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TIABAIV
MHOT'OYJIEHBI I PAITUOHAJIBHBIE JPOBN

Tam, rpge ©He OroBopeHoO NpPOTHBHOE, BCe KOJBHA OWEPATOPOB,
paccMaTpUBaeMEe B HTOH riaBe, HPeAHOJATAIOTCA KOMMYTATUBHEIME
¥ MMeIINME eJuHAIY.

§ 1. Maorodiens

1. Onpedenelue MHOZOUAEHOB

Iycrts ] — DpoMBBONbEOE HEIYCTOe MHOKECTBO MHIEKCOB, IN' —
npoussedenue (ra. 1,.§ 4, n° d) cemeiicTBa MOHOMIOB, uUMeromge J
B KauecTBe MHOJKOCTBA WHJEKCOB, OpHIEeM BCe MOHOMIH TORIECT-
BEeHHH a[UTHBHOMY MOHOHAY IN HEIHX [IOAOMKUTCABHHX YHCEN.
IIycts N(I)——yc'roﬁqnnoe nonMEoKecTB0O B IN',  cocrogmee u3
nocnefgoBateidbHocTedl (n,), ¥ Koropux n,=0 gud Bcex HHAEKCOB 1,

1
KpoMe KomewHoro 9mcjia. Ecim I KoHedHo, TO ND ! COBIAJIAOT.
IIycts A —mHexoTopoe KOMMYTATHBHOE KOJbIO ¢ ejmmmueii. Paccmo-

TpaM aaze6py monouda N'T ormocmremsmo komema A (rm. II, § 7,
n°9). Jra anreGpa obnafaer KaHoHWIeCKHM OasmCOM (e("t))(n,,)EN(I) co
clefyomell TaGuANmell YMHOKEHHA: €(m,) €(n,) = E(mtn,). OHA KOM-
mymamusna. Poabp edunuyst mrpaer dIeMEHT ¢, KAHOHWYECKOIO
Gasaca, rge © ecTs saement u3 NN, Bce KOODIMHATH KOTODOro
pasusl Hymio. llocKOIbKY sileMeHT e, fABIAAETCA CBOGOJHBIM, MOKHO
OTOMIECTBATh KOJABIO A ¢ mDomaiareGpoit Ae,, YCTAHOBHE COOTBET-
cTpue A —> Aegy, KOTOpOE OTOKIeCTBIAET e, C eAuHHIUell Koapma A
(ME Gyjem 0603HauaTh ee depes 1, ecam aTO He IpHBEeT K OyTaHMANE).

Ins wampmoro wmamexca w€J paccMOTpAM DIIeMeHT (nt)EN(I)
TaKoif, uTo ny=1 @ n,=0 OpE L % %. JIEMEHT ¢(n ) KAHOHUIECKOTO
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fasuca, cooTBeTCcTBYIOmmii snemenry (r,)€ N, oGo3pauyMM CHMBO-
aom X,. s npupepennoii puime Ta0JUmB yMHOKEHHA (C HOMOIIBIO
WHLYKOWA 10 7,) JErKO YCMOTPETh, WTO KaKABIA BIEMEHT €(n ) KaHO-
HUYEeCKOTO OaszWca MOKHO samdcath eJUHCTBEHHEM 00pazoM B BHe
e(n)) = LQI X' (BHIpasKeHUe MMeEET CMBICH, TIOCKOIBKY BCE 7y, 33 HCKIIO-

YeHMEeM KOHEYHOI0 YMCJIAa M3 HUX, PaBHH H'yJIIO-).

Takum o6pasom, aiareGpa momomna N'D noposcdaemcs saemen-
rame 1 u X, (rge  mpoGeraer 7).

Onrepeaenne 1. Aaee6pa monouda NP omuocumenvro rosvya A
(KoMMyTaTHBHOTC U obJajaiomero enmHuiieil) nasvisaemces aazelpoi
MHO204UACHO8 omHocumeadbno nepemennuir X, (VEI) ¢ wroagpguyuern-
mamu uz roavya A u obosnauaemcs cumgosom A[X\ ). Faemenmu
amoti aneeGpel HA3BIBAIOMCA MHOLOUACHAMU OMHOCUMEALHO NePEMeH-
noz X, (V€I) ¢ rosppuyuenmamu u3 rorvya A.

Ilyers I —woneunoe moamuoxectso B IN. Bwmecro A[X\]e; Mu
ovmeM A[X;, X, ..., Xip], rae (iz)i<kh<p— TOCIENOBATEIBHOCTD
3JeMeHTOB ¥3 [, pacHOJOKeHHAasi B HOpSAKe BO3PACTAHUA,

Hampu#t wmuorounen u€ A[X,),e; sanuceBaeTcs eMHCTBEHHBIM
ofpasoM B BHIE u=(n20 Uny) EX?‘, rae uupekc (n,) mpoberaet
muoecTBo V(D). OiemenTH @(n), W3 KOTODHX TONBKO KOHEYHOE

9UCI0 OTIUYHO OT HYJs, HazHBaloTcs Koafiuyuenmany MHOTOUNEHA U,
a D9IEMEHTH  On) 1 X' HA3FIBAIOTCH €r0  WieHaMU (omemenT
el

U(n,) HIX:‘t Oypmer wWacTo HABHBATLCA (WIEHOM IIpH IEIX:“»; Korja
LE L

BCEe N, PaBHE HyIIO, €I0 HAZHBAIT TaKKe «CBOOOJHEIM YIeHOMY MHO-
rouiena (cp. § 2)). OneMeHTH H X' ranommveckoro Gasmca anreGpur
LEl

A[X\]ie; HasHIBAIOTCA O00HOWACHAMU: KAMIHIH MHOTOWIEH, TaKUM
obpasoM, sBiaserca JamHeHwoli xoMOmuamwe# OAHOYWIEHOB ¢ KO3~
gueaTaMu u3 A, NpwyeM OFHOWIEHH JINHEHAHO He3aBUCHMEL.

Ecan xoaddamment G(p, MHOTOWLIEHA U paBed HYIO, TO FOBOPAT

(ana HpaTxoCTH), 9T0 Y He codepium uieHA Npu U X:LL. B wacruaocry,
T

ecim «cBOOOMHHI dYileH» MHOTOYJEHA 4 paBeH HYJIO, TO FOBOPAT, 9TO

u—MHOrowien «6es ¢BOGONHOrO WiaeHAy.



2 MHOT OYJIEHBI 11

2. Ceolicmsa a.azetp MHO20UAEH 08

Ilycrs I m I'— pnBa MHOMKeCTBAa OJiMHAKOBOI MOMHOCTH, H IHYCTH
@ — B3amMHO opmosHawHoe orobpaskenme / ma I'. Jlumeiinoe oroGpa-
menne amnrebpsr A [X,]; Ha aarebpy A [X,]xer, KOTOpOE Ka)KpoMy

2JIeMEHTy HX:‘L KaHoHuyeckoro Oasuca anredpe A [X,]e; craBur
VEI

"

o) KAHOHIUECKOTO Oasuca aare6pe

B coorBercrBme omement || X
134

A X, )xerr, €cTh usomopg@uam nepBoil M3 HTUX aaredp MHOrOYIEHOB
HA BTOPYIO.

B wacrdocrnm, anreGpel MHOTOWIeHOB ¢ KosPQuUIEeHTaMH U3
KonbHa A, cOOTBETCTBYIOIEE BCEBOBMOJKHEIM KOHEYHbLM MHOMECTBAM
MHOEKCOB ¢ OJHMM ® TeM jKe YHCJIOM 3JEeMEHTOB 1, HU3OMOPOHEI
MemKpay coboii. Ux orosmpecrsasior o6m4H0 ¢ anrefpoil MHOTOYIEHOB,
-COOTBETCTBYIOME MHOMecTBY uHAeKcoB = [1, n] m HasmBaior a12e6-
POMU MHOZOUALHO8 OM N Ne PemenHbly ¢ Ko dunuenTamMa U3 Koubna A.

EcrtecrBenno, gana o00603Aagenns TepeMEeHAHX MOKHO IOJb30BATHCH
nio6riMm ApyraMu Gyxsamu BMecTo Oyks X; (1 < i< n). Hanpumep, B MHO-
rousieHax OT Tpex NEPEMEeHALIX IepeMeHALie MOMKAO 0603HAUATh CHMBO-
aamu Yy, Yo, Y3 unm X, Y, Z. Haxosu Ou 687 Gsian npuHATEE 0003Ha-
4qeHnsi, Oy/eM mMeTh B BHAY, 1TO pedyb HAeT Bcerpa o6 opfHON M Toil ke
anrebpe, CTPYKTYpa A-MopyJsi KOTOpOil cOBIajaeT cO CTPYKTYpoll Mogyns
AN g aro TPH TIepeMEeHHBIe—3TO TPH JEMEeHTa €y, o4, €0g1 KAHO-
AruecKoro Gasmca BTOTO MORYJIA. N

B wacrmoctn, Korga Mui GyneM TOBOPHTHL O MHOroYJeHax OT OJHOIN
IepeMeBHOH, 5Ta HepeMeBRHasg OyjeT dame Bcero o6o3mauaTeca depes X,
a ajre6pa MAOTOYJNEHOB OT OfiHOI mepeMenHoii—cmMBosioM A [X]. Takmm
of6pasoM, KayRApH MAorousied u € A[X] sanmcmBaercd eAMHCTBeHHLIM
00pasoM B BHJe Z ap, X", CymMMa ¥ TipoW3Be[eHHe JABYX MHOro4JIe-

negEN .
HOB OT X, u-——z a, X", v:Z BrX™, 385410TCH dopMynamm
n n

u+v=2 (@n -+ Bn) X™, (1)
ur=>Y1vX" e v= D apfs_p. 2
n p=f

Ilycts J — mpomsBoJBHOE HENYCTOE MOJMHOMECTBO MHOKecTBa J.

7 Ny
Monouz N MoxHO OTOMZECTBETH ¢ YCTOMUMBEM  HOJMHOMe-
creom B N cocrosmumm ms snemenros (n,), y woropeix n, =0
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mpa Bcex €CJ. Cnegopatemsro (ra. II, § 7, n° 9), aareGpy
A[X\lies MONKHO OTOMAECTBUTH ¢ nodaazebpoti A[X,l.er, umernomei

B KauecTBe 0asKca OJHOYICHE! I;IIX:", roe n,=0 gna secex € CJ.
L4

Ira mopanreGpa mopomaena amememramz 1 u X, 1 €J. Wnorga roso-
PAT, YTO OHA COCTOUT M3 MHOTOWIEHOB, He codepmcawuxr X, rne V€ CJ.

Npr J=¢f nomanrefpa aareGps A[X;LEI; HOPOKIeNHaA dIeMen-
tamm 1 m X, v€J, crommres ® A, Mu ycnoBEMca mpAMenaTh o6osma-
gesne A[Xn,]n.eg H B 3TOM cJyuae.

OcymecreneHdoe OTOMIECTBIEHHME TO3BONACT TOBOPATH O TOM,
aro anrebpa A[X.|r AaBnaerca ob6sefunenuenm momanredp A [X hes,
rge J mpoferaer MHOMKECTBO BCEX KOHEUHHIZ MOEMHOMKECTHB MHOMKE-
crea [. [leficTBuTesbHO, KAKNHIE MHOrOWIeH U ABIAETCH CyMMOK

KOHEYHOT0 4YMCIA HEeHYJEeBHX WIEHOB BUAA a(nt)ﬂX:'t. B xampom
i

M3 TUX UIEHOB YHCIO WHMEKCOB L, [IA HOTOPHX n, 7% 0, RomedHo.
O6Gosaaunm Gywsoit J womeunyo dacth J, COCTOAIMYO K3 BCexX TAKMX
HHIeKCOB (COOTBETCTBYIOMUX BceM HeHyJeBHM YieHaM MHOTOWIEHA L),
Torpga, ouesnpmro, u npuHapiexur anrebpe A [Xlies.

Jaa n1wo6HX AByX paBHOMOMIBHX HogMBokects J # J' MuEOMecTBa I
fgofianret pa A[Xt]LE ; B A[XL]LE J» anreGpsr A[thuer #30MOpPHEL.
Hanpnuep, B anreOpe A[X, Y, Z] MHOTOYIeHOB OT TpPeX NMEPOMEHHHX HAJ
roupmoM A anrebpn A[X], A[Y], A[Z] m3omopdmri, mo, paBymeercs,
He TOKAECTBEHHH., 3aMeTHM II0 DTOMY IOBOJY, UTO IIOKA B HEOKOTOPOM
PacCy;KeHHH YYacTBYIOT TOJNBKO MAOTOWIeHH OT OJHOH NepeMenHHoil,
Her cmbicda pasamvare aareGpu A[X], A[Y], A[Z] = T. 4., Kak MK
06 ®ToM rOBOpWIM Beimle. HampoTHmB, BO BCeX PACCYHAOHHAX, T/e yda-
CTBYIOT MHOTOYJEHH OT HeCKOALKHX Wepemenswx X, Y, Z mT. m., oatun
o003HavYeAna OPAMEHAIOTCH K PasiawdasiM aarebpam.

Ilyers J —uenmycTtoe mHomMmrOMKecTBO MHO;KectrBa I, ormdunoe ot /,

K =CJ — gononuerme J B I. Monoun, NP n3oMopden mpomsBeNeHuIo

mononzios N x WX (rm. 1, § 4, n° 5). Orcoma cuemyer (ra. III,

§ 3, n°2), uro anrebpa A[X,],c; W3oMopdHA TeH30pHOMY HpOM3-
Begenuo nogairebp A[X,les 1 4 [X ek

9T0T pesyibTaT MOKHO TIONYYHTE APYTAM CHOCOGOM, 3aMOTUB, ITO:

anrebpa A [X|],c; msoMopdra TemsopHOMY mpomsBemenmio anreGp A [X]

MHOTOWJIEeHOB OT OfHOM IHepeMOHHOH, UTO TOTIAC CIENMyeT M3 BHAA KAMO-
audeckoro Gasmea aare6psr A[X) o, (rx. II, Hpanoxesme 1).
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Hyers B=AI[X\l¢;. Hompmo A[X,],c;r, paccMaTpmBaeMoe Kak
anreGpa OTHOCHTONILHO CBOEro MONKONbLIA B, ecTh He uUTO WHOe, Kak
anrebpa, HONydYeHHAs NyTeM pAaculiperus KOJbNA OHepaTopos A
anre6pst A[X,\}iex mo womsma B (rn. III, § 3, n° 4). Jlpyrmmu cio-
BaMM, KaKIHI MHOTOYIEH OTHOCHTeNBHO mnepeMeHHAHx X,, €[],
¢ KodpdummeHTAMH W3 KONBOA A MOKHO ONHO3HAYHO HONCTABHTH
B BHUJI¢ MHOTOYJEHA OTHOCHTeNbHO mepemeHHHX X,, t€J, ¢ Koadon-
DEeHTaMH 3 Kpabla B MHoroumemos otHocuTensmo X,, L €J (¢ road-
¢unmenramm w3 Kombma A). Amrebpa A[X,lier, Kar anxrefpa Hag
KONMBLOM B, ortokpmecTBnsieTcss, TakuM o6pasoM, ¢ anrebpoil Mmoro-
aenoB B[X,].ex.

repnoxenue 1. ITycmv @ — npedcmasaenue koavya A 6 Koavyo B,
nepesodawee eOunuynbill aaemenm roavya A ¢ edunuuneiii siemenm
xoadvya B. Ilpu smuz ycaosuax cywecmeyem edurcmeerHoe nped-
cmaeaenue @ KoAbYQ A[X\lier 6 Koavyo B[X, lic1, KOmopoe npodoa-
acaem @ u 0as awboeo €I omobpaxncaem mnozousen X, Koavya
A[X\)ier 6 mnozouaen X, moavya B[X.le;. Hpu smom, ecau ¢—
usomopgusm roavya A wa roavyo B, To @— msomopdusm AX )er
Ha B[X ]ier 4

910 uacTHHIT ciydail o0mero IpemiioKeHHS O MOHOMJIHEX ajre6-
pax (ra. II, § 7, n°9). Toumee roBopsa, 06pasoM OTHOCHTEIBHO

OTOOpaKeHHSI ¢ MHOrOIIOHa Za(nl)nX:“ SIBISOTCA MHOTOWIeH
(n) 0
n ")
(Z)cp(a(nt))nXb ‘. TosopaT, wT0 mocieHHH MHOTOWICH MOJydeH
n v

npumMeHenuem ¢ K nosﬁgﬁuquenm&w MHO204AEHA Z a(nL)HX:“.
(ny)

B dopmynnporke upennoenns 1 maM mHago 6muto IOAIEPREYTH
paspmiy MeRAy MHOrowieHoM X, Koabma 4 [XL]LEI U MHOrodseHoM X,
xounsa B[X\] .y (9TH MHOrOWIEHH Da3NAYANOTCA B CHJNY HX OHpeMeie-
aug (n°1)). Opmaro, pouycKasd BONLHOCTH pPeYH, HX OOHYHO OTOIME-

CTBIAKT H TOBOPAT, UTO UPEJCTARJICHHE @ OCTABIAST LHEADUAHIMHLIM
KORAEE MHOTOUNOH X,.

B gactEOCTH, ecim A’ ecTh HOAKONBIO KOJBIA A, umeromee ToT
7Ke CaMHi eJUHUYHEA 3JeMEHT, T0 KAHOHMYECKOoe Biokernme A’ B 4
[POOIIKALTCA [0 KAHOHAIOCKOTO BNOKEHMA IOAKoMbHA A’ [X e
8 Konpno A[X]ier. Cyman komeno omepatopos anrebper A[X,)ies

.
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mo A’, MH MoskeM paccMaTpuBaTh anare6py A[X.]e; kak aarebpy
gag A’. Aarebpa A'[X,)e; ABIseTcA B 3TOM ciaydae NopaareGpou
axrebpst A[X,)er (cm. ra. II, § 7, n°9).

3. Houamue cmenenu

OupeneaEHuE 2. Ysenamu noawnol cmenent p ¢ MHO02044EHE
UEA[X ]ier Ha3LIBAIOMCS YACHBL On ) HX:”, Yy Komppuzx 2 n,=p.
L tel

Cymma ecex uaenH08 ROAHOUL CMENEHU D MHO2044CHA U HA3b-
eaemcs 00HOpOoOHOl cocmasagiowell (Roanoll) cmeneHu p MHO20-
yaena w. I'oeopam, wmo u A8asemca O00HOPOOHBIM MHOL0UAEHOM
ROAHOL cmenenu p, ecal OH pasew ceoell 00HOPOOHOL cocmasastio-
well noanoli cmenenu p.

Ileepnoenme 2. Ecau u u v—adea 00HOPOSHUT MHOZ0ULEHA
cmenenell P u q COOMBEMCMEBEHHO, MO UV ecmb 00HOPOIHbIL MHO20-
yaen cmenenu p--q. Ilpegmoikenme BEITeKaeT, 0YeBHIHO, U3 OIpe-
oeleHusa 2.

flcHo, 4TO MHOKECTBO OJNHOPONHBIX MHOTOUJIEHOB TOJXHOH cTe-
meHn p Asnsgercsas nodmodysem H, B wombme A[X,],r (paccmarpu-

BaeMoM Kak A-Moayib) ¢ 6a3oif, cocToAmmell U3 OTHOWIEHOB HX:“,
13

Yy KOTOPHX X n,=p (p— IpOMBBOJLHOE HEeOTPHIATENBHOE IeJ0e
[

umcno). Orciopa caemyer, uro A-monyns A[X, )z ecTs npamasn
cymma mopmonyaeit Hy(p€IN). Ilosromy mupousBompHHiE MHOIO-

[ee]
4jleH U OAHO3HAYHO IIPefCcTABlIAETCA B BUIe U — Z Up, up€ Hp, rpe
=0

Up— OXHOPOTHAA COCTABNAKMAA CTelleRM p MHOTOUTeHA U (Up=0
IJIS BCeX HMHIEKCOB p, 3a MCKIIOUeHHeM KOHEYHOTO YHCia).

[ycts I —xoneunoe MHOMeCTBO U3 ¢ 3JIEeMEHTOB, HaIpuMep
I=1[4, ¢]. Yucao omHOUNTEHOB NONHONI CTelleHU p pPaBHO YHCIY

—1
ameMenToB (Nz)1<r<q U3 INY, ¥y KOTOpHX 2 nRp=p,T. e (q—l—g >
h=1
(Teop. ma., ra. I11). Takum o6pazom, moAMOAydb H , fomyckaeT Gasuc
u3 (‘H_f?_i) anementos (cM. ra. III, § 5, cregcTsue 2 k Teopeme 2).

Ilepeceuenue n8yx pasauunmx Mopyuneil H, pasao mymo. Caego-
BATeJIbHO, KasKJABI HeHYJXeBOH OJHOPORXHEIN MHOTOYJIeH U MOKeT
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pUHAAIEKATE TOMbKO ofHOMY w3 Hp. Uueio p, AnA KoTOporo
u€ H,, HasuBaeTcs (LOJHOL) cmenenvio MHOTOWNeHa u. Boiee o6mo
BBefleM clIefyiomee ONpefiecHre:

Onrepenerue 3. Hasoeem (noanoil) cmenenvio nenyaeso2o MHo-
counena U u o6o3navum cumeoaom degu Hauboaviiee U3 Yeavlr
wucea p>0, daa romopuir 00HOPOOHAS COCMABAANWASL CMEREHU P
MHOZOYACHA U OMAUYHA O HYAR.

3ameganua, 1) CrouT OTMETHTH, 9TO, COIVIACHO ONPefeNeHHAM 2
H 3, CMENnendb HYAEB8020 MHO20UIEHA HE onpeaeﬂena, HO 49TO OJA 8CcRE020
KeJoro yucia p >0 Mbl TeM He MeHe® MMeeM NPABO CKa3aTh, UTO «HYADb
HBIAETCA OJNHOPOAHKM MHOTOYJOHOM CTeHmeHH p». B 3TOM 3ari0daercsa
TPASULAOKHEAsK BOIBHOCTH pPeun, TAK KaK BTOPYo ¢pasy Hajo MOAUMATE -
KaKk cwHosuM «0 € Hpp, Yaawe ropopsd, B 5T0H (pase CAOBO «CTemeHb»
He CJeayeT OTAEJATH OT BHPaKeHUA OFHOPOAHHHN MEOIOUIEH CTEII@HH Py,
KOTOpOe JOJKHO DPAcCMATPUBATHCA KaK € UHHN TePMUH.

To4so Tax sxe yJA0GHO TOBOPUTH, YTO «f €CTH MHOIOYJICH CTelleHH
< p (coorBercrBeHno < p)», eciAW OZHODOJAHAS 9ACThH CTENeHH 7 MHOTO-
9aeHa f paBHa HYJNIO IpU BceX n > p (COOTBETCTBEHHO 72> p). 9TO BHpa-
JKeHUe O03HAYAeT, TAKUM 00pasoM, UTO MHOTOUNEn [ pasen wyao uau
cmenend €20 < p (COOTBeTCTBEHHO < p) M BHIDaKeHHe (MHOTOWJIEH CTe-
OeHN < p» {(COOTBETCTBEHHO «MHOTOWIOH CTENEHHM < P») HOJIKHO TAKKE
PaccMaTpHBATHCA KAK €IHHLIH TePMUH,

2) OpEOpORAKe MHEOTOWICHH CTENeHH P HAZHBAWT TarkKe (HOIycKas
BOJLHOCTE pedH; cM § 2) opmamu cmeneHu p OTHOCHTENHLHO IepeMes-
nx X,. B wactaceTH, Kaspaa ¢opMa cremeH 1 (coOTBeTCTBeHHO 2, 3, 4)
Ha3hIBaeTCA AUHelHol opmoli (COOTBETCTBEHHO K6adpamuvHol, Kybuunol,
6ureadpamuunoti). MOPMBI OTHOCHTENEAO N NEPEMEHHHX HAIHBAIOTCH
n-apuvimu popmamu (6UHGPHBIMU, MEDPHAPHEIMU, KEAMEDHAEDHYIMU— [
n=2, 3, 4 COOTBETCTBeHHO).

3) Opsoponabie MHOTOYAEGHH HYJEBOH CTeTeHHM ABIAIOTCA He YeM
HAHM, Kak 5JeMeATaMu KoiubHa A. ['OBODHT eme, YTO OHM ABJAIOTCR
KoHcmanmamu B KOJAbIe A4 [XL]LEI (cM. § 2). .

llprgnomemne 3. IIycmvs u u v-—0sa MHOZOMIEHA, He DASHBIE
HyAl 00HOBpEeMEHHO.
1° Ecau degu + degv, mo
u+v+0 wu deg(u-+v)=DMax(degu, degv).

Ecau degu=degv u, xpome moeo, u-+v =0, mo

deg (u+ v) <Max (degu, degv). (3)
2° Ecau uv =+ 0, mo

deg (uv)  degu -+ degv. (4)
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HorasateabcTBa OYEBUHEL

Ws ¢opmya (3) m (4) (Bropag NpuMeHEMA B cIy7ae, KOrJa
deg u = 0) BuTekaeT, 4ro MHOrOWIeHH WOJHOH# crememm < p obpa-
3yI0T nodmodyss B A[X,)er, 6a3a KOTOPOro COCTOMT U3 OHOUJIEHOB

H X,y KOTOPHIX X 1, < P.
L L

Mycrs Temeps J — HOKOTOpoe HEIYCTOE MOAMHOMECTBO MHOMie-
crea I. Mu Bumenu, 9To kakpuit MHoroumes u w3 Kombia A[X|].er
MOKHO PAcCMATpUBATH KAK MHOIOYIeH OTHOCHTENHHO UepeMeHHHX
X,, 1€J, ¢ kospdunmentamu n3 Koxbila MHorowieHoB B = A4 [X }ccs.
Onpepenennss 2 W 3 HPEMEHHME, ecTecTBenHo, K KoAsy B[X ].ey.
¥imM cooTBercTBYIOT HOBHEONpPefesieHus A MHOrouwlneHoB u € A [X |er

n
MEl OyfeM TOBOPHTH, UTO UJeH ou(nl)HXLL nMeeT CMeneHv p OMHO-
L

cumeavro TepeMenHEX X,, L €J, ecan 2 n,= p. MHorouneH u HasH-
vedJ
BAETCA 00HODOOHHIM, MpUUEM CMENexu P, OMHOCUMELbHO TepeMeH-

aux X,, 1€J, ecan Bce HeHyJeBHe WiEHH MHOrOYJEHA MMEIT OTHO-
CHTEABHO HTHX HEU3BECTHHX cremeHL p. MHOKecTBO TakKMX MHOIO-
yxenoB obpasyer mopMonyab B Kombiie A [X,]er, a 4 [X,],er ABAAETCH
npamoti cymmol nogMoxyieil takoro tuna (p € N). Cmenenvio Heny-
A€6020 MHO20Y41EHA U OMHOCUMebHO TepeMeHAHX X, t €J, BasoseM
HanGoibilee W3 HENHX 9Mcei p, AAS KOTOPOTO CYI[ECTRYeT HEHY-

n
7eBOH 4NeH O(n,) [[X.* ¢ Dn.=p. B wacrrocrn, worga J cocTomT
L 2

U3 OHOTO BJIEMEHTa ¥, CTeHeHb MHOTOYJIeHA U OTHOCHTEXLHO X, MH
Gymem oGosHauars cumeojiioM deg,u. Msl ocTaBiseM WHTATeNIO
BO3MOKHOCTE COPMYIHPOBATE C STUMHE OTpeJeJeHUsIMHA IPeAloKe s
2 1 3 gna woavua B[X ]

B xousme muorounemos A [X] or ojgmoil mepeMeHHONl mMeercs,
eCTeCTBEHHO, TOILKO 0 HO HoHaTHe crenleHr. OTHOPOXHbIE MHOrOWIeHE
‘umeror Buy AXP® (M€ A). Henynepolt MHOTOWNeH cremeHM n 3amu-

n
CLIBAETCSH, KaK U = 2 oy X*. Kosppunmenr o,, Koropuii, mo upes-

TWONOMAKEHMI0, OTAWYEH OT HYJNS, HASHBAGTCA cmapwum Kospguyuen-

mom MHOTOWIeHa u. Henynesoit Muorodien, crapmuil KoadPEOMEHT

ORTOpOTO paBeH 1, HABHIBAETCA YHUMAPHBM MHOL0YAEHOM.
I'padyuposannsie atzebper u modyau. Tloustue cremeam B anarebpe

MHOTOYJIEHOB €CTh YacTHHIH cnyqan Gosiee 0611181‘0 NOHATEA, MHOTOYHC~
JEeAHREe OPHAMEPE KOTOPOTr0 MH BCTPETHM ITO3XKe.
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IIycTh A— ROMMYTATEBHOE ”rcom.uo ¢ enmumnei, E—anrebpa Hax
A, L—apmuTEBHO SalHCAHHEM kommymamuenuii monoud. I padyu-
poskoil aazebpe E €O 3HANEHUAMU 8 monoude L (mnm mo mMomouny L)
HA3HBAGTCS CeMeHCTBO (Hplper, A-nodmodyaeil asze6per E, ymoBlleTso-

pAwoiiee CIeAYIOUIM YCIOBAIM:

(AGy) E ecTh npaMar cymxa H,;

(AGr) HyHy C Hape ) )

MsosxectBo FE, HajelleHHOe CTPYKTYPoHl aireGpm ¥ TpajlydpOBKOR
(H,), aasoseM 2padyuposannoit aazebpoii (mo L). Obwamo mm Gynem
TOBOPETH, UTO OIEMeHTH 3 H) ABIAIOTCA 00HOPOOHbIMU oaemeHmanL
cmenenu A (nma éeca A). Kamueiii snement z€E, » cuuy csoiiorsa
(AGy), opEOBHAYHO BAINCHBACTCH B BEJe = D) &), TAe 1), € Hj. Die-

AEL
MeHT z; Ha3nBaeTCHd OJIHOPOJHOM COCTABIAIOIIEH CTENEeHE )\ 3JeMeHTA I.

Heny/eBoii OQHOPONHHI BIEMEHT Z MOKET OPWHAIEKATE JNHIL K Ofl-
fgomy u3 Moxymeit H). SuemedT A € L, nna xoroporo x € H;, RasmBaeTCA
emenenvio (nam gecom) daemenTta z. CTemeds HYIEBOTO HJeMeHTa He OI-
penensercsa. B GoapmmecTse cayuaes aire6pa E Oypmer ofaapats
enmEWUell, Tak 4T0 A MOKHO OTOK/JECTBETL ¢ mopanreGpoil Ae
anrebpu E, Mosong L Gymer o6aagars HeHTpalbHHM 3JeMEHTOM {(MH
oGoanaumm ero 0), m moayna» Hjy orompectsiserca ¢ A.

I'padyupoekoii nesoro E-Mogyia M co 3madeAmamd B L (mau mo L)
HASHBAGTCA ceMeicTBO (NV3), . A-mopMopynei momyns M, ymoBierso-
pAIoIIee YCJIOBHAM:

(MG1) M ects npamas cymma moamonyieir N j;

(MGr) Hy N\, C Npip-

ToBopaTr, 9yTo M, majeneHHblil cBoelt cTpykTypoit E-mMoiyasa m rpa-
AympoBkoit (Ny), AsnseTcsA 2padyuposanmbir E-modysrem (mo L). Iomsa-
TEA «OAHOPOAREIA dJeMeHT MOAyis M» ¥ «OHOPOJHAA COCTABAAIOMAA
sJeMeHTa w3 M» ompefenfioTcs, KaK BHIIE.

- Hpmmepu. 1) B aure6pe muoroumesos A [X,J,er mogMonynm
OHOPO/IHHX MHOrO4JEeHOB (COOTBETCTBEHHO OJHOPONAHLIX MHOTOYJEHOB
OTHOCHTENBHO mepeMenHHX X,, t€J) ompefleafioT TPafyEpOBKY 3TOoi
anreGpH Do agauTEBHOMY Momomay N . Crememb B 5TOif TpajyEpoBKe
COBNAJIaeT ¢ IOJIHOH CTeleHbI0 MHOTOYNeHa (COOTBETCTBEHHO CTeIEeHLIO
OTHOCHTETLHO mepeMensmX X,, L€ J), onpesesennoil Buume.

2) Ilycrs temepn J u J’'— nBa HeMepeCeKAIOM EXCA MOAMHOMKeCTBA
mHOKecTBa . Jlna Kaskpod mapu HATYpAlbHEHX dHcena (p, g) OUpeneimM
Hp, g Kak MHOMECTBO MHOTOUJEHOB, OJHOPOJHHX CTeIeHE P OTHOCH-
TeJNbHO MepeMeAHHX X,, L€ J, B B TO ke BPeMA OJHOPOJHKX CTENeHE ¢
OTHOCHTENbHO Hepementmx X, v€J'. HeMepneuso upoBepsmercs, 4ro
mMopyan Hp, o opepensior rpafympoBKy anreGph A[XI.]LEI [0 MOHOHEJTY

N XN. TakuM ke o6pasoMm ompefeluM TpagyHEpOBKY A [XL]LEI no 1po-

H3BEe[IeHHI0 NIPOU3BOJILAOTO YHCHA (He HDPeBOCXOAANIEr0 MOIMHOCTH MHO-
sxecTBa I) MOHOBHOB, m3oMOpPHHX N.

H. Bypbakxu
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3) Ilycts M — npou3BONBHEI KOMMYTATHBHEI MOHOMM, 3alHCcaHUBLIl
agAATHBHO, C HEHTPadbHHM dJeMeHTOM (o0o3HauaeMuM cuMBoioM 0).
ITyers (®,),¢;— IPOE3BONBHOE ceMelicTBO dieMenTon m3 M. HasoseM

waienamu seca (0 € M) B mHorosnese u € A[X,] o Fmens a(,ml'leL ,

V KOTODHIX anmtzm. IIyctes H,—Muoo#ecTB0 MHOTOYJISHOB, Y KOTO-
v
PHX BCe HeHyJeBble WIEHH UMeIOT Bec . HemeamenHo mposepsaercs,

aro H, ONpeAeNsAl0T TPajyupoBRy aiareOpsi A[XL]lEI no moHounpy M.
TpaayupoBKy B npuMmepe 1 MO/KHO MOTYYHTh KaK JacTHHH CAy4daii »Tol
ob1eil TpajxyHEpOBKH.

4) B reusopsioii aareGpe T (E) (cooTseTcTBeHHO BHemHeil anrebpe
AE) npomasonsroro A-mopyast E ofosgagmMm Aus Kaskporo p 0
wepes H, mogMoayas, o0pa3oBadmbii KOHTPABADHAHTHHIME TeH30PAME
nmopsfika p (COOTBeTCTBEeHHO p-Bexkropamm). Hoamoaynm Hy ompepesnaioT
TpajyHpPOBKY IO MOHOUAY V.

5) Ilyers L—xoMMyTaTHBHEHII MOHOWJ (3aNHCAHHRN anJUTHBHO),
E —aazebpa monouda L orHocmTeapno A (ra. I1, § 7, n°9) (e)))cy —xa-

nonmdecknit Gasuc E. B srtoM caydae wmoaMogyam Ae, anredpu E
(rme A mpoGeraer L) obpasyioT rpagyupoBky E no monouny L.

4. Mnroz2ouarensl HAO KOADUOM YUEA0CIMHOCTRU

TropeEMA 1. Koavyo muozousenos A{X,],cr Had koavyom yeaocm-
rocmu A (¢ emuHHUUEil) A6AfREMCA KOABYOM YEAOCMIHOCML.

ITyers u, v— gBa mHorounena us A [X,]¢;. Tpn MHOrowIeHa u, v
H uv OpUHagIesxkaT OJHOMY W TOMy ke Kouabuy A [X,]ier, rme J—
HEKOTOpOe KOHeYHoe TojMHO}iecTBo MHoskectBa J. Hapgo pmoxasars,
gro ecim u =0 m v 0, 10 uv = 0. Takum odpasom, MoKHO oOTpa-
HITYATECA PACCMOTPEHHEM CJydas, KoTJZa MHOMKeCTBO [ KOHEWHO.
C npyroit croponsr, xombuo A [X;, X, ..., Xp] #3oMopdHO Koabmy
MHOTouNeHoB oT X, ¢ kKoadpduuumenramu B Koabme A[X,, ..., X, 4].
CnepoBaTelbHO, NpUMeHeHHeM HMHAVKLUMH 0O p B3ajgada CBOLUTCH
K [OKa3aTelbCTBY TeOpeMH [ ciydad p=1, T. e. gisA Koibua
myorounesor A [X] or ogHoii mepemensoii maj A.

IMyers u=oag+ X 4+ ...+ apX™ —MHOTOUNEH CTENEHH M, U=
=P+ P X+ ...+ PBaX" — MHOTOWIEH cTenenu n Haj A; Torga Koag-
dunuent upun X™™ B npomsseieHNH uv paseH onf,. Tak Kak
an% 0 u P, 0, Do HpemmoNoMeHu0, TO BBHAY TOro, 4ro A—
KOJBIO NEeJOCTHOCTH, OYeBHZHO, UMeeM anP, = 0. CiemomareisHo,
uv = 0.
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B obmem cayuae, xorga A copepxar peautedm 0, mpegngyiee
paccysijJeHne LOKA3WBAaeT, UT0 eCJAM cTapmuit koadduument o, MuO-
rodsieHa u He fABAAeTca fenmreseM 0 B A, TO caM MHOTO4/jed Uu
ge ssiserca peauteseM O B A[X]. B uwactHOCTH, 3TO Bcerga mmeeT
MecTO B TeX CJy4asx, KOT[a u— YHHTAPHBIA MHOrOd/es.

Caepcreue 1. IHyemv A—rkoavyo yeaocmwocmu, u u v—dsa
Henyaeeblr MHoeouseHa u3 koavya A[X\lier. B omom cayuae

deg (uv) =deg u + deg v. (o)
HeiicrBurensno, ecau degu=m, degv==n, T0O MOKHO HANHACATH
u=ug+u+t ...+ Um V=040 ...+ Uy,

rfe up (COOTBETCTBEHHO Vp) ABIAIOTCA OJHODOAHEIMH COCTABIAONIAMHA
creniedd h (CooTBETCTBEHHO k) MHOrod9neHa U (COOTBETCTBEHHO V) NJSA
0L h<m (coorserctBenno O0<{k<n). Tax Kar 4, %0 u v, 0
10 TPeANONOKEHHIo, .T0 U, Uy = 0 mo Teopeme 1. CremcTsue moKasaHo
BBHAY TOTO, 9TO UV, ABJIAETCSA ONHOPOTHOW COCTABAAMONIEH CrTeleHHd
m -+ n MHOTO4YJeHa ub.

Cnepcreue 2. ITyemv A-— koavyo yeaocmmocmu, u u v—0éa
Henyaeeblr mrozousena usz roavya A[X,\ler. Has waoedozo wcl
umeem Mecmo

deg, (uv)=deg, u -+ deg, v. (6)

5. Eeraudogo deaenue MHoz0uAEeH08 00HOT nepemenHolts

IIrepnomenne 4. Iycmv f—ynumapuwii  Muozousen cmenenu
n>1¢6 koavye A[X]. B garmopaazebpe A [X]/(f) 06osnavum cum-
soaom & raacc, codepacawmuii X. Toz0a snemenmu 1, &, &2, ..., E™1
o6pasyiom Gasuc asze6py A[X]/(f).

HMoxamem cHavana, d9ro smemeHtsl & (0<k<n—1) nuHeiino
. n—{
HesaBucuMEL. JeficTBUTENEHO, COOTHONIEHHE 2 AREF =0 osznasmaer,
E=0

n—1
q10 hEO A X* =0 (mod f) mim, umade, 4TO CymeCTBYeT MHOIOWIEH
) n—1
g€ A[X], nas xoToporo hZO MX"*={fg. B cunry yHUTapHOCTH MHO-
rowieda f uMeeMm ' -

deg (fg) =deg f+deg g, ecam g = 0;
Q%
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Tak KAk CTeleHh MHOFOWIEHA f paBHAa n, To mpeqmoioieEue g+ 0
n—1

NPEBOAET Hac K mpormsopeumio. CiemoBarensuo, , ApX"* =0, Taxum
E=0
obpasom, Ap =0 gaz 0<<kn—1.

Yro6r HokasaTh, 4T0 2JMeMeHTH E* nopoxcdawm romsno A [X1/(f),
AOCTAaTOYHO WOKAazaTh AJAA awboro p> (0 cpaBEHAMOCTE HO MOAYIIO f
MmuoroaieHa X° ¢ HYIeBHM MHOTOYIEHOM HIN ¢ MHOTOYJEHOM CTe-
near << n—1. Ilposegem mapyknumio mo p. Ilpemno:xenme owenrmpHO
gasg p<nrn—1. Ecan

n—2

n—1
XP = 3 wmX*(modf), To XP* = D) ppX"**14p, X" (mod f).
k=0 . BR=0 :

Bce cBomurcs, TakEM oOpasoM, K JOKAa3aTeIbCTBY IPeNIIOKEHHS [
n n

p=n. Iyerb f=X"+ X 0y X""; rorga X" =— D ¢,X""(mod f),
n={ h=1

9eM W 3aKaHYABAaercs IOKas3aTelbCTEO.
Ipenmomenne 4 Mo:xHO chopMynmpoBaTs W CAERYOIAM oGpasoM:
Ipepnosenue 5. Hycme f— ynumapusiii mHozousen cmenenu n
6 koavye A[X). Hdasn awbozo muozouaena geA[X] cywecmsyiom
dea muozousena u u v uz A[X] makue, ymo degv<<n m

g=uf+v. (7)

Kpome mozo, smumyu ycaosuamu MHO2044€HB U U U onpedeasiomcd
o00HosHAYHO.

HelicreurensHo, CymecTBOBaHNE # ¥ U W eJWHCTBEHHOCTH U
BHTeKaT 3 mpepiokeHmsi 4. C papyro# cropoHH, Tak Kak MHO-
rowteH [ He sBiasercs memureleMm 0, To u OflHO3HATHO OUpeReNAETCH
paseHCTBOM (7).

O6pasoBaErie MHOIOYIEHOB U B U, HCXOAs M3 MHOTOYIEHOB [ W g,
Ha3HBAETCH egkaudogbim OeseHuem MHOTOYNEHA g Ha [ (O aHaJo-
ran ¢ egkaudosum deaenuesn nenwx wgucen (cm. Teop. MHOMK.,
ra. III = Aar., ra. I, § 4, n°3). Muorowiem u HasmBaercs
e8EAUD0BYM HacmHbLM OT [eleHus g Ha f, a MHOTOWIEeH U— ocmam-
Kom IPH EBRIEJOBOM [geleHmN g Ha f.

Caegcreae. Jas mozo umobsr muozouaen geA[X] Odeauacs na
'yHuma pruili mrozouaer € A[X], neobzodumo u docmamouno, umobsl
ocmamok npu eskaudosom OdeseHuu g Ha [ 6sla Hyaeaslm MHO020-
Y AEHOM .
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Ecan A —uone, To npegiosierne 5 cupaBeInBO K IS IPOA3BOJIb-
HOT0 HeHylZeBoro MHorodaeHa f. [leilicrBarenpHo, IycTs 0p — CTAp-
muil kKoapdunmenT MEOrouseHa f; Torma mpeann (f) m (ay'f) cormama-
1oT, npryeM o,'f —yEnrapEni#i MHOrowieH. CnemoBaTenbHO, nIMeeM

IIrepnoxenne 6. Iycmv K —nose, f u g-— dea mHoOzZOuAEHA
us xouwya K [X], npuuem f = 0. B smom cayuae cywyecmeyiom 0ea
mHozouaeHa u u v uz K[X] marue, wmo degv<<degf u umeem
mecmo coomuowenue (7). Kpome mozo, smumu ycaosusmu MHO-
204A€HB U U U onpedeasiomcs eOUHCMBEHHBM 00 pa3om.

MuorouneEn 2 M U Ha3HBAKTCA TaKiKe YACMHSLM U OCIMAMKOM
eBRINNOBOIC JleNeHHA MHOTOYNEHa g Ha MHOTOUleH f.

Cnepcreme. ITycmv A—rkoawyo yeaocmuocmu, K—ezo noae
omnowernuti, f u g—oea muozouaena u3 A[X] cmeneneli n u m
coomeemcmeenro. Ilycmv u u v—dea muozouaena uz K[X], ymos-
aersopAnmue paseHcTBy (7), mnpuuem degv<<n. Ioaoscum
p=Max(m—n-+1, 0). Iyemv oy—cmapwuii kosPpuyuenm mro-
20usena f; mozda mruozousenvt Olu u alv npunadaescam kKoavyy
A[X].

Ilpennomenne oueBHpgHO Aag m<n—1, Tak Kak B 9TOM CJaydae
u=0 n v=g. [lna m>n [AOKasaTeILCTBO IpOBefleM HHIYKIUeR
no m. [Jocraroano paccmorpers caygait  g=pX™. Ilycrs

n
|
f= 2 o0 X" %; mmeem PX™ = Fﬁ{ X"+ oy & TAe  MHOTOUIeH
h=0

n
g=— Z ﬁahX”‘"‘ npuHagae;xuT Koasny A [X], npuuem deg g,<<
h=1
<m—1. Ilo WHAYKTHBHOMY NpeJUOJOKEHHI, ' g1=u,f-} vy, THe
degv; <<n, a MHOTOWIeHH @7~ ™i; W o "0, DpPHHARIEHKAT KOIBIY
A[X]. Urax, mmeem
' BX™ = (g + BX™") f+ by,
Qo Go
OTKyJla TOTYaC BHITEKaeT clexcTshe (cp. ynpasxuenme 12).
ITeeEAnOKEHRE 7. ITycmv K — npoussoavroe nose. Kancouii udeas
KoAbYa MHO204AEH08 00nO0l nepemennoli K [X] nad noaem K agisemcs
2AAGHLIM UDCANOM.
HeiicTpATeNbHO, YCTh ¢ — HEKOTOPHit nyead B koubne K [X]. Ecan
a # (0), To mycrs f-— HeHyneBoil blleMeHT U3 4 HaUMeHbINEH cTeHeHN,



22 MHOTOYJEHBL M PAIIHOHAJBHBIE NPOBH rao.iv, § 1

ITycrs g — mo6oit apyroii smemeHT u3 4. MoyxHo Hanucars: § = uf - v,
rpe u m v—mHorouwnensl u3 K [X], mpudem v=0 unu degv <<deg f
(upepmomenne 6). Tak kak v=g—uf, to v€a. HMrag, B cayuae
v 0 Mo noxyunm deg v > deg f, wro HeBoamoxkHo. CorepoBaTennHO,
v=0. 9ro noxasuBaer, 4ro 4= (f).’

Ilycrs f m fi— pBa HemymeBEIX MHorownena roxema K [X], mpu-
gem (f)=(f;). Torpa cymecrByloT jABa MHOrOWIeHa # M U TaKue,
4?0 f=uf, u f;=vf. Vs 818X cooTHOmeHu{l HOJy4YaeTcA paBEHCTBO
f=uvf, orkyna c;enyer, uro uv=1. Taknm o6pazom (dopmyma (5)),
U U U ABISAIOTCA Koncmanmamu. Jng n1060r0 HeHyJeBOTo Mieasa 4
B xoaene K [X] mMBorounens f, takwe, uto a=(f), ompepensoTCA
€ TOTHOCTBHIO 10 NOCIMOARHO020 MHO¥cUMeAn. B wacTHoCTH, cyuiecTByeT
e[UHCTBeHHHl yrumaphuii MHOTOYIGH f, Takoif, uto a=(fo).

Ilycrs f u g —pBa Muorounena ma K[X]. Cymma (f)--(g) raasasix
11608, NOPOMKACHANX [ M g, ABIAETCA IJIaBHRM upneanoM (h) B cuay
npepsoxesnn 7. Jins Toro uTo6H MHOTOWIEH U AEeAWI u f, M g, HEoO- -
X0AUMO ¥ MHOCTATOYHO, YTOOH UMEAM MecTO BRIwYeHHA (u) D (f)
n (¥) D(g), 1o ects (¥) D(f)+(g)=(k). ITo osuavaer, qro u deaum h.
B cnywae h = 0 MHorognen A, onpefesnseMbiii ¢ TOYHOCTBIO K0 IOCTOAH-
HOI'0 MHOMKHUTeJA, ABAAETCA OOMMM JelnTeneM MHOIOYIEHOB f W g
nauboabweil cmenenu. ME Ha30BeM ero TakmKe Hauboavuium obuylsm deau-
meaexr (COKpAmMeHHO H. 0. K.) MHOrowlieHos f u g. CymwecTBYOT [Ba
MHoTowJeHa u ¥ v H3 K[X] TaKue, 4TO BHIIOJHIAETCA pPaBEHCTBO
h=uf-}-vg. ToBOPAT, YTO MHOTOWIEHH [ ¥ g 63auUMHO npOCMbL, €CAN
(h)=(1), T. €. ecIU eJUHCTBEHHBIMH OGIUMY JeJUTENAMHU MHOIOYJIe-
HOB f U g HBIAKTCH KOHCTAHTH, WJIM, UHAYE, eCJIM CYMECTBYIOT [Ba
maorowiena u u v u3 K (X), pan xortopeix uftvg=1. lyers f u g—
IBa OPOM3BOJILHEIX MHOrowlesa ua xoaoua K [a], A—ux H. 0. 1. Ecan
h == 0, To mporounenw f/h m g/h B3ammmo nmpocTel. OGpaTHO, BTO CBON-
CTBO XapaKTepu3yeT H. 0. Jl. MHOTOWIEHOB f W g cpeiy OOMAX JleJHTe-
el 3TUX MHOTOUWIEHOB. JTH 3aMeYaHWst IOKa3HBAT, B YacTHOCTH, 4TO,
eciu h—H. 0. K. MHOTouwjieHoB f X g B koasue K [X], To h aABIgerca
TaKMe H. 0. . MHOTo4YJIeHoB f M g B Koamue K’[X], rpe K’~—mo60e
noae, cofiepmaniee K B KauecTBe HIONIONH.

