucaosoti Pyrnryueii mur 6ydem

6ceeda NOMUMAMb GYREYUD, NPUHUMAOWYIO cé0U 3Hauenui 6 R u,
3HQuUUM, mMarylo, KOMOPAs MO¥em RPUHUMAMb SHAYEHUSL -+ o0
u — oo. Kpome moeo, nam 6ydem yodobro culimams, umo npoussedenus
0-(4 o0) u 0-(— o) pasur 0; marum obpasom, ecau [ ecmv uwucaoeas
Pynryus, onpedeaennas wa T, u A — nodmrnoxcecmeo us T, mo fo,
osnauaem ¢ynryuio, cosnadaowyyw ¢ fra A u pasnywo 0 na CA.

Honsmue cywecmeentozo eeprHeeo unmeepaaa (coome. cyujecmser-
HO unmespupyemoti PyHKYUU), 6600umoe Hamu ¢ § 2, cosnadaem, Kak
A462K0 Y6edumbcs, ¢ NONAMUEM 8ePITHe20 UKMezpaaa (cooms. Unmespupy-
emoli Ppynryuet), xoeda T s6asemcs A0KAALLHO KOMNAKMHbM RPOCMPAH-
cmeom, cuemnblm 6 Geckonmeunocmu (O6wyas mon., Pes., § 8,
n° 19).

Tarum o6pasom, wumamend, KOMOPO20 UHMEpeECyem UHMEZPUPOsa-
HUE MOALKO HA JA0KAALHO KOMRAKMHBLL RPOCMPAHCMEAT, CUEMHLLT 8
beckoneunocmu, moxcem npu wmenuu onycmums n°n’ 1 u 2 us § 2;
8 0CmaabHOl yacml 24aeb 04s nosydenus GOpMYAUPOSOK, Cnpasedall-
evlx 6 cayude, Kozda paccmampueaemoe NPOCMPAHCIMEO CUEMHO &
OecKOHeuHOCmU, HYHCHO ORYCKAMb CA0BA (CYUJECMEERHBLILY U «CYujecmeeH-

- * *
HO», 3ameHan npu smom 3Hak U*¥ Ha n¥, a sHak S Ha S .
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§ 1. n-nacTHbIE ceMelicTBA KOMIAKTHBIX MHO)KECTB
1. HHoyuyuposanmnas mepa

Ilyctes T — MOKAZBPHO KOMIIAKTHOE IMPOCTPAHCTBO, [ — IOJOMM-
tenpHAs Mepa Ha I’ m X — 10Ka1bHO KOMRAKMHOE ROONPOCMPAHCMEo
npocrpactBa 7. Tak wax X saBasercsa mepece9eHMEM OTKDPHITOTO
¥ 3aMKHyTOr0 MHO:kecTB B I' (OOmas tom., Pes., § 8, n° 16), 10 ono
u-mamepumo (ra. IV, § 5, n° 1, cuemcreme us mpepa. 3). s moboit
dyurmum g € ¢ (X) obosmauum depes g’ QYHKIUMIO, Ompe/leIeHHY
Ha 7, paseyo g Ha X w O Ha T — X; moxaskem, 910 g' U-Unmeepupye-
na. HefictBUTeAbHO, g €CTh OTPAHMYCHHASA QYHKIWA ¢ KOMIAKTHEIM
HOCHUTEJNEM; JOCTATOYHO MOKa3arTh, 4T0 OHa p-maMepuma (rm. IV, § 5,
n° 6, teopema 5). Ho ecnm g>0, To g momyHenmpepHBHA CBEPXY Ha
T n, sgagur, mamepuma (ra. IV, § 5, n° 5, caepcreue us upenn. 9),
Hallle yTReP:KIEHWE BHTeKaeT M3 coorHommeHus g = (g*) — (g7) .
Tarkum o6pasoM, MOMKHO TPUHATH ClHeAYOINEe OIPejeIeHNe:

Onpenenerue 1. Ecau umeemes 40KAAbHO KOMRAKMHOe nOOnpo-
cmpakcmeo X A0KAAbHO KOMROKMHO20 npocmpauncmea T, mo mepoi,
uHOyyuposannoli na X noaosumenvroii mepoti p Ha T u 06o3navaemoll
Wx, HASHBAEMCS NOAOHUMEAbHAS Mepa, Onpedeasemasn Gopmysol

’
| g dpx= S g’ dp (1)
v
das awboii pynryuu g € & (X), e0e g — Pynryus, pasnas g Ha X
u 0 ne CX.

Ilpumep. Iyers p — mepa Jlebera Ha R u [ — npoussosvruiis
mHTepBaX ¥3 R; / ecrb JTOKANbHO KOMIIAKTHOE IOJIIPOCTPAHCTBO OPAMOl
R, u Mepa, mEAynupoBaHHasd Ha / Mepoil y, ecTs JuHeiHas fopma g —

b
- ( g (x) dx ua &% (I), ecam 4wepes a # b 00O3HAYMTD JIEBHIT M IIPAaBHIT

a
(KOHe4HEle WY OeCKOHeYHHE) KOHIH mHTepBaza J (cp. ru. IV, § 4, n°4,
mpumep). 9Ta Mepa HasmiBaeTca wepoli Jebeea Ha I; B cayuae, Korja J
KOMITAKTHO, 3TO oUpefesneHue COBIafaeT ¢ npuuEATHM B Tar. 111, § 1, n° 2.

Rorga X sasnsercss omkpwmbm MOAIPOCTPAHCTBOM IPOCTPAHCTBA
T, oupepmenerme 1 cosmagaer ¢ TeM ompeaeJeHNEeM MEPH, WHIYIUPO-
BamHOt Ha X Mepoil W (mnu cy:KeHWs MepH P Ha X), Koropoe OBLIO
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upmeenero B rii. 111, § 3, n° 1; geficreurensHO, B TOM Cirydae mid
aoboit pyurmum g € ¢4 (X) dyurnus g’ mHempepmpHa Ha 7.

B § 7 M 6ymem mogpoGHO M3yIarh MHTEIPUPOBAHNE OTHOCUTEIBHO
MHIYIUPOBAHHON MEDH, a LIOKAa HaM IOHAMOOMTCA NUING CXeAyIOITHil
JaCTHHII pPe3ynbrar:

Jdemma 1. IHyemv K — komnaxmmuoe nodmuoncecmeo us T; Oas
1106020 KomnaxkmHozo nodmnoxacecmsa H us K cnpasedauso paseHcmso

ug (H) = p (H).

B camom mexne, oGo3HaTuM depes f xapaKTepUCTHICCKYO QYHKIUIO
MuOkecTBa H Ha mpocrpancTBe K f monyHENpepHBHA CBEPXY M; BHa-
YUT, CHAYKUT HUKHEH ormbaomeil HEKOTOPOro QUIBTPYIONMEToCH
yOuBamomero cemeiicrsa (g,) ¢ymxmmit us oz (X); torma ug (H) =

= inf ,( o dug (rn. IV, §4, n° 4). Ecam g, osmagaer q)yHKuﬁfo,
a L

pasayl g, Ha K m 0 va 7 — K, To g, TONyHEIpPEPHBHA CBEPXY,
U HWKHAA ormbaiomad yObBaomero QUIbTPYOMErocs CeMeincTBa
(g,) paBHA XapaKTepucTHUeCKO# (QYHKIUU @y MHOKectBa H (Ha
npocrpauctse 7T); ciemoBareiibHo, B cuny ¢opmyas (1)

A

W(H) = inf S godp=inf | gadpr = px(H).
o o

2. p-naomHuie ceMeuUcCmMea KOMRAKMMHHIL HHONCECE

Ieegnomemne 1. Iyeme A ecmv p-usmepumoe nodmmoscecmso
us T, u nycmov & — MHOMeCB0 KOMRAEMHBIL noOmHONecme us A,
yOosaemaopawlyee cAeOYIOWUM YCAOBUAM:

(PLy) Jwbas samrknymas (M, cneqoBaTeabHO, KOMIIAKTHAS) udCcmb
MmHoxcecmsa us & npunadaemcum K.

(PLyy) Jrw6oe 06wedunenue KOHeuHO20 ulcaa mHuodcecms us & npu-
Hadaexcum K.

Tozda caedyrwue uemwipe cOLCMEA IKEUBAAEHIMHL:

a) Jas moeo umobu nodmuoxcecmso B — A 6ua0 a0KaavHo p-npe-
nebpeacumo, docmamouno, umobs, p* (B K) = 0 das awbozo K € K.

b) das awbozo komnaxmmuozo nodmHoxmecmsa Ky A u aiobozo
¢ > 0 naiidemea nodmuoacecmso K € K, codepacaweecs ¢ Ky u makoe,
umo p (Ky — K) < e. .

¢) Jlas aw6ozo0 p-unmezpupyemozo nodmmoncecmsea B — A cyue-
cmeyem pasbuenlie, cOCMAsAeHROe U3 [-NPEHEODENHCUMO20 MHONCCCEA
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N u us nocaedosamenvrnocmu (H,) KoMRaAKMHBEL MHONMecms, NPUHADAe-
sawuzr K.

d) Jas awboeo p-unmespupyemozo nodmmuoscecmsa B < A cyuse-
cmsyem eo3pacmaiowan nocaedosamenviocmd (K,) romnarmuve mHo-
acecms us K, codepacawyuzcs 6 B u marux, umo muomecmeo N =
=B — |J K, u-npenebpeacuno.

n

Ouepmano, uro d) Bieger a); ¢) Oymer ciaenosarh us d), ecau mpm-
vs1h 3a K, o0beguHeHMe MHO;KeCTB H, Ipm p <7 U BOCHOJB30BATH-
cs (PLyg). Uro6H nokasars, 910 b) Bieder ¢}, onpesenseM Ho MHAYKIIHA
HOCIef0BaTeabrOCTsh (H) MuOecTB ud & Tak, wrobm H,, ac B —
— U Hpy u 9106m p (B — | Hp)g% (rm. IV, § 4, n° 6, Teopema 4).

pPEN p<n
Haxonen, ocraerca mokasarb, 9ro a) msaeder b). Paccyxmass ot mpo-
THBHOTO, JOIYCTHM, IT0 BePXHAA Tpaub ¢ wucesx U (K), xorga K mpo-
feraeT MHOKeCTBO HOAMHOKecTB M3 Ko, upmHamiemamux K, Gymer
merpime, deM U (K,y). Cormaceo (PLypy) cymecrByer B03pacTaolad
T0CTeg0BaTenbHOCTE (L) KOMIMAKTHEX mHoaMmHOMecTB m3 Ko, upm-
sapiekammx § u raxkmx, aro sup p (L,) = a. Hoxomum B = |) L,;
n

n
B mmterpmpyemo, m p (B) = o, a smammar, p (Ko — B) = p (Kg) —
— a > 0. Ho, ¢ apyroii cropouH, MH IOKa)ReM, UT0 AJad aioboro
nogmHoxectBa K € & umonnserca paserctso p (K (K, — B))=0,
KOTOpOe, B CUJIY YCAOBHA a), IPUBOMUT K mporusopeumio. [leiicram-
TeILHO, ecaM O CYMECTBOBANO Takoe IogMHO:kectBo K € R, wro
pw(KN(Ky — B)) >0, 7o Hamioch OH TaKOe KOMIAKTHOE IOA-
muOxectB0 H m3 K (1(K, — B), qro p (H) > 0. Torga, coriaceo
(PLy), H€ &, wm pama [0CTato9HO GOJBNIMX 7 MBL MMENHM OH
w (L, UH) = p (L,) + p (H) > o. Ho mmomxectro L, |) H, corrac-
Ho (PLy;), upusapue;xut £, 970 TPOTUBOPEIUT OUPEIETEHHIO ..

OnpPEnENEHUE 2. [Tyemb A ecmb n-usmepumoe nodmuoacecmso ua 1.
Togopam, umo muomecmeo R romnakmuvir nodmmoxcecme us A
u-naomuo ¢ A, ecau swunoanawmes yeaoeus (PLy), (PLy), a), b), ¢,
d) npedaoacenus 1.

MHoecTBO BCEX KOMIOAKTHHIX IIOJIMHOKECTB MHO;eCTBA A
QR-TIIoTHO B A.

B cnygae A = T mu GymeM «MHOMECTBO, W-ILIOTHOE B I'» HAasH-
BATh IPOCTO «WU-IIIOTHHM MHO}KeCcTBOM»., BEcim 7 — A noranbHo
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W-IpeRe0pe;RUMO, TO BCAKOE MHOKECTBO KOMITAKTHBIX ITOJIMHOKECTB
us A, p-mioraoe B A, p-miaoreo B 7.

3ameqganmue. Upegmonoxnsm, uto 4 ecTh oOBeAMHEHHE ITIOCIHE-
HKoBaTenbHOCTH (L,) KOMIAKTHRIX MHOMKECTB M W-IpeHeOpermMoro (COOTB.
JIOKaNbHO W-TIPeHeOPeREMOT0) MHOMKECTBA, H HYCTh § — MHOMKECTBO
KOMIAKTHHX IONMHOMKECTB, M-maoTHOe B A. IlpmMenaa K Kamxgomy L,
CBOHCTBO C) M3 upentoKeHmA 1, molaydaeM, 9T0 A ecThb of‘hefHHEHHE
p-OpeHeGpe;KAMOro (COOTB. JOKANBHO p-IPEHEOPEKEMOr0) MHOMKECTBa
M ITOCHe0BATeNLHOCTH KOMIAKTHHIX MHOKECTB, NpHHafnexammx K.

Ecim K ecrb KoMmakrHoe IofgMHOkecTBo u3 7', 10 Ge3pasamaHO,
cKasarh I, IT0 MHOJKECTBO KOMMAKTHEIX MONMHOKECTB M3 K W-IIIOT-
0 B K mIn 910 0HO px-naomio B K: 310 ciegyer ua memMmu 1 u yeio-
Busg b) npemmomenma 1.

IlrEnnoemne 2. Ilyems A ecmb p-usamepumoe nOJMHOICCCMBO
us T u K — MHONMeCME0 KOMNAKMHYBT NOOMHONECME, W-TAOMHOE
6 A. Ilyemb Q — MHOINCECMBO KOMNAKMHHT noOMHONecms us A,
ydosaemsopsiowee yeaosusm (PLy) w (PLy;) u makoe, umo 8as awboeo
K € & muosmcecmso mex H € §, Oas komopuir H < K, Wx-naomuo
(umm, 910 OpmHO WM TO ke, W-naomuo) 86 K. Toeda § p-naomuo ¢ A.

B camom peme, mycrp L — KOMIAKTHOE ITOIMHOMKECTBO M3 A.
Has mo6oro & > 0 majinerca raxoe K € &, wro K <« L n p (L —

_K)<%, m Takoe HEH, wio Hc K =u M(K—H)\<%;

orciona BHTeRaeT, 410 W (L — H) <&, OTKyma u ciemyeT mpemio-
eHIe,

3. BEpumeputt usmepumocmu

Irennosenue 3. Ilycme A ecmb p-usmepumoe nOJMHOmCECMBO
us T u f — omobpascenue muoscecmsa A g monosoeuneckoe npocmpat-
cmeo G.

a) Ecau f p-usmepumo (rx. IV, § 5, n° 3), mo muosxcecmso Kom-
nakmuuxr nodmuosxcecme K < A, obaalaowuxr mem ceolicmeom, umo
cyxcenue omobpascenus f na K Henpepusno, 6ydem p-naomuo ¢ A.

b) Obpamno, ecau cywecmsyem makoe p-naomuoe 6 A MHOIUCECNBO
® Komnarmuviz nodmmoncecme, umo cysceHue omobpascenus f Ha
a060e muoxcecmeo K € & px-usmepumo, mo f p-usmepumo.
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Ileprasi wacTh cpasy mie BEITEKAOT W3 OUPENENCHUA H3MEPHUMHIX
$yurmumit (ra. 1V, §5, n° 1, onp. 1) n ycaosua ¢) npenmosxenus 1.
O0paTHO, JOMYCTHM, 9r0 BHIIOAHACTCH CPOPMYIHPOBAHHOE BEITE
ycinopme b), m obosHaumM depes ) MHOKECTBO TAKMX KOMIIAKTHBIX
‘TogMHOKeCTB M3 A, 410 cysenue orobpaykeHus f Ha mo0oe mMOAMHO-
sxecto [ € § wenpepusHo. Ileprag 9acTh MOKA3EIBAEMOTO LPEMIJIO-
SKEHUA 1 IPeflIOjKeHUA 2 MOKAa3HBAT, Ir0 §H pu-mwiotHo B A. Uroln
TOKa3ark, ITO [ W-mM3MepuMo, NPOROIRHUM ero Ha I — A, monomuB
€r0 Ha 5TOM MHOKECTBE DPABHHEIM MOCTOSIHHOMY 3Haueumio (ra. IV,
§ 5, n° 3); rakoe mpomommenme obosHaumM depes g. Iaa aoboro
KOMIaKTHOTO mogMHOoKecTBa L ma T muomecrsa LN A u LN (T — A)
L-MHTEIPUPYEMBI;  clefoBareibHo, miad gioboro & >0 mHafigyres
Takoe KOMHakKTHoe mmopgMHOmecTBO M — L (1A u rTaxkoe KoMmaXr-

moe mopmuokectBo P — L} (T — A), gavo p (LNA4) — M)<—%

u p (LN (T — A) — P)<—;—. C [Opyroit CTOPOHH, CYLECTBYeET
mogmHOMecTBO H € §, comepskameeca B M m Takoe, UTO
n (M—H)<—Z—; Torfa cy:ReHme OTo0pasKeHHs g Ha KOMIIAKTHOE

muokectBo K = H|JP Oymer HempepHBHO (TOCKONBKY g TOCTOSH-
0 Ha P) n p (L — K)<e, 9eM ® 3aBepmaercs J0KazaTeIbCTBO.

4. Joraasvno cuemiivte cemeicmea

Onreneneene 3. Muoaecmao nodmuoscecme A monoaoczuxecrozo
npocmpancmsa T Ha3visaemces AO0KAALHO CuemHBM, ecal Oaf 41006020
aaemenma t € T cywecmsyem makas ee0 okpecmuocmb V, umo mHo-
awecmeo nodmuoscecme A € A, nepecerarowur V, cuemno.

Ilpemnomenne 4. Iyemv T — a0KaibHO KOMRAKMHOE RPOCMPAH-
cmso u pu — noaoxcumenvian mepa va T. Toeda cyuecmeyem 10KaLbHO

cuemKoe MHOMCecmeo & nenycmuix Komnakmuux nodmmoscecms us T,

NONAPHO He NePeceKaiowuxrcs U makur, ymo Mmuoxcecmso T — JK
K

AOKAABLHO P-RPEHeODeAcUMO .
Paccmorpum Takme MHOKecTBA ¢ HENYCTHIX KOMIIAKTHBIX ITONI-

MHOKecTs M3 I', 410 pBa DPa3INIHLHX MHOKeCcTBa m3 £ He 1nepece-
KawTca u 910 s a6oro L €L u mooro oTkprToro Maoskectsa U < T,
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nepeceraromero L, w(L\U)=£0. 9tu wmuosxecrBa & o6pasyior mop-
MHOMEecTBO F MHOmectBa B (H3(T)), xoropoe MH yHOpPAKOTIUM
B R (P (7)) orHOmMenmem Briroderns. OueBmpHO, 9TO F UHOYKMUBHO;
obozEaunM wepes & ero Mmaxcumansub snement (Teop. mH., Pes., § 6,
n° 10). Ilpesxne Bcero morazkeM, 4ro & joxaipHo cuerHo. [leficTu-
TeJdbHO, NyCcTh mid Jwboro ¢t €7 gepes V o6o3naueHa OTHOCHTEIBHO
KOMIIAKTHAS OTRPHTasg OKPECTHOCTh djaeMeHTA &; ecn’ (K;)i<i<n €CTH
KOHOTHOE CEMEACTBO PABIMIHKIX MHO;kecTB M3 &, mepecexamommx V,

n

TO B CHWJIy TOTO, 410 K; TIOIApHO He IepecerarTcs, 2 n(K:NV)=
i=

n n
=V (U K;)), otryna M u(K:NV)<p (V). Ecam $ osHATAeT

i=1 i=1
MmHOmecTBO Tex K € R, woropeie mepecexkaior V, TO, CaegoBaTelbHO,

M w(ENV)<-4-00, a Tax xar W(KOV)>0 npu awbom K € 9,
K29

10 § 6yner caernrM. Ocraercs MOKa3aTh, 9To MEOKecTBO N =1 — (J K

Kef
NoKANIBLEO p-upeHeOpexumo. Ha ocHopanmn mpuHRuOA JTOKAIX3ALAN

(ra. IV, § 5, n® 2, npenn. 4) scmo, wro N p-mamepnmo; ecau Ou NV
gHe OHLIO JOKanbHO LpeHeOPeRMMO, TO OHO COXEP:KaNo OH HempeHe-
Ope;KIMOoe KOMOAKTHOE MHOEECTBO 1. A mOCKOIBRY Py (H)=pn(H)>0
(memma 1), 10 Mepa Wy, MHAYOUpOBaHHAA Ha [ Mepo# W, oTiMdYHA OT
HyJIeBOii; CIeJoBaTeNbHO, ee HocuTens S — H ABIgeTcsa HemyCTHM KOM-
NaKTHHM OOAMHOMRecCTBOM u3 H, U [as A060re OTKPHTOTO MHOMKECT-
Ba U < T, nepeceraromero S, BHmoJHAeTcsA HepaseHerBo Uy (U ) S)>0
(ra. IV, § 2, n° 2, upexn. 5). ITo cpasy ke BiIeIeT HEPaBEHCTBO
w(UNS)>>0 (ubo B U S Haiigerca Taxoe KOMOAKTHOe MHOKecTBO L,
aro Py (L) =p(L)>0); orciona 3akmogaeMm, aro MHOMecTBO 9 ) {S}
npuaaguessur F. Ho aro mporusopeant ompefenesnio MHoxkecTa K,
H IpeIoKeHNe JOKA3aHO.

TipEonoxEHUE 5, [Tycme 9 -—.ao0kaavho cuemmoe MHOICECTEO
p-usmepumtixr nodmmwoxcecms us T. Tozda obwvedunenue B = leJQIA

A

U-U3mepUMO; Bas moeo «mobsL omob pasicersue g mruoscecmea B e monoao-
2uneckoe npocm paHcmeo G 6 w.a0 P-Uusmepumo, Heobrodumo u docmamouno,
umobul e2o cymucenle Ha A060e MHOxcecmso ACUA Gwao n-usmepumo,

YrBepiKgeaEue 0 TOM, 90 B U-m3MepuMo, clefyeT U3 IPHHIAIA
aoxanmsanun (ra. IV, § 5, n° 2, mpemt. 4), HOCKOMLKY AJs T0GOTO
17 u. Bypbaxu
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t € T cymecTByer Takad OTHOCUTEIHHO KOMIAKTHAS OTKPHTAA OKPECT-
HocTh V onmemeHta f, wro MHOkectBo V (| B gBidercs oObequHeHumEM
caeTHOTO ceMeiicTBa MHOKecTB Buma V(1A (rme A € A). Hemo, w10
ecan g P-M3MEePUMO, TO ero cy:meHHe Ha mioboe mMuomectso A € A
uw-mamepumo (ra. IV, § 5, n° 3, mpena. 7). O6parHo, gomyctum, 9TO
s mioboro A € A cymxeHuwe g, oroOpaskeHUs g Ha A [-HBMEPUMO;
Torga MHOMeCTBO ®, KoMmaKTHBIX moamHOMectB K < A, mua KOTO-
pHX cymenue oTo0pavkeHHmA g Ha K HempepHBHO, Oymer WU-ILIOTHO
B A (upegn. 3). O6osHaumM gepes §) MHOIKECTBO OOBEIUHEHNIT KOHEU=
HOTO YMClia MHOMECTB, mpuHamiexammx (J &; gocraroTno moka-

3arh, 910 § M-mwiotHO B B (mpepn. 3.) Ho §, odeBunmo, ymoBierso-
paer ycaosusam (PLy) m (PLyp) nmpepmosenuss 1; ¢ gpyroit cropoHH,
o6o3HaumM dwepes /N taxkoe HOOMHOMKECTBO M3 B, 4ro pasg mio6Goro
A €A u awboro K € H muoxectso N (| K npemebpemmmo. [lna
moboro t € B cymecrByeT OTHOCUTEIbHO KOMIIAKTHAd OTKPHITasg
OKpecTHOCTH V ajeMeHTra ¢, mepecexaomiadaca He (ojiee 9eM €O CUeT-
HeM cemeficTBoM (4,) wMHoxects m3 Y. Ilo ycuaosuio MHOMKECTBO
NNV (A4, upemeOpeumo, a 3HaIUT, HPeHEOPEKUMO W MHOKECTBO

NQOV = y NV N 4n);

TeM CaMbIM I1IOKa3aHO, YTO N noxaipHO upeHe6pemnMo, n TOKa3a-
TeJIHBCTBO 3AKOHUECHO.

YopamuEernusda 1) Ilycte T — noKagbHO KOMIAKTHOE IIPO-
CTPAHCTBO, W — IOJOKHTEeIbHasd Mepa Ha T | (Ua ) s — OTEPHTOR
noxpuTHe mpoctpauctBa T. Ilycts gaa mioboro a € A gepes f, 0003Ha-
ueno oro0pakeHHe MHoKecTBa U, B MHOMKecTBO G. Ilpemnmonomum, 4TO
Aasa mofolf mape HHIeKCOB o, [ mHomecTBo Tex rtouek ! € Uy N Up,
B KOTOPHX fqo (2) # fg (?), TOKAIBHO p-mpenebpeskumo. Ilokasars, 4ITO
CyIIeCTByeT TaKoe oToOpaxenue f npocrpaHcrBa T B G, IpE KOTOPOM [AA
noGoroo € A MHOxecTBO TeX ¢ € Uy, B KOTOPHX [ (1) % fq (1), mOKaITBHO
p-mpeHeGpe:xkmMo. (BHagame paccMoTpeTh crydail KoMmmakTHoro I, HOK-
priB T KOHEYHHIM HHCIOM MHOMecTB Uy, a 3aTeM IpPH HOMOIMM Hpent. 4
mepeiitu k obmemMy ciydalno.)

°2) IIyctb T — TomOJOr®YecKOe HPOCTPAHCTBO M I — MHOMECTBO
HofMHOMKeCTB M3 T, YIOBICTBOPAIOIINX YCIOBHAM:

(LNp) Ecmr XENR m Y X, 10 YER.

(LN1p) Ecim X ENR v Y ER, To X U Y EN.

(LNyyy) Hasa Toro 4Todn MHOskectBo X — T mpmHafaemano N,
Heo0X0AMMO H JOCTATOYHO, UTOOH BeAKad TouKa z € X obgagana TaxoH
OTKPHTON oKpecTHOCTBIO U B T, ato U N X €N
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IIyers (Ug)o € 4 — OTKPHTOE HOKpHTHE IpocTpaHcTBa T'. I mio6oi
HapH HHAEKCOB (o, fB) 1epes N,p o003HaumM mpHHa/jie;Kamee N MHOMKe-
CTBO, YHOBIETBOpAIODIEE CIEAYIOMEM yeloBHAM: 1° Ngo = &, Npg =
= Ngg; 2° Ngpg < Uy N\ Up; 3° vaxosu O nE Onmm mEfeKCH o, f, 7,
mveeM (Nog N Uy) < (Nay U Ngy). 1lokasats, 9T0 CymecTByeT CeMeil-
¢tB0 (Ng)o €4 TaKAX IOpHHAAJEKAIMUX N DoAMHOMecTB H3 T, 9TO
Ny C Ug nupu n1060M & € A B Noyg < Ny \J Np mpm awobux o, p m3 4.
(Paccmotpers MEOokecTBo O map (V, M), 06pa3oBaHHEIX OTKPHITHM MHOMKe-
ctBoM V < T u taxum ceMeiicTBoM IR = (My)e € 4 TOIMHOMKECTB, HpH-
Hagmekamux R, aro My, < U N Vopr mobom a €A 1 (Ngg N V) =
< (M, UMg) npm mobux mamexcax o, . Vnop;mo‘mn, @, nonarad
(V, M) < (V', M), ectr V < V' m ecmn Mo (| V= M, pas moboro
o € A. llorasath, uto MHOKecTBO (O HHIYKTHBHO' M YTO MAKCHMANBHEIA
snement (Vy, My) maomecrsa @ moiskeH OHTh TakmM, 91006 Vo = T.)
HoxywuTs oTCIOfAa HOBOE JOKa3aTembCcTBO yup. 1.

§ 2. CymecrBeHHO WHTerpupyeMuie ¢yHKIAN
1. CywecmeenHuitt 8eprHUtl unmezpan

Onrepeneane 1. Iyemv T —aokasbHo KoMnakmuoe npocmpar-
cmeo u W—noaoscumeavras mepa Ha T. Jas 4060l onpedeaennoii
na T uucaosoli gynryuu >0 cywecmsennvim sepruum urmeszpaiom
om f (omHocumeabno Mmepv \) Ha3vléaemcA U 0003HAYAEMCA Yepes -

E % _
S fau, S F (@) dp (2) uau p*(f) eepruas epanv (koHeunad ual Hem)

MHONHCECTBA HWUCE S:{f dp = S*fcpK dw, 20e K npobecaem muomce-
cmeo Komnarmunz nodmuoscecms us T. Jas 4106020 nodmuoscecmsa
A T noaazaem p* (A) = p* (@4).

Ileepnosenns 1. Ecau & ecmv p-niomuoe Muoscecmeo komnarm-

wnx nodmuoncecms us T (§ 1, n° 2, omp. 2), mo u* (f) =sup S*fq)x dp
K:z®
das awbol gyuryuu >0

,HOGT&TO‘IHO OOKa3aTh, UYTO A 1106070 KOMIOAKTHOTO HOOIMHOMKE-

crea L < TsuinonHsercs PaBeHCTBO S* fpLdu= Sjlflp S* fexdp, rme K

npoferaeT MHOMeCTBO LOAMHOKecTB w3 L, mpmHamiemammx K. Ho
Tak kak L mpegcrasnger co6oit o6beuHeHIe TPeHEGPORUIMOr0 MHOKE-
cTBa M Bo3pacrawmeii nocaerosatenbHocty (K,) MHomectB us &, To

17%
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BTO cJexyeT W3 TEOPEMH O IHepexofe X Opejnely B BEDXHHMX WHTE-
rpazax (ra. IV, § 1, n° 3, reopema 3).
Tax wax for<f @nIa 060rc KOMIOAKTHOTO  NIOJMHOME-

crea K7, 1o
ok

[ ran<{ . (1)

Mosker orasaTbes, uro W* (f)=£p*(f); meicTBUTENBHO, yCIOBHE
p*(f)=0 osmagaer, uro f npeneGpercuma, TOrEA KAK YCIOBHE

W¥(f)=0 osmauaer, uTo f aokaavno npenebpexcuma (ra. IV, § 5,
n°® 2, mpem. 5); HO MOTYT CYIIECTBOBATE JOKATLHO NIPeHepeRuIMbIe,
B0 He npeneOpe:rumuie MHO3KectBa (ra. IV, § 1, yup. 4).

IIPENNOKERNE 2, [Jas ecaroli noayHenpepvigenoli cuuzy wa T
wucaoeoli gynkyuu f >0 cnpasedauso pasencmso p* (f)=p* (f).

B camom pene, nycrp g—raxas ¢yErummsa us K. (T), 4yro g<f.
Ecim K ects (KOMOAKTHEIE) HocUreab QYHKIEE g, T R{g)<
< p* (f(px)<|7,* (f). Ys onpeneneHusi BepXEEro MHTErPAJA BEITERAET,
aro p*(f)<p*(f), m cuemoaremsmo, B cmry (1), w*(f)=p*(f).

lTeennoskenue 3. Hycme f>0—onpedeacwnas na T uucaosas

Pynkyus, obpawalwascs 6 HYab HA 00noaHenuu 06weduHeHus
nocaedosameavrocmu  (Ap)nz0 UHMeESpUpYeMBIT MHOKCeCme; mo2da
O o

p* (H=p* ().

IMocronbry wamoe ums A, ectb o0beguHEeHHWEe OPEHE(PEHKUMOrO
MHO;KECTBa W IIOCJEJ0BATENPHOCTY KOMIAKTHBIX MHOKeeTB (Ta. IV,
§ 4, n° 6, crepcrBue 2 m3 TeopeMnr 4), TO NS JOKA3ATEILCTBA [[OCTA-
TOIHO paccMOTperh caydail, rorga A, mpeHeOpexuMo, A, KOMIAKTHO
" A, < Apyy mia n> 1. Torga f Oyger mourm BCIOZY paBHa BepxHeit
orubaromeil BO3PacTAINEN HOCAeF0BATEALHOCTH PYHRITUI foa, (n>1);

mosromy (ra1. IV, § 1, n° 3, reopema 3 'm § 2, n° 3, npema. 6)
W (f) = Limpu* (fpa,) <B* (7),
u, cremoparensHo (dopmyma (1)), p*(f)=p* (/).

Cnencreue. Ecau T cuemno 6 G6eckOHeuHOCmMU uAu ecan W

o2panuyend, mo ﬁ* (fy=p*(f) Ora wmoboli wucaceoli Pymryuu f> 0,
- onpedesecunoi na T.
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[IPEgnomenue 4. a) Ecau >0 u g>0—06e uucaogbie Gynk-
yuu, onpedesennve wa T, u f<g, mo p*(f)<<p*(g).
by Aan awbozo konewnozo wucaa o> 0 euinoansemes paseHcmeo

w* (af) = ap* ().

¢) Ecau fi>0 u fy>0—06e uucaosvie gynkyuu, onpedeaernsle
wa T, mo p*(fi+ f2) <p* (1) +1* (f2).

d) Ecau v-—noaoscumesvhas mepa Ha T u p<<v, mo ﬁ* <VE.

IT! CcROMCTBA C€pa3y BHTEKAKWT W3 COOTBETCTBYIMUX CBOKCTB
BepxHero wHrerpana (ra. IV, § 1, n° 3, upemn. 10, 11, 12 u 15).

2. Cywecmeenno unmezpupyemvie Hyrryuu

ITycrs F — pelicraurenvuoe Ganaxoso npocrpaHcTeo. s moboro
otobpamenna f upocrpamctsa T B F uepes Ny(f, p) mam mpocto
N, (f) obosramiM (KOHeUHOe WIH GECKOHEUHOE) IOIOMMTENBHOE THCIO0
p*(|£]). Ecom f u g—pBa orobpaskesms T B F um o — crausp,
TO U3 OpejicxKeHUs 4 ciaenyer, 4ro

N, (“f)=|°‘l171 (),
N (f+g) <N, () +N,(g).

Has toro wrober Ny (f)=0, meoGxomumo u gocrarouno, robs f Gruto
AOKEQABHO N DEHES PedUMO.

Yepes #5(T, ) mim mpocto Fr(W) m Aake Fh (ecam 310
He MO;KeT BHI3BATL HefopasyMeHmi) Mu Oyjem o6osHauarh MHOMe-
ctB0 oroGpaennit f mpocrpancrea T B F, mis koroprx Ny (F) <<+ oo.
Jlerxo Bmpers, Tro Fh copepmur Fr (ra. 1V, § 3, n° 3), aro Fk
eCcTh BEKTOPHOE WOJIPOCTPAHCTBO BCeX oToOpaskenuit mpocrpamctsa [
8 F u aro N, (f) ects monymopma Ha F k. Mu Gynem Bcerma mpen-
mojaraTh, 4ro f ¥ HAJIEIEeHO TOHOJOTHeH, oUpemeiseMoll 3TOH moIy-
HOpMoil. BooGme rosops, mpocTpaECTBO FL He Gymer OTHeNHMHM;
3aMbIKaHME HYJA B 9TOM HPOCTPAHCTBE mpeacTapiafeT coloil mommpo-
CTPAaHCTBO /°F JOKaNbHO INPEHEOPE;RUMHX O0TOGPKeHHHE MmpPOCTPaH-
crea ' B F.

Beakas Qymkmus us Fh ofpamaercs B HYIb Ha NOHNOJHEHHH
C4eTHOro o0BefUHEHUS WHTErPEpYeMHX MHOkecTB (1. IV, § 5, n° 6,
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aemMma 2). 3Hauwrt, B CWIy OpeIOMKeHHA I A awboit QyHKIuE
fc #% copasepampo pasencro N, (f) = N, (f).
[IpEnaoKERRE 5. Cnpasedauss, coomHoweHud Fyr= Fk-+ M n

u FrNSr=U"p (npocmpancmeo nperebpesrcumuz omob pasceruil
npocmpancmea T ¢ F). Hnauve 2o60pa, 0aa moeo umobw @gynryus f

npunadaexcara Fk, neobrodumo u docmamoune, umobv cyupecmeo-
sara Pynkyua '€ Fk, pasnas { aokasvno noumu ecody; rpome
mozo, ecau " ecmv emopas @dymryus u3 Fk, pasnaa f aokaavro
noumu ecwdy, mo d@dyuryus ' —{ npenebpexcuma. H naroney,

Ni (f) =N, (f')-
Brauade MH yCTAHOBHM J[Be JEMMEL.

JIemma 1. IHIyemo >0 u g > 0— dee uucaosre Pynryuu; ecau g
uamepuma, mo

* . *
S fgdp:mfég pg dp,
kKozda @ npobezaem MHONCECMEO USMEPUMBE PYHEYUL, Goabwuzr Uy

pasunz f.

*
IMockoapky mepasemcrso f<{¢ Biewer [g <@g, TO S fgdp <
<L inf S ¢gdp. C gpyroit cropons, o003HaumM Hepes | HOIyHempe-

PHBHYIO CHU3Y (PYyHKIIMIO Takylo, 90 2> fg; MOI0EKUM @y (x) = -} oo,
ecin P(z)=g (z) = 4 oo wm ecanm g (z)=0, a B OCTANBHEX CILydaAx
%0 () =L
g (=)
(ra. IV, § 5, n° 5, mpema. 9) u uro Qog <P 1 Qo > f; cieoBaTeIbHO,
0 OmpefeNeHHI0 BepxHero mHrerpama (ra. IV, § 1, n° 3, omp. 3)
S fg dp > inf S*tpgdu,

9TO0 B 3aBepllaeT JOKa3aTeJIbCTBO.

Cpasy e yGeskmaemcsi B TOM, 410 ¢, H3MepuMa

Jemma 2. Hycms >0, g0, h>0—mpu uucaosse Pynryuu;
ecau g u h usmepumbl, mo

S*f@%JO&h=S*mdu+S*de
B camom pmeme, f(g -~ k)= fg -+ fh (c yuerom coriamenns
0-(+00)=0), n, smamm, ("f(g+mdu<{ fgdu+ | fhdp.
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C ppyroit CTOpoHH, w3 JeMMH 1 BEITEKaer, 9ToO S*f(g+h) dp =

= inf S*cp (g -+ Ah)dp, worma ¢ mpoleraer MHOMECTBO H3MEPHMEIX

¢yHKIMIt, ynopieTBopdamuX yciaosuio ¢ >f. Ho B To ke Bpemsa

S*cpgdwS*tphdu=g*cp(g+k)du, (2)

n6o ecim S*cpgdu<+oo U S*cpkdu<+ 00, TO PyHKIMH Qg u Qh

urrerpupyemu (ra. IV, § 5, n® 6, reopema 5), a smaumr, wmmTErpH-
pyemMa u ¢ (g--h), m3 wero ciemyer (2); B ciydae ke, KOIfja ONWH
U3 BEPXHMWX HMHTETPajJoB B NpPaBOi 9acTw paseH - oo, dopmyrna (2)
ouesnpra. Torma m3 (2) m w3 nemMMni 1 BHBOZHM HepaBeHCTBO

X * f(g+nh)dp> S ¥ fgdn-+ ( * fhdp, "eM m sapeplmaercd JOKasa-

(3

TEIBCTBO JIEMMEL.
IIycrs remepp f€ #F m (K,) ecth Taxkasa Bozpacramoimas moCiIe-

* _—
I0BaTeJbHOCTh KOMHAKTHRIX MHOMECTB, 4TO Sup g |f]@x du=N,(f).
n

Ilycte A= |) Kp; torma (ra. IV, § 1, n° 3, teopema 3)
* * J—
\ IflcpAdu=sgpS |Fl@x, dp = Ny (F),

u sHawmt, QpyEkuua f =fg, npmmagmewur F} m N, (f')=N,(f).
Iokaskem, uro ¢ymxmma for_, sokasvho npenebpesmuma. Ecan
3T0 HE TaK, TO HAUETCA KOMIAKTHOe HOAMHOMecTBo K us T — A,
maa xoroporo ¢pymkmma |f|¢@x He Gymer npemeGpeskmmoir (§ 1, n° 2,

mpexa. 1). Hycrs a = S*|f|cpK dp. > 0. MrOmecTRO L = K |J K, KOM-

HAaKTHO, M COIJIacHO JeMMe 2
* * * *
0 1e100dn= (" 1f10x, du+ (16 ox du=a+ (1] gx, i
CIIeJI0BATENBHO, AJA [OCTATOYHO OOJBIIMX 7 HMeeM HepaBeHCTBO
* —
{1t lendu=>N, (),

9er0 HEe MOKeT OHITH.
Hdna saBepmeHms MOKaszaTeabCTBa NPEIJIOKCHHA O TOCTATOTHO

zamernth, uro ecan £ € FE NN F, 7o Ny (£) = Ny (F), 10 ecrs f mpe-
HeOperxuMa.
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Cnencrsne. Ecau gynryus £ npunadaexcum Fk, mo mmosrcecmeo
mouer, ¢ komopux f (f) 5= 0, codepacumes 6 06wedunenuu nocaedosa-
MeAbHOCIY KOMRAKMHWL MHONCECTNE U JAOKAALHO hnpenebpeacumozo
MHOXCEC6a.

Ipemnomenne 5 MOKa3HBAET, YTO HOPMHPOBAHHOE HPOCTPAHCTBO
FrlAF HKauoHHYeCKH OTOKAGCTBAAETCA ¢ HOPMHPOBAHBEIM IIPO-
crpaHcTBoM F§/ A F H, 3HaunT, noaHo (ra. IV, § 3, n° 3, mpena. 5),

TaK 9T0 CaMO TIPOCTPAHCTBO & § TOJHO.

Ouregenennt 2. Yepes L% (T, p) (wau npocmo Lk (1), a makaxe
ZLF) obosnauaemes 3aMBKAHUE 8 AOKAALHO GWINYKAOM NPOCTPAHCMEE
FL (T, n) eexmopnozo npocmpancmea % p (T) nenpepuisnuz omobpa-
acenuti npocmparncmea T e F ¢ xomnarmuwim nocumesem. Pynryuu,
npunadaexcaujue 24, Hasweanmces cyuecmeeHHo UHMezpu PYembimi
omuocumenvro | (AIH cyuecmeenHo w-unmezpupyemvimu). Iosopam,
umo muoxcecmeo A < T cyujecmeenno unmezpupyemo omHocumesvro
(AH cyupecmeenno n-Urmezpupyemo), ecalt PYHkyus Qs CYUECMEEHHO
W-unmezpupyema.

Hrepnomenne 6. Cnpagedauss coommowernus Ly = L% + N5
u LyN S =N p. Huaue zoéops, das moeo umobw gynryus § 6uaa
cyuecmaeento unmespupyemna, Heobxodumo u docmamoyHo, umobsl cyuje-
cmeosaaa unmespupyeman gynryual’, pasnast soxasvro noumu ecrwdy,
u moeda sma Pynryuaf’ onpedeasemca ¢ mournocmuio o npene6pescu-
Mol pynEYUL.

B camom mene, nycts f€ £}; cormacmo mpemsosenuio 5 umeercs
dyexous '€ FF, pasras f moxkaasro mourm scwomy. C mpyroit cro-
pOHEHI, cymecTByeT Takaa QymEkmuma gE&p(T), aro N,(f—g)=
=N, (' —g) ckoxp yrogHo Mamo; 3T0 HOKasmBaer, uto I’ € L}.
Orcofa HeMeJIeHHO BHITEKaeT HpejlokeHMe.

HopumpoBanHnoe TPOCTPaBCTBO L1/ 4°F OTORIECTBIAGTCS KAaHO-

Angeckn ¢ Ly/ N p=L}% 1, crano 6mrb, moIHO, Tak uTO caMo Lk
HOJIHO.

Hpegnoxkemne 7. Jaa mozo umobs omo6pascenue f npocmpan-
cmea T ¢ F 6u0 cywecmeenno unmeapupyemo, Heobxodumo u docma-

mouno, umobs f Guao usmepumo w umobu N,.
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910 cpasy ke cueayer M3 mpemioikenus 6 W ¥3 KpUTEpus HHTe-
rpapyemoctn (ta. 1V, § 5, n® 6, teopema 5).
Couerast oroGpaskenne Hf’—»u(Nf) npocrpancrsa Ly B F ¢ KaHO-
HUYECKAM 0T00paskeHHeM MPOCTPAHCTBA £k ma L}, momyuaeM mempe-
PHBHOe JumHeitHoe oro6pasenme mpocTpaHcTBa £y B F, KoTOpoe

npodossicaem oroGpakennme f — S fdp mpocrpamcrea £} B F; 3HA-

9eHne 91070 oToOpaskenns gasa [ € £} 060sHaualoT cHOBAa 4epes S fdp

1 HaBHIBAIOT 9TOT dJeMeHT unmezpasom ot f ormocmrenpro p. Cie-
HOoBaTeJHHO, [Be CYECTBEHHO NHTErpApyeMuie QYHKI@HW, paBHEIE
Me;Rny co00ff JTOKAJHbHO MOYTH BCIOAY, MMEKT OJNMH H TOT Ke KHTe-
rpax. [asg moboit KOHeuHOH CyIMecTBeHHO WHTErpUpyeMoit ¢QYHK-

oqur >0 BHIOOIHAETCA COOTHOIIEHHE S* de=S fdp (mpemn. 5
nra IV, § 4, n° 2, mpegi. 1). Ecim A ectb cymecTseHHO MHTe-
rpupyeMoe MHOKECTBO, TO HHTerpal S ¢4 dpn obosHATAETCA TaKKe
gepe3 uW(A) m cHoBa HaswmBaercs Mepoli MHOMecTBa A.

IpegnosxernE 8. [Iycme & ecmb p-naomiuoe MHONCECMEO KOM-
nakmuuz nodmmoscecme us T; daa awboli gynkyuu f€LE umeen

S f dy=limg S fox dp, 3)

a0e npedea Gepemcs no gusempyrouemycs (RO OMHOUEHUID ) MHO-
acecmey K.

Iycrs § — umrerpmpyemass Qymkmma, paesas f JIoKaxbHO
moarn Beropy. Ilockonsky |f'| obpamaercs B Hyixb Ha JONOJIHE-
HAH CYeTHOro OOBeimHEHns mMHTerpupyemmx wmuOoxecTs (ra. IV,
§ 5, n° 6, memma 2), To m3 mpemioskeEmid 1 m 3 caexyer, dTO

S[f’|du ecTh BePXHAA TpaHb WHTETPAIOB S]f’l(px dp, toe K mpo-
Geraer muomectBo K. CuegopartenbHo, ua mwGoro e>0 Hali-
meTcsi TaKoe KoMIaxkTHoe MHO;kectBo K € &, wro S[f’[q)T_Kdu<e-

Torma pua mworo KommaxTHOro MHOMkectBa H D K uMeeM
| §tdn—{toudn|=|§ @ —rondu|< {1 ¢l orrdn<e,

YTO B JIOKa3bIBaeT UpeaJIOKeHHne.
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3dameuanusa 1) B cayuwae, xorma T upexpcraBuser coboit
cueTHOe O0BEAVHEHHe WHTETPHPYEMEIX MHOECTB (B, B YaCTHOCTH,
worga T cuemno ¢ Geckoweunocmu), W3 TpeIoKeHHs 3 H oUpejese-
HOA 2 CIEAYeT, 9TO NOHATHE CYINECTBEHHO HHTErPHPYEeMON GyHKOuH
COBLAjaeT C NOHATHEM HHTErpupyeModl ¢yHKUMH.

2) Ecam ¢yuximus f co 3pagsennsamm B 6aHax0BOM mpocTpaHcTBe F
onpefenena Ha T JOKaIbHO MOYTH BCIOAY, TO CHOBA TroBOpsAT, 910 f
CYwecmeenno URmezpupyema, ecin OHa JIOKaJIbHO HOUTH BCIOLY PaBHa
BCIONY OMNpEMeJEeHHOW M CyIECTBEHHO HHTerpupyemoil QyHrmmm f;;

IpPH 9TOM II0JIArafoT S fdp = 5 f; du, maTo ompenereHye He 3aBHCHT

OT TOii BCIOAY OTPENEICHHON W CYHIECTBEHHO WHTET PHPYeMol (yHRIMH
f;, xoropoii f pasHa JokanbHO MouTH BClogy. TOUHO TaK ke oupere-
Jfercsd MOHSITHE CYIeCTBEHHO MHTETPUPyeMOil QyHRUUHA A1 QyHRIAR
cO 3HAYCHMAME B R, ONpeJeIeHHHX ¥ KOHEYHHX JOKaJbHO MOYTH
BCIONTY.

Meepmoserne 9. Iycme (fo)qea — Cemelicmeo nOAOHCUMEALHBET
yucaoewr @ynryull, @duabmpyoweeca no OmMHOwEHUW < U makoe,
umo omo6pasicernue t — (f (1)) npocmparncmea T ¢ RA p-usmepuno.
Hyemy, Oaace, | — eeprnas oeubawwas cemelicmea (fo). . Toeda f
p-usmepuma U

S*fdufiggg*fadu- (4)

OGosnaumM wepes & MHOKECTBO TaKMX KOMHAKTHBIX IOJMEHO-
mects K — T, qro cymerHne Ha K orobpaxennst t—> (fo (1)) Hempe-
PHIBHO; H3 YCIOBHII TpPeJJIOKEHHA BHTEKaeT, 49r0 & pP-IUIOTHO
(§ 1, n° 3, mpemu. 3). Ilockombky cysxemne Ha mobGoe K € & rammoro
u3 oro0paskeHnii f, HEHPEPHBHO, TO CYyKeHHe OTOOpa)KeEma [
Ha mo6oe K € & momyHenmpepmBHO CHm3y, M, 3HAUAT, [ W-H3MEPHMO
(81, n°3, mpegn. 3 w ra. IV, §5, n°5, caegcrsme w3 mpemia. 9).
IIycrs J osnagaer (mamMepmMoe) MHOKeCTBO To4ek u3 I, B KOTOPHIX
f(t)= 400, a & (coors. K,)—MHOKECTBO TAKMX KOMOAKTHHIX IOJ-
mHomects H na T—J (coors. m3 J), uro cyxemma, Ha H oroGpa-
swermlt f u t-— (fy (¢)) HempepmsEm. U3 mpemmomenns 3 § 1 memo-
CPEJICTBeHHO BHEBOIWUTCS, 49TO B TOM CJIydae MHOKECTRO 00begmHe-
auii H\JH,, rne H €& u H,ER,, p-unormo. CormacHO DpemIIo-
wernto 1 m3 § 2 m teopeme 2 m3 ra. IV, § 1, n° 1, mce CBOJHTCA



<

2 CYIMECTBEHHO HWHTETPHPYEMBIE ®VHKIUHA 267

K JIOKa3aTelbCTBY TOTO, 4TQ SUp S * faPr dp= S * foxdp mas K¢ &,
QEA

niu K€K, Ecin K¢ &, to u3 Teopemur Jluun (O6mas Tom., Pes.,
§ 13, n° 21) Bueraer, uro f, paBHOMepHO cXogmtcsas K f Ha K,
OTKyZla W Clefyer Halle yTBep)K[AeHHMe IIAA JaHHOro caydas (ria. IV,
§ 4, n°3, mpegn. 3). Ecam ke K€K, T0 MOEHO OFpaHWYHTLCH
caygaeM, korga W (K)>0. Ilpumensas reopemy [dummm & ¢QyHKmmAM

fo
14+ fo
TAKOH WHAEKC o, 9T0 [o (¢)>>a upm mwbom t€ K; caegoBatelnbHo,

n 1—_’;},, MBI HoJydaeM, 9To AiaA ao6oro ancria a > 0 maligerca

S fa®x du > a-p (K), tar gro
*
supg fa®x du-——-+oo=§ fox dp.
A

ag
OTMeTHM, 9TO PABEHCTBO (4) He 00A3aHO BHIONHATECA, €CJH B HEM
CyIIeCTBEHHLIE BEDXHAE WHTErPAJH 3aMEHUTH BerHEMH WHTerpajtaMu
(ymop. 5).
Vonpasxumernnsa. 1) [lokasars, 4ro mgias xwoGo# BozpacTawmed
MOCAeI0BATeNLHOCTH (fp) MONOMKHUTENBHEIX YHCIOBHX (yHKNuA Ha T

¥ (sup fn) = sup L* (fa)

(ncmons30BaThH Opefa. 5). BriBecrum orcioga, 4TO A N06oH mocaemosa-
TEILHOCTH (f;) MONOMKHUTONBHHX YHCIOBHX (YHKIUH

w* (lim inf f,) < lim inf p* (f,).
n—>00 n—»co

2) Hoxkasare, 410 eciu [ W g— J(Bé MOJNOMKHUTENLHEIE TuCJOBHe QyBK-

nmm, 10 W* (sup (f, ©)+p* (inf (f, ©) <p* (N+p*(g) (ep. ra. 1V,
§1, yop. 1).

3) Ioxasate, 4To fua J0Goi onpesenennoll ma T $ymrmmm f >0
orobpaskenme p —» p¥ (f) mpocrpamcTBa off, (T) B R mOIyHEmpepEBHO
CHH3Y B cmAasHOH Tomonormm (ra. III, §2, ymp. 4; ep. ra. IV, §1,
yup. 3b)). IIpm Kakmx ycmoBHaAX 3T0 orofpaskenne GyAeT HenpepHBHLIM?

4) TokasaTh, 9To eciE W u V—[Be I[IOJOKUTENLHHE Meph HA T
A A=p-4wv, To A*=p*Lv¥ (cp. ror. 1V, § 1, mpemu. 15).

5) Hycres T -—nokantHO KOMIDAKTHOE IIPOCTPAHCTBO M |4 — Mepa,
onpenenennsad B yup. 4 m3 ra. 1V, §1. Jlaa moGoro geiicTBUTEILHOTO ¥
uepes f, 0603HATAM XaPAKTEPHCTHYECKYO (YHKLMI0 MHOMKECTBA, CBOAA-
merocs k touke (0, y) C T. Hokrasars, gro oTobpaskenne i —-(f, (t))yER

U-H3MEPEMO, HO 4TO ecqu f=sup fy, T0 p*(f)= 400 m sup p* (f,)=
YER YER

°6) Hyern (fa)ae A — CEMEHCTBO MOJIOMUTENBHLX JHCAOBEX QyHKEHI,
onpeneneHHHX Ha 7 u oflagalomux CJIENYIOMUM CBOHCTBOM: AJisA JH06 OTO
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KOMOaKTHOrO woaMHO;kectBa K C T m mwboro & >0 maiimerca Tako
KoMmakTHOe MHOkecTBO K'(C K, 9r0 p (K —K')e m 4910 CymeHAA
ga K’ Bcex Qymrmmit f, moxyHenpepHBHE cHE3y. O6o03maumm uepes f
Bepxmaiolo ormbaoomyio cemeiictBa (fy). Iokrasars, 4To f wusMepuma
¥ yOOBIeTBOpAeT cooTHomenuio (4) m3 mpegnoxkernua 9. ([Toxasars, 4TO
ecan K'—rakoe KOMIAKTHOP MHOKECTBO, 4TO Cy)KeHAA Bcex f, Ha K’

* *
MONYHENPEPEIBHEL CHU3Y, TO S fog. dp=—sup S fa®g- dW; paccymuars,
aEA

Kar B Teopeme 1, rua. IV, § 1.)

HpusecTn opamep orobpamennsa & —(fy (1)), YHOBIETBOPSOLETO
BEHIIIEYKA3aHHOMY YCJOBHIO H He ABIANONIErocs [L-N3MEPUMEIM.

7y ycrs (pp)—moCaemoBaTeABHOCTS MMOJOMKHUTENbHEX Mep Ha T,
cHIBHO cXofAmasca K u B off (T) (va. III, § 2, ymp. 4).

a) IToxasath, 9ro ecam oTrobpaskenwe f mpocrpamcrBa I B TOMOJO-
THYECKOe MPOCTPAHCTBO G [ip-ASMEPHMO IpH JIOGOM n, TO OHO [-H3Me-
pEMO (ACmoab30BaTh ymp. 3b) ms ra. IV, § 1).

b) IIycrs f—oro6paskenme mpocTpamcTBa I B 6aHAXOBO MPOCTPAH-
¢TBO F, CyMECTBEHHO |i,-HHTerpupyeMoe npm doboM n. Ilokasath, 4TO
€CHH TOCIeN0BATeIbHOCTD (ﬁ (|£])) orpammuema, To f{ cymecrBennO
u-gHTErpEpyeMo (ymp. 3).

TlokasaTe Ha @ppmMepe, UYTO pPABEHCTBO S fdp=1lim S fdp, mo-

Nn—=roo
eT U He BHIOJHATbCA (B3ATH B KA4eCTBE W TAKYID TOYEUHYI0 Mepy
Ha KOMIOAKTHOM IPpOCTpPaHCTBe, 4qrobu lim || p,)l=0); ommaxo sto
n—>00

COOTHOIIEHAE BHIIOJHAETCA, €CIHA i OrpaHAYEHO W HMeeT KOMIIAKTHH I
HOCHTE/b.

§ 3. lnTerpmpoBaHne NOJ0KATENBHBIX Mep

1. PYnryuu co 3HAUEHUAMU 6 NPoCMPancmee mep

Iyers X — noKanbHO KOMEAKTHOe HpocTpaHCTBO B off (X) —

HpocrpaEcTBo Mep Ha X. Bo Bcell ocraBmeiica "actu 3TOH TiaBEI
oft (X) Gymer Bcerma HaNeeHO wWwUpokoli monoaozuelt (ra. 111, § 2,
n°® 7); TakuM oGpasom, yTBep:IeHHe, 9T0 otolpaskenme { — A; TOIO-
Jormaeckoro npocrpancTsa I' B of (X) HempepwBHO, 03HA9aer, 4TO
nng mwoboit dyErumm f € ¢¢ (X) umcnoBas ¢yHEmEA { — (f, ) =

= S f (z) d\; (z) BempepsiBEA Ha I'; B 2TOM ciaydae Mul GymeM Tarxke

ToBOpHTH, 9TO orToOpaskenme f— A; wuporo nenpepusno ga T. Ecan
T ectb JTOKAIBPHO KOMIAKTHOE IPOCTPAHCTBO, & | — IMOJOKHUTEIbHAS
mepa Ha T, TO yTBepKmeHHe, IT0 oToOpakeHHWe {—> A; W-EBMEpPHMO,
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03HAYAET, CIEJIOBATEIBHO, UTO MHOKECTBO KOMIIAKTHEIX IIOJIMHOJKECTB
K n3 T, pna roropHx cymenme orobpamenus {— A; Ha K 1wmpoko
HeupepsiBHO, Gyner p-miorHo (§1, n° 3, mpepa. 3). B arom cuydae
FOBODAT, 4ro oTOGpaKeHHe — A; WUPOKO WP-UBMEDUMO.

Ilyerp T — HOKaIbHO KOMIAKTHOE INPOCTPAHCTBO W | — HOJO-
sxureabaasd mepa Ha I, Hamee, mycrs ¢ — A; — Takoe oToGpaskeHme
npoctpanctBa T B off (X), uro pusa awboro ¢t € T A, ABnsercd noao-
wcumeawvroli mepoit Ha X. Kpome Toro, npengonoxam, 910 s awboi
¢ysxmmn f € &8 (X) xomewnas wmeixoBad Qymkuuma £ — (f, A;) cywye-
CIMEEHHO UHmMe2pupyema OTHOCHTEILHO [&; €CIH HOJNOMKEHTh v (f) =

= S , A¢) dp (f), To, Kak xerko Bmueth, f— v () ecTb modo-

uTenbHAA JaWHeHHaA d¢opma Ha &% (X) m, smaumr (ra. 111, § 2,

Teopema 1), ABaserca noaoxcumesvroti mepoii na X, Mu 6ygem roso-
puTB, 9TO v €CTh UHmMezpas (OTHOCHTEIBHO W) ceMeACTBA HOMOMKATEIb-
BEax Mep t—> Ay (¢ € 7T), m Oysem BanmceHBarh ero B BHAE V =

- g Ae dp (D).

B cayuae, xorna 7' ecTh KOHeYHoe MHOKECTBO, WHTErpajl ceMelcTBa
t = Ay ABnAercA HAYEM WHLIM, KaK (KOHEYHOR) CyMMO# ceMeiicTBa
Mep p({t}) A

OrnpeneneHmE 1. Hycmo T' — 40KGAbHO KOMRAKMHOE RDPOCM PAHCMEO0
u w — noaoxcumesvnas mepa na T. Togopsm, wmo cemeticmeo mep
t— A; (£ € T) na X cozaacosano omuocumenvro mepsvl . (UAu p-coeaaq-
COBAHO), ecal OHO YOoeiemeopaem CAeOYOUUM YCA08ULAM!

1° Jasn awbozo t€ T Ay ecmb noaoxcumesvnas mepa Ha X.

2° Jlas awboti gynryuu | € 8¢ (X) wucrosasn gyuryus t — {f, k)
CYUCEEHHRO -UHMEZDUDYEMA.

