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Preface

Information geometry provides the mathematical sciences with a new framework
for analysis. This framework is relevant to a wide variety of domains, and it
has already been usefully applied to several of these, providing them with a
new perspective from which to view the structure of the systems which they
investigate. Nevertheless, the development of the field of information geometry
can only be said to have just begun.

Information geometry began as an investigation of the natural differential
geometric structure possessed by families of probability distributions. As a
rather simple example, consider the set S of normal distributions with mean u

and variance o?:
1 z - p)?
p(x;p,0) = exp{———w-( ) }

V2o 202

By specifying (i, o) we determine a particular normal distribution, and hence S
may be viewed as a 2-dimensional space (manifold) which has (u, o) as a coor-
dinate system. However, this is not a Euclidean space, but rather a Riemannian
space with a metric which naturally follows from the underlying properties of
probability distributions. In particular, when S is a family of normal distribu-
tions, it is a space of constant negative curvature. The underlying characteristics
of probability distributions lead not only to this Riemannian structure; an in-
vestigation of the structure of probability distributions leads to a new concept
within differential geometry: that of mutually dual affine connections. In addi-
tion, the structure of dual affine connections naturally arises in the framework
of affine differential geometry, and has begun to attract the attention of math-
ematicians researching differential geometry.

Probability distributions are the fundamental element over which fields such
as statistics, stochastic processes, and information theory are developed. Hence
not only is the natural dualistic differential geometric structure of the space
of probability distributions beautiful, but it must also play a fundamental role
in these information sciences. In fact, considering statistical estimation from a
differential geometric viewpoint has provided statistics with a new analytic tool
which has allowed several previously open problems to be solved; information
geometry has already established itself within the field of statistics. In the fields
of information theory, stochastic processes, and systems, information geometry

vii
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is being currently applied to allow the investigation of hitherto unexplored pos-
sibilities.

The utility of information geometry, however, is not limited to these fields. It
has, for example, been productively applied to areas such as statistical physics
and the mathematical theory underlying neural networks. Further, dualistic
differential geometric structure is a general concept not inherently tied to prob-
ability distributions. For example, the interior method for linear programming
may be analyzed from this point of view, and this suggests its relation to com-
pletely integrable dynamical systems. Finally, the investigation of the informa-
tion geometry of quantum systems may lead to even further developments.

This book presents for the first time the entirety of the emerging field of
information geometry. To do this requires an understanding of at least the
fundamental concepts in differential geometry. Hence the first three chapters
contain an introduction to differential geometry and the recently developed the-
ory of dual connections. An attempt has been made to develop the fundamental
framework of differential geometry as concisely and intuitively as possible. It
is hoped that this book may serve generally as an introduction to differential
geometry. Although differential geometry is said to be a difficult field to un-
derstand, this is true only of those texts written by mathematicians for other
mathematicians, and it is not the case that the principal ideas in differential
geometry are hard. Nevertheless, this book introduces only the amount of dif-
ferential geometry necessary for the remaining chapters, and endeavors to do so
in a manner which, while consistent with the conventional definitions in mathe-
matical texts, allows the intuition underlying the concepts to be comprehended
most immediately.

On the other hand, a comprehensive treatment of statistics, system theory,
and information theory, among others, from the point of view of information
geometry is for each distinct, relying on properties unique to that particular
theory. It was beyond the scope of this book to include a thorough description
of these fields, and inevitably, many of the relevant topics from these areas are
rather hastily introduced in the latter half of the book. It is hoped that within
these sections the reader will simply gather the flavor of the research being
done, and for a more complete analysis refer to the corresponding papers. To
complement this approach, many topics which are still incomplete and perhaps
consist only of vague ideas have been included.

Nothing would make us happier than if this book could serve as an invitation
for other researches to join in the development of information geometry.




Preface to the English
Edition

Information geometry provides a new method applicable to various areas includ-
ing information sciences and physical sciences. It has emerged from investigat-
ing the geometrical structures of the manifold of probability distributions, and
has applied successfully to statistical inference problems. However, it has been
proved that information geometry opens a new paradigm useful for elucidation
of information systems, intelligent systems, control systems, physical systems,
mathematical systems, and so on.

There have been remarkable progresses recently in information geometry.
For example, in the field of neurocomputing, a set of neural networks forms a
neuro-manifold. Information geometry has become one of fundamental meth-
ods for analyzing neurocomputing and related areas. Its usefulness has also
been recognized in multiterminal information theory and portfolio, in nonlinear
systems and nonlinear prediction, in mathematical programming, in statistical
inference and information theory of quantum mechanical systems, and so on.
Its mathematical foundations have also shown a remarkable progress.

In spite of these developments, there were no expository textbooks covering
the methods and applications of information geometry except for statistical
ones. Although we published a booklet to show the wide scope of information
geometry in 1993, it was unfortunately written in Japanese. It is our great
pleasure to see its English translation. Mr. Daishi Harada has achieved an
excellent work of translation.

In addition to correction of many misprints and errors found in the Japanese
edition, we have made revision and rearrangement throughout the manuscript
to make it as readable as possible. Also we have added several new topics, and
even new sections and a new chapter such as §2.5, §3.2, §3.5, §3.8 and Chapter 7.
The bibliography and the guide to it have largely been extended as well. These
works were done by the authors after receiving the original translation, and it
is the authors, not the translator, who should be responsible for the English
writing of these parts.

This is a small booklet, however. We have presented a concise but compre-
hensive introduction to the mathematical foundation of information geometry
in the first three chapters, while the other chapters are devoted to an overview

ix
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of wide areas of applications. Even though we could not show detailed and
comprehensive explanations for many topics, we expect that the readers feel its
flavor and prosperity from the description. It is our pleasure if the book would
play a key role for further developments of information geometry.

Year 2000

Shun-ichi Amari
Hiroshi Nagaoka



Chapter 1

Elementary differential
geometry

Differential geometry is a mature field of mathematics and has many introduc-
tory texts; still, it is not an easy field to master. However, in this book we shall
require only the fundamental ideas and methodologies of differential geometry.
The main theme of modern differential geometry has been to characterize the
global properties of manifolds, and much theory has been developed towards
this end. At this time, the field of information geometry (mostly) requires only
the theory of the locally characterizable properties of manifolds.

For information geometry the most important aspects of differential geome-
try are those which allow us to take problems from a variety of fields: statistics,
information theory, and control theory; visualize them geometrically; and from
this develop novel tools with which to extend and advance these fields. In this
chapter we present an introduction to differential geometry from this point of
view.

1.1 Differentiable manifolds

A differentiable manifold is a mathematical concept denoting a generaliza-
tion/abstraction of geometric objects such as smooth curves and surfaces in
an n-dimensional space. Intuitively, a manifold S is a “set with a coordinate
system.” Since S is a set, it has elements. It does not matter what these ele-
ments are (these elements are also called the points of S.) For example, in this
book, we shall introduce manifolds whose points are probability distributions
and also those whose points are linear systems. S must also have a coordinate
system. By this we mean a one-to-one mapping from S (or its subset) to R™,
which allows us to specify each point in § using a vector of n real numbers
(this vector is called the coordinates of the corresponding point). We call the
natural number n the dimension of S, and write n = dim S.

We call a coordinate system that has S as its domain a global coordinate

1
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Figure 1.1: A coordinate system for S.

system. In our analysis below, we shall consider only the case where there exists
a global coordinate system. However, in general there are many manifolds
which do not have global coordinate systems. KExamples of such a manifold
include the surface of a sphere and the torus (the surface of a donut). These
manifolds have only local coordinate systems. This may be viewed informally
in the following way. Consider an open subset U of S, and suppose that U has
a coordinate system. This provides a local coordinate system for those points
contained in U. For a point not contained in U, consider another open subset V'
containing that point which also has a coordinate system. Repeat this process
until the original set S is covered, so that each point in S is contained in an
open subset which has a coordinate system. Then this collection of open subsets
of S and their corresponding coordinate systems would allow us to express any
point in S using coordinates. However, as mentioned above, in this chapter we
shall consider only the case when there exists a global coordinate system. This
will suffice to prepare us for the later chapters. Indeed, since in this chapter
we principally develop the local theory of manifolds, this assumption does not
typically affect the generality of the analysis.

Let S be a manifold and ¢ : § — R"™ be a coordinate system for S. Then
¢ maps each point p in S to n real numbers: ¢(p) = [} (p), --,E™(p)] =
[€Y, -+, €M), These are the coordinates of the point p. Each £ may be viewed as
a function p — £*(p) which maps a point p to its ! coordinate; we call these n
functions £ : § — R (i = 1,---, n) the coordinate functions.! We shall write
the coordinate system ¢ in ways such as ¢ = [¢1,- .-, "] = [¢]] (Figure 1.1).

Let ¢ = [p°] be another coordinate system for S. Then the same point p € S
has both the coordinates [¢'(p)] = [¢'] € R™ with respect to the coordinate
system ¢, and the coordinates [p*(p)] = [p'] € R™ with respect to the coordinate
system 1. The coordinates [p’] may be obtained from [£7] in the following
way. First apply the inverse mapping ¢! to [£]; this gives us a point p in S.
Then apply 1 to this point; this result is [p°]. In other words, we apply the

1We shall use £%, p* to denote both (the variable representing) the i*h coordinate of a point
and a coordinate function. This is similar to writing “the function y = y(x).”
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Figure 1.2: Coordinate transformation.
transformation on R™ given by
¢°<Pw1¢[517"'7§R]H{Ply"‘apn]- (11)
This is called the coordinate transformation from ¢ = [£] to v = [p] (Figure

1.2).

To consider S as a manifold means that one is interested in investigating
those properties of S which are invariant under coordinate transformations. In
particular, differential geometry analyzes the geometry of objects using differ-
ential operators with respect to a variety of functions on S, and it would be
problematic if these operators depended fundamentally on the choice of coordi-
nates. Hence it is necessary to restrict the coordinate systems to those which
allow smooth transformations between each other.

In order to properly formalize the concepts described above, let us now
formally define manifolds for which there exists a global coordinate system.

Let S be a set. If there exists a set of coordinate systems A for S which
satisfies the conditions (i) and (ii) below, we call S (more properly, (S, A)) an
n-dimensional C'*° differentiable manifold, or more simply, a manifold.

(i) Each element ¢ of A is a one-to-one mapping from S to some open subset
of R™.

(i) For all ¢ € A, given any one-to-one mapping v from S to R", the following
holds:

1

YpeAd < Yoyp *isa C diffeomorphism.

Here, by a C* diffeomorphism we mean that 1o~ and its inverse ot ™!

are both C* (infinitely many times differentiable). From these conditions, and
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given the coordinate transformation described in Equation (1.1), it follows that
we may take the partial derivative of the function p* = p*(£l,---,£") with
respect to its variable arguments as many times as needed, and that the same
holds for &° = £¢*(p!,---, p"). In this book, the condition C* is used a number
of times, but in fact it is usually not necessary; it would suffice for the relevant
functions to be differentiable some appropriate number of times. Intuitively,
then, we may consider C'*° to simply mean “sufficiently smooth”.

Let S be a manifold and ¢ be a coordinate system for S. Let U be a subset
of S. If the image ¢(U) is an open subset of R", then we say that U is an open
subset of S. From condition (ii) above, we see that this property is invariant over
the choice of coordinate system . This allows us to consider S as a topological
space. For any non-empty open subset U of S, we may restrict ¢, the coordinate
system of S, to obtain ¢|y (the mapping U — R™ obtained by restricting the
domain of ¢ to U), which may be taken as a coordinate system for U. Hence
we see that U is a manifold whose dimension is the same as that of S.

Let f: S — R be a function on a manifold S. Then if we select a coordinate
system o = [¢!] for S, this function may be rewritten as a function of the
coordinates; i.e., letting [¢'] denote the coordinates of the point p, we have
f(p) = f(£,---,€"), where f = fop™!. Note that f is a real-valued function
whose domain is ¢(S), an open subset of R”. Now suppose that f(¢!,---,¢m)
is partially differentiable at each point in ¢(S). Then the partial derivative
5% f(€1,--+,€&m) is also a function on ¢(S). By transforming the domain back

to S, we may define the partial derivatives of f to be ng; 4 g{; op:S —R.
We write (—5{;) to denote the value of this function at point p (the partial

derivative at pomt; D).

When f = fop~!is C™, in other words when f(£!,---,£") can be partially
differentiated with respect to its variables an unbounded number of times, we
call f a C°° function on S. This definition does not depend on the choice of
coordinate system . The partial derivatives EJT of a O function f are also
C* functions. We may similarly define the higher-order partial derivatives, e.g.

;9%2—8*’%; = —5%(%’-[,-—. These will also be C*°. As with the case of C*° functions on

a? a_ 9
R", 5ode = 3% 5 holds.
Let us denote the class of C* functions on S by F(S), or simply F. For

all f and g in F and a real number ¢, we define the sum f+ g as (f + g)(p) =

f(p)+9(p), the scaling cf as {cf)(p) = cf(p), and the product f-g as (f-g)(p) =
f(p) - g(p); these functions are also members of F.

Let [£'] and [p’] be two coordinate systems. Since the coordinate functions
¢ and p’ are clearly C™, the partial derivatives -—i and 555’—; are well defined,

and they satisfy
" 0 00 _ (- 0pt 553 5

where 6} is 1 if k = i, and 0 otherwise (the Kronecker delta). In addition, for
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any C* function f, we have

af o6 of
Za/ﬂ e and 55’

Z g"] of (1.3)
§t Op7

Note: In this book there often appear equations which contain
indices such as 1, 7, - - -, and are to be summed over those indices that
are both super and subscripted. For these equations we shall abbre-
viate by omitting the summation sign Y corresponding to these
indices. For example, Equations (1.2) and (1.3) above would be

written as ) ) o
96 9y _ api ol
- = e =
Opl D€k &I Dpk
of _og o of o of
dp? ~ OpI O€V o&t  0€t 9pi
We shall also abbreviate Y7, 37, A;Jka‘ as A;J,CB:‘ Hence (un-
less there is ambiguity), whenever there appears such an equation
we shall assume that there is an implicit 3 (i.e., there is a summa-
tion over the relevant indices). Note therefore that A’ X7 = A} X*,
for instance, is always true. This notation is known as Einstein’s
convention.

Let S and @ be manifolds with coordinate systems ¢ : § — R" and ¢ : Q —
R™. A mapping A : S — Q is said to be C* or smooth if po Ao ™! is a C™
mapping from an open subset of R™ to R™. A necessary and sufficient condition
for X to be C* is that fo A € F(S) for all f € F(Q). If a C*° mapping A is a
bijection (i.e., one-to-one and A(S) = Q) and the inverse A~! is also C*°, then
A is called a C*° diffeomorphism from § onto Q.

1.2 Tangent vectors and tangent spaces

The tangent space T}, at a point p € S of a manifold S is intuitively the vector
space obtained by “locally linearizing” S around p. Let [¢!] be some coordinate
system for S, and let e; denote the “tangent vector” which goes through point
p and is parallel to the i*" coordinate curve (coordinate axis). By the i*® coor-
dinate curve we mean the curve which is obtained by fixing the values of all ¢
for j # 4 and varying only the value of £*. The n-dimensional space spanned by
the n tangent vectors ey, - -, e, is the tangent space T}, at point p (Figure 1.3).
Let p’ be a point “very close” to p, and let [¢!] and [¢¢ + d¢] (where d¢ is an
infinitesimal) be the coordinates of p and p’, respectively. Then the segment
joining these two points may be described by ;(-);' = d¢{'e;, an infinitesimal vector
in Ty

Let us make the above concepts more precise. To do so, we must first
formally define what we mean by curves and the tangent vector of curves on a
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Figure 1.3: Tangent Space

manifold. Consider a one-to-one function y : I — § from some interval I (CR)

to S. By defining vi(t) % ¢ (7(t)) we may express the point v(t) (t € I) using

coordinates as ¥(t) = [y'(t),---,y"(t)]. If 5(t) is C* for t € I, we call v a C®
curve on S. This definition is independent of coordinate system choice.
Now, given a curve v and a point y(a) = p, let us consider what is meant by

the “derivative” of v at p, or alternatively the “tangent vector” ( %}) = 4(a).
P
When S is simply an open subset of R", or can be embedded smoothly into R?

(¢ > n), the range of v is contained within a single linear space, and hence it
suffices to consider the standard derivative

7(a) = lim M—h}iﬂ@ (1.4)

In general, however, the equation above is not meaningful. On the other hand, if
we take a C* function f € F on S and consider the value of f (v(¢)) on the curve,
since this is a real-valued function, we may define the derivative L £(y(t)) in the
usual way. Using coordinates, we have f(v(t)) = f(5(t)) = f(’y?(t), c (1)),
and the derivatives may be rewritten as

d _(of dy'(t) _ [8f dy’(t)
a0 = <5§i>w) . <5§7>»,(t) de (5

We call this the directional derivative of f along the curve v. Let us consider
this directional derivative as an expression of the tangent vector of «. In other
words, we take the operator : 7 — R which maps f € F to (%f(v(t))]t:a, and

simply define the tangent vector ( %—}) = 4(a) to be this operator. Then we
P

may rewrite Equation (1.5) as

0= (3) =70 (5) (16)

(%(a) = *C%’Yi(t)‘t:a)~ Here (3%)1) is an operator which maps f ((%é)p. It

is possible to show that when the tangent vectors can be defined using Equa-
tion (1.4), there is a natural one-to-one correspondence between Equations (1.4)

' ]
;
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and (1.6). Hence the definition of tangent vectors as operators may be viewed
as a generalization of Equation (1.4).
Since a partial derivative is simply a directional derivative along a coordinate

axis, the operator {-2;) is the tangent vector at point p of the i coordinate
B¢ ),

curve. The e; mentioned previously corresponds to this (5%) . From Equa-
»

tion (1.3), we see that

(3),-(5),(2), = (&) -(2),(3), o

Consider all curves which pass through the point p. We denote the set
of all tangent vectors corresponding to these curves by T, or T,(S). From
Equation (1.6), we see that

o (2),

This forms a linear space, and since the operators {(?9%) je=1,.-- ,n} are
P

clearly linearly independent, the dimension of this space is n (= dim S). We

call T,,(S) and its elements the tangent space and tangent vectors, of S at

[cl,--v,cn]ER"}. (1.8)

the point p , respectively. In addition, we call (2’)’%) the natural basis of the
P

coordinate system [£*].
Let D € T}, be some tangent vector. Then for all f,g € F and all a,b € R,
D satisfies the following:

[Linearity] D(af + bg) = aD(f) + bD(g). (1.9)
Leibuizs rule]  D(f-g) = f@)D(g) + 9)D(F).  (1.10)

Conversely, it can be shown that any operator D : F — R satisfying these
properties is an element of T),. Hence, it is possible to define tangent vectors in
terms of these properties.

Let A : S — @ be a smooth mapping from a manifold S to another manifold
Q. Given a tangent vector D € T,(S) of S, the mapping D' : F(Q) — R
defined by D'(f) = D(f o \) satisfies Equations (1.9} (1.10) with p replaced
with A(p), and hence D’ belongs to T(;)(Q). Representing this correspondence
as D' = (d\),(D), we may define a linear mapping (dA), : T,(S) — Th) (Q),
which is called the differential of A at p. When S and @ are provided with
coordinate systems [€*] and [p’] respectively, we have

Moreover, for any curve () on S passing through the point p it follows that
dy d(A o)

(dA)p((—a—Z)p) = (T)Mm : (1.12)
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1.3 Vector fields and tensor fields

Let X : p — X, be a mapping which maps each point p in the manifold S
to a tangent vector X, € T,(S). We call such a mapping a vector field. For
example, if [£] is a coordinate system, then we may define n vector fields through

the mappings 5%. (P (5‘2—; (i=1,---,n). These are the vector fields formed
P

by the natural basis. Below, we shall write J; to mean 5%. In general, given
a vector field X, for each point p there exists n real numbers {X;7 e, Xph
which uniquely determine X, = X;(Bi)p. Hence we may define the functions
X" :pw X/ onS. We call the n functions {X*',---, X"} the components

of X with respect to [¢?]. This allows us to write X = X%9,. If, in addition,

we let [0/] be another coordinate system and X = X790, (5] o 5‘%,—-) be the

component expression of X with respect to [p’], then the following hold:
ap’ et

vi _ xi9P i ¥i
X=X o6 and X'=X oy (1.13)

If the components of a vector field are C*° with respect to some coordinate
system, then the components are C°° with respect to any other. We call such
a vector field a C*° vector field. Since we consider only C'*° vector fields in this
book, we shall refer to them as simply vector fields. We shall denote this family
of vector fields by 7(S), or simply 7. Clearly 0, € 7 (i=1,---,n).

Now for any X,Y € T and any ¢ € R, the mappings X +Y :p— X, + Y,
and cX : p + cX, are also members of 7. Hence 7 is a linear space. In
addition, for any f € F, the mapping fX : p — f(p)X, is a member of T,

Wecall F: Vi x Vo x---x V., — W, where Vi,---, V., W are linear spaces,
a multilinear mapping if the following property holds. Let F(vl) denote a
mapping of one variable equal to F(vy,---,v,) where some v; has been distin-
guished as the variable, and the other v; (j # ) are held constant to some value
(e V). Then F :v; — F(v;) is a linear mapping from V; to W.

Now for each point p € S, let [TP]Q denote the family of multilinear mappings
of the form T, x --- x T, — R, and let [T,]} denote the family of the form

[ S——

r direct products

T, x -+ xT, — T, We call mappings A : p — A, which maps each point
[ S——

7 direct products

p in S to some element A, of [T]¢ (¢ = 0,1) a tensor field of type (q,r)
on S. The types (0,7) and {1,r) are also respectively called tensor fields
of covariant degree r and tensor fields of contravariant degree 1 and
covariant degree r. Vector fields may be considered to be tensor fields of type
(1,0). Although it is possible to define tensor fields of type (¢, r) for ¢ = 2,3,- -,
they will not be used in this book. In addition, we shall occasionally refer to
tensor fields as simply tensors.

Let A be a tensor field of type (q,r) and X7, ---, X, be r vector fields. Then
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we may consider a mapping with domain S of the following form:
A(X17"'7XT) :pHAp((Xl)pa"‘>(XT)p)- (1'14)

When g =0, A,((X1)p,- -+, (Xr)p) € R and hence this mapping is a real-valued
function on S. When ¢ = 1, A,((X1)p,- -+, (X;)p) € Tp, and hence this defines
a vector field on S. Given A, if for all C* vector fields X1, -+, X, € T the
mapping A(X1,---, X,) is C* (i.e., when ¢ = 0 the mapping is in F, and when
g =11itisin 7T), we call A a C™ tensor field. Below, we consider only C*°
tensor fields, and shall simply call them tensor fields.

Consider the tensor field A4 of type (g,7) to be a mapping (X1, -, X,)
A(Xq,--+,X,). Then when ¢ = 0 we have A: 7 x---x7 — F, and when

L —

7 direct products
g=1wehave A: T x---x7T - 7. This, in addition to forming a multilinear
Semermemem e’

r direct products

mapping, has the following property: for all f1,..., f, € F,

AlfiXe, o X)) = fieo frA(Xy, - Xo).
We call this the F-multilinearity of A. Conversely, if the mapping 4 : 7 x
- xT — F, or alternatively A : 7 x --- x T — T is F-multilinear, then this
determines a tensor field p — A, satisfying Equation (1.14).
The operation of a tensor field A of type (0,r) on the r basis vector fields

0,y 0,01, (@ def 5%) defines a function. Let us denote this by
A8y, ,0;) = Ay

We call the n” functions {A;,.....} obtained by changing the values of i, --, 4,
the components of A with respect to the coordinate system [¢%]. Let X1,---, X,
be r vector fields; these may be expressed component-wise as X; = X; ;. Then
from F-multilinearity, we have

AXy, -, X)) = Agy s, X0 X
In the case of a tensor field A of type (1,7), A(d;,, -+, 8;.) is a vector field, and
its component expression is given by

A, 0 ) = A% O

11 ’L

The n™*! functions {Ak _} thus defined are called the components of A with
respect to [£7]. As in the prev1ous case, letting X; = X ’8“ the following holds:

AXy, -, X)) = (AF X1 X6,

11 ’t
Let [¢7] be another coordinate system. Using ~ to denote components with
respect to [p?], we have

) i1 ) iy
G1oede Air"ir (%ﬂ) cee (afﬂ’“> and (115)

oo () () (o
B = e (50) - (55) (582): (110

A
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1.4 Submanifolds

Let S and M be manifolds, where M is a subset of S. Let [¢*,---,£"] = [¢7]
and [u',---,u™] = [u®] be coordinate systems for S and M, respectively, where
n = dim§ and m = dimM. Below, we shall use the indices 4,7 k,--- over
{1,---,n} for S and a,b,¢c,--- over {1,---,m} for M.

We call M a submanifold of § if the following conditions (i), (ii), and (iii)
hold.

(i) The restriction £*|ps of each £ (: S — R) to M, is a C'° function on M.

(i) Let B def (%ﬁ;)p (more precisely, (82;!;”)1)) and B, ¥ [BL,---,B" €

R™. Then for each point p in M, {By,--- B,,} are linearly independent
(hence m < n).

(iii) For any open subset W of M, there exists U, an open subset of S, such
that W= MnNU.

These conditions are independent of the choice of coordinate systems [¢7] and
[u?]. Indeed, conditions (i) and (ii) mean that the embedding ¢ : M — S
defined by «(p) = p, Vp € M, is a C°° mapping and that its differential (d.), is
nondegenerate at each point p.

An open subset of S, as we noted in §1.1, forms an n-dimensional manifold;
in addition, it is also a submanifold of S. We may construct an example of a
submanifold of dimension m (< n) in the following way. Let [¢] be a coordinate
system of S and {¢™*1 ... ¢"} be n — m real numbers. Now define

M {peSlEp) =c,m+1<i<n}.
We assume that M # () (the empty set). Then if we let u® def Ny (1 <a<m),
M is an m-dimensional manifold with coordinate system [u%], and hence it is
a submanifold of S. The “reverse” of this is also true at least locally. In other
words, if M is an m-dimensional submanifold of S, with [u®] its coordinate
system, and {c™%1,--- "} is a set of n —m real numbers, then it is possible to
choose U, an open subset of S, and a coordinate system [£%], so that

MNU={peUlgp) =c,m+1<i<n},

and moreover, u®|ynu = £ (1 < a < m).

If M is a submanifold of S then a curve v : t — ~v(¢) in M is also a curve
in S. Hence letting p be a point on -y, the tangent vector ( %}) of v may be
considered both as an element of T,,(M) and as one of T,(S). Usfng coordinate
systems [u®] and [¢’] for M and S, respectively, and letting ¢ f ye o ~ and

i def &' o v, these tangent vectors may be written as (%i)p (0a), € Tp(M)
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and (%)p(ﬁi)p € T,,(S), where 9, def aza and J; df a(zi' Since

dy agt dvy®
(&), (), (&), a1
t/p W t /s
from condition (ii) for submanifolds we see that there is a one-to-one correspon-
dence between these tangent vectors. In other words, this correspondence is
given by the differential (d¢), of the embedding ¢ : M — S. By considering the

corresponding pairs to be equivalent, we may view T,,(M) as a linear subspace
of T;,(S). From Equation (1.17) we obtain

0 . Ot 0 _ pin
(29225),) = <8u“)p (aﬁi)p = Ba0 (1.18)

This shows that B.0; is the natural basis vector d, of M with respect to
coordinate system [u®] seen as a vector in Tp(S). In addition, this may be
interpreted as the equality of the differential operators: for all f € F(S5),

(#), = (8%), (),

1.5 Riemannian metrics

Let S be a manifold. For each point p in S, let us assume that an inner product
{, ), has been defined on the tangent space T,(S). In other words, for any
tangent vectors D, D’ € T,(S) we have (D, D’) , € R, and the following hold.

[Linearity] {(aD +bD',D"), = a(D,D"),+b(D',D")

P
(Va,b € R) (1.19)

[Symmetry] (D,D"), =(D',D), (1.20)
[Positive-definiteness] If D # 0 then (D,D), >0 (1.21)

Note that (, ), € [T,(9)]3 since from Equations (1.19) and (1.20) we see that
(,) pisa bilinear form. Hence the mapping from points p in S to their inner
product on T,(S), say g : p = (, ), is a tensor field of covariant degree 2. We
call this a (C*°) Riemannian metric on S. Such a metric, g, is not naturally
determined by the structure of S as a manifold; it is possible to consider an
infinite number of Riemannian metrics on S. Given a Riemannian metric g on

S, we call S (more precisely (5,g)) a Riemannian manifold.

Let [¢7] be a coordinate system for S, and let J; def '8%7‘ Then the compo-

nents {g;;;4,7 = 1,---,n} (n = dimS) of a Riemannian metric g with respect
to [¢'] are determined by g;; = (0;,9;). This is a C* function which maps
each point p in S to gi;(p) = ((0i)p, (0;)p),- 1f we rewrite the tangent vectors
D,D’ € T, in terms of their coordinates as D = D(8;), and D' = D"(8;)p,
their inner product may then be written as:

(D, D), = gi;(p)D*D".
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Also, the length || D] of the tangent vector D is given by
||D||2 = <D,D>p = gij(p)DiDj'

If we let G(p) = [g:;(p)] be an n x n matrix whose (i, 4t element is g;;(p),
we see from Equations (1.20) and (1.21) that this is a positive definite sym-
metric matrix. Conversely, suppose we are given a coordinate system [£® ‘] for
an n-dimensional manifold S, and n? C* functions {g;;} (C F(S)). Then if
G(p) = [gi;(p)] is a positive definite symmetric matrix for every point p € 5,
the corresponding Riemannian metric on § which has gi; as its components
with respect to [¢] is uniquely determined. The relationship between these

components and the components gre = <5k,5z> <5k def 86k> with respect to

a different coordinate system [p*] is given by the following transformations of
covariant tensor fields of order 2 (refer to Equation (1.15):

¢t ' F) a9,°
o (B)E) (D)) o

Let g% (p) be the (i,7)"® component of the inverse G(p )~ of G(p) = [9i5(p)]
(this inverse is also positive definite symmetric). Now define the function g
p~ g"(p) on S. Then

9ig’* =6F = { (1) Ei;g ’ (1.23)

and the relationship between this inverse and G(p)~' = [§"(p)], which is the
inverse of G(p) = [gre(p)], is given by the following.

(90" (96" ; e\ (9¢
é’“‘fzg”(azﬂ(gg—j) and g”r-é’“’(ajk) ('g;f,—e)- (1.24)

Let v : [a,b] — S be a curve in the Riemannian manifold S. We define its

length [[7] to be
Il di‘/ H lldt-/ o, (1.25)

where 4 is the derivative of 4* = 5’ oy (see Equation (1.6).)

Let M be a submanifold of a Rlemanman manifold S. As noted in §1.4, for
each point p € M, we may view T,(M) as a linear subspace of T,,(S ), and hence
an inner product g(p) = (, ), on Tp(S) naturally defines an inner product on
T,(M). Then, letting g|um(p) ‘denote this inner product, gla : p — glm(p) is a
Riemannian metric on M. Given a coordinate system [u®] on M, we see from
Equation (1.18) that the components of g|as, {gab} satisfy

_ [0 9N _ (9N (08
Gab = <%7 w> = Gij (aua> (8ub> . (126)
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1.6 Affine connections and covariant derivatives

Let S be an n-dimensional manifold. If S is an open subset of R™, then by
defining the tangent vector of a curve v according to Equation (1.4), the tangent
space T, = T,(S) at each point p € S may be considered equivalent to R™. This
means that for p and g not equal, there is still a natural correspondence between
T, and T,. For a general manifold S, however, T}, and T, are entirely different
spaces when p # ¢. Hence, to consider relationships between 7T, and T, we
must somehow augment the structure of S as a manifold. Affine connections
are such a structural augmentation.

Intuitively, defining an affine connection on a manifold S means that for
each point p in S and its “neighbor” p’, we define a linear one-to-one mapping

between T, and T,,. Here we call p’ a neighbor of p if, given a coordinate system
P P

[¢'] of S, the difference between the coordinates of p and p/, d¢* def E(p)—£(p),

when construed as a first-order infinitesimal, is sufficiently small that we may
ignore the second-order infinitesimals (d¢*)(d¢?). Below we shall introduce the
notion of affine connections in an intuitive manner using infinitesimals. (It is
possible to formalize this discussion by using fiber bundles.)

As shown in Figure 1.4, in order to establish a linear mapping II, ,» between
T, and T,y we must specify, for each j € {1,---,n}, how to express 1T, ,» ((9;)p)

in terms of a linear combination of {(&1)p, -, (On)p'} (8]- ef a—?] . Let us
assume that the difference between I, ,((9;),) and (9;), is an infinitesimal,
and that it may be expressed as a linear combination of {d¢!,---,d¢"}. Then
we have A

Hp’p’((aj)p) = (8j)p’ - dfz(rfj)p(ak‘)p’? (1-27)
where {(I'f;)p; 4,5,k = 1,---,n} are n° real numbers which depend on the point
p.

If for each pair of neighboring points p and p’ in S, there is defined a linear
mapping I1,, : T, — T of the form described in Equation (1.27), and if the
n® functions I'¥; : p+ (I'F), are all C>, then we say that we have introduced
an affine connection on S. In addition, we call {T'};} the connection coeffi-
cients of the affine connection with respect to the coordinate system [£]. Note
that the only constraint on the connection coefficients are that they be C°°, and
that therefore affine connections have this degree of freedom. Below, we often
refer to affine connections as simply connections.

Let [p"] = [p%,---,p"] be a coordinate system distinct from [£'], and let

d, A a(zr = (%;@. From Equation (1.27) and the linearity of II, ,» we have

oL
ap®

Iy ((Bs)y) = ( ) {8y —AET(TE), (00 -

By substituting into the right hand side of this equation

), = (&), (5ar)
= +- dp” d
(503 o op* ), \op 0p°), pooa
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Figure 1.4: Affine connection (an infinitesimal translation)

, o€ e / r
d¢t = (8ﬁr>pdpr (dpr oo p @) —p (P)),

and ignoring second order infinitesimals, we obtain

Hp,p’((‘i)p) = (58)12’ - dpr(f‘is)p(ét)p" (1.28)
where (I'%,), is the value of the function
- agi 8£j 62§k 8pt
to=<Tk -+
FTS {PU 6pr 8[)3 + apraps 66/«: (129)

at the point p. Note that Equations (1.27) and (1.28) are of the same form.
Furthermore, if the functions Ffj are C™ for all (4, §, k) then so are the functions

I, for all (r, s,t). In other words, the notion of affine connections is independent
of the choice of coordinate system. Their connection coefficients, however, are
related according to Equation (1.29).

An affine connection determines, for neighboring points p and p’, a corre-
spondence between T), and Ty. By connecting a sequence of such correspon-
dences, we may find, for non-neighboring points p and ¢, a correspondence
between T, and Tj,. This correspondence depends, however, on the curve v by
which one connects p and ¢. Let us define the notion of “translating tangent
vectors along a curve” in the following way.

Let v : [a,b] — S, where v(a) = p and ¥(b) = ¢, be a curve which connects
points p and ¢ in S. We call a mapping from each point ¥(¢) to a tangent
vector X (t) € Ty, say X : t — X(t), a vector field along ~. Given such
a vector field X, if, for all ¢ € [a,b] and the corresponding infinitesimal dt, the
corresponding tangent vectors are linearly related as specified by the connection,
ie., if

X(t+dt) =1L, y(e+an) (X (1)), (1.30)
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/\Hm), r(t+dn)

X(i+de)

X(8)=11,(D)

y{(t+de)

7{a)

Figure 1.5: Translation of a tangent vector along a curve

then we say that X is parallel along v (Figure 1.5).

Let us rewrite the equation above with respect to the coordinate system [£].
Letting 0; = 3%, we have X (t) = X*(t)(;)y(). From Equation (1.27) we have
that

Ty (0) y(tan (X () = {XF(@) = dt5 () X )Ty } (Bkdyeran,  (1.31)
where +* def £ oy, and 4*(t) is its derivative with respect to t. Now since in
addition, X (¢t-+dt) = X*(t+d¢t)(;)(14ar), substituting this into Equation (1.30)
we obtain i . '

XE®) +4' (X ()T =0, (1.32)

where X*(t) def dXdkt(t) = Xk(Hdti"Xk(t). Equation (1.32) is an ordinary linear
differential equation on X(¢),- - -, X™(¢), and hence given an initial (boundary)
condition there exists a unique solution. From this, given D € T, = T}, we
see that there exists a unique parallel vector field along <y such that X (a) = D.
Then letting I, (D) denote the vector X (b) € T,y = Ty determined by D, we
see that I, is a linear isomorphism from T}, to T,. We call II, the parallel
translation along ~.

Let v : [a,b] — S be a curve and X be a vector field along ~. In general,
X(t) and X (¢t + h) lie in different tangent spaces and hence it is not possible
to consider the derivative d)§§t) = limp .o W However, if an affine
connection is given on S, then the parallel translation of X (t 4+ h) € Ty 4p) to
the space T,y along v gives us X¢(t + h) = ILyt+n) 1) (X (t + h)), and using
this we may consider within T.,(;) the quantity lim, .o w We call
this the covariant derivative of X(t), and denote it by Qg—gﬁ. In other words,
instead of dX (¢) = X(t + dt) — X (¢), we use

0X () = Tyt 4an) (o) (X (E + dt)) — X (2) (1.33)

(see Figure 1.6).



16 1. ELEMENTARY DIFFERENTIAL GEOMETRY

Hp:p
8x(¢) /\
/ X{t+de)
x()
y(r+de)
L
7(2)
I
/

Tn

Figure 1.6: The covariant derivative along a curve.

Rewriting X (t) as X7(t)(8;)(), we have

IL, 4ty () (X (E+d8)) = {X P+ db) + A5 () X7 () (T~ } Or)yirys (1.34)
and substituting this into Equation (1.33), we obtain

5X(t)
dt

This also forms a vector field along . In addition, we see that the parallel

translation condition in Equation (1.32) may now be written simply as % = (.

In this way, using an affine connection it is possible to define the infinitesimal

0X and the derivative ‘—% of a vector fleld X (¢) along a curve. Extending this to

“the directional derivative of a vector field X = X'9; € T on S along a tangent

vector D = D*(8;), € T,,” is straightforward as follows: consider a curve whose

tangent vector at the point p is D, and by taking the covariant derivative of X
along this curve we obtain

= {X*0) + 5O X )0 } Ourco (1.35)

VX =D {(8:X*), + X2(T%)p} (Ok)p € T,(S). (1.36)

In fact, letting X, : t = X,y for an arbitrary curve -y, we have from Equa-
tions (1.35) and (1.36) that

60X
dt

We may also define for each X,Y € 7(S) the vector field VxY € 7(S) by
(VxY), = Vx,Y € T,(S). We call this the covariant derivative of ¥ with
respect to X. Given X = X'9; and Y = Y'3;, we may write

= Vi X. (1.37)

-l

VxY = X {8,Y* + YITE } b (1.38)
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In particular, when X = J; and ¥ = 0;, we obtain the component expression
of the covariant derivative
Vo,0; = I'f;0%. (1.39)

This may be construed as the vector field which expresses the change in the
basis vector 9; as it is moved in the direction of J;.

The operator V : 7 x T — 7 which maps (X,Y) to VxY satisfies the
following properties: for arbitrary X,Y,Z € 7 and f € F (- the set of C*
functions on S),

() VxivZ =VxZ+VyZ.
(i) Vx(Y + 2) = VxY + VxZ.
(iil) VyxY = fVxY.

(iv) Vx(fY) = fVxY + (Xf)Y.

Here, X f denotes the function p — X,f (€ F). Note that VxY is F-linear
with respect to X, but not with respect to Y, and hence V is not a tensor field.
In fact, it is possible to consider the conditions (i)-(iv) as the defining prop-
erties of affine connections. In other words, we may define an affine connec-
tion on S to be a mapping V : T(S) x T(S) — T(S) which satisfies condi-
tions (i)-(iv). In addition, we may define the connection coefficients {Ffj} of
V with respect to some coordinate system [£7] to be the n® functions deter-
mined by Equation (1.39). Then it is possible to prove Equations (1.38) and
(1.29) from conditions (i)-(iv). It is also possible to reverse the derivation in
Equations (1.32)-(1.37) to arrive at the definitions of %—Q and II, from that
of V. This method would make the use of both infinitesimals and fiber bundles
unnecessary. In this book, we shall often refer to the “connection V”.

Tinally, we note that the totality of affine connections on a manifold forms
an affine space. In other words, for any affine connections V and V’ and for
any real number a € R, the affine combination aV + (1 — a)V’ defines another
affine connection. Note also that the difference of two affine connections is a
tensor field of type (1,2).

1.7 Flatness

Let X € T(S) be a vector field on S. If for any curve yon §, X, : i X ) Is
parallel along v (with respect to the connection V), we say that X is parallel on
S (with respect to V.) In this case, for any curve v which connects points p and
q, X, = TL,(X,) holds. A necessary and sufficient condition for an X = X*9;
to be parallel is that Vy X = 0 for all Y € T(S), or equivalently that -

8, X* + X'TF =0. (1.40)

Note that nonzero parallel vector fields do not exist in general.
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Let [¢'] be a coordinate system of S, and suppose that with respect to this
coordinate system the n basis vector fields 8; = a%i (i=1,---,n) are all parallel
on S. Then we call [¢'] an affine coordinate system for V. This condition
is equivalent both to V,d; = 0 and also to the condition that the connection
coefficients {I'};} of V with respect to [¢?] are all identically 0.

Given some connection, a corresponding affine coordinate system does not
in general exist. If an affine coordinate system exists for connection V, we say
that V is flat, or alternatively that S is flat with respect to V. Let [¢] be an
affine coordinate system. Then with respect to a different coordinate system
[0"], we see from Equation (1.29) that the connection coefficients {I':,} may be
written as I‘t = Biigzs g—g—k Hence a necessary and sufficient condition for [p]
to be another affine coordinate system is that ,g - = 0. This is equivalent to
the condition that there exist an n x n matmx A and an n-dimensional vector
B such that

£(p) = Ap(p) + B (VvpeS) (1.41)

(&(p) = [€(p)] and p(p) = [p"(p)].) We call a transformation of the form
described in Equation (1.41) an affine transformation (when B = 0, this
is simply a linear transformation). In addition, we see that this transformation
is regular, i.e., one-to-one, and that A is a regular matrix. The collection of
such regular affine transformations form a group, and affine coordinate systems
have this degree of freedom.

Let V be a connection on S. Then for vector fields X,Y, Z € T, if we define

RX,Y)Z = Vx(Vy2)-Vy(VxZ)—VixyZ and (142)

T(X,Y) ¥ vyyv-vyXx—[Xv] (1.43)

then these are also vector fields (€ 7). Here, letting X = X’9; and Y = Y8,
we have defined [X, Y] to be the vector field

(X,Y] = (X78;Y" - Y19;X")0;

(this does not depend on the choice of coordinate system). The mappings R :
TxTxT—TandT:T x7T — T as defined above are both F-multilinear.
Hence R and T are respectively tensor fields of types (1,3) and (1,2). We call
R the Riemann-Christoffel curvature tensor (field) of V, or more simply
the curvature tensor (field), and T the torsion tensor (field) of V. The
component expressions of R and 7" with respect to coordinate system [£!] are
given by

R(8:,0;)0 = R0, and  T(9;,0;) = TS0, (1.44)

(Bi def 3131) and these may be computed in the following way:

Rz]k = 67FJk - B]sz -+ thl-‘;lk - I‘fhf‘?k and (145)
T = Tf-TI}. (1.46)
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If [€"] is an affine coordinate system for V, then clearly Rfj r=0and T} = 0. In
fact, in this case the components of R and T, since they are tensors, are always
all 0 with respect to any coordinate system. In other words, if V is flat, then
R=0and T =0. Conversely, if R =0 and T = 0, it is known that V is locally
flat in the following sense: for each point p € S, there exists a neighborhood U
of p such that V is flat on U. A proof will be found in standard textbooks of
differential geometry.

In general, when T = 0 (i.e., I'f; = I'};) holds, V is called a symmetric
connection or torsion-free connection. The connections having appeared
so far in information geometry are mostly symmetric connections. However,
the incorporation of torsion into the framework of information geometry, which
would relate it to such fields as quantum mechanics (noncommutative probabil-
ity theory) and systems theory, is an interesting topic for the future. We will
make an attempt in this direction in §7.3.

If a connection is flat, then parallel translation does not depend on the
curve selected to connect the two points. In particular, the n basis vector fields
0 = 8‘; (t = 1,---,n) of an affine coordinate system [£'] are parallel vector
fields, and hence IL,((9;)p) = (8;)4 regardless of the curve v used to connect the
points p and ¢. In addition, if the components X* of a vector field X = X0,
are all constant on S, then X is parallel, and 1L, (X,) = X,.

In general, if parallel translation does not depend on curve choice, or in
other words if there are n linearly independent parallel vector fields on S then
R = 0, and in addition, when S is simply connected (i.e., when arbitrary closed
loops may be continuously contracted to a single point) it is known that the
converse also holds.”? There exist, however, connections for which R = 0 and
T # 0. When this is the case, although parallel translation does not depend
on the curve selected, there does not exist an affine coordinate system. Such
spaces, called spaces of distant parallelism, were introduced by Einstein within
the context of unified field theory, and also serve a major role within the theory
of non-Riemannian plasticity. Another example will be shown in §7.3.

From Equations (1.45) and (1.46) we see that in general Rfjk = —Rf, and
T} = —T}. Hence, in the particular case when S is 1-dimensional, R = 0 and
T = 0 necessarily hold, and therefore S is flat.