ITepeceuenne (f){)(g) ecTs Takske ruaaBHHi nieaxa (r), rpe r € K [X].
AHanormdfabie pacCy:AeHNA NOKa3HBaloT, 4To Jio6oe obmee KpaTHoe
MsOTOYJIEHOB f W g sABiIAeTcHd KpaTHHM MHorouneHa r. Ecam r == 0,
TO r ABIAETCA OOIQUM KpPATHHIM HAUMEHbIIeH cTeleHU CPely HeHYIeBHX
O0mMHUX KpaTHHX MHOFOWIEHOB f W g. Mu HazoBeM ero HaWMeHBHIIUM
o6MuUM KDaTHHM (MJAU KDPATKO—H. 0. K.) MHOTOWIEHOB f W g.

Jlerko 0606muTs 9TH pacCCY:K[@HHA Ha CIydail HECKOABKUX MHOTO-
gnegoB u3 xoxbua KJ[X] (cm. ra. VI, § 1, n° 8 u ra. VII, § 1, n°2).
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Onrepeneane 4. Ilycmv K — nose. Haszosem muozouaen f
Henyaesolt cmenenu uaz rgoavya K [X] nenpusodumwm ¢ KI[X] (uau
nenpugodumsis rad nosem K), ecau on He Oeaumes HU HG Kakol
muozouner g€ K [X], y komopoeo 0<Cdeg g <Cdeg f.

PaBrocnanrOe yemosue (dopmyada (D)) cOCTOUT B TOM, YTO EfMH-
CTBeHHEIMM feJuTeNs MM MHorOoumeHa | B koasue K [X] spisgiorcs
KOHCTAaHTH ¥ HpOU3BejeHAA [ Ha KOHCTAaHTH. TaK Kak COOTHOMIe-
mue (f) C(g) osnadaer, 4yto g medauT f, ME BHAMM, YTO HeIIPHBO-
AUMBIL MHOTOYNIEH MOKHO ONpPEJeJnTh KAaK TaKoil MHOTOWIEH f,
A KoToporo upeall (f) marcumaden.

Uzsectro (ra. I, § 8, teopema 2), uTo Kakibil Hgeaa KOIbIA
" K|X], ormwunsiit ot (1), codepacumes 6 Hekomopom MOKECUMALOHOM
udease. Ucxona na mpeniosxenus 7, MoyxHO cPopMyaMpoBaTh TO JKe
caMoe CHefyUiHM 00pa3oM.

IIpEpmomenuEe 8. Kaxcoviii MHno204AeH, OMAUYHELE OM KOHCMAHML,
6 koavye K [X| dequmces na nekomopuii nenpusofumulii MHOEOUMEH.

JlokasaTeJbCTBO -3710r0 HPEAIOKEHAS MOMHO HPOBECTH, BIPO-
ueM, W TaK: OyCTh f-— IPOM3BOJLHBIA HeHyNeBOH MHOTOYJIeH, OTIMY-
HLIL OT KOHCTaHTHL, OYCTh g— AeAuTedb f, OTIHYHbLIA OT KOHCTAHTH,
npudeM HanMeHbImeil BosMOKHOIN crenenu. Hemeadewno moiywgaercs,
9T0 g — HEeHPUBOMVMEIL MHOTOWICH.

CaeacrBue. Kaxcooui muoeouwaen | nosoxcumenvrodt cmenenu us3
roavya K [X] paeen npouseedernuro menpueodumuiz MmHozouseH08 (He
0643aMeAbHO DAIAUNHBIL).

HocTaTo9Ho mpoBecTH HEAYKIMIO 1O CTENeHW MHOrodwIeHa f.
YTBep/Ke e CAeACTBAA OUEBHHO, eCIM MHOrOYIEH | HEIPUBOIHM.
B nporuBroM ciyuae cymecTByeT HempHBOJUMEIA JeNATENAL g MHO-
rouneda f, y roroporo 0<Cdegg <<degf. Umeem Torpa f=gh, rae
0<<degh << degf. IlonsTomy MHorowieH /i sABIAeTCA HPOM3BEJECHMAEM
_HEIPUBOANMLIX MHOro4JeHOB. To JKe camoe MMeeT MeCTO JJIA MHOIO-
9ieHa [ (M yTOoWHMM oTOT pesyaprar B ra. VI, § 1, n° 13
u B ra. VI, § 1, n® 3).

Yunpamaeunna 1) Hycrs A—KoMMyTaTHBHOE KOABUO C efUBH-
ned, E—neroropuiit A-monyas. Ilyers S, (E) (mam, npoie, Sp)—OOA"

n
MOJyIb n-it Ter3opnoil cTenennm ) E, ToposKAeHHBIH TeH3opaMHI BHJA

n
z2—03, rje z npoberaer @ E, a ¢— cHMMETpPHYECKYI0O Ipynny o, (cM.
ra. 11I, § 5). HasomeM =n-ii cummempuueckoit cmenenvio mopyin E
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u 0003HaYEM CHMBOJOM 1\1/E daxTopMonynn (gb E))Sp (E). Haa toro
uTo6H HoMHAHMHeAOe oToOpaskeHHme Mopyas E" B A-mopyne F GeLIO
CHMMETPHYeCcKHM, He00XOHMMO M J[OCTAaTOYHO, 9TOGL OFO0 WMMelo BHA:
(1, coes ) > f (@ (1 ®Q ... @ x,)), TAe P—KaHoHAUECKOe OToOpaKe-

k13 n
gaue Monyaf ® E ma \/ E, f— mexoropoe inaeifioe 0ToOpasKende MORY s

n
VVEBF. .
IIycrs E obaapaer GasmcoMm (e, e1- HorasaTs, 9TO pasauunsie die-

7
MenTH @ (e, e, Q... Qe,) obpasylor Gasmc Mopyas VE u 4TO

n
aupeiinoe orobpaxkenne Monyna \/ E B A-Mopyns A[X]c;, KoTopoe
KKAOMY SJeMeHTy tp(eu®elg® @em) CTAaBHT B COOTBEeTCTBHE

n
ofHOYIEeH XuXl2 th’ ABasAercA m3oMopdmamoM wmonmyas \/ E ma
nogMonyns H, 00nopodnnx mH0204%ieH08 CMENEHU N OTHOCHTENBHO X, .

n
Jloka3ars, 4WTO0 B 3TOM caydae Moayaes \/ E rakme usomopded
MORYNI0 CHMMETPHYECKEX KOHTPABapPHAHTHHIX TE€H30POB HOpANKa n Ha E
(ycramoBETE B3aEMHO OfHO3AAUH0E COOTBETCTBHE ME;KIAY Ga3HcaMu 9THX
JIBYX MOJyieii).
m n
2) Jlokasats, uro oToGparkedne (z, z’') —> 2z’ Mopyan (® E) X (R E)
m<+n
B Moayns & E coriacyeTcd ¢ COOTHOMCAHWAME SKBHBAaJeHTHOCTH O
m n
MoAyaw Sp,, H0 MOAYNIO S, B M0 MORYII0 Spin B MoAyaax R E, Q E

m-tn
u & E coorBercrBenno. Ilepexons k $akTOpMOXYJAAM, MH NOXYIHM

Ounugeiiioe orofpaxkenme, KOTOpoe HA3HBAaeTCH CHMMETPHIECKHM MPO-

m n m+n
m3BegenueM Moxnyag (\/ E)x(\V E) B mopyas \/ E. Ilpepmonoskmu,
uro E obumapaer GasmcoMm (€,) 1 B OTOMJECTBHM B BTOM CIydae MOLYIH

n n

VE, \17E nm\-'/_ E ¢ nopyopynamu Hpy, Hyp, Hpypn wousma A[X ]
(mocpencTBoM m3oMopduama, onmpeneidefHoro B yupakdennu 1). Jloka-
3aTh, 9TO CHMMETpPHUECKOe IpPOH3BejleBHe OTOIECTBIACTCH C HPOH3Be-
nemmeM B Koabue A[X ] . '

n
3) IIycrs S —omepaTop CHMMeTPHH 2 ¢ B TensopHoil cTenesn Q) E
: o€a,
(ra. 111, § 5, n° 1; mMeeM, TeM caMEM, Sz= 2 0z). Jias Kaxjporo
oEo,

TeH30pa zeéE slieMeHT Sz CHMMETPHUEH W HA3HBACTCH CUMMEMPU3IA-
yueii TeAsopa z. JloKasaTb, UTO €CAH B Mojyne E ypaBHeame nlr=a
AJH KasKporo a € E fomyckaeT perdieAme, H NPHTOM eJHACTBEAMAOe, TO
K/l CHMMETpHYUeCKHl TeHs0op n-To mopApka ma E aBigerca cuM-
MeTpH3anuell HeKOTOporo TeHsopa n-ro mopaaka ma E. Hpome Ttoro,
B3aEMHO OfHO3HAUHOE IpefcTaBIeAde, AacCONHApoBaHHoe ¢ JAHeliAkM
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n
orobpaxenneM z —> Sz Mopyna ® E B ceba, aBaserca usoMopduaMom

n
Moayasa \/ E Ha mOAMOAYIb CUMMETDPHYECKMX TEH30POB.

JaTe npumep Moayaa E, ¥ KOTOPOTO HOAMOAYIb CAMMETDHYECKNX
TeH30POB M HOAMOAYIH CHMMeTPM3anmuii TeH30DOB HOPAAKA 27 He COB-
mapasor (cM. ra. 111, § 4, ympaknenne 5).

4) JloxasaTh, 9TO ecin MOAYab E ecrs mpsAMasg cyMMa [BYX HOA-

n
Mmonyieit By u Ep, T0 cuMMeTpudeckasn creneds \/ E usoMopdHa mpaMoik

cymme G n-+1 Moayneit (\1} ENQR@ (n\/p Eg), tne 0<p<n (Meromom
yopaxmenuna 7 ra. 111, § 5). OGo6murs Ha cayuai, kKorgja E ABiuaercs
OPAMOIl CyMMOoIi HEKOTOPOTO KOHETHOro 9mcJa HOJMOAYIei.

5) Ilycts u—amneitnoe otobpaskeAne wmoayaa E B Mmoayas F,
Up—n-A TEH30DHAS cTeleHb OToOpaskeHumd u. VMeeT MeCTo BRIKNYCHUE
up (Sp (E)) C Sy (F). Hepexona k daKTOPMOAYIIAM, HONY9UM U3 U,, TUAEH-

n n n
Hoe orobpaskenme \/ u moayus \/ E B \/ E, HaswmBaeMoe n-i CHMMe-
TPUYecKoil cremedasio oroOpaxkeHwWs u. JlokasaTs, uTo eciu E un F—fisa

BeKTODHEIX IpocTpaHcTBa Hapg mojeM K m ecan u—inHeiinoe orobpa-—
n
JHeHMe KOHEeYHOro padra r, TO \/ U ABIHETCA JWHEHHHM 0TOGpaKeHUEM.

paHra ( T+Z_1> (mcmone3ys ympaxaenume 11, ria. 111, § 5).

6) Ilycts E —aareGpa Hafi KOJILIOM A, (HA)xEL—HeROTOPaﬂ rpagyv-
poBka E mo mononay L. ITycTs @ — HEKOTOpOe IpejcTapienue MOEOuAA L
B Moroun M. Jlna wamporo B € M obosuauum cumBoioM H| (mpamyio)

cymmy mopyaieil Hy, pjaa KoropHX @ (A)=p. J[oKa3aTs, 9T0 HOAMOAYIH
H, o0pa3yioT HeKOTOpY0 Tpaayupoery aarebpu E mo momomny M.

7) lycrs E, F—pBe anreGpu maj wouasmom A, (HA_)LEL—HeKOTOPaﬂ
rpaayrpoBka aare6pu E mo MoHompy L, (H;L)—rpanynponka aare6pu F
mo monouny M. [okasars, uTo moaMoayan H; & H u obpasyior rpagyn-

POBKY TeH30pHOTO npomnssefenns £ QF mo momoumpgy L X M,

8) Ilyc1s E—HGROTOpa}I anreGpa Haj KoasmoM A, (H;‘),UEL——rpa-
AyupoBKa anarebpm E oo momonay L. Ilycts a—aneswil mpaealt (COOTBET—
CTBeHHO NpaBHIil ABycToponAmit) aareGpH E, mopoxpgenawil ceMeiicTBOM
odnopodnnix saementos (U)). Ilycrs Cj—opHOpOmHAs COCTABIAIOMAL
uneasa a B H,. Jlokasars, 94TO 0 ABIAETCH NIpAMOI cyMMmoil mogMogmy..
aeii C;. Horpa a— pBycroponnnii ugeas, BHBeCTH OTCIOA, YTO KAaHO-
angeckue obpasst Mopyueit Hj B dakropaare6pe E/a o6pasynor rpaayu-
POBKY dTOil anare6pur mo L.

*9) a) Ilycrs M —MoHOUA, HAJleNeHARI OTHOINEANEM OPALKA 2 <Y, -
KOTOpOe BIOJHE YNOpHAO4uBaeT M ¥ JAH KOTOPOTO COOTHOMEHMA x < ¥,
2’ <y’ maexyr zTz’ < yTy’ (rne T —o6o03Hauaer 3aKOH KOMIO3UIUM
B M). lokazaTts, UTO eclu A KOJBNO NeJOCTHOCTH (¢ epuAwnneit), To
anrebpa MomomAa M OTHOCHTENBHO A ABIHETCA KOILIOM [el0CTHOCTH.
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°b) OGobmuTs €BKINAOBO JleTeHNe MHOrOYIEeHOB OAHoH TepemMenHoil
Ha cxyuaii anreGpsl rpynost M, rie M aBagerca NOATPYNIOA apapu-
THBHOM rpynns R pelicTBHTeNBHHX 4HCE.

10) IlycTh A —KOJLUO LESOCTHOETN, f M g— JBA MEOTOUJeHA KONBIA
A[X,),c; Takue, 4TO fg— nemyneroil ogHOpOAHEIL MHOrOusen. JloKasaTh,
4TO f M g— OflEOPOJHbIe MHOrOWJEHW. B 4YacTHOCTH, KOKA3aTb, UYTO
o0paTHMEIE BIEMeHTH KOJBIIA AlX| ¢ ABagoTCA 06paTHMHME 3Je-
MeHTaMI Koabla A.

*11) IlyeTh A— OpoW3BOJIbLHOE KOMMYTATHBHOE KOJBIO ¢ eImHBIeil,

m
1

u= 2 0y X" — nenmrens uynm B xoasue A[X]. Jokasate, w10 ecai
k=0

v= 2 BrXt— nenyneroii smemenT Koabna A [X] cremenu A >0, npudem
k=0
uv=0, TO cylecTByer HeHyJieBoll MHoOroujleH w cremean n—1 Taxoi,
q9r0 uw=0 (cBecTH 3ajavy K ciydaio, xortaa Pg =+ 0; ecan apr=0 puan
O<k<Km—1, 10 poxasaTb, 9T0 MOKHO LOJOXEUTH ®==fy; ecam ke
=0 gng O0Ch<p<Lm—1 u ayr = 0, 10 ROKA3aTh, ITO Gyfy=0,
n—4

H, ClefioBaTelbHO, MOYKHO IOJOKHTEL W=— 2 apﬁkHX"). BrisecTy oTclo-
Ja, 94To B Koabue A cyuiecTByer Takoit ll?ﬂ;ﬂe(l)loﬁ ajIeMeHT vy, 910 yu=>0

12) IIyctr A—KOMMYyTATMBHOE KOJBIO C eAMHUIEH, f— HEeHyJeBOH
MHorogsnen u3 Koapna A [X] cremesn n co crapmuM xosfduunmenToM .
Hyct, M—mopmonyns B Koasne A [X] (paccuaTpuBaeMoM Kak A-Mofynb),
o6pa3oBaHHpil MHOroYJdeHaMH, y KOTOPHX Ko3ppuiMeaTH npnm dieHe
cTenean m (m —IPOU3BONELHOE HATypPaldbHOe WHCIO) AeiATCA Ha a%, i (5
p=Max (m—n-1, 0). Jorasare, 4ro Ansm ;ioboro MHOTOYJeHa g €M
HajjtyTes gBa muorounena u u v us A[X] rakue, 9ro g=uf-v, npu-
gem dubo v=0, nnbo degv<_n.

13) Hycth A-—KOMMyYTATHBHOE KOJBIO C eAHHMULEI, 71— TaK0e I0J0-
IKHTeNbHOE I(eI0e THCJI0, 9TO AJA BCAKOTO ajeMenta ¢ € A B Koubue A
paspemumo ypaBuesne rf=a. Ilycth m-—ixexoTopoe mexoe MOJOKUTEAL-
HOe UMCA0 U u—yHUTAPHHHE MHOrouaeH koabla A[X] cremesm mn.
Tlokasare, uto B Koible A[X] cymecrByer YHHMTapHslli MHOTOUEH v
cTemenu m Takoifl, 9T0 u—v" ABIAAETCA JNO0 HYNEBHIM MHOTOYIEHOM,
1160 MHOrOUJIEHOM, CTeHeHk Kotoporo < mn—m (HOJMKATh v—Xm+w)

§ 2. Honmunomuanbubie QyHKIHH

1. IHoauHonuarvHble OREPAMOPbL

Ilyer, A —kommymamuernoe KoXbLO © epunnueci, E— aaredpa

¢ enMHuneil way KouabnoMm A, He 00A3aTeNRHO KOMMYTaTHBHAs. Hasg
HKaKIOT0 MHoroudena f=ao}+ o X+ ...+ o, X" u3 Koabma A[X]
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MHOTOUJIEHOB OfHOH mepeMeHHOH Haj KoXbmoM A M KaKIoTo dile-
meHTa % € F mosomum f(z) =ape-+ @+ ... +azz”.
Boxee o6mo. Ilycrs o =(x,), ¢ ; — HeKOTOpOE CeMeHCTBO nONAPHO
nepecmanogounsiz dieMeRToB anrebpu F. l[na wamjgoro MHOTOYIeHa
n
f::(nz O(n,) ;E*[IX‘L n3 woabla A [X,],¢1 modomuM f(x)=7f((x,))=
[

= Z)a(nl, E]Ix:’l. Bynem rosoputh, d9ro »saeMedT f(Xx) nmoayued
ny [}

nodcmaroekoii 0as kaxcdoeo €I aaemenma x, emecmo nepemennoll
X, 6 muoeouaen f.

Heenaomenue 1. Jas ecaroeo cemelicmsa o= (x,). g1 hONAPHO
RepecmaHoBoUHBIL daemenmos aaeebper I omobpaxenue [— f(x)
anzebpor muoeouaernoe A)X\],er 6 aaeebpy E seasemca npedcmag-
aenuem. O6pasom aaee6pur A[X,Jie1 npu osmom npedcmasienull
saeasemcs (KOMMYTaTUBHAs1) nodaacebpa anacebpuw L, noposxcdennasn
MHOHCECTGOM, COCTNOAUIUM U3 eQUHUYHO20 IAEMEHIMO € U dAeMeHIMo8
x, (VET). ‘

IMycts f u g—nBa snementa u3 A [X,],¢7, o« —asdement us 4.
Honomnm Ay =f-g, hy=0af u hy={fg. Hago pgoxasars, uro

hy(x)=1f(2x)+g(x), ha(®)=0af(x) u ls(x)=7](x)g ()

IlepBnie nBa cooTHOomeHuA oveBHABH. B cuay dopmynsr auctpniy-
THBHOCTH B anarebpe E JocTaTouHo Jo0KasaTh Tperhbio dopMyay
B caydae, Korjga f m g—opHOulIeHH. B sroM caydae ¢opmyaa
clleffyeT W3 OIpejieiieHNA HPOU3BeJeHUS ABYX OJHOUIEHOB U Ipes-
TOJIOKeHUA O IONAPHO MepecTABOBOYHOCTH 3IeMeHTOB x,. OOpas
anre6psl A [X,], ¢ npu upeacrasienun f— f () Asigerca moganaret-
poit anrebpnt E, comepmameii e u . C apyroit cropousr, mobas
mopanrebpa aarebpsr [E,. comep:Kamas 9TH DJAEMEHTH, COAEPIKHT
TakKe W Bce sideMeHTH Buja f(a). CaegoBaTelsHO, MHOMKeCTBO pile-
"meHTOB Buja f(x), worma f mpoGeraer A (X,], ¢, ABAAETCA, OUEBH]-
HO, uo,t(anre(ﬁpoﬁ anrebpel EF, MOpokaeHHOIl MHOKECTBOM, SBIMIO-
muMcsa o0bepuHenneM {e} U MHOKecTBa M 5leMEHTOB Z,.
Bynem o6o3nauars a7y mopaareGpy cumsoaoM A [x] uau 4 [x,], ¢ 1,
unu eme A4[M].
Ecnu I —KoHeuHOe IOAMAOMeCTBO n3 N (Haubosee 4acTo BeTpedaro-
muiica caydai) u (ip)y < hx p— 97EMEHTH U3 I, pacuognomeHnsle B CTPOTO
BO3pacralomeil HocIegoBaTeJRHOCTH, TO dalle Bcero BMecto f((z,))
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n Alz ], ¢ 7 WAMyT

@i @igr e xip) n Alz;, Tips oo :cip].

N3 mpepnoskenns 1 BRITekaeT cienyomas

Teorema 1. ITycmv E—aaeebpa ¢ edunuyeii e nad A, u nycmo
X = (Z,), ¢ 1 — HEKOMOPOE MHONCECMBO NONAPHO NePeCMAHOBOUHBIL IAe-
menmoe us E. Ilodaaze6pa Alx] aaze6pw E, nopoucdennas sae-
Menmom e u x,, usomopPra gPpaxmopaseebpe A[X\],¢1/0, 20e a—
udean aneebpur A[X\], ¢1, 06pasosanneiii mrHozousenamu f, Oasn
romopuix f(a)=0.

Upean a HazoBeM (1A KpaTKOCTH) udeanom aazedpauieckur
coomnowenull ¢ rodgguyuenmanu 13 rKosvya A mexncdy ssemenmamnn
x, (Mnm aazebpauueckur coomuoweruil, komopum Yodosaemeéopaem
aaemenm T, KOT/[a MHOMKECTBO (Z,) COCTOMT M3 eJAMHCTBEHHOTO 3Je-
menTa z). OB coBmajaer ¢ MoOnyJdeM JuHelHHZT COOTHOIMEHUI

¢ XoapdunmentamMzm m3 Koabma A MexLy dleMeHTaM: ” x:’l (rpe
LET

(n,) mpoGeraer N) (ra. II, § 1, n° 8). BooGme rosops, sroT
ujeas cocTomT HE ToabKo u3 Hyasa. CiaemoBaTenbHO, NPEICTABICHEE
f—f(x) me aBagerca mzomoppmsmoM anreOpw A [X,],¢7 Ha anreGpy

Alx]. "
° HampmMep, B xoxaouie C[X] MHOro4ieBoB OfHON mepeMeHHOH Haq
mosnem C KOMILIEKCHHX 9Ace] MHorowied f=X2-4-1 orangen or myns,

Ho f(i)=0.,

leepnoxenne 2. Hyemv A, A'—usomopdrrie kommymamuesHoe
kKoabya, obaadawwue edunuyeli, ¢— usomoppusm rosvya A Ha
roavyo A’, ITyemv E (coorBerctBenuo E')—aacebpa c edunuyeli e
(cootBercTBeHHO €’) Had Koavyom A (cooTBercTBeEHHO A), U nYycmb
%= (2 ) ¢1 (cooTBeTCTBEeHHO X' = (), ¢ 1) — CEMELCMEO NORAPHO Nepe-
CcMano8ouHblr daemenmos anzebpu E (coorercTBenno E'), a (cooTBer-
CTBeHHO ') —udean aseed pauveckux COOMHOULeHUT MewdY X, (C0.0TBGT—
cTeenno z,). a8 moeo umobr cyuecmeosan usomopguam P areebp
Alx] na aacebpy A’ [’ maroti, wmop(zx,)=2x, 045 a06020 V€I up(ae)=
=q@(a)e’ dasn ecakoeo o us A, neobzodumo u docmamouro, “mobs
68N0ARAA0CH coommowerue @(a)=a’, 20e @ osnauAEM UI0.MO PPUIM
anzebpsu A[X\],er na A" [X\].e1, KOmopwi npodoaxcaem ¢ u ocmag-
asem uneapuanmusumu X, (§ 1, npepnoxenne 1). Hzsomopgusm ),
y0oeremeo paiowguil npeduidyuwum YycA06ULM, L PU IMOM eOUHCMBENHBI.
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JleiicTBUTEABHO, €CJAU CYIMEecTBYeT Takoil msoMopdusM P, TO AidA
Ka)kgoro muorowiena f€a, mmeem f(x)=0, oTRyjAa, IOJOKUB f=
=@ (f), momyamm f(a')=0, 10 ectn f€a’. CienoBaTelpHO, KOIKHO
BHIOJIHATECA BRIOUenHe @ (a)(C o, Ilpumensis Te e paccyueHEA

—1
K msomopdusmy, oOparHoMy K 1, HOTYYMM BKIIOYeHUe 6 (a'YTa,
otTkyzna @ (4)=a’. ObpaTHO, ecim 3TO yCIOBHE BHIIONHEHO, TO Cyile-
creyer m3omoppusm kombma A[X,].ecr/4 Ha xomsmo A’ [X\ei/d,
KOTOPHI CMEKHOMY KJacCy IO HIealy ¢, NOPOKAeHROMY BIEMEHTOM
u woumpna A[X,l,¢r, CTaBAT B COOTBETCTBHE CME;KHBIA Kiacc MO

ugeany 4’, TMOPOMKIEHHENT sieMeHTOM @(u). B uacTHocTH, Kmaccy
(no wmpeamy ), NOPOKAEHHOMY DbdIeMeHTOM o€ A, COOTBeTCTBYeT
Kiacc (m0 Hmpealy ¢), HOPOKJEHHHI dleMeHTOM ¢ (0), a Kiaccy
(o upealy 4), HOPOKICHHOMY B3iIeMeHTOM X, COOTBETCTBYeT Kiacce
(n0 mpeary a’), mopomaeHHHH diemeRToM X,. CymecTBoBaHHe H30-
mopdmama ¢ BrTexaeT u3 Teopemu 1. Ero egumacTBenHOCTH cllemyeT
HeMeJeHHO m3 Buja siaemeHToB B A’ [a’].

3amMevdanusa. 1) WUssecrHo, wuro mo060e Koxbu0 E MOMKHO pac-
CMATPHBATE Kak aarefpy HaJ KOJbUOM Z LEJHX PAaluOHAIbHHX YHCEN
(c saroHOM RoMmmoswmuuu (n, ) - nz; cM. . 11, § 7, n° 1).

TeopeMa 1 ommcuBaeT, CJIeZOBATENLHO, CTPYKTYPY LOJKOJOL, KOJIb-
ua E (Ge3 omepaTopoB, HIM, YTO TO e caMoe, PACCMATPMBAEMHX Kak
axrebpa Ham Z), HOpOKEEHHNX eRWHAYHHIM 3JIeMeHTOM B F M RaKmM-
Aufyap ceMelCTBOM IONAPHO NepecTaHOBOYHHX 3IeMeHTOB Koasua E.

2) OrMermM, 49TO JJH OpuUMeHeHnA TeopeMu 1 He o06A3aTeasHO,
4TO0E 0TOGpasKeHHe O — Ge Kouabia A B axreGpy E Grino maomopdmaMoM.
Hampumep, mycts E—aunreGpa Hag Z; MOMeT okrasatbes, 4910 nx=0
gaa BceX z€E W HEKOTOPOro HEHYJIEBOro LeJOro dmcia n (B crydae,
ecIu XapaKTepHCTHRA anaredpw E OTIMYIHA OT HYJIA U JEANT n).

3) OrobGpamenue (f, ) —~ f(z) m3 A[X]XE B £ ABIAeTCA GHEUHUM
3akorom komnosuyuu Ha aarebpe E ¢ KoapuoM A[X] B KagecTBe KOJIbHA
omepatopos. Ilpemnoskenme 1 JoKasmBaeT, YTO BTOT 3aKOH LUCTPHOYTH-
BeH, ¢ OAHOH CTOpOHH, IO OTHOMEHHIO K ABYM ajJuTUBHLIM 3aKOHAM
ga A[X] m E wm, ¢ Zpyroi cropoHsl, IO OTHONIEHWIO K ABYM MYIbTU-
OIUKAaTEBHRIM 3AaKOHAM Ha 3THX JKe Roubmax (cMm. ra. I, § 5, n° 1).

- Mrorousnes X HBiHercsAs HeHTpaJsHMM O0mEPATOPOM HPH 3TOM BHEmMHEM
saxoHe. Hakosen, ecay OrpaHmdUTHCA MHOMKECTBOM OIEpPATOpPOB M3 HOI-
KombIa A Kolbma A[X], Ms OIATH MOJYYHM BHIIHMA 3aKOH KOMIO3D-
nnn B airebpe E.

4) Ecain B aareGpe E OTCYTCTBYeT eHMWIHHIA 3JIEMEeHT, TO MOMKHO
ompefennTs f (o) AiA mo60oT0 ceMeiicTBa x=(z,), ¢y MONAPHO HmepecTa-
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HOBOYHEIX 3JeMeHTOB M3 E u agioforo muoroujena f € A[XL]LEI 6ea cao~
6001020 uaena. Illycts B— nopanreGpa anreGpu A [Xl,]l,EI’ o6pasoBanHasA

TAKWMH MHOrowJeHaMd; TOTxa orToGpamenne f - f(X) aare6pm B
B anreGpy £ HBasercs mpepncraBienyeM u o6pa3 aareGpu B mpm 3TOM
npeiCTABIeHHN ABJmeTcA mojanreGpoii B aareGpe E, mopomaenHoi
MHOKECTBOM 3JIMEATOB Z,.

2. Ilodcimamnosra MMHO20UAEHO08 8 MHOLOUAEH

Ecau aare6bpa E rommymamusra, TO MOKHO, OYeBUIHO, MOJA-
cTaBIATs B MHoTOwIeH f€ A [X,],¢r BMecTo BesaKoro X, MpOUBBOIL-
Holit axement x, u3 F. Paccmorpum, B wacTHOCTH, caydail, rorga.E
ABAsAeTcH aaeeOpoli muoeowaenod A[Y ]y . Hasa moboro cemeiicTsa
(8 e1 MHOTOYIEHOB BTOH aare6pHl MOKHO TOTJa OHPEJETUTH MHO-
rounten h=f((g)) (npmuapmeskamuit ® A[Yj]prer), HDomyaeHHBII
noAcraHoBKoit g, BMecro X,. Ilycrs F-—anre6pa ¢ eIWHWIHEIM 2Ic-
meaTom Hag 4, ¥ = (Yi)re L—CEMEIICTBO TONAPHO MEPECTAHOBOYHHIX
amemenToB u3 F. Jlerxo BHAeTs, 9TO MMeeT MecTO TOKJECTBO A ()=
=f((g.(v))) B ciyuae, Korga f—ogHounen (npejmosxesme 1).

Boaee wacTHulii cnydail: MOKHO B3AThH B KauecTBe E Ty e
anrebpy A[X\]ie;. 970 mnO3BOASIET, B YACTHOCTH, I0OJH30BATHCH
sanucew f=f((X,)) (wmu f=f(Xy, Xp, ..., X,) Aaa MHOroOYTE-
HOB OT R UepeMeHHHIX), NOjACTaBIAA X, BMeCTo caMHX cebA gIa
BCEX 1.

Nregnomenus 3. Jan écaroeco muoeounena f€A[X ], ¢r u awboeo
cemeticmea (a,), ¢y daemenmos koavya A c60600nbIL wAeH MHOZOUAC-
Ha h=f((X.+a))) paser f((a))-

Helicreurensno, nomgcrasus ( BMecto Kamjgoro m3 X, B MHOTO-
qrede h, B cHIy NpefbyNiNX 3aMedaHunil MH IOJyYEM TpeGyemoe
YTBEPIKIEHHE,

Caepcreue. Kaxcowll mroeounen f€ A[X, Y], 0aa komopozo
(X, X)=0, deaumca na X—Y.

IeitcreuTensuo, B mgorowreHe o Z Buga g(X, Z)=f(X, X+27)
¢ roapdunmentamu B Koabue A [X] cBoboyprii wien paset f (X, X)=
=0. Hostomy cymectsyer wmuorowned h(X, Z)€ A[X, Z] raxoii,
gro g(X, Z)=Zh(X, Z), oTkyma, mopcTamiasas Y —X BMecto Z,
noxyauM f(X, V)=(Y—-X)r(X, Y —X).

eepnomenne 4. Jan ecaroeo muozouaena fE€A[X\]ier eeo
00nopodnan wacmsv f, cmenenu k pasna rosfduyuenmy npu waene
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Z" ¢ mnoeouaene f((X.Z)) (paccMaTpuBaeMoM KaK MHOTOWIEH OT Z
¢ Koaduumenramut B Koumbre A[X ], ¢;).

Hocratouno moxasath 3To Is oxmodldeHa. B arom cimyuwae mpej-
IO/KeHNe CJAefyeT HeMejJIeHHO.,
Cancrenx. Jas mozo umober nekomo psui mrozouaer f € A[X,], ¢,

6via 00HOpOOHbIM MHOZOUAEHOM Ccmenenu Kk, neobzodumo u docma-
MOUHO, WMOOB UMEAD MECTO PABEHCMEO

H(X2)=f((X.)) 2%, (1)

3. Hoaunomuaarvnsie PyHryuu Ha aacebpe

ITycte A-—xommyratuBHOe Koabme ¢ exumuned, E —anrebpa
Hag A ¢ eNHMUHHM 9JeMCHTOM e (He DpefmosaraeM, 4To IPeNCTaB-
neane a—>ae u3 A B E aBniserca usoMmopdusmonm). Jlna Kamporo
muorowiesa fE€A[X] u pua moboro amementa z€FE onpeperenc
soipaskenue | (z). Orobpaskenme z— f(r) ABIgercs oTOOparKeHMeM
us E B E. Mt HasoBeM ero noauHomuaavhol @ynkyuel, accomuu-—
POBaHHOII ¢ MHOTOWIEHOM f.

Ipexmonoxum Teneps, 9ro aareGpa E, Kpome TOro, kommyma-
‘musna. TIycts I —NHponsBonbHOE MHOMECTBO WHJIEKCOB, f— HEKOTO-
piit MHorounen m3 anre6pet A [X,],¢; sHauenume f(x) oupepenexHo
TOTfla [JIA KaKOOro cemeiicTBa &= (I,), ¢; dIeMeHTOB H3 E, ume-
wimero / B KauecTBe MHOkecTBa HHAexcos. OtoGpakenune o —>f ()
ABIAeTCA, ciaefioBarenbHo, orobpaxemmem m3 ET B E, xoTopoe Mul
TaKKe HaBEBAEM NROAUHOMUAALHOU Pyrkyuell, accONUUPOBAHHONL
¢ muorounmeHoM f. Iomunomumanvuas ¢ymnrmus, oupemenennas na E,

ABJIACTCA, CIENOBAaTENbHO, 0TOOpaMKeHHeM BHJia (xt)—eZa(ﬂl)nx:‘h
(ny)

rge (n,) mpoberaer N, a ‘4, ) PaBHBI HYZI0 BCOMY, 3a HCKITOUe-
HUEM KOHeWHOTo uHcaa aiaemeHtoB uz IV

Haunprmep, awbas auneiinas gopma ma A-monyne A" (ra. II, § 4,
1) sammcmBaercss B BUAC (Xg, ..., Xp) ~> QyX{-Ooxgt ... Xy,
Tme o; OpAHajJexkar xkonsny A. Osa sBasmeTcsd, ClIefl0BATeNLHO, TOIH-
HOMHUaJABLHOM (yHKIUeH, acCONUMPOBAHHON ¢ OJHOPOJHLIM MHOTOUYJIEHOM
nepBoit cremesu a4 X+ ...+ 0,X, (OTKYAa Ha3BaHWe «anneitaas dopmar,

KOTOpOe AJA KPaTKOCTH NpHMEHAeTCH K OJHOPOAARIM O/JHOYJeHaM Iep-
BOM cTemenH; cMm. § 1, n° 3).

nO

Takum ke o6pasoM, ecad KaKgod «mBOMAOI MOCJe0BATEILHOCTHAY
(zi) U<<i<n 1< j<n) saeMeHTOB WPOHU3BOJLHOI0 KOMMYTaTUBHOTO
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Kousua E (Ges omepaTopoB) MOCTABUTH B COOTBETCTBHE OMpeJeldHTe]b
det (z;7) kBanpaTHO# MATPULH (Z;7), TO MH ONDEJEJHAM MOJHHOMHUAIb-

Ay0 QYHKIMIO, acCONHAPOBAHHYI0 ¢ MHOIOYJEHOM 2 €6Xy o (1) X
o€o, ’
XXy g2+ Xn, g(ny TO €CTh ¢ mHOTOWIeHOM det (X;;) B Koubue

Z[X4y, ..., Xpp] MHOTOWIEHOB HAJX KOJNbIOM Z OTHOCATENBHO n2 mepe-
MeHHHX X ;.

Huaa moGoro mHorounema f us amre6pm A[X,]),¢; obosHaumm
CHMBOIOM | NONMHOMUANBHYI (YHKNUI X —> f(x), xotopag emy
coorsercTByer (orobpamenne ms ET B E). Ilo mpepuosxemmio 1 oto-
OpasxeHue j—e}‘w ABngercss npedcmasaenuem anrebpsr A [X,] ¢
B aare6py orobpaxennii ns E' B E. Mu Bcrope yBugum B n°4 u 5,
q9T0 9TO NpeACTABIEHHE He BCerfa ABIAETCH U30Mopgusmosm (MHAYE
roBOpA, OJHA W Ta jKe MOTMHOMMANbHAS QYHKOHA MOKeT OBITh acco-
OUUPOBaHA C HECKONBKUMY pA3NHYHEIME MHOFOYJIEHAMH, TO €CTh
MOKeT CYMecTBOBaTh TaKoHl HeHylIeBoil mHOrowineH f, 4ro f(x)=0
o kancoao acEEI). IlonyrHo My HoIyduMm JFOCTaTOYHEE YCIOBHA

naa Toro, 4ToOH orolbparkeHune [—>f ABIANOCE U30MOPOUBMOM.

Jlaxe Xorja mpeficTaBieHHe f -—-»7 He ABiIAeTCA wu30MOpPPH3IMOM,
oroGpaskenne  —> f () FacTo0 0603HATAIOT CAMBOJOM f, IONMYCKASA BOJIb-
gocTh pedn. ImKaxoil myTaHMOH He MPOM30H/€T B TOM cuaydae, ecan
Opa BBEEHUH BJIEMeHTa f yTOYHATb, UJET JH pPedb 0 MHO20uLeHe [ HIU
0 noaurnomuasbroil Pynkyuu f.

4. KEopnu MHozouaena om odnott nepemennoit

IIycrs pamsr muorouneH f€ 4 [X,), ¢ ;1 1 KommyraruBHas anrebpa E
(c eguumneii) nag A. I'oBopar, 4To diIeMeHT & = (I,) MHOKeCTBa Ef
ABIAETCH HYyAeM MHO20uACHA [ B E!, ecim f(x)=0. Ecam f-—mmuo-
rO4ileH OTHOCUTEIbHO OMHOM IlepeMeHHOHl X, TO HYIb £ MHOrodxeHa f
B F Ha3BBaOT Tak:Ke kKopHes MHorodimesna f B E.

M cmawana paccmorpuM KopHH MHorodiaena f€ A[X], xomopee
npunadaencam roavyy A (paccMarpuBaeMoMy Kak anareGpa Haj caMuM
cofoii).

IleepnoskErmE 5. Jas mozo umobw aaemenm o€ A Owt KOpHEM
mroeounena € A[X], neobrodumo u docmamouro, 4mober X —a 6via
deaumenem muozourena f e roawvye A[X].
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HeiicTBuTenbHO, cBOOONWEHI unew wmuorowiena f(a-}+Y) pagen
f(a) (mpemnoxenuwe 3). JIlaa cmpasegiuBocTd paBeHcrsa f(a)=0
Heo6XOa¥MO M [0CTATOYHO, O0YeBUAHO, YToOH MHOrowieH f(a+Y)
nmeanacs xa Y. Orciofa ciefyeT mpefioskeHue, TaK KaK OCTATOTHO
nogcTaBute X — o BMecTo Y.

Ecin anement o€ A sABIAeTCA KOpHEM HeHYIeBOTO MHOTOWIEHA
fEA[X], To f Momer pmenuThes Ha cremeb (X -—a)® Muorouwnena
(X —a) c poxasareiem cremenm h>1. Tak Rrak (X-—a)"-—ylm-
TapHsi MHOTOY/leH, TO OH He ABJIAETCH [ejUTeleM HYyJsd B KOIbIe
A[X]. HosroMy coornomenue f= (X —a)'g omHosnauno onpegemser
muorowied g ¥ degf=~h-{-degg. TeMm camMEM MOKHO BBeCTM Cile-
nyolee onpenesicHLe:

Oneepeaenue 1. Hasosem nopadkom kpamHocmu, KoOpHA af A
Henyaeoeo Mmiozousena f€ A[X] nauboavwee us wucea h makuz,
umo (X —a)* deaum f. Kopens, nopador rpamuocmu komopozo
pasen k, nasevieaemca KpamusiM KOpHem NOpadka k.

KpaTHnii kopedb mopsAaka 1 wasmBaercsa npocmbim KopueM. KpaTamnii
KOpeHhL mTopAfka 2 (COOTBeTCTBEHHO 3, 4, ...) Ha3HBaeTcA Jeoiinsim
(COOTBETCTBEHHO M POliHbIM, HEME PEXEPAMHHLM, o\, ).

Haa Toro wurofnl 3iemeHr o€ A aABIANCA KOpHeM TOPAAKa k
MHOrouleHa f, Heo6XOMUMO M JOCTATOUHO, YTOOR MMEJNIO MeCTO paBeH-
crBo f=(X—a)*g, rme g ne pmemurca Ha X —a. JleiicTBuTenbHO,
9TO yCJOBHE, oOueBMAHO, Heobxomumo. OHO ¥ [H0CTaTOYRO, TaKk Kak,
ecau Obl d7eMeHT o OBLI KopHeM Hopsanka h>>k, ToO MHOTOWIeH g
peawiacs 6s1 Ha (X —a)", u6o mmorowsem (X—a)* me ABIseTcA
neqreseM Hylss B Kodbile A[X]. Ilo mpegmoskenuro 5, sro ycaosue
paBuocwisHo HepaBenctsy g(a)s 0. Tark xak degf=£k-|-degg,
uMeeT MecTo coortHomenue k< deg f.

dameuanusa 1) [na Bcaxkoro memynesoro Muorounena f € A [X]
pacupocTpaHuM oupefenseHwe 1 Ha Bce dTeMeHTH O € A, yCHOBACH CUU-
TATh AYJAEM nopador Epamuocmu dieMeHma 0, OMHOCUMEAbHO MHOS0ULEHA f,
eclim @ He HBAAETCA KOPHEM DTOTO MHOIOUJIEHA.

.2) YTBepsRaeHre, 4TO TOPHAOK KpaTHOCTH djaeMeHTa 0 € 4 OTHO-
CUTRNLHO HEeHYJAeBOI'0 MHOrodjeHa f fe Mesblle h, 03HAUaeT, 4TO MHAOrO-
ugen (X —a)t deaum f. Jlas wymesoro Muorounesa O HOPsAOR Kpat-
HOCTH Kakoro OBl TO uu OHI0 daeMenta Xouabna A se oupepmenes. Ho,
JOHyCKasg BOJBHOCTEL peyd, YCJOBUMCH TOBOPHTEH, CBEPX TOTO, 4TO WOPA-
JOK KPATHOCTH 3jeMeHTa O € A OTHOCHTENBHO NPOU3EOAbHO20 MAOTO-
wreHa f He Menbine h B TOM ciy4ae, KOrAa MHorowien (X —a)t peant f.

3 H. Bypbaxn
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3) Ilycts B —HekoTOpoe HOAKOJIBIO Koibma A, f[-—MHEOrodIeH
xoasma B [X](C A[X], a —anemMeHT us B, KOTOpHI sBiIgeTca KOp-
HeM MHOrowieHa f. Torpma mOpAfOK KpATHOCTH BJIEMEHTAa ¢ OTHO-
CHTeJHHO MHOTOWJIEHA [ Me 3asucum OT TOTO, PAcCMATPHBATHL MHOTO-
wWieH [ Kak sjeMeHT Koabma B [X] miu Kar aixeMmenT koawsma A [X].
Heiicteutensno, coorHomenns (X — a)'g(X)=(X—a)* g, (X), rme
gEA[X], :4€BIX] rm g(a)s 0, g,(a) # 0, BO3MOKHB JUMb B CIY-
qae h=£Fk, TaKk Kaxk MHOrowgeH X — q He SBIAeTCA AeiHTeNeM HyId
B xoxabne A [X].

Ilrepnosxeane 6. Hycmv f u g— dea menyaestiz muozouseha
us soavya A[X], a—npoussoavneill asemenm roavya A, p u q—
nopadku EpamMKOCMU O OMHOCUMEAbHO [ U g COOMmeemcmeeHHO.

1° IMopador Epamwuocmu o OMHOCUMEALHO MHOZOUACHA f--g
ne menvuwe Min (p, g). Ecau p = q, mo on pasen Min (p, q).

2° ITo padok k pamiocmu o OMHOCUMEAbHO MHO20UAEHA [g He MeHbuLle
P+ q. Ecau A—koavyo yerocmrocmu, mo smom nopsdor pasen p-+q

Heiictearensuo, nmeeM f(X)=(X—a)? f; (X), g(X)=(X—a)lg,(X)
¢ fi(a)#0 m gy(a)~0. Ilycrs, cxamem, p<Lg. Torma f(X)-+-
g (X)=(X—a)? (f; (X) + (X—a)"P g (X)), n ecim p<<g, T0 a
He sBisgeTci KopHeMm MHorowieHa fy(X)-+(X—a)¥Pg (X), uro0
DOKa3HBaeT HEPBYIO 9acTh NPEJJIOKeHnA. BTopas BHTEKaeT TAKUM Ke
obpazom u3 dopmyas f(X)g(X)=(X—a)?*?f,(X)g,(X) u us Toro,
aro f; (@) g (a) # 0, ecim A -—KONBIO HEJOCTHOCTH.

Ileepnosenue 7. Hycmv A —rkoavyo yesocmuocmu (c eAMHUIENH),
f—nenyaeeoii. muoeonaen us A[X]. Hyemv o (1<iK<p)—p pas-
AUYHBIE KOpHeil muozouaeha f e A, nopadku kpamuocmeli EOMOpuL
cymv k; (1 <<i< p). B amom cayuae muoeouser [ desumes ha

(X —a)kt (X —ag) ... (X —ap)'P.

Bynem Bectm mugyxumio mo p. B cmiy ompesemenua 1 npemio-
JKeHUe O4YeBMAHO [JaA ciaydas, worma p=1., Ilyctr mmeer mecTo
COOTHOIIEHHE

FX)=(X —a)m (X —ap) ... (X—ap_y)*r-1g(X), (2)

rae g€A([X]. OueMeHT o, sBIAeTcA KOpHeM mopsApaka k, MHOTO-
p—1
k,
4reHa [ U He ABASETCA KOPHEM MHOTOWIEHA ﬂ (X — ;)" (Tar KaxK,
1=1

10 TpefHOMOMKeHNI0, o; —0, # 0 pual<i<p—1 u 4 ectb Kosibuo
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nexoctHocT™). V3 mpepnosxenns 6 BrTeKaer, 9TO Op ABAAETCA KOp-
HeM wopAfgka k, Mmuorounena g. CiegoBaTenbHO, MHOTOWIEH g

HeluTcs Ha (X—ap)hp. Orciofa ciaefyer UpeAJioiKeHne.

TeorEMa 2. ITyemv A—roavyo yesocmuocmu (¢ efUHEIEN),
f—muoeousen uz A[X] cmenenu < h. Ecau f<£0, mo cymma
nopadkos kpammuocmeli ecex KopHell muozouaena f e A me npesoc-

zodum n. B wacmuocmu, ecau noaunomuasdvHas Gyrryus f, onpe-

deaennas ¢ A, annyaupyemes n-41 passuunuimu swauenusmu nepe-
mernolt, mo f=0.

910 HeDocpeaCTBEHHOE CJEACTBUE MmpefIokeHus 7.
Caegersue. Iycms A— koavyo yeaocmrocmu, | u g—0éa MHo-
2ouaena uz A[X)], cmenenv Komoptix <n. Ecau suauenus noauno-

muasbkbix Pynryui fu g, onpedeaennviz na A, cosnadaom npun -1
PASAUNHBL 3HANENURT hepemerrol, mo f=g.
Hocratouno mpmMeHHTh TeopeMy 2 K MHOTodwleHy f—g.

3ameuamma. 1) Teopema 2 HeBepHa B ciydae, KOIfia KOJabLo A
obnafiaer geamreisum myiad. Hampmmep, B xoabue Z/ (16) maoroumen X2
AMeeT wemslpe PASIMUHLX KODHSM, 3 HMEHHO CMEKHLIE KIACCH (IO MONY~
a0 16), mopoxpensme sremestamm 0, 4, 8, 12.

