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MPEIUCJIOBHE NMEPEBOJYHKA

TocynapcTBeHHOe M31aTe bCTBO (PM3UKO-MaTEMaTHUYECKOH NuTepaTyphl
u M3naTebCTBO MHOCTPAHHOH JuTepaTypel MPHCTYNMAM K MepeBOdy Ha
pycckuit siselk  m3BectHoro Tpaxtata H. Dypbaku ,Dnementhr MaTe-
matuku®. Bge mnodBuBiMecs B0 CuX TOp BBITYCKM 3TOTO TpakTaTa
OTHOCATCS K NepBOH ero yacTH, ozarnasieHHOH ,PyHAaMeHTANBHBIE
CTPYKTYpBl anaausa® M pacnajaiouwefcs Ha clAeAyiOwMe eCTb KHHT:

Kuura I ,Teopus MHOwecTB*,

Kuura II ,Anarebpa“,

Kuura III ,O6mas Tomoaorua“,

Kuura IV ,dyHkunn oAHOH BelecTBEHHOH mepeMeHHOM*,

Knwra V ,Tononornyeckue BeKTOpPHBIE NMPOCTPaHCTRA®,

Kuura VI ,HHTerpuposanue®. ’

B coBOKynmHOCTH 3TH KHMIM JROMKHB JaTb TEOPETHKO-MHOKECTBEH-
HYI0 aKCHOMATMYECKYI0 OCHOBY JAJsi IOCTPOEHHS BCeRl COBpeMeHHOH
mateMaTuku *). M3 uux sakonuensl moka kuurd III, IV u V. Kuura II
W3JaeTcsi B DyCCKOM Mepesoie (TpeMsi OTAEMbHBIMM Bbimyckamu) $ua-
‘MarruzoM. Hacrosimee e u3naHue COREPKHT BCIO KHuMry V (sblien-
Wyi0 BO (PaHUY3CKOM H3JaHHM TPEMS OTAEAbHLIMH BBIYCKAMH, U3
KOTOpDbIX TepBbi, mossuBwufics B 1953 r., comepxan raasnl I—II,
BTOPO#, nosiBupiuMiics B 1955 r.,— raaswl [1I—V u ciaosapb, a TPeTbuM
OB ,BRITYCK pe3yabTaroB®, Takke Boimeamu B 1955 r.). Ilpu
ﬁepeaone yuTeHbl HMCNPABJAeHHS K STOH KHHMre, NMPHIOKEHHble K Na/b~
veiluuM BHNyckaM Tpakrata BypOaku, M BBIIPABJEHBI TaKxke ApYrue
3aMeueHHble OMevyaTKH.

~ Cpenn kHur ,OneMeHTOB MaTeMaTHKH® H. Byp6aku kuura V ,Tomo-
"ROTMYECKHE BEKTOPHblE NPOCTPAHCTBA®, HECOMHEHHO, BHLIEAETCH Ha-
CHIUEHHOCTbIO HOBBIMM pe3yAbTaTaMH (MOJNYYEHHBIMM B OOJABILMHCTRE
. YXe mocie BOHHB) K, €CAH MOXHO TaK BBHIPa3uTbCd, 0coboit 3710060-
BHeBHOCTBIO. OObAcHseTcss 3TO upesBblyaiHOR GHICTDOTOH pa3BuTHS

*) CMm. ,Cnoco6 noab3oBaHMA 3THM TPaKTatoM®, cTp. 17.
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TEOpPHH TOMOJOTHYECKUX JMUHEHHBIX NPOCTPAHCTB B TNOC/TelHME FOSH H
BaXXHOH pOJBIO, KOTOPYIO B 3TOM DPasBMTMH Chirpaja mkosna BypGaku.

OO6wee nOHSTHE TOMOMOTHYECKOTO JMHHEHHOTO IIPOCTPAHCTBA M He-
ckoabko Oonee cmeuuasbHoe (HO €NMHCTBEHHO BaXHOE TMOKa AJf
aHaAu3a) TOHSATHE JOKaJbHO BBHINYKJAOTO NPOCTPAHCTBA ObLIM BBREJEHH
A. H. KoamoroposmM, A. H. Tuxonosum u HW. ¢on Heiimanom
B 1934—1935 rr. Ho BmioTsh 10 KOHHAZ TPHALATHIX TOLOB TJIABHBIM
NpejMETOM TEODHH TOMONOTHYECKMX JMHEHHBIX NPOCTPAHCTB BCe elue
MPOLOJIKAIM OCTaBATbCSI HOPMMPOBAHHBIE NPOCTPAHCTBA; OLHAKO MHTepec
Bce 06oJblie KOHUEHTPUPOBAJCH Ha M3YyyeHHH uX cJaaboit TomoaoTuH.
Nocaeanee 06BACHANOCH TeM, 4TO JULIb B TepMHMHaX cJalo#t TomoJoruu
(a He onHOM TONBKO CMaBOH CXONUMOCTH NOCAEN0BAaTeNLHOCTER) 0KA3aM0Ch
BO3MOXHBIM MpPaBHJIbHO CTaBUTb M peluaTb 3alayd TeOPHH ABOACTBEH-
HOCTH [JJif NPOM3BOJBHHIX (He 00f3aTelNbHO cenapabenbHHX) HOPMHUPOBAH-
Heix mpoctpancts. OTciofa ocTasaacd JAUWIL OJMH IHAT JO MCCAELOBAHMA
cnaboft TomoJsoruu MOOBIX JOKAJbHO BHIIYKAHX NPOCTPAaHCTB. IJTOT wWar
cuenann B. JI. Wmyabsn (1940) u XK. Jpenonne (1942). [Mocaennutt *)
MOCTPOM] TNOJMHYIO TeOPHI0 c¢.£a60d JIBOACTBEHHOCTH JHHeHHBIX T™poO-
TPAHCTB, TOYTH HMHTHPOBABIUYIO TEOPHIO ABQHCTBEHHOCTH LI5i KOHEYHO-
MEPHOrO, T. e. 4YMCTO anreGpandeckoro, cnyyad. CywlecTBeHHO najblue
npoasunyiaca B. JI. Wmynssn. Ero pabora ,O nuuefiHbIX TomoJOruye-
CKMX TPOCTPaHCTBAX® **) collepxana yxe, XOTsi M B HELOCTATOYHO pas-
BEPHYTOM e€ile BHAE, OCHOBHOH pe3ylbTaT oO0wjeidl TeODHH JBOHCTBEH-
HOCTH JIOKaJbHO BHINMYKJABIX NPOCTpaHCTB. Bo#Ha npepmana uccaenoba-
uua B. JI. mynesna, a B 1944 r. ou norub6 Ha d¢poute. OxoHua-
TeNbHYI0 ¢GopMy ynoMsaHyTomMy peayabraty B. JI, LlMyapsHa mpuzan
Makkn ***)  cponx pabotax 1945-—1946 rr. ****), Dtu pabotH, colep-
ngaBLuu'e TaKxe JADYrue BaX(Hble pe3yJAbTaThl M IOHSATHHA, 3HAMEHOBAJH
yxe NOJHOE npeojoneHHe oOuwefl Teopue paMOK HOPMHPOBAHHHIX NPO-
CTPaHCTB. '

Ho HoBble paMiu-— 00wMX JMOKaMbHO BBIMYK/ALX MpPOCTPAHCTB —
OblAM ele CJHIIKOM IIHMPOKH, M BpPSf JAH TeOpus TOMONOTHUYECKHX

*)J. Dieudonné, La dualité dansles espaces vectoriels topologiques,
Ann Ecole Norm. (3), T. 59 (1942), ctp. 107—139.
#) V., Smulian, Uber lineare topologische Rdume, Mar. c6opH., HOB.
cep T. 7 (1940), ctp. 425—448. ’
##%) Cm. . 1V, § 2, n°3. _
#xkk) CM. 6ubanorpaduio K HMcropuueckoMy ouepky, X1V a) u 6).
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AHHEHHBIX MPOCTPaHCTB Tak OHCTPO pa3BuBajgachL OBl Aasbllle, He TMOJYYH
OHa MOWMIHOTO HMNyJAbCa M3BHe, ZaBIUETO TaKke HAAGKHHHA KoMmac Ans
BHOOpa MEpPCHEeKTUBHHIX HampaBjieHMH HCCAefOBaHHS M pasyMHOH cme-
UMaMH3aUMH TMOHATHA. DTOT HMnNyJabC OHJ JaH Teopuell ,pacmperefeHHii®
(0600wennbix  ynxuuit) JI. [Bapua *). BosHukHOBeHHe 3TOH Teopuu
(oxoHuaTeabHO 0dopMIeHHOH U cucTeMaTuyecku paspaborannofi JI. LlIsap-
eM) OoTBe4aNn0 HaspeBweit noTpeOHOCTH MaTeMaTHYeCKOTO aHalu3a
B BO3MOXHO Oojee wupoku® YHKUHOHAJBHHIX MPOCTPaHCTBAX, TIhe
cBobonHo aeficteoBanan 6bl auddepennuanpHele OnepaTopH, T. e. B pas-
AUYHHIX MOpOCTpaHcTBaX OeckoHeuHo AuddepeHuHpyeMbX QYHKUMA H
CONPSHKEHHHIX K HMM TpocTpaHCTBax 00006weHHnX dyHKkunit, OaHako
9TH NMPOCTPAHCTBA HeHOPDMHMPYeMH H OoJbllefl 4acTbio Aae HEMETpPU-
ayeMbl  (kaK, HampuMep, TIPOCTPaHCTBA ,QUHATHHX® GQYHKUHA M
» pacnpejenenuii® JI. 1lIsapua). Dt0 cAenano coBepuIeHHO OYEBHAHOH
HEJOCTATOYHOCTb M CTeCHHUTENbHOCTh CTAaphiX OaHAXOBCKUX pAMOK M
BaOXHOCTb Gosee OOWHMX KOHuemMuMH TaKKe —— M NPEXAE BCETO-— A4
HOBLIX npusodcenud GYHKUHOHANBHOTO aHaAM3a M AAJM0 MOLIHEIA
TOMYOK pasBUTHIO oOweH TeopUH TOMOJOTHYECKHX JHMHEHHBIX MpO-
CTPAHCTB, COBEPIUEHHO HU3MEHMBILEMY /MO 3TOH TeOPHH.

Ha srom srame, Bo Becskom caydae snaore 10 1955 rona, koraa
Obl0 3aBepuieHO ¢dpaHnysckoe H3laHMe HACTOsAWER KHHMrY, Beaywas
poib B paspaboTke TEOpHM TOMOJOTHYECKMX JMHEHHHX NPOCTPAHCTB,
Ge3yC/I0OBHO, NPHHALIEKMT MaTeMaTMKaM mKoas DBypbaku. HocratouHo
yKasatb GCHOBOMOJMOXHbie pabotht XK. Hbé&nonxe u JI. llIBapna ,llBOH-
CTBEHHOCTb B NPOCTPAHCTBAX (F ) H ((PF ) **), H. Bypbaku ,O He-
KOTODHIX TONOJOTHYECKHX BEKTOPHBIX MPOCTPAHCTBAaX“ *¥*) u A. I'poTeH-
Auka ,O npocrpancTBax (F ) u (DF )* ****); 0c000 ClAeAyeT OTMETHTD
‘gamxe dynnamenranbHyio MoHorpaduio A, Tpotennnka ,Tononornyeckue

[ -

*) Cm. 6ubanorpaduio x Mcropuuyeckomy ouepky, XVI.

*#¥)J. Dieudonné et L. Schwartz, La dualité dans les espaces (F)
®t ((ZF), Ann. Inst. Fourier (Grenoble), t. [ (1950), ctp. 61~—101. Pycck. nepe-
#on: Maremaruxa, . 2, Bum. 2 (1958), ctp. 77—107. ’ o

***) N. Bourbaki, Sur certains espaces vectoriels ‘topologiques, Ann.
fst. Fourier- (Grenoble), 1. 2 (1951), ctp. 5—16. Pycck. nepeson: MareMatnka,

&4 BHIL 2 (1958), ctp. 109—117. _ _
" ¥*%%) A. Grothendieck, Sur les espaces () et (@F), Summa Bra-

ﬁnsis Mathematicae, ‘1. '3, Bun. 6 (1954), crp. 57—123. Pycck. ‘nepesoi:
€MaTuKa, 1. 2, Bem. 3 (1958), crp. 81—127.
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TEH30DHBIE NPOU3BENeHHA M fANEPHBIe MPOCTPAHCTBA® *), BJMSHHE KOTO-
pPOA TOJBKO HAYMHAET ellle CKa3hiBaTbCH.

Bce 3T0 ¥ HaMOXMAO HA paccMaTPMBAeMYIO KHMry Tpakrata Byp-
Gaxu nedaTb 0coOOH OpMrMHAJIBHOCTH M 3.1000nHeBHOCTH. BMecTe ¢ TeM
3Ta KHHMra J0 CHX TOpD MrpaeT poJb €AHHCTBEHHOTO PYKOBOACTBA, MO
KOTOPOMY MOXHO H3Y4HTb OCHOBHl COBPeMeHHOH TeOpHM TOIOMOruye-
CKUX JMHeHHHX TpocTpaHcTB. HO HYXKHO NpH 3TOM HMeTb B BHLY, 4TO
3Ta KHHMTa— BOBCe He YYeGHHK B OOLIYHOM CMBICJE H Jaxe He Cie-
uMaabHas MOHOrpadus: OHAa sABAAETCA OPTraHMYECKOR YacTbio TpaKTaTa
Bypbaku, Bcewesfo mOAYHHeHHOH oOweMy ero saMHcIy M IUIaHY.
[Mo-BunuMOMy, HMMeHHO 3THM OOBsiCHsieTCs, HampuMep, TO, 4YTO B He#
COBEpUIEHHO HE OTpaMeHH HCcaenoBanus A. ['poTeniuka MO TEH3OPHBIM
NPOU3BeJeHUSM JMOKAJMbHO BHINYKJHX NPOCTPAHCTB M sIePHBIM MpPOCTPaH-
ctBaM. OIHAKO Kaxaui#l M3YYMBIUMHA 3Ty KHHT'Y CMOXET yxe cBOOOLHO
YHTATb JAMTEPATYPYy MO /OOBLIM CHEenHANbHBIM BONPOCAM TEOPHU TOMO-
JAOTHYeCKMX JUHEHHBIX MPOCTPaHCTB.

flensscp natoit kuurod rtpakrara H. Byp6aku, kuura ,Tomonoru-
YeCKHe BEKTODHBIE MpPOCTPAHCTBA“ CONEPKUE MHOFOYHC/IEHHEIE CCBHIUIKY
Ha NpejleCTBYIOLMe KHUTM TpaKTaTa; Kpome TOro, B He# WIHPOKO
MCTIOb3YIOTCS, Ge3 creuMa’dbHbIX MOACHeHH#, BBeJcHHBIE TaM 0GO3Haye-
HHS ¥ TepMuHH. BBuay 3Toro npumioch CcHabaHTb mnepeBON KHHMTH
TpeMs npuiaoxeHusMH, [leppoe M3 HuMX COmepXUT, B BHIe IpHUMeYaHuH,
NepeBOJ TeX, CYIUECTBEHHBIX JJ9 TOHMMAHMA TeKCTa KHUIH, MeCT U3
ADYTHX KHHMT TPaKTaTa, Ha KOTOpbie HMeI0TCH CChIKH. Bo BTOpOM mpuoxke-
HUM JaHO pasbiCHeHHe CTaHAapTHHX 0003HaYeHMH, 3aMMCTBOBAHHLIX U3
ApYruX KHHUr TpakTata. HakoHneu, Tpetbe npu/IOKEeHHE MpPEACTAaBASET
coboit TOMKOBHHA cnOBapb, TAe B ahaBUTHOM TNOPSIKE PacHOJOKEHH
B OCHOBHOM Te (B3siThie M3 ADYTMX KHHMT TDakKTaTa) TEPMMHBI, KOTOpbe
60 nmpuCywH TOJAbKO #3BIKY 3TOrO Tpakrarta, Mubo npuobpean B sTOM
fi3blke He CcoBceM OOWeNnpuHSNTHI CcMBICA. BBHLY nepeHachlILEHHOCTH
TpakTaTa Byp6axum cBoei 0c000# TepMHHOJOTHeH, YHMTATeNO, ewle He
3HAKOMOMY C Hel, moxkanyi, cienosaso 6n xoTa 6bt Oerio mMpoCcMOTpeTh
3TO NPUAOKEHHE, Npexie YeM NPHCTYNATh K UTeHHIO CaMOH KHHTM.
He Menee nonesno Owsto Ob npeaBapuTe/bHO O3HAKOMHTBCH CO CBOA-

*) A. Grothendieck, Produits tensoriels topologiques et espaces
nucléaires, Memoirs of the American Mathematical Society, n° 16 (1955).
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KOH pesyibTaToB K Khure 1 ,Teopus MHOXecCTB®, MOMelleHHOH B Kkade-
CTBe MPHJIOKEHHSs K DPYCCKOMY mepeBOJYy mepBHIX TpeX riaaB KHuru [II
»,O0was Tonoforna“, ocobeHHo ¢ § 8 3TOH CBOAKM, NOCBALIEHHHIM
MOHATHIO ,CTPYKTYpbi“, HrpaiouleMy UEHTPaAbHYIO pOJb B KOHUENIHU
MateMaTukn y BypOaku.

Hakonen, orowfieM ynrartets Takwe K ,Cnocoby noas3oBaHus 3TUM
TPaKTaTOM®, coJepikauieMy pfAI aBTOPCKUX YKasaHuit, oOpaieHHHX
K UHTaTe/Ti0 TPaKTaTa M KAacalOWMXCs DPas3/MMYHBIX BONPOCOB — OT 0Owef
XapaKTepUCTUKM TPaKTaTa B0 OMNHCaHus OcoOeHHOCTe# pPelaKuMOHHOTO

odopMiaeHus, obwWMX 1 BCeX ero KHHT,
HAs A, Paiixos






CMOCOb MOJb30BAHHS 9THM TPAKTATOM

1. B stom TpakTare MaTeMaTHKa pacCMaTpHBAETC C CaMbBIX ee
HAYaJM M JAI0TCA IOMHBEIE JOKasaTeabCTBa. TakuM oOpasom, ero uTeHue
He NpeANoOJaraet, B TNPHHIMIE, HUKAKHUX CHEUUAJbHBIX MaTeMaTHYeCKHX
sHaHuit; TpeGyeTCs JMUUIL HEKOTODPHIH HaBHIK B MaTeMaTHUeCKHX pac-
CyKjellMsX M HM3BeCTHas CNOCOOHOCTb K abCTpaKiuu.

Tem He MeHee TPAKTAT rlOpeJHA3HAUYEH TJAaBHHIM OOpa3oM 1/ yuTa-
TeJefl, obAajaloUIMX XOpOWIMM 3HAHHEM XOTs Obl MaTepMana, mpernosaa-
paeMoro Bo ®PpaHuuu B obuwleM Kypce MaTeMaTMKd (a B APyrux cTpa-
HaX —Ha TMepBOM MM [IBYX MHEPBHX TOAaX OOGyueHHs B YHHBEPCUTETE),
W, €CJAM BO3MOXHO, HEKOTODHIM 3HAKOMCTBOM C OCHOBHbIMH pasielaMu
Kypca AnddepeHunalbHoro H HHTErpaAbHOTO HCUMCAEHHS,

2. Tlepas wacTb TpakTaTa NOCBAluEHa (YHIAMEHTANBHBIM CTPYKTY-
pam Anamusa (MO0 mOBOAY CMHCJIA ci0Ba ,CTpyKkTypa* cM. Kawry I,
T1. 4); B KakugoHd M3 KHUT, Ha KOTOpble pacnajaercs STa 4YacTb,
#3yuaeTcs ONHA U3 3STHX CTPYKTYP HJIH HECKOAbKO CTPYKTYp, TECHO
¢psisanHbix  Apyr ¢ apyroM (Kuura I, Teopus wmHoxecTs; Kuura I,
Aarebpa; Kuura III, O6was Ttomosorus; clAeiyiowine KHUrM: PYHKLHHM
BeulecTBeHHOA nepeMenHof; Tonosoruyeckue BeKTOPHbHIE NPOCTPAHCTBA;
¥urerpuposanue).

OG6mwine npUHUMIB, H3ydaeMble B [ePBOH uacTH, Ha#iyT, B MO-
Erenyiouux 4acTax, mpuMeHeHHe K TEODHSM, B KOTOPHX OJIHOBDEMEHIIO
¥1acTBYIOT pasnMunibie CTPYKTYPbla

3. Cnoco6 H3NOKeHHs, NPUHATHLIA B MepBOH 4YacTH, — aKCHOMATH-

WCKuit M abcTpakTHBIA, dawle BCero MAywidi oT o6wero K 4acTHOMY.
P6op TaKOro MeTOoxa OnpeleadeTcd OCHOBHOH LeAbld 3TOH mNepBOH
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npuHUUIOB. K TOMY e HYXIH JOKa3aTeAbCTB TPeOYiOT, yToOH raaBh,
KHATH W 4YacTH CJAelOBajJH B CTPOr0 (UKCHPOBAHHOM JIOTMUECKOM
nopsizke. [lo3TOMy moJb3a HeKOTOPHX pPAacCMOTpeHHMit Oyzer sicHa
YHTATEJIO, JHIUb €C/IM OH yXe 00JagaeT AOBOJALHO OOIIMDHBIMH 3HAHHSMH
aub0 MMeeT TeprneHHe QTAOKMTb CyxkAeHHe 10 TeX §Nop, mnoka He
MOJYYHT HAKOHEL BO3MOXKHOCTb ybeiuTbcd B HeH.

4, Yrobbl ycTpaHHTb B KaKOH-TO Mepe 3TO HeynOOCTBO, Cpeay TeKCTa
JOBOJIBHO 4aCTO BCTAaBAAIOTCS NPHMEpH, OTHOCAwMecs K dakrtaM, KoTo-
pHe XOTS MW MOTYT OuTh YXe H3BECTHB UMTAaTeNi0, OJHAKO ewe He
H3J0XeHH B 3TOM TpaKTaTe; TaKHe TNPHMepbl BCerfa BHIEAIOTCA
3HaukaMu °..... BoabwuHCTBO uMTaTetefl, HeCOMHEHHO, HaHmeT, YTO
STH MpHMepbl 0G/ErYaioT MM TOHWMAHME TEKCTa, M NPEANOYTET He NPO-
MyCK4aThb MX JaKe NpHM NMEPBOM UYTEHHWH; TeM HE MeHee TaKOH mpomyck,
pasyMeeTcsi, He BBHI30BET B JMOTHYECKOM OTHOLIEHMM HHKAKMX HeyioOCTB.

5. YuraTenb MOXeT MOXenAaTb HHOTAA coctaBuTh cebe 0Bwee npen-
CTaBleHHe O Kakof-AMOO KHHTE TpaKTaTa B UEJNOM, Npexie YeM IPH-
cTynaTb K noapoBHOMy ee M3yueHmio. JTy 3amauy obnerdar emy
C800Ku pe3yabmamo8, NPUNOKEHHble, KaK MNpPaBHIO, K KaXaOH KHure
U TNpejHasHauYeHHble TaKKe JUIA uMTaTedeff, CNeWAWMX KaK MOXKHO
6bicTpee nepefTH. K H3YYEHMIO CNeHaNbHLHIX npobaeM. 3TH CBOJKH
COJep}KaT, HACKOJbKO 3TO BO3MOXHO, BCe CYUIECTBEHHO HeoGXOAHMOe
I8 M3y4YeHMs MOCHEAYIOWMX YacTef.

6. Jlormueckuit OCTOB KaX 0/ F/IaBbl COCTABJSIOT Onpedesenus, aKcu-
OMbl U meopemb. 3TON T/NABH; UMEHHO 3TO I/IaBHHIM 00pa3oM HeoOXOAUMO
yIepHMBaTL B NaMATH JIJs JajbHefilero. Pe3ynbraTh MeHee BaxHbe
WIH Te, KOTOphle JerKO MOXHO BOCCTaHOBHTb Ha OCHOBAaHHM TEOpPEM,
¢uUrypupyioT noj HaMMEHOBaHUeM ,NpeljoeHHH®, ,JeMM*, ,cjen-
cTBHi®, ,3amedaHufi® M T. 1.; Te u3 .Hl/lX, KOTOpHIE MOXHO TIPONYCTHUTH
NpH NepBOM YTEHHMHM, HameyaraHw MeJkuM wwpudroM. Tloa HassaHMem
»CXomusa® naercs MHOTZa KOMMeHTapuih k 0c0060 BaxHOH TeopeMe.

Bo usbexaHue CKy4YHBIX NMOBTOPEHMR MHOTIA BBOASATCA T€ WUJAH HHBEIE
0003Ha4eHHsT MJIH COKpaweHus, HAeACTBHTeNbHBE /MWL B Hpexenax
OfHOM rMaBx MAM maparpada (HampuMep, B TJaBe, TAe PACCMAaTPHBAIOTCA
JAMIIb  KOMMYTaTHBHHE KOJbLa, TNOL CJHOBOM ,KOJBLO® TOHHMaeTca
BCIOAY ,KOMMYTaTHBHOe KOJAbHO*). Takoro poja coriauledus Bceria
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ABHO OTOBapuBaIOTCsA, KakK MNpaBH/JIO, B Hauyaxe TOH TJIaBH, rie OHH
IpUMEHSIIOTCA.

7. HexkoToprle MecTa MMEIOT CBOeH ueJbi0 MpenocTepedyb UuTATeNs
T cepbe3HOM OmHOKH, B KOTOPYIO OH PHCKyeT BHACTb;, 3TH MeCTa
YTMEUYEeHbl Ha 10Je 3HAKOM z {»,OMacHOro moBOpOTa“).

8. Ynpadcrenus npenHa3HAYEHb, C OJHOH CTOPOHB, AAS TOTO,
*ToOB J1aTh BO3MOXHOCTb YHMTATENO0 YIAOCTOBEPHTHCS B TPAaBUILHOM
*CBOEHHU MM TEKCTa, a C Apyrof — 4ToOBl MO3HAKOMHUTb €ro ¢ pesy.b-
‘4TaMH, He HAWEJIUMMM MeCTa B TeKCTe, HO TeM He MeHee mpej-
sTaBasiomumMu  CBOH MHTepec. OHM MOryT OBITH ONywleHbl NPH NMEPBOM
WTeHMH, HO H3yuaioueMy peKOMeHAyeTcs pelHTb HX XoTs Ol npu
sropoM ureHud. Hambonee TpyaHme M3 HMX OTMedeHH BBe3JOYKOM.

9. TepMuHOMOrMs, NPUHATAS B ITOM TpakTaTe, OblJla NpeaMeTOM O0CO-
9070 BHHMAHUS. Bl NPULONCENS CMAPARUS HUKO20Q He OMKAO-
LAMbCR OM  YCMAHOBUBILENCA MepPMUR0A02uL 663 8eCsMa CepPbe3HblX
#a mo ocnosanuli. He TOAbKO Kaxab#i BHMYCK CHabkaeTcs moapo6-
1M yKazamenem, HO N KAWLAs KHHFA CONPOBOMKIAETCH CL08ADeM, FIe
FASBACHAOTCS 1 006CYKIAIOTCS, TOMHMO TEDPMUHOB, YNOTpeb.sie MBHIX
% 9TOM TpaKTaTe, TaKKe COOTBETCTBYIOLIME TEPMHHH, MpHMeHsieMble
:-;?;_lacmamee BpeMsi B OCHOBHHIX 3amajHOeBpONMEHCKHMX s3pikax. TeM
MHM 3TOT CJAOBAPb NOMOXET YHTaTeMO TpakTaTa oOpaTuThcs K usyde-
* OpUrMHAJBHBIX MEMYapoOB Ha 3THX pa3JMUHBIX s3bKaX, a MaTe-
[8FHKaM, [DUBHIKUIMM K JPYrod TeDMUHOJOTUHM, CKOpee OCBOMTHCH
Eitpunstoit B sToM TpakTare.

'
10. Mpunoxenbt crapanus, He KepTBYS TNPOCTOTOH H3JIOKeHHUd,
J0AY TOMb30BATHCS BBEIIEPKAHHO TOYHHIM 53bIKOM. [1OCKOJBKY 3TO
§OKHO, BOossHOCMU pexu, 0e3 KOTOPHIX /MOGOMH MaTeMaTHuYeCKHH
puckoBan Obl CTaTb NENAHTHYHHM U jgaxe HEYROOOUYUTAEMEIM,
bl pa3 oOroBapuBAlOTCS; €CJAM 3TO YMECTHO, OHM OTMedalnTcd
fasatesne uAm choBape.

1. MockoabKy TeKCT KHUTH MOCBALLEH, KaK NMPAaBHAO, LOTMaTHIECKOMY
XikeHu!0 Teopud, Onbamorpaduyeckme CCHUIKH BCTPEYAlOTCd B HeM
B BuIe WUCKJIOYEHHA; CCHUIKM Ha Oubiuorpadmio Bompoca cobpaHmu
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B UCMOPUHECKOM O4epKe, TIOMEWAEMOM ualle BCETO 8 KOHYe Kax#AO .
24086 W COJLEPHKAUIEM TaKKe, eClu j 3TOMy NpeiCTaBlseTcs ciydadd,
ykasaHue HepellleHHBX npoGaeM Tteopud. [lpm 3TOM cCHUIKM pawoTCs
JMIUb HA Te KHUTH M OPHUIHHA/blible MeMyaphl, H3yueHHe KOTOPnX OHJIO
61 HaubGoJMee moJdesHO aja uurateds. CChIIKM, MMelOuiHe CBOeft eauH-~
CTBEHHOH ue/bi0 YCTaHOBJEHHE MPHOPHTETA, NMOYTH BCErJa OTCYTCTBYIOT;
teM Oojee UMTaTERb He JAOMKeH DAacCUATHBATL HakTH 31€Ch NOJAHYIO
6ubauorpadHio paccMaTpUBAEMBLIX BONPOCOB.

Yro kacaercs ympaxHenu#, He ObIO BOOOLIE COYTEHO IOJE3HBEIM
yKasbiBaTb MX MCTOYHHKH, KOTODHieé BeCbMa pasjuuHbl (OPHIHHAJbHHE
MeMyaphl, y4eOHble DYKOBOACTBA, COODHUKM ynpaxHeHHH).

12, Tlopsinok CCBHUIOK HAZ TO HJAM MHOE MECTO TPAaKTaTa TaKOB:

a) mpH CCblIKe Ha TeOPEMB!, aKCHOMbl MJM ONpeje/eNHus, NpuUBeleH-
HHE 8 MOM Je camom napazpade, HA3bIBACTCA, €CAU OM MMeeTcs, uX
HOMep;

6) ecniu ouu TpHBENEHB 8 Opy204 napazpage moid e 2zasol,
yKasblBaeTCs, KpOMe TOro, 3TOT maparpad;

B) €C/IM OHM TIDMBELEHH 8 Opy20il 2sa8e MmOl Jice KHuzd, yKasble
BAIOTCS COOTBETCTBYIOUIME TJaBa H mnaparpad;

T) eclM OHM HaxXxONATCs 8 Opyzod Knuze, CHaYana [HaeTcs HasBaHUeE
9TOH KHHTH.

CBoiku pe3yIbTaTOB YKa3blBalOTCHA NpH cchiakax OykBamu ,Pes.:
HanpuMep, ,Teop. M., Pes.* osHavaer ,CBoika pesyabTaToB Teopuu
MHOXECTB,

13. Kaxasit pa3, korga durtatemo Onjio Obl MOJME3HO MMETh Nepern
T/a3aM{ TPH YTEHMM BCEero BHITYCKA Te WJAH MHBIE AKCHOMBI, OmpeleJe-
HUf M T. 1., TOC/AeHME BOCIIPOM3BONATCA HAa 8K.ielie, TOMellaeMOl
B KOHLE 3TOr0 BbIIyCKa (M YNOMMHAaeMOH B ero OrjaaBjeHHH).



IFMTABA 1
TONOJIOTHYECKHE BEKTOPHBLIE ITPOCTPAHCTBA
HAJ HOPMHPOBAHHBIM TEJOM

§ 1. TononorkyeckHe BexTOpHEIE MAPOCTPAHCTBA
1. Onpedenerue monoaozuuecKoz0 BeKMOPHOZO NPOCMPANCMEAR

Onpenenenue 1. ITycms K — monoaozuseckoe meso (O6w. Tom.,
ra I, § 5, n® 5). Tonorozuneckum aesoim 8eKMOPHOLM NPOCIPARCIBOM
nao K naswgaom muoscecmso E, Hadesenroe:

1° empyrmypoii aegozo sexmopro20 npocmparcmsa Had K;

2° monosozuel, cozsacywoueics co cmpykmypol adoumusrol
apynne 8 E (O6w. rtom., ra. I, § 1, n° 1) u ydossemsopsowed,
Kpome moz0, caedyoweld akcuome:

(EVT) Omo6pascenue (A, x) — Ax npousgedenuss K X E 8 E nenpe-
pHigHO.

ITycte B MHOMecTBe E 3alaHnl CTPYKTYypa JEBOrO BEKTODHOro MNpo-
cTpaHcTBa OTHocHTeabHo K wu Tonojorus. [osopdaT, uTO OHM cO240-
Cyromcs, eciu TOMOJOTHA COrjacyercs CO CTPYKTypoH aiiMTHBHOMH
rpynnsi B E u, kpome Toro, sunosneHa axcuoma (EVT). To xe camoe
MOXHO Bbpa3uThb, CKA3aB, 4TO oToGpawenns (x, y) —>x -y u (k, x) > Ax
coorsercTBeHHo npousBelenutt E X E u K X E B E uenpepuiBubl, u6o
9TO BJIUET HEMPEPHIBHOCTb OTOO pawenuss x — — x = (—1) X 1 TeM caMbiM
COT/aCOBAHHOCTL TONOJOrMH B E CO CTPYKTYpoH A4LLMTHBHOK TpYMM:L,

INpumepsn. 1) Ecan E-—neBoe BeKTOPHOE MPOCTPAHCTBO Hal duc-
KpemHsiM TONONOTHUECKUM TenoM K, TO oQuckpemnas Tononorus B E
COrnacyercss €O CTPYKTYPOH BEKTOPHOrO mnpocrpaHctBa B £ (Y4TO yxe
HeBepHO, ecad K Hepuckperno, a E ue cogutcs k 0).

2) MNlycts A — tononoruyeckoe xoxpuo (O6w. tom., ra. I, § 5, n° 1)
u K—ero noareno, HMewuee ¢ A o6umuii €IMHHYHLIA SAEMEHT H TAKOE,
YTO TONONOTHS, HHAyuHpyeMas B K Ttomoxorueil xoabpa A, coraacyercs
co cTpykrypoii Tena B K. Torga B A Tononorus coraacyercs co CTpyKTypoit
JAE€BOr0 BEKTOPHOrO NpoCTpaHcTBa Haj K.

3) Mycts K— nio6oe Tomnonornueckoe teno, /— nio60e MHOXECTBO.
B BexTOpHOM MpOCTpaHCTBE Kﬁ (Aar, ra. 11, § 1, n° 4) npoussesenue
TONOJOTMH COMHOXMTENEH K, coriacyercs cO CTPYKTypoi BeKTOpHOro
IpocTpaHcTBa, HEO OHO COrJacyeTcss CO CTPYKTYPOH IpOU3BEINCHHMs
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(aJIMTHBHEIX) FPYTR H AAs KaXAOTO X = (§,) u3 K£ W xaxioro A € K umeem
Ax = (Af), otkyna cpasy caenyer (O6ul. Tom.,.ra I, § 8, cieacrexe 2 teo-
pewms 1), uto otobpaxenue (A, X) - Ax Henpeprsro, MoxHO TaKKe CKa-
3aTh, YTO NMPOCTPAHCTBO Kﬁ Bcex orobpaxenudt / B K, HajeleHHOE TOMNO-
aorueil npocmoii cxodumocmu, eCtb TONOJNOTMYECKOE BEKTOPHOE npo-
crpauctBo Haxy K (O6ur. rtom., ri. X, § 1, n® 3).

4y MycTtb X — OTACAMMOE TONONOrHYECKOEe NPOCTpaHCTBO. B MHOXecTBE
E = C g (X) BCex HenpepusHsLx YHCIOBLIX QYHKUHIL, OnpeseeHHbIX Ha X,
Tonoxorus ¥omnaxmuol ¢xodumocmu (O6w,. Ton., ra. X, § 1, n° 3) coraa-
cyeTcsi €O CTPYKTYPOH BeKTOPHOro nmpocTpaHcTBa Hany R. JleHCTBHTENbHO,
nycTb Uy — TOuKa 3 £, H — KOMIIaKTHOE MHOXECTBO B X H ¢ — IPOH3-
BOJbHOE MONOXHTENbHOE yHCnO. Yucaosas (yHKUMA uy OrpanHyeHHa Ha M
nyctb 4@ = sup |uy(¢) . daa moGoit Touku u us £ u moboro ¢ € H nmeem

t€H

[ Rt (8) —Rotto (8) | I M| - T () — o (D) | +-a X =g
Ecav, cnepoBatenpHo, |A—Xo| e u |u(f) —uy(f)| e aas Bcex £€ H,
10 | A (£) — Aotz (1) | < e (@ -+ | Ao | -+ ¢); Tem cambim axcuoMa (EVT) srinoa-
HeHa. Tak JKe IpOBEpsETCs COraacOBAHHOCTb TOMONQTHH KOMNAKTHOH CXO-
JHMOCTH CO CTPYKTYPOH agiHTHBHOH rpymnne B E.

Hanpotus, eca# X HEKOMIAKTHO, TONOJOrUS PABHOMEPHOL Cx00u-
#Mocmu (Ha X) He 06sA3aTeJbHO COrJacyercs CO CTPYKTYpoH BEKTOPHOrO
npoctpadctBa B £. Hanpumep, eciu X == R u up— HcorpaHHyeHHas Henpe-
priBHas QyHkuus Ha R, 10 A —> Ayy He GyseT HenmpepeBHHM OTOGpaxe-
Huem R B E, HageneHHoe TOMojorHed pPaBHOMEPHOH CXOAMMOCTH.

Tax »xe, Kak B onpeleaeHud 1, BBOLHUTCA TOIIOJOTHYECKOE npagoe
BEKTOPHOE TMpPOCTPAHCTBO Hal TomoaornueckuM tenaom K. Ho kaxnoe
fIpaBoe BEKTOPHOE TIPOCTPAaHCTBO Hal K MOXHO paccMaTpuBaTh KaK JEBOE
BEKTOPHOE IPOCTPAHCTBO Hax TeioM K°, mporusomonoxusim K (Aur.,
ra. I, § 1, n° 1), a Tononorus B K coriacyercs co cTpykTypok Teaa K°.
ITo sTo# nmpuumHe MH, KaK npaBujO, paccMaTpuUBaeM JieBhle TOIMOJOTH-
YecKue BEKTOPHBIE MPOCTPAHCTBA; M TOBOPs INPOCTO ,TONOJOTHYECKOE
BeKTOPHOE TIPOCTPAaHCTBO®, Mbl BCerla NOLpasyMeBaeM, 4TO 3TO BEKTOP-
HO€ TIPOCTPaHCTBO — JIEBOE.

Iycte K’ —noareno tena K n E — TOnOnOrnueckoe BeKTOpPHOE TIPO-
crpanctBo Hai K. Slcwo, uro Tomojorus B E coraacyercs Takwye CO
CTPYKTYpo# BEKTOPHOro MPOCTPAHCTBA OTHOCHTeJbHO K', moayuatowehcs
B E npu cywennn Tena ckamapos no K. Mwul OyaeM uasniBaTh noay-
YaloleeCss TaK TONOJOTHYECKOE BexTOpHOe mnpoctpauctso E Han K’
6asucHblm L1s TONMOJOrMYECKOro BeKTOPHOro TpocTpancTsa E Ham K.

Hast Toro yTo6bl TONMONOTHYECKOE BeKTOPHOE NMPOCTPAHCTBO E 0610
omoesumblM, HeOOXOLHMO . H [OCTAaTOUHO, UTOOBI I KawdoH TOUKH



2 TOTIOJIOTHYECKHE BEKTOPHBIE TTPOCTPAHCTBA 23

x+0 u3 E cyuecTsoBana OKpecTHOCYb HYyJs, He Colepxawas x (OOwi.
ron., ra. IIl, § 1, creacTsue mpennowenns 2).

PaccMoTpuM B BeKTOpHOM TpocTpaHcTBe E OTHOCHTE/JBHO TOMNOJO-
rudeckoro Tena K TOMOJOTHIO, COrnacyiowyics co CTPYKTypoH aniu-
TuBHOHK rpynnel B E. B cuay roxazectsa

Ax — Ngxo = (A — Kg) Xo~Ag (¥ — xg) 4 (A — Ag) (x — Xo)

akcuoMa (EVT) paBHocuJbHA CHCTeMe CJEAYIOILHX TpeX aKCHOM:

(EVTI) OmoGpascenue \— hx, Henpepusno 8 mouxe \="0 0
206020 xo€ E.

(EVT{I) Omobparcenue x —»M\x Henpepsisho 8 modxe x—=0 nas
2100020 hyE K.

(EVT{II) Omobpaxcenue (A, x) — Ax Henpepvigno 8 mouxe (0, 0).

B uyacTHOCTH?

Meeanoxenue 1. Jzs kaodozo a& K u rawdod mouku bEE
npeobGpa3osanue nodobus x — ax —+b npocmpancmsa E @ ce6a nenpe-
puisro. Ecau npu amom a0, mo amo npeobpa3osarnue ecmsv 20Me0-~
Mopuzmn npocmpancmea E na cebs.

Bropas uacTb mnpeloxeHHs ecTb CIEACTBAE TOro, 4YTO OTOGpaXe-
HHe x —oax-bb npn a0 nomyckaer obpauenue x —a~lx —a~1.

Caencteue. Ecau A— omrpoimoe (3amxnymoe) mrosxcecmso 8 E,
mo aA omupumo (3amxrymo) 8 E 0as xancdozo a+0 u3 K.

IMycts E u F — TOomojornyeckne BEKTOpHbe IPOCTPAHCTBA HAL OLHHM
M TeM ke Tomonaorudeckum tesom K. [Has toro utobs B3aMMHO OLHO-
#naunoe otobpaxenne E na F Obl10 u30M0pdu3mom TONONOTHUECKOTO
r-_'_‘.eKTOpHOT‘O npoctpadctsa E Ha TOMOJNOTHMYECKOE BEKTOPHOE HPOCTpPaH-
'TBO F, Heo6X0AMMO # ZLOCTaTOUHO, 4TOGH 3TO O0TOOpaxeHue OblIO
WAUHElHO W B3QUMHO Henpepssno. B yacTaocTH, ecam =0 npunan-
et yenmpy T1ena K, To rOMOTeTHS X —> TX SABJIAETCH asmomopgus-
DM CTPYKTYpHl TOMOJOTHYECKOrO BEKTOPHOIO mpocTtpanctsa B E.

Y. Hopmuposarnsie npocmparncmea Kad HOPMUPOSAKKbLM MENOM

- Hanomuum (O6w. tom., ra. IX, § 3, n° 2), uto nopma (a6corrwmuan
Aununa) Ha Tede K ectb otoOpawenne §— |§| ero B R, Takoe, 4TO

[_0 pasHocuabno §=0, [En|=|&| |%| n |[E-47|<|E|+]

3,
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Hopma onpenenser B K paccrosune |§—m| u, clenosaTeipHO, OTIe-
JAUMYIO TOMOJOrHIO, COracyoumyics co CcrpyRryps#t teaa B K. Ecan
|8]|=1 nns Bcex =<0, TO HOpMa HA3bIBAETCRH HECOGCMBEHHOE W €10
onpelensercs 8 K Oduckpemnas tonoaorus. Hanporus, ecan B K cyume-
ctByer a0 Ttakoe, uto |a|#1, To B K cymectyer $-£0 ¢ |B| <1
(noctatouHo B3sTh B=oa uam B=a~!) u noCrenOBATEALHOCTD (3%),5
CXONUTCH K HYJIO, TaK uTo Tomohorus B K —- HelHUCKpeTHad.

Hanomuum, ¢ apyro#t croponsl (O6mw. tom., ra. IX, § 3, n° 3), uro
HOpMQ HA BeKTOPHOM mnpocTpaHcTBe E Hal HeduckpemuoLm HOPMUPO-
BaHHbIM TejgoM K ecTb oTobpawenne x | x|| sroro mpocrpancrBa E
B R, Takoe, uto || x|l =0 pasuocuabuo x =0, |[hx||=|’|: [|x]|| ans
kaxporo ckamspa A€ K n ||[x 4 y||<| x| 4 |lv||. Hopma onpenenser
B E paccrosmue |[[x-—y|| #, caeloBaTelbHO, TOHOJOTHIO, COTJacyio-
WyMcs €O CTPYKTypoR BekTOpHOTO HpOCTpaHcTBa B E (cM. Tam xe).
Bciody, 20e ne 02080peH0 npomussoe, HOPMHPOBAHHOE MpPOCTPAHCTBO
Oyner mpelrmoJaraTbCs HadeJEHHBHM CTPYKTYpOH TOIMOJOTMYECKOTO BeK-
TOPHOTO RpoCTpancTsa, ompeleseMoft ero Hopmo#i. Hopmuposanuwe
NPOCTPAHCTBA ABAMOTCA OIHMMH K3 HanboJlee BaMHBIX TOMOJOTHYECKHX
BEKTOPHHEIX I1POCTPAHCTB.

Kak ussectno (O6w. ton., ra. IX, § 3), ase pasanunsie Hopmul ua E
MOryT ONpefenstTs B £ OZHY M Ty de TONOJOLHIO, IJf 4Yero HeOOGXOJIHMO
K 10CTaTOYHO, YTOOB OHM GHlAH IKBUBAACHMHHL (TAM e, NIPEeANOKEHHE T).
Taxum 06pa3oM, cTPyKTypa HOPMHPOBAaHHOrO MPOCTPaHcTBa Goraue CTPYK-
TYPbl TOMOJOrHYECKOro BEKTOPHOro mnpoctpaicTsa. Cuegyer TujateanHO
OTIMYATb MOHATHEC H3OMOP(QH3Ma CTPYKTYPbl HOPMHPOBAHHOrO IPOCTPaH-
ctBa B E Ha Takylo e CTPYKTYpy B F OT NOHATHA n30MOp(QH3MA CTPYyK-
TYPbl TONOJOrHYECKOrO BCKTOPHOrO NPOCTPancTBa B £ Ha Takyil Xxe
CTPYKTypYy B F.

IIpumep. MNycrs /—npou3ssoibHOE MHOMCECTBO HHAEKCOB. B MmHO-
wectBe (/) Bcex ero orpasuueHnsix orobpamenuit x = (§,) B K (o6o-

3HauaemoM Takke L% ([)) MOmHO BBECTH HopMy |lxi{l =supi§ | (O6uw.
el

tor., ra. X, § 1, n° 6). Ecau /— TOnonornyeckoe NPOCTPAHCTBO, TO MHO-
wectBo G P (/) Bcex HenpephiBHLIX OrpaHHYeHHHIX oToGpantenuit [ B K ects
3aMKHyTOE MOANPOCTPaHCTRO mpoctpauctBa’ B (/) (O6w. tom., ra. X,
§ 2, n° 1). Ipyroe nognpoctpaHctBo B JF g (/) 06pasycT MHOKECTBO L}f )
BCeX A0COMOMHO cyMmupyemsix cemehicrs x == (§) (O6w, Ttom., ra. IX,
§ 3, n° 6); Ha 9TOM NOANPOCTPAHCTBE MOXHO BBECTH TaKke HOPMY [l x|l =

=2 | & |, BOOGULE He 9KBHBANEHTIIYIO HOPME [ X || =sEqu | & (ynpaxucuue 8);
¥4 t

.
ecau Ly (/) paccMaTpuBacTCs Kak HOPMMPOBAHIOE IPOCTPAHCTBO, HO HOPMA
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HC yKa3aHa, TO BCErja HMeeTcst B BHAy HopMa [ x|{. Bmecto %y (/) n
Ly (1) mut mumen B (/) u L1(]).

3. Oxpecmrocmu Ha4aAAQ 8 MONOAOUHECKOM BEKMOPKOM Npo-
cmpancmese RO HOPMUPOBAKRKOLIM MEAOM

Onpenenenue 2. IMyems K—neducKkpemnoe HOPpMUPOBGH-
noe meso, E— aesoe sexmopnoe npocmpancmso nad K. Muoowecmso
McE na3vsaemcs ypasnosewennoim, ecau hx &€ M drs kaxncdozo x ¢ M
u raxudozo MNEK ¢ |M <1 (nm, apyrumm ciosamn, McM npu
I D).

B ToM cayuae, korna K ecth Tes0 C KOMIIEKCHBIX UHCEJ, MB EMECTO:
»YD2BHOBELIEHHOE MHOMNECTBO“ ‘FOBOPUM TaKike ,IMCK®,

[TPELIOKEHNE 2. B monosozuueckom -8eKMOPHOM NPOCMPAHCMEE
E Ha0 HeOuckpemuulm HOPMUDOBAHHUM mesonm K 3amuikanue ‘M
YDPABHOBEULEHHOZ0 MHONCecmBa M ecmbv YPaBHOBEULEHHOE MHONCECMEO..

Je#cteutenbio, nycth B-—saMkHyTtoift map |§| <1 B K. Hempe-
puBnas gyskuua (), x) ->Ax orobpamaer B X M 8B M u, ciaenosareinsuo,
BX M 8 M (O6u. ton., rn. I, § 4, npennoxenne 1), uem ypasrose -
IEHHOCTh MHOXecTBa M U [0KasaHa.

Mycte M — n060e HemycTOe MHOXECTBO B BEKTOPHOM MHpPOCTpPaH-
crBe E uan nenmckpeTHoiM TeqoM K. OuesBupHo, MHOmecTBO M, BCex.
31eMeHTOB BUIa AX, Ile x npolGeraetr M, a A—umap |A| <1 u3 K,
€CTb HauMeliblllee YPABHOBeLI€HHOe MHOXECTBO, conepxailee M; oHo-
Ha3bIBaeTC Y PABHOBeULEHHOT 000.204K0d MHOWecTRa M.

[reanowemue 3. [Mycme K— neduckpemuoe A0KQALHO KOMNAKM -

poe nopmuposannoe meso u E-—omdesumoe monorozuteckoe sex-
@opuoe npocmpancmgo #ad K. Ypasnoseuennas 000404KQ KAHCO020-
komnaxmnozo muoxcecmsa H u3 E xomnaxkmrua.
" NleWcTBUTENbHO, NyCTb B — wap |&€] <1 B K. YpaBHoBemeHHas 060-
ouka MuoxcecTsa { ectb 06pa3 npoussesenus B X H npu Hempepwis-
oM oToGpaxenun (1, x) — Ax U, ClIeAOBaTeNbHO, KOMIAKTHA, TOCKOAbKY B
}'H xOoMIaKTHB MO TPeLNONOMKEHUIO,

OtMmeTHM, YTO ypaBHOBelleHNas 06010uyKa 3aMKHYTOrO MHOXECTBA lie-
o6ssatenbHo 3amkHyTa. Tak, nanpumep, B R? ypaBnoseueHsas 06010uKa:
runep6oisl, onpesessieMoii ypasHeHueM xy = 1, nesaMkHyTa.
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Meennoxenne 4. Iycme E—mononozum_ec;cog 8eKMOpHoe npo-
CMPpancmeo Ha Heduckpemusm HOpmuposantum mesom K o B—
Ppynoanenmansnan cucmema oxpecmuocmesdd nysf 8 E. Mnooe-
cmgo By ypasroseuenHux 060s04ers mHovcecms u3 B marxoce ecmo
PHynoamenmassuas cucmena oxpecmuocmeid nyan 8 E.

He#cTeuTENBHO, U3 (EVTI,II) CMeRyeT, YTo Mg KaXIOH OKPECTHOCTH
V € B cymectsyior uucao a > 0 u oxpectrocts W € B takue, uto Ax €V,
korza | MK a nu x€W. Ilyctb U — ob6bennnenne Bcex MHOmecTB AW
¢ |M K a Tak kak K uennckperso, 1o cymwecrsyer p€ K Takoe, uTo
{p]| < aup=£0; crenosarensho, wuW < U, yeMm nokasauo, uto U — okpect-
HOCTb HYJs, MPUTOM, OUEBUIHO, ypaBHOBemleHHas. C IPYro#i CTOpPOHH,
UcV, u rax kax U — okpecTHOCTb HyJs, To cywecteyer TE€ B, conep-
waweecs B U; vo U — ypaBHOBelleHHOE MHOXECTBO, NMO3TOMY YPaBHO-
BemeHHas o6onouka T; mHOxecTBa T cozepxutcs B U u TeM 6ojee B V,
YeM MNpelJONEHHEe U [OKA3aHO.

Onpenenenune 3. [ITyems K — Heduckpemunoe HOpMupoBarHoe
meno, E— sesoe gexmoproe npocmpancmso Hao K, A u B— muno-
acecmsa u3 E. I'ogopam, umo A nozsowaem B, ecau cywecmsyem
a >0 maroe, wmo AA>B, rozoa ])\|>a' (414, YTO PaBHOCHIBLHO
atoMy, pBc A, Korna p=+0 un |p| < a™). Muoowecmso A u3 E nasbi-
8QI0OM NO2AOUWAIOWUM, E€CAL OHO NO2AOWaem Kaxcdoe 00HOMOUELHOE
MHOMCECMBO.

[Mycts A-— ypaBHOBelieHHOe MHOXeCTBO #u3 E; maa Toro urobbl OHO
forJaomano MEOXecTso B us E, 1ocTaTtouno cyuectsosanus A € K taxoro,
uyto AMADB. IeHcTBUTENBHO, MYCTH ]y.]}])\[; Tak Kak A= (hp. ") pA,
pA ypasHoBemenHo u |Ap~1] < 1, ToAMMcpA, otxyna u BopA. B uact-
HOCTH, IJds TOro uto0bl YypaBHOBEIIEHHOE MHOXeCTBO A u3 E 6niao
NOrJa0IA0M 1M, HeoOXOAUMO M [AOCTATO4HO, 4TOOH B K I8 KAXKIOrO
x & E cywecrsoBaqo r==0 Ttaxoe, urto Ax € A. Kaxioe norjomaiomee
MHOXECTBO B BEKTOPHOM HpocTpancTse E noposcdaem 3TO NPOCTpPaH-
€TBO.

Ws akcnombi (EVT;) cpasy c/eayer, uTo B TOMOJOTMUECKOM BeK-
TOPHOM MPOCTPAHCTBE HAJ HEAUCKPETHHIM HOPMUDPOBAHHEIM TeJOM Kawaas
OKPeCTHOCTb HYJa — moraowawouas. bBosee TOYHO, uMeeT MecTo Cle-
Ayioilee Mpeia0XKeHUe:
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IMpennoKEHNE D. B monosozuneckom BeKmopHom npocmpaxcmee
E 100 neduckpemHsim HOPpMUpPOBAHH6LM mesom; K cyuecmsyem gyH-
damenmanrvnon cucmema B 3aMKHYMBLX OKPecmHOcMeld HYAA MAKAA,
4mo:

(EVy) Kaocdoe VE DB ecms ypasnosewennoe noziowjanoujee Muo-
acecmso.

(EVy) Kakoss 6w nu 6otaw VE B uh+0 u3 K, \V € B (ansapnant-
HocTh B OTHOCHTENBHO TOMOTETHH C HEHYJeBHM k03DULUEHTOM).

(EVm) Jza kaxndezo VED oywectsyer WE B Takoe, uto W
+WcV.

O6pamno, ecru 8 geKmoprom npocmpancmse E nao K umeemcs
6asuc usempa B, yoosaemsopaowuii ycaosuan (EVy), (EVy) u (EVi),
mo 8 E cywecmsyem (u npumom moask0o 00HA) monosozus, C02ra-
CYOWAnACA O CMPYKMYPOL BekmOpHOz0 npocmparcmea u uneou,as B
PynoamenmarsHod cucmemold oxpecmuocmeld Hyis.

1° INpennoxenus 2 u 4, a Takwe akcuoma %Opy), BHIOIHAIOWAACS

aas Kawaoft romosorudeckodl rpymmst (O6w. rtom., ra. I, § 2 u ra. I,
§ 3), MoKasuBaWT, 4TO MHOXecTBO B BCEX 3aMKHYTHIX YPaBHOBELIEHHBIX
OKpecTHoCTed Hyas oOpasyer B E QyuiaMeHTalbHY0 CHCTEMY OKpeCT-
HocTed Hynd. Kax Obl10 ywe YKasaHO, Kawaas OKPeCTHOCTb HYJA ecTb
AOTIOMIAONIEE MHOXKECTBO; ACHO, kpoMme Toro, uro B ynos.reTsopser
ycaosuio (EViy) (cM. creAcTBUE npedtoxenus 1); Hakowell, Kaxaas pynaa-
JMeHTabHas CHCTEMa OKpecTHocTelh Hyas B £ yLoOBJAETBOpPSeT YCJIOBUIO
{EViur) B cuay uenpeprisHOCTH oroGpaxenns (x, y) — x-}y B TOukKe
€0, 0). Taxum o6pasom, MHOXecTBO B OTBEuaeT BCeM TPeGOBaHUAM.
'; 2° Mycth Teneps E— BexTOpHOE HpocTpanctBo Has K n B — Gasuc
(]wmmpa B E, ynosnersopstouutt ycaosuam (EVy), (EVyr) n (EViy). Ipexae '
?cero, akcouma (EV;) noxassiBaet, uTO Kakoso Obn Hu Gbuio V E B,
,«--V V n 0€V; stu cootHowenus u axcuoma (EVyy) nokassiBawor,
1llfro B ecTb QyHIaMeHTa]bHAS CUCTEM2 OKPECTHOCTEH HYJIs LA TONOJO-
imn r E, cornmacywoueiics co CTPYKTYypo# addumusnoid zpynns (Obui.
o, ra. III, § 1, n°2). Tak kak, ¢ Apyro#l CTOPOHB, aKCHOMBI (EVTI)
VTU) u (EVTm) ABJISIOTCA HEMOCPELCTBEHHBIMA CAeJCTBUAMH AKCHOM
EVi) u (EVy), To ompeleseHHas TaK TOMOJOTUA YAOBJIETBOPAET AKCHOME
PVT), uto u 3aBepumaeT 10Ka3aTeJbCTBO.

3ameyanusn 1) B HopMHUpOBaHHOM NpPOCTPaHCTBE Hafg HEJHCKPCT-
HbHIM HODMHPOBAHHHIM TEJIOM MHOXECTBO BCEX OmKpsmuix (COOTB. 3aM-
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xrnymotx) wapos ¢ uentpom 0 o6pasyeT ¢pyHIAMEHTaAbHYIO CHCTCMY OKDECT-
HocTel Hyas, ynosiersopaiouyio ycaosusaM (EV)), (EVy) u (Evyy). .

2) Ecan tenom K ckanapos cayxHt R uav C, 1O Kawubiit 6asuc
¢uabrpa B B E, ynosaetsopaiowuit yxe akcuomam (EVy) n (EVyy)), asnserca
¢byugameHTanbHOM CHCTEMOH oOKpecTHOCTeH Hylsi AJS TOIOJNOTHH, COTNa-
cyiolleiics cO CTPYKTYpOH BEKTOPHOro mpoctpancta B E. HeiictBHTENbHO,
HYXHO UMb JOKa3aTb, YTO NPM 9THX YCIOBHAX Alf Kawgoro A==0 ns K
u kawaoro V €B cymectsyer W€ B takoe, uto AW < V. Ho n3 (EVyy)
cpa3y caenyet cyuwectsoauue Wy € B rakoro, yro 2WyCV, oTKyla MHIYK-
nuell no n nonyyaercs, 4T0 AAA BeAkoro n >0 cywectsyer Wy, ¢ B Taxoe,
yto 2"W, V. Tak kak V ypaBHOBeElIElHO, TO JOCTATOYHO TEnepsh B3AThb 7
cToab GoabwnM, YTo6n 2% ==|27|>|L|, ¥ W= W, 6yier obnagatb
yKa3aHHBIM CBORCTBOM,

DTOT pe3yabTaT HE PACIPOCTPAHACTCS Ha MPOH3BOJNbHOE HENHCKPET-
HOC HOpPMUpOBaHHOe Teno K, HOO He BO BCAKOM TaKOM Tele AJA BCEX
HATYPaALHBIX /. BBHIIOJHAETCH DPABEHCTBO |me|=m, rle & — eAHHHUHbIH
SJleMeHT Tena (CM. ympawHeHue 1).

3) Ecan K — Qucxpemnoe 1€10, TO yCIOBHS (EVTI') H (EVTfH) BHINON-
HAWTCH AN 40606 TomojoruH B E. Paccywpgas Kak B JOKa3aTelbCTBE
npe AI0XeHHs 5, Jerko nokasatb, YTO B TOMOJOTHYECKOM BEKTOPHOM IIPO-
cTtpancTBe £ Haj K cylUCCTBYET (yHIaMEHTaJbHas cHCcTeMa LB 3aMKHYTHIX
OKpecTHOCTE Hy s, yaoBaeTBOpsiomasn ycnosuam (EVyr) u (EVyy). O6patno,
ecnu Gasuc ¢uabtpa B B BEKTOPHOM npoctpanctBe E oTHocuteabHO K
TAKOB, 4TO Bce MHOMWeCTBa u3 B coaepxat 0 u BunoxHens ycnosua (EVy))
u (EVyy), 10 B cayxut dyHnamentanbHoi CHCTEMOH OKpeCTHOCTEH Hyas

IJs TONONOruM, COrJacyloleHcss cO CTPYKTYpo# BEKTOPHOro npocrpaH-
ctBa B E.

4. lMpusraru KenpepvlBROCMI I PABROCMENERROE RenpepbierRoOCmu

Hycre E u F — Tonosornyeckue BeKTOPHbiE NPOCTPAHCTBA Hal OLHUM.

u Tem ke teqoM K. [las Toro urolu numneHHoe oTobpawenne f mpo-
crpauctsa £ B F Obl10 HeNpepniBHO, AOCTATOYHO, UTOOH OHO OBLIO-
HenpepsiBHO B Hauane (O6w. rtom., ri. I, § 2, npednoxenne 13). Aro
npedaoxcuue obobiaercs caeayowum obpasom:

Meeanowenne 6. IMyems E; (1 i< n) u F — monoaozuneckue

8eKMOpHBLE NPOCMPAHCMBA HAO KOMMYMAMUBHOLM HeOUCKpemHubLim
ropmuposannuim mesom K. lag moz0 umobn nosusuteidinoe omobpa-

n
acerue | npousgederusn ]_[E,- 8 F 6va0 Henpepwisno, 00cmamouxo,
i1

umobet [ Gotao wenpepwisrno 8 mouxe (0, 0, ..., 0).
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JeticTBuTe bHO, HyCTb (@, Gy, ..., Gy)— HPOU3BOJbHAY TOUKA U3

n
HEi. HyxHno mokasaTb, YTO AJs KOWIOH OKPecTHOCTH Hyas W us F
i=1

cyulecTsytor okpectHocTH Hyas V; B E; (1 i< n) Takne, uro BHmo.a-
HEHHe n OTHOWeHH# z; € V; BileueT OTHOUIEHUE

Fla 2, aa4-25, ..o, apt+2)—f(ay, a5 ..., a)EW,
Ho

f(al—‘l'—zl, a2+22, ooy an+zn)_f(a1) aZ’ ] a-n):;uﬂ’

rae H npoberaer 2"-— 1 mnoamHoxects otpeska /= [l, n] Harypaib-
Horo pama N, ormuunnix ot I, a ug=f(y;, Vs, .., Vu) TlE Y; = q;
npu i€EH u y;=2; npn iéH. C apyro#i cropomb, B F cyuecTsyer
2" — 1 ypaBHOBemeHHbX OKpecTHOCTe# Hy s W, Takux, 4To % Wy W.

Tax kak f, Mo npexanoaoxenuto, HemnpepuBHo B Touxke (0, 0, ..., 0),
TO B KawAOM E; CyllecTByeT OKPeCTHOCTb Hyas UJ; Takasi, 4TO u3 BLUION-
Henust n oTHowenu# x; EU; cuenyer f(x,, ..., xn)EQ Wy W rax

kak U; —noriowaiouiee MHOXecTBO, TO B K cywecTtByer A;==0, pis
koToporo Aa; €U;. Tlycte Tenmepp A—3nement u3 K Tako#t, uTo
|)\l>|)\{1] (ILign) nu |4 >1. TlokaxeM, 4YTO OKpPeCTHOCTH
V; =1""U; obnapaior TpeGyeMbiM CBOHCTBOM. JleHCTBHTENbHO, MYCThb
P — uncio 3aementoB MuoxecTsa CH; nmeeM uy = uf(xy, ..., X,), rie

HEU; 1LiLn) n p:)\_""(ilgIH)\{l), u Tak kax u3 BuGopa h cie-

ayet, uro || L 1,10 uy €pWoc Wy, nockoabky W, ypasHOBemleHHO.
TeM caMBIM [penstoXeHHe LOKA3aHO.

Mpennoxenne 7. ITpu mex oice npednosoxcerusx omuocu-

meavno E; (1 i n) u F, 0ag mozo, umoGo. mHosxcecmso & noau-
‘ 1 n

AUHelinblx omobpaxceruii npousgederus ll E; 8 F 6unro pasnocme-
' i=1

REHHO Henpepulsno, OOCMAMOUHO, 4MOOB. OHO ObLA0 PABHOCMEneHHO

Renpepuisro 8 moure (0, 0, ..., O).

. JleficTBUTENbHO, B 10KA34TeNbCTBE TPEANONKEHHH 6 OKPeCTIOCTH

U; (1 i n) moryr Guitb BuiGpaHb Tak, uToOul oTHOmeHus x;€U;

(1 <i n) Brexan f(xy, ..., x,)E[)Wy ana raxmdozo orobpaxce-
H

waa fC €.
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5. Pasromepras cmpykmypa i NnOROAHEHUE MONOAOZUHECKOZO
8eKMOPHOZ0 NPOCMPARCMEn

Tomosorust TOMOJMOTHYECKOrO BEKTOPHOTO mpocTpasdcTsa E, coraa-
Cyscb CO CTPYKTYpoH aaanTusHo#i rpymnst B E, ompeneaser B E
pasnomepuyio cmpykmypy (O6w. ron., ra. I, § 3). Toopa o pasuo-
MepHOH CTPYKTYpe TOMOJOrNYECKOr0 BEKTOPHOrO MPOCTpaHCTBA £, Mbl
BCIOLY, T'le He OTOBOPEHO MPOTHBHOe, OyleM MMeTb B BULY HMeHHO 3TY
cTpykrypy. Kaxnoe nenpepsignoe auneinoe orobpaxeHue ToHONOTHYE-
CKOTO BEKTODHOTO MpocTpancTsa E B TOMOJOrHYecKoe BeKTOPHOE IMpo-
ctpauctBo F pasnomepno Henpepuigno. TOUHO TaK e PaBHOMEpPHO
HeMpepHBHO Kaxzoe npeobpa3osanne mnopodus x —oax b NpocTpan-
ctBa E.

OTMeTHM, YTO HENpPEPHBHOE NOJHIMHEHOE OTOGpaxeHHe, Booblle
rOBOps, He SBASETCH DABHOMEDHO HENPEPHBHHIM, KaK MNOKAa3blBaeT yxe
otobpaxcenue (x, y)—» xy npoctpaHctsa R B R.

Kax nenmocpeicTBeHHO CclelyeT U3 oONpeleNeHUH, PABHOCMENeHHO
Henpepbi8Hoe CceMelCTBO AUHelHuX OTOOpaXEHUH TOMOJOrHYECKOro
BEKTOPHOrO TpocTpaHcTBa E B TONOJOrMuecKoe BeKTOPHOE MPOCTpPaH-
CTBO F pasHoMepHO DABHOCMENEHHO HenpepsiBHO.

Tononornueckoe BEKTOPHOE MPOCTPAHCTBO HA3LIBAOT NOAHbLLM, €CJH
HalleleHHOe CBOeli pABHOMEPHOW CTPYKTYpOH, OHO SBJISETCE TMOJHBIM
PaBHOMEPHHIM MPOCTPAHCTBOM.

OnPedenEHUE 4. BewecmeerHoim (COOTB. KOMNAEKCHHLM) OGAHAX08-
CKUM NPOCMPAHCMBOM HA3HBAION NOAHOE HOPMUPOBAHHOE NPOCHPAH-
cmso nao meaon R (coors. C).

pumepsn. Ecan K— nofHoe HeguCKpPETHOE HOPMHPOBAHHOE TENO,

TO mpocTpancTBa Fp () u @C;(I) (n°® 2, npumep) noaubl. To xe BepHO

A MPOCTPaHCTBa L}{ (/) (ram xe), CHaGueHHOro HOpMOit || x| =

= 2 |€ | HeiicrButensHo, nycr» (x,)— nociefobatenbrHocTs Koumn
eI

B sfom npocTpanctse u Xy = (§n.), ¢ 7. Tak Kax | B — B | < Xem — Xy

A8 KaxAaorot €/, to mocaefoBaTeNLHOCTb (Em)n>1, s Kaxgoro tel,

cxoautcst B K K HEKOTOpOMY npeReay &. Jlanee, Tak Kak 2 B —Ene | <
ved
&L %m—*plli A8 Kaxporo KoHeyworo MHowectsa J us I, TO, Hpexse
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Oy

BCEro, CyleCcTBYeT NoCTosAHHaA @ >> 0, He 3aBHCsWan Ot J, m u n, TaKas, uTO

2 |Eyme = Ene| < a@. YeTpemansa m k -}-co, nonyuaem, uto 2 16 —En << a,
a3 ved
OTKyZa 2 |Gl <adxnl, uem nokasaHo, uT0 2= ({) NPUHALIEKHT

NpOCTPaHCTBY L}f (/). llanee, xaxoBo Obl HH OblN0 € >0, cyuecTByer ng

TaKoe, 4T0 2 |6 —En | << e ANA KaWBOTO 72> ny M KawAOr0 KOHEYHOro
teJ

mHoxectsa J u3 /. Tlepexons k mpepeny, BHIMM, 4TO |2 — x, [ < ¢ maa

BCEX 1> Ny, TaK 4TO 2 ecTb NpejfeNl NMOCAeJOBATENBHOCTH (Xp).

lpesaoxenne 8. Mycms § u §' — 08¢ omdesumvie monoisozuu,
2024GCYI0WUECA €O cmPYKmypod sexmoprnozo npocmpancmsa E wad
neaon K. ITycms, danee, § masxcopupyem &' u cywecmgyem gynoa-
ACHMANBHAR cucmema OKkpecmuocmed Hyan 04n &, 3amKHymoex
1+ §. Ilpu amux ycaosusx, Kaxcdoe muoxwcecmso A uz E, noanoe
3 pasHomeproi cmpyxmype, nopoxcdaemoii 8 E monoaozuei g,
104HO MAKJCe 8 PABHOMEPHOL cmpykmype, nopoxcoaemod monoio-
-ueil g. ‘

HeficTBuTeIbHO, mycThb F—¢uabTp Komn B A oTHOcuTeabHo §;
roraa § TeM Gonee ectb ¢uabTp Komm orHocutenbro §’ u, crexosa-
TENbHO, CXONUTCH B TOMOMOruM &' k KAKOMY-TO Npeleny xo€ A. IMoka-
WeM, uTO X, eCTb mpelean ¢uabtpa § u B Tomonoruw &. Ilycthb
4/ — cuMMeTpHMuHast OKpeCTHOCTb Hynd Aasa J, samkuyras B §’. B cuny
HWpexnonoxkenus, § CONEPKUT MHOKeCTBO M, Masoe mopsaika V, Tak
¥10 M < x, -+ V aas npoussoabuoft Touku x, € M. Ho x,~+V samxnyro
® §’, CleloBaTeNbHO X, 9BJASIOLIEECS TOUKOH MPUKOCHOBeHHs Xas M
“t tononorun §’, comepxurcs B x,~+V. Otcioma 3akmaiouaeM, uto
M cxo+V -+ V, yeM nokasatenbcTBo M 3aBepmiaerca (00oOreniie 3TOrO
peayanaTa cM. B O6uw. Tom., ra. II, § 3, ympaxuenue 1).

Y TBepKIeHHe NpelloKeHHs 8§ TepAeT CHAY, €CIH He Ipelnoaararb
CylecTBOBaHHe ()YHIAMEHTaNbHOH CHCTEMB OKpeCTHOCTe# uy:m s g,
3aMKHYTHX B §/ (cm. ra. 11, § 5, ynpaxuenne 12).

Cnexctsue. [Tycms & u §' — 08e omdesuMmvie monoaozuu, co2Aq-
oWuecs o cmpyKmypod Bekmoprozo npocmpancmsa E #ao me-
K. Iycms, dazee, § maxcopupyem §' u cywecmgyem Phynoa-
eenmansnan cucmena B oxpecmuocmed HYAR 048 &, NOAHBLX 8 PABHO-
gpnou cmpykmype, noposxcdaemod §’'. Tozda E nosno 8 pasHo-
Bepuoi cmpykmype, noposxcoaenod §.
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JleflcTBUTENbHO, TIpeRAOKEHHE 8 MOKA3EIBAET, YTO CYHIECTBYeT (pyHaa-
MeHTaAbHAS CHCTeMa OKpeCTHOCTeR HYnst g &, MOJHBIX B PaBHOMepHOMH
cTpykType, mopoxzaemoft §. Ilycte §F— duastp Komw B E ortHOCH-
TersHo § u VEB. § conepxur MHOxectBO M, Manoe nopsaxa V, Tak
yto Mcx,~+V ana moboro x, € M. Ho rtak xak x; 4V noano, to
3akJaiouaeM, 4to cjaex ¢uapTpa §F Ha x,+ V uMeer mpesen, a sHauut
U caM QHILTD § HMeeT HpeXel.

[ycts Ky,— OTAen#MO€ TOMNOJOrHYeCKoe TeJ10, K-—€ero BCIOAY MJOT-
HOe MOATEN0, F— OTAeNuMOe TOMOJOFHUeCKOE BEKTOPHOE MPOCTPAHCTBO
nax K u E— nomonHenue axaaTuBHOM Tomoaoruyeckolt rpynnu E (O6u.
tom., ra. I, § 3, Teopema 2). Buannefinoe otoOpawenue (A, x) — Ax
npousefenus K X E aaautdBHbX rpynn K v E B ajixuTHBHYIO Trpymnny E
NPOAOKAETCA NO HENpPePHBHOCTH A0 OunuHeHnoro orobpaxenus npous-
BedeHUS kOXE B E (O6w. rton., ra. HI, § 5, Teopema 1); Mb Oyaem
ynorpe6aaTs AAS Hero TO e 0Oo3HaueH#e (A, X) — AX H PacCMOTPHM
aume ero cyxenue na Ky X E. B culy NpUHUMIA TPOXOMKEHHS TOXK-
aects (O6ui. Ttom., ra. I, § 6, mpennoxenue 10) umeeM 1.-x=—=x 1
A(px)=(p)x &aa Bcex AEK,, wEK, u x € E. CnenoBaTebHO, BHelll-
Hee mpoussedenue (A, x) — AX onpejenseT B E CTPYKTYpy BEKTOPHOFO
NPOCTPAaHCTBA OTHOCHTENbHO Kj, cormacyioulyiocs ¢ Tomoaorueit B E.
Ecau K, monHo, TO MHB TOBODHM, 4TO OMNpeje/leHHOe TaK TONOJOrHYe-
CKOe BEeKTODHOE MPOCTPAHCTBO E nan K, eCTb nonoamesue TONOAOTYe-
CKOro BeKTOpHOTo mpoctpanctsa E (naz K).

Bce ckaszaHHOe Mp#MeHHMO, B 4acTHOCTH, Koraa K — mo6oe Hopmupo-
BaHnoe Tea0, #60 TOraa M ero MHofoJHeHHe K — HOpMHPOBAHHOE Telo
(O6u1. tom., ra. IX, § 3, npennoxensue 6).

B KauecTBe IPHIOXKEHHS [MONOJHEHHS TONOJOrMYeCKOr0 BEKTOPHOro
NPOCTPARHCTBa YKaKeM, 4YTO MpefJOXEHHE 3 COXpaHseT CHIY TPH 3aMmeHe
CJ10Ba ,KOMIMAaKTHOE® Ha npenxownamuoe“ HeiictBuTeabHO, ecau A npea-
KOoMNakTHO B E, TO ero 3amMbiKanue H B E KOMIIaKTHO; CJlelOBaTe€lAbHO, H
yPaBHOBEIEHHaA 0GON0uYKA MHOXECTBa H KoummnakTHa, a TaK Kak ee nepe-

ceuenne ¢ E ecTh ypaBHOBelLIeHHasA 060J04Ka MHOMXecTBa f1, TO 9Ta nocnen-
HAA NpeAKOMNaKTHa.

6. Bexmoprsie noonpocmparncmsa u gaxmopnpocmparcmsa
MOnoA0ZUECKO20 BEKMOPHOZO NPOCMPAHCMBA

ITycte M — BexTOpHOE MOANPOCTPAHCTBO TOMOMOrHYECKOTO BEKTOP-
Horo mpocTpanctsa E. $lcHo, uT0 ToOmoOJOrMA, uuAyuupyemas B M us E,
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ZOrJIacyercsl €O CTPYKTYpO# BeKTOpPHOro mpocTpanctBa B M; paccMatpu-
321 M Kak TONO/MOTHYeCKOe BEKTOPHOE MPOCTPAHCTBO, Mbl BCIOZY, i€ He
TOBOPeHO MPOTUBHOe, OYAEM MOApPA3yMeBATh MPOCTPAHCTBO, MOJAYyyaeMoe
1yTeM HazefeHds M Tononorue#t, uHayunpyemo#t us E. Torma paBHo-
depHaR CTPYKTypa, MOpOkIeHHAas TOMoOJoOrHelt mpocTpanctBa M, cosma-
laeT C pasHOMepHO# CTpykTypo# B M, unayuupyemolt us E (O6uw. tom.,
~a. I, § 3, n° 2).

Kaxk usBecTtHo, B QakTopnpoctpanctse E/M dakTopTomosorus tonoao-
“uM mpocTpancTsa E no noanpoctpanctey M cornacyetcd co CTpykTypo#t
snauTyBHOM rpymmet (O6m. Tom., ra. III, § 2, n° 4). IMokaxem, uro
YHA COrJIacyeTcs H CO CTPYKTYpOR BeKTODHOTO MpPOCTPAHCTBA, T. €. (eChH
003HAUHTD Yepe3 X —> X KaHOHMYeCKOe ortobpaxenne E na E/M) urto
1Tobpaxenue (A, )2')—»)&)2 npoussesenuss K X (E/M) B E/M HenpepuiHoO.
Jns sroro moctatouno (O6w. Tom., ra. I, § 9, Teopema 1) mokasatb
ienpepuBHOCTb OTOGpaxeHus (A, x) = Ax npounsBezenus K X E 8 E/M,
160 axauteBHeie Tpynnmel K X (E/M) u (K X E)/({0} X M) Moxuo
iroxzectsute (O6w. Tom., ra. I, § 2, mpemnowenue 17). Ho 370
7To6paxeHHE eCTb KOMMO3HUUHA OTOOGpaxeHus (A, x) —» Ax NpoU3BeleHHUd
{ X E B E n xaHoHHueckoro oTobGpaweHus E Ha E/M, xortoprie o6a
defpePLIBHH.

Paccmarpusas E/M kak TOMOJIOrHYeCKOE BEKTOPHOE MPOCTPAHCTBO,
dbl Bcerxa OyneM nojpasyMeBaTh, €CJ# He OroBOpPeHO HPOTHBHOe, 4TO
IO HaleleHO (AKTOPTOMOJOrUeH TOMOJOrMH mpocTpaHcTBa E MO MOA-
ipoctpanctBy M. Kax usBectHO, A Toro 4robul E/M 6nino omoeau-
AbiM, HEOOXOZUMO M NOCTATOYHO, YTOGH M 6nii0 3amknymo 8 E (O6ul.
.om., . III, § 2, reopema 2).

[Tycts E— HeomOesumoe TOMONOrHYECKOEe BeKTOPHOe MPOCTPAHCTBO
t N -—saMeikanMe Hauyana B E (mepeceyeHHe BCeX OKPeCTHOCTeH HYnq).
-ax u3BecTHO, N ecTh HOArpynma aasutuBHO# rpynmet £ (O6w. Tom.,
a. 111, § 2, n° 1); 6yayuu, ¢ aApyroft CTOpPOHE, HHBAPHAHTHHIM OTHOCH-
JIbHO BCeX TOMOTeTHH C HEHYNeBbIM KO3(pdHLueHTOM (IPEnIoKeHre ), N
CTb 3GMKHYMOE 8eKMOPHOe NOONPOCMPAHCMBO TPOCTpaHCTBa E.
axroprnpocTpaHcTBo E/N, KkoTopoe Yxe OTIeNu#MO, OyAeT HasLIBATbCS
_ReNHMBIM TOTIONOTHUECKUM BEKTODHBIM NPOCTPAHCTBOM, ACCORUUPOBAH-
MM C HeOTIen#MBIM MPOCTpaHCTBOM E.

Npumep. Iycts [=[a, 5] —xomMnakTHHi HHTepBan B R n
-E — pexropHoe npocrpancts0 (Hax R), o6pasoBaHHOe npasuAbHELMI
¢yHkuuamMH Ha [ co 3HaueHuaMH B R (PyHku. Beml. nepem., ra. I, § I,
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n® 3). Mycte V,, Aasg Kaxporo a >0, — MHOXeCTBO BCeX (QyHKUHH x ¢ E,
14

Aaf KOTOPMX flx(t){dt< a. HemocpeacTseHHO npoBepsieTcs, 4TO MHO-
a
KecTBo BCex V, ectb Ga3uc (uabTpa, yaosaersopsomuii ycaosuam (EVy),
(EV1) u (EVyyp) 4, crenopaTenbHo, ONpEneasiomuil TONOMOTHIO, COraacyio-
IyICs €O CTPYKTYpOH BekTOpHOro mpocrpauctsa B E. Ho sTta Ttomnoao-
rufl — HeOTXeNHMAas, HOO BCAKas (QYHKUMA X, paBHas HYJI0 Ha JOMQMAHEHHH
K TPOH3BOJNBHOMY (GHKCHPOBAHHOMY KOHEYHOMY MHOXecTBY U3 [, aBagercs
MpaBHAbHOH M NDHHANJEKHT BCeM MHOMecTBaM V. OTieanMmM XKe Npo-
CTPaHCTBOM, aCCOLMHPOBAHHLIM C E, CIYXHMT IPOCTPaHCTBO KJacCOB Ipa-

BHJbHBIX (PYHKUMH, Ha KOTOpbie pa36HBaeTcA E OTHOIUEHHEM IKBHBAJEHT-
. b

HOCTH flx(_t)_y ()| dt =0 (cm. HMuterpup., ra. 1V, § 2).
: :

7. Ilpoussedenuie moOnOAOZUNECKIX BEKMOPRHIX NPOCMPARCME

Mycto (El)Ler—moéoe CeMEHCTBO TOMOJOTHYECKHX BEKTOPHHIX MPO-
CTPAHCTB HAaJZ OAHHM M TeM Xe TonojoruyeckuMm teaom K # E — mpous-
BeJenue BeKTOpHHIX mpoctpancts E,. Kak ussectHo (O6mi. tom., ra. III,
§ 2, n° 9), B E npoussesenne tomonoruf mpoctpaHcts E, coriacyercs
C mpousBeleHueM CTPYKTYp aaauTUBHHX rpymn E,. Iloxkaxem, uro 3Ta
TOMOJOTHS BMeCTe C TEM COTJAacyeTcsl CO CTPYKTYpOH BeKTOPHOro Hpo-
cTpancTBa B £, AJ9 4ero ZOCTaTOYHO YOeduThCAd B HENpPEPHBHOCTH OTO-
6paxennus (A, (x,)) — (Ax,) npousseneuns K X E B E uau, unaue (O6u1.
ton., ri1. I, § 8, Treopema 1), B HenpepuiBHOCTH OTOGpaxeHus (A, (x)) —
— Ax, mpousBenenus K X E B E, nna kaxnoro x. Ho 3to nocaeanee
oTobpaxeHHe ecThb KOMMOsHUMA oToOpaxeHu#t (A, (x))—>(\, x,) #
(A, x,) = Ax,, KOoTOpble 06a HempephIBHHI.

PaccmatpuBasn E—_—EE‘ KaK TOMNOJ/IOTUYeCkOe BEKTOpHOE MPOCTpPaH-

CTBO, MHl Bcerda OyseM moApasymMeBaTb, e€C/l# He OTOBOPeHO HpPOTHUBHOE,
4TO ero TOMOJOTHS eCTb MPOH3BeleHHe TOMOJOru#t mpoctpaHcts E,.

MMpeanoxenue 9. B npousseder.uu E=HE. monoaozutecKux
¥

gexmopunbtx npocmpancme E, npaman cymma F sexmopHsix npo-
cmpancms E (Aar., rn. 1, § 1, n° 7) ecms eciody n/zo)(moe noonpo-
cmpancmaso. .

IleficTBuTeNbHO, F eCTb MHOXECTBO BCeX TOUeK x—_—(xl)tEI, st
KOTOPBIX /#IUIb KOHEYHOE YHCIO X, OTIHYUHO OT Hyjd. Ilycte y=(y,)—
npou3BoJbHat Touka U3 E m V — mobas ee oxpecTHOCTb. V' comepxut
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rjleMeHTapHOE€ MHOXeCTBO HV s, TOE V — mobast OKPECTHOCTb TOYKH. Y,
€1

3 E, X9 BCeX WHIGKCOB t, MPHHANIENKAUUX HEKOTOPOMY KOHEYHOMY
smuowectsy H us I, u V = E, gnq Bcex HHIeKCOB LéH. Ho Ttouxka

:=(x) us F, B xoTopo#i x,= y, ana & H u x, =0 ans ;éH, conep-
kutca 8 V, ueM mpeanoxenue 9 ¥ K0OKazaHo.

B ra. 1, § 2, n° 3, Gyner onpeneneHa Apyras TONOJOrHs B NPAMOR
CyMMe NPOU3BOJLHOrO ceMeiCTBa TONONOrHUECKHX BEKTODHbIX NPOCTPAHCTB
Hag R uan C 6osee cnelualbHOrO THIIA.

3. Tonoaozuseckas npsmast CYMMQ nOGRPOCMPAHRCME

Ec/u TOMOJIOrdYecKOe BEKTOPHOE MPOCTPAHCTBO E ecTh MpAMast CyMma

zone4n020 ceMeficTBa (M; CBOHX BEKTODHHIX MOANPOCTPAHCTB, TO
n

{aHOHUYeCKOe B3aMMHO OJHO3HAUHOe OTOOpawxenue (x;)—> Z X; Tpous-
t=1

1)1<z<n

n .
3exeHus HM«; Ha E Henpepwl8HO; HO OHO He 0073amessHO ABAAEMCA
i=1

~OMeoMOPPuUIMOM.

Onpensencnue 5. [ITycms E— monosozuuecroe 8exmopuoe npo-
smpancmso u (M), ; ., —KOHeuHOe Cemedicmso ezo seKmOpHbLX
a0dnpocmpancms maxoe, umo E ecms ux npaman cymma. Hosopam,

¥mo E ecms monosozuuecxas npaman cymma noonpocmparcms M;,

n n
~CAu  KaHOHudecKoe Bomobpascenue (x;)— X X; npoussedeuu;zH M,
. ’ i=1 i=1
#a E agagemcs zomeomoppuimonm (4, clelOBaTeNbHO, U30OMOPGU3MOM
STPYKTYP TOMOJNOTHYECKMX BEKTOPHBIX MPOCTPAHCTB).

. Nremnoxende 10. ITyems E—mononozusecioe sexmopuoe npo-
.mpancmeo, ABAANUeEECA NPAMOL CYMMOG CBOUX BEKMOPHBLX NOO-
k ocmpancms M; (1 i< n). dan mozo umo6s E 6uino ux morioo-
HecKod nPAmMol cymmoid, Heo6x00umo u 00Cmamo4no, ¥moGsl Aueli-
de omolGpascenue x —» R;(x), omHocAwee Kaxcdomy xEE ez0
:'ocmammomylo 8 M;, 6bia0 nenpepbtsuo 048 Kad*eO020 underca i.

Ileﬂcmu'renbﬂo (x)—> 2 X; eCTb HENpepPHBHOE oroépameﬂue npo#3-

lenemm H M; Ha E, a chopMyaupoBaHHOe YCJIOBHE BHPaxaeT HEMPepHB-
i=1
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HocTb oOpaTHoro otofpawkenns x —» (R;(x)), ueM TpelNOKeHHe W
N OKa33aHo.

n
4
Tak Kak 2‘ k;(x)=X, TO JOCTaTOYHO, BNpOYeM, HeNPEPbHIBHOCTH
i=1
n—1 u3 dyuxumit k; 4To6b ObiNa HempepslBHA H 7-Al.

[Myctb e-— TOXZecTBeHHOe oOToOpameHne mpocTpaHcTBa E Ha cefs;
B 06osHaueHusx npepaoxedus 10 MoxHO Hamucathb

e=hytht ...k,

npuueM k;oky==0 pas i#+j n k;o ky=k;. O6patHo:

Meeanoxenue 11, Myems p; (1 i< n) n Henpepvignoix Aunei-
HOLX OMOOpayceHull MOnosoUHecKozo 8eKmoprozo npocmpancmea E
8 cebn maxux, wmo e=p,—+po+ ... +pu, P;p;j=0 0an i+j u
pf:pi(1<i<n, 1Ljn). Tozda E ecms monoaozuueckas nps-
mag cymma noonpocmpancms M; = p;(E) u p;(x) 04a rkaxncdozo xE€E

ecmo cocmasagowans x 8 M; (1 Lin).
n

JleHCTBUTENBHO, TaK KAK X ==& (x) = D, p; (X) A1 BCeX x€E, 10FE
i=1
ectb cymma nozmpocrpaHcts M;. lanee, ecau y; €M; TakoBH, UTO

n
2 y;j=0, To (B cuny paBencTBa p?==p,) 5TO OTHOIleHHe MONKHO
i=1 :

n
samucatb B Buge X p; (¥;)=0, oTkyza
, i=1

0= p; <1§ Py (yi)> = 1=21 Py(ps ) =05 ()=

A KaXKDOro WHAeKca jf; 3TO MNoKasuBaeT, 4T0 E ecTh mpamad cymma
nopnpoctpaHcts M;, a p; (x) — cocTasagomas x B M;. Tak xak p;
HenmpepuiBHH, TO npeatoxenne 10 nokassiBaer, uto E ecTh TOMOJOruue-
CKag npsMas CyMma noanpoctpaHcts M;.

OrMeTHM, UTQ YCHOBHS p% == p; ABRAIOTCA CAEACTBHUAMH COOTHOUIEHHI
e=p1+ ... 4+pn u ppj=0 npu is£j. [eiictButensro, p;=ep;=

< 2
= X P;pi="p;-
j=1
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Onpeaenedue 6. Jluneidinoe omobGpasienue u 8eKMOPHO20 npoO-
:mpancmea E 8 ce6s, yoosaemgopaioujee YcA08UI0 42 == i, RA3BBALMCA
1DOEKMOPOM.

TakuM obpasoM, npenjoxenne 11 MOKasbiBAET, YTO MMEETCAd B3aUMHO
VIHO3HAYHOE COOTBETCTBHE MEWIY PpA3NOMEHHAMH HpocTpaHcTBa E
3 TOMOJNOTHYECKYI) NPAMYI CYMMY # ero BeKTOPHHIX MOANPOCTPAHCTB
1 Pa3loXeHUsIMH ¢ B CYMMY 2 aHHY/IMPYIOUWUX IPYr ApYyra senpepuisg-
1b.X NPOEKTOPOB.

Zcau E—Tononoruyeckas npaMas CyMMa XBYX CBOMX HOANpocTpaHcTs M

N, TO rosopar eme, 4ro N ecTb monosozugeckoe donosnenue x M

E. UYrobun N 6510 TakOBHIM, HeOOXOZMMO U HOCTATOUHO, UYTOOH
<aHoHuueckoe oToGpaweHue E/M va N (Aar., ra. I, § 1, n° 4) Guao
430M0phu3mom (CTPYKTYP TOMOJOTHUECKOTO BeKTOPHOTO MPOCTPAHCTBA).

Neeanoxenne 12. ITycms E— monosozuueckoe sexmoproe npo-
:mpancmeo. las mozo umolu e20 sexmopHoe hodnpocmpancmgo M
Jozadaro 8 E monosozuneckum O0onoaxnenuesm, Heo6xodumo u docma-
Mouno, umobu Ha E cywecmsosar Henpepu8rwd npoexmop p marod,
amo p(E)= M.

- Heo6xoauMocth ycnosus oueBuzHa. OOpatHO, Tak xak p?==p, TO
“p(e —p)=p—p?>="0 u, crenoBarenbHo, ¢ = p-}- (¢ — p) ecTb pasio-
KeHHe ¢ B CYMMY ABYX aHHYJAUDYIOUIMX APYF APYTa HelpepHBHBIX
3\'x‘lpoemopon. Tak kaxk p(E)==M, TO yTBEpXIeHHE cIelyeT Telepb H3
'mpennoxceﬂuﬂ 11, npuuem ToOmonOruveckuM aomojHeHueM Kk M == p(E)

‘cnymm p (O)

OTMeTHM, 4YTO HelpepoBHHI NpoexTOp p mnpocrpanctsa E Ha M
CAYKAT TpOROMKeHHeM Ha BcE E TowpecTBeHHOro oTobpawxenns M Ha
keGa u uro, 06paTHO, KaxJ0e HelpepHBHOe JguHeliHoe oToOpakenue E
B M, cayxauee NpoROMKEHHEM TOXAECTBEHHOrO oOTOGpawmenns M Ha
Qf:bﬂ, ecTb HelpepbiBHbft mpoextop. [lostomy ycaoBue mpemnomenus 12

MHO cHOPMYINPOBATH ewie CAeAYIOWUM 00pasom: Heobx00umo u docma-

BOUHO, HMOOHK modscoecmsenroe omobpascenue M na ce6n MOKCHO Gbiro
1p000sdCUms 00 HenpepbiBR020 aunelinozo omobpadxcenus E na M.

3amMeuaHnud 1) UroGu usbexarr CMeIleHHs!, NOATIPOCTPAHCTBO B E,
ZONONHKUTERbHOE K M (B CMBiCA€ CTPYKTYPH He TONOJNOTH4YECKOrO BEKTOP-
HOTO NPOCTPaHCTBa), MHOTAA HA3HBaETCH a./zze6pau'tectcuu oonoane-
Huexm x M.
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2) Ecau omdesumoe TONONOrHYeCKOe BEKTOPHOE NPOCTPAHCTBO E ecTh
TOMONOTHUECKas NpaMasg CyMMa cCeMelCTBa (Mi)1<i<n €ro BEeKTOPHBIX
NOANPOCTPAHCTB, TO KaXA0E€ W3 HAX 3aAMKHYmO. JledCTBUTENbHO, E KaHOHHU-

n
YeCKH H30MOP(HHO NPOH3IBERECHHIO HM,-, a TaK Kak M; oTneaums, TO
i=1

COOTBCTCTBleLuHe HM COCTaBJliﬂ()luP[e NPOH3BeeHHUA IIM 3aMKHY Thi, KaK
i=1
nepeceyeHuss 3aMKHYTbIX MHOXECTB.

3) He nns BcAKOro 3amxrymozo nopnpocTpaHcTBa M OTHEIHMOro
TONOJOTHYECKOr0 BEKTOPHOrO TpPOCTpaHCTBa E Cyl{ecTByeT JOMOJHUTENb-
Hoe (B anareGpaHyecKOM CMbicle) 3aMKHyTOe BEKTOPHOE MNOANPOCTPaHCTBO
(naxe ecnm E — 6aHaxOBCKOe NpOCTPaHCTBO; ¢M. § 3, caencTeue 4 Teo-
pembt 1 ura. IV, § 5, ynpaxuenue 58B). Tem 6onee M He 00s3aTenbHO
obaanaetr B E TONOMOrH4eCKHM ponoaHeHueM (¢M. § 2, ynpaxHenwne 2).
Bce ke Mbt yBHIHM B § 2, uTO (3aMKHyTO€) NOANPOCTpaHCTBO M KoHeu-
HOli ¢paxTOppasmcpHOCTH HMeeT B E TOnosoruueckoe NONONHEHHE, NO
KpaiiHeil Mepe ecan K — moaHOe HeIHCKPeTHOe HOpMHpoBaHHOEe Teno (§ 2,
npenioxenue 3).

Neeanoxenne 13. [Tyems E u F —monosozuseckue sexmop-
Hble npocmpancmea u u-— Henpepu.sHOe JAuHedHoe omolpacerue
E s F. Han cywecmsosanus nenpepul8H020 sunednozo omobpadce-
nug v npocmpancmsa F 8 E, npu Komopom wov 6uao 6ot moo-
Oecmsennoim omobpaxcenuem F Ha ce6a (B 3TOM ClAyuae roBOpAT, 4TO
u obpamumo cnpasa W v-—npagoe o0pamHoe K u), Heo6xodumo
& docmamouno, 4mobu. u Guao zomomopguzmon E na F (O6ul. Tom.,

I, § 2, n°7) u ul(O) 00400440 NONOAOZULECKUM OONOAHEHUEM
s E.

YcnoBua nHeo6xo0ums. eHcTBHTeNbHO, ecnu v — mpaBoe oGpaTHoe
K 4, 10 2(v(F))=F u Tem 0oace u(E)==F; Ralee p==vVolU eCThb
HempepuBHOe JaHHeHHOe oTo6pawenne E B cebs Takoe, uT0 p?==p;
clieJoBaTe/bHO (npennome}me 12), P(E)=9v(u(E))=v(F) uMeerB E

TOMNOJIOrHYECKOe nononHeHne p(O) M TaK Kak, B CHJY npennonomeﬂuﬂ

u(p{x))=u(x), 10 p (0) =u (0) Haxolieyq, B3auMHO OXHO3HAauHOE

oTobpaxeHtie E/u (0) Ha F, accounupOBaHuoe c omépamenuem u, ecThb

KOMIO3HL U B3AHMHO OXHO3HAUHOTO oroﬁpameuuﬂ E/p (0) na v (F), acco-
UHAPOBAIIHOTO € OTOGpamendeM p, ¥ cyxeHus u Ha o (F); Tax Kak
06a 3TH oOTOOpameHus — u3oMOppU3Mb, TO ©—roMomopusM E na F
(cm. O6w. tom., ra. I, § 2, n°7).
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KAHOHUUYECKHUH

Ycnosust docmamodne. JleficTBUTeNbHO, NYCTh ¢

-1 -1
romomoppusam E ma E/u(0). Ckasatb, uro u(0) oGrazaer TOMOJOrH-

yeCKUM JononHenneM M B E, Bce paBHO uTO CKa3aThb, YTO CYkeH#e @
-1

Ha M ectb usomoppusm M ua E/u(0). Tax kax, c Apyroft CTOpOHH,
—_ — -1

u=uo¢, rie u-—usomoppusm FE/u(0) wa F, To Msl BuIHM, UYTO

CyweHue u# Ha M ectb usomoppusm M ua F, H, clezoBaTeibHo, 00-
paTHeff U3OMOpP(HM3M U TAKOB, YTO woVU €CTh TOXAECTBEHHOe 0OTOGpa-
wenue F Ha cebs.

Neeaaoxenne 14, [Tyems E u F — monosozuveciue 8exmop-
Hole NPOCMPAHCMBE 4 U — HenpepuiRoe AuHelinoe omobpaxcenue E
8 F. Han cywecmso8anus Henpepslsnoz0 AuHelH020 0moOOPAdNCeHUs v
npocmpancmsa F 8 E, npu komopom vou 6Goi0 6ol moHOecmBeHHbM
omob6paxcenuen E na ce6a (B 3TOM cJlydde roBOPAT, 4TO 4 006pamumo
caesa N U— gesoe obpamHoe K u), Heo6xX00umo U OGOCMAMOULHO
4mo6ot u G6viao uzomopgusmom E na u(E) u u(E) o6radaso mono-
Ao2uveckum Oonoanernuem 8 F.

YcaoBus docmamouns,, W60 TpH HX BHIOJHEHUH jJeBoe 0oOpaTHOE U
K 4 TOJNYyYaeTCd NyTeM KOMIOHHPOBAHUA HENpPEpPHLIBHONO mpoekTopa F Ha
u (E) ¢ usomoppusmom u(E) Ha E, oBpaTHhIM K 4.

Ycaosus weob6xodumsl. JeRcTBUTENbHO, COOTHOMWeHHE V(U (X))=X
-1
nokasbiBaeT, 4to # (0) CBOZUTCA K HYNeBOMY 3/eMEHTY; TakuM o6pasoM,

u eCTb B3aHMHO OJHO3HA4YHOE OTOOGpaxenue E na u(E), M tak kak Cy-
wehe v Ha u (E) HempepniBHO, TO u# — #3omoppusm E Ha u(E). C apy-
roft CTOPOHH, §=—uo¥ eCTb HempepuBHOe auHeltoe oroOpawenue F
Ha u(F) Takoe, 4To ¢2=¢, a 3TO NOKa3biBaer (CM. NpeiIOKeHue 12),
4yro u(E) obaagaeT TOMOJOrMYECKUM IOMOAHEHHEM B F.

9. Odur Memod monoso2u3ayuy BEKMOPHHIX RPOCMPAHCLE

Meeanoxenue 15, [Iyems (E), ., — cemedcmso  mononrozute-
- CHUX BEKMOPHBIX NPOCMPAHCME HAO monosozudeckum meaom K,
E — sekmopnoe npocmpancmso Had K u f, 0an wasedozo &1, —
auneiinoe omobpaxcenue E 8 E,. Toz0a HaumeHee cuabHas mono-
aozun § 8 E, npu womopoi wnenpepu8us. 8ce Pyuxyuu f, cozia-
cyemcs co cmpykmypoi sexmopnoz20 npocmpancmsa ¢ E. IMycms ¢ (x)
Oan  Kaxncdozo x€FE  osnasaem mouky (f,(x)) npocmpancmsa

.
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v

= ]_! E,. Tozda & ecmb npoo6pas monorozuu nodnpocmpancmsa ¢ (E)
€

npocmpancmsa F omnocumensno runednozo omolpadscenus .

Bropad 4acTb NpeAJNOWEHHS €CTh HENMOCPENCTBEHHOe ClencTBHE Ofl-
pelelleHuit Tomoaoruu &, mpousseleHus TomoJOTUH M Mpoobpasa TOMO-
nornu (O6w. tom., 1. I, §§ 3, 7 u 8). A Toraa nepsast BeITEkaer U3
Clelyollel JeMME:

Jemma, ITycms M u N —gexmopusie npocmparcmsa, g— Au-
neidnoe omoGpascenue M 8 N u §y— monosozus, cozaacyouancs
co cmpyxmypoil sexmoprozo npocmpancmea 8 N. Tozda npoobpas &,
OMHOCUMEAbHO g COZAACYEMCS €O CMPYKMYpoid BexmopHoo npo-
cmpancmea 8 M,

[TokaxeM, HanpuMep, HempepHBHOCTb OTOGpaweHus (X, x) —Ax

B KawBo#fi Touke (Ay x)E K X M. Kaxzaa oxpecTHOCTb Hyas 'B M
-1

cozepxuT okpectHocTh Buia g(U), rze U — oxpectHocTh Hyada B N,
B CUIy MPEXNONOKEHHUS CYUIECTBYIOT OKpecTHocTe V Hyas B K H
okpectHoctb W Hyns B N Takue, uto u3 A—MEV, y—y € W crenyer

-1
Ay— Ay €U. Ho Torma ms A— A€V, x—x,€ g(W) crenyer Ax —

— WX € gl(U). Tak iKe JOKa3bBaeTcd H HENMpepHBHOCTb OTOOGpa-
xehust (X, Y)—>x—y 8 MX M.
\ .
Mycts B, sna xaxzoro uumekca tE [— dyqsameHtanbHas CHCTEMA
okpectHocTed nyas 8 E,. [o onpesenenuio tomosoruu §, ¢UILTP OKpecT-
HOCTe#t HyJas 1] Hee TMNOPOKAAETCA OODBeldHEHHEM CeMeHCTB MHO-

-1
wects f, (B); uHBIMH C/IOBAMH, MOXECTBA BHIA
07,v.,).

TAe (), < <, — MOOHE KOHeuHble HABOPH HMHAeKCOB M3 [ M Vl , As
Kauaoro R, —moboe MHOXeCTBO M3 %¢ , 06pasyoT q)yﬂnauemanbﬂylo

cHcTeMy OKpECTHOCTeﬂ Hyast aas Ttonoaoru# .

Caeacteue 1. IMyems G -—monoaozuteckoe sexmopuoe npo-
cmpancmgo Had K. Has Henpepwt8rocmu AuHedn020 0mo6padceHus u
npocmpancmsa G 8 npocmpancmso E (nadesennoe monoaroaueis §)
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Heo0x00umo u docmamo4no, 4mobv. dan Kaxncdozo uxdexca .& I 6wao
HenpepuBHo auHeiinoe omobpasxcerue f,ou npocmpancmsa G B E,.

JleHCTBUTENBHO, IS HEMPEPHIBHOCTH 4 HEOGXOAMMA M JOCTATOUHA
HENPEPHBHOCTb @ o i.

Caencreue 2. Ilycms npocmpancmsa E, omoesumw. Hdan om-
deaumocmu monosozuti § HeoOxo0umo u docmamoxno, 4moGol
022 Kaxndoz0 x + 0 u3s E cywecmsosar undexc €I, npu xomopoxs
fi(x) # 0.

Hefictpurenbno, ecam E, ormeanmsl, t0 u ¢ (E) oraeaumo, u nas
OTACAHMOCTH TOMONOTHH &, OuYeBHAHO, HEOOXOAMMO H JOCTATOUHO,
4To6b ¢ ObLLIO B3aHMHO OJHO3HAYHO. 3aMeTHM, uto Torga E (ualeneH-
Hoe TOmonorHeR &) MOXKHO OTOXAECTBMTb MOCPENCTBOM OTOGpaKEHH ¢
¢ moanpocrpaHcTBOM ¢ (E) mpocTpaHcTsa ]IE‘.

Caepcreue 3. ITycms E— sexmopnoe npocmpancmso Had mo-
nosozuteckum mesom K u (8,)‘Er—ceueﬁcmso monoaozui, cozaa-
cyioumuxcs co cmpykmypol sexmopuozo npocmparcmsa 8 E. Toz0a
u sepxuan 2panv § monosoud §, cozaacyemcn co cmpykmypoi
sexmoprozo npocmpancmsa 6 E.

He#icTButensHo, nyctb E,— TOMONOrHueCKOE BEKTOPHOE IMPOCTPaH-
CTBO, moJaydawuieecd npu Hanenewuu E Tomonorued &, u f,— Tom-
decTBeHHoe oToGpaxenue E na E; rtoria § eCTb HamMeHee CHAbHAS
TonoAOrHA B F, mpu KOTOpO# Bce f, HempepbiBHbL.

YnpaxHeHua 1) Mycrs Ey= Qg——nponsaenerme cyeTHoro Gec-
KOHEYHOr0 4YHMCIa SK3EeMIVIADOB p-afiMuecKoro Tela Qg paccMarpHBae-
MOE€ KaK BEKTOPHOE NPOCTPAHCTBO uan Q, (O6wm. rtom, ra I, § 5,
ynpaxHeune 22 u caen.). Mycrs P= b2 »< Eo #u E—nopoxicHHoe MM
noanpoctpaicTBo B E, Bsemem B annnmanon rpynne P KOMNaKTHYyiO-
TOTNOJNOTHI0 — MPOH3BEAECHKE TONONOTHi comuoxurenedt Z, Ilyere B—
GHIALTP OKpecTHOCTEH Hyas B P aaa 910#t tonoaoruu. [lokasats, uto B
ecTb (pyHZaMeHTalbHas cHCTeMa OKpECTHOcTeit Hyas B E AasA TONOJOTMH
g, cornacywolyeitca co CTPYKTypoit aiaMTHBHO# rpynnel B E H TaKkoi,
uto dynkums (A, x)-»Ax HenpepbisHa B Touke (0,0) € Q, X E; noka3ats,
yto ¢(yHKUMA A ->Ax, HENpepwiBHA B Q, AAA KaWEOro Xo€ E, HO romo-

1
TETHSA x->—!-,- x B E He HENPEPBIBHA B TONOJOIMH §.

2) Nycte E — TONONOTHYECKOE BEKTOPHOE IPOCTPAHCTBO Haj HEIMC-
KPEeTHBIM TOmnoJorHueckiM Tteaom K. Jlas Toro utobbl oToGpameHHe
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(A, x)>Ax OGblIO pPaBHOMEPHO HENPEPLIBHHIM B OKPECTHOCTH  TOUKH
(0,0) € K X E, HE06X01MMO H# NOCTaTOYHO CYLIECTBOBAHHE OKPECTHOCTH
uyas Vo B E Takoit, u4To6m MHOmecTBa AV, rae A mpoGeraer Bce
HeHyJeBbie saeMeHTh M3 K, 06pa3oBbiBanud (yHJaMEHTAAbHYI CHCTEMY
okpectocreit Hyas B E. [lokasaTh, uyTo ecau K — HEZHCKPETHOE HOD-
mupoBanHoe Ten0 H E omodeaumo, TO paBHOMEpHas cTpykrypa B E
TOrla Mempu3yema.

3) B TOHOXOrHUEeCKOM BEeKTOPHOM npocTpaHcTBe E Hal HeAHCKDET-
HBIM TONOJOrHUecKMM TeaoM K cyuiecTByeT ¢(yHIaMEHTalbHas CHCTEMA
B 3aMKHYTHIX OKPECTHOCTEH HyJd, ynosaetBopaomas ycaoeuam (EV )
u (EV() n ycaosuam:

(EV),) kakoso 6bt Hu 6bito Ve B, cymectByior WEB n OKpecTHOCTD
ayas U 8 K takume, uto UWCV;

(EVys) kaKoBbl 6u HH 6ban x€E u VB, B K cymecTsyer A0
Takoe, 4T0 Ax € V.

O6patHO, mycTh E -—— BeKTopHOE NpocTpaHcTBO Hajn K H B — Gasuc
gunetpa B E, ynosnetsopaomuii ycaosuam (EVy,), (EVyg), (EVy)
v (EVy,). Tokasath, uto B E cyilecTByeT, W NPHTOM TOJBKO OIHA,
TONOJOrHA, COrjiacyiouaacad CcO CTPYKTYpOH BeKTOPHOrO NPOCTPaHCTBa
u umeoufas B (yHIaMEHTAAbHOW CHCTEMOH OKPECTHOCTEH HyNd.

4) O606wute npepnnoxenve 6 Ha cayual, koria E; (1<i<n)
u F — TonojoruyecKkue BEKTOPHbIE NPOCTPaHCTBA Haj JA06LIM HEZHCKpeT-
HbHIM KOMMYTaTHBHBIM TONOJOTHYECKHM TelOM.

5) Ilyctb K — muckpeTHOe KOMMYTaTHBHOe 7Ten0 H E —rTeno ot-
HOleHui Koabua ¢opmanbHLIX panoB K [[X, Y]] oT aByx nepeMeHHHX Haj
K (Aar, ra. 1V, § 5). Ilycts Vi, aas xaxaoro wueaoro n >0, — mHO-
JKECTBO BCEX (hOPMalbHBLIX PANOB, CTEeNleHb KaXKAOr0 4JIEHa KOTODHX He
mespmie n. Tlokasath, uT0 MHOxecTBa V), o6pasywoTr B E (yHIZaMeH-
TaJbHYI0 CHCTEMY OKPECTHOCTEH HYJA 1ad TONOJOTHH, COrjacymougeics
€O CTPYKTypOH BeKTOPLIOro INpocTpaHcTBa Hal K H Tako#, uro E
B 3TOH TOMONOTHH METPHU3YEMO H IOJHO, NMPHYEM eCaH Tel0 K KOHEUHO,
10 E nokaipHo xomnakrtao. [loka3ath, 4yT0 OuauHEHHOE oOTOGpaxienne
{a,v) > uv npoussegesus E-X E B E mnenpepuisH0 B TOuKe (0,0),
HO CYILECTBYIOT 4o € E Takmne, yT10 oTO6paMEHHE U - UV HE HENPEPBIBHO
B E (cM. Aar., ra. 1V, § 5, ynpaxnenue 7 (1)).

6) Ilycts E — 6eckOHeYHOMEPHOE BEKTOPHOe IPOCTPAaHCTBO Haj
R u T — MHOXECTBO BCEX YPaBHOBEIUEHHBIX IOrJOIIAIOUIMX MHOXECTB
B E. Ilokasath, ut0 T He YJIOBJAETBOpPAET aKCHOME (EVm). Jlasg storo
ayctb (e,) — GeckoHeunoe cBobomHoe cemeficTBo B E; Ay, ans Kaxaoro

n
Q 1
uenoro n >0, — MHOXKECTBO BCEX TOYEK 2‘ t;e; Takux, uro || < =
i=1
(1t n); A—ob6benunenne Bcex Ay,; B — BexTOpHOE NOANPOCTPaH-
CTBO, AOMOJHMTENbHOE K IOANPOCTPAaHCTBY, IOPOXKIEHHOMY 3JEMEHTaMH
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ey, 1 C= A B. lloka3aTs, 4To He CyilecTBye1 MHOxecTBa M€ T, aas
kotoporo 6m M- Mc C.

7) Tycts (En)ler — moboe OeckOHe4HOE CeMeHCTBO OTACIMMBIX
TONONOrH4ECKMX BEKTOPHHIX INPOCTPAHCTB Haj TOMOAOTHYeCKMM Teaom K
(He CBOIAIGMXCA K HYJAEBOMY S3J€MEHTY); F — npou3BeleHHE BEKTOPHBIX
npocrpancts E, (1 ¢/); § — ronoaorus B F, coriacylomascsa co CTPYKTypoii
apIMTHBHOH rpynnbl, HMeicuiaa cBoell  dyHZameHTalbHOH CHCTEMOH

OKpECTHOCTEH HYyJs COBOKYIHOCTb BCEX NPOH3BENEHUH I;V" rge V,, naa
t€

Kaxc0ozo unpekca €/, — aro6as OKpPeCTHOCTh Hyas B E, (Tomoaorus
6oaee cuiabHas, yeM NpoHU3BeleHue TOmOAOrud npocrpancts E,; cm. O6ul.
tom., ra. 11, § 2, ynpaxHenue 22).

a) Iloxa3ath, ut0 ecan K HeauCKpeTHO, TO TONOJOrua § He coria-
cyeTcs €O CTPYKTYpo#l BeKTOPHOro npocTpaHcTBa B F.

6) Ilycte E — BeKTOpHOE NOANPOCTPAHCTBO B F, ABAswoweecs npsa-
Mo# cymmoH noanpoctpanctB E,. Ilokxasatb, yro E 3amkHyTO B F H TO-
noaorus o B E, MHAyUHpyeMas TONOJOrHeH §, coriacyeTcs €O CTPYK-
TypoH BeKtOpHOro npoctpanctBa B E. [lokasatb, ut0 ecam kaxnoe E,
noano, 10 W E moano (cm. O6m. rtom., ra. I, § 3, ympawueuwe 8).
IMokazarthk, yto ecau K HepMCKPETHO, TO HU AJA KaKOH TONOJOrHH, Maxo-
pupylomeit g, H corjacywouieiica co CTPYKTypo# BEKTOPHOro NpOCTpaH-
ctBa B E, E He saiBasieTcsi 63POBCKHM IPOCTPAHCTBOM.

8) IokasaTh, 4TO B NPOCTPaHCTBE L}Z(N) aGCoOJIOTHO CYMMHpPYEMbIX
nocJaei0BaTenbHOCTeH x = (§,;) 3J€MEHTOB HEIHCKDETHOr0O HOPMHpOBAIll-

(e o)
Horo Teaa K HopMbl || x|l = 2 | &y |l 1 || x]] = sup | &y, | HeIKBUBAAEHTHR
n=0 n

(cM. O6u. tom.,ra. IX, § 3, npenaoxenue 7); nokasath, 410 L}Z(N), cnat-
WeHHoe HOpPMOH |l x|, Hemoano naxe ecau K TMONHO; KakOBO 3aMbIKa-
mie L (N) B #x (N)?

*9) Iyctp K — HeIHCKPETHOE KOMMYTaTUBHOC HOPMHUPOBAHHOC TENAO
u S — moboe GecKOHEYHOE MHONKECTBO. :

a) Ilycte D = (an) — cueTHoe OecKOHeYHOE MHOKECTBO 3JEMEHTOB
H3 S u u,, Aas xaxporo Ae¢K ¢ || <1, — snemMeHT N1OPMHUDPOBAHHOIO
npoctpanctBa g (S) (n°2) Bcex orpaHMYEHHHX OTOOpaxKemMil MHO-
wectBa S B K rtakoll, ut0 uy(an)=M\" (neN) u u,(5)=0 npu
bQ;D. [Moka3atb, uTo u, o6pasyior cBobojxnoe (aire6pauyecku) cemei-
CTBO. ‘

6) BuiBecTH oTciona, 4TO Kaxabii 6a3sHC BEKTOPHOrO IpPOCTPanCTRa
P i (S) paBHOMOUIEH KS. [Mcnoab3yst a), moka3aTh, 4YTO MOILHOCTb
kawjoro Gasuca B Hp (S) me MeHblue MOWHOCTH K; € Apyrod cro-
POHbI, 3aMETHB, YT0 % (S) paBHOMOLUHO KS, HCIIOABL30BAThH YIIPaXKHEHHE
14 n3 Aar., ra. I, § 1 (®).]

B) Iloxasatb Ttem e cmoco6oM, YTO Kaxabii 6Gasuc BEKTOPHOro
npoctpanctea L} (S) pasnomouten (K X S)N.
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10) IycTs E — moaHoe oTAeAMMOE TOMOJAOTHYECKOE BEKTOPHOE IPOCT-
paHCTBO HaJ HEIMCKPETHHIM HOPMHDOBaHHBIM T1enoM K; F — BEKTOpHOE
NOANpoCTpaHcTBo B E; § — Tomoaorus B F, coraacymuasca co cTpyK-
TYpoH BEKTOPHOrO NpPOCTPAHCTBA, MaXOpHpYyWIlas TOROJAOrHo &/, HH-
AyuMpyemyw B F u3 E, u o6aagawomas ¢yHraMenrtaabHolt cucremodl B
YPaBHOBEIUEHHBX OKPECTHOCTEH HYJsd, 3aMKHYTHX B §/; Fy— BeKTOpHOE
NOIMpPOCTPaHCTBO B E, MOpOMIEHHOe 3aMblKaHHAMH V MHOWecTB V€D

B E. MuoxecTBa V 06pa3yiT (YHIaMEHTaNbHYK CHCTeMy OKPECTHOCTEH
Hyas Jaas TORMOJOrMH §o B Fy, coraacyoleHcs co CTpyKTypod BeEKTOp-
HOT'O TNPOCTPAHCTBa; B STOH TOMOJAOTHH F, INOJNHO; HaKOHEW, TOMOMOTHA,
KOTOpY® §p HHEyuupyer B F, coBnajpaer ¢ §.

§ 2. Jiunefinsie MHOrooGpa3us
B TOMOJOrHYeCKOM BeKTOPHOM NpOCTpaHCTBE

1, 3amuvixkanune Aunelin0z0 Mr02000pa3usn

Hanomaum (Aar., ra. I, 2-e usn., [punoxenue II), uto addunnoe
auHefiHoe MHOroo6paswe B BeKTOPHOM npocTpaHcTBe E nax Teaom K
(Ha3siBaeMOe TPOCTO ,JHHEHHHIM MHOroof0pasueM®, ecAM 3TO He MOXET
NPHBECTH K NYTaHHlle) eCTh 00pas BEKTOPHOrO NOANPOCTpancTBa M3 E
NpH NPOU3BONLHOM TEPEHOCE.

IMrennoxeHHE 1. Samwkanue auneldrozo0 MHO2000pa3us 8 mo-
noAOzUMeCKOM BeKmMOPHOM npocmpancmee E ecmv asureinoe muozo-
o6pas3ue. .

IleficTBUTEABHO, TAK KAK Kaxbii NMEepPeHOC eCThb romeoMopdusM mpo-
cTpancTBa E, TO JNOCTaTOYHO AOKA3aTb YTBePIEHHE MNPEANOKEHHS AAfA
BEKTOPHOrO moanpoctpaictsa M. Ho nenpepmiBHas ¢ynkuus (x, y) —
—+x—+y (cootB. (A, x)—>Ax) orob6paxaer M X M B M (cooTs.
KXM B M) u, crexosatesbno, MX M B M (cooTs. KX M
8 M) (O6w. Tom., ra. I, § 4, npennoxenne 1), a 5T0 M HOKA3HLIBAET,
uto M eCTh BeKTOPHOe MOMNPOCTPAHCTBO.

CaencrBuE. B monosozuteckom 8exkmoprom npocmpancmse, E
Kaxcoas 2unepraocKoCms 3aMKHYmMa uau 8Cio0y nAomua.

JeficTBUTEILHO, 3aMbIK@HHE ONHOPOAHOHK runepmaockoctu H, GyAytm
BEKTOPHHIM TMOANPOCTPAHCTBOM, codepxawmum H (npeanoxenne 1), moxer
6uITh TOABKO caMuM H uan BCceM mpoctpaHcTBOM E,

Mpl BuIMM, TaKuM 00pasoM, 4TO Al TOFO, 4TOGH IMIEPIAOCKOCTL H
6bina 3amxHymod B E, HeoOxoduMo u jgoctarouno, yrobu CH codep-
HCAAO BHYMPEHHIOIO MOUKY.
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IMycte A-— NOAMHOXeCTBO TOMOJAOTHYECKOrO0 BEKTOPHOTO NPOCTPaH-
ctBa E. HamoMuum, uTo NOpoxiaeMoe UM BeKTOpHOE MOANPOCTpancTso M
€CTh MHOXECTBO BCEBO3MOXHHIX JUHEHHBIX KOMﬁﬂﬂaul/Iﬂ 3JeMCcHTOB
w3 A (Aar., ran. I, § 1, n°5); sammikanuem M s E, B cuay upenso-
KeHHA 1, CAYXHT HaMMeHblllee 33MKHYTOE BeKTOPHOE MNOJLIPOCTPaHCTBO,
conepxauee A; ero HA3LIBAIOT 3AMKHYMUM 8EKMOPHUM NOONPOCMPAH -
CMBOM, NOPONCOCHHULM MHOJNCECMBOM A.

Onpenenenne 1. [Toomuoocecmso A monoaozuueckozo 8exmop-
Ho20 npocmparcmsa E Ha3sieaemcs momassHOLM, ecau nopoc-
OeHHOE UM 3AMKRYMOE 8eKmMOpHoe nOORpocmpancmso cosnadaem ¢ E
(uam, ApYTMMH CNOBaMHM, €CAH MHOXKeCTBO JMHeHHnX KOMOMHAuuH 3ie-
MEHTOB H3 A 8C100y na0muo).

Mpuwmepn. 1) B Hopuuposanaon npocTpauctse € ¢ (/) HenpepoIBHBIX
Ooyuxuuit na [ = [0, 1} co 3HauenHamu u3 C cyxenus onpounenos x" (neN)
Ha /| o6pa3yloT TOTalbHOE MHOMXECTBO B CuJy TeopeMbl Beiiepwitpacca —
Croyna (O6wy, tom., ra. X, § 5, -teopema 3). TOYHO Tak Xke B HOANPO-

cTpaHCTBe P npocTpaHCTBa @G(I), o6paszoBaHHOM (YHKIHAMH f(x) H3
C ¢ (), ynosnetsopsiomumu ycnosuio f(0)=f(l), cyxenus ¢yHKumil
"™ (neZ) o6pasyloT ToTanbHOE MHOMKECTBO (O6m. Tom., ra. X, § B,
npeanoxenue 8),

2) Kaxkpoe noraougarwigee MHOXECTBO B TONOJOrHYECKOM BEKTOPHOM
npocTpaHcTBe E Haj HEXMCKPETHBIM HODMHPOBAHHBIM TEJAOM (H, B va-
CTHOCTH, Kaxias OKPeCTHOCTh Hydd B E) ToTanpHO, u60 mopoxnpaet sce E
(§ 1, n°3). Orciona BHTEKaeT, 4TO JAMHElHOe MHOroo6pasue, He MJIOTHOE
B E, Hurze ne naotHo B E (O6w. rom., ra. IX, § 5, n°1), u6o ero sambi-
KaHHE HE MOXET COJEepkaTh BHyTPEHHEH TOUKH,

Onpeneaenue 2. Cemeicmso (at)le_, mouex MONOAOZUYECKO20
8eKmoprozo npocmpancmsa E naswsaemcsn monoasozuiecku ¢80600-
HULM, ecau, KaKos8o Oul wu Oviso v €[, 3aMKnymoe 8exmopHOe noo-
APOCMPAHCMEO, NOPONCOLHHOE MOHKAMUE G, C uHOeKcaMmu L+ x, He
codeprcum a,.

Mpumep. B nHopmuposannom mnpoctpanctee (/) HempepsiBHBIX
dyuxumit Ha /= [0, 1] cymenus dysxuuit 2" (nc¢Z) ma I obpasyior
TOMoJNOrHYecKu cBoGonuoe cemeicTso. JeicTBHTEABHO, KakOBO 6b1 HH 6b110

neZ, gaa moboit nuHEHHOM xou6nnaunn2 cxe®*™ @ (rne aumb Komeuoe
k#n
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YHCAO KOS(DQHUHEHTOB Cx OTIAHYHO OT HyJs) HMEEM

1
flez"’”'“” —f) Pax=14+ 2 lepl2>1
b k#n

H TeM Gollee, B CHIy TEODEMbI O CPELHEM,

2nni
sup [*"E — £ (x) [ > 1,
x€el
2nnie ’
YTO H JOKA3BIBAET, YTO & He COICPKHUTCA B 3aMKHYTOM BEKTOpD-
HOM INOANPOCTPAHCTBE NPOCTPAHCTBA ‘@C([), MOPOWAEHHOM (PYBKUHAMK
ezkmw ¢ k# n.

MuoxectBo, 00pasoBaHHOE 3J1eMEHTAMH TONOJOFHYECKH CBOOOAHOTO

ceMeACTBa, Ha3HIBAETCA mMonosozu4ecku c80600HLLM MHoxNcecmsom B E.
Ka)mee NOAMHOXKeCTBO TOIIOJOTHYECKH CBOﬁOllHOl"O MHO)f(eCTBa TOMOJO -
THYECKH CBOOOJHO; eClM NPOCTPAlNCTBO E OTIEAMMO, TO KaKAOE ero
TNOAMHOXECTBO, CBOAsAuieeCs K OLHOH TOUKe x 0, TOmoaoruyecku
c¢BOGOIHO.

Tonoaoruueckn cBOGOAHOe CeMeHCTBO CBOGOAHO ‘B anre6panuecKOM

cmbicae (cM. Aar., ra. II, § 3, npeanowxenne 1 (3)); no obpatHoe He-
BEPHO.

NMpumep. B nopmuposannom mnpocrpauctse C (/) HenpepeiBHHX
Oyukumii Ha [ = [0, 1] cyxenus onnounenos x" (n ¢ N) na [ o6pa3ylot aare-
6panyeckH cpoboaHoe ceMeidcTBO. HO Tak kak CyugeCTBYET NOCJAENOBa-
TeJAbHOCTh (py) MOJAHHOMOB Takaf, 4TO Py (x2) paBIOMEpHO CXOIHMTICH K X
Ha [/ (O6ut. Tom., ra. X, § 5, neMma 2(4)), TO X COLEPKHTCA B 3aMKHYTOM

BEKTOPHOM MOANpPOCTpaHCTBe npocTpancTBa € o (/), MOPOXIEHHOM ONHO-
unenamu x°" (neN).

3ameuanusna 1) [B oTauune OT TOro, 4TO MMEET MECTO N ajre-
6panueckd CBOGONHBIX MOIMHOMKECTB BEKTOPHOrO [MPOCTPAaHCTBa, MHOXKE-
CTBO BCEX TOMOJNOTHYECKH CBOGONHBIX NOIMHOMECTB TOMOJOrHYECKOr0 BeK-
TOPHOrO NpocTpaHcTBa E, BOOGIiE rosops, He uHOYKMUuSHO OTHOCHTEALHO
BKMIOYEHHA (ympaxuenne 1); Kpome Toro, B E He 06s3aTelbH cozep-
WHUTCA MaKCUMaabHOE TOMNONOrHYecKd CcBoGONHOE NMOIMHOKECTBO (yMpax-
HEHHE 2), a MOTOMY H HE 00A3aTelbHO HMEETCa TOMOMOrHYECKH cBoboAHOE
TIOIMHOKECTBO, KOTOPOe 6bilo 6bl B TO Me BpeMs MOMAAbHBM.

2) Tycte M — 3amMKHYTOe BeKTOPHOE MOANIPOCTPAHCTBO B E H (Zzl)tEI—
TONMONOrHYECKH CBOGOLHOE cemeiictBo B E/M. CemeiicTso (an)ner rae a—
MoGO# SJAEMEHT M3 @, TOMOJAOTHYECKH CBOGONHO, KaK 9TO ciegyer u3
onpefefeHHs 2 H HENPEPHIBHOCTH KAHOHHYECKOro oOTo6pawenns E Ha
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E/M. OtmeTHM, OnHaKO, YTO 3AMKHYmMOEe BEKTOPHOE NOANPOCTpaHCTBO N,
NOPOXACHHOE SJeMEHTAaMH 4, MOXeT ObiTh TakoBo, 4T0 MN == {0}
(ynpaxHenue 1), Tak 410 cymma M-+ N ne obsn3areabBo mpsaMas B aire-
GpanueckoM cMeicne (H Tem Gonee B Tomoaoruueckom: cMm. § 1, n°8).

2, Hpsamste u 3aMKEHYMbBLE 2UNEPRAOCKOCTL

Mpennoxenne 2. Kaowdoe odnomeproe omoeaumoe monosozu-
yecKoe BeKkmoproe npocmpancmso E Had HeOuckpemuum HOpMU-
posannbim meaon K usomopguo Ky Oosee mouro, 0s4s Kasncoozo
a+0 u3 E omo6pancenue . —ta npocmpancmea Ky na E ecms uso-
Mopgu3m (uHaue roBopdA, kaxioe JauuefiHoe orobpaxenue K, Ha E
€CTb H30MOPQH3M).

Tak kak ortoGpamenne £ — Ea npoctpancrTea K Ha E B3auMHO 0AHO-
3HayHO W HenpepuBHO (§ 1, ompejesenue 1), TO AOCTATOYHO JOK33aTb,

YTO OHO B3aUMHO HenpepbiBHO. [IyCThb & — BelECTBEHHOE YUCIO
> 0. HyxHo mokasatb, uTe0 B E Cyu(eCTByeT OxpecTHOCTb Hy1d V
Takas, 4to E@ €V Baeuer |§| < a. Tax xak K HEJUCKPETHO, TO Cyuue-
cTByeT 3neMeHT £ € K Tako#t, uto 0 < |§|<Ca; ¢ Apyro#i CTOpOHH,
tak kak E oTaeaumo, To0 B E CyulecTByer OKpecTHOCTb Hyasa V, He
coldepxawas £,a, NPHYEM MOMXHO INpeJNo/JaraTe ee YpPaBHOBEUleHHOH
(§ 1, npennoxenne 4). Tlokaxewm, uro £a €V Breuer |&]| < |&|; met-
CTBUTEAbHO, eCAH Obl 3TO OHIJIO He TaK, TO Mbl HMEJH Ohl |EOE“1[< 1,
i, caenoBaTensuo, £,a = (E:™") (Ea) €V, B mpoTHBOpeuHE C MpeANIONOKE-
HHEM; TeM CaMbiM NpelJOXeHHe HAOKA3aHO.

3aMeyaHHe YTBEpHICHHEe Npenjoxenus 2 He 06A3aTeNbHO COXpa-
HAET CUdy, ecliH He npeanoaaratb E otgeauvbiM. TouHo Tak e OHO He
COXpaHseT cuny, Korka K — duckpemroe HOpMHPOBaHHOe Tedo. JeHcTBH-
TeAbHO, NycTb Ky — HEIHCKPETHOE HOPMHPOBaHHOE Tel0 M K — IHCKpeT
HOE TeNO, NOAy4aloleecs H3 HEero MyTeM BBEJEHHA HECOOGCTBEHHOH HOPMBI;
Ky ectp onHoMepHOE TONOAOTHYECKOE BEKTOPHOE NMPOCTPaHCTBO Haa K, He
H3oMOp(hHOE K.

ChaEpCTBHE. B omoeauMoMm monoaoudeciosm 8EKMOPHOM npo-
cmpancmee E #ad neduckpemuuim HOpmuposanuvim meaor K iascdoe
" 00HOMepHOe 8ekmOpHOe noonpocmparncmso D usomopdro K.

TeorEMa 1. ITycms E — monoaozuueckoe 8exmoproe npocmpar-
CMBO HAO HeOUCKPemHbiM HOPMUPOBAHHOM mesosm u H — zunepnioc-
Kocms 8 E, 3adannan ypasnenuen f(x)=a, 20e f— auneiinas gopma,
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He DPABHASL MONCOeCmBeHHO wyaw. dag mozo wmobw H 6uao 3ark-
#ymo 6 E, nHeo6xo0dumo u docmamouno, wmobu f Guiaa wenpepwisha.

Hocrarounocts ycaosus ouesunna (O6uw. Ton., ra. I, § 4, Teo-
peMa 2); noka¥eM ero HeoGXOAHMOCTb. H MOXKHO TpPENNOAaraTb OXHO-
POIHOA 3aMKHYTOH THIIepNJIOCKOCTHIO, 3aJaHHOH ypaBHenueM f(x)=0.
Toraa dakropnpoctpanctso E/H 6yner ONHOMEpHHM OTHAEAHMBIM TOIO-
JOrHYECKUM BEKTOPHBIM TNpPOCTpaHCTBOM Hal K. f MOXHO IpeJCTaBUTHb
B BUle go@®, TNe ¢ —kaHOHHUueckoe oToOpaxenue E Ha E/H, a g —
nunefinoe oroGpaxenue E/H Ha Kg; HO g B Cuay NpelnoxeHusa 2 He-
TIPEPHIBHO, CAEAOBATENbHO, HENMPEPHBHO M f.

Caencreue 1. Kaxcoasn nenyaresan wenpepusnas aunelinas gopma
Ha E ecms 2omomopguzm E Ha K,

Caencreue 2. Kaosiwdoe (00noMepHOE) 8eKMOpHOe nROONPOCMPGH-
cmgo D, anzeGpaunecku Odonosnumessrnoe K 3aMKHYMOL 00HOPOOHOL
2unepnaockocmu H, monoaozunecku odonosnumensno k¥ H.

JleficTBHTENBHO, MHOXeCTBO B D, coaduieeca k OAHOMY aieMenty O,
3aMKHYTO, Kak nepecedenne [ ¢ 3aMKHYTHIM MHOXeCTBOM H; c.epoBa-
teabHO, D ormeaumo. Ho Ttak kak E/H Ttakke oTAeaMMO, TO KaHOHH-
yeckoe otobpaxenue D na E/H, Gynyun auHeRHHIM, eCTb HU30MOpdHIM
B CHIY NpelJOxeHus 2,

3amMeyaHHe MOXHO yKa3aTh NpHMEpPHl OTAEIHMBIX TONOJOTHYECKHX
BEKTOPHHIX NMPOCTPaAHCTB Hal R, Ha KOTOPHIX Kax(as HeNpepbiBHasd JHHEH-
Hasl (opMa TOWIECTBEHHO paBHa Hya:lo (ynpaxveHue 2); cleIOBaTENbHO,
B TaKOM NPOCTPaHCTBE KaxAasd THIEPINIOCKOCTb BCIOAY INMIOTHA (CACACTBHE
npeajaoxedus 1).

3. Koneunomepnroie gexmopusie nOORPOCMPARCMEA

TeoreMa 2. Kaodoe omodesumoe monoaozuieckoe 8eKmopHoe
npocmpancmeo E koneunold pazmeprocmiu n HQO NOAHH M Heduc-

Kpemuoim HOpMuposannum mesom K uzomoppno Kg; a umenno dan

Kagdozo 6asuca (¢;), < i< q POCMPpancmea E nad K auneiinoe omo6pa-

n
acenue (5;)— X, Ee; ecms usomopgusn Ky wa E.
=1

[pennoxenne 2 nokassiBaeT, 4YTO TeopeMa 2 BepHa Ipu n=1;
ApUMEHMM HHAYKuMIO 10 n. [lycts H-— BeKTOpHOE NOANPOCTPAHCTBO
npocTpaHcTBa E, MOPOXKAEHHOE DJIEMEHTAMH €, €3, ..., &,_4; B CHIy



3 JIMHEMHBE MHOTOOBPA3USA 49

n—1
- N

MpeANoAOKeHUs MHAYKIHU OTOOpakeHuHe (;i)1<i<n—1—)zsiei eCTb U30-
. = i=1

smoppusm K5y~ ' na H. Moanpoctpancteo f1, Oyayud u30MOPQHBIM
NpPOU3BEACHUI0 NOAHHIX TnpocTpanctd, noano (O6w. Tom., ra. i, § 5,
npentoxkenne 4); CJed0BaTeAbHO, OHO 3amxuymo B E (O6w. Tom.,
ra. I, § 3, npeanoxenune 6). [lycrs D —noxnpocrpanctso Ke, B E,
romoanurenbHoe k H; Tak kak E — nmpaMas TONOJAOrMyeckas CyMMma
noanpocrpaucts H u D (caeacrsue 2 TeopeMpi 1), TO OTOOpameHue

n
-1
(Ei)1<i<n"’215iei npoussenenns Ky X K, Ha E ecTb U30MODQu3M.
i=

[peanoaoxenue noanomst teda K CyI{eCTBEHHO NJAl CIPaBENIUBOCTH
TeopeMs 2 NpH n>1 JleHcTBHTENBHO, NyCTb K — Henoauoe HOpPMHpO-
BaHHOE TeJIO " K—ero nononHenHe, Ka BCOAY NJOTHO B Kzum KaXnoro
a +# 0 us K, H60 X - xa eCcTb rOMEeoMOp(pH3M K Ha ceba. Ecaun aéK,
TO NOANPOCTPaHCTBO K | K4 TONOAOTHYECKOrO BEKTOPHOrO INPOCTpaH-
ctBa K Hap K mmeer pasMepHOCTb 2 Haj K H, OZHaKO, He H30MOP(dHO Ki,
n6o B K-+ Ka xaxoe OJHOMEPHOE MOANPOCTPAHCTBO MJAOTHO.

 CaenctsuE 1. B 0moesumOM moOnoL0ZUHECKOM 6eKMOPHOM npo-
cmparcmee E HaO nOAHBM HeOUCKPEMHOLM HOPMUPOBAKHHM merom K
Kanco0e KOHEHHOMEPHOE BeKkmOpHOe nodnpocmparcmso F 3amxwnymo.

Jle#ticTBuTenbnO, ecau F n-MepHO, TO OHO H3OMOpP(DHO K, 3HAUMT
NOMHO M, CJAeaoBatelbHO, 3amkHyro B E (O6w. Tom., ra. II, § 3,
npedanoxenue 6).

Cneacrsue 2. ITyems K-—noanoe wneduckpemuoe HOPMuposax-
Hoe meao, E-—ronewnomepnoe omoesumoe monosozudeckoe 8ek-
. moproe npocmpancmgo Had K u F— aw60e mononrozusecxoe 8ex-
mopnoe npocmparcmso Had K. Kascooe aunelinoe omoGpaxcenue E
8 F HenpepusHo.

HeHcTBUTENBHO, Kawaoe JuHEHHOe OTOBparkeHue K} B F uMeer BHA

n
(§;) — X Eb; M MOTOMY HETPepHIBHO.
t=1

CAeacTBuE 3. B 0moeaumom mMonoL0zu4eCKoOMm 8EKmMOPHOM Npo-
empancmse E HAO nosHoiM HEOUCKPEMHBIM HOPMUDOBAHHBLM me-
AOM KQHCO0e KOHEeUHOe C80600H0E NOOMHOICECMBO MONOAOULECKH
€80000#O0.
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Caencteue 4. [Ilycme E— monosozuseckoe 8exkmoproe npo-
CMpPAaHCcmeo Ha0 NOAHWM HEOUCKDeMHBM HOPMUDOSAHHLM MeAOM,
M—3auxnymoe u F-—KOHewHOMEPHOE BEKMOPHHE ROONPOs
cmpancmea 8 E. IToonpocmpancmeo M- F 3amxuymo 8 E.

JefictBuTeasno, dakropnpocrpanctso E/M otaeaumo. Ilycte ¢ —
KanoHuuecku#t romomopbusm E ua E/M. Toanpocrpaucrso M- F

-1
paBHo ¢ (¢ (F)). Ho ¢(F) koneunomepro B E/M, nostomy (caen-
1

cteue 1) ¢ (F) samxuyto B E/M u, c.AejoBaTe/bHO, ;(q;(F)) 3aMK-
HyTO B E,

3ametum, uto cymma M-+ N npoussoavrsix 3aMKHYTHIX BeKTODHBIX
nognpoctpaHcte M H N OTZEIMMOro TONOJOTHYECKOr0 BEKTOPHOrO Ipo-
cTpanctBa E He 06#3aTeabHO 3aMkHyTa B E °nawe ecaun E — rHabn6ep-
TOBO NMPOCTPaHCTBO, (cM. ra. 1V, § 2, ynpaxnenue 19).

IMeeanowenue 3. ITycme E— omdeaumoe monoasozuneckoe B8ex-
MoprOe NPOCMPAHCMBO HAOQ NOAHLLM HEOUCKDPEMHBM HODPMUPOBAHHbM
meaom K u M— 3amKnymoe 8eKmoproe noOnpoCmpancme0 K OH e 4-
rHol daxmoppazmeprnocmu n 8 E. Kaowdoe nodnpocmparncmso N
8 E, aazeOpaunecku donoanumesvrnoe k¥ M, monosozuuecku 00OnoOAHu-
meavho Kk M. _

Hanomnum, uro M Bceraa obaagaer anre6panyecKMM AONONHEHHEM
B E (Aar., ra. I, § 3, mpeanoxenue 5). Tak kak E/M oraeanmo
! n-mepuo Han K, To E/M u N 06a usoMopdpuueK; (Teopema 2) u xa-
Honuueckoe ortobpaxenne E/M Ha ‘N (Aar., ra. 1, § 1, n° 4) ecTb
uzomopguzn E/M na N (caeactsue 2 Teopemsl 2).

Caencreue. ITycms E u F—omodesumwe monoaozuneckue 8ex-
MOpHble NPOCMPAHCIMEA HAO NOAHLLM HEOUCKPEMHBM HOPMUPOBAH-
HoM mesom. Ecau F Koneunomepro, mo raxncooe Henpepbi8roe au-
Hednoe omoGpasicenue E na F ecmb 20MOMOPPHUIM.

4. JIoxaasbro KoMnaxmrbie monoaousecKue 8eKmoOpHRbie Npo-
cmparncmea

TeOPEMA 3. [[#8 A0KQAABHOL KOMRAKMHOCMU MONOA0ULHECKO20
sexmopro20 npocmpatcmea E (ne csodnuwezocs kK 00nomy asemenmy Q)
HQO NOARUM HeOUCKPeMHOLM HODMUDOSAHKUM meaor K Heo6x00umo
u docmamourno, wmobu K Guia0 A0KAABHO KOMNAKMHO, @ E-— omoe-
AUMO U KOHedHOMepHO HaO K,
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Hocrarounocts ycaosuft ouesuana, ubo, s cuay reopemn 2, E Toraa
u30Mop(HO npocTpascTsy Buia Ky, KOTOPOE JOKaAbHO KOMIAKTHO. YCTa-
HOBMM HX Heo6XxomruMocTb, YTo E NOMKHO OHITL OTHETHMBM — ACHO,
Ilycte Ttenepr V — koMnakTHas ypaBHOBeLIEHHAas OKPECTHOCTb HyJasd B E;
nmoKaxeM Npexae Bcero, 4To Korja A mnpoGeraer K*, MHOxectsa AV
obpasylor dhyHdamensmarsiyro cacmemy oxpecmuocmeli Hyas. He#h-
CTBHTEJIBHO, I/ KawAo# ypapHOBelleHHOH okpectHocTH Hyas W B E
CYLIeCTBYeT KOHeYHOe 4HCAO TO4YeK a; €V Ttakux, yro a;+ W obpa-
3yIOT MOKpHiTHE MHOXecTBa V; naaee, tax xax W — noraomamouiee MHO-
WECTBO, TO AR KAXAOro uuAexkca i cyuwecrByer X = 0 B K Takoe,
4r0 Aa; € W. Ecnn nostomy A — venyieBo#t siaemedt u3 K Tako#, 4TO
|AM < |N)| mns Beex i, T0 AgG; €W pas Beex {, w60 W — ypasHoBe-
HIeHHOe MHOXeCTBO. Tak Kkak, KpOMe TOro, MOXHO cuuTarh, 4To |A| <1,

10 Wel s +AW)cW W, uem nawe yTeepaeHne W 10KasaHo,
7

NOCKOMLKY MHOXecTBa W 4 W o6pasylor QyHIIMEHTAILHYIQ CHCTEMY
oKpecTHOCTEN HyId.

Mycte teneps 0 < e <—‘17 u o —>3neMedT U3 K* takoht, uto |a| e

[lo npeanonoxenuo, B V CymecTByeT KOHEYHOE 4HHCAO TO4YeK by

n
(1 < j < n) rakux, 4to VcU(bi+aV); Toraa teM 6oxee Vo M-taV,
j=1
rae M — KOHeYHOMEePHOE MOAMPOCTPAHCTBO, MOPOKACHHOE SIeMEHTaM U by,
FloxkamemM, 4ro NpennoONOkeHHe O HecoBmageHud M c E Beger x upo-
TuBopeunto. JleHcTBHTENMBHO, MYCTh ¢ —TOuka U3 CM u L — MHOXecTBO
‘rex A€ K*, ana xoropux ¢+ AV nepecekaer M. Tak xak M samxuyTo
icne,ucmue 1 reopemu 2), T0 d ::lini |A] > 0, u6o xoraa A npoGeraer K*,
€
o MHOXecTBa ¢4 AV 00pasyloT dyHIaMEHTAaJbHYI0 CHCTEMY OKpecT-
Yoctett nag ¢. [lostoMy cywectBylor Touka yEM u saemenr p € K*
vakue, uro c—y € pV n d | p| < d (1 4¢). Monoxum xy==p-1(c—y).
Tax kak x,€V, 10 xEM4-aV, 1. e. xo=2z4of, the ZEM utgcV.
Orciona c=y-fpz4pat umu c—pat=y4-pz€M. Ho rak xax
Jre|<elp|<e(l4-9d <d, 70 MH MpHIIAM K MPOTHBOPEYHIO, H TEM
EaMbiM 0Ka3aHo, yto M =F.
Ws rteopemu 2 caemyer rorma, uro E uaomoptpﬂo NpPOCTPAHCTBY
Bria Kj; crenoBaTeAbHO, £ MOMeT GHTbL JOKAAbHO KOMOAKTHHM, MHIIL
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ecqn camo K noxaasHo kommaxTtHo (O6wi. rom., ra. I, § 10, mpeano-
wenue 14), ¥ ZOKA3aTEILCTBO 3aKOHUCHO.

3amevanua 1) OTMeTuM, YTO NpU JAOKA3aTEALCTBE KOHEYHOMEpD-
HOCTH TPOCTPaHCTBA E GbINO HCIOML30BAHO JWWIbL TO, 4TO V npedxom-
naxmno. Mpl BUINM, TakuM OOpa3oM, YTO €clu B E CyUeCcTBYeT NMpeaKOM-
NaKTHasd OKPECTHOCTb HyJd, a K ecTb NMONHOE HEZWCKPETHOE HOPMHPOBAH-
Hoe Telo, T0 E n30MOp(HO MNpOCTPaHCTBY BUAR Kg H, CNEeNOBATENbLHO,
noAHo; HO torna £ 40KaAbHO KOMNAKMHO W NOTOMY K NOKalbHO KOM-
naKkTHO, a E — KoHeuHOMEpHO Hanx K.

2) V1BepwaeHHe TeopeMsl 3 TepsaeT cuay, ecan K — OHCKPETHOE Telo,
Kak nokasviBaeT npumep tena R (HazeneHHoro o6niyHOM Tomoaoruei),
paccMaTpuBaEMOTO KaK TOMOJOrWYECKOE BEKTODHOE MPOCTPaHCTBO Haj
IMCKPETHBIM Teaom Q.

Ynpaxuenusn 1)[lycte B TononoruyeckoM nponssenenun £ = RN,
PacCMaTPHBAEMOM KaK TONONOTHYECKOE BEKTOPHOE npocTpaHcTBOo Han R,
2 (n € N) — s1eMenTsl KaHOHHYEeCKOro 6a3uca NpaMoO# cyMMbl R, MyeTte

1
ag=eép ap = eo-{——n—en ans n>1. Ilokasarh, 4yTO 3NeMEHTH 4, TrIe

0 1< n, Z19 KAQKIOTO Leoro n >0 o6pa3syloT TONONOTHYECKH CBOGOI-
Hoe cemeHctBo B E, HO GecKOHEYHOE ceMelicTBO (a”)neN He sABIAETCH

TONONOTHYECKH CBOGOIHLIM. Ilycts M — 3aMKHyTOe BEKTODHOE MOXMpO-
ctpaHcTBO Rag u dy, —KAaCC daeMeHTa dy, B E/M. Knaccsl an (n3> 1)
o6pasyior B E{M TONONOrHYECKH CBOGOXHOE CeMeHCTBO, OMHAKO 3aMKHY-
TO€ MOANPOCTPAHCTBO N, TMOPOXKIEHHOE 3NEMEHTaMu 4y € n > 1, comep-
wut M.

*2) Tlycth E — BekTOpHOE mpocTpaHcTBO Han R, o6pasoBannoe Henpe-
PLIBHBIMH YHCHOBBIMU (yHKIMAMH Ha wHTepBane [= [0, 1]. Tlycts V7 ,
s Kawnmod napel uucen (3, €) takoi, yto ¥ >0 1 0<e < 1, — MHOXKE-
C¢TBO TeX X € E, nna KoTopnix | x (£) | <{® BCloAy BHe (3aBHCALUETO OT X)
OTKPLITOr0 MHOX(ECTBR 3Ha4eHwi f, CBA3HbIC KOMMOHEHTH KOTOPOTO HMEIOT
CYMMaPpHYIO RIuHY < €.

a) [lokasath, 4TO MuOwectBa V, . obpasywT B E Gasuc ¢pumstpa &,
yaosaetsopalomuii akcuomam (EVy), (EVyy) 1 (EVyy) (§ 1, npennowenne 5)
¥, clIeNOBaTeldbHO, omnpelenasior B E Tomoxoruo, cornacyiouyiocs c¢o
CTPYKTYpoil BEKTOPHOrO NPOCTPAHCTBA; NOKAa3aTh, YTO 93Ta TOMOJNOTHA
oTaenuMa.

6) IokasaTb, yto aas moboit maphl (3, €) yKasaHHOro Bupa cyumie-

n
cTByeT uenoe n >0 rakoe, yt0 E == Z A;, rpe Bce A;=V; ,. [Paccuo-
¢ 1
i=1 :
TpeTh HapIewanlee pasbueHue enuuuilbl Ha [.]
B) BuiBecTH u3 6), uTO Kawnas HenpepuiBHas JduHeilHas ¢opma f Ha E
TOXJAECTBEHHO paBua Hymo. [[IpuHATb BO BHHMMaHWE, YTO €CJd HENMpephiB-
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Hafd YHCIOBas QYHKUMA X PaBHa HyJO BCIORY BHe HHTepBana J [ pauuul
<& 10 Ax €V, mua Becex A€R] Buisectn orciona, uto B E He cymge-
CTBY€T MAaKCHMaJbHOTO TOTMOJOTHYECKH CBOGORHOTO MOIMHOMNECTBA.

3) INycts K—— HexuCKpeTHOE TOMONOTHUECKOE TeNO, YIOBIETBOPAOLLee
caenyoumed aKcuome:

(KT6) Hans mobuix oxpectHoctedi uyda U u V' B K cymectsyer A€ K*
rakoe,uto A (CV) ' U u (CV) M c U.

[Kaxnoe HenuckpetHoe Teno, ynosiaerBopsiouiee akcuome (KTa) ympa-
wHenus 13 B O6wy. Tom., ra. 11, § 5 (%), TeM Gonee yROBIAETBOPAET aKCHOME
(KTg).] PacnpocrpanuTs mpennoxende 2 H TeopeMy 1 Ha TOMOMOrHUECKHe
BEKTOPHbIE MPOCTPaHCTBa Hal K; pacnpocTpaHuTh TaKxe Teopemy 2 H npen-
noMeHue 3 NPH IOMOJHWUTENLHOM NPERNONOKEHHH, UYTO K MOTHO.

4) Mycth K — TONOJOTHYECKOE TelN0, MOMYUEHHOE NMyTeM MepeHeCeHns
Ha Telao Q(V2_) TONOJOTHH #3 Q2 mocpencTBOM OTOOpameHusa (x, y)—»
—-x-+y Va.

a) Myctb E — maowectso Q (V' 2), naxenennoe CTPYKTYPOH BEKTOPHOTO
npocrpaHcTBa nax K H Tomoaorued, uHayuupoBaHHo# u3 R. Tlokasarts,
4t0 E — ojHOMEpHOe OTIENHMOE TOMOJOTHYECKOE BEKTOPHOE MpPOCTPaH-
ctB0 Hax K, He H3oMoppHOoe K.

6) Mycte F — Tomonaornueckoe BekTopHOe npoctpanctBo E X E Han K.
B F runepnaockocts EX{0} 3aMkHyTa, HO He BLIPAWAETCH HUKAKHM ypa-
BHEHHEM Bula f(x) =0 ¢ HempepbiBHOH JuHeHHOH dopmoil f Ha E.

5) Mycrp K-— HemonHoe HERHCKPETHOE HOPMHPOBaHHOe Teno, E —
TOMOJOTHYECKOE BEKTOPHOE NMOANPOCTPAHCTBO K - Ka ero monoJHeHus R

rIe a ¢ K, n F= KX E. B F nognpocrpauctso M == KX {0} 3aMKHyTO

H umeeT Qaxroppasmeprocts 2. Ilycrs N — nonoanutensHoe k M nox-
POCTPAHCTBO, nopoxaeHHoe Bextopamu (0, 1) u (1, a); mokasars, uro F
He ABJAETCA TOMOJOFWYECKOiH NpaMOi cyMMmoil monmpoctpaucts M n N.

*6) IycTb p-— NPOCTOE 4HCIO, Qp — Teno p-anHYECKHX YHCEN, MONy-
4EeHHOE MyTeM TNONMOMHEHHWH Teda Q, HANENeHHOro p-ajHyecKoil TONoJo-
ruedl (O6w. tom., ra IX, § 3, n°2). Mycre Ey — npoussepeHue TOMOJIOTH-
ueckHx mnpocTpaHcTs Qu w R m K—rteno Q, HazeldeHuoe IHCKpeTHOH
Tonoaorueih. Ey ecTb TOMOJNOrHYECKOe BEKTOPHOE NpOCTPaHcTBO Hax K.
ITycts M — BekTOpHOE NOANPOCTPAHCTBO B E,y, OGPa3oBaHHOE 3JeMeH-
tamu (r, r), rae r npoberaer Q; mycth, pajiee, 6 — nppaLHOHaIbHOE YHCAO
H N —BeKTOpHOe MOINPOCTPaHCTBO, OGpa3oBaHHoe 3snementamu (0, rf),
rae r npoGeraer Q; mycrs, HaxkoHel, E —— mommpoctpaHcTBo M -4 N mpo-
ctpaictBa Ey. IMokasaTe, uto N ecTb 3aMKHyTas .THNEPNAOCKOCTh B E, HE
obnanamonias TOMOJNOrHUECKHWM jononHeHWeM. [[IpHHATE BO BHHMAHHE,
uto M Bciony naoruo B E,.]

7) Nycts E — TOMONOTHUECKOE BEKTOPHOE MpPOCTPaHCTBO HaXI R K f —
NpeacTaBieHHe anauTHBHOW rpymmel E B agmutuBHOi rpymme R. Tloxa-
3aTh, 4YTO ecau B E CyumecTByeT OKPECTHOCTh HyJds, Ha KOTOpOH f orpa-
HUYeHHO, TO f HenmpepuiBHO U ABASETCA JHHeHHON Popmoi Ha E.
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8) INyctb S — mo6oe GeCKOHEUHOE MHONECTBO,

a) [okasaTb, YTO HaWMEHBIHas H3 MOLIHOCTEH TOTAaJAbHHIX MHOMXECTB
8 HODMHDOBAHHOM MNpocTpaHcTBe 49 (S) orpanudenHsix otobpaxenuii S
B R (§ 1, n° 2) paBHa mommoctH P (S). [PaccmoTpers MHOWECTBO Xa-
PaKTEepPHCTHYECKHX (QYHKUHH BCeX MOAMHOXECTB H3 S M MPHHATHL BO BHH-
MaHWe, 4TO B R cylqecTByeT cuerHoe BCIOAY IIOTHOE MHOKECTBO,]

6) IMoka3aTb, 4YT0 HaMMEHBIHAS W3 MOLIHOCTEH TOTAAbHHIX MHOMXKECTB
B HOPMHPOBaHHOM npocTpaHcTBe L1(S) cymMMupyeMmbix cemelcTB Bewiect-
BEHHBLIX YHCEN, HMEIMHX S CBOMM MHOXECTBOM wWHpekcoB (§ 1, n° 2),
paBHa MouHOCTH S.

§ 3. MeTpuayeMbie TOMOJOTHYECKHE
BEKTOPHbIE MPOCTPAHCTBA

1. Oxkpecmuocmu HYAL 8 MempU3YeMOM MONOAOULECKOM BeK-
moproOM npocmpancmee

Mb roBopuM, 4TO TONOJOrMYeCKOE BEKTOPHOe npocTpaHcrso E
MEMpu3ye Mo, €CAY €ro TOMOJOruA MeTpusyeMa. Takum o0pas3oM, Hale-
JIeHHOe CTPYKTYpo#f aaauTuBHO# rpymnsl u CBOe#t Tomouorueh, E ectb
serpusyemas rpynma (O6w. tom., ra. IX, § 3, o° 1).

Kak uasecTHO, IJa MeTpPu3YeMOCTH TOmNOJorudeckolt rpynnn Heolxo-
AHMO ¥ JOCTATOYHO, 4TOObI €e HeHTpaisHuiff 3JeMenT ¢ 06aanan cyer-
HOM (yHIaMeHTaAbHOH CHCTEMOH OKDECTHOCTeH, mepeceueHHe KOTODHIX
cgoauioch Gui kx e (O6w. Tom., ra IX, § 3, npemiaoxenue 1). I
TONOJIOTHYECKNX BEKTOPHbIX IPOCTPEZHCTB HAL HEAUCKPETHHIM HOPMHU-
POBaHHHIM TeJOM HMMEeT MeCTO cjelyioliee 6oJee TOYHOE MPENOKEHHE:

IpennoxeHuE 1. B  uempu3yemom monorozutecKom 8eKmop-
rOM npocmpancmBe E a0 HeOucKpemuuim HOPMUPOBAHHUM MeAOM
K cywecmsyom nocredosamensrocms (Vy) 3G MKHYMbLX 0K Pecmrocmed
KYAR U CMPeMAWAACS K HYLI0 NOCAe008amesbocmy (My) dLeMeHMO8
u3 K maxue, umo cemeicmso (A,V,) (rie m U n— NPOU3BOJBbHbIE
nease ducaa > 0) ecms gPynoamenmansnan cucmema oxpecmuocmed
HYARL, Y0084eMBOPRIOUAR CACOVIOWUM YCAOBUAM:

a) 8ce V., — ypasHoBeweHHble NOZAOWAIOUWNUE MHOICOCNEA;

6) dan Kax’cO0020 Uen0z0 P cywecmsyem yeioe ¢ maxoe, Umo
Vo+V, eV

B) Ilepeceuenuen scex mnoocecms \,V, cayacam 0.

O6pamno, nycms E — sexmoproe npocmpancmso nad K u (V,) —
cuemunii 6asuc gusvmpa 8 E, a (\,,) — cmpeMAWAACA K HYAIO nocre-
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dosameasrocms asemenmos u3z K, ylosaemsopanouue  yca08usM
a), 6), B). Toz0a mnoxcecmsa AV, ob6pasyom @yrdauensmarsuyn
cucmemy OxpecmuHocmell HYas OAR Mempu3yemod monoaoz2uu, cozaa-
cyrowelica co cmpyxmypoid 8exmoprozo npocmparcmsa 8 E.

[Teppasg yacTe yTBePXACHUSA eCTh HEMOCPeACTBEHHOE CJENCTBHE MpEld-
noxennt 4 u 5 § 1. OGpatHOo, TaK KaK NOCACNOBATEABHOCTH (M)
CTpeMuTCH K HYMO, TO A1 moboro A == 0 u3 K cymecTByer HOMep m
“tako#t, 4o |A, | |X|, orkyna A,V, =AV,, nockoaeky V, — ypasuo-
BemleHHoe MmHOXecTBO. [lpepnoxenne 5 § 1 moxaswiBaer Toraa, 4ToO
MHOXeECTBa AV, 00pasylor ¢yHIaMeHTaNbHYIO CHCTEMY OKpPecTHOCTeH
HyJ [JAs OTACJIMMOH TOMO.JOruM, coriaacymulefics co CTPYKTypoH Bek-
TOPHOTO MPOCTPaHCTBA B E; Tak KaK CeMeHCTBO 3THX MHOXeCTB CYETHO,
TO ompeleiseMad Hmu B E TOMOJOrHA MeTpH3yeMa.

Kak Owino ywe otMeueso (§ 1, n° 3, sameuanue 2 Bcaen 3a npen-
noxenueM 5), ecit K=R umm K=C, 10 u3 ycnosu# a) u 6) npenao-
xenua 1 BoiTekaeT, YTO aas KaXJIOTO HOMEpa n H Kaxaoro A >0 cyuie-
CTByeT HOMEp m Takoi, uto AV, = V,. CregosarenbHo, ecau Gas3uc
¢unbTpa (Vy) ynosmerBopser ycioBuam a) ¥ 6) B mepeceyeHueM Bcex
mHO)ecTB V), cayxur 0, To camu MHOMcecTBa V,, o6pasylT (QyHyameH-
TANbHYI0 CHCTEMY OKPECTHOCTEH HyJA NIA METPu3yeMOoH TONONOFWH, COrla-

* CyloleHca €O CTPYKTYpPOH BEKTOPHOroO mpocTpamcTBa B E.

PaBHOMEpHYIO CTPYKTYpY MeTPH3YeMOro TOIOJIOrHYECKOrO BEKTOP=-
HOTO TNPOCTPAaHCTBA E MOXHO 3a1aTh UHBADUGHMHOLM PACCMORHUEM
d(x, y)=|x—y|, rae x—|x| ectb uenpepmiBuoe oTO6paweHue E
B R,, ynoBreTsOpsiOmee CaenylomuM Tpem ycaosusm: 1) |—x|=|x|;
2)alx+y|<|x|+]|y|; 3) orHomenus |x|=0 u x =0 paBHOCHILHHI
(O6uw. tom., r1. IX, § 3, n° 1). o

B ra. IX ,O6weit Tononoruu® mokasano (§ 1, mpennoxenue 2), Kak
MOM(HO BBECTH TakOe pacctosHHe d c moMoulbio y6uiBawumer nocieno-
BarenbuoctH (W,) okpecTHoctell Hyan B E, obpasywoumeii ¢pyHraMeHTansb-
Hylo cucTeMy H Takol, uT6 Wypi1-+ Wyys -+ Wpi1 < Wy (8). Tak kak E
€CTh MeTpPH3yeMOe BEKTOPHOe IPOCTPAHCTBO Haj HEIHCKPETHBIM TeloM K,
TO MOXHO, KPOME TOrO, CuHTaTh MHOXecTBa W, ypasHOBeweHHuiMHu (§ 1,
npennoxenue 4); KaK NokasplBaeT cnoco0 BBexeHus paccrosuuda d (TaM
xe), Torna u3 [A|<1 caedyem |Ax|<|x]|. Kpome toro, u3 ycaoswuit
(EVT{) H (EVT;,) n° 1 § 1 Buitekaer, yto |Axy| cmpemumes k Hyrio

smecme ¢ A€ K nna kaxporo xo€E u uro |Ax| cmpemumcs k nyao
sMecme ¢ | x| nas xaxporo Ay € K, O6patno, ecru (pynkuus | x| obnagaer
BCEMH YKa3aHHbIMH CBoicTBamu, a W, o3HauaeT MHOXKECTBO TeX x€E,
a1 Kotopux |x|< 27", To tpasy BumHo, yro W, obpasyioT (yH-

N
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RaMEHTANbUYI0 CHCTEMY yPaBHOBEIICHHbIX OKPECTHOCTEH Hyasf LIS METPH-
3yemoii TONOJNOrHH, COrACYIOLeic CO CTPYKTYPOR BEKTOPWOro MpOCTpaH-

ct8a B E.
ameuanue. Hopmuposauusie uPOCTPAHCTBA COCTABIAIOT OLHH
u3 HaubojMee BAXKHBIX KJIACCOB METPU3YEMbIX BEKTODHBIX IPOCTPAHCTB
(§ 1, n° 2). Ho crexyer saMeTuTh, 4YTO CYIUECTBYIOT MeTpH3yeMHe
BEKTOPHbIE MPOCTPAHCTBA, TONOJOrUS KOTOPHIX He MOdcem Gbvimp onpe-
Oesena Hopmol (ynpakHenue 2); mosamee Mbl NO3HAKOMUMCS € BOXKHLIMHU
ApHMEpaMH TaKUX HPOCTPAHCTB.

2. Cesolicmea Mempu3yemolx 8eKMOPRLLY MPOCMPARCME

Kawnoe BeKTOpHOe MOANPOCTPAHCTBO METPU3YEMOI'O TOMOJIOTHUECKOTO
BEKTOPHOrO MPOCTPaHCTB2 £ MeTPH3yeMO; TO e BePHO LA KaXIO0TO
¢akropnpocTpaucTea EJ/M nmnpocrpanctsa £ 10 3dMKHYTOMY BEKTOp-
Homy nommpoctpaactsy M (O6w. tom., ra. IX, § 3, npennoxenue 4).
[Mpoussenenue mn1060ro c4emrozo ceMeficTBA MeTPH3yEeMHX TONOJOTH-
YECKUX BEKTOPHBIX npocTpaucts Mmerpusyemo (O6w. Tom., ra. IX, § 2,
creactsue Teopemnt 1). Ecau Kj;— nonHoe HOPMUDOBAHHOE TelO H
K-—ero BcioLy NMIOTHOe MOATEJO, TO MONONHEHHE E MeTpu3yeMOro Bek-
TOpHOro mpocTpaHcTBa E nan K ecTb MeTpu3yeMOe BEKTOPHOE NMPOCT-
pauctso Han K, (§ 1, n° 5 u O6w. Tom., ra. IX, § 2, npennoxenne 1).
Hakoueu, ecams E — nonHOe MeTPH3yeMOE BEKTOPHOE IPOCTPaHCTBO,
To E/M 1noJHO Anf KaXXIOro 3aMKHYTOrO BEKTOPHOro noimpocrpascrsa M
(O6m. Tom., ra. IX, § 3, npepnoxenue 4).

3. Henpepoiéroie aurelinvie GYRKGRE RG MeMPU3YEMOM BEKMOP-

HOM npocmpancmase

Teorema | (Banax). Ilycms E u F—noanse mempusyemsie
8eKMOPHBle NPOCMPAHCMBA HKAO HeOUCKPemHOM HOPMUDOBAHHHM
meaon K. Kaoxcdoe HenpepoisrHoe surelinoe omobpajicerue u npo-
cmpaucmea E nwa F ecmv zomomopdusm.

HocTaTouno [0Ka3aTh, 4YTO HpU OTOOpaxeHuH & 00pa3 kaxmoH
OKPeCTHOCTH HyJas #3 E ecTb OkpecrHocTs Hylds B F. Teopema Gyner
BLITEKATh M3 CAEAYIOIHX [ABYX JIeMM.

Jlemma 1. Ilycmo E u F — monosozuteckue “gexmopuse npo-
CMpOHCMBa HAO HeOUCKPeMmHuM HOPDMUPOBAHHUM mesom K u u—
HenpepvigHoe AuHelinoe omobpadxcenue E na F. Ecau F—63poscroe
npocmpascmso (O6w. tom., ri. IX, § 5, n° 3), mo u(V) ecms oxpe-
cmuocmy Hyss 8 F 0as xawncdod oxpecmuocmu Hyas V us E.
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[Tycte W — ypaBHOBellleHnas OKpPeCTHOCTH Hyias B E Takad, uto
W4+WeV (§ 1, npennowenue 5), n a—s1ement u3 K ¢ |a|> 1.
O6mbenuneHue MHOWeCTB oW ecTe Torpa Bcé€ E; B camOM dele, AIas
Kaxnoro x € E cymectsyer BE€ K takoe, uto x € 3W (§ 1, npennoxe-
uue 5), ¥ ecau n croas Beiuko, uro |B]<|a®|, To Takme x € a"W,
nockoasky W ypasuoseitexno. CrepoBarenbHo, 00belMHEHHE MHOXECTB
u (o"W) = anu (W) ectb Bcé F. Tak kak F — 063poBckoe NPOCTPAHCTBO,
TO no Kpafinefi Mepe onHO U3 MHOXecTB a’u (W) uMeeT BHYTDEHHIOW
touky (O6ui. rom., ra1. IX, § 5, onpeleneHue 3); clen0BaTeNLHO, u (W)
MMeeT BHYTPEHHIOIO TO4YKY Y, a Tak kak —ua(W)=u W), 10
— u(W)y=u (W) u, creposateipbno, 0= y,— (— y,) ecTb BHyTpeHHsS
TOYKa MHOXECTBA ;z_(VV—)—l—u—(V_V—) Ho B cuay HenpepuiBHOCTH CYMMbI
y+2zmua FXF, _zz—fW_)+u(W) COLePKHUTCH B 3aMBIKAHUM MHOXECTBa
u(W)+u(W)=u(W—|—W)c u(V); cirenosarensHo, u (V) ecTh OKpe-
CTHOCTb HY.JA.

ByneM o6osnauats ueped B, (x) 3amxrymoli Wwap C USHTPOM X H
panuycoM r.

Jlemma 2. [Tycmv E u F-—— mempuuecxue npocmpancmsa, npu-
yem E noano. Ilycmb, Oasee, u— Henpepoisnoe omobpaxcenue E
8 F, ofradarouee caedyouum cgolicmson: 0rg xaxcdozo r >0 cywe-
cmgyem p > 0 maxoe, wmo o6pa3 u(B,(x)) naomen 8 wape B, (u(x))
0z rkaxcdozo x € E. Ilpu smux ycarosunx, 048 Kax0020 a >r o6pas
u (B, (x)) codepacum wap B, (u(x)).

He#ictButensno, nyctb (r,)— GeCkoHedHas  IOC/JAEL0BATEILHOCTL

[oe]

ugcead >0 rTakad, 4TO ri=r M 2r,,=a<oo. Ons kaxaoro n
. n=1

CyulecTBYeT 4ucao p, >0 (¢ py=p) Takoe, uto u(B, (x)) mioruo
B B, (u(x)) ana Bcex Xx€E. Illpy 3TOM MOXHO NpEANOJarars, 4TO
n
lim p,=0.
n->co
[lyctb x,—TOuka u3 E u y—TOuka H3 Bp(u(xo)). [Mokaxem,
yto y comepxutrcs B & (B, (X))
s STOrO OmpeleanM TO HHAYKUHH I[OC/HefOBATEABHOCTb (Xp)n>o0
touek us E TaK, 4T06b X, € B,n (Xp_y) ® u(xn)EBPn+1(y) LIS BCEX

n>1. Ilycts x;, YHAOBJAETBOPSIOUIHE ITHM YCJOBHAM, YXe ONpeneieHsl
paa suauenut [ or 0 1o n—1; HmeeM yEBPn(u (Xn_y) ) M TaK Kak

u(B,n (x,_1)) mnIOTHO B Bpn(u(x,,_l)), TO CYWeCTBYeT TO4YKa
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X, €B, (x,_,), 00paz koTopo# u(x,) CONEPKHUTCS B OKPECTHOCTH
n
B, +1(y) TOMKH V; TeM CaMbiM CYLLECTBOBaHHE NMOC.e10BATENLHOCTH (X,)
n :

JA0Ka34aHo.

(x,) ectb nocieposaTeanHOCTh Komu, u60 pacctosnue Mexiy Xy
H Xy,p MOXKODPUPYETCH CYMMOR 7y y—+Tpys—t « .. =Ty p MPOMBBOIBLHO
Manoff mpu nocratouno Gomsmom n. Taxk kak E moawo, 1o 3Ta mocie-
JOBATEJIbHOCTh CXOMUTCH K HEKOTOPOH Touke x € E, nNpuueM paccTosiHHE

(e o]
MeXLY X, B X MaXOPHUPYeETCs PAAOM Er"=a, TaK 4TO x € B (x,).
n=1

Ho Tak kak & HeNpepHBHO, TO IMOCAEAOBATEALHOCTb (4 (X)) CXOAUTCH
K u(x); a Tak KaKk u(x,) E'BPn+1(y)’ TO 4 (X) =y U IeMMa 2 KOKasaHa.

BepHeMcs Temepb k TeopeMe. BBeneM B kaxIOM H3 mpocTpaucTts E
# F paccrosHue, COrjacyiouleecs C TOMNOJOTHeH 3TOTO NPOCTPaHCTBA
M MHBADHAHTHOE OTHOCUTeIbHO mepeHocoB (n° 1). Tak xak F, Gyayum
TIO/IHBIM  METPHUYECKHM HNPOCTPAHCTBOM, eCTb G3POBCKOE MPOCTPAHCTBO
{(O6w. Ton., ra. IX, § 5, reopema 1), To 1emMma 1 nokassiBaeT, uto u (B, (0))
€CTb OKpeCTHOCTb HyAs B F aas kaxaoro r > 0; c/1ef0BaTelsHO,
cymectsyer p > 0 rtakoe, uyto 4«(B,(0)) NJIOTHO B OKPEeCTHOCTH HYJs
B, (0) npocrpanctsa F. Ilyrem mnepenoca saxamuaeM, 4T0 #(B,(x))
n10THO B B, (4 (x)) aas kaxnoro x € E. A Tak xak E no.mo, 10 nemma 2
mokaseipaeT, 4t0 #(B,(0)) ecTtb okpecrHoCcTs HYas B F Ang xaxaoro
a>r. Tem camuiM TeopeMa | noxasaHa.

M3 Teopemnl | BHTekaeT paa clAexcTBHil.

Caencrue 1. Ecau E u F —nosnvie Mempusyembie 8eKmope
Hble RPOCMPANCMEA HAO HEQUCKPeMHLM HOPMUDOBAHHbM MeAOM,
mo Kaxtloe HenpepusHoe B83AUMHO 00HO3HA4HOe AUKeliHOe O0mMoGpa=-
Jeenue u npocmpancmsa E na F ecms uzomopguszmu.

B vactoctu, eciu E u F — IOMNble HOPMUPOBAHH e TPOCTPAHCTBA,
TO CywecTByeT uucao a >0 Takoe, ut0o |4 (x)||>a| x| a1a xax-
aoro x€E. '

Caencreue 2. ITycms E — sexmoproe npocmpancmso rad Heduc-
Kpemubim HOPMUPOSAHHOM mensosm, a &, u &,— dse monosozuu
8 E, cozaacymomuecs co cmpyimypold 8exmopHozo npocmpaxcmsa u
makxue, 4mo 8 Kadxcooh uz nux E mempusyemo u noano. Ecau §, u
J, cpasnumn, mo onu cosnadarom.
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Caencrsue 3. Ilyems E u F— noansie mempusyemsie 8sexmop-
Hble NPOCMPAHCMBA HAO HeOUCKPeMHWM HOPMUPOSAHHHM MEAOM.
A mozo 1mobu Henpepul8HOe suHeliHOe omoGpaixcenue u npocm-
pascmsa E 8 F 6oino 20momopdhusmom, neo6xodumo u docmamouso,
amobu u (E) 6viro 3amxnymo 8 F. »

Ycnosue neobxopuMo, ubo ecam u —romoMopdusm, 1o u (E), 6ynyun

H30MOP(HBIM (PaKTOPHIPOCTPAHCTBY E/ul(O), nojaHo (n° 2) ¥ NHOTOMY 3aMK-
uyro B F. Ycaosue noctatouso, u6o ecan u(E) samxuyto B F, TO OHO
ABJISETCS MOJHBIM METPH3YeMbIM BEKTOPHHIM MPOCTPAHCTBOM H NOTOMY &
€CTb roMoMopdusm E Ha u(E) B cuiy reopems 1.

Caencreue 4. Ilycme E-—noanoe Mempusyemoe 8eKmopHroe
NPOCMPAHCMBO HAO HeOUCKpeMHHM HOPMUPOSAHHM mesom. Ecau
M u N-—s3aumno Oonosnumenvroie (arzebpaunecku) 3GMKHYMbLE
gexmoprse nodnpocmpancmsa 8 E, mo E ecmb ux monosozutecias
npaman cynna (§ 1, n° 8).

He#ictButenso, M X N ecCTe nOMHOE MeTpH3yeMOe BEKTOPHOE HpO-
CTPaHCTBO, ¥ TaK Kak ero ortobOpawxenue (v, 2)—> y—+2z Ha E Henpe-
PHIBHO ¥ B3aMMHO OJHO3HAYHO, TO OHO €CThb H30MOpGusM (CiaelcrsHe 1).

CaencrBue 5 (reopema o 3amxuytoM rpaduke). Ilyems E u F—
noAHbBe Mempu3yemvie 8eKMOPHble RPOCMPAHCMEA HAO HeQUCKPeMmH b M
HODMUPOBARHUM menom. AR mozo 4mobu auHeiHoe omo6padcerue
& npocmpancmsa E na F 6olao Henpepusuoim, Heo6x00umo u docma-
mouro, umobs ezo 2pagux 8 E X F 6ur 3amxuym.

Yca0BHe HEO6XOIMMO, TNOCKOJbKY TrpaduK HelpepHiBHOIO O0TOGpa-
WEHUA B, OTIEJHMOE NPOCTPAHCTBO Beeraa 3aMkHyT (O6w. Tom., ri. I,
§ 8, caeacteue 2 npemaoxeuus 6). Uro6sl yGeRuThCd B ROCTATOYHOCTH
yCJO0BUS, 3AMETHM, YTO B CHJY 3TOrO yc.i0Bus rpaduk G OTO6pakeHHs u,
Oyny4ud 3aMKHYTLIM BEKTOPHBIM NOANPOCTPAHCTBOM HOMHOFO MeTPH3YeMOro
npoctpaucrBa E X F, caM ecTb I0OJIHOe MeTPH3yeMOe NpOCTPAaHCTBO.
Ho npoekuus z-+'pry(2) npocrpancrsa G Ha E fBASeTCH HeNpPEPHIBHBIM
B33aUMHO OJHO3HAYHHIM JHHEHHHIM OTOOpakeHueM H NMOTOMY uaomMOpdua-
MoM (caercrBue 1); a Tak kak OOpPaTHBIM K HEMY CAYXMT OTOOparkeHue
X —>(x, u(x)), TO u HenpepuBHO Ha E.

JTO CHAENCTBHE MOXHO BLIPa3HTb TaKXKe B Clelywlueir dopme: ecru
s n060H NOCcAenoBaTENLHOCTH (Xy,) TOUEK M3 E, cTpemslleiica K Hymo
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H maxoi, umo nocaedosamessnocms (1 (X)) cmpemumcs K HexKOmo-
poMy npedeny y, 3TOT NOcAeNHWH HEO6X0AMMO ==, TO u HENPEPHIBHO.

Mpumep. Ilycts E — BeKTOpHOE NMOXNPOCTPZHCTBO MNPOCTPAHCTBA
4dCNOBbIX PyHKUHH, onpeneaeHHbiX Ha [ = [0, 1]; mycts || f|] — HopMa Ha E
1aKad, uTo E, cHaGiceHHOe 3TOH HOPMOH, NOAHO, NMpHYEM €ro TOMOJOrHs
MaxOpUPYET TOMONOTHIO NMPOCTOH CXOXHMOCTH; NYCTh, HAKOHEL, E cOAepwuT
MHOKECTBO 91 BceX OEcKOHEuHO audPepeHuupyeMmnix Qynkuuii Ha I
ITokaxeMm, YTo TOrma cyllecTByeT ienoe k > 0 Takoe, "4T0 E CONEPKHUT
MHOXKECTBO @&") BCcex (YHKUHH, HMEOIIHX HENpepuiBHYID k-0 HPOU3-
BOJHYlO Ha [.

MMycts Vypy, BaA KaxIOH napsl nedslXx yucex m >0, n > 0, — MHOWe-

cTBO Bcex OYHKuull f€ P Takux, 4TO |f(h) (x)!<711~ w0 hn K

KaXJAOTo X € [; Jerko BHIeTb, YTO MHOXKecTBa Vi, o6pasylor GyHnaMeH-
T4NbHYi0 CHCTEMY OKPECTHOCTEH HyNA ANA METPU3yeMOH TOMOJOFHH, COTJa-
cyolgeiics €O CTPYKTypOH BEKTODHOrO NMPOCTPAHCTBA B &1; KPOME TOrO,
D1 noano B sToi Tomonoruu (PyHKU. Bewy. mepeM., ra. II, § 1, reopema 1).
Iycte u — xkaHoHWYecKkoe oToOpaxenne Py B E; nokawem, Uto u Henpe-

puiérHo. B cuny cnexctBus 5 TeopeMsl 1, NOCTATOYHO NOKAa3aTh, YTO €CIAH
NoCAenoBaTenbHOCTh (fy) cXOmuTCA K Hymo B @ M umeer npepen f B E,
TO HE006X0MuMO f==0; HO 3TO OYEBHAHO, MOCKONbLKY, B CHIy TPEANOJO-
wenud, f ects npemen (fy) B Tomonorun mpocrtoit cxoxumoct. [ostomy
cyiectByloT uenoe k>0 W uyucao a >0 rtakue, yTO pas yHKumi

feorws pp(f)= sup | f®(x)|<a crenyer |fI<1.
025k

Ho p, (f) —mnopMa B 9(1"), a P obpasyer B 9(}‘) MOANPOCTPAHCTBO,
BCIOAY IJIOTHOE MO 3TOH HOopMe (u60, KaK Cpasy CAERyeT H3 TEOPEMB
Beitepwrpacca — CToyna, MHOXKECTBO MONWHOMOB BCIOLy MIOTHO B @‘Ik)).

W rak xak, B CHJy NMpemblAyLIEro, TOXAECTBEHHOE OTOGpamkenue @ (cHab-
HEHHOTO HOPMOH py) B E HenpepsiBHO, TO OHO NMPOJOIM¥aeTcs M0 Hempe-
PBIBHOCTH Ha BCE MPOCTPAHCTBO P/, 4EM HAlle NPERNOKEHHE H IOKa3aHo.

VYVnpawHnenns. *1) a) Ilycrs E—BEeKTOPHOE NPOCTPAHCTBO Hal
HODMHDOBaHHHIM TeldoM K; NpexnonoxuM, uyto E HazeleHO MeTPH3yeMOM
TonoJorueil, cornacywoliedcs ¢ ero CTPYKTYpoll aAJuTHBHOH Trpyfmsi,
H 4TO0, KpOME TOTO, X —> AgX HempepuiBHO B E 1as Kawaoro ApeK H
A — hx, HenpepuiBHO B K MnA Kawporo Xx,¢ E. Tlokasate, 4TO €clid OJHa
M3 IBYX MeTpH3yeMmbix rpymn K u E noana, 10 Tomonorua B E coria-
CyeTcsi C ero CTPYKTypoi BeKTOpHOro mnpocTtpaHctBa. [Cum. O6um. Tom.,
ra. 1X, § 5, ynpaxHenne 22.]

6) Tlycts G,, s KamJAOro BeleCTBEHHOTrO a > (), — TOnoJoruyeckas
rpynna R/aZ u G — npousBefeHue TomogorHueckux rpynn G, (rae a
npoberaetr MHOMecTBo Bcex uncea >0). Tlycts £, (x), naa Kakaoro
x€R,—o6pa3z x npu kaHoHnueckoM oto6paxennu R Ha G, Oro-
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Opaxenne x > (f,(x)) ecTr HenpepLIBHOE B3aHMHO OJHO3HAYHOE Npex-
cTaBleHHe ¢ rpynnel R Ha HekoTopylo moarpynny H rpynna G. Cnenosa-
TeJbHO, NPOOGPa3 TONOJOrHH NOArPYNNbl /1 OTHOCHTENBHO OTOGPAKEHHA ¢
Coriacyercs cO CTPYKTypPoH aXnHTHBHOH rpynnel B R; nycts E — tomno-
JOTHYECKasA rpynna, noayvaioliascs NyTeM HajedeHHa R 3710# Tomouo-
rued. Tlokasath, 40 oTOoGpawenHe (A, x) - Ax nponssenenns RX E B E
HE HENmpephiBHO H, ONHAKO, X —> AgxX HEEpepublBHO B E pas kawaoro kg€ R
# A > Ax, HenpepbiBHO B R ans Kawaoro x,¢€ E.

2) a) loka3aTh, UTO €CIH OTAEINMOE TONOJOTHYECKOE NPOCTPAHCTBO E
Hal HeIMCKPETHbHIM HOPMHMPOBaHHMM TeloM K TaKoBO, UTO Kauaas OKpect-
HOCTb HYJfl CONEPKHT BEKTOPHOE MOANPOCTPAHCTBO, HE CBOLALIEECH K ORHOMY
sneMenty 0, TO €ro TONOJOrHs He MOXer ObiTb 3ajaHa HOPMOH. B uact-
HOCTH, TOMOJOrHs NPOM3BEIEHHA OGECKOHEYHOH NOCIeN0oBaTeNbHOCTH (Ey)
OTACIHMBIX TOMOJOTMYECKHX BEKTOPHLIX NPOCTpaHCTB Haj K, HE CBOAfA-
WuXcsa K ognoMy 3iemeHty O, He MOxeT GbTh 3alaHa HOPMOM.

6) Mycts E=KY; ana xawnoro x=(§,)€E nonowum |x|=

= E 1€n Tlokasats, 4TO TOMONOTHA npocTpaicTBa E onpezne-
2"(1 +18a1)"
asgercA paccToAHHeM d(x, y)=|x—y|, uto |Ax || x| npn [A|<]1 n

IAel<IM]x] upm }A|>1 u urto |Axy| cTpemHTcH K Hymo BMecTe
< |[A] ana kaxaoro x, ¢ E.

*3) Myctb E B F-— noaHble METPH3yeMble BEKTOPHbIE NMPOCTPAHCTBA
Haj] HeIHCKPETHpIM HOPMHPOBAHHBIM TEIOM H & — HENpepbiBHOE JHHElHOe
ortobpaxenne E B F. [lokasaT, 4TO eciu & He ecTh oto6pawenne E Ha F,
10 #(E) | xamezopuu B F. [Paccyxnas xak npH 10Ka3aTelbCTBE TEO-
pemot 1, nokasatsh, uto ecan u(E) He ecTb MHOXecTBO | xareropuu B F,
10 2 (V) aas moboit okpectHocTH Hyast V u3 E eCTh OKPeCTHOCTb HyJs B F.]

4) Tycte £ m F— noaHble METPH3yeMble BEKTOPHbIE NMPOCTPaHCIBA
Haj HEIMCKPETHLIM HOPMHDOBAZHHBIM TeNOM, g — TOMOJOTHS NPOCTPaH-
cTBa F M § — oTaeaumas tonoaorus B F, MawopHpyeMas TONOJIOTHEN .
Hoxkasars, uTo ecam guHeiinoe oTOGpaXKeHHe u npoctpanctsa E B F Henpe-
PBHIBHO B TONOJOrMH &, TO OHO HENPEPHIBHO TAKKE B TOMOJOLHH J. [Boc-
IONbL30BATLCA CHEACTBHEM 5 TeopeMbl 1.)

BuiBecTn otTciona, 4TO €CAH 'y M §o — IBE PA3NHUHLIE TONMONOTHH
B BEKTOPHOM NpocTpaHcTBe E Hax HEeIHCKPETHBIM HOPMHPOBAHHBLIM TEJIOM,
cornacylolfHecs CO CTPYKTYPOH BEKTOPHOrO NpOocTpaHcTBa B E, H B KaX-
J0H H3 HHX E 1OTHO H METPH3yeMo, T0 B 5 He CYyIIecTByeT OTAEIHMOM
TONONOTHH, MaXOPHPYeMOH TONONOTHAMH gy H Fo.

5) Nycty E n F — oraennMuie TONOJOrHUECKHE BEKTOPHbE MPOCTPaH-
CTBa HajJ HEZUCKPETHBIM HODMHDOBAaHHBIM TelOM, NpHueM E MNOJHO H
MerpHayemo. Tlycrs, nanee, 2 — HenmpepslBHOE B3aHMHO OLHO3HAYHOE JHHEH-
Hoe otobGpaxenne E B F H G — BexkTopHOe noanpocrpancteo B u (E).
ITycts, nakoneuw, B G cyurecTByer TOMOJOLHA §, MaWOPHpyoLlas TONOAO-
ruio, HHAYUHpYyeMylo u3 F, u coraacyiomasca €O CTPYKTYpo#l BeKTOPHOrO
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npocrtpaicrea B (G, npHuem G B 3TOd TOMOJOrHHM METPH3yeMO H MNOJHO.
INoxasath uTO cyweHne Ha G OTOGpameHHH, 0GPATHOrC K u, HENpPEPHBHO:
B TomoJoruH §. [Bocnonb3oBaTthCa CIEACTBHEM 5 Teopembl 1.]

6) Mycte (E,)— noclenoBaTeNbHOCTh MOMHLIX METPH3YEMLIX BEKTOP-
HblX TPOCTPAHCTB HMaj HEJHCKPETHHIM HOPMMPOBAHHMEIM TeloM K H Uy, A
KaXJOro n,— HenpepuiBHOE JHHeiiHoe oTobpawuenue E, B OTHEIHMOE TONMO-
Jornueckoe BeKTOpHOe mpoctpaHcTBO E Hax K, npuuem E ecTh 06beJHHEHHE
NOANPOCTPaHCTB 4y (Ep). Tlokasath, YTO KaxI0e HenpephiBHOE JHHEHHOE
oToGpaweHHe v mpocTpancTBa E H4 MONHOE MeTpu3yeMoe BEKTOpHOE
npoctpaicteo F Hanx K ectb romomoppusm E Ha F. [Bocmoab3oBatbcs
ynpaxHeHueM 3.]

7) IIycte E m F—noanele MeTpH3yeMble BEKTOPHBIE [POCTPAHCTBZ
HaJ HEeJMCKPETHbIM HODMHPOBAHHBIM TEJAOM H U — JHHeHHoe oTo6paxe-
wue E B F. Ilycte N —3ambikaHve # B F 1m0 OMABTPY OKpecTHocTei
uyas B E (O6w. tom., ra. I, § 6, n° 4). Ilokasartb, 4TO 3TO — 3aMKHyTO€
BEKTOPHOE NOANPOCTPaHCTBO B F M yfo AAA HENMpPEPLHIBHOCTH OTOGpae-
MHA & HEeo6XOAHMO H JOCTAaTOYHO, YTO6HW N CBOAMIOCH K 3jaemeHTy O.
[Bocnioab3oBarbca caencreueM 5 reopeMmu 1.] ITokasath, uto N ecThb HaH-
MeHblllee H3 3aAMKHYTHIX BEeKTOPHEIX NMORNpocTpaHcTB M B F, Ana xotopmix
¢ o U, 'Ie ¢ — KaHOHHYecKoe oTo6pawenne F Ha F/M, eCTb HenpephBHOE
oro6paxenne E B F/M.



FITABA 11

BBINYKJILIE MHOXKECTBA
H JIOKAJIbHO BbINYKIIBIE TNPOCTPAHCTBA

Bo sced smoi 2aase, 3a ucrkawouenuem § 6, paccmampusaromcs
Auuwd BeKmoOprue u apdunnsie npocmparcmsa HaO mesom R sewje-
cmeennoix wucen. I'osops o sexkmoprom (uau agdurnnom) npocmpan-
cmse 0e3 YKa3auus e20 mesd CKAAAPOS, Mu 8ce2da Oydem nodpasy-
Mesamb, Umo mum meaom cayxcum R.

- Hanomnum (Aar., ra. 1, 2-e usn., Ilpunoxenue 1l), uro agdunnoe
npocmpancmgo E MOXeT ObiTh. OnpefelleHO Kak 00HOPOOHOE npocmpan-
¢mso (Aar., ra. I, § 7, n° 6) anauTHBHOR TpYNNB 8eKXMOPHO20 npo-
empancmsa T, umewouee 0 eIHHCTBeHHHM OnepaTopoM u3 T, OCTaB/s0-
UM HHBApHAHTHBHIMM Bce 3JeMeHTH u3 E. Mbl rosopuM, uyto T ecTh
npocmpancmgo nepernocos8 appuunoro npoctpancrsa E; Touka, B KOTO-
pywo a & E nepesoaurca nepenocom t€ T, obosHavaerca a -+ t, umu t-+a;
Aas mobeix AByX TOoYex & M b u3 £ cyuwiecTByeT M NPHUTOM TONbKO OILHH
. BepeHOC, nepeBoiswudt @ B b; on o6o3Hauaerca b-——a; npH 3TOM
“8—a=0, a—b=—(b—a). Odna moboit Touku a€E, x >x—a
" €CTh B3aHMHO OJHO3HayHOe oToGpawenwe E na T; otowamectsns Ec T
NMOCPeACTBOM 3TOro OToOpaxeHHs, rosopar, 4ro E paccmaTpuBaetcs
Kak BEKTOpHOe NpPOCTPAHCTBO, B KOTODOM 4 NPUHAMO 3G HA4GAO.
O6paTHO, Kaxa0e BEKTOpHOE TNpocTpaHcTBo T MOXeT OHLTb OTOXIE-
CTBACHO ¢ ad¢UHHHIM npOCTPaHCTBOM E, COOTBETCTBYIOLWHM €ro noi-
rpynne {0} (Aar., rn. I, § 7, n° 6). Ilpu TakOM OTOXAECTBIEHHH He-
nycToie agpunnsie auneinse mroz000pasus appunHoro npocrpancrsa £
OTOXIECTBJIAIOTCA C MOAMHOXECTBAMH BEKTOPHOro npocTpancrsa 7T, noay-
YaeMbIMH NYTEeM MEpPeHOCa ero BeKTOPHLIX MOANPOCTPAHCTB (HA3HIBAEMBIX
TaKXKe O00HOPOOHbIMU JNMHERHBIMU MHOroob6pasuamu). Hanomuum raxxe,
YTO MYCTOE MHOXECTBO PacCMATPHBAETCA xaK apdHHHOE MHHeRHOE MHOTO-
obpasue. _

Mycts 7’/ —BTOpOE BEKTOPHOE HPOCTPAHCTBO, OTOXIECTBIEHHOE
¢ ap¢puunbiM npoctpanctBoM E’, cooTseTcTByouiuM ero moarpymne {0},
Agpdunnsie runelinme omobpascenuns £ B E’ oTONKNECTBAMIOTCA TOrAa
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¢ orobpaxennsmMu T B T, NOAyvalOIMMUCH TyTeM KOMIO3ULUM JUHeH-
nbix orobpawenuit T 8 T’ (HasbiBaeMbX TakXe 00HOPOOHbLMU NHHERHBIMU
orobpaxenusmMy E B E’) ¢ mepenocamu B T7.

IMyctes maHbl ceMeHCTBO (xl)tEI Touek u3 E u cemelcTBO ()\l)LE[ cKa-
JISpOB, OTAHYHLIX OT HY/MS JHMIUb AJ5i KOHeYHOrO YHCJA HHIEKCOB M TAKHX,
aro XA = 1. TTonoxum EleL=a+2)\l(xl—~a). 31y TOuky, He

t t L

3agucAwylo o1 BuboOpa a€ E, Ha3LBAOT HeHMPOM mANcecmu ceMei-
cTBa (x,), B KOTODOM KaX[aA TOUYKA X, CHAOdCena Maccol ), (MOJONH-
:l‘elleOﬁ, OTpHLATENBHON WM HyeBOH). MHOXeCTBO BCex 3TUX UEHTPOB
THKeCTH (NPH BCeBO3MOXHHIX BmOOpax ceMeHcTB (X,) YKa3aHHOrO BHIA)
coBraiaer ¢ apUHHBIM AHHEHHEIM MHorooOpa3sueM, NOPONKAEHHHIM TOY-
KaMu x,.

HanoMHuM Taxwe, 4TO MHOXeCTBO BceX TOuYeK a—At, rae a— ¢u-
KcupoBaHHas Touka M3 E, t-— dukcupoBaHHbt HeHy/leBoH sextop u3 T
# 2>0 (coors. A>0), HazuBaeTCA 3AMKHYMOL (COOTB. Omipumoi)
NOAYRPIMOE C HALAAOM G U HAnPABASOWUM Bekmopon t. [lanee, MHO-
JKecTBO BCeX TOoYeK Ax -y, Tle X M y-—1Be (HKCHPOBAHHbiE TOYKH
3 E, A >0, p>0u A4p=1 (coorB. A>0, o >0u Afp=1),
HA3LIBACTCA 3AMKHYMbM (COOTB. OMKPHMUM, TPH X F= Y) OMPEIKOM
C KOHYaMU X u y; TNPH X =1y OH CBOJAHMTCA K Touke., Hakoueu, npH
X == Yy, ompe3ox, omxpumblii 8 X U 3aMKHymuid 8 Yy, 3TO — MHOXe-
CTBO BCeX TOouek Ax—-py, rde A-p=1, A >0, » > 0.

§ 1. Bunykane MHOXKecTBa

-

1, Onpedeserue 8olnYKA020 MHRONCECMBA

Onpeneaeuue 1. Mruoscecmso A motex agddurnnozo npocmpan-
cmsa E nad R Ha3ssaemcs BuNYKAGM, ecalt, KaKoss 6o Hu Gbiiu
mouku x u Yy u3 A, 3aMKHYMUE OMPe30K ¢ KOKuamu X u y codep-
gicumces 8 A.