3° Omobpascenue t—> Ay WUPOKO N-USMEDUMO.

amMenmanmnsa 1) Yieepskaemme 0 ToM, 49TO ¢ — A; UILPOKO
U~H3MEPUMO, CBOAUTCA elle K ToMy, 9T0 oToOpaskenue ¢ — ({f, As))jedh (X)

mpocTpanctBa T B RF D) u3MepuMo. JasA BTOTO HEJOCTATOUHO, YTOGH
Kaxgaa us QyErouil ¢ — (f, Ay ) 6bia usmepuMa; cemeiicTso ¢ — Ay Mep
He 006a3ap0 OHITH COITACOBAHHBIM, €CIH OHO YAOBIETBOPAET TOJBKO
yeaoeaaM 1° m 2° (ymp. 1).

2) IlpuBeyieHHOE BHINIE OLpeflelleAMe MHTErpaja oT CeMefcTBa IOJIO-
KATONBHNX Mep HpefcraBiger cofofl YacTHHH caydait momATmA caabozo
urnmezpasa, KOTOPHH Gyner H3y4aThca B 06meM BHie B Ii1aBe VI,
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2. Il oemoproste unmezpaavt 01 NOAYHERPEPHLEHBLI CHUBY
PYyrnryuii
Ilycre ¢ — A; ectp p-coriacoBaHHOe ceMeiicTso mep Ha X. Ecam

f€&% (X), To gna mHTErpaia S {fy &) du () Gymer raxme HCOOIEB-
20BaThCA 0003HAYEHHE Sdu (1) S f(z) dAs (x); Torma oupenenemie

nHTETpaNa v = S A: dp (t) sammmercs B Bupe

{r@av@={ao| 1@ )

ABajoruugoe m3MeHeHHe OGO3HAYCHHN ML HPOM3BEJEeM B JAlb-
HelilmeM AJA BepPXHHWX HHTErpPaloB, CYMeECTBeHHO BEPXHMX HHTErpa-
JOB W WHTErpajoB Or QyHKIWiT cO B3HaUYeHMAMH B 0aHaXOBOM MpO-
CTpPaHCTBE.

Ieepnoxenne 1. Hycmb t — Ay ecmd p-cozaacosannoe cemeiicmeo
smep Ha X, u nycmb VZS A dp(t). ITycmo, daace, f >0 ecmb yuc-
rosan pynkyus, onpedesennas u noayHenpepwenas cuuzy na X.

Tozda uucaocsas @Gynkyusa t—> S*f(x) dA: (x) p-usmepuma u

("f@dvie)={"ap {71 @ an (@), @

Iyers (go)aca — PuABTpylOmeecss IO OTHOIMEHHIO < CEMEHCTBO
rakux ¢yExnmiic w3 & (X), wro 0<g.<f. Homoxum 7&(f)=

— S* f () dh; (z); Torma pymkuma h Gymer CAy:KUTH BepXHEH OrH-

Gatomeit gaa QyHKIAI
t—>{go M) = S 8o dhy.

C npyroii cropors, ycramopleno (n° 1, samesanme 1), uro oroGpa-
wenne t—> ({(gq, A)) mpocrpanctsa I' B R4 p-usmepnmo. CormacHo
npemnokernio 9 n3 § 2 ¢yExmuaA h p-usmepuMma n

{2 dn@=sup { a2y du ()=

=sup { (ga, oy dp () =s0pv(ga)= | " (@) dv (a).
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Cuaencreme. Ecau omobpascenue t—> Ay WUPOEO HeRPepHEHO
u ecau uucaogas Ppynryui >0 noaynenpepuena cnuszy na X, mo

Pynryua t— S*f(x) dAhi (z) noaynenpepwvigna cuuszy ra T u

{r@av@={"ae | t@a@. 3

Ileppag 4YacTh CIefCTBUA cpasy HOIyYaeTcs M3 HpepioxeHusa 4,
ra. IV, §1, n°1; dopmyna (3) asaserca ciegcrsuem Popmyms (2),
eclIm y9ecTh COBHA/[CHME BEPXHEr0 H CYIIECTBEHHO BePXHEro HMHTe-
TPajJoB sl NOJYHeNPePHBHLX cHW3y O¢yHromi (§ 2, mpepm. 2).

3. I[oemopHle unmezpaibt 0m nPouU3coLvHLX
NOAOWHCUMECALHUX PYHEUULL

HMeegnomenae 2. Hycmb t —> A ecmb p-coeaacosanmnoe cemelicmeo
xnep Ha X, u nycmbo v:S Ardp(t). Toeda daa awboil uucaosol

pynryuu >0, onpedesennoli na X, umeem

("1@ dv @3> {Tdu ) | " 1 (2) dh (o). (%
Ecau, kpome mozo, t—>A; wupoko Henpepvieno, mo .
("r@av@={"ae | 1@ d e (5)

B camoM pgelde, mycTh g—rTaKas MOTyHeOpepHBHAS CHH3Y (yHK-
mus mHa X, uro g > f. aa nwboro t €T umeem

["1@ @< | g@ar@,

caemopaTenbEo (mpemi. 1),

i {r@am@<{Tao | s@d@="¢@ .

Ecau, xpome TOro, orobpaskeHume {-—>A; MMPOKO HENPEePHBHO,
TO TOYHO TaR 3Ke mMeeM

(") (" r@an @< ("o |"e@dr @ = g av(a).

Torga mepamemcrBa (4) m (D) Oymyr BEITeKath H3 OIpefleNeHUs

mHTerpana S*f(x) dv(z) (ra. 1V, §1, n°3, omp. 3).
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3amevanue. Hepasercrsa (4) m (D) MOryr yike HE BHIONHSITHCH,

* *
ecid B IpPaBoif YacTH BMeCTO S f(z)dv (z) nDocraBuThH S f(z) dv ()
(ymp. 3).
Cnegcreue. ITycmy N — v-npenebpencumoe nodmnosxcecmeo us X.
Muoacecmeo mex t €T, das kKomopux N He seagemes h-npenel pencu-

MBLM, AO0KEAALHO npeHeb pescumo ommuocumesvro W (u npeneb percumo,
ecau npu 3mom omobparcenue t—h; ULPOKO HERDePLLEHO).

Meegnomenue 3. Hycme f—v-usmepumas Pynryus na X, npu-
HUMAIOWAS 3HACHUS 8 MOnoLoUYecKoM npocmparncmee E U nocmosu-
HAS HA OONOAHEHUU HEKOMOPO20 CuemMoeo 00bedUHEHUS V-UHMe2pu-
pyemnz muoscecms. Tozda Mmuomceemso mex tCT, dan kKomophx
[ ne seasemes h-UusmepUMOY  A0KAADHO N peHeb Pescumo OMmHOCUMeNb-
HO .

[lo ycuoemio cymecreyer pasfuenme mpoctpamcTsa X, COCTaBIEH-
HOe M3 v-mpeHeOpesnmoro MHOxecrBa N, mocaefosatensaoctu (Kp)
KOMIAKTHHX MHOMeCTB u (V-A3MepUMOro) MHOKecTBa B, Tak, 4TO
f mocrosEma Ha B m uro cy:;xeHme ¢pyrxkuuu f Ha Kaykgoe n3 K, mempe-
pueHO. CoracHo ciefcTBmio u3 mpenaoskeausa 2, N A;,-mpereGpexnmo
BCIOZY, 33 WCHIIUYEHHEM JIOKAJHHC NPeHeOPeKUMOro MHOecTBa S
spavenuii ¢. 3Hauut, guan (¢S cymenme QpymKkumME [ ma KayKmoe u3
maomects N, B, K, A;-M3MepuMO, OTKy#a # CJELYeT IpeIOiKeHne
(8§ 1, n°® 4, mpepa. 3).

3armoventte mpefnoxenna 3 He 00:13aH0 Gonee BRMONHATLCA, eciu |
He ARJIAETCHA MOCTOAHHOM HA [[ONOJHEHNH CIETHOIO 00heNHEHAA V-HHTE-
TPHPYEMBIX MHOKeCTB, [JaiKe eciu oTobpasKemme f—» A; IIAPOKO Hempe-
pHBHO (YIp. 4).

4, IHosmopHnute unmezpaibt om HYHEYU

€O FHAUEHUANMU 6 GANAX060M NPOCMPAHCMEE

TeoreMA 1. ITycmb t— h; — p-coenacosanmoe cemeticmeo mep Ha
AOKAABHO KOMRAKMHOM npocmparcmee X, u nycmv v= S?\.t du (2).
ITycmy, daxee, § ecmo v-unmezpupyemas GyHKyus co SHAYEHUAMU UL

6 6anaxoeom npocmpancmee F, uau ¢ R. Haroney, nycmov H — muo-
scecneo mex LET, das komopux f ne ssanemca Ay-unmeepu pyemoii.
Toeda H saokaabHO npenebpexcumo OMHOCUMEAHO W, GYHEYUL



4 UHTETPUPOBAHUE IIOJOMUTEJILHBIX MEP 273

t—>g f (x) d\; (x), onpedeaennan Oan t & H, cywecmeenno w-unme-
2pupyema u
Vt@dv@ = du@ | f@)dn (). (6)
Ecau npu smom omobpascenue ¢ —> Ay WUPOKO HenpepHEHO, MO
H npenebpencumo u dynryus t—> S f (z) dh; (x) ummezpupyema.

Jlaneitntie KoMmbuHalmm ¢ Koaddwumenramm w3 F QyHRumi u3
##(X) obpasyior Bciony mioTHCE MHOMecTBe B L (v) (tw. IV, § 3,
n° 5, mpean. 10). CaegoBatesbHe, CYINECTBYET MOOCJIEIOBATEIIBHOCTD
(g,) Taxmx npHeliHHX KoMOMHanmii, obmamaomas cienyOIUMHI CBOI-
crBamu: 1° mocmencBaresibHOCTB (g, (*)) cxommres k f (x) Beoay,
KpoMe TOUeR X HEeKeTepere v-mpeHelpeskmmore MHesKecTBa N; 2° mo-
cae/ieBaTeNbHOCTD (g,) cxeanrea K f B cpeHeM CTHCCHTEILHC MEDH V;
3° cymmecTByeT TaKad MDOJYHeIPEPHBHAA CHA3Y vV-HHTETPUpPYeEMast
pysruma h >0, uro | g, | <h umpm mobem n (ra. IV, § 3, n° 4,
reopema 3). B cuny cuemcteua M3 mpeICiKeHHs 2 CYIIECTBYET MHO-
mectBe 4 — T, noxanbHO IpeHeOpeXMMOE OTHOCHTEIBHC MEDH W
a TaKee, 410 Aas £ ¢ A MHomecTBO N A,-mpeHe6peraMe; ClIe[0BATeIb-
He, Opu moboM t ¢ A meciaenoBareIbHOCTh HEIPEPHBHHX (YHKIHI
g, cTpeMurest moutH Beiony K f me mMepe A,. C ppyreit crepoHH, coryac-
He (4),

T K]

{an® | @@ < {"r@dv@ <+,
u, B3HAuU@mT, MHOEecTBC B tex Ttower (€T, pma koropmx Oymer
S*h(x) dh (x) = -+ oo, nekansEe npeHeGpexume. Ecim mememurs

H=A\| B, rc H 6yger nckanbHO HpeHe6PeXAMC CTHCCATEIBHC W, H,
ne rtecpeme JleGera (ra. IV, §3, n° 7, tecpema 6), npn ¢ ¢ H Ppynx-
nua f Gymer A;-ummespupyema.

OTrcbpaskenne tﬁ\g gn (z) dh; (x) opum mobeM n  DpUHALTERUT

(T, W), TOCRONBRY ¢—> A; M-COTNIACCBaHC W, B cuiy dopmyms (1),
{e@dv@={d| g@dn@.

Tar xak lim S * | £ (x)—gn (x) ]| dv (x) =0, Te u3 (4) BEITeKaer, ure

tim {"dp () {71 £ @) —ga () | a1 (@) = 0

n—r»oo

18 H. Byp6aku
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7 Tem Gomee DaBEHCTBO

Jim Y*l { @) an @ —§ & @ ah@) [au v =0.

n—»oo

-1
Ile ocmpemenenumiwo - mpoerpamcrea ZLr (T, p) (§ 2, n° 2,
omp. 2) mociefHee COOTHCIMeEHFme IIOKA3EBaeT, 4YTe CTOGpaskeHue

t-——>S f (x) dh; () (ompememeHHCE JICKAABHO HOYTH BCIONY) JICKATLHO

OOYTH BCIONY papHC QYHKOHHA U3 Z}r(T , W); HCXCOA W3 HEIPepHB-
71

HocTm wmHTerpara B ZLp (T, p), orciofa MOKHC TaKAKe BaKIOUYATH,

gTC HHTErpa S dp (2) S f (z) dA; (x) crymaT OpenencM KA HHTETPANCE

S dp (2) S gn () dhs () = S gn (x) dv (z), 10 ecTb paBeH S f (x) dv (x);

TakgM ©0paseM, mepBas 4acTh TEOPEMHl [OKA3aHA.

Ecau orebpaskennme ! —> A; MHAPOKC HEIPEPHBHC, TC CIEICTBHAE
u3 mpepacskeHns 2 @ ¢epmyna (D) HpeKme BCere HOORA3HBAKOT, UTO
muoiectsa A m B p-mpeReOpe;KAMEl, ¥ 3HAUAT, TAKOBHIM SBISAETCH
n H. Hpeme tere, us ¢opmyns (5) BHTEKaer, UTC

Jim H S £ (z) dhe (x)——g g, () dAs (x)‘dp (t) =0,

Tn~» 00

49eM [I0Ka3aHe, uYTe OoTeOpajkeHHe t—>g f (x) dh; (x) uETETPHpYEMO.

rennosenae 4. [ycmv t —> Ay — p-coeaacosanhoe cemelicmso mep
na X, u nycmv v= S Ay dp (2). IHycmwv, Odaanee, f>0—uucaosasn

Ppynryus, onpedesennas wa X, v-usmepumas u obpawyawascs
6 HYAb Ha OONOAHEHUU HEKOMOPOLo CHEMH020 00eOUHEHUS V-UHMe-

epupyemur muoxcecms. Toxda dymryus t— g*f(x) dhs () p-usme-

puma u .
{T@av@={"ao | 1@ d@. (7)

Ecau npu smom omobpajcenue t-—> h; WUPOKO HenpepweHo, Mo
("t@av@={"auo | f @ an@. (8)

[Iycrs (A,) — Bospacralomasi ICCTeCBATENBHOCTh TAKAX v-HHTE-
rpapyemeix mogMuexecrs u3 X, ure f(x)=0 gua 24 U A,, 7 oyern
n

frn=inf(n, fpa,). Rampan u3z ¢ymxumi f, v-mETErpHpyema, m f
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CIYRUT BEpXHeil ormbaminedl [us Be3pacTalomeil IOCIeIeBaTeNb-
moctd (fp). Ilo Teopeme ¢ mepexenme K mpepeny B BepXHHMX HHTErpa-

aax (ra. IV, § 1, 0°3, teopema 3) ¢pyHKDua ¢ —> S *f(x) dh; (x) AB-
nsAercs BepxHeil ormbawomell mus GyErmumit ¢ —> S* fn (x) dhi (); BHO

*
B cury TeopemMu 1 ¢ymrnus ¢ — S fn () dh; () JNCKampHC IOUTH
BCIOY paBHa OYHKOAHM (OOpefeleHHCH JOKANBHC TMOUTH BCIOAY)

t—> S fn (%) dA; (), KOTOpasm cymecrtBerHO unTerpupyema. Cuepca-

*
TenbHO, QYBEKOUA t—>S f(x) dh: (z), xar BepxEAA crubanmasn

ICCJe[CBATEBHOCTH M3MEepUMHX ¢yHKnmii, mamepmma (ra. IV, § 5,
n® 4, cumegcreme 1 w3 TecpeMm 2). HKpome TOTC, IOCKOMBKY

IOE ]
3 fndv= S fandv, TO Ha ccHOBaHME TeopeMni 1 M TecpeMH ¢ mepe-

XQIe K mpeneay B BePpXHHX MHTErpajgax OoaydaeM

S*f(x) dv(z) = sup S fi (2) dv (@) = sup S*du(t) S fn (z) dhs ().
Ho mockoabky orobpamkenue t—>(S*fn (x) dh (x)) OpeCTpaH-

crea T 8 RN p-mamepumo (rir. IV, §5, n° 3, Tecpema 1), To mpen-
aokeEne 9 w3 § 2 IOKA3HBAaeT, IO

sup S*dp () S*fn () dh () = g " dp (1) S*f(x) dhy (),

OTKYIA # ClefyeT IepBasA 4acTh NOpeglIoskeHms. B cayuae, rerpa
t —> A; MUPOKO HEUOPEepHBHe, paccy:kpeEne Oymer TOUHC TAaKHM JKe,
¢ HCOeNb30BaHMEM TOTO ¢$axTta, 4TO

{n@av@e={"wo | n@ae,

1 ¢ DpEMEHEHHMEeM TeOPEeMH 0 mepexcje K mpejeny B BeDXHHX MHTErpa-
Jax BMeCTO TeopemH 9 ms § 2.

3aKIOUeHAS TPeLHAYINero NpeiIoKenns He 0073aHH BHIIOTHATHCA,
ecan QyEkmma f e Gyfmer ofpamarbcsa B HyNb Ha [ONOJTHEHAHA HEKOTO-
poro cueTHOTo OGBENHHEHHS V-HHTEIPHDYEMEIX MHOMeCTB (ymp. 3).

Cnenctere. Iycmv ¢ynuryus §f onpedesena na X, npunumaem
anauenus 6 Ganaxosom npocmpancmee uai 6 R, v-usmepuma u obpa-
waemca 6 Hyab HA OONOAHEHUL HEKOMOP020 CUemH020 06bedUHeHUS

18*
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v-unmezpupyemur mHoxcecms. JJ.as mozo umo6bul f 6via v-unmezpupye-
na, reobrodumo u docmamouno, umobul

S*dp.(t) S*lf(x)ldkt(x)<+oo.

IdTo cpasy e caeNyeT W3 UPENTOMKeHNA 4 N U3 KPUTEPHA KHTETPA-
pyemectu (ra. IV, §5, n° 6, recpema 5).

3amewgannme. Ilycre ¢ — A; — p-cormacoBaHHCE CEMEHCTBO
Mep Ha X; ecam erobpaskenue ¢ — A; npecrpanctBa 7 B of 4 (X) paBHO
t — A, JORaNbHO TOYTH BCIOAY OTHOCHTENBHC |, TC W3 CUPEAeIoHHN
cpasy ke Imeaydaem, d4Te ceMeficTBe t— A; TOMe -COTIIACOBAHO

a S Adp () = S At dp (t). Ecau temeps B3aTh ¢yHKOmO {— p; co
sHauennAMA B o/ (X), olpeNeseHHY0 JTOKAIBHC IQUTH BCIOAY (CTHO-
curenbio p) Ha 7T, Te MH cHOBa OyfeM HAa3HBATH 9T0 CeMeHCTBO

U-co2Aaco8anmblM, €CIN OHC JOKAIbHC HOYTH BCIOAY (OTHOCHTEILHO )
PaBHC HEKOTODOMY W-COTJIACCBAHHOMY CeMelcTBY ¢ — A;, cIpepeseH-

HOMY BCIOy Ha 7'; Torma mesaraeM g' o:du (1) = ( Ay dp (1), m 37O
. o

oIpejielieHNe He BABHCHUT OT ceMencTBa { — A;, NOKAJIHHC MQUTH BCICAY

paBHOTC ¢ — p;. ME mpefocTaBisieM unTaTe 0 yIOCTOBEPATHCA B TOM,

4TC JCKAa3aHHHEE BHIIE MpeJic;KeHHs PacipecTpaHAIOTCA Ha Q-COTia-

COBAQHHHIC CEMEHCTBa, CIpefeNeHHHE JCRAJBHC IICUTH BCIOMY.

5. Cymmupyemsie ceMeUcimned NoAOHCUIMEAOHBIX MeP
Ilyers (Ag)oca — COMEHCTBC nOA0NHUMEAbHBZ MeD HA JIOKaIbHO
KommakrtHeM npecrpanctse X. IIpocrpanmcrse o (X) momosnTenbHBIX
mep Ha X, HajileleHHCE ITUPOKOA TOOOMOTHEN, MORET PacCMaTPRBATHCH
KaKk MONNpOCTPaHCTBC mpecrpaHcTBa-npomssenenns R (X)| paminy-
tTee B arom mpemspepenun (ta. III, §2, n° 7, mpenn. 7); ¢ mpyreit
CTCPOHBI, OHC HAMEJeHC ACCOIHUATABHBIM M KOMMYTATHBHEIM 3aKOHOM
remoesaumu (W, v) > g - v. CaemeBaTteabHe, YTBep:KIeHHE, TT0
ceMeiicTBe (Aq)aca cymmupyemo (O6mas rom., Pes., § 11, n° 1), osmna-
uaer, 9re aad mobeir ¢yERmum f € ¢F (X) cemeiicTBe umcen S f dhg

cymmupyeme B R (O6mas toun., Pes., § 11, n° 4); maa srero meobxe-
ouMe @ jecrarcyHe, ureOH 1aa mioboit dyErmum f> 0 m3 o8 (X)
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UMeJgCe MeCTO HEpaBeHCTBC

Y {rara<t oo, ©)
agAd
[Ipu stom, ecam S — mecamrens Pymxmmn f, ro F< 111l Ps;
a ¢ IpyTell CTOPOHH, AIa J1060T0 KeMITakTHere nogMucsxectsa K < X
cymectsyer rtakas ¢yEkmua g € F (X), ure g <Lg (ra. 11, §2,
n° 1, memma 1). 3maumr, pma Tore ureb cemeiicTBe (Ay) GBLIC CyM-
MUDYeEMe, HeQOXeMUMe M JOCTATOYHC, YTCOH A M060re KOMIIaAKTHOTO
nepmHeKecTBa K < X BHINOIHAICCH HEPAaBEHCTBO

Y b (K) <+ oo. (10)
aEA

HemocpencTBeHHO BHIHO, 9TO KOTZA ceMeHCcTBO (A’“)aEA OO A~

TENbHHX MeD CYMMHDPYeMO, TO ero cyMMa 2 Aq caymur B off (X) Bepx-
aEA

Hell TpaHblo0 ceMeiicTBA KOHEUHHIX YACTHYHBIX CyMM Z Mg, THe J mpo-
aed
Oeraer MHOKECTBO KOHEYHHIX TOAMHOMECTB n3 A.

HapenmB A pmckperHeii Tomemermeil, ©0603HAYAM Uepe3 | Mepy
Ha A, ompefeienHyl0 npm Domomud Macce -+ 1, pacmomokenHOR
B Kampjci Touke MHO;kectBa A (ra. 111, § 2, n° 2). Han moboit
ompepenenncit Ha A ¢yExummu 2 >0, ne CmpemeneHHI0, [ICICKHM

S* h(c) dp (o) = sup ( 2 h (a)) , korga H mpe6eraer MEO:KECTBC KCHOU-
"H
afH
HEIX NOAMHCO;KecTB u3 A; caepesarensue (ra. IV, § 1, n° 1, mpumep),

% *
{h@dp@={"h@d@= X h@;
aEA
IS MeDH |4 ICHATUA NHTEIPHPYOMCH W CYIIECTBEHHC HHTEIpuUpye-
Mol (QYHKIMH COBIAJAIOT; yTBepRAeHHe, 4TC ompefencHHax HA A
¢yrknus h co sHaveHmAME B 0AHAXCBOM MPOCTPAHCTBE W-MHTETDH-
pyema, csgadaer, 4r¢ ceMmeiictBe (h (®))qes cymMMupyeMe u

S hdp= > h(a).
AEA

Ilpn sTx mpepmocmnrax sAcHe, ure orcbpamkeHme O —> A, MHOC-
mectBa A B off (X) IIMPORO HENPEPHIBHC; COTAACHC BHINIOMBIICHKEH-
HOMY, [asA Ttore 4YrobH 3T¢ orobpaskenme ORIIC p-COTIACOBAHO,
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HEOOXCIUMC U [OCTATCYHO, 4TOOH COMENCTBO (Ag)gea OBLIO CYmML-

pyemo, U TOTJA S Ao dp (@) = Z Ag. CraemoBaTexbHO, MOKHC TpH-
€A

MeHATH o0uWne pesyabTarH 9TCre maparpada ¥ CyMMHPYEMBIM cemeii-

CTBAM TONC/KATENBHEIX MEp:

Orepnomenne 5.  yemv  (hq)aeea —CYyMMUpyemoe cemeticmeo

noaoscumenvnniz mep wa X, u nyemo v= 0 Aq.
acA

1° Jas awboii wucaosoii gynryuu f>0, onpedesennoii u noay-
HenpepugHoll chusy Ha X, umeeM

S*fdv_—_}] S*fdxa. (11)
aEA
2° Jasn mo6ot uwucaosot gynkyuu f>0 na X
S*fdv> > S*fd?»a. (12)
aca

3° IIyemv f ecmv v-unmeepupyemas GyHEYUL cO SHAYEHUAMU
8 Ganaxosorm npocmpancmee F. Tozda das awboco a€ A gynryus f

Ag-UHmezpupyema, cemelicmeo (Sfdka)a:A cymmupyeno ¢ F u

\tav=3 {1dr. (13)
acA
Ire BHTeKaer M3 mpemicikennmi 1 m 2 m w3 reopemn 1.
Coepcreue 1. [as 106020 kKomnakmuozo (COOTB. OMEDbMOo2o
U omHocumeAbho Komnakmuozo) nodmnoxcecmea M us X cnpasedaugo
pasencmeo

V(M) = 3 o (M), (14)
agA
HeiictBuTensro, MHOKecTse M V-HHETETpAPYeMO.

CnegcremE 2. [Jas mozo umobw nodmuoncecmeo N us X 6biao
AOKQABHO V-1 peHeb pescumo, Heobzodumo uw docmamouno, umobbh oas
1106020 o€ A muomcecmeo N 6vA0 A0KAABHO Ag-npereb percumo.

HeoGxepumocts oueBnpgHa, 16 Ay << v Had d06oro o€ A. Obpar-
HC, 0Go3HatmB weped K woMUAKTHOe MHOMKeCTBO m3 X, Ipegmesie-
M, 9T Ag (K(1V)=0 pan awobero o€ A. Ilycre U osmauaer
OTHOCHTOIHHO KOMIOAKTHYI OTKPHTYI0 OKDPECTHOCTL MHOMecTBa K;
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raKk KaK 2 Ay (U)=v (U) (Popmyma (14)), 1o mas mwoGoro &= 0
acA
HAHATETCA TAKCe KOHEYHO0e HOAMHOKecTBO B u3 A, uro Z Ao (U) <
. oc&B
e
<5 ; OyCTh m €CTh UMCIO dieMentoB MEOkectsa B. Ilo yciosmio
CyImMecTByeT Taxas CTKpHTasg oxpecraocts V < U mmomectsa KN,
qTe Mg (V)<% maa moboro af B; torma dopmyna (14) moxasmsaer,
ar0 v(V)= X Ag(V)<e, a IOCKOTBKY € IPOHSBOABHO, TO
agA

v (K (1N)=0.

[Mrepnomerne 6. Hyemv  (Ag)gc 4 — CyMmupyemoe cemeiicmeo
noaoscumenvnnx mep na X, u nyemv v= 2 Aq. Jas mozo umoGe
: aEA

omobpaxcenue f npocmpancmea X 8 monosoeuueckoe RPOCM PAHCIED
G Guao v-usmepumo, Heobxrodumo u docmamouno, umobsl [ 6viao
Ao-usmepumo npu awbom x€ A.

HeoGxogumocrs caegyer m3 coorHomeHmd A, <<v (ra. IV, §35,
n° 1). O6parue, mpeamonokuM, 910 | A,-M3MepuMa OPH J060M 0. € A.
Jdocraredno mokasath, 9TO MHOKECTBO § KOMIAKTHHX HOJMHOMKECTB
K mn3 X, Ha KOTOpHX cyxeHre (YHKNAH [ HEIPEPHEBHO, V-ILIOTHO
(81, n° 3, mpemgn. 3). Ho, mo yciosmio, & Ay -mmotHo mpm mo6om
a€Ad (§1,n°3, opega. 3); mecam N ecth TaKoe TOAMHOMKECTBO
w3 X, aro v (K(\N) = 0 gasa ao6oro K € K, To u Ay (KNN) =0
mias aw6oro o € A m moboro K € &, 1o ectb N I0RaIbHO Ay -mpe-
HeOpemuMo miIsa moboro oo € A m, 3HAYAT, JOKAIBHO v-UpeHelpeRIMo
(caemcrsme 2 w3 mpemi. 5).

Creacreue 1. ITyemv (Mi)i<i<n — KOHEUHAR noCAEHOBAMEABHOCTD
noaoxcumeavnlz mep Ha X. Jlaa mozo umobt onpederennas nHa X

pynryusf co snauenuamu ¢ 6anaxosom npocmparncmee G 6via unmezpu-
n

PYeMA OMHOCUMEALHO V = 2 Ai, HeoOGxodumo u docmamouro, umobol
i=1
f Graa unmespupyema ommocumenvro kaxucdoil usz mep Ay, u mozda

Sfdv:i { £an. (15)

i=1
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B camoMm merne, HeeOxoquMecTh cienyer w3 Ipeaio:KeHus 5, paBHO
Kax u gopmyna (15). Obparne, ecau f A;-maTerpmpyema mpu 1 <i<(n,
TG OHA, COIMIACHC IpepJc;keHnio 06, v-m3MepmMa, a Tak Kaw, ¢ qpy-

n
TOli CTCPOHH, v*:.Z Af (vm. IV, § 1, n° 3, mpema. 15), To

i=1
v* (| £]) << 4 oo; caemeparenrsHe, B cnay KpATepus uHTeTpupyemoctn f
v-marerpupyeMa (ra. IV, § 5, n° 6, reopema 5).

Caepcrere 2. Ilyemo  (Ag)aca— CYMmupyemoe cemelicmeo mnoao-
HUMEeAbHHT MeP HO CUYCTHOM B OGECKOHETHOCTH J40KAAbHO KOMNAKM-

nom npocmparncmse X, u nycmv v= 2, hg. Jas mozo umober omo-
- aEA
Gpascenue § npocmparncmea X ¢ 6anazoso npocmparncmeo F 6uiao

v-urmezpupyemo, HeoGrodumo u Gocmamouno, umobv f 66140 hg-

urmezpupyemo 0an ai06ozo A€ A u umoby Z S*[f[dka<+oo.
: aEA

Hecebxogumocrs cmepyer m3 mpejicseHdAd d5; ¢ APYroH CTCPOHH,
ecan ¢pysrusa f A, -uETerpmpyema mng moboere o € 4, To cHa, ceraac-
HO upeminc:kenuio 6, v-mamepuma. A meckeasky X cuerHe B 6GOCKo-
HETHOCTH, TO MO}KHC UPHMEHHUTH CIENCTBHE M3 TPEANO/KeHHd 4, 9TO
¥ 3aBepIiaeT ACKa3aTelbCTBO.

Yupamxuenusn 1) Ilyers T — Komumawkrawi wuartepran [0, 1]
u3 R, m nycrs pu — mepa JleGera ma I. Ilycib, mamee, X — [IORAABHO
KOMIIAaKTHOE TIPOCTPAHCTBO, IONYIEHHOE B PE3yJbTaTe HaTeleHAS HHTEp-
Bana {0, 1] u3 R puckpetsoit Tomomormeii. IToxkasars, 4ro orofpaxenne
t — A = &; mHTepBana T B off (X) He ABIgETCA MHPOKO HMIMEPUAMBIM,

HO 49T0 mMHTerpaj v = ( Ap dp (1) cyimecrayer @ pased 0. BriBecTH oTCIO-

Jla, 94TO Ous HeupepHBHOH ¢yuruum f, paBHoi { Ha X H, caemoBaTenb-
HO, V-IpeHeOperAMOii, CupaReInBo HEPABEHCTRBO
* % T
Vimvo<{Tao{1@ne.
LY

2) lyerp T —0KaJbHO KOMUAKTHOE WPOCTPAHCTBO H | — TOJOMH-
TeabHas Mepa, ONpegejeHHaA B yup. 4, ra. [V, § 1. Ipamem 3a X mHO-
AxecTBO T, HajlelleHHOE TOMONOrHel, HEAYIHPOBAaHHOH Tomogormeli ms R2,
tak 910 X JIOKAJhbHO KOMIAKTHO M cYeTHO B OeckomeunocTd. Ilycrhb
t — A¢—raxoe orobpamenne npocrpancTBa I' B off (X), mpU KOTOPOM Ias
t=(0,y) Asr=g;, a pua H060ro f== (%, n——’;) kt:%. Ilorasars,
10 orobpaskenne ¢ — Ay GymeT M-cOrIACcOBAaHHEIM, HO He Gyjer HINPOKO
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HeNPePHBHHEM H 49T0 A NOcTOAHHO# (yHKuuwm f, paBHOod {1 Ha X,
CHOPaBEAINBH COOTHOINEHH 5

S*f (2) v (2) < S*du () 3 *f (@) dhs (2) = +-00.

3) lyets T 1 T’ — gBa NOKanpHO KOMUAKTHEIX IPOCTpPaHCTBA, p— MO~
noMTeNbHAA Mepa Ha 7' m P’ —mojoskurenbHas mepa Ha 7. Ha mpo-
cTpancTBe-mpomasefeEnn X =7 X 7 momowuM A =& Q w, AL =p @ g,
aasi t €T, £’ € 1", OroGpasxenne t— A (coors. i’ —-Aj,) IPOCTPAaHCTBA
T (coors. 7') B off (X) mIMPOKO HeUpepHIBHO M [-COTIACOBAHO (COOTB. |/~
COTJIACOBAHO), H

vV=pQQu = S Ay dp (1) = S Apodp’ ()

(va. 1II, § 5, n°1; cp. § 8). Bosbmem B kadecctse T murepsaa [0, 1}
m3 R, B KauwectBe | Mepy JleGera, B xawectBe I uurepman [0, 1], Hage-
NeHHR duckpemnoi TONONOTHER, W B KadecrBe u' Mepy Ha I, ompefe-
JICHHYI0 NIPH IOMOIGA MaccH -1 B RaMoil Touke maTepBasa I’. Ilycrb
/ — xapaxTepuctudecKass (yHKmuma «quarosamm» A u3 X (MHOKECTBO
ToueK (¢, t), rne t mpoGeraer unrepBan [0, 1]); morasars, 4To j momyHe-
TpepHBHA CBEpXYy H UTO
* * *
1= (@@ < [Tooe=+o

T o* % *
o= {r@a@< wo (oo w-1

°4) O6osnaums wepes T, 7' m X Te e WpOCTpPaHCTBA, a depes {, u”
WV Te ke MepH, 4TO H B yIp. 3, pacCMOTPHM NPOCTPAHCTBO-IIPOH3BE/[eHAS

Y=TXX=TX(IXT) u Ha HeM Mepy-IPOH3Be[lcHHC © =
= wuQv. Ecin gas t € T nonoxutdh pr = & R v, T0 0= gpt du (%).

ITycrs H — mopmHOMecTBO B3 7', HE H3MePUMOE OTHOCHATeNbHO p (ra. IV,
§ 4, yop. 8), u myers A — DOAMHOMECTBO W3 Y, COCTOSIEe U3 TOYEK
(t1, I, t3), YHOBIETBOPAMINNX YCIOBHAM %3 = i3, ly € H. Ilokasarp, 4To
xapaxTepucTuuecKas (QYHKINAA ¢4 JOKanbHO NpeHEOPE:KMMA OTHOCH-
TeAbHO ©, HO UTO KU 0.4f KaKozo SHAUCHHAS ¢ € T $ynrnus ¢4 He Oyfer
p¢-A3MepuMOH.

5) HpuBecrn mpuMep -~COTITACOBAHHOTO ceMeicTBAa ¢ — A; M WACHO-
Bo#l QyHEnmm f, ompepeienuoii Ha X, tak, 4To6H f OHma A; -U3MepAMa
npu aoboM ¢t € T, Ho He 6hna OB H3MEPAMON OTHOCHTENBHO MEpPH V =

= S At dp (8) (B3t X = T u Ay = &; pas awboro ¢ € T).

6) IIyctp X W p — 70KanbHO KOMUAKTHOE OPOCTDAHCTBO I Mepa
u3 ymp. 4, ra. IV, § 1. THycrs [ — XapakTepucTHdecKas QyHKIAA
mMHOMecrBa D Tower (0, y). IMoctpomrs Ha X TaKyw CyMMHDYyeMYI®
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H0CJIeI0BATeNBHOCTE (Ay) TOYEYHEIX Mep, UTOOH [ = 2 An ¥ 9TOGH
n

0= {iaa=2 {"rarn< {"ran—too.

°7) a) Hycrs (Ag) — CeMEHCTBO moueynmz MeD Ha JOKAIBHO KOM-
IaKTHOM HOpocrpancTBe X; IOKasaTh, 970 s TOTo, 9TOOH ceMeicTBO
(M) nOHI0 cymmupyeMo B off (X), HaNeNSHHOM IIMPOKOH TONOJIOTHEH,
HeoOXOOMMO M JOCTaTOYHO, YTOOH TAaKOBHIM OHIIO ceMelcTBO (| Ag |).

b) Hycts (A,) — HOCHENOBATENHHOCTE MEp Ha JOKAJBHO KOMIAKTHOM
mpocTpaHcTBe X IOKa3aTh, 9TO A TOro, 4ToOH HOCIEe0BAaTeTHHOCTD
(Ap) Opma cymmmpyema B off (X), HageldeHHOM INHPOKOH TOHmOJOrmei,
Heo0XOMMo W ROCTaTo49HO, 9TOOH [isa nioGoit ¢yexmum f € o4 (X) pan
¢ ofmuM wuneHoM A, (f) Om aGCONIOTHO CXOAAmMUMCA (HCHIOJNB30BATDH
TeopeMy Bamaxa — Illtefinraysa; cp. Tonm. BexT. mp-sa, ra. 111, § 3).

¢) Oycrs X — womnaxTuerii maTepBan [0, 1] m3 R, m nyers gus
aroforo menoro n > 0 depes A, ofosnagena Mepa

i
1 .
f—»—n— S f (z) sin 2nnzdz
0

Ha X. Iloxasars, w10 B mnpocTpaHcTBe off (X), HageJeHHOM IIUPOKOI
Tomodorued (wmiam cuipHOW rtomosormeit (riu. III, § 2, yop. 4)), mocuexo-
BaTeJbLHOCTL Mep (A,) cCyMMHpyeMa, B TO BpeMs KaK II0CJEJ0BaTeJIbHOCTE
{{An|) moNOKHUTENHHHX Mep He ABJIAETCA TAaKOBOH (3aMeTHTL, NIPHUMEHHB
HEePABEHCTBO Beccelis, 910 eclH Op =Ry (f), TO 2 af <400, H 0o He-

n
paBencrsy Komwu —IlIBappa BHBecTM OoTcIOfa, 9TO 2 1A (N < +00).
n

8) IokasaTs, 4To BCe pesynbraTH § 3, BRKIogalomme B ce0s HOHA-
THe [-COTJIACOBAHHOIO CeMeHCTBa, OCTAlOTCA  CHOpaBeNAUBEIMI, €CIH
B OmpeRelieHAN -COrJIaCOBAHHOIO CeMefiCTBa yCIOBHE, COCTOAMISe B TOM,
9r0 QyHKOUA ¢ —> A; IIHEPOKO p-M3MePHMa, 3aMEHUTH CJeJyIOmMUM YCJOo-
BHeM: g 1000ro KoMIakTHOro mogmuoecrBa K uz T u nwboro & > 0
CymecTByeT TaKoe KoMIOAKTHOE MHOMecTBO Ky < K, aro p (K — Ky) < ¢
u gro cy:kenus Ha K, Bcex QyuKmuii £ — (f, Az ), e f upoGeraer o (X),
noJyHenpepHBHH caudy (cp. § 2, ymp. 6).

§ 4. UnrerpupoBanne moI0KUTEIbHBIX TOYEYHBIX Mep
1. Cemeticmea moueurHuvix Mmep

Iyers X m 7 — gBa JOKadbHO KOMOAKTHRX IIPOCTPAHCTBA,
s — orobpaskerme T B X m g>»0 — koneunas umcioBas QYHKIUA,
oupemeneHHaa Ha 7, 3Th faBe QVHKOME OnpefelsiorT orobpajxeHme
¢t - Ay = g (1) €4y mpocrpamctBa I B mpocrpaHCTBO off (X) Mep
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Ha X, uro gaa mioGoro ¢ € T orofpamenne A; nmubo ecthb moueunas
Mepa (ra. III, § 3, n° 5), nubo pasEo 0. Ecam >0 ects aucaoBas
{yHEKOEA, ompenenemHas Ha X, To

[ i@an@={"1@an@=1=0e®

(HaUOMHUM, YTO MH YCIOBHINCHL CYHTATh 9TO IPOM3BEIeHHME DPABHEIM
0, ectm g (1)=0, a f(n(t))= -+ o0). Bearaa ¢yrkuua (co 3made-
HUAMI B TOIOJOTHYECKOM IIPOCTpPAHCTBE), onpefenenHafs HA X, A4
n3MepuMa s gawboro ¢t € 7. Beaxoe orobpaskenme f mpocrpamctsa X
B GaHaxoBo mpocTpaHCTBO F A;-mHTerpHpyeMo mpu aiobom (€T

u Sf(x) dh; () =1 (n (1)) g (¢). Haromen, ecnw f ects mpomssombHAA

uancroBad (QYHKIUA, ompefenenHad Ha X, To MIA TOro, 9To0H f
Oma A-MHETETPEpYeMa, HeoOXOAUMO W OCTATOYHO, uTOOH IIPOH3BE-

nenue f (7 (2)) g (¢) Ov1I0 KOREYHO, U TOINA S f(x) dhg ()= (= (2)) g (¥).

Ourepenenue 1. IHycme p — noaoscumesvnas mepa wa T. Ioeo-
pam, ymo napa (7, g) W-RPUCROCOGAEHA, eCAlL SBLROAHAIOMCA CAedyiouylie
YCcA08UA:

1° Qyuryuu n u g p-usmepums.

2° Jlasn awboii gyuryuu f € 68 (X) omobpascenue f — f (n (£))g (2
CYUECTMBEHHO N-UHMEZPUDYEMO.

[TrepnoxeruE 1. Ecaunapa (7, g§) W-npucnocobaena, mo cemeticmso
nep t = hy = & (Ve W-CO2AACO8AHO.

B camom penme, mo ycmommo, Ais awoboir PymErumE [ € ¢4 (X)
¢ymriua ¢t — (f, A;) = f (= (¢)) g () cymecrBeEHO p-MHTErPHpyeMa.
IToxaskeM, 4to orobpamenue ¢ — A, MUPOKo p-mamepumo. Jleiictem-
TeJIBHO, OTMETUM IDPEeKJe BCEro, UTO €CIU Tt B § HENPEPHHEL, TO 0TO-
OpaskeHne ?— A; wupoko Henpeptisno. B ofmem clydae MHOMECTBO
TaKEX KOMIAKTHHX mogMHOKecTB K m3 7', Ha KOTOPHIX CYJKeHHUA
¢yrrumil  u g meupepwBHH, p-mrotHo (§ 1, n° 3, mpega. 3); ecam
K ectb Takoe MHOKECTBO, TO CysKeHme oTobpaskeHmsa ¢t — A, Ha K
IHPOKO HEmpePHBHO, OTKYy/a H clegyer mnpeniosxkerme (§1, n° 3,
mpens. 3) {cp. yup. 1).

Ham nomanoburca caenyoman jeMma:

JIemma 4. ITyeme T u X — 86a 40KaAbHO KOMRAKMHBLL RDPOCMDAH-
cmea u T — cobemeertoe Henpepuisnoe omobpaxcenue (Obuam Tou.,
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Pes., § 8, n° 18) T & X. Ilycme, darce, § — NOAYHENpePUIBHAL CHUSY
yucaosan Pyrryus, onpedeaennan va T. ITycmo, naroney, dasn awbozo
x € X uepes f () o6osnauena nuzcnas epans Pynryuu g () Ha muosxrce-

cmee T () (ecnm 7 (r) = ¢J, TO 9ra HWKHAA IpPaHb NPUHOMAETCH
paBHO# -} oo; ¢p. Teop. ME., ru. III, § 1). Toeda f nosynenpepvisna
cHusy Ha X.

Ilpesxme Bcero sameruM, 4yro MuoskectBo = (1) 3amrmyro B X
(Obmas tou., Pes., § 8, n° 18). Tak kaxk f(z) = -+ oo, Korjfia ¥ Tpn-
HaJJIeKUT OTKpHTOMY MHOKecTBY Cmi(7), To M0CTaTOYHO JOKAa3aTh,
gro cyxenme QyHRuEM f Ha it (7') HOJYyHENPEepPHIBHO CHEH3Y; HHaYe
roBOpPA, MOKHO OTpaHEYHTHCH caywaem, Korga ot (1) = X. C gpyroit
CTOPOHHI, BCsiKaA To9Ka & € X ofmajgaer KOMIAKTHOH OKPECTHOCTHIO
V, a 10CKONBKY MHOJKECTBO }cl (V), Bcuxy rtoro, 94ro T siriserca cober-
BEHHKIM 0TO0pajKeHHWeM, KOMIAKTHO, TO MOKHO, KPOMe TOTo, TIpef-
nodourh, aro I um X komnawrmmub,

ITycts temepsr a — KoHEUHOE JEWCTBUTEIBHOE IHCHIO0; HOKAKEM,
910 MHO;ecTBo A Tex x € X, B KoropuXx f (¥) > a, orkpuro. Ilycrb

-1
2o € A; nmeem g (f) > a ama moboro I € m (x,), a 3HaYUT, U A

noboro {, TpUHAJJIE;KANET0 HEKOTOpOH oKpectHoct W MHOMecTBa

-1
1t (x5). Tar kak T w X KOMOAKTHBI, TO MOKHO LPEANONOKUTH W

HACHIMEHHHIM II0 OTHOINEHHIO 3KBUBaseHTHOCTH Tt (X) = 7 (y) (Obman
rom., Pes., §7, n°n° 17 u 18); caemosarenbHO, 7 (W) ABaAerca
OKDECTHOCTHIO TOIKM Ty, Hua mxwboro x € m (W) malimerca taxoe

t E—a't (x), uto g (t) = f (*), HOCKOIBKY MHOMKECTBO E (z) KoMIaKTHO,
a g moxyHenpepuBHa cHu3y (O6mas toum., Pes., §6, n° 18). Takmm
obpasomM, f (x) > a npm mwobom z € m (W), 4r0 u 3aBepinaeT JoKa-
3aTeIbCTERO.

2. Bepxrue ummezpadbt 0 NOAGHUMEALHHEL HYHEYUIL
OMHOCUMEADPHO UNIMEZPAAA O MOUCUNBIL MeP

Temeps MH ImORajkeM, 4T0 KOTAa (7, g) ecTh W-IpucuocoGIeHHAs
Iapa, TO MO}KHO YTOYHMTL Pe3yabTaThl, HOJyIaeMEe HPH TIPHMEHEHUN
K U-COTJIaCOBAaHHOMY CeMeHcTBY ¢ —>A, — g (t) &x(1), HpefIoskeHui

us § 3.
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Trorema 1. ITyems (7, g) ecmv p-npucnocobaernnas napa u v=—
= S g en pndu(l). Tozda Oan uucacsoii @gymryuu >0, onpede-

aennoli Ha X, cnpasedausa gopmyaa

{T@av@={"rawewdo. &

A) Jonycrum cHauana, 9T0 HOCHTENb (GYyHKIMA | KOMIAKTEH;

TOT /A S*f dv = S*f dv, u, OpuHAB BO BEUMaHuWe QopMmyny (4) ms § 3,

n° 3, MOCTATOYHO HOKA3aTh, 4TO

(T@av@<ramemao. @)

Hycrs U — qruocuTenbHO KOMUIAKTHAA OTKPHTAaA OKPECTHOCTH
Hocurensa Qymxmuu f, P — pyErmua us of (X), ymoBIerBopsiomas
yenoBuio @y <P, u L — Hocwreab ¢yErumm . Ilo yciaoBmio ¢ymEEK-
nua t— P (n (t)) g () cymecTBeHHO p-MHTETpUpyeMa, u 3HaduT (§ 2,
n° 2, cmegersuwe u3 upepn. o 1 § 1, n° 2, 3amMevaHne K ompefienenuio 2),
mHO;kectBo A rmouer m3 7', B RKoropmix P (n (t)) g (f) = 0, aBasgerca
ofbeiuHEEHNEM JTOKANBHO WN-IpeHeOpeREMOTOo MHOMKecTBa N H BO3-
pacrapmeil nocaegosaredbHocTH (K,) TaKUX KOMIAKTHHIX MHOJKECTB,
uTo Cy:KeHUsA QYHRIUE 7T ¥ g Ha Kaskfgoe u3 K, Henpepusuu. llycts
B=|K,; torma n (B)c L v g(t) >0 ma B.

n

MMonoum g = gop; AcHO, uyro mapa (m, g') p-mpucnocofienHa.
Ecau F ecrp onpegenenHas Ha X ducroBasa (QYHKHUA ¢ HOCHTENEM,
conepmammmes B U, 1o Qysrmum F (n () g () u F (2 (D) g (¥)
copuagaroTr Ha I — N. Orcioga, momosxms F = f, 3aKiiouaeM, BO-
MePBHX, 9TO HpaBasf dacTb B dopmyne (2) He HBMEHUTCH, €CIH 3aMe-
HUTH B Hell g Ha g'; Bo-BropwX, B3aB F u3 o4 (X), 3aKiouaeM rakske,

910 Mepa v = g g’ (1) exy dp () B Mepa v uELynuUpyor Ha U ommy

U Ty K€ MeDy; CiefoBaTenbHO, JseBasd dacth B gopMmyrne (2) He m3Mme-
HUTCHA, €clI¥ 3aMeHHTH B Heil v Ha v'. Tarum oGpasoM, Bce CBORHUTCH
K floKasaTeaberBy GOpMYIsr (2) mas Toro cxydasi, KoTfga § U v 3aMe-
HAITCA Ha g, v'; YIUTHBafA ;Ke upemaoskemme 3 3 § 2, n° 1, ato
«CBOUTCA K J{OKa3aTelIbCTBY TOTO, 4TO

@av @< {1 e oo 3)
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Cornacro ompeneneHHI0 BEPXHETO HHTErpata JOCTATOYHO NOKE-
3arh, 4YTO

{T@av @< {roae 4

oxa mwoboit QyEENME k, TMojdyHeNpepHBHoH cHWSY Ha T M TaKoii,
uto k() > f (n(t)) g’ (¢t) mpu mrobom teT.

Yro6e 9TO [JOKa3aTh, PACCMOTPHUM J[iA KajKIOTO LEIoro 7 (QyHK-
LU f,, onpegenennyio Ha X ¥ OpH JdioboM x € X paBEYI0 HIKHEH TpaHu

k()
OyHKOUR 70

HIJKHSS TpaHEbL paBHA --oo). Ilocnemomatembmocth (f,) obmapaer
CHeIYIONIUMHA CBOUCTBAMU:

-1
Ha MHOKectBe T (2) () K, (ecam 3To MHOMKECTBO TYCTO,

a) Ilocronbky cysxenne ¢yHKOuM g° Ha K, KoHeUYHO, HelpepPHIBHO
h
M CrpoTo HOJOMHUTENbHO, TO QYHKHHEA ;7 OTPefgTena Ha K, u ee

cyskeane na K, monymenpepmBHO cHu3y (O6mas rtom., Pes., § 6,
n° 19); rorga cy:xeHue PyHERUMY f, Ha KoMIaKTHoe MHOKecTBO T (Kp),
B cury memums 1, moxyHempepmBHO CcHE3Y. A Tak Kak f, (x) =
= +o0 Ha X — 1t (K,), To f, momymenpepwisHa cHE3y Ha X.

b) Hepasencrso & (¢) > f, (= (2)) g’ (!) BHDoONHAeTCA AIA A06OrO
t € K, mo onpepenenuo f, u nasa moGoro t § B, mockoasry g’ ({) = 0
sa T — B.

¢) B cuny ycmoeusa, HamokeHHOTO HA k, B KMKZOH TouKe m3 X
CIpaBeInBO HEPABEHCTBO [, > f.

d) ITocaemoBarenbHoctd (fn) yOHIBaer.

O6o3radum Tenepsp depes V oTHOCHTENBHO KOMIAKTHYIO OTKPHTYIO
oKpecTHOCTH MHOMmecTBa L, a depes f, — QyHKOWO, paBEy [, Ha V
n 0 ma X — V; aceo, d9ro cBoiictea a), b), c¢), d) ocramyrca cupa-
BeIIHUBEIME, CCIN 3aMEHHTh B HUX f, Ha f,. OGo3HaUUB vepes [ HUK-
HIOK OrH0alMy0 NOoCHeIoBaTeIbHOCTH (f,), HOXYYMM B CHIY CBOii-
crBa ¢) [ >f, a Bcuxy b) h(t)>f (n (2)) g () mpu mobom t € T}
KpoMe ToTo, f* v/ -Hamepuma ¥ pasHa mymio Ha X — V. CaemoBarensso,

("> ("1 @ome@awo={"1rawe ©do

(§ 2, n° 1, mpega. 3). Ho B cuay nmpemnomenus 4 us § 3, n° 4,

Urawewao={"r@e@= 10w e,

4TO U 3aBepHiaeT NOKasaTeanbcTBO QopMynnl (4).
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B) Paccmorpum rtemeps caydali, Korja HOCHTeXb QYHKUHM [ mpo-
M3BOJI€H. B CIIY BHIIEM3IOKEHHOTO A/ A0060ro KOMOAKTHOTO MOJI-
muoKecTBAa L m3 X uMeeM

[Toe@f@avim=

* NS
=" n@Ofcme0ao< {1 0w
oTCIOfla, 0 OHpeJleNeHII0 CYMECTBEHHOr0 BepXHET0 HHTErpaia, CIefyer
HEePaBeHCTRO

@ av@< " f@mewan. (5)

Myers & — MHOMKECTBO TAaKMX KOMIAKTHHIX nonMHo;ﬁecTé KusT,
yro cy;KeHEe QYHKHUE T Ha K HempepsBHO; MHOs;kecTBO & u-miorHO
(§ 1, n° 3, mpega. 3), u 3Hauur, B cHIy Opejgnoskenna 1 u3 § 2, n° 14,
anA goRasarenbersa (1) mocraTouHO, yumrthiBas ¢opmyay (5), Moka-
3aTh, 4to pAjaA ao6oro K € & mmeem

exi@e0ao<| 1@ v, (®)

Ho B stoM cayuae L= n(K) KOMOAaKTHO, ¥ Ha OCHOBRHUM IepBOi
9aCTH JOKA3aTENbCTBA BaKI09aeM, dTO

o r@meman < o) i@ ean )=

oo

O
=\ou@i@dv@<| f@dv @),
TO M 3aBepIHIaeT AO0Ka3aTeabeTBo TeopemH 1.

CaepcrBue. Jas mozo umobu nodmuoxncecmso N us X 6vii0 aokaao-
HO npeHebpencumo OMHOCUMELLHO V, HeoOL0dUMO U docmamouno, ¥mobst

_1 N
nepeceveruie muoxcecmsa 1w (N) u muozxcecmea mouer t € T, 6 komopuix
g (t) >0, Ouro 40KkatbHO nNPpEHEOPENCUMO OMHOCUMELLHO .
Ilpepnomenue 2. ycms 1 — HenpepuigHoe cobcmeennoe omobpa-
acerue (Obman rom., Pes., § 8, n° 18) npocmpancmsea T ¢ X, a g —

makas KOHeYHas Henpepuenas uucaosas gyuryus wa T, umo g () >0
npu awbom t € T. Toeda napa (mn, g) p-npucnocobaena, U ecalt noio-

Hums v = S g (1) eqe dp (), mo das awboii wucaosoil gyrryuu >0,

onpedenennoli Ha X, umeem

(" @dv@={"fawewdn. ™
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flcHo, uto QYHKNUHE 7T ¥ g P-U3MEPHMEI; KPOME TOro, AJidA 1000
dyrsnmn P € 5% (X) PyEKLUA P o T HeIpepHBHA U MMeeT KOMIAKTHEIHR
HOCHTENb, TaK Kak 7 — co0cTBenHOe oro0paskeHue; ClIejoBaTelbHO,
napa (7, g) p-upucnocobieHa u mpm aToM orobpakenHe t — g (f)eqq
wupoko Henpepuiso. O603HaYUM UYepes - TaKyio IOJYHEIPEDHBHYIO
causy ¢ymrnumio Ha 1, uro f (7 (2)) g (2)<<h (1) upu mobom t€ T.
Mu moxraskem, 9to

{@av@<{"roawo. (8)

M3 aroro mepaBeHCTBa, TO OMpPEETEHHIO BEPXHEr0 HHTErpana, Oymer
ClIeJ0BaTh HEPABEHCTBO

("t@av@<Ti@we@a,

KOTOpOe B coueTaHnm ¢ HepasenctsoMm (5) m3 § 3, n° 3, m Gygmer
mokasnBarb (7). \
Ilnst rokasarenscTBa (8) ompemesnum Ha X QYHKIHIO f_cnenyfomnm
— -1
obpasom: f(x) ecTs HIKHAA I'PaHb QYHKIUU —}g% Ha MHOKecTBe Tt ()

—1 —
(ecim m(x)= (J, HMWKHEAA I'DaHL paBHA -+ oo). Dymknua f obmagaer
CACTYIOIUME CBOMCTBAMHU:

1° f(x) > f(x) pna moboro x€ X (ubo g(¢) >0 amxa moboro t€T).

2° f(n (1)) g (1) <h () mpu mobom t€T.

3° Myuxuus f, cormacHo memme 1, MOIYHENpepPHBHA CHH3Y, IO-
CKONbKY QyHKIHSA —g— nolyHenpepsiBHa cuusy Ha 7.

Takum oGpasdom, yuuTeBasg ciegdrsue u3 npefnosxenus 1 § 3,
nojlyyaeM, 9To

* — * —

(1@ev@<{"Teaw@={"Tamsodao<{Taede;
TeM caMbiM opmyna (8) yCTAHOBIEHA W JTOKABATENBCTBO 3AKOHUEHO.
3. Hamepumocmo oh@nocume.fwno urmezpa.na

0N MOUCUHBLL MED

Oeemnomenne 3. IHyeme (7, g) — p-npucnocobaennas napa
uv= S g (t) exqry dp (2). Hycmeb, dasee, f ecmv omobpasxcerue npocmpar-

cmea X 6 monoaosuueckoe npocmpauncmeo G u S — (p-usmepumoe)
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mHoxcecmgo mouex t € T, ¢ womopwix g (t) > 0. Jas moeo umobu f
66140 V-UBMEPUMO, HEOOX00UMO U DOcTRAMOUHO, WMOoGY cYaceHle omobpa-
scerus fom Ha S 640 p-usmepuno.

Ilpegnonosxum cuadaxa, aro f v-usmepumo. Ilo ycrosmio MHO:Ke-
ctBo § KOMOAKTHHIX HOgMHokecTB K U3 S, Ha KOTODHX CY3KeHHe
¢yHKOUE T HempepeBHO, p-miiorHo B S (§ 1, n° 3, mpema. 3).
SHayur, a4 TOoro 4ToOH MOKA3aTh, YTO CY;KEHHe Ha S (QYHKHUH
fom p-M3BMEDPHMO, [OCTATOYHO HOKa3aTh, uTo axa aoboro K € &
MHOKECTBO KOMOAKTHRX HoamMHOMKecTB H w3 K, Ha KOTOPHX CyskeHHe
¢$yHKIUH o T HenpepHBHO, p-mIotHO B K (§1, n° 2, mpega. 2). Ho, o
TIPe/NOI0KEHNI0, CYIeCTBYeT pa3GMeHHe KOMIAaKTHOLO MHOKECTBA
n (K), coctosniee u3 v-IpeHeOpPeRUMOTO MHOKecTBa [V ¥ U3 IOCIHEo-
BateabHocTH (C,) TaKNX KOMOAKTHHIX MHOKECTB, 9TO CY:;KeHUE PYHK-
nun f Ha Kaygoe us C, HenpepHBHO. lIpu 5THX yCI0BHAX MHOMKECTBO

-1 ~1

KN=n (N) m muomecrsa K (@ (C,) cocraBasior pasbmenne MmHO-
-1

xectea K; Bo K@ (), cormacHo ciaeicTsmio u3 TeopeMel 1, p-

npeneGpesxuMo, MHOKecTBa K ﬂa_tl (C,) KoMODaKTHH M CYysKeHHe
¢yHRIMH fo T Ha Ka)kgoe U3 HTUX MHOKECTB HeNPEPHBHO, 9TO K JOKA-
3HIBAET, 4YTO CyKeHHe Ha S QYHKuuH fom p-H3MEPHMO.