2) IIyecte A—mnoje ¢ DeCKOHEUHKM 9YHCIOM dIeMeATOB, E—axre6pa
pajg A ¢ emmENNEH, KOTOPYIO MOKHO OTOKJAECTBUTh C SAHHAYHHIM dIie-
MeHTOM ol A (Tak 4To Hole A OTOMeCTBIAETCA C IOANONEeM HMenTpa
anre6pu E). B atoM cayuae HeAyaesoil MHorouieHE m3 A [X] mosker
MMeThb TOIBKO KOHeuxoe 4ucao Kopmeil ¢ A (mo Teopeme 1). Ho om momer
HMeThb beckoneurnoe wucao ux ¢ aireépe E. Hanpmmep, ecam a m b—jasa
aineMedATa anareGpwm E, nmpeiino He3aBMCMMEeE OTHOCHTENBHO A H Takwe,
910 a¢2=ab=>ba=5b2=0, To Bce 3TeMeHTH BHJA a- Ab, rxe A mpobe-
raer A, SABIAIOTCH Hylamm B FE MHoroulesa® X2 (ympamaenme 7
m ra. VIII, § 11, yopa:xaeane 7).

IHemnossenue. Humepnoasyuonnas gopmysa Jazpannca. Hycts

. K—nexoropoenomne, o; (1 <i< n)—npasIuyabiX 37eMeHETOB u3 moasa X,

f: (1<i<n)—nr =xakux-1n60 (pasiTHYHEMX WJIM HET) DIEMEHTOB
nons K. 3apgagumca measio onpeneianTh MHorownenn f€ K [X] rakue,
aro f(a;)=f: ana 1 <i<n. Pedb nmper o cucremMe JAMHEHHEIX CKa-
JASpHHIX ypaBHeHuil B BekTopHOM mpoctparctse K [X] (ra. II,§4,0°7).

CoorBeTcTByOmMan auneiinaa ogHopogmasg cucrema (B;=0 gmas
4 L i< n) mMeeT B KavuecTBE peMeHHs, B CHIY IpPeNio;KeHNd 7,
MHOTOLIEH

F(X)=(X—a;) (X~0) ... (X—0z)g(X),
. "



36 MHOrOYJIEHEL M PAIIMOHAJIBHEIE IPOBU rI.Iv, § 2

rae g-—npoussoavuuii MHorowrnen u3 K [X]. Ham nocrarogno, cie-
JI0BaTEJABHO, MMETH OJHO pellleHue CHCTeMbl, 4To0H IOJNYYATH BCE
pemenus (ria. 1I, § 4, npegnoskenne 41). Ilpeamonmosxmm cHawaxa,
aro Bp=1 n B;=0 puna i s k. Jloboii HCKOMBIH MHOTOUIEH IeJUTCA
TOria, COTINACHO HpeJioKeHui0 7, HA mpoussejieHue (X —a4) ...
o X—ap-g) (X —oagy) ... (X—ap). HoraxkeMm, 910 MOKHO HAHTH
rakol crangp ACK, wuro wmHorowmeHn up(X)=A(X-—ay)...
o (X —apy) (X —apsy)...(X—a,) sbasercs penlenmeM Hamei
sapaun. HeiicTeurensno, ycaosue up(op)=1 pnaer

h(ah—a,). . -(ah—ak—i) ((Ih—(lh.H). . .(ah—a,,)= 1,

OTKYZIA MOMKHO OUDeJeAATh A IOTOMY, HYTO PpAa3HOCTb Oy — 0O,
0 HPeJNOJ0KeHnI0, OTIMYHA OT HYId Hisf i = k. Oupejenns TaKuM
ob6pasom MHOrowieHH up mId 1<k < n, BepueMca X obmeMy ciy-

gaio, rie P; opousBoxpHne. HemocpeacTBeHHO BUIHO, YTO MHOTO-
T on
anen f= ) Pu; oTBeuaer HaIeit 3ajaue, mpugeM aubo f=0, mubo

i=1
cremens f sie mpeBocxonuT n—1. OueBupHo, 9T0 3TO eOuHcmMEenHOE
peineHne, obxapjaiolee 3TUM CBOHCTBOM (CIeNCTBUE TEOPeMH 2).

Haiinennoe BuIpajkenue

e (X—ay). (X—ai_) (X —04). . (X —ap)
J(X)= 21 B: (ai—ali)---(ai_ai—ii)(ai'—ai:li)--~(ai —0p)

HA3HBACTCA UHMEPNOAAYUOHHOU opmyaol Jazpanca.

3. HHoaunoruaasvioie HYnryuyd Ha Ko0UC UCAOCTHOCTRY
C 0CCHONEUHBM HUCAOMN INEHMEHMOE

1lpegnomenue 8. Ilycmv A —koavyo yeaocmruocmu (¢ enuauIEei)
¢ Geckoneunbim MHOxcecmeonm saemenmos. Ilyemv H; (1 <i<n)—
n beckoreunuix yacmet koavya A. [Jas 1106020 HeHyae6020 MHO20YACHA

FEA[X,, Xy, ..., Xn] cywecmeyem OccKOHEHHO MH020 9ACLMEHINOE
n

X =(x1, gy ..., xn) muorcecmea || H;, 0aa romopuzx f(X) 0.
i=1

Beugy TteopeMs 2 upejiioikeHHe ciupasepiubo upu n=1. Byuem
BECTH JIOKA3aTeALCTBO WHAYKNueidl mo n. MHorouwieH f Mo:KHO pac-
CMATPHBATH KaK MHOTOWIEH OTHOCHTeNbHO X, ¢ Koadduiuentamu
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B Koubue A[X;, X,, ..., Xa_4]. Ilycts f=k20 gi X%, Tax xak f =0,

TO To Kpaiimeill mepe oxun u3 xoadpdunmenros g; € A[Xy, ..., Xp-4]
oTINYeH OT HyJA. B cuay npejmono:Kenms MHAYKNUH CYHICCTBYeT

n—1
cucreMa (Zy, Zg, - . .y Ln-1)€ H H;, nas goropoit g; (£, ..., Zn-y) ¥ 0.
i=1
< R
N3 aroro caexpyer, 9To MuorowieH h(X,)= 2 gu(Z1y ..oy Tnog) Xp
H=0

xombna A[X,] orauuen ot myasa., Ilo Teopeme 2 cymecTByer Gec-
KOHOYHO MHOTO DJIEMEHTOB Z, € H, Tarux, uto 2 (x,)s 0. Takr kar
Ch(za)=f(x1, ..., Zn-1, Tn), TO MPEAJIOEHHE NOKA3AHO. '
Meepnoxesne 9. ITycmv A—rxoavyo yeasocmuocmu ¢ 6eckonew-
HBLM MHONCECTNEOM FAeMEHMOs; mozda omobpaxcenue ]‘—>f~ anze6pyl

muozourenos A[X,],er 6 arzebpy omob paxcenuil us A" 6 A seasnemes
UB0MOPPUIMO M.

DeiicTeuTensro, mycTs f— Hemyaesoit MuorowreH us A [X\)ier.
CymecrtByer KomeuHas uactp J MHOkecTBa I rakas, uro [ mpmHAA-
aesxnt roabny A [X.],es. Ilo mpepmosxermio 8 cymiecTByeT TaKoi
aneMeHT ¥ = (Y,).¢s MHOKeCTBa A", 4r0 4Jd J60T0 3IeMeHTa

X= (I )1 U3 Al, OpoeKnHUA KOTOPOTO Ha A7 ectn 1/, ¥MeerT MeCTO
nepaseHCTBO f ()= 0. OTclofa cmefyeT IpesioKeHMe.

JApyramn ciaoBaMu, eciu JJaf JIO60T0 3IeMeHTA w:(xl)EAI uMeeT

MeCTO TOMKIECTBO a z b= 0, 10 a,, y=0 gam Kamygoro (n,) € NOD-
e (ny) . v () 2
L

Horma A— xomsmo uedocTHocT™m ¢ OeCKOHEUHEIM MHOMKECTBOM
3IIeMEHTOB (caIydaii, Hanboee TacTo BeTpeuaomuiica B NPAIOHKEHNAX),

usoMopdmsm f—>f mosposiger omosmcdecmeumv Kouapmo A [X.)ier
. € KOJBIOM COOTBETCTBYIOU[MAX TOJMHOMHAJbHHX (YHROHI.

Jonmyckaa oGHYHYIO BOJLHOCTb pedd, KOTOPAs 3aKI09aeTCA B CMe-
meHUN Gyrkyuy ¥ ee uaveHus Ha oGmem oSiemeHTe obaacTH ompexe-
nenusa (Teop. § 2, n°® 2), Mu GyAeM roBOPHTH B TAKUX cAYIafdX O «MHO-
rodsese f(%¥)» MaAHM 0 «MHOroWleHe Qy-l-aux | ...} 0,z"». Iloka m mo-
CKOJBKY cPopMyaHpoBaHHEE PaHee YCJIOBHA BHIOJHCHH, 2TOT A3HK He
OpecTABAAET HUKAKUX HeyHoGCTE.

3ameuanuna. 1) Ilyere E—rakas xommyraTuHag aareGpa
¢ enmuEnuedl Ham A, uTo A MOKHO OTOMKAECTBHTh ¢ mojaiaredpoit Ae
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anre6ps E. Ecim A — GeckoHedHoe KOJBLO LEIOCTHOCTH, To 0oTOGpa-

senne f—>f m3 A[X,],¢; B anrebpy oTobpasxeHuii mmosxecTBa E’
B E mo-mpe;kHeMY ABISeTCS usomopusmom, TAK Kak 1A M06OTo
HeHnyJIesoro maorounena f € A [X,], ¢y cymecrsyert snement x € AT  E! ,

nas xotoporo f(x)==0. Horga peus mAer 0 MHOTOUNeHAX OT ORROI
OepeMeHHOI, MOIKHO He IpellojaraTb KOMMyTaTMBHOCTYM aareGps E
(cMm. ympasxmerze 13).
2) B dopmynanposke mpepnokeHEA 8 Ha KOABLIO A GHIN HAJOMEHH
ABa YCIOBHA: ‘
1° memocraOCTS, 2° GecKoHeuHOCTh. PesyinTar mepectaeT GHTE Bep-

HHM, €CJIM OPeAmOJNOKATh, 4T0 A YAOBIeTBOPAET Aulb 00HOMY M3 DTHX
yeaosumii (yopaskHeHMA 8 m 9). OgHaKo dTH mBa YCIOBUA He S6AAI0MCA

neobzodummmu QA TOTO, WTOOM 0TOGpakenme f-—>f u3 AlX ) ex

B amrelpy orToGpamenmit MaoxecrBa Al B A 6mio masoMopdEaMoM
(ympaxaerue 6).

TeorEMa 3 (UpMHUHMI IpoHOMKeHNA anrefpamvecKnx TOKIECTB).

ITyemv A —6eckoneunoe Koavyo yesocmuocmu ¢ edunuyels, (gi)

(1 <ig m)—rKoneunas nocaedosamesbHOCING HEHYAEBUL MHOEOUAEHO 8

us A[Xy, Xo, ..., Xpl. Hyemv f—maroii muozousern us A[X,
Xgy ooy Xuly umo f(zy, gy ..., %,)=0 0us awbozo ssemenma
(z))€ A", Oun Komopozo g;(Zy, Xz, ..., Tp)F=0 npu scex LLi<m
moeda f=0.

HeiicrButensao, ecan f =% 0, To MEOrounen h= fg,g, ... g, OTIU-

gen or Hyas (§1, Teopema 1), cuegosaTempHO (mpepioskemnme 8),
cymecTByer saement (z;) €A™, nas xotoporo h(zy, Tz, ..., T,)5%=0,
9TO MPOTABOPEUAT IIPEAIOIOKEHHMIO,

Cxoaumsn. Teopema 3 maer owemp yfobHOe cpefcTBO [IA [OKAasa-
TeJALCTBA TOrO, YTO HEKOTOPHE MHOTOYIEH f OTHOCHTENLHO n Iepe-
MERHHX H3J] KOJbHOM IielocTHocTm A (¢ efmHmnel) paBeH HYI,
JlocTaTouno paccMOTpeTh GeckoHeuroe KOIbuo nexoctHoctd B, comep-
Jalmee TOAKOIbIOG, m3oMopdHoe Koapmy A M mMewomee TOT jxe
caMeil egummuHBIl 9dement, 9ro M F. Ecim Mm goxamem, dTo
f(xy Z2, ..., 2)=0 mas Bcex saeMenToB (r;) € £ (mim TOJbKO AaA
TeX 9JIeMeRTOB u3 K", KOoTOpHe He aHHYJHDYIOT HEKOTOpOe KoHed-
HO® 4nciI0 QUKCUPOBAHHHIX HEHYJIEBHX ITOJMHOMHAANHLHNX (PYyHKOmII),
To oTcioga Oyaer caegosars, 49To [=0. Ecim xombno A camo
0OCKOHOTHO, TO MOMKHO B3ATH B KadecTse F camMo Koxpro A mimu
moJie 9acTHHIX Koabpma A. B mporusHOM ciydae MOKHO, RalpmMep,
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B3ATH B KauectBe £ Koapio A[X] MHOrouneHOB OT OfHO# Tiepe-
MmenHO# Haj A (MIE ero moje YacTHHX).

Hoxasas coorHomeHnue f= (), o9eBUHO, N3 HET'O MOKHO BHBECTH
paBencTBa f{¥1, Yz, ..., Yu)=0 puaa moboro amementa (y;)€ F",
rie F—npoussosvran KoMMyTaTuBHag anrebpa mag A (¢ eguHn-
ueii ¢). Anrrebpa F MoeT HMeTh, B WACTHOCTH, JWIIH KOHEYHO®
gucao siaementoB unm mMers gemmrean 0. IIpm sTom orobpamkeHne
o —0e u3 A B F Momer He OHTH B3aMMHO OJHO3HAYHEIM,

Hpyrumu cnoBaMu, [OKA3aTOILCTBO TOMRIECTB f (L1, Lg,y « « oy &n) =0,
KOTpa x; npolberaior 6Geckoneunoe KOABYO YEAOCMHOCIMU, Colepirca-
wee A, u ¢ moil mce camoli edunuyei, umo y A (BO3MOXEHO, ¢ Orpa-
HOYeHHeM THOA g; (%1, ..., %)= 0 gaa 1<<i<m, rge g;— HeKOTo-
pHe HEHyIeBHEe MHOTOWICHH), BIEYET me swe moncdecmsa, KOTHA Z;
npoGeraioT: npouseosbHy KoMMymamusnyio asze6py (¢ eguHHIeR)
Hapg A.

B uacrHocTH, ecam MHOTOYIEH f OTHOCHTENLHO 7 I6peMeHHHX
¢ yeawmu payuoHastHwmu KoddhPrnmeHTaMEm TaroB, UTO f (%4, Lo, ...
..., Tp)=0, KOTHa x; npoGeraoT nose payuorastHuir uuces Q (BO3MOK-
HO, € OrpaHHuYeHHeM TUIA g; (%1, Zg, ..., Ty) == 0, THe g;—HeHYIeBHE
MHOTOWIEGHH ¢ LeduMn kopdmrmerramm), To MMeeT MecTo TO e CaMoe
TOJKIECTBO, KOTAA ; IpoGeraioT xakoe 6sl mo Hu 6sli0 KOMMYMAMusHoe
xKoabyo € efBMHAIEH (masKe KOTAA ITO KOJBIO NMEST XAPAKTOPHACTHRY
> 0), Tak Kax OPHHEIUO IPOJOJKEHAR aire6pamdecKHX TOKASCTB IIOKA-
suBaer, 9r0 f=0 B woxbne Z [X, X, ..., X,].

YopaxEesnnsa *) a) B arreGpe A[X] MHOro1IeHoB 0T OXHOU
mepeMeHHOR Hag KoOJboM A oTobpaskedme (u, v)—>-u (v) ABIAETCA
BHYTPEHHAM 3aKOUOM KoMmosunuu. JloxasaTh, 4TO BTOT B3aK0H acco-
nuarnsed § AECTPROYTABEH CAeBa OTHOCHTENBHO CHOMKOHWA W YMHOMKE-
gua B aixrebpe A[X].

0) MowasaTh, uTO €CcHH A—KOJBL0 LEJOCTHOCTH, TO W3 COOTHOIE -
#ug u (v)=0 caexyer, 9t0 auGo u=0, 1n60 v ABIAEGTCHA KOHCTAHTOM.
Kpome toro, ecam u==0 m degv >0, To cremenb MHorowlneHa u (v)
PaBHa IIPOMBBeAEHNIO cTeleHer MHOTOUIeHOB W H V.

B) Byfem npepmoxarath B fAadbmellaieM, uTo A nrose. Illyerb u
W v—MHOTO4YJeHs m3 Koabla A [X], cremeds koToptix >0, f—mHOTO-
uireH crenenr > 0. J[oxka3aThb, YTO 6CHW ¢ B I—COOTBETCTBEHHO 9aCT-
H08 W OCTATOK IPH 6BKIMJOBOM JleJIeHNH MHOrowWwIesia u Ha v, TO ¢ (f)
7 r(f) ABAAIOTCA MACTHHIM H OCTATKOM IPH eBKIHAJOBOM /CICHAH MHO-

rouaeda u (f) Ha v (f).
r) Lusa moboro mgoroudteda f ma xoabna A [X] obosHazum cmmBO-

xoM I (f) MHOKECTBO MHOTOWIeHoB BEAA ¥ (f), rae w npoberasr A[X].
9To—noAK0ALN0 Koabla A[X]. Jaa Toro urobu Koabua I(f) m I(g)
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coBOafa u, AEoGXONEMO M J[OCTATOYHO, 4TOGKI MMENO MECTO TOMJ[ECTBO
BAIA g=Af-+u, rie A ~0m j\ —D2JIeMeHTH Koabua A.

m) Nyere f m g—paBa MHOrOWIEHA WOJOMKATENLHON cTemeHH
B Koaene A[X]. HokasaTh, utro mepecesenne I (f)[VI(g) ambo cosma-
aaer ¢ A, nmuGo umeer Buy, I (h), rjie h— HeKOTOpHI MHOroOYIeH WOJO-
KHTOJABHOH CTemeHAm (MCKIIOYas#s LEPBYI BOBMOKHOCTH, PaCCMOTPOTH
B Kouwxe I (f)(V1 (g) MHOrowreH % HaHMeHBINEH IONOMATENEHON CTe-
DeHW; B3aMeTUTh 3aTeM, 4YTO JI060it MHorowmen u € A[X] ojHo3Hauno

3aNECHIBAGTCA B BHJE 2 vphk, tme vy =0 mam degvy < degh, m uTO
R

ecnt u € I (f), To vy Tamke mpmHagTe:RkatT I (f); MCHOML3OBATE B)).

*2) Hycts K—mnone, K [X]—xonbko Muorounenos uaj K ot oHoif
nepeMednoii. Jlokasars, 4T0 M0G0l aBTOMODPMBM s Konbiia (Ges omepa-
Topon) K [X] ocrapiser mHBapmaHTHHM Dome K (cM. § 1, ympaskse-
mme 10) m magynupyer Ha K HEKOTOPHN aBTOMopUsM G, DTOFO WHOJA.
Kpome roro, goxasars, uro s(X)=AX-4p, rme A 7= 0 m p—snemedTH
pond K (ucponb3oBaTh ympaskmenue 16)). O6parno, mokasath, 910 3aa-
HHe HPOM3BONELHOTO aBTOMOpdHaMa ¢ moass K m IBYX DIEMEHTOB A W W
n3 moaR K (A == 0} ommozHauHO ompefesnserT aBroMopdusM S Konblia
K[X], nna roroporo 0y=0 u s(X)=AX-p. Hycrs G-—rpynoma Beex
apToMoppmaMoB konbna K [X| Ges omeparopos, H —mnojrpymoa Tpyn-
mul G, cOCTOAMAA H3 aBTOMOPYUBMOB CTPYKTYPH aseebpw K [X] napy
poneM K; morasars, uro moarpynma H oramuma or G v rpynma G/H
m3oMopdra rpymme aBToMoppusmoB moaa K. T'pynma H msomopdua
Tpynne, onpefieleHHoil Ha MHAOKecTBe K* X K BaKOHOM KOMMO3UITHE

Ay ) (5 p)= A0, M)

3) HycTs A—KOABOO TWENOCTHOCTH, f-—MHAOrOYJIeHE H3 KOJALIA
A[Xy, Xo, ..., X,] cremenn <Ck; ordocurensuo X; (maa 1<i<n).
Iasa moboro srasenns wmafiekca i(1<Ci<{n) nyeTs H;—MHOKecTBO U3
k;--1 smemenTor Koabna A. [JoKazarb, YTO eCaAM f(&y, xg, ..., 2,) =0

n
opu Beex (z;) € [[ Hy, 1o f=0.
i=1

4) HycTe A—KONBI0 HEJOCTHOCTA ¢ GeCKOHEYHHIM YUCJIOM BIeMeH-
T0B, O —MHOKECTBO HERYJEBHX MHOT'OYIEHOB U3 Koabua A [Xy, Xo, . ..
..., X,]. Ioxasats, 9T0 ecnu MOMHOCTH MHO:keCTBA D ¢mpozo” MeHbuLe
MOMIHOCTE KOJbHa A, TO CymecTByeT dacTh H B A", paBROMOInHAs
¢ A n takad, 910 uaA n066Xx X=(x;) €H v f € ® umeeT Mecro Hepa-
percTBo f (X) == 0.

5) ITycth A—GecxkoHeUHOs KOABLUO LEIOCTHOCTH, B—GeckoteuHas
4acTh Koabla A4. Jlokasarh, uTo ecam MAOTOWIeH f € A [X] mMeer mono-
JKATEIBHYI0O CTeHeHb, TO 00pa3 B OTHOCHTEIBHO NOJIMHOMHAJIELHOTO
orobpaskednA z —- f (z) uMeeT OJAMHAKOBYIO MOHmHOCTH ¢ B.

6) Ilycte A-—KoMMyTaTHBHOE KOJLEO C eJMHENEH, y KOTOPOro
cymecTByeT GeCKoHeUHAS DOATpynnDa G ajj(MTHBHON Tpynume A, BCe
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SJEeMeHTH KOTOPOUl He ABIAITCA JAeJNTeaaMu Hyasa B A. Jlorazars, uro
oToOpasKkenne j-—+7 m3 A[Xy, ..., Xp] B anre6py oroGpamenmi wmuo-
mecTBa AP B A saBigercda m3oMopdmaMoM. (3aMeTuTh, UTO MHOTOWIEH
CTeIleHU N OTHOCHTENHLHO OAHON mepeMeHHOIi He MoMkeT HMeTh Golee
yeM R pasAMYHEBIX KopHeil, npapafae:xamux G.) Tak oGcrour pgedo,
B 4aCTHOCTH, KOIla B KOJAblle A CYmMecTBYeT BIeMeHT zg, He ABIAMALCA
eIATeIeM HYJA, NOPAJOK KOTOPOTO B afifuTHBHOHN rpynne A Geckodeder.

7} Iycers K— GecKkoueunoe noJe, XapaKTepECTIKaA KOTOPOro OTAAYIAA
or meyx. [lycre Q—axare6pa kBaTepHEOHOB HaX K, COOTBETCTBYHONIAA
pape (—1, —1) (ra. ¥I, § 7, n° 8). llokasars, 9ro MHOrowien X2--1
nMeer GecroHewHo MHOTO Hyuxedl B Q.

*8) Ilycrb K —KoueuHoe HoJe M3 ¢ 3IEMEHTOB.

a) Hycrs a—npgean B Roable K [Xy, Xo, ..., X3], nopomaennsil n
muorowredama X7 —X; (1 i< n). Jlokasars, 9r0 ecan f € a, To mMeeT
MECTO paBeHCTBO f (%, To, ..., Zp)=0 duaa Bcex (z;}€ K™ (3aMeTursh,
9T0 MyJAbTHINTMKATHBHaA rpynma K* mMmeer mopamox g—1).

6) llyets f—mnpomseodbuEi MHOTOWIeH W3 Rodbua K[Xi, Xo, ..
..., X,]. lorasaTs, 4TO Cym[eCTBYeT €AMHCTBEHHHI MBOrO4IeH 7, am6o
paBHHiT HyTo, auGo Takoil, uro deg;f<Lq—1 Ama meex 1<<in,
npuuem f = f (mod a). Umeer Mecto meparencTso deg 7 <degf. Mycrs
f—MHorouned, mJaH KOTOPOTO f (x4, Zg, ..., £,)=0 mpu Bcex (z;) € K™;
TOTda / DPHHAMJIEKUT MAealy 4, KOTODHII HBIAeTcdA, TaKUM oGpasoM,
npooGpa3oM AYAA IpPH UPERCTABIEHHH f—»? (Mcnonbp30BaThL yHparkHe-
Hue 3).

8) Ilycrs f4, fo, ..., f;n— HEHYINeBEE MHOTOWIEHH M3 KOJbLA
K[Xy, X9, ..., Xp], opmaem f; (0, 0,...,00=0 (1Li<<m) m cymMa
NOJHHX CTemneHeii MHOTOWIEHOB f; CTpPoro Medblie n. [lorasaTs, UTO
cymecTByeT TaKoil 3aeMeRT (zy, Zg, ..., Zn) € K", oramammi or (0
0,...,0), aro

files zgy .. 2y)=0 paa 1KiKm. *

m
(3ameraTs, 4TO ecam OH BTO OLLIO HE Tak, TO MHOI‘O‘IJIeH_;H (1—f§’1)

i=1
HaxopuiacA GH B OfHOM cMeXHOM KjIacce O MOAYJIIO 4 ¢ MEOTOYJIEHOM

n
H (1——X?—i). Hcnoxszosats 6).)
=t

9) Ilyere K —KoHeyHoe HOJe, HMelomee ¢ BJIeMEeHTOB, A — KOJbIO
KI, apamomeecs npoussenenrem I suseMmaapos moasa K, rae ] —0ecko-
fegaoe Muoxkecrso. IIpmBecTH nprMep fAeHYJIEBOIO MHOroWieHa f H3
A [X] Taroro, uyro f(z)=0 gaa mpwéoro z € A4.

10) OGo6muTts yupaxaemma 10—14 ra. 111, § 8 ma cayuaif, Korga
HBAJ[pATHHE® MaTpHIH, pacCMaTpUBaeMEe B 3TUX YHPaIKHeHHAX, He
BMeIOT O0PAaTHHIX.
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11) B xoJblle MHOrOWIeHOB 0T 8 mepeMeHEHX X;, YV; (1 <<i<<4)
Haj{ KOJXBIOM Z [eJHX panUMoHANbHEIX UMCeN. YCTaHOBUTH COOTHOMEAHE

(X3 X3+ X3 - XD (V34 Y3+-Yi+ YD =
= (XY —XoYo—X3Y3—X, Y, )2 (X Yo+ XoVy + X3V, — X,V 3)2 4
F(X Y3+ X3V + XY — XYV )2 (XY 4 XYy - XYV 3 — X3V 9)?

(ucmoxp3oBaTh TOT PaKT, YTO B aarefpe KBaTepPHNOHOB HAJ HoleM @
PaLHOHATLHKX YHCeJ, COOTBeTCTBYWIeil mape (—1, —1) (ra. 1I, § 7,
n° 8), HopMa mpom3BeJeEHA PaBHA MPOM3BeJCHNI0 HOPM COMHEOMKHTeNE).
12) JlorasaTs, 4TO B KoJbIle MHOTOWIeHOB OT 6 mepemessnx Xi,
Y; (1 <i<3)nan Z ge cymecrsyior cooTHomenns Bafa (X3} X3+ X%) X
X(Y3+Y:+Y8)=u2tv2tlw? rpe u, v, w—TPH MEOTOUIeHA OTHO-’
cureabpHo X; m Y; ¢ ueanmu xoadduunenramu. (3aMeTHTh, YTO YUCJIO
15=3.5 Heab3A mpe)cTaBUThL B BEJe m2-}-n2-| p2, tAae m, n, p—IOeane.)
13) Illycts E—KOXBIO LEJOCTHOCTH € OECKOHETAHIM YHCIOM Dle-
MeHTOB, C eIURUIEH e, HafleJeRROe CTPYRTYPOIl aareGpH 0THOCHTENALHO
Konbua IemocTEOocTH A (¢ egmuuueii). Ilyers & —mpgean xoabna A,
ABIAOIANACA aHAYIATOPOM e (AIA cTPYKPYypw E Kak A-MoAyxA).

Hoxrasatn, 910 ecim A =A/a, To o6pa3 wouapua A [Xy, Xo, ..., X;]
BPH oTOGpasKeHHMH ]‘——»T B KOJBII0 0TOGpakeHMii MHOKecTBa E"™ B E
usomopdea wonpuy A (X4, X,, ..., Xpl.

§ 3. Panponanbubie [po0H ¥ PanMOHAAbHBIE (YHRIAA
1. Pauuonaavnosie 0pobu Had noaem

Oneepencsue 1. ITyemv K —noae. Payuonasvrvimy 0Opobamnu
¢ roagpuyuenmamu us K omnocumenvno nepemenuviz X, (v €I) nasvi-
eajomces saemenmsl noas omuowenuii (va. I, § 9, n° 4) woavya yeao-
cemuocmu K {X\),e1 MHO20MACHO8 C Kodfpguyuenmanu us K ommuocu-
meavHo nepemenniiz X,.

MHose panmonanbumx ApoGeit ¢ kosddmiumentamu us K ortmocu-
tenbHo X, ofGosHazaerca cmMmBoaoM K (X,).e¢r, worma J— muTepBal
[1, n] us ¥, mome K (X;)i¢1 obosmaualoT Takse cumBoiom K (X,
Xs, ..., Xp) B Ha3HBAKT ROAeM PAYUOHAALHNL Opobell om n nepe-
mernbir ¢ Kospdumuenramu u3 K.

Ilo ompenefieHui0 MONA OTHOMEHM KOJBIA LEIOCTHOCTH, RamAad
panmonaneHas apo6p mods K (X,),gr Momer OmHTHL TpefcTaBieHa

u
6eCHOHCTHEM MHOMKEcTBOM CHOCo00B B BUAe — THAe u m v—jBa

mmorouwiena u3 woabna K[X,]¢;, mpugem v =~0. CooTHOomeHue
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u

u
- = 7: (v # 0, v, = 0) o3nagaer, uro uv, = vu,. Taxum obpasom, ecaun

u#0, o u uy=+0. B srom cayuae (§ 1, dopmyna (5)) degu-+
+degvy=degv-} degu; wmau eme degu,—deguv,=—=degu—deguv.
Henoe umeno (nonokurenvHoe muiu orpuarensHoe) degu-—degv
He 3aBUCHT, TeM CAMBEIM, OT NPENCTABIEeHNS HEHyJeBOH paIioHaib-

- u
HOil Opo0HW B BHUE YacCTHOTO - ABYX MHOTOYJIEHOB. JTO YUCIO0 HABEHI-

BaeTca (noanoll) cmenendvio droit mpodu. Tarum sxe oOpasoMm ompe-
JEeAAI0T CcmeneHs HEHYJAeBOH panmoHaabHOR ApodM omHocumeavHo
nepemennoti X,. Toruac e mpoBepsercs, 9Yro AJs MHOIOYJEHOB
¢ xoadhpuumenramu u3 K 5THM OOHATUSA COBHANAIT ¢ OMHOEMEHHEIMH
ToHATHSAMHE, onpeneaeHanMa B § 1, u aro dopmyan (3), (5) u (6)
§ 1 ocraioTesa cnpaBeJJIUBHMY [AaA cTeleHell pauWoHANLHHX [ pobed,
3ameuanne. Ecim A—KoabIo MENOCTHOCTH ¢ AWHULEH, TO, KaK

masecTHo (§ 1, TeopeMa 1), KoJbmO A[X ], TaKKe HBIACTCA KOJLIOM
nexocruoctd. Ilyers K —mone ormomenuit konnua A. Moskuo oroxpe-
cTBETE K ¢ MOAXIOjeM OTHOmMeHHWH KOJbMa A[X:.]ceI’ COCTOAMMAM W3 Jpo-

Geit —:—:—, Tie ¥ W v—MHOrouneAn HYyAeBoll cremenu (v ==0), oTox7e-
cTBAGHHEE ¢ dneMenTamu Konbua A. Ilpm sTOM cornameHud moJe OTHO-
mMeHnii KOJbLIa A[X:.]:.eI OTO/KJECTBIHETCA C WOJEeM pauuoHaIbHHX
npobeit K(XL)LEI. HeficTBATeILHO, KasKIH# MHOTOYJIEH M3 KX lies

u
MOKHO 3aUMCATH B BHAS -, TA® U— MHOTOIEA ¢ rosdpummenTamMu us A4,

a—3JeMeHT KoJBAa A (ROCTATOUHO OPHBECTH K O6MmMeMYy 3HaMeHaTelio
Bce KoappmnuenTH paccMaTpmBaeMoro MHorouiena). Hampasg panmo-
HauxbHAs ApcOL U3 K(XL)LEI 3a0KUCLIBACTCA, CIENOBaTeJLHO, B BUe
(u/a)/(v/B)=(Pu)/(av), Tme a m P HpmHajndeRaT A, & u B v—KOILIY
A[XL]L&.[. TeM caMHM 3Ta Apobb ABIAETCA HIEeMEHTOM IOJA OTHONIEHHI
KOJBHa A[XL]LEI.

Ilycre Tenepbh K —upomsBonbHoe molle, J —Hewycras dUacTh MHO-
secTsa mHAeKcoB J. Mo Bmpenu (§ 1, n° 2), 9TO KOIABUNO MHOrOUJIEHOB
K[X;]Lel MOKHO OTOKAECTBUTEL € KOJBI[OM MHOTOYJEHOB OTHOCHTENhHO

nepemesHHX X, (Haperc L€ CJ) ¢ KospdunmenramMu u3 KoabHa WeNOCT-
Hocre B=K[X ], Ilpepuiaymee 3aMedaRme [JOKa3HBaeT, UTO MOKHO
OTOAECTRETL HOJ€ pPANKOHANBLENX Jpobeit K (X\),gr ¢ momem panuo-

HaabAKX ApoGeit ormocmrentno X, 1 €CJ, ¢ KoapduumenTamMm B3 HOMA
panmonanpEux Apobedt K (X ).

TIpepnoxenne 1 u3 § 1 Bmecre ¢ mpemnomenmem 4 m3 ra. I,
§$ 9 Doxasmipaer, YTO MMeeT MeCTO
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Meepnomenns 1. Mycmv K, K' —0sa usomopPusir noas, ¢ — uso-
mopgpusm K na K'. B amom cayuae cywecmsyem usomopdusm ¢,
u npumom eduncmeennstii, noazr K (X her na K'(X\)er, somopwii
npodossscaem @ W OCMABASEM UHEAPUAHMHBIM KANCOYID nepemer-
nymno X,. )

2. Payuonaaviste dpoou, paccmampusaemse
KaK onepamopst

Ilyers A -—wxomMmyratuBHas anreGpa ¢ eamHumeil najy moieM K,
mpuYeM eaWHuna anreGpH oToKAecTBAeHa ¢ enmHHOeid mona K.

Ilycre f= % —anement monss K (X,)er. Hyers o= (x,)er—21emMent

muoxecrsa A’ mns woroporo smawemme v (x) oGpatumo B Kodsme 4;
u (@)
v ()

u
M v, — Ipyrue MHOTOWIEHH, [Js KOTOPHX f=7‘— , IpH4eM 3HaYeHHE

1

u(@) _ w @)
v(w) vy()
910 Uy =uw, ¥, SHAUUT, U (X)vq(X)=u, (€)v () (§ 2, npenuose-
mue 1). Ecan cymecteyer no xpaiineii mepe o0xo mpepcTaBileHHe

TOra DIEMEHT

ompenenen B woxbue A. Hpome Toro, ecam u,

vy (%) Taxke oGpaTUMo, TO 9Tto cnexyer um3 TOTO,

Jipobm f B BHme %, rae v(x)—o0parumsiii sJeMeHT, TO MH O0yaeM

rOBOPUTH, 9TO ceMelcTBO x = (,) donyckaem nodcmarosky B Palmo-
HaABHYI 7po6b f. MH 7TOnBKO wWTO BHAeNW, 4YTO AAS BCEX Mpen-

o u
cTaBieHWil fApoOm f B BHjAe YaCTHOTO — ABYX MHOTOWJIEHOB, JiIA

. u (@)
KOTOPHX VU (o) — oOpaTUMHEIA 31eMeHT, IeMEeHT @) roapma A oKa-
SEIBAETCH ONHUM M TeM ke, Mm 6ymeM o0003Ha9aTh €ro CHMBOIOM
f () mam f (@) ,
IMeepmomenus 2. IHyemv a=(z,)cr — npouseovroe cemelicmeo
asaemenmoe Kommymamusroii asze6pert A nad noaem K. Mruoncecmso
payuonaavreir 0pobeti f€K (X ey, 04 Komopux ¢ donyckaem nod-

cmanoexry, o6pasyem nodaszebpy U mons K (X,)e1. Omo6 pamcenue
f—f(z) asanemca npedcmasaenuen arze6pert U ¢ A. O6pas nodaa-
2e6pu. U npu amom omo6 pamenuy cosnadaem co MHOMECINGOM Iae-
Menmos guda yz !, ede y npobeeaem roavyo K [a], a z— mHoscecmeo
00 PAMUMBLE 34eMERMOE IMO20 KOoAbYA.
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|ag! Usg
B camom pene, mycrh f,:v— . fz=—v— — jB€ paumoHaJNLHEIE
1 2

apobu, AN KOTOPHX Uy (%) M Uz (%) ABNIOTCA 00paTUMBIMHA DIeMeH-

tamMi, B oTOM ciaydae MMEOT MecTo TOAecTBa [y fz=——uivij;2uzv1
u fifa= ':i:: . Iomomum v=0v,v,; TOrAa v (&)= 70, (%) v, (%)—0Gpa-
ramulii anement. Takum obpasom, U asiagerca mopanre6poii. ¥YumrH-
Bag upepnoxenne 1 ms § 2, M HememmeHmo yOGemijgaeMcs, Uro
otobpakenne f—>f(x) sagerca upejcrasnennteM aarebps U B 4.
3axmounTenbnoe yTBEp/K/eHHe IPEeNIIoKeHns O9eBUIHO.

Caepcrsue. IHyemv Ky—noae, asasiowyeecs pacwupenuem noas K,
U —nodrosvyo roavya K (X)e1, o6pasosanuoe payuonaibHumMu
dpobamu f, das komopwr cemelicmeo x = (x,)€ Kl donyckaem nod-
cmanogky ¢ f; moeda o6pasz kosvya U npu omo6paxcenuu f—f(x)
asasemcesa nodnosem noas Ky, nopomdennvim o6oedunernuem K u muo-
orcecmea M anemenmog z, (LET). .

IeitcTBUTeNBHO, U3 BHIIECKazanHoro u mpejioxenus 6 ra. I, § 9
cremyer, 4ro 10T 00pas msoMopdeH momo oTHOmeEHWIl Kombna K [ox].
Mmu 6ygem obosnagarh 510 moxmone cumBosoM K () mimm K (%,)e1
(unu eme K (x4, %, ..., Zp), Korma [=[1, h]), a mmorga rarmxe
cumsoiiom K (M).

3. II 00cmanoska payuonasviott 0poou
6 PAUUOHAALYHYIO 0PObY

Pacemorpum, B YacTHOCTH, ClleficTBHE IpeAToIKeHus 2 1JIA cnydasd,
Korja umoxe K, ects nose payuonarvuvix Opobeli K (Yi)aer. Ilycrsb
(g )7 —ceMeiicTBO BNEMEHTOB 3TOr0 NOJNA, JONYCKAINHX DOACTa-
HOBKY B PaIuoHaipHy0 Apods f € K (X, )es; Torna snauenmue f((g,)) =k
ABNfieTCsl panMoHalpHOi pofbi0 OTHOcHTENbHO Y. Ipome ToTO,
CUpaBefJInBo

IIpennosenue 3. [Hycmo f— payuonaavnas 6 po6v us noas K (X e,
(g)e1— cemeiicmeo aaemenmos noas payuonaibhux dpobet K (Y 3 )er,
Y = (Ya)reL— cemeiicmeo saemenmos noas K. Il pednorosscum, umo
cemelicmso Y donyckaem nodemanosry 6 kawcdyio ua Opobeil g,
a cemelicmso aaemenmoe (g, (Y))her — nodcmawnosky 6 dpobyv f. B smos
cayuae cemeiicmeo saemenmos (g,) donyckaem nodcmawosky ¢ f. Ecau
noaoncumsv h=1{((g.)), mo cemelicmeo Y =(y,) donyckaem nodcma-
nogry 6 h, npuven h(y)=71((g.(¥)))
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OueBnHO, MOMKHO TIPEANONOAKATE, 9T0 MEOHKectBa | um L noneurl.

o P
B cmny mpepmomosenuii MOKHO LpEeICTaBHTh g, B Buje ?‘, e P
L

H ¢,—MHOTO4IeEH u3 Kombua K |[Y;licr, mpmuem ¢, (y) %0 gas
u
Bcex t£J. Tawum ke o6pasoM MoKHO HAIKCATH: f:;, rae u,

UV—TaKne MHOrowreHel u3 Koiapua K|[X 7, 4910 v ((g (¥))) == 0.
IIycrs m — pamBHICIIas U8 CTemeHeH MHOTOWIEHOB ¥ M U OTHOCH-
TeJpHO Kampoii nepemenHoi X,. [Iycts w —mnorownen us K [Yyler,
ABTAOIMUICA IPOUSBEeHNeM MHOTOWIeHOB ¢, (L€ /). B sroM cayuae
ur=w"u ((g,)) 1 v;=w"v ((g,)) ABAALTCA MHOrOWIeHaME 13 K [V, Irer,
npuueM vy (y)=(w(y¥))"v((g.(¥)) = 0. CaepoBareasno, v;=+0

u v((g)) + 0. Takum o6pasom, ceMmeiicTBO (g,) MOnycKaeT mopcTa-

u.

HOBRY B [ M mMeeT MeCTO PaBEHCTBO h=]‘((gt))=#. Tem camum p

aomyckaeT HojctaHOBKY B kA u h(¥)=f((g. (¥)))-

B ugacrrocTH, cemeiictBo (X,),er AomyckaeT MOJCTAHOBKY B 46y
paumoHanbRyio Apobh f€ K (X, )ier. Tlosromy momuo macars f= f ((X,))
(MM —puA paumoHANBHEX Jpobeili or n nepeMenHmx —f=f(X,,
Xz, vy Xn))

4. PayuonarvHsie Pynruyuy

Iycrs K —mone, Ky— pacmupenne nons K, npudueMm ¢ 6eckoreu—
HBIM MHOKECTBOM 3iaeMeHToB. [Jlag mo0oil pannoHAJbHOM 1pobu
f€K (X\)er o6o3maumM cmMBoimOM S; gacTh MHO:KecTBa KI, o6paso-
BAHHYIO ceMeHcTBAMH X = (%y),c7, HAOTYCKAOIMMMA TOACTAHOBKY B f.
B cmny mpepmoxenus 8 us § 2 MuomecTBo S; Geckomeuno. Payuo-
HaavHol Pynryueil, acCOmMHPOBAHHON ¢ panuoHaJbHOH Apobbio f
(co smavenmsmn B pacmuperuu K, moxs K) HasoBeM oTofparkenue
x —> f () us muo:kectBa S; B moie Ky. Mu Gygem 0603HauaTh 3TO

orofpakeHne CUMBOJOM [ (WIH OPOCTO f, €CAH HCKIIOYEHA BOBMOIK-
Hocth nyragnnt). Ilycrs f m g— gBe panmonansaste gpobn us K (X, )er;
torga MHOxkecrBo S;[|S, Hemycto (§ 2, rteopema 3). Ecam pus

70600 3ieMeHTa ¢ TOT0 MHOMKECTBA HMEET MECTO PAaBEHCTBO f (&)=
s u uy

=g(x), To f=g [eficrenrensno, nycrs f=-_-, = B cunay

ODpHHOUNA ODpojosusKeRus aiarefGpamgeckux TomxpecTB (§ 2, Teopema 3)

n3 paBencTBa u(X)vy(x)=uy(x)v (%), cupaBegamBOTO AiA BCexX
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a =(,), fas xoropux v (x) %= 0 1 v (x) # 0, caemyer, uTo0 uv, = Uy,
Ipyrumm caoBamu, oToOpakeHme f—;f 83QUMHO O0OHO3HAYHO.,
3amernM Tenepb, u4To ui00oil 3aemeHT MHOMecTBa S;[]S,
(f n g— mpomsBoabEKEe panuoHadbHEE Apo6H 13 K (X)) momyckaer
mopcTanoBKY B ApoGh f-+g (fg coorsercrBenHo). Tawkum oGpasowm,
panuoHaigpHas ¢yHEKOAA, accouummpoBamHas ¢ f-+-g (fg coorser-
CTBEHHO), oIpefeleHa W NPUHUMAaeT Te ’Ke 3HAUCHHHA, 4T0 K QyHK-

nEsa 7—|—Tgl (cooTBETCTBEHHO 7}) Ha MHOKecTBe S;{]Sg. AHamoruvno
I HeHyJeBo# pammoHadbHOH GyEKmEE f obpasyem wacts Sy B KI
U3 37TeMeHTOB X, AONYCKAKIUX HmOACTaHOBKY B f, mpuueM f(x) # 0.
MuoxecTBo S; menycro (§ 2, TeopeMa 3). Pammonansuasa gpo6p 1/f

ompefeiieHa W OPHHAMAEeT Te ke 3HAueHud, 4970 u QymKous 1/f
Ha KaJKJOM »JeMeHTe X MHOKecTBa Sf.

Bameuanun 1) [osgaec MH yBAgAM, YTO Fis Ii0Goil RemyiIe-

BOil panmoHANBHON APOGHA f CYMECTBYIOT {BA TAKUX MHOTOWIEHA Uy H Vg,
u

9T0 f:v—o H MHO}KECTBO BJIeMeHTOB Sy, NONYCKAOMAX NOJACTAHOBKY
0

B f, COBHafaeT ¢ MHOJKECTBOM DJeMeHTOB &, IJIA KOTopHX Vg (X)=0.

2) IpuaLRD IpojoIKeBAA anrebpanecknx TosRaecTs (§ 2, Teopema 3)

MOKHO pACHPOCTPAHATH HA panmoHaJbEHe xpobm. Iycts f m g

(1 < i< m)—paunonanbame Apo6n u3 K (X)) ;, npudeM g; == 0. Ipen-

TOMOKAM, 9T0 1A MGoro cemeiicrsa @ € K{, momycxatomero ommoBpe-
MeHHO TOXCTAHOBKY B f M BO Bce g; H TaKoro, 4ro g;(w)==0 puasa
1<i< m, umeer Mecto -paBercTBo f(x)=0. B arom caywae f=0
(mome K, Beerma Npeamoxaraerc GeckoHeUHBIM). 310 NpeAuaoKenme
HeMe[TeHH0 BHITEKaeT W3 TeopeMH 3 § 2.

Vanpamaenna. 1) llycrb A—xomMyTaTEBaasA anreGpa ¢ efuAn-
neil may momem K, m=(zL)LEI—anemenT maomecrsa Al yers U —mnop-
KOIBI0 B K(XL)LEI, cocToAmee M3 TeX BSJIeMEeHTOB fEK(Xu.);er aas
KOTOPHX & T0NycKaeT NOACTaHOBRY B f. JlokasaTs, 4ro ecad B anredpe A
aeobparuMue dieMedTH 06pa3yloT ugeana, TO 5TOT (aAKT EMeeT MECTO
u B roasue U, Ilokasats, 910 B caydae, Koraa A—Tode, ABIAONIECCH
pacmuperueM moisa K, meoBparumbie diemedTH B koabne U obpasyior
MaKCUMAJbHBIA #maeal.

2) a) Ilycts u=a,p, XM+ @ XM+ . L e, X" — MHOTOUNIER €3
K[X), ¥ ROTOPOTO 8, <0 # ap=~0 (0 m < n). JlorazaTts, 4T0 AaA
BCHKOIl pamumoHaibsHO# ApoGH g HedyneBoi cTemedau d mong K (X) gpobe
©(g) oTHMYAA OT HYJNH ¥ UMeeT cTelleRh nd, ecau d >0, u cTenens md,
ecan d<0.

6) Bripectn, uto panmonanbaas Xpo6h g us K (X), ornmusas oT Kos-
CTARTH, [OIyCKaeT MONCTAHOBKY B JI00yl0 pannmoHanbHyo Apodp u3
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K (X). (3ameTHTh, 9TO €cJH cTelenb Hpobu g paBaa Aymo, To Cyme-
cTByeT TaKol BsJeMedAT @€ K, UTO g—a yiKe HMeer cTeHedb CTPOTO
MeHBITYI0 HYAA.)

3) Panuonaasnaa mpobs f€K (X4, Xa, ..., X;,) HaswiBaeTcH 00HO-
poOwHol, ecaW oOHAa paBHa YACTHOMY /BYX O/JHODOJHHX MHOLOYJEHOB
(c HeHyaeBHM 3HameHnaTesieM). JlokasaTh, UTO panmoHAJNBHAH APOOHL f
OHOPOAHA B TOM ¥ TOJBKO B TOM cliydae, KOrja

f(ZXh ZX3, ..., ZXn):de(Xh R Xn)r

rae d—creneds f.