Tak kak (1 —A)a -+ Ax=a--A(x—a), TO 3T0 Onpeje/eHke PaBHO-
CHIbHO CHedyIOLeMy: MHOXeCTBO A BHIIYKJO, ecad ero o6pas npu roMo-
TETHHSC LEHTPOM B mo6o# Touke @ € A H KOIpOHUUEHTOM A, 3aK/I0YeH-
M Mexxay O u 1, comepxutcs B A (MHadye rosops, ecau A ycmoiduuso
OTHOCHTENbHO 3THX TOMOTETHH).

MMpumepn. 1) Kaxnoe apduunoe amueiiHoe mMHoroo6pasue B E (u,
B YaCTHOCTH, NYCTOE MHOXECTBO) BHIYKJO.
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2) EnMHCTBEHHBIMH HENYCTHIMH BLINYKIABIMH MHOXecTBaMM B R
asagorcs unmepsasse (O6ul. rTom., ra. 1V, § 2, npennoxenue 1).

3) Nycrts E — BexTOpHOE NMPOCTPaHCTBO H || x||— HOpMa B E; 3am-
KHYTHIH wap B, of6pa3oBanHbiii Toukamm x ¢ || x|[<1, ectp BHITYKJIOE
MHOXecTBo, HG0 n3 HepasencTs [[x||< 1, |yI<<1 B 0L A1 caenyer

A+ =D yI<MT+A—=DIYIKA+1—)=1.

3ameuanne. Ilyctb A-—BHNyKIOe MHOKECTBO B BEKTOPHOM NpO-
crpanctBe E; xakoBul 6bi HM Gplan ckalapsl a >0 u >0, ad + A =
= (a4 B) A. ViHblMH clioBamH, KakoBbl 6bl Hu Gbltn x€ A u y € 4, cywe-
ctByer 2 € A rakoe, 4t0 (a4 B) 2 = ax 4 3y. JelictBurennHo, 3710 COOT-
HOUICHHEe MOXHO 3anHcaTb B BHAE

H TaK Kak a_T_$>0, a—?—ﬁ>0Ha—T—ﬁ+a-T—@=l’ TO YTBEPXIEHHE

cleayetr M3 onpeieneHss 1.

Mreaaoxenue 1. ITycme (X)) — cemelicmso mouex 8unyrKa020 MHO-
Q
ocecmsa A. Llenmp mssicecmu D NX, MO4EK X,, CHAGHEHHBX 1 O-
Q
RO UMERbHE MU MaccaMu N, (MQKUMU, 4MO Z)\L= 1 uX=+0
t

Auwb 028 KOHEUH020 “ucsa uHlexcos), codepxcumcs 8 A.

OueBHIHO, MOXHO OFpPAHMYHTBCA TeM CAy4YaeM, KOIAa MHOXECTBOM
MHAEKCOB CJOYXUT KoHeunnld untepsan |1, pl = N u N; > 0 ana xaxaoro
HoMmepa [. [lpu p= 1 npennoxenue TpusHaAbHO. JlOKarkeM ero MHAyk-

»-1 p-1
uueit mo p. Ilonoxum p.=2)\,-> 0u y=2%x,-; B CHJY Npearo-
i=1

i=1

P
Joxenna uHAyKuMd Y€ A, Tak kak hy=1—p u > hxg=py4-(1—p) xp,
i=1

»
TO TOuKa Xy AX; CONepXHTCs B A B Cuay onpeenenns l.
. i=1

Neeanoxenne 2. Ilpu apdunnom sunelinom omoGpadcenuu [
agpgunnozo npocmpencmsa E 8 agpgunnoe npocmpancmso F o6pa3
Kaxci020 8unyKA020 MHONecmsa u3 E u npoobpaz xaxcdozo sunyx-
2020 MHOJNcecmsa u3 F A8ARI0MCE BUNYKALMI MHONCECMEAMY.

[TepBoe yrBEpXieHHe CAeayeT M3 TOTO, YTO f HEpeBOAHT 3aMKHYTHIR
.OTPe30K C KOHUAMH X ¥ y B 3aMKHYTHI}l OTpe3oK ¢ Konuamy f(x) u f(y).
IT0 Ke NOKaswiBaeT TaKKe, YTO MPOOGpPA3 KaXAOrO 3aMKHYTOIO OTpe3Ka



66 JIOKAJIbHO BBLITIVKJ/IBIE TIPOCTPAHCTBA I, §t

3 F CcOdepHUT 3dMKHYTHIH OTpe3ox, MMEWIHH CBOMMH KOHuaMu T00ble
IBe TOYKH 3TOr0 mpoobpasa, a OTCIONA BHITEKAET W BTOPOe YTBepKie-
HHe [pelJOXeHHd 2,

B wacrHocTH, 06p33 BLINIYKJIOIO MHOXECTBA NpH rOMOTETHH HJU nepe-
HOCe eCTbhb BBHIIYKJOE€ MHOXECTBO.

[Mreanoxeune 3. ITycms H-—aunepnaockocms, 3adexnas ypas-
Henuem g(x)=—a, 20e g-—— Henyaesas auneiinas @opma na E.
Mosynpocmpancmsa, onpedesennsie COOMBEMCMBERNO HepPABEHCMEAMY
gX) > gx)La gx)>a, gx)<a ABAAOMCST 86N YKALLML MHO~
aoHcecmsamu.

JleficTBHTENBHO, 3TH MOJYNPOCTPAHCTBA SBJIOTCA NpoobpasaMu uHTEP-
Barop 43 R oTiiocuTensHO JuHefiioro oTtoOpaxenus g, a mnociaelHue
BbINYKJbI.

['oBopsiT, uTO Touku MiioKecTBA M HaxondaTcs no OOHY CMOpPOHY
(cootB. ctmpoe> no 00Ky cmopoxy) OT runepmaockocth H, ecin M
CONEPHHUTCI B OJHOM H3 NOJYNPOCTPAHCTB, ONpeaeaseMbX, B 0003Ha-
YeHMaX Mpentoxkeius 3, HepaBeHCTBAMK g (X) > o uan g (x).< & (COOTB.
g(x)>a nm g(x) < a)

Meennoxeiuue 4. ITycms H— eunepnaockocms 8 agpdbunnom npo-
cmpancmse E. lag mozo umobso. mouxu BuRYKA020 MHONCECMBA A
u3 E Haxoduaucy cmpozo no 00ny cmopony om H, neo6xodumo u
docmamouno, umobsr A ne umeno obuyux mouex ¢ H. '

HeobxonuMocTs ycioBHa ouepuaia. OO6paTio, NPelilONOKHM, UTO
OHO BHIMOJAHEHO, H TYCThb g (x)==0-—ypaBHenne runepmnaockoctd H
(g — addunnoe aunefioe orobpaxkenuc E B R). Muoxecto g (A) BryK10:
B R u, 3Hauut, ABAsieTca uuteppanom, a 0 € g (A). CaenosatensHo, g (x)
COXpaHfieT 3HAK, Koraa x npoberaer A.

2, Hepecewerus sovinyxaoix Mroxcecms. Ipoussedenus suinyKivLx
MHOMCECMS

[eenaoxenue . ITepecewenue 4106020 cemeiicmsa 8uNYKABLX NOO-
Mroocecms aggunno20 npocmpancmsa E swunyrao.
HenocpeacTeenHo cienyer u3 onpeieieHus 1.
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Meeanoxeuue 6. ITycms (E()‘EI——ceMeLicmBo agppunnox  npo-
cmpancms u A, 041 kaxc0oz20 +& I, — nenycmoe nodmuosxcecmso npo-
cmpancmsa E,. [las mozo wmoGst nodmnoscecmso A = Il A, npocmpan-

cmsa E—= I[E ObL40 BLLNYK AbLM, HEOOX00UMO u()ocmamo'mo 4mobs A,
el
das Kaxoozo €1, Ovino seinyxao 8 E,.

JeficTBuTeIbHO, KaxIb#h 13 TNPOEKTOPOB pr, fABadeTcad adPuHHBIM

-1
AMHEAHBIM OTOBpakeHueM, M Tak Kak A, =pr,A u A-:nprl(Al), TO

. €I
yTBeDXKIeHue BpiTeKaeT u3 NpefsoxeHufl 2 u 5.

CnenctBue. B npocmpancmse R™ xascdwid napaissesenuned (O6uwm.
rom., ria. VI, § 1, n° 3) ecms gonyrisoe mrosicecmso.

JleficTBHTeIbHO, Kambifl napaniefenunes ectb 0o6pa3s KMPNHYa NpH
agdunHoM auHeliHOM oTOOpaxeHuH, a mnocieiHudl — Buinykavih B R
B Cuay npenJoxeHus 6.

Mpreanoweuue 7. Hycmys E — sexmoproe npocmpancmso u A, B—
ez0 sunyrasie nodmroncecmsa. Kaross Ov. nu Obiau Geuwecmserrsie
wucaa o u 3, muoxcecmso aA-+ 3B (o6pasosaHHoe TouKamu ax -+ By,
rie x npoberaetr A, a y npoberact B) sanyx.o.

JHe#tctBuTenbHo, 2A - 3B ects 06pa3 Beinmykaoro mHoxectsa A )X B
npH auilefiiom otobpaxenun (x, y) — ax -+ 3y npoctpauctea E X E B E,

3. Boinyrxaass 060s04Ka MRONCECMEQ

OnpeAEAEHHE 2. Banyrkaod 060404koi 2106020 nodmroxcecmsa A
agpunrozo npocmpancmse E naswsaiom nepeceuenue 8CeXx BulLYKALLX
MHONCecms, codepxcauyux A, m e. (npelloxenue 5) HaumeHnvuree 8vi-
nyKa0e MHOJNCECMBO, codepicaujee A.

[Mpregnoxeuue 8. I[lycms (AL)LEI—ceMeLicmao BuLLYKABLX NOOMHO-
grcecms agpunro20 npocmparncmea E. Bunyrkian 060404Ka MHONCECM BQ

o Q
UA= cosnadaem ¢ MHONECMBOM 8CeX AUHEUHbX KOMOUHAYUE Z NX,s
€I el
20e x, €A, >0 0an scex €1 (npusen X\ 7'& 0 suwe dasn KoneH-

HO20 wucaa undercos v) u D h = 1.
el

HeficTeuTeibio, MHOWecTB0 C 3TUX JdHellibix xoMOuWHauu#, oue-
BHIHO, COACPKHMTCA B KDKAOM BHIIYK/JIOM MHOXECTBE, COIEPXKALLEM BCe A,
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(npepaoxenue 1), H, ¢ Apyro#t cropousn, Bce A,c=C; takum 00Opa3oM,
Q Q

OCTaeTCqd A0KasaTh, 4T0 C Bhnykao. I[lycte x = 2 \x, y= 2 w.y, —
t t

nBe Toukn u3 C u 0 <a < 1. Ilna kawaoro «& [/ nofoxkum y, = ak, -+
+ (1 —a)w, u nycts J—(KOHEYHOE) MHONKECTBO TEX WHIEKCOB t, AIf

koropeix T, # 0. Torma ax -+ (1 —a) y MONKHO 3anmucaTb B BHAE Z T:2.s
’ vEJ

rae z,=17,  [orx, (1 —oa)p,y] npueasnexur A nas kaxaoro t€ J.
W rax kak ZTI——aZ)\ —{—(l—a)Zp.L*— I, 70 Touka ax—+(1—a)y

npmlannemm C

Caepcreue. Beinyxaas o6oaouxa muowcecmsa AcE cosnadaem
€ MHONCECTBOM 8CEX AUHEHHOLX xo,uduuauuu Z \x, 29e (x, ) — aw00bie

KOHeuHble cemelicmsa motex u3 A, k>0 0/1;1 Kanedozo v u 2k = L.

PasmepHocTs addunHOro auHeRtHOro MHOrooOpasks, HOPOKIEHHOTO
BBIYK/JABIM MHOXECTBOM A, ec/ii OHa KOHeyHa, HAa3bIBAETCH TaKWKe
pazmeprocmpio MHOXecTBa A. A¢ddunumii panr MHoxecTtsa B E (ecau
OH OMNpefeseH) paBeH pa3MEPHOCTH BHNYKNOH O060AOYKK 3TOTO MHO-
xectBa B.

4. Boinyxkasie Komnycot

Onpenenenue 3. IToomnodxcecmso C aggpunnozo npocmpancmsa E
Had R naasigaiom Konycom ¢ sepwunoi x,, ecau C ycmoinuso omuo-
cumesbHO B8CeX 20Momemull ¢ YEHMPOM Xy U NOAONHCUMEAbHEM KOIP-
duguenmon.

B 3toM  clegylolieM NYyHKTAX Mbl TpeAnONaraeM, 4TO BeplUKHA
paccmMaTpuBaeMOro kKoHyca Buifpana 3a Hayano B E; apyrumu cnoBamwu,
ME nOpennoiaraeM, 4to E ecTb BEKTOpHOe NPOCTPAHCTBO, M, TFOBOPH
0 KOHyCE€, HMeeM B BHAY KOHYC ¢ Bepwuno# 0.

Kouyc C c¢ sepuuno#i O Mbl Gyjem HasbiBaThb 3QO0CMPEHHbM, eClH
0EC, u 3amyniennbsim —B TNPOTHBHOM Ccayyde. 3a0CTPEHHHIH KOHYC
6o cpoauTca K Touke 0, mubo ecTh O6beAHHEHHE HEKOTOPOFO MHO-
KECTBZ-3AMKHYTHIX MOJYNPAMBIX ¢ HauanoM 0. 3aTymieHHb KOHYC ecTh
o6beinHeHHe (BO3MOXHO, MYCTOTO) MHOXECTBA OTKPHITHIX NOJMYIPAMBIX
¢ HavanoM 0. Ecau C — 3atynnennnit xonyc, 1o C ) {0} — 3aocTpenHuiit
kouyc. Ecam C—3saoctpennniit konyc, 10 CQ C {0} — saTynaennuit
KOHYC.



4 BHITIVKJIIE MHO)XECTBA 69

Ecan C—3atyniedsnit ganyxasid xouyc, o C| {0} — 3aoctpen-
HBlfl BuiNykJab#t koHyc. Hanporus, ecam C-— 3accTpeHHBIl BHINYK/bIHA
Konyc, 1o kouyc CN C {0}-—ne obsasateaso Bunykabil. Bygem Haswi-
BATb 330CTPEHHBbIH BBHIMYKJAbIH KOHYC, HE COJEepkalluil HUKAKON TpaMoft,
npoxoaaue# yepes 0, sucmynawowum. Torna:

[MeennoxenuE 9. Ja2 moz0 umobs 3a0cmpennsiii soinyrasd Konyc C
Obln  BUCMYNAIOWUM, HEOOX00UMO u O0CMAMO4KO, 4mobu 3amyn-
aeunsli owye C'=CN C {0} 6us sonyxasoim. .

Ecau C copepxut mnpamyio, npoxonasuyio uepes 0, To, ouesuaHo,
C’— ne Bunyxab#t. TIycTb Temepp C — BHICTYNAOWMH, & X W y— 1B
Toukn M3 C’. 3aMKHYTHH OTPe30K C KoHuaMh X, y comgepxurtcda B C;
ecim 6b0 oH comepwan 0, To Ml uMeau 6b Ax—+(1—A)y=0 gia
HEKOTOpOro A, saxawuenHoro Mexay O u 1, M, ClelOBaTeNbHO, X ==y
¢ » <0, rax yro C coaepxaa Obl npAMyIo, npoxoxsulyio depes 0 u x,
B NPOTHBOpeYHe C HPEAIOIOKEHHEM,

Meeanoxenue 10. ZLzs mozo0 uwmobu Mmnoxcecmso CcE Guaro
BHNYKABM KOHYCOM, HeoO0x00umo u docmamoino, wmobs C4+CcC
u \Cc C dan raxedozo k> 0.

HencTBUTebHO, ycaosue AC < C gas kawgoro A >0 xapaxrepu-

CTUYHO Iad KOHycoB. Ecau npr 3ToM C BHIYKJIO, TO C—{—C=%C—{—

+ % € = C. O6paTtHo, ecau konyc C takos, yto C+CcC, 1 0 <A < 1,
70 MC+ (1l —N)C=C-+C < C u, sHauur, C — BbIOyKAbiH.

Caencreue 1. Ecsau C-— nenycmoii 8uinykawii Kowyc, me nopo-
JHCOeRHOE UM NOONpOCMPAHCMBo ecmb MHoscecmso C—C (T. e. MHO-
KEeCTBO BceX X —y, rie X u y npoberawt C).

Heticteuteasno, nycrb V=C—C. V He nycto, \V=V ana xax-
poro A0 u V4 V=C+C—(C+C)cC—C=V, r1ak uro
V — BexTopHOe mnoanpocTpaHcTBO. Y, oueBMaHO, KakaOe BEKTOpHOE
ROATPOCTPAHCTBO, coaepxkauee C, comepxur V.

Caeactsue 2. FEcau C-—3a0cmpennsii 8unyKAbL KOHYC, mo
CN(—C) ecmb naubGosvuwree Bekmopnoe nodnpocmpascmso, codep-
scaweecs 8 C.
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Henctputenso, nyctb W =CN(—C). W iie nyctro, \W =W nasa
Kawaoro A%=0u WH+HWe(C+ON(—CH+O)cesCn(—0O=W,
Tak 4YTo W —BeKkTOpHOEe TMOANpOCTPalicTBO. ¥, oueBMAHO, KaWILOe
BEKTOPHOE HOANPOCTPAHCTBO, cojepxameecas B C, colaepxurca B W.

flcHO, 4TO NpH OJHOPOAHOM JuHeliHOM oToGpawenun f adunHHOro
npocrpaictBa E B BekropHoe npocTpanctBo F o6pa3 f(C) kaxaoro
BunykJoro kowyca C u3 E ectb Bumykamit kowyc B F. Kaxaoe nepe-
CeyeHHe BHINYKJnX KoHycoB B E (c BepumHoRt Q) fiBasieTcs BBIMYKJIBIM
konycoM. CienoBaTenbHO, I Kaxaoro mHoxectsa A — E mepeceveHnne
BCeX BHIMYKJABIX KOHYCOB, COLepXawuX A (OIHMM H3 KOTOPHIX fABJAdeTCH
camo E), ecTb HauMeHbwMH BbINYKJAHHA KOHYC, coflepxaluit A; ero
Ha3bIBAIOT BLIMYKJbIM KOHYCOM, RODONCOCHHbM MHOXECTBOM A.

Meennoxenne 11. Myems (C), ., — cemedcmso 8unyissix KoHy-
cos 8 E. Bunyrkawil ronyc, noposxcoennsli o6sedunenuer scex C,

cosnadaem ¢ MHONCECMBOM B8CeX CYMM g,x,, 20e J— niobvie He-
1
nycmoie KoHeuHvie MHOJcecmsa undexcos u3 I, a x, € C, 048 Kaxdozo
teJ.
HentctBUTENbHO, MHOXeCTBO C 3THX CYMM €CTh, OYEBUIHO, BHIIYK/BIH
KOHycC, cojepxawmnii obbesuHenune Bcex C, M ColepXawiuica B KaWIAOM
BLINYKJIOM KOHYyCe, COLepialleM 3TO OObelMHeHHE. '

Chencrsue. Bunyxasi Koryc, noposcoennol mroxcecmson A < E,
. . 4

cosnadaem ¢ MHONCECMBOM BceX AuHelHHX KOMOuMamui D NX;,
ics

20e (x3);p ;— 4100bie Henycmeie Kowewrsie MHONCeCmBa mouex u3 A u

;> 0 dan rascdozo (€ J.

IlOCTaTOYHO 3aMeTUTb, YTO eC/u BHOYKAHH KOHYC CONEPXKHT TOUKY
XE A, To ou coaepxur MHO¥ecTBO C, BCeX TOYeK Ax, rie A mpobe-
raeT MOJOXHTeAbHbie YHcaa, U 4yTo C, ecTh BHOYKAbHl KOHYC.

Meeanoxeune 12. Banykasii KOHYc, NOPOHCOCHHOLE BbLYKAbLM
Mmuoncecmsom A < E, cosnadaem ¢ C-—_U)\A.
A>0
Muoxectso C, OueBMAIIO, — KOHYC, TaK 4TO AOCTATOYHO TNOKA3aTh,
uTo OHO BHIMyKAO. [lycTe Ax u py —nBe Toukk u3 C (A >0, p >0,
X€A, y€A), u nyctb 2 >0, 3> 0 rtaxossl, uto a—+ 3= 1. lmeem
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ohx +Bpy=(ah+Bp)z, Tie 2€A u ar-4 fp > 0. CaeposarensHo,
ahx +Bpy€C.

3ameuanusa 1) Ecau, B ycaoBuaAX npeatoxeHus 12, Oé A, 10

C — 3atynaeHusiit KoHyc H, 3uauur, CJ {0} — BuicTynawouguit.

2) TIlycts A— mo6oc BbINykaoe MHOXecCTBO H3 E. PaccMorpuy
B F=EXR Bunykaoe MuoxecTBO A; = A X {1} u noposmjensniit um
Buinykauit konyc C ¢ sepiwunoii 0. [lpeanoxeune 12 nokaspiBaer, 4To
A; ectb nepeceuende C c¢ runepniockocTsio E X {1} B F. Takum o6pa-
30M, Kaxi0€ BBIIYKIOC MHOXECTBO B E MOXHO pacCMaTpHBaTh Kak
npoekuuo Ha FE nepeceueHus BLIIYKAOrOo Kouyca B F .¢ BepuwuHOH 0
u runepnaockocty E X {1}.

8. Ynopsoouenrnsie seKmopHrsie npocmparncmsa

[lycte E— Bextopnoe mpoctpaHcTBo Hax R. Mwb ropopum, urto
CTPYKTypa mnopaiaxka B E cczaacyemcs co cTPYKTypoR BexTOPHOrO Ipo-
CTpPaHCTBa, €CaAM oila yLOBACTBOPAET CACLYIOLIMM IBYM akCHOMAaM:

(EO) x<y saenem x-4-2<L y-+2 0an awbozo z€EE..
(EOn) x>0 sarenem ix >0 0asg a06o20 ckassapa k> 0.

MHoxectso E, HalenenHOe 9THMH ABYMA CTPYKTypPaMH, Ha3wBaeTcs
YROPAGOUEHHOLM BEKIMOPHOLM NPOCM PAHCMBOM.

OrMetuM, uTo akcuoMa (EO)) o3HauaeT COTMacOBAHHOCTb CTPYKTYPHI
fopaaka CO CTPYKTYpoH anauTuBHOR rpynmel B E, HUHLIMM CJOBaMy,
gro E, najgeneilHoe IBYMs 3THMH CTPYKTYPAaMU, eCTb YnopaoO4eHHAs
zpynna (Aar., ra. VI, § 1.

B uacTHOCTH, U3 TeOpHH YNMOPAJOYEHHBIX FPYIN BbITeKaeT, 4TO OTHO-
wenuas x<{y U x4+ 2z<y-+ 2z pasnocuabHet. Touno rtax we us (EOy)
cleiyeT PaBHOCHJABHOCTb OTHOIIEHMH x <y H Ax <{ly aas moboro cka-
agpa A >>0: melcTBHTENbUO, OTHOLIEHHE Ax <Ay paBHOCHJBHO OTHOLIE-
HHI0 A (y — x) >0, 3maunt, Baeder A ™A (y —x) >0, 4To paBHOCHABHO
oTHouenn x < y. Ecan A <0, 10 orHOWEHHE X <Y PaBHOCHUJILHO OTHO-
meHH — Ax < — Ay W, 3HauMT, OTHolleHHI0 Ay < Ax. MoxHO CKa3zars,
YTO aKCHOMBI (EOp) u (EOy;) BepawanoT uHBAPUAHMHOCMb CTPYKTYDH
gopsiaka B F OTHOCHTENbHO BCEX NEPCHOCOB M BCeX TOMOTEeTuH C Ko3g-
duunenTom >0,

[Mpumep. B BexTtopHoM NpocTpaHcTBe E =R% Bcex BeueCTBCHHBX
¢yHKUMH, oONpexeNeHHBIX Ha MHOxecTBe A, oOTHOLlewMe TOpAIKa
«X ()< y () npna Bcex f¢ A“ cornacyerci cO CTPYKTYpoH BEKTOPHOro
OPOCTPaHCTBA.
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Meeanoxenue 13. Mwnoowecmso P scex saemenmos >0 yno-
PAOOHEeHH020 BeKkmOpHO20 npocmpancmsa E ecms svicmynawuwul 3a-
ocmpennnii sonyrani konyc. Ob6pamuo, nycme P— svicmynaowui
3a0cmpenupli BuinyKAbE KOHYC 8 8exmopHom npocmpancmege E;
mozda omuowenue y —xEP 8 E ecmv omuowenue nopsoxa. Bgeoen
028 Hezo o6osnanerue x LY. Onpedeasiemass smum omHoweHuem
cmpyxmypa nopadxa 6ydem eOUHCMBEHHOL c022aCYIOWENCS CO CMPYK-
mypoii sekmoprozo npocmparicmsa & E u marxod, MHOJICECMBO NOAO-
JHCUMERbHOLX SLEMEHmMO8 Komopoil cosnadaem c P.

Ecan E — ymopssoueHHOE BEKTOPHOE MPOCTPAHCTBO, TO aKCUOMB
(EOp u (EOy) Baekyr P+Pc P u A\Pc P ana xaxkaoro A > 0;
npu sToM, ecad xEP u —x€P, 10 x>0 n x <0, 3Hauntr x=20,
TaKk 4T0 P eCTb BHCTYMAIOWMA 320CTPEHHBIH BHIMYKABIH KOHYC.

© O6paTtHo, ecad P — BHCTYNAOWMA 320CTPEHHHR BHIYKANH KOHYC,
TO M3 cooTHowenuit P+ P < P u P (— P)={0} creayer, 4ro oTHO-
mweHne y—xEP B E ecTh OTHOIEHHE MOPslka, CoOraacymoueecs
€O CTPYxTYypoH aanurubdHoll rpymnns B E (Auar., ra. VI, § 1, npexgnoxe-
Hue 3); eCaM 3amuCHBaTh €ro B BHAE Y > X, T0 P—3T0 MHOXeCTBO
BCeX 37eMeHTOB > 0, a coortHowenue AP = P nas X > 0 o3Hauaer, 4T0
poimoftHeHa W akcuoMa (EOy). '

Mpumep. °Mycts H— ruap6eproBo NpocTpaHcTBo U P (H) — Bek-
TOPHOE TPOCTPAHCTBO BCeX HENpepHBHHIX onepatopos B H. IMoaomurennp-
Hble 3PMHUTOBH olflepaTopnl 00pa3yior B % (H) BuiCTynalouguit 3aocTpeu-
Hblil BoInykabiii koHyc. TakuMm o6pa3oM, 3TOT KoHyC onpedeaser B & (H)
CTPYKTypy NOpAAKa, COrAAcylU{ylocA CO CTPYKTYpOH BEKTOpHOro Impo-
crpaHcTBa, npuueM A < B osuauaer, uTo B— A ecTb NOMOKHTEAbHHH
SPMHTOB OMEPATOP.,

[Mycte P— mio6of 3a0CTpeHHBI! BHIMYK/ABH KOHYC B BeKTOPHOM IpO-
crpauctee E nag R. Torma P()(— P) obpasyer B E BekTopHoe mOI-
npoctpanctso H (caencrsue 2 npepnoxexus 10). O6pas P’ kouyca P npn
KaHOHHYecKOM orobpaxenun E Ha E/H eCTb BHIYKJABIH KOHYC, U ero
npoo6pasom B E cayxur P. Cregosarenpio, P’ (— P )= {0} n P’
onpeneaser B E/H cTpykTypy MOpsiKa, COracyouyocs co CTPYKTypo#
BEKTOPHOT'O IIPOCTPAHCTBA.

JluteHyo ¢opMy f Ha yHOpAZLOYEHHOM BEKTOPHOM IpocTpaHcTee E
HA3LBAIT noLoxcumessiold, ecan f(x) >0 ara xaxzoro x >0 us E,
To ke caMoe MOXHO BHIPA3HUTb, CKA3aB, YTO BHIYKJBH KOHYC P 3ae-
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Medtos >0 u3 E colepXuUTCa B MHOXeCTBe TeX X, [IJ19 KOTOPHX
f (x) > 0. flcHo, uTO nmoMOKUTeNbHbE JMHHEHHbE GOPMBI 06PA3yIOT B PO~
cTpaHctee E* BceX MuHeHHbX (GopM Ha E BHINYKIBIA KOHYC.

6. Boinykasie MHOJCECMBA 8 MONOAOZUHECKUX BeKMOPRbLX Npo-
cmparcmeax

[TrEnnoKEHUE 14, 3amsvikanue 8uNYKAC20 MHONCeCcmsa (COOTB.
BUNYKA020 KOHYCA) 8 MONOAOUHECKOM BeKMOPHOM npocmpancmse E
Hao R ecmp soinyxaoe MHONMCecmso (COOTB. BunYKAbE KOHYC ¢ mof e
B8epULUHO).

HedcTBuTe1BHO,  nyCThb  A-— BHIYK/IOE  MHOXeCTBO;  (YHKLU%
(x, Wy—>rx+(1—Ny ara xaxnoro A, sakmouexnoro mexay 0 u 1,
HenpepuBHa Ha E X E u orobpaxaer AX A B A; CleIoBaTENbHO
(O6w. Ttom., ra. I, § 4, npeilOKeHHe 1), ona orobpaxaer A X A B A,
YeM BBHIYKJIOCTb MHOXECTBa A M NoKasaHa. Tak e IOKA3HIBAETCH, UTO-
ecan C — BLOYKAHH Konyc ¢ Bepmmuo#t 0, 10 C-+C<=C n = C
aas xamaporo A > 0.

OnpenEaeHne 4. [lycme A — npou3sosvroe MHOINCECMBO 8 mMO-
noaozuueckKom 8eKkmopHoM npocmparcmse E. 3aMKHYMOE sbinyx-
2064 060404K08 MHONCECMBa A Ha3viealom nepecenexile 8cex 3AMKHY-
mex BHLLYKABLX MHOJNCecms, codepicawux A, m. e. HauMeHbwee
3GMKHYMOe BbLILYKAOE MHOJCECmBO, codepicauee A.

Benencteue mnpeptoxeHuss 14 3aMkHyTas Boilykjaas 060J0uUKa MHO=~
KecTBa A eCThb 3aMbIKAHME ero BHIIYKJAOH o6onouku. OueBUAHO, OHA
CoBnazaeT ¢ 3aMKHYTOH BHINYKJIOH 060J0UKOR MHOMECTBA A

Meeanoxenue 15. Ilycms A— svinyia0e MHOJNCECMBO 8 MORO-
A02U4eCKOM BeKMOPHOM npocmparcmse E, umeouee no kpainel mepe
00Ky 8sHYmpenniol mouky X, Ecau x€A, mo kaxdas mouka
OMKPHLMOZ0 OMPe3Ka € KOHUAME Xog U X eCMb SHYMPEHHSSL MOYKE.
MmHO%NCecmBa A.

JeHCTBUTENLHO, NYCTh ) — TOUKA 3TOTO OTpe3Ka W f-— roMOTeTHs:
¢ ueHTpoM y u Ko3dduuuentom A <0, mepesomswas x, B x. Ecan
V — OTKpHITas OKpECTHOCTb TOUYKH Xo, cozepxawascs B A, 1o f(V)

€CTb OKPECTHOCTb TOYKH X M, C/elOBaTelbHO, COLepKUT TOuky f(2)€ A.
Hmeenm

f@)—y=rz—y)=rz—Ff@))+ 1@ —))
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-0TKyna y—f(z):;\%l(z—f(z)), TAK 4YTO Y ecTb 06pa3 2 npH

A
TOMOTETHH g C UenTpoM f(2) u Ko3(duLUEHTOM p=g—7> TaK Kak

0<p< 1, 10 g mpeobpasyer V B OKPeCTHOCTb TOUKM Y, Colepxa-
anyloca B A, u MpeloxeHue 10Ka3aio.
CaencrBue 1. Brympennocms A 8unyK.a020 mHoxcecmsa A gol-

nykaa. Ecau A He nycmo, mo OHO co8nadaem ¢ BHYMPEHHOC MbiD
_MHOXNcecmBa A, ¢ A ecmb 8binyK.L0e MHONCECMBO, cosnadaousee ¢ 3a-

_MbliKQHUEeM MHOXMCecmBa A.

IleficTBuTeIbHO, U3 OpelJOXeHUs 1D ciaenyet, 4to ecau A ne nycro,
TO OHO BHIIYK/IO M KaX1asd TOUKA H3 A TIDHHALIEKUT €ro 3aMBHKAHHIO.
TTokaxeM, 4To, C JAPYrof CTOPOHH, Kax1as TOUKA X, BHYTpeHHss K A,
TAPHHALTEHKAT A. Moxmo npeanoaarat, 4ro x =_0. I'IyCTb V — cum-
MeTpHYHAs OKPECTHOCTb HYynfl, COlepKalasacs B A n yEAnV ViMeem
—y€A, u ectn y+ 0, 10 mpennoxenue 15 nokaswiBact, uTO OEA
qipy y =0 Takoe 3akJOYeHue OYEBUIHO.

o
CaeacrBue 2. Buympennocms C  8onYKA020 KOHYCA ecmb B8bi-

°
nyiavii konyc. Ecau mnooucecmso C He nycmo, mo OHo cosnadaem
£ sHympernocmyio MHoxcecmsa C, a C ecmbv 3a0cmpennl 8uinyKAbl

HOHYC, cognadawuull ¢ 3amvikanuem mHoxcecmsa C.
Tak xax roMotetun ¢ kosp@uuuentamy >0 u uenrpom 0 mpe-

-o6pasyior C B cebs, To onu npeobpasyioT C B cebst, Tak uro C — KOHYC;
«OCTaIbHbE YTBEPKIEHHA BHITEKAIOT M3 CAeACTBMA | M OUEBUAHOTO 3aMe-
4aHug, 4To C CONepKUT BepuIMHY kxonyca C, ec/ld moclefHuHl He IycT,

Myctb H — 3aMKHyTag TUNEPNJIOCKOCTh B TOMOAOIMYECKOM BEKTOp-
#oM npoctpaHcTBe E uan R; oHa uMmeer ypaBHeHue Buaa f(x)=a, rie
f—nuenyneBas HempepbiBHas JauHeMuas ¢opma Ha E (ra. I, § 2, teo-
pema 1). TloaToMy mnoaynpoctpaHcTBa, Ompefe/eHiible COOTBETCTBEHHO
HepaBeHcTBaMu f(x) <l a u f(X) >a, ABIAIOTCS 3AMKHYMbIMU BHIIYK-
JIbIMH  MHOXECTBaMu, a UX JONOJHEHHUs, OlpelefeliHble COOTBETCTBEHHO
HepaeHcTBAMU  f(X) >a u f(x) < @, — omKkpsimsie BHIYKIblE MHO-
xecTBa. Mul 6yleM Ha3bBATBL ITU MOJYNPOCTPAHCTBA 3aMKHYTHMHU (COOTB.
OTKPBITHIMH) IOXYNIPOCTPAHCTBAMH, Onpedessie Mol il 2unepnaockocmsio H.
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[lpennoxenue 16. ITyems E — mono.sozuxeckoe sexmopuoe npo-
Tmpancmso u A— muoocecmso 8 Hem, codepacaujee no xpaineld
Mepe 00HY BHYMPEHHIOI MOYKY &t MAKOE, 4mo 8CE €20 MOYKy AeHCAMm
£10 001y cmopony om 2unepnaocikocmu H. Tozda H 3amxnyma, 8Hy-
MMPEeHHue MOUKE MHONCecmsa A Jaexcam Cmpozo Nno O0OHY CHMOPOHY

“om H u mouxku npuxocnosenun mHoxcecmsa A aexcam no 00Ky cmo-
pory om H.

HeHcTBUTEIBNO, TPeAno10XuM, 4YTo [ TPOXOAMT 4Yeped Hayaxo H
uMeeT ypaBHeHHe f(x)==0, u nyctb, Hampumep, f(x)>0 nas Bcex
Touek X € A. IoaynpocrpaicTBo, 06pasoBaiHOe TOUKAMH Y, LI KOTOPBLIX
S () >—1, coxepxut no xpaiHe#t Mepe oLy BHYTPEUHIO TOUKY, M
TyTeM TfiepeHoca ybexpaeMcs B TOM, 4TO TO K€ BepHO [/ NOJYIpPO-
<CTpPaHCTBa, 06pa3oBanHOro ToukaMu y ¢ f(y) > 0. Dro nokasbiBaer, YTO
H zamxuyro (ra. I, § 2, caencrsue npennoxenus 1). Kak Mbl 3HaeM,
toraa f ectb romomopdusm E nwa R (ra. 1, § 2, creacrBue 1 Tteo-
peMbl 1) M, cJe10BaTeqbHO, f(/f)—OTKpblToe MHOXecTBO B R; oHo
He MoxeT colepxaTe 0, Tak kax uHaue coacpxano Oul U OTpULATENb-
Hble YMCAa, B IPOTHUBOPeYHe C NPELNONONKEHHEM; C/1el0BATENAbHO, OHO
CONEepXUTCA B OTKpPHTOM uutepBate |0, -+ oof. C npyro#t cropousl,
TIONYNPOCTPAHCTBO TeX ¥, Aasa Koropux f(y) >0, 3aMkuyTo u corep-
KUT A, a cJenoBaTeJblio, U A.

YnpaxucHus 1) [MoxmuoxecrBo A BekTopiuoro npoctpancrsa E
Hag R HasbiBaeTcs 36e30HsiM (OTHOCHTEILHO TOUKH 0), ecan OcA u
BMECTE ¢ TOUKOH x¢ A MHOxectBy A mnpuHailexar Takme TOUKH Ax
Jns Becex A, 3aknwoyeuHbx meuiay O u 1. [Tycrs A —3BesgHoe MHOXECTBO,
AU KawjaoH TOUKM X KOTOpOro cyimecTsyeT p > 1 Takoe, 4to px €A,
fToxasarb, 4TO e€caM A BMecTC ¢ Kaw/I0H Napoil CBOUX TOYEK X,y

1
COIEPHKHT H TOUKY (x+y), to oHO BwilykaO. JlaTh UPHMED HEBBUIY-

1
KJIOIO 3BC3JAHOrO MHOXECTBa A, 1A KOTOpOro 5 (A+A)c A

2) IycTp B apuHHOM NPOCTPAHCTBE NaHBLI BHHIYKIOE MHOMECTBO A
u moboe coigepialiee ero MuoxccTso B. [okasaTb, UTO Cpein BLITYKJIBX
MHOXECTB, coiepxamux A M cozepwmaumuxcad B B, umeerca no xpaitneil
Mepe OfHO MaKCHMaJbHOE; AaTb MpPHUMEp, 'ie MMeloTCA pasivuHble MaKCH-
MaJbpHBIE BBIYKJbie MHOMECTBa, cojepxaiqune A M comepwxawmueca B B.

3) INycrs A u B-— jaBa HenepeceKawUMXCS BBUIYKJHMX MHOMECTBA
8. ab¢puunom mnpocrpanctee E. Ilokasars, uT0 B £ cyuiecTByloT Hemepe-
cekapidecs Bbykable muowkecrsa C, D rakue, yuro AcC, Bc D n
CUD =E. [lpuMeHutp rteopemy LlopHa X MuoxecTBy Bcex map M, N
HelnepeceKanX BHIYKALX MHOXeCTB Takux, ut0 Ac M, BC N|]
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4) Mycrp E — BexTOpHOE NMpocTpancTBO Haa R, o6aanatouiee cueTHBM

6a3ucoM (ep), H C — MHOXECTBO BCeX TOUEK x=EE,,e,, TaKHX, 4TQ

n
§5 >0 nas Hauboabillero HHiekca n, upu Koropom &, == 0. [lokasatb
yro C €CTb 3a0CTPEHHBIH BHUIYKJABLH KoHyc, mpuueM C[)(—C)={0} u
CU(—C)=E. Bunectn orcwoaa, uro C ecTb MHOKECTBO BCEX sJe-
MenToB >0 s cTPyXTypbl nopsaanka B E, cornacyloueiica co CTpyKTypoit
BEKTOPHOrO MPOCTpaHCTBa M IpeBpamjaoileil £ B coBeplieHHO ynopano-
YeHHOe MHOXecTBO. [1oKa3aTh, YTO Ha 3ITOM YHNOPAZOYEHHOM BEKTODHOM
NIPOCTPAHCTBE He CYIECTBYET MOJOXKHTENbHOH JHHEHHOH dopMbI, HEe paBHOR
TOXAECTBEHHO HYJIO.

5) [ycrs E — apuHHOE TPOCTPAHCTBO U f— BJAMMHO ORHO3HAUHOE
oroGpamenue ero Ha ceba. [lokasath, u4TO ecad f NEPEBOAMT KaKIOE
BHHIYKJIOE MHOMXECTBO B BHINYKJIOE MHOXECTBO, TO f ecTb adduHHOE
auneitnoe ortobGpaxenue. [BocnospaoBaThcA TeM, YTO 3aMKHYTHIH OTpe3oK
€CTh TiepeceyeHHE BBITYKJAbIX MHOMECTB, cogepxaifux oba €ro KoHua;
cM. Aar., ra. 11, 2-e u3n., Npunoxerune 1, ynpawuenue 7.]

6) Harb npumep napsl BHNyKanXx MHOxecTB ACR, BCR? nas
KOTOpo#l 06pa3 BHHIyKAOro MHoxecTBa A X B npu OuruneiinoM oToOpaike-
suu (A, x) —>Ax npoctparcTBa R X R2 B R2? He Gbix Gui BHIMYKIBIM.

7) Nycrs A; (1 <I< p)— KOHEUHOE HUHCAO BBHINYKIHX MHOMXECTB
B BeKTOpPHOM mnpocrpaHcTBe E Ham R, W;— BexTOpHOE NOANPOCTPaHCTBO,
ToNyyeHHOe NyTeM nepeHoca adduuHOro JTMHEHHOrO MHOroo0pasus, 1Opo-

P
®xennoro MuomectsoM A; (1< i< p), n W — noanpocrpanctso ) Wy
=1

TMoka3arb, 410 aduuHOe MuHEeHHOe MHOroo6pasHe, MOPOXKAECHHOE BBHIMYK-
P

AbiM MHOMECTBOM 3\ A;A; (Tme uWcaa A; OTIMUHBL OT HyJA), MOAyYaeTCH
i=1

nepeHocoMm u3 W.
*8) flycts A — a1060e MHOXECTBO B R™.
a) [Mokasars, uTO BhHIMyk’daa o6odouka MHOKecTBa A coBnajgaer
n
C MHOKECTBOM BCeX Touek D Aix;, rme x;€4, L>0 (0K 1< n)

i=0
n
H 27\;=1. [YcTranoBuTb cHayana caeayougylo JgeMmmy: ecad p -1

=0
Touek x; (01 < p) obpasyor adpuuno 3aBUCHMYIO cHcTEMY (T. €. cyle-

D P
ctByet coOTHomlenne ¥\ Bix; =0, rae §; HE Bce paBHM HyMO H Y §;=0)
1=0 1=0

P b4
H x—_-z ;% TAC Bce a; >0 H 2 a;==1, TO CyIECTBYIOT HHAEKC R ¥ p
i=0 1=0
aucen y; ({7 k) Takme, 4t0 Bce 7; >0, 2“:1 " x=2'{,—xi; nas
itk itk
a;
3TOro CPaBHUTb UHCIA 7, HMEIOUHE CMbICIL.]

B
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6) Mycrb & — touka BhiMykJOH o6oaouxkH MHOxecTBa A, He npuHax-
Jiexaugas BHIYKI0H 006070uKe HHKaKOro NMOAMHOXeCTBa M3 A, comepixa-
ulero ue Goxee n sxementoB. [loka3artb, yto Toraa A ob6namaer Mo MeHb-
weit mepe n-41 cBA3HBIMM KOMNOHeHTaMH. [MowHo cuuTate @ =0.
Mycts (b)o« s « n— 2PPHMHHO HesaBHCHMOE ceMelicTBO 7+ 1 TOUEK M3 A,
BHnykaass ofosouka Kortoporo cofepxur 0 (cM. a)), U nyctb C; AaA
KaKIOro HMHAekca [,-— 3a0CTPEeHHHIH BHOYKJAMH KOHyc ¢ Bepunnodt O,
NOPOMAeHHNA ToukaMu b; ¢ mHmekcamu j==I. [lokasats, uto A He nepe-
CEKaeTcs ¢ rpaHuiueil HH ORHOrO U3 KOHycoB — C.]

B) [loxasatb, uto ecaun A -— 3aocTpeHHbi KOHyc ¢ BepuuHo# 0, 1O

n

€ro Bumykaas 060X0YKAa COBMALaeT € MHOMECTBOM BCEX TOUEK Zlix,;,
i=1

tae x; €A u ;>0 (1<iLn).

9) a) [lokasatp, uTOo B mpocrpaHcTBe R™ Kaxknoe n-MepHOE BHIYKIOE
MHOXecCTBO A o6Gnapnaet no xpaiiueit Mepe oqHo# BHyTpeHHeH Touko#. [Pac-
cMoTperh adpHHHO He3zaBucuMmylo cucremy 7+ 1 Touek u3 A.]

6) Mycrp E == L1(N) — npocTpaHcTBO ab6COMOTHO CXOAALIMXCA PAIOB
x == (§) BewecTBeHHBIX yucexa (ra. I, § 1, n°2). TMokasarp, 4T0 MHOXKECTBO P
TEX X, AAA KOTOPHX BCE §j >0, €cTb BHICTYNAMHA BHINYKABH KOHYC,
nopoxaatouuit E, Ho He comep:xawmuit HH OAHOH BHYTpPEHHEH TOUKH.

10) Ioxasarb, uto B mpocrpacTBe R Kawmpoe menycroe OTKpPHITOE
BLIYKJIOE MHOMECTBO romeoMmoppuo R [McnoassopaTbh ymnpaxseenue 12
u3 O6ug. tom, ra. VI, § 2 (7).]

11) Mycrs E — Tomoaoruyeckoe BEKTOPHOE NpPOCTPAaHCTBO Haj R u
A — 3amkHyTO® BHIIyKJAOE MHOWeCTBO B E. [Iycte V(x), Ans Kaxaoro
X €A, — o0beaHCHHE BceX MNPAMbIX, NPOXONANMX uepe3 X H COAepHa-
muxca B A, [lokasarb, 4T0 V (X) ecTh 3aMKHYTOE JHHENHOE MHOrooGpasue
# uto V(x) u V(y) aas mo6blX ABYyX Touek x u y u3 A moayudaworca
JIpyr U3 Apyra nyreM nepeHoca. BriBecTu orcioza, uto ecan W — 3amkHyTOC
BEKTODHOE TOANIPOCTPAHCTBO, MOAyYawmeecs NyTeM IepeHoca M0G0r0

-1
V(x), u ¢ —xaHoHnueckuil romomopdpusm E Ha E/W, to A==9(B),
rae B—3aMKHYTOE BHIYKIOE MHOXECTBO B E/W, He coaepixaliee HUKaKOH
NpAMOH.

12) MycTs A — HeOTpaHHYEHHOE 3aMKHYTOE BHIIYKIOE MHOXecTBO B R”
TloxasaTe, ur0 And aw6oit ToukH x€ A cyuwecTByer no kpaiisedl Mepe
‘OIHA 3aMKHyTas TNOAYNpAMas C HadajioM X, comepikaugasci B A. Muo-
wectBo C (x) Bcex coAepxauuxca B A 3aMKHYTHIX TOJAYNPAMbIX ¢ Haua-
JIOM X €CThb 3aMKHYTbIH Bhnykaniit konyc B R Konycw C (x) u C (y) aad
J06LIX ABYX TOUEK X H ¥y M3 A moayuaworca gpyr U3 Apyra myTeM IepeHoca.

13) Mycrs C —BuicTynaomuit 3aMxeyThi# Bonykabii koHyc B R
< BepuiuHoit 0. fTokasartk, uTo nomnoanenne muomectsa C()Sy—y MO OTHO-
umeruo Kk cepe S,_; romeomopdpro R?~L, [fIpoussectu crepeorpaduue-
CKYI0 TIPOEKIHI0 U3 TOUKH MHoxkecTBa C[)S, -1 1 BOCIOJIb30BATLCA yNpaiK-
HenueM 12 u3 O6uy Ton., ra. VI, § 2(7).]
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[okasars, uto ecad C o6aazaer sHyTpeHneil Touxoil, 10 C()Sp—1
roMeoOMOp(HO 3aMKHYTOMY wapy Bp-—¢. [Tem ke McTOzOM.)

14) Mycts A—HeorpaHHuCHHOE 3aMKHYTOC BLITYKJIOE MHOXeCTBO B R™,
He cojiepiallee HuUKakod npaMol u obnajawmilee no KpafiHeld Mepe OMHOMN
BHyTpeHHeit Touxoil. [Nokasarb, uto rpanuua A romeomopdua R®~ 1. [Boc-
noab30BaThcd ynpawHenusamu 12 u 13.]

15) Ioka3aTe, 4TO AJAA 3aMKHYTOCTH BHINYKJOTO MHOXecCTBa B TMPO-—
crparcrBe R™ Heo6X0AWMO M JAOCTATOUHO, 4TOOLI GbIIO 3aMKHYTO €ro
nepeccueHHe co BCAKOH mpamoi [cM. § 5, ynpaxuenne 12].

*16) a) Hycts A; (1<i<<r) r>n- 1 BoINyKALIX MHOMECTB B IpPO-
crpaucrse R”, Kawabie 7 -—1 M3 KOTOPHIX MMEWT HEMycTOE NepecedyenHe.
[Moka3satb, 4TO TOrga BCe r MHOXECTB A; MMeT Henmycroe nepeceueHHe.
[Myctb x; — TOuKa, NpPUHALAEKAulas NEPECCUEHHMI0O BCCX MHOXKECTB Aj
¢ MHAEKCAMH J7&i; CYWIECTBYIOT ¥ YHCEN A; H3 KOTOPbIX XOTb OZHO OTIHYHO

r r
OT HyJas, TAKHX, 4TO 2 AM=0mH 2 Aix;=0; crpynnuposaTth B ITOM pa-
i=1 i=1
BeHCTBE wienbl ¢ KosdduuueHramu A; > 0 K wieHn ¢ KoIhpHUHEHTAMH.
4;<<0]

6) Mycrp (-— MHOXECTBO KOMNAKTHBIX BbIIYKAbIX MHOxecTB B R™.
Jlaa  Toro uto0B OHO MMEJO HENycToe [epeccyeHue, J0CTaTOYHO,.
yto6bl nepeceueHue mobbix 7+ 1 ero mMuoxecTB Obl10 He Mycro.

17) TokasaTb, UTO B TOMOJOrHueCKOM BEKTODHOM IpOCTpaHcTBe Haj R
BLINYKaass 060JMOUKA OTKPHITOTO MHOXECTBA €CTh OTKPHITOE MHOMECTBO.

18) Mycte M — BCIOAY IJIOTHOE BLIMYKJIOE MHOXECTBO B TOMOJOTH-
yeckoM BeKTopHOM npoctpaHcTBe E naa R. [Noka3ats, uro H[) M aas mo6oit
3aMKHyTOl runepnaockocts /A u3 E niaotno B f. [[lns xauio# Touxu xo € H
¥ KaxjoH ypapHOBeLUEHHOH oKpecTHOCTH Hyad V B E paccMoTpeTh nepe-
ceueHHe MHOXKECTBA Xy—+ V € OTKPHITHIMH MOJYIPOCTPaHCTBAMH, Olpeie-
AEMBIMH THIEPIIOCKOCTbIO H, H YCTAHOBHTH, 4TO Xg—- V 4+ V coaepxHuT
TOUKy Muoxcecrsa H[I1M.]

19) Mycts E — GeCckOHCUHOMEDHOE TOMOJOIHYECKOE BEKTOPHOE Npo-
CTPaNCTBO, COAEpN(allee TOTaAbHOE CYETHOE MHOACCTBO (HampHMep, HOp-
muposannoe Iipocrpanctso L! (N) ab6comorHo cxoasuiuxcsa pszoB). Iloka-
3aTh, uT0 B E CYWECTBYIOT JBa HeNepeceKalUHXCA BCIOAY IIOTHBIX
Bullykanix MuoxectBa A, B takux, uto A B = E. [3amerus, uto E co-
AePKUT BCIOZY [JIOTHOE CBOGOIHOE ceMelCcTBO (e,), BOCIIONB30BAaTHCHA
ynpawsenuamu 3 u 4.] IlokasaTs, uto kaxjoe u3 MHOxecTB A, B mopo-
waaer (anreGpauueckn) E.

20) IMoka3saTb, 4T0 B TONOAOrH1eCKOM BEKTOPHOM IIPOCTPaHCTBE IPaHHIla
KaXIOro BHINYKJOTO MHOXeCTBa, COACPHKAlIEro BHYTPEHHIOIO TOYKY, HHTie
He maorna. [Bocuoab3oBarbes npeasaoxenneM 15.]

21) Mycts A — 3aMKHyTOE BBINYKJOE MHOXCCTBO B OTIZEAHMOM TOMNO-
NIOTHYECKOM BeKTODHOM mnpocTtpaHctBe E, o6Jajalollee BHYTPEHHEH TOUKOH,
¥ H — npoxoadwas uepe3 Hee 3aMKHyTasd rumeprniockoctb. [Tokasars, yTo
ncpeceueHHe rumepmiaockoctn /¢ rpanuueit F MHOxecTBa A HHMrae He
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naoTHo B F. [/lokasateabCcTBO TOFO, YTO B KaX¥AOH OKPECTHOCTH TOUKH
MHOXcecTBa H[]F coaepxuTcs TOuka u3 F, He mpHHanqewxauas H, csectw
K cayuaio aBymepHoro £.]

#22) Iycts A — cBA3HOEe 3aMKHYTOE MHOMKECTBO B OTAEIHMOM TONO-
JOIHYECKOM BEKTOPHOM TpocTpancTBe E, ofianaloiiiee CIexyOUIUM CBOH™
CTBOM: Kampoe x € A HMeeT 3aMKHYTYI OKpecTHocTb V Takymo, uro V(14
Bolyk10. [loxasars, 410 A BblnykJ0. g 3TOr0 YyCTaHOBHTHL MOCIEROBa=
TeJbHO clAeay:oliiue cBOHCTBA:

a) Iokasars, uT0 mo6nie ABe TOoukn M3 A MOryT ObITh COEAMNEHH
nomaHoit, copepameiica B A. [Mcnoab3oBath TO, uTO MHOWKECTBO TOYEK
13 A, coejMHMMBIX ¢ TOUKOH 4 € A n0MaloH, copepxauielica B A, OTKpbITO:
M 3aMkuiyTo B A.]

6) INokasarb, uT0 ecau ABE TOYKH H3 A coeaHHHMbi 71-3BeHHOH JOoMa-
HOH, conepxaweica B8 A (n>>1), T0 OHM cOeaunuMbl takwe (n — 1)-3BEH-
HOil JoMaHOH, cojepxkauleitcs B A. [WHaykuue# mo n cBecTH K caydai
n=2, uto no3Boaut cuutathb E =RY% nycrs T0rga T — TPeyroabHHK
¢ BepiuuHaMu 4@, b, ¢, CTOpOHB KOTOpOro 4¢ u bc, BKAOUAA KOHIBI, CO-
aepxarcs B A, a ab— HeT; paccMOTPCTb TOYKY IPHKOCHOBEHHA repe-
ceyenns Muoxectsa CA ¢ BHYTPeHHOCTbIO TpeyroasHuka T, naubolec yna-
JEHHYI0 OT MpAMOH, MpoXoisuicA Yepe3 & W b, v NMOKa3aTh, YTO CYIL{CCTBO-
BaHHE TaKON TOUKH NMPOTHBOPCYHT MPEINON0KEHHO.]

#23) a) MNyctb E — oTAednMOe TOMOJOrHUECKOE BEKTOPHOE MPOCTPaH-
cTB0, B — Henycroe 3aMKHYTOE BHIIYKJIOe MHOMECTBO B E, X — Henycroe
KoMnakTHOoe MHOwectBO B FE. [lokasatsh, uto eciu A — MHOxecTBO B E.
s Koroporo A+ Xc B+ X, 10 AcB. {llna a¢ A paccMOTPETh 10-
CAENOBaTCALHOCTD (Xp) TOYEK M3 X, PEKYDPPEHTHO OlPefeNsieMyl0 COOTHO-
WEHUAMH @ - Xy == by -+ Xp4q, Ta€ b, € B.] Boiectu otcioza, uto ecau A
M B-— aBa HenmycThlx 3aMKHYTHIX BBHINYKJAbIX MHOKeCTBa B E U X — He-
nycToe KOMNakTHOe MuokecTB0 B E, 10 M3 A4 X= B+ X curenyer
A= B.

6) [ycrb E — HOpPMHPOBaHHOE NMPOCTPAHCTBO H § — PACCTOSHKE, oflpe-
aeneHHoe B MHOXecTBe {5 (E) BCeX HEMYCTHX 3aMKHY ThIX MOAMHOMKECTB MPO-
crpanctBa £ xaKk ykasaHo B ynpawuenud 7 u3 O6uy tom., ra. 1X, § 2(8).
[MokasaTb, 4uT0 A JOGBIX TPEX HCMYCTHIX KOMMNAKTHBIX BHIMYKJIBIX MHO-
wectB A, B, C B E umeer mecto paBeuctso s (A + C, B+ C)=qa(4, B)-
[punatb Bo BuuManue, uto A+ S, u B+ S, rae S —3amxnyrsiil
map |lx[l <A, ~—3aMKHyTblC BLINYKJblE MHOXCCTBA, H  HCIOAB3O-
BaTth a).]

B) BbiBectH u3 a) u 6), 4to MHOxecTBO R (£) BceX HEnyCThIX KOM-
NaKTHbIX BWIYKJBIX MHOMXECTB B HOPMHDOBAHHOM IPOCTPAHCTBe, CHaGHEH~
HOE pacCTOSHUEM ¢, MOXHO OTOMIECTBHTb C KOHYCOM B HOPMHPOBaHHOM
NPOCTPaHCTBE, CAOKEHHE H YMIOXEHHE Ha CKaJApbi B KNTODOM HHAyUH-
pyor B & (E) onepaunu (4, B) > A+ B u (A, A) > A
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§ 2. JlokaasHO BHNyKJBE NPOCTPAHCTBA
1. Onpedeserue A0KANBRO BbHINYKAOZ0 RPOCMPARCMBA

Onpeaedeuue 1. Tonosozuio & 8 sexmoprnom npocmpatcmse E
Ha0 R Ha3618aI0M ROKAALHO 8BNYKAOWE, eCAl OHA CO2AACYEMLS CO CIMPYK-
mypoi sexmoprozo npocmparcmsa 8 E u o6radaem dynoamenmarsiol
cucmemol OKpecmuocmeii HyAR, 06PA308aHHON 13 BLLLYKALLX MHONCECMS.
Bexmoproe npocmparcmso Hao R, nadesernoe A0KarsHO 8HLAYKAOL
monoaozuei, HA3blBACMCs BeUecMBEeHALLM AOKAALHO BbLLYKABLM MONO-
£02u4ECKUM BEKMOPHLLM RPOCMPARCcmEos (MM NIPOCTO BeUjecmeeHHblm
AOKQAALHO BUINYKARM NPOCMPAHCMBOM, UIH L0KAALHO BULAYKALLM NPO-
CMPAHCMBOM, ECIM 3TO HE MOXET NMOPOIUTb HeIOPasyMeHHH).

Tomonoruueckue BeKTOPHBE TPOCTPAaHCTB2 Hag R, paccMaTpupaeMbie
Jlanblile B 3TOH KHUre, B CBoeM GOJBIIMHCTBE GYAYT JOKAAbHO BHITYKJEL.

Nycrb V — BHInyKAas OKPECTHOCTh HYJAS B JOKAAbHO BHLIIYKJAOM
npocrpauctee E; toraa V() (— V) — cuMMeTpH4Has BBITYKJasAs OKpecCT-
#octb Hynad. Takum oGpasom, B cuny akcuombl (Opp) (O6w. rom., ra. I,
§ 6, n° 7), samxnymesle cummempuuHvie 8oLnyK.Able OKPECTHOCTH HYN
o6pasylor B E ¢yHIaMeHTaJbHYID CHCTEMY OKpeCTHOCTEH HYyJsd, MHBa-
PUAHTHYIO OTHOCHTENbHO BCEeX TroMOoTeTHH ¢ ko3dpduunmentamu >0
u uedtpom O.

O6patHo, mycTs E — BekTopHOe mpocTpaHcTBo Hal R u & — 6asuc
puabTpa, 0OOPA3OBAHHBIA CUMMEMPDULHOLML BOLNYKALMY NO2L0UWQI0-
wumu MaoxectsaMu M3 E. Tak kak, O4eBHIHO, KaxIoe CHMMeTpHu-
HOe BHIYKJAOE MHOXKECTBO YPABHOBEIIEHHO, TO MHOXecTBO B obpa-
30B MHOXECTB M3 O IMpM BCEBOBMOXHBEIX TOMOTETHAX ¢ KO3dduimeH-
Tamd > 0 u ueutrpom O ectb Oasuc ¢uaptpa B E, yLOBAETBOpPSAIONLMA
yeaopuam (EVy) u (EVy) ra. I, § 1, n® 3; o yaoBrersopser u yciao-

1 1
suio (EVyy), n6o nas kaxnoro Muoxecrsa V € © umeem 5V +§V =V.
Crenopatenbio, Gasuc ¢uabTpa B ecTs ¢yHmaMeHTa bHAA CHCTEMA
OKPECTHOCTEH Hyas IAd HEKOTOPOH JMOKAJAbHO BHIYKAOH Tomonoruu §
1
8 E. 3ameruM, BIpouYeM, YTO U MHOXKeCTBa FV’ rae V' npoberaer

S, a n— MHOKeCTBO BceX leanx uyucer > 0, obpasyor ¢yuzramed-
TANBHYI0 CHCTEMY OKpectHOCTeH Hyas aas §. [l OTZETMMOCTH TOMO-
noruu § HeoO6XOAMMO M JAOCTATOYHO, uTOOH Aad kawaoro x + 0 us E

CYIeCTBOBAAN Lel0e n U MHOxecTBO V € & rakue, uto nxév. Ecin,
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kpome toro, & cueTHo, T0 & — MeTpU3yeMas JOKAJbHO BBHIUIYKJad TOMO-
Jiorus.

Mpumepsn. 1) TNpocrpancTso R™ n0KaAbHO BBHIYKAO, NOCKOJIBKY
OTKpHTHE KyOH ¢ yentpoM O Boimykaw (§ 1, nmpennowenue 6).

2) HopmHpoBaHHOE NPOCTPaHCTBO MOKaJAbHO BHITYKJO, TOCKOABKY UIAPH
¢ ueHtpom O o06pa3yloT (yHAaMEHTAaJAbHYI0 CHCTEMY BHLIIYKJbIX OKPECT-
HocTe nyas.

3) MNycte E — npoH3BOJNLHOE BEKTOPHOE mpoctpaHcTBo Hai R n B —
MHOXECTBO 6C€X TOIJIOI{alOM{HX CHMMETDHYHHX BBIMYKJIHX MHOXECTB
u3 E. B cuay cxasanHOro Boille, B ecTh (YHAaMEHTAAbLHAS CHCTEMa
OKpECTHOCTEH HyNd AAA JAOKaJAbHO BBINYKJIOH TOMOJOTHH &, #ABJIAKLIelcH,
OUEBHIHO, CUAbHel el U3 JOKAaALHO BHIMYKJABIX TOMOJOTHA B E. JTa TONO-
ROrHA OT]eanMa. JleHCTBHTEABHO, MyCTh X — M06as HEHYJAeBad TOUKa H3 E;
E o6aanaetr 6a3sHcom (¢,), COJepxaliMM X B KayecTBe OJHOI'O H3 CBOHX

SAEMECHTOB, CKaMeM €,; MHIOMECTBO BCEX Y= D, y&, AMA KOTOPHIX
t

|¥e|<C1, ecTs mnoraolfaoni€e CHMMETPHUHOE BHINYKJIOE MHOXECTBO, He
cogepxaliee Xx.

Ecan £ KOHeYHOMEpPHO, TO §,, OYEBHJIHO, COBNAjJaeT C €JHHCTBEHHOM
OTIeJHMOH TomoXOrHeH, coraacyiouleiica co CTPYKTypoH BeKTOpHOro mnpo-
ctpadctea B E (ra. I, § 2, Teopema 2); 310 mHOKaspiBaeT, YTO Kawjxoe

NOrAoIaloLiee BHIIYKJIOE MHOXECTBO B E COJACPKHT BHYTPEHHIOIO TOUKY
(em. § 1, ynpaxnenune 9).

4) Myctp X—0TAeAHMOE TONOJIOrHYECKOE IIPOCTPAHCTRO, £ = @R(X)~—
NPOCTPaHCTBO BCCX HeNpephIBHBIX YHCJAOBHIX (YHKHUMH Ha X, lajeleHHOe
Tomonoruel KommaktHoH cxoammocTh (ra. I, § 1, n° 1, npumep 4). Ilpo-
cTpaHCTBO E j0KaapbHO BHimykJao. [leiicTBHTENbHO, NycTh f1 — KOMNaKTHOE
MHOXECTBO H3 £ M ¢ —uucano >0; MHOXeCTBO Bcex ¢GyHkuMd u ¢ E, axs
Kotopuix |u(x)|< e, KakoBO 6ol HH 6bIO X ¢ [, OYEBHJHO, BHIYKIO.

flcHo, uTO KakIOe BeKTOPHOE MOANPOCTPaHCTBO M JOKaibHO Bbl-
nykjoro mpoctpaHcTBa E sokaneuo Boinykjo. To ke Bepuo u nad
¢axropnpocrTpaictea E/M. [lefCTBHTeNbHO, NYCTh ¢ —— KAHOHHUECKOE
-otob6paxenue E Ha E/M. Jlna xaxno# Buinykio# okpecTHOCTH Hyas U
m3 E, ¢ (U) ectb BHNykJas okpecTHocTb Hyaa B E/M (§ 1, npenso-
KeHue 2) u wmuowectsa @(U) oGpasywr B E/M ¢yHnaMeHTanbHylo
'CHCTEeMY OKPEeCTHOCTeH Hyud.

Monoauenne E OTAeIMMOrO JOKAZbHO BHIYKJOrO NpPocTpaHcTBa E
MOKAJBHO BHLMYKJO. JleACTBHTe bHO, 3aMbiKamus B E MHOXeCTB, cocTa-
BASAIONUL X q)ynnameHTaanym cucteMy okpectHoctel Hyna B E, obpa-
3y1I0T QYyHIAMeHTaJbHYI0 CHCTeMy OKPECTHOCTeH HYJA B E, a saMhixanue
B‘bmyx'ﬂoro MHOXecTBa BhmykJO (§ 1, mpesnoxenHe 14).
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Bewecmgennom npocmpancmsom Ppeuwe Mb Ha3biBaeM MNOJHOe
MeTpU3yeMoOe JOKaJAbHO BHUIyKJOe NMPOCTPAHCTBO., TakuM 06pa3oM, Kax-
LO¢ BellleCTBeHHOe 6aHAXOBCKOE MPOCTPAHCTBO eCTh NPOCTPaHCTBO Ppelte.

2. lea memoda 68ederuR AOKQAABHO BBINYKAOL MONOAOZUYL

Mycrs E-— BekTopHOoe mpocTpakcteo Han R, (), ;— ceMeficTBO
JOKAJBHO BBIMYKJBIX MPOCTPAHCTB M f,, NI Kamaoro t, — guHeHHOe 0TOO-
paxenne E B E,. Kak Mu 3naem (ra. I, § 1, n°9), ronosorus §, B E,
onpelenedHas Kak cralefas u3 TOMOJOrUH, MPH KOTOPHIX HelpepPBIBHbI
Bce QyHkuuu f,, coracyercs co CTPYKTYpPoH BeKTOPHOrO MPOCTPAHCTBA
B E; KpoMe TOrO, OHa A0KQAbHO 8binyiaa, 6o qm.rmp OKpecTHOCTeH

Hyaq 1aa &, MOpOKIAaeTCd MHOXeCTBAMH BHAa f(V) rae V., nas
kaxaoro tE& I/, npoGeraeT QyunaMeHTaJIbHYI0 CHCTeMY OKPeCTHOCTeH Hysst
B E,, KOTOpble MOXHO MPeiNOJaraTh 31eChb BHIMYKJbIMH,

B uacTHOCTH, Kakloe MPOH3BeldeHHE JOKAJbHO BHIMYKALIX MPOCTPAHCTB
JOKa/NbHO BHINMYKJO. TOWHO Tak )XKe BepXHfsl rpaub CeMedCTBA JOKAaJbHO
BBHITYKJHIX TOMOJOrHA B BEKTOPHOM MPOCTPaHCTBe E eCTh JIOKAJBHO
BBUIYKJIast TOMOJOTHA.

Tonodoruio, MHAYUUPYEMYIO TONOJOrHEH JOKAAbHO BHIMYKJAOFO IIpO-
cTpancTsa E B ero BEKTOPHOM MNOINPOCTPAHCTBE f, MONKHO TaKwe pac-
CMaTPHUBaTh KaK Cjna6edlIyl0 H3 TONOJOrMH, MPH KOTOPHX HENPEepHBHO
KaHOHHuecKoe oToOpawenne F B E.

[ycte Tenmepb E — BeKTOPHOe NPOCTPaHCTBO Hal R, (F)ugq— ce-
MelCTBO TOMONOTHYECKHX BeKTOPHBIX NPOCTpaHCTB Hal R u g, aaa
kaxuzoro o & A—aunelinoe otoGpaxenue F, B E. PaccMoTpuM MHOkecTBO O
AOKQABHO BbINYKABLX TOMONOTHH B E, NMPH KOTOPHX Kadcoan U3 QyHK-
uuit g, nempepoiBHa. Muoxectso @ He mycTo, MNOCKOABKY CONEPKHT
cnabetimyio Ttomosoruio B E. Iycts § - .
Kaxnas us ¢ysxkuu#i g, oCTaeTcsi HempepbBHOH W NpH maneleHUd E
tononorelt §. [eHCTBUTeNBHO, KaxIafd OKDPeCTHOCTb Hyad nat § co-

LepXXHT MHOXeCTBO BHIa n Vi, Tie V;— OKpeCTHOCTb Hyas A48
<ign
nekotopo#i Tonosoruu ;€L (1 i n); TaK KaK Kaxioe U3 MHO-
-1 .
KecTB g, (V;) ecTh OKpeCTHOCTh Hyas B F,, To 3To BePHO M AJf uX

-t
NepecedeHUs, pPaBHOTO g, (nVi). OTKylda u caelyeT Hallle yTBepKie-
i
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nie, Taxkum oO6pasoM, tonosorus & npuxagiexur P; WHLIMH CAOBaMH,
9T0 — CUAbHEWAT U3 AOKQABHO BuinyKabix monosozuti 8 E, npu rxo-
MmopuLX Henpepovl8Hb. sce g,.

Meennoxeune 1. IMycmo & — cuasneldwas u3 A0KAAbHO. BbinyK-
AbLX  monosozull 8 8exmopHom npocmpancmse E, npu xomopeix
HenpepoLersl AUHEHLHble OMOGPANCERUS g, MONOAOZULECKUX BEKMODHbLX

npocmpancms F, 8 E. Munoocecmso B scex noziowaoumux ypasno-
-1
BCULEHHOLX BulnyKAbX MHOxcecms8 V u3z E maxux, umo g,(V) ecmo

oxpecmuocms Hyasn 8 F, 04 Kaxicdozo x, asasemcs Qyndamenmans-
HOU cucmemoil oxpecmuocmell Hyasnt Oan §.

ﬂ,eﬂCTBl/ITeJle\O, B ectp Gasuc PuabTpa, HHB3APHAHTHBIA OTHOCH-
TeJAbHO BceX roMoTeTn#t ¢ Ko3dduunentamu >0 u uentpoM 0; cie-
noatessHo (n° 1), B gBaseTcs OyHIaMeHTaJIbHOH CHCTeMOH OKpecT-
HOCTeH HYyJd QLJ HEKOTOPOH JIOKAAbHO BHINYKJOH Tomosorud §’' B E.
ITo onpepesenwio Tomosoruu &, Kauias ypaBHOBEeWeHHAsd BHITyKAas
oxpecTHOCTh Hyas mif § npuHapzexut B, Tak urto § Maxopupyercs
Tonosoruell §’; ¢ APYro# CTOPOHBI, Tak KaK Kaklas M3 QyHKuMA g,,
OueBHIHO, HempepuiBHa B TomoJgorud §’, 10 & Maxopupyercs Tomo-
Jordeft §, ueM NOKa3aTeJbCTBO U 3aBepluaeTcs. -

CaenctBue. Ilycms h — aunelinoe omoGpasicenue npocmpancmsa E
8 a0KaabHO 8binyxkaoe npocmpancmso G. Han mozo umobu h
6b6i20 Henpepwsno Ha E, nHadeaennom mononozuell §, Heo6xo00umo u
docmamouro, wmobs. ho g, 66tn0 HenpepwHo Ha F, 0a Ka#dozo
undexca a.

HeobxoguMocTe ycioBug oueBuaHa. O6paTHO, ecsM 3TO YCAOBHE Bbi-
nojsHeHo U W — NPOU3BOJbHAS YPABHOBellleHHasl BBLUIYKJAf OKPECTHOCTb

-1/-1

Hyas B G, 10 ga\h(Wl/)) ILJ KaXLOrO HHIEKCa & eCTb OKPEeCTHOCTb
Hyaa B F,; Tak Kak h (W)— nornomaiouee YpaBHOBeleHHOE BHIMyK-

-1
J0€ MHOXeCTBO, TO 3aKmouaeM, 4To A (W) ecTb OKpPeCTHOCTb HY/st

ans §. CnenopaTenbHo, OTOOpaxkeHHe kR HelpepbIBHO.

$aKTOPTONONOrHA B BEKTOPHOM (hakTopnpocTpamcTBe E/M noxanbHo
BBIIYKIOrO0 MpOCTpaHcTBa £ NO BEKTOPHOMY NOANPOCTPaHCTBY M ecTh
CHIbHeHINas JOKaibHO BHINYKJAass TOMOJOrHA, NPH KOTOPOH HellpepbiBHO
KaHOHHYecKoe oTo6paikeHWe ¢ npocrpaHcTBa £ Ha E/M,
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3. Tonosozuueckas npamas cymma cemelicmea S0KAALHO 8bIRYK-
AbLX npOCMpaKncms

TIPEANOKERHE 2. [Tycmb E -— 20KQABHO 8bLNYKAOE IPOCMPAHCMBO,
Aganioueecs monoaozuieckol npamoy cymmoid (ra.l, § 1, n°8)
Koneunozo cemelicmsa (M), _; ., €20 8eKMOPHbLX NOONPOCM PANCMSE,
u f;(1 i n)—ux xanonudeckue omobpascenusn 8 E. Tonorozun §
npocmpancmea E ecmb cussHeduan a0KaipHO 8bLNYKAQR MON0A02USR,
npu Komopoi 8ce f; Henpepol8Hbl.

Mycte §' —»31a mocneiusis rtomoJorud. JocTaTouHO NOKa3aTb, YTO
BCAKASl BBHINYKJAas OKPECTHOCTh Hyas V nad &' eCTb OKPeCTHOCTb HyJHs
aas . Ho VN M; pna xaxaoro HHIexca { ecTb OKPECTHOCTb HY/s

n
B M;, crenosateasno, X (V 1 M) ects okpectiocTs Hyas ans §. C xpy-
. i1=1

N~

n
ToM CTOPOHB!, OyAyuYd BHUIYKJBM, V' COzepkuT E V nM,.
: =1

HpenpnoxenneM 2 onpaBikBaeTcd BBeleHHE CIeNYIOUErO ONMpee/eHus.
OnpegenEHME 2. [Tycme (F,)IEI—cemeﬁcmso AOKGABHO  8bLNYK-

ABLX  npocmpancms, E-—npamas cymma BEKMOPHBLX RPOCMPAHCME
(F‘)EE[ (Aar., . 1, § 1, n° 7) u f,, 0zn xasxcoozo + €1, — kanonu-
wecxoe omobpaxcenue F, 8 E. Tonoaozuneckoll npamol cymmod ce-
Mmeticmsa (F,\) nasvisaemcs npocmpancmso E, Hadesennoe cusvredued
AOKQAbHO 8HNYKAOL monosozueli, npu Komopoid 8ce f, HenpepssHbl

(@ sma monoaozus Ha3bt8acMC NPAMOL CYMMOL monoaozul npo-
‘cmparcms F).

Mycts (J*)AE 1 — mofoe pasbuenue Muoxectsa / u Gy, 449 Kaxioro
-\, — TomoJOrMUeCcKas MpAMas CyMMa CeMeHCTBa (F‘)tEJA' W3 caencreus

-Tpe/noKeHns 1, MpPHMeHeHHOTO K TOMKAECTBEHHOMY OTOGpaxeHuio E Ha
.ce0s, cpasy BbITeKaeT, 4TO E SIBJfETCS TaKKe TOMOJOTHUECKOH MpMOH
CYMMOH ceMelcTBa (G)\)AQL'

4. Hudyxmusnsie npedenst A0KANBHO BLINYKABLY MOROAOUL

IMycte E-—BeKTOpHOe NpPOCTpPaHCTBO Han R, (Ea)aEA—cemeHCTBo-
.€rQ BEKTOPHBIX MOANPOCTPAHCTB U & ,, Aisd KaXIOro HHIeKca o, — TOIO-
-JIOTHA, COriacyloInascs €O CTPYKTYPOH BeKTOPHOro mpoctpaHcTsa B E,.
Ilycts ¢, -— katonnuetkoe orobpaxenune E, B E u & — cuibHedmas
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JIOKaJAbHO BHIMYKJas TOMOJOrus B E, NMpH KOTOPOH HeNpepblBHB JHHel-
Hble oTOOpaxenus ¢,. B Cuay mpensoxeHus 1, cUMMeTpPHYHBE BHIMYK/LIE
norjolalouue MHOXecTBa V' Takue, uto VN E, Aa8 KaXaoro aE A
eCTh OKPeCTHOCTb Hyas 1af §,, o6pasyioT (QyHIAMEHTAIBHYIO CHCTEMY
okpecTHOCTed hyxs pas §.

Ecan E nopowxaaercs o6bejuHEHHEM Bcex £,, TO QyHiameHTaAbHYIO
CHCTEMY OKPECTHOCTEHl HyJs A § MOXHO NMONYYHTH TaKiKe PacCMaTpPHBas
BCe ceMelicTBa (V,,_)GEA, rae V,, nas kawporo o € A, — NPOM3BOALHAA CHM-
METPHYHAasA OKDECTHOCTb HYJI i §,, M 00pasyd AAA KaX[OTO TAKOIO
ceMelcTBA BHIYKAYIO OGOJIOUKY ero o6bejHHeHNs. JefACTBHTENbHO, B CHAY
[PE/ANOJOXEHHSA, 3T BHINYKAaA 060X0QUKa eCTb MOTJAOLIALIEE MHOXKECTRO,
H, conepwa Bce V,, OHa ABAAETCA OKpecTHOCTbIO Hyaa nas . C ppyro#
CTOPOHSBI, ACHO, YTO KaXJasf CHMMETPHUHaA BBHITLYKAas OKPECTHOCTb Hyas V'
IAs § COAEPXHT BHIMYKIYI0 060J04Ky Bcex V([)E,.

3ametum, 410 eciu Bce £, = FE W TONOJOTHH §, JOKAJALHO BLIMYKJHI,
TO TONOJOTHA § eCTb He UTO HHOE, KaK HUNCHASL 2paHb ceMeicrBa (Fq)
B MHOXECTBE BCEX JOKaJbHO BHIMYKJABIX TONOJOrMH B E.

Bag Toro urolm juHefiHOe OTOGpaxkeHue h mpoctpaHcrBa E B JjO-
KaJabHO BBINMYKJOe NPOCTPaHCTBO ( ObLIO HelpPepblBHO B TOMOJOTHH &,
HeOGXOIMMO M IOCTATOYHO, YTOOH ero cyxeHwe Ha E, OblJO HelpepblBHO
B TOMOJOrHH &, A KaXIOro & (CJIellCTBi/Ie npensoxenusa 1).

3ameuanmune. Ilycrs (F\), gL —BTOpOE CeMeiiCTBO BEKTOPHBIX NOA-
NpPOCTPAaHCTB npocTpaHcTBa £ H 5‘{, ans kamjoro A ¢ L, — tonoxorun B Fj,
COTacyIolancsa cO CTPYKTYpOH BekTOpHOro mpocrtpancTsa. [Ipeanonomnm,
uto aas Kawjporo A € L cymecteyer a € A takoe, yto FR C E, n 3-; Maxo-
pUpyeT TOMOJOTHIO, HHAYUHPyeMyl0 B ) Tomoaorueil &,. ITycts, HakoHel,
9, (coots. §5) — kaHOHHueckoe oToGpawenHve E, (coots. F) B En §
(cooTB. /) — cuabueHiuan JNOKaJbHO BHIMYKJAas TONOJOTHS B E, pH KOTO-
poil otob6paxeHHs ¢, (COOTB. ¢,) HenpcpuiBHbl. Torga § MaxopHpyercs
tonoxorueit /. JlelicTBuTenbHO, ecin V — OKpecTHOCTb Hyas aaa §, TO
VNF, = (VN E)NF, ectb OKpecTHOCTb HYyaA jis 8‘{, Tak 410 V ectb
OKPECTHOCTb HyJs pas §.

Yaure BCero B IPUJIOKEHHIX TONOJNOTHH &, NOKAJLHO BHIIYKJH, a Ce-
MeictBo (E,) — dpursmpyonjeecsi OTHOCHTeJbHO BK.IIOUeHHS C, MpPHUEM
eciu E,CFEg, 10 &, uHaywupyer B E, TONOJOTHIO, MAXHCOPUPYeMYiO
tonosorueft §,. Tlpu 9TUX yCAOBHAX rOBOPAT, HTO § €CThb UHOYKMUBHHLE
npedea Tononoruh g ,.

Mpumeps. 1) [lycts £-— BekTOPHOE NPOCTPAICTBO H T — MHOMECTBO
BCEX ero KOHEYHOMEpHHIX BEKTOPHHX MOANMPOCTPAHCTB ((hHALTPYOLEecH
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OTHOCHTEIbHO BKMOYCHHA ). [lycts §p B KaXaoM F € § — eAMHCTBCHHaA
OTAedHMas (JIOKaJbHO BHINYKAaA) TOLOJOrHA, COriacywllasacs cO CTPYK-
Typoit BeKTOpHOro mpocipanctBa B F. VHAyKTHBHLIA npejgea TomoxO-
ruil §p €CTb HE YTO MHOe, KaK CHAbHEHINas JOKaIbHO BHIYKJad TOMO-
Jorua g, B E (n° 1, npumep 3). He#ictBHTCAbHO, Kakosa Gbl HH Gblia
CUMMCTpPUYHas BLIMYKAad - OKPECTHOCT Hyaa V aaa g VF ects
OKPECTHOCTb HYNA AAR § p, NOCKOMALKY 5TO — IOT AOLLAI0UIEE CHMMETPHYHOE
BHINYKJAOE MHOMECTRO.

2) MNycts E —monoaozuseckas npamas cymMma cemelctsa (Fer
NOKaNbHO BHNYKAHX npoctpaHcts (n° 3, onpexenenne 2). Tax kak
o6beauHenHe Bcex F, mopoxpaer E, TO Mbl NOAYYHM (yHpaMEHTaAbHYIO
CHCTEMY OKpecTHOCTeli Hyas B E, 06pa3ys 1afl xax#c0020 ccMeHcTBa (Vz);e X

rge V, — cHMMETDHYHAs BLINYyKJad OKPECTIOCTb Hydd B F,, BHIYKIYIO 060-
a0yky ofbenuHenus muoxecte V, B E. llycte Fg, nas xaxporo A /,—
NOANPOCTPaHCTBO B E, saABasAwlleecs NUPAMOH CYMMOH MOANPOCTPaHCIB
F,(te¢ H), # §g —npamas cymma TOmMONOrHil mpoctpaHcte F, (1€ H). U3
JIaHHOI'O TOJIbKO YTO ONHCaHHA OKpecTyocTeH Hyas B E HCIOCDEICTBEHHO
CHAEAYeT, YTO J z €CTh TONOJNOTHA, HHIyUHpYeMan B Fp tonoxoruei § npo-
cTpaHcTRa E, a § ecTb WHAYKTHBHHIA mnpeaea Ttonoaoruit g, xorja H
npoberaer puabTpyoleecs (OTHOCHTEAbHO BKJIIOUEHHA C) MHOXECTBO NOX-
MHOXECTB 3 [/, 06beJHHEHHEM KOTOPBIX CIyXHT BcE /.

Iycts E — npOH3B0JALHOE BEKTOPHOE NPOCTPaHCTBO Haa R H (et):el‘
6asuc £ Hax R (Aar., ra. I, § 3, u° 1); £ ecTs upamas cymMa OjHO-
MepHEIX nojanpoctpadcts F, == Re, u scno, uto E, HajeleHHOE CHAbHEHUIEH
NOKANLHO BRIIYKIOH TOMONOTHER g, €CThb TOMONOrHYECKas MPAMasA cyMma
noanpoctpaHcTs F..

3) Iycts X — nOKaanHO KOMIAKTHOE NPOCTPAaHCTBO H E — BeKTOpHOE
NPOCTPaHCTBO BCEX HeMpe PLIBHBIX YHCAOBLIX QyHKuMH f Ha E, paBHBIX HYJIO
Kaxjaan, BHe HEKOTOPOrO0 KOMMAKTHOIO MHOXKecTBa (3asucAuwero or f)
Nycts Ep, RAS KamZOro KOMNakTHOrO MHowectsa K C X, — BEKTOpPHOE
noanpocTpaHcTBO Gynxumii f € E, paBHuX Hymo BHe K, H § i — TOTOJOIHA,
HHayunpyeman B Eg Tonoaoruei T paBHOMepPHOH CXOAHMOCTH Ha E.
VupyKTHBHEIH npefen g TomoMOrHi §p MaXOPUPYCT TOMOJOTHIO &
MOXHO TOKa3atbh, 4TO ecaH E o6rajgaer cueTHbiM 643HCOM OKpeCTHOCTEH
6eCcKOHEUHOCTH, TO § cuiabHee ycM §,, [Hurerpup., ra. I, § 2, ynpaxne-
Hua 1, 2 u 3(9)). Jluneitupie (popMul Ha E, HempepbIBHbE B TONOJOTHH §,
CyTb HE 4TO HHOE, Kak Mepnl Ha X 110 CaMOMY OIPEJENCHHIO MOCAETHHX
(Tam xe).

3ameyanna 1) Iycrs (Fa)aeA — CeMeHCTBO JOKaJbHO BHITYKJBIX
POCTPAHCTB, &, AAA KaxJOro « ¢ A, — nuHelinoe oto6paxchue F, B Bek-
TOpHOEe npocTpaHcTBo E Hag R H F—monosozuteckas npaMas CyMMA
npocTpanctB F,. OnpenennM nwuueiiHoe orToGpaxceHwe g mpocTpaHctea F

-

B E, nas KakJaoro x == 2, X, € F nonoxus g (x)= 2 Lo (X,). CHab-
«€ A e€4

He#ras JOKaJsHO BEIMYKAafd TONOJOrHA § B E, npu KOTOPOiH HenpepuiBHbI
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BCE gy, CO8nadaem c CHAbHEHLICH JOKaibHO BLIMYKJIOH TOHOJOTHeH g/
B E, npH KOTOpPOi HeNnpepuiBHO g. JleACTBHTENBHO, TaK KaK g, €CTh CyKe-
HHe g Ha F,, TO BCe g, HENPEPBIBHH B TOMOJOIHH §”/, TaK UTO OHZ Mawo-
pHpyeTca TOmMOAOrHe# §; HO M OOPATHO, g HENPEPHIBHO B TONOJOIHH
(caeacTave nNpelioWeHHA 1), Tak YTO OHAa MaXOPHPyeTCa TOMOJOrHel g’

Ecan E nopoxjaercd O06beJHHEHHEM MOANPOCTPAHCTB gy (Fy), TO &
ectb oto6pawerne F Ha E; mostomy £ MOXHO oTowjectsutb ¢ FIN,
rae N —agpo oto6paxenns g, a § —c ¢axmopmono./zozueu TOIOJOr K
npocrpadHctea F no noanpoctpaHcTsy N.

2) Uwuratedr MOAMETHA HEKYIO ,ABOHCTBEHHOCTH® MEXAY ONHMCAHHBIMH
Bbllle JBYMA METONAMH BBELEHHA JNOKaJAbLHO BHIIYKJAOH TOMNOJOIHH; OXHUM
OXBaTbIBAIOTCA KaK YacTHHIE CAyYaW HHAYUHPOBAHHAS TOIOJOTHA MOANPO-
CTPAHCTBA, MPOH3BEJCHHE TOMONOTHI H BEPXHAS FPaHb ceMeCTBa TONONOTHiA,
JAPYTrHM — ()aKTOPTONONOTHA, NPAMaA CyMMa TONOJOTHHA M HHXHsA rpailb
cemeictBa Tomoxoruii. Hekortopbie acmekTel 3TOrO COOTBETCTBHMA 1OXYy4at
Goiee TOUHOC BhIpaxeHHe B ri. IV ¥),

3) B nmpeabiaymmx npumepax cemeidctBo (E,) 6bI0 (HABTPYIOLIHMCSA
OTHOCHTENbHO BKNIOYEHH C W, KPOME TOTO, npH E, C Eg TOmMOJOrHSA,
vHIyuupyemas B E, Tonoaoruedl g, cosnadasa c g, HenssectHo,
He GY]ET JH TONOJOIrWs, HHAYUMPYCMas HHAYKTHBHBIM IpejeiaoM § Tomo-
ROTHH &, B KaxaoMm H3 E, ywe NpPH OIHHX 3THX YCJIOBHAX BCeriua
COBNaAaThb C 4 Kak 3TO HMEET MECTO BO BCeX pacCMOTPEHHbIX INpH-
Mepax. 3aMeTHM, YTO TaKOe 3aKJIOYeHHe BCErja CnpaBejldHBO, eclH B E
CYL[eCTBYET JOKaAbll0 BLIYKJIasg TONOJOTHA §/, HHAYUHPYIOLUIas B KAKIOM
E, Ttonosoruio g, DEHACTBHTENbHO, TOI'RA § IO ONpPEJedeHHI0 MAXOPHDPYET
TOTNONOTHIO &/, TaK YTO TOMOJOTHA, KOTOPYIO § HHAyuMpyet B E,, Maxo-
PHPYET TONOJOTHIO §,; H TAK KaK 1O OnpejeieHHI0 § WHAyuHupyer B E,
TOTONOT'HIO, MaXXOPHPYeMYI0 TONOJOrHed &, TO Haule yTBEpWJIeHHe
Ioka3aHo. B npusepeHHoM Bullle mpuMepe J TomoJjorus g, B E ecTb Kak
pas TOMOJOrHA 3ITOr0 poja.

Mbl ykaweM japyroit cayua#, rie § HHIyUHPYeT B KawiOM TOJ-
npocrpaictee E, €ro TONOAOTHIO & .

5. Cmpoeuli uHOYKmMUBHLLE npedes nOCAL00BamMeAbROCE N00-
npocmpancms

MeenaoweHue 3. ITycms E — gexmoproe npocmpancmso Hao R
u (E,)— 8o3pacmanuan nocied08amesbHOCMs €20 BeKMOPHHLX N00-
nPOCM PAHCME, umenuan csoum o6sedunenuenr 8cé E. ITycmo 8 xasic-
don E, 3a0ana aoraavHo swnyxkaan monoaozusn §,, nputem 04
Kancdozo n oOHa cosngdaem ¢ monosozuell, uHoyyupyemoli 8 E,
monoaozueii §,.,. Tozda monoaozus, unoyyupyemas 8 rayxcoom E,
unoyKmusno i npedesor § moneasozuel §,, cosnadaem ¢ .

*) 10 ofewlaHHe OCTANOCh HEBBIMOAHEHHBIM. — [Ipun. nepes.
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Mycts &, — TONONMOTUA, uHAyumpyeMas B E, Tomosoruett . Ilo
oNpejeJeHni0 MOoCenHel, g MaxopHpyertca rtomoaoruelt §,. INoxaxewm,
yro &, Maxopupyer Tonoaoruio J,. Ilyctb V,, — BHIlykaas OKpPecTHOCTb
Hyas B E, 1ag TOmOJOruM . & ,; Mbl MOCTPOMM BO3PACTAIOULYIO MOCJIENO-
BaTenbHOCTh (Vpip)p>1 Takylo, uto V., OyieT BHIYKJIOH OKpecT-
HOCTbIO HyJs B En., (ans Tomosorun Fp,p) u Vu, yNE,=V, n1a
Kaxgoro p > 1. Torza obbeinnenne V MHOKeCTB Vy,, OyldeT BRIYKABIM
MHOXECTBOM TakuM, 4T0 V(1 Ej, a8 KaXAOTO R, — OKPeCTHOCTh HYy/d
s &y, caenopatedbHo, V' OyneT OKpeCTHOCTbIO Hyas Anas &, M Tak
kak VN E,=V,. T0 TeM caMbM npepjoxeHde OyleT IOKa3aHO.

Jlis moCTPOeHust MUHOXECTB Vi, AOCTATOYHO NPUMEHHUTb UHAYKLHIO
o p, ONMHPAsACh Ha CJIeLYIOULYIO JeMMY:

JIEMMa 1. ITycms F — a0KkaabHo 8oinyrkaoe npocmpancmso, M — ezo
8eKMOPHOE NOORPOCMPAHCMEBO U V — 86iNYKAAS OKPECMHOCME HYAR
8 M. Tozda 8 F cywecmsyem sonykaas oxpecmuocms Hysn W
maxan, wmo WNM=V. IIpu amon ecau M samxuymo 8 F, mo
0an kaxwcooid mouxu xo€ CM cyuwecmsyem 8oinyKaas OKpecmuocnmts
nyan W, 8 F maxan, wmo W N M=V u x,¢W,.

HeficTBuTeILHO, MO MpeldlOJOMEHHI0, B F CyulecTByeT OKPECTHOCTh
Hyas U takas, yto U N McV. Boinykaaa o6osouxa W mnoxectsa U UV
ecTh, OHYEBMIHO, OKPeCTHOCTb Hyas B F. [lokaweM, uto WNM=V.
HeHcTBUTEIRHO, KaXdag To4ka Z2€ W uMeer Bui kx—(1—»X)y, rae
x€V, yeU u 0LA L1 (§ 1, npennoxenne 8). Ecim 2€ M u k +# 1,
10 HeoOxomumo y € M, 1ak ato y€ U N McV, u, cregoparenbho, z€ V;
TO Ke 3aKJOUeHHe, OUYEBHIHO, COXpaHdeT CUxy M npu A= 1.

Ecmu M saMkuyto B F, To npocTpaicTteo F/M oTaenuMo, Tak 4TO
B F cymwectByeT okpectHocTs Hyas U,cU Ttakas, uto U, He mepece-
kaercs ¢ Xo—+ M; Torma Bmnyksas obGoaouka W, muoxecra UyUV
yAOBIeTBOPsAET BCeM TPeGOBAHHAM JEMMEL.

[Tpn BLIMOJNHEHHWM YCIOBUH mpelnoXeHns 3 Mbi OyneM TOBOpHTb,
4TO npocTpaHcTBO E, Halenentoe TomoJoruedt &, ecTv cmpozul uUHOYK-
mugnstii npedes NOKANLHO BHIYKABIX MPOCTPAHCTB Ey.

3amevanusa 1) Ecau Bce TOmoaoruu g, OTHENHMH, TO M3 mpex-
A0¥eHHA 3 cRelyeT, YTO H § OTJAeAHMMa, MOCKOJAbKY Kaxias TOuka mpo-
cTpanctBa £ NPHHaNIEKHT HEKOTOPOMY Ep.

2) Ecan kaxzoe w3 noanpocTpaHcTB E, 3amirHymo B E£,.4 (B TONO-
XOTHM Fp41), TO E, 3aMKHYTO B TOnoJdoruH §. leicTBHTEALHO, HHAVK-
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uHed no p cpasy y6Gewnaemcs B TOM, 4T0 E, 3aMKHYTO BO RCeX
npoctpanctBaX Eyy, Ho kawpas Touka x ¢ £ npuHaneKHT HEKOTO-
poMy Ep 4 p ecan xéEn, 10 B Ep.p CylIECTBYET BLiNyKiAash OKPECTHOCTb
Hyas Vpip Taxas, 410 x+ Vi, He nepecekaetca ¢ Ey,; Tak Kak,
C JpYrod CTOPOHH, CYIIECTBYEeT OKPECTHOCTb Hyas V (aasa §) takas,
410 VN Entp= Vy4p TO OKPECTHOCTb X -+ V TOUKH x JJIS TOMONOTHH §°
HC nepecekaerca ¢ Ep.

3) Mycts F— 10KadAbHO BHIMYKJOE NMPOCTPaHCTBO, #BAALIeecA O6b-
e/IMHeHHeM BO3pacTaiolilei mocae 0BaTenbHOCTH (Fy) CBOUX MOANPOCTPAHCTH,
H §p, AAA KAWKIOTO HOMEpa 7, — TONOJNOIHA, HHAYyHUHpyemas B F, TOmO-
aoruei § npoctpancrea F. He caexyer xymats, uto § BCerma commanaet
C MHAYKTHBHBIM NIPE/IENIOM TONOROrHHA . Tax, Hanpumep, ecan (M,,) —6ecko-
HeyHasi I1O0CJAe/I0BATENbIIOCTD OTREAUMBIX NOKaAbHO BHINYKILIX NMPOCTPAHCTB,
He CBOAAIIHXCA K OgHOMY 3jemedty 0, £ — HX npoH3seieHue, F — npaMan
cymma Bcex My, paccMaTpHBaemas Kak 4yactb £ W najeieHHas TONOJNO-
Fuel g, HHAyunpoBanHoi u3 E, a F, —cymMa Bcex My ¢ Homepamu & < n,
TO $ACHO, YTO TOMOJOTMA § OTAHYHA OT HMIJIYKTHBHOTO MNpefeda TOmo-
JOTHH & .

Ynpawxuenusn 1) Ilycts E — pektopHoe npoctpaHctBo Hay R, A—
€r0 CHMMETPHYHOE BHINYKJAQE MOAMHOXKECTBO, § H §/ — JNOKAAbNO BLIMYK-
able TOmoJOrHH B E, ¥ W 2/ —onpenensemble HMH DaBHOMEDHbIE CTPYK-
Typel. Ilaa TOro 4TOGLH paBHOMEpHAs CTPYKTypa, KOTOPYIO %/ HHAyuHpYyeT
B A, Ma}OpHpOBajia CTPYKTYPYy, KOTOPYI0 % WHAYUHPYeT B A, HeG6X0ANM O
H JIOCTATOYHO, YTOGH Kaujnas OKPECTHOCTb HYJs JJsA TOMOMAOTHH, MHAY -
uHpyemoit B A Tomodorued §, Golla OKPECTHOCTLIO HYJAS AN TOMOXOTHH
HHAYLUUPYEMOH TOMOJOrHeH g/

2) MNycts E — BEKTOPHOe MPOCTPaHCTBO Hajl R, HalenenHoc cuibHeH-
el TOKaNbHO BHIMYKJAOH TOMOJOTHe.

a) IlokasaTb, YTO KaXJ0€ BEKTOPHOE MOANMPOCTPAHCTBO B £ 3aMKHYTO
H 410 ecai M u N — B3auMHO JOMOJHHTENbHbIE 'BEKTOPHEIE ITOANPOCTPAH-
ctBa B E, 10 £ ecTb HX TONOJAOTHYCCKas mpsAMafd CymMa.

6) IlokazaTh, 4TO Kaxpoe JMWHEIHOe OTOGpaxKeHHE mpocTpaHCTBa F
B JOKAaJbHO BHIIYKJAO€ IMPOCTPAHCTBO F HENpPepHBHO H HNPHTOM ABJAETCH
romomMopgusmMom B F, ecan F HazeleHO cHabHeHeil JOKaJAbHO BLIIYKAOMH
TOIOJOTHEH,

3) Iycts E — sextopHoe npocTpaHcTso Haax R, A — Buinykaoe MHo-
xectso B E, V—nopo3x11aemoe HM adduHHOEe NHHeHHOE MHOrooGpasHe,
ByxieM roBOpHTb, 4TO Xg¢ A €CTb OKpyJCeHHas TOYKa MHowectBa A,
€CHIH X — BHYTPEeHHAs TOYKa MHOMecTBRa A oTHocHMTeNbHO V NpPH CHib-
Hedllel JOKaJgbHO BHINYKJIOH TOMOJOrHM B E.

a) Jlaa Toro uyro6el Xy GblIO OKPYKEHHOH TOUKOH MHOMecTBa A,
Heo6X0/AMMO M [IOCTATOYHO, YTOGH AAA Kax/AOH npamoi D, npoxoxaied
yepes x, M npuuagiexaieds V, D[1A conepxano OTKpPHITHIH OTPE3OK,
cojepXauHi x,.
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6) Ilycte f— apduuHOE JaHHEHHOe OTOGpaXeHHe NPOCTpaHcTBa E
B BEKTOPHOE NMPOCTPAHCTBO F; MOKA3aTh, 4TO €CAM Xo — OKPYXKEHHad TOUKa
MHOWecTBa A, TO f(Xy) —OKpyMeHHas Touyka wmHoxecTBa f(A) (cm.
ynpaxHenue 26).

B) Ilycte E u F-—jBa BeKTOpHHX IpoctpaHcTBa H A (cooTB. B) —
BHIYKA0€ MHOXecTBO B A (coors. B). Haa TOoro 4tobum (X, y) Oblio
OKpYXCHHOW TOykod MHOoxectBa A X B, Heo6X0iMMO H JAOCTaTOYHO,
4yTOO6H X GbIIO OKPYXEHHOH TOUKO# MHOxectBa A, a y — OKpyweHHOH
TOYKOH MHOXecTBa B.

r) [lyete A m B — {Ba BHIMYKABX MHOMECTBA B BEKTOPHOM IIPOCTPaH-
cree E. [lokasath, 4TO e€ciMm x — OKpYXeHHas TOYKa MHOuectBa A
H y — OKDYyXEHHasd TOYKa MHOWecTsa B, TO KakoBbl Obl HH GbUIH CKa-
aapul @ H B, ax |- By ectb OKpyweHHasa TOuka MHoOwectBa ad - 3B.

n) Ilycts x,— okpymennass Touka Bhnykaoro MHoxectBa ACE.
MNokasatb, 4TO X, CCTh TaKwe OKPYXEHHas TOuKa MHOPOKAAEMOTO UM
BBIIYKJIOIO KOHYca ¢ BepuiMHOH 0.

e) Ilyctb A —BHNIyKIOE MHOXKECTBO B TOMOJIOTHYECKOM BEKTODHOM
npoctpanctee £ nHaa R, o6nagaoniee 1o kpaitieil Mmepe oxHOH BHYTpeHHelt
Toukod. [Moxasath, UTO MHOMECTBO BCEX OKPYKENILIX TOUCK MuOwectsa A
COBNIAZAET C €r0 BHYTPCHHOCTLIO (CM. § 5, ynpawmenne 12 u § 1, ynpax-
Hende 15).

) loka3zats, uTO BHTYKn0e MHOMCCTBO P, OnpexefeHHOE B YIpPaK-
HeHnH 96 § 1, He COIEPKHT UIH OJHOH OKDYXEHHOH TOUKH.

4) Ilyctb E — BektopHOe npoctpaHetso naj R, o6aanawoumce cuetiniM
6a3HcoM M HaJeleHHOe CHAbHeditwed tononorueit. [loxasatb, 4TO CCAU
NnepeceyeHne BHIMYKJAOr0 MHOxecTBa A C E €O BCAKHM KOHEYHOMEPIILIM
NOANPOCTPaHCTBOM 3aMKHYTO B E, 10 A 3amkHyto B £ (cM. § 5, yupax-
nenve 12),

*5) Mycts E u F— nBa BeKTOPHBIX NpocTpaHcTBa Hax R, HajeneHHble
06a cuabheHiiell JOKaJAbHO BBIMYKJIOH TOMOROTHEN.

a) [loxasatp, YTO ecAH Kaki0e H3 3THX MPOCTPaHCTB oO6aaxaet
CYUETHLIM G6asMCOM, TO BCfIKOE GHAHHeHHOE OTO6paWeHHe IIpOU3Besie-
Hua E X ' B mpoM3BOMbIOe JOKAaAbHO BHIIYKAOE NpocTpancTso G Hemnpe-
peIBHO. [Bocnoan3osathes Teopemoit Jio6ya-Pelimona (PyHKy. Bewy. nepem.,
ra. 'V, Ilpunoxenne, ynpaxHenue 8 (10)).]

6) INoka3ath, 4TO ecan ONHO H3 NPOCTPaHCTB FE, F o6aanaer 6a3HcOM
KOHTHHYaNbNOH# MOIMHOCTH, TO HAa E X F cymectsyeT He HenpepbiBHas
GHanHeliHasn (opMma.

6) Iycrs (E,) — mo6as GecKOHeYNas 110CAEJOBATEALHOCTL JOKAALHO .
BHIIYKJIHX NMPOCTpancTB H E — X TouoJaotHyeckas npamas cymma. Iloka-
3aTh, YTO TONOJOTHA MPOCTPaHCTBa £ CoBMajaeT C ToWoJOruei g, ompe-
IeXxeHHOH B ynpawHenud 7 § 1 ra. 1. -

7) Iycts [—mnecuetHoe MHOXecTBO. [loxa3aTb, YTO B BEKTOPHOM
npocrpanctee E =RY) cuabhefiman nokaabHO BHNykAas TONOMOrHA &
OTAMYHA OT TONOAOTHH &g, ONpeaeneHHOd B ynpawHewnn 7 § 1 ra. I
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Jlas 3TOro AOKasath, 4TO MHOXecTBO Tex x = (§)€¢E (§, =0, 3a uckao-
yeHUeM KOHEYHOro uyucla HHAEKCOB), IJsl KOTOPHIX 2&‘< 1, otkpHTO

B §, HO HE OTKDPBITO B . el

8) INycts E — BekTOpHOE mpocTpancTBO Hax R, o6aanawouiee cueTHbiM
6asucom (e,), V —ypaBHOBelleHHas BHINyKJasg OO0OJOYKAa MHOXKCCTBA
BCeEX ¢ M W — ypaBHOBelleHHas BbIMyKjaan 000JOYKa MHOWECTBA TOYEK
an==0epnt+(n—1)e (n=1, 2,...). Ilycte gy (cOOTB. &F,) — NOKAILHO
BBIMYKAasd TOMOJOrus, AAs KOTOPOil MHOWecTBa AV (cootB. AW), rme A
npo6Geraet MHO¥ecTBO Bcex uyucea >0, o6pasyor dyHzaMeHTalNbHYIO
cucteMy okpecTHocted Hyuns. [Tokasats, 4TO §; M §o OTHGAMMBI, HO HX
HHXKHSAA TpaHb B MHOXECTBE BCEX JOKAJNLHO BBIMYKJIBIX TOMOXOrHi B E—He
otnennmas (cm. § 3, ynpaxuenne 16).

*9) Tlycte E — BEKTOpHOE npOCTpaHéTBo "Hag R, asasiounicecs o6benu-
HeHHEeM BO3pacTaiouledl noclenoBaTenbHOCTH (Ep) CBOHX BEKTOPHBIX IOX-
npoctpaHcTB. I[lycTe gy XA KAWAOTO 1 — AOKAIBLHO BHIMYKJash TOMOJOTHS
B Ey, M2XOPHDYIOU[As TOMOJOTHIO, HHLYLHPYEMYIO B £, TONONOrHeH Ty 1.
[pexnonoxuM, YTO VMHIYKTHBHBIX mpenet § TOnOJOrMi &y, oTaeauM. s
Toro urto6bH MNPOCTPAHCTBO £, HaAeACHHOE TOMOJOruei g, OBLIO INOJHBIM,
HeoOXONHMO M JOCTAaTOYHO, 4TOObl Ml KaXJOro 7 M Kauporo ¢puibTpa
Komn B Tonosorun §, coipepxauterocs B E,, CyulecTBOBal HOMED p > 1,
1L KOTOPOro STOT ¢uABTP cxoxmiacs Obl B E, B TONOIOTHH, KOTOPYIO
uHayuupyet §. [Hdaa ¢uaptpa Kown § B E paccmorpers duabtp Komn &
B E, 6a3zuc xotoporo o6pasyior mHoxmectBa M-V, rme M npoberaer §,
a V—¢uabTp okpecTHocTel Hyas B E. CBecTH K JTOKa3aTelbCTBY TOrO,
yto caenq & ma E, no kpaiueit mepe mis omHoro n ectb ¢uaptp. s
9TOr0 pacCyxjaatb OT NPOTHBHOrO, MPEANONOXHB, YTO NI KaWJOro n
CYI[ECTBYIOT MHOXeCTBO My, € % M cuMMeTpHUHas BBHIMYKJNas OKPECTHOCTHb
Hyas V, B E takue, 410 M, Mano nopsamka Vj,, a M, -4V, He nepe-
cekaetcs ¢ E,, npuyeM nocrenoBateabHoctb (V) — y6uiBaomasn. [loka-
3aTb, YTO & HE MOXKET COmEepKaTh HMKAKOTO MHOM(eCTBAa MaJnoro nmopsaka W,

rge W — Brnykiaas 000n0YKka O6bEIMHEHHS MHOMKECTB —2—(VnnEn); s
3TOr0 paccMOTpeTb Iasl KaxjJOrO 7 BbeINYKAylo o6Goaouky W, MHO-
JKecTBa 5 V, ¥ Bcex MHOXECTB ——(anEk) ¢ £ < n; yCTaHOBHTH Cyule-

cTBOBaHMe MHOWccTBa P, ¢ takoro, uto Py - W, He nepecckaercs
¢ Ep, ¥ BHIBECTH OTCIONA, YTO i HEKOTOPOTO MHOXecTBa Q€ Manoro
nopsizka W pmomwxeH Obll Gol CyUlecTBOBaTb WHAEKC 7, I KOTOPOro
QNPr=1]

B uactHOCTH, ccau E — cTporuit MHAYKTHBHBIH npejies NpocTpancTs £y
¥ Kaxwnoe E, 3aMKHYTO B Ey.y, TO mis NOJHOTH E 1€00X01MMO M IO-
CTaTOuHO, YyTOGH Kawpoe E, ObJIO NOJHO.

10) Ilycts E — ctporuit MIIYKTHBHEIA mpCaea Bo3pacTaliolied mocic-
IOBATEALHOCTH JOKAABHO BHINYKIBIX npoctpaHcte £, (n° 5). Ilokasats,
YTO TOMOAOTHS MpOCTPaHCTBa E siBajieTcs CuabHeHiell u3 tomonoruil &
(0e3pa3sAHUYHO — AOKAABHO BHINYKABLX WAL Hem), COTAACYOUIMXCH CO
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CTPYKTYpOH BeKTOPHOTO NPOCTPaHCTBa B E H HHIAYUMPYIOUIHX B KamaOM En
TOMOJIOTHIO, Mawopupyemylo tonoaorueit g,. [llycte V;— OKpecTHOCTH
Hyns mas Takoit TomoxornH g u (Vy), 5, o — nocieoBaTenHOCTs OKPECT-
HOcTeH Hyas mAst § TaKHX, ‘4TO Vipay + Vpe1 S Vi nas kaxgoro n > 0;
paccMoTpeTh B Ep, MM KQWIOTO 773> 1, BHNYKAYIO OKPEeCTHOCTh Hyas Wy,
coxepxamiyioca B Enf]Vy, 1 06pa3soBaTh BHAYKIYIO 060JM04KY OGbeauHe-
HHs1 BCeX W] _

*11) dast KaxAOro NOIMHOWECTBa A axmHTHBHO# rpynns G M KaxI0ro

n
meaoro n >0 o6o3HaynM uyepe3 - A MHOXECTBO BCEX 3JEMEHTOB

n
BHIA in, rae x;€A (em. Anr, rn 1, § 2, n° 9). Muoxectso A B G
i=1
n
Has3BIBAETCH BHNYKABM, €CIH 1 Kaxiaoro uejoro n >0 H3 nxe+ A
caeayer x € A.

a) Iokasath, ytOo e€ciau (aIMMTHBHO 3amHCHIBa€Masi) TOMOJNOTHYECKast
KOMMyTaTHBHas rpynna G H3oMOpdHa ROArpynne JOKaXbHO BBINYKJOrO
BEKTOPHOI'O NPOCTPaHcTBa, TO B ( cyulectByeT PyHAaMeHTanbHasd CHCTEMA
CHMMETPHYHBIX BHHIYKJALIX OKPECTHOCTEH HYJs.

6) O6partHo, nyctb G -—otieauMas ajfHTHBHasi TOMOJOTHYECKas
KOMMYTaTHBHas TIpynna, B KOTOPOil cyuiecTByeT ¢yHIaMeHTalpHass CH-
cteMa B CUMMETPHUHBIX BBINYKJIBIX OKpecTHOcTeH Hyad. [loka3ates
yto G -—rpynna G6e3 KpydYeHMS K MOXET [03TOMY pPacCMaTpHBaThCA
(anre6paHuecKky) KaK MOATPYNNa BROJHE ONPERENEHHOrO BEKTOPHOrO mMpoO-
crpaictBa E wan Q (Aar, ra. I, § 2, n® 3). Ilycts V zas xaxaoro
V € B — MIIOKECTBO BCEX JJEMEHTOB BHjaa rx, Tae x¢V, a r npoberaer
MHOXECTBO BCEX pauHOHalbHbIX umcen oT 0 xo 1. [lokasats, uto V cum-
METPHUHO H BHINYKJO (B OMpEeneleHHOM Bbille cMbicae). BuiBecTH oOTCIOxa,
4TO ecaH, Kpome TOro, B (G 1e CONEPKHUICA HHKAKOH OTKpHLITOH nox-
rpynnsel, OTAHYHOH oT camoil G, TO MHOXeCTBa ﬁoﬁpaaym- ¢dhyHnaMeH-
TANBHYIO CHCTEMY OKpecTHOcTeHl HyJasi 1A TOMOJOrHH, coriacylollencs
CO CTpYKTypo#t BeKTOpHOro mnpoctpaHctBa F Hal Q. Ha stom ocHoBanHM
yctaHoBHTb, uT0 (G H30MOp(QHA NOArpyAINC: HEKOTOPOrO OTAEIHMOrO Belle-
CTBEHHOTO JIOKaJbHO BLIMYKJIOT'O MPOCTPaHCTBA.

B) Mycte G — sexcurozpaguyecku ynopsagoueHnas afiTHBHas rpynna
R X R (Aar,, ra. VI, § 1, n° 6). Otaeanmas tonoxoras gy (G) B G [O6m.
Tom., ri. IV, § 1, ynpawuenue 2 (11)] coraacyercst €O cTPpyKTypoOil rpynnsl.
[Tokasats, uTO 35Ta TOMOJOrHA OGjragaeT ¢yHIaAMEHTAJNBHOH CHCTEMOH
CHMMETPHYHBIX BHIMYKJABIX OKpecTHOCTeH Hyasd, HO ( HC u3oMopdHa
HHMKaKOH moarpynne Kakoro 6bl TO HH ObLJIO OTAENMMOrO TONOJXOTHYECKOTO
BEKTOPHOro mpocTtpaHcTBa Han R.

§ 3. OTneneHue BHOYKJABIX MHOXECTB

1. Teopema Xarna — Barnaxa (2eomempuueckas gopma)

TeopreMa 1 (Xan — Bauax). . [Tycms E — monosozuxecxoe sexmop-

roe npocmparncmso Had R, A— nenycmoe 8oinyxaoe omipoimoe
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Mroxcecmso 8 E u M — aunelinoe mnozo06pa3ue, He nepecexaoueecn
¢ A. Toz0a cywmecmsyem 3amxnymas zunepnaockocms H, codepoca-
was M u He nepecexaoumancs ¢ A. '

MOXHO OrpaHuyMTHCH TEM CIydaeM, Korla M NpOXoAUT Yepe3d Haualo.
Mycts o — MHOXECTBO BCeX BeKTODHEX TNOANPOCTPAHCTB, COLEPKa-
wux M w He mepecekaiouiuxcsi ¢ A. of He MycTO, MOCKOJBKY colep-
wur M, o, OUEeBHANHO, HHIYKTHBHO; KpOMe TOro, eciii N € o, To Takxe

N € o#f. Tycts H— makcuManbuuift 3aemedt B of (Teop. mH., Pea.,
§ 6, n°10); ouepumno, FH  3amxHyro. OcTaerca TWoKas3aTb, UTO
H——rnﬁepnnocxocu, MJIM, HHAYe, YTO TmpocTtpaucTeo E[H onHo-
MEpHO. .

Mycts ¢ — kanonnueckoe otobpaxenue E wa F=E[H. B=1{(A4)
€CTh HEMYCTOE BHIIYKJIOE OTKpHTOE MHOXecTBO B F, He colepxauiee
HyneBOR TOUKH, #, MO onpelenenui0 F, B F Her HeHYJIeBOTro BeKTOp-
HOTO NOANPOCTPAHCTBA, KOTOopoe Obl He mepecekanoch ¢ B. Takum
0o6pa3oM, LOCTAaTOYHO II0Ka3aTh, uTo INPH 3TUX ycloBuax F omdHo-
MepHO.’ )

[Mpeanonoxum mnportusHoe. Ilycts C= U AB — Bbinyk /bt KOHYC

A>0
¢ Bepuuno#t 0, mopoxIeHHHH MHoxecTBOM B (§ 1, mpennoxenue 12);

C — 3aTynjieHHBH KOHYC, OTKPHITHH B F. MH nojayuuM IpoThBOpeuHe,
ecad OOKaxeM, yTo B F cyuwectsyeT 3jeMeHT x = 0 Takoii, uro mpsa-
Mas, mpoxonsuas yepes O u x, He mepecekaercs ¢ C, LAg 4ero jJocTa-
TOYHO, 4TOOH xéC 9 —xéC. [lyctb G — (oTKpHTOE) AOMOAHEHHE
Kk 0 B F. Tak Kak F umeeT pa3MepnHocTb > 2, 10 G ¢84310: HeficTBU-
TeNbHO, MO0l IBE TOUKH ¥ U 2 U3 ( collepaTcd B IBYMEPHOM BeKTOPHOM
noanpocTpaHcTee P mpoctpanctBa F, u Tak kak P usomoppHo RZ, 1O
PNG caasHo (O6w. tom., ra. VI, § 2, npeanoxenue 5). Komyc C
He MycT U He coBmagaer ¢ G, ubo ua C=G BuliTekalo Owf, ut0 0 € C.
CrenoBarelbHO, CYUWECTBYeT TOUKA X, PpaHdunas ojis C oTHocHTedbHo G
‘M Takasi, uTO xéC. Tak kak x€G, 10 x £ 0; ecat 661 —xE€C, TO
B cuay npemnoxeHds 15 § 1 Mul umenn 6ot 0€ C. Takum o6Gpasowm,
——xéc, yeM IOKa3aTedbCTBO TeopeMbl 1 W 3aBeplleHO.

3ameuyatue.Eciu 0E M, 10 TeopemMy 1 MoxHO Takxe chopMmy-
RUpOBaTh cienylowuM obpasom: na E cywecmsyem wuenpepsi8nas au-
neinan gopma f maxas, wmo f(x)=0 na M u f(x)>0 na A (cMm.
§ 1, npennoxenue. 4).
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2. Omoenenuie 8LINYKABLX MHOMCECME 8 MONONOUMECKUX B8eK-
MOPHLIX NPOCMPAHCMBAX

OnreneneHdE 1. Josopsam, uwmo 3amxnymas zunepnaockocms H
8 mMonoao2utecKOM 8ekmopHoMm npocmpancmee E nad R omdeasem
Henycmeie Muodcecmsa A u B, ecau A colepyucumcs 8 00HOM u3
3AMKHYMOLX NOAYNPOCM PAHCME, OnpedeisiemuXx z2unepnaockocmsio H,
a B—s dpyeon.

OnpedeneHue 2. [losopam, uwmo 3amxuymas zunepnaockocme H
8 MONOAO2UMECKOM 8exmOPHOM npocmparcmee E nad R cmpozo omoe-
asgem Henycmole mHoxcecmsa A u B, ecan A codepicumcs 8 00HOM U3
OMKPLIMBLX NOAYILPOCM PAHCME, onpedessiemorx 2unepniockocmeio H,
a B—s opyzonm.

Meemaoxenue 1. ITycms A — nenycmoe omu psmoe 8unykaoe
MHOJMCeCcmBO 8 monoaozuteckom npocmpancmse E nao R u B — ne-
nycmoe 8uinyxaoe muodxcecmso 8 E, ne nepecexawueecn ¢ A. Toz20a
8 E cywecmeyem 3amxnyman unepniockocms H, omoeaswuan A u B.

HetictButenpsio, C = A -— B ecTb HenycToe OTKpHTOE BoilykJoe (§ 1,
npepioxeHe 7) MIOXKeCTBO i 0¢C. CnenoBatenbno, B CHIY TeopeMut 1

Ha E cyulecTByeT HenmpepbiBHas JuHelHas dopma f Takas, uro f(2) >0
nng Bcex Z€C, Tak uto f(x) > f(y) mns kKawpmoro x € A M KaxIoro

y € B. Tonoxum o =inf f(x); a koHeuno, f(x) > a Lag Kaxzoro xE€ A
xCA

u f(y) < a naa .kaxnoro y€ B. TeMm caMbiM MHOxecTBa A u B otie-
JI0TCH 3aMKHYTOH rumepnaockocTbio H, 3afanHolt ypasHeHueM f(2) — a.

3ameuanund 1) I'mnepnaockocts H He nepecekaercs ¢ A (§ 1
npenaowenne 16); TeM caMblM 1Ba HEMYCTHIX OMKPbIMBLX BHINYKZBHIX MHO-
HECTB3, He MMEIOHUIHX OGIIMX TOYEK, cmpo20 OTIENSIOTC HEKOTOpoi 3a-
MKHYTOH I'MIEpniOCKOCTDHIO.

2) Hanpotue, ecin B — He OTKPHTOE, TO 3aMKHYTOI THNEPMIOCKOCTH,
crporo ortmeasiomel muowectBa A W B, MOXET He CyuleCTBOBATH, NaKe
ecin E KOHEYHOMEPHO H MHOXECTBa A m B me nepecekaotcs (ynpax-
Helme 5).

OnPeREAEHHE 3. Onoprod 2unepniockocmsio muoxcecmsa A 8 8ex-
moprom npocmparcmge E nad R naswsaemcs aunepnaockocms H,
codepocawan no kpaibneli mepe 00HY mMO4KY 43 A u maxas, 4wmo ece
mouxu u3 A Haxodsmcs no 00wy cmoporny om H.
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Mycte f-— HeHyJneBas AdHeiuas ¢opma Ha E; cKasaTb, u4TO rdmep-
HJI0CKOCTh, 331aHHAS ypaBHeHUeM f(X)— &, eCcTb ONOPHAg MMIEPHIOCKOCTD
MHOXeCTBa A, BCe PaBHO, YTO CKas3aTh, YTO & €CTh HAUMeHbIUMH UM HaAH-
Goubminit 3nemeHT MHOWecTBa f(A)=R. VHuMu crosamu, aag Toro 4to6un
MHOXecTBO A 00/anano ONOPHOR THNEPIIOCKOCTbIO, NapajielbHol
TUNEPIIOCKOCTH, 3afanHoR ypaBiueHueM f(x)= 0, Heo6x0OXUMO H HOCTA-
TOUHO, YTOOBl BEpXHAA WUJH HUKHAA TpaHb MHoxXecTBa f(A) 6Gblia KoHey-
Ho#t W npuHandexana f(A).

Mrennoxedue 2. ITycms E — monoaozuneckoe sexmopuoe npo-
cmpancmso Had R u A—mnenycmoe romnaxmunoe muodxcecmso 8 E.
Hag kaxncool sanxuymod 2unepnaockocmu H 8 E cyuwecmgyem onop-
HAs 2unepnaockocms Mroxcecmsa A, napasaesswas H.

DNentcTBuTeIbHO, MycTb f(X)==y—-ypaBHeune rumepmiaockoctu H.
Tak kak f— HempepbiBHas AdHeRHas dopMa Ha E, To ee cyweHHe Ha A
HEMpepLHBHO, a NMOTOMY OrpaHHUYeHHO W MpHHUMaeT HA A Hauboablliee U
naMeHbliee 3HaueHus (O6w. Tom., ra. IV, § 6, Teopema 1).

DTO nOKa3aTeALCTBO MOKasbiBaeT, UTO A o6jxatact OfHOH HAHM NBYyMs
OMOPHbLIMH THNEPIAOCKOCTAMH, MapalienbHbIMH F, mpudyeM NepBbld Ciy-
yai HMeeT MeCTO AHUWIb KOrxa A ieJHKOM cOomepKHTCS B HEKOTOPOH rumep-
NIAOCKOCTH, NapaiieabHod H.

OnpedEnEHUE 4. Banykasim measom 8 monoaozuvecKkom Bexmop-
HoM npocmpancmse rad R naswsaemcs 3amMkHymoe BHNYKA0E MHO-
grcecmso, obaadanuee no kpaineld mepe 00nol BHympeHnneld MOUKOL.

MpennoKEHHE 3. [Tycmb A— 86inyxa0e meno 8 MONOAOUHECKOM
sexmoprom npocmparncmse E rad R. Kaxcoan onopnas zunepnio-
CrOCMb MHOJNCeCm8a A 3QMKHYMA U Hepe3 KAMCOYIO €20 2PAHUUHYIO
moxky npoxodum no xKpaiuneld mepe 00HG ONOPHASR 2UNEPNAOCKOCMS.

To, uTO Kaxzas OMOpHAasg THNepnAOCKOCTh MHOXecTBa A 3aMKHyTa,
BLITEKAeT M3 TOFO, YTO BCE TOUKH M3 A Haxomsatcs MO OLHY CTOPOHY
ot Tako# rumepmiockoctd (§ 1, mpemnoxenne 16). C apyroit cTOpoHH,
rpaHdyHas TOYKA X, MHOXECTBa A He NPHHALIEKHUT HENMYCTOMY OTKPHTOMY

o
BHITYKJIOMY MHOXECTBY A; NMO3TOMY, B CHIY TeopeMsl 1, cyurecTByer
. i
runmepniaockocte FH, mpoxoasuwas uepes x, U He mepecekamowad A. Tak

o
Kak A ecTb 3aMbikaHue MHoxectBa A (§ 1, caencteue 1 npennoxenus 15),
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To 43 npefnoxeHus 16 § 1 caenyer, uto H cayxur omopHOH rumep-
MIOCKOCTbIO Ana A.

CaeactBue. Kasicdoe 8uinyrkaoe meso A 8 mMonoao2uieckom Gex-
mopuom npocmpancmse E nad R ecmb nepecewernue cooepicauux
€20 3AMKHYMBLX NOAYRPOCH PAHCME, ONPLOLASEMbLX ONOPHOLMU 2UNED-
RAOCKOCMAMU 3M020 MeAad.

[lecTBATENBHO, MYCTh X — TOYKA, He NpPUHALJexawas Teay A, u-
y—€ero BHYTpeHHAs TOuKa. A mepeceKaeTcs C 3aMKHYTbIM OTPE3KOM,
COEIUHAIOUIUM X U Y, MO 3aMKHYTOMY OTDe3KY C KOHLAMH Yy U 2 =+ X,
rie Zz— rpaHduHas Touka nas A, tak 410 2 % y. [lycts H — omopuas
TUnepnIocKkocTh Teda A, mnpoxoxsuias dYepes 2; B CHUAYy MpeRaoxke-
Hpg 16 § 1 To M3 3aMKHYTHIX MOJAYNPOCTPAHCTB, ONpeAEHIeMEIX THIlep-
n710cKoCThio H, KOTOpOe conepkuT A, He CONEPKHT X.

3. Omdeserue BHINYKALLXY MHONCECME 8 AOKAALBHO BbLLNYKAOM
npocmparncmaee

MregnoxeHUE 4. [Tycmes E — A0KaAsHO 8BINYKAO0E NPOCMPARCMEO,
A — nenycmoe 3amikrymoe Bunyxkaoe mHodcecmso 8 E u K—won-
naxmuoe solnyxaoe MmHodcecmso 8 E, ne nepecexanueecs c A.
To20a cywecmsyem 3amxnymas zuncpnaockocms H, cmpozo -omoe-
anarowan A u K.

HeticteatenbHo, B E cyuiecTByeT OTKPBHITAa® BHOYKJast OKPECTHOCThb
#yas V takaf, uro muoxectsa A-+V u K-V He nepecekatorcss (O6ui.
tom., ra. I, § 4, mpennoxenne 1). Tak kak A+ V u K+ V otkpbiTH
¥ BHNykas B E, TO mpennoxende .1 mMOKaskBaeT, YTO CYLIECTByeT
3aMKHyTas rumepnjaockocts H, crporo oraemsomas A-+V u K+V u
TeM Gonee A u K.

3ameuanune. Ilycte A M B-—HenycThie 3aMKHyTbie BbIYKible
MmioxecTBa 6e3 OOI[HX TOYEK B OTAENHMOM JOKajibHO BLIMYKJAOM MpO-
crpaHctBe E. Ecam E wownewnomepno, 10 B E cyulecTByeT 3aMKHyTas
THREPNJAOCKOCTb, OTAEHAAION[as 3TH MHOXKeCTBa (ympawHeHue 8); HO ecin E.
6eCKOHEYHOMEPHO, TO TaKOE€ 3aKJIOUeHHE yxe Heo0d3aTenbio CpaBeNNHBO
(ynpaxHeHue 7).

CrnencrBde 1. B 20KaABHO BbNYKAOM npocmparcmse kaxcooe 3a-
MKHYMOe BunyKA0e MHOXNCeCcmBo A ecmy nepeceuenuz codeprcaumux e20
3AMKRYMOLX NOAYRPOCH PAKCME.
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NeficTBATeNpHO, B CUAY TIpennoxeHus 4, Aa9 Kaxaol Toukd x{A
CYuLeCTBYeT 3aMKHYTas# TUINEPHAOCKOCTb, CTPOro oThensiiomas x u A.

CaenctBue 2. B omoOesumom a0KAAbHO BHNYKAOM NPOCMPAH-
cmee KaKic00e KOMNAKMHOE BHILYKAOE MHONCecm80o A ecmb nepeceye-
Hue colepicawux €20 3QMKHYMOLX NOAYNPOCM PAHCME, ONpedessieMolx
ONOPHBLMU 2UNePRAOCKOCMAMY K A.

NecTBATEIBHO, TNYCTh x¢A; TaK KAaK MHOXECTBO {X} 3aMKHYTO,
TO CYLIeCTBYeT 3aMKHyTas TFHNEPIIOCKOCTb FH, cTporo otiensiowas x
u A (npeanoxende 4); nyctb f (x) = a— ee ypaBHeHue (f — HempepbiBHas

nudeRHas dopma) 0 f(x) >a nas Bcex x€ A. Tlonoxum 1 ==inff(x).
TEA
IMomynpocTpaHcTBO, 3anaHHOe HepaBeHCTBOM f(x) >y, comepxur A,

onpejensieTcss ONOPHOR FUNEPIIOCKOCTbIO, 3a1aHHON ypapHeHueM f(x) =1,
M He COIEPKHUT X.

B n10KaNbHO BHIMYKAOM MPOCTPAHCTBE HCKOMMAKTHOE 3aMKHYTOE BBIIYK-
J10e MHOXECTBO, He HMeloluee BHYTPDEHHHX TO4eK, MOXeT He obganate
HHKaKOH 3aMKHYTOii ONOPHOH TrHMepmIOcKocTsio (ra. V, § 2, ympawwe-
HHe 11; cm. Takxke ra. IV, § 5, ynpakuenne 36).

Caeacrue 3. Kaowdoe 3amknymoe .auneiinoe mHo2006pasue M
8 AOKAALHO 8LINYKAOM RPOCMPAHCMBE eCMb Nepecedenue C0O0ePHCAUUX
€20 3AMKHYMBLX 2unepnaockocmel,

Hetictutensio, nyctb H paa xawxiaoro x¢M—3aMKuyTaﬂ runep-
NAOCKOCTb, CTPOTo oTdeadwomwas x U M, tak utro M mapaaneibno Ff,
Torma runepmmockocTs H,, comepwawas M u mnapaaneabHas H, ue
COLEPKHUT X.

Cnexcreue 4. [lycms C —3aMKHYMOe BHNYKAOE MHONCECMBO
8 AOKAAHO BunYKAOM npocmpancmse E. [Iag moz0 umobu. MHoO-
acecmso A u3 E codepicarocy 8 C, Heo6x00umo U Oocmamouro,
umobsr 048 KaxXc00d HenpepwulBrqQl auneiinold opme. [ wa E sonoa-
naaocs ycaosue f(A) < f(C).

IleficTBUTE BIO, €CAN TOUKA X € A He npuHalnexuT C, TO CyulecTByer
3aMKHYTasg TUNEPHJIOCKOCTb ¢ YpaBHeHueM f(X)=a, CTPOro OTIe]sl0-

wag x 1 C, TaK yToO f(x)¢f(C).

Cnencreue 5. [Tlycmb E — 20K0QABHO 8WNYKAOC RPOCMPAHCMEBO,
M—ez0 sexmopnoe nodnpocmpancmeo u f-—aunelnas gopma,



98 JIOKAJIbHO BbINYKJ/IBIE NMPOCTPAHCTBA FI. 11, § 3

onpedeseHtas u Henpepusras Ha M. Tozda cywecmsyem Henpe-
poisran aunelnan Hopua f, onpedesennasn na E u cayxcawmasn npodos-
sicenuem 0asn f.

[TponomxkuB, ecad HYXHO, f 1O HENpPEepPHLIBUOCTH, MOXHO CUHTATh,
yTo M 3aMKHYTO; KDOME TOro, B CHIYy TPHBHAABHOCTH YTBEPXKICHHUS
npu f=—0, MOwHO orpaHduuTbcs TeM cJayyaeM, koraa f = 0. Tlycts
N — nunefiHoe MiOrooGpasde, COCTamjAeHHOe TemH x € M, 1af KOTOPBIX
f(x)=1. Tak xax f HempepuBHa Ha M, To N 3amkuyro B E d OQN.
IMycte H — 3aMxHyTas runepmiockocts B L, comepwamads N u He co-
pepxawas 0 (caeactsue 3), u f(x)=1—ee ypaBHenue, TaK uTo f —
HempepbiBHas nuHeRHas ¢dopma na E. Tax xax ypasuennus fx)y=11y
f(x) ] Ha M paBHOCMBHB, TO f M f Ha M COBNAZAIOT, YeM 1OKa-
3aTeJbCTBO M 3aBepLieHo.

3ameuanuec. /laa Kakxoro HempepbBIOro XHIeHHOro otoGpaie
uns g nmoamnpoctpasctea M B mpoussezenne R cymectyer mpojomxaio
HIEE E€r0 HElPEpLBHOC JMHEHHOe OTOGpPakCelMe g BCEro IpPOCTPaHCTRA f
s RL. [leitctaurensuo, g=(g) (t€l), rie g — HelpepbIBHEIE JNHHCHHEL
QopMst Ha M; ecau B3aTb A9 KQXAOro t €/ HEMPepbiBIyl MHHEHIlyk
dopmy g, Ha E, CYKAWYIO HPOAOIKEHHEM ISl g, TO HenpephiBHOE MU
neitiioe oTo6pamcenne g == (g,) H 6y1eT TPeGYEMbiM NPOIOMKEHUHEM 1N g

3aMeTHM, 4TO HCMAPepbBHOE JHHCHHOE OTOOpakeHHE /i BEKTOPHOI
noampocTpancTda M B MPOH3BOABHOC JIOKANbHO BLINYKJI0E NPOCTPAHCTRO
y:#c Heo6f3aTeXbHO RONyCKaeT NPOJOMAKEHHE AO HCAPEPHIBIOrO AHHCH
1oro oto6paxenHs Bcero npoctpauctea E B F (ra. IV, § 2, ynpawxne
nue 98, § 4, ynpaxuenue 11 u § 5, ynpaxnenue 58).

Caeacreue 6. Jas Kascdoz0 KoHeuHOMePHO20 8eKMOpPHOZ
nodnpocmpancmsa M omoeiumo20 AOKAABHO BBHINYKA020 RPOCMPAH
cmea E cywecmsyem 3amknymoe gekmoproe noonpocmpancmso N
monoao2udecku 0onoarumensHoe K M.

He#tctBuTeAbHO, A48 TOrO uTOOH moanpoctpaicTBo M B E o6.iazan
TOMNONOTHUeCKH TONOAHUTCABHBIM NOANPOCTPAHCTBOM, HeOOX0NMMO K A0CTA
TOYHO, uTobL TOWAecTBeHHOe oOtobpawenue M Ha cebs mpomoaxaaoc
10 HempepuiBHOrO nRHHelinoro orTobpaxeHus p mnpocTpaHcTsa E na M
KOTOpoe HeOGXOIUMO fBASETCS TONAA HENPEPHBHBIM TPOEKTOPOM (ri.
§ 1, npemaowenue 12). Ho mb BuACIH, YTO B Cllyyde KOHeYHOMED
HOro M Takoe npogofxende LeRCTBUTENLHO CYLWLECTBYET.

HanpotuB, KaK yXe YKa3blBalOCh, B HEKOTOPbIX 6aHAXOBCKHX HPC

CTPAHCTBAX HMCIOTCA 3aMKHYTHiC OCGCKOHEUHOMEPHBIE MOANPOCTPAHCTBA, I
06Ja1ai0lHe TOMOJOrHUCCKUM nonojHenneM (ri. 1V, § 5, ynpawuenune 5
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HanoMHnM, OgHaKo, 4TO KaXJA0€ 3aMKHYTOC [IOANPOCTPAaHCTBO KOHEYHOH
¢akroppasmepHOCTH 00JagaeT TOMOJXOrHYECKHM pononnenueM (ra. 1§ 2,
npegaoxennc 3). °C  npyroft CTOPOHH, Mbl YBHIHM, 4TO B I'MJlbGepTOBOM
NPOCTPAHCTBE KAKI0e 3AMKHYTOE BEKTOPHOC NOXMPOCTPAHCTBO o6nragaer
TOMOAOTHYECKHM JomonHenueM (ra. V), (cM. Takwe ra. [V, § 1, ynpaxne-
Hue 1lm).

4. Hoaroocumenvrvie aunelinbie HOpMo: KA YROPIOOUEHHOM BEK-
mOoprOM npocmpancmse

Meeanoxenne 3. [lycms P-— 8oicmynaowui 3a0cmpennsii- gol-
RYKABLE KOHYC 8 OMOCAUMOM MONOADLULECKOIM BEKMOPHOM NPOCMPAH -
cmee E nao R, obandaowul ny xkpained mepe 00HOU 8HYymperHel
moukol. Kaswcoana auneinas gopma f+0 na E, nosoxmumensrnan
OMHOCUMEAbHO CMPYKMYpPsL nopaoKka, onpedeasenoli ouycon P (§ 1,
n° 5), nenpepusna. Ilpu smom f(x) >0 Oan waxcool snympennei
mouxu x xonyca P u f(x) >0 das scex e20 mouex NpuxocHoserusn.

D10 cpasy BulTexaeT u3 npemnomenus 16 § |, npuMenenHoro x MHo-
KecTBY P u rumepmaockoctv, safaunoit ypasuchueM f(x)=0.

[TPEAROKEHME 6. [lycms P — soicmynaowui 3a0cmpentuiil  8bi-
NYKABLE KOHYC 8 OMOeAUMOM NOKAABHO BLNYKAOM npocmparcmee Es
o6.aadanwul no kpairned Mmepe 00x0d BuymperHeil mouxoi, u M—
8exmoproe nodnpocmparncmso 8 £, npoxodsiuee wuepe3 8HYM PEHHIOIO
mouKy x, Kowyca P. Han kaxndoi noaoxcumesssoll suneiinod gopms f
Ha M (omuHocumeasno cmpykmyps. nopsoKa, onpedessemod KOHy-
com PN M) cymecmsyem noaosxcumessnan surelnas Hopma f na E
(omnocumeasrno cmpykmypol nopsoka, onpedessemol KOHYCOM P,
cayacawan npodoasceiuem 0as f.

OueBMIHO, MOKHO OFPaHHUMTBCH TeM CiAyyaem, korma f =+ 0. Ypas-
Henue f(x) =0 onpelcaser B M 3aMKHYTYIO THIepmiockocts N; B CHay
npenaoxenus 5, N He COZepRUT Hu OIHOM BHYTpeHHel TOUKH KO-
Hyca PN M, 3nauut tem Gogee nu OonHOH TOYUKH KoHyca P, BHyTpenuel
no ornomehunio K E. Teopema | nokassiBaeT, 4TO CYILECTBYET 3aAMKHY-
Tas THHEPIIOCKOCTb [, conepwxkawas N u 1e TMepecekaoulasca ¢ BHYT-
PEHHOCTBIO P KOHyca P; Tak Kak x,€ M, To M He MOXer COXepKATHLA
B H u, snauut, MNH =N. Ecan f(x)=0—ypaBHeHue runepmio-
ckocth H u f,— cyxenne f va M, to f,(x) = 0 ecTb ypaBHeHue runep-
miockoctn N B M u, caefgosarteapHo, cyulecTByeT cKanap o = 0 Tako#,
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1
yto af = f;; YMHOXHUB, eclIH HYXHO, [ Ha —» Mbl MOXeEM TMO3TOMY

cyuTath, UTO f €CTb CYyweHHe f Ha M. Tak Kak Tenepb f(x0)>0 TO
f(x0)>0 H, CJeI0BaTelbHO, f(x)>0 oSl Kaxaoro xEP oTCI0a
BuITEKaeT, 4TO f(x)> 0 Ha BceM P, ueM U JOKA3aHO, UTO f €CTh MOJO-
wuTenbHad nuHeliHag dopwma. ‘

3ameyaHHue YTBepuacHHe npernoxenHs 6 HeobGasarTenbHO COXpa-
HAET CHy, €CAd He rpexamonaraTh, uTo M COXepPHHT BHYTPEHHIOIO TOUKY
koHyca P, naxe ecin E KoHeyHOMepHO ¥ P{]M CO1CPXKHT BHYTPEHHHE
TOUKH OTHOCHTeabHO M (ynpawHenue 13).

YnpawxHenus *|) [lycts E — BeKTOpHOe npoOCTPaHCTBO Hax R.
3aocTperHbit BHNYKALA Konyc C B E (¢ BepuHHOA 0) Ha3wiBaercs Ma-
KCUMAAOHUM, €CIH OH ABNAETCA MaKCHMalbHbIM SJEMEHTOM B MHOMECTBE
BCEX BLIMYKABIX KOHYCOB == E, yNOpAAOYeHHOM IO BK/lo4eHHio. [as TOro
4TOGH! BBINYKIBI KOHYC C Gbiit MAKCHMANBHBIM, HEOBXOIMMO W TOCTATOMHO,
uyto6bl OH OBl MOJyRmpoOCTpPaHCTBOM BHxa f(x) >0, rxe f-— HeHynesas
aunednas ¢dopma Ha E. [las ycTaHOBJeHuWs 3TOro pe3yipbTaTta AOKasaTtb
NOCAEIOBATENBHO CAEAYIOUINE CBOMCTBA MaKCHMAIbHOrO Konyca C:

a) CYy(— C)=E. [PaccymaenueM OT NPOTHBHOTO).

6) Ecau z—mue oxpywennaa Touka us C (§ 2, ynpaxHenue 3), TO
—2z¢C. [Tem we meronoM.] BeiBectu orcioma, 4T0 C COXEPMKHT OKpPY-
KEHHbIe TOUKH.

B) Han6onvwmee Bexropuoe noanpoctpascreo H = C{)1(— C), coxep-
#anteecs 8 €, eCTb rumepniaockocts. [[lepexonoM K ¢aKTOPNPOCTPAHCTBY
F=E/H cBeCTH K 10Ka3aTelbCTBY TOrO, UTO €C/IH BCE TOYKH MAKCHMalh-
HOro KOHyca B F — OKpyweHHble, TO F OJHOMEDHO; X1 HTOr0 MCHOMb-
30BaTth 0).]

*2) Ilycts E — BekTOpHOe mpoctpaHctso Hax R, M — ero Bektopuoe
NOANPOCTPAHCTBO, N — FHIEPMIOCKOCTh B M, A — BbINYKJIOE€ MHOMXECTRO
B E Takoe, 4yT0 BCe TOUKM M3 A{)M uaxomsarcs mo OZHY CTOPOHY OT N,
H oburagamouiee, KPOME TOrO, CAERYIOUMM CBOHCTBOM: 1as Kawmoro y == 0
us E cywectByer x € A[) M takoe, ut0 x -+ Ay € A nnsm BceX pOCTATOYHO
manpix |A]. TlokasaTe, ut0 TOrRa B £ CyHecTByeTr runeprniaockocts
Takas, 4TO BCe TOYKH H3 A HaxomsTcs MO OXHy CTOPOHY oT H
HO M=N. [CBectn k cayuaro N = {0}; nas ToukM a = 0, npHHagie-
wame#h A M, paccMOTpeTs MHOXECTBO ® BCeX 3aOCTPEHHBIX BBHIMYK-
JbIX KOHYCOB, cofepxauinX A u He Comepiauux -— q; nMOKasatb, 4T0 B &
HMeeTCsl MaKCHMalbHbll anemedT € u uto C €CTh MaKCHMaAbHBIH KOHYC
(ynpawucune 1).] IMonyunts oOTCI0OZa HOBOE AOKA3aTENLCTBO TEOPEMBI
Xana — Banaxa.

3) Mlycts A — BLINYKNOE MHOXCCTBO B TOMOJNOTHYECCKOM BEKTOPHOM
npoctpacTBe £ Ham R ¥ xy— Touka u3 E. [Ias Cyu[(eCTBOBAlHA 3aMKHY-
TOW runepniockocTH FH, comepmaieir x, H Takoil, yTo BCce TOYKH u3 A
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HAaXO0AATCA MO OXHy CTOpoly OT FH, HcoOXOgHMO H JOCTaTOUHO, YTOGBI
CyLLECTBOBAA BHiMyKAbii 3atynienHbiil konyc C ¢ BepuwuHOH X, o6nagaio-
uui 1o KkpaHHeR Mepe OnHOW BHyTpeHned TOUKOH M He nepecekaio-
nmiicst ¢ A #).

4) Mycts A — 3aMKHYTOE BHIMYKJIO€ MHOMXeEcTEO B R” u xo— Touka
u3 R% ue npunagnexamas A. Byzem uepes d o6o3Hauarh €BKJIMJIOBO
pacctosinue B R%.

a) [TokazaTtb, He HCIOAL3ys TeopeMb 1, YTO CyWICCTBYET, H NPHUTOM
TOJALKO OAna, Touka x € A Takas, ut0o d (X9, x)=d (xy, A), U uTO THIED-
ILIOCKOCTh, NPOBENEHHAs Yepe3 X Tepl eHFUKYJAspHO K NPAMOMH, coenuusio-
meid xo 4 X, CAYKHT OMOPHOH THNMEPMIOCKOCThIO K A.

6) Moayunth M3 a) HOBOe ROKA3aTCAbCTBO TeOpeMbl 1 mas TOro cay-
yag, Korga npoctpaHcteo E koncunomepHo. [CBectu k cayuaiwo, korxa M
€CTb TpaHH4YHasA TOYKa X, MHOMXCCTBA A; [IPHHATH BO BHHMaHHE, YTO
HHKMAS TPaHb PaCCTOSHHH OT Xo O OMOPHHX TuMepniaockocteit k A pasua
HyJI0, H BOCTOJAb30BaTbCS KOMHAKTHOCTBIO cdeput S, _1.]

5) Myctb C — 3aMkHyTH# Buinykavil kK oHyc B R3, onpenpeaenuuiii He-
paBeHcTBaMH x>0, ¥y >0, 23>0, 22 < xy. llokazatb, uto npsamas D,
3alaHHas ypasHeHHaMH x =0, 2 =1, He nepecekaercs ¢ C, HO He Cyue-
CTBYET HHKaKOH MJIOCKOCTH, nmpoxogsauicii uepes D, xotopas 6bl ne mnepe-
cekanach ¢ C.

6) Myctb A —noaHOe BLIMYKJIOE MHOMXECTBO B OTHEGJIHMOM JOKaJbHO
BHIMYKAOM NpocTpancTe E M B —- NpeNKOMNAKTHOE 3aMKIYTOE BHIMYKIOe
MHOMECTBO Takoe, 4T0 A{1B = (. IlokasaTb, uT0 cymecTByeT 3aMkHyTas
THNCPIIOCKOCT, oTAeasomas A u B. [[lepeiitn k nonoanenuo E.] Pac-
CMOTpETb TOT cayuai, karga A KoiuedHOMePHO.

_7) llycre D —npamas B HopMupoBaHHOM npocTtpaHcTBe E = L1(N)
CYMMHMDYEMBIX TMOCAENOBATENbHOCTEH BeweCTBEeHHbIX unced X == (§,), cN>
onpegeaseMas ypaBHenuaMu §, =0 (n>1). [Ilokasatb, 410 cyuiecTByIOT
ABe BO3pacTalUe TMOCAENOBATEALHOCTH (24), (3,) BELECTBEHHBIX UHCER
>0 TaKue, 4TO BHIMYKJIOE MHOXECTBO A, OTnpejeleHHOe HepPaBeHCTBAMH
S>> anfn — Byn, 3aMKHYTO, HCOTPaHHUEHHO M He IHepecekacT npsamyw D
M 4TO He CyweCTBYeT HHKAKOH 3aMKHYTOH THIEPrIOCKOCTH, KOTOpas Obl
otaensina A w D. [Buwbpat, a, u 8, TaK, uto6u A — D 6uino Bc1011y
MIOTHO.]

8) TMokasats, 4TO BCsKHe jBAa 3aMKHYTHIX BHILYKAbIX MHOWecTBa A, B
6e3 06IMUX TOYCK B MPOCTPaHCTBE R™ OTAENATCHA 3aMKHYTOH ruflepmio-
ckoctbio. [Ilycts Ky, mas Kaxmoro uenoro m > 0, — mepeceueHHe MHO-
WMeCTBa B ¢ 3aMKHYTBIM WapoM ¢ ueHTPoM 0 M pamuycoM m W mycTb
Hyp, — 3aMKHyTas runeprniaockoctb, oTneasiomwas A u K,,; nepeitH K npe-
Heldy H BOCNOAb30BATHCA KOMMaKTHOCTbIO cdepnt Sp,_q.]

*) Tlpumep &uinykaoro MmuoxectBa A = E (B ;6€CKOHEUHOMEPHOM BEKTOp-
HOM TpocTpaHcTBe E), He cOomepxauierocs HH B KaKOM [OJYIPOCTPAHCTBE,
M. B § 1, ynpaxuenue 4,
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9) Myct, E — nokaiblo BeiMykaoe npoctpalctso W C — HenyctoH
3aMKHYTbIH BBIHYKJIBIH KOMyC B E ¢ Bepuinnoil O, oranubtii or E. [loka-
3aTh, 4TO a8 JIOGOH THHCPHAOCKOCTH H Takoit, uTO BCC TOYKH Kouyca C
HaxoAATCA OT Hee MO OJAHY CTOPOHY, CyilleCTByeT MapaaneibHas efi omop-
Has runepiiockocts K C. BuiBecTH otcioga, 4TO Aa8 ai060H TOUKH aéC
CylleCTByeT 3aMKHYTas ONopHas THICDIIOCKOCTh K C, He cozepxaujasn a
H oTneasouias a u C.

#10) Hycrs E — OoTAeanMOe JM0KaJIbHO BLIMYKJIOE MPOCTPAHCTBO H
C — 3amkHyThiii BRIMyKaslil Konyc 8 E ¢ pepmuHoil 0.

a) flycte M — xoneunoMeproe BekTOpHOE IIOXIIPOCTPAaHCTBO B E
takoe, uto C [} M == {0}. Tokasatsb, uto C + M samkHyTo B E. [Paccyx-
JaTb OT IPOTHBHOrO; eclIH Obi béM i~ C 6bIIO TOUKOH MPHKOCHOBEHHSA
xas M- C, To xas mo6oH cHMMeTpuuHOfi BbIMYKJIOH okpecTHOcTH Hyas U

B E nepecewenne b+ M ¢ C4Uc C-2U 6uio 6el He mycTo; BOC-
NoJb30BaTHCSl Aanee TeM, 4T0 B moanpocTpaHctBe N = M-|-Ré cdepa
KOMMaKTHa.]

6) BuiBecTd H3 a), uTO NpH Tex ke npegnoaoxenusx C obnanaer 3am-
KHYTOH OIOPHO#H THIIEPIIOCKOCTbIO, cofepxameit M. [Mcnoab3osath ynpa-
HHeine 9.] _

B) Ilycts C —3aMkHyTHH Bunykasit xoiyc B R3 onpemenenbiit
B ynpaxHeHun 5, W M —ipamas, 3ajauuas ypasHeHusamu x =0, 2=0.
[Tokasarts, wto C -+ M uesamkuyto B R3.

11) Nyctr A —komuaktnoe muoxkectso B R®, o6aajaiee BHyTpeH-
nuMn Toukamu. Ilokazartb, 4TO ecaW ucpe3 KawAyi0 TPAaHHUHYIO TOUKY
MHOX(ecTBa A NMPOXOAHT MO KpaiiHcii Mepe onHa OMOpHas TMOEPIAOCKOCTD,
10 A Buinykao. [Paccyxkaas OT nmpoTUBHOro, mokasaTh, YTO CCIH X M Y —
IBC TOYKH MHOWecCTBAa A TakHe, YTO COEIMHAIONMH HX OTPC30K He comep-
WHTCH B A, 0 2 —BHYTPCHHAA TOYKa MHOXecTBa A, He jexmailas Ha 3TOM
OTpe3ke, TO TPEeYrOJbHHK ¢ BepIUMHAMH X, Y, 2 COICPIKHT TPAHHUHYN)
TOUKY MHOmecTBa A, OTIHUHYIO OT X H Y.]

*12) Mycts A —3amkuyToe wmHOxecTBO 8 R”, ofaanaiomee caenyio-
IHM CBOHCTBOM: JJIS KaMJOW TOUkH Xx ¢ R™” CymectByer, W NPHTOM
TOALKO Ojma, Touka y ¢ A Takas, uto d (x,y) =d (x, A) (rae d — eBKau-
JOBO pacctoauue) (CM. ynpaxHenue 4).

a) Tlokasatb, 4TO NpH xéA THICPNIAOCKOCTb M, Tpoxoasmas uepes y
MepneHAHKYASPHO K OTPE3Ky, COCIMHAIWEMY X H Y, CIYXHT OHNOPHOMH
THIepPIIOCKOCTbI0 KA. [JloKa3aTb HEBO3MOMHOCTb CYLICCTBOBaHHA B A
TOYCK, PACMOJOXKEHHLIX BMeCTC € X CTPOrO MO OIHy CTOpPOHY OT F,
pPaccMOTPeB 1A STOTO NPOXOAsIHC 4Yepe3 y cdepsl ¢ LEHTPaMd Ha Nojy-
npaMoH ¢ HauaaoM y, mpoxoaswmel yepes Xx.]

6) BumiBectH M3 a), uTo A — BuiyKJOe MHOXKCCTBO. [Paccyxmas ot
TPOTHBHOTO, PACCMOTPeTb JBE TOYKM X, Y MHONKCCTBA A H TOUKY zéA’
COEJMHAILCTO HMX OTpe3Ka.]

13) Mycte P —3avkuytnit Boimykanii koHyc B R} ¢ Bepwunofi 0,
NOPOXKAEHHLIf BLIMYKALIM MHOMECTBOM, 3a]aHHBIM COOTHOLIEHHSIMH X = |,
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2> (¥}~ [=max(—y3 0)], tak uto Pf}(— P)= {0}, Ilycts M — noxa-
-npoctpanctBo 2 == 0 B R% lNokasars, yto Ha M auueiinan dopMaf(x, y) =y
MOJIOXKHTENbHA OTHOCUTENBLHO CTPYKTYPhl NOPANKA, ONpelelsieMOil KOHY-
coM PN M, Ho neT uH oxHOH nuHERHOH hopMEl f Ha R3, nonomutensuoi
OTHOCHTEJNbHO CTPYKTypbl MNOpsiKa, OnpejeiseMoii KoHycoM P, KoTopas
caywniaa 6 NpOROMKeHHEM 1A f.

14) Ilycto E -— tomonoruueckoe BeKTOPHOE MNPOCTPAHCTBO Hajl R H
g — cuabHefillas M3 JOKAAbHO BHIYKJALIX TONOJOruil B E, MaXOpHPyeMbiX
ero Tonoaorueit §o. HenpepuiBuble nguvelinbie oTpawenus npocrpanctea E
B JOKaAbHO BRIMYKJAOE MPOCTPAaHCTBO FF— ofHK H Te Ke B 00eux TOmojo-
ruax Jo u §. Jlna Toro uto6ul Ha E cyuiecTBoBajsa HeHyleBas Hempe-
phuiBHas JauHeliHas ¢opma, HeoOXOmMMO U ZOCTATOUHO, 4TOGH AAA Fo
CyNeCTBOBANAa OKPECTHOCTb HYJfl C He BCIOAY TMIOTHOH (B TONOJAOTHH )
BBINYKA0H 060104KOi.

#15) MNyctb E — 6eCKOHEUHOMEPHOE METPU3YEMOE JOKaAbHO BBITYKIOE
MPOCTPaNCTBO.

a) [Tokasatb, uTo B £ CyIECTBYIOT NMOCAEIOBATENbHOCTL TOUEK (&),
cTpeMswanca K Hyao, 4 y6biBaioulas INOCTIEL0BATENbHOCTb 3aMKHY ThiX
BCKTOPHBLIX NMOANpPOCTpaHcTs (L,) Takue, uro Kaxgoe L, nveer B E gak-
TOPPa3MEPHOCTb 71 H 4y, NI KaWAOTO 711, NPHHAAAEWHUT Ly, HO HC NpH-
HAXNEWHT Lyyq.

6) Iycts E, xpome 1Oro, noarno. flokasars, 4To mocaeRoBaTCALIOCTH
(an) ¥ (Ly), yROBJIETBOPAIOUIHE YCAOBHAM, YKa3aHHBIM B a), MOXHO oOmpe-
HenuTb TaK, 4ToOLI, CBEpX TOTO, AMA KamIOH OrpaHHueHHOH Moc/iexoBa-
TeNbHOCTH BewecTBeHHbIX 4YHced (Ay) pAX € O6WUM YNEHOM hnydy Obia
KOMMYTAaTHBHO cXOnfiuMcs B E H anHeHHoe oto6paxenue (A,) »Z Apay

n

6anaxosckoro upoctpanctsa 47 (N) B E 65110 HenpepuiBHBIM M B3aUMHO
OJHO3HAUHBIM.

B) BuiBectn u3 6), uto ecan E — GeckOHeuHOMepHOE MPOCTPAHCTBO
dpeiie, TO MOILHOCTH KaXNAOro ero 6asuca Haja R He MeHbllie MOL(HOCTH
koHTHHYyMa (cM. ra. 1, § 1, ynpaxuenue 9). Ecaun B E cyuiectByer cuer-
HOe BCIOLY NMJAOTHOE MHOMECTBO, TO KamabiH 6a3suc B £ HMEET MOUHOCTh
KOHTHHYyMa.

16) Mycte E — 6GeckoneuysoMepHoe NMpPOCTPaHCTBO Ppelie, B KOTOPOM
CYWEeCTBYeT CYETHOE BCIOAY MJAOTHOe MHOMecTBO (cM. ra I, § 2, ynpa-
wHeHue 86).

a) [lokasats, 4yT0 B £ CYLICCTByeT NMOCAENOBATEAbHOCTL (4y) MHHEHHO
HEe3aBHCHMbIX 3JEMEHTOB TaKaf;-UTO Ka#JAas U3 MOCJAeNOBaTeNbHOCTEH (doy)
H (@9 +1) TOTadbHa B E. [Mcnoab3oBath yupaxsenue 158.]

6) flyctb F— BekTOpHOE NOMIPOCTPaHCTBO B E, MOpONKjeHHOE 3Je-
MeHTaMH aopiq (MEN), u My, nas kaxgoro n >0 — nognpoCTpancTBoO,
MOPOMIEHHOE 3JeMEHTAMH Aoy C HHEeKCaMu k< n. Tlycts, nanee, ¢, pas
KaXHOro n— cyXeHde Ha F KanoHHueckoro otobpameuus E na E/M, u
'» — npoo6pa3 TOMOJOTHH mpocTpaHcTBa E/M, oTHOCHTENbHO OTO6paMe-
HuA ¢,. [lokasatb, 4TO Kawmoe g, sABASETCS OTASJIHMOH JIOKalXbHO
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BHIMYKAOH Tomodorued B F, HO HMX mwKHel TpaHbI0O B MHOXECTBE
BCEX JNOKaJbHO BHLIMYKIbIX TOmojaoruit B F cnymHuT crabeiiilias TOMOIOTHA.

17y Nycte A; (1 < i n) n HeHYCTHIX BHIMYKJABIX OTKPBITHIX MHOXeCTB
B TOMOJOTHYECKOM BEKTOPHOM NpoctpaHctee E Haa R, uMewomuX mnycroe
nepecevenne. [lokasats, 4T0 B £ CcyuiecTByeT 3aMKHYTOe JHHEHHOE MHOIO-
obpasue V daktoppasMepHoCcTH n—1, He mnepecekaiolllee HH OIHOIO
u3 9tux MHoxecTB. [IIpoBectn nokaszateabcTBO HHAYKuueil 1o 7.]

§ 4. KomnakTHbie MHOXKECTBa
B TONOJIOrHYeCKHX BeKTOprlX npocrpaﬂcraax

1. Boinyxavie 060404KU KOMNAKMALLY MHONCECME

[eeanoxkenue 1. Bunyxaas 00040450 00520uHenus KOHe4HO020
RUCAQ KOMNAKMHLLX BoinyKasix muosxceems A; (1 i< n) 8 omodesu-
MOM MONOAOZULLCKOM 8eKMOPHOM npocmpancmsee E nao R komnaxmua.

He#icTBuTeNbHO, NycTh B — KoMmakTHoe MHOxecTBO B R™, ompeie-

n
Meunoe coothomenuamu k>0 (1. <Li<Cn), 2 h=1. Paccmorpum
i

n

HenpepuiBHOe oTo0paxeHue Muoxectsa B X I[ A;cR" X E* B E,
i1

onpejae/gemMoe Gopmyaoi

n
Ohs v ver Ry Xpy oony X)) = 2 MK

i=1
n

Boinyk/aas o6onouka C obbeauneHus U A; ectp ofpaz MHOKeCTBa
i=1
n 7
B X HAi npu sToM orobpameHuu, u Tak kak B X I[Ai KOMNAKTHO,
i1 il

TO koMnaktuo u C.

[TPEANOKEHUE 2. Y pasnoseueHnas suinykaas 0060404Ka npeod-
KOMNOKMHOZ0 MHONCECMBA 8 OMOCAUMOM AOKQAABHO BHILYKAOM NPO-
cmpancmse E npedromnakmua.

HeficTBUTebHO, NYyCcTb A — npeaxomnakTHoe MmHoxectBo B E. Ero
ypaBHOBellleHHas Bhilyk/Jas o006o0/M0uka ecTh BoimykJag ofosouka ero
ypaBHoBeweHHo# obonouku (ra. I, § 1, n° 3), a Mbl 3HaeM, YTO 3Ta
nocieiuss npeakomnakrtua (ra. I, § 1, n°5). Takum obpasom, ocraeTcs
J0Ka34aTb, 4TO BhNyk/A4as 000/04Ka NPelikOMNAKTHOrO MHOXecTBa A mpej-
xomnakTHa. [lag xaxjaofl BHNyKJOH OkpecTHocTu Hyas V B E cyute-
CTByeT kOHeyHoe 4ucao Todek ;€A (1 i< n) Takux, uto A coaep-
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KuTC B ob6beanHeHuu oxpectHocTed a; + V (1 < i  n). Cregosarensto,
‘BuiNyKaas obosouka B MHoxmecTBa A comepikutca B BHOYKJIOH 060/M04Ke
sToro obnbeluHeHus, T. e. B C—+V, rne C — Boinykaas 060/04ka KOHeY-
HOTO MHOMKeCTBa, .00pa3oBaHHOro n Toukamu a; (§ 1, mpeanoxenue 8).
Ho C koMmnaktho (mpeafoxeHue 1); NQITOMYy CYUIECTBYET KOHEUHOe
yucao rouex b€ C (1 L k< m), Takux, 4t0 C colepxurca B o6benu-
veHun oxpectHoctefl b.-+V. A rtorma B comepwurcs B oGbelHHEHHU
okpecTHOCTeH b2V, u mpeanoxeHne A0OKa3aHO.

OTMeTHM, 4TO B 6€CKOHEUHOMEDHOM OTIEMTHMOM JOKaJNbHO BHINMYKIOM
NPOCTPAaHCTBE BbiMyKJaasd 060J04Ka KOMIAKTHOTO MHOXCCTBA HE065A3aTEAbHO
3aMKHyTa (ynpaxHelHe 36).

CreactBHE. B noanom omoesumom a0KQAbHO BBIAYKAOM NPO-
cmparcmse 30MKHYMAS BHNYKAQSL O000A0UKA KOMNAKMHOZ0 MHOMNCE-
CM8a KOMNAKMHA.

HanpoTHB, B HEeMOJHOM MPOCTPAHCTBE 3aMKHYTas BHIMyKJas 060J0YKa
KOMNAKTHOTO MHOWECTBa MOMeT ObiTh He KOMNaKTHOH (ympaxHenue 3B).

2, 9ncmpe.ua/tbnbte MouKu KOMRAKMHAROLLX 8bINYKAbLX MHRONCECME

OnpepeneHuE 1. Ilycme A — goinyxaoe MHOXMCECMBO 8 BeKMOp-
HoM npocmpancmse E wnad R. [losopam, umo mouka xE€ A ecms
AKCMPeMANBHASL MOLKQ MHONcecmsa A, ecau 8 A nem HUKAKO020
OMKPHMO20 OmpesKa, codepicau;ezo x.

Wuwmu crnosamu, us cootHomenut x =Aiy-+(1—»A)z, y€A, z€ A
0Lhl creayer h=0 wnm A=1 (Tak uT0 X=2 UIs X=Y).
OTci0la BHTEKAET, UYTO X HE MOMKET OLITh LEHTPOM THAMECTH HUKAKOrO

MHOKeCTBA Touek u3 A, cHabKeHHBIX HEOTPHLATEJbHBIMU MACCAMH,
n

He GYAyuH CAMO OJHOM U3 STUX TOUeK. [leHCTBHTENBHO, CH X == X hiX;,
i=1

n

XECA >0 LiKn Z)‘i“‘ 1 u ec/in Obi, HAIPUMEP, MBI UMEJH
i=1

M >0 u X>0 (tak uro A, 1), To Moxuo OwuIO OB HAamMCATh

X = MNXp—+ (1 —N) Yy, TAE Y, — UEHTP TAKECTH TOUEK X; C UHIEKCAMH

i 5= h, cHabxkenHBIX Maccamu 1*——7;7\7,; M TaK KaK V, € A, TO Mbl IpHILIH OBl

K TPOTUBOPEUHIO.

Mpumeps. 1) B npocrpanctee R™ kawmas Touka chepnt Sy
eCTb 9KCTpeManbHas TOYKAa 3aMKHyTOro wapa Bj,. [leficTBHTENbHO, ecnd



106

JIOKAJTbHO BBIMMYKJBIE IMTPOCTPAHCTBA 1L § 4

Z 2L, Zz 1u0< A< 1, T0 paBeHcTBO

=1
AZZ ¥ (1 —2)? Zz 421 (1—7\)2” =1=[A4(1—N]
i=1
n . n n
BO3MOMHO JIHIIL eCJH 2 yf: » 2 = 2 ¥;2; = 1. Ho nocaennue pa-
i=1 i=1 1-:1

n

BEeHCTBA 03HAYAIOT, YTO Z (y;—2)2=0, oTkyma y;=2; AAs KaWIOTo
i=1

HHjekca [, H yTBCP#/JEHHE NOKa3aHo.

2) B nopmuposaHHoM npoctpatcTBe 49 (N) orpanyueHHbix nociexoBa-
TeAbHOCTCH BellleC TBEHHBIX 4YHCEA SKCTpeMaiblible TOukd wapa f[x|j <1
310 TOUKH X == (§,), B KOTOPLX |§y, | == lmuaa Kkammoro n. JehCTBHTENBHO,
NpenoaoKuM, 4to | &, | < 1 naa Bcex nH | EI,| <1 gas KaKOro-tO HOMEPa Pa
Toraa Mo#II0 HamHcaTb .

146, 1%,

x=2y—|—2z,

rie y (COOTB. &) — TOYKA C TE€MHM K€ KOODJIHHATAMH, 4TO H X, 3a HCKJIO-
yeHHeM p-TOH KOOpIHHaThi, paBHoH -+ 1 (coors. — 1). D10 moxasuiBaer,
4TO X -— HE 3KCTpeManpHas TOYKa, mockoabky [ly[|<<l v |zl 1.
Hanporus, ecau &, | =1 aas Bcex n, TO x — IKCTpeMaabHas TOuKa, HGO
u3 cootnomenut &, =y 4 (1 —Nln || <L, |l << 1 0<CA L1
caenyer, 410 &, =1, =4&,.

3ameuvaunne. Ilyctb C —Bunykasiii koHyc B E ¢ Bepwuno# 0.
flcio, uto C He MOMET HMEeTb HH OJAHOH SKCTpeMaaLHOH TOUKH, KpoMe
BepIUHHbE (4 nocaeiHss 6yieT sKCTpemanbHoll, anws eca C -— BuiCTyHawo-
wnit 3a0cTpeHHbiit KoHyc). Mbi roBopuM, 4TO moayupsmMas D ¢ nauanom 0,
cojepxamjasca B KoHyce C, eCTb ero JIKcmpemasvHas o0pasyouas,
ecnH KaX bl OTKpuiTHIH OTpe3ok, comepxwainuiics B C H UMeWHA 06uLyio
Touky ¢ D, conepxurcss B D. Tlycts H — runepniaockoctb, He MpoXoxs-
uas 4epe3z 0 H necpecekawowas noaynpaMmyilo D < C ¢ Hayaaom O B Heko-
TOpOil TOouke X3 Jas toro uro6u D 6blaa skcTpeMaabHOH o6pasywiued
konyca C, HeoGxodumo u docmamoyro, 4molsl Xy GblAA IKCMPEMANb-
Hol moyroi mHONcecmsa H{\C. IelicTBUTENbHO, HEOGXOIMMOCTE 3TOTO
ycaoBus ouepHaHa. O6paTHO, MyCTh OHO BBINIOJANEHO H MPCAMOJOXHM, YTO
cymwectByeT npsmas D’ 5= D, upoxoasumas uepe3 xo H Takas, yro D'NC

" COEEPHUT OTKPHTHH OTpe3okK, cojepxauMi xg. IlycTs y — Henyaeroit

BeKTOD, napajneiabibiii D’; U3 Hallux NpexnoaOMXcHuH clelyeT, yTo TOUKa
(14~ 1) xo 4wy npu xoctatouno Maawix | A|u |w| 6yaer npunamaexats C.
Ho Torma B mnaockoctH P neaynpsaMuix D u D/, HageleHHOH ee enun-
CTBEHHOH OTHEAUMOH JOKAIbHO BHINYKIOH TOMONOTHEH, Xo 6y AT Bily TpeHHEHR
Toukofi MuoxectBa PC u, caegoBatenbo, npaMas P} H 6yxet cogepxath
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OTKpLITHI OTpe3ok, conepxaiwniica B H (JC u colep:xawuii X, uto,
ONIIAKO, MPOTHBOPEUHT NPENNON0KEHUI.

Mycts C — BHCTynaonMil 3a0CcTpeHnbiil BbINyKAsIA Konyc. Paccmo-
TPHM CTPYKTypy mnopsaka B E, aas koropoit C ob6pasyer MHOXeCTBO
Bcex 3gaementos >0 (§ 1, npemaowenue 13). Jas TOro 4rto6ui 3nement
x>0 u3 E npunanaexan skcTpeMaabHOH o6pasywweit xonyca C, Heol-
X00um0 u OocmamouHo, wmOGu KaxcObli daemenm >0, maxcopupye-
MblE amum 3aeMeHmoMm x, Goia nponopyuoHasen x. JleficTBHTENBHO»
NycTb 3JCMeHT y >0, He NpOMOPHHOHAAbHBIR X, MaXOPHPYeTCs SJeMeH-
tom x. Torma x—y >0, cnegoBatensto, X + Ay € C mna Bcex A > —1,
TaK 4T0 B C COHepXHTCA OTKPbITHH OTPE30K, COAepPMauHid X H He MpH-
Haaaexamuil noaynpsaMmofi D ¢ wuawanom 0, npoxoiasuiefl uepe3 x; TeM
campiM D e skctpemaabHa. O6patiio, ecan D He skcTpeMajibHa, TO Cylle-
CTByeT 3aMKHyTbiH OTPC30K C KOHUaM# y, 2z, npunampickauumun C, He
cogepxamuiica B8 D wu Ttako#, uto x =Ly -+ (1 —N)z, rae 0<<A < 1.
Tax kax Ttormady >0 u (1 —1) 2> 0, TO 3JICMCHTOM X MaxOpHpyeTCH
3NeMeHT Ly, He NPONOPIHOHANLHLIN X.

Mbur Bugean (§ 3, npentoxedus 2 u 4), 4TO B OTAEINMOM JIOKAJIbHO
BHIIYKJIOM TPOCTPaHCTBE Kaujl0€ KOMIAaKTHOE BbIMYKJAOE MHOXKECTBO
obnazaer 3aMkHyTOH onopHo# runepmiockoctbio. Ho Gosee Toro:

Meeanoxkeune 3. Ilyems A —romnakmuoe Bunyxi0e MHONCE-
CM8O 8 OMOeLUMOM AOKAAbHO BHNLYKAOM npocmpancmse E. Kadxcoasn
3AMKHYmMas onopuas zuanepnaockocms H Muoxcecmsa A codepacum
no kpailHeld mepe OOHY €20 IKCMPEMAALHYIO MOYKY.

Byaem rosoputh, 4to JnneiiHoe MuorooGpasue M B E ecTb onop-
Hoe MuOzooOpa3ue mioxkectBa A, ecan ono umeer obuiyio Touky c A
u 06iajaeT CACAYIOUIMM CBOKCTBOM: kakoBa Ob Hu Gblia Touka x € AN M,
KOKAA OTKPHTHI OTpe3ok, coAepkaitufica B A M cojepxaiiuft x,
HeoOxoaumo coaepkutca B M. HenocpedctBeHHo gcHO, 4TO Kaxias
onopHas THNEPIJIOCKOCTh MHOMKCCTBA A €CThb ONopHOe Muoroobpasue
(ueM ¥ ob6bacHsercs mpuHsTas pamu tepMmudonorng). CkasaTb, uTo JuHCH-
Hoe Muoroofpasue, cBOAfllleecs K TOUKe X, MuOmecTBa A, ecTb onop-
HOe MHOroo6pa3we 3TOr0 MHOXKECTB3, BCe PABHO 4YTO CKa3aTh, UTO X,
eCcTb sKcmpemarsnas mourxa muoxectsa A. [lycth temepb §— MHO-
HECTBO BCEX 3AMKHYMsLX ONopHHX Muoroobpasuit MHOmecTBa A,
colepxkamuxca B H; § ue nycro, nockombky HEF. Ynopsiouum §
N0 BKJIIOHEHHIO D; IMOKaMeM, UTo § UHOYKMuSHO NO 3TOMY OTHOLUE-
Huio nopsaxa (Teop. MH., Pes., § 6, n° 9). HdekcteuTensHo, nycts $—
COBEPIUEHHO YMOPAA0UYEHHOE TOAMHOKECTBO B §§; BCe CBOLUTCH K JAOKA3a-
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TCALCTBY TOTO, 4TOo N = n M Gyxer omopubiM MHoroobpasueM MHO-
Mcw
wecrBa A (ub6o 3aMkHyTOCTH N oOueBMAHA). A IJI9 3TOr0 HYXKHO TOJBKO

nposepuTh, uto NN A = n (MnA) ne nycro. Ho xorna M npobGe-
Mc®
raer &, nepecedvenuss xoseunmx Habopos MHOmecTB Buaa MM A cyrs

TOXe MHOMECTBA 3ITOrO BUA2, NMOCKOJIbky & cOBepuleHHo ynopsnoueHo.
Takum ob6pasoM (nmockoabky M) A, no npeinonokKeHHI0, HE NMyCTO Hu
g xakoro ME §), atu samxHyThle MHOmecTBa 06pasyoT 6asuc ¢uib-
TPa B KOMNAKMHOM TpOCTpaHcTse A, 4TO U AOkasmiBaeT, 410 N A4
He mycTo.

IMosromy, B cuay rteopemsl llopua (Teop. mu., Pes., § 6, n° 10),
B § cywecTByeT Muxumarssusii saeMedT N, Mbl nokawkeM, uto N,
CBOIMTCS K TOYKe, 4eM npexnoxenue u Oyner Iokasano. [Ipennosoxum
npotuBHoe. Toraa Nyl A 6ylerT HENycThIM KOMIAKTHHIM MHOXECTBOM
B 3aMKHYTOM JuneitHOM MHoroo6pasuu N, pasmepuoctu > 0, cjejoBa-
TeabHo, Ny A 6yaer obaalath 3aMKHYTOH OMmOpHO# rumepniockocTbio L
8 Ny (§ 3, npeanoxenns 2 u 4). Ho L — onopHoe Muoroo6pasue MHO-
kectBa A. [edictauteabro, ecat x€LNA u S—oTkpbThii OTpe3soK,
copepxawuit x u colepxawmuiica B A, 1o S coaepwurca B N,, no-
ckombky X € Ny, a Ny— onopHoe MuorooGpasue MmHOMKECTBA A; Takum
obpasom, SCN,N A, u Tak kak L — onopHas THMNEPIIOCKOCTb MHOXKeE-
ctrea NgNA B Ny, To ScL, uem nawe yrBepxienne noxasaHo. Ho
toraa, oueBuaHo, LEF, LcN, u L= N, B npotusopeuue ¢ MHHH-
MaJbHOCTHI0O N, ¥ Npel/okeHdHe NOKa3aHO.

TeopeEma 1 (Kpe#in — Musbman). Hawcdoe komnaxmuoe swnyxkioe
MHOJNCECBO 8 OMOCAUMOM AOKAABHO BHLYKAOM npocmparcmse E
ecms 3aMKHYMAS BHNYKAASL 000404KA MHONCECMBA CBOUX IKCMpe-
MAABHOLX MOUEK.

HeficTBuTeAbHO, NycTh B — 3aMkHyTas Buykaas 060.10uYka MHOXe-
CTBA BCEX IKCTPEMaJbHHIX TOuek Muoxectsa A. fcuo, uto BcCA.
Onaa AokasareanctBa TOro, uro Ac B, [10CTaTo4HO [0Ka3aTb, 4TO,
xakoBa Obl wu Oniia HempepbiBHas /Munefinas gopma f Ha E, f(A)c=f(B)
(§ 3, creactsue 4 npennowenus 4). Ho f(A)— komnakTHoe Bmnmykaoe
muoxecTso B R, T. e. HekOTOpBIA kOMmakTHu# uHTepsan [«, B]. Tunep-
MIOCKOCTh, 3aAaHHAfA ypaBHeHueM f(X)=a, eCTb 3aMKHyTas onopHas
THNePIJIOCKOCTh MHOXeCTBa A M, CJel0BATENbHO (NpelIoKenue 3),
COAEPHKUT elo 3KCTPEMAJBHYIO TOUYKY, 4TO, MO OMNpejlelEeHHIO, O3HAuaeT,



2 . KOMMAKTHHEE MHOECTBA 109

uro a € f(B). Tak ke ycraHaBausaercs, 4ro B € f(B), u Tak kak f(B)
BLNIYKJIO U, 3HAYUT, ABAfeTCA uHTepBatoM B R, To Tem cambiM f(A)c
< f(B), u Teopema HOKa3aHa.

Srta Teopema IOMyCKaeT CJEAYIOUlee YTOUHEHHE,

MeeaaoxeHue 4. [Tycme K-— xomnaxmuoe MHOICECMBO 6 Om-
JesuMOM AOKAABHO BbRYKAOM npocmpancmse E, obaadawiyee xoun-
naxmuol 3aMkHymol sunyiaoi o6orouxol A. Toz0a kaxcdas axcmpe-
MAABHASL MOuKa Muoxcecmsa A npunadaexncum K.

[MycTtb x — skcTpemasbHas Touka MHoxecTBa A. J19 KamnON 3aMKHY-
TOW CHUMMETPUUHOH BHINYKJOH oOkpecTHocTw Hyas V B E cywecrtsyer
xoneunoe yucao touek ;€ K (1 i< n) rakux, 4ro MHowecTBa a;+V
nokpuBaoT K. Tlycts A; —3amkHyTas Beinykjaas 000/04ka MHOXKeECTBA
KN(a; +V). Tak xak A;c A, 10 A; xomnaktHo. OTCiONa BhITekaer,
yTo A ecTh BHiNyKJas 000/04Ka 7 MHOXECTB A;, NMOCKOJBKY MNOCJel-
HAs KoMnakTHa (npexnoxeHue 1), comepxutcd B A M, oueBuiHo, COlep-

n n
wur K. Tlostomy X = D Ax;, rae ;€ A;, >0 u X\ = 1. Tak kax
izt i

i=1
X — 3KCTpeMajibhas TOYKa MHOXecTsa A, a BCe X; MpuHajjexat A, To
3TO O3HayaeT, YTO X = x; [Js Hexkoroporo {. MHaue rosops, x € A;
A1 HEKOTOpOro I; HO TaKk kak V BLIDYKJIO u 3aMkHyTo, 10 A;ca; +V;
creposateabHo, x € K-+ V. Byayuu samxuyteiM, K sBAsgeTcs nepecede-
HueM MuowectB K4V, xoria V mnpoberaeT MHOXKECTBO BCEX CHUM-
METPuUHEX okpecTHocTell uyad. Tem cambmm x € K.

3amcuanusd 1) [laike B KOHCUHOMCDHOM TpOCTpaHnctTBe E Mioue-
CTBO BCEX I3KCTPCMaJbHHX TOYEK KOMIIaKTHOTO BHIIYKJOIO MIOXECTBa
Heo6f3aTeNbHO 3aMKHYTO (yrnpaxHeHue 8).

2) B 6ecKOHEYHOMCPHOM OTAEIHMOM JOKAJbHO BHIMYKJIOM NPOCTPAaHCTBE
KOMIaKTHOE BHiIIyKJIO€ MHOMXEeCTBO MOXeT 00Jajath 3KCTPEeMaJbHBIMH TOY-
KaMH, 4epe3 KOTOpble He TPOXORHT HHKaKas ero OonopHas THMEPIIOCKOCTb
(ra. 1V, § 5, ynpaxuenune 36).

3) KomnaktHoe MHOXECTBO K B HENOJHOM OTJEJIHMOM JOKaJIbHO
BLIMYKJOM TPOCTPaHCTBE, MMeloljee HEKOMNAKTHYI0 3aMKHYTYIO BBITYKJYIO
0600%Ky, MOXET 06JagaTh IKCTPEeMaJbHbIMH TOYKAaMH, He NpHHALIeHa-
muMu K (ynpaxHenue 3B).

4) MoxeT CaAyyuTbCs, YTO 3aMKHYTbifi wap c wentpom 0 u paguy-
coM 1 B 6GeCKOHeYUHOMEDHOM 6aHaXOBCKOM HPOCTPAaHCTBE ¢ OGjajaeT HH
OQHOH 3KCTpeMaabHOH TOYKOH.
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Ynpaxueuus 1) Jars npuMep 3aMKHYTOrO HCKOMIAKTHOrO MHO-
xectBa B R? Boinykaas 060J04Ka KOTOPOTO HC3aMKHYTa.

2) Tloka3atb, 4TO BEIMYKAad 060/04Ka KOMIAKTHOTO MHOXECTBA B MPO-
crpaictBe R” xomnaktha (cM. § 1, ynpaxHense 8).

*3) Mycrs [—mnnrepBaa [0, 1] 8B R u F— Bektopnoc mnpoctpan-
creo (/) uenpepuiBHLX yucnoBLX (yHkuui Ha [ Tycts E — npoctpau-
¢1B0 R" (COCTaBAEHHOE U3 BCEX KOHEUHLIX YHCHOBLIX (ylknuii, onpegerci-

HbX HA F) ¥ &, Aas Kawporo a € [ — saement 13 E taKoi, uto =, (f) = f(a)
aas Beex feF.
a) flokasartb, uTo MHOXecTBO K BCeX zp (x ¢ /) KommakTtHO B E.
1

6) MycTs p — sneMeHT H3 £ Tako#, uto u (f) = ff(t) dt 1asscexfEF
0

(.Mepa JleGera“). TTokasatb, uto @ ectb TOuUKAa NPHKOCHOBEHHS BHINYKIOH
o6oaoukn MHomecTBa K B F, HO He HPHHAIACKHT 3T0H 06070uKe (CM.
dyuxil. Beuy. nepeM., ra. I, § 1, upeanoxenne 5).

B) [lycTb (G — BeKTOpPHOC NOAMNPOCTPaHCTBO MNpPoOCTpaHcTBa E, nopo-
wiaeHHoe muoxcectsoM K M sacmentom p. [lokasath, uto p ecth 3KcTpe-
MajibHasi TOUKA 3aMKHYTOH BBLIIYKJAOH 006030uk¥ Muoxectsa K 8 G
(cM. mpengoxcuue 4).

*4) Ilycth A — BLINYKJI0OE MHOKECTBO B BEKTOPHOM IIPOCTpaHCTBE F
Hag R n x ¢ A. HasoseM 2pansio touxkn x 8 A MHOMecTBO, 00pasosaHioe
TOUKON X H TEMH TOYKAMH y=~x H3 A, 145 KOTOPLIX lIpsAMas, NPOX0suias
yepe3 x H Yy, COACPHKUT OTKPLITLI OTpe3oK, cojep:auniics B A u colep-
wanuit x. OxpyxeHusie (§ 2, yupaxHende 3) (COOTB. IKCTpeMalibHbie)
TOUKH MIIO:KECTBA A — 3TO TOUKH, I'PaHb KOTOPHIX OTHOCHTEIbHO A COBHa-
Aaer ¢ A (COOTB. CBOAHTCA K caMOH TOJbKO 3TOH TOuke).

a) Tlokasatb, uto rpanp F, TOYKH X € A ecTh Hauboablice BHIMYKIOE
MHOXECTBO, cojcp#alicecs B A H uMemoiice x cBocii OKpy#Cllloi TOUKOM.

6) Kakopa 6bl HM Obia TOuKa y rpaHu F, TOUKH X MHOoxectsa A,
ee rpaub F, B A cosnazact ¢ rpaisio B Fy. Jlas 1oro utobet Fy = Fy,
HEo6X0AHMO H JOCTaTOYHO, YTOOML y OHIO OKpy#eHIoH TOYKO#H MHOXe-
ctBa F,. BriBeCTH oTCl0ga, 4TO ecaH F, KOHeuWoMeplia H y —ee He
OKPYy:KCBHAs TOYKA, TO PasMCPlOCTh F, Menblle PasMCPHOCTH Fg.

B) Iloka3zath, 4TO AxNIeHHOe MHOTOOGpasne M, HOpoxICHHOe rpaubio Fy
NPOH3BONLHON TOUKH x € A B A, CCTL llepeccycHHE OMOPHHIX MHOTOO06pa-
3uil Muoxectsa A, npoxoasumux yepes x, W uro M A = F,;. Kaxozo 6bi
1 6b1a0 onopHoe Mitoroo6pasue N muowectsa A, N{] A spi1gactcs rpansio
(8 A) xawiofi cBOCH OKPYMEHHOH TOUKH.

r) [lyctb A u B--1Ba Bunykiasix muoxectBa 8 £. Kakosa 6bi Hu
6uina Touka x ¢ AN1B, rpasb x B A[}B ectp nepeceueHnc rpaHedl x
8 A u B. loka3zatb, 410 ecan E — TOUOJOrHuUeCKOe BEKTOpPHOE NPO-
cTpaHCTBO Hax R M B — 3aMKIIyTOC BHIIYKJIOE€ MHOXECTRO B E, cofepxaiiee
3aMKHYTOe JuHeiHoe MHoroo6pasue M KouneuHOH (aKTOppasMepHOCTH 71,
TO Kaxias rpaub Touku u3 B (B B) copepmHT 3aMKHyTOe AMHEHHOe MHOTO-
o6pasue dakroppasmepuocth n (cM. § 1, yupaxusennc 11). BriBecth orcioaa,
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4TO NpH ITHX YCAOBUAX, AIA TOro YTo6bl rpans Toukn x ¢ A(1B B ANB
6bl1a  KOHEYHOMEpHa, HeoOXOAMMO M JOCTaTOYHO, YTOObI Oblla KONEYHO-
MepHa rpaHp X B A; NpH 3TOM, €CJH TOrJAa p U g — Pa3MEPHOCTH rpaHeld x
BAus ANB, 10 pL g+ n.

5) Ilyctb A — BbiNykJA0€ MHOXKECTBO B ILT0cKocTH R2, oupenersemoe
HepaBeHcTBaMH —1<{x<( 1, —1 — 1/1 —x2LyL 1+ 'lfl — x2, [loka3aTb
U4TO CYH[ECTBYIOT FPaHHYHblE TOUKH MHOXECTBa A, rpaHH KOTOpbiX B A
OTJHUIIB OT Nepecedyenuss MHOWECTBAa A ¢ €ro ONnoOpHbLIMH NPAMBIMH, IPO-
XOAAIMMHA Yepe3 ITH TOUKH.

6) Ilycts A — 3amkiyToe BHINYKIOE MHOXECTBO B HOPMHDOBAHHOM
npocrpatictBe g8 (N) orpaHudcHHbIX nocietoBaTeabHocTell x = (§,) Beiue-

CTBEHHbIX YHMCEN, ONPENENieMOC HCPABEHCTBAMH —7<En<l g n>1

n — 1§ <. Tokazate, yt0o A — Ballykaoc Tel10, 0 — ero rpanuuHas
TOYKA W ee rpamb B A Hesamkuyta. [lokasatb, uTo A KOMI2KTHO B TONO-
IOTHH, HUAyLHpOBaHHOH M3 npoctpamcta RY, wo rpams Toukn 0B A
1Ie3aMKHYTa B 3TOH TOMOJOIHH.

7) TNokasaTb, YTO MHOMECTBO BCEX 3IKCTPEMAJbHbLIX TOYEK 3aMK-
HYTOTO BBINYKAOro Muoxectsa A B npocrpancte R? samknyTo. [[Tokasats,
4TO TOUKH MHowecTBa A, rpamb Kotopnix B A olnomepua, ofpasyior
Ha TPauuLe 3TOr0 MHOXKeCTBA OTKPLITOC MHOMKCCTBO.]

8) Tlycte A — KOMNAaKTHOC BHINYKIOE MHOWCCTRO B npocTpanctse R’
cayxauiec BLNyKI0i 060104KOH 06 beHiTenHs kpyra 2 = 0, x? - y2—2x=0
¥ mapet Touek (0,0,1) u (0,0, —1). [Tokazate, YTO MHOWECTBO 3KCTpE-
MaJbHbIX TOUEK MHOKCCTBA A HC3AMKHYTO.

9) Mokasats, 4TO BCAKOC 3aMKHyTOe BhiNykioe Miuoxectso A B R%,
He coxepAaniec HUKAaKOH MOIyupaMoH, ecTh BhHMyKJas 060IOuUKa MHOWXKE-
CTBA CBOMX 3KCTPeMalbLHbIX Touek. [Muiykuued 110 pasMepPHOCTH rpaiu
TOUYKH MHOKecTRa A.]

10) Iycts e, B 6anaxosckom upocrpancrtee % (N) —nocreiosa-
TCABNIOCTD, 4iel KOTOPOH ¢ HoMepoM n paBell 1, a BCC OCTAILHBIC *LICHbI
pasib 0. TMycts A — 3aMkHyTas Bhlllykaas 060J0uKa MHOWECTBE, 06paso-

e
BalHOro TOuKaMH 0 M ——-—— (n 0). Tlokazatb, uTo A KOMNaKTHO, HO

lle coBnajaer ¢ Bbmylmoh oéonoqxoﬁ CBOHX 3KCTPCMAaIblibiX TOUEK.
11y MycTs £ —3aMKHyTOE BEeKTOPHOC NMOMIPOCTPANCTEO 6aHaxOBCKOro

.
npocrpanctsa 48 (N), 06pasosanioe 10CACIOBATEALHOCTAME X = (&y), AN

KoTOpbiX lim &, =0.
n > w

a) Mokaszatn, 4T 3aMkHyTHE map {x||<1 B 6awHaxoBCKOM npocTpai-
ctBe E He obnajaeT HK OJUTOH 3KCTPeMalbHOH TOYKOH.

s )
o = 1 g—~ns
6) MycTL z — HenpepuiBHas auHedmas dopma (5,) > 2‘ 27", Ha E.
n=0
HNokasatn, uto wap [[x}<{1 nHe o6aazaeT nu 0110H ONMOPHOH TUNepn.Io-

CKOCTBIO, NMapajlefbHOil 3aMKNyTON THRCPMIOCKOCTH, 3a1aHHOH ypaBHe-
HueMm u(x) =0,
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12) Ilyctb A — KOMNAKTHOE MHOXECTBO B HODMHMPOBAHHOM NpPOCTPaH-
ctBe E.

a) IMokasaTh, 4TO paCCTOSHME MeX(Ay ABYMH napaiieibHpIMH OMOp-
HBLIMM TMNEPIIIOCKOCTAMH MHOXECTBAa A He NMPEeBOCXOAWUT AMaMerpa B ITOrO
MHOKECTBA.

6) IlokasaTb, uT0 B A CyueCTBYIOT napel Touek (a, b) Takue, 4TO
la~—b&|| =¥ ans Takof napel TOMEK CyL{eCTBYET Napa napataeibHbiX
ONOPHBIX THIEPIIOCKOCTEH, NPOXOAAIHX COOTBETCTBEHHO 4Yepe3 a H b u
OTCTOAWMX APYr OT Aapyra Ha paccrtosuue d, [PaccMOTpeTh 3aMKHYTbiH
iap ¢ LeHTPOM 4@ H paauycom B.]

*13) a) Ilyctb A —n-MepHOE€ KOMNAKTHOE BLINYKJIOE MHOXECTBO
B npoctpancTBe R7, CHAGMEHHOM eBKIMAOBOH HOPMOH. Jlas Kaxaoro
BeKTOpa X € Sy 0003HauuM uepe3 p (x) BEpXHIOI IpaHb JJIHH OTPE3KOB,
napaanenbHsix x U cojepxamuxca B A. Ilokasate, uto 8 A cyuiecTByer
napa TOYeK u, U TaKas, UTO COEIHIAIOUMH HX OTPE30K mapaijeleH Bek-
TOPY X M uMeeT 1aHHY p(x). BueisecTn oTcioma cyuiecTBoBanue IBYX
napajajienbHbIX ONOPHHIX THNEPNIOCKOCTed MHOWecTBa A, NPOXOAALMX
COOTBETCTBEHHO uepe3 TOUKH i u v. [Paccmorpers MHOKecTBO A 4 p (X) X
¥ NpUMEHUTH npeatoxente 1 § 3, npunas Bo BHuMaHHe ynpawHenne 9 § 1.]

6) MycTb d — HuUKHAA rpaHb PACCTOAHMH MEXAY napaMu napaiiefb-
HbIX OMOPHLIX runepniaockoctedl Muoxecrsa A. [lokasaTe, uTO Ha ero
TpaHyile CYIUecTBYIOT TOUKH & H b Takue, UTO |la—0b) =du runepnao-
CKOCTH, NPOXOAAU{HE COOTBETCTBEHHO uepe3 4 M b NepneHAuKyIspHO
K COeIHNAIOLIEMY HX OTPe3Ky, ABJIAIOTCA OMOPHBIMH THIEPIOCKOCTAMH
mHoxectBa A. [Mcnoab3oBaTe a).] '

14) Iyctb A —KOMNakTHOe BBLINYKJIOE MHOXKECTBO B INPOCTPaH-
ctBe 47 (N), oupenenenHoe B ynpawHenud 10, B E — nOPOXKJEHHOE HM
3aMKHYTO€ BEKTOPHOC MOANMPOCTPaHCTBO npocrpanctBa 49 (N). Ilokasats,
YTO HHXKHAA FPaHb PACCTONHMH Mejy NapaMM napajiebHblX 3aMKHYThIX
OMODPHbIX FHNEPNIOCKOCTEH MHOXecTBa A B nmpocTpaHcTBe E paBHa HYJIO,
HO A He COAEepKHTCS HH B KaKOH 3aMKHYTOH THIEPNIOCKOCTH 3TOrO
NPOCTPaHCTBA.

*15) ToBopAT, YTO TOYKA X BLINYKJIOTO MHO:KeCTBA A B BEKTOPHOM
npoctpaictse E Haa R ecTb TOuKa cmpozoii ssnykaocmu MHOxeCTBa A,
€CJH CyU{ecTByeT ONMOpHas THNEPIIOCKocTh f{ MHOoxecrsa A Takas, YTO
HN A= {x}. Kaxpas Touka CTPOrO# BBINYKJIOCTH IKCTPEMalbHA, HO HE
o6paTHO (cM. ynpaxHenue 5 u ria. 1V, § 1, ynpaxnenue 2).

Jlanee npeanonaraercss, yto E =R" u A — KOMNAaKTHOE BHINYKJOE
MHOXeCTBO B R™.

a) Mycrs H —runepnaockocts B E. [l0KazaTb, Y4TO B Kamjaom onpe-
NENSIEMOM €10 OTKPLITOM NMOJAYNPOCTPAHCTBE, COAEPKALLEM NO KpaiiHed Mepe
ONHYy TOYKYy M3 A, MMeeTCs TOUKa CTPOroil BbIMYKIOCTH MHOXecCTBa A.
[PaccMotpers B H 3amiknyThiil (72— 1)-mepusiii eBkauaos wap C pocra-
TOYHO 6Oabuoro paauyca, cogepwauwuii H) A, u 3aTeM n-MepHble €BKJH-
10Bbl wiapel B Goabutero paguyca, coaepxainye A v takue, uto B H = C.]
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6) Mokasarb, 4T0 A ecTb 3aMKHyTas Bbilykias o00OJOYKA MHOXKe-
CTBa CBOMX TOYeK CTPOro# BHIIYKAOCTH. [Mcnoab3oBars a).]