1.8 Autoparallel submanifolds

Let S be an n-dimensional manifold and M be an m-dimensional submanifold
of S. Let [£'] and [u®] be coordinate systems for S and M, respectively, and let
O; = a%,- and 9, = 52—;. Suppose also that V is an affine connection on S and
that {I'};} are the connection coefficients of V with respect to [¢]. Now letting
X = X%, and Y = Y3, € T(M) be vector fields on M, we may consider
Vx,Y, the “directional derivative of Y along X,”, as we did in Equation (1.36).

However, even though in general Vx Y is a tangent vector of S (€ Tp,(5)), it

2There are those who define “fat” to denote this case.
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is not necessarily a tangent vector of M (€ T,(M)). If we let VxY denote the
mapping from points p in M to V x,Y € T,(S), then using identities such as
Oa = (0,£°)0; we have

VxY =X0aY")3y + XY {(8at") (0p€7)TE, + 8,86} 4. (1.47)
In particular, letting X = 8, and Y = 8y, we obtain
Vo, 0 = {(8a£i)(8bgj)rg + 0205E*} B (1.48)
Note also that Equation (1.47) may be written as
VxY = X*8,Y")0, + XYV, 8, (1.49)

As we mentioned above, for X,Y € T(M), (VxY), = Vx,Y is an element
of T(S), but not necessarily one of T,(M), i.e., in general, VY & T(M). If,
however,

VxY e T(M) for VXY eT(M), (1.50)

then V determines a covariant derivative on M. In fact, when this is the case
the conditions (i)-(iv) from §1.6 hold for all X,Y, Z ¢ T(M) and all f € F(M),
and V is an affine connection on M. If we use this connection to define a
parallel translation Hy i Tya)(M) — T, (M) on M along the curves v
[a,b] — M, then this translation coincides exactly with the parallel translation
ILy : Ty(a)(S) — Ty 1) (S) on S restricted to the tangent spaces of M , using the
original connection on S. In other words

M
Y =10y - (1.51)

If a submanifold M of S satisfies Equation (1.50), we say that M is au-
toparallel with respect to V. In particular, open subsets of S are autoparallel.
From Equation (1.49) we see that a necessary and sufficient condition for M
to be autoparallel is that V5,0, € 7(M) holds for all a,b. This, in turn, is
equivalent to there existing m? functions {T',} (€ F(M)) which satisfy

Vo,0 = TI¢,0,. (1.52)

These {I';,} form the connection coefficients of V with respect to [u®]. Using
Equation (1.48) we may rewrite Equation (1.52) in the following way:

T540cE% = (0a€") (087 )T, + B, 0pE". (1.53)

We can also see that M is autoparallel in S if and only if M is closed with respect
to the parallel translation on S in the following sense: for every curve 7 : [a, b] —
M in M and for every tangent vector D of M at y(a), the result I1,(D) of the
parallel translation IL, : Ty, (S) — (v (S) belongs to the tangent space of M

at v(b).



1.8. AUTOPARALLEL SUBMANIFOLDS 21

1-dimensional autoparallel submanifolds are called autoparallel curves or
geodesics. For a curve v : t — ~y(¢), the condition in Equation (1.52) may be
rewritten using Equation (1.37) as

id_’y — F(t).c_ll

dt dt de’ (1.54)

where I : t — I'(¢) is a C™ function. As we noted at the end of §1.7, connections
on 1-dimensional manifolds are necessarily flat, and hence by substituting into
Equation (1.54) a suitable one-to-one transformation (change of variable) of ¢,
we may obtain I'(t) = 0. We call such a t an affine parameter of 4. In this
case Equation (1.54) reduces to

6 dy

@ =0 (1.55)
and implies that %—} is parallel along v. It is possible to define geodesics using
Equation (1.55). Rewriting Equation (1.55) using the coordinate system [£7]

and the corresponding representation v = £* o 7y, we obtain
(1) + 5 (OF () = 0- (1.56)

Let M be an autoparallel submanifold of S. If the torsion tensor of S is
0, then the torsion tensor of M is also 0. This is clear from Equations (1.46)
and (1.53). The same holds for the curvature tensor. The latter fact may be
derived using Equations (1.45) and (1.53), but it is in fact immediate from the
analysis of parallel translation as follows: from Equation (1.51) we see that if
the choice of curve does not affect parallel translation in S, then it similarly does
not in M. Note that, in the case when parallel translation does not depend on
curve choice, a necessary and sufficient condition for a submanifold M to be
autoparallel in S is that there exist m = (dim M) linearly independent vector
fields on M which are parallel with respect to the connection on S.

Consider the case when S is flat with respect to V. Then by the argu-
ment above autoparallel submanifolds of S are also flat. Hence without loss
of generality we may assume that [¢'] and [u?] are affine coordinate systems
in Equation (1.53), the condition for a submanifold M of S to be autoparallel.
Equation (1.53) then reduces to 8,8,6* = 0. This condition is equivalent to
there existing an n X m matrix A and an n-dimensional vector B which satisfies

£(p) = Au(p) + B (Vp € M) (1.57)

(£(p) = [¢'(p)] and u(p) = [u®(p)].) In general, a subspace of R"™ which may
be expressed as {Au + Blu € R™} is called an affine subspace of R" (; when
B = 0 we have a linear subspace). We summarize the discussion above in the
following theorem.

Theorem 1.1 If S is flat, then a necessary and sufficient condition for a sub-
manifold M to be autoparallel is that M is expressed as an affine subspace (or
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an open subset of an affine subspace) of S with respect to an affine coordinate
system. In particular, geodesics may be expressed using linear equations (as a
line or a segment) with respect to affine coordinate systems. In addition, if M
18 autoparallel, then it is also flat.

1.9 Projection of connections and embedding
curvature

If M is a submanifold of S which is not autoparallel with respect to V on S, then
there is no natural connection on M which may be derived from V. However, if
there is for each point p a mapping m, from 7,(S) to T,(M), then we may use
this to define a connection on M. Assume that 7p : Tp(S) — T,(M) is a linear
mapping and that m,(D) = D for every D € T,(M) , and that the relation
p +r mp is C°°. Now suppose, for each X,Y ¢ T (M), we define Vg?) € T(M)
in the following way:

(VEY)p = 1((VxY),) (Vp € M). (1.58)

Then V(™) is a connection on M. In particular, if a Riemannian metric g = (, )
is given on §, we may take as m, the orthogonal projection with respect to g.
This is defined to be that which satisfies, for all D € T,(S) and all D' € T,,(M),

(mp(D), D), = (D,D"),,. (1.59)

We call such V(™) the projection of V onto M with respect to g.

If S has a coordinate system [£?], then the connection coefficients {TE}of V
are determined by Equation (1.39). If S also has a Riemannian metric g, then
we may define n® additional functions {Tij,x} in the following way:

Tiji Z (Vo,8;,0:) = T2 G- (1.60)

The quantities {I';; 1}, like {T'¥;}, may be considered as a different component
expression of the same V. With respect to a different coordinate system [p"] for

S, these may be written as follows ((‘i def 8—%):
. def N 851 85] 82€h 8fk
Loy € (V5 8,,8,) = ST > 1.61
0 <Var 5t> (8p’" Byl okt a5 ) i (1.61)

Similarly, for the projection V(™) of V onto M, we may define, given a co-
ordinate system [u4] for M, I(7) <Vé:>8b,3c> <5a e “a%a)- Using Equa-

ab,c

tions (1.58), (1.59) and (1.48) we may rewrite this as

Lo = (T9.00,00) = {(0a€) (O )Tz + (0u6E7)gy0} (85, (1.62)

ab,c
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The connection coefficients of V(™) are then given by I‘((;,;)d = Pg’g?chd. From

this, we see that if V is symmetric, then so is v,

Now let

HX,Y) ¥ vxy - vy (1.63)
for X,Y € T(M). Then (H(X,Y)), = (VxY),—mp((VxY),) is the orthogonal
projection of (VxY), onto [Tp(M)]*, the orthocomplement of T,(M). Given
this, note that the autoparallel condition for M in Equation (1.50) is equivalent
to stating that H{X,Y) =0 holds for all X, Y € T(M), and that this, in turn,
is equivalent to simply stating that H = 0. Intuitively, H may be considered
as measuring the degree to which M is “not autoparallel” or “curved” in S. In
addition, since H(X,Y) is F(M)-linear with respect to both X and Y (i.e., is
F(M)-bilinear), H may be considered as “a kind of” tensor field, even though
H(X,Y)is not a vector field on M in general. We call such an H an embedding
curvature of the submanifold M (C §) with respect to V.

Since M has V(™) as a connection, we may use this to compute its Riemann-
Christoffel curvature R(™. This R(™ expresses the “inherent curvature” of
M itself, while the embedding curvature H expresses the curvature of the ar-
rangement of M within S. As we noted in §1.8, if R, the Riemann-Christoffel
curvature of S, is 0, and if, in addition, H = 0 (i.e., M is autoparallel), then
R™ = 0 also. However, R(™ = 0 does not entail H = 0. For example, con-
sider a cylinder surface M embedded within a 3-dimensional Euclidean space.
The 2-dimensional geometry on the surface of this cylinder is Euclidean, and
R(™ = 0. However, within the 3-dimensional space it is curved, and hence H is
not 0. It is important to distinguish these two notions of curvature.

For each point p in S, let {(8,)p;1 < a < m} (m = dim M) be a basis for
T,(M), and let {(8,)p;m +1 < k < n} (n = dimS) be a basis for [T,(M)]*.
Then we may define the m?(n — m) functions {Hps} in the following way:

Hape & (H(0a,85), 8c) = (Vo,06,05) . (1.64)

It follows from the properties of tensors that H = 0 & Hyy, = 0 (Va, b, k).

1.10 Riemannian connection

Let V be an affine connection on a Riemannian manifold (S,g = (, }), and
suppose V satisfies, for all vector fields X,Y, Z € T(S),

Z(X,Y)=(V;X,Y)+ (X, VY). (1.65)

Then we say that V is a metric connection with respect to ¢g. Using the
coordinate expressions of g and V we may rewrite this condition as follows:

Okgij = T + Thjs- (1.66)

Let us show that, under a metric connection, the parallel translation of two
vectors leaves their inner product unchanged. Consider a curve «v : t — y(f)
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on S and two vector fields X and Y along ~. Letting ‘Sd—)t( and % respectively

denote the covariant derivatives of X and Y with respect to V, we see from
Equation (1.65) that

-(% (X(@),Y(t) = <%¥2,Y(t)> + <X(t), 15_%@> . (1.67)

Now if X and Y are both parallel on v (i.e., % = % = (), then the right hand
side of the equation above is 0, and hence (X (¢), Y (¢)) does not depend on t and
is constant. The parallel translation IL, along -, then, is a metric isomorphism
which preserves inner products. In other words, letting p and ¢ be the boundary

points of v, for any two tangent vectors Dy, Dy € T}, the following holds:
(I (D1), I1y(Dy)), = (D1, Da),,. (1.68)

We call a connection which is both metric and symmetric the Riemannian
connection or the Levi-Civita connection with respect to g. For a given g,
such a connection exists uniquely. In fact, combining Equation (1.66) with the
requirement that I'y; x = I';; k, we have

1
Lijie = 5 (8igjk + Oigri — Orgij) - (1.69)

The geodesics with respect to the Riemannian connection V are known to
(locally) coincide with the shortest curve joining two points (where we measure
length according to Equation (1.25).) In addition, if we consider the case when V
is flat and there exists an affine coordinate system [£¢], we find that since 9; = (—3%
is parallel on S, (0;, 9;) is constant on S. Since affine coordinate systems have
a degree of freedom as given in Equation (1.41), we see in particular that there

exists an affine coordinate system which satisfies
(0i, 05) = dsj. (1.70)

A coordinate system which satisfies the equation above is called a Euclidean
coordinate system (with respect to g). Hence the Riemannian connection is
flat if and only if there exists a Euclidean coordinate system.

In most differential geometry textbooks, only Riemannian connections are
introduced on Riemannian manifolds. Non-metric connections are not even
discussed. However, when considering families of probability distributions as
manifolds, we find that the natural connections which one would introduce are
non-metric (see §2.3). As we shall discuss in Chapter 3, this leads us to the
novel notion of dual connections.



Chapter 2

The geometric structure of
statistical models

Information geometry began as the geometric study of statistical estimation.
This involved viewing the set of probability distributions which constitute a
statistical model as a manifold, and analyzing the relationship between the ge-
ometric structure of this manifold and statistical estimation using this model.
In this chapter, we show that a Riemannian metric and a family of affine con-
nections are naturally introduced on such a manifold, and analyze their funda-
mental properties. Investigation of deeper properties resulting from a duality
which underlies these structures is postponed till the next chapter.

2.1 Statistical models

In this book, we shall represent probability distributions on a set X using
functions defined in the following way. If X is a discrete set (with finite or
countably infinite cardinality), then by a probability distribution on X we mean
a function p : X — R which satisfies

p(x) >0 (Ve X) and Z p(z) =1 (2.1)
TEX

(p is also referred to as a probability function). If X = R", then we mean a
function p : X — R which satisfies

plz) >0 (VrelX) and /p(:c)dx = 1. (2.2)
In other words, p is a probability density function on X. Here the domain of
integration is the entire set X, and when n > 2, f denotes a multiple integral.
As a mathematical note, let us mention that in general, what we are considering

may be viewed as the density function p = %% : X = R (the Radon-Nikodym

25
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derivative), where v is a o-finite measure on a measurable space (X, B) with B
being a completely additive class (i.e., Borel field) consisting of X’ and its subsets,
and P is a probability measure on (X, B) which is absolutely continuous with
respect to v.

In the discussions below, we shall focus our attention on the cases most
significant from the point of view of applications, namely the cases given in
Equation (2.1) and (2.2). However, most of the analysis may be carried over to
the general case of (X, B,v). When we wish to consider the two cases in Equa-
tion (2.1) and (2.2) in a unified manner, we shall use the (integral) expression
of Equation (2.2). The results for the discrete case may be obtained by simply
replacing occurrences of the integral [ ---d with the sum Dowex

Consider a family S of probability distributions on X. Suppose each ele-
ment of S, a probability distribution, may be parameterized using n real-valued
variables [¢1,---,£"] so that

S={pe=p(x:&)|&=1[¢", -, €E}, (2.3)

where = is a subset of R™ and the mapping £ — p¢ is injective. We call such
S an mn-dimensional statistical model, a parametric model, or simply a
model on X. We will often abbreviate Equation (2.3) as S = {p¢}, and also
use expression such as pe(z) = p(z;§) and S = {p(x;£)}. When we say “a
statistical model S = {p¢},” there shall be cases in which we refer simply to
the set S, and other cases in which we refer in addition to the parameterization
& v pe. The intended meaning should be clear from the context.

Suppose we wish to estimate the underlying probability distribution which
has produced the observations x1, -+, zy. Often what is first done is to establish
a statistical model S from which to select the possible candidates. In doing so,
we assume that there exists some distribution p* which governs the generation
of the data, and that we may consider the observed data to be the results of
sampling a random variable governed by this distribution. We call this p* the
underlying distribution or the true distribution. Although p* is unknown,
it is often possible to use prior knowledge concerning the data to determine the
“shape” of p*. This “shape” typically contains several free parameters, and in
order to specify a particular distribution, the values taken by these parameters
must be given. Equation (2.3) is a general expression of this notion.

Let us now state several assumptions we make concerning statistical models
S = {p¢ | £ € E}. So that we may freely differentiate with respect to the param-
eters, we assume that = is an open subset of R™ and that for each z € X, the

function & — p (z;€) (E — R) is C°°. This allows such expressions as 9;p (z;&)
and 0,0;p{x;€) to be defined (6,' e a%i)' In addition, we assume that the

order of integration and differentiation may be freely rearranged. For example,
we shall often use formulas such as

/@p(z;ﬁ)dx:&/p(x;f)dx:82-1 = 0. (2.4)

For a probability distribution p on X, let supp(p) f {z|p(z) > 0} (the



2.1. STATISTICAL MODELS 27

support of p). The case when supp(pe) varies with £ poses rather significant
difficulties for analysis, and hence we shall only consider the case when supp{p¢)
is constant with respect to £ below. Letting X be redefined as supp(p), this is
equivalent to assuming that p(z;£) > 0 holds for all £ € Z and all z € X'. This
means that the model S is a subset of

P(x) {p:X—-»R1p(a:)>0(Vm€X),/p($)dx:1}. (2.5)

We give as examples several standard statistical models.
Example 2.1 (Normal Distribution)

X=R, n=2, £=u,0], E={{uo]| —c0o<p<000<o0<o0}

Example 2.2 (Multivariate Normal Distribution)

p(r;6) =

k(k+1)

X=RF, n=Fk+ 5

, &=, 3]
== {[M, Y] 1 I E Rk, ¥ e RFxE . positive deﬁnite}

A )

Example 2.3 (Poisson Distribution)

Example 2.4 (P(X) for finite X)

E€>0(vi), » &< 1}

g==1

X:{.T(),.’L'],"',l'n}, E= {[61,757L}

£t (1<i<n)
1 =

P(%‘S@z{ ’Z?:lfi (i =0)

Given a statistical model S = {p¢ | £ € £}, the mapping ¢ : § — R" defined
by ¢(pe) = £ allows us to consider ¢ = [€'] as a coordinate system for S. In
addition, suppose we have a C* diffeomorphism ¢ from E to (), the latter
being an open subset of R™. In other words, suppose that ¢ is one-to-one,
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and that both + and 9~ are C®. Then if we use p = ¥(£) instead of & as
our parameters, we obtain S = {pw 1(p) ‘ ,o e yY(= } This expresses the same
family of probability distributions as § =

If we consider parameterizations Which are C°° diffeomorphic to each other
to be equivalent, then we may consider S as a C* differentiable manifold (we
may call S a statistical manifold). In this case, a parameterization of S is in
fact also a coordinate system of S. Below, we shall often conflate the distribution
pe and the coordinate £, and shall use phrases such as “the point £” and “the
tangent space T¢(S).”

2.2 The Fisher metric

Let S = {p¢ | € E} be an n-dimensional statistical model. Given a point §
(€ E), the Fisher information matrix of § at £ is the n x n matrix G(§) =
[9:;(€)], where the (i,3)'" element g;;(€) is defined by the equation below; in
particular, when n = 1, we call this the Fisher information.

05 (6) < Ee 0,600t / 8:l(z; €)0,0(z; E)p(a; )dz,  (2.6)

%)

def
where 9; = e

te(x) = £(z; §) = logp(z; §), (2.7)
(log denotes the natural logarithm), and E¢ denotes the expectation with respect

to the distribution pe, E¢[ f] Qef [ f(@)p (x;€)dz. Although there are some
models for which the integral in Equation (2.6) diverges, we assume in our
discussion below that g;;(£) is finite for all £ and all 4, j, and that g;; : £ — R
is C°°. We note that it is possible to write g;; as

9:5(§) = —E¢[0:0;¢¢ ] . (2.8)
This may be derived by rewriting Equation (2.4) as
E¢[0ite] =0 (2.9)

and applying J; to both sides. Another important representation is

g (6) =4 / 0i/p(@; ) 0;/p(a: ) da, (2.10)

which will be revisited in §2.5.
The matrix G(£) is symmetric (g;;(§) = g;:(§)), and since for any n-dimen-

sional vector ¢ = [c!, -+, c"]! (! denotes transpose),

G (€)e = il gi; (€) /{ane ; g} p(a; €)dz > 0, (2.11)
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it is also positive semidefinite. We assume further that G is positive defi-
nite. From the equation above, we see that this is equivalent to stating that
the elements of {014, --,0,4¢} when viewed as functions on X’ are linearly
independent, which, in turn, is equivalent to stating that the elements of
{O1pe, -+, Onpe} are linearly independent.

As we noted in Example 2.4, when X is a finite set we may consider P(X)
itself to be a statistical model which forms a (]X'| — 1)-dimensional manifold (|X|
denotes the cardinality of X). In this case, the various assumptions we have
been making concerning the model S on X may be considered as formalizing the
statement “S is a submanifold of P(X).” When X is an infinite set, however,
this statement is not meaningful since it is not possible to view P(X) as a
manifold; nevertheless, a similar intuition may be said to hold for this case also.

Now suppose that the assumptions above hold, and define the inner product
of the natural basis of the coordinate system [¢¢] by g;; = (8;, 8;). This uniquely
determines a Riemannian metric g = (, ). We call this the Fisher metric,
or alternatively, the information metric. Since g;; defined by Equation (2.6)
behaves according to Equation (1.22) under coordinate transformations, we see
that the Fisher metric is invariant over the choice of coordinate system. Indeed
we may write (X,Y), = E¢[(X{)(Y{)] for all tangent vectors X,Y € T¢(S5).

In order to grasp the nature of this metric, and to make preparations for
later arguments as well, let us review some fundamental results in statistics
concerning the Fisher information matrix.

Let F': X — Y be a mapping which transforms the value of random variable
X toY = F(X). Then, given the distribution p (x;€) of X, this determines the
distribution ¢ (y; &) governing Y. In addition, letting

r(x;€) = E%P% (2.12)
pely; &) = r(2;8)0p@my(y) and (2.13)
Pr(A|y:€) = LPWW£NL Acx, (2.14)

where dp ;) is the delta function on (), dy) concentrated on the point F'(x), we
have for any B C Y

/ p@ﬁmw=/PMAw£M@£My (2.15)
ANF-1(B) B

This means that Pr (A | y;£) is the conditional probability of the event {X € A}
given Y = y. If the value Pr(A4|y;£) does not depend on £ for all A and y,
or equivalently, if 7 (z;£) does not depend on & for all x, then we say that
F is a sufficient statistic for the model S. One-to-one mappings are trivial
examples of sufficient statistics. More important examples will be given later in
connection with exponential families (§4.2).

If F is a sufficient statistic, then we may rewrite Equation (2.12) as

p(z;8) = q(F(x);6) r(z). (2.16)
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Then the portion of the distribution p (z;£) which depends on £ is wholly con-
tained within the distribution ¢ (y;¢) of Y = F(X), and hence in order to
estimate the unknown parameter £ (the unknown distribution p (z;¢)), it suf-
fices to know the value of Y. (Indeed, given the value of Y, we can “simulate”
X by using the random number generator p (z | y) which does not depend on
§. ) This is reason for its name. The following fact, known as the factorization
theorem, gives a simple criterion for sufficiency: F is a sufficient statistic if and
only if there exist some functions s : ¥ x = — R and ¢ : X — R such that for
all z and £

p(z;8) = s (F(x);€) t (). (2.17)

Now we have the following theorem.

Theorem 2.1 The Fisher information matriz Gp(¢) = [gf; (&)] of the induced

model Sp ' {q(y;€)} satisfies Gr(£) < G(€), where G(€) = [g4;(€)] is the

Fisher information matriz of the original model S, in the sense that AG(€) def

G(&) — Gr(§) is positive semidefinite. A necessary and sufficient condition for
the equality Gr(€) = G(&) to identically hold is that F is a sufficient statistic for
S. In general, the information loss AG(€) = [Agy;(§)] caused by summarizing
the data = into y = F(x) is given by

Agi;(£)

E¢[0;logr (X;€) 0;logr (X;€)]
= Be|Covel0:t(X;€),0,(X:6) | Y]], (2.18)

where B¢[Cove[-,- |Y]] = [ Covel-,- 9] a(:€) dy, and Cove[-,-|4] for a fived
y denotes the covariance with respect to the conditional distribution p(z |y;€).

Proof: For any B C )V we have

/aﬂogq(y;f)q(y;ﬁ) dy 3i/q(y;§)dy
B B

_ a,»/ p(z:€)do
F-1(B)

- / 058 (2;€) p (2:€) da,
F-1(B)

and hence
9ilogq (y;€) = Ee[0:t (X;€) | yl. (2.19)
On the other hand, Equation (2.12) leads to
9t (;€) = B;logq (F(x); ) + Oilogr (z;€) . (2.20)

From these equations, we have

Eg[0;logr (X;€) | F(x)] = 0.
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This implies that 9; logr (z;£) as a function of z is orthogonal to any function
of the form ¢(F(xz)), where ¢ is an arbitrary function on ), and is orthogonal
to 9;log q(F(x);§) in particular, with respect to the inner product

(@, Whe = Ee[®(X)W(X)]. (2.21)

It is then easy to see that Equation (2.18) follows from Equations (2.20), (2.19)
and the definition of the conditional covariance:

Cove[Bile, O5te | y] =
Be[ {0ite — Eelonte |91} {050 — Beloyte )} | v ].

The nonnegativity of AG(£) is now obvious, and the condition for AG() to
identically vanish is that 8;logr (z;£) = 0 for all £,4,z, which is equivalent to
the sufficiency of F. [

The properties Gp(§) < G(€) and G(§) = Gr(€) + AG(§) with Equa-
tion (2.18) are often referred to as the momnotonicity and the chain rule,
respectively, of the Fisher metric. Let us make some remarks on these no-
tions. First, it is easy to see that these are extended to G.(€) < G(§) and
G(€) = GL(€) + AG(€) for any transition (or conditional) probability distri-
bution (i.e. Markov kernel) xk = {k(y|z) > 0 ; =z € X,y € YV} such that
[k (y|z)dy = 1,Vz, where G,(€) is the Fisher information matrix of the in-
duced model: q (y;€) = [ & (y|z)p(2;€) dz. The previous case for a determin-
istic mapping F corresponds to & (y | ) = dp(5)(y). Secondly, as a special case
of the chain rule, the additivity

G12(8) = G1(§) + G2(§) (2.22)

holds for a product model: p12(x1,z2;€) = p1(x1;€) p2(x2;€). Thirdly, given two
models {pi(z;£)} and {p2(x; &)} having common sample space X" and parameter
space =, the following convexity follows from the monotonicity (cf. Equation
(3.23) in §3.2 and its proof):

Ga(§) SAGI(E + (1 =N Ga(E), 0<SVALST, (2.23)

where G'1(£), G2(€) and G»(£) are the Fisher information matrices of {p1(z;€)},
{p2(2;€)} and {Ap1(z;€) + (1 — M)pa(x; §)}, respectively.

Next, we shall review the well-known Cramér-Rao inequality. Suppose
that a data z is randomly generated subject to a probability distribution which
is unknown but is assumed to be in a prescribed n-dimensional model S =
{pe|€=[€L,---,£"] € Z}. We consider the problem of estimating the unknown
parameter £ by a function £(z) of the data z. A mapping E=1[6,...,6":
X — R” introduced for this purpose is called an estimator. We say that é is an
unbiased estimator if

Ee [é(X)] —¢ for VECE (2.24)
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The mean squared error of an unbiased estimator é may be expressed as the

variance-covariance matrix Vg[{] = [véj ] where
of ¥ E[(§00-¢)(#x) - )]

Theorem 2.2 (Cramér-Rao inequality) The wariance-covariance matriz

Vel€] of an unbiased estimator € satisfies Ve[€] > G(6)™! in the sense that
Vel€] — G(€)7! is positive semidefinite.

A proof of the theorem will be given in §2.5, which is essentially the same as a
standard proof, but is rather tinged with a geometrical flavor.

An unbiased estimator £ achieving the equality Vg[é =G for all £ is
called an efficient estimator. It is obvious that an efficient estimator is the
best unbiased estimator in the sense that its variance is the minimum among
those of all the unbiased estimators. The converse, however, is not generally
true. In other words, the best unbiased estimator does not always achieve the
Cramér-Rao bound. Furthermore, there is a case where a biased estimator
has a smaller mean square error than the efficient estimator. See textbooks of
statistics for further details.

It should be noted that there does not generally exist an efficient estimator
on a model § = {p¢}. A necessary and sufficient condition for the existence of
efficient estimator will be given in §3.5, which imposes restrictions both on the
shape of S and on the parametrization £ — p. However, it is worth emphasizing

that there always exists a sequence of estimators {éN = én(zy, - -xN)}N ,
which asymptotically achieves the equality in the CraméR-Rao inequality as
the number N of independent observations goes to co. Such a sequence of
estimators is called an asymptotically efficient estimator or a first-order
efficient estimator; see §4.1 and §4.4. Thus the matrix G(£)~! represents the
degree to which an asymptotically optimal estimator fluctuates around the true
value of parameter £. In other words, a smaller G(&)™! (ie., a larger G(£))
indicates a more accurate estimator. To be able to accurately estimate the
parameter { means that as the value of { is changed, the “character” (i.e., p¢)
of the data changes dramatically. The Fisher metric may be considered to be a
geometric expression of the size of this change.

2.3 The a-connection

Let S = {p¢} be an n-dimensional model, and consider the function Fgﬁ which
maps each point £ to the following value:

« € 1 - 1
(vi), e | (st + S C | FEED

where ¢ is some arbitrary real number. The n® functions Ff;‘i thus defined
behave according to Equation (1.61) under coordinate transformations, and
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hence we have an affine connection V{*) on S defined by

(V525,06 ) =T

ik (2.26)

where g = ( , ) is the Fisher metric. We call this V(®) the a-connection .}
The a-connection is clearly a symmetric connection. The relationship be-
tween the o-connection and the SB-connection is given by

B _play  a—8
Pij,k*Pi]O'ik‘+ 2

where T;;i is a covariant symmetric tensor of degree 3 defined by

(Tijr)e & B [0:l:0;Le0nLe] - (2.28)
(Note that this is in no way related to the torsion tensor T} = I’fj —T%.) We
also have

v = (1-a)VO + av®
o thagm Iz agey, (2.29)
2 2
(See the last paragraph of § 1.6.) In addition, for a submanifold M of S, the a-
connection on M is simply the projection with respect to g of the a-connection
on S (see §1.9).
Let us investigate some fundamental properties of V(@) for several particular
values of . First, taking the partial derivative of the definition of g;; in Equation
(2.6) with respect to £, we obtain

Okgi; = Ee|(Ok0ile)(054e)] + Ex [(8ile)(0k0se)] + Ee [(0ite ) (0;4¢) (Onle)]

el 230)

which leads to:

Theorem 2.3 The 0-connection is the Riemannian connection with respect to
the Fisher metric.

In general, when a # 0, V(%) is not metric.

Let us introduce now the notion of exponential family, which will be shown
to have close relation to V(!). In general, if an n-dimensional model S =
{pe | 6 € ©} can be expressed in terms of functions {C, F1,---, F,,} on X and a
function 9 on O as

p(z;8) = exp |Clz) + Y O Fi(z) —$(0)| , (2.31)

f=1

n the sequel, the terms “flat”, “affine”, “parallel”, “autoparallel”, etc. with respect to
the a-connection are referred to as a-flat, a-affine, a-parallel, a-autoparallel, etc.




34 2. GEOMETRIC STRUCTURE OF STATISTICAL MODELS

then we say that S is an exponential family, and that the [6%] are its natural
or its canonical parameters. From the normalization condition [ p(z;0)dx =
1 we obtain

k23
(0) = log / exp [C(x) +y HiFi(a:)J dz. (2.32)
i=1
It is easy to see that the parametrization 6 — Do is one-to-one if and only if the
n + 1 functions {F,---, F,, 1} are linearly independent, where 1 denotes the
constant function which identically takes the value 1. From now on, this linear
independence will always be assumed when an exponential family is considered.
Many practically important models are shown to be exponentia] families,
including all of the examples given in §2.1.

Example 2.5 (Ezample 2.1: Normal Distribution)

2 1 14 2 1
Clz) =0, Fi(z) =1z, Fy(z)=22, 0 =5 0 =—53
2 142
= F __ 0y 1 o
$(0) = L5 +10g(vamo) = 73 1og( 92)

Example 2.6 (Example 2.2: Multivariate Normal Distribution)
Letting
C(x) =0, FZ(:L‘) = Zg, E](I) =TTy (Z <7,

j —1yij i Loty i —1yij (s
00 =D =Ty, 0% = — (5T, g = (n ) (i < ),
J

and 1
Fa(r) =2, Fp(z)=azzt, 64 = S, 6F = »—2«2*1,
we have
@0 = ep| 30 ORE@+ Y 09R @ - u(0)]
1<i<k 1<i<j<k
= exp [(04) Fa(z) + tr(0” Fp(z)) — (0)]
where

YO = %,ut S+ %logdet(QﬂE)

= ~43(0A)t(93)~19f‘ + %Iogdet(-——w (98)~1).

Example 2.7 (Exzample 2.8: Poisson Distribution)
P(0) = € = expl
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Example 2.8 (Ezample 2.4: P(X) for finite X)

cw=0, m@={, &2

plzs) £
pleo) ~ BT-S 6

P(0) = —logp(8) = —log <1 - Z&i) = log <1 + Zexpﬁi)

i=1

(i=1,---,n)

From the definition of an exponential family given in Equation (2.31), and
letting 0; = 5‘3—;, we may obtain

0l(x;0) = Fy(z)—0(0) and (2.33)
0,0,4(z;0) = —0,0;9(0). (2.34)

Hence we have I“%?k, = —8;0;9(0) Eg|Ox Lo}, which is 0 from Equation (2.9). In
other words, we see that [0%] is a 1-affine coordinate system, and S is 1-flat. We
therefore call V(1) the exponential connection, or the e-connection, and
shall write V(1) = v(©).

Next, let us consider the case when an n-dimensional model S = {py} can
be expressed in terms of functions {C, Fy,---,F,} on X as

n

p(z;0) = Clx) + ) 0'Fy(a), (2.35)

g=1

or in other words, when S forms an affine subspace of P(X). In this case we say
that § is a mixture family with mixture parameters [0'] . In particular,
P(X) itself is a mixture family when X is finite. A representative form of
a mixture family is given by the mixture of n + 1 probability distributions

{p07p17 e ,pn}:

n

> 0'pi(z) + <1 - Z ei) po(x)

i=]1

i

p(x;0)
= polz)+ Z 0'{pi(z) — po(z)} (2.36)

where [07] are subject to * > 0 and }.,6° < 1. The distribution family
P({xg,*--,2n}) may be expressed in this form by letting the distributions
{po,--+,pn} be defined by p;(z;) = 6;;. In general, for a mixture family we
have

Fi(x)

- and (2.37)
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Fi(z)F(z)
p(x;0)2 °

from which we see that 8;0;¢ + 8,£9;¢ = 0, and hence 1’5;;) = 0. Therefore
[0°] is a (—1)-affine coordinate system, and S is (—1)-flat. We call V(-1 the
mixture connection or the m-connection, and we write V(-1 = y(m),

The discussion above is summarized in the next theorem.

Theorem 2.4 An exponential family (a mizture family, respectively) is e-flat
(m-flat) and its natural parameters (mizture parameters) form an e-affine (m-
affine) coordinate system.

In the next chapter (§ 3.3) we shall see that an exponential family (a mixture
family, respectively) turns out to be also m-flat (e-flat, resp.) as a consequence
of the duality between the e-connection and the m-connection.

Theorem 2.5 Let S be an exponential family (a mizture family, respectively)
and M be a submanifold of S. Then M is an exponential family (a mizture
family) if and only if M is e-autoparallel (m-autoparallel) in S.

Proof: We only give here the proof for the part that if S and M are expo-
nential families then M is e-autoparallel in S, because the rest is straightforward
from Theorem 1.1. Let S = {p(z;6)} and M = {q(z;u)} be given by

p(z;0) = exp {C (@) + Y _0Fi(z) - w(@} ;
2==1

q(z;u) = p(z;(u)) = exp {D(ﬂf) + > utGa(z) - SO(U)J -
a==1
Then we have

Ga(z) = Oatp(u) = 0Onlogq(z;u)
= (0,0, 8; logp(x; 8(u))
(8a6")u {Fi(z) — 8i9(6(u))},

Il

and hence '
(0ab")u Fz(x) + Aa(u) = Ga(z),

where A,(u) is constant with respect to z. Since G,(z) does not depend on u
and since {F},---, F,,, 1} are assumed to be linearly independent, we see that
(040%)., is constant with respect to u for all ¢ and all a. This, combined with
Theorem 1.1, implies that M is e-autoparallel in S. ]

In the theorem above the part for exponential families is of practical signif-
icance. A submanifold M of an exponential family S is called a curved expo-
nential family and will play the leading role in chapter 4. In general, the degree
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to which a curved exponential family M differs from an exponential family can
be measured by the embedding curvature with respect to the e-connection (see
84.5).

We conclude this section by demonstrating an instructive example. Suppose
that we are given a smooth probability density function ¢ on R, and let q®
be the kth i.i.d. extension; i.e., for ¥ = (y1,...,yx)", ¢®(¥) = q(y1) - q(yx)-
For a regular matrix A € R¥** and a vector p = (u1,..., i)’ € R¥, define the
probability density function p4,, on R* by

p(a; A p) = ¢® (A7 (z — p)) /| det A,

which gives the probability distribution for the random variable AY + y when
Y is supposed to distribute according to ¢®(y). For instance, letting ¢ be the
standard normal distribution, we obtain

p(x; A, p) = (2m) 72 (det )71/ % exp {—%(w ~u)'S @ — u)} ,

where & %' AA*. Now let g and A be arbitrarily fixed and consider the statis-

tical model § % {pa|p€RF}. This model is not in general an exponential
family nor a mixture family, but is always a-flat for all o and, in particular,
is a Euclidean space with respect to the Fisher metric. This may be regarded
as a consequence of the fact that S is essentially the direct product, including
its a-connections and Fisher metric, of k copies of the 1-dimensional statistical
model {g(y —v)|v € R} on which affine connections are always flat (see the
last paragraph of §1.7). Moreover, when g(y) (or ¢(y — v) for some v) is an
even function as in the case of normal distributions, the tensor T defined by
Equation (2.28) vanishes, which means that all the a-connections are identical,
and the vector parameter u, as well as its regular affine transformations, forms
an affine coordinate system for the a-connections.

2.4 Chentsov’s theorem and some historical
remarks

As we noted in §1.5 and §1.6, it is possible to define an infinite number of
distinct Riemanmnian metrics and affine connections on a manifold. This is, of
course, also true for the manifolds which are formed by statistical models. Hence
the Fisher metric and the a-connections defined above are simply instances
among the infinite number of possible metrics and connections. This may lead
one to ask, however, whether there is anything which distinguishes the Fisher
metric and a-connections from the others; the answer is that indeed there is. A
statistical model S, in addition to its structure as a manifold, has the property
that “each point denotes a probability distribution.” Taking this property into
consideration, we find that there are natural structural conditions which are
uniquely met by the Fisher metric and the o-connections. We formalize this
below.
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Let S = {p(z;£)} be a model on X and F': X — ) be some mapping, which
induces a model Sp = {¢(y;£)} on Y. If F is a sufficient statistic for S, then

O;logp (1;€) = 0;logq (F(z);€) from Equation (2.16), and hence g;; and I‘Eﬂ
are the same on both S and Sr. We refer to this as “the invariance of the
Fisher metric and the a-connection with respect to F.” Denoting the Fisher
metric and the a-connection on S by g = {, ) and V(®), while denoting those

on Sp by ¢ = (, ) and V(% the invariance properties are represented as

i

(X,Y),
. (VRY)

<>\* (X)7 A*(Y)Y)\(p) and
Vi\(*a()X)A*(Y), VX,Y,Z € T(S),

il

where X is the diffeomorphism from S onto Sy defined by A(pe) = ¢¢, and
the mapping A, : 7(S) — 7 (Sp) is defined by (/\*(X))/\(p) = (dA),(X,). In
general, this invariance plays a crucial role when analyzing the relationship
between statistics/probability theory and the structure formed by introducing
a metric and a connection on a statistical model. The Fisher metric and the o~
connections are uniquely characterized by this invariance in the sense described
below.

First let us consider a manifold which has, as its points, distributions on

some finite set. Let X, def {0,1,---,n} and P, & P(X,) for the natural

numbers n = 1,2,.--. Suppose that we have a sequence {(gn, Vn)}, -, Where
the g, and the V,, are an arbitrary Riemannian metric and an arbitrary affine
connection, respectively, on P, for each n. Then letting S be a model on A,
and F : X, — X, (n > m) be a surjective mapping, (gn, V,) and (gm, V)
induce metrics and connections on S (C P,,) and Sg (C Pp,) by restriction and
projection (see §1.5, §1.9). Now, we have the following theorem, which restates
a result by N. N. Chentsov (Cencov) [65] from a slightly different point of view.
(We omit the proof.)

Theorem 2.6 Assume that {(gn, Va)},—, s invariant with respect to sufficient
statistics; i.e., for alln, m, S C P,, and F : X, — A, such that F' is a sufficient
statistic for S, the induced metrics and connections on S and Sp are assumed
to be invariant. Then there exist a positive real number ¢ and a real number o
such that, for all n, g, coincides with the Fisher metric on Py, scaled by a factor
of ¢, and V,, coincides with the a-connection on P,.

In this way, we see that for models on finite sets the Fisher metric (up to a
constant factor) and the a-connections are characterized by the invariance with
respect to sufficient statistics. It is natural to expect that the characterization
will also apply to models on infinite sets so that the Fisher metric and the a-
connections can always be considered as the only metric and connections which
meet the invariance requirement. However, it is not so easy to extend Chentsov’s
theorem to the case when the underlying set X may be infinite, because both
the formulation and the proof of the theorem essentially rely upon the finiteness
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of X. Here, we shall only observe that Chentsov’s theorem leads to the Fisher
metric and the a-connections for a model S = {p(z;£)} on an infinite set X if
a kind of limiting procedure is permitted.

First, let us finitely partition X into the regions 61,02, -,0,. In other
words, each d; is a subset of X, §; N&; =0 (i # j), and |JI_; &; = X. Now fix a
particular partition A = {6;,---,d,} and let

pa (05€) (i-if/p(m;f)dx.

3,

Then Sa def {pa (6;;8)} forms a model on A. Since A is a finite set, from
Chentsov’s theorem we know that the Fisher metric and the a-connections are
introduced on S by the invariance requirement. Now we may consider S to
be the limit of Sao as A becomes finer and finer. Hence, if we require that the
desired metrics and connections on models should be “continuous” with respect
to such a limit, it is concluded that the metric and the connections on S should
be given by the limit of the Fisher metric and the a-connections on Sa, and
under some regularity condition they coincide with the Fisher metric and the
a-connections on S.

Let us now mention some history. The actual idea of considering statistical
models as a manifold and analyzing them from the point of view of differential
geometry is quite old. C.R. Rao had already pointed out in the 1945 paper [190]
that the Fisher information matrix determines a Riemannian metric, and had
written on the importance of analyzing model structures from the perspective
of Riemannian geometry. After this, there were a variety of efforts to pursue
this line of research, but unfortunately very few of these produced results which
related directly back to statistical problems.

In 1975, B. Efron [83] introduced the notion of “statistical curvature” for 1-
parameter models, and found that it serves an important role in the asymptotic
theory of statistical estimation. Building on this result, A.P. Dawid [76] intro-
duced a connection on the space P of all the positive probability distributions
and showed that the statistical curvature could be expressed as the embedding
curvature with respect to this connection. This connection is the e-connection
introduced above. In addition, Dawid pointed out that it was possible to in-
troduce a variety of connections on P, and as examples gave the Riemannian
connection with respect to the Fisher metric (the 0-connection) and the m-
connection. However, in general P is a difficult space to treat rigorously since
it is of infinite dimension, and cannot even be viewed as an infinite-dimensional
manifold in the usual sense (; see the next section). Amari [5, 6], in 1980,
reformulated Dawid’s discussion by “projecting” them onto finite-dimensional
models, and introduced the natural generalization to a-connections. In addition,
the importance of considering the e-connection and the m-connection as a pair
was clearly shown for the first time. This result leads to the topic of the next
chapter, that of understanding the structure of dual connections. The notion of
the duality of connections was introduced by Nagaoka and Amari [161] in 1982,
where the general theory of dually flat spaces was developed to provide a math-
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ematical foundation to the theory of a-connections, and since then it has come
to serve a central role in information geometry. On the other hand, the notion
of a-connections itself had in fact been introduced from a different perspective
(that of its invariance) in 1972 by the Russian mathematician N.N. Chentsov
[65]. However, because its relation to curvature and statistical estimation was
not pursued, and because the paper was written in Russian, this result was not
widely known within the international statistical community.

2.5 The geometry of P(X)

Let X be a finite set. As mentioned previously, an arbitrary model S on X
is a submanifold of P = P(&X), and the Fisher metric and the a-connection
on S are the projections of those on P onto S. The geometry of P is most
fundamental in this respect. In this section we shall focus our attention upon the
Fisher metric and the e, m-connections on P, and postpone the study of general
a-connections until the next section for the reason that the e, m-connections
are particularly important in most applications and, in addition, have much
simpler structures than the other a-connections. It is also noted that some of
the important properties of the e, m-connectiouns are closely related to the notion
of dual connections and will be discussed in §3.5. As for the the case when X
is infinite, we shall briefly mention it at the end of this section.

In the first place, the model P is a subset of RY % {A]|A: X — R}: the to-
tality of R-valued functions on X'. More specifically P is an open set of the affine

subspace A; 4 {A] Y, A(z) =1} of R¥ and hence the tangent space Tp(P)

can naturally be identified with the linear subspace 4 ef {A| 3, A(z) = 0}.
When a tangent vector X € T,(P) is considered as an element of Ay, we denote
it by X(™) and call it the mixture representation or the m-representation
of X, and write as

T(P) ¥ X | X e T,(P)} = Ao

For the natural basis 8; of a coordinate system & = [¢!], we have (8i)ém) = O;pe.
As observed in §2.3, P is a mixture family which is m-flat, and its mixture pa-
rameters form an m-affine coordinate system. This means that the m-connection
on P is nothing but the natural connection induced from the affine structure of
A;. Obviously, the parallel translation TI\) : T,,(P) — T,(P) with respect to
the m-connection is given by

I (X) = X' <= X'™ =X, (2.39)

We have thus seen that the natural embedding of P into R* makes the meaning
of the m-connection clear.