§ 4. Andpdepennmanst m puddepennnpoBanna
1. Juipdepenuyuarvt u npou3codnvle MHo204AEHO6

Mu orpamuumvces B 9TOM uaparpade paccMOTpeHHEM MHOTOUWIE-
HOB M pamnOHAJLHEIX [pobeldl OT KoHeuH020 dMCIA YEPEMEHHEIX HaJI
UPOMBBOIBHEIM KOMMYTATHBHBIM KoJbuoM A (¢ egunmneit).

Ilycts f—mnexoropwiii mporounen ua koabna 4 [Xy, X,, ..., Xp]=B
Paccmorpum muorownex f(X(+Yy, Xp-1+Y,, ..., X;+Y,) B Kombue
muorounenos A[X,, ..., Xp, Yy, ..., Y] or 2p nepemennnix X,
Y; (1 <i< p). OTOT MHOrOWICH MOJKHO DacCMaTPUBATh KaK MHOTO-
4jeH OTHOCHTEALHO Y; ¢ Kosddummentamu B Koabme B, KHar Taxo-

Boif, om mMeeT cBoGopHEId wien, pasmeid f(Xy, X5, ..., Xp) (§ 2,
upepmnoxenue 3). INomommm
Af=f(Xa+Yy, ooy Xp+Yp)—F(Xyy ..., Xp)

Taxum oGpasom, mMuorouneH Af (KoTopmil mHooOrKa 0603HATAIT CIMBO-
aom Af (X4, ..., Xp; Yy, ..., Yp)) asnserca MHorowIeHoM 0es
ceoGopnoro umeHa m3 Kouaema BlY,, Y, ..., Y.

Onrpeneaeaue 1. Hasosem Ougfepenyuarom mrozouaena | u 060-
snavum cumsosom df wan df (Xy, ..., Xp; Yy, ..., Yy) 00nopodnyio
wacmv  nepeoil cmenenu muoeousewa Af, paccmampusaemoso kax
MHOLOMACH OMHOCUMEAbHO NepeMenuviz Y; ¢ Kosgguyuenmamu
¢ koavye B=A[X,, X5, ..., Xpl

Coraacuo sToMy onpefeleHHI0 MOKHO HANHCATDH

D ,
df= 3 ¥, )
rae gi, g2, ..., gn— DIEMEHTH KOJNbIa B, TO eCTh MHOTOWIEHH u3

romsuia A[X,, Xo, ..., Xpl
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Onrepenenme 2. Hasosem wacmmuoil npouzsodnoii muozouaena f
omuocumeavio nepemennoti X; (1 <1< p) u obosnauun cumeonos D;f
a .
(u/zu DXif, uiu }7_Xf—-’ uau in> MHOzodaeH u3 Koavya B=A[X,,
i

Xoy - ooy Xpl, asasowuiica rosfguyuenmom npu Y; ¢ ougppepen-
yuase df mwuoeourena f.

Takum o6Gpasom, ¢opmyna (1) sanmnrercss B Bupe

P
\ df=2 Dif)Y;= Za’Y (2)

B wacrmoM caydae, korga f=X; umeem df=7Y;. 310 no3poiser,
JOIMYyCKas HeKOTOPYI0 BOJBHOCTH, IOJB30BATHCH BaMICHI0 TepeMeH-
apx Y; B Buge dX; (1 <{< p) u DpuBogaT K (opMyie

’ D
df = (Dif) dX, = Eaf dX;. (3)
i=1

Ecau f—MHOrOYJeH OTHOCHTENBHO OHON mepemennoil, to df =
= Df.dX. Muorounen Df <KOT0pblf[ 0003HATAIOT TaKiKe CHMBOJIOM

of

P f’) B 9TOM CJIydae Ha3HBAalT HPOCTO RPOL3s0OHOU OT f.
Ecau f — xomcranra, 1o, oueBupmno, Af = 0. Cnegosarensno, df = 0.

Ofpamenne 5TOT0 DpPeJIOMKEHNA HEBEPHO: eCll A—KOJbI0 Xapak-
repuctuku ¢ >0, TO Mpod3BoAHaA MHorodisesa XY paBHa ¢X9-1=0
(caemcreue 3 npepaoxenus 4).

NMeggaomenve 1. Hyems f u g—adea muozousena us koavya

B=A[X, X,, ..., X].
To20a
d(f+g)=df+dg, (4)
d(fg)=df-g+f-dg. (5)

@Mopmyra (4) HemenuaeHHo ciejpyer u3 onpeperemua 1. Iaa
IOKa3aTeNLCTBA COOTHOmMeHWA (D) 3aMeTuM, 9TO

A(fg)=Af-g+f-Dg+Af-Ag.

Ho omsopomuas gacTh mepBoil cremeHu MEorodiaena Af-g pasma df-g,
mas mHorounena f-Ag oHa pasna f-dg, a faa mHOTOWIeHa Af.-Ag—
aymo. Orcioma caegyer gopmyna (5).

4 H. Byp6aru
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Caepcrsue 1. Omo6pasxcenue f—>df sasasemes aunetinsim omo-
6 pasncenuem A-modyan A{X,y, Xa, ..., Xp] 6 A-m0dyav 0610 podnsiz
MHO02044€H06 nepeoli cmenenu 6 koavye B[Yy, Y, ..., Yl

CunepcrBue 2. Kaxcdoe us omo6 pasxcenuil f — Dif ssasemes ando-
moppusmon A-modyan A[X, X5, ..., Xp], 0as romopozo ewino.a-
Heno moxcdecmeo '

D;(fg)=Dif-g-+f-Dig. (6)

CaegctBue 3. dasa 406020 41020 NOLOHCUMEABLHO20 N UMEIOM
MECMO COOMHOWLEHUS

Di(XP)=nX{""" (I<i<p), (7)

D;(Xi)=0 (7 #1) (8)

eiicrButensno, (7) BuTeraeT n3 dopmynn (6) uEmyKumeil mo n.

C mpyro#i cTopoHH, MHOrOWIeH A(X?) me copepsnt Y;, oTkyna

caenyer (8).
IIrEgnoseane 2. Hycmb f— mrozousen us koavya

A[Xh XZ’ e ey Xp]1

ui (1 <i < p)—p muozousenoe us koavya Al[Zy, Zs, ..., Zgl. Iono-
aum h=f(uy, us, ..., up), mozda

dh(Zs, ..., Zg; dZy, ..., dZ)=df (uy, ..., Up; duy, ..., dup). (9)
HeitcTBrTENIbHO, B CHIY ONpefeleHUs
Ah=f(us-+Auy, ..., up+Aup)—f(uy, ..., up)
Tax rak Au; — MHOrowIeHm 0e3 cBoGojHOTO wiIeHA (IO OTHO-
mennio K dZ;), TO OZHOPOJHAA YACTh WEPBOii CTelleHA MHOTOYIeHA
Ah TaxoBa e, KaK M y MHOToUWIeHa

p
df (uy, ..., upy Aug, oo, Aup)= 21 Dif(uy, ..., up)Au;,

oTKyza ciegyer dopmyaa (9).
CnemcTBue. B mex mce 0603HA4CHUAT UMeem MeCmO Popmyaa

P
Djh = i§ Dif (ug, g,y ooy up) Djus (1 <j <) (10)
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2. II puaodcenue: xapaxmepusayus
NPOCMBLX KOPHet MHoz0UAeHA

Meepnosenne 3. Has mozo wmobw kopenv o€ A MHo20taeHa
f€EA[X] 6va npocmuim, Heobrodumo u Odocmamouro, wmobsl o He
A6ARACH KOpHeM Muozodaena Df.

HejicteutensHo, B cEIy npeamonoskemusa f=(X—a)g, rpae
¢ —wmHorowren. IIpm ToM o sABIAETCA NPOCTHM KOpPHEM B TOM
I TONBKO B TOoM cxyuae, Korga g(a)==0. Ilo dopmyne (6)
Df =g+ (X—u)Dg. U sroro Burexaer, ato g(u)= Df(u), oTkyaa
ciegyer IpelIoKenue.

Bonee 06mpo:

TipEpnomennE 4. Ecau saemenm o€ A Asafemes kKo pHem nopadra
k>1 wmuoeousena fEA[X], mo om searsemcs xropHem nopadra
> k—1 muoecousena Df. Ecau & woavye A us coommuowernus k=0
caedyem, wmo £=0, mo o ssasemcs xoprem nopadra k—1 mmuoeo-
waena Df.

Heitcrerrentuo, mo npepmonoxkenuio, f=(X—a)tg, rme g yme
me penurea Ha X —a. Ws aroro cuegyer, uro Df=Fk (X —a)*1g+
4+(X —a)*Dg. Dro moxasmBaeT DepBYI0 YacTh mpeanokenns. C apy-
roif CTOPOHH, M3 IPEAHJYMEro COOTHOMEHMS BHTEKAET, UTO eCiH
(X —a)* pemur Df, to (X—a) pexur MmHorouwmen kg (mOCKOTBLKY
X —o He aABxsercda pnenuTeneM Hyiada B Koxbme A[X]), T. e. (§ 2,
npejioskenne 5), uro kg(a)=0. Ecaun B Koarme A mo cooTHOmEHNA
kE=0 caepyer, aro £=0, MH mDoxyumMm, Takum o6pasoMm, uTO
g(a)=0, a 3T0 DPOTHBOPEYAT IPEAIOIOKEHNIO,

Ecan, anpoTus, B KOJIbLE A CymecTByeT TaKoOH HeHyJioBOM deMeniT &,
uro kE==0, 10 @ MOKeT OHTH KODHeM HPOM3BONBHOIO HOpAARa > k—1
muoroanesa Df. Haupmmep, mycts kE=0 zaaa Bcex E€ A; monommm
g=(X—a)"+p ¢ P=£0; Torma o ABIAETCA KOPHEM HODANKA & MHOTO-
uyjeHa f, HO KopHeM HopAxKa > k- h—1 Mgorounesa Df.

Cnencrene. Ecau saemenm o€ A acisemcs xopresm Muozouwsena f
u Kopuesm nopadra p mrozousera Df, u ecau us coomnowenua pl E=0
¢ Koavye A caedyem, umo §=0, mo nopador kopna a mHozouicna f
pasen p+1. '

B camoMm nene, mO IpeAsIOKeHUI0 4 0 ABAAETCA KOPHEM MHOTO-
wieHa f, DOPAKOK KPaTHOCTH KOTOPOTO YHOBIETBODPsAET HepaBeHCTBY

4*



52 MHOTOYJIEHB M PAM OHAJNLHELIE IPOBH Tia.1v, § 4

1 <k<p+1. Honycrmm, uwro k<<p+4-1. Tak Kar m3 kE=0 cie-
ayer, uro p!E=0, To B cmny npemmomomenms E=(0. Taxum
obpasom, a Oymer kopHem mopsagka k—1 MHOrodmena Df, aro opo-
THBOPEUYHAT TPEIIIOIO0KEeHHIO,

3. Judpdepernvyuposarnusn arzespo

Cunemcteme 2 mOpepioskenuss 1 OpHBOAMT K 06OOIMIEHMIO HOHATHS
IIDOMBBOJ{HON HA CIyduall TPOM3BOALHON anreGph:

Onpenenennue 3. [Tycmv E — anze6pa nad KOMMYmamuensim xoav-
you (¢ edunuyeti) A. Hasosem dugpgpepenyuposanuen anzebpu E aio6ot
sndomopgusm D A-modyas E, das komopozo D (xy) =D (z) y+ D (y).

U3 aroro onpepenenms MHAYKOMeN N0 HETHM NOTOMKUTOILHEM P
HeMe[IeHHO noxydaerca gopmyasa Jeibnuya

D?(ay)= 3 (§) D" (2) D>+ (y) (11)
k=0

< ACHOAh3YETCsL COOTHONEHAE MEXNYy OWHOMHANLHEIMEH KO3(PHIUeH-
p p—1 p—1
o (7 )=(")+(321))-

Hpumepsu. 1) B anre6pe mMaorouwnenos A[X;, X,, ..., X,] n oro-
Opaswenuit D; (n° 1) aABamioTea dufdepenyuposanuanu, KoTopHe HAZH-
BAlOT n wacmHuIMU Jugdepenyuposanuamnu sTol amareGp.

2. Jina awboro sieMenta a € E orofpajkenue z — axr—za ABIAETCA
nuddepenunposannen B aurebpe E, rak Kak a (zy) — (zy) ¢ = (ax—za) y+
+z (ay —ya). Taroe nu¢depeHnupoBane HABKIBACTCA GHYMPEHHUM UG-
Pepenyuposanuen anreGpx E, samaBaeMmm saemenToM a. OHO paBHO
HYJI0O TOJBKO B TOM CIyYae, KOTAA BIEMEHT a4 NPUAAICKUT LEHTPY
aarebpu E.

Bameuanma. 1) Buecro D(z) snawenme pmpdepengupoBanna D
Ha saeMente z € E wacto obosHadgaerca cmmBosoMm Dz. i

2) Maomecrso E MoeT OHTb Haje]eH0 HECKONbKAMU CTPYKTypaMu
anre6psl, KOTOpPHE BCe UMEIOT OflHy U Ty K6 CTPYKTYpy Koabua. Ecam
peus maer o auddepenuupoBaHmu xossya E, To HeoHXOAWMO YTOUHHTE,
KaKkas CTPyKTypa anre6pe ma E (uMelomas B KadecTBe CTPYKTYpH
KOJbIa CTPYKTYPY 3a7aHAOTO0 KONLIA) paccMaTpABAETCH B HTOM Ciydae.
B uwacrHocTm, 060 Koapmo E MomHo pacecMarpmBaTh Kak anreGpy Hapg
KoxbnoM Z. Ecam rosopar o guddepenuuposannm konena E, He yrounsas
er0 CTPYKTYPy Kak auare0pel, To moOgpasyMeBaercd, 4UTO peYb HIET
0 cTpyKType aareGpe Hajg KoabwoM Z, Ecam E HameneHo CTPYKTYpoOi
anreGpH, CTPYKTYpa KOJIhIa KOTOPOH TakoBa ke, KaK U CTPYKTypa samaH-
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HOTO KOJbIa, To Ja¥00oe AmpdepeHnzpoBaHde dToii anreGpH ABIAETCA
rTakske M AmdepennmpoBanmeM E, paccMaTpmBaeMoii Kak anreOpa Haj
KOJbIOM Z.

Ecau E—anre6pa ¢ emmmumeii e, o gas moGoro auddepenmu-
posanust D anre6pu E umeem D (¢)= D (¢*)= D (e) e-}-eD (e) = 2D (e).
Orciopa canepyer, uro D (e)=0. W3 bproro srreraer, uro D (ne)=
=nD (e¢)=0 nas nmoboro nenoro gucia n u D (oe)= oD () =0 pus
aoGoro saemexHTa o € A.

B uwacrmoct@, B Koiwsne Z H B Qaxroproasnax Z/(n) BcAKoe gud-
{epennuposanue ryaesoe.

Ecimn z—osnemenr us yeumpea C anrebpm E, to Dz npunad-
aencum C gas awoboro puddepennupopanus D anrebpw E. JeficTBu-
renpHo, Ads awboro x€E BumnomseHo paBeHcrBo zx =xz. Orcioga
D (zz)= D (zz), 1. e. Dz-x+z-Dx=Dzx-z-+x-Dz. Beugy roro, aro
z-Dax = Dx.z, noaydaem Dz.x=x-Dz, 4ro pgokaspiBaer Tpebyemoe.

Oycers Dy u D, — puddepennuposanns anrebper £. Hemeperno
nposepsercsi, uro oneparopsl Dy— D, u oD, (rme o — Dpon3BoJbHEI
sneMeHT U3 A) TaKme siBIsiores AuddepeRnupoBaHUAMU anreOpu K,
Tlpyrumu cioBamu, MHOmecTBO Auddepernnposanuil anredps E, Koro-
poe ME GymeM oGosHadarth cumBoioM & (E), sBisiercssi NOAMOAYyIeM
A-mopyna £ (E) scex sHpomopdusmos A-monyas E. Hanporus, npo-
ussedenue DDy (= D, o D,) nnddepernuposanuit Dy u D, B Koabme
£ (E), Boobme rosops, He siBuAercs OJugiepenyuposanven.

Hanpamep, B anre6pe E=A[X] eononfeso paseHctBo D2 (X2)=2.
Ho D2(X)=0 m, caepoBaTensHo, D2(X)X-}-XD2(X)=0. 310 AOKa3H-
paet, gT0 D2 yxe me amnaerca puddepennumponanmeM aiare6pu E, ecan
xapaKTepucTuKa anrebpsr £ oTam4usa OT ABYX.

Teenaomxerue 5. IHyecmv D, u Dy — npouseoavnsie dea dugpeper=
yuposanus aaze6pu E; moeda sndomopgusm D= DyDy— DD,
A~modyaa E asazemes Ougepenyuposanuem arzebpur E.

Heficrurensno, maa moboit mapm osnementoB z, y u3 E mmeer
MecTO TOAECTBO

D (zy)= Dy (D1 (2)y +2Dy (y)) — D1 (D2 (@) y -+ 2Dz (y)) =
= Dy (Dy(x)) y+ Dy (%) D2 (y)+ D (2) D1 (y) -+

+2Dy (D1 (y))— Dy (D2 (2)) y — D3(2) D1 (y) —
— D, (2) Dy (y) —zD; (D2 (y)) =D (z) y + 2D (y)-
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Huddepennupopanue D,D, — D,D, o6oanauaerca 06HYHO CUMBO-
aoMm [Dy, D,l.

Ipepnoxenne 6. Jaa awboz0 dupgepenyuposanus D anzebper E
u 4106020 saemenma a u3 yexmpa asec6per E sndomopgusm x — aD (z)
(oGosmauaemutii alD) A-modyan E asasemcs Ougdepernyuposanues
aaegebpe E.

JleficTBUTENRHO, IyCTH £ U § — NPON3BOJILHEE 3JeMeHTH anrebpu E;
rorga  aD(zy)=aD (z)y+axD (y)=aD (z)y +x(aD (y)) (B cuay
OepecTaHOBOYHOCTH DJieMeHTa 4 CO BCEMM JIeMeHTaMm ajreGps E).

daMeruM, 470, HAOpOTHB, OTOGpamkenue xz — D (az) y:ke He ABIfeTCA
auddepesnupoBanneM.

Cnepcteue. Muoxcecmeo & (E) dupppepenyuposanuii ancebpur E,
HadeaeHHoe CAONCEHUEM U BHEUWLHUM 3aK0ROM Komnoauyuu (a, D) —aD,
20¢ a npunadaexcum yenmpy C ancebpw E, npeepawaemes 8 C-modysv.

Us onpepenenmss 3 ToTYaCc BBHITEKAaeT, 9UTO JJA TPOUSBOIBLHOTO
nuddepennupoBanua D anreGps E MBOMecTBo daemenToB x € E, nasa
Kotopuix D (z)=0, sBuagercs nodasecebpoli anrebpm E (KoTOpyio
HA3HBAOT HMHOTAA HojanreGpoll kowcmamnm omuocumeavHo D). Us
9TOT0 3aMeYaHUA BHTERAeT caemyiollee IpeNJI0KeHUe:

IpEnnoerue 7. [Tycmov S —cucmema 06 pasyowuzr aaszebpu E.
Ecau snavenusn dsyx Suppepenyuposanuti Dy u Dy anzeb6pu E oduna-
K06l Ha 6Cex dmemenmax cucmemst S, mo amu dudpepenyuposanus
cognadaiom.

HeiicTeurensno, oneparop D =D;— D, asnserca pupdepenmupo-
parueM. lloganreGpa anreGpsr £, o0pasoBaHHAA 3JIEMOHTAMN %, JUIA
koropux D (z)=0, cogepxur S u, ciaemoBaTexrbHO, coBagaer ¢ FE.

IlpEpnomennt 8. Iycmv E—aazebpa A[X,, X, ..., Xy] MHOZO-
neno8 om n nepemenunz Had roavyom A. Yacmuwme Ougdeperyu-
posanus D; (1 <i<n) obpasyiom 6asuc E-modyas 2 (E) dugbgpe-
penyuposanuis aszebper E, npuesm DDy = DyD; das a06uzx undercos
iuw/.

Tlyers D — npouaBoarnoe muddepennmupoBanve anredps E. 1lomo-

wam D (X;)=u; ana 1 <i<n (wi—ouementn anreGpsr E=A4 X
i n

X [Xy, Xy, - .., Xp]). Beuny mpegnoxenus 6 omeparop D' = 2 u;D;

=1
aBnaerca puddepennuposanmem aare6pu E, pas kotoporo D’ (X;)=
=u;(1 <i<n). Juddepennuposanus D n D’ nprHEMAIOT OHY B Te Ke
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3HAUeHHs HA eIMHWYHOM 3ieMenTte anreGpu E m Ha Kaxmom u3 X;. Itu
aneMenTH nopokganT anreépy E. Taxmm obpasoM (npemio:xeHue 7,
D=2D'. C apyroit cropoms, mpegmoioxuM, 4To v; (I <ign)—n

n

aneMeHTOB aireGpsl E, i KOTOPBIX Z v;D;=0 B Z(E). Torpaa,
i=1

=
B YaCTHOCTH, I moboro HHAEKCA ] cOpaBe/llIAB0 pPaBEHCTBO

n
D v;D; (X;)=0, 10 ectp v;=0. Taxmyu oGpasoM, anddepeHnuposa-
t={

s D; obpasyor 6asuc mogyna & (E) ornocureasrno E. Haxomen,
otobpaenusn D;;=[D;, D;] asuaworcs nuddepeHnapoBaHAAMI anreb-
pu E (upemnomenme 5), mpudeM Dj;(Xp)=0 paz 1 <k <n. Cre-
mosaTenbHo, (upepioxenue 7) D;;=0, dem 3akawumBaeTcsa HoKasza-
TEJBbCTBO.
OTMerTdM, HWTO [Ba Rpoussossnbiz nAGPepesHApPOBAREA  AXreGPH
A[X4, X, ..., X3], BOOOIIEe TOBODPHA, fe MePecTaHOBOYHHL APYT C XPYTOM.
NMeepnoxenne 9. If ycmb‘ E — gommymamugrass aazebpa ¢ efuru-
yeii nad Koavyom A, D — dugpepenyuposanue anzebpu E. Jlna moGoro
ceMelicTBA (Zi)igign U3 N daemeHmos aazebput E u 4106020 mHO20-
“ugena f€A[Xy, Xoyooy Xn] umees

n
D (f (21, 22y .- -, xn))=21 Dif (24, 23, -+ ., Ta) D2s. (12)
=
HeiicreurenbHo, pas awoGoro wmuorouwmeHa fEA[Xy, ..., X,]
TEOTIOA UM
O =D (@, ... =)= 2 Dif (@1, -, 7a) D
HemennenHo mposepsercs, 9To ¢ — iuHeiiHoe orobpaxenue A-Mo-
nyas A{X,, X,, ..., X} B A-mogyns E B uTo
(P(fg)='(P(f)g(x17 Loy ooy xn)_l“f(xl’ L2y ..ty xn)(P(g)-
Muosmectso aaementoB f€ A{Xy, X,, ..., X,], naa xoropux ¢ (f) =0,
obpasyer moganrebpy amredpm 4 ([X, ..., X,]. Ona cogepmuar, oue-
BufHO, exuamity B smemenTH X; (1 i n). Takum obGpasom, sra mop-
anreépa cosmamaer ¢ ainrebpoft 4{X,, X, ..., X,], 9T0 moKasHBaer

npepioxenue. (MoxkHo G0 Ta¥sKe yCTAHOBHTD 3TOT AKT Hemocpen-
CTBEHHO Iif Ji060r0 0JAHOYIEHA, OPOBeAs MHAVKIMIO 0 ero CTEeHU. )

OTMeTHM, HTO CIXeICTBHC IPOIJICKOHAHEA 2 ABIAETCA FACTHHIM CJIYy-
YaeM mpejioiKeHAA 9.
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4. II podoarcenue dugghepeHUUPOSAHUR; N POUIBOOHLE
PaUUOHARNBLE Opobelt

leegnossenue 10. Myemv S — monoud, A — kommymamusroe koao-
yo ¢ edunuyeti, £ —anecbpa monouda S omnocumeavrno woavya A.
Han ecarozo Ougepenyuposarnus D koavya A cywecmeyem Oudge-

penyuposanue D, npumom eduncmeennoe, Koavya (Ges onepatopos) £,

daa gomopozo D (as)=D (a)s npu awbom o€ A u awbom s¢S.
HeiicTBurenpso, u3 chopMynupoBaHHOTO YC/JIOBUS SICHO, YTO OCJU

aupdepennuposanue D cymecrsyer, T0 D (2)=2.D(a)S nan
SES

m060T0 ajeMenTa 2= 2 as5 roaeua E. OGpaTHo, J6TKO HpPOBEPUTH,
SES

uyro orobpaskeHnue D, omnpejenexnoe 3Toil (opmyidoit, apasgerca Hud-
(PepennupoBanmeM anredpu E.
B wactmoctu, ecau E — anrefpa muorousnenos A[X,, ..., X,] mrajg

KObIOM A, TO U152 10600 MHOTOWICHA f = ) Gy, . p X XpE . XpP

(n;)

Np

0GosHaauM cumponoM f mEorouwten X D (Gnyn,. .. n,) XPHXSE. . X002,

(n;)
N3 mpeamoxenus 10 Bupmo, uto orobpamenue f — f0 apaserca gud-
depeHiupoBanueM EKoabna FE, KoTopoe npodoascaem sajanHOe JA(-
depeunuposarue D konbnia A. ToBopsar, aro MEOTOWIen fP momyuen
npumenenuem Ougdepenyuposanus D ® rosfduyuenman  mHoz20-
yaena f. :

Meepnomenus 11, Hyems A—roavyo yeaocmuocmu, K — ezo
noae dpobet. Jwboe dupgepenyuposanue D Koavya A mosicro odnun
U Moavko 0dHuM cnocobom npodosscums do dugdgepernyuposarus D
noan K. Ecau u, v— 06a npouseossnsir aaesenma koavya A, npuies
v=0, mo cnpasedausa Popmyaa

D(_:;):D(u)v—uD(v). '(13)

v2
Ecnu cymecryer anddepennupoparyue D moas K, mpojolsKaio-
mee andpdepennuposarne D, To ero eJMHCTBEHHOCTEL U gopMyaa (13)
cleyloT HeMejmeHno. eiicTBnTenbpHo, NyeTh w = % (u€A,vEA, v=£0);

rorfia u =vw. Caegoparensro, D (u)= D (v)w-vD(w), orkyaa
BHTeKaeT BHpamenne (13) mas D (w). Ocraerca HoKasaTh CYIIECTBO-
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) ooy u Uy
Bauue D. Jlna sroro poxamem, UTO U3 Tomuec’rsa;:—v—(u, v, uy,
1

d(wyv—uD () D (wm)vy—wD (vy)
v2 - v} :

v, uz A, vvy 5 0) caeayer, uro

HeiicTBUTeNBHO, 9TO COOTHOINGHHWE 3amucHBaeTcA B Buje v (uwD X
X (v4) + 01D (1)) = v, (uvy D (v) + 2D (1y)) 'Honssyscs Tem, 9ro uv; =
=uw, noayunm vvy (uD (v,)+ v D (u)) =vv, (u D (v)-+vD (u,)). 310

9KBMBaNeHTHO coorTHomeHnnw ul (v,)-+ v D (u)=u,D (v)-+vD (1), Ko-

Topoe mostygaeTca AuddepeHINpoBaHHeM paBeHcTBa uv; = u v, Takum

- u
obpasoM, jas Tw00OT0 3IeMEHTA W= - Boast K moxHO onpepmesnTh

snement D (w) dopmynoit (13) HesaBmecmMO OT IpejcTaBIeHHA W

B suge gpo6u. Hemepmenso mpomepsercs, 4YTo D sasaserca pudde-
PeHI[MpoBAHMEM, deM BaKAHUUBAETCA [OKA3ATEIhCTBO.

IIycrs K —rpomssonnboe mode. Hampoe us puddepennupopanmit
D; (1 i n) anrebpu K [X;, X,, ..., X,] MHOTOUNEHOB OT n mepe-
MeHHBX Hax K MOKHO B ciuty Dpexnoskenus 11 mpomomxure equm-
cTBeHHBIM cuocoGoM nio puddepenimpoBanuda anrebpu K=K (X;,
X5, ..., X;) paguoHanbHEX ApoGed or n nmepeMenHmix Hajx K. ITo
nuddepeHIMPOBAHYE HA3BIBAIOT TawKe wacmubim Ougdepenyuposa-
nuem no X; m oGosHauawT cumBoioM D;. [asa mnpousodnHoil
panuonaibHoil ApoOu f saement D;f oGoamauaercA TaK:e CHMBOJOM

a , . "
6)? uwiu fx, WM HasHBAETCA «acMHOU npouseodroll MHOTOUYJeHA f
i

ornocurentHo X;. Eenm msa yuddepenmupoBanns anre6pu E coBna-
AT HA Ka/KZOM MHOTOUWIeHe, TO OHM DPaBHH B cully dopmy.st (13).
Paccyspmasn, Kak B IpeioyKeHUH 8, MEL MO/KEM 3aKIIOYATEH U3 3TOTO,
uyTo n vacTHHX pauddepenunpoBanuit D; obpasyior 6asuc BEKTOPHOTO
npocrpatctea P (E) (wan nonem E) puddepenuuposanuii anredps E;
npu »ToM D; nepecTaHOBOYHH APYT € LPYTLOM.

fIyers F —rommyrtatusuaA aarebpa Haj moxem K, f— panuo-
HamgbHag fApo6n us moas K (X, ..., Xn). Ecnu ceMeiicTBO (%;)1<ign
preMeHTOB M3 F jonyckaer mojgcTaHoBry (§ 3, n°2) B f, To B cuay
dopmyant (13) oHO [omycKaeT HDOJCTAHOBKY W B Ka/KAYI M3 JACTHBIX
nponssoganix D;f. HemesmenHo nposepseTcs, uro nna aoboro gudde-

peunuposanusi D anre6pst F ¢dopmyna (12) Bce eme mmeeT mecro.
of

Ecin ncxaooYeHa BO3MOMHOCTL NMYTAHWIK, TO YaCTO numyT -a——
T

BMecTo D;f (x4, Z2, .- ., Tn).
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Samevanne., Ilouarme nuddepenumpoBanma anreGpu FE Hapg
KOMMYTATWBHHIM KOJBIOM A MOKHO 0606muTrs ciaegyomum oGpasoM:
oycts E—nodasee6pa anrebper F wam A; nazoseM Ougpgepen-
yupogaruem E e F mioGoe nnnueiinoe orobpaskenne D A-mopyis
E B A-mopyns F, mns xoroporo D (zy)= D (z)y -+ xD (y). Hemep-
JIGHHO HPOBEPsieTCs, YTO OpejiokeHme G U ero CIejCcTBHe, a TAKKE
npejgioskenne 7 obobmarorcsa ma caydail guddepennuposanmil us E
B F. Ecam mpepmono:xuth, dro aarebpa F kommymamuena, To mepe-
uocaress m npemioxkenne 9. Ilpemmo:xenme 11 ocraerca cmpasep-
IUBEIM, €CIHM HOpPefUoJ0KUTE, 9T0 F —nodte, coldepicauee KOIBIO
nesaocraoctrn A. Hawownern, npemioxenne 10 pacopocrpansercda Tarkme
Ha cayga#l, Korma D -—gupdepeHumposanme m3 A B HeKoTopoe
KOMMYTATHBHOe KOJbmo B, cojep:kamee A u umenmee TOT IKe

efMHAYHEIA dieMenT. B sroM ciaydae D sasusercs muddepenumpo-
BanweM aiureOpil E B amre6py F monomaa S OTHOCHTEJBHO KoJbia B.

Hanmporus, d¢opmyna JlefiGanmua (11) u npennoskesme 5, BooOme
TOBODH, Hie HMeIOT cMucia piaa Auddepesnmuposannsa us anre6ps E
B aaredpy F, ee comepsamyo. KpoMe Toro, aua nuddepeanuponaansa D
anreopet E B anareGpy F oOpas Dz anemenTa z u3 mearpa auareGpu £
ge 006A8aTenbHo NPHHAARJIEHNT LedATpPy anreGpu E.

OtMetnm, 410 02panuderue Moboro gaddepenimporanns aaredps F
Hag KoxmmoM A ma mopmanrebpy E aAsiserca guddepenumpoBannem
anrebpul £ B axrebpy F.

5. Juggpe penyuarvrole o puvt

Ilycres E — kommymamusras anredpa ¢ equaunneil aag xouasmom A.
Mur sugmean (upegmoskenne 6), aro muoskectso P (E) puddepenuu-
posanmii anreGpu E HageneHo cTpykTypoit ymumaprozo E-modyix.

Onpepenenue 4. Haszoeem Ougpepenyuanvnoti gopmoti Ha
axcebpe E aodyio auneiinyo gopmy na E-modyase D (E) dugdhepen-
yupogaruli aseedpu E.

Taxkum o6pasom, puddepennunansasie gopmpt Ha E  obpasyior
E-vonyas Z (E) pgeofictBennmit mim coupsixennuit ¢ & (£) B coor-
BeTCTBEN ¢ ofmumu obosmadenmamu (ra. II, § 4); maa moboit
nnddepernmaiboii opM o m awboro auddepenmmposanus D
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anmrebpu E Gymem upmMmeHATsh cuMpon (D, o) AIA 3Ha4eHAA ©
Ba sneMente D (ocHoBHasA OnuauneiiBas $opma). Ecau Mopyuns & (E)
umeer Oasuc (D;) m3 n areMeHTOB, TO, Kak maBecTHo (loc. cit.),
moaynbp P*(E) mmeer Gasuc (0;) U3 n 9ieMEHTOB, HA3HBaeMHIl
delicmeumenvrvis Oazucom ¥ OGasucy (D;), naa koroporo (D;, w;)=
=0;; (cmmBon Hpomexrepa). JlioGoe pudpdepeBnmpoBaEme mpejcTaB-

n
aserca Toraa B suge D= ) A;D;, a mwobaa auddepeEnmanbHas
i=t

n n
dopma — B BHUjie m—-—:Z pio;, mpruem (D, m)=2 Y TIN
i=1 i=t

ITycrs z— npomsponsEHil saeMenT anreGpu E. Owesmpano, oToGpa-
menne D — Dz mopynsn D (E) B A asasercs auretinotl ¢opmoi.
Ita pmdpdepeHmmancHags (OpMa HASHBAETCA NOAHBM Oudgie pen-
yuasom osiaeMenta & u obo3Bauaercs cuMmBoxoM dz. [pyrumm cio-
Bamm, A JioGoro aneMenTa z€E m moGoro amdpdepernmpopanma
D€ 2 (E) mMeer MecTO PaBEeHCTBO

(D, dz)=Da. (14)

OtMeTrM, 910, BoOGme roBOps, cymecTeyoT Anuddepesnnansane
$OPMEI, KOTODHE He sgaaomcs HNONHEMM AuddepesuranaMa sjIeMeHTOB
u3 E (cM. yupasxaenue 14).
Tlpennomenne 12, [f4as awboli napw saemenmoe z, Y areebpu E
u awbozo asemenma o kKoavya A umerm mecmo pagercmea

d(z+y)=dz--dy, d(ex)=adz, d(zy)=zdy+ydz. (15)

JokameM, maupmMep, TpeTbe W3 9THX CooTHomeHmit. [{as moboro
nadpdepernmposanuas D, B cany (14) m ompepemenusa 3, copasen-
JiMBa IIENOYKA PaBeHCTB

(D, d(zy)y=D (zy)=Dz-y+z-Dy=

B cuny onpenenenma aumddepennmarsHOil gopMH 9T0 J0KasHIBaeT
Hame yTBep;KieHHE.

IOns epmEmumoro osineMenta e aiare6pe E ‘cupaBejimBo Tope-
ctBo (D, de)=De=0 pas mwoboro aupdepernnposanma D. Taxum
o6pasom, de=0, caenoBarensHo, d(ae)=ade=0 gua moboro a € 4.

Ecru wmomyns P (E) mmeer 6Gasue (D;), a (w;)— coorsercr-
Bylomuil pgBoiicTBemHHE Gasuc Moxpyias Z*(E) nuddepeHnmanpHBX
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dopm, TO maa aoboro sreMeHTa & € E BepHO TOMKIECTBO

dx = Z Dizw;. (16)

i=1

6. Il puaoscenue £ MHOZ0UAEHAM
U PAYUOHAALHBM OPOOAM

Pacemorpum, B wacrtHoCTH, Caydail, Korpa E sBagercs anreGpoit
muorounenos A [X,, X, ..., Xp]. @opmyna (14) moxasmiBaer mupm
X=X; uw D=D;, uro (D;, dX;)=D;X;=298;;, Takum oGpasom,
monusie puddepenmumanst dX; (1 i< n) obpasyor B Mogyne D*(K)
deolicmeennvili 6asuc x 6asucy (D;), cocrosmemy W3 7 YACTHHIX
nuddepennumposannit. Jaa moboro muorounena f € £ ns opmyrs (16)
BHITeKaeT Clefyiomiee BHpakenne A moaHoro puddepeHnmarra:

df = 21 Dif dX,. (17)

970 JI0OKABHIBAET, YTO €CHU OTOMIECTBUTH E-MONYIh ONHOPOJHBIX
MHOTOUNEHOB TiepBOd crememn B Koaene E[Y,, Y, ...,Y,lc
E-monynem Z*(E), mOCTaBHB B COOTBETCTBHE Ka:KJOMY 37I€MEHTY Y i
nuddepenniman dX;, To moaumii auddepenuman df cosenadem
¢ anddepenrmanoM, onpegemeHHHM B n° 1 (sTEM ompaBmaercst
COBIAJ(EHIE HCIOIb30BAHHKX 0603HATEHMUIL).

ITycrs Ttemeps E—mnoane K (X;, X, ..., X;) panuzoHAJZBHEIX
npo6eit or n mepememnnx mam moineM K. uddepennumamsr dX;
no-upeskHeMy o0pasyior Gasmc Momyns 2*(E), nBoicTBeHHHE K 0Oa-
sncy (D;), a dopmyna (17) npumeHnmMa K IPOUBBONBLHOR panmoHAlIb-

Ho# ppobm f. OTMermM, 4TO ecaM f=1u/v, TR U WM V— gBa MHOTO-
vdu—udv

9jieHa (MR panHoOHANBHEIE apobm), To df = =3 .

3amMeTHM, HaKOHeN, YTO [JIA IPOM3BOJLHOM KOMMYTATHBHOM
anrebpe E wmajy woabnoM A ¢ epummunedt, naa moboro cemeiicTBa
(Z;)1<i<n Od7erMenToB amre6pul E W pgad BCAKOro MHOTowleHa f
us romema A[X,, X,, ..., X;] dopmynm (12) u (14) nokasuBaioT

TORIECTBO

d(f(xy, o, ..., Jcn))=i§1 Dif (zy, ..., 2,)dz;. (18)
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9ty Qopmyay MosHO OBLTO OB Tak;ke Ges TpyAa BEIBECTH U3 $op-
myn (15). Tompecrso (18) cupaBepnmpo m B TOM ciyuae, Korxa E
ABnserca aiaredpoit mag moxem K, f— panmomanbras ApoGh U3 MOJA
K(X,, ..., X5), a (z;) — cemeficTBo smemMentoB aaredpsl E, nouyckaio-
mee NOACTAHOBKY B Jpols f.

Yuopamuaenus, 1) Jlorasarh, uro mid moéoro O HOPOJHOTO

MHOTQWIeHA CcTemeHM m B Koaene A[Xy, ..., X;] copasemauso
«TOKIAECTBO aﬁnepa»:

Z X; 5X—_mf(x,, Xs, ..., Xp).

i=1

OG6paTHO, X0KA3aTh, YTO ©C/IAM B Kohbue A u3 coornomrenus m! E=0
cnepyer, uTo §=0, 7o 000ff MHOrouwZeH f, CTEOeHb KOTOPOro
He NPEBOCXOJHMT M U KOTOPHHN YZOBIETBOPAET NPEILIVIEMY TOKje-
CTBY, ABIAETCA OXHOPOMHHM MHOTOUNEHOM CTEIICHW m.

2) [TorasaTs, uT0 HATEPHONALKORAYI0 dopmyny Jlarpan:xa (§ 2, n° 4)
MOKHO 3a0HCaTh B BUJE

1) “"X’Z m(a)(x )

rie 0 (X)=(X—ay)(X—ay) ... (X —a,). Busecru orcioga aas mwoboro
maorowrena g€ K[X], cremeHr KOTOPOro He NPeBOCXOAUT n—2,
PaBeHCTBO

{paccMoTpers MHOTOWIeH f(X)=Xg (X))

3) Iyers o; (4 < i< n)—nr pasinusnx daeMentoB Woaa K, f; (1<
Ligr) ¥ yi(1 i n)—2r npom3BONBLHHX DIeMeHTOR mnoasx K.
JdoxasaTh, €TO  CymecTByeT, X IIPUTOM TOJBKO OAYH, MEOroujies
JE€K[X] cremesn < 2n—1, gaa woroporo f(o;)=p; u ' (a;)=vy; opu
1 i n (marepnoaanmonrad ¢opmyma Ipmura). (Hauate ¢ paccmo-
TpeHus ciayuad, rorpa 2n—1 u3 2n 3neMeHTOB P;, Y; PABHE HYyII0.)

4) Ilycte K—nmone xapaKkTepMCTHKA HYAb. J[OKasaTe, 9TO BCAKAM
pauuosanbHasg Apobb u € K (X), naa roropoit Du—0, paBaa KOHCTaHTE,

5) OGoGmuTe pesyabTaTh yupamkHesus 1 Ha cayvait oHOPOAHEX
PaUMOHANLHEIX [Ipobeit (§ 3, yupamseame 3J) Han mojeM XapawxTe-

PUCTHAKU HYIb. <PaCCMOTpeTB PaLHOBAILHYIO npoﬁb f(ZXi, ZX,, ...

» ZX;) OTHOCHTeNHHO Z M HCIIOAb30BaTh Pe3yibTaT yOpaskaeHus 4.)
*6) a) IlycTs A—KOMMyTAaTHBHOE KOABIO C EAMHAICH, B KOTOPOM
Axs mo00ro HeHyJXeBOTO IeJOr0 4wWceha n€Z N3 cooTHOmeHuA nE=0
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crenyer, 40 §=0. Jlokasars, uTo ovobpaskenme f—>f (D, ..., Tn)
ABaserca usoMopdmsMoM anreGpui umEorounesnos A[Xy, ..., Xp]=E
B anreGpy (mag A) anpomopdpmamos A-Momyas E (uponecTH HAAYK-
A 10 n).

6) Iycts A—KOMMYTATHBHOE KOJNBUO € eJMHHENEH XapaKTepHCTHKE

m >0. Jlokasarn, 410 .@;"=0 Axs moboro dacTHOTO HEUPPhepeanHpo-

Bagna Z; (1 (i n) B KousHe A[Xy, ..., X,l
7) Hycrs A—rmone Hylepol XapakTepacThkd. JokasaTs, 9To AR
awboro Mmporowrtesa f€K[Xy, X, ..., Xp] cupaBegimpo paBeacTBO

f(X1+Yir X2+Y2, ey Xn+Yn)=

[+
=3 S D+ VaDat A Ya B
p=0
(¢«gopuyna Tefizopa Aua MEOrouNeHoB»). (Jlorasars cAauana GopMyTy
Ana n=1, satem paccmorpers MHorounen f(X;~42Yy, ..., Xpn+2Y,))

8) Illyers Dy, Dy, D3—uponspoiasasie pudpdepeanupopagus anre-
pu A. Jiokasars, 9T0 HMeIOT MecTo TosxkAecTsa [ Dy, T(]=0, [Ds F4]-F-
+[Z1, Dol=0, [[D1s Dal, Dsl+1[D2 Zsl, Zil+[Ds Di)y Do)l=0
(«rosmpecrno fAxoGm», cM. ra. I, § 5, yupaskaeame 6).

9) Iyers A—anre6pa naxm moneM K HyIeBod XapaKTepHCTHKH,
D —pnpdepenumponanue anreGpu A, faa Koroporo D"=0 mph Hexo-
TOPOM [eNioM IFOJOKHTEeNBHOM n. B anreGpe £ (4) ssmoMopdusMoB

n—1
BEKTODHOTO NPOCTPAHCTBA A MOJOKAM U — 2 ItTI: )P (nipn noGoM ¢ € K).
p=0

Joxasate, 9To0 Aaa NOGHX ABYX aneMedToB ¢ m ¢’ moaa K cmpa-
BeUINBO COOTHOMEHME U, ; ==U;U;,. BHBeCTH U3 9TOro, wuro orofpa-
MeAnA u; ABIAKTCA anToMopHsMaMm aare6pu A4, npadeM 06pasyioT
aGemeBy rpyuny, msoMoppayw Qarroprpyume AaAfATHBHOE TrpyImE
noasa K.

*10) IycTs A—KOMMYTATHBHOE KOJBIO ¢ exuamneit, E=M, (4)—
anre6pa KBaAPaTHHEX MaTpHi IOpAAKA n Haj Koasuoum A, Z — puddepen-
umposande anrebpu E, (E;j)—xagommueckmii Gasme (ra. II, § 6, n° 2)
aare6pu £ Hajg wmounsuoMm A. Jlokasars, 4TO

D(Eip)=(Bi—Bi) Esy+ D) @jnEin— D) apilyj,
= REj
rge (ﬁi)isisn—ﬂeﬂompoe ceMeiicTBO dJeMeHTOB Koabma A, (@37)—
HEKOTOpOe CeMeMCTBO dleMeATOB KOIbUA A, ompegeleRHoe NpH & 5 f
(upoxnddepeanaposars TaGaANy yMHOMeHAA dneMenToB E;j). Busecrn
orciofia, uTo m06oe Auddepernmposanme Z anrebpul E aAmiserca eny-
mpennun fguddepeanupopagaeM (n° 3).

11) IIycrs E—auxreGpa, a—JBYycTOpoHHAR mmeanr B airebpe E,

2 —nnddepennnpopanne anrebpm E, ana xoroporo Z(a)C a. Hoxa-
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3aTh, 470 oTo6paykerme E/a B ceba, moixydenHoe W3 Z HepexofioM
k Qakropam, asaserca nuddepennmposannem aareGpu E/a.

12) Ilycte amre6pa E ABiaAeTca NpoM3BejeHMeM KOHEYHOTO dUHCJ]A
anreGp E; nag xompuoM A (1 i< n), Ana woropwx E;-E;=E; (B qact-
HOCTH, PTO BCEr[a BHIOJHeHO, eca¥ E o0nafaeT eJNHEWIHHIM BdJeMef-
Tom). JoxasaTe, 9YTO JAaA Ipoussodbporo puddepenmmpoBasma Z
anare6pu E ero orpanmwenme Z; Ha E; asnsgerca nuddepeERmpoBaHmeM
anrebpm E;. Muomecrro Z(E) pmddepenumposanmit amreGpu E, pac-
cMaTpmBaeMoe Kak A-MOJyah, ABAfgeTcs OPAMOH cyMmMoil A-Momyneil
D (E;). Tax e BepHO, ecam aixrebpa E womMmyratEBHa, a 2 (E)
paccmarpuBaerca kak E-mopyns. KpoMe Toro, Kakmwii w3 Momyiel
Z (E;) arnynupyercsa sceMu Ej ¢ j =~ i. .

13) Nyers Ey, Es—pBe anre6pm Rag A, I, — auddepernuposanme
anre6pet E, a Pp—npudpdepenmnposanme anreGpu Eg. [lokaszaTs, 4T0
cymectByer nuddepennmposanme D TeH30pPHOrO MpoH3BefieRms E—
=E,® Ey, aua woroporo D {x @ y)=(D1z) R ¥+ Q (Doy) upu a06Hx
z€E; m y€E,.

*14) Iycte E —KoMMyTaTmBHAas aurebpa ¢ efHHANed HAJ KOIb-
moMm A. OGosmaumm cmMeojoM Jp (E) p-i0 BHemuiowo cremenb (ra. III,
§ 5 n°5) E-monyna Z(E) nuddepeanuposanmit Moayas E. Kaxpas
nmreitraa dopMa Q aa T, (E), KOTOPYI0 MOKHO OTOMKAECTBHTH CO BHAKO-
mepeMexHo#t monmnEHeiiHol dopmoii Ha (Z (E)P (loc. cit.), HasmBaeTcs
enewneit dugPepenyuanvroli dopmoii emenenuw p na amrebpe E. 0Goa-
HAYAM CHEMBOJOM z; (E) Moayne, ofpazopagani sTmMuE HopMaMu.

a) JokasaTe, uro [ua mwboit BHemnaeli puddepennmannnoit Gopmum
Q € D} (E) orobpaxenue

1
(Bis <oy Dpyg) > 3 (=D D DyA .o ADBisg ADigy ... A
i=1

ADpe)+ D) (—0)H+1Q, [Dy, DAADA ... ADig A\
i<y
ADigg N« ADjs A Djry A\ ... ADpyyd
ABasAerca 3HAKOIepeMensoll mommamueilno¥ gopMmoii ma (7 (E))PH, mm,

aT0 TO e, amaefinoit Qgopmoik ua Dy (E), KOTOPYO 0603HAUAIOT CHM-
BosoM dQ (smewmnuld dugdepenyuans oT Q).