B) [loka3arh, 4TO Kakjas 3KCTpeMalbHasd TOUKa MHO¥ecCTBa A ecThb
TOYKa TPHKOCHOBEHHH MHOMECTBA BCEX TOYEK CTPOroH BBITYKAOCTH
atoro MHoxecTBa. [Mcnoan3ys 6), a taxxe ynpaxknenue 8a § 1, mpuHaTh
BO BHHMaHHE, 4TO 3KCTPEMalbHas TOYKa €CTb Npejed NOCAe0BATEAbLHOCTH

n n

TOuEK BuUJa Zkimxim, rae A, >0, Zkim’—'l U X;m — TOUKH CTpPOTOH
i= i=0

iaunyxnocm;lazfmemu, KpOMe TOTO, YTO KaXAyi0 H3 NOCAEN0BaTelAbHO-

cteit (Xym) ¥ (M) MOXHO CUHTATH CXOpauiercs.]

16) Ilyctb A — KOMNAaKTHOE BHLITYKIOE MHOXECTBO B OTIEIMMOM
JOKAaAbHO BHINYKAOM NpocTpaHcTBe E.

a) IlokasaTh, 4TO ecau 'OéA, TO 3a0CTPeHHbiHl BHINYKJAbH Kouyc C
< BepuinHO#t 0, MOPOKIEHHbIH MHOXeCTBOM A, 3aMkHyT. [lokasaTh ¥a npu-
mepe (¢ E=R?), uto 3T0 3aKMioueHne yxe He coXpaHaer Cuay, ecan 0¢ A4,

6) IokaszaTs, uto C ecThb 3aMKHYTad BLITYKAas 000AOUKA MHOMECTBA
CBOMX 3KCTpeManbHbIX O0pasyoumux. [PaccmorpeTs mepeceuenue xoHyca C
¢ 3aMKHYTOH T'HINEPIIOCKOCTBIO, CTPOro oTAedasiomeit 0 u A, v nokasaThb
4YTO OHO KOMIAKTHO.]

B) Ilycte D — sxcTpemanbHas obpasyiomas koHyca C; nokasaTb, UTO
DA ectp 3aMKHyTHIH OTPE30K, UMEIOMWUA CBOMMM KOHLAMH 3KCTpeMaib-
Hble TOUYKH MHOXecTBa A.

17) Mycts E m F— nBa OTAEIMMBIX JOKAJbHO BBIMYKJABIX NPOCTpaH-
C€TBa, A — BHINYKJ0€ MHOXECTBO B E M u — quHednoe otobpaxenue £ B F.

a) Ipoobpa3 onopHoro MHoroo6pa3us MHOXecTBa & (A) OTHOCHTEALHO
oToOpaxeHus & ecTb ONOpHOe MHOrooGpa3He MHOwecTBa A.

6) Ecin A KOMNAaKTHO, a & HenpepniBHO, TO Kaxjas SKCTpeMalbHas
TouKa MHOxecTBa u(A) ectb 06pa3 sKCTpeMaJbHOH TOUKM MHOXecTBa A
TpH OTOOpaMEHHH . ‘

B) Ecain A — KoHyc, IOPOXIEHHbI KOMNAKTHHIM BhIMYKABIM MHOXECT-
8oM, He conepxawuM 0 (ynpaxHenue 16), a u HenpepbiBHO, TO Kamias
3KCTpeMaabHasd ofbpasylouwas Kkouyca u(A) ectb o6pa3 sKCTpeManabHOH
obpasyouel kouyca A npu o0To6paxeHun u,

*18) Nyctp A -— npou3BOAbHOE MHOXECTBO B OTHEAHMMOM JOKaJXbHO
BLINYKJIOM NpocTpaucTtee E. A

a) O6o3naunm uepes I'g(A) MmHOMWEcTBO BCex TOYeK x€E, o6xa-
JAUMX TEM CBOHCTBOM, 4TO KaKOBO Gbl HH OblIO HeNpepbBHOE NHHEHHOE
oro0paxeHue & NpOCTpaHCTBA E B KOHEYHOMPPHOE BEKTODHOE NPOCTPAH-
CTBO, & (X) NPHHALJIEWHT BHINYKAOH o6onouke Muoxecrna u (A). INokasats,
uto Tg(A) ecThb BHIYKIOE MHOMECTBO, colepxaumee A, uro Iy (g (4)) =
=Ty(A) u uro T'y(A) comepxurcs B 3aMKHYTOH BBHINYKJIOH OGOJOUKE
muoxecrsa A. [McnoabsopaTh npeanoxenue 4 § 3.]

6) Mycts (x,),c;— cemelicTBo anementoB u3 A H (A),— ceMei-

CTBO BemecTBeMubix uncen >0 Takoe, uto M A =1 u (Ax)—cym-
€l
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mupyeMoe ceMelficteo B E, IlokasaTs, uTO cymMMa § 9TOro ceMedctpa
npunamaexut I'g(A). [Onupascs ua a), cBecTn Kk TOMY Cayyaio, xoraa E
KOHEYHOMEpHO H COBMajaeT ¢ JHHEHHBHIM MHOr0O6pasHeM, MOPOXIACHHBIM
jMeMeHTaMH A,X,; pacCyxiaTh Jjajlee OT NPOTHBHOTO, paccMaTpuBas 1A%
KaxJOTO KOHEUHOro MHoxecTBa J HMHAEKCOB M3 [/ 3aMKHMYTYI0 THAEpIIO-
cKocTh Hjy, MPOXOAAUIYIO 4epe3 X M He MepeceKaloulylocs ¢ BHIYKIOH
060I0YKON TOYEK X, C WHAEKCAMH t € J, H HCNOAb3YA 3aTeM KOMNAKTHOCTb
eIMHUYHOR cdepbl B KOHEUHOMEPHOM MpPOCTPAHCTBE.]

B) INokasatb, 4to ecan A kommakTHO, To I (A) cosmamaer c ero
3aMKHYTOH BHIIYKJIOH obonoukoit. [Mcnoabsosath ynpawuenne 2.]

r) MNokasaTtb, 4T0 ecain A — MHOXECTBO BC€X IKCTPEMAIBbHBIX TOUEK
KOMIAKTHOTO BHUIYKJIOrO MHOxecTBa KCE, 10 K=1I4(A). [Mcnoas3oBaTh
ynpawxuenns 9 u 17.]

a) Mycte A, B 0603HageHHAX ynpaxHeHUs 3, — MHOXECTBO, 06paso-
BaHHOE 3JeMEHTaMH &, Tle x npoberaer BCC palHOHANbHBIE YHUCHa
otpeska [0, 1]. [okasars, uto Ty (A) OTAMYHO KaK OT BHITYKAOH 06010UKM
MHOMCCTBA A, TAK M OT €ro 3aMKHYTOH BHINYKIOH 060JOYKH.

*¥19) Iycte E —oTiaenuMoe JNOKaJbHO BHINYKIOE NPOCTPAHCTBO,
S — 3aMKHYTOE BHINYKIOE MHOXeCTBO B E, A — MOAMHOXECTBO B S TaKoe,
uto (B 0603HayeHusax ynpawHenus 18) § =T, (A), u Sy— Beinrykaasn 060-
aouka MuomectBa A (Tak uto S = Sp). [ycts, nanee, N — 3aMkuyroe
BbIIYKJIOE MHOXECTBO B FE, cojaepxaliee 3aMKHYTOE JuueiiHOe MHOTO-
obpasue KoHeuHo#t daxtoppasmeprocTH, M= SN u My==S;AN.’

a) [okasats, uto M = M. [Wcnoasays ynpawuenune 18a, NpuuaTh BO
BHHMaHHe, 4YTO KawJoe 3aMKHyTO€ JHHEHHOoe MHOroo6pasHe KoHEYHOM’
(akTOppasMepHOCTH B E, Npoxojsliee depe3 TOUKY x & M, nepecekaetcs
¢ My, v Bocnonb3oBaThesd npepaoxenneM 4 § 3.]

6) INpeanonoxuM, 4To0 KakoBO 6bl HH GblIO0 KOHEUHOE NMOAMHOKECTBO F
MHOMecTBa A, nepeceuerde rpanH (B S) mo6oi ToukH BeINyKI0H 060oaoukn
MHOXcCTBa F ¢ N KOMNAKTHO HJIH KOHEYHOMEPHO M HE CONEPXHT HHKaKOH
npsamoil. ITokasaT, 4T0 TOraa M ecTh 3aMKHyTas Bbilykiad 060JOUYKa
MHOXECTBAa BCEX CBOMX 3IKCTpeMaibHbIX ToueK. [OnHpasch Ha a), CBecTH
K JOKa3aTeqbCTBY TOTO, 4TO Kaxaas TOuYKa M3 My cOAEpWHTCH B 3aMKHY-
TOH BbINYKIOH 060JOYKE MHO:KEeCTBa BCEX 3KCTPEMAalbUbIX TOUEK MHO-
xecrsa M. Mcnoab3oBaTe ynpawxHenue 4r, teopemy Kpefina u Muibmana
u ynpawxseHue 9.] BouiBecTn oTcloAa, uTO KawmIas 3aMKHyTas oOIOpHas
THOEePIIOCKOCTh MHOXECTBA M COAEPWHT ero SKCTPEMaNbHYIO TOUKY.

§ 5. ﬂdleHopmu

1, Oripede.aeuue suinyKaoli Pynryuu

IMycte H-—noaMHOkecTBO MHOXecTBa E, f— KOHeuHas uucC/a0Bas

dyskuus, onpenenelnas Ha H, u G — ee zpaghux B npoussenenuu £ X R,
o6pasoBaHubil Toukamu M, = (x, f(x)), rae x npoGeraer H. O6o6uwas
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onpefe/eHusi, f1aHHbE 1A QYHKUMH BelleCTBEHHOTO MepeMeHHOro (PyHKil.
Bewl, nepeM., ria. I, § 4), mu GyneM roBOpuTh, 4TO TOYKa (@, HEEXR
HaxoauTcs Had (COOTB. cmpc2o Had, nod, cmpozo nod) G, ecin aEc H
8 b> f(a) (cootB. b > f(a), b f(a), b < f(a)).

Onpegeaende 1, ITycms H——goinyksoe mHodcecmso 8 apduw-
Hom npocmpancmse E nad R. Tosopam, umo koueunas wuciosas
dynuryusn f, onpedesennan na H, suinyrxaa (cooms. cmpozo gunyxie)
Ha H, ecau, xarxosst 6vt Hu Oviau mouxu x « x' u3 H, sce mouxu
omipemoz0 ompeska ¢ konyamu M, u My Haxodamcs Had (COOTB.
cmpozo Had) zpaguxon @yuxyuu f.

MHaue roBOps, yCJIOBUHEM BEIMYKJAOCTH (COOTB. CTPOrOH BHIMYKAOCTH)
¢yukuun f Ha H aBasercd BHNOJHEHWe HepPaBeHCTBA

Fhx+(1—Hx)L<MH @)+ 1 —0Hf(x) (D
(coors.

fOhx+ (10— x) M) +1—VHfE)) (2)

LTS KauAO# mapbl pasaudHBIX TOuek X WM x’ u3 H u kaxkporo A Taxoro,
uto 0 <A < 1.

B cuay onpeneneHus 1, 148 BHIYKJIOCTH (COOTB. CTPOTOH BHIYKAOCTH)
¢yukuuy f Ha H Heo6X0IuMMO ¥ [JOCTaTOYHO, 4TOOH, KaKOBa Obl HM
6vna npaMas DcE, cymenue f na HND 6uno Beinykiao# (cooTs.
CTporo. BeINyk.JI0H) ¢yHkuUeR Ha HND. Eciu t —at—+b, rae ¢ npo-
Geraet R, — napaMeTpuyeckoe npeacrasieHue npamod D, u / — Brinykaoe
MHOXecTBO B R, OTBeuaiollee npH 3TOM MapaMeTpUyeCKOM NpPeACTaB/IECHUA
MuoxecTBy H D, T0 MOXHO TaKKe CKa3aTh, 4TO QyHkuusa t — f(at - b)
AOMKHA OBITH BRINYKJAOH (COOTB. CTPOro BHNykJIOH) na [

Ias BuinykaocTH GyHKUMM f Ha BHINYKAOM MHOXectBe HE He0G-
XOAMMO M JOCTaTO4YHO, YTOOH MHOXKeCTBO Touek M3 E X R, nexawux
Hap rpajuxom ¢yHkuuu f, Gel10 BHNYKJAO (mpUYeM 34ECb MOXHO CIOBO
»Hal* 3aMeHHTb Ha ,CTPOTO Hal“). DTO BHTEKAET W3 COOTBETCTBYIOUIErO:
npeifoxeHus Aa8 GYHKUMA BelleCTBEHHOrO NepeMeHHOro (PyHKU. Belll.
nepeM., ri1. I, § 4, n° 1), '

Mpeanoxenne 1. ITycmy f—soinyxaas (COOTB. Ccmpoz0 BHNYK-
aas) PYHKYuL Ha BunyKaoMm mMHOdxucecmse HcE. Has xaxwdozo
KOHEUH020 CeMelCcmsa P > 2 pasiuunHblx mouex (xi)1<i<p uz H w



116 JIOKAJIBHO BBINIYKJIBIE MPOCTPAHCTBA ML I, §5

Kaxedozo0 cemeiicmsa p sewecmBennslx uucea (A;) makux, 4mo
- P

0 _<k,- <1 ALiKp u 2&,-: 1, umeem mecmo nepasencmso

i=1

1<igp

2 4.
f <i2=1)‘ixi> < %lwf (%) 3)
{cooTs.
», ?,
f <i2=41)‘ixi> < ?:nl)\i F(x))- €]

IT10 nmpepnoxeHue NOKA3BIBaETCH MHAYKUHEH MO p, C HCNOAL3OBAHMEM
npepaoxenus 1 § 1.

VHbiMU ca10BaMH, 06pa3 UeHTPa THKECTH TOYEK X;, CHaGKeHHLX Mac-
camu A > 0, nmpu orobpawxenun x —>(x, f(x)) Jdexut nol (COOTB.
CTPOro noj) LUEHTPOM THKeCTH Touek (x;, f(x;)), CHaOGKeNHBIX TeMH Ke
Maccami.

[lpenocraBadeM YUTaTeMO CaMOMY NpPOBEpPHThb, YTO NpelJOXeHUs 2,
3 u 4 u3 ®ynku. Bew. nepeM., ra. I, § 4 (*») coxpausoT Cuay M LIA
BLIMYKJABIX (QYHKUUH, OnpefeleHHbIX Ha BHIIYKJAOM MHOXeCTBe B MpOU3-
BOJBHOM BEKTOPHOM npocTpaHcTBe Hax R.

FoBopar ewme, 4ro dyHKkuua f, onpepeleHHas Ha BLIMYKJIOM MHOMe-
crBe HCE W npuHMmaiouias 3HauyeHHs W3 HHTEepBaia |— oo, -+ oo] pac-
wHpeHHoll mpaMoil R, swnyxaa (CoOTB. cmpozo smnyxaia) Ha H, ecan
HepaBeHcTBO (1) (cooTB. (2)) yaAoBIeTBOpsAeTcs LiA JNIOGOH mapel pasaud-
HHIX Touek x u x” u3 H W xaxaoro A takoro, uro 0<A<C1. K TakuM
¢hyHKuMAM npuMeHHMo 6e3 BCAKOrO0 H3MEHEHHA BCE CKa3aMHOE Bbillle, 3a
HCKJIOUeHHEM CBA3aHHOIO ¢ rpaduKaMmu.

2. HenpepvisHOcmo sbinykablx HYHKUQUL

Meeanoxeune 2. [lyems E — monoaozuueckoe sexmoproe npo-
cmpanemso Had R, H-—mnenycmoe omipoimoe swnykaoe MHONMcE-
cmgo 8 E u f-—(xoneunan) ssnyxkias Pynxuyus, 3adannas nHa H.
Hdan mozo wmober f Goina HenpepsisrHa wa H, nHeo6xodumo u docma-
MOYHO, umobbl Cyuyecmeo8aL0 Henycmoe omxpumoe mroxcecmso Uc H,
Ha komopom [ ozpanuuenna csepxy. »

Heo6x0auMOCTh yCIOBMA OueBHAHA. JLOKaXeM ero 10CTaTOUHOCTb.
ITycts f orpaHuuenHa CBepXy B HEKOTOPOH OkpectHocTH V Touku xo€ H.
TlokaxeM npexie Bcero, uro f HenpepuBHA B TOuke X, IlyTeM Hamne-
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KaUIMX NMePeHOCOB MOXKHO CBECTH PacCMOTpPeHHe K TOMY C/Iyuai0, KOraa
xo=0 u f(xy) =0; KpoMe TOro, OKpecTHOCTb V MOXHO mpeiano.Jararb
ypaBHoselteHHolt. lycte f(x) < a ana Bcex x€ V. 3aMetuM, uro ecan

X X
x€eV,rne 0 <e< 1,10 €V u ——€V. Ho rorna Hepasenctso (1),
X
npuMeHennoe Kk ToukaM 0 w = M umcAy A=e¢e, TOKAa3LIBAET, 4TO

X
X €qQ, 4 TnNPUMEHeHHOe K TOYKAM X MU — — H 4UCA
fw<ef()< p : y

1
14+¢’
yTBepXieHue JAoka3aHo. Ilycte Temepb y — mpoM3BOJbHas Touka U3 H.
Toraa cywectsyer 4ucao p > 1 Takoe, 4TO TOYKA z==py eule NpPHHAL-
aexutr H. [lycte g—romoterus x —>Ax—+(1—A)z ¢ ueHrpom z u

A= — YTO f(x)}—--ef(—%)}—ea. Tem cambiM Hawe

ko3 puineHToM A =1 —%, nepesoasuias 0 B y. B cuay dopmyawm (1),

was mo6ott Toukn g (x) € g (V) nMeem f (g (£)) < M (1) 4 (1—N) f (2)<
<L a-+ (1-—A) f(2). TlepBas yacTb 10Ka3aTeAbCTBA NOKA3LIBAET TOTAA, YTO
f HempepeiBHa B TOuKe y, M MpeijoxeHue 10Ka3auo.

Caeacreue 1. Kaocdan (koneunan) sunykaas @yuxyun f, nosy-
HenpepusHas csepxy na  H, nenpepwsna na H.

HefictButeapHo, mobas Touka x,€ H o06nagaeT OKpPeCTHOCTBIO, Ha
KOTOPOH f orpaHuueHHa CBepxy.

Caencrsue 2. Kascdas (xoweunan) sunywxaasn dyuxyus f, onpe-
OeneHHAS HQ Henycmom omrcpumo.uhunymzo»t suoxcecmse H s R",
venpepoisna Ha H. '

MoxHo cuutarb, uto 0 € H. Tlycts K— 3aMKkHyThiH kY6 C LeHTPOM 0
u pebpom 2z, copepwautuiica B H, u U — oTKpHITHH kY6, OnpexesseMbii
HeparenctBaMu 0 < §; < % (1 <in). Kaxpas touka x€ U npunaa-
JEHKUT Bbmyxnoﬁ 060/10uke HYJNeBOrO0 BEeKTOPAa M 1 BEKTOPOB ae;, Tie &;
(1 <i<n) n BeKTOpPOB KaHOHHueckoro 6asuca B R™; aeHcTBHTeABHO, X
MOXHO NpPEACTaBHTb B BHJE

ll

"l
8
+

|

I

L
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Ho Toraa u3 HepaBeHCTBa (3) ClefyeT, uTO

HORSIOIEIN O]

aas Bcex x €U, OTKyRa, B CHIAy NpPEINONKeHWs 2, M BHITEKaeT Henpe-
puBHOCTL f{(x) Ha H.

Ha GeckoHeuHoMepHOM JAOKaNbHO BbLINYKJAOM NPOCTPaHCTBE BOOGE
CYWECTBYIOT HE HempepbiBHbie auHeiHbie dopmet (ra. IV, § 5, ynpaune-
Hue 3a), a cAefoBaTeNbHO, M BHINYKIHE (YHKLUHMH, HE HeNpephBHbiE HM
B KakoH TOuKe.

3. Hoayropmbe

OnreAEAEHUE 2. KoOHeuHywo wucao8yw GyYHKyuwo p, onpedened-
#yo Ha sekmoproM npocmpancmse E Had R, naswisaiom nosynopmoi,
ecaun OHa ydogiemBopsem CACOVIOUUM AKCULOMAM:

(SND) p(x)=|A|p(x) 0as scex xEE u LER;
SN px+3) L px)+p(y) daa scex x u y€E.

M3 s1ux akcuoM BuTekaet, yto p(0)==0 u p(x) >0 ana Bcex x € E,
nockoabky 0= p(0) L p(x) 4 p(— x) =2p(x). Kpome TOro, MMeeT
MECTO HEPaBEHCTBO

P —p W< PE—Y) ©®)
HENOCPEACTBEHHO BhiTeKaulee U3 cooTHouwenuth p (X) L p(W)+ p(x—V)
U p(y) <px)+p(y—x), NOCKOIBKY p(y—X) =p(x —J).

TMoayHopMa ecte ganyxsan ¢ynkuus Ha E, u6o n3 (SNi) u (SNy)

cnepyer, ecan 0 << A < 1, uro

Pl x4+ —NLpr)F+p(I—1N=kp(x)+1—1p(.

3aMeTHM, 4TO TOCJAe]Hee pacCykieHue MnpuMeHumMo, Gojee obuwium
obpasoy, ko Bcako# ¢yHkuuu Ha E co 3HaueHusmu u3 | — oo, -+ col,
KOTOPAs n0.40%CuUMeAbHO O0OHOPOOHA, T. e. TakoBa, 4t0 p (hx) = Ap(x)
AJs Kaxaoro koHeuHoro A >0, u ynosaetBopser akcuome (SNpp).

NMpumepn. 1) Hopsma p na E ecTp noayHopMa, nas KOTOPOH
Pp(x)=0preuer x=0 (rx I, § 1, n° 2).

2) Pyskuus x—|f(x)| ecTs NoayHopMa pxIa JMOGOH JAUHEHHOR
¢opmbt f Ha E.

Meeanoxenue 3. Jlycme E — monoaozudeckoe 8exmoproe npo-
cmparcmso Had R.



3 TOJIYHOPMBbL 119

1° Kajcoan noayHopma p, onpedeaennas wna E u Henpepusuas
8 mouxe x==0, pasrnomepno nenpepwusna na E; mnoxcecmso V mex
mouex x € E, dasn xomopox p(x) <1, ecms cummempuunoe gonyxaoe
meao (§ 3, onpenenenue 4), BHYMPEHHOCME KOMOPO2O 06pa3yem MHO.
acecmso mex movex x€ E, dan xomopux p(x) < 1.

2° O6pamno, 04 Kaxc0020 CUMMEMPUYH020 BbINYKA020 meia A
8 E cywecmsyem, u npumon auue 00Ha, nosywopma p Ha E maxas,
4mo A cosnadaem ¢ muogxcecmsom mex x € E, dag komopox p(x)< 1;
npu smom p wenpepsisha Ha E.

1° PaBHOMepHas HenmpepbLIBHOCTb MOJYHOPMEL P BhHITEKaeT U3 Hepa-
BedctBa (5). MuoxecTBo V 3aMKuyTo (B CuAY HeNpepeiBHOCTH p) H
CHMMETPHYHO; KpoMe TOro, ecam x, y€V n 0 <A< 1, 10

P4+ (11— NP +T—HpOH LA+ —H =1,

Tak uyro V Bonyka0. Muoxectso W Tex x, aas KotopHx p(x) < 1°
OTKpblTO u cogepxurcs B V; ecan xe p(y)=1, 10 pyéV npu p > 1,

TaK YTO y He copep:xkurcs BHyTpu V; teM camum W — V.

. BamernM, u4t0 KakoBa Ok HM Obi1a TOuka X € E, MHOKECTBO Tex
aucen p > 0, ans koTopHX x € pV, coBnanaer ¢ uHtepsanoM [p(x), 4 oo,
HOCKOAbKY OTHOWeH#He x €pl paBHOCHABHO HepaBeHCTBY p(x) < P-

Hpyrumu caosamu, p(x)==  inf p paa xaxzoro x¢€ E.
p >0, zCoV
2° TlocneAHee 3aMeuaHHe MOka3biBA€T, YTO €CJH CYUIECTBYeT noay-

HOpMa p Takasd, 4Tt0 A COBnalaeT C MHOXeCTBOM Tex x€E, ans
Kotopeix p(x)< 1, TO 3Ta TMOAYHOPMa eAMHCTBEHHa U OmNpelenseTcs
dopmyroit .
‘ p(x)y=inf p. 6)
p>0 xcpd

INokaxeM, uro gopmyra (6) ReACTBUTEJAbHO OmpeleseT NOJYHOPMY.
JTlpexpe Bcero, Tak Kak A — noraouiaiouiee MHOXKeCTBO, TO P (X) KOHEUHO
ans Kawporo x€ E. Tak Kak A CHUMMETPUMHO, TO OTHOUeHus x €pA
# — X € pA paBHOCMAbHE, OTkyaa p{hx)=|\|p(x) Laa kaxporo LER.
‘C ApYro#i CTOpOHH, NYCTb X M y— NPOU3BOJbHHE TOYKH M3 E; ecad a
' B—noaoxuTeabHsle uMCaAa, ANS  KOTOpHX XxE€ad, yERA, TO
X+ y€EaA+4-BA, a Tak kak A BeNyKIO, TO aA++BA=(a-B)A;
B cuay ¢opmyas (6), orciopa caepyer, 4to p(x—+ <L p(x)+p(W)-
“Ecmm p(x) <1, 10 x€pA pas Bcex p > 1 u, crepoBatenbHo, x € A,
"BOCKOAbKY A 3aMmkHyto. OO6patHo, M3 x€ A oueBuaHsiM 06pasoM
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caeayert, uto p(x) < 1. Hakonen, kakoBo 6ul HH 66110 € > 0, MHOXeECTBO

tex x€E, pna xortopnix p(x)<e, €CThb OKPeCTHOCTh Hyas A, TaK
yro p HenmpephiBHO B Touke 0, a 3nauut, U Ha BceM E.

3ameuanusa. 1) Tlycrs E-—BexTopHoe mnpocrpaHcTso Had R u
A —noraomauiee CUMMETPHYHOe BHIIYK/JIOe MHOWecT80 B E. Ecam
HajaeauTh E cuAbHeHMeH JOKaAbHO BuINyKAOH Tomodorue#t &, (§ 2, n° 1),
t0 O Gyzer B A BHyTpeHneH Touxkofl. IloayHopMy p, ans KOTOPOH A
CAYKAT MHOXECTBOM BCex x € E Takux, uto p(x)<C 1, HasoBeM xaqu-
6pogounod pynkyued MHOxecTBa A. BHYTPeHHOCTH A wuowectsa A
B TomnoJaoruun &, 6yner roraa MHOKECTBOM T€X X, LA KOTOPHIX px) <1,
OTKyla Cpasy BulHO, 4YTO H 3Jecb p(x) Banaercs ¢opmyro#t (6).
'Bblnyknblq MHOXeCTBa, MMeloulue p CBoel kaauOpoBOYHOH QyHKUHEH, —
3TO BHIMYKJLIE MHOMECTBA, COIepiKaiiiue Au cojepxaulnecs B A. Slcuo,

4T0 KaauOGpOBOUHOH ¢yHxuued pas rA, rae A >0, cayxur %p.

O6patHO, kaxjlas noaydopMa p Ha E HenpephiBHa B TONOJOTHH Tor
NOCKOJBKY MHOXecTBO V Tex x, mas KoTopuix p(x) < 1, 8B cuny (SNy), —
NOrJIoULaoLLee; NpPelNo¥eHne 3 MOKA3BIBAET TOTA4, 4TO P CAYHKUT KaJId-
6poBouHOH GyuKuHMeH Aaf BCeX BHIMYKIBIX MHOXeECTB, coaepmamux Von
COEPKAUMXCA B €r0o 3aMbiKaHuu V. '

2) Ilyere p; (1 LI n)— KoHeunstt Habop noayHopM Ha E. Hs

ompejeneHus 2 cpasy chleiyer, 4ro p(x) = sup p;(x) TakKe eCTb
1<idn
noayHopma. Kpome toro, MHoxectBO V Tex x, aas kotopwx p(x) <1,

ecTb nepeceyeHue MHOXKeCTB V; Tex x, aas koropex p; (x) < 1 (1 LI L m).

4. IToryHOpMBL 8 NOKQABHO BLINYKAbLLX MPOCMPAHCMBAX

[Tycte E — BexTOpHOe npoctpaHctBo hal R, I'— MHOXeCTBO moay-
HopM Ha E u (J— MHOKECTBO BCEX TNOIOUIAOUIAX CHMMETPHUHBIX
BEIMYKJbIX MHOXeCTB B E, onpeielseMeX COOTHOLIEHUAMH BUAA p (x) < A,
rae p npoberaer I, a A—wmHoxectBO Bcex uucea > 0. Torna
MHOXKecTBO B nepecedeHuld BCEBO3MOXKHEIX KOHEUHHX HAOOPOB MHO-
xecte u3 & ecrb 6asuc ¢uabrTpa,” 06Pa30BAHHOTO MOTVIOL[AOIUMK
CHMMETPHUYHBEIMH BBHINYKJIBIMH MHOXKECTBAMH M WHBAPUAHTHOrO OTHOCHTEIBHO
BCEX TOMOTETHH, Koa(b(puﬁuem kotopeix > 0. CrnemoBarenbHo, cyue-
cTByeT (M TNPHTOM TOJBKO OJH3) TOMOJOTHS, COLMACYIOWMAACH CO
CTPYKTYpo# BeKTOpHOro npocrpauctsa B E, mas kortopofi T caywur
_¢yHpaMenTaibHOH cucTeMOH oxpectHocred Hyas (§ 2, n° 1). Mut Gyrem
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Ha3BIBATH STY (OYEBUAHO, JAOKAALHO BHINYKAYIO) TONOAOTHIO TOMOJOrHelt,
onpedesnemol mroxcecmsom I' nosynopns.

Npumepn. 1) Tononorus HopmuposanHozo npocTpaHcrBa Hag R
ONpefeNseTcs MHOMECTBOM, COCTOAIGMM H3 OOHOLZ eQuHCMBEHHOLE HOPMSL.
3ameTHM, yTO TOMONOTHMA, onpenenfieMan B BEKTOPHOM RpoCTpaHCTRe E’
Hal R wowueynsim uvmcnom mopm p; (1<Ci<n), Moxer GbTb 3amaHa H
OnHOH HOpMOH p (Xx)= sup pi(x). Hanporus, xokansHO BruimykKias

<ig<n

TOROJOTHA, ONpeacndemMas 6ECKOHEUHbIM MHOXECTBOM HOp M, BOOGILE FOBOPA -
He MoxeT ObTb 3ajaHa OAHOH TOXLKO HOpmoH (ra. III, § 2, ynpawuenue 2),
2) MNyctp (g)’,)zEI—cemeﬁcmo NOKa/IbHO BBIOYKJBIX TOMOJOTUH B BEK-
TOPHOM HOPOCTpaHcTBe £ W Kawjad H3 3THX TOROANOTHMH §, 3aAaHa MHO-
#ectsom I, momynopm. M3 npeawigymero onpezenesusa cregyer, 4YTO:
NOKalNbHO BHIYKJNas TOHOJMOTHSA, 3aJlaHHas MHOXECTBOM HOJ’IyHOpM I'= U r.

el
€CTb BepPXHAA rpaHb TOMONOFHi ..

3) Myctp §— BexropHoe npoCTpaHCTBO Hal R, o6pasoBanHOe BCeMmit
6eCKOHEeYHO JudPepeHL HPY EeMBIMH YHCIOBBIMH $yHKuuAMHY Ha R. llas xaxnpoit
$yuxunn f€§ W Kawmoll maper ueanx uucea m >0, n> 0 nomomum

Prm ()= sup [f@(x)]
SKzs<m

—m <

HenocpencTseHHO ACHO, YTO pn o — MOAYHOPMB Ha §. Has Toro-
uTo6b (DyHKUHH f, € § cXomuMaHMCh K HyNio (IO HEKOTOPOMY UABLTDY §%)-
B TOMONOrMH §, onpejenseMoll NONYHOPMAMH Py, ., HEOGXOIMMO H 10CTa-
TouHO, uT06H yHKuuu f(™ 118 KamaOro uenoro 73> 0 PaBHOMEPHO CXO-
IHIHCh K Hymo (no ¢uabTpy §f) Ha KakIOM KOMNAKTHOM MHOXceCcTBe H3 R..
["oBOpAT, 4TO & €CTb MONOAOZUS KOMNAKMHOU CXOOUMOCY 04 PyHIC-
yui f¢® u 6cex ux npou3sodHsix.

MPERNOKEHHE 4. Kadcdas A0KGAbHO BHNLYKAGA MONOAOZUA 8 BEK-
moprom npocmpancmse E nad R mosxcem Owums 3adana Hexkomo-
DPOLM MHONCECMBOM NOAYHODM.

JTo — HenmoCpeACTBeHHOE CAeRCTBHe INPelJOKeHus 3: TONOJOTHS-

npoctTpaHcTBa E onpellendeTcs MHOMeCTBOM BCeX HelPepBIBHBIX HOAY-
HOpM Ha E.

B vyacTHOC1H, MHOMWECTBO 6ceX MONYHOPM Ha BEKTOPHOM MpOCTpPaH-
crBe E onpexeiseT CHAbHeHWIYl0 NOKalbHO BbIHyKJIle Tonoxoruio 8 E

§ 2 o° 1)

3amevanue. IycTh p u ¢ — 1Be AONTYHOPMBH Ha BEKTOPHOM RO~
ctpacte E. Ecny cylmgecTByeT Takas noctosiHHas a >0, uto p (x) < 29 (x)
BO BCEX TOYKaxX HEKOTOPOro HOrTOLialolero MHoxecTpa A, T0, HOCKOMbKY 7~
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H ¢ TONOXKHTENbHO ONHOPOAHBI, 9TO HEPaBEHCTBO BHIIOJNHAETCA BO BceXx
Toukax npoctpaHcTBa E. Tem caMbiM OTHoOllEeEHe ,cylgecTByer a >0
TaKoe, YTO p < ag® PaBHOCHABHO OTHOLUIEHHIO P =g A0 (HABTPY OKpecT-
HocTedl HyNs ANs cuIbHeHwel MOKalbHO BHINYKAOH TOmomoruu B E (PyHKU.
seit, nepem., &, V, § 1, n° 1 (13) ). Jonyckast BOJALHOCTb peuH, Mbl FOBOPHM,
Y710 MHOXecTBO I'g nonyHopM Ha E — duasmpywoujeecs (Mo OTHOW EHHIO =),
eCly 145 MoGHX ABYX NOXYHOPM Py, Po €I cyluecTsyer noayHopMa g € [y
TaKas, 4TO0 p; =g H pe=<Xg. Torma MHoxecTBa, ONpejpensieMble BCEBO3-
MOXHLIMH HepaBeHCTBaMH BH1a p(x) <\, rae peTy u A >0, obpasyor
(PyHIAMEHTaJIbHYI0 CHCTEMY OKpecTHOCTeil HyJas 1JA TOHOJOrHH, 3aJaHHOMH
MHoxecTsoM I'o. Kaxoso 6b1 Hu Guiro MHoxectso I' noaynopM Ha E,
MOXHO MONYYHTb (HABTPYOLiEecs MHOXECTBO HOJYHOPM, OIpelensioulee
Ty #e TOomoJOrHio, uto H I, o6pa3oBas MHo#eCTBO Iy BEepXHHX rpaHe#
BCEBO3MOMCHBIX KOHEUHbIX HabOpOB MOJNYHOPM, NpHHapxexawux I,

MPERAOKEHRE O, [Tycme T'—- mnodcecmso noayHopM HaQ 8ex-
moprom npocmpancmge E. Has mozo umo6Gs. monoao2us, onpede-
ASLEMAT IMUM MHOINHCECMBOM, Oblaa omdeauMol, HeOOX00UMO u JOcma-
MOYHO, umobst Oan Kax0020 X 5= 0 u3z E cywecmsosara noAynopua
PET makas, umo p(x)+ 0.

JTo npeldoxeHHe oOueBHAHBIM 06GpasoM CjedAyeT u3 onpeledeHnft.

MPEAMOKEHKE 6. Jlaf mo20 4mols AOKQABHO BBNYKAOE RPO-
LMPAHCIMBO OBLAO MEMPUIYEMbBM, HEOOXOOUMO u O0CMAMOUHO, %MOoGH
OHO ObA0 OMOCAUMBLM U €20 MONOAOUIO MOIHCHO GbA0 3adams cyem-
MM MHONCECHBOM NOAYHODM.

HeficTBUTENBHO, AJAS TOFO uTOGH OTAe/AHMOe JOKAABHO BHIIYKJOe
BeKTOPDHOE NPOCTPAaHCTBO ObiNo MeTpH3yeMEIM, HeoOXOAHMO W AOCTa-
“TOYHO, YTOOH CYLIECTBOBA/AA CueTHas QYHAAMEHTAAbHAA CUCTEMA OKPECT-
HOCTeH uyJq.

[Mycte E — A0KaJbHO BHINYKJAOEe NMPOCTPAHCTBO, TOHOROTHS KOTOPOro
sapasa MroxectsoM I' -monyropm. Tax Kak Aag xaxzo# no.rlyHopri )4
BHIOAHAETCH HEPABeHCTBO P (X —2) L p(x — N+ p(y—2). TOp(x — )
€CTb omKaonenue Ha E (O6w. Tom., ra. IX, § 1, n° 1) u u3 onpenene=-
Hult clenyeT, uTo korna p npoberaer I', MHOXKECTBO STHX OTK/OHEHHH
-onpene/seT PABHOMEPHYIO CTPYKTYPY TONOAOrH4ECKOro BeKTOPHOro mpo-
<TpancTea E.

. Mycte Tenepe E otaeanmo. Pyuxkuun pE€ T, Oyayun paBaomepHO
#HlenpepbiBHLL Ha E, N0 HeNPepHBHOCTH NPONO/MKAIOTCA HA NONORHeHHe F
asipocrpadctea £ (O6w. ron., ra. I, § 3, teopema 1). Iycts I — muo-
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KeCTBO 3THX NMPONOMKeHHHX GyHkUHA. B cuay npunumna npono/mxesns
depasedcTs (O6wi. Tom., ra. [V, § 5, teopema 1), dyuxuun us T
MBAAOTCS NOAYHODMAMH Ha L; mpu 3Tom, ecdn uepes p 06O3HAUMTH
fpono/ixenne yukuun pEI' Ha E, dyHKUHH ﬁ(x—-y) o6pasyioT
“CHCTeMY OTKJAOHeHuH, onpenessiOllHX DaBHOMEPHYI0 CTPYKTYPY HpoO-
ctpancTea E (O6w. Tom., ra. X, § 1, n° 6). Mui Bugum, Takum ofpa-
30M, uTo I eCTb MHOXeCTBO NOJNYHOPM, OMNPelesAoUUX TONO/AOrHIO
npoctpaucTea E.

5. [Hoayropmot 8 farmopnpocmpancmeax i npou3eederunx npo-
cmparcms

Iycte E — J10KaAbHO BHIIYKJOE NMPOCTPAHCTBO, TOMOJOrHS KOTOPOro
:3agaHa MHoxecTBOM I’ moaynopm. CyxeHus 3THX HOJYHOPM Ha BeKTOp-
HOe mNoAMpocTpaHcTBo M mpoctpauctsa E, ouesmaso, 3apair B M
TONONOTHIO, MHAYUHpYeMyi0 u3 E.

IMycTs ¢ — KaHOHMYeckoe oToOpakenHe npocTpaHcTBa E Ha dakrTop-
Tnpoctpauctso E/M. Ilycte, nanee, U — cHMMeTPHUHAA BHIMYKAas OTKPHI-
Tad OKPEeCTHOCTb Hyas B E W p—ee xaanbpoBouHas (yHxkuus, Tak
uy10 U coBnagaeT ¢ MHOXeCTBOM Tex X€ E, aaa xoropeix p(x) < l.
ILas kaxnoro z € E/M muoxectBo uncen p > 0 takux, uro 2€pe(U)=
= ¢ (pU), coBnagaer ¢ MHOXeCTBOM uucead p >0 Takux, uTO cyuie-
<tByeT x€E, masm kortoporo x€pU u ¢(x)==2z. Orciona cilenyetr
{Popmyaa (6)), uto kaaubpoBounas PyHKLHSA p MHoxecTBa @ (U) 3anaetca
dopmyaol )

p(2)= inf p(x). Q)
¢ @)=¢

TakuM o6pasoM, ecan MHOXeCTBO I'— duabTpymouweecs (n° 4, 3ame-
;_anne), TO TonoJorus (pakropnpocrpanctea E£/M 3anaerca MHOXeCTBOM
TOJNYHOPM P, rae p npoGeraer I

PaccMoTpuM, B uyacTHOCTH, JOKaJbHO BbINYKJOe NpocrpaHcTBo E,
TONOMOIHA KOTOPOro 3anaHa 00HO# moAsk0 noayHopmo#t p. as Toro
4To6b E Ouiji0 OTaedMMbIM, HEOOXOAHMO M ROCTATOUHO, uTOGHI p GbLIO

#opMolt (npenaoxenne 5). Ecam p-—wue Hopma, To 3ambikanneM N
-1
Toukn O B E cayxuT BexTOpHOoe noanpoctpanctso p(0); accouumpo-

BAHHOE OTAEJAHMOE IIPOCTPAHCTBO E/N €CTb TOT2A HOPMUPOBAHHOE NPO-
CTPAHCTBO, ompeneseMoe HOPMOH P, COOTBeTCTBYMOLeH nojnyHopme p;
3aech p(x)_-p(x) DA KaXAOTO X, NpUHARJexalero Kaaccy x 0o
Monyaio N.
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Mycte E — BeKTOPHOe NpocTpaHcTBO Han R, (E‘)LGI——CeMeﬂCTBO
JOKA/JAbHO BHNYKJBIX [POCTPAHCTB M f, AAsA kawzoro t& ] — annefinoe
orobpamenne E B E,. PaccMoTpuM caabefiiiyio JOKaJdbHO BBHINYKJYIO
tonoaoruio §J, B E, npm xoropo# BCce ¢yHKuun f, HenpephBHHI
(§ 2, n° 2). Vs onpepeneHns OKPeCTHOCTe} Hyas Aasd Tomodorun o
(TaM #Ke) cpasy BuBHO, uTo ecanm I’ aas kaxaoro t€J-— MHOXKeCTBO
NOAYHOPM, ONpeleaoluX TOMOJAOTHI0 NpocTpaictsa E, To TomoJo-
rua §, onpeneasercs nonyﬂbpmamn p.of, TAe t— npou3BOJbHEE
HHReKCH M3 [, a p, AaA Kaxaoro t& [— nwbaa noayHopma u3s I'.

MreanoxeEHHE - 7. Kaowdoe omdesumoe A0KAAbHO BHLLYKAOE APO-
CMPpaRcmeo u30MOPEHHO nodnpocmpancmey npoussedenus OGAHAX08-
CKUX NPOCM PAHCIME.

[Mycte E — oTIZeAMMOE NOKAaAbHO BHIYK/OE NPOCTPAHCTBO, TOMOJO-

THA KOTOPOro onpejenserca ceMeHACTBOM (Pa)aeA nojaysopm; N, 118
. —1
KaXaoro o-— NOLNPOCTPAHCTBO p,(0) B E; E,—mononHenne ¢axktop-

npoctpaucTsa E/N,, HaneneRHOTO TOnmoAorue#, onpeneaseMmol Hopmo# 1'),.(,
COOTBeTCTBYIOlLelt MOAYHODME p,, H ¢,— KaHOHuYeckoe oToOpaxeiue E
na E/N,. Muoxectso Tex x € E, nas Koropsix p,(x) <1, ecTb npo-
o6pa3 wapa, onpejeiseMoro B E/N, HepaBeHCTBOM 13¢ (&) < 1, otuocu-
TeJbHO OTOOpaXeHus ¢,. IDTO NMOKA3LIBAET, YTO TOMNOROTHSA NPOCTPAHCTBA
E — cnaBeftiuast, npu KOTOPOR HenpepuiBHb AHHeMHBle OTOGpaXesus @,
npoctpasctea E B npocrpasctea E,, uyeM npelJoxcHHe H LOKaFAHO,"
nockoabky E otneaumo (ra. I, § 1, npennoxenne 15).

Hakoreu, nycts E — BekTopHOe mHpocTpanucTeo Han R, (EG)GGA-—
ceMelCTBO ero BeKTOPHHX MOANPOCTPAHCTB, f, AAA KaKIOro MHAEKCE
o — KaHOHuueckoe otobpaxenne E, B E u §,— n0oKaabHO Bbmyma_a
tononorus B E,. Tlycts I'— MHOXeECTBO BceX NoayHopm p Ha E,
CYXeHUS KOTOPHIX Ha Kaxadoe E, HempepbiBHb B Ttonosjorun §&,. Toraa
cunpHeHluas AOKanbLHO BHIIYKJAs Tonmojdords B E, npu xotopofl Henpe-
puBre Bce f, (§ 2, n° 2), onpemeasercd MHOXecTBOM moayHopm I'.

6. INoaunrunelinovie Henpepvisrbie OMOOPAICEHRUS NPOU3BLOCHUST
NOKQAABHO BLINYKABLX NPOCMPAHCME 8 AOKAALHO BbLRYK.AOE
npocmpancmeo

Meennoxenue 8, [Tyeme E; (1 in) u F—a0Kaasio 8bi-
nyxave npocmpancmsa, Iy (1 i n) u P— ursmpyomuecs MHo-
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npocmpancms E; u F. Has mo20 wmobu noausuneinoe omo6pasce-
n

Hue u npoudsedenus I[Ei 8 F Goiao nenpepuisno, reo6xodumo u

i=1
docmamouno, umobet 0asn kaxcdod noayHopmst qET cyuwecmgosaru

noaynopuse p; €Ty (1< n) u wucno a >0 maxue, umo

g (xy Xgs o0y X)) K< AP (X)) Pa(X2) - - Pu () (8)

n
Oan scex mouex (Xy, Xpy «.., x,,)EI[E,-.
i=1

Ycaosue Heob6xonumo. IeficTBUTeNbHO, B CHIY HpPEANOAONKeHHs, AAd
Kaxno#t noayHopmer ¢ET u xawporo uncaa B >0 cywectsyior £
uyucea a; >0 u noayHopmmt p; €T; (1 i< n) Takne, 4TO HepaBeH-
crBa pi(x) <o (1L n) Baekyr q(u(xy, X5 ..., X)) << 8. MNycts

n
TOraa (xl, Xoy oo oy xn)——l‘IPOHSBOanaS{ TOYKA H3 ]_[E,/ H )‘i Adag Kax-
i=1

J10ro HoMepa i—uncao >0, yooBleTBOPAOLLee HepaBeHCTBY A p; (x;)<{o;.
Tak kak 9TH HeDaBEHCTBA MOXHO 3amucath B BHie p; (hx;) <

Loy, TO g(u(MXy kX + ooy MXg)) < By To e gu(xy, Xpy o vvs X)) K
< ﬁ_ﬂ—i— Ecan Tteneppr p;(x;)=0 xora ©On 1ag oaHoOro
182 e s i

HOMepa i, TO A; MOXHO B3Tb [NPOH3BOJABHO O6O/bIINM, TaK YTO
gu(xy, Xp ...y X,))=0; ecau xe Bce p;(x;) + 0, TO MOXKHO B34Tb

a;
li:m. B oboux cayuasx OyAeT BHINOAHATBCA HepaBeHCTBO (8)
Ca=-—"—:.

Qg ... Ay

O6partno, ecan yC/aoBHe CPOPMYIMPOBAHHOrO INpeJONKeRUs BHNOR-

sHeHo, TO u, OuYEBHAHO, HempepuiBHo B Touke (0, 0, ..., 0), a 3suaunr,

u scoay (ra. [, § 1, npennoxenne 6).

CaenctBue. [Mas moz20 4mobs. u Oba0 HenpepugHo, Heo0xo-
dumo u docmamouno, umobe. 0as aw60h nosynopmst qET Pynx-
yus qu(xy, X - -+, Xp)) ObAQ 0ZPAHUHEHHA HA HEKOMOPOL OKpecm-

n
HOCmu Hyas 8 I[Ei.
1=1

He06x02MMOCTL YCJAOBHS OueBHIHA, a4 U3 NpelblAYLIEro AOKa3aTelbe
CTBA BMAHO, UTO BHINOJHeHHe STOFO YCAOBHA BledeT HepaBeHCTBO (8) u

TeM CaMBIM HelnpepHIBHOCTH u.
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OTMeTHM YACTHHIA cayuyall npelaoxenns 8, oTHocaummfica k AuHed—
HBIM OTOOGpaMeHusaM.

Meexnoxkerne 9. ITyems E u F— aokaasno setnyxase npo-
cmpancmsa, T u I — Pursmpyrouuecs mroxicecmsa noLyROpM, Onpe-
Odeasionjue coomsgemcmseHHo monoaozuu npocmpancms E u F. Hax
mo20 umolel auHeidnoe omo6pascenue u npocmpancmge E 8 F
0620 HenpepsisHo, HeOGX00UMO U O0OCMAMORHO, 4mobsl 04 KANCOOE
noaynopue qET cywecmsosaru noaynopma pET u uucao a>0
makue, umo

g (u(x)) < ap(x) C)
das scex x€EE.

Caencrsue. ITycms § u §'—08e 10KaabHO GetmyKable MORO-
aozuu 8 8exmoprom npocmpancmse E, a P u TV — onpedeaswujue ux
Pussmpyouuecs MHOxNCecmsa noayHopm. Has mozo ¥mobsl § mano-
puposara §’, Heo6x00uM0 U docmamo4ro, 4mo0st 048 Kaxcdol nory-
Hopuet g€ T cymecmsosaru noaynopua pET u wucao a >0 maxue,
umo g (x) < ap(x) dan scex x€EE. .

LelCTRUTeNMLHO, NOCAenHee O3HayaeT, uTO TOXAECTBeHHOe oTOOpaxe~
uve npoctpaHcTea E, HaneiaexHoro tomonorve#t §, Ha E, HaleleHHOe
TonoJorue#t §’, HempephiBHO.

7. Teopema Xana — Banaxa (anasumuueckas gopma).

TeoremMa 1 (Xau — Bauax). [Ilycms p— noaynopma Ha BeKmop-
HoM npocmparcmse E nad R, M —sgexmopnoe nodnpocmparcmso
8 E u f— auneiinan gopua na M maxasn, wmo |f(x)| < p(x) dan
scex x€ M. Tozda na E cywecmsyem aunelnas gopmua f, npodos-
oaowan f u maxas, umo |f(x)| < p(x) 041 8cex xEE.

MoxHo orpaHnuuTbcs caydaeM f==0. Paccmorpum B E JI0KaJABHO
BHIYKJAYIO TOMOJOrHIO, ONpele/daeMyl0 OAHOH ToabkO MNOAYHOpMOH p.
Brinykioe MHoxecTBo A Tex x, nda KoTopox p(x) <1, He mycro w
oTkpeito B E. Tycts N — rumepniockocTb npocTpanctsa M, sananHas
ypasuenueM f(x)=1. DTo— quHelinoe MHoOrooGpasue B E, M TaK Kak
BO BCeX ero ToukaXx p(x)>1, To oo He nepecexaercs ¢ A. Teopema
Xara — Banaxa B ee reomerpuuecko#t dopme (§ 3, Teopema 1) nokaser-
BaeT, uto B E cyllecTByeT THmepniaockocts F, cogepxawas N u He
nepecekaowascs ¢ A. Iycts f— anvefiHas ¢dopma Ha E Takas, uro
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7(x)=1 Ha H. Tak xak Ha runepmiockoctd N noanpocrpancrsa M
cyxenns f u f coenapatwoT, TO f(x)=7F(x) na Bcem M. Hakoueu, Tak
kak 0 DNpHHAAJEKHT OTKPBHITOMY MNOJAYIPOCTPAHCTBY, OMNpeledeMOMY
HepaBeHCTBOM f_(x) < 1, TO 3TO MOJAYNPOCTPAHCTBO coaepkuT A H, Cle-
JOBaTedbHO, f(x):l BiIedeT p(x) > 1. B cuay omHopoaHocTH ¢YHK-

unt f u p, Torna |f_(x)l<p(x) s Bcex x € E, n TeopeMa NOKa3aHa.

Caeacrsue 1. fIycms E — nopmuposannoe npocmparncmeo Had R,
M—e20 gexmopHoe noonpocmpancmso u [— HenpepsisHas au-
Heanas dopma na M. Toz0a na E cyuwecmsyem Henpepbi8HAS
auneiinas gopma f, npodoascansas f u maxasn, umo Hopmel || fl}
u ||f]| smux auneinnx gopm (O6w. Tom., ra. X, § 2, n° 2) pasue.

JocraTouHo npumeHuts TeopeMy 1, npuuas p(x)= || fi|||x||. uro
zact |[fINfll. Tak kak, ¢ npyrofi CTODOHEI, NO ONpelEACHHIO,
Ifl= sup |f(x)|, 1o, ouesunno, ||f||>|f|l, u yrBepxknenne noka-

lzl <1
33HO.

YrBepiaenue ciaenctsus 1 He pacApOCTpaHSAeTCs Ha HenpepbiBHBIE
AuHeliHple 0TOGpaxeHHss HODMHPOBAHHOI'O IPOCTPAHCTBA B NPOH3BOABbHOE
HOpMHpOBaHHOE mpocTpaHcTBO (cM. ra. 1V, § 5, ynpaxuenne 58 u ra. V,
§ 1, ynpaxuenue 12).

CneactBre 2. [Tycms E— 20KaabHO BBLAYKAOE NPOCHPAHCMBO,
Xo—mouka 8 E u p—Henpepeguan noaynopma na E. Toz20a na E
cyujecmsyem HenpepulBHas auneinan gopma f maxas, umo f (xo) = p (Xo»
u |f(x)| < p(x) nHa scem E.

HoctaToyHo npuMeHHTb TeopeMy | K BEeKTODHOMY MNOANPOCTPaH~
cTBY M, nOpOXAEHHOMY TOUKOH X, M onpenedeHHod Ha M auuefinolk
dopMe hxy—> Ap (xo).

OtMeruM, uTO OpH p(xp) =0 rHUnepnIOCKOCTh, 3aJaHHAsd ypaBHE~
HueM f(x) = p(x,), €CTb ONOpHas T'MAEPHJIOCKOCTb BBINYKIOrO Texa, Onpe~
IEeNeHHOTO HepaBeHCTBOM p (x) < p (xo), ApOBeleHHas Yepe3 TOYKY Xg.

Yunpaxuenus 1) Ilyctk £ — BeKTOpHOe NpPOCTPaHCTBO Hax R u
S — Boilyknast ¢(ydHKuMs, 3anaHHas Ha BLIYKAOM RoaMHOMecTBe H mpo-
cTpaHcTBa E.

a) TloxazaTh, 4TO ecau f— He NOCTOAHHas, TO OHA HE MOWET NpH-
HUMaTb CBOE Haubojbliee 3HaueBHe B OKPYXEHHOH TOuke MHOWeCTBa f.

6) Tloka3zaTb, uTO MHOX(eCTBO Tex Touek B H, rae f mocturaeT cBOErc,
HaubonplIero 3Hay€HHs, BHIAYKJO.
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*2) INycts E —— oTaenuMoe TONONOTHYECKOE BEKTOPHOE HNPOCTPAHCTBO
Hag R, C —mnenmycrofi OTKpHTHIl BHOyKIbil 3a30CTpeHHHH KOHYC B £
c BEPUIHHOM xg, V — BhINYKNaA OKPECTHOCTh TOUKH x¢ B E v f — Beinyknas
dyHKuMA, 3agaHHas ¥ orpaHHYeHdas Ha C[]V. IlokasaTs, uTo f(x) cTpe-
MHTCA K KOHEUHOMY fpeneny, KOrga X CTPEMHTCH K X, ocTaBascs 8 CV.
{MoxBo cuurtath x9=_0. Ilycts B == limsup _ f(x); BecTH paccyxue-

z>0,2¢ClV

HHe OT HNpPOTHBHOrO, Apexnojaaras, 4TO CylecTsyeT a >0 Takoe, 4TO
B Kawaoif OKpecTHOCTH Hyns uMeeTca Touka y ¢ C([1V, aas xoTopoit
J(y)<B—a. llokasatb, 4TO cyuecTByeT ToYka @€ C}V Ttakas, uTto

S(pa) >B——;— ana 0<p<{1; BbiBECTH OTCIO7A, YTO TOrAa Ha MOPAMOF,

coepuHAlOWed TOuUKy BHAa pa (C AOCTATOYHO MaiuiM p) C TOUKOH y
B CV, 10CTaTOYHO GAM3KOM K HYJMIO U TAKOH, YTO f(y) <8 — a, nomxHm
Obln 6Bl CymecTsoBath TOYKH MHOwectsa C[1V, B Koropmix f 6uin0 6w
CKOJIb YTOXHO BEIHKO.]

*3) [lycTh E — oTaenumoe TONONOrMYECKOe BEKTOPUOE MPOCTPAHCTBO,
A —nenycroe BulnyKJIOoe MHOWECTBO B E, xo— TOYKa NPHKOCHOBEHUA
MHowecTBa A, f— KOHeuHasd BbiNyKnas QyHKuMA, 3agaHdHas Ha A, u
A — MHOXECTBO BCeX 3aMKHYTHIX HOAynpAMHX D ¢ HaualoM x, TaKHX,
uyto DA comepxuT OTKPHITHH OTPE30K C KOHUOM X, O6benunenne C
nonynpamMutx D € A ecTb BHINYKJAbIH KOHYC C BEepHIMHOH Xq.

a) Iloxasarb, yto KakoBsa 6b Hu Gbina nonynpsMas D €A, f(x) cTpe-
MUTCA K KOHEYHOMY Mpeneny HIH —-0o, KOrga X == X, CTPEMHTCA K X,
ocraBaich B D A.

6) Tycts ¥ — nogmHoxmecTso B A, o6pa3osaHuoe noaAynpsamMuiMe D
TaKHMH, UTO f(x) CTpeMHTCS K --cO, KOTZEe X =& Xy CTPEMHTCA K Xo,
ocraBaicb B D A; ecnn xo€ A, To ¥ nycro. [oka3ats, uto ¥ He Moxer
COXEPXaTh ABYX HPOTHBOHOMOXHBIX HONYAPAMBIX ¥ uTO ecan D, D/ — nge
pasivyHble AOnynpsiMble, mpuHHaamemaume ¥, u P — onpenenseMas UMH
MI0CKOCTb, TO Mu60 kaxnan nonynpamas D7 ¢ A, conepxawmasca 8 P, apH-
Hagnewutr W, mb6o D u D’ — epuucTBeHHbie nonynpamuie u3 ¥, comepxa-
urecs B P. Busectn orciona, uro ecnu ¥ == A, To HuKaKas MOAyRps-
Mas D ¢ He Mower comepmaTb OKPYmeHHOH Touku komyca C.

B) Ilycts @ — pononnenne k ¥ otHocutempbuo A. TlokasaTs, uto

.o6benunenve C, nonynpaMux D ¢ ® ecTh BHOYKAWH KOHYC W 4TO aas

nonynpaMex D ¢ ® npenen f(x), korga x = xo CTpEMUICH K Xg, OCTa-
Badcb B D1 A4, ne 3aBucHT oT D. [Mcnonb3osats ynpaxenne 2.] Kpome
TOrO, €CIH Xo€ A, To 3HaueHue srtoro mnpemena < f(xg), NPHUEM OHO
paBHO f(xg), Korza ® CONEPWKUT Mapy HPOTHBONONONHBIX MOMYMPAMSBIX.

r) Ecnu f —ue HenpepuiBHas nuueliHas ¢opma Ha E U A=E, 10
Kaxpad 3aMKHyTas HNOJNyNpsaMas ¢ HaYanoM x, HOpuHHagdexutr P, Ho

lim inf f (x) = — oo u lim sup f (x) == - co. [Mcnonb3osath ynpasHenue 2.]
> @, z>z,

4. Tlycts H — KOMNAKTHOE BLIAYKJIOE MHOXECTBO B KOHEUHOMEPHOM
OTIEAUMOM TOMONOrHYECKOM BeKTOpHOM mpoctpancrtse £ nax R. Tloka-
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3aTh, 4TO KaiJaad BHINyKJMas QYHKUMA Ha H orpaHudyeHHa cHu3y. [loka-
3aTh Ha MNpHMepe, YTO ITO MOXeT OuTb y¥e HEeBepHbHM, ecan E He
KoHeunomepHo. [CM. ynpaxHenue 3r.]

5) Tlycts E — BeKTOpHOE NPOCTPaHCTBO Hal R U A — Buinykioe MHo-
WKecTBO B E, coxepxalgee Havanxo. Jaa kawnoro x == 0 H3 E 0603HayuM
yepes p (X) HHXHIOW TpaHb yucen p >0 Takux, uTo x €pA, eciM Takue
yHCHa CYL{eCTBYIOT, H -~ 0O B MPOTHBHOM C/Iy4ae; KPOME TOrO, MOJONXHM
p (0) =0. Tlokasats, YTO p — BHIIYKAAA NONOWKHTENLHO OXHOPOHAA (PyHK-
nus B E; HasoBeM ee kaaulp0soHoll dyHxyuerd Muoxectsa A,

6) Mats: 1° npuMep KoOHeuHOW BHINYKAOH (YHKUHHM, ONpeNeNeHHOH Ha
oTKpuiTO#t nmoaynaockoctd /H B R?2, He orpaHmyenHolt Ha H M He cTpeMs-
wefics HM K KaKOMy Hpeleny HApH CTPEMJEHWM apryMmeHra K Touke O,
spamomeiica rpaHnudHoft mns H; 2° npuMep KOHeYHOH BITYyKAOH (pyHK-
UuH, onpeneleHHOH Ha OrPaHHYEHHOM OTKPHITOM MHoxectBe A 3 R2 M
He crTpeMsuefics HH K KaKOMy mpejeny IIpH CTPEMJEHHH apryMeuTa
K HeKoTOpoil rpaHMyHOH Touke 3TOro MHOMectBa. [PaccMoTperh xanubpo-
BOUHYI0 (yHKUMIO TuCKa, uMeomlero 0 cBoeil rpaHMyHON TOUKO.]

7) Nlycte U H V — BHNyKAble OTKPHITHIE MHOXECTBA B OTAEIHMOM

TONONOCHYECKOM BEKTOPHOM npocTpanctse £ nag R Takue, uto VU u U

" He comepXuT HUKakoi mnoaynpsMoil. IlycTh & — ceMeHCTBO KOHEUHBIX
BHOYKJBX yHKkuuii Ha [/, paBHOMEPHO OrpaHHUEHHHX CBepXy Ha Ipa-
Huie MHOxecTBa U/ M paBHOMEPHO OrpaHHUEHHbIX CHH3y Ha TpaHHUE
muoxecTBa V. [lokasaTb, 4TO f paBHOCTENEHHO HeNpephiBHO Ha V.

8) Ilycts H — BLINYKIOE OTKPHITOE MHOMECTBO B R™, &F -— MHOMECTBO
KOHEUHHX BLINYKABIX GyHKUuit Ha H u ® — dunabTp B F, cxogAwuiics
B Kaxa0# TOuKe MHOXecTBA H K HexoTOpoH KOHEYHOH ¢yHKUHH fo.
Iokasarh, 4T0 ® paBHOMEpPHO CXOZMTCA K fy Ha KaMIAOM KOMNAKTHOM
noaMHo¥ecTse MHoxectsa H. [Mcnonb3osaTs ynpaxHenue 7.]

*9) IlycTb E — KOHeWHOMEPHOE OTIeNHMOe TOMONOrHYeCKOe BEKTOp-
Hoe mpocTpaHcTBO Han R.

a) Iycrb $ (E) — MHOXECTBO BCeX 3aMKHYThIX MHOXecTB Hu3 E,
HaJeleHHoe PpaBHOMEpPHOH CTPYKTypoil, HoiyyaeMoif H3 paBHOMEepHOM
CTPYKTypHl npoctpancTBa E no cmocoby ynmpaxuenna 7 B OO6wW. Tom.,
ra. 11, § 2 (4). Tloka3aTb, YTO B HOJNYYEHHOM HPOCTPAHCTBE MHOXe-
ctBo £ (E) Bcex BHINYKNBIX 3aMKHYTBIX MHOXecTB H3 E 3aMKHYTO.
BuiBecTd oOTCioga, YTO MHOXECTBO BCEX BBIIYKABIX 3aMKHYTHX HOA-
MHOM(€CTB KOMNAaKTHOrO MHOxecTBa K £ eCTb KOMNaKTHOE MHOXECTBO
B & (E) [cM. O6m. Tom., ra. Il, § 4, ynpaxuenune 5 (15)].

6) Iycts F— BeKTOpHOE MNOANPOCTPaHCTBO NpocTpaHcTBa E 0 K—
KoMnakTHoe MHOMecTBO B E. IlokasaTs, yto oTobpawenne C — C[F mHo-
WeCTBa BCEX BLUIYKJAbIX 3aMKHyThix MHOowecTB Cc K B & (F) Hempe-
puBro. HenpepuBHo au otobpawenne C—CF wmHoxectsa & (£)
B & (F)?

B) Ilycto A mpoGeraer MHOWecTBO R, (£) BCeX BLIIYKALIX KOM-
NaKTHHIX MHOMeCTB B FE, uMeiomux 0 cBoeil OKpYyeHHOH TOUKOH, H



JIOKAJIbHO BBIMYKJIBIE NMPOCTPAHCTBA Trn 1, §5

D4 — Kanmb6poBouHas ¢yHKuua (ynpawxHenue 5) muowectsa A. [loxasatb
yTo OoTO6paneHne A — p, ecTb H3OMOPHH3IM PaBHOMEPHOTO HOANPOCTPAH-
ctBa § (E) npoctpanctsa & (£) B npocrpanctso (. (E, R) HempepbiBHbIX
yucnoBblx (yHKuMil Ha E, HaxeleHHOe pPaBHOMEPHOM CTPyKTypoH Kom-
nakTHOM cxomumocth (O6mi. Tom., ra. X, § 1).

10) Tlycts A — BHINYKJOC KOMIAKTHOEe MHO#kecTBo B R” u B — ero

ApoeKUH Ha MORIPOCTPAaHCTRO R*! (oToxmecTBIeHHOe ¢ rHAEpIO-
CKOCTbIO, OnpefefsieMol ypaBHeHueM &, = 0). IlokasaTs, yTOo Ha B cyule-
CTBYIOT IBe BBINyKNbie (PyHKuuu fy, fo Taxue, uto A coBnazaer ¢ MHOMe-
cTBOM Tex Touck (2, u) u3 R®, naa kotopuix 2B u fL(2)<<u<<—f2(2).

11) daa Toro uto6nl B JOKaJpHO BHINYKAOM HpocTpaHcTBE £ Cyure-
CTBOBaN0 BLINYKJAOC TCJAO, HE COAEpHKalee HHKAaKOro JHHEHHOro MHOro-
o6pa3us, Heo6X01HMO M 1OCTaTOYHO, YTOGLI TOMONOrHMs MHpPOCTpaHcTBa E
MaxopHpoBala HeKOTOPYIo HOPMHpOBaHHylo Tonoxoruio B E. [Noka3aTs, 4yTO
ecnd 3TO YCIOBHE BBITONHEHO, TO TIPaHHIbl JABYX BBUIYKIHIX TEN, He
cojepKaluX HHUKaKoH moaynpaMo#, roMmeoMopdHbL

*12) a) Ilycts E — GecKoHeullOMepHOe HOPMHPOBAHHOE HPOCTPAHCTBO
Hag R u § —ero Tonoaorusa. Iloxasatn, 4To B E CyluecTByiOT HOPMHPO-
BaHHas Touoxorus g/, 60onee cuiabHasd ueM §, ¥ HOPMHpDOBAaHHAs TONOMO-
rua §”, 6onee cnabas uyeM §. [OKpeCTHOCTH Hyas IJs 3THX Tonoxorui
onpeneaxuTL ¢ Nomougbio Oa3uca B E, 3amanHoro B dopMe (4, 4), [H€ a
npoberaetT HekoTopoe GeckoHeuHoe ceMelCTBO wuuieKcoB A, a n— MHo-
WecTBo Lenblx yucexa >0, npuueM [l a,, ) =1.]

6) Iycts p (x) — Hopma, ompexensiowas Tomoaoruio §”/. Tlokasatb
4yro ecau E B Tomodoruu § — 6aHaXOBCKOE NPOCTPAHCTBO, TO P HE MOMET
6biTh MONyHENpepLiBHOH cHu3y Ha £ B romoaorus §. [Bocnosb3osarbes
Teopemoil Bapa; cm. ra. 111, § 1.] BuisecTd oTCl0Ra, YTO BHIIYKAOE MHOME-
cTBO A, ompeneasieMoe HepaBencTBoM p (x) <1, He comepKUT HH OXHOH
BHYTPCHHEH (B TOMONOTMH §) TOUKH, XOTH BCC CIO TOYKH H OKpYKEeHHble.

B) BuiBectH u3 6), uto ecnn £ B TOMONOrWH § -~ GaHaXOBCKO€ HPO-
CTPAaHCTBO, TO B E CyLECTBYIOT HE3aMKHyTbie (B TONOJOTHH §) BBITYKJbi€
MHOXeCTBa, nepeceyeHHe KOTOPHIX C KAKIABIM KOHEYHOMEDHLIM JHHEHHBIM
MHOrooGpasueM 3aMkuyTo. [CM. § 2, ynpaxHenue 4, u § 1, ynpaxkzenue 15.]

13) Has Ttoro 4toSnl MHOWecTBO I' NOXMyHODM Ha BEKTOPHOM mpo-
crpaHctse £ Hag R 6Gbli0 MHOXKECTBOM B8Cex NOXYHODM, HeNpEpbIBHbIX B
HEKOTOpOH NOKaJbHO BbLIYKAOH Tomoixoruu B E, He0o6X0IMMO H 1NOCTa-
TOYHO, YTO6H I' ynOBIaETBOPANO CHexyiOWMM aBYM ycaosuam: 1° ecan peT,
TO KaxJas NMONyHOpMa g TakKas, 4To ¢-<  ap (rie & — NOCTOsHHas), NpH-
Hagnewut T; 2° ecam p u ¢ npusagnewar I', to u sup(p, q) Apuuaz-
newur I

14) Ilycte S — npoussonbuoe MHOKeCTBO, F = 7 (S)— 6aHaxoBcKoe
APOCTPAHCTBO BCCX OrPaHHYEHHBIX YHCAOBHIX (ynkuud Ha S, E — npo-
H3BOAbHOE HOPMHPOBaHHOe 1pocTpaHcTBO Hal R u M — ero sekrtopHoe
noxanpocTpadcTBo. Ilokasarb, 4TO AN KaKAOro HEAPEPHIBHOrO JTHHEHHOrO
otobpawenus f moanpocTpanctsa M B F cymecTByeT HeNpephBHOE
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auHeHOe oToOpaxeHue f npoctpanctBa £ B F, nponomxawiee f U Takoe,
uto |[fll = |Ifll. [[dna xamnoro s€S paccMOTpeTh auHEHHYO (GOpMY
x - (f(x)) (s), onpenenennyio Ha M.]

15) Mycts E — BexTopHOE npoctpaHcTBo Haja R, M — ero BekTopHoe
TIOATIPOCTPAHCTBO, p — NHoaynopMa Ha £ M g — noaynopMma na M Takas,
uto ¢ (x¥) < p(x) naa Bcex x ¢ M. Tokasats, uTo Ha E cyuecTByeT moay.
nopma ¢ << p, cyxenne KoTopod na M pasuo g. [CM. § 2, n° 5, seuma 1.]

16) Ilyctb E —- BexkTOpnOE npocTpanctBo Hax R, p — KoHeuHas monao-
HUTEAbHO ORHOPOAHAA BblIIYKAas GYHKUHA (NPOM3BOALHOrO 3HaKa) Ha E,
M — BextopHOe mnoampoctpaHcTBo B E M f— nuHelinaa dQopmMa na M
takas, uto f(x)< p(x) ans Bcex x ¢ M. Tokaszats, uro ua E cywe-
cTByeT nuueiinas dopma f, npogomxawomas f M Takas, uto f(x)<p (X)
ans Bcex x€E. [B npocrpauctBe E X R, HajeneHuom cuibHeiiiel
JOKaNbHO BBINYKJIOH TomoJdorueH, paccMorpets kouyc C, o6pa3oBasHHBIR
TeMu ToukaMu (x, f), ana kotoppix p(x)<[f, ¥ NPUHATbL BO BHMMAaHHE,
YTO 3TOT KOHYC -—— OTKPBITHIH.]

§ 6. KomnaexcHble JOKAABHO BBRIMYKJbIE NMPOCTPAHCTBA

1, Tononozuveckue 8exmopHoie npocmparcmsa Had C

ITycte E — TOMOJNOTHYECKOe BEKTOPHOEe NPOCTpPaHCTBO Hafx Tejom C
KOMIUIeKCHHIX yuced. Tomojorus mpocTpanctBa E coriacyeTcs Takxe
CO CTPYKTYPO# BeKTOpHOro mnpocTtpaucTtsa Hai R, noayuawoueiica npu
cyxenuu rtela cxaiagpoB Ao R. TonoJjoruyeckoe BeKTOpPHOe NpOCTPaH-
ctBO Hai R, 6a3ucnoe ana mpoctpauctsa E (ra. 1, § 1, n® 1), Mul Gylem
0603HauaTh uepes Ey. OtMeruMm, uTo orobpaxeHue x —»ix (He aBasIO-
weecs Ha E, roMoTeTHeft) ecThb asmomopgu3m & CTPYKTYPH TONOJOTH-
YeCKOro BEKTOPHOro mnpocTtpaHctsa B E,, oblajalomuit Tem CBOHCTBOM,
4To 4% (X) = — X.

O6paTHO, NyCTb TOMOJNOTMYECKOE BEKTOpPHOE mnpocTpaHctBo F nmax R
o6iagaer asToMOpHUIMOM 4 TaKuM, 4uTO u2= —¢ (TAe € — TOXNECTBCH.
Huilt aBTOMOpH3M). Kak wu3sectno (Auar, ra. 1X), B F MOXHO TOria
BBECTH CTPYKTYpY BEKTOPHOrO HpocTpancTBa Haa C, A9  KaxAOro
A=a+3¢C u kaxaoro x¢F nonoxus Ax=ax-}8u(x). Tak kak
otobpaxenue («, 3, x) - ax - Bu (x) npoussezenua RZX F B F Henpe-
PLIBHO, TO TOMNOJOrWs IpocTpaHcTBa F 6yleT coriacoBatbesd € BBEJEH-
HOH Tak CTPYKTypoOH BekTopHoro npocrpanctsa Hag C. M F Gynmer tono-
JOTMYECKHM BEKTODHBIM IpOcTpalicTROM Hapg R, 6asucubiM Iad onpeaenen-
HOT'O TaK TONOJOTHWYECKOro BEKTODIOro npocrpancrsa E nan C.

[Tpumep. IlycTe (G — TONOAOTMYECKOE BEKTOPHOE LPOCTPAaHCTBO
Hag R v F=G X G. PopMyna u(x, y)=(—y, X) Onpeae aset aBTOMOp-
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¢GusM u upocrpaHcrBa F, HMEOmHH cBouM KBajapatoM — e. Clenosa-
TEABHO, €My COOTBETCTBYeT B F CTPYKTypa BEeKTODHOrO IPOCTPaHCTBA
Han C, B Kotopoit (24 iB)(x, y)= (ax —By, 8x 4 ay), B uacTHOCTH,
i(x, 0)=(0, x) H, 3HaynT, (¥, y)=(x, 0)4-i(y, 0), 2 970 TOKaA3bLIBALT,
YTO OllpeleneHHOe TaK (HE TONMOJOrMYCCKOe) BEKTOPHOE NPOCTPaHcTeo E
Hag C mOAyueHO paclIHpeHHeM Tena ckanapos npoctpaHcrea G g0 C
(Aar, ta. I, § 2). Mbl 6yseM roOBOPHTb TaKike, 4TO TONOJOrHUECKOE
BeKTOpHOe IpocTpancTBO E Hal C mnoayueno H3 G HYTEM pacuiiperus:
meaa ckaasnpos 0o C, u obosuauats E Takie depes Gy,

3ameuanne He BcAKOe TOHONOrHUECKOe BEKTODHOE IPOCTpaH-
ctBo F Han R ofnamaer aBTOMOp(M3MOM &, HMEIOIHM CBOMM KBajipa-
toM — ¢, Tak, HallpuMep, B BEKTOPHOM HDOCTPAHCTBE Heuemuol pazMmep-
HocTH Haja R Henb3sm BBeCTH CTPYKTYPY BEKTOpPHOro HpocTpancTsa Haj C.

Mycts E — TOnmo/oruyeckoe BeKTOpHOe mnpocTpaucTB0 Hax C u
E,— 6asncHoe 1J9 Her0 TONOJIOTHYECKOe BeKTOPHOe HPOCTPAHCTBO
Hag R. Kaxpoe nuneitHoe MHOroo6pasue M npocTpaHcTBa E ecTb Takxke
JAunefinoe MHoroobpasme B E, o0O0paTHOe xe HeBepHO. B0 usbewmanue
NyTaHuUL, Mbl GydeM Ha3WBATh JUHeHHOE MHOrOOGpase NMpH CTPYKTYpe
BEKTOPHOTO NpPOCTPAHCTBA OTHOCHTeAbHO C (cOOTB. OTHOCHTelabHO R)
KOMNACKCHbUM (COOTB. BelyecmBennbim) AuHeHHMM MHOroo6pasueM. KoM-
MJleKCHOe JuHeltHOe MHOroo6pasue KOHeUHOH pa3MepHOCTH (COOTB. PaKTOP-
pa3MepHOCTH) 7 €CTb BelleCTBeHHOe /IMHEHHOe MHOroo6pa3ue pas3mep-
HOCTH (cOOTB. (pakTOppasMepHOCTH) 2n. [lAa TOro utobH BeleCcTBEeHHOE
BEKTOPHOe MOANPOCTPAHCTBO M mpocTpancTBa E GHIO TaKKe KOMILIEKC-
HBIM BEKTODHBHIM NMOANPOCTPAHCTBOM, HeOOXOMUMO W LOCTATOYHO, UTOOH
iMcM.

Hanomuum (Aar., ra. III, § 2), 4ro Ans TOMOJNOTHUECKUX BEKTOPHBIX
npoctpaictB E u F nag C orobpaxenue E B F HaswmBaercs C-juHelt-
HBIM (COOTB. R-IUHeHHBIM), €CaU OHO fABASeTCA AuHEHHHIM OTOOpa)keHHeM
npv Hafededuun £ u F CTPYKTypofi BeKTOpPHOro NpOCTPAaHCTBA OTHOCH-
Teabio C (cootB. R); kawmpoe C-nunefiHoe OTOGpaxeHHe, OYeBUAHO,
R-nune#tuo, ob6patuoe e HeBepHO. Jlonyckas BoABHOCTL peud, Mbl C-lu-
Helinyio ¢opmy Ha E OyleM Ha3HBaATh KOMNAeKCHOL NMHelHOH dopmoi,
a R-nuneitnyio dopmy nHa E (1. e. nuHeltHyio dopMy Ha Eg)— seuye-
cmeennol nuHeitHo#t dopmoit. Ecam f— koMmmnexcHas nuHefiHas dopma
Ha E, 10, oueBunuo, g=Rf u h=Sf— BelecTBeHnble AuHElHBIE
¢hopMH; npH 3TOM H3 COOTHOWeHHs f(ix)==If(x) cieayeT TOWAeCTBO
h(x)= —g(ix). Ob6paTHO, eciAHM g-—BelleCTBeHHas JjauneHnHas ¢opma
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Ha E, 10 f(x)=g(x)—ig(ix) ecTb OLHO3HaYHO ONpele/leHHAs KOM-
nJexcHas JuHefiHas ¢opma Ha E, mjaa xotopoh Rf=g; zaa toro
ytoOn f Oblia HenpepuiBHOR Ha FE, oueBuIHO, HeoGXOZMMO M AOCTa-
TOYHO, uTOOH OHA3 HenpepHBHOH g. ,

Ilycte Teneps H— komnaexcrhas aunepnaockocms B E, 3agannas
ypaBHenueM f(x)=a—} i, rae f-— KOMIIeKCHan auueitnast dopMma
Ha E; nmonaran g=9NRf, Mb BuiuM, u4to H ecTb mepeceuenne ABYX
seugecmsennsx 2unepnaockocmets Hy u H,, 3a5aHHBX COOTBETCTBEHHO
ypaBHeHHMU g(x)=a n g(ix)=—2§; ecau H 3amxnyma, 10 33M-
KHYTH Takxe I, v H, (ra. 1, § 2, teopema 1). O6patHo, nycrb Hy—
ONHODOAHAS BeueCMBEHHAA TUNEPIIOCKOCTh, € ypaBHeHHeM g(x)=0
(rne g-—BeulecTBeHHan nuHedHas ¢opma Ha E); torma H= H,NiH,
eCTh OJZHOPOXHAA KOMNAEKCHAST THIEPIIOCKOCTh, HpHYEM ee ypaBHe-
HueM cayxut f(x)=0, rie f—— xOMmIekcHas muHeHHas dopma, L1s
koTopo#t Mf=g; ecau H, 3aMxuyrta, T0 0 H 3aMkHyTa.

2. Komnaexcrsie N0KaABHO 8bINYKABLIE NPOCMPAHCMBA

HanoMHuM, YTO B KOMNJNEKCHOM BeKTODHOM INpPOCTPAHCTBe F MBI
HCIIO/Ib3yeM TePMHUH ,O0UCK“ B KayeCTBe CHHOHHMA HJA ,YpasHOBeuLeH-
#ozo mHOxecTBa* (ra. I, § 1, n® 3, onpenedenue 2); Takum oO6pasoM,
yTBepKAeHHe, YTO MHOXeCTBO AC E eCTb AHCK, 03HaYaeT, UTO eClIH x € A,
10 px€ A nna Becex p Takux, uto 0<Cp<{1l, ¥ e®x €A naa Bcex
BeleCTBeHHHX 0.

FoBOpAT, 9TO MHOMECTBO A B KOMIIJIEKCHOM BEeKTOPHOM NPOCTpaH-
ctBe E gunyKao, ecam OHO BHIYKJO B BelleCTBEHHOM BEKTOPHOM IpO-
cTpaHcTBe E,, O6a3ucHoM nas E. las Toro, utobb BHIYK/AOE MHOXe-
€tB0 ACFE 610 JUCKOM, [AOCTaTOMHO, uTOOH e®AC A 11a Bcex Be-
mecTBeHHbHX 0; JefcTBHTe/NBbHO, OTCIOZA MpexIe BCEr0 BHTEKaeT, YTO
—A=2A; 12Kk kaK A CHMMeTpHYHO, TO OHO cofepxur O ¥, cireno-
‘BateabHo, pAc A, xoraa 0 L{p L 1.

[lycth E — kOMIIEKCHOE TONOJIOrHYeckOoe BeKTOpHOe HpPOCTPAHCTBO.
HauMenbun#t BHnyxARR IUCK (COOTB. 3aMKHYTH BHIYK/ABIHA IUCK), COXep-
Wamuit MHOKecTBO ACE, Ha3vBACTCH 3aKPYACHHOL BWMyKA0d 060~
A04Kk0id  (COOTB. 3AMKHYMOL 3aKPY2AeHHOL 8unyKA0ld 000404K0L)
‘MHOXeCTBa A; 3aMKHyTas 3akpyI/eHHas BHIYKJax 000/0UKa MHOXe-
cTBa A ecTh 3aMHKAHMe er0 3aKpYrJIeHHOR BHIyKAOR o6onouxu. ITa
NocAefHAs eCTh BHOykJaa 0060M0uka oGbefuHeHHs MHOuecTB ¥4, Tak
YTO ee MOXHO OINpeledHTb KaK MHONECTBO JHHeHHHX KOMOMHauuh
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Ekixi, rie (x;) — mobble KOHeYHble ceMelcTBa TOYek u3 A, a (A;) — Ji0-
7
N
6ble ceMelCTBA KOMIUIEKCHBIX YHCeJ TaKHe, HTO 2, i%;]< 1. Ecnu A npez-
1

KOMNAKTHO, TO M €ro 3aKpyrieHHas 06010Yka npeixomnakta (ra. [, § 1,
n® 5), a 3HauuT, ecau E, JOKaAbHO BBINYK/O, —H €ro 3aKkpyrieHHas
Bhiyk/Jan 000noyka mnpeixomnaktTHa (§ 4, npenioxenue 2).

[oBopstT, 4TO KOMIUIEKCHOE TOIMOJAOTHYECKOEe BEKTOpPHOEe IIPOCTpaH-
¢TBO E 40KGAbHO BbinyK40, eCAU JOKANBHO BbilykJ0 ero 6asucnoe
BeliteCTBeHHOe TOIOJOrHYeckOe BeKTOPHOe HpocTpanctBo FEy T. e. eciu
KaxJas OKPECTHOCTb 1yl B E COZepXHUT BHIIYKIYIO OKPECTHOCTH HY.s;
rorojoruss § B E Ha3ulBaeTCR A0KQAABHO 8BNYKAOH, ec/Au OHA CoOrja-
CyeTCs CO CTPYKTYPOH BeKTOPHOro mpocTpaHcTtBa B E (oTHOCHTeabHO C)
u E, HazeieHHOe 3TOH TonoJjorueft &, NOKaNbHO BhnykJ0. Tak kak
KaxJas 3aMKHYTas BbIIYKJIas OKpPeCTHOCTb Hyas V colepxut TOria
3aKPYrlIeHHYI0 OKpecTHOCTH Hyxs W (ra. I, § 1, npemnoxenue 4), t0
OHA CONePHUT H B3aMKHYTYI0 3aKPYrAeHHYIO Bbillykiayio 060aouxy U
nocjelHefl; WIBIMH CJIOBAMH, 3QKPYZACHHBE BHNYKAbE 3AMKHYMbie
OKpeCTHOCTH HyaAs 06pasyloT ¢dyHIaMeHTaJbHYIO CHCTEMY OKPeCTHOCTeH
Hyaa B E, MpUTOM HHBADHAHTHYI0 OTHOCHTEJbHO BCEX TOMOTETHH C He-
Hy/JeBHMH Ko3(duiuueHTaMu.

O6paTHO, mycTb E — KOMIlIeKCHOE BEKTODHOe NPOCTPAHCTBO H & —
6aauc ¢uabrpa B E, 00pasoBaHHbIf N0240WG0MUMY 8uNYKAKMY OU-
ckamu. Kak Mol 3Haem (§ 2, n°l), toraa cemeitctBo B o6pasos MHO-
HeCTB U3 S INpH BCEBO3MOXHHX TOMOTeTHAX ¢ xko3dduuuentamun > 0
aBasgercs QyHIaMeHTaabHOR cucTeMOR OKpeCTHOCTeR Hyaa IJds JOKaJb-
HO BbNykJOH TOmojorun § B BeweCTBEHOM BeKTOPHOM MpPOCTPaH-
ctBe E,, Gasucnom mns E. Tax kak, KpoMe TOTO, MHOXeCTBa U3 B —
JUCKYM, TO OHUM HMHBAPUAHTHB OTHOCUTEJbHO BCceX roMoTeTHR x — eilx,
a 3To NOka3uBaeT, uto § corjacyercs €O CTPYKTYPOH BeKTOPHOTO
npocrpasctea B E (Hap C) (ra. I, § 1, npeanoxenue 5).

FOBOpAT, YTO KOHeuHas u#CAOBas GYHkUUA p, ONpelelieHHas Ha
KOMIIIEKCHOM BEKTODHOM IpPOCTPaHCTBe E, eCTh NOAYHOPME, €CIH OHa
yzosretsopseT akcuome (SNp) n°3 § 5 u crenyoweh axcuome:

(SNI) pQx)=|\|p(x) 045 scex x€E u AEC.
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To me caMoe MOXHO BHPA3HTh, 11OTPe6OBaB, uTOGH p GbAO HOAY-
HOPMO}i Ha BEIECTBCHHOM BEKTODHOM HPOCTPaHCTBe £y, GaszucHoMm aas E
ynosieTsopsuou(eli ycaosnio p (e®x) = p (x) aas Bcex B ¢R.

HenocpeacTBeHHO gcHO, uYTO ecad I’ ecTb MHOXeCTBO MOXYHODM,
onpeiejeHHHX Ha KOMIJAEKCHOM BeKTOPHOM IpocTpanctee E, u & —
MHOMeCTBO BCeX IOAMHOXECTB MNPOCTPAaHCTBA E, oOmnpelefseMblX Hepa-
BeHCTBOM BUaa p(x) <A, rae pET n A >0, 10 MHO¥XecTBO & mepe-
CeyeHUR 'BCeBO3MOXHBIX KOHeYHHX HaGopoB MHOmecTB u3 (§ ecTb ¢yH-
LAMeHTaJbHast CHCTeMa 3aKPYTJAeHHBX BHIIYKJbLIX OTKPBITHIX OKpeCTHOCTelH
HyAst OJ9 HeKOTOpOH JOKaJNbHO BHIyKJOH Tomoaoruu § B E. § Ha3bi-
BaeTCs ewe TOMOJOrHelh, onpedeasemod muoxcecmsom I noaywops.
Kampas J0KanbHO BHIYK.Jass TOMOJOTHs B KOMIIIEKCHOM BeKTOPHOM
npoctpauctBe F MOxeT ObiThb ONpelejeHd HEKOTODBIM MHOMXECTBOM
NOJYHOPM, NOCKOJbKY KaauGpOBOuHas (PYHKHHA 3aKPyrieHHON BLITYKJIOR
OTKPHTOR OKPeCTHOCTH HYJIs ecThb NOAyHOpMa Ha E.

Mbt nmpezocTaBiseM UHTATeN0 pPACHpPOCTPAHHUTb Ha KOMILIeKCHBIE
JIOKaJbHO BBHIIYKJble NPOCTPAHCTBA CBOHCTBA INOJAYHOPM, YCTaHOBJCHHBe
Bn°n®4,5u 6 § 5 Ang NOAYHOPM Ha BellleCTBEHHBIX JIOKAJAbIIO BHIIYKJABIX
NpPOCTPAHCTBAX, PaBHO KaK M [ABa MeTONA BBEIEHHs JOKAJbHO BHINMYKJIOH
TONOJIOTHY, ucciaesoBanHbie B n°n® 2, 3, 4 u 5 § 2.

KomijlekcHOe JIOKaJbHO BHIYKJIOe IMPOCTPAHCTBO HA3HBaeTCs NpPo-
cmpancmsom Dpeuwe, ecii OHO MeTPU3YEMO H TOJHO.

3. Teopema Xana— Bbanaxa

N3 teopembl XaHa— bBanaxa [Js BelieCTBEHHHIX TOMOJOTHYECKUX
BEKTOPHBIX NpPOCTPAHCTB, B ee reoMerpuuecko# ¢opme (§ 3, Teopema 1),
HeNOCPEICTBEHHO BHITEKaeT Clelyllliee INPeTOXeHHe:

IMrennoxeruE 1. Ilycme E — KoMRAeKCHOE MONOAOUMECKOE BLK-
mopHoe npoCmMpancmso, A-—mrnenycmoe BuNYKAOE OMKpbMoOe MHO-
gcecmeo 8 E u M —rxomnaexcrnoe auneinoe mrozoo6pazue 8 E,
ne nepecexawueecs ¢ A. Tozda cywecmsyem 3aMKHYMAA KOMNAEKC-
naa zunepnaockocms H, codepxcawan M u ne nepecexawwancs ¢ A.

MoOXHO OrpaHHYMTBCH TeM chaydyaeM, korza O0E M. Torza cyme-
CTByeT 3aMKHYTas BelleCTBeHHasd TMNEPNIOCKOCTb, COXepxawas M u He
nepecexaomasica ¢ A (§ 3, Teopema 1). Tax xax ‘M =iM, 10 3aMKkny-
Tas KOMIUIEKCHas rumepmiockocts H=H,1iH, u Oyzer o6iamaTeb
TpeOyeMbiM CBOHCTBOM. '
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CHEACTBHE. B KOMNAEKCHOM AOKAABLHO BHNYKAOM NPOCMPAH-
cmee E radcdoe 3aMKHymoe KOMNAEKCHOe AuHeldnoe mHozo06pasue M
ecms nepecewerue Co0epHCAWUX €20 SAMKHYMHX KOMNAEKCHHLX
unepnaockocmeii.

JleACcTBUTENBHO, KaXJI0e x¢M obnazaer BunykaoR OTKPHTOM

OKPeCTHOCTBhIO V, He mepecekaiomefica ¢ M, M 3HauHT CyLIeCTBYeT
3aMKHYTas . KOMIUIEKCHas THHepIIOcKOocTb [, comepkamas M u ne
nepecekaowas V; Tem 6onee H He comepkuT X,

Ananutuueckas ¢opma Tteopemn XaHa — Banaxa (§ 5, Teopema 1)
TaKKe 0600IIaeTCa HA KOMIIEKCHBle TOMOJOrHYeCKHE BeKTOpPHHE MPO-
CTPaHCTBa.

Teorema 1 (Xan-—Danax). I[lycms p-—noAYHOpMO HG KOM-
nAEKCHOM BeKmOpPHOM npocmpancmse E, M — sexmoproe noonpo-
cmparcmso 6 E u f— (xoMmulexcHan) auneiinas @opma, onpedesex-
Hags wa M u makaz, umo |f(x)| < p(x) dan scex mouex u3 M.
To20a cywecmsyem (KOMUNeKCHas) aunelinas ¢opma f, na E, npo-
Ooaxcaouan [ u markas, wmo |f,(x)| < p(x) 0an 8cex mouex u3 E.

He#ictBurenbHo, g =NRf ecTb BeureCTBeHHas nHHejtnas Gopma, olpe-
JedeHHas Ha M w Taxam, uto [g(x)|< p(x) Zas Bcex Touek U3 M;
Clel0BaTe/NbHO, CYWIECTBYeT BeutecTBeHHas JauHelinas ¢opma g,, ompe-
geleHnas Ha E, npomomkaiomas g ¥ Takad, 4To |g(x)|<p(x) Ha
BceM E (§ 5, teopema 1). Tlyctb f; (x¥) — xOMIIeKCHan auHelHas dopma
g (x)—ig,(ix) nHa E, umeowas g, cBoefl BeuecTBeHHOH 4HacCThiO. [las
BCeX BeulecTBEHHHX 3HaueHu# O nMeem

[ R (e, () | =R (fL(e¥x)) | =g, (¢¥x) | < p (e¥x) = p (x);

B uYacTHOCTH, |f; (x)| < p(x), u Teopema AnOKkasaHa.

CnenctBMe 1. [Tycme E-—romniekcHoe A0KAABHO  BIYKAOE
npocmpancmso u M -—KouniekcHoe 8eKmopHOe NOONPOCH PAKCIMEO
8 E. Has scaxoili HenpepwsHol auneidnol gopuv f na M cyue-
cmeyem Henpepulsias aunelnas opma fy, onpedesennas Ha E
u npodoaxcaouan f.

JlocTaTOYHO 3aMeTHThb, 4TO Ha E cywecTByeT HenpephBHasg NOay-
HopMa p Takad, uTo |f(x)| < p(x) nnst Bcex xEM (§ 5, npenno-
#eHue 9). '
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U3 artoro caexctsuda Cpa3y BbLITCKAeT, UTO KaXJaoe HECIPEPLIBHOC

anHelnoe OTOoGpaxKeHHE moanpocTpancTea M B npou3sejpeHue ct npoxoa-
WwaeTcs XO HENpPEepHBHOro JHHEHHOro oTobpaxenus npoctpaHcTsa E

s CI (cM. § 3, caencTBHe 5 nmpeanoxenns 4).

Caeacteue 2. [Aaf  K@x#c0020 KOHEHHOMePHO20 (KOMNAEKCHO20)
8eKmoOpHO20 noonpocmparcmsa M omderumo20 KOMNAEKCHO20 A0-
KQAbHO suinyKa020 npocmpancmea E cywecmsyem 3amxnymoe (Kom-
naexcroe) seKkmopHoe noonpocmparcmso N, monosozuneciuy 0onosHd-
measnoe k M.

C yueroM IipeibAyIIer0 3aMeYaHHs [JOKAa3aTeJAbCTBO COBNajaer
¢ JOKa3aTenbCTBOM CleICTBUa 6 npennowenus 4 § 3.

CaeacrBue 3. [lycmbv E — KomnaexcHOe HOpMUPOBaHHOe npo-
cmpancmso & M—e20 KOMNACKCHOE BeKMOPHOE noOnpOCMPAHCMEO.
Jan Kaowdod Henpepusrol auneldnoli gopus rwa M cywecmsyem
Henpepusnas Auneinas gopma f,, onpedesennas na E, npodoaxcan-
wasn f u makas, wmo || fl|=|f;

ﬂoxaaarenbcrso coBllagdeT € JAO0Ka3aTeAbCTBOM CJEICTBHY 1 Teo-
peme 1 § 5.

[MperocTaBasem uutaTeMm0 cHOPMyAUPOBATH 1A KOMIIEKCHBIX JO-
KaAbHO BHIIYKAHX HPOCTPAHCTB aHAAOr CAeACTBHA 2 Teopemn 1 § 5,
JOKa3aTeAbCTBO KOTOPOTO COXpaHseTCs 6e3 BCAKMX H3MeHeHHH,

YopawxueunHda 1) YCTaHOBHTb nis TOHOJNOrHYECKUX BEeKTOPHHIX
NpocTpaHcTB Haj TeaoM K KBaTEepHHOHOB ONpeleneHHss M CBOMCTBA, COOT-
BETCTBYIOI[HE NPHBEACHHbBIM B 3TOM Naparpade.

2) Beexem na p-apmyeckoM 1ene Q, (p —mpocroe > 2) Hopmy | £ =
=927"p (c), Tie v, — p-aauyecKas HOpMa, M Ha BEKTOPHOM NPOCTPaHCTBE
E=Q; pasmeproctn 2 uan Qp,—muopmy [ n)li= &4 [n] Iycrms
X9 —BeKTOp (P, p), D — nopoxnensoe M OQHOMEpHOE HOANPOCTPAHCTBO
B £ n f—auneiinan dopMa Ha D, omnpexensemas ycaoBHeM f(xoy=1.
[okaszatb, uto [|fil=1, HO xag Kaxjoli nuueiHoi Qopmbl f; ua E, mpo-
romxawomeit f, || fill>2

*3) Ilyctb K— HegHCKpeTHOE IOJNHOE HOPDMHPOBAHHOE Teno B E —
HOPMHMpPOBaHHO€ HpPOCTPAHCTBO Hak /X, HOpPMa KOTOPOro YJAOBAETBOPACT
»YAbTpaMETPHUecKOMY“ HepaBeHcTBY || x |-yl max(Jlx(l, fiyll)-

a) IToka3atp, 4TO HOpMa YJXOBJIETBOpPACT YJIbTPAMETPHUECKOMY HEpa-
BEHCTBY Ha Kaxk1oM (aKToplnpocTpaHcTBe HpoctpaHcTBa E no 3aMKHYTOMY
BEKTOPHOMY NOANPOCTPAHCTBY. :
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6) MNycte E nasymepHo naj K, x—Henyaesoil Bektop u3 E, D—
TIOpOMASHHOE HM OHOMEPHOE BEKTOPHOE MOANPOCTPAHCTBO U f — AnHeiinas
topma nHa D. Ilokazate, uTO aad moboro e >0 cyuecTByer JAHHeHHad
tbopma fy, onpenenennas Ha E, mponomxawouwas f m takas, 410 || fill<<
<L (14-¢)Ifll. [B3atb 6Gasuc B E, obpasosanHbi BeKTOPOM X H BEK-

TOPOM ¥, IaA KoTtoporo ||yl >1—_F-E, rie d — pacctosuue ot y 1o D,

H A Kaxaoro 2==Ax-} py € E nonoxuts fi(2) ==f(rAx).]

B) Ilyctb E — npou3BOAbHOH Pa3MepHOCTH H M — BEKTOPHOE NOANPO-
cTpanCTBO B E, daKropnpoctpancTso E/M no kKotopoMmy ofnagaer CUCTHRIM
Gasucom Hax K. Tlokasatb, UTO aas Kaxjaol HeNpephiBHOH JHMHEHHO#H
bopmMul f Ha M H kawxaoro e >0 cywectsyer auHeinas d¢opMa fi,
onpefeleHHas M HelpepoiBHag Ha FE, npojoxxalomas f H TaKad, 4TO
1A (1 4¢)Ifl[. [Mcnonb3oBaTs a) ¥ 6).]

*4) Mlycts K— HeIMCKPETHOE MNONHOE HOPMUpOBaHHOE TE€a0 H E —
HODMHpOBaHnOe mpocTpancTBo Hax K ¢ HOpMmoO#, yrosaetBopsioniel
yAbTpaMeTPHUECKOMY HepaBeHCTBY (ynpaxuenue 3). Ipexnonoxum, KpoMe
TOro, 4T0 00pa3oM MYJNbTHNNMKATHBHOH rpynmbl K* HeHYJNeBHIX 3JEMEHTOB
#3 K npH orobpawenun E-»|&) cayxuT OuckpemHas UoArpynna
rpynnsl Rl (uTO, HaNpHMeED, UMEET MECTO B CAYYaE p-aauyecKoro Tena Q).

Iycts M — BexToplioe noanpocrpaHctso B E H f— HenpepbiBHasA
avHeiHas dopMa, onpexenenHas Ha M. IToka3satb, UTO CywWeCTByeT AHHEH-
Han (opma f;, onpeneleHHas W HempephiBHasa Ha £, nponomwalomas f
H rtakas, uro ||fi)l=|Ifll. [[Ipumenenuem Teopemn llopua cBecTH K cay-
qalo gBymepHoro E, 3aTeM paccyxnlath, KaKk B ynpaxueHuu 36.]

*5) Mycte K — Teno opManbHLIX PAJOB C BHOJHE yNOPALOYEHHBIMH
(BeuleCTBeHHbIMH) MOKa3aTeNAMH W BELUECTBCHHHIMH KO3(hpHUKMCHTaMH
(Anr., ra, 1V, § 5, ynpaxuenue 11 (1)), Jas KaxAOro HeHyJAeBOro 9je-
menta §= X a (£) Xt u3 K nonoxum | §| = exp (— ), rae fo— Hanmenp-
g 3nemet31-6n!‘ mHOMecTBa Tex fER, aasa koropuix a (f) = 0; monowuM,
KpoMe Toro, | 0| =0.

a) lokaszats, uto |&| ecTb HOpMa Ha K u uto K, cuabmeunoe 3toH
HODMOH, €CTb NOJHOE HOPMHPOBAHHOE TENO.

6) Iyctb Ky — MHOKeCTBO B K, COCTOAICE M3 DANOB § == Za(t) X¢t,
A KOTOpuX mokadateau f¢ER ¢ a(f)==0 obpasyior BOBpaCTathELl:lle no-
CNeOBAaTEAbHOCTD (fy), CTpemaAllylocad K -+ 0o (4 3aBucaumyw ot £). [o-
Ka3zaTh, uto0 Kp €cThb 3aMKHyToe mojgreno B K.

B) Bynem paccMatpuBath K KaK HOpMHpOBaHHOE IPOCTPAHCTBO Haj K,
rae 3a Hopmy saeMeHrta §¢ K mpuuaro |£[|. Ilycts f— toxaecTBeHHOE
otobpaxenne K, Ha ceba. IToka3ath, uTo Ha K He CYIIeCTBYeT HHKaKOH
HenpepuiBHON NuHEeHHON (opMul f, npoaodxalomeii f U TakoH, uto {|f1| =
=|#ll. [PaccMoTpeTb 3HauyeHHe HENPEpPLIBHOH JMHEHHOH (OpMBL fy, Npo-
nonxatomed f, na saemenre £€ K, naa KoToporo rmoxasarean f€R
¢ a (f)5=0 oOpa3syoT cTpOro BO3pacTaloIlyio MOCAENOBaTENbHOCTD, Orpa-
Huuernyo B R.]
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Teorema 1 (Mapkos —Kakyranu). Ilycms E — omoeaumoe mono-
Ao2uecKoe sexmoproe npocmparcmso Had R, K—Henycmoe Kom-
nakmuoe swnyKioce MmHoxcecmso 6 E u T'— munoxcecmso nonapro
nepecmanoBo4HuX QPEHURHOLX AUHEHHBX O0MOOCPANCCHUT NPOCMPAH-
cmsa E 8 cebsn, nepesodswux K & cebs, cyxmenun romopsex Ha K
Henpeposro. Toz0a cywecmsyem mouka x,€ K maxas, 4mo u(x,) =
==X, 04n scex ug€rl.

Ilyctb e — ToxzecTeeHHOe oTOGpaxenue E Ha ceba. as xkawmporo
€l ¥  KaxaOro UeJOTO  HOJONUTENBHOrO 7 TOJONUM U, =

1
=7(e—|—u +u2+ ... +un-1) B kombue A Bcex adpduHIBIX TMHERHHX

oroGpaxenut F B ceba. Tak kaxk K Beinykao u # (K)c K, 10 4, (K)CK;
KpOMe TOrO, cyxeHue u, Ha K HenpepbiBHO. [lycth I’y — noamuoxecTBO
B o€, 06pasoBaHHOe NMPOU3BEJEHUAMH BCEBO3MOXHbLIX KOHEYHHX HaGOpOB
oToOpakeunit puia u,, rie u npoberaer I', a n — MHOKECTBO BCeX Uea BHIX -
uucen > 0. SlcHo, 410 adduHHble MUHeHlbe OTOBpaXeHWs, MpUNALIC-
xawue I, monmapso mepectauopouibl u Cyxenue kawioro v&Iy na K
HenpepbiBHO, npuueM v (K)cK.

MuoxectBo B MHOwecTB v (K), rie v npoberaer I';, ecTs Oa3uc
durempa B K. llefictBurenpHo, ecmt v €T u w €Ty, To, nonaras u =
=vw=wv, uMeeM u€CIl| u e (K)=v(@(K))cv(K) u 713K ¥KWe
u(Kycw(K). B cuny HenpepoiBHOCTH CyxeHu#t oTOOpaxenut v & Ty na K,
MHOXecTBa U3 B womnaxmus. CreioBaTenbHo, NepeceyeHne A BCEX MHO-
. %ecTB u3 B He nycmo. Mbl OKaXeM, YTO L1g KaxAoro x € Aukaxaorou &I’
HMeeT MeCTO paBeHCTBO «(X)=—x, YeM # Oylder yCTaHOBIeHa CTpaBen-
JMMBOCTb TeopeMbl. Ilycth x € A, Kaxkoo 6bl Hu OblI0 Heloe n>0,

umeeM x € u,(K), Tak uto x:-rl?(y+u(y)—|—..-+u”"1(y)) Ans

HekOTOpOro y¢& K, oTkyada
() —x =)+ 2+ .. 2" () — |
— Lot - () = @ () — ) € (K—K).
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IMycts V — ypaBHOBelleHHAss OKPeCTHOCTH Hyas B E u W -— ypaBHOse-
[IeHHas OKPeCTHOCTb Hyas Takas, uro W+ Wc V. Tak xak K— K=K’
KOMIAKTHO (Kak 06pa3 xoMmakTHOro MHoxkectTBa K X K usz £ X E npu
HellpepHIBHOM OTOOpameHun (X, y)—> X -—23y), TO CyilleCTByeT KOHeuHOe
qucao Touek a; (1 i< m) takux, 4to K’ cOepKHUTCH B 06beluHEHHH
okpectHocTeft a@;—+W. Tak xak W — noriowamoliiee MHOXeCTBO, TO
cymecTByeT uncao o Takoe, 410 O <{a {1l n ag; €W (1Lim).

Otcioza aK'cW +aW W +WcV. Bass n>—:T, BUILUM, UTO 4 (X) —

— x€V. Tak kak E orTzenuMmoO, TO 3aK/I0YaeM, UTO 4 (X)=x.

[lpuMep: cywecmsosanue UHBAPUAHMHOZ0 CpeOHez0 HA moOnoaAo-
2uyeckoli koMmymamugrot epynne. Ilycts (G — ronoixornyeckas Kom-
MYTaTHBHas CPYNNa, B aIAMUTHBHOH 3amHcH, H E = (2 (G) — BexTOpHOE
NPOCTPAaHCTBO BCeX OrpaHHUEHHLIX HENPEPHIBHHIX UYUCAOBBIX (QyHKUHH
Ha G. Cuabxennoe HOpMOH | f| = sgg[f(x) |, £ ectp GanaxoBcKoe INpo-

&£

CTpancTBO; KpoMe TOro, E -— ynopajgoueHHOE BEKTOPHOE IPOCTPaHCTBO
(rae otHoutenne f >0 o3Hauaer ,f (x) >0 mas Bcex x ¢ G¢). Axrebpan-
yeckoe conpsamenHoe *) E* x E, HaleleHHOE TONOJOrHed pOCTOH CXOAM-
MocTH Ha £, ecTh OTAEINMO€ JOKaJAbHO BHINYKJOE IPOCTPAHCTBO.
Nycte K — noamuoxecTBo B E¥ 006pa3oBanHOE NOAONCUMEAbHHMU TH-
HeHHuiMH (opMaMH . Ha E, ynosaerBopsioiiuMH ycaosuio p(1)=1
(»cpexmme® Ha G; cM. Hurterpup., ra. 11, § 1). Tas kamnoit nuneinoi
dopmbt € K w Kamnoit pynkuun f€E nveeM | p(f)|=|p(f+*—F)I<
LK (fH+p (Y21, fcno, uto K 3amxrymo B E*, a nocnensee
HepaBeHCTBO MOKa3nlBaeT (B CUAY TeopeMul THxoHOBa), UuT0 K KOMnaxKmuo;
KpoMe TOro, K OYEBHIHO 8bLNYKAO.

[Tycts Tenepn f,, Axs xawxxoro §€ G m Kaxaod oyuxkuun f¢€E, —
GysKuna x —>f (x 4 s); oueBuaHo, f € E. Ilna xaxnoi annedHo# (hopmu
m€E* f—>p(fg) ecTh cHoBa amHelHana (opma Ha E; oGo3naunM ee pg. Ha-
KOHEl[, | — g €CTh JHHeitHOoe oTo6paxeHue E* B cebs; o6o3naunum ero U,
Henocpencteenno sacHo, uto Uy (K) = K n U, Henpepriso Ha E*. Kpome
TOr0, TaK KakK, AJA JOOKX ABYX 3XeMEHTOB §, € G, fi (x 4 8) = fa41(x),
10 g (fi) = phgts (f) Ans moGuix € E n p € E* u, caeposarensuo, UgUy =
= {JlJg = Ug ;s Taxum 06pa3oM, K KOMIAKTHOMY MHOXECTBY K # ceMeHcTBY
JHHEHHBIX oToGpaxennii U, (rae supoberaet () npHMeHnMa TeopeMa 1, 1, cae-
IOBaTeIbHO, CYIWECTBYET CpeaHee p & K TaKoe, UTO pg = P 114 § € G; roBo-
PAT, YTO \ UHBAPUAHMHO OMHOCUMEAbHO cO8uzo8 u3 G (cM. HHrerpup.,
ra. 11, § 1).

#) T. e. BEKTOpDHOe NPOCTPAaHCTBO BCeX JHHENHBIX (opMm Ha £ (cM. ra. IV,
§ 1, n°1). — Ilpuns. nepes.
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YnpaxHenus 1) [lyctb E—TONoNorniecKkoe BEKTOPHOE NPOCTPaH-
ctBo Hal R, K— HenycToe KOMMaKkTHOe BBINyKJXOoe MHOwecTBO BE uI' —
pa3pewunmas rpynna (Aar., ra. I, § 6, ynpaxnenne 14) apdHHHHIX M-
HefiHbIX OTOOpaxeHuil mpocTpancTBa E B cels, CyXeHHA KOTOpHX Ha K
HenpepbiBHbL, npuueM #(K)c K nas Bcex u¢l. Ilokasars, uto cyuie-
CTBYeT TO4Ka Xo€ K TaKafl, uT0 & (Xp) == Xo aaa Bcex u ¢I'. [Mupyxkuueit
MO JNMHE KOMIO3HIHOHHOrO psfa mas I, nocnenoBaTenbHble akTOPrpynisl
KOTOPOTrO KOMMYTATHBHBI, C HCIOJb3OBaHHEM Teopemnl 1.]

2) Mycts G — Tononoruueckas rpynna v E = @€ ® (G) — ynopsaaouennoe
BEKTOPHOE TPOCTPAHCTBO BCEX OTPAHMYCHHBIX MHENPEPHIBHBIX YHCIOBBIX
¢yuxumit Ha G (rae f >0 osnagaer ,f(x) >0 maa Bcex x € G*). FoBo-
pAT, UTO TONOXHUTENbHAsA JuHeitHass ¢opma i Ha E ecTb cpegHee Ha G,
ecan p(1)=1. Jna xaxmoro s¢€ G u Kaxnoit ¢pyHKusu f¢ E 0603HauuM
uepe3 gf (COOTB. fg) OrpaHMYEHHYI0 HENPEPHIBHYIO YHCIOBYI0 (DYHKUHIO
Ha G, ompeneieHHyw Gopmynoll gf (x) = f(sx) (cooTB. f5(Xx) = f(xS)).
I'oBopsT, uto cpeanee p Ha ( uHSapuaHmHO caesa (COOTB. Cnpasa)
OTHOCHTEeNbHO CIBHMrOB M3 G, ecau i (of) = p(f) (cootB. p (f5) =1 (f))
Iz Bcex S€G w Bcex fEE. Ecam ma G cymectByeT cpejHee p, MHBa-
pHaHTHOE cJeBa, TO CYUIECTBYeT cpeaHee g, HHBapuaHTHOE CJaeBa
u cnpasa. [[lonaraem p/(f)=p(g), tae g(x)=f (x-1), u p ()=
=p/ (f'), rae f(x) =p(fy).] Mokasarb, uT0 Ha paspewumoli rpynne G
CyWEeCTBYeT CpejHee, HHBapHaHTHOe cleBa M cnpaBa. {[Mcnoab3osath
ynpaxHenue 1.}

*3) Myctp S — MuUOXECTBO, HajgeleHHOe Ipynmosi onepartopos I' (Aar.,
ra. 1, § 7, n°2), u E= 47 (S) — BexropHOoe mnpocTpaHcTBO (Ham R) Bcex
YHCNOBBIX (YHKLHH, ONMpeXeNeHHHIX M oOrpaunueHHbIX Ha S. Hapeaum E
rpynnoit oneparopoB I, nonoxue sf(x) =f(s—1x) masa xawaoi QyHKuuH
f€E v xaxporo s €T'. Tlpeanonoxum, uto rpynna I' (HageneHHas TUCKpeT-
HOH TOMOMOrHeil) o6najaeT HHBAPHAHTHHIM CNeBa CPEAHHM p.

Mycts g2>0— ¢yukuns u3 E, E; — BEKTOPHOE MNOANPOCTPAHCTBO
B E, nopoxaenHoe npeo6pasoBaHMAMH Sg (GYHKLHHM g MOCPEeXCTBOM Ofe-
paropoB $¢I', m E,— BEeKTODHOE MNOANPOCTPAHCTBO B E, MOpOMAeHHOE
byHkuuamu > 0, MaxopHpyeMbIMH GyHKuMaAMH u3 E;. [lokasats, uto ecam
Ha E; cymectByeT mOJOXMTeNbHas JHHeHHas ¢opMa ¢=~=0 Takas, 4TO
9 (sf)=19(f) mna Bcex f€ E; u Bcex s¢l', 10 Ha E, cyulecTsyer 1ofo-
WMTeNbHas JuHeiiHan ¢opma Y=~0 Ttakas, uro ¢ (sf)=¢ (f) @na Bcex
f€E, u Bcex sel'. [Hcnons3ys ynpawueHme 2 § 3, xokasatb npexie
BCETO CYI[ECTBOBAHME TMOMOKHMTENbHON JHHEHHOH (opMu ¢ Ha E,, npo-
zomxaiomei ¢.)

Cayuait g=1.

°4) a) [lokas3aTh, 4TO CYHIeCTBYeT amAMTHBHAaA (QYHKUMA MHOXECTBA
A (A) >0, onpexenennas As BCEX OTPaHHYEHHBIX MHOXKECTB HAa YHCHOBOI
nnockoctd R?, MHBADHAHTHAs OTHOCHTENBHO BCEX IBHKEHHMI H pasHas 1
mas 3aMkHyToro kBaapata C ¢ uentpoM O u cropoHoil 1. [IIpumennts
ynpaxHenue 3, npunAs 3a I' rpynny Bcex AsmxeHuwii B R?2 u 3a g—
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XapaKTepUCTHYECKYI0 (yHKuuio kBanpara C; TpHHATE BO BHHUMAHHME,
uto I' paspeuinma.]

6) Tokasatb, YTO CYyW[ECTBYeT aIMTHBHAA = (QYHKUMA MHOMXECTBa
A (A) >0, onpenenennas Ha Bcex MioxecTBax M3 R2 umHBapHaHTHas OTHO-
cuTeAbHO BCex moxobuit u pasnad 1 ana A= R2 [Tor xe MeTom B mpu-
MEHEHHH K rpynne noxo6uit.],

5) Mycte E — BekTOpHOe npoctpancTBo Hax R u G — paspeminMas
rpynna ero aBTomoptu3mMoB, M — BEKTOPHOE MOANPOCTpaHCTBO B E, HHBa-
pHaHTHOE oOTHOcHTenbHO §(, H p — moayHopMa Ha E TtaKas, 4T0 p (SX) =
=p(x) ana Bcex x€E M Bcex s € G. TlokasaTb, 4TO nJs BCSAKOH JH-
HeHiHolt opmbt & Ha M Tako#, uto |a(x) | << p(x) v u(sx)=u (x) naa
Bcex x €M u Bcex s¢ G, cyllectByeT auHeHHas (opma «, NpoNoIKAI-
mas z Ha E W rtakas, uto |u(x)|<p(x) ¥ w(sx)=u(x) xas Bcex
x€¢E u Bcex s¢G. [B mpoctpancrse RE paccMOTpeTb MHOXECTBO K
Bcex JHHeiHbix ¢opm f Ha E Takux, uto f(x¥)=u(x) masm xeM

u | f(x)| < p(x) naa Bcex x € E; nokasatb, 4T0 K — Henycroe KOMMAaKT-
HOE BLIMYKJIOE MHOXECTBO, H HCHOAB30BaTh ympaxHeHue 1.]



F'TABA Il

MPOCTPAHCTBA HEMPEPBIBHbIX JHUHEWHbIX
OTOBPAXEHHUHA

Bce sexmopHbie npocmparncmsa, paccuompusaemvie 8 3moL u cae-
Oywoueil 2aa8ax, 8C100Y, 20€ He 02080PeH0 NPOMUBHOE, UMEIOM CEOUM
MeAOM CKAAAPOB MEAO BEUECMBEHHBX UAU KOMRAEKCHOLX HlUcen,
ecau Meao CKAAAPO8 ABHO He YKA3AHO, MO MO0 O03Havaem, 4mo
ymsepocOerue Cnpagediuso Kax 8 mom CAy4ae, K020@ MEAOM CKA-
aapos cayxcum R, max w 8 mom cayiae, Koz0a meaoM CKAAAPOS
cayscum C. Ecau 00HOBPeMEHHO paccmampusaemcs HECKOAbKO BeK-
MOPHBLX Npocmparcms, mo nodpasymesaemcss (e€au He 02080peH0
npbmusﬂoe), Ymo OHU uMelom 00HO & MO Jce meno CKAAAPOS.

§ 1. Boueunsie NpoCTPaHCTBA
1. Onpedenernue 604e4r020 NPOCMPAHCMEA

OnPefEAEHUE 1. Doukold 8 AOKGABHO BUINYKAOM NPOCHPAH-
cmse E Haseigaemcs xajxncdoe 3a MKHYMoe noziowanuee ypasrLo-
BewleRHOE BHNYKA0E MHONCecmBO. JIoKAAbHO BWNYKA0E NPOCMPAH -
cmeo E Hasvieaemcs Goueunusis, eciu Kaxdas Gouxa 8 E ecms
OKpecCmHOCMy HYASA.

CyluecTBYIOT He 604YeuHble JOKaIbHO BHITYKIbie MPOCTPaHCTBaA (YMpax-
HeHus 4 u 5), a crepyiolulee NPELTOKEHUE ITOCTABAACT BaXHbiE MPHUMEPHI
60YEUHbLIX NPOCTPAHCTB:

[MreaaoxennE 1. Kaxcdoe aoxasvio swnykisoe npocmpancmso E,
asasoueecs 03posckunm npocmparncmgom (O6w. tom., Pes., § 1, n°17;
ri. 1X, § 5, onpenenenune 3), 6oueuno.

HefictBurenbno, nyctb T—60uka B E; tak Kak T — nor.ouiaomniee
MHOXeCTBO, TO E ecTb oO0beautenne 3amxnymoix MHOXecTB nT
(rae n—uensie > 0); Tak kak E— 63POBCKOE OPOCTPAHCTBO, TO MO
KpaiiHeli Mepe OJHO M3 3TUX MHOXeCTB 001alaeT BHyTpeHHelt TOUKOHN
(O6wm. Tom., Pes:, § 1, n°17; ra. 1X, § 5, ompeneaenne 3), a suauur,
n T camo uMeeT BHYTPeHHIOIO TOUKY Xo. Ecim x,—=0, 10 TeMm cambm T
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ecTb ‘OKPeCTHOCTb Hy.ifl; eCan xe Xo #= 0, 10, nockoabky u — xo€ T, 0,
KaK TOYKA OTKPHTOI0 OTPE3KAa C KOHUAMU Xy H — X,, €CTb BHYTPeHHAS
TOYKA BHIMykJ0Oro MHoxectsa T (ra. II, § 1, mpennosxenue 15) u cHoBa
COPaBedJMBO TO e 3aKJIOUeHHE.

CaencreuE. Kascdoe npocmpancmso dOpeuwe (U, 8 *ACMHOCMU, KOXC-
doe 6anaxo8cKk0e npocmpancmeo) 604edHo.

3aMmeuaHue. [lycth p — nmoayHopMa, omnpefefeHHas Ha JOKAIbHO
BHINYKIOM npocTpaHcTse E, u T — nornoumamiiee ypapHOBelIEHHOE BHIMYK-~
J0e MHOXECTBO, 06pasoBaHHoe TeMH x € E, mas kortopmx p(x)< 1. Has
TOro 4To6n 7' 6bLIO 6OYKOI, HEOOXOIHMO U XOCTATOYHO, UTOOH p OBLIO NO-
AyHenpepusHo cnuzy Ha E (O6w. Tom., Pes., § 6, n°18; ra. IV, § 6, npex-
noxenne 1 (17))., CruepoBaredbHO, aasi TOro 4TOObl E 6bI0 60ueuHbIM
NPOCTPAHCTBOM, HEOOXONHMO H [IOCTATOYHO, YTOOH Kaxdad MoXyHenpe-
phiBHaA CHH3y noayHopMa Ha £ Gnina HenpepwiBHa (ra. ll, § 5, mpemno-
xeHune 3).

2. Csolicmsa 60ueqrbLX NPOCMPARCME

Mpeanoxkenue 2. ITycms  (F,),c;— cemelicmso Goueunmx npo-
cmpancms u f, 048 Kaxnc00z0 € I— auneinoe omobpascerue F, 8
gexmoproe npocmpancmso E. ITpocmpancmeo E, nadesennoe cuisp-
Hedweld ROKQABHO BHINYKAOUL monosozued, 8 KOMOpPOL HenpepvigHvl
sce omobpasxcenusn f, (va. 1, § 2, n°2), 6oueuno.

He#tcrButenabHo, mnycte T—06ouka B E. Tak kak otoOpaxeHue f,

-1
Henpepbipuo, TO f,(T) eCThb 3aMKHyTOe BHIIYKJOE MHOXecTBO B F,,
ADUTOM YDaBHOBELIeHHOe M TOCJOLLAIOULee, HHBIMH CJAOBaMM — GOuka

-1
B F; tak xak F, Goueuno, t0, cienoBarebhO, f, (T) ecTh OKPECTHOCTDH
Hyna B F, nna kaxporo t€ [ u, 3uauut, T ecTb OKPeCTHOCTb HYyas
B E (ra. U, § 2, npensnoxenue 1).

Caexcreue 1. Kaacdoe dpaxmopnpocmpancmso 6Gouennozo npo-
CMPOAHCMBA ecmb 604eUH0e NPOCHMPAHCMEO.

Caencreue 2. Kaocowd undykmususii npedes (ra. 1, § 2, n°4)
GOueHHbLX NPOCMPAHCcM8 ecmy GOYewHOe NPOCHPAHCMEBO.

Caeacreue 3. ITycmo (E).c1 — npou3sossioe cemeiicmso A0Kalb-
HO sunyxawx npocmpancms8 u E—e20 monosozuveckas npamas
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cyuma (ra. 11, § 2, 0°3). Jas mozo umobn E Goino Gouweunmm npo-
CMPAHCMBOM, HEOOX00UMO U O00CMAMOUHO, 4Mobs Owa0 GOuedHviM
xaxcdoe E,.

JocTaTousoCcTh YC/NOBHA OUYeBHAHA B CUAY CACACTBHA 2; OHO Heo6-

XONMMO COTVIACHO CJelCTBHIO 1, MOCKOABKY Kawaoe E, usoMopduo
¢daxropnpocTpaucTsy mnpocrpanctea E (ra. II, § 2, n°3).

3amevanus. 1) MokHo mnoxasath, UTO KakAOE NPOH3BELEHUE
GoueuHBIX MPOCTPaHCTB €CTb Goueynoe npocTpaHcTso (ra. 1V, § 2, ynpax-
HeHue 9),

2) 3aMKHYTOE BEKTOPHOE MOAMPOCTPAHCTBO GOYEUHOTO MNPOCTPAHCTBA
He ofsisatenbno Goueuwo (ra. 1V, § 2, ynpawmenne 9 wu § 5, ynpax-
Henue 21).

Yupaxuenus 1) Ilokasats, 40 B GoueuwoM mnpocTpancrse

KaXIOe 3aMKHYTOE MOTJIOLIAlouee BbIMyKIOe MHOKECTBO €CTh OKPECTHOCTD
HYJs.

2) TNokasaTb, 4TO MONMOJHEHHE OTAENMMOrO GOYEYHOTO NMPOCTPAaNCTBA

6oueyHo. \
* 3) Ilyers E —BexTopHoe npocrpancTso Ham R uam C. Ilokasats,
uto E, HapeneHHOe eunpHedmiell noxanbHO BBIMYKAOH Tonoaorweit (ra. Ii,
§ 2, n° 1), 6oueuno. TMoayuurp OTCIONA NPUMEPhl GOYEUHBIX MPOCTPAHCTB,
HE METPU3YEMbiX M HE ABIAIOMMXCA 6IDPOBCKMMHU MPOCTPaHCTBaMK (cM.ri. |,
§ 1, ynpaxuenne 7 u ra. 1, § 2, ynpamHenus 6 u 9).

*4) Tlycts £ — OTHeAMMOE JNOKaAbHO BBIMYKIOE MPOCTPAHCTBO, 06Jaa-
Ialolee 6eCKOHEYHbIM CUETHBIM 6a3sHcOM (@y).

a) lokasatb, 40 £ oO6GnajaeT TOMONOrHYECKH CBOGOXHBIM CUETHBIM
6a3ucom (ey). [OnpenenuTb BEeKTOPH €, MO HHAYKUMH, BOCHONb30BABLIUCH
TeM, UTO KaXIas NpAMas B £ MMEeT TOMONOrHYECKOe XOTONHEeHHe.]

6) [lokasarb, 4TO I TOro, uto6bl £ 6b10 GOYEUHBIM NPOCTPaH-
CTBOM, HEOOXOIMMO M XOCTATOYHO, YTOGH €ro TOMONOrMA g coBMafana
¢ cuibHeHwe#d NOKanbHO BHMYKAOH Tomonorueit B E. [[IpuuaTh BO BHUMa-
HHE, UTO yPaBHOBELIEHHaA BbINYKJAas OOONOYKA KaXIOH MOCHEROBATEb-
HoctH (Ajen) 3amxHyTta B E.] B uactHoctH, ecim  Metpusyema, to E
He 6ouyeuno. [CM. ynpa:Henue 3.]

5) Mycts /—HecueTHOe MHOxecTBO H E — npoctpanctso RY), nage-
JEeHHOE (NIOKaJIbHO BLIMYKJNOH) TOMONOrHed o, ONMpeXeneHHOM B ynpaiHe-
Hun 7 § 1 ra. Il Tokasats, 4t0 E, KOTOPOE B TONOJNOTHM J( TMONXHO, HE
ABAAETCA 6GOueyHbIM B 3TOH Tomoaoruun. [Paccmorpers MHOMecTBO T Tex
x =(§) € E, 113 KOTOpbIX Z |6, | <1, n nokasats, uro T — 6ouKka; Ranee

el
HCMONbL30BaTh ympaxcHenue 7 § 2 ra, 1L}

6) Ilycre E — 6aHaxOBCKOe NPOCTPAHCTBO, COAEPKallee TOTaJbHOE
anre6pandecku cBoGONHOE CeMeicTBO (@) (Hanpumep, npocrpadcto L1(N)),
¥ nyctb B-—6asuc B £, B KOTOPHH BXOgAT BCE @y, KaK u3BecTHO (ra. I,
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§ 3, ympaxuenue 15), B Hecueren. IlycTs, naxee, (en)— NMocremosa-
TEAbHOCTh TMOMAPHO DPAa3MHYHBIX 91EMEHTOB U3 B, OTAMYHBIX OT BCEX dy,
C — nononHeHHe K MHOMECTBY BCE€X ¢y B B, n Fn-— BeKTOpHOE mOAnpo-
crpanctBo B E, nopoxneHHoe MHOxecTBoM C M Bektopamd ¢y ¢ < n,
12k 410 E ecThb o6belMHeHwe mnoanpoctpalcts Fy. Ilyctb, Hakomeu,
S—mwmap [[x|| <1 B E. Tloxasatb, 4TO CYImECTBYeT HOMEp 7 TaKOH, uTO
SﬂF,,—lgmomecmo I1 kateropun. BuiBecTH orcioga, 4to Fp, ¢ 3THM n,
€CTb HemoJHOe MEeTpusyeMoe 63POBCKOe MPOCTPaHCTBO.

*7) a) Tlokasath, uTo MmoGoe npousBesenne E = H F, moaumx Met-

6T
PHYECKHX TPOCTPAHCTB €CTh OIPOBCKOE NPOCTPAHCTBO. [3aMETHTh, UYTO
ecau (A,) — mocnexoBaTEALHOCTh 3MEMEHTAPHHIX MHoxecTB B E (O6ui,
Tom., Pes, § 7, n° 5 ra. I, § 8 n° 1), yrosunerBopsiomad ycIOBHIO
Apnty1 < Ay, TO cyllecTByeT cyeTHOe nNoaMHoxectso J </ Takoe, uTO
Kaxaoe A, umeer suap B, X I[ F,, rae B, l[ F.. Buisectn otcoaa,
vdJ ted

YTO ecau BuOpaTh mNOCHeNOBaTeldbHOCTh (Ap) TaK, yTOGBI AHAMETD MHO-
#eCTBa pr,(Ap) CTPEMHMICH K HYMO IS KaKAOrO MHAEKCA L TAKOro, 4TO
pr, (Ap) == F, x0Ta 6B ANA OTHOTO 7; TO TlepecedeHHe MHOXECTB A, Oyxer
He TYCTO.]

6) [Moayynth M3 a) npMMepbi HEMETPH3YEMbIX JNOKAJBHO BHITYKJBIX
NPOCTPAHCTB, ABJAAIOUIMXCSA TOMHBIMH OTJIECAHMbIMH G3DOBCKUMH MPOCTPAH-
CTBaMU.

§ 2. OrpauuyenHple MHOXecTBa
B TONOJOrHYECKMX BEKTOPHHIX NPOCTPaHCTBAX

1. Onpedenenue 0zpanuvernvix MHROMHCECMB

OnPeaeaeHHE 1. Mrosxcecmgo A 8 monosozu4ecKom BeKmoOpHOM
npocmpancmee E na3wsaemcs 02pGHUMEHHBLM, €CAU OHO NO2AOUWLAEMCS
Kancoold oxkpecmrocmoio HYAA.

J10 osnauaer (ra. I, § 1, n° 3), uto A9 KaxIOK OKPeCTHOCTH
Hyaa V cyuwectsyer BewlecTBeHHoe uuca0 A >0 Takoe, uro Ao V.
Jas Toro 4To6b MHOMKECTBO A GbIO OrpPAHHYEHHBIM, JOCTATOYHO, YTOGHL
OHO MOrJIOWAR0Ch KaXAOH OKPecTHOCTHI0 U3 PYHIAMEHTANLHOR CHCTEMb
OKPECTHOCTelt HYJId.

Kawnoe MHOmecTBO, cBoIduieecs K OXHOH TOUKE, OrPaHHYEHHO,
TNOCKO/bKY KaMIas OKPECTHOCTb HyAd B E ecTb NOTJOLLAIOILEE MHOXE-
crBo (ra. I, § 1, n° 3).

Mycte E — MOKaNAbHO BHIYKJAO€ NPOCTPAHCTBO, TONOJOTHA KOTOPOro
3ajiana MHOXecTBOM I' moaynopm. Jlia toro utoGsl MHOMecTBO A u3 E
OBLIO OrpaHHYeHHBIM, HEOOXOZHMO M AOCTATOYHO, YTOOBl Kaias - Moay-
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HopMa pET Ouna orpanduenHa Ha A} 9TO cpa3y -ClelyeT W3 ONpele-
neHust okpectHocTe nyns B E (ra. 11, § 5, n® 4).

" B 4aCTHOCTH, [/ OFPAHHYEHHOCTH MHOXeCTBa A B HOPMHDPOBAHHOM
npoctpaHctBe E Heo6X0nMMO H [0CTaTOUHO, 4TOGH HOpMa || x|| Gnita
orpanuyeHHa -Ha A uJH, uHave, 4To6bl A COZepHanOCh B HEKOTOPOM
wape ¢ uedtpom 0; apyrumu ciaoBaMd, A AOMKHO GBITL- OTPaHUYEHHBIN
OTHOCHTEJbHO CTPYKTYPbl MeTpuuecKOro mpoctpaxcrsa B E (O6uwi. Tom.,
Pes., § 3, n° 7; rn. 'IX, § 2, n° 2) (cM. ynpaxuenus 2 u 3).

3ameuannsn 1)Kak BUgaM, B HOPMHDOBAaHHOM NPOCTPAHCTBE Cymie-
CTByeT (yHnaaMeHTaNbHas CHCTEMa OKpeCTHOcTedl Hyas, o6pasoBaHHas
O2PAHUYCHHN ML MHOXECTBaMH, MOMHO nokasaTs, uTO, OGpaTHO, ecaH
B OTAENHMOM JIOKaNbHO BRIMYKJIOM INPOCTPAHCTBE HMEETCs OrPaHMYEHHas
OKPeCTHOCTb HyJs, TO TOMONOCHA 3TOrO MPOCTPAHCTBA MOXKET ObITh ONpe-
neneHa HopMmoH (ynmpaxHeHue £). '

2) B omodeaumos TOMONOTHYECKOM BEKTOPHOM MPOCTPAaHCTBE OrpaAHH~
YEHHOE MHOXECTBO He MOMET CONepXaTh HMKAKOH MOAyNpAMO# C Hada-
aoM 0; AeHCTBHTENBHO, IaA KaXAOro x=+0 CyuecTtByeT OKPECTHOCTb

Hyas V takas, uto xé V; ecan nostomy A >0 'raxoso, yt0o Ac AV, 10
Axd A

2. Csolicmsa 02paHUMEHRBLX MHONCLCME

SlcHo, uTO ecim A — orpaHHueHHOe MHOMXECTBO B TOMNOJOTHYECKOM
BEKTODHOM INpOCTpaHCTBE E, TO AA OrpaHUYeHHO OJA KaXKIOrO CKa-
Japa \; M OrpaHMUeHHO Takxe JI060e MOAMHOXECTBO MHOMecTBa A.
Ilycte M — BeKTOpHOE MOARPOCTPAHCTBO B E;. A TOro 4ToGH MHOXe-
cTBO U3 M 6bur0 orpanuueHio B M, HeoOXOAUMO H LOCTATOYHO, UTOGBI
0HO 6BIO OrpanHuenHo B E. g

OnpeleneHue 2. Muoacecmgo B ozpanudennslx nodmuozceems
monoozusecKoz0 8exkmoproz0 npocmpancmsa E naswsaemcs ¢ynoa-
MEHMAAbHON CUCMEMOl 02 PARULEHHILX MHONCECMS, ECAU KANHCAOE 02pa-
Hudennoe nodMHONCECMBO npocmpancméa E codepocumcs 8 nexomo-
Por mmoscecmse u3z B. '

Tak, HanpuMep, B HOPMHPOBAHHOM TPOCTPaHCTBE LMaphl ¢ LEHTPpoM O
H paguycoM n (rke n-—uease yucaa >>0) obpasyior tpymlamemanbﬂyxo
CHCTEMY OrDaHHYEHHBIX MHOXKECTB.
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MMpeanoxeune 1. OO6Bedurenue 08yx 02PAHUERHBX MHOXCECME
SAeMEHMOB MONOA0ZULECKO20 BEKMOPHO20 npocmpancmea E ecme
02PAHUYEHHOE MHOHCECMBO.

HetictButenbno, nyctb A H B —oOrpaHuyeHHbie MHOXeCTBa; A
KaXLOH ypaBHOBeHMIEHHOH OKPECTHOCTH Hyas V' cyuiecTByloT uncaa o > 0
u 3> 0 rtakue, uro Acal u BcfV; roraa scHo, uto AY BcqV, rie

= max (z, B).

MMPEANONKEHUE 2. SaMKHYMAA YPABHOBEULEHHAS BHLAYKAASL 060404~
KaQ 02PAHUYEHHOZ0 MHONCECMEA INEMEHMOB AOKAAOHO BHNYKA02Z0 NPO-
cmpancmea E ecmos oz2panunennoe MHONCECMEO.

JelcTBUTENABHO, NYCTh A-— OrpaHuueHHoe MuOmecTBO B E, C —ero
3aMKHYTan ypaBHOBellleHHas BBHINYKJAas 0600uka M V — ypaBHOBenleHHas
BhMyKJaas oOkpecTHocTh Hyad. Cyuwectsyer A >0 Taxoe, uto McV;
torda U ACcV. A TaK Kak 3aMKHYTHE YpPaBHOBEUIEHHBIC BBINYKJble
OKpPeCTHOCTH HyJna 00pasyioT (yHIaMeHTaXbHYI0 CHUCTeMy OKpecTHOCTeH
Hyas B E, TO TeM caMbiM NpelJIOXEHUE LOKa3aHO.

CHEACTBUE. 3aMKuymsie ypPasHoBeulexHble 8ulNYKAbE O2PAHUHEH -
Hble MHOJNCECMBA 8 JAOKAABHO BHNYKAOM npocmpancmse 00pa3yom
DYHOAMEHMARLRYIO CUCEMY OZPAHUYEHHBLX MHOICECMS.

3aMeuanue. B He NOKaZbHO BBLIMYKJIOM TOMOJOTHYECKOM BEKTOP-
HOM mnpocTpaHcTBe E BbiyKNas 060JM0YKAa OTPAHHUEHHOrO MHOXECTBA HE
06s13aTenbHO orpanHuyeHHa (ympaxnenue 8). OpHako ypaBHOBelLleHHas
060N0YKa OTPAHHYEHHOTO MHOXECTBAa, OUEBHAHO, orpaHuuenHa. C ppyroi
CTOPOHHI, M 3aMbIKaHHe JI060ro orpaHuueHHoro mMaoxecrsa A B E orpa-
HHYEHHO; XeHCTBHTENbHO, Aas 000 3aMKHYTOH OKpecTHOCTH Hyas V' B E
cymecrByer A >0 rtakoe, uto AC AV, a 1aK Kak AV 3aMKHyTO, TO
u AcAV.

~ TlpEnnoxEHUE 3. B omoesumon monoro2usecKkom 8eKmOpHOM npo-
cmpancmge E Kaxncooe npeOKoMnaKmuoe MHONCECMB0 02PAHULeHHO.

~ JleficTBUTEALHO, MYCTb A -— MPeKOMIAKTHOE MHOXeCTBO B E u V —
YpaBHOBeMIeHHAas OKPeCTHOCTb Hyasd. CyllecTBYeT KOHEYHOE YHCIO ToYeK
o, €A (1L i n) rakux, uro oxpecroctn a; 4V (1 L i n) obpa-
3yI0OT NOKpHTHE MHOMecTBa A. MHOxectBO B Touek @;, Gynyuu komeu-
HbIM, OrpanuieHHO (Tmpeptoxkenue l); MOITOMY CYLLeCTBYeT CKajgip A
'raxoﬁ yto 0 <A< 1 u ABc V. CrepoBarenbHo, MCAB - AWV LV,
H NPEJOMEHHEe NOKA3aHO,
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CAEACTBHE. B omodesumom monoLou4ecKkom 6eKMOPHOM npo-
CMpaHcmee MHOJYCecmB0 mMo4vex nocredosamessvnocmu Kowu ozpaunu-
YeHHO.

JelcTBUTeIbHO, 9TO MHOMXKECTBO, KaK M3BECTHO, NPEAKOMIAKTHO
(O6w. tom., ra. 1I, § 4, n° 2),

3aMmeTHM, UYTO OrpaHHYEHHOE MHOXeCTBO, BOOOIIE, roBops, He 06s3a-
TENbHO TPEeIKOMNAKTHO, HAaNpHMEpP, €IHHCTBEHHBIMH HOPMHPOBAHHBIMH TPO-
CTPaHCTBaMH, B KOTOPHX KaKJOE OTPAHHUCHHOE MHOMNECTBO HpeaKOM-
NaKTHO, IBIAIOTCS KOHEYHOMEpHBle HpocTpancra (T I, § 2, Teopema 3)
(cm. ta. 1V, § 3, n° 4).

Mreanoxenue 4. Has mezo umobsv. MmHoxmecmso A 8 mono-
A02UYECKOM BEKMOPHOM npocmpancmse E 6ua0 ozpanuueHHvm, He-
06Xx00uMO0 & O0CMAMO4HO, 4mobs. 025 210608 nocaedosamensHocmu (Xy,)
mouex u3 A u ai06olt nocaedosamesvnocmu (A,) ckasapos >0,
cmpemawelica K Hyaio, nocaedosamessviocmos (M,X,) CMpemuracs
K HYL0.

YcaoBue Heo6x00umo. JeHcTBUTEAbHO, mUyCTb V — MPOU3BOJbHAA
ypaBHOBelleHHast OKpeCTHOCTb Hyas B E. Tlo mpenmonoxehuio, cyute-
cteyer o > 0 Takoe, uro Ax, €V L4 KamIOro HOMepa 7 M KaxJaOro A
¢ |A| <% c Ipyro#fl CTOPOHH, CYLLECTBYeT 1, Takoe, 4TO A, < 2 Aad
BCEX N > Ny, CIeNOBaTesNbHO, A,X,EV naa Bcex n > n,.

YcnoBue Odocmamouno. HelicrBurenbho, eciu A — HEOrpaHuUeHHOE
MuOXecTBO B E, 10 B E CylulecTByer YpaBHOBeilleHHafd OKpPeCTHOCTh
Hyas U Takad, uTo A He CONEpKUTCA HH B Kako# M3 OKpecTHOCTeH nlU
(n>>1); TakuM o6pasoM, [mIas kamzoro uemoro n >0 cyuecrsyer

1
x, € A Taxoe, uro x,¢ nU, orkyna ;x,,éU , 3HAYMT, TOCAEIO0Ba-

1
TEAbHOCTDb (;1— x,,) HE CTPEMUTCA K HYJ/O.

CaeacrBue. as mo20 4mobor muodxcecmso A 8 E Ownso ozpa-
HUYeHHBM, 00CMamOUrHo, 4mols. Gbli0 OZPAHUYEHHO BCAKOe CHemHOoe
noomroNMcecmso u3 A.

3. O6pa3 npu HenpepviBROM OMOGPAICERLU
IpEpaoKEHUE 5. Ilycmo E=]] E,— npou3ssedenue npou3sossp-
61

HO020 CcemMelicmsa (Ez).ez Monoa02utecKUX 8eKMOPHHLX NPOCMPAHCME,
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E — monosozuneckoe gexmoproe npocmpancmeo u Jf— Henpepols-
Boe omobpadcenue E 8 F, 048 xomopozo cywecmsyem 4UCA0
s> 0 maroe, umo f(x)=\’f(x) xaxoso 6w nu 6sa0 A> 0. Tozda f

emolpasrcaem Kaxcooe Mmuoxcecmso B—= HB‘, 20e B,— ozpanuten-
e

Hoe MHoxcecmso u3 E, (1€, 8 ozpanuuennoe noOMnoofcecmso npo-
cmpancmsa F.

Hyxuo Tonabko nokasath (npemnoxeHue 4), 4to eciu (x,) — nocre-
ZOBATEJbHOCTb TOYeK M3 B u (\,) — MocienoBaTesbHOCTb cKaadpos > 0,
CTPEMAUIANCA K HYMO, TO MOCAEAOBATEABHOCTb € O6UM uaeHOM A,f (x,)
crpemutrcs K Hymo B F. Ho \,f(x,) MoxHo fipeacrasuth B Buie f(¥,),
rae ynz)\%’xnz()\}{”x,,‘ l)tEI' Tak kak s>0 u x, €B, am Kax-
ZOTO 7, TO MOCAeAOBATeAbHOCTh (hif°x,, Jnso ctpemutea B E, K nyao
147 KaXIOTO tE [ (npennoxenue 4); HO TOrAA MOCAENOBATENLHOCTD (¥y)
crpemutca Kk Hymo B E, Tak kax f HenpepwisHo u f(0)=0, 10 3ak/m0-
uaeM, YTO MOCHeNOBATELHOCTb (f(yp)) cTpemutca x uymo B F, W mpen-
JOKeHUe ROKa3aHO.

Caencrsue 1. ITyems E; (1 L1 n) u F—monoroeunecxue
BeKmopnbie npocmpancmsa, f— Henpepsisnoe nosuAunelnoe omodpa-

n
sicerue npoussedenus HEir 8 F u B;— 02paHUieRHOe MHOXHCECMBO

s E; (1L n) Tozda f omo6pascaem “B 8 O2paHuueHHOe noo-
i=1

MHOJNCecm8o npocmpancmsa F.

Caencrsue 2. ITycme E u F — monosozuueckue 8eKmopusie npo-
cmparncmsa. Q06pa3 ozparuweHHozo MmHodMCecmB8a u3 E npu Henpe-
PHBHOM AuHeiinoM omobpaxcenuu E 8 F ecms ozpanuuennoe noo-
MHOMCECMB0 npocmpancmea F.

Caencrsue 3. [Tycmes E=HE,—npquaae0eﬂue npouU3s0LbHO20
el L .

cemelicmsa (E‘)LEI MonosozutecKux BeKmMOPRuX npocmpancms; 04
mo20 4mobu. MHoducecm8o BCE 6uwio ozpanuuennvism, HeoOxo0u-
MO u Odocmamouno, wmobu prB Owao0 ozpanudenno 8 E, das xaoxc-
dozo €1

YcaoBue poctatoyHo, ubo mpu ero BHITOJIHEHU Y, HprB eCcTb Orpa-
el
HHUYeHHOE MHOXeCTBO B E B cmly npeanoxenus 5 (rze 3a f TMPHUHATO
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ToXIeCcTBeHHoe oTobpaxeHue), a Bc Jf pr.B. VYciaoBue Heo6xoauMo

. vely
8 culy cieictsus 2.

CaeacrBue 4. [lycme (F)EI ceMelicmso mMonoLOZULECKUX BeK-
mopusx npocmparncms, E-— sexmoproe npocmparcmso u f, 0is
&0c0020 (€ I, — aunednoe omobpasicenue E 8 F,. Ilycms E nadereno
caabeliuteli monosozuedi, 8 komopoii wenpepusns sce f, (ra. 1, § 1, n° 9);
013 mozo0 wmobw mHoscecmso BE 6ua0 02PAHUYEeHRbLM, HEOOX0~
Oumo u odocmamouno, umobs. f,(B) Guino ozpauunenno 8 F, 0asn
xascoozo (€ 1.

HeficTBHTE 1bHO, paccMOTpUM oTOGpaxenue ¢ — (f,) npocrpaHcrsa E

B F= I[Fl, H3 onpeueneuuﬁ HENoCpeACTBEHHO ClelyeT, YTO LAg TOTO,
. t€T

41068l B 6b110 orpaHHueHHHIM B E, HE06X0AKMO H JOCTATOUHO, uTo0H ¢ (B)
Obl10 orpaHHueHHO B F (IOCKOAbKY TOMOJOTHS MPOCTPAHCTBA £ ABAAETCH
npoo6pa3oM TOMOAOTHH NpoH3BeneHUs F OTHOCUTENAbHO OTOOpaMeHUs @)
YTBEepKAEHUE BhHITEKaeT TOFLa M3 CAEACTBUS 3, MOCKOAbKY pr, (¢ (B))=
==f,(B) nas Bcex (€1,

Caencrug 5. Ecau A u B — ozpanutennsie MHOJNcecmsa 8 mono-
A02UHECKOM BeKkmopHoM npocmpanemge E, mo u A-+ B ozpanu-
yewHo 8 E.

Heicteutesvio, A X B orpauuuesHo B E X E (caeactBue 3),
a A} B ectb 06pas A X B NpH HENPepHBHOM AWHEHHOM moépamemm
¢x, y) > x-+y npoussenenus £ X E B E.

4. Ozpanunennsie MRONCECMBE 8 CMPOZOM UHOYKMUBHOM npedene

[Tregsaoxenue 6. ITycmb soxaavro sbinyrxsoe npocmparcmso E
ecmb cmpozuii UHAYKMuSHuU npedea 8oapacmarouwell nocredosa-
measnocmu (E,) CBOUX 3QMKHYMbLX BEKMOPHHX NOONPOCMPAKCME
(a. 11, § 2, n° 5). [Ara mozo0 umobe. mroxcecmso Bo E Guino ozpa-
HUYeHHbIM, Heo0X00UMO U O0CMAMO4HO, 4moOb. OHO CO0epICanoCh
8 00HOM u3 noonpocmparcms E, u Ooin0 8 Hem 02paHU4eHRO.

YcaoBHe HOCTaTOYHO, MOCKOJBKY TONOAOTUS, HHAyuUMpOBaHHasa B E,
u3 E, cosmagaer c¢ Tomoiorue#, samauHofi B E, (ra. ll, § 2, npeano-
KeHHe 3). YcraHoBaeHue HEOGXOLMMOCTH YCIOBHS CBOIMTCA (B CHAY
npenaoxeHus 4) K N0Ka3aTeJbCTBY TOTO, YTO eC/H NOCAeI0BaTedb-
HOCTb {X,) Touek M3 E He CONEPXMTCS HM B KaKOM H3 NOLNpO-
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crpaHctB E,, TO OHa He MOXeT CTPeMHTbcs K Hyaio. Ho, aeficTsuTennHo,
H3BJEKas, eCJH HYXKHO, W3 MOCAELOBATEABHOCTH (Xx,) HajAe}kaulyld Moa-
NoC/Ae10BATEIbHOCTb, MOXHO CUHTATH, YTO CYLIECTBYeT CTPOro BO3pa-

cTalowas MNocieJ0BaTeAbHOCTL (1) HOMEPOB TaKag, uToO xkéEnk
4 xx€Ep, ., A Kaxioro Homepa k. CienosaTeabHo, CyILECTBYET

(ra. I, § 2, o° 5, nemma 1) Bo3pacraowas nociegosareabHocTs (V)
BRUIYKABIX MHOXECTB TaKHX, 4T0 V, eCTb OKDeCTHOCTb Hyas B Ej.,

Vis1iNEp,=Vyn xké Vis1 Bag Bcex k. O6venunenue V muoxects Vi
eCThb TOT'Za OKPECTHOCTb Hyad B E u xkév Ias Bcex R, a 3TO mokKa-

3bIBAET, YTO TNOCAeIOBaTeAbHOCTb (xz) He crpemurtcs K 0.

Y1Bepaaenne npennoxenns 6 yxe He 00s3aTelbHO CIPaBEAIABO A
npocTpancTBa E, ABNAIONEroCH WHIYKTHBHbIM NPelNeIoM HecueTHOro guib-
TPYylOUWErocs ceMellcTRa CBOMX 3aMKHYTBIX noampocTpaHcTs [Murerpup.,
ra. 11, § 2, ynpaxuenue 3 (?)].

- 5. Ksa3unoanse npocmpancmea

OnpeneaeHue 3. Tonosozuweckoe 8exmoproe npocmpancmso E
HQ3bL8AEMC KBQAIUNOAHBLM, €CAU KANCO0e 3AMKHYMOe 02PAHU4eHHOe
MHOJMCeCmBO 8 E ecms noanoe pashoMepHoe npocmpancmgo (OTHOCH-
TEALHO PaBHOMePHOH CTPYKTYDH, MHAYUHPOBaHHON u3 L),

flcHO, 4TO MOAHOE NPOCTPAHCTBO KBa3HnoJHO; B ri. [V Mbl mosHa-
KOMHMCS C NPHMepaMH KBasUMOAHBLIX MPOCTPAHCTB, HEe SBASIOILUXCA
noaueiM (ra. 1V, § 2, caencrsue 2 teopemst 1 u § 1, ynpaxkseHue 11).
B kBasunossoM npocrpaHcrBe E Kaxaas nocaesosatenabHocTs Ko,
KaK TNOIMHOXECTBO 3aMKHYTOTO OTpPaHUYEHHOrO MHOXecTBa (cJAelICTBHE
npefoxeHns 3 H 3aMeuaHue nocle NpeptoxeHus 2), cxomnHuTcs. B uact-
HOCTH, KBa3HIOJNHOE Mempu3yemoe BeKTOPHOe MNPOCTPAHCTBO NOLHO.

B KBa3HNO/AHOM OTZEAHMMOM AOKAAbHO BHINYKAOM NpPOCTPAHCTBE 3aMK-
HyTas BhIYKAas 06040YKAa KaXIOro INPeJKOMMNAKTHOTO MHOXECTBA KOM-
naxmra, u6o oHa npeikomnaktHa (ra. II, § 4, npeanoxeHue 2) u Tem
CaMbIM OT'paHHYeHHA (MpefnoxeHds 2 W 3), a cieloBaTeNbHO MOJHA.

Kaxnoe zamixnymoe BEKTOPHOE NOANMPOCTPAHCTBO KBAa3UMOJAHOTO
npocrpaHcTBa KBasunmoaHo. C  apyroft cropous, u3 npennoxeHus 6
cieqyeT, YTO CTPOTHH HHIYKTHBHHH npemen E NOCAeN0OBATEABHOCTH
3aMKHYTHIX B E KBasumoaHbX noanpocrpaHcTB E, ecTb KBa3umnoJaHoe
npocrpanctso. HakoHeu, cnpaBelaHBO cielyloliee MpepiokKeHue:
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MpennoxkenuE 7. [Tpoussedenue K8a3UNOARBLX NPOCMPAHCMB K8A3U-~
noAKo.

Nencteurensho, nycts E = [] E, — npoussenenue xsasunoanbix
t

npoctpadct E, 4 B— 3aMKHYTOE OrPAHHYEHHOE MHOXKecTBO B E. prB = A,
orpaHuyeHHa B E, Iig KaxIOro mHiexca t (CieicTBHe 3 npennoxeHus 5),
cenoBaTenbHO A, GyIyus OTPaHHUEHHBIM M 3aMKHYTHM B E, (3ameuanne
nocie npepiaoxeHus 2), moaHo. Ho B 3aMKHYTO H COZEpXUTCS B NOA-

wom npocrpancrse | A, swaunt camo moao.
L

3ametHM, 4TO (aKTOPOPOCTPAHCTBO IMOJHOrO [POCTPAHCTBA MO €ro
3aMKHYTOMY MOMNPOCTPAHCTBY He 00n3aTeabHO KBasumoauo (ra. IV, § 4,
ynpaxHenue 10).

[treanoxenne 8. [Tycmy E-— monosozuueckoe Bexmoproe npo-
cmparcmso uw M—ez20 sekmopHoe noonpocmparcmso marKoe, 1mo Kax-
dast mouxa u3 F ecmp mo4Ka npuUKoOCHOBEHUS HEKOMOPO20 02PARUMEH -
1020 mroacecmsa uz M. Tozda kaxncdoe nenpepoisROe AuneiiHOe OMoGpa-
aceriue f nodnpocmparncmsa M 8 xKsasunosnoe omoeasumoe
monoaozuyeckoe seKmoproe npocmpancmso F 00HO3Ha4HO npodos-
ocaemest 00 Henpepusnoz0 AUHEUR020 0MOGPAX’CeHUs NpOCMpancmsa
E 8 F.

HeAcTBRTEAbHO, H3 MNpPelNOAOKEHUs cAenyer, uto M BCiOLy NAOTHO
B E, a notoMy f ONHO3HAYHO NPOLOMKAETCS IO HENPEepPHIBHOIO JHHEH-
HOro 0TOGpaxeHHns f mpocTpaHcTsa E B NONOAHEHHE F npocrpasctsa F.
ITycte x — npoussoabHas Touka M3 E. Tak Kak X ecTh TOYKA MPHKOC-
HOBEHHS HEKOTOPOT'O OFpaHHUeHHOro MHOXecTBa B u3s M, 1o f(x) ecTh

TOUKa MpPHKOCHOBeHHs MHOXecTBa f(B) B F. A Tak Kax f(B) orpanu-
yeHHo B F, TO ero 3aMbikaHue 8 F B cuiay NpefHONOKEHHS eCTb MONHOE
NOIMHOXECTBO B F (CM. 3aMeuaHue NOCAe NpelAoKeHHs 2) H, cleloBa-
TeAbHO, COBNAAaeT C 3aMblKaHHeM MuOxecTsa f(B) s F, ueM u IOKa-
3ano, uro f (x)EF.

YnpaxHennda 1) Ilycte E — Tonoxornyeckoe Jesoe BEKTOPHOE
NPOCTPAHCTBO HAX HEJHCKPETHHIM TOMOAOTHUECKUM TedoM K. MHOXeCTBO
B < E Ha3biBaeTC 02PAHUYEHHbIM, €CIH A KaX A0 OKpPEecTHOCTH Hyda V'
B E cyumectsyer A==0 B K Takoe, uTo ABc V.

a) IlokasaTs, 4To ecan B orpamnueHHo B E, TO Aas KaxJAOH OKpecT-

HocTH Hyas V u3 E cypjecTByeT okpectHocTs Hyaa U B K Takas, uTo
UBc V.
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6) IlokasaTb, 4TO 3aMblKaHKWe OTPAHUYEHHOTO MHOMECTBA OTrPaHAYEHHO.
PacnpocTpauuTh Ha OrpaHuueHHble MHOXecTBAa B E npepnoxends 1 u 3,
a TaKx(e CAeACTBUA NPENJOKEHHSE 5.

B) Ilyctb F — TOMONOrMYECKOE JI€BOE BEKTOPHOE MPOCTPAHCTBO Hax K
® f-— HellpepbIBHOE oroﬁpameuue E B F, ofnapawiiee clepyiollluM CBoil-
CTBOM: A1s KaxnoH okpecTHocTd Hyas U B K cywectsyer p+=0 B K Takoe,
yto pf(x) € f(Ux) nas Bcex x € E. Tlokazats, 4TO 06pa3 kaxAOro Orpa-
HWYEHHOTO MHOXECTBAa u3 E npH oroGpaxenuu f orpauuuen B F.

r) Ilokasats, 4TO ecau A — orpaHnyenHoe MHOxecTBO B K (paccma-
TPUBAEMOM KAaK JEBOE BEKTOPHOE IPOCTPAHCTBO Haj caMuM cobo#), a B —
OrpaHHueHHOE MHOXECTBO B E, T0 AB — OrpaHHYEHHOE MHOKECTBO B E.

1) PacnpocTpaHuth npeijsoxenue 4 Ha cayua MeTpPM3yeMoro TOMoO-
aorayeckoro Teaa K.

- e) PacnpocTpaHHTs Ha TOMOXOTHYECKHE BEKTOPHble MPOCTPAHCTBa
Ha) K NOHATHE KBa3HIOAHOrO NPOCTPAHCTBA M €ro- CBOHCTRA.

*2) a) Ilyetb E — TOMOJOrHYECKOE BEKTOPHOE IPOCTPaHCTBO Haj
HeIUCKpeTHbIM TononornuecknM teaoM K. Tlokasats, uto ecau Ha E cyuie-
. CTBYET OrpaHHU€HHasi OKPEeCTHOCTh Hyas V (ynpaxsenue 1), TO MHOwue-
c¢tBa AV (A ¢ K, A5=0) 06pa3yoT HyHAaMEHTAIbHYIO CHCTEMY OKDECTHOCTEH
Hyrs B E, u oGpatHo. Ecam K MeTpusyemo, TO OTAEMAMAsA TONOJOrHH,
accoUMHpPOBaHHan ¢ TOMoAorxeil npocTpauctaa E, Mmetpusyema, Ecan =R
uan C, TO BEpXHAs rPaHb JOKAJIbHO BBIIYKJBIX TOMOXOrui, MaXopHpyeMbIx
Tonoxorveit npocrpauctea E (ra. lI, § 3, ynpam—xeune 14), moxet ObiTb
onpejeneHa OJHOH MONYHOPMOH.

6) IlokazaTh, YTO TOMOJIOTUR NPOH3BECHHS 6ecKOHEYHOro 4ncia
OTACHMBX JOKANbHO BHIIYKIIX MPOCTPRHCTR (He CBOAAMIMXCH K onHOMY
sxeMeHTy () He MOXeT GblThb ONpefeNeHa ONHOM ITOMYHOPMOH.

B) Ilycte E — N10KaNLHO BHIMYKJIOE NPOCTPAHCTRO, TOMOJOrHA KOTOPOro
. onpenefeHa BO3pacTaou(eil MOCAENOBAaTEALHOCTbIO (Pp) noaynopM. as

TOro 4T06Bl OHA MOrJaa GLITL OmpeleleHa ONHOH MOJYHOPMOH, HEOGXOAHMO
M J10CTaTOYHO CYWECTBOBAHAE HOMEpA fiy TaKOro, YTOObl Aas Kauaoro
n7>> np NprM HEKOTOPOM Ky > (0 yaOBIETBOPANOCH AJA BCEX x € E HepaBeH-
CTBO Py (X) < Py (X).

T) IlycTb @ — BeKTOpHOE MPOCTPaHCTBO Hald R Bcex GeckOHeuHO
IuddepeHIHpyeMBIX YHCIOBBIX (QYHKUME Ha HHTepBaJle =10, 1]. Ian
Ka#jaoro ueiaoro n>0 noroxum

Pa(f)=_ sup ( sup | /%) (x) | )
0 wel

(cre fO (x) =f (x)). llokasars, YTO py — HOPMBI WA P U UTO TOMOIO-
rus B G, ONpeleaseMas 3TOH NOCAENOBATENLHOCTBIO HOPM, HE MOMET
6bITh OmpeneseHa OJHOH HOPMOH.

3) Mycts E — MeTprayemoe BEKTOpDHOe MNPOCTPaHCTBO Hax R n d —
paccTosaHne Ha E, UHBapHaHTHOE OTHOCHTEIbHO MEPEHOCOB M COraacylo=
meeca c Tomojorsei mpocTpancTea E; moarowmM |x|=d(x, 0) (va. 1,
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1 x
§ 3, n° 1). Ilokasats, yTO 7]x[< l—,-l-, A8 KawkAoro. uenoro_n>0.

BeiBecTH OTClOfa, YTO eciad B — orpaHHuYeHHOE MHOXecTBO B E, TO
sup | x | <+ oo (uHaue romops, B OrpaHnyeHHO no Merpruke d). JlaTh
x B

npaMep MeTPH3YEMOro BeKTODHOTQ MpoCTpaHcTBa E ¥ MHOXeCTBa, He
orpannyeHHoro B E, HoO orpaHuueHHOro no merprke d. {Cm. ynpaxuenue 2.]

4) Ilyctb E — TONOJOrHYeCKOe BEKTOPHOE MPOCTPAHCTB@ HAX HEAH-
CKPETHBIM METPH3YEMBIM TOMOMOTHYecKnM TedoM K. [lokasath, uto ecam
E — 69poBCKOE NPOCTPaHCTBO H B E CYU[ECTBYET cHeTHAA (yHAaMeHTalb-
Was CHCTEMa OrpaHyuYeHHHIX MHOMeECTB (ynpawxuenne 1),'10 B E cyume-
CTBYET OrpaHA4YeHHasi OKPeCTHOCTh Hyas. [CM. ynpaxHenne 6.]

5) Mlycth E — METPH3YEMOE BEKTOPHOE MPOCTPAHCTBO HaJ HEAHCKDET-
HbIM HOpDMHpOBaHHbIM TenoM K. IlokasaTh, uTo Axs MoGoil mocienosa-
TeabHocTH (B,,) orpannyeHHelx MHOXeCTB B E (ynpaxsenne 1) cyuwectsyer
nociei0BaTelbHOCTh (A,) HEHYJNEBHX CKalRpOB TaKas, YTO OGbelHHeHHe
MHOX(eCTB A,B, OrpaHHYEHHO.

6) Ilycts E — oTneanmMoe JAOKalbHO Bbmymloe NPOCTPAHCTBO, ABJSAIO-
meecsi CTPOrUM HMHAYKTHBHLIM [IPEJEJOM CTPOro BO3pacTapolled Mmocaeno-
BareaApHOCTH (E;,) CBOMX 3aMKHYTHX BEKTOPHHX NOANPOCTPAHCTE,

a) Iloxasats, uto E HemeTpnsyemo. [Hcnoab3osatbh npeanoxenne 6
U ynpaxkHeHHe 5.]

6) Ias Toro utolbl B E cywecTBOBala CueTHas (yHAamMeHTanbHax
CHCTEMA OrPaHHYEHHBIX MHOXECTB, HE00XOJIHMMO H JOCTRTOYHO, YTOGHI
B kKaxiom u3 E, cyuecTBoBana cuerHasd (YyHAaMEHTaIbHas CHCTEMaA
OrpaHHYeHHBIX MHOMXECTB.

7) MNokasaTb, YTO B NPOM3BEAEHHA GECKOHEYHOrO ymcia TOHOJOrHYe-
CKMX BEKTOPHbIX npoctpaHcTB (Hal R nan C), He cBOAAWMXCA K OAHOMY
snemeuty 0, HeT cueTHOH ¢yHIAMEHTAIbHOH CHCTeMH OrPaHAYEHHBIX
mHOxecTB. [CBeCTH AOKa3aTeabCcTBO K CayUalo npocrpaucma RN u ucnoas-
30BaTh ynpaxHeuue 4.]

*8) IlycTb E — BEKTOPHOE NpPOCTPaHCTBO npaBnanux byuknui Ha
nutepsate / = [0, 1] (Pyuku. sew. nepem., ra. i, § 1, n° 3). Hycts Vy Aas
K&)K}IOI‘O LeJxoro n>0—MHO)KCCTBO Bcex ¢yukuuid f € E TakHx, 4TO

f Vlf(t) | dt < —. Iloka3sars, uto MHOXecTBa V), 06pa3yloT QyHAaMEH-

TaJlele CHCTEMY OKpeCTHOCTEH Hyas ans MeTpH3Y eMO#H TonoMOrHH,
coraacyouleics cO CTPYKTYpPOH BEKTOpHOTO NpocTpaHcTBa B E, U 4TO
B 9TO TONONOrHH MHOWECTBa V), OrpaHHueHHbl, OJHAKO BHIIYKIOH 060-
JnoyKoH kawgaoro V, caymur Bc€ npocTpaHcTBo E. [IIpUHATL BO BHHMMA-

1
Hie, 4TO Kaxaylo ¢pymxumo f ¢ E MOKHO 3anncath B BuAe f= 5 (£-+ k),

1 1
rie g w h npunagexar E u fV[g(t)[dt=fVih(t)|dt=
0 0
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1

=—-_V1_2,f}/'lf(t)|dt.] BoiBecTH OTCIOA3, YTO eAMHCTBEHHOH JIOKalIbHO

0
BHIOYKIOH TOMOAOTHeH, Mawopupyemoii Tomojorneit mpocrpancrsa E,
apiserca caaleimasn rtomoaorns B E.

9) Mycts (Eder — GecKOHEeYHOe CeMeiCTBO OTIeJMMbIX TOMOJOrHYe-
CKHX BEKTOPHBIX MPOCTPAHCTB, HE CBOAALHXCA K OAHOMY saeMenty 0, Han
HEJHCKPETHHIM TomoJornyeckum Teiaom K, E — npavas cyMMa BeKTOPHBIX
npocTpancts E, U go— Tonoiorus B E, onpeleleHHas B YNpawHenna 7
§ 1 ra. L. lns Toro uroGur MHOXecTBO B = E Gbl10 OrpaHsyeHHbIM B TOMO-
aorun  §g, HeOGXOAMMO H JOCTaTOYHO, uToOB B comep#aioch B MOANPO-
CTPaHCTBE BHIA H E, rie H—HeKOTOpOEe KOHE4HOe TNOAMHOXEeCTBO
ns I, n npoexunnleégua Bce 3t E, (1€ H) Golan orpaHnueHHbl. BoiBecTH
0TCl0Aa, YTO eciu Kaxaoe E, ecTh KBa3uNOAHOE NPOCTPAaHCTBO, TO E (Haze-
JeHHOe TONOJOrHei §y) KBa3HIOMHO.

10) Ilycts (El)lEI——nponaaoanoe CEMENCTBO OTIEMHUMBIX JOKaNbHO
BBIIYKJBIX MPOCTPaucTB H E — ero tonosorndyeckas npamas cymma (ri. I,
§ 2, n° 3). Huaan TOoro uTOGH MHOMECTBO B E ObIO OrpaHHYEHHBIM,
HEeO6X0AMMO M 10CTAaTOYHO, YTOGHI OHO COAEPXaNoCh B MOANPOCTPAHCTBE
BHAR H E, rie H — HEKOTOpPOE KOHE4HOE NOAMHOXECTBO U3 [/, N MPOeK-

W€H
nuu B Ha Bce 9t E, (1€ H) Oblan orpaunuenHsl. [HMcnoab3oeath ympax-
nHenune 9.] BoisecTn orciona, 4TO ecan Kawkjaoe E, eCThb KBa3HIOAHOE NPO-
CTPaHCTBO, TO E KBa3uMOJHO.

11) Mycte E — TONOAOrHYECKOE BEKTOPHOE NPOCTPRHCTBO HAX HENM-
CKpETHbIM HOPMUPOBaHHBIM TeaoM K.

a) Ias Toro yro6L ypaBHOBelleHHOe MHOMecTBo A C E moriomano
BCE OrpaHHYEHHHE MHOXeCTBa U3 E, 10CTaTO4YHO, 4TOOH A [OrI0uWano MHO-
HECTBO TOUEK M0G0 MOCAeJOBaTENLHOCTH (Xy,), cTpeMsllelics B £ K Hyilo.

6) INyctb u — anueitnoe oToOpakenve npoctpanctsa E B TOmoaoru-

. 4eCkOe BEKTOPHOe npoctpaucTBo F uaa K. Jlas toro utoGul ofipas moGoro
OrpaHnyeHHOro MHOXeCTBa u3 E npu otoGpaxenuy & Gbln OrpaHuueH B F,
JAOCTaTOYHO, YTOOBI MOCJAEAOBAaTENLHOCTb (X (X,)) Oblaa orpaHnyeHHa B F
anst moBoil cTpemsueiics K HYAl0 MNOCAENOBAaTENbHOCTH (Xp) TOYeK H3 E.

12) JlokanbHO BBHIMYKIO€ NPOCTPAHCTBO £ HA3BIBAETCH (ZPAHUYEHHO
3aMKHYMOLM (COOTB. UHPPAOGOLEYHHM), €CIN KaXA0€ BHINYKIOE MHO-
#ecTeo (cooTB. Kawnas Oouxka) u3 E, noraoumjapllee BCe OrpaHAYEHHbIE
MHOXECTBA, €CTh OKPECTHOCTb HyAs B E.

a) TToxa3aTh, YTO KaX[0€ OFPaHAYEHHO 3aMKHYTOE NPOCTPAHCTBO H
Kaxjaoe Go4eyHOoe NPOCTPAHCTBO HHGpaboyeuHO *).

*) MoxHO NPABECTH NpHMEPHl GOUEYHBIX MPOCTPAHCTB, He SBAAIOUIAZCA OFpa-
HHYeHHO 3amKHYTHIMH (cm. L. Nachbin, Proc. Nat, Acad. Sci. U.S. A,
40 (1954), 471—474, n T. Shirota, Proc. Jap. Acad., 30 (1954), 294—298).
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6) Jas Toro uro6H OKaNbHO BHIIYKAOE NPOCTpaHCTBO E GblLIO Orpa-
HUYEHHO 3AMKHYTHIM, AOCTaTOYHO, YTOGH B HEM KaXJ0€ YPaBHOBEUICHHOE
BHINYKJIOE MHOXECTBO, [OrJIOUIAIONIee BCE OrPaHHYEHHbIE MHOMECTBa,
GLI0 OKPECTHOCTBIO HYJfl; LOCTATOYHO TRKME, YTOObl Kaxjas [NOAYHOPMa
Ha E, orpannyeHHas Ha BCeX OTPaHHYeHHBIX MHOXECTBaX, Ghlaa HenpephiBHA,

B) Ilokasatb, yTO mnomoiHeHwe HHppaboueuHoro mnpocTpaucTea Go-
yeuHo, [CM. § 3, aemma 1.}

13) MNycth E —— 10KaAbHO BHINYKJOE NPOCTPAHCTBO H § — €rQ TOMO-
aords. CpesH JOKanbHO BHINYKJIBIX TOMOJOTHH B E, 061ajalolHX TeM e
3anacoM OrpaHAYeHHBIX MHOMECTB, YTO M &, HMEETCA TOMOJNOrHA J7, Maxuo-
pUpyIOLan BCE OCTalbHbIE, M 9TO — E€NMHCTBEHHAs H3 YKa3aHHBIX TOMOJO-
rufl, B KOTOpHIX E oOrpandueHHo 3aMkHyro. IlpocTpancTeo, noayuaemoe
nyteMm Haaelends E Tomoaorne#t g/, Ha3blBaeTCA OrpaHHYeHHO 3aMKHYTHIM
IPOCTPAHCTBOM, aCCOfUUPOSAHAHblM ¢ E. Jlna 10r0 4T0Gbl AHHEHHOE OTO-
GpaxeHnue u NpocrpaHcTBa E B JOKanbHO BRIMYKJIOE NPOCTPaHCTBO F nepe-
BOAMAO KaxJ0e OrpaHHYEeHHOE MHOXeCTBO H3 E B OrpaHHYeHHOE MHOXe-
¢TBO B F, Heo6X0ZHMO H JAOCTaTOYHO, 4TOOH OHO OblIO HEmpepHBHO
B Tomojorun g’.

14) a) Ilyctb M — HeKOTOpOE MHOXECTBO JHHEHHbIX 0TOGpaXKeHui orpa-
HAYEHHQ 3aMKHYTOTO NpPOCTpaHCTBA E B JIOKalbHO BBITYKJIOE MPOCTPaH-
ctBo F. [las Toro utoO6ni M OBJIO PaBHOCTENEHHO HempepLIBHBIM, He0GXO0-
IMMO M AOCTATOYHO, YTOGH 1ds Ji06oit ctpemaweiics K Hyalo mociaesoBa-
TEABHOCTH (X,) TOYeK H3 E MHOMKecTBO Touek 4 (x,) (z ¢ M, n¢c N) Guiro
orpaHHuyeHHo B F. [CM. ynpaxkHenune 11.]

6) Insa Toro 4yro6bl NOKAILHO BLINYKIOE NPOCTPAHCTBO F Gbino orpa-
HHYEHHO 3aMKHYTBIM, 1OCTaTOYHO, YTOOBl KadJ0e €ro AnHeiHoe oTOOpaie-
Hye B 6aHaXOBCKOE€ NPOCTPaHCTBO F, Nepepojsulee BCAKYIO CTpeMAULyoCH
K HyMO NocaeloBaTelbHOCTb U3 E B OrpaHHUYSHHYIO MOCJEN0BATENbHOCTD
B F, 6b110 HenpepbiBHO. [PaccMOTpeTh OrpaHHYEHHO 3aMKHYTOE POCTPaH-
ctBO Ey, accounupoBannoe ¢ E (ynpawHeude 13), 1 NOrpy3suTn OTAeInMOe
NPOCTPaHCTRO, ACCOUMHPOBaHHOE ¢ Ey, B npousBeleHne GaHaxOBCKHX IIPO-
CTPaHCTB.]

15) Myctb E — MeTpu3yeMoe BeKTOPHOE NPOCTPAHCTBO HaJ HEJHCKPET-
HbBIM HOpMUpPOBaHHbIM Tenom K. Iloka3zaTh, YTO Kaxj0€ ypaBHOBELIEHHOE
MHOXECTBO #3 FE, HNOrjoujanouiee BCE NOCIEAOBATEIbHOCTH, CTPEMAuHECS
K HYMO, ecThb OKPecTHOCTL Hyas B E. BuiBecTn oTcloaa, YTO HempepuiBHOE
JAMHeHHOe oTo6GpaxeHdUe npocTpaHcTBa £ B TONONOrHYECKOE BEKTOPHOE
NPOCTPAHCTBO Haj K, NepeBoisllee KaXaylo CTPeMAlylocs K HyJO 0o-
CIeN0BaTEIbHOCT M3 E B OrpaHduYeHHy0 NOCAENOBATEIbHOCTL B F, He-
npepbuiBHO Ha E.

B uacTHOCTH, KaXk10e JOKaabUO BHLINYKJIOE MPOCTPAHCTBO, TONOAOCUA
KOTOPOTO MOXET OblTh ONpeneneHa c4emubim CEMENCTBOM MOJYHODM, Orpa-
HHYEHHO 3aMKHYTO.

16) Ilyctb E — oTzeAnMOe TOMOIOTMYECKOE BEKTOPHOE IPOCTpaH-
CTBO Haj HEJMCKPETHbIM HOPMHPOBaHHbIM TeaoM K n F— MeTpH3yeMoe
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BEKTOpPHOE IpocTpaHcTBO Hal K. [MokasaTh, YTO HelpepbIBHOE NHHEAHOE 0TO-

-1
Gpawenre u npocrpauctea £ B F, Takoe uro u (B) orpaumueHHo B E ans
T060r0 OrpaHHu€HHOrO MHOXecTBA B n3 . F, ectb nsomoppusm E B F.

17) a) Iycte (F), EI——cemencmo OrpaHHYEHHO 3aMKHYTHIX (COOTB.
HHppabouyeyHbIX) MPOCTPAHCTB H f,, AJXA Kaxaoro t¢J,— auHeitHoe 0TO-
GpaxceHne npocTpancTBa F, B BeKTOpHOe npocTpauctso E. Ilokasats, uto E,
HaleleHHOe CHIbHeHlel noxanbuo Bb[l'lYKJlOH Tomosorned, npu KoTopoil
Henpepsiubl Bee f, (ra. I, § 2, n°2), orpaHnyeHHO 3aMKMYTO (COOTB.
nudpaboueuno). B uyacTHocTH, Kadmaoe (aKTOPNPOCTPaHCTBO OrpPaHuU-
YEeHHO 3aMKHyTOro (cooTB. MH@paboueunoro) NMpOCTPaHCTBA OrPaHHYEHHO
3aMKHYTO (cooTB. wH(ppaboueuno) *); TOHNONOrMYECKas mpsaMas CymMma
OrpaHM4YeHHO 3aMKHYTHIX (COOTB. MH()paloueuHpIX) MPOCTPAHCTB OrpaHy-
Y4EHHO 3aMKHYTa (COOTB. HH(ppaGoueuna). BekTopHOe nMpocTpaHCTBO, Haje-
NEHHOE CHJbHellieH JOKaApbHO BHIIYKAOH TOMOAOrMeH, OrpaHAYeHHO 3aMK-
HYTO.

6) Iycts E-— 10KaAbHO BHIYKIOE MPOCTPAHCTRO M Ep, AMs KaX10ro
YPaBHOBELIEHHOrO OrpPaHHYEHHOrQ BBINYKJOrO MHOXecTBd B n3 E, — Bek-
TOPHOE NOZNPOCTpaHCTBO B E, MOpOXAEHHOEe MHOXECTBOM B W HajeleH-
HOe TOmoJOrHeH, AJs KOTOPOit MHOMecTBa AB (A 5= 0) oGpasyor ¢yHaa-
MEHTAaIbHYI0 CHCTEMY OKPecTHocTell HyJds (M KOTOPYI0O MOMXHO ONpeleinTh
onHo#t HOpMOIt). IlycTh fp — KaHOHMuecKOe BIOXEHHE Ep B-E. ToKa3aTb
YTO CHJbHEHIIaf JIOKalbHO BHINyKIas TONOAOTHA B E, IpH KOTOPOH He-
IpepsiBHBl BCe fg, €CTh OFPAaHHYEHHO 3aMKHYTas TOMOAOTHA, ACCOUAHPO-
BaHHAf C TOMOJOrHeH mpoctpaHcTBa E (ympaxuenne 13).

*18) Ilycrts (EL)IEI—ﬁeCKOHeqHOC CeMeHCTBO JOKalbHO BHIMYKJIbIX
NPOCTPAHCTB, He CBOJRWIMXCA K OZHOMY 9aemeHty O.

a) Iyctb f— auHeiiHOe OTOOpPaXKeHNE NPON3BeleHHs E = II E, B Gana-

I
XOBCKOe NMpocTpaHcTBO F. IlokasaTh, 4TO ecan 06pas Kajaoro OrpaHHyeH-

HOrO MHOXeCTBa M3 E npu OTOOpaMeHHH f ecTb OFPaHAYEHHOE MHOMe-
ctBo B F, TO cyumlecTByeT KOHeuHoe MNOAMHOXecTBO f1 B [ Takoe, uro
cyxenne f Ha E, (paccmMaTphBaeMoOe KaK IMOANPOCTPaHCTBO B E) paBHO
HYXIO AJS Kawaoro léH. [B npeanonoxennn, 4TO yTBEPKAEHHE HEBEPHO
NOCTPOHTbL OrpaHMYeHHYl0 MOCAEA0BaTEIbHOCTL (Xy) B E, o6pa3 xoropoit
npr oToOpaweHnd f He orpaunued B F.]

6) INyctp Kaxnoe w3 NpocTpaHcTs E, OorpaHnyeHHO 3aMkHyTo. Iloka-
3aTh, YTO eclH, KpoMe Toro, nmponsseneHne R orpannuenno 3aMKHyToO, TO-
NpOH3BelNeHHE E=I[EL orpaHMueHHo 3aMkHyTo. [Hcmoabsys npusHak

el
ynpaxHenns 140 u a), cBeCTH K J0Ka3aTelbCTBY TOro, 4TO e€cld orolGpa-
WeHrve f npocrpauctea £ B GanmaxoBckoe mnpocTpaHcTBO [ mepeBopur

*) MoxHO mnpxBeCTH MNpPHMePbl NOANPOCTPAHCTB OrPAHAYEHHO 3AMKHYTOro
TpPOCTPaHCTBA, He sABJAslomMXCca UHpaboueudsiMp (ra. 1V, § 5, ynmpax-
Henne 21).
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KQXK10€ OrpaHMYeHHOE MHOXKECTBO B OrDaHHUEHHOE MHOMXECTBO H PaBHO
HyMo Ha KaxaoMm E,, 10 f paBHO Hymo ua E; aas storo paccMoTpeTh, pas
KaXJI0ro x = (x,), CykeHne f Ha MpOH3BEAEHHE NPAMbIX Rx,.]

B) Bobisects u3 6), uTO npouseelenne Mo6oii mocreposareabuoctn (Ey,)
OTPaHAYEHHO 3aMKHYTBIX NPOCTPAHCTB OrPAHHYEHHO 3AMKHYTO *),

19) Nycts /— HecueTHOe MHOXECTBO. PaccMOTPHM B BEKTOPHOM IIpO-

CTpaHCTRE E=R(D, C ONHOH CTOPOHBI, CHALHEHILYI0 NOKAMbHO BHIIYKJYIO
TOMONOTHIO &, & C APYTOi — TOMOXOTHI0 o, ONpefeldeHHYIO B yIpaxHe-
Han 7 § 1 ra. 1. Kax ussecrso, Tonoaornn § u §o pasanusl (cm. ra. I,
§ 2, ynpawuenne 7). IlokasaTb, YTO OTpaHHueHHble MHOXECTBA B OOEHX
TOMOJOTHAX — OOHH H TE€ XE (CM. ‘ynpa)xHeHml 9 # 10) u uto E, nanenen-
HOE TomoJornei &y, He ABAAETCS MHGHPAGOYEUHBIM. [l/lcnonbaoaarb ynpax-
"Henre 12B, a Takxke ynpaxHenue 5 § 1.]

20) IoxasaTb, YTO €CIH TOMOJOrHSA METPH3YEMOrO JHOKAJLHO BHINYK-
Joro npoctpaictBa E He MomeT ObiTh oOnpeneieHa OJHOH HOPMOIL, To
B E He cywecTByeT cueTHOH (yHJaMEHTAIbHOH CHCTEMBI OTpaHMYEHHBIX
MHOXeCTB. [Mcrmoab3ys ynpaxHeHHe 5, MOKa3aTb, YTO B NPOTHBHOM Ciy-
‘yae B E cywecTBoBano Obl OrpaHHYeHHOE MHOXECTBO, MOTAOLLRIOIUEE BCE
OrpaHHYEHHbIE MHOXKECTBA M3 E, M B 3aKJIOYEHHEe BOCHONb30BaThHCs YIPax-
HeHHeM 15.]

21) JloxaabHO BHIMYKJOE NPOCTPAHCTBO E Ha3bIBaeTCA OMHOCUMEALHO
02PAHUYeHHbIM, €cin B E CyuiecTByeT orpaHpueHHas GOuYKa.

a) Ins Ttoro utobbl E GblIO OTHOCHMTENbHO OrpaHHYEHHBIM, HE0GXO-
A¥MO H JOCTaTO4YHO, YTOOLI TOMOJOTMs B E MaxOpHpPOBalach TONOAOrMEH,
onpeaensiemoit oaHoi Hopmoit. Torja B E cyuiecTByeT dyHIaMeHTaabHAas
CHCTEMa OrpaHWYEeHHBIX MHOMXECTB, COCTORWIAA H3 GOuek.

6) Han Ttoro uToOb MPOCTPAHCTBO E ObLIO OrpaHMueHHO 3AMKHYTHIM
H OTHOCHTENbHO OrpaHHYEHHBIM, He0O0XOAMMO 3 J1OCTATOUHO, 4YTOGHI €ro
TONONOrUsA Obila HHXKHEH IpaHblO ceMeHCTBa HOPMHPOBRHHBIX TOMOJIOTHIH
B E. [CM. ynpaxuenne 176.] Ias Toro utolnl B E cyulecTsoBajga, KpoMe
TOrQ, CY€THan (yHAaMeHTalbHas CHCTEMa OrpaHHYEHHbIX MHOXeCTB, HeoO-
XOJMMO M JOCTATOYHO, YTOGHI TOMOJOrHs MNpOCTpaHCcTBA E Oblna HHMKHER
rpafblo CYETHOTO CeMeiCTRa HOPMHPOBAHHBIX TOMOJOrHiL.

22) Iycts K— KOMIAKTHOE BBHINYKJIOE MHOXKECTBO H B — 3aMKHyTOE
OrpaHAYEHHOE BHIMYKJIOE MHOXECTBO B OTAEAMMOM TONOJOFHYECKOM BEK-
topuoM mpoctpacTee E. Ilokasath, 4TO Bhiykiaas ofodouxa C of6benu-
Heuus K U B 3amknyTa. [PaccMOTpeTb TOYKY NPMKOCHOBEHHSH 2 MHOXNe-
crea C, He mpUHajnexamyo K, 1 CBECTH PAcCMOTPEHHE K ciaydalo 2 = 0;
OPHHATh BO BHUMAHUE, YTO CYUIECTBYIOT OKPECTHOCTh HyAs V U uncno
ag< 1 Takue, uto M3 0L A1, x€K, y€B, Ax+ (1 —X) y€ V caenyer
A< ag; 3aTeM AJa KamAOH OKpecTHOCTH Hyas W paccMOTPETh MHOXKECTBO
Tpoex (A, x, y) Takux, 90 Ax+ (1= yeW, 0<A< L, x€K, yeB)]

*) HenapecTHo, sABAsE€TCA JH NPOM3BEAEHHE R! OTrpaHAYEHHO 3aMKHYTHM . LIS
HpPOH3BOILHONO HECYETHOTO MHOMecTBa /.
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23) Myctb ¢, B Ganaxosckom mnpocTpaHcTee L1(N) — nocaeroBaTenb-
HOCTb (bmn)mem rae dun =0 npn m 5= n n ¥y, = 1. OnpeseanTsh Hempe-
puBHoe oto6pawenne L1(N) B R, nepepoasuiee orpannueHHy NOCIEN0”
BATEJIbHOCTL 9JIEMEHTOB ¢, B HeorpaundeHnoe MHoxectBo B R. [Mcnoan-
30BaThb TeopeMy ¥ peicoHa (18).]

§ 3. MpocrTpaKcTBa HENpPePHIBHBIX JUHEHHBIX orospa')xelmﬁ

1. [Mpocmpancmea Lz (E, F)

IMycts E— npoH3BoibHOe MHOXECTBO, & -— HEKOTOPOE MHOXKeCTBO
ero MOAMHOXeCTB U F — KOMMYTaTHBHAs TOMOJOrHYecKass rpynna B anjiH-
TuBHOH 3anucH. MuoxectBo FEF mcex oroGpawxenuit F B F o6nanaer
CTPYKTYPO#l KOMMYTAaTHBHOH TI'DyMNMNbl — MPOH3BEICHHeM CTPYKTYp rpymn
ero coctaBiaouiux. ITokaxeM, uTO TONOJOrHd paBHOMEPHOH CXOLHMOCTH
Ha MuoxecTBax u3 & (O6w. Tom., Pes., § 13, n°1; ra. X, § 1, n°2),
KOTOPYW® MH GymeM HasmBath &-monosozued 8 FE, coznacyemcs
¢ gmoi cmpykmypoii 2pynne. B FE. [efctButensHo, nycts To(M, V)
IAs  Kakaoro MHoxectBa MES uw kaxmo#t oxpectdHoctd Hyas V
B F — mHOxecTBO Bcex # € FE rakux, uto u(M)cV. Ha onpenenennit
HeMOCPEeACTBEHHO ClefyeT, uTO KA Kawaoro u,€ FE mepecedenus Bce-
BO3MOXHBHIX KOHeUHbIX HAO0pOB MHOXeCTB Bula u,— T,(M, V) obpa-
3YI0T (YHIAMEHTANAbHYI0 CUCTEMY OKpecTiiocTet #, B S-TONONOTHUH,
KpoMme toro, dcHo, uto ecam W — cuMMETpHUHAA OKPeCTHOCTb Hyad B F
Takad, yro W WV, 10 To(M, W) cummerpuuHo u Ty(M, W)
+T,M, W)cT,(M, V), uem Hamle yTBepxuieHue u gokasaHo. (O6uw.
ton., Pea., § 10, n°2; ra. IlI, § 1, n°2).

3ameuaHns 1) 3aMeTuM, UTO pABHOMEPHAR CTPYKTypa B FE, nuny-
usposaHan GS-TomoJorueli, pacCcMaTpHBaeMOil KaK TOMOMOTHA TPYIIIbI
(O6w. Tom., Pes., § 10, n®11; ra III, § 3, n°1), coBnajaer cO CTPYKTY-
poH paBHOMepHOH CXOAUMOCTH Ha MHOXecTBax u3 &.

2) Ecan V 3amkuyto B F, TO MHOu#ecTBO Ty (M, V) 3amkHyTO B TOmO-
JMOTHA TPOCTOH CXORUMOCTH. [IeHCTBHTENbHO, eClH Ly € FE €CTb TOYKa
npukocHOBeuns MHowecTBa Ty (M, V) B TOmororun npocroid CXOAMMOCTH,
TO uy(Xx) AXs Kawaoro x¢éM ecTb TOYKa NPHKOCHOBEHHs OOBbelHHEHHA
mHOXecTB & (M), roe u npoberaer Ty (M, V), caenoratennHo, ug(x), 0o
onpeaenennio MHowectBa Tog(M, V), ecTh TOYKa NMpPHKOCHOBEHHA Adas V,
oTKyza ug (M) V, 1. e. ug€ To(M, V).

Ecan F—Tonoaoruyeckoe BEeKTOPHOE npocTpancTBo, To FE obaa-
IaeT CTPYKTYpOH BEKTOPHOro MPOCTPAHCTBA — NMPOU3BeleHHEM CTPYKTYP
BeKTOPHBIX MPOCTPAHCTB €ro COCTABJSIOLLHX. )
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Mpeasoxewue 1. IMyems E— mHoocecmso, & — nexomopoe MHO-
acecmso e20 nooMmHoxcecms, F —monorozuneckoe seKkmopHoe npo-
cmpancmso u H-—sexmopnoe nodnpocmpancmso 8 FE. Ilaa mozo
umober.  S-monoaozus c€024ac08aAaCh €O CMPYKMYPOL 8eKMOPHO0
npocmpancmsa 8 H, neob6xodumo u Odocmamouno, umobo u{M) dan
awboi gynxyun u € H u aw6o20 muoncecmsa MES 6Guno o2panu-
yennoim 8 F. Ecau, kpome moz20, F aokarvHo seinyxao, mo H, naoe-
aenHoe S-monoaozuel, A0KAALHO BHNYKAO.

B BBeneuxbix Boiwie ofozHauenusx, S-ronosorus 8 H oGnanaet ¢yH-
JaMEHTaJdbHOM cUCTeMOH OKpecTiocTefi Hyas, oOpa3oBaHHOM Nepeceye-
HUAMK KOHeuHbX Habopos MHowecTtB Buaa HNTy(M, V), rone M npo-
Geraer &, a V — MHOXeCTBO BCeX YPaBHOBELIEHHHIX OKpecTHOCTeH
uynd B8 F. Tak kak Ty(M, \WW)y=2ATy(M, V), 10 3Ta cuCTeMa okpecT-
HOCTe WHBAPUAHTHA OTHOCUTENBHO TOMOTETHUH U COCTOUT U3 YpaBHOBe-
‘WeHHBIX MHONeCTB. Tak KaK, MO CKA3aHHOMY Bhimie, S-TOMOAOrMs COria-
cyeTcs CO CTPYKTypo# asautusHO# rpynnsl B H, 10 Aad Toro, 4toGhl
OHa COrNacoBaiach CO CTPYKTYPOH BeKTOPHOro npoctpanctsa B H, Heol-
XOAMMO M 10c¢TatTouHO, uto6m MHowectBa HNTy(M, V) Guinu nozao-
waowume 8 H (ra. 1, § 1, n°3); Ho 370 03HauaeT, 4TO AJ8 KaAWAOrO
u € H, xaxnoro Muoxectsa ME S u kawaoH ypaBHOBelleHHOH OKpecT-
Hoctu Hyas V B F cywectByer A >0 rtakoe, uro a(M)cAV, T. e.
(§ 2, n°l) uro u(M) orpanuuenno B F. Haxoden, cnpaBelnBOCTb
NOCJAeHEr0 YTBepkKICHUs TNpelToXKeHUs BbITeKaeT W3 TOro, YTO BHINY-
kjaocth V Bieuer Bumykaocte Ty (M, V).

Cnencrsue. [lyeme E u F —monoaozuueckue seKmopubie npo-
cmpancmsa, S — HeKOMOPOe MHONCECMBO OZPAHUYLHHbLX NOOMHONCECME
npocmpancmsa E u L (E, F)— sexmoprnoe npocmpancmso 8cex nenpe-
puleHbLX  auHelinox omoOpascenuti E 8 F. ©-monoaozua 8 L(E, F)
cozaacyemcs moz0a €O CMPYKMYPOU BEKMOPHO0 NPOCMPAHCMBA U
npumom A0KaAbHO 8binykKaa, ecau F a0kasbHo 8binyxa0.

HoctatouHo 3ameruth, 4to & (M), rme #— nenpepeiBHOE jUHeHHOE
orobpaxenue £ B F, ofpaﬂuqeﬂﬂo B F naa KaxAOro OrpaHU4YEeHHOr O
muoxectBa McE (§ 2, 1°3, crencteue 2 npeasioxeHus 9).

IMycts E u F-— ronoiorudeckne npocTpaHctBa u & — HekoTOpOe
MHOXECTBO OrPaHUUYEHHBIX MOAMHONKeCTB npocTpaHcTsa E. Yepes Lg (E, F)
Mb OyldeM 06G03HauaTb TOMOJOIHUECKOe BeKTOpHOe MpPOCTPaHCTRO, NOMY-
yaeMoe MyTeM Haje/leHus BekTopHoro npocrpaHcrtsa L(E, F) ©-tono-
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noruedt, u Aas kakaoro ME@ u kawagoft okpectHoctw wyas V B F

NONOKUM
TM, V)=L(E, FYNT,(M, V)

(cum. . 1V, § 2, ympaxunenne 1).

HauGonee BamHBI CAeAfyOUMe CIydau:

1) © ecTb MUOXECTBO BCEX KOHEXHbLX MOAMIONECTB NMPOCTPaNCTBa E;
&-tonodorus B L (E, F) ectb TOrna TONOJOTUS NPOCMOL CX00uMOCHU.