Next, let us take another embedding p — logp, and identify P with the
subset {logp|p € P} of R¥. A tangent vector X € T,(P) is then represented
by the result of operating X to p — logp, which we denote by X (®) and call the
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exponential representation or the e-representation of X (although some
people might prefer to call it the logarithmic representation.) In particular we

have (Bi)ée) = 0; log pe. Tt is obvious that
X (2) = X™(z)/p(x) (2.40)
and that (cf. Equation (2.9))

TOP) € {x€|x e Tp(P)} = {AeRY | E,[4] =0}, (2.41)

where Ep[A] = > p(x)A(z). Note that the definition of the Fisher metric is
expressed in terms of the present notation as

(X,Y), = E, [X(G)Y@] . (2.42)

Unlike 7™ (P), the space TS (P) depends on p, and an element A of T5®) (P)
does not generally belong to Tée) (P) when p # ¢. Nevertheless, the shifted
function A’ = A — E,[A] always belongs to Tq(e) (P), and the correspondence
A — A’ establishes a linear isomorphism between nge) (P) and Tq(e) (P). Note
that this is different from the correspondence between the e-representations of
X and X' = H(m) (X), which is represented as A’ = Ap/q. In fact, we have

I

(X)=X' = X'© =X _F, {X@‘)] , (2.43)
where Hﬁ)l denotes the parallel translation from T,,(P) to T,(P) with respect to
the e-connection. This may be seen as follows. Let X : p — X, be an arbitrary
vector field on P, and {8;} the natural basis of a coordinate system [¢!]. From
the definition of the e-connection (Equation (2.25) for a = 1) we have

(VE)x.00) = B[ (0X )00 ] (2.44)

where (9;X(®)),, denotes the i*® partial derivative of the mapping X © :p

X5 () (P — R¥) at a point p. Now suppose that X(©) is represented as X} (©)
F E,[F], ¥p € P by a function (random variable) F' on &'. Then (0; X (e))

—8;,Ep| F'] is constant as a function on X, and hence <V( ) x Bk> = 0 at

each point p by Equation (2.44). This implies that X is e-parallel and proves
Equation (2.43).

Let us investigate some properties of the Fisher metric through the e-repre-
sentation. We begin with mathematical preliminaries concerning the cotangent
space T (P) = [T,(P)]{ (the totality of R-valued linear functions on T, (P); see
§1.3) of a Riemannian manifold (S,g = (, )). First, for each tangent vector
X € Tp(P) let wx € T, (S) be a cotangent vector such that wx : Y — (X,Y),.
Then the correspondence X «» wyx establishes a linear isomorphism between
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T,(S) and T;(S), and the inner product and the norm (length) for cotangent
vectors are naturally defined by (wx,wy), = (X,Y)  and wx|, = || X||,. Next,
for an arbitrary smooth function f € F(S) let (df), € T, (S), the differential
of f at p, be defined by (df), : X — X (f), and (grad f), € T,(S5), the gradient
of f at p, be the tangent vector corresponding to (df),:

((grad f)p, X), = (df)p(X) = X(f), VX € T,(S). (2.45)

(Recall that a tangent vector is a mapping : F(S) — R). We have the following
coordinate expressions:

(grad f)p = (9:f)pg" (P)(8))p, (246)
)il = i{grad £ ll, = (9:£)5 (359" (), (2.47)

where [¢*/ (p)] denotes the inverse of the matrix [g;;(p)] = [(0;,9;),)].
The following theorem states that the variance V,[A] = [(A E,[A])?]

of a random variable A is measured by the sensitivity of the expectation E,[A]
to perturbation of p.

Theorem 2.7 Suppose that an A : X -~ R is given and let E[A] denote the
function p — E,[A] on P. Then we have

Vol A] = I(dE[AD, I, (2.48)

where the norm is the one induced from the Fisher metric.

Proof: For every X € T,(P) we have

mepzz}wm@m@pwﬂxﬁg

x

:@pﬁm~@wﬁ, (2.49)

where the last equality follows from E,[X(®)] = 0. Since A~ E,[A] € Tée) (P) by
Equation (2.41), there exists a vector Y, € T,(P) satisfying Yp(e) = A— E,[A],
which turns out to be (grad E[A]), from Equations (2.45) and (2.49). Hence we

obtain
I@ELAD,IZ = I, = By [ ()] = (Al

When the domain of the function E[A)] is restricted to a submanifold S C P,
the previous theorem is modified as follows.

Theorem 2.8 We have

Vo[A] 2 |(E[Alls)ly (2.50)
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where the equality holds if and only if

A-E A e TO(5) ¥ {X@

X e Tp(S)}. (2.51)

Proof: Obvious from the previous theorem and the fact that for every f €
F(P) the gradient (grad f|s), of the restricted function f|s is the orthogonal
projection of (grad f), onto T,(S). n

Now, Theorem 2.2 (the Cramér-Rao inequality) for a finite X is straightfor-
ward from the theorem above. Indeed, letting 4 Lef cié ¢ for an unbiased estima-
tor £ and an arbitrary column vector ¢ = [¢;] € R", and using Equation (2.47),
we can easily verify that Equation (2.50) yields ¢! Ve[ € Jc > c!G(¢) ™ e. Moreover
we see that a necessary and sufficient condition for the equality Vg{é =Gt
to hold at p is that ¢;(€' — £'(p)) belongs to T{(S) for all [¢i] € R", or
equivalently that £ — & (p) belongs to .nge)(S) for all 4. Therefore, if £ is an
efficient estimator, there exist n vector fields {X oo X ”} on S such that
(X)) = & — €i(p), Vi,Vp, which turn out to be parallel with respect to the
e-connection on P due to Equation (2.43). This means that the existence of an
efficient estimator for S implies that S is e-autoparallel in S (see §1.8), or in
other words that S is an exponential family (Theorem 2.5). We shall revisit this
subject in §3.5, where a necessary and sufficient condition for (S, [€%]) to have
an efficient estimator will be given (Theorem 3.12).

Note: An estimator é is said to be locally unbiased at a
point & when the unbiasedness approximately holds around £ in the
following sense:

Eepnel€] = €+ AL +o(AS), (2.52)
which means that
Ec[é]=¢ and 8E¢[¢]=4]. (2.53)

Obviously, é is unbiased if and only if it is locally unbiased at every .
We see from the above discussion that the Cramér-Rao inequality
Vg[é] > G(¢)~! at a point ¢ holds if £ is locally unbiased at €.
Moreover, the equality can be always attained for each £ by the
locally unbiased estimator

£i(x) = € + g7 (£)di log p (z;€) - (2.54)

As we have seen above, the e-representation is particularly useful for con-
necting the Fisher metric with some statistical notions like expectation and
variance. However, if one is concerned only with purely geometrical aspects
of the Fisher metric, it might be better to use another representation. Let us
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consider the third way of embedding P into R* : p — 2,/p, whereby P is iden-
tified with the set {2,/p|p € P} which forms a part of the sphere of radius 2
: {a € RY| ¥ {a(z)}* = 4}. A tangent vector X € T,(P) is then represented

by X(© &l x(m) /P = /DX (e) which is called the O-representation of X
(see the next section for the general a-representation), and the Fisher metric
takes the form
(X,Y),=> X2y, (2.55)
x
which is equivalent to Equation (2.10). This indicates that the Fisher metric
is nothing but the Riemannian metric induced on the sphere from the natural
Euclidean metric of R¥.
Here, we discuss Jeffreys’ prior distribution to illustrate an application of
the observation made above. Let § = {p¢ | £ = [¢},--+,£"] € E} be a statistical
model, and let G(¢) denote the Fisher information matrix at point £&. Now sup-

pose that the volume V Lef J= V/det G(€)d¢ of S with respect to the Fisher met-

ric is finite (where the integral is implicitly n-fold.) Then Q(¢) &f £/det G(€)

defines a probability density function on Z. Since this is invariant over the
choice of coordinate system [£’], we may consider it as a probability distribu-
tion on the model S. This distribution is called Jeffreys’ prior within the field
of Bayesian statistics, and has recently been found to play an important role
in universal data compression (see Clarke and Barron [67]). Now consider the
case when S = P(X) and X = {0,1,---,n}. Then we can see that V equals to
the surface area of the n dimensional sphere of radius 2 divided by 2"*!, and

letting 1" be the gamma function we have

r(n+1)/2
NCON

In addition, Q(&)d€ is then the uniform distribution on the sphere.

Finally, let us give a brief look at what happens when X is infinite. For a
finite X', we have seen that P is an open set of the affine space A; and therefore
is a manifold with the tangent space T},(P) isomorphic to Ay at each point p.
Intuitively speaking, the essence of this fact is that the constraint p(z) > 0
(Vz € X) imposed on the elements of P is loose enough for P to have the same
dimension as A;. According as the cardinality |X| gets larger, however, the
constraint becomes relatively more restrictive, or in other words, the portion
of A; occupied by P becomes relatively smaller. Eventually when X gets in-
finite, P cannot have the same dimension as Ay, nor even be regarded as an
infinite-dimensional manifold in the usual sense, and the geometrical arguments
on P in the present section lose their mathematical basis. Nevertheless, this
does not mean that the arguments become totally meaningless. For instance,
the Cramér-Rao inequality for a model on an infinite X' can be proved almost in
parallel with the proof given above for a finite X', even though the differential
geometrical framework does not completely work any more. It should be noted
that the geometrical proof for a finite X' is essentially based on the nature of
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P as an exponential family. We may regard P for an infinite X as an infinite
dimensional version of exponential family in some sense, but should be careful
making mathematical reasoning based on such an analogy in general. It is inter-
esting and important to try to construct the geometry of P, or of an appropriate
variant of P if necessary, by rigorous functional analytic methods, so that many
significant statistical arguments including those of the present section and of
chapter 4 can be treated within the scope of such a geometry. Several attempts
have already been made in this direction; see von Friedrich [215], Kambayashi
[115], Lafferty [136], Pistone and Sempi [189], Gibilisco and Pistone [97] and
Pistone and Rogantin [188].

2.6 o-affine manifolds and a-families

The present section is aimed at extending some of the results on the e- and m-
connections obtained in §2.3 to the general a~connections, and has little relation
to the other parts of this book except for §3.6 and §8.4. Although we are mainly
motivated by a purely geometrical interest here, it is worth mentioning that the
results of this section and §3.6 are closely related to the theory of Tsallis entropy
[207, 74, 208] developed in statistical physics.

We begin with loosening a fundamental assumption made so far. Previously
when we considered a statistical model S = {p¢ | £ € £}, each element ps was a
probability distribution (€ P(X)). In this section we relax this condition and
consider cases in which [ p(z;&)dz is allowed to take arbitrary finite values
other than 1. In other words, we suppose that S = {p¢} is a subset of the
following set:

Px) & {p G R‘p(x) >0 (Vo € X),/p(z)dx < oo}. (2.56)

This extension allows a more natural understanding of the properties of the a-
connection. Aside from this, we retain the assumptions made in §2.1 and §2.2.
In this case we again find that S is a manifold, and that the Fisher metric g
and the a-connection V() may be defined using Equations (2.6) and (2.25).
There are, however, previous equations such as Equations (2.8) and (2.9) which
no longer hold in general.

Now for each o € R define the following:

2
vz {a#1l)

L) % l—-a (2.57)
logu (a=1)

(9 (z8) E L (p(x;€)) (2.58)

Note in particular that £V (z;€) = £(x;€) and that £~V (z;€) = p(z;€). For a
tangent vector X € T¢(S), we call

X@(z) ¥ xp@)(g;6) (2.59)
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as a function of x the a-representation of X. The e-, m- and O-representations
introduced in the previous section are special cases corresponding to au= 1, -1, 0,
respectively. Now since

1 —
90 = pU=9/294  and  §;9,4(*) = pll-)/2 (aiajm —23@@-@) ,
we may rewrite Equations (2.6) and (2.25) as
0 = [0 @0 V@, amd (260

T = / 0;0;0%%) (13 €) 0= (; €) d. (2.61)

We can read these equations to mean that the a-connection on S is induced from
the affine structure of the space R% of functions on X’ through the embedding
£ > £ (z;€). In addition, they lead to the duality of -ta-connections as seen in
the next chapter. Note also that if S = {p,} consists of probability distributions
then, corresponding to Equations (2.8) and (2.9), we have

/p(a;;g)l'%a ') (z;€)de =0, and (2.62)
1+« ita a
52050 = = [ 259 20,6 (@) d, (26
Let us fix o to a particular value. If for some coordinate system [?]
00,019 (x;0) = 0 (2.64)

907
system, and that S = {py} is a-flat. We call such an S an a-affine manifold.
The condition in Equation (2.64) is equivalent to the existence of the functions
{C,Fy,---,F,} (n=dim S) on X such that

<8¢ o i), then from Equation (2.61) we see that [0?] is an a-affine coordinate

£ (2:0) = C(x) + i 0'Fy(x). (2.65)
=1

In addition, from Theorem 1.1 (§1.8) we see that a necessary and sufficient
condition for a submanifold M of S to be a-affine is for M to be a-autoparallel
in S.

Example 2.9 A mizture family is o (—1)-affine manifold, while an exponential
family is not a 1- affine manifold.

Example 2.10 (P(X) for finite X) Consider the case when X is a finite set
{z1,--+,2n}. Let F; : X — R be the functions defined by Fi(z;) = &; for
1, = 1,---,n. Then for each p € 75(/1’), using the independent parameters
01, -+, 0", we have L\ (p(x)) = 0'Fy(x) (here §' = L™ (p(z;)).) Therefore
P(X) is an a-affine manifold for every a € R,
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Figure 2.1: The denormalization of a statistical model

When X is infinite, on the other hand, P(X') may not be viewed as a manifold
as in the case of P(X) mentioned in the last section, but in an informal sense
its structure may still be considered similar to that of an a-affine manifold.

Let S = {p | £ € E} (C P(X)) be a statistical model. If we let

S {rpelees r>01  (CP)), (2.66)

where Tps denotes the function on & which maps z to 7p (z;€), then Sis a
manifold which contains S as a submanifold with dim § = dim §+1. We call §
the denormalization of S (Figure 2.1). As a coordinate system of S we adopt

[€,7] = [€',---,£™,7] and denote its natural basis by 8; = 5%- and 9, = 2z,
while the natural basis of the coordinate system [¢'] of S is denoted by 8.
In general, for a vector field X = X'9; (€ 7(9)) on S, we define X = X9,

(€ 7(9)) as the vector field on § which maps 7pe to (X*)¢(8;)(e.r)-
Letting £(®) = £ (z;¢,7) = L (7p(x;€)) and £ = £(®)(z; €), we have

Bl = 7552 g,p0e) Fje) o eyt

k)
2

— " — ~ 1 3+o —
8,0,0®) = 775 3,0,600) | 5,50 = W¥T—%"p%~

8,00 = 3,8, 8*) = —1—;—&7‘%816(“).

Using these relations and Equations (2.60) (2.61), we obtain

gij = TGij, gir = 07 gTT = 7—17 (267)
™ o o 1 + (67
TE?L = TFEJ',L» Fz(j,z' =3 Gij, (2.68)

~la ~ 1 ~ ~
F'ET,)k = F*(rcz!,)k = —Q‘Oiglk? F(a) = F<a) = 07 (269)

LT, T T,T
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~lo 1 _
[ =0, T —_~T%-2 (2.70)

TT, T 2
Here g and I'(@ are the components of the Fisher metric and the a-connection
on S , while g and I'(®) are those on S. These equations enable us to verify that
the following relations hold for the covariant derivatives of the a-connections on
S and S, which we denote by V(®) and V(® | respectively:

Sy _ (w@yy~ Lt/ o o\

VPY = (v - =2 <X,Y> a,, (2.71)
—{a)y o) o 1 —1

V@8, = V9% = — %1% and (2.72)
) 1 i~

Vs, = —JQLET 13, (2.73)

where X and Y are arbitrary vector fields on S, and (---)™ denotes (N)
Now we are ready to show two theorems about the relation between S and

S.
Theorem 2.9 S is (—1)-autoparallel in S.

Proof: Obvious from Equation (2.71) or from the definition of (—1)-connec-
tion. n

Theorem 2.10 Let M be a submanifold of S and M be its denormalization.
For every o € R, the following conditions (i) and (ii) are equivalent.

(i) M is a-autoparallel in S.

(i) M is a-autoparallel in S.

Proof: Let V(®) and V(@) be the a-connections on 5 and S as s above. Noting
that every vector field on M can be represented as fiX: + f8, |5y by vector
fields {X;} on M and functions {f*} and f° on M, we see from Equations (2 72)
and (2.73) that condition (ii) is equivalent to stating that V(a) Y € T(M) for
all X,Y € T(M). On the other hand, we have for all X,Y € T(M)

VOV eT() « (VY)~ e T(31)
— Vv eTM),
where the first equivalence follows from Equation (2.71) and the second one is
obvious. It is thus concluded that (i) and (ii) are equivalent. L]

We call a statistical model S = {p;} whose denormalization S is an a-affine
manifold an a-family.
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Example 2.11 (P(X) for finite X') When X is finite, P(X) is an a-family
for every o € R.

For an a-family S, its denormalization S may be written in the form of
Equation (2.65). We rewrite this as

L (rp(x; €)) Zb"\F,\ (2.74)

where a one-to-one correspondence between [£1,---, &7, 7] and [80,6%,--.,60™] is
implicitly assumed. When « $# 1, considering either the asymptote of 7 — 0
(a < 1) or 7 — 0o (@ > 1), we see that the affine space spanned by L) (rp(x; €))
must contain the origin and hence be a linear space. This means that C(x) in the
equation above vanishes and that the elements of the model S are represented
as

209 (z;¢) = Zm E)Fr(x (2.75)

or, rescaling #* by a constant factor, we have

n 2/(1—a)
= {Z GA(f)FA(a:)} : (2.76)

A=0

Example 2.12 (a¢= —1: mixture family) When a= —1 this becomes a miz-
ture family. Indeed, if Fi(x) — (ai/ao)Fo(z) for 1 < i < n and Fy(x)/ao, where

! [ Fx(z)dz, are respectively renamed Fi(z) and C(x), then Equation
(2 76) is rewmtten as Equation (2.35). The fact that o (—1)-family is a mizture
Jamily (and vice versa) is also viewed as a consequence of Theorem 2.9.

Example 2.13 (a = 1: exponential family) A 1-family is an exponential
family (and vice versa). Indeed, when o = 1, observing that LV (rp(z;€)) =
log p(x; 7)+log T, we see that the basis functions {Fy, - - -, F,,} in Equation (2.74)
can be chosen so that Fy = 1 , and then, the elements of S are written as Equa-
tion (2.31) with 0° = y(01,...,6m).

From Theorem 2.10 we see that the following theorem holds for any «, which
is a generalization of Theorem 2.5.

Theorem 2.11 Let S be an a-family. Then a necessary and sufficient condi-
tion for a submanifold M of S to be an a-family is for M to be a-autoparallel
nS.

In particular, when X is finite, the a-families on & are characterized as the
a-autoparallel submanifolds of P(X).
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It should be noted that, unlike Theorem 2.5, Theorem 2.4 has no a-version
because a-family is not a-flat in general. What then makes the cases a = 41
special? It is easy to answer the question for the case o = —1. Indeed, this
simply means that a (—1)-family S inherits the (—1)-flatness from S due to
Theorem 2.9. The speciality of the case & = 1 can also be understood through
Theorem 2.9 with the aid of the duality between (£1)-connections. We will
revisit this in §3.5.



Chapter 3

Dual connections

When investigating the properties of the Fisher metric g and the a-connection
V() and also when applying them to particular problems, it is important to
consider them not individually, but rather as the triple (g, V) V(=) The
reason for this is that, through g, there exists a kind of duality between v{®) and
V(=) which is of fundamental significance. This notion of duality emerges not
only when considering statistical models, but in a variety of problems relevant to
information geometry. Through duality, it is possible to analyze these problems
from a unified perspective; to do so is one of the principal motivations underlying
this book. The present chapter is devoted to both the general theory of dual
connections and its applications to the geometric structure of statistical models.

3.1 Duality of connections

Let S be a manifold on which there is given a Riemannian metric ¢ = {, ) and
two affine connections V and V*. If for all vector fields X,Y, Z € T(S)

Z(X,Y) = (VzX,Y) + (X, V,Y) (3.1)

holds, then we say that V and V* are duals of each other with respect to g,
and call one either the dual connection or the conjugate connection of the
other. In addition, we call such a triple (g, V, V*) a dualistic structure on
S. By respectively using the coordinate expressions g;;, I'ijx, and I'; of g,
V, and V* with respect to a coordinate system [£%], we may rewrite the duality
constraint in Equation (3.1) as

Bkgij =Ty + FZj,i' (3.2)

In general, given a metric g and a connection V on S, there exists a unique
dual connection V* of V with respect to g. In addition, (V*)* = V holds. We
also see that (V + V*)/2 becomes a metric connection. And conversely, if a
connection V' has the same torsion as V* and if (V + V’)/2 is metric, then
V' = V*.

51
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The following result may be verified in a manner similar to the derivation of
Equation (2.30), or is immediate from Equations (2.60) and (2.61).

Theorem 3.1 For any statistical model, or more generally, for any manifold
of finite measures treated in §2.6, the a-connection and the (—a)-connection are
dual with respect to the Fisher metric.

In particular, the duality of the e-connection and the m-connection are of prac-
tical importance.

Suppose we have a dualistic structure (g,V,V*) on S. Letting M be a
submanifold of S, consider Vs and V3,, which are respectively the projections
of V and V* onto M with respect to g. These are dual with respect to gas (the
metric on M determined by g). We call (gar, Vs, V3,) the dualistic structure
on M induced by (g, V,V*), or the induced dualistic structure on M.

The condition for a connection V to be metric in Equation (1.65) is equiva-
lent to requiring self-duality, V = V*. Hence we see that the duality of connec-
tions may be considered as a generalization of the notion of metric connection.
This becomes all the more clear if we analyze the meaning of duality using the
parallel translation of vectors. Let « : ¢ + 7(t) be a curve in S and let X and
Y be vector fields along v. In addition, let 5X and &X respectively denote the
covariant derivatives of X with respect to V and Y w1th respect to V*. Then
from Equation (3.1) we see that

% (X (1), Y (1) = <§-)-d(£—t),y(t)> + <X(t), i§@> (3.3)

Now suppose that X is parallel with respect to V, and that Y is parallel with
respect to V*. Le., suppose that ‘ift( = %Z = 0. Then the right hand side of
Equation (3.3) is 0, and hence the inner product (X (t),Y () is constant on .
Therefore, we obtain the following theorem.

Theorem 3.2 Letting 11, and I (¢ Tp(S) — T,(S), where p and q are the
boundary points of v) respectwely denote the parallel translation along v with
respect to V and V*, then for all X,Y € T,(S) we have

(I, (X), T (Y)), = (X, Y),. (3.4)

This is a generalization of “the invariance of the inner product under parallel
translation through metric connections” discussed in §1.10.

The relationship between II, and I, is completely determined by Equation
(3.4). In other words, if either one of H or H’:/ is known, then the other can be
obtained using Equatmn (3.4). Hence 1f IL, is mdependent of the actual curve
joining p and ¢, and hence may be written as I, = IT,, ;, then this is true of I
also. This means that the following theorem holds
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Theorem 3.3 Letting the curvature tensors of V and V* be denoted by R and
R*, respectively, we have
R=0& R" =0. (3.5)

Actually, what follows is that for any vector fields X, Y, Z, W € 7(5)

from which Equation (3.5) is immediate. On the other hand, the corresponding
property does not hold for the torsion tensors T' of V and T of V*.

3.2 Divergences: general contrast functions

Let S be a manifold and suppose that we are given a smooth function D =
D(-||-) : S x 8§ — R satisfying for any p,g € S

D(pllg)>0, and D(pllq)=0 if p=gq (3.7)

In other words, D is a distance-like measure of the separation between two
points. However, it does not in general satisfy the axioms of distance (symmetry
and the triangle inequality). The aim of the present section is to show that such
a D is closely related to the duality of connections.

Let us introduce some notations. Given an arbitrary coordinate system [¢']
of S, let us represent a pair of points (p,p’) € S x S by a pair of coordinates
([¢%],1€""]) and denote the partial derivatives of D (p || p’) with respect to p and

p’ by
D(@),p) ¥ aD@lp),
D((@) | (3)y) = &8Dp1),
D(3:0)p | B)w) & 88;0,D 0P, etc.,

where in the right-hand sides 8; = 'a% is applied to the first variable of D at
p while 9] = 5%- to the second variable at p’. These definitions are naturally

extended to those of
D((Xy---X)pllp), D@l (Y1 Yu)p)

and D (X1 Xi)p |l (Y1 Yi)p)

for any vector fields Xy,---,X;,Y;,--+, Y, € 7(S). Now we consider their
restrictions onto the diagonal {(p,p)|p € S} C S x S and denote the functions
induced on S by

DXy Xi|[-] + p=>D((Xa---Xi)plp),

D[Hylym] : p'_’D(pH(YlYm)P)a
DXy Xi||Yi-- Y] ¢ po DXy Xi)p [| (Y- Yom)p).
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It then follows from Equation (3.7) that
Do;||-]=D[- 8] =0, (3.8)
D[0:d;]|-]= D[ &:d;) = ~D 1.1 9] (¥ g, (3.9)

and that the matrix [gfj )] is positive semidefinite. When |[g;; (D >] is strictly pos-
itive definite everywhere on S, we say that D is a dlvergence or a contrast
function on S. For a divergence D, a unique Riemannian metric g?) = ( , y(P)
on S is defined by (3;, 8j>(D) = gz(jD), or equivalently by

X, )P =_DIx|Y]. (3.10)

This metric gives the second order approximation of D as

D(pllg) = 59” (QAg AL +o(| A, (3.11)
where A&t % ¢i(p) —£i(q) and o AE]|?) is a term vanishing faster than Ag|?
as p tends to q.

Given a divergence D, we can also define an affine connection V(P) with
coeflicients I’EJ ,2

) = =D [0:d; || 9, (3.12)
or equivalently by
(D)
v Py, zV  =-D[XY | Z], (3.13)
X

because {I‘EJDIE} obeys the same transformation rule as Equation (1.61). Note

that V(P) is necessarily symmetric (I’EJD,z =T i, k) Combined with the metric

g(P) | the connection V(P) gives the third order approximation of the divergence
D:

D(pllq) = —g” D) ()AEAE + 1 ShG@AEAEA +o(lag)  (314)

ijk
where
() € D8:9;0: -1 (3.15)
Indeed, the coefficients {hz % } are determined from {ng)} and {I‘EJDZ} by
) =819l + T (3.16)

Conversely, we see that g(? ) and VP) are determined by the expansion (3.14)
through Equation (3.16).

In some literature the term divergence is used to mean a narrower notion such as the
canonical divergence (as in the original Japanese edition of this book) introduced in §3.4 or
the Kullback divergence.
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Let us replace the divergence D (p|| ¢) with its dual D* (pli¢g) = D (¢ p).
Then we obtain ¢(P") = ¢(P) and

1) = -DIoy || 0:0;]. (317
Now it is easy to see the following theorem.

Theorem 3.4 VP) and VP") are dual with respect to g(P).

This general construction of the dualistic structure (¢P), V(P) V(P from a
divergence D, together with the convenient notation of DX -+ X || Y1 --- Yo,
is due to Eguchi [84, 85, 87]. Corresponding to Equations (3.14) through (3.16),
we have

D(p| )= D" (q]p) (3.18)
= 2P )ACAg — B (P)ATATAL +o(|AL)Y),  (319)

where )
h) = D[ 8:0;04] = digly) + TS5, (3.20)

We thus see that any divergence induces a torsion-free dualistic structure.
Conversely, any triple (g, V, V*) of a metric and mutually dual symmetric con-
nections are induced from a divergence. Given such a triple together with a
coordinate system [£¢], let

D(pllg) & %gij(q)AéiAéj + éhijk(Q)AfiAfjAgk,

where AE" = &' (p) — £'(q) and

def *
hz]k = Bzg]k 4 F]k § o= Fij,k + Fik,j + ij,i’

Then noting that hgj; is symmetric under all the permutations on {i,j, k},
we have D[89;0;] -] = gi; and D[8;0;0, || -] = hijk, which immediately im-
plies that (g, V,V*) = (¢!, V(P) V(P)), Note that the positivity (3.7) for
sufficiently near p, g follows from the positive-definiteness of [g;;]. Also, an al-
ternative choice of D is given by

(19) & LouPATAL — Lhi (HAEAS AL,

where

x  def *
h; ik = BngJrI‘ = ”k%’rik’j*{“rij

While these constructions are local, T. Matumoto [150] has proved that every
torsion-free dualistic structure is induced from a globally defined divergence.
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Now let us introduce an important class of divergences on statistical models.
Let f(u) be a convex function on u > 0. For each probability distributions p, g,

we define
Dol & [ @) (f;%) de

and call it the f-divergence following I. Csiszar. Let us review some fundamen-
tal properties of the f-divergence [70, 71, 214]. First, using Jensen’s inequality
we have

Dyplla) 2/ ( / p(@%dx) — ), (3.21)

where the equality holds if p = q and, conversely, the equality implies p = ¢
when f(u) is strictly convex at u = 1. Secondly, Dy is kept invariant when
f(w) is replaced with f(u) + c(u — 1) for any ¢ € R. Thirdly, D} = Dy,
where f*(u) = uf(1/u). Fourthly, and most importantly, D; has the following
property similar to the monotonicity of the Fisher metric mentioned in § 2.2.
Let k = {k(y|x) > 0; x € X,y € YV} be an arbitrary transition probability
distribution satisfying [ x(y|z)dy = 1,Vz, whereby the value of z is randomly
transformed to y according to the probability «(y|x). Note that the determin-
istic transformation y = F(z) by a mapping F : X — Y corresponds to the case
when (y | ) = 8p(s)(y). Denoting the distributions of y derived from p(x) and
g(z) by p.(y) and g.(y) respectively, we have

Dy (plla) 2 Dy (pr |l 4x) - (3.22)

This inequality is referred to as the monotonicity of Dy and is proved by
Jensen’s inequality using the conditional distribution p.(z|y) as follows:

| [#ontylas (Z%) dady
/ / pe(y)pe(zly)f Z—%) dady
[peto)s ( [eta19 f}%dx) dy

= Dy (pxllgs)-

Dy (pllq)

v

The equality in Equation (3.22) holds if « is induced from a sufficient statistic
with respect to {p, ¢}, which means that p.(z|y) = gu(x|y) for all z and y,
and the converse statement is also true when f is a strictly convex function.
Note that the joint convexity

Dy (Ap1+ (1= Np2 || A1 + (1 = Ng2)
<SADf(pllg)+(1=NDp(pallgz), 0<A<T (3.23)
follows from the monotonicity by setting A\; = A\, Ag = 1 — A, p(x, i) = \ipi(x),

q(z,1) = Mgi(z) and F(z,i) = « for i = 1,2. In addition, we may now consider
Equation (3.21) as the monotonicity for a constant mapping F'.
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Let us assume that f is a strictly convex and smooth function satisfying
f(1) = 0. Then D; becomes a divergence in our sense on each statistical
model, and induces the metric g(P#) = g{/) and the connection V(Ps) = V()
in the aforementioned manner. Since Dy is invariant with respect to sufficient
statistics, so are ¢) and V). According to Theorem 2.6, this implies that
they are represented as gt} = ¢g and V() = V(®) by some ¢ > 0 and «, where
g is the Fisher metric and V() is the a-connection. Indeed, a direct calculation
shows that this is true for ¢ = f”(1) and o = 3+ 2f""(1)/f"(1).

Important examples of smooth f-divergences are given by the a-divergence
D) = D for a real number o, which is defined by

e (a # 1)
F9(u) = ulogu (@ =1) (3.24)
—logu (a=-1).
We have for a # +1
*(pllg) = -1-—_%-2- {1 - /p(w)l‘ggq(w)%dw} (3.25)
and for a = +1
DY (pllq)=DW (gl p) = / (z)log 222 p(@) 4, (3.26)
q(z)

We can immediately see that the o-divergence D(®) induces (g(f (a)), vif (a))) =
(9, V™)), whereas a deeper relation between D(® and (g, V(®) will be elu-
cidated in § 3.6. Note that D(® (p| q) = D% (¢||p) generally holds. In

particular, D (p|| ) is symmetric, and moreover /D© (p|[q) satisfies the
axioms of distance, which follows since

DO pl|9) =2 [(V(e) - Va@) Pda

D©)(pllg) (or D©(pllq) itself) is called the Hellinger distance. The a-
divergence is closely related to the a-entropy of Rényi [194], the Chernoff dis-
tance [66] and the Tsallis entropy [207, 74, 208].

The *+1-divergence is called by several different names, among which are
the Kullback divergence, the Kullback-Leibler information, the relative
entropy or simply the divergence. It is particularly important and has many
applications in fields related to probability and information. Following the con-
vention, we refer to D(~1) as the Kullback divergence and DV as its dual in
this book. Unlike other f-divergences, the Kullback divergence satisfies the
following chain rule:

DV (pllg) = DY (p, ]l ge)
+ / DD (e 19) | gu(- |9)) Pe(w)dy,  (3.27)




58 3. DUAL CONNECTIONS

which gives another proof of the monotonicity. In particular, it satisfies the
additivity:

DY (p1 || g12) = DFY (w1 [| a1) + DEY (p2 | ¢2) (3.28)

for product distributions pia(zi,22) = pi(z1)pe(z2) and qia(zi,22) =
q1(x1)q2(x2). See § 2.2 for the chain rule and the additivity of the Fisher metric.

3.3 Dually flat spaces

Let (g,V,V*) be a dualistic structure on a manifold 5. If the connections V
and V* are both symmetric (T' = T* = 0), then from Theorem 3.3 we see that
V-flatness and V*-flatness are equivalent. For example, since the a-connections
are always symmetric, we have for any statistical model (or more generally for
any manifold consisting of finite measures) S and for any real number o that

S is a-flat < S is (—a)-flat. (3.29)

In particular, recalling that an exponential family is 1-flat and that a mixture
family is (—1)-flat (§2.3), we now see in addition that they are both (&1)-flat.

In general, we call (S,g,V,V*) a dually flat space if both duals V and V*
are flat.

Theorem 3.5 Let (S,g,V,V*) be a dually flat space. If a submanifold M of S
is autoparallel with respect to either V or V*, then M is a dually flat space with
respect to the dualistic structure (gar, Vr, Vi) induced on M by (g,V,V*).

Proof: Suppose M is V-autoparallel. Then from Theorem 1.1 (§1.8) we
know that Vs is flat. Hence by Equation (3.5) the curvature tensor of V3,
is 0. On the other hand, since V* is flat, it is a symmetric connection, and
hence its projection V3, is symmetric also. From the above we see that V3, is
flat, and that M is a dually flat space. The argument for the case when M is
V*-autoparallel is similar. »

For instance, an m-autoparallel submanifold of an exponential family and an
e-autoparallel submanifold of a mixture family are both (&1)-flat, even though
they are no longer exponential nor mixture families in general.

Now let us investigate the general structure of a dually flat space (5, g,V,V*).

First, from the definition it follows that there exist for S a V-afline coordinate

system [#*] and a V*-affine coordinate system [7;],? for which we let 9; & 2

and & & %. Since 8; is a V-flat vector field and 67 is a V*-flat vector field,

we see from Theorem 3.2 that (8;,87) is constant on S. From Equation (1.41)
which describes the degree of freedom in an affine coordinate system under

2By superscripting one of the indices and subscripting the other, we obtain forms which
are naturally suited to the use of Einstein’s convention
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regular affine transformations, we see that for a particular V-affine coordinate
system [0*], one may choose a corresponding V*-affine coordinate system (5]
such that

(0;,07) = 6. (3.30)

In general, if two coordinate systems [6°] and [n;] for a Riemannian manifold
(S, g) satisfy the condition above, we call the coordinate systems mutually
dual (with respect to g), and call one the dual coordinate system of the
other. We see then that the Euclidean coordinate system defined in Equation
(1.70) is self-dual. In general, there do not exist dual coordinate systems for a
Riemannian manifold (S, g). However, if (S, ¢, V, V*) is a dually flat space, then
such a pair of coordinate systems exist. Conversely, if for a Riemannian manifold
(S, g) there exists such coordinate systems [6] and [r;], then the connections V
and V* for which they are affine are determined, and (S, g,V,V*) is a dually
flat space.

Let the components of g with respect to [6%] and [n;] be defined by

Gij d:%f <(91,(9J> and gij déf <8l,(9]> . (331)
By considering the coordinate transformation between [#*] and [n;], we have
8j = (8]01)(91 and 61 = (ij)aj.

From this we see that Equation (3.30) is equivalent to

00" _ g" (3.32)

On;

a6~ 9

and therefore g;;¢’* = 5;“, which is consistent with Equation (1.23).

Now suppose that we are given mutually dual coordinate systems [#*] and
[n;], and consider the following partial differential equation for a function 1 :
S—-R:

0 = m;. (3.33)

We may rewrite this as dyy = 7;d6", and a solution exists if and only if 9;n; =
0;m;- Since from Equation (3.32) we see that 0;,n; = g;; = 0;7;, in the context
of our discussion a solution ¥ always exists. From Equations (3.33) and (3.32)
we see that

8,0, = gi;. (3.34)

Hence the second derivatives of ¢/ form a positive definite matrix, and therefore
1 is a strictly convex function of [91,---,0"]. Similarly, a solution ¢ to

d'p = 0" (3.35)

exists. In particular, using a solution ¥ to Equation (3.33), let

=0~ (3.36)
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Then we have
dy = 0%dn; + n;d6° — dep.
Substituting dip = 1;dé* into this equation, we obtain dp = @'dn;, which is

equivalent to Equation (3.35). From Equations (3.35) and (3.32) we see that ¢
satisfies

8" p = g¥, (3.37)

and hence it is a strictly convex function of [n1,- - -, n,]. Furthermore, it follows
from the convexity of 1 and Equations (3.33) and (3.36) that for every g € S

() = max {0'(p)mi(q) —¥(P)} - (3.38)
Similarly, for every p € S we have

¥(p) = max {6 (p)n:(q) — p(@)} . (3.39)

Sometimes it is more natural to view these relations as

¢(n) = max {6'n; —y(6)} (3.40)
(o) = x;lgg;{é’im-w(n)}, (3.41)

where 9 and ¢ are simply convex functions defined on convex regions © and H
in R™.

In general, those coordinate transformations [6%] « [n;] which may be ex-
pressed in the form given in Equations (3.33) through (3.39) are called Leg-
endre transformations, and v and ¢ are called their potentials. Note also
that

T3, % (V3,0,,0:) = 8,0;000 and (3.42)

ij,k

Pk (y,.00,0) = il oF, (3.4

which are derived from Equation (3.2) combined with I';;x = I'**/"* = 0.
We summarize the discussion above in the following theorem.

Theorem 3.6 Let [0] be a V-affine coordinate system on a dually flat space
(S,9,V,V*). Then with respect to g there exists a dual coordinate system [n;] of
[0%], where [n;] turns out to be a V*-affine coordinate system. These two coordi-
nate systems are related by the Legendre transformation given using potentials
¥ and ¢ in Equations (3.38) through (3.89). In addition, the components of
the metric g with respect to these coordinate systems are given by the second
derivatives of the potentials as given in Equations (8.84) and (3.37).
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3.4 Canonical divergence

In §3.2, we observed that an arbitrary divergence induces a torsion-free dualistic
structure and that the converse statement is also true. However, it should be
noted that the correspondence between divergences and dualistic structures is
not one-to-one in that infinitely many divergences correspond to one dualistic
structure. In this section, we show that a kind of canonical divergence is uniquely
defined on a dually flat space.

Let (S, g,V,V*) be a dually flat space, on which we are given mutually dual
affine coordinate systems {[¢], (7]} and their potentials {¢,¢}. Given two
points p,q € S, let

D(plle) = v(p) + ¢(q) — 0 (0)mi(q). (3.44)

Then from Equations (3.38) and (3.39) we see that D (p|/¢) > 0and D (p|l q) =
0 & p = q. Moreover, it is easy to verify the equations

D((9:0;)p 1 9) = gi5(p) and D (p]| (6'07),) = ¢"(q) (3.45)

which immediately implies that D is a divergence and induces g. We can also
conclude from these equations that V = V(P) and V* = V(P since we have
Dijk = I*9F = 0 due to the V-affinity of [#°] and the V*-affinity of [n;].

On a dually flat space (S, g, V, V*), the degrees of freedom of the dual affine
coordinate systems {[6%], [7;]} and the potentials {1, ¢} are expressed by

¢ = Alo'+ B, il; = Cymi + Dj,
$=19+D;6 +c, and ¢ =+ B —B'D;—c

Here [AJ] is a regular matrix, [C?] is its inverse, [B] and [D;] are real-valued
vectors, and ¢ is a real number. These degrees of freedom completely cancel each
other in Equation (3.44) so that D is uniquely determined from (S,g,V,V*).
We call this D the canonical divergence of (S,g,V,V*) or the (g, V)-
divergence on S for short.?

By interchanging the roles of V and V* on S, the roles of [¢] and [7;], and
also those of ¥ and ¢ are exchanged, and we find the (g, V*)-divergence D* to
be

D*(pllg)=Dl(qllp). (3.46)
In addition, if we let M be a submanifold which is autoparallel with respect to
either V or V*, and consider the induced dually flat structure (gar, Vr, Viy)

(see Theorem 3.5), then it is possible to prove that the (gas, Var)-divergence
Dy is given by the restriction Dy = D|arxar, or in other words

Dy (pllg) =D (pllg) (VYp,q € M). (3.47)

3In some literature (including the original Japanese edition of this book), the canonical
divergence is simply called the divergence.
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A similar argument can be made for Dj;.

When V is a Riemannian connection (V = V*), the condition for “dually
flat” reduces to V being flat, and hence in this case there exists a Euclidean
coordinate system [#?]. This coordinate system is self-dual (6" = n;), and its
potential is given by ¥ = ¢ = £ 3_,(6%)%. Substituting this into Equation (3.44),
we obtain

D(pllg

i

LS (0 w)P + 0 - 20 ()6 (@)}
2 4

= S {dpaY, (3.48)

where d is the Euclidean distance d{p, q) &ef \/i‘i {0%(p) — 9i(q)}2. In general,
the canonical divergence D (p| q) on a dually flat space is only approximately
equal to (d(p,¢))? in the sense of Equation (3.11).

Let us give an important characterization of the canonical divergence.

Theorem 3.7 Let {[0%],[n:]} be mutually dual affine coordinate systems of a
dually flat space (S,g,V,V*), and let D be a divergence on S. Then a necessary
and sufficient condition for D to be the (g, V)-divergence is that forallp,q,r €S
the following triangular relation holds:

D(pllg)+D(glir)=D®l7)
= {0'(p) = 0" (@)} {m(r) —m(@)}- (3.49)

Proof: The necessity of Equation (3.49) is straightforward from Equations
(3.36) and (3.44). To show the sufficiency, suppose that a divergence D obeys
Equation (3.49). Applying (i), to the both sides of the equation and then
letting r = p, we obtain

D ((8:)p | @) = ni(p) — mi(a)- (3.50)

On the other hand, we see that the canonical divergence also satisfies the same
equation as above and that a solution of the equation is unique under the initial
condition D (p ||p) = 0 (Vp). Consequently, D coincides with the canonical
divergence. "

We may generalize the Pythagorean theorem for the Euclidean distance to
the (g, V)-divergence D on an arbitrary dually flat space (S,9,V,V*).

Theorem 3.8 Let p, q, and r be three points in S. Let 1 be the V-geodesic
connecting p and q, and let v, be the V*-geodesic connecting g and . If at the
intersection q the curves y1 and Y2 are orthogonal (with respect to the inner
product g), then we have the Pythagorean relation

D(plir)=D(ll9)+D(qlr) (3.51)
(Figure 8.1).
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V-~ geodesic

V*- geodesic

Figure 3.1: The Pythagorean relation for (g, V)-divergences.

V- geodesic

Figure 3.2: The projection theorem of (g, V)-divergence

Proof: Since a V-geodesic is a straight line with respect to [6%], we may
parameterize v, using ¢ as 6; = t0'(p) + (1 — )0"(q), and obtain £679; =
{Hi(p) - Gi(q)} 0; as an expression of the tangent vectors of this curve. Similarly,
we may parameterize yo as 7y = t7;(q) + (1 — t)n;(r), and obtain as its tangent
vectors £0,;0" = {n;(g) — m:(r)} 8. From Equation (3.30) we see that the inner
product of these tangent vectors at the intersection point ¢ may be written as
{6°(p) — 6%(9)} {mi(@) — ms(r)}. Therefore when the curves are orthogonal at g,
Equation (3.51) follows from Equation (3.49). n

The projection theorem given below follows immediately from the theorem
above (see Figure 3.2).

Corollary 3.9 Let p be a point in S and let M be a submanifold of S which is
V*-autoparallel. Then a necessary and sufficient condition for a point q in M
to satisfy D (p|| q) = min.epr D (p || 7) is for the V-geodesic connecting p and q
to be orthogonal to M at q.

The point ¢ in the theorem above is called the V-projection of p onto M.
More generally, the following holds for any submanifold M.
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Theorem 3.10 Let p be a point in S and let M be a submanifold of S. A
necessary and sufficient condition for a point ¢ € M to be a stationary point
of the function D(p||-) : v = D (p||r) restricted on M (in other words, the
partial derivatives with respect to a coordinate system of M are all 0) is for the
V-geodesic connecting p and q to be orthogonal to M at q.

Proof: Let 9, = 6—2,; be the natural basis of a coordinate system [u®] of M.
Then from Equations (3.44) and (3.35) we have

D)) = @um)aD (p] (0))
= (0an)al0'(0) ~ 0'(0)}
(Ba)qs {67(0) = O' (D)} (@)a) (352)

from which the theorem follows. "

Corollary 3.11 Given a point p in S and a positive number ¢, suppose that the
“D-sphere” M = {qg € S| D(p|| q) = ¢} forms a hypersurface in S. Then every
V-geodesic passing through the center p orthogonally intersects M.