6) Joxasats, uto d (dQ)=0 aun moboii BHemAeH AuPPepernmansHOR
dopun Q € T} (E) (memonpsosats ympaxHeHme 8).

g) IpepmonommM, uro Z (E) mmeer KomeYHmA Gasuc (Di)isisn;
oycTh (mi)isign—nnoﬁcrneﬁﬁmﬁ 6asmc mopyus Z*(E). Nus moGoi
Koreuroll wactn H w3 p omeMenToB mHTepBaixa [1, n] Baemume mad-
depernmannibie GOpMBL CTOMeHH p BHAA OF = A\ 0;, A ... /\mip (rme
(ir) {<h<p— CTPOTO BO3PACTAIIAA HOCTEOBATEIEHOCTE DIeMeHTOB B3 H)
o6pasyior Gazme MOXYJIA fz; (E) (ra. 111, § 8). lokasaTs, 4TO HJH ABYX
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nuddepesnmanbanx fopm Q, Q' cremeneil p K ¢ COOTBETCTBEHHO BHIION-
HEHO DPaBeHCTBO

QA Q)=(dYN Q' +(=1)P QA (dX').

r) IIpegmonosxuM, uto E—asureGpa Muorousenos A[Xy, ..., Xl
npudem B KOnble A ypasaesne pl =1 mMeeT HeKoTOpoe peuieame £ € A
gan moboro v € A. JlokasaTts, 9To BHemHAA Auddepennumanbian gopma Q
CTemeHHW p WMeeT BHJE do B TOM cjydae, ecim dQ=0 (IpoBectn MHAYK-
LHI0 D0 YHCHY HepeMesHHX).

. § 5. MopmanbHbIE PAABI
1. Onpedeaenue gopmarviotx paooe

Ilyctn [ — KkOHeuHOoe MHOMKECTBO HMHJCKCOB, AJUIMTABHBLIN MOHOUT
NT ynosnersopser yemosmo (D) raasm II, § 7, n° 10, T. e. aas
KaRaoro 9sieMeHTa (n;) MOHOHJA N' cymectByer Toabko KoHeuHOe
qucao gap ((p:), (¢;)) dieMeHTOB U3 N' rakux, uto (pi) + (q:) = (m;).
HeiicTanTennHo, 9TO PAaBEHCTBO 03HAYAET, YTO P; -+ ¢; = N; A 11000r0
i€, no naa gamporo i € I cymecTsyeT TOAbKO n;-f-1 mapa Harypaab-
BHX umcen (pi, i), Y/AOBIETBOPAMEUX dtoMy yeaopmio. Orcioxa
cieqyeT yTBeD:eHME, TaKk KaK MHO;RecTBo [ KOHETHO.

Tem caMBIM, MH MOKEM PAaCCMATPUBATL PACUUDPEHHYI0 aizebpy

(rm. II, § 7, n° 10) momomma N’ OTHOCHTENBHO KOMMYTaTHBHOIO
Koablla A ¢ eammumied, Jdra anrefpa ROMMYTaTHBHA U COHEPIKUT
B Kauectse mopmaxreSpel (¢ toil e ejumuueil) anrefpy MmHo2041eHO8
(c KoadunumenTaMu us A) or HepeMeHHHX z; (i € ), KoTopas ABiAercs
yskoii anrebpoit MoHoMpa N! wag romemom A.

Onpeneneuue 1. [ A% npOU3BOALHO20 KOHEUHO20 MHONCECMEA UHOEK-

coe I pacwupennas areebpa moHouoa N nad koavyom A (KoMMyTa-
TEBHHIM M 00JajaromuM ejuHuneil) wasvisaemcsa aneebpoi gopmasv-
HYT cmenerunlx padoe om nepemennviz X; (L€ 1) ¢ wospduyuenmany
¢ A u ob6osnavaemcs A[[Xi]lic;. Bearuit asemenm smoii anee6 pul
naavgaemea opmanshsim padom om nepesennvix X;((€ 1) ¢ noagh-
duyuenmanu us A.

Ecian I —womeuHas gacth MHOecTBa N, mumyr A [[X;, ..., Xipll
BMecto A [[X;llier, rme (in)1grgp— TOCHE0BATENBHOCTD JTEMEHTOB
u3 J, pacmono:XeHHHX B HOPAJKE BO3PaCTAHHUA.



1 ®OPMAJILHBIE PAIEL 65

Kar mpunarto pna pacmumpenHnx anre6p momompos (ra. II, § 7,
n® 10), ¢opmansEmi pag (a(ni))(n.)eNI 0603HATAETCA CHMBOJIOM
T

> O(n;) HX:’I (moppasyMmeBaeTcd, 4T0 pedh HAET HE O CyMMe MHOIO-
(ny) i

4nieHoB B CMEICIe riaBu ). OnemenTn a(,,i)ﬂ X[t HasHBAOICA 4ie-
i

Hamu QOPMATBHOTO PHAAA, Un)—EX Kosfuyuenmanu. Muorounen

ot X;(i€I) orompmectBaseTca ¢ (QOPMANBHHM PAMOM, HMEIOIIAM
TOALKO KOHEYHOE YHeJ0 OTIMYHHX 0T HyJd Koa(Quuumedios.

Ecam I u I'—[Ba KOHEYHEIX MHOKECTBA U3 P DIAEMEHTOB, @ —
B3aUMHO OJHO3HauHoe oTobpasxeHnme [/ ma [', To nuHejiHoe oTobpaske-
aue aarebput A[[X;llier B A [1X;]l;er-» KOTOpoe KaKAOMY 3IeMEHTY

> oy [ X7 mepBoii m3 sTuX amre6p craBmT B COOTBETCTBUE Bile-
(n3) L

MeHT ) a(ni)IiIX&'i) BTOpo#l anre0pm, ABAAETCA W30MOpPHUBMOM Iep-

Boit anrebpel Ha Bropyo. B uacTthocTn, anrefps ¢opMalIsHHEX pPAAOB,
COOTBETCTBYIOIINE BCEBO3MOKHEIM MHOMKECTBAM HHJEKCOB M3 p 3Iie-
MEHTOB, U30MOPQHE; HUX HA3HBAT as2elpamu Gopmasvubz padoe
om p nepemennuiz ¢ Koapdunmentamu ms A.

Ilo onpenenenmio raasw II, § 7, n° 10 mpomssenenue nppyx ¢op-
ManbHEX panos anrebpn A[[Xy, Xy, ..., Xpl]

_ ny yg n
u_Zanlnz’_-anl X2 .. X P,

V= Z Bn1n24 . .an;.Il-X;lg N X;p
ecTb opManbHHil pAd
w= Z Ynyng. . .an?IX;lz BN X;f",
rae
Yuyng...np~= Z Dpih. . -hpﬁklkg, . kp

H CyMM¥POBaHWe IPOU3BOAMTICA HO Tarum mapam ((k;), (k;)), nax wovo-

pux h;--ki=n; npu 1< i<p.
Ilycre J —mHenycTas 4dacte MuoswectBa J. Axrebpy A [[X;llics
MO;KHO OTOMAECTBUTH ¢ moganredpoit anreGpH A [[X;]licr, cocroameit

n3 GopMATBHEX PAKOB Za(,Li)L]X?i, rae omy=0 mu1 Kamporo.

aJIeMEHTAa (ni)ENI TaKkoro, uro n; % 0 mo Kpafideit Mepe mad ojHOTO
unpexca [ € CJ. Jlamee, nycts B —arta nopanrebpa, a K — (Henycroe)
5 H. Bypbaxu
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nouonuenne k J B I. Onpemenum usomopguss rousua A [[Xillier,
paccMaTpEBaeMoro Kak anrebpa Hag B ¢ aarebpoit B[[X;llick ¢op-
MaJBHEIX DANOB OT HepeMeHHHX X; ¢ mHOeKcamm (€K m Koag-
¢unaenramr u3 B cuegyommm of6pazom: QopMaNbHOMY DAAY

> a(ni)i[;IIX?i HOCTABAM B COOTBETCTBHE (POPMANBHHIR DAL ), ﬁ(mk) X

x [] X7T®, rne
KEK

Bomy = 2 Yooy JQJ X%

H Y(p;)=O(n;»» HPHIEM MOCIEI0BATEIHLHOCTD (n;) ompepemuTca ycimo-
BusiME n;=p; upn i€J, n;=m; upn i€ K. Haromem, wuycrs ¢—
HEKOTOpOe HpejcTaBieHme koinma A B roabme B. OupejenmM mpef-
craprenne @ xombma A [[Xillicr B xombue B [[X;]}icr, KoTopoe Tmpo-
JOJKaeT @, CTaBA B COOTBETCTBHE KayKAOMY (ODMAIBHOMY pAARY
2 % [[ X7t popmanpusit pag X cp(a(ni))HX?i. ToBopsr, uto sroT
Hocle HHEA P MoLydaercs HpuMeHeHmeM @ K KospdmmueHtam ¢op-
MaJIBHOTO DPAA Ea(ni)ﬂX?i.

B wactHocT:, mycth A’ —mofaxoanmo Koabma A, ofjgajaomee
Toii ske emumumeil. Torga TompecrBenHoe otobpaskenae A’ B A mpo-
JoJYKaeTcsa 10 TOKAecTBeHHOTo oToOpakeHus moaxonsna A’ [[X;llier
B koubmo A [[X;]liz. OrpaHuumBaZ KOJBLOO ONEPaTOpPOB ANreOpEH!
A[[X;llier wompmoMm A’, 3Ty anreGpy MOMKHO paccMaTPHBATL Kak
aarebpy Hajy A’. Houbumo A’ [[X;]lier Torma aBagerca nodaseeb poil
anrebpst A [[Xillier-

2. Hopnador fopmraiviozo piia

ITycers man gopManbuHE pag u = > a(ni)HX’;i. Haszosem umenamnm
i

- n.
nOAMOLL cmenenu p pAfa U Te UIEeHH “(ni)HXi’: I8 KOTOPHIX
M n;=p. CyMmMa 9IeHOB HOJHOW CTEMEHU p DPAAA U ABISAETCS OJ(HO-
fer
POAHEIM MMOZOUAEHOM Up CTENeHH p, KOTOPHI ellleé Ha3HBalT 00xo-
podnoli wacmuio cmenenu p ¢$OpMATBHOTO psaAfa u (i; HABHBAIT
TarmKe ceo600neim waernom gopManbHOTO pAna u). Ilyets v m v—gBa
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dopMaNBHHZX Dsfa, w=ul; TOrJa

P
Wp = > UrVp-r
- r=0
I BeeX Meanx umcen p 0.
IToanvim nopadrom (MIH TPOCTO ROPROKOM) TPOUSBOABHOTO $op-
MaJBHOTO pAfa u 5= 0 HasmBaeTcd HaWMeHbIIee W3 YHCEN P TaKoe,
YTO ONHOPOMHAA 4YacTh CTemeHW p (opMalAbHOro pAfAa u HE paBHA

mymo. IIyets o (1) —osror mopamor. as awoboff mapw HeHYJIeBHX
dopMadsHEIX DAJIOB U W UV MMEEM

o(u+v)>Min(o(u), o(v)) opa v4v=£0, (1)

o ) > o (u)-+ o) npn uv == 0. (2)

Kpome Toro, ecom o(@)#=ow(), 10 utv0mn 8 (1) mMeer
MECTO pPaBeHCTBO.

Mlossarue oopAfKa, B 4aCTHOCTH, NPUMEANMO R MHO20%AeHaM OT Iepe-
MeHBHX X;(I€I); ero He ciaeyeT CMEIIEBAThL CO CMeNEHbI0 MHOTO-
ugeda (§ 1, n° 3). Hopanor ayad He onpedeaen. [Jomyckas BOIBHOCTH
pewy, BHOTAA YA006A0 IoBOpHTH, 4TO 4PopMasbHuili papx f UMeeT mOpH-
JAOK 2> P (coOTBETCTBEHHO > p)», €cIH ORXBOPORZHAA YacTb CTEIeHA n
dopmanpBEOrOo pAfa f pamda HYI MR BceXx n<p (COOTBETCTBEHSO
n< p). TakuM oGpasom, 0 oxasmBaercd «fopMannLAHM PAROM NOpAAKA
>> p» Aas awo6oro p> 0 (eM. § 1, n° 2),

Mu Bupenn, uTo Ans memycTofl dacTm J MHo:ecTBa J, OTIHuHOM
ot I, dopManpEmi pax u us Kouabua "A[[X;]liex MOKHO paccMaTpu-
BaTh KakK (opMalJBbHEN PAR OT HepeMeHHHX X;, i€J, ¢ rosdpdunaen-
raMm B Koabie B = A4 [[X;]lick (rme K = CJ). Takum o6pasoM, BreeH-
HHM BHNIe OOpefieleHAAM COOTBETCTBYIOT HOBHE ONPEHeNeHMs s

dopMansuanx panos u € A [[X;igr. Yaen a(ni)HX?i HMeeT CMenens p
i

omrocumeadbno nepemenntlx X;, i€J, ecim ZJn,-:p. CyMMma une-
i€

BoB OpMaNBHOTO PAJIA U CTENEHH p OTHOCHTENHHO X;, (€ J, Amaderes
OJHOPOIHBIM MHOTOYJEHOM CTENEeHHM P OTHOCHTEIHHO DTHX HepeMeH-
HEIX, HABHBaeMHM 00HOPOOHCE 4acmblo cmenenu p OMHOCUMEAbIO
X;, icJ, paga u (mam mpu p=0 c60600HbLM YACHOM OMHOCUMEALHO
nepemernviz X;, i€J). ITopsadox w;(u) GopMadbHOTO pANA U OTHO-
cuTenbHO mepeMeRHHX X;, I€J, ecTh HamMeHbmee W3 9ducex p >0,
JJIS KOTOPHIX ONHOPOANAA dYacTh CTEIeHH p PAAA U OTHOCHTENBHO
5THX TepeMeHHHX He paema mymo. Hepasemctsa (1) m (2) coxpa-
HAIOTCA NpH 3aMeHe © Ha 6.

he
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3. DopmasvHsle PADV NGO 00aACTIBIO YeaocmHoCMU

TeoreMa 1. ITycmv A—ob6aacmv yeaocmuocmu (o6aadarowyan
eduruyeti). Toeda ecakoe Koavyo Popmasvntix pados A [[X; ]]zEI nad
kKoavyom A ssasemca o6AACMbI0 YEAOCTRHOCIMU.

HeficrButeapno, 0ycre u H U— GopMaAbHEE PANE, OTAHYHEE
0T HYJA; Torfa OMHOpoAHAdg dHacTh f (COOTBETCTBEHHO g) pAma U
(cooTBeTCTBEHHO V) cTENeHN o (1) (COOTBETCTBEHHO ® (U)) MpeAcTaBIseT
coboii HemymeBoil MHorodned. OTHOPOXHOW uacThbio creneHm o (u)-
+o(r) ¢opManbHoro paAa uv OyAer MHOrowreH fg, KOTOpHIl
He pasen mymw (§ 1, reopema 1). CmemoBaTeanHo, uv = 0.

Cneacreue, Hycms A—obaacmv yeaocmruocmu, u u v—dsa
Henyaesnx gopmasvrux pada uz koavya A [[X;llier; moezda

o (ur) =0 (1) 4o (v). (3)

Orcroma HeMe[IeHHO caegyer Noj00HOe ke paBeHCTBO AAA mI060i
Henycroit wactm J muoxkecrtsa I

oy (uv) = oy (u) + oy (v). (4)

4. BecroHneurnsle CYMmnol hopratvHslx PpAios

Ilycre A —wOMMyTaTHBHOE KoNbuno ¢ epawnuueit, L — meKkoTopoe
MHOKECTBO WHIEKCOB, (U3)iecr, — CeMelicTBO GOPMaTBHEIX PAROB KOILIA
A [[X)ligr. lpegmonosxum, uto mopafok (i) cmpemumces k - co
no guavmpy OonoarneHull ¥ koHeuHwm wacmam mHoxcecmsa L, to ecTh
(O6m. rtomon. ra. 1V, § 4) mas mo6oro nemoro wucaa m CymIecTBYeT
TaKasd KOHewyHas uactb J MHOmectsa L, 4ro mpm Bcex A ¢J muGo
up=0, mm6o (up)>m. B »TEX yerosuax ama wamgoro (n;)€ N’
CYIIECTBYET TOILKO KOHEuHOe UHCI0 MHIEKCOB A, MIA KOTOPHX KO3(-

PuIueHTH K HX?I’ B U; He PaBHR HYJII0, TaK KaK 3T0 BO3MOKHO

Jumb B eaydae o (u) << Zn, TakuM 06pasoM, MOKHO ONPeelHTH

GopMaNbLHEL pAR S, KOdQEQUUHMEHT IPH 'IXii B KOTOpOM 1afA Jio6oro
P

(n;) paBeH cyMMe KO?QPUIMEHTOB OPH HX?!’ B (OPMAILHEIX DIAAX Uy,
[

(910— cyMMa KOHEYHOTO 4Yncia HeHyNeBHX wuineHoB). I'osopar, 9T0
ceMeficTBo (u,) cymamupyesmo M uro QOPMATBHEIN pPAX § SABAAETCA

CYMMO# 2mozo ceMmeiicTBA, M OUIIYT S = 2 uy. B caysae, xorpga
AEL
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L —mexoropad gacTs MMOmKecTBA [V, MWILYT TAKMKE §==Up; | Up,+ ...
veoFUn,+ ..., rae (kp)—mocienoBaTeNBHOCTH BIEMEHTOB MHOKE-
crBa L, pacmomokendas B iopaaxe Bospacranus., Vs ompepjesenus
caenyer, 910 mpm s+ 0

o (D) ua) > Min o (uy). (5)
AEL rEL

JdT0 ompejeneHye ONMpaBALBaeT s3anuch JOPMATHHOTO DPHAAA B BHNE
A a(ni)HX"i. HeficTBurenbHO, 3TOT pAJg, B CHJIYy CKa3aHHOTO,
"i) 2
ABNACTCA CYMMO# CYETHOTO ceMeilcTBA MHOTOWJIEHOB a,,iH X7t (amecs

i

MHOKecTBO wmHTeKcoB I cosmamaer ¢ IN'). TlomoGumM sxe o6pasom
cemeficTBO U, (n€ V), TEe u, — OTHOPONHAA YaCTh cTeleHW 7 (Op-
MaJdbHOI'0 PHAIA U, CYMMMUPYEMO W u=1Ug--U;+ ... FUp+ ...

Ieennosxenue 1. ITyemv L —nekomopoe Muoxcecmso UHOeKcos,
(ur)rerL — cymmupyemoe cemeticmso dopmasvuoix pados Koavya
A X;lligr. Han aobozo pastuenus (Ly)uesr Mruomecmea L rancdoe
us nodcemeiicms (uy)rer,, cymmupyeno. Ecau Sy — cymma smozo cemeil-
emsa, mo cemelicmeo gopmasvuuir psdos (Sy)uer  CYMMUDPYeMO
U umeem my xe cymmy, 4mo u cemelicmso (U )erL.

Ileppas wacrp UpeIoKEHUA ABIAETCH HEDOCPEICTBOHAEIM CleJ[-
CTBHeM ONIpefleJIeHUs CyMMUPYyeMoro cemeiicTBa. [asee, g Ramgoro
(n)ENT mycrs H —wxomeumasa 4uacTh MHoMkectBa L, cocroamas

H3 TeX A, JUIA KOTOpPHX Koadduument upm Ll X?i B U) He paBeH
1

HYJ 10, u uycth J —KoHeuHag d9acTh MHosKecTBa M, cocrosmasn
W3 TaK¥UX WHJIeKCOB R, 4ro L, cojepmur mo KpaiiHeil Mepe oguH

snemenT u3 H. Ouesupno, uTo Kosdumpment npu HX?i B S; paBeH
i
wymo gas p¢J, a xospdunment mpm HX:I' B 2 Uy TOT jKe, 9TO
i AEL
B D) Sy, OTRYHia M CleyeT TpeIOKeye.
neJ

Hpepmnosxerue 2. ITyeme (Up)er, @ (Up)uem — BA CYMMUDYEMBT
cemeticmea gopmarvunix pados koavya A ([[Xlliez. Tozda cemelicmeo

(W), weLxm cymmupyemo u

D wvu= (ELUA)H(EJEW D). (6)

(A, )ELXM AE
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HeficTBuTensHo, qust a1000r0 HEAOTo YUCHa M CYyNEecTBYeT KOHed-
Has 4acth H MHOxectBa L m koHeuHass dacth J MHomectBa M
rakme, 4T0 Aus moboro A ¢ H u noGoro p¢J cmpaBepnEBH Hepa-
BeHCTBA ®(u3) >m ® ©(vy) >m. I3 unepaBeHcTBa (2) clIepyer, 9TO
o) >m pusn Kamporo (A, p)¢ H X J. Ilpumenss mpepioxe-
Hae 1, momyuum

™ u)ELxMu W _2 (2 UAby) =
=2 (D o) =(3 w) (D v).

AEL WEM AEL WEM

5. Hodcmanoera PhopmasvHulc pados
8 o pmarvHuLti pad

Omnpegenennst § 2 n° 1, B 9acTHOCTH, HO3BOIAKT ONPEJENHTh BHPa-

mende f(ug, Us, ..., Up), THe f—mrocourer xonsma A[Xy, ..., X,
a w(l<i<p)—¢opMaibEne pARH, OpUHAJIEKANAE KOJIBIY
A[lY(, Yo, ..., Y lI. f (w4, s, ..., up)—cHOBa opMaJbHHIA psIfy,

OpHBEajaekamuil ToMy jKe Koamly. Mul yBHZAM, dYTO 9TO Ompe-
7leJleHHe MOKHO PACIPOCTPAHUTH Ha caydail, korga f— gopmasbrblll
p#d, mpumapnexamuit koasny A[[Xy, X,, ..., Xp]], HanoxuB Hexo-
TOpHE OTpaHWYeHUs HA (GopMalLHEE DATE U;.

Urax, mycrs f= 2 “(",-)HX:i — (pOpMANBHEIA P 0T P DepeMeR-

BHX X; (1 <igp). Hpep;no.nomnm 970 p pApoB u; (1 i< p) umeoT
CMPo20 NOAOIHCUMeAbHBLE RO PAGOK (HIY, KaK elle TOBOPAT, He Co0eprcum
ce0600nbix waenos). Ilo gopmyne (2) mopAmok psama ufwge ... upr
He MeHee ueM 74 + ny 4+ ... + n, CuemosartennHo, ceMeficTBo
(Ongng. . .nplft. . . UEP)mpenT cymmupyeno. 1lo ompeseleno ero cymumna
o6osHavaerca cuMmBonoM f(uy, Uy, ..., Up). ['oBopaT, dTo 3T0T Gop-
MaJBHHE D moidydaeTcs nodemaroexol 6 pad f padoe u; om nepe-
smennblz X; (1 <<i<p).

3aMeTuM, UTO 3TO OLpeeleHENE TO3BOJAET, B JACTHOCTH, WOJB30-

BaTbcA 3amucel0 f=f(Xq, X,, ..., Xp).

IIeegnoxesne 3. Hycemo u; (1 i< p)—p Popruasvusix pados
6es ceobodnvir waenos, npunadsencawux koavyy A[[Yy, Yy, ..., Ygll.
Omobpaxcernue f—>f(uy, Uy, ..., Up) aszebpor A[[X(, X, ..., Xl

¢ ancebpy A[Y,,7Y,, ..., Y 1l asaaemca npedcmasaeruen.
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Bce cBogmres ® moxasaTeasCTBY TOTO, 4T0 ecaum f u g— asa dop-
MaJbHHX PAAa OT mepeMeHHHX X; M h=fg, To

h(ug, gy ..., Up) =1 (U, Ug, ..., Up)g(Uy, Uy, ..., Up).

' 9T0 BHITeKaeT M3 mpefiiokeHmil 1 ¥ 2 ®W oNpegeneHus TpousseqeHUs
ABYX GOpPMANBHHX PAMOB.

6. Obpamuxsie PoprasvHsie PAOLL

IleegnoskernE 4. Jas mozo umobsr dopmasvurii psd u Koavya
A[[Xy, Xy, ..., Xpl] Gvta ofpamum ¢ smom Koavye, Heo6z0duMO
u Qocmamouro, 4mobsl e20 c606o0Hb 4aen 6bla 06 pamum 6 KOLb-
ye A.

Yeaosne Heo6XomuMoO, TaK KakK eCauM v — GopMaIbHHEMA P KOIb-
na A[[X;, Xs ..., Xp]l u uv=1, T0 AAA CBOGOAHHX UICGHOB U,y
u By pAZOB ¥ UM v BHIOJHAETCA CcooTHomeHWe aofo=1. OGparHo,
oycrh U — QOPMAIBHEI pAx ¢ 00paTHMHM CBOGOTHKM YIeHOM, TOTAA
u=o0p—v=09(1—a;lv), rge v—pag Ge3 csoGoxuoro WieHa. Yuu-
THBAaS NpPeLIORKeHMe 3, MOAydaeM Ipe[JiOdKeHHe 4 KaK CielcTBue
ClIelyOmero peayabraTa, INPOBePKA KOTOPOTO TPOBOJMTCS HeNo-
CPeACTBEeHHO,

Ileepmoskenne 5. B roavye A|[[T]] fopmasvnviz padoé om 00wHO-
20 nepemennozo MHozouaen 1 —T obpamun u

A1—7)1t= 20 . (7)

B o6osHavennax upegioeHns 4 3jJeMeHT, o0paTHHHA K U, COB-
majaeT, TeM caMEM, ¢ GopMampHEIM pamoM Zag (nHiy™,
B uwacrsocTH, M3 TpeNiOMeHHWA 4 BHTEHAST, UTO MHOZ0UAEH U

rwoavya A[X;, X,, ..., X], umeomuit obparumuii 8 A cBoGomumil
9IeH, o6paTHM B Koasme cTemeHHEEX pamos A[[X,, X,, ..., X,]l.
IIycrse K -—mone. B mome K (X, X,, ..., X;) panmoHaIbHHX

Apobeil or p mepeMeHHHX HaL K pacCMOTPUM MHOKECTBO pamuo-
v U o
HaJBHHX Apodeit — 1 Y KOTODHX u —IpPOUBBOIGHKI MHOTOWIeH,

a v—MHOTOWJeH ¢ HeHyleBuM CBoOomHEM dwiIeHoM. flcHo, uT0 3TO
MHOKeCTBO  ABJIAETCA nodkoabyoM (HO He TONTOJNEM) NOIA

u _
K(Xy, X3 ..., Xp) u aro oTobpaskeHue ~ > uw 1 ompepeaser
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uzomopgusm HTOTO KONBIA B KOABNO PopmambaHx pamos K [[X,, X,
«o.y Xpll. DopManbHiT pAX uv™! HABHBAIT PA3LOMCEHUEN PAIIO-

. u -
HaJbHOH apobu —- ¥ Uame BCEro OTOM/eCTBIAIT ¢ DTOM Jpo6EI0.

7. IHoae opobeit Koavya PopMAALHLLE PAGOG
om 00HOU nepeMeHHol Had noaem

ITyers K —mnone; o6ozmagum cuMBoaoM K ((Xi, X, ..., Xp))
noae Opobeti obmactu meaoctroctn K [[Xy, Xs, ..., X;,]]. Mm yeu-
JEM, 9TO 3JeMEETH moas apobei K ((X)) xoxpna gopMaasHBIX PAXOB
oT 00HoW mepemeHHONW Hax K MOTyT OHTH HpENCTABIGHEI B 0COGGH-
Ho mpocroit popme. Besruit dopmanpHmit pag u == 0 mopsigra 2 B
roxsne K [[X]] ogHo3HAWHO B3ammchiBaercd B BHAe U = X'v, I'jle U—
dopmanerEil pag mopagka 0, m, caefoBatenbHO (HpefiokeRue 4),
obparumetii B Kombme K [[X]]. ITycre X' —oamemenr moxs K ((X)),
obparamit k smemerTy X == 0, Ilomomum, Kak obfprano, X "= (X"1)'=
= (X"! ans Bcex marypamapEHX A > 0.

M= moxaskem, 9T0 BCAKNI HEHYNeBOA »JeMOHT Nods apobeii
K ((X)) moser 6uTh samucam eduncmeennwim obpasom B Buge X'w,
rae w— gopmansHuil psg mopaska 0, a K —mexoe 4ucao (HOTORH-
TeIXbHOE WJH oTpumarenpHoe). [leficTsurensro, wacraoe (X ™u)/(X"v)
aByx ¢opMaiabHHX pPsgoB xoxsua K [[X]] (m >0, n>0, u, v-—pags
mopsgka 0) sammcmBaerca B Buge X" "uv~!. C mpyroil crtopomsl,
ecant X'wy=X°w,, TJe w; U w, UMEIT HYTEBOH TOPSAAOK, TO I =S,
TaK KaK, ecim, Hampumep, r >s, 10 X °* =wyw; !, m npasas wacrs
paBeHcTBa uMeer mopsmok O, 9To HeBosMO:kHO. IlpoussombHmIL Die-
ment u xombma K ((X)), mpeacrasummii B Bufe u = X"w = X" (ay-+
4+ X-+...), ayz%=0, zanucmBaloT TakKe B BUAe U= GoX"-L
+o X b a, XML L. Ounementn xombma K ((X)) HasmBaroT
o6 obwenHBMUL FOPMALLHBIME PAOAMU OTHOCUTENBHO X WIU HPOCTO
PopmarsHumy padamu, eCIE 3TO HE MOKET NPUBECTH K HEZOPA3y-
MEHHIO (B 3TOM CiIydae aleMeHtsi Koidbna K [[X]] massisator o paass-
HYMU padamu ¢ nosoxwcumesvruimy cmencrwamu). llemoe wuemo k
(koTopoe, ecsii OHO HEOTPUHATEILHO, ABJAMSETCA MOPALKOM DsaAfa u)
TOJKe HaswBaeTCa nopadkom o0o0meHHOTO (OPMANPHOTO pAma U.
HenocpenctBerHo mpoBepsercs, gro orHomenus (1) @ (3) ocratorcs
BepHHME AJ8 0000meHHHX (popMaTbHMX pAAoB. B =acrmoctu, ecin
u=0, To o (u')=—o(n).
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Hoawrmo K [X] mHoroddeHoB oT X ABIAETCA NMOGKOILIOM KOJBLIA
u
K [[X]]. loaromy 6cakaa panumoHamLHag ApPoOL - (z 1 v —MHoOrO-

qanens, v=0) Moker OHTh oToMpmecTBiIcHA ¢ (0600menuBIM) $op-

- ManpHHIM paAfoMm uv ! mons K ((X)), koropwii HasmiBaercs ee pas-

aoxcenuenm. Taxum obpaszom, nmome K (X) panmoHampmsx papobelt ot
Of[HOII IepeMenHOl oTOmecTBAseTcA ¢ moaunoneM nous K ((X)).

9T Pe3yABTATH He pacnpocmpaHsiomces HA MOnA Apobeil gopMain-

. z HHX PAROB Golee OJHOH IIepeMeHHOi: He JIA BCAKOro QOpPMAalbHOTO

pana u woaema K[[Xy, Xy, ..., Xp]] cymecTsyeT dQopMannumil pap
vEK[[Xy, Xp, ..., Xp]] n menoe wnca0 m Tarkue, 4TO

(X4Xy ... Xp)y Muv=1
(cM. yopaknenwe 7).

8. Jughepenyuposanus 6 aszedope
Poprarsvrslx Psdo6

IMpepnoxenue 6. ITycme A—Ekommymamugnoe Koavyo ¢ edunu-
yeli, B— ezo nolkoavyo, obaadarouiee moil mce edunuyed, amo u A.
Bearoe Ougfdepenyuposarnuc D goavya wmuocousenoe A1Xy, X, ...

.oy Xpl (paccmampusaemoeo kak asze6pa Had B) co snavenuamu
¢ koavye gopmanvrux pados A[[Xy, X, ..., Xpl] 00nosnauno npo-
doaorcaemen o dugpgepenyuposarnus D wosvya A[[Xy, Xo, ..., Xpll
(paccram pusaemozo rar anzebpa nad B).

IeiicTpurensro, mas neBoro (n;) € IN! MOMHO HanucaTb PaBeHCTBO

. P
D([[x#)=2 nXT ... XPEXPT'XR ... X3PDX,,
i i=1

M3 KOTOPOT'0 HEINOCPEACTBEHHO BHITEKAET CIEAYIOMAas JIeMMa,
JIemma, Jas awb6oz0 muoeousena u€ A Xy, X, ..., Xp| usmeem
smecmo wepasencmeo o (Du)>w (u)—1, ecau Du==0.

(o)

Iycrs temeps u= », u,—bopmanemmii paAx xomsma A[[X,
n=0

X5 ..., Xpl]l, THE U, — ONHOPOAHEIE YaCTU CTENEHH n pATa u.
Ecmn Du, =0, 1o no aemme o (Du,) >n—1. Caenosarensno, cemeii-

ctBo (Duy)nen cymmupyemo. Ilokamewm, wro orobpassenue D, ompe-

nenennoe gopmynoit D, = Y Du,, npepcraBuser coGoit aupdepen-
n=0

nuposanme kodbna A[[X;, X, ..., Xp]l, KoTopoe mpopomKaer D.
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HocTaTouno moxasaTth, 4T0 T)(uv):l)_u-v—{—u-l_)v o7 Ja00KX  IBYX
dOpPMANbHEX PATOB U M U, a 5TO HENOCPEICTBEHHO BHITEKAeT M3
OPeNJIOKeHNsl 2 W BHIPAKEHUA OINHOPONHON 4YACTH CTENeHH N pAna
uv wepes ONHOPONHEE 4YacTH crenegeil < nm pANOB u W v.

Ocraerca porasarp, aro D — egmmcTrennoe auddepeHIMpoBaHmMe

rompnia A [[Xy, X, ..., X;ll, Koropoe mpogomxaer D. [ua sToro
JIOCTATOYHO YCTAHOBHTH, dT0 puddepenmuposamme D, anredpu
AllXy, Xy, ..., Xp]], orobpamaiomee B mBynb moboll MHOTOYIEH,

TOKIECTBEHHO paBHO Hymo. Hrak, mycTs u — OpoMsBONBHEE (op-
MaJbHHA pAN, w,— MHOTOWIEH, ABIAOIMACA CYMMOl OIHOPOXHHIX
wacTeil pafga u cremesn < r. DopmansHHE pPAX U — W, MOKHO 3a0H-
caTh B BHJE Zvnlman?l ... Xp?, rme (n;) npoGeraeT KomeuHoE
HO/IMHOMeCTBO MHOEKecTBa N/, cocrofmee M3 5IeMEHTOB, JIA KOTO-

»
PHIX 2 Ni="T, & Unyn,. ..np—PopMannpase pansl. Ilo xemme Dy(u—w,)
i=1

PaBHO HYNI0 HWINW HMeeT NOPANOK, He Mempmmit r—1. G pmpyroil
CTOpoHH, mo mpexmoxo:kenmio, Di(u)=Dy(u—w,;). Ecmm Dgu 5 0,
TO mopsAfoK pama Dgu momwen GmTL e Menpme r — 4 pus moGoro
LEJN0TO u;eiia F, 9T0 HEBO3MOMKHO.

B =actBocT, kampoe wacmuoe Ouggepenyuposanue D; (1 i< p)

koubra A[X,, X,, ..., X;] mpomomxaercs A0 RAuddepeHIUPOBAHUSA
koupna A [[X,, X, ..., Xpll, KoTopoe Mu Gynem oGozmagarh OHEM
a
U3 CHMBOJOB D; mim ) P Takum obGpasom,
i
D; (3 Onynge . npXit «ee X;p)=2nianln2_“an’fl D ¢k ¢

W3 mpepnosxenns 6 sToro maparpaga m mpepiosxenns 8 § 4 cie-
nyer, gro D;D;j=D;D; paa mobux i u j.

lleennosenne 7. Yacmuwe Ouggpepenyuposanus D; (1 <i<p)
obpasyom 6asuc E-modyss D (E) Ougpepenyuposanuii roavya E,
paccuampueaemozo kak aqzebpa nad roavyom A.

HeiictBuTensao, nycts D —mpoussoiasdoe nubdepernmpopanme
anrebpnt E, D (X;)=u; (u;€E). Torma D — Xu;D;—rtome pudde-
peHnupoBanue Koapia E, KOTOpoe, MO NpPeNON0KeHHnI0, PABHO HYIIO
mus snemenToB Koabua A m Beex X;. CuemoBaremnno (§ 4, mpemio-
mepne 7), OHO PABHO HYIIO IJfA BCeX MHOTOUICHOB M, HaKOHeI
(opennosxenne 6), nug Bcex saemMenToB Koubpa E.
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U3 asroro upepnoskenma caepyer, aro p anddepennmanos dX;
(1 i< p) obpasywr 6asuc (gyanensiii k Gasmey (D;)) mopyns D (E)
duggpe penyuanvnvir gopm va E (§ 4, n° 5). Taxum obpasom, moux-
B anddepennman npowsBoJBHOI0 $HOPMANBHOTO PAfa U 3amaeTCd
dopmynoit
ou

P »
du= DmdX;=3 %
1

i=1 i={

Qopmanenmit pax u(X;+Yy, Xo+Yy ..., Xp+Y,), asagio-
mumiicss BUOJNHE oOLpeAeNeHHHM »sieMentroM kodbma A[[X, ... X,
Y, ... Y]] (n° 5), MoskHO TaK;Ke pacCMaTPHBATH KaK DIEMEHT KOJb-
na ¢opmaneaux psapos E[[Yy, Y, ..., Y]] (n° 1). Jlerko mpose-

dx,. (8)

D
psietcs, uto mMuHoTounen », DuY; ssusercs 00nopodwoli wacmbvio
=1

nepeoli cmenenu omuocumeavno Y; paja w(Xy+Yy, ..., Xp+Y,)
WAH, 4TO CBOJAUTCA K TOMY 3Ke, pAma
Au=u(X;+Y,, ..., Xp+Y)—u(Xy, ..., Xp).

Beupy »sroro pesyasrata m $opmyan (8) mmorounen XDuY;
OTHOCHTEABHO Y; uacto 0003HAYAETCA CHMBOIOM

du(Xy, ..oy Xp3 Yy oon, Y

Meepaoskenne 8. [Hycmov f— gopmaavueii pad woavya A[[X,
X ooy Xpll, wi(1<i<p)—p gpopmasvubir pados 6es ceobodnvic
wnenoe koavya Al[Zy, Zy, ..., Zgll. Hoaomcum h=f(uy, uy, ..., uy);
moeda

p
dh= ) Dif (uy, us, ..., up)du,. (9)
i=1

Heitcrsureapno, noaoskuM Auj=u; (Zy+Ty, ..., Zg+Tq)—
—u;(Zy, ..., Z,;); TOrAa oAHOPOAHAs YacTb HepBoi crenenn ¢op-
MaasHOTO psiga (otHOcHTenbHO T'y) Ah=f(us+ Auy, ..., up-+ Auy)—
—f(u4, ..., Up) COBUAZAET C OJHOPOAHOH YacTBIO NEPBOH CTeleHH
panma df (uy ... up; Auy, ..., Aup), Tak Kak paAAH Au; He HMelOT
csobopnmx 4iaenos. OrTcoga ToTUac cienyeT Ipeflo;KeHHe,

IMeegnomenne 9.  ITyemv  u— gopmanvuriii pad  koavya
A[[Xy, ..., Xpll. Horoncun

U(X1+Y1, ey Xp+Yp)=
=Egn1n2...np(X1’ ey XP)Y;”Y32 s Y;p;
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mozda

(e () () w05 5 o
=nmlny! ... Inylgn i (Xis ooy X)) (10)

(«¢opmyna Teitmopas).
HeiicTBUTeNABHO, U3 OUpPEfeIeHUN HEMOCPe[CTBEHHO CIefyeT, 4TO
cBoOOmHEIT Yien (OPMATBHOTO pPAfA OTHOCUTEARHO Y;

(v )" Gy )™ (g )P uEat Yo, Xk V) (1)

ectb nylny! ... \nplgnin,. . np (X1 Xo, ..., Xp). Vs mpenaosenna 8
BeiTeraeT, 4ro psap (11) moaydaercs mopcranosroll X;+Y; BMecto.
X; (1<ign) B popmansHHil pag

(350" () (ol 7 o8 3 3

IIpepmosxenne pmorasano.

9. Pazpemtumocmsv YypasHenuti 8 roavye
poprarvHuix pados

Meegnomenur 10. Hyc;;rib (Y, Yy oo, Yo Xy X, o0l Xp) _
(1<i<q) — q gopmarvunix psdos 6e3 ceoboOHBIL 4AeHO8 KOLBYQ
ANYy, Yo, ..., Yo, Xy, Xoy oo0y X1l Ecau cs0600nbili waen om-

Hocumeadvho ecex Y; gopmarvroeo psda A =det <g{;‘> o6 pamum
J

¢ woavye A[[Xy, X, ..., Xpll, mo ¢ smom Koavye cywecmsyem
ebuncmeennas cucmema ¢ Popmasvubiz pados Gez c80000HbIL U108
ui(Xy, ..., Xp) makas, umo

fi(ui, Ugy, <« vy uq, Xi’ Xz, ceay Xp):()

oan 1<iKyg.
HeiicTBUTeNBHO, IYCTH

q
fﬁm+§mnﬂ§mwwgﬂquu<xw (12)
I= "j
rae BO BTOpOW cyMMe BCe 9ieHH HMeET CTelleHbh 00JbDIe eIWHUILE

OTHOCUTENBHO Y5 fio, fij U finy...ng— DTeMenTH KomBNAa E = A[[X,
X ..., Xpll, npuuem f;, He umeroT cBoOOXHEX wiaenos. Ilo mpex-
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Hojoskesmo, marpuna F = (f;;) obparuma (ra. III, § 6, reopema 2);

2
myeth G=(g;;)—ee oGparmas. Ilyets g,— 2 gi;fs; Torma
=1
gi=—hp+Yi— X hi;ny . ng¥ T Y? (1<i<9),

(")

rpe hyo 4 Ry gy, ong—oneMeATH Kodbua E, m h; He copepiwar cpo-

g
Gonusix wienoB. Tak Kak f;= ) fi;€s, MOCTATOUHO HFOKas3arTh Upef-
j=1
noskeHme Nas pARoB g;. llpeamonoskmm, uTo 3ajasa pemiena, TOTAa

w=liot D hiyng. g8t . ..ug? (1<i<g). (13)
D)

IlycTs Uim~— OZHOPOAHAA TACTH CTEHNeHH M PANA U; U Uiy = D Uip-—
k=1

CyMMa Te€X 4JielloB psAja uU;, HONIHag CTeliedb KOTOPHIX HE IIPEeBOCXO=-
q

pur m. B dopManbHOM PARY i ., uglii® ... UqY, THE 21 ny;>2,
J=

OJlHOPOJHAsL 4ACTH CTENCHM M Ta K€, 9T0 B PAAY Bi; my. . ngltim—te ..
' Uglm—1, TaK KarR u;— pAnn Ges cpoGopHoro unema. I3 posen-
crBa (13) BEITEKAaeT, 9TO Uy = Uy COBNANAET ¢ OFXHOPONHOM YACTHIO
mepBoil crenenm paga hy U wro Fug moboro m>1 u;, onpemens-
eTcsA peKyppeHTHO, KaK OfMHOPOgHAA 4acTh CTENeHA m paAna

N ni ng
hi0+ 2 hl-’ ni.. .nqvi, M o0 e Uq, me—1-

JTHM OIHOBPEMEHHO HOKASHBACTCA CYMECTBOBAHUE W ¢{UHCTBEHHOCTD
PANOB u;, TaK KAk fCHO, 9TO €CJU PARHL Uiy, ONPERENsoTCA PeKyp-
PEHTHO YKA3aHAWM BHImE cmoco00M, TO PAAH U; == LU, YAOBIETBO-
psator cucreme (13).

10. Tonoaozuuecrkue unmepnpemayuu

Boasmyno gacts pesynsratoB sToro maparpada ymoGmo $opmy-
JAUpPOBATH B TOHNONOTHMYECKHX TEPMUHAX, KOTOPHE INONCKA3HBAIOT BO3-
MOKHOCTh fanbHelmux o6oGmenuil. PaccMOTpEM KO0JbI0 $opMalb-
HHX pagoB E=A[[X,, X,, ..., X;]] u gna xaxpgoro uucina n>0
CHMBONOM ¢, 0003HAaYUM MHOMecCTBO pAnoB u € K mopsajpka, me MeHb-
mero n. HepaserctBa (1) m (2) mokaseBaioT, uTo g, — udea.s KoIbLA
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E. Tak ®ax 4, dpn 0pu m< n, 8TH Ueads o6pasyioT 6asuc HEKo-
Toporo ¢umIRTPa, W UX HepecedeHnme paBHO Hyxaw. CiegoBaTeanHO,
OHH 00pasylT @Gyndamenmarvryo cucmemy oOKpecmuocmel HYAs
B HEKOTOPOH TOHOJOrmMM Koabna E, KoTopas COTIACOBAHA €O CTPYK-
Typoil apputmBHOM rpymnst E (O6m. Tomox., ra. III, § 1, n°® 2),
a TakKe, YTO JIETKO IPOBepPsAeTCs, CO CTPYKTYpoit koawvya E (arcu-
omn (AV,) u (AVy) ma O6m. Tomox., ra. III,§ 5, n°1 mpomepsrores
TpuBManLHO). TaK KaKk Hy b JOHmyCKaeT CUeTHYIO QYyHIaMeHTAILHYIO
CHCTEMY OKpecTHOCTell, ompefeleHHOe TAKMM 00pasoM TOMOJOTHUEC-
Koe Kompuo E wmempusyemo (O6m. tomox., ra. IX, § 3, mpemmose-
Hme 1). Hpome toro, omo nosroe, Tax Kak A BCAKOH HOCIeZoBa-
tenpHOCTH Homm (u,) B Komeme E u pas moGoro umcaa ¢ cymecT-
ByeT TaKoe WICIO Mg(g), YTO HPH M > Ry U R > Ny PAR Uy — Uy, UMeeT
mopsafox, Gompmuit . Vimaue roBops, uwieHHl, CTemeH: KOTOPHX He
OpPEeBOCXOMT ¢, OAHA U Te Ke BO BceX (QOPMAIBHEX psAfax U, OpU
n>ng(q). llycrs u-—cdopMansHHE pAg, ¥ KOTOPOTO OMHOPORHAS
9acTh CTeNeHN ¢ COBHAAAeT ¢ OFHOPOJXHOM TacThI0 CTENeHM § BCeX
PAIOB U, ¢ n>ng(q) (Aua Bcex ¢ > 0). Ouesmano, u siBAAETCA Hpe-
JeJI0M HOCHef0BATEILHOCTH (U).

Hompmo mmoroanenos 4[X,, X, ..., X;] écody naommno B Komb-
ne E, xortopoe, Cle0BaTeJBbHO, MOMKHO PacCMaTPHBAaTh KAK 3aMbIKG-
Hlie 3TOTO KOJIbHA MHOrowiIeHOoB, lloHATHE CyMMHpyeMoro cemeicTBa,
ompefesienHoe ‘B Kouple K B n° 4, coBHajaeT B TOHMOJOTHYECKOM
Koubne E ¢ DOHATHEM CYMMHPYeMOTO CeMeHCTBA, OHpefeJeHHOTO
B NMPOM3BOJILHOM abesdeBoil Tomomoruueckoil rpymoe (O6m. Tomou.,
ra. 111, § 4), a nmpegaomenne 1 sABAAeTCA UACTHEIM CJIydaeM acco-
nnatuBHOCTH cyMMmel (O6m. Tomou., ra. III, § 4, teopema 2). Jlemma,
clefylomas 3a mpefdokeHHMeM 6, mokaskiBaeT, 4To BcAKoe mudde-
pernuposanne Koaema A[X,, X,, ..., X;] co 3HAUEHUAMHU B KOIbLIE
E pasnomepro nenpepwigno. ITo IO03BOJNseT HepefoKasaTh HPOIJIO-
merne 6 Tomomormaeckm (cM. O6m. romox., ra. II, § 3, Teopema 1).

Yupamaennd. 1) IIycrs 1-—1ponsBornHOE MHOIKECTBO HHAEK-
coB. JlokasaTh, 9TO afAHUTHBHEI MOHOUJ, ND (§1,n°1) ynosmersopser
yexosmo (D) rnasu II, § 7, n° 40. Pacwupennas aszebpa 9TOTO MOHO-
2 HaJl KOMMYTATUBHEM KomsroM A, o0majamommM egumHnueil, 06o3Ha-
4aeTcsa CHMBOJIOM A[[Xi]]iel M Ha3HBAETCA TaKyKe anreOpoll dopmasv-
Hux pados ¢ Kosdpdunuentamm B A OTHOCHTeNBHO NepPeMeHHHX X ;.
IMopapoxk HemyneBoro GOpPMaNbHOTO PAKA OUDeleiferTcs KAaK HaNMeHb-
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masA ¥3 MOJAHX cTemeHell ero HedyJeBHX WieHoB. J[0KasaTh, UTO eCIM
A—00JacTh UETOCTHOCTH, TO A {[X]]ier—mme 001acTh WEJOCTHOCTH,

7 BHIOJHAETCA CooTHomeHwe (3).

.