2) © ecTb MHOXECTBO BCEX KOMNAKMHbLLX TOAMHOXECTB NMPOCTPAH-
crea E; ©-tonosorua 8 L(E, F) ecTb TOrAa TOMOJOTUN KOMIAKMHOIE

cxooumocmu.
3) @ €CTb MHOXECTBO 8CeX OFpPalUYeIHBIX NOIMHOKECTB MPOCTPAH-
crea E; &-tononorus s L(E, F) HaseiBaetca Toraa monoaozueii ozpa-

Ruuennol cxodumocmu. $ICHO, 4TO 3TO — cuAvHelwan w3 &-TONOJIOTKH
B L(E, F) (nockoabky Bce & 00pa3oBanbl OrpanuyeH bt My MHOXECTBaMH).-_

3ametu™, uto &-romoaorus B L (£, F) ne namenserca upu samene S
A00bIM M3 CAENYIOUUX MHOMXECTB MOAMHOKECTB: 1) MHOMECTROM BCEX NOI-
MHOXECTB MHOMECTB H3 &; 2) MUOKECTBOM OO6DbeAuHeHUH 006X KOHCY-
HBIX -HaGopoB MHOXecTB M3 &; 3) MHOMxECTBOM 06pa30B MHOMKecTB u3 &
npH BCCBO3IMONKHBIX F'OMOTCTHAX; 4) MHOXECTBOM BCEBO3MOXHBIX KOHEUYHLIX
cymm My My -+ ... -+ M, vHOKeCTB M3 &; 5) MHOXECTBOM ypaBHOBe-
WeHHBIX 060M0oYeK Bcex MHOKECTB u3 &; 6) MHOMKECTROM 3aMplKanuil BCex
MHOXECTB M3 &; 7) npH JAOKaALHOK BHIOYKAOCTH npoctpaHcts £ ¥ F —
MHOXECTBOM 3aMKHYTHIX YPaBHOBELIEHNbX BbINYKAMX 000A0YCK BCEX MHO-
#ecTB H3 &. Mbl OTpaHHYHMCA YCTAHOBICHHEM CIPAaBEAIHBOCTH MOCACHHHX
neyx yrseprcaenuil. Ecan V — zamkuyrasn OKPEeCTHOCTb HyaA B F, TO npu
u¢L(E, Fy n3 u(M)<S V caepyer u(Mcu(McV, NMOCKOMbKY u He-
npepuiBHO; npu 9ToM M orpanmdenso (§ 2, saMeuanHe nocie npeIoKe-
aus 2). C 1npyrod ctoponsl, ecad E H F NOKaibHO BHIIYKIBI, TO BhIMyKJible
o6onouxn muomects u3 & Takwke orpanuednst (§ 2, npepiormenue 2);
ecan V — Buinykaas OKPeCTHOCTb HYaAA B F, M — MHOMecTBO U3 S u N —
ero Bblllykaaa o6oaouka, 1o M3 u(M)c V, rne ucl (E, F), caenyer
u(N)yc V (cm. yopaikuenHe 2).

[Tpeanonowum, u4to F JOKAJABHO BBIMYKIO, U NMYCTb I'— MHOMECTBO
noiyHopM, onpefensiouiee ero Tomoxoruto (ra. II, § 5, n°4)., Has
Kawnel moayuopMsl pE I M Kammoro MHokectsa ME S noJomum

Py (@) =sup p(u(x)) (1)
zEM

flcho, uto p, —mnoayuopma Ha L(E, F). Kpome roro, ecin V —
OKpecTHOCTL Hyas B F, onpesensemas HepaBenctBoM p(y) <1, To
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BrIOdeHne u (M) V paBHOCHALHO HepaBeHCTBY P, (4) < 1; Mbl BuiuM,
taxum obpasoM, uto S-romonorua B L(E, F) onpeneaarca cemeHcTBOM
NOAYHOPM p,., TAc p mpoGeraer MHoxectso I', a M— mHoxecTBO &
(nau Jauie ero vyacth @, TaKY0, UTO KawA0e MHOWecTRO M3 & copep-
XUTCH B rOMOTCTHUYHOM OOGpase NEKOTOPOro MHomecTBa M3 &), — Kak
3TO cjeiyeT M3 PaBencTBa p,, (#) =|\|p,, (@)

Ecau, B uactHoctu, E u F —HOpmuposanusie TNPOCTPAHCTBA, TO
TOMNOJOrHA orpalinueHHol c¢xoaumocTn B L (E, F) onmpeaenferca HOpMOL

el = sup fla )] @
hel<1

(cm. O6w. rtom., ra. X, § 2, n°2). Paccmarpuas L (E, F) kak HopMu-
pOBaHiiOe MPOCTPANCTBO, MHl BCIOAY, I'ie HC OTOBOPEHO NMPOTHBHOE, OyacM
NpeANONaraTb €ro CHaGKeHHBIM HOPMOH (2).

2. Ycaosue omoeaumocmu npocmparcmea Lg (E, F)

Npennoxenue 2. Ilyemv E u F— monosozuyeckue 8exmopHsie
npocmpaucmea, F omdesumo u S— Hexomopoe MHONCECMBO 02pa-
HUYeHHLLX nodmHoxcecms8 npocmpancmea E. Ecau o6sedurnenue 8cex
Mroocecms uz © momassno 8 E, mo npocmpancmeo Lg (E, F) omoe-
AUMO.

HeficTuteabHo, mycTb A — ob6beauierine BceXx MHOmeCTB u3 & n
ugE L(E, F), uy+ 0. Tak kak A TOTaJIbHO, TO CyWIECTBYeT TOUKA XoE€ A
TaKasl, 4TO #4y(xy) =+ 0, W, caexoBarenbiio, OKpectiiocTs nyaa V B F
TaKasd, uTo U, (x0)¢v; toraa ang-awo6Goro muoxectsa ME &, coxepxa-

WEero x,, HMeeM u0¢T(M, V), ¥ npeajnoxeHue LoKasano (cM. ympam-
HeHue 3).

B vyacTHOCTH, MpU OTZETMMOCTH MPOCTPAaHCTBA F TOMO.0OTMH MpOCTOM,
KOMNAKTHOM u OrpaunuesHo#l cxomuMocrefl B L (E, F) oTaeauMul.

3. Csnau mexncdy L(E, F) u L(E, F)

Mycts E u F — oraenuMble TONOJOTHUECKHE BEKTOPHbiE NMPOCTPaH-
cTBa, npuueM F nosno; 4 MycThb E — nonoaxenne npocrpalicrea E. Tak
KaK Kamnoe HenpepbiBHOE nuueiiioe orofpamenHe & mnpocTpancrsa E
B F 01103HAYL0 MPOXOMKAETCA 10 HempephBHOTO JuHefHOro orolpaxe-
HUS 4 TPOCTPAHCTBA E B F, To oro6paxenue u— 4 ecTh H3OMOPHH3IM
CTPYKTYpbl BekTOpHOro mnpoctpanctsa B L(E, F) Ha cTPyKTypy Bek-
TOPHOTrO TMPOCTPAHCTBA B L(E, F). IMycrb, namee, & — HeKOTOPOE MHO-
HKeCTBO OrpaHMYeHHHX MOAMHOmeCTB mpocTpaHcTBa E. M3 onpenenenus
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SIBCTBYeT, 4TO TP OTOKAECTBICHUH L(E, F)c L(E F) nocpeacTsoM

orobpaxeHus u — u &-tononorus 8 L (E, F) omoocdecmsrsemcs ¢ S-ro-
nonoruelt B L(E F). O6o3Hauas uepes S MHOXeCTBO 3aMBIKaHUH MHO-
wects us & B E, samerum, uto S-ronosorns n S-tononorus B L(E F)
cosnapawt (n°1).

Hanpumep, ecau E-—HopmuposannHoe NPOCTPRHCTBO, TO TOMOJOTHUA
orpaHuuenHo#t cxonumoctd B L (E, F) coBmazaeT ¢ TomoJjorueft orpaiu-
yenHo#i cxomumoctd B L (E, F) (npu ykasaunoM Bhillle OTOXIECTBIEHHU
npoctpancTts L (E, F) ' L(E F)). DeficTBuTeTbHO, KamA0e OrpPaHUYeH-
HOe MHOXeCTBO M3 E comepkutcs B 3aMbiKanuu (B E) HEKOTOPOro orpa-
HuueHHoro Muoxectsa w3 E. Bmpouem, map ||x||< 1 8 E ecrb 3ambi-
xawue B E CBOEro nepecedeia ¢ E; eciu nosromy F — nopmuposan-
HOe TPOCTPAHCTBO, TO W3 dopmyas (2) crenyer, 4To (B NPUHATHIX BHIlE
o6o3Hauenusax) ||u|| = ||u||; uHEMUM clTOBaMu, OTOGpawenue u —> & ecTh
M30MOP(U3M CTPYKTYPhl HOpMUpPOBaHHO2O mpocTpahcTsa B L (E, F) Ha
CTPYKTYPY HOPMHDOBAHHOTO NPOCTPAHCTBA B L(E, F).

Moo MpHBECTH IMPHUMEPH OTACAUMBIX JNOKaJbHO BLINYKABIX IIpO-

ctpancTs E, A KOTOpHIX He BCAKOE OFPaHHYEHHOE MHOXECTBO B £ conep-
WHTCHA B 3aMBIKaHWH OTPaHMyYeHHOro MuoxecTBa u3 E (ra. IV, § 1, ynpax-
Henue 11).

4. Ozpanuvennvie mroxcecmea 8 Lg(E, F)

[ycte E u F — ronoaorunyeckue BeKTOPHEE NPOCTPAHCTBA K S — MHO-
XKeCTBO OFPAaHMYEHHBIX NOAMHOKECTB NpoOCTpancTBa E. YTBepixieHue, YTO
muowectso Ho L (E, F) orpaHuueHHo B S-TONOJOTMU, O3HAYaeT, 4TO
s Kawaoro MHoxectsa M€ G u kaxao#h okpecTHoctd Hyas V B F
cywecrsyer A >0 Takoe, uro HCAT (M, V), 1. e. u (M)<AV nas Bcex

u € H, uru, vnaue, U u(M)chV, 1. e. 4TO MHOKECTBO U ua (M) ozpa-

uweH uweH
nuuenno 8 F naa kaxnoro MES.

Tak xak otHoweHue ,u (M)A nng Bcex u € H* paBHOCUIBLHO OTHO-

-1
e HUIO Mc)\n u(V), TO 3TOT MNpU3HAK BHPAKAETCA TAKKE CACAYIO-
ucH

uuM o6pasom:

Neepnowenue 3. ITyems E u  F— monosoeuseckue sexmop-
Hole npocmpatcmsa u O ——HEKOMQPOe MHONCECMBO 02PAHUYEHHbLX
noomnoxcecms npocmparncmse E. [aa mozo umobu. muOICECMBE0
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HcL(E, F) 6bta0 ozpanuuennsun & S-monoaozuu, Heobxo0dumo u
docmamouno, 4mobs. 0 kaxeooid oxpecmuocmu Hyas V uiz F muo-

acecmso n ul(V) nozaowaro ece M@,
ueH

Ectu @ n @ —Ba MHOXeCTBA OrpaHMYEeHHHX MOAMHOMECTB M3 E
u &=, 10 S-rononorus B L (E, F) Maxopupyerca &’-TonoJorneil
M, CJefOBaTeNbHO, Kawxaoe MHoxecrBo u3 L (E, F), orpaHuuenHoe
8 &'-ronororun, teM Gonee orpaHuueHHo B S-romogorun. Mubl yBuiuM,
4TO B HEKOTOPBIX BRXHBIX CAy4asx OrpaHuueHHocTh MHOXectBa H L (E, F)
B &-ronosoruu He 3aBucUT OT &, ecid TOMBKO OTPAHUUUTLCH MHONE-
creamn &, ofGpasywouumMu NOKpHTUS npocTpaHcTsa E (cMm. n°7, sameua-
nve nociae caeactBus 1 TeopeMul 4).

TeopeMa 1. Ilyems E u F—omdeaumsie A0KAABHO BbLNYKAbLE
npocmpancmsa u G — uHONHCECMBO 8CEX NOAHBLX 02PAHUYEHHBLX
YDAaBHOBEULEHHbLX BHNYKAbLX MHOxNcecms u3 E. Kaowcdoe mrnomcecmso
HcL (E, F), ozpanutennoe 8 monosozauu npocmoid cxodumocmu, ozpa-
nuuenno 8 G-monosoeuu.

MycTh V — 3aMKHYTas ypaBHOBeIIEHHAas BHIMYKJIasd OKPECTHOCTb HYJs
B F; B cuny mnpeatoxenus 3, JeJd0 CBOIUTCA K AOKA3aTeJbCTBY TOrO,
4TO MHOMECTBO T == n ul(V) noraouwaer Bce ME G, fcHo, uro T —

ucH
32aMKHYTOE€ YpaBHOBELIeHHOe BLINYKJI0e MOAMHOKECTBO NPOCTPAHCTBA E.

Hanee, T—o0ouxa B E, 1. e. (§ 1, ompelenenme 1) norJowamuiee
MHOMECTBO; B CWIY NpelJoXeHus 3, 3TO BbITEKaeT W3 NPEINONOKEHUS,
4ro F orpaHMuYeHHO B TOMOJOTHH INPOCTOH cxoamMocTu. TeM CaMbiM
CNPaBejIUBOCTb TEOPEMEl BHITEKaeT M3 CAeAyioutelt JeMMbl:

Jlemma 1. B omoeaumom aoxaasHo seinyxiom npocmpancmse E
Kasxcdas 6ouxa T nozsowaem BCAKOe noAHOe 02PAHu4eHHOe YPABGHO-
BEULEHHOE BHLILYKAOE MHOdCECMBO A.

[MyreM 3aMensl mnpocTpaHcTBa E, eClM HYWHO, €0 BEKTOPHHIM TOI-
NPOCTPAHCTBOM, NOPONAEHHHIM MHOMeCTBOM A, BONPOC CBORUTCH K TOMY
ciyuawo, Korza A nopownaer E, T. e. korna A—nozaowanuee MHO-
kecTtBo, [lycts Torma p—ero xamubGpopounas ¢yukuus (ra. I, § 3,
n°3). Tak kak 119 Kawporo HeHyneBoro x € E CylecTBYHOT okpecT-
Hocte Hyds U, He comepxawas x, u uucao a >0 rakoe, uto adcU
(u6o A orpanuueHHo), To p(x) =+ 0, UHBIMU CTOBAMH, p—HOpMa HA E.
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OGosiiauuM yepe3 E, HOpMUpOBaHHOE NPOCTPAHCTBO, MOAYYaioLleeCs
nyteM Haxenewus E Hopmo# p. Muowmectsa M (A > 0) ofpasywor B E,
DYHIaMEHTAIbHYIO CUCTEMY okpecTHocTell nynd. Tak Kak A orpaHnueHHO
B E, To Tomoxorua &, npocrpaHctsa E, maxcopupyem TONOJIOTHIO &
npocrpaHctea E. [laiee, E,— 6anaxosckoe npocmparncmso. JleHcTBU-
TeNbHO, OKpecTHOCTH Hyas AA mas tonofgoruu §, MOMHB B TOMOJOTHH T3
C/eAOBATENbHO, HOPMHpOBaHuoe npocrpauctso E, nmomdo (ra. I, § 1,
caeactene npeatomenus 8). Tax kak Ttenepp T 3amkuyto B E, TO oHO
aaMxuyTo u B E, M, ciexoBarelbHO, sBiasercs Gouko#t B E, Ho Eq—
6oueuiioe npocrpaicTeo (§ 1, npeanomenue 1). CnenosareabHo, T ecTb
KpecTHOCTb Hyaa B E, u, 3uaunt, noraouaer A.

Caeacteue 1. Ilycme E u F—omdesumbie 20KAABHO BbNYK-
avie npocmpancmea. Ecau E wsazunosno, mo xaxcdoe MHONCECMBO
u3 L(E, F), ozpanuuennoe 8 monosozua npocmoli cxodumocmu, 02pa-
Hutenno go scaxoli S-monoaozuu.

IefictButenbio, € ecTb B 3TOM Caydae MHONECTBO BCeX 3ZQMKHY-
molx OrpaHuuenibiX YpPaBHOBENIEHHBX BHNYKALX MNOAMHOXECTB MNPO-
ctpanctBa E, u Tak kaK 3aMKHyTas ypaBHoOBellleHHas BuIMyKiaas 060/0uKa
KaXAOrO OTrpaHMYeHHOTO MHOMecTBA M3 E Takwe orpaHuveia B E
(§ 2, npennoxenue 2), To §-Tonosorus ecTb He UTO MiOE, KAK TONO-
JOTHAl OrpaHUueHHON CXOAUMOCTH, T. e. CUJbHefilrasg u3 BCex &-TOMOJIOTKHA.

Ecau E KBa3sumoano, To Mbl 6yAemM FOBOPHTb MOITOMY MpPoOcTO 06
ozparuyvennsix muoxcecmséax 8 L (E, F), ne otmeyas — B xaxoii &-rono-
JOrHM (NojpasyMeBas, eciH He OFOBOPEHO ApOTHBHOE, &-TonoJjoruH, no-
poxjaeMble MUOXeCTBaMH & MHOXECTB, CONlepXKAUIHMH BCEe KOHEUHbIE MO~
MHOXecTBa npocTpaHcTBa E).

Caexcreue 2. Ilyems E u F—Ganaxosckue npocmpancmea u

H — MHoMcecmso Henpepusroix auxeliusix omobpaxcenui E s F.

Ecau sup|la(x)|<<+o0 0us «kamoozo xE€CE, mo maxxce
uecH

sup ||u} <+ oco.
ucH

5. Pasnocmenenno uenpepovisuvte mroxcecmsa 8 L(E, F)

ITycte E u F — TONoJOrM4eCKHe BEKTOPHHE MNpOCTpaHcTBa. Jlas
toro ytobu Hc L (L, F) Obi0 paBHOCTENEniio HEMpepHBHLIM, He06XO0-
AMMO ¥ JNOCTATOYHO, 4YTOGE OHO OLIIO PABHOCTEMEHHO {ENpPepbBILIM
B touke O (ra. I, § 1, npennoxenue-7); 370 03HAYALT, YTO AAA KAWAOH
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okpectHoctd Hyma V u3s F cywecrByer oxpectHocTs nyas U B E
Takag, uro u(U)cV nas Bcex w € H, umu, wHade, UTO MHOMCECMEBO
nH uI(V) ecms oxkpecmuocms Hyas 8 E. Kax mb suzem (ra. I, § 1,
:S 5), toraa H, cBepx TOro, paBHOMepiO pPaBIIOCTENEHIIO HenpepHBHO.
3ametum eue, 9to ecam E m F nokaJIbHO BHTYKJH, TO YpaBHOBeIleHHas
BbNyKAas o00O0NOYKa PABHOCTCNMEHHO HelpephLBHOro MHOwecTBa Ff us3
L(E, F) paBiocTeNleHHO HenpepuiBna; NeHCTBATEAbHO, ecIu s 1060
yPaBHOBeWICHHOH BHOykMOH okpecTHocTH Wyl V usa F cymectByet
okpectHocts Hyna U B E taxaa, uro #(U)cV nas scex u€ H, to
¥ 179 MO60H TMHEeHION KOMOMHALMKN ¥ = ) ki 3AeMeHToB M3 H Takof,
P

uro XN | < 1, umeen v (U)cV.
%

Meennoxenve 4. ITyems E u F — monosozuueckue 8eKmoprbie
npocmpancmea, npusem F omoeaumo. 3aMmbikanue H Kasedozo
PasHOCMeneHno HenpepvisHoz0 muoxcecmsa Ho L (E, F) 8 npou3sseoe-
nuu FE (nmpoctpanctBe 8cex oroGpawenuit E B F, HaneleHHOM TOMO-
JIOTHed mpocTo#t cxoaumoctn) codepacumcs 8 L(E, F)u pasHocmenenno
HenpepoulgHO.

Yro H paBnocTeneHHo HenpepelBHO — uaBectiio  (OOuwi. Tom., Pes.,
§ 13, n° 12; ra. X, § 3, npemnoxenue 7); 0CTAaeTCA MUIbL TOKA3aTh,
4TO Tpene] AMHEHHBIX OTOOPAmeHUH B TOMOAOrMM MPOCTOH CXOAMMOCTH
anneed. Ho otoGpawmenue u — u (x) npousBeneHns Ffg F HernpepbiBHO;
[I03TOMY, MOCKOAbKY F oTaeaumo, pas nwobo#f nmapsl Touek x, y us E
1 mo6of mapet CKaApPoOB ), (1 MHOMECTBO Tex uEFE, KOTOpHeE YAO-
BJETBOPAOT COOTHOIWEHHUIO

u (hx - py)—ha (x) —pu (y) =0,

E
3aMKiyTO B F7; crexoBaTellbHO, MHOXECTBO BCeX JMHeHHbX oToGpa-
xeunt E B F 3amxuyro B F¥ xak nepeceuenme yKa3aHHBIX MIOXeCTB,
Koraa x u y mpoGeraior L, a A M p.— TeI0 CKamipOB.

ChaeactBue. Jas moz0 umo6s. pasHoCMenenno HenpepuiBHOe MHO-
acecmso HoL(E, F) 6ois0 omnocumensno xomnaxmuwnim 8 L(E, F),
HaOereHHOM monoaozuel npocmoii cxodumocmu, Heo6xodumo u 00-
cmamouno, umols 04s Kaxdozo x € E muoocecmso H(x) 3nawenus
u(x), 20e u npobezaem H, 6bia0 omuocumersto womnaxmuo & F.
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HedcTBUTEMbHO, 9TO YC/AOBHE HeOOXOAMMO U LOCTATOYHO IS TOTO,
uroBbi H 6HAO OTHOCHTENbHO KOMNAKTHLIM B npoussedenuu FE (O6uw.
ton., Pes., § 8, n° 7; ra. I, § 10, cnencrsue Tteopembt 3), OTKyAa
¥ BHITeKaeT yTBepmAeHUe, TMOCKOTbKY HcL (E, F).

Mepeansoxeune 5. Ilycms E u F— omodesumvie monosozuyeckue
gexmopntie npocmpancmea. Caedywouue pasHOMEpHble CMPYKMYPLL
cosnadaom Ha KQHO0M DABHOCMENEHHO HENPEePLLBHOM MHONCECmBse
HcL(E, F):

1) paswomepras cmpykmypa npocmod cxo0umocmu Ha@ MOmMars-
HOM MHOdcecmse u3 E;

2) pasnomepras cmpysmypa npocmoii cxodumocmu Ha E;

3) pasnomepras CMPYKMYPA DABHOMEPHOL CX00UMOCMU HA nped-
Komnakmuslx muoxcecmeax us E. '

3aMeTdM TNpexae BCero, UYTO eCau u — JuHeHHOoe oToOpaxeHue F
B F u V — ypaBHoBellleHHas OKPECTHOCTb Hyad B F, 1O u3 u# (x;)EV

(%, €EE, 1 i< n) crenyer, 4ro u <2 )\ix,-) EIMVEHILIVE.. .+
it

—+{ x|V ans moGoro Habopa ckamapos (k) (1<Li<n). Orcona
cpasy BbITExkdaeT, 4TO AN Kawaoro MHoxectsa A ua E paBHOMepHas
crpykTypa (B H) mpocTto#t cxoaumoctd Ha A coBnajaer ¢ paBHOMEpHOH
CTPYKTYpOH MPOCTOH CXOAUMOCTH HZ BEKTOPHOM MOANMPOCTPAHCTBE, MO-
poxneiHoM MHoxectBOM A. TlosToMy B yrBepxIeHMu HpenfomeHus O
CNOBO ,TOTAAbHOM® MOMHO 3aMeHMTb Ha ,Bcloay mnjorHom“. Cosnane-
HHE MepPBLX ABYX PABHOMEPHBIX CTPYKTYpP eCTh TOTAA CIeicTBHe 00ulero
CBOHCTBR pPAaBHOCTENEHHO HenpepuiBHHX MHOwecTB. (OOw. Tom., Pes.,
§ 13, n°15; ra1. X, § 3, npeanoxenne 3 (19)). CosnaseHue me BTO-
pofi ¥ Tperbel paBHOMEPHHIX CTPYKTYD BbiTeKaeT U3 Clelylolled TeMMbi:

Jemma 2. ITyemy E uw F—omoesumvie pasnomeprsie npocm-
pancmea 4 H — pasHoOMepHO DASHOCMENEHHO Henpepusnoe MHONCE-
cmso omobGpascenuii E 8 F. Toz0a 8 H pasnomepnas cmpyxmypa
npocmoii cxodumocmu nwa E cosnadaem ¢ pasHOMEPHOL cmpyKmypol
PABHOMEDPHOL CX00UMOCMU HQ NPeOKOMNAKmHubx MHONcecmgax u3 E.

IeficTBuTeIbHO, NyCcTh V — OKpYXeHHe [Jig PAaBHOMEDHOH CTPYKTYpPH
B F u A-—npeakoMnakTHoe wmHoxectBo u3 E. [lo mnpeanosoxeHuio,
CYIEeCTBYeT CHMMeTpuuHoe okpyxenue U nad paBHOMEPHOH CTPYKTYPEHI
B E takoe, uro u3 (x, VWEU crenyer (u(x), u(3))EV ana Bcex
u€E H. Tak xak A nNpelKOMNAKTHO, TO CyILIeCTBYeT KOHEUHOE HUCIO
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Touek x;E A Ttakmx, uro oxpectHoctH U (x;) 06pasyioT MOKpbiTHe
MHOXecTBa A; ecau Toraa # u v mpuHantemar H u TakoBH, 4TO

. 3
( (%), v(x))EV nma kawaoro i, To (#(x), v(x))EV naa Bcex x € A4,
M JleMMa [0Ka3aHa.

Mpumepsn. °l) IIycte w —mepa JleGera Ha R u £ — npocTpancTBoO
LP) (1< p<+ o) (HUurerpup., ra. 1V, § 3). Tlycts f3, aas xaxaoh
yucaosol GyHKuuu f ¢ uHTerpHpyeMol p-H cTenenslo Ha R u xawjoro
BELIeCTBEHHOrO A, — QyHkuua x> f(x-— k), oueeumHo, Taxie obJaa-
Zaolas HHTerpupyeMoii p-ii cremeubio. SIcHo, uto f > f}, ecTh AnHeiiHOE
oTOOpazxeHne npoctpancTea £ na cebs *); kpoMe 1oro, Tak Xak N, (f—gr)=
=N, (f—g) **), 10 mHOomecTBO H Bcex 3THX IuHeHHbIX oTOGpaxenuit
(rae h npoberaer R) pasrocmenenno nenpepsisno. Ho ans xampno# He-
NpepeIBHOH (GYHKUMK f C KOMNAKTHBIM HocHTeaeM Ha R dyHkumuu f npu
h, crpemsleMca K HyAlo, CXOAATCA K f paBHOMEpHO, a 3HauMT, U B Cpen-
HeM nopagka p. Tak xak MHouecTBO &% (R) BceX HenpephiBHBIX GYHKIHH
€ KOMMaKTHHIM HOCHTeleM Ha R Bciogy naoTHo B E, TO H3 npelioxeHus 5
cAepyer, YTo fj, npH A, cTpeMsALIEMCs K HYJIIO, ¢x00umcsi 6 cpednef.t no-
padka p Kk [ paa xaxcdod gyuxunu fc E.

2) INycTs E — npocTpaHCTBO BCeX HENpephiBHBIX UHCJAOBHIX (PyHKUHiL
Ha R, HaleleHHOe TONOJOrHeH KOMMAaKTHOH CXOAMMOCTH, H (i) — MoCie-
IOBaTedbHOCTh Mep ¢ KOMDAaKTHBIM HocuTeédeM Ha R, T. e. HempepoIBHBIX
auHeiHNx otoGpaiennit £ B R (Muterpup., ru. 111, § 3, npenronenune 11).
IMpegnoaoxum, 410 ||, [|<< 1 A48 BCEX 1M M YTO HOCHTENH BCEX MEp i,
coxepxarcs B (PMKCHDOBAHHOM KOMIaKTHOM MHoxecTBe B R. Ecam torna
lim py, (f) =0 pas xamnoit ¢dyHxuuu f¢ E, TO nocaenosaTeNbHOCTh HiiTe-
n-»co

rpajios fe’itw dpy, (£) cTpeMutca K Hyal pasHOMepHO (MO x) Ha KamaoM

KOMIIAKTHOM MHoxecTBe B R. HelicTBUTENbHO, MOCAENOBATEABHOCTD (i)
PaBHOCTENEHHO HempepbiBHA, a KOrja x npoberaet KOMNAaKTHOE MHOXeCTBO
B R, dyuxunu ¢—> e o6pa3yloT KoMnakTHOe MHokecTBo B £ (06w
Tom., Pe3., § 13, n° §; rn. X, § 2, npexnoxenue 9 (20) ).,

Caepcrsue. Ilycmy H — pasnocmenenHo HenpepuisHoe MHOMNCE-
cmso 8 L(E, F). Ecau gursmp ® 8 H cxodumcs na E 8 mono-
a02uu NPocmol  CX00UMOCMU K HEKOmOpOMY Omobpaxcenurn u,

*) Homyckas BOJAbHOCTH peuH, Mbl OTOXAEeCTBAfEM (yHKIHMIO, 06aananiLyio
HHTErpUpyeMoH p-H CTelleHblo, C ee KIaccoM SKBHBAIEHTHOCTH (IO MONYIio
MHOMECTBA BCeX npeHeOperaeMblXx (yHKIuH), HAH, 4TO TO e, OTOMAECTBAAEM
IBE TakHe (QYHKUMHK, ecid OHM COBNAJAlOT MOYTH BCiody.

) Np(f)= (f I d&")l“). — Ipun. nepes.
R
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npocmpancmsa E 8 F, mo uy— nenpepoigrnoe auneiinoe omobdpaxcenue
E 8 F u ® cxodumes K u, PABHOMEPHO HA KAHCOOM RPEOKOMNAKM-
HoM MmHoMcecmse u3 E.

[lepBoe yTBepxeHHe eCTb CHeACTBME NpeaJoXeHus 4, a BTOpOEe —
npeajsoxenns 5.

IMrenaoxenue 6. flycms H— pasnocmenenno Henpepbisroe MHO-
awecmso 8 L(E, F). Ecau F mempusyemo, a 8 E cywecmsyem
MomaavHoe CHemuHoe MHONHCECMB0o, MO PABHOMEDHas cmpykmypa 8 H
npocmoii cxooumocmu Ha E mempu3dyema. Ecau, Kpome mozo, u 8 F
cymecmayem momansnoe cuemnoe MmHoxHcecmso, mo H codepscum
CuemHnoe 8CI00Y NAOMHOE MHO%cecmBo (B TOMOJNOTHM MPOCTOH CXOAU-
mocti Ha E).

[efictBuTeIbHO, TYyCTb (@,)-— TOTAa/JbHag TOCAENOBATEJLHOCTL B E;
nokameM, 4to otolpaxenne u— (u#(a@,)) ecTb ulomopgpuim H, nane-
JAeHOTO  paBHOMEpPHOH CTPYKTYypo# 2 mtpocroit cxomumoctn ua [,
B PaBHOMEPHOE MpPOCTPAHCTBO FY, uem O6yzetT 1okazaHo, u4TO X
mempusyema (O6ut. tom., Pes., § 7, n° 9; rn. IX, § 2, ynpaxueHnune
8(*Y)). HMrak, nycTb d— paccroflue, Olpeneisaioulee pPaBHOMEPIHYIO
CTPYKTYpY NpOCTpaHcTBa F; ecnv A KauAbIX ABYX SJEMEHTOB & M U
B L(E, F) nomowxutrs d,(u, vy=d(u(a,), v(a,)), 10 d, Gyayr or-
knouennamn Ha L (E, F); B cuay npeanoxeuus 5, ouu onpegensior B H
pPaBHOMEDHYIO CTPYKTYpPY #, 4YeM W YCTaHOBJAeHa CHpPaBeAMMWBOCTb Ha-
Wero yTBepwiaeHus. [laf NOKa3aTeabCcTBA BTOPOH 4YacTW MPEATOMKEHHA
Mbl BOCTOJb3yeMCsl Cleayioie aeMMOi:

JlemMa 3. Jas mozo umobo. monoroeus Mempu3yemozo mMono-
aozuteckozo npocmpancmsa G o061a0aaa cuemHu M 6a3ucoMm, HEOOXO-
oumo u docmamouno, umobot G codepocaro cuemuoe 8cody niomuoe
MHOHCECMBO.

Ycaopue HeoOxomumo, ubo ecmu (B,)—6azuc TOmogOrMM npO-
crpaucrea G u b, € B,, T0 uocnenosarenpocts (b,) BCIOLY MAOTHA.
OGpatHo, npennosownM, 4to B G CYwIECTBYeT BCIOAY IMIOTHas MOCTe-
LOBATENABHOCTb (@), ¥ NYCTb d'— PACCTOAHME, ONPEAEAFIOULEe TOMOMOTHIO

1
B G, a Sy — OTKPHITHHA AP C LUEHTPOM @, W PAANYCOM o Torna
MHOWeCTBR S,,, obpasyior Gasuc Tomomoruu B G. JleHcTBUTENBLHO, AAS
KaXA0ro ortkpbitoro MHowectsa U us G ‘u Kawmo#f rtouku x€U cy-
[ o
LeCTBYIOT LeJble uuciAa m, n Takue, 4to d (x, a,,) < ln<—2" rae 6 -—



6 . TIPOCTPAHCTBA HENPEPBLIBHbIX JIMHEFIHBIX OTOBPAKEHUM 171

paccrognue ot x no CU, a Toraa wap S,,, comepxutcs B U u conep-
KUT X.

Bepnemcs Tenepe ko BTOpO# uacTH npennoxenus 6. IMpexnonokum,
4To B F CyllecTBYeT TOTalbhas MOC/IELOBATENLHOCTD (). Ecam Tenom
ckansipos aaa F cayxut R (cootB. C), TO nuHelHBIE KOMOUHALMM BEKTO-
poB ¢, (COOTB. ¢y, M icy) C PAUMONAILHBIMH KO3(dUUHEHTAMH o0pasyoT
BCIOLY TJIOTHOE CYETHOE MIIOXecTBO B F, Tak uTO Tomojorug B F o6aa-
Jaer B cuay neMMbl 3 cueTHnIM GasucoM B. Henocpeactsenno scho,
4To Toma SJeMelTapible MHOXecTBa B F (O6w. Tou., Pes., § 7, n°5;
ro. [, § 8 n° 1), Bce npoekuuu KOTOprx Ha F npuliannemaTﬁB obpa-
SleT cueTHHHl Gasuc Tomosormu B F. OTciona 3aKJI0YacM, YTO TOMO-
aorust B H 06najaeT cueTHHM G6a3uCOM, YTO, B CHAY JAeMMbl 3, W 3a-
BEPLIAET JOKa3aTeNbCTBO.

6. Teopema banaxa— Uimeiinzaysa

Heennoxeuue 7. [Iyeme E u F—monoaoeuneckue sexmopHsie
npocmpancmsa. Kaowdoe pagrocmenenno Henpepsl8rnoe MHONCECMBEO
8 L(E, F) oepanuuenno 8o scex S-monoisozusnx.

IlelicTBHTENLHO, KaKoBa Obl HH Oblla OKPCCTHOCTb Hyns V us F,

—1
n u (V) ectb okpectHoCTh Hyag B E M, caeloBaTelbHO, NMOTJAOLLAET

ucH
BCE€ Orpainyy€HHbIC MHOXeECTBa, UTO, B CHJIIY mnpennoxeHusa 3, U 3aBCp-

MIAaeT J0Ka3aTeabCTBO.

Muoxectso u3 L (E, F), orpaHHYeHHOE B TOMNOJOMHA OTpaHHYEHHOH
cxonumoctd (M TeM O0oJee BO Bcex ©-Ton0A0THAX), HE 0653aTeNbHO
paBHOcTenenno nemnpepsBHO (ra. 1V, § 3, ympawuenue 5). Onnako
CIIPaBeLIUBO CleAYIoLILee:

TeopeMa 2. [Iycme E—6o0uewnoe npocmparncmgo u F— ao-
KaabHO sbinyKaoe npocmparcmgo. Kascdoe mnoowecmso Ho L (E, F),
02paHuteHHOe 8 MONOAOUL NPOCMOL CXO0UMOCMU, POABHOCMENeHHO

Henpepul8Ho.
IefcTBUTEAbHO, MycTh V — 3aMKHyTas YypaBHOBELIEHIAA BHIIYKJas

okpecTHOCTh Hyas B F. MuoxectBo T == n u (V) saMknyTO, ypaBHO-
wEH

BE€UICHIIO W BBHIMYKJAO, MPEANONOKEHHUE XKE, UTO H Oorpaiiu4eyHo B TOMNO-
JOTUH TPOCTOH CXOAMMOCTH, O3HayaeT, UTO T-—TIOI‘J]OU.LHlOLuCE MHO-
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kecTBO (upeanoxenue 3), 3Haunt T-—O6ouka B E. A Tak Kak E—
Goueunoe TpPOCTPAaHCTBO, TO T — OKpecTHOCTb Hyis B E, u TeopeMa
JOKa3aHa.

Caeacreue (TeopeMa bBauaxa-— Lltetinraysa). ITycme E —0o4ex-
Hoe npocmpancmgo, F—omdesumoe noxassHo 8uinyxsoe npocmi-
pancmso u ® — puremp 8 L(E, F), cxodawuiica na E 8 monoao-
2uu npocmod cxo0uMOCMU K HEKOMOPUMY OMOOPAICERUI0 wy Npocm-
pancmsa E 8 F. Ecau @ codepocum MHOJNCECMBO, O02PAHU4EHHOE
8 monoaozuu npocmoi cxodumocmu (B STOM Clyyae Mbl TOBODHM,
yro ® — o2panunennnili GuILTP), wau 06a0daem CcuemHblM 6aA3UCOM,
mo uy, ecme Henpepbul8HOe autelinoe omobpaxcenue E 8 F u ® cxo-
dumcsa K Uy PABHOMEPHO HA KAXCOOM NPeOKOMNAKMHOM MHOdCECmBe
u3 E.

Ecau ® comepxxur MHOXectBO H, orpaHuueHHOe B TONOJOI'MH TpO-
CTO# CXOAMMOCTH, TO YTBEDPXIAEHHE BHITEKaeT U3 CJAEACTBUA NPelIOKe-
HUS 5, MOCKOJbKY H PaBHOCTENEHHO HempephBHO (reopeMa 2).

Nanee, ecnn ® — anemeHTapHb#t QUALTP, aCCOLUHPOBAHHHA C He-
KOTOPOH TOCNENOBATEABHOCTBIO (Up)ns 1 (O6w. Tom., Pes., § 2, n° 10;
ri. 1, § 5, i° 10), TO NOCNeAOBATEILHOCTb (Uy (X)) AN KAKAOTO x€EE
cxonutca B F K uy(x); TOrAia MOCIeN0BATENbHOCTh (&,) OTpaHuyeHHa
B TONOJOTHUM NpOCTOH cxoaumoctd (§ 2, caenctsue npeanoxesus 3)
M Mbl NMPHXOAUM K TPEABIAYILEMY CHyHalo.

Mpennonoxum, Hakoueu, yro ® obnapaer cuersbiM 6asucoM. Toraa
Kaxapi# saeMedtapuuit duabtp W, maxopupyowu#t ®, cxomurca Ha E
K 4y B TONOJOTHY MPOCTOH CXOAUMOCTH, TaK UTO 4, €CTb HElpepHBHOE
nuHelinoe oToOpaxenue E B F u ¥ cxoautcs K 4, B TONOJOrMH paB-
HOMEPHOH CXONUMOCTH Ha NPeAKOMIAKTHHX MHOxecTBax us E. Cneno-
BaTeJpHO, TO ke BepHo u and ¢uabTpa P, nockoabky mnocaenHu#
ABJSIETCH TlepeceyeHUeM BCEX MaXKOPHPYIOULHX €ro 3JeMeHTapHbIX QUALT-
pos (O6ui. tom., Pe3., § 2, n® 10; ra. I, § 5, mpeanoxenue 10).

3aMeTHM, 4TO MpocTo cxoxaumiica ¢uaptp U3 L (£, F), obaagaomui
CYETHHIM 6a3ucoM, He 00A3aTeNbHO COJAEPKUT OFPAaHHYEHHOE MHOKECTBO,
KaK 9TO [IOKa3biBaeT NMpuUMep ¢UAbBTPa OKPECTHOCTEH HyJd, Korja Tomo-

aorus B L (E, F) merpusyeMa, HO He MOXeT OHITb ONpEjgeldeHa OxHON
HOpMO#H (ympaxcHeune 3).

Npumep. Iycte E— 6anaxosckoe mpoctpaHcTBo (Hax C), o6pa-
30BaHHOE HENpPEPHLIBHBIMH KOMIUIEKCHBIMH (YHKUHAMH Ha R, uMeiomuMu
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nepvon 1, u cuaGxennoe HopMoi ||f|| = sup |f(x)|. Ilas xamnzoro ue-
ST

1
aoro n€Z H Kawpoil GyHKUHH f € E MmONOMUM ¢y (f) = ff(x) ewine d x
0
(n-it Koadpduyuenm ©ypve Gyuxiuu f); Kamaoe H3 oTo6paxenui f - ¢y (f)
ecTb HenpepbiBHasA nuHediHas ¢opma Ha E. Ilycts (a,) — nocaegoBarennb-
HOCTb KOMMJAEKCHHIX uHcen, objaajaiomias TEM CBOHCTBOM, uTo psaj ¢ 06-
UM  YJAEHOM dyuCy (f) (7 € Z) aGCOMOTHO CXORHUTCH AXA Kax#c0ol (yHK-
o0
uun f € E. Tlpy 31HX ycaoBuAX otobGpaxenne f-—» 2 anly (f) ectb He-
n~—co )
npepoiBHas XHHelHas dopMa Ha E; °MHBIMH CIOBaMH, CYI(ECTBYET Mepa
[e.0]
Ha [0, 1] Takas, uTO Z Oy (f) = ff(x) dp (x) nas kawaod QyHKUUH

—0oo
m

fEE., lleiictautenbho, otobpaxenie f-> 3, axcy (f) A1 Kaxaoro
k=—-m
uexoro m >0 ectp HenpepbiBHasA JHHE{iHas dopma u,, Ha E, H 1o npea-

MOMOKEHHIO TMOCACIOBATENBHOCTD Uy ((f)) Ans Kawpod dyukuun fEE
[oe]

CXOMATCH K & (f) = X anCn (f); TEM CAMBIM COPABEAIHBOCTH YTBEpH(Ie-
—c0

HUA clepyeT us TeopeMsl Banaxa — lllteiinraysa, mockoapky E — Goueu-

HOE MPOCTPAHCTEO.

3ameuanue °Pesyabrar mociegHero npuMepa Moxer OblTh Mouay-
YeH TaKxe MNyTeM MpHMEHEeHHs TeopeMbl O 3aMKHyToM rpaduke (ra. I,
§ 3, caepctBHe 5 TeopeMH 1), a HMeHHO caexyoluM obpasoM. IlycTs
v — nIHHeHHOe oOTo6GpaweHHe mpocTpaHcTBa £ B 6aHaXOBCKOE NpOCTPaH-
ctBo F= Lé (Z), otHocsmee Kawxpod QyHKUMH f € E mociefoBaTeabHOCTDb

(aplyn () )nEZ' [NokaxeM, 4TO U HenpepwmsHo, OTKyna TeM 6oaee Gyxet
clleoBaTh HEMPEPLIBHOCTE OTOOpaweHHA u. Jlas 3TOro ZOCTATOYHO TIOKa-
sarb, 410 rpaduKk (G otoGpawenus v 3axmxnym B E X F. Ho nmycts Fy—
npoussenenne C% F (paccMaTpuBacMOe KaK BEKTOPHOE MPOCTDAHCTBO, HE
HafeJeHHOE TOMOJOrHeH) ecTh MOANPOCTPAHCTRO B Fy M TOMOJNOTUSA, HHAY-
uupyemas B F u3 Fy, Maxcopupyemcs HODMHPOBaHHOH Tomoaoruei B F.
HoctaTouHo MosToMy AoKasath, 4yto 0 3aMKHYT 8 npocmparcmse E X Fy
HJH, HHade (MOCKOALKY Fy MEeTpuU3yeMo), 4TO v (f,,) CTPEMHTCA K HYIIO
B F qaa kaxpoH cTpeMmsmeiica K Hymo NOCIEfOBaTeAbHOCTH (fy,) u3 E.
Ho 310 o3mavaer, 4to mocienoBaTedbHOCTb (%,Cy, (fm) )mEN CXORHTCA
K Hyli0 AAA KaxJIOro n, a MmociefHee OYEBHIHO.,

Teorema 3. Ilycms T — mempusyemoe monosozuseckoe npo-
cmpancmso, E— mempusyemoe Goweuwoe npocmparcmso, F—
AOKQAALHO BHNYKAOC NPOCMPAHcmMBo u M — mHOJNCecmso omobpascenui
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npoussedenus EX T 8 F, yoosaemsopawmee caedyouum YCA0BUAM:
1° dan Kaxmdoeo ty€ T mHOMecmso omobpadcenuii x — f(x, tp)
(fEM) ecmv pasHOCMENeHHO HERPEPLIBHOE MHONCECMBO AuHCUHBX
omoGpancenui E 8 F;
2° dasm Kamdozo x,EE MHONMcecmgo omobGpadxcenui t— f(xg f)
(fEM) npocmparcmea T 8 F pasnocmenenno Henpepovlgro.
Ilpu smux ycaosusx mHO¥HCecm80 M paGSHOCMENeHHO Henpepul8HO.
Mub Bocmoab3yeMcd cacAyOled aeMMO#:

JlemMma 4. ITycmoe H — mHoxcecmso omoOpajcesusi mempu3yemozo
npocmparcmea A 8 pasHomeprHoe npocmparcmso B. das mozo 41mobu
H 6oin0 pasrocmenedno Henpepuswvim, O0OCMAMOUHO, 4mobsl 04s
KaxcOoii nocaedosameasnocma (2,) u3 A, cxolswelca K a06oMmy
npedeay a, nocaedosameasrocms (f(2,)) cxodusace k f(@) pasHo-
MmepHO omnocumensro fE€ H.

B camom neje, mpu STUX YCHOBUAX I KakAOro a € A M Kaxioro
OKpy¥eHHus U/ 019 paBHOMepDHOH CTPYKTYpbl NpOCTpaHcTsa B Muoxe-
cTB0 V Touek 2€ A Takux, uto (f(2), f(a))E U nna kaxio# GpyHKUHMH
fEH, ectb OkpecTHocTh TOUKH @ B A, JleficTBuTeablO, ecaud Gbl 3TO
6nit0 He Tax, To B CV cyuwectsosana Obl NOCAen0BaTENAbHOCTh (2),
cxonsfascsd K @, a TOria nocaenosaTesbHOCTh ( f(2,)) He cxonuaack Gbi
¥ f(a) paBHOMepHO OTHOcuTeabHO fE€ H.

JIlad [00KasaTeJbCTBa TeOPeMBl 3 10CTATOYHO TeliepPb, B CHAY MeT-
pusyeMoctd mupousseieHus EX T, mokasaTh, UTO 411 KakAo# moc.e-
npoBaTedbHOCTH ( (X, ) Ju>1 TOUEK STOro MPOUBBENEHHUS, cxonsuelics
K npenely (Xq. fo). f(xp. tn) cxomutcs ¥ f(xy #;) PaBHOMEPHO OTHO-
cuteabiio fEM. Tlycte f; ana kawaoh o¢yukumn fEM wu xaxioh
Toukn ¢E€ T— vacTHuHOe oTOOpameHue x — f(x, £), MO YCJIOBUIO npH-
Hagnexauee L(E, F). TlokaxeM, YTO MHOXECTBO JIHHeHiHBX OTOOpake-
uuh f, — fy. roe f npoGeraer M, a n — MHOXeCTBO ueabix yucen > 1,
ozpanuierno 8 monosoz2uy npocmoi cxooumocmu B L(E, F), T. e.
YyTO Had Kaxaoro x€FE MuowecTBo N, Touek f(x, t,) —f(x, o)
(n>1, fEM) ozpanunenno 8 F.

[Mycts V — ypaBHOBemieHHas OKPecTHOCTb Hy/aa B F; M3 npenno.o-
KeHus 2° TeopeMbl CJAeAYeT CYULeCTBOBGHHE HOMEpa 1, TaKOro, uTO
flx, t)—f(x, t)EV nna kaxkpo#i ¢ynkunn fEM u Bcex 1> ng
C IApyrodl CTOpPOHB, B CHIY IpennoaoxeHHs 1° M MOpenaoxenus 7,
MHOXKecTBO ToueK f(x, #)= f,(x) (fE€ M) orpaunuenno B F na1a Kaw-
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zoro t€T; mO3TOMy MHOXecTBO Touek f(x, £,)—f(x, £)) (fFEM)
orpanuyenno B F nas kaxaoro HoMepa n <ng (§ 2, caenctsue 5 npen-
a0XeHus 5) U, 3HAuAT, cywecTByer A > 1 Takoe, urto f(x, #,)—
—f(x, t) ENV pas n<ny u Bcex fE M. CnenoBareasno, N,c )V,
T. e. N, OTpanHueHHo.

Tak xak £ Goueuno, TO MHOXECTBO JHHEAHBIX OTOOpaxeHuit ftn“—ft,,

PaBHOCTENEHHO HETpPEpPHBHO (TeopeMa 2); HO B CUAY NpEAMOJOKeHus 1°,
MHOKecTBO OTOOpaxenn#t f; (f€ M) TONKe PaBHOCTENEHHO HempepPHBHO;
CIENAOBATENbHO, M MHOXKECTBO oTOGpawenu# f, (n>1, f€ M) pasuo-
CTENEHHO HeNnpephiBIO. DTO O0311a4aeT, YTO [/ KaKAOH OKPECTHOCTH
Hyas V u3 F cywectByeT okpectHocts U ToukH x, B E Takasd, 4TO
fx, t))—f(xy t))EV pas Becex x€ U, Bcex uensix 72> 1 u Beex
¢oyukunfi fEM, Ho ecau n pocTatouHo Beauko, T0 X, € U u 3uauuT
f(xn, tp) —f(xy t)EV. C npyrofi cTOPOHH, U3 IMpeANONOKeHHs 2°
crelyeT, 4TO I AOCTAaTOUHO GOJBIINX 1 TakKe f(xq t,) — f(Xg L) EV
npu Bcex fE€ M. TTosToMy CyUleCTBYCT HOMED m TakoH, uto f(x,, ¢,) —
—f(xp tpEV 4V nna Bcex n>m u Bcex OyHkuuli fEM, uem
¥ IOKA3aHO, UYTO MOCAENOBATENbHOCTb (f (X, £,)) cTpemuTes K f(x,. fo)
PaBHOMEpPHO OTHOCHTENRHO fE M,

7. Hoanvte muoocecmsa 8 Lg (E, F)

Teopema 4. IIycme E u F — monoaozuueckue BeKxmopHsie npo-
cmpancmea u S — noxpeimue npocmparcmsa E, o06pa3zosannoe ozpa-
HudeHHBMu MHodwcecmsamu. Ecau F omoeaumo u xsasunoarno (§ 2,
n°5), mo xaxncdoe pasHocmenenno Henpepui8Hoe mroxncecmgso Hc L (E, F),
3amgnymoe 8 S-monosoczuu, ecmv NOAHOE DABHOMEPHOe ROONpPOCHL-
parcmso pasHomeprozo npocmpancmsa L (E, F).

HetictButensHo, nycth © — ¢uastp Komu B H (B paBHOMepHOH
CTPYKType, HHAyuupoBanHo#t u3 Lg(E, F)). MuHoxectBo H(x) Touex
u(x) (w€ H) orpanuueHno B F aaa kawjoro x € E (upennowetne 7),
NOSTOMY ero 3aMbikanue H (X), Takxke orpaHuuennoe B F, ecTh moamoe
pPaBHOMEPHOE MOANpPOCTpaHCTBO npocTpancTBa F. Tak kak oGpas P (x)
¢uistpa © npu orobpaxkeHuu u — u(x) ecto Gasuc ¢uabtpa Kownu
B H (x) (nockoisky & mnokpsiBaeTr £), To Mbl BuiuM, uto P (x) cxo-
IUTC K HEeKOTOpO#H TouKe uy(x)€ F. Jlpyrumu caosamu, ® mnpocro
CXONHMTCA K HEKOTODOMY OToOpameHHI0 ux, upoctpauctBa E B F. Tak
KaK /1 paBHOCTENEHHO HENDEPELIBIIO, TO ¥, €CTh HENpPEpLIBHOE JHHEHHOe
orob6paxenue E B F (caeictsue mnpednoxenus 5). Byayuu duastpom
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Kowu B Lg(E, F), ® cxoaurca k u, B S-romosornu (O6w. Tom.,
Pes., § 13, n° 3; ra. X, § I, npeanoxenue 4 (*2)), u TeOpeMa A0KasaHa.

3ameuaHue. [lyctb M —noaHoe pasHOMepHOE MOANPOCTPAHCTBO
B Lg (E, F). KakoBo 6bl HH Obi10 CceMEHACTBO OrpaHHYEHHHIX MHOMECTB
&'D& B E, & -tonoaorua B L (E, F) Maxopupyer &-Tomonoruio; ¢ Ipy-
roil CTOpPOHH, CYWECTBYET ()YHIAMEHTalpbHas CHCTEMAa OKPECTHOCTEd Hyas
i &/-TONOROTrHHM, 3aMKHYTHX B TONOAOIHH MPOCTOH cXoguMoct (n° 1,
saMeuaHue 2) H, 3Hayut, TeM Ooaee B S-tomomoruHu. OTciofa caeayer
(cn. 1, § 1, npeanowenne 8), uto M OCTaeTcsi MOMHHIM H B PaBHOMEPHOH
CTPYKTYpe, HHIyLHpoBanHOH M3 Lg, (E, F).

CneactBug 1. Ilycme E u F — monoasozuyeckue 8eKmopHse npo-
cmparcmsa u H — pasnocmenenno Henpepwi8hoe MHONCeCMBO u3
L(E, F). Ecau F omleaumo u rxgazunosno u gusemp ® 8 H npocmo
cxo00umcs 80 Bcex MOYKAX HEKOMOPO0 MOMAALHO20 MHOMCEcMBa
ScE Kk omoGpasceruo u, nocaednezo 8 F, mo u, 00H03HA"HO npo-
004%caemes 00 HenpepuBH020 AUHEEHOZ0 OMOGPAJNCEHUS Uy NPOCHL-
pancmsa E 8 F u @ cxodumes K Uy DABHOMEDHO HA KANCOOM
npeoKomMnaKmHom MmHoscecmse u3 E.

JleticTBUTENbHO, B cuay npeaoxesus 5, ® ectb ¢puabtp Koww ans
PaBHOMEpDHO# CTPYKTYpH IpPOCTOH cxozuMmocTH Ha E; NO3TOMYy, B CcuaIy
TeopeMnl 4 u TpednoxeHns 4, OH NMPOCTO CXOAMTCA Ha E K HEKOTOpOMY

otobpakenuo uy€ H (rne H—3ampkanue H 8 L(E, F) B TOmOIOTHH
NPOCTOM CXOAMMOCTH); TOC/TeJHEe YTBEP)KAEHHE BHITEKAaET U3 Mpelao-
xeHus 5. "’

3ameuvanue. Ilycte (2p) — NocaenoBaTENpHOCTh HENPEPLIBHHIX JH-
HeiiHpiX oToOpaxceHHii 6aHaXOBCKOro mpocrpancTBa £ B 6aHaxoBCKOe IPO-
CTPaHcTBO F, MOXET CAYYHTBCH, 4TO (#y (X)) HMEET Ipeiel B Kaujaoi
TOUYKE HEKOTOPOrO BEKTOPHOro MOANPOCTPAHCTBa S, BCioAy MIAOTHOro B E,
4, OJHAaKo, MOCAEI0BATENBHOCTh (u4y) He orpaHHyeHHa. IlycTb, Hampumep,
E — npoCTpaHCTBO BCEX HENpepbiBHHX YHCAOBHIX (yHKUMA f(x) Ha R,
yaoBaAeTBOpAOWHMX ycaosuo lim  f(x) =0, cHaGxeHnHoe HOpMO#t | f] =

o]

= su% | f(x)|, u S—ero frc;;nipocrpaﬂcrao, 06pa3oBaHHOE BCEMH HeIpe-
'pu:numn YHCAOBBIMH (YHKUHAMH Ha R ¢ xoMnaKTHBIM HocuTexeM. [Tocae-
IZOBATEJbHOCTh HENPEPLIBHBHIX JHMHEHHBIX OTOGpaxeHuit f—»nf(n) npo-
crpaictBa £ B R cTpeMHuTcs K Hymo aas BceX f€ S, HO He oOrpaHHueHHa
B L(E, R). Tor xe mpuMmep noxasbiBaeT, ¥To B mpocrtpanctse L (S, R)
MOCAEN0BATENbHOCTb (V) MOXKET GbITh CXOAALIEHCA B TOMOMOrHH MPOCTOH
CXONHMOCTH H, OJHAKO, HE OrPaHHYEHHOW B TOIMOJIOrHH OrPAHHYEHHOH CXO-
JHMOCTH.
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CueacrBue 2. [Iyems E uw F —a0KaneHO 8uinyKAble  npo-
cmparcmee u ©— noxpemue npocmparcmea E, 06pasosannoe ozpa-
Huvennoimu mroxcecmeamu. Ecau E 6oyeuno, a F omoeaumo u x8a3u-
noano, mo npocmparcm8o Lg (E, F) omdeaumo u rgasunoawno.

JleficTBUTENBHO, 3AMKHYTOE OrpaHHiyeHHOe MHOXecTBO B L (E, F)
OI'paHUYeHHO B TOIOJOTHH MPOCTOH CXOZUMOCTH (MMOCKOABKY & mOKpbI-
BaeT E), a MOTOMy PaBHOCTENEHHO HeNpepHBHO (TeopeMa 2) u, clefo-

BATE/bHO, B CUJY TeOPeMbl 4, eCTh MOJHOE PABHOMEPHOE MOANPOCTPAHCTBO
B Lg (E, F).

3amcuanue. B o6o3HaueHusx npeaniayuero 3amevanus, nocaeno-

n
BaTEJAbHOCTL HENMPCPBIBHLIX AMHEHHBIX OTOOpanmeHHi f—»Zf(k) ABAAETCA
k=1t
nocaegosateabHocThio Komn B L (S, R) B TONMOJNOrHH NPOCTOl CXOIHMOCTH,
HO HE HMceT B 3ToH Tomojoruu npeicaa s L (S, R).

Caeacrsue 3. [Ilyems E u F—Ganaxosckue npocmpescmea.
L(E, F), HaOeaenroe monoasozuell 02PAHU4EHHOE Cxodumocmu, ecme
6anaxoscroe npocmpancmgo (cp. O0w. Tom., ri1. X, § 2, npennoxkenne 4).

HefictButensho, kak Mbl 3uaeM, L(E, F) B 3ToH TONOJOrWM HOpMH-
poBaniHo (n° 1); ¢ apyro#f crtopoHn, Tak kak E OGoueuydo (§ 1, caen-
cTBUe mpennoxenus 1), a F kBasunoaxo, to L (E, F) KBa3unoJHo; cie-
nosareabHo, L (E, F) moavo (§ 2, n° 3).

YnpawxucHusa 1) Ilycte E—oTZeNMMOC TOMOJIOTHYECKOE TPO-
CTPaHCTBO H F — TOMOJNOrHYECKOe BeKTOPHOe NMpocTpancTso. Ilokasats, yto
B npoctpanctee (C(E, F) Bcex venpepbiBubix otoGpaxiennit £ B F Tono-
JAOrHA KOMDAKTHOH CXOZMMOCTH COFJacyercsi CO CTPYKTYPOH BEKTODHOrO
npocTpaHcTBa.

2) Nycts £ 1 F—oraeauMbie XOKaAbHO BHIMYKAbIE NPOCTPAHCTBA.
Mruoxectso © orpanHYeHHbIX IIOAMHOMXECTB MNpocTpancTBa E HasbiBaeTcs
HacolUjeHHBLM, €CIH OHO YAOBIETBODAET CAeAylowuM ycioBusM: 1° kaxnoe
NOAMHOXECTBO MHOxecTsa M€ & npunapaexur &; 2° ob6bcaHHeHHE Ka-
#JOTO KOHEUHOro uMcaa MHO¥ecCTB H3 & npuuaaxrexur &; 3° o6passl MHO-
#ecTB u3 & npH BCEBO3MONHLIX FOMOTETHAX NpHuamicxkar &; 4° samkny-
Tas ypapHOBEIUEHHas BLIMyKAas 060J0UKa KaXJAO0ro MHOXecTBa u3 & npu-
Hagaexur &. :

a) Iycts & — NpoOH3BONLHOE MHOXECTBO OTPAHHUCHHLIX MOAMHOMECTB
npoctpactsa E, ©; — MHOXECTBO O0beAMHENUil BCEBO3MOXHBIX Kolieu-
HbIX HaGopos MHoxecTB H3 &, &, — MHOXECTBO 3aMKHYTHIX ypaBHOBe-
IIEHHBIX BHIMYKAbX 060J04YeK BCEX MIOXKeCTB :H3 &y, &3 — MHOXECTBO
06pa3os MHOwecTB H3 &S, IPH BCEBO3MOMHBIX IOMOTETHAX, HaKOHeL
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& — MHOXECTBO BCEX NMOJIMHOMECTB MHOWeCTB u3 S, [lokasats, yto &
eCTh HaWMeHbUlee HACBIU[€HHOEe MHOXECTBO OrpaHHueHHHX IMOIMHOXKECTB
npoctpanctea E, cogepwamee S, u uto @-rtonomorus B L (E, F) cos-
nagaer ¢ &-tonoxorueii.

6) Mycte & — HacHILIEHHOE MHOXECTBO OrPaHUYEHHBIX MOAMHOMECTB
npoctpancTs £ u &’ — cogepxamee & MHOKECTBO OrpaHHYeHHBIX NOA-
MHOXecTB u3 E, oTauuHoe ot &. Ilokasate, uto &’-tonosaorus B L (E, F)
cuapHee &-tomodorud. [McnoansoBare Teopemy XaHa — BaHnaxa.]

3) Myctb E u F— oTaeauMble KOKaAbHO BHIMYKJAble NMPOCTPIHCTBA M
& — MHOXECTBO OrpaHHYEHHBIX MOAMHOMXECTB NPOCTpaHcTBa E.

a) Ilokasatp, uy10 ecan [ He cBogHTCA K OfHOMY 3iaeMmeHTy 0, TO pada
OTAENHMOCTH NpocTpancTBa Lg (E, F) He06X0iUMO (M ZOCTATOYHO), UTOGHI
o6beiMHeHHEe BCeX MHOXecTB H3 & 6bu10 TOTanbuo B E. {Hcmoasn3osath
teopemy Xana — Banaxa.]

6) Hauunas orciona, 6yaem npeanoaaratsb, uTo & nokpoiBaer E. Ioka-
3aTb, YTO CYLIECTBYET H3OMOp(HM3M mnpocTpancTtsa F Ha 3aMKHYTOE MOX-
IPOCTPAHCTBO NpocTpancTsa L 5 (E, F). Brisectn o1ciona, uto ecau Lg (E, F)

KBa3sHNOJHO, T0 F HeO6GXOAWMO KBa3HIIOXHO.
B) [Ipeanonoxum, KpoMe TtOro, uro & — HachllUEHHOE MHOXKECTBO
(ynpawHenue 2). Jlaa toro utobul Lg (E, F) 6b10 MeTpusyeMmbiM, HeoO-

XOAMMO H AOCTaTOYHO, HYTOObl F GbiI0O METPH3yeMO U CYLlecTBOBala IO-
cliefoBaTeNbHOCTh (My) MHOxecTB u3 & Takas, 4YTO KawJIOe MHOXECTBO
u3 & comepxHrca B OZHOM H3 My, Jaa toro uto6bmt &-Tomoaorus
B L (E, F) moraa onpejelsaTbcs OXHOM HOPMOH, He06XOAHMO H JOCTATOYHO,
4yTOGBl TOMOXOrHIO B F MOMHO OblI0 6bl ONMpeXeNHTb OJHOH HOPMOH M
cyuiectBoBano MHOmecTBO M¢c & Takoe, 4TO KaMJIOe MHOXKecTBO M3 &
copepxHTCA B 06pase MHOMeEcTBa M npU HEKOTOPOH TOMOTETHH.

4) Tlycte E — TONONOrHYeCKOE BEKTOPHOE TNpPOCTpPaHCTBO Hax R
(cootB. C). IlokasaTe, 4T0 A KaxaOro MHOXectBa & OrpaHHYEHHBIX
nogmHoxkecTB H3 R (coors. C), He cBoaswerocs k {0}, OpocTpaHCTBO
Lg (R, E) (coors. L (C, E)) xanounuecku nusomopduo E. Buisectu otrciosa,
4TO AAA Kaujaoro Heaoro n >0 u kaxjgoro nokphitHsa & mpoctpaucrsa R
(coots. C"), 06pa3OBaHHOTO OrpaHHYEHHLIMH MHOM(ECTBaMH, NPOCTPaH-
ctBo Lg (R™, E) (coots. L (C*, E)) usomoppuo E™.

5) a) Ilycte Ey, Eg, F— TOMONOruYecKHe BEKTOPHble NpPOCTPAHCTBA,
¢ — HelPEPLIBHOE NHHEHHOe oto6paxenue Ey B E, u & (cootB. Sp) —
MHOXKECTBO OPpDaHHUCHHBIX [OJMHOXKECTB NPOCTPAHCTBA E; (COOTB. E,)
TaKoe, 410 ¢ (&) < &,. Ilokasath, UTO 4 -« o § eCTb HeNpPepbHBHOE JH-
Heiinoe oroGpawenue Lg (Ey F) B Lg (Ey, F).

6) Ilycte £ u F— TOMONOrHYecKHe BEKTOpHBIE NPOCTPaHCTBR, M -—
BEKTODHOE MOANPOCTPAHCTBO B E, ¢ — KaHOHHYeCKOe oToOpakeHue E
Ha E/M u © — MHOXeCTBO OrpaHHYEHHHIX MOAMHOXECTB NMPOCTPAaHCTBA E.
[Noka3ath, 4TO OTOGpaxeHHe 4 —>& o ¢ eCThb H3OMOPGH3M IMPOCTPAHCTBA
L (E/M, F), nageaennoro ¢ (&)-tomosoruei, Ha NOAMNPOCTPAHCTBO IpO-
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ctpauctBa Lg (E, F), 00pa3oBaHHOE BCEeMM HENPEPHBHBIMH JHHEHHBIMU
oto6paxcenuamMu E B F, aHHyaupyowHuMuca Ha M.

6) Ilycts (Ea)aEA—cemeﬁcmo JOKaNbHO BHIMYKIBX MPOCTPAHCTB,

E — BeKTOpHOE MpOCTPaHCTBO (HaX TEM e TEJIOM CKalspoB, YTO W Bce E,)Y
H h, nna Kaxgoro a € A — auHeHHOe otobpaienue E, B E. Hageaum E
cHIbHeHINeR JOKaABHO BHINYKAOH TOMOXOrHeH, B KOTOPOM HCHpEpHIBHEL
Bce h, (ra. 11, § 2,n° 2). INycte S, mas Kakioro a € A — MHOWeCTBO
OrpaHHYEHHBIX MOJMHOXECTB MPOCTpaHCTBA F, H & — 06'beIHHEHHE MHO-
HecTB h, (S,) orpaHHUeHHHIX MOZMHONKECTB mnpocTpaHctBa E. [lokasate
4TO KaKosO Obl HHM OBIIO JOKaJbHO BHINYKJIOE POCTPaHCTBO F, &-tomo-
aorua B L (E, F) ectp caaGeiiiias TOMOXOTHA, B KOTOPOil HeNpephbIBHLI
AvHeHHBe OTOGpaxeHus u —u o h, npoctpanctea L(E, F) B Lea (E,» F).

B gactuoctu, ecaim E — rononornueckas npsmas cyumMa (ra. I, § 2, n° 3)
cemeiicTBa (Eq),¢ 4 (T Kaxnoe E, paccMaTpHBaeTCs KaK MOANPOCTPAHCTBO
npoctpaHcTBa E), TO NpPOH3BEACHHE ]I Ly (E, F) xaHoHHYECKH H30-
afC A *

MopjHO npoctpanctBy Lg (E, F), rie @ — obbeaunenne mHoxects &,
B B (E).

7) MNycts (E)), ¢ ;— CEMEHCTBO OTAECAMMBLIX JOKalAbHO BBITYKIMX MPO-
CTPaHCTB, He CBOAALIHXCA K OJHOMY saeMmeHTy O, £ — mpou3BeleHHe IIE‘

el

H F— HopMupoBaHHOe INpocTpaHCTBO. I[lokasaTh, 4TO CYWCCTBYET KaHO-
HHUeCKHH H3oMopdH3M mnpoctpaHcTBa L (E, F), HajeneHHoro TomoJjorueit
OrpaHHYeHHOH CXOZHMOCTH (COOTB. MPOCTOH CXOZHMOCTH, PABHOMEDHOH CXO-
JAMMOCTH Ha MpejKOMMAaKTHHIX MHOXECTBaX), HA TOMNOJOTHYECKYI0 NMpAMYIO
cymmy mpocrpaHcTB L (E,, F), HafeleHHBIX KaXJI0€ TONOJOrHeH OrpaHHYEeH-
HOH CXOZHMOCTH (COOTB. NPOCTOM CXOZHMOCTH, PaBHOMEPHOH CXOAHMOCTH
Ha TMpejKOMIAKTHHIX MHOxecTBax). [IIpuHATL BO BHHMaHHe, YTO AIs Ka-

ANOTO HENpepbBHOrO JHHEHHOro oTOGpaMeHHA u mpocrpanctBa £ B F cy-
. -1
mECTBYeT KOHEYnoe MHoxecTBo /[ takoe, uto & (0) copepxuT mpo-

H3BeJeHHEe [POCTPaucTe £, C HHIECKCaMH LéfH.]

8) MNycts E, Fy, Fo— TONOMOrHYecKue BEKTOPHbIE MPOCTPAHCTBA, Y —
HEMpepbBHOE JuHeiiHOe oTo6paxenue Fy; B Fp H & — MHOMXECTBO OrpauHu-
YEHHLIX MOIMHOXeECTB npocTpaHctBa FE. [lokasaTs, 4TO # —>¢ o u ecTb
HeNpeprIBHOE JHHeliHOe otoOpawenue Ly (F, F1) B Lg (E, o).

9) MNycts E — TONONOrHYeCKOe BEKTOPHOE IPOCTPAHCTBO, & — MHO-
WECTBO €ro OrpaHH4YeHHBIX NOAMHOXKECTB, (G‘)‘EI-—cemeﬁcTBo TOMNOJIO~

FHYECKHX BEKTODHHIX MPOCTPAHCTB, F — BEKTOPHOE MPOCTPAHCTBO (Haj TeM
Me TeJNOM CKaaspoB, YTO u mpoctpauctsa Eu G\) u g, Aasa Kaxjaoro t €/ —
IuHeliHoe ortobpaxeHue F B (.. Hagenum F caaGeiiiieii Tomoaoruei,
B KOTOpOH HempepwiBHH BCe g,. Ilokasate, uro &-romonorus B L (E, F)
ecTh cxafeiilias M3 TOMOJOTHH, B KOTOPBIX “HENpepLbiBHb JHHEHHBIE OTO-
GpaweHus u — g, o u npocrpauctsa L (E, F) B npoctpanctsa Lg (E, G,).
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B uactHocTH, npu F=II G, npoussegente II Ly (E, G) XaHOHHYECKH
€T te1
otoxjecrBumo ¢ Lg (£, F).

10) MuoxectBo A B OTHenHMOM TOMOJOCHYECKOM BCKTOPIOM MPOCTpaH-
CTBE HA3LIBARTCA NOAYNOAHbLAM, €CAH Kamnas nocaejposareabHocts Komu
B A cxopuTcs B HeKOTOpPOH TOuyke H3 A,

a) [loka3ath, 4YTO B OTAGJIMMOM JIOK4JIbHO BBIMYKJIOM IPOCTPAHCTBE
Kax(10€e TO.JYIIONHOE Or paHHYeHHOE YPaBHOBCUICHHOE BHINYKJIOE MHOWECTBO
noraowaeTcs BCAKOH GOYKOi. '

6) INoxasare, uto ecau E-— moaynoioe OTACAHMOE AOKAILHO BHIMYK-
Joe MPOCTPAHCTBO, TO KaKOBO 6bl HH ObII0 JNOKaJbHO BBIMYyKAOE MPOCTPaH-
ct80 F, xaxmoe MHOWecTBO U3 L (E, F), OrpannyeHHoe B TONOJOTHH TPO-
CTOH CXOJHMOCTH, OrpaHHYEHHO BO BeAKoi S-Tomoaoruu.

B) INokasars, uto Kaxaoe HHDpaboueunoe npoctpanctso (§ 2, ynpaw-
Henue 12), B KOTOPOM BCAKOE OrpaHMYEHIIOE 3aMKIYTOE ypaBHOBEUICHHOE
BBIMYK/IOEC MHOXECTBO MOJYINOJIHO, — 60YEYHO.

*11) JloxaabHo Bbimykaoe MpocTpancTBo E HA3BIBAETCS yLempa 02pa-
HUYeHHO 3AMKHYMbLM, €CIH KA 0€ BBINYKAOE MHOXeCTBO B £, morno-
lfawice Bce MoaynoJubie (ynpaxHeHHe 10) orpanHuelnHbe ypasHOBeIICH-
Hble BBIMYKJAbIE MHOXECTBA, €CTh OKPECTHOCTb Hyas B E.

a) INokasats, 4T0 Ka}a0€ YALTPa OFPAHMUEHHO 3AMKHYTOE NPOCTPAHCTBO
OMIIORpeMEHHO OrPAHHYEIIHO 3aMKHYTO H GOuYeYHO *).

6) [ycte E — ROKanbHO BLIMYKAOE MPOCTPAaHCTBO, B KOTOPOM 3a-
MKHYT4 ypaBHOBELUEHHAd BHIMyKAas 060JOUKA MHOKECTBA TOYEK BCAKOM
noCACA0BATEALHOCTH, CTpeMAlledics K Hydio, noaynoana. IlokasaTth, uTO
ecad E OrpaHHueHHO 3aMKHYTO, TO OHO YJAbTPAa OrpaHHYEHHO 3aMKHYTO;
[Mcnoaszosate yupaxuende 11 § 2] B uacTrocTH, Kaxjg0e OrpaHHYEHHO
3aMKHYTO€ KB43HMOJAHOE MPOCTPAHCTBO YAbTPA OFPAHHYCHHO 3aMKHYTO;
eme cneuuanbled: kawpoe npocTpaHcTBo Ppeuie yibTpa OrPaHHUEHHO
‘3aMKHYTO.

B) Ilycts (E,) — Quintpyiouieeca cemeiicTBO BeKTOPHBIX MNOANPO-
CTPaHCTB BEKTOPHOTrO NpocTpaKcTBa £, nokpoiaiolee E, aaxee, B KanaoM £,
3ajana XOKaAbHO BbHMYK.Jass TOMOAOrHS §, U I — CHAbHCHUIAA JOKAJABHO
BLINYKJas TONOAOTHA B £, NpH KOTOPOH HenmpepbiBHH KaHORHYECKHE BJIO-
enHsa BceX E, B E. Ilpeanonoxuy, uto sTolioforus, Hlgyuupyemas B Eq

TONOJOrHeH 3, coBmajaeT ¢ J, AAA KaxKAOrO HHjpexca a. [lokasaTh, 4TO
€CJIH BCE l’IpOCTpallCTBa E,. lepra OrpaHHYeHHO 3aMKHYTHI, TO E, HajgelceH-
HOe TOl’IOJlOl"I/lef:I 8", y.IIpra O PAHHYCHHO 38MKHyT0.

l") HOKa3aTb, yTO l'lpOIfl3BCﬂ,eHIfle KQHEYHOI'O YHCHAA yanpa OrpaHHu4YeHHO
3aMKHYTBIX NPOCTPAHCTB YJIbTPAa OrpaHHYEHII0 3aMKHYTO. BhiBecTH otciona,
YTO TONOJOruyecKas npaMasa CyMMa a1060ro CeMCﬁCTBa yanpa orpa}m-
YECHHO 3aMKlIyTle IlpOCTpﬂHCTB lepra Orpauu4eHHO 3aMKHyTa.

*) HeussecTHO, CYwecTBYIOT 7M OrPaHHYEHHO 3aMKIIYThie GOYEUHEIE npo-
CTPAHCTBA, KOTOPbie He OblAH 6bl yJAbTPA OTPAHHYEHHO 3aMKHYTBIMH.
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(e o]

1) IMokasatb, utro mnpousseneHne E = ll E, GeckoHeuHOH mocacxo-
n=0

BAaTCABHOCTH YJAbTPa OrpaHHYCHHO 3aMKHYTBIX MPOCTPAaHCTB YabTpa Orpa-

HWYeHHO 3aMknyto. [IlycTh A — BhIMyKNIoe MHOMeECTBO B F, MOraowammee
BCe MOJYNOMHble OrpaHHYCHIblE YPaBHOBELICHHbE BHHIYKJIble MHOXeECTBa
n3 £. Ilokasatb, yto ecanm 6bl A He 6r10 OKpecTHOCTHIO Hyasa B E, 10 CA-
coxepxano Obl MOCAEN0BATENbHOCTD (Xy) TaKylo, 4TO NepBbie 77 — 1 xoop-
IMHATBE KaXKIOrO Xy PaBHB HYJIIO, HO X, == 0. 3aMeTHTh paice, 410 3a-
MKHYTafi ypaBHOBelLIeHHaf BbNyKaas 000NOYKAa MHOXECTBA TOUEK TAaKOH
(o]
TOC/He0BaTeAbHOCTH COBNAJacT ¢ MHOXECTBOM BCeX TOYEK BHAa 2 InXn
ey n=0
rnez [Ap| <1, n ut0o 372 06GONOYKA HOXYTIONHA.]

=0

ne) Iycth E — yJAbTpa OrpaHMyYeHHO 3aMKHYTOC IIPOCTPaHCTBO. Iloka-
3aTh, UTO CYI{ECTBYIOT ceMeHcTBO (F,) 6aHaXOBCKMX TPOCTPAHCTB M AJA
KaXjoro t — JuneiiHoe oToOpaweHue f, npocTpauctBa F, B £ Taxue, yto E
ectb o6benuHenue BceX f, (F) u Tononaorus B £ ecTh CHIbHeHIIaA J0KaTLHO
BBHIIYKJAas TOMOJNOTHSA, IPH KOTOpOH HempepniBHb Bce f,. [Paccyxpath kax
B ynpaxHeHHn 176 § 2.]

12) Mycte E — noaynoanoe (ynpawxHeHne 10) OTACTUMOE NOKaJbHO
BLINYKJOE TPOCTPAHCTBO M FEy— OrpaHHYeHHO 3aMKHYTOe NPOCTPAHCTBO,
accounnpoBannoe ¢ E (§ 2, ynpaxsenne 13). ITokasatb, uTO CyuiecTRyioT
ceMmeiicTBO (F,) 6aHaxOBCKHMX I1POCTPAHCTB H 1as KaxkJOro t — jguHeliHoe
orobpaxceHue f, mpoctpaHcTBa F, B Ey Takue, uto E, eCTb 00'beiuHeHne
Bcex f,(F,) v tomonorus B Ey eCTh CHJBHEHIas JOKaAbHO BbINYKAaf TO-
MOJIOTHSA, TpPH KOTOPOH HenpepuiBHb Bce f,. [Mcnoab3oBaTh yupaxHe-
uve 176 § 2.] B vacTHOCTH, Ey ecTb 604eyHOE MPOCTPAHCTBO.

*13) a) Ilyctp E — OTIENIHMOE JOKaAbHO BBINYKJOC IPOCTPAHCTBO,
F —npoctpaucteo  Ppewe, (F,)— M0CAeN0BaTEAbHOCTb IPOCTPAHCTB
dpewe, u — HenpepeBHOE JHHEeHHOe oToOpawenne F B E W uy,, 1ad
KaXjoro 7, — HelpepbelBHOe JHHelHnoe oTo6pawenve F, B E, npuucm u (F)
COJePHHTICA B OGBCIMHeNHH Bcex uy(Fp). TlokasaTe, 4To TOrza cye-
CTByeT HOMep n TakoH, uto u (F) < uy (Fp). [das xaxioro n paccMorpeThb
3aMKHyTOe NoxnpocTpanctBo f, B F X Fy, o6pa3oBandoe ToukaMu (X, y)
IAS KOTOpbiX u (X)=uy (yl); OpUHATb BO BHHMaHME, 4TO Cro 1pOCKuHCH

Ha F CIyXWUT MHOXECTBQ & (4y(Fy)), ¥ Mcnonb3oBaTh ynpaxHeune 3 § 3
ra. L]

6) Iycts E — oTaeanMoe JOKajdbHO BLIIYKJIOE IPOCTPaHcTBo, (Fy) —
NOCJeN0BaTeIbHOCTL MPOCTPAHCTB Ppewe, 4y, K18 KamAOro 7, — Hempe-
peiBHOe oToOpaieHHe F, B E 1 A —NONHOC YypaBHOBEUIEHHOE BBLLIYK.JIOE
OrpaHHYeHHOe MHOXECTBO M3 E, comepiamieecs B 06beIHHEHHH INOALPO-
CTpaHCTB Uy (Fp). TlokazaTh, uyTO cyliecTByeT HOMep 7 Takoi, 4TO
A cuy (Fy). [TipuvenuTs a) Kk noxanpocTpancTsy F upocTpanctea £, no-
POXIEHHOMY MHOXECTBOM A M HaleJICHHOMY TONOJOI'HeH, onpcpenseMoit
HOpMO#M p, paBHOH KaAMGPOBOYHOH (YHKLMH 3TOr0 MHOMCCTEA.]

. 1]
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B) Ilycte E — npocrpaHcreo <Ppewe, (Fp)— nocienoBaTelbHOCTD
npoctpancTe Ppeite, F— BEeKTOPDHOE MNPOCTPAHCTBO (Hal TEM Ke TeloM
CKaJNfipoB, UTO H npocTpascTBa E u Fp) U gy, LIS KAKIOTO 7, — AHHEH-
Hoe orobpaxenve F, B F, npuueM F ectb 06beluHeHHe MOANPO-
cTpaHCTB gy (Fy). Haneanm F cuibpHeiiiedl NOKalbHO BHINMYKAOH TOMOJO-
THel, IIPH KOTOpOH (YHKUHMH g, HeNpPePHBHb, H NYCTh f — AHHEHHOE OTO-
6paxenve E B F. Tlokasate, uto ecaun ero rpadpuxk G 3amxHyT B E X F,
T0 f HenpepbiBHO. [CBeCTH K TOMY caydaio, xorpa Bce F, — noxmpoctpaH-
crBa B F, a g, — xaHonnueckue otobpaxenns Fp B F; G ectb o6benu-
HeHHe BeKTOpPHHX mnoanpoctpaHcTB G(E X Fp); paccmaTtpuBas Hy, =
= G (E X Fy) Kax noxnpoctpadcTso NpocTpanctsa Ppewe £ X Fy, npu-
MEHHTb a) K ToclaenoBaTelbHOCTH (), mpoexkuusM Hy, Ha E W Townaect-
BeHHOMY oTo6paxeHHI0 E Ha cels; HakOHel, BOCIIONb30BaThCH TEODPEM O
0 3aMKHyTOM rpaduke (ra. I, § 3, cnexcteue 5 Teopemnl 1).]

r) PacnpocTpaHnTb pe3yabTaT M3 B) Ha cayuall mpoctpaHcTBa E, om-
peneleHHOTo Caenylouiny o6pasoM: cymlecTByioT cemeiicTso (£,) 6aHaxos-
CKHX TIPOCTPaHCTB H JJaf KaXJOro t-— JMHeiiHoe OTOOpaiende h, mpo-
ctpanctBa E, B E; nanee, E ecTo o6beinHeHHe TMOANpocTpaHcTB &, (E,),
a tomonorus B E — cuibHe#Ilas JOKAJbHO BBIMYKJIass TONOJOrHs, NPH
KOTOpOii HenpepoiBHbl Bce A, [CBecT K TOMy cayuawo, korna E ecTb Ga-
HaxoBCKOe mnpocTpaHcTBo.] Ciaywalt ynbTpa OrpaHHueHHO 3aMKHyToro £
(ynpaxHeHune 11).

BriBecTd 0TCIOAa, UTO KaXj0e HelpepuBHOe NHHelHoe orobpawenue F
Ha E ecTb roMOMOPGH3M.

14) Tlycts E ¥ F— oTaennMble TONONOTHUECKHE BEKTOPHBIE NPOCTPaH-
cTBa M [ — paBHOCTeNeHHO HellpepniBHOe MHOwectBO M3 L (E, F). lloka-
3aTh, YTO ecai B E CyujecTByeT CYeTHOE BCIONY IIOTHOE MHOXECTBO H
Kaxknoe OrpaHMueHHOe MHOXeCTBO B F MeTpH3yeMo, To H MeTpusyemo
B TOMOJOrHH MpocTofl cXoRMMOCTH Ha E. EcaM, xpoMe TOro, Kaxjaoe orpa-
HHYEHHOE MHOXECTBO B F CONEPKMT CYCTHOE BCIOAY IIOTHOE MOIAMHOME-
CTBO, TO ¥ /1 copepxHUT CueTHOE BCIOAY IIOTHOE NMOAMHOXECTBO (B TONOJO-
THH NPOCTOH cxonMMOCTH Ha E).

15) HNycts E v F— TomonornueckHe BeKTOPHpIe IIPOCTPaHCTBa, NPH-
yeMm E — 63poBcKoe.

a) IMokasath, 4T0 Kaxjgoe MHowxecTBo F{ B L (E, F), orpaHMueHHOoe
B TOMNOXOFHH TNPOCTOH CXOAMMOCTH, PaBHOCTeNeHHO HenpepuBHO. [Pac-
CMOTpeTb II,J;H KaX10H 3aMKHYTOH OKDeCTHOCTH Hyas V u3 F MHomecTBa
Mp=[) z (nV)]

ucH
6) IMokasats, uto ecan mMHOxecTBo ff M3 L (E, F) He paBHOCTENEHHO

HelipepHIBHO, TO MHOXeCTBO TeX X ¢ F, nas koropux F/(x) He orpaHu-
ueHHO B F, HMeeT CBOMM JONOJHEHHeM MHOXECTBO IMepBOiH KaTer OpuH.
BriBecTH oTcloma, YTO 1Js KaxIoH noclexroBaTelbHOCTH (/H,) He paBHO-
CTeneHHO HellpepbiBHbIX MHOWecTB W3 L (E, F) cymectByer x € E Takoe,
4TO HH OfHO M3 MHOXecTB Ff, (x) He orpaHnueHHo B F (,NpHHUHMI KOH.
JIeHCaLHH OCOOeHHOCTEH").
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*16) Iycts T — MeTpu3yeMoe TONOJNOrHYecKoe NpocTpaHcTso, £ u F—
TONONAOTMYECKHE BeKTOPHbie INPOCTPAHCTBA, M3 KOTOpuix F — 63poBckoe,
U M — MHOXecTBO oTobpawxennit £ X T B F, ynoBaerBopsiomee yciao-
usaM 1° u 2° teopemnt 3. Ilokasath, uTo M paBHOCTENeHHO HENpepPHLIBHO.
{Tlpn nauHBIX TOuKe £, €7 M 3aMKHYTOH ypaBHOBEIUEHHOH OKPECTHOCTH
Hyas V u3 F nycts d, nas xaxnoro x € E — Bepxuss rpaHb pajHycoB
OTKPHITBIX 1IapoB B T C LEHTPOM fg, Ha KOTOPHX f(x, t)y— f(x, tp)e V
nas Becex f € M. Tlokasats, 4TO yHKUHs X —> d, NOJNyHeNnpepbiBHA CBEPXY
B KaWJoH Touke x4 € E; naa 3TOr0 MmoxasaTb, 4TO €CaH Obl 1Js TOYEK X,
NPOH3BONBHO OJHM3KHX K X, BbLIIONHANHCh HepaBeHCTBa di >a >dz,
TO MBl HMelH 6Bl f(xo, £)—f(xp te) €V + W npu d (¢, t))<<a u feM
ANA KawnoH okpectHocTH Hyls W B F. HakoHey MCNOJNB30BAaTh TEOPEMY 2
u3 O6w. Tom., ra. IX, § 5 (23).]

17) Tycrs E — HEdpaboueuHoe npocTpaHcTBO (§ 2, ynpawHeHue 12) n
F — noxalbHO BHINIyKJIOe NpOcTpaHCTBO. [loka3zaTs, YTO Kawjioe MHOXE-
wecTtBo H3 L (E, F), orpaHHueHHOe B TOMOJOTHH OrpaHHMYEeHHOH CXOAM-
MOCTH, PaBHOCTENEHHO HeNpepHBHO.

18) Tlyctp E — orpaHHYeHHO 3aMKHYTOe NMpPOCTPaHCTBO (§ 2, ympax-
HeHne 12) 1 & — MHOXECTBO ero OrpaHMuYEeHHBIX INOIMHOXECTB, CONEpKa
njee Bce KOMIIaKTHbie MHOXecTBa. [lokasaTh, YTO eciH OTIENHMOe JOKaIbHO
BHIMYKJIOE NPOCTPAHCTBO F KBa3HNOJHO (COOTB. IIOJHO), TO H HPOCTPaH
<180 Lg (E, F) xpasunoano (coots. mnoano). [[punsts BO BHMMaHWe, 4TO
AuHeiiHoe oroOpaimeHue u mnpoctpanctBa E B F, cyweHue KOTOpOro Ha
KaxJ0e KOMIaKTHOe MHOXeCTBO M3 FE HelnpepbiBHO, HenpepoiBHO Ha E;
cM. § 2, ynpaxHeHnune 11.]

§ 4. FunoHenpepuiBHbie GHuIMHeliHbIE O0TOGpaweHus

1. Pa30deabro nenpepbvilerbie OuAURelinbie 0MOGPasCenus

[ycte E, F, G — Ttononoruieckue BeKTOPHbE mnpocTpaHcTBa. Jlas
Kaxaoro Oumaunelinoro ortobpaikenns u npomsselenns EX F B G n
Kaxaoro x € E (cooTs. kaxnoro y¢€ F) o6osnaunm uepes uy. (COOTB. u.y)
AuHefiHOe OoToOpaweHne y—>u (x, y) npoctpauctea F B G (cooTB. au-
HeltHoe oTOOpakeHuMe x —» u(x, y) mpoctpauctéa E B G).

Onpeneaenue 1. Buauneiinoe omobGpajdicenue u npoussederus
g X F 8 G Hasvisaemcs pa30eibHO HENPEPHBHBIM, eCAll AUHel-
Hoe omolpajsienue u;. Henpepuisrno 048 Kaxcdozo x € E u auneinoe
omofpajicerue u., Henpepe8Ho 0asn Kasdozo yE F.

U3 storo onpeneieHusd HEMOCPEACTBEHHO BBHITEKAET chaeaywoulee npen-
JI0XKeHHne:
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[Meeanoxeune 1. Jag moz20 uwmobs. GuauHeinoe omoGpaxce-
rRue u npoussederus E X F 8 G 6oa0 pa3zdessno Henpepui8HbiM,
HeoO0xodumo u Qocmamouno, imobst u., 04n Kaxdozo yE F Gono
HenpepulBHbiM AuUHEEHbM omoopascenuer £ 8 G u wmobo. suneinoe
omobpascerue y —> u.y 66120 HENPEPLLBROIM NPU HaleseHun nPOCMPaH -
cmsa L(E, G) monoaozuei npocmoi cxodumocmu.

PaspeqarHo HenmpepuBuoe OuinHeliHoe oToOpawenue E X F B G He
0043aTe b0 HelpepbiBHO Ha E X F (ynpawuenne 4). Onnako cnpaseld-
JAHBO ClelyiOlllee BAXHOE INpelJOXeHHe!

[MeEnnoxenne 2. Ilycms E— mempulyemoe 6oueunoe npocmpa-
cmso, F— mempusyemoe sexmoproe npocmpancmso u G — 40-
KaapHo suinyk.aoe npocmpancmso. Toz0a kaxcdoe pasdeasno Henpe-
puisroe Gurunelinoe omobpaxcedue EX F 8 G nenpepuisro.
~ JleHCTBHTe bHO, AOCTATOYHO INPHMCHHTH TeopeMy 3 § 3, npuuss F
3a T, G 3a F 1 MHOXeCTBO, COCTOfIllee U3 OAHOIO JAAHHOro OuauHeH-
HOro oTobpaxeHus, 3a M.

Huxe BBOAMTCA TOHATUE, TPOMEKYTOUNOE MeX1y MOHATHAMM Helpe-
PBHIBHOTO M pa3lleNbHO HeNpepHBHOro OuiAMHeRHHIX OTOOpaweHuft.

2. T'unonenpepoignsie 6usruneiinsvie omobpascenus

[Trenaaoxenne 3. Hycms E, F, G-—monoaozuueckue sexmop-
Hoie npocmpancmea, & — MHONCECMBO 02PAHULERNBLX NOOMHONCECMS
npocmpancmsa E u u— pa3zdensno Henpepuignoe Guiuneirnoe omo6pa-
acenue E X F 8 G. Credyoujue yCA08Usl PABHOCUAbHOL:

a) dan raxcooi oxpecmrnocmu Hyss W u3 G u xandoz0 mHo-
ocecmsa MES cywecmsyem oxpecmrocms nyan V 8 F maxas, umo
(M X V)cW.

6) O6pa3 kaxoozo muoxucecmsa ME S npu omobpascenun x — uy.
ecms PasHocmenenno Henpepoisnoe Mmuodcecmso 8 L (L, Q).

B) Omobpascenue y — u., npocmpancmsa F 8 Lg (E, G) nenpepoiguo.

JefictBuTe/IbHO, B CHAY ONpeleneHus OKpecTiocTe# Hyas B L (£, G)
(§ 3, n° 1), a) BHpaKaeT HeNMpPePLIBHOCTE OTOOpaMeHUH ¥ —> i.y, B TouKe O
TOYHO TaK e a) BuhipawkaeT, uTo o0pa3 M npu oToOpawenun x — 4.
paBHOCTeneHHO nenpepbiBeH B Touke 0 (§ 3, n° 5).
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OnpeaEnEHUE 2. Buauneiinoe omo6pasicenue u npou3eedenus
E X F 8 G Hasvigaemcs S-2unonenpepui8Hbim, eCcAu OHO pa3dessno
Henpepul8no u yoosaemsopsem 00HOMY U3 mpex PABHOCUABHOLX YCAO-
suii a), 06), B) npedaoscerus 3.

Ycaosue B) npeltoxcHHA 3 MOKa3blBaeT, 4yTO NouatrHe S-runoxenpe-
PLIBHOr0 GUAMHEHHOro OTOGPaXKEHUA He M3MeHAcTCs UpH 3aMeHe & moObiM
MHOX(ECTBOM MOIMHOXeCTB &', noayyaembiM M3 & ¢ nomoumpio oncpanui,

V44

onucanHnix B n° 1 § 3, mockoavky torma &’-tomnoaorus B L (E, G) cos-
nagaet ¢ &-ronoaoruet.

CoBeplueHHO TaK e, NOMeHsB Julllb B MNPCIJIOKEHHn 3 POJAMH
E wn F, onpememuM LA KaKAOTO MiOWecTBa ¥ OrpaHHuYeHHHX TOj-
MHOXKeCTB U3 F mougTue T-zunoxenpepei§Hozo OGunuiielHOro otobpaxc-
Hug. PaspenpHo HempephiBHOe Ouannefinoe OTOOpaXKeHMe & Ha3blBAETCH
&, I)-zunonenpepuisnoim, €Cllm OHO OIHOBpeMenHo u S-rumouenpe-
PHBHO u T-THNOHENPEPHBHO.

Kawnoe wenpepoisnoe OunauHeltHoe otroGpaxenue EX F B G
(3, T)-runoHenpephiBuo aas 060K maphl &, T MHONKeCTB OrpanMucH-
HBIX MOAMHOXeCTB. [eHcTBUTeNbHO, A4d AOOOK OKpecTHOCTH nyas W
u3 G cyuwectBywTt okpectHocts uyas U B E ¥ OKpeCTHOCTh Hyns V
B F Ttakue, uro u(U X V)< W,; rak kak xawiaoe MHOWecTBO ME S
OrpaHHYeHHo, TO cyitectByeT A >> 0 Takoe, uto MM < U; a otciona

UMYX WV)=u(MXVycu(UXV)cW.
O6patHoe BooGie HeBepHO (ympaskHehue 5).

Meeanoxenue 4. S-zunonenpepoisnoe Guiurelinoe omobpadice-
nue u npouszsedenus EX F 8 G wnenpepwsno Ha MXF das
Kaxcdozo ME G, npunen u(M X Q) oepanuuenno 8 G 04 KaH0020
02paHuiednoz0 MHodcecmsa Q u3 F.

Je#icTBuTeabHO, nycTh W — OKpecTHOCTh Hyds B (; MO Npeano.io-
WeHno, B F CyllecTByeT OKpecTHOCTb nyas V Takas, uto # (M X V)cW.
Tak xak cywectsyeT A > 0, nas xotoporo MQ <V, 1o At (M X Q)=
=u(M X Q) = W, uem BTOpas uyacTs npepjoxenus noxasana. C npy-
roff CTOpOHB, MYCTb (Xg, o) — Touka u3 M X F. Ilag Kakno# TOuKH
(x, MEM X F nmeen

u(x, y)—u(xg Yo) =t (x— Xq Yo) -+ 4 (%, y— Y-
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Ecau, nostomy, y—y,EV, 10 u(x, y—y,) €W nna xaxporo x € M.
Tak Kak, ¢ ApYroft CTOpOHH, # pa3lelbHO HempepuBHO, TO B E cyme-
CTBYeT OKpDeCTHOCTh uyas U Takad, 4To u(x—xy Yo)EW, xoraa
x—xo€U. Taxum obpasoM, u3 x—x,€U, y—yE€V caenryer
ul(x, Y)—u(xg, Y)EW W, uem 1nokasana u mnepsas uyacTb Npel-
JOMEHHU.

[MreanoxeHne 5. (S, T)-eunonenpepuisroe Ourunelinoe omobpasce-
nue u npoussedenun E X F 8 G pasnomepro Henpepusno Ha M X N
dan #i060id napst mroocecms MES, NEZ.

HeficTBuTeapHO, Aas Kawxao#t okpectHoct Hyas W us G cyule-
CTBYIOT OKpecTHOCTb Hyas U B E u okpectiocts Hyas V B F Takue,
4T0 M3 (X1, YPEM XN, (x5, ) EM XN, x,—x,€U, y—y€V
caenyet, Uto #(x;— x5, Vo) EW u u(x,, y,—y) €W, a sHauut

U(xy, Y)— Xz Yo) =u(xy, )y —Yo)Fu(x;— X3 Y2)EW W,

U npenjioKeHue n0KaszaHo.

[MpEpnoxenne 6. Ecau F — GoueunOe npocmpancmso, mo Kajx-
00e pa30esbrRO Henpepui8Hoe OuauHelinoe omobpajcerue u npo-
usgedenun E X F 8 aokaasno sunyixaoe npocmpancmso G S-2uno-
Henpepelsro 045 2106020 MHOJcEcm8a © 02PAHUYCHHOLX NOOMHONCECMS
npocmparcmea E.

JIe#icTBUTENEHO, 10CTATOUYHO (MpedioKeHue 3) nOKa3aTh, 4TO 00pa3
KKIOTO OTpaHMYeHHOro MHOxectBa M wu3 E npu OToOpaMeHuH X —> .
ABJAETCS PaBHOCTENEHHO HempepuBHHIM MHOXecTBoM B L (F, G). Ho
B CHAy npensnoxeHus 1, stoT o6pas orpanuuen B L (F, () B Tonosorum
NpocTO# CXONMMOCTH, a Tak Kak F GoyeuyHO, TO KaXIOe MHOKECTBO
us L(F, (), orpaHHueHHOE B TOMOJOrHH NPOCTOR CXOAMMOCTH, PAaBHO-
CTeNMeHHO HempepuiBHO (§ 3, Teopema 2).

3. [Ipodoascenue zunonenpepuisL020 GuAURElR0Z0 OMOGPAdCERUST

[peanoxenue 7. ITyems E, F, G—monoiozuneckue 8exmop-
Kole npocmpancmsa, npuvem G omleaumo, daxree, E, (coorB. Fy)—
8100y naomuroe 8Sexmoproe nodnpocmparcmso 8 E (cootB. F) u
u— pa3zfdesvHo HenpepuisHoe Cuisunelinoe omobpaxcenue E X F 8 G.

1° Ecau u pasno myao wa EgX Fo, mo u=0.
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2° Iycms @y — MHOJCECMBO O2PaHu4enHbx NOOMHOJNCecms u3 Ey;
ecaun cyscernue u Ha Ey X Fy Gy-2unonenpepuisno, mo u S,-eunone-
npepstsio Ha E X F.

1° Mo npeamonoxeHuio, aas Kaxaoro x € £, HenpepwiBHOe JHHel-
Hoe oToOpamenne y — u (X, y) paBHO Hymi0 Ha Fy, a sHauut, 4 Ha F;
TOrZa /5 KaXK10TO y € F HenpeprBHOE juHelHOE 0TOOpaKeHHE X —> 1 (X, ¥)
paBHO Hymo Ha E,, a sHauut, u Ha E, 1. e. u=0.

2° [1o MpeaNOAOKEHUIO, MAs KMKIOK 3aMKHYTOH oxpecTHOCTH Hyas W
B G u xaxaoro Muoxkectsa M€ &, cymecTByeT OKpPeCTHOCTb Hyas V
B F, Takas, uto (M X V)cW. Ho V ects OKPECTHOCTh Hyas B F;
ans xaxnoro x€M us u({x} X V)W creayer u([x} X V)W,
NOCKOAbKY y —> u(x, y) HenpepuBHo M W B3aMKHYTO; CJ€LOBATENbHO,
u(MX V)c W, a 3to u nokasmBaet, 4t0 4 &y-TUNOHENpPEPLIBHO
Ha E X F.

TIPEAMOKEHUE 8. ITlyemv E, F, G-—monosozuueckue 8exmop-
noie npocmpancmsa, npuwen G omlerumo u K8asunoano, daxee,
E, (coots. Fo) —8cr00y naomnoe sexmopuoe nodnpocmparcmso 8 E
(cootB. F) u &, (cooTB. Tp) — MHONCECMBO OLPAHUMEHHHX ROOMHO-
sgcecms u3z E, (coors. F,), maxoe umo rasxcdas mouxa npocmpar-
cemsa E (coors. F) npunadaeocum 30 MBLKQHULIO HeKomopozo MHO-
acecmsa uz Sy (coors. Ly). Toz20a kaxncdoe (S, Tp)-2unonenpepuisroe
6uruneiinoe omobpaxcenue u npoussedenus Ey X Fy 6 G 00103HA4HO
npodossxcaemcs 00 pasdessHo Henpepusnoz0 Ouiureiinozo omodpa-

acenuss u npoussedenusn EX F 8 G, npuwen u (&), I)-eunonenpe-
DHLBHO.
EQHHCTBEHHOCTP M THMIOHENPEPHIBHOCTb OTOODaxeHMA 4 BbITEKAIOT

M3 TpPeNJONKeHus 7; OcTaeTCs YCTaHOBMTb CylleCTBOBaHHE u. Jas
kaxaoro y € F, HempephiBioe “nuHeRHOE oro6paxenne x' —>u(x’, y')
noanpocrpaictda £, 8 G OIHO3HAUHO TNPOLO/IKAETCH A0 HEMPEPHIBHOTO
AMHe#HOro OTOGpasenus x — 4 (x, y’) npoctpanctsa E B G & 2,
npennoxenne 8). HenocpeacTseHno SCHO, 4TO I KaXA0ro x € E oro-
6paxenue y’ —» u, (x, y') noanpocrpauctsa Fy B G JMHERHO; TMOKAKEM,
4TO OO HempepwiBHO. [lo mpeanoaoxenuo, cymecrsyer ME S, Takoe,
uto x€ M. Ilns kawaok 3aMkHYTOR oOkpecTHocTH Hyns W us G, mo
NpeANoIOKeHHIO, CYIIECTBYeT OKPeCTHOCT Hyns V B F, Takas, 4To

4(MXV)cW,; orciona, 10 -HeNPEPHBHOCTH, i M V)W u,
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B yactHocTH, #;(x, Y)YEW naa kawnoro ¥y €V, ueM M yCraHOBJAEHA
CNPaBeldaMBOCTh HALIEro yTBEPHAEHHS.

Teneps, auHeHOe oTOOpasenue 3y’ —» u;(x, y’) 0AHO3HAYHO MPO-
JOMKAETCH 10 HENMPEPHBHOTO JAUHEHHOTO OTOGpawenns y — 4 (X, ¥)
npoctpanctea F 8 G (§ 2, npennoxenue 8). flcuo, 4to 0TOGpaKeHHe

x—u(x, y) 0as Kaxaoro yE& F auHeHHO; MOKaXeM, YTO OHO Hempe-
PHIBHO, 4YeM JI0Ka3aTenbCTBO Tpensoxweuns H OyigeT 3asepureno. Ilo
npexnonokenuno, cywecrsyer N €T, Takoe, uto yEN. [las Kakaoh
3aMkHyTOH OkpecTHOCTU Hyas W u3 G MO MpPeanoJomeHud CymecTByeT
okpectiiocte uyas U B E, Ttakas, uto z (U X Ny W; orciola 110 He-

NpephHBHOCTH INMOCJAE]0BaTEIbHO 3aKJA0UaeM, UTO u, (UX N)ycW u,

sateM, 4 (U X N)cW; TteM caMbiM oTOOpaxeHue x — u(x, y) Hemnpe-
PHBHO, TMOCKOJABKY U — OkpecTHOCTH Hyas B E.

4. I'unownenpepoisnocms omooépaxcenuss (u, v)—»vou

[Mreanokenue 9. Iyems R, S, T — omdeaunse monosozuieckue
BeKMOpHBle npocmpancmsea u 8ce mpu npocmpancmsa L (R, S),
L(S, T), LR, T) Hadeaenn monoaveuei npocmosd (COOTB. KOMNAKM-
HOd, Ozparuuennoll) cxodumocmu. Toz0a Guaunelnoe omo6pascerue
(u, v) >vou (S, T)-2unonenpepvisno, 20¢ T — MHOHCECMBO BCex
pasHocmenedno Henpepuisnoix nodmnoxcecms us L(S, T), a © — muo-
Jcecmso 6cex KOHeuHux (COOTB. KOMNAKMHbLX, 02PAHUMEHHBLX) NOO-
muooxcecms u3 L(R, S).

HdokaxeM cHayana, uto (4, v)— vou I-runoilenpepoBuo. [lycts
H — paBHOcTenenHo uenpepnisiioe Muoxectso B L (S, T), W — okpecr-
HOCTL Hyad B T u M — koneuHoe (COOTB. KOMNaKTHOe, OrpahHdeHHOE)
miuoxectso u3 R. HyxHo aullb yGeautbcs B TOM, 4TO B S CYIeCTBYyeT
okpecTHOCTh Hyas V  Takad, uro u3 u(M)ycV u vg€H caeayer
v(u (M))cW. Ho aas storo noctarouyno, utobui v (V) W nas Kamkiaoro
vE€ H, a cymwecTtBoBaHHe TakOH OKPeCTHOCTH V BEITEKAaeT U3 PaBHO-
CTeNMeHHOH HeNpepHBHOCTH MHOXecTBa H.

Hrobut y6enutocd B &-runoHenpepuBiocTd 0TO6paKewus (v, ¥)—>v o i,
Mbi YCTAHOBMM, 4YTO A/as Kawao#k okpectHoctH Hyas W us T, Kaxioro
KOHEUYHOrO (COOTB. KOMNAKTHOTO, OrpaHAYENHOTO0) MHomeCTBa§MCR 7
KaX/[O0r0 KOIEYHOro (COOTB. KOMNAKTHOTO, OTrPaHMYEHIIOT0) MHOXecTBa L
us L (R, S) cywectByer KomneyHoe (COOTB. KOMNaKTHOE, OTPaHHYEHHOE)
MHOXecTBO N B S Takoe, uto u3 v (N)= W n u € L caenyer v (u (M))=W.
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OuesuaHO, AOCTATOYHO TMNOKA3aTb, UYTO MOXHO B3AThb N:UQ(M),

ucL
T. €. 4TO 3TO MHOKeCTBO N KOHEUHO (COOTB. KOMIAKTHO, OrpaHHYEHHO)
pMecte ¢ L 1 M. 2710 HenocpeicTBeHHO ACHO, ecin L U M xoneunbr
uan M orpanudemio B R, a L—3 L(R, S) (s TONOJOrUK OrpaHuyeH-
nokt cxomumoctH; cM. § 3, n° 4). Takum 06pasom OCTaeTCs YCTAHOBHTH,
uto ecad M KOMnakTHO B R M L KOMIIAKTHO B TOMOJOrHM KOMMAKTHOM
cxogumoctd B L(R, S), 10 N komnaktHo B S. TlycTb #, — cyxeHue
u€&L na M; oroGpaxeHHe u —»u, TNpPOCTpaHCTB2 L B NMPOCTPaHCTBO
@ (M, S) Bcex HempepnBHHX 0TOOpawenu#t M B S, HameaeHHOe TOMNO-
aAorHet paBHOMEpPHOH CXONMMOCTH, HeMpepLIBHO; 311aYHT, 00pa3 L npu
3TOM O0TOOpaeHMH KOMNAKTel, M Halle YTBepJeHHe BHITEKAeT TOrAa
M3 -HelpepbiBHOCTH  oOToOpawenus (w, X)— w@ (xX) npousBeleHuUs
CM, S)yX M s § (O6w. Tom., Pes., § 13, n° 7; rn. X, § 2, npen-
a0xeuue 6). .

B aByx HibKenpuBOAMMHX CJCACTBHMAX, KAk M B MHpeAJOxeHud 9,
npeamoJaraercsd, 4ro 8ce mpu npoctpaHctea L(R, S), L(S, T), L(R, T)
HajeneHbl TONOJOTHEH MpoCTOH CXOAMMOCTH, WJAH BCE TPU — TONOJOTHEHR
KOMNakTuo# CXOIUMOCTH, HJAM BCe TPH— TOMOJOTHeH oOrpanndeHHOH
CXOJHMOCTH.

Cacacreue 1. e Kan0020 PABHOCMENEeHNO Henpepul8H0z0 MHO-
acecmsa H uz L(S, T) omodpapfc“enue (u, v)y—>vou npoussede-
Hus L(R, SYX H 8 L(R, T) nenpepuisno.

D10 cpasy caeayeT u3 npepnomenutt 9 u 4.

Caexcreue 2, ITycme T noxaasno ssnykao u S Gouewno. Lcau
nocaedosameasiocms (up) 8 L(R, S) cxodumcs « u, a nocae-
O0osamensrnocms (vy,) 8 L(S, T) —« v, mo nocaedosamensrnocms (v, o Uy,)
8 L(R, T) cxodumcs Kk vou.

JeRcTBUTENIBHO, NOCACAOBATEAbHOCTh (v,), OYyIAyuH OrpaHHucHHOMH
B TONOAOTHM NpocTol cxoauMmoctu B L (S, T), paBHOCTemeHHO Hempe-
peiBHA, MOCKOAbKY S Ooueuno (§ 3, TeopeMma 2), a TOrla yTBepKIeHHe
BHITEKAET M3 CaeaAcTBHA [.

5. PasnocmenenHRo 2UNROHENPEPLIBRLIE MHOIMCECMBA GUAUHEEHRbLX
omoGpacenui

Nycte E, F, G — TONONOrHYECKHe BEKTOPHbE NpocTpaHcTBa. MHo-
wecTBo / OGuanHelHbX oTtob6pawxennit E X F B ( Ha3biBaeTCs pa3desbHO
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PABHOCMENEHHO HenpepoelBHBLM, eCIH MHOWECTBO JMHeHHBIX oTO6Gpawe-
uuil o, (2 € H) paBHOCTENEHHO HENMPEpLIBHO LIf Kawjporo x € E n MHo-
HeCTBO JHMHeHHbIX OTOGpAXEHHH u., (y € H) paBHOCTENEHHO HenpepbiBHO
a8 Kaxnporo y € F. Pa3pelbHO paBHOCTENEeHHO HelpepHBHOE MHOXeCTBO f1
He 006A3aTelbHO DaBHOCTENEHHO HenpepbiBHO; ONHAKO CNpaBeIHBO cle-
ayouiee NpenJoKeHHe:

[MeenioxenuEe 10. ITycms E — mempu3yemoe Goueynoe npocmpaH-
cm8o, F— mempu3yemoe 8exmoproe npocmpancmso u G — a0xans-
HO swnykaoe npocmpancmso. Kaxwcdoe pa3deavrho pasHOcmenenHo
Henpepbl8HOe MHOMcecm8o Ouiurnelinex omobpaxcenud E X F 8 G pas-
HOCMeneHHO HenpepsisHO.

dr1o —caexcreue teopemsl 3 § 3, rne F npurato 3a T, G 3a Fu H
3a M.

[Meernoxenne 11, ITycms E, F, (G — monoaozuuecxue 8exmop-
Hole npocmpancmea, S — MHONCECMB0 OZPAHUYEHHNX NOOMHONCECMS
npocmpancmea E u H — MHOMNcecm80 pa3densHO HenpepsisHulx Ouau-
Heldnbotx omobpadicenuii E X F 8 G. Caedyowue yca08usl pasHoOCUAbHSL:

a) Jas kaxwcooii oxpecmnocmu wyas W u3 G u xancdo20 MHOMNCe-
cmea McS cywecmsyem oOxpecmuocme Hyast V. 8 F mawxas, wmo
u(MX VYW dasz scex uc H.

6) Ldas rkamcdozo muomcecmsa Mc & obpa3 H X M npu omobpa-
scenun (U, X)—>u, SALEMCST PASHOCMENEHHO HENpepuisHbLM MHOMNCE-
cmsom 8 L (F, G).

B) Mroawcecmso omoGpasicenui y->u, (€ H) npocmpancmsa F
8 Lz (E, G) pasnocmeneHHo renpepeisHo.

JlokasaTeabCcTBO HemocpenCTBEeHHO BHITEKaeT H3 ONpexeNeHHH.

MmnoxectBo 1 pasjgeabHO HenpephBHBX OMIMHEHHBIX OTOGpaM(eHHit
E X F B G, yroererBopsiouee ORHOMY H3 DaBHOCHJBHBIX YCJIOBHi a),
6), B) npennoxenns 11, HaspiBaeTcs pasrocmenenno S-zunoxenpepoLsHol M.
Takum e 06pasoM omnpenensioTcs NOHATHA pABHOCMENneHHO E-2unoue-
npepe8HO20 MHOXECTBA IO MHOXECTBY & OrpaHUYeHHbIX NMOIMHOXECTB
npoctpaHCTBa F U pasHocmenenio (S, T)-zunonenpepssnoz0 MHOXECTBA.
[IpenocraBasieM 4YHTaTeNmi0 J0Ka3aTeAbCTBO CHEAYIOLIMX MPELTOMEHHUH,
0o600L1alomMX Npesioxenua 4—7.

Meenaoxenne 12, Pasnocmenenno S-zunoxenpepeisnoe MHOMNCe-
cmso H Ouauneinex omobpascenuis EX F 8 G pasnocmenesuo he-
npepoisno na M X F dan xaxncdozo M e S, npuvem 00sedunerue MHO-
acecms uw (M X Q) (uc H) ozpanuqenno 8 G 0as1 kaxwcdoz0 ozpanuden-
HO20 MHOMcecmsa Q u3 F.

lMpensoxenue 13. PasHocmenenno (S, T)-2unodenpepsi8HOe MHO-
acecmgo H Ousuneinetx omobpadxcenui EX F 8 G pasnoMepro
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pasrocmenenno HenpepoisHo Ha M X N 0as 410608 nape MHoxcecms
Mc@, NeZ. :

Mrepnowenue 14. Ecau F— 6o4eunoe npocmpancmeo, mo rKasc-
00e pa30enbHO DPABHOCMENEHHO HENPEPBIBHOE MHONCECMBO OUALHEN-
Hox  omobGpaxcenuli npoussedenus E X F 8 saoxaasno smnyxaoe
npocrmpancmseo G pagnocmenenno S-zunoxenpepul8Ho 0L 4106020 MHO-
ocecnéa & ozpanuueHHbX NOOMHONCecmS npocmparcmsa E.

Heepnoxenve 15, ITycms Eq, E,, F—monoaozuueckue 8exmop-
Hole npocmparcméa, Gy (cooTB. (o) —8ci00Y naAOMHOe 8eKmMOPHOE
noonpocmpancméo 8 E; (coo1B. E,), &, (cooTB. &,) — MHOHNCECMEO 02pa-
HuuenHnx nodmuoncecms u3 Gy (coors. G,) u H— muoxncecmso pas-
0enbHO Henpepuisrblx Ourunelinbx omobpaxcenuli E, X Es 8 F. Ecau
MuodcecmBo cyxcenud na Gy X Go, omobpasxcenud y3 H pasnocmenenno
(8,, 8,)-eunonenpepusno, mo u H pasnocmenenno (S, S,)-e2unone-
npepsLeHO.

Ynpaxuenunsa 1) Hycts E, F, G — Tononoruuyeckue BEKTOPHbIE
npocTpaHcTBa. [lokasats, 4Yto ecnn E — 6aposckoe, a F— MeTpHlyeMmoe,
TO Ka#XJ0€ PA3LENbHO PaBHOCTENEHHO HEMPEPHIBHOE MHOXECTBO OHaHHEl-
HbIX otoGpaxkeHHit E X F B G paBHOCTeneHHO HempepsiBuo ¥). [CM. § 3,
ynpawHenne 16.]

2) Nycts E, F, G — TomonorHyeckHe BEKTOPHblE TNPOCTPAHCTBA H
& — nokpbiTHE npocTpaHCcTBa £, 00pa30oBaHHOE OTPaHHYEHHbIMH MHOM(e-
ctBamu. [lokasats, uTO pa3sfenbHO HempepwBHOE GHAHHelHOE oTOOpace-
HHe E X F B G, HenpepuiBHOoe Ha M X F nas moGoro M ¢ &, &-runo-
HETIPEePLIBHO.

3) a) Hycts E, F, G — oTAenHMbie NOKAJbHO BBIMYKALE TMPOCTPaH-
CTBa H u — GHaHHelHoe oToOpawenHe F X F B (G. [nd cyliecTBOBaHHs
B E ypaBHOBeileHHOH oOkpecTHOCTH Hyas {J Takoi, YTO MHOXKeCTBO OTO-
Gpaennit u . € L (F, G) (x € U) paBHOCTENEHHO HeNpephBHO, HEOGXOAHMO
H JOCTaTOYHO, 4TOObl # GbIAO HENPEepPHLIBHO MPH 3aMeHe TOMOJAOTHH Mpo-
cTpancTBa E MaopHpyeMoll e Tonoxorueii, Ans KOTopoi mHO#ecTBa AU
ofpa3yioT QyHIaMeHTalbHYI0 CHCTEMY okpectHocTel Hyas. [lokasate, uTo
ecnn (G HOPMHDOBAaHHOE, TO 3TO YCJIOBHE yIOBAETBOPSETCA A KamIOro
HEMPepLIBHOrO OHAHHelHoro otoGpawenus E X F B G.

*) 3ametnHM, YTO 3TOT pe3yNAbTaT HEAb3S BLIBECTH TNPAMO H3 TpelioHe-
HHA 10, mOCKOABLKY CYLIEeCTBYIOT HeMeTpPH3yeMble 69pOBckue mpocTpaHcTa (§ 1,
ynpaxHenHe 7); TOUHO TaK e H npepiokeHHe 10 HeAb3d BRIBECTH H3 Pe3yib-
T4aTa ynpakHEeHHda 1, MOCKOAbKY CYMIECTBYIOT MeTpH3yeMmble GOueuHble NPOCTPaH-
CTBa, He sABAsoUMecAd GspoBckumu (ra. V, § 2, ynpawuenne 10). Haxowen,
B npennoxenuy 10 Henb3s onycTHTL TpeGOBaHHE METPH3YEMOCTH MPOCTPAHCTBA F,
W00 MOMNHO NPHBECTH TIPUMEPH Pa3leRbHO HeNmpepbIBHLIX, HO HE HENpepbIBHLIX
Gununeiintix ¢opm ma EX F, rae E MerpusyeMo, a F GoueuHo (ynpaiHe-
ume 5).
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6) Ilpuvem 3a E, F n G npoussexeHue RY u 3a &t — HenpepbiBHOE
6unnaeiinoe otobpawmenne ((x,), (¥n)) = (Xnyn). Tloxa3ars, uto B E
HeT HHKaKOH OKpecTHOCTH HyAs U, ana koropoii 6sl MHOWeCTBO 0TOGpa-
kennit ;€ L (F, G) (x ¢ U) 6bi10 PaBHOCTENEHHO HETPEPHIBHBIM.

4) [lycte E — npsimas cyMMa R™), wazcnennas TOTMOJOTHEH, HHIYUH-
POBaHHOH M3 IIPOH3BCICHHS RY. Iokasats, uto GHanHeHHas ¢popma

[op]
((xn) (Yn)) = Z XnYy Da3lelbHO HelpepbiBHa Ha E X E, ogHako HH 1js
n=0
Kaxoro MHoxmecTBa & orpanHueHHbIX TOAMHOXKECTB MpocTpancTBa E, co-
Jepwaulero xoTs Obl 01HO 0ECKOHeYHOMEPHOE OrpPaHHYEHHOE MHOMXCCTBO,
9ta GuanneliHas ¢dopma He S-THIOHENPEPHIBHA.

5) Ilyctp E — npocTpaHcTBO R™, wanenennoe cuibneilmedl nokaabHO
BHIYKAOH TOMOAOTHEH, H F — npousBenente RY; F — noanoe orpanHueHHo
3aMKHyTOe OoueuHoe npocrpanctso, F MeTpusyeM0 H moaHo. IlycTb,
nanee, & (cooTB. T)— MHOMECTBO BCEX OTPaHHYEHHBIX TOAMHOMKECTB
npocTpanctBa E  (cootB. F). [lokasatb, ut0o OuauHeliHaa ¢opma

s

((xn) (Yn)) — Z Xpn¥Yn Ha E X F (S, T)-THNOHENIPEPHIBHA, HO HE Hempe-
n=0

puBHa. [CM. ra. 1V, § 3, ynpaxuenne 2.]

6) Mycre E— 10KaZbHO BBHITYKJIOE MPOCTPAHCTBO, F — uHippabGouey-
Hoe mpoctpaucTBO (§ 2, ynpawuenne 12) 1 & — MHOKECTBO BCEX OrpaHH-
YeHHBIX TIOEMHOXECTB upoctpaHcrsa f£. [lokasate, uTo T-rHnoHenpe-
puiBHOc OuaumcitHoe orto0pawenue npoctpaictBa E X F B JIOKanbHO
BhinykJaoe mnpoctpauctso G (S, T)-runotenpepniBlio s KawAoro MHO-
#ecTBa & OrpaHuyYCHHMX noimHONecTB H3 E. [CM. § 3, ynpawuenuc 17.]

7) llycte E v F — TOLOJNOTHYECKHE BEKTOpHBIE TPOCTPAHCTBA, f — OH-
aunednoe otoGpawenne (x, u)—u (x) npousseiaenus E X L(E, F) 8 F,
g — TOMOJOrHd, COrJAacyiol[ascs CO CTPYKTYPOH BEKTOPHOrO [POCTPAaHCTBA
B L(E, F) n maxopHupyioLias TOMOJIOTHIO MPOCTOH CXOAHMOCTH, & — MHO-
¥eCTBO OrpaHHYeHHBIX TOAMHOMKECTB H3 E, T — MHOXeCTBO OrpPaHHYCHHBIX
noamHoxectB H3 L (E, F). Hdaa Ttoro utobbl f 6bi0 &S-rHmoHenpepoiB-
HbIM, 1e00XO0IMMO H JOCTAaTOYHO, 4TOOL TOMOJOrHA § MamxOpHpOBaia
G-tonoaoruio B L (E, F); pas toro urtobul f Gbln0 T-rHNOHETPEPhiBHLIM,
HeoOXOMMMO H JOCTaTO4YHO, 4TOGL MHOXCCTBA, obpasyiouHe T, OblIH
PaBHOCTENEHHO HClIPePbiBHBI.

8) Mycts E, F, G — TOmonoruacCcKue BEKTOpHbBIE TNpocTpanctsa, &
(cooTB. T) — MHOMECTBO OrPAaHHYEHNBLIX TMOAMHOMECTB NpOCTpPaHcTBa E
(coots. F) M H — BEeKTOPHOC NpPOCTPAHCTBO BCEX <T-THIIOHENPEPLIBHEIX
otofpawenuit £ X F B G.

a) [lokasatb, 4TO B /{ TONOJAOrHs PaBHOMEPHOH CXONMMOCTH Ha BCeX
MHOXecTBax BHAa M X N (M¢®, N ¢ ) coraacyercs Co CTPYKTypoH Bek-
TOPHOTO HPOCTPAHCTBA; 3Ta TOMOMOrus uasmiBactcs (S, X)-monoaozueil
B H. Ilycth # ans kamIoro u# ¢ H — HenpeproiBHOe JaHHelHOe oTofpake-
HHe x —u, mnpoctpauctsa £ B L (E, G). Ilokasats, ut0 u—u ectb
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H3oMOpOdH3M mnpocTpaHcTBa /f, HazedeuHoro (&, X)-tomoaorHel, Ha npo-
crpauctBo Lg (E, Ly (F, G)).

6) Ilycte L — MHokecTBO H3 H Takoe, 4TO 1ias KawaoH mapsl
(x, ¥) € E X F muoxectso T1ouek u(x, y) (¢ € L) orpannuenno B G (1. €.
L oepanuvenno 8 H 8 monosozuu npocmod cxodumocmu). TokasaTs,
yto ecan E, F v G AOKaAbHO BbLITYKALl, NPHYeM E U F OTHEAHMB M
KBA3HMOMHB, TO L orpanHuenno B M pas kawnod (&, T)-TonojoruH.

B) Ilycte E, F, G — oraennMble JOKaJbHO BHIIYKJAbIE NPOCTPAHCTBA.
Ecan £ v F Goueunn, npuyeM F KBa3HMONHO, TO KamkJioe MHOXeECTBO L
u3 H, orpavnyedHOe B TOMOJOIHH TNPOCTON CXOIHMOCTH, PaBHOCTETEHHO
& -rHNOHENPCPHIBHO.

r) Ecan E 1 F 6oueunsl, G kBaznumoano, a © u T NOKPHLIBAKT COOT-
BeTcTBeHHO £ W F, 10 H otzeanMo H ksasumonano B (S, T)-TONOAOTHH.

9) PacnpocTpanntb onpejeiieHHss H pe3yabTathl § 4 Ha moauaHueiiHble
oToGpakenus.

Myecte E, F, G — TONOROrHYeCKHe BEKTOPHLiE MNPOCTpPaHCTBa, &
(coOTB. ¥)-— MHOKECTBO OFPaHMYEHHBHIX TOIMHOMECTB npocTpaHcTBa E
(cootB. F) H U — MHOXKECTBO OTDaHHUEHHBIX TIONMHOMKECTB MPOCTPAHCTBA
Lg, ¢ (E, F; G) (S, T)-runonenpepuiBubix oTtobpaxienuit E X F B G, Ha-
AeneHHoro (&, T)-ronoxorued (ynpamuenHe 8). [TokasaTh, 4TO TpHAHHeH-
Hoe otoGpakenue (x, y, 2)—>u(x, y) npousseienus E X F X Lg, s (E, F; G)
B G (S, T)-runoHenpepLIBHO; AAA TOrO 4TOGBl OHO 6bn0 (&, W)-runo-
HENpepbiBHO, HCOOXOMHMO H JOCTATOYHO, YTOOLI Kawjnoe MHOxecTBo H € Il
6b110 paBHOCTeNEHHO &-THMOHENpPEPbIBHO.

*10) Iycte E — mpocTpancTBo Beex nocienosateabHocted £ == (§n),~0

BEWECTBEHHbIX YHCEN, A KOTOPbIX PAL C OOWHMM udeuoM &, CXOZHTCH.
n

TMonowum || x| == sup 2 € |-
k=0

a) [oxasartb, uTo |j.x)|—HOopMa B £ u E MOXHO 50 9TOH HOpMe.
6) loxasatb, uto BexTOpHOEe mpocTpancTBo L1(N), paccmarpuBaemoe
KaK TOANPOCTPAHCTBO MNpPOCTPaHCTBa £, BCiLY WIOTHO (B TONONOrHH

npoctpancTsa E), npuuex tonoaorus B L (N), onpeneasemas Hopmoii || x || 1=
[ee]

= 2 | énl, cHAbHEE TOmMOJOrMH, HHAyNHPYeMOH u3 F.
n=0

B) [lycte (P,) — Bo3pacraiomiass nocAenOBATENbHOCTL KOHEUHHX TOJ-
MHOWecTs npoussenenus - N X N, nokpwmBaiomas N X N. Jag kaxaoro
x=(§) €E H xamporo y=(1,) €LI(N) nycms fo(x, y)= | &y

G HEP,
Oaste TOTO yTOOLI TOCHENOBATEABHOCTb (fy (X, y)) ANA  KawJoH napsl
(x, y) €E X LY(N) cTpemnaach k mnpeicay, Heo0XOHMO H JOCTaTOYHO
utofbl 3Ta MOCJHEI0BATENbHOCTb MiA KakIOH Takod mapsl (X, y) Gnaa
o0

(e8]
orpalHueHna, npuieM npeaen fy (x, y) pasen torma [ N & )( D) M ).
n=0 n=0
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[Ucoab3ys ynpaxuenHe 8B, mokasaTtb, YTO MOCJACAOBAaTENbHOCTH OHM-
Heifnbix Qopm (f,) DaBHOCTENEHHO HeNpepbiBHA, H 3aMETHTb, YTO OHa
cxongutea Ha L1(N) X L1(N); B 3aKkaioueHHE HCMOAL30BaTh 6).]

r) Tlycte pjn, nas Kamnoro j € N, — HaHMeHblIEe KOAMYECTBO 3aMKHY-
Toix HHTepaanoB U3 N, o0beIHHEHHEM KOTOPbIX CIyXuT cpe3 P, Nno 3Ha-
wyeuio j BTOpPoH koopmuuatnt (npoekius MHoxectBa Pn1(N X {j})), u
nycTb p”=s_lé;;‘p_,-n. [ToxazaTs, 4TO YyCJIOBHe, TMOJYYEHHOE B B), PaBHO-

J

CHABHO YCJIOBHIO sup p, <+ oco. [IlokasaTe, uTO mnopma OGuanHeHHOH
n

[ee)
¢opmbt f, pasHa bjlé% ( Dt )—onG+1 0] > rie $p — Xapakre-
J j=0

PHCTHYECKas (YHKLHA MHOKecTBa P,.)



F'TABA IV

JBOACTBEHHOCTb B TOMOJIOrHYECKHUX
BEKTOPHBIX NPOCTPAHCTBAX

§ 1. Caa6rie Tomosoruu

1. Bexmopnosie npocmpancmea 8 080icmeeRnocmu

Mycts F u G —BexTopHbie mnpocTpaHcTRa u (x, y) = B(x, y) —
Ouaunednas gopma wa F X G. Tosopst, uro Ouauneinas dopma B
npugodum sexmopusie npocmpancmsa F u G 8 dsoicmeennocms, uin
4ro F u G Haxodamcs 8 Osolicmsensuocmu (OTHOCHTEALHO B), ecan
BBITIOJIHEHBl CJAEelYIOILHE ABA YCIOBUS:

(Do) daa rxaxnedozo x +0 a3 F cyyecmsyem y€ G marxoe, umo

B (x,

)+ 0.

(Du) Las kaxdozo y+ 0 us G cyyecmsyem xCF maxoe, umo

B (x,

»=+0.

Ipumepn. 1) flyctb E --npou3BonsHOE BEKTOPHOC NMPOCTPAHCTBO
H E* — conpsiycennoe TpoOCTPAaHCTBO (BEKTOPHOE MPOCTPAHCTBO BCeX JH-
HeHHbX QopM na E). Kanonuyeckan Ouanueitnas gopma (x, x’) - (x, x7) %)
Ha E X E* (Aar, ra. 11, § 4, n° 1) upuBogur £ u E* B JBOACTBEHHOCTb.
JefictButeabto, ycaoBHe (Dpf) BLITOAHEHO TO ONPENENEHHIO OTHOMUIEHHS
x/ 50, a ¢ [Opyroii CTOPOHbLI, U3BECTHO, UTO A KAWAOro X == 0 n3 E
cyuiectByeT aHHciHas ¢opma x’ € E* takas, uto (X, x'y=£0 (Auar., ra. I,
§ 3, mpemnowkenne 9), H TeM CaMbiM BLITIOJNEHO TaKike ycxosue (D).

Ecau E — npoCTpaHCTBO KOHCXHOD Pa3MEPHOCTH 1, TO e0uHCMBEHHbLM
noanpoctpaicTsoM G B E¥, HaxoafuHMcs B JBOHCTBEHHOCTH ¢ £ OTHOCH-
TeJbHO CYKCHHA OuauHelHoU dopMm (x, x') Ha E X G, asasercs camo E*.
HeiicTBHTeNbHO, Tak Kak £ KaHOHHYECKH OTOWICCTBHMO € MpPOCTPaH-
crBoM E*, conpsxenunM k E* (Aar., ra. Il, § 4, n° 4), to npu G =+ E*
B E cymecTBoBaa Obl 3aeMmeHT a=~0 Tako#, 4To (@, x’) = 0 nas Kamkioro
x"¢ G (Aar., ra.ll, § 3, npexnoxenne 9), B npoTHBOpeuHe C ®y)-

2) Ecan E — 6GecKOlICYHOMEPHOC BeKTOPHOE NMPOCTPAHCTBO H E/ — Bek-
TOPHOE mnoAnpocTpalcTBo B E* TO cywenHe GuauHeiiHo#l Qopmb (x, x’)
(sceraa ynosaetBopsiomel ycnosuio (Dp)) Ha nponssesenne E X E’
MOKET YROBAETBOPATL ycaoBHw (D) mawe korma E'<&E® Bawneitwuii
npuMep, KoTopomy OyjieT nocBsujeHa GOabluas 4acTb 9TOH riasbl, STO TOT,
korga E ecTb omleaumoe AOKAABHO 8LINYKAGE NPOCMPAHCMEO, a £/ —

*)

nepes.

(x, x’) — 3HauenHe auueiinol popMb x’ € E* Ha snemente x € E. — [Tpun.
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noanpocTpaHcTBo B £, 06pa3’oBaHNO¢ BCEMH HeNpepuisHstMu RUHeHHBIMH
dopmamu Ha E; melCTBHTeabHO, 3 Teopembl Xana — Banaxa caexyer, uto
aaa Kawjgoro x =0 u3 E cymectByer x’ € E/ takoe, uto {x, x’) == 0
(ra. 11, § 5, crencteue 2 Teopemnl 1). BexropHoe nmpoctpanctso E/ Ha3bl-
BaIOT MONOAOCULECKUM CONPANHCEHHWNM K E; OHO 3aBHCHT OT TOMOJOrHH,
3amaHHON B E, HO C€aMO He HNOJ¥HO CYUHTATLCA HaXeJCHHBIM TOMOJAOTHEH,
ecad TOJbKO TOCHEIHASA sBHO HE yKasana. Jlomyckas BOJBHOCTb PeEuH,
E’ uauie BCEro Ha3blBalOT MPOCTO CONPANCeHHs!M K E; a KOrga HY#KHO
roBOPHTh O TMPOCTPaHCTBe E*, TO Ansl H30CKaHHA MNYyTaHUUb! €ro Hasbl-
BAIOT AA2e0pAUYecKUM CONPAHCCHRUM K E.

3) Myctb E H F — oTjennuMble JOKaRbHO BHIMYKJAble MPOCTPAHCTBA,
E @ F — tensoproe mpoH3BenehHe BeKTOpHHX npocTpancts E u F (Aur.,
ra. I1, § 1, n° 1) u G-— BeKTOpHOE TNPOCTPAHCTBO BCEX HENpepulBHbX

GunnHelnbx popm Ha £ X F. KakoBbt Gl HH GbIAH 31EMEHT 2 = 2 X QY

3 EQF wu Ouannedinan cdopma u Ha E X F, uncno (2,u) = 2 u(x, yk),
k

kak wusBectuo (Auar., ra. IlI, § 1, n® 2, CxonHst), He 3aBUCHT OT Bblpame-
HHA 2 B BHJIE CYMMbl TEH3ODHBIX TPOH3BEIEHHH Xi (&) Yr H ACHO, UTO
(2, u) > (2, u) ectb GuaHueiiHana dopma Ha (EQ F) X G, yI0BACTBOPAIO-
mas ycaosuio (Dpy) no onpexenennio. IlokakeMm, uTO OHa yHOBAETBOpAET
rakxe ycuosuio (D) H, ciexosateabno, mpusomut mpocrpanctsa £ F
1 G B NBOHCTBEHHOCTb. JeHCTBHTEAbHO, KaWiALIN 3neMeHT 2=~0 u3 EQ F
moxer OblTb 3alMHCaH B BHAe z=2ai®bj, roe a; (1 <1< m)— mm-

i, J

HeHHO HezaBHCHMbIe snemedTh H3 E u 65 (1 <j < n) — nuueiino HesaBUCH-
mule sjementsi H3 F (Auar., ra. III, § 1, caencrsHe 2 npeanowenns 7).
Tak Kak NogMpoOCTPanCTBO NMPOCTPaHCTBa E, MOPOXJEHHOE 3JeMEeHTaMH a;
¢ Homepamu { > 1, samkuyto (ra. I, § 2, cneacTBHe 1 Teopemsl 2), TO Ha
E cywecTByeT HenpepbiBHas JAuHeinas dopma xl rakas, uro (a,, xl)

=1mu (“i’ xl) =0 gna i >1 (rn 11, § 3, cacacTBue 3 npepnoxenus 4);
TOYHO TaK e Ha F cyuwecTByeT HenpepbiBuas JuHelnas (opma yi Ta-
kas, uto (b, y;)=1n (bj Yy =0 mms j>1 Toraa u(x,y)=
=(x,xi‘) (y,y;) CCTb HenpepoiBHas OuaHHeHHaa ¢opma na EXF, pad
KOTOpOH (2,u) =1, ucM Halue yTBepKJeHHE M AOKa3alo.

Mycte F 1 G — BekTOpHbIE TNPOCTPAHCTBA, NpHBeleHHbEe B JBOMH-
CTBEeHOCTh OnsHeRno#t gopmoit B, n B., naa xaxnoro 2 & G — mmueit-
nas ¢opma y— B(y, 2) Ha F. f$lcHo, ut0o 2z— B.. ecTb JauHeHHOe
orobpaxenne mnpoctpauctsa G B aarebpamyeckoe conpsiKennoe F*
K TmpocTpauctBy [, a ycaosue (Dy) oO3snauyaer, 4TO 3TO oTOOpameHue
B3aHMHO OJHO3HAUHO M, CJelOBATe/NbHO, €CTb WU30MOPPUIM TPOCTPaH-
crsa G Ha ero of6pa3 B F*; uaule Bcero G OTOXAeCTBASHOT C ITHM
o6pasoM. Touno Tak ke mnycTs By. nas kKaxnoro y € F-— nuHelnas
tdopma z— B(y, 2) Ha G; y— B,. ecTb iunefiHoe oToSpaxenune Npo-
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crpaictBa F B aarebpaumueckoe conpskeHHoe G* k mpocrpanctsy G,
a ycnoBue (D;) osHauaeT, 4TO 3TO OTOOpaxeHHe €CTb W30MOPPuUIM
npoctpaHcTBa F Ha ero ofpas B G*, 4TO NO3BOJfET OTOXKZECTBAATb F
c ero o6pasom mnpu 3TOM u3oMopdusMe. Koria 3TH OTOXIECTBIeHUs
BHITIO/IHeHb, BMecTO B (Y, 2) mu mamem (v, 2).

2, Caabble monoasozuu

Onpenenenue 1. ITycms F u G —sexmopusie npocmpaxcmea,
npusedenusie 8 dgoiicmseHtocmsy Guaurelinoi dopmoi (x, y)— (x, ¥).
Craboii monoaozueid o(F, Gy 8 F, onpedeasienmoii 0solicmgernnocmsio
sexwcdy F u G, naswsawom caabeiiwyio u3 monosozui 8 F, npu
KOmopuLx Henpepusus. 8ce audelinsie gopmu x —{(x, y) (y € G).

Takum ke o6pasoM, MeHss B ompenetenun 1 poasmu F u G, BBOAST
cnabyo Ttonoaornio o (G, F) B G; Bnpouem, 3Ta BO3MOXKHOCTb mepecTa-
BaAATh F u G OTHOCHTCS KO BCeM pe3ynbTaTaM K ONpereJeHHIM 3TOFO
naparpada.

Has HAHMEHOBAHUA CBOUCTB, OTHOCAU[HXCA K ciaaGoil TOMOAOrHH
o (F, G), ecain 3TO He CMOXeT TOBJeub INyTaHHUb, Mbl GyjleM HHOrxa
NOAbL30BATLCA MpHAAraTedbHbIM scaagoe“ u HapeuHeM »Caabo”. Tax, Ha-
NPHMED, Mbl GyacM TFOBOPHTBL O ,ClaGoH CXOAHMOCTH®, ,Caa6o Henpepbis-
HOH (QYHKUHH® H T. L.

O6o3naunM Teno ckangpoB npoctpaHcTB F u G (paBHoe R umn C)
uepes K. B cuay ycnoBusi (Di), auHeitHoe oToGpaxenue x — ((x, y))yGG

npocTtpaictsa F B mpou3BeieHue K® BaauMHO O0ZHO3HAUNO, YTO MO3BO-
JA9eT OTOXKAECTBAATL F C BEKTOPHHM NOANPOCTPAHCTBOM B K% cnabas
tonosorus o (F, G) 0TOXIECTBAACTCA TOTAA C TOTONOTHEH, HHAYIHPYeMOH
B F H3 TONOJOTHYECKOTO TPOH3BELEHHS K, Tak uT0 310 — Omdesumas
AOKQABHO 8BLNYKAQA TOTOJOTHS, OMNpeleliseMas MHOXeCTBOM NHOJYHOPM
x—>|(x, y)|, rae y npoberaer G. Hdaa kawmoro a>0 u xaki0ro
KoHeynoro uucaa touex y; (l<{i{m) u3 G o6osnaunM uepes
W (¥ --+s Yny @) MHOKeCTBO BCex x € F Takux, uto |{x, y;)| <2
(I i n); 3TH MHOXeCTBa (C NpPOM3BOJLHLIMH &, n ¥ ¥;) 06pasyioT
GhyHIaMEHTANbHYI0O CHCTeMy OKpecTiocTel uyas pas o (F, G). 3ameTim,
4t0 W (¥, -+ ., Ypi @) COLEPKUT HOANPOCTPAHCTBO KOHe4Hoid (PAKTOD-
pasmepHOCTH B F, ompeaensemoe ypabuenuamu (x, ¥;) =0 (1 i n).

Ieepnoxenue 1. Kaowdas asunelnans gopma wa F, nenpepas-
Hag 8 monoaozuu o(F, G), o00uno3uaudo npedcmaguma 8 8ude
x—(x, y,, 20¢ yEG.
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IleHCcTBHTEIbIIO, HENPEPHBHOCTb JuHedHOH ¢opmum f Ha F B TOmo-
aoruu o (F, G) osHadaeT, uTO B U CyweCTByeT KOHEYHOE HHCAO TOYEK Y;
(1 L i n) rakux, uro |f(x)|< sup [(x, y;)| (ra. 1, § 5, npenno-

Lo

<ign
xkeHne 9). Ecau mostomy (x, v;)=0 (1 Lin), 10 f(x)=0 n,
cieposareabno (Aar., ra. I, § 4, n°6), cywectsyer aunehHas KomOu-

n
Mawms y:== X \;y; Takad, uto f(x).=(x, y) nas Bcex x€ F. Enun-
i=1

CTBEHHOCTb ITOTO NpelCTaBAeHUs BhiTekaeT u3 ycaoBus (Dpp).

Hpyrumu caosamu, ecam F uaneneno rtonotorue#t o(F, G), 1o G
MOXHO OMONCOecmBUmMs ¢ NPOCMPAHCMBOM, conpaxcedtam K F (n°1,
 npumep 2).

Caencreue 1. Lasn mozo umobe cemeiicmgo (a) mouex u3 F
Ooen0 momaasiols 8 monoaozuu o (F, G), #eo6x0dumo u docmanouro,
umooOs. 04R Kaxnedoz2o Hetyaeg020 ¥y € G cyujecmsosar unoexc ¢ maxod,
umo {a, y) + 0.

HleRcTBHTeIBHO, STO BbipaxaeT, YTO HUKAKas 3aMKHyTas TrunepIio-
CKOCTb He COLEPXHUT BCeX TOUYEK 4.

CaenctBuE 2. [Iaa moz20 umabsl cemelicmso (a) mouex u3 F
Obia0 monoaozutecky c806004uM 8 monoaozuu o (F, G), Heo6x00umo
u docmamosno, 4wmobs Ol KAHCO020 UHOeKCA ' Cyu,ecmsosar ie-
meum b, € G maroii, umo (a, b)=+0, a (a, b)Y=0 041 scex %=

JeHcTBuTeNbHO, STO BHPaXaeT, 4YTO AN KawJAOrO t CYwecTByeT
3aMKHYTas THNEPIIOCKOCTb, COIEpKAlas BCe @, C HHACKCAMM % =5t H
He copepxaiwas a,.

Cnaeacreue 3. Ecau G,— sexmopuoe noonpocmpancmso 8 G,
omauunoe om G u Hoxodaweecs 8 O08oidcmgennocmu ¢ F (0THOCH-
TeabHO cyxenuns (x, y) Ha F X Gy), mo o(F, G,) caalee, yem s (F, G).

HedictutenbHo, ecan y € G wme mnpunagnexkur Gy, TO JNuHeHHas
dopma x — (x, y), B cuny mnpenaoweuus 1, HenpepmBHa B o (F, G),
HO ne nenpepmBHa B o (F, G)).

3. Hoaspot

Onrenenenue 2. IMyems F u G — Bexmopuvle npocmpascmsa
rad R, Haxodsujueca 8 Ogoiicmeentocmu, 4 M -— npou3sossrnoe MHO-
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aicecmgo u3 F. Ezo norapoid 8 G nHazweaemcs muoxcecmso scex yC G
marxux, wmo {x, y) <1 041 waxcodozo x € M.

Paccmorpum Tenepb BeKTOpunie mpocTpanctsa F u G nan C, Haxo-
asgunecs B JBOHCTBEHHOCTH, u mycTb Fy ¥ G,—uxX 6asucHble BexTOp-
uple npoctpaHctBa Han R. Tlonoxum B(x, y) =% ((x, ¥)); acuo, uTO
B — Gununetinag gopma, npuBoisiiad B ABoficTBeHHoCTb Foy n Gy, mpH-
ueM (x, y)=B(x, y)—iB(ix, y) (ra. 1I, § 6, n°1). 10 monckasu-
BaeT BBeleHHE [ KOMIUIEKCHBIX BEKTOPHLIX MPOCTPAHCTB CAELYIOLErO
onpefe/IeHUs:

Onrexenenue 3. ITyems F u G-—sexmopusie npocmpascmsa
#ad C, nHaxodawuecs 8 0soiicmeenrocmu, u M —npouzgosstoe MHO-
gicecmso u3 F. Ez0 noaapoid 8 G Ha3wleaemcs MHOICECMBO BCeX
YEG marux, umo R({{x, ¥)) 1 041 raxdozo x & M. .

TaM, rie MOXHO He OmacaTbCs mnyTaHullbl, Mb 0003HayaeM MOASPY
mHoxectBa M us F B mpoctpaHcTse G uepes M°. PasymeeTcs, Takum e
of6pasom onpexeiserca ¥ noaspa B F mHoxectBa u3 G. Bcioay B maab-
Heflluem CBOHCTBa MOAAP HCCAELYIOTCS ONHMOBPEMEHHO /8 BEIIECTBEHHBIX
H KOMIJIEKCHBIX BEKTOPHBIX TPOCTPAHCTB.

ficHo, uto (AM)°=1""M° naa moGoro cxamspa h== 0 u MHOXECTBA
McF; nanee, Mc N Biaeuer N°cM®, ecan N noraomaer M, 1o M°

nornowaer N° mnoidspa obbesnHeuus UMa moGoro cemefictea (M)
3

MHOXeCTB w3 F ecTb mepecedeHne uX noasp M,.

Ecmn M -— ypasuosemennoe muoxectso u3 F, T0 M°— ypagiose-
1erHoe MHOXecTBO B (; B 3TOM cayyae M° ecTb MHOXKeCTBO BCeX
YEG rtakux, uto |(x, )| <l ans xaxaoro x & M. [leficTBHTENBHO,
nocjaelHee paBHOCHJABHO BHNOMHeHni0 nepasenctsa R ((Lx, y) 1 nm
kaxporo x €M u xaxnoro { ¢ |{|=1.

Npennoxenne 2. IMoaapa M° raodozo muoocecmsa M u3 F
codepoicum O u ABAAEMCR BUNYKABLM MHONCECMBOM, 3AMKHYMbLM
8 monosozuu s (G, F).

CnipaBen/MBOCTb yTBepKIEHUA CPady cJenyeT 43 OTpeleneHdd, eciu
NpHHATH BO BHUMAaHHWE HENPEPHIBHOCTh JuneHHbXx ¢opM y —(x, ¥)
B Tonoaoruu o (G, F).
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3aMeuannsn 1) Ilycte npocrpanctsa F W G — BElCCTBEHHbIE
H M — konyc (c Bepunnoit 0) B F; ecan y € M°, 10 (hx, y) =X {x,y) 1
IAA Kaxkzoro A >0, dTKyna (%, ¥y) <0 nna Bcex x € M. 910 nokasnbiBaer,
uto MP ectb caa60 3amMKHYmOLE 8oLnyKAbLiE KOHYC, KOTOPSIH MOXKHO ompe-
AEJHTb KaK MHOXECTBO BceX y ¢ G rakux, uto (X, y) <0 mns Kawgoro
x EM.

2) Kaxpnan okpectHocTb Hyas aast o (G, F) cOLepKHT OKpecTHOCTh V,
OfpeeNeHHYI0 KOHEeUHbIM YHCAOM HepaBeHCTB |(x;, y) | <1 (1i<n)
(n°2), rre  x; — kakue-10 daemeHTsl H3 F. V ecTb noasipa ypaBHOBelleH-
HOH BBIMYKAOH OGONOYKH MHOMECTBA A 9THX SJIEMCHTOB X;.

Mrepnoxenue 3. [Toaspa M°° noaaps M° raodozo mrodce-
cmea M u3 F ecmpy 3amxnymas (8 o (F, G)) sunykaas 060404Ka MHO-
acecms M u {0}; npu amom (M°°)° = M.

[lycte N — Boinykaas o6onouxa muoxects M u {0}; sacuo, wuroO
N°=M°, Tak 4TO MOXHO OTPAHMUMTLCA TeM cCayuaeMm, koria N — M.
TMpexnoxenye 2 mokaswiBaeT, 4to M°°SM; ¢ Zpyrol CTOPOHH, ecau
a€F we npunapiexutr M, To CyUIeCTBYeT 3aMKHYTAas BeLleCTBeHHas
runepnaockocts H, cTporo otTaeasiowas a u M (ra. I, § 3, npenao-
wenne 4); He colepxa nayana, H umeer ypaBHenne Buga N ((x, y)) =1,
rae y € G (npennoxenue 1), a, caenosBateabno, R ({x, y)) <1 nas Bcex
xEM u R((a, y)) > 1; 510 03Hauaer, uto yE M° u a({M"", OTKYna
W BhiTekaeT, uro M°° = M. Hanee, tak xaxk McM°°, To (M*°YcM°c

C(M°)°° = (M°°)°, yeM 1OKA3aHO ¥ BTOPOE YTBepkKIAEHHE MPEeNOKEHus.

Mul Buaum, Takum 06pasom, uTo M° He u3MeHHTCS, eCIH 3aMe-
HATh M 3amkuyTO#f BuimyKJa0M 000/0ukOl ero oObexuHeHUss C MHOWKE-
creom {0}.

Cnencreue. [Toaspa nepecedenus Mana 4106020 cemeli-

o
cmga (M) 3amxnymux (8 o(F, G)) sunyxavix muooxcecms us F,
codeprcamgux 0, ecms 3amxdymas (8 o(F, G)) swnyxian 06010uxa
00Be0UurenUsl UX NOAAP M,
HeficTBuTenbHO, TycTb N —9Ta 3aMKHYTas BuNykJasa o060JM0uKa;
uMeeM

ﬂMa_ M, =M,

otkyna N = N°° = M°.
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4. OpmozoraAbHble nOGNpoOcMpancmsa

Iycte M — BekTOpHOE DOANIPOCTPAHCTBO B F; Kawaoe y & M° nomkHo
ynoBaeTBopaTe HepaseHCTBY R (A{x, y¥)) <1 na9 Bcex 3HaueilH# tka-
aspa A H BceX x € M, uto Bo3aMoxkHO auuwb ecau (x, y) =70, Iopopsr,
uro MHoxectBa A us F u B us G opmozouaasusl, ecan (x, y)="0
Ans Kaxnofl mape BektopoB XxE A, y€ B. Ilpensiayuwee 3ameuanue
TIOKa3HBaeT, uTO moxfpa M° BeKTOpPHOro moampocTpaHcTBa M ects
sexmoproe nodnpocmparncmso B G, 00pa3oBaHHOE BCEMH JEMEHTAMU V),
opmozonassHeimy K M; ero HasubiBalOT TaKKe OpPMOOHALLHLLM 00NO.A-
Hernues K M (man, ponyckas BOALHOCTs Pedu, MPOCTO MOANPOCTPAHCTBOM,
opmozorassheam K M).
~ M3 npepsnomenutt 2 u 3 BoTekaer

Meennoxxeune 4. Jzs  Kaxndo20 8eKkmMOpHO20 NOORPOCMPAH-
cmsa M npocmpancmea F noonpocmpancmso M° npocmpancmsa G
samkuymo 8 o(G, F), M°° ecmv 3amoiwanue M 8 o(F, G) wu
(M 0)0 MO

&, IHodnpocmparncmea u Baxmopnpocmparcmea npocmpancmea,
RAOeAeHR020 cAa60l monoaozuell

Mycte F u G —BeKTOpHHE TNPOCTPAHCTBA B JABOHCTBEHHOCTH ¥
M — BexTOpHOe moAnmpocTpaHcTBO B F. PaccMoTpuM ero oprToroHa’isHoOe
nonoxHenne M° B G. Ecau Touku y; ¥ y, u3 G CpaBHUMH 10 MO-
nymo M°, 1o (x, y,)=={(x, ) naa Bcex x & M. Jlas Kaxmoro Kiacca y
no Moaymo M° (T. e. Kaxaoro 3JIeMeHTa dakroprpocrpancTea G/M°)
0603HaunM vepe3 (X, y) HOCTOSHHOE 3HaueHHe, TPHHUMAEMOE OnaHHeH-
Ho# cdopMo#t (x, y), korna y mpoberaeT y; fcHO, uTO (X, ) —> (X, ¥)
. ecTp Oununefinas dopma na M X (G/MP).

[TpennoxeHuE 5. Popua (x, ¥) npusodum sexmopusie npocmpat-
cmga M u G/M° 8 Odsodicmeernnocme. ‘

dro cpasy caepyer u3 ycaosua (D) M omnpeaeaetins mpocTpat-
crBa M°.

Meeanoxenue 6. Tonosozus s(M, G/M®) 8 M cosnadaem ¢ mono-
so0zued, unoyyupyemoli 8 M caaGoé monorozued s(F, G).
) HesicrButensto, mnycre 3; (1 i< n)—oaementst u3 G n
v (1 <ign)—ux kaaccel no Mopymo M°. SlcHo, 4TO MHOXKECTBO
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W (3 «-vr Yni @) Tex xEM, pas xoropex | {x, j;i)[ga aLign),
ectb caen Ha M okpectuoct W (¥, ..., ¥,5 &), H TNpelioxeHHE AO-
KasaHo.

HMpeanoxeuue 7. [Tycms N — sexkmoptoe nodnpocmpancmso 8 G.
s moeo umobse monoaoeus o(FIN°, N) s F/N° cosnadara
¢ axmopmonorozueid crabod monosozuu o(F, G) no N°, HeoOxo-
Oumo u docmamotno, umobss N O6wao 3amxuymo 8 G 8 monosozuu
s (G, F).

INpennonoxum cHauasa, 4yro N 3samkiiyro B o (G, F). Ilycte ¢ —
KaHoHuueckoe orobpaxenne F Ha F/N° u § — daxropTonoiorus Tono-
xoruu o (F, G) no N°. Slcuo, uro § Maxopupyet rononoruio ¢ (F/N° N).
C npyro#t cropoHsl, nycte V=W (¥, ..., Yp; &) — OKPECTHOCTb HYJf
B F nns rtomonorun o(F, G) u L — BeKTOpHOEe moampocrpaHcTso B U,
nopoxieHioe noAnpocTpaHcTteoM N u  3xeMentamn y; (1 LI n);
B L cyecTByeT BeKTOpliOe MOAMNPOCTPAHCTBO P KOHEUHOH pPa3MePHOCTH
m < n, ponoanuteispHoe k N; nycTb (zj)l<j<m——~ero 6asuc. CyxeHus

nuHefiHbx GopM X — (x, z;) (1 <j < m) Ha N° nuuefiHO HE3aBUCHMBL;
m

IefCTBUTENbHO, B HPOTHMBHOM C/yyae CYLLeCTBOBano Onl zzzp.jzj,
—

rie He BCe {p; PaBHul HYIO, Takoe, 4To (X, 2) =0 nna Bcex x &N
HO 3TO O3Hauano 6ul, uto zE N°°= N (nockonpky N 3aMKHYTO B TOTO-
noruu o (G, F)), B nporuBopeune C omnpefeieHHeM mpoctpaHcTBa P.
Orciona caenyet, uro Rad. Kawaoro x € F cywecrsyer sE N° rakoe,

. m
uro O=(x-+4s, z;) (1 Ljm); no y,-:ti—l——z:.}\ijz-, rie t,EN
i1

(1 Lign); wmovromy (x, t;)={(x—+s, ¥;) (1 Lign). Tloaaras
Wt ..., t,; a)=U, 3akaiouaeM orcioaa, urto ¢ (U)ce (V). Ho Tak
kak U Hacsuueno no oraouenio x' — x € N° T0 ¢ (U) ecTth oKpect-
HOCTb HyAs Anas tonodoruH s(F/N° N), M TeM caMbiM [0Ka3aHO, 4TO
o (F/N°, N) maxopupyer tonoaoruio &.

Ecan temeps N ue samkuyro B o(G, F) u N —ero 3aMmsikaHue
B 3TOft Tomonoruu, To (N)°= N° (npeanoxenue 4) W, 3HAUUT, IO mIpe-
nupyllemy, dakropronoxorueft Ttonosorun o(F, G) mo N° cayxur
o (F/N° N); vo tak kak N +N, 10 a(F/IN° N) u o(F/N°, N) pas-
Jau4Hel (cnelcTBHe 3 npelaoxeiius 1).

3amMeuanue. Eciu M — nogupocTpancTso B F, HMeollee KOHEUHYIO
pa3MepHOCTL m, TO NMOCKOAbKY G/M° HaxoIuTcA B JBOHCTBEHHOCTH ¢ M,
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M° umeer B G dakroppasmepHocTs m (n° 1, npumep). Ecain M — 3amkny-
TOE MPOCTPaHCTBO B F, HMeloulee KOHeuHY0 (GaKTOPpa3MEpPHOCTH 7, TO
F/M = F/M°° naxognrca B asoiicrsennHocTH ¢ M° u motomy M° n-mepHO
(n° 1, npumep 1).

6. Ipoussedernun caaboix monosozul

Mpeasoxeune 8. ITyems (F, G‘)LEI—ceueticmso nap sexmop-

- HBlX npocmpancms 8 0sodcmeerrocmu, F:]l F,— npou3ssedenue
eI
npocmparcms F, u G—npanan cyuma npocmparcms G, (€. Oasn

Kaxncooz0 x=(x)EF u raxodozo y=(y)EG nozoxcun {x, y)=
=2(xt, y,) (roie B CyMMe JHillb KOHEUHOE YHCJIO charaeMux == 0).
el

Buauneiinas dopma (x, ¥)—(x, ¥) npusodum F u G s 0Osoidcmsen-
Hocmbs, u monoaoeus o(F, Q) ecms npoussedenue monoao2uil
o(F, G).

HefictBUTE NIBHO, BAS Kaxgoro x—=(x)+ 0 u3 F umeerca xorsa 6l
OAMH HHAEKC t Takoff, 4To x, =0, a axa nero y €G, Takoe, YTO
(x., .)#0; nocratoyHo Toraa B3ATE y ==y, u4tobn (X, y) = (x,, y,)#0.
Tak e y6enumcss B BunoaHeHHun ycaosus (Dy). C apyro#t cropotsl,
Ans toro uroOul annefnad ¢opma x — (x, y) Osina upu kawaoM y€G
HenpepuBHa B HekOTOPO# Tomoxoruu § mnpocrpaHcrBa F, OueBHAHO,
HeOGXOOMMO M LOCTATOUHO, UTOOGH B & OHNO HENpephiBiO KaWIOE H3
orob6paxeHuit x — (pr,x, y,) (c mnpoussoxbHbiM y,€G), T. e. (ra I,
§ 1, n°9) yrobul OHIO HENPepHBHO Kaxaoe H3 OoToOpaxeHuft pr, (npo-
crpadctea F B F,, unapenenusoe tonoaorueit s(F, G)). Tem camsim
npensioketie MOMHIOCTHIO J0Ka3aHO.

3aMeTHM, YTO HOANPOCTpaHcTBOM B (, opToroHahpHuiM k F, (pac-
CMaTpHBaEMOMY KaK NMOANPOCTPAHCTBO MPOCTPAHCTBA F), CRYKUT mpamas
cymma Bcex G, ¢ MHICKCaMU % #=t.

Caeacrsue. ITyems F u G — sexmoprsie npocmparcmsa 8 0804-
cmsennocmu. Ecau npocmpancmso F (Hadeaennoe monoaozued o (F, G))
ecmy monoaozutecKas npAMas CYMMG c8oux nodnpocmpancms M
#u N, mo npocmparcmso G (nadesennoe monoaozued o (G, F)) ecmo
monoaozuueckas npamas cymma nodnpocmparicms M° u N°, opmo-
20HanbHBLX coomBemcmBeino ¥k M u N.

Heficteutensno, mycts My= G/M> u N, = G/N°. Tlo npeanonoxe-
HUIO, npoctpaictBo F (HapexeHioe Tononorueft o (F, G)) Moxer OuiTh
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oTOXKAECTBAeHO ¢ mpousBeaeHueM M X N, roe M u N najeieHnl COOT-
BeTCTBeHHO Tonogoruamu o(M, M) n o (N, N,) (upearoxenue 6).
Ho (8 cuny npennoxenus 1) G conpskerio Kk F (HageleHHOMY TONOXO-
ruet s(F, G)). Tosatomy G (HanenenHoe Tomnoxorue#i o (G, F)) MOxer
6biTh, B CHAY npepnomenus 8, OTOXKIECTBIeHO ¢ NPOU3BELEHHEM
M, X Ny, rae M, u N, HaneleHsl COOTBETCTBEHHO TOnoaoruamMu o (M, M)
# o(N,, N). Hakoien, coraracHo 3aMeyaHuio, NpeNIIECTBYIOWEMY LOKa-
3biBaeMOMY crencteuio, N, =M° u M;= N°,

3ameuanne. TloHATHS BEKTOPHBIX MPOCTPAHCTB B ABOMCTBEHHOCTH
H caaboil TOMOJOTHH, PABHO KAK M 3HAYUTENbHAA 4aCTh PE3yAbTATOB STOTO
naparpada (o CYIECTBY BCe Te, Fle He y4acTRYET MOHATHE BHIMYKJOTO
MHOXECTBA) XOMYyCKaioT 06001eHHe HAa 3HauHTedbHO 6oJec WHPOKHI Kaace
MOJyJeH Y BEKTOPHBLIX NPOCTPAHCTB.

Ynpawxuenud 1) Tlycrs A — GeckoHeunoe MHOMkeCTBO.

a) Ilyctp E — 6anaxoBckoe mpocTpaHcTBO &4 (A) (naj R), o6pazosaH-
HOE CeMEHCTBAMH X = (x,,_)aeA BELeCTBEHHbIX YHMCeN, TAKHMH, UTO & ~> X,
CTPEMHTCA K HYMO NO (HALTPY XOMOJHEHHH K KOHCYHBIM MOAMHOMECTBAM
MHOMEcTBA A, H CcHaGxeHHOe HOPMOH [ x| = sgﬁ] x,|. Tlokasare, yTO

o

Kaxjas HenpepblBHAasA JuHeliHas ¢opMa Ha E 01HO3HAauMO MpencTaBafercd
B BHIE x—»Zuaxu, ric (u,) — ceMeliCTBO BeUIeCTBEHHHLIX YHCEN, AJf
«€A
KOTOpOro 2!u¢|<+oo; TeM caMblM CONpseHHoe mpocTpancrso E/
o
MOXCHO OTOE(HECTBHTb (KaK He TOMOJOTHYeCKOE BEKTOPHOE NpPOCTPaHCTBO)
¢ npocrpauctBoM L1(A) (ra. 1, § 1, n°2, mpumep).

6) Tlycts F — Ganaxonckoe mnpocrpancteo L1(A). Tlokasats, uto
Kawjasd HempepbiBHaA AuHelHas ¢opma Ha F oxHO3HauHO npeacTaBifercd
B BHJIE x—»z UyXy THE (#,) — OrpanHyeHHOe CeMeHCTBO BelleCTBEHHBIX

aC A
4yHCel; TeM CaMblM COMPAKEHHOE MPOCTPAHCTBO MOMXHO OTOXIECTBHT
(Kak He TOMONOFHYECKOE BEKTOPHOE MPOCTPAHCTBO) € MPOCTPAHCTBOM
B (A) = L (A).

B) Hycts B — mpousBoabnoe MHOXECTBO, (c,,f,)(al B) € Ax B pous-
BOXbHOE CeMeHCTBO BeujecTBeHHnXx uucex >0 u G — BeKTOpPHOE MNpO-
CTPAaHCTBO BCEX TAKUX CEMEHCTB X = (x,,)aEA BEL[CCTBEHHBIX YHCEM, YTO

pg (%) = 2 caﬁ | x4] <<+ co aas kawmoro B¢ B; Pp3— noayHopmsl Ha G.

PIGE: TOI‘O qToébl G, HazeneHHoe TONONOTHEH, onpeleaseMol ITUM ceMeit-

CTBOM MOJAYHOPM, O6bIIO OTIEIMMHM, HeOGXOIMMO H JOCTATOYHO, UTOOHL

Anf Kamnoro a¢ A cymecTteoBaso no kpaiHei Mepe oaHO 8 Takoe, uTo

c¢6>0' Tlokazatb, uto G TOrza MOJHO W Kawias HenpepoiBHasA AuHelinas

popMa Ha (G OZHO3HAYHO MPeCTABHMA B BHAC x—»Zu,xa, rae (4a) —
acd
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ceMeHCTBO BEl[eCTBEHHbIX YHCEN, obnajaioujee TeM CBOHCTBOM, YTO MO
Kpaitieit Mepe ana opHoro uHuexca f¢ B cymectByer 4 >0 Takoe, uto
[uu|<ac,3 a5 BCEX a; U o6parHo.

*2) Tlycts E — BeleCTBEHHOE BeKTOPHOC NPOCTPAHCTBO KOHEYHOI
pasmepHoct n u A — Buinykiaoe Teno B E, cozepwamece 0 B KayecTBe
BHYTPCHHEN TOUKH.

a) Ilycts @ — rpannuHas touxa Teaa A. TlokasaTb, 4TO MHOXECTBO F;
BCex Touek x’ ¢ A° aaa KOTOpHX (a4, x') =1, eCTb 3aMKHYTOE BBIMYyKJIOE
noaMHoxectso 8 A° cocroduiee H3 He OKPYMKEHHbIX TOYeK MHowecrBa A°
(ra. 11, § 2, ynpawmmuenue 3). F; coBmajaer ¢ rpansio B A° (v 11, § 4,
yopaxHeHHe 4) KawJOH M3 CBOMX OKDYXEHHBIX TOUYeK; FOBOPAT, 4TO
F; -—conpaxcennan k¥ a epans tena A° Tlyctb F, —rpanb a B A; no-
Ka3aTb, YTO COMpfAMEHHas TPaHp B A° KawJ0# OKPYMeHHON TOuKH M3 Fg
COBMagaer ¢ F(; u uTo F, eCTb ConpsweHHas IpaHb KaXoOH OKpywCHHOH

4 4
TOUKH U3 Fg; Fy W F, Ha3blBAOTCA CONPANCEHHOLMU PAHAMU.

6) Mycts F u F/ — conpaxennble rpany. Tlokasate, uto ecau F — pas-
MEePHOCTH p U F/ — pa3MepHOCTH ¢, T0 p g < n— 1. ITopadkom Kax10i
TpaHHYHOi TOuKM X Teda A Ha3biBaeTCi Pa3sMepPHOCTb €e TpaHu B A,
a KAaccoM — pa3MepHOCTb compsaxceHHol eii rpanu B A° Tlopanok (cooTs.
Knacc) rpand Tena A ecTb mOPAXOK (COOTB. Kaacc) JoGoH H3 ee OKPYy-
WEHHHX TOYeK. IJKCTpeMmadbHas TOYyKa Tena A ecTb Touxka nopsaika 0.

B) Touka kmacca n—1 (u, ciegoBarenbHo, nopsaka 0) Ha3biBaeTcs
ocmpuem teaa A, okasatb, 4To OCTpHA Tena A o6pa3yioT CYETHOEe MHO-
wecTBO. [PaccMoTperb MHOXECTBO TrpaHelf, CONpAMEHHBLIX K OCTPHAM
teana A, M upumeHuts yrnpawHenwne 12 uz O6w. Tom, ra. VI, § 2 (7).]

r) [lycte F—rpaiib Tena A, p — ee pa3vepHocTb, M — nuHeiiHoe
MHOroo6pasHe pasMepHOCTH n — p, uMmewuee ¢ F OAHYy TOAbKO 0o6uiyio
TOYKY 4, ABJAIOIYIOCA OKPYXeHHOi TOUKOi B F, H cOpepxaluiee BHYTPEH-
Hol Touky tena A. Ilokasatsb, uto ecau V — omopHas TrHICPIIOCKOCTD
MHOxectBa M[1A 8 M, npoxoasauias uyepes 4, TO FHNEPIIOCKOCTb F,
nopoxaaeman (B E) mMHOXecTBaMH F u V, ecT, omopHas FMOEPHAOCKOCTD
teaa A.

1) T'panp F nopsixa p M Kiaacca ¢ HA3bIBAETCA pPeYASPHOL, €ClH
P+ qg=n—1. Tlokasatb, uto eciu auHelnoe MHoroo6pasue M pasmep-
HOCTH n— p uME&eT € Takol rpaHbplo F OAHY TOALKO OGULYI0 OKDYMXEHHYIO
B F TOYKY, TO 3Ta TOYKa ecThb OCTPHE BHIMYKJOTO MHOXECTBA MNOA, u
o6patHo. [Mcnoas3osath T).] BuisecTH otTciofia, uto B A MHOXECTBO pery-
JApHBIX FpaHel mopsAKa p cueTHO. [PaccMOTPETL MPOEKUHIO A HAa KamIO0C U3
KOOPAHHATHHIX MHOT006pasHil V pa3sMepHOCTH p ([IpH OTOMAECTBIACHHH £
¢ R™); paccmatpupas Touku M3 V ¢ pauHOHadbHBIMH KOOPAMHATAMH, IOKa-
3aTh, UTO e€CaM Obl MHOMECTBO pEryJAPHLIX FpaHed MoOpAAKa p, NPOEKUHSA
KOTOPbX Ha V uMeeT pasMepHocTb p, GblIO HecueTHsIM, TO B V' cyue-
CTBOBaja Obl TOYKA, ABAAIOULAACH OKPYMXEHHOH TOUKOH HECYETHOTO MHO-
WecTBa 3THX MPOEKUHH; 3aTeM UCMOAL30BaTh B).] laTh NpUMEp BLIMYKJIOro
MHOMeCTBa, 06Ja1al0Mero HeCueTHLIM MHOXECTBOM He PETYIAPHLIX rpaHeit.
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e) Tlokasats, 4TO ecau Bce TpaHHYHbie TOUKH Tena A-—kaacca 0, To
orofpaxceHHe, OTHOCAIleE KawxI0H TDAHHYHOH TOUKE X EAMHCTBEHHYIO
TOUKY COMpsXeNHOH K nei Tpanu, ecTb HempepbiBHOE OTOOpaKeHHe rpa-
HHUbl Tena A Ha rpaHHuy conpsauenHoro reaa A° [Cum. O6w. tom., Pes., § 8,
n° 9; ra. I, § 10, reopema 1.] Koraa sto oro6pamcHuc B3aMMHO OJHO3HAYHO?

3) Mycts E — BellleCTBCHIOE BEKTOPHOE MPOCTPAHCTBO KOHEUHOMH pas-
MepHOCTH 1, C — 3aMKHYTbIH BHIMYKJAbli KOHYC Pa3MEpPHOCTH n C BepIH-
Hoi O, oTnuuHblii 0T E, u @ = 0 — ero rpannuHas touka. [loka3aTs, uTO
MHOMECTBO F; Bcex ToueK x'¢C° ansa Kotopmx (a4, x') =0, ecTb 3a-
MKHYTOE BbIMyKJOE MHOMecTBO B C° 06pa3soBaHHOE H3 HE OKPYMXEHHHhX
Touek MHoxectBa CC F(; coBmajaer ¢ rpaHbio B C° KaxJA0oH H3 CBOMX

OKpY:KEHHBIX TOUEK; F‘; Ha3blBaeTCA 2panblo MHOMcecTsa C°, conpsicen-
HO# K a. JlokasaTh jafi 3TOTO MOHATHA CBOHCTBA, COOTBETCTBYIOILHE yCTa-
HOBJIEHHBIM B yMpawHeHuH 2.

4) a) Mycts ACR™ — o02panuyennoe BHIOYKIOE MIOKECTBO pasMep-
HOCTH 1, ABASIOLIEECH NepecevyeHHeM KOHEUHOTO MHMCAA 3aMKHYTHIX MOJY-
MPOCTPaHCTB (,BbITYKabit noau3gp«). Tlokaszats, YyTo rpaHuua MHOKecTBa A
€CTb OGbeIHHEeHHE KOHEYHOTO YHCJAa BLIMYKJALIX [IOJHIIPOB Pa3MepHOCTH
< n. BoiBectH orciona, u4t0 A ecTh Bbillykaas o060J0uUKa KOHEUHOTO
mHomecTBa. [[IpuHATL BO BHHMamue, yto A ecTb BbhinykJaas 0060.J04Ka CBO-
eif rpaunibl.]

6) O6paTHO, MOKa3aTb, UTO BLIMYKAOC MHOKECTBO A pa3MEpPHOCTH n
B R™, saBasiomeecs BuinyKao#l 0GONOUKOHl KOHEUHOr0 MHOKECTBA, €CTb
BLITyKablit moausap. [TIpeamonaras, uto 0— BHY TpeHuAs TOUKA MHOXECTBAa A,
NPUMCIMTL a) K noasipe A° 3TOro MHOMeEcCTBa.] :

B) [lokasath, uTo kaxjas rpaHp BuIMyKJAOro moausgpa A pasMmep-
HOCTH n peryispHa. [YmpawxHenue 271; NOKA3aTENbCTBO MPOBECTH HHAYK-
uueit mo n.]

5) Myctb F u G — BeiccTBeHnble BEKTOPHLIC NMPOCTPAHCTBA B ABOi-
CTBEHHOCTH H M — cna6o orpanuucHHOe MHOXecTBO B F; toria M°— mo-
riolaolice Boinyknoe MHoxectBo B G. Jas kaxaoro y € G monomuM
h(y)= sg}])”(x, ¥); h Ha3ulBalOT onopHol PyHxyueid MHOxecTBa M.

&

a) [lokaszatb, Y10 ecam M cna6o KOMNAKTHO, TO THHEPIIOCKOCTb,

3ajanHas ypaBHeHHeM (X, ¥) = h(y), ecTb ONOPHAsA FHMepPnAOCKOCTh MHO-
xectBa M.

6) Bymem Bcioly B JaabHelilieM npeamoraratb, 4to M cojepwur
Hauano. [lokasats, 4TO A ccTb KaAuGposoiHas @yHrkyuss MHOxcctBa M°
(ra. Il, § 5, n° 3); BsiBecTH OTCKO1a, 4YTO ecau M — moraomawuice ciabo
3aMKHYTOE BbLINYKAOe MHOXKECTBO, TO €ro Kajiu6poBOuHaA QYHKUHA p
ecTs onopHaa ¢yHKiMA MHOxecTBa M°, npHuem (x, y)<p(x)h(y),
KakoBbl Obl HH O6uian Xx€F U y € G.

) Tlokasatb, 4TO ecan k(y)— omopHas QyHKUHA MHOWeCTBA M, TO
onopHoit GyHKuMCH MHOwecTBa —M caywut i (— y).

r) Myere M; (1< p)— cnabo orpaHuyeHuble BoIIYKIBE MHOXE-
ctBa B F, h; (1<{i<p)—onopHas ¢ynKuusa MuowectBa M; u A;
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(1< < p) —sBemectBennsle uncaa > 0. [lokasarts, 4TO ONOPHOI (hyHK-
nuell BHNYKIOTO MHOMecTBa M= 2 MM, cayxur b= z ANk
i i

a) Tlyers y — pukcupopannniii sxement u3 G u C; — nepeceueHue
MHOMECTBA M; ¢ THOepmaocKOCTbIO (X, y) = h;(y) (npeanomaraeMoe
HenycTbiM). [ToKa3ath, YTO nepeceyeHHeM MHOXECTBa M C rHnepnaoCKoCTbio

(x,y) =h(y) CAIyXHT MHOXECTBO 2 \Ch
i

6) Kamiomy koMmakTHOMy BHIykaoMmy wMHowxectBy A B E =R"
MOCTABHM B COOTBETCTBHE ero ONOPHYI (yHKUMIO k,, onpemeaseMyio
ABOHCTBEHNOCTbIO MewAy E M ero aire6pavyecKuM CONPAMEHHBIM E¥,
OTOWJCCTBIACHHbIM ¢ E (ynpawHenue 5); £, NPHHAINEXHT NPOCTPAHCTBY
C(E, R) Bcex HempepoiBHBIX UMCIOBHX GyHKuMi Ha E. Haneaum ato npo-
CTPAHCTBO PaBHOMEDHOH CTPYKTYPOH KOMMaKTHOH CXOAMMOCTH, a MHOXMe-
¢TBO R (E) BCEX KOMMAKTHBHIX BHIMYKNbIX MOAMHOXECTB NpocTpaHcTBa E —
paBHOMEPHOH CTPYKTypo#, ompelenenHod B ynpawksenun 9 § 5 ra 1L

Moxaszats, uto A -k, ects usoMopdusm & (E) 8 C (£, R).

BuisecTn oTciona, uto oToOpamchHue A - A° mHOwecTBa R (E) BCex
KOMDaKTHBIX BHIOYKALIX Tea B E, umeioumx 0 cBoeif BHyTpeHHel TOUKOIt,
Ha MuOXecTBO Ko (E¥) ecTs H3OMOPHH3M 1Js PABHOMEPHBIX CTPYKTYP
stux mpoctpaHcTB. [CMm. ra. 1, § 5, ynpawscHue 9.)

7) Hycts F u G — BeluecTBeHHbIe BEKTOPHHIE MNPOCTPAHCTBA B JBOM-
CTBEHHOCTH, A — ca60 KOMIIAKTHOC BbIMYKJIOE MHOWKeCTBO B F, C — caabo
3aMKHYTHIH BLIMYyKaApii KoHyc ¢ Bepwnno# 0 B G. ITpeanoiomumM, 4to Aas
kaxjaoro y ¢ C cywecTByer x¢€ A takoe, uto (X, y)<C0. [okasars, uto
cywectsyer xo€ A Taxoe, uto (xg, y) <O aas Bcex y € C. [[IpumcHATD
npegnoxenne 4 § 3 ra. 11 k A u C°]

*8) a) IHycts F u G — BeuwjecTBeHNBIC BEKTOPHblE MNPOCTPAHCTBA
B nBoiictBeHHOCTH, C — c1a60 3aMKHyTslii BuinykAslt kKomyc B F, H—
KOHeYHOMEPHOE BeKTOpHoe moimnpocTpancrso B (. [lokasats, uto aH60O
cywectByeT yo € C Takoe, uTo yo € H° u yo == 0, ambo cyumecrsyer 29 € H
Takoe, uto Zp€ C° u 2o = 0. [Mcnons3oBats ynpawueune 10 § 3 ra. 1]
Moxasatb, uto ecan C 1e CONEPWHUT HHKaKOH MPAMOil U 06a yKazaHHbIX
CBOHCTBA UMEIOT MECTO OJHOBpEMeHHO, TO 2 He MOKeT OblTh OKDYWEHHOM
Toukoil B C°.

6) Mycts (ay7), (b;;) — ABE BelleCTBEHHLIE MATDPHLbLI C N CTPOKAMH
M m cToabuamH, npHueM 4;; >0 aaa xaxaod maper (4, j). Iokasate, uyto
CYIEecTBYeT OIHO3HAYHO ompejgedeHHoe A ¢ R, 218 KOTOpOro HmeioTcs 1Ba
BekTOpa X == (x;) ER™ n y = (y;) €R” taxue, ut0 X = 0, y + 0, x; >0,
y¢>>0 aas Bcex [ W j M, HaKoHew,

m m

A agxi> D bigx; A1<i<n), (1)
j::]. j=1
n 1}1

A gy < by (1<j<m). (2
11 i:==1
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[Honaras ¢;; = Mgy — by (i, 1 jKm) u Cpyy, =185 (1<i<m)
(tae 3;;— KPOHEKEPOBCKHii CHMBOMN), NOKa3aTh, YTO 3ajaua CBOAMTCS
K HaXOWJeHW0 HeHyneBbiX BeKTopo x €R™ u 2= (z;) €R"*™, naa xo-

TOPHIX
Kd

N oeijx;>0 (1<i<ntm), 3)
i=1
n+4m
Doegz=1 (A<ji<m 4
i=1

nz;>0(1<Ligntm) TlpuHATD BO BHHUMaHWE, YTO €CJH HEPaBeH-
ctBo (3) ob6nrajaeT pelleHMeM aJsi 3HaYEHHsT A =}y, TO OHO o6xajaer
pelleHHEM TaKiKe Aas A > Ao, M UTO ecau ypaBHeHHe (4) HMeeT pellieHHe
npH A = 1, TO OHO uMeet peieHne s h < Ag. HakoHeu, Hcnoas30BaTh a).}

*9) Tlycte F m G — BeuecTBeHHble BEKTOPHblE MPOCTPAHCTBA B JBOM-
CTBEHHOCTH. [l TOro uTOo6H yaAbTpaduabTp §F B F crabo cxoauics
K TOYKE Xg, HeOOXOIMMO H 10CTATOYHO, YTOOH 3Ta TOUKA NPHHAjJexana
nepeceyenuio BCeX €a60 3aMKHYTHIX BbIMYKJIBIX MHOMECTB, COAEPKAIHXCH
B . [TlpunsaTh BO BHHMAaHHE, YTO €CAH Xy €CTh TOUKA 3TOrO MepeceyeHHs,
He fBJAIOINAACH TOYKOH MPHKOCHOBEHHA AJad §§, TO CyuiecTBYeT 3aMKHYTOE
NOAYMPOCTPAHCTBO, NpHHaxMexaniee §§ u He cojpepxaniee Xo.]

BoiBecTH M3 3TOrO pe3yabrtarta, YTO AJA TOrO, YTOGLI MOCHelOBaTElb-
HOCTb (Xy) TOYeKk H3 F cna6o cxogunach K TOUKE 4, HeOGXOAMMO H
JIOCTaTOYHO, YTOGH 3TAa TOYKA 4 MPHHAAJewana cnabo 3aMKHYTOH BBIMYK-

"noit 060M0YKe KawAOro GECKOHEUHOTO MHOMECTBA TOYEK MOCHELOBATENb-

HOCTH (Xp). [Mcuoab3oBats ympawmHeHue 9 u3z O6ur. Tom, ra. I, § 5 (24).]

10) a) Tlycts F u G — BeKTOpPHblE NPOCTPAHCTBA B JBOHCTBEHHOCTH.
[Mokazats, yto ecan F oTiocuTeabHO orpanuyenHo (ria. 1ll, § 2, ympawhe-
uue 21) B tononorun o (F, G), 10 G OTHOCHTEJbHO OrPAHUYEHHO B TOMO-
aoruu s (G, F).

6) TMyctb F — BeKkropHOoe npocTpaHcTBO U Gy, Uy — BEKTOpHbIE MOA-
npoctpaHcTea B F¥ Haxoaaumuecsa o6a B jBoiicTBenHoctu ¢ F. [lokasars,
YTO eciH F OTHOCHTEJNbHO OF PAHHYEHHO B TONMOJAOTUAX o (F, (1) u o (F, Gy),
TO OHO OTHOCHTEIbLHO OFPAaHHYEHHO M B TONOJOTHH o (F, Gy - G,).

B) Tlpeamonowum, uto F o6najaer cuertHbiM GasucoM. [lokasatsb, uto
F oTHOCHTENbHO OFpaHMYEHHO B TOMOAOTHH o (F, G) ana Kawaoro BeKTOp-
HOro moanpoctpanctea G u3 F°, Haxojamerocs B 1IBOHCTBEHHOCTH C F u
06napanmero cueTHolM 6asucoM. [Onpeneauts no HHAYKUHH Gasucsl (dy),
u (by) B F ¥ G COOTBETCTBEHHO TaK, uTOGHl (Qys b)) = dpm.]

*11) Tlycre F-—BeljecTBEHHOE HJAH KOMMIEKCHOE BEKTOPHOE Mpo-
crpaicTBo, K (paBuoe R uau C) —ero rteno ckaasapos u G — nognpo-
CTPAHCTBO €ro anare6paHyccKOro COMpsiKeHHOro FF,

a) lna toro utobul F u G HaXOgHaMCh B JBOHCTBEHHOCTH, Heo6xo-
IHMMO H JOCTATOYHO, uTO6L (G 6bLIO BCiOAYy NJIOTHO B F* B TONOJIOTHU
s (F* F).
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6) INokasath, uto F*, HazeneHHoe Tonojoruei o (F*, F), H3oMopdHO
HEKOTOPOMY TOMONOFHYECKOMY NPOH3BEREHHIO K'; B 4aCTHOCTH, 9TO — MOJ-
HOe NPOCTPaHCTBO, B KOTOPOM Kad0e OTPaNHuYEHHOE MHOKECTBO OTHO-
CHTEJIbHO KOMMAKTHO.

B) Buiectn u3 a) u 6), uto ecau F u G HAXOAATCA B ABOICTBEHHOCTH
u G HajeneHo Ttonojorueii s (G, F), TO ero nNONoOAHCHHE H3OMOP(HO IpO-
cTpanctBy F* HageneHHomy Ttomoxorueit s (F* F); kpome Toro, Kaxaoe
MHOMecTBO u3 U, orpaHuuenHoe B Tononoruwu ¢ (U, F), npedxomnaxmuo
B 3TOH TONOJIOTHH.

r) Hageaum F tomonorweit a (F, F*). Toka3ats, yT0 Kaxaoe orpanu-
yeHHOEe MHOXeCTBO B F KoHeuHomepHo. BolBecTH oTciona, uto ecau F Gec-
KOHEYHOMEPHO, TO B €ro NOMOJHeHHH F CYmeCTBYIOT KOMNAKTHbie MHO-
KecTBa, HC cojepxalHecd B 3aMblKAHHH HHKAKOTO OrPaHUYEHHOrO0 MHO-
wectBa u3 F. [Mcnoab3osath 6) u B).]

1) Tokasatb, yT0 B MpocTpaHcTBe F, HazeneHnoM ronoaorueii o (F, F¥),
Kaujoe BEKTOpHOe TOAMPOCTPAHCTBO 3aMKHYTO H ofiajgaeT TOMOJOrHYe-
CKHM JonoJHeHHeM. BuiBecTn oTcioaa, uto B mpocTpancTBe F*, HajeleHHOM
tomonorueit o (F% F), KaxJoe 3aMKHYTO€ BEKTOPHOe IOINPOCTPAHCTBO
o6nagaer TomoioruueckuM ponogHenueM. [Mcnoab3oBath caencTBHe npea-
aowenus 8.]

#12) INycts F u (G — BeKTOpHbIC MPOCTPAHCTBA B JBOHCTBEHHOCTH:
npudeM G (cOOTB. F) OTOMIECTBICHO C MPOCTPAHCTBOM, CONPAMEHHBIM K F
(cootB. @), HuajgerenHomy romnoaorueit ¢ (F, G) (cootB. ¢ (G, F)). Ilyct,
nanee, & (coorB. ¥) — nokpuiTHe nmpoctpaHctBa F (coots. (), o6pa3oBaH-
HOE YPaBHOBELIEHHLIMH BBLIMYKJILIMH MHOXECTBAMH, OrPAHHYEHHHIMH B TO-
noaoruu ¢ (F, G) (cootB. (G, F)). Jokasatb paBHOCHJBHOCTb CJAENYIOUIHX
Y TBEPHCIEHHH:

a) Kawmoe mHOMWEcTBO M€ S mpeAKOMMaKTHO B I -TOMOJIOTHH.

6) Kawxnoe MHOwecTBO N € T npeakoMmaktHo B S-TONOJNOTHH.

B) Ha kaxnoM MHOomectBe M€ S rtonosoru, uHayiiMpyemoie T-tono-
Jgorueit u touoaoruedt o (F, G), coBnajaior.

r) Ha kawxaom mHOMecTtBe N ¢ T TOMOJIOTHH, HHAYUHPYeMbie &-TONO-
aorueit U Tonmoaorueii s (G, F), cosmajaior.

[dnst nokasaTeabcTBa TOTO, YTO a) BJECYET T'), HCNOJAb3OBaTb MpPelJO-
wenue 5 § 3 ra. 11, a Toro, uto r) Baeuer 6), — ynpaxHenue 1 § 2 ra. 1L}

¥13) Ilyctb E — BeuecTBeHHOE HAH KOMIUIEKCHOE BEKTOPHOE MNpo-
cTpanctBo U K—ero rteno ckaaapoB. OTleanMas JOKaJbHO BbilyKJaas
tonoaorua § B FE HasuBaeTca MunumasbHoi (a E, HajgeneHHoe 3Toii
TONONOTHEH &, — MPOCTPAHCTBOM MUHUMAAbHOZO muna), ecim B E He
Cyu{ecTBYeT HHKaKOH OTAeNHMOH JOKalbHO BBHINYKJNOH TONOJOTHH, Golee
cnaboit uem g.

a) Ilycts & — muHuManbHaa tonosorus B £ u E/ — npoCcTPaHCTBO»
conpsieHHoe K E (HazeneHHoMy tononoruei ). [okasats, uto §=3(E, E’)
u E = E’*. [[IpudaTh BO BHUMAHWE, YTO, B CHJIY CIEICTBHA 3 MNpepIONKe-
g 1, B E/ He MOWET COJEPHATHCA THAEPIIOCKOCTH, BCIOAY MJIOTHAs
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B Tonoxorun ¢ (£/, E).] BuiBectn OTCIOZa, UTO AASi TOrO, 4TOGH OTACAHMOE
JKOKaJbHO BBIMYKJAO€ NPOCTPAHCTBO OLIIO MAHHMaJLHOrO THNA, HEOGXOTHMO
H ROCTaTOYHO, YTOGHI OHO ObIIO H3OMOPGHO HEKOTOPOMY TOTONOTHYECKOMY
NPOH3BEEHHIO KI. [CM. ynpaxuenue 116.] .

6) Kamzxoe 3aMKHyTO€ BEKTOpHOE nounpompaﬂcmo NPOCTPaHCTBA
MHHHMaJXbHOTO THNA €CTb MPOCTPAHCTBO MHUHHMaJbHOrO THna. [CM. ynpax-
Henue 111.]

B) NokasaTh, YTO B OTAEAHMOM JOKaAbHO BHIMYKIOM NPOCTpaHCTBE F
Kaxca0e . NOANPOCTPAHCTBO £ MHHMMAJBHOrO THINA OGNajaeT TOMONOrHYe-
CKHM JOMOAHEHHEM H, B YaCTHOCTH, 3aMKHYTo. [Mcnonb30BaTh a) U TeopeMy
Xana — baHaxa pAs npoROMKeHHA TOXAECTBEHHOrO Otrofpaxenua E Ha
cebs no orobpaxenus F B E.]

r) MycTb uz — HenmpepuiBHOE JMHelHoe OTOOGpPaxceHHE npocTpaHcTBa £
MHHHMaJiBHOTO THMA B OTACAHMOE JNOKAABHO BLINYKIOE MPOCTPaHCTBO F.
Nokasats, ur0 uz(E) 3aMkHyTo B F M u —roMoMoppusM E Ha u (E).
[Ucnonb3oBaTh B) M OnpepeicHHE NMPOCTPAHCTBA MUHHMaJHHOTO THIA.]

n) Mycre F—oTtpesuMoe nOKajxbHO BHINYKJAOE NPOCTPAaHCTBO M M -—
3aMKHyTO€ BEKTOpHOE mnopnpocrpancteo B F. [lokasars, urto ecsu M
o6ranaer B F pononHeHuneM N, ABIAIOWHMCA [MOANPOCTPAHCTBOM MHHH-
MaapHOro THma, TO N ecThb TOnoXOoruyeckoe jgononHenne K M. [Ucnoabso-
BaTh r).]

e) Tlyctb M — noanpocTpaHCTBO MHHUMAJNbHOTO THNA B OTACIHMOM
JNOKanbHO BHINYKXOM mnpocrpaHctee F. Tlokasars, yro M-+ N 3amkunyro
Ias moGoro 3aMKHYTOrO BEKTOPHOT'O MOANpPOCTpaHcTBAa NV mpOCTpPaHCTBa F.
[PaccMotpers daxropnpocTpanctTso EfN u ucnoxnsosath r).] Ecau, kpome
T0ro, N — MUHHMaXbHOro THma, T0 H M -+ N MHHHMAaJZbHOTO THMNA.

*14) Ilycte E — OTpeNHMOE JOKANbHO BHIMYKJIOE NPOCTPAHCTBO H
F — 10KaJbHO BHIMYKJIOE NPOCTPAHCTBO MHHMMAaAbHOrO THHA (YIpaXHe-
uue 13).

a) lNokazats, y10 npoexuuﬂ 3aMKHYTOT'0 BEKTOPHOTO NOANPOCTpaHcTBa M

npoussenenns E X F Ha E saMkHyra. [lcnonb3osath ynpamHenwe 13e.]

6) Mycts u — muuelinoe orobpaxenve E B F. [lokasatb, 41O eciu
rpadux u 3amMkHyT B E X F, 10 £ nenpepsieHo. [Hcnoab3orath a).]

B) TpeAnonoxuM, 4TO KaXA0E 3aMKHyTO€ BeKTOPHOE NMOANPOCTPAHCTBO
B E ofnrajaeT TOMONOTHYECKHM jonoxHeHueM. Ilokasarb, uto u B E X F
KaX/0e 3aMKHYTOe BEKTOPHOe NOANPOCTPAHCTBO M HMeeT TONOJOrHuYECKOe
nonoxHenue. [Tlyctb Ny — npoekuus M Ha E, N, — tononoruueckoe no-
nonwenne Kk Ny B E, Py=MQNF u P, — Ttonoxornieckoe JONOIHEHHE
x Py B F; ucnonssya 6), nokasars, uto N, + P, ecTb TONONOrHYECKOe
nononxenne kK M B E X F.]

15) OGo6muts onpeacieHHAa W pesyxbrarhl 3TOrO naparpada Ha Bek-
TOPHBIE NPOCTPAHCTBA HAJ TENOM KBATEPHHOHOB.

#16) Mycts F=R¥ u G =RA, rae A — npoussoasnoe GeckoneuHoe
MuoxecTBO; F H G NpUBOAATCA B JABOHCTBEHHOCTb 5HJIHHeHHOH dopmoi

(X, 9y= " x @y (.

af A
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a) Ilycte N — apnutusHas noarpynna B (3, oGo3HauuMm 4vepe3 N¥*
noarpynny Tex x € F, anga KoTopHx Bce (x,y) (y € N) —ueane, H depes
N* —noarpynny rtex z€ @, Ans KOTOpux Bce (X, 2} (x € N*) — yeane.
Nokasatb, uto N* 3amxuyra B F B tonoaoruu o (F, G) u N*=N, rze
N —3samuikanune N 8 Touonorus ¢ (G, F). [[lng ycranosaennn cnpaseaHBOCTH
nocieqHero ytBepxiaeHHS HCROAb30BAaTb mpeatoxenve 6 w3 O6w. ToOmI.,
ra. VII, § 1 (25), npoextHpya N Ha KOHeuHOMEpHble KOOPAHHATHHE MHOFO-
obpazus 8 G.)

6) IMpeanonoxum, uto A= N, u nycts M — noarpynna 8 F, 3aMKkuy-
Tag 8 Tonoxoruu ¢ (F, G). Iokasars, uto M ecrb TOMOJAOrHuecKas mpAMas
cyMMa HanGoibliero BeKTOPHOTO NOAMPOCTpaHcTBa V, copepxawerocs
8 M, u 3amkuyTOil noarpynns P, ssasouweiica cBo6oaHHM Z-mopyaeM
€O cueTHnM GasucoM. [PaccMaTtpusath F KaKk o(belHHeHHE BO3PAcCTalOIMeH
nocAe10BaTeALHOCTH (Fy) ero KOHSUHOMEpPHLIX BEKTOPHBIX MOANPOCTPAHCTB
H [pPHMEHHTH TeopeMy 2 M ynpaxueuwe 7 u3 O6um. Tom., ra. VII, § 1(2).]
Haa Toro uro6u noarpymma P Gblia QHCKpEeTHOH (B TONOROrHMH, HHAYLH-
pyemoil Tonosoruedt o(F, G)), Heo6X0oaMMO H AOCTATOYHO, YTOOH OHA
6bl1a KoHEYHOMEpHa,

8) BusectH W3 a) W 6), uTo Kaxnpas 3amkuyras mnoarpynna B G
(nagenentom Ttomonorued ¢ (@, F)) Moxet 6uiTh mpeoGpasoBana nocpex-
CTBOM aBTOMOp(dH3IMA TOnoOAOrHYeckoil rpynnst G B NpoOH3BEACHHE BHAA
RIX Z’, rae I u J— uenepecexaouHecs nogmuoxecrsa u3 N.

r) Iokasats, uro B mpocrpanctee E = RN, nagenensom Tonoaorueit
o (E, E*), noarpynua ZY 3aMKHyTa H He CONEPKHT HMKaKoOH mpAmoi. He
Gyayum, onHako, csoGonunim Z-moayaeM. [Aar., ra. VII, § 3, ynpaxueune
10(?7).) ]Tem camsim pe3yabTaTsl M3 6G) He PacHPOCTPAHAIOTCA Ha Chydail
HecueTHoro A.