Before concluding this section, let us take another look at the notion of
canonical divergence to illustrate how our geometry modifies the usual Rie-
mannian geometry. Let a Riemannian metric g and an affine connection V be
given on a manifold S and let V* be the dual of V with respect to g. We do
not assume that (S,g,V,V*) is dually flat, and hence the canonical divergence
is not generally defined on S. Now, let v : [a,b] — S (¢ < b) be a smooth
curve in S connecting the points v(a) and y(b), on which the dualistic structure
(9, V4, V) is induced from (g, V,V*) by projection. The coefficients of g, and
V., corresponding to g,5 and I‘((;,;)d = I‘(”)Cg“d in Equations (1.26) and (1.62)
are given by

(&) = gi;(vE)F A (@),
L) = {FOYOT500®) +5 ®gm(y(®)} ¥5(t)/94()

Since v is 1-dimensional, (7, gy, V,, V3) is always dually flat and the canonical

divergence D, is defined on 7. We define D(y) = def D, (v(b) || v(a)) and call
it the (g, V)-divergence of the curve «. Note that D( ) does not depend
on the parametrization ¢ — (¢) of v but its orientation, and that the (g, V*)-
divergence of « coincides with the (g, V)-divergence of the reversely oriented
curve. Some calculation shows that

//<s<t<b & Ei)) as dt (353)

where
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In particular, if the parameter ¢ is chosen to be V.,-affine, or in other words if
I',(t) = 0 for all ¢, then we have (cf. Equation (3.45))

b
D(v) = //< s g(s)dsdt = / (b—s)gy(s)ds. (3.54)

When V is the Riemannian connection, by applying Equation (3.48) to D,
we see that D(y) = }|ly||?, where ||7]| is the length of v defined by Equa-
tion (1.25). In this respect, the (g, V)-divergence of a curve gives a modification
of the definition of curve length. Now, suppose that (S, ¢,V,V*) is a dually
flat space, on which the canonical divergence D is defined. In the Rieman-
nian case (V = V*), for any geodesic y we have ||v| = d(y(a),v(b)) and hence
D(v) = D (y(a) || ¥(b)) = D (v(b) || ¥(a)) by Equation (3.48). (Note that we are
only treating local properties and do not consider cases such as cylinders.) On
the other hand, in the general dually flat case we have D(v) = D (y(b) || v(a))
if v is either a V-geodesic or a V*-geodesic (see Equation (3.47)). See Henmi
and Kobayashi [108] for an interesting physical interpretation of the canonical
divergence.

3.5 The dualistic structure of exponential
families

In this section, we investigate the dually flat structure of an exponential family
with respect to the (£1)-connections and the Fisher metric, which are shown to
be closely linked to some fundamental aspects of statistics. Let us begin with
revisiting the question put at the end of §2.6 about the origin of the 1-flatness of
an exponential family, which is now easy to answer. For an exponential family
S, its extension S is an l-affine manifold and hence is 1-flat, and turns out
also to be (—1)-flat by the duality. According to Theorem 2.9, S inherits the
(=1)-flatness from S, and turns out to be 1-flat by the duality again.
We showed in §2.3 that with respect to an exponential family

p(z;6) = exp [C(&c) +0°Fy(z) — w(ﬂ)] , (3.55)

the natural parameters [6°] form a 1-affine coordinate system. Now if we define
no=nl0) & EslF] = [ R (@:0)ds, (3.56)

then from Equations (2.33) and (2.9) we obtain 1; = 8;9. Furthermore, from
Equations (2.34) and (2.8) we obtain 9;0;9 = g;;. Hence [n;] is a (—1)-affine
coordinate system dual to [6?], and v is the potential of a Legendre transforma-
tion. We call this [n;] the expectation parameters or the dual parameters.
For the examples of exponential families given in §2.3, we have the following.
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Example 3.1 (Example 2.5: Normal Distribution)
0! 2., 2
M= R= g M= 4 to :W
Example 3.2 (Ezample 2.6: Multivariate Normal Distribution)
M= s Mij = ()i + papy (@< 7)
~1gA,

1
na = p = —5(98)

1opy 1o _
g =S+ ppt =~ (07)71 + L (07)7T04(0%) (67)7

Example 3.3 (Example 2.7: Poisson Distribution)
n=¢=expl

Example 3.4 (Ezample 2.8: P(X) for finite X)

exp 6

m = plz;) =& :IW

The dual potential ¢ in Equation (3.36) is then given by

e(0) = Oni(0)—y(0)

= Ey[logpy —C]
~H(py) — Eo[C], (3.57)
where H is the entropy: H(p) def [ p(z)logp(z)dz. In addition, from
Equation (3.38) we have
(0) = max {0"n:.(0) —¥(0)}, (3.58)

where the maximum is attained by 8’ = 6.
From the definition of the Fisher information matrix (i.e., Equation (2.6))
we have

9i;(0) = Eg[ (Fi — na)(Fy — n5) 1. (3.59)

Now let us regard the function F; as an estimator for the parameter n; and
denote it by 7;(x) = Fi(x). Then Equation (3.56) means that 9 = [fj, -, 7] is
an unbiased estimator for the coordinate system n = [0y, - - -, 1,,}, while Equation
(3.59) means that the covariance matrix V; [7] is equal to G = [g;;]. It should be
noted that G is the Fisher information matrix for the coordinate system 6 = [67]
and, at the same time, is the inverse of the Fisher information matrix for n = [n;]
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by Equations (3.31) and (3.32). Hence, 7 attains the equality in the Cramér-Rao
inequality (Theorem 2.2), or in other words, 7 is an efficient estimator. We have
thus seen that an m-affine coordinate system of an exponential family always
has an efficient estimator.

Conversely, if a coordinate system £ = [¢'] of a model S = {p¢} has an
efficient estimator, then S is an exponential family and £ is an m-affine co-
ordinate system composed of expectation parameters. We give a geometrical
proof to this statement on the assumption that X is a finite set. Recall that
we have already proved in §2.5 that if there is an efficient estimator £ = [fi],
then S is an exponential family and there are n{= dim .S) linearly independent
e-parallel vector fields on S, say {X 1..., X"}, such that their e-representations
are (X})(©) = £ — ¢, Letting 8; = 651, we have (cf. Equation (2.49))

(0, X7) = OB | & | = trg? = o], (3.60)

In other words, the inner product between d; and an arbitrary e-parallel vector
field is always constant on S. By the duality of e- and m-connections, this
means that 9; is m-parallel and consequently [¢?] is m-affine. An essentially same
argument applies to the case when X is infinite, and we obtain the following
theorem.

Theorem 3.12 A necessary and sufficient condition for o coordinate system &
of a model 8 = {p¢} to have an efficient estimator is that S is an exponential
family and £ is m-affine.

Let us proceed to investigate the canonical divergence. Substituting Equa-
tions (3.56) and (3.57) into Equation (3.44) we see that the (g, V(!))-divergence
on the exponential family S = {py} is given by

DW (pg || por) = B [logpe —logps],

which is the 1-divergence defined by Equation (3.26), or in other words, the dual
of Kullback divergence, and consequently the (g, V(~1))-divergence is the Kull-
back divergence D(—1). The triangular relation (3.49) in this case is essentially
equivalent to the following relation for the Kullback divergence D = D{1):

D(pllg)+D(ql|r)—D(pllr)
- / {p(z) — q(z)}{logr(z) — log q(z)}dz, (3.61)

which is elementary but often useful in applications.
From Corollary 3.9 and Theorem 3.10, the solutions to the minimization
problems
in D d D
min D (pllg) and  minD(q]|p)
are respectively given by the V(™ -projection and V{®)-projection, both of which
are important in many applications. The former problem frequently appears in
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statistics in connection with the maximum likelihood estimation (see Equation
(4.38)), while the latter plays a crucial role in the large deviation theory via
Sanov’s theorem (see §6.2). An example of the latter problem will be given
below, for which we begin with a slightly wider setting as follows.

Given (n + 1) functions C, Fy,...,F,, : X — R, let S = {pg | § € O} be the
n-dimensional exponential family represented by Equation (3.55). Then for any
6 € B and any ¢ € P(X) we have

H(po) + Ep,[C + 0°Eyp, [ Fy] — H(q) — Ej[C] — 0°E,[ Fi]
=D (ql|pe) 2 0,

which leads to

e {H(q) + E,[C] + 0°E[ F;]}

= H(pg) + Ep, [C] + 0" Ep, [ F;] = ¥(0). (3.62)
Given a vector A = {A1,...,\,) € R”, let

My ¥ {qeP|E[F]=X\,i=1,...,n}. (3.63)
Since M, is defined by a linear constraint on the elements, it is a mixture family.
Now let us assume that SN M), # ¢, or equivalently that there exists an element
of ©, say 0, such that 7;(0) = Ep, [F;] = A; for i =1,...,n. Then we have:

max{H(q) + E,[C]} = H(pex)‘f‘Epa,\[C}

&
qeEM)
= P(0x) — O\
= min{y(6) - 6'\i}, (3.64)

where the first and second equalities follow from Equation (3.62), while the last
follows from Equations (3.57) and (3.58).

When C = 0 it follows that maxgen, H(q) = H(ps,), which is often referred
t0 as the principle of maximum entropy . This has the origin in statistical
physics; the thermal equilibrium state which maximizes the thermodynamical

entropy S(p) ©f kH (p), where k(> 0) is Boltzmann’s constant, under the
constraint F,[e] = & on the average of the energy function ¢, is given by the
Boltzmann-Gibbs distribution
1 :

p*(:c) _ Z€~e(z)/k’1 ,
where T is the temperature and Z is the partition function. This corresponds
to the previous situation by letting C =0, n =1, F; = ¢, A = ¢, 0\ = -1/kT
and 1{0)) = log Z. Assuming T > 0, p* is also characterized as the distribution
minimizing Helmholtz’s free energy F,[e] — T'S(q), which may be regarded as
a special case of Equation (3.62).
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When C(z) = logp(z) for a given distribution p € P, on the other hand,
Equation (3.64) may be rewritten as

qu\g D(qllp) = D (peo, I p)
=03\ —9(0r) = Gce {0°Ni —v(0)}, (3.65)

where py and 1 are now represented as

p(z;0) = p(x) exp[6* Fi(z) — ¢(6)]  and (3.66)

»(0) =log E, [e”i - (3.67)

This 1(0) is commonly called the logarithmic moment generating function
or the cumulant generating functicn of p with respect to the random vari-
ables Fi,..., F,. Note that the mixture family M, and the exponential family
S = {pg} intersects orthogonally at ps,, and therefore for all ¢ € M) and all 6
the following Pythagorean relation holds:

D (q || pe) = D (q||psy) + D (pe, || pe) - (3.68)

The first equality of Equation (3.65) may be viewed as a consequence of this
relation for § = 0.

Now consider the case when n = 1. Given a probability distribution p €
P(X), a random variable F' : X — R and a closed interval I C R, Equation
(3.65) leads to

R(I) déqu%n D (q||p) = min max{0A ~ $(9)}, (3.69)

where () = E,[€?"']. The probabilistic meaning of this quantity is given by
the large deviation theory, which tells us that

N
h}POONIOgPr{ 2:: (X%) EI} —R(I),

where X1, Xo, - - - are X-valued random variables that are independent and iden-
tically distributed according to p(x). Equation (3.69) may now be considered to
be a bridge between two famous large deviation theorems — Sanov’s theorem
and Cramér’s theorem (see e.g. [78]).

We conclude this section by noting that, as examples of Equation (3.54),
the Kullback divergence has two mutually dual integral representations. For
arbitrary distributions po and pi, let us define p{™ % (1 — t)po + tp; and

ge def po Pt /Z,, where Z, is the normalizing constant. Then {pgm)} and
{pie)} form a mixture family and an exponential family, respectively, which
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are two different curves connecting po and p;. Now, letting ¢(™(¢) and ¢(® (¢)
respectively denote the Fisher informations of {pgm)} and {pée)}, we have

1

/ / g™ (s)dsdt = / (1-5)g"™(s)ds (3.70)
0<s<t<1 0
1

/ / 4(s) ds dt = / (1—5)g9(s)ds.  (3.71)
0<s<t<1 0

3.6 The dualistic structure of a-affine manifolds
and o-families

D (p1 ]| po)

i

I

D (po le)

Let us turn our attention to the general a-connections and try to extend some
of the results in the previous section to their a-versions, using the framework
of §2.6. Let us fix o to a particular value and let S = {py} (C P(X)) be an
a-affine manifold represented as Equation (2.65). Then as mentioned in §2.6,
S is a-flat and [#’] forms an a-affine coordinate system, while from Equation
(3.29) we now see that S is also (—a)-flat. In other words, (S, g, V{®), V(~)) is
a dually flat space. Now if we define

m < / Fy(z)0C (z;0)d, (3.72)
Equations (2.60) and (2.65) lead to
6jm == /FiBjﬁ(_“)dx == /Biﬁ(o‘)ajf("a)dx = Gij~ (373)
Since this satisfies Equation (3.32), [¢°] and [n;] are mutually dual, and hence
[7:] is a (~a)-affine coordinate system. In addition, letting for an arbitrary
p € P(X)
— [r@)es (@# 1)
v (p) =g e SN
p(z){logp(z) ~1}dr (a=-1)

we may easily confirm that the potential functions of the Legendre transforma-
tion satisfying Equations (3.33) through (3.36) are given by

p(O) = T (py), (3.75)
o(0) = TN (pg) — / C(z)¢ ) (z;0)dz. (3.76)

For arbitrary p,q € P(X) and o € R, let

D@ (p|q) & ¥ (p) + ¥ (g) — /L(“)(p(w))L("“)(Q(w))dw' (3.77)
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Since this is represented as

o 4 11—« 1+« i-a lta
D<)(pilq):1_a2/{ R B }dm (3.78)

for o ¢ +1 and
DY (pllg)=DW (qp) = / {q —p+plog g} dz (3.79)

for a = £1, we see that D(® (p|| q) coincides with the a~divergence defined in
§3.2 when p and ¢ are probability distributions. Now, applying Equations (3.75)

(3.76) and
o = / {69 @;0) - (@)} €9 (2;0)da
to the definition of the canonical divergence
D(01]0') = v(0) + p(¢") — 6"n,
we obtain the following theorem.

Theorem 3.13 The (g, V(@) and (g, V) -divergences on an a-affine man-
ifold S (C P(X)) are given by the restriction of D™ and D) onto SxS,
respectively.

From Theorem 3.13 it follows that, on any a-affine manifold, Theorems 3.7,
3.8, 3.9 and 3.10 hold for D = D& and V = VE® | On the other hand, an
a-family is not a-flat unless & = £1, and hence these theorems do not apply to
it. Nevertheless, the property described in Theorem 3.10 is still valid as follows.

Theorem 3.14 Let S be an a-family, M a submanifold of S, and p a point in
S. A necessary and sufficient condition for a point ¢ € M to be a stationary
point of the function r — DF (p || r) restricted on M is for the (+a)-geodesic
connecting p and q to be orthogonal to M at q (with + the same sign).

Proof: Given a point q in M, let
yEa)  def {p €S J Va, DFE® (p] (O = O}
W peang

where S is the denormalization of S, which is an a-affine manifold, and 8,
denotes the natural basis of a coordinate system [u®] of M. It suffices to verify
the following statements.

(i) WE) is (+a)-autoparallel in S.
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(i) T,(W&)) is the orthogonal complement of Ty(M) in T,(S).

First, noting that D% is the (g, V{*®))-divergence of the a-affine manifold §
and recalling Equation (3.52), we see the following.

(iii) V&) is (+a)-autoparallel in S.
(iv) T,(V{+%) is the orthogonal complement of T, (M) in T,(S).
Then (ii) is immediate from (iv). Next, Equations (3.78) and (3.79) lead to
D (rp | (8a)q) = TUFV2DE) (p | (8,),)

for any p € S and any 7 > 0, which implies that V(% is the denormalization
of W), Hence, (i) follows from (iii) by Theorem 2.10. n

Corollary 3.15 Given a point p in an a-family S and a positive number c,
suppose that M+ {g€ S| DE) (p|lq) =c} forms a hypersurface in S.
Then every ta-geodesic passing through the center p orthogonally intersects
M*.

For instance Theorem 3.14 is applied to § = P(X ) for any finite X', since
S is an a-family for all & (Example 2.11). This may be generalized to the case
when X is infinite in a natural way (see Appendix of Amari [6]).

As briefly explained in §8.4, Kurose [134] showed that a divergence is canon-
ically defined on a manifold equipped with a dualistic structure of constant cur-
vature and exhibits a modified form of Pythagorean relation. The a-divergence
on an a-family is an example of Kurose’s divergence, for which the modified
Pythagorean relation is demonstrated in the next theorem. We can see that the
theorem provides Theorem 3.14 with another proof.

Theorem 3.16 Let S be an a-family, p,q and r be three points in S, 1 be the
a-geodesic connecting p and q in S, and 2 be the (—a)-geodesic connecting q
and r in S. If at the intersection q the curves v, and v, are orthogonal, then

D@ p|r) = D™ (p|lq)+ D (q|r)
1—a?

P @D (q]r). (3.80)

Proof: When a = +£1, the theorem is nothing but the Pythagorean relation
for the canonical divergence D*1) on an e- or m-family S. Hence we have only
to consider the case when a # +1. Throughout this proof we use a special
notation in which L(*¥®)(p(z)) is denoted by p**)(z) and Equation (2.75) is
written as

p(@) =Y 0 p)Fr(a), (3.81)
A=0
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which we may assume for the a-family S. Since the a-geodesic v; is an o-family
due to Theorem 2.11, it is represented as

1 (@31) = a(t)p (z) + b(t)g (). (3.82)

Assuming 71 (z;0) = g(z), we have a(0) = 0 and 5(0) = 1. From Equation (2.62)
dx

we have
0 = / («a)( ) d7§a)(z; t)
B ¢ “ dt
=0

= 40 [ P@ @) dz + 0)

4

'1—:'-&-"2‘. (3-83)

On the other hand, the denormalization ¥, of the (—a)-geodesic v, is (—a)-
autoparallel in S due to Theorem 2.10, and forms a plane in a (—a)-affine
coordinate system of the a-affine manifold S given by Equation (3.72). This
means that 4, may be parameterized as

/FA(x) 7§“a)(x;s)dx = c(s)/FA(x) ¢ (z)dx

+ d(s)/F,\(x)r('a)(x) dz. (3.84)

We assume that y2(z;0) = g(x) to yield ¢(0) = 1 and d(0) = 0. Then the inner
product of the tangent vectors of these two curves at the intersection g is given
by

(11(0),42(0)),

where (A) follows from (2.60), (B) follows from (3.82), (C) follows from (3.84)
combined with the fact that both p{® and ¢(®) belong to the linear span of {F)}
due to (3.81), and (D) and (E) follow from (3.83). This proves the theorem,
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because the quantity [---] in the last line coincides with the difference (RHS) -
(LHS) of Equation (3.80). ]

The additivity (3.28) for the Kullback divergence is modified for the a-
divergence as follows:

2

D) (p12llgr2) = D (p1]lg1) + D (pallgz) — L-e D™ (p1lg1) D) (p2lg2),

4

where p12(z1,22) = pi{z1)p2(z2) and qi2(z1, x2) = qi(z1)g2(z2). This relation
can be seen as an example of the above theorem.

Finally, we observe that the Cramér-Rao inequality and related results such
as Theorems 2.2, 2.7, 2.8 and 3.12 may be extended to their a-versions at least
from a viewpoint of formal analogy. For A: X — R and p € P, let

EGo)a] & / A(2) L (p(e))de,

ual A e

(= L%BE}(,"Q)[A} if a#-1), and

LAl = [ {4 - 4] pl) 2} pla) s
= V;)[A-p*““aﬂﬂ_

Similarly, we can define the vectors E,(,Wa)[/f 1, ,é,“’)[fi' ] € R" and the n x n
matrix Vi*[ 4] for an n-tuple A = (4%,..., A") of functions A’ : X — R. Now
we have the following theorems, whose proofs are almost parallel to those of the
original results corresponding to the case when a = 1, and are omitted.

Theorem 3.17 Let S be a statistical model in P(X) and let EC®)[Al|s denote

the function p E,(]_a>[A] defined for p € S. Then we have
(@) (- ?
VO[] 2 |[@BCDLA]ls), | - (3.85)

P

Here the equality holds if and only if
A—plA] p-o/2 ¢ Tl)(g) & I x| x e T, (9)}, (3.86
P P P

where X @) is the a- representation of X defined by Equation (2.59). In partic-
ular, if S = P(X) then the equality always holds.

Theorem 3.18 Let S = {p¢; £ € E} be an n-dimensional statistical model in
P(X). If an n-tuple of functions A = (A}, ..., A™) satisfies Eé"a)[f_f] = £ for
all £ € Z, then we have V(a)[fﬁ > G(&)7Y, where G(£) denotes the Fisher

£
information matriz of S with respect to the coordinate system &.
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Theorem 3.19 A necessary and sufficient condition for an n-dimensional sta-
tistical model S to have a coordinate system & = [£*] and an n-tuple of functions
A = (A?) satisfying E( a)[ Al =¢& and V(a [A] = G(&)™! for all £ € E is that
S is an a-family.

3.7 Mutually dual foliations

Let [0%] and [n;] be mutually dual coordinate systems of an n-dimensional dually
flat space (S,g,V,V*). First, let us divide the range of the index ¢ = 1,---,n
into the two sections ¢ = 1,---,kand i =k + 1,---,n, and call these sections I
and II, respectively. Now let M(cy) be the set of points whose coordinates [n;]
in Section I are fixed to constants ¢; = (cy;), fori=1,--- k:

M(cr) ={peS|m) =cr1, -, mp) =crr}-

This forms a (n — k)-dimensional V*-autoparallel submanifold. The set M(cy)
varies with ¢y, and if ¢; # ¢ then

M(cr) N M(cp) =0,

UMer) =5

In other words, S is partitioned into the submanifolds {M(¢;)}. We call such a
partition a foliation of S.

In a similar manner, consider the set E(d;;) of points whose coordinates
gF+1 ... 0™ in the f-coordinate system are fixed to values d5f!,--- d7;:

and also

E(dir) ={pe 8|0 (p) =dif, .-, 0"(p) = d}; } .

This is a V-autoparallel submanifold, and the set of {E(d;7)} form another
foliation of S.

A point p determines the M(c;) and the F(d;) containing it. Then p
is the intersection of these M{(c;) and E(drr). The tangent space T,(M) of
M (cy) at this point is the k-dimensional space spanned by {&,---,0%}, and
the tangent space T,(E) of E(dy;) is the (n — k)-dimensional space spanned by
{OF*1,...,0"}. What is interesting is the fact that

(8:,0°) =0 (i # J)

and that hence T,(F) and T,(M) are orthogonal. Such foliations orthogonal to
each other are said to be mutually dual.

Now divide the n-coordinates of the point p into the first k£ dimensions and
the remaining n — k dimensions:

n = (n1,M11),
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E(6%q))

— E(6%»)

Figure 3.3: Mutually dual foliations of S.

and similarly divide the #-coordinates:

6 = (67,0™).
Then the point p is the intersection of M(n;) and E(871). If we let
£= (7717 011)7

then this defines a coordinate system for S. We call this a mixed coordinate
system.

Let p and ¢ be two points whose mixed coordinates are (n;(p),8'!(p)) and
(n1(q), 0" (q)), respectively. Now consider the points whose mixed coordinates
are 7 : (n1(p), 0" (q)) and 7' : (n7(g),08'(p)). Then r is the V*-projection of
q onto M(n;(p)), and r’ is the V-projection of ¢ onto E(8'/(p)) (Figure 3.3).
From this we see that

D(pllg) = D(pllr)+D(rllg) and

D(lp) = D@lr)+D( |p),

where we denote by D the (g, V*)-divergence.

In the case when (S, g, V, V*) = (P(X), g, V), V(™))  the manifolds { M (cs)}
are mixture families, {E(d;r)} are exponential families, and D is the Kullback
divergence. An example is given by Equations (3.55) and (3.63). That is, letting
E(C) = {pg} be the the exponential family defined by Equation (3.55) from a
function C, we see that the collections of the sets {E(C)}¢ and {M,}, form
mutually dual foliations (although the parametrization C' — E(C) is redundant
in this case), for which the Pythagorean relation (3.68) holds. Another example
will be shown in §6.2.
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3.8 A further look at the triangular relation

In Theorem 3.7 we observed that the triangular relation (3.49) characterizes
the canonical divergence. This characterization assumes, however, the existence
of mutually dual affine coordinate systems from the beginning and hence is
meaningful only when the underlying space is known to be dually flat. In this
section, we shall reformulate the triangular relation in a wider setting where
the flatness is not assumed, so that we can fully understand the specialty of the
canonical divergence among other divergences.

We begin with introducing some important notions from differential geome-
try. Suppose that an affine connection V is given on a manifold S. For a point ¢
and a tangent vector X € T,(S5), let v : £ — ~(t) be a V-geodesic with an affine
parameter ¢ such that v(0) = ¢ and 4(0) = X. We write £(X) = v(1) when
(1) lies in S, and call the mapping &, : X — &,(X) the exponential map for
V at g. It can be shown that there exist a neighborhood U of 0 in T,(S) and a
neighborhood V' of ¢ in S such that &y is a diffeomorphism from U onto V.
We assume U = T,(S) and V = S to simplify the description.

When a basis {u1,--,un} of Ty(S) is specified, a coordinate system [6°] of
S is defined by & (0" (p)u;) = p, Vp € S. We call [§°] the normal coordinate
system for V determined by {u;}. In this coordinate system, a geodesic v
passing the point g is represented as v (t) &f i (7(t)) = tc* by an affine param-
eter ¢ and constants {c'}. Conversely, if a coordinate system [0?] satisfies this
property, then [f] is the normal coordinate system determined by {(5%;)(1}.
In particular, an affine coordinate system [0] of a flat connection is a normal
coordinate system at g if 8°(q) = 0 for all 3.

Let [0°] be a normal coordinate system for V at q and {T'%} be the connection
coefficients of V with respect to [#’]. Then we have (Proposition 8.4 in chap.
1T of [122], vol.1)

(rfj)q+(r§i)q= 0. (3.87)

Indeed, substituting v*(¢) = tc¢* into Equation (1.56) and then letting t = 0, we
have ¢'c?(T'¥;), = 0 for all (c!), which leads to the equation above. In particular,
if V is a symmetric connection, we have (') = 0.

Now we state the main theorems of this section.

Theorem 3.20 Let V and V* be symmetric connections, g = { , ) a Rieman-
nian metric and D a divergence on S. Then the following conditions (i) and
(1) are equivalent.

(i) The triple (9,V,V*) is a dualistic structure induced from D in the sense
described in §3.2.

(i) The following approzimation is valid at every point q, as other points p
and r approach q:

Dpllg+D(qlir)=Dplir) = (& p), &7 (r), +o(A%), (3.88)

{  NIRDERS.
| graaTs UUNIV.
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where £, and E; are respectively the exponential maps for V and V* at g,
and

A Y max{ |£(p) — ()], lEC) — €@ }

for an arbitrary coordinate system & = [£"].

Theorem 3.21 In the same situation as the previous theorem, the following
conditions (i) and (ii) are equivalent.

(i) (S,g,V,V*) is dually flat and D is its canonical divergence.

(ii) For all p,q,r €8 it holds that

D(plle)+D(g|r)=Dplr) = (" @),&7'(), (3-89)

The rest of the present section is devoted to proving them. Our first goal is
to prove the part (i)=(ii) of Theorem 3.20. Let D be a divergence on S and

(g, V,V*) the dualistic structure induced from D. Let p, g,r be arbitrary three

points in S and let o' & ¢i(p) — £i(q) and b 4f ¢i(r) — £i(q) for a coordinate

system [€7] of S. Let us expand D (p||q) + D (g||r) — D (p|lr) in terms of [a’]
and [b%] around p = ¢ = 7 up to the third order of A = max{|a|l, [|b]}. We
start from the expansion

D(|r)-Dlir) = D(@)lr)a’+ %D ((8:0))q || ) a'a’
+%D (8:0;00), || 7) diada® + o(A%),

into which we substitute the following expansions:

o1, ,
D((@i)qllr) = —gi — 5 jk,ib]bk + o(A?),
D((8:07)qlIm) = gij — Tigb® +0(R),
D((aiajak>q ||7') = hijk +O(1),

where all the quantities g;;,I';;x, etc. are evaluated at the point g, and hijx is

hgﬁ) defined by Equation (3.15). Then we have

1 1 .
D (p ” T) -D (q H T) = _gijalbj + igijaza] — —2~Fij,kalajbk
1 o 1 o
) ;kyiazlﬂbk + ghijka’a]ak + o(A?%),

Combining this with

1 o1 o
Dl = 591']'&’@” + ghijkaiaja’“ + o(A®),
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we obtain

D@llg+Dglir)-D(plr)

= g’V + Ty pa‘alht 4 % * G 4 o(AY), (3.90)
Now, let a(t) and b(t) be curves in M satisfying a(0) = b(0) = g, and let
at(t) = &'(a(t)) — €'(q) and b¥(t) = £'(b(t)) — £*(q). Using the expansion above,
we have

D(a(t) @) + D (gl b(t)) — D (a(t) | b(¢))
= gijail}jt%%(gijdil}j +g:;0°0 )83+ -;-(rij,kaiafb’“+1‘;k7iaibﬂ'b’“)t3+o(t3)

= (a,b)¢* + %(<vaa,5> +(a,V;b) )+ o(t?),

where the derivatives of a and b are evaluated at ¢ = 0. In particular, if a(t)
and b(t) are V-geodesic and V*-geodesic, respectively, with t being their affine
parameters, then

D (a(t) | g) + D (a1 6(8) = D (a(t) 1bt)) = (&, £ + ofs%).

Noting that &;(at) = a(t) and that E;(bt) = b(t), we see that Equation (3.88)
holds.

Next, we show the converse part (ii)=(i) of Theorem 3.20. Let {u;} and {v7}
be two bases of T, () which are mutually dual in the sense that (u;, v’ Vg =07,
and let [0%] ([n;], respectively) be the normal coordinate system for V (for V*)

at g determined by [u;] (by [v7]). We denote the components of g, V, V* with
respect to (0] by gij, T'ijk, '} ;- Then we have

((8:)q: (87)g), = (wi,v?), =6, (3.91)
where 8; % 2 and &7 wof 5%, which implies that (0;n;)y = (gi5)q. Now
Equation (3.88) is represented as

Dplle)+D(qlir) =D (pllr) =0 (p)n:(q) + o(A%), (3.92)
from which we have
D((@)plla) =D ((0)pll7) = mlr)+o(A?), (3.93)
=D ((0:)p [ (95)r) = (Ojmi)r +0(A), (3.94)
=D ((8:0;)p 1| (Bk)r) = o(1). (3.95)

Letting p = r = ¢ in the last two equations, we have (gg)))q = (0M:)q = (9ij)q

and (I‘gf,z)q = 0 = (I';;,x)q, where the last equality follows from the assumption
that [#"] is a normal coordinate system at g for the symmetric connection V.
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Since g is arbitrary, it is concluded that g(®) = g and V(P) = V. The equation
V(P = V* can be verified similarly.

Let us proceed to the proof of Theorem 3.21. It is easy to see that Equa-
tion (3.89) coincides with the triangular relation (3.49) when (S,g,V,V*) is
dually flat, and hence the part (i)=>(ii) is straightforward. Assume (ii) to prove
(ii)=-(i). Then the triple (g, V,V*) is induced from D owing to Theorem 3.20.
Furthermore, the remainder term o(1) in Equation (3.95) can be omitted in this
case, and letting p = r, we have —D ((8;0;)p || (3k)p) = (Lijk)p = 0 for every
p. This means that V is flat with [#] being an affine coordinate system, and
therefore (S, g, V, V*) turns out to be dually flat. Now Equation (3.89) is just
the triangular relation (3.49), and it follows from Theorem 3.7 that D is the
canonical divergence. The proof is thus completed.

Finally, let us take a look at the case when V and V* may have nonvanishing
torsions. In general, for any two affine connections V and V', their difference

QX,Y) © VyY — Vs Y forms a tensor field of type (1,2). When Q) is skew-
symmetric (Q(X,Y) = —Q(Y, X)), we say that these connections are equivalent
to each other. It is easy to see that the geodesics, the exponential maps and the
normal coordinate systems are kept invariant under this equivalence relation.
We also note that there is a unique symmetric connection in each equivalence
class. Indeed, given a connection V, the symmetric connection V' equivalent to
V is obtained by VY = VxY — LT(X,Y), where T is the torsion tensor of V,
or equivalently by I‘;’; = %(I‘fj +1I%;). We call this V' the symmetrization of V.
In general, for not necessarily symmetric connections V and V* and a metric
g, condition (ii) in Theorem 3.20 holds with a divergence D if and only if the
symmetrizations of V and V* are induced from D together with g. Therefore
a necessary and sufficient condition for (g, V, V*) to have such a divergence is
that the symmetrizations of V and V* are mutually dual with respect to g.



Chapter 4

Statistical inference and
differential geometry

Suppose that we are given data generated according to some unknown proba-
bility distribution. Statistical inference is the process of extracting information
concerning the underlying probability distribution from this data. If we have
prior knowledge concerning the underlying mechanism generating this data, in
other words if we know the shape of the unknown distribution, then the possible
candidates may be constrained to a parameterized family of distributions. We
call such a family a statistical model. The field of statistics has a long history,
and many techniques and theories for inference have been developed. Of course,
probability theory and analysis serve as the foundation of this development.

On the other hand, a family of probability distributions which constitutes a
statistical model has a rich geometric structure as a manifold with a Riemannian
metric and dual connections. In order to obtain new insights into the frame-
work of statistical inference, and to develop superior techniques for inference,
it is vital that we reconstruct the field of statistics as the geometric reinterpre-
tation of statistical models. It appears likely that this field will see extensive
development in the future. In this chapter, we first consider classical inference
of estimation and hypothesis testing from the geometric point of view. We then
move towards non-parametric and semi-parametric inference, where the shape
of the underlying distribution is unknown.

4.1 Estimation based on independent
observations

Consider a family of probability distributions S = {p(x;&)} parameterized by

€ = [¢] for i = 1,---,n. Under appropriate regularity conditions, S may be

viewed as an n-dimensional manifold for which £ is a (local) coordinate system.
Now let z1, -,z be N independent observations of the random variable x dis-
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82 4. STATISTICAL INFERENCE AND DIFFERENTIAL GEOMETRY

tributed according to p (z; ). Letting ™ = (x1,---,2n), the task of statistical
inference is to infer the probability distribution p(z;£) given the N data points
V. For example, estimation is a kind of inference task, where the goal is to
find an estimate £ of &; alternatively, one might consider the task of testing,
where the goal is to decide if the hypothesis Hy : £ = £ is accepted against the
alternative hypothesis H; : £ # &g, or is rejected.

We have already seen how a Riemannian metric based on the Fisher in-
formation matrix and one-parameter family of affine connections called the a-
connections may be introduced on a manifold S representing a statistical model.
Since the probability distribution govermng 2N can be written using the distri-
bution of a single data point as

we also have

logpy (z7;¢ ZIng T € (4.1)

By viewing zV as a random variable, we find Sy = {p (z";£)} to be, like
S = S;, a manifold with ¢ as a coordinate system. However, from Equation
(4.1) and the definitions, we find that the geometric structure introduced on Sy
is given by

g5 (&) = Ngy(€) and (4.2)
e = N (4.3)

In other words, the geometry of Sy is simply that of S scaled by a factor of V.
Another way in which this can be seen is that the natural basis vectors oN of
SY are simply those of § under the scaling transformation

Hence distinguishing between the geometries of SN and S serves no purpose,
and it suffices to simply consider the geometry of §.

In the theory of estimation, an estimator is defined as a function on the N
data points 'V

£ =E@) =&z, -, an). (4.4)

Now, if we consider 2"V to be a random variable, then we must consider 5 N to
be one also. In addition, it is necessary to select a condition that £ must satisfy
which ensures that 5 is in some way similar to the actual parameter £ of the
underlying distribution p (z; £). Unbiasedness is one such condition which states
that € must be distributed around £. We have already given its definition in
§2.2 for the case N = 1, and it is straightforwardly extended to the case N > 1
as

Eg[é}:g for Ve, (4.5)
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where E¢ now denotes the expectation with respect to the distribution
pw (2";€).

The mean square error is often used to measure the accuracy of an estimator,
which may be expressed as the matrix V¢[{] = [v/] where

of =oflé] = Be[ (6 -¢') (€ -¢)]. (4.6)

When £ is unbiased, V;[£] equals the variance-covariance matrix. It should be
noted that neither the unbiasedness and the mean square error are geometrically
invariant criteria. They actually depend on the choice of coordinate system &.
A lower bound on the mean square error of an unbiased estimator € is given by
the Cramér-Rao inequality (Theorem 2.2 in §2.2), which now takes the form

9] > 1) (47)

where [¢%/(£)] denotes the inverse of the Fisher information matrix [g;;(£)] of the
model S for a single observation, and we use > to mean that (L.H.S.)—(R.H.S) is
positive semidefinite. In addition, Theorem 3.12 in §3.5 claims that a necessary
and sufficient condition for the existence of an efficient estimator, i.e., an unbi-
ased estimator achieving the lower bound for all £, is that Sy = {pn (zV;¢)}
is an exponential family with £ being an m-affine coordinate system. It is easy
to see that the condition holds if and only if S = S is an exponential family
with £ being an m-affine coordinate system. (To verify the “only if” part may
be a good exercise.) We shall discuss a more detail about the efficient estimator
for an exponential family in the next section.

Next we proceed to the asymptotic theory of estimation, in which the
issue is the performance of an estimator in the limit of N — oo. In this case,
the unbiasedness is not so meaningful as in the case of a fixed N. Instead,
we usually require an estimator E N = EN (zV), or more precisely, a sequence
of estimators {EN; N =1,2,--}, to be consistent in the sense that for any
£, the estimate é ~n(z™V) converges in probability to £ as N —» oo when z'V is
distributed according to py (:EN ;{). In other words, this states that for all £
and all € > 0,

lim Pre {;éN ¢ > e} —0. (4.8)
N-—o0
The probability distribution of a consistent estimator é ~ is concentrated at the

underlying value £ as N — oco. Under some regularity condition, the expectation
of £ converges to £ uniformly, so that we have for all £,

lim Be[én] =¢ (4.9)

and
lim ;B[ & ] = 06" = 5. (4.10)

|
§
4
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]
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The mean square error of such an asymptotically unbiased estimator satisfies
the following asymptotic Cramér-Rao inequality:

lim N[v[En]] 2[99 (€))- (4.11)

N—o0

Indeed, substituting cléj\, for the random variable A in Equation (2.50) and
letting ¢ E; [é}v ], we obtain

ij i eiy1? i jy L
cicjvg — {ei(u' =€)} > cici(Op )(azlﬂ)j\;g“,

from which Equation (4.11) follows. A consistent estimator which achieves the
equality in the equation above for all £ is called an asymptotically efficient
estimator or a first-order efficient estimator, or is sometimes simply called
an efficient estimator. Such an estimator is optimal with respect to the mean
square error up to differences of order N1, Given this, it seems reasonable to
then ask whether there always exists an asymptotically efficient estimator for
an arbitrary model. Unlike the case of efficient estimator of finite IV, the answer
is “yes”, and an example is given by the maximum likelihood estimator.

Given z%V, consider py (z?; ) as a function of ¢, and call this the likelihood

function. We call é ~ the maximum likelihood estimator ém_l,e, if it satisfies
maxpy (zV;€) = pn (a:N;fzv) ; (4.12)

i.e., if it takes a value for £ which maximizes the likelihood. The following result
is well known in statistics.

Theorem 4.1 The mazimum likelihood estimator fAm,l_e is asymptotically effi-
cient. In other words, for all £ we have

]\;‘Enoo Nvgj[ém.l.e] = gij (f) (413)

In fact, it is possible to prove the stronger claim that asymptotically, é is a
Gaussian with mean ¢ and covariance N™1[g¥/]. In §4.4, we shall see these
classical results in the light of geometrical framework for a model embedded in
an exponential family.

The mean square error of an asymptotically efficient estimator é may be
written as

161~ 3090 +0(57).

Given this, the discussion now shifts to considering the order N™% term of the
estimator. This is called the higher-order asymptotic theory of statistical
estimation, and shall be discussed in §4.5.
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4.2 Exponential families and observed points

In the definition of an exponential family:
p(x;0) = exp {C(z) + ' Fi(z) — ()}, (4.14)

the n functions Fiy(z), ---, F,(z) are random variables. Hence let us rename
them as the n random variables

IL‘Z:Fl(.'L’) (i:1,~-~,n),

andlet z = [z1, - -, x,]. Suppose we also define the probability density functions
on the n-dimensional random variable z = [z;] with respect to the dominating
measure

du(z) = exp{C(zx)}Hz.
Then Equation (4.14) may be rewritten without loss of generality as
p(z;0) = exp {8'z; — v(0)} . (4.15)

We use this representation in the discussion below. As was already seen, the
exponential family S = {p (z; )} is a dually flat space, with its e-affine coordi-
nate system given by the natural parameters 8, its m-affine coordinate system
given by the expectation parameters

= Ee[l‘z] .

We also have
Eo[ (@ — mi)(z; — n5) ] = g4;(0),

where g;; is the Fisher information matrix with respect to the natural parame-
ters.

Example 4.1 (Normal distribution: see Examples 2.1 and 2.5) Con-
sider a family of probability distributions parameterized by [u, o] of the form

p(x;p,0) = 75—;; exp {_5}7‘2‘(33 - N)Q} :

This is the 2-dimensional space formed by normal distributions, and it may be
rewritten as

1
p(z;p,0) = exp {%x - —z? - —%— - 10g(\/27m)} .
o

Now introduce the coordinate system 6 = [01,0%] defined by

01_# 02_ 1

0?2’ 202’
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and the random variable x = |x1, 2] defined by

r1=Fi(z) =2 and x3=Fy(z)=2"

We then see that we have the exponential family given by
p(z;8) = exp{0z;—¢(0)} and

2
() = 5;5+Iog( 2ro).

The expectation parameters 1 = [ny,12] are given by

m = Elzi]=p and
me = Elzy]=E[2?] = p? +0°

Consider N observations % = zq2 - -z, each independently distributed

according to an element py in the given exponential family. The probability
distribution on this is given by

N
pw (z7;0) = [ p(24:0) = exp[N{0'z; — $(6)}], (4.16)
t=1
where we have let
Ly
N t=1

(Note that z; is not the t™® component of the vector z, but rather the ¢
observed vector; Z; is the i*h" component of the vector #.) This shows that
{pn (IN ; 0)} also forms an exponential family with 6 being natural parameters.
Here it should be emphasized that the probability distribution py on 2V, which
has nN components, may actually be expressed as a function of the random
variable Z, which has n components. This means that Z is a sufficient statistic
with respect to the exponential family (see §2.2). This, then, guarantees that
statistical inference based on ="V may be reduced, without compromising the
quality of the result, to inference based on only Z, a compressed representation
of the data (the Rao-Blackwell Theorem).
Now consider, with respect to the observation z?V, the point which has the
coordinates
n = Z. (4.18)

In this way, the sufficient statistic Z of ¥ determines a point % in S (i.e., a
point whose coordinates under the 7-coordinate system is Z.) We call this the
observed point. Then the following clearly hold:

Eolz] = n

" Bol (% —mi)(Z —n;)] = %!ﬁj(e)a
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which means that 1) is an efficient estimator of n. (Recall that the Fisher in-
formation matrix with respect to the n-coordinate system is [¢*] = [g;;]™"; see
§3.5. ) From the central limit theorem, we see that, asymptotically, 7 is dis-
tributed according to the normal distribution with mean 7 and variance N ~g;;.
We also see that the observed point is the maximum likelihood estimate of the
model. Indeed, for any 6 we have

logpw (2V:0) ~logpn (aV:0) = N{(§ — 0"z —v(0) +¥(0)}
= ND(ps | ps) 20,

where 6 is the 6-coordinates of the observed point and D is the Kullback diver-
gence.

4.3 Curved exponential families

By a curved exponential family we mean a set of probability distributions
which forms a smooth submanifold within an exponential family; put another
way, it is a family of distributions which is smoothly embedded in an exponential
family. Letting n and m respectively denote the dimensions of the space of the
exponential family and the curved exponential family, we call this an (n,m)-
curved exponential family.

Let M be a curved exponential family with the coordinate system u = [u®],
where ¢ = 1,---,m. Then since the probability distribution denoted by u
belongs also to S, we may write their f-coordinates as

0 = 0(u). (4.19)

We may consider this as the parameterization of the submanifold M within S.
Then the probability distributions in M may be written as

p(z;u) = exp {0 (w)z; — ¥(6(u))} . (4.20)
We may also write this in terms of 7-coordinates as
n = nu). (4.21)

In the sequel, we chiefly use the n-coordinate system to represent a point in S,
so that Equation (4.21) is primarily preferred.

Example 4.2 Let € be a random variable distributed according to the standard
normal distribution N(0,1) with mean O and variance 1. Suppose we observe a
signal of strength 1 with noise €, both scaled by a factor of u:

z = u(l +&).

Then x is distributed according to a normal distribution with mean u and vari-

ance u?. Hence the candidates we wish to consider, within the 2-dimensional
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T,

observed
point

#: estimate

™

Figure 4.1: An example of a curved exponential family M.

space of the normal distributions S, are those probability distributions M =
{p(z;u)} such that

u=u and o? =42,
Now M is a (2,1)-curved exponential family parameterized by the scalar u, and
within the space of the exponential family S it is a curve whose defining equations
with respect to the 8-coordinate system are

1

lea and 6% = !

T2’

while with respect to the n-coordinate system they are
m=u, and 7y =2u’

(Figure 4.1).

Suppose the data points zy,---,xn have been observed. This determines a
point § = Z within S whose 7-coordinates are Z. We called this the observed
point. Since ¥ is a sufficient statistic for S, and hence for M also, it suffices to
simply consider functions of 7} for the estimators & = f(7) with which to estimate
the parameter u in the underlying distribution p (z; w). In other words, we may
represent an estimator by a mapping from S to M:

f:8S— M where 7w a=f(7).