2) ycts K—mnoure, f:—::;—paunoaansﬂaﬂ Apo6h, MpHHAJIEKA-

maa moxo K (Xy, Xg, ..., Xp), m v(0, 0, ..., 0) £ 0. JlokasaTs, uTO
cucremy papos (0, 0, ..., 0) MokHO mofCTaBUTE B JIO0YI0 TPON3BOJ-

ny 7 ny o
ayio Dt ... Dpr ¥ 9TO ecam Zam“'an1 ... X P—pasaoxenne f
B dopmasnbaBil pad, TO
n
DD ... D,Pf(0, 0, ..., O)y=m! na! ...1npl @, . 0

P
(«dopmyna Teiinopa»). BuBectnm oTciofia paaaoskeswe B $opMabHELA
paA panHoHaxpHOM ApoGm 1/(1— X)P.

fe o)
*3) Hyctp u (X)= 2 a, X" —dopManbHel pAR #ag moiaeM K.
n=0
a) Jas toro uroGm u GHJ panHoHAJBHOH ApPoOBI0 B Kouanme K (X),
Ae00X0/lAMO U JIOCTATOYHO, YTOGH CYMeCTBOBaJa KOHEUHAA MOCHEAOBa-
TeAba0CTh (A;)j<;j, 27EMEATOB MoAA K, He Bce M3 KOTOPHX PaBHH

AyI0, ¥ TaKoe ymcao 4> 0, 9TO OJiA BCeX n > d
A‘ian+}"2an+l+ e +}"qan+q-1=0-

6) ITycrs
Gn Ont1 -+ Opyh—q
R — Ony1 Opg2 --- Qpyk
V=
Gniz  Ong3 oo Qnipyq
Cnik—1 Onik .- Onpop—2

(¢ompeseanTens Xadkens»). JloKasaTh, 4TO ecim H&‘{;‘}”:O o HS‘_})_J- #0

Aaa Bcex j >0, To u (X)—panHosaidsHad ApoGb (HCIOAB30BATH a)).
B) JloKaaaTb TOKECTBO

k k k h—1 )
PRy BB = 2

(em. rta. 111, § 8, yopamuemme 11). BriBectu oTcroma, 4T0 eciam
Hﬁi}’:O npi 0< J < r—1, 10 oupeflennTenn HQ:_)*_J-, 17 < r, 1mbo
BCe paBHH HYNI0, NHGO BCe fie PaBAH HYIIO.

r) BuBectn n3 6) m B) caeaywomee yTeep:rAeHAe. Iag TOro 9ToGH
pan u({X) 6na panHoHANLHOH APOOBIO, HEOGXOZHEMO H [OCTATOYHO,

q700H CYmMecTBOBAJH MBAa IeIHX YHCIA d H g TakHe, 4TO Hfzq_}_'t-i)—._—o

nasa Beex 7> 0.
4) Ilycte a4, a3, ..., ap—Nensle UAcIa, GOMpMAe HYIA, Oy — TACIO
ROHeUHHX mocAefioBaTelbrocTelt (X;), <igp HEOTPHUATCABHEIX [{EIHX
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YHceJ, YAOBACTBOPAIOIIAX yPABHEHWIO

%y aoxa+ ... - apzp=n.

(o]

Hokagarb, uTo HOPMAALHHIT PAL zanX" (rag momem Q) ABIAET-
n=0
CA pPa3Io0/KeHHeM PAAOHAALHOI APo0H
1

a
({—X"(1—-X%) ... (1—XP)

5) llycTs F-—KoHeYHOE MHOMKECTBO HOJOKHTEILHHX dHCed, Pr—
YHMCJI0 KOHEYHHIX Iocaef0BaTeaAbHOCTel (7;), COCTOAMMNX H3 < 7 YIEHOB
MHOJKecTBa F U YAOBAETBOPAIONUX YCJIOBHIO 2 x;=n. JloKasaTb, 4TO

i

[oe)
dopMaTbHEI pAA zﬁnX" gax Q ABnAeTCA Pa3I0KeHAEM paIuo-
n=0 .
HaXbHOR Apo6u
1
{—x01_x% X'

rge (ai)isisp——uocnenoxsa'renbuoccm 9JeMeHTOB H3 F, pacHoloKeHHHX

B HOpAJKEe BO3PacTaHHA.

6) Ilycte K—muoae. JloxkasaTs, uTo B KOAbIe (OPMAJbHHX PAJOB
K{[Xy, X3, ..., Xp]] cymecTByeT TOIbKO ONWH MaKCHMaJbHHI Hean
I OH coBOAfaeT ¢ MHOKECTBOM BCeX HeOGPATEMEX 3ieMeHTOB. [oKa-
3aTh, 4YTO B Koabme MHorousenos KX, X, ..., X;|, Hanporus,
CYIECTBYeT HeCKOJBKO Pa3iHM4YHHX MAaKCHMAJABHLIX HealoB.

7) lyers K—mnome. [[orazaTk, 4TO He CYHECTBYeT (OPMaJbHOLO
paga uw (X, Y) € K[[X, Y]], gaa xoroporo (XY)~™(X--Y)u (X, Y)=1,
m—n1060e MOJA0KATETLHOe IeT0e YACTO.

8) Illycrs K—muome, k—Ieaoe YHCIO, I KPaTHOE XapaKTePHCTHKE
monas K. Jowkasats, uro pag Jjobdoro dopmaiasunoro paga u € K [[X]],
cBoGO/ AN wieH KOTOPOTO DaBeH eJHHAme, CyllecTByeT ¢OpMalbHHI
pax v € K [[X]] Taxoii, uto vk =u (monomurs v=1+ w).

*9) Ilyects FE —BeKTopHOe HPOCTPAHCTBO, HMelomee OeCKOHEUHHIH
Gasmc, nag moaem K xapaxrepmerurm 2. Ilyctp A—puemnsigs aareGpa
/\E 3TOro mpocTpaHCTBa, ABIALIAACA KOMMYTATHBHEM KOJIBI[OM C ¢1H-
uumneii. Ipuecru upumep dopMaabHoro paga u € A[[X]] Takoro, uTO
u2=0, Ho He cymecrByeT djcMeHTa Y=+=0, y € 4, maa xKoroporo yu—=0
(cM. § 1, yopaskuenne 11).

10) IIycrs A—ue obazameabHo KommymamueHoe KOABLO C EANHH-
ueil m o —oangoMopdusm A Takoif, ato o (1)=41. Ha agpmrusHoii rpynne

npou3Beme HAA E=4" ompejeluM BHYTDeHHUII BaKOH KOMIO3HOUW,

won0KEB (0p) (Bn)=(Yn), TA€ Yn= | 0P (Bg) (¢° (§)=E).
pg=n
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a) JoxasaTb, YTO BTOT 3aKOH KOMIOBHIUU aCCOMUATHBEH M JAMUCT-
pubyTuBeH ¢ 06eHX CTODOH 1O OTHOUIEHUID K clo:kenul B E u, caemo-
BaTelbHO, onpepenser Ha E CTPYKTYpPY KOIbla, MMEIOOIET0 B KayecTBe
eMMANNE e IOCAeNoBATENbHOCTD (ap), rne ag=1, a,=0 nmpa n>1.
OrofpakeHne, cTaBfilee B COOTBETCTBHE BCAKOMY EE€A  omemenT
(o) € E rakoil, 410 09=E§, 0, =0 18 n > 1, ABAAETCA H30MOPPU3IMOM
A na pDoaxoasmo Koabna E, ¢ KOTOPHM MBI oTOkAecTBUM A. Byiem

o0
nucaTh 2 a, X" BMecTO (ap); Toraa XPR==coP (B) XP pasa nwGoro oie-
n=1{
[ee)
menTa B € A. Ecau pagu= Z a,X™ oTaHYed OT HyJsd, TO HaHMeHbllee
n=0

qucio k, 1A KOTOpOro ap==0, HasuBaeTcA nopadrom u M 0Go3HadaeTcH
CHMBOJIOM ® (u).

6) Hycrs A—xoabyo Ges penaureneli €y, 0 — HEKOTODPHH U30MOD-
$uaM Kombma A Ha cBoe TOAKONBIO. Jorasate, 910 E-—Koabmo Ges

AeamTesell HyJIA ¥ 9TO O (UV)=0 (¥)+ ©(v), ecan u=£0 1 v=£0.
fe o]

B) Jlasg TOTO YTOOB PAA U= ZanX” 6n ofpatuM, HEeoGX0AMMO
n=0
s IOCTaTOYHO, 4TOOH 3JIeMeHT a, 6u ofpaTeM B Koiabie A.

r) Hpeamonoxum, aro A—mnoiae, 6—ero aBTomopdpmam. Jloxaszatn,
4TO NJaA KOJbIa F cyllecTByeT Texo JeBHX yacTAHX (ra. I, § 3,
yopaskaeHue 8) U 4TO BCAKUI HeHY.JIeBOH BJeMeHT 5TOTO Teja F Moker
OHTH OfEO3HAYHO 3amucaul B Buge uX~—h, TMe u—3NeMeAT HYJNEBOTO
nopsAgka Koablla E.

°*41) a) Ilyctb A u B—pBe BOOAHe YNOPANOYEHHHIE 9ACTH MHO-
ecTBa R (onm o6GasarenbHo cueTHH: cM. O6m. ropoa., rua. 1V, § 2,
yopagtenaue 1). Jloxkasath, uwro MuomecTBo A--B BIOIHE YyOOpAKO-
9eH0 U 49TO ANA N060TO dIeMeHTa ¢ ¢ A} B cymecTByeT TONLKO KOmed-
Hoe qucJyo map (a, b) ¢ ycuaosuamMu a € A, b€B u c=a+-5. (Iaa Toro
9TO0Hl /10Ka3aTh, YTO BCHKAH HeNycTaf 4aCTh MHOMecTBa A-- B MMeer
HaMMeHBIONH 3JeMeHT, clefyeT PacCMOTPeTh ero HHKHIOW rpaHb B R.)

6) Ilycte K—mnone. B mexoropoM mnpocrpaHcTRe KR paccMoTpuUM
BEKTOpHOE HOJANpOCTPaHCcTBO E, ofpazoBafHoe daeMeHTaMH () TAKHMH,
YTO MHOMKECTBO « € R, AJNA KOTOPHX =0, BOOJHe ynopsaaodeHo. s
ABYX OPOM3BOJBHEIX 5IeMeHTOB (0y), (Bx) OpocTpancTBa E mMONOKHM
(ax) Bx)=(Yx), TAC Y= Z ayf,; (cymMma HMeeT CMHCI BBHLY

ytz=x
a) ). JokasaTh, 4TO STOT 3aKOH KOMIO3ULNMH OHpejieiieT BMeCTe CO
cromenueM B E cTpYKTYypPYy nosas na E. uneMeHTH Kodsma E 3saOuch-
BAIOT TaKKe B BHIe EatXt U HAa3LBAT  JopMasbHEMU  pAdamu
tER
¢ enoane ynopadouennumu skcnoHernmamu U Kodpdunuedsramu B K.

H. Byp6akn
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IOJIA *)

§ 1. Ipocrsie mona. Xaparrepucrura
1. II pocmute noarst

Ussecrmo (ran. I, § 9, n°2), uro mnepecedenne NHPOUIBOABHOTO
ceMeiictBa nodnosel nong K ABagerca nodnoaem nona K. B uacr-
HocTH, mepecedenume P gcer mnopuoneilt moaa K ecTh Haumenvuiee
nodnoae nong K; OHO He COTEPKUT HUKAKUX IOAIIONEH, OTAMYHEIX
OT HeIr'o caMmoro,

Onrepenenue 1. ITose nasweaemes npocmeis, ecau ono ne codep-
ocum HUBRarur nodnoaeil, oOMAUMHBLIE OM HE20 CAMO20.

Wrar, BcAroe nose K cOOepRHUT eUNCTBEHHOE NPocToe Ione P.
Ompepenum ero crpykrypy. Has storo samerum, uto P, Kak Bcakoe
nopuone nona K, comepikur egununy ¢ moas K (moroMy ure wus
pasencTBa 1*=z u r<0 cuegyer, uro z=¢ B K, cm. t1. I, § 9,
n°2). Taxam oGpazom, P —mnomitone K, nopoxucdennoe 3IeMeHTOM e
(Moo cKazaTh TaK:ke, 4T0 P —mnopgmone K, mOpOMeHHOE IyCTOil
yacTeio ¢ mona K). Cmadana paccMoTpum rodkoasyo A mnoas K,
mopoieHHoe efuHuneii e A comepwuT Bce DIEMEHTH n-e, TIe
nREZ, U Tak KAK 3TH 9JIEeMEHTH 00pasyioT Koubno, A coBHagaeT
¢ wmmosectsoM ux. G gpyroii cropomni, orobpaxeHue n — n-e
ABIAETCA 1pejCcTaBlIeHHeM Koabma Z umenwnx wmcel Ha A (ra. I,
§ 8 n° 8). Muomecrso uncex n€Z, nuaa xoropsix n-e=0, gBagercs

*) 3a umcruaovenweM upefioxenmit 14 n 14 § 10, pesyabratH, upuBomm-
Mule B §§ 10 m 11 w o0omx unpmaoKeAMAX, He WHCHOJB3YIOT PE3YJILTATOB
§8 8 u 9. Umrartenb, nurepecyomuiica riaaBanM obpazoM teopuelt Tanya u ee
IPHAOKEeHUMAMH, MOKeT NpsAMo Nepeilta ot § 7 K § 10.
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npeanom (p) wombuma Z, rge p>0—zaparmepucmura (ra. I,
§ 8, n° 8) mona K, u xoapuno A msomopdno ¢arroproasny Z/(p):
BosMoskHE- ZBa caydas:

1° p=0. Torga A nsomopduo Z. Tar rar A P, P cogepxnt
pone orHoMeHmit Konbma A (rn. I, § 9, n° 4), Koropoe H3OMOpHHO
momo Q panmoHanBEEX uuceld. Tak Kak P — mpocToe mosie, OHO COBIA-
7aeT ¢ TDOIeM OTHOIIeHmi Koablia A 1, ciefoBarelbHo, uaoMopduo Q.

2° p>0. Tak rak A couepUICA B LOJE, TO OHO HE MOMeET
cojlepixaTs peaurenedl HyNsa, clefoBaTelbHO, Z/(p) He HMeeT pmelu-
reneli wWyas. 3Jr1o 3HAUAT, UT0 paBeHCTBO p=mn (m >0, n>0)
Breder m= 0(mecd p) mam n= O(mod p), T. e. m=p win n=p,
claemoBaTeNbHO, p-—upocroe wncxo (ra. I, § 8, n° 7).

Opmaxo mssectmo (ra. I, § 9, reopema 2), uro pma awboro
mpoctoro ducia p Koabno Z/(p) asuaserca mnoneM. CremosarenbHo,
P cosnamaer ¢ A u usomopdpuo Z/(p). B mrore momyuaem:

Teorema 1. Xapaxmepucmuka noas K pasna uyawo uauw npo-
cmomy wucay. Ecau zaparmepucmura noas K pasna wyaw, mo
npocmoe nodnoae noas K usomopgro noawo Q payuoHaibHBE Huce.
Ecau xapaxmepucmura noas K pasna p>0, mo npocmoe nodnoae
noas K usomopgno noaw Z/(p) yeavx wucea no modyaw p.

Bameganua. 1) Ilpu pnoxaszaTenbcTBe TeopeMH 1 ME He IOAE-
30BaJMCh KOMMYTATKBHOCTBIO moisf K, ciemopaTeabso, Teopema { mpu-
MEHHMAa ¥ K HEKOMMYTATHBHHM meaam.

2) Beawkoe nodmeao tena K (#e o00A3aTeIbHO KOMMYTATHBHOIO)
COlepsKUT mpocToe mopmode Teaa K M, clrefoBaTenbHO, MMEET my ssce
zapakmepucmury, uro # Tejo K. Taxum o6pasoM, BCAKOe Teldo, COmep-
samee teno K, uMeer Ty Ke XapaKTePHCTHRY, 9To M teno K.

3) None Q GeckoHewHo, cIeAOBATENBHO, BCe MONA XaPaKTePHCTHKY
Hynp GeCKOHEYHEI, 2 BCE KOHEUHBIE NOJA MMeIOT HEeHyJeBYI0 XapaKTe-
PHCTHKY. ’

2. Xaparmepucmuuecrai ILCROHEHMA

ITycts pano mose K xapaktepucturu p. Xapaxmepucmuueckol
sxcnorenmoti niona K mm OymeM HasmBaTh 4uHCIO0 p, ecaum p >0,
u umeao 1, ecmu p=0.

Ieepnomenne 1. Ecau p— rapaxmepucmuveckas 9KCROHeHMA
roas K, mo omoGpancenue x —> x° asasemes uzoMop@uamom nois
K na nexomopoe eeo nodnoae.

6*
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Oueupiro, gro (ay)? = xPy?. IlokameM, uToO
(x-+y)P =2 +y*. (1)
Ilpr p=1 pasenctBo oueBupgno. Ilpu p>1 umeem

@i (1) o (5)=( )=
OcTaerca moKasaTb, 4TO < Z >e=0 ape 1 <<k<p.
Tak wax k! ( Z ):p(p—-i) . (p—k-+1), 10

(k! e)<< P >e>=p(p—-—1) o (p—k1)e=0.
Ho kle=e(2e)(3e) ... (ke) m hes~0 pmua 1<<h<p, caegoBa-
tensHo, k! e%0, orkyaa ( i >e=0. Taxmm obpaszoM, orobpase-

Hue x —> xP gBagerca npemcraBiueHueM Moas K B cefg; rTak Kak
OHO HeHyleBoe, OHO sBusgercs usomopdusmom K wma cBoe mopgmone
(rm. I, § 9, Teopema 1).

CunepcrBuE. [as aiw6ozo yeaozo wucaa >0 omobpaxcenue x —s
—> 27 seasemen usomopgusmon noas K ha ceoe nobnoae.

Jro yTBep;K[OeHUE IIONydYaeTcs f-KPATHHIM HOCHeJ0BATeILHEM
mpuMeHenneMm npesJioskeHus 1. Tem caMmM uMeeM ToMKmecTBO

n of
(=) -2t @

3amegaunna 1) Gopuyra (2) mHorazuBaer, 49to HAaA Jd00oro

/1
IPOCTOro gucaa p W a060To nenaoro wucaa f >0 guciao al7 'p ek
1:q2. ... 1 gy}

rae ¢;—BeoTpUnaTenbibe dHCIa, oTaAmIAne ot pf, m Ig;=p!, de-
aumes Ha p.
2) 3ameruM, uTo Hpefaoxkenwe {1 m dopmyna (1) Depecranor GuTh
BEDHBIMHA, ecAR K —HekoMmmymamueroe Telo XapaKTePHCTAKE p > 0.
s moboit gacte A mona K cumsonom AP Mu 6ymem oGozHa-
qaThp B 9TOH riaaBe obpas A mpu uzoMopdmame = — zP. B gactHO-
ctu, K? oznauaer nodnose nounsn K, asnsiomeecs oGpasom K npu

aToM umaomopdusme *).

3

*) PasyMeercs, HEIB3A CMEUIMBATE MHOMECTBO AP HE ¢ HpOU3BeJeHHeM
p MHOKECTB, COBHAJATONIMX ¢ A, HM C MHOMKECTBOM HDOH3BENEHUA Z)xp ... zp
o p DJAGMEHTOB, HpuHamme:xamux A.
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3amerum, uro mpu p=1 KP=K (cm. § 7, n° 3).

Ilregnomenue 2. Hyemv E —nose, codepmawee nodnose K
¢ xapakmepucmuieckoli sxcnorenmoti p. Has npouseoavnoli wacmu
A muomcecmea E umeem: (K [A])P = KP [AP] u (K (4))? =KP (4P).

Dr0 TpeNJoKeHHe ABIACTCH HENOCPEJCTBEHHHIM CJefCTBHEM
opopegenenuit xoapma K [A] (ra. IV, § 2, n° 1) u moas K (4)
(ra. 1V, § 3, n° 2). [eilcTBuTenbno, ecau Koabilo B comemxut
K?[JA? u copepmurcs B (K [A])?, To oHO sBaserca o6pasoM npm
usomopduame x —> P womsma C, cogepmamerd K| ]A u comepxa-
merocs B K [4], caemosareabmo, cosmagamomero ¢ K [A4], r. e.
K? [AP]= (K [A])?. Taxk e poxasmsaercs, uto K? (AP)= (K (A4))P.

ITeepnoskerue 3. IHycmov E —noae, codepmawgee nodnose K
¢ zxaparmepucmuyeckoll sxcnorenmoii p. Ecau B — 6asuc sexmoprozo
npocmpancmsa K [A] nad K, mo BP —cucmema o6pasyowmuzr eek-
moprozo npocmparcmea K [AP] nad K.

Heiicrsurenbno, BP —6asuc npocrpamctea KP [AP] mag mnDoxem
K?, KP?|[AP]—cucrema obpasyiomux mnpoctpadctsa K [AP] map
monem K. Tark rax KP? CC K, 10 B? —cucrema ofpasyomux HpocT-
parcrsa K [AP] mag K.

3. Xapaxmepuzayui MHO20UAEHOE ¢ HYAe80T
npouzeoonoii

Nrepnomerne 4. IHyemv K —nose zapawmepucmuru p. Jlaz

I—0, 1<i<n, JEKX
X Xy, Xoy ..., Xpl, Heobzodumo u Oocmamouro, 4mobs MHO20UACH
f npunadaemar nodkosvyy K [X?, X ., XP| koavya K X
X [Xy, Xy ..., Xyl

Ilpm p=0 370 03HAYAET, YTO MHOTOUIEH f CBOMHTCHA K Koncmanme
a€ K.

IIpepaosenne owesnmgro mpu n=0 (mo ompepeneHEno K [X;lice;
em. ra. IV, § 1, n° 2). Jorasareabcrso GyfeM' BeCTH MHAYKIHCi

no n. Ilyers fEK[X;, X,, ..., X,]; rorma f=2gkaL, rae
gr€K Xy, X5, ..., X,_,]. Uz pasencrsa 5‘;(]‘——0 pia 1<i<n—1
BEITEKAET, 4YTO 98n _ =0 gana secex k u paa 1<i<n—1. Caegosa-

oX;
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cee, XP

TeJIbHO, WO WPEANOJOMKeHuIo NHAYKnuu, g, € K [X?, X2 r 1

2’
C mpyroii cTopomsl, kgnXit= (;;—fk =0, caemosarennro, kgy=0

aas Bcex k u, sHaunt, gp=0 pada Bcex Kk, He KpaTHRIX p, 9YIO
H TpeboBanoCh HOKA3aTh.

Yupaxuaceunsa 1) IIyers A—xonsuo Ge3 geamTelneit ayns, He
06A3aTeIbH0 KOMMYTAaTHBHOEe H He 00H3aTedpHO ¢ efmpmneil. lokasaTs,
9YTO XapaKTepucTura A (ompefenseMas Kak umcio m >0, JA KOTOpOro
mpean (m) ABIAETCH aHYJATOpoM A) paBHa HYJIO WIW OPOCTOMY 9HCIY.
Ecam A cogepskur egwHNny, To A coflep:KHT NORKOIBNO, H30MOpHHOe
Z/(m).

2) Iycrs A—oGnacTs neaocTaocTH, ‘B—mpoctoii mpean (ra. I,
§ 8, yopaskmenne 13) xoara A. Ecam XapaKTepHCTAKa Koipma A—
opoctoe aucao p >0, TO XapakTepHCTUKa Koabma A/P TOxKe paBHA
p. Ecam xapaKkTepmcTuKa Konbna A paBHAa HYJNI0, TO XapaKTepPHCTHKA
Koibna A/ paBHa HYMIO B TOM ciaydae, KOTHA He CYIIECTBYeT TaKOTO
IPOCTOTO 9HuCHa p, 9T0 pA (T B. B mporuBHOM ciydae cyImeCTBYET TONb-
KO OZHO TPOCTO€ YHCIO p, 00Jajalomiee HTUM CBOUCTBOM; OHO B ABASET-
cA XapaxkTepucTmkoi xoasma A/P. [oxasarb, uTo korfa A/P-—xo-
HeuAoe KOJbII0, MMeeT MecTO BTOpOil caywuail. Ilate npnMepn oGomx
ciaydaen (B3ATh A=Z u A=K [X], K—1nojle XapaKTepNCTUKH HYJ5).

§ 2. Pacmupenus

Nyers K—muoae, conepxameeca B mone L. Egmaunsr nomeit K
u L cosumagaior, caenosarennHo, L momer Gurh cHaOmeHO CTpyK-
Typoit amrebpsr max K (ra. II, § 7, n° 1). Haszosem moae L,
cHa0enHOe CTPYKTypoil aarefpur mHax K, pacwupenuem K, ocras-
AAf TepMuMH Hadnode pasi L cHaGieHHOro CTPYRTypoil moast Ges
onepaTopos *). 3aMerum, YTO BCSAKOE WOJe MOKHO paccMaTpnBaTh
KaK pacIIMpeHHe ero NPOCTOro MOANOJiA.

Beaknit pas, xorga Oes yToumeHmii Mur OyfeM TOBOPHUTH, 4YTO
none K, comep:kurcs B Roavme L, mum OyaeM IogpasyMmMeBarh; d4TO
K ecrn nodnose xombna L (uHAgwe roBops, 9T0 CTPYKTYpa II0JA
undyyupyemcs CTPYKTypoi Koabma B L).

IMyers L u M —gBa magnons wmoasn K rakwe, wro KCLC M.
Hasosem L npomescymounsin noser memnpy K u M. CuaGmennoe
cTpyKTypoit pacmupenns moass K, L ssmmorcss mopanarebpoit M,

*) TakuM o6pasomM, MBI M3MEHAMM CMBIC/I CJOBAa «pacimMpeHnue’y, KOTOpoe
MBL onpepesnan B . 1 § 9, n° 2 Kak CHHOHHM HAJUOJA.
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KOTOPYW MH OyieM Tak:Ke HAa3HBATH nodpacuwupenued Pacumpe-
augd M mous K.

3ameganue. J[as rtoro urobu cpuenars Oollee ACHOW cuTya-
MU0, B KOTOPOH QUIrypuUpYywT HeCKOJBKO Hojeil, MBI 6yneM WCIONb-
30BaTh MHOTHA JMATPAMMH IPHBEJEHHOro HiKe Buma (pume. 1).

M —-P

T 1

K—-L-—->N
Puc. 1.

Crpenra, waymas oT ofHoOM OYKBH K Jpyroil, osdauaer, 4To
nojde, oGosHadeHHOE TepBONl GYKEBOil, ABIAETCA MOANONEM TIOJSA
0603Ha9€HHOT0 BTOpOil GyKBOil (TakuM o0pasoM, cTpesKa 3aMeHsder
3HaR BKiouesw:sa). Hampumep, B pmarpamme mMu umeem K (T L,
LCMcCPuLCNCP.

1. Cmpyrmypa pacuituperus

Pacmuperue £ wons K, 6ynmyum axrebpoir may K, B wacrmoct:
cHabreHo CTPYKTYpOil BEKTOPHOTO mpocTpaHcTBa Ham K, pasmep-
HOCTH KOTOPOT'O HABHBaeTCH cmenendvio pacimmpenusa F (umum emie
cmenenvio Hadnoas E omuocumeawvno noas K; em. rm. 11,87, n®2).
Hamomuum (eM. TaMm 3Ke), 4To 3Ty CTeXleHb, KOrja OHA KOHEUHd,
obosmagator [E:K]. Cumson [E:K] ompepgemex TONBKO B 9TOM
ciydae.

Ilyers E —pacmupenite nona K, F—pacmupeHne moas F,
(ax)aer—0asuc B map K, (by)enwr—0asme F mag E. Torma cewmeii-
eTBO (buay ), memxr. cocraBager Gasuc F' mag moxem K (ra. 1I,§ 5,
opeanoskenne 1). B gwacrmoctu (rax. II, § D, cregcTeume H3 TpepJo-
aennd 1), monyuaeM crenyoImmui pe3yibrar:

Trorema 1. ITycmv E — pacwuperue noas K, F— pacwupenue
noas E. Ecau xoma 6w 00no u3 wucea [F: K|, [F:E}-|E: K] onpe-
deseno, mo onpedeaeno u Opyzoe, u

[F:K]|=[F:E}-[E:K].
Caepcreue 1. Ecau F— pacwupenue noas K womeunoil cmenenu,

E —npomescymouroe noae mewcoy K v F, mo cmenenu [£: K] u
[F: E] asagiomes deaumeasnu [F: K].
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Tem cambiM, ecau creneds [F : K] — rpocmoe qucio, To He cyiie-
CTBYeT HUKaKuUX nogpacmupennit F, gpose K u F. Onnakro 3aMeTuM,
9T0 ecqau 4ucao [F: K] He mpocTue, To He 00f3aTelbHO CYILECTBYeT
nofipacinperue F, orauuHoe or K u F (em. § 10, ympasknenue 7).

CaepcrsuE 2. Ecau F— pacwupenue konewrnol cmeneny noas K, E—
npomencymounoe nose mencdy K u F, 1o pasencmeo [E: K]=[F: K]
pasrocuavro coenadenuio E=F, a paseuctso [F:E|=[F:K] paeno-
cuavno cosnadenuw E= K.

HeficTeuTensHo, ecim cTemeHb pacinmpennsi mons K paBua 1,
TO 3TO pacmupeHme copmajgaer ¢ K.

lreanosmenue 1. Iyemv A—Ekommymamusnas arzebpa ¢ eOunu-
yeit e nad nosem K, umewyas koneunwii pane nad K. Ecau ssemenm
aCA ne seasemcs Oeaumenem myat ¢ A, mo ow ob6pamum ¢ A.

Hefictutennpro, orobpasienne r —> ar ABIACTCA B3AWMHO OJHO-
BHAYHBIM DHIOMOPPUBMOM CTPYKTYPH BeKTOPHOTO MpocTpaHeTBa Ha A,
clle[oBaTeJabHO, OHO — aBToMopduam A ¢ Toii se cTpyKTypoi (ra. 1II,
caefcTBUe npemiokeHun 11), mosToMy cYmiecTBYeT TaKoil 3leMeHT
bEA, uro ab=e.

Caepcrsue. Beakasa obaacms yeaocmuocmu A (ra. 1, § 8, n° 3),
codepucawan nose K, umeem my owe eduwuyy, uwmo K. Ecau 4,
kar asgebpa nad K, umeem womeunslii panz nad K, mo A— nose.

HelicTsuTesnbHo, myeTh e—enuuuna K, Ttorma e=e, OTKyna
e(x—ex)=0 gasg Bcex x€ A, H TaKk Kak e 5= 0, uMeeM &= ez, 9TO
JOKa3bIBaeT TEPBYI0 YacTh ciaedcTBusi. Bropasg 4acTh HENOCPEACTBEHHO
TmoJiyuaeTcAd 13 npejioskenza 1.

IIyets E u F—pgBa pacmmpeHus OpHOro U Toro e mois K.
B coorBerctBuM ¢ oOmumu onpepesernamu (cm. ra. II, § 7, n° 4)

npedcmagaenue pacmupenus E B pacmupenue F ecTs mpejcTaBle-
mae f CTPYKRTYpH no4s E B cTpyKTypy moad F Taxoe, 9T0 f (22) =
=zf(z) gna €L m zEK (ME paccMaTpuBaeM TOJXBKO HeHy:IeBHe
OPefCTaBIeHANA, s KOoTopex f(1)=1). OT0 paBHOCHABHO YTBEPHK-
meHnio, 4to f(z) =z (WHAYE TOBOPA, 2z UHEAPUAHMHO OTHOCUTEILHO f)
s Beex z€ K. Tax kax mpefcrasiende [ HehyieBoe, OHO HABJIfAeTCA
u3omopusmom cTPYKTYpH Todda £ Ha CTPYKTypy TOJA HeKOTOPOTO
noanmoasi noisi F (comepmamero K). Hasosem [ K-usomopgusmon
noiss £ B mome F. Iloas E u F Gynyr nasmBarthess K-usomo prvlmis,
ecin cymecTtsyer K-usomopgusm E na F. K-usomopdusm pacimmpe-
uua E monsa K nHa moppacumpenue mons FE nasmsaerca K-sndo-
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mopgusmom nona E n K-aemomopgusmonm nona E, ecan on oToGpa-
maer £ Ha cebA. SameTHM, 4TO AJMH NPOH3BOIBHOTC sHAOMOpPHU3MA L
noga K MHOKECTBO 371eMEHTOB 9TOTO WOJSA, UHEAPUAHIMHLLY OTHO-
CUTeIRHO U, ABAAeTcA nodnosem K mona L (ra. II, § 5, n° 6), caexo-
BaTeJbHO, B ecTh K-snlomopgusm nona L.

B vacTHoCTH, eciu P-—xpocroe Hopmoie noas L, Bce SHROMOP-

¢usmu mosia L asaawoTes P-sapomopdusmamu. IIpocToe mode obaagaer
TOALKO OflHAM 3HAOMOPHHIMOM — TOKASCTBEHHEIM.

2. ITpucoedounenue

Hycrs E —magnone moaa K. Hamomumm, 910 A1A 3alaHHOTO
cemeiictBa z=(z,),¢; ddemenros moas E (rm. IV, §3,n°2) cumso-
oM K (z)er (man K (), unu eme K (4, ..., 2,), Korna I —unTep-
Bax [4, n] mHo:RectBa NN) MEl o0GosnawaeM HaWMeHbIlee IOATIONE
nonsa F, cojmepxamee K w aneMenrh cemeiicTBa (z,). Dyaem roso-
puth, 9ro nole K (2,)r MoXydaerca npucoefurenuem K A 2leMeHTOB
ceMeilcTBa (Z,),¢r B 9TO ceMelicTBO (z,) (MIM MHOKECTBO €ro dJeMeHTOB)
ABnAerca cucmemoii obpasyowuxr nonsa K (z.).er omrnocumeavrno K
. (mmm Hanx K). Ilone K (z,),¢r 8aBHCHT TONIBKO OT MHOMecTBa A 3le-
MEHTOB ceMeiicTBa (%,); HAamOMHHMM, 9TO OHO 0003HauaeTCs TaKiKe
cumsoaoM K (A). B uacraocrn, K (E)=FE un K (¢) =K.
Irepnoxenne 2. Hyemv M u N-—0se npousgoavhsle wacmu
nadnoan E noas K; moeda K(M | N)y=K (M) (N)=K (N)(M).
Heiicrsurensno, noxe K (M |J N) copmepssur moxe K (M) u muo-
#ectBo IV, a cieoBarenbHo, n noae K (M) (N). Tak vak none K (M) (V)
cofieprut MuoKecTso K| JM N, To ono copepsrur Taxsxke K (M |JN),
OTKyma ciaexyer Tpebyemoe.
Wnorga ommyr K (M, N) Buvecro K (M [ N).
3aMegaHne. Ecam P—mpoctoe nopmoxe moas E (§ 1), 1o nasn
mo6oil gacTn A nona E P (A)—mnauMeHsmiee HoAmoJse, cofepskaimee A.
B sactHocTH, ecim K —mopmode moiag E, 1o P(K |J A)=K (4). Ecam
K w K’'—noanoasa moas E, to P(K |J K')=K (K’)=K’ (X). 9ro noxne
ABIAeTCA HAHMMEHBLIIAM Hoamodem mons E, copep:xamuMm K m K/, nan
eeprreti epanvio moaeil K m K’ B MuoecTBe mofgnodeil moas E, ymops-
NOYeHHbIX IO BRANYEHHIO.
Ieepnomenne 3. Hyecme §F— muoncecmeo nodnoaetd noas E,
Puavmpyioyeecs no ommowenuio (; mozda obwvedurenue L noaeil
MHONCCCMBA [F ecmb noJe.
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HeitcTBUTONIBHO, €Cu x, y-—BIEMEHTH MHOKecTBa L, TO CyIIe-
¢TBYRT mnosa R, §, npunagiexamume MHOMECTBY & U TaKme, 4TO
z€R, y€S. Ilycts T —noze U3 MHOMKecTBa &, CojleprKamee MOJsA
RuS; Tormaz€T,y€T, ciefosatensso z +y, zy & ! (ecam x + 0)
npunagneskat I' |, ciaepgoBatensHo, L *),

Caepcrue. IHycmv K —nodnoae noas E. IToae K (A), nozzyuaio—
ujeeca npucoedunernuem £ K nexomopoii wacmu A noas E, aeasemcs
ob6vedunenuem noaeii K (F), 20e F npobeeaem miomcecmgo KOHEUHHT
wacmell mromcecmea A.

HeitcTButensro, MuomectBo mojedl K (F) Ha OCHOBAHWH IpejJIo-
skeHUa 2 duabTpyerca mo orHomenuio (. CiegosaTensmno, obbemu-
neHue L 3Tux poseil sinsercs modeM, copeprauuM K | A u copep-
wamumca B noxe K (A4) m, cregoBarenrHo, coBmagawmum ¢ K (4).

Onpepenemne 1. Pacwupenue E noas K nasweaemcs pacwupe-
HUeM KOHeun020 muna, eciu ono obaadaem komednoll cucmemoid o6 pa-
syiowux. Ono nasvigaemcs npocmuls, ecau ono obaadaem cucmemol
ob pasyiowuz, ceodaweiica k 00HOMY daeMeHmY.

CnenicTBMe K NPEMJIOMKEHU0 3 MOKA3HBAET, YTO BCAKOE pACHIH-
perne E mnons K saBiagerca oGbefuHeNIeM pacCIIUpeRnil KOHEYHOIo
tAna, copep:kamuxcs B E. flcHo, 9To Besikoe pacmupenue E nmoas K
KOMEYHOl, cmeneny sIBIsETCA DACIIMPEHHEM EKOHEUH020 MUNQ, TAK KaK
6aza F (paccMaTpmBaeMOro KakK BeKTOpHOe mpocTpaHcTBo Hap K)
aABaAeTca cucreMoii oOpasywmnx nons £ maxg K. [losme mul ysumunwm,
49T0 00paTHOE YTBepK[JeHAe HEBEPHO.

3. Junetino paszdeaennvie pacutuperHust

Hycts Q—pacmupenune mong K, 4 u B—muogkoasna mons Q,
comepsramue K; Torga mX MOKHO pAaccMaTpuMBaTh Kak nodaazel pel
anre6pu Q (Hag monem K). Ilycts C—mnogkoasuo unoias Q, nopos-

*) [Ipmaumo sTOTO JOKA3aTelbCTRA HOPUIOKHEM K Gojee oOmeMy cJydalo,
rorga E oGnajgaer aareGpamdeckoil cTpyrTypoil ¥; § — MHOoecTBO, PEABTPYIO-
mleecs O OTHOMEHMIO (—, dacTeil E, 11a KOTOPHX & MHAYIEDPYET TY Ke CTPYK-
TYPY, M B aKCHOM3aX CTPYKTYPH % yUYacTBYIOT TONBKO KOHewHble TaCTU MHO-
7KeCTBa, HA KOTOpOM OHa onpejeidena. Ha oGbenmpaeHmy [ MHOKeCTB N3 §F
CTPYKTYpa ¥ mugymupyer Ty ke cTDPyKrypy &. Hampnmep, moskHo 6parts
B KavecTBe ¥ CTPYKTYPY TPYOOH € OIePATOPaMU, HJIN KOJBIA ¢ ONepaTopaMu,
HIW aarebpamuecKu 3aMKHYTOr0 MO, WJAH COBEPUIEHHOT0 HOJA ¥ T. 1.
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dennoe mruoxcecmeom A ) B, Hamomsum, dro cymecTsyer mpeacTas-
JIGHVE ¢ meH30pH020 npoussedenus A @ B anreGp A m B uag nonem K
Ha aiareGpy C, craBAmee B COOTBETCTBHE KaykHOMY TEHS0PHOMY IpO-
usBefesno r @ y(zx€ A, y€B) npouseegenme zxy, Iexamee B C
(ra. 111, § 3, n° 3). Unaue rosops, ecnu (b,)—6asuc anreGps B Hap
monem K, (a)—0asmc anrebpm A Bam mnoanem K, To anre6pa C

OTOMMIOECTBIACTCA C MHOKECTBOM JHHEHHHX KoMOuHammil Z(Iubu,
"
rge o, € A, MEHOXKeCTBOM Zﬁ;‘a;‘, rpe B, € B, a TakXke MHOMECTBOM
Py

> Yapaaby, e yi, €K. Hamommum eme, uto amrebpst A u B
Aop
HA3HBAWTCA AuHeliHo pasdesennvimu Hap K, ecin mpencrabienue @

aAnaerca usomopgusmor AR B na C. B srom cayuae A B=K
¥ BCAKaA HesaBucuMmana Hany K wacte anreGpoi B (coorsercTBenmo A)
ABnAeTca mHesaBucumoirn Hagy A (coorBercrBenmno B). O6GparHo, pas
Toro 4To0M A m B 6hum ampeiimo pasgeneHs Hany K, J0ocTaTOYHO
cymecTtsoBanuA Oasuca anrebpm B wam K (Hanpmumep), KOTOpHIt
mesaBucum Han A (ra. III, § 3, Teopema 1).

PasGepem B wactHocTw cayuail, korma A m B saBuagiorea nodpac-
wuperuamy noust Q.

Ileennomenme 4. Ilyemo E u F — pacwupenus noas K, codep-
acawuecs 8 pacwuperuu .

a) ITycme F— pacwupenue koHeuwnoil cmenenu noas K; moeda
nodkoavyo pacwupenus K, nopoucdennoe muomcecmsom E[JF,
asagemes nosem, coenadawuum ¢ E(F), cmenenv xomopozo omro-
cumeavno E woneuna. Jaaee, [E(F):Ej<[F:K}], u PABEHCNEO
[E(F):E}=[F:K] umeem mecmo & mom U MOAbKO 6 MOM Cayude,
kozda noasa E u F auneiino pasdesenvt nad K.

6) Ecau, rpome moeo, E umeem wowneunyio cmenenv Had K, mo
E(F)=K(E|J F), u amo noae umeem Koweunywo cmenend nad K.
Tozda [K(E ) F): KI<[E:K][F:K], u pasencmeo [K(E|J F):K]=
=[E:K][F:K] sunosnaemcs 6 mom U moavko 6 MOM cayuae,
koeda E u F aunetino pasbesensvt nHad K.

HeiicrerTensuo, nycts C —IOOZKOMLIO paclImpenus £2, mMOpPoK-
nernoe muoskecrsoM E | | F. Ilyets, pasee, (b;)1<j<n—0asuc F Hap K;
torga C OTOKOECTBIAETCA C BEKTOPHEIM IIpocTpaHcTBOM Hapm £,
HOPOKAECHHLIM dieMeHTaMi bj, caefoBatensHo, C —aare6pa KoHeu-
HO20 paHra, He mpeBocxojsimlero n, Haj moixem E. Tak kak C
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COflepKATCA B HEKOTOPOM I10JIe M, CIef0BATEILHO, ABIACTCS 00JACTHIO
geaocTHOCTH, T0 C—nose (ciegcrBue upepioxkenus 1). Orcioma
caegyer, aro C = E(F) n [E(F):E]<[F :K]. Pasencrso [E(F): E]=
= [F: K] osHagaer, 4TO 3jieMeHTH b; JuHelHO He3aBUCUMH Hafp F,
¥ cjegoBaTeibHO, moua F m F nmueitno pasmeneHH Haj K. Yacro
a) mpepioKeHMsT RoKazaHa. Yacre 6) ToTuac ciaeayer HW3 UYaCTH
a), Tak Kak [E(F):K]=[E(F):E|lE:K].

Ecau E u F —pacmupenus Oona K GeckoHeuno#l cTelenu, cofep-
)Kalpeca B (2, To mogkousno C, mopoxgeHHOe MHOKecTBoM E | | F,
ge 0073aHO OHTH HogeM (yumpamkHEeHme 1), OFHAKO nose uacmMHuL
roapua C cosoamaer ¢ K(E () F). B Gonee obmem ciygae, Korga
A — rakoe mogKoabno E, uro E coBnafaer ¢ noaeM ¥acTHHX Koablia A,
a B—rakoe mopxonouo F, gro F coslafaeT ¢ MOJeM 9aCTHEIX
Koasna B, makonmen, C—mogroibuo mois Q, MOPOMAEHHOE MHO-
mectBoM A | B, torga mone K (E | F) coBmagaer ¢ MojeM YacTHHX
rkosbna C, Tak KaK OHO ABIAETCA HAMMEHBIIMM IOfmoJieM monaa Q,
copepsramaM €, E u F. Kpome Toro, MH mHMeeM

Ileegnoskerue 5. Hycmv E u F— pacwupenus noan K, codep-
scayuecs ¢ Q. A u B—nodroasya roavya R, codepmcawue K
u makue, ymo E-—noase wacmuuz roavya A, a F—noase wacmubz
kKoavya B. Has moeo umobsl noas E u F Gvau auneiino pasdenerst
nad K, neobrodumo u docmamouno, umobu koavya A u B Guau
aunelino pasdesenst Had K.

Ycenosue, ogeBugno, HeoOxoqumo, O6parHo, ecam A u B ammeitno
pasgenenn way K, To guneilHo pasmenennl Koabna A u F, TaK Kak,
€CJM CeMeliCcTBO 3JieMeHTOB MO (2 He3aBHCEMO, OTHOCHTEABHO B,
TO OHO HE3aBHCHEMO OTHOCUTeJNBHO NoJA 4YacTHHX F Koasma B
(rat, III, § 2, mpeamosxenme 5). To ke paccyKaeHMe HOKa3HBaET
sareM, 9ro mona E m F nwuHeitHO paspgeneHH Hapd K.

Ileepnomenue 6. IHyemv E u F— pacwupenus noas K, codep-
scawueca ¢ Q. Ecau E u F auneilino pasdeaenst nad K, mo écaroe
nodpacwupenue pacwuperus E u gcaroe nodpacwiuperue pacuiupe-
nua F aunelino pasdeaenst nad K. O6pamno, ecau 6écsaras napa
nodpacwupenull kKorneurnozo muna E' u F' pacwupenuit E u F coom-
eemcmeenno auHellno pasdeaena Had K, mo E u F aunelino pas-
desenst Had K.

HeitcrurensHo, ycnoBme JuHeHHON pasgedeHHOCTH pPacIIHpPeHMUil
E u F MORHO BHIPA3uUTh CHEIYIOIMMM 06pasoM: ecam (aq)—Ipom3-
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BOJbHOE HE33aBHCHMOe ceMelicTBO 3ieMeHTOB pacmupenus E u (bg)—
IIPOU3BOJIBHOE HE3AaBHCHMOE CeMelicTBO 3JeMeHTOB pacuuupennd F,

TO H3 COOTHOMEHHA 2. Aapiabp =0, rme Ayp €K, ROMKHE BHTEKATDH
a, B

paBeHcTBa Aqg=0 (mas scex mnap usmexcos af). Ho sro ycaosme
BHIOJHAETCA [ANA 000l napsl He3aBACHMEIX CeMeileTB, ecau
OHO BEHIIONHAETCA [AJA J000H IIApE KOHeYHHX HE3aBUCMMELX Ce-
MEUCTB.

O6pasHo roBopA, INMHEHHAs pasfeleHHOCTh MABIACTCH CBOMCTBOM
«KOHETHOT0 XapaKTepar.

IleepnomennE 7. Hycmo E, F, G — pacwupenus noas K, codep-
acawuecs ¢ pacwuperuu Q noazs K, u nycmv FC G, [Jaa moeo
ymobsl noas E u G Gurau auneiino pasdeaenst nad K, meobrodumo
u docmamoyro, wmobe noas E u F Goau aunelino pasdeaerns nad K,
a noan E(F) u G 6oiaw aunetino pasdeaenst nad F.

Yemosne HeoOXonuMO, Tak Kak, ecam E m G anmueilno paspeneHs
mag K, 1o E m F gumefino paspemenn maj K (upemmomenus 6).
C pgpyroi cTOpOHH, BeAKUl Gasmc (a,) nona E mag K armdgerca
opuHoBpeMenHo 0asmcoM anreGpwmt F[E| mapg moamem F. Tax Kak, mo
AIPEIIOTIOMKEHHI0, COMEHCTBO (dg) He3aBMCHMO OTHOCHTENbHO G, TO al-
re6pst F[E] m G numeitno pasmefeHs: Hax F, a clIefoBaTeIhHO, JH-
HeiiBo pasgeneHH m wona K (F)=F (E£) u G (opemioskeHue 5).

Yeaopme [pOCTATOTHO, TAK KAK IpA TeX e 0003HAUEHHAX OHO
BIeUeT HE3aBMCHMOCTE ceMeiicTBa (a,) Haj noaeM F; cieqoBaTesnHO,
(a,) cocraBuser Gasuc aarebpw F(E) mag F. llo mpemmonosxerno,
F(E) u G numeitHo pasgeneHH Hay F, cllef0BaTENbHO, CEMEHICTBO (a4)
mesasucuMo Hax G. Orciofa ciemyeT NMUHEHHAS pasfiedeHHOCTh IOIEH
E n G mag K.

Vopamnaengsa 1) B more K (X,Y) paumonamsunx apobeit or
IBYX IepeMeHHHX Hajx moiem K pokasars, 970 K (X) u K (Y) — nmHeiino
pasfieileHHHe pacmupesdsa poas K, Ho Dogroasuo noas K (X, Y),
noposxgenHoe MHEoxecTBoM K (X) (J K (Y), oramgso or K (X, Y) (cMm. § 9,
yupaskaedame 4).