§ 2. ConpsweHnoe X OTACAHMOMY JIOKaJbHO
BLINYKJAOMY TNPOCTPAHCTBY

B smom u caedyowux napazpagpax scrdy, ‘20e He 02080perO
n pomusHoe, PACCMAMPUBGIOMCA AUWLD OMOAEAUMbE AOKAAGHO 8HNYK-
avie npocmparcmea (#ad R uzu C).

1. Crabas u OCAGONCHRAS MONOAOUL

Mycts E — OTAe/MMOe JOKaIbHO BHIMYKJOE nPOCTPAHCTBO # & —
ero Tomoiorua. HamoMHuM, uTo (TOmOJOTHYecKoe) conpssicennoe k E
ecTb moanpocTpanctso E’ aire6pauveckoro conpskennoro- E*, o6paso--
BAHHOE w3 BCeX Henpepui8usix nNuHeHHnx ¢opM Ha E; MB BHEeTH
(§ 1. n°l, npuMep 2), uro E ¥ E’ npuBoaaTcs B ABOHCTBEHHOCTB
KaHOHHueckoOH Guaunefno#t dopmo (x, x’). B srom maparpade Msl usy-
YlM CBsI3H Mexay Tononoruel &, samanuolt B E, u tononoruamu o (E, E’)
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u o (E’, E); HallOMHHM, 4TO NOCAcIHHUE LOKQAALHO BLINYKAbLL U OMOeAUMbL
(§1, ni°2), B E’ mul GyleM paccMaTpusatb 8 smom napazpage opny
Toabko TomoJoruio ¢ (E’, E), koropas GyleT uMeHOBaTbCs caafoli mono-
nozued. Hanpotus, B E ompenenensl yxe ABe TomoJoruu: tomnoaorus §,
KOTOPYI0O Mbl OydeM HAa3bBATb TaKke UCXO0HOHZ monosozueil B E, u
tonosorust o(E, E’), xotopas, 1no onpeleNeHHIO, MANCOpupyemcs TOMO-
Aorde § 4 Oyder HA3LIBATLCH ACCOLMUPOBAHHON C Hel oc.abaenH ol
monosozuel B E.

3amecuyanuda. 1) Ecam Hazeautp npoctpaHctso E Tonoaoruei
a(E, E’), 10 ero conpsxeHsoiM cioBa Gymer E’ (§ 1, npennoxeHue 1;
cM. Huxe n°3); TeM caMbiM ocnaGaeHHOH TOMOAOrHeil, accOLUHPOBAHHOM
¢ o(E, E’), asaserca o (E, E’). Tam, rae 310 He CMOXeT moBieyb iyTa-
HHib, MBI GygeM ynorpebaATh nupujarateanHoe ,craboe“ H Hapeuue
»C1a60* Ias 06G03HaueHUs CBOMCTB, OTHOCAWUXCA KaK K ci1aGol TOMOAOTHH
8 E/, Tak U x ocnabaennodl tomnomoruu B E, E/, nageaendoe cnaboi Toro-
anoruedl o (E’, E), Gyner uHOrjpa HasbiBaThest ,CAabbiM coOnpsKeHHbIM® K E,
2) NMycte E — xoMnaeKcHOe JOKalbHO BLIIYKJOE MPOCTPaHCTBO H Eg—
ero 6a3UCHOE BEIECTBEHHOE MOKaJbHO BHIIYKIOC OPOCTPAHCTBO, Kak H3-
BectHo (ra. II, § 6, n°1), orobpaxenune f-—>Rf ecThb (anre6panqecxun)
u3oMophH3M 1ipocTpaHcTBa E’, compsieHHoro x E, Ha mpocTpascTBoO E
conpsikeHHoe K Ej. Kpome toro, Ml 3HaeM (TaM #e), UTO €CIH g = ERf
TO, 06paTHO, f (x) = g (X) — ig (ix) nas Beex x € E, otxyna | g (x)[<| f (x)|
n|f(x)]<|g(x)+]|g(x)|. D10 noka3geiBaer, UTO YyKa3aHHbiii Bhllle
H3OMOpHH3M ABASIETCA TaKXKe HIOMOPPHIMOM AAsl caabuX TOMOJOTHH
s(EE) na (Eo, Eo) H YTO ocaabieHuple TOnoaorud B E H Ey coBnaaaior.

2. Ceolicmaa c2a0020 CONPINCERROZ0

Bo BceM panbHeftiieM, eCaud E 03HauaeT OTAeuMOe JOKaJbHO BHIMYK-
Joe MpOCTPaHCTBO, Nox E’ nmoHuMaeTCA CONpMKeHHOe MPOCTPAHCTBO, H,
l‘OBOﬂpﬂ o noaspe M° (cootB. M’°) mHoxectBa M us E (coors. M’ u3
E’), Mul BCIOLY, rle He OrOBOPeHO MPOTHBHOe, HMeeM B BHAY MNOJAPY
muoxectsa M (coors. M’) B E’ (coots. E), onpenenseMyio NBOHCTBei-
noctbio mexny E u E’.

CnaGas Tomosorus B mpocTpancTBe E’, compsaxelHOM K BelleCTBeH-
HOMy.(COOTB. KOMILIEKCHOMY) JIOKaMbHO BLITYKJIOMY MPOCTPaucTsy E,
eCTbiHe uTO HHOe, KaK monoaozus npocmod cxodumocmu 8 L(E, R)
(coots. L(E, C)). Tlostomy K et mpumenuMu pesyabtatsl § 3 ra. III.

Bciony, rie B 3TOM H ClellyloleM naparpadax TOBOPHTCSl O pasHo-
cmenenno Henpepui8ubx MHOXeCTBaX B E’, 9TO NOHATHE OTHOCUTCR
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K ucxodnoi monoaozuu B E. PasyMeercd, OHO He 3aBHCHT HH OT KaKoH
TOMOJOTHH, KOTOpAas MOXeT paccMarpuBaTthcs B E'.

Urennoxenue 1. [Tycms E— 20KaAbHO  BolnyKA0e  NpOCMPAK-
cmso. [as moz0 umoGe muoxcecmso M' < E’ 6uao paswocmenenno
Henpepulonum, HeoOx00umo U docmamoiro, wmoGs e20 noaspa M™
Ovlaa oKpecmHOCmbi0 Hyas (8 ucxo0nod monosozuw) 8 E uau (u4ro
To we) umobot M’ codepoicarocs 8 nosspe V° nexomopoii oxpecmuocmu
wyan V (8 ucxodnoii monoaozuu) u3 E.

Jle#cTBHTENbHO, Kakpas OKPECTHOCTb HYJsl B Tele CKAJAAPOB COLep-
AHT FOMOTeTH4HBH 00pa3 okpecTHoCTH U, ompeleisieMOoff HepaBeHCTBOM

8| 1. MostoMy Aas paBHOCTeNeHHOR HempepLIBHOCTH MHOxecTBa M’

-1
HeOOX0AHMO M JOCTaTOUHO, uTOGH nepecedenue V wmHOkecTs x’ (U)

(x’€M’) 6bno okpectroctbio Hyas B E (ra. I, § 3, n°5); Ho at0
nepeceueHde eCTh He UTO HHOE, KaK MOJAPAa YPaBHOBelieHHON BHINYKIOH
o6osoyku MHO¥ecTBa M’ (§ 1, n° 3), ueM mepBOe YTBepKAeHHe H IOKa-
saHo. QuesugHo, Toria M’c<V° obpatio, eciu M'cV®, rge V —
OKpecTHOCTb Hyaa B E, to M°>V*V, 4ro u 3aBepumaer gokasatefs-
CTBO MpeLIOKeHHus.

MMeennoxenue 2. Kaowdoe pasHocmeneHHo Henpepvlenoe MHO-
acecmso 8 npocmparncmse E’, conpajcennom K LOKALbHO BHLNYKAOMY
npocmpancmgy E, omuocumessno rxomnaxmuo 8 caabod monosozuu.

d10 ciaesyer u3 06uLero YCIOBHS KOMMAKTHOCTH DPaBHOCTeMeHHO
HempepuLBHOrO MHOxecTBa B L (E, F) B TONMOJOrdM NMPOCTOR CXOAHMOCTH
(ra. I, § 3, caeacrBue npeptoxenus 4), NMOCKOJbKY KaXioe OrpaHu-
YeHHOe MHOKeCTBO B R uau C OTHOCHTeNbHO KOMMAKTHO.

TeopEMa 1. ITycms E— Goueunoe npocmpancmso. Caedywoujue
csoiicms@ muoxcecmsa M/ E’ pasnocuavrst:

a) M’ ozpanunenno 8 caaboii monosozuu;

6) M’ omnocumensnHo KOMRAKMHO 8 CAQOOH MONOAOUUL,

B) M’ pasuocmenenno uenpepul8ro. _

DeficTeuTenbHO, MH  yXe Buiedd, 4To B) BiaeueT 0) (mpernoxe-
uie 2), a, Cc APYroM CTOPOHB, KakaOe OTHOCUTENbHO €260 KOM-
NaKTHOe MHOXecTBO cJaab6o orpanudenso (ra. I, § 2, npepioxe-
Hue 3), Tak uro 6) BaeveT a). Hakouen, TO, 4TO a) BJEYET B),
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ABASETCS YaCTHBIM CJaydaeM cosmaienns 8. L (E, F) MHoxecTB, orpanu-
YeHHHIX B TOMOJAOTHM MpPOCTOH CXOIMMOCTH, C PABHOCTEMEHHO HelpepHB-
HHM# MHOKecTBaMu, Korza E Gouweuno (ra.lll, § 3, teopema 2).
.l‘CnEuc‘rBuE 1. Ecau E—O0oueunoe npocmpancmso, mo 3a-
MKHYMAR BONYKAGS 000A04KA KAKHCOOZO CAAG0 KOMNAKMHOZO MHOJNCe-
cmsa 8 E’ caabo xomnaxmua.

HeflcTBuTenbHO, ¥3 TeopeMn | ¥ mpeAjoxenu#t 1 u 2 caeayer, 4ro
Kawaoe c1a60 KOMNakTHOe MHOXeCTBO U3 E’ cojepwurca B noaape V°
- HeKOTOpOH oOKpecTHoCTH Hyas V mpoctpaictBa £, a V° punykiao
caabo KOMMaKTHO.

CaeactBue 2. Ecau E — 6ouewnoe npocmpancmeo, mo E’ 8 caaboi
monosozuu K8a3unoLxo.

NefcTBUTEbHO, KaXIOe Ca1a00 3aMKHYTOE OrpaHHyYelHOe MHOMXECTBO
B E’ cnabo kOMNakTHO (TeopeMa 1) W MOTOMY MOJHO.

Caeacteue 3. Iycms E u F— 20Kaapno soinyxasie npocmpar-
cemsa. Hadeaum F' caaboli monoaozueli o(F', F), a npocmpancmso
L(E, F) scex Henpepususix aunelnsix omoOpaxcenus E 8 F' —
monosozuell npocmoii cxodumocmu. Ecau mozda F Ooueuno, mo
Kaxcdoe pasHOCMeENnexHno nenpepuisnoe muoxcecmso 8 L (E, F') omno-
cumenvno xomnaxmuo, ecau u E u F Goueuns, mo xaxcdoe ozpa-
8uuennoe Muoxcecmso 8 L(E, F’') omuocumessro KOMRAKMHO.

NeHcTBUTENbHO, B CHIY TeopeMbl 1, Torma B F’/ Kaxiaoe OrpaHudeH-
Hoe (B Tonogordd s (F’, F)) MHOXECTBO OTHOCHTeNbHO KOMMAKTHO, TaK
4TO NepBOe yTBepXAeHHe CIECNCTBHS BLITEKaeT M3 XAPAKTePH3ALHH MHO-
wects u3 L(E, F’), OTHOCHTeIbHO KOMMNAKTHHX B TOMOJNOTHH MPOCTOH
cxomumoctd (ra. III, § 3, caeactsue npennoxenus 4). Bropoe yrteep-
WHeHue BoiTekaer u3 cosnagehus B L(E, F/) MHOXeCTB, OTpaHHYeHHHIX
B TOMONOTHH MPOCTOM CXOAMMOCTH, C PaBHOCTEMEHHO HeMpepPHIBHHMY
MHOecTBaMu, koraa E 6oueuno (ra. I, § 3, Teopema 2).

Ureanoxenue 3. ITycms E— soxassno 8unyiksoe npocmpat-
tmso, codepicaujee momansuoe cuemuoe mrodxcecmeo. Tozda Kaodoe
PasBHOCMENnenRO Henpepoisnoe muoxcecmso P’ s E’', samxnymoe 8 caa~
6oli monoaozuu, s8ASEMCS 8 IMOL MONOAOZUL MeMPUIYEMBIM KOM~
NAKMHBLM NPOCMPAHCMBOM.
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He#icTBUTebHO, P’/ KOMINAKTHO B CHJAY TOJbKO 4YTO AOKAa3aHHOTO
npeanoxenua 2. C gpyro#t cropond, P’ MeTpusyeMo, TaK KaK K HeMy
NPUMeHUMO YC/MOBHe MeTPU3YeMOCTH PaBHOCTeNcHHO HeNpePHIBHHX MHO-
KectB U3 L(E, F) (ra. U, § 3, npeanowenue 6), nockoabky R u Cc—
MeTpu3yeMble MPOCTPAHCTBA. ’

Cneacrsue. Ecau E— mempusyemoe a0KaAbHO. 8binyKA0e Rpo-
Cmpancmso, codepoaujee MomMaLbHoe ciemuoe MHoxcecmso, mo 8 E’
cyujecmsyem cuemnoe MHONCECMBO, 8CIOOY naomwuoe 8 ciaabol mono-
szo02uU.

He#tctButenbio, mycte (U,)—cueTHas ¢yHIaMeHTalbHas CcUCTEMA
okpectHocTe Hyaa B E. E’ ecTb o6beddHeHUe MHOXKECTB Us; B cuay
npelJoKeHHs 3, Kaxnoe UY ecth c1a60 KOMIAKTHOE MeTpHU3yeMoe npo-
CTPAaHCTBO ¥ MOTOMY COAEPIKHT CUeTHOe [OLMHOKECTBO Ay, BCIOLY
nnotHoe B UY B Tomosoruu o (E’, E) (O6ur. tom.,, Pes., § 8, n°3;

4
ri. X, § 2, n°7). O6GbeuuncHue MHOKeCTB A, eCTb CUSTHOE MHOXe-
CTBO, maOTHOe B E’.

3. Tonoaozuu, cozaacyroujuecs ¢ 3a0aGHKOE OBOLCMBERROCMBIO

IMycte E -—oTAelnMoe JOKaJIbHO BLIYyKJIOe OpOCTpaHcTBo H E/ —
ero compsikeHHoe. E’ OyaeT conpskeHHHM K E ¥ B TOM caydae, ecJd
E Hagemuth ocnabnennoit tomosoruedt o(E, E’) (§ 1, npemnoxenue 1).
Jng uccreaosanus cea3eit Mexkay ucxomHo# tomosorued B E u ocna6-
JdenHo#t Tomosoruelt o(E, E’) Mu paccMoTpuM, Gosee oOlIHM 06pasom,
NpOH3BOJbHYI0 1napy (F, ) BeKTOPHLIX NPOCTPAHCTS B 1 BOHCTBEHHOCTH

Onreaeneuue 1. ITyems F u G — sexmopnsie npocmpancmsa
8 Osoiicmsennocmu. I'osopam, 4mo omoesuMds A0KAALHO BHNYKAGS
monosozun § 8 F cozaacyemcs c¢ dsolicmsennocmoto mexdy F u G,
ecau G (paccmampusaemoe Kax nodnpocmpancmso npocmparcmsa F*)
ABASLEMCA CONPANCEHHOIM K OMOCAUMOMY AOKAALHO BHINYKAOMY NPO-
CMPAHCMBY, NOAYHLAEMOMY nymesm nadesenus F monoaozuei §.

Meeanoxenue 4. Ilycms F u G — gexmopHoie npocmpancmsa
8 dsolicmsennocmu. A 8cex OMOLAUMBX LOKAABHO BLLMYKALLX MO-
noaozuli 8 F, cozaacywuwuxcs ¢ amoi 0solicmgennocmoro mescdy F
u G, 3amrnymeole ssinyK.asle Muodxcecmsa 8 F—odnu u me ace.

OueBHIHO, MOXHO OTPAHHYUTbCA TeM caydaeM, koraa F u G — Be-
IleCTBeHHHE BeKTOPHBle MpOCTpaHcTBa. Tak Kak AAd Bcex TOMOJOTHH,
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COrnacyiomuxca ¢ ABOHCTBEHHOCTbIO Mexay F u (G, HenpepuBHLIE JH-
HeftHble GOpPMBI Ha F—oOJHH M Te Xe, TC TO Ke BEPHO M AJs 3AMKHY-
THIX BBIMYKAHX MHOXeCTB B F, MOCKOJbKY TaKOe MHOMeCTBO MOXeET
6bITh 3aJaHO CeMeHcTBOM HepaBeHCTB f,(x) < @, rie f,— HenpepHBHble
nmunefiHuie dopMel Ha F (ra. 11, § 3, caepctBue 1 npepnoxends 4).

Caeacreue 1. Bunywaoe mnoocecmso AcF umeem o0no u mo
e 3aMbiKaRUe 8O 8CexX OMOCAUMBLYX AOKGABHO BbLLYKALLX MONOLOZUSLX
8 F, cozracywouuxca ¢ odsolicmsennocmsio mexncoy F u G.

HeficTBuTeIbHO, 3aMblkaHWe MHOXecTsa A B M060# JOKAaAbHO BbLI-
nykao#t Ttomosoru B F unykao (ra. I, § 1, npennoxenne 14) u,

C/le0BaTeIbHO, eCThb fepeceyeHHe BCeX 3aMKHYTHIX BBIMYKJLIX MHOXKECTB,
comepxamux A.

B uactHOCTH:

ChaenctBdE 2. Buinyiaoe Mmuodxcecmso A 8 omoesumom A0KGABHO
suinyKaom npocmpancmse E umeem 00HO u mo e 3aMblKaHue KAK
8 ucxooHoi monosozuu npocmpancmsa E, max u 8 ocaabaennoll mo-
noaozuu o(E, E). Ecau A codepxcum 0, mo smo 3amsixanue cosna-
daem ¢ A™. '

[Nocneanee yTBepwieHHe BbiTekaeT u3 npediowenus 3 § 1.

3ameuaHune. CnexcTsHe 2 NMpUMeHHMO, B HYaCTHOCTH, K BEKTOPHBIM
MOANPOCTPAHCTBAM; TEM CaMbIM KPUTEPUH TOTO, UTO CEMEHCTBO TOUeK M3 E
MmomaAbHO WIX monoio2udecku ¢80600Ho B ocaabaensoi Tonodaoruy (§ 1,
caeactsus 1 v 2 npeanoxenns 1), ABasAOTCA TaK:Ke KPHTEPHAMH TOTO, UTO

3TO CEMEHCTBO TOTAJbHO MM TOMOJOFMYECKH CBOGOAHO H B HCXOI[HOﬁ TO-
TIOJIOrHH.

CneacreuE 3. Bouwxu 8 OmoesumOM ALOKAALHO BbINYKAOM NpPO-
cmpaucmse E — smo noaspel c4a60 o2panutennsix YpasHOBEULEHHbLX
Mmroxcecms u3 E’.

B cuny caeactus 2, Ge3pasnuHO, CKasath Jd, YTO MHOKeCTBO *M
u3 E ecthb 60uKka B WCXOAHOM TomoJsorud uau B ocnaGaenHo#t. Ho anas
TOro, 4To6b M O6BLJIO BLITYKIbLIM, YDPABHOBEILIEHHLIM H 3aMKHYTHM B TO-
noxorud s (E, . E’), Heo6X0LHMO H 10CTATOUHO, 4T06u M — M, nocKoAbKY
M°® —ypasHoBemtenioe (§ 1, n°3); a ana toro uro6er M moraowano
Kaxaoe KoHeuHoe MHOxeCTBO N u3 FE, Heo6XOAMMO H A0OCTATOUHO,
yto6el M moraowanoce, MHOXecTBOM N° HO Tak kKak MHOxectBa N°
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06pasyioT ¢GyHIaAMEHTAIbHYIO CHCTEMY OKPECTHOCTeH HY.1d AJs1 TOMOMOTHM
o(E’, E) (§ 1, n°3), To 9710 O3Hauaer, uto M° ciabo oOrpaHHYeHHO.

Ecau F u G — BeKTOpHHe MpPOCTpPaHCTBA B ABOHCTBEHHOCTH, TO F
MOXHO paccMaTpuBaTb Kak conpsdcennoe k G, HaleleHHOMY OTAeJdMoit
TOKaNbHO BLINYKJIOH TomoJoruelt ¢ (G, F) (§ 1, npennoxeHnue 1). [Tostomy
B F Moxno paccmMaTtpuBaTh TOMOJOTHIO pPaBHOMepHOH CXOLHMOCTH H2
9/IeMeHTax MI060r0 MHOXKeCTBA & OrpaHHueHHwX (B TOMOIOrUU o (G, F))
nogMuoxkects uz G, 1. e. S-monoaoczuwo (ra. IlII, § 3, n°1). Mpeano-
10kuM, 410 S BMeCTe C KaXIAbiM CBOHM MHOXeCTBOM COIEPKHUT H 06-
passl ero MpH BCEBO3MOMXHLIX TOMOTeTUAX (C HeHy/IeBoIM KOadduuueHToOM),
a TaKxe BMeCTe C KaXAbLIM KOHEYHBIM UHCJAOM CBOUX MHOXeCTB —H 3a-
MKHYTYI0 (B Tonmosoruu ¢ (G, F)) ypaBHOBEIUEHHYI0 BHOYKAYI0 060J0UKY
ux ob6benunenus. Toraa onpelfefeHde OKpeCTHOCTeH Hyds Ais &-tomo-
noruu (TaM Ke) mokasviBaer, uTo nossps (8 F) muoxcecms uz S o6-

pasyom HyHOaMeRMALbHYO cucmeMy OKpecmuocmel HYAR AN 9TOH
TOMOJIOTHH.

TeorEma 2 (Maxku). ITycms F u G -—sexmopnsie npocmpan-
cmsa 8 O0soldcmsennocmu. [las moz0 wmoGs. 0moOeAUMAS LOKAALHO
sunyrkaan monoaozun § 8 F cozaacosaracy ¢ 0soiicmsenHocmoio mexncody
F u G, neo6x00umo u docmamouno, wmobs. § Goiao S-monoaozuei
Oas Hexomopozo nokpusawuyezo G MmHoMcecmsa S YPABHOBEULEHHBLX
BLLLYKALLX MMOXCECMB, KOMRAKMHLX 8 crabod monosozuu (G, F)

HokaxeM cHauana HeoGxodumocms ycaoBus TeopeMbl. [1peanononxum,
ut0 G — conmpskeHHoe K F, HajeleHHOMY OTHeJUMOH JOKAJMbHO BBLIMY-
kiao#t rtomonorue#t §. IMycts B — uHBapnaHTHAg OTHOCHUTEJLHO TOMOTE-
THA ¢yHIaMeHTa/Mbhas CHCTeMa 3aMKHYTHIX (B &) ypaBHOBeUIEHHBIX Bbi-
NyKJAbiX OKpecTHOCTeff HyJs mpoctpancTBa F; aas xawporo V€ B umeem
V=V (cnenctsue 2 npeanoxenus 4); caemopateibHo, LB — dyHna-
MeHTa/MbHasE CHCTeMa OKpeCTHOCTeH Hyas aas &-ToMOJMOruu, OfpejeJse-
Mol mHOxecTBOM & moasp V° BceBoaMOwHuIX MHOwecTB U3 B; npu sToM
MHoxecTBa V° xomnaxmusr B tomedoruu o (G, F) (mpennoxenus 1 u 2);
kpome Toro, © mokpuiBaeT (, W60 Axas moboro y € U U3 HempepPLBHOCTH
dopMil x — (x, y) Ha F BuiTeKaeT cyutecTBOBaHue okpecTHocTH W E B
tako#, uro [(x, ¥)|< 1 naa Bcex xEW, 1. e. yEW .

JlokaxeM Tehepb 1OCTATOYHOCTD YCAOBHS TeopeMbl. [1ycTb, Takum o6pa-
oM, @ — nmokpsiTue npocTpaHcTBa (G, o6pa3oBaHHOe YpaBHOBeLIeHHDLIMH
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BLITYKAHIME MHOXECTBAMHM, KOMMNAKTHHMH B Tomogoruu o(G, F); He
u3Mensis oo S-TONOJMOrWM, BCErEa MOXHO mpeamojarath, 4TO 06-
passt MHOokecTB u3 & npH BCEeBO3MOXHLIX FOMOTETuSX, PaBHO KaK H
ypaBHOBEllleHHEE BHIMYKJAble 060JOUKH JMIOOLIX KOHeYHHX HaGopoB MHO-
kecTB U3 &, Takke npuamtexar & {(ra. I, § 3, n° 1); npu 3TOM KaxX-
Jas Takas 060J0YKa KOMNakTHa B Tomodoruu o(G, F) (ra. II, § 4,
npegnoxenue 1). Tak kak MHOkecTBa u3 & OrpaHuueHHL B TOMOJOTHH
6(G, F) (ra. 1ll, § 2, npennoxenne 3), To S-tonoaorus § coraacyercs
* €0 cTpyKTypoH BekTOpHOre mpoctpanctsa B F (ra. III, § 3, n° 1); kpome
TOro, 9Ta TOMOJOTUA JOKAJbHO BHAykAa H mnodsput K° B F MHO-
wects K& @ o6pasyior ¢yHIaMeHTalbHYI0 CHCTEMY OKPecTHOCTeH HYJI
i & Hakoneu, & oTgenuMa, nockoabky & nokpmeaer G (ra. 1,
§ 3, npeanoxenue 2).

[Tycts Ttemepb F’—npocTpaHCTBO, cOmpsikeHHOe K F, HameleHHOMY
Tononordedt &. Tak kak KaxIoe KOHeuHoe MHOXecTBO H3 ( comepxuTcs
B HeKOTOpOM MHOXecTBe u3 &, To § wmaswopupyem tononoruo o (F, G)
M, chaenoBaTenbHo, ( MOXKHO pacCMaTpuBaTh KaK BeKTOPHOE MOANpPO-
crpaucteo B F’ (§ 1, mpennoxenue 1). Hoxaxem, uro G =F’'. He#-
CTBUTEJAbHO, NYCTb X’ € F’; M3 UeNpepbiBHOCTH X’ BHITEKAET CYLMeCTBO-
Banue Muoxectsa K€ & rakoro, uro | (x, x')| < 1 ana kaxaoro x € K°,
910 O3HauaeT, 4To x’ npuHamiexut noaspe K, muoxectsa K° g F’. Ho
K, ectb samuikande K B F’ B Tonoaoruu s (F’, F) (§ 1, npennoxenue 3);
tak Kak o(F’, F) uunymupyer B G rtomoioruwo o(G, F), To K Kom-
NaKTHO ¥ MOTOMY 3aMkHyTo B F’ B Tomonoruu s (F’, F), a, cirenosa-
TeabHo, K==K,. Tem cambiM x’'€ G, u Teopema NOKa3aHa.

CagactBde. las moz0 umobs. omoeAUMAR AOKAABHO BHNYKAGS
monoaozusn & 8 F cozaacosaracy ¢ dsolcmsennocmoio mesxcdy F u G,
Heo6x00umo u docmamouno, 4mobo. § MANKOPUPOBALA MONOAOUID
a(F, G) u maxcopuposasace monosozueii <(F, G) pasnomeproi cxo-
JuMOcmuy KA B8CeX YPABHOBCULEHHOLX BbiNYKALLX MHONcecmsax u3 G,
xomnaxmuolx 8 monosozur (G, F).

ChopmynupoBaHHOe YCJIOBHE, OUEBHIHO, HeOOXOLHMO B CHJIY Teo-
peMnl 2. QHo noctaTouHo, uOO ecAu § Maxopupyer Tomoaoruio ¢ (F, G)

H Mawxopupyerca tomosoruelt t(F, G), 10 npocrpanctBo F’, conpskeH-

"Hoe Kk F npn Tomojoruu &, cCOLepKHUT MPOCTPAHCTBO F!, COMpsKeHHOE
4

¥k F npu Ttononoruu ¢(F, G), 4 comepwurca B npocTpanctee Fa, cO-
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npsaxeHHoM k F npu Tomosoruv < (F, (), Tak 4TO COpaBeladBOCTH
7 4
YTBepKIeHUA BEITEKaeT U3 TOro, uro Fj—=Fs=G.

t(F, () HnaspiBaeTca monoaozueli Marxku (COOTBeTCTRYyIOUIEH IBOH-
ctBeHHOCTd Mexay F u Q).

[Ipeanoxenue 1 nokaseBaer, yro tomoaorus Makku < (F, G) xapax-
mepu3dyemcs CIeAyIOIHM CBOHCTBOM: AN TOrO 4TOGHl 8bAYKA0C MHO-
kecTBO B G GHJO PaBHOCTENEHHO HellpepLIBHHEIM NMpH Hadedehun F To-
nonordedt < (F, G), Heo6XOAMMO ¥ [AOCTATOYHO, 4TOGH OHO GHIJIO
OTHOCHTEJbHO KOMMaKTHO B cnaboft ronosoruu o (G, F) (cM. yopaxHe-
nue 3). B uvacTHocTH, B cuny TeopeMb | HMeem:

[Trennoxenue 5. Ecau omdesumoe AOKGAbHO BuNYKAOE nPO-
cmpancmso E Gouweuno, mo monosroz2us Maxku < (E, E) cosnadaem
¢ ucxoonoli monosozueii 8 E.

4. Mnoocecmesa, 02paruvennvie 8 0CAQ0AeRHOE MonoAOZul

TeoreMa 3 (Makkun). Ilyems F u G —Bexmopusie npocmpan-
cmsa 8 dsolicmsennocmu. JJis 8cex OMAeAUMBLX LOKAALHO BbLLYKABLY
monoaoeuil 8 F, cozaacyrwouuxca ¢ 0sodcmsennocmero mexcoy F u G,
O2PAHULEHHbIE MHOJNCECMBA — O0HU U me Jice.

He#icTBUTeIbHO, MHOXKeCTBO T Bcex CAa6G0 KOMMIAKTHBIX YPaBHOBEILEH-
HHIX BLIMYKJBIX MHOXeCTB U3 G 06pa3oBaHO MHOXeCTBAMHU, NOAHBLME B TO-
nojoruu ¢ (G, F); nmosToMy Kaxioe MHOKecTBo M u3 F, orpaHuueHHoe
B cJaboft Tomonoruu ¢ (F, G), orpanuyeiHo u B T-tononoruu (ra. lII,
§ 3, teopema 1), 1. e. B Tomosorud Makku t(F, G); B cuny caeactBus
TEOpeMbl 2, OTCIOAA M BHITEKAET CPABEMIHBOCTb YTBEPKAEHHS TEOPEMLI.

CaepcrBue. Kascdoe MHOMCecmB8o 8 OmOeAUMOM AOKAABHO BHRYK-
aom  npocmpancmse E, ozpanuuennoe 8 ocaabiennold monosozuu
o(E, E"), ozpanuuenno u 8 ucxodnoi monoaozuu.

. OcHoBHBadgCb Ha 5TOM, MOXHO MOITOMY FOBOPHTb NpocTo 06 ozpa-
Huennslx MHOXecTBaXx B E, He yTOuYHsg — B Kako# Tomosoruu. Ecimu E
#8a3unoano B 0OCJabJeHHON TOMOJOTHU, TO OHO KBASHIOJHO H B HCXOI-
HON: 9TO BhITeKaeT W3 MpeAHAywero u npelnoxenus 8 § 1 ra. I, no-
CKOMbKY KawJAad 3aMKHYTas BHIIYKJas OKPECTHOCTb HYJA AJA HCXOZHOH
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TOMNOJOrHM 3aMKHYTa B ocjabieHHo# Tomosgoruu (caeacTsue 2 mpensio-
Kenus 4).

[Treanowenne 6. ITycms E— omlesumoe a0KaasRo BunyKAOE
npocmpancmgo. Ecau E mempusyemo, mo monoaozun Maxxu <(E, E')
cosnadaem ¢ ucxodnoli monoasozuel 8 E.

HeficTBUTENbHO, NycTh T — ypaBHOBellleHHasl BHIIYKJAas OKPeCTHOCTH
Hyas gas Tonmoaoruu < (Ei E’). Tak kak 7, B cuay TeopeMu 3, morao-
1aeT MHOXecCTBa, OTpaHHYeHHHBe B HCXOANOH Tomodoruu &, TO BCE CBO-
AHTCA K [0KA3aTeNbCTBY TOTO, UTO KaXHO0€ BbNyK.a0e YPABHOBeUeHHOe
muoocecmso M 8 E, nozioujaoujee 8ce 02pAHUYEHHBE MHONCECMBA,
ecmb oxpecmuocms Hyas 041 §. Bylem paccywxaathb OT MpPOTHBHOrO.
Mycts (V,)— yOuBaomas ¢yniaMenTalbHas CHCTeMa yPABHOBELIEHHBIX
okpecTHOCTel! Hyna nas &, U NPeANONOKUM, YTO HH OAHO U3 MHOKECTB

1 1
E'V” ne codgepxurcs B M. Ilyctb x, — Touka u3 WV”’ He nmpuiHaiae-

Kawas M; toraa nmocieioBaTeAbHOCTh (1X,) CXOAMTCA K HYJI0 B TOMO-
aorud § ", ogHako, M He MOrJolaeT MHOMXeCTBA TOYeK 5TOH Mocaeno-
BATeJbHOCTH, BOMPeku Mpenmotoxenuo. Tem camuiM mpeldnoXeHue
AO0Ka3aHo. :

3aMedaHHe ITOT pe3ylbTaT JOKa3biBaeT TaKXKe, YTO JUHEHHOE OTO-
6paxeHHe u NpocTpaHcTBa E B JOKAJIbHO BHINYKIOE NMpPOCTPascTBO F, nepe-
BOASI{ee KaXjoe OrpaHHYEHHOEe MHOXKECTBO H3 E B OrpaHHUeHHOE MHOXE-
crBo B F, Henpepvi8Ho. [elicTBHTENbHO, KaKoBa Gl HU Onira ypaBHOBE-

-1
HIeHHass BblykJaass oOKpectHOcTh Hyas V B F, u (V) noraowaer Bce
orpaHHY€HHbI€ MHOXecTBa H3 E H, cle1oBaTenbHO, €CTh OKPECTHOCTh HYyJIf
B E (em. ra 1IN, § 2, ynpaxsenus 14 u 15).

5. Xapaxmepusauus caa60 Renpepovl8HbLIX JAUNEURbBIX (HOpM HaQ
CONPRICCRROM npocmpancmae

Ecau E-— oraenuMoe J0KadbHO BLIIyKJ0e NPOCTPAHCTBO, TO Kaxiaas
nuHefHas GopMa Ha CompshKeHHOM TMpocTpancTBe E’, HenpepuiBHas B cia-
60# TOMO.T0rUH, OLHO3HAUHO NPeACTaBasieTCsl B BULe X" — (x, x’), rae x € E
(§ 1, npeanoxenue ). B HekoTOpuLX cAy4asx 9Td (HOPMLI MOXKHO OXa-
paKkTepu3oBaTb CBOHCTBOM, MeHee OrpaHuuHTeJbHbIM, ueMm cJabad Hempe-
+ PLIBHOCTb:

TeoreMa 4 (Banax). ITyems E—noanoe omiesumoe 40KAAEHO
suinyKa0e npocmpancmso. [las mozo 4mobs. aunelinas opMa Ha
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conprocennon npocmpancmse £’ Goina Henpepbi8HOE 8 c2a60d mono-
sozun o(E’, E), docmamouno, umobe Gs40 Henpepbiéno (8 Honoso-
2un o(E’, E)) ee cyocenue na Kanc0oe PABHOCHMENEHAO Henpepsieroe
muozcecmso u3 E’.

Mycts Fc E™ — MHOXECTBO BCeX JUHeHHBX $opM ua E’, cymeHue
KOTOPHX Ha Ka¥10e PpaBHOCTENeHHO HelpephiBHOE MHOMecTBO U3 E’
nenpepuBHo B rononoruu ¢ (E', E). fcro, yro F — BexkTOpHOE MOANPO-
crpaHctBO B E’¥, comepxailee E ¥ Haxonsuieecs B ABOHCTBEHHOCTH
€ E’. Tlyctb @ — MHOMXECTBO BCEX PABHOCTENEHHO HENpepHBHHX €1abo
BAMKHYTHIX YPaBHOBEUIEHHBIX BEHIMYK/bIX TMOIMHOXECTB NMpocTpanctBa E.
Kaxnoe muoxectBo B’ € &’ komnaxtao B rtomoJoruu s(E’, E) (npenro-
wenue 2)- W TaK Kak s KaWKIOH JuHelHON dopmel u € F ee cymeHue
Ha B’ N0 NpeiNoNOKeHHIO HelpepuiBHO, TO #(B’) ozpanusenno B Texe
CKaJApOB; 3TO TOKasuiBaeT, 4ro & -Tononorus & coraacyercs co CTPYK-
Typo#t BekTopHoro mpoctpanctBa B F (ra. III, § 3, npennowxenue 1),
§lcio, KpoMe TOro, YTO TOMONOrH & — JOKANbHO BoIMyK/as W OTAe/H-
Masg ¥ uro mnoaaps B F MHOxecTB u3 @ 06pasyior (yHmaMenTalnnyio
cucteMy okpecTHOCTe# Hyas Ans § (MOCKOABKY MHOXeCTBO & — ¢duib-
Tpylollleecs MO OTHOWIEHUI0 C ¥ WHBAPHAHTHO OTHOCUTENbHO TOMOTETHH).
Ho B cuay npeniokenus 1, caen Ha E moaspe MHoxectsa B'€ & B F
€CTb OKPECTHOCTb HyAs N1 MCXOAHOH Tonosorunm B E; ofpartHo, ecau
V — ypaBpHOBelleHHass 3aMKHYTas BHINYKJIad OKPECTHOCTb Hyas A% #C-
xopHoft tomogornn B E, TO ee moaspa B’ B E’ npunapiewur &,
M TaK Kax nojspa MHOxecTBa B’ B E coBnanaer ¢ V (caeacTsue 2 npeltoxe-
ang 4), to V ectb caen ua E noaspo MHOMectBa B’ B F. Taxkum 06-
pasoM, Mbl BUIUM, 4TO TONOJOrHA, wHAyuupyeMas B E Tomosorueit §,
COBNajaeT C MCXOAHOH ‘romosoruedt B E. A tak kak E npennonoxeHo Mo~
HHIM B 9TON MoOcaesHeHd TOMOAOrHH, TO OHO 3amikHymo B F B Tonosoruu §.

TlokaxeM Tenepb, uTo E’ — conpsikenHoe K F, HaleJeHHOMY TOINO-
noruelt . B cuay TeopeMbl 2, NOCTATOYHO A0Ka3aTh, 4TO MHOXECTBA
B’ € @ xomnaktHul 8 monosozuu o(E’, F). A Tak Kak OHYW KOMNAKTHbI
B o(E’, E), To 1OCTaTO4HO ToKasarb, 4T0 o(E’, E) u o (E’, F) unny-
uupyior B B’ omny u Ty e romoaoruio. Ho Tomonorus, wnAymupyemas
B B’ rtonoaorueit os(E’, F), ecrtb cnabefimas TOmoAOrus, mpu KOTOPOH
HenpepuiBHb CyXKeHust MMHeHHbX dopM 2 € F ua B’; nostomy oHa B cu1y
NpenNoJOXKeHHs Maxopupyercss TONMoJor#eR, uniyunpyemo# B B’ rtomo-
norueft ¢ (E’, E); HO OHa TaKke MAKOPUDPYET 3Ty NMOCIENHION, NOCKOJIbKY
Fc F; TeM caMbiM Haule yTBepxieHue AOKAa3aHO,
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Ecau 6m Tenepy E 5= F, 10 B F cyuecrBoBana 6u 3amgnyTas (B TO-
nojorud §) rumepmiaockoctb, cofepwkamas E (ra. H, § 3, creactBue 3
npeaioxenus 4), U, crefoBaTenbHO, Hamlencs 6w sneMeHt x’ € E’, opro-
roHajaeHblt kK £ u =+ 0, uro abcypaHo.

3ameuanune. Ecai B E comepXurcsi TOTaAbHOE CYETHOE MHOME-
CTBO, TO KaXI0€ PaBHOCTENMEHHO HENpephHBHOE MHOxecTBO u3 E/ merpu-
3yemo B cxa6ol TOmoXOrau (mpemioxenxe 3); moO3ITOMy st yCTAHOBICHUA
cxa6oil HenpephHBHOCTH AWHEHHON GopMbl u Ha E/ ROCTaTOYHO YCTaHOBUTD,

“ ’ “
yTo AAA KaXAoH nocaedosamensrocmu (xn), cnabo cxopameica K Ka-

KoMy-TO mpenxeny x’, nl—;nolo u (x;) =u{x').

6. Xapaxmepu3auus CAG60 3AMKKYMLIX BLINYKALLX MHKONCECME
8 COMPRNCERHOM K npocmparcmsy Pdpeue

Meeanowenne 7. Ilycmp E—Mmempu3dyemoe L0KAALHO Bbi-
nyKaoe npocmpancmeo u S — MHONHCECMBO €20 NOOMHOJNCecms, 06pa-
308QHHBLX MOYKAMU BCLE03MONUCHBLX NOCAeO008aMenbHOCEH, cCmpemsi-
wuxcsa K wyao. S-monosozusn 8 E ecms cuasneiman u3 monosozui §,
npu KQMOpBLX HenpepséHsl 6Ce NePeROCs U KOMOpsie uHOyLupyom
Ha KaXuCOOM POBHOCMENeHHO Henpepul8HoM mHoxcecmse u3 E' my oce
monoaozuo, 4mo u caabas monoaozusn o(E’, E). ,

SlcHo, uro paccmarpuBaeMast S-TONOJIOTHS MaXOPUPYET TONOJOTHIO
s (E’, E), a tak Kax Kamioe MHOKeCTBO U3 S OTHOCUTENbHO KOMIAKTHO,
10 TOMO/MOTHH, WHAyUUpPYeMbe S-Tomonorue#t u rtomonorue#t o(E’, E) Ha
PaBHOCTENIEHHO HeNpepuiBHEX MHOXecTBax us3 E’, cosmapaor (ra. III,
§ 3, mpeanoxenue 5). O6parno, nycts & — tononorus B E’, obaanaio-
1as CBOMCTBaMH, yKa3aHHHMU B (OpMYJIUPOBKe NpeAnoxeHus, u W —
MHOWeCTBO, OTKpHTOE B & U colepxaiee 0. Mbl yCTaHOBUM CYHIECTBO-
panue MHOkectBa SE€ &, ana xoroporo W’ o S°, ueM NpeiioKeHHe H
6yneT MOMHOCTBIO 10Ka3aHO. '

Mycts (U,)— ybuBawomwas ¢yHiaMenTaabHas MOCAeAOBATEbHOCTD
3aMKHYTHIX YDaBHOBELIEHHBX BHIIYKAHX OKpecTHOCTeR Hyas NMPOCTpaH-
ctBa E. Hawe yrtBepkienue GyIeT BHTEKaTb U3 CAEAYIOUIEH JTEMMBI:

Jemma 1. Hasn xaoxcdozo yeaozo n >0 cywecmsyem KoneyHoe
mroacecmso B,cU, maxoe, umo 8ce mHoxicecmsa U;nA;, 20e A, =

n—1
= By, cooepocames 8 W',

p=0 :
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JlettcTBUTEIBHO, MPEAIOJONKUM, YTO STa JeMMa 1oKasaHa. Toraa o6be-
auueHue S MHOXecCTB A, npuHagiexutr &, M Tak Kax S°cA° s Ka-
xnoro n, 0 S AU,c=W’ mns kakmoro n; a NOCKO/bKY 006bexuHeHue
mHoxects Uy ects BcE E/, 10 1 S W”. -
- JlokasaTeabCTBO JeMMH TNpoBedeM HHAyKUHeHh mo n. Jloctatouso mo-
Kasartb, 4TO ec/u A,— KOHEHHOe MHOXeCTBO u3 E, ypoBjaeTBOpsIOLLEE
ycaosuo Uy, N A,cW’, TO CyeCTBYeT KOHEUHOE MHOKECTBO B,cU,
takoe, u4to Upyy N (A, U Bp)°cW’. Paccyxnas or IPOTUBHOTO, MpPEANo-
ROXHUM, YTO HHKAKOTO KOHEHHOro MHOXecTBa B,, obaanaoiero stum

CBOMCTBOM, He CyiuecTByeT, W NYCTb K,',=U:,+1nCW'. Toraa nepece-
yenne (A, U B)°N K;:: A, NB°N K:, He NYCTO HY AM9 KAKOTO KOHEYHOro
MHoxecTBa B us U,. Ilosromy mHOXecTBa A;,nB°nK:,, rie B npo6e-
TaeT BCEBO3MOXHHE KOHeuHnie noamHoxectsa us U,, o6pasyioT Gasuc

o
duabtpa B K. Ho TaK KaK TONonorus, kotopyio & unnyuupyer B Uj,iq,
N0 NpelNONOKEHHIO, COBMNaJaeT C TOMOJOTHel, KOTOPYI0 MHAYIMPYET

a(E’, E), 10 K:, c2a60 Komnaxmro (NpeltoxeHue 2) M, 3HAYUT, MHO-

o 4
wecrtea 4, N B° K:l 6yiyuu c1abo 3AMKHYTHIMH, HMEIOT OOILYIO TOUKY Xp-
Tax kak U, ecTb o6belUHEHHE MHOXKECTBA BCEX CBOMX KOHEHHHX MO/~

7 ° o 7
MHOXECTB, TO Xxp AOJXKHO NpuHaliewarb MHOxectBY A, N U, N K,, Ko-
TOPOE, OAHAKO, NycTo MO Npeinonowenuo. [losyuenHoe mporusopeuue
M 3aBepulaeT NOKa3aTeJbCTBO TMPEeNJIOKEHHs 7.

Caencreue 1. Vrkasaunans &S-monoasoeus cosnadaem ¢ mono-
dozuell Komnakmuoi cxodumocmu.

HettictBurenbho, npepnoxenue 5 § 3 ra. Il mokaswiBaer, wTo TOMO-
AOTHS KOMNAKTHOR CXONMMOCTH MHAYUUDPYET B KaKAOM PaBHOCTelNeHHO
HEMPEepPHBHOM MHOXecTBe M3 E’ Ty e rtomoaorui, uro u o (E’, F); Tem
CaMbiM, B CHJIY TpeljdoxeHus 7, TOMOJOTUS KOMIAKTHOR CXOAMMOCTH
Mawopupyercs ykasanHo# S-romnosorues. C apyro#t cTOpoHH, OHa, Oue-
BHIHO, Maxopupyer 3Ty ©-TONOJOrHIO, TOCKOJbKY MHOMXecTBa us &
OTHOCHTENbHO KOMIAaKTHHI.

Cneacreue 2. Jlaa mozo wmobo. muoxcecmso A’ 8 npocmpar-
cemee E', conpajcenHom K Mempu3yemomy A0KALbHO BHNYKAOMY NPO-
cmpancmsy E, 6s40 3aMKHYymo 8 monosozun &, KOMNAKMHOL CX0-
Qumocmu, Heo6xodumo u docmamouno, wmobs ezo nepeceverue A’ | M/
€ KaxcOM pasHocmenenno HenpepuisHum muoxcecmsor M’ us E’
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6640 3aMKHYMO & monosozuu, uxdygupyemoti 8 M’ monosozuels
s (E’, E). '

YcaoBue Heob6xoauMo, nockoabky &, u s (E’, E) wapyuupyor 8 M/
onuy # Ty e romoaoruo (ra. HI, § 3, npenaowenne 5)., Yrobum ybe-
AWThCS B €ro JAOCTATOYHOCTH, pPACCMOTPHUM MHOxecTBO 11 Bcex MOAMHO=
wectB U’ mpocrpanctea E’, nepecedenne xoropux U/ M’ ¢ xawAbM
PaBHOCTENEHHO I1eNPePHBHHM MHOXecTBOM M’ u3 E’ OTKpHTO B TONO-
Jorud, uHAyuupyemo#r B M’ Tomosoruedt s(E’, E). flcHo, uro Wl ectb
MHOXECTBO BCE€X OTKPBITHIX MIOXECTB AJd CuJbHeHme# U3 TOMOAOrMH
B E’, o6.1ajawowux CcBOHCTBAMH, YKas3aHHLIMH B NpelnjoxeHuu 7. Tem
CaMbiM, B CHAIY CAeACTBMs 1, 3Ta TOMOJOrMS coBNanaeT ¢ &,, M yTBep-
IeHHE JNOKa3aHo.

Teorema 5 (Banax). Jas mozo wmoGs ssinyxaoe muodcecmso A’
8 npocmpancmse E’, conpsocennon xk npocmpancmsy ®pewe E, 6bi10
samknymo 8 caabod monosozuu s(E’, E), 0ocmamouro, umoba A’ (y U°
6va0 3amknymo 8 o(E’, E) dan awboi oxpecmrnocmu nyas U npo-
cmpancmsa E.

He#icTBUTEABHO, CJAENCTBHE 2 NpelfoxeHud 7 ToxaswiBaer, 4to A’
3aMKHYTO B TONOJOTMH KOMMNakThOH cxomimmoctu &, Tax kax E moauo,
TO 3dMKHYTas BHNyKJAas 000/10YKa KaXAOTO €r0 KOMIAKTHOTO MORMHO-
’KeCTBA KOMNAKTHA B UCXONLHON TOMOMOTHM U TeM 6ojee — B Mawopupye-
Moit e Ttonoaoruu o(E, E’). TeopeMa 2 nokaseiBaeT TOr4a, 4ro TOIO-
qmorus &, B E' cozaacyemcs ¢ nBOACTBeHHOCTbIO Meway E’ u E. Tak
KaK MHOKeCTBO A’ BHIYKJIO ¥ 3aMKHYTO B &, TO B CHJIY MpelioRKe-
Hus 4 OHO 3aMKHyTO TOorza ¥ B tomosormu o(E’, E).

TIpuMeHHB 3TOT pe3y.abTaT K THNEPNAOCKOCTAM H3 E/ M npHHAB BO
BHUMaHHE CBS3b MEW1y 3aMKHYTLIMH THIEDILIOCKOCTAMM M HENPePLIBHLIMH
auueinbiMa  ¢opMmamu (ra. I, § 2, teopema 1), Mbl moxyunm (aas npo-
cTpaicTB Ppelre) gpyroe AoKas3aTeabcTBO Teopemul 4.

7. Conpsiocennoe K noonpocmparCmey; CONPAINCCHHOE K arxmop-
npocmpancmsy

[Trepnoxeune 8. ITycme M— sexmoproe nodnpocmparcmso om-
DeqUM020 AOKAABHO BumnyKaozo npocmpancmsa E u M°-—opmozo-
naavroe k¥ M noonpocmpancmso npocmparncmsa E'. Ocaabaennas mo-
N0A02U8, ACCOYRUUPOBAHHAR ¢ monorozuel, urdyyupyemold 8 M ucxoo-
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noii mononozueld § npocmpancmsa E, cosnadaem ¢ monosozuei
g (M, E'|M°), undyyupyemod 8 M ocaabaennoid monosozueii s(E, E’).

He#crButebHO, 3 TeopeMbl XaHa— bawaxa (ra. I, § 5, Teopema 1
u § 6, reopema 1) BhTekaer, wro Kamjias JuHeHHas dopma Ha M, He-
NpepHBHAs B TOMOJOTHH, KOTOPYIO MHAyuupyeT &, ecTb CyweHue Ha M
muHeliHo# dopmul Ha E, HenpeprBHOW B Tomojorun &, OTKyla u cle-
AyeT CclpaBelJMBOCTb yTBepkaeHus (§ 1, mpennoxenue 6).

[Meeanoxenue 9. ITycme M-—3amxnymoe sexmopuoe nood-
RPOCMPAHCIMED OMOeAUMO20 AOKAABHO BHINYKA020 npocmpancmea E.
Ocaabaennas monorozus, acCOYUUPOBAHHAT ¢ HAKMOpmonosozuei
ucxodnol monosozuu § npocmpancmsa E no M cosnadaem c¢ dhax-
mopmonoaozueli s(E/M, M°) ocaabaennols monosozuu s(E, E') no M.

JeHCTBUTEAbHO, 4 —> o @, TAe ¢ — KaHOHWdeckoe oroGpaxenue F
Ha E/M, ectb (anreGpauueckntt) usoMOpdbusM NMPOCTPAHCTBA, CONMpSHKEH-
Horo Kk E/M (nanenennoMy daxropromnonoruelt tonosorun § no M), ua
noxnpoctpanctso M° B E’, oproronanbioe k M. 3atem npuMensem npes-
nowenue 7 § 1.

8. Conpsisicennoe K npou3sedenuro

Meepnoxenne 10, Tlpocmpancmso E’, conpaoxennoe « npo-

u38e0enU0 E=I[ E, cemeiicmsa (El)zg AOKQALHO BHNYKALLX NPO-
e

crmpaKcms, KGHOHUMECKW 0moxcOecmsumo ¢ (anze6pauteckoil) npamoi
7
cymmoii cemedcmsa (E.).c1, NOCKOAbKY KANOQR Henpepsisnas auned-
!
nan gopua na E 00n03HaURO npedcmasanemcs 6 sude x — D (pr.x, x.),
€1

20e x;' € E,’ u xf + 0 suws 025 Korewno20 Hucaa undexcos. Ipu smomn
ocsabaennan monosozusn a(E, E’)Y ecms» npoussedenue ocaabieHmsix
monosozuli s(E, E;')- .
Korna I KoHe4HO, IlepBas 4acTb NPERJOKEHUS OYEBHAHA; AeHCTBH-
TenbHO, TOTAa E MOXHO OTOWIECTBUTH C MPAMON CymMMo# mpoctpancts E,

- 1 Kawpoe x € E mpencTaBuTb B BUlE x=2 pr.x, TaKk 4TO Kawxjas He-
vE1 .

npepuBias JuHe#Haa $opMa u Ha E NpPeACTaBUTCH B BUlE U == 2 u, 0 pr,
el
rae u,— cywenue u Ha E,, -oueBunno, HenpepuiBnoe. Ilycts tenepn /

NpOU3BOMBHO ¥ & — HENpephBHAs JuHeHHas ¢opMa na E. Torma 8 E
CYIIECTBYET OK[ECTHOCTb Hyas V, ABASIOWAACA DJEMEHTAPHHIM MHOXe-
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erBoM (O6w. Tom., Pe3., § 7, n°d) u Takas, yto |u(x)|< 1 Ana Becex
x€V. Ho V=]IV. rae V, = E, aumb n1s ungexcos i, MpuHalie-
eI

HAWKMX HEKOTOPOMY KoneuHomy MHoxectBsy Hcl. Tonomum M:IIER
vCH

N = Il E, n 6ygeM paccMatpuBaTh E Kak npaMylo cymMmy MOANpPO-
teCH

crpancts M u N. Ilyets x€N. Tak kak Ax€NcV u, sHauur,
|Me(x)| <1 mam moboro ckanspa A, 1o u(x)==0. CuenosareibHo,
u(x)=u(pfgx), U Mb NPHXOLMM K MepBoMy caydawo. [locaeanee yrBep-
KIEHHE eCTb CAelCTBue mpentoxedus 8 § 1.

CagacrBue. [lycmb (F).cr— cemelicmso  AOKAABHO  BHINYKABLX
npocmpancms, E— gexmoproe npocmparcmso u f, 041 kaxnc0020 €1 —
auneiinoe omobpascenue E 8 F.. Ecau nadeaums E caabeiiwedl u3
monosozuii, npu KOMOPHX Henpepusuw 8ce f, *), mo xaxcoas Henpe-
poiBHas  AuHelinas @opma nHa E Gydem npedcmasanmecsii 8 8ude

x—->2ul (f.(x)), 20e u,— Henpepsigras auneinas opma na F, npu-
el

vemu, + 0 auws Oan KOHEUHO20 4UCAQ uHOCKCOB t.
NectBureapno, nycts f=(f)er. Kak ™Mbl 3HaeM, TONOJOrHS, KOTO-
poit HameaeHo F, ecTb npooOpas Tonosoruu Tmoanpoctpaxctsa f(E)

npousselenus F -——IIFI OTHOCHTE/MLHO OTOGpaxenus f (ra. I, § 1, npex-
€1
-1

noxenne 15), Tak kak Kawpmas oxpectnHoctb nyas B E umeer Bul f.(V),
rie V — okpectHocTs Hyada B f(E), TO Kawiad HenpephBHas JHHelHad
¢dopMa na F mpelcraBaserTcs B Buie 4o f, I'le # — HenpephBHas JUHeR-
Haa ¢opma Ha f(E). Ho B cuny reopemn Xana— Banaxa (ra. II, § 5,
reopeMa 1 u § 6, teopema 1), u# ects cywenne Ha f(E) HexoTopo#

HelpepuiBHOM Jaunednoft ¢opmbl na F, u yTBepwienue CAeiCTBUSA AO-
Ka3aHo.

9. Conpsocennoe K RPOCMPOGHCMSB)Y HENPEPLIBHOLX AUKCLHbLX
omob6paicenuli

[Mpennoxenne  11. Iyems E u F—omoeaumsle 20KQAbKHO
sanykasie npocmpancmsa. Ecau nadeaums npocmpancmso L(E, F)
monoaozued npocmod cxodumocmu (ra. HI, § 3, n° 1), mo xaxdasn

*) Dra tomoaorus He 06a3aTenbHO OTAEAHMA; Mbl SIBHO YKa3hBAaeM Ha 9TO
O6CTONATENbCTBO B COTJIACHH C YCIOBHEM, MPHHATHIM B Havade naparpaga.
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auneiinas  ¢gopma na L(E, F) o6ydem npedcmasasmecs & 8ude
N 4 4

u— 2.(11 (x;), »i), 20e x; (cooTB. y;)— s4emenmsvt u3 E (cootB. F’).
i=1

HetictuTenbto, Tonoaorus mnpoctoft cxoaumoctu B L(E, F) ectb
cnaGeliuas M3 TOMOJOTHHA, IpH KOTOPHIX JHHelHbe OTOOpaxenus & — u (x)
npocrpanctea L (E, F) B F HenpepuiBHH a4 Bcex x € E. Tlostomy
CNpPaBeMBOCTb MPeJIOKeHHs HENOCPEeACTBEHIO BLITEKaeT U3 CJICACTBUS
npeanoxenus 10, ;

Cnencteue. Cywecmsyem 00HO3HAUHO onpedesennsii (arzeGpau-
yecxuid) u3omopgusm men3oprozo npoussedenus EQ F' na conps-
acennoe Kk npocmpancmey L(E, F), nadesesnomy monoaozueii npo-
cmoid cxodumocmu, cmassujee 8 COOMEBEMCMBUE KAHCOOMY MEHI0PHOMY
npoussedernurw x &y aunelnyo dopuy u— (u(x), y').

HeficTBUTENbHO, TYCTb fp o AM8 KaWAOH Nadu (x, Y)EE X F' —
HenpepoiBHAA JuHeHHas ¢opma u — (u(x), ¥') va G=L(E, F). Oue-
BULHO, (X, V') —> fz,,7 ecTb Ouauneituoe orobpawenne E X F/ B G'.
CaenoBareabio (Aar., ra. IlI, § 1, n° 2, Cxouaud), cywecTsyer onHo-
3HaullO0 omnpejeJenHoe JAuHefinoe OToOpamelne ¢ TEH3OPHOrO NMpoU3Bele-
wigs E@ F’ B G’ rakoe, 4T0 @ (x @ ¥') = fz, 4. Tlpensowenue 11 no-
Ka3biBaeT, YTO ¢ CIOPBEKTHBHO; MOKAWEM, YTO ¢ HHBEKTHBIO.
Ie#icTBuTeabHO, MYCTh (@)1« i < n — CBOOOALAN cHucTeMa Touck u3 E w

7
) < j<m — cBOGOAHAA cHCTemMa TOYeK M3 F’; BCe CBOAMTCS K NOKa-
3 ’ :
BaTe/IbCTBY TOr'O, YTO €CJH Z)\ij (u(a;), b;)=0 nna xaxcdozo nune-
04

Horo orobpaxenns u€ G, To HeoGxomumo Aj;=0 ans Bcex map (i, j).
7
Iycts (b;)1 < j <m — cBOGOANAn cucreMa Todek W3 F Takad, 40 (b;, bx) =
=38 (Aar.,, ra. II, § 4, reopema 2). [loxaxeM, yTO AMA Kawioh
napsi (i, /) CyluecTByeT HenpepHBHOE JMuHeHloe OTOOpa}enue u npo-
crpanctea E B F Takoe, urto u(a;)=b; v u(a,)=0 npna Bcex h i,

COOTHOWIEHHE X Ay (u (ap), bx) =0 nact Toraa A;j="0, uem yTBepxNE-
Rk

HHe caelcTBus W Oyler AokasaHo. Ho B cuay teopemb Xana— banaxa,
Ha F CyuwecTBYeT HeNPepbIBHAR AnHeHHas popma x’ Takad, 4to {(a; X' ) =1
H (a,, x¥’)==0 s BceX k == i, 1 AOCTATOUHO MpHUATH & (x) = (X, x’) b;.

Conpaxennoe kK npocrpancrBy L (E, F), Hanc/eHHOMY TOROJOrHei
MPOCTOH CXORMMOCTH, OOBIYHO OTOWAECCTBJAIOT C TEH3OPHBIM NpOU3Bele-
Huem FE & F’. Taxkum 0o6pasoM, MuowecTBa, ONMpelc/nsdeMble KOHEHHLIMMA
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cucTeMaMyu HepaBeHCTB | (u (), b;-) 11 (4, €EE, b;EF’), 06pasyioT as
cnabott rononorun o(L(E, F), EQF’) B L(E, F) dbyunamenraibiyio
cucteMy okpectHoctedi Hyad. dra Tononorua B L(E, F) Boo6uie crabee
TOTMOAOTMH TNPOCTOH CXOAMMOCTH, HO 3aMBIKAMMS 8HINYKABLX MHOKECTB
B L(E, F)—o00nu u me sice B obeux rtonojorusx (npeanoxenue 4).

Ynpaxuenus Ll Ilycte £ u F— oTzreanMble JI0KaJbHO BHIIYKIBE
NpocTpaHcTBa 4 & — MHOWECTBO NMOJMHOXeCTB mpocTpancTa E. [as Toro
uto6nl &-Tononorus B L (F, F) coraacoBanach €O CTPYKTYpo#H BEKTOp-
HOro NPOCTpaHCTBa, HEOGXOXHMO (M XOCTaTOuHO; cM. ra. III, § 3, npeano-
wenue 1), uToO6m Kaxpoe MHOMecTBO U3 & Obio orpaunuenno B E.
[Mcnoav3oBare Teopemy 3.]

*2) a) Iyctb E — OTAEAHMOE JOKaAbHO BhIYKAOE OpocTpancTso # 11/,
adas Kaxjaoro yabTpaduabtpa U u3 E, — duabTp, 6asuc koroporo obpa-
3yI0T Bboimykiane o6onouxu muowects u3 1. TlokasaTtp, uTO 144 TOrO,
4TO0bH TO4Ka MpocTpaHcTBa £ Gblna mpepeaoM yastpaduibtpa i1 B ocaa6-
JeHHOH TOMONOTHH, HeoGXONHMO H JOCTATOYHO, YTOGH OHa Ghiia TOUKOH
APUKOCHOBeHHA ans 1’ B ucxopuoll Tomosoruu. [Mcnoabzosath mpenio-
wende 4, a taxwe ynpaxsenwne 9 § 1.]

6) Tlyctb E -— BeKTOpHOE MPOCTPAHCTRO, A — BHOYKIOE MHOMECTBO
B E, §, §9—OTISHMMHE JOKANbHO BLIIyKAbe TOMOROTHH B E H 8';,
3';—coome1cmyxoume ocxableHHbIE TONOJOrHH. [IOKa3aTh, YTO eclid TOMO-
JiorHA, KOTOPYI0 &y HHAyUHpYyeT B A, MaXOpPHPYeT TOMOROTHIO, HHIYUH-
pyemyw B A TOnodorueit g, TO H TOMOJAOTHSA, KOTOPYIO gr{ HHAYLHPYET
B A, MaXOpHPYET TOMOJOrHIO, HHAYLHPYEMYIO B A ToHOJOrHeH gr;. [Ucmons-
30BaTh a) 4 ynpaxHenue 9 u3 O6m. Tom., ra. I, § 5 (24).]

*3) Tlycts £ — mpamast cymma R®uG— npocrpanctso L' (N). Fu G

(o0
IIPHBOAATCS B IBOHCTBEHHOCTb OuauHeilHOH dopMolt (x,y) = EEn'flm
n=0
rie x=©En)EF n y=(1x)€G.

a) llokasate, 4To B F Kawaoe BhINyKIO€ MHOMECTBO K, KOMIaKTHOE
B rtonoxorun o (F, (d), KOHEUHOMEpHO. [B NpPOTHBHOM mpERNONOKEHHH
nycTh (7) — CIPOTO BO3PacTaioNasl MOCREHOBATEABHOCTD LeanX uncen >0
# (ag) — NOCAEeROBAaTeNbHOCTh TOUek u3 K Takas, UTO Y TOUKH 4y CoCTa-
BIAIOI(HE C HHAEKCAMH > 7 PaBHbl HYJAI0, HO COCTaBAAONAs C HHIEK-
COM ny OTAHYHA OT Hy#s. [loKasaTth, YTO CYU{eCTBYeT MOCHEA0OBATENb-

[ee] o0
HOCTh (f) uxcen >0 TaKas, 4TO Etk<-{—oo H Yy TOYKH kaﬂk npo-
=0 k=0

cTpaicTBa 4% (N) OrpaHHueHHHX MOCJHEJOBATEAbHOCTEH BelleCTBEHHHX
yHcea BCE COCTABJIAION(HE C HHIEKCAMH 7; OTAHYHE OT Hy’Xsa. BriBecTH

P
OTCiofa, UTO MOCREIOBATENAbHOCTh YACTHYHBIX CYMM §p = Ztkak HE MOXeT
E=0
#iMeTb caaGoH npenenbHol TOukH B F.}]
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6) TlokasaTth, 4T0 B F cyulecTBYiOT 6eCKOHEYHOMepHble cnabo Kom-
nakTunie MHOXecTBa. [[IpuHsiTh BO BHHMaHue, uT0 (4 — comnpsikenHoe K F
NPHd TONONOTHH, HHAYLHPOBAHHOH B. F H3 HOPMHPOBAaHHOI'O MPOCTPaH-
crBa 4 (N); cm. § 1, ynpaxuenue la.]

B) BuiBect u3 a) u 6), uro v ((, F) =0 (G, F), vo < (G, F) oTanuHo
OT TOMOJOTHH PaBHOMEPHOH CXOAMMOCTH Ha CXA60 KOMMAKTHRIX MHOXe-
¢TBax U3 F.

*4) a) [flycrp E — KBa3umoiHOe orpaHHYeHHO 3amkHyTtoe (ra III,
§ 2, ynpaxHenue 12) orzeanmoe JNOKaAbHO BHIIYKJOe mpocTpaHcTBO. Jas
toro 4ro6el Tomoaorud < (E’, E) u ¢(E’, E) B cONpsEHHOM MPOCTPaH-
ctBe E’ coBmajgand, Heo6XOXMMO H JOCTATOYHO, 4TOOB TOMOMOTHA MPO-
crpanctBa £ 6bina cuibHeRnel 10oKalbHO BHOYKAOH Tomonoruei. [Mcnoan-
3ys mnpepnoxenne 4 § 2 ra 1, nokasarb, uTO KawIoe OrpaHHYEHHOE
MHOXeECTBO B E KOHEYHOMepHO.}

6) Ilyctb E — GeckoHeuHOMepHOe MeTPH3yE€MOe JIOKalbHO BHINYKAOE
mpocTpaHcTBO. Jis TOro utobnl Tomonorua <t (E, E’) B E coBnajana
c o (E, E’), Heo6X0auMO H JOCTAaTOUHO, 4ToGbl E 6bln0 H30OMOpPHHO BCIOAY
MROTHOMY MoxmpoctpancTBY npoctpancrea RN (coors. CN). [Ipunars
BO BHHMaHHe, 4TO B E/ cymectByeT cuerHas (yHRaMeHTaJlbHas CHCTEMa
PAaBHOCTEMEHHO HEMpePHIBHBIX MHOMECTB, KaXJoe H3 KOTOPHX KOHEYHO-
MepHO, H, cleloBareibHO, E/ o6iagaeT cyeTHbIM Ga3ucoM.]

5) llycte F U G — BeKTOpHble MPOCTPAHCTBA B XBOHCTBEHHOCTH K
M — 3aMKHyTOEe BEKTOPHOE MOANPOCTPAHCTBO B F (B TONOJOTHAX, COria-
CylouMxcst ¢ ABoHCTBeHHOCTbIO Mex Ay F u Q).

a) Tlokasarp, 410 dakroprononorus <t (F, G) mo M coBmajaer
c T (F/M, MP°). [Mcnoab3oBath cieacrBue mpemnomenns 3 § 1.]

6) Tokasatsb, uto t (M, G/M°) MamopupyeT TOMONOTHIO, HHIYUHPYeE-
myio B M ronoxorueit <t (F, (G); mas TOoro YTo6bl 3TH TOMOJOTHH COBNa-
IanH, HeoGXOAUMO M ROCTATOYHO, YTOOH KamJ0e YyPaBHOBELIEHHOE BbIyK-
A0e MHOWecTBO B (G/MP°, KoMmaKTHOe B cnaboil tononornu o (GfM°, M),
610 06Pa3OM YPABHOBEIIEHHOTO BHIMYKAOTO MHOuecTBa #3 G, KOMNaKT-
Horo B Tononorud ¢ (G, F), npu XaHonumuecKoM oroGpawennn G ua G/M°.
[Cm. ra. V, § 2, ynpaxuenne 12.]

B) Tlycte N — BeKTOpHOE mORMpocTpancTBO B F, MIOTHOe B TOMO-
JOTHAX, COrAacylomuxcs ¢ aBoHcTBeHHOCTbIO Mewny F u (. Tlokasats,
YTO eClM § — OLHA H3 STHX TONONOTHH K TONMOJOTHSA, HHIyLHpyeMas el
B N, cosmagaer ¢ t (N, G), T0 § cosnaxaer c t (F, G). [Cm. ynpam-
Henue 6r.] .

6) Nyctb ((F., G,)),EI-—-cemeﬁcmo nap BeKTOPHbIX MPOCTPAHCTB

B asoiicTBeHnoctd. [lponsBenenne F = HF, BEKTOPHBIX HpocTpaucTs F
t

u opsiMas cyMMa G BeKTopHuX mpoctpalicTB (, NPHBOAATCH B ABOMCTBEH-
nocTh Ouaunednod gopmoit ((x), (y.)) = X (X, ¥}, ¥ o(F, G) ectb
t

npoussegenne Tonoxorui o (F, G) (§ 1, npemnoxcenue 8).
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a) Tloxa3satsb, uto T (G, F) ecTb npamMas cymMma tonouaoruii © (G, F,) *).
BoiBectH orciona, uto Tononorusa <t (F, () ecTb NMPOH3BE/EHHE TOMONOTHH
t (F,, G). [Mcnoap3oBaTth Teopemy 3, a Takwke ynpaxiiedde 10 § 2 ra. IH.]

6) BoiBecTH 13 2), YTO CONPSAKCHHOE K TONOJOTHYeCKOH npaAMOH
CymMMe ceMmeiicTBa (E‘)IEI OTHEJHMbIX JOKANbHO BBINYKIBIX HPOCTPAHCTB
w3oMopdHO (anre6panyecKH) NPOU3BEIEHHIO ceMelicTBa (E:) COMpANKEHHB X
K mpocrpaHcTBaMm E,.

B) [lyctp E — BeKTOpHOE MHpPOCTPaHCTBO H E* — ero anreGpanuecKoe
conpsxeHHoe. BeiBectw u3 a), uro t(E, E*) ectb CHAbHEHIllas JOKaNbHO
BblNyKnass Tomojorus B E, a t (E*, E) coenagaer ¢ o (E*, E).

r) [ycte E — GecKoHeuHOMEpHOe BEKTOpPHOE NpPOCTPaHcTBO, E* —ero

-anrebpanueckoe conpmkennoe H £ — anre6panueckoe conpsmentoe K E*

Tokasats, uro E mnnoto B E* B0 Bcex TOMOJOrMAX, COrIACYIOLIHXCS
¢ IBoiictBeHHoCTbI0O Mexay E** um E*, Ho Tonoaorus, xoropyio t (E*, E¥)
ungyunupyer B E, oriuuna or =t (E, E*). [Mcnoab3oBats B).]

°7) Myctb (Eu)uEA——cemeﬁcho OTJENUMBIX JIOKaNbHO BHINYKJBX MPO-

CTPaHCTB, E — BCKTOPHOE MPOCTPAHCTBO H f,, AAS Kawioro o ¢ A, — au-

HelHoe otobpawcine E, B E. PaccMorpuM B E cHabHCHIIYIO U3 JOKalbHO
BRINYKJABIX TOMOJMOrHH §, NpPH KOTOPHIX HempepsiBHH Bce f, (ri. II, § 2,
n° 2); npeanoaokuM, UTO OHa OTAeNHWMa, U oGosHauum yepes E/ conps-
WeHHOe K mpocTpaHcTBY E, HaneleHHOMYy sTOM tonogoruei §. Ilokasate,
yTO ecam Touoxorus Kaxporo E, (¢€A) commajaer c 'E(Ea, E;), 9
cosnaaaer ¢ < (£, £7). [Mcnoab3obarb npegnowenne 7 § 4.],

8) Mycts F 1 G — Bel(eCTBEHHLHE BeKTOPHble NPOCTPaHCTBA B ABOH-
CTBCHHOCTH.

a) Ilycte A — cnabo KOMNaKTHOE BLINYKAOE MHOXECTBO B F, He cogep-
#amee Hayana, # C —KOHyCc ¢ BepuwuHo# O, NOPOXAEHHLIK 9TUM MHO-
#aectBoM. Ilokasath, uTo KoHyc C° obnajgaer B tonoxorud < (G, F) BHYy-
TpeilHe# TOYKOH.

6) O6patno, nyctb C — BuNyKAbK KoHyc B F ¢ BepuuHoit 0, o6xa-
paomui B Ttononorud t (F, () BHyTpeHHeilt Toukoi. Ilokasarts, yto B U
cymecTByer cnabo 3aMKHyTas THIEPIIOCKOCTb H, He colepiamias Hauanxa
H taKas, uro H[)C° caa6o XoMnaxTHO.

*9) a) Mycts E —orgeanMoe JOKalbHO BLINYKAOE NpPOCTPANCTBO.
Jdokasath pPaBHOCHIBHOCTH CHCAYIOUIHX yTBepiienuit: «) E 6ouedHo;
B) kawmoe cnabo orpaHuueHHOoe MHOuecTBO B E/ paBHOCTEnelHO Hempe-
PHIBHO; 7) KawxIoe clnabo OrpallHueHHOC MHOXECTBO B £/ OTHOCHTENLHO
cnabo KommakTHO, a Tononorus B E coBnapaer ¢ < (E, E).

6) Mokasatb, YTO mpousBejeHHe NioGoro cemeicrsa GOYEyHbIX MPO-
cTpaHcTB GoyeyHo. [CBecTH K cayuai OTAeIMMbIX GOUEuUHbIX HPOCTPAHCTB
H MCIOAb30BATh a), NpeniowKerne 7, Teopemy 3, NPHBEICHHOE BLillle yIPaX -
yehne 6 U ympawuenne 10 § 2 ra. 1]

*) Hanporus, ¢ (G, F) He ectb Boobuie mpsimas cymMa Tonionord# ¢ (G, F.)

KaK noKasuBaer ciydvail, korga F,= G, =R u [ Geckoueuno. [Cm. § 3, ynpax-
#enne 16 u § 1, ynpamsenue 118.]
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B) Iloayuntp u3 6) npumep GodeyHoro npocrpaHctBa F, o6aagaouero
3aMKHYTHIM [OANPOCTPaHCTBOM E, He ABAAIOWMMCH GOYEUYHBIM H, CIefOBa-
TeNbHO, He HMeloUUM aononHeHda B F. [Mcmoab3oBaTh mpepnoxenue 7
§ 5 ra. Il u ynpawxuenue 5 § 1 ra. IIL]

10) Tlycts F u (G — BeKTOPHble INPOCTPAHCTBA B NBOHCTBEHHOCTH.
Bazpascdenuesm npocrpanctsa (G B anre6paHyecKoM CONpsKeHHOM F*
x F Ha3zoBeM MHOXeCTBO BCeX JHHeHHbX ¢opM X’ ua F, orpaHuyeHHHX
Ha KaxJOM MHOXecCTBe u3 F, OrpaHHYEHHOM B TONOAOrHH ¢ (F, (J); 310—
BEKTOPHOE MOANMpOCTPaHCTBO (i B F¥, comlpsmmeHHoe K MPOCTPAHCTBY F,
HaleleHHOMY TONONOTHeH OrpaHHYeHHO 3aMKHYTOr0 NPOCTPAHCTBA, acco-
LHHPOBAHHOH ¢ M0OOH M3 ToNoAOrWk B F, coruacyioliHxca C JBOHCTBeH-
Hoctbio Mexay F u G (ra. lII, § 2, ynpawwenne 13). Ecau G= G, 10 G
Ha30BCM 3azpaxcOeHHbiMm B FF

a) Ilycte M — 3aMKHYTOC BeKTOpHOE MOXUPOCTPaHCTBO B F (B TONO-
aoruu ¢ (F, ()). Tloxasatb, uto ecan ( —sarpaxgeHHoe B F¥, To
CoNpfxeHHoe K (axropnpocrpauctsy F/M, HajeleHHOMY TOMOJOruel
a (F/M, M°), —3arpaxknenHoe B aare6pamyecKoM compsukenHoM k F/M.

6) Jlasa toro utoOH OTAENHMOE JNOKalALHO BLIUTYKIOE IPOCTPaHcTBO E
OLII0 OrpaHHYeHHO 3aMKHYTHIM, HEO6XOAHMO H JAOCTATOYHO, YTOObI €ro
Tononorusa cosnagana ¢ t (£, E’), a E/ 6pi10 3arpawgennsiM B E*

*11) a) Myctp (E.) ¢ ; —— ceMeicTBO OTJeAHMBLIX JOKAIbHO BBIMYKIBIX
NPOCTPAHCTB H F —TMpAMas CyMMa IPOCTpaHcTB E,, HajleleHHad TOIOJO-
rueii, onpenenenHoit B ympaxuenun 7 § 1 ra. I. TlokasaTe, 4TO ImpoCTpaHl-
CTBO, COMpsX{eHHoe K F, KaHOHHYECKH H30MOP(HO NOLMPOCTPAHCTBY NpO-

H3BeNeHHs ]IEL' CONPMKEHHBIX POCTPAHCTB E:, 06pa3oBaHHOMY CeMei-
/tEI ’
CTBaMH (x,), B KOTOPHIX X, 7= 0 He Gofee ueM JAIs CYETHOrO MHONECTBA
uHgekcos. [Ilycts V, — npousBoabHas oxpectHocTh Hyas B E,. Iokasats,
4TO eclu xf#O i HECUETHOro GeCKOHeYHOro MHOMXECTBA HHJEKCOB,
TO CYU[ECTBYyeT yuCAO a >0 Takoe, 4TO B HeCYeTHOM GECKOHEUHOM MHO-
WecTBe OKpecTHOCTeH V|, cojepmaTcs 9JeMeHTH X,, IAA KOTOPHIX
(x, x) >a, u 3akmounts orciona, uTo (x:) He MOxeT NpHHaAexaTh F”.]

6) Iokasats, uto ecmu / HecuetHo, To F’/— He 3arpaxieHHoe B F*
(ynpaxuenue 10).

12) IMycte E — oTaeanMoe NOKaAbHO BHINYKIOE MPOCTPAHCTBO.

a) Jlas Toro uto6bl B CONMpsMEHHOM mpoctpaHcTBe E’/ CylllecTBOBano
noraomiaiouiee caabo OrpaHHYeHHOE MHOXECTBO, HeoOXOQuMO U JOCTa-
TO4HO, YTOOH TONONOTHSA IPOCTPAHCTBA E MamOpUpoBalach HOPMHPOBaHHOM
tononorueit. [CM. § 1, ynpamuenne 10.]

6) Has Ttoro uyro6usl B E’ CyliecTBoBalo TOTaabHOE B cnaboit Tono-
JOrMH PpaBHOCTENEHHO HeNpepbiBHOE MHOXKECTBO, HeoOXOJuMO H joCTa-
TOYHO, 4YTOOBl TOMNOJOTrHA IPOCTpaHcTBa £ MawopHpoBalla HOPMHPOBaHHYIO
TOIIOJOT HIO.

B) Has toro uto6nl B E/ CyliecTBOBaRO Iorioiyaioliee paBHOCTENEHHO
HenpephlBHOE MHOXECTBO, HeOGXOHMMO U ROCTAaTOYHO, 4TOOLI TOMOJOIHUA
B E Moraia 6biThb onpenefieHa ORXHOH HOPMOH,
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*13) a) Ilycts B mpocTpaHcTBe FE’, CONPMKEHHOM X OTACIHMOMY
NOK2NbUO BBIMYKAOMY MpPOCTPaHCTBY £, CYLUIECTBYeT CYeTHOE MHOXECTBO,
Bcioay maoTHoe B romoaoruu o (E’, E). Ilokasatsh, yTo TOrAa TOMONOTHA
npocTpaHcTBa E MamOpHPYET MeTpH3YeMyi0 JAOKAaAbHO BLINYKAyl0 TOIO-
JOTHUIO,

6) Ilycte F u (G -—BekTOpHBHE NPOCTPAaHCTBA B ABOMCTBEHHOCTH,
npuyeM B (B CYWECTBYET CYETHOe MHOXECTBO, BCIOAYy MIOTHOE B TOMO-
aorud ¢ (G, F), u nycTh (Xy)— NOCAENOBATENBHOCTb TOYEK H3 F, Kakaad
MOANOCAeI0BaTENbHOCTh KOTOPOH 06aafaeT NpejeabHoi Toukoit B F B TONO-
aorud o (F, G). IlokasaTh, 4TO TOrjga HeKOTOpas MNOJNOCAEAOBAaTEIbHOCTD
MOCNef0BaTENbHOCTH (Xy) CXOAHTCA K TOYKE NpPOCTpaHCTBA F B TOMOJNOTHH
s (F, G) (ymeopema [llmyasana®). [Nycts (b,)— cnabo naoTHad moc.e-
n0BaTenbHOCTh B (; BHIOpaTh U3 (X,) MOANOCAENOBATEAbHOCTb (Yy) TAK,
YTO6bI (Y, bp) CXOAMAOCH K Npefely NS KAXAOTO MHIEKCa p, M MOKa3aTh,
4TO TOCAEeN0BATENbHOCTb (y,) HMeeT JHIIb OfHY MNpPeAeNbHYI0 TOUKY
B cnabo#i Tomoaoruu ¢ (F, ().]

B) Ilycts E — MeTpu3yeMoe JOKaibHO BHIIYKIOE IPOCTPRHCTBO HAH
CTporud HHAYKTHBHbIH npemea (ra. I, § 2, n°5) mocaenoBaTenbHOCTH
METPH3yEMbIX JNOKaJAbHO BHIYKABX OPOCTpaHCTB. [lokasaTb, YTO ecCHH
(xn)— nOcrenoBaTENbHOCT TOYEK W3 E, Kawjas IOANOCAENOBaTelbHOCTh
KOTOpoH o6najaer mnpegenbHoii Toukod B E B OcaaGaeHHOH TONOJOTHH
6 (E, E’), T0 (Xy) COmepXUT NOANOCAENOBATENBHOCTE, CXOAAILYIOCA B 9TOH
TONONOrHY K HEKOTOpOH Touke npocrpaHctBa E. [Mcnoas3sys mpemnoxe-
aue 6 § 2 ra. 111, ceectn K cayuaw MerpusyeMoro E 4 manee — K clyyaio,
xornaGE — IIPOCTPAHCTBO CYETHOTO THIIA; B 3aKJiOYeHHe HCIIONb30BaTh
a) u 6).

) P))}—IYCTB E — 6anaxosckoe npoctpanctso 47 (N) (He aBasomeecsd
MPOCTPaHCTBOM cueTHOro Tuma; ra. I, § 2, ynpawuenue 8), U NycTb e,
NS KaWKAOro ueaoro n >0 — HenpepslBHas JuHeHuas ¢opma Ha E, OTHO-
cAw@as Kaxjaoi mnociaegoBateabHocTH x = (§,) € E ee n-i unen &,. Tloka-
3aTbh, YTO TNOCAENOBaTEAbHOCTD (en TOTalbHa B CONPMXKEHHOM IPOCTpaH-
cTBe E’, HajgeleHHOM tonoJorueii o (E/, E); xpoMe TOro, kaiias ee IoJi-
nocnenoBaTeNbHOCT, O0NanaeT IpefenbHOH Toukoik B E/ B TOMONOrHH
¢ (E’, E), HO HHKaKas TNONIOCIEOBATEbHOCTL IIOC/]E0BaTEAbHOCTH (e)
He CXONHMTCS B 9TOH TONONOTHH.

*14) a) Ilyctb K — KOMIIaKTHOe NpPOCTPaHCTBO, /1 — NMio6oe MHOKe-

ctBo B mpoctpanctee (K, R) Bcex HenpepbiBHBHIX YHCIOBHIX (YHKLHi
Ha K U fy— Touka npukocHOBeHHs muoxectBa H B (K, R) B Tono-
JAOruU &g MPOcTOi cxoguMocTd. [Ilokasath, 4TO f eCTh TOYKAa NPHKOCHO-
BeHUsl NS HeKOTOPOro CUeTHOro nogMHoxecrtsa Hy us H B TONOJOTHH J g
[Tloka3aTh, 4TO gas KawAOH Mapel LeABIX YHCed m, n CyweCTByeT KOoHeu-
HOe TNOAMHOXKeCTBO F(m, n) MHoxectBa f[1, obaajaiouiee clregyioLuM
CBOHCTBOM: AAA Kaxasix m Toduek & H3 K (1< k<m) cywmectsyer

feH (m, n) 1axoe, uto |fo (tk)_f(tfc)l<‘,1;' (1< kL m);, naa sroro

HCIIONB30BATh HenpepiBHOCTE (yHkiMit u3 (K, R) u KOMNaKTHOCTb
npoctpancrea K™.]
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6) Ilycte E — MeTpusyemoe JOKadbHO BBIIYKJOE IIPOCTPAaHCTBO H
H — npoussoabHoe MHOXecTBO B E. IlokasaTh, UTO ecliM Xy — TOYKA IPH-
KOCHOBeHUA MHOKecTBa I B ocnabnenHoit tonoaoruu o(E, E’), To x,
eCTb TOYKa NPHKOCHOBEHHS HEKOTOpOro ero cueTHoro nogmHoxectsa
B Tomotoruu = (E, E’) *). [Mcnoab3oBaTh a), NpHHAB BO BHUMaHHe, yTo £’/
ecTb OGbeguHeHHe CYETHOro YHCAa MHOMECTB, KOMIIaKTHbBIX B TOIIOJO-

“rud o (E/, E).]

B) Ilycts E — MerpuayeMoe JOKaibHO BLINYKAOE IMPOCTP2HCTBO HIH
cTporuit HHAYKTHBHEIH pegea MoCcAeI0BaTeNbHOCTH METPH3YeMbIX JOKaNbHO
BHIMYKABIX TpocTpaHcTB. Ilokaszate, 4to ecau /1 ecTb MHOXecCTBO H3 E,
OTHOCHTEIbHO KOMIaKTHOe B TOnoaorud s (E, E’), u xo— ero TOUKa IpH-
KOCHOBEHHs B 3TOH TONONOrMH, TO F/ COEEpHHT MNOCHeg0BaTelbHOCTDb
TOUeK (Xp), CXOJAIYIOCA K Xo B Tonoaoruu ¢ (£, E’). {(C nomougio npen-
aoxenus 6 § 2 ra. Il cBectu k cayuaio merpusyeMoro E. Mcnoan3o-
BaTb 6) AN CBejeHHsA K CAy4Yaio CYETHOro /f, YTO MOIBOJUT CyuTath E
METPU3yeMBIM NPOCTPAHCTBOM CYETHOrO THIIA; 3aT€M NPUMEHHTb ClelCTBHE
npegnoXxeHuss 3 W ympaxkHeHdHe 13B.]

*15) a) Ilycts K -— KOMIaxTHOE INpPOCTPaHCTBO H [T — NOAMHOXKECTBO
[IPOCTPAHCTBa RK, o0pa3oBaHIOe U3 HenpepblBHBIX (yHKLuH Ha K. Ilpen-
MONOXKHM, YTO Kakiad IOCNeIOBaTeNbHOCTb GyHKuuMH u3 /H obnagaet
B TONMOJOrUH INPOCTOH CXOAUMOCTH Ha K TOYKOH IDUKOCHOBEHHS, ABASAI-
ugedics HempepbiBHOH (yukiHed na K. [lokasaTth, 4TO 3aMbIKaHHe H wmuo-
wectsa /1 B R™ koMImakTHO U 06pa30BaHO U3 HelpephBHLIX (QyHKIHH Ha K.

[Moka3aTs, uto ecan 6bl & € H He GHAO HENPEPHBHO, TO CYIIECTBOBAMH Ghl
TOYKa a € K, uucao 3 >0, mocnenoBateNbHOCTb (X,;) TOUEeK H3 K u mocie-
IOBaTeNbHOCTD (fy,) GyHKuME u3 [, yroBAeTBOPAIOLIME CAENYIONIMM YCIO-

BuaM: 1°|a (xn) — 2 (@) | >d maa kawnoro 75 2°| fun (Xn) —Ffm (d) < 5

ans Beex m<m 3) | & (Xn) —fm (*n) | <5 ¥ [2(@) —fm (@) | <5 nan
Bcex m > n -1 [onpeneautsb nomen.oxamenbﬂocm (fm) ¥ (xp) MO m—myx-
uuu). Tloayyurs oTcioZa NPOTHBOpEYHe, pacCMaTpPUBas NpPejeabHyl0 TOUYKY f
MOCNeN0BaTeNbHOCTH (fy), ABIAALILYIOCA HepepHBHOKH PYHKLHEH No yciao-
BHIO, ¥ NpefeNbHYI0 TOYKY NOCAEHOBaTeAbHOCTH (x,) B K]

6) Ilycte E — KBa3umoaHoe OTJeqHMOe JOKaJbHO BHINYKJAOE MNpo-
cTpaHcTBO H /1 — MHOXecTBO B FE, Kawpad NOCIefOBaTeNbHOCTb TOYeK
Kotoporo o6nagaetr B E mpefeinHOH TOYKOH B TOmOAOrHM ¢ (£, E’). Iloka-
3aTb, 4TO // OTHOCHUTENbHO KOMIaKTHO B E B 3TOH TOmOAOruM (,meopema

Sbepaeiina*t). [PaccmaTpusas E Bmecto E, cBecTH K Clyyaio MoaHoro E.
Iorpy3uts E B E’* u ucronb3oBaTh a) U TeopeMy 4.]

B) Ilycte /— HecyeTHOE MHOXecTBO M E — IIPOCTPAHCTBO RY, uage-
JIeHHOE TOMOJMOTHeH, onpeneneHHol B ynpaxuenuu 7 § 1 ra. I (cM. ynpax-
uenne 1l1). TlokasaTs, yto B E’/ CyliecTBYOT MHOMeCTBa /{, He OTHOCH-
TeAbHO KOMMakTHbE B o (E/, E) u Takue, 4TO Kax fas M0C/Ae10BaTelbHOCTD

*) Jro (HeomyGauKOBaHHOe) mpennaoxeHHe coobuun Ham l. Kaplansky.
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Touek U3 /1 COmepKHUT NMOANOCAEeNOBATENbHOCTb, CXOALLYIOCA K HEKOTOPOH
touke u3 [ B tomoaoruu o (E’, E).

*16) a) Ilyctp K—xounaxruoe NPOCTPaHCTBO W /{ — BHINYKAOE MHO-
WEeCTBO B IPOCTPaHCTBE RE, o6pasoBannoe Hs HeNpepbiBHHIX (PYHKUUH
Ha K. Tlpemionoxum, 4YTO Kaxpaa yObiBaowas IOCAef0BaTeNbHOCTD
HeNyCThIX 3aMKHYTBIX BBITYKABIX IMOJMHOXCCTB MHOMecTBa /1 UMeeT Hemy-
cToe mepeceyenue. [1okasaTb, uTO 3aMblxanue F1 MuOmectsa H B RE xom-
NaKTHO W 06pa30BaHO M3 HeNpepbiBHHEIX (QyHkuuk Ha K. [PaccymnpaTbh Kak
B ynpawmuenud 15a, 3amenss f obueil Toukoii yGuBaioweil nocaegosa-
TeJbHOCTH BHIYKABIX MHOMECTB Ay, rue A, — saMxHyrtas B H Boinykaas
060;104Ka MHOXKeCTBa (QYHKUMH ff ¢ £ > m.]

6) Tlycts E — KBa3uNOJHOE OT/IeMHMOE JOKaAbHO BLIIYKAOE MpoO-
cTpancTBO M /1 — MHOXeCTRO B E Taxoe, UTO Kaxcnaa yObiBalouas rnociae-
IOBAaTENbHOCTL ero HemyCTHIX 3aMKHYTbIX BBINYKJBIX IOAMHOXKECTB O6na-
AaeT HeNyCTHIM NepecedyeHueM. Ilokasatb, 4TOo /1 OTHOCHTENBHO KOMIAKTHO
B E B tonoxaorun o (E, E’). [CBect Kk cayyaio noasoro E; cyutath E
HOrpyXcHHBIM B E’* M HCNIOAb30BaTh a) W TeopeMy 4.] .

17) Ilycts E — KBa3ullONHOE OTAENUMOE NOKaJlbHO BHIIYKJIOE MpO-
cTpaHcTBO. Iloka3zaTh, UTO B CONpPSXEHHOM MNpOCTpaHCcTBe E/ TOMNOAOrHUs
KOMIIaKTHOH CXOZHMOCTH eCTb CHAbHeHLIas H3 TOIIONOTHH, COBMECTHMBIX
C OBOHCTBEHHOCTBIO Meway £’ u E M MHIYUHDYIOIUMX B KaXAOM paBHO-
CTeNenno HelpephlBHOM MHOXECTBe H3 E’ Ty e TONOJOTHIO, YTO U chabas
tonoaorus s (E’, E). [Cm. § 1, ynpawuenue 12.]

18) a) Ilycts E — oTgeaumMoe JOKalAbHO BLIIYKAOE IPOCTPAHCTBO,
A — ypaBHOBelleHHOE BLIIYKJIOE MHOXecTBO B E W 4 — quHeliHas (opMa

-1
Ha E. Tloka3satb, yto ecan A z(0) 3amxHyTO B A, TO Cymenue # Ha A
HenpepsiBHO. [Iloka3aTth, 4TO B MpoTHBLUOM cayuae O 6bla Gbl TOYKOH IpHU-

KOCHOBEHHS a5 IlepeceyeHHs MHOwecTBa A ¢ HEeKOTOPOH I'UIepIIOCKOCTbIO
—1 1
u (a); BHIBECTH OTCloga, 4t0 AAa b ¢ A takoro, urto u(b)= —a, 5 b

-1
6b110 6Ll TOUKOH IpUKOCHOBeHHs MuOMecTBa A u (0).]

6) lyctb E —noaHoe oTAequMOe BelecTBEHHOE NOKalbHO BHIYKIOE
NpocTpaHcTBO. IlOKa3aTh, YTO ecaAH mNepeceyeHHe THHEPIAOCKOCTH F
CONPAXEHHOrO NpocTpancTBa E/ ¢ KaxAblM ciaG0 3aMKHYTHIM paBHOCTe-
NeHHO HenpepbiBHHIM MHOMeCTBoM M/ < E/ cnabo samkuyto, 10 [/ cnabo
3aMkHyTa. [Mcnonb3oBats a) u Teopemy 4.]

*19) a) Ilycts E — GeckoneuHoMepHOe npocTpaHcTBo Ppewe. IMoka-
3aTh, yT0o B E CyWecTBYIOT 3aMKHyTHe BEeKTODHblE MOZIpocTpaHcTBa M
u N rakue, uto MON={0} u M—|—N He 3aMkHyTO. [CBecTH K cayuyamio
NpocTpancTBa £ cyeTHOro tumna. Ilycts (x )— MOCIeN0BaTeNbHOCTD THHERHO
He3aBHCUMBIX HENPEPHIBHBIX JMHHEeHHbLIX (opM Ha E, o6pasyiouux BCoAY
TIOTHOE MHOXeCTBO B TOMNOJOrud ¢ (E’, E) (cleacTBHe NpejnoxeHus 3),
H Ly —1noanpocTpauctso B £, OpPTOroHaabHoe K MHOMECTBY Tex x:, ang
KOTOPbX [ 2m NyCTb Xy H Yy — JBa NHHEHHO He3aBHCHMBIX BEKTOpa
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B JAONONHEHHH K L,.q OTHOCHTEeABHO L,; [OKa3aTb, UTO X, H ¥, MOXHO
Bol6path TaK, 4yTo6bl 4 (0, X,) > 1, d (0, ypu) =1 u d (Xn, Yu) < 70 TRe

d — paccrosHue, onpenendiouee Tonoaoruiw B E. Iloxasate toraa, yto
3aMKHYTble BeKTopisie mnopnpoctpaicTBa M u N, nopoxnaeMble COOTBeT-
CTBEHHO BEKTOPaMH X, H Yy, 001ajgaioT TpeGyeMblM CBOHCTBOM; HCIOJb-
3oBaTh caeiactsHe 4 teopemsl 1 § 3 ru. 1]

6) JaTe npumep O6eCKOHeyHOMepHOTO OTHEMHMOr'0 JOKalbHO BBIMYK-
J0ro mnpocTpancTBa E TakoOro, yTo CONpseHHoe NPOCTpaHcTBO £/ conepmur
CYyeTHOE MHOXECTBO, BCIOAY IMOTHOe B Tonoaoruu o (E’/, E), u cyma
MOObLIX ABYX 3aMKHYTBIX BCKTOPHBIX IOANPOCTPaHCTB INIpOCTpaHcTBa E
samkHyTa. [Cm. § 1, ynpaxszenue 13.]

20) Tlycts E — mpoctpancTBo Ppeuie cyeTHOro Ttuma. Ilokxasats, 4TO
LN 3aMKHYTOCTH BHINYKAOro mHomecrsa A’ < E’ B tonoaoruu o (£, E)
IOCTaTOYHO, 4TOOH AaA MOoGOK MOCAes0BaTeNbHOCTH (x ) Touek u3 A,
obnagaiomeii B £/ npegenoM B ronoxorun ¢ (E/, E), s1oT mpegen a’ npu-
Haghexan A’. [McnonbsoBats Teopemy 5.]

§ 3. CuabHas TOMOJOTHS B COMPSIKEHHOM
K OTAEJMMOMY JOKAJBHO BHINYKJIOMY MPOCTPAHCTBY

1. Onpedenerue CurbHOE MOROAOZLL

Mycte E — BeuwrecTBennoe (COOTB. KOMILIEKCHOR) OTIEMUMOE JIOKAMLHO
BHIIIYK/J0€ TPOCTPaHCTBO M E/ — compswenHOe NpOCTPaHCTBO. Tak Kak
E'=L(E, R) (coots. E’=L(E, C)), To S-rtomoxorust B E’, nopoxpae-
Mas mo0uiM MuoxecTBOM & OrpaiHYeHHBEX MOLMHOXECTB MpocTpaucTaa E,
o6benHileHHeM KOTOPLIX CJAYXHT BCE F, ecTb OTZeNMMas JOKAABHO Bbi-
nykaaa tonoaorus (ra. III, § 3, npennoxenne 2). B uwactHocTH:

Onpenenemne 1. Cuasnoldl monoaozueli 8 npocmpancmse E’, co-
RPANACEHHOM K OMOAUMOMY AOKQAABHO BHAYKaOMY npocmpancmsy E,
HA3bLBAIOM  MONOAO2UI0 PABHOMePHOU CXxo0umocmu Ha 8CeX 0paru-
YeHHBLX MHONcecmsax u3 E.

«

Tak Kak o06pas orpaHdueHHOro MuoxectBa u3 E npu aw06o# romore-
THM OFpaHu4eH, T4K e KaK OrpaHuyeHHa BHIIYKJas 060104Ka oGbelM-
HeHHs JIOGOT'0 KOIIEYHOIO 4YMCJa OFpPaHHYeHHBIX MHOXECTB, TO M3 OIlpe-
neneHust okpecTHocTed nyas nas S-tomonoruu (ra. I, § 3, n°l) cpasy
BHJLHO, UTO NOAAPHL BCeX O2PAHUYEHHOLX mHONcecm8 u3 E (maum moaspb
dYHIAMEHTANLHOH CUCTeMbl OFDAHMYEHHHIX MHOMecTB M3 FE) obpasyor
GYHAAMeHTaNbHYI0 CHUCTeMY OKDeCTHOCTEH HyaAa IS CHABHOH TOMOJOrHH
B E.
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Mol 6yzeM uHOrZa ymoTpeOaaTb NpuaaratelbHoe ,CHIbHOE® H Hape-
yHe ,CHAbHO® A% O6GO3HAYEHHA CBOHCTB, OTHOCAM[HXCA K CHABLHOH TONO-
aoruu B E’. TlpoctpancTBo E’, HameleHHOe cHJAbHOM TomoJorueil, Gyner
HHOI'A HA3BIBATbCA ,CHABHBIM CONPAxeHHHM® K E.

3amevanusn 1) CunpHada Tomonorus B £’ onpepeasercs MOayHop-
MaMH

X |p = su y X7 |,
| x| we%l(x )

rae B mpoGeraer (yHAaMEHTANbHYI0 CHCTEMY OrDaHUYEHHBIX MHOMECTB
npocrpadcTBa E. B 4acTHOCTH, BAS TOro YTOOBI 3Ta TOMONOrUA Oblaa Mem=
pusyexoi, Heo6X0IMMO H TOCTATOYHO, YTOOH B £ cyllecTBOBalNa c4emHan
¢ yHIaMeHTaNbHasA CHCTEMa OrPaHMYEHHBIX MHOMX(ECTB.

2) U3 onpepenenns 1 HenocpeAcTBeHHO clenyeT, YTO NPH HageNeHHH
CONpPAMEHHOTr0 MpOCTpPaHCTBA £’ CUALHOK TONOJNOTHEH KaHOHHuecKas Gu-
auneiinas ¢opma (x, x7)—» (x, x’) okasmBaerca (&S, &)-zunonenpepus-
Hoil, rie & — MHOXECTBO BCeX OrpaHHYeHHHIX IOLMHOXECTB NPOCTpaH-
ctBa E, a &’ — MHOXECTBO BCeX PaBHOCTENEHHO HeNpPEPbIBHHIX MHOXECTB
u3 E’. Ho sta tdopMa BooGuie He HenpepbiBHa Ha E X E/ (ynpaxHenue 2).

3) flcao, uyto cHabHad Tomoaorud B E/ mawopupyer caabylo TONONO-
ruio ¢ (E’, E); u oHa BooGue cusbHee (ynpawHenue 1 u § 5, n°1). Huxe
Mbl YBHIHM, YTO OHQ He 00A3ameabHO €O2AACYemcA C JBOHCTBEHHOCTDHIO
mexny E/ u E (n°3). 3amerTuM, OmHaKO, YTO OHa HE H3MEHMAETCA NPH
saMene B E HCXoxHOH Tomojoruu ai0Goi Tomonorueii, coraacymoueics
¢ nBoOkCTBeHHOCTbIO Mexny E u E’ (§ 2, teopema 3).

2. C80licmea@ CuNbHO20 CONPIANHCEHHO20

[puMeHss K TPOCTPAHCTBY £/, CONPMKeHHOMY K OTIeIHMOMY JTOKA/IbHO
BHIOYKJIOMY HpOCTPaHcTBY E, pesyabTatel § 3 ra. I, oTHocamuecs
K S-TONOMOTHAM, Mbl BUAHM, YTO KAXJO0e PABHOCMENEeHHO Hefpepbl8roe
MHOXeCTBO U3 E’ cuavno ozpanuuenno (ra. 11, § 3, npepnoxenne 7)
H 4TO KaAOe CUAbHO 02PAHUYEHHOe MHOXeCTBO M3 E’ caa60 ozpanu-
yenro, KpoMe TOrO, HMelOT MECTO CJEAyIOUIHe ABa MpelioXKeHUS:

Meepnoxedne 1. Ecau E — Kx8a3unoanoe omoeaumoe AOKAALHO
BUNYIAOC NPOCMPAHCMEO, MO KaxucOOe CAAS0 02PAHUMEHN0E MOOMHO-
JHeecmBso coOnpAdscennozo npocmpancmsa E' cuavno ozpanunenno.

Do —vacTHht cayualt ciepctsust 1 TeopeMmm 1 § 3 ra. IIL

B sTOM caydae MOXHO T'OBOPUTbL NpOCTO 06 O2pauteHHsix MHOMe-
cteax B E’, Ges yroudeuns S-Tononoruu.
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Mpepnomedue 2. Ecau E— omdesumoe Oo0ueunoe npocmpan-
Ccmeo, mo Kadxcdoe caabo 02PAHUdCHHOe MHONCECMBO 8 CONPANCCHHOM
npocmpancmse E’ pasrocmenenHo Henpepeisno, G NOMOMY U CUABHO
02PAHUHERHO.

[puuuMas BO BHHMAaHHE NpENIleCTBYIOUME 3aMeyaHusd, 3TO — YiKe
ZAOKasanHoe CBOHCTBO (§ 2, Teopema I).

Takum 00pasoM, MOXHO CKas3aTh, UYTO JJf OTAe’MMOro GoueyHoro
npoctpanucTBa E MOHATHS DABHOCTENENHO HempepHBHOTO MHOXECTBa,
OTHOCHTeJbHO ¢aa60 KOMMAKTHOTO MHOXECTB3, CHJABLHO OFPAHMYEHHOTO
MHOXecTBA H c1a60 OrpaHHu4eHHOTO MHOXKECTBAa B CONMPSKEHHOM IpO-
cTpanctse E’ cosnadawom; B 3TOM cjlyuae Mu OyAeM TOBOPUTb MPOCTO
06 OzpanudenHbx MHOXeCTBaX B £/ Ge3 manbuelmlero yTodnenus,

Cxomus. Ecau E — Goueunoe mnpoctpaHcTBo, a E’—ero cusbroe
ConpRIcentoe, TO NOAAPb. OKpecmrocmel HYAA MOGOTO M3 ITHX NBYX
NPOCTPAHCTB 06Pa3Y0T PYHOAMEHMALLHYIO CUCMEMY O2PAHUYCHHBLX
MHOCECm8 LPYTOTO, A MOAAPH OZPAHUMEHHBX MHOdcecms — ghynoa-
MEHMAABHYIO cUCmeMY OKpecmuocmeld Hyas LPYTOro.

Meepnoxenne 3. Cusvnoe conpascennoe K omoesumomy Ooded-
HOMY NPOCMLPAHCNE) KEA3UNOAHO.

Ato —uactHe#t cayualt caenctBus 2 teopems 4 § 3 ra. I, otHo-
csulleficas K MOJHBIM MHOXeCTBaM B mpocTpaHcTBe Lg (E, F).

3. Bmopoe conpsiacennoe. Pegrexcusnsie npocmparcmsa

Onpenencuue 2. Ilyems E—omlesumoe A0KaasHo BunyKAoe
npocmpancmeo u E'—e20 conpsscennoe. Bmopsim conpaocenisim
Kk E wuassisaom conpascesnoe E' K omoesumomy aoKasbHo BuAYK=
AOMY NPOCMPAHCMBY, NROAY4aoUemycs npu Hadesenuu 'E’ cuivnod
monoaozuel.

Mycte x a8 Kaxnoro x € E— nuuertnas gopma x’ — (x, x') na E';
OHA HempephiBHa B caabo#t Ttomosorun o(E’, E), a motoMy TeM Goiee
B cuabHoft Tomoaoruu B E’, uHaue rosops, ;C'EE”; KpoMe Toro, x=0
paeder x =0, nockoasky E u E’ uaxomarcs B paBoitctseHsocTH (§ 1,
n°1). [Mosromy oToGpameHue X —>X eCThb H30MOPPUEM CTPYKTYPH BeK=
TOpHOro (He TOMOJOrHYECKOro) mMPOCTpaHcTsa B E Ha Takyw e CTPYK-
TYpy HEKOTOPOro MOAMPOCTPaHCTBAa mpocTpanctBa E”; paccmarpusas E
(8 KauecTBe He TOMOJNOTHYECKOTO BEKTOPHOrO NMPOCTPAHCTBA), MBI BCerna
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6yleM CcUYMTaTh ero MOrPyXeHHHIM B E” MoCpencTBOM 3TOFO 0TOGpameHus
(Ha3LIBAEMOTO  KaKOHu4eckuMm). 3aMeTHM, 4TO OTOGpaNeHue £—>X
He 00s3aTeJbHO HeNPEpBIBHO TPHU HajeteHHMH E e€ro MCXOAHOM TOmOJO-
ruelt, a E” — cunabuol (cM. ynpaxuernus 5 u 6). Onnako ecau E 6ouenro,
TO CuAbHas TomoaOrust npoctpanctsa E” uupyuupyer B E, paccMarTpu-
BaeMoM Kak ToOrpyxeHiuoe B E”, ero HCXONHYIO TONO.IOrHIO; 3TO BHITE-
kaet 3 Cxomun n°2.

OnpeaefEHME 3. Omlesumoe A0KAARLHO BBINYKAOE NPOCMPAH-
cmso E Ha3blsaemcss NOAYPePACKCUBHBM, eCAU KawOAs aurelnas
gopma Ha conpadicenrom npocmparncmse E', nenpepeisnas 8 cusbhod
monoaozuu, Henpepuigna 8 caaboi monoaozuu (MHaye rosops, Mpel-
crasuMa B Buje x’ — (%, X'}, rae x € E).

To e caMoe MOXHO BBIPA3UTb, CK23aB, 4TO £ x 0T06pamaeT' E
na E’, wm emie —uto E u E” aazeGpanyecrku comnagaior. ITO 0O3HA-
yaer TaKXe, YTO-CHIbHaA Tomojorus B E' cozaacyemcs c¢ dsoiicmsen-
Hocmeto Mexny E n E’.

[Meennoxeune 4. IIpocmpawncmso E’, conpsjcernnoe K noay-
pedhaercusnomy npocmparcmsy E, 6oweuno 8 cusstod monoasozuu.

HettcTBUTeabHO, Gouka B CUABHOM compsikeHnoM E’ ectb Toraa nojspa
orpandueHHOro MHOxecTBa u3 E (§ 2, crepcrBue 3 npemnoxenus 4) u
TeM CaMblM OKDEeCTHOCTb HYJf B CHAbHOH TONO.JIOTHH.

TeorEMA 1. Jaf moz20 umoGo. omlOeaumoe AOKAAbHO BHILYIKA0E
npocmparcmso E Guao noaypegaexcusioim, Heob6xodumo u docma-
mouro, 4mobs. 8 ocaabaennol monosozuu o (E, E') xaxcooe 3amxry-
moe ozpanuvennoe MHodcecmso u3 E 6bln0 xomnakmuo.

B cuny upepnowxenust 4, HeoGXOAMMOCTb 3TOTO YCJIOBUA CPasy Cie-
nyer u3 Teopembl 1 § 2. O6patHO, NPELNOJOKHM, YTO B TONOJOTHH
6 (E, E’) xaxaoe 3aMKHYTOe OTPaHMYEHHOE MHOKECTBO U3 E KOMMaKTHO.
Torga cuibdas Tomotorus B E’ ectb ©-Tomonorust, onpelenseMas HeKo-
TOpHIM MHOXecTBOM & YpaBHOBEUIEHHBIX BHITYKJABIX Muokects us E,
KOMIAKTHHIX B TomoJgoruu ¢ (E, E’) (a MMeHHO — BCex 3aMKHYTHIX YpaB-
HOBellleHHBIX OFPaHUYeHHHX BHINYKAHX MHoxecTB u3 E). M3 rteopemnl
Makku (§ 2, teopeMma 2) ciaepyet Ttoraa, uto E ectb comnpsienHoe k E’,
Halle/leHHOMY CHJBHOH TOmOJOrHeH.
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3aMeyanus 1) [asa noaypedaekCHBHOCTH lIpocTpaHcTBa £ Heo6-
XOQUMO H JOCTaTOYHO, YTOOB KaXAO€ 8s71yK.A0€ CHIDHO 3aMKHYTOE MHO-
#ecTBO B E’ 6bA0 caa60 3aMKHYTO. JleHCTBUTENbHO, 9TO HeOGXOAUMO
cornacHo TpegaoxeHHo 4 § 2; o6patHO, eCHH Kawngas CHAbHO 3aMKHYTas
runepnaockocts B £/ cnabo 3aMKHyTa, TO Kaxjas CHAbHO HempepblBHas
nuHeHHas ¢opma Ha E’ cna6o HenmpepwiBHa (ra. I, § 2, Teopema 1).

2) U3 reopems! 1 cpasy rcledyer, 4To nmoaypedaeKCHBHOC NPOCTPaH-
cTB0 E K8a3unoawo B ocrabaenHoii Ttomoaoru# o (E, E’) u Ttem Gonaee
B HcX0aHOH Tonoaoru# (§ 2, n°4). MMosToMy Kaxaas 110CA€L0BaTEIbHOCTD
Kown (x,) B E orHocutensno tononoruu ¢ (E, E’) obranaer B £ npene-
aoM B sTod Tomoaoruu (ra. I, § 2, n°® 5).

Ecan E monypediekcuBHo, TO, PacCMaTPHBAA €0 KAK COMNPSKEHHOe
K E’, MOXHO BBOAMTE B HeM @&’ -tomojsoruu, rie & — MHOMeCTBA MOJ-
MHOXeCTB u3™ E’, orpaHuuenHbix B CHALHOM TomoJoruu. B uacTiocTu:

OnpPEncaeHuE 4. Omdeaumoe 40KAABHO BbolnyKaOe NPOCMLPAH-
cmso E nasmgaemcs pedhaeKcusHbiM, eCall OHO NOAYPePACKCUBHO U
€20 uCXO0HAR monoaozus cosnadaem ¢ monosozuell pasLoMeprol cxo-
OUMOCMU HQ CUALHO 02PARUYCHHOLX MHONCecmBax 13 E' (uHate roBOpS —
C curbHOM TomoJdorueit B E, paccMaTpuBaeMoM Kaxk CONpPSXKEHHOE K €ro
CUJIbIiOMYy conpmxeHHoMy E).

TeoreMa 2. dus moz20 4moGs omdeaumoe a0KAABHO BHLILYKAOE
npocmpancmso E 6uao pegaexcusHoim, Heo6X00uM0 u 00cmanmoiro,
umoGsl OHO Ob6la0 GouedHbIM 1 4¥MOBbL 8 0caabaennod monorozuu ¢ (E, E')
Kascdoe 3aMKHYNMOE 0Zpariutennoe mHoscecmso u3 E Gola0 KOMRAKMHO.

Bropoe ycnosue Bmpamaer, uto E moaypeduexcusHo (teopema l).
Bynem B nanbHeimieM mnpeanoJaraTts, 4TO 3TO YC/AOBHe BBIUIOMHEHO, TaK
YTO MOXHO TFOBOPHTB 00 OrpanM4eHHbLIX MHOXeCTBax B £/, He YyTou-
HAs — B Kako#t &-rtomonoruu (mpepiowenne 4 u § 2, Teopema 1). bouku
B £ (B HCXOIHOH TONOJOFHH) — 3TO MO.IAPb YPAaBHOBELIEHHBIX OrPAHH-
YEHHBIX MHOXecTB u3 E’ (§ 2, caenctue 3 mpennoxenus 4). [losTomy
nas pedaexcusiocty E, B cuny onpenefenust CHAbHOH TOMOJMOTHH, HeoOG-
XOLHMO H A0OCTaTO4HO, 4TOOn OOUYkH B £ OblAM OKPECTHOCTAMH HYJI4
B HCXONHOH TONOJOTHH, T. €. 4T0Ob £ OblN0 GoYeuHbiM.

Mpennoxenue 5. Cuasnoe conpascentnoe k pedireKCusHoMY Npo-
cmpancmsy pedhaercusko.
910 cpasy clenyer us onpeneledus 4.
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‘4. Monmeanescrue npocmpancmaa

Onpenenevue 5. MoHrmenesckum npocmpancmsom Has3sl8aemcs
omdeaumoe Goueunoe RPOCMPAHCMBO, 8 KOMOPOM KaHCO0e 02paHuter-
HOe MHONCECMBO OMHOCUMEABHO KOMRAKMHO.

MNpumeps. 1) Kawgoe xoHeduHOMepHOE MPOCTPAHCTBO— MOHTENEB-
ckoe. HOpMuposarnHOe MOHTeNeBCKOe NMPOCTPAHCTBO JNOKANbHO KOMIIAKTHO
H, Clef0BaTeNbHO, KOHeuHOMepHO (ra. I, § 2, Teopema 3).

2) Ilyctb § — BeKTOpHOE MPOCTPAHCTBO BCeX OCCKOHEUHO dudghepen-
yupyemolx 4ucaoBbix ¢yHxkuuii Ha R. Jns kawno# mapol Leablx 4HCelX
n>0, m>0 n xaxgod GyHkuHU f€§ monOKUM

Pam (D= sup_|Ft™ (&) |
-n<Lt<n

SICHO, YTO Py — NMONYHOPMBL Ha §, Ompeneasiolu(He B STOM IPOCTPAHCTBE
MeTDH3yeMyI0 JOKanbHO BBIIYKAYI0 Tomotorwio. Ilokamewm, uto §, Hage-
JeHHOe STOH TONONOruell, ecTb MOHmeaesckoe npocmparcmeo Ppeue.
JeiicTBUTENbHO, ACHO, UTO AAA M1060H mocaegosBateabuocTu Komn (fx) B §
NOCNEn0BaTENLHOCTh POU3BOLHBIX m-T0 NOPAAKA (f%"'))kEN (m eN) cxo-
DMTCSl PABHOMEPHO Ha KamJOM KOMIIAKTHOM MHOXecTBe U3 R k HexoTOpoO#
HenpepHBHOK (GYHKUUH g,,, TIDHYEM B CUAY TeOpeMbl O paBHOMEPHOH CXO-
IHMOCTH NepBooGpasunix (PyHxu. Beu mnepeM., ra. Il, § 1, teopema 1)
Em= go”'). d10 nokasbiBaeT, YTO § no.Ho. Ilyctp tenepp B — orpainu-
yeHuoe MHOwecTBO M3 §. Ilponssogusle (m - 1)-ro nmopsagka paBHOMepHO
orpaHMYeHHbl Ha KaMIOM KOMIAKTHOM wuHTepBale Ky =[—n, n] us R;
B CHJIY TeOpeMbl O KOHEUHbIX MPUPAI[EeHUsX, OTCIOAA ClelyeT, YTO CYXeHUus
Ha K, NPOH3BOIHLIX Mm-TO NMOpALKa QYHKUHK U3 B 00pasyioT Ans KakKRoro
m> 0 pasHOcmeneHHO Henpepbl6HOe MHOMXECTBO; TeopeMa ACKOJH IOKa-
3bIBAET TOTAA, YTO 3TO MHOXECTBU OMHOCUMEAbHO KOMNAKMHO B TONOJO-
THU paBHOMEPHOH cxoguMocTd Ha K, (O6uw tom., Pes, § 13, n°18; ra. X,
§ 4, teopema 1). Tem caMbIM AJs Kawpaoro uenoro r u kawporo & >0
CYyLIeCTBYEeT KOHeuHoe MOKpHTHE (A;) MHOxecTBa B Takoe, uTo Ajst MOGBIX
IBYX OYHKUHE f, g, IpuHalJexalMX ONHOMY M TOMY Xe MHOMXeCTBY Aj
Pam (F—8)<e (0 m<r), uaniMu cnoBaMu, B npedxomnaxmno, a
Clle1oBaTeNbHO, OCKOAbKY § NOJHO, H OTHOCHTENbHO KOMINAKTHO B §.

3) °IIpocTpaHCTBO BCeXx 2040MOp@PHoLX PYHKYW HA OTKPHITOM MHO-
wectse u3 C®, HajgeleHHOE TONOJOrHei KOMIAKTHOH CXOAMMOCTH, €CTb
MOHTeNeBCKoe npocTpaHcTBO Ppeme. ToyHO Tak e M NMPOCTPAHCTBO BCEX
2apMoHudecKux GyHKyui Ha OTKpLITOM MHOMecTBe u3 R™, nanerennoe
TONOMOTHEH KOMNAKTHOH CXOZMMOCTH, €CTb MOHTENEBCKOe IpPOCTPAHCTBO
Ppemure., :

MpeeanoxeHuE 6. B xaocdom ozpanuuennom noomnodxncecmse B
Mmonmenesckozo npocmpancmsa E ucxodnan u ocaabrennas monoiro-
2uu uHdyyupyiom 00Ky U my e Monosoui,
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OueBHIHO, MOXHO OTPAHHYHTHCA TeM cAyuaeM, KOTAa B 3aMKHYTO
(B HcxoaHo#i Tomosoruu). Tak Kak TomoJorHs, uHAyuupyeMas B B ocaa-
6neHHOfl Tomonoruefi, oTaegMMa H M3aXopUpyeTCqa ToNOAOTHEeH, HHAYUH-
pyemo#i ucxonHok Tonosornell, a B mociensehi B KOMIIAKTHO, TO 3TH

Ase TomojoruH cosnajaiwt (O6w. Tom., Pes., § 8, n°5; ra, I, § 10,
n’ 4).

Caenctsue. B moumesnescom npocmpascmse E xawcdoili gpussmp
€O CHEMHLIM 0a3UcOM, CX00AWulics 8 O0CAQGAEHHOH monosozuu
K mouxe Xy, CX00UMCR K X & 8 ucxo0Hod monosozuu.

HocTaTouHo [LOKa3aTh CIPABELIHBOCTbL STOT0 YTBePKAEHHN NAA Sie-
MEHTAPHOr0 QUALTPA, ACCOLHHPOBAHHOTO C MOC/EL0BATEILHOCTRIO (€2 I
(O6w. Tom., Pea., § 2, n°10; ra. I, § 5, n°10). Ho ecan nocaexosa-
TEABHOCTh (X,) CXOLHTCA K X, B Tomogorun o (E, E'), To oHa orpauu-
ueHHa B 3TOH Tomonoruu, a, CJeN0OBATENbHO, TaK¥e B HCXOLHOH Tomo-
aoruu mnpoctpaHctsa E (§ 2, teopema 3). Ho B TakoM cayuae Tonomo-
Tus, HHLIYUHpYeMas HCXOLHOH Tomnosorued B MHOMecTBe, 00pasoBaHHOM
TOYKAMH X, U X, (n > 1), coBnagaer c ToNoJorHeH, KOTOPYI HHAYLH-
pyet o(E, E'), 0TKyna M BHTeKaeT CNpaBeiAHBOCTb YTBEPKAEHHS.

M3 onpegenenna 5 u TeopeMe 2 cpasy BMIHO, YTO MOHTENEBCKOE
NPOCTPAHCTBO peghaexcusno. Kpome Toro:

Meenaoxenue 7. CusbHoe CONPAINCERHOE K MOHMEALBCKOMY NpO-
CMPAHCMBY eCMb MOHMEALBCKOE NPOCMPAHCMEO.

B camoM nese, mycTe E— MOHTeneBCcKoe NpOCTpaHcTBO M E/ — ero
cuapHoe conpsmkeHnoe. Tak kak E peduaexcusHo, To E’ Goueuno (npep-
aoxeune 4). [NoxameM, 4To Kaxioe orpaHuueHHoe 3aMKHYTOE BHIMYKJI0E
MHOXeeTBO B’ B E/ cuasno koMmaktHo. Tak kak E Goueuno, To B’
PaBHOCTENENHO HelpephiBHO (TIpeNJoKeHHe 2); MO3TOMY TONOJOrHA, HHLY-
uupyeMas B B’ cuaboit tonoaorue#t o (E’, E), coBnamaer ¢ tonoaoruei,
HiAynupyeModl Tomonorue#t xomnaktuod cxommmoctu (rx. I, § 3, npen-
aoxehue D). Ho kaxnoe orpaHudeHHOe 3aMKHYTOE MHOXeCTBO B F KOM-
NaKTHO, TaK 4YT0 B E’ TOMNOJOTHS KOMIAKTHOM CXOLHMOCTH COBHanaer
¢ cuaeHoli. Tax xak B’ caabo xomnaxtno (§ 2, npepaoxenus 2 u 4),
TO 3aK/AlouaeM, 4TO OHO CHJIBNIO KOMIOAKTHO, M NpeaToxeHHe NOKa-
3aHO.
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YupawxueHus. *1) Ilycts E—oraeanmoe J0Kaabio BbIMYKIOC
MPOCTPAHCTBO.

a) Jlns Toro utoGb! B COMPAMEHHOM npocTpanctBe E’ cuipHas TOINO-
JOTHS coBHajana co ciaaboif, Heo6X0AHMO H JOCTATOUYHO, YTOOLI TOMOMOrHSA
OTPaHHYEHHO 3aMKUYTOrO INPOCTPaHCTBa, accouuuposauyoro ¢ E (ra. 1lI,
§ 2, ynpaxuenue 13), 6bina cHabHCHWed M0KaAbHO BHLUTYKJIOH TOMOMOTHEH
B E.

6) Jdas Toro urolbl CHAbHas TtomoJorus B E/ cosnamana ¢ T (£, E),
HEO6XONHMO H IOCTaTOUYHO, uTOOH E GBLI0 HOMYypedACKCHBHO.

B) lpexnonoxum, uto E — undppaboueuHoe npocrpancrso. [as TOro
uTO6bI CHABHAS TOUOMOTHA B E’ coBranana ¢ TONONOTHEH KOMIIaKTHOH CX0-
JIHMOCTH, HEOGXONIHMO H NOCTAaTOUIlO, 4TOOW E 6bl10 MoHTedesckuM. [Cu.
ra. 11, § 3, ynpaxnenre 10.]

2) Nycts E — orneanMoe M0KalbHO BHIIYKI0€ MPOCTPAHCTBO H E/ — ero
COnpsiMEHHOe, HajelcHiioe S-tonodorueid, rae & — NOKPLITHE TPOCTPAH-
ctBa £, 06pa3oBallioe OrpaHHUYEHHbIMH MHOXecTBaMH. [lokasarte, 4TO 117
TOro, 4TOGH GHiHHeliHas dopma (X, x')—> (x, x’) Obina HenmpepbiBHA Ha
E X E’, He0o6X0AMMO M HOCTATOYNO, YTOGHL TONOJOIHI0 B £ MOWHO 6blio
ompemeNHThL oanol HOpMOH, a paccmaTpuBacMas S-TonONOrHA GbiNad CHAb-
Hoit Tomomorueit B E/. [Cm. ra. 111, § 2, ynpaxsenune 2.]

#3) a) Ilycte E — OTACAMMOE JOKalXbHO BBINMYKJIOE HPOCTPANCTBO,
C — 3aMKHYTO€ YDPaBHOBENIEHHOE BHIIYKAOC MHOXeECTBO B E H u — JIHHEH-
Hast ¢opma ua £. Tlokasarb, 4TO eccAH cyxeHHe # Ha C HempepbLIBHO
B MCXOIHOH TOTMOJOrHH, TO OHO HENpepbBHO H B Tonoaoru ¢ (E, E’).
[Mcnonb3oBats ynpawwuenue 18a § 2.] INokaszaty Ha HpHMepe, UTO CYXeE-
HHE 4 Ha BEKTOPHOE MOAnpocTpaHcTBO M, MopoxieHnoe wmuoxectsoM C,
He ofs3atenbiio HenpepmidHo. [3a E B3ATL R™), nancaeunoe HopMmoit
fxll =sup|€,|, a 3a C — naaaexaium 06pa3oM Bui6paiiHOe BBINYKIOE

n

MHOX€eCTBO, Mopoxaamiiee E.]

6) Ilyctb @ — mokpuitHe npocTpanctsa £, o6pasoBaliHoe 3aMKHYTHIMH
YPaBHOBEWEHHBIMH OFPaHHUEHHBIMH BLIMYKJALIMH MHOXecTBaMH. [lokasartb,
YTO MOTOJHEHHEM TpOcTpaHcTBa £/, Hailenewioro S-Tomonorue, CIyKHT
BEKTOPHOE mpocTpaHcTBO F Bcex auueiinbix ¢opM Ha E, CymeHHA KOTO-
PHIX Ha KaxJoe MHOxecTBO H3 & HeNlpepulBHbL (,meopema ['pomenduxa*).
[HUro6bl 1OKa3aTh, UTO AMA Kawnol anxeHHON dopMmel u ¢ F, kawaoro MHo-
wectBa A€S M xawnoro >0 cywecTByeT auHednas dopma v E’
Takaf, ut0 | & (x) —v(x) |<e a1d Bcex X ¢ A, 3aMeTHTb, YTO CYWKECHHe 4
Ha A B culy a) cna6o HeupepuiBHO H uT0 A cna6o HpeaKOMNaKTHO.
CeecTH, TakuM 06pa30M, 10Ka3aTeIbCTBO K CAENYIOULEH 3amaye: NyCTb
3aiaHbl MHOXECTBO B ¢ &, KOHeuHOMEepHOe TOAUPOCTPancTs0 M npoctpaH-

o €
ctBa £ W auneiinaa dopma uy Ha M taxas, uto | &y (x) |<T s BCEX
X € B M; npononxurs &y 10 HENPEPLIBHOH NHHEHHON dopMbr v € E/ TaKo#,

&
uto | v (x)| < 7 Aas BCeX x € B. lns pelLueHHsi c€ KCIIOMLb30BATh NPEiIo-
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wenue 4 § 3 ru. ”,anMeHelmde K npoctpancTBy E’*, HaaeleHHOMY Tomo-
aorueit ¢ (E*, E).]

B) BoiBecTH H3 06), uTO CHILHOE COMPAMEHHOE K OTACIHMOMY Orpa-
HHYEHHO 3aMKHyTOMY UPOCTPaHCTBY (M, B 4acCTHOCTH, K METPH3YEeMOMY
JOKaJNbHO BLINYKAOMY nipocTtpanctBy) moaso. [Cm. ra. I, § 3, ynpawne-
Hue 18.]

r) lNokasaTs, uTO HOUOJIHEHHE E OTAENMMOro JNOKadbHO BHIIYKJIOrO
npocrpanctea E MOMeT GbiTb OTOXAECTBIENO C MPOCTPAHCTBOM BCEX M-
Helubix Gopm Ha E’, CyxeHHe KOTOPLIX Ha KaX10€ PaBHOCTENEHHO Hempe-
peiBHoe Miuoxecrso 3 E’ cnabo menpepuiBHO. Iloayunts orcioma HOBOe
nOKazaTeabcTBo Teopemht 4 § 2.

4) TNycts / — HecueTHOe MHOMECTBO W E — npamag cymma R(’), Haje-
JCHIlIag TOMOJAOrHeil, onpeaeleHHOH B ynpawHenun 7 § 1 ra. I. [Moxasars,
UTO cHAbHOe comnpaxennoe E/ k E 1le nomio H uro B £ cyulecTBYIOT
CHJbHO OrpallHycHHbBIE MHOXECTBA, He ARJAIINHECS OTIOCHTEbHO cnabo
koMnakTHeiMH. [CM. § 2, yupaxnenue [1.]

5) IycTs £ — OTAEAHMOE JI0KaJbI0 BRITYKNOE 1IPOCTPAHCTRO, By — MHO-
MECTBO BCEX PABHOCTCIICHHO HENPCPLIBHLIX BHIMYKAWX MOAMHOWECTB CO-
NIPAMEHHOro npoctpanctTsa £/, By — MHOKCCTBO BCEeX OTHOCHTENBHO clMabo
KOMNAKTHLIX BBIIYKJABX MHOecTB H3 E/, B3 — MHOWECTBO BCEX CHIBHO
Orpand4enHbiX BBUIYKJbIX MHOXecTB M3 E’ n B, — MHOXeCTBO BceX clabo
OrpaHHUEHHLIX BBIIYKABX MHOwecTB u3 E’, ITokasars, uto B By
CB; =B, [Cm. § 2, reopemnt 2 u 3.] Jdatb npumep npocrpaHcTBa E,
JJisi KOTOPOrO 3TH UeTbipe MHOXECTB2 HOAMHIOXECTB MOIAPHO PAIMHUHBL.
[[Tpuiate 3a £ npou3BenenHe TPexX NMPOCTPANCTE, AAA KOTOPHIX COOTRET-
crBeniHo By == By (cm. § 2, ynpamuenne 46), B, = By (ynpaxuenue 4)
H Bz = B, (cm. ra. 111, § 3, 3ameuanne nocle caeacTsus | Teopemut 4).)

#*6) a) Ilycth E — OTAenuMOe JOKalbHO BbHITIYKJIOC 1POCTPAHCTRO.
JdokaszaTh PaBHOCHIBHOCTb CHCAYWU{HX cBOHCTB: a) E uHdppaboueuno
(ra. lII, § 2, ynpawuenre 12); B) xampoe CHabIO OrpaHHueHHOE MHOXe-
cTBO B E/ PaBHOCTEMNEHII0 HEIPEPBIBHO; ) KawlOe CHIBHO OrPaHHUEHHOE
MHOeCTBO B E/ OTHOCHTEAbHO €1a60 KOMNAKTHO, @ HCXOXHAs TOMOMOrHs
npocrpancrsa E coBuajaer ¢ t(E, E’); 3) TonoJaorus, HHayunupyemas B E
CH.IBTOH TOMOJXOrHeli BTOPOro compseHHoro E”, coBnajgaer ¢ HCXONHOH
tonojoruei B E. 3aMpiKaHds B TONOJOrHH o (£7, E’) Mnoxecrts, obpasyio-
KX (PYHIAMEHTaABHYIO CHCTEMY OKPECTHOCTEH Hyis NAf MCXOJHOH TOIO-
sorud B E, obpasyior Toria ¢yniaMeHTaNbHYK CHCTEMY OKPECTHOCTEH
HyRsi pAs CuAbHOH TOMoJOrMH B E”.

6) IloxasaTb, ut0 ecaH E wuHppaboueudo, a ero comnpaxeHHuM E’
cayxuT aareGpanueckoe comnpsugenHoe E¥, To Mcxoamoil rouonorueil B E
ABJASCTCA CHAbHeHilas JOKajibHO BbiMyKiaas Tomodorus. [Mcnoabs3oBath a)
u ynpaxicuse 116 § 1.]

*7) Mycts F u G — BEKTOpHblE 1UPOCTPAHCTBA B JBOHCTBEHHOCTH.
Adas Bcex tononoruit F B F, corlacymouHxcs ¢ ABOHCTBCHHOCTBIO MEMIY
F u @, cunnnas Tomoiorus B (7, paccMaTpHBacMOM Kax compsxenHoe x F,
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onna ¥ Ta ke (§ 2, Teopema 3) M TeM caMbiM 33aBHCHT JHIIb OT ABOH-
CTBeHHOCTH Mexay F u G; 6yaem o6osnavats ee (G, F).

a) Jloxas3aTh PaBHOCHALHOCTb CReAYIOI{HX CBOHCTB: a) F, HapereHHoe
Tononorueit §, corjacywueica ¢ xsoicTBeHHOCTRIO Mexay F H @, noay-
pedaexcusno; B) G, HanexeHHoe Tonoxaorueit t (G, F), 6oueuno; 1) F, Hane-
nenunoe Ttonogorueit T (F, (), KBa3MNMOJNHO H Kaxjnasg orpaHuuyecHHas
MocNe10BaTeNbHOCTL TOUeK H3 F obnajaeTr mpejelbHOH TOUKOH B TONONO-
ruu o (F, G) [cM. § 2, ynpamuenue 156); 3) F, HajeneHHOE TOMOJOTHEH
t(F, (), XBa3umonHO M KaXkZAas yObIBAIOUAf NOCAEIOBATENLHOCTh HE-
NycTHIX OrPaHHYeHHbBIX 3aMKHYTHIX BHINYKJbIX MHOXecTB B F oGaagaer
HenycTeiM nepeceyeHneM [cM. § 2, ynpawwenne 166].

6) Jloka3aTh PAaBHOCHIBHOCTH CHENYIOU(HX CBOHCTB: a) F, HaneleHHOE
tonoaorueii T (F, G), pedaexcusno; B) G, HanenenHoe Tonoaorueit t (G, F),
pedaexcuBHo; 1) F u G, HajeleHHbie COOTBETCTBEHHO TONONOrHAMH t (F, ()
u t (U, F), 60ueuntl.

8) Ona Ttoro urobbli KBAa3HMONHOE OTASHHMOE JOKalIbHO BHLIMYKIOe
NPOCTPAHCTBO GLiO MoaypedaeKcHBRbIM, HEOOXOIHMO H AOCTATOUHO, YTOGEI
6n10 noaypedaeKCHBHO KaXJ0e ero 3aMKHYTOe BEKTOPHOE NOINPOCTpaH-
CTBO, COxEpXKal(ee BCIOAY IIOTHOE cueTHOe MHOxecTtBO. [CM. § 2, ynpax-
Henue 156.]

*9) Mycts £E —wHe mnonypedaeKcHBHOE  KBa3HIIOAHOE OTAEIHMOE
JIOKaNLHO BHITYKJIOE MPOCTPaHCTBO; H — 3aMKHyTas THIEpPIIOCKOcTh B E,
conepxaman Hauano; (Cp)— ybblBawou@as NociaeqoBaTelbHOCTb HEMYCTHX
3aMKHYTHX BBHITYKJbIX OFPAHHYEHHBIX MHOXECTB B fI, HMemoulas nycroe
nepeceueHne (ynpauueHde 7a); X —TOuKa, He npuHamIexamas ; u
A — 3aMKHyTasi ypaBHOBelleHHasi BBITyKJIas 06010uKa 06beIHHEHHS MHO-

HECTB (l -———) x4+ Cy (n>0).

a) [Tokazath, uto A He o6lanact ONOPHOH THMEPIIOCKOCTbIO, Mapasi-
neapHodt H. [[IpuHatb BO BHHMaHMe, uTO 1JA Kaxnaoro y € x| H cyme-
CTBYET ueloe 7 TaKoe, YT y¢x+ Cal

6) Iycts 2 ¢ H TakoBo, 4To z$Co. [Tokasatb, 4TO BHIMyKJaas 060-

n04Yka 06belMHEHHA JBYX 3aMKHYTBIX OrPaHHYEHHBIX BLIMYKIbIX MHOMKECTB
Au B= x4 24 C, He 3amxuyTa. [[l1a 9TOr0 NMOKas3aTb, YT0 X -+ 2 €CTb
TOYKA NPHKOCHOBEHHS 9TOH OBOMOUKH, HO HC TMPHHAANCKHT ei.]

*10) Iycts E — otaeanmoe vHdpaboueyHoe MPOCTPAHCTBO.

a) TTokasarb, 4TO €ciH CHAbHOE conpsxeHdoe E/ K E OrpaHHueHHO
3aMKHYTO, TO MONOJAHEHHE E TMpOCTpaHCTBa E, paccMaTpPHBAEMOE KaK Bek-
TOPHOE MNOATIPOCTPaHCTBO B E’* (ympaxHende 3r), COLEPKHTCA BO BTO-
pom conpawennoM E”. [CM. ynpawHenue 3.]

6) E Ha3bniBaeTca NPasUAbHbIM, €CIH Kaxoe MHOXecTBO B E”, orpa-
HHUEHHOE B TONMOJOTHH & (E”, E’), colep¥uTCcsA B 3aMbIKaHHH (B 9TOH TOMO-
JOTHH) HEKOTOPOrO OrpaHHYeHHOro MHOuecTBa W3 E. [lokasaTb, uto 1as
TOro, uro6usi £ 6BLIO MPaBUIbHBIM, 1€06XOAHMO H AOCTATOYHO, YTOGH ero
culbHOE compsnkeHHoe E/ 6bllo GouyeuHbIM.
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*11) Ilycte E — OTzelHMMOe JOKANbLHO BBLIMYKIOE NPOCTPAHCTBO, 061a-
Aaollee noaypedieKCHBHHM CHIbHBIM CONMPSKEHHbM £,

a) IMokaszath, uto < (E/, E”) n o(E’, E) HHAyUMPYIOT B KaWIOM
CHILHO OrpaHHuYEHHOM MHOMeCTBe H3 E/ ONHY M TY e TONOJOrHIO.

6) BuBect M3 a), uto E B Tononoruu t (E, E’) nndpaboueuno [cM.
ynpawuenne 6] u monmoaxenne £ mpocTpaHcTBa E B 9TOH TONOMOTHH, pac-
cmarpuBaeMoe Kak yacte E’™ (ympaxHeHue 3r), coxepmur E” [Mcnonb-
30BaTh ympawHenne 3a). B uactHoctd, ecam E B Tononorun = (E, E’)
KBa3HIOJMHO, TO OHO B 5TOH TOMOJNOTHH PedIeKCHBHO.

B) IlokasaTte, uTO eciu cuabHoe conpsauxennoe E/ x E pedaeKcusHo,
To E==E”, cuabusie tononorun §(E’, E) u B(E’, E) (ynpawHenue 7)
cosnanawot u E pedaexcusno. [Ucnons3osats 6), ynpaxuenne 3r u ynpax-
Henue 106.]

*12) a) MMyctb M — 3aMKHYTO€ BEKTODHOE MOANPOCTPAHCTBO OTHENH-
MOro JOKANBHO BbIMyKAOro mnpoctpadctBa E. Ilokasats, 4TO pisi paBHO-
CTENEHHOH HeNpPepHBHOCTH MHOXECTBAa B (akroprnpoctpaucrse E/[M°,
paccMaTpHBaEMOM Kak conpsweHHoe K M, Heo6XORMMO H NOCTaTOYHO,
4TO6b OHO 610 06Pa30M PaBHOCTENEHHO HENPEPHBHOrO MHOMeCTBA H3 E’
NpH KaHOHHYeCKOM oTo6pawxenun E/ na E//M°. [Cm. O6w. Tom., ra. IlI,
§ 3, ympaxuenué 15 (8).)

6) Moka3atb, uto ecaum E moaypedaexcHBuo, To u M moaypedaek-
CHBHO, NpHYEeM CcHIbHas tomonaorus 3 (E//M°, M) (ynpawuenue 7) ecTh
daxkTopTononorus cuabHoii Tononxorud B(E’, E) mo MP. [Hcnoab3oBaTh
cnencrBue 2 npemnoxenus 4 § 2.] ¥)

B) Iloka3atb, ut0 ecan B E 3aMKuYTas BbiyKiaas 060NOUKa KaMAOTO
KOMIIaKTHOIO MHOXECTBa KOMNAKTHA, TO TOMOJOTHS KOMITaKTHOH CXOAu-
MocTH B (haxToprnpocTparctee E/JMP (paccMaTtpHBaeMOM KaK CONMpSXKEHHOE
k M) ecTb (HaKTOPTOMONOrHs TOMOJOTHH KOMIAKTHOH CXOAHMOCTH B E’
o M°.

r) TMoxasats, uto ecnn M undppaboueuno u E’/M°, Hanenensoe TONO-
norueit g (E//M°, M), orpanHueHHo 3aMKHYTO, TO B (E//M°, M) ecTh dax-
Toprononorus tonoaorut B(E/, E) no M° [Hcnoab3zoBath a).]

13) Mycre ((F, G,))LEI—cemeﬁcmo nap BEKTOPHbLIX NPOCTPAHCTB
B IBOHCTBEHHOCTH, F — npoH3BejenHe I[ F, BexkTopHbix npocrpaHcTB F,

ter
v (G —npsamas cyMMa BekTopumx npocrtpaucts G,; F m ( npuBoAATcH

B IBOHCTBEHHOCTb OHAMHEHHOH dopmoii ((x), (¥.)) =2 (X5 Y-

t
a) Tokasatb, uTo cuabHast tomonorus B (F, G) (ympamuenue 7) ecTh
npousBefeHne CHAbELX Tomonorkit B (F, G). [Cm. ra. 11, § 2, ympaxe-
Hue 10.]
6) ycte B, ana xawaoro t €/ — ypaBHoBelleHHOe OrPAaHHUSHHOE MHO-
wectBO B F, n B=I[Bl. [Mokasats, ute B° (8 (G) ectb BHNyKIasg
¥4

*) CywecTBYOT MOHTEIEBCKHE MPOCTPAHCTBA, HEKOTOPHE 3aMKHYTHIE BeK-
TOpHble TIOAMPOCTPAHCTBA KOTOPHX HepedaexcHsHu (§ 5, ynpamuenue 21).
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° -
obonouka obbenuHenns muoxects B, < (.. Buiectn or1cioga, 4T0 TOTIOMO-
rua §(d, F) ects npamas cymma tomosoruit 8 (G, F,).

14) Myctb (EI)LEI ~~ CEMEICTBO OTACHMMELIX MOKaIbHO BbINYKILIX IPO-
CTpaHCTB, E — npou3BeleHHe MOPOCTPaHCTB E,, F— ux TonONOTHYECKas
npsMaa cymMa. [lokasats, yro mas TOro, utoGhl E uau F 6u10 noayped-
NEKCHBHHIM (COOTB. pedIeKCHBHBIM), HEOOXOJMMO H AOCTaTOYHO, HYTOGLI
xaxnoe E, 66110 nonypedaekcusHo (cooTs. pediekcusno). {Hcnoabsosath
ynpauseude 13, a Taxwe ynpamuenue 96 § 2.]

*15) INoxa3aTte, 4TO mpoH3BeleliHe MOGOTO ceMelcTBa UHppaboyeuHsix
mpocTpalcTs uHdpaboueuro. [CrecTH K clywar oOTAeMumbix HHdpaboueu-
HbIX IIDOCTPAHCTB; HMCMOJB30BaTL TOrAa ynpawHenus 6 u 136, a Taxue
ynpaxieune 10 § 2 ra. 1)

16) Toka3atk, 4TO TOMOMOTHUECKAs MPAMasA CYMMa CeMEHCTBAa MOJHBIX
OTACHHMBIX JOKAAbHO BHIMYKAbIX MPOCTPAICTB NMoaHa. [Mcnoab3osats ynpax-
HeHue 3r.]

17) Tlyers E — 0TaenuMoe J10KanbHO BbiIYKAOE MPOCTPaHCTBO, SABMAIO-
ujeecst CTPOTHM HIAYKTHBHLIM IpelefOM BO3pacTawledl mocienoBatelb-
HOCTH (£p) CBOMX 3aMKHYTBIX BEKTOPHbIX moampocrpaucts (ra. II, § 2,
n° 5).

a) loxasatb, 4TO ecaAH CHABHOE CONPAMEHNOE KaXAOro H3 INpo-
CTpaucTB E, MOMNHO, TO M CHABHOC CONMPSKCHHOE NPOCTPaHcTBO E MOIHO.
[Cy. ynpaxHenne 3.]

6) lna Toro uto6ui E 6bl10 monypeddeKcHBHBIM (COOTB., pedIeKCHB-
HbIM), HEOGXOIHMO H JoctaTouito, utobnl Kawnoe E, Ouio noaypedaex-
CHBHO (COOTB. ped)ieKCHBHO).

*18) Ilycrw (Ea)aEA—cemeﬁcmo OTHENMHMbIX JOKAAbHO BHITYKJILX

NPOCTPAHCTB, (UALTPYIOLIeeCs IO OTHOMIEHHIO D H Takoe, UTIO €ClIH
Eg c E;, TO TONOJNOrHs NPOCTPAHCTBA Eg MaxopHpyeT TOMNOIOCHIO, HHAY-
LHpyeMyo B Eg u3 E,.llyctb, nanee, £ — uepeceueure BCeX IPOCTPAHCTB E,,

HaJelNeHHOE TOMOJOrueH, ABISLIEHCH BEepXHeH rpanblo TONOJOTHH, HHIY-
uupyembix B E u3 Bcex E,. Ilokasarb, uto ecin Kawnoe E, noaypediex-
CHBHO, T0 E noaypedaexkcusHo. [Paccmorpers yanTpaduibTp B OrpaHHueH-
HOM MHOXecTBe M3 E.]

19) Nycts E — nipoctpanctro Ppeite. [TokaszaTh, UTO B CONPAKEHHOM
npoctpadctBe E/ xawavlii Guabtp § co cuetiibiM 6a3vcoM, SBAAIONIHHACH
B cnaboit Tomonornn ¢uabtpom Koiun, orpanuuen. [PaccywnaTe oT mpo-
THBHOT'O, HCHOMBL3YS TO OGCTOATENLCTBO, UTO B E/ cywiectByeT cueTHas
dyHraMeHTalbHasi CHCTCMA OrPAHHUYCHHLIX MHOXECTB.]

20) a) Mycts E— npoctpancrso dpeiue. [1oka3aTb, YTO CONPAKEHHOE
npoctpacTBo £/, HaneleHHOE TOMOJOrHell KOMIIaKTHOH CXOAMMOCTH HIH
Kakoi-HHOyaL Gonee cuabHOH G-romoaorneit, momwo. [Cwm. ra. 1, § 3,
3aMeyaHue nocie rteopembl 4.] Ilokasats, uto ecanm E He ped.1eKCHBHO,
10 E’ He uudpaboucuHo HH a8 Kakoii S-TOMOAOTHH, MawOPHpYOEH
TOMOJNOrHI0 KOMNAKTIOH CXOAHMOCTH H MaXOpHpyeMoil rononorueit © (£, E).
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6) IlycTts (Fa)aeA— ceMeitctBo mpoctpaiuctB Ppeuie, E — BeKTOpHOE
IPOCTPAHCTBO H A, 3R Kawioro « & A — auHelinoe ortoGpawenuc F, B E.
Mpexnonoxum, uro E, HaleleHHOe cHIbHEHuieH JOKalbHO BHINYKIOH TOMO-
norueit, mpu KOTOpOil HenpepwiBHbi Bce kB, (ra. 1, § 2, n°2), ornennmo,
[Mokasats, yro conpsukenHoe E/ K E, HajeleHHOE TONOJOrHeil KOMMaKTHOR
CXOJIMMOCTH HJIH JMo6oi 6onee cHiabHOH S-tomonoruei, noano. [CM. ynpax-
Henine 3.

*21) Myctp E— MeTpu3yemoe JIOKalbil0 BLINYKJIOE NPOCTPAHCTBO H
E’ — ero cunbHOe conpsiieHsoe.

) a) [lokasatb, uto e€cam E’ Merpusyemo, TO TONMOJOrHa B £ MOxer
6uiTh OlpeneneHa O:1HOH Hopmoi. [Mcnoab3osats yiupaxHens 2, 5 u 13
§ 2 ra. 11L]

6) IMycts (U)'l)—yébmaxomaﬂ MocaeN0BaTENALHOCTb CHALHO 3aMKHY ThiX
YyPaBHOBEIICHHLIX BbIOYKIbIX OKpecTHoctell Hyxs B E’. ITokasatb, uTo ecin
nepeceuerde U/ 3THX OKpecTiocTeit ecTb 60YKa B CHJABbIIOH TONOJIOTHH, TO
U’ — oxpectrocTh Hyas B 97oil Tonoaornu. [Mycts (K,) — dynnavenras-
Hasg TOCNe0BATeNLHOCTh C/1a60 3aMKHYTHIX yDPaBHOBELIEHHBIX BhIYKABIX
CHJILHO OrpalitueHHb X MHoxecTB u3 E/. [lokasats, uto CYHLECTBYIOT Mocie-
A0BAaTCALHOCTL (A5) uHCea >0 u mocaefoBaTenbHOCTD (Wn) cnabo 3aMx-
HyTHX YDaBHOBECLICHHBIX BBHIMYKIbiX CHIAbHLIX OKpecTHOCTCH Hyas B E/
TaKHe, uTo AnK,QCQ_"‘QU' Ais  Kaxcaoro n, MK; o W;- IA8 KaxcaoH
napul MHIEKCOB i, j K W;LCL,/); aasi Bcex n. [1poBecTH HHAYKLHIO MO 71,
ucnoabays naemMy 1 § 3 ra. Il u ympawsenune 15 u3 O6w. Tom., ra. I,
§ 3(%)]

B) [lokasars, utOo ecau (AZ)—]’IOC.T[CI[OB&TEI[I:HOCTb PaBHOCTENEHHO
HenpepblBHLIX MHOXECTB BO BTOPOM compsueninom £7, 00beaHieHHe KOTO-
prix A7 orpannuenvo B Tonoxoruu s (E7, E’), To A” pasHOCTENENHO He-
npepuiBHO. [Mcionb3oBats 6).]

r) BeiBectn u3 B), yto B E” kawpmas nocaeaosareasHocts Koww mo
tononorun s (E”, E’) cxopuTcs, M 3aKIOuMTb OTCiOAd, 4TO E” — moauoc
METPH3yeMOe MPOCTPAHCTBO B CHABIOH TOononoruu B (E£7, E') *).

#22) Ilycto E — MeTpH3yeMoe MO0KalbHO BHIIYKJIOE MPOCTPAMCTRO.

a) Ilycrs (A;)—Bospamaxoulaa MOCNEeNOBATENbHOCTD YPaBHOBELIEH-
HblX BBIMYKAbIX CHABHO OrpalMYEHHbIX MIIOXECTB B COMNPSDKEHIOM INPO-
cTpaHcTBe E/ TaKasl, UTO KakI0€ CHALHO OrPaMHueHHOE MHOxecTBO H3 E’
norjaowaercs xota Obl OIHHM A;, u nyers UJ — o6LeauHeHHe MHO-
KECTB A;. [Toka3athb, 4TO cuabHOe 3aMbiKaHue MuHOXecTBa [J/ B E/ coBmna-
AaeT ¢ MHOxecTBOM Bcex x’ ¢ E/ rakux, uto Ax’ €U/, xorma 0LA <1
(1. e. ¢ 3ampikanueM UJ’ B cuibHefiwiedl NOKafAbHO BBIIYKAO TOTONOFHH
B E’). [TlpunsaTb BO BHHMaHWe, 4TO eciu x'$7\U’, rae A >1, To gaa

u ” M v 44
Kaxjoro n cywecTsyer idueiinas dopMa x, ¢ E Takas, uto x,€A4,

*) HenssecTno, He 6yner am Boobue BTOpOe comnpseHHoe E7 x orienu-
MOMY JOKAJbHO BLIIYKAOMY NPOCTPaHCTBY E NOMHLIM B CHILHOH TOHOMOTMH
B(E7, E'), naxe ecnu npeanoioxuts E 6OYEUHDBIM.
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u {x', x,) = k; Hcnomb3opaTh TOrNa ynpaxnenne 21B 115 10KA3aTENbCTBA
cyuectBoBanus x” ¢ J/° 8 E” takoro, uro {(x/, x7) = 1]

6) Toka3aTh, YTO KaKJI0€ YPABHOBEIUEHHOE BBINYKIOE MHOMeCTBO V/
8 E/, nmorjomaolee BCe CHILHO OTPaHHYEHHBIE MHOWEecTBa M3 E’, co-
HIEPKHT OOUKY (OTHOCHTENBMO CHJILHOM TONMOJOTHH), MOTJIOLIAIOILYI BCe
CHILHO OTpaHHYEHHbiC MHOXECTBa M3 £’ [nyCTb (K,'z)— ¢dyusameHTanbHas
MOCRENOBATENBPHOCTh  CNa60 3aMKHYTHIX  YPABHOBELIEHHLIX BBITYKNLIX

CHIBLHO OFPAHHYEHHBIX MHOXECTB H3 E u Ay >>0 TaxKoBo, uTo A K, C% | %K
MPHMEHHTHb a) K MOCIEROBATEJbHOCTH (A;), rue A;— BBIMyKJIasi 060M04YKa
o6 benHiIeHHs Tex liK;, Al XOTOPuIX 1< 1.

8) BuiBectH W3 6), uTO maf 10r0o, utoGul E’, HajeleHHOe CHIbHOH
TONOJIOTHe, ObII0 OrPAHHYEHHO 3aMKHYTbIM, HEOGXOIHMO H JOCTATOYHO,
4To6b1 E 6bl0 TMpaBHIbHLIM (ynpaxHenue 106).

r) MycTs F— ortaenuMoe IOKalbHO BuiMyKnoe mpoctpaHcTso. Ecan
M — npaBuIbHOE METPH3yeMOe 3aMKHYTOE BEKTODHOe MNORIPOCTPAHCTBO
B F, 10 B(F/MP, M) ectb daktoprononorus tonodoruu §(F/, F) mo M°,
[Ucnons3oBats B) M ynpawHenne 12r.]

*23) Iyctp a®™ s kawgoro neaoro n >0 — KBoitHas mocneoBa-
TENbHOCTD (a(")) rae a(”)—~q, ecIn p<Cn, H agjl)—l ecIn p>n
H TycTb E—Bemopﬂoe npOCTpaHCTBO TaKMX ABOMHLIX MOCIEN0BATENb-
HOCTEH X = (Xpg) BELIECTBEHHbIX UHCEN, YTO rp(X)= Za(")]xm[ KO-

»q
HEYHO ;s Kawaoro uemoro n >0. E, HaneleHHOe TONOJOTHEH, ompene-

neMOil MONYHOPMAaMH £y, €CTh IpocTpancTBo Ppewe (§ 1, yunpawuenue 18];
npocrpauctBo E’, conpswentoe x E, Moxer 6blThb OTO)KII,ECTB.T[eHO ¢ npo-
CTPaHCTBOM TAaKHX NBOHHBIX MOCHeAOBaTENbHOCTEH X -—(x ) BelI(eCTBEH-
MBIX 4HCEN, 4yTO XOTA Obi ;Af 0xHOro HoMepa n H BceX map (p, 4),
BLIMIOMHAOTCA MPH Hannemamem BoiGope QHKCHPOBAHHOTO KO3thhHIHEHTE &
N Y ! -
HEpapeHCTBa | X pql < kaly), mpuuem (x, X'y = ¥ xp % 0. [§ 1, ynpax
»q
HeHue 1B.]

Nycte J(pg; (mp)) Ana Kawaoro yeaore py >0 u KawJo#f mocneno-
BATENLHOCTH (M) Ueabix YHcel >0 — MHOXecTBO Beex map (p, g) uenbix
uncen >> 0, yAOBJETBOPAOINHX YCAOBUAM p 3= po K q > mp. [lycts, nanee,
B — 6asuc dpuasrpa B N X N, obpasoBansoro Muoxecrsamu J (pg (mp) )
H § — yabTpaduabTp, Mawopupywowuit pumTp ¢ 6asucom B.

a) Tlokaszats, uTO pBOiiHaA nocnenosarenbﬂocu ((qu, x’)) umeer
npexen u(x’) no duaLTPY 3 AA KQKAOTO X ~—(x Y€ E'; npu stoM
lu(x) ] <1 aaa kawmoro x’ EV rne V,— OKkpectOcTb Hyas B £,
onpeaelseMas HEPABEHCTBOM Fy (X) <

6) Iycts U’ — cnabo 3amkHyTas ypaleoBemeHHaa BhIMYKas CHIbHAS
OKpecTHOCTb HyNs B E/ u 2, >0, A1s Kax0ro n, TaKoBo, 410 o, V cU'.
Ilycn, zanee, mpy, LA KQKA0ro p >0, — uenoe, 11 KOToporo 20+ <apmp,
H x —(xm)——-).'lBOHHaﬂ NOCAEA0BATENLbHOCTb, B KOTOPOH qu—-o ecam
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q<mp, " x;q—_-?, ecun g > mp, loxasats, uto x’ € U/, Ho u (x) = 2.
BuBectn 0TCI0Ofa, YTO u HE CHABHO HENpepeiBHa Ha E’, XOTA M OTpaHH-
YeHHa Ha BCEX OFpaHHYEHHbLIX MHOWecTBaX u3 E’, H, CcleA0BaTENbHO
(ympaxueune 22B), uto E — He NmpaBHIbHOE.

B) [loayuuth M3 6) TpHMep 3aMKHyTOro moampoctpaHctBa M mpo-
crparcTea Ppeme F, xas KoToporo 6ul cHabHas TomodaorHs B (F//M°, M)
OTIHYaNach OT ¢)aKTOPTONOJNOTHH CHAbHOH Tomomoruu B (F/, F) mo M°,
[Tlorpysurs E B NpOM3BEIEHHE CYETHOrO ceMeHcTBa 6aHAXOBCKUX MPO-
CTpaHcTB. |

#24) Illycte E — MeTpH3yeMO€ JIOKalbHO BHIMYKJIOE ITPOCTPAHCTBO
u E’ — ero cumpHoe conpsmxenroe. [pennonowunm, uto E/ conepauTt BCony
MIOTHYI0 TOCHENOBATENLHOCTh (X,

a) llokasatb, uto E/ 60qeqH0 HIH, HMHBIMH CHIOBaMH, 4TO E—npa-
puabHoe. [[Iycts U7 —Gouka B E/ (W, 3HAauHT, MOMOLAeT BCE OrPAHH-
YeHHble MHOWeCTBa B E’/, IMOCKOJbKY MOCHeIHEe NMOJHO), ( ")—(‘byﬂﬂa-
MEHTalbHas MOCAEIOBATENbHOCTb OrPAHHYEHHBIX MHOXECTB H3 £/ W
(yn)—scmny nA0THaA mociexosarensuocts B CU’. [lokasats, 4TO cyme-

4
CTBYIOT NOCIENOBATENbHOCTh (Vn) 3aMKHYTbIX YPaBHOBEIIEHHbIX BHIMYKIBIX
oxpecmomeu hyas B E' n NOCNEN0BATEALHOCTD (An) yncen >0 Takue,

410 A K U, y"¢ V/ mna xaupmoro nu A; K o V AN KaXoH mapui

HHIEKCOB 1, j. [/Icnonbayﬂ ynpawHenue 216, mokaszatb, uTO V’=n V,,
€CTb OKPECTHOCTb HYyJd, coxepumaiasacd B U’.] n
6) lMokasate, yTo E — npoctpaunctBo cuetHoro Thma. [Ilycts a — cH-
/
creMa, o6pasoBaHiiast M3 TOYKM X,, KOHEUHOTO WYHCIAA PaLHOMaAIbHBLIX
yucea Ay >0 (1< k{m) u m uomepoB nj (1 k< m) Takux, 4to
m

s /! /
X, $ 2> )‘kKnk =92H’, u x,¢ E 1aKOBO, 4TO THNEPIIOCKOCTb, OMpEie-
f=1

ngeMas ypaBueHHEM (X4, ¥/) =1, cTporo otieasier cna60 KOMIMaKTHbie
MHOXECTBa x,’l+H n H'. Tloxasats, uto ecan x' ¢ £’ Takoso, uTO
(Xq, X’y =0 nas xaxpoH cucreMu a, TO Heo6xoguMO x’/ = 0; BOCNOMIB30-
BathCA 1Js 9TOH UeaH teM, 4T0 E/ orpaiHueHHO 3aMKHYTO, TaK 4TO Aias
n06oi nocnenosaTeanocm (Am) umcen >0 muowecrso U Bcex KoHey-

4 4
HbIX CYMM y)\m Xp» THE n— mobble neable uucaa H X, € K, A1

BCEX M, ecrb OerCTHOCTb Hyns B E/ (ympawHeHue 228).]

25) llokasark, YTO TPOM3BENSHHE H TOMOJOTHUECKas NPsAMas cyMma
MoBOro ceMeHcTBa MOHTENEBCKHX MPOCTPAHCTB SBJSIOTCS MOHTENEBCKHMH
npocTpancTBamu. [CM. § 2, ynpaxuenne 96, To xe BepHO H 1A cTpO-
roro HIAYKTHBHOTO NpexeNa BO3pacTaloliell NOcHeN0BaTeNbHOCTH MOHTE-
NeBCKHX MPOCTpPaHCTB *).

*) Hanportus, ¢(aKTOPNpOCTPaHCTBO MOHTENEBCKOro Iipocrpanctsa £ 1o
3aMKHYTOMY BEKTOPHOMY NOIIPOCTPAHCTBY He 006513aTEJbHO ABJAETCS MOHTENEB-
CKHM ITPOCTPAHCTBOM, naxe ecan £ — npoctpanctBo Ppette (§ 5, ynpaxnenue 21).
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#26) Tlycts E — mpocTpaHcTBO Ppelte cyerHoro thma. IlokasaTb, 4To
eCcad B CONMpSKEHHOM MpocTpaHcTBe £/ Kawnmas caabo cxonsiyascs moche-
A0BATENbIIOCT CHABIO CXOAMTCA, TO E — MOuTE.JeBCKOE INPOCTPAHCTBO.
[Mloxa3zaTh, uTO Kawnmoe OrpaHHuennoe MHOWecTBO B E’ OTHOCHTEJbHO
CHIbHO KOMMAKTHO, HCNIOABL3YS A ITOrO Mpemioxenue 3 § 2 u ynmpaxue-
HHe 2 u3 O6ui. tom., ra. II, § 4 (29); B 3aKmotieHHe UCNONL3OBATH IPH-
BEICHHOE Bbillie ynpaxienne 118.] _

*27) Tlycts  (Cpp) — ABOMHHas mociaenoOBaTedbHOCTb uHcea >0 H
E — BexTOpHOE NPOCTPAHCTBO BCEX TAKHX MOCHe0Barelbioctell x = (Xy)

BEIECTBCHHBIX UHCCN, 4TO Py (X) = D) Cmn| Xn | <<+ o mam kawaoro

n
uesoro m. Hamenum E rtononorueii, ompenenseMoil ceMeHcTBOM mOJy-
HOPDM py H npesBpauiawued E B mpocTpaHcTBO Ppeule; conpskeHHOE
npoctpaHcteo E’ 6yneT OTOMASCTBHMO TOrja C NPOCTPAaHCTBOM BCEX
A s -1 ’
niocaenosateapiocet x' = (x) Takux, uto sup Cn | X0 | <4 co x0T 610

u 7 7
A5 OMIOrO m, a KalOHHueCKasn GumiHeitHas dopMa (x, x') —c X X%,

n
(§ 1, ympaxneune 1B). IlpeanonoxHM, 4TO HeT HHKaKoi# moAmoclenoBa-

TEJILHOCTH HOMEPOB (71x), I KOTOPO# cyliecTBOBalH Obi [10CI€J0BATEIb-
HOCTH (@,,), (br) BewlecTBeHHbIX uHcedl >0 TakHe, 4TO Cjp, ,,,kgambk,
KakoBbl 6bl 1M Gbiav m u k. IloxasaTb, YTO TNPH ITHX YCJHOBHAX Kaxnas
ca1abo cxoaAwasacs MOCAEA0BATENLHOCTh B E/ CHIBHO CXOAMTICA H, Cleno-
Batedbiio (ynpawsenue 26), E-— MoHTeleBCKO€ NpocTpaHcTso. [Becrtn
J0Ka3aTeJbCTRO OT MPOTHBHOrO; BHIMTONHHB, €CIH HYXHO, Nnpeobpa3oBaHHe
Buga (Xpn)—> (anxy), cBecTH K cayuawo, korza B E/ cyuiecTByeT mnocie-
JAOBaTENbLHOCTD (x'(m)pEN, crabo cxonsuiascs K HymO H Takas, 4TO

Ix;fp)[<l ans Kawno# mnapel (p, n), a B E— OrpaHHuYeHHOE MIOXKe-
ctBo M, ompenenseMoe HepaBeHCTBaMH D, (x) < b, (mé€N), Takoe, 4TO
supvl (x, xP)|>25>0 a8 Kawaoro ueaoro p. YCTaHoBHTb, YTO NPH
P

:-nenx MPellONOMEHHAX CYNECTBYIOT CTPOrO BO3PAcTaOWas IMOCAEN0Ba-~
TENLHOCTb (Fg) UEABIX YMCeN W IOCAENOBATENLHOCTH (D) touex na M
TaKHe, 41O

g+1
\ (Q)
. 21 I X l> B
s 1
Tq+
AN KaAA0r0 HOMepa ¢. Paccyixaas OT MPOTHBHOrO, MOKAa3aTh TOCAZ, UTO
aa8  Kaxujoro CyuiecTByeT XOTl Obl ONHH HOMEpD S, TaKoii, Y4TO
q

2m+2
rg<Sqg<<rg+i H Cm, sq Loy 5 At BCeX UEeablX 7, B IPOTHBOpPEYHE

C HIPEATONONKEHHEM. |

*28) a) Ilycto (En)ys, | — MOCIENOBATENBHOCTb HOPMHPOBAHHLIX MPO-
CTpaHcTB, mpuueM E; HE ecThb NPOCTPAaHCTBO cueTtHoro tHma. [lycrs
F — BexTOpHOE mMONNPOCTPANCTBO B E=HE,, TaKoe, uT0 Ppry = Ey
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aas Kaxaoro k. [Mokasats, uto cymelrsyiot wucno 3 >0 u orpanudensas
TOCAE0BATEALHOCTD (Xm),, w1 B F Takde, uto B £y BbllOJHAETCS Hepa-
BeHCTBO [|pry X; — Pry x> 3 and KauAOH napyl Pasaviubix WHIEKCOB 7, J.
[TIpunsath BO BHHMaHHE, YTO B KaKJAOM HecueTHOM noivuomectBe A u3 F
comepuTCs JHecueTHoe MoiMiuo¥ccTBo B rtakoe, 4yto pry B orpauauesna
B Ej ans mcex k]

6) BoisecTH #3 a), 4TO Kak10C METPH3yEMOe MOHTEXeBCKOe [po-
CTPAHCTBO €CTb MPOCTPAHCTBO cueTHoro Ttuma. [Mcrmoab3oBate mpeitioie-
mpe 7 § 5 ra. I, a rakwe ynpawxuense 126 a3 O6u. tom, ra. I, § 8 (30).]

B) BuiBecTH #u3 6), 4TO B CHILHOM COMPMKCHHOM K MCTPH3YECMOMY
MOHTENEBCKOMY MPOCTPAHCTBY CYHIECTBYET CYeTHOE BCIOAY MIOTHOE MHO-
#ecrBo. [CM. § 2, mpenaoxenne 3.]

29) Mycts E— oTdennmMoe KOMILUIEKCHOE JIOKa/lbHO BHINMYKJIOE Tpo-
ctpauctBo # Eg— ero 6a3sncHOe BEIECTBCHHOE JIOKaAbHO BLIMYKAOE MPO-
crpancTso. [loka3aTs, YTO KAHOHHYCCKOE jaHHCHHOe oToGpawenne f— Rf
npoctpancrsa £’ na Eg ecTs roMcoMopguam aaa S-tomoiornit 8 E u Ej
npa nob6omM MHOokecTBe & orpauvueHHbIX MOXMHOXKECTB 1poctpanciBa E.
[Toayuntb OTCIONA OmNpeneneHde KaHOHMYECKOrOo NHHEHRHOro OTOGpaKeHus
BTOPOTO COMpsikeHHOro E” ua BTOPOE COMPMKEHHOE E;, KoTOpOE GbLIO Gbl
roMcoMopduaMom KaK Aas crabeix Tonoaoruit s (£, E) u c(Eg, En) TaK
w aan cuabunix tononoruit B(E”, E') u ?»(Eg, E:,), 30Ka3aThb, 4TO 3T0
otofpa:xenne npeoGpasyer E (paccmatpuBaemoe kKak uwacte E7) B Eg
(paccvarpusaemoe Kax wacty Eg).

§ 4. CuibHas n caaGast HenpepuiBHOCTHL

1. Conpsisxcennoe K cAa60 Henpepvi8HOMY AUHEEHOMY Omobpa -
HCERILIO

Mpenaoxenue 1. ITyems (F, G) u (Fy, G))—08e naps 8exmop-
Heix npocmpancms 8 Osolcmeennocmu. llag mozo umolbu auxel-
Hoe omobpascenue u npocmpancmsa F 8 F, 6ua0 wenpepvisioim npu
caadox monoaoeusx s(F, G) u o(Fy, G,). Heobxoduno u docma-
mouno, wmoGsl cyuecmsosaso omodpaxcenue v npocmpancmsa G,
6 G, 0z Komopoz0 Gbl

(@ (), 21) = (y, v(2)), (1)
Kaxoss, 6ot Hu 6wauw yEF u 2 €G,.

He#cTBUTEIbHO, eCdH 3TO YC/JAOBUE BHINOMHEHO, TO .Inuefiuas ¢opma
y—>{(u(y), zy) HenpepuiBHa (B Tomosoruu s (F, G)) nas kaxnporo 2, €Gy;
M3 ofnpeaeseHnus CMabbHIX TOMOJOFU# C/lelIycT TOFLa, 4TO & HellpepbiBHO
npu Tonoaorusax s(F, G) u o(Fy, Gy (ra. I, § 1, caeacrsue | mpen-
aowenus 15). O6paTHO, NpeAnOIOKUM, YTO & TMPh ITHX TOMNOIOTHAX
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HelpepblBHO; I Kaknoro 2zy€ G, JuHe#Has dopma y— (2(y), 2;)
wenpepbisia B o (F, G), 3naunt (§ 1, npenpnoxenue 1) cywectByer
OHO3HAYHO OMpejielleHHas Touka v (2;) €EG Takas, uro (u(y), 2y) =
= (¥, v(2)) ans Bcex yEF.

M Bujeau, uTo oToGpaxenue v eduncmsenno. Ecau paccMarpu-
BaTb G u G; Kak [MOANPOCTPAHCTBA anreOpPaHuyecKuX COMpsKeHHHX F*
u F; x mpoctpaictsam F u F,, TO cooTHOIeHue (1) nokaawizaer, uTo v
ectb cyxenue Ha Gy onpele’aeHHoro B Aure6pe OTOGpaxeHus, COnps-
wendoro k « (Aar., ri. I, § 4, n°9). Honyckas BOALHOCTb peun, Mbl
HA3biBaEM U CONPANCEHHOM K 4 (OTHOCHTE/NbHO JBOHCTBEHHOCTEH MEWIY
F u G, c oagHo#t cropousl, 1 Fy u Gy—c apyro#t) u o6osnauaem fz.

CaencrBue. Ecau u— auneinoe omob6pascenue F 8 F,, nenpepos-
noe npu monoaozusx o(F, G) u o(Fy, Gy), mo ez conpadxscer-
noe tu ecmy auneiinoe omoGpascenue G, 8 G, Henpepwisnoe npu
monoaozuax (G, Fy) u o(G, F), npunem t(lu)=u.

Hocrtarouno B mpeptoxenuu 1 mnomenatb poasmMu F u Fy, c odHoft
cropoub, G u Gy— c Apyro#.

Trenaoxenue 2. ITycmos u— aunelinoe omoépadxcenue F 8 F, ne-
npepuignoe npu monoaozusx o(F, G) u o(Fy, Gy), A— mroscecmso
-1

u3 F, B— muoocecmso us F,. Tozda (u(A))°=1tu(A°); us u(AcB
caedyem tu(B°yc A% ecan npu smom A u B sunyxas, 3a@MiHymb
(8 monoaoeusnx s(F, G) u a(F,, Gy) coomsemcmsenno) u codepxcam
navano, mo omnouenus u(A)CB u tu(B)c A° pasrocuibrel.
TetictButeabio, 2, € (2 (A))° paBHOCHILHO BHIOJIHEHHIO HEPaBEHCTBA
R{z(y), )<< 1 s Beex yEA, a tu(2)€ A°— BHIOIHEHUIO uepa-
BeHctsa R (y, ' (z)) <1 ans Bcex y€ A, Tak uro B cuay (1) moay-

-1 -
yaem (z (A) )° = tu (A°). Ecau Tenepb u(A)= B, o B°c(u(A) )°=tul(A°),
otkyna tu(B°)c A°. Haxomeu, fu(B7)cA®, c yueToM CieiCTBMs Mpel-
noxenus 1, Baeuer u 2 (A°°)=B°°, uem B cuay mnpenoxeHus 3 § 1
IOKa3aHO M MOC/AeLHEe YTBEPWIEHHE.

Cnencreue. ITycme u— auneinoe omobpaxncenue F 8 F,, Henpe-
poigroe npu monosozusx o(F, G) u o(F,, Gy). Xopo conpsacen-
HO20 omobpadscernus tu cosnadaem ¢ nodnpocmparncmsom 8 Gy, opmo-
20nanvnbiM Kk 1 (F). '
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HocraTouHo npuMenuts npennoxedne 2 k A=F u B=u(F),
TockoabKy Torma A°={0)}.

[Meennoxenue 3. IMycmo u— auneiinoe omo6paxcenue F 8 F,, ue-
npepolgnoe npu monosoauax s(F, G) u o(Fy Gy). Hdas mozo
ymobs. u(F) Goiao 8cr00y naomusem 8 Fy(8 monosozun o(F,, G,)),
Heo0x00uMO 1 JOCMAmoUno, 4mobu ' Gbii0 B3QUMHO OOKOIHAUHHM
Aunelinbim omobpascenuen G, 8 G.

9T0 BHITeKaeT H3 CAEACTBHA MNPEIONKEHus 2, MOCKOJbKY CKa3aTb,
yro u(F) Bcwoay miaotHo B Fy, BCce paBHO, uTO CKa3aTb, YTO MOANpO-
ctpaicTBo B G,, oproronaibHoe K u(F), cBoautcst K ogHOMYy siementy 0
{§ 1, npennoxenune 4).

[pepaoxenne 4. ITycms u— sunedinoe omoGpascenue F 8 Fy, ne-
npepoignoe  npu monosozunx o(F, G) u o(Fy, Gy). Jzz mozo
4moGo. u Guno 20momopusmon F na nodnpocmpancmso u(F) npo-
cmpancmsa Fy, Heo6xo0umo u Oocmamouro, wmols. ROGRPOCMPAH-
cmso tu(Gy) 6ss0 3amxuymo 8 G (8 monosoauu s (G, F)).

[Tonoxum N =*u(G,)cG; coraacHo CleACTBMIO NpelnoXenus 2,

TIpUMEHEHHOMY K tu, Toraia N°=u1(0). [Tyctb ¢ — KaHOHHYecKoOe OTO-
Opaxeune F na F/N° Torma u=wo ¢, rie w— B3aMMHO OLHO3HAUHOE
aunednoe orto6pawenue F/N° B F,. Tlpocrpauctsa F/N° u N uaxo-
astcs B ABoMcTBeHHOCTH M u3 (1) caedyer, uto

(@), z)= (9, tu(z)),

KaKoBht OBl HH ObLIH _{;E FIN° u z, € G,;. 310 COOTHOILEHHE MOKA3bIBAET,
Y10 W ecTb uzoMopdusM npocrpancrsa F/N°, HameneHHoro romosjorue
s (FIN° N), na u(F), uaieleyHoe TOMOJOFMEH, UHAYLMPYEMOH TOMOJO-
ruelt s(Fy, Gy). Ho, kak u3Bectuo, A1 TOro, 4TOGH o (FIN°, N) 6bu10
daxkrtopronodorueit tonodgoruu o (F, G) mo N° Heob6xoauMo u gocra-
TouHo, 4To6bl N OBA0 3aMKHyTO B TomoJgoruu o(G, F) (§ 1, mpemro-
weHue 7). Tem cambiM mpeanoxeHue JAOKA3aHO.

Caencrsue, Ecau u— 2o0momopdusn F na u(F)cFy, mo caaboe
conpacernoe noonpocmpancmsa u(F) npocmpancmsa F| uzomopghro
noonpocmparncmsy tw(G,) npocmpancmsa G,

He#cTBuTeabho, toraa « (F), nane/]eHHOE TOMOJMOTHEH, MHAYUUPYeMOH
tonojorne#t s(Fy, G;), usomopduo mpocrpanctsy F/[N°, HaneseHHOMy
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Tomo.orue#t o (F/N° N); H0 conpsikeHHOe K NOCJdeIHEMY OTOKAECTBUMO
¢ N, a crabas Tonogorus s(N, F/N°) ecTb TonoJorus, uHAyHupyeMas
B N rtomoaorueit o(G, F) (§ 1, npennoxenue 6).

Sameyanuns 1) He caeayer aymars, uTto ecam # ectb roMoMop-
¢usM F wa u(F) npn tomodorasx o(F, G) u s(Fy, Gy), 10 lu Gyner
roMomoppusmonm Gy Ha u (Gy) npu Tononorusx s (Gy, Fy) u o (G, F) nay,
ApyTaMH cl0BaMH, uTo i (F) Gyner savknyTto B F; B Tonoaorus d (Fy, Gy)
(ynpaxuenune 10).

2) Ilyctb M --- BeKTOPHOE MOANPOCTPAHCTBO TPOCTpaHcTBa F, 3aMKHY-
Toe B Tomoaorus o (F, (7). Hazemum daktopnpoctpancteo Fy = F/M
dakroprononorueil tronoxoruu s (F, G) to M u nycts GGy — conpsKeHHOE
K Fy. KaHounueckoe orobpaikenuc ¢ mnpocTpancrBa F na Fy ectb Toraa
roMOMOD(DH3M, a COnpAKennoe K HeMy oToGpawente — uzomopdusm Gy
ua M° npn tononorusx 3(Gy, Fy) u o (G, F); Touso rosops, kakosa Gl
ud Gbina HenpepbiBuas auHeHnas dopma y’ ua Fy, Ty (y’) Gyaer nenpe-
pbiBHOI switciinofi dopMoil y o¢ ua F.

Mycts, ¢ Apyroit cropomsl, ¢ — KaHoHWYecKoe Baowenne M B F u
M’ — conpsikentioe K M, HafereHHOMY TOMOJIOrHeH, HHIyLAPYCMOii TOMO-
sorveii s (F, G). Kak mul 3naeMm, ¢ ectb TOrza H30MOpPU3M NpH TONOJO-
rusx o (M, M’) n s(F, G); cro conpmxennoe ' ects romomoppusm G
na M/, ¢ aapoM MP°, upn romoxorsax o (G, F) m s(M’, M) (§ 1, npen-
nowennss 6 u 7); TOUHO roBOPA, KAKOBA Obl IH OpiAa HenpepbiBHaf JuHENH-
nas copma x’ wa F, U (x’) ecth cywennc x’ ua noampoctpanctso M
npocTpancTsa f7.

Meennoxenne 5. Ilyemb u — guneinoe omoGpasceque F g Fy, He-
npepusroe npu monosoausx s(F,G) u o(F,, G,). s moz0 umobst
i 6bA0 CIOPBEKMUBHBLM, HEOOX00UMO U OOCMAMOUHO, wmobs tu 6bia0
usomopgusmon G, na u(G,) npu monosozusx s(G,, F,) u s(G, F).

Ie#cTBUTEIbHO, CKa3aTh, uTO u(F)=F;, BCe paBHO, YTO CKa3aThb,
yro u (F) 3aMKHYTO M BCIOAY Ma0THO B F,; M0O3TOMY CHpaBEATMBOCTD
yTBEPXKAeHUS BHITEKAET W3 MpelJOXKeuHs 3 U npeltoxenus 4 (mpume-
lIEeHHOTO K tu).

2. Caabas u cusvHas HenpepobiBROCHD.,

[Mpennoxenue 6. [Iyems E u F—omdesumble AOKAAGHO 8bL-
nyKasie Rpocmpancmeq, u— aunelinoe omoépascerue £ 8 F u o' —
auneiinoe omobpadxcenue F' ¢ E'. Paccmompun C/Ledy/oﬁwe csoiicmsa:

a) u HenpepulBHO npu ucxoowwx monoaozusx 8 E u F,

6) u HenpepvlBHO anz ocaabarennux monoaozuax o(E, E') u
s(F, F');
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B) 4’ Henpepwsro npu caabeix monosozusx o(F', F) u o(E’, E);

r) 4’ Henpepuisro npu cuavHulx monoaozusx 8 F' u E'.

Tozda a)—»6) u B)=>r).

1° Ecau & HempepbiBHO NMpPH HCXOMIBLIX TOMOJOTHMAX, TO N KAaXIOrO
Y €F’ auunettnas dopma x — (u(x), y’) HenpepuBHa B HCXOAHOH TO-
nmoJaoruu npoctpanctsa E, a 3nauut, u B Tomogoruu s (E, E’), uto n
IOKAa3blBAET, UTO 4 HENPCPHIBHO 1pu tomodaorusx o (E, E’')y u s(F, F').

2° Ecan ' uenpepmiBuo npu o(F’, F) u o(E’, E), T0o MOXuo Ha-
nucarb #’==1tu, rae u— orofpaxenude, CONMpPIKEHNOE K u’,— menpe-
puiBHOIpu s (E, E’) u o (F, F') (npennowedue 1). [To onpeaenenuo cuibHot
TOINOJIOT MM, OCTAaeTCs NOKa3aTh, UTO AJAS KAXAOTO OrPAHUYEHHOTO MHO-
wecTBa A u3 E cyulecTByer OrpaHMYEeHHOE MHOXecTBO B B F Takoe,
uro tu(B%)=A°. Ho u(A) orpanuuenno B F B tomosorun s(F, F’)
(rn. 11, § 2, caepctue 2 mpeantoxenus 5), a, 3HAYNT, TAKKE M B HMc-
XomHo#t rTomosoruu mnpoctpaHcTBa F (§ 2, rteopema 3), u B cuay
Npeaaokenus 2 AOCTaTOYHO Mpuuatb B = u(A).

Caencrsue. Kaocdoe auneiinoe omobGpadxcenue u npoCcmMparHcmsa
E 8 F, nenpepuwsnoe npu Ucx00HBLX MONOAOURX, HenpepsiBrO
U npu 0cAGGACHROLX MONOAOURAX, A €20 CONPANCEHHOE CAQ60 U CUABHO
Henpepsleuo.

HocTarouno npUMENHTb CJAeACTBHe Mfpepaoxeuns | K # u npeaio-
XKenue 6 k u’ =‘tu.

B o6Gosnaueunsx npeanoxenus 6, uMnauxauum 6) =>a) u r)=>B)
BOOOIIE 1e Bepbl.

Hanpuwmep, ecas F u (G — BeKTOpHbie IPOCTPAHCTBA B ABOHCTBEHHOCTH
Takue, 4t0 5 (F, U) 5 © (F, (), 10 TO:KIECTBeunoe otoGpaxenue F, naie-
JdenHoro Tomouaoruet s (F, (J), Ha F, uajeneusoe Ttomonoruaei t (F, G),
npd ocaabaeHHbIX TOIONOTHAX HENpPephBHO, @ TPU HCXOAHBIX HeT. [Ipu-
Mep, Tie ) HE BJeueT B), ROCTABIAIOT CHILHO HErNpepbiBHbIE JMuHEdIbie
popmbl Ha F/, He ABasiolHec caa6o HenpepsBUbLIMH, B clydae, Koria F
HC coBnajact aiarebpaMyecKH CO CBOWM BTOPHLIM COMpsiKeHHbIM (a 3a £
HpUHATO Teao cKaasapoB). OnHAKO CNpaBENIUBLI CAEAYIOUHC XBa lIPERJO-
K EHUs:

[MeenaoxeHpe 7. [Tyems E w F —omodeaumsie 20KQABHO BbinyK-
avle  npocmpancmsa. Kaoxcdoe nunednoe omoGpasicerue u npocmpar-
cmea E g F, senpepwsnoe npu monoaozusx o(E, E'Y u o(F, F),
nenpepogno u npu monosozusx t(E, E’) u <(F, F').



256 JBOFICTBEHHOCTB TI. 1V, § 4

JHe#tctBuTeabio, nycth W == K’°— OKpecTHOCTb Hyias B F 11s TO-
noaorun < (F, F’), rie K'— ci1abo KOMIAaKTHOe YpaBHOBellleHHOE Bbi-
fykaoe MHOKeCTBO U3 F’. Tak kak fu HempepblBHO NpH cnaBhiX TOMOAO-
rusx 8 F’ u E’ (cnexcreue npemioxenna 1), ro H =tu(K’) ectsb
¢1a6o KOMNAaKTHOE YpaBHOBEWEHHOEe BHITYKIOe MmHOXecTBo B E’. Cie-
aoBatensHo,. H'® ectb okpectHocts Hyas B E pas rtomonorun t(E, E),

-1
YeM TpelJIOXEHHe H I10Ka3aHo, Mockoabky H'°=— u (K’'°) (mpeinoxe-
Hue 2).

CaencrsuE. Ecau ucxo0noii monosozuetd 8 E cayowcum <(E, E’), mo
Kascodoe aunelinoe -omobpadicenue u npocmpancmsa E 8 F, He-
npepsisnoe npu monosozunx o(E, E’)Y u o(F, F’), uenpeposno u
npu UCXO00HbLX MONOAOUAX.

JocTaTouHO 3aMETHTb, YTO -MCXOILHas TOMOJOrHS B F MaXopupyercs
Tonoaorne#t <(F, F’) (§ 2, ciaencrsue teopemn 2).

OTMerum, 4TO 3TO CJAENCTBHE NPUMEHUMO, B 4acTHOCTH, Koraa E
Gouenno (§ 2, mpensoxenue 5), a Takwe worna E mempusyemo (§ 2,
npeajoxenue 6).

Meeanoxewne 8. Ilycmos E u F — omoesumsie 10KQAHO BHLNYKALE
npocmpancmsa. Ecau F  nosypedrexcusno, mo xadxcdoe sureiinoe
omoGpaxcenue u' npocmpancmsa F’ 8 E’, nenpepeisnoe npu cuab-
HbLX MON0A0URX, HEnpepusro u npu caabeix monosozusx o(F’, F)
u o(E’, E).

HetictBurebuo, npepaoxenue 6 nokasmBaer, uTo «’ HenpepblBHO
npu Ttonmonorusx o(F’, F”) m o(E’, E”), n cnpaseiuBOCTb YTBEPXKIE-~
HMa caenyer W3 Ttoro, uro a(F’, F"y=a(F’, F) B culy npennoio-
weHusd, a s(E’, E”) maxopupyer rtonoaoruio s(E’, E),

[MrennoxkenuE 9. Ilycme E u F — omdesumbie L0KAAHO BoLLYKAbLE
npocmpancmsa. Kaxcdoe aunelinoe omoGpasicenue u npocmpar-
cmsa E 8 F, ssanwweecs zomomopgusmonm E ra u(E) npu ucxoo-
Hox monoaoeusx 8 E u F, ecmo maroce 2omomopgusm E na u(E)
npu monoao2usx s(E, E" u s(F, F).

-1

Mycts N =u (0), H-— daxkropnpocrpaHcrso E/N, HajeneHHoe
daxToprononorueti McxonHo#t tomosoruu mpocrpanctsa E no N, u ¢ —
KaHoHHueckoe otobpawenue E Ha H. Toria #=v o 9, Ti€ U — UHDBEK-
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THBHOE JAHHEHHOe oToGpawenne H B F, HenpephBHOE NMpPH HCXONLHBIX
TOMOJMIOTUAX ITHX NMpocTpaHcTB. Tak kak ¢ ectb romomopdusm E Ha H
npn Ttononorusx o(E, E’) m o(H, H') (§ 2, npennoxenue 9), TO
OCTaeTCs 10KasaTh, UTO U ecTh U3OMOpuaM H Ha u(E) npu Tomofo-
ruax o(H, H') u o(F, F)). Ho v, no npeamoloxenunio, ectb H30MOp-
¢uam H Ha u(E) npd uCXOZHHIX TOmoJoOrusix mpocrtpavcte H u F, Tax
YTO CNPaBeNIMBOCTb YTBEDXKAEHHS BHITEKAeT M3 MpeliokeHHs 8 § 2.

Ynpawxueuns. ¥1) Ilycte, £ u F— BeKTOpHbE NpPOCTPAaHCTBa,

E* n F¥ —ux aiarefpanyeckue coupsxenHbie. Ilokasatbh, uTo ecau 4 —

. JuHeHHoe oToGpaxenne F* B E, HempepblBHOE MpH ToOmoJOTHAX g (F¥%, F)
u o (E, E*), 10 £(F*) xoueusnomepuo. [C mnomouiblo npepnowenus 4 no-
Kasartb, YTO Z €CTb FOMOMOpP(H3M F* Ha u (F¥), W BLIBECTH OTCIOJa, 4TO
1 (F*) ecTh NMOANPOCTPAHCTBO MHHHMANbLHOrO THMA TpocTpanctsa E (§ 1,
ynpaxHeuse 13); B 3aKiioueHHe PacCMOTPETb Ol PAHHYEHHLIE MHOMXECTBA
B 9TOM TOZMPOCTPAHCTBE. ]

2) Tlycte (F, G) u (F;, G;)—xBe mapbl BEKTOPHLIX TIPOCTPAHCTB
B JBOHCTBEHHOCTH.

a) Jlas Toro yroOnl NHHelHoe oToGpaxcense i npoctpaHctBa F B Fy
6pi0 HenpepuBHLIM 1pH Tomoaorusx ¢ (F, G) u o (Fy, Gy), Heo6XOANUMO
¥ ROCTaTOYHO, 4T06bl cro aireGpavyeckoe compswennoe fu (Auar., ra. Il
§ 4, n° 9) 6uin0 otob6pawenueM Fy* B F* TaxuM, 4o *u (Gy) <= G.

6) Mycts T v Ty — HachlieHHblE MHOXKECTBA MOAMHOXECTB H3 G M
Gy, OrpaHUYEHHbIX B TOMONOTHAX ¢ (U, F) m o (G, Fy) COOTBETCTBEHHO
(ra. 11, § 3, ynpawuenue 2). Ias Toro yto6nl AuHeiiHoe orobpaxeHHe u
npoctpaicTBa F B Fj, HeNpepLBHOE NPH TOMOAOTHAX s (F, G) u ¢ (Fy, Gy),
6bl10 HeNpephBHLIM NIpH T-Tonodorud B F u ¥y-ronoiorun B Fy, HeoGxo-
IMMO M JOcTaTouHo, yrtobn fu (T)c I.

3) NMycte £ m F— oTaenuMble NOKaXbHO BHIMYKJble [HPOCTPAHCTBA.

a) lna Toro uroOb nMHEHHOe oToGpawenne u npocrpaunctsa E B F
6bu10 roMoMopdusmoM E ua u (E) npu ucxonausix tononorusx B E u F, He-
06X0ANMO K JOCTATOYHO, 4TO6BI Z GbLIO TOMOMOP(HIMOM NPH TONMOJOTHAX
a(E, E’Y n o(F, F/) 1 Kawpaoe paBHOCTENEHHO HETpepbiBHOE MHOMKECTBO
u3 E’, conepxauteecs B fu (F’), 6110 06pa3oM paBHOCTENEHHO HETMPEPLIB-
HOrO MHOMKECTBa M3 [’ npH conpsieHHOM orobpasenuu fu. [Hdas ycra-
HOBJEHHsl LOCTaTOYHOCTH VCIOBHS CBECTH K CAyYal0, KOTAa U HHBEKTHBHO
(cM. ynpaxHenne 4).]

6) Tokasatb, YTO €CAH TOMOJOrHsA, HHAYLHPyEMasd B KamIOM BEKTOp-
HOM noanpoctpanctee N npocrtpancrtBa F Tononorueit < (F, F'), cosmna-
aaer ¢ t(N, F//IN°), 1o xaxauli roMoMopdusM E B F Tpu TONONOTHAX
G (E, E’) u o (F, F’) ectb Takxe roMoMopdusM npu tomoaorusx t (E, E’)
u t(F, F/). [CM. § 2, ynpawuenne 5a.] Cayua#, koraa F MeTpH3yeMo.

4) Tlycts E — oTaeanMoe BEUECTBEHHOE JOKaJXbHO BbHIMYKJIOE TNPO-
CTPauCTBO, TaKOe, 4TO B €ro comps:keunom E’/ coxepxurcs GeCKOHEYHO-
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MepHoe BBIyKJIOe MHOXCCTBO B/, KoMnakTaoe B cla6oit Tornonorun s (E7, E)
(ycnoBue, ocyliecTBiasiolcecs, HanpHMep, Korna E — GeckoneyHoMepHoe
BEKTOPHOE IPOCTPAHCTBO, HajeleHHOe rtomonoruci ¢ (£, E*)). INokasatb,
4TO CylecTByer JHHelinasn cdopma u € E’*, He orpannueHsas Ha B’; Bbi~
BECTH OTCI0OAa, YTO B/ He KOMNaKTHO B tonoaorud o (E’, F), rae F —nog-
npoctpanctso £ -+ Ru npocrpanctea E/*, 3akaicuuth orciofa, 4T0 TOKIECT=
BenHoc oroGpameHne £ B F ecTh H3oMOpGHM3M mpu Tonoaorusax a (£, E/) u
s (F, E’), Ho He npu tonoaorusax t(E, E’) u < (F, E).

5) a) Mycts £ u F—npocrpancTsa Ppewte. [lokazaTs paBHOCHAbHOCTh
ClefyollMX TIATH CBOMCTR AHHeHHOro oToOpaxeHus u mpoctpauctsa E B F.

a) & ectb roMomopdusM E Ha u(E) npM HCXOAHbLIX TONOJOTrHMAX
B Eun F

8) # ectb rovomopdusm E wa u(E) npu tonoaorusx o(E, E/) n
a(F, F');

Y1) u#(E) samkHyTto B F;

3) fu ectb romomopdusM [ Ha tu(F’) mpnm caabeix TOMOMOTUAX
s(F, Fy n o(E’, E);

e) tu (F') samxuyto B £/ B Tononaornu < (E’, E).

[Ucnoab3oBath npennoxenne 4, ynpawHenue 36, a Takike Teopemy 1
§ 3 ra L]

6) Matb upumep Hn3oMopusMa & mnpocrpancrBa Ppeme E B 1po-
cTpaHcTBO Ppeine F, Ras Kotoporo Yz He 6biio Get roMoMopdusmom
Ha tu (F') npu cuabHeix tonouaorusx B F/ m E7. [CM. § 3, ynpaxkuenue 238.}

#6) Mycte £ m F—npocrpanctBa dpeuic 0 & — HenpepuiBHOE  aH-
neiiHoe orobpaxenue E B F. [okaszarth, uto ecau 'z ectb usomopdusm F°
na *u (F') npH CuabHbLIX TOMONOTHAX B F u E’, TOo u ecth roMomopduam E
na F. [Ucnoab3oBath nmpeabiAyiiee ynpaxuesue 5 0 reopemy 5 § 2; cmM. § 5,
yrupaxsueHte 11.]

7) Ilycts £ n F — 10KanabHO BbIIYKJAblE TPOCTPAHCTBA, L — HEmpe-
pbiBHOC amueiiHoe otoOpawenue £ B F u A — BCiogy NAOTHOE BEKTOPHOE
noanpocTpancTso B £. [llokasarth, 4TO ecan CyxeHne u Ha A ectb TOMO-
moppusM A Ha u(A), 10 & ectb romomopdusM E Ha u (E). [Hcnoasso-
BaTh ynpaxHenue 3a.] Ecauw, kpome Ttoro, u(A)=~F, 10 a(V) ectb

BHyTpeuHoCcTs # (V[ A) ana Kawaod ypaBHOBELIEHHOH BBIMYKAOH OTKpBI-
TOH OKPeCTHOCTH Hyasit V u3 E.