O6parno, TPeAmONOKUM, YTO 9TO HMEeT MEeCTO; AN TOTO IToOH
NOKa3arTh, 470 oTof0pakeHHe [ V-H3MEPHMO, [OCTATOYHO IOKa3aTh,
410 MHOKECTBO & KOMIOAKTHWX TWoaMHOMKecTB L u3 X, Ha KOTopHXx
cysxeanme ¢yHEnum [ HenpepmBHO, Oyger v-mmorEmM (§ 1, n° 3,
upeax. 3). ObosHauum gepes N TaKoe HOAMHOKECTBO M3 X, UTO MHO-
mectso N (1L v-npemeGpemumo unpm mobom L € &, u IoKamew,
qro N JoKanbHO v-upeHedpemxumo. [as 3Toro Mul 10JKHE DOKa3aTh,

4r0 7 (N)NS mokaibHO p-mpeHeOpe;xmMo (cIefcTBHE U3 TeopeMI 1).
Ho muokecTBO § KOMUIAKTHHX mHopmHOKecTB H m3 §, Ha KOTOpBIX
cysenns QYHKIUIA 1t ¥ f o 7 HeIPE PEIBHHI, II0 TPEIOTI0KEHUIO, L-TIOTHO
BS (§1, n° 3, upepn. 3). CnegoBarerbHO, J0CTATOYHO AOKa3aTh, 4TO

% (V) N H p-mpereGpexumo npu xiobom H € §. Hon (H) xoMnakTHO
® MmomeT OBITH OTOKAECTBAEHO ¢ $aKTOP-HPOCTPAHCTBOM NPOCTPaH-
crBa H mo 0oTHOmMEHMIO 3KBHBaleHTHOCTH =t () = m (¢'); mpm sToM
7l cOBNaa€T ¢ KaHOHHYeCKHM orobpasmeHmeM H Ha aro QakTop-mpo-
crpadctso (O6maa Tton., Pes., §7, n°20). A Tak Kak cyKeHHe
19 H. Byp6arn
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$yEknuy fon ma H HempepsiBHO, To cysenue GyEKwmm f ma wv (/1)
TOMe HEeUIpePHBHO, To ecTh 7t (H) € L, u suagur, N (|« () v-upere6pe-

-1
wumo. B cuny caegersds ms teopemn 1 Muomeerso v (N (H))NS
JOKaJIbHO W-TpeHEGpeRUMO; crano OHTH, 3TUM CBoiicTBoM obmajfaer

I MHOKECTBO

(V) =2 (N A= ()N S;

. -1
HO TocKoabky H womnaxrao, To H 17 (N) p-uperebpemumo, 910

M 3aBepliaeT [0Kas3aTelxbCTBO.
3ameuanue Ecau f ects otobpaskenne npocrpancrsa X B Gana-
XOBO IIPOCTPAHCTBO F, TO BCe CBOAWICA K YTBEDIRAEHUIO, 4TO CY/KEHHE
¢yuruuy fon Ha § pw-m3mepumo mam aro ymKnus (f o 1) g (oupefgeseHHAS
Ha T) p-M3MepHMA, HOCKOJBKY g p-u3MepuMma, orawyua oT 0 ma S u ofpa-
maercsa 8 Hynp Ha T — S (ra. IV, § 5, n° 3, opema. 7).

4. Anmezpuposanue Hyniuyuit co 3naveHuamu
8 0aNAXBEOM NPOCIMPANCIEE OIMHOCUMEALHO
UHMeEPALIa 0N MOUYeUHLL HeP

TrorEMa 2. Hycmwv (7, g§) — p-npucnocobaenmas napa u v =
= S g () exgydp (). Hycmo, Oanee, § ecmov Pyuryus, onpedesennas

na X co snavenuamu ¢ 6anaxosom npocmpancmse F uau 6 R. Jlas mozo
umobu £ 6viia cywecmsenno v-unmezpupyema, Heobxrodumo u docma-
mouro, umobv omobpascerue t—f (n (1) g () 6veo cywecmeenno
P-UHmespupyemo, U moz0a umeem

{t@av@={tamewno. (9)

oJ
Il pednoaoncum, wpome mozo, uMO T — HENPEPUGHOE COBCMEEHHOE
omobpaxcenue, a maryice umo g Henpepuisro u g (t) >0 npu awbom
t € T. Toeda dan moeo, umobu § Gvia v-unmeepupyema, Heo6xodumo
u docmamouno, umobur omobpaycenue t —f (n (1)) g () 6veo p-unme-
2pUpPYeMo.

as roro aro6u f Gpia CyIEcTBEEHO V-HHTETPUPYEMA, HEOOXOTIMO

U mocTaTouHo, uTobkr f 6rta v-usMepuma 1 wro6m S* [f(x)]dv(z)<<+ o0

(§ 2, n° 2, upenn. 7). CxemomarenrHo, HEOOXOMNMO U OCTATOYHO,
gro6p orobpaskerue t— f(m(2)) g () Owmo p-msmepumo (mpema. 3)
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1 9rolH S* | £ (7 ()| g (¢) dp (t) << + oo (Teopema 1); MHKIMHE CIOBaMH,

1e0BX0MMMO U NOCTaTOYHO, 9T00m otobpaskenue ! —s> f(n(2))g (¢) Omumo
CYIIIECTBEHHO W-WHTETPHPYEMO.

Ilpepmonosxum, dro 9ro yciaoeue BHIoxHeHo. Torpa Haiimercs
TaKas HochegosarelpHocTh (f,) auEeliHEX KoMOuHanmi $ymrmmii
n3 ¢% (X) ¢ rosdppunuenramu w3 F (coors. w3 R), uro

lim S | £(2) — £ (2) | dv (z) =0, (10)
OTKYZA
lim S f () dv (x)—-S £, (z) dv (z) | = 0. (11)

Ws popmymm (10) m ms Teopemsr 1 ClelyeT paBemCTBO
tim § 1€ () g () — T (n (1) £ () 1 () =0,
W3 KOTOpOTO BETEKAET, UTO
lim | { £ @) g @ du)—{ I g @ dp]=0.  (12)

Ho nockoneky f, ects aumeitHas KoMOuHanuA QyEKUMil U3 ¢4 (X),
TO, 10 OHPelelIeHHI0 V,

(@av@={t@menan,

n popmyna (9) smrexaer us gopmyxn (11) m (12).
Bropas wacth TeopeMhl [[OKA3HBAETCH TOYHO TAK JKe, TOIBKO
BMECTO TeopeMun 1 MCIOaB3yeTcs IpefioskeHme 2.

Sameuanue. Ilycry (m, g) —p-mpuchocobmennas mapa, it —
Takoe orofpaykennme mpoctpaEcTBa 7 B X u g’ > 0— rakaA KoHeuHaA
upcaoBaa QyHKUuA, oOpefeneHHas Ha I, uro ' (coorB. g') paBHO
(coorB. g) NOKanbHO IOYTH BCIOAY oOTHOcHTedpHO W. Torma mapa
(n’, g') p-mpuemocobaena, MepH Ay = g ({) &xqy 1 At = g’ () &x-(1) PABHH

JIOKAJIHHO MOYTH BCIOAY W g g(t)eqpdu(t)= S g’ () exry dp (). Ecau

Temeps X’ M g’ oupemeNeHH JUML JOKATLHO HOYTH BCIORY (OTHOCH-
TEIPHO W) U CYImECTByer Takad WN-TpucmocobieHHad mnapa (7, g),
uto 7' (CooTB. ') PABHO 7 (COOTB. g) JOKAJBLHO MOYTH BCIOAY, TO Hapy
(7', &) CHOBA YCIOBHMCA HABHIBATH p-mpucuocofIeHEON U 6Gymem

19*



292 HHTETPUPOBAHUE MEP ra. v, § 4

moaarathb
S g (t) en @ dp(t)= S & (1) enry du (2)

(cp. § 3, n° 4, samevanne). Gopmynuposkn TeopeM 1 u 2 u npemose-
HEA 3 OCTAlOTCA CIPABEJIWBEIMH, €CIH IIPEJNOJNOKHATH, UTO T U g
ompejiefieAsl JIWING JOKAJAHHO TOYTH BCIONY.

Ynpamuaernnsa 1) Ilyere n — orofpaskenme mpocrpamcrta T
B JIOKaJbHO KOMIAKTHOe MPOCTPaHCTBO X, g — KOHeYHAS UNCIOBag
¢yBKnma, onpefenennas Ha T, m S — MHOKecTBO Tex ¢t € T, B KOTOpDHX
g (t) = 0. Ilorasare, aTo ecim orobpaskenme ¢ —+ Ay = g (?) €5 IMUPOKO
HelpPepHBHO (COOTB. MUPOKO W-U3MEPHMO), TO CYKeHHA QYBKnmi g m 7t
Ha S HenpepHBHH (COOTB. u-m3MepuMmil). (CHavajia moKasarh, 4To eciam
oroGpaskeEne ¢ — A; MAPOKO HeIPePHBHO, TO S OTKPHTo B T, 3aTeM
q9ro T HeNpPepHBHO B JI0G0H TOuKe fy € §; JJA 9TOr0 PacCMOTPeTh M
mo6oif KOMOAKTHOH oKpecTHOcTH V Touku Nt (Zg) B X ¢ynkumo f m3 o4 (X),
paBHy Hyai0 BHe V m pasuylo 1 B Toure T (Z;).)

2) Ilyere T m X — ABa KOMUAKTHHX NPOCTPAHCTBA, 7 — HENMPePHB-
noe orobpakemme 7T Ha X W g — KOHeYHas HeNpepPHBHAA UHCIOBAsg
¢yexnua, onpemenennaa Ha 7. Ilyers mua aoboro x € X gepes f (z) o6o-

-1
3HadYeHa HWKHAA rpamb QyEkmum g (i) Ha MHOMecTBe T (). Ilocrpomrs
gpmMep, B KoropoM f He Oyier HenpepuBHo# (B3ars I = [0, 1] ms R,
a B KayecTBe U B3ATh KaHOHAYeCKoe 0To0paskenne mATepBata 7 Ha daKrTop-

upocrpancTeo X, moirydenrnoe otomgectBienneM O m 1 B T).
3) Oycre X @ Vv—JOKaJbLHO KOMIAKTHOE IIPOCTPAHCTBO M Mepa

us yop. 4, ra. IV, § 1; oycTe f—xapakrepmermuecKas (QyHKOEA MHO-
mecrea D rogek (0, y) B X. Ilokaszarp, 9T0 B [BYX HIDKECJeYIOIHX
cIydaax AMeeM V= S g(t)eqmrydp(t) n

S*un(t»g(t) dp <t)<§*f<x>dv(z>=+oo.

a) IMonoxum T'=X, a B KadeCTBe U BO3BMEM MePy, OIPEMeJeHHYIO

logn . 1 k
IPH TOMOME MACCH —=— B Kamiofl Toure | —, —o | . B xrauectBe T
BO3BMEM TOMJIECTBEHHOE OTOODMKeHMe, a g OUDeNeNHM CIeYIOMIMI

yeaosuamn: g (0, y)=0, g (—ni— ) %) :E—;Tz; Torja g GyJer HeupepLIBHA,
BO He GyfeT BHIOJHATBCA yCuosme: g (f) >0 mpm miobom ¢ € 7.

b) BosbmeM B KadecTBe I MHOMeCTBO X, HaZeJeHHOe JAHCKDPETHOH
TomoJiormeii, 4 B Ka4eCTBe W MeDPY, OHPeMleleHHYIO NpHA IOMOMMI TeX e
Mmacc, gro H v. Honommm g () = 1 maa moboro #, a B KagecTBe JT BO3b-
MeM TOXRIECTBEeHHOoe 0TOOpaykeHWe; HOcHefHee Gyfer HENPEDPHBHEM, HO
e Gymer coGcTBeHHEM O0TODDaYKeHHEM.
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§ 5. Mepsl, onpejeeHEBIE NPA IOMONIH
YHCIOBHIX IJIOTHOCTEH

1. JorasvHo unmezpupyemvie hHyHrEuUU

Irepnomenne 1. ITycme g ecmv Pynryus, onpedeseHHas A0KAALHO
noumu eciody wa T (omHocumesbHO ROAGHUMEALHOL MePH W) U RpU-

HUMAOWas sHaueHus ¢ Oanaxoeom npocmpancmee F (coome. & R).
Toeda caedyroujue ceoiicmea KEUSANCHIMHBL

a) Jan aw6oli mouku t€T cywecmsyem maras okpecmuocms V,
wmo PYnEyus gy W-UHMe2pupyema.

b) Pynryus g p-usmepuma u 04 406020 KOMRAKMHOLO MHO-

wecmsa K T umeem S*|g|cpxdp<—}— 0.

¢) HAaa awboli wucaoeoii gynryuu bk () Pynryus gh p-unme-
epupyema.

Iloxasxem, uro a) Baeder b); meficTBETENHHO, HA OCHOBAHHE IIPLH-
nuna doxanmsanun (ra. IV, § 5, n°® 2, mpexa. 4) pyERIMA g H3MepnMa.
C npyroit cropomn, miaa mwoGoro t €K, no yeaosuio, B I Hajigercs
TaKasg OKPecTHOCTb Vi, uro $ymrmus gy, MHTETPHpYeMa; CTaNO0 OHT,
K mosxer Onrb MOKPHTO KOHEYHLIM THCIOM TAKHX OKpecTHOCTEH V),
(1<Lign), 2060 PyrrupEn gov, OLTu WHTETPHPYEME. A TaK Kax

= *
lglox< D) [g]ov, To S |g | @k dp <<+ 0.

i=1
Hanee, b) Breuer c), 6o B srom ciayiae dyExuusa gh usmepuma,
u ecru L ects koMOaxkTHB Hocutens QyErmun b, 1o |gh| < || 2] |8 9L,

*
1 3HAYAT, [0 YCIOBHIO S |gh|dp <<+ oo; TarmM obpasomM, corsacHo

Kputepuio mHETerpmpyemocty (ra. IV, § 5, n° 6, reopema 5) gh uHre-
rpupyeMa.

Haxonen, c) smeuer a). B camom meme, pia mwoGoro t € 7' mycTs
V ectb KoMnakrTHaa OKpecTHoCTH TOYKH f. CymiecTByer HempephBHOE
orob6pakenne h mpocrpamcrsa I' s [0, 1], pasroe 1 Ha V @ mmemomee
KoMmakTEHE Bocwrens (ra. IMI, § 2, n° 1, nemma 1); mo ycmoBmio
gh MHETETPHpYeMa, W 3HAYWT, WHTErpUpyeMa H g@y = (gh) ¢y (Ta. IV,
§ 5, n° 6, caescreme 3 m3 TeopeMnl 5).
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Onpenenenue 1. Iosopam, umo Pynryus g, onpedesennas L0KALbHO
noumu eciwdy Ha T (omHocUMEAbHO ROAOHUMEALHOD Mepl M) U npu-
HUMAIOWAS, sHavenUs 6 Ganazosom npocmpancmee F (coots. 6 R),
AOKAAbHO UHMeEZPUDYeMma OmHOcUmeAbHo P (MIN LO0KAAbHO P-UHMe2pU-
pyema), ecau oka ydoeaemsopsem ycaoeusm a), b) u c) npedaoacenus 1.

Besakasa namepuMan yHROUA g, CYIecTBeHHO OrDaHWICHHAS Ha
11000M KOMIaKTHOM MHOMKECTBe, JIOKaJAbHO HHTerpupyema. s mo6o-
ro umcna p B upemenax 1< p< -+ oo Beakaa QyHEumaA g€ L
JAOKAJTBHO MHTErpUpyeMa; felicTBATeNbHO, BeAKasa Gyarnua i € ¢ (7))
upuHagae:xut £9 (Toe ¢ — NOKa3aTedb, COUPHAMKEHHKNN ¢ p), # 3HA-
anr, pysxousa gh waterpupyema (ra. IV, § 6, n° 4, cmegcreme 3 u3
TeopeMu 2).

IIyers F, G, H — tpu Gamaxosmx npocrpanctBa u (u, v) —
— @ (u, v) — menpepmBHOe Owimueiinoe otoGpaskenme F X G B H.
Ecnm ¢pyrrnus f noxanbHo METErpUpyeMa ¥ OTPUHUMAET CBOM 3HaUe-
HaA B F mecan g € £, ro orobpaxenne O (f, g) noxanbuo mATErpH-
pyemo (ta. IV, § 6, n° 4, cuegcrue 1 w3 reopemu 2).

U maxoHer|, orMeTHM, 9T0 ecaM (yHKNUA g JOKAIBHO W-HHTEIDH-
pyeMa, To BcsAKasg QYHKIWUA, PaBHAsA g JOKATLHO NOYTH BCIOZY, TOKe
JTOKAJNBHO W-HETEIPHPYEMA.

2. Mepu, onpedeaensie npu NOMOUWU YUCAOEHLX
naomHocme

Iyers g>0 — koHeunas umcinosadA (YHKOUA, onpejeleHHAA
Ha T, m oycre Ay = g (1) &; nupu dwbom t € T. [Jna seakod pyERumm
f€ & (T) dymrmua t — (f, A;) = f (¢) g () IMeeT KOMIAKTHHIH HOCH-
TeJIb; TakuM 00pasoM, 1A Hee MOHATHS CYIIECTBEHHON MHTErDADPYeMOo-
cTH M WHTETpHpyemMocTu cosiagawr. CiremosaresbHO, MIA TOTO ITOGH
pynrousa ¢ — (f, A;) Onta CyuUleCTBEeHHO MHTEerpHpyemMa npm Joloi
byaxumn f € 68 (T), meo6xo[uMO W [OCTATOYHO, dTOGH g Onuta
A0KaAbHO URmeepupyema (mpepa. 1); a rax Kak B 9TOM ciaydae g UaMe-
puma, to mapa (/, g) (rme I — rosjpectBenHoe oro0pakeHHE NPO-
crpancrsa I') p-mpucnoco6iena (§ 4, n° 1); torma moxo:xurenbHAS

Mepa v = S Ay dp () Oymer ompemeiAThCA YCAOBHEM

Iy

{roavo={rws@anw nan fes @, )
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Ecam rtemepn B3aTh B KadecTBe g KOHeUHyo (He 00A3aTelbHO
HOJOKATENBHYI0) 9HWCAOBYI0 (YHKOHWIO, TO YTBEPKJEHHE, UTO
g JOKAJALHO WHTOTPUpPYEMa, 03HAYAET, UTO STHM CBOHCTBOM 06.1amaior

dysrnmn g* m g; caejoBaTenvHo, oToGpaKenne [ — K f(@® g (Hdu ()
n

o

cHOBa sBAgercs Mepoit Ha T.
OunrepenenuE 2. Ecal 3a0ana KOHEUHAA AOKEAALHO L-UHMEZDUDYEMAS
ylcaosas Gynkyus g, mo 2080pam, umo mepa f — S fedp na T ecmo

npoussedenue mepit W Ha PYHKYUIO g ULl Mepa RAOMHOCMU § OMmHOo-
cumeavho | u o6osnanaemcs g-w. Beakas mepa-npoussedenue noao-
HUMEALHOT, Mepbl | HA ACKAAbHO P-UHmezpupyemyro GYRKYUID Hasdbl-
saemcs mepoli ¢ 6asucom .

Coornomenye (1) mpuHATO 3amMCHBATL Tak:Ke B Bume dv (f) =
= g () dp (). Ecam g mellpepHBHA, TO MH BO3paIaeMca K Ompeje-
nennio, pamEomy B ra. I1I, § 2, n° 3.

3. HUHmeepuposanue 0MHOCUIMEALHO NOAOICUIEAPHO

MepuL ¢ 6azucom |\

IIycth g — KOHEYHAA ROAOHUMEALHAS JNOKATHHO W-HETErpUpye-
Mas IACA0Bad QYHEKIUA. 3aMedannst U3 n° 2 MOKa3kBAIOT, 4TO PE3yJb-
Tarel § 4 OpAMEHHMBI K Mepe Vv = g-| = 5 g (t) &; dp (f); Tarmm
00pasoM, TOAy4IaeM CIeAYINue YTBePKISHUA:

IIrepnomenne 2. Jas 460l uwucaosoli @ynryuu f> 0, onpede-
aennot Ha T, umeem

& £l
{"rav={"ve)an. (2)
Jdro caepyer na reopemnt 1 § 4, n° 2.

IIpEanosernE 3. Jas mozo umobw omobpasicenue f npocmpancmea
T & monoaosuneckoe npocmparcmeo G GulA0 UBMEPUMO OMHOCUMELLHO
mepuvl g-W, Heobrodumo u docmamouro, wmobw cysxcenue dynryuu f
Ha MHOJHcecmeo mouek, 20e g (1) 5= 0, 6vo p-usmepuno.

JTo WacTHHIT caydall npejoenms 3 § 4, n° 3.

Trorema 1. Myemv £ — Pynryus, onpedeaennan na T, co anaue-

Husmi ¢ 6anaxosom npocmpancmee F usu ¢ R. Jas mozo umobw i
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OblLG CYWECTRBERHO UHMESDUDYEME OMHOCUMEAbHO V = g, He0bx0-
dumo u docmamouro, umobu gynryus ig 6va cywyecmeenno p-unmespu-
plYema, u mozda umeem

S fdv= S (tg) dy. 3)

Hocrarouno mpumenmtb TeopeMy 2 u3 § 4, n° 4.

Caegcreue. J[aa mozo umobb mepa g-yw Ovlia 0zpaHUNEHA, HeobXo-
Oumo u docmamouro, umobu, GYRKEYUL g bblAQ CYUWECMBEHHO - URMEDU-
pyema.

B camoM pmene, yreep:xuenme, 4To v = g- |\ orpaHWIeHa, O3HATALT,
uto GpyHaKums, papaas 1, v-maTerpupyema (ta. IV, § 4, n° 7, npenn. 12)
uIn, 910 cBojurcA K tomy ke (§ 2, n° 1, mpepn. 2), cymmecTBeHHO
V-HHTerpupyeMa.

ODpumep. Iycrs A— mexoropoe mogmmoskectBo w3 T; 1A Toro
yTo0H QYERIUA ¢, OHIa JORANBEO W-HHETErPHpPYyeMa, HeoGXoanMo
7 J0cTaToqHO, 91008 4 68uT0 p-usse puso. {Ipegnonosuus sro yeaorme
BHIIOTHCHHHM, HOJOKUM V=@, l; TOrga IJid Ji000H YnCAOBOA

pyaxunn f > 0, oupegenern oitna T', GyneM uMeTs S * fdv= Y* foady,
T *

10 0603HATAETCA TAKIKEe depes S fdw (cp. ra. IV, § 5, n° 6). Ina
4

TOT0 4ro0nl OoTOOpaskeHME g mpocTpaHcTBa I B TOHMONOTHYECKOE MpO-

cTpaHCTBO G OBUIO Vv-H3MePHMO, HEOOXO0JMMO M JOCTATOYHO, UTOOEI
cysenve ¢yprmun g Ha A Owmnno p-usmepumo. [Iast Toro uroGrr oro-
Gpaxenne f mpoctpamcrsa ' B GaHaxoso mpoctpaEcTBo F wim B R
OBUTO CYINECTBeHHO V-MHTETPHADPYEMO, HeOGXOAMMO 1 IOCTATOUHO, 4TOGH
¢yexnus fe, Obura cymecTBeHHO W-WHTETpApYyeMa, H TOTHA HMeeM

gfdv:gfcpAdpL,

U S5TO BHpasKeHHe 0003HAYAeTCA TaKke depes K fdp. Ormerum, aro
v
a
ecin fgra orofpamenma mpoctparctsa I B G (coors. B F, ﬁ) COBIA-
malor Ha A, 10 AuxsA TOoro, WroOH OFHO M3 HMX ORIIO V-H3MEPHMO
(COOTB. CymeCTBEHHO V-HHTEIPAPYeMo), HeoOXOAMMO M HKOCTATOUHO,
4T06H THM CBOHCTBOM 06aafgaio ¥ Apyroe orobpaskenne. Ecam Tenephb
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g ecrb oro0paskenme B G Hexoroporo momMuOkectBa B DA mn3 T,
TO TOBOPAT, 4TO g W-U3mepumo Ha A, ecim mpon3BOIBLHOE LIPOJOIIKe-
pme Ha T cymeumsa ¢yEKmum ¢ HA A Vv-u3MepPUMO, TO €CTh 9TO
cymenne $ynxmun g Ha A p-msmepumo. oopar, uro oroGpamenne f
MHOMecTBa B B GamaxoBo mpocrpadcTBo F mum B R CYUecmeen o

w-urmezpupyemo wa A, ecaum mpojommenne f ma T cyskemua QyEk-

mun f Ha A cymecTBeHHO V-HHTErpupyeMo; TOTHA MOJIATaloT g fdp=
A

n

= S fdp— 5 fpa du u ToBopar, uro K fdp ecrv unmezpas om f no A
a
(umu pacnpocmparennvii na A). Ecnu f > 0 ects uncrosas gynxmus,

I
ompejenenHas Ha B DO A, TO TOUHO Tak Ke OUPENEIAAIOT \ fdu

L

A

%
n S fdp. Haxonen, ropopsar, 4ro onpepmenennas Ha B> A uucio-

A
Bad QYHEKOHMA g A0KAALHO W-uHmezpupyema Ha A, ecam mIpogomse-

Hne g Ha I cymeHna QyHKIUHA g HA A NOKAABHO V-HHTEIDHPYEMO;
5TO PaBHOCHIBHO YTBEDHAEHUI0, ITO s JNI000T0 KOMUAKTHOTO MOJ-

mEOsecTBa K 13 T Qysxumusa goxna W-METErpApYEMA.

4. Ceolicmsa mep ¢ 6azucomn w

IeegnomennE 4. Eeau g4 u g2 — 06e KOHEuHBE AOKAAbHO U-UHMe-
epupyemvie uucaocsvle Pynryuu, mo @GYHEyua g1 + g2 A0KAALBHO
w-unmeepupyema u (gy + g2)-p = g1 P + &2 .

Ilpegmoskenne BHITEKAET HENOCPEICTBEHHO W3 ONPEJEJeHHH.

Ipepnosxenue 5. Ecau g ecmb KOHEUHAR AOKAALHO P-UHME2DU-
pyemas wucaosas Pyrryus, mo (g-p)t = gr-p, (g-p)” =g -u
ulgpl=1glnp.

Honowum g-p=v, gtp=wv, g -p=vy Torga v,>0,
vy >0, v=v, —v, [Hna poxasareancrBa Toro, 4T0 V; = Vvt =
A v, = v~, JOCTATOTHO MOKA3aTh, 4TO €CIM A eCTh HOJOKUTEJIbHAA
Mepa, YyOOBJETBOPAIONAA YCIOBHAM A<V T A< vy, To A=0 (ra. II,
§ 1, n° 1). Ho, o6o3naums uepes 4, (cooTB. 4,) MHOMKECTBO T€X TOUCK
t€T, B rworopuix g (2)>0 (coors. g (t)<0), momydaem, dYTO
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Q48" = 0, u smaumr (upepn. 2), 4, AoKanbHO MPEeHEOPEKMMO OTHO-
CHTEJBHO vy U TeM 0oJjiee JIOKANbHO MPeHeGpPENMO OTHOCHTENHHO A.
Touno Tak ke JOKasHBaETCA, 9TO A, NOKANBHO NPEHEGPEKNAMO OTHO-
CHTENBHO A, OTKYJHa caexyer, ato I = 4, [] 4, noxarpuo uperebpe-
JKUMO OTHOCHUTENBHO A, ueM mokazamo, 4to A = 0. Taxum oOpasom,
ycraHOBiIeHH (opMyan (g-p)t = g*-p m (g-u)” = g~ U, U3 KOTO-
pHX cpasy sKe BHTeKaeT dopmyna |g-p | = | g |-p.

Cagncreue 1. [las moeo umobu mepa g- P Gvlia pasna HYwo, Heob-
zodumo u docmamouno, umobvw PHyrHKyUs g Ovlaa L0KALbHO U-npenedpe-
Huma.

HJomyctiM, 910 g paBHA HYIO JOKAJXBHO MOYTH BCIOAY; TOTHA
s mobGoit ysxuun f € 68 (T) dynarumsa fg 6ymer p-npeHedpemxnmoi,
u 3Haumt, g-u = 0. O6parno, mpepmoao:xmM, 4o g-p = (), ¥ mOKa-
JKeM, UTo g MOKAIbHO TIIpenebpe:knMa. Ha oCHOBaHMR TpeNIOMKeRHA O
MOJKHO OrpaHmIuIbeA cayiaeM, xorma g > (0. Torma, B cmay rtoro
aro 1 mpeneGpekuMa OTHOCMTENBHO g-W, QYHKUMA g, COTJIACHO
npeioseHnio 2, Gyier JOKaJdbHO TpeHeGpe:KuMa OTHOCUTEILHO W.

Cnepcreuk 2. Hyeme g, u go — 08¢ KOHEuHble A0KAABHO p-URMESDU-
pyemvie uyucaosue @ynxyuu. Jaa mozo umobel gi-p = gs- W1, He06x0-
Jumo u docmamouno, wmobv gy U gy 66U pasnl mencdy coboll oKL
HO noumu 6crdy.

JTo cpasy BHTEKaeT w3 caegcteha 1.

B cmny sroro caemcTBMA MOMKHO OIpPeJeanTbh Mepy g-WU JUIA TOTO
clydas, KOTHAa g ecThb JOKaJAbHO WHTErpUpyemas (QYHROUA, OIpeje-
JeHHas ¥ KOHEYHa# JOKaIbEO mout:m Belomy (n° 1); ompemennm ee
paBHON g'-p, THe g’ ecTb QYHKUUA, OLpeJeleHHas M KOHEYHAs HA
BceM I m paBHAs g JOKATbHO IIOUTH BCIOAY.

Caegcrsre 3. Iycmv g — A0KGALHO P-UHMEZPUDYEMAL HUCLO08ASL
Pynryus. Jaa mozo umobv g-p 6vi0 NOAOHUMEALHOU Mepol, Heoo-
xo0umo u Odocmamouno, umobsl g (3) >0 aokarbHo noumu ecwdy.

[eiicTBuTeIbHO, COOTHOIMEHME g-W > HKBHBAIEHTHO DPABEHCTBY
(g-u)~ = 0, 10 ecrb paBeHcTBY g -% = 0 (mpexa. 5); Ho wocHefHee
osHagaer, 410 g~ (f) = 0 xowxanbuo moutm Beogy (cmemcrsme 1).

Irepnomenne 6. [yems (g,) — nocaedosameavhocmb AOKAALHO
U-UHmeepupyembr wucaosur @Gynkyui, 04 komopol nocaedosamesv-
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HOCMb Mep g,-W 603pacmaem. J[as mozo umobv sma nocaedosamesn-
HOCMb 6Ll MaHOPUPOSAHA 8 YROPADOUEHHOM 6eKIMODPHOM RPOCMDAHC-
g ot (T) mep na T, nHeobzxodumo u docmamouno, umobu PGYHKYUAL
g = sup g, Obaa A0KAAbHO N-UHMezpupyema; mozda 6epIHAL ePaAHb
e oft (T') nocaedosameavrocmu (g,-p) ecmb mepa g-p.

Cnencreue 3 w3 npem. 5 MOKABHBAET, UTO gn (1) < gn+q (1) TOKATBHO
TIOYTH BCIOAY; 3HAUAT, W3MEHMB QYHKOHU g, Ha ONHOM ¥ TOM ke
JOKAJNBHO IpeHeOpe;KNMOM MHOMKECTBE, MOKHO HONYCTHTH, 4TO IOCHE-
JoBaTeanbHOCTH (gn) BOBpacraer. llpepmomoskmm, Yro mocaemOBATENb-
HOCTH (gn-M) Masropuposana B off (T); rtorma mas nwboit $yHrmun

f>0 us ¢& (T) umeem sup S fgn dp < - co; orciofa crepyer (ra. 1V,
n

§ 4, n° 3, mpepn. 4), garo dynknus fg=sup fg, WHTErpHPYEMA H UTO
n

S fg dp. = sup S fgn dp. JT10 mOKAasEBaET, 4TO g JOKAIBHO WHTEIDH-
n

pyema (mpema. 1) m 49ro g-u ecTh BepXHAA TrpaHb QYHRUUA gn-§
8 o (T) (rx. II, § 2, n° 2). OOparHo, ACHO, 4TO €ciIM g JOKAILHO
MHTETPHPYEMA, TO MEPHI gn |l MAKOPHPOBAHHL MEPOR g-WN.

Ieegnomennte 7. [lycmv gy U gy — O8e KOHeuMBle HucCa08ble PYHK-
yuu, onpedeaennvie wa T. IIpednososcum, umo gy A0Ka4bHO UHMESPU-
PYEMa OMHOCUMEAbHO W U NOAOKUMEAbHd. J]af mozo umobvl g, Gbiia
AOKAABHO UHMEZPUPYeMA OMHOCUMEAIbHO g1\, Heobxodumo u docma-
mouno, umobw PyYHrYUS gogy OBAG AOKAALHO URMepUpYema OMHO-
cumeavo W, U moeda umeem gy-(g1-p) = (g281)-p («popmyma acco-
IHATHEHOCTHY).

PaccmarpmBas g7 u g7, MH cpa3y ke CBOOHM Bce K CAydaio, Korja
g: > 0. Vrsepxpenne, 4To g, T0KAIHHO UHTETPHDPYEMa OTHOCHTEILHO
MeDH g;- W, O3Ha4Yaer, 4To miaA awoboit pysxuun f € ¢ (T) dynrmua
g.f muTerpmpyemMa orHocHTenbuo g;-u (npegn. 1); a mockoabky
gof UMeeT KOMIAKTHHY HOCHTENIb, TO BCE CBOJMUTCA K YTBEP:KICHHIO,
9T0 gof CYIECTBEHHO HHTETPHpPYEMa OTHOCHTENBHO g4-|l H, CAeJoBa-
TeTbHO, 9T0 PYHRUUA gog,f CYIECTBEHHO MHTET PHPyEMa OTHOCHTEIHHO
p (reopema 1); a Tak Kar g.gyf mMeeT KOMIAKTHEIH HOCHTENb, TO 3TO
03HAYAET, UTO gogyf U-MHTErpupyeMa, ¥ 3HAYHT, gog; JOKAIBHO
p-uaTerpupyema. Kpome toro, momaram v = gi-u, A = ge(gs W),
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nonydaeMm (reopema 1), 4ro
{7ar—1{ fgadv—{ fgsgidn,

4TO W 3aBepmaer JoKa3aTeJIbCTBO.

IpEpnomenne 8. Hyems p u p’ — dse noaoscumeavrbie mepo va T';
da8 mozo wmo6y wucaosas PYHKYUL g ObMa AOKAALHO UHMEZDUDYeMA
OMHOCUMEeAbHO Mepu W -- W', Heobzodumo u Jocmamouno, umobu
g Gbiia L0KAALHO UHMEZPUDYeMA OMHOCUMEALHO | U OMHOCUMEAbHO P';

moz2da umeem g-(p + p') =g-n + g-pn'.

YTBepiKIeHHe, 4UTO g JOKANBHO UEHTeIPHPYEMa OTHOCHTEIHHO
p=p-+p" (coors. p, W'), osmauaer, COTIACHO mpefiomenmio 1, uro
pasa amioboin ¢yaunun f€ o4 (T) dyErona fg wmuTEerpmpyeMa OTHOCH-
TeABHO p (COOTB. M, W'); ecam 51O mMmeer Mecro, 10 (reopema 1)

(f, 8-0)= g fg dp (OOOTB- {1, g-m)= S fg dp, (f, g-u’>=§ fedp) .

Taxum oGpasoMm, mpejiomenne BHTeKaeT W3 ciaefcTemsa | mpepnoske-
gra 6 § 3.

Iregmomenne 9. Hycmo (M y)aea—10KEGABHO CiemHOe ceMelicmeo
(§ 1, n°® 4, oup. 3) nonapmo He nepeceKaWUICT W-U3MEDUMBLL

nodmnosncecms uz T. Ecau M= |J M,, mo mepa @u-u feagemcs
atcA

¢ ot (T) sepxmeli epanvio MuoNcECMEa MeD X\ Qy-l, 20e J npo-
azd
Geeaem MHONCECME0 KOHEYHHL RoJMHoxucecms us A.

B caMoM meme, mocmrenn (KOMMAKTHHE) secAroidr ¢yaxmun f> 0
u3 &% (T) mepecexaeTcs JHMmB CO MHO;ecTBaMn M, 13 HEKOTOPOTO
cueTHOTO mojceMeiicTBa (My)uen ceMericTBa (My)qea. CremoBatensmo,

BMeeM fQur == | foum,, m smammr (. IV, § 4, n° 3, cuemcreme 2
aEB

I

A3 TEOpeMH 2), SfcpM dp:Z Bf(pMa du; HO HOCIemHAA CyMMa
agB

CILYKHT BePXHEH I'paHBI0 CYMM 2 S fou, dn, rae J mpoberaer Punbr-
atd

_PYyIOTIeecss MHOKECTBO KOHEYHEIX IOJMHOMECTB W3 4, OTKy/a u clefyer

npegiosenue (ra. II, § 2, n° 2).
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3. Xaparmepuzauyua mep ¢ 6a3ucom \

Hamomuuwm (ra. ITI, § 2, n° 4, reopema 3), uro muomxectso off (T)
Mmep Ha T snoane peuemouro ( AEEIMH CIOBAMH, BCAKOE MasykoPHPOBAH-
HOoe MOAMHOKeCTBO W3 off () nMeeT BepPXHIOH TpPaHb).

TreoreEma 2 (Jle6era — Huxopmma). Tycmo p u v — dse noaoxcu-
meavHble Mepu HA AOKAAbHO Komnarmuom npocmpaucmee T. Caedyro-
wue Ycaosus IKEUBALEHMHBL:

a) v ecmbv mepa ¢ 6a3ucom .

b) Bearoe a0KaibHO p-npeHebpedCUMOE  MHONCECMED AOKAALHD
v-npenebpexcumo.

c) daa awbol p-unmezpupyemoil U v-UHMEPUPYEMOL HUCAO80LL
dynuryuu >0 ¢ KomnakmHuum Hocumesem U 0as 4106020 yucaa € > 0

natidemes maxroe & > 0, umo coomuowenus 0<Lh<J, S* hdp<6

saeEym S* hdv < e.

¢’) Jaa aiboli nenpepvisnoti na T Komeunotl uwuciosoll @Gywryuu
g>0 ¢ somnarmuvm Hocumeaem U 4106020 uucaa & > 0 naiidemcs
makoe § > 0, umo Gas ecaroli HenpepwvlsHOU PyHKEYUL h, Ydosiemeo-

pawwet yeaosusn 0 <L h<<g u S hdp <8, enpasedauso nepasencmeo

hdv<e.

¢") Jasn awboz0 xomnarmuozo muoxnecmsa K < T u awbozo wucaa
& > 0 natidemcs maxoe § > 0. umo coomnowenus 4 < K up* (4)< 9
eaexym nepasencméo v* (A)< e («abcoa0THAA HELPEPHBHOCTHY
MEPH Vv OTHOCHTEIBHO ().

d) Mepa v npunadaesxcum noaoce, nOpo*OeHHOT nepoll p, 80 8ROAHE
pewemouromn npocmpancmse off (T) (ra. I, §1, n° 5).

Mu GyzeM [ORasHBATh BTy TEOpEMY IO CHEIYIOIIEH IOTHYecKoi
cxeMe:

”

N
a=>bf=> ¢

r\\d«: o’

Bo-mepBuix, a) Baeuer b), m6o ecam v ects Mepa ¢ GasmcoMm p, TO
BCAKOEe JOKAJIbHO -TpPerebpesKuMoe MHOMKECTBO JOKAJAbHO Vv-IIpe-
He0PeKUMO COTIACHO NPE/JIOMEHHI0 2.
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IToraskem, uto b) Bneder ¢). JlomycruM, 910 yciaoBme ¢) HE BHITION-
HAETCSA; TOrJa HAMAYTCA PW-MHTEIPHpyeMasd B V-UHTeIPrpyeMasd QyHK-
nusa fo>0 » awcmo o >0, obmagawmue CIefYOMEMA CBOMCTBAMI:
paa awboro memoro n >0 cymecrByer Ttakast OyHKnuA g,, 4T

0<gn<Fo S * gndp<<2™" m S * gndv > a. llpn s10M MOKHO Ipej-

MOJIOKATh, YTO g, W-MHTEeIpHPyeMa U V-HHTErPHpPYeMa, 3aMeHUB
B caydae mHamobHocTH gn Ha inf(fy, gn), THe gn,— rakKas moxyHeIpe-

*
pHBHAA CHuUBY (yHKOUA, 49T0 gn>» g, W UYT0 HHTErpal (: gndp

CKOJb YTOjHO M&J0 OTIHYAeTCA OT R * gn dp. lonosmum b, =sup gnip
o p=0
u h=infh, =limsup g,. Torga uMeem g hndp < Z S Enip du L2V
n TN—>00
p=0

(ra. IV, § 3, n° 2, reopema 1). A mockonbky h, < fo, T0 hp v-HHTE-

rpupyeMa u \ h, dv > a, u6o h, > g,. CaepnoBarenvro (ria. IV, § 4,

n° 3, mpem. 4), Shdu:lim Shndp:O u Shdv=limghndv>a.

n-—»00 n—o00

[

Taxmm ofpasom, Qpysrngnsa ~ Gymer p-IpeEeOpeskuMoii, Ho He Oymer
v-IpeHe6peKAMOll; HO 5TO NPOTHBOPEUHMT YCIOBHAIO b), Tak Kar %
HMeeT KOMIAKTHHU HOCHUTENb.

OugeBupEo, ¥ro ¢’) ® ¢’) TodydawTes NOCPEACTBOM CIENUAANM3a-
o Gymrnmit f m A B ycmosum c¢). C gpyro#l cropoHs, ¢’) Biaeyer d)
Ha OCHOBaEWHA Uperioskenmsa 4, ra. 11, § 2, n° 2. llokamewm, aro c"
Bmeuer b): geitcrmrenbno, ecam A < T nokaabrEO p-Tperelpe-
HEMO, To gnA a06oro  KoMOaKTHOrO HoamHokectBa K m3
T mvmeem p (A () K) = 0; smagmr, cormaceo c¢”) naa aw6ozo € > (O
vF(ANK)<e, 10 ectb v(ANK) =0, aro m pjokassiBaer b).

Ocraeresn goxasats, dro d) Baeder a). Mul IpopenaeM 3To
B HECKOJLKO 3TAMOB.

1° IIpeamonoskum cHadana, 9T0 V< |\ B YTO MePa vV 02DAHUYEHA.
Ilo pasemcrsy Komm — IliBapma, mast Beawoit ¢ymkmum g € 8 (7)
nMeeM

[v(@ P<v{)v(g)<v () n(g) (4)

Jro gokasmBaer, BO-IIEPBHIX, YTO €caAR g N-TIpeHeOpPE:KMMa, TO
v (g) = 0; xpome Toro, (4) mokasmBaer, 4rTo JuHeiiHAA dopMa v Ha
&% (T) menpepHBHA B TOMOJOTAA CXOMAMOCTH B CMBICIIE CPEHET0 KBajl-
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paTnuecKoro OTHOCHTeNbHO MepH p. IIpm momomm ¢axropmsammm sra
dbopma ompemenser ammeiiEyo $opMy g — v (g) Ha BCIOAY IIOTHOM
mogmpocrparctBe &% (T) (IPOCTPAHCTBO KIACCOB HKBHBATCHTHOCTH
mo p ¢yrkunit n3 ¢4 (7)) rmasbeprosa mpocrparcrBa L? (T, p); sHa-
4nT, OHA NPOAOJIKaercsa mo HempeprsHocTH Ha Bee L2 (T, p). Torma
maiigerca (Tom. Bexr. mp-Ba, ra. V, §1, reopema 3) Taxkaa pymknma
fEZL2(T, n), aro v (g) = p (gf) mna moboit ¢yaxmun g € &4 (7).
A rak kak f mokaabeo p-mETerpupyema (n° 1), To Mo;kHO HammcaTh
v = f-n, n coormomernne 0<f ()< 1 Gyner mmers Mecro I0KaIbHO
O4TH BCIOAY OTHOCHTENILHO WU (ciejcrBme 3 M3 Tpemi. D).

2° Ilpepmonoxmm ronbko, uro v p. Ilyers (Ky)gea — T0KAILHO
CHYEeTHOE CeMEIiCTBO KOMIAKTHHIX MHOecTB m3 7, momapHO He Hepe-

CEeRAKIMMUXCA ! TaKux, 4910 T — UKa JIOKAJIbHO p—npeHe6pe}RnM0
atA

§ 1, n° 4, wmpemn. 4). 3maumr, ecam wonommrs M = |JK,,
afA

T0 @pr-p=p. Ilycrs Mo =@k Ny VYo=K, -V; TOTHA Vo <Ha U o
orpamndesa (caepcTsue TeopeMe 1); caemoBarennmO, cordacHo 4°
CYIIECTBYCT TaKasd JIOKAJbHO Ug-HHTETpEpyeMasd ¢QyHKIUA f,, 9T0
Vo =fa'le B 0L fo 1. Takum oGpasoMm, ¢yHKnua faPx, n-mame-
puma m me upeBocxogur 1 mpm dw06ex o€ A (upemn. 3). OGozmauum
aepes |f rakyw ¢ymxmuio Ha T, uwro 0 f<1 n wro upm mobom
a€ A pyrxnua p copuagaer Ha Ky © fa®x,; TOTAR f Oyner mokambHO
p-mererpupyemMa (§ 1, n° 4, umpemu. 5). Iomomum V' =f-p; mus
m060T0 0. € A, COrnacHo mpefnoKerHnio 7, nMeeM Qg _-v' = (¢ f)-p=
:fa'((PKa'M):fa'}ka:\?a:([)](a‘v, n Crajgo OmTb, U3 IIPEIIOKe-
HAA 9 BHTEKaer, 4T0 Vv =v, Tak Kak I — M 0OKaIbHO p-IIpeHE-
OpesruMo.

3° Ilepeiizem k obuemy caydaw. Ecam v mpmHagme:xuT moioce,
noposennoii Mepoit p B o/ (T), To v = sup (inf (np, v)) (ra. II,

n

§1, n° 5, cmemcrBme mpemn. 5). Ilockombky inf (np, v) <np, 10

Halilercd TaKad JOKaJdbHO W-RETErpupyemas o¢ymkmusa f, >0, dro

inf (np, v) = f,-pn. A TaK Kak HOCIEOBATEIBHOCT: MeD f,-1 BO3pa-

craer W mMeer BepxHeit rpambio Mepy v B of (T), To ¢ymrmma

f = sup f, nokanbHO p-mETerpmpyemMa m v = f-p (upemx. 6), €ro
n

7 3aBepmaeT AOKA3arTeIbCTBO TEOPEMH 2.
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3aMegaHnHne YcIoene b) TeopeMbl 2 9KBHBAJEGHTHO CIeyio-
meMy yCJIOBHIO:

b') Beakoe u-npenebpewmumoe romnarmmuoe nodmuonecmso us T
V-npered perumo.

JelicTBUTeNbHO, JeTKO BUieTh, 4To b) Biueder b'). OOparxo, mpef-
DOXOKUM, TT0 b’) BEIMONHEHO; 0003HaIUM Uepes N HEKOTOPOE JOKAJBHO
p-rperebpeKIMOe MHOMKeCTBO. Jas m0o00ro KOMIOAKTHOTO TOAMHOMECTBA
K m3 T wmHomectBo K (| N p-mpeneGpesrUMo I, 3HAYMT, COHEPHATCA
B HEKOTOPOM OTHOCHTENIBHO KOMUIAKTHOM ji-TpeHe(OPesKuMoM MHOMKecTBe 4,
SIBIAKINEMCsT CIeTHHIM ITepecedeHyueM OTKPHITHIX MHomecTB (Ta. IV, § 4,
n° 6, caegcreue 2 u3 Teopemsl 4). MuomkecrBo A v-marerpupyemo (ra. IV,
§ 5, n°1, caemcreue mpefa. 3) W, CIeNOBATENBLHO, ABNsETCH obbefuiue-
HUeM v-mpeHeGpeskumoro MHoKecTBa M u mocnefoBatexbHoctH (Hy)
KOMOAKTHEIX MHOxecTB. Ilo mpemmonmoskennio nasioe us MHOKecTB H,
v-TIpeHeOPE;RAMO, a CIeHOBATENbHO, TAKOBEIM ABIseTCA W A, U, TAKAM
obpasoM, /N IOKAIBLHO V-IpeHeGperiIMo,

Caepcrsue. Jlas moeo umobu detlicmeumenvhas mepa v Goiaa mepol
¢ 6asucom pn, Heobxodumo u docmamouno, umobul vV RPUHAOAEHCANA
nosoce B, nopoxcdennoii mepoii mw e ot (T).

HeticrBrreabro, mis Ttoro 4roOe v Oblaa Mepoll ¢ GasmcoMm p,
HeOoOXOIMMO W JO0CTATOYHO, 4YTOOK STHM cBOlicTBOM ofXamamm v+
n v~ (upema. d); ¢ APyTroil CTOPOHH, AJA TOro 4robu v € B, meo6xo-
TEMO U moctarouHo, urobu vt € B mv™ € B (ra. 11, § 1, n°H), orry-
da W TONyuaeM ClIeIcTBHUE.

Cxoanmnsa Paccmorpum orHOmeHue »KBuBajeHTHOCTRH «f () =
= g (t) 70KaIbHO TOYTH BCIOY OTHOCHTENHHO W» MEKIYy KOHEUHBIMH
YRCAOBHIME QYHKIuAME U oGosmaunMm depes ¥ (7, n) (mam mpocro %)
MHOKECTBO KJIacCOB WO HSTOMY OTHOIIEHMWI0 (yHRIWHA, J0KAIBHO
HHTETPHPYEMEIX OTHOCHTENBHO . MHOKeCTBO ¥ HajieleHo CTPYKTypol
npocrpancTBa Pucca, u, Kak Mu Brjien (CefcTBre 2 U3 mpeaa. 5), Mepa

f-p saBucmr TOoabKO or Kiaacca f pymxmun f B 3. Teopema 2 B coegn-

HEHUR ¢ IpeJIoKkeHneM O MOKas3kBaer, 410 oTobpaskenne f—»f-p ecrb
usomopgdusm npocmpancmea Pucca ¥ na noaocy, noposcdennyio mepot p
6 npocmpancmse o/, (T). B dacrHOCTR, BepXHSA TPamb ABYX Mep f-U
n g-p ¢ GasmcoM p B mpocrparctBe £ (I) ecrs Mepa (sup (f, g))-p.

ITockonbKRy BeAKasi MoJOcA BO BHOOAHE pelleTOYHOM DPOCTPAHCTBE
caMa fgBJsieTCA BIIOJNHE pelleTOYHBIM HpocrpaHcrBoM (ri. II, § 1, n°b5),

TO SICHO, 4YTO IIPOCTPAHCTBO /}‘/' 8NOAKRE peuwlemoiro; OAHAKO CJIeAYeT HamoM-
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HHTB, 4TO BEPXHAA I'PAHL B ¥ HECUIETHOLO ceMeHcTBa (]:a) KJIACCOB 9KBU-
BaJIeHTHOCTH He 00A3aHa COBIAZAATL ¢ KJIACCOM BepXHeil orufamomei GyHK-
nuit f,. Tem He MeHee MH HOKRA3adH, 9TO AJIA gozpacmanuel nocaedo-
sameabrocmu  (fp) JOKATLHO WU-HHTCTPHPYEMHIX (YHKNHUL, BepxXuAsd
ormfaromas f KOTOPEIX JOKAIBIO p-UHTErpApyeMa, QYHKOHS f-W
CIY/KHT BepXHell TIpaHbl0 HoCIcfoBaTeNLHOCTH Mep (f,-u) B off (T)
(upenn. 6).

6. Ineusarenmmnvle mePovl

Nrepaosxenne 10. Iycme p u v — Ose noaoxcumenvhee mepv
na T. Hmeem mecmo oKSUSALEHMHOCMb CACOYIOWUL YCA06UL:

a) OOnu u me ace MHONHECMBE LOKUALHO RPEHeODEHCUMb OMHOCU-
MesbHO W U v,

b) ITorocw, nopoxcdennve mepamu p u v 6 o/ (T), cosnadawom.

c) Cnpasedauso pasencmeo v = g-W, 20e g AOKGALHO W-UHMezpu-
pyena u g (t) > 0 aokasrbro nowmu 6ciody OmMHOCUMEALHO L.

Ycnosusa a) m b) skBmBadeHTHE B cmiy Teopems 2. Ecam onm
BHUOJHAKTCA, TO V= g-U & = k- v, Fje g (cOOTB. /) HOJOKATENBHA
A JIOKaJbHO WHTeIpPHPyeMa OTHOCHTeIBHO W (cooTB. v). JHaumT
(opega. 7), dymknma hg noKaabHO p-mHrerpupyeMa m p = (hg)-n.
Orciona caenyer (cmepcrBre 2 m3 upesma. 5), uto hg paBHa 1 JTOKaAbBHO

1
F0YTH BCIOAY OTHOCHTEIRHO W, Tak 4ro g (8) >0 mn A (f) = D)
JOKaJbHO IOYTH BCIOAY OTHOcHTeabHO M. O6parHO, IPERIOIOKHM,
aro v = g-u, e g () > 0 m1okaibEo HOYTH BCIOAY OTHOCHUTEIBHO W;

1
Tak Kax QyHKns (—g—) g oIpefiesneHa JA0KaIbHO HOYTH BCIOAY M ABIA-
" 1
e1ef NOKAILHO W-MHTErPUPYEMOH, 10 —- JMOKATbHO V-HHTErpHpyeMa
1
u (?)-v = p (mpema. 7).

OunregenenanE 3. Jlee mepsl P U v HA LOKAALHO KOMRAKMHOM RPO-
empancmee T nasvieaomes sKsUBAAEHMHBLMU, ecal mepsl | | u | v |
ydosaemsopawm ycaosusm a), b) u c¢) npedaoxwcenus 10,

CreoBarenbHo, A Toro 94rofH p m v OHIR OKBHBaJeHTHH,
HE00X0IMMO M J0cTaTodHO, 4TOOH 3THM CBOWCTBOM oOGiamamm | |
n vl
20 H. BypSaunm
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3amMeganue. Fcampuv — [Be M0J0MKATEIHHRE DKBABAIEHT-
HEIC MepH, TO, KaK ¢pasy CHeAyeT U3 MPEIOeHns 3, OTHOCUTOILHO
Mep | M VvV U3MepHMHl 00Kl U me xe QYHKNuUM, oupenenenurie Ha I
¥ TpHEEMAOIIne 3HAYeHNs B IPOM3BOJBLHOM TOMOJOIHMYECKOM IIpPO-
crpancrtee G. .

Ilregnomerne 11. IHycme p — noaomcumensvnas mepa na T. Ecau
T cuemno 6 beckomewHOCIU, MO CYWeCmEyem Makas HenPePbLeHas
dynryua h, umo h (t) >0 npu awbon t € T u umo mepa v = h-p
(pKBUBaNleHTHAS W) 02DAHUYENA.

B camom pnexe, mycrb (K,) ecrb HOCIeOBAaTeIbHOCTh KOMIAKT-
REX MHO)KecTB, o0pasymolmada NOKpPeTHE OpocTpamcrBa I, W A
mioboro n uepes f, obGosmauena rtaxag ¢yErmus us &% (7), uro
0< o<t m fo(8)=1 Ba K, (ra. III, § 2, n° 1, aemma 1). Iycrs,
manee, (a;) €cTh MOCHENOBATEIBHOCTH CTPOTO IONOMHTEILHLX YHCEI,
I KOTOPHX D) @ < -+ 00; TOTHA PAX k= )| anfr HOPMANBHO CXO-

n n

nutca Ha T, W CIEIOBaTeNbHO, A, TI0 HOCTPOEHMIO, SIBJIAETCH Helpe-
pwBHOK ¢ynkmueil Ha T, ymoBJIerBOpAKINECH HepaBeHCTBY A (2)>>0
npr mobtom (€7T. IlomosmB v=~h.p, OygeMm nMers (mpemr. 2
nra 1V, § 1, n° 3, npepx. 13)

v (1) = S*hdpu<2 an S fr dpt.

n
—1 :
Ionomxnm, mampmMmep, a, =2"" (S fr du) , KoTga g fndu>1,
H a,=2"" B IPOTHBHOM clyYae; TOrga Z ap<-+co 1 v¥* (1)< 4 oo,
n
4YTO W MOKA3HBaeT WPeHJIo/KeHHe.

[Irenmoxerne 12. Hycms (n,) — nocaedosamesvHocmy ROLONCU-
meavHuxr ozpanuvenuulr mep na T mozda cywecmsyem maras noao-
acumenvras ozpaHudennas mepa p wa T, umo omuowenue n (N) =0
SKBUBANENMHO OMHOWLEHUIO «KakKo8o 6w Hu 6vmao n, p, (N) = O»;
Kaodas us mep W, ecmb mepa ¢ 6asucom . Ecau npu smom p’ ecmo
dpyeas noaowumenvnas mepa na T, obaadarowas mem e ceolicmeon,
mo P u p SKEUBANLEHITLHL.

IocmemHee yTBepIRACHEE CIEAyeT cpasy ’Ke M3 ompefeieHma 3.
Yrobs moKa3aTh CYIIECTBOBAHUE W, MOYKHO OTPAaHHIUTBCA CIydaeM,
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KOTRa K, >~ 0 npm moboM nr; TOrma ceMeficTRO Mep 2"7; cyMMn-

pyemo Ha off (T) (§ 3, n° 5) ® ero cymMmMa B yHOBIETBODPsieT HePaBeHCT-
By || ull<1. Kpome TOro, HOCKOIBKY W, <2" ||, |l-pn, T0 oTHO-
merge p (V) = 0 Baeger p, (N) = 0 nmpm mobom n; obparHO, eciu
N ecrp mpeHe(pe;KVMOE MHOMKECTBO OTHOCHTENLHO BCEX I,, TO OHO
J0KaNbHO TpeHeOpe;kEMO oTHOCHTENBHO W (§ 3, n° 5, cuaepcieme 2
H3 TWpeRi. ) H, CTajJo OHTh, n-HPeHeOPEKMMO, TaK KaK W OTPAaHMAYeHA
(§ 2, n° 1, cnemcTeHe W3 mpemi. 3).

7. Hegasucumvie mepovt

HanomanM, 9To ecim HMeloTca JBe Mepsl p M 0 Ha I, TO p U ©
HasHBawTcs HesapHcAMEMH, ecam inf ([p |, [o]) =0 BHa of (T)
(ra. I, §1, n° 1). HaBecTHO, YTO MepH, HE3aBACHMEE ¢ HEKOTOPOI
3ajaEHO#l Mepo#, o6pasylor momocy (ra. II, § 1, n° 5, teopema 1).

Onrenenerue 4. Ilycmov sadana nosoucumessHas mepa i Ha 40KALb-
1o womnaxmuom npocmparcmse T u nodmmnoxcecmeo M us T'; eosopam,
umo mepa p coepedomouena wa M uru ymo M necem p, ecau muoxcecm-
60 CM a0KaabH0 npeHe6peXcUMO OMHOCUMELLHO .

9T0 pPABEOCWILHO YTRePKACHMIO, 4To M p-H3MEpAMO H 49TO
gt = Py-p. flcHO, ITO ecHM | COCPeNoTOUEHA Ha MHOMecTBe M, TO
RCAKAsA HONOMKATENBHAA Mepa ¢ (asHCOM WU TaK:Ke COCPefoTOdeHA
Ha M (reopema 2).

repnomerne 13. Jaa mozo umobu dée mepw p u v 6wau Hesa-
sucumdl, neobrodumo v docmamouno, ymoby ¢ T cyujecmeoséansu makue
dea mmoncecmea M u N 6es obwux mouer, umo | u | cocpedomouena
ua M, a v |na N.

Ilyers A — Takas moNOKHTENBHAA MEpa, 4To | p I Ar v
(manpumep, A = |p |+ |v ). Torma |p|=gh u IVI=h-7»,
rge £ ¥ h — NoJoKATeNbANE (YHKIHHM, JOKAIbHO HHETETPHMDYEMEe
oTHOCHTENbHO A (Teopema 2). Jlms toro uwroGm inf (| p |, v |) = 0,

neo0X0AMO ¥ HOCTAaT0YHO, 9T00H inf (g, k) 6ra paBHA BYMIO JTOKATb-
HO WOYTH BCIOAY OTHOCHTEIBHO A (n° 5, cXonms), WIH, APYTEMH CI0-
BamMH, WroOH CYNIECTBOBAJIO JIBA HENEepeceKalMMXCd MHOKecTBa
M u N, A-B3MepMMHX W TAaKHX, UT0 Qug = £ H Pyh = h IoKanbHO

20%
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O0YTH BCIOAly OTHOCHTENbHO A. Ho mis Toro, 910681 @pg = g moKanb-
HO TIOYTH BCHJY OTHOCHTENILHO A, He0OXOMMMO M JOCTATOYHO, YTOGHI
(Pmg)A = g-A (cuemcrBme 2 ms mpema. 5), TO ecTb YTOGH @y | U | =
= | p | (wpema. 7); 1o o3mauaer, aro M mecer | p |. Toumo Tax ke,
LA ToT0 4T00H @k = h JOKaIbHO TOYTH BCIOAY OTHOCHTENDHO A,
Heo6xomnMo m pmoctarouHo, uTo6m N Hecto | v |. DTo 3aBepmaer
JOKaz3aTeJbeTBO.

Caencreue. Jas aw6oii mepw v wa T cywecmeyiom Oea Henepe-
ceraowurca Mmuoxcecmea M u N, Hecywux coomgemcmeenno vv u v-.

He cmenyer cmemmeare nOHATHE Hocumess MEPH V © IOHATHEM MHO-
ecTBa, Hecymero | v |. Hocateas S Mepn v ecth HamMeHBIIee 3amEHY-
moe MHOMKecTBo, Hecymee |v | (ra. III, § 3, n°2, mpemn, 2 m . IV,
§ 2, n°2, npenn. 5). OgHAKO MOryT CYINECTBOBATH IONMHOMKECTBA H3 S,
ornugRsle of S ®W Hecymme |v |. Toumee, MoMeT oxa3aThcs, 4HTO
inf (n, v) = 0 maA ABYX HONO/KETENBHHIX MeD [ B V € OIHHM H TeM JKe

HocHTesmem (ymp. 6).
OTMmeTEM TakiKe, 9TO Iepecedenye MHOMECTB, HeCyimumx | v |, ABAACT-

ca MHoecTBoM Takmx Towek ¢ €7, wro |v | ({¢}) > 0, u Moxer OHTB
UyCTHM (RamphMep, B cayvae Mepsl JleGera); crano GwTh, BooGme rosops,
He CymecTByeT HaMMembOIero MHOMKeCTBa, Hecylero |v |.