2) ITycrer A—mnpomssoapHas aaredpa Haj noaeM K, mMelomas KoHed-
Hui pasr Hapg K, m OycTh dleMeHT O € A He ABIAeTCA NeJRTeJTeM HYJA
ciesa. Jloxkasarb, 9T0 CymecTBYeT TaKOH dieMeAT e € A, 9To ex =2z ans
BceX z€ A4, m Takoit siaemenT b€ A, uro ab=e (cM. ra. I, § 2, ympask-
Hende 9). BuiBecTr orciofia, 910 ecinm A mMeeT KoHeYRsdl panr mag K
g He cofgep;kET jenmrenell mysnd, To A—Teno (me 00sA3aTeNLHO KOM-
MYTaTHBHOE).
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§ 3. AareGpamyeckne pacmHEpeHHs:
1. Anzedpauueckue saemeNmot

Ilycts K —mome, E—pacmupenne mons K, z€E. Mu Gymem
usy4yars mogkoabuno K {z] moma E, mopompesroe z m K (ra. IV,
§ 2, n°1). Ito KONBUO ABIHETCA 06.40CMbIO YEAOCMHOCU, NIOMOPH-
noit K [X]/a, rme ¢ —wugean anreGpanvecKux COOTHOMEHHIH ¢ Kod(-
¢unvenraMmu u3 K, KOTODHM yIOBAETBOPAET DIEMENT & (WIH MOLYTH
IuHeAHHX cooTHOUleHMHA ¢ Kopddunuentamu us K Meswngy ogHOUIe-
HaMu z"(n€ N): cM. ra. IV, § 2, rteopema 1). B saBucumoct: ot
rtoro, pasen (0) uxeax g4 wiu HET, MOTYT DPENCTABUTHCA [BA CIydas.

Onpepenerus 1. Saemenm x pacwupernus E noas K nasvieaemces
mpancyendenmusin Had K, ecaw udean ¢ aseeb pauveckur coomuo-
wenuil ¢ kospPuyuenmamu u3 K, xomopwim ydoesemeopsem sae-
menm z, ecmv (0) (uau, wmo mo e, ecau odnouaens z"(n€N)
suneiino nezagucumst Had K). B npomusmom cayvae osaemenm x
Hassigaemcs aaeeb pauieckum rad K.

YrBepskpenue, 4ro z aarefpauden nHajg K, oszHavaer TAKUM
o0pa3oM, 4TO CYMECTBYIOT BJIEMEHTH ;, UpuHagile;kamue moaio K
u He Bee pasrbie HYAW0 (0 < i < n) Takge, 410 0o+ 02+ ... +a,z" =0.

Ecau npean o HemyneBo#, To, Kak ussectmo (ra. IV, § 1, open-
aoKeHMe 7), OH ABAAeTCA IAaBHHM ujeanom (f) B wombme K [X1;
MHOTOWIeH f, eCiHM CYMTaTh €70 YHUTAPHEIM, ONPeRejiAeTcs OXHO-
sHagHo. IlycTh n— cremens f; Torga KiIacc mo MOAymo (f) 2IeMeHTOB
X"(0<k<n—1) obpasylor Gasuc anre6pm K[X]/(f) mag momem
K (rn. IV, § 1, npegaosxenme 4). Tar kax xkoasno K [X1/(f), usomopd-
Hoe Koasuny K [z], ABasercsa o61acThi0 HETOCTHOCTH W MMeeT KOHETHLIA
parr Haj K, to oHo—mome (§ 2, cixemcTBEe U3 IpemokeHusa 1).
CaemoBateapno, (f)—MakcUMadbHHE wugead ¥ f— Henpueodumbiil
MHOrOWIeH; KpoMe Toro, Tak Kak K [z]—moxe, To omo cosmapaer,
mo ompexpelermio, ¢ K (r) u umMeeT KoHeunyio cremeHh Hax K.

Owregenenue 2. ITycmov z—aazebpauueckuti nad K saemenm
pacuwupenus E noas K; wucao [K(z):K] nasweaemcs cmenervio
osnemenma z nad K,

B macrmoctn, mas Toro wrobu aareGpauveckuit many K saement
npuBagrekan K, meobxojumo # pmoctaToumo, 4TofH eTo CTemeHb
mag K Owaa pasHa 1.
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Taxum of6pazoM MH [OKA3aIU CIACAYIOMYIO TeopeMy:

TeorEMA 1. a) [Jaamoeo vmobu saemenm x pacwupenusn E noan K
Gua aazebpavteckum wHad K, neobrodumo u docmamouno, wmobor
woavyo K [x] 6wiao asneebpoli Koneunoeo panza Had K; mozda smo
kKoabvyo cosnadaem c¢ noaen K (x).

6) Ecau x umeem cmenens n nad K, mo cywecmsyem edurcmeen-
nulh ypumapusii sHozourern f € K [X| cmenenu n makoii, wmo f ()= 0.

B) MHnozouaen [ nenpusodumsii. Mmuooecmeo  mnozouaenos
g €K [X] makux, wmo g(x)=0, serzemca arasnbim udearom (f).

) Omob paxcenue g—s g (x) Asaaemen eomomopguamon koavya K| X|
na noae K(x). Iloae K (x) usomopgno noaw K [X1/(f), u ssemenmsr
1=2° z, 2% ..., 2"" o6pasywom 6Gasuc K (z) nad K.

Oupegenenue 3. Ilycmo x—aaneeb pauveckuii nad K sremenm pac-
wupernus E noaa K; munumasonsim mnozouicrom ssemenma x Had K
6ydes Hazvleamd cOUHCMBEHHBIL YHUMAPHYIL HEnpueodumbii MHO20-
yaen f€K [X], 0as komopoeo f(x)=0.

9T0 PABHOCWIBHO YTBEPKIEHWIO, UYTO f— YHUTAPHRN{ MHOTOYIeH
roabua K [X] cremenm, paBHO#l cTemenm ajeMeHTa z Haj K m Takoii,
gro f(z)=0.

Takum 00pa3oM, BCAKMI HeNPUBOJIUMEIA YHATADHHEHE MHOTOWIEH
gousna K [X] sBiseTcA MMHMMAJBHBIM MHOTOWICHOM KarKgoro us
CBOUX Kopueil Bo BCAKOM pactiupeHmu £ moaa K (ecnu y Hero BooGine
ecThb KOpHH B pacmiupennu E).

Hopuu uenpusogumoro mHorounexa fE€K[X] B pacmupemun £
noass K ue o0s3aHbl ObiTh npocmeisu. TowHee, COPaBeJINRBO CIEHYIO-
niee yTBepIKIeHUE:

Meegnomenue 1. Hycmv K—noase zapakmepucmuky p, «—
areebpauueckuli nad K onemenm pacwupenus E noas K. J[as mozo
umober X 6bl4 NPOCIBLAE KOPHEM C80€20 MUHUMALLHO20 MHO204AeHA |
nad K, neobzodumo u Oocmamouno, umobsl [ He npunadaexcas
roavyy K [zP).

HeiicTBUTeNbHO, AAS TOTO 4TOOK % OBLI KPAaTHHM KOPHEM MHOTO-
yrena f, Heobxomumo u mocrarogno, urobu f'(z)=0 (ra. IV, § 4,
npegaoxenue 3). CiegoBaTeabHo, MHOrOWIeH f JOIKeH edHTHCA
Ha f (TeopeMa 1). 910 Bo3MOKHO TOMbKO mpH ['=0, Tak KaK B Hpo-
THBHOM ciaydgae mui uMeeMm degf < deg f um [ He MomKer OHITH KpaT-
meM f. Tar kaw ycaosue f =0 3KBHBaANEHTHO BKIOUeHHMIO f€ K [2P]
(§ 1, mpemmoeHue 4), mpemioeHHe AOKA3AHO.
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CanencrBue 1. Hycmv K —noae zapaxmepucmuxu nyns, E — npo-
u3soavroe pacwupenue noan K, f[—rnenpusodumnii mro20uaer
koavya K[X]; mozda eéce roprnu mmozousena f 6 L npocmute.

IMMpumepr.® 1) B nose xomuaekcHux Jucea C 9dciao0 i anrebpan-
gecKoe M HMeeT CTeleHh 2 HajJ mpocTuIM noxeM Q. [elicTBUTENbHO, €CHE
f(zx)=22--1, To f(i)=0, HO 22--1=£0 EM ana oxpuoro uucia z€Q,
caefgopatenbno, i ¢ Q. Ilose @ (i) sABAAeTcA paculEpeHuMeM CTeOeHH 2
moJjif (J, OHO cocToMmT W3 9uceld a--bi, rie ¢ u b— panuonanrnne. , 96

2) lycts K—mnone, ¥ —none K (X) panuonansHuIX gpobeit ot ogHoil
nepemenHoii Bag K. Ilycrs E—mnopnone K (X3) mons F; torna F=E (X)
u sneMenT X —aarebpauven Hajg E, Tak Kak OH ABIAeTCA KODHEM
mHorowiena Y3—X3 gonsna E([Y]. OroT MHOroY.J1eH HeIPUBOAHM
B xoasge E[Y], uGo B mpoTmBHOM caydae OH HMeeT OO KpaiiHeit Mepe
O/IEH MHOMKHTEJs IepPBOM cTelleHH, W, CJeA0BaTeILHO, CYMecTBYIOT AB&
HeHYJeBHX MHOTOYJeHa uw m U koxanlla K [X] taxme, uro (u(X))3=
= X3 (v (X3))3. 910 HEBO3MOKHO, OTOMY 4T0, 0603HaUas OGyKBaMu m U n
CTEeleHu MHOTOYJEHOB ¥ W U, COOTBETCTBEHHO moaydaeM 9m=9n-43 mam
Im=3n--1. CaegoBateanHo, mHoje F ABAAETCA paCTUHPEHUEM CTEIEHM
3 moaa E, u Bcarmil siaeMeHT ToaaA F MOMKHO 3alucaTh €AMHCTBEHHEIM
obpasom B BUfe f(X3)+ Xg (X3)- X2h(X3), rae f, g, h— panmonainELe
apobm, upuHagae;xamue K (X).

Ecau K mmeeT zapaxmepucmury 3, TO HENPUBOAMMEIL MHOTOYJIEH
Y3— X3 npmaajnemur kKoanlly E [Y3] m, caefoBateanrHo (Ipemsoike-
ave 1), ero kopum B F rpammusie. Bopodyem merxko Bmpaets, 910 X —
eduncmeenHbili KOPeHbL HTOI'O0 MHOTOWJIeHa B Hoje F, Tak Kak B I1oJe
XapaKTePUCTHRE p DPaBeHCTBO zP=yP Baeuer z=y (§ 1, mpedsomxe-

"ue 1).
°3) B mone R peiicTBUTENBHBIX YNCE] MOYKHO JOKAa3aTh *), 9TO YUCIO T

mparcyerndernmro Hal OPOCTHM MHojdeM @ (cM. yopakHenme 1).,

Nrepnomenne 2. [Jycmv E — pacwupenue noas K, xz—ane-
menm E, asze6pauneckuii nad K. [Jas awboeo noas F, npomescy-
mounoeo mencdy K u E, snemenm z aszebpausen nad F, ezo munu-
MaAACHBIL MHOo20UaeHn Hal F deaum munumanvuuiii muozounen x mad K,
a cmenend x Hal F ne npesocxodum cmenenu x nad K.

HeiicTBurenpno, OycTs f-—MUHBManbBLIl MHOTOWIEH DIEMeHTA I
vag K. Mocronesry f(x)=0 u f€ F[X], z anreGpanyer Haj F u,
clefoBaTellbHo, f KpaTeH MUHUMAILHOMY MHOTOWIeHY 3JeMeHTa I
Haj momem F (rteopema 1 B)).

*) Cm., mampumep, D, Hilbert, Gesammelte Abhandlungen, Berlin
(Springer), 1932, t. I, p. 1
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SaMeuanue. [Tycts A—xomMmyTarnBHas aiareGpa Hapx mojdeM K,
ofJyajlaronian Toil e ejuHunel, uro m K (kKoTopad, CJelOBATEJIbLHO, CO-
pepskurca B A). Onpenenesne 1 mpmmenuMo Ges uaMeHedui#l K mpous-
BOJILHOMY dueMeHTY = anreGpui A. Ecnu pnemeHT x anrebpawden Hag K,
TO Mfieadl o ajareGpamueckux coorHomexHuit ¢ rosdduimentamu B K, xo-
TOpBLIM YIOBJETBOPAET dJIEMEHT z, ABJIAETCA TJIABHHM HjeanoM (f), I'jme
f—ynnTapunii MHoroulen kodsua K [X], xoropmii, BooOme rosops,
Ae o0fa3aH GwTh HenpuBoauMEIM. [TomanreGpa K [z] anre6ps A maomopdnra
roabny K [X]/ (f), u ecau f mmeer cTemeup n, To adeMeHTH 1, z, z2, ...

..., 2""1 ofpasyior 6azuc anre6pu K [z] mapy K. 3ameTuM, 9To ecaH
n n

f= D) @X* m ecnu ag 0, 10 —1=z ' olagz®, cremoateasuo,
K=0 K=1
n
z o6pamun B K[zl m z-1=— ) azlopzh.
h={

2. AnzeGpauuecrkue pacwupenus

Onregenennt 4. Pacwwupenue E noas K naswisaemcs anzeb pau-
weckun (vmu mapnone E nmonsa K nasmsaerca aareGpamseckum #afg K,
wid elme, uTO TO e, pacmuperue F sABAsgeTCA anreGpamdecKunM
nad K), ecau ecaruli oaemenm pacwupenus E asasemcsa anzebpau-
veckum nad K. Pacwupenue E noas K, ne ssasoweecs anzebpau-
ueckum, Haswsaemcs mpancyendenmuviy (Hap K).

Meegnosmenue 3. Jas mozo wmober pacwupenue E noas K 6Gviao
aneel paveckum; neobrodumo u docmamouro, umobl 6cakoe Kowsyo A,
Oan Komopoeo K AC E, 680 nosen.

Venopne HeoOXONMMO, TaK Kak ecin F — anrebpamdgeckoe pacmu-
peuane nmona K m x # O—snemedt koxena A, To mopkomsno K [x]
koaplia A cosmagaer ¢ moaem K (x) (teopema la)), ciaemoparensHo,
saemedT x oOpatmm B A, T. e. A—node. YcIoBHe A0CTATOYHO;
ecIM OHO BHITIOJHEHO ¥ & — IMPOUBBOJABHEIK HeHYJEBON DIEMeHT pac-
muperus E, 1o woapuo K [z] upepcraBaser coGoii mode, ciegosa-
TeasHO, £ Y€K (2], T. e. (ra. IV, § 2, npennosmxenne 1) cymecreyer
muaoroanen g € K [X] takoil, 9to 27! = g (x). Tem campm zg ()—1 =0,
9TO osHagwaeT anrefpamuHocTh, 2« Hajx noineMm K; ciegoBaTexnHo,
E — anreGpangeckoe pacmupeHne moas K.

leegnomenue 4. Ecau pacwupenue E noasa K umeem roneunymno
cmenens n, mo om0 aszebpauveckoe, u cmenend wal K npouseosn-
Hozo anemenma pacwupenus E desum n.

7 H. Bypbaku
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Heiictentensno, nas apboro z €k uwncino [K (z):K] woHeuHO
A jeaur n (§ 2, caepcrsme 1 u3 Teopemsr 1), u caxegosarenpHO,
ajeMedT x ajrebpauven Han K.

YrBepsusienne, ofparsioe 3TOMY TIPEfJIOHKEHNIO, HEBEPHO; I03:KE
(§ 4, n° 2) Mu pajmM OpuMep anrefpamuccKoro pacmnpenus GecKoueTHOR
cTenend.

Heepnomkenur 5. IHyemv E=K (a), a,,...,ay)— pacuuperue
noas K woneunoeo muna u nycmuv ece saemenmst a; (1 <i < m) aneed-
pauunst wad K. Toeda E — pacuupenue noas K romeunoii cmenenu.
ITycms n; —cmenenv anemenma a; nad notem K(ay, a,y ..., a;_4);
moeda cmenenv noan F nad K pasma nin, ... n,, U asesmermot

ayray? . .. a m (0. v; < ny_y) 06 pasyrom 6aauc pacuupenus L noas K.

HelicTBUTeNBHO, DJEMEHTH az'i (0 < v; < n;_y) o6pasylor 6a3uc mo-
aa K (ay, as, . ..,a;) vHam K (ay, a, ...,a;_4) (reopema 1r)). IIpemno-
#meHNe HeoCPefICTBeHHO WOJYy9aeTcs MHAYKUMed [0 m H3 Ipeiio-
mernsa I ra. II, § 5 (em. § 2, n® 1).

3ameuanuda. 1) Mu umeceM E=K|ay, ao, ..., ay], n, caejgopa-
TenpRo, moae E msomoppHo daxropkonasuy K [Xy, X, ..., Xpl/e, roe
a —wupnean aareCpamdecKiX COOTHOMICHHI MeAY dJIeMEHTAMY a; ¢ Kod(-
duumenramn u3 K (rx. IV, § 2, Teopema 1); Tak Kak E—moxe, 10 06—
Makcumaadioiii uRean koasua K[Xy, ..., Xy
' 2) Ilyery E—anrcOpadueckoe pacmuperue nods K GECKOHCUHOIE
cTenenu. Vs npeasonicEna 5 clegyer cyniecTBoBaEue 0eCKCHEMHAON moc.ae-
noBaTeIbHOCTH (a;) 971eMeHTOB L Takmx, utoan § K (ay, ay, ..., ap—q)-
Kpome Toro, wpe;utocilAe 5 TNOKA3KBAET, 4UTO CTCHeHb  OOJE
K (a4, ap, ..., ap) Haj K MO:KeT DPHANMATH KAk yrogHo Goawimne 3Ha-
geyura. Wmawe rosopa, ecru E—rtakoe anreSpamueckoe paciinpeHme
moia K, uro cremenn [F : K] mogpacimupennii KOReuHON cTeneday mouas £
ozpanuyensv, TO E — pacuiupenie koneunoti cremedu mouad K.

Hpepnomerne 6. Tycme E — pacwupenue noas K, A—vuacme E,
cocmoawas us aszebpauveckuxr wad K anemenmos; mozda K (A)—
asceb pauieckoe pacuuperue noas K.

HeiicTBuTenbHO, BeAKUil saeMeHT z, npunajiesxamuit K (4), npu-
Hajge:RuT noaw K (F), rge F—roneyHaa dwacts A (§ 2, caedcr-
BUe W3 mpejyiokeHna 3); pacmupenue K (F) anreGpamano Ham K
(upemaoskenne 5), ciemoBaTeNBHO, 2JIeMEHT x ajrefpandecknii nag K .
Mregaomenne 7. ITycmv Q-— nexomopoe pacwupernue noas K,

E u F— pacuupenus K, codeprcawueca ¢ Q. Ecau pacwupenue F
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aneebpauino Had K, mo ncOkoavyo C, noposwdennoe mHodcecmeom
E [ F, seasemes ncaem, kcmopce coencGaem ¢ E(F) u aaze6 pauuno
nad E. ‘

Hefictentensno, peAKuil siement pacmuperusi F, 6ynydam anre6-
panupnM Hag K, anre6pamuen Bapy F (mpepsioskeHme 2), ciefoBa-
TeabHO (Dpegaosxenne 6), £ (F)—aare6pangeckoe pacmupenne noas E.
Tax wax C—xoasuo, cogepameecs B E (F) n copepmamee E, 10
C—mnone (mpepnoenne 3), cilefoBaTelbHO, OHO coBmajgaer ¢ FE (F)
BBUJY OIpefeleHUs HOCHEIHEro.

3. Tpanaumuenocmo aazedpauniectuxr pacuiupernuti.
IIoasn, ancebpauuecku 3amEnymole HYMPU c60e20
racwupenusn

Neennomenue 8. Ilyecmv E u F—deéa nadnoas noas K u K
CECF. Has moeo umcbu noae F 6viao asec6pauneckumr nad K,
neobzoduno u docmamourno, umcbu E 6uio aseeb pauueckun nad K,
a F aneebpauveckum nad E.

Veaosne meobxogumo BBUAY Hpemnosenun 2. HorameM, 910 0HO
pocTaTodHo. IlycTh & — MpouSBONBHEIL 2aeMenT pacmupenus F; om
axrebpamueBs Hap F; nycrs g€ E[X]—MuENMAAbHHIE MHOrOWIEH
anemenTa z Hapx [E. OGo3EaiuM cuMBOIOM A MHOKECTBO (KOHEY-
Hoe) ko>$PuOueHTOB MHOTOWIeHa g; BJIeMeHT & airedpandeH HaJ
moaxeM K (A). Tax xax pacmupenue K (4) BMeeT KOHEYHYIO CTeIEHE
Bap K (opemnomenme D), a pacmupenme K (A ] {z})=K (4)(x)
nMeeT KOoHewHymo ctemeBb Hajx K (A), to (§ 2, teopema 1) pacmupe-
nue K (A {z}) BMeer koBeunyio crenenp Hag K u, 3HAUNT, BIEMEHT
z aareGpanuer Hapy K (upepaosmenue 4).

Onrrpenerue 5. Ifofnoae K noas E nasvieaemcsa anze6pauvecki
samknymein 6 E, ecau ecaruii saemenm pacwupenus E, asnzebpau-
weckuil Had K, npunadsemcum K.

JTO PpaBHOCIIIBHO YTBepKpenmio, uro K —enmmcTBeHHOE anre-
Gpamdeckoe pacmmpenue mons E, comepmameecs B E. Bearoe mome
Apaserca axrefpaidecknm 3aMEHYTHM B cefe. B § 4 mMm msyunm
monsa, anrefpanmvecKu 3aMKHYTHIe B JofoM Hajmoe.
© Hreepanoxerne 9. ITycme E —npoussoavroe nadnoae noas K. Muo-
owcecmeo L mex anemenmos noas E, womopve aazebpauumn mnad K,
cocmaganem noae, aqzebpauiecky 3amknymoe ¢ K.

7*



100 o 1. v, §3

HeiicrBurenrno (mpeniaoskenne 6), mone K (L) anreGpanyano Hapg K,
caenosarensno, K (L) L, n, sgagur, K (L)= L u L —mnoxe. C apy-
roit CTOpoHH, ecay 3xeMeHT r € E amreGpavuen Han L, To oH aare-
6panuen uap K (npepmosxenne 8) m, cienoBaTensno, npuHayiaemut L.

Pacmupernne L moas K, cocroamee u3 anemeHToB E, axreGpany-
HEX Hag K, HasHBaWT a.zelpaudeckum samvikanues noars K ¢ E.
OHo sBuaserca naubosvuum a.nzebpaudeckusm pacwupenuem noss K,
cojepsramumca B F.

Yupameernnda 1) Joxasars, 410 BeAKoe aireGpaudecKoe pac-
mupenne £ moias K paBHOMOINHO JacTh MaOkecTBa K X N (paccMOTpeTh
oTofpaskeHme, CTapAllee B COOTBETCTBHe KayKAOMY sieMeHTy u3 E ero
MAHUMAJIbHE MHOTOWIEH HAj K; [MCHONL30BATH TOT (AKT, UTO MHO-
JKECTBO KOHEYHHIX HacTell GECKOHETHOTO MHOMKecTBa A paBHomontno A).
B wuwactHOCTH, BCAKOe ajireGpamdeckoe pacmUpeHNe KOHEUHOTO IO
cueTHO H BCAKOe ajirefpaudeckoe pacmupeHme OecKoHewHOro mois K
pasuoMomiuo K. °BuBecT OTCIOAA, UTO B moJie R felicTBETeNLHEX JHCEN
CYIecTBYIOT TPAHCHEHJCHTHHE HAl NPOCTHM IIOJeM @ uucia M 9T0 MHO-
JKECTBO MX MMEET MON[HOCTEH KOHTHHyyMa. ,

2) Ilyers E —pacmupesye noias K, ¢ u y—/[sa paananHx KOp-
HA OJ{HOTO M TOTO FKe HeIpUBOAUMOro MHorogaeHa Koidona K [X], z, y €E.
Hoxrasars, 910 pacmupenud K (z) u K(y) He spagioTea iuHeidno pasfe-
aennsME Hag K (MCHONH30BaTh Npefiroxkenne 4 a), § 2). °Ecam B xa-
vecTse K B3th @, B Kauvecrse E mome C KOMILTEKCHEIX YHCed, B Ka-
gecTBe z AeiflCTBUTENLHEE KOpeHL M B KadecTBe y KOMILIEKCHEI KOpeHb
MHOTOIeHa z3—2, TO foxa3zaTh, 910 K (2) K (y)=K

3) Iycrs (E,)—cemeficrso pacmupenmit mois K, copepamexcd
B pacmmupennu G noaa K. Ilycte F —axreGpamdeckoe zaMbkaHAe MO~
asn K B E; pokasarb, 9T0 aarefpanmveckoe saMekanme nois K8 E=[) E,

L

ectb F=[1F,.
L
* 4) Mycte K—rmnoxe, A—mnoakoanto mona K, L C K—mone gacTHHX
xoabua A.
a) JlokaszaTs, ut0 ecaim K ecTb A-MOAyJdh, pRONYCKAlOMHN HOHOU-

n

myl0 cucreMy obpasyomux, o L=A. (Tlosaraa K= Z Acj, AOKa3aTh,
i=1

q10 L ecTr A-MOpyab ¢ KOHEYHEIM WHCIOM 00pasyoIux, paanaraﬂ K,
paccMaTpuBaemMoe KaK BeKTOPHOE NPOCTPAHCTBO Hajy L, B NpAMyl0 cyM-
My L ¥ HOKOTOPOTO JONOJHHMTENBEHOTO TOAIPOCTPaHCTBA.)

6) JlokazaTh, YTO eCIH CymleCTByeT KOHETHOe YHCIO IIEMEHTOB Z;
mona K anareGpamumuix Hapy L n Taxmx, uro K=A[z, ..., z,], TO

cymecTByeT OTAUYHEIN OT Hyas saeMeaT b € A Taxoit, ato L=A [_7—]
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(noxasaTh CymecTBoBaHWe 3jeMeHTa b€ A Takoro, uro K HBIger

1
ca A [—b—]-monynem ¢ KOHEUHHM 4UHCIOM o0pasyomux). BuisecTu

oTcIona, 4TOo b NPpHHAAJECKAT BCeM MaKCHMMAJBbHBRIM HHAealiaM KOJIbLIA A.

§ 4. AareGpanseckn 3aMKHYThie pPacIIMpeHUs

1. Aacebpaurecku 3amrymoe noae

Ieeanoxesue 1. Jaa awboeo noss K caedywowue vemvipe ceoiicm-
80 9KEUBANEHMHDL.

(AC) Beaxkuii nenocmoawnnvili muoeodaen rkoavya K[X] pasaa-
2aemca 6 IMOM EOALYEe 6 npousgedeHue MH0e04AEHO8 NEPEoll cmenenu.

(AC’) Bcaruii nenocmoaunbii mruoecouser roavya K[X] umeem
zoms Gvt 00un wopendv ¢ K.

(AC") Bcakuil nenpusodumstit mnoeouaen roavya K [X] asasemes
MHO2OUAECHOM Nepeoll cmenenu.

(AC™) Bcaroe aazeGpauueckoe pacwwpenue noas K cosnadaem ¢ K
(usawe rosops, noae K aace6paudecku 3amruymo 60 6cer CeOUX
Hadnoaar).

Horaskem cuauaxa, dro cBoiictea (AC), (AC’) u (AC") skemBa-
aeyreH. fleno, aro (AC) Bueser (AC”); (AC”) Bmeuer (AC’), raw
KaKk BCAKHHA HemocToAHHBIN MHorouneH wombna K [X] menmres ma
HEKOTOPHII HenmpmBoauMEINl MHorowuwnes (rx. IV, § 1, upepnokenue 8),
KOTOPHIif, ABJASCH MHOTOYJICGHOM HEPBOH cTernenu, uMeeT Kopens B K.
Haxownen, (AC’) Baeuer (AC), tak Kax us (AC') wmaykuueir mo n
BRIBOIMTCH, 9TO BCAKHA MHOrowied cremenu n B K[X] spasercs
OpousBefieANeM n MHOTOYIeHoB UepBoil cremenu (ra. IV, § 2, mpen-
ToKeHHe D).

Ocraercss mokasats, 9710 cBoiictBa (AC") u (AC") DKBHBAJIEHTHH.
Ecau K o6Grapaer cpoitctBoM (AC"), To Beaxuil anreGpanansiii nag K
anemeHT mMeeT cremenb 1 Hax K (§ 3, teopema 1 B)). CiegoBarensHo,
oH upusajiexnt K, 1. e. seimonneso ycaosue (AC"). HaoGopor,
npexnonoxuM, aro K o6Gmagaer ceoitcrBom (AC”); mycrs f— Hempu-
BopuMHE MHOrouwiedn xoasma K [X]; Torfa mpean f MaKeumadeH
B woabme K [X], u noae K[X)/(f) nmeer Komeunyio creneHp Hapg K
(ra. IV, '§.1, mpepaokenne 4), caegoBatelbHo, 0HO axreGpamvHo
pag K (§ 3, opepnokenne 4). Tak kak oHo MOIKHO coBmapats ¢ K,
T0 f mmeer cTemeHsr 1, m ycmosume (AC") morasaHo,



<

102 nond . v, § 4

OnpepenesnE 1. [foae K nasvisaemen anzebpautiecku samnknymbim,
ecau owo obaadaem (sksusasenmmuwimu) ceoiicmeamu (AC), (AC’),
(AC"), (AC").

3ameTHM, UTO, pasyMeeTcdA, moxe K, aaze6pauvecku samrHymoe
6 Oannom pacwuperunw E pona K, ne 00i3aHO OHTH aireGpamdecKn
BaMKHYTHIM. JTO TOCJefiHee TMOAATHE MMeeT BHYTPeHHMIl xapaKTep, T. e.
BaBHCHT TOJBKO OT CTPYKTYpPH mois K, B TO BpeMH Kak HepBoe CYmecT-
BeHHO 3aBHCHT OT PaccMaTpHBAEMOro pacmupenus E.

Ws ppepnoskenusa 1 BuTeraer caenylomee ciaencTBue,

Cnepcrene. Jycmy K —nodnose aszebpaunecku 3amxnymoeo no-
28 E; moeda ascebpauuneckoe samvikanue F noss K e E asasemcs
an2e6 pautecku 3AMEHRYMbLM ROAEM.

HeiicteaTennHo, BCAKME HeDOCTOAHHHN MHOrowieH Koabma F [X)
o6rafaer mo xpaiiHeidi Mepe omHMM KopmeM B FE; 5TOT KopeHs,

Gynyun anreGpamunmim mag F, aareGpanwen Hag K (§ 3, Dpepo-

sKeHwWe 8), caemoBaTenbHO, NpuHAAERUT I,

Npumepu. *1) ITone C KOMIOJEKCHHIX 9HCEJ] SIBIHETCS anrebpam-
YeCKHM 3aMKHEYTHM (O6wy. monoa., Ta. VIII, § 1, Teopema 1)..

2) Honeunoe mone K He woser OHITh anreGpamdecKM 3aMKHYTHM;
JefcTBATETHLEO, NYCTH (xi)isisn—-xoue-ma;: MOCJ1e0BaTeILHOCTL, CO-

n
CTaBIeHHAs W3 Beex daeMedToB moas K. Muoroanen f(X)=14- H X
' i=1

X (X—z;) mona K{[X] me mosKeT HMeTh KOpHA B moje K, ciefosa-
TeAbHO (mpepioskenue 1), K He aABiIfSeTCA axreGpaudecKd 3aMKHYTHM.

2. Aazedpauuecru 3aMEHYMvLE PACUIUPCHUA

Teneps MH cobfEpaeMcs [OKa3aTh CyMeCTBOBaHUE AJrefpamdecKu
BAMKHYTOTO IO, COAep:KamIero HpOM3BOJbHOE NaHHoe Ioje. Bise-
ZeM clefyiomiee OmpegelreHue.

Onpegeneeve 2. Pacuupenue noas K 6ydem wnassieamdv aaze-
6 pauveckum samuisarnuem noas K, ecau omo aszebpauino mad K
U aazebpauveckli 3aMEHYMO.

IIpu moxasaTeancTBe CymecTBOBAHUs aareOpamIecKOro BaMHIKa-
HAA MH OyjeM IOJB30BATECH CHEAYOIUM BRLKHHM IpPe[H0KeHNEM:

IIrepnoswerne 2. ITyemv K—noae, (Ey)qca— Npouseosvroe ce-
meticmeo  pacwupenuii noas K; mosfa cywecmsyem pacwupenue E
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noas K u 0as wancdozo a €A K-usomoppusm u, pacuupenus Eq
6 I mawxue, wmo E nopoxcdaemesa o6vedunenues uy (Ey).
B camom jene, pacemorpum mensoproe npouzsedenue F=Q E,
A

pacwupennit F,, paccMarpuBaeMHX Kak aarebpm Hapm K (m.( >III,
upunomenne 1, n° 2). F— xoMmyTaruBHaa anre6pa mag K, obma-
JaiomasA equHUNEH, KOTOPYK MOMKHO OTOMIECTBUTH ¢ eaumuIei
mona K, m gna rammoro o€ A cymecrByer kramommuecKuil K-mzo-
Mopdusm v, pacmupennss E, una noxnone F, anrebpm F, comepma-
mee K. Ilycrs o —muexoropuit marcumaavhsili udeas anrebpmr F
(rn. 1, § 8, teopema 1); Torma daxrropanrebpa F/a sABasercs moieMm
(ra. 1, § 9, reopema 2). Tak kak egmnunma pacmupenns Fg cosmajmaer
¢ epunnneil anre6pu F, To nepecevenne K, [q, Apasiomeecs ujieanom
B Eg, conepssnr nump myap (ra. I, § 9, npepnoskenme 2). Creposa-
TeJbHO, KaHOHmUecKHii roMomopdusm ¢ anre6pst F ma F/4a, orpann-
9eHBEl Ha Fgy, sasngerca K-msomopdusmom Ej ma ¢(Eg). Tak Kak
obrequuerne pacmupernii Eg moposknaer F (ra. 111, mpmmomenne 1,
n° 2), 1o oGvegunenne noxei ¢ (Eg) mopoxpaer F/a. Takum o6pasom,
YCIOBHSA BPeJJIOKeANs 2 BHIOOIHAIOTCH, €CliM B3ATh E=F/q U ug =
=@QoV, MIAA Bcex o€ A.

Yame Bcero Mut 6ydes omoxcdecmeasmv Ey ¢ uy (Eq) ¢ mOMOMBIO
nsoMopduaMa U, U paccmarpuBaTh nois E, Kak nozpyicernsie B pac-
mupenne E.

Teorema 1 (UIrefinuan). ITyemv K —noae, Q— anzebpauveckoe
samviranue noas K, E —npoussoavroe aszebpauveckoe pacuupenue
noasn K; moeda cywecmeyem K-usomopguam E ¢ Q.

JeitcTBurensHo, BEUAY OpefoKenusa 2 cymecTByeT pacmupenue V
mona K, comepswamee Q@ u K-msomopdmsm u pacmupenns E B N
Takme, uTo [N mopompgaerca mHomecTBoM Q| Ju (£). Tark xar pacmu-
pernsa Q u u(FE) anrebpamunsr nag K, to N — anxrebpamaeckoe pac-
mupenue nonsd K (§ 3, upennomenne 6) u vem Gonee N anreGpauuno
max Q, a Tak Kak Q—muoje, anxrefpamuecky saMKHyTOe, T0 N =Q
{npegnoxenue 1), Teopema noxasama.

Caegpcreue. Hycmv E u E' — 06a noas, u — usomopuam £ na E’,
F — axcebpauneckoe pacwupenue noas E, Q — aneed paueckoe samuvira-
nue noas E'; moada cywecmseyem usomopgusm pacwuperus F e Q,
npodoaxcaowull u.

yers F'—«cymman (Teop. mu., Pes., § 4, n° 5) mmomects E’
u F\CE; u;—B3auMHo onHO3HauHOe oTOOpaskeHue F ma F',
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npononmhlomee u. Ilepenocsa Ha F’ cTpyKTYypy moasa F ¢ NOMOIIBIO
orofpasKenna u,, Mo cuabwaem F’' cTpyKTypoil moia, uzoMopdroro F,
U npeBpamaeM u; B usomopdusm F ma F’, mpopomsaromuit u. Ilo-
cKoIbKy F’— anreGpamueckoe paciinpenne moass E’, to mo Teopeme 1
cymecTByeT E’-usomopdusm v nona F’ B Q. Msomopdusm voeu, mons F
B Q ABIAETCA MCKOMHIM H30MOpPQH3MOM,

Bo3MoKHOCTE (IIpOMOJKATEY 6CAkoe alireGpandeckoe pacIIUpeHue
moaa K B anreGpauveckoe sambikanue moas K zapakmepusyem axnre-
Opangeckoe zammKanue mons K. Mmenwmo:

ITeepnomenue 3. Hycmo E — aneeb pawneckoe pacwuperue noas K.
Ecau Ons ecakoeo pacwupenus F roneynoid cmenenu noas K cywe-
cmeyem K-uzomopgusm F ¢ E, mo pacwupenue E aseebpauveckn
3aMEHYMO.

Bymem paccy:kmaTth oT TMIPOTMBHOIO M TPEAIONIOMEM, UYTO Cyle-
creyer aarebpauueckoe pacmmpeame E' moma E, otauunoe or E.
ITycts z — amemeRT pacmupenua E' u z ¢ E. Tax xak x anreGpanden
Haj E, om anrebpamuen u Hag K (§ 3, mpemnoxenue 8). Ilycrs f—
MEHUMAJGHEA MHOrOYIeH dieMeHTa £ Haf K, m-—4uciio pasauvHuL
KopHeil MHoroumena f, codepacawuxcs 6 note E (m He Moxer OHTDH
HyTeM), U Y1, Yo, « - ., Ym—Bce 311 Kopuu. Ilogmoxe K (x, ¥y, Yo, - - +» Ym)
ABndercd pacuimpeHueM mwoas K, cogepskamumes B E° ¥ uMeomum
KoHeuHywo crenens Hagm K (§ 3, mpenioskeHue D), ¥ MHOTOWIEH f
HMeeT B HeM He Memee ueM m -- 1 pasamunsix Kopueii., CaemosaTtennuo,
He MokeT cymecrBoath K-usomopdusm mona K (2, Yy, ..., Ym)
B E, rak xak B E wMHOrounedn f obnajaer TOABLKO m DPasnudmbl-
MU KOPHAMHU.

Takum o06pazoM, Mbl IPUIOUIE K HPOTHBOPEUHIO, KOTOPOE JIOKABHI-
BaeT TpeIJI0KeHNe. '

Temepb Mu1 oOnamaem BceM HeoOXO0guUmbIM, uTOOH JOoKa3aTh Cyme-
CTBOBaHUE ¥ €IUHCTBEHHOCTH (C TOYHOCTHIO [0 u3oMopdmama) aire-
OpaudecKoro saMHKaHHA HPOU3BOJALHOTO NOJA.

Teorema 2 (Ulteituun). Bcakoe nose K obaadaem ueromopsim
aseeb paudeckum samvikaruem. Kpome moeo, Oasn awbuix Osyr aree-
6paudeckux samvikanuii Q u Q° noas K cywecmneyem K-usomoppusm
Q Ha Q. '

Paccmorpum anreGpy wmumoroumenoB A= K[Xpl,en u cemeiicTBO
moxneii K[X,, Xy, ..., Xm]/a, rie m NpuHUMAeT BCe LEJbIE IONOKU-
TeJbHHE 3HAYCHHA U THe MJAA KaKIOoTo m, a npoberaer MHOMKECTBO
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BCeX MaKCHManbHHX mieanos anre6pu K [X,, Xy, ..., Xp]*). O6Gozna-
9uM 3T0 cemeicTBO 9eped (£;)rer. Jas Bcaroro anreGpandgeckoro pac-
mupesnusa F komeunoii cremesn moas K cymecrsyer K-mzomopdusm
F ma (mo kpaiimefi mepe) ommo moxe E, (§ 3, sameuanmme 1 x mpeg-
aomenno 5). Beupy mnpennomkenns 2 cymecrByeT pacmupenve E
noaa K rakoe, uro muas Ramporo A€ L cymecrsyer K-uzoMopduam
uy noaa E, s E. Ilyerb Q—anrebpanzeckoe sambikaaue noas K
BE (§3,n° 3); rorma Q comepmnr Bce pacmumpenus uy (E,), ABndo-
mueca anrebpangeckumn Hay K. CnepgosatesisHO, jisfi BCAKOrO pac-
mupenns F KouneuHoil cremennm moasa K cymecrByer K-mzomopdusm
pacmuperns F B Q. B cuny upepnomenns 3 Q sBasercd a.zebpau-
ueckum samuikanuem mnona K, Ecmu Q' — npyroe anrebpanueckoe
samblKaHue moaa K, ro mo Teopeme 1 cymectByer K-nzomopdusm
v pacmupenna Q' B Q, a Tak Kak mode v (Q’) anrefpanuecku 3amK-
HyTO, a Q anrebpamuno Hay K u, caemosarensHo, Hajx U(Q'), To
v(Q)=Q, geM u 3aBepuIaeTCA JOKA3ATEIHCTBO.
3amevanne. B qécmocm, BCAKOe koneunoe mome K pomyckaer
anreﬁpanqecxoe 3aMbBIKalBe Q, KOTOpOoe [JOJEKHO 6]:ITb 6ecr{0ﬂequM
modem (n° 1, mpumep 2). Tak Kak Bcsaxoe asdrebpaudeckoe pacmupesue

KOHeuHOI crellenu Itoasi K ABIAETCA KOHEUYHHIM IoJeM, TO Q sABIfeTcA
anrebpaudeckuM pacmupenmeM Geckoneunon cmenenu gan K.

[Iycte Q-— anreGpanueckoe 3amMmKanue uoJjsa XK; Torja BeAkmit
OTIMYHHE OT KOHCTAHTH MHorouwiaed f xonbma K [X] mpuxapmemnr
Konbny Q[X] u, ciegoBarenbHO (mpefmoxenue 1), paBen mponssefe-
HUIO MHOMKUTEHel nepeoli cmenenu w3 Q[X]. Iyers z; (1 <i<<m)—
pasiuvHbHe KOpHH MHOrowileHa [ B Q; Torja cyMMa HOPSJKOB KpaT-
HOCTH ¥; pasna cmenenu muozowaena f (eM. ra. 1V, § 2, reopema 2).
Ilone E=K (x4, ..., Zm), DOPOKAEHHOE DIEMEHTAMH Z;, HABHBACTCA
noaem ropueil (way K) maoroumena f B pacumpenun Q. OHo aare-
fpamuHo, MMeeT KoHe4HYO cteneHb Hayx K (§ 3, mpepnoxesue d)
U ompeseneHo (HesaBUcUMO 0T Q) ¢ ToYHOCTBIO 70 wm3oMopdusMma.
HeificTBuTensHo, nycts F — npoussodbHoe pacmmpenve nons K raxoe,
9T0 MHOTOYJeH f paBeH OpPOU3BefeHUI0 MHORHTeNeil mepBoii cTenmenu

*) Muosxectsa K [Xg, Xy, ..., X;3]/0 ABaAwoTca yacTAME MuomKecTBa P (4)
(mu oToaecreufieM K [Xg, ..., X;;,] ¢ mopanrefpamm axareGpu A). Yramewm
ABHO, YTO KOTJA OZHO B3 TUX MHOMKECTB COJEP:KATCA B JPYIOM, MEl He nped-
noaazaem, 470 NePBOe ABIAETCA IOANONEM BTOPOrO (XOTA MOMHO J[0Ka3aTb,
4TO 3TO JAeffCTBUTENBLHO WMeeT MeCTo).
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{He obsasartensHo pasnmunsx) B xoione F [X]. Hyers y; (1 <j<q)—
pasnuuHble KOPHU MHoroujeHa f B moje F. Ilo Teopeme 1 cymecTtByer
K-nsomoppnsm u moawoas K(y,, ..., yq) Hons F Ha nopnone E’
mong 2, a TaK Kak [ paBeH NpoW3BefeHNI0 MHOMKUTEXel mepBoil
cTelleHN B Kounle £ [X], to axementnl z;=u (y;) (1 <j<¢q) apaawrca
©JUHCTBeHHKMI KOPHAMH MHOTouneHa [ B moje Q. ITUM [0Ka3aHO,
aro g=m ¥ zj=2; JAsa 1 <j<<m (C TOYHOCTHIO JO IePeCTAHOBKH),
otkyna E'=E. Jlonyckas BOJBLHOCThL pedr, Mbl OyIeM HHOIJA roBo-
PUTE 0 noJe KOpHeldl MHOTowIeHa f Ges yrasaHus pacimupennd nous K,
cofiep:Hamero 9To HoJie.

3amermM, 4TO Moie KopHedl K (zy, ..., Z,) MHOrodiesa f OTIH-
9aeTcHd, BooOme ToBOpA, OT MoiA K (z;), MODPOKASHHOTO 09HUM H3 KOP-
Hell z; MHoTOYneRa f B Q (cM. § 6, ympasxmenue 7). B wacrsocrm,
crenens K (x4, ..., zp,) Bag K B o0meM cuaydae cmpozo Goabvuse CTENeHR
MHOTO4JIeHa f. 3amMeTHM raKike, 410 noxe K (x4, ..., Ty), Boobme rosopA,
He m3oMopdHO darroproasuny K [X]/(f), Aame ecam MAorowien f HerpH-
BojMM (€caH f He ABJAeTCH HEUPHBOAUMEIM, TO 3TO (AaKTOPKOJBIO
COlleDsKUT feldTend HYIH).

Yupamnaeuusn. *1) a) lycrs E—taxoe anrefpamdeckoe pacmmu-
pesne moJsst K, 94T0o BeAKmU MAOTOYIed, OTAAYHLIE OT KOHCTAHTH, KOJBIA
K [X] pasnaraeTcsa B OpousBefeHHe MHOKATeNeil mepRroil cTemenu B £ [X]..
Jlokasarts, aro E gpiseTcsa anrebpamieckEM 3aMuiKaAmem nona K (ecnm
ajeMedT x anredpamuen mag E, to om aare6pamued W Hax K; paccmo-
TpeTh MUHAMANBHEIA MHOTOYJNEH 3jaeMeHTa z HafX K).

6) Ilycts K —6eckoneunoe moje, E —Takoe alrefpamyeckoe pacmiu-
peume moxas K, 94T0 BCAKHWII MHOTOYJEH, OTIAYHHE OT KOHCTAHTH, KOJbIA
K [X] o6nagaer zomsa 6w odnum xoprenm B E. Jlokazats, uro E —anre6-
pamueckoe zaMmKasme moiag K (oyets Q—HeExoropoe ajirebpamdeckoe
saMukasne nons E, f—wmmporouned komesuma K [X], z; (1 i< m)—ero

m
pasiuuase KOpHE B ; PaccMOTperh m 9JIeMeHTOB yi:Z 23jj, THe 2;j
1=t
CYTh m? YPOHM3BOJBHLIX 3JI6MEHTOB Ioad K W J0OKA3aTh, 4TO MOKHO
BelbpaTe Takme z;5, 4T0 det(z;5) = 0 m Bce y; mpmaagIe;kat unoawo E;
HCYI0NIB30BATE Ipefnoxenne 8 ra. 1V, § 2).
2) JlokaszaTth cymecrBoBaube aiarebpamueckoro samuxauma monx K,
fie NMOAB3yAch pe3yiabTaTaMd § 4, cxefylomum o6pasoM: pacCMOTpeTh

B MmaokectBe A=K [X]xX N +dacrs K', COCTOAMYI0O H3 3JCMEHTOB
:;=(X—a:, 0), rae = mpoberaer K, m mepeHecTn HA K cTpyKTypy noas K

¢ moMompio oTobpaskenma z —»z. Ilycts © —MHOKECTBO CTPYKTYp Io-
asa 3, ompejesieHHHX Ha YaCcTAX MHOKecTBa A, KOTOpoe YIOPAXOUYeHO
«II0 TPOJOJIKEHHMION, T. €. IOJIOKEM X< X', ecam X ompejieseHo
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ma EC An 3 na E' C 4 n ecan none E, crab;kenHoe CTPYKTypoi X,
saBusieTcd mopmodeM mnoas E’, cualRenHoro cTpyxrypoit X’. Jlowasats,
410 & —HNHAYKTABHOE MHUOKECTBO; TO JKe BEDHO [Js YacTH <o MHOMKe-
crpa &, cocrosmeil M3 CTPYKTYDP X, HpOJORIKAIOIHX CTPYKTYDPY K
U TAKUX, 9TO JiJisi BCAKOTO daeMerita z=(f (X), m) 7acTy mHOMKecTBA 4,
Ha KoTopoil X ompejeneHa, AMeeM f(z):O (B cMEICHE CTPYKTYPH ZX).
Haxonen, foka3aTh, 4TO BCAKMA MaKCHMANBHRIL JIeMeHT HANPaBJAEHHOTO
MHOsKecTBa €, sIBNgeTCA CTPYRTYDOIl anrefpamdeckH 3aMKOYTOTO IIONA,
TPOJI0JKAIIIE CTPYKTYDY K.

3) Nycte K —nmone, f—muorounen konbna K [X, Y]. Hpennonomum,
970 mMeeTcd cooTHomeRme Bujaa @ (X) f(X, Y)=g (X, Y)h (X, Y), rfe g
#m h—MHoro4neRn Konsna K [X, Y] Takme, u9ro KodEQmrmeRTH MHOTO-
9jieda g, PAcCMAaTPHBAaeMOT0 KAK MHOTOWIGA OT Y, B3aRMHO OPOCTH
® rae ¢ —wmaoroaneR konabua K [X]. HdorasaTts, 9T0 TOT[ja Bce KOaddm-
LUeHTH MHOTOUJEHA h, paccMaTpHBaeMOT0 KaK MHOTOHUNeH OT Y, JenATCA
fa ¢(X). (Pacemorpets @, f, g, & Kak MuHorounens oT X nap mojeMm K (Y)
¥ DPasnoRUTH NX B TPOM3BejeHre MHOTOUJEHOB IEePBOIl CTeHEHH B ajre-
Opanueckom samuikanzmu Q nong K (Y). 3aMeTnTh Hakosel, 9T0 ecam K’ —
anrefpandecroe 3aMEKaHne moag K, To 0. H. A. B Roasne K’ [x] mHOrO-
uneHoB Koabna K [X]| mpmrapnessnt K [X].)