8) Nlyctb £ m F— oraeanMble JNOKAJbHO BLIMYKJbIE NPOCTPAHCTBA.
Ins kaxroro noaMHoxecrsa H npocrpaHcTBa L (£, F) BceX HeNpepLIBHLIX
avHelHupX oToOpadeHuit £ B F o6o3sHaunM uepe3 ‘H MHOKecTBO OTOGpa-
weHuHt F B E’/, COUpsMEHHBX K BCEBO3MOXHBIM OTOOpawemusM u¢ H.
Hns xawaoro muoxecrsa M (coors. N') u3s E (coors. F’) oGoaHaynm ye-
pes H(M) (coorB. TH(N’)) ofbegnsenve Bcex MHOWeCTB & (M) (cooTs.
ty (N')), rae u mpoberaer H.

a) lnaa toro uyrto6nl / OGbLLIO paBHOCTElIEHHO HeNpepLIBHLIM, HEOOXO0-
JMMO.H JOCTAaTO4HO, 4T0o6bt T (N’) = E’ 610 PABHOCTENEHHO HENUPEPLIBHO
AN KaMJOT0 PaBHOCTENEHHO HEMPephiBHOrO MHOMecTBa N/ u3 F/.
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6) Myctp & — MHOMECTBO OrPaHUYEHHbLIX NOAMHOMECTB MNPOCTPaH-
crBa E. Tlokasatb, uto pas toro utobut H 6Gbijao orpaundensubim B S-10-
noxorun B L (E, F), Heo6X0aUMO M xOCTaTOyHO, 4to6bt *H (y’) 6bido
orpadnyenHo B S-tononoruu B £/ jpas kawaoro y’ € F'. [Hcnoas3oBath
TeopeMy 3 § 2.]

B) INycts & — MHOXKECTBO OrpaHHYEHHBIX MOIMHOMECTB TPOCTpPaH-
ctBa E, T — HacpillienHoe MHomecTBO (ra. 11, § 3, ynpawuenne 2) orpa-
HUYEHHBIX TIOAMHOXECTB TpocTpaHctBa F, u E/ Hageneno S-rononorueit,
a F/ — ZT-tononorveit. Has Toro yto6ut *H 6bl10 PaBHOCTENEHHO Hempe-
PHIBHBIM, HeoOXOIHMO M 10CTaTOuHO, 4Tobsl M (B) ans moboro MHOMe-
ctBa B¢S cogepwanoch B HeKOTOpoM MHOX¥ecTBe M3 X. B wactaoctn,
aas toro utobst fH 6blI0 PaBHOCTENEHHO HEMPEPHIBHBIM [PH CUAbHBIX
tonoiorusax B F/ n E’, He06X01¥MO H 10CTAaTOUHO, YTOOH H 6b1IO OrpaHH-
yedHo B L (E, F) B Tonojaoruu orpaHHYEHHOH CXORUMOCTH.

r) BeiBect M3 6) M B), uto ecan *H orpauMyeHHO B TOMOJOTMH TpPO-
croit cxoaumoctu B L (F’/, E’), rne F/ u E’ HajeleHbl CHAbHBIMH TONOJO-
FHAMHA, TO OHO pPABHOCTCNEHHO HEMPEPHLBHO IIPH TEX Ke TOMONOTHSAX.

9) B o6osnauennsx ynpawHesus 8:

a) lNokazats, yto ecam E GoueyHno, TO cremylole CBOHCTBAa PpaBHO-
CHJbHEL

a) H orpannyenso B L(E, F) B TOMOJNOrHH OPOCTOH CXORUMOCTH;

£) H paBHOCTENEHHO HENPepbiBHO;

Y) *H orpasiuieHHO B TOMOJOTMW TPOCTOH CXOAMMOCTH B L(I*’ E")
npH Hatedenun E’ caaboii tonosoruedt ¢ (E/, E);

3) *H paBHOCTEneHHO HENpepuiBHO, Korxa E/ m F/ HajeneHb CHIb-
HBIMH TOTIOJOTHSAMH,

6) Ilokasatp, uto ecan E wndpaboueyno, 10 cBOKCTBa §) M d) u3 a)
PaBHOCHABHBL APYT APYTY, a TaKXe CAEAYIOIHM ABYM IpYTHM:

e) H orpamnuenno B L(E, F) B TOMOJOTHM OrPAHHYEHHOH CXOAM-
MOCTH;

9) tH orpannuedHO B TOMONOTMH npocTofi cxomumoctu B L (F/, E')
npu majgeneHuH £/ cuabHOH TOMOJOruei.

B) llokasath, uto ecau E KBa3HMO.JHO, TO CBOWHCTBA a), Y) M 3) K3 a)
PaBHOCHIbHEL

*10) Ilycts G — BeKTOpHOE TONIPOCTPAHCTBO NpOHM3BefeHHs RN,
oranysoe or RY, conepualiee IpaMyio CyMMy R™ u wagenensoe n0-
KalbHO BHIIYKIOH Tomonoruei, mpespainawoieii G B MeTpu3yeMoe MOHTE-
NeBCKOE (CNeAoBAaTEAbHO, NoJHOe; cM. § 3, ynpawHeHuwe 2Ir) upocrpaH-
CcTBO (MO 1OBORY cmocofa mMOCTPOEHHs TaKMX INPOCTPaHCTs cM. § 3,
yupaxsenne 27). Ilycts G’ — conpsikennoe k (G, OTOMIeCTBIACHHOE

¢ MOANPOCTPaHCTBOM Npou3BeneHns RY 1ocpeacTBoM GUINHEHHOH KaHOHH-
e 4 4
gecKot oMbl (X, X )= D knXy, The X =(x,)€G, X' = () ea.
n

INycts H — npocTpancTBO BCeX ABOHHLIX NOCAEROBaTeNbHOCTER ¢ = (tyn),
B KOTOPBIX &y 50 IMIb 115 KOHEYHOTO YHCNA HHACKCOB 71 H (L1m),, en€ (¢4
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InA Kaxaoro n; H MOXHO paccMaTPHBaTh Kax NPAMYIO CyMMY G, u mu
HapeanM H npsMol cyMMo# TOMOMOTHH ero ciaraeMmlx, mpeBpaiuaioieit
€ro B MOHTENEBCKOE npoctpauctso (§ 3, ynpaxHeHue 25); npoctpaunctso H’,
conpsieHHoe K f, OTOXKAECTBUMO ¢ MPOCTPAHCTBOM BceX XBOHHLIX MO-

o s ’
crenoBareabHOCTEl ¢ = (tmn) TaKHX, YTO TIOCIEAOBATEILHOCTD (tmn)m N

AN KaXAoro n npuuandexxut G (NPOCTPAHCTBOM, H30MOPGHBIM IPOH3BE-
Aennio GY). Mycrts K — npocrpaHcTBO, noayyaiomeecs 13 H nocpeacTsoM
»CHMMETPHH® (£py) = (fn) B RY*¥ u K’ — ero COMpsKeHHoe, NoJyyarn-
uteecs M3 /4’ MOCPERCTBOM CHMMETPHH (t;nn)—»(t;m)

Ilycts P — npocTpaucTBo BCEX TPOitHbix MOCAEAOBATEALHOCTEH (Smnp),
B KOTODHX Spmpp+0 Juillb A4 KOHEYHOTO YMCJA HHAEKCOB p H
(Sm"p)(m’ #)ENxN TTPHHATACHHT H pas xawxaoro p; P MoxHO paccMart-
PHBaTb KakK NPAMYIC CYMMY H® = ¢Z®*XN) g yp Hageanm P npAMoi
CyMMO# TONOJOrMH ero ciaraeMblX, TaK Y10 OHO GyAeT B 3TOH TONMOJXOrHU
MOHTEJIEBCKHM NpocTpascTBOM. IlycTh ( — npocTpaHctBo BceX Tpoil-
HHIX TOCJAEN0BAaTENbHOCTER (Spypp) TAKHX, YTO TOCHEAOBATENLHOCTD
(Smn:n)(m, n)ENxN A KaOWAOr0o p NMPHHAANEKHT K; Q Moxuo paccMartpH-
BaTh KaK mpoussenenne K\, 1 Mbl HajeIHM €r0 NPOM3BEAEHHEM TOMOMNO-
THH €ro MHOMHTENeH, [peBpaTHB €ro TE€M CaMbiM B MOHTENEBCKOe Mpo-
crpanctBo. Ilyctb, Hakomen, £ = P[]1Q — npocTpa’cTBO BCEX [OCAENO-
BaTenbHOCTeR (Synp), COAEPWAIMX AMIIL KOHEYHOE YHCIO HEeHYNeBbiX
4nenoB, otomaectauMoe ¢ npamod cymmoit RNXNX®); yanenum E npsmoit
CYMMOH TOMOJNOTHH €ro cjaraeMbx, Tak 4TO TPOCTpaHcTBOM E’, comps-
wemnniM K E, 6yner toraa npomssegesne RYXFXN,

a) TlycTb u — HHBEKTHBHOE aHMHeHHOE oTOGpaxeHHe X —» (X, X) mpo-
ctpanctBa £ B MOHTeNeBCKOe mpocTpanctBo F= P X Q. Iloxasars, uto 4
HenpepbiBHO ¥ M = u(E) 3aMkHyTO B F; BBIBECTH OTCIOfa, 4TO U ecTh
roMoMopdusM F’ Ha ®u (F’) npu cnabuix ¥ cuabHpix tononorusx. [Mcnoas-
30Bath npeanoxenune 4 M ynpawuenue 36.] Ilokasats, uro N = tu(F’)
BCIOAY TJIOTHO H He 3aMkuHyto B E/ Kak npu cnaabo#, Tak M NpH CHILHOH
Tononoruax. [3aMetnth, 4to l# ecThb oOTOGpawenue (y’, 2)—>y 42
npouasenesns P’ X Q' B £/.]

6) BriBecTH M3 a), yTO (haKTOPHPOCTPAHCTBO OJHOTO MPOCTpaHCTBa F/
(HazeneHHOrO CHJABHOH TONOAOrHEeH) MO 3aMKHYTOMY NOaupocTpaHcTBy M°
He noaynoaso (ra. 1I1,.§ 3, ynpawkueune 10), xots F/ # ABAsETCS CTPOTHM
HHIYKTHBHBLIM TIpEeNOM IIOCHeJOBaTeNbHOCTH METPHU3YeMbiX MOHTENeB-
CKHX TPOCTPAHCTB.
~ B) Tlokasars, 4YTo 3aMKHyTOe NOANpOcTpaucTBO M mupoctpancrsa P
HE SBJAAETCA OrpPaHHYEHHO 3aMKHYTbIM, XOTd F H OrpaHHYEHHO 3aMKHYTO.
[Moxasatb, 4TO HpPOCTPAaHCTBO, compsiKeHHoe X M, HE TNOJHO B CHAbHOH
TOTLOJIOTHH. ] _

r) [lycrs X/ — snemedt us E’, ue npunapnexauuit N = tu (F’), u aas
Kaxgoro y¢&M uyers v(y)=(x, x’), rae u(x)=y. Ilokasartb, yro
CyMeHHe v Ha KaXkjoe OrpaHWYeHHOe MHOXeCTBO M3 M HempepsiBHO
B OCnaGieHHOH TOMONOTHH, HO U He HeNpPepslBHO B TOUONOLMH, MMAYIH-
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-1 . .
pyemo#t u3 F. BuBectn otciona, uto L =v(0) ects BeKTopHOéj ”I'L_onhpo-
CTPaUCTBO conpsikenHoro F k F/, nepeceuenne KOTOPOro ¢ _xax_(m;{M' 3aMKHY-
THIM OTPaHHYEHHbIM (a CAEeI0BATENbHO, C1a60 H CHALHO KOMNAKTHBIM) MHOM( e~
cTBOM U3 F 3aMKHYTO M KOTOpPOE TeM He MeHee He 3aMKHYTO B F (cM. § 2,
TeopeMa d).

*11 a). Ilycte E— mpocTpancTBo Ppeme, Ha KOTOPOM He CyL{ecTBYeT
HenpephiBHOH HOpMH. [lokasatsh, uto B E comepxurca GeckoHEuHOMEpHOE
NOANPOCTPAaHCTBO MHHUMaibHoro tuma (§ 1, ynpaxuenne 13), TeM cambiM
o6aanaiomee ronorornueckum pomnonHenueM B E. [Ilycre (Vy) — cTporo
y6siBalomias gysnaMeHTaabHas cHCTeMa OKpecTHocTed Hyas B E u (xy,) —
NnocCAefoBaTeAbHOCTh TOYeK u3 E Takas, 4TO x,,¢ Vi1 ¥ OpsMas, npo-
xopsamas uepe3 0 u Xy, conepkurcad B Vj, NpuueM X, AMHEHHO HE3aBH-
cumbl. [ToxasaTb, 4TO 3aMKHYTO€ BEKTOPHOE IOANPOCTPAHCTBO, IOPOMKACH-
HOE TOUKAMHU Xy, O6XapgaeT TpeOyeMblM CBOHCTBOM.]

6) Ilycte E — npoctpanctBo Ppeuie, TONOAOTHA KOTOPOTO HE MOKET
6HITb OMpefencHa OXHOH HOPMOH, HO ONpeXeaseTcd BO3pacTalomel nocie-
IOBaTEAbHOCTBIO (Pyp) HOPM. I'[ycn, V,,—oxpecmocu HYJd, onpeneise-
Mas HepaBeHCTBOM p,, L, n A = V —ee mnoaspa B E’; MOXHO
npeunoxararp, 4TO An 41 HE CONEpMHUTCs B BEKTODHOM MOANPOCTPAHCTBE
npocTpancTBa E/, MOPOXAEHHOM MHOKECTBOM An (§ 2, ynpaxuenne 12B).
MMycte (x')—nocnenoaarenbﬂocu Toyek u3 E’/ Takas, uTO x' eA' H x'
HE MNPUHAMIEKHT BEKTOPHOMY MOANPOCTPAHCTBY, NOPOXACHHOMY MHONE-
CTBOM An - TloxasaTb, 4TO BeKTOpHOE NOANpOCTpaHCTBO M/, mopoxaeH-
HOe mnOoCkeAOBaTEAbHOCTHIO (x:,), cra6o 2aMmkuyTto [§ 2, Teopema 5] u ne
o6nragaeT TONOJOrMYECKHM JHOMNOJHEHHEM B ciaabom conpskennoM X E.
[TIpuuATe BO BHHUMaHHE, 4TO ecau Obl CyImecTBOBax 1C1a60 HenpepbiBHbIH
npoexTop #’ npocrpaHcTBa £’ uwa M/, 1o o’ (A) B cuny Teopembl Bapa,
colepxanoch +Obl B OFHOM 13 MHOMKECTB M’nA W NOAYuUMTH OTCloAA
NIPOTHBOPEUYNE C TEM, 4TO A1 cra6o ToTansuo B E’.] Bmeectu orciona,
4TO moAnpocrpaHcTBO M’° npocTpanctBa £ He o6xalaeT TONOJOTHYECKHM
JZONOJHEHHEM,

B) Ilycts E — npocTpanctso <Ppemie, TONOAOTHA KOTOPOTO HE MOMKET
6biTh onpenenena oaHoH Hopmo#. [lokasath, yto ecan E HE H30MOPOHHO
NpoH3BeAeHHI0 6aHaXOBCKHX MPOCTPAHCTB, TO B £ CONEPWKHUTCA 3aMKHYTOe
BEKTOPHOE MOANPOCTPAHCTBO, He oO6Xajaloliee TOMOJOTHUECKHM HOMOJHE-
uueM. [Paccyxmate or nporusmoro. Ilycts (pn), s, ; — BO3pacTaiolas
nocAeJOBaTeAbHOCTh MOXYHOPM Ha E, onpepexsiomas TONOJOTHIO ITOroO
npocTpancrea, Fp =En (0) u Eypyq— TONOJOTHUECKOE  JAONONHEHHE
X Fpy1 OTHOCUTENbHO F, (mozaraem E = Fy); ucmoan3yq 6), mokasaTs,
yt0 Ep4q — GanaxoBckoe npocTpancTso M E u3omopdHO npousseneHHio
npocrpaucts E, (n>1); ucnoabsosate Teopemy 1 § 3 ra. L]

*12)a) Mycts E 1 F—npocrpancta Ppente, G—OTACIMOE JOKaJIbHO
BLINYKJAOE NpocTpancTso, E/, F/ u G/ — uX conpsxeHHse U u — Ouamneitnoe

v
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otobpaxenne E’XF’ B G/, pasneabHo uenpepmsuoe (rilll, §4,n°1),
xorga E’/, / v ( nanexeusl caabbiMu Tomoxorusmu o (E’, E), o (F/, F)
u s (G, G). MlokasaTb, YTO & eCTh HENpPepuIBHOE OTOGpaxenne E/ X F/ 8 G/
nipy Haxenennn E/, F/ u (¢ cuabubimn Tomoxoruamy. [Tlonaras (z, u(x/, y'))=
=(v,(x’), ¥'), rae 2¢€ G u v, (x’) € F, nokasaTb CHayaja, 4TO MHOMXECTBO,
npoGeraeMoe u,, korxa 2z npoGeraer orpannyennoe Muowecrso C us G,
PaBHOCTENEHHO HENMpPepLIBHO NpH Hajeaenun E’ cuabuoit TonoJoruei,
a F — UCXOIHOM, MCNOAb30BaTh HAJfA ITOTO ynpaxHenHe 8r, 3ateM noka-
3aTh, uyT0 B E’/ cymecTByer cuibHag OKPeCTHOCTh Hyaa V/ Takas, 4TO
obbenuHenve MHoxecTB U, (V’), rae z npoGeraer C, orpaHuueHHo B F’
HCNOJb30BaTh AAs 3TOro ympaiHenue 5 § 2 ra 11L]

6) lath npumep HapyiuieHHs CNPaBeIAHBOCTH 3AKJOUYEHHs M3 a) NpH
npeanoaoxenuy E npoctpaHcTBOM Ppemte, a F-— CTPOruM HHAYKTHBHBIM
npeaeioM MOCAENOBAaTEAbHOCTH mpocTpaHcTs Ppewe. [Cwm. ra I, § 4,
ynpaxnenue 5.]

§ 5. JBoiicTBeHHOCTh GaHAXOBCKHX NMPOCTPAHCTB

[MpuHuMas BO BHUMAaHue BAKHOCTL OAHAXOBCKUX INPOCTPAHCTB, MBI
B 9ToM naparpade 3aHOBO H3MOKUM IJAs HMX PE3Y/bTATH, NOMyYeHHble
B MpelblyliuX Naparpadax, ¥ NONOANMM 3TH PE3YALTAThl HEKOTOPHIMH
cpolicrBami, cleunduunbiMu L19 6aHAXOBCKHX NPOCTPAHCTS.

1, Caaban u cunbRas MOROAOZUL 8 CONPIHCCHHOM K HOPMUPO-
8AKKOMY NPOCMPAHCMEY

[Mycte E — HOPMUPOBAHHOE NPOCTPAHCTBO H E — 6anaxoBcxoe npo-
CTPAHCTBO, MOJyudiouleecs NMyTeM ero nononHenus. Kak u3secTHO, mpo-
crpauctBo E’, compsikennoe K E. KaHOUWYeCKH OTOXIeCTBUMO (Kak He
TOMOJIOrAYECKOE BEKTOPHOE MPOCTPAHCTBO) C COMPSKEHUBIM K E; KpOoMe
TOfO, Cu/ibHag Ttomojorus B E’ (paccmaTrpuBaeTcs /u OHO KaK CONps-
wennoe Kk E uwam K E)—om—:a H Ta Xe H.OoNpele/deTcs HOPMOL

¥ ll=sup [(x, x)|= sup [(x £)| (1
€ B, 2|1 z€E, |z|<1
(va. U, § 3, n° 3). Hanporus, npu E = E- caabsie Tonosornu s (E’, E)
u o(E', E) pesaunnn (§ 1, crencrsve 3 mpeanowenus 1),

_ 3ameuanud 1) [lycte A-— Bcioxy NIOTHOE NOAMNOKECTBO Liapa
x|l (oTHOCHMTEAbHO MCXOAHOH TONOJOrMH mNpocTpauctBa E). Beaen-
CTBHE HenpepuiBHOCTH x/, u3 (1) BbITekaeT, UTO Takwe

Il /Il = sup[(x, x’}|.
TEA
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B uacTtHOCTH, B nociexsux ABYX ujaeHax B (1) mowuo 3Haxu < 3a-
MeuuTb Ha <.

2) Ecan E GecxoneunoMepno, To cuaabas tonodorus ¢ (E’, E) caalee
cuabHOM Tonoxoruy.npoctpancrea E/. [lefictBuTenbno, nas mo6oH xoueuyHoH
NOCAEAOBATENPHOCTH TOYEK (&;)y ;< p M3 E Cymecteyer x'=£0 B E’
Takoe, uto {(a; x')=0 (1<in) (Aar, ra I, § 4, Teopema 1). Ipu

9TOM MOXHO TUpeanosaratb, yro f{lx’|| =1. 310 noxasmpaer, uro 0
asasetca B E’ cnaGolf ToukoH npuxocHoBenus k cepe, 3azaHuo¥ ypaB-
HeuueM |2/l =1, Toraa kak sTa cdepa 3aMKHyTa B CHJABHOH TONO-
JROTHH.

dopmyaa (1) nokaseiBaer, 4TO
[ 2 [ <Ml [[7]] 2

ang mobsix x € E, x € E/ u, c1enoBaTe/bHO, KaHOHHUecKas OusnnefHas
dopma (x, x’)—(x, x’) Henpepusna na EXE’, xorna E u E’ Haje-
JeHBl CBOMMH HOPMHDOBARHHBIMH TOMOJOTHAMH (cM. § 3, ynmpawxHenue 2).

3amevaunnsa 1) Tak xak (hx, x’) =4 (x, x’'), TO MOXHO TaKKke

Hanucarthb
ix’ll= sup [(x, x/)]
xCE, |zf=1
H
o = sup L8% XD]
1+l weE,Ia)cszo txl *

4TO npeactasiser co6oil yrounenne dopmyast (2). Touno Tax e, KaKOBO
6bl Hu Gbli0 MHOMecTBO D), Bcioay maoTHoe B £ (B HCXOINOH TOMOJMOTHH)
¥ HE cojiepkalilee Hayaka, 110 HENPEPbIBHOCTH HMeeM

x| = sup [({x 2|
z¢D

2) Ecam H — 3aMkuyTas runepniockocts B E, onpepensemas ypasue-
HueM {x, X’y =a (x'50), 10 paccmosnue ot 0 no H 3amaercs dHopmy-
noit

_ sl
d=97r"

JlelictButenbto, B cuay Qopmyas (2), aas kawmoro x € H umeem | x||>

a .
>%C'|T; C IPYro# CTOPOHBI, AJifl KaXJAOrO 7 CYIIECTBYET Yy TaKOE, 4TO
“Yn,

1
lynll =1 n (yn, x’)>IIX'll(l—-,;); myCeTb {ym X7) = Ay ¥ Xp =73

||

Torja X, € H u [[x,|| = ™ < 2]

(1=

, H Halwe YTBEpXICHHE

AOKa3aHoO.
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HanomuuM, 4T0 B CHJIY METPU3YEeMOCTH NPOCTPAHCTBa E ero HCXO0A-
Has TOMOJOTHS ecTh monosozus Maxku < (E, E’) (§ 2, npennoxenue 6).

Mpoctpanctso E’, HazeneHnoe cuAbHOH TomoJsorde#t, Gyiyuu MeTpu-
3yeMslM H KBA3HIOJHBIM, MOJMHO (§ 3, npennoxenue 3); UHBIMH CAOBAMH,
9T0 — 6anaxosckoe npocmpancmso. Tak kak noaspot B E’ 1mapa
{[x||<1 npocrpancrBa E caywut map [x’||< 1, To paBHOCTeneHHO
HenpepblBHEIE MHOXECTBA B E/ — 9T0 Cu4bHO O2paruuenHsie MEOKECTBA.
CrenosatenbHo (§ 2, mpenqmoxenue 2):

Meenaoxenue 1. B npocmpancmse E’, conpsajcennom Kk Hop-
MUuposannomy npocmparncmsy E, xancOsd 3aMxnymul wap xomnax-
men 8 caaboid monosozuu s(E’, E).

HanomHuM, uTo MeTpu3yeMOe TOMOJAOTHYECKOe NPOCTPAHCTBO HA3bi-
BAETCA MPOCMPAHCMBOM CHEMHO20 mund, ecid B HEM COAEDKUTCH
CueTHOe BCIOAYy MIOTHOe MuoxectBo (O6w. Tom., Pes., § 1, n° 14).
[Mpemnoxenue 3 § 2 u ero clAeiCTBHe NOKA3HBAIOT, YTO:

TMPEAIOKERUE 2. B npocmpancmse E’, conpajcesnom K HOp-
MUPOBAHHOMY npocmpancmsy E cuemnozo muna u HQOeAeHHOM CAQ-
60oii monosoaueti o(E’, E), nasxncosii 3omKnymuli wap ecmb Mempii-
3yemoe KOMRAKMHOE nPOCMPAHCMBO & CcO0epicum 6CI0Y RAOMHOE
CHeMmHOe MHONCECmso.

Ecmu E— 6aHaxOBCKOe NPOCTPAHCTBO, TO ouo Goueuno (ra. III, §1,
caejcTBue MpeijoxeHus 1), Tak 4TO KaxiAoe MuomecTso B E’, orpanu-
yeHHOe B cAaboft tonmonoruu o (E’, E), Takke CHJABHO OrpaHu4deHHO; MO-
9TOMY MOXHO TOBOPHTb NPOCTO 00 02PAHUUEHHHX MHOXKeCTBaX B F’,
He yTOUHAS — B KAKOH TOMOJOIHH.

OtmeTum, uTO eeau E — He 60yeuyHOE HOPMHPOBaHHOE MPOCTPAHCTBO,
10 B E/ uMeioTcs crabo OorpaHHuenHble MHOXKECTBA, HE fIBJAIOIMECH CHABHO
orpannuenusiMu (§ 2, ynpaxuenue 9a).

Meepnoxenue 3. ITycme E — 6anaxosckoe npocmpancmso. Jas
moz0 umobu sexmoproe nodnpocmpancmso M’ conpsdenrnozo npo-
cmpancmsa E’ 600 3amxnymon 8 monosoeuu s(E', E), Heo6xodumo
u docmamo4Ho, ¥mobe. 0640 3AMKHYMO 8 Imol monosozuit e20 ne-
pecesenue ¢ wapon |x'||< 1.
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310 — He 4YTO UHOe, KaK TeopeMa 5 § 2, mpuMeHeHHad K 6aHaxoB--
CKOMY NpPOCTDAHCTBY (MOCKOJBKY KaWJOE PaBHOCTENEHHO HeNpepBIBHOE
MHOXeCTBO U3 E’ cOJepXHUTCa B HEKOTOPOM TOMOTeTHYHOM oOpase mapa:

fx 1l 1)

Caencrsue 1. Ilycms E — 6anaxosckoe npocmparncmso. Jas mozor
Ymobsl AUHCIHOA HOpMA U HA CORPANCEHHOM npocmpaticmée E’
6u1a Henpepu8HOi 8 caa6ol monoaozuu o (E’, E), neo6xodumo u
docmamouno, 4mo6o. Goia0 HENpepuiero 8 MO MOnoao2uU ee Cydxce--
nue na wap || x| < 1.

Caencteue 2. Ilycmes E— 6anaxosckoe npocmpancmso cHem-—
#oz0 muna. [asa moz0 4umobu AuHCHHAS HOPMA U HO CONPANCCHHOM
npocmpancmee E’ 6oina nenpepwsHoil 8 caaboii monoaoauu o(E’, E),
Heo6x00umo u 0ocmamouno, wmobu. 04 410606 nocredosamerbroCmi

; .
(xn) 8 E’, cxo0nuwelics 8 3moii monosoull, UMeL0 MECmo paseHcmso-

Hm u (xp) = (lim xp).
R » 00 n-y»oo

HettictButensno, map ||x’||l< 1 sBmserca B Tomodoruu o(E’, E)
METPH3yeMbIM KOMIAKTHHLIM IPOCTPAHCTBOM (Mpeisoxenue 2) W Crpasen-
AMBOCTb yTBepHKIeHUS BuiTekaeT u3 caenctsus 1 (cM. O6uw. Tom., Pes.,.
§ 6. n° 2).

2. Bmopoe conpsocennoe K HOPMUPOSAHHOMY npOCHMParcmey..
Pegprercusnbie 6anaxoscrue npocmparcmea

Tak Kak cuabHOe conpsukeHHoe E’ K HOPMUPOBAHHOMY NpPOCTPaH-:
cray E ectb 6anaxoBckoe NPOCTPAHCTBO, TO €ro CHIbHOE CONPSDKEHHOE:
E” — Taxkke 6anaxoBcKoe, ¢ HOpPMOH

x" = su x, x"Y). 3) -
l#l=,, sup 1 2] o)

Kak ussecto (§ 3, n° 3), £ MOXHO OTOXIECTBHTb (KaK He TOIO-
JOTHYECKOE BEKTOPHOE NMPOCTPAHCTBO) C HEKOTOPHIM MOANPOCTPAHCTBOM
npoctpancta E”. Ho 3meck He Tombko Tomosorus, munyuupyemas B E
cuabHOH Tononoruel npoctpancTsa E”, coBnmazaeT ¢ UCXOZHOH TOMOMO--
rueft npoctpanctsa E, HO u cywende Ha E Hopmul || x”||, onperesneHHoM:
dopMyqofi (3), coBmazaeT ¢ HOpMOH, 3amaHHOH Ha E; MHHIMH C/IOBaMUT
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[MeenioxenuE 4. ITycms E— HOpMuUpOBAHHOEe RPOCMPAHCMBO U
E'— ez0 conpsaocennoe. [dag rascdozo xCE uneen
lxll= _ sup  |{x. x7}]. (4)
o/ B, 2] <1
IeficTBuTe bHO, Tak Kak wap |[x||<{1 B E 3aMKHyT, a ero moas-
poit 8 E’ caywut map |x'||< 1, 70 npennoxenue 4 Beipakaer, 4To
map ||x||< 1 ects noaspa 8 E mapa |[x'||<<1 (§ 2, cieacrsue 2
npepioxenus 4).

Cnexcrsue. Ecau E-—cuemnozo0 muna, mo 8 E' cywecmsyem
7
.nocaedosameasiocms (@,) MAaxas, 4mo

[{x, ap) |

x|| = su ;
%]l = sup A

0a8 scex xEE.

Hetictaureavio, wap ||x'|| < 1 B E’ sBaserca B rtonosoruu ¢ (E', E)
METpu3yeMblM KOMMAKTHLIM NPOCTPAHCTBOM (MpeitoweHue 2), TaK 4TO
B STOM 1Iape CYileCTBYeT BCIOLY NJAOTHAs B 3TOH TOMOJOrMH NOC/ENO-
BATE/NLHOCTh HeHYJEBHX TOYEK (a;) (O6ui. Tom., Pes., § 3, n° 12;
ta. IX, § 2, n° 7). Iycts x€ E. flcro, uro pas kawgoro x’ €E'

¢ ||x’|| < 1 uiMeer MecTo Hepasenctso | (x, x”) | sup|(x, a;) |. A torma
n

, X, a.
popmyna (4) nokasmsaer, uto x|l < supl(x, ;)| < sup H”a, “"H
% n "

TTpoTHBOMONOKHOE HEPABEHCTBO OUYEBURHO,

[peanoxeHue 5. Ilycms E— nopmuposannoe npocmpancmso.
E20 wap | x| 1 nsomen 8 wape | x"|| <1 smopozo conpsowen-
#Ho20 E” 8 caabodi monosozuu o (E”, E').

IeftictButenbiio, nycts B—map || x| <1 npoctpancrsa E (pac-
-CMaTpHBAEMOro Kax noampoctpauctso B E”). Llap || x”|< 1 mpoctpan-
«ctBa E” saBasercss moaspo# B® gas B° (OTHOCUTE/NbHO ABOHCTBEHHOCTH
Mexkay E” w E’), Tak 4TO CNPaBEeAAMBOCTb YTBEPWKIAECHUS CJAELYET U3
npegaoxenns 3 § 1.

BanaxoBckoe mpocrpaHcTBo E 3amxnymo B E” B cuiApbHOH TOMOJO-
THH, HO, B CHJIy Npensnoxeuuss 5, sciody naomuo B E” B cnabolt Tono-
Joruu o (E”, E’,. :
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[MpuBeneHHoe BhIe npegioxenue 4 um teopema 2 § 3 nokaswiBaior,
4TO:

Nregnoxenue 6. Jag mozo umobs. HOpMUDOBAHHOE NPOCMPAH=
cmso E Goao peaexcusuoim, HeoOX00umM0 u O00CMAMOUHO, 4MOOH
e20 wap | x| <1 6ws komnaxmen 8 ocaabaennold monoaozuu o (E, E').

OTMeTuM, uTO B STOM cJjayuae E HeoOX0oauMO MOALHO, ¥, 3HAUuT,
ecTb 6aHaXOBCKOe NPOCTPAHCTBO, H YTO €ro conpskeHHoe E’ ecTb ped-
JexkcuBHOe GaHAaXOBCKOe MpocTpaHcTBO (§ 3, npeanoxenue 5).

Mycts E = g% (N) — noampocTpaHcTBO 6aHaXOBCKOrO TPOCTPaHCTBA
% (N) Bcex OrpaHHYEHHHBIX 1OCAENOBATEIbHOCTEH BemEecTBEHHHIX YHCel
(ra. I, § 1, n° 2, npumep), o6pa3oBaHHOE H3 BCCX MOCJHEHOBaTEeAbHOCTEIl,
CTpeMsIIHxca K Hymo. E— He pediexkcusHOe GaHaXOBCKOe NMPOCTPAHCTBO,
conpsukennoe E/ k KOTOPOMY OTOX1ecTBHMO C npoctpaHcTBoM L1 (N) Bcex
a6coMOTHO CYMMHMpYeMblx TOCJHeI0BaTeNbHOCTEH (TaM Ke), a BTOpOe cO-
npsikennoe E7 — ¢ npocrpanctBoM 4F (N) (cM. ynpawuense 3).

B ra. V Mbl paccMOTpuM 6ECKOHEUHOMEpHbIe pedlieKcHBHbBEe 6aHaxXOB-
CKue NPOCTPaHCTBa OCOGCHHO BaXHOTO THNA; HEKOTOpble APyrHe peguiex-
cuBHble 6aHaXOBCKHE MPOCTPAHCTBA BCTPETATCA B TEOPHH HHTEr PHPOBaHHA
(Unterpup., ra. V).

3. Henpepoiervie Auneiinoie 0MmoOpajiceruss HOPMUPOBAHK020 NPO-
cmpancmea 8 AOKQALHO 8bINYKAOE RPOCMPANCMEO

Mrepnoxenue 7. Ilycmes E — Hopmuposannoe npocmparcmso,
F — 10KansH0 8oinyKa0e nPpOCMPAHCMBO & &— Auneldnoe omo6padce-
Hue E 8 F. Caedyouute c80licmsa pasHOCUAbHbL:

a) 4 Henpepb8HO NPU UCXOOHBLX MONOAOURX;

6) u nenpepusno npu ocaabaennsix monoaousnx ¢ (E, E')u o (F, F’);

8) o6pa3 wapa ||x|| <1 npu omo6pascenun u ozparuven 8 F.

PaBHOCH/IBHOCTL CBOHCTB @) n 6) caeayeT ud npeljoxeHu#t 6 u 7 § 4,
GIOCKOJIBKY UCXonnas TonoJqorus B E ecte t(E, E').

C zapyro#t CTOPOHBl, YTBEPKICHHE, YTO HALJIEKAUUH FOMOTETUYHBIR
o6pas wapa ||x|| < | nepeBomurcs oroGpaxeHuem # B JM06yi0 OKpecT-
HOCTb Hyas W mpocTpaHcTBa F, OYEBHIHO, O3HAYAET, YTO ¥ HENPEPLIBHO
(cM. ra. 111, § 2, ynpaxuenus 14 u 15).

[Ipu BHLINOMHEHHH YCJAOBHH MpesNokeHUsl 7 COMpPsKeHHOe OTOOpaMe-
mMe fu ectb, Kak u3BecTHo, oto6paxenue F’ B E’, HenpepuiBHOE,
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C oHOHA CTOPOHE!, NpHU cAabuix Tonoqoruax o (F/, Fyu o(E’, E), a ¢ apy-
ro#l — npu cufibHeX Tonosorusix B F/ u E’ (§ 4, caencraue npeanoxeHus 6).
Ecau Ttakxke F-— HOpDMUpPOBaHHOE NPOCTPAHCTBO, TO STOT pe3yJbTar
LOMYyCKaeT C/AeLylOllee yTouHeHue:

Meenaoxenne 8. ITyeme E u F— HOpMuposanuse npocmpan-
cmea 4 u-— HenpepsleHoe auHelinoe omo6pasxcenue E 8 F. Tozda

[tall = la|l- ()

JeftctBurenbto, no onpenesnennio (ra. III, § 3, n® 1, dopmysa (2) ).
H npuHMMas BO BHuUMAaHue ¢opMyas (1) u (4) u onperesenue conps-
WeHHOTO OTOOpaMmeHus, UMeeM:

e = sup Jlt()ll=  sup |(x, u(y))|=
ly/l<t lel <1, Jy/1 <1

= sup  |(u(x), y)|= sup [u(x)||= ||
lel <1 Iyl <1 el <1

Bameuaunue. Tonoxum B(x, y) =(u(x), y) = {x, tu(y))-
[TposeneHHoe cefiuac HOKa3atebCTBO NOKAa3bBaeT, YTo B ecTh HempephiB~
Has GuanHeinas dopma Ha E X F/, npuueM (O6m. Tom., ra. X, § 2, n° 2)

1Bl = lel.

4. Conpsiscenroe & nodnpocmparcmsy u axmopnpocmparcmey
HOPMUpO8ARK0O20 npocmparncmsa
[Myctb E— HOpMHPOBAHHOE NpPOCTPAaHCTBO, M — €ro 3aMKHyTOe BeK-
TOpHOE MOANPOCTPAHCTBO, F — (akropnpocrTpaucTBo E/M v ¢ — Kano-
Huueckoe orobpaxenve E Ha F; KaKk u3BeCTHO, (aKTOPTONOJOTHS TOMO-
norun mpoctpanctea E no M MoxeT 6ulTh oNlpesnesena HopMolt || y|l =

= inf |x|| (ra. II, § 5, n°5). ¢ ecTp Toraa B3AUMHO ONHO3HAYHOE
9 @)=y

nuHeltHOoe oToGpaweHue mpocTpancTBa F’ ma moampocTpanctso M° mpo-

ctpauctea E’, oproroHambHoe k M (§ 4, n° 1, 3ameuvanue 2). Kpome

TOro:

IMresnoxEHRUE 9. OmoGpasicenue o ecmv uzomempus npo-
cmpancmse F’, conpaicennozo K HOPDMUPOBAHHOMY NPOCMPAHCMBS
F=E|M, na noonpocmpancmso M° HOPpMUPOBAHHOZO npOCMPAH-
cmsa E’.
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HeHcTBuTe bHO, Aas Kaxioro y’ € F/ umeeM

Wl= —sup  [(py)= _sup [(¢(x)¥)]|=

yeF i<t z€E, e @)<1
= __sup [(x T (y)].
Z€E, e (@) <1
Ho ortkpuruit wap [|y|[<1 npocrpanctsa F ectb 06pas OTKPHTOrO
mmapa || x| <1 npoctpaHctBa E nNpu KaHOHHYECKOM OTOGDAKEHHH @
II0STOMYy HMEEM TaKKe '

I¥ll= _sup <ll(x» N I= ' ONN.

M MpenJOXKCHHE NOKa3aHo.

[Mycts Temepn §— kaHoHHYECKOe OToOpaxenue moianpocrTpancrsa M
8 E. Ero compskenuoe %) ecTp JmuHeftHoe oTOOpawenue E” na M/,
sIMeiollee CBOMM sJpoM moznpoctpaHctso AM° mpocrpanctBa E, opro-
troxHamsHoe k M (§ 4, n° 1, sameuanue 2). INyctp 6 — kanoHnueckoe
orobpaxenue E’ na E'/M° u ¢;— accounnpoBannoe ¢ Y B3aUMHO OJHO=
3HayHoe oToBpaxenue, onpenenseMoe Qopmynroh ¥ =¢, .90,

IMreanoxenue 10. ¢ ecms usomempus 6GHAXO0BCKO20 NPOCMPAH-
cmea E’|M° na 6anaxosckoe npocmpancmso M’.
HyxHo aokasarb, uTO A/ KawZOH HempephiBHOH JuHeHHOR dopMEl
Yy Ha M umeer Mecto paBeHctBo ||y'||= inf |[x’||. Ho rmak kak
b @)=y’
) (x) — cyxenne suHeHHO# opMe x” Ha M, TOo w3 dopmyan (1)
cpasy caenyer, uto ||* (x")|| <|jx’||. C mpyro# cropouH, B cuay Teo-
pemut Xana-— bBanaxa (v, I, § 5, caenctBue 1 TeopeMmn 1, u § 6, caen-
cTBUe 3 TeopeMu 1), Ha E cyulecTByeT HenpephiBHAA AuHelnas dopma 27,
aporomkaiowas ¥ u Takas, uto ||2’| == |y’||; Tak kak ¥ (2’)=y’, T0
STO W 33BEDPIIAET JOKA3ATENLCTBO HAWIETO YTBEPKIAEHHS.

IpEnnoKEHUE 11. 3amxuymoe noonpocmpancmso M u ddax-
mopnpocmpancmso E/M pegaexcusnozo 6arax08CK020 npocmpex-
cmea E agasomcs pedaexcusHuimu GOHAXO0BCKUMU NPOCMPAHCMBAMYU.

Hetictutenpro, u3 npepnaoxexut 9 u 10 BoiTekaer, YTO CHJLHOE
COMpMKEHHOE K 3aMKHYTOMY BEKTODHOMY MOINpOCTpPaHCTBY M Kaxnoro
©aHaXx0BCKOr0 NPOCTPaHCTBA E MoxeT OHTb OTOwIeCTBJAeHO C ¢dakTop-
npocrpancTBoM E’//M° cuabHoro compsikenHoro E’ k E, a BTopoe
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conpsikenHoe K M — ¢ moanpocTpancTBoM M, BTOpOro compsnkeHHoro E”
Kk E, oproroHaabHeiM k M°. Eciau nostomy E peduaekcuBuo, o My =M
(§ 2. caencteue 2 npennoxeHus 4), u, cienoBaTeNbHO, M pedaeKCUBHO,
Kak u ero conpsawenHoe E’/M° Tax kak Torza E’ pedaexcuBHO H
UMEET CBOMM COMNPSXKEHHBIM NPOCTPAaHCTBO E, TO MNpOBeZEeHHOE pac-
CywjeHue, mpuMeneHHoe K M°, moxasmBaet, uto u E/M pedueKcHBHO.

Ynpaxuenusn 1) Ilycts E— 6aHaxoBCKOE NMPOCTPAHCTBO.

a) Iokasate, 4T0 paccrosune d (x, A) or Touku x € E B0 3aMKHYTOro
BBINYKJAOr0 MHOXecTBa A €CTb mnoiyHnenpepbiBHas CHH3Y QYyHKUHA Ha E
B Tomoxoruu s (E, E').

6) INokasate, uto ecam E pedrekcHBHO, TO B KaXJOM 3aMKHYTOM Bhl--
AyKAOM MHOMecTBe ACE CylecTsyeT TOYKa X, Idf KOTOpPoH | xolf
paBHO pacctosHHiO 0T 0 g0 A. [Mcnoab3oBaTb TO 06GCTOSTEALCTBO, 4TO
il x|l moaynenpepbiBHa cHM3Y B ToiionorHu ¢ (E, E’).] Ecau xawapas rpa-
HuyHag Touka mapa [lx[j <1 fABAAeTCA ero 3KcTpPeMaapHOH TOUKOH
(ra. 11, § 4, n° 2), To TOuUKa X, €XMHCTBEHHA,

B) Buiectn n3 a) u 6), uto ecan E pedrexcusHO u B — orpanuyes-
HOe 3aMKHYTO€ BHIMYKJAOE MHOWecCTBO B E, TO CYLIeCTBYIT TOuUkKH X € A
H y € B, ana xotopux ||x—yl| =d (4, B).

2) MNycts E — 6GaHaxoBCKOE mNpPOCTpaHCTBO M M — ero 3aMkuyToe
BeKTOpHOe noanpocTpanctso. [lokasats, uto ecan M u E/M pedaexcusubl,
10 E pednekcusno. [Tloxasarts, 4To A8 KawAod HenpepuiBHOH AuHEHNOH
¢opMbl & Ha cuabHOM conpsikenHoM E’ x E cywecTtByer sgeMeHT X € E
Takoi, uto u (x’)— {x, x’} =0 nag Bcex ToyeKk x’ ¢ M°]

3) Mycrb A — GeckoneuHOe MHOKCCTBO.

a) TlokaszaTp, 4TO CHAbHOE conpsxkenHoe K G(GaHAXOBCKOMY IIPOCTpPaH-
ctBy E=g% (4) (§ 1, ynpaxuenne 1) oTOkAeCTBMMO C GaHaXOBCKHM.
npoctpanctsoM L1(A), a cuabnoe conpsxennoe x L (A) — c 6anaxoBckum
npoctpauctBoM 99 (A) = L*° (4). Busectr orciona, uto £ He pedaeKCHBHO-
u E”’/E OG6eckoneunoMepuo®), Ecoam A=N, 10 E u E’— GanaxoBckue
1POCTpPaHCTBa CUETHOrO THNA, HO E” yie He ecTb MPOCTPAHCTIBO CYETHOTO
tuna. [I'x. I, § 2, ynpaxuenue 8.]

6) Mycto X/ = (' (2) Jug 4 — TOUKE U3 E' = L1 (4) rakas, uto | X/ || =
= 2 |x’(2)| =11 x/(2) 5= 0 Ba8 GECKOHEUHOr0 MHOMNECTBA HHACKCOB.

«

a ¢ A. Tokasats, 4T0 B craGol tonojgorun o (E/, E) ue cyumiectByeT 3a-

MKHYTOH OIOPHO# THITEPIIOCKOCTH K (KOMIaKTHOMY) wapy S/, onpejease-~
MoMy HepaselcTBoM || y’|| <1, npoxoasuel yepes To4Ky x’.

*) IpuMep He PePAEKCHBHOTO BEUleCTBEHHOr0 HaHaXOBCKOrO MPOCTPaH~
ctea E, maa xoroporo E7/E oanovepno u E usomopguo E7, cM. B pabore
R. C. James, Ann. of Math,, 1. 52 (1950), ctp. 518,
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B) Iycts 8” —map x| <18 E/=L® (A) n Sg ~— BHIYKJIOE

MHoxectBo S” -4 (8”7 E). Iloka3ats, utO Sg €CTbh OrpPaHHYEHHOE BHINYK-
JO€ TEeNO NPH CHAbHOK Tomojaoruu B E”, HO He o6GJlajaeT HH OXHOM 9KC-
Tpemanbnéﬁ TOUYKOH; BHIBECTH oOTcloaa, uto E”, Hajesennoe HopMoOit p,
rae p(x”) —kaam6poBouHas GYHKLUHA MHOXeCTBa Sg, HE H3OMETPHYHO

/4
HHKaKOMy CONPSXEHHOMY GaHaXOBCKOMY NPOCTPAaHCTBY H 41O S, HE 3aMK-
HyT0 B o (E”, E’) (x018 S” xomnaktHo B o(E”, E’), a S"1E cuibHO
3aMKHYTO).
* 4) CoxpanuM 06O3HaueHHs yNpaxHeHHs 3.

a) IToka3aTb, UTO eCaH (x;)—nocnenosaTeanocn B E’, crpems-
uiasicd K HyJio B TonmoJoruu o (£/, E”), 10 nas Bcsxoro ¢ >0 cyuiecTsyeT
KoHeuHoe MHOxecTBo /f C A Takoe, uto 2 |.7c;2 (1) | e ana Kaxno-

ueH
ro n. [Paccyxnath OT NPOTHBHOrO: MOKa3aTh, YTO €CAH OBl 3TO CcBOHCTRO

HEe HMeJO MeCTa, TO CyuiecTBOBaaH 6bl 4yucio d >0, BO3pacTawuias no-
CIe10BATEIbHOCTD HOMEPOB (71;) M BO3pacTaoLlas NocAe10BaTebROCTD (1)

)
KOHEUHEIX MHOXECTB H3 A Takue, uTO > | x; (2) | < AIs BCex
«CH, 8
B ’
n>> ng, > | x;, (2) | < = ana Beex n<ny | > l-"nk(“)|>‘

aé][k 8 uer_Hk—l

o

3]
>—2—, K YTO 3TO NPHBOAMJO GH K NMPOTHBOPEUHIO (,METOA CKOJb3SALLErQ

rop6a“)]. BelBeCTH O0TCIOJ2, YTO MOCNENOBATEIbHOCTD ({‘:;) CXOIUTCA K
HYJIO B CHJABHOH TONOJOTHH.

6) BriBeCTH H3 a), 4TO Kax/J0€ MHOXECTBO B £/, KOMIaKTHOE B TONOJO-
ru# o (E/, E”), cuibHO KoMnakTHO. [Mcnonb3osats ympamuenne 136 § 2.]

B) Ilokasatb, uTOo B E’ Kaxiad mocienOBaTeabHOCTh KOIIK OTHOCH-
TEJAbHO TOmOAOrHH ¢ (E’, E”) cXoxuTcs K HEKOTOPO# TOYKe, HHaye TOBOPS,
uto E’ B Tomoaoruu s{E’, E”) noaynoano (ri. I, § 3, yupaxuente 10).
(Paccyxkiass OT NPOTHBHOrO, Kak B a), H HCNOABL3Ys @), MOKa3aTb, YTO AJA
Besikoro & >0 cyujectByer KOHeynoe MHOxectBo H c— A Takoe, 41O

> x,(2)| <e ama kaxzoro n.]
a G- H

*5) CoxpaHuM 06O3HaueHHsl ympaxHeHHs 3 H nmycts E — conpsikeH-
Hoe K E" = % (A).

a) Ilycte (Kp) — mocneoBaTEAbHOCTh NONAPHO HE lIEPeCEKaloLXCst
KOHEYHbIX MHOXecTB H3 A u (x;;') — TOCHeN0BaTeIbHOCTh 3JEMEHTOB H3

E". Tloka3aTb, 4TO CyWEeCTBYeT CTPOro BO3pacTawuiasd GeCKOHeyHasd 0=
/
CIENOBaTEAbHOCTL HOMEPOB (1) TaKad, YTO BCE SJEMEHTH Y, =

== (x:;' (€w) )aEB , rne B= U Knp B e,(3)= 6“3 (KpOHEKePOBCKH
k&
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CHMBOJ), TNpHHaIJIEKaT. L*(B). {Mlycts & — mpoussoasHoe ukcio >0 H

(Jm)meN — pasbuenne N Ha GeckOoHeuHBle MHOXecCTsa. Paccyxnas ot

FIPOTHBHOrO, MOKa3aTbh, YTO AAf Kaxnoro x” ¢ E/ cyuiectByetr HOMep m

-TakoH, 4to | (X7, x™)| ¥ Iaa Bcex x” ¢ E”, ynoBneTBOPSAIOUIHX yCIO-

BuaM || x”|| <1 B x7 (2) == 0 AMWb N8 HHAEKCOB o € U K. Hanxe-
* ncd,

awuM 06pasOM DNPHMEHHTb STOT Pe3yJibTaT NOCAEIOBATENbHO K x',”

Y
Xgyeee ]

)

7.
6) BuiBecTH u3 a) M ympaxHeHus 4a, uTO eCnu (X, ) — NOcieloBa-
~
TenbHOCTL B E”/, cxofswancs K Hymo B Tonoxorwu ¢ (E”, E”), n x, —

nr
CyNeHHe X, Ha CHILHO 3aMKHYTOe moAmpocTpauctso E npocTpanctsa £7,

. ~rr
o lim | x;: Il=0s8 E.
n-> oo

B) BuiBecTH H3 6), ut0 B E” CHJbHO 3aMKHYTO€ NOANPOCTPaHCTBO £
He o6jajaeT TONOJOTHYECKHM jonojHeHHeM. [OrpaHHuHTbCA ClryuaeM

r Y
A =N; nycte (¢,) — nOCACAOBAaTEAbHOCTb HENPEPBIBHLIX JIHHECHHHX (GOpM
’
Ha E, ans KoTOpHX (X, €,) = X (n); MOKa3aTh, 4TO MOC/IENOBATENbHOCTD

7 4
{e,) cxonutca K Hymo B Tomosoruu ¢ (E’, E), HO e, He MOIYT OhiTb NpoO-

o nr
JOMKEHbl 10 HENPEePLIBHLIX NHueHHBX dopm x, Ha E” Tak, 4roObl 1O-
U
£NENOBATEALHOCTD (X, ) CXOXMAaCh K Hymo B TomoJoruu ¢ (E”, E”).]

6) Ilokasath, uTO 6aHaxXOBCKOE NMPOCTPaHCTBO E, 06Aajamouiee CHIb-
‘HHIM compsikenHbniM E/ cueTHOro thma K noaymoauoe (ra. lil. § 3, ympax-
nerne 10) B tomonorun ¢ (E, E’), pedaekcusno. [CM. ympaxueuue 48.]

7) Ilycts E— 6anaxoBCcKOe NPOCTPaHCTBO H (/ — CHABHO 3aMKHYyTOE
_JMOANPOCTPZHCTBO mpOCTpaHcTBa Ef, sABAAlouieecss B CHALHON TONOJOTrHH
OPOCTPAHCTBOM CuYeTHOro THma. Iloka3aTh, 410 G/ H30METPHUHO CHALHO
_3aMKHYTOMY MOJNPOCTPaHCTBY NMPOCTPaHCTBA F, CONPSIKEHHOrO K 3aMK-
HYTOMY NOANPOCTPaHCTBY F mpocTpancTBsa £, NOPOXICHHOMY HEKOTO-

. ’
pHIM CUeTHbIM MHOXecTBOM Touek H3 E. [[lpeamonowmm, uto (x,)—
.CHJIbHO NJIOTHAA TIOCJEAOBaTENbHOCTL TOYek u3 G/, W mycTb X, € E aas

I4 1 /
Ka}M(IOTO 1 TakoBo, UT0 || Xpll 1 H {Xp, Xx,) = (1 — 'ﬁ) I x,ll; moka-

.3aTb, YTO CHJIbHO 3aMKHyTO€ NMOZNPOCTPaHCTBO F mpocTtpancrsa E, nopo-

KIEHHOE TOUKAMH Xy, ob6nagaeT Tpe6yeMbiM CBOHCTBOM.]
*8) Ilycte E -— 6anaX0BCKOe MPOCTPaHCTBO H B —map || x|i<<1 8 E.

Haa toro utobbl kawjas Touka 3 B obnxajana cueTHOH dyHAaMenTanbHOM

CHCTEMOH OKPECTHOCTER B TONMOJOTHH, MHAYUHPYeMO#H B B ocia6ieHrOH
Tononorue ¢ (E, E’), HeOGXOAHMO H 1OCTaTQUHO, YTO6H E’ 6blI0 B CHIb-
HOH TONMOJOrHH MPOCTPAHCTBOM CueTHOro THma. [[las noxa3aTeancTsa He-
OO6XOJIKMOCTH YCJIOBHS TPHHATL BO BHHMaHHe, UTO €CNM Kaklas TOYKa
B B o6nanaer cuertnoil yHaaMeHTaAbHOlM cHCTEMOR OKpecTHOCTEH B OCAa6-
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JIEHHOH TONOJOTHH, TO 3TO € HMEET MECTO H B 3aMbIKaHHH B mHOKe-
c¢tBa B B E” no Tononoruk ¢ (E”, E’); Torna B E’ cyuiecTByeT mnocnaeno-

7
BATENAbHOCTH (@,) Takas, YTO Ka¥Aas OKPECTHOCTb Hyas B B pas
TomoJoruK o (E”, E’) conepxur mnepeceuerne B% ¢ KOHeUHBIM YHCJIOM
/)0
noasp {an} ; PaccMoTperh CHABHO 3aMKHyTOe moampoctpanctso W/ s E/

TIOPOXKAEHHOEe TOYKaMH a;,, H moanpoctpanctso W”° B E”, opToroHalibHoe
K W]

*9) IMyctb E — HepednexcrhpHoe GaHaXOBCKOe NpocTpaHCTBO. JloKa-
3aTh, 4t0 B E cyl(ecTByeT HepedIeKCHBHOe 3aMKHyTO€ NOANPOCTPaH-
¢80 M GeckoueuHo# ¢aktToppasmeproctd. [[lycts (x5) — orpannueHnas
MoCHenoBaTeAbHOCTs B E, He o6jajaouias B OCJAa0AeHHOH TONOJOTHH
o (E, E’) uu oauo# mpepgenbHoM Toukoit (§ 3, ympamkuenue 7a); obpaso-
BaTh MO HMHAYKUHH NOJMOCIEJOBATEALHOCTb (Xyp,) H TOMOJNOTHYECKH CBO-

1
601HYI0 TOCNENOBAaTENbHOCTb (Y;) TakHe, UTO || x,,k——yk“< H pac-

k ’
CMOTPETh 3aMKHYTOE€ BEKTOPHOe IOINPOCTPaHCTBO B E, NOpOmaeHHOE
TOYKAMH Yop.]

#10) Mycts E — HepedaekcusHOe G6GaHaXOBCKOE MPOCTPAHCTBO CYET-
Horo THma, M — HepedaeKkCHBHOE 3aMKHYTOE€ BEKTOPHOE HOAMPOCTPAHCTBO
B E, nMemoliiee 6ecKOoHeuHylo GakTOppas3MepHOCTb (ynpaxHenne 9), (x,) —
BClOAy maoTHas Ha cdepe | x|l =1 mocnenosaTeabHOCTb ee ToYek M K—
3aMKHyTasi yPaBHOBEllleHHas BHINYykjaad 060IOYKA NOCHEAOBATEJIbHOCTH

X,
(—:)’ K cunpno koMnakTHO B E v K-+ M= A ecTb 3aMKHyTO€ BHNYK-

noe wmHOXectBo [O6w. Tom., ra. III, § 3, ympaxnenne 15 (%8).] Ilycts
S —map [|x|]< 1 npocrpanctea E u B = AN S.
a) Iloxasats, uTo 0 He ecTb BHYTPEHHAA TOYKAa MHOXeCTBa A, K

BHIBECTH OTCIOJa CYUIECTBOBaHHe TOUKH Xo€ E TaKko#, uTO lxoéfl s
scex A > 0. [Cm. ra 11, § 1, caeactBHe npennoxennus 1.]

6) [lokasate, uto uepe3 0 He NPOXOZHT HH OXHOH OMOPHOH rHmep-
naockocTd X B. [[Ipunsith BO BHMMaHHe, YTO TaKas CHIEPIIAOCKOCTb IOJ-
sKHa 6HJaa 6Ll CAYXKHTb ONOPHOM THIEPHAOCKOCThIO Aaa K.]

B) Mycts Uy=MNS 1 (Up)n >1 — ybusaomas nocie10BaTenLHOCTh
HENYCTHWX OFPZHHUEHHBIX 3aMKHYTHIX BHIYKIRX MHOXECTB TaKas, YTO

U —;— U, u nepeceuente Bcex U, nycto (§ 3, ympaxuenue 7a). [lycts

1
C — 3aMKHyTas BHOykJIass 060JOYKa 06bENHHEHHs BCEX MHOXKECTB - %o +

+ U, Tokasats, 4T0 B(1C = &, HO He CyuwiecTByeT HHKaKOH 3aMKHYTOH
THIIEPILIOCKOCTH, KOTOpas 6nl otaensna B u C, [Mcnoabzosats 6).]

*11) Ilyets E u F — 6anaX0OBCKHE NMPOCTPaHCTBa H U — HENPEPLIBHOE
aubeiinoe oto6pakeunne E B F. Iokasats, uTo ecan ‘u ectb roMmoMopdusm
F’ 8 E’ UpH CHIbHbHIX TOMONOTHSIX, TO & €CTh roMoMopdu3M E B F. [Hc-
nOn530BaTh mpentoxenne 4 § 4 u Teopemy 5 § 2.]
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*12) MNycts E u F— HOpPMHpOBaHHHE TNPOCTPaHCTBa H -4 — Helfe-
PBIBHOE JIHHEeHHOe oTOGpaxenne E B F.

a) [lokasatb, 4To eciH u —romomopdusM E B F, T0 *u — romomop-
dusM 7 B E’ mpu cuabubix tomonorusx. [CM. § 4, mpepnouenns 4 n 9,
Hra I, § 3, Teopema 1.]

6) Ilokasatb, uto ecau E moano u *u-—romomopdusm FV 8 E/ npn
CHJbHBEIX TONOJOrHMAX, TO 4 — roMoMoppusM E B F, a fu —roMomopdusm
F’ B E/ npu caabuix Tonoaorusx, [PaccmatpuBath F Kak MOANPOCTPAHCTBO
ero NonoJHeHus F M HCIOJIb30BATH ynpaxuenue 11.]

B) Jlats npumep, rae E He moano, F nomuo, 'z — nsomopduam
B E’ mpH cHIbHBIX K cAabbiX TOMOJOTHAX, HO # He ectb roMomMopdusMm E
B F. [Cu. rn. II, § 5, ynpaxHenne 12.]

r) Hate npumep, rae E mHe noaHo, F monno, *u — uzoMoppuam F’
B £’ NpH CHABHMX, HO He NPH CHa6MX TONMONOTHAX,H & — H3OMOPHH3IM E
B F. [B3atp E Bcloay miaotaeiM B F.]

n) Ecam F noauo u fu — roMomopdusm F' B E’ npu crabpix TONO-
XOrusX, TO 'u ectb romoMoppuaM F’ B E' NpPH CHAbHBIX TOMOJOTHAX.
[TIpuusit BO BHHMMaHHe, YTO & (E) 3aMKHYTO B F, H NMPOJOMKHTDb I Ha E‘.]

e) Hatb mpumep, rae E noaxo, F He noauo u *u — usoMopdusm F/
B E’ mpn crabbiX, HO He IPH CHAbHbHIX TOmoJorHax. [Cw. ra. II, § 5,
yupaxHeHune 12.]

13) Ilycte E — GeckoHeUHOMepHOe GaHaXOBCKOE NPOCTPaHCTBO, (dyn) —
cueTHOE cBOGOgHOE ceMeiicTBO ToueK B E, Fy — noanpoctpaHcTBo B E pa3-
MEPHOCTH 71, NOPOXIEHHOE TOYKaMH 4; C MHACKcaMH i n, Su — cdepa
lxll=n B En Ap— KOHeyHOEe MHOXeCTBO B S,[}F, Takoe, 4YTO Ka-

1
XAasi TOUKa K3 Sy, [} Fy OTCTOHT OT HErOo Ha PacCTOSHHE <7;. [Moka3ats,

4TO IepeceyeHHe MHOXKeCTBa A:—-UA,, C KaXJblM OrpaHHYCHHbIM
n

MHOXECTBOM 3aMKHYTO H, OxHako, 0 ecTb TOYKa NPHKOCHOBeHHs Aasa A
B OClabJeHHOH TONOJOrHH *),
*14) Ilycts E — GaHaxoBCKoe HpOCTPaHCTBO, S —wap | x|l <1 B E

H S;—map x| Lrs E.

a) MycTs M; H M;—Bemopnue NOANPOCTPaHCTBa NPOCTpaHcTBa E/,
BCIOAY TJIOTHbIE B €Ja6oi Tonodornu ¢ (E, E). las toro uto6u o (E, M;) w
o (£, M;) HHAyLUHPOBaAK B S OAHY K TY € TOMO.JOTHI, HEOGXOIHMO ¥
LOCTaTOMHO, UTOGH CHABHbE 3aMbikaHks M; 1 My B E’ coBmajnai.

6) Iycte M’ — BexTOpHOE WOANPOCTpaHCTBO B E’, BClOAY NAOTHOE
B TOHOJOTHH ¢ (E/, E); o6o3naunm uepez M’(1) BekTOpHOE MOINMPOCTPAHCTRO,

. /
1OpOXeHHOe 3aMbiKaHHeM MHOXectBa M/[1S; B E’ B TOnoxoruu ¢ (E/, E).
Hns 1oro utobm M/(1) = E’, neo6X01HMO H IOCTaTOUHO, YTO6H caaboe 3a-

*) D10T (HeonyGAHMKOBaHHEIM) peéyanaT coobmuax naMm M. Day.
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MuIKaHHe MHOXeCTBa M’nS cojepxanro map S (r>0). [Cm.ra. HI§ 1,

CIeICTBHE MpentoxeHus 1.]
B) IlycTb r — BepxHAA rpaHb uHcen ! TaKuX, UTO cab0e 3aMblKaHHE

B2 M/NS] Sy i
MHOXec 1S; comepxuT wap S,; r Ha3LIBaETCH XAPAKMEPUCMUKOLD
noanpoctpanctea M’. Tloka3aTh, YTO r eCTb HHXHSS [PaHb YHCEN

[{x x) |

Sup IEq] .

3 AN

rle X mpoberaeT MHOXECTBO BCeX HeHyneBbx Touek H3 E. [Mcnoabsosath
TeopeMy Xana — Banaxa.}

1 " ’
r) Ilokasate, uTO - paBHO BepxHe# rpamu umcexn | x|, rze "x mpo-

6eraeT 3aMbikanue mapa S B E B tonosoran s (E, M’). [Mcnoab3osatsb B)
H TeopeMy XaHa — Bauaxa.)

1) Hyctb M’° — noampocTpaHCTBO NMPOCTpaHcTBa E”, OPTOrOHaAbHOE
lx-+2"1
txl)
MHOXECTBO BceX HeHyaesnx Ttodek H3 E. [Mcnoab3omath B) H TeOpeMy
Xana — DBanaxa.] BuiBectr otcioga, 4T0 aas Toro, ut06s M/(1) = E’, HeoG-
XOIMMO H J0CTaTO4HO, 4T06H E - M’° 6mi0 CHABHO 3aMKHyTO B L£7.

[Ucnoab3oBats Teopemy 1 § 3 ra. 1.}
e) Ilyetb A= N XN, E= g% (A) (ynpaxuente 3) H P — BeKTOpHOE
TOATPOCTPAHCTBO HpocTpancTsa EY = 4 (A), 06pa3oBaHHOE TOYKAMH X ==

k M’. Tlokasarp, utO r = inf , Tne 2” npoGeraer M'°, a x —

== (X;;) TAKHMH, 9TO X;j== aas Bcex I>>0. TMoxazats, uto P=

Xog
TET
= M’°, rae M’-—Bemopﬂoe NOANPOCTPAHCTBO NEOcTpancTa- E/, BCloay
NJIOTHOE B TONOJOTHH ¢ (E/, E), o E + M/° = E - P Be fiBASETCA CHABLO
3aMKHYTHM B E”. BuiBecTH OTCloza, 4TO XapakTepHcThka M’ pasHa Hyalo.

*15) Iycts E — GaHaxoBcKoe MPOCTPaHCTBO W M/ — CHIBHO 3aMKRY-
TO€ BEKTOPHOC NMOANPOCTPAHCTBO NPOCTpaHCTBa E/, BClOAy MJIOTHOE B Cla-
605 Tomosoruu. M’ uasniBaeTcsi HenpusOOUMbIM, €CIH OHO He CONEPHKHT
HHKaKOrO OTJAHYHOTO OT Hero BEeKTOPHOrO MOANFOCTpaHcTBa2 N/, CHABHO
3aMKHYTOro K cjaab6o Bcloay nioTHoro B E/,

a) IokasaTb, 4TO aast TOro, 4To6H M’ OblIO HENMPHBOAHMBIM, HEOOXO-
IKMO H JOCTaTOYHO, uTOGH moampoctpancTso M’ mpoctpanctsa E7, opto-
roHanbHoe K M/, ABAANOCL TONOJOTHYUECKHM JONOJHEHHEM K £ B E”
(B cuabHOl TOmosoruu). BuisecTH oTcioga, uto Torpa M/(Y) = E/ (ympax-
HeHHe 14) H E H30MOPGHO CHIBHOMY CONpPsKEHHOMY K GaHaxOBCKOMY
npoctpaHcTBy M/ (mAs CTPYKTYpP TONOJOrHUECKOro BEKTOPHOrO MpPOCTPaH-
CTBa).

6) Ilokasath, uto mast TOro, YTo6H M’ 6HIAO HENPHBOJMMBIM, HEOG-
XONMMO H JA0CTaTOuYHO, uTOGBI exuuHuHbIK wap | x| < 1 mpocrpanciBa E
6bl1 OTHOCHTENbHO KOMmakTeH B E B Tomojoru s (E, M’). [Mcnoap3osath
ynpaxuenne 14a.]
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B) Ilas Toro uyr106p E 61110 HI3OMOP(HHO (IO CTPYKTypaM TONMOMNOTH-
YeCKOro BEKTOPHOIO MPOCTPAHCTBa) CHILHOMY CONpPSXKEHHOMY K 0aHaXxoB-
CKOMY NpPOCTPaHCTBY, HeoOXOAMMO K JOCTaTOYHO, ¥TO6b B E/ copepkanoch

HENPHBOAHMOE IMOANPOCTPAHCTBO. BriBecTn oTCI01a, YTO 6aHaxOBCKOE Mpo-

cTpaHCTBO &% (N) HE H30MOP(HO CONPSKEHHOMY HH K KakoMmy G6aHaxoB-
ckoMy npoctpaHcTBy [Cm. ympaxmuenue 5s.]

16) Ilycts E — nepedaekcuBHOe GaHaXOBCKOE NMPOCTpancTso, £ — ero
CHIbHOE COTpPsKEeHHOe, E” — cuabHOe compsikeHHoe ¥ Ef, E/’ — cunbHOe
COIPAKEHHOE K E” u EY — cumbnoe CONpsXKenrHoe K E”.

a) MMokasath, uto 8 E” mogmpoctpanctBo E/ u moampocTpaHcTBO E°,
OpTOTOHalblOe K E (paccMaTpHBaeMOMY KaK MOANPOCTPAHCTBO NMPOCTPaH-
ctBa E”), TONONOTHYECKH NOMOJHHTENbHbB K UTO Mpoekuus E™ ua E’ ectdb
HeNpepHIBHOE NHHEHOe oTo6paxenue ¢ HopMoi 1.

6) IToka3saTb, 4TO EY ecth TONOMOrHUECKasn npsaMas cyMMa TOAMpo-
ctpancts E'° u E”, a takike E° u E*®, a E' [} E*® = E. Nyctb v — IH-
Helinoe oToGpaxeHHe EY Ha ce6s, apasoeecs Ha E’° ToxaecTsoM, a Ha
E” — npoexuueii E” Ha E°° mapamieabHo E’°; mokasaTb, UTO ¥ €CTb H30-
MeTpHsl, HO He HempepusHO B Tonogorku s (EY, E”).

*17) a) Ilycts E — GaraxOBCKOE NPOCTPaHCTBO H (x,,)uEA—chny
NAOTHOE Ha eJHHHYHOH cdepe || x|l= 1 MHOxecTBO ee Touek. Iloka3aTsb,
uTO JHHEHHOe oTOOpawenue u mpocrpanctsa L1(A) B E, ompenelieHHOe
dopmynokt u () = D\t (a) x, A1a Beex ¢ = (¢ (0))ag 4 € L' (A), ectb rOMO-

"aC A RO
moptpusm L1(A) mwa E. [Ucnoab3zoBath Teopemy 1 § 3 ra. 1.} Bupectn
orcioga, 9T0 E H30MOPHHO (akTOpmpocTpaucTBy mpocTpancrea L!(A).

6) MoayuuTb H3 a) MpUMEp 3aMKHYTOrO IOZMPOCTPAHCTBA NMPOCTPaH-
ctsa L1(N), ne o6Majaoumero TONOJOTHYeCKHM fonomkenneMm s LI (N).
[WUcnoas3oBath ynpaxrenus 3, 48 u 6.] -

18) a) ITokasaTh, 4YTO KawxJO€ BEIECTBEHHOE (COOTB. KOMIIEKCHOE)
6aHaXOBCKOE NPOCTPAHCTBO H3OMETPHYHO 3aMKHYTOMY HOANPOCTPaHCTBY
6anaxosckoro mpocTpanctea Buaa (S, R) (coots. € (S, C)), obpaso-
BAaHHOrO BCCMH BEUIECTBEHHBIMH (COOTB. KOMIIEKCHHIMH) HENpePbIBHBIMH
(YBKUMAMH Ha HEKOTOPOM KOMNAKTHOM mpocTtpanctse S (O6w. tom., ri. X,
§ 5). [Mcuoab3oBath dopmyay (4).} '

6) BriBecTH H3 2), 4TO Kak10€ OTAENHMOE JOKaJbHO BHIMYKJIOE IPO-
c¢TpaHcTBO E H30MOPdHO MOANPOCTPAHCTBY NOKAJbHO BHIYKJIOrO NPOCTPaH-
ctea Buaa C.(L, R) (coots. C.(L, C), 06pa3oBaHHOr0 BCEMH BeLeCT-
BEHHbIMH (COOTB. KOMILICKCHbIMH) HENPepbIBHEIMH (GYHKUHAMH Ha HEKOTO-
pOM JOKaJbHO KOMIIZKTHOM TPOCTPaHCTBe L H HaleJEHHOro TONOJOrHek
KoMnakTHOH cxoguMmocth. [CM. ra. II, § 5, mpeanoxenne 7.] B uacTHoCcTH,
KaXJ0€ NPOCTPaHCTBO dpeule H3IOMOPHHO 3aMKHYTOMY MOANPOCTPAHCTBY
npoctpanctea G, (L, R) (coots. C. (L, C)), rae L N0KaJbHO KOMIZKTHO
# CYeTHO Ha GeCKOHEeYHOCTH.

*19) a) Ilyctp E — 6eckolieyHOMEPHOE -(BEUIECTBEHHOE HAH KOMIIEKC-
HOE) HOPMHPOBaHHOE K MPOCTPaHCTBO. [Toka3aTh, UTO OHO COIAEPKHT NOC]Te-
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I0BaTENbHOCTb (Xy) TaKylO, YTO KaKOBa bl HH Gblfa OrpaHHYEHHas NMOCJHe-
IOBaTeJIbHOCTh  CKalaspoB (M), CYuUleCTBYeT mHeNpCpuiBHAs JHHeiiHas
dopMa x/ wa E, ana KoTopoit (Xm, X’y =L, npu Bcex n. [O6pasopaTh
TIOC e I0BATENbHOCTH (x;,) TOYEK CONPSKEHHOTO INpOcTpaHcTBa E/ M (xy,)
Touek u3 E Takue, uto (x;, x;) =0 u [Jx;|| <27"].

6) lna Toro uto6ul OTACIMMOE JOKajJbHO BHNYKJIOC NPOCTPAHCTBO E
o6ajano CBOMCTSOM, yKa3aHHHIM B a), HeO( XOZHMO H IOCTaTOYHO, YTOGH
€ro MomnojneHHe He Gbl0 NPOCTPAaHCTBOM MHHHManbHOro THna (§ 1, ympax-
Henne 13). [HMenonbsosats npennoxenne 7 § 5 ra. 11 1 npemnoxenne 10
§ 2ra 1V.]

*20) a) lyets E u F— 6eckoHEUHOMEPHbIE KOMNACKCHHE HOPMHPO-
BaHHbI€ TIPOCTPAHCTBa H u — B3aMMHO ONHO3HauHOe oTOGpaxenue E Ha F,
nonyanHeHHOe OTHOCHTeNbHO aBTOMOpPGH3MAa ¢ Tena C u nepesojsuee
KaXjyl0 3aMKHYTYl0 PHIIEPNIOCKOCTb H3 E B 3aMKHyTyI0 THIEPIIOCKOCTD
8 F. loka3ats, 4TO aBTOMOP(H3M ¢ HEOGXOZHMO HENpephiBeH (H, CIexo-
BATEABHO, €CTb TOXIECTBO HAH aBTOMOpPhuaM §->E). [Paccymkaath oT mpo-
THBHOrO. [lyc1s (X4) — BOCHENOBaTENLHOCThL TOUEK M3 E, yAOBIETBOpAIO-
Ifasg ycJOBHIO ympaxHenusi 19a, um (A,) — orpaHuueHnas mocireA0BaTENb-
HOCTb KOMIJAEKCHBIX UHCea Takas, 4TO |)\:,[>n||u(xn)[| Iasi BCEX n
TIOKa3aTb, YTO €CHH (X, X’) =1, I BCE€X n W 4 — TOuka H3 E, Aid
kotopoit {a, x’y=1, 10 u(la) JOMKHO GblIo 6bl MpHHagheXath o6pasy

3aMKHyTOH runmepmiockoctn x’ (0) npu oto6pawennu u.]

6) BoisecTH H3 a), 4TO u— HempepriBHOE NOJyaHHeHOe OTO6paxe-
rHe E na F. [Bocnoab3osaThes npeanoxeruem 7.]

B) IlycTh ¢ — pa3puisHbi aBTOMOpP(dHU3M Tena C. [Tokasats, 4TO B3aHMHO
oHO3HaUHOE OTOGpaxenue (En)"(E;) npoussenenus CN ma ce6s mepe-
BOJMT KaXAyl0 3aMKHYTYIO THIEPNAOCKOCTb B 3aMKHYTYIO THIEPIIOCKOCTD.
[Cm. § 2, npeanoxenne 10.]

*21) Iycrts a™ nns xakgoro wenoro n >0 — xBoitHas nocxenosa-
TEJbHOCTD a(’")=(a(i’;-))i>1, j>1s THe a?}’:j" anst kaxno#t mapm (I, j)
ci<nmu as';.)=l" Ins Kawpod mapel (Z, j) ¢ { > n. llycts E — Bek-
TOPHOE NPOCTPAHCTBO BCEX TAKHX NBOMAHBIX [I0CA€A0BATEALHOCTER X == (X 4)
BEN[ECTBEHHLIX UHCEN, 4TO P, (X) = Ea?})]xij]<+oc M KaWaOro

7
uexoro n>0; py — NOIyHOPMEH, ompeleisiomie B £ TONONOTHIO MOHTe-
ZeBckoro mpocTparcTsa Ppewe (§ 3, ympaxHenue 27);, mpocTpancTBO E,
conpsikeHroe K E, OTOMAeCTBHMO C NMPOCTPAaHCTBOM BCeX NOCJEIOBaTeNb-
HOCTel x'=(x§j) Takux, uTO gug'a&’})l_l!x;jl<+oo X0Tst 6nl AAs
)
oxroro noMepa n (§ 1, ynpaxuenne 1s).

a) Jlas Kak10ro x = (x;;) € E NONOKKM y; = Z X5 (Bas BCEX j > 1).
i
Iokazath, uTO 2 |yj1<<+oco. ObosnaunM moCHeIOBaTeAbHOCTD (Y;) €

J o
€ L1(N) uepes u(x); moKa3aTb, YTO 4 — HENpepbIBHOE nuHeiiHoe otobpa-
saenne E B F=L'(N) u u10 kakoBa 6b HH OblIa HOC]eIOBaTENbHOCTb
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—~(y )GF ---L“‘3 MmN, u(y) €CTb TNOCAEROBATEABHOCTD (z )GE Ta-
Kas, 4TO z ...yJ Ias Kaxgaoro {. BoiBecTH oTcloaa, 4TO fu eCTb B3aHMHO

onHO3nauHoe auHeHHoe oToGpawkenue L™ (N) Ha cia6o 3aMKHYTO€ MOX-
NPOCTPaHCTBO NpocTpancTsa E’ H, clefosaTeNbHO, U — roMoMopdHiM E
fga L1(N) npu ucxomumix Tomojoruax (§ 4, ympawuenne 5), a fu — Hso-
mopuzm FY = L°(N) ua 'u(F’) npu caabpix Ttonoaoruax o (F/, F) u
s (E, E).

-1 :

6) Mycre M = u (0), Tak uto M° = tu (F’). [oka3aTh, uTO NMpOOGpa3s
TOMOJOrKH, HHAyuHpyemoit B M° cuapHOM Tonoxoruei u3 E/, OTHOCHTENbHO
orofpaxenns i ecTb TOMOJOrHS PaBHOMEPHOH CXOZMMOCTH Ha BCEX KOM-
MaKTUbIX MHOMeCTBax M3 F == L1(N). [Cm. § 2, Teopema 5 u § 5, ynpax-
Henne 4.] BriBecTH OTCI0A@, YTO TOMOJOrHs, HHAyUHPYeMass B M° cuiibHOH
Tonojornel u3 E/, oTaduHa OT cuiabHOil Tomoaorun 3 (M°, E/M) u utO
B TONMOJOTHH, KOTOPYI0 HHayuupyer 3 (E’, E), M° He ectb HHppaGOueuHoe
NpoCTpacTBO, X01A E’, najenennoe tomonoruei B (E/, E), orpaHHYeHHO
3aMKHYTO H GoueuHo (cM. § 3, ympaxuenus 10, 20 u 22); B 4acCTHOCTH,
M° He pedaekcusno. INoka3ats, uT0 B E/M HMelOTCs OrpaHHYEHHHE MHO-
HeCTBa, HE sABAAOI{HECs O6Pa3aMH HHKAKHX O PaHHUEHHDLIX MHOKECTB 13
E npu xaHoHmyeckoM otoOpaxenun E Ha E/M.

22) a) Ilyctb @ ¥ & — JBe TOUKH HOPMHPOBaHHOrO HpOcTpaHcTBa E.
O6o3nauas uepe3s & (A) auameTp OrpaHHueHHOro MHOxecTsa A — E, ompe-
ZeNHM TIO MHIYKUHH MOCHe10BaTensocts (By),s,; orpaHnuenHbx MHO-
KeCTB u3 E chaegylowuMH ycaosuamm: By ecTb MHOXeCTBO Tex x € E, mas

KOTOPHIX |]x—a|]=|lx—b[1=%|]a——b||; By npn n>1 ectb MHO-

KECTBO BCeX X € Bp—y Takux, utoyillx—yl<< ; 3(By—y) Ana scex
¥ € By, 4. Noka3ars, YTo mepeceyeHne Bcex MHOxECTB B, CBOAMTCA K TOUKe
1

5 (a -} &). [anHHTb BO BHHMaHHe, uTo b (B,) <% 5 (B,,_I).]

6) BriBecTH M3 a), YTO H3OMETPHs u BEU[ECTBEHHOro 6aNaxOBCKOTO
npoctpanctBa E Ha BeuleCTBeHHOe GauaXOBCKOe HPOCTPaHCTBO F ecTh
ap¢unHoe nuHelnoe oto6paxkeHune E Ha F.



FCJTABA V
THJIbBEPTOBBI NMPOCTPAHCTBA #)

(Dsemenmapuas meopus)

§ 1. MpearuanGepToBs H ruALGEPTOBH MPOCTPAHCTBA
1. Ipmumossr hopmoL.

Ha nporskenun Bcell 3TOH raaBel K 03HauaeT Tea0 Belle€CTBEHHBIX
VM KOMMAeKCHbIX unces; £ — £ 03l1a4aeT TOKICCTBeHIbIH aBTOMOPDUSM
Tena K, ecim K=R, 1 aBroMopdu3M, OTHOCAIMH KAXKIOMY KOMILIEKC-
HoMy uucny t=a i3 compakelmoe KOMILIEKCHOE YUCIO E=a—iﬁ,
ecmm K= C. Hanomuum caeayouiee onpesedenne (Auarebpa, ra. IX):

Onpenenenue 1. Ilyems E —sexmopuoe npocmpancmso Had K,
TToaymoparuneinold apmumosoli opmod (MIn TNPOCTO IPMUMOBOL
gopmol, unn ete cummempudnoll gopmoi npn K=R) na E X E (uau,
JonycKas BOJbHOCTb peud, Ha E) naswsaemcs scaxoe omoGpadcenue f
npoussedenun E X E 8 K, ydosaemsopsioujee caedyouum Yca08uAM:

Fxi4 %0 ) =Ff(xy )+ F(x2 ¥) ]

FOt yiad 3 = F(x 30+ F(x 2). M
[, y)=§f(x, » } 0
fx, py)=pf(x, ) )

fa n=Ff0 0. 3

3ametuM, uto BTOpOe ycaosHe (1) M BTOpOe ycnosHe (2) ABAAITCA cael-
CTBHAMH TPeX OCTalbHBIX.

*¥) O6pallaeM BHHMaHHe UHTaTels, HHTEPECYIOErocs CIelHalbHO THAbGep-
TOBHIMH HMPOCTPZHCTBAMH, Ha TO, YTO B STOH riaaBe, 3a HckJaouenneMm n° 6 § 1,
He TPHMEHAIOTCA Huiaxue pesyabTath raas Il u IV. Uz Matepuana xe raas 1
# Il HCTOAB3YIOTCA JHUIL ONpPeleNeHHs BBLUIYKJAOr0 MHOXECTBA H THOJIYHOPMBI
{ra. 11, §§ 1, 5 1 6), a Takxke DOBATHA TONONOTrMYecKOR mnpaMol cyMmmul (ra. I,
§ 1), ToTaxbHOro ceMeiicTBa H TOmoJornueckt csofomuoro cemeiicta (ra. I, § 2).
Bce npumensiembie B n° 6 § 1 pe3yibTaThl, OTHOCAu(HeCs K GaHaXOBCKHM IIpO-
CTPaHCTBaM, H3MOkeHpl B § 5 raaspl IV, 3a HCKNOuEHWEM XapaKTEPH3alHKH TO-
taibHOro cemeiictsa (rn. 1V, § 1, crenctsue 1 mpeanowenns 1).
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Ha (1) u (2) cpasy caenyeT, uTo
f(; Ajx;, ; P‘kyk) = _Zk)\jp‘kf (x5, Vi) 4)
J»
B uactHocTH, ecan E KOHeUHOMePHO H (¢j)) < ;< p,— €70 6a3uc, TO Ans
n n
X = 2 §jeguy= 2 Nker UMeeM
=1 =1
f(x )= Z 256 Mk

j!k

rae a.,k...f(ej, er); TMPH 9TOM TOXIECTBO (3) PaBHOCHABHO YCJAOBHIO, YTO
@k = ap; AAA KaXA0HK mapel HHAEKCOB j, k; B3 Hero, B 4aCTHOCTH, CleAyeT, YTO
BCe a;; BEL(ECTBEHHBI.

B cuay dopuymst (3), f(x, x) nas xakaoro x € E gewecmseno.
Mpu stom, xax wussectHO (Aur., ria. IX), 3uauenus ¢opmul flx, v
onpenensoTcs 3HaveHuaMn f(x, x) no ¢opmyse

4 (e, =f(x+y, x4+y)—flx—y x—y) ecin K=R, (5)
4f (e, =f(x4y, x+N—flx—y x—y)+
+if(x+iy, x+iy)—if (x—iy, x—iy), ecmm K=C. (6)

3ameuvanne. OrMeTuM, uTO dopMyna (6) cnpaBegauBa AJsi KAXAOH NOAYy-
‘ropanunednoi ¢opMbl Ha E X E (1. e, kaxnoil ¢yHKuuu f, yaosaerBopsiolied
ycaosusaM (1) u (2), Ho He o6s3aTeibHO yHoOBJIeTBOpAOLEH yciaosHio (3)). dTO
noKaspiBaeT, yto npH K = C noaytopaiuneiinas ¢opma f, naa xotopoii f(x, x)
BEI[ECTBEHHO NPH BCex X € E, Heo6xXomgumo spMuTOBa, H6O dopmyra (6) maeT
torza f(y, x)=f(x, y), NOCKOAbKY y 4 ix =i (x — iy).

M3 dopMyn (5) u (6) BbITeKaeT B YaCTHOCTH:
Irennoxenue 1. Iycms f— apmumosa gopma na E u M —gex-
moproe nodnpocmpancmso 8 E maxoe, umo f(x, x)=0 dsn scex

X €M, Toz0a marace f(x, y)=0 041 rxaxdod naps. mouex x, ¥
uz M.

Mycte f— spmutoBa dopma Ha E. MuokecTBo N BceX x € E Takux,
uro f(x, y)==0 aaa xaxporo Y€ E, ecTb BexTOpPHOe MNOANPOCTpPAH-
cteo B E. W3 dopmynn (3) caenyer, ¥TO ecam Xy =X, (modN) n
M= (mod N), To f(xy, y) =7/ (x2 ¥,); TakuMm 06pa3oM, MOJIOKHB
f(x Y)=f(x, ¥) 219 KaKIOrO xEXxEEIN n kaxioro yeyeE/N
Mbl nonyynM Ha (axropnpocrpanctse E/N noayropainHeinyio tpopmyf
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ICHO, YTO OHA IPMHTOBA U U3 OTHOWEHUS ,f (x, j)):O LIS KaXaAoror
YEEIN*“ cneayer x=0 5 E/N, unaue ropops (Aar., ra. IX), uto f

He 8siposcdena. f HasblBaeTCsi HEBBIDOXKIAEHHOR spMuTOBOR dopMmot,
accoyuuposannoi ¢ f.

2, Hoaoscumensroie 3pmMumosst Hopmos

OnpPenefEHUE 2. Ipmumosa gopua f na E Hazwsaemcsn noroscu-
measrol, ecau f(x, x)>0 0an scex xEE.

flcHo, uTO SpMUTOBH (OPMBI HA BeKTOPHOM mnpocTpaHcTBe E o06pa-
3y10T BEKTOPHOE NMPOCTPAHCTBO Had mesox R (HO He Han TeioM C npu
K=0C). U3 onpenenenust 2 creayer, uyto MNOJOKUTEJIbHbE 3IPMUTOBELEF

¢opMel  00pasyloT B 9TOM NPOCTPAHCTBE BHCMYNAOWUL 300CMPEHHbLE
soinyranii wonyc (ra. 11, § 1, n° 4).

[Meennoxenne 2. Ecau f— nososxcumeavnas 3apmumosa gopua,
mo

[fe MEL (s 0. ), 7y

Karossl 6oL Hu Ovniau x u yE E (nepaBenctBo Komn—DbByHnsxosckoro*)).
[Mpeanonoxum cHayana, yto f(y, y) = 0. Has xaxaoro &€ K umeem

fO Nfx+ty x+8)2>0

Hau
fG 0 —I1f e P+
+EF 0. D D E O 9 FF x>0
[TonoxuB B 5TOM HepaBencTBe E:—f(x’ y) noayuu (7). AHaJIOrHyHO-

Fny)’
paccyxnaeM, ecan f(x, x) # 0. Hakouneu, ecmu f(x, x)=f(y, y)=0,
To HepaBeHCTBO f(x—Ey, x+Ey) > 0, cnpasennusoe Aas Bcex &€ K.
3anmuueTcs B BUAe

Ef (x, W+Ef(x, ) >0.

[TonoxuB B 5TOM HepaBeHCTBe £ = — f (x, y), noayuum —2|f (x, y) [2>0.
otkyaa f(x, y)=0 u, 3naunt, cHosa Bepno (7).

*) B opurunane: Komn—LlIBapua. — ITpum. nepes.



282 TWILBEPTOBBI TTIPOCTPAHCTBA M. v,§1

Caeacreue 1. Ecau f— noaoscumeansnas apumumosa gopma, mo
Mmuoocecmso N scex mex x€E, dan xomopeix f(x, x)=0, cos-
fngdaem ¢ B8eKMOpPHM noonpocmpancmsom Bcex x € E maxax, wmo
f (e, =0 02a xaxdozo y€E.

CaeactBuE 2. dasn moz20 4moGbi  NOAOHCUMEALHAS 3PMUEMOBA
popua f Oviaa HesspoHCOCHHOL, HEOOX00UMO 4 00CMAMOYHO, HmOOb
oan scex x 70 soinoansnoce Hepasencmso f(x, x) > 0.

310 HemMOCpPeACTBEHHO BHITekaeT U3 caeincTBus 1.

SicHo, 4TO akoBa Okl HU 6bl1a TNOJAOKATeAbHas 3SpMuTOBa QopMma f

#a E, accouMupoBaHHas c el HeBblpOmieHHas 3pMurosa dopma f (n° 1)
ABAAETCA TNOJIONKUTEABHOR SpMuTOBOR (opMoft Ha E/N.

[Teenaoxeune 3. Ecau f— noaoxcumessnass (COOTB. HeBupo-
HCOeHHAR nosodcumenshas) apmumosa gopma wna E, mo byuryusn
Vf(x, x) ecmbs noayrnopma (coors. Hopma) Ha E.

Tpebyer nokasareabcTBa Wb TO, YTO Vf(x, Xx) -yAOBneTBopﬂeT
‘HepaBeHCTBY TpeyroJpHuka. Ho

fexe+y x+=Ffx O+ NFFx D+ )

# TIOTOMY, COMJacHO HepapeHcTBy Kowmmn—ByHnsikoBckoro,

Fdy x+ <L D)FF N2V fx, ) FQ, y)—
=i 0+VFio v (8)

Bameyanus 1) [lyctb f-—HeBblpOKIEHHas MOAOKHTEAbHas 9PMHTOBa
4opMa u x, y — HEHyaeBble peKTOpbl. JloKa3aTenabcTBO HepaseHcTBa Komn—bBy-
HAKOBCKOrO IIOKa3biBaeT, 4TO €cau B (7) HMeeT MECTO PaBEHCTBO, TO CYLIECTBYET
<kanap § takoi, uto f(x 4§y, x4 §y) =0, Tak uto x 4§y = 0; MHAYe roBopd,
X H y IMHelHO 3aBMCHMBI; o6paTHoe oueBHiHO. [lokasaTeabcTBO HepaBeHCTBa (8)
noxassisaeT” TOrja, YTO PaBENCTBO Vf(x—l—y, x+y)=V f(x, x¥) + Vf(y, y)
BO3MOXHO JHIIb €CIH X H y MMHeHHO 3aBHCHMbI; €CIH y = AX, TO 9TO PaBEHCTBO
zaet |14+ A|=1-4]%]|, oTKyaa caenyer, 4TO A — nOADIHCUMEALHOE BEULECINBEH-
HOE 1uco.

2) Tycth f— nmOnOKHMTeAbHan SPMHTOBa (opma Ha E m f— accouunposan-
Haa c Hell HeBHIpOMNEHHaA MOJOXKHMTeabHass spmuTOoBa (opma Ha E/N. Tlpo-

CTPaHCTBO, TOAyyaeMoe nyTeM cHabxennss E/N HopMmoit V7% y), ects nop-
MHPOBaHHOE MPOCTPAHCTBO, ACCOUMHPOBAHHOE C E, CHAGKEHHBLIM IMOAYHOPMOI

V57 y (ea 1, § 5, n° 5).
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3. Mpedzursbepmosot & 2uAbGepmoss. RPOCMPArcmMea

OneeaeneHne 3. Ilpedzuavbepmossis npoCMpPOHCMBOM  HQA3bL-
saemcst muoxcecmso E, nadesennoe cmpyxmypoii, onpedessiemod 3a-
danuenm 8 E cmpykmyps. sexmoprozo npocmpancmsa Had K u noao-
gicumensvrol spmumosoti gopmor. Ilpu K=R (cootB. K= C) E Ha3wbi-
saemcs seujecmsewnoim (COOTB. KOMNACKCHYM) npedaunsbepmossii
SPOCMPARCMBOM.

Mpuwmep. [lycts /— uurepsan u3 R (orpannueHHsil uan wet) u E -— MHO-
JKeCTBO BCEX MpaBHAbHbIX ¢yeKuHMA na R co 3nauenamu B C (Pynku. seu.
nepem., ra. 1, § 1, n° 3), obpamaouuxca Kaxias B HYIb BHE HEKOTOPOTrO KOM-
F1aKTHOTO MHOXKeCTBa, coxepiaiyerocs B /. QuesunHo, E— BeKTOpHOE NMpOCTpaH-

<tBo Hax C. [lycth f— noayTtopaanneiinas ¢gopMa (X, y)—»fx () y (¢) dt. Sicno,
I

<410 f ecTh noOJOKUTeNRbHas 9pmHuTOBa (opMa Ha E H, 3HauuT, ompepensieT B E
CTPYKTYpy npesrHanGepToBa TMpOCTPaHCTBA.

Korza B BekTOopHOM npocTpaHcTBe E paccMaTrpuBaeTcsl JAMiIb OAHA
CTPYKTYpa npeiarnab0epToBa NPOCTPAHCTBA, 3HAYBHHE IPMUTOBOH HOPMBI,
onpejenaouet 5Ty CTPYKTYpy, A1 napel Touek (x, y) u3 E obosua-
yaerTca (X |Y) M Ha3blBAaeTCAd CKAAAPHHM npoudsederuem x w Y (cka-
ARPHELM KBaOpamom X, ecad y==x). Bekropwel x, y HasweBaOTCH Op-
mozonassnsimu, ecan (x|y)=0. Pynxiua lxl|=V (x]x) ects toraa
NOAYHOPMA HA BEKTOPHOM MpocTpaHcTBe E (mpeidoxenne 3); mpearuan-

6epTOBO MPOCTPAHCTBO BCErAa CUMTAETCS CHAGKEHHBIM STOR MO1YHOPMOH
(1, clel0oBaTe]bHO, HaleleHHbIM COOTBETCTBYIOILMMU TOMOJOrHeR U pas-
HOMePHOH CcTPYKTYpOR). .

[lpu stux o6osnauenusix HepasencTBo Kowmn—ByHakoBckoro B npen-

ruip6epTOBOM MpocTpaHcTBe E 3amucHIBaeTCs B BUe

[N =N Lyl ®

¥ TOKA3hlBaeT, YTO CKaAApHOe MPOu3BEJEHHE €CTb HEenpepuieHas NOAY-
{r;opa/mueﬁuaﬂ dopma Ha E X E (ra. 1l, § D, npenjoxenue 8).

.. s omodesumocmu E neobGxomammo v pocrarouno, uyrobnul ||x|| Gerio
l:tOpMOﬁ Ha E, uHBIMM caoBaMu, 4TOGH (x|y) OBLIO Hess poscOerHol
ROA0IHCUMENBHOL 9pMHUTOBOR HOPMOH; TO ke cambe MOXKHO BbIPA3UTD,
¢raszas, uto 0 ecmv eduncmsennnidi sexmop 8 E, opmozonaarsHell
K camomy cebe.
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CoraacHo o6uiuM onpefenenusm (Teop. M., Pes., § 8), u3omop-
¢usm npearnapbeproBa mpoctpaHcTBa E Ha npeArnabbepToBO NPOCTpaH-
¢TBO F ecTh B3aMMHO OLHO3HAUHOE JMHEeRHOe OTOBpaxceHHe & MPOCTPaH-
crea E Ha F Taxoe, uTo

(w(x) |2 () = (x| ) (10)

aas Bcex x u y u3 E. Orciona Beitekaer, uto | & (x)||=] x| A Bcex
x € E, npuueM 4, OYEBHIHO, €CTb M3OMODP(U3M AJ9 CTPYKTYP BEKTOP-
Horo mpocrpaictBa B E u F; ecam E u F oTnenuMsl, TO 4 ecTb 430-
mempus E nHa F.

[Tpumep. Kak usecrno (Aur., ra. IX), aaa xaxnoft HeBHPOMIEH-
HO# nonoxureabHOX spmutoBolt ¢opmul f Ha npocrpanctee K" cyiue-
CTBYET B3aMMHO OJQHO3HA4YHOe JUHEeRHOe oTOGpaxeHue & 9TOro MPOCTPaH-

cTBa Ha ceba Takoe, uto f(u(x), u(y)):(x[y):zgiﬁi (roe & w
i=1

7; — COOTBETCTBEHHBlE KOOPIAMIIATHL BEeKTOPOB X M y); ¢opMa (x|y) npr
K=R ecTb He 4TO MHOe, KAK €BKJIHMIOBO CKa/lApHOe NpPOU3BeleHHE
(O6i. Tom., ra. VI, § 2). Tem caMbim 1Ba OTAENMMBIX BellleCTBEHHBEIX
(COOTB. KOMILIEKCHBIX) Npearuab6epTOBBEIX NPOCTPAHCTBA ONHOR U TOH xKe
KOHeYHOH pasMepHOCTH n Bcerna a3omopgus. (B § 2, npennoxenue 7,
MBl yBUAMM, Kak 0000ilaeTcd 5TO CBORCTBO.)

Tycrb E— KoMnaexcrnoe npeardibepToBO NPOCTPAHCTBO U (X | y)—
cKaiapHoe npousselenne Ha E. B MHoxkectBe E MOXHO oOnpene/nThb
BTOPYIO CTPYKTYPY BEKTOPHOrO NMPOCTPAaHCTBAa OTHOcHTENbHO C, coxpa-
HiS TY e TPYNNOBYIO ONepauuio ¥ NMPUHUMAas 33 3aKOH BHellHet KOM-
noauuun (A, x):—lx (Anr., ra. II, Tlpunoxenue, n° 2); mpu 310k
CTPYKType BEKTOPHOTO mnpocTpanctsa (x, ¥)— (¥|x) ectp norocu-
meabHas 3pMumosa - nosymopasuneiinas gopma. IlpearuapbeproBo
npoctpaicTBo E,, noayuamwoiieecs nyreM HafesieHust E s3Toft HOBOR cTpyK-
TYpo# BEKTOPHOTO NPOCTPancTBa U 3TOH HOBOR 3PMUTOBOR dopMmoft, Mb
6yneM HaswlBaTh OyatbHoim K mpocTpanctsy E. VisomopdusM u mpo-
crpanctea E nHa E| ecTb noayauneiinoe (OTHOCUTEJBbHO aBTOMOp(QU3Ma
£ —£ Teaa C) orobpawenue E Ha ceBs Takoe, uto (& W) | a (x)) = (x|y)

uau, unaue, (2 (x)|a (¥)) = (x!y); TaKoe oToOpaxeHUe HA3LIBAETCA TAKKe
noayasmomopguzmon npearnasbeproBa npoctpaHcTBa E.
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INycte E—npearuinbeproBo npocTpauctso U M -—ero BeKTOpHOe
noanpoctpaHcreo. Cykenue ckaasipHoro npousselenns (x|y) na MXM
€CTb TMOJNOXKHTENbHAd 95PMUTOBA opMa Ha M W TeM caMbIM onpefenseT
8 M crpykTypy npearunbbepToBa MPOCTPAHCTBA; TrOBOPAT, YTO 3Ta

CTPYLTYpa u4HIyyuposansd cTPyKTypo#t mnpearnabbeproBa NpPOCTPAHCTBA,
uMewillefica B E.

Oneenenenue 4. luavSepmossim npocmpancmsom (4iu npocmpar-

cmgon uavbepma) wna3viBaiom noanoe omodeaumoe npeodzuavéepmoso
Apocmparcmeo.

Kaxnoe orneuMoe npearunb6epToBO NMPOCTPAHCTBO H3OMOPHHO BCIOLY
fIJIOTHOMY TOANPOCTPAHCTBY ruAbGepTOBa NPOCTPAHCTBA, ONPEeTEHHOTO
<€ TOYHOCTBIO N0 M3OMOP(#3Ma eNMHCTBEHHHIM 06Pa3oM. A HMMEHHO:

[TpEpnoxEHUE 4. Hycmb E-—omodeaumoe npedeursSepmoso npo-
CMPAHCMBo U E—nonoanenue ez0 wxax HOPDMUPOBAHKO20 NpO-
cmpancmsa (O6w. rton., Pea., § 10, n° 28; ra. IX, § 3, npennoxe-
uue 8). Craasnpuoe npoussedenue (x|y) npodoasxcaemcs no Henpe-
DpoisHOCMLL 09 ueswpowcdermou nOA0NCUMEAbHO  3pMumosol Popmul
#a E X E, onpedeasomeii 8 E CMPYKMYPY 2uA60epPMOBa NPOCHLDAH-
cmsa. -

CywecTBoBanne mpozo/kenus (x|y) Ha E x E Buitexaer ua menpe-
PHIBHOCTH 3TOR noayropaiuxe#HoRt dopmbl Ha E X E (O6w. tom., Pes.,
§ 10, n° 15; ra. III, § 5, Teopema 1). Kpome TOro, B cuay npuHuuna
TIPOJOKEHUT TOKAECTB, 3TO MNPOLO/MKeHHe, Takike 0003HaYaeMOe HaMu
Yyepe3 (x|y), ecTb 9pMHTOBA MOAYTOpatuHeRHas (opMa, YLOBJIETBOPSIO-
was cootHOmeHno (x| x)= ||x||% rae ||x| —wnopma wa E, nomyuen-
Has NyTeM MNPONO/IKEHUS 10 HEeNMpephIBHOCTH HOpmbl U3 E; 9TO moKaswi-
8aeT, 4To M B E u3 (x|x)=0 caenyer x =0, rak uyt0 (X|y)— He-
BHIDOXM(IEHHAg noOJOXKHTeAbHasd ¢oOpPMa M, CJel0BaTe/bHO, ONpeenseT
s E CTPYKTYPY BEKTOPHOrO NMPOCTPAHCTBA.

910 ruAb6epTOBO NPOCTPAHCTBO HA3BIBAETCA NOMOAHEHUeM OTIAEIM-
Moro mpearuisbeproBa nmpocTtpaHcTBa E,

4. Boinykavie mrosczcmsa 8 npedzunssGepmosom npocmpancmse.

Brneass |[x —y|2=(x —ylx =y u||x+y|*=(x+y| £+ )
.1 NMPOU3BOJIBHBIX IBYX TOYeK X, y npenmnbﬁeprosa ﬂpOCTpaHCTBa E,
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€pa3y NPUXOAHM K ,MeIMAHHOMY TOXIECTBY"“
|3 4o+ e—nf =50+ ap

M3 3TOr0 TOMARECTBAa BHITEKAET CAeaywlilee npelaokKeHues

Neeanoxenne 5. Iyems d >0, 0Ld3<d, B u B — mno-
aocecmsa 8 E, onpedeasemsie coomsememsernno Hepasencmeany ||x|| <L d
ul|x||<<d—+3, u A— seinyrroe mroxcecmeo, codepocaujeecs 8 B’ () CB.

Yepr. 1. Yeprt. 2.

Tozda O0as 210600 nape. mouex x, ¥y u3 A BblNOAHAEMCS HepaseHcmso
lx—yl< V1248 (uepr. 1).
IleficTtBUTE IBHO, %(x —+ y) € A, oTkyna “%(x—{—y) U >d; Torpa us

ToxaectBa (11) BHTekaeT, uTO
|3 | =50l + ) =] 5 e+ | <@ tor—a< s,
YyeM NpenioXkeHHEe W JAOKA3aHO,

TeopeMa 1. ITycms E— npedzunvbepmoso npocmpancmso ¢ H-—
€20 Henycmoe BuNyKAoe NOOMHOXCECMBO, ABAANUeeci 8 E noanvim
omodesumsi i pABHOMepHbLM nodnpocmpancmeos. Han xaxdozo x € E
cyuwecmsyem O00HO3HAHUHO OnpederenHas mouxa yE&H maxas, umo
lx— ¥l =zig;]|x-—z|]; amo-— maKce eduHcmeennas mouxa u3 H,

Oast Komopoii -
Rx—y|z—» <0 (12)

npu scex z€ H (uept. 2).
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ITyTeM HadJexaillero NepeHoca MOXKHO MPHUBECTH PACCMOTPeHHE K CJy-
yaio x=0. [Iycte Toraa = inf||2|| >0 u A, a1a xaxaoro
zCH

Henoro n— (HemycToe) MHOXeCTBO TeXx TOouek u3 H, aa4 xoropblx
21l d—{—%. Tax kak A, BHIYKJIO, TO M3 MNpelNOkeHU® D cpasy
C/efyeT, 4YTO [MAMeTP O9TOrO0 MHOXECTBA CTPEMMTCH K HYJI0 BMecTe
c ;11—; MHBIMM CJIOBaMy, yOBIBAIOiLAd MOC/e10BaTe bHOCTD (A,) ecTb 6a3uc

dursmpa Kowwu 8 H. Tak xak H oTAeauMO M NOJAHO, TO 9TOT Gasuc
¢uabTpa CcXOAMTCH K HEKOTOPO# TOuke y€ H, KoTOpasd, Kak SBCTBYeT
U3 €e ompejefeHus, ecTb eIMHCTBeHHas Touka B H takas, uto |y| =d.

Iycte Tenepp z-— NPOM3BOABHAR ToOuka u3 H; Ana kaxioro A,
saknioyendoro Mexay O wu 1, Touka y-h(z—y) npunamnexur H,
3HauUT

Ly 42— >y

HIH

IyI*+ 2R (v [2— )+ N lz— "> |1l

T. €.

2R (y]|2— y) > —A||ly—2||’,

orkyaa u chaepayer (12), mockoapky A >0 MOXHO B3Th HPOHM3BOJBHO
mansiM. OG6patho, ecan Y € H takoso, uto R(Y' |z2—y) >0 aaa
scex z€H, 1o ||2]*= |y "+ 2R 2=+ le— Y "> >
£aenoBarenbHo, ||y ||==d, a B cuay npeamayiiero 3TO MOKa3bIBAET,
yto Y =y.

OHO3HAYHO ONpeleNeHHYI0 TOUKYy y MHoxecTBa F, cyliecTBOBaHne
KOTOPOR YCTaHOBJEHO TeopeMOR 1, Mbl HasbiBaeM, NONYCKas BOJAbHOCTDb
peuu, npoexyueli x ua H (cM. npeanoxenne 8).

[lepeas 4acTh TeopeMul 1 cmpaBenanBa npu Goxee o6WIMX NpeAnoao-
MEHHAX OTHOCHTEeJbHO mnpocTpancTsa E (ynpaxsenue 15).

IokazaTeAbcTBOM TeOpeMbl 1 yCTaHOBMEHO Mexay MNPOYUM Haluuue
cjaepywiero cso#craa: '

Caencrsue 1. [Tyems I— mnooicecmso, guasmpyoueecs no
darompy §, u v—y,—omobpasxcenwe [ 8 H. Ecau |x— ]}
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cmpenumes, no gurempy §, k inf | x —z||, mo y, cmpemames, no g,
zCH

K npoexuyuu y sexmopa x Ha H.

Cnencreue 2. Ilpoexuyus mouxkuy xE€E Ha noanoe omoeaumoe
Henycmoe gounyKaoe nodmnodxcecmso H npocmpancmsa E ecms nenpe-
PHleHAA PYHKUUL om X.

He#cTBuTeNbHO, NycTh x, x’ — ABe TOukH U3 E u y, ¥y — ux MpoeK-
wi wa H. Hmeew || — /|| < [l —yl| < llx—y]l + lx— x|
a1 =y lle—y I <llx—x || 4 12’ —y [ <l — ] + 2 x— 2]].
Mu BuauM, TakuM 0o6pa3oM, uro Koraa x’ crpeMutcsa kK x, 1o [[x— Y|

crpeMutca K ||x—y||, M cNpaBeAJHBOCTb YyTBEPXKIAEHHS BHITEKaeT M3
caeacreusa 1,

Mrennoxenne 6. ITycms ® — yOusawujee durvmpyiomeecs MHO-
DECTBO  NOAHBLX — OMOCAUMBIX — BbINYKALLX NOJMHOdNMCECMSE NpO-
cempancmsa E a d(x, Hy= inf ||x —z|| 048 wxamdozo xCE u ka-

2CH

10020 HE ®. Has moz0 umobor nepecewenue M gcex muoxncecms HE D
Obia0 He nycmo, Heo0x00uMO & NOCMAMOUHO, 4moGb O0Af HeKOmOo-
po20 xo € E muoocecmgo scex wucea d(xq, H) (HE D) 6uiso ozpanu-
4enno. Tozoa npoexyus kancdozo x € E na H cmpemumces no pussmpy
“cenenuit muoxcecmsa D Kk npoexyuu x na M.

Ecin M He mycTo, TO 9TO — MOJMHOE OTAE/ANMOE BHIIYKJAOE MHOXe-
CTBO (KaK mepeceyeHNe B3aMKHYTHIX BHIIYKJAHX MHOXECTB B IOJHOM
OTAEMMOM ToAnpocTpaHcTBe npoctpanctBa E) u d(x, M) >d(x, H)
ans xaxgoro HE® u xaxaoro x € E. OGpaTHO, NMpemnosoxuM, 4TO
d=;lelgd(x0, H) <+ co; xak yOwBawuas ¢ynkuusa ot H, d(x, H)

<Tpemurca k d N0 GuabTpy cedenu#t Muoxectsa @, Ilycte B — MHOKe-
ctB0 Bcex 2€E, pas Koropmex ||xo— z||<d; mokaxeM, 4TO MHOXe-
ctBa HN B obpasyior 6asuc gurempa Kowu. [eHcTBUTenbHO, U3 Teo-
peMBl | cseayer, yTO 9TH MHOXeCTBA BHITYK/]B M He NMYCTH; OYEBHUIHO,
ouu obpasyior Gasuc duabTpa, u aasg kaxaoro € > 0, Mo onpeneseHHIo,
cymectByer Hy€® rtakoe, uro d(x, Hy)>d—e; npepioxenne 5
NOKa3kIBaeT TOTAA, YTO AuaMerp MHOxectB HN B, rae HoHyn HE @,
TIPOU3BOJILHO Ma/ BMeCTe C &, 4eM M [0Ka3aHa ChpaBelJMBOCTb Hallero
yreepxnenns. Tak kak H, (] B — 3aMKHyTOe MHOXECTBO B MOJHOM OTZe-
JuMoM noanpocrpaHctee Hy,, to Hy1 B oraeiuMo ¥ TOJHO, TaK 4TO
nepecedyeHne MHOkecTB H (1B cBOAMTCS K HEKOTOpPOM Touke J, TaKoH,
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uTo || Xo— Yol|=d. 1o nokasuiBaer, 4T0 M He mycto, Y,EM
u d(xg M)=d, Tak uro y, ectb mpoekuus x, Ha M. Ho c mpyro#
CTOPOHH, TPOEKUURA X HAa Kaxaoe MHoxectBo HE ® npunamsexur
H N B, n npepioxeHde NOJHOCTbIO AOKA3aHO.

Meeanoxene 7. ITyems W — go3pacmanowee @uivmpywoujeecs
MHONCECMBO HenyCmulX NOAHOLX BHLAYKABLX NOOMHOJCECMS NOAHOZ0
omodeaumo20 8unyKA020 mroxcecmsa ACE u N — 3aumknymasn sonyi-
aas oborouna ux o6sedunenusn. Tozda npoexyus mowku xE€E na H
cmpemumces no gurempy cevenud mnoxcecmsa W x npoexyuu x na N.

3aMeTuM TMpexie BCEro, YTO BCJAEACTBHE HAMUX TNPeANOJOKeHUH
‘N ectb saMmbikaHne oGbeannenns Muoxects HEW u conepwmutrca B A,
a MOTOMY OTIAEIMMO K mMoJaHO. TeM caMbiM, B 0603HaueHUSIX Mpel/iOKe-
aua 6, umeem d(x, N):Hixel‘fyd(x, H), u, caenosareapho, d(x, N)

ectb npeaea d(x, H) no ¢urbtpy cedenult Muoxectsa W¥. Ilycrs
Yy —npoekuna x Ha H; Tak Kak |[x —yy|[=d(x, H) crpeMutca
kK d(x, N) u y, €N, 10 crencrsue 1 teopems | mokassiBaeT, uTO y,
cTpeMuTCs 1o (uALTPY cedyenu#t MHoxectBa W k npoexuuu x Ha N.

5. BexmopHroie noonpocmparcmea u npoexmopoi

[oBopAT, 4TO BEKTOp X B MPeldrHab6epTOBOM NpocTpancTBe E opmo-
20HQeH K TOJAMHOXECTBY A 3TOr0 HPOCTPAHCTBA, €CJAM OH OPTOTOHAJIEH
'k KkaxaomMy Bekropy u3 A; mosMHoxectBa A M B npoctpascrBa E
HA3LIBAIOT OPMOZOHAAbHBIMY, €CAU KaxAbIR BekTOp U3 A opTOroHa/eH
K KDKIOMY BeKTOpPy M3 B. 3aMetuM, uTo B 9TOM cayuae, ecau E npen-
MO/M0KEHO, KPOMe TOro, OTAeJuMbIM, A1 B NycTo uid CBOANTCH K BeK-
topy 0, mockonpky O ecTh TOraa eIMHCTBEHHHH BekTop M3 E, opTtoro-
HalbHH# K caMoMy cebe, '

Ecau x u y-—OpTOroHajdbHele BEKTOPH, TO

x4yl = x>+ lyll® (13)

(»,Teopema ITudaropa“).

B ToM caydae, KOraa BHIYKJIOE MHOXecTBO 1 ecTh sexmopuoe
noonpocmparcmso npoctpancrsa E, TeopeMa | gomyckaer caedymoilee
yTOUYHEeHHe:

[Meennoxenue 8. ITyems L-—noanoe omdersamoe sexmopHoe
nodnpocmpancmso npedaursbepmosa npocmpancmea E; npoexyus
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npoussossroli mouku xCE na L ecmy 00HO3HGUHO onpedesennas
mouxa yE€L maxas, wmo y-—x 0pmo20HassHO K L.

HeHCTBHTENBLHO, TOUKA Y4 A(2— y) AaA kawaoro z¢ L M Kaxporo
ckanapa AEK npunamiexut L, Tak uUT0, B CHAy TeopeMu I,
R(h (x—y|z2—y)) <0; B3sB A==(x—y|2—y), noAy4uM [(x—ylz— )’ 0
H, 8HMAunT, (x — y|z— y)==0. EauncTBeHHOCTb €pasy caenyeT H3 BTO-
po uacTH Teopemnl 1.

TeoreMa 2. ITycms E — npedzursbepmoso npocmpancmso u M— ezo
noanoe omdesumoe 8exmoproe nodnpocmpancmso. Omobpasicerue
P, omnocawee raxcdomy sexmopy x€E ez0 npoexyuio na M,
ecmp HenpepuiBHul npoekmop npocmpancmsa E wa ce6n maxod,
umo ||P(x)||<||x]| 02a scex xE€E. I[Todnpocmpancmso M= P (E)

ecmos MHoxcecmso mex x € E, 0aa komopox P (x) = x; aopo N =Pl(0)
ecmp 3QMKHYMOe 8eKMOPHOe nodnpocmpancmso 8 E, donosnumensnoe
Kk M, cosnadaoujee ¢ MHONCECMBOM BCeX BEKMOPOS; OPMOZOHAALHMX
K M, a E ecms monosozuneckan npamas cymma M u N.
JleHCTBHTEIBHO, COT/IACHO MNpeAoxeHuio 8, P (x) xapakrepusyercs

TeM, UTO OHO fBNfETCH eAMHCTBeHHOH Touxo#h B M, ynosaerBopsioulett
yC/I0BUIO

(Px)|2)=(x|2) (14)

aasa Bcex z€ M. Orciona cpasy chaeayer, yTo P auHe#Ho, yT0 M ecTh
MHOXecTBO Tex x € E, nas koTopeix P(x)= x, u 4To sgpoM P crymur
'MHOXECTBO BCeX BeKTOpOB, opToroHaabubix k¥ M. Tak kak .P(x)EM,
10 P(X)— x opTOroHaieHO K P (x); cornacHo Teopeme [Tudaropa, Torna
IxI*=IP©I*+ llx—P @)° orkyra [|P(x)[ < |lx||, uem oxa-
3aHo, uto P — HenpepuBHu#t npoekTop. HakoHeu, TO, uyT0 E ecTh

-1
Tonosoruyeckas mpsMas cymma M u N =P (0), usBecto (ra1. I, § I,
npeanoxenue 12).

Mbi HasuiBaeM P opmozoHnaisHuiM npoexmopoM (WM, Ionyckas
BOJIbHOCTb pedd,” mpocTO npoexmopom) E na M; MOANPOCTPAHCTBO

N_.P(O) 00pa3oBaHHOE BCEMHM BEKTOPAMH, OPTOrOHAJbHHIMH K M,
HA3HIBACTCH OpMOZOHALLHM OOnoaxeduesr ¥ M (uaMm uAoraa npocro
0pmozORasbHuM K M, eci 9TO He MOXET NOB/eYb MYTAHULH): 5TO
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ReHCTBUTENBHO €AMHCTBEHHOE M3 MOANPOCTPAHCTB, ACMONHUTENbHEIX K M,
KOTOpOe OpPTOroHa bHO k M. OpToroHaabHEM KononHeHueM K N caymut M.

Kax mnssectHo (ra. I, § 1, n® 8), xanonwnuecknil nsomMopdmam ¢ gax-
mopnpocmpancmsa E/M ua N ectb u30MOpPHH3IM CTPYKTYpH TOMOJOrH-
YECKOro BEKTOPHOrO TpocTpancTda B” E/M Ha Takymo xe cTpykTypy B N.
Ecan pas xaxnod napel TOuEK x, y wus E/M nonoxsts (X |y)=
= ({ (x) | ¢ (), TO 9THM, OueBHAHO, onpexeantcsa B E/M cTpyKTypa npen-
riJab6epToBa NPOCTPAHCTBA, HOMYYAOWAACA yTEM NEPeHeCEHHs CTPYKTY PbE
npeArHap6eproBa IPOCTPAHCTBa, HMelolleHcss B N, NOCPeACTBOM HsoMop-
({pH3Ma, o6paTHoro x ¢. Kpome roro, u3 COOTHOLICHHSA lx)%= I P (x) 2 +
+l|x—P(x)][ BHJHO, UT0 MOJAYHOpMA 3JEMEHTA X B 91Ol CTPYKTYDE,
onpexeaseMas COOTHOLIEHHEM x|l = ¥ (x)|l, papsa noayuopme inf || x1f,

Y]
of6wHM 06pa3oM onpejeaseMoit Ha kaxaoM daxropnpoctpanctee (ra. Ii,
§ 5, n° 5).

6. Conpacenroe K 2uavbepmosy npocmpancmsy

TeopeMa 3. IMycms E — 2ua66epmoso npocmpancmso u u, oun

- Kawncd020 x € E — Henpepusnan auneidnas gpopua y—>(r]x). Omo-

bpascenue x — U, ABAAEMC B3AUMHO OOHOIHAURBIM NOLYAUHCUHEM

(oTHOCHTeIbHO aBTOMOpGU3Ma § — t) omobpascenuen npocmpancmsa E

Ha e20 conpawcennoeé E' u uzomempuell HOPMUPOBAKHOZO NpPO-
cmpancmsa E Ha HopmuposanHoe npocmpancmso E’. .

JeRcTBUTENbHO, 0Ny THHEHHOCTL OTOGPAXKEHUS X —> i, CleRyeT ua (2), a,

B cuay HepaBencTsa Komwn — Byusixosckoro, || u.,,,,.“=H "sip | 1x) | =ll*ll,

1y

TaK 4TO x —#, ecTs Hu3oMeTpuas E B E’ M, B HACTHOCTH, B3aHMHO
oano3nauno. [ina 3aBepiuenus ROKas3aTeNbCTBA OCTAETCH NOKA3aTh, YTO

s kakaoro x’=+0 us E/ cywecrsyer x€E Takoe, uto x'=u,. Ho
1
runepnaockocts H = x’ (0) samxuyrta B E; ee OpTOI‘OHaJIbelM fonoa-

HenueM (n° 5) cayXHT HeKoTopas npaMas D, u ecau bED, b0, TO
muetinas dopMa y — (¥|b) annyaupyerca Ha H; mostomy CylleCTBYeT
ckanap A=#0. tako#t, uro (y, x')=(y|M) nna Bcex yE€E, a sro
03HayaeT, 4To x’ = Uy,

Otobpaxenne x — u, u ero o0paTHOe HA3MBAITCH KAHOHULECKUME
otoOpaxennsimu E Ha E’ w E’ na E; ecoim E — pentectBeHHoe ruinbep-
TOBO MPOCTPAHCTBO, TO 3TO — JMnHeRHHMe orobpaxenus. Ecam E — koMm-
TIAeKCHOE [WIbGEePTOBO NMPOCTPAHCTBO, TO X —> U, MOXKHO DPACCMATPHBATH
KaK B3aUMHO ONHO3HAYHOe JUHeHHOe OTOOpaseHue npocTpancTsa E,



292 ‘ TUOBLEEPTOBH MPOCTPAHCTBA 1.V, §1

ayamwHoro ¥ E (n° 3), ma E’. Yacto E (cootB. E;) OTOXAECTBASIOT
¢ E’ nocpeacTtBOM OTOOpaXeHHS X —» U,

BespasnHuHo, cka3athb JH, YTO BeKTOp X € £ opToroHaleH K BEKTOpY
y€E, nan uro nuueiinas dopMa u, ¢ E/ oproroHaabHa K y B CMHCIHe,
onpegeaenHoM B ra. IV, § 1, n° 4 (uto M ompasausaer ynorpebaeHue
ClI0Ba ,OpTOrOHalbHO® B O6OHX cayuasx). Eciu M — 3amkHyTO€ BeKTOp-
HOE TOANPOCTPAHCTBO mpocTpaHctBa E, To mnoampocrpanctBo M° B E/,
oprorodaasHoe kK M (ra. IV, § 1, n® 4), ecto 06pa3 OpPTOrOHANLHOrO
aononserHa x M B E, onpegenenHoro B n° 5, NpH @TOGPaXKEHHH X —» gz,

CneactBue, s moz0 umoGs cemelicmgo (x)) mouex 2urvbep-
mosa npocmparncmsa E O6wao momassHeirm, Heo6xodumo u docma-
mouro, 4mobs u3 cnpagedsusocmu pasencms (x,|y)=0 daa scex
urdexcos v caeoosaso, umo y=_0,

Ie#icTBHTENBHO, 3To BHpaxaer, uro 0 ecTb eAMHCTBeHHHIH BeKTOp
B E’, oproroHansHel Ko BceM x, (ra. IV, § 1, caexctBue 1 npeasno-
wenns 1, n § 2, 3ameuanue nocae caenctsus 2 mpennoxenus 4).

Vi3 TeopeMn 3 BuiTeKaeT, uTo KaHOHMYeCKOe OToOpaxeHHe mpo-
crpaictBa E B ero Bropoe conpsxennoe E” (ra. IV, § 3, n° 3) orobpa-
xaer E na E”, wiapmu caoBamu (ra. IV, § 5, n° 2), uto E— pe-
" haexcusnoe OGaHaxOBCKOe npoctpaHcTeo. JleficteutenbHo, ecam E —
BellecTBeHHOE (COOTB. KOMILIEKCHOE) ruib6epTOoBO npOCTPAHCTBO, TO
KaHOHKueCKOe OToGpamenue ¢ mpoctpanctea E’ ua E ectb u3oMopusm
HOPMHDOBaHHOrO mnpocrpanctBa E’ na E (coorB. Ha mpocTpaHcTBo Ej,
AyanbHoe K E); npumenss X E (coots. k E;) teopemy 3, M BHIuM,
YTO .KaxJas HenpepuipHas JuHeHHas ¢opMa 1na HOPMEHDOBAHHOM npO-
crpancte E' uMeer Bun x' — (x| ¢ (x)) = (x, x’), rile X — HeKoTOPHI}
¢dukcuposanHbift snemedtT U3 E, ueM CNpPaBeiJIHBOCTb HAUIEro yTBepwie-
HH H YCTaHOBJeHa.

Crenosarenpro (ra. 1V, § 5, npesnoxenue 6):

TroreMa 4. Edunuunsid wap ||x||< 1 2uss6epmosa npocmpan-
cmsa E caabo xomnaxmen.

[Teepnoxenwe 9. Ecau Puasmp § 8 2u460epmosom npocms
parcmse E. caabo cxodumcs x xo u, xpome mozo, limg| x| =| x|,
mo § cxodumcs K x, 8 UCXOOHOL monosozuu npocmparcmsa E.
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Hetictaurensho, [l x — xo||® =||x||>— 20 (x| x0) 4+ || %ol Tax xax,
no npexnosoxenuio, (x|x,) crpemutcs mo dumtpy F k |[x,]% a || x|}
crpemutcs mo F k || x,||, TO || x — Xx4|| cTpemurca mo  x 0, u npen-
JOXeHUe N0Ka3aHO.

3aMeuanune, Kak usBectHo (ra. 1V, § 5, n° 1), conpaxennoe E/

K OTICNHMOMY Npenrmin6eproBy NpOCTPaHCTBY £ OTOXIECTBHMO C comps-

" JeHHBIM K THALGEPTOBY NpOCTPaHCTBY £, caykaleMy nonoaHeduem aas E.

3 teopeMbl 3 caepyet, 4TO Kawckas HenpepuiBHas AHHefHas dopma Ha E
OJHO3HAYHO 3amHChIBaeTCA B BHie X — (x| a), raeac E.

 Ynpaxuennsn 1) Ilycte E — KOMIIEKCHOE HOPMHPOBAHHOE IpPO-
CTPaHCTBO H f(Xx, y) — cummerpHuHas GHAHHeHHas ¢opma Ha ero Gasmuc-
HOM BellieCTBEHHOM BEKTOPHOM npocTpaHcTBe E, Takaf, uto f(x, x) =
=] x}}? naa xkawnoro x¢ E. ITokasats, 40 Ha E CYIECTBYET ONHO3HAYHO
onpejclieHHas 3PMHTOBa MNOJyTOpalHHEHHaa ¢opma g (x, y) Takas, 4TO
F(x, y)=Rg(x, y). [l/Icnonbsyﬂ dopmyay (5), nokasatb, ut0 f(X,1ly)=
= _f(ix! )') ]

2) Ilycte E — BewecTBeHHoe MAH KOMNJAEKCHOE HOPMHPOBAHHOE TpO-
cTpaHcTBO. IIpeAnoaoxuM, uTo AdA MO60ro ero BeKTOPHOro MOAMPOCTPaH-
crBa P pasmepHoctH 2 (Hajz R) cymectByer onpepeneHHas Ha P X P
cnMMeTpuuHas OuamHeinas Qopma fp(x, y) Takas, uto fp(x, x) =|| x|2
1aa xaxnoro x € P, Iloka3ats, 410 Ha E X E CyumiecrByer IpMUTOBa MOAY-
TOpanuHeitHas ¢opma g Takas, 4rO0 KakoBa Gbl HH Gblaa BelleCTBeHHas
nnockocts PCE, fp(x, y)=Rg(x, y) Ana Bcex xcP n yeP. [Ec.vm
E—BeuiecTBeHHOE BEKTOPHOE NPOCTPAHCTBO, TO 3aMETHTH, 4T0 || Xx—y || 24
Hilx+yI2=2(xIt2+Ilyll®) nna xawnoit napel Touek x, y ns E,
H BBIBECTH OTCIOJA TOXKAECTBO

hx+y+zi2—lx+yl2—lly+zI2— 24 x>+
+hxl2Fy 2+ 12)2=0;

ecan E — KOMIJIEKCHOe BeKTOpHOE HpOCTpaHCTBO, NPHUMEHHTb YNpaxHe-
Hie 1]

*3) Ilyctp E — BeliecTBEHHas NJIOCKOCTH (IBYMEPHOE BEKTOPHOE mpo-
crpancTo Han R). Ilycte Bp ans kaxnol HeBBpoxAeHHoR noaoxHTEALHOM
CHMMeTpHUHOH OHauHelHoOH ¢dopMm f(x, y)— OFpPaHHYEHHOE BHIMYKJI0E
TeN0, onpeneasemoe HepaBeHCTBOM f(x, x) < 1. Ilrowadsio Bf OTHOCH=-
TeabHo 6asuca (a;, a,) B E wWassiBaerca uncao s(f)=w=|A| 2, rie
A — nHCKPUMHHAHT f OTHOCHTEALHO 3TOro 6asHca. Ecam (b4, by) — npyroit
6asuc B E H a3 /\ ay = by /\ by *), T0 nAOWAABIO Bf oTHOCHTENLHO (&1, bp)
6yzet |3 | s (f).

*) ay /\ @, — OMBEKTOp, onpejenseMbii BEKTOpDaMH 4@y, 4o — Ilpus, nepes.
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a) Ilokasatb, 4TO ecan / H g — HEBLIPOXAEHHHE NONOXHTEAbHBIC
dopMbl, mas xorophix By By (410 PaBHOCHILHO HEPaBEHCTBY gL f),
10 $(f) < s(g). [PaccMoTpers 6asuc B E, OpTOrOHaAbHBIH OXHOBPEMEHHO
H OTHOCHTENLHO f H OTHOCHTENBHO g.] )

6) Ilycts A — CHMMETPMYHOE OrpaHHYEHHOE BHINyKJIoe Teno B E.
[Toka3ath, 4TO CpelH HEBHPOXCIEHHHIX NONOXMHTEALHHX (opM f Ha E
TaKnX, uto A B, CyulecTByeT, H NPHTOM TOJABKO OfHa, AAs KOTOpOH
naomanse By (OTHOCHTENLHO 3aAaHHOrO 6a3Hca B E) nNpHHHMaeT HaHMEHb-
lee Bo3MOWHOe 3HadeHue. [[Ipu AOKasaTenbCTBE €IHHCTBEHHOCTH f npu-

HATH BO BHHMaHHe, uTo ecim A By u A By, 10 rake AC B o ).]
S (f+g
2

B) Ilycte A — CHMMETPHUHOE OrpaHHUEHHOE BHIIyKJIOe T€N0 B E
H f— HEBHPOXIEHHAA NOJNOXHTENbHas (opMa.Takas, uto AC B, u By
of6nanaer HaHMEHbIIEH BO3MOXHOH NJOH{aNbI0 OTHOCHTEJNLHO 3aZAHHOrO
6asuca B E. IloxasaTtsn, uto B A cojepwarca Mo KpaHHeii Mepe ABE He
CHMMETpPHYHBIE ADYF APYTY TOYKH XU ¥, Aas KoTopuix f(x, x) = f(y,y) = 1.
[Otnecs dopmy f X OpTOHOpMalbHOMY GasHcy (@1, do), PAacCMOTPETh AJs

. 1 .
kaxporo s >0 dopuy g (x, y) =7 Eutu + (1 +#) €y W npsATS B0
BHHMaHue, UT0, B cuay 6), A é; Bg,; mokazaTh, UTO MHOXECTBO TeX X, € 4,
KOTOphE He MpHHAaAJeKaTt B!)a’ o6aanaeT TOUKOH MPHKOCHOBEHHSA b, OTAHY-

. HOH OT @; H — ay ¥ TaKo#, uto f (b, 6) = 1]

r) Jloka3aTb aHanOrH yTBEpXAEHHH 6) M B) 1A HEBHPOXICHHBIX
nonoxuTeAbHbIX Gopm f TakHX, ut0 B, A u B, uMeer HaHGOAbLIYIO
BO3MOXHYIO MJaoufaib (OTHOCHTEALHO 3ajaHHOro Ga3uca B E).

*4) a) Ilycte E — BeufeCTBEHHOE HJAN KOMIIEKCHOE HOPMHUPOBaHHOE
MPOCTPAHCTBO Pa3MEPHOCTH > 2, ofJajaouee cCaeiyiouHM cBOHCTBOM: €CIH
Ixl=liyll, 0 lx+yl2+ lx—yl2<2(xI®+ lyl?). Tokasats,
uto Ha E CylecTByeT HEeBblPOXJAEHHas MOJNOXHTEe]bHas 3pMHUTOBa opMma
f(x, y), nas xoropol f(x, x) = | x}Z% [C momoumpio ynpaxmuenuil 1 H 2
CBECTH K Clyvaio, Korja E BelecTBeHHO ¥ AByMepHo. IlycTs, B 9TOM cayuae,
A — Bhinykaoe Teno, omnpejenscmoe HepaBeHCTBOM | x||<{1, f— HeBH-
poXcieHHas MOnOKHUTENbHas QopMa Takas, uto AC By u By obnapaer
OTHOCHTENLHO 3ajaHHOro Ga3uca HaHMeHblieH BO3MOXHOH MAOM(aAbIO,
nanee, (€1, €;) — OPTOHOPMANbLHbIH OTHOCHTENbHO f GA3HC M X, y — HE CHM-
MeTpHUHbie APYr APYry ToukH H3 A, Ala Kotopmx f(x, x)=f(y, y)=1
(ynpawnrenne 3B). Ilokazath, uTO TOuKH mNepeceYyeHHs OKPYKHOCTH
f(2, 2)=1 c GHCGeKTpHCAMH OApH BEKTOPOB X, ¥ TaKie HpHHapiexar A,
H 3aKMIOYHTb INYTEM [OBTOPHOrO NpDHMEHEHMS 3ITOFO DacCYXAEHHS, YTO
A=B,] :
© 6) Iiycts E — BeuecTBeHHO® HIH KOMIUIEKCHOE HOPMHPOBaHHOE NpO-
CTPAHCTBO DPAa3MEPHOCTH > 2, obnajaiigee CcJAERYOU{HM CBOHCTBOM: H3
x4yl =llx—yl creayer | x+yll®= || x||>+ Ulyli% Tokasars, uto
Ha E cylecTByeT HeBLIPOWACHHAas MNOJOKHTENbHAs IPMUTOBA (opMa
S (%, y), &as kotopoit f(x, x) = || x||% [CeectH k a).]
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B) Jloka3aTh aHaJOr NPEANOKEHHA a) HPH NMPEANONOKEHHH, UTO H3
Ixtt=lyll cxeayer llx+yl2+Ux—ylI2>2(1xIFF+Hyl?). [Mcnoas-
30BaTh yupaxHeHue 3r.]

5) Tlycty E — BellfeCTBEHHOE WJAH KOMIJEKCHOE BeKTOPHOE MPOCTPaH-
CTBO pas3MepHOCTH > 2. [peamonoxuM, uto 3ajaHo ero orobpaxenue
x—>|lx|l B Ry T1axkoe, uto fAx] =|A|{x|| mas9 xawmporo ckaadpa A,
lxll =0 Baeuer x==0 H- gax mobuix a, &, ¢, d u3 E uMeeT MecTO
»HATOJEMEEBO HEPABEHCTBO®

la—cllllb—2al<la—bl llc-dll + tb—clilla—dl.

a) Tlokasatb, uto {|x|| ectb HOpMa Ha E. [3aMeHHTH B NTOJAEMEEBOM
HepaBeHctBe d Ha 0 H b Ha —a.]

6) Toka3sath, 4T0 Ha E CyL{eCTBYET HEBLIDOXACHHAA MOJOXHTENbHas
spmuToBa (opMa f(x, y), mas xoropofi f(x, x)= | x||% [BuBecrn u3
nToNeMeeBa HepaBeHCTBa HepaBeHcTBO || x 4yl 24-Ilx —y 2> 4l xl llyll
H HCOoJb30BaTh ympaxHense 4B.] O6patiHoe npepnoxesnne. [[lokasats,
ey b
la)? He
"al___bI":= ”a_b” .] Vi

lall &l

*6) Mycrs E — BemecTBeHHOE HIH KOMIJIEKCHOE HOPMHPOBaHHOE NPO-
CTPAaHCTBO pa3MepHOCTH > 2, obaajaiuiee CASAYIOHMM CBOKCTBOM: Cylle-
CTBYET BeIIECTBEHHOE YMCIO Y, oTanugoe o1 0 H -1, Takoe, uTO H3

4TO eCJH B rHALGEPTOBOM IIpOCTpaHCTBE 4/ =

x4+ yll = llx—yll caeayer lx+qyll = lx—1yl-
a) IToka3aTte, 4T0 ecan [|x -+ y| = |x —yll, TO Bunykaas QYHKUHSA
9 (€)= llx +&yll BewecTBeHHOro nepemeHHoro § He NOCTOSHHA HH Ha

KaKOM HHTepBaje. [PacCyxpas OT NMPOTHBHOrO, PaccMOTPeTh HaHGOABIIHI
uHTepBan [a, B], Ha kotopoM ¢ () nmocrosuua. IlpunaB BO BHHMMaHHE, 4TO
H3 le+vll = lu—vl} caemyer |u-+ 1| = [[u—{"v| ang kaxaoro
LEN0r0 palHOHANLHOFO 1, mokasath, ut0 ¢ (3) =¢ (8) Ana HEKOTOpOrO
3 >>8, nocratouHo 6amskoro k P.]

6) Tlokasate, uro ecau [[x+y| = [x—yl, 10 Hx8&yll =
=|lx—Ey|| ana 6caxozo BemecTBeHHOro 4Hcaa §. [OCHOBLIBAACH HA TOM,
uTO, B 0603HAYEHHAX H3 a), ¢ (1) == @ (— (™) ANA KaXKJI0ro ueroro paiHo-
HaJLHOIO n, MOKa3aTh, 4T0 ¢ (§) mocturaer B Touke § == 0 OTHOCHTEJLHOrO
MHHMMYyMa; BHIBECTH OTCIOfa, 4TO ¢ (§) = ¢ (—§&) TOXAECTBEHHO, 3AMETHB,
4TO B NPOTHBHOM Clydae MH HMeAH Oh ¢ (A) = ¢ () A1 ABYX WHCed A
H {4 TaKHx, 410 A+ =0, H B 3TOM CAyyae ¢ XOCTHralo Obl OTHOCHTEIb-

HOr0 MHHHMYMa B TOYKe l(7\ + )]

B) Brisectn 3 6), uto Ha E cyujecTByetr HeBupox(neru-xaﬂ NONOMHUTEAD-
Has spMuTOBa (opMa f(x, y), Ads Koropoii f(x, x) = [[x|j%. [Tlokasats
npexae Bcero, yro ecan || x| = |lyll, 10 ||ax+Byll = |Bx+ayll Aas
KaXAQH Haphl BEl[eCTBEHWHX uMcend «, B H uto ecam | x +yll=hx—yl,
10 [|ax 4 By || = [lax — By ||, KaKOBH Gbi HH GLIM BeUlECTBEHHME YHCAA a, f.
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Hcnonn3ys 9TH pe3yabTaThi, MOKa3aTh, jajee, 410 eClH [|x]] = [ly]l =1
u lx+yll =lx—yll, 10 (22 —52) x + 2aBy|l = a2} 82, u BLIBECTH
OTCI0fiA CNPaBeJIHBOCTh JOKA3bIBAEMOr0 YTBEPHACHHA *).]

7) Ilycte E — BemecTBEHHOE HAH KOMIAEKCHOE HOPMHDOB2HHOE NpO-
CTPAaHCTBO, 06AajaloLiee CAeAYOIHM CBOMCTBOM: €ClH X, ¥, X/, y/ — ueTsipe
Bektopa H3 E 7takme, uto [|xfl = [lX|l, Iyl =yl & x4y =
=)x'+ ¥y, 10 |x—yll=[|x’ —y’||l. lTokasats, uro va E CymlecTyer
HeBBIPOXIeHHas MNOJOXHTeNbHass 9pMuUTOBa hopMa f(x, y), AAA KOTOpOH
f(x, x)= {{x||% [Mcnoab3osats ynpamuense 6.]

#8) Ilycte E — BeulecTBeHHOE HOPMHPOBAaHHOE NPOCTPAHCTBO pa3Mep-
HOCTH 3> 3. I[lpeinonoxHM, 4TO CyLiecTByeT YyGhiBalollee B3aHMHO OAHO-
3nauHoe oTobpaxeHne o MHOxecTBa IR Bcex ero 3aMKHYTHIX BeKTODHBIX
MOANMPOCTPAHCTB Ha e TaKoe, UT0 ® (u) (M))=M 1 Mo (M) = {0} nasa
kaxcporo M e M.

a) IToka3aTs, 4TO CYLIECTBYET Takoe, OnpejeneHHoe C TOUHOCTHIO HO
CKaNApPHOro MHOXHMTEeAs JAMHeiiHoe oTo6paxieHne u mpoctpaHcrBa E Ha ero
compsennoe E/, uto u (M) = (0 (M))° nas xaxnoro M ¢ M. [Paccmartpu-
Bas Caydali ojHoMepHOro M, MPHMEHHTh OCHOBHYIO TEOPeMy IPOEKTHBHOH
reometpud (Aar., ra. 11, 2-e uan,, lpanoxense 111, ynpaxuenne 10 (™)), npu-
HAB §O BHUMAaHHE, 4TO Te10 R 061a1a€T e IMHCTBEHHBIM — TOXJAECTBEHHbLIM —
asTomoppuamom (O6w. rtom., ra. 1V, § 3, ynpaxuenne 3).]

6) Monowus (x}y) = (x, u(y)), nokasats, 4t0 (x| x)==0 Aas Kax-
noro x==0 u 410 cootHoweHns (x|y)=0 u (y|x) =0 paBHOCHIBHHI.
BuiBectH otciona, urto (y|x)=(x|y) AZaa Bcex nap To4Yek x, y H3 E.
[Paccmotpets A ¢ R, ana xoroporo (Ax-+ylx)=0]

B) Iloka3aTth, ut0o (x| X) COXpaHAeT NOCTOAHHbIN 3HAK IAA BCeX X0,
TAK 410, 3aMEHAA, eCIH HYXHO, # Ha — U, MOXKHO CYHTaTh, 4TO (x| Yy)
€CTb HEBLIPOXIEHHas MNOJOXHTENbHAasd CHMMeTpHYHasd GuiauHeiHas dopma
Ha E X E. .

r) I[lycte §o— HCxoxHasa Tonojorus mpocrpanctBa E. [lokasath, uTo
tononorua § B E, onpepensemas HOpMOH 'V(xlx), MayKOpHPYyEeT TOMO-
AOTHIO §o. [[IprHATH BO BHMMAaHHE, UTO COUpPsXKeHHoe K E npH & CONEPWHT
conpsixenHoe E’ k E npn o)

1) TokasaTs, 4TO 2 HeNpepHBHO Npk TomoJorHax ¢ (E, E’) u a (E, E).
BuiBecTH oTCIOla, YTO €CaH E NOAHO B MCXONHOH TONOJNOrHH &g, TO & He-
NpepuiBHO TpU &y M cHabHOM Tomonornw B E'. [TIpHHATE BO BHHMaHHe,
4TO 4 Npeo6pa3yeT Kax10e MHOXECTBO, OrpaHHICHHOE B TONOJOTHH d (E, E'),
B MHOXECTBO, OFDaHHYEHHOE B TONOJOrHH a (E/, E).] BuiBectu oTCIOAR,
YTO TOrAa TONONOTHH & H §o COBNAjAT H o (M) ecth OpTOrOHalLHOE
IONONHeHHe K M npu CTpyKType FHALGEPTOBA NMPOCTPAHCTBA, ONpeiense-
Moit B E ¢opMoit (x]y). [Cm. ra. I, § 3, Teopema 1.]

e) Ilokasats, uro B npocrpanctBe L!(N), cHa6xeHHOM HODMO#i, HHAY-
uHpoBannoi u3 g9 (N) = L% (N), cymecTByeT B3aNMHO OXHO3Ha4YHOE OTO-

*) D107 (HeomyOaHKoBaHHLIH) MeToA coobmuaH Ham E. Lorch u J. von Neu-
mann.
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6paxenne M —» o (M) MHOXecTBa IR Ha cebsd, obaamaouiee yKa3aHHEMH
Boiiie cBoiictBaMH. [CM. ra. 1V, § 5, ynpaxsxenne 3.)

*9) Ilycte E — GecrkonetHoMepHOe KOMIIEKCHOE HOPMHPOBAHHOE NPO-
cTpatcTBo. [IpeanonoxHM, 4TO CyuieCTByeT B3aHMHO OJHO3HauyHOe 0TOGpa-
WeHHe © MHOxecTBa YN BCex ero 3aMKHYTbIX BEKTOPHHIX MOAMPOCTPAHCTB
Ha ce6s, ofaajaiiee CBOHCTBaMM, YKa3aHHHIMH B ynpawHeHud 8,

a) IToka3ath, 4TO CylieCcTBYeT TaKOe ONpejeNeHHOe ¢ TOYHOCTHIO A0
CKaNSIPHOTO MHOXHTENS NONYINHEHHOE (OTHOCHTEALHO aBTOMOP(H3MA & —> €
tena C) orobpaxenHe u npoctpancTBa E Ha ero compsxeddoe E’, urto
u(M)= (o (M))° ngna ecex M¢IM. [Paccyxiath Kak B ynmpaxHeHuu 8;
Hcnoas3ys ynpaxcdenue 20 § 5 ra. IV, mokasath, 4T0 £ ecTh NMOAYAHHEH-
HOe O0TO6pax(eHHE OTHOCHTENBHO TOXAECTBEHHOrO aBTOMOP(H3Ma Tena C
HAM aBTOMOPdH3MA & —> £ ; HAKOHEL|, IPHHAB BO BHUMaHHe, uTO (X, & (X)) 0
npH x=£0, YCTaHOBHTb, YTO MepBLIH Clyyail HE MOXET HMETh MecTa.]

6) IlonoxuB (x|y)=(x, ‘u(y)), nokasath, uro (y|x)=(x]|y)
H (x| .x). coxpaHsieT MOCTOAHHBIH 3HAK AAA BCEX x#=0 [Tor xe merox,
4T0 H B YNpaxHEHHH 8.]

B) Iloka3ats, HakoHen, 4to TOMOAOrHS § B E, onpegeiseMas HOPMOMH

'V(xl X)» MaXOPHPYeT HCXONHYIO TOMOJOTHIO o M UTO 3TH JBE TOMOJOTHH
coBmagailor, ecin E B tonmonorMM , MOJNHO; B 3TOM MNOCAEfHEM Cay-
yae o (M) ectb oproroHanbHoe ponojaHeHHe K M B ruan6epToBOM mpo-
cTpadcTBe E.

#10) Ilyctp E — KoHEYHOMEPHOE BelljeCTBeHHOe BEKTOPHOE npoc1pan-
CTBO, 9 — B3aHMHO OJHO3HAUHOE JNHHeHHoe OTOOpaxceHHe mpocTpancTBa E
Ha ero conpsikedHoe E* H A — orpaHHYeHHOE CHMMETPHYHOE BBIMYKJOE
teno B E, AAs Kawxod TOUKH X TPaHHIbl KOTOPOTO THNEPINOCKOCTD,
onpeneasemas ypapHeHHeM (y —x, ¢(x))=0, saBagerca ouopHOH
K A

a) HyC’l‘b F()=](x, 9(x)}| u a—-TOYKa, B KOTOPO# f(x) AOCTH-
raeT CBOero MHHHMYMa Ha rpammye Teaa A. IlokasaTs, 4TO Ms KaxAOH
TOUKH b Ttakoi, uto (4, ¢ (a)) =0, Takwe (a, ¢ (b)) = 0. [IlpuHaTs BO
BHHMaHHe, 4T0 (X, ¢ (x)) == 0 npu x == 0 H, crefoBATENLHO, MOXHO IIPEX-
noaarathk, 410 f(X) = (x, 9 (x)) > 0; Hcnoab30BaTh jfajnee TO, YTO Kaxjad
ONnOpHas FUHepPNIOCKOCTh K A B TOUKE 4 ecTh TaKxe OnopHas THiep-
MIIOCKOCTh K MHOXECTBY, ONpeielsieMOMY HepaBEeHCTBOM F ()< f(a)]

6) Ilokasats, uro (X, 9(y)) — CHMMeTpHYHas OHAHHeHHas ¢opMa
H A cOBNajaeTr ¢ MHOXECTBOM TeX ToYeK x, Alsl KoTopmix f(x)<y, rae
{— Bajnexamas nocroanpas. [[IpoBecTH nROKA3aTENBCTBO MHAYKUHeH NO
Pa3MepHOCTH npocTpadcTBa E, paccMaTpHBas, B 0G03HaYECHHSAX H3 a), runep-
NJIOCKOCTb, ONpejenseMyio ypaBHeHHeM (x, ¢ (a)) = 0.]

*11) ycts E — KOHEYHOMEPHOE KOMMAEKCHOE BeKTOPHOE MPOCTPaH-
CTBO, ¢ — B3aHMHO OJHO3HaYHOE MOJAYyJAHHEHHOe (OTHOCHTENIbHO aBTOMOp-

duama £ ) orobpamenne npocrpanctea £ Ha ero compswennoe E£° n

lx]l —rHopMa Ha E Takasa, 4ro |{(x,9(xX))|=lxlle(x) mas Bcex
x € E. Tlokasate, 4T0 (X, ¢ (¥)) C TOYHOCTBIO KO NOCTOSHHOrO MHOXHTEA—
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HEBLIPOXKAEHHAA NOJNOXHTelhHasd SpMuroBa dopMa H (X, 9 (X)) =
=+| x||? (rae y— noctosuuas). [Paccyxnarte kak B ynpawHenu: 10.]

*12) Iycts E — Bem(ecTBEHHOE HOPMHPOBAHHOE MPOCTPAaHCTBO pas3-
MepHOCTH >3 Takoe, YTO WiA Kaxn0i ero OXHOpOIHO# naockoctu P
cyliecTsyeT HempepbiBHb npoekTop E na P ¢ Hopwmoit 1. TlokasaTs, 4ro
Ha E cymecTByeT HEBLIPOXJCHHAfA NMOJIOXHTENAbHAS CHMMETpHuHas (opMa
f(x, y), aas xoropo#t || x|/ 2= f(x, x). C nomouisio ynpaxHenns 2 CBECTH
K ciayvalw, Korza E TpexMepHo, H YCTaHOBHTbL MOCIENOBAaTENbHO CIpa-
BELITHBOCTD CICAYIOLIHX MPeIJIOXEeHHH:

a) IOna xaxjpoll oxHopoiHoi mnjockoctH P B. E CYNfecTByeT OZHO-
3HAYHO ONpexcNeHHui HenpepuieHblit mpoekrop E ma P ¢ HopMmoit 1,
H fIPOM STOr0 OTOGPa)EHHA CIYXHT onaHopoaHasa mpaMas D (P) takas,
410 P> D (P) ecTb HenpephiBHOE B3aHMHO OJHO3HauYHOE OTOOpaMEHHE
NPOCTPAHCTBA OXHOPOXHLIX TaocKoctell u3 E Ha NPOCTPAaBCTBO ORHOPOX-
BBX npaMuix (O6m. Tom., ra. VI, § 3, n° 5).

6) Kawnmas touka chepul S nmpocrpanctBa E, onpegenseMoidl ypapHe-
HHeM || x|| =1, ecTb IKcTpeMajibHas Touka uapa B, onpeseasemoro
HepaBeuctBoM || x| < 1. [[loxa3ats npexne BCero, uro eciu 6u Touka X €S
pe Onina sKcTpeMadbHol, 10 ee rpavp F, B B (ra. I, § 4, ynpaxue-
e 4) 6nina 6bi EByMepHOHM, paccMaTpHBas AAs STOFO BCe OJHOPOIHHIE
naockoctn P, npoxopsune depe3 x. Jlokasath Aajee, 4TO 310 NMPeRnoJo-
JMEeHHe TPOTHBOPEUMBO, NMPHMEHAS TO Xe paccyxAeHHe K Touke Ha Fg,
yepe3 KOTOPYI B MJIOCKOCTH rpamH F, NpOXOmMT JHWL OXHA ONOpHas
npsaMas K Fp cymecTBoBaHHE TaKOH TOYKH MOXeT GblTh YCTaHOBJEHO
¢ noMowpio ynpaxsesnus 15 § 4 ra. Il u ynpaxnenns 2 § 1 ra. IV.]

B) Kawpasa Touka chepn S’ compseHHoro npoctpaHctsa E’, ompe-
IensieMoi ypasHeHneM || x’| =1, skcrpemanbHa B wape B/, onpepeise-
MoM HepapeHCTBOM || x”|| < 1. [3aMeTHTs mpexpe BCEro, 410 AJds KauJAOH
onHopoiHo#t mpaMoit D’/ u3 E’ cymeciByer ORHO3HAYHO OHBpeleleHHas
omHopozhas miaockocts P/ (D’) B E’ takas, u4ro OHOpPHas NJAOCKOCTh
K B’ B xamnoil Touke MHoxecTBa S’} P/ (D’) (eauncTBEHHas, COrIACHO a))
napaanenssa k D’; npu srom P/ (D’) HenpepriBrO 3aBHCHT oT D’. BriBeCTH
OTCIOZ@ Npexie BCEro, YTo ecaH 6w Touka x’/ €S’/ He Gpuia IKCTPeMalb-
HO#l B B/, 10 ee rpaHb F,, B B’ Guna Gn He MeHee ueM AByMepHa, pac-

€MaTpyBasi AJs STOTO BCe ORHOpOaHbe npambie D/, napaaieisHble OROP-
HOH maockoctH Xk B’ B /. IloKkasaTh nAanee, 4TO 9TO MPEANONOKEHHE BegeT
K NpPOTHBOPEUHIO, PACCMOTPER TOYKY CTPOroH BHINYKJIOCTH Y/ MHOWE-
crBa F, (ra. 11, § 4, ynpawxsensne 15) H eAMHCTBEHHYIO OJHOPOIHYIO NMps-
7 o [T} ' =
myo Dg, napaaneabHyio onopHoli mpaMoli k F,., nposeaeHHoit uepes
TOUKY y” B IIOCKOCTH rpann F,,., H yCcTaHOBUB, 410 dyuxuus D’ —» P/ (D’
’

He Obiaa .6b HenpepeiBHa npH D' = DS.]

r) [Toxasatk, 4To ecau Py, Py, Pz — Tpoitka ONHOPONHMX MJIOCKOCTEH
B E, comepxamux oiHy u Ty Xe npamywo 4, o D (Py), D (Py), D (Ps) —
TpoiiKa MpAMHX, JeXalIHX B OAHOH K TOil xe oxHopoxHO# naocxoctd II (A).
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[PaccMOTpeTh ENWHCTBEHHYO ONOPHYIO NAOCKOCTH K B B OpHOH H3. Touek
nepeceuenus npamoil A co céepoit S.] TlpHMeHAs OCHOBHYIO TeopeMmy
ApoeKTUBHOM reomerpiu (Auar., ri Il, 2-e uan, INpHaowenue 111, ynpawx-
Henne 10(31)), BHBECTH OTCIORA, 4YTO CYH[ECTBYeT B3aHMHO OJHO3HAYHOE
JHHe#HOe OToGpaxeHHe ¢ mpocTpaHcTBa E’ Ha E, mepeBopsiiee Kauayio
Touky x’€E/ B Ttouky ¢ (x’), npHHamnexawyio npaMoi D (P),

P — nnockocty, onpefenseMas ypaBdenwem (y, x’) = 0. Ilokasats, 410
aas  niobolt  ToukH x’ €8’ MIOCKOCTh, ONpeneasieMas  ypaBHEHHEM
(¢ (%), ¥y — x'y =Q, ecTs onopHas maockocTs k B’, NpoBeneHKas B 9TOH
TOYKE, ¥ B 3aK/OYeHHe NMPUMeHHTh ynpaxHetue 10.

*13) Ilycth E — KOMIIEKCHOE HOPMHPOBAaHHOE NPOCTPAHCTBO pasMep-
HOCTH >3, A1 BCAKOH OZHOPOXHOH (xounngxcnoﬁ) MAOCKOCTH P KOTO-
poro cyu{ecTByeT HenpephiBHHE npoektop E Ha P, MMewmHH HOpMy 1.
Tlokasath, 4T0 Ha E cymiecTByetr HeBHIPOMAEHHas NOJNOXHTEJbHAs 3PMH-
T0Ba dopMma f(x, y), mas koropoit [l x[[2== f(x, x). [C nomomirio ynpax-
HEeHHSl 2 CBeCTH K cayuaio, Koria E TpexmepHo Hax C, H NOCTynaTth Kak
B ynpaxHenun 12. B nymkre 6) A0KazaTeabCTBa pPacCMOTPeTb AAs Ka-
noro x’ ¢ E' ¢"||x’[| =1 Buinykaoe muoxectBo G Tex X €S, ans KOTO-
puix (x, x’) = 1; mokasats, uto ecam O G, He CBOAHNOCH K OfHOMH
TOUKE, TO OHO 6bl10 Gbl HEe MeHee yeM TpexMepHO Hai R, H paccMOTpeTh
TOrja B BEL{CCTBCHHOM JHHCHHOM MHOrooGpasuH, MNOPOXIEHHOM MHONE-
cTBOM (,,,, FPAHHYHYIO TOYKY ITOrO MHONKECTBA, 4Yepe3 KOTOPYO NMPOXO-

AMT JHUIb OJHA €10 (BeLIeCTBeHHAas) ONOPHas FHIEPRJIOCKOCcTh. B nyHKTE B)
AOKa3aTeNbCTBA TaKME pPacCMOTpPeTh, s KaxXOH TOYKH x €S, MHOMeE-

7 7 ’ 4 ’
c1B0 G, T€x x €S8, ANA. KOTOPHIX (x, x } =1, u nokasats, uT0 G, cBo-

AUTCA K TOYKE; A 3TOro AOKa3aTh, YTO B MPOTHBHOM Clyuae Bemecmen-
HOoe JMHeHHoe MHOrooGpaswe, MHOPOXIEHHOE MHOWECTBOM G 6LiJ10 Obl

He MeHee yeM ABYMepHO Haj R m cogepxano G6ul ABa BeKTOpa, JHHEHHO
He3aBHCHMbIX Hai C. B 3akmouenme Bocmoas3opaThca ynpawdenuwem 11.]

*14) FosopAT, 4T0 BEKTOP Y BEL(ECTBEHHOFO HOPMHPOBAHHOIO IPO-
cTpaHcTBa E pasMepHOCTH >3 K843uUHOpMAAECH K BEKTOPY X, eCclH
fx+Ayli>llx|l mnas xaxnaoro ckanspa A,

a) [loka3aTth, UTO eclAH OTHOUIEHHE »y KBasHHOpDMaleH K x* Bieuer
OTHOLIEHHE ,X KBa3HHOpMaXeH K y*, 10 Ha E CymiecTByerT CHMMeETpHY-
Has GunuHeitHas dopma f(x, y), Ana koropoit f(x, x)= | x| 2 [[loka-
3ath, YTO BHINOJHEHO YCIOBHE ynpaxcHenHs 12.]

6) Toka3sath, 4TO TO Xe 3aKilOYeHHE CIPaBeNdMBO, €CAM Kas KaxAoH
3aMKHYTOH omHopomHoit runepnaockocts H mnpoctpanctBa E cymectByeT
HEHYJIEBOH BEKTOp, KBa3HHODMalbHuli ko Bcem BekropaM M3 K. [Tor xe
MeTOX C fNpHMEeHeHHEM TteopeMm LlopHa X npoekropaM ¢ HopMoit 1 BO
BCCBO3MOXHBIX BEKTOPHLIX MONIPOCTPAHCTBAX, COAEPHKAUHX OXHOPORHYIO
MAOCKOCTL P, Ha 9Ty NAOCKOCTh, YNOPANOYCHHBIM M0 OTHOUIEHHIO MPOAOT-
WEHHS.]

B) Tokasath, 4TO TO e 3aK/MIOUEHHE CNPaBEAAHBO, €CAH B E Kaxcaplfl
BEKTOp X == () KBa3MHOpPMAJICH KO BCEM BEKTOPAM H3 HEKOTOPOH 3aMKHyTOH
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runepniaockocts M. [Ceectm Kk ‘cayuawo, xoria E TpexMepHo, H npu-
MEHHTb pe3yibTaT ynpaxKHeHusa 12 x mpocTpaHCTBY, CONpsikeHHOMY K E.]

r) lokasaTts, 4TO TO Xe 3aKMOYeHHE CHpPaBejAHBO, '€CIH M3 KBa3H-
HOPMAJBHOCTH 2 K X H y CJeayeT KBa3HHOPDMAaAbHOCT 2 K X - y.
[[Tpumennts ynpaxHenHe 12.]

*15) FoBopar, 4T0 (BeHleCTBEHHOE HJINH KOMIJIEKCHOE) HOPMHPOBAHHOE
NPOCTPaHCTBO E PABHOMEPHO 6biNYKAO, €CIH IS KAKIOrO &, 3aKMOueH-
Horo mexny 0 u 2, cymecteyer 3 >0 TaKoe, uTo Hepamenctsa || x[l<1,
Iyl |x—yli>e riekyr [|x 4 y||<<2— b [osopar, uto E pasxo-
MEPHO 22a0K0, eclH AAA Kawioro ¢ >0 cywecrsyer 7 >0 rakoe, 4to
HepaseHctBa [[x||>1, lyll>1, lx —yll<y saexyr x4yl > x|+
+lyll —ellx—yl.

a) Ilokasate, uro maA TOro, uro6nl E 6blA0 PaBHOMEPHO rAaJIKHM,
HeoOXOAMMO H JOCTaTOYHO, YTOGH Aad Kaxzaoro € >0 cywecrsosano p >0
Takoe, 4t06 H3 |lx|| =1, ||y]l <p caemoBano |x+y| + lx—yll <
<2+« lyl.

6) loxasate, 4T0 ecin E paBHOMEPHO BHLIIYKJIO, TO €ro COMPSKEH-
Hoe £/ paBHOMEpHO raajko, H YTO eclH FE paBHOMEpPHO TaaiKo, TO ero
conpsxenHoe E/ paBHOMEPHO BHINYKIO. [l/IcnonbaoBaTB dopmyaut (1) 1 (4)
§ 5ra V)]

B) llokasats, uyto ecaH E pPaBHOMEPHO BHIYKIO W (GHALTD 8 B E
CXO0ANTCA K Xo B TOnoaoruH a (E, E’), npuuem hm% x| = |l Xoll, T0 &

CXOAHMTCA K Xo B HCXOJHOMH TONOJOrMK MpoctpaHcTea E.

r) Ilokasars, 4T0 pPABHOMEPHO BLINYKJAOE HJH PaBHOMEPHO IJajKOe
GaHaxOBCKOE MPOCTPAHCTBO pedaekcusro. [Mcnons3oBath 6) H B), Npelno-
wenne 5§ 5 ra. 1V u ynpawxuenne 118 § 3 ra.'IV. (Cum. § 2, ynpaxse-
HHe 13B).]

&) O606WHMTE HAa PaBHOMEPHO BLINYKJAME GaHaXOBCKHE NPOCTPAHCTBAR
NEPBYI0 YacTh TeopeMunl 1 H ee CHeACTBHA, a TakKxe npeptoxedds 6 u 7.
[CMm. ra. IV, § 5, ynpaxueune 1.]

*16) Mycts E — (BeuiecTBEHHOE HAM KOMINAEKCHOE) HOPMHpOBaHHOE
NPOCTP2HCTBO PAa3MEPHOCTH > 2 TAKOE, YTO AMAA KAWAOrO €, 3aKJMOYEHHOrO
mexay 0 0 2, w3 el =1, llyll =1, lx—yll >e caenyer x4yl <

<2 l/.l -7 . Tloxasats, yro Ha E cymectByeT spmHTOBa (hopMa f (X, y),

I KoTopoH le 12=7f(x, x). [CBectH Kk cayuaw, koria E BeLECTBEHHO
H JIBYMEpHO, H PacCyxjaTh, Kak B YNpaXiHCHHH 4a.]

*17) a) lycte E — BellleCTBEHHOE HAH KOMIIEKCHOe HOPMHPOBaHHOE
NPOCTPAHCTBO pasMepHocTH > 2. [lokasarth, uTo Aad kaxmoro x == 0 H3 E
n Kaxaoro a >0 cyuiectByer y € E takoe, 410 [|y]| =au [[xJylt=
= x|+ llyll2

6) IlpeanonoxuM, uto aad MOGLIX ABYX BEKTOPOB X H y H3 E,
yhoBACTBOPAOIHX CooTHOWeEHHI [|lx + yliZ= [[x||24 |y[i? yzoBaerso-
paeTcAd TaKxe coQTHoweHue ||x—y|2=[x[|2+ ||y 2 Ilokasats, utO
Toraa Ha E cymectsyer spmuTOBa QopMa f(x, y), &aA KoTopoH f(x, x) =
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= || x||2% [Mcnoab3ys a), CBECTH K YNpaXHEHHIO 4. orpaByguMBasch Cay-
yaeM, Korja £E aByMepHO, J1oOKa3aTh, uYTO eciu [ xill = [[Xo] =1,

=%(x1——'x2) u z¢ E takoBo, uto [[y|[2-4 [[2]I2=]ly+z||2=1, TO

2= _;. (%1 - x9) Ham — % (x1 + x2).]

B) [pexmnonomum, 4YTO IAsA Kawaoro BeKkTopa x == 0 u3 E MHOxe-
ctB0 H Bcex BekTOpoB ¥, &id KOTOPHX [[X-4-yl2= ||x||24 {y]2
YCTOHUMBO OTHOCHTEAbHO CaoweHHudA. [lokasaTe, 4TO cHpaBemIHBO 3aK.iO-
yenne u3 6). [CBectH X cayualo,. Korga E BeljecTBEHHO ¥ JIBYMEpHO.
Mcnoap3ys a) H KOMIAKTHOCTh €AMHHYHOro wapa B E, mnoxasaTs, uto H
eCTh 3aMKHYTOE MHOXECTBO, COJepiaulee no KpaiHeit mepe jgBe pa3iaunu-
Hple MOJYNpsAMBE ¢ HayanoM 0; IOKasaTh, YTO 3TO — JBe INPOTHBOMOJOWK-
Hble MOJAYNpsAMbi€, 3aMETHB, UYTO B MPOTHBOMOJOKHOM Clyuyae MOpoxAae-
MO€ HMH BHIIYKIOE MHOXECTBO coiepxanock 6o B H M coaepwano x
nm — x.]

" 18) Mycts E— BelecTBeHHOE THALOEPTOBO NPOCTPAHCTBO M f(X) — .
HenpepsiBHas AHHElHaa Gopma Ha E. TTokasaTs, 4T0 Qynkuus || x (|2 — f(x)
Ha KauJIOM 3aMKHYTOM BBLINYKAOM MHoxecTBe A C E orpaHuueHHa CHH3Y
H JOCTHUfaeT CBOEro HaMMEHbLIEro 3HayeHHs B HEKOTOPO#l OJHO3HAaUHO
onpenenenHoil Touke u3 A. [Mcnoab3osars TeopeMy 3.

19) Hycte E — ruan6epToBO MPOCTPAHCTBO U (Xy) — NMOCAEROBATENb-
HOCTb TOUeK M3 E, cnabo cxoidwasca K Touke a. Jas kawaoro y € E noJo-
wuMm d (y)=liminf |x, —y|| 1 D (y)=Ilimsup || x,, — y||. TMoka3saTs,

n-» o - > O

uto (d(y))2=(d(a))*+ lly—all?n (D(y))2=(D (a))?+ lly —al®
Tlyers 0 2<B; nats npumepsl, riae d(a)=an D(a)=4§. .

§ 2. OproroHajabHsie cemeii¢TBa B FHALGEpPTOBOM
npoCTpaHcTBe

1. BHEeW A 2u1b0epmMOBa CYMMA 2ULL0EPMOBHLX NPOCMPAHCME

Mycre (E), p— cemelicTBo ruab6epTOBEIX NPOCTPaHcTB nad K (x| y,)

H ||x || — ckaxsipuoe npomssepenue u uopma B E,. [lycte F —npousse-

JeHue I! E, BeKTOPHHIX NpOCTpaHcTB E, (He HaleleHHOe ~TOMOJOTHEH),
. te

G —npamas cCymMma BEKTOPHBIX NPocTpancts E, T. e. NOANPOCTPaH-

ctBo B F, 00pasoBaHHOe TeMH TOYKAMH X =(X,), ¥ KOTOpHX X, % 0
JHIIb AJds KOHeuHOro u4ucaa uHAexkcoB. KakoBbl Obl HH OBIIH TOYKH

x=(x) u y=1(y) us G, cymma Z(xtly,) HMEET CMBICJ, MNOCKOJbKY
€1

JIMIIb KOHeYHOe 4HC/IO ee 4YIeHOB OTJHYHO OT Hyas; 0603HauuM ee (x| Y).
fcHo, uTO (X, ¥) — (x|¥) ecTb apmumosa norymoparuneirnas dopua
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na G. Ipu oTom (x[x)=§1”x‘”2>0 s BceX XEG n us (x|x)=0

caepyer, uro x,=0 mna Bcex t€/, T. e. yro x==0. VubiMH ci0BaMHK,
(x]3) ectb HeswpodcOenHan noaoxcumeasnas spMutosa dopma Ha G
H onpelenseT B G CTPYKTYPY 0mOeAsumoz0 npedzuisbepmosa npocmpar-
cm8a. 3T0 HPOCTPAHCTBO BOOGILE He NOJHO. Brewweld 2uas6epmosol
cymmod ceMeficTBa ruaAnGepTOBHX npocTpancTe (£), ¢ 1 HasbIBaeTCA Tiib-
HepToBO NPOCTPaHCTBO U, MONyHaiomieecs MNYTeM NONOAKEHus OTIe/H-
Moro npearuin6eproBa npocrpancrsa G; mbl Oyaem obosHauath ero @ E,.
4
Meeanoxedue 1. ITycme (E‘)‘E [ —— CcemelicmBo 2uAb0epmogux npo-
cmpancms uw E—wuacme 8sexmoprozo npocmpancmsa F= J§ E,
t€
06pA308ANKAR Mmens MOUKA ML x = (X,), 045 Komopsx 2| x,]|2 < oo,
eI
Toz20a E ecms sexmoproe nodnpocmpancmeo 8 F, cemedcmso ((x,[y))
048 KaxcOod naps mouex x==(x), y=1(y,) a3 E cymmupyemo 8 K
u (x| y)=2(x‘j Y,) ecms HesupoNCOeHHAR NOAONICUMEALHAR IPMU-
eI

mosa Popmua ra E, onpedeasoman 8 E cmpyxmypy 2uisbepmosa
npocmparncmsa, npu Komopoli E usomopdro sremwneld 2ua66epmosoli
cymme cemeiicmsa (Edvcr

Tak kak ||x, 4y, [P 2(||xl2+ [1»n]®), TO E —BexropHoe mnoa-
npocrpaucteo B F. Hepasencrsa

I < < %(letllz—l—llylllz)

noKaseiBaloT, 4To ceMmeHcrro ((x,|¥.)), ¢ 7 CYMMHpYeMO; TaK Kak (x| x)=
= ||x.]|% To (x| %) >0 u (x| x)=0 pasHocunbHO x =0, Tax uTO
eI

(X|y) ecTb HeBHIpOMJIeHHA# MNOJNOKHMTeabHAd d¢opMa Ha E. Crpykrypa
OTAe/UMMOro MpeAruas0epToBa NPOCTPAHCTBa, onpededseMmas B E ¢op-
Mot (x|y), uuayuupyer B npsmo#t cymme G BEKTOPHHIX mpocTpaHCcTB E
CTPYKTYpY NpeArnab6epToBa NPOCTPAHCTBA, ONpPelle/IeHHYIO BHILE, U ACHO,
410 G 8c00y naomuo B mpeArnabOGepToBOM mpoctpanctee E. Crenosa-
Te/bHO, HYXHO ewe TOAbKO NOkasath, uro £ nosno no Hopme |x|| =
=V(—xm Hycte (x,) — nocaenosareasHocTs Kowx . no sTtoft Hopme
H x,,=(x,,,l)lE ¢ *n, €E). Tlo npeanoaowenuo, AJs Kaxaoro e > 0

CYLIECTBYET Ny TAKOE, UTO || Xy — Xp||2 { €2, T. €. 2[ | Xm, . — Xn, |2 < e
L€

npu BCex m >.n, n >y B uacTHOCTH, (Xg, Jnen TPH KOKIOM Puxca-
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posanaoM €/ ecTe mocHenoBaTeNbHOCTH KOWM W, 3HAYHT, CXOMMTCH
K HerOTOpON TOuKe 4, € E,; ycTpeMasds m K -+ 00, MH BHAMM, 9TO

KAKOBO GH HH G810 XoHeunoe MOAMHOKeCTBO J 3 [, ) [|a,— xp ]2 < €2
teJ

AAS BCeX N >Ny M, CHENOBATE/MbHO, TAKKE la,— x,  J|2 < ® nns
Y4

BCeX n.>.n, DTO MO0KA3LiBaeT, NpexAe BCEro, YTO TOUKA & — X,, THe
a=1(a), a 3HauMT, U TO4KA a npuHamiexuT E, W, Jamee, 4To noclienro-
BaTeMbHOCTb (X,) CTPEMHICH K 4 B mpocTpaHcTBe E; TeM caMbHIM Ipej-
JIOKeHHe MONHOCTHIO NOKA3aHo.

Buemnwio runsbeproBy cymmy (D E, ceMeficTBa Eder runs6epTo-
191

BHIX MPOCTPAHCTB OOBIYHO OTOKASCTBRIOT C YKA3aHHBIM T'HJILGEPTOBHIM
npoctpaicTBomM E.

Mycte f,—orto6pawehne E, B E, mnepesoasumee 2zE€E, B 3/MeMeHT
(x)EE, nas xotoporo x,—0 mpH x ==t H X,=—2; fACHO, 4TO f, ecTh
u3oMopduaM runpbepToBa nNpocTpaHcTBA E, Ha 3aMKHYTOe BEKTOpHOe
NOANPOCTPAHCTBO TuAbOepToBa mpocTpaHcrBa E. f, HasbiBaeTcs KAHORU-
yeckum omobpaxcenuen. £, 8 E, u E, yallle Bcero OTOMXIeCTBIsdeTCS
¢ ero o6pasoM B E mpu stom usomopdmame. [lpu stom ycnosuu E, u E,
opmozonaasust 8 E npn == »x 1 E cosnamaer ¢ 3aMKHYTHIM BEKTODHBIM
MOANPOCTPAHCTBOM, NOPOMHAeHHBIM 00 beJuHeHHEM BceX noanpoctpadcTs E,.

Ecau I koHeuHo, 10 E ecTb npsMas cyMMa BeKTOpPHEIX npocTpaHcTs E,;
TaKk Kak xanQHudecku#t mpoextop E Ha E, HenpephieH Aas xaxaoro t€ [/,
T0 E sBagerca TOTAA TakiKe TOMOJOTHUeCKOH npsiMOfi cymMmoH mpo-

n
crpadcts E, (rn. I, § 1, npeanowenune 10). Ilpu /=|[1, rn] smecto P E;

i=1
namyTt Takke E;PED...DE,.

2. Tuarsbepmosa cYMMa OPMO2ORANBRHLY NOONPOCMPAHCME 2UNE-
Oepmosa npoCmMpancmsa

OnpeaeneHue 1. Tuasbepmoso npocmpanwcmso E Hassisaemcs
2unvbepmosotd cymmod cemelcmsa (E) 1 €20 SAMKHYMbLX BEKMOPHHX
nodRPOCMPARCMSE, eCAlL:

1° E, u E, opmozorassns. 0As 4066lx 08YX DPA3AUMHBX UHOEK-
co8 t u x;

2° 3aMERYmMOE 8eKmOPHOE NOONPOCM PARCMB0, nopoXciennoe 065edu-
nenuem scex E,, cosnadaem ¢ E.
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TeopEma 1. Ilycme E —z2ua60epmoso npocmparcmso, s8AR0-
weecs 2Wax6epmosoli cymmol cemelicmsa (Et)‘el CBOUX 3AMKHYMBX
s8eKxmoOpHbLx noonpocmparcms. Cyujecmsyem 00HO3HAUHO ONpeOeseH=
noli  usomoppusm f npocmpancmsa E na sHewriono zuasbepmosy
cynmy E' cemelicmsa (E), cymenue romopozo rna E, ecme Kanonu-
geckoe omobpadxcenue f, npocmpancmsa E, 8 E' dan xaxcdozo 1€l

lycre GoE' npaMas cyMMa BeKTODHHX MpocTpaHcTs E, u g—ee

auHelHoe oTo6Gpaxenue (x,), € I—»Zx B E. Iloxaxem, uTo g eCTb M30-

Mop¢usM mnpesrunsbepropa npOCTpaHCTBa G Ha (npearunb6epToBO) MO~
npoctpacteo g (G) mpoctpancta £, nopoxaenHoe 0GbelMHEeHHeM
Bcex E,. JeficTBuTe/bHO, a8 MOOGHX ABYX 9JEMEHTOB X =—(X,)
y=(y‘)‘ez u3 G uMeeM

(e@leN=(Zx|Zv)= 23, &l

ueIxI

154 H

Ho, no npeanonoxenuio, (x,|y,)=0 fpu t == %; c/lenoBaTe/bHO,

@l =2xly)=(x]).

M Hallle yTBepsJeHHe AOKa3aHo. M3omopdusMm ‘g npomomxaercsa a0 H3o0-

Mopduama g nonoanenus £’ mpocrpanctsa G Ha sambikanne g(Q) B E,
KOTOPHIM, MO IpeinosokeHHw, caywur E; scHo, uyTo usoMopgusm f,
obparHufl k g, W o6mamaer TpeGyeMbiM cBOficTBOM. Ero eauHcTBeHHOCTD
BLITEKAET M3 TOTO, YTO 3AMKHYTOe MOANPOCTPAHCTBO NpPOCTpaHcTBa E,
nopoxaeHHoe o6begnHeHueM BceX E,, ectb camo E. )

OGuiuo E oToXpecTBASIOT ¢ BHellHeH ruabGeproBoft cymmolt E/ ero
noanpoctpancTs £, nocpeacTsom usoMmopduama f u Haseisawor E’ ruip-
GepToBO# cymMo#t noanpoctpancre E,.

Cnencreue 1. ITyems E—2uas6epmoso npocmpancmso, R8AL0-
weecs 2uavbepmosoli cymmol cemelicmsa (E,)‘e 7 C80UX 3AMKHYMbLX
sekmopusx nodnpocmpancms, P, 0an kascdozo «EI— opmozonais-
Hotll npoexmop (§ 1, n° 5) E na E, u x,= P, (x) 048 Kadxdozo xEE.
Tozda cemeiicmso (||x||>) cymmupyemo 8 R, cemelicmgo (x) cyn-

mupyemro 8 E u
leliz= 2 2]z x= X,
[1¥ ¢ ¥4
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O0pamHuo, ecau (xt)‘EI———ceJuezicmso aaemenmos u3 E marxoe, umo
X, €EE, 0an scex (€1 u D% 2 < 4o, mo smo cemeicmso cyu-
el

MUpyemo U ez0 cymma ecms eduncmsennan mouka u3 E maxas,
umo P, (x)==x, 0an scex € 1. Haxoneuy,

(x!y)=§1(Pz<x>lP,(y))

045 kaxcdoli naps. mouexk x, y u3 E,
JeHlcTBHTENbHO, 3TH CBOHCTBA OYEBMIHB A/ BHellHeH ruiabbepToBOH
CYMMbl npOCTPaHCTB E, M mepeHocaTcs Ha E no u3omMopgusmy.

Cneacrsue 2. [Ilycms E —omdesumoe npedzuavbepmoso npo-
cmpancmaso, (E‘)Lel——ceueﬁcmso €20 NOAHBLLX BEKMOPHHLX nOONpO-
cmpancms, 8 komopor E, u E, opmozoraasHsi 048 kaxyc0od napol
PasAudRbx UHAeKCO8 t u %, V — 3aMKHYmoe 8eKmOopHOe noonpocmpan-
cmso 8 E, nopoodennoe o0sedurnenuen scex E,, P,— opmozonanrsrolil
npoexmop E na E, u x,= P, (x). Toz0a:

o § 2 2

! Z\lxlll < x>

2° C/Ledylowue yearosus pasuocu/lbubt a) xEV; 6) lex I2=x||%

B) cemeidcmso (x,) cymmupyenmo 8 £ u x_Zx
el
3° EcauV nosano, mo cemeiicmso (x,) cymmupyenmo 8 E u 2 x=Py(x),
el

o . )
[ %012 = (Pr (x))? 20e Py-—opmozonassusii npoexmop E na V.
veI '

He#cTBuTeabHO, nyCTh E —Tuab6epTOBO NpPOCTPAHCTBO, mMOJdyyal0-
lieecs nyTeM NONOJHeHHS OTAEJMMOro npeAruap6eépTOBa NpocTpaHcra k£,
tak yto E Bcioay nmaotao B E. Byayud nodnwiMu, E, 4BJAIOTCS 3aMKHY-
TBIMH moanpocTpaHcTBamu B E. 3ambikaHue V l'IOII.I]pOCTpaHCTBa VsE
eCTb 3aMKHYTOe BeKTOpHOEe MOIANPOCTPAHCTBO B E, nopoxienHoe oGbenn-
HeHueM Bcex E,, u V = VNE. [TpocrpancTso E ects ruapbepToBa CyMMa
Bcex E, u oproronamHoro nonoawenns W x V B E. Ilycte xy— opToO-
roHaabnas npoexuus x Ha W. CoraacHo caenctsuio 1, [|x||2= ||x4)2+

--}—2;”)5][Z H X = x0—+—2,[x B L. Orcioga cpasy cienyeT Hepasel-

CTBO 1°, a Takxe 10, 4TO yCaoBuA 6) M B) M3 2° PaBHOCH.bHBL YCJIO-
BUIO Xo==10, T. e. ycaoBuo x € V. Hakoueu, ecid V 10410, T0, N040KUB
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x' =Py (x), HumeeM X —x,=(x—x)—(x—Py(x)), TaK uTO
x’ — x, opTOroHanabHo K E, H, CIelOBaTeNbHO, X, == P, (x') na4 Bcex L€ /;
TOrJa IOCTATOYHO NpHMeHHTh 2° K BekTOpy X'.

Sameuanune. Mycrs E—otaenumoe MNpeiruas6eproBo mpocTpaH-
CTBO H (V‘)tE 7— CEMEHCTBO Cr0 BEKTOPHHIX MOMTPOCTPAHCTB, B KOTO-

poM V, u V, OpTOrOHaAbHBI Iif KawJOH Naphl Pa3siHYHBX MHAEKCOB t
H x Torza mnepeceieHHe MOANPOCTPaHCTBA V. € 3aMKHYTHIM BEKTOPHBIM
noanpoctpaHctBoM Wy, NOPOXAEHHBM O0beJHHEHHEM BCex V, ¢ MHIEK-
caMH t 5= %, 1A Kawloro % ¢/ cBomurcs K saemeHty 0. [lelicTBuTebHo,
BEKTOp X, IpHHaANexalulHil ofHoBpeMEHHO V, 1 W,, opToroHaieH Ko Bcem V,
C HHIEKCaMH t=F %, a 3HayHT, H K W,; HO TOrja OH OpTOroHaieH,
B YaCTHOCTH, K caMoMy cefe H, 3HaYMT, paBeH HyJO.

MrenaoxeRUE 2. ITycme E — 2ur66epmoso npocmpancmso, (VK)AEL—‘

CeMeiicmso e20 3aMKHYMBLX BEKMOPHHBX NOONDOCMPAHCMS U (W)‘EL)ME u,
01 Kkamd020 NEL—cemelicmso 3aMKHYMBX BeKMOPHOX 100-
npocmpancms 8 V, maxoe, 4mo 3aMKHYMOe B8eKmopHoe noonpo-
CMPAancmeo, NOPONCOeHHOe O00BeOUHeRUeM IMO20 CeMelicmsa, cOsna-
daem ¢ V,. drn mozo uwmobs. E 0bta0 2usvlepmosod cymMmol cemei-
cmsa (W)‘?')AEL:‘.’-EM): neoGxodumo u docmamodno, wmobw E Gbiro

2unbbepmosol cymmol cemeicmsa (Vy), crr @ V,» 045 Kaowcdozo A\E L, —
2u1b6epmoBol CYMMOL cemedcmsa (W;‘F)P ¢u, (s3CCOLUMATHBHOCTb T'Hib-
A

GepToBOfi CyMMBI®).

Yro6bt yCTaHOBHTb HeOOXOAMMOCTH YCJOBHSH, AOCTATOUHO YyOeauTbCH
B oM, 4T0 V, n Vj npn a==3 oproronanbubl. Ho kaxabi#t saeMment
s W, (w€M,) oproroHaren xo BceM Wi, (€M), a suaunt, u
K NOPOXKAAEMOMY HMH 3aMKHYTOMY BeKTOPHOMY NOANpOCTpaHcTBy Vig;
TO e CaMOe pacCyxJeHHe NOKA3LIBAGT Jajee, UYTO KAXKABIA 3JeMeHT
us Vg, Oyayun oprorosaten Ko BceM W, (w €M,), oproronanes k V,.

Y1o6b yCTAHOBUTL NOCTATOUHOCTH YCAOBHH, AOCTATOYHO YOeIHTHCH
B TOM, YTO NPH €ro BHINOAHeHHH £ COBNAjaeT ¢ 3AMKHYTHIM BEKTOPHEIM
noanpoctpaicreom F, nopoxaensbiM obbeiuHenneM Bcex Wy, (AEL,
pEM,)). Ho F comepxMT 3aMKHYTOE BEKTOpHOe NOANPOCTPAHCTBO,
nopoxaeHHoe OObenHHeHHeM BCex W), C NPOH3BOJBUBLIM (HKCHPOBAH-
HeiM AEL, T. e. V), nostomy F ecTb 3aMKHYTOe BeKTOpPHOe MOANPO-
CTPAaHCTBO, NOPOXAeHHOe OOBeAMHEHHeM BceX V;, T. €. no Mmpeanono-
*eHHIO coBmanaet ¢ F.
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3. Opmonopmarsrsle cemMelicmsa

Onrenenedue 2. Cemelicmso (e),cr sexmopos npedzuiubepmosa

npocmpancmsa E Ha3visaemcs OpMOHOPMAAbHOM, ecal e, U e, npu
L= % opmozonassus u el =1 dsa xaxcdozo L€ I.

e, e, PH t == %, NOCKOIbKY (e, |e)=1; opmonopmareHoLM MHO=
JicecmsoM Ha3bBAETCH KawAoe MHOXecTBO S < £ Takoe, 4TO ceMmeficTBO,
onpene/nseMoe TOMIECTBeHHBIM OToOpaxeHueM S Ha cebs, oprToHOp-
ManbHO; TeM caMbiM Oe3pasiH4HO, TOBOPUTL JH 00 OpPTOHOPMAIBHOM
cemeficTBe HJIM OPTOHOPMAALHOM MHOMECTBE.

Ecam (), ,— oproHOpManbHOe CemeHCTBO, TO MOJHbie OXHOMepHbIE
BeKTOPHble noxanpocTpaHcTsa D, = Ke, nonapHo oprorosHaieHs. Oproro-
HaibHas mpoexius Kaxkgoro xEE nHa D, paBHa Ae, TakoMy, u4TO
(x —Xe |e)=0, otkyna (x|e)=2»A (e |e)=»~. Peayabrarei n° 2 B npu-
MeHeHHH K noanpocrpaHctsam D, naiot:

[eennoxEHUE 3. Kaocooe opmoropmasvuoe cermeldcmso 8 omoe-
AuMOM npedzurvlepmosor npocmpancmse E-monosozutecku ¢8o60dro.

OTMeTHM, 4TO 3TO CBOHCTBO BHITEKaeT TaKke M3 XapaKTepH3auuu
TONOMOrHYeckH cBoOoaHbIX ceMelcte (ra. IV, § 1, caepctBue 2 npeano-
weHHs 1 u § 2, 3ameyanHe moche npeAloweHHs 4), eCid NPHHATL BO BHH-
MaHHe, YTO NPOCTPAHCTBO, CONPSKEHHOe K £, OTOWAECTBHMO. C IIONOJHe-
HHeM NpocTpaHcTBa £ HJIH MpOCTpancTBa, Ayanssoro kK £ (§ 1, n° 6).

[Treanoxenue 4. Ilyeme E— omdeaumoe npedzurssbepmoso npo-
CMpPaHcmso, (el)lér——opmouop/ua/zbuog cemeticmgo 8 E u V —no-

POJNCOCHHOE M 3GMKHYMOE BEKMOPHOE NOONPOCMPAHCMEO NPOCMPAH-
cmsa E. Tozda:

1° Han kandozo xE€E
2 (xe) < jxi? M)
el

(Hepasencmso bDecceast), max 4mo muosxcecmso mex &1, dra romo-
pox (x|e) =+ 0, ne 6oree wem ciemno. [Ipu smom credyouue ycro-

sun paswocuasue: a) x€V; 6) |lx||2=X|(x]|e)} B) cemeicmso
el .

sexmopos (x|e)e, cymmupyeno 8 E u x= X (x|e)e,.
1
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2° Ecau V noano, mo cemeiicmso 8ekmopos (x|e)e, cymmupyemo
8 E Ous kaxcdozo x CE u ZI(x le) e, =Py (x), X |(x]e) 2= || Py(x)||%
te el

3° Ecau V noano, mo 048 Kaxdozo cemeicmsa O‘t)zeI CKAAAPO8,

0.8 KOMopozo 2[)\‘ |2 < 4-co, cywecmsyem odnosnauno onpedesen-
eI

nan mouxa x €V maxas, umo (x|e)=0» 041 rkamdozo 1€l Ecau
(), ¢y — 8mOpoe cemelicmso ckaaLpos, dan Komopozo X | ., 2< 4~ oo,
el

u yEV maroso, umo (yle)=yp, 048 raxndozo €1, mo (x|y)=
= D hpe

el

Mpenaoxenue 5. ITycme (el)lEI — OPMOHOPMAABHOL CeMelCMBO
8 omoOeaumonm npedzusvbepmoson npocmpancmse E. Caedywujue c80i-
CMBA PABHOCUABHDL:

a) cemeiicmso (e) momansuo;

6) 04n raxcdozo x € E cemelicmso gexmopos (x|e)e, cymmnupyeno

8 Eux=(x|e)e;
ef

B) 048 raxncdozo x EE
lxz= X[ (ele) )
eI

(pasencmso Ilapcesars).

Ecau E — 2unv0epmo8o, mo amu yci08ust pPABHOCUAbHBL euje cae-
dywouemy:

r) ecau (x|e)=0 dan scex €/, mo x=0.

PaBHOCH/ILHOCTE YCAOBHH a), 6), B) cpasy CjelyeT u3 npensoxeHus 4.

PaBHocuabHOCTL ycaoBu#t a) u 1), xoria E —ruab6epToBO, BhiTeKaeT
M3 cleacTBus Teopemn 3 § 1.

OnresEaEHUE 3. OpmoHopmasbroe MOmMassHOe cemelicmso 8 npeo-
2unvbepmosom npocmparncmse E HaA3618Gemcs OPMOHOPMALLHBM 6A3U-
COM 3MO20 Npocmpancmsa.

Tlycte (e) — opronopMaibHmit Gasuc npocrpanctsa E; uncaa (x|e),
HOmyCcKas BOJBHOCTE PpeuH, HA3LIBAIOT KOOpOuHamamiy BekTopa x € E
orTHocuTeIbHO Basuca (e).

OpTronopmanbubifl 6asuc otiennmMoro npearuiabbeprosa npoctpanctsa E
ABIAETCA T4KKE OPTOHOPMAIbHbiM 0asucOM MOMOIHeHHMA ITOrO MPOCTPaH-
CTBa.
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OprtoHopMaabHeli 6a3uc npocTpaHctBa E He ecTb 6a3uc E uHagm Te-
aoM K B cMbicie, onpegenctmoM B Aar., ra. II, § 1, n° 6; urobul nsbe-
KaTh NyTaHHUBI, Mbl 0asuc npear€ab6eproBa 1pocTpanctBa E B CMbICe
9TOr0 NOCJEIHEro ONpejeldeHHs Bcerla Ha3blBaeM adzefpauieckum 6a-
sucom E Han K.

4. Opmonopmarusayus

TeoreMa 2. Kaowdoe opmoHopmarsroe mHoxcecmso L 8 z2uavlep-
mosom npocmpancmse E codepocumcss 8 HeKOMOPOM 0PMOHOPMALL-
HOM Gasuce B amozo npocmpancmsa.

Ile#CTBHTEIBHO, NyCThb L — MHOXKECTBO BCEX OPTOHOPMAAbHLIX MOJ-
MHOXeCTB npocTpaictsa E, ynopslodeHHOe N0 BKJIOUEHHIO. $ICHO, YTO
3TO — MHOXECTBO KOHeuHoro xapaxtepa (Teop. MH., Pes., § 6). Caeno-
BaTeabHO, B cHay Tteopemsl LlopHa (Teop. MH., Pes., § 6, n° 10), 8 ©
CYLLECTBYET MAKCUMAAbHOE MHOXKecTBO B, comepwxamee L. Ocraercs
noKasatb, ut0 B -— ToranbHoe MHOxecTBO. Ho B mporusnoM cayuae cy-
wecTBoBal Ob BexTOp y == 0, opTOroHaibHLI! KO BceM BeKTOpaM u3s B
(npenjoxeHne D), H YMHOXKas Y HAa HalJekalWHH CKajaap, MOXKHO ObLTO
661 caenatsh ||yl =1. A torna BU {y} 6bi10 651 OPTOHOPMANBHBEIM MHO-
KEeCcTBOM, OTJMYHLM OT B H colepxaumum B, B NPOTHBOPeuke ¢ ompe-
IejenneM MHOXecTBa B. TeMm cambiM TeopeMa 10KasaHa.

ChaencTBHE. B rancoom zuisbepmosom npocmpancmse cyu,ecmsyem
OpMOHOPMARbHELE Ga3uc.

JloCTaTOYHO NPUMEHHTH TeOpeMy 2 K cay4awo, Korfa L= (J.

TpennoxeHuE 6. ITycms E — omodesumoe npedzusvbepmoso npo-
cmpancmso u (a,) — cuemrnoe c80600xOe Cemelicmso ez0 8eKMOpOs.
B E cywecmsyem 00HO3HQUHO OnpedeaeHHOe OPMOHOPMAALHOE CeMeli-
cmso (e,), o6aadawwee credyouumu C8OLCMBAML:

" 1° lsa xaxcdozo ueaozo p >0 sexmoproe nodnpocmpancmso,
nopoxcOennoe BeKMOPAMU ey, ey, ..., &y Co8nadaem ¢ BeKMOPHbIM
noonpoCMpPancmsoMm, nOPOYCOCHHOLM BEKMOPAMI Gy, Gy, « .., &

2° (a,|e,) sewecmsenno u >0 dan xaxdozo nomepa n.

He#cTBuTebHO, NyCcTh V,, — HOANPOCTPAHCTBO (Pa3MepPHOCTH ), NO-
POMIEHHOE BEKTOPAMU &, Oy, ..., Oy, H bn+1=an+1—Pvn(anH) (rae

P

> — OPTOTOHA/bHBIA NPOEKTOP Ha MNOJHOE BEKTOPHOE MOANPOCTPAH-
n

P

crso V). Kb,,, ecTb OpTOrOHaibHOE JonoiHeinue x V, B V,  ,, Tax
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YTO €CJAH BEKTOPHl e, YVIAOBIETBODPSIOT YCa0BHIO 1°, To Heo6XoAumo
pi1= Moy 1 ycaoBue [[e, ., ||=1 maer Torna [A[?|b,.4|2=1, a ycno-
BHE (yyq|lpey) >0 maer ):(an+1|b,,+1)>0; HO 3TO BNOJHe onpene-
AseT A M, CJAeLOBaTe/bHO, NOKA3HBAET, YTO OPTOHOPMAJbHOE ceMeHCTBO
(e,). ynoBieTBOpsAIOLIEE YyCJa0BHAM 1° M 2°, NOnycKaeT ompelelfeHHe IO
HHAYKUMH, M NPHTOM OJHO3HAa4YHbIM 006pPasoM.