Teorema 3 (JleGer). ITyems u — RoA0OIKCUMEALHAL MEPA HA A0KALb-
Ho komnakmuom npocmpancmsee T. Beakas mepa v na T moscem 6uimb
eOUHCMBEHNBM 06Da3oM 30nUCaHa 6 sude v = g-n 4+ v', 2de g 10kasb-
HO W-uMmezpupyema, a v' ecmb mepa, Hesasucumas ¢ . Ecau nepa
V ROLONCUMEALHA, TRO ROLONCUMELIbHY U Mepsl g-1 U v'.

Aro ecrth He d4To WHOE, Kak reopemMa @. Pmcca (ra. II, §1, n° 5,
Teopema 1), B IPAMEHEHANM KO BIOJHE DPEeMIETOYHOMY IPOCTPAHCIBY
o# (T) mep Ha T m K ToNoce, MOPOKACHHOH B 3TOM TPOCTPAHCTBE
Mepoit . '

Ecam g ecTh CyHECTBEHHO W-HETeTPHpyeMas 4MCA0Bad QyHKmAsd,
10, Kak yske OnI0 HOKasaHo (ciaegcrBme m3 TeopeMel 1), mepa g-u
orpamnuena m (reopema 1 m 1. 1V, § 4, n° 7, mpepa. 12) || g-p || =
=1lglnll=DNnN, (g). CmegoBaTenbHO, MOKHO OTOMKJECTBHTH IPO-
crpaserso L (T, pn) ¢ HOpmuposarHsy TOAIPOCTpAHCTBOM GaHaxoBa
npocrparcrea of ! (T) orpammuenEsix Mep ma T' (ra. III, § 2, n® 6),
o6pa3oBaHHKIM OTPAaHWYEHHKIMH MepaMm ¢ Gasucom . Ilpm stmx
COTIAIICHAAX TeopeMa J BIEYeT CIeAyolmee yTBep:KACHHe:
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CaegcrBue. J[asecarotl nosoxrcumenvroil mepti u Ha T cywecmayem
Henpepbisuill npoekmop p ¢ Hopmoii 1 npocmpancmea o (T) Ha
nodnpocmpancmeo L (T, p), daa xomopozo

Ivii=lpM I +Iv—p Ml ()

-1
das arwboli ozpanudennots mepu v € oMt (T), u umerowuii sépo p (0),
ABAAIOUEECH MHONCCCIEOM OZPAHUNCHHBL MED, He3GBUCUMBL C .

IloxasarenbcrBa Tpefyer aumb cooTHomenwe (5); OHO CcIemyeT
n3 mpemmoskernsa 4, ria. 111, § 2, u w3 Toro dakra, 4To ecam p M 0 —
nBe HezaBmcmMue MepH Ha T, To Meps (p* 4 o%) m (0~ + 07) Hesa-
pucmmut  (ra. II, §1, n° 1), w sHaumr, |p+o|=|p |-+ 10|

8. I puaowenun: I. Jleoiicmeennocms npocmpanemes L”

HamomMumm, wro pgBa gmcaa p m ¢ Ttakwme, 910 1 < p<< + oo,
1 1 .
1L g << + oo, —p——}--? =1, HASHBAKTCA CONPAHCEHHBLMU NOKA3ame-

asnu (rn. 1V, § 6, n° 4). Besakas ¢pyoknus g € £? oupegenser va L
HeIIPePHBHYI InHEHHEYH0 ¢dopmy 0Og, Koropas moaygaercs ¢axropu-

saumedl m3 amHelHON ¢opMH f —> S fgdp ma £P, m mmeer Mecro

paserctBo N4 (g) =|0g|| (ra. IV, § 6, n° 4, cuegctBre ms mpepi. 3).
Caxemorarenvuo, ¢axropmsanmumeil m3 orobpamennsa g —> 0, momy-
daercHA JWHEHHOE W30MeTpHuecKoe orobpaskemme ¢ mpocTpaHcTBa L7
B mpocrpaucrBo (LP)', compsskemmoe K LP. Mu mokareM, 9o mpu
1< p<<+oo ¢ oroGpaskaer LY ma (LF)’, 12K 9YTO MH CMOMeM,
crano GeTh, OTOAECTBATHL GaHaxoBm upocrpamcrBa L2 m (LP) mpu
momomu msomopdmaMa ¢. VHBIME cIOBaMm, MMEET MECTO

TropemMa 4. ITycmy p u g—conpajxcennble nokasamesw, npuuem
1 < p<<+ oo. Beakaa nenpeptignas aunetinas gopma na L* (T, )

umeem eud f —> S fg dp, ede g ecmv gynryua usz LT, p), raacc
komopoii 6 L? noanocmvio onpedeaen.

B camom geme, mycrs 0 — meupepnieHas JmHeHHaA ¢opMa Ha
£7; cmemoBarenbHO, cylmectByer Takoe gucino a>>0, aro |0 (f) <

<a-Ny, (f) pna mw6oit dpynxnum f € LP. PaccMoTpnM cykerne $op-
M1 0 na mpoctparcTBo &% (77) HeIpePHBHEHX QYHKIMHE ¢ KOMIAKTHHM
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HocHTedeM: XA I00oro KoMmakTmOTO HogMmHOMKectBa K un3 T m
mo6oit pysrumu f € ¢ (T, K) (HpocTPaHCTBO HEUPEPHBHHX (yHK-
Uit ¢ HocuTeneM, copepsxammmes B K) mmeem Ny () < (n (KNP f1I;
SHAYUT, TOHOJOTHS, mEgynupyemas B &4 (7, K) tomonormeir uz £°,
Oymer MeHee CHIbHOH, 4eM TOIOJOrHMA pPaBHOMEPHOH CXOZIMOCTH,
u cramo OuTh, cyskeHme gopmer O Ha Kakmoe muoskectBo &% (T, K)
HEUPEPHBHO B 9TOH TOMOJOrMA. JT0 03HAYAET, UTO cyskenme dopme O
Ha ¢% (T) ectv mepa v (ra. III, §2, n° 2, omp. 1).

[Moxaswem, gro v |(|f<a Ny (f) mua moboit ¢ynrmun
f €& (T). Hocraroumo mokasarb 3Ty omesky mgasa f>0. Ho auas
moboii pyrrnmm P us &8 (T), ynosierBopsaoimed nepasencrsy [P | <7,
nueem | v (P)[<a-Np (p) <a-Np (f); mame yreepsgerme momy-
qaeTcd M3 BEIDOKEHNA A abCOMIOTHOrO SHAUEeHHA MEDH, IPHBEIEH-
noro B ra. III, § 2, n° 4, popmyna (4). Tem Goxee mmeem v+ (] f ) <
<a-N,(f)y m v (|fly<a-Np (f). BTo mnoxasmBaer, 9T0 MEpH
vt m v~ ABrAKTCA MepaMmu ¢ 6asucom n: [elcTBHTENBHO, ecam > 0
ectb ¢yEEmua us oF (7), a Y — dymxuma w3 ¢F (I) raras, g10

Oy, 10
1 1 1

v () <a-(u ($7)’ <a- Hf\\ (1 (D)7,
I TeM CaMBIM BHITIOJHEHO YCIOBHe ¢’) TEOpEMH 2; aHANOTMIHEIM 00pa-
soM paccy:kmaeMm piaA v-. CuepoBareabHO, CYDIeCTBYeT TaKas IIOJIO-
JKUTeNbHAA JIOKAJBHO W-HHTETpupyeMas OyHKUmA Ay, gro v* (f)=

= S fhydp pna moboi pyrwnun f ¢ oF (T). lloramem, aro Ay n0KaTBLHO
Io4TH BCIOAY paBHa Hekotopoir ¢ymkumu m3 £9. Femm ¢dyarmus
>0 n3 &% (T) 1arosa, aro N (f) <1, To mMeeM S fhydp =v* (f) <a.

Cramo Grith, mpm M1060M HOOPEPHBHOM OTOOpaMeHHH f, ¢ KOMIAKT-
HoIM HocureneM mpocrpamcrsa I' B [0, 1] BHIDOAHAeTCA HEPABEHCTBO

S (fohy) fdu<a, rorga f mpoGeraer MHOMKECTBO TAKWX HOMOHKATENb-

Berx QyEkmmiz w3 &% (T), uro N, (f)<1. Orcropa, cormacro ¢op-

myne (11) ms ra. IV, § 6, n° 4, momyqaem, aro Ny (foh)<a. Us

3TOr0 cuexyer, 410 sup N, (¢xhy) <a, xorma K mpoberaer MHOxe-
K

CTBO KOMIAKTHEIX HIOAMHOKecTB uM3 7', W 3THM Hallle YTBEP:KJeHUe
okazamo (§ 2, mpexga. 6 m 7).

Touno Takoe e paccy:KgeHHME IPOBOXMTCH 1A v™. A TaK Kak
v = v*¥ — w7, TO CylIecTByeT Takaa ¢yHKOHA g € L9, uT0 pAuId
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mo6o#t ¢pyuknuu f € 68 (T) cupasegnuso coorromenne € (f) = v({f) =
= S fg dp. NEpiMm cmoBamu, HeNpepHBHHE aunHeiiHble ¢opmsr 0

u 0, conapawor Ha % (T); 3HaunT, oHM paBHH 1 Ha LP, rak Kak 6% (T)
BCIO/IY HJIOTHO B P, W [OKa3aTeiIbCTBO 3aKOHYEHO.

CagnctBuE. JJua 4106020 wucaa p ¢ npedetar 1 < p << oo 6anaroso
npocmpancmeo LP (T, p) pedrercusno.

BooGme roBopd, mpocTpanHCTBO, coupsikeHHoe K L~, me Gymer
nsoMopdHO npocrparctBy L, u cramo 6w, L! m L~ me peduexcus-
et (yop. 12). Msl oxapakrepmayem HeIpepHIBHBIE JTHHeHHEE (Hop-
MB Ha L, noaysawmmecs ¢axropusanueii ma auHeiHON GOPMEH

f*ngduHao‘ﬁ"", rme g € L1

Ynopagodennoe BekTopHOe mpoctpaHcrso L™ (T, n), ABiAomee-
ca mogmpocrparcTeoM npocrpanctBa ¥ (T, p) (n° 5), snoane pewemon-
HO; meficTBUTeNbHO, ecin (f,) €CTh CeMefCTBO HOIOMKUTENBHHX PyHK-

ouit. m3 £, MHOMECTBO KiIaccoB (f,) KOTOPHX MasKOPHPOBAHO
B L>, rto maiiercsi takoe a >0, ur0 N (fo) <a upm mwobom a.

A rar war ¥ (7, p) BmodHEe pemerodmo, TO cemeiicrBo (f,) mmeer
B ¥ (T, p) BepxHIOW TpaHb s, HO HOCKOJBLKY a>>f, Upm dwoboM o,

10 h<a, cxegoBarenbHO, N (h)<a, OTKyZa B BEHTeKaeT Haile
YTBePIKICHHAE,

Npegnomenne 14. Jaa mozo umobsl nosoxcumesvhas AUHeUHAL
dopmua 0 na > 6vaa gopmoi euda f — S fg du, 20e g € L1, neobxo-

oumo u Oocmamouno, umobsl 0aa 1106020 Guavmpyioujezocs 603pa-
cmawuezo cemelicmsa (fo)aca nOs0MCUMervHBL PHyHEYUL us L,
muoxcecmeo kaaccos (fo)aca Komopwr mazcopuposanoe 6 L u umeem

6 3Mmom RPOCMPAHCMEE 6EPIHION 2DAHb h, 8LLNOAHANOCL  DABEHCME0
8 (h) = sup 6 (f).
acA

Chavana mokaskeM, 4Yr0 ycixobme HeoOxomumo. B camom pee,
Mmepa h-p caymur B off () BepxHE#l rpaHBI0 MHOMKECTBA Mep f,-W
(n® 5, cxomms); smauur (ra. II, § 2, n° 2), gna mobolt $ymxmum

¢ >0 uz £ (T) umeem g ho du = sup S fo® dp. Ecam temeps oGosna-
3 (ZEA
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TaTh Yepe3s 4 TaKoe IONOKHATCNBHOe dncio, 910 No (fy) < a npu
aobom a gt A (410 Baeuer No(h)<a), 10 gna moboro & >0 mai-
merca takaA ¢yErmuA @ EeF (1), uwro 920 m N (g—¢)<s,

OTKyJa BHIBOAWM, YTO r\‘foclg—(p|dpt<¢u~: upu  adobom o€ A,
n S hlg—g@ldn<ae. A HOCKOIBKY supS fugdp<i hg dp, To ato
acA o

TMOKAa3uBaeT, 410 o0e YacTW HEPAaBEHCTBA PAaBHH MOKAY co6oii.
s gorasatesberBa MOCTATOYHOCTY HaM HoHago0uTCH CiCHyOIias
JeMMa:

Jdemma 1. 1° Hyeme f — noaynenpeprisnas CHU3Y NOAOIUMELLHAR
oepanunennas gynuryus va T. Tozda ee kaace f 6 L™ cayxcum seprhei

2PAHLIO MHONCECNBA Kaaccos ¢, 20e @ npobeeaem muoscecmeo GYHKyUiL
uz & (T), yoosaremeopsaowuzr yeaosurw O @<f.
2° Hycmb f—usmepumas noAOHKUMEALHAA 02pAHUYeHHAs PYHK-

: o0 [V
yus Ha T. Toeda ee kaacc f 6 L™ cayascum HuxcHell 2panvio smHoO-
acecmen kaaccos §, ede ¢ npobecaem MHONCECMEO NOAYHENDEPHIEHRL
cHU3y oepanudennbixr Pynryuii na T, 048 romopuz P > f.
1°. Iyers ' —rtaxaa ¢yHEuma us £, 4ro [ ABIAETCA Bepx-
Hejt TpaEbio B L™ MRoikecTBa Kiaccos ¢ takux GpyEKnuit ¢ us 6% (7T),

aro 0 ¢ < f; odeBupgHO, }’gf'. IIyers U ecth oTHPHTOE OTHOCH-
TeIBPHO KOMOAKTHO® WOOMHOMKecTBO u3 I'; HO ONpeRelNeHHIO NiIA
moboit pynrimn b w3 & (T) rtaroit, 910 0<h < foy, HepaseHCTBO
h (1) <f (1) BunoONHAeTCA JORAIBHO IOYTH BCOAY, M 3Ha4nT, A (1) <

<f () @y () moutm BcOmy; U3 ITOTO BaRIKwIaeM, 4TO Bhdug

< 5 f oy du. Ho tak Kak f@u DonyHempepHBHA CHA3Y, TO S foydp==
= sup \: hdw, rge h mnpoferaer MuomectBo ¢yEKumin usz &4 (7),
nasa xotopux O<< b < foy (ra. IV, §1, n° 1, oup. 1); caemosarensuo,

Sf¢UdM<S feudp, a mockonbky ['@y< fey mourm Beoopy, TO

HeupeMeHHO [@y= f'¢y NOUTH BCIOLY, OTKYHa ciepnyer, 4uro f={f
JOKANBHO WOYTH BCIOAY.

2°. Iycrs f —rakaa ¢yErmua u3 £, 9ro [ ecTh HIWKHASN

rpaEs B L™ MHOMKecTBa KIacCOB { TOJIYHEOPEPHBHHX CHI3Y (QYHR-
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Iuii {, OrpaHWYEHHHX # TaRUX, 90 Y>> f; Torma }')f. IIyers K
8CTh KOMIAKTHOE WOAMHO:kecTBO m3 I, a mis mawbGoii ¢yERUMA h,
HOJ YHEIPEPHBHOA CHU3Y, OTPAHNYEHHOH u Mamopupyomein [Qg,
nyers h ectb QyHkmms, pasEas h Ha K u || f|| 4|k ma T—K.
‘Torga /i monyHempepsiBHA CHH3Y & h>f, u cramo GeTh, WO OIpe-
AenerHHIo ki (1) > f' () JoraZbHO WOYTH BCIONY; U3 BTOTO BAKJII0TAEM,

aro h(t)>f' (1) px (¢) moaTH BeOny, OTKRy[ga clegyer, 9TO S hdu >

> S f'exdp. Ho S fox du=inf Shdpt, rge A mpoGeraeT MEOKECTBO
HONyHePCPHBHKX CHA3Y (QYHKIW{, OrPaHAYCHHHX W MarkopApyIo-
mux feg (rva. IV, § 1, n° 3, omp. 3); caegoBaTennHO, S fox dp >

> S Foxdp, a tak KarR fog < fQx TOYTH BCIOXY, TO HEIPEMEHIIO

fox = f'px modTu BCIOAY, OTKyZa moaydaeMm, 4ro f=f moKaabHO
TIOYTH BCIOAY.

ITocme Toro Kak JeMMa [OKa3aHa, BOBHPMEM MOJOKUTEIBHYIO
nmHEHHEY0 ¢gopmy 0 Ha £, YHOBICTBOPAKINYIO YCAOBHAM HPENIo-
werna 14. Cysserne dopmur 0 ma upocrpancrso ¢4 (T) ecTh MOd0KHA~
telpHAA Mepa v Ha 1. Mu mokaskeM, 4To IS BCAKOHN MOMOMUTEIBHOI
dyermyu € £ (T, u) cupasepumBo paseHcTBo 0 (f) = v¥ (f).
ITpepmonosknM BHAYade, 970 f ModyHeIpePsIBHA CHUBY (i OTpaHWIeHA);

CorJacHo JemMMe [ CHY:KUT BepXHeill IpaHbI0 QUIBTPYIONETOCA BO3-

pacTanuiero MHOKECTBA KJIACCOB (}), rjge ¢ npoberaer PuasTpyIoUIeecs

muokectBo @ ¢ymrmmi wusz ¢F (T), YIOBIETBOPAIIMX YCAOBAIO

0<9 <f. A rar wrak, mo ycuxosmmo, 8 (f) = sup 8 (¢) u, mo ompe-
PED

menermio, v¥* (f) = sup v (¢), TO Hamle yTBePIKAEEME [JIA ITOTO CILy-

QD
49as morasaHo. [lomyctmM remeps, 4To [ p-m3mepMMa W oTrpaHMYECHA;

TOTRa, Ho ompemenenmo, v¥* (f) = inf v* (), rme Y mpobGeraer ¢miab-
YEW

Tpylomieecs yOmBaonice MHOMECTBO ¥ HONYHENPEPHBHEX CHU3Y

GYHRIMA, OrpaHNIEHHHX M YHIOBIETBOPAIOIMX HEPABEHCTBY P 3> f.

Ecau a > || f ||, To, npumerns ycioBue TeopeMH K QHIBTPYIOLEMYCSH

B0O3PACTAIONIGMY MHOKECTBY RiaccoB ¢yHKRUmA a — ¢, tae Y€V

n Y < a, morydaem, corjacuo memme, 4ro 6 (f) zinie (p), m sHAa-
3

aurt, 0 (fy = v* (f). B gacrhoctu, pgna aw06oi p-mpeHelPeKEMOR.
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$yarnun f>0 mmeem 8 (f) = 0, a caemosareawsno, v* (f) =0,
u crano OHTH (reopeMa 2), v ectb Mepa ¢ 6asucom |; KpoMme TOFO,

v¥ (1) = 0 (1) << 4 oo, u rakum obpasom (ciegcrBue u3 Teopems 1),
v =g-n, e g € £* (T, p). HaxoHen, HOCKOABKY BCAKAsS N-H3Me-
puMasA (QYHKIWA v-M3MEePHMa, TO BCARAS WUONOMMUTeAbHas QYHRIUA

f € L= (T, p) v-maTerpmpyema, % uveem S fg dp = v* (f) = 0 {f),

4TO0 ¥ 3aBepUIAcT [OKAa3aTelabCTBO.
Uz upepiomenns 14 3akmodaem, 4ro AnHeHHEEe GOpMH Ha L,

gMeronme BEE [ — S fg dp, rthne g € L', sABAsOTCA PA3HOCTAME

0y — 0;, re 0, u 8, — monomurensHEe AuHedHBC OPMBI, YLOBIET-
BOPAOIIEe YCIOBHIO Hpemios;xeHun 14.

9. Dpunowcenun: I1. Dynxyuu mep

IIycrs py, woye.., pn — Mepsl Ha T w u (24, ..., Z,) — KOHEUHAA
nOAOICUMEALHO 00HOPOJHas dYumcioBas (QYHRIMA, oupereleHHas Ha
R™ (to ectn (ra. I, § 1, n° 1) raras dysrmmsa, gro u (ozy, ..., 0L,) =
= ou {2, ..., ;) muasa awoboro ckamxspa o >>0). Ha T cymectsyior
ODOJOKMTCABENE MepH A Tarkme, 4Yro |u; |<<A upm 1<<ign

n .
(mampumep, cymma ) | p;|). Hyers AL — mse rakue mepsl Ha 7.
i=1

Mo:xro mammears p; = f;-A = fi-A', e ¢ymrumma f; (coors. fi)
H3MepuMa W CYI(CCTBEHHO OTPAHHYCHA OTHOCHTEIBHO MePH A (COOTB.
A’) (reopema 2). Mm ycraHOBHM CiefyIOIMA pe3yabTat: 048 mo2o

umobw uwucaosan gynryus u (fi, ..., f,) 6vaa 1okaavho urmMezZpUPYEMQ
omuocumeaviuo h, Heobrodumo u Oocmamouno, umobv. GYHEYUS
u(fy, ..., fn) Obta aoKaabLHO UHmMeepUpYema omuocumeavHo A,
u mozda

u(fi’ RS .fn)}\':u(.f;7 ey f';‘l,);",

Tax wax | u; |<Cinf (A, A'), To MOKHO OrpPaHMIMTHCA CIYIaEM,
gorma A<CA'. Torma A = g-A', rme g ects A'-mamepmmasi QyHKUHA
B npemeaax 0<g<1 (treopema 2); orcioma (upegn. 7) cuenyer,
aro w; = f;-(gM) = (f;-g)-A’, orkyma BHTeKaer (cuemcrBEe 2 W3
upefs. 3), 9T0 f;£ paBHA f; JIOKAIBHO TOYTH BCIOAY OTHOCHTENBHO A,
Taxum o6pasom,

u(fe, oo fy=u{fig, ... In@)=u{fe, --., fn)g
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JORAJIBHO TOYTH BCIOAY OTHocurtenabHO A'. Crano OHTH, IJAA TOTO 4TO-

6n QyErimA u (f, ..., fn) Oblia JoKadbHO A'-MHTErpMpPYyeMa, Heo-
XOAMMO M HocTarodHo, 4robu dymrnus u (fi, ..., f,)g Obia goKaIbHO
HHTErPUPYeMa OTHOCHTENBHO A', To ecthb (upema. 7) urobst u (fy, ..., fr)

Obllia JOKAAbHO MHTCIPApPYEMa OTHOCHTONBHO A, M TOIJa HMEeM
{mpenn. 7)
ul(fy, - )M =@{fo - & N=ulle, ..., fa) A

Wrax, mepa u (fy, ..., fn)-A BaBHCHT TONBKO OT MEP (i, ..., Pn
i 0T QYHKIUE U; OHa 000BHAYAETCA TAKKE U (Uy, ...,[in). JTA Mepa
6ymer, caefoBaTeSbHO, OUpeneacHa, ecan ¥ OyJer Takoi HOJTOKATeNb-
H0 OSHOPOOHOUE (YHKIWEeH, 9Yro MAJA HEKOTOPOH NOXORUTEIABHOR
MepH A, Mamopupylbomeir sce |u; |, dyErumua u (fy, ..., f,) Oyner
JOKaJAbHO A-MHTETPHUpyeMa, ecau depes f; 0003HAYNTH HIOTHOCTH
Mep Q; OTHOCHTEABHO A. OTMermM, UTO 3TO YCJIOBHE 3aBE0MO BHIIOJ-
HACTCA [JA TOJOMUTENBHO OFHOPOAHON HenpepuieHol QYHRUIUH U:
JEeHCTBUTENbHO, TOTHA

[u(@y, o wa)[<a(@|+ {2+ .. +{2nl)
{IOCKOJIBKY ¥ OTpaHHICHA B HOCTATOYHO MAJIOf OKPECTHOCTH TOYKU
©, ..., 0)), u rar war u (fy, ..., fn) A-usmepuma (ra. IV, §5, n° 3,
Teopema 1), To, B cumny Kpurepua maTerpupyemoctu (ra. IV, § 5,
n° 6, teopema 5), oHa JNOKalbHO A-MHTerpmpyema.

Hyers uy, ..., up — HoNoMUTEABHO OFHOPOTHHE UMCIOBHE (PYHK-
uuu, onpepenenHasie Ha R™ u raxue, 4ro p GyERIuUE g = Uy (fy, ..., fa)
(1 <k < p) noransuO A-mETErpEpyemu. IlycTh v €cTh HOJOKUTEIABHO
omHOpOmHAsA YmeaoBasd (YHRIUA, oumpexedcHHad Ha R* m rakas, 9r0
v (81, ..., &p) NOKadAbHO A-mETerpupyema. llonosxum :

W(Ty, oy Tp) =V Ug (T1, ooy Tn)y o v ey Up (Tyy -2 vy T))e

Torma dyEruus w Gyner monommurensHo ofmoporHa, W (fyi, ..., fa)
— JORaNBHO A-MHTETpUPyeMa, M 0 ONPeHeNeHWI0 WMEeM

Wiy - vy o) =V @ By -+ -5 Bn)y ooy Up(Ryy - -0y Ba))-

B uacrEmix cayuagx Qymxmmi z*, z7, |z |, 4 y, inf (z, y),
sup (z, y) Mepui, ompegeiseMble BHIICONMCAHHHKM CIOCOGOM, COBHa-
FaioT, COOTBeTCTBEHHO, C TeMM, KoToDsle ofo3HadaoTcad Kak p*, p-,
lp |, p 4 v, inf (s, v), sup (g, v); 370 cpasdy me Hodydaerca N3
IpefIoKe st D,
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ITOT METON, MO;KHO IPAMEHNATE K IOJOKUTEIRHO OfHOPOREON QyHKOmn
1
(z} + ...+ 22)% nus ompenenemms IMHH KpHBOH.

10. Pacceannwvie mepst; amomMuuecKue neput

Oneepenerne 5. Mepa p na T nasvisaemcs pacceaunot, ecau dasn
awbozo t€T [n|({t}) =0.

IIprmep. Mepa JleGera ma R smBugerca pacceammoin (ria. IV,
§ 1, n°3, aamedgamme 1).

YrBep:mmenne, 4o | €cth paccesmmas mepa Ha T, ozHagaer, 4To
BCAKOE MHOMKECTBO, JONOJHHTENBHOC K KOHEYHOMY, HeceT | u | mam
ellle 9TO MepPa U He3aBHUcHMMa ¢ J0Goi ToueTHOR Mepoii. CiefoBaresnb-
HO, paccesHHBE MEeDH cocTaBaaior noiocy 8 o (T) (ra. 11, §1, n° 5,
tTeopema 1).

Iycrs remeps @3> 0 — Komeunas wmcnoBasg QYHAKRIUA, oIpe-
nenednas Ha I'; gyst Toro 91068 ceMeiictro (Todeunmx mam pasHEX ()
Mep (@ () &;)ier OBLIO cyMMUupYeMmo, HEOOXOMAMO M AOCTATOUHO, ITOOH

mis mo6oro KOMmaKTHOTO TWoAMHOMecTBa K ma T ) o (f) << 4 oo
tEK
(§ 3, n° 9).

Oupepenerue 6. Mepa v na T Hasviéaemcs amoOMUueCKOU, ecal
| v | sseaemes cymmoil HeKOMOPO20 CYMMUDYEMO20 CeMelicmen NOA0-
HCUMEALHBLL MOYEHHBLL Mep.

IlonoxurenvEas arommdeckas mepa, Gymydm B o (T) Bepxmeit
TPAHBI0 MHOMKECTBA MeD ¢ KOHEUHBIM HOCHTEeJeM, He3aBHCHMA ¢ JI060il
paccesiHo# Mepoii (ra. II, §1, n® 1).

IIrepnoxerne 15. Beakas nosoxcumenvrnas mepa pw Ha T moacem
buimy  eduncmeennum o6pasom npedcmagrena ¢ eude py - pa, ede
Wy — ROAOHCUMEAPHASL GMOMUYECKASL, G [y — NOLONCUMELLHAS DAC-
CeANHAS MepHl.

Honomum o (t) =p (¢) pua awdoro t€T; torpa Aas a0Goro Kom-
maxTHOrO HogMHOMecTBR K 13 T u 106010 KOHEeYHOTO mOTMRAOKecTBa J

n3 K nmeem ) a (1) =p (J) <p(K), 10 ects, ) a () <<+ oo, u 3Ha-
ted teK
THT, CeMeiicTBO Mep (& (2) €;:);cr cymmupyemo. Ilycrs py ects aromuueckas

Mepa, SBNAIONIAACA CYMMOH 5TOTO CEMEHCTBA; OYEBMIHO, UTO Uy < i;
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[TOJORAB [hg= |t — Wy, HOIYIHM, ITO Wy HOJOKHUTENBHA, M, [0 OIPe-
fedeHuio, npu aio6oM { €T BHUOIHAETCA PABEHCTBO Wy ({t}) =0, nin,
HHEME CJI0BaMi, [t, ABIAETCS PacCeAHHOR Mepoil. EpmBCIrBeHHOCTSH
pas6ueHMa CJaeyeT W3 TOTO, YTO ATOMHYCCKASA MeDPa He3aBICUMA
co BceMn paccesHEEMEH Mepammu (ri. II, § 1, reopema 1).

OtMeruM, 49T0 e¢cam NN eCTb MHOKECTBO TeX ¢ € I, mas KoTOpHX
p ({t}) # 0, To N ABagerca TaxKe MHOMteCTBOM TeX f € T, I KOTOPHX
pe ({t}) #%= 0, u1 caegoBareabHO, N €CTh HAHMeHbIICe MIOKECTBO, HeCy-
mee  Wy.

Yuopamueennasa 1) Iyers T m X — ABa J0KAIBHO KOMIIAKTHREIX
OpOoCTPascTBa, | — LOJOKHUTenbHasg Mepa Ha T, t— Ay — p-COTAACO-

BagHOe CeMeHCTBO NONOMATETLHHX Mep Ha X 1 v == SM dp (t). Hyers,

naiee, g — QYHRIHAA, ompefejeHHAA Ha X, €O 3HAYCHAAMA B HEKOTOPOM
GaHaxoBOM HPOCTPAHCTBe; MOKA3aTh, UTO €CIM & JOKaabHO V-HHTETPH-
pyema, a X c4eTHO B 0eCKOHETHOCTH, TO g JIOKAIBHO A;-HHTErpHpYyeMa
I7A Bcex !, 3a HCKIIOYeHHeM HEKOTODPOrO JOKAJbHO WU-TIPeRefperRaMOro
MHOMKecTBa. IloKasaTh Ha DpHEMepe, UTO 9TO IPEIJIOKeHAE HepecTaer
OuTh BepHEM, ecam X He Gymer cdeTHhM B GeckomewHoctn (cp. § 3,
yop. 4).

2) Hyers g — DmoaoATeabHadA QYHKNuA Ha T, n3MepmMasg H CyINe-
CTBEHHO OrPAHAYEHHAS OTHOCHTEJbHO [, H OycTh v = g-p. IloKasaTs,
qro ecan pynKnus § onpemenena ma I, OpUHAMAaeT 3HAYeHms B 6aTaxoBoM

mpoctpancTBe mad B R m p-muterpmpyeMa, To f v-mETerpmpyeMa. (3aMe-
THTb, 9YT0 V < 4} AJA HEKOTOPOH MOCTOAHHEOM @, ¥ OPAMEHATH mpemia. 15
w3 ra. IV, §1, n°3.)

3) Myers X — JIOKaAbHO KOMIAKTHOE NPOCTPAHCTBO, ¢ — Ay u t —
— A'4— IBa W-COINIACOBAHHMIX CeMelCTBa DOXOKATEJbHHIX Mep Ha X

uv= S Ay dp (2), v :g A’y du (). HorasaTb, 4TO ecam Ay sIBISETCH

o
Mepoli ¢ 6a3ucoM A’¢ JTOKAJbHO MOYTH BCIOLY OTHOCHTEJBHO U, TO V €CTh
Mepa ¢ GasmcoM v'. (PaccMOTPeTb OTHOCHTENBHO KOMIAKTHOE MHOKECTBO
A < X, saBagommeecs CUYeTHHIM IlepeCeUeHHeM OTKPHITHIX MHOIKECTB
u v'-npenebpeskumoe. Mcmombsys npen. 4 m3 § 3, moKasaTh, YTO
A v-mperneGperaMo.)

4) a) Ilyets u — mono:xuTenbHasg mepa Ha T. Ilokasars, uTo ecam T
€CTh C4eTHOe O0BefMHeHHe W-HHTerPUPYeMEIX MHOMKeCTB, TO HAHIeTcs
Takad HempephBHad Ha T ¢yHkuma h > 0, 9ro Mepa h-|  OTPAaHUYCHA
7 SKBHBAJEHTHA | (paccy;KHarh, Kak B Hpefa. 11).

b) Hyere (p,) — mocaemoBaTeNbIOCTh TOJOKHTEILHEIX Mep Ha T.
Ilokasare, 9TO eciam OpH A00M n MHOKeCTBO I SBIAETCH CYETHHIM
O0BeTAHEHABM [A,,-HETETPAPYeMBIX MHOKECTB, To Ha T CyIleCTBYeT Takas
DONOKAUTENbHAS Mepa L, 4To KaKaas U3 Mep P, Oyfer Mepoii ¢ Gazmcom
B (cBecTm K Ciy4al, Korga KasKmad M3 |\, OTpaHHYeHa).
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5) Ilorasars, yTo B mpocrparcTBe off (T) aToMmyYecKme MepH o0pa-
3YIOT II0J0CY, COBHAIAINMYI € TOJ0COH Mep, He3aBHCHMEX CO BCEeMK
paccesHHEIMH MepaMm (MCIOJL30BaTh mpefi. 15 m Teopemy . Pmcca).

6) Ilycre p, 0 — nBe aroMuyeckae MepH Ha I, a M 1 N — HauMeHb-
mpe MHOMKeCTBa, HeCyIne, COOTBETCTBERHO, | p [ B | ¢ |. Jasg Toro arobu:
p 7 O ORIN He3aBACAME, HeOOXOLHMO B JOCTATOUHO, 9TO0H M N N = .
TTonp3ysck 3THM, HOCTPOHNTH OIPAMED TAKOH ATOMAYECKOH MEDPH v HAa HHTED-
Bade I = [0, 1] opamoii R, wroGur [ Gun mocarenem mep vt m v,

7) Tloxrazath, 4TO eCIH V eCTh aToMmyecKas Mepa Ha T, To | v | ({t}) =
= |v ({¢t}) | mpr awGom € T.

8) a) Ilycte p — momommrensHas mepa na 7. Ilorasath, 4TO ecim
MHOKecTBO A ecTh GopeleBCKOe MHOKCCTBO B3 T, KOTOpOe He SBIACTCS
JOKAaJbHO |-TIpeHeGPeKAMBIM, TO HANJIeTCA TaKasg COCPefOTOYCHHAS HA 4
OoJOHETenbHAA Mepa Vv, 9To V== 0 m v<{pn. (Baates v = @g-p, rie
K — HeROTOpOe HOMIDAKTHOe HOAMHOMKeCTBO m3 A, He ABIAKNIEECS
Q-IpeHe( PeyKaAMEIM. )

b) Mycre M — 6GopeneBcroe mogmuodecTso m3 1. Ilokasats, uro
IJ1sT TOTO, YTOOK moJoMuTenbras Mepa A ma T Grna cocpefiotodena ma M,
HeoOXoMMMO W HOCTATOYHO, 9ToOK A OBuIa He3aBHCHMAa CO BCAKOM IOJO-
AATeAbHON Mepoii, cocpefiorogerroit na CM (:mcuons3oBaTh a)).

¢) BrBectn m3 b), aro Meps p Ha 7, OaA KOTOPHX | p | cocpenoTo-
gena Ha M, obpasywr moaocy B off (T). dTa momoca IMUPOKO BAMKHYTa
B offt (T), ecnu M ecrh 3aMKEyTOe mogmuOMecTso m3 I (ra. ITI, § 3,
mpera. 6).

d) Tloxaszatb, wro mepa JleGera ma I = [0, 1] saBaserca mmporum
OpenenoM ITOCHENOBATENbHOCTH ATOMHYeCKHX Mep, COCPefOTOYEHHEIX
HA HEKOTOPOM (QUKCHPOBAHEOM cYeTHOM MEOskectBe A — I (cp. ra. III,
§ 3, reopemnr 1 m 2). TaxmM oGpasoM, [OJ0OCA Mep, COCPeNOTOYEHHEIX
Ha A, me Oyfer IMAPOKO 3aMKEYTOMH.

°9) a) Hycts p — nomokmTenasHas Mepa Ha I' @ A — Takoe W-HHTe-
rpupyemoe MHOKeCTBO, 4T0 W (4) > 0. IoKasaTs, uTo ecam mIs J060TO
W-EHTETPHAPYEMOTO MHOKeCTBa B — A BEIIOJHAETCA PABEHCTBO W (B) = 0
nm p (B) = p (4), To Halimerca TaKag TouKa a € 4, uto p ({a}) = p (4).
(PaccmoTpers mepecedeErMe TaKAX KOMIAKTHHX MHOKectB K — 4, dHro
p (K) = p (4); noxasarh, 9TO OHO He IIyCTO, HMeET Mepy, pasuyio U (4),
W CBOOATCA K eNAHCTBEHHOM TOYKeE.)

b) IIpenmonoXmM, 4TO - e€cTh paccesHEas Mepa. Ilokasars, 9ro
HJasg a1000ro j-mHTerpApyeMoTo MHOMeCTBa 4, insg Kotoporo i (4) >0,
n mwGoro & > 0 CymecTByeT TaKoe p-HHTeTPHApPyeMOe IOAMHOKecTBO B
3 A, wro 0 << p (B) < ¢ (UpEHAMasg BO BHAMAHHE a), 3aMETHATh, 9TO
CYImeCTBYyeT TaKoe [-METeTpUpyeMoe NOAMHOMKecTBO € m3 A, 9ro 0 <C

<p (O) < —é— p (4)). BrBectm orciona, uTo, Korfa X mpoberaeT MHOe-

CTBO’ W-HBTErPEPYEMHX TONMEOKECTB 3 A, MHOKeCTBO 3Hadenmi u (X)
cocraBiszeT 3aMKHYTHI mETepBan [0, p (4)] (masa moboro wmcna f§ B uwpe-
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meaax 0 <P << p (4) depes y 0003HATAM BEPXHION TPAHL MED TAKAX
A3MEePAMHX IoAMHOKecTB X.m3 4, 9ro n (X) < B; cHavaya, acmonsays
npeRpTymuil pesyabTaT, IOKa3aTh, 4To Y = f, a 3aTeM HoKa3aTh cyIe-
CTBOBaHHE BO3pacTAOIeldl MOoCAeH0BATeNbHOCTH (X,) TAKHX HM3MEPHM X
nogMuEOMKecTB m3 A, uro lim p (Xp) = B). -

n—>o0

°10) a) IIycrs v — IONOKUTeNbHASA ATOMHYeCKAas wmepa Ha T
n A — v-mHTerpHpyemoe moamHO;KecTBO m3 I. TIoKasaTh, YTO MHOKECTRO
sHadeHmii MepH v (X), rorga X npoGeraer MHOYKeCTBO V-HHTOTPHPYEMBIX
nogMEOxecTB 113 A, 3amkryTo B R. (Ilycrs N — HammeHbIee MHOMECTRO,
Hecymmee v. Ilpemmonomxms A (| N OeCKOHEYHHIM M PACHOJOMHAB TOYKH
3 A (1 N B D[OCHefloBATENBHOCTL (a,), PACCMOTPETh OTOOpayKeHde @
npocrpancrBa-niponasefennsa {0, 1}N B R, ompenmenennoe COOTHOMeHRHmEM

¢ (&) = Z £,v({a}), W noKazaTh, YTO OHO HEHPEPHBHO.)
n

b) Bruectn m3 a) m m3 yup. 9 b), 9ro ecim p ecTb mpom3BOJBHAM
OONOATeNbHAA Mepa Ha T W A ecTh P-MHTEIPHpyeMOe HOAMHOKECTBO
n3 T, To MHOKeCTBO 3HadeHHil Mepn p (X), Korga X mpoferaer MHOMKe-
CTBO W-AHTETPHPYEMEIX HDOAMHOMeCTB m3 A, 3amxuyto B R. Pacmpocrpa-
HHUTb TOT Pe3yJxbTaT HA CAyYal, KOrka ) ecTh OPOU3BOMbHAS [eiCTBATENh-
HaA Mepa mHa 7.

¢) Busectn m3 ymp. 9 b), uTo ecam p ecTs paccessHHASI NeHCTBHTENb-
Hasg mMepa Ha T, TO MHOKeCTBO 3HaueHHmI MepH b (X) = p* (X) — p~ (X),
rorga X mpoferaeT MHOJKECTBO | | |-MHTerpAPYeMHIX IOIMHO;KeCTB m3 T,
COCTABIAeT 3aMKHYTHI mETepBan npsamoi# R (He o0g3aTedpHO OrpaHd-
YeHHEI).

d) IIpmBecrm mpmMep TaKOH HONOMKHUTEAbHOH ATOMUYECKOH MepH v
Ha JIOKaJbHO KOMIAKTHOM, HO He KOMIIAKTHOM mpocTpancrBe I', 9ToOm
MHOKECTBO 3HAYeHHmA MepH v (X), rhe X npoleraer MHOMECTBO V-HHTE-
TPHPYEMEIX HOIMHOKeCTB U3 7, He GBIIO 3aMKEYTHIM B3fATH vV TaK, WTOGH

inf v ({t}) > 0).
teT

11) IIyerp w m v — ABe He3aBACHMBIE IOJOKATENIbHEE MepH Ha 7.
Ilokasars, 9T0 masa aioforo ymena p B mpefedax 1 < p < -+ oo Tomoao-
THYecKOe BEKTOpHOe mpocrpaHcTBo LP (T, p + v) msomopdHO mpoH3Be-
IeHHI0 TOIOJOTHYeCKAX BEKTODHBIX IpocTpamcTB LP (T, p) m LP (T, v).

12) a) Ilyers p = 0 — paccesHHAS DOMOMKATENBHAST Mepa HA JOKAIb-
HO KoMIaxkTHOM mpocrparctse 7. Ilokasars, wro B Z1 (T, p) cymecrsyer
TaKkag IMOCHefloBATeILHOCTh QYHRNHH f,, 910 Ny (f,) = { umpm aiobom n
A 9TO NOCJIe0BATENBHOCTD DPACCEAHHEIX Mep f, -} IIHPOKO CXONATCH
K To4euHoi Mepe &,. BrisecTn orciofa, wro mpocrpancrso L1 (7, p) (a cie-
noBatenbHo, ¥ L>® (T, p)) He pediexcusHO.

b) IIycrs v — monmoskurenbHass aTomudeckas mepa Ha T ¢ GeckoHed-
HeIM HocuTedeM. Ilycrh, manee, 4 — HanmMeHbIee MHOMKECTBO, Hecymee v,
B — HexoTopoe GecKOHeIHOE CYeTHOE MOOMHOMKECTBO M3 A W A — Mepa
¢p-v. llorasars, YT0 DpOCTPAHCTBO, compsaKeHHOe K L (T, n), He ABasAeT-
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¢S IIPOCTPAHCTBOM CYETHOTO THIIA M IIOTOMY He MOMKeT OhITh HM30MOPHHEM
opoctpaunctBy L1 (7', A) (cp. Tom. Bews. up-Ba, vur. I, § 2, ymp. 8).

¢) BuBecrr w3 a) m u3 b), uTo Ansg TOro, WTOOH N0A0KATENBHASL
Mepa i Ha JOKAJbHO KOMIAKTHOM IpocTpaHcTBe T oGnamana TeM CBOIi-
cTBOM, 9T0 L1 (T, p) pediexcmBHo, HeOOXORMMO K J0CTATOTIO, YTOOLH OHA
mMena KOHGYHHE HOCATedb (HCHOAB30BaTH yop. 11).

°13) Ilycre § — KOMHOAKTIOE CTOYHOBO mpocTpancrso (ra. II, § 1,
yop. 13f)); rosopAr, 9YTO DOMOKATEILHAS Mepa w Ha S nopmasbha, ¢CIA
oas  ai60r0  Bo3pacramwmero QUABTPYIOMErocss — cemciicTBa (fa)oce A
HempCPHBHHX Ha S (QYHKOHI, MaKOPHPOBAaHHOrO B % (S) I uMelomero
BO BIIOJHE PeIIeTOYHOM IOpocTpaHcTBe & (S) BepxHIO T'padb f (BepxHsd
TpaHb MOMKeT W He ObITh paBHoil Bepxumeil ormbaiomieit cemeiicTBa (fy)),
cOpaBefiInBoO CcooTHomeHme . (f) = szég B (fz). ToBopsr, 4910 Mepa A

o

Ha S HOpMaJbHA, €CJA HOPMAJLHH UOJORATEIbHBIE MePH AT m A~

a) 11 Toro TTo0H mOJdOKUTenbHAA MePa W Ha S Oniia HOPMAJbHA,
Heo0XOiUmMO | HOCTAaTOYHO, YTOOH BCAKOE HHATYE HE MAOTHOE MHOMKECTBO A
OELIO u-TIPeHeOpeXAMO (HeOGXONMMOCT: YCTAHABJIMBAETCH IPH IOOMOIH
paccMoTpeRmA  comepsKammx A MHOMKECTB, OTHOBPEMEHHO OTKPHTHIX
M 3aMHEHYTHIX B S; AJA J0Ka3aTeabCTBa MOCTATOYHOCTH 3aMeTAM, 9TO
BepxHaAZ orEOaIomasi ¥ BepXHAS rpadb B & (S) MaKopupoBaHHOTO BO3pa-
craomero fuasTpylonerocs cemeiictsa (f,) paBHH My cobod Ha HOmOJ-
HeHHW WEKOTOPOro TOINero MuoMectBa (cp. ra. II, § 1, ymp. 130).
BrIBeCTH OTCIOfia, WTO HOCHTEJNb MeDH (s OFHOBDEMEeHHO OTKPHT H 3aMKHYT.

b) Tlycte p — HomOKATeNLHAS HOPMAJbHasg Mepa Ha S, f — umciao-
Bag p-maMepmMasz GQYHRUHAZ B g — Hamboapllas I0OJyHeIpepHBHAA
cum3y Ha S QyHEUmA, He DpeBocxofamasn f. IloxasaTs, 9To f W g PaBHH
Me;EAy cob0il mouTH BCIOAY OoTHOCHTeNsHO M (cp. ria. IV, § 5, yop. 14b)).
BriBecTH 0TCIOfia, 9TO [ JIOGOT0 p-M3MEPEMOTO HogMHOecTBa A u3 S

Muodectsa A — A m A — A OyAVT N-TIpeHeOpPeKAMHL.

¢) ITorasars, yTo B 6aHaxoBoM mpocTpaHcTse off (S) Mep Ha S MHO-
JKeCTBO HOPMAJILHEIX MeD COCTABJIAeT 3aMKHYTOE BEKTODHOE HIOIPOCTPAH-
CTBO, ABASIOMEeCs HOMOCOH IO OTHOIIEHNHIO K CTPYKTYpPe BHOJHE PeHieTod-
Horo mpocrpanctBa off (S).

°14) CroyHOBO mpOCTPaHCTBO H HA3BIBACTCHA 2unepcmoyHOsbism, €CIH
o0bequueHAe HOCHTe el TOJOMKATeNBIX HOPMANbLHbX Mep Ha H (yop. 13)
BCIOlY IJIOTHO.

a) Ilycre 7' — A0OKAJIBHO KOMIIAKTHOE IIPOCTPAHCTBO H U — HOIOMKHA-
tTensHaa Mepa Ha 7. TlokaszaThb, 9To CYIIECTBYeT TaKoH usoMopuam
u — 0, OGamaxoBa IpocrpamcrBa L* (I, p) Ha wppocrpaHcrso ¢ (H)
HeNpephBHKX 9HCA0BRX (YHKNHE Ha IEOEpCTOYHOBOM IIpocTpaHcTBe H,
aro 0 = 0, (cp. § 5, mpexn. 14 m ra. I, § 1, ymp. 13).

b) IIyers H — KOMHAKTHOe THIIEPCTOYHOBO IIPOCTPAHCTBO, M IYCTH
(B )y — TAKOe CeMeMCTBO IIOJOKUTEIBHELX HOPMAABHEIX Mep Ha H, gro

o0nefmEeHAe HOcHTedeH Mep p' Berofny miaotHo B H. Ifoxkasare, wro Aas
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TOTO, YTOOH MHOKECTBO OLII0 HAT/E He MIOTHHM B H, He0OXOMUMO B JOCTa-
TOYHO, UTOGH OHO OHTO f -TpeHeGpeskuMEIM fust qo6oro € 1 (zame-

THTH, 9T0 eCah A | -TperefpeRuMO, TO 3T0 OYIeT EMETh MeCTO W [ 4
(yop. 13b)). BmiBectm orcrofa, YTO B THOEPCTOYHOBOM NIPOCTPAHCTBE
BCAKOE Tolee MHOMKECTBO ABISETCH HATNE He INIOTHHIM.

¢) B rex e mpenmockiaKax, 9To W B b), mOKa3aTh, WTO ecam f ecTh
p,-msMepaMag Tpm awbom L € 1 umcnosas QYHERIEA, TO CyMeCTBYET

TaKkad HEIPePHBHAA HA H (I)yHKI];P[H g, 4TO f N g COBIanmaloT Ha JOOOJHe-
HAW HEKOTOPOI'0 HUINE He I[LIOTHOTO MHOKEeCTBA (MCHOJL30BATH b)
m ymp. 13b)).

d) Tlyers H — rumeperoyroBo mpocrpancrso. Ilokasars, 4T0 cymie-
CTBYeT TaKoe CeMeHcTBO (Gg)ye, HENYCTHIX ONHOBPEMEHHO OTKPEITHIX
W 3aMKHYTHX IONMHOMecTB m3 J, He mMe0IMAX DOMAapHO OOIMUX TOYeK,
910 nx obnegumenue T Beiopy mwioteo B H m 9ro mpm ao6oMm o € A cyme-
CTBYET HOJIOSKUTeIbHAS HOPMAIbHAT MePa iy Ha Gy ¢ mocureneM Gy (opm-
MeHHTb Teopemy I[opHa K MHOKeCTBY CeMeHCTB MOJOKHATEIbHHIX HOD-
MAJZbHHX Mep Ha H ¢ Domapmo He DePeCeKAlOMUMACST HOCHTEIAMA
7 ucHoab3oBath yup. 13a)). Iycre w — Mepa Ha T m ee cy;KeHHe Ha Kask-
moe m3 Gy PaBHO Mg (ra1. III, § 3, mpema. 1). Iloxasars, YTO 0TOGpaKe-
HEe, CTaBAmlee B COOTBETCTBHE BCAKOH ¢Gynrnua f € G (H) wmace
B L (T, p) ee cysxenus a T, ectb n3omopdmsyM Ganaxosa IPOCTPAHCTBA
€ (H) sa L*> (T, p) (upm moMoIm| ¢) IOKA3aTh, 9T0 OTOGparkeHme
CIOP BeKTHBHO). A _

°15) Hycers T — n0KaTbHO KOMIAKTHOE NIPOCTPAHCTBO, | — IIOJNO-
JurenbHan Mepa Ha T u (f,) — HDOCHeNOBaTeNIbHOCTh (YHKNUWI H3
LT, p); DONOKAM Ny = fo+) B RAA A1000T0 |-H3MEPHMOrO MHOMKe-
ctBa A

b () = b (A4)— 17 () = S fn dp.
A

a) Ilokasats, 970 ecan I He KOMIAKTHO, TO IIOCIel0BATENHHOCTD
(f.) Mosxer He OmTh orpanmdeHmof B L1 (T, p), B To BpeMsa Kak HocCie-

OBATEJbHOCTD HHTErPajioB g fng dp orTpaHmYeHa AaA N060it QYHKIAH

g € A (7).

b) Iloxazarh, 4TO ecaH HOCHENOBATEILHOCT: (W, (A)) orpaEmYeHa
s aioboro nogMHOKecTBa A m3 T, CBOAAMEroCA K TOYKe, W [ J060r0
OTKPHITOTO MHOMeCTBa A, 00aafalomero TeM CBoOHCTBOM, 9TO Mepa, HHAY-
UAPOBaHHAS Mepod | Ha TPaHMOe MHOMeCTBA A, mMeeT KOHEYHHIHA HOCH-
Texb, TO IOCAeHOBATENbHOCTS (f,) orpanmdeHa B £1 miam, 9T0 TO jKe camoe,
nmocaefoBareabocTh HOPM (|| pn |) orpammuena. (CHavana Hafo moKa-
3aTh, 9TO BCAKAA TOUKA fy m3 I' oblamaeT TaKo# OTKPHTOH OKPECTHOCTHIO
U, 9ro mocieqoBaTedbHOCT: uncea | p, | (U) orpammuera. Hua aroro
caeLyeT PACCYKHaTh OT IPOTABHOrO, NMOKAa3aB, 4T0 B Cilydae HEBHIIOJN-

21 H. Byp6akm
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HOHHA YCIOBHA MOKHO IIOCTPOMTH CTPOr0 BO3PACTANMIYI0 IOCIELOBA-
TEABHOCTh ILENHX wmcenx (ny), yOBBalmyw mnocaegoBateabHocts (Uy)
OKpeCcTHOCTell TOYKHM ¢y M IIociefoBaTedbHOCTh (W) KBagpupyeMhx
OTHOCHTeJBHO W OTKPHITHX MHokectB (rur. IV, § 5, ynp. 13), ofnaparc-
mMUX CiIeJyHMUMN CBOHCTBAME:

= 1
U CUn—yy p (Ur—{to}) < o Ty [ (Un—{to)) <1 mpn i<k,

WhCUr—Unyy B |y W) [ > kY [ ptng (W) |-
i<h

Haxonen, jaas Toro 9robn IOoAyYuTh NPOTHBOPEYME, HALO DPACCMOTDETh
obbeguHenne W wmHomecTB W, («Meron croabzsmero ropfa»). 3aTem
Np IOMONY AaHAJOTHYHEIX DPACCYIKIEHHUIT MOKazaTh, 9YTo CYIECTBYyer
TaKoe KOMIIAKTHoe IOfMHOKecTBO K m3 T, 9To 1oCHeLoBarTeJbHOCTh Mep
| wn 1 (T — K) orpanwgeHa.)

c) Buectn ma b), uro ecam ImociemoBaTeaBHOCTH (|1, (A)) orpanum-
9ena /A J06OT0 OTKPHTOre Muoxecrsa A us 7, To MOCIeHOBAaTeALHOCTE
(f,) orpamwdena B L.

d) Ecanm na wuntepsane [0, 1] B3gTH B KawectBe W, Mepy, oupene-
JIeHHYI0 IIPA HMOMOTIH MacCH n B TouKe t = (0 H MaccH — n B TouKe =

1
= o=, 10 ‘TOCJeR0BaTeIBHOCTE (U, (4)) Oymer orpanmdeHa HasA JI0Goro

OTKDHITOTO MHO;KecTBa A, KBaIpHpPyeMoTro OTHOCHTeJBHO BceX Mep | Uy, |,
B TO BpeMA Kak IIOCJIeNoBAaTeJBHOCTh HODM || U, || Gymer HeorpanmdeHHoil,
Touno Tak jKe, ecnTd B KadeCTBe W, B3ATL MepPy, ONpPelCJeHHYI IPH Ho-

1 1
MOIIM MAaccHl 2 B TOUKe t =— 5 IMaceH — n B ToURe 1= — i+ To mocie-
n

noBarelbHOCTh (U, (4)) orpammdyeHa uas J000r0 UHTEpBajda, COLEPIHA-
meroca B [0, 1] (u, svauur, AaA J060ro KOoHeYHOro MOgMHOMKecTBa A),
Ge3 Toro, YTOOH IoCIeHoBaTeAbHOCTE HOPM (|| W, |) Oblia orpaEmueHHoil.

16) Ilycre 6 — nuneiinaa dopma Ha upocrpancrBe £ (T, W); Auan

toro grofst 0 Gnina Qopmoir Buma f — S fg du, e g € L (T, u), Heol-

XOHUMO W JOCTaToYHO, YToOH O ymoBierBopsana claefylOmmM YCIOBHAM:
1° cymenne 0 na & (7) — Mepa; 2° mas awboro ¢ > 0 mHaiifeTca Taroe
0 > 0, garo coornoienne W* (4) <8 Baeder |0 (k) | < e ana nwboii
p-pamepuMoil QyHKIAN &, yroBIAeTBopAIOmeH yeaosnio | b | < @4 ; 3° naa
awGoro & > 0 HalieTcA TaKoe KOMIAKTHOe MHOMecTBo K, 9To mus Bes-
KOro W-MHTeIPHPYeMOTO MHOKecTBa B <= 7 — K BRIONHAETCA HepaBeH-
cteo |0 (pp) | < & (BocnoassoBathcs Teopemoii Jle6era — Huro-
nmMa.)

°17) Mycrs H-— mogMHOKecTBo npocTpanctsa £1 (7, p) n H —
ero kaHoumuecknit o6pas B GanaxoBom mpocrpancrse LY (T, p). HokaszaTs
SKBHBAJEHTHOCTh CJAGIYIONAX YC/I0BHI:
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@) BumoansgercA COBOKYIIHOCTL ABYX YyCloBui: o4) MiA  nwbo-
ro & >0 cymecTByer TaKoe KOMEAKTHOe MHOKectBo L < 7, dro

| | du < & pas moGoii dynxunn f € H; ap) aaa awboro & > 0fnaii-

T—~L
mercs Takoe 1 > 0, 9To muA BCAKOIO OTKPHITOr0 MHOMKectBa U m3 T, mas

rkotoporo p* (U) <{ 7, BHIIOJHAGTCA HEPABEHCTBO i Vfldu<l¢e naa
¢
3]
nwGoit pyukuun f € H.
B) BHIOAHSETCA COBOKYIHOCTEH JIBYX YCIOBHI otf) I Bs): nna aroGoro
KoMIarTHOTO MEOKectBa K (T m aworo & >0 cymecTByer TaKas

OTKpHTas oKpectHocts U MuomecrBa K, uTo S |1]dp < e maa aoboi
U—K
$ynxuuu € H.

y) das moboit mocaepoBarteibhoctd (g,) Gynkuuit w3 £, paBHO-
MepHO OrpaHMUYeHHOH W cxofamelica mo mepe (ra. IV, § 6, ymp. 11)
K QyHryuu g, paseHcrBo lim S fgn du= S fg dy BHIIOAHAETCSH pasHe-

n—>00
aepro, Korpa | mpoberaer H.

8) Jus moGoii mocaenoBaTedbHOCTH (fip) HenpepuiBHEX Ha I' QyHK-

uwit, crpemamuxcs K 0 B GeckoHeuHo yjaJieHHOH ToYKe, PaBHOMEpHO

orpaHngen ol u Takoii, uro lim hy, (1)=0 mpu awGom f¢7, paBeHCTBO
n—rc
sl

lim S fhn dp =0 BhmosHAeTca pasnomepno, Korja | mpoGeraer H.

Nn—>cQ

¢) Naa moboit Geckoneunoil mocaegosaTeannoctu (U,) He muepece-

o
KaOmMUXCH OTKPHITHIX MHOMecTB u3 7 paBeHCTBo lim S fdu=
Nn—-oo o
Un

BLITIONHACTCA pasHoMepro, Korna f npoGeraer H.

(Jlus mokasareaberBa Toro, 4ro §) Baeger P), a B) Biuewer @), Hcnomn-
30BaTh «METON CHOJL3AEro ropfa» TOYHO TaK jKe, Kak HTo CHeJaHO
B ymp. 15b). 3arem mokasaTh, 9To @) BledeT ), y) Bieder §) u §) “Bre-
qeT [).)