The inverse of the estimator f, i.e., the set of all points in S which map under
estimation to the same point w, is in general an (n—m)-dimensional submanifold
of S. We let

A(w) = 7 w) = {n| f(n) = u} (4.22)
denote this space, and call it the estimating submanifold corresponding to

the point v in M. Then we see that selecting an estimator decomposes the space
S into a collection of estimating submanifolds (see Figure 4.2).
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Figure 4.2: Estimating submanifolds A(u).

From this point of view, we see that the characteristics of an estimator are
determined entirely by the set of estimating submanifolds {A(u)} and the shape
of the statistical model M. A similar visualization can be made in the case of
testing, which we discuss later.

4.4 Consistency and first-order efficiency

Asymptotic theory is the analysis of those properties which emerge when the
number of samples N is large. Let p(x;u) be the underlying distribution be-
longing to a curved exponential family described above, and let us consider the
accuracy of an estimator @ with respect to the underlying value u.

First let us consider the geometry of a cousistent estimator 4. When the
underlying distribution is u, the expected value of the random variable z is
n{w). Therefore, by the law of large numbers, Z converges with probability
1 to the point n(u) which represents the underlying distribution under the n-
coordinate system. Hence a necessary and sufficient condition for consistency
is for n(u), the limit of Z, to be contained in the estimating submanifold A(u)
corresponding to u. Since the point n(u) is indeed contained in M, this means
that this point n(u) is the intersection of M and A(u).

It is possible to consider an estimator for which the estimating submanifold
A(u) depends on the number of samples N, or equivalently, for which f(n)
depends on N. In this case, we have consistency if Ax(u) = fx'(u) contains
n{u) as N — oo.

Suppose now that we are given a consistent estimator 4, and let us evaluate
its estimation error. Since the observed point 7} = ¥ converges to the underlying
point n(u) as N — oo, 7 is distributed close to n{u) when N is large. Therefore
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Figure 4.3: The coordinate system w = (u,v) for S.

we may consider the tangent space of the point n(u) in S, and within this space
linearize the possible values of 7} with respect to the point n(u). Now take the
difference between # and its expected value, scaled by a factor of v N:

#=+VN{Z—n(u)} where I =[z] (4.23)

By the central limit theorem, this asymptotically follows the normal distribution
with mean 0 and covariance matrix [g;;(u)], where by g;;(u) we mean g;;(n(u)),
the covariance matrix of x under the distribution p (z;u) = p{z;n(u)). Note
that this is also the matrix representing the metric of the tangent space T,y (S)
with respect to the #-coordinate system.

The space S, as can be seen from Figure 4.3, is covered by the family formed
by the set of A(u). Since A(u) passes through the point u in M due to the
consistency, we may introduce a coordinate system v onto the submanifold A(u)
with u as the origin. The dimension of A(u) is n — m, and we shall use indices
such as k and A ranging over m+ 1,m + 2,---,n for the coordinate system v.

Then the point 7 in S may be indexed by (u, v), where u represents the A(u)
which contains 7, and v is the index of n in A(u). Let us consider w = (u,v) as
a new coordinate system for S. When using indices, we shall write

w=[ur] = [u?, %),

where o ranges from 1 to n, a ranges from 1 to m, and x ranges from m + 1 to
n. Then the n-coordinates may be written using the w-coordinates as

n = n(w) = n(u,v). (4.24)

This is a coordinate transformation from the (w = (u,v))-coordinates to the
n-coordinates. Since the origin v = 0 of A(u) is in M, the points in M may be
written as n(u) = n(u, 0).
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Let @ = (4, 0) be the (u, v)-coordinates of the observed point 7j; this may be
written as

7 = n(w) = n(a,?). (4.25)

Since 4 and # are close to u and 0, respectively, let us consider the following
normalized quantities:

i=vVN(@@—u), o=vVNi w=/(i0). (4.26)

Now take the Taylor expansion of Equation (4.25) around the point w = (u, 0).
Then since w = w + ﬁﬁ], and expressing in terms of n-coordinates, we obtain

o 1 L1 o
N =2Z; = ni(u,0) + ﬁaam(uyo)w + gﬁ(aaﬁﬁm)w W’

+ (8a050m; )0 BP0 + O (%) . (4.27)

1
6NVN

By moving the first term on the right hand side across the equality and
scaling by a factor of v/N, we obtain

1
Copil®i® + = Doy @007 + o(

oV (4.28)

F; = Bo;w® + ! ! )
7 a 2 \/N N \/N 3
where B, C, and D are the derivatives of n with respect to w. For example,

Bai = 0ami(u,0)  and  Capgi = 0,05mi(u, 0).

First let us discuss what is typically done in the asymptotic theory of esti-
mation, which is to drop the terms smaller than O(T/lﬁ) and take the linear

approximation. Let us denote the natural basis of n = [n;] by

0

e'::amzé),
and that of w = [w*] by
e, = 0 =0,

These are bases for the tangent space T,,)(S) of S at the point n(u) corre-
sponding to the underlying distribution in M (< §). We may decompose {e,}
into {e,} U {e.}, where the tangent space of M is spanned by

0

= Bue

€a

and the tangent space of A(u) is spanned by

2]

’6'17’; (/izm-l—l,n-,n).

€, =




92 4. STATISTICAL INFERENCE AND DIFFERENTIAL GEOMETRY

We may also decompose the matrix B,; into the B,; and B,;. Since
e, = Byie' and e, = B,e€',

we see that they are the components of the tangent vectors of each coordinate
axis in w = (u, v) expressed in terms of the basis {ei}. Recollect that the inner
products of basis vectors determine a metric; with respect to these bases, we
have - o

g7 = (e',e’) and

(4.29)

9op = (ea,es) = BaiBg;g".
The matrix gas representing the metric with respect to the w-coordinate system
may be decomposed as

Gab  Gar
= ; 4.30
[9as] [gﬁb G } (4.30)
where B
Jab = (€q,€p) = BaiBy;g” (4.31)

is the matrix representing the metric on M, which is also the Fisher information
matrix of the distribution family M. When A(u) and M are orthogonal we have

Gar = {€q,€x) = BaiB.;jg" = 0. (4.32)

If we ignore the terms smaller than or equal to the order of ﬁ in Equation
(4.28), we obtain the linear relation

W = BM%;, (4.33)

where [B*] = [9'w®] is the inverse matrix of [Ba;]. From Equation (4.29) we
have

B = g*Pg'iBg., (4.34)
where [g*?] denotes the inverse matrix of [9a8]. Since Z; is asymptotically
distributed according to the normal distribution with mean 0 and covariance
[9i7), its linear transformation w® is also distributed normally, with mean 0 and
covariance [g*”]. Since @ is the estimation error 4* — u® scaled by a factor of
VN, the mean square error scaled by a factor of N is given by

gab _ E[ﬂaﬂb] — NE[(ﬁa — u“)(ab — ub)] , (435)

where g is the (a,b)'" component of the matrix [g?], the inverse matrix of
[908], and E denotes the expectation with respect to p (z;u). If we decompose
the matrix [g.5] as Equation (4.30) and take its inverse, we obtain

a . -1
[g b] = [gab — Gax9 )\gb)\] . (436)

Clearly, this is not smaller than [g?°], the inverse of [g,3), and we have

gab 2 gab, (4‘37)
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where we have used > to mean that [§%° — 2] is positive semidefinite. Note that
this result just corresponds to the asymptotic Cramér-Rao inequality: Equa-
tion (4.11). Furthermore, we see that the equality g*® = g% holds, i.e., the
estimator is asymptotically efficient, when and only when g,, = 0, or in other
words, when and only when A(u) and M are orthogonal.

In summary, we obtain the following theorems.

Theorem 4.2 An estimator 4 is consistent if and only if the estimating sub-
manifold A(u)(= An(u)) contains the point n(u) (as N — o0.)

Theorem 4.3 The asymptotic mean square error:
_ab def . ~a ay (b b
= NE — -
g i NE[(a® —u) (a0 - u)]

of a consistent estimator 4 is given by

_ . -1

[gab} = [gab — Gard /\gb)\] )

and the estimator is (first-order) asymptotically efficient if and only if A(u)(=
An{(w)) and M are orthogonal (as N — o0).

Now, let us characterize the maximum likelihood estimator 4y, 1. from a ge-
ometric point of view, and establish the link between Theorem 4.1 and Theorem
4.3. If we compute the Kullback divergence from the observed point % to a point
n{u) in M, we obtain

D(@#llnw) = ¥(0w)+ o) -0 (wi
= (f) ~ %logp]v (=5 u) . (4.38)

Since 7 is the result of an observation, () does not depend on u. Hence
the point v in M which minimizes the divergence with point # is the point
which maximizes the likelihood py (:cN ; u) , and this is the maximum likelthood
estimator 1y, ;... Recollect that the point which minimizes the divergence was
the orthogonal projection of the point 7 onto M along an m-geodesic (i.e.,
m-projection, see §3.5). In other words, the estimating submanifold A(u) of
lim.1.e. 18 m-autoparallel and orthogonal to M. We thus see that the maximum
likelihood estimator is an asymptotically efficient estimator.

More generally, if we consider an arbitrary divergence D on S which induces
the Fisher metric (or its constant multiple) in the manner described in §3.2, and
if we define the estimator 4 by

D (4| n(®) = min D (7| n(w) (439)

then we see that 4 is asymptotically efficient (Eguchi [84]). Indeed, the esti-
mating submanifold of @ at the point u is represented (in a neighborhood of u)

as
A(w) ={n|D [ (8a)u) =0, Ya}. (4.40)
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from which we have
Garx = —D [6,6 “ 6(1] = (.

4.5 Higher-order asymptotic theory of
estimation

Till now, we have been discussing the case when, by making linear approxi-
mations, the analysis is contained within a single tangent space. If we do not
drop the higher order terms ﬁ and —]17, then we need to consider not only the
tangent space of A(u), but also its curvature. Through the shape of A(u), it is
possible to analyze and evaluate various efficient estimators.

Let us outline the higher-order asymptotic theory. Using Equation (4.28),

Equation (4.33) may be more accurately written as

be’ iz, 1 o =3~
w = B xz~2—\/—ﬁcﬁ7wﬁw7
1 1
———Dg 7w e ) 441

We wish to obtain from this the distribution of w®. To do this, let us compute
the moments of @®. First, since E[%;] = 0 and E[@Pw® | = ¢°* + O(), we
find that the expected value of @“ is given by

1 1
Elw*] = ——=C*+0{— ], where 4.42
= R (N) (142
c* = Cgg”.

Then in general, even when n(u) is contained in A(u), the estimator 4 = [4%]
contains a bias of order 5 whose coefficient is C*(u). This becomes 0 as N — oco.
In order to reduce and compensate for this bias of the estimator, we use C*(4)
instead of the bias C*(u), to obtain

AkQ o AQ i a0
W =4 + 2NC (@). (4.43)

We call this a bias-corrected estimator. The bias of 4* is

E[ﬂ*]——u:O(%).

In order to compute the distribution of 4*, we first compute the distribution
of

W= (0, 0%) = [wa + %v-ca(a)} ,

and then integrate this over ¢*. To compute the distribution of w*, we use the
fact that it is asymptotically distributed according to the normal distribution
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n(w; g*?) with mean 0 and covariance g*°. Let Ay denote the correction term,
and let us write the distribution in the form

p (") = n(w*;¢*%) {1 + An(w*)}.

Then we may expand Ay as the sum of tensor Hermite polynomials in @*. Each
term may be obtained by computing the moments of w* up to the orders O (:/—17\7)
and O(+) using Equation (4.28). We call such an expansion the Edgeworth
expansion.

We refer the reader interested in the details of these calculation to [6, 9],
and instead simply state the results.

Theorem 4.4 The mean square error of a bias-corrected first-order efficient
estimator is given asymptotically by the expansion:

vr e 1, 1 1

K may be decomposed into the sum of positive semidefinite matrices:
2ab 2ab 2ab
K= (T4) " +2(B0) T+ (H) (4.45)

where the terms Pg\}n), 1(;) , and Hﬁlm) represent the m-connection coefficients of

M, the embedding e-curvature of the model M, and the embedding m-curvature
of A{u), respectively:

(Fg\rp)m = T p)? geeqds (4.46)
(Hﬁ))zab = HOLH® 606", and (4.47)
(ngm)?“" — HO g’ g (4.48)
and
rm? = <Vg:l)ed,eb>gbav
HO,, = <V.(£)ee,eA>g*”7 and
H™ = <\7,(3’f>e,\,eb>gba-

This theorem leads to several observations. First, the F%}n) term is not a
tensor, but rather depends on the choice of coordinate system u for M. This
reflects the fact that the square error is also not a tensor and depends on the
choice of coordinate system. However, once the coordinate system (parameter) u
is determined, this value remains invariant on the choice of estimator. Although
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it is possible to define the coordinate system u so that Fg\}n) is 0 for a particular
point (e.g. a normal coordinate system for the m-connection), it is only possible
to have FEC;) equal to 0 at all points if M is m-flat (and hence e-flat by the
duality).

Second, the H](\? term represents the e-curvature of M. The e-curvature
of M is 0 when and only when M is e-autoparallel in S, i.e., when and only
when M is itself an exponential family (see Theorem 2.5). Hence this term
shows that it is not possible to avoid an increase in estimation error given by
the e-curvature, which measures the deviation of M from being an exponential
family.

Finally, the H(™ term shows that the estimation error includes the m-
curvature at the point n(u) of the estimating submanifold, and this is the only
term that depends on the choice of an estimator. Hence a first-order efficient
estimator for which the m-curvature of A(u) is 0 is an optimal estimator with
respect to the terms up to 7\,%, which we refer to as the second-order efficiency
of the estimator. As we noted before, for the maximum likelihood estimator, the
estimating submanifold A(u) is m-autoparallel and orthogonal to M. Therefore,
we obtain the following.

Theorem 4.5 The bias-corrected mazimum likelihood estimator 4 . 1S
second-order efficient.

We also see that, for any divergence D which induces (g, vm) V() on S, the
bias-corrected version of the minimum D estimator % defined by Equation (4.39)
is second-order efficient, because Equation (4.40) leads to

HY, = (ViVes ea) = =D (0,01 | 8] = 0.

To show that the maximum likelihood estimator is “optimal” was for R.
A. Fisher a life-long dream. This dream has been achieved in the asymptotic
case by the theorem above. The idea of bias correction was introduced by C.
R. Rao, and its higher-order asymptotic optimality was proven by Rao, Ghosh,
Pfanzagl, Chibisov, Efron, and Takeuchi-Akahira. Its geometric structure, and
in particular its relation to the e-curvature was first noted by B. Efron [83].
The differential geometric framework including both the e-curvature and the
m-curvature was introduced by Amari [5, 6]. The link between the asymptotics
of the minimum D estimator and the dualistic structure (¢¢?), V(?), V(P")) was
pointed out by Eguchi [84].

It is possible to consider evaluating the estimation error up to the % term.
Recentlv, Kano [116] calculated the 5 terms where the bias of a second-order
efficient estimator is corrected up to Tvl’f He proved a surprising result that
the maximum likelihood estimator does not minimize the N% term, implying
that it is not third-order efficient. He gave the third-order efficient estimator
explicitly. It should be noted that the expansion in Equation (4.44) of the error
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is an asymptotic expansion for large N, and even when the number of terms is
taken to be large, convergence is not necessarily guaranteed.

Finally, we make some remarks on the bias correction. We first emphasize
its dependence on the choice of coordinate system. For example, the bias-
corrected maximum likelihood estimator 4, | . depends on the parameterization
(coordinate system) u of the model, while the original estimator @iy, 1. does not.
The purpose of the bias correction is just to compensate for the dependence of
the mean square error on the parameterization. More precisely, the difference
of the mean square errors of two bias-corrected first-order efficient estimators
turns out to be a tensor, so that we may compare them in a geometrically
invariant manner. We should also note that the second-order efficiency defined
above is the optimality, up to the order of ﬁ, of a bias-corrected estimator
compared to all other bias-corrected estimators. In fact, it is sometimes possible
to improve a second-order efficient estimator, in the sense of the mean square
error up to the order of ]—V]—g, by adding a bias term. However, the superiority
of the resulting estimator depends on the manner of parameterization, because
the mean square error is not geometrically invariant. The bias correction is
thus needed to discuss the asymptotic optimality in terms of the mean square
error. Another way to discuss the asymptotic optimality of estimators is to
consider a geometrically invariant criterion, rather than the mean square error,
to measure the accuracy of estimation. Recently, a remarkable progress in this
direction was made by Eguchi and Yanagimoto [88], where some notions from
the vector analysis and the harmonic analysis have been introduced in the world
of information geometry. See also Komaki [123], where the problem of higher-
order optimal prediction including the analysis based on the Bayesian framework
is studied from an information geometrical point of view.

4.6 Asymptotics of Fisher information

The information contained in the observed data concerning the underlying distri-
bution may be expressed using the Fisher information matrix. The information
contained in a single data point x is g4, while that contained in a collection of
N data points ', which is summarized by the sufficient statistic Z, is Ngqp.
We express them as gas(X) = gap and gop(X ) = gap(X) = Ngap. Now let

y = f(2)
be a statistic which is a function of . Unless f is invertible, one cannot recover

Z from y, and hence in general the Fisher information contained in y is less than
Ngep. The Fisher information contained in y is given by the covariance matrix

of 0, log p (y; u),
9ab(Y) = E[0alogp (Y;u) 9y logp (Y;u)], (4.49)

where p (y; u) is the probability density of y, and u is the underlying parameter.
According to Theorem 2.1 in §2.2, we have

9ab(X) = Ngap = gap(Y) + Agap(Y), (4.50)
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where the information loss due to the contraction from & to y is given by the
expectation of the conditional covariance:

Agap(Y) = E[ Cov[8,4(X;u), Ol(X;u) | Y]]. (4.51)

The calculation of an estimator 4 based on T is an information loss pro-
cess. The information loss which a first-order efficient estimator incurs may be
computed using the distribution of w.

Theorem 4.6 (Amari [6, 9]) The information loss of a first-order efficient
estimator i 1s

(@Y L gem)? 1
Agab(U) - (HM )ab + 2 (HA )ab + O(N ’ (452)
where
e 2 ey’ ) c
(HJ(\/[)) = H®" HE g059%%,  and (4.53)
2
(Hgn)) ab = H(m) /i/\,aH(m)uV,agHHg)\y- (4'54)

This theorem shows that a first-order efficient estimator preserves a large portion
of the order N information Ng,, contained in a set of N data points, only
incurring an information loss of order 1, and the information loss per data point
asymptotically reaches 0. It should be noted that the dominant terms of the
information loss are just the covariant versions of the O(N %) terms of the
mean-square error given in Theorem 4.4, except that the non-tensorial term

(Fg\}n))z does not appear here.

Let us consider where this information is lost, and whether this knowledge
could improve inference. First let us examine the whereabouts of the lost infor-
mation in the case when % is the maximum likelihood estimator. Recall that the
observed point & may be represented as Z = 7(%,?) and hence the pair (i, %)
contains the whole Fisher information N gg, while @ has an information loss of
O(1). The gap between (4,9) and 4@ may be analyzed by a decomposition of o
given below.

The tangent space T, (S) of S at the point n(u) may be decomposed into a
direct sum of the tangent spaces of the model M and the estimating submanifold
Au):

Tu(S) = T, (M) & T,.(A(u)).
The bases of T,(M) and T, (A(u)) are {e,} and {e.}, respectively. Let us
first extract the curvature directions of M from T,(A(u)). The embedding e-

curvature of M is given by the orthogonal component of the change in e; as it
is moved in the direction of e, with respect to the e-connection:

Y = (Ve e2)
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Then

effb) = Hé‘?”em (a,b=1,---,m) (4.55)
is the collection of vectors in T,,(A(u)}) in the direction of the e-curvature of M.
Let us denote the linear span of these vectors by u(l) .
Let us now similarly define even higher order embedding e-curvatures (the

change in direction of curvature). To do so, we compute
vEvhe,,

remove the components in T,,(M) and in Vu(l) , and let the components orthog-
onal to them be denoted by
e — gln

abe abe

€. (4.56)

In other words, efs))c is the orthogonal projection of vgi fob)ec onto the orthog-

onal complement of T, (M) a V. We call {H () "1 the second-order embedding

abc
e-curvature of M, and denote the linear span of {eg%)c} by V2. In this way

we may successively define the p*P-order e-curvature {Hc(fi)fap ..} and the space
V) of its direction.

Let 4 be the maximum likelihood estimator. Then, since the estimating
submanifolds {A(u)} are m-autoparallel in S, coordinates v = [v*] may be
chosen so0 as to form an m-affine coordinate system on each A(u). Now let us
consider ¢ as a vector in T (A(41)), representing it by ¢ (e, )a, and decompose it
into the directions of higher-order curvatures. The components of the direction
of first-order curvature is given by

Fop = HE) 57 = HS 07 gy, (4.57)

abk

the components of the direction of second-order curvature by

Tabe = H(O) o = Hc(az)c/\ﬁngkm (458)

abek

and similarly for the higher-order terms, where H'o) H'S) ... are all evaluated

at .. Restating this in the language of statistics, 745, Fape, -+ - can be obtained
by taking the higher-order derivatives of the logarithmic likelihood

aaz(ja u), Baabg(i‘? u): aaabacg(ilv U), RS

orthogonalizing them in order, and evaluating them at the point .
Now let
sV = 1,
5(p) = {ﬁ)beW'W,ﬁalmap}) p:2737

th

In addition, let us denote the quadratic form of the p*"-order e-curvature of

2
M by (HI(VL} p) W+ which is defined from Hé‘f)f{.% 41 N a manner similar to the
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definition of (H](\?l)gb = (H\9)2, in Equation (4.53). We have the following
theorem (]9, Theorem 7.10]), which is an extension of Theorem 4.6 in the case
of u = Um.Le.-

Theorem 4.7 When s is maintained as a statistic, the Fisher information
lost is

2
Aga(s®) = N1 () +O(NT). (4.59)

The majority of the information is contained in the maximum likelihood
estimator 4. Let us now consider whether the lost information, for example the
component 7, of ¥ in the direction of curvature, can still be useful in statistical
inference. Of course, use of this information cannot make the estimator 4 itself
better. However, #,, provides us with information concerning the accuracy of

U.

Theorem 4.8 (Amari [7, 9]) The conditional covariance matriz of the estima-
tor & when the supplemental information + = {Fa} is known is given by

NE[(2* —u®) (8° — v’)

1
~ ab ~ab
+ + — 4.60
7‘] g " 0 ( N) ’ ( )
where 79 = f,39%¢g%?.

When # was not used, the covariance of @ (or 4*) was given by Equation
(4.44). In comparison, we see that 7, provides a more refined order ﬁ measure
of the accuracy of 4.

We call statistics such as 74 which by themselves contain no (or little) in-
formation ancillary statistics. Within the statistics community, there is the
“folklore” that when ancillary statistics are available, it is useful to classify the
situation based on this value, and to then perform conditional inference with
respect to them. On close investigation, however, we find that ancillary statis-
tics are useful not because they contain no information, but rather because,
although they contain no information by themselves, they contain the most in-
formation (conditioned information) supplemental to the information contained

in the estimator 4.

4.7 Higher-order asymptotic theory of tests

Along with estimation, an important branch of statistical inference is testing.
The problem of interval estimation is a manifestation of testing and shall follow
from this discussion. In this section we discuss the geometrical theories of testing
hypotheses within the framework of a 1-dimensional curved exponential family
M = {p(z;u)}, where u is supposed to be a scalar parameter.
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Let us consider the problem of testing the hypothesis Hy : u = ug against the
alternative hypothesis Hy : u # ug. Recollect that the observed data x1,-- -, xy
may be summarized by the sufficient statistic Z, and that this determines the
observed point 7 = T in the space S of the exponential family. Testing usually
consists of choosing a function A\(Z) of Z, and then accepting the hypothesis Hy
if A(Z) is in some interval, say I, and rejecting the hypothesis otherwise. Within
the space S, those points n which satisfy A(n) € I form some region. We call
this the acceptance region A, and if # is within this region we accept the
hypothesis, and otherwise if it is outside of this region (we call the outside the
critical region) we reject. The problem lies in properly selecting the region
A so as to elicit good testing performance. In general, the interval I and the
resulting acceptance region depend on the number of observations N, and we
denote them by Iy and Ay, respectively.

Let us now define the power function of a test T = {An; N = 1,2,---}.
First let us normalize the parameter u, using the Fisher information g = g (o)
{a=b=1)and N, as

up = ug + (4.61)

t
VNg
The reason for this normalization is that as N grows larger, it should be possible
to detect smaller differences between u and ugy. Let the probability of reject-
ing the hypothesis when the parameter of the underlying distribution is u; be
denoted by

Py (t; N) = Pr{reject Hp|the underlying distribution is u;}
= Pr{Z & An|z1,--,an ~ plz; us)}. (4.62)

We call Pr(t; N) when viewed as a function of ¢t the power function of T'.
When t = 0, Hy is true, and it would be undesirable to reject the hypothesis.
Hence we choose a (small) positive constant «, which is called the level of the
test, and fix
Pr(O;N)=qa. (4.63)

For example, we fix a to values such as 5% (0.05) and 1% (0.01), being regardless
of N. Since A(Z) converges to A(n(up)) in probability as N — oo when t = 0,
the level condition implies that the interval Iy collapses into this point A(n(ug))
in the limit of N — oo. In addition, as a necessary condition for the power of
points for £ # 0 to be greater than that for ¢ = 0, we require that

P} (0; N) =0, (4.64)

where / denotes the derivative with respect to t. We call this the unbiasedness
condition. Under these conditions, the power function generally has the limit
limp oo Pr(t; N).

Among those tests which satisfy the conditions in Equations (4.63) and
(4.64), a good test is one whose power at points ¢ (¢ # 0) is high. Unfor-
tunately, there does not in general exist a uniformly most powerful test,
which is a test more powerful at every point ¢ than any other test. Hence given
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Figure 4.4: Acceptance region A.

a test, it is necessary to consider for what values of ¢ it performs well and for
what values it performs poorly. To analyze this, let us first expand the power
function as
Pr (5 N) = Ppy () + —=Pro (t) + — Prs () + o<—1«> (4.65)
FARRZ T1 \/]—V T2 N T3 N \/'—‘N‘ . .

In the first-order asymptotic theory, it is assumed that N is large, and that
therefore only the term Ppi(¢) need be considered. In this case there exists a
test for which Pri(t) is more (or at least equally) powerful for all ¢ than any
other; we call such a test a first-order uniformly most powerful test, or
an efficient test.

We begin our discussion of the geometry of tests by focusing on the boundary
of the acceptance region for a test T'. As shown in Figure 4.4, the acceptance
region is bounded by either 1 or 2 hypersurfaces across M which also flank the
point 1(ug) on the curve M.

The hypersurfaces are of the form {n| A(n) = ¢}. For each u, let us denote
the hypersurface with ¢ = A(n(u)) by B(u). Then in general B(u) transver-
sally intersects with M at n(u). Furthermore, taking a (small) open subset of
B(u) including n{w) and renaming it B(u) if necessary, we may assume that
{B(u)} forms a family of disjoint submanifolds, just like a family of estimating
submanifolds defined for an estimator. Hence we can introduce a coordinate
system v = [v*] on each B(u) so that (u,v) forms a coordinate system of S
(or at least of a neighborhood of n(ug) in S). Then the observed point Z is
transformed to (4,9) by Z = n(@,?), and the joint probability distribution of
(1, 9) is determined depending on the geometric shape of the acceptance region.

In the case of the first-order asymptotic theory, it suffices to linearize all the
relations around the point 7(ug) and analyze within the tangent space T),,)(S).
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When the underlying distribution is u;, Z is asymptotically distributed according
to a normal distribution with mean n(u;,0) and covariance N~'g;;. Now let
z.(a) be the two-sided 100a% point of the normal distribution; i.e., let z.(a)
be the point which satisfies

z (@)
/ n(z)dz =1—a, (4.66)
—z.{a)
where
def 1 1
n(z) = Wir: exp {—522} .
Also, let

O(t) = /toO n(z)dz. (4.67)

Note that ®(z.(a)) = «/2. The first-order efficiency of a test is characterized
by the following theorem (Kumon and Amari [132, 9]).

Theorem 4.9 The test T = {An} is first-order efficient when and only when
the bounding hypersurface of the acceptance region Ay is asymptotically orthog-
onal to M in the limit of N — oo, or in other words, when and only when
the hypersurface B(ug) = {n | A(n) = A(n(uo))} is orthogonal to M at the point
n(up), i-e., gax(ug) = 0. In this case, its asymptotic power function is given by

Pri () = @ [z(a) — 1] + @ [z () +1]. (4.68)

We now give several examples of tests.

Example 4.3 (Wald test) This is a test based on the maximum likelihood
estimator Uy 1., and uses as its test statistic either

M) = (Gm.1e.(Z) — uo)® g(uo)

or
A(Z) = (it e, (Z) = u0)” 9(lhm 1. ()

Then X is asymptotically distributed according to the x*-distribution. The bound-
ary of the acceptance region of this test is given by the constant Gy 1. (Z); i.€., it
is an estimating submanifold of the mazimum likelihood estimator. This implies
that B(u) is orthogonal to M for all u, and therefore the test is efficient.

Example 4.4 (Likelihood ratio test) The likelihood ratio test is one which
uses the statistic
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This is also asymptotically distributed according to a x*-distribution. Rewriting
this into

A7) = Q{D (Z [|uwo) — D (z I ﬁmvl‘e(f))}

where D is the Kullback divergence, we see that B(ug) in this case coincides
with the estimating submanifold A(ug) of Gmie. Therefore the test is effi-
cient. Note that B(u) is not generally orthogonal to M for u # uy. However,
if M is an exponential family, by the Pythagorean theorem we have MZ) =
2D (fin1.6(Z) || ue), and hence this test turns out to be essentially the same as
the Wald test.

Besides these, there are well known tests such as the efficient-score (Rao)
test, the locally most powerful test, and the conditional test, all of which are
first-order efficient and equally powerful if one considers only the term Ppq(t).
However, when actually testing on a finite number of N samples, these tests
behave quite differently. In order to investigate how and where these tests differ
in quality, it is necessary to examine the higher-order terms Pro(t) and Pps(t).

The statistics of these first-order efficient tests are all distributed asymptoti-
cally according to the x2-distribution. However, for finite N, it is not reasonable
to simply consider the y2-distribution when determining the interval Iy with
which to define the acceptance region Ay : A(Z) € Iy from the level . Instead,
it is necessary to consider the difference between the distribution of A(Z) and the
x2-distribution, and correct the acceptance region given by the x2-distribution
so that the level a is correct up to order N~3/2 and the condition of unbiased-
ness is satisfied up to order N~!. This correction allows us to compare the tests
from a common base and to correctly compute the higher-order terms of their
power functions.

Examining the Pro(t) component of tests in this manner, it is possible, how-
ever, to prove that all first-order efficient tests have the same Ppo(t). Hence
we say that “first-order efficient tests are second-order efficient.” It is neces-
sary, therefore, to examine Pps(t) for each test. As this term contains many
components other than such geometrically meaningful quantities as metric or
curvature, writing out the results of calculations can be rather tedious. Instead,
we introduce a function P(t;N ), which does not depend on each test T, and
compute the difference of the power of T and this function. For each ¢ and N,
let

ﬁ’(t; N) =sup Pr(t; N),
T

where the supremum is taken over all tbe efficient tests with the level . In
other words, P(t; N) = Py, (¢; N) where T; is the test which is most powerful at

the point u;. Note that there is no test T satisfying Pr(t; N) = P(t; N) for all
t in general. Now let

APp(t) = lim N {ﬁ(t; N) - Pp(t; N)} , (4.69)
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and call it the deficiency of T'. This quantity measures the number of additional
samples which must be obtained in order for the test T to have the same power
as T; at each t.

The computation of this quantity succeeded for the first time using differen-
tial geometric techniques ({132, 9]). From this the characteristics and differences
of a number of tests were clarified.

Theorem 4.10 The deficiency of an efficient test T is given by

1 -
APy (1) = &(t, ) [ F(HEY) + 22(2)g™9 ™
x{Qasn — T (t, ) Hp }{Quar — T (£, ) HZL} ], (4.70)
where
(H") = “lHiTiHﬁ’Zf)g“”gA” (4.71)
§ta) = 5 L n(z(a) —8) = nlz(@) +8)}, (4.72)
Qalm = 8agbm (4 73)
t
Jta) = 1- 2z, () tanhtz.(a)’ (4.74)
with g = gay, HS. = <v§jeb,eﬁ> and H™) = <V(elf>e,\,ea>, all of which are
evaluated at ug. (Note that since M is 1-dimensional, the value of a,b,--- is
always 1.)

From this theorem, we find the following to hold.

(i) A test for which the embedding m-curvature H,%m) of B(ug) at ug is 0
has higher power than those for which this is not the case. The tests
mentioned above all meet this condition.

(ii) Since gqr(uo) = 0 holds due to the efficiency of T, we asymptotically have

Gax (ut) = ﬁ@abn' (475)

Then the theorem shows that, unless M is an exponential family, it is
better for the boundary surface of a test to not be exactly orthogonal to
M for finite N. Instead, it is better for it to be at an asymptotically

orthogonal angle depending on the embedding e-curvature Hé,m of M.
Let us call an efficient test which satisfies Hgn) =0 and
Qabn = kH((;;L (476)
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APT(t)/72

efficient score test

locally most powerful test

Wald test

likelihood ratio test

optimal test in the
minimax sense

Figure 4.5: Deficiency of two-sided tests, with level o = 5%.

a k-test. In addition, let the scalar form of the squared embedding e-curvature
be given by
7P = g 2H) HU\ g™ (4.77)

This - is called the Efron curvature.
Corollary 4.11 The deficiency of a k-test T'(k) is given by

APrry (8) = 22(@)é(t,a) {k = T (t, @)} 7", (4.78)

From this corollary we see that in order to maximize the power at a point uy,
it suffices to choose a k-test which satisfies k = J (¢, ). Note that when a(> 0)
is sufficiently small, tanh ¢z, () is nearly equal to the signature of ¢ and therefore
the relation k = J(t, o) is approximately written as ¢ = +2(1 — k)z. (). All of
the first-order efficient tests previously mentioned are k-tests for some k. We
summarize this information below. Also, Figure 4.5 graphs the deficiency of a
number of tests as a function of ¢, where the dashed line indicates a k-test for
which k achieves miny max; APr g (t).

If the level and unbiasedness are properly corrected, then regardless of the
model M used, the properties of the test are determined according to the scalar
e-curvature . This means that there is no longer a need to analyze individual
models or to conduct simulations in pursuit of a test’s power characteristics. In
addition, although we have been discussing two-sided tests where t can range
over both positive and negative values, one-sided tests, for which the alternative
hypothesis is Hy : u > ug and ¢ is restricted to ¢ > 0, may be correspondingly
analyzed in a similar manner.



4.8. ESTIMATING FUNCTIONS AND FIBER BUNDLES 107

Theorem 4.12 Several first-order efficient tests and their form as k-tests are
given as follows:

(i) The Wald test is a k = 0 test, and is most powerful at t = +2z,(a) when
o 1s sufficiently small. For o = 0.05, it is powerful when t ~ +4, i.e., af
a distance of around 4o.

(i) The likelihood ratio test is a k = 0.5 test, and is most powerful at t =
+z,.(a) when « is sufficiently small; for instance, t =~ 2 for a = 0.05.
This test uniformly has relatively small deficiency.

(1i) The efficient-score test, which uses the test statistic
A&) = g°*Dal(; u0) Bl (F; o),

is a k = 1 test. Since 1 = J(t, a) has no solution, this test is nowhere
most powerful, whereas the one-sided test using the same statistic turns
out to be third-order locally most powerful in the sense that the derivative
P}5(0) is the largest among those of all the efficient tests.

(iv) The conditional test, whose definition is omitted here, is a k = 0.5 test,
and is equivalent to the likelihood test up to the third-order term.

(v) The locally most powerful test, for which the second derivative P;(0;N)
1s the largest among all efficient unbiased tests with level o, is k = 1 —
1/{222(a)} test.

4.8 The theory of estimating functions and fiber
bundles

4.8.1 The fiber bundle of local exponential families

Thus far our discussion has been in the context of curved exponential families,
i.e., distribution families M embedded within the space S of an exponential
family. This allowed us to rely on the existence of the sufficient statistic Z, define
the observed point 7 within S, and develop a closed theory wholly contained
within S, including the data. Of course, it is straightforward to generalize this
theory to models such as multivariate regression models and time series models
with correlated random variables.

It is possible, however, to generalize the asymptotic theory to the case of a
general distribution family M = {p(x;u)}, which cannot be embedded in an
exponential family, and, by properly defining the curvature, obtain the similar
results. This is done by augmenting each point in the model M with a high-
dimensional exponential family which osculates M in some order.
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Now fix a point ug in M. Around this point, £(z;u) = logp (z;u) may be
expanded into

Hasu) = L(zyug) + (u* — uf)0al(z; up)

1
5 (u® = u) (u” — ug)0aBph(zu) + o+ (4.79)

Exponentiating the expansion we obtain

1
(o) =p (o) oxp { (07 = )X, + 500 = )0~ ) X+ ).

2
(4.80)
where
X, = 0ul(z;u0)  Xap = 0,0p0(x;u0),

Now let us consider for the point ug a new exponential family, parameterized
by 0, defined in the following way:

S(uo) = {q(z,0;u0)} (4.81)
q(z.0u0) = p(z;3u0)exp {0°Xo+ 0" Xy —1(0)}.

The natural parameters of this distribution family are given by the pair § =
(6%,6%). The point u = ug in the model M coincides with the point 6 = (0,0)
in S(ug). Now construct within S{ug) the curved exponential family M (uo),
parameterized by u, defined by

b b

0 =0(u): 0% =u® —uf, 0" = (u" —uf)(u® —ub)

M(uo) = {q(z,0(u);u0)}. (4.82)

[ R

This M (up) is a curved exponential family which is a good approximation to
M around wug. If we only consider the first component of the expansion, the
tangent spaces of M(up) and M are the same at ug, and if we consider up to
the second component then the “higher-dimensional tangent spaces” including
the directions of e-curvature (see §4.6) are the same, and M and M (ug) osculate
each other in the second-order. This may be continued to higher orders.

The augmented structure of M where each point u is supplemented by the
exponential family S(u) forms a fiber bundle with the base manifold M and the
fiber S(u).

Given data points 1, - -, zy, we may define within each S(u) the observed
point X (u) given by

Xo = 0,8(z,u), and X, = 0,0:0(%,u). (4.83)

Performing statistical inference, say estimation, on S(u) determines for each
S(u) an estimator 4(u), and from among these we select the u* which satisfies

W(u™) =u* (4.84)
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as our estimate. The properties of this estimator may be analyzed through
the curved exponential families M(u) within each S(u). Then since the e-
curvature of M at point u is equal to the embedding e-curvature of M (u), the
theory developed previously for curved exponential families may be immediately
applied. See Amari [11] and Barndorfl-Nielsen and Jupp [46] for more details.

4.8.2 Hilbert bundles and estimating functions

Given a family of probability distributions M = {p (x; u)}, suppose there exists
a vector-valued function f(x;u) = [f,(z;u)] where the vectors have the same
dimension as u and the following holds for all u:

E,Jf(X;u)] = 0 and (4.85)
det B, [ f'(X;u)] # 0. (4.86)

Here, det E, [ F(X;u) ] is the determinant of the matrix whose components are

B[00 fy(X:u)] = / B (s u)p () da.

Given a large number of observations z1,---,zn, let @ denote the solution to
the equation

> flas ) = 0. (4.87)

i=1
We would expect that the solution 4 to this equation is a good estimator of the
underlying distribution v satisfying Equation (4.85), since the left hand side of
the equation above divided by N converges to E,[ f(X;4)] as N — co. Note
that the solvability of this equation is ensured by Equation (4.86) when N is
sufficiently large. In general, we call a function which satisfies Equations (4.85)
and (4.86) an estimating function, and call Equation (4.87) the estimating
equation. For instance, we call the derivative of the logarithm of the likelihood
function the score function; the score function s(x;u) = [9,€(x; uv)] is clearly
an estimating function, and the estimator thus determined is the maximum
likelihood estimator.

Recently, much attention has been focused on non-parametric and semi-
parametric models. These models differ from classical statistical models in which
the candidate distributions are parameterized by a finite-dimensional parameter
u. A non-parametric model is one in which the shape of the distribution func-
tion is unknown, and a semi-parametric model is one in which the distribution
density of the random variable z is parameterized by not only the unknown
finite-dimensional parameter u, but also a parameter z which has a function’s
degree of freedom (i.e., an infinite degree of freedom.) In this case, the prob-
lem is still to estimate the parameter u given the observation zi,---,zy, but
in addition the unknown parameter z acts as a nuisance parameter. Let us
give an example. The location-scale model is widely used in the problem
of finding the mean and variance of the underlying distribution given N scalar
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observations x1,---,zn, where the shape of the underlying distribution is un-
known (we let this be the unknown parameter z.) Letting u = (p,0?) be the
2-dimensional parameter representing the mean and variance, respectively, this
model may be written as

p(z;u,2) = é-z (””‘“). (4.88)

(o2

We would like to estimate x4 and o,while the function z remains unknown. Here
we only assume that z(z) a smooth positive function on R which satisfies

/z(x)da: = 1 (4.89)
/xz(a:)dac = 0 (4.90)
/a:2z(a;)d:c = 1 (4.91)

When we consider a statistical model with a finite-dimensional nuisance
parameter z and if a sufficiently large number of data are available, then we
only need to estimate the joint parameter (u, z) by, for instance, the maximum
likelihood estimation, followed by discarding the estimate of z. Unfortunately,
this method cannot be applied to our case where z is infinite-dimensional in
general. Even in this case, however, if there exists a vector-valued function
Flz;w) = [fo(z;u)] of x and u which satisfies for all u and all z

E.. [ f(X;u)] = 0 and (4.92)
detE, . [ f'(X;u)] # 0, (4.93)

where E, . is the expectation with respect to p(z;u, 2), then we may conve-
niently solve

N
> flaiu)=0 (4.94)
je=1
and obtain an estimator @ without explicitly addressing the unknown z.
Then the questions which need to be addressed are:
(i) Does such an estimating function exist?

(ii) If there exist multiple estimating functions, which would provide the op-
timal estimator 47

(iii) Does an estimating function which is uniformly optimal for all z exist?

The differential geometric approach is particularly suited to the task of answer-
ing such fundamental questions (Amari and Kumon [29], Amari and Kawanabe
[27, 28]).

Returning to the general case, let p(z) be a probability distribution, and
consider a curve p(z;t) smoothly parameterized by a scalar parameter ¢ and



4.8. ESTIMATING FUNCTIONS AND FIBER BUNDLES 111

satisfying p (z;0) = p(z) within the space P of all probability distributions.
Let a(z) be defined by

a(e) = S 108 (551) 1o, (4.95)

or equivalently
plz;t) = p(z) {1+ talx) + o(t)}, (4.96)

where o(t) obeys lim;,¢ o(¢)/¢t = 0. Since p(z;t) is a probability distribution,
a(x) satisfies

E,la] = /a(m)p(x)dx =0 (4.97)
(cf. Equation (2.9)). Assume in addition that
E[a®] < oo. (4.98)

Let H, denote the real (i.e., not complex) Hilbert space spanned by such func-
tions a(x) for all the curves passing through p, whose inner product is given for
all a(z),b(z) € H, by

(a,b) = Eplab]. (4.99)

Note that H, is a generalization of nge)(P)7 the space of the e-representations
of tangent vectors at p (cf. Equation (2.41)), and the inner product corresponds
to the Fisher metric (cf. Equation (2.42)).

Let us augment each point (u,z) in the model M = {p(z;u,z)} with the
Hilbert space H, , = H,, where p(z) = p(z;u, z), defined by all possible direc-
tions of change a(z) at p (x;u, z). Such a space has the structure of a fiber. The
distribution p (z;u, z) changes with the value of the parameter u, and the di-
rection corresponding to this change may be expressed using the score function
as

salx;u, 2) = 0.L(z; u, 2), (4.100)

where 0, = 5%; and
Ux;u, z) = logp(z;u, 2) .