Tosopar, uTo ceMelcTBO (€,,) NMOJYYEHO NOCPEACTBOM OPMOHOPMALU-
3ayuu cBoboaHoro cemedcrtra (a@,). OueBHIHO, BEKTOPHOE NOANPOCTPAH-
CTBO, MNOPOKAEHHOEe CeMeHCTBOM (e,), COBMalaeT C BEKTOPHBIM NHOAMPO-
CTPAIlCTBOM, NNOPOXKAEHHHM ceMelCTBOM (a@,). B uacTHocTH, ecau (@,) — TO-
Ta/JbHasi TOC/AEN0BATE NEHOCTb, TO H (€,) — TOTa/AbHaA NOCHeAOBATENbHOCTD
H, 3HAUUT, ABJAKETCA OPTOHOPMaabHbiM Gasucom npoctpanctBa E; oTciona:

CAEANCTBHE. B Kaxnc0om omoeaumorm npedzursGepmosor npocmpan-
‘cmse E cuemroz0 muna cyuecmsyem Ciemrull OpPMOHOPMARLHOLE
6asuc.

HefcTBUTebHO, YTBepxAeHHE, uTO FE —Cc4eTHOro Tuna, O3Ha4Yaer,
uyto E co/lepKUT TOTAJBHYIO NMOCAeAOBATENBHOCTb, 3 H3 TAKOH nocrxeno-
BATEJBLHOCTH BCETAa MOXHO BHOpPaTh TOTadbHOE CBOOOIHOE ceMeHCTBO
(Aar., ra. 1, § 3).

Moucuo nath npHMEPH OTACAMMEIX VPEAruibGepTOBHX MPOCTPAHCTB,
He o6aafalLHX HUKAaKUM OPTOHOpMalbHLIM 6asHcoM (ynpawHeHue 2).

2
Jlas Kaxaoro MuoxecTBa mHIeKcoB [ o6osHauum uepes Lg (/) runb-
6epTOBO NPOCTPAHCTBO, fBJAfIOLleecs BHellHedl TuabOepTOBOH CcyMmoO#
ceMcicTBa (Kt)LeI' rie K,= K nas xaxaoro t€/I; HHuIMH CJ/OBaMH,

2
L% (I)— BexTOpHOE NPOCTPAHCTBO BCex ceMelcTB x=(EL)‘EI 3JIEMeHTOB
u3 K, umeionx / CBOMM MHOMKECTBOM HHIEKCOB W TAaKHX, 4To X |E, 12 <
134
< -~ 0c0, cO CKaNApHHIM NPOH3BelEHUEM (X | V) = 2 1. Creacrsue teo-
eI
peMb 2 MOxasbiBaeT, 4TO xasxcdoe zuasbepmoso npocmpancmso Had K

U30MOPPHO HEKOMOPOMY NPOCMPAHCMEY Ly @.

[IPEANMOKEHUE 7. JlwoObe 08a OpMOHOPMAAbHHX 643uca 00H020
i moz20 e z2uavbepmoga npocmparncmsa E pasnomougrel.

llycre B u C— aBa opToHopManbHbX Gasuca npocrparctsa E. Cay-
ya#, Koraa OJHO M3 MHOXeCTB B, C KOHEuUNO, TPHBUAEH, NOCKOAbKY
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KoHeuHb#l opToHOpMaabHHH Oaduc gsiaserca u anrebpauyueckuM 6GasucoMm
npocTpaucTsa. IlpeanonoxuM nosrtoMmy, uto B u C Geckoneunnl. [Tyctsb
A, naa xaxnoro x € B—uacts C, o6pasosannas Temu y€C, nas ko-
Tophix (x|y)+# 0. Muoxectso A, cuetHo (npepnoxenue 4). Has xax-
noro y€C cymectsyer x € B Takoe, uto y € A,, nockoasky B— opro-
HOpMa/bHbifl Gasuc, a y+0; unbiMu cnoBamu, C ecth o6beIUHEHHE CYeT-
HHX MHOXecTB A,, rie x npoberaetr B. [Tostomy MomHocTs MHOMecTBA C
He BHIUE MomHOCTH npoussefenus N X B, T. e. MOmHOCTH MHOXecTBa B
(Teop. MH., Pes., § 7); TOUHO Tak e MOWHOCTb MHOXecTBa B ue Brille
MOLLHOCTH MHOXecTBa C, d TpemJOXeHHe NOKA3aHO.

Kapaunanbuoe 4#c/0 NMpOU3BOMBHOrO OPTOHOPMATLHOrO 0a3uca rulib-
OeproBa npocrpacTea E HasbiBaeTcs 244602pmMOB0LE  pa3Me pHOCM IO
9TOr0 NPOCTPAHCTBA.

Cnencreue 1. Zas kaxcosx 08yX OpPMOHOPMALbHBX 6A31uC08
2unvbepmosa npocmparcmea E cywecmsyem asmomopguzm 3mozo
fpocmpancmsa, npeobpazywouuil nepseili 6asuc 80 8mopoL.

Cnencrsue 2. as moz20 4moGel 2unsbepmoss. npoCMpaHcmsa

L%(I) u L% (J) Goian u30omopdinsl, HEOOX00UMO 1 OOCMAMOUHO, 4mMOGHL
{ u J 6oauw pasromouusl.

Ynpawxuenus *1) Ilyctse B — oproHopMaabusiii 6a3uc B 6ecko-
HEYHOMEPHOM THJIb6ePTOBOM MpocTpaucTBe E.

a) IlokasaTb, 4TO Kaxnoe BCIOAY IIOTHOE B E MHOXECTBO HMeeT
MOLIHOCTh, He MEHBIIYI0 MOIHOCTH B, 4 ut0 B E CYyUlecTByeT BCIOLY
TIOTHOE MHOXECTBO, paBHOMoiiHOE C B.

6) IMoxa3aTb, uTO MOUIHOCTH E paBHa MOUIHOCTH BY, [I[Jm yCTaHO.
BJEHHA TOTO, YTO MOMIHOCTH E He MPeBOCXOIHT MOWHOCTH BY , mcnoan3o-
BaTh a).}

B) IToka3aTth, YTO eCJ¥ MOUIHOCTh B He NPEBOCXOAHUT MOUIHOCTH KOH-
THHyyMa, TO Kaxnabiii aarebpanuecknd Gasuc npocTpaHcTBa E HMeeT
MOLIHOCTb KOHTHHyyMa. [Mcmoab3oBats ynpaxHenue 15 § 3 ra. 11} Ha-
MIPOTHB, €CIH MOIHOCTh B GoJbilie MOU[HOCTH KOHTHHYYMa, TO KaXIblil
aare6panueckuii G6asnc npocTpanctea E pasHomowen ¢ BY, [Mcnoasso-
BaTh 6) H ympawuenue 14 u3 Auar., rx I, § 1 (2).]

*2) a) Mlyctb Ey u E9 — ruap6eproBsl NPOCTPaHCTBA, HMEUIHE CBOHMH
rHab6epPTOBBIMH Pa3Me PHOCTAMH COOTBETCTBEHHO GECKOHEYHbIE KAPAMHAJIBHbIE
ycaa m u n takme, uto m< < m¥; nanee, E = E;) E,— rtib-
6epToBa cymMa npocTpaHcTB Ey n. Ep 1 (b)‘)AEL—OpTOHopMa.Hbell?{ 6asmuc
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npoctpanctsa £, B E{ cogepxurca anre6paHyecKkH CBOGOIHAA CHCTEMa
(@ ¢ (cM. ynpaxenne 18); nycts /{ — BeKTOpHOE MOANPOCTPAKCTBO B E,
nopoxaemoe (aarebpanueckn) cemeiicteoM (@, - b)) ¢ - TTokasats, uto H
uMeeT THaL6epTOBY pasmepHocTs t. [[IpHHATH BO BHHMaHue, YTO OpPTOrO-
HaJbHas npoekuus f1 Ha E, BCIOAY NJOTHA, H HCTIOAb30BaTh yNpaxnuenue la.}
[Tycts S — oproHopMasblioe MHOWECTBO B f7; nokasath, yt0 Sl B o,
H BBIBECTH OTCI0M1a, YTO KapJAHHAJILHOE YHCJIO MHOXecTBa S He NPEBOCXO-
aaT m. [Tlokasats, uTO Kawbit saeMelT opToHOpmalibHoro 6asHca Npo-
cTpanctBa E; opToroHaneH KO BCeM 9JeMeHTaM u3 S, 3a MCKJIOUEHHEM,
camoe Goubluee, HX CYETHOrO GECKOHEYHOTO MHOXECTBaA.]

6) IlycTs E3 — ruan6epToBO NPOCTPAHCTBO IH.ILGEPTOBOH pa3MepHOCTH
p > 1, F—ruasbeproa cymMa E@ E; n G — noanpoctpauctBo 1+ Eg
B F. Tlokasats, yto (G uMeeT THILGEPTOBY Da3MEPHOCTS p. Mycts 7 —
OpPTOHOPMaJbHOE MHOXeCTBO B (F; mokasatb, uto T[] (E,(P E3) < Es;
BLIBECTH OTCONA [paccyxjas, Kak B a)], YTO KapIHHAJALHOE YHCIO OpTO-
roHagsnoil mpoekuudn 7 Ha E, He NPEBOCXOAMT li, H 3aKMO4HTb, 4T0 G
He o6nagaeT OPTOHOPMAJBHLIM Oa3HCOM, 3aMETHB, YTO OpPTOTOHAaJbHAs
npoexkuns G Ha E, Bclony niaothHa B E,.

3) MNokasats, uTO B Ka}IOM HEeNOJHOM OTIEJIHMOM NpelrHaL6ePTOBOM
npocTpancTBe E cymecTByeT 3aMKHYTas THIEpIIOCKOCTb TaKas, 4TO OPTO-
roHajibHoe K HeH NOMIPOCTPAHCTBO NPOCTpaHCTBa E CBOXHTCA K OXHOMY
snementy 0. BoiBecTu orcloga, yto ecan E£-— cuetnoro Ttunma, 10 B E
Cyl[ecTByeT He TOTaJbHOE OPTOHOpMadblioe CEMEeHCTBO, He conepxaunieecs
HU B KaKOM OPTOHOpMAaJbHOM Oasuce.

4) Mycts E— oTaeanmoe Npearnis6eproBo mpoctpanctso H (E) o r—
ceMeHCTBO ero NoJHbIX BEKTOPHLIX NMOANPOCTPAHCTB, BIOJHE yNOPAAOYEH-
HOE 110 BKJIOYEHHIO M Takoe, 4TO ofbennHenne Bcex E, Bcioay miotHo B E.
INokasats, 4TO CyueCTByeT OpTOHOpMaNbHBIH 6a3HC (ed)aEA npocTpaHcTBa E,

obnagaouui CIeIyIOMHM CBOHCTBOM; JIsT KAwA0r0 t € / MHOXECTBO BCEX &,
npuHajgiexamux E,, ecTb opTOHOpManbHbIH Gasuc mpoctpanctsa E,. [Pac-
CMOTpETH MHOXECTBO BCEX OPTOHOPMAaIbHEIX IOAMHOXECTB S NPOCTpaHcTsa £
TaKHX, YTO IJA KaxZOro ¢ ¢/ Bce BeKTOpH H3 S, He mpHHamnexamue E,
opToroHanbHel ¥ E, H B3ATb MaKCHMAlbHbIH 3JEMEHT ITOr0 MHOXECTBa.)
TToAyYnTL OTCIOZa HOBOE KOKA3ATENLCTBO NpeliOMeHHs 6.

5) Onpedesumeses I'pama NpoOH3BOILHHMX n Touvek Xx; (LI n)
OTAEJIHMOr0 NpeiarHiabGeproBa npoctpaHcTBa £ HassiBaeTcs onpenenntelb
G (%1, Xoy -« vy Xp) ==det((x;]x5)).

a) Tokasatb, yt0 G (Xy, Xo, ..., Xp) >0 ¥ uTO A4 TOTO, 4TOOLI
X1, Xoy++., Xn 006pa3oBbIBANH CBOGOAHYIO CHCTEMY, HEOOXOAHMO H NOCTa-
Tousto, utobst G (Xy, X, ..., X,)70. [Bbi6paTs B NOANPOCTpaHCTBE,
HOPOXJIEHHOM BEKTOPaMH X; OPTOHOPMAaJbHbld 6a3MC M HCIOJIbL30BAThb
¢dopmyay (9) n3 Aar, ra I, § 8 (32).]

6) Mloka3aTs, 4TO paccTOANHE TOYKH x € E OT BEKTOpHOIO mOAnpo-
cTpancTBa V, NMOPOXJAEHHOrO 7. TOYKAMH Xj, Xo, ..., Xy, 06pa3ylouinMu
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G(x, X1y e0ey Xp)

cBo6oxHOE CEMEHCTBO, PaBHO
G(xg,o0ns Xp)

. [Mckats Boipaxcenne

IJs MpoeKuHH x Ha V.}

B) IlycTs (x,)— GeckoHeynasi NoOcJcI0BaTEIbHOCTL TOYeKk H3 E. Ilas
TOro yTO6H CEMEHCTBO (X)) GHLIO TOMOJOrHYECKH CBOGOIHBIM, HEO6XOLHMO-
H I0CTaTOYHO, YTOOLI

G(x1, ooy Xpty Xpipty o evr Xp)
sup
n G(X1, ey x,,)

<+

aas kaxcaoro p >0. [Mcnoanzorats 6).]

6) Mokasats, 4to AAs aOOro ruiasGepToBa NpoCcTpaHcTBa £ Gecko-
HeyHOil THAL6EepPTOBOHl pa3MepHOCTH CyulecTByeT H3omopdusM E Ha ero
3aMKHYTO€ BEKTOpDHOE NMOANPOCTPAHCTBO, OTAHUHOE OT E.

7) Mycts E — ruanbepToBO NPOCTPaHCTBO, obJataoiiee GeCKOHEUHBIM
CYETHLIM OPTOHOPMANLHBIM Ga3HCOM (€4),~,,, H A — 3aMKHyTast BbIMyKJIas.

1
06on0oyKa MHONECTBA, OOPAa30BAHHOTO TOUKAMH (1 — o Jen (n>1). Moka-

3aTh, 4T0 B A HeT HM OIHOM Mapsl TOYEK X, Y, PACCTOSAHHE MEXIY KO-
TOPbIMH OpLO Obl paBHO JAHaMeTpy 3TOro MHOwecTBa u A. [Cm. ra. IV, § 5.
ynpaxuenue 1.}

8) MNycts E — 6eckoHeuyHoMepHOe BeleCTBEHHOE THJILO6ePTOBO NpPO-
cTpaHcTBO. [IoKa3aTs, 4TO B E nMeeTcs 6eCKOHEYHOE MHOMECTBO CTPYKTYD
KOMIIIEKCHOT'O THAbGEPTOBA NMPOCTPAHCTBA, AAS KOTOpwX E caysmur Oasuc-
HbIM BelleCTBEHHbIM JOKAMbHO BHINYKALIM IpocTpancteom (ra. I, § 6, n® 1).
[Aas noka3aTeabCTBA CYylHeCTBOBAHHA aBTOMODP(H3MOB & CTPYKTYPbl TOIIO-,.
JIOTHYECKOTO BEKTOPHOTO npoctpakctBa B E Takux, uto #?(x)=-— X
BOCNIO/IL30BaTbCA OPTOHODMabHBIM 0Ga3HcoM MpocTpaHcTBa E; 3aTeM NpH-
Menuth ynpasHsenue 1 § 1.] Jath npumMep, noxassiBawuiHi, 4T0 9TO Npex-~
NOWeHHe He PacnpoCTPaHAETCs Ha HENMOJdHsle OTIeNHMble TIPeArHaLOepTOBbI
npoctpancTBa. [PaccMoTpers B E BCIOAY NUOTHYIO THNEPHIOCKOCTD. ]

9) Mycts E u F— GeckoneuHOMEpHble THALOEPTOBLL IPOCTPAHCTBA.
CYETHOrO THNA, (&,) — OPTOHOPMAALHbIA Gasuc npoctpanctBa £ u (by) —
OpTOHOpMAaJbHBIH 6a3uC npocTpaHcTBA F.

a) [lycTs u — HenpepuiBHOE JHHEHHOe oToOpaxeHne E B F; NONOXHM.
u(ay,)= 2 Anbm. T10KA3aTH, 4TO 2 | opn 2 lal2 n 2 | @ 121 2|

m n e
ISl BCEX M K n.

6) JlaTb npuMep IHBOHHOH NOCJEXOBATCILHOCTH (%,,) TAKOH, HTO-
2 |amn |21 A BCcex n wu 2 | @mn [2<< 1 mast Bcex m, HO He cyule-
m n
CTByeT HHKAKOr0 HenpephlBHOTO JHHEHHOro oToGpaxcenus npoctpaHcTBa E
B F, nast kOTOPOTO 681 (& (an) | b)) = %yun RS BCEX MAD LEJLIX YHCET (M, ).
[OGosnauns uepes V, n W), noanpocrtpanctsa B £ u F, COOTBETCTBEHHO
NOPOXIEHHblE BEKTOpaMHM &, HJIH b, ¢ HOMepaMH n < p, NOKa3aTh,
YTO JJsi KaWJAOr0 p CYUECTBYeT JHHEHHOE OTOOpameHHe NpoCTpancTea Vy,
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Ha W, Takoe, 40 (#p (@s)| bm) = 171;— (mLp np)u llupl> Vp.l

#10) Iycte E — 6eckoHeuHOMEPHOe BeuleCTBEHHOE THIAL6EPTOBO Mpo-
CTpaHCcTBO M 4§ = L (E) — 6anaxoBckasd aare6pa BCeX ero HenpepbiB-
Hboix sHxoMopdusmoB (¢ nopmoit Al = sup ||Ax|).

lzl<1

a) Jlna xaxnod mapbl BEKTOPOB X, y H3 E oto6paxenue A~ (Ax|y)
©CTb HellpepuiBHAA THHeiiHan GpopMa fp, , HA GaHAXOBCKOM MPOCTPAHCTRE .
IokasaTh, YTO CyuleCTBYeT B3aHMHO OJHO3HAayHOE JHHeiiHOoe OTOOGpaxce-
HHe ¢ TemsopHoro npousseneus EQ E (paccmMaTpHBaeMoOro xak He TONO-
AZOrMYECKOe BEKTOpHOEe IPOCTPAHCTBO) HAa BEKTOPHOE MOANPOCTPAHCTBO
TpocTpaHcTBa 4§/, CONPSMEHHOro Kk 6aHaXOBCKOMY IIPOCTPAHCTBY 47, TAKOE,
910 § (X @ y) = fp,y M08 Kawg0H napsl (X, y) € EX E. CaenoBaTelasHo
EQ E MOXHO OTOXAECTBHUTb C 3THM IIOANPOCTPAHCTBOM mpocTpanctsa 4/ -
tak, uto6b {4, x® y) = (Ax|y), u naneaurs EQ@ E cTpyKTypOi HOPMH-
POBAaHHOTO NPOCTPAHCTBA, HHAyuHpoBanHoii u3 4F/. IlokasaTh, YTO NpH
stoit crpykrype [[x @ yll = llxli{iyf. [Paccmotpers 3mnoMOPdH3M
2—>(2|x)y npocrpancrsa E.] [TokasaTs, 4TO 718 KaxIOTr0 KOHEYHOTO OPTO-
HODMaJsHOTO ceMeHCTBa (¢ <i<pn HMECT MECTO PABEHCTBO

n ! n
Dh@ @)= %l
i=1 | =

[Tot we MmeTOm.] ' »

6) TokasaTh, 4TO NPOCTPAHCTBO, COUPFKEHHOE K HOPMHPOBAHHOMY
npocTpanctey E & E, oTOxaeCTBHMO ¢ 4F; TOUHEe, Kaxzxas HelpepbiBHAsS
Jauneiinas gopMa ma EQ E oxHO3HAYHO NPeACTaBHMA B BHAE Z - (4, 2),
rae A¢ 4. [llpuuats BO BHUMaHHE, 4TO (X, y)—>¢ (¥ @ y), rae ¢ — ue-
npepuiBHas JauHeiinas ¢opma Ha EQ@ E, ecTb OuanHeiiHas HempepsiBHAs
¢opma Ha E X E, ¥ BuiBecTH OTCloja cyulectBoBanne A€ 4F T1aKoro, uto
¢ (xBy)=(Ax|y).]

B) BoiBectH H3 6), uro HOpMHpOBaHHOe mpocTpactBo E @ E 6o-
Yeuro. [Mcnoab3ys 6GoueyHoCTb mpocTpaHctBa £, nMokasaTs, yTo Kakjoe
MHOXeCTBO M3 4§, orpaHMuyenHoe B TonoJoruu s (F, EQ E), cuabuo orpa-
HHYEHHO. |

r) Hycts Ug,y, 1aa kamnoit napsl BEKTOpoB X, Y u3 E, — Henpepbis-
Hbli sHpoMopdusM z—(2]x)y mnpoctpanctBa E. IlokasaTb, 4TO cyuie-
CTByeT ONHO3HAYHO ONpeXeJeHHOe JHHelHoe oTtoGpaienue f-—» U, mpo-
<rpanctea EQ E B 4 T1axoe, uto Uggy=Ug, 4 Ara kamnoil mapul
BekTOopoB x, y u3 E. Tlokasats, manee, uto (Uw®yv t) = (Utylx) s
Kaxnoid mapbl BEKTOPOB X, y M3 £, M BbiBecTH 0oTClOAa, uTO [[Uell<|#].

n
JHoxasatb, Hakoneu, uto U; npu £ = 2 x; @ y; ecTb 3HTOMOPPH3M KOHEu-
i=1
HOTO paHra < n.
n) Mycts F, RAf KaWAOTO WLENOTO 71— MHOXECTBO TeX 9AEMEHTOB
LCEQE, maa kotopuix Uz ects sumomopgusm panra < n. IlokasaTs, .
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ut0 Fp Hurfe He naotho B EQ E. [Jlna Aoka3aTeasCTBa TOrO, 4TO AOMNOM-

nenne k Fy B EQ E comepxHT BCOLY IIOTHOE OTKPbITOE MHOMXECTBO,
HCnoap308aTh HepaBeHCTBO |[[Uy||<ClI£]l ® 10, uTO mas xawzmoro Henpe-
PHIBHOTO SHAOMOP(H3MA & KOHEYHOro pamra m 6aHaXOBCKOTO IIPOCTpaH-
ctBa G cymectyer € >0 Takoe, YTO KauAblii HENpEepLIBHLIA IHROMOP-
¢H3M v KOHEUHOTO paHra, yAOBASTBOPAIOWIHH YCIOBHIO {[u — v || < ¢, UMeeT

panr > m.] BuiBectu otciona, uto E® E ecTb He 69pOBCKOE HOPMHPOBAH-
Hoe GoyeyHOe MPOCTPaHCTBO.

11) a) IMycts E — 6eCKOHEYHOMEPHOE BeUlECTBEHHOE THIbGEPTOBO PO-
CTPaHCTBO CYETHOTO THINA, (4,) — CBOOGOXHOE CeMEHCTBO €ro TOuyek TakKoe,
YTO Kaxpoe H3 ceMeHCTB (dsp) M (@554q) TOTaMmsHO B E (ra. 1l, § 3,
ynpaxuenue 16), u F, G — BexTopHble MOANPOCTPAHNCTBA NPOCTpancTBa E,
MMeIoUIHe . CBOMMH  (aare6panyeckMMH) 6a3HCaMH COOTBETCTBEHHO (dop)
#l (@9y+1). TlpocTpanctBa F u G npHBORATCH B ABOACTBEHHOCTh GHAHHEN-
Holt dopmoii (y|2). Ilokasats, uTO BBINyKIOE MHOWeCTBO F[1B, rie
B —wap [|x||<1 npoctpanctBa E, 3aMKHYTO B mpocTpaucrtse F, Haje-
JenHoM tonoJorueit ¢ (F, G), Ho He ob6lajgaeT HH OJHOH 3aMKHYTOil omop-
HOH THIIEPILIOCKOCTHIO

6) lycts (by) — BCIORY NAOTHAs NMOCAENOBATENBHOCTE B B u u(x)

by | x
A Kaxaoro x € E-— nocnegoBaTeasHOCTh (—(—ill—)) . I[Toxasats,uto u
E>1

€CTb HCNPEPHIBHOE B3dMMHO ORHO3HAUHOE JAHHEHHOe oToOpaxenue Npo-
cTpanctBa £ Ha HEKOTOpOE MOANPOCTPaHCTBO /1 rMAn6EpPTOBAa MPOCTpPAaH-
CcTBa Li (N), npuuem z (B) xomnaxtso. IlokasaTs, 4To B HOPMUPOBAHHOM
noxnpoctpanctee L = u (F) MHoxecTBO u (B[)F) BHIMyKJIO, 3aMKHYTO H
NPEeIKOMNAaKTHO, HO He o6JazaeT HH OXHOH ONOPHOH THNEPNAOCKOCTHIO,
{{IpunsaTh BO BHMMaHue, 4TO ecau f — HenpepblBHas JuHeHHas gopMa Ha L,
T0 fou ecThb auHeiinas ¢opma Ha F, HenpepoiBHasg B TONOJOTHH o (F, G).]

*12) a) Myctb 2™ ans kaxa0ro neaoro n >0 — ABOHHAs MOCAEAOBATE 15-
HOCTh, ONpefeNeHHan B ynpaxHenun 21 § 5 ra. IV, n E— BexTopHOE IpO-
CTPAaHCTBO BCEX TAKKX IBOHHLIX MOCJICAOBATENbHOCTEN X = (x,- -} BeuleCTBEH-

HblX UHCEd, HTO P (Xx) = l/-z aP| x x5 < 4-co aaa xamgoro uenoro

n>0. Tloxazats, uT0 p, — moayHopmsi Ha £ u E, HajgeleHHOe TONOJO-
rHei, onpeaenseMoil STHMH MOJYHOPMAaMH, eCTh MOHTEJeBCKOE IIpOCTpaH-
cTBO Ppemie. [Paccyxnath, kak B ynpaxsennn 27 § 3 ra. 1V.]

6) IloxasaTe, uTO conpmxeHHoe K £ MoxeT OblTb OTOMAECTBICHO
€ npocTpaHCTBOM £’/ Bcex TakHX NocJaenoBaTeJbHOCTEH x'=(x;j), 4TO

E(Q(n) “le;j 12<+oo xoTa 6bl AN OAHOTO HOMepa 7.

2
B) Iloka3atp, uto 2, z [ Xi5] ) < oo masxamaoro x = (x4) € E.

J=1\i=1
{Vicnoas3oBaTh HepasencTBo Kown — ByHakosckoro.] Ilas kaxmoro j > 1
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I'MJIbGEPTOBBl TPOCTPAHCTBA r.v,s2
[ga]

NOMOKHM y;= D, X;j, TAK uTO MOCIEROBATENBNOCTh 4 (X)= (y;) Gyrer
i=1

npuHagaexats ruasbeprosy mnpoctpanctsy L2 (N). Ilokasars, uto z ects
romomopdusm E na L2(N), n BuiBecTH orciona, uto B L2(N) cymecTsylor
cJ1a60 KOMIIAKTHble MHOMXECTBA, lie SBJAIUIMCCA 06pa3aMH HHKaKOro KOM-
NaKTHOro B TONOJOrHKH ¢ (E, E’) MuoxecTsa W3 £ IpPH OTOGpaXeHHH 4.
[Paccyxaats, kaK B ynpawuennu 21 § 5 ra. 1V.]

*13) a) Ilycts (E,) — NocaenoBATENbHOCTb BEUICCTBEHHLIX 6aHaXO0B-
CKHX NpOCTpancTB H E— BEKTODHOE NOANPOCTPANCTBO MPOH3BEHCIHS

o0
F= I] E,, o6pa3oBaHHOE TeMH MOCJIENOBATEALHOCTAMH X == (X}, AI%
n=0
S0 on
KOTODBIX 2 | Xn i 2 << - co. Moxkasats, uTo pyukiHs || x| = ‘/ 2 Il xn |7 -
n=0 n=0

Ha E ects HopMa ¥ E moano B 3TOH Hopme. E nassiBaeTcs 2ua66epmosoit
CYyMMOE 6aHAXOBCKHX NPOCTPaHCTB Ejy,.

6) Iokasatb, 4TO NpPOCTPAHCTBO E’, CONpsieHHOe K GaHaXOBCKOMY
npocTpaHcTBY E, OTOXIECTBHMO C THIL6ePTOBOH CYMMOM CONPAXEHHbIX
foe]

7 7 7
npoctpancts E,, NpudeM (x, x') = 3, (X,, X,) 119 KaKIOr0 X = (xn) €
n=0
€ E/. [TlokazaTh, uYTO eCJIM u — HeNpepsiBHAas JHueiinas dopma na E,
up —ee cywenue Ha E,, paccMaTpHBaeMOM KaK NOANPOCTPAHCTBO B E,
W a, —Touka H3 FE,, 1as KoTopoH @yl =1, TOo psax c o6lHM UrcHOM
Anlly (@n) CXONMTCSA ANA KaxJIOH MOCIeNOBaTEJbHOCTH (A,) BeUleCTBEHULIX

(e o] [ee)
YHCeJ TaKOH, UTO 2 )\i <~-co, 1 BHIBECTH OTCIOAA, YTO 2 (4, (ay))2 <--co,
n=0 n=0

HCNIONL3y s, Hanpumep, Teopemy Bamaxa — llrteitwraysa mas L2 (N).]
B) BoiBecTu u3 6), uto ecau Bce E, pedaexcuBHsl, T0 E pedIeKCHBHO-
B wuacTuocTH, nmpuHuMas 3a E, npocTpaHcTBo R”, cHafxeHHOe HOPMO#

x = <sn_12 [&,1, rme x=(§); << MOKa3aTh, uTo E peduekcHBHO,
s n

HO HU IJ5 OAUOH HOPMsl Ha mpocTpanctBe E, cornacywoiefics ¢ ero 1ono-
noruedt, E He sBasercs paBHOMepHO BunykanM (§ 1, ympamuenne 15).
*14) Ilycts E— ruap6epToBO NMPOCTPAHCTBO CUETHOrO THNA, (en)nez_'
OPTOHOpPMAJblibiH 6a3uc B E, MHOKECTBOM HHIEKCOB KOTOPOTO CIYMKHT
MHOXECTBO BCeX LeJblX paiuHOHabHbX yHced. OGo3HauMM uyepe3 u H30-
meTpuio E Ha ce6s Takylo, 4TO U (€,) = €541 ANA BCEX n € Z, H NOJONKHM

F =5 (1 — 12l e+ u ().

a) Mlycts B—map ||x)l<<1 u S—cdepa || x|| = 1. Iloxazats, yto
cyxenue f Ha B ects romeomoppusm B na ce6a [3aMeTHB, UTO CYyMelHe &
Ha S ecTb romeoMopdu3M S Ha cefs] U YTO He CYyuleCTBYeT TOUKH Xy € B,
A KOTOpoH 6bl f(xg) = X, [BbIpasuth Xy uepe3 ee KOODAHHATHL OTHO-
CHTeJbHO 6a3uca (ep)].
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6) Ilyctb g (x) Aas xaxgoro x € B — Toyka, B KOTOPOH moaynpsMas
< navyajnoM f(x), mpoxonaias uyepe3 x, nepecekaeT S. Ilokaszats, uto g
€CTbh HenpeposiBHOE oToGpaicenue B a S Takoe, 4T0 g (x)= x AAa Bcex
X €8. [Cm. O6ur. Tom., ra. VI, § 2, ynpaxsenne 8 (33).] BoiBecTn o1ci0aa,
4TO CYu[eCTBYET HenpepsiBHOe oToGpameune A npoussegenus S X [0, 1]
Ha S Takoe, 4o A (x, 0) = xy v h(x, 1) = x nnz Kawnoro x € S.

15) Ilycts E— 6eckoHeuHOMEpHOE BeL{eCTBeHHOE rHJb0epTOBO NpO-
CTPAHCTBO CYETIOrO THOA M (€n),,; — €TO OPTOHOPMalbHbIH Gasuc.

a) Ilycte A — saMkHyTas CHMMeTPHUNAs BBIIYKJas 060.J0YKa MHOMNE-

en
‘CTBA BCEX TOYEK — Moxa3sats, uto A KOMNAKTHO W He obgaxaeT B Toyke 0

HH OJ(HOM 3aMKHYTOH OMOPHO THICPIJOCKOCTDLIO, HO CYIHeCTBYIT npaubie D,
mpoxoasue depe3 0 u takue, uto D} 4 = {0}.

6) Mycts F— ruan6eprosa cymma E(PR, e, — BekTop, o6pasywiuil
BMecTe C BEKTOPaMH ¢, (n 3> 1) opronopManbHblii 6a3uc npocTpancTsa F,
u B —3aukuytas Buinykias obonouxa MuoxectBa {egy U A. [loxasars,
ut0 B F CyuwecTByer 3aMKHyTelli oTpe3ok L c¢ HauanoM 0 Tako#, uto
LNB={0}, HO neT HMKAKOH 3aMKHYTOH CHNEpPIIOCKOCTH, MPOXOasieH
yepe3 0 ¥ otgeasioutedl L u B (xo1sa B Touke 0 M cymiecTByeT 3aMKHyTas
ONOPHAs THINEPNJIOCKOCTs K B).

*16) Mycts Ey n E, — 6eCKOHEYHOMEpHble BeneCTBEHIbE THAb6ePTOBbI
TIPOCTPAHCTBA cyeTHOro THna M E — ruapb6eproBa cymma E; @ E, (oTomae-
CTBIeHHas ¢ npoussenenneM Ey X Ep). TTyctb (64), 51— OpTOHOpMANbHbIi
Gasuc npoctpanctea £y, nanee, A — KOMNAKTHOE BLINYKJIOE MHOXKECTBO B Ey,
conepwamee 0, 1 D —npamMas B E, npoxoxsmas uyepes 0, Takue, yrto
DNA={0} u A ue obnamaetT 3aMKHYTOH ONOPHOH [HNEPIJIOCKOCTHIO
B T1ouke O (ynpawmenwe 15). [lycts (25) u (3,) — MOCACAOBATEILIOCTH

1
BeuleCTBEHHHX yucea >0 Takue, yto lim B, =0mn 2 — < 1. Iycts
n
n-y»co '

P — vHOKCCTBO BCeX TOUCK Y, &nen n3 Ey Takux, uto 0<Ep < an 109
n

Bcex n > 1. Hakomeu, nycts Q -—3amkuyTas Boinykaas obosouka B E
MHOXECTBA BCeX TOYCK (aze,, X - fna), rae n> 1, a = 0 — pukcuposaH-
Has Touka npamoit D u x npoGeraer A.

a) Mokasats, yto PNQ=<(), Ho B E He CywjeCTBYeT 3aMKHYTOH
THOEPNAOCKOCTH, KoTopas 6ul otgensaa P u Q.

6) lycts F—ruabbeproBa cymma ECDR u ¢ — npousBOJbHAA TOYKA
H3 F, ne cogepxaimasacsa B E. [TokazaTb, 4TO 330CTPCHHbIE BHINYKJLIE KO-
nycel Py u Qp ¢ Bepuwinuofi ¢, NOpOXACHHBIE COOTBETCTBEHHO MHOM(e-
ctBaMn P u (), 3aMKHYTbl B F, HO HHKaKasg 3aMKHYTas THIEDIIOCKOCTb
B F ne otnmeaser Py u Q. [Ias ycTaHoBnemHs 3aMKHYTOCTH Py H Qg
IOKasaTh, YTO HH P, Hu Q He cogepxuT moaynpsmoi.]*)

*) Ynpaxnenus 116, 15 u 16 coobuun wam V. L. Klee.



HCTOPUUYECKHUI OYEPK
K TJABAM I—-V

(Pumckre undpsl oTHOCATCA K 6ubnHOrpaduH, NoOMeuleHHOk
B KOHLE 3TOro0 oyepka.)

OG6uas TeOpHA TONONOrHYECKHX BEKTOPHBIX MPOCTPAHCTB BO3HMKIA B Teye-
HHE NpOMEXYTKa BpeMeHH, RIuBWerocs npubiausuteasho ot 1920 po 1930 r.
Ho oHa moaroroBasnacs 3agoiaro a0 STOrO HCCAENOBAaHHEM MHOTOUHCIEHHBIX
npo6neM (GYHKIMOHANLHOrO aHANH3a, U HeJb3s W3JaraTh € MCTOPHIO, He yKa3as,
N0 KpaiiHeii Mepe B o6wuX Yeprax, KaK HCCACNOBaHME 3THX NpobGieM mocte-
NEHHO TONBOAMIO MaTeMaTHKOB (OCOOEHHO C HACTYMJIEHHEM JIBailaTOro BeKa)
K OCO3HAHHI POACTBEHHOCTH pACCMAaTPHBAEMuIX BONPOCOB M BO3MOXHOCTH (HOpMY-
JAHPOBATbL HMX 3HAYMTENLHO Gonee oOUIHM 06DPA30M M NPUMENHTb K HHM eIHHO-
o6pasHbie cnocobbl peLleHHs.

MoxHo cxa3aTh, uTO aHaJOrMM MexAy aare6poil M aHaAM3OM M mies pac-
CMOTpeHHs (PYHKUHOHANbHBIX ypaBleHuil (T. e, ypaBHEHHH, B KOTOPbIX HEH3BECT-
HOH sBafeTCH PYHKuMs) Kak ,NPEAEbHBIX CAYYaeB* aare6pauyecKHx ypaBHEeHHH
BOCXOIAT K MEPBbIM MIaraM HCYHCJCHHA GECKOHEYHO MajabiX, KOTOPOE B HEKOTO-
POM  CMbiCTe OTBeyaeT 3TOH NOTPeGHOCTH 060OIEHHS ,C KOHEYHOro Ha Gecko-
neyHoe, Ho npaMelM anrefpanyeckuM IpapojHTeNeM HCUHCAEHHS GeCKOHEYHO
MaJpix ABNACTCA HMCYHCIEHME KOHEYHBIX pasHOCTeH (cM. PyHKU. Beul. nepem.,
WMctopuuecknit oyepk k raasam [—III, ctp. 161--166), a me pemenne oSuux
JHHEHHbIX CHCTEM; H JHIUb B CEPELWHE BOCEMHANUATOTO BeKa OGHAPYKHIHCH
NEPBLIE AUAJTOLHH MEXAY ITHM MOCJICIHHM H nmpobireMaMHu AHp(epeHUHATLHOrO:
HCUHCJIEHHs], B CBA3H C ypaBHeHHEM Koaebaouiedcs ctpyssl. Mpl He 6yaem nox-
POGHO BXOAWTH 37lech B HCTOPHIO 3TOrG BONPOCA; HO CACAYET OTMETHTH NOsBJe-
HHE 1BYX (yHAaMEHTaNbHbX HACH, IOCTOSHHO BCTPEUAlOUINXCSA U B JajdbHeliieM K
06s3annbix 06e cBOMM BO3HukHOBeHueM I[. Bepuyaau. [lepsas coCTouT B pac-
CMOTpeHHH KOJe6anHa CTPyHbt KaK ,NpefelsHOro Cayyasa® KoaeGaHHsa CHCTEMBI n
TOYCYHbIX MACC, KOTJa 71 HEOr DAHHYEHHO BO3PACTaeT; KaK H3BECTHO, 3Ta 3anava,
B C.yyae KOHEUYHOro 7, TOCTaBHIAa HECKOJbKO MO3XKe NepBblii MPHMEpP HCCaeno-
BaHHS COOCTBEHHbIX 3HauewMil JHHeHHOro npeo6pasoBauus (cm. McTopuueckwii
ouepk k raasaMm VI—VII Auare6psl); 9TUM YHCJIAM COOTBETCTBYIOT, IDH yKa3aH-
HOM ,Mepexofie K Npefeay“, yacTorsl ,COOCTBEHHbIX KoOJaebaHHH® CTPYHbI, 3KCNe-
PHMEHTAJbHO HAaOMIONABIIHXCS O4YEHb NABHO, TEOPETHYECKH e OOOCHOBAHHBIX
(a uvenno TeimOpoM) B HAauale BOCEMHAAUATOrO Beka. JTa ()opMaibHas aHajo-
FHs, XOTA M ROBOJBHO peAKO OTMeyasmasca B Ranbmeiimem ((I6), crp. 390)
NO-BHAHMOMY, HHKOTZa B TeueHHe NeBATHAAUATOrO BeKa He Tepsiach H3 BULY;
HO, KaKk Mbl pfanbilie YBHIHM, BCA €€ BAaXHOCTh OblMa OCO3HAHA JHILb
K 1890—1900 roxam.
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Ilpyroii uneeit 1. Bepuyaan (6blTh MOMET, MOACKA3aHHON IKCNEPHMEHTAD-
HbLIMH ()aKTaMH) ABJAETCA ,IPHHLHMI CYNEPNO3HIHHY, COTJIACHO KOTOPOMY CcaMoe:
obutee KojeGaHHe CTPYHbl AOMKHO GbITb ,Pa3NOXHMO* B CYNEPNO3HLHIO ,CO0~
CTBEHHBIX KoJebGaHHH“, YTO, TOBOPA MaTeMaTHYecKH, O3HauaeT, uTo obuiee peuie-
HHME ypaBHEHHA KOJeGaHMH CTPYHB JOKHO OblTh PasioOWHMO B psaj 2 Cn¥n (X, £),

n

£ae @y (X, £) UpencTaBAAT cOGCTBEHHbie KoadeGanua. Kak usBecTHO, 3TOT NpHil~
I BbI3BAJ AJMHTENbLHBIH CHOpP HacuyeT BO3MOXHOCTH Pa3/OXEHHS ,NIPOH3BOJBHOH
(GYHKUMH® B TPHTOHOMETPHUYECKHH DX — CIOP, KOTOPHbi OBl paspeilen JHIb.
pa6oraMn <Pypse u [lupuxae B nepsod TpeTH AeBATHaxuaToro Beka. Ho eine
A0 AOCTHIKEHHA 3TOTO pe3yabTaTa BCTPETHIHCH JPYTHE NPHMEpbl Pa3jaoMeHHH
B pAnbl MO ,OpPTOTOHANbHBIM* (YHKUHMAM *): chepHUECKHM QYHKUHAM W NOJHHO-
Mam JlexaHnpa, -a Takie Da3JHYHBIM CHCTEMaM BHJa e“"w), rae A, yxe He
KPaTHHl OXHOMY H TOMY K€ YMCJy, BBOZHBIIHMCS C BOCEMHAZLUATOrO BeKa B 3ajia-
yax o xoiebanusx, a tTakke Pypse u IlyaccoHoM B xome mx HCCaea0BaHHH NoO-
teopun TennoThl. K 1830 roay Bce sBieHHdA, HaGMOAEHHBIE B ITHX DPa3JHYHbIX
YaCTHLIX cayuasx, Gblau cucTematusuposansl Lltypmom (1) u Jimysuaaem (II)
B o6uiefl Teopur KoxeGauuit aad GYHKUMI OAHOH NEpEeMEIHOH: OHH PacCMOTpENH
auddepeHunanpHOe ypaBHEHHe

HP@Z)Fu@y=0  @EW>0 10>0 M
¢ TPaHHYHLIMH YCIOBHAMH '
y (@) —hy@)=0
Y (&) +-hpy () =0

M J0Ka3ajaH CiIepyloline GyHIaMEeHTaabHble pPe3yabTaThl:
1) 3ajaya MMeET HEHYJAEBOE PElliCHHE JHIUb KOTrAa A IPHHHMAET OAHO W3 3Ha-
yenuii, 06pa3yloUIMX HEKOTOPYW INOCIEROBATENBHOCTh (Ay) umcen >0, cTpems-

mytocd K - oo;
2) ANA KAKIOTO A, pElIeHHs KPaTHH ONHOH M TOH )tx,(e (YHKUHU Uy, KOTO-

(B0, hy>0, a<b) ®

o 2
Pyl MOWHO Ipexanonararb ,HOPMHPOBAHHOH® YCJOBHEM fpv” dx =1, npuuem

a
b

fpvmv,.dx=0 npu m = n;
a

3) xaxnaa aBaxnbl pupdepenuupyemas ¢yukuua f ua wunrepsane [a, 5],
YIOBJAETBOpAIOLUIaA [PAHHYHBLIM YCJIOBHAM (2), PA3NOMHMA B DPABHOMEPHO CXORA~
b

miics pax f (x) = D) cu¥p (X), TRE Cp = f pfun dx;
n a

b

2
4) UMeeT MEecTO PaBEeHCTBO fpf2 dx = 2£n (yxe noxaszannoe [lapcesBaiem
n
a

*) BripoueM, 3TOT TepMHH He mosBjaaca 1o pabor ImabGepra.
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8 1799 rony — BnpoueM, YHCTO (OPMATBLUO — A CHCTEM TPHrOHOMETPHHECKHX
GYHKUHH H MMEUee CBOWM HENOCPeACTBEHHbIM CJEICTBHEM ,HepaBeHCTBO Bec-
cena, BLICKA3aHHOE NOCNEXHHM (BCe elme Aad TPHTOHOMETPHYECKHX DAIOB)
B 1828 rony).

ITonycToneTHeM MO3me 3TH CBOHCTBA 6biaM NONOJAHEHH padotamu I'pama (III),
"KOTOPbIH, NpoA0/Kan uccaeq0Banus YeOolineBa, BbIABU CBA3b MexAy pa3ioxe-
HHAMH B Dsiibl OPTOrOHaJbHbLIX (PYHKUMH H 3ajayed ,HaHAywIIero xeajgpatuuye-
-CKOTO NPUONMKEHHA* (BOCXONSIErO HENOCPEACTBEHHO K raycCOBCKOMY ,METOAY
HaHMEHbIIHX KBANPATOB* B TCOPHH OWHOOK); B 9TOH noclepueii 3agaue Tpe-
Oyercs HalTH nns GyHKUHH f JMHeHHYIO KOMOGHHAUHIO 2 a;¥; 3amaHHOM KOHeu-

1
HOA  mocaexoBaTelNbHOCTH  Qymkumit  ({;), <i<n TaK, yTOGH  HHTerpan
b
2

fp(f—Eai"'Ji) dx ROCTHrajl CBOECLO MHHHMyMa. ITY IO CYM(ECTBY TPHBHAJbe -
a K3

‘Hy'0 npo6remy JHHEHAHOA aare6pol ['paM peiuHJ OPHIHHAJbHBIM CNOCOGOM, NPH-
MeHHB K (GYHKUMAM {; mpollecc ,OPTOHOPMAJNM3ALHH®, ONHCaHHbii B § 2 ra. V
(n o6bluHo npHNHchiBaempifi Jpxapay Lmuary). Ilepexons, naxee, k cayyaw
-6eCKOHEYHOH OPTOHOPMAaNbLHOA CHCTEMBI ($y), OH MOCTABHJA BONPOC, KAK y3HATh,
KOTAa ,HaWAyylllee KBajipPaTHYECKOE NPUOAHMeEHHe* p, QyHKuHH f AuHEHHBIMH
KOMOHHALHAMH NEPBBIX 7 (G yHKUUH ITOH CHCTEMBI CTPEMHTCS K HYJIO IIPH Heorpa-
HUYEHHOM BO3pACTaHHH n *); TakHM o6pa3oM OH MOAOILEN K OlpPEAeNeHHIo NOHA-
THS NOJHOK OPTOHOPMaJbLHOH CHCTEMBl H 3HAM, YTO 3TO CBOHCTBO PaBHOCHJIbLHO
:HeCYI[eCTBOBAHHIO HEHYJeBOH (YHKLHMH, ODPTOrOHANbLHOH KO BCeM Gy OH NbITAICH
Haxe ITONBEPrHYTh MCCHENOBAHHIO TOHATHE ,CXOAHMOCTH B CPELHEM KBAXPATH-
yeckOM*“, HO 10 BBEleHHs OCHOBHLIX NOHATHH TEOPHH Mepsl MOr NOAYHHTL B ITOM
HANpaBJeHWH JHIIL Pe3yJbTaThl BECbMa YaCTHOrO XapakTepa.

Bo BTOpoi MNONOBHHE AEBATHALATOTO BEeKA OCHOBHLIE YCHJHS AHAJIHTHKOB
«GblTH HAMpaBJIeHbl 60Jbilie B CTOPOHY PacnpocTpameHus reopun Ltypma — Jluy-
BHLIA Ha (QYHKUHUH HECKOJbKHX IEepEeMEHHbIX, 4ero ocobenHo TpeGoBaNo HCcle-
JIOBaHHE YPaBHEHHA B YaCTHHIX TPOM3BOAHLIX IJMJIHNTHYECKOTO THNA MaTeMaTH-
yecKOH (H3HKH W ECTECTBEHHO CBA3aHHBIX C HHMH KpaeBblX 3amay. [JaBHbli
MHTEpec cOCPelOTOYHICA Ha YPaBHCHHH ,Kodebmoueiics MeMEpanni“

Ly(my=Au+ru=0, 3)
JJs KOTOPOro pAa3biCKMBAJIHCh B HOCTATOYHO UPABHAbHON o6aacT G peiueHus,
o6paiaoHecs B liyls Ha KOHTYpe OOGJNACTH; W JMHIlib BeCbMa MOCTENEHHO OblIH
TIPEOROJEHbl 3HAYHTENbIbIE AHAJIHTHYECKHE TPYRHOCTH, 3AKMIOYEHHbIE B 3TON
3agaye, X KOTOPOH Henb3a ObLIO H IyMaTb NPHMEHHThL METOZLB, OKa3aBILUHECs:
yenewHbMH AA8 GyHKuui onHOH NepevewHoH. HamoMmuuM ocHoBnble 3Tams! Ha

#) Caenyer OTMETHTb, YTO B CBOEM HCCAENOBANMH ['pam HMrAe HE OrpaHu-
yuBaeT CebA PaCCMOTPEHHEM HeNpepbiBHbIX (QYHKuMil, nOAuEepKHBas 3210 Bak-
b

HOCTh YCJOBHS f pfrdx < Ao
a
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NyTH K pellenwio: BBeReHne ,$ynxuuu I'puna® obnactu U, cyieCTBOBaHHEe KOTO-
poit 6el10 nokasano Llsapuem; Takwe npuHanxexcauiee isapuy nokasarenscrso
CyLIeCTBOBaHHMsI HaMMEHBILEro COGCTBEHMOro 3HaYeHus; Hakoweu, B 1894 roay
A. Ilyankape B ero 3snaMmeHHToM MeMmyape (Va) ynanoch RoKas3aTh CYLIECTBOBA-
HHe H BamHeHuMe CBoHcTBa BCEX COOGCTBEHHHIX 3HauyeHHil, PacCMOTPeB, NPH
3alanHOi ,npaBol 4actu* f, pemrenne u, ypasHenwus L, (4) = f, o6pauaouieecs
B HyJb Ha KOHType o0lIacTH, H NOKa3aB, NMYTEM HCKYCHOrO 0606uieHHA MeToRa
IlIBapua, 4T0 u; ecTb MepoMopdHas (QYHKUHA KOMILIEKCHOTO NEpPEMEHHOro A,
o6najaioulas JMIlb NPOCTHIMM BEl[ECTBEHHBIMH NMOMIOCAMH Ay, KaK pas W ABASI-
L{MMKCS MCKOMBIMM COGCTBEHHBIMM 3HaUCHHAMH.

JTH WCCNEeNOBaHMA TECHO CBA3AHH C NMEPBLIMM UIATAMYM TEOPHM JIWHENHBIX
WHTErpaibHHX yPaBHEHWH, HECOMHEHHO Hawbojee Cnoco6CTBOBaBILEH BOURPEHHIO
HOBBIX wWiaeH, Mbl orpaHuumMcs 34echb JHUIb CAMbLIM KPATKWM OYEPKOM Pa3BMTHS
91Ol Teopun (oTChlMas 3a GOXLIMMMYK NOApobHOCTAMH K HcTopuueckuM ouepkaM,
KOTOpHe 6yayT ¢ompoBOWNATL TXaBH STOMO TPAKTATa, NOCBAI[EHHBIE CIEKT-
paabHOH Teopwu). IJTOT THN PYHKUMOHAJBHEIX ypaBHEHHi, CHauana JHIIb CNopa-
JWYECKH NOABIABINMHCA B NEPBOH NMONOBHMHE JeBATHaRUaToro Bexa (A6ean, Jluy-
BHJIB), NPHOOPEN BaXHOCTb nocie Toro, Kak beep u K. HeliManu ceesn pewenvie
»3aiaun Jlvipuxae® AJNs NOCTaTOYHO MpaBuibHOH 061acTH G KX PELLEHMIO ,HMHTE-
IpajibHOrO ypaBHEHWs! BTOPOTO pona™

b
@+ [ K pu)dy=f &

OTIIOCHTENbHO HEH3BECTHOH (YHKUMM u,— ypaBHeHus, kotopoc K. HeiiManny
yiasoch PpeltHTh cnocoboM ,nocaepoBaTelibHBIX npubmawxenndi* B 1877 roay.
[To6ysgaeMblii, HECOMHEHHO, Y€ YNOMAHYTHIMH aireGpaHyecKHMy anaioruaMH
He B MeHbllle Mepe, 4eM pe3yJbTaTaMH, NONYYEHHBIMU UM AN yPaBHEHHS KONE6-
mougeics Mem6pannl, A. Ilyankape npuxogut B 1896 rony (V6) k uasee BBene-
Hufl NEPeMEeHHOTO NnapaMeTpa A NepeR 3HaKOM HMHTErpajia B NpefbliyU(EM ypaB-
HEHWH ¥ YTBEPXIae€T, 4TO, KaK H AJd YypaBHeRHsa Koaebmouieiics MeM6panbl,
peinenne 6yseT Toria MepoMopdHoil (yHkumell oT A; HO eMy He yRajoCh HOKa-
BaTb 3TOT pE3yNbTaT, YCTAHOBJIEHHHN (A HENPEPHLIBHOrO ,f1ipa“ K ¥ KoHedy-
HOro wHTepBana [a, b]) awiub yeTeppbMA roRaMu nosxe M. Ppearoasmom (VI).
10T nociegHuy, 6LiTh MOXeET, eule Hoxee CO3HaTENbHO, UYeM €ro npeallecTBEH~
HHKH, NOJHOCTbIO DYKOBOACTBYETCS aHaloruel Mexay ypaBHenHeMm (4) H auHel -
HO#l CcHCTEMOH

n

E(qu‘*“,lz‘“pq) Xg="bp 1<p<Ln) 5)

g=1
¥ NoJfyyaeT peiueHvie ypapHeHus (4) B BuIE OTHOINEHHA ABYX BHIpaXEHHH, cocra-
BIEHHBIX O 06pasuy onpefenutencH, sxoaaux B Gopmyas Kpamepa. Brpouew,
3neCh HE 3aKMoYajoch HOBOH Wiew: € Hayvala LeBATHARLATOrO BEKAa METOA ,He-
onpeseneHHHX K03 PuLneATOB® (COCTOABINMI B HaXOMAEHHN HEU3BECTHOH (PyHK-

UMM, TIPEANonaraeMoit pasnoxHMoN B pax 20n<pn TIO H3BECTHHIM (QYHKUMAM Py,
n
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MyTeM BHIUMCIAEHWS KO9PPHUKEHTOB Cp) NPHBEN K ,IMHEHHBIM CHCTEMaM C 6ec-
KOHEUHBIM UHCIOM HEH3BECTHBIX*

oo}
Magx;=b (=12 ...). (6)
j=1

dypse, BcTpeTHBIMiiCA ¢ TakoH CHCTEMOH, ,pemua® ee elle XKaKk MaTeMaTHK
BOCEMHAALaTOT0 BeKa: OH OTGPOCHI BCE 4YIEHH C HOMEpPOM { Hiw j, HPeBOCXO-
RAL(HM 7, HalleJl sIBHOE pelleHHe noayuulieHcs KOHEYHOH CHCTeMbl 110 (opMy-
naM Kpamepa u Ranee ,nepeilen K npeReiy®, yCTPEMMB B peLleHHMM n K 6ecko-
Heunoctu! XOTd NO3Ke yxe He yAOBIETBOPAIHCH MOZOGHBIMH (POKyCaMH, BCe e
BHayaje MbITalNMCh aTaKOBaTh 3Ty 3a4ayy eule C NOMOUIbI0 TEOPWH Onpeielaute-
neli; naunHas ¢ 1886 roma (Bcmen 3a paborod Xuama) A. Ilyauxape, a 3aTem
X. ¢on Kox mocTpovnn TeopHio ,OonpeReluTeneH 6eCKOHEYHOro nopsaaka“, no3so-
JMBIIYIO pPEIUMTL HEKOTopnie THNH cucTeM (6) no xjpaccuueckoMmy o6pasuy;
eciv 9TH pe3yJbTaThl M HE OKa3alWCh HENOCPENCTBEHHO NPHMEHMMBIMH K 3ajave,
NOCTaBIEHHOH PpearoabmMoM, HECOMHEHHO, NO KpaiiHell Mepe, 4TO, B 4aCTHOCTH,
Teopys Koxa nociyxuia eMy MOZenbio Riaf 06pa3oBaHuMsl ero ,OnpeienwTenel”.

B stor momenT u BhHcTynua I'wab6epT, AaB HOBHIH TONYOK pPa3BUTHIO TEO-
pvn (VII). On mavan ¢ nonoxHeHHs pa6or Ppesronbma PaKTHUECKHM OCYILECT-
BJIEHHEM NPEAEIbHOrO NEpexona, BEAYLUIETO OT PELICHHA CHCTEMHI (5) K pellieHHo
ypaBHeHus (4); HO OH TYT Xe NPHCOEAMHMHI K 3TOMY COOTBETCTBYIOLIHIT Npefesnb-
HHH nepexoil AJsA TEOPHH BELIECTBEHHHIX KBaApaTHUHBIX (OPM, K KOTOPOMY
€CTECTBEHHO TPHWBOZWIM THNBE HHTErpalibHHIX YPaBHEHHH ¢ CHMMETPHUYECKHM
ARpoM (T. €. TakuM, 410 K (¥, x) =K (X, ¥)), ropasno 6oiee 4acTo BCTpeyaio-
Iuecsd B MaTeMaTHYeCKOi ¢usuke. ITO NpHBENO €ro K (yHraMeHTaibHOH $op-
Mylle, HENOCPeACTBEHNO o6obuaomeil NprvBenreHHe KBaApaTH4YHOH GOpMH K ee

OCAM:

o 2

b b b

U

[ [k nr@casa=Y|fmoreas),
a a n=1 a

TAe Ay, — (HEO6X0AMMO BEL[ECTBEHHHIE) COGCTBEHHbIE 3Hauenws sapa K, ¢, 06pa-

3Yi0T OPTOHOPMAlbHYI0 CHCTEMY COOTBETCTBYIOL(HX COGCTBeHHBIX (yHKUMH, a psx
b

B NpaBoil 4acTH CXOZMTCA DM fx‘l (s) ds < 1. On nokasan rakxe, 4TO Kamaas
a

b
¢yukums, ,npeictapnMas® B BHie f(x)= f K(x, y) g (y)dy, obnasaer ,pa3-
a
oo b
O EHNEM * Z P (X) f ¢n (V) F(¥) dy, ¥, cienys aHalOTHMH C KIXaCCHYECKOH Teo-
n=1 a

puedl KBaipaTHYHHIX QJODM, YKa3all BapHAUHOHHLI METOJ ONpeseneHust COGCTREH-
HbIX 3HaueHu#i A, npemcraBamowmii coboil He YTO uHOe, KaK pacnpocTpaHeHue
XOPOIIO H3BECTHIX HKCTPEMalbHbIX CBOHCTB OCEif NOBEPXOCTH BTOPOro NOpsAxa
((VID, crp. 1—38).
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Jtn nepsbie pe3yabTathl [HAbGEpTa OuliM MOYTH Cpa3y MepenoKa3aHH
d. llimuprom B Gonee mpoctoit n obmelt ¢Gopme, usberawomeil xaK BBeLCHHS
ponpefemutened Ppearoabma®, TaKk M fepexola OT KOHEYHOro K GecKoHey-
HOMY, ¥ yXe BecbMa Gan3koil K a6CTPaKTHOMY H3JIOMEHMIO, IOCKONBKY B JHOKAs
3aTEAbCTBAX OUEBMIHBIM 06pa30M MCIONBL30BANHCh JWINL () yHAAMEHTaAbHHE
CROMCTBA NMHEHHOCTH M NONOXHTEAbHOCTH mATerpana (Villa). Ho tem BpeMeHeM
Tunpbepr momusacs fo ewe OGojdee obuvx xoHuermuuit. Bce npemmecrsyoume
paGoThl BHABHIAH BaXHOCTh QYHKUMH C HHTErpUDYeMBIM KBajipaToM, a (popMyaa
Mapcesans yCTaHOBHNA TECHYIO CBA3b MEMAY 3THMH QYHKUMAMH W TOCHCAOBAE-
TEILHOCTAMH (Cp), ANA KOTOPHIX 2 cfl<—|—oo. Hecomuenno, stoil uaeeil pyxo-

n

BoAcTBoBaicA ['man6epr B cBowx Memyapax 1906 roma ((VII), ra. XI—XIII),
TAe, OMHBHE CTapblii METOA ,HEONPEAENEHHBIX KOI(HUYEHTOB*, OH IOKasal,
YTO peLIEHHE HHTErpalibHOTO YPaBHEHWA (4) PaBHOCHALHO pelleHMi0 6eCKOHEUHOMH
CHCTEMBb NHHEHHBIX ypaBHEHHH

(o]
xpt lekpqxq = by (r=12..) 8)
q::

b

Ras yXo03bduuuentos Pypret xp= f u(t) oy (t) dt nevssectTHolt QyHKUHH &

a
OTHOCHTEXbHO 3aJaHHOH TOAHOH OpPTOHOpMa;bHOH CcHCTeMB (wy) (¢ b,=
b b

b
- f F)op ) dt n kpg= f f K(s, t)op(s)wg(fydsdty, Tipu stom emmn-
a a a
CTBEHHbIE DellleHHsl CHCTEMBE (8), KOTOphie C 3TOH TOUKM 3pEHHMs MORNEHAT pac-
CMOTPEHHIO, 3TO T€, IA% KOTOPHIX 2 xi<—|—oo; ¥ NOTOMY HMEHHO STHM THIOM
n

pellenns CHCTEMAaTHYECKHM OTpaHHUMBaeTCA ['WALOEpPT; HO 3aTO OH pacutMpser
YCROBHS, HaKianviBaeMBle Ha ,6eckoHeunyio Marpuuy“ (R,q) (xotopas B cH-
creme (8) Taxosa, uro Y kj, < 4-c0). C 9TOr0 MOMEHTa CTAaHOBHTCSA SICHHIM,

4TO B OCHOBE BCEii Teofmu NEXHT, XOTA M HE BBEJEHHOE fBHO, ,ITPOCTPAHCTBO
I'nab6epra“ nocnerosatenbHocTed (X,) BEIIECTBEHHBIX YHCEMN, JJdA KOTOPHIX
2 xfl< - 0o, noABnALIIEEC KaK pe3yabTaT ,NpeAelbHOTO Nepexofa® OT eBKIH-
-n,:ma NPOCTPaHCTBA KOHEYHOH pa3MepHOCTH. Boiee TOro, 4To OCOGEHHO BaXXHO
AAs JalbHEeHWEro Ppa3BHTHA TEOPHH, [HAbLOEPT NpPHIIEX K BBEACHHIO B ITOM
TMPOCTPAaHCTBE He OJHOrO JHIIb, a IABYX DPa3JHUYHLIX MOHATHI CXOXHMOCTH (COOT-
BETCTBYIOIIHX TOMY, 4YTO [BIOCHEACTBHHM GBINIO Ha3BaHO ClHa6oH M CHIABHOH TOMO-
AoruAMu ¥), a Takwe ,NpHHUHNA BHOOpPa*®, ABJAIOLErOoCs HE YeM HHHIM, KaK

¥) BapHauyoHHOE MCYHCIEHHE ye eCTeCTBEHHO NPHBENO K PacCMOTDEHHIO
B OHOM H TOM e MHOXeCTBe (QYHKUHI pasnuuHBIX NOHATHH cxoauMocTH (B 3a-
BHCHMOCTH OT TOro, TpeGyeTcsl JM paBHOMEpHas CXOIMMOCTb OJHHX TOJBKO yHK-
uMi Wi Xe QYHMKUHI C HEKOTOPHIM YHCIOM MX TPOH3BOAHBIX); HO CHOCOOH
CXOAMMOCTH, onpeneseHHble [nap6eprom, ObliH B TO BpeMs COBEPIIEHHO HOBBL.
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CBOMCTBOM CnaGoOHl KOMNAaKTHOCTH €fHHMYnOro wapa. HoBas nvHeliHas aare6pa,
pa3BuTas MM B CBA3M C peuteHneM cucTem (8), MONHOCTHI0 OCHOBLIBAJaChb HA ITHX
TOMONOTMYECKHX TOHATHAX: JVHEHHBIE OTOGpa<enws, AvHeiiHbEe QopMbl M GHIM-
Helidnie GopMH (a2CCOUVMMPOBaHHBIE C NWHEHHbLIMU OTOOPaXEHHAMH) KaacCCHPHLH-
poBamMCh W WM3Y4YalWCh COOTBETCTBEHHO HX CBOHCTBaM ,HENPEPHIBHOCTH® *).
B uacthocTH, Iman6epr orTkpeld, uyTO ycnex Meropa PpearosbMa OCHOBHIBAICSH
Ha TIOHATHMH ,BIOJHE HENPEPHIBHOCTH®, KOTOPOE OH BHAEIHT, COPMYIupOBaB
Ana Guavineiinbix ¢opMm *¥), u noasepr TAy60OKOMY H3Y4eHHIO; 32 RanbHEHILUMH
BORPOGHOCTAMYM MBI OTCHIZaeM K TOH 4YacTW HAcTOal[ero Tpakrarta, rae 6yayr
M3JOXEHb 3TO BaXHOE TNOHATHE, a TaKKe BeNWKOJENHbIE W rAyGokue paboThl
nasbepra, B KOTOPHX OH NOJOXHI Ha4alo CNeKTPaJbHOH TEOpHH CHMMETpDHUY-
HbIX GuavHeHHsIX (HOpPM (KaK OrpaHHYEHHBIX, TAK M HCOT DaliHUEHHBIX).

fIspik 'manGepra ocTaeTCA eure KJIaCCHUECKWM, ¥ Ha BCeM NPOTKEHHH CBOUX
»Qrundziige* Twab6epT He ynyckaeT w3 BHAY NPHIOXKEHWH TEOPWH, M3laraeMbix
Ha GONbLIOM YWMCJIE NPHUMEPOB (3aHHMAOLIKX OKOIO MOJOBMHBI KHuru). Creayiouiee
NOKOJEHHE NPEANOUNO yxe CTaTh Ha Topasfo Gonee aGCTPaKTHYIO TOUKY 3pEHuA.
ITon Bausnuem wupneil Ppewe w P. Pucca, oTHocAmuxcsa K obuiell TONOAOrvH
(cm. Mcropuuecknit ovepk k ra. [ Obui. ton.), 3. Uimuar (VIII6) u cam Ppewe
cMeno BBedH, B 1907—1908 rogax, 3K eBKAMIOBOH reoMeTpHH B (BEL[ECTBEH-
HOE HJI¥ KOMIUIEKCHOE) ,NnpocTpancTBo [wiabbepra®, wMeHHo B 3tmx pabdorax
comepwatcs NEepBOE YINOMHHAaHME HOPMHI (C COBpeMeHHIM oGo3uayenneM | x||),
HEPaBEHCTBO TPeYTONbHKKA, KOTOPOMY ,0Ha YROBJETBODPAET, TOT (PaKT, UYTO
npocTpaHcTBO [Mabn6epra ,cemapabenbHo* W noaHo; kpome toro, 3. LHmuar
LOKa3blBaEeT CYLIECTBOBAHHE OPTOTOHANLHOH NpPOEKIHK Ha 3aMKHYTOE JHHEHHOE
MHOrOO6pasue, 4TO NMO3BOJNAET €My NpHIaTh ruiAbGEpTOBOH Teopwum JHUHEHHBIX
cucreM Gonee mpocTod W o6uwui Bua. B Tom we 1907 rogy ®pewe u $. Pucc
3aMeTHIY, 4YTO NPOCTPAHCTBO (PYyHKUMH C HHTErPMPYEMBIM KBajpaToM obnafaer
COBEPILEHHO aHAaJOrWYHOH ,reomeTpueii*; 3Ta aHaXOrvs NOJHOCTLIO BHIACHMAACD,
Korna HemHoro noaxe P. Pucc v . Pumep nokasanu, 4TO 3TO NPOCTPRHCTBO
nonsio H M3oMopjpHo ,npocTpaHcTBy [uanbepra“, 6aectauiM o6pa3oM BHABHB
OIHOBPEMEHHO 3HauCHWe HE3anoJro [0 3TOr0 co3jaHHoro JleGerom opyans.
C 3T0r0 MOMEHTa2 OCHOBHBIE YepThl TEOPHH IHALGEDTOBBIX NPOCTPAHCTB MOXKHO
CUHTaTb ONpPEeNE/MBIIMMHCAH; U3 Gosee MO3THMX JOCTHXHEHHH 0C060 CaemyeT yro-
MAHYTb aKCHOMaTHYECKOE M3NOXEHHe TEOpHH, AaHHoe K 1930 roay M. CtpoyHom
u H. ¢pon HeiimanHoM, a Takxe OTKa3 OT OrpaHWYeHHs ,CenapabelbHOCTbIO*,
ocyuiecTBnernbiit okoso 1934 roma B paborax Pennuxa, Jlésura v ¢. Prcca (1Xa).

Tem BpeMEHeM B NepBHIE rOjbl ABaAUAaTOrO BeKa ¥ APYTHE HAEiHbIE TEUeHHd
JCHIMBANH TEHRCHUMIO, TNPHBERIUYID K TEOPHH HOPMHPOBaHHLIX TPOCTPAHCTB.
B nocnesHve jecaTuXETHA AEBATHAglUlaTOrO BeKa B CBA3W C BapHalMOHHBIM
HCYWCJ/IEHHEM, C ORHOMH CTODOHbI, H TeOpHel WHTErpajiibHbLIX YPABHEHWH — ¢ APYyro#,

*) Crepyer OTMETHTH, UTO BmAOTHL 10 1935 rona non ,HenpepsiBHOH“ QyHK-
uMeH Bcerja npakTHYECKH TNOHMMaan OToGpaxceHHe, npeobGpasyioliee Kaxaylo
CXOAAILYIOCA NOCAEAOBATENBHOCT B CXOAALYIOCH NOCHENOBaTEJbHOCTD.

**) [lo 'mav6epry, 6unnneiinas gopma B (x, y) BnoiHE HenpepsiBHa, eCiH
B (xy, y, ) cTpemutca x B(x, y), Korlla nmocaegoBaTenbuoctH (xp,) u (vy) cLa60
CXONATCA COOTBETCTBEHHO K X M Y.
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chopuupoBaiach obuian wupes ,pyHkuuowana® (T. €. UMCIOBOH ¢yHKumM, onpe-
neJeHHOH Ha MHOXKECTBE, SJEMEHTH KOTOPOro CaMM fIBISIOTCS YMCIOBBIMH (yHK-
LHAMM OZMOTO MY HECKOJNbLKMX BEL[eCTBEHHbIX nepeMeHHnix). Ho xorsa cBouMm
NOABIEHHEM Ha CBET 9TO NMOHATHE, Kak u Gouxee obuias wjes ,omnepaTopa®, 6bIIO
06513aHO B NEPBYI0 OdYepeAb HTalAbgHCKOH 1wxone — [TuHKepne w ocoGEeHHO
Boabteppa, — paboThl 9TOH UIKOJNBL MMENH OGBIYHO AOBONBHO (OpMalibHbIN Xapak-
TEP ¥ 3aHMMANKCh 32a4aMH YaCTHOTO THIIA, NPHYEM B HHX OTCYTCTBOBAN CKONbLKO-
Hu6yAb Cepbe3Hblil aHaliW3 JeXauMx B OCHOBE TONOJIOrMYECKHX NOHATHM.
B 1903 roay AnaMap MONOXWI Hayallo COBPEMEHHOH TEOPHH ,TONONOTHUECKOH*
ABOMCTBEHHOCTH, 3a/laBIINCDh 3afadeil pa3bickaHvs Hawfoiee o6uUKX HENPEPHBHHX
AvHEHHbIX () yHKUHOHANOB® Ha (HalelNeHHOM Tononorueil paBHOMEPHOH cxomu-
moctu) npocrpanctse (3 (/) Bcex HenpepbIBHHIX UMCIOBHIX PYHKUMIL HA KOMNAKT-
HOM wuHTEpBafe ] M OXapaKTEPH30BaB WX KaK NpPeJelbl NOCHefoBaTeIbHOCTEH

HHTErpalloB X —>» f &y, (¢) x () dt. C npyroii croponsl, B 1907 r. ¢pewe n P. Pucc
F .

RKOKa3aly, 4YTO HENpepbiBHBIE NHMHEiiHble (OpMBI Ha npocTpaHcTBe [ Manbepra —
3TO BReAcHHbIE [MAL6EPTOM ,orpaHHYeHHbIe dopmbl; daxee, B 1909 roay P. Pucc
npvgal TeopeMe AgaMapa OKOHYaTellbHYI0 (OPMY; BHIPA3WB Kax(Iell HernpepbiB-
HbI avMeliHblE (QYHKUMOHAaX Ha @(12 uHTerpatoM CrTuiaTheca, 4TO MOCHYKHIO
I03:Ke OTNpaBHHIM NYHKTOM COBPEMEHHON TeopuM wHTerpupoBanus (cM. Mcropu-
yeckull ouepk k xuwure VI, ra. 11 —V).

B crenyouweM roay cHoBa P. Pucc (IXa) cheman HOBbIH M BamHbIA mar
B TEOpMM BBEJEHHEM W H3yuYewHeM (no o6pasuy Teopuu mnpocTpancTsa I Hib-
6epra) npocrpaucte L? (/) ¢yHkunmil ¢ cymmupyemoil p-il ctenensio Ha HHTED-
pane / (mas mnoxasatenell p, yrosaersopmownx ycrosmio 1< p< - 00), npo-
JIOMXEHHHM TPH rofia cnycta (1XB) aHanoruyHod paboToii O NpPOCTPaHCTBAX
nocrenosarensHocTeil LP (N); 9TH uccaenoBanmsl, KaK Mbl NO3XKE YBHIWM, CRENAIH
OUEHbL MHOTO JJA BHIACHEHWs WAell ABOHCTBEHHOCTH TeM, 4YTO 31€Ch BIepBHe
BCTPETMIMCH [Ba MPOCTPAHCTBA B ABOMCTBEHHOCTH, MEXAY KOTOpbIMH HE G6HLIO
€CTEeCTBEHHOT O M30MOpdH3mMa *).

C storo momenta ®. Pucc pasMbliser 06 aKCHOMaTHYECKOM HCCIEJOBaHHH,
oxBaThiBalOLIEM BCe 9T pe3yanTaThl ( (IXa), cTp. 452); v MOXHO nonaraTh, 4YTO
JMIlb IGENETHILHOCTL AHAJWTHKA, 03200YEHHOTO TeM, YTOOH He CIMIIKOM yha-
AWTLCH OT KJNACCHUECKOH MaTeMaTuKH, yAepwala €ro OT HanwucaHHAa B Takoi
¢gopMe ero 3HameHuTOro Memyapa 1918 roma o Teopun Ppemronpma (IXr).
B npunuune on paccmarpusaer npoctpaHctso (/) Bcex HenpephIBHBIX (pyHK-
IMii Ha KOMNaKTHOM WHTEpBaie [; HO ONPEJEIMB B ITOM NPOCTPAHCTBE HOPMY
u 3ameruB, ut0 ((J), CHabxenHOe STOH HOPMOM, MONHO, OH HWIJE B CBOHX
RaNbHEHNX PaCCYXKACHHAX He NOAL3YETCd HWYEM, KPOME aKCHOM IONHBIX HOP-

*) Xora apofictsenHocTs mexay L' u L™ measno BcTpevaetca B GONbUIMH-
cTBE PabOT TOCO BPEMEHH, OTHOCALIMXCA K WHTErpaiy Jle6era, avwp B 1918 rony
[. llreitaray3som 6bLIO AoOKa3aHO, UTO Kawjas HEnpepbiBHas IHHeHHas popma wa

L1 (I) (nna xomeunoro mutepsaia I) MMeeT BUA X —» ff(t)x(t) dt,rae f ¢ L=().
I
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MUpOBaHHLIX mnpoctpaHcTB ¥). He Bxoma 3mecr B noapo6Hoe paccMOTpenve
970l paGoTH, YNOMAHEM, YTO MMEHHO B HeH Bnepebc onpeaenserca OGUIHM
06pa3omM TOHATHE BNOJHE HENPepLIBHOTO MWHEHHOrO OTO6paxkeHus (CBOHCTBOM
npeo6pa3oBHBaTh HEKOTOPYI0 OKPECTHOCTL B OTHOCHTENbHO KOMNAaKTHOE MHO-
XecTBO) ¥¥); ¥ — HUCTHIIHBIM LIEJEBPOM aKCHOMAaTHYECKOrO aHaiu3a — BCS TEOPHA
®penrossMa (B €e KaueCTBEHHOM acClleKTe) CBOAMTCS K ORHOH (yHIaMeHTalbHOH
TeopeMe, a HMEHHO, YTO KaxJoe JIOKalbHO KOMNAaKTHOE HOPMHPOBAaHHOE Npo-
CTPaHCTBO KOHEUHOME PHO. '

OGutee onpejelicHHE HOPMHMPOBaHHBIX NPOCTPAaHCTB 6blio gaHO B 1920 —
1922 rogax C. Banaxom, X. Xanom v 3. Xenau (npuyeM nocieiHuil paccMaTpH-
BaJ NIVlIb NMPOCTPAHCTBA MOCIEROBATENbHOCTEH BEelu[eCTBEHHBIX WIM KOMNJIEKCHBIX
gucex). B mocaesyioniee necaTwieTHe TeopHs 9THX NPOCTPAHCTB pa3BHBallach
raaBHBIM 06pa30M BOKDYT RBYX BONPOCOB, HMEIOMMX HyHAaMEHTAIbHYIO BaXKOCTh
JJIsi TIDMIOMEHMH: TeopuM JBOMCTBEHHOCTH H TEOpDEM, CBA3AHHHX C NOHATHEM
»kareropun“ Bspa.

Mebl BHAENH, uTO MEA ABOHCTBEHHOCTH (B TONOJOrHUYECKOM CMBICJE) BOCXORHT
K Hadaly ABajllaTOrO BeKa; OHa JEXWT B OCuoBe TeopuH ['mibGepra M 3aHHMaeT
HEHTpanbHOE MecTo B paGore ¢. Pucca. ITOT mocneauvii, manpumep, 3aMeTnl
B 1911 roxy ((IX6), ctp. 41—42), paccmarpusas npoctpancteo C (), uto coor-
sowenne |f(x)| << M| x| (npunaroe 3a onpeneAeHwe ,Or PAHMYEHHBIX" AvHEeH-~
HHX (QYHKUHMOHaNOB B NpocTpaHcTBEe 'ManL6epra) PaBHOCHIBHO HENpPEPLIBHOCTH f,
HOAb3YACH MDA 3TOM PacCyXAEHWEM COBEpIUEHHO o6iero xapaktepa. B cessu
C XapaxkTepH3auuell HenpepelBHEIX TuHEHHHIX QpynxunonanoB na (C ([) oH 3aMeTHS
TAKKE, U4TO YCIOBMEM IJS TOro, YTOGH MHOxectBo A 6mao nmorxo B C (1),
ABASETCA HecymecTsoBaHHe Ha [/ Huxaxoi Mepl Cruatbeca . 5= 0, kxoropas
6bina 6H ,OpPTOTOHaNbHA® KO BCEM QyHKuMAM H3 A (0606uMB STHM yCIOBHE
I'paMa 11 NOMHEIX OPTOHOPMAlbHBIX CHCTeM); HaKOHEl, OH YCTaHOBHIJ, B TOH e
pabore, uTO conpsixeHHOE K mnpocTpaHcTBy L™ ,60abiie* NpOCTPAHCTBA Mep
Cruarveca ((1X6), ctp. 62).

C npyroit cropoud, B paGotax o npocrpaucrsax L? (I) u L? (N) ¢. Puccy
yA2J0Ch BHIOH3MEHHTb METOR PpeIUEHHA JIWHEHHBIX CHCTEM B INPOCTPaHCTBE
Funp6epra, npepnowennsit 3. Llmugarom (VIII6), cpenas ero mpHMeHuMbIM
B Goaee obwrx cayuvasx. Maes 3. llImuara cocroana B onpeaeseHuH ,KCTpe-
MajgLHOro® pellieHHsd ypaBHeHwil (6) nyTem pasblCKaHusi TOUKM 3aMKHYTOrO MuHEH-
HOTO MHOrooGpasus, TpEACTaBAAEMOrO STMMM YPaBHEHWAMH, HaxoAsieics Ha

*) BripoueM, . Pucc ABHO yKa3elBa€T, YTO NPHUMEHEHHWE €O TEOPeM K He-
DPEPLIBHBIM QYHKUMAM fABASETCA 3JeCh JHINL ,TPOGHHIM KaMHEM® LM rOpa3no
6onee ob6mux kKonuenuuit ((IXr), crp. 71).

*£) B cBoux pa6oTax o mpoctpaHcTBax LP . Pucc onpepenai BIOJHE HE-
[pepbiBHBIE OTOGPaXEHHs, KaK OTOGpakeHHs, npeobpasyiolHe Kaxayio crabo
CXOAAIYIOCA MOCKEAOBATENLHOCTh B CHIBHO CXOnsulyiocd, 4TO (yuuThiBas Ccia-
6yi0 KOMTNAKTHOCTb eWHHWYHOro Wapa B npoctpadcteax L?, rae 1< p <+ o0)
PABHOCHJBLHO B 9TOM Clyyae AaHHOMY BBIILE ONpejeneHuio; kpome Toro, ¢. Pucc
yKasan, uTo A mpocTpanctBa L? ero onpesenenne (mepeBeleHHOE C A3bIKA
Iuueiinpix oTo6pakenuil Ha s3blK GuAMHEHHBIX (QOpM) PaBHOCHIBHO FHILOEPTOB-
ckomy ( (IXa), ctp. 487). '



HCTOPHUYECKHH OYEPK K IJIABAM I-V 327

MUHMMAJIBHOM PaccTOAHWM OT Hayana. Mcnoan3dys 1y xe mHiewo, P. Pucc nokassl-
BaeT, uTO ANA CywecTBoBaHus Qynkumu x € L? (a, b), yaosreTBopsioweH ypas-

HEHHAM
b

fa,-(t))c(t)dt:b,- (=12..), ©)

a

q 1 1
B KOTOpHIX QyHKimyu o; npuHazaewxat L9, rae ;+? = 1, ¥, Kpome TOro, ycio-
b
BHIO flx(t) 12 dt < MP, Heo6X0AHMO W JOCTAaTOYHO, YTOGH A m0GOH Kowed-
a
HOH TOCJeROBaTedbHOCTH (A; )1<z<n BEI{ECTBEHHLIX UWCEN BHINOAUAAOCL He-

pPaBeHCTBO
1

n by n U4 7
2 Mo | <M f EAM ®| at) . (10)
t=1 a i=1

B 1911 roxy (IX6) ou paccMaTpuBa€T 2HaJOrMYHBIM 0GPa3oM ,0006IEHHYIO
ApO6IEeMY MOMEHTOB*, 3aKJIOYAIOULYIOCA B TOM, YTOGB PEIIWTb CHCTEMY

b
fa,-(t)de(t)=b,- (=12 ..., 1)

a

Tie o; HENpephsBHH, a HeW3BEeCTHOH sABaferca Mepa Cruatbeca §*); u 3xech
AICHO BHWIHO, 4TO 3Ty npoGlieMy MOXHO cQOpMyAHpOBaTb KaK NpobiaeMy onpe-
Ieneuvisl HENpephLBHOro nMueinoro ¢ynkumoHana Ha (/) 10 ero 3HaueHHAM
Ha 3aJaHHOH nOCJICAOBATEIbHOCTH TOYEK 9TOTO NpocTpancTsBa. B takoi ¢opme
Xeanv H paccmarpuBanl 3Ty npobaemy B 1912 roxy — noayums ycnosua &, Pucca
METONOM, NOBOIbHO CHIbLHO OTIHYAOLIHMCA OT PHCCOBCKOTO W O6Iafaiol[uM
Goxee IWMPOKOH O6JIACTBIO NMPHMEHMMOCTH ¥¥), — W BepHYyICS K Heill, npH ropasio

*) Knaccuueckas ,npo6ieMa MOMEHTOB* OTBEYaeT TOMY Clyuaio, KOTAa
uHtepBaa Ja, 8] ects 10, +oo] wmim }—oo, +oo|, a a;(f) =125 xpome TOrO,
OT Mepnl § TpebyeTca ewe NONOXHTEAbHOCTL (B cBoeM Memyape 1911 roaa
$. Pucc ykasbiBaeT, Xak JOMKWUH ObITh BHIOM3IMEHEHBl €ro o6UIHE yCAOBMA TPH
paspicKaHuu pewernH 3Toro THna). Cpean pa3AWyMBIX METOROB pEIISHMA KJac-
CHYECKOH mpoGieMbl MOMEHTOB cleayer ocobo orMmeTuTs Metox M. Prcca,
H3AIHO COEAHHUBLUErO O6LHE HACH (YHKIHOHAJILHOIO aHajuM3a H TeOpuH QyHKuwil
KOMITIEKCHOTO NEPEMEHHOro AJA MOJyYeHWs SBHBIX YCIOBHH, KOTOPHIM HOJKHHI
YAOBIETBOPATH b, (Sur le probleme de moments, 3., Ark. for Math., 1. XVII
(1922—1923), n° 16 52 c1p.).

**) Kax u &. Pucc ((IX6), ctp. 49—50), Xennv vcnoan3yer B 9TOM HOKa-
3aTelXbCTBE ,NPHHUMN BHIOOpa“, T. €., Pa3yMeeTcsd, He 4TO WHOE, KaK Clrabyio
KOMNaKTHOCTb E€JHHWYHOI'O Iapa B NPOCTPAaHCTBE MEp C'mmbeca; $. Pucc

TIOJb30BaliCA aHAaNOTHYHHIM CBOHCTBOM Takxe B mpocrpancteax LP (1< p <+ o).
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6onee obmmux ycnosuax, B 1921 roay. Beeas, xak Mb yX€ BHINE YKa3HBalH,
TIOHATHE HOPMbl (Ma TPOCTPaHCTBE NOCHEJOBAaTENbHOCTEH), OH 3aMETHl, YTO 3TO
NIOHATHE 06o0IaeT NoMATHE ,KalnbpPOBOYHON QYHKUMH® BRINYKIOrO TE€Na B n-Mep-
HOM IIDOCTPAHCTBE, HCNOAb30BaHHOE MHMHKOBCKMM B €ro 3HaMEHHThIX paborax
no ,reomerpun unces® (IV). B stux pa6orax MHHKOBCKwMil ONPEAENMI TaKxe
(8 R™) noHaTHsA OMOpPHON rvnepPnaOCKOCTH ¥ ,0nopHoH ¢ynxuwn® (1V6) u nokasan
CYL[ECTBOBAaHHE OMOPHOH TIMNEPNIOCKOCTH B KaXAOH rpaHHYHOH TOYKE BHINYK-
aoro texa ((IVa), ctp. 33—35). Xeanm pacnpocTpaHui STH NOHATHA Ha NpPO-
CTPaHCTBO ToOchefoBaTesibHOCTEH E, cHaGxeHHOe NPOM3BOALHOH HOpPMOH; oH
ycTanOBHA fBOWCTBEHHOCTH Mexay E w npocrpanctBom E’ nocaenosatenbHocTed
u = (1) Takux, uTO PR (Z,Xy) CXOAWICA A KaxAoro x = (xp)€ E x He-
KOTOpO# CyMMe, KOTOpyio Mbl o0o3HauuM {u, x); OH onpeiemns B E’ HopMmy
tdopmyno#t sup Ka x|
z£0 lxll .
Gywkumo *). Pewenwe B £ cuctemsl (6), rae Kaxjas u3 NoCHenoBaTelbHOCTeH
u4; = (a;5);-, , npeanonaraerci npwHamnewauei E’, cBOZMTCA, KaK NMOKa3biBaeT
Toraa XemnH, K MOCKENOBaTENbHOMY DEUIEHHIO CIEAyIOUHX ABYX 3anau: 1° Haditu
HenpepsiBHYIO AMHEHHYI0 (opMy L Ha HOpMHMPOBaHHOM npocTpaHcTse E' Takyio,
uro L (u;)="5; Ans Kaxaoro HoMepa [, 4TO, KaK OH YyKa3biBa€T, IPMBOAWMT
K ycnosusim Tina (10); 2° ycTaHOBWTb, MOXET &M Takasl AHHeiHHas ¢opMa OHTH
npeAcTaBleHa B BHURE & -> (4, X) C HEKOTOPHM X € E. Xennn 3aMedaer, u4To 3Ta
nocienHas 3ajada He oOA3aTeNbHO HMEET INONOXKHTENbHOE PpEleHue, Rawe
Korpa L CyllecTBYeT, W OrPaWHYMBAETCs YKA3aHMEM HECKONIbKMX JOCTaTOUHBIX
yCIOBMH, BIEKYU[MX CYIIECTBOBaHWE peuleHHa X € E B HeKOTOpbIX YacTHBIX
cnyvasx (X).
dtu Haeu npuobpear CBOIO OKOHuaTeabuywo Qopmy B 1927 romy B ¢yuaa-
MeutanbHOM MeMyape X. Xana (XI), pesayabraThl KoTOpOro 6bl1vM 3aHOBO MONY-
yeHbl (He3aBMCMMbIM 06pasom) C. Banaxom aBymsa rogamu noswe (XI16). Merton
Munkosckoro — Xennn npuMeHsetcss XaHOM K TNPOH3BONLHOMY HODMHPOBAWHOMY
NPOCTPAHCTBY W ONpEejeNsdeT TEM CaMbiM B CONDPMKEHHOM NPOCTPAHCTBE CTPYK-
TYpy (MOMHOr0o) HOPMMPOBAHHOrO TNPOCTPANCTBA; 3TO Cpa3y no3poaneT XaHy
paccMaTpHBaTh NOCHEAOBaTEIbHEE CONPSMEHHHE K HOPMMPOBAHHOMY IPOCTPaH-
CTBY H TOCTaBHMTb B O6u[eM BHIe npobieMy pedaeKCHBHHX TNpOCTPaHCTB, JIHILDb
3atponytyio Xeaan. Ho riasHoe — 3TO yTO KanmuradbHas npo6iemMa NpoROAMEHHSs
HEeNpCPLIBHOTO AHHEHHOro (yHKIMOHalla C COXPaHEHWEM €ro HOPMbl Ghifa OKOH-
4aTeNbHO peiteHa XaHOM COBEPUICHHO 06unM 06pa3oM, C MOMOU(bIO TPaHCHHHHT-
HOH HMHRLYKUMH TNO YHCIY H3MEepeHHH, YeM GblJ JaH OXWH H3 NEepBHIX NPHMEPOB
BaX(HOI'O NPHMEHEHWA aKCHOMbI BHI6Opa K ¢ YHKUHOHAJALHOMY aHamuzy **). K aTrm
pesynntaTaM bDawax npHCOeRVHHI OCHOBONONAraiollee WCCAeLOBaHHe CBA3eH

, daiowefl B KOHEUHOMEpPHBIX TPOCTPAHCTBAaX OMNOPHYIO

*) Jua Toro uT06bl NOJYUMTH TaK HOPMY, CAEAYET HPENNONONKWTH, UTO
ecnn (u, x)=0 nana Bcex x€£E, To a=0, uro, Bnpouem, XellH SBHO M
OTMEYacT.

**) Banax ye NpoBell aHaloOTM4Hoe paccyxienve B 1923 . roay ans ompe-
ReNCHHA WHBADHAHTHOI Mephl Ha NJIOCKOCTY (OmpefeneHHOH AJs 8cex OrpaHu-
YeHHBIX MHOWecTn) (XIla).
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MEX1y HeNnpepHiBHBIM JHHEHHHM OTOOpPaXXEHHWEM H ero CONPAKEHHHM, pacnpo-
CTpaHHB Ha OO6LME HOPMHDOBAHHBIE NPOCTPAHCTBA PE3yJAbTaThi, H3BECTHHIE RO
storo ammsp Aas npoctpancts LP (1Xa), ¢ nmoMowpsio BechbMa riy60Koil TeopeMbl
0 Cla60 3aMKHYTBHIX MHOXECTBaX B CONPAXEHHOM npocTpancTBe (cM. ra~IV, § 2,
TeopeMa 5); BNpOUEM, STH DE3yAbTaTH BhIpawawTca B Gonee sipkoii dopme npH
HCNONb30BAHHH TNOHATHA (PaKTOPNPOCTPaHCTBAa HOPMHPOBAHHOI'O TNPOCTPAHCTBA,
BBEAEHHOTO HECKOJAbKMMH rojaMH nosxe XaycmoppoM u camum Banaxom.
Haxoneu, cvosa Banax OTKpHLL CBA3b MEXAY €l1a60H KOMNAaKTHOCTHIO €ANHWIHOrO
mapa (Kak OHIO yKa3aHO BHIIE, OTMEYCHHOH BO MHOTHX YaCTHHIX Ciaydadax)
u pedIeKCMBHOCTHIO, MO KpaiiHel Mepe s npoctpaHCTB cyeTHoro Tuna ( (XIIB),
ctp, 189). C storo MoMeHTa TeopHs ABOHCTBEHHOCTH HOPMHPOBAHHBIX MPOCTPAHCTB
MOMET CUMTaTbCA B CBOHX OCHOBHBIX Y€pTax onpeleauBlueiics.

K ToMy e BpeMeHH NONYUHIN pa3bACHEHHE TaKXe TEOPEMbl NapajOKCalb-
HOTO XapaKTepa, NepBbIE NPHMEPH KOTOPHIX BOCXOAAT NpHOGau3HTeabHO K 1910 rony.
A wmenro, Xeanwnrep u Tennwy no Cyuectsy JoKa3alH B yKa3aHHOM roay,
YTO MOCHEAOBaTENbHOCTh OrpaHWYEHHbIX OHAHHeHHbIX dopM B, (x, y) B npo-
cTpanctBe [wabbepra, 3HaueHHs KoTopeix B, (a,b) naa xawpod 3anaHHOWM
napsl (@, 6) orpaHWueHH CBEPXy (UMCIOM, anpHOPH 3aBHCALIMAM OT @ ¥ b), Ha caMoM
Jele PABHOMEPHO OZPAHUYEHHA Wa KaxAoMm mwape. Mx pokasaTelbcTBO BEXIOCH
OT MPOTHBHOrO M COCTOAJNO B MNOCTPOEHMH napsl (&, b), B KoTopo#i Hapyuiaercs
NPeINONOXEHHe, NOCPEACTBOM DPEKYPPEHTHOrO METOA4, H3BECTHOrO C TeX Nop
NOA HaHMEHOBAaHHMEM ,METOJA CKOIb3allero ropba“ ¥ oOKasaBuieroca Mo-
RE3HHM €Ile B pAje aHalorMuyHbelx BONpPOcoB (cM. ra. 1V, § 5, ynpaxuenve 4).
Bripouem, B 1905 roay Jle6er Hcmonab3oBall aHalOrM4HbIA mnpweM Ais JoKa3a-
TEIbLCTBA CYLU[ECTBOBaHWA HenpepbiBHeIX (yHKuuH, panx Pypbe KOTOpbIX B He-
KOTOPHIX TOYKaX pacXOAHTCHA, H B TOM e roay, yro Xeaavdrep u Tenawu, oH
HCIIONb30BaJd TOT KE METOR AMs JHOKa3aTCAbCTBA TOTO, YTO crabo cxojaulascs
nociesoBaTeNbHOCTs B L1 orpanvueHHa ng HopMe ¥). KoxvyecTBO 3THX npHMepoB.
B TIOCHEAYIOU(HE TOJBl YMHOXWIOCH, HO 06€3 BBejieHHs HOBbIX wjaeH, noka
B 1927 roay Banax wu Ulreitnrays (otuactv B cotpyaHudectse ¢ C. Cakcom)
He CcBsj3aQ¥ 3TH sABIEHWS C TIOHATHEM MHowecTBa Il KaTeropum wu TeopeMoH
Pspa AJas NOXHBIX METPWYECKHX INPOCTPAHCTB, TOLYYMB obulee TpeNTONEHHE,
oxBaTHBllee Bce MnpejwectBoBasune yactabie cayuau (XII). [Mpu stom wmsyue-
HWE BONPOCOB ,KAaTeropHv* B NOJHBIX HOPMHPOBaHHHIX NMPOCTPaHCTBaX NpPHBENO
Banaxa B TOT #€ NEpHOA K MHOTOUHCIEHHLIM JPYIHM Pe3yibTaTaM OTHOCHTEIbHO:
HenpephBHBIX JMHHeilHbIX oTofpaxceHni, M3 KOTOpHX HawGodee 3amevaTenbHOH
H, HecOMIIeHHO, Hawbonee ray6oKo#i fBMIach TeopeMa O ,3aMKHYTOM rpajuke®,.
oKa3zaBllasacA, KaK W Teopema Danaxa— llIteiiHraysa, nepBOKIaCCHBM OpYAHEM
COBpeMeHnoro QyHxnuoHaibHoro anannsa (X116).

¥) OTMEeTHM TaKxe aHajoruunyio (6onee npocTyi) TeopeMy, AOKa3aHHYIO
Jangay B 1907 roay v nocayxmsinyio Aan P. Pucca OTHPaBHbLIM NyHKTOM €ro

Teopuu mpocTpaHcTB LP: eciv pAx ¢ OGlUMM UJIENOM #pXy CXOLMTCH A moGoit
noclie10BaTenbHOCTH (Xxy) € LP(N), TO mocresoBaTelbHOCTh (#,) TPWHAAIEWHUT

1 1
LI(N), rae -4+ —=1.
(N, r p-l—q
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Ony6aukoBanve MoHorpaguu Banaxa ,Teopus anueitnnix onepaumii® (XIIB)
‘03HaMEHOBalO, €CNM TaK MOXHO CKa3aTb, HAaCTYNJCHHE 3PENOCTH TEOPHUH HOPMH-
poBaHHHX mpocTpaHcTB. B 3TON KkHuWre M3IOXeHb Bce pPe3ynbTaTH, O KOTOPbIX
MBI FOBODHIM, DaBHO KaK M MHOrME ApPYrue, NpaBia HECKONLKO 6eCrOopsALOYHO,
HO B CONPOBOXIACHHY MHOTOYHCIEHHBIX SAPKHMX IDHMEDOB, B3ATHIX M3 PasiiMUHBIX
06nacTell aHanyM3a W, NO-BUIHMOMY, PEABEIIAaBUIMX TEOpHH GrecTamee Gynyuiee.
DleiicTBUTENBHO, 3TO COUMHEHHE MMEAO 3aMeuaTeNbHbH ycrex W OXHHM H3 HaW6o-
Jée HEeNOCPEACTBEHHHIX NOCKEACTBUH €ro TNOABJIEHMA 6LII0 NOYTH BCeobulee
ycBoenve sdA3biKa W o0603nayeHuif, ucnoab3oBaHHbx DBanaxom. Ho wuecmorps
Ha 6OIBLIOE YHCNO NPEANPHHATHX nocxae 20-X rofoB WCCHef0BaHuH N0 NpPOCTPaH-
ctBaM Banaxa, B OCTaBIEHHBIX WM OTKPBLITHIMH NpPOGJeMax HE 6bLIO JOCTHTHYTO
<YLIECTBEHHOTO nporpecca; ¢ APYrod CTOPOHBL, — €CIM WCKIAIUATH TEOPHIO
62aHaXOBCKHX aqre6p M ee TNpUMEHEHWs K rapMOHWUECKOMY aHaHH3Y, — NOUTH
NOJHOE OTCYTCTBME HOBHX NpPHMEHEHWH TeopHH K 6oiabliwM npoGiemaM Kaac-
CAYECKOr0 aHalli3a HECKOJbKO OXAaJMAO BO3AaraBLIHECS Ha Hee HaJeAbL

Bonee nnoxorBopHbIM, noxalnyH, 6bAO DPa3BUTHE B CTOPOHY PaCHIMPEHWs
#  GoNe€ TUATENLHOTO AaKCHOMATHYECKOTO aHWalH3a KOHLENUHH, CBsS3aHHBIX
€ HODMMPOBAHHBIMM [IDOCTPAHCTBaMH. XOTA (YHKIUHMOHaAbHbIE [POCTPaHCTBA,
BCTpEYaBUIWECs C Hayala JABaJuaTtoro BeKa, GHIH B cBoeM OOAbLIMHCTBE CHal-
JKEHBl ,ECTECTBEHHOH® HODMOHM, HE MpOIWAH HE3aMEUYEHHBHIMM M HEKOTOpHE
uckmouenns. Okoxo 1910 roga 3. Myp nMpeARoxui 0606UIMTh MOHATHE PaBHO-
MEPHOH CXOAMMOCTH, 3aMEHMB €ro MNOHATHEM ,OTHOCHTEAbHOH paBHOMEpHOMH
CXO1MMOCTH®, NP KOTOPOH OKPECTHOCTb HyAs 06pa3oBaHa GyHKUMAMY f, yROBAE-
TBOPAIIUMMH HepaBeHCTBY |f (f) | < &g (f), TAe g — dyHKuHA, KoTOpas Bciody >0
M MOXET MEHATLCH BMECTe C OKpecTHOCThI0. C npyroit cTopossl, yxe xo 1930 rona
GO 3aMEUEHO, YTO TaKHE NOHATHA, KaK NpPOCTas CXOAMMOCTb, CXOLMMOCTD
MO MEpe ANA H3MEPHUMbIX (YHKUMH WIM KOMNAaKTHaA CXOAMMOCTb HJA UEARX
$ynaxuud, HEe TNORAAOTCA ONPENEICHHI0O TOCPEACTBOM HOpME; a B 1926 romy
$pewie ycTaHOBHA, YTO BEKTOPHbHIE NPOCTPaHCTBA 3TOr0 THNA MOLYT OHITh
METPU3YEMBIMH ¥ noXHbiMu. Ho Teopua 3Trx 60aee O6GLIMX NPOCTPaHCTB MOria
TIOAOTBOPHO pa3BMBaTLCH AHILL B COCAMHEHWH C WAeeH BBINYKIOCTH. ITY
TIOCHEAHION HACK (KaK Mbl BHAEHM, BCTpeyaBliywcs yxe y Xennn) Banax u ero
YUEHHKH CIelnanu O6beKTOM HCCIENOBaHHH, YCMOTDEB BO3MOXHOCTL 6oJee Teo-
METPHYECKH HCTOJKOBHIBATH TaK MHOTrOYHCAEHHBIC NPERJOXEHMS TEOPHH HODMH-
POBAHHBIX TNPOCTPaHCTB H TNOATOTOBMB JOPOTY OGLIEMY ONpPEeAENCHHIO JTOKalbHO
BHIYKAHX NPOCTPaHCTB, AamHomy M. ¢oum Helimannwom B 1935 rony. Teopus.
3THX TPOCTPAHCTB H OCOGEHHO BONPOCOB, KaCalOUHXCA ABOHCTBEHHOCTH, f0Ay-
Yuiia Pa3BMTHE TIABHBIM 06pa3oM B TEUEHHE NOCACHIHEro ACCATHIETHA, H B 9TOH
KHWI€ MBI M3JIOXXWIHM OCHOBHBIE PE3yAbTaThl 9THX HCCIEAOBaHMH. B cBA3n Cc aTuM
CIeAyeT OTMETHMTb, C OfHOH CTOPOHH, NPOrpecc B NPOCTOTE H OGLIHOCTH, CAESAaB-
UIMACA BO3MOXHBIM 6rarojilaps NPHBEJAECHHIO B NOAHYIO ACHOCTb (YHAAMEHUTaALHUBIX
NoHATHI obuwiell Tonoxoruy, gocturHyToMy Meway- 1930 m 1940 romamu; ¢ npyroit
CTOPOHH, BaXXHOCTb, KOTOPYIO TNPHOGDENO MOHATHE OrpPaHHYEHHOrO MHOXECTBa,
BBegeHHoe KonmoropossiM W ¢oH Heiimannom B 1935 roAy v yHaaMeHTalbHas
poXL KOTOporo Owlia BeiAcHeHa paboramum Maxku (X1V). Hakoneu, u riaBHbIM
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06pa3oM, HECOMHEHHO, YTO OCHOBHBLIM HMIIYJAbCOM, MOTHBHPOBABIUHM STH HCCae-
IOBaHUsA, MOCAYKHAH HOBHE BO3MOXHOCTH NPHAOMEHHs K aHaAH3y B 06AacTAX,
rae teopus baHaxa oka3anach HeLeilCTBEHHOl; B 9TOH CBA3H CAedyeT YNOMAHYTDL
TEOPHI0 TNPOCTPAHCTB MNOCAEROBaTeNbHOCTEl, pa3BHTyl0 Kéte, Temauuom u Hx
yueHukaMH B pAke Mmemyapos nocae 1934 roma (XV), HenaBHee mnpHIaHHe
COBEDIIEHHOH (OpMB TEOPHH ,aHAJAHTHYECKHX (YHKIHOHaA0B* PaHTanbe H
ocobenso TeopHwo pacnpeienennit JI. lllsapua (XVI), B xotopoit cospemennas
TEOpHA JOKaAbHO BHIMYKJALIX MPOCTPAHCTB Haillja Moje NPHMEHEHHH, HECOMHEHHO,
£lle KaJeKoe OT HCYepnaHH:.
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CBOJKA PE3YJIbTATOB

Beerenue

Pesyabtatel, cdopmyaupoBaHHbHE B 3TOM CBOAKe, CrpPYNNUPOBAHHI
BOKPYT (YHAAMEHTAIbHBIX NOHATHA TEOPHH TONMOJOTHYECKHX BEKTOPHHX
npoctpaucTB. Hekotophie q)opmynupyimcu HeCKOJIbKO Pa3; KpoMe T0ro,
HEPEAKO CAyydeTCs, YTO Kakoe-HMOYAb MOHATHe YNOMHHAaeTcs B Napa-
rpade, nperulecTBYOILEM TOMY, Tle OHO ONpeleseHO; TePMHUHOJOFHUYE-
cku#t ykasaredb, MOMelleHHH B KOHIE KHUFH, COTEPXUT TOYHYIO CCHIIKY
Ha TO MeCTO 3TOH CBOAKH, TILe JaHO ero omnpepeeHue. [ToHstHa U pe-
syabtatel KHMT [—IV, 'ucroib3oBaHHHIE B KHHMre V, NpeAmoaramTcs
H3BECTHHIMH *).

CooTBeTCTBeHHO CBOEGMY XapaKTepy 9Ta CBOAKA He COZEPKHT HHKa-
KMX JOKa3aTeJbCTB C(QOPMYJIHPOBAHHHIX B Hell pe3yabTaToB; Haubojee
TPYAHBE TEOpeMBl CONPOBOXKIEHH CCHUIKOH HA MeCTO KHUTH, TAe Haxo-
LUTCSE J0KAa3aTeabCTBO.

§ 1. TonoaornueckHe BEKTOpPHHE MPOCTPAHCTBA;
OKpeCTHOCTH, NMOJYHOPMBI, OrpaHHUYEHHBIE MHOXECTBA

[Mon sexmopuwm npocmpancmsom BCOLY B 3TOH CBOJKe MNOHM-
MaeTCsi BeKTOpPHOEe NPOCTPAHCTBO, TeNOM CKaJsIpOB KOTOPOTO CJAYXKHT
Teso R Bcex BellleCTBeHHMX 4YHcend uau TeA0 C BCeX KOMIIEKCHHX
yuced. Ecau B dopmympoBke KaxOFo-AH60 YTBepXKAEHHS TeJO CKaif-
pOB SIBHO He YHOMSHYTO, TO MOAPa3yMeBaeTcs, YTO 3TO yTBepXKACHUE
CNpaBeNUBO KaK B TOM CjAyuae, KOFIa TeJOM CKaidpoB cayxut R, Tax
H B TOM CiyYae, KOFIa TesOM CKaaapoB cayxut C.

Tonoaozu4eckue BeKmoproie npocmMpancmsa

1. Bewecmesennviss (COOTB. KOMNACKCHOIM) MONOAOUYECKUM BeK-
MOPHHLM NPOCMPAHCMEOM HA3LIBAETCS MHOXeCTBO E, lajle/ieHHOe CTPyK-
Typo#t BekTOpHOro mpocrpanctsa Haa R (coors. C) H TOMOXOFHel, CO-

raacywouleics co cTPYKTypoR aiiuTUBHOR rpynnkl B £ U yrosaeTBopsiouieh,
KpoMe TOro, cleaywoulet akcuome:

*) Cm. Tpusoxenus I u 1I. —ITpun. nepes.
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(EVT) Omob6pascenue (), x)—>Ax npoussedenus R X E (coors.
C X E) 8 E nenpepoigro.

Torpa mbl FOBOPDMM, YTO CTPYKTYpa BeKTOPDHOro0 NMpOCTpPaHCTBa B E
W TOMOJOTHYECKAs CTPYKTYPa CO22aCYIOMCSA.

Ecmu E — KOMIIEKCHOe TOMOJOFHYECKOe BeKTOPHOE MPOCTPAHCTBO,
7O OrpaHHyeHHe Teja CKaasipoB TefoM R mpeBpauiaer E B BelllecTBen~
HOE TOMOJOrHYECKOE BEKTOPHOE NpPOCTPAHCTBO E,, uMeHyeMoe 6a3ucHsim
nas npocrpaHcTBa E. _

2. Kaxpoe orzenumoe TOMOJOFHYECKOE BeKTOPDHOE MPOCTPAHCTBO
xoHeyHo#t pasMepHocTH r Hax R (coore. C) usomopdHO npousseneHuio
R"™ (coorn. C™) (rn. 1, § 2, teopema 2). Kaxnoe oraesumoe Tonosoru-
YeCKoe BEKTOPHOE MPOCTPAHCTBO, B KOTOPOM CYLIeCTBYeT MPelXOMNAKT-
Hasg OKPeCTHOCTb HyJs, koHewHoMepHo (rA. I, § 2, Teopema 3).

3. MHOXecTBO A B BeKTOPHOM NpOCTPaHCTBe E HA3HIBAETCH YPABHO-
geuwennsim, ecin MAc A pas kaxzoro h ¢ M| < 1. Vpaswosewennoi
060.40%K0ii NPOU3BOJIbHOrO MHOXecTBa A u3 E HasniBaetcd HauMeHbuiee
YPaBHOBelleHHOE MHOXECTBO, colepxaulee A: 3T0 — o6beqUHEHHe BCEX
M ¢ |A| < 1. B oraeiuMoM TONOJOTHYeCKOM BEKTOPHOM NpPOCTPAHCTBE
ypaBHOBeuleHHass 060/J04Ka KOMMAKTHONO MHOXeCTBAa KOMIAKTHA.

MHoxectBo A B BeKTOpHOM IpoCTpaHCTBe E nozioujaem mHoOxXe-
crBo B, ecau cyuwecrsyer a >0 rakoe, uro AA>B nuas Bcex X\

[A| > o, MHOXecTBO A B E HA3LIBAETCA MOAOU4QIOU UM, €CIH OHO
MOr/oIaeT KaXAyl0 Touky 3 E, B TOMOAOrMYECKOM BEKTOPHOM PO~
CTPAHCTBE OKPECTHOCTb HY/Ad— MOrJOLLAOlee MHOXECTBO; B JOKaJAbHO
BBIMYK/IOM NMPOCTPAaHCTBe GOYKa — MONIOLIAIONIee MHOXECTBO,

4. B Tonmosoru4eckoM BeKTOPHOM IPOCTPAHCTBe CyliecTByeT (yHia-
MeHTa/bHas cHCTeMa & 3aMKHYTHIX OKPeCTHOCTeR HyJad Takad, 4YTo:

(EV)) Kaocdoe V € @ —ypasnosewennoe u noziouaiouee.

(EV,)) © unsapuanmuo omuocumesvno scex zomomemuii ¢ Heny.ie-
8blM KO3hhunienmon.

(EVy) dan rascdozo VES cywecmsyem WES marxoe, umo
WV4+WcV. :

O6parno, kaxapft 6asuc ¢uabtpa & B BEKTOpHOM mpocTpancTee E,
oGranaouu#t ceoicrsamu (EV)) u (EVy,), oanosnauno ompeneaser B E
CTPYKTYPY TOMOJIOTHYECKOTO BEKTOPHOrO MPOCTPAHCTBA, HMEHULYIO G
(yHIAMEHTAILHOH CHCTEMOR OXPeCTHOCTeH Hyas. '

Has voro urobe E ObI0 OTHENHMBIM, HeOGXOIHMO H XOCTATOYHO,
yToGHl NMepeceveHHe BceX MHOXecTB M3 & npHBoAMAOCH K 3iementy 0.
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5. Taxk Kak B TOMOJOTMYeCKOM BEKTOPHOM NpoOCTpaHcTBe E TOMOJO-
rusi COrJacyercs CO CTPYKTypo# rpymmel, To oua onpexefser B E pasxo-

MepHyI0 cTpyKTypy. IlycTh E orRenumo u E —ero nomoauenne; oto6pa-
weume (A, x)— Ax npousBegerns R XE (coors. C X E) s E mponoa-
XaeTcsl MO HEeNPepHBHOCTH 10 OuanHe#tnoro otobpamenns R X E (cooTs.

C ><E:') B E; Tem cambiM £ mapensercs CTPYKTYPOH# TOMNOJOFHYECKOTO
BEKTOpHOro mpocrpaHcTBa Hax R (coorB. C) u HasbIBaeTCs NONOAHEHUEM
TOMOJIOTHYECKOr0 BEKTOPHOro mpocrpancraa E.

6. Ilas Toro utobbl TOMOJOTHYECKOE BEKTOPHOE HPOCTPAHCTBO OBLIO
MeTpH3yeMBIM, Heo6XOJMMO M JOCTaTOYHO, uTOOH OHO OblIO OTAENHMO
u o6napano cyeTHOR (yHIAMEHTAJbHON CHCTeMOR OKpecTHOCTEH Hy.as.

JIOKQABRO BbIRYKABIE NPOCMPARCMEA

7. Tonoaoruyeckoe BEKTOPHOE MPOCTPAHCTBO E Ha3bIBAETCH AOKAALHO -
BHNYKABLM, eCH OHO obGJanaeT (yHIAMEHTANBHOH CHCTEMOR OKpPecTHO-
crefi HyAs, Kaxaas 43 KOTOpbIX BHOykaa. Torza cywecTsyer ¢yHua-
MeHTanbHas cucTeMa S OKpecTHOCTeH# Hyas, 00pasoBaHHAs SAMKHYTHIMH
MOrJMOWIAIOUINMH ypaBHOBEIIeHHBIMU BBHIMYKABIMH MHOXecTBamu. Ecan E
MeTpu3yeMo, To & MOXHO MPeANoAararb CyeTHOH,

O6parno, ecan ©-—6asuc ¢GuabTpa B BeKTOPHOM INpocrpaHcTBe E,
MHBAPUAHTHHI OTHOCHTENbHO BCEX TOMOTETHH C HeHy/leBHIMH Ko3dduULM-
eHTaMu H 06pasoBaHHBIfA M3 MOrJOUIAIOMIKX YPABHOBEMIEHHHX BBLIMYKJbIX
MHOXeCTB, T0 B E CyiecTByeT ONHOSHAUHO OMpejefeHHas TOMOJNOFHS,
COrNacyomascs cO CTPYKTypoH BEKTOPHOro MPOCTPAHCTBA M HMMEOLIasd
@ q)yHnameHTaanoﬁ CUCTEMOH OKPECTHOCTe#t HyJ/s; HaleleHHOe 3TOH
tonosoruel, E JOKaAbHO BHIMYK.O.

8. IoayHopmoii Ha BeKTOpHOM mNpocTpaHcTBe E HasblBaeTcss Kax-
nasi unciaosas dyuxuus p>0 Ha E, yRoBJeTBOPAIWAA CAEAYIOLIUM
YCJIOBHAM: )

(SNp p(x)=|\]p(x)

SNpPpx+N<L<prE+pW).

Ecau, xpome Toro, p(x)==0 muwe npu x =20, To p HasHBaeTCa HOp-
Mol na E.

MuoxectBo I' noayuwopMm Ha E HA3HIBAETCA uAbmMpPYOWUMCE, €Clu
aas moGbix 18yX noayHopM p, €T u p, €T cywectsyior nonynopmag €T
M uucaa a, >0, a, > 0 rakue, uto py<{a,q U Py < Gag.

Iycrb I'— HekoTOpOe MHOXeCTBO MonyHopm Ha E, & — muoxecTso
BCeX MOAMHOXeCTB U3 E, ompejpeasieMbIX HepaBeHCTBaMH BMaa p(x) <A,
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ree pET u A >0, 1 S —MHOXeCTBO mepeceyeHHH BCEBO3MOXKHHX KO-
HeynblX HaGopos MmHOxectB u3 &. B E cyulecTByer 0JHO3Ha4HO OMNpe-
JeleHHasd TOMOJOTHA, COTJACYOIIAACT €O CTPYKTYPOH BeKTOPHOTO mpo-
crpancTBa  uMmewas & GynnaMeHTalbHOR CHCTEMOR OKpeCTHOCTER HYJAs.
Oua HaselBaeTCs TOMOJOrHEH, onpedeasemold Muoxczcmsom T' noay-
HODM.

Kaxpas Tonoaorus, onpeleiseMas HEKOTOPHIM MHOXECTBOM MOJAYHOPM,
JIOKAAbHO BBIMYKJA. OOpaTHO, KaXAas JOKAAbHO BHUIYKJAs TOMOJMOrHUA
MOXeT OHTb onpeje/eHa HEKOTOPBIM MHOXECTBOM INOJNYHOPM, Hanpumep
MHOXeCTBOM BCeX HeNMpepbIBHBIX MOJYHOPM.

9. Ilycte E— NOKANbHO BHIIYKJOe MPOCTPAHCTBO, TOMOJOrHS KOTO-
poro ompeneieHa cemeitctsom I' nmoayuwopm. [as toro urobm E Gniao
OTHAEJAUMBIM, HEOOXOAUMO H AOCTATOYHO, YTOOH OTHOWeHUE ,p (x) =0 nas
Bcex pET“ Baexnao x==0, PapHomepHas crpykrypa B E onpexnensercs
cemMecTBOM OTKJAOHEHHR p(x —y) (p €T); noaynopmel p € T pasHOMEPHO
HenpepeiBHB; ecau E oTaenumo, TO OHHM NMPOAOMKAIOTCH MO HeNpephiB-

A

HOCTH JO TMOJyHOpM Ha nomoiHenud E mpocrtpaiictea E, omnpelefsioumux

Tonosoruio B E.

Ias Toro 4To6Bl JOKAJBHO BHIYKJOE MPOCTPaHCTBO E OBLIO MerpH-
3yeMbiM, HEOGXONHMO H JOCTATOYHO, YTOOH €r0 TOMOMOTHIO MOXHO OLLIO
OMpejieMTh CYETHHIM CeMeHCTBOM noayHopM. Hopuuposanroe npocrpan-
CTBO — 3TO BEKTOPHOe NpPOCTPAHCTBO, HajefeHHOe HOpMOH M (MeTpu3ye-
Mo#t) TomoJiorueRt, onpenessieMoit 3TOR HOpmOH.

Ozpannuennovie MROICECMBA

10. MHOXeCTBO B TOINOJOTHYeCKOM BEKTODHOM MPOCTPaHCTBE HA3bi-
BAETCH OZPGHUYCHHHIM, €CNHM OHO MOFJOUIAETCS KaXKAOH OKPEeCTHOCTHIO
Hyasa. O6bennHenne mo6Oro KOHEYHOro HaGOpa OFPAHUYEHHEBIX MHOXECTB,
Kax10e MOJAMHOXECTBO OTPAHHYEHHOFO MHOXeCTBa, 00pas OrpaHHUYEHHOrO
MHOXeCTBa NpH MOOGOH TrOMOTETHH — OrpaHHYeHHHE MHOXECTBa.

DYHOAMEHMAALROL  CUCMEMOL O2PAHUUEHHOILX MHOJCECME HA3BI-
BAeTCH BCAKOe MHOXECTBO & OrpaHHYeHHHX MHOXECTB TakKoe, YTO KaX-
J0e orpaHHyeHHOE MHOXECTBO H3 E CONCPKUTCA B OOAHOM H3 MHOXECTB,
npunannexamux &, B nopmupoBaHHOM mnpocTpaHcTBe mapH [[x|| < n
(n—uenbie > 1) 06pa3yioT (yHIAMEHTAMLHYI0 CHCTEeMY OTPaHHYEHHBIX
MHOXeCTB.

11. Kaxaoe npeakoMNaKkTHOe MHOXKeCTBO OrpaHHdYeHHO. MHOXecTBO
TOYeK MocienoBarenbHOCTH Komu orpannyeHHO. [ag TOTo YTOGH MHO=:
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%ecTBO A 6blI0 OrpaHMYCHHBIM, HEOGXOAMMO M JAOCTATOYHO, YTOCHI A/
MI060# [OCe0BATCABHOCTH (x,) ddeMeHTOB M3 A u 1000# mocaenopa-

TEABHOCTH CKamasapoB (h,), CTpemsielca &  Hy.no, MHOCJen0BaTe b=
HOCTb (A,X,) CTPEMMIACH K HYAO.

12. Oas Toro 4toOb MNOAMHOXKECTBO A BEGKTOPHOro MOANPOCTPaH-
c¢TBa E TONO.IOTHYECKOTO BEKTOPHOrO MPOCTpaHcTRa 7 Ow/O OrpaHuyeH-
HEM B E, HeOGXONMMO H NOCTATOYHO, YTOBH OHO GHLIO OrpaHHyeHHo B F.
Ias Toro uyto6bl MOAMHOXKECTBO NPOH3BEJEHHs TOMOJOrMYECKHX BeKTOp-
HBIX MPOCTPAHCTB OBIAO OrpaHuueHHbIM, HCOOXOAUMO U JAOCTATOYHO,
uyToGHl 6bi1a OFpaHHuYeHHOM Kaxaas M3 ero npoexunuf.

O6pa3 orpanHueHHoro MHOXeCTBA TMpPU  HENpCPLIBHOM  JUHCHHOM
omépamennu WK MpousBefeHUs OrpaHUUEHHGIX MHOXECTB [pH Henpe-
PBIBHOM HOJH/HMHEHHOM OTOOpaXKEHUH eCTb OTPAHMYEHHOE MHOXKECTBO.

13, Tlycts E— A0KaabHO BHIIYKAOE MNpOcTpancTBo H I'— cemeficTBO
No/yiopM, onpejeasioiee Tonoaoruio B E. Jlas Toro 4to6n MHOMKECTBO
AcE 6b10 OrpaHuueHHbIM, HEOBXOIUMO M 10OCTATO4HO, YTOOB Ha A
6biia orpaHnueHHOM Kaxpas noaynopMa p €T, u  poctaToyHo, uTOGH
Kaxaas HenpepblBuas Jjutiefnas dpopma na E 6biia orpanuyenHolt Ha A,
MHAYe rOBOpPS, YTOOGH A ObLIO OrpaHuyeHHbIM B OC/1a0JeHHON TOMOJOTHH,
cooTBeTcTByOILed Tonosornu, 3azaunoft wa E (ra. IV, § 2, Teo-
pema 3). .

14. B 710Kaabio BHIIYKIOM MPOCTPAHCTBE YpaBHOBELICHHAS 3AMKHY-
Tas BHIMYKJas 060J0YKA OrpaHHUUYCHHOTO MHOXKECTBA OFpPaHUYElIHa, HwCy-
uecTByeT (yniameHTasbuas CHCTEMa OTpaHMYElHBIX MIOXKeCTB, 00paso-
BaiHas M3 ypaBHOBEUICHHbIX 3aMKHYTHIX BbIIYKAbIX MHOXECTB.

15. Tlyctb  E — N0KaJbHO  BBIIYKJAOE MPOCTPAHCTBO, ABAAIOLIEECS
CTPOTMM HHAYKTUBHBIM TipeneloM 1ocilefoBarebioctd (E,) JI0KaabHO
BBIIYKABIX MPOCTPAHCTB, mnpwuem Bce £, 3aMkuytel B FE; AJ8 TOro
yTo6H MHOWecTBO ACFE O6bI0 OrpaHHYeHHBIM, HeoGX0omUMO M OCTa-
TOYHO, YTOOBl OHO COJEPXKAJIOCh H GBLIO OrPAHMYEHHBIM B OJHOM M3
npocTpancTs E,.

16. Tonoaornyeckoe BekTOpHOe MPOCTpPaHCTBO E Ha3mBacTcad K8a3u-
NOAHBLM €CTV KAXAOE OrPaHUUEHHOE 3AMKHYTOE MIOKECTBO B F MOJHO;
B KBa3MMOAHOM HPOCTPAHCTBe Kamaas MOC/en0BaTeAbHOCTh Kouin cxo-
antes. Kaxnoe mouaxoe Tomojornueckoe BeKTOpHOE HPOCTPAHCTBO KBa3H-
MOJIHO W KaMAOe KBA3UNOJHOE MeTPU3YeMOE MPOCTPAaHCTBO MOJHO.’
[Tpoussenenye moGoro cemefcTBA KBA3MMOJHLIX MPOCTPAHCTB KBa3H-
RBOJHO.: ‘ B



§ 2. JUHEFMHBIE M MOJUJIUHEMHBIE OTOGPAXXEHUS 339

§ 2. Jludeiiinie ¥ moauanHeiHEIE OTOGpAKEHUA

Henpepoienbie auneiinsie omoGpaxcenus

I. llycte £ u F — TonoJgornyeckyie BEeKTOPHble NPOCTPAHCTBA H 4 —
auitefiioe orobpaxenHue E B F. Jlag Toro uto6b # OHLIO HeNpephIBHLIM,
HeOOXONUMO M AOCTATOYHO, UYTOGHI =OHO 'ObLIO HeNpephIBHO B TOouke O,
npuyeM TOria & paBHOMepHO HenpephiBHO. Ecau tonogorum B £ u F
onpeaeasiorcss cemeiicteamu ' n IV moayuopm, To Heo6XoauMO H jfoCTa-
TOYHO, YTOGH AJasl KakAOR mnoJaynopmbl g€ I/ cyulecTBoBamW uuc.io
o >0 u xoneuynoe ceMeftctBo noayuopm p; €I (1 i< n) Takue, uto

qu(x))<a sup p;{x) pas scex x € FE. BuactHocti, ecau Eu F —
1gign

HOPMHPOBAaHIIblc HPOCTPAHCTBA, TO HEOGXOAMMO M JOCTATOUHO, YTOOH
cyutectBoBano @ >0 rakoe, uyto |ju(x)] L a|x]] anm Bcex xE€E.
Huxnsas FpaHb ukcen a, yﬂ,OBJIeTBOpﬂlOLLlMX 9TOMy HepaBeHCTBY, HAa3bIBACTCH
HOpMOti OTOGpaxeHus u H oBo3Hayaerca |z||; ola onpepefserT B BeK-
TopHOM npocTpaHcTtee L (£, F) cTpykTypy HOPMHPOBAHHOIO BEKTOPHOTO
MpOCTPAHCTBA; ecau F — 6aHaxoBCckOe NPOCTPAHCTBO, TO U L (E, F)—
6aHaxOBCKOE NpPOCTPAHCTBO.

2. 1as Toro utoOul JuHeHHas (opMa & HA TOMOJOTHYECKOM BEKTOP-
HOM mpocTpanctBe £ Oblia HenpepblBiO#, Heo6XOAUMO W IOCTATOUHO,

yTO6Bl TUIIEPIIOCKOCTD ul(O) 6oi1a samxkHyta B E (ra. I, § 2, Teo-
peMa 1). Ecam E 70KkasbHO BHINYKJAO, TO [ 3TOCO HEOOXOMMMO H
aoctarouno, yroGel Ha E CymecTBOBana HemnpepbiBHas MOJAyHOPMA p Ta-
kad, 4ro |u(x)| < p(x).

3. Tlyctb E u F —Tomosoruyeckue BeKTOpPibE TPOCTPAHCTBA, MpH-
yem F oTnemvmo, u M — Bciony MIJIOTHOE BeKTOPHOE MONPOCTPAHCTRO
B E. Kaxuaoe nenpepuisHoe guneftnoe orobpaicuue M B F MoxeT GuiTh
NPONOJ/IKEHO 10 HeNpepHBHOrO JuHefiHoro oroOpaxenns E B F npu BH-
NOJeHUH OJAHOTO U3 CJeAYVOLIRX ABYX YCAOBHH:

a) F noaHo,

6) F KBasumoaHo ¥ Kaxjas TOYKa mnpocrpanctsa E ecTh TOukKa
MPUKOCHOBEHHMSI HEKOTOPOTO OTPAHHYEHHOTO MHOXeCTBA U3 M.

4. Tyctb E -— BeKTOpPHOE MPOCTPAHCTBO, p— noayHopma Ha E, V —
BeKTOpHOe MopnpoctpaHcTBo 8 E n f— nunelinas ¢opma Ha V takas,
uto |f(x)| < p(x) nas scex x€V. Torna wa E cywectyeT jauHe#uas
dopma ]7 npoio/kamouiasi f v Takas, YTo ]7(x)}<p(x) aas Bcex x€E
(Teopema Xana — Banaxa (anaauruyeckas ¢opma); ra. I, § 5, teopema 1
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u § 6, reopema 1). laa xamporo x,€ E cywecrByer miHefiHaf dopMa g
na E rakas, uto | g (x)[ < p(x) 1 g(xe) = p (%)

B yacTHOCTM, BCsAKas HenpephiBHas JuHeHHas ¢GOpMa Ha BEKTOPHOM
MOANPOCTPAHCTBE JAOKAABHO BHIMYKJOIO NMPOCTPAHCTBA MOXeT OHTb MNPO-
domkeHa (Boobuie OeCKOHeYHBIM MHOXECTBOM CIOCo60B) N0 HeNpepbiBHOR
JuHeRHOR (opMbl HAa BCeM MpocTpaHCTBe. Ecau mpocTpaHcTBO — HOpPMHU-
POBaHHOE, TO Cpell 3THX IMPOJOMKEHHR CyIleCTByeT HMemllee Ty Xe
HOpMy, YTO W 3ajaHHas JauHeHHas Qopma.

5. Mycre E—G6oyeyHoe NpPOCTPAHCTBO, [ — OTHedUMOe JNOKAAbHO
BHIMYKJAOe MPOCTPAHCTBO M  (#,) — MOCJAE0BATENBHOCTL HEMPEPHBHHIX
JuHeftHB X oToOpaxenu#t £ B F. Ecau nocienoBaTedbHOCTh (4 (X)) AAs
kaxnoro x € E crpemurca K #(x)EF, To # eCTb HemnpephBHOE JHHEH-
Hoe otoOpawenue E B F (teopema Banaxa — Lllrefturaysa; ra. I, § 3,
CHAeJCTBHE TeOpeMmbi 2).

Ecau E u F — 6aHaxoBckHe npocrpaucma u (4,) .,—ceme#cTBO Helpe-~

J,
13
prBHle muHeftHbX oTo6paxenu#t E B F Takoe, uro suplju, (x)|| < 4 o0
€1

s Kawgoro x € E, 1o supllal] < - oo.
€1

6. Tlycte E u F — nonnble MeTpH3yeMble BeKTOPHbie MPOCTPAHCTBa H
u — nuHeRnoe oro6pamenne E B F. Ecan ero rpagux samxuyr B EXF

(r. e. w3 limx,=0 u limu(x,) =y caenyer y=0), T0 u« HeNnpepHBHO
n>»0 n>oo

(teopemMa o samkHyTOM rpaduke; ri. I, § 3, cnencrBue 5 Teopemu 1).

‘Tomomopdinzmoe
7. Mlycte E u F — Tonoforuueckve BeKTOpPHBIE MPOCTPAHCTBA H 4 —

nnHeﬂHoe orobpaxenue E B F. [oBopsaT, 4T0 4 — 20M0MOpPU3M, eClu
—1

. 4CCOIMHPOBAHHOE € u B3aUMHO onHO3HauHoe oToGpawxenue Efu (0) ua u (E)
£CTb H30MOpQU3M (A5 CTPYKTYP TOMOJOTHUECKOTO BeKTOPHOro MPOCTPaH-
CTBA); AAS 3TOFO HEOOGXOHHMMO M JOCTATOYHO, YTOOKI & GbiIO HempepbIBHO
1 006pas Kaxaoro OTKPHITOFO MHOXecTBA U3 E OB OTKPHITHIM MHOXe-
crsom B u (E).

[lycTh u-— HenpephiBHOe JuHeltHoe oroGpawenue E B F; kaxiaoe
M3 ClelylOUMX IBYX CBOHCTB QROCTATOYHO &A1 TOro, 4TOGH & OHIO
FOMOMOP(HU3MOM: ‘

a) u (E) orpenumo W KoHeuHomepHo (ra. I, § 2, caencrsue npenno-
KeHus.. 3);

.6) En ~u(E) MeTpu3yembl H moaub (ra. 1, § 3, Teopema I).
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Kaxabiti romoMopduam u mnpoctpanctBa E Ha « (E) npu 3agaHubix
HCXOAHBX Tomogordsix B £ # F ecTb Takxke roMoMopdu3M npu ociabieH-
HuiIX Tonogorusax ¢ (E, E’) u o(F, F’).

Buaurneiinvie omobpasicenus

8. Ilyctv E, F, G — TonoJjoryyeckue BeKTOPHbie INPOCTPAaHCTBA H
u— 6ununetinoe otobpawenne E X F B G. Ilns Toro urobu u 6bio
HEMNpepHIBHHM, He06X04MMO M JOCTATOUHO, YTOGH OHO GHIIO HeNpepbBHO
B Touke (0, 0).

9. O603HauuM yepes U,. A48 Kawporo x € E nuHeliHoe oTo6paxe-
HHe y — u(x, ¥) npocTpaHcTBa F B G ¥ yepe3 u., AN Kawpaoro y &€ F —
nuHefiHoe oToBpawenue x — u(x, y) npoctpanctea E B G.

4 HA3LIBACTCA pA30eAbHO HENnpepvi8HslM, €CIH Uy W U .y Hempe-
PBIBHBI, KakoBbl O Hu Obla x€E u y € F. Jlna storo Heo6xoaumo M -
BOCTATOYHO, YTOOH u., 6b/I0 HempepHIBHO NPy Kawiaom y & F u otobpa-
KeHue y— u.y npoctpanctBa F B L (E, G) 6nn0 HempepbiBHO MNpH Ha-
pelenuu L(E, G) Tononoruefi npocTofi CXOAMMOCTH.

Kaxnoe HenpephiBHOe OunuHeliHoe oOToOpaxeHue pasiefbHO Hempes-
PHIBHO.

10. Ilycte u#— pasmenbno HempepbiBHOe OuinHeliHoe oToBpaxenue
EXF B G u ©—nokpuThe npocTpaictBa £ ypaBHOBeLIEHHBIMH Orpa-
HUYeHHbIM# MHuOxecTBamu. Cuenyioiye CBOKCTBA PaBHOCHJbHHL

a) Jlna kaxnoft okpectHoctd Hyaa W us G u kaxaoro MES cyue-
CTByeT OKpecTHOCTb Hyas V B F rakas, yto u(M X V) W.

6) O6pas kamporo ME S npu OTOGPaMEHWH X —> Uy, €CTb PaBHO-
CTeNeHHO HenpepsiBHOe MHOXecTBO B L (F, Q).

B) Yy —>il.y; €CTb HenpephBHOe oToOpawenue F B Lg(E, Q).

PaszencHo HenpepniBHOe OGuauHeliHoe oToGpaxeHue u, obaanaioiuee
NpABEAECHHBIMA CBOMCTBaMHM, HasnBaeTcs ©-zunonenpepsisuvim. Ecau u
S-runonenpepuisho, T0 & (M X B) orpanuuenno B G aas kaxaoro M €S
H KaxX[Oro OrpandueHHOro MHoxecTBa B u3 F, mpuyeM cykeHHe 4 Ha
M X F HenpephBHO.

i1. TlomensB B BbllecKkazanHOM poasMd E u F, npuxoaum K ompe-
DeJIeHHI0 TOHATHA T -rUMIOHENPepPHBHOCTH, rae T — NOKPHITHE NPOCTPaH-
ctBa F ypaBHOBelll€HHBIMH OrpaHWYEHHBIMM MHOMXeCTBAMH. DuiuHeHdHOe
otobpaxenue u npousseneHus E X F B G, aBasiolleecs ORHOBPEMEHHO
©-runonenpepbBHLIM ¥ T-THNOHeNpepHiBHLIM, HasbBaetcsa (@, T)-zuno-
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nenpzpo8roiy. Cyxenne Takoro ortobpawcuus Ha kawgpoe M X N,
rie MES u N ET, paBHOMepPHO HempepsiBHO.

12. HemnpepeiBHOe Guiniefiyoe otobpaxenne E X F B G (S, T)-runo-
HenpepuBHO npy mobux © u T. Ecam F —6GoyeyHoe npOCTPAHCTBO,
TO KamLoe pasieqbHO HenpepuBHOe OuiuHetiHoe ortobGpamenune E X F
B G S-runonenpepuiBHo nmpu mobom S (ra. Ill, § 4, npeanoxenne 6).
Ecmu E merpusyemo, a F MeTpusyeMo # O6ouedyHo, TO KaxaOe pas-
IenbHO HempephiBioe OuiauHefiHoe otobpaxkenue E X F B G Henpe-
puiBio (ra. IIl, § 4, mpeanoxenne 2).

13. Tlycte E, u Fy—BCIOAY NIOTHBlE BeKTOPHLIE MOANMPOCTPAHCTBA
B E u F coorpercrenno. IlycTe, natee, &, (coors. ;) — nokputue E,
(cootB. Fg) ypaBHOBelleHHBIMH OTpaHMYCHUBIMU MUOXKeCTBAMM TaKoe, 4TO
Kaxnaas Touka u3 E (coOTB. F) eCTb TOYKA NPHUKOCHOBEHHS HEKOTOPOTO
mHoKecTBa 43 &, (cootB. ;). Iycrb, Hakoweu, S (cooTB. T) — MHOKe-
cTBO 3aMbikannBt B E (cooTB. F) BCeBO3MOXHEIX MilOXecTB #3 &
(coots. %,). Ecam rtorma G oTaequMo u KBa3sumoJHO, TO Kaxaoe
(8, I,)-runonenpepbiBHOe OGuinnelinoe otobpawenne E, X Fg B G
041103112410 MPONOMKAETCA N0 PAa3feabHO HempepulBHOrO GuianHefiHoOro
otobpaxenus EX F B G, mnpnuem mnocreanee (S, I)-runoHenpe-
PbHIBLIO.

14. Mycte R, S 1 T—otpe uMsie JOKAJIbHO BHIYKJIbHE MPOCTPaH-
crea. Bynem Bciony B sToM n° npennoJarats, uto L(R, S), L(S, T) u
L(R, T) napenensl 8ce mpu TomoJgorneft mpocTof (CoOTB. KOMNAakTHOH,
orpauuyeliHoft) cxoauMocTd. Torna otobpaxense (¢, v)— ¥ ou mpousdsepe-
Hius L(R, S)X L(S, T) B L(R, T) (3, T)-runcHenpepbiBHo, rie T —
MHOXeCTBO BCeX PABHOCTENEHIO HempepbiBHBIX moamnoxects u3 L (S, T),
a O -—— MHOXeCTBO YpaBHOBeIlelHbX 000J0YeK BCCBO3ZMOXKHBIX KOIEUHH X
noaMuokecTs #3 L (R, S) (CoOTB. BCeX YpaBlOBeIUeHHbIX KOMINAKTHBIX
Mad orpanuyennslx moaMHoxectB u3 L (R, S8)) (ra. Iil, § 4, nperioxe-
nue 9). B wactuoctu, 310 OGuauHeHiioe otrobpaxmeHdc HempePeBHO Ha
Kaxaom mnpoussedennud L (R, S) X H, rae H-— paBHOCTeNeHHO Hempe-
poiioe Muoxectso us L(S, T).

Ecau S 6oueuno, (1,) — nocieaosaredstocts n3 L (R, S), cxoasmascs
K u, u (v,)—nocaepoBarcabiniocte #3 L (S, T), cxoasiuascd Kk v, TO
N0C.1e 40BaTEALHOCTb (U, o #,) cxXonutcs B L(R, T) k vou (ra. Ill, §4,
cleictBue 2 mpednoxenus 9).



§ 3. TIOAMPOCTPAHCTBA; ®AKTOPIPOCTPAHCTBA; ITPOU3BEAEHHUS 343

§ 3. MNoanpocTpaHcTBa; PaKTOPNPOCTPAHCTBA;
NpOH3BeieHNUsA; NPAMBIE CYMMBbI

IToonpocmpancmsa

1. Ilycte E — TOmO/NIOrdYecKoe BEKTOPHOE NMPOCTPAHCTBO U M —ero
BEKTOPHOE [MOANMPOCTPAaHCTBO. TomoJgorus, uuayuupyeMas B M u3 E,
npeBpamact M B TomoJorpueckoe BeKTOPHOe MPOCTPAaHCTBO, HA3HIBAEMOE
monoAOZULeCKUM BEKMODHOLM NOORPOCMPAHCMEOM TpocTpanctea F.
Ecau E orpeanMo (COOTB. MeTpu3yeMO, JOKa/JbHO BHINYKJIC), To u M
OTAENUMO (COOTB. MeTPU3yeMO, JOKaJbHO BHIMYKa0). Ecau Tomoaorus
npocTtpancTBa E omnpeidefseTcs HEKOTODHIM CeMeACTBOM MOJAYHOPM, TO
TOMOJIOr ¥ TMOAMpPOCTpaHcTBA M omnpepedsercs CymCHMAMH 3THX MOJIY-
HopM Ha M.

2. 3ambikanue M B E ecThb BekTOpIIOe moampoctpaicteo B E.
Ecau M kouneunomepuo, a E otpeiumo, to M samkuyto B E (ra. I,
§ 2, cneacrsue 1 teopeMm 2). Kawaas rumepraockocTs aubo samxiuyra,
Ju60 BCIOAY NMAOTHA; AJ4 €€ 3aMKIYTOCTH HeOGXOAMMO ¥ HOCTaTOUHO,
4yTto0bt OHa Obl1a AnpoOM HenpepbiBHOR junedno#t ¢opmmt (ra. I, § 2,
Teopema 1).

3. SaMKHYMbOLM BEKMOPHOM NOONPOCMPAHCIEOM, NOPONCOCHHBLM
MHOxHcecmeom Ac E, HasbiBaeTCsl 3aMblkaHMe BEKTOPHOrO INMOLMPOCTPaH-
CTBA, NMOPOKLEHHOrC STHM MHOXKECTBOM; 9TO — HauMeHblliee 3aMKHYTOE
BEKTOpliOe MOANPOCTPAHCTBO, codepxaiwee A. Ecaum E /1okaibuo Bol-
flyKJ0, TO 3T0 INOAMPOCTPAHCTBO eCTb TAKKe MepeceueHne BCEX 3aM-
KHYTbIX runepniockocTelt U3 E, copepxawux A, wism TAKKE MHOXKECTBO
obmuX Hylteft Bcex HENMPEepPHBHBIX JIHHEHHBIX dopM na E, annyau-
pytomuxca Ha A (ra. I, § 3, caencrsue 3 npepaoxenus 4). _

MuoxectBo ACE 1Ha3blBaeTC MOMAAbHLLM, €CHH TOPOKAAEMBIM
UM 3aMKIYTBIM BEKTODIBIM MOANPOCTPAaHCTBOM cayxuT Bcé E. las Toro
41066 MOLMHOMECTBO A NOKANbHO BHINYKJIOro mpocTpaHcTBa E Gbuio.
TOTaJbHBIM, He0OX0OUMO ¥ 10CTATOYHO, YTOOH BCAKad HeNpepHBIIas AHHEA-
dHaa gopma Ha L, 'paBHaﬂ Hymo Ha A, Obl1a TOXAECTBEHHO paslia HYIIO.

4. Ceme#icTBO (xl)lEI Toyek 3 L HaswbiBaeTca monosozudecKku Cgo-

GOOHBLM, ecld A8 KAKIOro x €/ 3aMKHYTOE BEKTOPHOE MOANPOCTPAH-
CTBO, NMOPOKAEHHOE TEMH X,, ¥ KOTOPHIX t == x, He conepxut x,. Tomo-
AOrMYecKH cBoGoaHOe ceMeficTBO M aareGpanvecks cBOGOANO; KOlieYyHOE
anrebpanyecku cpobojHOE CeMeACTBO B OTAEJHMOM NMPOCTPAHCTBE TOMO-
Jgruteckd coGonHo. s TOro YTOGH CeMeHcTBO (Xy),.; TOUYEK JoO-
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KalbHO BEINYKJIOTO npocTpaHcTBa E Ob0 TOMOsOTHYeCKH CBOBOAHBIM,
HeoOX04MMO ¥ JOCTATOYHO, YTOOB Ha E CyuiecTBOBaNO ceMeHCTBO (fx)ng
HernpepbIBHBIX JneHHbX GopM Takoe, uTo f; (x,) =25, (rae 8,, — cuM-
Bos Kponekepa). B npeiarunb6epToOBOM NpPOCTPAaHCTBE KaXA0e OPTOHOP-
MallbHOe CeMeHCTBO TOMOJOrHyecKd cBOOOIHO.

daxmopnpocmparcmasa

5. Ilycry E— Tononornyeckoe BeKTOPHOE MPOCTPAHCTBO U M — ero
BEKTOPHOE MOAMPOCTPAHCTBO. PAKTOPTONMOJOr#S TOMOJOTHH MPOCTPaH-
crea E nmo M npespawaer E/M B TOmonorsyeckoe BeKTOpHOE IpO-
CTPAHCTBO, Ha3bLIBaeMOE MONOAOUYECKUM BEKMOPHUM Paxmopnpo-
cmpancmsom npocmpancmsa E no M. Has rtoro yrobu E/M Gblno
OTHeNuMbIM, Heo6X0x¥MO ¥ 10CTaToyHO, yT06m M 6nino 3amkHyTOo B E-
Ecm E nokanbHo Beiyka0, TO E/M 10KanbHO BHINYKJIO; €CH TONOJO-
THs npocTpaHcTsa E onpepnenserca ¢uabrpyouumcsa ceMelictom I' noay-
HOpM, TO Tomoorus B E/M omnpenensercd moayHopMamy

p(x)= inf p (2),
zE€mw

rae p npoGeraetr I'. Ecau E Merpuayemo # moaHo, To E/M merpuayemo

H noaHo, Ho E Moxer ObiTb NOMHBIM (He MeTpu3yembiM) U Oe3 ToOro,
yto6ul E/M 6bl10 1nOJAHO.

IIpoussederuss monoAOZUHECKUX BEKMOPRBIX RPOCMPARCMSE
6. IMycts (E, )lE,— CeMeHCTBO TOMONOrMYECKHX BEKTOPHBIX MPO-
crpanct. [IpousBenenvie ux tomonorufi npespawaer E = I!E B TOMNO-

JOTHYECKOE BeKTOpHoe MpOCTpAaHCTBO, Ha3bIBAEMOE npousBedenue.u mono-

s02u4ecKux gexmopHux npocmparncms E. Jlas Toro uyToGsl IE!E‘ 661710
t
OTAeNHMbIM (COOTB. JIOKAIbHO BHIMYKJIBIM, KBASUIMOJHBIM, TNOJHbIM), He0G-
XOZMMO H HOCTATOYHO, YTOOH TakuM Owino Kawnoe E,. Ecau Tomoiorus
Kaxaoro E, onpenenserca ceMeficteoM I', nonyHOpM, TO TOMOMOr¥a Mpo-
U3BedeHHA IJEl onpenenseTcsa noayHopMam p, o f,, rae p,€T,, a f, o3Ha-
t
4aeT NpPOEKIUHIO IIEl ‘Ha E,.
€T

7. Tpou3sBeneHue CYeTHOrO ceMeHCcTBA MeTpU3yeMbX BEKTOPHBIX
NpOCTPAHCTB MeTpuayemo. Kaxzgoe /MOKantbHO BHIYKAOe MNPOCTPAHCTBO
H30MOpGHO TNOANPOCTPAHCTBY HEKOTOPOro MpoM3BeleHHs O6aHaXOBCKUX



§ 3. MOANPOCTPAHCTBA; ®AKTOPIIPOCTPAHCTBA; ITPOW3BEILEHUA 345

npocTpancTB. Kaxnoe MeTpuayeMoe 10KaJIbHO BHIMYK/IOe NPOCTPAHCTBO
H30MOpGHO NOANPOCTPAHCTBY INPOU3BeJeHUs CUETHOro ceMmefictea GaHa-
XOBCKMX MOANPOCTPAHCTB.

Koneunvie npamsie cymmos

8. Ilycte E — TOnonoruyeckoe BeKTOPHOE MPOCTPAHCTBO, SIBJSAIOLIEECH
(818 CTPYKTYp BEKTODHOrO MNPOCTPAHCTBA) NpPAMOR CYMMOR KOHeYHOro
cemetictea (M;), _; . ero BeKTOpHHX noanpocTpaucts. Ecan oToGpake-

n n

HUe (xi)1<i<n-’2 X; TpOu3BeleHus ]_[Mi Ha E ecTb u3oMOpouim
i=1 i=1

TOMNOJOTHYECKUX BEKTOPHBIX NMPOCTPAHCTB, TO £ HasbliBaeTca monosozu-

yeckod npamold cymmoill nmoanpoctpancts M;; ecmn E ormemumo, to M;
Torga 3aMkHyTet B E. O6patHo, ecam E 0TaeauMo # dapasetcs (4%
CTPYKTYp BEKTOPHOTO NMPOCTPAHCTBA) MPAMOH CYMMOH KOHeuyHOro cemel-
crea (M;), . ; ., CBOMX 3aMKHYTHIX MOANPOCTPAHCTB, TO A8 TOTO, YTOGHL
E 6510 uX TOMONOrMYeCKOH NpPAMOH CyMMOH, AOCTATOYHO BHIMOJIHEHHS
mo6oro ¥3 CrenyiOWKX LBYX YCJIOBHA:
a) Kaxnoe w3 moanpoctpancts M;, 33 uckaioUYeHueM, ObiTb MOXET,.
01HOro, KoHeyHoMepHO (ra. I, § 2, mpeanoxeHue 3).
6) E merpusyemo # moaxo (ra. I, § 3, cnencteue 4 Teopemu 1),
9. Myctb E — TONOJAOrHYecKOe BEKTOPHOE NPOCTPAHCTBO, SABIAIOILIEECSE
(B anreGpauyeckOM CMBICNe) MPAMOH CYMMOH KOHEUHOro ceMeficTBA CBOMX
BekTOpHEIX moampoctpanctB M; (1 i n), v k; naa xaxuoro i — au-
He#iHOoe oTOOpa)keHHe, OTHOCAEe KawiaoMy X € E ero cocTaBasiomwmyior
Ri(x) B M;. Orobpaxenus k; yAOBIETBOPAIOT COOTHOLIEHAAM
kiokj=0 npu i+j,
kiokizki,
n 1y

2 R;=e (TOXIeCTBEHHOMY OTOOpaKeHHIO). J
=1

Ilna toro uto6n E 6blI0 TOMOMOrHYeCKOR npaMOR cyMMOHR noampo-
cTpaicte M;, Heo6X0oMMO M JOCTaTOYHO, uTOOW oOTOOpawenus k&;
6niM HempephBAH, O6PaTHO, mMyCThb (R:); < ; < n— CEMEHCTBO HempepoiB—
HHX JuHeHHX oTOOpaweHuh E B E, y#OBIETBOPAIOWIMX COOTHOLIE-
HuaM (1) (BTOpoe M3 KOTOPHIX BbLIPAXKAIOT, FOBOPA, UTO R; — NPOEKmMOopul);.
toraa E ecTe Tomosoruyeckas nmpsaMas cyMma noanpocTpaucTs M; = k; (E).

10. Ecau E — rononornyeckas npsamas CyMMa IBYX CBOHX BEKTOPHHIX
noanpoctpancts M u N, 1o N HasbBaeTCs monosoz2uieckum 00noa-
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#enuer ¥ M. O6patino, nyctb M — 3aMKHYTOe BEeKTOpHOE MOANPOCTpPaH-
.CTBO NMPOCTPAHCTBA E, NMPeAnonaraeMoOro OTIe/MMbIM; s TOro 4tobut M
06121210 TONOJOrHYeCKUM ONO/IHEHHEM, A0CTATOUYHO BHIOIHEHUS MOGOTro
M3 CleldylOUUX Tpex YCJIOBUHA:

a) E— npearuas6eptoBo npoctpancteo ¥ M moano (ra. V, § 1, mpen-
JNoxenne 8).

6) M unmeetr koHeuHyio dakTroppasmepHocTe B E (B 3TOM cuayuae
Kaxaoe mnoAnpOCTPaHCTBO, AONOJMHHTE blOE K M B a.1re6pauqecxbm
€MBIC/Ie, ecTb Tomoaoruyeckoe aonodHenne K M) (ra. I, § 2, npeano-
Kenue 3).

B) £ nokaabHo BHnykao n M koneunomepuo (ra. II, § 3, caen-
«TBYe 6 mnpepnoxenus 4).

11. Boofuwe nas toro, 4toOel BeKTOpHOe moAampocTpancTso M Tomo-
JIOrHYeCKOro BEKTOpHOro mnpocTpanctsa £ 061apaio  TOMOJOHYECKHM
JomoaxenneM, HeobxomuMo ¥ AOcTatoyHo, ytobw Ha F  cyllecTBOBAaa

HenpepuBHHHA INpoekTop # Tako#, yto u«(F)= M; toraa 3a TONOJOru-
-1
4eckoe jomodHense K M MOxHO npuHath mnoampoctpanctBo u# (0),

B8 Kotopoe E nepesoautcs npoekTopoM e —u. CienoBartelbHO, CyuiecT-
ByeT B3aUMHO OIHO3HAYHOe COOTBeTCTBHe MexAy mnapamu (M;, M,) Bek-
“TOPHBIX MOANPOCTPAHCTB NPOCTPAHCTBA E, TOMOJOrMYeCK# AOMOIHHTENb-
HblX OAHO APYroMy, ¥ mnapama (u,, i,) HENPEPBIBHHIX NMPOEKTOPOB, AJA
KOTOPHIX #y ~uy=¢.

Ecau E — npearuas6epToBO MpOCTpaHCTBO, a M —ero nonsoe otne-
JIAMOE ~ BEKTODHOE INOANPOCTPAHCTBO, TO CYLIECTBYeT ONLHO3HAYHO ONpe-

—1
JleqedHbd poekTop p mpoctpanctBa E Ha M rtakofi, utro p(0) opro-
rowaibno k M; p naswiBaetcs opmozoHassrbim npoexmopom E na M.

12. Mycte E u F —TonoJoruyeckue BeKTOpIlibie NPOCTPAHCTBA H
f—uenpepuiBHoe auHeHHoe oToGpawene E B F. [aa toro urobel f
6b110 06pamumo cnpasa (T. €. uTo6H CylUeCTBOBAIO HeNpephiBlOE JHHeH-
Hoe oToOpaxenue g mpoctpanctsa F B E, yAOBJIeTBOPAIOIIEE YC/IOBHIO
f o g=¢’, rae ¢’ — ToxaectBeHnoe orobpaxenne F Ha cebs), HeobXO-

-1
BMMO # ROCTAaTOYHO, uToGbl f Obi0 roMomopdusmoMm E una F u f(0)
MMeJIo TOomoJorudeckoe ponoavende B E. Has toro yro6w f Geio o6pa-
mumo caega (T. €. uToObl CyleCTBOBAMO HempephiBHOE Mullefinoe OTO-
Opaxenne g npocrpanctea F B E, ylnoBiaeTBOpsiOliee YCAOBAIO g o f=e¢,
rjle e—ToxnecrBeliHoe orobGpaxende E ua ceba), neobxoanuMo o
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JocTatouHo, utobul f Obl1o usdomopdasmom F ua u (E) n u(E) umeno
TOMOJOrHYecKoe nomnoaHenue B F.

Paszruunvie cnocobGut ssederuss monoaou
13. Tlycts (Fl)cel—cemeﬂcmo TOIOJIOrHYECKHX BEKTOPHHLIX NPOCT-

PpanctB 4 f, Aaa xaxkporo €& [-— aunedtnoe oroGpaxenne BEKTOPHOro
npocrpauctea £ B F,. Cualeiimas w3 tonojoruft B E, np# KOTOpHX
8ce f, HenmpephiBHb, COTACYETC CO CTPYKTYPOH BEKTOPHOTO MpOCTpAH-
<tBa B E. Haa Toro 4robul /uHefiHoe oToOpaxelne g TONOJOTHYECKOTO
BekTOpHOro mpoctpancted G B E 6uiio 1enpephiBNO B 3TOf TOMOJOrUH,
HeoOX0AMMO # JOCTaTOYHO, YTOOB OBITO 1HEMPepHBHO KaXA0E M3 OTO-
Opaxennit f, o g Ecau Bce F, noxaabio -Bumykaw u Tomogorus B F,
onpenenserca cemclcrsoM I, moaynopm (1€ /), TO TOmOMOrHA MPOCTpaH-
<TBa E nokaneHO BoIMYKJAA W Onpejeisercs noiynopmamm p, o f, rie
».€T.
© 14, Ilycts (Fl)lEI—-CEMeﬂCTBO NOKQABHO BYNYKALLX TPOCTPAHCTB
o g, 4aa Kaxaoro t & [ — anHeliHoe orobpakenue npoctpanctsa F, B Bek-
TopHoe mnpoctparctso E. Cpeam BCeX J0KAIbHO BHIMYKJIBX TOMOJOTHR
8 E, npu KoTophiX BCe g, HenpepuiBHL, uMeeTca cussHeduias. [as toro
uyrobu nuneHoe otobpaxenne A npoctpauctBa E, HaleaeHHoro sTolt
TOMOMOrHCH, B JOKAIbHO BHIYKJ10e MpoCcTpaHCTBO (B GO helpepHBHLIM,
11e06X0AMMO U LOCTATOMHO, UTOGH GbiI0 HelmpepblBHO KaXAOE W3 OTO-
OpaxeHult z o g,.
- 156. Iycrbs E — BekTopioe npocTpaicTso, (E), ¢, — ceMeHicTBO ero
BEKTOPHBIX IOANPOCTPAHCTB, QUABTPYIOULEECS MO BKIUEHHIO C, U KaK-
11;0e E, HajeneHo J0KaJAbHO BhIIyKJIof Tomoaorselt §,, mnpuueM ecau
E.cE,, to §, MaxopupyeT TOROJIOTHIO, uHaylupyemyio B E, Tomono-
fuet §,. Cuabiedlinas u3 J0KaabuO BuNyKABX Tomoiaora B E, mpu
KOTOPHIX HelpephlBHL KalloHUYecKHe BJaoxenus BceX E, B £, ecTb Takxke
CHIbHeRWAsA U3 JOKAJIbHO BHINYKABX TOMOJOTHH, HHAYLUDYIOILMX B KaXK-
JAoM E, Touonoraio, MaxopupyeMyio Tomoaoruedl §,; 3Ta TONOAOrHs Ha3bli-
BaeTCa uHOyKmusru M npedesonm rononorait §,. Jas toro ytobul auHetiHoe
ortobpaxenue k2 npoctpanctsa E, nagelenHoro 3toff tomodorue#f, B J0-
KaJabHO BHIIYK/OE MPOCTPAHCTBO OHJIO HENpepHBHBIM, HEOOXOAHMO H
AOCTAaTOYHO, 4TOOH OHIO HenpepuiBHO B Tomosoruu §, ero cymeline Ha
kaxiaoe E.,.

Bumykavie MuoxectBa B E, mnepecevense KOTOpHX ¢ KawawM E,
ABJAETCA OKPECTHOCTBIO Hyas B TomoJgoruu &,, 06pasyioT ¢yHAaMeHTalb-
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HYI0O CHCTEMYy OKpeCTHOCTefi Hyad AJds WHAYKTHBHOIO npejlela 3THX
Tonoaorui ..

16. Ilycts (E,)— Bo3pacTamouias ImoC/JeA0BATENLHOCTL BEKTOPHBIX
MOAMPOCTPAHCTB BEKTOPHOrOo mpocTpancTtBa E, ob6pasyiowias MOKpbITHE

3TOr0 NMPOCTPAaHCTBA, U &, AR KaXIOTO f-— I0Ka/JbHO BHITYKJas TOMO-
norua B E,, npuveM &, cOBmanaeT AJjd KawIOro n ¢ TOMOJOTHeH, WHAY-

uupyemofi B E,, Tomonoruei §,,,. Toraa uuayktusubifl npegen § Tomo-
Joruf §, vHAyURpYeT B KaxaoM E, tononoruio §,; ecau Bce §, OTAETUMbI,
TO ¥ ¥X MHAYKTUBHBIA npenen § ortaenum. E, Hapenenuoe tomonorue#t &,
Ha3bIBAGTCA CMPOUM UHOYKmusnuim npederom npoctpancrs E,. llpen-
NOJNIOKUM, KPOME TOro, 4to kawkaoe u3 E, 3amknyto B E,.; (B TOmO-
norud &,.4); Toraa E, samkuyto B E (B Tomojoruu §) ¥ AR TOrO,
uT06H MHOXECTBO B E Gbl10 orpatuuennbiM (B &), HeOOXOAMMO H AOCTa-
TOYHO, YTOOB OHO CO;EpHanOCh B OAHOM u3 E, ¥ OHJIO OrpaHuYeHHO
B J, (rn. I, § 2, npeanowenne 6).

17. Tlycte E— BekTOpHOE NPOCTPAaHCTBO, ABAfOWeecs (aareGpan-
ueckoff) mpAMOH cymmoft ceMeficTBa (Mt)tez CBOMX BEKTOPHLIX MOANPO-
crpancts. llpeamonoxum, uto kaxaoe M, HaieneHO JOKaJAbHO BHIYKJIOR
Tononorne#t. Ilns kaxmoro koHeunoro MHOoxecTsa H < [ wapeaum mnpo-

CTPaHCTBO MH= 2 M, Tononoruef, apasouieica NpOU3BeEHUEM TOIIO-
t€H

Jorufi mpocrpaucte M, (¢ € H). Ilycts § — tomoaorus B £, aBasiowascs

HHAYKTUBHLIM TpejeNoOM TOMOJNOI#HHR MPOCTPAHCTB MH, rae H npobGeraer

MHOXECTBO BCEX KOHeYHBX moaMHoxects u3 I. Ilpocrtpanctso H, nane-

JeHHoe Tomosoruelt §, HA3HIBAETCS MONOAOUecKOU NPAMOL CYMMOLE

noanmpoctpaHcts M; ecau kawaoe us M, otaenumo, To ¥ E 0TaeauMO.

Mycts FJ=§JM1, rie J— npoM3BOJLHOE NOAMHOXeCTBO #3 [; Hane-
h

JieHHOe TomoJornel, wHAyuupoBaHHo# us F, FJ COBIAajJaeT ¢ TOMOJOTH-~
YeCKOR mpsAMOH CyMMOH ceMe#CTRa (M!)zeJ' E cosnamaetr ¢ Tomosoruye-

CKO#i mpsIMO# cyMMoH ceMeficTpa (FJl)xeL ans moGoro pasbuenus (h), .y,
MHOXecTBa /.

T'urv6epmosa cymma 2urv6epmoseix npocmparcme

18. Tlycrs (E),¢r — ceMeHCTBO runb6epTOBHIX MPOCTpancTB ¥ F —
(anrebpandeckasn) mpsiMas CyMMa aTOrO CeMeHCTBAa BEKTOPHBIX NMPOCTPAHCTR.

Has kaxabx ABYX sneMentoB X == 3, X, # y== Y y, mpocTpancrsa F
el el
NOJI0K UM (x[y):EI(xL[yl); (x|y) ecTb 3pMuTOBAa NOJyTOpaIMHelHas
€
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¢opma, npespaumaouas F B 0TAeanMOe NpeAruin6epTOBO NPOCTPAHCTBO.
Ero nonoanenve £ ecTb ruabbepTOBO NMPOCTPAHCTBO, HA3LIBAEMOE BHOUL-
Hell 2uavbepmosoli cymmoli ruabbepToBHIX mnpoctpaHcTB E,. E MoxHO

OTOXKAECTBUTH C MOANPOCTPAHCTBOM IMDOU3BEACHHUSA I[ Et, OﬁpaBOBaHHblM
ET

TeMH X =—(X), LI KOTOpHIX Z || %112 < -}~ o0, npuyem ckaaspHoe mpo-
eI ’
ussenelue (x|y) Ha E 6yneT paBHO Z (x.[y). Ecau I koneuno, 10 E
el

€CTb TaKXe TOIOJOrHYeCKas MpsAMas cyMMa npocTpaHctB E,.

19. Mycte E-—ruap6epToBO NPOCTPAHCTBO H (El)la———cemeﬂcmo
€ro 3aMKHYTHIX BEKTODHHIX MOANPOCTPAaucTB Takoe, yro E, u E, mnpu
¢ == x oproroHaibHpl. Toraa 3aMKHYTOe BEKTOPHOE NMOLMPOCTpaHCTBO B E,
n0poxaeHHoe BceMu E,, u3oMopdHO BHewHel ruib0epTOBOH cymMe npo-
crpaicts E,. Ecny, B yacTHOCTH, 3TO MOANPOCTPAHCTBO cOBmaiaet ¢ E,
10 E nasvipaetcs 2ussbepmosoli cymmoi cBoux noanpoctpaucts E,. Ecau
(F)), ¢ [ — CeMeHcTBO runb6EPTOBBIX MPOCTPAHCTB, F — U X BHELIHAS T'Jb-
GepTOBA CyMMa H Kawjgoe F, paccMarpuBaeTcs KaK NOANPOCTPAHCTBO B F,
T0 F ectb Takie ruapOepToBa CyMMa 3THX NMOAMPOCTPaHCTB F.

§ 4. Bunykaocts

Bce nOHATHA, CBA3aHHBIE C BHINYKJAOCTBIO, OTHOCATCA K CTPYKType
BeKkTOpHOro mpocTpancTea #ad R. IToa ,rumepniockocTbio* BCIOLY B 3TOM
naparpage mNOHMMaeTcs (BelleCTBeHHas) a@PunHaA THNEPIIOCKOCT,
TeM caMbIM He 00f3aTeJbHO COLEPHalas Hayano.

Boinyravie muoacecmsa

1. MHoxecTBO A B BeKTOPHOM mNpOCTpaHcTBe E Ha3plBaeTCA BHAYK-
AbM, €CNH BMECTE C KawIbIMH CBOMMH [1BYMA SJEMeHTaMH X, Y 9T0
MHOXeCTBO COAEPXKHMT M BECb COCIMHAIOWMA NX OTPe30K, HHBIMU CIOBAMH,
ecan Ax—-(1—XN) y€A, korna 0L A 1. Bunmyknoe mHOxecTBo A
COREPXHUT UEHTP TiecTH mobOro koneynoro Habopa cpoux Toyek, cHal-

WMEHHHX MONOKUTENbHEIME MaccaMu (T. €. KaOXKIYIO JuHefiHyl0 KoMOuHa-
w0 O, Ax, rae x.€A, A >0 naa Bcex t€/, A & 0 qumwb aa3 KoHey-
[T S

HOTO YHCAa MHIEKCOB t i X A== 1).
€1

2. O6pas # mpoobpas BHIYKIOTO MHO¥eCTBA NpH adduHHOM JuHel-
HOM OTOGpawenun Buinykiae. llponssenenue M nepeceyeHHe BHITYKIBIX
MHOXeCTB BHAYK/b. Eciu A # B — BrNyKbe MHOXecTBa B E, 10 aA - BB
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BHIYKJI0 Aa8 mo60of mnapw cxaaspoB (a, 3). JluueHnoe wmuorooGpasue
BHIIYKJO; Tapajienendnes B R” —Bumykisifl; €ClIH  p — NMOJAYHOPME

Ha E, To MuoxecTBO Tex x € E, aaa kortopux p (x) < 7 (coots. p(x) < r).
BLITYKJIO Tp# KaxaoM r > 0.

3. B TonojoruyeckoM BEKTOPIOM HpOCTpaHCTBe 3aMblKaHue BBIITYK-

JOoro MHOXECTBa BLINYKJIO; BHyl‘pEHHOCTb A BBITYKJIOTO MHOMXKECTBA A

BHUTYK.IA; €CJH Aq& @, TO A A HA= A

3aMKHYTOE MHOMECTBO C HeNycTOM BHYTPEHHOCTBIO Ha3LBAETCH B3 -
NYKAbLM MELOM.

4. Bonyraoi 060404k0d muoxectsa A € E HasbiBaeTCd HauMeHbliiee .
BBIMYKJIOE MHOXKECTRO, Coacpxaulce A; 3T0 — MHOXKECTBO LENTPOB TAKECTH
BCEBO3MOXHBIX KOHEYHBIX HA60pPOB TOuck U3 A, cHAOKeHHBIX 10JOXKH-
TeJblLIMA MaccaMH.

5. B TonojsortyecKoM BeKTODHOM MNpOCTPaHCTBe E 3aminymoi 8-
nykaol 060404K0H MHOXeCTBA A Ha3nIBAETCHA 3aMblKalide ero BHIMYKJOH
060JI0UKH; 3TO — HanMeHblliee 3aMKIIYTOe BHIYKJIOC MHOXKECTBO, COLep-
Kaiee A. Eca E j10KaabHO BBIYKJO, TO 3aMKHYTa BHNYyKJas 0G0JOYKE.
MHO¥eCTBA A eCTh MepeceyeHHe COACPKAUIUX Cro 3aMKHYTHX HOAYMpPoO-
crpancts (ra. II, § 3, caeacrsue 1 npeanoxenus 4).

6. Tlycrs § n §’ — noxanbHO BHNYKJABIC ToNoAoruK B E; ecau Hempe-
peiBHBC JuHefiHble GOPMBI mpu 06euX 3ITHX TOMOJOTHAX OLHH # TE XKe,
TO ¥ 3aMKHYTHIC MHOXeCTBA onnu u Te e (ra. IV, § 2, mpennoxenne 4).

3T0 UMeeT MeCTO, B 4acTHOCTH, koraa §’ — ocaableHHas TOMONOTHS,
accouunposannas ¢ tomoiaoruet .

Omadesenue BHINYKABLX MROICECMSB

7. Hycts E— Tononornyeckoc BeKTOpPHOe mpoctpanctso, ACE —
BhINYKJ0e MHOXecTBO M V — annellnoe mHOrooGpasue B E, He mnepece-
Kaoueeca ¢ A; AJs CylleCTBOBaHMA 3aMKIYTOH runepmiockocth H, co-
nepxauet V u He mepecekamowme#cs ¢ A, BOCTaTOUHO BHIMOJHEHHS IO~
60oro u3 cieAyOIMX ABYX YCJI0BHA:

a) A ortkpeito (teopeMa Xana — bBanaxa (reoMeTpuueckas Qopma);
rn. II, § 3, Teopema 1). '

6) E aokaabHo Buimykao, A kommaktio u V' samkuyrto (ra. II, § 3,
npeancKeHue 4).

8. Tosopsar, utro MHOxecTBA A # B B TONOJIOTMYECKOM BEKTOPHOM
npoctpanctee E omdeasiomcss (COOTB. cmpoz0 OmMOeAsiomcs) 3aMKHY-
TOH (BeulecTBENHOW) FUMEPNMIOCKOCTBIO f1, ecnii A COLEPKHTCA B OAHOM
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U3 onpejgenseMbHX el 3aMKHYTHX (COOTB. OTKDHITHIX) MOJYINPOCTPAHCTB,
a B—s apyrom.

[Tyctb A 1 B—HenycTble BHINYKABE MHOXECTBA B TOMNOJOrA4YeCKOM
BeKTOpHOM mnpocTpauctse E, npuuem A oTkphito m A1 B== . Cyue-
CTByeT 3aMKHYTas TUNepIIOCKOCTb, oTaeaswowaa A un B (ra. II, § 3,
npeanoxenne 1).

[Mycte A n B—HenycTble 3aMKHYTHE BBHIMYKJbIE MHOXECTBA B /10~
Ka/AbHO BBITYKJOM npocTpancTBe E, mpuyem A koMmnakTo m AN\ B = J.
CywurecTByeT 3aMKHyTad THHePIIOCKOCTb, CTPOro oTiedadamowas A u B
(ra. 11, § 3, npenaowenue 4).

9. B JoxanbHO BHIMYKJOM NPOCTPAHCTBE KaMiOe 3aMKHYTOE BHIMYK-~
706 MHOXECTBO eCTb mNepeceYeHHe COAEPWAMX ero0 3aMKHYTHX NOJy-
npoctpaHcTB. Kaxioe samkHyToe Jauneftnoe Mioroobpasue ecTh nepece-
YeHHe COAEPKAUUX er0 3AMKHYTHIX FUIEPNAOCKOCTeH.

10. Onopuoi 2unepnaockocmpio K MHOMECTBY A B BeKTOPHOM IPO-
cTpancTBe E HasmBaeTcs kawiast rumepnaockocts M rtakaf, uto HN A +
#+ J M A 1el¥KOM HaXOIMTCS NMO OAHY cTopouy ot H.

B Tomonoruueckom {(COOTB. JOKAMbHO BHIIYKIOM) BEKTODHOM IIpO=
CTPAHCTBE KaXjoe BHMNYKJI0e Teao A (COOTB. Kamaoe HemycToe KOM-
NaKTHOE BBIMYKJOE MHOMECTBO A) ecTb NepeceyeHUe COZEPKALIUX €ro-
3AMKHYTHIX IOJYNPOCTPAHCTR, ONpeje/seMbiX OINOPHBIMHA T[HIEPIIOCKO-
cramn Kk A (ra. I, § 3, caeacTsne mnpeanoxenus 3 M CaeiCTBHE 2
npexaowenus 4).

Komnaxmnuste 8bINYKAblE MHOJMNC2CmMEBA

11. B oTaecJuMOM TOMOJIOrHYECKOM BEKTOPHOM NpOCTpalcTBe E Bhi-
nykaas 000n04ka OObeguleHHA KOHEUHOIO YHC/A BBIMYKJABIX KOMIAKTHBIX
MHOKECTB KOMMakTHa. Ecam £ —oTneinmoe J0Kaabio BHNYK/IOE NpO-
CTPancCTBO, TO BHNYKJafA 060M0YKAa NPeIKOMNAKTHOIO MHOXecCTBa u3 E
NpeiKOMNAKTHA; €CJd, Kpome Toro, E KBasunoao, TO 3aMKHYTask
BhIyknas 000J04YKA TPEeLKOMINAKTHOrO MHOXeCTBAa KOMNAKTHA.

[2. Tlycth A— HenycTOe KOMNAKTHOE MHOXeCTBO M H — 3amkHyTas
FMOCPIIOCKOCT B OTAEAMMOM TOMOJOrHYeCKOM BEKTOPHOM npocTpancTse E.
CooTBeTcTBeHHO TOMY, COZEpPHHUTCH JH A B rHNEPIIOCKOCTH, Rapalilenb-
HO# H, nam Her, A 06aagaeT OZHOH WM AByMA OMOPHBIMH THICPIIO-~
CKOCTAMM, mapaianeabHbiMu -’ H. ,

13. Touka x BHIIYKJIOTO MHOXKECTBA A Ha3HIBAETCA €r0 IKCHIPE~
MAAbHOU TOYKOW, ecam B A HeT HM OAHOTO OTKPHITOrO HHTEpBAJId, CO~
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Jdepxauiero x. Ilycth A— KOMNaKTHOe BHIYKJIOE MHOMXECTBO B OTAe-
JAYMOM JIOKAMbHO BHIMYKJAOM NpOCTpaHcTBe. Kaxiaas onopHas THiepIuio-
CKOCTb MHOXeCTBa A CONePXKHT ero SKCTPeManbHylo TOuKy, U A ecTsb
BaMKHyTas BBIMyKJAas 060J0YKa MHOWecTBa F BCEX CBOMX SKCTPEMAIbHBIX
Touex (TeopeMa Kpef#tna— Muabmana; ra. I, § 4, teopema 1); obpatHo,
Ka}¥JA0e KOMMAKTHOe MOAMHOKeCTBO B A, nmemouiee A cBOeft 3aMKHyToO#
BHnyKaok obonoukoft, cogepxur F (ra. I, § 4, mpemnoxenne 4).

Ilpoexyus Ha GbinyKa0e MHONHCECMBO 8 npedzusbbepmosom npo-
cmpancmse

14. Tlycte E —npearnanbepToBO NPOCTPAHCTBO, A — liemyCTOe 1oJ-
HOe OTdeqMMOe BHykaoe MHOXecTso 8 E u x € E. CyulecTByeT oamHo-
BHAYHO oOmpelefeHHasd Touka yE A, HasbiBaemas npoexuyuel x Ha A,
paccTosHue KOTOPOR OT X paBHO pacCTosaHwio x oT A. 3Ta TOyKa Xa-
PaKTEPH3yeTCA TaKKe BHMOJHeHneM HepaseHctsa R(x —y|z— )<< 0
aaa scex 2€ A (ra. V, § 1, Teopema 1).

[lpn 3amanHoM A mpoekuuma x ua A ecTb HempepblBHasd QyHKuus
OT X.

15. Tlycte @ — duapTpyomieecss N0 BKMOYeHHI® D (COOTB. )
MHOXeCTBO, OGpA30BAHHOE HEeNyCTHIMH TMOJHBIMH OTHENUMBIMH BHITYK/BIMU
fIOAMHOXKeCTBaMH nipearnabbeproBa npoctpaHcTBa E, n M — nepeceueHue
Bcex MmHoxecTB A€ ®, npenanonaraeMoe HenmyCTHIM (COOTB. 3aMKHyTas
BBIIyKJAA 000JI04YKA OOBeNHMHEeHHs BCEX MHOXeCTB A, mpeanoJaraeMas
orpennMoit u nonHoht). [Tpoexuns xawxporo x€E na A€ @ crpemnrcs
no ¢uibTpy ceueHult MHomectsa ® K mpoekunmn x Ha M.

Boinyravie dynxgun

16. Ynucnosas ¢yHKkuma f, ompeleleHHas Ha BHNYK/JOM NOIMHOXMeE-
ctBe A BeKTOpPHOro npocTpaHcTBa E, HasbiBaeTcs 8unyrK.aof (COOTB,
cmpozo  sunyrKA0d), ecAd  BBHIOAHEHH CJAEAYIOUIME  PABHOCHIbHHE
YCAOBHA:

a) Has kawaoit npamo#t D B E cyxenne f Ha oTpesok DN A ectp
BHIMYKNas8 (COOTB. CTPOro BHNyK/Jad) (YHKUHA BelleCTBEHHOro mepe-
MEeHHOTO.

6) Ecin x€ A, y€A, x+yu 0<<r L1, 10

FOx+A—NN<HE)+A—=NFO
coots. fRx4(1—0y) < M)+ —=NfO)
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B) Kakosm 6bH Hu ObUIM TOYKW X U ¥ B A, BCE TOYKH OTKPHITOro
unteppana M, M, (rae M, osnauaer Touxy (¢, f(t)) npoussenerus E X R)
HaxoaaTcd moa (COOTB. CTPOro moa) rpadukom ¢yHkuuu f.

Ecan f Bunykaa (COOTB. CTPOro BHIYKAA) W g-— LEHTP TAKECTH
MONApHO pa3MMuMHX TodeK x; € A, cHabweHHBX Maccamu »; >0, TO
TouKa M, HaXOAMTCA MOL (COOTB. CTPOro NOA) LEHTPOM TAKECTH TOYeK
M,; CHaGXEHHBIX TeMH e Maccamu ;.

[MoayHopma ecTb Bhmykaas (yHKUHS.

17. Ilycte f-—BuHnyknas ¢yHKUWSA, ONpeldeleHHaAs Ha OTKPBITOM
BHIMyKJAOM MOAMHOMeCTBE A TONOJOrHY4eCKOr0 BEKTOPHOIO TPOCTpaH-
crBa. Ecin-f orpanndenHa cBepXy Ha HEKOTOPOM HeNyCTOM OTKPLITOM
MOIMHOXeCTBe MHOXecTBa A, TO f HempephlsHa Ha Bcem A.

Konyco .

18. MuoxecTso C B BeKTOpDHOM NpOCTpaHcTBe E Ha3biBaeTCH KOHYCOM
¢ 8epuuHol 8 Ha4aie, eCIM OHO YCTORUHBO OTHOCHMTENBHO BCEX TOMO-
TeTH# C MONOKHTeAbHBIMH KoddduuueHTaMu. x -+ C aas Kawaoro x € E
HA3LIBACTCA KOHYCOM C Beplunold x.

Konyc ¢ Bepwunoft O HasmBaetca saocmpenusis, ecan 0€C, 3a-
MYRACHHOM, €CH O$C, W sucmynaouum, eCIn OH He COAEPKAT
HHukakoft mpamoft, mpoxoaduielt yepes 0.

19. Ias Toro uTo6n MHOWecTBO CCE OBUIO BHIYKJBM KOHYCOM
¢ BepmnHo#t 0, Heo6xoaMMO M AOCTaTOuUHO, 4TOO6H C—Cc=C n AMCcC
ana Bcex A > 0; nopowxiaemoe MM BeKTOPHOE INOANPOCTPAlCTBO €CTb
toria C—C; Hanboablliee BEeKTOPHOe NOANPOCTPAHCTBO, COAepKauleecs
B C, ectb CN(—C).

[Mepeceyenne BHNYKABX KOHYCOB C oOOuwiedl BeplUMHOH eCTb BBHITYK-
AbIA KOHyC;, 00pas BBIMIYKJIOro KOHyca mnpH adPuUHHOM JHHEeRHOM OTO-
6pamenin ecTb BHIIYKJBIR KOHYC.

20. Tycth P — BHCTYnaOWul 330CTPEHHHHA BBIMYKJBIR KOHYC C Bep-
wnHolk O B BexTOpHOM npoctpaictee E. OTHowenne y— x€ P ecTb
oTHoWieHHe mopsAzka B E; o6osHauum ero x < y. OHo obGnapaer cae-
LyIOIUUMH CBOHCTBAMHU:

(EOy) ecaun x Ly, mo x4z y+2 04a scex z2E€E;
(EOH) ecau x>0, mo Ax >0 048 rancdozo ckaanpa > 0.

O6patno, ecau E HaleneHo CTpyKTypoH mnopsaka, obianaoueh
CBOMCTBAMHA (EOI) " (EOH), TO MHOXecTBO P Bcex sneMeHtoB > 0 u3s
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E ecTb BBHCTYRamowWwui saocTpeHHbt BHINykJAb# KOHyc ¢ BepmHo#t 0
E, HazeneHHOe CBOMMH CTPYKTypamM BeKTODHOrO NPOCTPAaHCTBA U MO-
PAAKA, HA3BIBACTCA TOrAA YNOPROOUEHHLIM BEKMOPHWM nPOCMPAH-
CMBOM.

21. Myctb P—ssunykabift xoHyc ¢ Bepwmuolt 0; noaynpamas D
¢ nauanoM O, cogepmauiascd B 3TOM KOHyce, Ha3bIBacTCA ero sxcmpe-
MOaabHOG O6paszyiowed, eCaAl KaXIBH OTKPHTHH HMHTepBaa, COAEPKA-
wuitca B P u mepecekaomlics ¢ D, cozepxutca B D; gas 3Toro He-
06X0MMO U AOCTATOUHO, UTOOH U3 X -+ y € D, x € P, y € P caeposano x € D
u yeD. ’

22. B TONOJOrHYECKOM BeKTODHOM MNpPOCTPAaHCTBE BHYTPEHHOCTH
M 3aMbIKaHHe BHINYKJOrO KOHyca C BeplHHO# O ABASIOTCH BHINYKABIMK
Konycamn ¢ BepiuuHoft 0.

23. Ilyctb E — OTZe MMOE JIOKAIBHO BHINYKJOEe MPOCTPAHCTBO H P —
BHICTYMAIOWHN 3a0CTpeHHb# BHOYKJAHHA konyc B E, umeomnft nenycryio
BHyTpenHocTh. Kawnaa annefinaa ¢opma mna E, nojoxutenbHas ua P,
HenpepbiBHa. Ecau M -— BeKTopHOe MNOANpoOCcTpaHCTBO B E, nepecexaio-
weecss ¢ BHYTPEHHOCThIO Konyca P, u f— auxeftnas ¢opma Ha M,

noaowuTeabnass Ha PN M, 10 na E cymecTByeT anHeHiHas ¢opma f,
npogomkaioniad f n monoxuteasnas na P (ra. I, § 3, npennoxenne 6).

§ 5. MMpocTpancTBa HeMpepLIBHBIX JHHEHHBIX OTOGpaMeHuit

B aotom naparpade E u F—.0KalbHO BHIIyK/be NPOCTPAHCTBA,
& — MHOXeCTBO OrpaHNuYeHHBIX NOAMHOXeCTB npoctpaHcTBa Eu L (E, F)—
BEKTOPHOE MPOCTPAHCTBO BCeX  HempephIBUBIX  JuneHHHX 0TOOpa-
wenuit £ B F.

Ecau F —-Tteno ckaaspo npoctpanctsa E, to L(E, F) HasbiBaeTcs
MONOA02UYECKUM CONpAdCeHHbM (NN TIPOCTO CORpAMCEHHLM) K E
1 obosnavaerca E’.

&-monoaoeuu ¢ L(E, F)

1. @-tononoruet B mnpoctpanctse L (E, F) BceX HempepHBHHX JH-
He#iHHIX oTOOpawenu#t E B F HasbiBaeTcd TONOJOrMA paBHOMepHOH c¢xo-
IMMOCTY Ha MHOXecTBax M3 ©; 3Ta TONOJMOTHA COrJIACyeTcA CO CTPyK-
Typoft BexTOpHOro mpocrpauctda B L (E, F) u J1oxaibHo Benmykaa. [lpo-
crpancteo L (E, F), nagenexnnoe &-tomosorueit, obosnauaercs Le(E, F).

Ecau obveannenne mHowecTB M3 & tortaqpHo B E, a F oTaeaumo,
70 Le (E, F) otgeanmo.
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2. Hanbonee BamHH ciaenyoline &-TOMOJIOIHH:

a) € —MHOXeCTBO BCeX KOHEeYHBIX TOAMHOXECTB NPOCTpaHcTBa E;
Takaga &-TOMOJOrMA HA3LIBAETCA MOnOA0zuel npocmoid cxo0umocmu
(W c.ra6od TOMONOTHEH, B Caydyae COMPSMEHNOro npoctpaHctBa E7).

6) € -— MHOXeCTBO BCEX KOMMAKTHHIX NOAMHOXECTB NMPOCTpaHcTsa E;
TaKas €-TONONOrUS HA3BIBAETCS MONOAO2UEH KOMNAKMHOL cX00umocmu.

B) @ — MHOXeCTBO BCeX OrpPaHHYEHHHX TIOAMHOKECTB MPOCTPAHCTBA E,
takad &-Tomo.Oruf 1askBaeTCH MONOAOUuel 0ePAHUYEHHOE Ccxo00u-
MOCmu (MIM cuabHOf TONOJOTHEH B CJyuae CONPMKEHHOrO MPOCTpaH-
c¢tBa E’).

Kawpaas u3 sTMX TomoJoruft Mawopupyercs Cleayiouied.

3. Tlyctp I'— MnoxecTBO NOAYHOPM, Onpejeasiolice TOMOJOrHIO B F.
HOas  xawaoro uEL(E, F), Mc® n peTl noaoxnm p, (&)=
=sn€1glp(u (x)). Pynkumu p, 06pasylOT CeMeHCTBO NOJYHOPM, Onpeje-

x

JSIOWMX TONOJOTHIO mpocTpaHcTea Le (E, F). B wuwacthoctd, ecan E
¥ F — HOopmKpoBaHHEe NpOCTpancTsa, 10 Hopma |jul| = sup ||lu (x)|]
lzl <t

onpeaeaseT B L (E, F) TONOJOrHi0 OrpaHu4eHHOH CXOZMMOCTY.

4. G-tonosorus ne u3mensercs npu 3amere & MHOKeCTBOM 06pasoB
BCex MHOXeCTB 3 € IpH BCEBO3MONILIX TFOMOTETUSIX, WAH MHOKECTBOM

06beIMHeHHAt BCEBO3MOMHBIX KOHeuHBIX HaGOpOB MHOkeCTB U3 &, Han
MIIO}KeCTBOM 3aMKHYTHX YpPaBHOBeLIeHHHX BHIIYKJbX 000M0YEK BCex
MHOXecTB u3 S.

5. [lpeanonoxum, uto E u F oTaeaumsbl, npuueM F TOJHO; MyCThb
E — nonoanenne npoctpanctsa E n & — MHOKeCTBO 3aMbikannii 8 E
Bcex MHOWecTB u3 €. OrHoca kawgoMy saementy w3 L (E, F) ero mnpo-
NO/KeHHE TIO HeMpepHIBHOCTH Ha £, TO/AyuaeM H3OMOP(U3M  TONOAOMH-
4eCKOro BeKTOPHOrO NpocTpaHcTBa Lg(E, F) Ha TONOAOrMueCKOe BeK-
TOpHOe TNpPOCTPaHCTBO Lg (E, F).

6. Ecom E Goueyno, F «kBasunoano u &, nokpniBaetr E, TO
Le (E, F) xpasunoano (ra. III, § 3, Teopema 4).

Ozparunuennsie muoncecmea 6 Le (E, F)

7. Oas Toro utrobbl MHOxecTBO H B L(E, F) OBIO OrpaHHYeHHHM
B ©-TOnonorun, HeOGXOZMMO # OCTATOUHO, YTOOH MHOMECTBO TOYEK
u(x) (W€ H, x€M) 6uao orpannuenHo B F pas xaxporo Mg €.

8. Ecim E n F orzeanmbl # G — MHOXeECTBO BCeX MOJHHX YPaBHO-
BEWEHHBIX OrPaHMYEHHBX BHINYKJABX TOAMHOXECTB NPOCTpaHcTsa E, TO
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Kawaoe MHoXectBo u3 L(E, F), orpany4yeHHOE B TOMOJOTHA npoCTOR
cx0anMOCTH, orpaHnyesno u B G-tomomornu (ra. III, § 3, teopema 1).

9. Econ E kBasunoaso uaum Goueuno, a © nokpuisaer E, TO orpa-
HUYeHHbie MHOWecTBA B Lg (E, F)—onHH ¥ Te Xe Aad BCex &-Tomno-
aornlt (ra. 111, § 3, caeacteue 1 Teopempt 1 M Teopema 2).

Pasnocmenenno nenpepsteuvie muozcecmea 8 L (E, F)

10. IMycts H—muoxectso B L(E, F). Caenyioumne csofictsa pas-
HOCH/IbHbI:

a) H pasHoctenenno Henpepwsuo B rouke O mpocTtpancrtea E.

6) H paBHOCTeNeiiHO HelipepuiBHO B KaxkiOR Touke mpocTpaHctBa E.

B) H paBHOMepHO PaBHOCTENMEHHO Hempephsuo Ha E.
~ 1) Hoaa xamao#t okpectHocTH nyas V us F CywecTByeT OKPecTHOCTb
Hyaa U B E Takas, 4to u(x)EV nam scex xEU n u€H.

Ycnosue 6) osnauvaer, uto H paBHOCTeneHHO HempepHBHO Ha E.

11. Ilpeamoaoxnm F oOTAeauMBIM v NYCTh Ff— paBHOCTENeHHO He-
npephHBHOe MHOWeCTBO B L (E, F). Toraa MHOXeCTBO BCeX IpeleloB
otobpawenut u#€ H B Tomojorun MNPOCTOH CXOAMMOCTU eCTb PaBHOCTE-
MeHHO uempepriBHoe MuOxecTBO B L(E, F) (ra. III, § 3, npeanoxe-
‘Hpe 4). B H coBnajaor cieiyiouine paBHOMepHble CTPYKTypH: 1) mpo-
CTOH CXOIMMOCTM Ha TOTAIbHOM NOAMHOXeCTBe TNpocTpancTBa E;
2) mpocto#t cxoaumocTH Ha E; 3) paBHOMepHOH CXONMMOCTH Ha BCeX
NpeAKOMNAKTHHX MHOxecTBax u3 E (ra. I, § 3, npeanoxeHue 5).

12. Bce paBHOCTeneHHO HempephiBHble MHOWecTBa B L (E, F) orpa-
HH4YeHHB B kawao#t G-tonoqorun. O6paTHo, ecan E 60yeuno u & mo-
KphiBaeT E, 10 Kawaoe Muoxkectso B L(E, F), orpanmuennoe B S-10-
NOJOrMH, PABHOCTeNleHHO HenpepnBHO. Ecan, kpoMme toro, F oTiaeanmo
u guabtp @ B L (E, F), orpaHuueHHb# waH 06J3Ja0WMR CYeTHHM Ga-
3UCOM, MPOCTO CXOZHUTCH K OTOOpaweHHIO 4, npocTpauctea E B F, TO
4, eCTb HellpepHBHOe AMHeHuoe ortoOpawenue n ® cxomutcs K 4, pas-
HOMEpHO HAa KamAOM MpPeAKOMIIAKTHOM MHOwecTBe u3 E (Teopema ba-
naxa — Ulrefturaysa; ra. III, § 3, Teopema 2).

13. Ilpeanonoxum, uro F oTHZeanMo u kBasunoauo, a & MNOKpH-
BaeT E. Toraa Kawaoe paBHOCTENEHHO HellpePLIBHOE MHOXeCTBO M3
L(E, F), -3amkHytoe B &-TOnojaoruu, IoJHO B 3TOR &S-Tononoruu
(ra. 1L, § 3, TeopeMma 4).

14. Ina toro uro6bl PABHOCTENEHHO HeMpEPHBHOE MHOXKecTBO
B L(E, F) 6b10 OTHOCUTEJIbHO KOMMNAKTHHM B TOHOJOTHH TNpPOCTOH CXO-
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ANMOCTH, HeOOXOXMMO H LOCTATOYHO, YTOGHI MHOKECTBO TOYEK u (x)
(u € H) 66110 OTHOCUTENbHO KOMMakTHO B F aas kawporo x € E (ra. Iil,
§ 3, caexcTsHe npedowenns 4).

§ 6. JpoficTBeHHOCTD
Bexmopnoie npocmpancmea 6 080icmeennocmu

Mycts B-—6uanuetinas gopma Ha nponsBeieHun BEKTOPHHIX NpO-
ctpaicTs F u G. Mu rosopuM, uto B npusodum F u G 8 0soiicmsen-
HOCMb, €CAN BHIIONHEHB! Cielylouine IBa YCJAOBHA:

(D1) ZAan rascdoeo x +0 u3 F cywecmsyem y€ G maxoe, umo
B(x, y)+ 0.

(Dn) Jdan kaxcdozo y # 0 us G cymecmsyem x € F makoe, wmo
B(x, y)+ 0.

OtHocst kaxaoMy aaeMeHty y& G JmHeHnyw ¢opMy x — B(x, y)
ua F, b moayuaem wusomopduam mnpoctpanctBa G 8 aareGpanuzckoe
conpmkennoe F* k F; ecau orowaectsuTb G ¢ ero o6pasoM HpH ITOM
usoMopduame, TO Qopma B(x, ¥) OTOMAECTBATCH C KAHOHMYECKOH G-
neftnot ¢popmo#t (x, y). Takum ke o6pasom F momeT GBITb OTOX-
JeCTBNEHO C HEKOTOPBbIM MOANPOCTPAHCTBOM NpoOCTpaHcTsa G*.

2. Tomoaorus npocro#t cxoanmoctn Ha ( ompegeaser B F (pac-
cMaTpuBaeMOM Kak uacth (G¥) Tomosormo, o6osHauaemyio o (F, G) M Ha-
3nBaeMyl0 C.Q004 monoaOezuei, onpeileiseMOR 3ajaHHOM ABOHCTBeH-
HOCTbIO. 3Ta TONMOAOrHA NOKANBHO BHITYKNA M OTA€JHMA; OHA ONpejeseTcs
cemeficTBOM noayHopM x — (X, y)|, rae y mnpoberaer G; 310 — CJa-
Geftizas M3 TOMOJNOrMH, HPH KOTOPHIX HeNpepHBHH BCe JHHeliHHe (HOpMBI
x—>{x,y) (y€G). O6patHo, xawmaas auHeftnas ¢opma Ha F, Hempe-
peiBHas B Tomonornu o (F, G), umeer Buax x — (x, y), rae y€G. Takum
ofpasoM, TOMOJOrHYecKoe conpsKeHHoe Kk F (MHOXKeCTBO BCeX Hempe-
PHIBHBIX JAMHeHHHX (opM Ha F, HajeneHHoM Tonoqoruet o(F, G))
oTOXAeCTBUMO ¢ G.

Tomenas poasuu F u G, onpeaenum Tonosornwo s(G, F) B G;
conpskeHHoe kK G (Hajenaenuomy Tonoiormet o(QG, F)) ortomaect-
Bumo ¢ F.

3. O6patHo, nyctb E — Tonojsornyeckoe BeKTOPHOE MNPOCTPAHCTBO
¢ oTHenHMOH# JOKAJIbHO BHNYKJAOH Tomosoruel § u E/ — Tomnonornyeckoe
conpsimerHoe K E. KaHoundecxas Ouanmnedinaa cdopma (X, x’) NPUBOZHT
E u E’ B nBolicteennocts (ra. II, § 5, cuaeactsue 2 teopemb 1); co-
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oTeeTcTByIOUAsA Tomoxorus o (E, E’) maxopupyerca tonoaorued § u Ha-
3bIBAETCH OC2294eHHOG monoadzuel, accouunposansot ¢ &; Tononorus
o (E’, E) uaswisaercss caa60i monoaoeued 8 E’. '

IToaspeot.