Ecan, KpoMe Toro, IpeRIoNoKHUTh, 94To s A06oro ¢ € T, npu Koro-
pom u ({t}) # 0, muHomecrBO QynKumii f (1) oepanuneno B R, worma f
opoberaer H, To moKasark, 9TO UPeAHIYIIHe YCIAOBEA SKBHBAJCHTHLI
CIeYIOMIEMY YCJOBHIO:

0) H ecTh oTHoCHTenBHO KOMIAKTHOe IOAMMOitecTBo M3 L! B ocma6-
JeHnoi tomosoruu o (L1, L),

(Utobu morasars, wro 0) Buewer f), paccyskmath oT IPOTHBHOTG
ucnonb3yst Teopemy HImyabara (Tom. Bext. mp-sa, ri. IV, § 2, yup. 13)
u «MeToy; CRoabagmero rop6ay. UrolOH IoKasaTh, 9To @) Biaeder 0), moxa-
3ark, uTo H orpanmdeno B £1, a 3aTeM IPHMEHUTH TeopeMy SGepuaeiina
(Ton. Bexr. up-sa, ra. 1V, § 2, ynp. 15) W BocnOML3OBATHCK yop. 16.)
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°18) a) Iyers (f,) — HocaemoparenbuocTs Qynrumi us L1 (7, ).
IMoxa3aTh HKBUBAJEHTHOCTH CIAEIYIONUX YCIOBHIL:

o) ITocnemoBaTelabpHOCTD Gn) cxogures B L1 B ocimafieHHOR TOHWONO-
rm o (L1, L™). ~

B) MuomecrBo GyHRUUI f, OTHOCHTCILHO KoMIAKTHO B Ll B ocrnal-
JIeHHOI TONOJIOTHH, M IOCHeHOBATEILHOCTE MeD fp - MMPOKO CXOTMTCA
B ofl (T).

y) Hdas awoboro oTKpmTOro IoumMHomcectBa U m3 7 mocaemoBaTeinh-

HOCTh dYHucel g fn du cxomurea B R.
U
(Yrobb mokasarh, 9ro PB) BXeueT o), HCUOAL30BATH KPHTEPHA or)
u3 yup. 17 u oupefmenenme usMepnMoin gymkuum. UTo6m mOKazaTh, UTO
y) BieueT B), pacemMoTpeTh BHAUAJIe JACTHEI cayZail mpocrparcrsa Ll (N)
(mmcrperHas Mepa, ONpeJeeHHAs LOpH IoMomu Maccw +1 B Raspoil

‘ Touke), BocnosihzoBaBmuck ymp. 4 w3 k. «Tom Bexr. mp-sa», ra. 1V,

§ 5. B obmem e ciaygae TPHMOHHTh Kpurepuil ) w3 yup. 17, 9ro6n
csectd ero ¥ caygaro L1 (N), conoctaBuB Kamnoil QyHKIUK f, CyMMHEDYye-

MYI0 IIOCJIEOBATEIBHOCTh ( S fa dl"’)meN. )
N m
b) BuiBecrn u3 sTix pesyibraToB, uro B L1 BesKas nocaeporaTess-
HocTh Homm oTHocwienbuo ocaalleHHoil TOMOJOrME CXOMHTCA B 3TOI
TOIOJOTMH,
¢) HOycre p ects Mepa JleGera ma mmreppane 7 = [0, 1], m mycrd
ans mwoboro menoro n 2> 1 W, eCTh Mepa, OmlpefleleHHas TIPH IIOMOIH

1 . k
MAcCH —- B KaKO0M TOTRe —- (0 < &k << n); nmycth, majee, v — Tarasg

fonoxuTeabHaAz Mepa Ha T, 9ro U == g-v, Up == f,-v (yup. 4b)). IToka-
3aTh, 4TO Uy (4) crpemuTest K p (4) nas 00070 KOHEYHOTO NOAMHOME-
ctBa 4 u3 T @ a060ro OTKPHTOTO MHOMKecTBa A, JJasA KOTOPOro Mepa,
AUAymApOBAHHASL HA €0 IDaHAne MepPod v, MMeeT KOHEYHBIH HOCHTEINb,
A s OPOM3BOJNBHEIX OTKDHTHX MHOKectB U < T 3aTo He HMeeT Mecra
(cp. yup. 15b)).

19) a) ITycrs pu — mepa JleGera wma wurepsasne 7T = [0, 4 oo].
ITorasate, 9ro ecad 1 L r<<s << - oo, To Tomoslor¥H, HHAYIUPYyeMEe
B L (| L® ocnabuneHHHMH TonoJorTAsME u3 L' u LS, me OyAyT cpaBHUMEL
(cp. . IV, § 6, yup. 8). lloxkasars, 9To ecnm f, — XapaKTePHCTHIECKAS
$ymrums waTepBaga [n, n 4~ 1], To mocaemoBaTeILHOCTD (7,,) cTpeMurcs
K 0 B ocnabuaenHoil Tononorunm Beex LP npm p > 1, Ho aast ocnabieHHOR
TOIOJOIMH TpocrpaHcTBa Ll 8To HMe BHOoJHAETCSA.

b) [Iycts p — mepa JeGera Ha wrreppame 7 = [0, 1]. Iloxaszars,
aTo ecau r << s, To ociaablieHHasg TomoJorma nmpocrpancrBa LS Gymer
cTporo Gomee CHNIBLHOM, 9eM TONONOTHA, HHAyNupyeMas B L® ociabuen-
Hoii Tomosormeit m3 L7 (cp. ta. IV, § 6, ynup. 8).
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c) IIyets p — mojokuWTeAbHAS aToMMYecKas Mepa Ha JIOKAJIbHO
KOMIaKkTHOM npoctpaHcTBe. ITorazarh, uto ecam 1 < r <Cs < + oo,
TO oclabieHHas TONOJOTHsA LpocrpadcrBa L' Gymer crporo Goiee CHib-
HOIl, 9YeM TONOJIOTWsA, WHAynupyemas B L7 ocnabiennoll Tololornei
w3 L* (ra. IV, § 6, yop. 9). :

20) Iyers 4 — mHomecrBo, comepsameecss B L' () L¥ m orpa-
HAYeHHOoe ofHOBpeMerHo U B L7, m B L¥ (1 << r << s << -+ o0). IHorasats,
9ro AaA A1000r0 p B npenenax r < p < § MHOeCTBO 4 orpanudexo B LP
¥ 9TO TOLOJOTHH, MHAYLApYyemble B A ocaabienHoil TOIOJOTHedl B3 HPO-
crpanctB LP, copmagaior MeKny coGoil (3aMeTuTh, 9TO & (T) nnorHO
Bo Beex mpocrpancrBax L9 mpm 1 < ¢ << - oo). Iloxasare, 4To npm
r =1 yKasammoe CBOHCTBO IepecTaerT BHIOAHATHCA (cp. ymp. 19a)).

°21) a) ITorasaTb, 9To ecim W ecTh NMOJOATeNbHAA Mepa Ha T m F
ecTh 0aHaxX0BO IPOCTPAHCTBO, To npocrpadcrBo Lr (T, |) H3MepHMBIX
orobpaskeHnii npocrpancrsa 7 B F, mamenensoe TOUOJOTHel CXONAMOCTH
mo Mepe (ra. IV, § 6, yup. 11), moaHo (Mcmoab3oBaTh TOT (akT, 9TO
9TO CBOIicTBO cipaBefsiuBo, Korma 7 KommakTtHo (ra. IV, § 6, ymp. 11),
¥ mpemn. 4 w5 us § 1, n°4),

b) Hyere (f,) — mocaenoBatenbHOCTs PyEKmuA U3 LP (1 <p <<
< -} o0), orpamueHHas B JZLP m cxomamascs mo Mepe K 0. [Tokasats,
YTO MOCNEMOBATeILHOCTE (7;,) cxomutest K 0 B LP B ocaabieHHO#H TOIOJIOTHH.

¢) Yrasars mpuMep IochedoBarenbHoctn (f,) ¢ynruumii n3 £1, orpa-
HnyeHHoil B £1, cxousmeiica no Mepe K 0 u Taroil, YTOGH 1MOCIGHOBATENb-
HOCTD (7,,) me cxommiachk K O B ocuabneHnoil Tomomorsm ImpocrpancrBa L1
(B3sTH B Kagectse U Mepy JleGera Ha T = [0, 1] ¥ BocmoabsoBaThCsH
KpuTepueM o) u3 yup. 17).

d) Oyers p — mepa JleGera ma 7 = [0, 1]. IloxaszaTs, uro ecan
fn (t) = sin rt, TO HOCHAENOBaTENbLHOCTE (’f:) cxonures K O B ocanabiaen-
HOIf Tomojorum Bcex nIpocrpancTd LP, rne 1 < p << |- oo, HO He cxo-
mutea k 0 mo mepe.

22) a) Hycrs (fp)—Takas mocaemoBaTeabHOCTh QYyHKuuiA u3 L1,
gro; 1° mocuegoBareldbHoCTH (fy) cxomares ¥ O mo Mepe (ra. IV, § 6,
yup. 11); 2° nas moboro & >0 maiimercsa Taroe 1} >0, 9T0 COOTHOIIEHNE

%
p* (4) < m Breder lim sup S [fnldn <<e; 3° mgna moGoro &>0 cyme
n—>+00
A

CTByeT TaKoe HHTeTDUpyeMoe MHOKecTBO B, 4To g [fn]du < e npm
T B

aio6oM n. ITokasath, YTo MOCAENOBATEALHOCTE (f,) cxonurcs k O B cpeayeM.

b) Ilyers u—wmepa JleGera na 7==[0, 1] Jas 1< p < -+ oo wepes f,

2 1

n+i'n

o6osHauuM $yHKNU0, pasuyn n
ero. Ifoxasats, 94To mOCHemOBaTeJBHOCTH (f,) YAOBIETBOPSET TpeM yCJo-

Ha mHTepBaje [ ] u 0 BHE

BAAM W3 2) W 4TO DOCiaefoBaTeabHOCTh (fs) cxommres K O B ocaabieH-
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HOj Tononornd mpocrpaucrsa LY, wo 5To me Gyier BHIOIHATLCA B TONO-

JOTHH CXOIMMOCTH B CPefiHeM TODsLKa p. )

°23) a) HOyerb (f,)—rakas mociefoBarelbHOCTh (QyHERUHAA U3 £,

aro: 1° lim inf £, (¢) >> 0 mouru Belogy na 7; 2° juas awboro & >0 naiigerca
7-%00

. *
Takoe v >0, uro coorHOmenue p* (A) < 4 sneder lim sup S fnldu < &
7~»00

3° pgna nwdoro & >0 cymecrByer takoe WMHTETpApyeMoe MHO;KecTBO B,
n i
qro S [fnldp <e mpm arofom n; 4° lim X fn dp=0. IHoxazars, 9ro
n—-o
T—B :
ToclegoBaTeALHOCTh (fp) cxopmTea K O B cpefHeM. (3aMeTHTh, YTO €CIH
s moboro & >0 gepes Cp, 0603HATUTEL MHOMKeCTBO TeX ¢ € 7', B KOTODHX
fn (t) > — e X0t OH OpU OHOM R > m, TO HOCAeLOBATENRHOCTS (Cry) YORI-
BaeT ¥ mMeeT mpeHeOperkuMoe nepeceyeHme.)
b) fyers (fp)—Taxas moclegoBaTeNbHocTh GyHKmAd u3 £1, uro:
1° cymectByeT Takag uHTerpupyeman ¢QyHrmmsa g, uro fp > g npm

aobom n; 2° lim inf f, (¢) > 0 nouru Bcogy; 3° lim sup S Fndp 0.
n—Hx0

—> n—>0
Ilokasars, duro mocaemoBaTensHOCTH (f) cxogures K O B cpemmem.

(Bnaqane moKazaTh, 4To AJA JI000r0 H3MEPUMOIro MHOKecTBa A BHIOJ-

Hsercs HepaBeHcTBo lim inf S fndu>>0; szareM 3aMeTuTh, UTO qUA
n—>o00

J06oro usMepumoro Muomecrsa A

lim inf g fn dp}limsupg fa dp + lim inf S in du.)
A N—»00

n-»o n—+oo
T—A

°24) Iycrs B Gamaxobom IpocrpaHcTBe E = off1 (T) orpanmvenHLIx
Mep Ha JIORAJbHO KOMIIAKTHOM IIpoctpaxcTse T depes H ofosHaueno Muo-
JKECTBO, KOMIIAKTHO? B 0CJA0JeHHOH TOIOJIOTHM.

a) ITowkasare, 49ro mas aworo £ > 0 cymecrByeT TaKasg HOJOMKH-
TejbHaA mMepa | Ha T, 4ro BeAKaa mepa v € H ABaAeTca cyMMo#l Mepwl
¢ 6asmcoM Mg M MepH A, HesaBHCHMOH ¢ U M umMeromeli HopMy <(&.
{Acuonp3onath Tor part, uro mpocTpaHCTBo K, HafedeHHoe CBOSH HOPMoit
U cBoell cTPYKTypo#l Iopanka, m3oMopdHo mpocrpaxcrsy Ll (S, p), rue
S ecTh o0beIHHeHNEe KOMOAKTHEIX CTOYHOBEIX HPOCTPAHCTB, a 0 €CThH HOJN0-
muTesbHas Mepa ma S (ra. 1V, § 4, yup. 10), u npamennrs B L (S, p)
KpATepuit a,) ma ymp. 17.)

b) Bmmectn u3 a) uro Ha T cymecTByeT Takas IOJOKHUTENbHAA Mepa
W, 9To Bee MepH v € H GynyT mepamu ¢ 6asmcoM 1 (Mcnoab3oBath ynp. 4b)).

25) yere p — monoKuTeJdbHAsI Mepa HA JIOKAJBHO KOMIIAKTHOM
apocrpascree 7', p — 4mcao B mpefeniax 1 < p << -+ oo m g — compa-
JeHHBIH K HeMy moxasaTenb. IJoKasaTh, 4To ecidm g ecTh Takas KoMed-
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mast mamepuman QyHKuma, ITo AAA Aw0Goit PyEKumnm f € LP dymruus fg
WHTETpHpYEMa, TO g JIOKaJbHO IIOYTH BCIOMY PaBHA HeKoTopodl PyHKumu
us £4. (llowxasath, yro orofpaskenme f — fg npocrparcrBa ZLP B L1
HenpepHBHO, HCHOAb3YyA A 9TOT0 Teopemy o 3amKuyToM rpaduke (Tom.
BeKT. mp-Ba, 1. I, § 3, caexcTere 5 U3 TeopeMw 1).)

26) Ilyers p m ¢ — ;mBa coIps/KeHHHX NOKaszarens. Ilokasarh, dro
ecan B (coorB. C) ecth orpaHMdYeHHOe IOIMHOMecTBo u3 LP (coors. L9),
To orofpaskenne npowssenennsi B X € B LY, nonyuennoe us (f, g) —> fg
darropumsanieii, He o6s3aH0 OHTH HelpepHBHEM, ecan LP, L1 a L1 nanme-
JeHH CoOTBeTCTBeHHO Tomodoruamu o (LP, L9), ¢ (L9, LP) u o (LY, L™)
(cp. ymp. 21d)).

°27) a) Ilyers u ¥ v — NPOM3BOJILHEIe NeHCTBHTeNBHEE uncaa 0 1 <
< p <C - oo. JloKasaTb HepaBEeHCTBO -

p
uto P < u P pouluP2da Mol jupr4blop,
r=2
rge a m b—mocrosHHbie, 3aBUCAmMUE TOJABKO OT p, a [p] ects meras
gacte p (Pyrruuum meiicrs. mepem., ra. III, § 2, ymp. 6).

b) Iyers (?;L)——HOCJXeJlOBaTeJILHOCTL, cxomamascs k 0 B LY B ocua6-
senHo tomosnornn (1 < p <4-oo). [lokasars, 410 CymecTByeT TaKad mO[-
noCcAe0BaTeILHOCTD (fnk) moclle0BaTeNbHOCTH (fn), YTO ecid IOJNOKHATH

m
Sy = Z f,nk, TO
R=1

\ sinet 5ot P2y e | < 1

(ompeneNuTL MOCHAETOBATENLHOCTE (ng) Mo MEAYKIHUEB). Orciona, HCHOJb-
3ya a) u HepasercTBo I'éabpepa, BHBecTH, 4TO eCId p > 2, TO Halixyrcs
TaKde 7aBe HOCTOAHHEIE a W b, YTO
Ny(1snP) <Ny (| snq [P)+ a-F 0Ny (| spg |P73),
u uto ecnd 1< p <2, To HalizeTcsa Takag MOCTOAHHAS ¢, 9TO
Ni(]sm|P) <Ny (lsp_q|P)+c.

B urore moiyaurs, uro
1

Np (sn)=0 (”2) s p > 2,
A
Np(sn):O(np) a1 p<L2
c) IToxaszarp, 4ro monydeHNLie BEIIe Pe3yJbTaTH B o0meM cjaydae
He MoryT GHTb yAy4IIeHH (cp. ynp. 21d) m 22b)).
°28) Iycrb py, .+ . ., Wm — KOHEUHOE THCIO MeP Ha JOKAJIbHO KOM-
HAaKTHOM IpPOCTpPaHCTBe 7T, 3aINCHBAeMHIX B BWIe M — fp W, IHe p —
moJjloykUTeabHaA Mepa, a |fr | << 1 (n°9).
a) ITyctp @ — MmuomecrBo PyHKUAN, oNpefeleHHHX ¥ HOJOKHA-
TeAbLHO OMHOPOZHHX ma R™ ¥ Takux, 4T0 u (fy, ..., f;) JAOKAXBHO
p-mrTerpupyema aas akwboit pynxuun u € @. Iloxazars, 9To ecan moche-
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NMOBATeNBHOCTD (U,) QypRuui us @ paBHOMEDHO CXOLHTCA HA JH06OM
KOMOAKTHOM TOAMHO)KecTBe u3 R™ K Heroropoin ¢yHRum# u, TO
u (P, ..., Wm) ABIAETCH IIPENesoM MeD Up (Ug, + .« ., Up) B  CHIbHOH
rononoras B o/ (T) (ra. 111, § 2, yup. 4).

b) Hpennoxoxum, aro ¢ynruus u ¢ © menpeprrera Ha R™, IToxra-
3arh, 9To orobpakenue (W, ..., Wm) > U (W1, + .., Pm) TPOCTPAHCTBA
(e (TH)™ B off (T) HempepHIBHO B CHJIbMHOH TOIOJNOTHH (HawaTh ¢ pac-
CMOTDEHAsI CIydasi, KOIfa u — JNUIMuIeBa (yHKUUs; 3aTeM BOCIOJIB30~
BaThCa a) W Teopemoil Beifepmirpacca — Croyma).

c) IIpenmonoskuMm, 9ro QyHxumsi 1 HenpepuBea Ha R™. Ilyets g —
npousBoabaas ¢ymaxuua m3 &4 () u K — ee Hocutens.. llorkasars, d9to
mas awdoro & > ( cymecTByeT KoHeYHOe OTKpHTOe HOKpHTHE (4;) MHO-
sectBa K, cocrosmee M3 OTHOCHTeJBHO KOMIIAKTHEIX MHOKECTB B TaKoe,
910 LA a1000oro Goinee Mearoro, yeM (4;), KOHEYHOI'O OTKPHTOrO HOKPH-
st (B;) MEOKecTBa K 1 mwboro cemeiicrsa (hj;) HenpepHBHHEIX oro0pa-
senniit mpocrparcrsa I' B [0, 1], Ameromux Hocurens B B; W ynoBIeTBo-
psatomux Ha K paBeHCTBY 2 hj(t) = 1, BHIIOXHAETCH HePaBEHCTBO

1

| Sg-u(h,- or fm) du—z u( S ghifydu, ..., S 2R jfm dp )|<s
j

(paccMoTpers CHagama ciydaif, Korga u — JANIIpneBa QYHKOUS H fp
HempepHBHH, a 3aTeM HepefiTH K clydal, KoIfa u — JRNIIANeBa QyHK-
oHA, a fp JOKaAbHO WMHTErPEPYeMbH, ¥, HaKoHem, K O00meMy ciydaio,
HCHOJB3Ys A 9roro Teopemy Befepmrpacca — Croyna).
d) Oycre u (x4, z5) —HONOKUTENBHO onHOPOAHAA QyHEKIuA Ha R2,
— z
pasnast }/z2-z2, rorga npoGh x—i uppanmonaitsHa, u 0 B IPOTHBHOM
2
caygae. ITycrb, manee, p ecrs mepa Jlebera ma 7'=|[0, 1], u mycTs v ecthb
Mepa Ha T, ompepeJeHHas DpaBeHCTBOM dv (t)=1dp (t). Iloxkasars, |TO
ecim  g==0 ecrb HenpepubHaa ¢yHKOAs Ha T, TO

;u( S ghjdp, S ghjdv)

He cTPeMHTCS HA K KaKOMY Ipejges]y 1o GHAbTPYIOIneMycsd MHOMeCTBY Ko-
HeYHHX OTKPHTHX NOKDPHTHI HOcHATeNs QYHKIUH g,

§ 6. OGpaswr mepni

1. O6pasz noAOHUMEALHOU MePbt

[Iyerp X — nokanbHO KOMOAKTHOE IPOCTPAHCTBO M T €CTh

p-usmepumoe orodpakenue upocrpamcrsa I B X. Taxum oGpason,
yTBepsienme, 4To mapa (1, 1) p-nmpucnocobaena (§ 4, n° 1), pasHo-
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CHJIBHO YTBePKAEHUIO, 4To Ais noboil pyErmun f € 68 (X) dpyarmus
fort cyujecmeenro p-unmezpupyema.

repnomenue 1. Hycmoy ©t ecmv p-usmepumoe omobpasicenie npo-
cmpancmea T 6 a0kaavho kKomnarmhuoe npocmpancmeo X . Caedywujue
dsa ycaoeus IKEUSANEHMHDL:

a) Oaa awboli gynkyuu € K (T) Pynryus fom cywecmeenHO
W-unmezpupyemna;

b) Oan awboeo romnarmuozo mmoncecrnea K < X mmoscecmeo
;tl (K) cywecmeenno p-unmeepupyemo.

_Hax MBI TonBKO 9TO 3aMeTHAN, a) BaedeT 3a coboif, 910 mapa (i, 1)
p-upucnocobnena. CnegoBarenbHo (§ 4, n° 4, TeopeMa 2), gas mi060-
ro KoMmakrHoro MHOKecTBa K — X (QyHKIHA Qrom = @, IAe

-1
A = n (K), CymecTBeHHO HHEIPUPYEMa, WM, JAPYTEMH CJIOBAMH,
a) BmedYer b).

O6parHo, OPENUONOKAM, YTO MHOMKECTBO a—'cl (K) cymecreeHHO
W-HHTETpUpYyeMo i 13060ro KOMIAKTHOro mofgMHO;kectBa K us X,
¥ NOKa)KeM, 9T0 BHIOOJHAETCH yenosme a). [llelicTBUTEnbHO, UYCTH
S ects HocuTenb QYHKIUM f; TAaK KAK MHOMECTBO S KOMIIAKTHO, TO,

noxoxus A :—:J't (S), moayuaeM, mO YCHOBHIO, YTO
T 1@ @ an <171 os (@) du ()=
=171 { eaan < + o.

A nockonpky QysRmus fom p-usmepuma (ra. IV, § 5, n° 3, teope-
Ma 1), To ouesupmHO, YTO fof cCymiecTBeHHO p-mETerpupyeMa (§ 2,
opemia. 7).

Ompepenerue 1. Hycmv p — notoxwcumesrsnas. mepa HG A0KAALHO
rKomnakmuom npocmpaucmee T. Omobpancenue n npocmpancmea T
8 LOKAALHO KOMRAKmMHOe hpocmpancmeo X Ha3ueaemcs -co6cmeeHHbLM.
(unu cobcmeennum omuocumeavro mepsl W), ecau napa (n, 1) p-npu-
cnocobaena, mo ecms (§ 4, n° 1) ecau m p-usmepumo u ydosaem-
eopaem Osym (omeusasenmubim) ycaosusm a) u b) us npedaosce-

rwusa 1. Toeda mepa S Eqx(r) AP (1) na X Hasvisaemes o6paszom Mepbl -

npu omoGpasceHun v u obosnavaemca T (U).
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CaeyorarenbHO, ecau v = T (), To, DO OUPEfENeHUIO, A
f € 3% (X) cupapemaupa ¢opmyia

| 1@ avie) = 7@ an. (1)

damMeuannasa 1) Eciu p ocpanuuena (m, B 4acrHocTH, €CAn
|t MMeeT KOMIOAKTHEIA HOCHTEJb), TO BCAKOE U-A3MEPHEMOE OTOODae-
fame npocrpaBcTBa I B X sBasercs p-cobersemmmM (ra1. IV, § 5,
n° 3, reopema 1 m n° 6, Teopema 5).

2) EcnumoToGpaskende 1 [-M3MePHMO U €CIH AJIsA J1060r0 KOMIAKT-

floro mopMHOMKecTBa K m3 X MHOMECTBO - (K) orHOCHTENBHO KOM-
IaKTHO, TO 7 Gyger u-cooersemEmM (ra. IV, § 5, n° 5, npema. 8
7z n° 6, TeopeMa 5); B YACTHOCTH, BCAKOE HEMPEPHBHOE CobCmecinoe
oro6paskenne mpocrpanctsa I' 3 X (O6man tom., Pes., § 8, n° 18)
ABIAETCA -COGCTBEHHHM OTHOCHTeNLHO JI000H MOJIOKATENHHOR
mepu p Ha 7. B wactHOCTH, 5TO BEpHO JIs MI0GOTO 20meomopdusma
n mpoerpascTBa I’ Ha X; Torjma Mepa v = 7 (p) ecTh He YTO HHOE,
KaK Mepa Ha X, ARJIAOIIAACH PE3YIbTATOM IEPEHECEHUA MEDPHL | IpH
orobpakenuu & (ra. 111, § 2, n° 2),

3) IlpemmonokuM, YTO TOIOJOTMA WpPoCTPaHCTBA X HMMEET cuem-
rul 6azuc; TorIa BeAKOe oToGpaykeHue 7t mpocrpamctsa I B X, ymo-
RIETBOPADINEe yciaoBuio b) mpepmosxerus 1, p-msmepumo, m 3Hauwr,
p-co6erBenno. s Toro yro0H 310 HOKa3aTh, AOCTATOYHO NPUMCHUTH
Teopemy 4 uw3 ra. IV, § 5, n° 5, samerus, uro B 31oM caydae X MeTpH-
syemo (Of6mas roun., Pes., § 8, n° 19) u uro gas moGoro paccros-
HUA, COIVIacywomeroca ¢ tomojorueidl B X, BCAKHMH 3aMKHYTHH map
SIBJISIETCA CUETHHIM o00beuEeHNeM KOMIIAKTHEIX MHOKECTB.

2. Humepuposanue omHocumeavno oopasa
NOAOHCUEAVHOU MePdL

Iyerp © ecth p-coberBeHHOE OTOGpaskennme mpocrpaHcrBa I B X,
# Oyeth v = 7 (u). Ilpumenus peaynbratsl § 4, HonyunmM CACHyIOIIMe
YTREPIKACHAN:

IlpEmnomenue 2. Jas 4060l onpedeaennoii na X uucrosoll gynx-
yuu >0 cnpasedausa gopmysa

Ui@adv@= "1 @)dp). @)

<
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910 BEITeKaer u3 teopemm 1 § 4, n° 2.
Crnepcreue 1. Jlas  awboeo nodmmomcecmea A us X umeem
—- _ -
% ey
v (A) = p* (r (4)).
CnzpcrBue 2. Jlas mozo wmobw nodmmnoncecmso A us X 6wvla0
AOKAALHO NPEHEOPEIHCUMO OMHOCUMEAbHO V, HeoBLodUMO U JocmamouKo,

umo6vt Mnomecmeo_a% (A) b0 A0KAALHO BPEHEOPEHUMO OMHOCUMELD-
HO W.

CaepcrBue 3. Ecau mepa p cocpedomoiena na mrosxcecmse M,
mo w (u) cocpedomouena na m (M).

-1
Heiicrsurensro, ecim N = X — n (M), ro = (N) He mepeceraer-
ca ¢ M u, 3HAYAT, JOKAABHO U-OPeHeOPe;KUMO, a CTalno OHTH (clen-
creue 2), N nOKaabHO V-IPEHEGPEIKIMO.

CaegcrBue 4. ITyems S — nocumeav mepwe p. Ecau gynryus n

HenpepHIBHA, M0 Hocumerd Mepwt T (u) pasen m (S).

B camoM pene, m3 caemcTBma 3 moaydaeM, Uro 7 (L) cocpeporo-
yeHa Ha & (S), um 3Haumr, ecnu S’ — Hocurenb MepH K (1), TO

JE— -1

S’ < n (S). C gpyroit croporu, 5t (X — S’) ecTh OTKPHTOE TOKATHHO
u-mpeHeOpe)KuMoe  MHOMKECTBO  (CHlefiCTBHe 2) |, CTajo OHTh,
p-opeseGpexmmo (ra. IV, § 5, n° 2, caepersme 2 u3 npemn. 5). Taxum
-1

obpasom, w (X — S') = T — §, u caenoparensno, © (S) < §’, uro
¥ JIOKa3HBaeT HAINE CIEJCTBHE.

lpEpnoxenruE 3. /[4a moeo umobu omobpancenue f npocmpancmea
X 6 monoaoeuneckoe npocmpancmeo G 6uio v-usmepumo, neobrodumo
i docmamoyno, umobw omobpascerue fom 6HA0 P-USMEDUMO.

JTo BHITEKaeT HEMOCPEfCTReHHO M3 HpefuosKeHus 3 § 4.
CaEpctrREE. Jas mozo umobu nodmmoscecmeo A ua X 6ua0 v-uame-
-1
pumo, neobxodumo u docmamouno, umobu 1 (A) GBL0 U-USMEDPUMO.

Hamporas, o6pas npm oTo0paskeHHE 7T HEKOTODOrO |-H3MEpPHMOro
nogmHOKecTBa M m3 T MOKerT H He OHTH V-N3MEDHMBIM, JlasKe eCld Jt
HenpepuiBHO, a M p-mperebpesxkumo (yup. 7 u § 8, yop. 1).

TeopeMa 1. IHycmes t — gynryus, onpedeaennas na X u npunu-

mawwas suavenus 6 R uau ¢ 6anaroeom npocmpancmee F. Jlas moeo
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umo6u § Gulaa cywecmeeHHO v-unmezpupyema, weobzxodumo u docma-
moyHo, umobu @gyuryua fon Gvaa cywecmeenno p-unmezpupyema,
u moz2da

(1@ dv@={ 1@ dno. (3)
Hocrarouno mpuMeHnTs Teopemy 2 m3 § 4.

Cnepcreue. Jas moeo umobw nodmuoncecmeo A uz X 6w.a0 cyuge-

CMBEHHO V-UHMe2PUDPYeMO, Heobxofumo u OGocmamouno, umobvl MHO-
—1
acecmeo 1 (A) OvLI0 cyujecmeenno p-urmezpupyemo, u moeda v (A)=
—1

—p ( (4)).

B =actHocTH, AaA a1060T0 KoMOmakKTHOTO MHOKecTBa K — X mMeem

v(K):p(ni(K)). W3 caepcrBuA 3 mpefiiokeHMsi 2 BEITEKaer, 9YTO
ecin p— amomuueckas Mepa (§ 5, n° 10), To Takoi me Gyper
n n(p)=v. HeicreurensHo, nycts M — MHOecTBO Tex (LT, pmis
xoropux p({t}) #0; Tak Kax p cocpemoroseHa Ha M, To v cocpemo-

touera Ha 7 (M); xpoMe Toro, s mwoboro z € w (M) nmeem v ({z}) =
—1 -1
= (1 (z)) >0, mockonbry 7 () cofepsxur xorss O OFHY TOUKY u3 M.

3. Ceolicmea o6paza 1noA0HUMEALHOU MePyL

Heepnomenut 4. Hycmo T, T' u T" — mpu 40Ka4bHO KoMnaxm-
HYX npocmpancmea, p — nosoxcumervnas mepa va T u 5 ecmb p-co6-
cmeennoe omobpascenue T e T'. IHycmy, dasee, p' = n (p), n’ —
omobpadxcenue T’ 6 T" u n" = n' o ;. JJas mozo umoGhl omobpaienue
' 6ewo p'-cobecmeennblm, Heobrodumo u docmamouno, umo6u 1’ 6bii0
p-cobemeennum, u moeda nn” (u) = n’ (n (w)) («rpam3uTHBHOCTD 0Gpa-

32 MepED).

B camom pmene (mpem. 3), miag Toro 9ro6H m” GHIO p-H3MEPHMO,
HEOGXOuMO M JocTaTodHo, 1068 71’ OHuIo p'-mamepumo. C ppyroi

-1
CTOPOHH, ecad K ecTh xoMIakTHOe mofMHoKecTo u3 T, to n” (K) =
-1 -1
= n (1’ (K)); cornacHo CHeACTBHIO M3 TeopeMH 1, aaa Toro 4To0H

-1
n” (K) 6ma0 CymecTBeHHO W-HHTETpHpyeMo, HeoOXO{uMO K J0CTA-



3 OBPA3BL MEPbI 333

-1
Toan0, 906K T’ (K) 680 cymectBenHo p'-uATerpupyemo. U HaxoHen,
ecam 1" p-cobCcTBeHHO, TO, HOJNOXKEB p” = n” (u), MOJIYIUM, B CHIY
Teopemst 1, pasg mioboit pyarmum f € ¢ (I") coornomenus

{reraw @y =\ @@ ano =
= (1@ @ona = 1@ @naw @),

49TO W 3aBepluriaeT A0Ka3aTeJXbCTBO.

Caegcreue. Hyemv T uw T’ — dsa 4o0kaAbHO KOMRAKMHBLLE RPO-
cmpancemea, p — nosoxcumedvras mepa wa T, m — e3aumno 00HO-

snaunoe omobpaxcenue T na T' u T — o6pamuoe k Hemy omobpaxienue.
IIpednosowcumn, umo nu p-coocmeenno u p' = 1 (). Toeda omobGpasice-
nue U-COBGCMBERHO U B (e (u)) = p.

Hregnomeame 5. IHyemv T u X — 98a A0KAALHO KOMRAKMHBLL
npocmpancmed, p — noaoxumesvras mepa wa T, n — p-cobemeen-
noe omo6pascenue npocmpancmea I' 6 X u g > 0 — koneunasn wucsosasn
Pynkyus, onpedesennas na X u maras, umo GYRKEYUL g o 7 LOKALLHO
unmezpupyema omuocumesvho Q. Jaa mozo umobw g Gvlaa L0KAALHO
unmespupyemols omuHocumesdno T (W), Heobzodumo u Jocmamoyro,
umoby. omobpaNierle T GHA0 COOCMEEHHBLI OMHOCUMEALHO MEPLL
(gom)-p, u moada .

((gemn)-p)=g-n (W) (4)

Toxosmum v = n (p). Haa Toro drobu g OuIa J0KaAbHO V-HHTE-
rpupyema, Heo0XORHMO © [JOCTATOIHO, IT00W ¢ynxmus gf Ouaa
v-pHTerpupyeMa auas awoboit ¢yExmmu f € ¢ (X); a mockonsry gf
HMeeT KOMIAKTHHA HOCHTENb, TO DT0 CBOJUTCA X TOMY, 910 gf
CYIIECTBEHAO V-HATETPHPYEMa, ITO SKBUBAJIEHTHO YTBED:KASHHIO, ITO
(gom) (fom) cymecrBeHHO p-uHTerpEpyema (teopema 1). Ho, B cmry
teopemu 1 m3 § D, n° 3, aro o3HagaeT, TT0 PYHKIUSA f o 7L CYUECTBEHHO
UHTeTPHPYyeMa OTHOCHTEJNbHO P = (g o T)-p, W, 00 ONpemeseHHIo, 9TO
PaBHOCUIBHO TOMY, IT0 oro0paskeHme 7 P-co0CTBEHHO (IIOCKOJBKY I,
ogeBHUIHO, p-H3Mepumo). Kpome Toro,

Vigav={ 1@ e@manw="_ tawdw

(reopema 1 m § 5, reopema 1), 9ro m foKasmBaer (4).
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Mrepnomenne 6. Hyemv T u X —0d6a A0KAABHO KOMRAKMHBLL
npocmpanemsa, (Ag)aca — CYMMUDYEMOE CEMELCMEO ROAOHCUMEADHBIT

#ep wa T (§ 3, 0° 5) u p= ) Aq. Jas mozo umobs omob pasienie
QEA

7 npocmpancmsea T ¢ X 6ba0 p-cobemeeHnbim, HeoGTodumo u docma-
MouKo, Ymobsl OHO 66li0 A,-co6cmeenmnbim npu A1060om AC A u ymobu
dan awbozo kKomnarmnozo nodmmomecmea K us X ewnoanssoce

—1
yeaosue X Ag (10 (K)) << + oo. I pu smuz ycaosusax cemelicmeo noao-
agA

acumeabHax Mmep (T (Ag))a:a Ha X cymmupyemo u
2 7 (ha) =7 ( X Aa). (5)
aEA aEA

B camowm mesne, mus Toro wro6H oTo6parkende N OHIO (-A3MEPHMO,
HeoOXOMMO M J0CTAaTOYHO, UTOOH 7 OHIO0 A,-M3MEPHMO HPH JI060M
a €A (¢ 3, n°5, npegu. 6). Ecan sxe i p-cobCTBeHHO, TO N A,-H3Me-
puMo mpu gioboM o € A m, KpoMe TOro, A%A N060T0 KOMIAKTHOIO

-1
mopmMuOskecTBa K w3 X MHO:xecTBO 7 (K) CyHUIECTBEHHO A, -HHTETPH-~
pyemo upm mobom o € A uw (§ 3, n° 5, upega. 5)

—1 —1
w (7 (K))=a§ Ao (1 (K)), (6)

H BHAYAT, Tl Au-COGCTBeHHO mpu miobom o€ A; KpoMe Toro, ecim
yaects Qopmyny (14) usz § 3, T0 Mepw, ¢urypupymomme B 00eHx
qactsax gopmyam (D), umetor, B cuay (6), ofnHAKOBOe 3HATICHHUE JJIA
J060r0 KOMHOAKTHOTO nmomMHOMecTBa K wusz X m, cjiegoBaTesNbHO,
cosmamaior (ra. IV, § 4, n° 9, caepcrsme us mpema. 16). O6parHo,

eCIH Tt hg-COOCTBEHHO NpPH JI060M A€ A U ecin fast ai060T0 KOMIAKTHO-
—1
ro mopmuomectBa K n3 X Bumoamserca yciaoBme ) Ag (n (K)) <<
afA

—1
< 4 oo, 10 MHOKecTBO Tt (K) CYymecTBeHHO W-HETEeTPHPYeMO: HeH-

-1
CTBHTENXBHO, JOCTATOYHO moOKasars, uyro supp (H (= (K)) << + oo,
H
xorna H mpoleraer MHOMKECTBO KOMIAKTHHX HOAMHO:KecTB H3 I'; HO
—1 —1 ~1
p(H N7 (K))= ;AM (HOn (K)) < %M (m (K)) (§ 3,n° 5, popmyna
o i

(13)), orxyna u puTeKaer Hamwe yreep:genue. OTciofa caepyer, |0 It
U-CoBCTBEHHO.
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Caggcrsuge, yemv T uw X —d6a aokaavho KOMRAKMHHI RPO-

cmparemsa, (A;)i<i<n— KOHEUHASL NOCALIOEAMEALHOCINL NOLONCUMEND-
n ,

wiz Mep wa T u p= N M. Jlas moeo umobe omo6pascenue ww npo-
i=1

cmpancmea T ¢ X 6v40 p-co6emeennblm, Heobzo0umo u docmamouHo,
umobsl. 0Ho OBA0 A;-cobcmeenHblM Oaa Kancdoeo underca i, u mozda
umeem

Day=a(X ). (7)

4. O6paaz Mepst NPOUIBOALHOZO INAKA

Onrepeaenut 2, ITyemy A — mepa HQ A0KAALHO KOMRAKMHOM RpPO-
empancmee T. Omobpasicenue 1. npocmpancmesa T 8 A0ka4bHO KOMRAKEM-
noe npocmpancmeo X nasvieaemces A-cobcmsenHunm, ecat oo | A |-co6-
cmeenHo; moeda mepa 1 (AT) — n (A7) Ha X wnaswsaemcs o6pasom
mept A npu omobpasxenuu 1 u obosnauaemca n (A) (cp. yup. 11).

ITO CBOAMTCA K TOMY, 9T0 Mepa-o6pa3 v = Tt (A) xapakTepusyercs
ypaBHeHUEM

{f@v@ = ramaro-{rama-n @

mist roboit dyrrumm f € & (X).

Boobue, mpejmonoskuM, 9T0 A = 0 — 0, I'le P A G — fiBe TOJO-
JRATeNbHEKE MepH Ha T'; ecim T ONHOBPEeMEHHO P-COGCTBEHHO M G-C00-
CTBEHHO, TO K3 CIEICTBAA MPEIJI0KeHN § BHTEKAET, 9T0 7 A-COOCTREH-
mo, mb6o |A |<p -+ 0; a TaK Kark AT -L o = A" L p, 10 orcoofa
3aKJiouaeM, 9TO

{f@adv@={ i@ o= f@do@) (9
ana mioboit dyErRmuu f €A (X).
Ecim 5 A-coberBenHo, 10 7 (|A])=n(A")+n (1), u caemosa-
TeJILHO,
Jau (M) < (A ]). (10)

OtMernyM, 410 B o0meM caydae gse gactm (10) He OymyT paBHH:
BosbMeM, Hanpamep, T = {0, 1}, X = {0}, a uepea 7 0603HAIAM HOCTOAH-
Hoe oroGpaskenme T B X, pasnoe 0. Ecnu A ects Toweunas mepa g) — g,
to (A =0, 5o 7 (| A}) = 28.
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HOycrs (Ay)1<:<n — KOHEUHAsA DOCIEROBATENBHOCTH Mep Ha T
n
Al = Z A;. Ecam otobpaskenne 5t A;-co0cTBeHHO 1iid 060ro MHEIEKCa
i=1
i, 7o u3 (9) m m3 caemcrBus mpemioskenus 6 BETexaer, ITO T A-cob-
CTBEHHO W 9UTO CHOBA BHEITIOJHSAETCS COOTHOmEHmE (7).
flcao, 910 BeAKOe HempepmBHOE coGCTBeHHOE 0TOGpaMeHMe MpPO-
crpanctea I' B X A-coO6CTBeHHO OTHOCHTEeNBHO JI0O0it Mepw A Ha T

(n° 1, sameuzaume 2),

5. ITpuaodcenue: aamMena nePpemMenrnozo
6 unmezpaae Jlebeza

Ilycrs { — (me obsBarennpHo orpannieHHSIT) HATEpBaT npAMoil R,

a—ero neBef, a b— mpaserii Komery B R u p—wmepa Jlebera ma 7.

Ons mobofi p-uaterpupyemoit dpynxnuu f u moboro marepsana H <
: B

C JIeBHM KOHIIOM & W OpaBHM KoHHoM [ OymeM mmcarhb Sf(t)dz
¢4
[

i
g fdp m monararn S f()dt=— S f(t)dt; amm
B

..

BMECTO S f(t)dt=
. H ]
0603HaYeHHS COBIAMAIOT ¢ TeMH, KOTOopHe 6puin Beefenn B «DyHK-

nmAx peiicts. mepem.», ri. II, §§ 1 m 2, rorna f— numeitgaras

$yHrouA ¢ KoMOmakTHmM HocmteteM (ra. IV, § 4, n°4, mpumep).
Mycrs g — aokaavio p-unmezpupyemas Tucicsag QYHRIEI, OIpe-

neiensas wa I, m xy — rouxka us I; gnsa aoboro z € I moxommm

Gx)y=c + S g()dt  (c— mocrosHHAs). (11)
: %

Yucaosaa Pyuxiua G nenpephisna Ha I; 910 cpasy ke BHTeKaeT
us teopemst Jlebera (ra. IV, § 4, n° 3, caegcreme 1 uz TeopemMu 2),
TaK KaK [pom3BefeHne QYHRIWM g ¥ XapaKTePHUCTHUYECKOH PYHKIUHA
HHTEpRalla ¢ KOHNAMHA Z ¥ Z |+ h crpemurcs K npenebpemumoi PyHnx-
nme, korpa b crpemmres k 0. Crnemosareabno, G (I) ectb unmepsat
m3 R. Bo Bcem sToM n° mMut OyjeM paccMarpmBaTh (G Kak oTobpamkeHHe
maTepBaia I Ha JOKaNbAO KoMmakTHOe IpocrpaHcTBO G (). Hepes A
Gymem ofosHadath Mepy g-p Ha 1.
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IIpegmonomum cHadalza, 9T0 g w-unmespupyemna. Torma aHamo-
[ATHOE DacCy)KAeHWe HOKaswBaer, 4To npemearl G (a4-) u G (b—)
CYWECTBYIOT M KOHeuHbl; KpoMme Toro, Mepa | A | oepanuuena (§ 9,

n° 3, caencreume u3 TeopeMul 1) m oToGpamenme G marepsana I B G (I)
A-coOctBenHO.

Nreegnowenue 7. Ipednosoxcum, umo Pynwkyua g p-unmeepu-
pyena. Ecau J ecmv omrpumuil unmepsas us R ¢ wonyanu G (@)
u G (b—), mo obpas mepw g-p npu omobpaxcenuw G ecmo mepa Qr-v,
ecau G (a+) <G (b—), u mepa — @z-v, ecau G(a—+)> G (b—)(ede v
o6osnauaem mepy Jebeea na G (I)).

Jlocrarouno morazars, uto ana awboil pyaxmaum f € 68 (G (1))

nMeeM
G(b—)

b
\ r@a={rewmewa (12)

Glo+4) - . a
Ho sra dopmyna yme 6mua gmoxasama aia g € ¢ (I) (Oysxuun
neiters. mepem., ra. II, § 2, n° 1, dopmyaa (1)). Ilepeiigem K o6memy
caydaio; CyHmIeCTBYeT TaKas IOCIeTOBATeNbHOCTE (g,) PyBKumi u3
¢ (1), uro: 1° mocaenoBatenbuocTh (g, (1)) crpemmrea K g (&) mouTH
Bcogy Ha I; 2° cymecrByer Takasa p-mHTEerpupyemas ¢ysxmus k>0,
aro | g, | <h upm aoboMm n (ra. IV, § 3, n° 4, reopema 3). Ua reope-

mu JleGera cpasy sKe moaydaeM, 4TO €CiIH NOn0xuTh Gp, (x) = ¢ +
X

-+ ggn (t) dt, To uocaegoBarenvHOCTE (G,) pasHomepHo crodumca
X0

K G ma I n unmcna G, (a+) u G, (b—) crpemMarca coOTBETCTBEHHO

KG (a+)m G (b—). Hycrs f — Ppyuruns us ¢& (R), npogomxaomas f;

n3 Opefsymero BhreKaer, uto [’ (G, (f)) crpemumrca k f' (G () =

= f (G (t)) pna moboro ¢ € I; mpumenms teopemy JleGera, momyanm

dopmyny (12) uz dopmynu

Gn(b~) b
7 ©dE={ 1 (G () g (1)
Gn(at) a

opm oMoy NpeaeJbHOr'o mepexona.

CnepacrBue. Ecau @ynryus § onpedeaena na G (I), npunumaem
snavenus 6 R uau 6 6anHazosom npocmpancmee u makosd, ¥mo GyRKyYUL
t—f (G (1) g (t) unmeepupyema na I ommocumesvro mepv Jebeea,
22 H. Byp6akm
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mo f unmeepupyema Ha J ommuocumesvro mepwu Jebeea u (popmyna
3aMeHBl TepeMeHHOHM B wmHTerpaje Jlebera)

G(b—) b
@ dz={ 1G)g@dr (13)
G(a+) a

Heiicrsurenvuo, f (G (f)) wmHTErpEpyeMa OTHOCHUTEIBHO MepH
| g |-p, a sHauHWr, TAKKe M OTHOCHTENbHO Mep gt-p H g™ -U; H3 Teo-
pemar 1 (n° 2) BuTeraer, aro f mHETETpHpPYEMa OTHOCHTENBHO Mep-0Gpa-
30B G (gt-pn) m G (g~-p), a crano OWTb, W OTHOCUTESLHO MEDH Qv
W 9TO, HAa OCHOBAHWH npemiokeHusa 7 um ¢opmyast (9), cupasegnupa

dopmyma (13).

Mosker cayuntbeg, uro f mHTerpmpyema Ha J OTHOCHTEJNBHO Mephi
JleGera, o oroGpakenne t — £ (G (t)) g () He Oyger murerpupyemo ma 7
OTHOCHTeJbHO MepH JleGera (ymp. 10).

Npenmonommm Temeps, 470 (YHKNHA £ TOYTH BCIOAY HMeeT
nocmoanHul sHak (A TOKAJbHO p-WHTETPHDYeMa); MOKHO, HalpEMep,
OpemIonoxuTh, uto g (t) >0 mourw sciomy ma I. Torma G amnsercs
HeNpepHBHOR Bo3pacraomein ¢yuknmeir Ha I, m 3HadmtT, G (a4-)
u G (a—) cymecrtByior (HO MOTYT GHTH Gecronmeunumm). Hpome rtoro,
G ectb A-cobemsentoe orobpasxenne narepsana I v G (I): neiicrBaTe b~
Ho, ecau G (b—) € G (I), To HalifeTca TaAKOe Xy > Lo, 170 G MOCTOAHHO
oA > ., W Torga upoobpas mpm orobpaxkeHmH G KOMOAaKTHOTrO
maTepBaia [G (x,), G (b—)| A-mHTErpmpyem; ecim e, HAUpPOTHB,
G (b—) ¢ G (I), To npooGpas upu orobpaskeHrnm G TOGOTO KOMIAKT-
HOTO WHTepBajJa ¢ JeBHM KomnoM G (z,), comepmammMmea B G (),
€CTh KOMIAKTHHIA umHTepBaJ. Paccy:Kias TOTHO TaK e I KOMIAKT-
HHX HHTePBAJOB ¢ DpPaBBIM KOHNOM G (z,), HOJyduM Hallle YTBEPHEE-
Hre. Hpome Toro, cupaBejInBO

lleepnomxenns 8. Ipednosoncum, umo @ynryus g > 0 w a0KaLLHO
u-unmezpupyema. Tozda o6pas noroxumensvHol mepul g-p NPU OMO-
Gpaxcenun G ecmv mepa Jdebeea na G (I). lan mozo umobu gynryus f,
onpedesennas na G (I) u npunumatoyas snavenus ¢ R uau e b6anaxo-
60M npocmpancmee, 6vaa uwmezpupyema na G (I) omuocumeavno mepsl
Jebeza, Heobxodumo uw docmamouno, umobe gyrnryus t — £ (G (1)) g (1)
6uta unmezpupyema na I omuocumervho mepw Jebeea u 8unoaHALOCH
coomnuowenue (13).
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Tleppas wacts mpejioxeHns cilefyer m3 Toro, dro dopmyna (12)
cupasegamBa auA Jaoboi ¢ymrumm f € ¢F (G (I)); meiictBHTenbHO,
HocuTenb Qymaknmm £ —> f (G (1)) cogepurca B mHTepBate K < I,
Ha KOTOPOM g WHTEIrpEpyeMa B CHWIY ClleliaHHBIX BHINE 3aMedaBuii,
@ 3HAYAT, [OCTATOUHO NpmMeHuT:E K K mpepnomenue 7. Bropaa gacTs
ABIACTCH clefcTBEEM TeopeMsl 1 m3 n° 2.

YVopamxuaenusa 1) Hyers T 1 X — Ba J0KaasHO KOMOAKTHEIX
OpocTpaHCTBa, [\ — HDONOMATeAbHasA Mepa Ha I, T — nenpepuenoe
p-coGerpenHoe otobpaskenme 7 B X ®H v = @ (u).

a) IToKaszaTh, 9T0 HJas Ji060f amcroBoii GyHKIuMm g > 0, ompelenen-
Hoil M HoNyHenpepHBHoil cHuzy Ha X, QyHRIAA £ o IOIyHenpepHBHA
cumsy Ha T | v* (g) = p* (gon).

b) Morasath, wro ecin f ecth v-mHTerpmpyemas QYHKIHA CO 3HA-

gepnAME B 6agaxosoM npocrpancrse, 0 fon y-nnTerpupyema m X fdv=

= S {(fo w) dp. Byner am cupasemanso o0patHOe Ge3 MOIOIHATEABHOIO

yeaosua (cp. § 4, yup. 3b))?

°2) Iycre T m X — fiBa JIOKajgbHO KOMOAKTHEIX HPOCTPAHCTBA
2 & — MHOKeCTBO HempepHBHHX coGCTBeHHHX OroGpaskeHHil HPOCTpaH-
crsa 7 B X, majleleHHOe TOIOJOTHell KoMmakrHoil cxommmocta. Ilycrs,
naaee, H — rakoe moiMHOMeCTBO 3 J°, 4TO Miasa A:000r0 KOMOAKTHOTO

mogMHo#ecTBa K w3 X o0bequmenume MHOMKeCTB nl(K), rge 7 mpoGeraer
H, ortHocmTeabHO KOMOaKTHO B 7.

a) Ilokasate, 4ro oToOpameHHe (m, A) — 7 (A) mnpodaBeNeHNH
H X oMt (T) B of (T) HenpepHBHO, eCcId Kasgoe U3 mpoctpancts off (T')
n o/l (X) majelleHo cuAbHOM Tomodormedt (ra. III, § 2, yop. 4).

b) Nokazats, 4Wro ecad B ecthb orpaEmdeHHOe INOAMHOMKECTBO W3
ot (T), 10 cysxenme Ha H X B oroOpasents (1, A) — n (A) HempepHBHO,
eciy Kakmoe w3 mpoctpancts e (T), o/l (X) HagelleHo IMAPOKOH TOHWOIO~
tnelt (ucmonbzoBarTh npergda. 8 m3 ra. 111, § 2). )

c) Mokasats, dYT0 oOTOGpakenwe (7T, A) — & (A) nNponaBemcHHA
H X oM, (T) B oSty (X) nenpeprro, ecan off (T) u offt (X) nafencHu
mupoKoii tomoxormei (cp. ra. III, § 2, yop. 5a)).

d) Ykasats mpmmep, Korfla 7 = X KOMDAaKTHO, a oro0pamenne
(7, A) - m (A) nponssefenns P X oft (T) B oMl (X) = off (T) He asaserca
HempepHBHLIM, eclIH off (T) HajeleHo IIEPOKOHA TOLOJOTHEH (B3ATL
B KagectBe 7 top T m Bocmoan3oBaThesa yup. 6b) us ra. III, § 5).

°3) Ilyers T — I0KAJIbHO KOMIOAKTHOE, HO He KOMHAKTHOE WHpO-
CTPAHCTBO, W ~— HOJOKHTeIbHaA Mepa Ha T W &% — rpynma romeomop-
¢usmoB mpocrpancrBa 7. Iloctpomts npuMep, NoKazwmBalmui, uTo
orobpakenne 7 — 7t (n) rpynusl & B off (T) MoxeT He OHTH HempepHB-
HEIM, ecJId HAREIHTh & TOHOJOTHEHl KOMIAKTHO# cxommmectw, a off (T) —
TIgpoKoi TomodorWed (B3ATH B Kauecrse I mofmpecrpaEcTBo n3 R,

22*
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1
cocTaBleHHoe U3 () M M3 TOYeK n H - (r > 1 — nenoe), a B KavyecTBe

U — Mepy, OUpeleleHHYI0 COOTHOIIEHHIMHU

wiop=0, w({5})

4) Jans moboro JoKagbHO KOMIIAKTHOTO IpoctpancTBa T ofo3naumm
qepes »/(°¢ (T) nofgIpocTpaHCTBO pocTpancTBa off (7), cocTaBleHHOe U3 Mep
¢ KoMmaxktHEIM HocatedeM. Ecam 7 m X — pgBa J0KaJdbHO KOMIAKTHHIX
OpOCTPAHCTBA, a 7 — HenpeprBHOe orobpaskeAme I B X, To @ A-cob-
cTBeHHO 1 5T (A) € off¢ (X) mas ai06oit MepH A € of(¢ (T). Ilocrponts mpm-
Mep, MOKasHBAIOIINIL, 9To orobpasienme A — 1t (A) mpocrpancrsa off¢ (T)
B of(¢ (X) MOxKeT He GHTh HeIPePBIBHEIM, eclid Hamennts ofl¢ (T) u o/l (X)
MEPOKOI TomoJorueii (dam cuabHON Tomoaormeir (ra. III, § 2, ymp. 4)),
I 9T0 7 MOMKeT He OHTh cOOCTBEHHEIM oToOpaskeHmeM (cp. ra1. III, § 3,
yup. 1).

5) a) Ilyers p m 0 — ;Be monoxdTenbHue Mepw Ha R. Ilokazars,
aro ecad p (Ja, b]) = o (la, b]) gnsa nWGOro MONYOTKPHITOrO HHTEPBAJIA
la, b], T0o p = 0.

b) Ilycts I — mutepBan ms R ¢ kounamm @, B, @ HycTh P ecTh BO3-
pacTaiomas KOHeYHas 9YHCIoBag QYHKOHA, onpefenennas Ha I; mpo-
JOKAM IPOH3BOILHKM oGpasoM ¢ na R. as Toro I106H oTobpaskeHude |
Onio cOGCTBEHHHM OTHOCHTENBHO MepHl @ - (THe u — mepa JleGera
#a R), 1eo6X0nuMO H JOCTATOUHO, YTOOH BHUIOJHAJIHCH Clelylomue JBa

yeaosns: 1° oo ambo KoHeuHo, an6o0 ¢ = — oo O lim = P (z) = — oo;
X>—o0

2° B am6o komesmo, mubo B = + oo m lim ¢ (z) = + oo.
x—>-4o0

l

1
T BUm=1).

Ilycrh 5TH yCIOBHA BHIIOAHEHH, W IycTh XIs aioforo y € R wepes
9 (y) ofo3maueHa BepXHAA TPaHb MHOMKecTBA Tex z €, B KOTOpHX
P (z) < y (RIA MycTOr0 MHOMeCTBA OHa caymTaercA paBHol o). Ilokasars,
910 0 ecrh KoHeuHas YMCIOBasx QYHKNHS, BO3pacraiomasi ¥ HelpepHBHAN
cupasa ua R. Ecam v ecrb 06pas Mepsl 7 -0 IPH 0TOOpaykeHWH P, TO
v (le, bl) =0 (b) — 6 (a) gas a0Goro MOAYOTKPHTOTO WHTepBada la, b]
s R.

¢) Hoxrasarb, aro, B o6patho, Nis M0GOH KOHeYHOH IACIOBOA QyHK-
qua O, Bospacramomeil W HepephBHOR cupasa Ha R, cymecrtsyer, B upn-
ToM TOABKO O[HA, Taras IomourenbHas Mepa v Ha R, aro v (Ja, b)) =
= 0 (b) — 8 (a) nua m06oro HonyorKpHTOre MHTEpBaIA la, b] M3 R («mepa

Cranrtheca na R, onpefienennaa mpm nomomu 0»; BMecTO g f dv ommyTt

ke
5 f d0); npm 3TOM BeAKAA MoJNOMKATeNbHAS Mepa Ha R moker OHTE mOay-

wena Takmm cnocoGoM. IIpm rakom ycmoBmm Mepa v OyAeT pacceAHHOI?
Kaxmm Gyner Torxa o6pas Meps v Opu orobpameHmm 0?
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6). a) Tlycts K — KaHTOPOBO MHOMeCTBO Ha HHTepBajie I = [0, 11
(O6mas tom., ta. IV, § 2, n°5). Ilokasars, yTo Ha R cymecrsyer pac-
ceAHHAA Mepa v ¢ HocuredeM K m ofmmeii Maccoil 1 M TaKas HempepeIBHas
Boapacrawomas Gyaxnud 0 ma R, wro 6 (R) =17 u 0 (v) = ¢; -pn (1Re
p — mepa JleGera; cp. O6mas Tou., ra. 1V, § 8, yup. 16).

b) BuBectm u3 a), uro Ha R cymecTByeT IONOMMTeJIbHAA paccesw-
Hax Mepa, HezapucuMad ¢ Mepoii JleGera, HocureneM KOTOPOI ABIAAETCA
Beck mHTepBan I (B3ATh Ha KaxgoM uWaTepBaie J, cMemHoMm ¢ K m conep-
mamemea B I, Mepy, TPONOPHHOHATRRYIO 06pasy MepH v upd apdmHEOM
oTo6paennd muTepBasa / Ha J, a 3aTeM IPOBecTH HHIYKIHIO).

7) Myers p — mepa JleGera na R m I — wmrepsan [0, 1] ms R.
Ecnu monomunts 0 (z) = |z [, To 6 Oymer coGeTBeHHHM 0TOOparkeHAEM
OTHOCHTENBHO MepHl @r-p d GyleM mHmers O (r-p) = ¢r-p. llocrpomts
OpPEMEpP MHOMECTBA, IpPeHe(perKHMOro OTHOCHTEeJBHO ¢r-u H HMeHIere
npu orobpamennam 0 o6pas, He W3MepHMHN OTHOCHTEIBHO @r-U (CP.
ra. IV, § 4, ymp. 8).

°8) Ilycte T — KOMOAKTHOE IIPOCTPAHCTBO H [ — MOJOKHTEIbHAA
paccesinHag Mepa Ha T ¢ oOmeil Maccoii 1.

a) IokasaTh, 4TO CymecTByeT Takoe HelpepPHBHOE OTO{paykeHHe It
mpocrpanctea 7 Ha E = [0, 1], wro o6pas Mepn p IOpm oTolparennd 3t
ecth mMepa JleGera A ma E. (IlocTynars, Kak IpH JOKa3aTeJhCTBE TEOPEMB
Vpucona (O6mas Tou., ra. 1X, § 4, Teopema 1), onpenenss fius awboro ¢
B Opefenax 0 <{ ¢t {1 Takoe oTEpHTOE. MHoKecTBO U (t) < T, KBajp®-
pyeMoe oTHocmteabHo p (ra. IV, § 5, yup. 13), wro U (0) = &, U (1) =
=7, UQ@)cU(() zna t <t u, mawomen, u (U (f)) = t; BOCHONB-
3oBathes yop. 9 m3 § 5, 4roOu IoKasarh, uro ecam V m W — raKde ABa
OTKPHTHX KBajpUpPyeMHX MHoOMXecTBa u3 7, dTO VW p (V) <
<< p (W), To cymecTByeT TaK0e OTKPHTOe KBappupyeMoe MHOMxectBo U,

a0 Ve UcUcW u aro
1 2
TR =N <p U=V <5 pW=V).

Il nawroHen, mpuMeHHTH ymop. ba).)

b) Bumsectm n3 a), w10 B 7 CymecTBYIOT IOJMHOMKeCTBa, He ABIAIO-
muecss u-maMepuMbiME (Ta. 1V, § 4, ynp. 8), a rawme uro B ZLP (7, p)
CYIIEeCTBYIOT HOCHe0BaTelbHOCTH, cXofsmuecs K 0 B cpefHeM NOPAAKA p,
HO He cxopmsimdecss K O Hm B ofmoit Touke m3 T masa 1< p <<+ o
(ra. 1V, § 3, ymp. 1), m rakme mociefosareJbHOCTH (f,), TTO (7‘;,) cxo-
nnrea k O B ocaabaeHHol Tomosornm mpocrpascrsa LP (T, p), HO He cxo-
anred ¥ 0 mo mepe (§ 5, ynp. 21).