The distribution also changes with the value of z. Letting z(t) be a curve
parameterized by ¢ denoting the change in z, the direction of change in the
corresponding probability distribution is represented by

r{z;u,z, %) = (z;u, 2(t)) |t=0, (4.101)

—/
dt
where 2 = %tt_) Note that such 7 has an infinite degree of freedom in general.
The linear space T, , spanned by such functions {s,,r} is the tangent space of
M, and is contained in H, ,. We call the space spanned by {r} the nuisance
tangent space, and denote it by T',.
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Now let us define, for each a € H, ., the e-parallel translation H(e)z a and

the m-parallel translation II(™7 g from point (u, z) to (u,z’) by

<n<e>ja> (z) = a(z)—E,.[a], and (4.102)
<n<m>§'a> (2) = Ma(x), (4.103)

where E, ./[a] is assumed to be finite. These clearly satisfy E,, - [H(e)j a] =
E, v [H(m)i a] = 0. However, they do not necessarily belong to H, . because

Ey [(H@j a)Q] and E, [(H(m)i a)Q} may diverge. If they always belong to
H,.;, then the parallel translations define linear mappings from the fiber H, , to
H, ... These may also be written in the form of covariant derivatives, and may
be considered to be a generalization of the e-connection and the m-connection
in the finite case (cf. Equations (2.39) and (2.43)). What is important is that
the following duality (cf. Equation (3.4)) holds:

(a,b), , = <H<e>j a, II™7 b> , (4.104)

u,z’

where ( , ), . is the inner product of the fiber at point p (x;u, 2).
Now fix u, and consider the m-parallel transfer of the nuisance space Té\”z,
to the point (u,z) for all points z’. We call the closed linear subspace of H, ,

spanned by these transfers,

Hﬁz = clspan {U H(m)z,TqﬁYz,} , (4.105)

z/

the nuisance fiber. In addition, we call the subspace spanned by the com-
ponent of s, orthogonal to Hff , (i.e., the orthogonal projection of s, onto the
orthocomplement of H/',) the information fiber, and denote it by H[L,z. Fi-
nally, we call the orthocomplement of Hf:{z &) H{LZ the ancillary fiber, and
denote it by H;j‘,z. Then the fiber H, , may be decomposed into a direct sum
as follows:
H,.=H, & H) &H,, (4.106)
Having prepared this framework, let us return to the discussion of estimating
functions. Let f(z;u) = [f.(z;u))] be an estimating function. Then for any 2/,

it satisfies
By [fa(X;u)] =0, (4.107)

and hence is invariant under e-parallel translation. In addition, differentiating

Bl fulXu)] = / p (@, 2(8)) fu(; w)de = 0
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with respect to t and letting t = 0, where z(0) = 2’ is assumed, we obtain for

any r' € T,
(r'y fadu, = 0. (4.108)
Since f, is e-invariant, it follows from the duality (4.104) that
<H(m>jr’, fa> = 0. (4.109)

From this, we see that each component f, of an estimating function belongs to
(HY,)* = H] ,® H,. Conversely, if a function f, belongs to HL , & HZ, for
some z, then it satisfies Equation (4.107) for all z’. Thus the first requirement
(4.92) for an estimating function is geometrically characterized. On the other
hand, differentiation of

By .| fa(zsu)] = /p(w;u, z) fo(z;u)dz =0
with respect to u leads to

Eu,z[abfa] + <sb>fa>uyz = Oa

which shows that the second requirement (4.93) is equivalent to the regularity of
the matrix [(ss, fa),, .]. Under the assumption that f, € H. ,®HZ,, this means
that the result of projecting the components {f,} of an estimating function onto

H! , must span Hiz. These considerations lead to the following theorem.

Theorem 4.13 (Amari and Kawanabe [27]) A necessary and sufficient condi-
tion for f(z;u) to be an estimating function is for its components {f,(x;u)} to
be contained in H! , & H A and for their orthogonal projections onto Hi,z to

U2
span Hi,z.

From this we see that if H , is not degenerate and hence has the same
dimension as u, then there exists an estimating function. For many problems

which occur in practice, the following also holds:
oy, =T, (4.110)

In this case, we have H)', = TY,, and hence H_ , is spanned by the projection of

the score function s, onto the orthocomplement of qu”z. We call this projected
function the efficient score function. If the dimension of the efficient score
function is equal to that of u, then it is an estimating function, and the resulting
estimator is shown to be first-order efficient.

Recently, the geometrical theory of estimating function has been applied
to independent component analysis (ICA). See Amari and Cardoso [24],
Amari [20, 21}, Kawanabe and Murata [120]. The theory will also play an
important role in non-parametric, semi-parametric, and robust estimation, as
well as a new statistics using generalized linear models and pseudo-likelihood
functions. It is expected that research in this direction, and in the corresponding
mathematical foundations, will continue to develop in the future.






Chapter 5

The geometry of time series
and linear systems

A linear system is a system which contains a memory structure to maintain
state, and linearly transforms an input time series into an output time series.
If we input white noise into a stable linear system, then the output time series
is stationary. Hence from this point of view, we may analyze systems and the
times series that they generate together.

Typically, in both control theory and the theory of time series, a single sys-
tem or a single time series is selected for analysis. Note, however, that since the
set of all n-dimensional linear systems and the set of all (p, ¢)-ARMA time series
are both finitely parameterizable, they both form manifolds of finite dimension.
In order to analyze the similarity between two systems or two times series, and
to consider the problems of approximation, estimation, and dimension lowering,
it is not sufficient to study single systems at a time, but it is necessary rather
to consider the space consisting of all such systems and analyze its geometric
structure. In this chapter, we survey the differential geometry of systems and
time series, and show the importance of dual connections in the analysis of their
properties. The first three sections are mostly based on Amari [12], while the
last section summarizes the results of Ohara et al. [172, 171, 173]. As the geo-
metric analysis of time series is a recent development, it is a topic which can be
expected to grow in the future.

5.1 The space of systems and time series

Consider a discrete-time linear system with one input and one output. Letting
{e;} be the time series of the input signal and {z,} be the output signal, where
t=.--,~2,-1,0,1,2,---, the input-output relation of a stationary system is

115
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given by i
oo :
Ty = Z hiat—i- (51)
i=0

We call the coefficients {hg, h1,- - -} the impulse response of the system. Let-
ting z denote the operator which increments the time step so that

2% = Typy  and 27w =g, (5.2)

and using the transfer function of the system
b~ .
H(z) =) hiz™, (5.3)
i=0

the input-output relation may be rewritten as
Ty = H(Z)Et. (54)

We assume below that the system in Equation (5.3) satisfies Yoo [h:]? < oo.
We call such a system a stable system. Then H(z) may be viewed as a regular
complex function for |z| > 1.

If the input ; is white Gaussian noise independently distributed according
to the standard normal distribution N(0,1), then the output time series is a
(colored) stationary Gaussian time series. If we take the Fourier expansion (in
the wider sense) of the time series {x;}, we obtain

T
: 1 —iwt
X{(w) = qll_r)r;o Woia t:E_T xpe T (6.5)

Then X (w) is a random variable whose power spectrum S(w) = E[ |X (w)[?]
converges to )
S(w) = |H(e“). (5.6)

In addition, we have 0 < S(w) < 00, S(~w) = S(w) and

iy
/ llog S (w)| dw < oo. (5.7)
Conversely, given a stationary Gaussian time series {z;}, if its power spectrum
satisfies Equation (5.7) then there exists a stable system H(z) = Y, h;z™* and
white noise {£;} such that {z;} may be written in the form of Equations (5.1)
and (5.4), and Equation (5.6) is satisfied. Although there are many such systems
H(z), the minimal phase system, i.e. a H(z) for which H(z) # 0 in the region
|z| > 1, is uniquely determined from S (w).

In this way we may analyze the time series {z:}, the power spectrum S{w),
and the minimal phase system H(z) considered together. We assume below a
slightly strengthened version of Equation (5.7):

/ flog 8(w)[* dw < oo,

iy
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and call the set of all § which satisfy this the system space or the space of
Gaussian time series L.

It is possible to consider systems which are not minimal phase by letting the
input signal ¢; be white non-Gaussian noise, but we do not discuss this here.

Let us turn our attention to finitely parameterizable systems and time series.
Let £ = [£°] denote these parameters, where ¢ = 1,---,n. Then the power
spectrum of the time series defined by this system may be written as S(w; ).
Under certain regularity conditions, the space formed by such time series may
be viewed as an n-dimensional manifold for which £ is a local coordinate system.
Let us give several examples.

Example 5.1 (AR model) We call a system for which the output z; at time
t may be expressed in terms of the previous p values x¢—y, -+, T4—p and the
current input €; as

p
Aoy = ~ Z a;i%t—i+€¢, ag#F0 (5.8)

gl

an AR (autoregressive) model of degree p. The transfer function for this
model is

H(z) = Zf:;azz_“ (5.9)
and the power spectrum is
p -2
S(w;a) = Zatei“’t , (5.10)
t=0
where a = (ag, a1, - -.,ap) are called the AR parameters.

Example 5.2 (MA model) We call a system for which x; may be written as
a linear combination of the previous q inputs as

q
Ty = Z bigt—i+1 (511)
i=1

an MA (moving average) model of degree q. The transfer function is
given by

H(z) = zq:biz"i“. (5.12)
i=1

Example 5.3 (ARMA model) We call a system for which we may write

p q
Ty = — Z a;T—q + Z bigt—it1, (5.13)
=1 i=1



118 5. THE GEOMETRY OF TIME SERIES AND LINEAR SYSTEMS

i.e., one in which, letting ag = 1, the transfer function may be written as

T bzt
H(z)= &322 5.14
()= B (5.14)
an ARMA model of degree (p,q).
Example 5.4 (Bloomfield exponential model [50]) Let
eow)=1, and e(w)=+v2coswt fort=1,2,--- (5.15)
We call a system whose power spectrum may be written as
P
S(w;€) = exp {Zaet (w)} (5.16)
t=0

a Bloomfield exponential model of degree p.

In general, a finite-dimensional discrete-time linear system may be written
using the input vector time series e;, the state vector x;, and the output vector

Y, as

{$t+1 = Az, + Be, (5.17)

Yp1 = Cmp
for appropriately sized constant matrices A, B, and C. For example, the ARMA
model may be rewritten in this form. The set of all such systems may be ana-
lyzed as a system space parameterized by {4, B, C}. We discuss this possibility
in the context of continuous-time systems at the end of this chapter.

5.2 The Fisher metric and the a-connection on
the system space

Let us define a Riemannian metric and a family of affine connections on the
system space L. Given a time series {z;} whose spectrum is S(w), it is possible
to compute the distribution of xr, where

T = (x—T’x—T+17 HRRPR 1 T 45 IR ,IET).

This distribution is Gaussian, and for each w its frequency component

T
1 .
Xr(w) = —== zie Wt
v o 2
also has a Gaussian distribution. It can be shown that, when 7T is suffi-
ciently large, X1 (w) and Xy (w') are asymptotically independent for any dis-
tinct pair (w,w’) and the joint distribution of the family of random variables
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X7 = {Xr(w)}, is approximately (and rather symbolically) given by

p(X;8) ~ exp {——;— /:T ");((‘:))Pdw - w(S)} . (5.18)

This family of distributions may be considered as an exponential family pa-
rameterized by the function S{w), which has an infinite degree of freedom, as
T — . It is possible even in this setting to introduce the Fisher metric and the
a-connections in a manner similar to the case of distribution families of finite
dimension.

Suppose that an infinite-dimensional coordinate system [¢7] is given on L.
For example, by expanding

log S(w) = Z{tet(w) (5.19)

where {e;(w)} are the basis functions defined by Equation (5.15), we may take
¢ = [¢9,¢,. -] as the coordinate system. The probability distribution of the
truncated time series @ of length 2T + 1 is then a function of £ and is denoted
by p” (zr;€). Now the set of the distributions {p” (zr;¢)} forms a finite-
dimensional statistical model, with £ being a redundant parameter, on which the
Fisher metric g7 and the a-connection V(7 are defined. Let their components
with respect to [¢¢] be denoted by

gf’](f) = Eg[(aifT)(ﬁjKT)} and
i) = Eg[<616j£T+1—_2'—0‘-8¢£T6j£T> (8l™ )],

14,k

where 7 = logp” (z7;£). Although these quantities themselves diverge as
T — o0, the following limits are finite:

def . 1 ”
95(6) = Jlim =€) and
o def . 1 a)T
I € lim S TETE).

These quantities define the Fisher metric ¢ and the a-connection V(@) on L,
and are shown to be represented in terms of the power spectrum S = S{(w; &) as

05©) = 5 | (01108)(0; 105 ) (5.20)

and

Fgﬁ(g) = %/ (0;0; log S — ad;log S0; log S) (O log §)dw. (5.21)

A finite-dimensional model M may be construed as a submanifold of the
system space L. Hence we may induce the Fisher metric and the a-connections
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on M from those on L. Equations (5.20) and (5.21) may also be used to define
them when a coordinate system of M is given.

First, let us confirm that the a-connection and (—a)-connection are in fact
dual. This may be done by explicitly calculating

Oegi; = T, + T, 5. (5.22)

The following theorem states a remarkable property of the system space L.

Theorem 5.1 The system space L is a-flat for all .

Intuitively, we may understand this theorem as follows. Since each system S
in L is identified with the “product” of infinitely many independent Gaussian
distributions with mean 0 as seen in Equation (5.18), the space L is identified
with the direct product of infinitely many copies of the 1-dimensional statistical
model consisting of Gaussian distributions with mean 0 which are parameterized
by the variance alone. The a-connection on L is then the direct product of
the a-connections on these 1-dimensional component models. On the other
hand, every l-dimensional manifold is flat with respect to an arbitrary affine
connection as noted at the end of §1.7. Therefore L is a-flat.

Proof of Theorem 5.1: Define the a-spectrum by
1 -
ROy ={ ~7W™ (a#0) (5.23)
log S(w) (a=0)

Then, given a coordinate system & = [¢¢], by differentiating the a-spectrum with
respect to £ we obtain

&R (w;€) = §7%9;log S, (5.24)
and also
aiajR"‘(w; 5) = 5§7¢ {GZBJ IOgS - (91 IOgS 6j log S} . (525)

Hence the coefficients of the a-connection in Equation (5.21) may be rewritten
as

o [
IGLE) = 5= | S0 RO0RVdw
= L[ 56,R®8RVduw. 5.26)
2 7

Rl 14

Now, let {c§°‘)} denote the coefficients of the Fourier expansion of the a-
spectrum:

R®(w) = i e es(w), (5.27)
t=0
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or equivalently
o = 5%; R (w)ey(w)dw. (5.28)

-

Then ¢ = (c{,c{®,-..) forms a coordinate system for L. Call this the -
coordinate system. If we take c(®) as the coordinate system £, then

8:0;R®) =0, (5.29)
and from this we obtain

{7k (@) =o. (5.30)
Therefore L is o-flat, and ¢(®) is its a-affine coordinate system. ]

In particular, the 0-flatness of L means that L is flat with respect to the
Levi-Civita connection and is, in other words, a Euclidean space. The 0-
coordinate system c¢(©) provides a Euclidean coordinate system. In general,
the +a-coordinate systems ¢(® and ¢(=®) are mutually dual with respect to g,
which may be seen from the relation

1" .
(€)= | 0:R©R"*dw. (5.31)

Let us abbreviate the m-affine coordinate system ¢(~1) as ¢, and note that
c consists of the expansion coefficients of

oo
S(w) = thet(w). (5.32)
t=0
Now, define the autocorrelations {r;} of the time series {z:} by
Ty = E[$3$s+t] ’ (533)
which provide the expansion
e .
S(w) =Y remit, (5.34)
Then we have
cy = Tg, and Ct = \/—2—7}, t= 1,2,"', (535)

and {r;} also give an m-affine coordinate system. Since ¢; and r; differ only
with a constant factor, we refer to {¢;} as the autocorrelations in the sequel.

Similarly, let us abbreviate the e-affine coordinate system c(*) as é. This
consists of the expansion coefficients of

[e o]

57 w) =) Eewlw), (5.36)

t=0
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and gives the autocorrelations of the time series {Z;} generated by the inverse
of H(z):
.fft = H(Z)mlé't.

For dually flat spaces there exist corresponding potential functions as shown
in §3.3. Using the entropy per data

H = E[—logp” (wr)]

lim

T—oo 2T + 1
= i/Wl S{w)d —%—llo (2me) (5.37)
= /). og w + 5 log(2me), .

the potential function and the dual potential function of the system space L

with respect to the dually flat structure (g, V{®), V(=) is given, except for the
case when o = 0, by ¢ = (® and ¢ = (- where

2 1
@ g~ 5.
v o 202’ (5:38)

When « = 0, we have a Euclidean space and the potential function is
o_ L1 [ 2
P& = pp {log S(w)}* dw, (5.39)

which is the L?-norm of log S.
Using these potential functions, the canonical divergence on the dually flat
space (L, g, V() V(=) may now be given by

D) (81 ]| S2)

= (81) + 9 (82) = D™ ()t (S2)
t=0
1 So\“ S
B W/{(:S{—) —1—alog§?}dw (a #0)
yp / (log S2 — log S1)° dw (a =0)

which we call the a-divergence on L. Let pl(zr) be the probability dis-
tribution of the truncated time series xr generated by S; (¢ = 1,2), and let
D@ (pI'|| pT) be the a-divergence between these distributions which is defined
according to Equations (3.25) and (3.26). Then we have

DD (8,1 8) = Jim = DD (o |58, (5.41)

while for & # =1 such a direct relation does not hold between D™ (S || S)
and D@ (pI' || pI).
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5.3 The geometry of finite-dimensional models

Let us now analyze the finite-dimensional spaces corresponding to AR, MA, and
ARMA models. We chiefly focus our attention on AR models.
Let AR, denote the space of AR models of degree p. The AR parameters
a = (ag,ay,---,ap) form a coordinate system of AR,. Models of a particular
degree clearly contain those of lower degree, and hence the following inclusion
relation holds:
ARo C ARy C ARy C ---.

Now since the inverse of the spectrum of a system in AR, is

P
§ ag elwt
t=0

its Fourier expansion has only finitely many non-zero components, and hence it
may be written as a finite sum:

2

S Yw;a) = : (5.42)

S Hw;a) = z”: Erer(w). {(5.43)

t=0

Therefore AR, is a p 4 1-dimensional subspace of the system space L which,
with respect to the coordinate system &, satisfies the linear constraint

& =0 fort=p+1,p+2,---. (5.44)

This means that AR, is an e-autoparallel submanifold of L, and hence it is e-flat.
The e-affine parameters for AR, are &y, ¢1,- -+, &p, and these may be written as
functions of the AR parameters ag, -, ap.

The m-affine parameters are the autocorrelations c, c1,-- -, ¢p. The higher
order autocorrelations ¢, 1, Cp12, - - - for a time series in AR,,, which are not 0 in
general, are determined as functions of ¢g, - - -, ¢,. These are not linear functions,
however, and hence although AR, is itself m-flat from duality, it does not form
an m-autoparallel submanifold within L.

As an example of a result which this geometrical theory allows us to obtain,
let us consider the problem of approximating a given system S(w) in L with a
system in AR,. In order to evaluate the quality of approximation, we use the
(—1)-divergence (Kullback divergence)

D(Sy || Ss) = DEV (81 || S) = 517}- /7r (% ~1-1log g—;) dw. (5.45)

-

Then, according to Corollary 3.9, the optimal approximation S’p(w) € AR,
achieving

p(s]5) =, P51

is the projection of S onto AR, along the m-geodesic which is orthogonal to AR,
(Figure 5.1). Since AR, is e-autoparallel, this projection is uniquely determined.
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manifold of
stochastic
realizations

Figure 5.1: The stochastic realization of S{w) using AR models.

Let a = (ap,a1,"--,ap) be the AR parameters of a system S’ in AR, and
let

@; = a;/ag and 0% = (l/ao)z.

Then we have S'(w) = 02/|1 + @17 + - - - + G,e7“P|?, and some calculation
shows that

1
D(SIIS) = SE[(@+amr+ - +8wi—p)] +logo®
1 X
-1- o log S(w)dw,

-

where E denotes the expectation with respect to S. From this expression we
see that S, is obtained by solving the least-squares problem

E[ (.’tt +a1Tp1 4+ -+ Zipa:t_p)Q] — min,

and then setting o? to the resulting minimum value. This procedure is called
the AR fitting of the time series S.

Let ¢ = (co, ¢1,- - -) denote the autocorrelations of S(w). Then S,(w) € AR,
is determined by the point in AR, whose m-affine coordinates are (co, -, ¢cp),
the first p+ 1 components of c. The proof is straightforward: connecting S and
S with an m-geodesic, the tangent vector at point S is given by

where {&;} are the autocorrelations of S,. On the other hand, the tangent space
of AR, at S‘p is spanned by <3%-)S ,t=0,1,---,p. Since S'p is the m-projection
L4
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of § onto AR,, and since ¢ = (¢;) and € = (¢;) are mutually dual coordinate
systems of L, we have

0
0= t,-—:— =Ci——éi, i=0,1,“',p.
8ci &
P
Note that the higher-order terms above &,4; differ from those of ¢, and are
instead functions of cg, -, cp.

Given a system S(w), with ¢ = (¢;) denoting its autocorrelations, we call a
system, say S’, a stochastic realization of S(w) of degree p, or of the sequence
€0, €1, *, Cp, When the first p+ 1 autocorrelations of S’ agree with cg,c1,- -, cp.
The space of all stochastic realizations forms an m-autoparallel manifold which
passes through the stochastic realization S, in AR, and is orthogonal to AR,
at this point.

From Equation (5.45), the divergence between S(w) and the white series
So(w) =1 (Vw) is written in terms of the entropy of S as

D (S| So) = —2H(S) + log(2me) + co — 1. (5.46)

On the other hand, since Sy belongs to AR, we have the Pythagorean relation

D(S)8)=D(5]8)+D (3 | So) 1 (5.47)
which leads to R
D (sp H so) =minD(S | So), (5.48)
where the minimum is taken over all the stochastic realizations of (cg, ¢1,- -+, ¢p).
Hence we have R
H(S,) = max H(S). (5.49)

Note also that Equations (5.46) and (5.47) yield
D (S H §,,) =2 {H(Sp) - H(S)} , (5.50)

from which Equation (5.49) is straightforward. Equation (5.49) means that, of
all the possible stochastic realizations of a particular sequence of autocorrela-
tions, the realization S, in AR, is the one which maximizes the entropy. This
fact is often referred to as the principle of maximum entropy (Burg [62]),
and now from the geometrical viewpoint we see that this is simply none other
than the generalized Pythagorean theorem.

Let So, S’l, S,,- -+ denote the stochastic realizations of S within ARy, ARy,
ARy, -+, respectively. Then as we increase the degree p of AR, the approx-

imation error D (S H S'p) of the realization decreases correspondingly. By the
Pythagorean theorem, the error satisfies the additive relation

D(s]8)=p(s||%)+D (4 IS) (5.51)
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for ¢ > p, and is decomposed into
D(s]8,) =50 (S | 5. (5.52
i=p

MA models constitute an m-autoparallel subspace within the system space
L, and a dual argument similar to that of AR models can be made. Moreover,
we may extend the argument to its a-version for an arbitrary o as follows.
First, a( s)yst(er)n is called an a-model of degree p when its a-coordinates
( [e3 (23 S

c* -) satisfy

=0 for VEZp+1,

or equivalently, its a-spectrum is represented by the finite sum

R(a Z et (w

In particular, an AR model is a 1-model, an MA model is a (—1)-model, and a
Bloomfield exponential model is a 0-model. The space M,§“> of all a-models of

degree p forms an a—autoparallel submanifold within L. Next, given a system

S, with ¢® = (¢,” ) denoting its a-coordinates, a system S’ is called an o-
stochastic realization of S of degree p, or of the sequence (cO ,cg ), ceey céa)),

when its first p + 1 a-coordinates coincide with (c (()a),cg D YA (=D)-
stochastic realization is a stochastic realization in the original sense. Now, we
have the following theorems.

Theorem 5.2 Given a system S, the a-model S’p achieving

D) (s $) = Jmin, D) (S| 8) (5.53)

is a (—a)-stochastic realization of S of degree p. The approzimation error sat-
isfies

D (5] 8,) = Dt (s 8)+p= (S 5) (5.54)
forq>p and -
D= (S “ Sp) =Y Dt (Siﬂ H S) . (5.55)

Theorem 5.3 Among all the (—a)-stochastic realizations of a particular se-
quence (c§,c™ .. b)), the realization S, in M) has the minimum
(—a)-potential:

P(8,) = mmzp( 2(S). (5.56)

In particular, when a > 0 it has the mazimum entropy, and when o < 0 it has
the minimum entropy.
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The space of ARMA models is not a-autoparallel for any «, and has prop-
erties which are interesting globally; however, we do not pursue this here.

5.4 Stable systems and stable feedback

Now let us consider the continuous-time linear system
&(t) = Ax(t) + Bu(t), (5.57)

where x is an n-dimensional vector representing the state of the system, v is an
m-dimensional vector representing the input, 4 is an n x n matrix, and B is
an n X m matrix. We assume that the pair (A, B) is controllable, and that the
rank of B is m. For the system to be stable, the real parts of the eigenvalues of
A must all be negative.

In this section, we shall first show that the space S of n x n stable matrices
forms a fiber bundle and that it is possible to introduce a structure of dual
connections onto this fiber bundle in a natural manner. Then, by expressing the
input u as a linear function of the state x, we consider systems which control
their own state, i.e. self-controlling state feedback systems. Note that if the
input u is the sum of an external input v and the feedback Fz so that

u= Fx+v, (5.58)
then the system in Equation (5.57) may be described instead as the system
&= (A+ BF)z + Bu. (5.59)

We shall study the set F(A4, B) of feedback matrices F for which A + BF is
a stable matrix. Furthermore, we shall introduce the space S(A, B) of stable
matrices A+ BF realized by feedback matrices F, and investigate the geometry
of S(A, B) as a submanifold of S.

First, let us begin by considering the structure of the manifold S consisting
of all stable matrices. S is clearly a simply connected open set within the Lie
group formed by the set of regular matrices GL(n). Let us fix an n x n positive
definite matrix ). Then a stable matrix A may be decomposed using a positive
definite matrix P and an skew-symmetric matrix S into

1
A= —.éczp“1 +SP~t, (5.60)

This decomposition is unique, and P is the solution to the matrix Lyapunov
equation
AP+ PA*"+Q =0, (5.61)

where A' is the transposed matrix of A. Hence the pair of matrices (P, S) form

a coordinate system for §. Since P is symmetric it has ﬁ%ﬂl independent com-

n(n—1)
2

ponents, and since S is skew-symmetric it has independent components.
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Adding these we obtain n?, which is the dimension of S. If we decompose the
stable matrix A into

Ap = —%QP"I and A; = SP7!,

then the eigenvalues of Ag are all negative reals, while those of A; are all purely
imaginary.

Following Ohara et al. [172, 171], let us view S as the direct product of the
manifold PD formed by the set of positive definite matrices P and the manifold
Skew formed by the set of skew-symmetric matrices S via Equation (5.60).
To investigate the geometric structure of S = PD x Skew, we rely on the
following invariance. Consider transformations of bases of the space consisting
of all state vectors. Letting T' be a matrix representing such a non-singular basis
transformation, this transforms z according to

r=Tx.
Then, in addition, 4, @, P and S are transformed according to
A=TAT™', Q=TQT!, P=TPT' and §=TST, (5.62)

respectively. We require that the structure of the manifold S remains invariant
under this transformation.

Let us first investigate the geometric structure of PD. It should be noted
that PD may be equivalently considered as the space formed by multivariate
normal distributions with mean 0 and covariance matrices P in PD. Letting «
be the random variable, the distributions may be written as

p(z; P) = exp {~—;~th“1$ - w(P)} . (5.63)

Identifying PD with the space of such normal distributions, we may intro-
duce the dualistic structure (g, V,V*) on PD by the Fisher metric,' the e-
connection and the m-connection. If we use this structure, then PD is a dually
flat space with —%P“l as its V-affine #-coordinate system and P as its V*-
affine r-coordinate system (see Example 2.6 in §2.3 and Example 3.2 in §3.5).
Furthermore, the invariance of the structure (g, V,V*} under the transforma-
tion P = TPT"® follows from the invariance of the Fisher metric and the e-,
m-connections under the one-to-one transformation & = Tz of the random vari-
ables.

Let us consider the space PD as an open set in the linear space Sym con-
sisting of all n X n symmetric matrices through the 7-coordinates P, so that
the tangent space Tp(PD) at each point P is identified with Sym. Let E,,
denote the n x n symmetric matrix whose (p,q)*" and (g,p)*® components are
1, and is 0 elsewhere. Then the natural basis of Tp(PD) = Sym corresponding

L Actually, we define g to be twice the Fisher metric for notational simplicity in this section.
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to the coordinate expression P = ) n”9E, ; is represented by the set of ma-
trices {Epq ; 1 < p < g < n}, whereby a tangent vector X € Tp(PD) may be
expressed as a matrix whose components are X, .:

X =Y XpeEp, (5.64)
p=q

Similarly, the natural basis { EP9} for the 6-coordinates —3 P~1 = 32 o000 Ep ot
i 2 p<q9p,qEp,q 1s represented by

- 1 -
EP1 = §PEp,qP (p<q) and EPP = PE,,P.
Then we obtain the following theorem.

Theorem 5.4 (/171, 173]) PD is a dually flat space with —3P~1 as its 9-
coordinate system and P its n-coordinate system. In terms of n-coordinates, the
Riemannian metric is given by

9p.a) 0 a") = (Ep,q» Epr ) = tr (PﬁlEp’qP_lEp’,q’) . (5.65)

In other words,

(X,Y)=tr (PT'XP7'Y). (5.66)

In addition, the covariant derwatives of the pair of dual connections V and V*
are given by

Vi, Ers = 0 and (5.67)

vEp,qET75 = “Ep,qp_lEr,s-Er,sP_lEp,q- (568)
We also have

(8°9,B..) = &3, (5.69)

Vs E™ = 0 and (5.70)

Vi, B = EPpTlETS 4 Ereprlppa, (5.71)

For any tangent vector X € Tp,(PD), the parallel translations from Py to Py
with respect to the connections V* and V are given by
mx = X (5.72)
nx P PyIXPP. (5.73)

I

For the space Skew defined as the set of skew-symmetric matrices S, the
invariance under the transformation (5.62) does not suffice to provide us with
a means of obtaining a correspondence between the geometric structure of the
space and that of a family of probability distributions. Ohara and Amari [171]
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viewed S as the fiber bundle (vector bundle) with the base space PD and the
fiber Skew, and introduced the following inner product on the fiber over each
P ePD:

<Sl, SQ> = —tr (P“lslP"lsg) . (574)

They also defined two connections on this fiber bundle with the parallel trans-
lations

s = S (5.75)
IS = P Py'SPy'Py, (5.76)

which turn out to be mutually dual in the sense that
<H*51,H52>P1 == <Sl752>Po . (577)

Note that since Skew is not the tangent space of PD this duality is an extension
of the original notion introduced in §3.1.

Finally, we consider the feedback-stabilized manifold S(A, B). Fix an arbi-
trary positive definite matrix @, and let PD(A, B) be the set of positive definite
matrices P satisfying

(I - BBY)(AP+ PA'+Q)(I —BB™*) =0, (5.78)

where B denotes the pseudo-inverse of B. In addition, let Skew(B) be the
set of skew-symmetric matrices S satisfying

BB*TS =S. (5.79)
Theorem 5.5 ([172, 171]) PD(A, B) forms an 1ri@ﬂ;—n—il—l-dimensional V-
autoparallel submanifold of PD and hence is dually flat, while Skew(B) forms

m{m-1

an ) _dimensional linear subspace of Skew. Those F' for which A+ BF
is stable may be written using P € PD(A, B) and S € Skew(B) as

1
F=—BT(AP+ PA"+Q) <I - §BB+> Pl —BtSpP (5.80)
This equation gives a diffeororphism between the space F(A, B) of stabilizing
feedback matrices F' and PD(A, B) x Skew(B). In addition, the elements of
S(A, B) are given by
1
A+ BF = ~—-§QP‘1 + (So(P) — S)P, (5.81)
where

So(P) = AP — BB* (AP + PA' + Q) <1 - %BB*) + %Q. (5.82)

The matriz So(P) turns out to be skew-symmetric, and Equation (5.81) shows
how S(A, B) is embedded in & = PD x Skew through Fquation (5.60).
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We have not described the meaning of the geometric structure from the point
of view of control theory. In this context also, however, it is again possible to
introduce two potential functions and a divergence for which the Pythagorean
theorem holds. This can be used in designing systems and feedback. For exam-
ple, it can be helpful in designing feedback systems which best approximate the
properties of some underlying system. This is a topic for future research.
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Chapter 6

Multiterminal information
theory and statistical
inference

One of the principal problems motivating information theory is the faithful com-
munication of a message given the constraints of channel capacity; the standard
approach is to analyze the probabilistic structure of the message and from this
construct a code. In contrast, the goal of statistics is to infer the underlying
probabilistic structure generating the message. Hence although these two fields
share the foundation of probabilistic structures on which they build their theo-
ries, because of the differences in their objectives, their analyses tend to follow
separate theoretical paths. In multiterminal information theory, however, there
appears a problem which binds these two fields together.

We call an information source which has distributed terminals and produces
messages which are correlated across these terminals a multiterminal infor-
mation source. Let us suppose that each terminal independently encodes and
compresses its message, and that the task of the receiver is not to reconstruct
the original message, but rather to infer the probabilistic structure of the under-
lying multiterminal information source. The Shannon information is relevant
to the task of information transfer, while the Fisher information is relevant to
the task of statistical inference. Information geometry provides a fundamental
framework within which problems that involve both the Shannon and the Fisher
information may be solved.

6.1 Statistical inference for multiterminal
information

Suppose we have the two information sources X and Y, and suppose that each
source generates a message over a finite alphabet. Let 2V = @125 --- 25 be the

133
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Figure 6.1: Statistical inference of a multiterminal information source.

sequence of characters of length N generated by X, and y"¥ = y,y2-- - yn be the
sequence of characters of length N generated by Y. Suppose that x and y are
correlated, and that for each 4, the pair (z;,y;) is sampled independently from
the joint distribution p (z,y). When this distribution is parameterized over &,
we write p (x,y;&).

Each information source X and Y independently sends its message to a
comimon receiver, whose task is to infer the probability distribution p (z,y). If
zV and y" may be directly communicated to the receiver, then the problem
reduces to a standard statistical inference problem over the N observations
(z,y"). Suppose, however, that the communication paths from X and Y
to the receiver have capacities limiting the messages to Ry and Ry bits per
character, respectively. Then it is not possible to send z™ and 3", and it
is necessary to use compression. We wish to investigate, with respect to this
capacity (Rx, Ry ), what quality of statistical inference is possible and what the
appropriate corresponding coding techniques might be (see Figure 6.1.)

Suppose, for example, that x and y are signals which take one of the two
values 0 and 1, and that N = 1000, Rx = 0.3, and Ry = 0.4. Then although X
and Y both generates a sequence of 1000 bits, it is only possible for X to send
an encoded 300 bits of informations, and Y is limited to 400 bits. The problem
is to find the message which allows optimal inference of p (z,y).

This kind of problem is peculiar to multiterminal theory. In order to clarify
this, let us consider the case when there is simply a single information source X
which generates a sequence of characters according to the distribution p (z;£).
Then there is no need to send z% in order to estimate . It suffices for the
generator to compute the estimator £ = £ (z1,---,zn), and send the value of
é . In fact, since f has an estimation error of order —»flﬁ, the actual message can

consist of only the first log N digits of £ represented in base 10. Then since the
information sent per character

log N

N 0

as N grows large, the information needed for statistical inference may be sent
asymptotically using 0 bits per character. When testing, only a single bit rep-
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resenting rejection and acceptance need be sent. In the multiterminal case,
however, X and Y do not know each other’s messages. Hence it is not possi-
ble for either to independently compute a good estimator €. In particular, it
is not possible to compute information concerning the correlation between the
two. Hence it is necessary for the receiver to combine the data from both ter-
minals. The problem, therefore, given that the information sent is limited by
the capacities Rx and Ry, is to investigate the possible quality of inference.

Let us begin by formalizing the coding problem. If we have Ry bits per
character, then we may send NRx bits over the entire message. Now let mx
denote the message communicated over the channel, and let Mx denote the set
of all possible messages. Let |Mx| denote the total number of such messages.
An encoding is a mapping from generated character sequences 2 to messages.
This may be represented using a coding function:

mx : {z"} - Mx, where 2z rix(z
Then the information rate is
. 1
Rx = ngnoo NlogIMXL (6.1)

Restating this simply, if the capacity is Rx, then there are
|Mx| = 2NEx (6.2)

encodings from which we can choose. If we constrain |[Mx| to be only polynomial
in size with respect to N, then Rx is of order 101ng , and hence Rx — 0 as N
grows large. In such a case we call this an asymptotically O-rate encoding. This
discussion applies equally to the information source Y.

The role of the receiver is to accept the messages mx(z’V) and ry (y?),
and perform statistical inference. When the inference problem is estimation, an
important goal is to obtain the Fisher information of the random variables mx =
mx(z™) and my = My (y"). Let ¢ denote the parameter of the probability
distribution. Then the joint distribution of the code is given by

M)

pimx,my;&) = > p(™,y";¢), (6.3)
fEN,'yN
where the sum is over all ¥ and y" which satisfy mx (z"V) =mx and my (yV) =

my.
The Fisher information gy (M x, 7y ) may be computed using the distribu-
tion over codes. In this case we would like to find

. 1 L
9(Bx,Ry) = lim sup —gn(fx,my), (6.4)
N—ro0 N
where the sup is taken over all encoding functions (7hx, iy ) under the con-

straint that |[Mx| < 2VBx and |[My| < 2V8¥ . Then the estimation problem
becomes that of finding the value of this g and the corresponding encoding. If
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this is done, then the maximum likelihood estimate é obtained from the message
would be normally distributed with covariance {Ng(Rx, Ry)} ™.

Likewise, in the case of testing, letting the hypothesis Hy : £ = & have
as its alternative hypothesis Hy : & = & + ﬁ, the Fisher information al-
lows us to compute its testing power. Now instead of letting the alternative
hypothesis vary with N, let us consider the problem of testing the hypothesis
Hy :p(z,y) = po (z,y) against Hy : p(x,y) = p1 (x,y). Then the test accuracy
may be increased by correspondingly increasing N. Here we impose the restric-
tion that the probability of a Type I error, i.e. the probability of rejecting Hy
when the underlying distribution is pg, should be less than a fixed value . It is
known that in this case the probability Pg of a Type II error, which is when Hy
is accepted although the underlying distribution is p;, decreases exponentially
as 27 NP with respect to N (from the theory of large deviations). We call

. 1

the exponent of error. It is also known by the name of Stein’s lemma (see
e.g. Dembo and Zeitouni [78]) that if we are sent the actual outputs zV and
y"N, then the exponent of error of the optimal test does not depend on «, and
is given by the Kullback divergence:

B=D(pollp) =D (po || p1) (6.6)

Then the problem is now to find, given the capacities Rx and Ry, the exponent
of error

) 1
B(Rx,Ry) = ngnoosup {—N log PE} , (6.7)

where the sup is taken over all encodings consistent with the capacities Rx and
Ry.

This problem has not yet been completely solved. Below, we examine the
problem from the point of view of information geometry, first in the special case
of a O-rate testing problem, and then in the case of a O-rate estimation problem.
Lastly, we touch upon the general case.

6.2 O-rate testing

Let X and Y have as their respective alphabets the n+ 1 characters 0,1,---,n,

and the m + 1 characters 0,1,---,m, and let us write their distribution as
(2%}
where

pij = Pri{z =14,y = j},
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and d;(z) is a function whose value is 1 when z = i and 0 otherwise, and similarly
for 4;(y). Since there are (n + 1)(m + 1) possible pairs (3, ), this is a discrete
distribution over (n + 1)(m + 1) elements, and the set of all such distributions,
say S, forms an exponential family of dimension (n+1)(m+1)—1 (see Example
2.8). By introducing the variables

i Dio Doy
g% =1lo , ¢ =log =2  and
X & Poo % poo Poo
piip (6.9)
Hij =lo £15£'00 i:ly..., ;':1’.,.’m,
XY gpiopo;,- ( n; 7 )
we may write
la,y) = logp(zy) )
= 0%0:(z) + 05.0;(y) + 0%y 0:(x)d;(y) — ¥(0), (6.10)

where the sums for ¢ and j range from 1 to n and 1 to m, respectively, and

¥(8) = — log poo. (6.11)

Then 6 = [9&,9{,,9%&,} is an e-affine coordinate system. The corresponding
n-coordinate system is given by

i = El6(=)] = pe = Slopi
o= E[5W] = p; = Yiopy, and (6.12)
nyY = El&(x)5(y)] = py.
Here n* = [nX] and n¥ = [n; X1 are probability distributions which focus atten-

tion on only x and only vy, respectlvely They are called marginal distributions.
On the other hand, 0xy = [0 )gy] expresses the correlation between z and y. As
can be seen from Equation (6.9), if # and y are independent, then there is no
correlation,
bij = piPjs
and hence Oxy = 0.
For simplicity we shall omit the indices ¢ and 7 and write

0= (0x,0y;0xy) and 7= (n%n";n*Y).

Now if we consider combining parts of the coordinates above to form
&= (", n";0xy), (6.13)

we find that this, too, is a coordinate system for S. This is an example of mixed
coordinate system described in §3.7.
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Now fix the marginal distributions ¥ and 7%, and let us consider the set
of probability distributions whose marginals agree with these. Letting

M(n*,n¥) = {distributions whose marginals agree with 7 and n¥'}

denote this set, M(nX,nY) forms an m-autoparallel subspace of S. Since as we
vary 7 and ¥ this covers the entire space S, the set of all M is a foliation of
S. On the other hand, if we consider the set of all distributions whose values of
fxy are the same,

E(6xy) = {distributions whose Hégy coordinates agree with fxy},

this is an e-autoparallel subspace of S. The set of all F is also a foliation of S.
These two foliations are mutually dual in the sense described in §3.7 (see Figure
3.3).

Now let Py = pg (z,y) and P; = p; (z,y) be two probability distributions.
Let the mixed coordinate of Py and P, be

PO : (n({’n(}]/,gg)(Y) and Pl : (,’75(7,’7}/76}(3")7
respectively. Now let us define P by the mixed coordinate
P (ngm 5 0%y)-

P is a distribution whose marginals agree with those of Py and whose correlation
agrees with P, (Figure 6.2). Now note that P, and P are in the same m-
autoparallel space M (ng,nY ), and that P and P; are in the same e-autoparallel
space E(0%y ), and hence since these two spaces are orthogonal, we have the
following from the Pythagorean theorem for the Kullback divergence D = D(~1):

D(Py||P\)=D(Py||P)+D(P||P). (6.14)
Returning to the original topic of discussion let us consider the problem of
testing the hypothesis Hy : Py against the fixed alternative hypothesis Hj :

P; when constrained to asymptotically 0O-rate encodings. Now the generated
outputs £V and yV determine an observed point

in S. More precisely, we have

N
1
AX
7; —“N“;(Si(wt), ] NZ& y), and

Aj;'Y Nzém xt7yt

where these are the 7-coordinates of the empirical distribution based on the
observed data.

(6.15)
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Now the information source X must determine the message my as a function
mx (z™) of 2V, without knowledge of the data y"V. If we consider for rmx (z™)
symmetric functions of zy, -, zy, then the only possibilities are 7% =[]
or a function of #X. If we send #* as the message mx, then since A may
take the N + 1 values {0, N™',2N~! ... 1}, and the index i runs from 1 to
n, the number |Mx| of possible messages mx is at most (N + 1)™. Hence the
information transmission rate is

log | M x| < nlog(N +1) N

N < 5 0, (6.16)

and the encoding satisfies the asymptotically O-rate constraint. Similarly, let us
suppose that the information source Y sends the encoding my = 7Y .

The only portion of the sufficient statistic A = (7%,#Y,7%XY) available to
the receiver in a O-rate encoding is the pair of marginal distributions (7%,7Y).
Since 7Y cannot be constructed without information being exchanged by X
and Y, it cannot be obtained in a O-rate setting. The receiver uses a function A
of (7%,7Y) as its test statistic. The boundary of the acceptance region is given
by

A, nY) =c (6.17)
X

In other words, the boundary consists of the set of all M (nX,nY) where (nX,n
satisfies Equation (6.17).

When P is the underlying distribution, (7%, %) converges in probability to
the marginal distribution (ng,7nd) of the underlying distribution as N — oo.
Now consider the acceptance region as a cylinder containing M (nj’,nd ) (Figure
6.2). If the acceptance region A contains an open neighborhood of M (ng’,nd),
then as N — oo, (#%,AY) is contained in A with probability 1. Therefore the
probability of an error of Type I converges to 0. In other words, for any o, N
can be made sufficiently large so that an error of Type I occurs with probability
less than a.

Before deriving the probability of a Type II error, we give a result from
the theory of large deviations. The proof of this result for the problem we are
considering is straightforward using a combinatorial argument on multinomial
distributions.

Y)

Lemma 6.1 (Sanov’s theorem: e.g. [78]) Given N independent samples of
a random variable whose probability distribution is P, the probability that the
empirical distribution 9 falls in a region K is asymptotically

Pr{ne K} ~ exp{-0N}, (6.18)

or more precisely
. 1 .
]\}irgo N logPr{n € K} = -, (6.19)

where
B=inf DQI|P). (6.20)
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E(8%y)

Mg %)

Figure 6.2: The acceptance region A of a O-rate encoding.

From this lemma we see that the exponent of error can be made arbitrarily
close to the supremum of

A(A) = inf D (P | Q) (6.21)

with respect to A. Since as long as A contains M (175‘T .1y ) this can be made as
small as desired, we have
supp(4) = _ inf D@ P)=D(P|R). (6.22)
We have derived the exponent of error for the case when we send /X and
#Y for mx and my, respectively. The fact that this exponent is achievable was
first shown by Han [98], and the present differential geometrical approach was
studied by Amari and Han [26]. To show that it is not possible to do better
by sending some other message of a O-rate encoding requires techniques from
information theory, which was carried out by Shalaby and Papamarcou [197),
and hence we do not prove this here. See also Han and Amari [100].

Theorem 6.1 The optimal exponent of error when testing between the hypoth-
esis Hy : Py against H, : P, under the assumption of 0-rate encodings is
D(P| P).

6.3 O-rate estimation

Let M = {p(z,y; &)} be a statistical model parameterized by the scalar £. Then
the Fisher information of a single data pair (z,y) is

g9(&) = E{{é(x,ysf)}ﬂ : (6.23)
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where we have let £ = log p and (= adzé. This is the square of the length of the
tangent vector of the curve determined by the distribution M. If we have N
observations zV and 3", then using the distribution of the sufficient statistic

7%, 7Y, H~5Y), the Fisher information may be computed to be
n,n

Ng(¢) = Eg [ {¢6% 7", 5¢) }2] : (6:24)

which is NV times the information of a single observation.