4. Ilyctb F n G -—BexkTopiible NPOCTPAtCTBA B ABOHCTBEHHOCTH.
IToaspoli wmHowectBa McF  HasbiBaeTcs MHOXectBo M° Bcex y€G
Takux, u4to R {x, y) <1 ana xaxzoro x € M. Muoxecrso M° cogzep-
#uT 0, BHIyKJI0 H 1260 3aMKHYTO (T. e. 3aMKHYTO B TomoJoruu ¢ (G, F)).
Ecan M ypasHoBeweHHo, To M’ ypaBHoBelienno M COCTOMT M3 BCeX
YE€G Taknx, uro [{x, y)| <1 ans xkaxaoro x €M. Eciu Mc=N, 10
M°oON° n ecau M nornowaer N, to N° noraowaer M°. Tloaspa 06b-

eﬂMHEHMﬂU M, mo6oro cemefictBa (M,) mHOMecTB M3 F ecTh mepeceue-

t

HHe nM.,; ecan Bce M, Brinyk:ae, caaBo samxHytl u cozepxart 0, To

13

nonasapa nepecevenus nML ecTb 3aMkHyrada (8 Tonogoruu ¢ (@G, F))

13

BHIYKAaA 0060.10uKka O6BbEaUHEHNS U M.

t

5. Mycts McF; M® o6osnauaer noaspy Muoxectsa M> 310 —
3aMkHyTas (B TonoJjornu o(F, G)) Bminykaag 0060/404Ka OODbesuHEHHA
Muoxectsa M u Toukn 0; M= M°. Taknum 06pa3oMm, MOAAPHOCTb MPH-
BOIMT BO B3aMMHO OJHO3HAYHOE COOTBETCTBHE C.1a60 3AMKHYTHE BHIYK-
fble MHOwecTsa M3 F n G, cogepwaume nauaao. [as TOro utofu MHO-
#ectB0 M F 6mno orpaunyendsim 8 Tomoaornu o(F, G), Heo6Xoanmo
U 30CTaTOYHO, 4yrobnl M° 6bi0 Gouxo#ht 8 tonosorum s(G, F).

ITodnpocmvancmsa, daxmopnpocmpancmea, npoussedenus

6. Ecam M — BexTopnoe moanpocTpanctso B F, TO €ro noaspa M°
€CTb 1260 3aMKHYTOE BEKTOPHOE MNOANPOCTPAHCTBO B (F, HassiBaeMoe
opmozonaasusin k M; 310— muomecTBO Bcex yYEG TaKuX, 4TO
(£, y)=0 aaa kaxaoro x€E M. M ecTb caaboe 3aMBIKaHMe BEKTOP-
HOro moanpocrpanctsa M.

7. Tlycte M — pexTopHoe moanpocTpanctso 8 F. Buaunettnas dopma
(%, y) npusomiut B xBOHCTBeHHOCTs M u G/M>. s (M, G/IM>) ectb TO-
Io1orud, unayunpyemaa 8 M tonoaoruet s(F, G). Ecam M cnabo szam-
KHYTO, TO o(G/M°, M) ectb dakTopTonosorus tomonoruu s (G, F) no mM°
(ra. IV, § 1, npeanoxenue 7).
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8. Ilycts ((F., G) )te1 — CeMeHCTBO nap BEKTOPHHIX NPOCTPAHCTB

(F.,G), npuBeleHHHX B [JIBOHCTBEHHOCTb OunauHeHHBIMH  opMamMu
B,(x., y). Toraa npamas cymMa F mpoctpaucte F, u npoussegenue G
fipoctpaucts (., npuBOAATCS B JNBORCTBEHHOCTH OuanHedHON dopMolt

B((x), (y))= 2 B.(x., y.); Tononorua o (G, F) coBnajaer ¢ mpousse-
eI

JAenueM Tomoaorust ¢ (G, F.).

Tonoaozuu, cozaacyrouuecss ¢ 060HcmeeHrOCMbIO0

9. MNycte F n G — pexTopuble NPOCTPAHCTBA B JBOHCTBEHHOCTH,
ToBOpAT, YTO OTAeaMMas AOKAJAbHO BuiMykaas Tomoaorus § B F cozaa-
cyemes ¢ Osodicmsennocmsio Mescdy F u G, ecan nuuefiHble (GopMb
#a F, HenpepriBibie 8 Tonojornn §, 510 ¢opmb BHAa x — (x, y), Tie
VEG; T0 Ke MOKHO BHPa3dTh, CKa3aB, YTO CONMpSMeHHbM K F, Haje-
neHHoMy Tomoaoruett §, cayxur G, nav takke uto o(F, G) ectb oc1a6-
JIeHHasl TOMOJOrHA, accouunpoBannas ¢ .

10. B F orpaHuyeHHble (COOTB. 3aMKHYTbie BBINYK/ble) MHOXKeCTBA ——
OJHM W Te Ke A9 BCeX TOMOJAOMHH, COrJAACYIOWIMXCA C JBOHCTBEHHOCTBIO
mexay F n G (ra. IV, § 2, teopema 3 u mpeanoxenne 4).

11. Jas oTaeauMoR /OKaAbHO BHINYKJIOH TONOAOTHH g 8 F cae-
AyoliHe Tpu cBoficTBa paBHOCHAbNH (Teopema Maxky; ra. IV, § 2, Teo-
pema 2):

a) § cornacyercs ¢ asodcTBeHHOCTbIO Mexay F u G;

6) § wmawopupyer Ttonosorno o(F, G) u Maxopupyercs TOmOAOTHeH
< (F, G) pasHOMepHOH CXOAMMOCTH Ha BceX C1a00 KOMNAKTHHX YPaBHO-
BelleHHBIX BBIIYKAMX MHOXecTBax u3 (; ,

B) § eCTb TONOJAOTUA DPABHOMEDHOH CXOAMMOCTH Ha 3JeMEHTaxX He-
KOTOPOro MOKPBITHS NpOcTpaHcTBa (G, 06pa3oBAHHOro €aa60 KOMNAKTHHIMU
YDABHOBELIEHHBIMY BHIMYKJBIMM MHOMECTBAMH.

Tononorua = (F, G) HaswiBaetca monoaozueti Maxkku B F; 310 —
CUIbHEHIIad U3 JO0KaJbiio BBHIMYKJAbIX TomoJaorut B F, corjacyioumxcs
¢ asolicTBenHOCTbIO MeXay F u G. B F TonoJjorus MeTpuayemoro Wiu
604e4HOr0 JIOKAJIbHO BHIIYKJOrO HpPOCTPAHCTBA, COrJACYIOAACH C.ABOR-
cTeeHHOCTbIO Mexay F u G, neoBxoznmo cosmagaer ¢ < (F, G); oanaxo,
AJa4 napH HpOCTPaHCTB B JABoHcTBeHnoctn F, G tomoaorua t(F, G) He
oba3aTe b0 OOoYeyHa UNU MeTpH3yeMa.

12. Mycte & —tononorus B F, coraacyiouwascs ¢ ABOHCTBEHHOCTDHIO
mexay F n G. Ias toro uro6n MuoxectBo NG OHJIO PaBHOCTENEHHO
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HenpepHiBHEIM (TpH  Tomoaornn & B F), Heo6x0aMMO # [OCTATOUHO,
yTo6b N° OBUIO OKPeCTHOCTBIO HyJaf aas Ttomoaornn § B F; Takoe
MHOXecTBO N ci1abo OTHOCHTeAbHO KoMmnaxkTHO B G; & cosmagaer ¢ €-T0-
noaorne#t, rie © — MuowecTso Bcex Takux N (cM. n°1l).

[Tpeanosoxum, kpome Toro, uto F, HagencHHoe Tonojorhed <,
noaHo. Jlaa Toro urob6n anHediias ¢gopma Ha G Oblia caabo HempephiB-
HOH (MHaudc roBopd, 3amucwBanacb B BHae y — (x, y), rae x €F), no-
CT4TOYHO, 4YTOOB OBIAM €260 HENmpepHBHEL ee CYMEHHS Ha MHOXeCTBa
uz & (ra. IV, § 2, Teopema 4).

Cusbroe cOnpsicernoe

13. Mycts E —oTaeanmoe 0KANBHO BBHINYKJIOe NPOCTpaucTso M £/ —
ero conpskeHHoe. CuabsHold monoaozued B E’ HaspiBaeTcsl TONOJOTUA
paBHOMEPHOR CXOZMMOCTH Ha BCeX OFPaHMUEHHHIX MHOWecTBaX M3 E.
Bexrtopnoe mpoctpaucTtBo E’, nageneHHoe 3To#t TomoJorueft, Hasbisaercs
cursrum conpaxcennum K E. Ilonspr Bcex orpaHnyeHHBIX MHOXeCTs u3 E
00pasyioT QyHRaMeNTaAbHYI0 CHCTEMY OKpeCTHOCTER Hyns A1d CHJIbHOR
Tonosorny 8 E’. 3Ta TONOIOIrHA 3aBHCUT AMIUb OT ABOUCTBEHHOCTH MEX1Y
E n E.

14. Kawxgoe paBHOCTENEHHO HenpepbiBHOE MHOXecTBO u3 E’ cHabHO
OrpaHNYeHHO, M KaXja0e CHABHO OrpaHWYeHHOE MHOXeCTBO €.1ab6o orpa-
HudeHHo. OO6paTHo, ecan E KBa3HNOJHO, TO Kaxaoe c€J1a60 OrpaHuyeH-
HOe MHOXeCTBO M3 E/ cuibHO orpanndento (ra. IV, § 3, npeanoxenue 1);
ecim E GodeuHo, TO kawjoe ciaaBo OrpaHuyeHHOE MHOKECTBO M3 E’
CHABHO OTPAHHYEHHO M DPABHOCTeNeHHO HempephBHO (ra. 1V, § 3, mpea-
JoweHue 2).

15. CompsxenHoe K CHABHOMY conmpfxeHHoMy E’ k E HasHBawOT
smopuim conpaxcennsm K E w obosHauaror E”. x’ — (x, x’) nna Kax-
poro x € E ectb HenpephiBHas JHHeRHas dopmMa Ha E’ M TeM CaMbiM
HeKOTOpHR 3neMeHT j(x) u3 E”. Orobpaxenne j mpoctpanctsa E B E”
B3aHMHO OZHO3HAYHO M JMHeHHO, HO He 0043aTeqbHO HenpephisHo. [las
Toro urobn j orobpawano E Ha E”, HeoOx0aMMO M 10CTATOYHO, Y4TOOH
KAWA0e OrpaHHyeHHOe MHOMecTBO U3 E OBLIO OTHOCHTENABHO KOMMNAKTHO
B Ttononornn o(E, E’) (rn. IV, § 3, teopema 1); E nasblBaeTcsa TOria
noaypepaexcususim. TlpegnonomnM, uTo 3TO YCAOBHE  BHIOJHEHO;
Aag TOro utobe j OBJIO M30MOPGPHIMOM TOMOJOrHUECKOTO BeKTOPHOTO
npocrpaictea E Ha BexTOpHOe npocTpaHcTsO E”, HaleneHHOE CHIlb-
Hoft  Tomoaoruel (KaK TNPOCTPAHCTBO,  CONPSAKEHHOE K  CHJIbHOMY
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conpsikenHoMy E’), Heo6X0LHUMO M 10CTaTO4HO, uTOOb E OblI0 GOYeuHO
(ra. IV, § 3, teopema 2); E nasbiBaeTcs Toraa pegaexcususim. Culibroe
compsieHHoe K pedIeKCHBHOMY NPOCTPAHCTBY pedIeKCHBHO.

Conpsiocenroe omoGpaxcerue

16. Mycets (F, G) n (F,, G;)— ABe mapb NpoOCTPAHCTB B ABOKCTBEH -
HOCTH ¥ u— JuHefinoe oToOGpaxenue F B F. Jlia Toro utolwl cyuie-
CTBOBaNO JauHefinoe orobpaxenne v npocrpanctsa G, B G Taxoe, 4TO-

(@) 21) =y, v(2)),

KaKoBb! Obl HU Obtin YEF n 2, € G, HeoOXOAHMO H A0CTATOUHO, UTOGHE
u 6b10 ca1a60 HempepbiBHO (T. €. HeNmpephiBHO Mpu TonoJorusx o (F, G
U o(F, G))). Otofpaxenne v TOr1a eNHHCTBEHHO M sBJIfeTcA caabo
HenpepuBHHM (pH TonoJoruax s (Gy, F,) n o(G, F)) nuHefrisiM oTOGpa-
KeHUeM; OHO HA3LIBAETCH COMPANCeHHbM K 4 W obosnauaerca tu. Vmeem
ttu)—=u.

17. Slapo otoGpaxkenus *u oprorowambuo x u (F). Daa toro uToOb:
u (F) 6pl10 caabo MJAOTHHIM B [y, HeOGXOAMMO M 10CTATOMHO, YTOGH i
OblJI0 B3aAUMHO OJHO3HAYHO.

Ias toro uto6m « Guio roMoMopduamoMm F B F (npu Tomoaorusx
o(F,G) n a(F, G))), neoGxoauMo u aocTatouxo, utobul fu (G,) GbLio-
c1abo samkdyto B G (ra. IV, § 4, npeniomenne 4).

18. Mycts E u F—oTaequMple JOKAJIbHO BHIMYK/ble NPOCTPAHCTBE
¥ u— aunettnoe orobpawenne E B F. Ecan u caabo HenpepwiBHO, TO
ty ompegeiseHo u oTo6pawaer F’ B E’; 0HO HempepslBHO, eC/H Hale-
aatb F7 u E’ oaHoBpeMeHHO c1a6OM WM CHIbHOM TOMOJOTHAMH.

Ecan u nenpepbiBHO NpH 3al1aHHBIX HCXOAHBIX Tomonoruax B E u F,
T0 OHO cJa6o nenmpepbiBHo. OOpaTHO, ecau « €J1a60 HeNpepHBHO, TO-
OHO HenpepblBHO npu Tomoaoruax Maxkku < (E, E’) u <(F, F’); B ua-
CTHOCTH, ecau E OOYeUHO MM MeTpH3yeMO, TO 4 HenpepbiBHO NpH 3a-
JAHHBIX HCXOAHHIX Tomomoruax B E u F.

§ 7. OcHOBHBIE THNB JOKAJAbHO BHIMYKJBIX NPOCTPAHCTB
boueunste npocmpancmsa

1. Bourxoid B n0KanbHO BHIMYKJAOM TIpocTpancTBe E HA3bBAeTCH Kam-
Joe TOrjoulaliyee 3aMKHYTOe YPABHOBeUlEHHOE BBIMYKJIOe MHOMXECTBO.
Bouka norJoutaer Bce TOMHBIE OrpPaHHYEHHbIE BBHINYKJblE MHOXKECTBA
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Ara. I, § 3, nemma 1). Ecan E xBasunoauo, 1o 60yxa MOIVIOLIAET BCe
-OrpaHnyeHHble MHOXecTBa u3 E. _

2. Tononoruueckoe BeKkTOpHOe mnpocTpaHcTBo E Ha3biBaeTcsl 604ey-
HbiM, €CIH OHO JIOKAJBHO BHMYKJIO M Kampnas Gouka B HeM ABAAETCA
OKPeCTHOCTbIO Hyas. JloxaabHo BHIMYKJIOE NPOCTPaHCTBO, 6a3UCHOE TO-
TI0/10THYeCKOE MPOCTPAHCTBO KOTOpOro — 63posckoe (O6ui. Tom., Pes.,
§ 1, n°17; ra. 1X, § 5, n°3), Goueuno (ra. II, § 1, npennoxenne 1);
B 4aCTHOCTH, npocTpancTBa Ppewe, a TeM caMbiM M 0aHaXOBCKAe NpoO-
CcTpancTBa Goyednnl. MoHTeeBCKOE NMPOCTPAHCTBO GOYeYHO MO Ompesje-
Jenn0. PakTOpPNpOCTPAHCTBO, TOMOJOrUYecKas npaMas CyMMa H HMHAYK-
THBHBIM npenes GOYEYHBIX MPOCTPAHCTB OOYeHHHL.

3. Ilycre E —6oucyroe mnpocTpaHCTBO H £ — OKaIbHO BHINYKJIOE
JIpocTpancTBO. OrpaHuychHbie MHokecTsa B L (E, F)—oanun u Te e
Aas Bcex &-romojorui#, rie oOGbeantHeHHeM MuoxecTs U3 © CAYHKHT
-BC€ E; OHM COBMazai0T C PaBHOCTENEHHO HEMPEPLIBHHIMH MHOMXECTBAMU
8 L(E, F) (rn. 1Il, § 3, Teopema 2).

Ecau F otaemumo u @ -—orpaHuuennsit uin 061a1210MMH CUETHBIM
Hazucom ouibtp B L(E, F), npocto cxoaswufica K HEKOTOPOMY
oTtoOpaxennio u, npocrpaictsa E B F, T0 4, ecTb uenpephBHOe JH-
Heltnoe oToOpawenne u @ cXOAUTCA K 4, PABHOMEpPHO HA KaXAOM fipel-
KOMMakTHOM MHOXectBe u3 E (treopema banaxa — llivefiuraysa; ra. il
4§ 3, creactsue TeopeMsl 2).

Ecay, xpome toro, F xpasunoauo u & nokpeiBaer E, 10 Lg(E, F)
«Bpasunoado (ra. I, § 3, caeactsue 2 TeopeMsl 4).

4. TMycts E—otnesuMoe GoyeyHoe npocTpanctso u E'—ero co-
apskennoe. Crenyiowne cBofictBa Muoxectsa M’ cE’ paBHOCHIbHEH
{ra. IV, § 3, mpeanoxenue 2):

a) M’ caabo orpaHHueHHO.

6) M’ cuabHO OrpasHyesHo.

B) M’ oTHOCHTe/IbHO €360 KOMMAKTHO.

r) M’ paBHOCTeneHHO HempepHBHO.

[MpocTpanctBo E’ KBa3UMO.JHO KaK B CHABHOW, Tak W B cilaboft
-romojorun. B E’, HagenenHoM caaGo#t TonoJqorued, 3aMKHyTad BHIyKJas
©000/104Ka KOMINAKTHOTO MHOMKECTBA KOMNAKTHA.

5. Ecan E—oTaeanMoe Gouyeusoe MPOCTPAHCTBO, TO €F0 TONOJOrHA
coBnagaet ¢ tonogorpe Maxkxkn < (E, E’). Tloaapsl oxpecrtiiocte#t nyas
u3 E (coorB. u3 cuabuoro conpsukensoro E’) oOpasyior dyniaMenranb-
HYIO CHCTEMY OTpatiMyeHHBIX MIOMXECTB B CHJIbHOM compsxentoM £/
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(coors. B E). O6parto, moaapul OrpaidyeHiibiX MHOXKecTB U3 E (cooTB.
U3 CHUAbHOro conpskensoro E’) o6pasyoT QynIaMEeHTAIbHYIO CHCTeMY
-OKPeCTHOCTeH HyJaR B CHJAbHOM conpsxennom E’ (coots. B E).

6. Mycte E, F, G—TONOJOrH4ecKHe BeKTOpHHE MPOCTPAHCTBA.
Ecaun F Goueuno, TO Kaxjaoe pasienbHo HenmpepbiBioe Ouinneinioe oro-
Opaxenne u npoussetedus E X F B G ©-runonenpepsiBiio 141 J1060r0
nokpuitua & npocrpanctea E orpaHnueHHniMH MHOxecTBamu (ra. III, § 4,
mipeanoxenne 6). Ecau, kpome toro, E nu F Merpusyemb, TO 4 Henpe-
puiBho (ra. I, § 4, npeanoxeunnc 2).

Monmenesckue npocmpancmsa

7. Monumeaesckum npocmparHcmsom Ha3BIBACTCA Kama0€ OTAEAUMOE
GoueyHoe MPOCTPAHCTBO, B KOTOPOM BCe OFpaNHYEllHBIC MHOMKECTBA OTHO-
CHTeAbHO KoMnakThbi., HopMmupoBaHHOe MOHTeJneBCKOE MNPOCTPAHCTBO
KoneunoMepHo (ra. 1, § 2, reopema 3).

8. B oOrpaHu4eHHOM MNOIMHOXeCTBE MOHTeJIeBCKOr0 MNPOCTPAICTBA
ocnableHHas TOMOJMOTUA COBMNAjaeT € MepBOHaya/lbio 3alanHoH. Kamnbr#
orpannueHHbR QuiIbTp HAHM GHABTP CO cueTHbiM 6a3ucOM, cxopduwiibcsa B
ocaabaerHOM TONOAOTHH, CXOAMTCSA U B e PBOHAYANBHO 33JaHHOR TOMOJIOTHH.

Creayowe CBOACTBA MOAMNOKECTBA P MOHTEJNeBCKOr0 MPOCTPAHCTBA
£ aBHOCH/IbHBI:

a) P orpanuyetHo.

0) P oTHOCHTCJIBHO KOMMAKTHO.

8) P orpannuedio B ocnabaeHniofl tono.aoruu.

r) P oTHOCHTENbHO KOMMAKTHO B OCJIabJcCH:IOH TONOJ0THY,

9. Kaxzaoe mouteneBckoe mpoctpaictso pedaexcuntuo. CuiabHoe co-
TpAKeHHOe K MOHTeJeBCKOMY MNPOCTPAHCTBY eCThb MOHTeJCBCKOe Npo-
crpancrBo (ra. IV, § 3, npeanoxenue 7).

IIpocmparncmea Dpewe

10. ITpocmpancmeom Dpeuwe HA3LIBAETCH KawaOe MOJHOE MeTPH-
3yeMOe JOKaAbHO BBIMYKJOE mpocTpaiictso. Kamiaoe saMxiyToe BekTOp-
HOe MOAMPOCTPaHCTBO MpocTpancTBa Ppeute u xaxnoe akTopnpocTpan-
CTBO npocrtpanctsa Ppemte MO ero 3aMKAYTOMy BeKTOPHOMY MOZNPO-
CTPaHCTBY ABJAAIOTCA NpocTpancTBaMu Ppeute.

11. Tak kax npocrpancTBo Ppeuic MeTpusyeMo  MOJAHO, TO K HeMy
fipUMenNMa TeopeMa O 3aMKHyToM rpaduxe (cM. § 2, n°n® 6 u 7; § 3,
n° 8). B uactHocT4, nycTs &y #u F, — ABe TONOAOrMM B OLHOM H TOM e
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BEKTOPHOM TNpocTpaHcTBe E, B KawaIo# u3 xoTopmix E ecTb npocTpas-
ctBo Ppemwe; ecan §; Maxopupyercs tonojorued &, TO 3TH ABE TONO-
JOTHM COBMAAAIOT.

12. IMpoctpancrso ¢pewe . Goueyno. [ToaToMy k HeMy NpUMeHHMBE
BCe CBOHCTBA GOYeUHBIX NMPOCTPAHCTB M MpeXiIe Bcero TeopeMa banaxa —
Lireftnraysa (n°n® 1—6). Ecan E — npocTpancrBo ®pewe u F — MeTpH-
3yeMoe TOMOJOTHYECKOe BEKTOPHOEC MPOCTPAHCTRO, TO KaxJoe pasielbHO
HenpepsiBHOe GuanHeHHoe orToGpaxenue npousselenns E X F B TOMoO-
JOTHYeCKOe BeKTOpHOe mpocrtpaHctBo G HenpepniBuo (ra. I, § 4, npen-
n0KeHHe 2).

13. Myctb E — npoctpanctro Ppewe u E/ —ero conpakennoe. Has
TOro uto6n BhiMykA0e MHOKecTBO A’'CE’ 6BI0O 3aMKHYTHIM B CJIaGOH
tonoaorun s(E’, E), Heo6XomuMo H 10CTaTouHo, ytobm A’ | U° OblIO
3aMkHyTo B Tomogoruu o (E’, E) nas xaxno#t oxpecruoctd Hyas U ns E
(ra. 1V, § 2, reopema b).

Banaxosckue npocmpancmsa

14, Banaxosckum npocmpascmsom Ha3HBACTCA KaXa0e MOJHOE HOP-
MHpOBatHOe npocTpaHcTBo. Kamiaoe 6aHAXOBCKOE NPOCTPAHCTBO eCTh
npoctpancteo ®peme (n°n° 10—13). ITonortersne HOpMHPOBAHHOTO MPO-
CTPaHCTBA eCTb 06AHAXOBCKOE MPOCTPAHCTBO.

15. Ecim E u F — Ganaxosckue mnpocrpancrsa, 1o L (E, F), Hane-

Jennoe HopMo# |lu|| = sup ||z (x)||, ecTb GaHaxoBCKOE MPOCTPAHCTBO,
lzf <1

TONOJOTHA KOTOPOTO eCTb TOMOJOCHS OrpaHHYeHHOH CXOIMMOCTH.
Ecan H—wmuoxectso B L (E, F) takoe, uro sup [lu(x)||<—+4oo
uwecH

ans xawporo x € E, 1o sup ||a]] <+ oo, uro osnauaeT, uTOo H paBHO-
weH

CTeNeHHO HenpephiBHO (TeopeMa bBanaxa — lllre#inrayaa).
16. Iycth E — Ganaxosckoe npocTpancTBo M E’—ero conpsikeH-
Hoe. CuaGmennoe nopMo#t ||x'|| == sup [{x, x’)|. E’ ecTb Ganaxos-
1

| S

CKOe MPOCTPAHCTBO, TOMOJOTHA KOTOPOTO ABIAETCA CHMABHOH TOMOJOrHeH;
MHBIMH CJIOBAMH, CHJbHOE COMPsXeHHOe K 6anaxOBCKOMY MPOCTPAHCTBY
eCTb 6aHaxoBCKOe MPOCTPAHCTRO.

Kamani#t samxuytoit wap B E’ cra6o xomnaxren (ra. 1V, § 5, mpen-
noxenne 1). Jlas toro urto6bi auHeHHas c¢opma f va E’ Onaa cnabo
HENpepulBHON (M, 3HAyuT, 3anuceBajach B Bule f(x')=={(x, x’), rae
X € E), nocratouno, uto6ui Gbi0 €1a00 HeMpephiBHO ee Cy'KeHHe Ha map
|| <L (rn. IV, § 5, caeactsue 1 npennoxenns 3).
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17. Bropoe conpsennoe E” x 6anaxoBckoMy mpocrtpacTBy E,

cHa6xentoe HopMo# ||x”| = sup {(x”, x’)!, ectb Gamaxosckoe mnpo-
'l <1

CTPAHCTBO, NMpHYEM KanoHHuyeckoe OToOpaxenue j npocrtpanictpa E B E”
€cTh H3oMeTpHs. [as Toro utobmt E OmiO pedrekCHBHBIM, He06X01HMMO
u gocraroudo, utobbl map ||x|<{ 1 Oba xoMmnakTen B ocaabiesnHoft
Tonoaorun s (E, E’) (ra. 1V, § 5, npeanoxetine 6).

18. 3amknyroe noanpocrpancTBo M Ganaxosckoro npoctpaHctsa E
u dakropnpocrparcteo E/M aBisi0Tca 6aHAXOBCKHMH NMPOCTPAHCTBAMA.
IMycts M°— noanpocTpaiuctso B E’, oprorouassuoe ¥ M. Kanonuueckoe
oroGpaxenne conpskenHoro k E/M na M° ectb M30MeTpus; KaHOHHA-
yeckoe otobpawceHHe M ua E’/M° ectb usoMerpus.

Ecan E pedaexcusio, 10 M u E/M pediexcuBHbl.

19. Ilycts E u F — G6GanaxoBcKHe MPOCTPAHCTBA; KAKOBO Obl HH OBIIO
HenpepbiBHOe JHHeRHOC 0TOGpaxeiine & npoctpancTea E B F, ||tu)| = | «||
u ||a]| ecTb HopMa HempepwiBHOH GuanHeRuOH dopMbi (X, V') — (a4 (x), ¥')
na E X F'.

Tuav6epmoso npocmparncmao

20. Iycts E — BeKTOPHOe NPOCTPAHCTBO Haj TeJOM BeUleCTBEHHBIX
WA TEJOM KOMIVIEKCHBIX uHcea (06o3HayaeMbiM fatee K). dpmumosoi
noaymoparunednol dopmod na E HasbiBaeTcsn Kamioe oToGpameHue
{x, ) = (x|y) npoussenenus E X E B K, ynopaeTsopsouee CjIeayio-
(UM YCJIOBHAM:

1° (x]|y) muHeHHO MO X W MOAYJAHHERHO TO V;

2° (y]x)=(x]¥)

Ecmn (x|x)>0 ana mcex x€E, 70 dopma (x|y) HasmBaeTcs
nosoxcumesvrol; eci npu 3toM (x|x)=0 muwb npn x =0, TO oHa
Ha3bIBAETCA HeBb POICOCHHOL NnOAONCUMEALHOE.

21. BexTtopnoe npoctpatctBo E, HaleleHHO® MOJOKHUTEJILHOR 3pMH-
TOBOH noaytopaiunefioft GopMol (£ |y), HasmBaeTcss npedzusvbepmo-
soim npocmparncmsom, a dopMa (X|y)— ckarspHeiM npoussederuem
Bektopos x U y. ||x|| =V (x[x) ectb nojyxopMa, mpespautaiowas E
B JOKAJIbHO BBHIMyKJ0OE MPOCTPAHCTBO. :

CxanspHoe npousBelehne yIOBAeTBOPSieT Hepasencmsy Howu —
Byrarosckozo

[ | <=l iyl

¥ noToMy HenpepniBHo Ha E X E.
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Oas toro uro6ul E ObJO OTAENHMBIM, HEOOXOAMMO H JAOCTATOUHO,
uTo6H (x|y) OO HeBHPOXACHHON MONOKHTeabHOH (opMol; |lx| ecrb
TOrAa HOpMa, a E — HOPMHPOBaHHOE NPOCTPAHCTEO.

22, Toanoe oTmeauMoe Npearuib6epTOBO NPOCTPAHCTBO HA3bIBAETCHK
2uabbepmossim  npocmMpancmeom win  npocmparcmgom Iussbepma.
[Tono/Henne OTAEIMMOrO mpeiruab6epTOBAa NMPOCTPAHCTBA eCTh THAbGep-
TOBO npocTpancTBo. Kamaoe 3aMkHyTOe BeKTOPHOEe MOLMPOCTPAHCTRO-
ruib0epToBa MPOCTPAHCTBA €CTb THABOEPTOBO NMPOCTPAHCTBO. K, HazedeH-
HOe CKANADHBIM NpOu3BeneHneM (% {n)==§n, ecim ruibGepToBO NMPOCTpaH-
c¢tBo. Kaxkaas BHewHas ruap6epToBa CyMMa TMALOEPTOBHIX MPOCTPAHCTE:
ecTh ruab0epToBO MPOCTPAHCTBO. B uactuoctH, a1 mobGoro MHOwecTtBa [

npocrpanctBo L (/) Bcex cemeticrn () c1p ANA KOTOPBIX DE < +co.
teh . '

HajaeJ /IeHHoe CKaJlﬂpllblM ﬂpOH3B€,ﬂ€HH€M
(E) ()= EZI E Mo
2

ecTb ruab0epTOBO NPOCTPAHCTBO.

23. Ilycts E — ruab0GepToBO NPOCTPAHCTBO H &, 1A Ka¥a0ro y € E —
munetinas dopma x — (x}y). y — i, eCTb H3OMETPHYeCKOe NoJyanHe#HOE
oto6pamenne npocrpaHcTsa E una ero conpsikedHoe E’; nostoMy rujib-
6epToBO MPOCTPAICTBO MOXKHO OTOXAECTBUTH C ero COMpsKeHHbIM (ra1. V,
§ 1, reopema 3).

Kaxpoe ruap6epToBO mpocTpancTso E ecTh pediexcuBHoe GaHaxoB-
ckoe npocrpancrBo. Eaunnunbift map |jx|| < 1 npoctpanctea E caabo-
KoMnakTeH. Has Toro utoObl ¢uapTp § B E CHIBIO CXOAHACA K X
HeoOX0OMMO M AOCTATOYHO, YTOOGB OH CJa60 CXOAMJICH K Xo H uTOGH
limgjlx|] = || xol] (ra. V, § 1, npenomenue 9).

24. IMycts M — BeKTOpHOE MOANPOCTPAHCTBO THALOEPTOBA MPOCTPAH~
crea E u M° —opmozonaavioe oOonoanenue ¥ M, T. e. MHOXeCTBO
Bcex Touek y€ E Takux, uro (x|y)=0 ana kaxzoro x € M. (M) = M®
n(M°°=M; M° ecTb 3aMKHyTOe BeKTOpPHOE MOANPOCTPAHCTBO B E,
a E—rum6eproBa cyMMa CBOHX moampoctpancte M u M° (ra. V, § 1,
TeopeMa 2).

25. CemeficTnO (€)), ¢ 31eMeHTOB NpearnIbGepTOBA MPOCTpaHcTBa E Ha-
3HIBACTCA O PMOKOPMALLHBLM, eCu (e, | e,) = (TAe 3, — KPOHeKepOBCKHk
CHMBOJ); TaKOe ceMeHCTBO TOMOJOrM4yecku cBo6oano. das xaxaoro x € E

2 [(xle) <flx|f?

€1
(nepasencmso bBecceas).
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Caeayiouiue CBOMCTBA OPTOHOPMATBHOTO CeMeHCTBA (2,) B OTIE]UMOM
npearuab6epToBoM npocTpanctse E pasHocuabubl (ra. V, § 2, npea-
AoXeHue H):

a) CemelicTBo (e,) TOTAIbLHO.

6) Has xawnoro x € E cemefictBo ((x|e)e) cyMMupyeMo ¥ HMeeT
cBoell CyMMOH x.

B) Jlis kawnoro x € E HMeeT MeCTO paBeHCTBO ||xl|2=EZI] (xie).

13

OpronopmanbHoe ceMeHCTRO (e), yAOBAETROpAIOUIEE 3THM yCJOBHSM,
HA3BIBACTCH OPMOHOPMAAbHOM Ca3ucom mpocTpancTsa E.

Ecan E — ruapb6epToBO NMPOCTPAHCTBO, TO yCAOBUA a), G), B) paBHO-
CHIIbHB  YCJIOBHIO

r) Ecan (x|e)=0 ana Bcex t€J, To x=0.

Oro6paxenne x — ((xie)), rae () — opToHOpMabHblfl 6a3uc rusib-
GeproBa npoctpanctsa E, ecTb naomMopdu3M nociaelliero Ha MpoOCTPaH-
CTBO L?g([).

26. B kawxaoMm oraeJHMOM Mpeiarnis6epTOBOM NMPOCTPAHCTRBE CUETHOTO:
THNA COJEPKHTCA CYETHBH OpTOHOpManbhbl# Gasuc (ra. V, § 2, mpea-
Joxenne 6).

27. B kaxaoM runib0epTOBOM NPOCTPAHCTBe CyLIeCTBYeT OPTOHOP-
MajbHBIL 6a3nC, comepKauwMi 3ajaHHOoe OpPTOHOpPMAbHOE CeMeHCTBO;
Kawjaoe ruiab6epTOBO NPOCTPAaHCTBO 00/alaeT NMOITOMY XOTA Obl ONLIMM.
oproHopMansHbiM OasucoM (ra. V, § 2, teopema 2). JlioGuie aBa opro--
HOpPMaJbHBIX 06asnca B OLHOM M TOM Ke THAbGepTOBOM MpocTpauctee E
paBHoMoulsb (M. V, § 2, npeiioxenune 7); X KapAMHAAbHOE UYUCAO
Ha3biBaeTCA 2uab0epmosod pasmeprocmero mpoctpaicTsa E. Il toro
yToGH 4Ba T'UJIbGEPTOBHX MPOCTPAHCTBA Gblid H3OMOPQHLI, HCOOXOAUMO K
40CTATOYHO, YTOOGH OHH HMEJH OAMHAKOBYIO THAbOepTOBY pPasMepHOCTbH.



MMPUIOXKEHHUE
K CBOJIKE PE3YJbTATOB

HEKOTOPBIE TONOJOIMMYECKHE BEKTOPHBLIE MPOCTPAHCTBA
PYHKIUHOHAJNBHOI'O AHAJIH3A

1. Ilyctb Dgp — npocTpancTBo BeeX GeckoHeuno AuddepeHuUpyeMbX
KOMIUIEKCHBIX @YHKuMH Ha R™, HOCHTeIb KOTOPHX COAEPHKHUTCA B KOM-
fiakTHoM MHoxecTBe K. Hapenenxoe tononorueft pamHoMepiuofi cxonu-
MOCTH Kawaoh mnpoussoaHod, ZDg ecTb MOHTEJAeBCKOE NPOCTPAHCTBO
Ppeie. .

2. OGbenuntenne Z Bcex Dg (rae K npoberaetr MHOMKECTBO BCeX
KOMMAKTHBX MOAMIOKECTB MPOCTpaHCcTBA R™), uaneneHHOe MHAYKTHBHBIM
mpegeoM Tonojoru#t npocrpanctds Pg, ecTb CTPOrUH HHAYKTHBHHH npe-
JZea mpocrpaHcTe Ppelte ¥ MOHTeleBCKOe NMPOCTPAHCTBO.

3. Conpawennoe P’ x & — npocTpanHcTBO BCeX pacnpeienenuit Ha R,
HajelleHHOe CHJIbHOR TomoJOrHefl, ecTb MOHTENeBCKOE NPOCTPAHCTRO,
COMPSKEHHBIM K KOTOPOMY CJAyXHT nostomy .

4. Mpocrpancteo § Bcex GeckoHeyHo mHbdepeHUHPYeMbBIX KOMILTEKC-
HHX ¢yHkuuft Ha R”, HageneHHOe Tonojoruedl KOMNMakTHOH CXOAMMOCTH
Kam Qi NMpoM3BOAHON, eCTb MOHTeNeBCkOe MpoctpancTso Ppeue.

5. ConpsxeriHoe & K § — npocTpaHcTBO BCeX pacnpeleseHudt Ha R®
€ KOMMAaKTHHIM HOCHMTeNleM, HaleleHHOe CHUAbHOM TOMOJOrueR, eCTb MOH-
TeJeBCKOe MNPOCTPAHCTBO, COMPSKEHHBIM K KOTOPOMY CJAYXKHT TNoO-
aromy &.

6. IMpoctpancteo ¢ (D) Bcex romoMopdubiX Qynkuuit B o6iactu
Dc C®, nageneHHoe TonoJordedl KOMNAKTHOM CXOAHMOCTH, eCTb MOHTe-
JieBcKoe npoctpaHcTBo Ppeine.

7. TycTh p.— nonoxuTebHas Mepa Ha NOKAJbHO KOMNAKTHOM Tpo-
cTpaicTBe X; AAs kawaoro p takoro, uto 1< p < - o00, npocrpan-
<180 LP(X, p), cHaGkennoe HOpMO# || f|| ,, — Ganaxosckoe. Ecm 1. p <
< oo, 10 conpamentoe K LP(X, p) xaHonnuecku u30oMOpdHO TPO-

crpancty LY (X, p), rae %——l——;— = 1. BuactHocTH, ecan 1 < p < -+ 00,

10 LP(X, p) pedaexcusuo; L (X, ) ecTb TrHaALOEPTOBO  NPOCTpaH-
<TBO.
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BBEJEHHE

XKnpueiMu nponucHeiMH OyksaMu HaOpaHbl TepMHHBI, OnpelefeHHble
B 3TOM KHure; KawAbif M3 HHX CONPOBOXKAAETCHA CCHIIKOW Ha riaaBy,
naparpag u nyHxT, rie OH BBeleH. OcranbHble CIOBA MPeACTABAAIOT
co6oi u6o Mepero] TepMHHOB, ONpPELENeHIEIX B 3TOH KHHUTe, HA A3LIK APY-
roit tepMmuuonoruy (Ppannysckol uam HHOCTpaHHOH), AMGO TePMHHBL,
03NaYaOUHe MOHATHA, TECHO CBA3aHHBlE C H3yyaeMBIMM B KHUIE, HO He
paccMaTpHBaeMble B OCHOBIOM TeKcTe. HeMelkne u anrauickue TepMulibl,
BecbMa G6/JM3KHe MO HAMUCAHHIO C (PAHIY3CKUMH, HMEIOIMMH TOT XKe
CMHICI, onyulenbl. Tupe 3aMenseT NOBTOPEHHe PACCMAaTPHBAEMOTrO Tep-
MuHa. HauMenosanue, COCTOsllee M3 HeCKOJNbKMX CJ0B, TNPUBOAMTCA
Boofuie JuIIb Ha NepByK® OykBYy OLHONO M3 HHX (HanpuMep, ,espace
localement convexe* —mua GykBy L, no He na 6yksn E n C). (B)
osHauaer ccblaky Ha kuury S. Bamach, Théorie des opérations
linéaires (Warzawa, 1932) *).

A

ABSORBANT (ENSEMBLE) (noraoufaioiee mMaomxecrso): 1, 1, 3.
ABSORPTION (noraomenne) ofgsoro Muouecrsa apyram: I, 1, 3.
Adjoint (first): conpsxennoe Kk JI0OKaAbHO BBIIYKIOMY NPOCTPAHCTBY; — (se-
cond): BTOpOe CONpPAXEHHOE K JNOKAAbHO BHITYKIOMY MpPOCTPaHCTBY.
AFFAIBLIE (TOPOLOGIE) (ocnabuennas tomodorus): 1V, 2, 1. B apyroil
TepMuHonorun: topologie faible (cpaGas tomoaorus). Hem.: schwache
Topologie; anra.: weak topology.

Aichkdrper: Boinykaoe MHOXKECTBO, ONpejienseMOe HePaBeHCTROM Bina p (x) < a,
rJe p — BhiYKAasi HOMOXKHUTEIbHO ONHOPOAHAA (YHKIHA.

APPLICATION CANONIQUE (xaHoHHuecKoe 0ToOpaxeHle) 1OKaAbHO BbIIYKIOrO

npoctpanctBa £ B ero BTOpoe conpsikennoe E”:1V, 3, 3, ——E, s D E
X4}
(rae (E)) — cemeficTBOo runp6epToBbiX npoctpaHcTs): V, 2, 1.

*) Yxpaunckuii nepesox: C. B auax, Kypc dyukuionaasiioro ananizy, Kuis,
1948.
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ASSOCIE (ESPACE VECTORIEL TOPOLOGIQUE SEPARE): otaeanmoe Tomno-
JNOTHYECKOe BEKTOPHOE [POCTPAHCTBO, aCCOUUHPOBAHHOE C JAaHHBIM TOTO-
JOTHYECKHM BEKTOPHBIM npocrtpancrBom: I, 1, 6.

ASSOCIEE (FORME HERMITIENNE NON DEGENEREE): HeBwipoxneHHas
SpMHTOBa (IOpMa, acCOHUPOBaHHAA C NaHHOM 3PMHTOBOH dopmoit: V, 1,1,

Associée (opération) (conmpsauenunit oneparop) (B): conpamenuoe K RaHHOMY
HEMpPEPHIBHOMY JMHEeHHOMY 0TOOpaKeHHIO.

B

BASE ALGEBRIQUE (aare6panueckuil 6a3uc) npearuib6eprosa npocTpancTBa: V,
2,3; B npyro#i tepmunojoruu: base de Hamel (6asuc Xamens); — ORTHO-
NORMALE (oprosopmaibHbiii 6a3uc) npearnias6eproBa npocTpaHCTBa:
V, 2, 3; B apyro#i TepMuHoJoruy: systéme orthonormal complet (noaunas
OPTOHOpMaJbHasg CHCTEMa).

Base (6Gasuc) GanaxoBckoro npoctpadcrBa (B): mocaepoBateabHoCTb (a,,) sJre-
MEHTOB PacCMaTPHBa&MOro mpocTpaHcTBa E, obrafaiouas TeM CBOHCTBOM,
41O AaA Kawaoro x ¢ E CyumecTByer OJHO3HAUHO ONpejeleHHass Hocaeno-
BateapHocTs (§,;) CKanApoB Takas, 4TO pAx C o6wum YieHOM £,8, CXO-
aurcad B E ¥ uMeer cBoeit cymmo# x.

BIDUAL (BTopoe compsikeHtoe): 1V, 3, 3. Anra: second adjoint, second conjugate.
{| Bropoe conpsuiensoe K 10KaAbHO BHIYKJOMY mpocTpaucTBy E uacto o6o-

suauaerca E** wn E (B).
Biorthogonales (suites) (B): mocaenoBaTeabHOCTb (Xp) 3I€MEHTOB HOPMHPOBaH-

14
HOTO NpocTpaHcTBa £ .M mocaefoBaTeabHOCTb (x,) 9JNEMEHTOB €ro conps-

WEHHOTO E’ Ha3biBaloT GHOPTOTrOHAMBHBIMH, €CIH (X, x;-) = b;; (rne ¥;; —
KPOHEKKepOBCKHil CHMBOI).

BORNE (ENSEMBLE) (orpanuuennoe muoxectso): 111, 2 1. Hem.: beschrinkt;
aHra.: bounded.

Bornée (opération, transformation) (orpanuuennoe oroGpaxeHue): aHHEHHOE
0TOOpameHHe TOMOJOTHYECKOTO BEKTOPHOT'O ITPOCTPaHCTBa B TOMOJOTHYE-
CKO€ BEKTOPHOE NPOCTPaHCTBO, Mpeobpasyouiee HEKOTOPYIO OKPECTHOCTb
HyJf B OTPaHHYEHHOE MHOMXECTBO.

Bornologique (espace) (orpaHHYeHHO 3aMKHYTOE NMPOCTPAHCTBO): AOKAALHO Bbi-
MyKJIOe NMPOCTPAHCTBO, B KOTOPOM KamJoOe BHIyKa0e MHOKECTBO, IOTrNO0-
malomee BCe OFDaHHUEHHBIE MHOXECTBa, €CTh OKPECTHOCTh Hyas. AHIMIL:
boundedly closed space.

C

CARRE SCALAIRE (cxanspunii xBanpat): V, 1, 3.

COMPATIBLE (TOPOLOGIE) coraacyiomancsa (Tonoxorus) ¢ JAaHHOHR ABOii-
cTBenHoctbio: IV, 2, 3. Aura.: admissible topology.

COMPATIBLES (STRUCTURE D’ESPACE VECTORIEL ET TOPOLOGIE)
(corxacyioutHecs CTPYKTypa BEKTOPHOro mpocTpaHcrtBa 4 Tonoxorus): I, 1,1

Complet (systtme orthonormal) (noaHas opToHOpMadbHasg CHCTeMa): OPTOHOP-
MaabHHH 6a3uc,
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Compléte (suite) (B): ToTaabHasA mociaexoBaTedbHOCTs B mpocTpaHcTBe (C) HAH
(LMY (cm. Espaces de Banach particuliers).

Complete linear space: noaHoe TOMOJAOTHYECKOE BEKTOPHOE MPOCTPAHCTEO.
[ABTOps cTpaH aHCAHHCKOrO A3biKa yNoTPEOAAOT STOT TEPMHH B Pas3and-
HHX CMBICIAX: Y HEKOTODHX OH 03Ha49aeT KBAa3HIMOMNHOE NPOCTPaHCTBO,
y Apyrux — noaynoatoe mpocrpanctso (cm. QUASI-COMPLET (ESPACE)
u Semi-complet (espace).

CONE (xonyc): II, 1, 4. Hewm.: Kegel. —EPOINTE (satymaennsii —): 11, 1, 4
—POINTE (3aoctpennmii— ): 11, 1, 4.

Conjugué (espace) (conmpsxeHHOE MPOCTPAHCTBO) (B): conpamenHoe K JOKaAbHO
BHIIYKJOMY MpocTpancTay. AHra: conjugate, first conjugate.

CONJUGUE (ESPACE PREHILBERTIEN): npearuasGepToBO TNpocTPaHCTRO,
LyaabHOe K JaHHOMY KOMIIEKCHOMY npelruas0epToBy npocrpanctsy: V, 1,3,

Conjuguée (opération) (conpsaxenusiil onepatop) (B): compsxennoe K aHHOMY
HeNpPepHBHOMY JIHHEHHOMY OTOOPAXEHHIO.

Contredomaine (B): o6aacte 3HaueHMi oTOOpaXKeHH:.

Convex linear space: JOKaAbHO BHIMYKJAOE MPOCTPAHCTBO.

CONVEX (CORPS) (sunykaoe teno): LI, 3, 2, — (ENSEMBLE) (— mMHoXxecTBO):
I, 1, 1; — (FONCTION) (— dyunxuusa): IL, 5, 1.

COORDONNEES  (xoopaunatel), OTHOCHTEALHO [AHHOrO  OPTOHOPMAAbLHOLO
6asuca: V, 2, 3.

D

Définie positive (forme hermitienne) (monoxkureabHo onpenefeHHas SPMHTOBA
¢dopma): HeBHIPOKICHHaA MONOXKHTENAbHAsA IPMHTOBA Qopma.

DEMI-ESPACES FERMES (— OUVERTS) (3aMKHYTHE, COOTB. OTKPHITHE NONY-
MpPOCTPAHCTRA), ONpeleaseMble 3aMKHYTOH rumepmaockoctsio: I, 1, 6. Hem.:
Halbriume; aura.: half spaces.

Dérivé faible (craboe mpoH3BOAHOE) MHOXKECTBA B COTIPAXKEHHOM K 6aHaXOBCKOMY
npoctpaHcTy (B): MHOXeCTBO MpelenoB BCEBO3MOXHBIX C1a00 cXONAIHXCA
TIOCAeNOBATEABHOCTEH TOUEK PACCMATPHBAEMOTO MHOMXECTBA.

Développement (pasaoxeHue) sjaemeHtra x 6GaHaXOBCKOTO NPOCTPaHCTBA MO
nape 6H0pTOPOHaJleHx nocaefoBaredpHocTed (ay), (a ) (B): psan ¢ o6uum
QeHOM (X, 4 )a,,

DIMENSION (pasmepﬂocrb) BbinyKJaoro MHOKecTea: 1, 1, 3; — HILBERTIENNE
(rHan0eproBa — ) ruanbeproBa mpoctpancrBa: V, 2, 4.

Dimension linéaire (auneHHaa pasmepHOCTs) MOJAHOrO METPH3yeMOro Beple-
CTBEHHOrO TOMOJMOTHYECKOTO BEKTOPHOro mpocTpaHcTBa (B): orHouwienue
»X H Y —monHble METpHU3yeMbie BeL{eCTBeHHblEe TOMOAOTHUECKHe BEKTOp-
Hple MpOCTPaHCTBA H X H3OMOPQHO 3aMKHYTOMY BEKTOPHOMY MOALpO-
CTPaHCTBY TPOCTPAHCTBA Y* ecTb orHomieHHe mnpepmopaaka R {X, Y}.
Iycre S{X, Y} — accouuupoBaHHOe ¢ HHM OTHOLIEHHE 9KBHBANEHTHOCTH
LR{X, Y} u R{Y, X}*. 15(S{X, Z})*) Haswpaerca auHeiiHo# pasmep-
HOCTBIO MpocTpaHcTBa X,

*) Kaacc 9KBHBAAGHTHOCTH npocTpancTaa X N0 OTHOLWEHHIO IKBHBANEHT-
noctu S. — Ilpun. nepes.



372 CJIOBAPD

DISQUE (ENSEMBLE) (3akpyraennoe muowectso): 1, 1, 3. Aunra.: circled set.

Distanzfunktion: cm, JAUGE.

Domaine (B): o6aacth onpenenenns otobpaxenus,

DUAL (conpsxeHHOe) K OTASMHMOMY JOKaJbHO BhINyKAoMy mnpocTpaHctey: 1V,
1, 1;— ALGEBRIQUE (aare6panueckoe—): IV, 1, 1; FAIBLE (craboe—):
IV, 2, 1, — FORT (cuasnoe — ): IV, 3, 1; ——TOPOLOG!QUE (Tonoxoruye-
ckoe —): IV, 1, 1. B apyroii tepmuuotorun (B): espace conjugué. AHra.:
adjoint, first adjoint, conjugate, first conjugate. | Conpskentoe K JOKaALHO
BEINYKJOMY mpocrpaHctsy E wacto o6osnavaerca E* wan E (B).

DUALITE (ESPACES EN) (npocrpauctsa B aBofictBennoctu): 1V, 1, 1.

E
Entourage (B): voisinage (oKpecTHOCTb),
ENVELOPPE CONVEXE (Bbinyxiaasa oGonouxa) muowectsa: I, 1, 3; — — DlS-
QUEE (sakpyraennan — — ) mHoxectsa: I, 6, 2 —EQUlLlBREE (ypa-
BHOBelleHHasa — ) MHOxecrsa: I, 1, 3; — FERMEE CONVEXE (3amkuytas
Buinykaasd — ) mHoxectsa: 1, 1, 6;— — —ET DISQUEE (sakpyraennas
— — —) muoxecrna: I, 6, 2, Hem.: Hille; anra.: hull.

EQUIHYPOCONTINU (ENSEMBLE &-) (pasnocrenenno &-runoHenpepbhiBHOE
muoxectso): 11, 4, 5 — (ENSEMBLE (3, I)-)(— (&, ¥)-——): 111, 4,5

EQUILIBRE (ENSEMBLE) (ypaBuosewennoe muoxectso): I, 1, 3.

Equivalents (espaces normé$) (B): 1Ba HOPMHPOBAlHBIX TIPOCTPAHCTBA Ha3bi-
BAIOTCH 9KBHBAJEHTHLIMH, €CHIH CYI[ECTBYeT M30MeTPHYHOe JHHeiHOe OTO-
OpaxKeHHe OJHOrO U3 HuUX Ha Apyroe.

ESPACE DE BANACH (6anaxoBckoe npoctpadctBo): I, 1, 5; B apyro# tepmuno-
noruu (B): espace de type (B) (npoctpancrso tuna (B)); — DE FRECHET
(— Ppeme): 11, 2,1 u 6, 2, —DE HILBERT (ruas6eproso—):V, 1, 3;
— DE MONTEL (montenesckoe —): IV, 3, 4; B Jpyroit TepMHHOJOTHIL:
espace (M) (nmpoctparcrso (M)).

Espace de type (B) (npocrpancteo tuna (B)) (B): 6amaxosckoe mpocTpai-
creo; — de type (F) (— tuna (F)) (B): noaHoe Merpusyemoe TOHOJIOTH-
YyecKoe BEKTOPHOE NPOCTPAHCTBO (BEULECTBEHNOE WM KOMIIEKCHOE); — de
type (G) (— tuna ((G)) (B): noaHas MeTpusyeMasq KOMMYTaTHBHas Tpynna;
— (M): MoHTeReBCKOe NPOCTPaHCTBO. '

Espaces de Banach particuliers (B):

Espace (C) (npoctpascteo (C)): npoctpaticto (/) BceX HempepbiBUbIX
YHCAOBLIX (YHKIHH Ha KomnakTHoM wuHtepsane [/C R, cnabxennoe
HopMmoO#l || x|} = sup | x (£) |

ter

Espace (C(p)) (npocTpancTBo (C‘p))): TIPOCTPAHCTBO  BCEX  YHCAOBLIX
¢yHkuuil Ha / ¢ HenpepblBHOH p-# mpou3BogHOH, cHabXeHHOE HOPMOI
Il = sup|x @) [+ sup [P @) i
ter ter

Espace (¢) (mpocTpaHCTBO (C)): NPOCTPAHCTBO BCEX BEI[ECTBEHHHIX UHCAO-
BBIX MOCAEAOBATENLHOCTEH X = (§y), /A KOTOPHIX CYUIECTBYET KOHEUMbIH
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lim &,, cuaGxennoe Hopmo#t | x| = suplEn] (M0ANPOCTPaHCTBO HOP-
n > oo

MHpPOBaHHOI'O NPOCTPAHCTBA (m); CM. mame)

Espace (co) (mpoctpanctBo (cp) ): NPOCTPaHCTBO 37 (N) BCeX BeleCTBEHHHX
YKCIOBBIX TOCAefOBaTedAbHOCTEH, CTPeMAIMXCA K HyJo, cHaGlKeHHOe
HOPMOH, HHAYLHPOBaHHOH H3 TpocTpanctea (c).

Espace (L‘®) (npocrpancteo L®) (1 < p < co): npoctpanctao L? (1) Bcex
M3MEPHMBIX YHCIOBHIX QYHKUMI ¢ HMHTErDHPYeMOH p-ii Cremembio TO
mepe JleGera *) na unrepsate [/ C R, cHaGxennoe Hopmoi

pen=(f 1@ par)”?
I

Expace @ (apoctpanctso IP) (1< p <+ o0): npocrpancteo L? (N)
BCEX YHCAOBBIX mociaefosatelpHocted x = (§,), AAd KOTOPHX PAR C
o6uriym unenoMm |§, [P cxomHTes, cHaGxeHnoe HOpmoi

1t =(Z1eni?)".
”

Espace (M) (npoctpanctBo (M) ): NPOCTPAaHCTBO BCEX OrPAHHYEHHBIX YMC-
n0BHIX GyHKUMH Ha unteppane /R, usmepuMsix no mepe JleGera *),
cHaGxenHoe HOpMO#t || x|l = M_ (| x|) (maKcuMym no Mepe (yHKIHH
| x(£)| na I).

Espace (m) (npoctpanctso (m)): mpocrpaterso L (N) scex orpanuues-
HBIX YHCAOBHIX nocnenosarenbﬂocreﬁ x = (§3), cnaGxeuHOEe HOPMOM
hxll = supl

EXTENSION ac (pacmupeﬂne no C) tena ckaaspos: II, 6, 1.
Extension d’une fonctionnelle (npoiomxenue ¢ynxuuonana) (B): npopomienne
THHEHHOH (OpMbI,
EXSTREMAL (POINT) (skcTpemalbHas TOUKa) BBITYKJAOro MHowectsa: 11, 4, 2.
EXSTREMALE (GENERATRICE) (sxcTpeMaisHas o6pasyiomasn) BblIyKJIOro
kouyca: [I, 4, 2,
F

FAIBLE (TOPOLOGIE) (cna6as tomonorus): 1V, 1, 2 u 2, 1. Hem.: schwache
Topologie, minimale Topologie; aura.: weak® topology (caabas Tononaorus
a(E’, E) B conpsxenHoM E’ K JI0KalbHO BINYKJIOMY RpocTpaHcTBY E),
Faiblement complet (espace) (cnabo moanoe mpocrpanctso) (B): 6anaxoBckoe
npoctpancreo E, B KOTOpoM Kaxnaas nocaenosateibnocts Kowwu no ocnaG-
XeHHoit tonosoruu o (E, E’) cxoautca B 3TOi Tonoaoruw; — continue
(fonctionnelle) ( — nenpepsiBubiii QynKuuoHan) (B): numelinan topma f
Ha E, nna xotopoit f(x,) cxoaurca K f(x), kakoBa 6 HH Obia mocie-
ROBATEALHOCTh (Xy) TOuek H3 £, cxopsumaacs k x B tonodoruu o (E, E');
— dense (ensemble) (— naotnoe mHoxectso) (B): muowmectBo M’ < E

*) [lee dyHKuHM, OTAMuAKMEcH APYT OT APYra JAMIUb HA MHOXKeCTBE Mepbl
Hylb, OTOXAECTBAAITCA.
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Takoe, YTO Kawxpaairouka u3 E’ ectb npenea 8 tonoaoruu o (E’, E) ue-
KOTOpO#l MocaexoBaTeasHOCTH Touek u3 M’; — fermé (easemble) ( — sam-
kHyToe MHOMecTso) (B): mHOXecTtBO M/  E/, cojepxallee mpeled Kaxe-
Roft nmocneloBaTENBHOCTH CBOMX TOYEK, cxoisuteiicsa B Tonoxoruu o (E/, F)s
Fermée (suite) (B): Toraabmas nocaenoBaTeNbHOCTh B npocrpauctee (C) nan

(L) (cm. Espaces de Banach particuliers).

Folgenkompakte Menge (cexkBeHuHalbHO KOMMAKTHOE MHONKECTBO): MHONe-
cTBO K, Kawjas nocieloBaTEeNbHOCT> TOYEK KOTOPOrO COAEPHUT MOA-
nocje 10BaTEAbHOCTE, CXOAAMIYIOCS K HEKOTOPOH Touke H3 K,

Folgenseparabler Raum (cexsenuuansio cenapaGeibHoe NPOCTPaHCTBO): TOMO=
JOTHYECKOE BeKTOPHOE NPOCTPAHCTBO, COAEPHKallee Mocke 0BaTeAbHOCTD
TOUEK (Xn) TAKYIO, YTO Kax1as TOUKa NPOCTPAHCTBA eCTh Npenet HEKOTOPOH
ee NoANOoCAe10BaTeNLHOCTH.,

Folgenvollstindiger Raum: noaynonHoe RpPoCTpancTBo ~(cM. Semi-complet
(espace)).

Fonctionnelle linéaire (aunefinuiii dynxunonan) (B): wenpepwsnas nmuefinas
hopma.

Fondamental (ensemble) (B): totaisHoe MHONECTBO.

FORTE (TOPOLOGIE) (cuabuan tomonorus): 1V, 3, 1. Hewm.: starke Topologie;
aHra.: strong topology.

G

Gauge: cm. JAUGE.

Gleichmiissig beschrinkte Menge (paBHOMepHO oOrpaHHueHHOe MHOMe-
CTBO): MHOXECTBO B OTIEJMMOM JOKaJAbHO BHINYKJAOM npocrpaHcTse E,
OrpaHHYEHHOe B TOMOJOTHH, HHIyuupoBanHo#t 8 E cuibnoil Tonoaorueit
BTOPOro CONpmXeHHOro E” (mamopupylouied HCXOIHYIO TONOJOTHIO MpO-
ctpanctia E).

Glissante (métrique) (unBapuauTnan wmerpuxa) (B): paccrosamme ma KoMMyTa-
THBHOH FpynIe, WHBAPHAHTIOE OTHOCHTEJNbLHO NMEPEHOCOB.

H

Halbraum, halfspace: nosynpocrpanctBo.

Hamel (base de) (6asuc Xameuns): (aareGpanyeckuit) 6asuc TOHOJOrHYECKOro
BEeKTOPHOT'O MPOCTPaHCTBA.

HERMITIENNE (FORME) (spmurtosa dopma):. V, 1, 1

HILBERTIEN (ESPACE) (ruasGeproBo npoctpaHcTBo). V, 1, 3.

Hull, Hiille: o6oxouka.

HYPERPLAN D’APPUI (onopuas runepmrockocts): 11, 3, 2. B npyro#t TepmuHono-
run (B): plan d’appui (onopmas mnockoctb). Hewm.: Stiitzebene, Stiitz-
hyperebene; anra.: plane of support. || B (B) noHatuio ,0nopHos#i naocko-
CTH* MHOXecTBa A (B HODMHDOBAHHOM MpPOCTPaHCTBe) NMpHAaH Gonee o6y
CMBICI: NpelnofaraeTcs JHIlb, YTO pacCTOsHHe OT A 10 paccmaTpHBaemoi
THNEPNAOCKOCTH (MO OnHy CTOPOHY OT KOTOpPOH pacmojaoxeno A) paBHO
HyJMO, HO THNEPNJIOCKOCTh He 00s3aTelbHO COLEPWHT TOUKY H3 A,
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HYPOCONTINUE (APPLICATION BILINEAIRE &-)! (&-runonenpephisHoe

6ununeiinoe oroGpawenue). III, 4, 2;— (APPLICATION BILINEAIRE
(8, T)») (8, T)y-———): I, 4, 2.

Indéfinie (forme hermitienne) (neonpeneineHHas SpMHTOBa (OpMa): IpMUTOBA
¢opma, mMOrymas NPUHHMATH W 3HaueHHA >0, H 3nauenns < 0.

INITIALE (TOPOLOGIE) (ucxonsas ronodorusa): 1V, 2, 1.

INVERSE A DROITE (A GAUCHE) (npasoe (1eBoe) 06paTHOE) AHHEHHOrO OTO-
Opawennn: I, 1, 8. Hem.: Linksreziproke, Rechtsreziproke; aura.: left in-
verse, right inverse.

Isomorphes (espaces normés) (u3oMopgnbie HOpMHpOBaHHble npocrpaucrea) (B)
HOPMHPOBaHHBE NPOCTPAHCTBA, OOMNajalON(HE H3OMOPHHBIMH CTPYKTYpamu
TONOAOTHYECKOTO BEKTOPHOrO NMPOCTPAHCTBA, HO He 06A3aTelbHO M30MOpd=
HbBIMH CTPYKTYpaMH HOPMHPOBAHHOIO NPOCTPAHCTBA (MHBIMH CIOBAMH — He
ofA3aTebHO H30METPHUHBIE),

ISOMORPHISME (130MOpdH3M) ' TONONOrHYECKOr0 BEKTOPHOTO NPOCTPAaHCTBA
HA TOMOJOrHYecKoe BeKTOpHOe mnpoctpaHcrso: [, 1, 1.

J

JAUGE (xkamuGposounas ¢ynkuud, QyHKIHOHaA MHHKOBCKOrO) noraouiaoulero
CHMMeTpHUYHOTO Buinykjaoro MHoxectsa: II, 5, 3. Hem.: Distanzfunktion,
Strahldistanz; anra.: gauge.

K
KEGEL: cm. CONE.

L

LIMITE INDUCTIVE (unAayKTHBHLLUE Npeje) JOKalbHO BHNYKABIX Tonoxoruit: 11,
2, 4;,—— STRICTE (ctporufi ——) moclefoBaTeAbHOCTH JOKaAbHO
BHIMYKJAbIX mpoctpancrs: II, 2, 5.

Linéaire (ensemble) (B): BexTopnoe moanpoctpanctBo; — (espace) (B): (Bemre-
CTBEHHOe) BEKTOPHOE NPOCTPaHCTBO.

Linear manifold: sexropHoe Moanpoctpductso, nHHelikoe MHOrooGpasue,

Linksreziproke: nesoe olpatHoe.

LOCALEMENT CONVEXE (ESPACE) (#0KaabHO BHINYKJOE NPOCTPAHCTBOX
II,2,1u6 2, —— (TOPOLOGIE) ( — — ronoaorus): 11, 2, 1 u 6, 2.

N

NON DEGENEREE (FORME HERMITIENNE) (ueBbipoXIeHHaS 3pMHTOBA
¢dopma): V, 1, 1.

Normale, normée (suite) (mopmanabHad HIM HOPMHMpPOBAHHAA NOCHENOBATENb-
HOoCTb) (B): noclenoBaTeNLHOCTb 3JMEMEHTOB ¢ HOpMOH 1 B 6aHaxOBCKOM
ApOCTpaHCTBe.
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Q)

Opérateur, opération (oneparop, onepauus) (B): oro6paxenne.

ORDONNE (ESPACE VECTORIEL) (ynopsazoueHnoe BeKTOpHOE NpOCTpaH-
creo): I, 1,5.

ORTHOGONAL (SOUS-ESPACE) (oproronaasHoe moaupoctpancteo): IV, 1, 4
uV,1,5

Orthogonalabgeschlossener Teilraum: noanpocrpanctso conpaxensoro E
K JOKaNbHO BHINYKAOMY npoctpaHctey E, 3amknyroe B cia6oil TOnono-
run ¢ (E/, E).

Orthogonal complement of a subspace: opToroHambHOe RONOJHEHHE K 3aM-
KHYTOMY BEKTOPHOMY NOANPOCTPAHCTBY rHaAb6eproBa mPOCTPaHCTBA.
ORTHOGONALES (PARTIES) (oproronassnsie Muoxectsa): [V, 1,4u V, 1,5,

ORTHOGONAUX (VECTEURS) (oproronaasHble Bexropsi): V, 1, 3. '

ORTHONORMAL (ENSEMBLE) (oprosopmanbhoe wmuoxecrso): V, 2, 3.

ORTHONORMALE (FAMILLE) (oprowopMaasHoe cemeiictBo): V, 2, 3.

ORTHONORMALISATION (oproHopMaausauus) nociaenosaTelbHOCTH BEKTOPOB:
Vv, 2, 4.

P

Plan d’appui (B), plane of support: onopras runepmiIocKocTs.

POLAIRE (noaspa) muowxectsa: IV, 1, 3.

POSITIVE (FORME LINEAIRE) (nonoxurensnas auneiinas ¢opma): II, 1, 5 —
(FORME HERMITIENNE) ( — spmurosa ¢opma): V, 1, 2. B apyroii tep-
MHHOJOTHH: forme positive semi-définie (monoxHTeNbHO moAyonpenefeHHas
dopma).

POSITIVE NON DEGENEREE (FORME HERMITIENNE) (neBbipoxneHHas
HONOXHUTeAbHaA 3IpMuTOBA Gopma): V, 1, 2. B 1apyroi#t TepMHHONOTHH:
forme définie positive (mo.joxuTeabHO onpeneleHHas ¢opMa),

POSITIVEMENT HOMOGENE (FONCTION) (nosoxHTeasHo 0nHOPOAHAA QyHK-
uusa): I1, 5, 3.

PREHILBERTIEN (ESPACE) (npearuas6eproo npoctpanctso): V, 1, 3.

PRODUIT SCALAIRE (cxaaspHoe npoussefenue): V, 1, 3.

PROJECTEUR (mpoextop): I, 1, 8 u V, 1, 5, — ORTHOGONAL (oproroxaan-
ueit — ) V, 1, 5. i

PROJECTION (npoekidsi) Ha BhINYKAOE MHOXECTBO B NPeirHAbGEPTOBOM IIpO-
ctpanctee: V, 1, 4.

Pseudo-norm (noayuopma): cM. SEMI-NORME.

Q

QUASI-COMPLET (ESPACE) (xBasunonxoe npoctpanctso): [II, 2, 5.

Quasi-tonnel€é (espace) (xBasuGoueuHOe NPOCTPAHCTBO): NOK2JIbHO BLINYKAOE
NPOCTPAHCTBO, B KOTOPOM Kaxnas Gouka, NMOrJAOLIAION[as BCe OTPaHHYEH-
HBIE MHOXECTBA, eCTs OKPECTHOCTH Hyds,
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R

Rechtsreziproke: npasoe o6paTHoe.

REFLEXIF (ESPACE) (pednexcusuoe npoctpancteo): 1V, 3, 3. [pewuss tep-
MuHoJorus: regular space, reguldrer Raum (peryaspHoe npocTpaHCTBO).

Regular space, reguldrer Raum: peduaekcusnoe npocrpanctso (cm. REFLEXIF
(ESPACE)).

Réguliérement fermé (sous-espace) (peryaspHO 3aMKHYTO€ HOANMPOCTPAHCTBO)
(B): BexkTOpHOE nNOANPOCTPAaHCTBO conpsikeHHoro E’ K HOPMHpOBaHHOMY
npoctpanctsy E, samkuytoe B caaGoil tomosoruu s (E’, E).

Relatively strong topology (OTHOCHTENbHO CHJAbHAA TOMOJOTHA). TOMOJOTHA

< (E, E’) B npocrpanctse E, npHBeJeHHOM B JBOHCTBEHHOCTbh C MPOCTPaH-
creom E’.

Rotation (spamenne) (B): uzomerpHunoe otoGpaxenve HOPMHPOBAHHOIO NPO-
cTpaHCcTBa na cebs, OCTaBasgOllee HHBAPHAHTHOH XOTA G OXHY TOUKY.

S

SAILLANT (CONE CONVEXE POINTE) (8uicTynatomuit 320CTpeHHBI BLIyK b
konyc): II, 1, 4.

Schwache Topologie: crabas Tonoaorus.

Second conjugate: BTopoe conpsKeHHOE.

Semi-complet (espace) (moaynoaHoe NPOCTPaHCTBO): TONOJOTHYECKOE BEKTOPHOE
HPOCTPaHCTBO, B KOTOPOM KaXIasa nocleloBaTeabHocts Koumn cxomures.

Semi-définie (forme hermitienne positive) (noayonpenenensas nonoxuTenbHas
IpPMHTOBa (hOpMa): MOJIOKHTENIbHAS IPMHTOBA GOPMA, BHIPOKAEHHAS HIIH HET.

SEMI-NORME (noayuopma): II, 5, 3 u 6, 2. B npyroii tepmunoaoruu: pseudo-
norm.

SEMI-REFLEXIF (ESPACE) (noaypeduaekcusHoe npoctpanctso): 1V, 3, 3.

SEPAREMENT CONTINUE (APPLICATION BILINEAIRE) (pasneasHo uenpe-
poiBHOe OxuMHeiiHoe oToOpawxenue): I, 4, 1.

SEPAREMENT EQUICONTINU (ENSEMBLE) (pasneashHo paBHOCTENEHHO He-
npepbisHoe MHOMXecTBo): III, 4, 5,

SEPARES (ENSEMBLES) PAR UN HYPERPLAN FERME (muoxectsa, otae-
AAOUHECA 3aMKHYTO# CHnepnaockocteio): 11, 3, 2.

SESQUILINEAIRE (FORME) (nonyrtopatuueiinas ¢opma): V, 1, 1.

SOMME DIRECTE (npsmas cymma) A0KaablO BHNYKAHX Tonmotormit: I, 2, 3;
— — TOPOLOGIQUE (tononorsueckas — —) KOHEYHOT'O YHCAA TOMONOTH-
YeCKHX BEKTOPHBIX npoctpancts: I, 1, 8; JOKaNbHO BLIMYKABIX MPOCTPAHCTB!
11, 2, 3; — HILBERTIENNE (ruanGeprosa —): V, 2, 2, — —EXTERNE
(BHewHAs — —): V, 2, 1,

SOUS-JACENT (ESPACE VECTORIEL TOPOLOGIQUE): GasucHoe tonoaors-
yecKoe BEKTOpHOe mpoctpaucrso: I, 1, 1.

Sphére (B): samxHyrTsiii wap; — ouverte (B): orkpuitwil wap.

Starke Topologie: cuapnan Tomonorus.

Strahldistanz: cu. JAUGE.
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STRICTEMENT CONVEXE (FONCTION) (ctporo smnykaas ¢ynxuus): 11, 5, 1.
STRICTEMENT SEPARES (ENSEMBLES) PAR UN HYPERPLAN FERME
(MHOXECTBA, CTPOTrO OTAHAIINHECA 3aMKHYTOH rumepniaockoctbio): 11,3, 2,

Strong topology: cHabHasg TONOJOTHsA.

Stiitzebene, Stiitzhyperebene: onopHas runepniocKocts.

Subspace: nol 3THM HEKOTOPble &ABTOPLl H3 CTpPaH AHMJIHHCKOTO A3LIKA TIOHH-
MalOT 3AMKHYMOE BEKTOPHOE NOANPOCTPAHCTBO TOMOJOTHYECKOTO BEKTOp-
HOTO NPOCTPAHCTBA.

SUPPLEMENTAIRE ALGEBRIQUE (anrefpanuecKoe AONOAHEHKE) NOANPOCTPAH-
cra:l, 1, 8; — ORTHOGONAL (oproroHalsHOe — ) 3aMKHYTOr'O TIOANPO-
cTpaHcTBa B HALGepTOBOM mpocrpancrtse: V, 1, 5; B BPyroi repMHHONOTHH:
orthogonal complement (oproronaassoe ponoauetue); — TOPOLOGIQUE
(Tonojornyeckoe — ) moanpoctpaucrsaa: I, 1, 8.

SYMETRIQUE (FORME BlLlNEAlRE) (cummeTpHynad Guanneiinaa gopma):Vv,1,1.

SYSTEME FONDAMENTAL D'ENSEMBLES BORNES ({yupameHtanshaa
cHcTemMa orpaHuuedHnx muoxkecrs): IIl, 2, 2,

T

TONNEAU (6ouka): 111, 1, 1.

TONNELE (ESPACE) (6oueunoe npoctpanctso): III, 1, 1.

TOPOLOGIE DE LA CONVERGENCE BORNEE (tomonorus oOrpaHMYeHHO#
cxomumocty): 111, 3, 1; — DE MACKEY (— Makk# [= 0THOCHTENAbHO CHIlb-
was — ]): 1V, 2,3, — DEFINIE PAR UN ENSEMBLE DE SEMI-NORMES
(— onpellensieMas HeKOTOPHLIM MHOXKeCTBOM noayHopm): I1, 5,4 u 6, 2; — (S-)
(S-—): 11, 3, 1.

TOPOLOGIQUEMENT LIBRE (ENSEMBLE) (romosoruuecku cBoGoaHoe
MHOwectBo): I, 2, 1; — — (FAMILLE) (— — cemeiictBO): I, 2, 1.

TOTAL (ENSEMBLE) (totansHoe muoxecrso): I, 2, 1.

TRANSPOSEE (conpaxennoe) kK HempepLIBHOMY JHHeHHOMY oTOGpawenuio; IV,
4, 1. B npyrux TEPMHHOJNOTHAX: opération associde, opération conjuguée (B),
adjointe,

U

Uniform topology (paBHomepHas TQNOJOrHs): TONOJOTHSA, Onpeleasemas B mpo-
crpauctee L (E, E) nenpepbiBublX JHHeHHbIX OTOOpaxeHHH HOPMHPOBaH-
Horo npoctpaHcrsa E B ce6a Hopmoit ||zl = sup [z (x)],T.e. TONONO-

: 2 <1

FMA OTPaHHYEHHOH cXOJuMOCTH Ha E.

Uniformément convexe (espace) (pasHOMEPHO BHIMYKJIOEe MPOCTpaHCTBO): HOP-
MHpOBaHHOE NpocTpaHcTBO E, B KOTOpOM HOPMA || x || o0nanaeT CAIERyIONHM
caoifictBOM: Aaa Kaxnoro e (0<Ce<2) cymectsyer 8 >0 rakoe, uto M3
lxll =1, Iyl =1, lx—yll>e crenyer x4 yl<2—0.

Uniformly bounded set (paBHOMepHO OrpaHHYEHHOE MHOXECTBO): MHOXECTBO
B OTAENMMOM JOKaAbHO BHINYKJOM npocTpaHcTBe E, orpaHuueHHOE B TO-
MOJIOTHH, HHAYHHUPOBAHHON B E CHALHO{ TONMOJNOTHEH BTOPOrO COMpsKEH:
Horo E” (maxopHpyoulel WCXOQHYI TOMOJOTHIO mpocTpaHcTea E).
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Universel (espace) (yHuBepcaabHoe npocTpanctso) (B): 6anaxosckoe npocrpau-
CTBO CUETHOro THna, o6rajalumee Tem CBOHCTBOM, 4TO KaxAoe GaHaxoB-
CKOe NPOCTPAHCTBO CUETHOTO THNA H3OMETPHUYHO HEKOTOPOMY €r0 BEKTOp-
HOMY NOANPOCTPAHCTBY.
\'

_VARIETE D’APPUI (onopnoe MuorooGpasue) Bhnykaoro MHOwecTsa: II, 4, 2 —
LINEAIRE COMPLEXE (xomnaexcHoe auHelinoe — ): 11, 6, 1; — LINEAIRE
REELLE (seutectennoe auueiinoe —): 1I, 6, 1.

Vollstindig: noanoe.

w

Weak topology (cnaGasa tononorus): ocnabnennas tonoaorus o(E, E’) B no-
KalpbHO BHINMYKJAOM mpoctpaHcTse E ¢ conpsuennnim E’.

Weak* topology: cunaGas tononorus o (E/, E) B conpsmennom E’ K R0KaILHO
BHOYKJAOMY RpoctpaHciBy E.



MPUJIOKEHMWE |

NEPEBOJI HEKOTOPbIX MECT
M3 JPYrUX KHHI ,9JIEMEHTOB MATEMATHKH“ H. BYPRAKH,
HA KOTOPBIE HMEIOTCSl CCbUIKH B 3TOW KHHUIE*)

® K crp. 42:
_ ,7) Mlycts K — xomMMyTatusHoe Tteso. ITOKasaTs, uTO He CyuecTByer
" gopmaabnoro paza u(X, Y)eK[[X, Y]], ana xoroporo 6ui
XYy ™ (X+YV)a(X, N=1
npu Bcex ueasix m >0.°
®» K crp. 43 u 311:
»14) Tokazats, 4Yro Kawibid yuutapuoii A-monayas, oGaanawouiui

6a3ucOM C MHOXECTBOM uUAekcoB /, pasromonlel MHOxectBy A X/, ecau
xota 6ul omHO M3 muONKectB A, [ GeckoHeyHO.*

() K crp. 46:

Jdlpennoxenue 1. [Aas mozo uwmobo. cemeiicmso (a) Iae-
MeHMO8 BEKMOPHOZ0 NPOCMPAHCMBA ObLAO CBOGOOHBIM, HeO6X00UMO
u docmamouro, umolbo @, He GblA0 AUHEHHOU KOMOuHQUUeld 3aeMmeH-
MO8 @, C UHOCKCAMU == % HU OAR KAKO20 UHOeKca *.©

) K crp. 46:

JdeMMa 2. ITycms (p,) — noCAe008AMEAbHOCME NOAUHOMO8 (€3
€80000H020 4 AEHA, Onpedessie Mas UHOYKYUel no n Yyca08uamu py(t) =10

1 .
& Pryr(®)=pa(t)+5 E—(Pa®P) (n>0). Ha unmepsase [0, 1]
3ma noc.aed0same AbHOCMb 803PACMAEM 4 PABHOMEPHO cxodumcak Yt .¢

(®) K crp. 53:

»(KTa) Karxosor Go. nu 6oau oxpecmuocmu U u V uyas meaa K,

cyuecmsyem oxpecmuocms W myas maxas, wmo W (CVY lc U
sCV)wcU.“ '

(%) . K crp. 55:

Jlpennoxenue 2. Pasnomepnas cmpyxmypa % HG MHOdCe-
cmee E, o6aadaowasn cuemnod Pyndamenmanrsuoi cucmempi okpy-
ocenull, cosnadaem ¢ PABHOMEDPHOL cmpyxmypoll, onpedessiemoli He-
Komopsim omrasonenuem f na E.

*) Ilpu nepesone ynpaxHeHHH YKa3aHus NYTH PelieHHs OMYIIEHH.
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Aycre (V,)— cueTHas ¢dyHNameHTanbHas CHCTeMa OKpyXeHu# nis X.
OnpenenumM 10 MHAYKUHH mnocaenosaTenbHocTh (U,) cuMMeTpuyHBIX
OKpyXeHuR nnsa # Takux, uro U,cV, u

ER n
UppicU,n an g n > 1.

p=1
flcHo, uto torma (U,) Takwke Oyner pyHiameHTanbHOM cHcTeMOH OKpy-

WeHUH nns 2, npuHyem lajnﬂcUn (n>1). Nyctb g— uncnosas PyHK-
uus Ha E X E, onpenenenHas caeayouwium obpasom: g(x, y)==0, ecau
(x, MEU, nma Bcex n; g(x, y)=2_k, ecan (x, y)EU,, xoria
1< nk, o (%, 9)¢Ukss 8(x =1, ecmn (%, ¥) ¢ U, Pysxuus
£ CHMMEeTpHuUHA H NOJOKHUTEeIbHa U g(x, x¥)==0 s xaxaoro x€E.
IMonoxum

-1
f(x, y)=inf i;()g(zi’ Zii1)s

TAe HHXKHAS rpaHb OepeTcst MO MHOMKECTBY BCEX KOHEUHBIX MOCAeNOBa-
TEeALHOCTER (2;)0'< i <p (C IPOUBBONLHBIMH p), B KOTOPHIX 2, == X U 2, = .
MoxaxeM, uto f ecTb omkaoHeHue, YNOBAETBODSIOiee HepPaBeHCTBAM

5 80 N fx N g ). (1)

IeficTuTenbHO, M3 ofnpeiesieHus f HeMOCPeNCTBeHHO caelyer, uTo f
YAOBJETBOPSeT HepaBeHCTBY TPeYroNbHMKa, CUMMeTpHuHO M > 0; a oue-
BMIHOE BTOpoe HepaBeHctBo (1) noxasmBaer, uto f(x, x)==0 nas
Kawnoro x€ E, Tak uto f ecTh OTK/JoHenue. [lns NOKasaTenbCcTBa Mep-
BOro Hepasenctsa (1) mokaxkeM, MHLYKLMeH N0 p, uTO Kaxngas nocnie-
NOBaTENbHOCTL (2;)o< i< p» OOpasosanHas p—+41 Toukamu us E u Takad,
UTO 25==X M 2, ==Y, YNOBNETBOPSAET HEPaBEHCTBY

—1

3

1
g2 zitd 2> 5 8% ). 2y
i=0
. p—1
Ilpu p =1 3710 HepaBeHCTBO OueBHAHO. [TONOWKHUM @ = 2 g2 2i+1)s
i=0

1
ecu a>-2—, TO HepPaBeHCTBO (2) OYEBMLHO, MOCKOAbKY g(¥, ¥) < 1.

. 1
[Ipennosoxum nostomy, uro a <'7‘; nyctbh £ — HaubonablIKil U3 HOMe~
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POB &, IL1A KOTOPHIX zg(zi, zi+l)<%, TaK 4TO Eg(zi, Zi) <
i<k i<h
a a a
<35 2 2 82 Z2ip) > 5 OTKynaE,g(z,-, zi4)< 5. B cuny
i<h+1 i>h .

TIPENNONOKEHNS HHAYKUMY, g(X, 2Zp)<< a, £(2,+1, V)< a; ¢ apyrot
CTOPOHBI, OYeBHIHO, H £(2y, 2,+1) << a. TlycTb & -— HanMeHblee uenoe
> 0 Ttaxoe, uto 27" < a; uMeeM &> 2 u, N0 ompeneeHHI0 QYHKIUH g,

3 3
%, 2p) €U (2ps 2341) EUss (Bp+10 Y) €Uy mostomy (x, ¥) U Uy,
oTkyna g(x, ¥)< 2% 2a.
Hepapenctsa (1) mokaswBaioT Tenepb, 4TO KakoBo 6H HU Obuio & > 0,
-1
MHoxectso f ([0, a]) comepxut U, 443 Kaxnoro HoMepa K TaKoro,
410 27" < @, U, ¢ Apyro#l cTOpoHbl, Kaxpoe U COmepKUT MHONKECTBO

-1 -1
f ([0 2"‘—1] ); teM cambiM MHOXecTBa f ([0, a]) oGpasyioT dyuza-
MEHTANbHYIO CUCTEMY OKPYXEHMH NJs CTPYKTYpH Z.

(M K ctp. 77 u 205:

»*12) Muoxkectso E cR%, cozepxamee 0, Ha3biBalOT 38¢30HbLM (OT-
HOCHTeAbHO TOUKH 0), ecaH X € E, xakoBbl 6b Hu 6blaM X € E U £ ¢ [0, 1]
Iepeceuerne MHOMecTBA E ¢ 3aMKHYTOH NOAyNpsAMOi, BHIXOAAIEH U3
TOUKH O, ecTp AU60 BcA 9Ta MNOJYNpsAMasA, JAM6GO OTPE3OK C OAHHM H3
K OHUOB B 3TOH TOuke. Cxopaynod mHOxecTBa E Ha3biBaeTC MHOXECTBO K,
o6pa3oBaHHOe KOHI[aMU STHX OTPE3KOB, OTAMYHBIMU OT TOUKH O, U TOU-
xo# 0, ecad x HeH CBOAMTCA MepeceyeHHe HeKoTopoi moaynpamoil ¢ E.
Huxe npennonaraercs, 4t0 OéK.

a) Noxka3atk, uTO CKOpaynma MHOxecTBa E COHepXHTCA B ero rpa-
HHI[E; aTb NPUMEP, B KOTODOM 9T ABa MHOMWECTBA GbliM Obl PasiHYHBL

6) Ilokasatb, uto ecau ckopayna K MHoxectBa E KOMNaKkTHa, TO
cymectsyer romeomopdusm R® ma cebs, oto6pawanomuit K #a S,_q, E
Ha B, u BHyrpeHHoctsb E Ha BHyTpeHHOCTh B,. BuiBecTH o7TClOma, 4TO
rpaHnna MHoxectBa E coBmagaer ¢ ero ckopaymoH K, a BHyTpeHHOCTb E —
¢ MHOXEeCTBOM TOYeK £X, rje X npoGeraet K, a { — nuntepsax [0, 1[cR.

B) Ecau E He orpaHWueHHO H ero rpaHHMna cOBNafaeT ¢ €ro CKOpay-
noit K, To BHytpenmocts E romeomopdHa mpoctpaHcTBY R®, a K— or1-
KPHTOMY NOAMHOXeCTBY cdepnl Sy, 1.

r) Jate npuMep HeorpaHUYEHHOrO 3BE3ZHOrO MHOXECTBa, CKOpJAyNa
KOTOpOro 3aMKHyTa, HO He COBIajgaeT ¢ I'paHMIeil MHOMecTBa.®

¢) K crp. 79:
»*7)y Ilyctb E— MeTpHueckoe mpocTpaHcTBO. Jlasa moGbIX ABYX He-
NycThIX ero moaMHoxect8 A u B moaoxum
¢4, B)=sg§>qd (% B) u o(4 B)y=max(p(4, B), p(B, 4));
X
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kpome Toro, noxoxuM ¢ (T, ) =0 u o (D, A)=0c (4, @)=} co naa
kaxaoro uenycroro MHoxkectBa A —E. Iloka3ats, 4T0o ¢ ecTh OTKIOHEHHE
Ha mHOxecTBe PB(E) Bcex moAMHOMECTB MHOXecTBa E H 4TO onpenense-
Masf HM paBHOMEpHas CTPYKTyPa COBIajaeT C MoxyuaeMoit H3 paBHOMEp-
HOH CTPYKTYpHI npoctpanctBa E mo crocoby ynpawuenus 7 § 2 ra. 11 (14).

Ha muoxectse §§ (£) BceX HEMyCTHX 3aMKHYTBIX NOIMHOXECTB MHO-
wectBa E ¢ aBasercs paccrmostnuesm. Ilokasate, uto ecan E noswno, To
& (E) — noanoe MeTpHueckoe NMPOCTPaHCcTBO.*

® K ‘crp. 86 u 152:

,¥1) Myctb E — He KOMIAKTHOE JOKaJbHO KOMIIAKTHOE NPOCTPaHCTBO
|l — MHOXECTBO BCeX CHMMETPHUHbIX BHITYKJABIX TIOAMHOXKECTB POCTPAH-
crBa §% (E)*), el KOTOPHIX Ha KaX(IOM U3 MOAMPOCTPaHcTB g% (E, K)*¥)
(rze K — npou3BoabHOe KOMIIaKTHOE MHOXECTBO B £) €CTh OKPECTHOCTb HYAs
B 3TOM MOJMPOCTPANCTBE AAS TOMOJOrMH paBHOMepHO# cxoaumoctd Ha K.

a) IMokasats, uto Il ecTh (pyHIZaMEHTaibHas CHUCTEMa OKpecTHocTei
Hyast fAf JAOKaNbHO BhyKaoil tomonoriau B &% (E), mMaxopupyoiei To-
MONOTHIO PaBHOMepHOH cxoauMocTH Ha E H Ha3piBaeMmoif Nale€ CuAbHOL
Tonoaoruelt B g (E) (undyrmusnolli npedes TONOAOTHI IIPOCTPAHCTB
&% (E, K); cm. Ton. Bekrt. mpoctp., ri.ll, § 2); sta Tomoaorus cornracyercs
€O CTPYKTYPOH YIIOPAZOYEHHOTO BEeKTOPHOrO mnpocrpaHctsa B &4 (E).
IToka3atp, YTO TOMOJOrHA, HHAyUHPYEMas B Kax/JAOM H3 IOANPOCTPAHCTB
&% (E, K) cnabHOit Tomogorueil mpocrpaHcTBa $% (E), coBragaeTt ¢ TOMNO-
Aorueit paBHOMEPHOH cxoauMocTH Ha K BHIBECTH OTCI01a, UTO KaXIoe
noznpocipaictBo &% (E, K) CHibHO 3aMKHYTO B &% (E).

6) Tlokasath, yTO a8 TOro uTOGH JMHeHHOe OTOGpaXKeHHe IIpo-
ctpaictBa 3% (E) B 10KalAbHO BHINYKJOE NMPOCTPaHcTBO F GLiA0 HENpPEpHIB-
HBIM B CHABHOH TONOJOrUH, HEOGXOAUMO M JOCTATOYHO, YTOOBI €ro cyxe-
HHE Ha Kaxjoe H3 noampoctpaHctB $% (£, K) GblI0 HenmpepslBHO B TOIO-
JOrMH PaBHOMEpHOH CXOmMMOCTH Ha K. B uacTvocTH, MepH Ha E cOBazaioT
C CUABHO HENpepbIBHbIMH MHHeHHbIMH (opmamH.

TouHo Tak e jgag TOro, 4ToO6BH MHOkecTBO FI auHeliHBIX OTOGpaxe-
Huit $% (E) B F 6b110 PaBHOCTENEHHO HeNpepbIBHLIM (NIpH HaneaeHuu 54 (E)
CHJIBHOH TOmOXOrHei), HeOGXOAMMO H NOCTATOYHO, UTOGb KakoBO Gbl HU
6blI0 KOMIIAKTHOe MHOXecTBO KCE, MHOXECTBO CyweHHil 0ToGpaxeHHi
u3 H Ha &% (E, K) 6b10 paBHOCTENEHHO HENMPEPHLIBHO (B TONOJIOTMU paB-
HOMEpHOH cXoZHMOCTU Ha K).

B) BuiBectn n3 6), uTO KaxJ0e OrpaHUUEHHOE MOJAMHOKEcTBO F Tmpo-
ctpaHcTBa o (E) mep Ha E **¥) paBHOCTENEHHO HENpEPHIBHO NpH Hajenxe-
HuM &% (E) cuapHoOM Tomonoruen.

*) Bcex HenpepsiBHBIX YMCAOBBIX (YHKUHH € KOMIAKTHHIM HOCHTIEJNEM Ha
E.— Ilpum. nepes,

*¥) O6pa3oBaHHbIX TeMH (YHKUUAMH H3 $% (E), HOCHTeNb KOTOPHIX COAEp-
wurca B K. — Ilpum, nepes.

*#¥*) Ha nesennoro Tonoaorueit npoctoii cxoaumocty Ha §4°(E). — llpus. nepes.
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*2) IMycts E — JOKaIbHO 'KOMIIaKTHOE MPOCTPaHCTBO, CUETHOe B Gec-
xoHeunoctd (O6ur. Tom., ra.-1, § 10, n® 11).

a) laa Kawao# HenmpepbiBHOH uHcaoBOH (ynkuun £ Ha E taxoif, uto
h (x) >0 BO Bcex TOuKax x € E, 0603HaunM uepe3 V () MHOXECTBO BCEX
dyuxunit € 5% (E), ynopaetsopsmowux ycaosuio |f|<C h. Iokasats, uro
mMHOMEcTBa V(%) 06pa3yoT (yHIaMEHTalblyl0 CHCTEMy OKpecTHOCTed
HyJds 1J8 CHAbHOU Tomoaoruu- B &% (E). BriBect orcioga, uto'ecau E He
KOMMAKTHO, TO CHJbHasA TONDJOTHA B é}Z‘(E) CHIbHEE TOMOJOTHH paBHO-
MmepuoHl cxogHMocTH Ha E.

6) INokasaTtb, yTO KawJ0€ CHALHO OIPAHHYECHHOE NOAMHOMNECTBO IPO-
cTpanctea ¢ (E) CONep®WTCA B TOINpOCTpaHcTBe - g4 (E, K), ompenease-
MOM HajJJewxaule BbIGpaHHHIM KOMNAKTHHM MHOXKecTBoM K E.

B) [loka3ath, uT0 mpocTpaHcTBO #% (£) B CHABHOH TOMOXOHH MOJHO.’

*3) IMycts Ey— HecueTHOE BHOJHE YMOPAXOYEHHOE MHOMKECTBO, 00-
Xajaoulee HaHGOJBWIMM 3XEMEHTOM b M Takoe, 4TO aas Kawaoro x < b
MHOXeCTBO 3JeMeHTOB < x cuetHo. Haneaum E, tononorueit §— (Ey) (3)
B koTtopolt E, komnakTtHO (O6w. Tom., ri I, § 10, ynpaxuenne 12); nycts
E — n0KalbHO KOMIAKTHOE MPOCTPAHCTBO, MOJayualonieecs U3 Ey yraleHHeM
touku b. ITokazaTh, 4To cuibhas Tonoaorus B g% (E) coBmagaer c TOIO-
aorueil paBHOMEpHOH CXOZHMOCTH Ha E u uto §% (E), HaleneHHOe 3TOM
Tonoaorueit, moano. BeiBecTH oTcloaa, uT0 B &% (£) CYUIECTBYIOT CHJBHO
orpaHUYeHHBIE MHOXECTBa, He cojepiawuecs B moanpocrpancTse g7 (£, K)
HH TIPH KaKOM KOMIaKTHOM K E.*

() K ctp. 90:

.8) a) Ilyctb (f,) — nocnenoBaTe bHOCTh BO3PaCTalOUIUX HENpephbiB-
HblX QYHKUui, npunagnewauwtnx &P (F, R) ¥) u takux, uto fp << fa+1 *¥)
1ag xaxgoro n. [lokasath, 4TO CywecTByeT BO3pacTalolias HelPepbiBHasd
dyukuvs f, npunagrexawas £ (F, R) u Takas, uto f, <L f nas Bcex n.

6) Ilyers (f,) — nocaenoBaTeAbHOCTh BO3PACTAIONIHX HEMPEPHIBHBIX
byHxuuit, npuHagzemauux & (§, R) u Taknx, uro 1< fnt1<K fn Aas
kaxgoro n. [lokasaTb, 4TO CywmecTByeT Bo3pacTaioulas HelpepbiBHas
dyuKuus f, npuHanrexaman &2 (§, R) u 1akag, uto 1 << f << f, Aas Beex n.

B) Ilycte (f,), (gn) — ABe mNOcaenoBaTeNbHOCTH BO3PACTAOUIUX HE-
npepbiBHBIX QYHKUHMIL, pHHaAnekamux 7 (§, R) u TakHX, uT0 fr, < fn+1»
Em P> Em+1 U fn<<K gy, 118 MOGHIX HOMepOB m H n. [lokasats, uTO Cy-
uiecTBYeT BO3pacTalolljas HEnpepbiBHad (GyHKUMA A, NpUHaxIeKauwan
& (F, R) u takasn, uro f, << A << gy, KaKOBbl Gbl HH ObIIH M K M.

*) &€ (%, R) — MHOXECTBO BCeX BelIeCTBEHHBIX (YHKLMH, Kaxpaas M3 KOTO-

pbiX oOnpejeieHa Ha HEKOTOPOM MHOXKecTBe H3 Gasuca ¢uabtpa & B R, o6pa-
30BaHHOTO BCEBO3MOMNHLIMH MHTepBaldamU Buia |xg, ~}-col. — ITpum. nepes.

*#)T. e, gaa Kaxaoro e >0 CYLIECTBYET Xg.TaKOE, UTO [y (£) < efp+1 (£)
Ixs Bcex f > x,. — [Tpum. nepes.
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B yacTHOCTH, NOKasaTb, 4TO CYI(ECTBYeT yObiBaiollaf HeNpepsIBHas
(yuxuus f, npunaarexamas ¢ (§, R) u Takas, uto Huraxod norapud-
MHUECKHH nNpH3HaK HE IO3BOJSAET YCTaHOBHTD, 'CXOAMTCH JH HHTErpan
4+

f J () dt uau Het (,tTeopemn Jio6Gya-PeiiMona“).*
a .
) K crp. 92:

- »*2) HexommyraTtusHas rpynna (B MYyJIbTUILIHKaTHBHOR 3amucu) G
Ha3pBaeTCA TAKXKE COBEPULEHHO YNOPAOOLeHHOE 2pynnoi, eciu OHAa CO-
BEpPUIEHHO YMOpPANOYEHa OTHOWICHHEM NOpAlKa X <y TaKUM, uTO X < ¥
BleYeT X2 yZ U 2x <2y naa Bcex 2z¢ (. okasaTh, 4TO TOMOJOrHS
Fo(G) B G (O6uwt. tom., ra. I, § 1, ympaxnuenne 3 (34)) coraacyercs co
CTPYKTYpOif rpynnel. B xakoM cilyuae Takike TONOJOTHH F 4 (G) u § o (G)
(cM. Tam Xe) corjacyloTcs €O CTPYKTYpoil rpymnbl B G?¢

(®) K crp. 116:
ollpennoxenne 2. ITyems f; (1 i p)p suinyianx dynicyud

na unmepsasre IcR u ¢; (1 i p)— npoussosvuvie p 4uces > 0;
»

DYHKGUR fzzcifi sonykaa Ha I. Ecaunpu smom f; xomsa 6u dan
i=1

001020 j cmpozo suinyxaa na [ uc; >0, mo f cmpozo sunyrxasa na I.¢
ollpennoxenue 3. ITycmo (f,)— cemeicmso gunyrxisx Gyng-
yud na unmepsase ICR; ecau sepxnas o:ubawwas g 3moz20 cemeil-
cmea KOHe4Ha 8 Kaxcood moure unmepsasa I, mo ona sunyiaa na I.¢
ollpennoxenue 4. ITycms H— MHOMeCMBO BHRYKALX DYHK-
4utll Ha unmepsase IcCR; ecau dusemp § 8 H npocmo cxodumcs
na I Kk Koneurnod wucaosol ynruuu fo, mo nocreonss svnykia na I.¢

% K crp. 122:

»Onpenenenue 1. [Tycms f, g— 0d8e ducrogsie hynryuu, npu-
naosesncauwue S8 (F, R)*) u >0 na Hexomopom muoocecmse u3z §.
Mo 2080pum, wmo f domunupyemcs gyuxyuei g (no 6asucy buiss-
mpa §), u numenm f=g ecau cywecmsyiom mHoxcecmso XEF
u uucro k>0 marue, umo f(£) < kg(t) 0sn scex tE€ X.¢

(%) K crp. 129 u 386:

»~7) a) [lycts E— paBHOMepHOe IPOCTPAHCTBO; COMOCTaBHM KaXAOMY
OKpyXKeHHI0 V MOAMHOXeCTBO v npoussenenua P (E) X B (E), obpa-

*) &6 (& R) — MHOMECTBO BCeX BEU[eCTBEHHHX (YHKIMI, Kaknas H3 KOTO-
pHIX OIpejeleHa Ha HEKOTOPOM MHOMXeCTBe H3 Gasuca GuabTpa §§, 3anaHHOrQ
B paccMaTpuBaeMoM MmHoxectse E.— [Tpum. nepes.
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30BaHHOe BCeMH mapamd (X, V) MHOxecTB u3 E TakuMH, uTO OOHO-

spemenno XV (Y) u Y < V(X)*). [lokasats, uT0 MHONECTBA V'
00pa3syloT (GYyHpaMeHTaAbHYI0 CHCTEMY OKpYXeHHi HekoTopo#l paBHO-
MepHoO#it cTpyKTypsl B B (E).

6) Ilycts § (E) — pasuomeproe moanpoctpancteo B P (E), oGpaso-
BaHHOe BCEMH 3aMKHYTHIMH MHOMecTBaMM U3 E. [lokasatb, ut0 $ (E)
M30MOP(HO OTAECIUMOMY PABHOMEPHOMY NMPOCTPAHCTBY, acCOUMUPOBAHHOMY
C paBHOMEpPHbIM mnpocTpaHcTBOM B (E).*

) K crp. 129:

»¥4) Tlyets  § (E) — MHOMECTBO BCEX 3aMKHYTHIX NOAMHOMECTB
PaBHOMEPHOTO TMpocTpaHcTBa £, HajeleHHOe paBHOMEDHOH CTPYKTYpO#i,
onpegefeHHodl B ympaxsewmuu 7 § 2 (M4). IMokasartb, uro ecaum E mpexn-
KOMNAKTHO, T0 H § (£) NpeskoMnakTuo.

*5) IMoxasats, 4ro ecid £ KOMIAKTHO, TO IPOCTPAHCTBO % (E) moaHo
(4, clenoBaTEABLHO, MO YNPaXHeHHIO 4, KOMIAKTHO).*

(1% K ctp. 138:

»°*¥11) a) Ilycts A u B — nBa 8nosne ynopadouennsix MuOKeCTBa H3 R
(seo6xomuMo cuetHnX; cM. O6m. tom, ra IV, § 2, yup. 1 (16s)). [oka-
3aTh, 4YT0 A - B BHOAHE YMOPAJOYEHHO M UTO AAA kawjoro ¢€ A-- B
CYI[eCTBYeT JULIb KOHEYHOE YHCIO nap (@, &) raxux, uto a€ 4, b¢B
He=a-b

6) Iycts K — npoH3BONbHOE KOMMYTaTHBHOE Teno. PaccMOTpHM Bek-
TOpHOe moxmpoctpanctso E Bektopnoro npoctpanctsa K%, ofpasoBanmoe
9JMEeMEHTaMU (2,) TaKMMH, YTO MHOXECTBO T€X X € R, N1 KOTOPBIX ag55=0,
8noAne ynopaoouenno. Jas mo6bX ABYX 3AeMEHTOB (4), (By) #3 E mouo-
KM (%5) (Bz) = (1), THE T = 2 2,8, (CyMMa MmeeT cMbICA B CHay a)).

Yi-z=2
[lokazaTh, 4YTO 3TOT 3aKOH KOMMO3HUHH B COEJMHEHHH CO CAONKEHHEM
onpefeaser B E cTpyKTypy meaa; 37eMeHTHL 3TOro Teia O0603HAYAITCA

TaK#e 2 a; Xt u Ha3biBAIOTCA POPMANLHEMIL PAOGMU C 8NOAHE YNOPA-
tER
O04eHHbLMU NOKAZAMEAIMU H Kosdatpnuuemamu n3 K.«

(163,)

»TOuKa @ € R Ha3biBaeTcs 108084 moO4K0d nNpPuKOCHOBeHUS NI MHO-
mectBa A C R, ecaH oHa sABAfETCH €ro TOYKOH NMPHKOCHOBEHMA H Cylie-
cTByer HHTepBan la, b| (b > a), He coxepikamnit HH oaHoit TOYKH U3 A.
[ToxasaTth, 4TO MHOMXECTBO BCeX JeBbHIX TOYEK NPHKOCHOBeHliA BCsA-
KOro MHOxecrBa M3 R cueTHO. BhiBecTH OTCIORa, uTO 1° BeAKOE BIOMHE,

*) V(X) — mHOoxecTBO Tex y € E, maas KoOTOpHX cyuiectsyer x € X Takoe,
gto (x, y) € V.— IIpum. nepes.
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yruopsanoueHHoe MHOXECTBO B R cuetHo; 2° Bcsakoe mHOXectBo B R, co-
CTOAIlee U3 ONHMX H3ONUPOBAHHBLIX TOUEK, CUETHO.*

") K crp. 144:
Jpennoxenue 1. Jag mozo umobn uucrosas Pyuxuyus f

Ha monosozudeckor npocmpancmse E Gura nosynenpepeisna cHusy,
Heo0Xx00UMO U Docmamouro, 4mobe. OAf 106020 KOHEHHO020 B MHO-

-1 .

secmso f(Jk, +ool) (tex x€E, 1aa korophx f(x)> k) 6wa0
-1

omipsimo 8 E (unu, ut0 TO XKe, #mobu f([— oo, K]) 6bro 3aminy-

molm MmHoxcecmsox 8 E).¢

(18) K crp. 160 (O6w. Tom., Pea., § 5, n° 7):

» TOTOIOTHYeCKOe TPOCTPAHCTBO E HA3WIBAOT HOPMAAbHBIM, eCTH
OHO OTAENMMO M YAOBNETBOPAET OMHOR H3 CJeAyiOliuX YeTHpPeX paBHO-
CHAbHBIX aKCHOM (TeopeMH YpuicoHa, ra. IX, § 4, Teopemsl 1 u 2):

(Ov) Kaross 6o nu Gbiau Henepecexaowuecs 3aMKHLYMble MHONCE=
cmsa AcE u BcE, cywecmsyem wnenpepsisnoe omoGpascenue E
8 10, 1], pasnoe O na A 2 1 na B.

4
(Ov) Karossr 6o HU Obiau Henepecekaiouyuecs 3AMiKYMbie MHO-
acecmsa ACE u BoE, cywecmsyom Henepecexaiouuecs omgpsimuie -
muoncecmsa U u V marue, umo AcU u Bc V.

14
(Ov) Karxosot 6o Hu Ovlan 3amxnHymoe muoscecmso AcCE u ezo
oxpecmuocms V, cywecmsyem oxpecmuocms W mnoxcecmsa A maxas,
wmo WcV.

(Ov) Karogo 6o nu Oviau 3amxnymoe muoscecmso AcE u onpe-
OcneHHBA HQ HeM HenpepuisHas 4ucrosas Hyuxyus f, na E cywe-
Cmsyem HEnpepuisHas 4UcAo8as gﬁymcuuﬂ g, npodosxcaowas f.*

% K crp. 168:

Jipennoxenue 3. Ilycms H— pasHocmenenno Henpepsigroe
MmHoxcecmso 8 Q(E, F)*) u A—g8ciody naomnoe no0MHONECMBO nPO-
cmpancmsa E. B mnoocecmse H pasnomepnas cmpyxmypa npocmodi
cxooumocmy Ha A U4 PABHOMEPHAR CMPYKmMYpa npocmoil cxodumocmu
Ha E cosnadarom.

JocTaToOYHO TMMOKa3aTh, YTO KakKoBbl ObH HH OHIAH KOHEYHOE MHOMKe-
¢80 B E u cumMeTpuuHOe OKpykeHue V nia F, cywecTBYiOT KoHeu-

#) @ (E, F) — MHOXECTBO BCEX HEIpEpHBHBIX OTOGpaxeHuil Tonoxoruye-
CKOro mpoctpaictBa E B paBHOMepHoe mnpoctpaHcTBo F. — [Tpum. nepes.
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Hoe MHOWecTBO B’ A u oxkpyxenue V’ ans F Takue, uro cjen Ha
H X H oxpyxeuus W (B, V)*) conepxur caen okpyxenus W (B’, V).

3
MNpumeM 3a V' cummerpuunoe oxpyxenue ans F rakoe, yro V'cV;
kamnas Touka x;€EB (1 i< n) obranaer Taxo#t okpectHoCThbi0 Uj,
uto (U (x;), 4(V))EV’ nns scex u€H u ycU;; myctb y;—Kakas-
HU6ynb touka u3 U;NA u B’ —- KOHeuHOE MOIMHOKECTBO MHOXECTBA A,
o6pasoBaHHoe Toukamu y;. Eciu 4 u v-— 1Be dyHkuuu us H rtakue, 4to

3
@), v EV (1KiKn), 10 (u(xvE)EV cV (1Ki<n),
H TpeljiOXeHHe O10Ka3aHo.*

(*) K crp. 169:

Jlpennoxenue 9. [lycmb E-— A0KAABHO KOMnAKMHOE npo-
cmpancmso, E' — monoaozudecioe npocmponcmso, F-—omdesunoe
monoaozuteckoe npocmparncmso i f— omo6paxcenue E X E' 8 F.
Han Kaxcdozo y€ E' o6osnawum uepes f, wacmuunoe omobpadicerue
x— f(x, ¥) npocmpancmsa E 8 F. s mozo umobe [ 6viao Henpe-
posnsim Ha E X E’, Heo6xo0umo u docmamoxrno, 4mols. omobpaxce-
nue f, 66120 Henpepsiéno dan Kaxo0oz0 Y€ E' u omobpaxcerue y—ofy
npocmpancmsa E' 8 Q(E, F), nadesennoe monosrozuedd KomnaxKmuoli
cxodumocmu, 6ola0 HenpepwvisHo.“

@) K crp. 170:

»8) TNyctp (E,) — GeCKOHeuyHass IOCIENOBaTeAbHOCTb METPH3YeMbIX
paBHOMEpPHBIX npoctpaHcTB. [loKasaTh, 4TO paBHOMEpHOE NPOCTPAHCTBO

fes)
E =[] Ex merpusyeno.. .«
n=1

(*) K crp. 176:

Jlpennoxenue 4. ITycme & — mHoocecmso nodmrodxicecms
MHOMwcecmsa E maroe, umo KaocObll ssemenm nocAedHez0 npunaose-
ocum no Kpaiined mepe oonomy muoxcecmsy u3 S. Has mozo wmobu
gussmp O 8 npocmpancmse F o(E, F)**) Gbia cxodsuumncs, 1eo6xo-
dumo u Oocmamouro, umobu on Guia gusempor Kowu (nns cTpyk-
TYpH Zg**)) u npocmo cxooduscs Ha E.

*) W(B, V)— mHOoxkecTBO Bcex map (u, v) orob6paxenuit E B F taKux,
uro (& (x), v (X)) € V KakoBo 6bl HH 6b1a0 X € B.— IIpum. nepes.

**) F g (E, F) — paBHOMepHOE IPOCTPaHCTBO, MOAYUYSHHOE IYTEM HajeleHHs
MHOXecTBa F (E, F) BCeBO3MOXHBIX ‘0TOGpaKeHHH MHOxecTBa E B paBHOMep-
HOE TPOCTPaHCTBO F cTPyKTypoH %© paBHOMEDHOH CXOOMMOCTH Ha MHOXECTBaxX
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Heo6 x0xuMOCTb 5TUX YCIOBUH OueBHAHA (MOCKONBKY CTPYKTYpa X, *)
MAKOPUPYETCS CTPYKTYpORt Zg). O6parHo, npennoaowum, yro @ ecrsb
t$uabtp Kowin 14 #e 4 MPOCTO CXOAMTCS K HEKOTOPOR (YHKIUUH )
nycte V —3amEHymoe OKpywmenue mias F; 118 KaXAOro MHOMKecTBa
A€ S cywecrsyer MHoxecTso HE @ rtakoe, uto (4(x), v(x))EV ka-
KOBh OH HM Oblad 4 u v U3 H u x us A. [lnis npoussBonLHOR TOUKH
X € A uMeem Takxke (4y(x), v(X))EV ana xaxnoro v€ H, nockoabky
4y(x) ecTb npefen #(x) mo ¢uatpy @, a V 3aMKHYTO; TeM caMbIM 4,
ecTs npeaea @ B npocrpaHcTBe oF & ©

(®®) K crp. 183:

»Teopema 2. [Tycme E-—6sposcroe npocmpancmso u (f,)—
CeMelicmso noAyHenpepuiBHbLX CHU3Y 4ucao8ulx Pyuxyuid Ha E, npu-
yem sup f,(X) xKoHeuen Oas kaxwcood mouxu x € E. Toz0a raxncooe

-3

Henycmoe Omrpuimoe MHONCECME0 COOeplCUM Henycmoe OMKpuimoe
NnOOMHONCECMB0, HA Komopom cemelicmso (f,) pasHomepno ozpati-
HYeHRHO.

(®%) K crp. 208 u 228:

»*9) Toka3atb, 4TO BCAKHH QUIALTP § eCTh MepeccUeHHE MaXKOPHPYIO-
UIHX ero yabTpadHAbTpPOB.*

*®) K crp. 211:
»11ycth G — npousBojbHasg (3aMKHYTas UNM HE3AMKHYTas) NOATPYMNNa
rpynnst R™. paCCMOTpHM MHOXecTBo G* Bcex Touek # = (u;)ER?", naa

KOTOpHIX uucao (#, X) -2 u;x; 9BNRETCH yYesvM, KaAKosa Ov HU 6oaa

ToUKa X = (x;) € G. ﬂcno, uro G*— nodzpynna rpynmst R®...
IMpeannoxenne 6. Jas wamood nodzpynnost G zpynns R™ umeen
(G =G.“
(% K c1p. 211:
»Teopema 2. [Tycms G-—3amxnymas nodepynna panza r
OLrn) 2pynnee R™. Cyuwecmsyem Haubosbuiee 8exmoprnoe nood-

43 & (T. e. paBHOMepHOH CTPyKTypoH, (yHIaMeHTalbHYI0 CHCTEMY OKpYXEHMH
KOTOpoii o6pa3yior MHomectBa W (4, V) (cMm. mpeablayuiylo cHocky), rae A
npoGeraeT BCeBO3MOXHEIE KOHeUHHe 06bejuHeHHs MHOkecTB H3 &, a V — duabtp
OKpyweHuit nas F). — ITpum. nepes.

*) PaBHoMepuas cTpyKkTypa npocroii cxomumoctd Ha E B F (E, F), 1. €.
paBHOMepHasi CTPYKTypa NpocTpaHcTBa & ¢ (E, F), rne U — MHOXECTBO BCeX

KOHEYHBIX NMOAMHOMECTB MHOxecTBa E.— Ilpum. nepes.
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npocmparcmso V, codepaucaweecn 8 G; 041 8CAK020 BEKMOPHO20 N00-
npocmpancmea W, donosnumessnozo k¥ V, WNG duckpemno u G
ecmo npaxman cyxuma V u WNG.¢

,*7) MycTs G — 3amkHytas noarpynna rpynns R%. Jas toro uto6u G
6biaa npAMOi cyMMOH cRoeil saMkHyTO#t moarpynmui /f M HeKOTOpOH xpy-
roit samkHyrolf noarpynmut K, Heo6XOAMMO M IOCTAaTOUHO, UTOOH H 6bina
nepeceueHneM (G ¢ HEKOTOPHIM BeKTOPHBIM MOAMPOCTPaHCTBOM.®

&) K crp. 211:

»¥10) Tycts A — Koabio raasHbX HAcaloB, o6iaajaloniee 6eCKOHEY-
HLIM MHOXEeCTBOM MaKCHMalbHbIX HiealoB. [Toka3aTh, YTO KaKOBO 6bl HH

6blI0 GecxoneyrHoe Muoxmectso /, A-moaynb AL ne ssasemes ceoGodnsiM
MOOYyaEM.©

() K crp. 245 u 273:

»*15) [lyctb A — 3aMKHyTOe, a B — KOMNaKTHOe MHOXXECTBO B TOMO-
noruyeckoit rpynne G. Iokasats, uto AB u BA samkuytel B G.*

*) K crp. 250:

»*2) TlokasaTs, 4TO ZAS 7TOTO, UTOGH OTAEAHMOE paBHOMepHOE Mpo-
CTPaHCTBO ObIIO TNPeXZKOMITaKTHO, JOCTATOYHO, YTOOH BCAKag MOCAEAO-
BaTeNbHOCTh Ero TOWeK MMena NpejfeibHYyl TOUKY.®

(% K ctp. 251:
»12) Tyctpb (Fl)‘el——decxm-xe'moe cemMe#icTBO OTAEAMMBIX TOMOJOrH-

YeCKHX MPOCTPAHCTB, HX OfHO H3 KOTOPHIX lie CBOOWTCA K OHOH TOUKE, H
a,, b, nasa xawporo ¢/ — nBe pasanuHble TOYKH U3 F,.

a) OGosHauuM uepe3 ¢, AAA Kawaoro €/ TOUKy NpOCTpalcTBa
E:—:H F,, xoopiHHaTa KoTtopo#f ¢ HHAeKcoM ¥ paBHa &,, a Koop-

¥
AMHATBHl ¢ MHAEKCaMH t==% paBHH @, IlokasaTtb, 4TO BCe ¢, ABAAOTCA U30-
JHPOBaHHBIMH TOYKaMU OGpa30BaHHOrO UMH MHOXectBa C.

6) BuiBectn U3 a), uro AmaAs Toro, 4rofnl TOmMOJOrHA B E HMeaa
CUeTHBt 6Ga3HC, HEOGXOOMMO H HOCTATOYHO, uYTOOH J OBIIO CYETHO H
Kaxjoe U3 MpOCTpaHCTB F, nMeNo CyeTHuit Ga3uc.“

GY) K crp. 296 u 299:

»*10) Mycts E= P (V) u E/ = P (V') — 1Ba NpPOEKTHBHBIX NPOCTpaH-
CTB2 OJUHAKOBOH KOHEUHOH pa3sMepHOCTH n > 2 Hag TeaaMu K u K/ cooTt-
BETCTBEHHO ¥) H 4 — B3aHMHO OJHO3HauHoe OToGpaxeHHe E Ha F’, mpe-

*) P (V) — pakTopnpocTpaHcTBO jgonoxnesHs V* k {0} B BeKTOpHOM Ipo-
crpancTBe V Hag K MO OTHOWEHWIO SKBHBAJEHTHOCTH ,B K cymectsyer A==0
TaKoe, 4TO y = AX“ MeWAy 3JAeMeHTaMu x, y ¢ V* — [Tpum. nepes.
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obpasylomee mobylo NpAMONUHEedHYlo TpPOHKY TOYEK B NPAMOIHHEHHYIO
TpOiiKy Touek. [lokasaTh, Y10 CymecTBYIOT H30MOpdHsM ¢ Tena K Ha K/
H ToxyiuHediHoe (OTHOCHTENbHO ) B3aHMHO OXHO3HauHOoe oToOpaxceHHe ¢
npocrpaucrtsa V Ha V”/ rakume, uTO & ecTb OTOGpaNKeHue, MOJyualolleecs
W3 v npH dakropusanuax ¥)..."

(? K crp. 312:

Iyems X u X' —08e mampuyo. u3 n cmpok u p<n cmoabyos
rad Koavyorm A. Lasn xaxcoozo muoncecmsa Hc (1, n], cocmoswezo

. 4

u3 p 3semenmos, 0003naqum sepes Xg (coots. Xg) munop mampugor X
(cootB. X"), umerowuii H mnoxcecmson nomepos csoux cmpok (u [1, pl—
MHOXeCTBOM HOMepoB cToa0L0B). Tozda

det (*X) X') = b XuXi 9y

20e H npoGezaem MHOICECMBO 8CeX NOOMHONCECME NO D IAEMEHMOB
u3 [1, n].“

(*® K ctp. 317:

»8) IlokasaTs, YTO He CyU(eCTByeT HempephriBHOro oTobGpayenus f
Kpyra B, Ha Sy, KoTOpOe 6bl coBnajalo Ha S; c TOXKZECTBEHHEIM OTOGpa-
JKHeHueM.*

(®) K crp. 383 wu 384: onpenenenue tomosorn#t &g F_ u &,
(O6w. tom., ra. I, § 1, ynpaxuenne 3).

»3) Ilycts E — cosepuennH0 ynopsdo4eHHOe MHOWECTBO H MyCTb

1° By (¥) — MHOMNECTBO BCeX MHONKeCTB H3 FE, CORCPHAUIUX Kax-
R0¢ Kakoi-HUGyAb OTKPHITHIH HHTEpBaJ, KOTOPOMY IpPUHALIEHHT X;

2° B_ (x) — MHOXKECTBO BCcEeX MHOMeECTB H3, E, coaepwamux Ka-
A 0€ TOJYOTKPHITHH HHTEpBal BHaa |z, x] (¢< x) nau e, xJ;

3° B, (x¥) — MHOMECTBO BCeX MHOMKECTB H3 E, cogepxaimux Kam-
AO€ MOMYOTKPHITH HHTepBan BHAa [X, y| (y > x) nmm [x, —|.

[Tokasath, 4T0 By (¥), B- (x) u B, (x) — MHOKECTBA BCeX OKpecT-
HocTe#i TOYKH X COOTBETCTBEHHO RIs TpPeX TOMOMOTHH Iy (x), F— (x)
u <<}T+(x) BE..."

*) Mepesoasmux V* B P(V)u V/* B P (V') (cM. IPERBIAYUIYIO CHOCKY). —
ITpun. nepes.
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OBbSICHEHHE OBO3HAYEHMA,
3AUMCTBOBAHHbBIX U3 JPYTrX KHHUI
LONEMEHTOB MATEMATHKHU® H, BYPBAKH

() — mycTO€e MHOKECTBO.
© — CHMBOJ KOMITO3UIHH (OTOOpaKeHHi, MHOXECTB).
n -1
AoB, A, A—cu. Tpunoxenne 11l, Onepaguu nad nodmnoxcecmsamu npo-

u38e0eHus.
B, — wap paauyca 1 c uertpom 0 B R™
C — Ten0 KOMILIEKCHBIX YMCeN, HaleleHHOe CBOEiH ecTeCTBEHHOH Tomonorueil.
C" — n-MepHOE KOMILIEKCHOE TNPOCTPAHCIBO.
CA — pomoanesde K TOAMHONECTBY A B pacCMaTpHBaeMOM MHOMKECTBe.

E! —npoussenenue cemefictBa MHOXECTB (NPOCTPAaucTs, rPynn u T. m.) E,=E
¢ MHOXECTBOM HHAeKcOB [.
ED _npamas cymMa BeKTOpHBX mpocTpancte E, == E ¢ MHOXECTBOM HHiex-

coB I, T. . NOANPOCTPAHCTBO NPOH3BE AEHH S E!, o6pasoBannoe temu ero siemen-
TaMH (x‘)¢EI’ y KOTOpHIX X,5~0 NHwb AMA KOHEUHOTO YHCIa HHAEKCOB .

I/[HTepBaJlbl B COBEPIUEHHO YNOPAZOUEHHOM MHOXeECTBE E:

[a, b] ={x€E: a<<xLb}
[a, bl={x€E: a<x<b}
la, b]={x€E: a<lx<Lb}y
Ja, ] ={x € E: a<x<b}
|« al={xcE: x<La}
<, al={x€E: x<a}
[e, > ={x€cE a<x}
la, »[={xcE: a<x}
]« - =E.
K; — teno K, paccMaTpHBaeMoOe KaK JIeBOe BEKTOPHOE NPOCTPAHCTBO Haj caMuM
coboit,
K* — MyJbTHIIHKaTHBHAsA IpyINNa HEHyJAEBbIX 3JeMEHTOB Tena K.
N — MHOXeCTBO BceX LelbX uHcea >0, HageAeHHOE CBOeil ecTeCTBEHHOI CTPYyK-
TypOPl ynopanoqeﬂﬂoro MHOXECTBaA.
B (E) — MHOKecTBO BCeX NMOAMHONKECTB MHOMecTBa E.
Q — TeN0 PAaUMOHANBHBIX UHCEN, HAZeneHHOE CBOeH ecTecTBeHHOH CTpyKTYpO#H
ynopanoueﬂﬂoro MHOXeECTBa.
R — TeM0 BelleCcTBEHHBIX YHCeJ, HafeJeHHOe CBOMMH €CTECTBEHHBIMH TOMOJIOTHeN
H CTPYKTYPOH yNOpAxOUYEHHOTO MHOXECTBA.
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R'+ — MHOXECTBO BCEX BEIECTBEHHHIX YHCEX x > 0.
R;_ —— MHOXECTBO BC€X BeleCTBEHHLHIX yHCea x >0,
R — pacmupennas npsamas (cM. Ipunoxenne I11).
R” — n-mepuoe Bel(eCTBEHHOe MPOCTPaHCTBO.
S,_y—cdepa pamuyca 1 c yentpom 0 B R™.
(o)
S Xy — CyMMa CXOpfmerocs paza (X,) 951€MEHTOB KOMMYTAaTHBHOH OTaelHMOi

n=1
TOMOJOTHYECKOH TPy
Z —KoXbIO leNblXx YHceJ, HajgeleHHOe CBOeH ecTeCTBEHHOR CTIPYKTYpo# ymo-

pAAOYEHHOTO MHOXECTBA.
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OBbACHEHHUE TEPMHHOB,
3AUMCTBOBAHHBIX U3 NPYTUX KHHUI
»INEMEHTOB MATEMATHKH“ H. BYPBAKH *)

AGCONOTHO CyMMHPyeMoe ceMeficTBO: CeMeiCTBO TOUeK HOPMHPOBAHHOro:
TIPOCTPAHCTBa, HOPMBI KOTOPbIX 06Pa3yioT cysmupyesmoe cemetlicmso B R.
AxcHoma (Oypy): MHONKECTBO BceX 3aMKHYTHIX OKpecTHOCTeH mo0oi TOUKH eCTb-

(dyHRaMeHTaapbHas cHCTEMa OKPecTHOCTe# 9TOH TOUKH.
Addunnpiit panr MHOMecTBa B ad@HHHOM MpOCTpPaHCTBe: pasMepHOCTh aduu-
HOro MOANPOCTPAHCTBA, MOPOXAEHHOTO 9THM MHOXKECTBOM.'

Basuc d¢uabTpa B MHOMecTBe E: MHOMECTBO B MOIMHONKECTB MHOXKeCTBa E,
YAOBJETBOPAOILEE CAEAYIONIHM aKCHOMaM:

(B;) nepeceuenne moGbix ABYX MHOXKECTB H3 B COAEPKHT MHOMECTBO H3 B;
(Biy) B He mycro M mycToe HOZMHOXKECTBO MHOXecTBa E He coaep-
xurca B B.

BHexTHBHOe OTOGpareHHe: B3alMHO OXHO3HayHoe OTOOpaxeHne Ha (T. €.
ONHOBPEMEHHO UHBCKMUSHOE U CIOPBEKMUBHOE).

BauskHe nopsfgka V TOUYKH: TOUKH X H Y DPABHOMEPHOZ0 NpPOCMPAHCMSA, KA
kotophx (X, y)€ V, rae V —ero oxpyocenue.

B3poBcKOe NPoOCTPaHCTBO: TOHOJOrHYeckoe IPOCTPAHCTBO, B KOTOPOM HHKaKoe
ctemnoe 0o0beIHHEHHEe 3aMKHYTHIX MHOXecCTB 6€3 BHYTPEHHHX TOYEK Ee
MOXeT UMeTb BHYTPeHHeH TOuKH (T. e. fiBAsAiouleecss MHOxectBoM |l xate~
TOpHH B cebe).

Bepxusisi rpaHs cemeficTBa TOMOMOTHHA: claGeilias H3 TONOMNOTHI B JAHHOM
MHOKECTBE, MAHCOPUPYIOWLX BCE TONOIOTHH pacCMaTpPHBaEeMOTO ceMeii--
CTBa,

3ambikanHe oToGpakenus f no QUABTPY F: MHOKECTBO BCEX npedesbHbi X
mouex gynyuu f no durempy 3.

HHAYKTHBHOE MHOXECTBO: YNOPAOGOYEHHOE MHONCECMBO, BCAKOE COBEPULEHHO
YnopaodouenHoe NOXMHOXECTBO KOTOporo ofJajaeT BepxHeii TpaHbio-
(1. e. BepxHeil rpaHuueli, Mamopupyemoii moGoit Apyrod BepxHedi rpa--
HuIeH).

HubexTHBHOE 0TOGpaXKeHHe: B3aMMHO OXHO3HauHOe OTOOpaxKeHHe B,

Kanonuuecuit 6asuc npsmo#t cymmnl R®: muoxectso scex saementos n3 RN,
OJdHa KOMIIOHCHTa KOTOpHIX paBHa €iHHHIEe, a Kaxpas Apyrasa — HyJio.

*) KypcuBoM HaGpaHbl TEDMHHbI, pa3bsicHAeMble B COOTBETCTBYIOLIHX MECTAX
9groro xe [lpunoxenus.



TNPUJIOKEHUE 11T 395

Hupnuu B R™ npoMsBeseHHe 7 MHTEPBaJOB,

Kiaacc skBHBaNEHTHOCTH 10 OmHOWEHUIO KBusasenmuocmy R B moxecrse Eg
onpenensiercs MOCHM CBOHM h9IEMEHTOM X KaK COBOKynHOCTb Tex y € E,
A5l KOTOPHIX clpaBegiuBo R{x, y}.

KommyTaTHBHO cxoasimuiicss psj: psi sAeMeHTOB KOMMYTaTURHOR omlesumoii
TOMNOMOTHYECKOH TPYNNbl, CXORAwWMiHcA TNpH mOGOH nepecTaHoBKe ero
YJIEHOB.

KomnaxTtHoe = xaycaopdoBo GHKOMIIaKTHOE.

JlokaabHO KOMIIAKTHOE = x2yCZ0P(OBO JOKaNLHO GHKOMNAKTHOE.

MaxopHpyemass (MawopHpyioumas) TonoJorusi: cM. Cpa8renue monoaozuil.

MaxkcHmaabHbIll 9aeMeHT noaMHOMXeEcTBa X ynopsdoweHHO20 mHOxNcecmBa E:
9MeMeHT y ¢ X, IXAA KOTOPOTO HE CYU(ECTBYeT HH OZHOro 9jeMeHTa 2¢€ X
TaKoro, 410 z > Y. '

Manoe nopsinka V MHOKECTBO B pasHOMEDHOM npocmpaHcmse E: MHOXecTBO,
mobbie ABe TOUKH KOTOpPOro 6.u3ixu nopsioke V, rae V — npaHHoe
oxpyxcerue naa E.

Mepa na JnokajlbHO KOMNAKTHOM NpocTpancTBe FE: nuuelinas dopma p ha
BEKTOPHOM TmpocTpaHcTBe &% (E) BceX HeNpepHBHHIX YHCIOBHIX (hYHKUMH
Ha E ¢ KoMnaxmublM HOCumeAeHM, YROBIETBOPsOWad CIexyomemy ycko-
BHIO: JIfl KaXAOro KOMIIAaKTHOro MHoxectBa K E cyxeHue p Ha moa-
npoctpaHcTBO & (E, K) Tex dyukuuit H3 g% (E), HOCHTENIb KOTOPHIX
conepxurca B K, HENPEPHIBHO B MONOAOZUL DABHOMEDHOL CXO0UMOCMU,

MeTpH3yemass paBHOMEpHAsl CTPYKTYypa: =CM. PABHOMEDHAS CMPYKMYPa,
ONpeOeAsIeMast CeMelicmBoOM OMKAOHEHU.

Miuowectso, GuabTpywOweecs 10 GHALTPY F: MHOKECTBO, HajeleHHOE
cmpyxmypoii, onpeneasieMod 3afaHHHM B HeM uasmpom .

HacbimenHe moaMHOmecTBa A MHOWecTBa E 110 OMHOWEHuI0 3K8USAACHM-
Hocmu R B E: ofbexnHeHHe Kaacco8 3K8usanrenmHOocmu 1o R Bcex
9JeMeHTOB M3 A. . '

HacbimenHoe MHOMECTBO: COBNAajaollee CO CBOHM HachujeHuesm (1O JAHHOMY
OMHOWEHIIO IKBUBANCHMHOCMIL).

Huxnsda rpadb cemeficTBa TONOJOTH#A: cHIbHeHulas M3 TOMOJOTHIA {B RaHKOM
MHOXECTBE, MANCOPUPYEMBX BCEMH TOIOJOTHAMH paccMaTpHBaeMOro
ceMeiicTBa,

HocHTeab Mepbl Ha [0KAAGHO KOMNAKMHOAM TIPOCTPAMCTBE: JLOMOJHEHHe
K 06benMHEeHHI0 BCEX OTKPHITHIX- MHOXECTB, Ha KOTODBIX CyXeHHe STOoi
Mephl PaBHO Hyo,

Orubarmoman BepxHsas (HHXKHAA) cemelicTBa QyHKUMHA ( f‘)‘e ; Ha Muoxectse E:
¢ynkuns Ha E, 3HauyeHHe KOTOPOi B KaxpoiwTouke x ¢ E paBHO sup (f, (x))-
ter

(coots. inf (f, (x))).
eI
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O/HOpOAHOe NPOCTPAHCTBO TOMOJOrHYeckoil rpynmet G no ee moarpymue Ff:
daxmopnpocmpancmso G[H mnpocrpaHctBa G 1O OmMHOweHu©o 3K6u-
sasaenmnocmu  x—-1ly ¢ H, HajzeleHHOe 3aKOHOM BHelllHeii KOMIO3HIHH,
OTHOCSIIHM KaXJAOMY 9JdeMeHty § € G H KaxjoMy Kaaccy x=xHe¢G/H
knacc sx = sxH ¢ G/H.

OKpPecTHOCTh TOYKH X: BCAKOE MHOXKECTBO, cojepxaumee Xx B KadecIse
BHYTPEHHe#t TOUKH.

OxpyKeHHe (aas) PaBHOMEPHOH CTPYKTYpH: cM. Pa8HOMEpDHas cmpykmypa.

OnepauuH Han. nojgMHOKecTBaMH npousBefenns E X E muoxecrsa E wua

cebs: A — o6pa3 A < E X E npu kaHOMHYeCKOH CHMMeTpHH (X, y) = (¥, X)
mHOMecTBa E Ha ce6s; BoA (rre 4, B < E X E) — MHOXeCTBO BCeX Tex
(x,2)cE >< E, nna xoropux cymecmye-r y € E Takoe, uto (X, y)€A K

(y, @) € B. A Ao A, A— A od=4do A

OTaelumas paBHOMEpHasi CTPYKTypa B MHOxecCTBe E: pagHOMepHas cmpyx-
mypa, nepeceyeHueM BCeX OKPYHCeHUl KOTOPOH CIyWuT xHaroHajb A
npousBeaeHus E X E.

OTaeaumoe = xayczopdoso.

OT1nenamoe paBHOMEPHOe NPOCTPAHCTBO: PABHOMEPHOE NPOCMPAHLMBO € Om-
Oeaumoli pasHOMEpHOL cmpyxkmypoil.

OTHIOHeHHe Ha MHOXecTBe E: orobpaxenue f npoussegsenus E X E B |0, + oo}
Takoe, ur0 f(x, X) =0, £y, X) =F(x,y) B f (% Y) <[ (62 +f(zy)
ans Bcex X, y, 2 € E.

OTHOCHTENLHO KOMNAKTHOE MHOXECTBO: MHOMECTBO C KOMNQAKMHBLM 3aMbl-

' KaHHEM.

OTHollenHe mnopaaxa B MHoXkectBe E: oTHouieHHe o {X, Y} MeWay ZABYMS
Oo6IMMH 3JeMEHTaMH X, y € E, ynoBieTBOpsiolee yCIOBHAM: 4) OTHOLIe-
HHe ,0{x, ¥y} H o{y, 2}* Baeuer o {x, 2}; 6) oTHOWEHHE ,0 {X, Y} H
o {y, x}* Breuer x = y. Hacto 3amucniBaercs B BHIe X < Y. .

OTHOlleHHEe 3HBHBANEHTHOCTH B MHOMecTBe E: oTHoueHue R {x, y} Mexay
aByMsa oOOIHMH 9JneMeHTaMH X, y € E, ynoBiaeTBopfiollee  YCJIOBHAM:
a) R{x, x} ana Bcex x¢ E (pedaekcusHocts); 6) R {x, y} u R{y, x}
PaBHOCHABHH (CHMMETPHYHOCTb); B) OTHOmenHe R {x, y} u R{y, 2}“
srever R {x, 2} (rpaH3utHBHOCTH). Onpepenser pasGuenue E Ha Kaaccs
SKeusareHmHOCMU.

P-ajHieckas paBHOMepHasl CTPYKTYypa B Z: pasnomepHas cmpykmypa B Z,
DYHOAMEHMANBHYIO CUCMEMY OKpYXCeHUli KOTOpOit 06pasyloT MHOMe-
crBa Wy, map (x, y)€ZXZ, aaa KOTOPHX [X-—y[p<p~", npHuem
[0lp=0 u |x|,=p-¢ mpu x+0, rze p—IOKasaTelb HaMBHICILEH
CTEHNEHH MPOCTOTrO YHCJA p, HA KOTOPYIO AENHTICHA X.

Tonnaq axnuTHBHAA TOMNOJAOrHYecKasl rpyina: ajiuTHBHAs TOMOJOTHYecKas
rpynina, KOTOpas B PASHOMEDHOL cmpykmype, NOPo*COaeMmOi monoro-
2ued 9TOH IPYNNLL, ABIACTCA NOAHMM PASHOMEDHNM NPOCMPAHCMBOM.

TloaHoe paBHOMEpPHOE NPOCTPAHCTBO: PABHOMEDHOE NPOCMPAHCMS0, B KOTO-
poM Kawawiit gusemp Kown cxomurcs.
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floAHOe TOMOJNOrHYECKOE TEeN0: TOMOJOrHYeCKOe TeJNO, ABMSIOIEECT NOAHOL
a00umusHOli mMONOAO2UYECKOE 2pynnoi.

flonoaneHHe OTAEJIHMOr0 PABHOMEPHOI0 IPOCTPaHCTBa E: omdeaumoe noanoe
DABHOMEDHOE NPOCMPAHCMBO E, conepxaee BCIOAy IMAOTHOE paBHOMEP-
HOE NOXNPOCTPAHCTBO, H3oMopdHoe E. E Bcerna CymecTByeT H ompe-
JelIeHO OAHO3HAYHO C TOYHOCTBHIO JO H30M0p(pPl3Ma.

TonosHeHHe OTAeAHMON aJIHTHBHOA TONOJOrHYECKOHA rpynnbl G: oraennMas
noanas a00umusHas monosozuxeckas zpynna (1, Ccojep:alias BCIOAY

NIOTHYI0 MOArpPyHny, H3oMopduyio G. G Beeraa cymectByeT u onpejenena
OJHO3HAUHO C TOYHOCTBHIO 10 H3OMOpdHU3Ma.

flocaenoBateabnocts KoumH: GeckoHeunas mnocrexoBaTelNbHOCTb (4,) TOuek
DABHOMEPHO20 NPOCMPAHCMEA, YROBIETBOPAION(AS CACAYIOIEMY YCJOBHIO
AN BCAKOrO OKPYyXCenus V 9TOro NMPOCTPaHCTBA CylecTBYeT HEJO0e Ny
TaKoe, YTO U, H Uyn 6Au3ku nopsoka V npu moGux m>ng v n>n,,

TpaBuabnas dyHKUHA: GyHKnuA Ha uHTepBate / C R CO 3HaYCHHAMH B N OXHOM
BEUIECTBEHHOM HOPMHMPOBAHHOM MPOCTPAHCTBE, ABASAIOIMAACA Ha Kawaod
KOMIMaKTHOH YacTH 9STOTO HHTEpBajda PaBHOMEPHHIM IIPeFeaOM KyCOuHO-
MOCTOSIHHBIX (YHKIHH, ]

fipepen 6a3Hca PHIbTPa B B TONOJOTHUECKOM IPOCTPARHCTBE: TOUKa, Kaiiaas
OKpecmHOCms KOTOPOil COXEPXHT MHOXecTBO H3 B. .

fipegen duabrpa: cM. IIpedea Gasuca guasmpa.

flpenen Gynxuuu f (orobpawaromeit MHOXecTBO E B TOmOJMOrHYecKoe Ipo-
crpaictBo E’) no ¢uabtpy § B E: npedea 6asuca gursmpa £ (F) 8 E'.

Mpenenasnas Ttouxka Gynkuun f no duaptpy F: mouxa npurxocHosenus
6asuca uaempa f (5)-

TlpeakxoMNaKTHOe paBHOMEpPHOE [POCTPAHCTBO: OMOCAUMOE DABHOMEDHOE
npocmMpancmso, NONOAHEHIE KOTOPOIO KOMNAKmMHO; MOXeT ObTh onpe-
AENEHO TaK:xe KaK OTHZeAMMOe paBHOMEPHOe IPOCTPaHCTBO E, A BCAKOTO
oKpywceHuss V KOTOPOTO cylectTByeT NMOKpeiTHe E MHOMKECTBaMH, MAABMU
nopsdka V.

IpuRuAn upojomkenus Tomxaects: Eciu f u g — HenpepbiBHbe OTOGpane-
'HHfi TONMOJNOTMYECKOro mnpocTpaHcTBa E B OTAENMMOE TONOROTHYECKOE
npoctpactBo E' u f(x) = g (x) Ha MuowectBe A, Bciogy miotHoM B E,
TO f= g.

IMpouaBeaeHHe TOMOMOrHA npOCTPpaHCTB F,! TONOJOrHS mNPOH3BEACHHA ITHX
IpOCTpaucTB, T. €. crabeiliias H3 TeX TONMOJOIHiA B NPOU3BEAEHHH IIF=
MHOxecTB F,, B KOTOPBIX NPOEKIUHH Ha BCe F, HeNMpepbiBHbL.

IIpoo6pas TOMOJOTHH J' HPOCTPAHCTBA E’ otHocHTeNsHO OTOGpasenus f
mHOxectBa E B E”: tononaorus B E, OTKPLITHIME MHOM(ECTBaMH KOTOpPOH cay-
Kar npoobpasbl OTKPHITHIX MHOXECTB H3 E’ OTHOCHTENBHO f H TOJbKO OHH.

flpoTuBONoOJOKHOe Tejo: Tedo K°, noayyaemoe u3 rtefa K TNyTem 3aMeHHI
3aKOHa YMHOXEHHSA (X, y) — X -y TPOTHBOHNOJOKHBIM 32aKOHOM YMHOMCEHHS

(X, )=y x
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PaBHOmepHasi CTPYKTypa B MHOXecTBe E: cmpyxkmypa, onpepensemas B E
MHOXECTBOM & moaMHOxecTB mnpousBefenus E X E, yzoBreTBOpsiomuM
CleAYIOLIHM YCIOBHSAM:
1° xakoBol 6 HH Oblin XEE u VEF, x u x 6ausku nopadrxa V;
2° mepeceyeHHe MoGHIX ABYX MHOXECTB H3 {¥ COEPHHT MHOKECTBO
EERH

3° xakoBo 6bl HH Gbuto Ve, cymectsyer V' ¢ Taxoe, 4TO ecam
x u y 6ausku nopsaka V', To y H x GaH3KM nopsaka V;

4° xakoBo 6ol HH Goto V€, cymectsyer W € Takoe, uTO ecam
Kak X H 2, TaK 2 u y O6ansku mopsaka W, 10 x H y GAH3KR
nopaika V.,

& ecty Gasuc guasmpa U B E X E, HasbiBaeMoro ¢ HABLTPOM
OKpYyXeHHiH paccMarpuBaeMoii paBHOMEPHOH CTPYKTYPH, a MHOMe-
crBa U €U mnasbiBalorcd OKPYXKEHHAMH 9TOH CIpPYKTypel. PHABTP
OKpyKeHHH 1l ynoBaeTBopsieT TpeM akcHOMaM, GOpMYyIHpyEMbIM B TEPMHHAX
onepayuii Ha0 NOOMHONCECMBAMU NpOU3seOeHU CAeiyioluM 06pa3om:

(Up Bceaxoe muoxectso u3 Il cojepur AuaroHaib A IpousBefe-

uns E X E.

-1

(Up Vel Baeuer Vel

(Upp Kakoso 6uf mm 6Guiro Vell, cymectsyer Well Ttakoe,
uro WoW < V.

PapHomepHas CTPyKTypa, olipefieiisemasi ceMeACTBOM OTKIOHeHHH: pasHO-
MepHas cmpykmypa Ha MHoxectBe E, gyndamenmaasvHyio cucmenmy
OKpysceHuil KOTOpoit 06pa3yloT MHOXeECTBa

{6 EEXE fi(x, <o 1<k 1)},
re (f),¢;—3ananHoe cemeiictso omiaoHenuid Ma E, (k) cpcn—
TIPOH3BOJIbHBIE KOHeuHble CceMeHcTBa HHAEKCOB H3 [ M (@p)ic pocpn—
NPOH3BOMbHbIE KOHEUHHIE ceMeiicTBa yuces > 0. PasnoMmepHas cTpyKrypa,

onpeaenasemas ceMedicTBOM, OGpPa30BaHHBLIM OXHHM PACCMOSHUCM, Ha3bl-
BaeTcsi MeTpH3yeMoOil paBHOMEpHOH# CTPYyKTypOi.

PaBHOMepHas CTPyKTypa, nopoxjaemas TONOJNOTHe#d ajNHTHBHO# TOMNO-
Jorugeckoit rpynnel G: pasHomepras cmpykmypa B G, dyndamen-
mansHyo cucmemy OKpydxcenud KOTOPOH 06pa3yior MHOXECTBAa BCeX
nap (x,y) Takux, yro x—y €V, rae V — mobue oxpecmrocmu Hyas.

PaBHOMEpHOEe NPOCTPAHCTBO: MHOKECTBO, HajieleHHOE pPASBHOMEPHOI cmpyK-
mypoii u monoaozuei, nOpoHcOaemol 9T0R PABHOMEPHOL cmpyiKmypoii.

PaBHOMEpHO HenpepbiBHOe OToGpakenue: orobpawenne f pasHOMepHOZO
npocmpancmge E B paBHOMepHOe MNpPOCTPaHCTBO E’, yaoBaIeTBOpsiouiee
CIERYIOLIEMY YCAOBHIO: KaKOBO Onl HHM OBINO oOxpyxcerHue V' naa E,
cyutectByer Okpyxewue V gaa E rtakoe, uto ecan (x, y)eV, TO

(FxL eV,
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Paz6uenne emuuHHusi: cemedctso ( ﬁ)lE ; KOHEUHBIX UMCHOBHIX QYHKUHMH Ha

TOMOJIOTHYECKOM NpocTpancTBe E, yAOBJETBOPAIOILEE CAeAYIONM ABYM TPe-
6oBaHnaM: a) Kawaas TOuKa x £ E ob6MajaeT OKpecmHOocmbio, Ha KOTOPOH

OTJIHYHO OT HyJs M KOHEUHOE UHCAO (YyHKIHMiA cemelicTBa; 6) 2 fi(x)=1

t€7
aas KaxnoH TOYUKH x € E.

Panr nogrpynnst rpynnst R”: paaMepHOCTs NIOPOAFACMOTO €0 HOMNPOCTPAHCTBA,
Paccrosinde: omixaonerue d Ha MHO¥ecTBe E, NPHHHMaoIlee JHUb KOHEUHbIE
3HaueHus M TaKoe, uto d (x, y) = 0 Biaeyer x=y.

PacuapenHas npsaMasi R: MHOKeCTBO, IONYYEHHOE NYTeM HPHCOETHHEHHS
K R 3/1eMeHTOB — 00 H - 00, ¢ €CcTecTBEHHO paclpOCTPaHEHHHIMH Ha
HEro fOPAAKOM H TOMOJOrueil.

CBo6osHoe ceMeflCTBO 3J€MEHTOB BEKTODHOTG NPOCTPAHCTBA: Kaxa0e KOHeU-
HOe ToaceMeicTBO KOTOPOro JHHEeHHO He3aBHCHMO.

CBo6oaubifi MOJyJb: MOAYNL C 6asHCOM.

Ceyenne MuOXecTBa E, dhussmpyiouwezocs 8npaso no omHouenu nopaoxa (s),
OTHOCHTEJbHO 3d71eMeHTa g £ E: MHOXeCTBO Bcex x € E takux, 4to 4 (o) X.

CumMeTpHUYHOE OKpPyXKeHHe: oxpyxcenue V pasHOMEpHOL cmpyxmyps

B MHOX€cTBe E, yaoBleTBOpsiollee YCIOBHIO V == V1 (1. e. CHMMeTPHUHOE
OTHOCHTENbHO AMaroHaan A mpoussefeHus E X E).

Caen muoxectBa X < E na muoxectse A E: muoxeerso X, = X 1 4, pac-
cMaTpHBaeMoe KaK IIOAMHOXECTBO MHOXeCTBa A.

Cnej MHOXeCTBA § MNoaMHOXKecTB MHOXectBa E mna mHOxectBe A E:
MHOXeECTBO § , 4008 mHONCecm8 3 § Ha A.

CoBepileHHO yll Opsi0Y9eHHOE MHOXECTBO: YNOPAGOHEHHOE MHONCECMBO,
moOble JABa SJEMEHTa X, Y KOTOPOro CBSI3aHbl OTHOLIEHHEM X <y HIH
y<x

CpaBHerHe paBHOMEpPHbIX CTPYKTYP %1 H 29 B OJHOM H TOM Xe MHOXeE-
CTBe: ¥y MAX OPHPYyeT ¥y, eClH usbmp OKpydHCeHUE; CTPYKTYPHl ¥y
COAEPHKHUTCA B QHABTPE OKPYKECHUE CTPYKTYPH Zo; ¥ cHAbH EE YeM ¥y
(M %; cnabGee 4eM ¥,), eCH ¥, MaMOPHpYeT ¥q W Yo~y

CpaBHeHHe TONOJOrHA §y M §., 3ajaHHBIX B OJHOM H TOM e MHOXECCTBE:
Fo MAXOPHPYET §y, €cAH KaxzOoe MHOXKecTBO, OTKpeITOe B J7,
OTKpPBLITO B §o; Fo CHAbHee ueM Jy (M gy cnabee ueM §y), ECIH Ty
MaXOpHpyeT J1 H Fo£T . _

CpaBHHMbIE DPaBHOMEPHbIE CTPYKTYPbl: 1BE DPABHOMEDHBE CMPYKMypH

’ B OHOM H TOM Xe MHOXeCTBE, OZHAa H3 KOTOPHX MaXOpHPYeT APYryio
(cM. Cpasnenue pasHOMEpHBX cmpyKmyp).

CpaBHHMble TONIONOTHH: ABE TOIOJOTHH B OXHOM M TOM e MHOMECTBE, OAHA
H3 KOTOpHIX Maxopupyet apyryio (cM. CpagHenue monoso2uil).

Cpes wmuowectBa K E X F no saementy x¢E: MuoxecTBO Tex y€F, mas
KOTOpHX (X, ¥) € K.

Crpyxtypa: cM. H. Byp6axu, O6mas Ttonomorus, OcHOBHBIE CTPYKTYPHI,
Npunoxenne (CBoaka pesymbratoB kuurd 1 ,Teopus wmuomects®, § 8)
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CyMMHpyeMOe CeMedCTBO ¢ CyMMOH S: ceMeiicTBO (xl)tE, TOYEK KOMMYyTa-

THBHOH OTJaeNMMOR TOMOJOrWdecKoH rpymuel, o6Jagaollee CAEXYIOLHM

cBOHCTBOM: IAA MoGOH oxpecmuocmu V wWayana CyI(eCTByeT KOHeYHOE

mHoxecTBo Jo &/ Taxoe, uto §; = ExtES—{— V xaa Bcex KOHEUHBIX
€S

MHOXectB J D Jy u3 I
CxoaumocTb no QUIbTPY: cM. [Ipeden dynxyuu no gussmpy.
Cxonamufics Gpuabtp: cM. [lpedes uarsmpa.
CueTHOe MHOXECTBO: pPaBHOMOIHOE YacTH MHOxecTBa N Bcex ueanx yucea > 0.
CiopbeKTHBHOEe 0TOGpaXieHHe: oTobpaxenue Ha.

Teopema bapa: I[lonHoe MeTpnyeckoe MNPOCTPAHCTBO eCTb (IPOBCKOE npo-
CIMPAHCMEO.

Teopema Lopua: Bcskoe undyxmusrHoe mHOXNCecm8o ob6aazaer no Kpaiineit
Mepe OIHHM MAKCUMANAbHBIM 3AeMEHIMO M.

Tomonorusi KOMNAKTHOH CXOJHMOCTH: MONOAO2US PABHOMEPHOL CcXx00u-
MOCMU Ha MHOMKECTBE BCEX KOMNAKMHHLLX T0AMHOXKECTB.

Tononorusi, nopoxjaemas paBHOMepHOH CTPyKTypoh B MHoxecTBe E:
TONOJOTHA, B KOTOPOH dpuabmposm oxpecmHocmed  NpPOH3BOJLHOMH
TOYKH Xo € E CHyXHT COBOKYMHOCTb MHOXecTB V (xy), rae V mpoGeraer
dusbmp oxpycenuii KAHHOH DABHOMEPHOU cmpyKmypsi, a V (xg) €cTb
MHOX(ECTBO BceXx x € E Takux, 4t0 X u X, 6au3xu nopsidka V.

Tonoaorus npocToit CXOAUMOCTH: MONOAOUSL PABHOMEPHOU cxo0umocmu Ha

' MHOXECTBE BCEX KOHEUHBIX MOAMHOXKECTB.

TonoJxorus paBHOMEpHO# CXOAHUMOCTH HA MHOXecTBe E: monoaozust pagHo-
MepHOU ¢X00uMOCMU HA MHOXKECTBe NMOAMHOWeCTB & < P (E), cocTosmeM
u3 ozuoro E.

Tononorusd paBHOMEepHO#H CXONHMOCTH Ha MHOxecTBe NoaMHOkecT8 & < P (E):
monoaoz2us, nopoHcoaemas pABHOMEPHOL cmpykmypoi B TIPOCTPaH-
ctBe £ (E, F) oro6paxenuii MHOxecTBa E B pasnomeproe npocmparncmso F,
PDYHOQGMEHMANBHYIO CcUCMEMY OKDPYJCeHuli KOTOpoil o6pa3yloT MHOMKe-
ctBa { (4, V) €Q(E, F)XQ(E, F): (u(x), v(x))€V nna Bcex x€ A}, rae
A npoberaer &, a V— guasmp oxpydxcenui gna npoctpaHcrsa F.

Touka npHKocHoBeHHsl 6a3Hca (uIbTpPAa B TONOJOrHYECKOM MPOCTPaHCTBE:
TOYKa NPHKOCHOBEHHA KaXXOro MHOXECTBa H3 0a3uca gursmpa.

YabTpaduasTp: dussmp, He colepKamHAcR HH B KakOM JApyroM ¢HabTpe,
3a1aHHOM B TOM K€ MHOKeCTBe,

YautapHeii A-Moayib: molyan £ uajg KoabnoMm A ¢ eauuHued e, takoit, uro
eX = X nasa Bcex x ¢ E.

YrnopaaoueHHOe MHOMECTBO: MHOKECTBO, HalEJEHHOE OMHOWEHUEM NOPAIKaA.

®dakTOpNPOCTPAHCTBO TONOJOrHYECKOro npocTpaucTBa E MO omHoweHuw 3xsu-
saaenmuocmu R: MHOoxecTBO E/R, HajenenHoe ¢baxmopmonoaozueil.

$daKTOPPa3MEPHOCTh BEKTOPHOrO MOIMPOCTPaHCTBA V BEKTOPHOrO NPOCTPaH-
crsa E: pa3MepuiocTb daxtoprnpoctparctBa EfV.



NPUJIOKEHHE 111 401

daKTOpTONONOTHA B MHONECTBe E[/R K.aaccos nsusaseHmHocmu 1o OmMHO-
wenuw 3xsusansenmuocmu R B MHOMmecTBe E: cuibHelwlas M3 TONO-
aporuit  {cM. Cpasrenue monoao2uid), TPH KOTOPHX  KaHOHHUECKOE
otobpamenne E Ha E/R (oTHOcsilee KawjaoH Touke M3 E ee Kiaacc 3KBH-
BaJeHTHOCTH B E/R) HempepblBHO.

PUILTP B MHOXECTBe £: MHOMeCTBO § mOAMHOMeCTB MHOXecTBa FE, yaoBle-
TBOpAIOIEE CHAEIYIOIHM aKCHOMaM:
(F;) Bcakoe noaMHOXeCTBO MHOXecTBa £E, cozepialllee MHOMXECTBO

H3 §, npHHaAXexUT {.
(Fyp) Tlepeceyenne a1060ro KOHeYHOTO WYHC]a MHOXECTE H3 {§ npuHan-
TeKHT .

(Fyyp) Tlycroe moamuoxecTso MHOMecTBa £ He NPMHANICKHT .

ouabTp Koww B pasnoseprnorm npocmpancmse E: guasmp §, cozepucammii
CKOJIb YTONHO Manblé MHOXECTBa, T. e. TaKOH, YTO M MOGOTO OKpydice-
nun V cywecteyet A € {, BcAkMe IBe TOUKH KOTOpOro 6.audxu nopsdxa V.

PuILTP OKPYKEHHH PaBHOMEDHOH CTPYKTYpH: cM. PasnomepHnast cmpyxmypa.

PuILTP, nopowpaempli 6asucom ¢HAbTpa B B MHOMecTBe E: MHOWECTBO
BCEX NOJAMHOKECTB,K MHOXecTBa E, B KaMJAOM H3 KOTOPHIX cONepHHTCH
MHOECTBO M3 6as3uca gurempa B,

$uabTp cedyeHHH MHOXecTRa E, durempyrowezocst 8npaso no 0mHOWEHUIO
nopsaoxa (o): duremp, nopoixcoaemsli Gasucom dursmpa S, obpaso-
BAHHBIM BCCBO3MOXHBIMH CeYeHuUSAMu MHOWecTBa E.

dunbTpyouLeecs BOPaBo (BI€BO) MHOXECTBO £: ynopsaooueHHOe MHOHNCECMEO,
KaxJ0e HeNycToe KOHEYHOe IOJ MHOMECTBO KOTOPOro uMeeT B £ BepXHIO
(HMmHIOI0) TpaHHLY.

dynjameHTanbHasg CHCTEMAa OKpPYKEHHH: 6a3uc durempa oxpyscenuil naﬂ-
HOll pasHOMepHOU cmpyrkmypsl.

dlemMeHTapHOE - MHOYKECTBO B TPOM3BencHUM I[Fl TONOJOTHUECKHX MPO-
13

CTPaHCTB F, MHOXECTBO BuIa I[A" rie xaimpoe A, — OTKPHTOE MOX-
t

MHOXeCTBO mnpocTpactBa F, ¥ A,= F, nas Bcex HHJIEKCOB (, KpoMe
KOHEYHOTrO HUX 4HcJaa.

AnemenTapHbli PHIALTP, ACCOLHHPOBAHHLIA € NOCACAOBATENbHOCTLIO (X;)
3JEeMEHTOB MHOXeCTBa £E: MHOMECTBO BCeXx MHOXecTB XC E TaKkux,
4TO Xp € X MaA BCeX 3HaYCHHH 71, KPOMe KOHEUYHOTO MX Yucia.
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YKA3ATE/b TEPMHHOB *)

'n. § n°
Anze6paunecxull 6a3uc npen-
ruab6eproBa mpocrpanctea V 2 3
Anze6pauieckoe donoanenue
NMoANPOCTPAaHCTBA . . . . . I1 8
— CONPANCEHHOE R L' U §
Accoyuupo8arnan Hesbipoic-
dennasn sapmumosa gopua NV 1 -1
Accoyuuposannoe omdeau-
MO€e MONOAQLULECKOE 8EK-.
mopnoe npocmpancmso , . 11 6

Basuc arzebpauteckuii npen-

reab6epToBa npoctpauctea V 2 3
— OpPMOHOpMaAbHLI v2 3
P725
Basucnoe monoasozutecxoe
sexmopnoe npocmpacmso  I1 1
P11
Banaxa meopemor . . . . . I3 3
IVv2 5
IVv2 6
Banaxosckoe npocmpancmso 11 5
P714
Becceast mepasencmso ., . . V2 3
P72
buauneiinan opma, npugo-
Oruwan BeKxmoOpHHE NpPO-
cmpaHcmea 8 08oiicmgen-
HOCmB . . . .. . ... Iva 1
P6 1
Buauneiinoe omobpascerue
- pa30enbHO HenpepslesHoe nr4 1
P2 9

*) P« 03nauaer ccuaky Ha , CBOIKY
pesyabTaToB*.

Fr § n°
Buauneinoe omobpasicenue
— — @-zunonenpepoignoe 111 4 2

P 210
— — (8, ¥)-eunonenpe-
pbigHOE . . . . . . . . . Ir4 2
P211
Boska . . . . . . . . ... mi 1
P71
Boueynoe npocmpancmso . . 1I'1 1
P7 2
Bexmopnusie npocmpancmsa
8 dsoiicmsennocmu . . . . IV1 1
. P6 1
Bepwuna xonyca . . . . . . imri1 4
P 418
Bewecmeennas — AuneliHas
gopma . . ....... 1161
Beuwjecmsennoe Auneiinoe
MHO2000pasue . . . . . . e 1
— JN0KAABHO  8blnyKAOE
npocmpancmeo . . . . . . ma2 1
— monoaoz2uiecKoe 8ex-
mopnoe npocmpancmso . . P 1 1
Brewnsnn 2unrsbepmosa cy M-
ME . 0w e e e e e va 1
P 318
Bmopoe conpsncennoe . . . 1IV3 3
P 615
Beinyxkaan o6oaoura MHO-
Hcecmsa . ... . . . . . H

— Pynxgus . . . .. .. If

Botnyxaoe Muoxcecmso . . .

jav)

o O o b U R e
.

D e O R W
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Boinyxkaoe meao

Bucmynawowuii xoHyc . . .

Tuav6epmosa pasmepHocms
-— CyMMa TOANPOCTPAHCTB
— — BHEWHAR . . . . .

T'uasGepmoso npocmpancmso

TI'unepnaockocmy
MHOMECTBA

onopHas

©-2unonenpepsisnoe  Gual-
Helinoe omoGpajcenue

(S, ¥)-zunonenpepsoisroe 6u-
AUHELIHOe omOolbpajcenue

Tomomopdusm

Huck
Honoanernue
CKOE . . . . v v v . ..
— Opmo20HaAbHOE . . . .

......

" — monoaozuteckoe

Ayaasroe npedzureGepmoso
npocmpancmso . . . . . .

SakpyeseHHas — BINYKAGA
c60n04Ka MHOReECTBA . . .

Baxpyezaennoe MHoMCECMBO

Samrnymas sunyxaas 060-
A04KA MHOMECTBA

— 3aKpY2ACHHAS B4inyK-
Aast 060404Ka MHOXecCTBa
— YPABHOSBCWEHHAR  8bl-
nyxaas 060404KA MHO-
L HMECTBA
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SaMrnymoe sexmopHoe noo-
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Samxuymole noaynpocmpan-
cméa, onpeleaseMmolie 3aM-
KHYTOH THNEPNIOCKOCTHIO
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3amynaennsli Kouyc
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CKOTO BEKTOPHOrO MNpo-
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Hndyxkmusnoti npedea A0-
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YKA3ATEJb TEPMHWHOB

Konyc 8uinyxasii, nopo-

WACHHBI MHOMECTBOM i 4
— gvicmynaouulil i 4
y‘. “ P 418

— 3a0cmpeHHBl . . . . . Ht 4
P 418

— samynaennetii . . .. 11 4
’ P 418

Koopdunamel OTHOCHTEJIbHO
OpTOHOpMaXbHOro Gasuca v2 3
Kowu— Bynaxosckozo nepa-

BEHCMBO . . . . . . . . s vi 2
P72
Kpeiina — Muabmana meo-
pema . . . . . . ... 114 2
P 413
Jlesoe cGpamnoe MMHENHOTO
orobpaxtesus . . . . . . .11 8
. P 312
Junelinan gopma sewecm-
SEHHAST . . . . . . . . . 1eé 1
— — komnaexcnan . . . 116 1
— — noA0dHCUMENLHASR It 5
Jluneiinoe mnoz006pa3sue ge-
wecmeennoe . . . . . . . e 1
— — rgomnaexcrhoe . . . 116 1
Jloxaasro svinyxaas mono-
AO2USL . o . e e e e e Ir2 1
_ 16 2
JlokaasHo 8binyxkaoe npo-
cmpancmso sewecmsennoe 11 2 1
1 7
— — — romnapxcHoe ... 116 2
1 7

Maxxu meopemar . . . . . .1
I

— monoAoUL . . . . . . I

Mapxosa — Kaxymanu meo-

pema. . . . . ... .. 11 Mpua.
Mempu3syemoe monoaozuie-

CKOe  8eKmOpHOe  npo-

cmpancmso . . . . . . . 13 1

Mroz006pasue auneiinoe ge-
ujecmeennoe

— — KOMnaexcHoe
Mrozoo6pa3ue onopHoe BHI-

NYKJIOro MHOXECTBa . . . .
Mmuoacecmsa  opmozonanrs-

HOE . o . . o o o e
— omdeasomuecs 3aMK-
Hymoii 2unepnAoCKoCmslo

— cmpo20 omdeasoujuecs
3aMKHYmO 2unepnao-
CKOCmbI0 L

Muoacecmso soinyxace . . .

— 3aKpy2aenHoe
—— O2paHuU4eHHOE . . . . .

— OpmOHOpMAALHOE . . .
— nozaowanuyee

— nOAYHOpM ursmpyio-
weecs

— pasHocmenerno S-eu-
noxenpepuisHoe

— pa30easHO  pasHOCme-
NEHHO Henpepui8rOe

— pasnocmenenno (S, T)-
2unoHenpepslsHoe

~— monoaozuyecku
600HOe

~— mOMaAbHOE .

— YDaBHOBEULeHHOE

Monmeanescroe
cmso

npocmpan-
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HHeswposcdennan (noaymo-

paruneinas)
gdopma

apmumosa

Hesoiposcdennass (noaymo-
Paaunelinas) 3pmumosa
dopma accoyuuposantas
— — — — noaoxa-
meavHas

........

[Hepasencmso Beccean

— Kowu — Bynaxo8ckozo

— HenpepuisHo20  AuHel-
HO20 OMOGpaNicenus . . .
Hopmuposannoe npocmpan-
cm8o

..........

Oboaotka MHONCECMEA Bbi-
nyxaan

— — — 3aKpy2AeHHas
— — — 3aMKHYMAR

— — — — ypasHoseuieH-
Has
— — YDaSHOBEUEHHAR . .

Ob6pamumoe caesa (cnpasa)
AuHeiinoe omoGpaxcenue

Qzpanuiennas cxodumocms

-Ozpauuueuuoe MHOIHCECMBO

«OQ2panuiennblx  MHOJCECmE
PyHOamenmarsras cucme-

B
OnopHas  zunepnaockocms
MHOXECTBA . . . . . . . .

Onopuoe mro2006pa3ue Boi-
MYKAOLO MHOXECTBA
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Iozaouerue MuoxecTBa MHO-
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YKA3ATEJIb TEPMHHOB

Ipmumosa gopma . .

— — — — HeB8WPOHCOeH-
Hast . . . . . v v o e e

Tloroxcumensrno  0dHOpOO-

Hag dynxyus . . . . . .
- Tloaynopma . . . . . . ..

Jloaynpocmpancmsa, onpe-
JeaseMble 3aMKHYTOH TIH-

NepmAoCKOCTbIO . . . . . .

Lloaypeaesccusroe npo-
cmpawcmso . . . . . . .

{loaymopasuneiinan apmu-
mosa opMa . . . . . . .

—= — — NOAOHCUMEAbHARA

—~— — — — HEBLLPONCOCH-
Hag . . . . . ... ..

Iloasnpa MHOXeECTBA

Ilo odny cmopony om eunep-
naockoemu . . . . . . .
llonoanenue oraeanmoro To-
MOJIOTHYECKOT'0 BEKTOPHOTO
NIPOCTPaHCTBA

IIpasoe o6pammoe auueiinoro

0T06paieH s

......

I1pedzunrs6epmoso npo-
cmpancmso

.......
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— opmozonansHbLi

Ipoexyun na BHIyKI0E MHO-
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BOM NPOCTPAHCTBE

ITpoussedenue ckarnipnoe . .

— monoAozu4ecKux 8ex-

mOpHELX npocmpaHcms . .

IIpocmas cxodumocms . . .

IIpocmpancmsa sexmopnsie
8 gsolicmsennocmu . . . .

TTpocmpancmso Gasucnoe . .

—— 0aHaxosckoe . . . . .
— GO%eyHoe . . . . . . .
— 2uns6epmoso . . . . .

— K8a3unoaHoe

— AOKAABHO 86iNYKAOE B~

wecmsenHoe . . . . . . .

-— — — KOMNAEKCHOEe . .

-— MOHmMeAe8CKOE

— HOpMuposaHuoe , ., . .

— ombeaumoe accoyuupo-
8annoe . ., . . . .. ..
— noaypedaexcusnoe . .

-— nped2uab6epmoso . . .

— — OyaasHoe
— peaercusnoe . ., . . .

— mOnoAou%ecKoe  8ex-
mopHoe . . . . . . . ..

— — — mempu3syemoe . .

— — — noAyYeHHoe pac-
wupenuem meaa CKaAsLpos
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Ipocmpancmso . ynopsdo-
YEHHOE 8eKMOpHOE .

Ilpamas cymma s0KarsHO

sonyrxaslx monoaozull . .

— — monoao’utecKas Ko-
HEYHOTr'0 YHCJIa TONOAOrHYe-
CKHX  BeKTODHHX  Iipo-
CTPAHCTB . . « . « . . .
— — — JIOKaJIbHO BHINYK-
AbHIX NPOCTPAHCTB ., . . . .

Pasencmso ITapcesars . . .

Pasnocmenenno S-e2unomne-
npepeisHoe  MHOJICECMBO
— (&-%)-zunonenpeppis-

HOE€ MHOJHCECMS8O ., . . . .

Pasdeasno unenpepwisroe 6u-
AUHEiHOe 0mOoGpaxcenue

— PDABHOCMENeHHO Henpe-
Dbl8HOE  MHOXMCECMBO Ou-

AMHEHHbIX OTOGpaMeHHil . .

Pazmeprnocme  swinykaozo
MHOMCECMSA . . . . . . .
— 2uavbepmosa . . . . .
Pegnexcusnoe  npocmpan-
ecmgso . . .. ... ...

Cuavnasg monoaoeus . . . .

Cuabroe conpsincennoe . . .

Cummempuunas 6uruneinasn

gopma . . . . .. ...

Craasaproe npoussedenue

Craasipuwii xeadpam . . .
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86KmMOpHO20  npocmpaH-
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Conpsiscennoe anzebpauye-
cKoe . . . . .. e

— omolpascenue
- npocmpaHcmso . . . .
~— CuabHOe . . . . . . .

— caaboe . . . . . . ..
— monoaozuyeckoe

Cmpoeuil undyxmusnolii npe-
0ea NOKAABHO BBNYKABLX
npocmpawcms . . . . . .

Cmpozo ssinyxaas GyHxyus

— omdeasowyuecs  3aM-
KHYMOU 2unepniocKocms
MHOJMCECMBE . . . . . . .
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YKABATEJIb TEPMUHOB

Cxodumocmo ozparurennas 111 3 1
PS5 2
— npocmas . . . . . . . ma 1
P5 2
Teao soinyxaoce . . . . . . 13 2
P4 3

Teopema Banaxa — Illmeiin-
2aysa . . . . . . . ... ma3 6
P 512

Teopema Kpeiina — Muns-
Mana . . ... . L. L. 14 2
P 413

— Maprosa — Kaxy-
maHu . . . ., .. ... i1 Tpua.
— 0 3amxrymon 2paguxe 13 3
P26
— Xanwa —banaxa. . . . 113 1
s 7
‘116 3
P2 4
P4 7
Teopemor banaxa . . . . . 13 3
IVv2 35
IV2 6
— Makrku . . . . .. .. Iv2 3
Iv2 4
P 6 11

Tonoaozuweckast  npsamasn

CyMMa KOHEYNOro uucia

TONMOJOTHYECKNX BCKTOP-

HBIX NPOCTPAHCTB . . . . . I'1 8
P3 8

— — — JNOKaJbHO BHIMYK-
JblX TPOCTPAHCTB , . . . . ma2 3
P 317

Tonoaoeunecku  c80600H0e
MHOJMCECMBO . . . . . . . 121
P3 4

Tonoaozuueckoe sexmopHOe
nodnpocmpancmeo . . . . P 3 1
— — npocmpancmeo . . . 11 1
P11
— — — Oasuchoe . . .. 11 1
P11
— -— — 8euwecmsennoe. . P 1 1

Tonoaozuueckoe 8exmopHoe
noonpocmpancmeo KoM-

naAexcHoe , . . . . . . . P
— — — mempu3ayemoe . ., |
— — axmopnpocmpan-
cmgo . . .. ... ... p
— 0onoaHeHue  moanpo-
CTPaucTBa . . . . . . . . I
P
— CONpANCEHHOE . . . . . v
p
&-monoaoeust . . . . . . . I
P
Tonoaozust ucxooHas v
— KoMnaxmHol  c¢xodu-
Mocmu ... oL . ..., I
P
— JAOKAABbHO 8uNYKAAS I
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— Maxruw . . . . .. .. v
P
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Mocmu . . ... . ... 111
P
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P
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410 YKABATEJIb TEPMUHOB

TomaasHnoe unoxrcecmso . . . 12 1| Dpewe npocmpancmso . . . 1l
P33 11
Ynopndosennoe 8exmoproe P
npocmpancmeo . . . . . . 11 5| Pyndamenmanvnas cucmema
P 420 oepanurennblx muodcecms 111
Ypasnosewennas 060404%Ka P
MHOJKCECMSA . . . . . . . 11 3| Dyarxyun sanykaan . . ., 1l
P1 3 P
Ypasnosewennoe  MHOICe- — NOAOHCLMEALHO OINO-
cm8o . .o ... .. 11 3 podHas . . . . . .. .. I
P13 — cmpoeo seinyrkaas . . . 1l
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MOJOTHYECKOTO BEKTOpHOTO
NpoCTpaHcTBa . . . . . . P3 5
Dursmpyomeecs  unodnce- Xana — Banaxa meopema 11
Cm8O NOAYHOpM . . . . . 115 4 ii
Pl 8
Qopma GuauHelinas, npuso- P
O0awan 6eKmOpHBe npo- P
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. P61 Was 8LINYKA020 KOHYCA 1
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Hast . . . . . ... e 1
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ONPEJENEHUSA N AKCHOMDI TJIABDI 1

Onpedesenue monoaozuLecKozo 8eKmMOpPHOZO NnpPOCMPAHCMEBA.
Iycts maHo Tonoaornueckoe Tteno K. Tonoaozuweckusm AesoM 8exmoOp-
HOLM NpOCMPAHCMEOM HAO K HasbiBaeTCH MHOXECTBO E, HajeleHHOe:
1° cTpykTypo#i IeBOro BeKTOPHOTO NPOCTPaHCTBA HalX K
2° rononorseil, B KOtopoil oTtoGpaxenHe (x, y)—> x- y mnpoHaBeleHUs
E X E B E u oroGpaxense (A, x) - Ax npou3seienns K X E B E nenpe-
PHIBHBI.

Ypasnoseutennole MHONCECMBA; NOTAOWAIOUUE MRONHCECMBA.
TMycts K — HeAHCKpPeTHOe HOPMHpPOBaHHOE TelO H E — JIeBoe BEKTOpHOE
npocrpanctB0 Hax K. Muoxectso M c E Ha3biBaeTCsl yPABHOBLULEHHOM
(nan Qucxom, ecan K= C), ecan Ax ¢ M mas xaxaoro x ¢ M u Kaxjoro
LeK ¢ (A<
Myers A n B—nBa noxmMHOxecTBa npoctpanctea E. I'osopsat, uto A
nozaowaem B, ecnu cymecrsyer a >0 rtakoe, uto AADB, Koraa | A| > a.
MuoxectBo A C E HasmBaeTcs n02A0uwjaroujuM, €Civ OHO NOrJIOWAET
KaXJOE OAHOTOYEHHOE MHOKECTBO. '

AKCuOMbL OKpeCmHOCMEl 8 MONOA0ULECKOM BEKMOPHOM NPOCMPAHCMEE HAD
HEOUCKPEMHBLM HODMUPOCAHHOLM MEAOM.
B TOMONOTHYECKOM BEKTOPHOM NpocTpaHcTBe E Hal HeOuCKpemrsliM HOP-
MHPOBauHBIM TeroM K CywecTsyeT (pyHlameHTalbHas CHCTeMa B 3aMKHY-
ThIX OKpPeCTHOCTEH HyJNs TaKasl, 4TO:
(EV)) Kaxnoe muomectso V € B — ypaBHOBEUIEHHOE H MOraOLaioLLEe.
(EVy) KakoBul 6bi un 6ot VB u A =0 13 K AV eD.
(EVyy) Jas xawporo V€% cywmecrsyer W € B taxoe, uro W+ W V.
O6parno, nycts £ — Bexktopuoe npoctpaHcTBo Haa K H B — 6asuc puabTpa
B E, ynosnetBopsiomuit ycnosuam (EV)), (EV|y) n (EVyy). Toraa cyuwe-
CTByeT OJAHO3HAYHO oOfpejeNeHHasa Tomonorus B E, coraacywolascs co
CTPYKTYPOH BEKTOPHOrO mpocTpaHcTBa B E M mmeowas B pyHaaMeHTan-
HOl cHCTEMOH OKpecTHOCTEit HY.s.

Hopaxuposannse npocmparncmsa:
Tycts E — neBoe BEKTOPHOE NPOCTPAHCTBO HAj HeQucKpemHsiM HOpMHPO-
BaHHbIM TeaoM K. Hopuoli va E HasmiBaetcs Takoe otoGpaxcenue X —fjx |
npocrpanctBa E B R, uto H3 | x| = 0 creayer x =0, {Ax|~=|~|] x] ans
Beex AEK n x€E n |x+yi<[x|+{yl ama Bex x€E u y€cE
BextopHoe npoctpanctBo £, HaAeleHHOe HOPMOH | x| ¥ TOmojorued
ompeaenseMof paccroauueM || x — y|,, Ha3LIBACTCA HOPMUDPOBAHHOLM NpO-
cmpancmsom. Bewjecmsentoim (COOTB. KOMNACKCHOLM) OARAXOBCKUM NpO-



CMPAHCMBOM HA3LIBACTCA f10A4HOE HOPMHDOBanHOC MPOCTPAHCTBO HAN
texom R (coots. C).

Tonoaozuveckas NPAMAR CyMMa NOONPOCMPAHCME;
Tononornueckoe BeKTOpPHOe MPOCTPAHCTBO E HasmiBaeTc monoAo2uyeckol
npamod cymmod KoneyHoro cemeiicTBa (M;), o ; o, CBOHX BEKTOPHBIX

MOANPOCTPAHCTB, €CIH OTOOPaxeHHe (xg) — X X; MPOH3BEAEHHs IIM.,-
i i
B E ectb H30MOpPDHIM IIM,- Ha E.
1

BekTopHoe noglpocTpaHcTBO N npocTpaHcTBa E HasbiBaeTcsi monoaozu-
yeckuM O0OnoaHeHueMm K BEKTOPHOMY NOXNpocTpancTBy M, ecin E ecTh
TOMOMOTHYeCKas mpaMas cymMma M u N.

TomaabsHoe nOOMROINCECTNBO MONOAOLULECKO20 8eKMOPHROZO NPOCMPARCMEA:
ToamuoxecTBO A TOMONOrHYECKOr0 BEKTOPHOTO MNPOCTpaHCTBA E Ha3hl-
BAETCA MOMAALHOLM, €CIH [MOpOXJAaeMOe HM BEKTOPHOe INPOCTPaHCTBO

(MHOXKECTBO BCEBO3MOXKHBIX NHHEHHBIX KOMOHHaHH S1eMeHTOB M3 A) Bcoay
naotHo B E.



ONPEJENEHHS TJABBI 1l

Onpedeaenue 8onyKA020 MHONHCECMEA:
MNoamuoxectBo A Bektoporo npocrpaHctsa E Hax R uan C uaswiBaercs
86LNYKANM, €CIH KaKOBbl Obl HH Gblax TOYKH x, YE A, Ax (1 —A)yc A
s Bcex A rtakux, yto O<C A< 1.

Beinyxaas 060a0uxa muoocecmsa:
Bunykaoid 06040tx0l (cOOTB. ypasHoseutennoli 8inyKA0l 060404KOl)
noaMHoxectBa A BekTOpHOro mpoctpaHctsa E Hal R Hau C Ha3biBaetvcs
HaHMeHblllee BLINYKJIOe (COOTB. ypaBHOBEUIEHHOE BHINYKJOE) MHOMKECTBO,
cozepxaluee A.
Samcrhymoii sunyxkaol 060.404K0b (COOTB, 3aMKHYMOL Y PABROGEUEHHOU
sunyxAol 06040%KOI) NOAMHOXKecTBA A TOMOJOTHYECKOTO BEKTOPHOrO
npoctpanctBa E naa R nan C HasbiBaeTcs HauMeHbllee 3aMKHYTOE Bbi-
nyKaoe (COOTB. 3aMKHYTOe YpaBHOBEIIEHHOE BBHIMYKJIOE) MHOXKeCTBO, CO-
aepxaiuee A.

Konycw:
Konycom (c sepumnoit 0) B BekropnoM npoctpaHcTee £ Hax R san C
Ha3blBaetca MHOXecTBO C Takoe, 4yTo Ax ¢ C ans Kaxaoro x € C H kax-
aoro A > 0. Konyc C HasviBaetca 3a0cmperiiiM (COOTB. 3AmMynACHHuM),
ecan 0¢C (coom. 0$C)_ 3aocTpeHHbI BHLUTYKABIH KOHYC HasblBaercs
8bICMYNAIOWUM, eClH OH He COACPHKMT HHKAaKOH NpAMOil, mpoxoasiueit
yepes Touky 0.

Omoeserue 08yx MHONCECMS 2unepnAOCKOCMbIO:
Nycts E — BextOopHOe mnpocTpanctso san R m A — runepnaockocts B £,
3ajlaHHas ypaBHeHueM f(x) = a (rae f— nuueitnas dopMa Ha E, He paB-
Hafi TOXRECTBEHHO Hymo). MHOMecTBa, OmpeaeaseMbles COOTBETCTBEHHO
HepaBelcTBaMH f(x) > a M f(x)<a, Ha3LIBAOTCA 3AMKHYMHMU NOAY-
npocmpancmsamu, ONpPeReNseMbIMH CUNEpPIJOCKOCTHIO [, MHOMXECCTBA,
onpejelaseMple COOTBETCTBEHHO HepaBeHCTBaMH f (x) > a u f (x) < @, Ha3bl-
BAOTCA OMKPLLMBMU NOAYNPOCMPAHCMBAMY, ONPESNAAEMbIMU [H1IEPTLIO-
ckocTbio H. TOBOPSAT, uTO ABa HemycThiX noaMHOkecTBa A, B BEKTOPHOIO
npoctpancta E man R omdeasiomes (cO0TB. ¢mpozo omdeAsomes
THREPIIOCKOCTbIO /1, eciu A cogepxHTCA B OAHOM H3 oupelefneMblX
€10’ 3aMKHYTbIX (COOTB. OTKPLITHIX) NOAYNPOCTPRAHCTB, a B — B apyrom.



OnopHas zunepnaockocms:
[oBOPSAT, YTO BCE TOUKH HEKOTOPOrO MOAMHOMKECTBA M BEKTOPHOrO MpO-
cTpaicTea £ nax R Haxomarcs n0 00HY ¢mopory (CooTB. cmpozo no 00RY
CMOPORY) 0T runepniaockoctd H, ecim M conepxutcs B ORHOM M3 Onpe-
ZeNACMbIX €10 3aMKHYTHIX (COOTB. OTKPHITBIX) MOMXYNPOCTPAIICTB.
Onoproii zunepnaockocmsio MHoxecPBa A < E wHaspisaetcs rumepilio-
ckocTh H, copepialias XOTs 6bl OAHY TOUKy M3 A u Takas, 4TO BCE
TOYKH MHOXecTBa A HAaXOAATCA MO OAHY CTOPOHY oT .

Beinyrasie meaa:
Boinyxkasim meaom B TONONOTHYECKOM BEKTOPHOM mpOCTpancTBe Hald R
uan C HaspiBaeTCs BCAKOE 3aMKHYTOE BBHITYKIOE MHOMKECTBO, 06Jajaiouiee
X0Ta Gbl OXHOH BHyTpEHHeil TOUKOH.

Onpedeserue A0KAABHO BHNYKAO20 NPOCMPAHCMEA:
Tononoi nueckoe BEKTOPHOe MNpPOCTPAHCTBO Hax R wuaum C HasbiBaeTcs
AOKQABHO BHNYKABLM, €CAn OHO O6najaer (yHaaMeHTalNbHOH cHCTEMOM
OKpecTHOCTEH Hynsi, 00pa30BaHHOH BBLIMYKIbIMH MHOXECTBaMH.
Bewecmsennoim (COOTB. KOMNACKCHBLM) npocmpancmsom Dpeuwte Hasbl-
BaeTCA MOJHOE METPU3yeMOe JOKalAbHO BHINYKIOE MNpocTpancTtso Haa R
(cootB. C).

IToayropmet:
[Mycte E — tomonoruyeckoe BeKTopHoe npoctpaHcTBO Hag R (uau C). IToay-
Hopmoi Ha E nashiBacTCA KOHEUHas 4ACIAOBas GyHKUMA p, Onpeje’eHHasn
Ha E ¥ yRoBaeTBOpPAKINAs CHEAYIOUIHM ABYM aKCHOMaM:
(SNI) KakoBbl 6bl HH Obliv x € E u A €R (cootB. A€ C), p(Ax) = | A ]| p (x).
(SN”) KakoBsl 661 MH ObiiH X€E B YEE p(x+y)<<p(x)+p W)
[Mycts I' — muoxecTBO noayHopM Ha E A (5 — MHOXECTBO BCEX MOAMHO-
KecTB u3 E, onpepenseMbiX HepaBeHCTBaMu BHAa p (x) <A, rae pel' u
A>0. MuowectBO B nepeceycHHH BCEBO3MOMHBIX KONEYHHX HaGOpOB
MHOXeCTB M3 & sABasercs ¢yHAaMEHTaAbHON CHCTEMOH BHIMYKABIX OKpe-
CTHOCTEH Hyist ANS TONOJOTHH, COTIacyioiefica co CTPYKTYpOil BEKTOPHOTO
npoctpanctea B E W Ha3biBaeMO#l mono.ozuedl, onpedeasieMor MHOdNiCe-
cmgoMm I' noaynopm.



ONPEJEJEHHA I'JIABBI 1l

Onpedenenue 604xu u 6OLEHRO20 NPOCMPAHCMBA:
Bourxoid B n0KanbHO BHIMYKJIOM MPOCTPAHCTBE HA3BLIBAETCA KaXIOE 3AMKHY-
moe nozaowaioujee ypaBHOBEUIEHHOE BLINYKIOE MHOMKECTBO.
Jlokanbno BhIMyKIOE MPOCTPaHCTBO E Ha3blBaeTCs GOLEtHbLM, €CIH Kaxhas
6ouka B E aBasieTCsi OKPECTHOCTBIO HYIS.

Ozpanuvennsie MRONCECMBA:
TlogmHOKECTBO TOMOJNOTHYECKOrO0 BEKTOPHOrO MPOCTPAHCTBA Ha3bIBaeTCs
O2paHU eHHbIM, €CIH OHO NOTNOINACTCH KaXCOOH OKPECTHOCTBbIO HyAs.

Ksa3unoanse npocmpancmsa:
TOnonOrMyecKoe BEKTOpHOE NpOcTpancTso E HA3KBAETCR K8A3UNOAHHLM,
€caH Kaxjaoe ero 3aMKHYymoe OTPaHHYEHHOE MOAMHOXECTBO ABAAETCA
MOJHbIM PaBHOMEPHLIM NMPOCTPAHCTBOM (IO PaBHOMEPHOH CTPYKTYpPE, HHAY-
UHMpOBaHHOH u3 F).

S monoaozuu:
Mycte E v F— TOMONOTHYECKHE BEKTOPHbHIE MpocTpaHcTBa, & — MHOuKe-
CTBO O2paruxennblx NoAMHOKecTB npoctpanctea E u L (E, F) -- BexTop-
HOe MPOCTPaHCTBO BCeX HeNPepulBHMX JIHHeilHHIX OTOGpawxennii E B F.
&-rtononorneit B L (E, F) Ha3piBaeTCHi TOMNOJOTHsi PaBHOMEPHOH CXOIHMO-
ctd Ha MHOxectBax H3 &. Iycrs T (M, V) ans xaxporo M€ S 1 kaxnoi
OKpecTHOCTH Hyas V unpoctpaHcTBa F — MHOXeCTBO Tex u € L (E, F), ana
kotopuix # (M) V. Mepeceuennsd BCEBO3MOMKHBEIX KOHEYHBIX HaGopoB
mHoxects T (M, V) (rae M npoGeraer &, a V — pyHramenrtalbHYIO
cHCTEMY OKpecTHOCTEHl Hyas B F) 0DpasyioT ¢yHIAMEHTaNbHYIO CHCTEMY
OKpecTHOCTeH HyJaa &-TOMOJOTHH.
Ecan & — mMHOMECTBO BCeX KOHEtHbIX (COOTB. KOMNAKMHBLX, OZPAHUYCH-
HbLX) NOAMHOXECTB NpocTpaHcTBa E, T0 &-TONONOrHs Ha3blBaeTCH mono-
aozueil npocmoii (COOTB. KOMNAKMHOE, Ozpanuiennol) cxodumocmu.
Ecan E u F— HOpMUpOSaHHble TIPOCTPAHCTBA, TO TOMOJOTHS OTpaHHYEH-

HOH cxopuMmocts B L (E, F) onpeneaserca Hopuod [ull= sup |u(x)]|
el <1



ONPENEAEHUS TIABbI IV

Bexmopnoie npocmparncmsa 8 d80icmsennocmu:
Myer F u G — BexTopHule mpocTpanctsa H (X, y) - B (x, y) — 6nannedi-
uan dopma ma F X G. l'osopar, uro F u G naxodames 8 0sodcmseH-
Hocmi (OTHOCHTENbHO B), €ClH BHINOJHEHH Cle1yuHe ABa yCIOBHS:
(D;) Kaxoso 6 mn 6ma0 x =0 u3 F, cywectsyer y € G Takoe, 4TO
B(x,y) #0.
(Dy;) KakoBo 6m HH 6nn0 y == 0 u3 G, cywectsyer x ¢ F rakoe, 410
B (x,y) + 0.
Bumecto B (x, y) numyt Torza (x, y).

Conpsicennoe; a.12e6pauteckoe COnPANCEHROE:
Iycts E — O0TAeNMMOE JOKalbHO BHINYKAOe mpocTpanctso. Ero guzebpau-
wecKuM CONPANCEHHbLM Na3blBaeTca BeKTOPHOE MPOCTPaHCTBO E¥ 8cex muneit-
HuIX ¢GopM Ha E (HempepuiBHMIX HaH HeT). Conpsacernvim K E nasmBaercs
noanpocTpancTso E/ npocrpancra E* 06pasoBaHHOE HeNpepbi8HolMU THHEH-
HoiMH ¢opmamu Ha E. Ilpocrpanctea E u E/ naXxORATcA B ABOHCTBEHHOCTH
OTHOCHTENbHO KaHOHHYecKoil ¢opMu (x, x') — (x, x’). ConpmienHoe
E’ x E ue paccmMaTpuBaeTcs KakK TOMNOJNOTHYECKOE BEKTOPHOE NMPOCTPAHCTBO,
ecid TONbKO fBHO HE yKasaHa ero TOMOJOTHA (KOTOpas MOKET onpene-
AATHCA Pa3ivuHbIM 06pPa3’oM INpPH OXHOM H TOM M€ JNOKallbHO BbLIYKIOM
npoctpanctee E).

Onpedeserue noaspst.
Mycers F u G — nBa (BelweCcTBEHHHIX HIH KOMILIEKCHBIX) BEKTOPHBIX MPO-
CTPaHCTBA B JIBOMCTBEHHOCTH H A -— NPOU3BOJLHOE IMOAMHOXECTBO NPO-
ctpactBa F. [loaapoii mnowectsa A B G wasbiBaeTcs MHOXecTBO A°
Bcex 2€ G rakux, uto R((y, 2))<<1 ana xaxnporo yecA Ecmu A-—
YPAaBHOBEIIEHHOE, TO [OCIEeAHEE DPaBHOCHILHO BHIMOJHEHHIO HEPaBEHCTBA
[{y, 2} | <1 mna kaxmoro y ¢ A. Ecan A4 -~ BekTOpHOE NOANPOCTPAHCTBO
npoctpauctea F, 10 A°— BeKTOpHOE NOANPOCTPAHCTBO NMpocTpaHctea G,
Ha3bIBaEMOe OpPMOZOHAAbHUM K A.

Caabvie monoaozuu:
Iycts F u G — 1Ba BEKTOPHuX NPOCTPancTBa B ABOHcTBCHHOCTH. CAabol
monoaozued 8 F, onpenenseMoil ABOACTBEHHOCTLIO MexAy F H U, Hashi-
BaeTCA JOKaAbHO BHINyKMas TOMOJOTHA ¢ (F, (), onpenensemas ceMeiicTBOM
noayuopm y —!(y, 2)|, rue 2 npoﬁeraeT G. Tak xe onpepensierca crnabas
tonolforus s (G, F) B G.
Nycts E-—- oTAeIHMOE NOKalbHO BBIMYKIOE NPOCTPAHCTBO (TOMOJNOrHs KOTO-
poro MMeHyetcs ucxodnoii monoaozuel) w E’ — ero conpskeHnHoe. Tomno-



norus o (E, E’) uasbiBaetcs 0caaf.aennol monoaozued B E (acconunpo-
BaHHOA C HCXOAHOH, KOTOpOMO OHa maxopupyetcs). Tomoxorus o (E/, E)
HasbiBaeTea c.Lafdoii monoaozueii 8 E’. BextopHoe mnpoctpanctso FE’,
HapelenHoe TomoaorHeli ¢ (E’, E), HasbiBaeTc caabulm § conpaocen-
HouM K E.

Tonoaozuu, coZAaCy0wuecs ¢ 0800 CMBEHROCMSIO:
Mycts F u G — aBa BEKTOPHLIX MPOCTPAHCTBA B ABOHCTBEHHOCTH. "OBOPpAT,
4TO OTAeNHMAas TOKalbHO BHINYKJas TONOJNOTHA § B F coeaacyemcs ¢ d80ii-
cmgennocmso Mexny F u (, ecan Kaxpad HenpepbipHas (B TONOJOrHH §)
mupeiinas ¢opma ma F wmMoweT ObiTh 3anucaHa B BHAEe y— (Y, 2), rae
2€ G (aHpiMA cloBamy, ecan (G OTOMIECTBHMO C COTPAXEHMHIM K F, Hage-
NeHHOMY Tomojorned §).
UYepes < (F, G) oGo3nauaerca cuipHeilias M3 Tomonorui B F, coraacyo-
IHXCA C ABOHCTBEHHOCThIO MewAy F u (. PyHAaMEHTAalbHYIO CHCTEMY
oxpectHOCTedl Hyas . Aaa t (F, G) oGpasywot moxspsl K° rae K gpoberaer
MHOXECTBO BCEX YPABHOBEIUCHHMX BBIYKALIX IIOAMHOMECTB H3 G, KOM-
naKTHHX B cla6oit Tonoaorun o (G, F).

CuabHas monorozus.
Mycts E— OTReAHMO€ JOKalbHO BBIMYKIOE MpPOCTpaHCTBO W E' —ero
conpsxennoe. Cuasn0i monoaozueli B E/ Ha3pBaeTCs NOKaNbHO BHNyKIas
TOMOAOrH S, ¥Melolas cBoeil pyHraMeHTalbHOH CHCTEMOH OKPECTHOCTEH Hy IR
MHOXECTBO H0AAP B° BCEBO3MOXMHBIX OrPaHHYEHHBHIX MHOXecTB B u3 E.
Mpoctpancto E’, napeneHHoe 3Tofi TOMONOrued, Ha3LIBACTCA CULOHOLM
conpaxcennvim K E.

Bmopoc conpsiocennoe; pedaexcusrsie npocmparncmsa:

Mycts E— otaennmoe JIOKaAbHO BHIIYKJAOe INPocTpaHcTBO M E’ —ero
conpaxennoe. Bmopum conpscennoim K E HaspiBaeTCA CONMPSAKEHHOE
E” Kk cuavnoMy conpsowcennoMy K E. E uaspiBaeTcs peAeKCuBHbLM,
ecan 1° xaxnmas nubeiiHag ¢opma wWa E’, HenpepniBHas B CHIbHOH
TONONOTHH, 3anuchBaeTca B Buae x°-> (x, x’), rae x € E; 2° noaspu (B E)

BCEBO3MOXHBIX MHOXECTB u3 E’, 02PAHU4EHHBX B CHILHOH TOMONOTHH,
06pa3yoT ¢YHIAMEHTalbHYI0 CHCTEMY OKPECTHOCTEH HYAst Jias HCXOAHOH
tononoruy B E. CHIbHOE cONMpAXEHHOEe K CHJALHOMY CONpsxeHHOMY K E
OTOXAECTBHMO TOraa C E, HaACNECHHLIM €r0 HCXOAHOH TOMOJOrHeH.



AHATPAMMA

Pa3audHotx muno8 monoaousecKux 8eKmopHslx npocmpaHcms

JlokabHO BHINYK/IO€ MPOCTPAHCTBO
A

Boyeunpe mpocTpaHCTBO

/ N
Mpoctpanctso Ppeine AN
PedeKCHBHOE NPOCTPAHCTRO

BaHaxosckoe mpocTpancTso //’ \
I'nap6epToBO MpocTpaHCTBO MoHTeneBcKkOe MPOCTPAHCTBO

Bce mpocTpaHCTBa, 3aKliOYeHHble B PaMKy, OmOeAuMbl W K8A3unoAHbL.