¢) Oonycrum, Kpome Toro, 9to 7 mempusyemo. Iloxasars, uro cyme-
CTBYIOT u-npeHeGpe:xEMoe mogMHoskectBo N m3 7T, A-mpemeGpesuMoe
nofgMHoMecTso M w3 E wm Takoi comeomopgusm i MHomectBa E — M
Ha 7 — N, 4To ecl¥ IPOLOJIKATH (IPOU3BOJHLHEM oGpasom) m fo oToGpa-
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eHnsa ¢ mpocrpanctBa £ B T, a—:lr Jo orobpaskenna ¢ upocrpancrea T
B E, 09 A)=pnP(p)= A (Bocmombsopasunch yop. 13 ms ri. IV,
§ 5], mokasare, uro HiA aloforo meiaoro n >> 0 Haliferca KoHewHOE pas-
Omenme mpocTpaHcTBa 7', COCTABICHHOE M2 W-HPeHeGPEIKAMOTO MHOMKe-
CTBAa M M3 OTKPHITHX KBafpHPYeMHIX MHOMKECTB C AHMAMETPOM, He IpeBoc-

1 .
XonAmuAM 7 (OTHOCPITBJIBHO paccrosgnnA, COrIacyrInerocs ¢ TOmoJormen

. .1
B 7), m ¢ Mepo#l, He TpeBOCXOAAMEH - Orcrofa, UpoBens HHAYKOUIO

¥ Depeiifila K upenely, BHBECTH CyMIeCTBOBAHHE TAKOTO HEIPEPRBHOIO
orobpaskenna f muoskectea £ — D B T, rae D ecrb cuerHoe mOAMHOKe-
crBo u3 'K, dro f(A) = p; mOKasaTh, UTO MOKHO CHEN3Th TaK, 4TOGH f
65110 roMeoMopdmaMoM MHOMKecTBa K — D Ha mopMHoKecTBo B3 T, HMelo-
mee Mepy 1 (cp. § 8, yop. 14).

°9) IlycTs p m v — [Be HOJOKUTeJIbHEE PACCEAHHBIC MEPH HA JOKAIb~
HO KOMIAKTHOM HpocrpancTee 7. Iloxaszars, 9To misA TOTO, 4TOOH v OHIIA
Mepoit ¢ GasmcoM |, [OCTaTOYHO, dTOGH BCAKOE p-M3MEPHMOe WOMA-
MHOKecTBO 13 7 OUIO TaKKe W V-M3MePHMBIM (paccysKHaTh OT IPOTHB-
HOTO, ACHOJbL3YS Teopemy 3 m upefa. 13 m3 § 5 u ynp. 8 m3 § 6).

10) Ha wmmureppaie I=]0,1] m3 R ompemenmm clegyiomyio

1

- 1 1 1
dymrumo g g()=—Vn gua —2—(7+m)<t\<7 ng ()=
1 ( 1 1

=]/n it ;¢ —;z_~1{7< t\<—2— 72—+m) (n=1, 2, ...), n mpogox-

wnM ee HyJeM Ha R—J; g-—mHTerpapyeMa OTHOCHTEIbLHO Meph Jlebera.
X

Honomnm G(x):S g (t) dt; noxasarb, uTO0 GyHKHHE f, paBHAA 1_
J Vil

"a naTepBaje [—1, | 1] m 0 BHe svoro muHTEpBaNa W MHTETPHpYyeMasn

OTHOCHTEJBLHO Mephi JleGera, raxoBa, 910 oTOOpaskeHme i — f (G (1)) g (1)

He Oyjer mHTerpmpyembiM Ha [.

°11) Ilpamem oGosnagennsa n°5, W HycTh g €CTb JIOKANBHO [-HHTe-
rpapyemas uncioBasa pyaxond Ha I.

a) Has toro arofH G GBUIO A-CODCTBEHHHIM OTOGpasKeHHEM WHTEp-
sana I ¢ G (I), Heo6X0oAMMO M [OCTATOYHO, 9TOOH BEIIOJHSAJIACH CIERYIO-
mue yeaobna: 1° B R cymecrylor npefieast G (a--) n G (b—); 2° ecan
G (a+) € G (I), TO g p-mHTETPEPpYyeMa HAa HHTepBaie la, zy[; 3° ecam
G (b —) € G(I), T0o g p-mATErpEpPYyeMAa Ha HWHTepBale ]z, b[.

b) HpeanonoxnM, dro npemean G (a-+) m G (b—) cymecTByloT
8 R. Horasare, uro ecim Qymxnma f TamoBa, ur0 OTOGpaKeHme ¢ —
— £ (G (¢)) g (t) nurerpupyemo Ha [ OTHOCHTelbLHO Mepil JleGera, To f
HHTErpApYy€EMa HA HHTepBaje ¢ KOHNaME G (a-+) m G (b—) OTHOCHTEIBHO
mepu JleGera m cmpaseninBa gopmyaa (13). (CBecTn k ciydaio, Korfa x,
€CTH OfHO W3 umced a, b; eCam, HaNpHUMep, Z, == 4, TO 3aMETHTH, 9TO HA
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I majifercas rakad CTPOrO BO3pacralomas IOCIeA0BATeILHOCTE (b,),
cTpeMaAmasaca K b, 9ro HociefoBaTelbHOCTE (G (b,)) Oymer nmbGo Bo3-
pacratomeii, nun6o yOHBaloomeil; mpmMeHATL Opefn. 4 m3 ra. IV, § 4,
n° 3, m teopemy JleGera.)

12) a) Ilycrs g — KoHewHas 4HCIOBAA_ PYHKIHAA, ONpeNelieHHAA HA
KommakTroM marepBaie [ = [a, b] m3 R. MuoxecTBOM pocma enpaso
(COOTB. @use60) Pynkyuu g na I HA3BIBaeTCH MHOMKECTBO Tex x € I, miusg
KOTOPHX cymecTByeT Takoe y €1, 9ro x <y (COOTB. z > y) B g (2) <<
< g (y). Hoxasars, 4r0 ecim g HellpepHBHA, TO MHOKeCTBO POCTa BOPaBO
(coors. BieBo) pyurnun g Ha [ orkpirro B I, m gro ecan la, Pl ects cras-
Hag KOMIOHeHTAa 9Toro Muoykecrsa, To g(@) =g @) m g (v) <<g @)
naa o <<z << P.

b) Nlyere ry m ro — aBa geficTBATEeNbANX 9mcda u 0 < ry < r.
IIycrs, madsiee, g eCTh HENPEPHIBHAA s03pacmalowyas PyHKnAd Ha I, @ mycrs
E’ ecrb MHOKeCTBO pocra BieBo pynkunn g (z) — riz Ha I, a K — o6pe-
JWHEeHHe MHO)KECTB pOCTa BOPAaBO (QYHKIMUE g (r) — rpz Ha KaMKJOM H3
BHTEPBAJIOB, ABIAKNMIAXCA 3aMbHIKaHNEM CBASHHX KOMIOHeHT m3 E'.
floxasars, HCHONB3YA a), 9TO eCIH 4 ecTs Mepa Jlebera Ha I, To p (E") <

T
<Du@E).

r2

c) Beprrumu u HUNHUMU RPABHMU RBPOUBOOHNMU YlUcaami KOHEY=
HO# unciioBoil pyHKnun g Ha [ B TogKe x € I Ha3HIBAIOTCSA, COOTBETCTBEHHO,
qucia ’
T x hy— T
Dig(x)= lim glath—g(@ ,
h—0, h>0 h

g@th—g()

Dig(z)= lim 2

h—0, h>0
TouHO TAK Ke 8ePTHUMU U HUNCHUMU JAe8bIMU npouseoanbmu yucaamu
¢yHKUUA £ B TOYKE & HA3BIBAKOTCA, COOTBETCTBEHHO, MHCIA

D= Tm EEtN—E@

h—0, h<0 h ’
Drg(z)= lim g_("iiz;g_@_ .
h—0, R0

ITokasarb, 9To ecim g HenpephlBHA W go3pacmaem, TO MHOKECTBO TeX
z €1, B KotopHX D}g(x)= 400, B MHOMKeCTBO TeX xr €], B KOTOPHX
D;g (x) < Djig (x), mMEIOT OTHOCATEIBHO j Mepy HYIb (11 o0oro paimo-
HalupHOro umcia r >0 (coorB. mua ool mapm (ry, rp) pamuOHAIBHBIX
ancen 0.<{ry<ry) paccMOTpPeTh MHOKeCTBO TeX x€ I, B KOTOpHX
D} g () >r (cooTs. D;g () <ry m Djg(x) > ro OAHOBpPEMEHHO), W HpH-
MenmTh b)). BeBect:m orcroaa, uro QYHKIAA g AMeeT KOHEYHYIO MPOM3-
BOAHYI0 Aisa nourn BeeX x €I («meopema Jlebeza») (IpAMEHHTH TAIIKe
openpigymuil peayisrar K QyHKOHH —g (— x)).
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°13) Oycres Ha KoMmakTHOM mHTepBate I=[a, b] n3 R wocienosa-
TeJIbHOCTh KOHEYHHX HenPepHIBHEIX Bo3pacTaomunx QyHknui (fn) rarosa,
. .
aro fp (@)=0 opm n0bom n m 9TO CyMMa s (z)= 2 fn (x) KoHegHa Ha /.
: n=1
IloxazaTe, 9T0 cymecTByeT TakKoe IpeHeOpe)KAMOE OTHOCHTENBHO MEpH
Jlebera mEORecrBo N (C I, 9ro maa awboro x € [— N nponsBOgHEE fn(2)
00
ms’ (z)cymeeTByloT 1 §' () = Z fn (2) (¢meopema Dybunuy). (3amernrs,
n=1
aro pAxX ¢ ofmuM wieHoM f,, (x) CXORATCA HOYTH BCIORY; 3aTeM, HOMOMKHB
n

sy (2)= Z fr (), BHOpaTh TaKyo DOXIOCIEHOBATENLHOCTH (snk), 9TOOB
B=1
PAA ¢ o0ImuM WIeHOM § (x)—snk (z) 681 cxopAmuMed Ha I, I DPUMEHHTH

K 3TOMY pAXY DpeRHAYyIMee 3aMedaHme.)

14) Ilycrs f — umcnoBada QYHKIHAS, onpefielleHHAA Ha KOMIAKTHOM

netepBaie I = [a, b] B3 R m uHTEerpEpyeMag Ha HeM OTHOCHTEJILHO
x

mepnl JleGera. IMokasars, 9ro ecam F (z) = S f (t) dt, To F mmeer moarn
a

Belofy Ha I mpomsBofiHylo, paBHYIO [ (cBecTm K ciydamo, Korga f > (;

3areM, HCOOJB3yd yuUp. 13, paccMOTPETh MOCIeHOBATEIBHO CIy9an, Korxa f

HOJyHeNpPePHIBHA CHH3Y, a 3aTeM YKe o0mmit caydai (cp. ra. IV, § 4,

n°4, cuemcrBme m3 TeopeMHl 3)).

15) IIyers p o3nagaer mepy JleGera ma R; rosopsart, uro Touka xr € R
eCTb mouka naomuocmu HofMHOKectBa A m3 R, ecam wmpm h m Fk,
crpeMammuxcd K O IO CTpOro IOJNOKUTENLHHIM 3HAYEHHAM, JACTHOE
p* (Anle—h, z--k)

h+k
HEKOTOpPOro MPOM3BOJIBHOI0 HOAMHOKecTBa A ¥3 R, He ABAANMUXCHA TOI-
KaMH IMIOTHOCTE MHOKecTBa A, npeHeOpesknMo ormocmrenbHo p. (CBecrn
K ciydalo, Korfa A colepsKuTcA B KOMITAKTHOM HHTepBaue [a, b], m pac-
cMoTpeTh QYHKOHI s4 () = p* (4 () [a, z]). Bubpars Takyw yObBaw0-
myio OociefoBaTedbHOCTh (4,) OTKDHTHX MHOMKECTB, COflep:Hammx A,
9TOGH pAA ¢ OGIIM WIEHOM sS4, (X) — s4 (z) cxXommica Ha [a, b], m opn-

I
crpemuarca K 1. IToxazaTs, 9T0 MHOMKECTBO TOYEK

MeHOTH yuop. 13.)
16) a) Ilycrs g ecTh (QyHKIHA, HHTeTpHpYyeMad OTHOCHTENbNO MepH
X
Jle6era £ = [0, 1]. Hounoxmmm G (z) = S g (1) dt; mokasare, 9TO B J1060H
b :
rouke x € E, B Koropoii g HempepHBHA, G IMeeT IPON3BORHYIO, PABHYIO g.
b) Hocrpomts mpmmep QYHKOHA g, OTPAHAYEHHOH W HempepHBHOI
o9YTH BCIORY Ha £ m Taroil, yTo6H G He mMena OpaBoil OPON3BONHOM B TOY-
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KaX HEeKOTODPOT0 HeCUeTHOTO HOAMHO)KecrBa m3 E (cp. Dymxnum pmeiicTs..
mepeM., ri. I, § 2, yup. 9).

¢) Hoxasars, uro Qyuxmma, pasmaa z2 sin 11——2 mag x40 m 0 gase

z = 0, mMeeT HPOU3BOAHYI B KaXHoi Touke m3 £, HO 9Ta NPOM3BOAHAML
He HHTeIPEpyeMa OTHOCHTelbHO Mephl JleGera ma E.

§ 7. HurerpmpoBanne OTHOCHTEIbHO HMHIYIHPOBAHHONI MepsL

1. Anumezpuposanue omHoCUMENLHO
UHBYUUPOBAHHOU MePbL

Ilyers X — menycroe JOKAadbHO KOMIAKTHOE HONIPOCTPAHCTBO HPO-
crpagctBa I, p-— mosnoskuTenbHasg Mepa Ha I @ py — Mepa, MHEAYIH-
posagnas ma X wmepoit p (§ 1, n°1). Ompemenum pmis awboro t€ 1
mepy A, ma X cuemyromum obpazoMm: A;=¢g;, ecoim t€X, u =0,
ecan t€ CX. Torma must awGoit wuciosoit GyHKIUU g, OMpefieleHHoR

Ha X, nMeeM S g@)dhe(2)=g(t), ecnim tCX, u S g (z) dA; () =0,

ecoim ¢t ¢ CX. CnemosatennHo, ecim g ecrd Qymknma m3 &F (X), 1o,
IO ompefeleHAI0 MePH px (§ 1, n° 1), nmeem

px (@)= { <& 2y dn (). (1
3magnt, MoskHO Hammcars (§ 3, n°1), aro
px={ A du (o). 2)

OnpepenuM Tenepd orobpaskende T mpocrpaHcTBa I B X, Hodo~
skmB 1 () =tpna i€ X ua () =1t pua t € CX, roe {; — HEKOTO-
pas rouka w3 X; Torga mas mio6oro t€ T mmeeM Ay = @x (1) exq)-
IToraxxeMm, garo napa (%, @x) p-npucnocobaena (§ 4, n° 1); B cmay
maaoxennoro B § 1, n° 1, gocrarogHo HOKA3aTh, YTO OTOOPAKEHEE TU
Q-E3MEPHMO; HO 3TO ClefyeT u3 Toro, 9ro cyerma 5 Ha X m Ha CX
p-mamepumu (§ 1, n° 4, mpenau. 5).

IleEgnomenue 1. Jas aw6oii wucaosoti dynryuu g >0, onpede-
aennoti na X, umeem

S*gdu;;:S*gdu (3»

X
(cp. § 5, n° 3, mpmmep).
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Ecau yuecrs npegnpmyume saMeuanus u popmyay (2), To cooTHO-
meHne (3) BeTekaeT m3 TeopeMu 1 § 4.

Caepcrsue 1. Jas 406020 nodmumnoncecmea B us X umeem p% (B) =

= p* (B); 6aa mozo umobu B 6vio A0KRALHO W y-npeHedpescumo,
#Heo6x0dumo ubocmamoxro, umobvl 0Ho 66140 LOKALLHO PL-NDEHEGPENUMO.

Cnencreue 2. ITyeme M — nodmnosxcecmso us T. Ecau mepa
cocpedomouera na M, mo px cocpedomoverna na M} X.

Cuepcreue 3. [Jaa mozo umobu mepa py Gvlaa wyaesoli, weobro-
dumo u docmamouno, wmobs. X GulA0 LOKANLHO W-NPEHEGPEAHUMO.

damegannme. Ecam S ecrs HocuTenb MepH [, TO MHOMKECTBO
S N X (samxuyroe B X), COINIACHO CJEACTBHIO 2, COREP:KUT HOCHTENb
MepPH jx, HO MOKeT OHITH OTINYHEIM OT Hero. Hampmmep, ecam g ecrthb
paccesnsas Mepa m X — HDOATPOCTPAHCTBO, CBOAAMmMeecd K TOYKe, TO
NEAYIAPOBAHHAA Mepa [y paBHa HYJIO, ¥ 3HAYHT, €€ HOCHTeIb eCTh
nycroe MHOMKECTBO.

IlrepaomenyE 2. Jas mozo umoGsl omo6pasicenue g§ RPOCIMPAHCEN
X ¢ monoaozuseckoe NPOCMPAHCMEO GBLAO Px-USMEPUMO, He0OX0OUMO
4 Bocmamouno, wmoby g 6eao p-usmepumo Ha X (§ 5, n° 3, upumep).

9T0 BHTeKaeT W3 upepioxenza 3 § 4.

Caexcrsue. Jas moeo umoGu nodmuoscecmeo B us X Owao px-us-
mepumo, Heobxodumo u docmamouro, wmobw B Guao p-usmepuro.

TeoreMa 1. ITyemv g — gynryus, onpedeaennas na X u npunu-

Maowas sHavenus 6 R uiu 6 Ganaxosom npocmpancmee. Jas mozo
ymobv g 6uia cYujecmeenHo P x-UKmezpupyema, neobrodumo u docma-
MouHO, YmoGh g Geia cyujecmeenno p-unmeepupyema Ha X (§ 5, n° 3,
npuMeD), u mozda

{gdnx={ gap. (4)

9To BHTEKaer W3 Teopems 2 § 4.

CaencrBuE. Jas mozo umobw nodmnoncecmso B usz X 6uro cyuye-
CMBEHHO L x-UHMe2PUpyemo, Heobxrodumo u docmamouno, wmotul OHO
6Ov0 cywecmeenno p-unmeepupyemo, u mozda nx (B) = p (B).
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2. Ceotlicmea uHOYUUPOBAHHLLX MeD

Ilregiomxenue 3. Hycme X — aokasvHo Komnakmmuoe nodnpocmpar-
emso npocmpancméa T'. Tozda kanonuxeckoe éaoscenue j X ¢ T seasem-
ca px-cobemeennuim U j (hx) = @x [

JleficTBUTENIBHO, j HEODEDPHIBHO, W CTAN0 OHTH, Py MBMEPHAMO.
C pgpyro#t cropomm, mns ao6oft ¢ymxmum f€ &8 (T) ¢ymrmua
foj, saBusomascs cymemweMm ¢Qyaxmmm [ Ha X, CyImecTBeHHO
y~-zHTETpEpyeMa ma X W, SHAUAT, CYHMIECTBEHHO [ x-MATETPHPyeMA
(reopema 1), I TOrma, IOJOKHB V = Qx-\, IOIYyYaeM COOTHOIIEHUS

{fav={ soxdp=§ ran={ (fendn={ (top s,
X X

9eM ¥ Joraszamo upegiomxenme (§ 6, omp. 1).

CaegcrBuE. Il ycmob 5t ecmb p-cobemeéennoe omobpaycerue npocmpan-
cmea T 6 10KaAbHO KOMNGEMKEOe npocmpancmeo ¥ u Ty — e20 cyrce-
nue Ha X. To20a omobpadcenue 1ty 6ydem px-cobemeeHHuM U Ty ()=

= 7 (px-p).

JlecTBATENBHO, Ty = Tloj, U [OKA3HBAEMOE CJIEICTBYE BEHTEKAeT
73 TOJABKO 4TO JOKABAHHOTO IPENJIOKEHHS 3 M W3 LpPeIoKeHms 4
§ 6, n° 3.

Ieegnomesne 4. ITyemv X u Y — Gséa aokaavho KOMNarmubl
nodnpocmpancmea npocmpancmee I w Y < X. To26a mepa, undy-
Yuposarnas mepoti By Ha Y, coenadaem ¢ mepoli py (TpaH3UTHBHOCTH
HHIYIEDOBAHHKX MeD).

Ilycts g€é# (Y) m g’ —rarkoe mpogoiukenme ¢yHEImM g ma X,
aro g'(z)=0 ma X—Y; mo ompepencHHIo xgd(px)ysg g dpx,
a TaK Kak g’ CYDIECTBEHHO yx-WHTETPHPYeMa, TO OHA CYNIECTBEHHO

uw-meTerpupyeMa Ha X (Teopema 1), m umeem S g dpx= Q g’ dp;
X

HO IOCKOIBKY g'Qy==g’, T0 g’ TaK¥Ke CyImMeCTBeHHO [L-MHTETPHPYeMa

"a Y, ®© mmeeM S g dp= S g dp, 9710, B CHIy OUpefeNeHAUS WHIY-
y

nuposaHEoi MepH (§ 1, n° 1), m HoKasmBaeT HpeNJIOIKEHEE.
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IIpepnomenne 5. Ilycmes h — KOHEUHAS NOAOHUMEALHAS LOKAALHO
p-Unmespupyemas uucaosas Ppynkyus, onpedesennas na T. Tozda
cyacerue hy gynryuu h na X 10KaAbHO px-UHMeESPUPYEMO U by Ly =
= (h-Wx-

Ilomomum A=~h-p, m oycTs g ectb $yHEnuA =3 ¢4 (X); Torma g

cymecTBeHHO A-wHTerpupyema #Ha X M, IO ONpEIeNcHAID, g g dhx=

= Kgd?»; HO 910 o3Hadaer (§ 5, reopema 1), uwro ¢yEkMUA gh
X

CYLIECTBeHHO -mHTETpEpyeMa Ha X = Sgdk: Sgh dp. Caepo-
X X

BaTeILHO, B CHIY TeopeMH 1 ghy CYMIECTBeHHO [x-WHTETDHPYeMa
(a sHAaumT, W pPy-WHTETPEpPYeMA, HOCKOJIBKY ee HOCHTENb B X KOM-

DaKTeH), N WMeeM S ghxdpxy= K ghdp. 9To mokasmBaer, 4T0 hx
X

JOKANBLHO [Lx-HHTETPHpPYeMa, a COOTHONIeHHE Sgd?»x_—: S ghx dpx

HOKAaBHBAET, 970 Ax=Fhx-{x.

ITonosxurensaas Mepa Ha X He 06s3aTeNbHO HHAYIEPYETCS OO0~
mureiproit Mepoi#t ma 7. Toumee, cupasemaumso

Meeminomenne 6. Hycmo A — noaoscumenvras mepa wa X. Jan
mozo wmobu na T cywecmeosana nosoiuUmesvHas Mepa, UHOYYUpyio-
was Ha X mepy A, meobxrodumo u docmamouro, wmobu Oas awbozo
komnaxmnozo nodmuoxcecmea K us T muoncecmeo K () X 6uro cyuye-
CmeeHHo A-UHmezpupyemo.

Yciaosne mHeoGxopmmo, MO0 €CIH Vv e€CTh TaKasg IONOKUTEAbHAA
mepa Ha T, 910 A = vx, TO MHOMxecTBO K | X CymecTBeHHO A-WATE-
‘TpEpyeMo B cmiy ciaeicTBus u3 teopemu 1. O6parmo, ecad 910 yCio-
BHE BHIIOJIHEHO, TO KaHOHHIECKOoe Bjoxernme j upocrpanctBa X B T
Gyner A-co6crsemmrnM (§ 6, n° 1, onp. 1); monomum v = j (A). Torma
Besikag ¢yExnua f € ¢¢ (X) cymecrBeHHO v-mBrerpmpyeMa Ha X,

7 B cuny TeopeMut 1 m3 § 6, n° 2, umeem g fdh = g f dv, 4aro u goxra-
x
3HBAeT, YTO0 A = Vx.
Cnepgcreue. Ecau X samvHymo, mo 6écakas NOAOHCUMEAbHAL Mepa
A na X undyyupyemces Hekomopoil noaoxcumenvrols mepoii wa T.
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HeficTpuTensro, mis n06oro KOMIakTaOTo nogMacKecTBa K ns T
mHOKecTBo K () I samrEyTo B T M DOTOMY KOMIDAKTHO, M CJIEHOBa-
TeJbHO, A-MHTeTPHEPYEMO. :

3amMevannme Ilyctp X — JIOKaJibHO KOMIOAKTHOE MOXIPOCTPAH-
CTBO mpocTpaHcrBa 7', M Hyerh A — IpoM3BOJbHaA Mepa ma 7. Mepoi,
undyyuposannoti Ha X Mepoii A, HaseBaerca mepa (At)y — (A"\y, Koro-
paa ofosHagaeTcs Ax; DOCKOIBKY A+t m A~ COCDelOTOYeHH Ha HeOepe-
CeKaImuXca MHOMecTBax (§ 5, cuemcrsme m3 mpemi. 13), To sTO BepHO
‘A Jaa mHAynupoBaHHHX Mep (At)x m (A7)xy (ciepcrBme 2 M3 mpema. 1);
€JIEfOBATeNbHO, 3TH MEPH OYyT He3aBUCHMEIMA, B 3HaunT, (AY)y = (Ax)*,
{A7)x = (Ax)"; orcroma momywaem, 9To |Ax | = | A |x.

Yupaxkumenna 1) IIyete X — IOKQIbHO KOMOAKTHOe HOA-
fIPOCTPAHCTBO JIOKAJBHO KOMIAKTHOrO mpocrpancrsa 7. Iloxasars, gro
Jas no6oit Mepsr A Ha T HoCHTeNIb MepH Ay ecTh cieff Ha X HocHTelA
MepH- v = @x-A.

2) Hycre T — nokalbHO KOMHOAKTHOEe HpocrpaHcrBo, X — ero
JIOKAJBHO KOMIAKTHOE IOAIPOCTPAHCTBO H W — MOJOMKHATENbHAg Mepa
ga T; moaoKamM v = @x-u = j (ux) (rne ; ecTb KaHOEMYECKOE BJIOMKe~
gne X B 7).

a) IloxkasaTh, 49r0 BCAKOE W y-TIpeHeOpEREMOe HONMHOKECTBO N3

X v-npenebpexmMo.
b) Iloxasars, uro gua mifoGoit uwmcioBoil ¢ymxumm g >0, ompegme-

* *
JemHofi Ha X, cIOpaBefiHBO PaBEeHCTBO S gdp,X=S gdv (mpmme-

HATH a), a TarKe Qopmyay (5) m3s § 3).

¢) Mycts g — yHKnna, onpeneaenHas Ha X, ¢0 3HAYEHAAMNA B R mum
8 0aHaxoBOM NpocTpaHcTBE, W g —IOpopoiKeHme ¢ynKomnm g Ha T,
pasnoe 0 Ha T'—X. [laa Toro uro6H g OWua W x-mHTErpEpyeMa, Heob-
XOAMMO H [OcTaToYdo, dYrobm g’ Owia v-mHTerpmpyeMa, ® TOTHA

S gdpx= S g dv (mcmons3oBats b)).
X

3) B ofosgageHmAax yop. 2 OpeJnoioRkmM, 910 X ecTh omxpumoe
moJMHOKecTBO H3 T,
a) Moxasate, uro miA awboil wnciaoBoit pyEKUUE g > 0, ompeaesieH-

#o0f Ha X, cOpaBeqimBO pPaBEHCTBO S * g dpx= S * g d p (mCHOAB30BATD
X
yop. 2, Opegd. 2 m3 § 5 B mpema. 2 m3 § 2).
b) Oycrb g— Qymxnua, ompeneieHrag na X, co 3HAUCHHAMH B R
uiax B 0AHAXOBOM HpPOCTpPAHCTBE, I g —ee NpofoiyKenne Ha T, pasHoe O
ga T—X., Jlaa rtoro 4Tobm g OHJAAa px-HATErpEpyeMa, He0DX0AHMO
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n [ocTarogHo, 4To0M g’ Omia p-mETErDHpYeMa, W TOrja Sgduxa

= S g du (MCmoiib30BaTH a)).
X .
4) Ipnusp obo3navenud yup. 2, moKasaTh, 910 ecim X samrnymo
B 7, ro ana awb6oit umciaopoil PymKoum f> 0, ompemenenHoii ma T,
* *
BHIIOJHAETCA PABEHCTBO Q (for) de=S f dv (samermTh, 9TO OTOGpA-

v

JKeHHe | ABJIAETCA cOOCTBeHHLHIM, W NPUMeHNTh mpemi. 2 m3 § 4). Ecam,

B TeX xe Ipexmochakax, f ecTs oroGpaskeHme mpocTpaneTBa T B R manm
B §aHAX0BO HPOCTPAHCTBO, TO AJst TOro, yrobu oroGpakenme foj OwuI0
{x-HHTeTPEpYeMO, HEOGXOAMMO I HocTaTouHo, yrobu f OLLiO v-mETerpH-

pyeMo, m Torga S (fo/)dpx= S fdv (§ 4, Teopema 2).

5) ITycrs T — n0KaJIpHO KOMIOAKTHOE HPOCTPAHCTBO, W —Mepa, Ompe-
medeHHaa B ymp. 4, ra. IV, § 1, m D—(3aMKHYTOe) MHOKECTBO TOYEK
n3 T suma (0, y).

a) Mokasate, 4To Mepa up, HHEAyNHpoBaHHAA Ha D Mepoi p,

*
ABJIAeTCA HYJeBoil, HO S ¢p dpu= 400 (cp. ynp. 3a)).
b) ycrs X=7T—D, m mycTs [ ecTh KaHOHMYECKOE BIOEHHE

*
opocrpascTsa X B 7; Torpga mMeeM [ (px)=p, HO S (pp°s) dux=0,

*
S @p dp= -+0 (cp. yup. 4).

6) Ilyers 7T — JOKaJBHO KOMIAKTHOe IipocTpaHcrBo, X — ero
JIOKaJIbHO KOMOAKTHOE MOAHpPOCTPAHCTBO I | — KAHOHMYECKOE BJIOSKEHHE
npocrparcrea X B T. Ilycrs, maiee, A — TaKad HONOKATENBHAA Mepa
Ha X, 9ro gua awGoro KommakTHOro muoKectsa K < T mdepecedeHme
K N X cymecrsenno A-urterpuapyemo. Ilokasars, 9o mMepa v =7; (A) ecrs
NamMeHbINAs W3 MOJOKATEILHHX Mep p Ha 7T, obiajalommx TeM CBOI-
CTBOM, 9TO Px == A H 9YTO HX HOCHTelb ABJIAETCA 3aMuKkammeM B I' Hocm-
TelA MepH A.

§ 8. IlpousBegenna mep

1. Aumezpuposarue ONMHOCUINEALHO
npouseedenusn deyx mep

Ilycrs T umw T’ — gBa J0KajibHO KOMIAKTHHX IIPOCTPAHCTBA,
p — nosnommreibHas Mepa Ha T, p' — HONOMKHATENIbHAsA Mepa Ha T

n v

§ o

= p ® p — mepa-mpoussegerme Ha X = T'X T’ (ra. III,
n° 1).
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Jiaa nw6oro t € T oroGpaskennme t' — (¢, t') upocrpamcrea I~
B X ABnAercsa HeOPepHBHHM u cobcrBenHEM. [Iycts A; ects 06pas
MEeDH | IpH 3TOM OTOGDaKeHUM; TOrga A; OYIET MOJOKHTENLHON
mepoit ma X, m ecam f €4 (X), To, 06o3HATIWB Fepes f; dacTHUHOE
orobpakenue ¢ — f (t, '), umeem

{fani=1 fraw, (1)

9TO 3ALUCHBAETCA TaKke B BHUe A = &; @ W'.

Hpome toro, oro6pamenne f-> A; (f) HeIPEPHBHO W HMeeT KOM-
nakTHH#E Hocureds (ra. ITI, § 5, n° 1, nemma 2), m smaumr, oroOpa-
eHne ¢ — A; npocrpancTBa I B o (X) mApPOKO HeXpepHBHO (W TeM
Goee IMUPOKO |-MBMEPHMO); CIEIOBATENBHO, CEMEHCTBO Mep [ — A}

pn-coeaacosaro (§ 3, n°1). Narerpan ot f oTHOCATENBHO MePH g Ardp (1),

[0 OIpPeNelleHAI0, PABEH
S A dp(t)r—g dy. (1) § fe () dp (1) = Sf(t, £y dv (¢, t')

(ra. III, § 5, n° 1, reopema 2); cregOBaTENbHO, EMEEM V = S Aidp (8
(cp. ra. III, § 5, n° 1, sameuanne 2).

Touno Tax me mia moboro snemenra ' € T’ mycrs A, ects 06pas
MeDH p upm orobpaskenmm {— (¢, ¢') mpocrpamctea T B X. Torga
orobpaskenme ¢ — A, p’-COTNIACOBAHO M IMMPOKO HEIPEPHBHO

A AMEeeM v :S Apdp’ (t). Ilpumenum pesyabratsl § 3 K ceMmeiicTBaM
Mep t— A; w £ — Ap. Ham momapo0sarcsa claegyomue JeMME:

Jlemma 1. Jas awo6oi wucaosoii gynkyuu f>0, onpedesennot
na X, umeem

U eap = g*fdx;. @)

<

Tax rax ¢ — (f, t') ectp HEIpePHBHOE U COGCTBeHHOE 0TOGpAsKE-
BHe, To (opMylna BHTeKaeT W3 UpefiiomeHus 2 § 4.

JIemma 2. ITyemo f ecmov omoGpascenue npocmpancmea X 6 mono-
aoguneckoe npocmparcmso. Jas moeo wmobw | 6wviro Aj-usmepumo,
Heobxodumo u OJocmamouro, umobw f; 6viao N -usmepumo.

dro sABIETCA CiaecTBEeM Opefiokenns 3 m3 § 6.

Jlemma 3. Hycmv § — ynryus, onpedesennas na X, co SHaLeHUAMY

¢ R uau ¢ 6anaxosom npocmpancmee. Jlag mozo umo6u £ 6uaa Ai-unme-
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epupyema, Heobrodumo u Oocmamouno, wmobu f; Gvaa W'-unmezpu~
pyema, U moz2da umeem

S £, dy’ = S ;. (3)

d10 caenyer us Teopemu 2 § 4, ecam yuecrs, uro t —> (£, t') —
menpepuBHEOE A COGCTBeHHOE 0TOGpaReHMe,

3amedanmne Mokeo, He HOAB3yACh pesyibraramm §§ 4 m 6,
JIOKa3arh 09eHb IPOCTO JeMMHI 1, 2 M 3 Dpu IOMOIMM HPAMOIO PacCyskue-
uaa. Hanpmmep, cooTHomenme (2), [0 OIDPEAeIeHAI0, OICBAHO I
FE€H (T X I'). Ecam ke [ moaysenpepnBHa cEmdy Ha X = T X T,
TO MOCTATOYHO 3aMETATH, 4r0 &' — f; (¢') ecTh BepxHAsa ormbaromas Iias
$ysruuit ¢ — g¢ (') =g (¢, t'), rHe g upoberaer MHOKECTBO TAKWX
$yrrnmit n3 % (X), 910 0 < g < f. U HaroHen, B ciydae OPOA3BOAb-
HO#i ¢yHKOMM f OTMETHM, 9TO eCIH % > f DOJNyHempepHBHA CHA3Y Ha X,
tTo t' - h (¢, t’) monyunenpepsBHa cum3y Ha I'; m obparmo, ecmt QymK-
ausa ¢’ — u (') monyHempepeBHa cHM3y Ha I’ m Taxoma, wro u (') >
> f(t, t') opm aoGom t' € 7', ro Pynknms h, ofaamamomas TeM CBOIi-
ctBoM, 9T0 A (f, t') = w (t'), h (4, t')= + o pgua t 5= t, wDouy-
HelpeprIBHA cHM3Yy Ha X m TakoBa, 910 2 > f. Ho pa3 memMma 1 foKasaHa,
TO W3 Hee CIefyeT, Uro MHoskectBo (I — {t}) X T’ At-IpeHeGpesKIMO,
M TOrZa O9YeHb JErKo JXOKa3arh JEeMMH 2 H 3.

Coorromenue (3) mospoager, He 0oAch HytaHUIE, 06O3HAYATDH

©00a wieHa PaBEHCTBA Yepes S f(2, t"ydy (¢'). OgeBupmo, 9to amaio-

TUYHHe Pe3yTLTATH MMEIOT MECTO NS Mep Ay =P Q .
® -y
Bmecto 06o3Hagenumit S f@, tyav(, t), S fi,t)av(,t')u

S £(2,2')dv (¢, t') vn GymeM mOABL3OBATHCA S S*f(t, £y du (2) du’ (¢),

r-g—S—*f(t’ t)dp () dp’ (') m S S f(¢,)dp(t)dp’ (¢') B coraacum

.¢ obospauenmamu, npuasatemu B 1. 111, § 5, n° 1. Torga pesyasrarts,
TonyueHAwE B § 3, OpUMYT CIefyOMmUiA BUM:

Neepaokenue 1. Jycmv > 0—uucaosas @ynryus, noayHenpe-
prusras cuusy na T XT'. Toeda Pynryus t—> S*f(t, t'ydy (¢')

moaynenpepuigna cnudy Ha T u uMmeem

Ied

Wieonwoawo={"awo"renawe. @
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JT0 BHTEKaeT M3 CHefCcTBUA mpemioxenus 1 m3 § 3 ¢ ydgerom
U3JI0/KeHHOM BHIIE JeMME 1.

Meennomenue 2. Hyeme >0 — uucaosan Pynryus, onpederen-
nas Ha T X T'. Toz2da umeem
P %

(Vre napa er={Taw( 10 nae). 6
JTo BuTeKaeT w3 upemaoskesus 2 § 3 ¢ yuerom opmynm (2).

Carpcreue. ITyems N ecmb v-npenebpescuMmoe MHOINCECMBO U3
TxTI'. Jan noumu ecex t € T cpes muoucecmsa N no t p'-npenebpe-
HCUM.

Ilpegnoserue 3. Hycme f ecmo v-usmepuman fynkyus, onpedesen-
was na T X T' unpunumaiowas 3SHAUEHUSL 8 MONOACZUNECKOM NP OCIDAH~
emee G. Ecau T’ cuemno 6 Geckoneunocmu, mo mHoxcecmgo mex t € T,
das komopvix omobpaxcenue t' — f (¢, t') He asasemea W' -usmepumsiim,
AOKAABHO W-NpeHeGpescumo.

HocraTouro moKasars, 9to Aisd J060r0 KOMOAKTHOTO IOAMHOMKE-
crBa K m3 T mmomectBo tex ¢t € K, B koropux orofpakenue & —-
— f (t, t') me sABagerca W -U3MepPHMEM, |-npeHeOpeskmmo. las aroro,
O9eBUAHO, MOKHO paccMoTpert Bmecro [ ¢ymrumio f', pasHy®0 f
Ha K x 7’ u nocrogEAyio Ha ero gounoaHeHuu. Tormga mpemimosReHne
HOJNYIUTCA CPasy W3 M3IOKeHHON BHINE JAeMMH 2 M A3 HPeIoReHAs

3§ 3 (cp. § 3, yup. 4).

Trorema 1 (JleGera — @y6umwu). Hycmev § — Pynryus, onpede-
aennan wa T X T', npunumaowes suauwenus 6 R uiu 6 6anazosom
npocmpancmee U UHMe2PUPYEMAR OMHOCUMEALHO Mepbl-NpoU3seder s
p ® w. Toeda dan noumu ecex t € T pyniyus t' — 1 (¢, ') p'-unme-

epupyema; Pynryus t— g f(, t')dy (t'), onpedesennan noumu

8c100y, - u-unmespupyemas 1 umeem

(e s ey={awp e nawe.  ©

IT0 cpasy BHTEKaeT A3 M3TOKEHHON BIIE JeMMH 3 U H3 Teope-
mu 1 § 3.

Ecim mpeamonokmth ToabKo, aTo f CylDecTBeHHO v-mHTerpApyeMa,

TO MOMeT OKasaThcsA, uro Qymrnma i’ — f (¢, &) He Oyger cymecTBeHHO
W -BETerpEpyeMoil nu npu xaxom 3uadenmm t € T (§ 3, yup. 4).

23 H. Byp6akn
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OueBmnHO, aro B TeopeMe 1 Mokmo momeHATh Mecramu I u I”
¥ OpH TeX Ke HPeANOIOMKEHHAX MONYIUTh PopMyay

({te amoawo)={aw o) {1ewon.

Caepcreue. Ecau muoxucecmso A — I X T’ v-unmespupyemo, mo
dan noumu ecex t € T cpes A (1) muoocecmsa A no t p'-unmezpupyem,
Pynryus t— p' (4 (2)) p-unmezpupyema u

v(d) = { w4 ®)du @). ®)
Nrepnomerue 4. Hycmv > 0—uucaosan @dyrkyus, onpedeer-

nas wae T X T', v-usmepumas u o6pawaowyaics 6 Hyss Ha Oonod-
HeHUL HEeKOMODPO20 CYemH020 06be0UHEHUL V-UHMe2PUDYeMBLL MHO-

weems. Toeda Pynryun t—> S*f(z, )ydp () u t— S*f_(t,l’)du(z)

u3M€puMbl CoOmMBemcCcmeEeeHH0 OMHOCUNMEeAbHO M u p,’ u umeem
* *
(T renam@a e =Tao (7o naw e =
* *
=aw e (Tre e, ©

dro caepyer M3 HpemNoskeHHsa 4 § 3.

Cxoausa Iyems f ecmv gynryus, onpedesennas na I x T,
npUHUMAIOWas SHaueRUs 6 R uau 6 6anarosom npocmparcmee, v-usme-
pumas u 06payayascs 8 Hyib Ha OONOAHEHUL HEKOMOP020 CHEMH020
06veduneHUs V-uRmezpupyemur mHoxucecms. Jlas moeo umoGu mpu
UHmezpaaa

({1 nawwave, [awoliena e,
{aw @) (e yan

cywecmeosass u Ouan pasws Mexncdy coboli, Heobzodumo u docma-
mouno, umobs odHo us 0syx uucea

ano (Mite law @y w Fav @) {1t 01
6HA0 KOHELHBLM.

ITo ABIAETCA HEMOCPEICTBEHHHIM CHeJCTBUEM TeopeMu 1, mpep.io-
meHus 4 v Kpurepus mATErpUpyemoctu (rx. IV, § 5, n° 6, Teopema 5).
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2. Bpumepuu usmepumocmu omHocCUMeIsbHo
npouzsedenun dsyx mep

HamoMuum Hame coraamenne C4uTaTh HPOU3BEEHUE 0-(+ o)
pasEEM 0. OHO wmMeer, B W4acTHOCTH, TaKOe CieicTBHE: eciu f >0
ecTh 4ucAoBaA QYHKIMA, ONpejeleHHAA Ha JIOKAILHO KOMIAKTHOM
NPOCTPAHCTBE, HAJEICHHOM HOJOKUTENILHOE Mepoid A, To A* (af) =
= al* (f) pna m0Goit mocrogHHOH @ B mpemenax 0<a< + oo. dun
a = 0 210 ouEBMAHO; eclu @ = - oo, To AU6O A¥* (af) = ah* (f) = 0,
mbo A* (af) = a-A* (f) = + oo, B BaBUCMMOCTH OT TOTO, GyneT Ham
#e Oyner f A-mpemeGpeskumoii; u Haxomen, ecau 0 << @ << |- oo, TO
MH 3HaeM, 9ro A* (af) = a-L* (f).

eepnosmenue 5. [Jas aw6oii napw uuciosux Gymryus {30
u >0, onpedesennnz coomsemcemeenno na T u na T', cnpasedausa

gopmyaa
(roroaoaw o=({"rowo) ({7 7o ae) o)

(rme o6a aneHa Bcerja MMeT CMBICH B cuily coriamenus 0. (4 oo) =
= 0), 3@ uckaroueHuem, 6umd Mmoxucem, mozo ciyuas, rozda 0duH us3
mHoxcumenell 6 npasoii wacrmu pager 0, a dpyeoli pasen | oco.

Ha ocmoBaumm mpepnos;kenns 2 BHBOAUM, 9TO
{{rormaoa o> Tawo("ror @) a @),

U COTIACHO 3aMEYaHNIO, CeINaHHOMY B Hadame n°, pas mwboro (€T
HMEEM

{"ror@awe=ro- {71 ey @)
n .
Vano (Tror@yaw o ={"(ITroyaw o) roawo=
~({"roawo)({Trow).
Taxkum 00pasoM, MOCTATOYHO MOKA3ATH HEPABEHCTBO
(Troroamowo<({Troao)({"roa o). an

OHO 09eBH[IHO, €CIM TmpaBas FacTh paBHa - oo. Cayuaii, KoTza OfEH
U3 MHORUTEAeH B WpaBod wactu paseH 0, a Apyroi - oo, mCKIOIER
23
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B YCIOBHUH, B IIOTOMY OCTAETCH HCCAEHOBATE Clydail, Korjga o6a MEOKN-
Teast komedH. Torma mpaBas gacthk B coormomernum (11) momer (mo
OIpefieAeHUI0 BEPXHETO HHTErpana) OHTH CKOAL YTOOHO TOYHO IPH-
Onm;eHa TPOM3BeEHUAMU BHIA

(Cewame)({Tewya @),

roe g 1 g ¢yTh QYHKIUHA, NOJYHEIPEPHBHEE CHA3Y COOTBETCTBEHHO
Ha 7w Ha T" u Takue, aro f<g u ' <g'. Ho ¢ynruus g () g’ (')
moJyHENpPepHBHA CHHA3Y B KayKgou Touke ma I X T'; 210 04eBUAHO
miasa aw6oit Toaku (Lo, t), TAE & (L) >0 u g’ (¢;)) > 0 (O6masn Tom.,
Pes., § 6, n° 19); ecan xe g (t)) = 0 unu g’ (¢;) = 0, ro, Gmarogaps
cornameHuio, scerna mmeeM g (L) g (¢,) =0, m smagur, g (f) g’ (¢)
CHOBAa WOJAyHeNpPepwBHA CHU3Y B oToi Touke. rax, Ha OocHOBaHWE

npepnoxenus 1 mmeeMm
(Fewaw)({Teware)={"an " swe @) a @)=
=({Tewewryampawe)y={{"ror yapa o,

gTo ycraHapauBaer gopmyay (11) m tem camrIM sapepmaer Jokasa-
TEALCTBO. -

Caepcrsue 1. Iycmy A ecmbv p-npenebpescumoe nodmmoscecmso
uz T u A’ — nodmnoscecmeo us I', das komopoeo n'* (A’) << + oo.
Tozda npouseedenue A X A’ npenebGpescumo omHocumessho p ® W',

Caeacrue 2. JJaa awbux dsyr uucaosuix Pynryuil f>0 u f >0,
onpedesennbiz, coomeememeernio, na T u na T, cnpasedausa gopmyaa

‘S—S* FOFE)du@)dp ()= |
B (_S—*f(t) () (Y f@ydw (1)) . (12)

Ieficrearensno, nycrs K u K' — gBa KOMOAKTHHX TOIMHOKE-
¢rBa, coorserctBerno, us I m 7. Mu y:xe 3naem (mpema. 5), uro

S S* F)ox (@) ) er (') dp(2) du’ (&)=
= S*f(t) ox 0 dun () ( S*f' O ow () dw' @), (13)
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KpoMe, OEITL MOKET, TOTO CJIydasi, KOT/ia OJUH U3 MHOKHTEIEeH cupaBa
*
paser 0, a apyroii +oo. Ho ecau, Kk Ompumepy, S fox dp = 0, 10

us ciexcrsua 1 Bureraer, aro f (£) @k (2) f (t') ¢x- (t') obpamaercs
B HyIb Ha [OHNOJHEHAH HEKOTODPOTO MHOKECTBA, IpeHelpeKIMOro
oraocurenbHO U ® p'. Cramo GHTH, TpU MMEIOMUXCA COTAAMEHAAX
pasercrBo (13) cupasegnmBo 6e3 BcArux orpammienmit. Torma

T roreamea w=
=sup { {7707 (1) ox (O o (1) dn (1) A’ (1) =

=sup (" F 0 e @ an ) (177 O ox @) aw @),

rorga K (coors. K') mpoGeraer MHOKeCTBO KOMIOAKTHHX IOAMHOKECTB
u3 T (coor. T'), u caejpcrBue FOKA3aHO.

Caepcreue 3. Hyems F, F' u G — mpu monoaozuueckux npo-
cmpancmed, U RYCmb U ecmb Henpepuisnoe 0mobpacenle npoussedenus
F x F' ¢ G." ITyemv, danee, f (coots. f') ecmb pynryus, onpedeieHnas
na T (coors. T'), npunumaiowas snauenus ¢ F (coors. F') u usme-
pumas omuocumeavro p (coorB. p'). Tozda Pynryus (t, t') >
— u(f (t), f' (') usmepuma omrocumeavro p ® p'.

Ilocratogno, npuAMMas Bo BHMMamue teopemy 1 ms ra. IV, § 35,
n° 3, mokasars, aro orobpakenue (¢, ¢') — f (¢f) npoussegerna T x T’
B F mamepumo orHOCcmTennHO M ® w'. Urak, mycts K u K' — fBa
KOMIOAKTHHX [OIMHOMKECTBA, coorBercrenHo, us I' u I”. CymecrByer
Takoe pa3bmeHue MHO;KecTBa K, COCTaBIeHHOE U3 p-IpeHEOPEKAMOTO

MHEOKReCTBA N U M3 HocaenoBatenbHoCTH (K,) KOMOIAKTHEX MHOKECTB,
910 cy:keHHe QyHEKuuu [ Ha Kaykmoe u3 K, mempepuBHO. Torpma cyske-

aue orobpaskenus (¢, t') — f ({) Ha Kammoe ms mmomecrts K, X K’
HEMPEePHBHO, U Ha OCHOBaEMM ciaepcTBua 1 mmomectBo N X K’ mpe-
HeOPEesKUMO OTHOCMTEILHO U ® W', 4TO W 3aBepIIaeT {OKa3aTedbCTBO.

Caepcreue 4. Ecau A < T u A" < T' usmepums (coomsemcmeer-
HO omHocumessbno | U 1), mo npousgedenue A X A’ usmepumo omuo-
cumeasHo B Q u'.

JT0 cpasy ke BHTEKAeT U3 CIeICTBUA 3.

Caepcreue 5. ITyemu F, F' u G — mpu Ganazoewxr npocmpancmea,
u nycmb (X, y)— [x-y] — Henpeprignoe 6uauneiinoe omobpasicerue
npouseedenus F X F’ 6 G. ITycmy, daxee, § (coots. i') — Pynryus,
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onpedesennan Ha T (coors. T'), npunumarwuyas snavenus 8 F (coors. F’)
u uHmespupyemas omuocumeavrno w {(coots. u’). Tozde @Pynryus
@t t)—>1H @) ) unmeepupyema ommocumesvho p Q@ W u

(S oo o e)-
:[(S f(z)dp(t))-(g Fydy @) ], (19

Coraacuo caeacrsuo 3 ¢pymrmusa (¢, ¢') — [ ()-F ()] (0 ® w')-
uamepuma. C mpyroit cropoHm, eciu b o3magaer HOPMY OMIMHEHHOTO
orobpayreHus (x, y) — [x-yl, 1o, B cuny mpemaoenus 5, umeem

F o @@ @) <
<p { VT It@ L @) dp @ aw @) -
=p({71t@1am) ((T1E@)aw ).

9t0 mokasmsaer, uaro Qyurnug [f (£)-f° (¢')] wmmrerpupyema ormOCH-
TeasHOo p ® p’ (ra. IV, § 5, n° 6, reopema 5). Torna dopmyna (14)
crenpyer u3 teopemnl Jlebera — Dybunu m m3 auEEHHOCTH MHTETPaNa
{ra. 1V, § 4, n°® 2, teopema 1).

Caeacreue 6. Ecau A < Tu A’ < T' unmezpupyemu (coomsem-
CMEenHO OmHOcUmeabHo U U 1'), mo npoussedenue A X A’ ummespu-
pyemo omuocumervho p @ P’ U (p @ p’) (4 x A’) = pn (4) p’ (4.

JT0 cpasy BHITEKAET M3 CIEICTBHUA O.
Caepcreur 7. Caedemsue 5 u 6 ocmarwomes ¢ cuae, ecau 6cody mep-

MUK «UHMeDPUPYeMbIY 3aMEHUMD HA (CYWECMEERHO UHMe2pUPYembiy.

IleiicreurensHo, B 0603HA9CHUAX CAefCTBUA O, QYHKIUA (1, t') —
— [f (¢)-F (¢')], cornacuo crepcrsmio 3, (W ® p')-uamepmma. C xpy-
TOH CTOPOHH, B CHIY CIEACTBUA 2 HMeeM

W* [E )-8 ()] dp (1) dw’ (¢') <
Qb(g*lf(t)ldp«(t)) (—g*lf’ ()| dw (l')) ,

re gepes b obosEaueHa HOpMa OGunmHedHOrO oTOOpaskeHUd (X, y)—>
— [x-yl. U3 aroro caepyer, uro orobpasenme (¢, t') — [f (¢)-1' ()]
CYIIECTBEHHO HHTETrPHPYeMO OTHOCHTENBHO U ® p' (§ 2, mpemm. 7).
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Orciofia BHBOAUM, 4YTO
{1 enae@aw ) -
~lim { { 1007 @) om0 ) dp (0 dy’ (1) =
—lim [( S £(2) px (1) dp(t)) - (S £ () ox (') dy’ (z'))l =
~[(tim (@ ox®ap @) (tim { ¥ @) ox () dw ) ]

rae K (coors. K') mpoleraer ¢uibsTpylonieecsi MHOMKECTBO KOMIIAKT-
BHX mopMuo;kectB u3 I (coors. I”) (cmemerBme 5 wm § 2, mpepa. 8).
Tem caMbIM caefcTBue JOKa3aHO.

Caepcrsue 8. Ecau muoscecmseo A — T aokaavno p-npenebpesciumo,
mo A X T aokaavho npeneGpescumo omruocumetvho p Q W'.

HeficrBurenbno, ecaun K (coors. K') ecth KOMIAKTHOE MOIMHOMKE-
c¢tBo u3 T (coote. 77), 70 (A X IT") N (K x K)Y=A n K) x K',
a Tax Kak MHOmecTBO A (| K p-mpemebpesmmo, t0 (A | K) X K’
(L ® n')-mpenebpe;kumMo B cuay caencTBud 1.

Caggcreue 9. Ecau mepa p (coors. w') cocpedomouena wna M
(cootB. M), mo p ® p' cocpedomovena na M X M’.

Heitcrearenvao, T X I — M X M’ ectb 00beiuHEHENE MHOKECTB
(T —M) x TuTx (I" — M), xoropae, COTAACHO CAEJACTBUIO &,
JOKAILHO IPeHeOPEsKMME OTHOCHUTENBHO pu @ p'.

3amewanmnme. Ilyers A (cootB. A') — mpomsBonbHas Mepa Ha T
(cootB. T'); eciim p=AR A, To pF = AT QA+ +A QN mp~ =
=ML+ A @A, pelictTBuTedbHO, W3 CHGACTBHA 9 BHEITEKaeT,
9T0 3TH JABe TIOJOKWTeILHbIE Mephl ABJAITCS HesaBucuMmuMu (§ 5,
npefti. 13) u p paBHa nx pazuocru. CaexosatensHo, |p | = [A | Q | A |

3. A pyzue ceolicmea npoussedenun 06yx mep

Tleepnomenue 6. Tycms g (COOTB. g') — KOHeuHAR uUcaosas PYHE-
yun, onpedeaennan na T (coors. T') u aokatvmo UHmezpupyemasn
omnocumeavno w (coors. p’'). Tozda gynryus (¢, t') — g () g ()
{oGosmauaemasn cokpameHHO & ® g'; c¢p. ru. III, § 5, n° 3) soraasro
UHMEe2PUDYEMA OMHOCUMEALHO V = U @ ' U

(g-WR(@E W)=(gRg) (W)
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HoxasarenbCTBO Ccpasy 3Ke CBOGUTCA K PACCMOTPEHHUI0 chaydas
£>0, g2 >0. Ecam K ¥ K' — KOMUaKtTHHE MTOAMHOKECTBA, COOT-
Bercreerro, #3 I u 7', 1o ¢ymknua g (f) & ()orxk’ (&, ') =
= (g W ox () (g (¢) 9k (') v-uATErpEpPYEMa Ha OCHOBAHHU CJEf-
crBus O u3 upepaoskesds 5. C gpyrod CTOpoHH, OYyCTh Wy = &-W,
=g -w mvi=(g ®g)v. Jan f € (T) uf €3 (I), cornacko
CIENCTBUIO D M3 WpPENoKeHMs D, nMeeM

(frorwengwave =
~(Vioewao)({rore @a o).

oTRyfma vy = Wy ® w1 (va. III, § 5, n° 1, Teopema 1).

ITpepnomerue 7. [Tycmv n (coorB. ') ecmv p-cobemeennoe
(cootB. p'-cobemeennoe) omobpadcenue npocmpancmea I (coors. T7)
¢ a0kaabHo Komnarmuoe npocmpancmeo Ty (coorB. T)). Toeda omob-
pascenue 1 X n' 6ydem (b ® u')-cobcmeeHHBM U

(r X a) (p@p)=ma@a (u).

B camom peie, oro6pakerne X 1’ (W ® W')-U3MEPHMO HA OCHO-
BaHWE CAENCTBEA 3 W3 mpefnoskenusa 5. C Apyroi cropomHH, ecam K
(COOTB K) €CTh KOMIaKTHOe IomvHO;kecTBo @3 Iy (coors. T,), TO

n(K)u n (K’) cymecrBeEHO HHTerpreMH COOTBeTCTBeHHO OTHO-

CUTETHHO W H W', I 3HAYHT, MEOKECTBO k. (K) x a (K') cymecrBeH-
HO HHTEFPHPYEMO OTHOCHTENbHO g @ W' (ciepmcrBume 7 m3 mpefs. 5).
dtuM [oKasamo, dTo0 orobpakemwe m X N (U ® p')-cobeTBEHHO.
[Tycrs Temeps Wy = (), p, =o' (W) T vy = (n X ') ® p’);
torga aia f € ¢ (Ty) u ' € ¢4 (T,) monydaeM paBeHCTBO

({ramr @ @enanmaw @)=

~({rewao) ({rewyaw )
(caemcrBme 7 w3 mpepi. D), KOTOpOe IOKA3HBAaeT, ITO vy = Ui @ My
(va. III, § 5, n° 1, Teopema 1). .

Mrepnosenue 8. Iycmv X (coors. X') — 4o0Kkasbno Komnaxmmuoe
nodnpocmpancmeo npocmpancmea T (cootB. T7). Toz0a mepa
(b ® wW)xxx:, UHOYYUPYEMAR HA LOKALLHQ KOMRAKMHOE ROONPOCDAH~
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emeo X X X' ¢ npocmpancmea T X I, pasna  npouseedenuir
Ux & px Mep, undyyupyemwir ma X u Ha X', coomeemcmeenmo,
mepamu p u p'.

B camom pene, ecau f € ¢8(X) u f € ¢¢(X’), 10, cornacao caen—
CTBHIO D W3 WpeJIOKeHHA 5, COPaBEAMBO PAaBEHCTBO

W roreyawoa o=({ioan)({row o),

XXX’ X X

KOTODOe, I0 OLpefieleHm0 mERYyIUposanuod Mepu (§ 1, n° 1), nora-

3HBaeT, 910 (U ® W)xxx’ = px ® pxs (ra. III, § 5, n° 1, Teope-
ma 1).

4. Humepuposanue omHoOCUMEALHO KOHEUH 020
npouszgedenusl mep

Ipepupymue pesyasraTel 6e3 TPyma pacmpoCTPAHAITCA HA HPo-
ussemeHENe KOHEYHOTO umcaa mep. Ilyers, sanpamep, Ty, To u T3 —
TPE JOKAJBHO KOMUAKTHEIX HPOCTPAHCTBA, W; — MOJOIKATENbHasR
mepa Ha T; (i =1, 2, 3), # oyctb v = 1 @ us @ M3 €cTb Mepa--
npoussegerne ma 7' = Iy X Ty x T3 Ilycrs, panee, f ects v-umTe-
rpEpyeMas GYHKIHAA cO 3HATEHMAMZ B R min B 6aHaXoBOM ImpPOCTpPaH-
CTBE; TOrfa mocde IePBOrO HpEMeHeHHA teopemu Jlebera — QPyOuam:
OyHET YCTaHOBIEHO, UTO, 3a HUCKAIUeHHEM ToUeK (iy, &) € Ty X Ty,
COCTABAAIOIIUX IPeHeGPe;KUMOe (OTHOCUTENBHO [y & W) MHOKECTBO,
dyarnus &3 — £ (4, 5, t3) py-mAETErpEpyeMa, 9r0 QyEEROEA (f, I) —>

— gf(ti, ty, 13) dpq3(t3),v ompepenensas moutm Beony Ha 1y X T,

(W1 ® pp)-mETETPHMPYEMA H
g S X £(8y, ta0 t3) AV (4, g, t3) =

= §§ aws ) da (29§ 14, 12, 10) dsa (1),

Bropoe mpmmeneHme TOH JKe TeOpeMHE MOKA3LIBAET, HUTO [IsE
moarn Beex €T, ¢yEruuA tz-—>g f (24, ty, t3)dus(¢3) ompenme-
JeHa mourd Beiogy Ha Ty U p,-HHTETPUPYeMa; KpoMe TOTOo, QYHKI(USF

by~> Sdpz(tz) S f (24, ta, t3) dus(t3), ompemeneHHas TOYTH  BCIOAY
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ua 7, p,-mETErPHpYeMa U

gg Sf(ti, ta, 1) AV (L, Ly, 13) =

= S dpy (4y) S dps (12) S f (1, 1, 15) dps (£5)-

Touno Tak xe joKasmiBaercs, 4To Ijs Hourd Beex 4 67T, dymxums
(t2, ts)— (L4, 15y 13) (p2@Us)-mHTETPHPYEMA, UTO QYHKIUA ¢ —>

— S S f(ty, ta t3)dug(tz) dps(ts), onmpemeleHHas  1I0YTH  BCIOAY,

Wy -HHTerpupyemMa o
(e ot av s, 1o, 19—
= {an @) § § 1t 20, 19 dua () dus 19,

Mgt mpegocTaBisieM YUTATENI0 000GIUTE TeM Ke cHocodoM fpyrue
pe3ynbraThl, HoJy4YeHHEE BHIIE [JiA HPOU3BEIEHHS JBYX Mep.