Suppose, using a O-rate encoding, that only the information concerning the
marginal distributions mx = A% and my = 7Y is sent, and that the information
in 7XY is lost, as in the previous section. Then ad_g logp (mx,my; &) (the score
function), based on the distributions of mx and my, may be written as a
conditional expectation (see Equation (2.19)):

E(mx,mys€) = Be[£ (0,0, #Y3€) | mx,my | (6.25)
The Fisher information of the statistic (mx,my) = (#%X,5") is given by
NgM(€)=Es[{ (.7 75)} } (6.26)

Let
& =VN@¥-p), G=VN(@ -p;), and

Wi = VN (%Y —pij) -

By the central limit theorem, these jointly distribute themselves according to a
multi-dimensional normal distribution when N — oo. The score function based
on the whole data may be written as

(6.27)

7Y, 7Y 8 = \/_(9&:5¢+0{,gj+é§§ywij). (6.28)

On the other hand, since /% and #¥ belong in the space of random variables
spanned by (Z;,7;), the conditional expectation £ (7%,7";€) is the projection
of Z( XopY,5xY, 5) onto the linear space spanned by (Z;, ;). Since Z;, §; and
wW;; are not orthogonal, we may not obtain this projection by simply taking the
terms in £ which are linear combinations of ; and ;.

We compute the projection using a technique from linear algebra. Let us
re-index as 1, the portion [;*,7) ] of the 7-coordinetes of S, so that a = (i, )
is our new index. In addition, let [g,s] denote the corresponding portion of the
Fisher information matrix under the f-coordinate system, and let [§°°] denote
its inverse.

Theorem 6.2 The Fisher information of an asymptotically 0-rate encoding is
given by
gm (&) = 1am3%. (6.29)
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Here, using the projected score function, the optimal estimatoré based on the
message (mx,my) is obtained as the solution of

Bl é (75,07, #5¢) | mx,my | =0, (6.30)

and in addition, é is asymptotically distributed according to a normal distribu-
tion with mean & and covariance gpr(§) 1 N1

The above result for the achievability of the Fisher information gas(§) is due
to Amari [13], while its optimality was recently proven by Han and Amari [100]
based on a large deviation approach combined with the argument of [197].

6.4 Inference for general multiterminal
information

We have until now been considering testing and estimation within the context
of an extremely special case, i.e. that of O-rate encodings. And although we
have focused here on the relevant information geometric structures, both the
geometric structure and the encoding process are important components of this
problem. The problem in the general case when the coding rates Rx and Ry are
unconstrained is still open. It is plausible, however, that information geometry
provides a means for solving this problem together with coding techniques from
information theory. The following outlines one idea. See Han and Amari [99,
100].

We first recall that the data (z™,3") is a sequence of N independent sam-
ples drawn from the joint probability distribution p(z,y) of correlated random
variables X and Y. Now let U be a random variable whose domain is finite,
and assume that the three random variables U, X, and Y satisfy the Markov
relation

U-X-Y. (6.31)
This is a notation common in information theory which means that U and Y’
are independent given X. From the point of view of information geometry, this
means that if we consider the exponential family

pluz,y) = exp{fh8i(u)+0%0;(x) + 0%6x(y) +
0 855 (u, ) + 08y 83k (u, ) + 0%y ik (2, ) +
Iy ik (u, 2, 9)}, (6.32)
then the following hold:
0, =0 and 07%, =0, (6.33)
where we have used variables such as
02%};/ ~1lo PijkPi00PojoPo0k (6.34)

Y
Pi0P05kPi0kP000
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which are generalizations of those in Equation (6.9). Next, let V be a random
variable similarly satisfying the Markov relation

V-Y-X. (6.35)

Then, corresponding to the rate constraint specified by Rx and Ry, we may
consider a constraint imposed on U and V in terms of some information quanti-
ties like entropy or mutual information. Furthermore, this setting has a natural
Nth extension in which we consider random variables Uy and Vi satisfying the
Markov relations

Uy - XY~y  and  Vy-YV - XV, (6.36)

where X"V and YV are the Nth i.i.d. (independent and identically distributed)
extensions of X and Y, respectively.

Now, suppose instead of the codes 1 x () and rhy (yV), we send uy and vy
drawn from the sources Uy and Vv which are correlated with =V and 4 by the
Markov relations above. We may view uy and vy as noisy versions of i x (z7V)
and 7y (y"), and hence this is a stochastic encoding. Then, corresponding to
the original problem of finding the optimal encoding functions my : {™V} —
Myx and 7y : {yV} — My under the rate constraint, an optimization problem
for Uy and Vy is naturally formulated, which now we are to pursue.

This is a typical strategy in information theory, where for many classes of
problems it is proved that there in fact exists a deterministic encoding system
which has asymptotically equivalent characteristics to a stochastic one. The ad-
vantage of considering stochastic encodings is that, unlike the original problem
for deterministic encodings, the corresponding problem is often reduced to the
case when N = 1. This is called the single-letterization of the problem.

The questions we must address, then, may be decomposed into two parts:

(i) Is the multiterminal statistical inference problem single-letterizable?
If this is the case, then

(ii) How do we solve the problem after single-letterizing?

A geometric consideration of the distribution family {p (u, z, y, v}} answers ques-
tion (ii). In other words, the solution can be obtained by decomposing the four-
fold empirical distribution into a communicable portion consisting of marginal-
ized distributions, and an uncommunicable portion consisting of distributions
such as %Y.

On the other hand, Ahlswede and Brunashev [3] have made a pessimistic
observation on the general single-letterizability of problems of multiterminal
statistical inference. However, it might be possible to apply single-letterization
to the conditional inference problem where we send (7*,7") at O-rate as a
supplemental message. It is expected that single-letterization or conditional
single-letterization provides a key towards new developments.
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Chapter 7

Information geometry for
quantum systems

From a mathematical point of view, quantum mechanics may be construed as an
extension of probability theory, and it is possible to generalize many concepts in
probability theory to their quantum equivalents. The framework of information
geometry for statistical models may also be extended to the quantum mechanical
setting. Although a variety of important works related to differential geometrical
aspects of quantum mechanics have so far been made by many researchers, we
restrict ourselves here to investigating the problem of how the dualistic structure
of the Fisher metric and the a-connections on statistical models is extended
to manifolds of quantum states. We should recognize, however, that study of
quantum information geometry has just started, and that we are far from getting
its whole perspective at present.

7.1 The quantum state space

Let us begin with a very brief introduction of quantum mechanics. (We do not
touch upon the quantum time evolution (dynamics) governed by the Schrédinger
equation or the state reduction caused by a measurement.) Quantum mechanics
describes the physics of a quantum system in terms of linear operators on a
complex Hilbert space H. Here we assume that H is finite-dimensional for
mathematical simplicity, and hence we may consider H as C*, where k = dim H,
and operators as k X k matrices with no loss of generality. We denote the inner
product of vectors z and y in H by (z|y), and use Dirac’s notation in which
|z){z| means the operator which maps each element y of H to (z|y)z. The
Hermitian conjugate (or adjoint) A* of an operator A is defined by the property
(x|Ay) = (A*zly) for all z and y. A quantum state of the system is then
represented by a density operator p on H, which is a positive semidefinite

145
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Hermitian operator of trace one:
p=p">0, and trp=1. (7.1)

We call p a pure state when p is of rank one and hence is representable as
p = |z){z| for some unit vector z, and a mixed state otherwise.

Now suppose that we perform a measurement, say II, to the quantum sys-
tem and that the possible outcomes of II form a finite set of events {e, e2,..., €}
When the state of the system is represented by a density operator p, the prob-
ability that a particular event e; is observed is generally expressed in the form

Ple} = tr(pm), (7.2)
where {m;} = {m1,m2,...,m} is a set of operators on H satisfying
mo=m; >0, and Zm =], (7.3)

with I denoting the identity operator (unit matrix). The set {m;} is determined
by the measurement I and does not depend on the state p. Hence we may
consider {m;} as a mathematical expression of the measurement II and write
as IT = {m;}. Note that Equations (7.1), (7.2) and (7.3) qualifies P to be a
probability distribution:

P{e}>0 and > Ple}=1 (7.4)

Note: More generally, a measurement taking its outcome in
a measurable space (X,B), where B is a completely additive class
(0-algebra) consisting of subsets of X, is represented by a mapping
which maps each measurable set B € B to a nonnegative Hermitian
operator w(B) = m(B)* > 0 on H satisfying m(X) = I and the
complete additivity: for any countable family of mutually disjoint
measurable sets { By, Ba,...} C B we have

w(U B)) => n(By).

T

Such a 7 is called a positive-operator-valued measure, prob-
ability operator-valued measure or POM in short. The prob-
ability that the measurement outcome lies in a set B is then given
by P(B) = tr(pw(B)). See [107] [110] for the detail. When X =
{1,2,...,1} and B is its power set, Equation (7.3) follows by setting

;= w({i}).
When II = {m;} satisfies the additional condition

nt=m;, and mm =0 if i#}], (7.5)
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or in other words, when {m;} consists of orthogonal projections onto mutually
orthogonal subspaces, it is called a simple measurement. This condition may
be considered to represent a kind of purity of the measurement.

When the possible outcomes eg, ez, ... of a simple measurement {m;} are
labeled with distinct real numbers ay,az, ..., we call the pair ({m;},{a;}) an
observable. We may represent an observable ({m;},{a;}) by the Hermitian

operator

Note that {a;} are the eigenvalues of A and {7;} are the orthogonal projections
onto the eigenspaces, and that the correspondence between 4 and ({m;}, {a;}) is
one-to-one. Then we see that the expectation and the variance of the observable
A under the state p are given by

B [A] = > tr(pm) a; = tr(pA)  and (7.7)

VoAl = 3 trlpm) (o = Bp[A]) = te[p (A~ B[A)"],  (T8)

where (and hereafter) a constant multiple ¢l of the identity I is simply denoted
by c.

Given a finite-dimensional Hilbert space H, let us denote the set of all Her-
mitian operators on H by

A={A|A=A"}, (7.9)
and let .
A B {A]Ac A and trA=1}. (7.10)
Then the totality of density operators

S f {plp=p">0 and trp=1} (7.11)

forms a convex subset of A;. This set is partitioned into § = U,’:zl Sy, where
s, {peS|rankp=r} and k 4" dimH. In particular, the elements of S
are the pure states and are the extreme points (i.e. points which may not be
represented as convex combinations of other points) of the convex set S, while
those of Sy are strictly positive density operators and constitute the interior of

S.
Let U be the set of all unitary operators on H:

U={U|U " =U"}. (7.12)
This forms a Lie group and acts on S by

UxS — 8§
(U,p) — UpU™. (7.13)
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Obviously each S, is closed under this action. When a state p, a measurement
{m;} and an observable A are transformed into

p=UpU* 7 =UmU* and A=UAU"

by a common unitary operator U, the probability distributions and the expec-
tations are kept invariant:

tr(pi;) = tr(pm)  and  tr(pA) = tr(pA).

The pure state space S; may naturally be identified with the complex projec-
tive space CP*~1 of complex dimension k—1. It is well known that a Riemannian
metric on this space which is invariant under the action of the unitary group Y
is unique up to a constant. This unique metric is called the Fubini-Study metric
and is known to be a Kahlerian metric. From an information geometrical point
of view, it is important to recognize that the Fubini-Study metric is a quantum
version of the Fisher metric and plays an essential role in the statistical estima-
tion theory for pure state models, although we do not further discuss this topic
here; see Fujiwara and Nagaoka [92, 94] and Matsumoto (145, 146].

In the rest of the present chapter we focus on the geometry of S; which is
now denoted by

S {plp=p">0and trp=1}. (7.14)

This space is an open subset of .4; and hence is naturally regarded as a real

(not complex) manifold of dimension n 4f dim A; = k? — 1. The tangent space

T,(S) of each point p may then be identified with

Ao ¥ {A|Ae A and trA =0}. (7.15)

When a tangent vector X € T,(S) is considered as an element of Ay by this
identification, we denote it by X{™ and call it the m-representation of X,
reflecting that it corresponds to the m-representation in the classical case intro-
duced in §2.5.

For a simple measurement II = {my,...,m}, let

i
Sn {Z Q;mm;
i=1

I

S

(al,...,al)ERl}

I
N
il
3 )
A

p=(p17'~'apl)epl}7 (716)

where P, denotes P({1,...,1}): the totality of positive probability distributions
on {1,...,1}. This forms a (I — 1)-dimensional submanifold of S. Note that S
is commutative in the sense that arbitrary two elements p and o of Sy satisfy
po = op, and that any commutative model is a submanifold of S for some IL.
When all the projections 7; in II are of rank one, we have

S={UpU*|p€Syand U € U}. (7.17)



7.1. THE QUANTUM STATE SPACE 149

Within the tangent space T, = T,,(S) = Ay at each point p, let us consider
the subspace T} consisting of all the tangent vectors corresponding to the action
of Y. Each element of T} is represented as

d .
a‘iUt”Ut o = [, o],

where Uy is a curve in U satisfying Uy = I, Q is its derivative at t = 0 and |, |
denotes the commutator:
[A,B] = AB — BA.

Hence we have
m:{XenhQ=4rmMWMme=mM§. (7.18)

Next, let T7 denote the subspace of T}, corresponding to the change of p in
the commutative direction. In other words, T'; is the totality of the derivatives

(—id; pt[ 1 Of curves p; satisfying po = p and [p, p¢] = 0, and is represented as
Ts={xet,| [o,x™]=0}. (7.19)

For a simple measurement II which diagonalizes p (i.e. p € Sp), it is clear
that T,(Sn) is a subspace of T; and that if p has k distinct eigenvalues then
T; = Tp(Sm). Now the tangent space T}, is always decomposed into the direct
sum of these two subspaces:

T,=T; & T (7.20)

To see this, define the linear mapping A : 49 — Ag by A(A) = i[p, A]. It then

turns out that A is skew-symmetric with respect to the Hilbert-Schmidt inner

product! (A, B)ug ef tr(AB), and that T and T, are respectively the kernel

and the image of A. Therefore these subspaces are the orthogonal complements
of each other, which implies Equation (7.20).

In the subsequent sections we shall introduce some dualistic structures
(9,V,V*) on § which may be considered as quantum analogues of the Fisher
metric and the ta-connections. We shall see that these dualistic structures
satisfy the following common properties.

(i) For an arbitrary simple measurement IT = {my,..., 7}, the restriction of
(9,V,V*) onto Sy coincides with the triple of the Fisher metric and the
+o-connections on P; for some a under the natural identification Sp = P;.

(ii) The space Sy is autoparallel in S with respect to both V and V*.

In the sequel, several kinds of inner products for operators will be introduced, for which
we generally use the double bracket (), while the single bracket (,) is used for Riemannian
metrics on § and the inner product on H.
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(i) g = (, ), V and V* are invariant under the action of /. In other words,
for an arbitrary unitary operator U and arbitrary vector fields X and Y,

we have
(UXU*,UYU*) = (X,Y), (7.21)
Voxu-UYU* = U{VxY)U* and (7.22)

where UXU* denotes the vector field? such that (UXU *)g;lz,—* =UX, ,S‘“)U *.

(iv) Tg and T} are orthogonal with respect to g at every point p € S.

7.2 The geometric structure induced from a
quantum divergence

According to the discussion in § 3.2, every torsion-free dualistic structure is
induced from some divergence by Equations (3.9)-(3.13). In particular, the
dualistic structure consisting of the Fisher metric and the Za-connections is
induced from the f-divergence Dy for a smooth convex function f : Rt — R,

where RT % {z € R |z > 0}, satisfying
f(L)y=0, f"()=1 and a=3+2f"(1), (7.24)

which includes the a-divergence D(®) as a representative example. Let us intro-
duce a quantum version of the f-divergence following Petz [182] and investigate
the induced geometry.

Let B be the totality of (not necessarily Hermitian) operators on H. Given
arbitrary strictly positive density operators p,c € S, the relative modular
operator A = A, , : B — B is defined by

A(A) =cAp™t, VAeB, (7.25)
or equivalently by
(A(A),BY, = (A,B);, VA, BebB, (7.26)

o

where ((,)) and ((, ) denote the inner products on B such that

(A,B), =tr(pA*B) and (A, B)} = tr(cBA"). (7.27)

Then, since A is Hermitian and positive definite as an operator on the Hilbert
space (B, {(,)), ), the ordinary operator calculus enables us to define the Her-
mitian operator f(A) on the same Hilbert space for an arbitrary function
f:RT — R, so that we have the implication:

A(A) = XA = f(A)A) = f(NA, VYAeR* VAeB. (7.28)

2Letting ®y : p — UpU™*, we have (dPu)p(Xp) =(UXU" ), (p)-
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Now the quantum f-divergence Dy is defined by

Dy (pllo) = (I, FA)DN; = tr[p f(AND)]. (7.29)
Using the spectral representations
p= Zaiui and o= ijl/j, (7.30)

where {a;}, {b;} are the eigenvalues® and {yx;}, {v;} are simple measurements,
we have

M) = vy and D) = £ (2 v (130)

which leads to

jlollo) = Zazf( )tr/wg) (7.32)

Let M = {M,;} and N = {N;;} be the measurements defined by*
Mij = pavps and Ny = vpvj, (7.33)
and define the probability distributions p = {p;;} and ¢ = {g;;} by
Pij = tI‘(PMz'j) =a; tr(llliVj) and g = tI‘(O‘Nij) = b, tl‘(,u,il/j). (7.34)

Then Equation (7.32) indicates that Dy (p|| o) coincides with the classical f-
divergence of p,q. From this, we can observe that Dy for a strictly convex
smooth function f satisfying f(1) = 0 turns out a divergence on S in the sense
described in § 3.2.

Now assume that f is smooth and satisfies Equation (7.24), and denote the
dualistic structure induced from Dj by (gN VNV = (g(Df),V(Df),V(DJt))7
where we have used the notation of §3.2 in which D} = Dy holds. This
structure is a formal quantum analogue of the triple of the Fisher information
and the a-connections. Since Dy restricted on Sy is identical with the classical
f-divergence on P; under the natural identification Sp 2 P, and since Dy
is unitarily invariant in the sense that D; (UpU* ||UcU*) = Dy (p| o), the
induced structure satisfies the properties (i) and (iii) in § 7.1. Moreover, some
calculation yields that for any vector fields X,Y on Sy and any Z on S, we
have at every point p € S

(X,2),=tr[p~ ' X™ z(), (7.35)

3We do not care whether the elements of {a;} and {b;} are distinct.

4In the situation where the so-called von Neumann’s projection hypothesis is applica~
ble to the simple measurement u (and to v, also), which means that the state change
p — pippi/ tr(pp;) occurs when p is performed to the system in the state p to yield the
measurement result i with probability tr(pp;), the measurement M (N, resp.) may be physi-
cally realizable by consecutively performing two measurements p and v in this order (in the
reverse order, resp.).
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<vg{>y, z> = tr[p X (V™) — 1—*2”—ax<m>Y<m>}Z(m>], (7.36)
P

(VEY,2) =ulpr (xre) - L Oxmyey ) qa)
o

where (,) is the inner product with respect to g(), and X (Y(™) denotes the
derivative of the operator valued function Y™ : p Yp(m) in the direction of
Xp, while X (m)y(m) is the product of the operators X ,Sm> and Yp(m). We can
see that the properties (ii) and (iv) follow from these equations. (Note that
vEe) = ym) _ -l—%—aT according to Equation (2.27). ) This means that for

the commutative direction the induced structure (¢, V() V™)) depends on
f only through the a determined by Equation (7.24) just as in the classical
case. As for the unitary direction, on the other hand, the dependence is more

essential. In fact, for X;, Xy € Ty such that Xi(m) = [, p|, we have
(X1, X2), = 2Re (1, f (D) (22))), - (7.38)
Now, letting f be the f(®) in Equation (3.24), we can define a quantum
version of the a-divergence, which is called the quantum a-divergence and

is denoted by D(® as the classical one. Noting that?

(Bop)"(A) =0"Ap™" (Vr €R)

and
(log Ag,p)(X) = (log o) X — X(log p),
we obtain
D@ (o) = 1_40[2 {1 —tr (p“T"a%—“)} (@#£1)  (7.39)
DY (pllo) = DY (o || p) = tr[p(log p —log 7)), (7.40)

which just correspond to Equations (3.25) and (3.26). In particular, D*1) is
a quantum equivalent of the Kullback divergence, and is well known in math-
ematical physics as the quantum relative entropy. The general quantum
o~divergence was introduced by Hasegawa [101] together with the induced du-
alistic structure (g{®) (= g(~)), V() v(-)) = (g(D(a)),V(D(M),V(D<“u))).

Parameterizing the elements of § as p¢ by a coordinate system [¢!] and
letting

2 lza
——p  (a#1)
o) (g) & 1-a’ (7.41)

log pe (a=1),

5Here the logarithm and the power of an operator are defined in the usual way; when p
has the eigenvalues {p;} and the orthonormal eigenvectors {v;}, then logp and p" have the
eigenvalues {logp;} and {pf}, respectively, and the same eigenvectors {v;}.
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the components of g{® and V(®) are represented as

& = (aiﬂa)aje(—a)) and (7.42)
), = (20,6 ae), (7.43)

which correspond to Equations (2.60) and (2.61). In particular, for X1, X € T)f
such that X(™ = [, p], we have X;£(®) = [Q;,£(®] and hence ([101])

4 La iza
1 Xa), = ezt ([00p ] [22.05°]) (@ 1) (7.4
tr ([21, log p] [z, 1) (a = 1),

This follows also from Equation (7.38).

It is not difficult to see that most of the geometrical arguments developed
for the Fisher metric and the a-connections in §2.6, §3.5 and §3.6 may immedi-
ately be applied to this (g, V(@) V(=) to yield several parallel results. In
particular, S is dually flat with respect to (¢, V), V(-1)) and the canonical
divergence of this structure is the relative entropy DED | The elements of an
arbitrary V(U-autoparallel submanifold M of S, including the case M = S, may
be parameterized in the form

pe = €xp [C +) O0°F; - w<0>] ; (7.45)

=1
where Fi,..., F,,C are Hermitian operators and ¥(#) is an R-valued function,
and [¢¢] turns out a V(*)-affine coordinate system, while a V{~D.affine coordi-

nate system dual to [07] is given by 7;(6) def tr(pgF;). The dual potential is

then represented as

p(0) = O0'n:(8) —¥(0)
—_— 17 A - /
= max {6"ni(6) —v(9)}
= —H{pg) — tr{peC), (7.486)
where H is the von Neumann entropy: H(p) ef —tr(plogp). The struc-

ture (=), V() V(=) will be revisited in the next section from a different
point of view. For an arbitrary «, on the other hand, the dualistic structure
(gt v(®) (=)} on S may naturally be extended to a dually flat structure
on the denormalized manifold

S {rp|peS and 7 >0},

which is the set of all positive definite operators on H, and the corresponding
canonical divergence gives an extension of D) just like Equations (3.78) and
(3.79).
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Finally, we briefly sketch out a result of Petz [182] concerning how the mono-
tonicity of the classical f-divergence in Equation (3.22) is extended to the quan-
tum f-divergence. In order to state the result, we need two new notions: com-
pletely positive maps (CP maps for short) and operator convex func-
tions. As for the former, we skip the definition here and only note that the CP
property is widely believed to characterize the physical realizability of a process
of changing quantum states; see Stinespring [203], Kraus [126] and Lindblad
[144]. A real valued function f defined on an interval in R is said to be operator
convex when Af(A)+ (1 — A)f(B) — f(AA + (1 — A\)B) is positive semidefinite
for any 0 < A < 1 and any Hermitian operators whose spectra lie in the domain
of f. The operator concavity is also defined similarly. Every operator convex
(or concave) function is a convex (or concave, resp.) function in the usual sense,
but the converse is not always true. For instance, it is known that z — log z is
operator concave, while z — e is not operator convex. In addition, the power
function  — z" (x > 0) is operator convex iff 1 <r <2o0r -1 <r <0, and is
operator concave iff 0 < r < 1. See e.g. Bhatia [48] and its references.

Now Petz’s theorem claims that if f is operator convex, then the quan-
tum f-divergence D; satisfies the monotonicity: Dy (p|lo) > Dy (Ip||To)
for any (trace-preserving) CP map I'. As pointed out by Hasegawa [101], the
1@ used for defining the quantum a-divergence D(®) is operator convex iff
-3 < a < 3, and therefore the theorem implies the monotonicity of relative
entropy DY) (Lindblad [144], Araki [33], Uhlmann [209]). Note also that the
so-called Wigner-Yanase-Dyson-Lieb concavity (Lieb [143], Uhlmann [209]) is
closely related to the monotonicity of D(®) for —1 < o < 1. Special but im-
portant cases of the monotonicity of Dy are the joint convexity (cf. Equation
(3.23)):

Dy (A1 + (L= A)p2 [ Aor + (1 = A)o2)

<AD;(pillon) + (L= NDs(pzllon), 0SASL,  (747)
and the monotonicity with respect to an arbitrary measurement IT = {m; }:
Dy (pllo) = Dy (plla), (7.48)

where the RHS denotes the classical f-divergence between p; = tr{pn;) and
q; = tr(om;).

7.3 The geometric structure induced from a
generalized covariance

In the classical case we have seen that the dualistic structure (g, V", V(=1)
= (g,V(® V™) is particularly important in most applications among other
(g, V(®, V=), In this section we make an attempt to develop a general theory
for quantum analogues of (g, V{¢), V(m)),

Suppose that we are given a family {{(, ), | p € S} of inner products on
A, where (A, B)), € R depends smoothly upon p for all A, B € A, and that it
satisfies the following properties:



7.3. GENERALIZED COVARIANCE 155

(a) Forall A,B€ A, pe Sand U € U, it holds that
(UAU, UBU* hupu~ = (A, B (7.49)

(b) If [p, A] = 0 then
(A, B), = tr(pAB). (7.50)

This may be regarded as a quantum version of the L%-inner product
(A, B)y = Ep[AB]

of real-valued random variables A and B with respect to a probability distri-
bution p. Reflecting that E,[AB] is the covariance of A and B when their
expectations vanish, we call {(, ) = {{, ), | p € S} satisfying the conditions
(a) and (b) a generalized covariance.

Two important examples of generalized covariances are the symmetrized
inner product

(A,BY, = % tr(pAB + pBA) (7.51)

and the Bogoliubov inner product (also called the Kubo-Mori inner prod-
uct or the canonical correlation [127])

(A, By, = / 1 tr(p* Ap** B)d. (7.52)
0

These examples are unified in the general form ([186})

1
(4,8, = [ tr(e* 45 By, (753)
0
where v is an arbitrary probability measure on [0, 1] satisfying v(dA) = v(1 —
d\). Note that the direct analogue (A, B)), = tr(pAB) (VA,B € A) of the
classical L?-product does not yield a generalized covariance, because it may
take imaginary values.

Now let us fix a generalized covariance { , )), and define the e-representa-
tion of a tangent vector X € T, as the Hermitian operator X (©) ¢ A satisfying

tr (X<m>A) = (X©, 4), VAecA. (7.54)
From the condition (b) we see that if X belongs to T then
X© = p=lxm), (7.55)

which corresponds to Equation (2.40), i.e. the relation between the m- and
e-representations in the classical case. When a coordinate system [£7] is given
on S (or on a submanifold of §) so that each state is parameterized as p = p¢
and that the m-representation of the natural basis vector is written as

(3:)™) = dip, (7.56)
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we denote the e-representation by
(3)© = L. (7.57)

When (( , )) is represented as Equation (7.53), we have

1
5ip:/ P Lip*~*v(dN). (7.58)
0

For instance, when the symmetrized inner product is adopted as {{ , ), we
have

1
dip = ‘2‘(pLi + L;p), (7.59)

which shows that L; is the symmetric logarithmic derivative, or the SLD
for short, introduced by C.W. Helstrom [107] to formulate a quantum version
of Cramér-Rao inequality (see Theorem 7.5 in the next section). On the other
hand, adopting the Bogoliubov inner product as {( , )) leads to

L; = 9;logp, (7.60)

or, in other words, we have

1
Oip = / p*(0;log p)p'~AdA. (7.61)
0

This follows from the general formula

1
P-Q= /0 Q*(log P — log Q)P**dA (7.62)

which holds for arbitrary positive operators P and Q. To prove the last equation,
it suffices to verify the following identity by differentiating the both sides with
t:

t
1-Q'Pt = / Q*(log P — log Q)P *d\. (7.63)
0

Equation (7.60) shows a direct analogy with the e-representation in the classical
case which was defined as the derivative of logp.

Using the e-representation, we define the inner product (, ) pon the tangent
space T}, by

(X,Y), = (X©, YO, = tr (X<m>y<e>) . (7.64)

Then g = (, ) forms a Riemannian metric on & which may be regarded as a
quantum version of the Fisher metric (cf. Equation (2.42)). The components of
the metric are given by

9ij = (Li, L;)) = tr [(8:ip)(L;)]. (7.65)
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We also define quantum versions of the e- and m-connections by

¥, = (V0,0) = r(BL)@o)] = (Ls, L), (766)
FE;“% = <ng‘)3j,6k>=tr{(8,»8jp)Lk]. (7.67)

Obviously, V() and V(™ are mutually dual with respect to g. In addition,
it is not difficult to see that the properties (i)—(iv) described in §7.1 hold for
this (g, V(®), V(™)) due to the conditions (a) and (b) on (, ). As observed
from Equation (7.60), when the Bogoliubov inner product is adopted as {{ , ),
the resulting dualistic structure coincides with (g1, V() V(=1)) which was
defined in the previous section through the quantum relative entropy D1,
Most of the arguments of §2.5 for the classical e-, m-connections may be
extended to the present setting in a straightforward manner. First, the m-
connection V™ is independent of the choice of generalized covariance, and is
the flat affine connection induced from the affine structure of A;. The parallel

translation TIT) : T, — T, of V™ is given by
m _ (m) m
IM(X) = X' <= X' = X, (7.68)

Next, although the e-representation depends on what generalized covariance is
adopted, the set 70 % {x© | X ¢ T,} is simply written as

T() = {A€ A|E,[A] =0}. (7.69)

This is shown as follows. For an A € A, let E[ A] denote the function p — E,[ A]
defined on §. Applying a tangent vector X € T, to this function as a differential
operator, we have

X (E[A]) = tr (X<m>A) = (X©, 4),, (7.70)

where the first equality follows from X (™) = X p and the second from Equation
(7.54). On the other hand, from the condition (b) on (( , )) we have

(B.1), = tr (pB) = E,| B] (771)
for all B € A including B = X(®). Combining these equations we obtain
E, [X@} = X (E[I]) = X(1) =0, (7.72)

which proves that LHS C RHS in Equation (7.69). Since LHS and RHS are both
linear spaces of dimension n = dim.4 — 1, they must coincide. Now, tracing
the proof of Equation (2.43), we see that the parallel translation with respect
to V(®) is represented as follows:

e (X) = X'« X' =X© _g, [X@ﬂ . (7.73)
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We have seen that the parallel translations TI5% and I1S) are both inde-
pendent of the choice of curve connecting two points p and o, and hence v(m)
and V(©) have vanishing curvature tensors. In addition, the mixture connection
V™) is always symmetric and hence is flat. How about the e-connection, on
the other hand? It should be noted that the symmetry of V(¢ is equivalent to
the dually flatness of (S, g, V(®), V(™)) and is also equivalent to the existence of
a divergence D on S which induces (g, V), V(™)) in the manner described in
§3.2. We have already seen that the e-connection induced from the Bogoliubov
inner product is symmetric, and the corresponding canonical divergence is the
quantum relative entropy. This is, however, exceptional. In fact, we have:

Theorem 7.1 The e-connection induced on S from a generalized covariance
{, ) is symmetric if and only if (, ) ts the Bogoliubov inner product.

We shall give a proof after observing some fundamental aspects of the torsion
tensor of V(¢ which we denote by Tor'® to avoid confusing it with the space

Tp(e) of the e-representations of tangent vectors.
First, from the definition of the torsion tensor we have

<T0r(e)(5z'» 6j),6k>p = Tfh Tk
= (0iL; — 0;Ls, Li)p- (7.74)

In addition, the operator 0;L; —0;L; belongs to T,ge) at each point p, or in other
words, it holds that
E,[0;L;] = E,[0;L;], (7.75)

and therefore the e-representation of Tor(® (0, 0;) is given by
{Tor(e)(ai, aj)}(e) = 8;L; — 0, L. (7.76)
Equation (7.75) is seen by differentiating E,[L;] = 0 to obtain
tr ((9ip)L;) + tr (p(0: L)) = 0,

which leads to

Note that the last equation is an analogue of Equation (2.8).
For each p € S, let us define the mapping ®, : A — A by

(A, B), = tr(A®,(B)), VA,B¢cA. (7.78)

Then the relation between the e- and m-representations of a tangent vector X
is written as X (™) = ®,(X(®)), and in particular we have

djp = ®p(L;)-
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Operating d; on the both sides of this equation, we obtain
9:0;p = ®5,(Lj) + ©,(0:L;),

where ®5,(A) for an operator A denotes the derivative of the mapping p
®,(A) by 0;. Noting that 0;0;p = 0;0;p, we see that the m-representation of
Tor(e)((?i,@j) is given by

(m)
{To®@.0)} " = (0L, - ;L)

= @y, (L) - $o,(Ly). (7.79)

When ((, )) is the symmetrized inner product, we have ®,(A4) = 1(pA+ Ap)
and

1
o, (Li) = 3 {(0;p)Ls + Li(0;p) }
1
= Z(Lz’Ljp + LipL; + LjpL; + pL;L;),

which leads to w1
{Tor@(ai,aj)} = 3 1Li,L;) ). (7.80)

This shows how the nonvanishing torsion appears as a consequence of the non-
commutativity of operators.

Now let us prove the ‘only if’ part of Theorem 7.1, while the ‘if’ part has
already been shown. Assume that Tor® = 0. From Equation (7.76), the
assumption is equivalent to the existence of & smooth mapping F : § — A such
that 8;F = L;. Now let II be an arbitrary simple measurement, p a point in
Si, and X a tangent vector of Sy at p. Then, since Xlogp = p~1(Xp) =
p~ X ™) and [p, X log p] = 0, it follows from the the condition (b) on {(, ) that
(X logp, A), = tr (X (m)A) for all A € A. Therefore we have X log p = X(©) =
X F(p), from which we see that the difference F(p) —log p is a constant, say Cyy,
on Sp. Moreover, since I (k = dim ) is a common element of Sy for all II,
the constant Cry cannot depend on II. Hence we have F{(p) = log p + C, which,
combined with Equation (7.60), completes the proof.

7.4 Applications to quantum estimation theory

Using the dualistic structure (g, V(®, V(™)) induced from a generalized covari-
ance, we may immediately translate some results in statistics into their quantum
versions. Here are the translations of the Cramér-Rao inequality and related
results (Theorems 2.7, 2.8, 2.2 and 3.12).

Theorem 7.2 Let A be an observable (Hermitian operator), M a submanifold
of §, and p a point in M. Then we have

(A—E,[A], A= E, A, = I(AB[A] [a),ll” (7.81)

p?
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where the equality holds if and only if

A-E[AleTO M) ¥ {X<e>

Xe Tp(M)} . (7.82)

In particular, if M = S then the equality in Equation (7.81) always holds.

Theorem 7.3 Let M = {p¢ | { € E} be an m-dimensional submanifold of S
with a coordinate system & = [€'] ranging over & C R™. If an m-tuple F =
(Ft,---, F™) € A™ of observables is unbiased in the sense that

B [F'] < tr(peFPy =€, VEE€E Vie{l,...,m}, (7.83)

or more generally, if it is locally unbiased at a point £ € = (cf. the note in §2.5)
in the sense that

E[F']=¢  and O0;E[F'] =46, (7.84)

then we have
We[F]> Gg Y, (7.85)

where Gy is the component matriz [g;;(£)] of the metric g with respect to [¢],
and We| F'] is the matriz whose (i,7) element is

wy = (F' =&, F = &)e. (7.86)

Theorem 7.4 Given (M, [£"]), there exists an unbiased F=(F',..., F™) sat-
isfying Wg[ﬁ] = Ggl for all ¢ if and only if M is e-autoparallel in S and [£¢)
is an m-affine coordinate system. (Note that an e-autoparallel submanifold is
always m-flat, even though it may have nonvanishing e-torsion.)

From a purely mathematical point of view, all these theorems are natu-
ral extensions of the original statistical theorems, whatever generalized covari-
ance may be chosen as ( , )). However this does not ensure that they are as

meaningful as the original theorems. We should first note that the quantity

W,[A] & (A—E,[A],A—E,[A]), in Theorem 7.2 is not equal to the vari-

ance V,[A] in general. Indeed, W,[A] = V,[A] holds for all A € A when
and only when the underlying generalized covariance is the symmetrized inner
product. It is not clear whether W, A] has any statistical significance when
another generalized covariance is adopted, although a certain kind of equations
in statistical physics concerning perturbation from equilibrium states may be
regarded as special cases of Theorem 7.2 for the Bogoliubov inner product; see
e.g. Kubo et al. [127].

From now on, we assume {{ , )) to be the symmetrized inner product and
investigate the meaning of Theorems 7.3 and 7.4. When the dimension m of M
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is 1, the setting of these theorems properly represents the physically meaning-
ful situation where the unknown value of the scalar parameter £ is estimated
by an observable F' and the estimation accuracy is measured by the variance
We[F| = V¢[F']. This, however, is not the case when m > 2. In the classical
(usual) probability theory, there is no difference between “m R-valued random
variables” and “an R™-valued random variable”. On the other hand, in the
quantum case, m observables may not naturally be regarded as an R™-valued
measurement unless the observables are commutative, as is well known as the
uncertainty principle. Therefore F = (F1,-.-,F™) in the theorems does not
represent an estimator of the vector parameter [¢1,---,£™] in general, even
though each F' may be regarded as an estimator of the scalar parameter £'. In
order to elucidate the estimation theoretic meaning of the theorems, we need
some basic arguments on quantum multiparameter estimation.

As a general representation of estimators for £ = [£%], we consider a pair
(IL,€) of a (not necessarily simple) measurement Il = {#(x)} on a finite set
X and a mapping ¢ = ['] : X — R™, which corresponds to the situation

where the unknown value of £ is estimated by ¢ (z) based on the result z of the
measurement II.

Note: Since an estimator for an m-dimensional parameter is an
R™-valued measurement, it should be represented by a POM (see the
note in § 7.1), say #, on R™, which determines the probability distri-
bution of the estimate under the state p as Pr{¢ € B} = tr[pa(B)].
Indeed, the property of a pair (II, f) concerning the estimation may
be described in terms of the POM # defined by

z:E(z)eB

In view of generality, an arbitrary POM on R™ should be called
an estimator. Nevertheless, our elementary and a little redundant
representation (I, ) is sufficiently general for the later arguments
and has the advantage of being consistent with the description in
the previous chapters.

Then, since the é(x) may be regarded as an estimator for the classical model
MDD = {p(x;£) | £ € Z} consisting of the probability distributions p (z;§) =
tr [pem(x)], we are naturally led to the following definitions; the estimator (II, 13)
is said to be unbiased if

Eg[n,gi} C N €@ trlpen(z)] =€, VEEE Vie{l,...,m}, (7.87)

it is said to be locally unbiased at a point & € = if

Eg[ﬂ,éi}:fi and ang{n,gi}:(s;, Vije{l,...,m}, (7.88)
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and the variance-covariance matrix Ve {H,é ] = [v? ] of (I, £) is defined by
v = {w £3{é(@)— ¢} tr oer(@)]. (7.89)

Now, let

FPE S () € A (7.90)

Then we see that the unbiasedness and the locally unbiasedness of (H,f) are
equivalent to those of F' = (F1,.-., F™) in the sense of Equations (7.83) and
(7.84). In addition we have

Vg[l’[,é] > We [ﬁ] . (7.91)
To see this, choose ¢ = (¢;) € R™ arbitrarily and let
felr) ¥ c{f@-¢} and
Fo ¥ o (F -6} =Y kela)nl)

Then we have

0 < Y {fe(@) ~ Fe}n(z) {éelz) - Fe}
= ¥ {ee(@) n(@) — {Fe}’

and hence

S {ée(@)) trlpen(@)] 2 tr [pe {Fe)’]

which leads to Equation (7.91). Combining this with Theorem 7.3, we reach the
following result.

Theorem 7.5 (Helstrom [107]) Let (IL,€) be an estimator for (M, [€]) which is
unbiased or, more generally, locally unbiased at £. Then its variance-covariance
matrix satisfies

Ve [n,é] >a; . (7.92)

It can be shown that the bound in the above theorem is “the best” in the
following sense ([162]): given a point £ € E and a vector ¢ = (¢1,-++,cm)" €R™
arbitrarily, we have

¢'G;le= inf ¢'V; [H,é] c, (7.93)
(H7£>
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where the infimum is taken over all (II, é) which are locally unbiased at £. This
suggests that it is meaningful to investigate the condition for the existence of an
unbiased estimator which achieves the equality in Equation (7.92). Obviously,
the equality holds if and only if

Ve[mé| = we|F] and (7.94)
Wg[ﬁ} - G (7.95)

Tracing carefully the derivation of Equation (7.91), we see that Equation (7.94)
is equivalent to N

Fir(z) = & (x)m(x), Vi, V. (7.96)
This equation implies that the {F*} are commutative (i.e., [F*, F/] = 0), that
II = {m(z)} is a simple measurement (when £ is assumed to be injective with no
loss of generality) and that {é "(x)} are the eigenvalues of F*. On the other hand,
as seen from the proof of Theorem 3.12, Equation (7.95) implies that { F* — £'}

form a basis of Tée) (M) at each &, or more specifically, that F'—¢* = g (£)(L;)e
where {(L;)¢} are the SLDs at £ defined by Equation (7.59). Consequently,
besides the condition given in Theorem 7.4, it turns out that the additional
condition

(Lo, (Ly)el =0, ¥i,j, ¥¢,¢, (7.97)

is necessary for the equality in Equation (7.92) to hold for all £. In general, we
say that a manifold M of positive definite density operators is quasiclassical
if its SLDs satisfy Equation (7.97). Now we have:

Theorem 7.6 Given a submanifold M of S with a coordinate system & = [£7],
the following three conditions are equivalent.

(i) There exists an unbiased estimator (H,f) for (M, §) satisfying Ve {H, é} =
Ggl for all €.

(1) M is quasiclassical and e-autoparallel in S, and § is an m-affine coordinate
system.

(i) There exist mutually commutative observables {Fy,---,Fy}, a positive
definite operator P (which may be taken to be an arbitrary element pg
of M), a coordinate system [0'] of M and a function (8) such that the
elements of M are parameterized as

Py = €xp [%{2 0'F; — ¢(9)}] . P.exp [%{; 0'F; — ¢(0)}] (7.98)

and that £ = tr (ppF;).
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We have written F; instead of F*? above for the purpose of emphasizing the
similarity of Equation (7.98) to Equation (2.31) (i.e. the definition of expo-
nential families). It is also interesting to compare this with Equation (7.45)
which is the general form of e-autoparallel submanifolds when the Bogoliubov
inner product is chosen to define the e-connection. The statement (i) = (ii)
has already been shown, while (iii) = (i) can be verified in a similar manner to
the proof that an m-affine coordinate system of an exponential family has an
efficient estimator (see §3.5). We shall prove (ii) = (iii) later.

In order to elucidate the meaning of the quasiclassicality, we need some
preliminaries. Given a submanifold M = {p¢} of S and a measurement II =
{m(z)} on X, let M(I1) = {p(x;£)} be the statistical model on X" consisting
of the probability distributions p (z;£) = tr [pem(x)], and let GY' = [gj5(€)] be
its Fisher information matrix. Assume further that II is a simple measurement;
ie., m(z)? = n(x) and 7(z)n(y) = 0 if x # y. Then letting

LT €S 9 logp (x;€) m(x), (7.99)
we have
(Lo m(@))e = 5t l(peLi + Lipe)n(a)]
— tr [(Bipe)m(@)] = Bip (:€) = (L, w(2))e (7.100)
and
(L Lithe = 953(6). (7.101)

Equation (7.100) means that LI is the orthogonal projection of L; onto the
linear subspace

A & {Za(m)w(z) ]a X — }R} C A

x

This, combined with Equation (7.101), leads to
Ge > Gy (7.102)

This matrix inequality holds for nonsimple measurements, also. Indeed, using
the so-called Naimark extension (see e.g. [110]), an arbitrary measurement II
can be realized by a simple measurement, say II, in a wider Hilbert space, and
the inequality for I1 is reduced to that for TI. Another proof is as follows. Let IT
be a measurement on a set X for which G? is strictly positive. Then, applying

Equation (2.54) to the model M(II), we can construct a locally unbiased esti-
mator £ : X — R at € which satisfies V; [H,é} = (G?)"l. This implies that
(GH™! > G¢' by Theorem 7.5 and that Gf' < G¢. When G} is singular, a
limiting procedure is applied to show the inequality.

Now it is not difficult to verify the following propositions.



7.4. APPLICATIONS TO QUANTUM ESTIMATION THEORY 165

(I) For each point £ and each column vector ¢ = (c!,---,c™)" € R™, we have
c'Gee = max c'Glle, (7.103)

where the maximum is attained by a simple measurement IT satisfying
c'(L;)e € A(Il), or in other words, by the spectral decomposition (i.e.,
the family of orthogonal projections onto the eigenspaces) of a*(L;)¢ or its
refinement.®

(I1) For each point &, there exists a (simple) measurement II such that G¢ =
Gg if and only if [(L;)e, (L;)e] = 0 for all 4, j.

(I11) There exists a (simple) measurement 11 such that G¢ = G? for all £ if and
only if M is quasiclassical.

Suppose that M is quasiclassical and that a simple measurement II satisfies
Ge = Gy for all £. Tn other words, we assume that (L;)¢ € A(II) for all ¢ and
all £&. Then from Equations (7.76) and (7.80) we have 0;L; = 0;L; and hence
we can define

c 1t :
Ke “ exp[7 / (Le dg] e Aq).
Jo
This satisfies [K¢, K¢/] = 0, and we see that
pe = Kfpng, (7104)

because both sides of the equation obey the same differential equation with the
same initial condition at £ = 0. The converse is also true, and we obtain:

(IV) M is quasiclassical if and only if there exist mutually commutative positive
Hermitian operators {K} for which Equation (7.104) holds for all £.