3. Hpunowcenue: mepa esraudosa wapa 6 R*

Ilyers p — mepa JleGera Ha R m p, — mepa Jlebera ma R,
SIBISOMANACA IPOU3BENcHIeM 1 MHOMHTENeH, PaBHHX J. BHumcanmm
mepy V, = u, (B,) enuanasoro esknujopa mapa. B cuny cuencrsua
u3 reopeMn 1, mmeem

+1
V= g tney (By (21)) dzn. (15)

-1

Ho cpes B,(z,) ecrb nopmuosectBo m3 R"—!, omnpenenennoe
n—1

yciaosuem Z 231 —z;, unm, gpyrEMH CIoBaMH, 9TO €CTH MHOMe-
i=1

CTBO, HOJyYeHHoe W3 mapa B,., mocpemcTBoM ToMoTeTHH C KO03pm-
oo
nuerrom )/ 1—z5. Ho ns npegnoxenus 7 1 GoPMyIHl oL S f(ox) dx =

-0

o0
= S { () dz pna aw6oit pyrxnun f € 64 (R) cpasy Borexaer, 4ro 06pas

— 00
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MEpH Pp—; IPH TOMOTETHH X —>0X ectb Mepa al~"p, ;. Cuemosa-

— 1
TeNBHO, Up-1 (B, (zn)):(]/1——z%)n Vy-1. HoperaBnas aro Brpaze-
41

Hue B popmyny (15) u crenap 3aMeny HepeMeHHOIO Z, = sin @ ( 5 <
<P %) , Hony4quM QopMmyiy
F F
+§ -
Va=Vnu cos" pdp=2V,_, S cos” @ dg. (16)
= 8
p)

Ho (Qypxnum peitcts. nepem., ra. VII, § 1, n°3, dopmyaa (20))

1F(‘;?)F(m;.lr1).

Por(m)

JU
2
S cos™ p dp =
0

mojicTaBlAA 9T0 3HadYeHme B ¢opmyny (16) m yunTHiBas B3HadYeHHe

r (%) (Pysrnmu peiicrs. mepem., ra. VII, § 1, n°3, dopmyna (21)),

Ooldy9YnM OKOHYATENLHO, YTO 168
I
2
n
Vo= — 17
r(z+)
5
Yopasxkuaernunsa 1) Hyers T u 7' — #Ba JOKAIbHO KOMHAKTHEIX
IIPOCTPAHCTBA, [ — IOJOKHTeNRbHas Mepa Ha T W U’ — IONOMKATETbHAR

mepa Ha I, ITokasarb, 4TO ecam Mepa p' OTPaHHYeHA, TO HPOEKIMSA Pry
npomssefiennss T X I" ma T ectb (p (X p')-cobcTBeHHO® OTOGpaskeHme
m opry(p@p)=apn, rme a=p’ (7). IHoxyunrs orcoga OpuMep
(» @ p')-npeneGpesxumoro moumuoKecrsa w3 I X T, Tpoeknus KOTo-
poro Ha T He ABAAETCHA -H3MEPUMOI.

2) llyete T — wmurepsamr [0, 1] m3 R, namenxeHHENT Tomosorueii,
mEAynupyemoit touoxorneid R, m 77 — mutepsan [0, 1] us R, napmenen-
HENI JUCKPEeTHOH ToMoaoTHeil; mycTh, majee, B ecThb Mepa JleGera Ha T,
1’ ecTh nMCKpeTHas Mepa Ha 7', oIpeneieHHAs IPH HOMOIM Maccel -1
B Kajknoit Touke w3 T, ©# v = u Q) U’ ecTh Mepa-NpousBefeHne Ha X =
=T XxXT. .

a) Jas mwo6oro ¢t ¢ T MuOKeCTBO {i} M-IpeHeODERHMMO, a MHOMKe-
ct80 {t} X T’ yme He OyHeT v-TpeHeGpPerKHMEIM.

b) «Inmarosaaey A uz T X T’ (MuoKecTBO TO4eK (¢, t), THe ¢ Npo-
Geraer murtepBax [0, 1]) ects Takoe samrEytoe B I X T’ JOKadbHO
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v-TipeHeOperKIMoe, HO He V- HpeHe6pemnM0e MHOKeCTBO, 9ITO AdA JI0GOre
t €T cnpaBemmBo paBerctso P’ (A (f)) = 1, a mas mwoboro ' € I —

paBeHCTBO u(A ¢') =20 (cp. § 3, yup. 3).
¢) Paccmorpum ma npoctpanctse X X X = Y wMepy-mponsBefeHne
p = v @ v. IlokasaTs, 9T0 B Y cymecTByeT TaKoe JOKAJIBHO p—HpeHe6pe-

JKIMOe MHOMKECTBO A, 9To Aua joboro = € X mmoskectsa A (z) n Al(x)

V-H3MEPEMEl, HO He /JOKAaJbHO HpemHeCpesknmil (Ecam 2 = (¢, ¢), rae
teT, at €T, ro oumpegearunts A Tax, UITOOH A4 (2) comepKamao BCe
Togku (s, £) € X, rme 0 s < 1).

3) llycth 7 — 7OKaJBHO KOMIAKTHOE NPOCTPAHCTBO, W — IOJO-
JuTenpEas Mepa Ha T w f2> 0 — uncaosas ¢yHKOWsA, onpefeneHHas
Ha T. B mpocrpaucTe-mpomssefiennn I X R, qepes Dy o6ozratuM MHO-
JKeCTBO Tex Todek (f, z), Aas Koropux 0 <z f (t); ¢ gpyroir cro-
poHH, HycTh v ecth mepa JleGera Ha Ry.

a) Ilokasars, uTo Aaa Toro, 9TOGH f OHLTa p-uaMepHMa, HEOOXOAEMO
u JOCTATOYHO, 9TOOH MHOMecTBO Dy GHLIO M3MEPEMO OTHOCHTEIBHO MEpH-
npomseierHa A = | @ v. (Jl1A mokasaTemhCTBa HEOOGXOMAMOCTH TOKa-
3aTh, 4TO ecJM f W-M3MepPHMA, TO AJAg JI000ro KOMIAKTHOTO IIOAMHOMKe-
crea K ms T wmmomectBo Dy () (K X R;) aBagerca o6beguHeRAEM
A-npene0Ope:KUMOro MHOKECTBA M CYETHOrO COMEHCTBA MHOKeCTB BUIa
A X I, rme A ecTh pu-HaMepAMOe MHOMKeCTBO, a [ — mHTepBax #H3 Ry.
Jlma mokasaTeTRCTBA AOCTATOYHOCTH LHOKA3aTh, UTO ©CJAM YCIOBHE BHIIOJ-
HeHO, TO JJA aI00ro KOMOAKTHOIO HonMHOKecTBa K ®3 7 Halferca
TaKoe BCIOAY LaoTHOe MHOKecrBo H € R,, 9To mpm awbom o € H Muo-

smectBo K f1 ([, +o0]) p-msMepmMo: BOCHONL30BATHCA OAL BTOTO
CIIe[ICTBAEM W3 TeOpeMH 1.}

b) Ilorasats, 410 AAA p-mHTerpupyeMoctn QyHEUUH [ HEOOGXOAEMO
1 AOCTATOUHO, 9TOOH MHOKecTBO Dy GHIO A-MHTErpApYeMo, W TOTHE

A(Dy)= S f du. Kpome Toro, ecam yepes g 0603HaTeHa yORIBAIOMAA THCIO-
-1
Bag Qymxoua ma Ry, ompemensemas pamemctBoM g (f)=p (f([t, 4co]))

o0
(u, BO3MOKEHO, paBHam -co mpm t=0), ToO Sfdp:'g g (¢) dt.
0

4) Mlycre T marepsaxn [0, 1] 3 R m p—mepa JleGera ma 7. Ilycrs,
, k! 3 ” 3 1
aajee, KA A1060ro neaoron >0 Ay, = [27’2771["4"=[2n_+1"2n_4 [ .

H IycTh B TnpocTpaHcTse-npomssegeruu T XTI Bp=A, X Ap, By=
= Al X Ay, Ch=Ap X Ay, Ch =A% X A;,. Honoxum f (¢, t')=24"1 Ha
B, u By, f(t, t')=—4"t1 ma C, m Cy npm mioGoM meaoM n>0
m f(t, #)=0 B ocrampHX TouKax u3 T X 7’. IloxasaTs, 4TO ABa HHTEr-

paaa S dp (t) Sf(t, Yydu(t) m Sdu (t) S f(t, t')du (t’) onpenenenss
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¥ paBHH MeKmy coboil m, ogHako, QyHKumA [ He HHTerpnpyema OTHO-
CHTOJLHO MepH U Q) M.

%5) Uyers T w T’ — pgBa /JIOKAJABHO KOMIAKTHEIX HPOCTPAHCTBA,
§ — DOJOKHTenbHAas Mepa Ha 7 M p' — HoldouTeabHasa Mepa Ha T;
TIPeATIIONOKAM, 9TO JI0G0e KOMIAKTHOE HOAMHOMKeCTBO 3 I MeTpusyeMo.
Ilycts, maaee, f — Tanoe orobpaskemme Opoussefennss T X T’ B Merpn-
3yeMoe HpOCTpaHCTBO G, aro: 1° upm awGom t € T otobpaskenne &’ —
— f (¢, t') p'-usmepumo; 2° upu mobom t' € T’ 0T06pameﬁne t—~f (@, t)
menpeprsHo. IlokasaTh, uWTO LpH BTHX YCaOBMAX oOrolpaskeHme f
(b Q p')-m3mepuMo. (3aMeTHTh, UTO AJA JHOGOro KOMIAKTHOIO HOAMHOMKe-
¢rBa K u3 T cyswennme ¢ynrumu f Ha K X T’ cayuT IpefieaoM Ias
HeKOTOPOIl NOCAEAOBATEABHOCTH (U () W' )-M3MePHMEX (YHKIUIL )

°6) a) IIycrs T — JOKaJIbHO KOMIAKTHO® IIPOCTPAHCTBO, vV — IIOJIO-
sKurenbHass Mepa Ha T, J — mATtepax m3 R H p ~— TOxoMKHUTeIbHAA
Mepa Ha [, Jlamee, nycth A — Takoe MDOAMHOMKECTBO ILPOM3BeJeHMA
I X T, gro: 1° mpm awoGom z €1 cpes A (z) — T mHOMecTBa A 10 Z
v-m3MepuM; 2° OTHOMeHHe r < y BlIeueT A (z) < A (y). Horasare, uro
A (p @ p)-nsmepumo. (Caectn k caydaw, korma I m T KOMIaKTHEL, & W
€CTh paccesuRas Mepa; PacCMOTPeTh TAKYH BO3PACTAINYIO TOCHe0Ba-
TOABHOCTD (Zi) < j<p, TOTOK W3 [ C KOHIAMU Ty B Zp, ITO W (lzi, mi ) << e

apn 0 i< r—1, B Bulpars B [ X T pgBa moaMHOMecrBa B m C,
A3MepAMEE OTHOCMTeAPHO A = P @V ® ftakme, 970 B <4 < C
a A (C— B)<ev (D))

b) Bmmsecrm m3 a), uro ecam f ecTb Taxas onpefledenmas Ha [ X T
guciaoBag QGyHKUMA,. yT0: 1° Aas ramuoro z € I Pymkuma t — f (z, t)
v-mamepiMa; 2° Aas waxmoro ¢ € T dymkuma z — f (z, t) BospacTaer,—
T0 [ (W@ v)-usmepuma.

¢) Ilyerb g — Takas onpefenenHas ua /| X T uncirosas ¢(yHKIHA,
gro: 19 pasn Ramporo x € I $ynukunsa i — g (z, t) v-usmepuma; 2° pus
Rakgoro t — T QYHKUMA z — g (z, t) MOHOTOHHA. BEBecTHt 13 b), uTO g
(u ® v)-mamepuma. (IIyetse Ty, — T — MHOecTBO Tex ¢ € T, muana
KOTODHIX oTofpaskenne x — g (z, i) Bo3pacraer; HoKasarh, a0 Ty v-H3Me-
pusMo. Nas storo d060i wape (ry, ry) PAMOHANBHBEIX YHCeN ry < I'y M3

I conocTaBUTHh MHOMKECTBO, Dr1 rg TEX TOUCK t € T, aas KOoTOPHIX g (ry, 1) <C

< g (r2, 1), m BrIpasuTe Ty B Bujie NepeCedenns MHOMKeCTs D, . .)

°7) a) Oycts T m 7' — ABa JOKaJdbHO KOMHOAKTHEIX HPOCTPAHCTBa,
7 mycth I’ mMeeT cueTHHIt Gasme. Jasee, HyCTh [ — HOJOKUTENbHAsS
mepa Ha T, a u' — mwomoskurenbgas Mepa Ha I'. W Hawonen, IycTh
f > 0 — unciaoBas GyHknus, oupeferenHas Ha T X 7', orpaHHueHHAs
Ha JIOGOM KOMIAKTHOM moaMHOMKecTBe u3 7 X T’ m rtaras, wro: 1° mias

moura Beex ¢t € T dymruna ' — f (¢, t') p'-usmepmma; 2° muas m06oit
byaxomm k€ ¥ (') dymxuma ¢ — S f(t, &) () dp' (¢'), onpene-

JIeBHAA TIOYTH BCIOAY, p-m3mepnma. IlokasaTe, 9To OpH 3THX YCAOBHAX
CYINeCTByeT TaKad HaMepnMasa OTHocHTenbHo W Q p’ QyERus g, 9TO
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17 1ouTH Beex t € T paseHeTBo f (¢, ¢') = g (¢, t') umeeT MecTo BCIOAY,
KpoMe HEKOTOPOIo (3aBHCHMIETro OT ) p'-peHefPeRMMOro MHOKeCTBa A ;.
(Tlokasats, uwro Aus aw6oi ¢yukumu ¢ € & (T X T') ¢ymkmus ¢ —
— f (¢, t') @ (¢ t') p'-uHTErpUpYEMA [JiA HOYTH Beex ¢ € T u 910 QyHKIHUA

t— S F(t, t)o(t t')dn ('), ompefleleHHass WoYTH BCIORY, W-HHTe-
rpupyema; ncmoxbzoBars demmy 1 us ra. III, § 5, n° 1. 3arem 3ametnts,
qro q)—-»S dp (t)-g (¢, ') @ (¢, ') dp’ (') ecTb HonoKUTeABHAS Mepa Ha

T X I', umeroman OGazuc p Q@ W', m UpUMeHHT: TeopeMy JleGera —
HukomuMa; HakoHel,, BOCHOJb30BaThesA TeM ¢akrom, uTo B o4 (I”) cyme-
CTBYET CUETHOe BCI[y IIJIOTHOE MHOKEeCTBO.)

b) TIpenmosioskum, kpome Toro, ato I merpmayemo. Ilokasarth, uTo
ycxosus 3 a) GyNyT BEINOJHeHH, ecam: 1° 11 mourn Bcex t' € 7’ QyHK-
muA ¢ — f (¢, t') p-usmepmma; 2° AjA WouTH BCeX ¢ € T Qynkumsa ¢ —
— f (¢, t') HempepHBHa IIOYTH BCIOAY (oTHOcuTeabHo U'). (Mcmoamnso-
Bath ynp. 13 m3 ra. IV, § 5.)

¢) Bosbmem 7T = T’ = [0, 1] n npumeM TIHIOTe3y KOHTHHYYMa
(Teop. mu., ra. I1I, § 6, n° 4). IIycts 2 < y ecTh OTHOUIEHWE MOJHOTrO
yrnopsagodenys B T, IpH KOTOPOM He CYIMECTBYeT HAWGOJBINEro 3JeMEHTA
o IpH KoTopoM ain mw6Goro z € T MHOMKECTBO BIEMEHTOB z — z CUGTHO.
Moxasars, uro ecam B KagecTBe U = |’ B3ATh MePy JleGera, To xapaxTe~
puctungeckas QyHKusa f MHOKecTBa Tex map (¢, t'), B KOTOpHX t < t'

VAOBIETBOPAET YCIOBHAM U3 a), HO B TO jKe BpeMs S @ Yydp(@y=20

npn awGom ' €T n S f(t ¢)dp (¢') =1 opu mobom t € T,

8) Mycts T — JIOKAJBHO KOMIIaKTHOE HPOCTPAHCTBO, [ — WOJOKM-
TejibHa#g Mepa Ha 7T, 4 — JHCKpeTHOe HNPOCTPAHCTBO M A — Mepa Ha 4,
ompefleieHHass NPH MOMOMHN MAcCH 1 B Kakmoi Touke m3 4.

a) duas Toro 4Tobm oroGpaskenme f npomssegenus 4 X F B Tomo-
J0ruYecKoe OpocTpancTBo OrLI0 (A ) p)-H3aMepHMO, HEOOXOMMMO M AOCTa~
TOYHO, 4YTOOM NpA JI000M o € A orobpasemme ¢ — f (x, t) OwiIo
W-HBMEPIMO.

b) las roro urobm ¢ynkuus f, oupemesennas Ha A X 7T m UpAHH<

mawomas sHavenna B R mam B Gamaxosom mpocrpancrBe, Obura (A (R p)-
HHTerpHpyeMa, HeoOXOoMUMO B KOCTATOUHO, wTOOH: 1° dpynrmusa t — f (a, ¢)
BCIOly, KpOMe CUeTHOI'0 MHOKeCTBA SHa9eHWH o €A, o6pamanach
TOMECTBEHHO B HYJb; 2° mis joboro o € A pyurnusa t — f (o, t) Gouna

p-mHETETpHEpYyeMa; 3° BHIIOTHANOCH YCIOBHE Z S | £ (a, 2) | dp () <+ 0.
A

Jas Toro wroGar f Ghlra cymectseHHO (A Q) p)-HHTErpupyeMa, HeoHXo-

JEMO M JOCTATOTHO, YTOOH: 1° mis Kakpmoro o € A pynruusa ¢t — f («, £)
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GBIIA CYNMECTBEHHO U-HHTEIPAPYeMa; 2° BHIIOJIHAJOCh YCJOBHE

S (it otanm <o

oEA

S S fdhdp= D) S f(a, t)dp(2).

aE A

TOT A

¢) [Tyers X — noKaJbHO KOMIIAKTHOEe HPOCTPAHCTBO U (&, £) —- Py, ¢ —
ceMeHCTBO IOJOKUTeALHHX Mep Ha X (o €4, t €7). Iag TOoro 4roGH
ceMeicTBO (o, £) — Pg, ¢ GBLIO (A p)-corsacorano, Heo6GXOMHMO B AoCTA-
TO9HO, 9ToGH TP JI0GoM o € A ceMeHCTBO £ —> pg, ¢ OHIO P-COTIACOBA-

HO W 9TO0H ceMeilicTBO Mep ( Spa, ¢ du(t))asA OBLIO CYMMHPYeMO.

9) Myets w ¥ v—ABe Bo3pacraiomue PyHKIMN, HellPePLIBHEIE CIpaBa
ma R m raxme, ato u (0 —)=v(0—)=0. Ilyers, galee, w—BospacTaio-
mas yHKuUsg, HeIpepHBHAs copaBa HA R M 3agavHas COOTHONMIOHHAMM:
w(t)=u(t)o(t) gna t >0 nm w(t)=—u(t)v(t) gna t < 0; myers A, p
n v—wmepu CrmiTbeca, OTBedYawmue, COOTBETCTBeHHO, (YHKOOAM u, v
uw (§ 6, yup. 9).

Beskoit ¢yukumu f, onpepenennoii Ha R n HpmHEMawiell 3Ha4YeHns

B R nan B 6anaxoBoM HPOCTPaHCTBe F, HOCTABHM B COOTBETCTBHE (yHK-
IO f, olpeeeHHYIO Ha R2 ycaosusamm: _f(x, y)=£(z), ectu y <z,
i f(x, y)=1 (y), eciu y > z. Ilokasars, 910 mJIs TOrO, YTOGH T 6sua
v-AHTerpupyemMa, Heo0XORHMO H J{OCTATOYHO, wToGH f GEuIa HHTeIpH-

pyeMa  OTHOCHTeJILHO  Mepr-upomsBemeHEss AQ®W, ® YT0 TOrma
S fdv= S S fdhr dp (cHawaJa J0KAa3aTh 3TO JJdF XapaKTePHCTHHYECKHX

¢ynkuuii wHTepBaJ0oB). BrIBecTH oTCIOmA (opMYIy
S f(z)dw (z)= S f(x)v (z—)du(2)+ S f(z) u(x4)do(x).

B uwacrtnoctm, eciim u M v Henpepuignti Ha R, TO mMeeT MecTo (Hop~
MYAQ UHMEZDUPOSAHUA NO HACMAM
b b
S u(z)dv (z)=u (b)v(b)—u (a) v (a)— S v (x) du ().
a a
10) Myers 7 m X —Ba JIOKAJLHO KOMIAKTHEIX IPOCTpPaHCTBA, A—
HOJIO;KATEIbHAS MePa HA 7' M (L —Takas OrpaHNYeHHAs KHOJOKHTOIbHAA
mepa Ea X, uwro p(X)=1, ITycts, naxee, f >0 ecTh 9HCIOBAA QYHKU®SA

Ha T X X, mHrerpupyemas BMecte ¢ QyHknueil log / oTHOCHTeIBHO Mepmr
A& 1. Joxrasats HepaBeHCTBO

log(Sexp( S log f dp.) d?»)<§ (10g g fan) du
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¥ I[I0Ka3aTh, 9TO PaBeHCTBO MOJKET AOCTHIATHCH JUINL Adg QYyHKuuu f,
SKBUBaJeHTHOH $yHKIUN BHAA g X h (HPHMEHNTL HOPABEHCTBO A Cpej-
Hero reomerpuueckoro (ra. IV, § 6, yop. 7d)) maa mwGoro t€T
K Qynxiun
L it ).
{1, z)dh(2)

11) Hycrs p > 1 —xoHewHOe pgelicTBuTeabHOe umexo, 7 m X —7aBa
JOKAJBPHO KOMIAKTHHIX HPOCTPAHCTBA, A — IOJOJKHUTeJbHAas Mepa mHa T,
W — moJIo;KuTeabHas Mepa HA X U f 2> 0—onpegenennas Ha T X X QyHK-
nud, HHTErpupyemas BMecte ¢ fP OTHOCHTEJNBHO MepH A X W. JloxasaTs
HEPaBeHCTBO

1 1
)

(H(Jrafra)” < (1)

(Ina nwboro t€7T upuMmeHHTs HepaBeHcTBO I'éxbpepa K PyHRLUD
z —f (¢, r), 3aAaEHONi COOTHOIIEHNEM
1

@ 2)y=g(t, x) ( S o (t, z)dh (t))p—q’

rie ¢—TIIOKasaTellb, COLOPKeHHHII ¢ p.) Iloxkasath, dYTO paBeHCTBO
MOJKeT HOCTHIaThCA JUINb AJIA QYHKIOuN f, sKBHBAXCHTHOH QyHRIHR
Buga g h.
°12) Myere T; (1 i< n)—n JTOKAJIBHO KOMUAKTHAIX LPOCTPAHCTB
n | —unoaoxurencHas mepa Ha I (1 <i<Cn). Jlasa Kaskmoro MHEAEKCA
i wepes E; 0603HaAYNM IPON3BeAeHIE H T, uyers f; > 0— QyBRKUMA, H3Me-
jFi
n n
PUMAA OTHOCHTEJNBHO W= ® p; Ha T= H T; u He 3asucawas OT ty; IO-
i=1
Kasarb, 970 ecan wig 1<k <n PyHRUUA fh“l HHTETPHPyeMa OTHOCH-
TeABHO MePH Py &) «.. @ oot Q) NEa41 Q) - .- Q fn, TO PyHEUEA fifp...fn
{~WHTErpHpyeMa I

n 1

S fifor - fn dpg dpts. . .dpn < (kI_I1 Jk)""i,

€CaN OJA KAXKAOro HHAeKca k IOJOMUTD
n—
Jk= S itk ! d}Li. . 'dl“’h—i d}kh+1. v dp,n

(OpoBecTH HWHAYKIWIO 10 n, NpAMeHuB TteopeMy JleGera— DyGnam
a HepaseHcTBo I'&xpaepa).

Bumsectn orcoopa, 9ro ecim A ecTs p-m3MepHMOe HOJ.[MHO)KGCTBO nu3
T, A; — ero . mpoexknusa HA E; U ‘eciu A; WATerpupyeMo W UMeeT
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Mepy m; (OTHOCHTEIHLHO Mephl § n; Ha E), TO A U-HHTErpupyeMo
ikl

1
n—1
p(A) L mumy ... my) .
BriABATHL cJy9aii PaBeHCTBA B 3THUX JABYX HepaBelCTBaXx.
O6o0muTy Ha chaywall, Korja BMECTO n HPOH3BeleHHd W3 n — 1

n .
npocrpaners T; paccMarpmBaercs ( p ) DPOHN3BeJleHHH H3 p MPOCTPAHCTB

n
T; n worma Ha T muTerpupyeTcs IPOU3BCIEHHE (p ) TIOJTOKATENbHBIX

$yHROpH, HaKAag 3 KOTOPHIX 3aBHCHT TOJBKO OT p IePeMOHHEIX f;.
Hanpumep, moxasaTh, 9To ecan Fy;= T; X Tj(i < j) u ecuu f;; 3asu-

CHT JHIHIb OT TNCPEeMEeHHBIX f; H fj, TO
1

() n—{
S ( 11 fij) dpg dps. . . dpn < ( [T\ 727w duj) :
i<j i<j

°13) Hycrs (TL)LEI—ceMeﬁCTBO KOMIOAKTHBIX HOPOCTPAHCTB, W MTYCTh
aas xurporo v € 7 gepes p, o603HaveHa HodokATebHAA Mepa na T, ¢ obmeil

maccoii, pasHoii 1. Ilycts 7 ecTs nDpPOCTPANCTBO-IpPON3BENICHIE H T,
el
W Jl eCTh Mepa-MpoH3BefieHne ®ub Ba 7' (ra. I, § 5, n° 5).
VI

a) Tlyers pas mioGoro €7 dwepes K, 00603HaueHO KOMIAKTHOE
gogMHOKeeTBO u3 7, IIoKasaTh, 4d9T0 ecam K= HK“ To p(K)=

13

=[] m £

3

b) Iycrs M — romrtakTHO® mojmHOMkectBo M3 I' m u (M) > 0. IToka-
3aTh, YTO CYWECTBYET TaKoe cuemiuoe MOAMHOKecTBO J m3 I, 49TO ecin
monokaTy H=I—J, Ty= H Tupy=Q W B T'g= HTL, 0o MC

LeJ Led VEeH

C NXTg, rae N cCTh pj-H3MEpPHMOe TOAMHOMeCTBO H3 Iy, YAOBIAETBO-
psommee pasencTBY pg (NV)=p (M). (3amernts, 4ro pia JaoGoro n>0
CYIIEeCTBYeT OTKPHITAf OKPeCTHOCThH MHOMKecTBa M, sBiasfomascs o0befm-
HelmeM KOHPYHOTO YACJHA HJIeMEHTAPHHX MHOMKECTB, HMEIOmHUX Mepy,

1
orapyaomyncs ot u (M) meHee "em Ha - .) BmiBectn orcwia, 410 HaA

nouru Bcex z €N cpes M (z) C Ty (ecam orompectButs I ¢ Ipom3Be-
nenmeM T;XTp) CofepsKAT TPOW3BefieHWe HocHTededl Mep i pmas t€ H
(Bocmonn3oBaTbea Teopemoit JleGera — MyOunn).

¢) IToxkasarb, aro ecam I cuemno w ecxum mias JoGoro L€1 A, ects
Ju-M3MepUMoe TOJMHOKeCTBO M3 7., TO MHOMKecTBO A= H Ay p-mane-

vel
pumo 1 u(4)= H e (A).
WET

H. Bypbakn
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d) Hpennonomum, 710 I Hecuerno. 1lyctes gas moGoro €1 depes
Ay 0003HAUEHO [L,-H3MEPHMOe MOJAMHOMKECTBO H3 Ty. Jasa Toro 9rofn:
A:HAL ObLiI0 P-M3MepnMO, HeOOXOAHMO H MGCTATOYHO, HTOOH mMMe:d

VET
MECTO ONMH H3 CIeIYIOmUX ABYX clIytaes: 1° ” tw (Ay)==0; 2° 4, cogep-

terl
JRUT HOCHTEJNb MePEl Wi J[JIA BCeX HHJEKCOB U, KpoMe, OBITH MOKET,
HEKOTOPOTO CYeTOTO mogMmMHO:KecTBa w3 /. B karkpom ma aByx cayuwaes
aMeeM W (4)= H p (4v). (HIpemmodiosknB, YTO HM OJIHH M3 DTHX CIydaen
Lel
1e BHITOJIHAETCH, MOKAa3aTh, 9TO TOrJA MOKHO OrPaHHYATHCH PACCMOT-
penmenm ciaydas, Korga W (4) =1 npu sobom L € I. Ycronssys b), noxa-
3aTh, 90 HU A, HH 7'— A He MOryT COJIep:KaTh KOMIIAKTHOe MHO}KECTBO
¢ Mepoii, OTJINYHOH OT HYJIA.)

°14) HOycrs K — wunrepBax |0, 1] n3 R, A — mepa JleGera va K,
A —— HecyeTHOe MHOMKECTBO 1 | — Mepa Ha T = K4, sasanomascs
OpON3Be/[EHNEM Mep A HA K&KIOM M3 COMHOKHUTeeil.

a) IToxkasarb, 9TO BCAKOe B3aMKHYTOE wmempusyemoe IORIIPOCTpal-
ctBo X mpoctpancrBa 7 p-IOpeHeOpeskuMO (Hcloab3oBaTh ymp. 13b)
u yop. 11 u3 «O6meit Tom.», ta. 1X, § 2).

b) Ilyete Y — JIOKanbHO KOMHAKTHOE HPOCTPAHCTBO CO CUCTHEBIM
fas3ncoM, v — TIOJOMKUTEJbHAA Mepa Ha Y M 7T — Vv-CoGCTBEHHO® OTO-
Opaykenne mpocrpanctBa Y B 7. Iloxasath, 4ro o6pas 7 (V) HC3aBICHM
¢ | (HCIOIL30BAB a), MOKA3aTh, YTO Mepa T (V) COCPeNl0TOYCHA Ha [i-Ipe-
HeOPEKUMOM  MHOKECTBe).

15) Hyers (T1) g1 — DPON3BONBHOE ceMelicTBO KOMMAKTHHIX HpPOCT-

paHCTB, H HYCTh AJH KaMJ0To L €7 uepes |, 0G03HAYCHA IOJOMKUTEIL-
nasg mepa Ha I\ ¢ obmeil maccoil 1; nmycTh, majee, U ecrh MCpa-mpons-

BeleAne () o ma I'= H T.. Juaa moboro pasbucuus (L, M) wmuo-
VeI Lel
skecTBa I Ba nBa MHOMKeCTBa OTOKAecTBHM 7' ¢ mpomsBemerueM Ty, X7,

roe Tr= HT“ 771 11060ro ¢ € 77 MONOKUM If==pryt, TAK 910 ! OTOK-
teL

mectBaRercs ¢ (fL, tpr); OYCTH pp ecTb Mepa @ My Ha L. Myecrs p > 1
WL

— KOHETHOe JelficTBHTeNbHOR YHCIO0; A/ 060k dyaruun fus £P (T, p)
(F—0aHaxoBO  [POCTPAHCTBO mm F=R) monxouM  fr (i) =
= S f(tr, tar) dpns (Ear). Ioxasars, wro f7, ctpemmres x f 6 cpednen

ropadka p 00 $UILTPYIOMIEMYCH MHOMKECTBY KOHeuMbr MOAMHOMKeCTB L
w3 I, a f); crpemurest 6 cpednem nopadra p K OOCTOAHHON (yHKIUH,

pasmO# S fdp. (Tpubausnts § HenpepuBHON QyuKIHel, 3aBucALeld THIIb

OT KOHEYHOI'o 4HCaa HepeMBHHHX.)
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Brisectr orciofa, 4To eciam W-I3MepHMOe MOJAMHOKECTBO A 3 T-
TAROBO, 4TO AnA a0Goro ¢ € 4 BesgKam Ttoura ¢ €T ¢ KOOPRIHATAMII,
PAaBHHIMH KOOPIMHATAM TOUKI £, KPOMC KOMeuHO20 4YNCIA MHJEKCOB,
Takke nprHamaekuar 4, 1o audo u (4)=0, ando u (A =1.

°16) lyers (Tp)-—becioncunas HOCTACAOBATEIBIIOCTL KOMMAKTIILIX
MpOCTPALCTB, U, —MONOKHTeAbllAd Mepa ¢ odmiell maccoil, papmoil 1

0 oo
na 7, 0 p—Mepa-uponasejicnne () M, Ha T= I
n={ n=

Ty.
1

a) Ilyers f > O—p-unterpupyemas ¢yuxuus ua 7. Iyers (Ln)—
BO3pACTaIONIag HOCIeTOBATCABHOCTL (O;IMHOMKEeCTB W3 N, m, mojarad,.
90 Mp=N— Ly, uycrbg=sup f; , h==sup [, (obosnawenus ymp. 15).

i ‘n n n

[yers pas moboro o > 0 gepesd 4, obosnagzesno MHOMECTBO TOYEK ¢ € 7,
B KOTOpHX g (f) >, a uvepe3 By —MHOKRECTBO TOYER (€7, B KROTOPHX

I
h(@)>a. [Ilokasars, uTo a-p{4y) << S fdu n a-pu(Bg) < 5 fdu.

(Samemﬂ,, 910 Ay €CTh MIOMKECTBO TeX ¢ €7, Nla KOTOPHX 1O Kpaii-
Heit Mepe OffHO M3 JHaueHHH f; (f) >, W BHPa3UTL €ro B BHJE CUYET-
n

HOro ofTLejuHenus MHOMKECTB G, He WMEINUX MOuapue OOMHUX ToueK

H Takux, 4970 o-W (Gp) < S fdp.)
Gn
b) MpegmonoskuM, ato (L) ecTs Bo3pacTaiomiasg MOCICI0BATEABHOCT b.
KOHEYHHX moaMuoxxects H3 N, o0beAmHEHNe KOTOPHX cocTaBniaeT N,
IIorasats, 9TO /Ln CTPpeMHTCA K f HOYTW BCIOAY W YTO an CTpEMHTCSH

OOYTH BCIOAY K HOCTOAMIOIL S fdp ma T. (,[[Jm awboro £>0 pac-

CMOTpPeTh HENPepHIBHY IO lbyHHH,HIO, 3aBUCAMIYI0O OT KOHEUIIOro HHCIa&

HepeMeHHHIX U TAaKylo, 9TO g |f—gldun<e, a 3aTeM n0puMeHOTHL a)

K Qynxous |[f—g| )

°17) Hycrs (Tb),,
paHCcTB; MYCTh AJIA KaKAOro i €7 depes w, 0003HAYCHA [OJOKHTENbHAA
mepa Ha T\ ¢ obmleil mMaccol, paBHO# 1, W mycTh U ecTb Mepa-mpom3Be-

meHne (@ u pa I'= H T.. [axee, uycre pgaa awboro €17, f >0
(134 Ltef

— HPOR3BONBHOE ceMefiCTBO KOMITAKTHEIX apocCT-

ecTh ¢yHxkums Ha I\, W -WHTeTpEPyeMas M TaKasd, dUTO K‘ fudpy << 1

OOMOAKEM W, =fi-pu B p' = @ u, (ra. 111, § 5, yop. 8). Jomycram, dro

vel
p =%+ 0.
24%
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a) Jlns mo6oro KOHEeYHOrO IHOAMHOKecTBa J w3 I moaoskmm Tj=

= UT“ Bi= @ b W= @ up fg ()= U/‘t (pret), gr="V71n ny=
€S VET LEJ EJ

ZVHJH:I (65 n°9 upuy, H:]-):H:;(TJ):s grduy. Ilokasars, uTo
R?

A TOro, 4robni QYHKIHA g CXOAUJNCH, B CMHICIC CPefHero Ksaxpa-
THUecKOro K ¢yHknuu ®H3 L2(7, p) 00 YHOPAJIOYEHHOMY QHIALTPYIO-
eMyCH MHOMKeCTBY KOHEUHBHIX HOJIMHOMeCTB u3 I, neo0XomuMo B focra-
TOYHO, 9TOGH mnpom3Beflenwe dmced p (L, W) cxopmmockBRF, 1o ecTn
oo > 0. (OmennTth AAA IBYX KOHEUHHEIX HojpMHoEectB J, L, JC L,
nopsmy Ny (gy—gr) mpm noMomy o (j, W,).) BeiBecTn orciona, 4To TOTMA
dyuruun f; 6ynyr cxoxuThca B cpenHeM K dyHwumu f >0, ynosmer-
Bopsionel paBeHCTBY W' =f-u.

b) Tloxasath, uTO eCAH WPOU3BEjEHUE H P (M, U;) paBHO HYIIO, TO

LeJ

MepH p # P GyRyT HesaBHCAMEL (PaccMOTPeTh MHOMKeCTBO Aj Tex Todek
t €7, B KOTOPHIX gy () > 1, m ouenuts Mepn 1 (Ay) u p' (F'—dAy)).

°48) Mycts, B gomoanenue K obosmauvenuwsam ynp. 17, v, ccTb momo-
KurteapHag Mepa ua 7y ¢ obmell wmaccoil, paBmoii 1, @ mycrr v=
= ® V.

el

a) lowrasaTh, 4TO eCciom OfHA W3 MeP Vv, HesaBucUMAa C Mepoil w,
TOTO jKe WIJeKca, TO V HC3aBHCAMAa C [,

b) Jas mioGore €] momomuM vi=p, -+ ), rae [, umeer Gasmc i,
a u; Hesapucmma ¢ W (§ 5, Teopema 3); pomycTum, 4T0 ) == O npx
noGom t € 1. Tlorasars, 4T0 aag TOro, 4To0BI Mepa v He OHJa He3aBi-
cHMa ¢ [, HeoGXOMIMO H OCTaTOYHO, 9TOOH pi==0, HCKMOYasms HeKOTo-

poe cueTHOe CeMecTBO HICKCOB, W UTOOH INPOM3BeleNHo U = &) |/
3
OBbLIO OTINYHON OT HYJAA Mepoll ¢ GasmcoM [; Torda Mepa p'=v—u’

nesasucuMa ¢ U. ([lokasarn, 9To ecan uy =0 17 HeCUYCTHOTO MHOMKECTBA
UHJICKCOB, TO mafgercs Taxoe umeso o, 0< o< 1, 4ro gas GecroHeu-

HOro CHYGTHOT0 MHOMecTBa HMHIEKCOB L CTpaBejinBo HEPaBeHCTBO

y, (T, l)<oc; NnoKa3aTh, YTO TOTAA [ He3aBUCHMA C V, W DPUMEHHTH a);
7i

BTOPYI0 9acTb YTBeP;KeHBA TOKA3aTh NnpH moMmomm yup. 17.)

19) Ilycre I eccth yunopapodenuoe QUILTPYIOIEECH BIPABO MIIO-
JRECTBO | (Ta)aEI—ceMeiicmo KOMIAKTHHX MPOCTPAHCTB, JAA KOTo-
poro I caymwur mno:iectsom mHjpexcos. Ilyers pam mobofi maper (a, fi)
nnjercoB u3 / takoi, 9ro a <P, wuepes Pop 0003HAUEHO HenpepusHoe
copvermusiioe 0T00paKeHNe TTPOCTPAHCTBA Tg Ha Ty. Ilpeppomommm,
uto otHomeHHA o <P <Y BACKYT Qoy=0gpoPgy. Hycrs E= H Ta

atl
€CThb TPOCTPAHCTBO-NPOH3BCJAcHHe ceMelcTBa (I'y), H uycTh I' ecTh
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TMOAMHOKeCTBO U3 E, ABARiomeecs npoexmushum npedeaon (Teop. wma.,
ra. III, § 1. n° 12) cemeticrBa () OTHOCHTEABHO ceMelicTBa OTOOpasKe-
Al (Pop)-

a) Ilorazars, uro paa awboro a €l pry(7)=Ty. (Iaa nawoboro
Zoq € Ty m M0OBOTO copmepiKamero o KOHeYHOro nomMHOMKecrBa J ms [
paccMOTpeTh MHOMKecTBa Sy TAKHX TOYeK t:(tﬁ)ﬁa us E, 9ro tg =2z,

7 gro pas moboi mapH mAexcos (B, y) u3 J, YAOBIeTBOPAOMMX Hepa-
BerctBy B <y, {3=¢py (¢y); mOKasars, 9T0 B E MHOKECTBo Sy B3aMK-
HYTO H HE [IYyCTO.)

b) IIycts Ha KampoMm m3 T, ompefelieHa MOMOKMTENBHAN MePa [ig
¢ obmedi mMaccolf, paBHoll 1; mpepnomoKEM, 9T0 M @ <P Mo =Pap (1p).
ITokasaTh, 4TO €CIAA Qo O3HAYAET CY/KeHWEe HPOCKLUHME Pro Ha 7, TO Ha
T cymecrByeT, W DPATOM TOJBKO OfHa, TaKad Mepa p ¢ obmedl Maccol,
paBHOM 4, ITO po= g (W) maAa mwboro a€l ([laa caywas, xorma
f €% (T) saBACAT J@IUL OT Tex g, VA KOTOPHIX BeJ, roe J=
={B1: B2s -+, Br} ecTh KoHewHOe mOgMHOMecTBO W3 I, PacCMOTpeTh JUIA
mobore y €I, MaKOpHEpPYIOmeEro Bce B€J, ameno

S T @gyr(zy)s - Bp_y (29)) dity (z7)

M TMOKa3aTh, 4YTO OHO He BaBUCAT OT WHAEKca Y, MasKOpmpyomero J;
sareM HOPHMEHATH TeopeMy 4 m3 § 5 «O6med Tom.», ra. X.)



NCTOPNYECKAN OYEPK

(PJIABBI 11—V)

(Pumcrue nudpm orchnaT k 6ubimorpadum,
OMeINeHHOH B KOHIe HTOT0 OYepKa.)

Paspurue COBPEMEHHOTO WOHATAA HMHTerpaja TeCHO CBS32HO ¢ pa3BHTHeM
AOHATAA (QYHRIAN H ¢ yriyOjeHHBIM H3ydeHWeM YHCIOBHX (YHKIMH AelicTBn-
TedbHEIX TIePeMeHHHX, npoBopmBmuMcs ¢ Hadaza XIX Bewka. VMassecrmo, uro
ye Diimep M0CTaTOUHO IMHPOKO NOHAMAN (YHKIHH, IOCKOIbRY RIS HEro 3afaHme
«(IpOM3BONBHOIY KPHBOH, mepeceraeMoil J060H Hapalienbio K ocH Oy B efmH-
cTBeHHOII TOuKe, oppeneaseT QyHrRumo y = [ (z) (cp. PyHKuun KeficTs. mepem.,
Hcr. ouepk K raasam [ — III, crp. 195); Ho, Tak jKe Kak u GOJBUIAHCTBO €TO
COBPEMeHHHKOB, OH OTBepral JAonylleHme, 4TO TaKHe (QYHKIMH MOLYT OHITDH
BHPAKeHH «QHANATAYECKEY. JTa TOYKA 3PeHAs NOYTH He OpeTepriesa H3MeHeHHS
BIIIOTE fo paGor Dypbe; OTKPHITHE HM BO3MOYKHOCTH HPERCTaBICHHAA Pas3pPHBHBIX
¢yHKUAA B BAfe CYMM TPHAIOHOMETDHYECKHX DAROB *) OKazado pelalomiee Bims-
HOe Ha ciaefyionime moxogeAuAa. CnpaBefauaBOCTH pajid CiaelyeT OTMETHTh, YTO
ROKaszaTenbcrBa (Qyphe ObIM COBepIIEHHO JMIIeHH CTPOTOCTH X 06IaCTh MX
npuMeHeHas He OHLTA ACHO OYepdeHa; ORHAKO HHTErpalbHEE (OPMY.Ib

+n T
tn=ai S(P(z‘)cosn:tdx, b= S P(z)sinnzdz  (n>1), (D)

*) BmnpoueM, pedb HReT 00 COTKPHTHAW» JUOIb B CYTyGO OTHOCHTEIbHOM
cMBICTe: yKe Oiaep 3Hal pasNOKeHAA B TPHTOHOMETPHYECKHME PANB TaKux
HenmepuomYecKAx QYHKumil, Kak z 71 22, a Popmyas (1) mmeiorcs B paGore Kaepo
1754 ropa m y Ditnepa B memyape 1777 roga. Ho, B To Bpemsa xax B XVIII Bexe
BBy HELOCTaTOYHO SICHOT'O MOHHMaHMA TOro, 9TO O3HAYAeT PasiioyKeHUe B Psjl.
ipeHebperasyd TaKUMH PesyibTaTaMn B NpeOHBAIN B TBEPAOM yGerKIeHun 0 HeBO3-
MOKHOCTH HOMYIHTH NONOOHEe PasdilosKeHns [ «PaspHBAEX» ¢yHRunM, Qypee,
HAIPOTHR, OOBABIAET, UTO €TO PAa3NOo/KeHHsI CXORATCA, (Kakosa Ou Hu Goraa sadan-
Kaf EKpusas, omseiaowal P (r), KAE evipancaemas HEKOMODHM AHAAUMULECKUM
YDasHenueM, Mak U He 3a8UCAUAL HU OMm KaK020 npaguibiozo saronar ((uvres,
t. 1, Hapmwk, Gauthier-Villars, 1888, cip. 21v).
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BHpa;Kaomue KodQQUIueHTH pasioskeHns QyHkium ¢ B psg Dypre, mMenn
AHTYNTABHO OYeBHIHLIA CMBICT B TOM cIydae, KOrfia ¢ HeNpepHBHA B KYCOYHO
MOHOTOHHa *). lIMeHHO TakuMu QYHKUZAMA A OrpaHHYEBaeTcA BHagaxe Jlupuxie
B cBoeM 3HaMenmToMm Memyape (II), rme om morassiBaer cxomumocth psina @ypoe;
HO B KOHII¢ paloTH OH Yie 33aHAMAeTCA pacCIpOoCTpaHeHHeM CBOHX Pe3yabTaTOB
Ha Gosee MIMpOKHMe KiaacCH QYHKumA. V3BecTHO, 4TO Kak pPa3 B CBASH C 3THM
Hupnxue, yrounaa ngen Pypbe, paer ofmee MoHATAE QYHKIAA B TOM BHAE, KaK -
MH [IOHAMAaeM ee Tenepb; B MEpPBYIO ouepeflb, eCTeCTBEHHO, CICKOBAJO BLIACHHTH
BOIPOC, B KaKWX eme CIydaAX BO3MOKHO IpHfaH@e cMmEicaa dopmynam (1).
«Hozda wucao paspuigos (Pynsyuu @) beckoneuno, — ropopuT Jdupmxae ((I1),
cTp. 22),— mo HYyHHO MosbKo, umobul ynryus ¢ (z) ydosaemsopisa caedyroujemy
yeaosulo: kakogbl Ot nU Obiau dea Koauuecmea a u b, narodiwuguecs e npede-
agx —N U -7, gcezda mendy HuMu MOICHO ecrmagumb makue 064 Opysuz KoAU-
yecmea r u S, HAcmMoAbKo Oauskue, umo Gynryus ¢ (z) 6ydem Henpe pusHoi 6 npo-
mencymre om r 0o s. Heobzodumocmev smozo oeparuuenus Mol nouyecmeyem, ecau
npumem 6 coobpadcenue, wmo pasauunse usenn pada (Dypwve) npedemasasiom
coboli onpedesennble unmezpatsl, U 006pAMUMCRE K OCHOGHOMY onpedeseruio
uhmeepaaa. Toeda me ysudum, umo unmezpas GYRKYUU MOALEO ¢ MOM cayuae
uMeem cmbica, ecau ona yooeaemeopaem OAHHOMY ewle YCAOBUION,

B ¢oBpeMenHoM BHpakeHmHm [[mpuxie, CyniA OO BceMy, CUATAeT, 9T0 HETe~
TPAPYEMOCTh pPaBHOCHMALHA TOMY, 9TC TOYKH paspHBa COCTABIAKT HHTNEe HE
ILIOTHOe MHOKeCTBO; IPH 3TOM HECKOABKHME CTPOKamM# HIDKe OH CTpOUT 3HaMe-
HoTH npmMep (YHKIAW, paBHOH ¢ ANA PauMOHANBHEIX Z H OTIHIHOMY OT €
3HAYeHWIO d JJA z HPPANAOHANLHHX, U YTBEPKIAeT, 4TO «6 amoM cayiae pas-
AUNHBlE uHmezpaatl, éxodiwue ¢ pad, mepawom ecaruli cmvicar. Tyr e oH roBo-
par o ganbHeAmuX paboTax IO 3TOMY BoIpocy, HO OHM He OBUIM BHKOrga omyG-
JAKOBaHH **), 1, HO-BAANMOMY, B TedeHHE 25 JIeT HAKTO He IPeANPHHAMAJ HONETKA
AATH B 3TOM HanpaBnendd, OHTH MOMKeT, TOTOMY, YTO PAcCMOTPeHHE CTONb «IATO-
Jormdeckax» QyHKIMH Kasaloch B TO BpeMs JIHIIeHHEIM BCAKOTO HMpTepeca; BO
BesAKOM cay4wae, Korga B 1854 rogy Pumam ((III) crp. 225-—261) cmoBa ofpa-
TAJCA K BTOMY BoIpocy (OUfTh B CBA3M ¢ TPHNOHOMETPAUECKHMH DPsimaMm **¥)),

*y lna Dypbe mHTeTPal ompefelalcd elle IyTeM O0pamieHHA K IOHA-
THIO ILIOMARM; HANOMHAM, YTO aHalIATHIeCKOe ompeleleHAe HHTerpala Bejer
cBoe Hayano munrs or Komu (cp. @yEruan feiicTs. nepeM., VeT. odepk K raaBam
I—I11, erp. 196).

*+) Cymsa Ho HeKOTOPHIM (ZOBOJbHO HefACHEM) yKagaHHAM Jlunmuma (J. de
Crelle, 7. XIII (1864), ctp. 296; pycckoe m3paHme: JlemeH-J{upuxae,
Puwman, Junmun PasnoxeHme ¢yHKIHU B TPpETOHOMETDPHYeCKHe PpANH,
XapbroB, 1914, crp. 90—114), Qupuxie, OHTH MoeT, IMOJATal, YTO eCIH MHO-
JKECTBO TOYEK pasphiBa ABAAeTCA HHCAEe He IJIOTHHM, TO er0 «IpPOH3BORHOEs
MHOJKECTBO KOHEWHO, M, BO BCAKOM Ciydae, OH OrpaHHYHMBAJICA HCCIeJOBaHHEM
cayuas, KOTHA BTO MMEeT MecCTo.

***) Or J{upuxie p PEMaHa o HamI@X RHeH ME MOKeM HPOCIeHATEH 3Ty CBA3h
MeIy WHTeTDHPOBAHHWEM ® TeM, YTO Telepbh HA3HBAlOT (TAaPMOHHYECKHM aHa-
M30M», KA KOTOPOr0 OHO B HEKOTOPOM CMHEICHE CIYHT KPaeyroJbHEIM KaMHeM

24%
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TO OH MOYYBCTBOBAJ HEOOXOAEMOCTH 00OCHOBaThH CBOW paloTy: «... npu scem
HecosepuleHcmee HaWuxr SHAHUL 0 moMm, KaK CuUuAbl & COCINOAHUR MaAMePUU U3Me~
Haomea 8 GecKoHeuno Mas0oM 8 3agUCUMOCIIU om Mecma U epeMeHu, 8ce e Myt
Moxcem ¢ Yee PEHHOCMbBIO CHUMAMb, YmMo me gﬁyunquu, Ha Bomopble He pacnpocmpa-
naemca uccaedosanue Hupuzae, ¢ npupode ne ecr;zpelcaiomcﬂ». «Tem ne menee,—
IIPOJIOJKAET OH,— Hydcho Oymamb, ¥mo cayiau, we paccmompenube Jupuzae,
3acaymcueaiom HUMGHUR no deyx npuyunam. Bo-nepswir, Eak Yrasvieaem cam
Hupuzae ¢ Konye csoeli pabombl, Smom 6onpoc cmoum ¢ mecHelllell cessu € 0CHO6-
HBIMU NPpUHYUNRAMU UCHUCAEHUA OeCKOHEUHO MAARL W MOMHcem CAY UMD ons moeo,
umobkl npusecmu smu RPUHYUNBL 6 cOocmosHue Ooabiuell AcHocmu U onpedeaer-
Hocmu, C smoti MouKU 3peHud uccaedosarue ynomanymmx cayraes npe(?cmae./mem
nenocpedcmeenunii unmepec. Bo-smopuiz, oGaacmv npumenenus padoe Jupuzaie
He ozpanuyusaemcs OOHUMU AuWdb usuueckumu 3sadauamu;, smu  psadu npue-
rAWMCA Mmenepsb ¢ 60AbWUM YcnezoM U 6 00HOU obaacmu qucmoll mamemamuki,
@ UMEHHO 6 Meopuu Huced, U Mo¥cHO Oymamv, wmo adecy Kark pas me Pyuryuu,
npedcmasumMocmb KOMODLLT ¢ NOMOWbLIO MPULOHOMEMPUUECKUL pA00é He bbiaa
snacuena Jupurae, doancnst uzpamb useecmuyio poasy ((II1), crp. 234, 235).

Hnes Pumana cocrout B ToM, 9T00H HCXONHTH M3 NPONECCa NPHOIMMKEHIA
AHTerpana, BBefeHHoro Komm, M BHACHNTb, KOTFA «PUMARHOBH CYMMED (yHK-
IAH [ Ha orpaHmgeHHOM mHTepBaje [e¢, b] cTpemaTes K mpeReay (mpm Mawrcu-
MaAbHOH [JdHe HHTepBanoB pasbmemnsa, crpemameiicst & 0); sra 3agaua Obuta
aM Ge3 Tpyja pellleHa B caefyiomeidl gopme: aas nwboro oo > 0 mmeercs pasGme-
HAe uHTepBama [a, #] Ha 9YacTWYHEIC WHTEPBAJB CTONH Majoil MaKCAMAambHOI
JAJRHEL, 9TO CyMMa JIJWH HHTEePBAJOB M3 3TOTO pa3GueHns, HA KOTOPHX KojaehaHme
¢ynxumn f Gonsie o, ckomb yropHo Mana. Ilpm 2T0M OH YIOKa3BIBaer, YTO YCI0-
BAe BHUIOMHSETCS He TOJBKO /s HENpPepHBHEIX ¥ KYCOYHO MOHOTOHHHX (YHK-
nai, HO A Aas QYHKAH, KOTOpHe MOI'YT HMeTh BCIORY ILIOTHOE MHOMKECTBO TOYER
paspuiBa *).

Memyap Pmmana 6w ony6amkoBaH Jumib nocie ero cMeprH, B 1867 roxy.
OnHaro Ha ceil pas smoxa Geuna Godee GIaroNpHUATHON AJMA TAKOTO POAA MCcie-
JloBaHmil, u «wHTerpan PrMaHa» ecTeCTBEHHHM o0pasoM 3aHAM CBOE MECTO B TOM
pasBATHA MAell, KOTOPOe HPABENO K THIATEAbHOMY HW3YIEHHIO (HETPOPHIBHOCTI
dyHxumil meiicrBATeNbHOTO mepeMmenHoro (Beitepmrpace, 1o Bya-Peiimon, T'an-
Keab, [lmAm) n 3aBepmmiaock ¢ HaHTOPOM pacuBeTOM TeOPHHE MIIOeCTB. B Toii
dopre, B rarkoii PamaHoM 6BLIO [JaHO YCHOBYME WHTETPUPYEMOCTH, OHO HaBejlo
Ha UJIe1o «MephI» JUIA MHOMKECTBAa TOUEK pasphiBa QyHKIMA Ha WHTEpBaje, OTHAKO
RomaHo 6o npoifite moutn 30 meT, mpeske YeM ORIO HaifeHo yAo6HOe B IIONO-
TBODHOe ONpeReJeHHe ITOro IMOHSTHA.

llepBrie LOWHTKE B oToM HaupaBieHmm GbuiM mpepnpuHATH IHTOdbieM,
Fapmarxom n Hamropom (1884—1885); m3 Humx mepBhe ABa [AJd ONpeReNCHAS
«MEPE» OTPaHMYEHHOTO MHOKecTBa £ ws R paccmarpmBalor mHoectBa F o F,
COCTaBiEeHHBIE M3 KOMEuHOZ0 YHCIA WHTepPBaIOB, GepyT Aas Kampgoro F cymmy

*) Hanporus, I'. I[sx. Cmur omydamrosan B 1875 rogy mepBuil mpumep
¢yuKumn, He MHTErPNpYeMoH B cMblcae PrMana u mMelommeit HATIE He IIOTHOE MHO-
HeCTBO TodeK paspeiBa (Proc. Lond. Math. Soc. (1), 7. VI (1875), ctp. 140—133).
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RJAH COOTBETCTBYIONMX MHTEPBAJIOB W HABHBAIOT «Mepoily MHOKeCTBa £ HWKHIOK
TrpaHb 3TAX 9Yhcel; B oTauume oT HnXx KaHTOp ¢ camoro Hauama momepiaeT BCe
B npocrpaHcTBe R"™, paccmaTpmBaeT s OTpaHMYEHHOro MHOKeCTBa K @ jguas
o > 0 okpectHOCTH V (p) MHOmecTBa £, COCTOAmMYIO U3 TOUYEK, PACCTOSHHE KOTO-
pHX fo E He NPeBOCXORHUT P, B Oeper HIKHIOW IpaHb «06BEMA» OKPECTHOCTH
V (p) *). Ilpn srom onmpefenenun «Mepas MHOMeCTBa Oblia PaBHA Mepe ero 3aMbl-
KaHAA, OTKYHa, B YaCTHOCTH, CIeROBano, YTO «Mepay OOBEIWHEHHS J(BYX MHO-
ecTB 0e3 o0mMX TOUEK MOIVIA OKa3aThCH CIPOTO MEHBIIE CYMMBL «Mep» OTHX.
RBYX MooskecTB. Her COMHeHHs1, 4TO HMEHHO [Js Toro, 49To0H m3GaBHTBCA OT
3TOr0 HOCHefHEero 3aTpyAHeHHs, HeCKoAbKNMu rofamu mnosxe Ileano (V) u Hop-
mag (VI), mapsamy ¢ «uepoiiv Hamtopa p (4) MHOKecTBa A, CofepsRamerocs
B Kupnuie [, BBOXAT CBOW «BHYTpeHHOK Mepy» U (I) — p (I — A) m gpawor
Ha3BaHHMEe (H3MEPHMBIX» TeM MHOKecTBaM A (Ha3hIBaeMEIM Telepb «KBaj(pupyc-
MEIMA»), 1A KOTopHX oba »THx umcaa cosmafaior. Torfa obbefmHenme ABYX
KBaJIpEpyeMEIX MHOKeCTB A, B Gea o0mmx TOYeK RBajpUpPyeMO M B KadeCTBe
«MEDBDY MMEeT CYMMY «Mep» MHOKeCTB A W B; ofHaK0 OTKPHTOE OTpaHHYCHHOe
MHOKeCTBO MOKeT ¥ He OBITH KBaJpUpPyeMBIM ¥ MHOKECTBO PAHOHANBHEX YHCEN,
CONlep:KAMAXCA B OrpAaHMYCHHOM HHTEPBale, Toe He OymeT TAKOBEIM; 3TO B 3Ha-
qUTENbHON Mepe JUNIaA0 WHTepeca mousitme Ileano — JHoprnaHa.

Toabko 3. Bopeaw (IX) npmrajuaeskmT Ta sacayra, 9To OH CyMed pacrio-
3HATh HEOCTATKM NPERHUX ONpeNeJeHWH M YBHTed, KaK HX MOKHO yCTPaHHTh.
Haunnasn ¢ Kantopa, 6BLIO M3BECTHO, YTO BCSAKOE OTKPHTOe MHO)KectBo U m3 R
ABISIETCST CYETHHIM OOBeJIHHEHHEM CBOMX (KOMIOHEHTY— OTKPHITHIX HHTEpPBaJOB.
pomapHo 0e3 ofmuX TOYEK; M BMeCTO TOro, YToOm NHTAaThcsa mpubGamsuts [/
«M3BHE», 3aKII0Yas ero B KOHEUHYIO MOCIeN0BaTeJbHOCTh HHTEPBanoB, Bopess,
ONUpasch Ha HpefbIymHA Pe3ynbTaT, Hpejiaraer B3ATh B KaUyecTBe MEePH MHO-
mecrBa U (Korja oHO OTPAHAYEHO) CYMMY [UIMH €TI0 KOMIOHEHT. 3aTeM OH OYeHb
KOPOTKO **) ouyepumBaeT KJIacc MHOKeCTB (Ha3BIBaeMBIX € TexX HOp «Gopemes-
CKHAMM»), KOTOpHE MOKHO HONYIHTH W3 OTKPHITHX MHOMKECTB, HeOoTpaHMYeHHO
HOBTOPSA OHEPalMA CYeTHOTO ofbenmueHHss W «pasHoctmy A — B, m ykasmBaer,
9TO [JA 9THX MHOMECTB MOMKHO ONPEREeNHTh Mepy, o0nalaionyio QyHiaMeHTalb-
HBEIM CBOICTBOM noawoli addumugnocmu: €CHH TOCIeROBATEABHOCTH (A,) COCTOMT
U3 MONapHO He IepeceKalIIuXcs O0OpeNeBCKUX MHOMKECTB, TO Mepa HX oGbenu-
HeHEmA (IPEAIOIaraeMoro OTPAHHUCHHHIM) paBHAa CyMMe Mep CIaraeMEHIX.

3T0 onmpefeieHie OTKPHLIO HOBYIO 9Dy B aHalAW3e: ¢ OTHOIL CTOPOHH, B CBS3I
¢ coBpeMeHHEIME eMy paGoTaMu Bapa oHo mpexcTaBasio co0oi OTHPaBHYIO TOUKY

*) Kaurtop He jaeT TOYHOro OOpefeeHAs ITOro «obreMa» B OTpaHAIABACTCH
YTBEPIKIEHAEM, YTO eT0 MOMKHO BHYACINTL HPU T10MOm KPaTHOTO HMHTErpaia
((IV), ctp. 229—236 n 257—258). Jlerxo BumeTh, npuMeHss TeopeMy Bopems —
Jlebera, uro ero ompepeieHHe SKBUBAJEHTHO onmpefeneHnio llToabna — IapHaKa.

**) B vor moment Ras Bopeas Mepa 6Hia JAmIik TeXHHIECKAM CPelCTBOM
AJST M3Y9eHHS HEKOTOPHIX PSNOB panuOHATbHHX (yHKIMiL, ¥ OH CaM HOAYepKH-
BaJ, 4YTO B 3ajauaX, KOTOPHE OH paccMaTpUBaer, IOJe3HOCTh Mephl CCHOBaHZ
Ha TOM, 4T MHOecTBo HeHymeBoil Mepsl mecuetHo ((IX), eTp. 48).
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AN 1eNoil cepHM HCCIEROBAHUH TOMOMOTHYECKOIl IPHPORE Ho KiIaCCHMKAAR
TOYeUHBIX MHOKeCTB, HO TIaBHEIM o6pasoM SBHIOC, 0a30i [As pacHiupeHus
TOHATHA HHTErpana, ocyIecTBAeHHOIo JleGerom B mepBhie roghi XX Beka.

B csoeii gnccepramun (Xa) Jleber HaunHaer ¢ yTOUHeHHs W PasBATHA CiKa-
‘THX yRasaHmil 3. Bopens; mmurupys merof Ileano — MMopaana, on ompeZRensieT
«BHEIIHIO Mepy» OTpaHM4YeHHOro MHOMeCTBa A — R Kak HIDKHIOW TpaHb Mep
OTKPHTHX MHOMKECTB, cofep:Rammx 4; 3areM, ecldm ] eCTh OTKPHITHI MHTEpBaJl,
comepsrammii 4, To «BHYTPEHHSAs Mepay MHOKecTBa A olIpefenserca Kak pas-
HOCTE BHEITHMX Mep MHOecTB [ m I — A; Takmm 06pasoM OH moiyyaeT LIOHATHE
«A3MEepAEMOro MHOMKeCTBa», KOTOpOe OT NepBOHAYANBHOrO (KOHCTPYKTHBHOIOY
onpefeneHnd Bopeisa oTamyaeTcsi JuMOIb TO0ABICHHEM HEKOTOPOl YacTH MHO-
ecTBa, MMeEIOMIETo Mepy Hyab no Bopemo. 910 onmpeieineHme TOTYaC Pacmpo-
<TpaHserca Ha mpocTpaHersa R7; rtakmM ofpas3oM, cTapoe TONKOBaHHMe OIIpe-

b
JelleHHOro MHTeTpaJa Sf (¢) dt oT moNOKMTeABHO# OrpaHWYeHHOH QyHKRIAE

a ’ .
Kak «IIOWa/ify, OrPaHAYCHHON KpuBoli y = f(z) m npAMEIMU z = q, z = b
n y = 0, cpasy Ke JaeT BO3MOKHOCTh PaCHpPOCTPaHHUTh HHTerpand Pmmada Ha
sce QyHKIHY f, AXA KOTOPHX Mepa IPefbIYIero MHOKECTBA OKA3HIBACTCA Ompe-
AemeHHod. OgHAKO OPUIHHANBHOCTH JleGera He CTONBKO B Hee BTOrO0 pacuimpe-
HAs *), CKONBKO B OTKPHTHM M QYHNaMEHTANLHOH TEOPEMH O mepexome K mpe-
Jely B TAKOM HHTerpaje — TeopeMbl, KOTopasd BOSHHKAA Yy Hero B KauecTBe
ClielicTBHA NOAHOH afRNTHBHOCTH MeDH **); OH cpasy Ke HOAMETAI BCIO e¢ 3Ha-
YATENBHOCTH M Cfleflall eeé KPaeyTONbHEIM KaMHeM JHIaKTHYECKOTO H3JI0KCHHA
cBoel Teopum, KoTopyio oH Aaa B 1904 roxy B sHaMeHMTHX «JIerumaAX o6 mHTe-
I'PHPOBAHUM ¥ OTHICKAHWH NPAMHTABHHX QyHRumiy (Xb) ***),

*) HesaBucamo ot JleGera V. I'. IOHT upumeHWN Ty Ke AHen K nony-
HenpepsBHEIM QyHKnuaMm (XIa).

*¥) YacTHBEIL cay4dail 3TOH TEOpeMH, B KOTOPOM HAET pedb o HOCAed0Ba-
TeJbHOCTH (PYHKUMH, WHTerpHPYeMHX B cMHCIe Pumana Ha KoMOaKTHOM HHTep-
Baje, PaBHOMEDPHO OTPAHAYCHHHIX U AMEIOMAX IPefes], HHTETPHPYeME B CMEICIe
Pamana, 6bi1 Roraszan Apmema (VII).

*#%) Cpepm Hambolee BajKHHIX CIeNCTBHil DTOH TeopeMs B oGmieit Teopmn
WHTErpupOBaHUsA HeoOXolumMo, B YACTHOCTH, YIOMAHYTH Teopemy EropoBa o cxo-
IUMOCTH HOCIHefOBaTenbHOcTed wm3MepmMmux ¢yurmmis (XVI), YTOUHARIIYIO
Gomee panume samevama Bopeast m JleBera. C mpyroit CTOPOHH, H3MEPUMEIS
(umcioBre) QymKnEA OHuIm BHaYame ompepemeHsl JleGerom TIpA OOMOINA TOTrO
CBOHCTBa, 49To ANA Takol Qynkumd f mpoobpas mpm orobpasKkeHny f BCAKOTO
nHTepBana u3 R ABAseTcs @3MepmMEIM MHOKecTBoM. Ho HaumHag ¢ 1903 rofa
Bopens u Jleber ofparunn BHEMaHWe Ha TOIONOTMYCCKHE CBONCTBA DTHX ¢yHK-
nHil; OHE GBLIM B MX COBPEMEHHOM B ONpeeqeHbl Burann, roropsii B 1905 roxy
{X1Ia) BoepBrie cOpMyIMpOBaJ CBOHCTBA H3MEPUMEIX (YHKHMIH, KOTOpHIE ME
UpHHAAN B RawecTBe ompefedenus B raase 1V, § 5 (ora Teopema 6nina BHOBB
daiifiena B 1912 rogy JlysumbM # maBectHa OGHMHO HOF €ro HMEHeM).
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M= He nMeeM BO3MOSKHOCTA NOIPOGHO ONMCATh 37ech Te HEMCYMCIAMEIE yCHe-
XH, KOTOpHe TIOBJAEKIA 3a Coboll peaynabTaTH JleGera B M3yUCHHW KIaCCHYCCKHX.
33/1a4 HCYACHCHAA GeCKOHEYHO MAJbIX; MHL §yfeM HMeTh CIydail OCTaHOBHTHCA
HA HEKOTOPHIX W3 HHEX B mocaepylomux kaurax. Cam JleGer yske B CBoeil quccep-
TAIM®M [PUMEHHEJ CBOIO TEOpHI0 K pacHpOCTPaHeHH) KIACCHYCCKUX IOHATHI
IAAHE B IJIOIDAM Ha MHOKecTBa 0Ooiee obmiero Bupja, 4eM OOLIYHBIe KPHBEHe
M TOBEPXHOCTH; HAJIOKEHHIO CYyIeCTBEHHOTO DPasBHTHS JTOH TeOPHN B TeueHUe
HonyBeKa NOCBAIeHa HenapHo Bumrenmas kuura JI. Yesapm (X XVI), K koropoi
MH ¥ OTCHLTaeM THTATedA. ¥ HOMAHEM TaKiKe OPHIOKEeHHT K TPATOHOMETPHYECKAM
psapam, paasateie JieGerom (Xc¢) mouTn cpasy e HoCHe ero AACCEPTAlAA M OTKPHIB-
TIpe s BToH TeopHn HOBHE TOPA3OHTH, ECCISNOBaHAE KOTOPHIX [alleko oT 3aBep-
meHAsA A B gawd gHA (cM. (XXV)). HaxoHen, u rnaBHEM o0pasoM, omnpepeneHne
npocrpaucrs LP n teopema @umepa — Pmceca ((XIII), (XVa) m (XVb); cp.
Wer. ouepx ¥ HHATe V) oCBeTHIN poab, KOTOPYIO MOTAO0 MIPaTh B PYHKIMOHAIb-
HOM aHajm3e HOBOe MOHATHe WHTErpajia, poib, KOTOpas YBeNIWYNBajiach C Jajib-
HefiaMuA 0GOOmEHAsIME 3Toro HMOHATHA, O KOTOPHIX OyjaeT cefi9ac WATH pedb.

Ilpesk@e MH OCTRaHOBEMCHA HECKOJNbKO mopgpo0Hee Ha OnHOK w3 3ajady,
K KoTopeiM JleGer OTHOCHICA ¢ HAWGONBIIAM HHTEPECOM,-—HA CBASH MEXRIY
OOHATHAMHU mHTerpana W mpuMmutuBHOi. C ofofimeHmeM BBegeHHOTOo PmMaHOM
AHTETPaNa eCTeCTBeHHO OHJO IOCTaBUTH BONPOC O TOM, COXPAaHATCH /M KJIac-
CHUecKOe COOTBETCTBHE MEKIY HHTerpajoM M IPHMHUTHBHON, CHPaBeinBoe
Iy HeOpepHIBHHIX (YHRuni, npd mnepexoxe K OGoxee ofmumM caygasMm. Ho
JerKo YKasaTh OpuMepH QyHKu@i f, AHTerpupyeMHX B cMHcJIe Pumana

u TaKMX, 4T0 f(t) dt He mMeeT B HeKOTOPHIX TOYKaX NPOM3BONHON (m gaske

R R

HU TpaBod, Hm JdeBoii) (ep. Oyurkuunm peifcrs. mepem., ra. II, § 2, yop. 1);

obpatHo, Boanreppa B 1881 rony mowrasanm, wro gyHrums F (z) MomKeT HMeTh

Ha mHTepBaje ] orpaHAYeHHYIO HPOHW3BOAHYIO, He HHTeTPHPYeMyi0o (B CMEICle

Pnmana) ma I. IlocpencTBoM odeH® TOHKOI'0 aHadmsa (Tje OAHOH TeopeMH

0 mepexojie K mpejeny B mHTerpalie RadeKo He poctatoyHo) Jleber mpmimesn

K [0Ka3aTednCTBY TOTO, 4T0 eclH f mHTerpmpyema (B ero cMeiciae) Ha [a, &),
x

TO F(.r):S f(t) dt mmeer mouTH BCORY Opom3BopHyio, pasHyio [(z) (Xb).
a

OGpatno, ecim PyHrmA ¢ auddepennmpyemMa Ha [a, b] m ecim ee NPOM3BOX-

Haa g’ =[ ozpanuuena, TO f HHTETpHpyeMa W wmMeeT MecTo dopmyna g (r)—
X

—g(a)_—.g f(¢) dt. Oguaro JleGer oGHapysma, 4To 3a7a4a Oyger 3HAYATENHHO-
J .

Bomee cao:kuoil, ecam g’ He Oymer oI'DaHUYEHHON; B DTOM ciydae g’ MOKeT

He GHTh WHTETPHPYeMoH, W CTalo GHTh, B MepBYIO ouepells HATO GHIO 0XapaK-

TepU30BaTh HelpeprBEbe (GYHKOUA g, JJIA KOTOPHX g’ CYMmEeCcTByeT [IOYTH.

Belofy B WHTerpapyema. OrpaHHumBOINCH ClOydaeM, KOFja OfHO 73 HPOM3BOJ--
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HHX gnced *) QyHKIEH g KOHEUHO Beiofy, Jlefer mokasan, uro g Bcerja 6ymer
$yHEnmelli ¢ orpaHHYeHHEIM u3MeHeHHeM **), HaroHen, OH ycTaHOBHI pe3yib-
rar, o0parHHi dToMy: QyHKuUAA g ¢ OrpaHMueHHHIM H3MeHCeHHEeM HMEeeT IOYTH
BCIOLY TPOHM3BONHYIO, W g MHTErpHpyeMa; HO COOTHONICHHE

g@)—g(ay=\ ¢ (t)dt @2

[~ B

MOMKET y)Ke He BHIIONHATHCHT; PA3HOCTh MeKAY OGeNMEH YacTsMH HTOrO COOTHO-
UIeHMA ecTh QYHKIUsA € OTpaHHmYCHHHIM U3MeHeHNeM, OTIHYHAas OT HOCTOSHHOI
I WMeIOMAas [109TU BCIOAY NPOM3BOANYIO, PABHYIO HYNIO ((CHHIYAspHad» (QVHE-
nus). OcraBanocs oxapakrepu3oBaTh Takue (YHKIAM ¢ OTPaHUYEHHBIM H3Me-
HeHWeM, MJA KOTODPHIX CIPaBelINBO cooTHoileHme (2). JleGer jpokaszam, 4YTo 3To
$yHKuUMA (fa3BaHHBe Burtanu, noppoGHo U3y4yaBHIAM HX, «aGCONIOTHO HelpPephIB-
HhiMA»), o0lajanlige CAe[yIONUM CBOHCTBOM: NOJHOe H3MEHEHHe (YHKUHHA g
Ha OTRPHITOM MHO;kecTBe U (CyMMa HOJHHX M3MeHeHHIH (QYHKIHA g Ha KaKnoil
U3 CBABHBLIX KOMIIOHEHT MHoKecrBa U) crpemurcsi K 0 BMecTe € Mepoil MHOmKe-
ctea U.

Hmxe MH yBHIMM, Kak, B ocmabnennoii dopme, aTH pe3yabTaTh Haiiyr
ropaszno Gomee ofiee mpmMeHeHme. B mepBoHadanbHOM Ke BHfe IOJe HX MpH-
JOMKEeHNIl OCTaeTCs JOBOJALHO OTPAHNYCHHHIM H He BHIXONNT 3a PaMKH «TOHKOI»
Teoprr (QYHKI®HA [efiCTBUTENBELIX EPeMEeHHEIX M OCTAIOTCH BHe IJIAHA 3TOTO
tpakrata. TO 3Ke caMoe € emie OOJNLIINM OCHOBAaHMEM MOJKHO CKasdTh O J[alb-
HeiillleM Pa3BUTUA TeOPHM NPHMHTHBHEIX; MEl OIDAaHMYMMCH YIHOMHHAHHMeM 37eCh
rayGoxux pabor Jawxya m cro coparamioB m uociaefioBareneit (Ileppom, [e
ma Baane-Ilyccen, Xuwmumn, JlyswH, Bamax m 1. 1.); mogpobGHoe malomeHHe
aToro Bompoca 4mrartenb Haimer B xumre C. Cakca (XXIV).

OIHO M3 CYmeCTBEeHHEIX JOCTI)KEHHI, BHeCceHHHX Teopmeil Jlebera, Kacaerca
KpaTHBIX HHTErpanzoB. ITo HoHATHe OBIO BBefeHO B cepefmme XVIII BeKa,
BHauaje B BUAE «HEOHMpe[eJeHHOTO HHTETpasay (0 AHAJOTHM ¢ TeopHell mHTe-

rpaia QYHKIWE OXHOTO NepPeMeHHOTo SS f (2, y) dr dy o3Hadaer pemenne

*) JIpaBRIME HPOUIBOSHBIMU uHcAaMu QYHKHMH g B TOUKE z HA3HBATCA
zBa mpepema lim (g (z--h)—g(z))/h m lim (g (z-+h)—g (2))/h. AHamormuno
h=~0, h >0 h—0, h >0
OHPeIeNAITCS JNeBble NPOU3BORHHE YHCIA.

*#) 9tn QyHRuum OHIE BBejeHH JHODRAHOM B CBABH CO CHIPSIMIEHHEM KpH-
Beix (VI); oH morasald, 49T0 MOMKHO UPHUHATHL CAEAYIOOIAEe ABa SKBUBAJEHTHHX
onpefedenns: a) f ecTh PasHOCTh ABYX BO3pacTalomuX QyHrumi; b) nas mwboro
pasbuenmst mHTepBaja [a, b] KoHe4HON BO3PACTAIMIEH HOCHENOBATENLHOCTLIO

n
TOUCR (Zi)pgcjcn © @=%o, b=z, cyMma 2 | f(z:)—f (zi_y) | orpanmuena
i=1
MHCJIOM, He 3aBACSIIUM OT paccMaTpHBaeMoro pasbuennsa. Bepxusaa rpams 3tax
CYMM Ha3bIBaeTCA HOJHBIM H3MeHeHmeM Qyuxmuu f Ha [a, 8].
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ypaBHeHAA

a(z;zy = f (z, y)); ogHaKo ¢ 1770 rofa Diidep nMes o4eHDB sICHOe LIper-
cTaBJeHMe o BOHOM HHTeTpale, PacCOPOCTPAHeHHOM Ha (OTPAHUMYECHHYI0 RyraMm
aHAMUTAYECKAX KPABHIX) 00JacTh, W 1aJ NPAaBAABHYIO QOPMYNY IJA BRYACICHHS
TaKoTO HHTeTpajda npm NOMOMM ABYX HOCIeXOBAaTeNbHHX HPOCTHIX HHTErpa-
JgoB (1). 31y QdopMyny HeTPyIHO YCTRHOBHTHL, MCXOIA H3 «PUMAHOBHEIX CYMM»,
ecIid mHTeTpHpYyeMas QYHKIKA HeIpepPHBHA ¥ 00JaCTh ONPe/eIeHAs He CIUIIKOM
CHOMKHA; HO KaK TOJBKO MBI 3aX0THM HOMONTE K OGomee o6mEM ciyuasM, OPORECe
Pumana BeTpeuaeT cepbesHhle TpyRHocTH (f (z, y) MomeT OHITH HHTerpmpyema

B cMbicie Pamana Ges toro, 9ro0H S dz g f (z,y) dymmes cMBICH, KOTTa IIPOCTHI®

gHTerpankl fepyTcs B cMbicie PuMaHa). ITH TPYAHOCTH HCUESAIOT, eCad MepeiTn
K ompefeinennio JleGera, KoTopHil moKa3and y:Ke B CBOeH AUCCOPTaNAH, YTO eCam
f (z, y) ects orpanmyennas «pymrmus Bapa», To Tarumu ke OyayT u QyHKIAX

y — f (z, y) (up: aw6oM z) 1 = — S f (z, y) dy u Gymer cupasegiuBa GopMyma

SS f(zyy)dxdyzgdzgf(xvy)d!/ (3)

(duTerpal OepeTcd OO NPSAMOYTONBHHAKY).

Hemuoro mospmee @ybmam (XIV) momyuma BaskHOe JOIONHEHHE K ITOMY
pesyibTaTy, [OKasaB, UYTO ecOd IMpeANonaraTh TOABKO HHTETPHDYeMOCTH
GyHKUUA f, TO MHOMKECTBO TeX z, B KOTOPHX QyHEUAsA y — f (z, y) He mHTerpu-
pyema, EMeeT Mepy HyJb, 9To cpa3y HO3BOJAET PAacIPOCTPRHATL HA DTOT CAydal
Gopmyny (3).

Haxonen, B 1910 rogy (Xd) JleGer mpHeTynua K pacmpOCTpaHEHHIO HA KpaT-
HEle MHTETPANbl CBOUX Pe3yIbTaToB O IPOH3BONHHX NPOCTHX HHTErpatos. Tak,
04 ¢BsI3aJ ¢ yHKUHZe# f, HHTeTpUpYyeMoi Ha mi06oM KOMIAKTHOM NORMHOMKECTBe

u3 R", dynkyuro muoxecmea F (E) = K f (x) dx, olpenmeneHHyI0 [as gw0Ooro
E
AHTErpEPYeMoro noaMHo:kecrBa £ m3 R™ u 06o0malomyio mOHATHE «HeoIpe-
NeJeHHOTO WHTerpaja»; B CBA3H C BTHM OH OTMedYaeT, 4TO 9Ta QYHKUMA obiamaer
cAeNyOMMME IBYMA cBoiicTBamd: 1° oHa BIONHe a/IATABHA; 2° oHa «aGCOJIOTHO
HempepHBHaY B TOM cMHCcHe, yTo F (E) crpemnarcs kK O BMecTe ¢ Mepoil MHoKe-
crea E. 3HaunTenbHas 9actTh Memyapa JleGera CocTOMT B JTOKasaTembCTBe mpej-
noskenus, oGpaTHoro BHIeyrasaHdomy *). Ho oH He orpaHHumBaercst aruM m
0TMeYaeT BOSMOMKHOCTH 0GOOIIeHMS B TOM ke HAmpaBIeHAW HNOHATHA (QyHKgHE
¢ OTpaHAWYCHHBIM N3MeHeHHWeM, paccMmarpuBas Qymkimum F (E) msMepHMoro MHo-

JKecTBa, BIOJHe aJHTABHEE W TaKue, ‘ITOZ | F (E,)| ocraercs orpaHmdeHHOM

n

*) 3To J[OKa3aTedbCTBo IIPOBOJETCA B OCHOBHOM IIDH LOMOIIM TeopeME
0 TOKDHITHH, KOTOpas HECKOJbKO mpedpe Omia fokasama Buramm (XIIb
7 ocraeTcd QYH/IaMeHTaJbHOH B 2TOM Kpyre BOIpPOCOB.

25 H Byp6akn
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A1 nGoro cueTHOro pasCHeHWs MHO:KeCcTBa F Ha M3MeDHMEle I0ZMHOKeCTBa
E,. 11 ecim 0oH Ha caMOM fele OrpaHMYMBAETCS TeM, 4TO PAacCMATPHBaeT TaKue
QyHKUAN SMIDb Ha MHOMKeCTBe «Kupnmueii» m3 R", To COBepPIIeHHO fACHO, YTO
OCTAeTCA CHeJiaTh BCETO OfMH IIAT, YTOGH! BIIOTHYI NOROHTH K 06IMeMy TOHS-
THIO MEDH, KOTODYIO DpefcTONT onpefernnTs s{. Pamory B 1913 rony, canB Boenn-
HO mHTerpan JieGera m mHTerpan CTmaTheca, 0 KOTODOM Mbl TeNePh JOJIKHK
BeCTH pedb.

* *
*

B 1894 ropy T. Crmirthec ony6ameoBada mof saraasmem «Hccaenosammsa
0 HenpephIBHHX Apo6ax» (VIII) ozens cBoeoGpasHbiil MeMyap, B KOTODPOM, MCXOMs
#3 BONpPOCa, BHEIIHe BeCbMA YacTHOTO, OH CTABHT M C PeJKNM H3AMECTBOM DelaeTr
3a7ia9l COBCeM HOBOTO THIA B TeOPHH aHANMTHICCKUX QYERNAR m GYHKUmIl feil-
CTBHNTENBHOr0 mHepeMeHHOTO *). CTpeMach wm300pasnTh npefle] HEKOTODOH HOCIe-
JA0BaTeJbHOCTH aEanuTHIecKnx ¢ynKnmit, CTHATHEC LHONYTHO IPUIIEN K BBEleHA0
HA I[pAMON NOHATAA <DPACIpPEfeleHUsT IOJOMKATENbHOH MACCHNY— MOHATHSA,
¢ laBHHX NOP CTapmiero OGKHYHHM B HayKkax (H3N49ecKnX, 4 B MaTeMaTHYeCKHK
BCTPe4aBHIerocs 70 JTOT0 JNIIb NPH OrPAHAYATEIBHEIX YCAOBAAX (00HMYHO —
cymecTBoBaHNe B NM1000il TOUKe «IJIOTHOCTHY, MeHFIONelicA HeOpepHBHHEM oGpa-
30M); OH 3aMeTHj, 49TO 3a/laHie TaKOIro DpacupefieleHWsa PAaBHOCHJIBHO 33aHHI0
BospacTapmeidl ¢yExuum ¢ (r), 3agaomeir ofmyn Maccy, cofepskamyncs Ha
nATepBane ¢ Kornamm 0 m r opm x >> 0, m sTa Macca GyneT mMeTh JPYroil smak
naa z << 0, a TOYKH paspHBa QYHKINH ¢ COOTBETCTBYIOT MaccaM, «COCPEIOTO-
9eHHHIM B Of{HOIl Touke» **). Torma CrmaThee CocTaBaseT Mis TAKOTO paclpefie-

JeHNsa Maccw Ha uuTepsane [a, b] «PUMaHOBH CyMMED Z T (&) (@ (zi41) — @ (1))
i
M IOKa3HBaeT, IT0, KOTJa f HepePHBHA Ha [a, b], 9TH CyMMH cTpeMsaTea K mpe-
b
neay, KOTopHil oH ofosHa%aer Q f () do (z). Imes HaloGHOCTH B MHTErPHPOBA-
o
a

HAW IAMb HeNPepHBHHX (n paske Auddepernmpyemux) ¢ymarnmii, Cruarbec
He NpOfoJKaeT M3y4eHHE HTOrO HHTerDaxa **¥), m B npoJo/KeHMe TBeHATHATH

*) Umenno, HapsAly C IPYTAMEA 3afagaMH TaM cPopMyampoBaHA M pelmeHa
3HaMeHNTasa «pobiema MoMeHTOB» (cp. Ucr. ouepr k Kumre V).

**) CrmaThec emmie He fedad PasdiAdAA MeKAY PAasSHLIMH BANAMH HHTEpPBAJOB
C ONMHAKOBLIMU KOHUAMH @ H b, 4TO NPHUBEJO er0 K YTBepP:KIEHAI, 9TO B TOIKAX
pa3phBa ¢ YHKINAN ¢ 9aCTh MACChl, COCPEIOTOYeHHAA B ¢, IPHHALIGIKAT AHTED-
BaIy C JIeBbIM KOHIOM ¢, @ OCTambHas 9acTh, COOGPasHO CO 3Ha49eHmEM @ (c),—
HHTEPBAJNy € UPABLIM KOHUOM c.

*#%) Onnako neo6XoANMO OTMeTHTh NepBoe NodBienme y Crmarbeca wien
«cxopmmocti» tocnemopateawnoctn Mep ((VIII), crp. 95; B geficTBmTeabuocTn
peus HmIeT O cuabhoM Mpefiele), i
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JeT 910 noHsithme He npnBiexaer BEmManusA *). Ho B 1909 rony ®. Prcc (XVe),
pelias 3afauy, IOCTABIEHHYI0 3a HECKOJIBKO JeT A0 Toro Apmamapom (cp. Her.
b
ogepk K Kemre V), foxasaa, uro materpanasl Crmartbeca f — S f dp aBasoTes
a

caMhME OfmUMH HeDDePHBHHMHA JMHeHHEHME (YHKIHOHAIAMA Ha IPOCTPaH-
crBe @ (/) HeupepHBHHX unciaoBHX Qyuxunit ma I = [a, b] (upuzem € (I)
HafleJeHO TONOJOIMed DaBHOMEDHOH cXopuMocrtnm) **); H3AmecTBO M OPOCTOTa
9TOr0 pesyabTaTa IOYTH Cpasy Ke TODOKAAKT pasandanle oGobmennsa. CaMmM
ypausgeM Grito 1O, Kotopoe paxm jH. Pagom B 1913 ropy (XVII): xoMGuamnpysa
naen @, Prcca n Jlefera, om moxasaa, Kak, HONb3yach KOHCTpYKumeit JieGera,
onpeje]nTh MHTErpaj, NCXOHs W3 HEeKOTOPOH NPOW3BOABLHOH «BIOIHE aIJ(HTHB-
HOHl (yHKUAM MHOMKECTBA» (OUDeleJeHHOH HA MHOKeCTBaX, W3MEPHMBIX OTHOCH-
TeabHO MepH JleGera), BMeCTO TOro 4TOOH mcXognTh n3 MepH JleGera. Bo Beegen-
HOM TakmM cmocoGoM IoHATEH «MepH Pagonay» Ha R7” copmepxuTca DomsTtHe
$yHKIEA «C OrpaHW4eHHEIM M3MEHEeHHeM»: pasfmeHwe Takoil (yHKnmm Ha pas-
HOCTH [[BYX BO3PacTawInX (QyHKumii npeacraBiseT cofoil ZacTHHI cmydail pas-
6ueHNs MepH HA PA3HOCTh JBYX IOJOKATENBHHX Mep; TOYHO TaK jKe «Mepa
¢ GasmcoM [» COOTBETCTBYET IOHATWIO «alCONIOTHO HeNpepHBHOIY (GYHKONH,
a pa30neHNe NPON3BOJBLHON MeDH Ha MeDYy ¢ 6a3mcoM |4 M Ha Mepy, Ha3aBHCHMYIO
¢ u,— pasbmennio Jlefera QYHKIMEM ¢ OrpaHUYcHHNM H3MeHOHAEeM HA CYMMY
aGCoNTHO HeNpepHBHOH (yHKuHM H «CHHry’AspHOi» ¢yEKunmn. Kpome Toro,
PasioE nokasai, 9T0 «IIOTHOCTHY OTHOCHTENBHO [ MEDH ¢ 6a3ncoM | CHOBa Cyme-
CTBYET, €CIH | eCTh Mepa, HMefomasn GasucoM Mepy JleGera; 1Jis 9TOTO OH HCHORD-
30Ban npexHiOL mHren O, Pncca (Bo306HOBIEHHYH N Da3bsACHEHHY NO33H
Hapapy c¢ ppyramu Jx. ¢oE HeiiMaHOM),COCTOAILYI0 B TOM, 9TOGH MOCTPOHTE:
o6pa3 MepH y upn oroGpaskernn 6 npocrparcrea R™ B R, BLGpaHHOM Tak, 9To0H
0 (u) Guno mepoit JleGera ma R (cp. ra. V, § 6, yup. 8).°

loarn cpasy e mocme BRIXopa B cBeT MeMyapa PajoEa ®pellle 3ameqael.
9TO NOYTH BCE Pe3YIABTaTH 3TOH pabOTH MOryT GHTH pacOpPOCTDAHEHHW Ha CIY-
9aii, Korjfa «BIOJHE ANJNTHBHAA (YHKUHNA MHOMKECTBA», BMECTO TOTO 9TOGH OHITE
onpefleicHHON s N3MePUMBIX IIOMHOKOCTB mpocTpaHcTBa R™, ompejesneHa
75 HEeKOTODHX IOJMHOKECTB IIPOM3BOJBHOTO MHOIKecTBa £ (3TH TOAMHOMKe-
CTBa TAKOBL, YTO OIEpPanun CYeTHOro OOBOJMHCHNASA W (PA3HOCTHY CHOBA HamoT
MHOJKECTBa, [Jf KOTODHX (YHKums oupefeineHa). OnHAKO BHpa)KeHHe MepW

*) OpHaro oHO ofperaeT sHauenme HadmHaa ¢ 1906 roma Graromapsi pas-
paboTre I'manGepToM M ero mMKomoi CHEKTPAIbHOI TeOPHH olepaTopoB. VIMeEHG
(2g)*
af
Ka)KyINecsa Ha NepBHii B3rasy Goxee o6mmMu, geM nETerpan Crmiarbeca; OZHAK(-
B felicTBATeIbHOCTH, KaK nokasana B 1912 rogy Xau, oHH CBORATCA K HeMY (3To-
9aCTHHE CIyYaW MOHATAA «PYHKUMH Meph»; c¢p. ra. V, § 5, n° 9).

#%) B srofi pafore NoABaneTca Tak:Ke W NOHATHE WU poKozo Ipefelia mocie~
AoBareabEOCTH Mep ((XVe), crp. 49).

nada arod Teopun B 1907 ropy Xeanmerep BBOZUT TaKme MATETPAJH, Kak S

25%
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¢ 6asmcoM | B BHfe 8- U ocHOBaHO y JleGera m y PajjoHa Ha paccysieRnax, cymme-
CTBeHHHIM 006pa3oM HCIOIL3YIOMAX TONOJOTLHI0 MpocTpancTBa R™ (m MH Bmjenw,
4TO J0KA3aTeAbCTBO PajjoHa NPHMEHMMO TOABKO TOrfa, KOTja WM eCTb Mepa,
AMefomasn cBonM Gaamcom Mepy JleGera); m amms B 1930 roxy O. Huropnm (XX)
HOJYYII 3Ty TeoPeMy B 00IeM BHze IyTeM IPAMOrO PACCYKIeHHs (3HAYATETLHO
VIPOINeHHOr0 HeCKONBKHMH rogamMm nosmxe . ¢or HeiiMmanom Gaarogaps
HCIOJb30BAaHMI0 cBoiicTB mpocrpaderB L2 ((XXII), crp. 127—130).

C memyapod Pagoma ofmas Teopus MHTEIDAPOBAHWS B OCHOBHHX 9epTax
MOMKeT CYMTATLCA 3aBePIIeHHOH; B KadecTBe (ojee MO3MHMX CYMECTBGHHHIX MpH-
o6pereHnii 3acCHy;KUBAKT YNOMHUHAHAA JHUb OOpefeseHne GECKOHETHOro Mpo-
a3BefieHEna Mep, OpnHajae;xamee [lammento (XIXDb), m onpepenenme mHTerpaia
OT QYHKRUME cO 3HAYEHWMAMH B $aHAX0BOM IPOCTPAHCTBe, jfaHHOe LoxHepoM
B 1933 ropy (XXI) m gBaAomeecs BBejeHAeM B m3yyeHne «ciaaboro METerpamay,
KOTOpHIM MHI GyfeM 3aEmMarhesa B raase VI. OcraBaioch cffeaTsh HOBYK TeOPHIO
o0mefoCTyNHOI W WIPeBPATHTH e B [AefiCTBEHHLIN MaTeMaTHIecKWil aumapar,
Korga GonpIMHECTBO MaTeMaTHKOB K 1910 rony eine Bufeno B «uaTerpase JleGeras
JInIb AHCTPYMEHT BHICOKOI TogHOCTH, Tpelylomnil yMeaoro ofpameHEnsa W Ipej-
Ha3HauUeHHHIH JHIOb [Jisi HCCIENOBAHMI HCKAITATEJBHO TOHKHX W B BHICIHEH
cTeneHn abCcTpaKTHHX. 9To Grlo npopenaHo Kapareopmopu B kHmre (XVIII),
JI0JITOe BpeMs OCTABABIICHCH KJIACCHUSCKON W 00OraTHBINEH K TOMY e TeopHhIio
PasoEa MHOTOYHCHEHHHMH ODHIAHAJBHEIMA 3aMe9aHAAMIL.

lmerHO B 3TOH KHWre MOHATHe HMHTerpajia, KOTOpOe CTOSA0 Ha IePBOM
nnage y JleGera (0 ZeM JOCTaTOTHO SICHO TOBOPAT HA3BAHUA ero JUCCEPTAINH
(Xa) m ero ocHOBHO# pafoTH 10 3TnM BompocaM (Xb)), Buepsse ycrynmao mep-
BeHCTBO NOHATHI0 MepH, KoTopoe 6nuto y JleGera (Tak ke Kak fo Hero y fHop-
JlaHa) BCIIOMOTATeJbHEIM TOXHAYECKHM CPeCTBOM. ITO M3MEHOHMO TOYKH 3DeH:s,
Ges commeHms, cBasaHo y HapaTeopopnm ¢ TeM YpesMepDHEIM 3HaTeHHEM, KOTODOE
OH, MO-BUAMMOMY, UDHABaJl «p-MeDHEIM MepaM» *). C TOro BpeMeHN aBTOPHL
paboT 1m0 METerpHPOBAHAI0 Pa3NeNNINCh MEIY STHMH ABYMA TOYKAME 3DeHHSA,
BCTyIas NOf49ac B CHODH, KOTOpHle 3aCTABIANH JHTHCH MHOTO He KDOBH, HO
gepHEuA *¥). OfHEN U3 HAX caefoBann Togke speHnsa Kapateomopu: B mX paforax,
Bce Gomee afCTPaKTHHIX M aKCHOMATHIeCKAX, Mepe, CO BCEMH CONPOBOKIA0-
'MUMH ee TeXHHYIECKHMH TOHKOCTAMH, He TOJALKO NPHIABANACH JOMIHADYIOMAA
POIB, HO elIe I TyBCTBOBANOCH CTPEMJIEHNe NOPBATh ee CBA3b ¢ TOMOJOTHIeCKAMNA

*)} Peas mper 05 0600mennnr MOHATAS (EJANHLL IIIOCKOH KPHUBOI» Ha npo-
A3BONbHEE 3HAYEHAS 7 W p DPA3MePHOCTH OKDPY/KAMINEr0 M H3yIaeMoro Lpo-
CTPaHCTB, pasyMeercs, npepmomaraercs, yTo 0 < p < n, HO He Bcerja p upej-
moxaraercs UeiaKHM. JTOT BOIPOC CAYKHWI NPefMEeTOM paboT MHOro9NCIeHHHX
aBTopoB, Haunuaa ¢ MmaKoBCKOTO, Hapareogopu n Xaycaopda; cam sx. JleGer,
KOTODHIA BHISIBHJI YACTHHG CIYYal B CBOeH WCCEPTalUy, BIIUMO, HaXOIU1 B HeM
JINMb CN0Cof MOBePrHYTh NCOHTAHNI0 MOMHOCTL ODYKHS, KOTOpOe OH BHKOBAJI.

#*#) Cp. peuensnio Il. XanMoma Ha nepssii ToM atoii KEurnm (Bull. Amer.
Math. Soc., T. LIX (1953), crp. 249) u peuensuio K. Ibenonne Ha KEATY Meiiep-
ropepa (tam jxe, 1. LIX (1953), crp. 479)
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CTPYKTYpaMm, ¢ KOTODHIME OHa B JIeliCTBHTeJIBHOCTH OHUIa CBA3aHa B OONBITMH-
CTBe 3af1a4, B KOTODHe OHa Bxofmia. J[pyrme paGoTH, Kak HACTOAIIMH TPAKTAaT,
caenyior Gojiee man MeHee TOYHO MeTOAy, yike yrazagHoMy Y. I'. JOHroM B MeMya-
pe, KOTOpHIit, K HecuacTho, Mano nasecteH (X Ib), m pazsnTromy 3arem J[anmenem.
Hepprii, manaras maTerpan Jlefera, MCXoAuT m3 «MHTerpaia Hollm» oT Helpe-
PHBHHX (YHKOHA ¢ KOMIAKTHEIM HOCHTENEM, IIPeAI0IaraeMoro N3BeCTHRM, ITOGH
3aTeM ONpeje/NTh IOCAe0BATENbEO (KaK MH femanan 5To B ra. 1V, § 1) Bepxmmii
HHTEIpaJl 0T LHONYHeNPePHBHKX CEN3Y QYHKuMIA, 3aTeM OT IPOH3BOJBHHX YHCIO-
BEIX QYHKUHH, OTKYAA caejyeT OUpejeNeHre NHTeIPAPYeMEX QYHKININ, H10CTPOSH-
Hoe 1o obpasiy ompepenerns Jleera 17 MHOMOCTB IPH IOMOINA TACTO «PYHK-
OAOHANBEHX cpeficTey. B 1948 ropy Mammens ((XIXa); cp. (XXVII)) pacopo-
CTpaHAET BTO HM3JIOKEHHe ¢ HeKOTODHIMA M3MeHeHHsAMH Ha (QYHKIHE, onpejelieH-
HHe Ha NIPON3BOJBHOM MHOKeCTBe; IJaBHRM ero JIOCTOMHCTBOM GELIO BHIABJIEHUE
ponm, Koropyio mrpaer B alerpakTtHON Teopmm ycxosme (MA’') m3 ramasm IV,
§ 1, n° 5 (koTOpOe He MOkeT MOABIATHCA C TOH jKe SICHOCTHIO B TeopmH Mep Papo-
Ha, Ijfie 9To ycaosme, Gaaropaps TeopeMe [{nHM, BHIOOJHSETCS aBTOMaTHIeCKH).
B ToM ske mopsagKe njeil (1 B TeCHOH CBA3HM C MeTOHAMH, HCIOJb3yeMHMH B CHEK-
TpajabHOI Teopun no I'eandanna) Ham HymHO TakiKe orMmeTnth memyap O. Pnc-
ca (XVd), xoropuii B c;xaToil m m3AmEOE ¢GopMme mamaraeT HEKOTODHE De3yib-
TATH TEOPHH YIODSAJOYEHHHX INPOCTPAHCTB, HIPAIOIUX pPOIL B TEODHH WHTeE-
rpupoBaHNsA; B riase [] MH 7oBoABHO 6AM3K0O NpHAEDKHUBAMUCE er0 H3JIO0MeHHA.

Ho me B onmcarenbHHX paGorax, Gojee WM MeHee NDHATHHX IJA 9TeHH,
coflep;KaHAe KOTOPHX, 110 CYIIECTBY, Maj0o MEHSeTCs, a CKOpee CO CTODOHH IDH-
JIQ}KeHNH Clefyer NCKaTh Iporpecc, JOCTUTHYTHI B Teopnmn NHTETDHDOBAHUA
HaumHasa ¢ 1920 rofa: Teopmsa BepoaTHOCTeI (Gepymas HAgajI0 ¢ 3arafgoK H Iapa-
JOKCOB W CTaBllasg BeTBhI0 TeODHH NMHTETPHPOBAHAA MOcie ee aKCHOMAaTH3ALNH
Hoamoroposemm (XXIII), HO BeTBBI CaMOCTOATeNBHOH, €O CBOMMH MeTOfaMH
7 cBOMMH cOGCTBeHHEIMH 33jladaMn); BProfiuecKas Teopus; CIeKTpajJbHasA TeODUA
H TapMOHMYeCKHI aHaanm3 Hoclle OTKPHTAA XaapoM MeDH, HOCAIMeH ero mMs,
¥ BRI3BAHHOIO STHM OTKDHTHeM HADAaINWBaHWA HIed cfenalil MHTErPAN OLHHEM
n3 Hanbosee BOKHBIX OPYAMil B TEOPHNA IPYNN. JTHMH BOIPOCAMHA MEl I 3aKOHINM
HacroAmuil 0gepK; HeKOTOpHe A3 HAUX OYAYT M3J0KeHH B IOCHeAYIONNX IiaBax
nIp KHATaX,
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ONPENEJIEHAA T'JIABBI I

Onpedeaenue nocumeas Gyunryuu:

Iycrs E — IOKagBHO KOMIaKTHo: IpocrpaHcrBo n f — orobpamenne E
B BekTOpHOe upocrpaHcTBo F. Hocumesem Qyaxnuu f BasuBaercs 3aMLIKa-
HHe MHOKecTBa TeX z C E, B roropux f (2} 5= 0; ero JoIOJHeRHeM ABIACTCA
HauGoabllee OTKPHITO® MHOMecTBo, Ha KoropoM f (z = 0.

Onpedeaenue wmepbi:

NMycrs E—nokanbEo KOMOAKTHOE IPOCTPAHCTBO # o4 (E)—BeKTopHOE
mpocTpaHcTBo (Hajg R) HenpepsBHNX Ha E 9ucHOBHX YHKOUA ¢ KOMIAKTHBIM

Hocurelem. Mepoii wna E uasupaercs JuHeiiHas ©§opMa f—»u(f):-Sfdu

Ha o4 (E), yHoBIeTBOPAIOMAA CIefyIOIeMYy VCIOBHIO! AlA JI000F0 KOMIAaKT-

Horo MHoKecTBa K (C E maiijercsa Taxoe WHCAo ay > 0, 9TO [JIsf BCAKON QYHK-

nun | € 5% (E) ¢ HocureleM. comep:kamuMcs B K, BHIIOJHSIETCS HePaBeHCTRO

()] <<eag sng | f(x)]. 9T0 ycumoBme 3aBesoMO BHIIONHSIeTcd, ecldm JauHeliHas
X

dopma p Ba £ (E) raxoBa, uro p (f) >0 muas awboit dyuxnmn f >0 us & (E);
TaKad Mepa | HABHIBAETCA no40McuMmerbHoil,

Mepu na E ofpasyior BexropHoe mpocrpasctso off (E) (Hag R). Beaxas
Mmepa p Ha E Moer OwTs BammcaHa B Bajge p==pt—u~, rge p* m p~ moxao-
SKATEIBHEH w [T 3amaetca ¢opmynoi

pt ()= sup ug)
0<g<f, g€ (E)

naa nwbGoi ¢ymrpum f>0 ms & (E). Honaraor {u|=pt4p-, m Torma

lpl()= sup pig .
|g1<t, g€ (E)

nast aioboi pymkmum [ >0 n3 o4 (E).

Onpedeaenite HOPMbL MeDbi:
Ecit nmmeerca Mepa | HAa JIOKAJALHO KOMIAKTHOM NpocTpaHcTBe E, TO
H0pMoil MEDHL U Ha3HBAGTCA HOIOMATETbHOE (KOHegHoe 1M OecKOHeuHoe) YHCI0

Ipli= sup [ ()= sup fulh.
fi<t, re#(BY 0< 21, feX ()



Hopma meps p paBma Hopme meph [p |, m [[p|f=Ipt I+ {p” K
FOBOPHT, 49T0 Mepa 13 oZpanuierna, ecay ee HOpMa KOHedYHa.

Onpedeaenue mocumeas Mepul:

Ecam ®a JOKaabHO KOMUAKTHOM IpocTpaHcTBe E 3alaHa Mepa 1, To
nocumesem MEDH [i HA3HBAGTCA JOLOIHEHNE TaKoro HauGolibIlero OTKPHTOro
mrOomecTBa G, aro qisa mobo# $yrxnun f € 9% (E), HocuTeab KOTOpoil comep-
smares B G, p (f) = 0. Jas roro 9ro0H T04YKa 7y € £ npmAajIeiana HOCH-
Ten10 Mephl [, HeoOXOMMMO M JKOCTaTORHO, JTOOH A Jw0bolt oxpecrmoctm V
TOYKM z; CYMECTBOBaAa TaKasd HeUp pHBHAA JACIOBam QYWKnHa [ ¢ mOCHTe-
aem B V, 9ro u (f) #= 0.

Onpedesentie unmezpasa 0m Henpepusroil sexmop-Pynrylu:

IIycrs p — Mepa Ha JOKATLHO KOMIAKTHOM ITpoCTpancrse K nt'lf‘ — oTne-
JAMOe JIOKAILHO BHIIYKIOE IPOCTPAHCTBO, VIOBIETBODAIOMEe ClefyIomei
aKcmoMe:

(EC) 3amrmyras BHUyKZas o0omouxa B F 1106000 KOMOAKTHOrO IIOM-
MHOMKEeCTBA M3 F KOMIAKTHA.

Ina BCAKOTO HenpepHBHOro orobparenus f npocrparcta £ B F, nmelo-
Iero KOMIAKTHHA HOCHTENb, unmeepasom OT f OTHOCHTENIBHO | HA3HIBASTCA

takoil anement p (f) = S f dp mpocrpancrsa F, uro mra a060i wenpepsiBHOH

auEeinoit opmpt &' Ha F cmpaBeliuBo paBeHCTBO

< S fdy, a’> = S ¢, a’ydp.

Oycrs %' E) — BexTOpHoe HNPOCTPAHCTBO HeNPePHBHHX oTo0paskenmit E

B F ¢ KommakrHem HocHTeneM. Torma oroOpamenme f — S f du mpocrpam-

crBa 4 p (E) B F numeiiHo,

Axcmoma (EC saBegoMo BHIonHAeTcd, ecau F — moanoe mpoCTpaHCTBO
A, B gYacTHocTH, ecaum F — GamaxoBO LPOCTPaHCTBO. B HociemHeM cirydae
0ymer HIMeTh MeCTO HepaBeHCTBO

'Sfdu‘\< Slfldlul

(ecam oGo3Hauarh depes | X | HOpMy oiementa X € F |



OIIPENEJEHNA TI'JIABBI IV

Hmxe depes p Oymer 0603Ha9aThCA nOAOM UMEAbRASL MePE HA JIORAILHO
KOMIQKIHOM OPOCTpAaHCTBE X.

Onpedesernue 8eprHezo unmezpaia OmM NOLOFUMEALHOU GyHEYULS

Iyers & >» 0 — wncnoBas QyHEKOMA, HDONYHENPEPHBHAA CHU3Y Ha K,
Bepzuum unmeepasom QYHKOUU b OTHOCATENBHO | HA3HBaercAa NOJORKHATEIb-
Hoe (KoHeYHOe MaM GeCKOHETHOe) IWCIO

w* (k)= . sup B (8)e
0<g<h, ge K (E)

ycrs f» 0 — mpoHsBoabHAA (KOHEUHAs WJIM Her) ducloBag ¢YHK-
uus, oupefienenuas Ha E. Bepznum unmeepasom QYHKIME [ OTHOCATENLHO K
HA3LIBaeTCA MOJOKHTENILHOe (KOHeYHOe MM Oeckomedgroe) wmeao p* (f) =

%
= inf p* (k) (xoTopoe 0003HaAYaeTCA TaKKe depes S fdu), roe h npoberaer

MHOKECTBO UOJYHEIPepPHBHHX CHU3Y QYHKOWA, GOabMHX MM paBHHX f.

Onpedeaernue HeutHel mepbl MHOXCECTNEA:

Eciam uMeeTCs IPON3BOJIbHOE IOAMHOMKECTBO A w3 K, 10 snewnel mepotl
MHOMKeCTBa A HasHBaeTca u obo3uaiaerca deped p* (4) Bepxumid mHTErpaJ
w* (pa) XapaxrepHCTHYecKoll (QyRKouEm MHEOMKecrBa A.

Onpedeaenue npenebpedcumbls MHOIecms U npeneGpexrcumnr Gyuryuii:

TMonpmuoKecTBO A m3 E npeneGpescumo OTHOCHTEIHHO MepH [ (HMJIH
{-npeneGpedcumo), eCln ero BHEIIHAS Mepa — HyaeBad. ['oBopAaT, 9TO Kaxoe-
an6o CBOMCTBO IEPEMERHOro djIeMeHTa r € E MMeeT MeCTO noumu éciody OTHO-
CHTENBHO MEDH |, eCaIm MHOMEecTBO Tex x € E, rme OHO He BHUONHACTCH,
npereGpemumo. [IBa orofpakeRHsA f W ¢ OpocTpaHCTBA E B UpPOM3BOJIbHOE
MHOMeCTBO F sreusaenmubi (OTHOCHTENIBHO [1), ecad f {xr) = g (z) modr:
BCIOIY; KIace Bcex oToGpakeHwil npocrpamctBa E B F, oKBHBaJeHTHHX f,
ofo3Hagaercs depes 7. OroGpamenme f mpocrpaHcrBa £ B BEKTOPHOE OpPO-

crparctso F (coors. orobpakenme f mpocrpamcrsa E B R) masmmaerca npe-



nebpescumum, €CAM OHO NQYTH BCIOAY oOpAmaeTcA B HYJb; 9T0 CBOLATCA
g yrBepmpgenno, uro p* (| f]) = O (coorB. u* (| f |) = 0). Ecam gBe wmcio-
Bhe QyHKOwWA [ W g 9KBUBaJeHTHH, To u* (f) = p* (g).

Onpedeaenue Pynrsyuli, unmespupyemsixr 8 p-ii cmenenu:

Ecan nmeercsa ¢ynxnua f, oupememenuas Hod9TH BCIOAY Ha E B mpwmHu-
Mapmad 3HadeHns B 6aHaxoBoM mpocrpanctse F, To gepes N, (f) npm mmo6on
JelicTBHTenLHOM p > 1 oGosHAaYaeTcs BepXHHWIL MHTerpal p* (g), rme g ecrs
KOoHeyHas 4mciaoBas $ynxuma Ha E, pasmas modr:m Beiony | £ |P. Jlaa aByx
¢yuxnmi f, u f,, ompemeseHwrx moYTH Beoogy Ea £ M ODPHHMMAIOINEX 3SHAa-
9eRns B F, cupaBefanBo HepaBeHCTBO

Np (f34-12) < Np (£1) -+ Np (£2)
n paseuctBo Np (af) = |a| Np (f) nna mwboro ckamapa o. I'osopar, dro
¢ymxuma f, ompenenenHas wodTH BeoAy Ha E ¥ NpuUHAMamas 3Ha9eHHS
B F, unmespupyema @ p-ii cmenenu (RIH, BJss p = 1, TPOCTO unmezpupyema),
ecad mis a00oro € > 0 cymecTBYeT Takasd HOpPHHMMAOmas 3HAdeRus B F
HeOpepHBHas QYHKONA g ¢ KOMIAKTHEM HOCHTeJIeM, dT0 Ny f—g <e.

Mnuosxectso ‘Z}’, (yHKUEH, ompefeseREhX MOYTH BCIOAY Ha ¥, IpUHMMAIOMAX
3HaYenuA B F W MHTerpupyeMmblX B p-il CTemeHH, €CTh BeKTOpHOE IpOCTpaH-
CTBO, Ha KoTopoM Np (f) sBuaserca momymopMo#. Mmoxecrso LI wiaccos
aKBHBajeHTHOCTH (QyHKuME us L} ecrb GaHAXOBO NMPOCTPAHCTBO ¢ HOPMOH

ll?llp = Np (f) (f — upomssonsnasa ¢ymxmus Kaacca ?7 Ilas Toro 9robn
¢yurnns f Guna mHTErpEpyeMa B p-ii cTeneHn, Heo0XOIWMO M JOCTATOTHO,
arobul Qymxuus | f [P~ f Gmaa mETerpmpyeMa.

Onpedesenue unmezpara om unmezpupyemols @GyHEYUU:

BexropHOe mpOCTPaHCIBO #% p (E) NI0THO B IPOCTPAHCTBe xg BHTErpHh-
pyemux ¢yermuil (mafienemmoM nomymopmoit Ny (f)); orobpamenme f —

- S f du mpocrpaerBa JK'p (E) B F mpopgomaeTca 10 ReNPEPHBHOCTH [0
nuHeidHoro oTo0paMmeHWA OPOCTPAHCTBA i‘,’};’. B F, mpmiuem o0o3HaueHHe
ocraercs upekunm. Jlaa ao6oil mETErpEpyemoit yurmun f caMBoIOM S f dp
(anum p (f)) 06o3sHAIAT W HA3HBAWT Lnmezpasom OF f OTHOCHTENBHO P 3ie-
MeHT 43 F, paBHHIHA S g du nas Awbof uuTerpmpyeMoil Qpyuxunm g, ompe-

Jeaf uHoil BcOAY ¥ paBHOM wodTH Bewony f; rorma Qyurumsa | f | mHTErpm-

pyemMa m
§ o] < Freran

Hus modoit murerpupyemoil dynxnmu [ >0 mMeem

S f dp=p* (=N, (7).




Onpedeaernue unmezpupyemszr mnorcecme:
Tosopst, o nonMuOKecTBO A U3 E unmespupyemo, €can HETErpUpyeMa
ero XapaxTepmcruyecKas QymKung @s. Yucmo p (4) = Sq)Adp Ha3bBaeTca

wmepotl MHOMKecTBA A; rtorma p* (A) = p (A). IIpemefpe:kuMeple MHOMKecTBA
COBIAJAIOT ¢ HHTEIrPHPYEMEIMH MHOKECTBAMH MepH HyAb, J[aa Toro 9robmu
MHOMKECTBO A OBLIO HATErpHPYeMO, HEOGXORAMO H AOCTATOYHO, YTOOH s
ao6oro € > 0 CymecTBOBANH TaKoe KOMIAKTHO® MHOMKecTBo K (— A m Taxoe
OTKpHTOEe MHO}KeCTBO U D A, uro p* (U () CK) < e.

Onpedesenue usmepumoti @ynryuu:

TopopaT, uro oTo6pasennme 1npocTpancTsa £ B TOIGNOTHYECKOe HpO-
CTpaHCTBO F uamepusro, eciu 1as A1060ro KOMIAKTHOrO NOAMHOKecTBa K 13 E
cymecTByer Taxoe pasGmemme K Ha MHOmKecTBO N MepH HYIL W HA IIOCHe-
AOBATENbHOCTh KOMIAKTHHX MHOMecTB K,, 9r0 CyKeAHe ¢yHKmua f Ha
Kaq0oe U3 MHOMKecTB K, HenpepslBHO. YCJ0BHe, SKBHBAJICHTHO® 3TOMY,
dopMynaupyerca Tak: AJaA M060ro KOMIAKTHOrO MHOMeCTBa K 1 amo6oro
ggcna & > (0 cymecTByeT TaK0Oe KOMIAKTHOe MHOMKecTBo K, (C K, 4To
p (K N CKy) < & 7 uro cyeane ¢yEKuan f Ha K, HenpephBHO.

Onpedenenue USMEDUMOZ0 MHONHCECMEA:

TopopAr, 9To NOAMHOKECTBO A ®M3 E wuamepumo, eCiMm H3MEpHMa €ro
xapaKTepncTnaeckas QYHKOUA. OKBABaleHTHOE YCIAOBHE COCTONT B TOM, HTO
s a1060ro KOoMIAxkTHOro MHoKecrsa K MHOMecTBO A [ K mATerpmpyemo.

Onpedescnue A0KaALHO RpereGpeNUMBLT MHOKHCECTE U AOKAAbHO npenebpeincu-

Mmur PyrEyul:

ToBopsT, 9T0 TOAMHOMKECTBO A u3 E .10xaavio npene6pexumo, ecim
BeaAKag TouKa z € E ofjamaer TaKkoil OKpPeCTHOCTBIO V, H9T0 MHOMKECTBO
A [} V nupercGpemnMo; TOraa MHOMKECTBO A N3MepHMO.

T'oBopAT, 9T0 HEKOTOPGE CBOHCTBO IIePeMeHHOro 3neMenTa x££ aMeeT MecTo
A0KAAbHO NOYMU 6ClodYy, €CIN MHOMKEeCTBO Tex z € E, AnA KOTOPHX OHO He
BHIIOAHSETCSH, JoKanbHO tpeneGperxknmo. I'osopar, gro otoGpaxenme f
npocrpascTBa E B BeKTOpDHOe HPOCTPAHCTBO £ 10KaAblO npenebpedcumo,
eCJH OHO JIOKAJbHO IIOYTH BCIOLY paBHO Hyao; torfna ¢yeknms f msmepnma.

Kpumepuili unmespupyemocmu GyrEyul

Ilns tore uTolH oToGpakenne f mpocrpancrsa £ B GaHaxoBO mpocTpaH-
¢TBO OHUIO HHTErpEpyeMo, HeofXxomuMo ® JAocraTouHo, YTo6n ¢ymkmma f

6rna maMepuma, a Ny (f) Guno xomewHo.
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| SAEMEHTbI MATEMATHKH
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H. BYPBAKM
WHTETPUPOBAHUE

MEPbI, UHTEIPUPOBAHUE MEP




Fpynna dipaHuy3cKUx MaTema-
THKOB, 0o0beANHEeHHan noJj nces-
AoHumom <«Byp6GaKu», nocrtasuna
nepep cobon Lenb — HanucaTb Noj
ofuwum sarnapuem «3N1eMeHThLl Ma-
TEeMATUKHU» MOJNHbIK TPAKTAT COBpPe-~
MEHHON MaTemMaTUYyeCHOM HAYKU.

MHOro TOMOB 9TOro TpakTtara
yHe Bblwao Bo MpaHunnu. OHM BbI-
3Baju GONbWON UHTEpeCc martema-
THUHKOB BCEero MMpa HKaH HOBM3HOM
M3/I0MHEHHUA, TaK M BbICOKMM Hayy-
HbIM YPOBHEM.

HHuura paccyuraHa Ha martema-
TUKOB — Hay4HbIX paGOTHUKOB, ac-
nUpaKlToe #“ CTyAeHTL‘JB cTapwnx
KYpCOB.

HHuura
Huvra
Huura
HHura
Huura

Huura

HHura

Huura

Llena 1 p. 97 k.

H. BYPBAHHK

SNEMEHTbI
MATEMATHHHA

NEPBAA YACTb

|. Teopua MHOMECTB
Il. AnreGpa
11l. O6wan Tonosorua
IV. MyHKUUN AEeWCTBUTE)b-
HOrO NepemMeHHoro
V. TononoruyecKue BeK- q
TOpHbIe MPOCTpaHcTea |
VI. UdTerpuposaHue ]

BTOPAS YACTb

(6e3 HOmepa).

Mpynnbl u anreGpsbl n

(6ea HOMepA). |
HommyTaTueHan anredpa