Given a simple measurement IT = {7(z)} on a set X and a state pp in S, let
S(po;1T) = {KpoK | K € A(I),K >0 and tr(pgK?)=1}. (7.105)

This is the maximal quasiclassical manifold which contains pg and whose SLD
Fisher information matrix is preserved by II. Note that S(pg;II) = S (see
Equation (7.16)) if and only if pg € A(IT). We have:

(V) S(pp;I0) is e-autoparallel in S.

(VI) The mapping p + p from S(po; 1) to P(X) defined by p(z) = tr (pn(z))
turns out to be a diffeomorphism, and the inverse mapping p — p is given
by p = Ky, po K, where

defz\/~ 7(z), polz) def 4 tr(pom(z)). (7.106)

A measurement {v(y)|y € Y} is called a refinement of another measurement
{n(z) |z € X} when there exists a mapping f : } — X such that m(2) = 3_ ¢ -1, v(y) for
allz € X.
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Under this diffeomorphism, the dualistic structure on S(po;II) coincides
with that on P(X) consisting of the Fisher metric and the e-, m-connec-
tions. In particular, S(pg; 1) is dually flat.

Now we see that the condition (ii) in Theorem 7.6 implies that M is e-
autoparallel in S(pg, 1) for some I and forms an exponential family when it is
transformed into a statistical model by the diffeomorphism given in proposition
(VI). This observation leads to a proof of (ii)=>(iii) in the theorem.

In the present section we have shown some statistical results as applications
of the dualistic geometry based on the symmetrized inner product. It should
be stressed, however, that by them we have only visited an entrance to the
world of quantum statistical inference. Indeed, a main concern of quantum es-
timation theory lies in treating models with noncommutative SLDs. A common
approach to the parameter estimation problem for such a model M = {p¢} is to

look for a good lower bound of tr(QVg {H, é }) for a given positive definite real
matrix @ € R™*™. The right logarithmic derivatives (RLDs) {L;} defined by
0;pg = peL; have been introduced for this purpose (Yuen and Lax [227]; see also

Helstrom [107] and Holevo [110]). However, the problem of finding an explicit
representation of the best bound

Ce(Q) &f min{tr(QVg[H,éD ’ (I1,€) : locally unbiased at §} (7.107)

is a hard one, and has been solved only in a few special models, among which
are the quantum Gaussian model ([227, 110]) and the simplest nontrivial case
where both the number of parameters m and dim H are 2 (Nagaoka [157, 159]).
In the latter case we have

Vdet @
det Gé

Ce(@) = tr(@G; ) + trabs (o (Lo, (La)el ), (7.108)
where tr abs (A) = |A1] + |A2] for an operator having the eigenvalues {\;, A2}
See the references cited in the guide to the bibliography for other important
results in quantum estimation theory.



Chapter 8

Miscellaneous topics

The field of information geometry developed from the investigation of the nat-
ural structures inherent in spaces of probability distributions. The structure of
Riemannian spaces with dual connections which emerged from this investigation
gives insight not only into fields directly related to probability theory, but also
into a wide range of fields by providing a framework within which to analyze
the underlying structures of the field. It is expected that new theoretical devel-
opments will arise from the application of information geometric ideas to these
disparate areas. In particular, problems involving convex functions and Legen-
dre transformations have natural geometric structures as dually flat spaces. In
this way, it is meaningful to reconsider such fields as information theory and
statistical mechanics from the point of view of dualistic geometry. The same can
be said for the field of large deviations in probability theory. In this chapter we
present several such topics relevant to the development of information geometry
and describe the key mathematical problems which remain to be solved.

8.1 The geometry of convex analysis, linear
programming and gradient flows

Let M be a convex region in R™. Let 6 denote coordinates in R, and suppose
we have a smooth convex function (). This setting allows us to trace the
argument of §3.3 in a reverse way. First, a Riemannian metric on M is defined
by

9:5(0) = 9;0;4(9). (81)
If, in addition, we perform the Legendre transformation
n:i = 01(6), (8.2)

then this gives a one-to-one mapping from 6 to 7, and it defines a dual convex
function

¢(n) = max [0"n; — $(6)] = 6"(m)m: — p{6(n)}. (8.3)

167
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The inverse transformation is

6" = 8'¢(n), (84)
and the two function ¢ and ¢ satisfy the relation
$(8) + p(n) — 0'n; = 0. (8:5)

Using these two convex functions ¢ and ¢ we may introduce on M an analog
of the a-connection as follows: letting

Tijie = 0;0;011(0) (8.6)

be defined with respect to the f-coordinate system, we define the a-connection
by
l-—a . «Q

i (0) = —5— Tige = [i53 k] = 5 Tigns (8.7)
where [ij; k] denotes the coefficients of the Riemannian connection given in
Equation (1.69). Then the triple (g, V(@) 7(=2) forms a dualistic structure. In
particular, this space is flat for « = %1, and has 6 and 7 as its affine coordinate
systems. In addition, the canonical divergence between the two points P and @

is given by
D(PIIQ) = w(P)+ (@ ~0Opna:
W(P) —9(Q) + (05 — 0p) 09 (Q)- (8.8)

Now, if the point Py minimizing ¥ (P) is contained in M, then its n-coordin-
ates are

nos = 0 (Po) = 0. (8.9)
In addition, if ¢ is normalized so that ¢¥(Fs) = 0, then
D (Pl o) = ¥(P). (5.10)

It is important to realize that underlying all such problems involving convexity
and Legendre transformations is a fundamental structure described by geometry
of dual connections.

The problem of finding a point § which minimizes the linear function

V(8) = c;0" (8.11)

within a closed convex region M appears frequently in numerical programming.
Let us consider this problem in our framework. Suppose that a convex region
M in R™ is given in terms of a piecewise smooth convex function f(0) as

M ={0]f(6)>0}.

Letting w denote the (n — 1)-dimensional position vector on the boundary M
of the region M, define the function ¢ on M by

Y(0) = - fa y log [Z 8. f (0(w)){0° — 0" (w) } | dw. (8.12)
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It then turns out that v is a convex function on M, from which the dually flat
structure is introduced on M. In particular, when M is a region bounded by m
hyper-planes so that the definition of M may be written as

M:{@’iA70i~b~>o, ,uzl,m,m}, (8.13)
i=1

then the convex function above may be rewritten in the form

$(0) =~ Wylog (Z Alg? —b“), (8.14)
=1 =1

where W, are some positive constants. The problem of minimizing a linear
function Y~ ¢;6* on M is called a linear programming problem.
Now consider the gradient flow

0" = —g"(0)0,V(0) = —g” (0)c;, (8.15)

where §" = 4.6°, which moves a point 6 in the opposite direction to the gradient
(see Equation (2.45)) of V(6) and hence decreases its value. Indeed, if a curve
0(t) obeys the above differential equation, we have

SVO() = g (61 <0,
The use of a discrete solution to this differential equation in finding the minimum
of V is one variant of the Karmarkar’s interior point method, and is called the
method of affine projections. Rewriting this in terms of the dual coordinates we
have

771‘ = —Cy, (816)

and hence its trajectory is a V(~")-geodesic. In other words, the solution to the
interior point method follows a V{~-geodesic.

Other important examples of gradient flows on the dually flat space are
derived from functions of the form

U(6) = ¢(0) + c;6". (8.17)
The gradient flow of U is represented as
6' = —g"7(0)9;U(6) = —g"” (0){n;(0) + ¢;}, (8.18)

or equivalently as
o= —(n: + ¢), (8.19)

whose trajectory is a V{~D-geodesic, too. In the particular case when ¢; = —No;
for a given point @, the gradient flow minimizes the divergence D (0 || Q) along
ni(t) = ngi + (7:(0) — ng:;)e™". In addition, we can see from the Pythagorean
relation for D that, when the range of 6 is restricted to a VM-autoparallel
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submanifold M, the gradient flow of D (6 || Q) streams into the V(~!)-projection
of @ onto M along a Vg\fln«geodesic in M, where V%}l) is the projection of V{~1)
onto M with respect to g {see §1.9). This type of gradient flow is often useful
in computing the maximum likelihood estimate' for an exponential family (e.g.
Amari et al. [30]).

There is an attempt to view such gradient flows as completely integrable
dynamical systems. See Nakamura [163, 164] and Fujiwara and Amari [91].
This relates to other problems such as the QR decomposition of matrices, and
the attempt to solve combinatorial problems dynamically by embedding a rep-
resentation of the problem in a continuous domain (Brockett [57, 58]). Such
attempts have the potential to develop and unify completely integrable dynam-
ical systems and the geometry of dual connections.

8.2 Neuro-manifolds and nonlinear systems

Cousider a nonlinear system which transforms an input signal @ into an out-
put signal y, and suppose that this system is parameterizable by the finite-
dimensional parameter £&. Then the input-output relation may be written as

y = f(z¢) (8.20)

If the system is stochastic, or if there is noise in the system, then the input-
output relation is stochastic, and the probability distribution on the output y
for an input & may be written as the conditional probability

py|z;€). (8.21)

If, in addition, the probability distribution of the input signal is given by ¢(z),
then the distribution of the entire system may be written in terms of £ as
g(x)p(y|x;£). Hence it is possible to investigate using the techniques of infor-
mation geometry the structure of the manifold created by this noulinear system.

A typical example of such a nonlinear system is the multilayer perceptron
consisting of stochastic neurons, where ¢ denotes the parameters of modifiable
weights of connection. The space of all such perceptrons is called the neuro-
manifold of perceptrons. It is equipped with the Riemannian metric given by
the Fisher information.

Another example is a recurrently connected neural network model called the
Boltzmann machine (Ackley et al. [2]). This is a fully connected network of
n stochastic neurons. Each stochastic neuron N; (i = 1,---,n) has the state
x; which is either 0 or 1, and this state is communicated to the other neurons
as the output of this neuron. The neuron N; takes the outputs x; of the other
neurons N; (j # i) and computes the linear combination

J#i

1 Note that the divergence D in the present context turns out D(®), the dual of the Kullback
divergence D™ when V(1) and V(-1 are the e- and m-connections, respectively.
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Here w;; is a measure of the strength of the influence which neuron N; has on
neuron N;, and is called the weight of the synaptic connection, while h; is called
the threshold of N;. Let us assume that w;; = wj; and that wy; = 0. Each
neuron NN; stochastically determines whether in the next time step it will be in
the excited state of x; = 1 or the dormant state of ; = 0 using the probability

exp{u;}

Priz; = 1} = —Pl)
rie ! 1+ exp{u;}

(8.23)
Let us also assume that at each time step only one neuron updates its state.

Let © = (x1,---,x,) represent the state of the network. The state changes
stochastically through the interaction of the neurons. Clearly, this forms a
Markov chain on the 2" element state space X = {z}. The stationary distribu-
tion of this chain is easily computed to be

p(x) = Z lexp{—E(z)} where (8.24)
——;‘ Z Wi T35 + Z hia:i, (825)

=
&
I

where Z & Yo exp{—E(x)}.

Let us consider the Boltzmann machine as a device which generates its state
according to the stationary distribution given in Equation (8.24). Generalizing,
we may divide the state into observable neurons and hidden ones, and given a
particular input, consider the queried states as behaving stochastically according
to a conditional distribution.

The set of all stationary probability distribution corresponding to Boltzmann
machines forms an exponential family M parameterized by 6 = (w;;, h;). Since
a given stationary distribution corresponds to a particular Boltzmann machine,
M may be considered to be the manifold of all Boltzmann machines, where it is
now possible to introduce the geometric structure of metric and dual connections
(Amari et al. [30]). Let S be the manifold of all probability distributions on
the state space X = {x}. This forms a (2" — 1)-dimensional dually flat space
with respect to the e-, m-connections, and M is a %n(n + 1)-dimensional e-
autoparallel submanifold embedded in this space. M itself is also a dually flat
subspace.

The problem of approximating the given distribution g(x) of S using M,
and further, to do so adaptively by learning the parameter £ is a topic discussed
within the field of neural networks. An elegant solution is provided by geometry
of dual connections. However, when hidden units are included, the space of
distributions is no longer dually flat. In this case the EM algorithm (Dempster
et al. [79]) from statistics may be usefully applied, and in addition, it is possible
to provide this algorithm with the differential geometrical foundations. See
Amari [16] and Byrne [63]. An interesting topic for future development is the
analysis of the dynamics of networks not in equilibrium. Yet another would be
the analysis of composite neural networks consisting of local expert networks.
See the guide to the bibliography at the end of this book for several recent topics
related to neural networks and information geometry, including independent
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component analysis (ICA), the natural gradient method and learning around
singularities.

8.3 Lie groups and transformation models in
information geometry

A Lie group is a manifold with an algebraic structure, and it has a long history of
careful and extensive study. However, here too there exists the structure of dual
connections, and from this point of view new possibilities for development may
be considered. This viewpoint allows an analysis, for example, of Lie groups as
completely integrable dynamical systems, and also of the differential equations
of the Lax type which have attracted attention from many areas of application.
In this section, we discuss a family of probability distributions which forms a
group.

We begin by discussing a family of probability distributions whose structure
admits characterization as a Lie group. Let S = {p(z;£) | £ € E} be a family of
distributions for a random variable x parameterized by £, and suppose that the
parameter space = forms a Lie group with ¢ = [£7] as its local coordinate system.
We denote the group operation by (£,£') v £ - £ and the identity element of =
by e. In addition, suppose that = acts on the range X' of the random variable
z from the left, and let us denote the action of £ on = by £ o z. When for all
£,&' € = the probability distributions in S satisfies

p(z;&)dz=p(ox; £-£)d(€ox) (8.26)
or equivalently
[r@ra= [ peice)a (8.27)
A £o0A

for any measurable set A C X, we say that S is a transformation model which
admits the group structure of Z. Then since

p(6) = p((e. )5 )| 25

, (8.28)

where
k(e,z) ¥ ¢ lox, (8.29)

the distribution is completely determined by the distribution at the identity
element and the group structure. Let us give an example.
Example 8.1 (Location-scale model) Let £ = (u, o) with o > 0, and con-

sider the affine transformation on the real line X = R defined by

T - p
—.

Eox=ox+p and k(Ez)=¢6lox= (8.30)
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The operator £ translates a probability distribution by p end scales its variance
by a factor of o. The range = of £ forms a Lie group acting transitively on R
with the operations

(n1,01) - (p2,02) = (p1 + peo, 0102) (8.31)
(o) = (-5, = (332

and the identity element e = (0,1). Note that this group has a matriz represen-

tation:
oy (5 4.

A distribution family {p (z;£) | £ € E} which admits this group structure is called
a location-scale model, and letting

p(x;e) = f(z) (8.33)
we have
1 z-— i
pwo =17 (1), (8:34)
Next, let x = (z1,...,2N) € XN f RN gnd suppose that xy,...,xN are
independently distributed according to the same distribution. Then we have
1 Ty —p TN~
oo b (BN RN 8.35
ploie) = o £ (D)oo (2 (8.35)
In this case, the group = acts on RY by
- Ty — [ N — W
k =¢tlox= : .
o) =g on= (DL, 2N (5.36)

When N > 2, the isotropy group {£ | £ ox = x} of each point © = (z1,...,2N)
consists only of the identity e unless x1 = --- = xy, which means that = acts

freely on X}:, def RN¥\ {(z,...,z) |z € R}.

Let us now investigate the natural geometric structures possessed by such
statistical models which admit group structure. In particular, it would be in-
teresting to see the relationship between the geometric structure and the Lie
group structure, and also between the geometric structure and the distribution
f(z) = p(z;e) at the identity element.

Let S = {p(z;€)| £ € E} be a statistical model which admits the group
structure of E, and consider the Fisher metric g and the a-connection V(®) on
S. Then these geometric quantities are uniquely determined by their values at
the origin e; we state this more precisely in the theorem below.
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Theorem 8.1 The components of g and V(™ satisfy

9:;(€) = BHEBJ(&)gmm(e) and (8.37)
T (&) = BUEBMEBLUOTS (e)
+CL (&) B (€)gem(e), (8.38)
where
Bi&) = ,1@“1 ¢ and (8.39)
o¢ gr=¢
H?
CLE) = s (¢ . 8.40
Q) TR )5/:E (8.40)

In other words, g and V®) are invariant under the left action of the group =
on itself.

On the other hand, the Fisher metric and the a-connections at the origin are
determined by both k(¢,z), which represents the action of the group Z on X,
and also the shape of f{x). These may be computed by introducing a coordinate
system [z%] of X’ and using

d;logp (z;€) = ()0, log f(x) + dari (z) (8.41)
and
8:0;logp(wie) = ri(x)r}(x)dudylog f(z) + s7;(2)0, log f (=)
—{8arf (@)} {B6ri(@) } + Busf; (), (8.42)
where
a _ 9.
ri(z) = ;@k (&) - and (8.43)
a 8 .
si(x) = szc’)fﬂk &z )528 (8.44)

From the invariance shown in Theorem 8.1, we see that the scalar curvature
of the Fisher metric is constant on S. In particular, every 2-dimensional statis-
tical model which admits a group structure, a location-scale model for instance,
turns out to be a space of constant curvature (see §8.4) with respect to (the
Riemannian connection of) the Fisher metric. The corresponding result in the
case of normal distributions was found by Amari in 1959 by means of a direct
calculation.

We also note that an existence condition for (exact) ancillary statistic (i.e.
statistic whose distribution does not depend on the parameter ) is related to
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the group invariance of a statistical model. To illustrate this, go back to the
previous example and let

P1(w):(xl_ﬂ7.‘.7x.}v/\_#)7

o o

where .
3

1 o 1 &
i) = + ;m and () = <']\7 ;(xt - ﬂ)2>

Then F : X )V — RY is invariant under the group action and is an ancillary
statistic for every location-scale model. The orbits Eoax = {{oz |£ € E} for
x € XJI, are completely indexed by F(x); i.e. Sox = Eoy iff F(x) = F(y). On
the other hand, the position of & in the orbit = o x is specified by the statistic
G(z) o (i), 5(x)), which is equivariant in the sense that G(x) = G(y)
implies G(£ o x) = G(£ o y). See Barndorfl-Nielsen et al. [42] for the detail.

8.4 Mathematical problems posed by
information geometry

The differential geometry of dual connections arose from the consideration of
the natural geometric structure of a family of probability distributions. How-
ever, dual connections also naturally emerge from affine differential geometry,
in particular the study of hypersurfaces in an affine space as begun by Blaschke
[49]. Recently Nomizu, Kurose, etc. have been researching this topic, and the
interest among mathematicians for the field of dualistic differential geometry
continues to deepen. We briefly touch on this topic.
We first observe how a pair of dual connections arises in the framework
of affine geometry, following Nomizu and Simon [168]. Suppose that an n-
dimensional manifold M is mapped into the (n + 1)-dimensional vector space
R+
f: M — RYL (8.45)

Here we assume that f is an immersion and that the image f(M) forms a
hypersurface within R™*!. Take a (local) coordinate system [£'] of M and let
e; = 0, be its natural basis. Then each e; is naturally mapped to the vector
&; = 0;f in the tangent space of the hypersurface by f, or more precisely, by the
induced mapping f. = df from the tangent spaces of M to the tangent spaces
of f(M) in R**1:

(f)p s Tp(M) — Ty (F(M)) C R (8.46)

Now suppose in addition that we are given for each point p of M a nonzero
vector n, € R™! which is not contained in the tangent space Ty (f(M)).
Then n : p — n, defines a mapping from M into R as well as f, and
{(e:)p,np} forms a basis of R"*! at each point p. We call such a pair (f,n)
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an affine immersion of M. Since R™*! is flat, it allows parallel translation
and differentiation. We may express the change in the tangent vector &; as we
move the point f(p) in the direction of & on f(M) by the partial derivative
0;é; = 0;0; f. Expanding this vector with respect to the basis {&;,n} we obtain

0;&; =TFé, + giym. (8.47)

Now let us consider the components {F%}, which ignore the change in the
direction of n, as determining the coefficients of an affine connection on the
original space M. Then this introduces the covariant derivative

Ve.e; =Tjey (8.48)

on M. Note that this connection is necessarily symmetric (torsion-free). In
addition, let us introduce the metric defined by

(ei,e;) = gij. (8.49)

Although this metric g;; is symmetric, it is not in general positive definite.
Here we only assume that the matrix [g;;] is nonsingular everywhere on M.
Reflecting that the decomposition R™*! = Ty, (f(M)) & span(n,) induces a
projection from R™*! onto the tangent space Tr(,)(f(M)) at each point p, we
may observe that V is a projection of the natural connection of R®*! and g is the
corresponding embedding curvature (see §1.9). This g is also called the second
fundamental form or the affine fundamental form of the immersion.

Let us consider the dual connection V* of V with respect to g, which is
uniquely defined by Equation (3.1) as in the case of positive metric. When
the vectors {9;n, i =1,---,n} consist only of the components in the tangent
direction of f(M), or in other words, when they are written using n? functions

s)

T ras

O = slé;, (8.50)

we say that the affine immersion (f,n) is equiaffine. Then it may be seen
that this property is necessary and sufficient for the dual connection V* to be
symmetric. Noting that the components of the dual connection is represented
as

I = Tige + Tigs (8.51)
where T is the covariant tensor of degree 3 defined by
Tiji = (Ve,9)jn = 0igjx = Lijp — Lir g (8.52)

we see-that the equiaffine property is also equivalent to the symmetry of 7.
When (f,n) is equisffine, the dual connection may also be obtained in a

similar manner to Equation (8.47) within the dual linear space (R™*1)* of R"*1.

An element y* of (R™"1)* is an R-valued linear function on R™*!, and we denote
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the value y*(z) of the function for the argument & € R™*+! by (x,y*). Now for
each point on M we may choose an element n* in (R"*+!)* which satisfy

(n,n*) = 1 and (8.
8.

53)
(&,n*) = 0, Vi=1,---,n. (85

4)

We call this n* : M — (R"*1)* a conormal vector field. Then {oin*,n*}
constitute a basis of (R"*1)* and the dual connection may be obtained by the

expansion

Note, in addition, that the coefficients s;; are related to s] in Equation (8.50)
by Si5 = ngkj-

Lauritzen [138] in a more intuitive manner, takes two mutually dual linear
spaces and investigates the fundamental cause of the dualistic structure. Let M
be an n-dimensional manifold, V an m-dimensional (m > n) linear space, and
V* its dual. We denote y*(x) by (z,y*) for € V and y* € V* as above. Now
suppose that we are given immersions of M into V and V*:

FiM o=V (8.56)
k:M — V* (8.57)

Then f(M) and k(M) form n-dimensional curved subspaces within the m-
dimensional spaces V and V*, respectively. In addition, the tangent space
T,(M) of M maps naturally to the tangent spaces of the images f(M) in V and
k(M) in V*.

Consider a point p in M. Now map the basis e; = ; of Tp(M) to the tangent
spaces of f(M) and k(M) by the induced mappings f, and k,, and let é, =0;f
and &; = 9;k denote the results, respectively. Let

Gij déf é17é3>7 (8.58)

and assume that g;; = g;;. Then an indefinite inner product on M is defined
by (e;, e;) = g;;. In addition, let us define two connections by

Fij,k: = <v€i8j’ek> = <aiéj,éz> and (859)
Gk = (er, Ve,e5) = (&, 0:€]) . (8.60)

Then these provide M with the dualistic structure (9,V,V*).

Now let us consider the case when M = {p(z;€)} is a family of probability
distributions on a set X. Let V be a linear space formed by functions on X
satisfying certain regularity conditions, and V* be the set of signed measures
on X. Note that these spaces are infinite dimensional unless X is a finite set.
The inner product of an element a of V and an element u of V* is given by the
integral

(@) = [ a@au(z). (8.61)
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We see then that the geometry of the e-, m-connections and the Fisher metric
on M is obtained by the mappings

f:& = logp(z, &) (8.62)
k:& ~ p(z €)dz. (8.63)

The dualistic geometry of general £a-connections may also be seen in this frame-
work by Equations (2.60) and (2.61).

It is known that an arbitrary Riemannian space may be realized as a sub-
manifold of a Euclidean space of sufficiently large dimension. Since this is the
case, it is natural to ask whether there is a space into which an n-dimensional
space equipped with a dualistic structure may be embedded. Although hyper-
surfaces in R"*! admit dualistic structures through Equation (8.47), it is not the
case that all spaces with dualistic structures be realized in this manner. Kurose
[133, 134] and Dillen, Nomizu and Vrancken [80] have studied this problem of
realization, and have obtained the following results.

Let M be a simply connected n(> 2)-dimensional manifold on which a dualis-
tic structure (g, V, V*) is given, and assume that both V and V* are symmetric.
We say that (M, g, V) is a-conformally flat if there exist a coordinate system
[€7] and a function ¢ on M such that

1+« 11—«
Lijre = ——(0kp)gij — —5 {(9i0) gk + (950) ik} - (8.64)

2

In particular, the (—1)-conformally flatness is a property for the connection V
alone and is independent of g. Note that (M, g, V) is a-conformally flat if and
only if (M,g,V*) is {—a)-conformally flat. Next, we say that (M,g,V) has
constant curvature c if the curvature tensor R of V satisfies

RIX,Y)Z =c{{Y,Z)X —(X,Z)Y} (8.65)

for any vector fields X,Y and Z. When V is the Riemannian connection of
g, this definition turns out equivalent to the classical one that the Riemannian
manifold (M, g) has a constant sectional curvature (see, for instance, Chap.V
of Kobayashi and Nomizu [122], vol.I). Obviously (M, g,V,V*) is dually flat if
and only if (M, g,V) (or (M, g,V*) equivalently) has constant curvature 0. In
general, (M, g, V) has constant curvature ¢ if and only if so does (M, g, V*).

Theorem 8.2 ([184], [80]) The following conditions are mutually equivalent.

(1) (9,V) can be realized by an affine immersion (f,m) of M into R™*!
through Equation (8.47).

(i) (M,g,V) is 1-conformally flat.
(iir) (M,V*) is (—=1)-conformally flat.

Theorem 8.3 ([133]) The following conditions are mutually equivalent. (n > 3
is assumed in (i) (ii) = (4i).)
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(i) Both (g,V) and (g,V*) can be realized by affine immersions.
(i) (M,g,V) (or equivalently (M, g,V*)) is (£1)-conformally flat.

(iii) (M, g,V) (or equivalently (M,g,V*)) has constant curvature c for some
ceR.

Kurose [134] has also shown that a divergence D is canonically defined on
a space of constant curvature ¢ and that it satisfies the following modification
of the Pythagorean relation; given three points p,q,r in M, if the V-geodesic
connecting p and ¢ and the V*-geodesic connecting ¢ and r are orthogonal at
q, then

D(pllr)=D(lla)+D(glir)—cD@lla) Dglr). (8.66)
When ¢ # 0, this may be rewritten as
(1—cD(plir)) =1 —-eD(pllq){1—cD(qllr)), (8.67)

which indicates a structure similar to “spherical geometry.”

These results are closely related to the discussion in §2.6 and §3.6. Suppose
that M = {p¢} is an n-dimensional a-family for a # 1 which is represented as
Equation (2.75):

() (236) = Y _0MEA@),

A=0
and let n(€) % [ Fx(2)6%) (z;¢) dz. Then we have

b 1—a®
31839 gijg y and (868)

2

—a 11—«
0,0;m = T4 o — 9 (8.69)

(% 9,0* —

where 0; = —5% These equations imply that (M, g, V(¥®)) satisfies the condition
(i) in Theorem 8.3 and hence has constant curvature ¢ by (i)=-(iii), while another
observation leads to ¢ = 1“4—0‘2—. The corresponding Kurose’s divergence turns
out to be the a-divergence; see Theorem 3.16 in §3.6.

We have seen that the realizability of (g, V) by an affine immersion of codi-
mension 1 does not imply that of (g, V*). This “breakdown” of duality is also
indicated in Equation (8.55) where the second fundamental form s;; is different
from g;;. Recently Matsuzoe [149] has studied immersions of codimension 2 of
the form

0;&; = I'};ex + tiyf + gim, (8.70)

where f and n are mappings from M into R"*2, and {é1,---,&n, f,n} are
assumed to form a basis of R"12 at every point on M. He proved that (g, V) is
realized by such an immersion of codimension 2 if and only if so is (g, V*). He
also showed that a necessary and sufficient condition for the realizability is given
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by the conformally-projectively flatness: we say that (g, V) is conformally-
projectively flat if there exist a coordinate system [¢!] and two functions ¢
and ¥ on M such that

Lijr = (Okp)gi; — {(0s)gjk + (05¢) gir } - (8.71)

Conformal dualistic geometry, in which dualistic structures are transformed
conformally, was developed by Okamoto, Amari and Takeuchi [175] from the
theory of sequential estimation. In this variant of the estimation problem the
number of observations are sequentially decided based on the information con-
tained in what is already known. In a manner similar to the importance of
curvature in statistical inference, conformal curvature plays an important role
in sequential estimation. Conformal dualistic geometry also plays an important
role within mathematics.

We see, then, that in addition to its applications, information geometry poses
interesting mathematical problems. We enumerate several of these below.

(i) Find the condition(s) necessary for a given n-dimensional space with a
dualistic structure to be realizable as an n-dimensional submanifold in
R™. Also, find the condition(s) necessary to be realizable as a pair of
n-dimensional submanifolds in two m-dimensional mutually dual linear
spaces V and V*.

(ii) Find the condition(s) necessary for an n-dimensional space with a dualistic
structure to be realizable as a submanifold of an m-dimensional dually flat
space.

(iii) Let (M, g) be a Riemannian space. We say that (M, g) can be flattened if
there exist a pair of affine connections V and V* such that (M, g, V,V*) is
dually flat. Show whether this is always possible. If not, find the invariant
which characterizes those spaces which may be flattened.

(iv) Develop the theory of infinite-dimensional spaces with dualistic structures.
Two examples are: the geometry of the set consisting of all (or most) ab-
solutely continuous probability density functions p(z) on R (as given, this
is not a manifold), and the geometry of the infinite-dimensional space of
stochastic processes. See §2.5, §4.8.2 and §5.2. Recently a nice mathemat-
ical foundation based on the theory of Orlicz space has been given to the
first example by Pistone and his coworkers [189, 97, 188].

{v) Analyze the global structure of spaces with dualistic structures.

(vi) Extend the notion of dualistic structure to the case when a Finsler metric
is given instead of a Riemannian metric, and analyze spaces with such
structures. This relates to non-regular families of probability distributions
for which the central limit theorem does not work, and corresponds to
stable distributions other than normal distributions. See Amari [8].
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There are a lot of good textbooks on general differential geometry. Some of
them are Kobayashi and Nomizu [122], Spivak [202], Lang [137] and Helgason
[106]. Chapter 1 of the present book is a digest of some elementary parts of
these textbooks.

Although there does not yet exist a standard text covering the entirety of in-
formation geometry, the fundamental ideas and applications to the higher-order
asymptotic theory of statistical inference are found in Amari [9], Barndorff-
Nielsen [41], Murrey and Rice [153] and Kass and Vos [119]. The last two are
expository textbooks. In addition, Amari et al. [23] and Dodson (ed.) [81]
are collections of papers focusing on information geometry, and Amari [15, 17],
Barndorff-Nielsen [44] and Kass [118] are expository papers.

Historically speaking, Rao’s paper [190] was the one which first suggested the
idea of considering the Fisher information as a Riemannian metric on the space
formed by a family of probability distributions. This Riemannian structure,
the Fisher metric in our terminology, was studied further by many researchers,
among which are Akin [4], James [114], Atkinson and Mitchell [34], Skovgaard
[201], Oller [176], Oller and Cuadras [178] and Oller and Corcuera [177].

The a-connections were introduced in [65] by Chentsov. Although somewhat
difficult to read, it is an extremely interesting book, in which the Fisher metric
and the a-connections were characterized by the invariance under Markovian
morphisms. The invariance of geometrical structures on statistical manifolds
was discussed also by Lauritzen [139], Campbell [64], Dawid [76, 77], Picard
[187], Li [142], Corcuera and Giummole [68] and Burbea [60].

The statistical meaning of curvature was first clarified by Efron [83]. This
work became a trigger for the later developments of information geometry; see
the historical remarks in §2.4. We should also note that the theory of expo-
nential families is an important background of information geometry. The book
[37] of Barndorft-Nielsen is a comprehensive work on this subject. These pre-
ceding works inspired Amari to pursue a new idea of information geometry in
[5, 6], where the a-connections were introduced and proved to be useful in the
asymptotic theory of statistical estimation. One can see that several manifes-
tations of the +a-duality already appeared and played important roles in these
papers. The essence of the duality was elucidated by Nagaoka and Amari [16 1].
This paper introduced the notion of dual connections, developed the general
theory of dually flat spaces, and applied it to the geometry of a-connections.
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Sections 2.6, 3.1, 3.3, 3.4 and 3.6 of the present book are mostly based on
this paper. Although these results are now well known through [{9] and later
publications, the paper itself was never published in a major journal. The ed-
itors or reviewers of some major journals were reluctant to accept new ideas
of combining statistics and differential geometry. Theorems 3.18 and 3.19 were
shown in the master thesis [155] of Nagaoka, but were not dealt with in [161]
nor {9] for the reason that the authors could find little significance in replacing
the definitions of expectation and variance with their a-versions. The attempt
made by Curado and Tsallis [74] and Tsallis et al. [208] has encouraged the
authors to revive the results.

The dualistic geometry of general divergences (contrast functions) was de-
veloped by Eguchi {84, 85, 87], to which §3.2 is essentially indebted. The yoke
geometry of Barndorff-Nielsen [39, 40, 41] is a natural generalization of the di-
vergence geometry. Important examples of divergences on statistical models are
given by the f-divergences which were introduced by Csiszar {70]. He made
several pioneering works related to information geometry such as [71, 72, 73].
A comprehensive study of the f-divergences is found in Vajda [214].

There are slightly different or more general frameworks for information ge-
ometry. Barndorff-Nielsen {38, 41] used the observed Fisher information and the
observed a-connections instead of our definitions, which he called the expected
Fisher information and the expected a-connections, to construct the observed
geometry. Barndorfl-Nielsen and Jupp [47] studied a symplectic structure of a
dualistic manifold. Critchley et al. [69] proposed the preferred point geometry,
and Zhu and Rohwer [229, 230] investigated a Bayesian information geometry.
See also Burbea and Rao [61], which treats a situation where the entropy H(p)
in Equation (3.57) is replaced with a more general form of functionals.

Statistics has constantly been the primary field for applications of informa-
tion geometry. Sections 4.1—4.6 are mostly based on Amari {5, 6, 7, 9], while
the source of §4.7 is Kumon and Amari [132] and Amari [9]. The idea of lo-
cal exponential family bundles described in §4.8.1 was discussed by Amari [11]
and further pursued by Barndorff-Nielsen and Jupp {46]. The subject of §4.8.2
— the theory of estimating functions for semi-parametric and non-parametric
models using dual connections on fiber bundles — was developed by Amari and
Kumon [29] and Amari and Kawanabe [27, 28]. This theory was applied to ICA
(Independent Component Analysis) by Amari and Cardoso [24], Amari {20, 21]
and Kawanape and Murata {120].

Besides these, there are lots of works related to statistical inference and dif-
ferential geometry. The book [9] contains a comprehensive list of references,
which would be helpful for those interested in the applications to statistics. In
addition, many new developments were made after the publication of this book,
among which are as follows. As mentioned in §4.5, the higher-order asymp-
totics of statistical estimation and prediction were further discussed by Eguchi
and Yanagimoto [88], Komaki {123] and Kano [116]. The relationship between
sequential estimation and conformal geometry was established by Okamoto et al.
[175]. Geometrical aspects of the EM algorithm (Dempster et al. [79]) were stud-
ied by Csiszdr and Tusnddy {73], Amari [16] and Byrne [63], while Matsuyama
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[147, 148] proposed the a-EM algorithm to accelerate convergence. Myung et
al. [154] applied a geometrical idea to give a foundation to Rissanen’s MDL
and to generalize it. Conformal geometry was used by Amari and Wu [32] to
improve the kernel support vector machine. Amari [22] studied an invariant de-
composition of higher-order correlations in order to elucidate the correlational
structure of an ensemble of neurons. See also Eguchi [86], Kass [117], Pace and
Salvan [181] and Vos [216, 217, 218, 219]. The last author pointed out that the
dually flat structure of an exponential family is applicable to a quasi-likelihood
in the theory of generalized linear model.

In Chapter 5 we have surveyed some topics from differential geometrical
studies of dynamical systems and time series, chiefly based on Amari [12] and
Ohara et al. [172, 171, 173]. Related works are found in Brockett [56], Kumon
[131], Ravishanker et al. [193], Komaki [124], Zang et al. [228], Brigo et al. [55],
Kulhavy [128, 129, 130] and Xu [223]. See also Sekine [195, 196] for geome-
try of some infinite-dimensional spaces consisting of continuous-time stochastic
processes.

The geometrical framework connecting multiterminal information theory
and statistical inference was given in the papers of Amari and Han [13, 26,
99, 100]. Chapter 6 is an overview of this subject which is also indebted to
such information theoretical works as Han [98], Ahlswede and Brunashev [3]
and Shalaby and Papamarcou [197]. A comprehensive survey is found in [100].

In Chapter 7 we have discussed some ideas for extending the framework
of information geometry to quantum systems. Among the materials of the
quantum information geometry, the quantum relative entropy has been studied
so far mainly in mathematical physics and operator algebras; see e.g. Umegaki
[212], Lindblad [144], Araki [33], Uhlmann [209], and Ohya and Petz [174].
Reflecting that its classical counterpart (i.e. the Kullback divergence) is one of
the key concepts in the classical information geometry, it seems a natural idea
to use the relative entropy to define a geometrical structure on the quantum
state space. Ingarden et al. [112] pointed out that the relative entropy induces
a Riemannian metric on the quantum state space. Nagaoka [158] introduced the
dualistic structure from the relative entropy and showed that it is dually flat
just like the classical e-, m-connections on the space of probability distributions.
Petz [183] and Petz and Toth [186] studied the same geometrical structure from
a different point of view, elucidated its relation to the Bogoliubov inner product
(or the canonical correlation), and derived the Cramér-Rao inequality in this
geometry which is a special case of our Theorem 7.3. The quantum version of
Csiszér’s f-divergence treated in §7.2 was introduced by Petz [182] (see also
[174]), extending the approach of [33] where the relative entropy was defined
via the relative modular operator. The quantum a-divergence and the induced
dualistic structure were introduced by Hasegawa [101] and further studied by
himself and Petz [102, 185]. These geometrical structures may be regarded as
formal quantum analogues of the a-connections and the Fisher metric, and are
discussed in §7.2 of the present book in the light of the general theory of dual
connections developed in Chapter 3.

We should note, however, that it is by no means clear whether the geomet-
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rical structure induced from a divergence is relevent, as in the classical case,
to statistical problems such as parameter estimation and hypothesis testing.
Statistical inference problems on quantum states were actively studied by Hel-
strom, Holevo, Belavkin, Yuen, Lax, Kennedy and others around the 1970s; see
the books of Helstrom [107] and Holevo [110] and their lists of references. We
cannot find the relative entropy nor any divergence in these works, but instead
there are some analogues of the score functions (i.e. the derivatives of the log-
arithmic likelihood) such as the symmetric logarithmic derivatives (SLDs) and
the right logarithmic derivatives (RLDs). Nagaoka [158] showed that a dualistic
structure can be induced from the SLDs and elucidated some relations to the pa-
rameter estimation of quantum states. He also pointed out that the e-connection
in this structure has a nonvanishing torsion, which forms a remarkable contrast
to the dualistic structure induced from a divergence. The geometry of relative
entropy and that of SLD were unified as the geometry of generalized covariance
in Nagaoka {160]. The content of §7.3 and the first three theorems in §7.4 are
mostly based on [160] except that Theorem 7.1 is new. The notion of quasi-
classical model and the propositions (I} through (VI) in §7.4 are basically due
to Nagaoka [156], whereas Young [226] obtained similar results to (I)—(IV). See
also Nagaoka and Fujiwara [162].

Let us take a brief look at other approaches related to quantum extensions
of information geometry, although we do not intend to give a comprehensive list
of references. The monotonicity of a Riemannian metric on the quantum state
space with respect to completely positive maps was studied by Morozowa and
Chentsov [152], Petz [184] and Lesniewski and Ruskai [140]. A mathematically
rigorous foundation was given to the a-connections on the infinite-dimensional
quantum state space by Gibilisco and Isola [96] as a noncommutative extension
of the work of Gibilisco and Pistone [97] mentioned below. A connection on a
fiber bundle on the state space was studied by Uhlmann [210, 211], Dabrowski
and Jadczyk [75], Hiibner [111], among others, in connection with the Berry
phase, and its relation to the geometry of SLD was discussed by Fujiwara [89,
90} and Matsumoto [146]. The future of the quantum information geometry
will essentially depend on the development of the theory of quantum statistical
inference. For recent studies on the parameter estimation of quantum states, see
Nagaoka [157, 159], Fujiwara and Nagaoka [92, 93, 94], Matsumoto [145, 146]
and Hayashi [104, 105]. The theory of hypothesis testing of quantum states
is also important. For example, a statistical meaning of the quantum relative
entropy is elucidated by the quantum version of Stein’s lemma, which was proved
by Hiai and Petz [109] and Ogawa and Nagaoka [169]. See also Wootters [222],
Braunstein and Caves {51, 52|, and Brody and Hughston [59] for geometrical
study of quantum statistical inference.

Besides quantum mechanics, there are several topics in physics related to
information geometry. Geometrical aspects of statistical physics were discussed
by Balian [36] and Streater [204]. Recently, the Tsallis entropy [207, 74, 208]
has been highlighted in the field of statistical physics. This subject seems to
have close relation to the theory of a-connections discussed in Sections 2.6
and 3.6. See also Tanaka [206], where the information geometry was applied to
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elucidation of the method of mean field approximation.

As pointed out in §8.1, a dually flat structure naturally arises when a smooth
convex function is arbitrarily given. This observation enables us to apply the
framework of information geometry to several new fields. Note that the idea
of introducing a divergence D from a convex function v via Equation (8.8)
was already studied by Bregmann [53] without noticing the inherent dualistic
geometrical structure. See Azoury and Warmuth [35] for a related subject. The
application to linear programming is found in Amari’s unpublished note [10].
See also Tanabe and Tsuchiya [205]. The idea was extended to semidefinite
programming problems by Ohara [170]. Gradient flows on dually flat spaces
and their relations to completely integrable systems were discussed by Nakamura
[163, 164] and Fujiwara and Amari [91]. See also Onishi and Imai [179, 180],
where V- and V*-Voronoi diagrams in computational geometry were studied.

The gradient of a function depends on the choice of the underlying Rie-
mannian metric as in Equations (2.45) and (2.46), and when a gradient flow
is applied to an optimization process, it is often important to choose a “good”
metric in order to achieve a good performance. The learning method using
the gradient flow based on such a natural metric as the Fisher metric on a
statistical model or the invariant metric on a Lie group is called the natural
gradient method, which is applicable to wide range of learning and optimiza-
tion problems. The invariant Riemannian metric on the general linear group
G L(n) was used for the natural gradient method in ICA by Amari [18, 19]. This
approach was extended to linear dynamical systems for the purpose of multi-
terminal deconvolution problem by Zhang et al. [228]. See also Edelman et al.
[82] for geometry of gradient algorithms on Grassmann and Stiefel manifolds.
The natural gradient method for multilayer perceptrons, which works much bet-
ter than the conventional backpropagation method, was studied by Yang and
Amari [224] and Amari et al. [31], for which Rattray et al. [191, 192] proved
the optimality in learning by means of a statistical-physical approach. Some
extensions of the natural gradient method are found in Amari et al. [25] and
Kivinen and Warmuth [121].

Neural networks bring up several interesting problems related to both statis-
tics and geometry, some of which were briefly explained in §8.2. Neuro-manifolds
of Boltzmann machines and higher-order neurons were discussed in Amari [14]
and Amari et al. [30]. The EM-algorithm and the natural gradient method men-
tioned above are important tools for learning procedures of neural networks; see
in particular Amari et al. [16, 31], Byrne [63], Rattray et al. [191, 192], and Yang
and Amari [224]. Study on neuro-manifolds has revealed an interesting fact that
a hierarchical system such as multilayer perceptrons, ARMA models, Gaussian
mixtures, etc. in general includes singularities at which the Fisher information
degenerates. Singularities have serious influence on learning speed and model
selection. Watanabe [220] has given an algebraic-geometrical foundation to it.
Fukumizu and Amari [95] shows an interesting behavior of learning dynamics
at singularities. These are new subjects to be studied further.

Transformation models on which some Lie groups are acting have many
special properties, which were extensively studied by Barndorff-Nielsen et al.
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[42, 43]. In §8.3 we have briefly touched upon the dualistic structure of such
transformation models, although the subject has not fully been investigated yet.

The notion of dual connections naturally arises in the framework of affine
differential geometry as seen in §8.4. Mathematical studies on this subject are
found in Nomizu and Pinkall [166], Nomizu and Simon [168], Nomizu and Sasaki
[167], Dillen et al. [80], Kurose [133, 134, 135], Abe [1], Lauritzen [138], Matsu-
zoe [149], Noguchi [165], Li et al. [141] and Uohashi et al. [213]. On the other
hand, Shima [198, 199, 200] studied a Hessian manifold which is a Riemannian
manifold with the metric given by the second derivatives of a convex potential
function ¥(f) in a local coordinate system as in Equation (3.34). This is es-
sentially equivalent to the notion of dually flat space. He investigated this kind
of manifolds including their global structures from purely mathematical points
of view. Infinite-dimensional statistical manifolds were studied by Kambayashi
[115], von Friedrich [215] and Lafferty [136], and a mathematical foundation was
given to this problem in the framework of Orlicz space by Pistone and his group
in [97, 188, 189].
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