4) Hycte K —none, u © v—panuoBajibibie Apo0H, OTANTHEE OT KOH-
craut, moag K (X). Jdag toro urtobm Apobs u (v) Obia MHOTOUNEHOM,
#e00X0AMO T J{OCTATOYRO, YTOOGH BHIHONAALOCH OJHO M3 ABYX YCIOBHIi:

a) am6o u m v—mMHorounedn, 6) anbo u=rF/(X —a)?, v—a:é, rue f

¥ g ABISIOTCA MHOTOUJIEHAME, 4 O, —3JieMeHT noifa K U cTeneHb f fe mpe-
BoCXouT n (paccMoTpeTh anrebpamuecKoe 3aMbEIKaHWe MONA K, B KOTOPOM
PA3JiOKUTH HA MHOMKHTENH YHCAHTE)i> M 3HAMEHaTeAb pallBOnajibHBX
apobeil u m v).

§ 5. TpaHcuenmeHTHBIE pacHIAPEHH

1. Aneebpaunecru c60600HvIe cemeticmaa.
Hucmuvie pacutupenus

Mo cobupaemca 0600muTh oupefeeHNe TPAHCUEHACHTIEIX dJle-
menToB majx noxem K, pgammoe B § 3 (onpepenenue 1),

Onrepenenue 1. B pacwupenuu E noas K cemelicmeo (x)er
InemeHmos pacwuperus I wassieaemces aaeebpauvecku c60600HBLY
1ad K, ecau udeaa aaecelpauveckur coommoweHull mexwcdy x, ¢ Koaf-
Pduyuenmanu ¢ K pasen (0) (uau, umo mo e, ecau 00HOYACHBL

11 T' OmHOCUMENbHO T, AUHELHO He3asucuMmbl Had K).
4
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Ecau cemeticmso (x,) aaemenmoe pacwupenus E ne seasemcs.
asacebpaunecku c60600nbvin nad K, mut 6ydem e2o nasvieams anzebpau-
vecku ceasannuim Had K.

Onpegenenne 1 MokeT GHTH BHIpa)keHO ellle TAK:

Meegnoskeune 1. Jas mozo ymobu cemeiicineo (z,).cr saemenmog
pacwupenus E noas K Gviao aszebpaunecku c6o600num nad K, neob-
zodumo u docmamouno, umobvl us pasencmea f((x,))=0, 20e f—
mHozouaer koavya K [X ]er, ewimerano pasencmeo f=0.

Onpepeneume 2. Pacwupenue E noas K nasweaemcs wucmbim
pacwupenuem noas K, ecau cywecmeyem cemeticmso (x,)er daeMeH-
mos pacwmpernus E, aacebpauuecku ceob6odnoe nad K u maxoe, umo
E=K (z)c1. Taroe cemeiicmeo nasvisaemes wicmuim 6asucon noss E
Had K.

IIycroe cemeiicrso siBasiercA aareGpamdeckm csobogumm (ra. IV,
§ 1, n° 2), crenosatesnnuo, K sipasierca cBouM COOCTBEHHBIM UHCTHIM
pacuimpenueMm. Ecam wmuokecrso I He mycto, m (x,),¢7— 9MCTHIA
Gasuc uaucroro pacmupenus E mons K, To BCAKUI 3IeMEHT 3Toro
Gasuca z, mpancyendenmern Hag K. B atom cayuae Mpi HasnBaeMm
E —uucmo mpancyendenmmusin pacmupennem moas K. Orobpaskenue
f—f((z)) rompma K [X ], B mode E saBugerca usomopgusmon
B3T0TO Kombma Ha Koabuo K [z,),er, moposrjnennoe obbenmueHnmeM K
n mHEO:KecTBa 7, (Ta. IV, § 2, reopema 1). Ilome gacTunx E = K (2,)¢1
obmactn nenocrooctun K [z,]ier, CIefoBaTeIbHO, U3OMOPPHO MO
paunonamasupix npobeit K (X,)¢r. Mrax:

Hrepaoxenne 2. Jas mozo umobu pacwupenue E noas K 6vao
wucmo mpaHclyendeHmunm  pacuitperiien noas K, Heob6xodumo
u docmamouno, umobsr E Geno usomopgro noaw payuornarvres 0po-
6eii nad K. Ecau (x,).cr — wucmuiii 6asuc pacwupenus E, mo nose E
usomopgrno K (X, )er. '

BaMedganue. flcho, 9TO B IPOW3BOJLHOM pacmupennn E noas K
BCAKOE ceMeilcTBO, anreGpamgecKm cBoGojfiHOe Haj K, ABASETCA AuHelHo
nesasucumwxn Hay K. Wuage TrOBOpA, 3TO CceMeHcTBO CBOGOAHO AXA
CTPYKTYPSL 8ekmopHO20 npocmpakemea pacmupesus E (oTHocutensbuo K).
Ho ofGpatHoe HeBepHO, Tak Kak, ecin F —ajrefpanveckoe pacIiHpenue
noas K, TO mpomsBOJbHOe HemycToe ceMelicTBO aneMenToB B3 E (1 TeM
6onee ceMeHCTBO JaWHelin0 He3aBUCAMBIX 32JeMedTOB Haj K) He MOKeT
6utTh anrebpamueckn cBoGoguuM Han K. Ilpm Heo6xommmocTH n3bekaTh
TMyTaRuOs Mel OyXeM TOBOPHTHL, UTO UacTh pacmmpenma E moaa K,
cBofoHas ANA CTPYKTYpPH BEKTOPHOrO IpPOCTPaHCTBA pacmupeHus E
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oraocuteanno K (coorsercrsedHo Gasmc E mag K pns arolt CTPYKTYPH),
ABIACTCH AUHERHO ce0600roi Haj K (COOTBETCTBEHHO aumeinuim OGacucor
E nap .K). .

3aMeTrmM, d4T0 ecam ceMeiicTBO (7,),c; 9UEMEHTOB pacIIEpeHns E

aareGpamueckn c¢BoGofHO, TO AIO0HE [Ba ero SJAeMeHTa ¢ pas3JEIHHMEA
HHJIEKCAMHE Da3NH4HE, TOCKOJbKY cemeiicTso (z,) nmueiino croGogHo
(ra. 11, § 1, n° 6).

Yacte S pacmupenusa E moas K HassiBaeTcs aseelpautecku
c80600H0l wacmolo (MU aseebpauyecku c60600n0l cucmemoli), eCIn
ceMelicTBO, ompefelsdeMoe TOMAECTBEHHMM orof0paskenmeM S Ha
cebsa, asngerea anrebpamuecku cBo0oOHHIM (B BTOM Cjywae BCIKOE
ceMeiicTBO, OmpeJeJiieMoe B3alMHO OJHO3HAYHHIM OTOOparKeHHEM
MHOMeCTBa MHIEKCOB Ha S, sABIgercd TaKiKe anrTedpauyecKu cBO-
6onanM). dneMeHRTH anredpandecku cBoGoHON yacTH pacmuperns £
HA3LIBAOTCA TaKMKe aa2elpautecku Hesasucumsimu. Eeau dacth pac-
mnpenus E me spnsercsi anreGpamueckn cBoOOpHOH, TO TOBOPAT,
uTO OHA a4zebpauveckll C6a3aHa (WIU ABJISETCA ax2e0 Paudecky Ces-
3anHOU cucmemoll) W UTO ee BIeMeHTH aaredpamdecku 3aBUCHMEI.
Ecaun cemeiictBo sneMenTOB pacmupenus FE sBiserca ducTeiM 0asu-
coM pacmmpenus E, To MHO3KeCTBO ero 9lIeMeHTOB TO/Ke Ha3slBaercs
queTHM 0asucoM pacumupenus K.

Bearag wacts amrefpamueckum c¢BoGojmoil wacTm gBAseTcA ajare-
6panueckn csoboymoil. Kpome Toro:

IlpEpnosenue 3. Jas moeo wmobu cemeiiemeo (x,)c1 d4eMenInog
pacuuperus E noas K Geino aaeebpauvecku ceo6odnvim nad K,
neobxolumo u Oocmamouno, wmobsl 6cakoe KoneuHoe nodcemelicmeo
cemeticmea (x,)e1 0640 aazeGpauvecky ceobodnbin Had K.

Ipenioyenne chaegyer HeNOCPeNCTBEHHO N3 npenioskeHns 1.

2. Basucst mpancueHIeHmHocmu

Ieeanomenne 4. ITyemv E — newomopoe pacuwupernue noas 'K,
M u N —uacmu noas E. Caedyrowue ceoticmsa IKeUGAAEHMHBL:

a) muomcecmeo M| N aacebpauuecku ce06o0no nad K u M [N = ¢,

6) mrHomcecmeo M ancebpauvecku ceobodno nad K, a mwnosce-
cmso N anace6pauuecku ceo6odno nad K (M),

B) muoxcecmeo N aazebpauuecku ceo6odno nad K, a muoxcecmeo M
anzebpauuecky ce060dno nad K (N).
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Ougesupuo, jgocTaTogHO [oOKazaTh, 4uYT0 a) u G) oKBUBA-
JIeHTHBL,

1° a) Buaeuer G). Ieiicrentennno, Muosiecrso M, Oyayun gacThio
obovegnuenuss M|JN, anrebpamaeckn csobogno Hag momem K.
Ecau N He sBasietcss anrebpauuecku csobonHEM Haj monem K (M),
TO cyIecTByeT (mpejJioxeHMe J) KOHEeIHOE CeMeicTBO (U;)i<jsn
pasamYHBIX DJIEMEHTOB pacmupenuss N, anrebpandecKy CBA3aHHEX
nag K (M). Creposarensuo (ra. III, § 2, mpepmoskemme 5), cyme-
cTByeT HeHyaepoit mmorouwien [ wousna K [M] {Yy, ..., Y,] Takoi,
ato f(yy, --., Yo)=0. Koodpduumentamu MHOrouneHa f sBIAOTCH
MHOTOUYJIEHB OTHOCHTEeNbHO KOHEYHOTO YUCIA PA3NUYHEIX DIEMEHTOB
z; (1 <igm) pacumupenus M ¢ xosdpduumenramu u3 moas K,

Coornowmenue f(yy, ..., Yn)==0 w™moxHO 3amucaTs B BUjge g (X, ...
vevy Zms Yty -+, Yn)=0, roe g—HeHylZeBOii MHOTOYINeH KOJIbIa
K[Xy, ..., Xm, Yy, ..., Yy], HO 9T0 COOTHOINEHWE IPOTHBOPETUT
IpenoI0KeHHO.

2° 6) sueuer a). flemo, uwro N [VKM)=¢ um tem Goxee
M[N =¢. JlocraTouno aokasaTth, uTo ecnu ; (1 < i< m)— Koneu-
HOE 4YHCTO pasiUYHHX dIemeHToB pacmupenus M, y; (1 <j<gn)—
KOHEUHOe YMCAO pasTuYHKX DIEMEHTOB pacmupenuss N, To MHO-
JKECTBO JJIEMEHTOB Z; U Y; anredpamdeck:n cBoGoano mam K (mpen-
aomenue 3). Ecau aTo He Tak, TO Cym[eCTBYeT HeHYJIE6BOW MHOToO-

quen fEK[Xy, ...y Xy Yy, .., Y] Taxoir, uro f(zy ..., Zp,
Uty vvey Yn)=0. Ilyetb g=f(21, ..., Tm, Y1, ..., ¥Yn) —MHOrOuICH
womena K (M){Y,, ..., Y,]; rorma coorHomenue f(xy, ..., Tm,
Uty «+-s Yo)=0 Momuo sammcats B BuUfe g(Y1, ..., ¥n)=0. Tar

Kak MHoecTeo N anreOpamuecku cBobopHo Haj modem K (M), To
Kamauil Boo$PuuueHT MHOTOWIEHA g DaBeH HYIIO, HO 3TH KO03(-~
¢unmerHTH uUMenT BUE @ (i, ..., Tm), PAE @ —MHOTOUWIEH KOJBIX
K[X,, ..., Xn]. Tak kax 2Tu MHOTOUJIeHH He MOrYT OHITEL. BCe:
pasHpiMu Hyaio u moie JM anrebpaudecku csoGopHo Hajg K, ME
CHOBA TMPHXOJHM K HPOTUBOPEIHUIO.

Caepcreue. [ycmv E— pacwupenue noas K, B—uacmv pacuu-
penus E, aazeb6pauvecku ceo6odnas nad K. Ecau ssemenm xz€E
mpancyendenmen Had K (B), mo muoscecmeo B]{x} arzebpauuecru.
c60600no Had K.

Heeganosmenane 5. Hycms E — pacwupenue noas K. Jas mozo
umobut wacmv L pacwupenus E 6uaa aacebpausecku c60600nol nad K,
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Heobzo0umo u Gocmamoyno, umobs awboli ssemenm x € L 6w mpanc-
yendenmuoim Hao noaem K (L()C {z}).

Venosue meobxonumo Beuny mpennoenws 4. Ilaa toro urobn
MOKA3aTh, 9TO OHO MOCTATOUHO, IPEANONOKUM, YTC OHO BHIIOMHEHO,
u GymeM paccy:kaaTep ot mporusHoro. Ecam muokecrso L anrebpan-
gecku c¢BA3aHO Hag K, To cymecTsyeT KoHedHasa dacts M MHoIKe-
crpa L, axreOpaudecku cBasaHuag Hap K (mpepmosmenme 3). Ilycrs
N — maxkcuManbHas aarebpamueckn csobopmHas yacTs MHOKecrsa M
u P=M[OCN. Ilo mpepmomxoskenuro, P He mycro, u BeAKuili aie-
MeHT Z€ P anreGpanuen Hajy modeMm K (N) BBUAY CJHEACTBHA U3
mpensmokeRna 4; TeM Ooxee dimeMeHT x axarefpandued Haj NoJeM
K(LNC{z}) (§ 3, npegroxenne 2), B OPOTUBOPEUHH ¢ IpPeAHOIO-
SKeHReM.

repmnomxenue 6. ITyemv E— pacwupenue noas K, L—uwacmo
pacwupenus I, anee6paudecku ceobodnas nad K. Fcau K' C E—
aazebpauveckoe pacwuperue noss K, mo muomcecmeo L aaeebpau-
ueckyu ¢606001t0 Had K'.

INeiicrBnTeIbHO, B HIPOTHBHOM ciaydae cymecTBoBan Oul (mpep-
moskeHue D) saemesT x € L, anrebpawdeckuit may moxem K’ (M),
rne M=L{[C{z}. Tax rax K’ (M)=K (M)(K’) u BcAKNUA dIeMeHT
n3 K’ anre6panuven Hag K u, cnemosarensuo, uag K (M) (§ 3, open-
momxenne 2), To K'(M) aBaserca anrebpamuecKuM pacmmpeHHeMm
nona K (M) u, caemoparenvHo, x axrebpausen mnax K (M)
(§ 3, mpepaoskenue 8) B mpOTHBOpPEYHH ¢ NIPEANONOKEHHEM.

Onvepenenue 3. Yacmv B pacuupenus E noaa K naswsaemes
Gasucom mpancyendenmnocmy pacuwupenus E, ecau muoumcecmeo B
aneeb paunecku 6060010 nad K, a noae E asze6pauyro nad nosem K (B).

Unerwit Gasuc uwmeroro pacmmpedusa noaa K (ompeperenme 2)

- ABIAeTCA 06a3MCOM TPAACIHEHAEGHTHOCTH TaKoro pacmupenma. Ojnaxo

e 1e06X0JAMO 3aMeTHTL, 4TO BoODIIE TPAHCLIGHIEHTHOE pacLinpedue noad K
He 00A3aH0 OHTL IUCTHM (yupamkHeHmA 3 m 4).

Ieegnomenne 7. Iyemov E— pacumpenue noss K. Bearuli 6asuc
mpancyendenmuocmu pacwupenua FE aeasemcs MAECUMALLHUM d4e-
MEHMOM MHO%Ncecmea (YHOPANOYEHHOTO N0 BKIIOUEHUIO) uacmell pac-
wupenua E, aazebpaunecku cgo6odnvix nad K. O6pammno, ecau S —
wacme pacwupernus E maxas, wmo noae E aneebpauuno nad K (S),
MO 6CAKARL MAKCUMAALIASL (A2e6paudeckl cgo600naAL “acmev MHOKHCE-
cmea S asasemca 6aszusom mpancyendenmruocmu pacuwupenus L.
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TlepBas uacTh yTBep)K[AeHHA HeMEJJEHHO BHTEKaeT M3 Hpejo-
JHeHUA D, TOCKOJBKY, ecau B —6a3uc TpPaHCUEHAEGHTHOCTH pPACIIH-
peuuss E max K, To BcAKuit snemeHT 2 € E anreGpanuen uaj moiem
K (B). C npyroit croporrl, ecau FE—anreGpamgeckoe pacniumpeHme
noasa K (S), a B—wMakcuMaabHad anrefpanmueckm cBo0ojpHAasg 9acTh
MHOKecTBa S, TO BBUAY CIefcTBUA W3 HpelNoskeHUA 4 BCAKuUI asne-
MeHT x€S aBaserca anrebpaumueckum Hag K (B). CamegoBarennHo
(§ 3, mpenmosxenue 8), pacmuperue E— anre6panueckoe Hag K (B).

Teorema 1 (Iteitaun). Beakoe pacuwupenue E noas K donyckaem
6asuc mpancyendenmmocmu nad K. Huvmu caosamu, ecakoe pacusu-
perue noas K ssasemcs aneebpauveckum pacuiuperuem HeKOMopo2o
4UCMO20 PACUU DEHUSR.

dTa TeopeMa MABJISETCA ClefCcTBHeM Clefyiomeir Gosee TouHOI
TEOPEMH

TrorEma 2. Iycmv E — pacwu penue noas K, §-—vacmov E maraa,
wmo noae E ancebpauuno nad K (S), L—wuacmv muoxcecmsa S,
aneebpauyecku ceob6odnas nad K. Toz0a cywecmeyem makol 6asuc
mpancyendenmuocmu B pacwupenus E nad K, wmo LCBCS.

IleiicTBuTeAbHO, MHOMeCTBO §§ anrebpawdyecku cBoGOIHEIX gacTei
MHOMeCTBa S, YNOPAJOUEHHOE II0 BRIOUEHHIO, ABIseTCA MHOMe-
cTBOM KoHeyrozo xapakmepa (Teop. mm., Pes., § 7, n° 11) sBupy
npepnoxeaua 3. Caemosareasno, ono undykmusro (Teop. mu., Pes.,
§ 7, n°9), a Torza MHIYKTUBHO M MHoKecTBo & aareGpamuecKn
cBoOonHEX uwacTeil MmoskectBa S, copepmamux L. Ilo Teopeme
Ifopra & pmomyckaeT MAKCEMANBHHI 37TeMeHT B, KoTopwi ABIAeTCA
fasncoMm TpaHcrenjeHTHocTH pacmupenus E man K Bsuay mpepio-
sKeHust 7. '

3aMeTHAM, UYTO eclNH S — KOHewHOe MHOMKECTBO, TO [I0KA3aTelIbCTBO
TeopeMs 2 mPOBOAETCA Ge3 HCHONL3OBANAA AKCHOME BHIGoOpa.

Caenctsuk ((TEOPEMA 3AMEHBD). [Tycme E— pacwupenue noas K, '
S —maras wacmv pacwupenus E, wmo E aseebpauuno nad K (S5),
L — ancebpauuecku ceobodnas nad K wacmv pacwupenusn E. Tozda
cywecmeyem maras wacmo S’ mHoxcecmea S, umo ob6wedunenue L ]S’
asasemes 6Gasucom mparcyerdenmuocmu  pacwuperus E Had K
u LNS =¢.

IeiicTButensno, E — anreGpanueckoe pacmupenne noaa K(L[]S)
(§ 3, mpepaomenne 2) u L L{JS.
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3ameganme, Ecam E—umcTo TpaHCUeH[eHdTHOe paclimpedune
monsa K, F—anreGpandeckoe pacmupedre moisA E, oramudoe oT E, TO
F poonge yoxer GHTHL 9MCTO TPAaHCIeHNEATHRM pacmupenneM K (cM. §3,
n° 1, npumep 2).

3. Cmenend mpancyeHienmuocmu pacutupeHus

TrorEMA 3. Ecau pacwupenue E noas K umeem roneunwil 6asuc
mpancyendenmunocmu nad K, cocmoswut us n ssemenmos, mo 6cakull
dpyeoit 6asuc mpancyendenmuocmu pacwuperus E nad K cocmoum
U3 n aAeMeHmos.

HocraTouno mokaszaTh, 4To eciu B — 0asuc TpaHCUEHJeHTHOCTH
moasas E mam K, cocToAlmuii W3 7 9JIEMEHTOB, TO BCAKM Apyroii
Gasuc TpaHcuengenTaoctu B’ pacmupenusa E mam K obGmajgaer ne
60aee wem n diemenramu. JloxassiBaTh OyaeM MHAYKOueil mo n; mpu
n=0 pacmupenue E sBusgerca auarebpamueckum Haj K, caenosa-
TeJdbHO, BCARUIT 0asuc TpaHCcIeRjeHTHocTH pacliupenns F Hag K
OycT mo ompesiesnenno. IlycTh z-— HeKOTODHI 2ieMeHT MHOKecTBA B';
TOorfa cymecTByeT wacTh C MnokectBa B Takas, uro o0beRWHCHHUE
fx}|JC cocraBaser Gasuc Tparcuengentrocts nons E nag K u 24 C
(reopema samennr). Ilockouanrky B —06Gasuc TpaHCLEHJEHTHOCTH pac-
mupeaus E, To C He MoKeT copmafath ¢ B (mpepjoskenue 7), cie-
moBaTesibHo, C cocrouT u3 me Goaee ueM n-——1 saementos. Ilyers
K'=K(z) u C'=B'(\C{z}, rorga MuomectBa C u C’ auareGpau-
"ecku cBoOopam Hajy mojieM K’ (mpepioskenue 4), u Tak kak K’ (C)=
=K(B) u K'(C'Yy=K(B’'), 10 pacmupeane FE aareGpamuno Haj
K'(C) n K'(C'); unaue rosops, C u C’—pBa Gasuca TpaHCIeH-
mearroctn pacmupenus F mapg K’'. Tax rax C cocrout us He Goiee
9eM n—1 aneMeHTOB, TO, L0 LpeAnOIOsKeHMI0 WAZYKIum, C' ToKe
cOCTOMT u3 He Oojdee ueM n—1 ajemenTtoB, caegopatennruo, B’
cocTouT u3 He GoJiee ueM 7 DIEMEHTOB.

Onrepeaenue 4. ITycmv E— pacwupenue noas K, obuaadarowee
kKoneunum Gasucom mparcyendenmuocmu nad K. Yucao asemenmog
6asuca mpancyendenmuocmu pacwuperus E nad K wuassisaemcs
CMenenvio MPancyendenmuocmy uill a.i2e6 paudeckoti pasMepHocmsio
pacwuperus E (nad K) u o6osuauaemcs dim algk (uau dimgk, ecau
He MOJNCEm G03HUKHYMb Hedopasymerue).

CMemenne, KOTOPOe MOKeT NpPOHM3OHTH MEKAY STHM NOHATHEM
¥ NOHATHEM paameprocmu Ppacmupenmus FE, paccMarpmBaeMoro Kak
8 H. Bypbaxn
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sexmopuoe npaocmparcmeo Hall K (1. e. (§ 2) cmenensio E nap K), MomHO
g30e/kaTh, eCcad NOMAATH, 9To KOrfa £ mMeeT KOHEIHYIO H OTINYAYIO
OT HyIfd alreGpaMuecKy10 pasMepHOCTh Haj moiaem K, TOT/a OHO MMeeT
6eckoneunyro pasMepHocTh Hajg K Kak BexkropHOoe upocTpaHcTBO (§ 3,
npepJoKeHne 4),

Pacmupenne E moxs K, roropoe obmajaer OeckoHeusnM Oasm-
cOM TpaHcUeHmeRTHocTH HaX K, He MokeT 00/afgaTe JpyraM KOHEd-
HEM 0azncoM TpamcueHnentHocrd Hajg K (Teopema 3); o TakoMm
pacIupeHuH TOBOPAT, UTO OHO HMeeT OecKOHeuMYl0 CMeneib MmpaHc-
genlenmuocmu (Wi GeCKOHe4HYI0 aazebpaudeckylo pazmepHOCb)
dag K.

Horpga rosopar, uro pacmmpenAne umoas K mMeer aareGpawuecKyio
pasMepaocTh > n Hajg K, 5T0 3HAYUT, 9TO 0O UMEET KOHRUAYID anirel-

PamueCKYI0 Pa3MEPHOCTb > 7, Uau GECKOHeYHYIO aareGpamdecKylo pas-
MepHOCTb.

N3 Tteopem 2 ¥ 3 u onpepesieHMA 4 BHITEKANT cIeqYIONiHe Clel-
cTBAA:

Cuegcteue 1. B pacuupenuw E noas K aaee6pauveckoli pas-
MEPHOCIMU N 6CcAKEASs cucmema o00pa3yiowus cocmoum u3 He MeHee
ueM N IAEMEHINOE; eCAU Cyujecmsyem cucmema u3 n 06 pasyowux, mo
OHA Agademcs wucmsm Gasucom pacwuperus E (koTopoe, TakmM
ofpasoM, saBagerca uucmslm pacuwpenuen moaa K).

B uacrHocTH, pacmupenmne xoHeunozo muna mons K (§ 2, ompe-
neneHne 1) mMeer wkoMeunyiwo anreGpamueckyio pasmepHocTh Hap K.
OOpaTtHoe He BepHO, KaKk MOKa3HBaeT ajdrebpamvdecKkoe paciIupeHHe
OGEeCKOHEUHO] CTeIeHH,

Caepcreue 2. B pacwupenuw E noas K, aazebpauueckoii pas-
MepHOocmUL R, 8CaKas wacmb, aazelpauvecku ceobodnas nad K, umeem
He Gogee deM n 3AeMeHINOE; A12el pauveckl C60600HAL 4acmb, COCMOfA-
WaAs U3 N IIEMEHMO, feasemcs 6asucom mparcyendeHmuocmi - pac-
wupenus E nad K.

3amewanmun. 1) Teopema 3 yreepskgaeT, 9To JBa Gasmca Tpamc-
HeHAeHTHOCTA OAHOrO M TOro ke pacmmpenns E nmoaa K asasgworca
DABHOMOUHBIMU, €CIIU OfQAH M3 HUX KOHedYeH; B JeiCTBUTENBHOCTH
yrBep:KAeANe BepHO N (Ge3 3JTOr0 orpaHMdYeHus (cM. ynpasxkmexme 1).

2) Unratexb y:Ke 3aMeTHJ aHaJOTMIO MexIy coficTBaMm aiarebpai-
9ecK CBOGOJHLIX dacTell (COOTBETCTBeHHO (GAa3UCOB TPAHCIEHIEHTHOCTIH)
HeKOTOPOT0 pacmBEpeHua U CBOHCTBAMA CBOGOXHHIX JacTell (COOTBET-
CTBeHHO (a3WCOB) BEKTOPHLIX IPOCTPAHCTB, JOKaraHAmXx B ria. II, §3,
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Mu mopgdepkmBajim 3Ty AHAJOTHIO, KONAPYs TaM, rAe OHI0 BO3MOKHO,
0 H0 N3IOKeHNe ¢ Apyroro. BmpodeM, o6a H3I0MeHAA MOKHO BHBECTH
U3 onHOH o0meil Teopun (yupasxaedne 14).
Teorema 4. [Tyemv E — pacwupenue noas K, F— pacwupenue E.
Ecau 00no us uwucen dimgF, dimgE + dimgF onpedeaero, mo onpe-
deseno u dpyeoe, u

Beumy ompejeneHnsa 4 9Ta TeopeMa BHTEKAeT U3 CIEMYIOMEro
Gonee ofmero mpemNoKeHUA:

IIrEgnoxenur 8, Iycmov E — pacwuperue noas K, F— pacwu-
penue E. Ecau M — 6asuc mpancyendenmuocmu pacwupenus E
nad K, N—6asuc mpancyendenmuocmu pacuwupenus F nad E,
mo nepecevenue M [\N —nycmo, a ob6wedunenue M| JN cocmasasem
6asuc mparncyendenmrocmu noas F rnad K.

HeiicrButensno, noxe E(N) aunrebpawuno mHag K (M|JN)=
=K (M)(N), tax xaxk E(N)=K(M{JN)(E), n Bcaxumii smeMeHT
pacmupenas E auxre6pawaem mam K (M), cuemoBaTensHo, M HaJ
K(MUN) (§ 3, upepnomenue 2). Tem camuim (§ 3, mpemnosxkerme 8)
moxe F anrebpamuano max K (M|JN). C pmpyroii CropoHH, MHOMe-
ctBo N, Oyxydu anreGpanmgeckn cBoGojguaeim HAg E, vem Gonee amre-
Gpanvecku csoGogmo Hax K (M), cuemoBaTedbHO (TpepiIomende 4)
mHOMecTBO M JN anrebpamdeckm cmoGommo mHag K m M[\N=4¢.

4. Aneedpaunuecru pazdeseHHble PACULUPEHUS

Onrepeaesue 5, ITycme Q— pacwupenuve noas K, E u F-—nod-
pacwuperus pacwupenus Q. ITodpacwupenus E u F naswsaomes
anzebpanuecku paszdesennvimu (nad K), ecau, raxoset 6t wu Gblin
ygemu A pacwupenus E u B pacwupenus F, asee6pauyecku c60600-
neie nad K, nepecevenue A(\B nycmo, a o6vedunenue A|JB asee-
6 paunecku c80600n0 nad K.

3aMeuanmsa 1) Beugy npemnoxenms 3 JocTAaTOUHO, 4UTOOH
yciaoBUe ONpefieieANn 5 BEIMONAANOCH JJA KOHewnbr W anTeOpamieckm
ceobonamx mag K gacreii 4 m B; pacmmpeana £ u F GyAyT Torga
aareGpamdeckn pasgenedHuMu. VHade roBOpA, ROETATOYHO, HUTOOH
BCAKAA mapa pacmupennii xonewnogo muna E' m F’' moxs K, copmepma-
muxces coorBercTBendo B E u F, Gmua aareGpamuecKH pasfieseHa.
Bripaskaack o6pasfHo, MOKHO CKasaTb, 9TO aarefpamdecKas pasjgeneH-

HOCTh HBJHETCA CBOMCTBOM «KOHE4HOTO XapaKTepar.
g+
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2) IMogsaTne anreGpamuecKy pasjesieHANX pacHIMPedAnil CymecTBeHHO
saBucuT oT nmoas K: pea pacmupesnn E m F noaa K, axreGpanmgeckn
pasnexennue nan K, He 06A3aHH OuiTh ajJrebpaudecKu pasgeleHHLIMI
sap nopnoneM Ky moan K.

3) flcmo, uro ecam pacmmpenus E u F anrebpaudeckn paspelieHs
wag K, Korfa ¥X paccMaTpmBAalOT KAK NoApacHupenusa £, To OHHA
anrebpanveckn paspgenaedni, Korjfla MX PaccMaTpHBalOT Kak Iojpacilupe-
aua woun K (E{JF), m obparmo. ’

W3 onpepenenua 5 BriTexaer, 4TO €caM IO KpaiiHe#l Mepe o07HO
u3 pacmupenuit E u F axcebpauveckoe nan K, 1o E n F aaeebpau-
yecku pasdeqaenst Hajy K. B w—actHOCTH, BCAKOE anrebpamdyecroe
pacmupenue moid K ABiAercs anrebpandecKd Pa3fleIeHAKM ¢ CaMUM
c000ii.

Onpepentenne D woxaswBaer, ITO ecau pacmupenust £ u F amnre-
G6pamuecku pasmemennt Hax K, 1o mome E(\F aareebpauuno wmapm K,
‘TAK Kak ecau saemeur rEE[F ABIACTCS TPAHCICHACHTHHIM HaJ,
&K, To MHOKeCTBO {Z} OcTaBIsAeT HEMYCTYIO HacTh pacmupenust £ n F,
-aarebpamdecku csobonuyo Hajg K, 1TO MPOTHBOPEYUT ONIPECNCHUIO D.

Ieepnomenue 9. IMycme @ — pacwupenue noas K, E u F—nod-
pacwupenus Q. Ecau noas E u F anzebpauvecku pasdeacnsr nad K,
mo ecaras wacmv M (coorBercrBenHo V) pacwupenus FE (coorser-
¢TBeHHO F), arze6pauvecku c60000naa nad K, ssasemcs anee6 paunecku
80600101 Had F (coorBeTcTBernHO E). 06 pamno, ecau cywecmeyem 6a-
auc mparncyendenmuocmu A pacwupenus E, asze6 pausecku ceo600Hbill
rad F, mo pacwupenus E u F anzebpaunecku pasdesenst nad K.

HeiicTBrTeibHO, TPEANONOHMAM, 4TO Hoxasd E u F anare6paudecKn
pasfenent Haj K u B — HeKoTopHl 0asuc TPAHCIEHAEHTHOCTH pac-
mupenusi F. Bpuay onpegeiesns D H IPeIIoKeHUS] 4 MHOMKECTBO
M anrebpauueckm cpobommo Han K (B), ciepoBartembHo, u Haj F,
Tak Kak mose F amrebpawuso mapn K (B) (mpepmomenue 0). [Tas
TOro 4ro0H /IOKA3aTh BTOPYKH WACTh NPeNOKeHus, 3aMEeTHM, ITO
ecnu N —uacrh pacmmpenns F, anrebpamgecku csobommas Hany K,
TO MHOKecTBO A amrebpamueckn cBo6ojHO Ham moideM K (NN), cme-
foBaTensHO (IpejioReHMe 4), MHOKecTBO N ajrefpauuecKm CBo-
Gopno uapg noxem K (A) (upenaoxenue 6). Haxonen, ecin M — gactp
pacmupennst E, aare6pamuecku csoGomuas Hanx K, To mmommecrso N
anrebpamaecku cBoboguo Haj moidem K (M), caeposarenbHOo (mpes-
aoxenne 4), M[\N=¢ u muomecrso M[JN anrebpanmuecku cso-
dopmo man K.
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Caegcteue 1. ITyemv E u F—nodpacwupenua pacwupenus Q,
A—6asuc mpancyendenmuocmu E nad K, B — 6asuc mpancyendenm-
nocmu F nad K; mozda nose K (E[JF) aareebpauuno nad K (A|)B).
Jan moeo umobu noas E u F Guau aszebpauvecku pasdesenst nad K,
neo6xodumo u docmamouro, umober nepeceuenue A [|B 6vio nycmuim,
a obvedunenue Al|]B-—aneebpauvecku ceo60dnbim nad K; mozda
mroscecmeo A\ JB ob6pasyem 6asuc mpancyendenmruocmu pacuupe-
nus K(EJF) nad K.

TMockonsky K(E|JF)=K(A{B)(E|JF), a Bcakumil aieMeHT Dac-
mupedua E (coorsercrBeBHO F) aire6pamuen Hag K (4) (coorser=
crBeHHo K (B)) m Tem Gomee max K (4(JB) (§ 3, mpepnoxenne 2),
1o pacmupenue K (E|JF) aareGpamuno maxy K (4A(JB) (§ 3, upexn-
nosxerme 6). Ecau mmomecrso A[)B uycro, a A(JB anrebpandeckn
ceoGopno Ham K, 10 A anre6pamdeckm cRoGopuo may monem K (B)
(opeamoxenue 4), crepoBaTenbHO, W Haj umoieM F, KoTopoe axret-
pamubo Haj K (B) (mpenmosxerue 6); moatomy moxs E m F aareGpau-
"YecKku pasfeneHsl Hap K BBUAY npepanokenus 9.

Caepcteue 2. Ecau noan E u F aaee6pauvecku pasdesent
nad K, mo aazebpauuecrue samuikanus E' u F' pacwupenuit E u F
é noae Q (§3, n° 3) anzebpauvecku pasdesenvr nad K.

HeitcTeuTe N RO, BCAKMI (Gaduc TPAHCHEHACHTHOCTH Pacmuperus E
(cootBercTBeHHO F) Hapy K sBaserca 6asmMcoM TpaHCHEHJEHTHOCTH
pacmupenua E’ (coorBercrBemno F') map K.

Meepnosxerue 10. ITycmb Q— pacwupenue noas K, E u F—nod-
pacwiupenus Q.

a) Ecau aanee6pauueckan pasmeprocmd noas F uad K romeuna,
mo dimgFE (F) < dimgF. Has moeo wmobet noas E u F 6vau asce-
6 pauvecku pasdesaenst nad K, wneobxodumo u Oocmamourno, umobut
dimgE (F)=dimgF.

6) Ecau, rpome mozo, aacebpauueckas pasmeprocmd E nad K
koneuna, mo dimgK(E|JF)< dimgE +dimgF. HJas moeo wmobu
noas E u F 6oau aazebpauvecku pasdeaenst nad K, neobxodumo
u docmamouno, Mmoo

dimgK (E (JF)=dimgE +dimgF.

HelicTBuTenbHO0, UYyCTh B — HeKOTOPHI 6a3UC TPAHCHEHEHTHOCTH
uona F mag K. Torma Bcakmil snemenT mons F anreGpamven map
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monem K (B) m, ciepoBarensno, Haj nonem £ (B). Takum ofpasom,
pacmupenue £ (F) anreSpauqno map mostem E(B) (§ 3, mpepmoske-
ue 8); orcioga caegyer (Teopema 2), uro B comepsur Gasuc rpamc-
neamentaocta uoan KE(F) uag E. Kpome roro, eciam muosse-
crBo B cocrapiser 0a3mc TpaHCHeHJEHTHOCTH pacmupenus K (F)
gag £, 1o moaa K um F anreOpamveckm pasferensl Hapm K,
u obpatHOo (mpemioskenwe 9), 9TO HOKa3mpBaer a). YTBepskgeHue G)
ABJNAeTCH HEeNOCPeACTBeHHO BHTEKAIOIUM W3 ciefcrBra 1 mpepioe-
mEA 9.
UnptaTesb 3aMeTWT aBallOrMi0 MeKAY STHUM HpeAloKemWeM W Tpef-
JoxkeHWeM 4 § 2 OTHOCHTeJNRHO JNHEHHO pasfe/leBHHX pacHupeHni
(cM. yupaskmernme 14).

Honatue anreGpandecku pas[qeNeHHOr0 PAacIIAPeHUS MOKHO CBA-
3aTh ¢ NOHATHGM JWHeHHO paseiieHHOro pacmupernms (§ 2, n° 3).
Heficteutenrno, mycts pacmupenusa £ u F anreGpawveckd pasfe-
nednt Hag K, m mycre 4 (coorBercTBeHHO B)— Gasmc TPAHCUCH/ICHT-
Hocry pacmupenud £ (coorsercrBemHo F) mam K. Torpga ompepene-
sad 1 m 5 mnoxkaseiBalT, 9710 anrefpw K[A] u K[B] auneiino
pasdeaens mag K, n obpartHo, BBERY ciefctsud 1 us upegmoxenusn 9.
910 paBHOCHABHO (§ 2, mpemJosKeHHe D) YTBeP/KIEHWIO, UTO UMCTHE
pacmuperus K (A) n K (B) nuneiino paspgemedst max K.

W3 npuBemesHmx paccyssaeHmil Terko BHBONUTCH, UTO JIHHEIHO
pasgenentne pacmupenns E u F mona K Ttem Goaee anreGpamueckn
pasfeneHH, OfHako 00paTHOe He BepHO, KaK MOKA3HBAET IPAMEp
ABYX anre0paWdecKux pacmmpeHuii, coBmajamomux ¢ K. Opuaro
HMeeT MECTO CIeAyIOmuil pesyibTar:

Ireepnomenue 11. Hycmoy Q — pacwupenue noas K, E uw F—nod-
pacwupenus pacwupenus Q, aacebpauvecku pasdeaennvie nad K.
Ecau E —uucmoe pacwupenue noas K, mo noas E u F auneiino
paadenenst nad K. .

JeficTBuTenbHO, mycTh B— awmcthiii Gasme pacmmpennsa E. Tax
kak K -—mone wactarXx koxema K [B], gocrarodHo moKasath, YTO
roapua F w K|[B] nunefino paspeneus! Hapm K (§ 2, mpepnoskenue 5),
Muo:kectBo B anrefpamveckm cBobommo Haj F (mpeamo:xenme 9),
clefloBaTelbHO, OJHOUJNGHH OTHOCHTENHHO BJIEMCHTOB W3 B nmmeiino
mesasucuMu mHagy F. Tax Kar atH opHoddemsl of0pasyor Gasuc
(mmpeitAsit) wompua K [B] mag modem K, 1o wombua K[B} m F
Jmeeitno paspeness mag K (§ 2, n° 3).
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Cunegcrene. Beskoe wucmoe pacwupenue noas K auwmeiino paas-
deaeno co ecakum aszeOpaudeckum pacwupenuem noas K u, e uacm-
Hocmu, we colepacum aazebpauveckux nad K sanemenmoe u wHe cog-
nadaem ¢ K. :

Nnage rosops, mose K agrefpamdecKr B3aMKHYTO BO BCAKOM
CBOEM UHCTOM pACIIKPEHHH,

Vnpamuenusa. 1) lyers E—pacmupenne noas K, B—Gecko-
HeuHH# Gasmc TpaHcuenfeHTHocTH paciimpenns FE mag K. Jlokasars,
4T0 BeAKag 4dacTh C pacmupenud E rTaxasa, uro L anreGpamuso Haj
X (C), mMeer MOmHOCTH He MEHBINYI, 9eM MomHOCTE 6asmea B (mas
RQHAOTO d7acMeHTa x € C paccMOTpeTh ero MHUHHMANbHHIl MHOT0YleH
#an K (B) m HamMeHbITYI0 KOHEYHVI0 dacTp F, Gasuca B Takymw, 910
RoappumenTH 9TOr0 MHOro4MeHa npnaanueskar K (F,); noxasarb, 910 B
ABIfAeTca obneiuAeHneM dacteit F,). BuBectH oTciofia, uro ABa NpO-
V3BOJBHHX 0asmca TpaHCUeHAEeHTHOCTH pacmupeHus E mouna K pasHo-
MomHs. MomHOCTE $asmca HA3LIBACTCH TAKIMKe CMENeHbio MPAHCYeH- '
dewmmocmu (MIu aazebpauneckoil pasmeprocmovw) pacmupenusa E moas K.

2) Ilyers E—pacmupenne moass K, B—6asuc TpaHCHEHEHT-
goctn E mam K. Jlokasath, uto MHO3KecTBo E pasuomomuo K X B,
ecan xota Gsl ogHo m3 MHOMecTB K, B GeckosedHo m cdYeTHO B NpO-
THBHOM caydae (cMm. § 3, ympamuwenre 1 m rar. II, § 1, ynpamuennme 14).
°BHBeCTH OTCIOfla, B 9ACTHOCTH, ITO BCAKWII 6asyme TpaHCUeHAEHTHOCTH
monn R meficTBHTeNLHEX YHcea HAA IHodeM () palMOHAJBHHX YHCeJ
¥MEEeT MONIHOCTE KOHTHHYYMA.

3) Ilyers K—mone @ (X) panmoHanbsnx ppobeil or oasoii mepe-
Mennolfi X #ax monem @ panmosanpHEX uHcen. Jlokasath, 9TO
B Koapne K|[Y] wmuoroumens Y2-+X211 wenpuBoguM ¥ 4UTO ecan
E —pacmupenue moas K, NOpPOMKAGHHOE KOpHeM BHTOT0 MHAOroujeHa
(B anreGpamueckoM 3amwikaHnu nods K), To BCAKMIl BieMeAT pacmupe-
gun E, He npuHamnemamuii Q, TpaHcmenfenten Haj @, Ho E
He ABAAeTCA YHUCTHM pacmupeHseM @ (4To6H MoKas3aTh OTCYTCTBHe
8 E »1eMeHTOB, ajrebpandecKnx Haj (), 3aMeTHTH, YTO BBHAY HpPERJo-
smerna 11 E=Q (a)(X), a4 Q, a €E, m ofpaturs BHUMaHUe HA TO,
qro smeMedT— (X2 1) He aBagercs kBapparoM B node A (X), rae
A —anreGpanmdeckoe saMuraHme moxa Q). JloxasaTe, UTO eCIH
i —gopens Muorogdena z2-41, 10 E ({)—4uHCTO TpaHCUeHJEHTHOe pac-
mupenne noaa Q@ (i) («napaMerpmdeckoe IpejicTaBjJeHNe KPHBO# BTo-
POTO TOPATKAY),

*04) TIycrs K-—mnone C (X) panmoHansHHX [pobeit or ofmoil mepe-
mennoit X mag nomeM (anrefpamvecKkH 3aMKHYTHM) € KOMIJEKCHHX
gucen. Joxasats, wro B Kxoaele K [Y] mumorouien Y34 X341 mempn-
sofnm. Ilyers E—pacmumperve noasg K, moposaeHHOe KOpHEM JTOro
MHOTOUNena (B anreGpamueckoM 3aMuxanum noasa K). Jloxasats, 9TO
scagrmii bnemenT pacmmpesusa E, He npumajpsmeskamui C, TpaHCUEHEHTER



120

Toasa ML v, §5

gag C, Ho uTo E He siBamercs ymCTHIM pacmmppesmeM C (9rofH ycTaHO-
BHTb 5TO, MAOKA3aTh HEBO3MOMKHOCTH paBeHCTBa ud-{- 13t wd3=0, rge
momapHE0 IPOCTHe W He BC® IOCTOAHHEIE U, VU, W— MHOTOWIEHH KOJbIA
C[X]. HOar sroro paccy:;pAaeM or npornsuoro. Ecam r—mnanGoapman
3 cTemeneil MHOTOYNEHOB u, v, w MW, cKaxeM, degw—r, To U3 c0OT-
HOHTOHMS

wd= —(u-4-) (u-+ o) @+ 72),

Ime j M J2-—KOpHE TPeThell CTEIeHW W3 eNWHWIH, BEBECTH, UTO CYyme-
CTBYIOT TPH MHOTOYJIeHA U4, Uy, Wy OONAPHO IPOCTHE M He BCe MOCTOAH-
Hile, UMeIOINNe CTelleAN MegnOle r M Takme, 4To uf-v§{-wi=0).,

¥5) Ilycte E—TpaHciieBAeHTHOe pacHIBpeHue mojsa k, T — TpaHCleH-
Aenrswii nap K osaeMent moas E; Beawmil ameMenT y € K (r) MomHO
sammcaTh B Buje f (z)=g (r)/h (z), THe g B hA—B3aEMHO IIPOCTEHE MHOTO-
ggensl Koanla K [X], onfosBadHOo ompejesieHHHNe ¢ TOYHOCTLI0O [{O MHO-
smutens m3 nons K. HazoBem eucomoidl »sneMenTa ¥ OTHOCHTEILHO X
HauGoapImy0 M3 CTeneHeil MHOTOWJIEHOB g 1 k.

a) JMoxasarb, dro B wxoiblle K (y)[X] mBorousen g (X)—yh (X)
HeOPHBOAWM (HCHOJB30BaTh yHpaskHesme 3 m3 § 4). BupecTu oTcioga,
910 ecaMm JNeMeHT y KMeeT BHICOTY IR OTHOCHTedLHO z, To moie K (z)
ABafAeTcA anrefpamyecKNM pacmimpeHmeM cTemeHn n moasa K (y).

6) Brieectm m3 a), 4YTo BeAKmil sneMenT ¥y € K (z), £aA KOTOpOTO
K (y)=K (z), nmeer Bmn (az-tb)/(cx+d), roe a, b, ¢, d—aleMeATH
mons K, mopumpeHHBle yciaoBmio ad—bc == 0; gorasath 00paTHO® YTBOp-
skmenne, Haiitnm Bce K — asroMopduamu moas K (z).

B) Jlokasath, uyTo ecam 9JjeMeHT Y € K (x) mMeeT BHCOTY n OTHOCH-
TeJbHO &, a 9l1eMeHT z € K (y) mMeeT BHCOTY m OTHOCHT®JBLHO ¥, TO
5lleMEHT z MMeeT BHCOTY mn OTHOCHTEILHO Z.

r) Ilyets F—takoe pacmupesue noias K, uro KCFCK (z)
u F == K; nycrb y—osiaemedT pacmmpeHHH F, BHCOTAa KOTOPOTo 7t OTHO-
CATeJbHO z NPUHMMA3ET HANMeHbIIee BO3MOMKHO® 3HadYeHme; JAOKA34Th,
110 F=K (y) («teopema Jlopora»). ([IycTh ¢ —MHEAMaNbLHEII MHOTOWJIEH
sJleMeHTa z Haj noieM F; noxasaTe, aro ¢ =u (X, y)/w (y), rie u— MHOTO-
aigen Kouabua K [X,Y] cremedm He MeHblIe m OTHOCATENbHO ¥ H He
HeNgmHicH AR HA KakKoil HemocToAHHHI Mgorounes Kompua K [Y]; ecan
y=g(z)/h(z), THe g ® h B3aBMHO 0OPOCTH, B3aMeTHTh, UTO BBHIY
a) Muorowres g(X)A(Y)—g (Y)h(X) He penmTcs HE Ha Kako#l Hello-
crosaaui Muorowned woasna K [X] mam K [Y]; BHBecTm orciofa, 4To

g(X) h(V)—g (V) h(X)=Ku (X, V),

HcHoNbL3ys yopakaenme 3 § 4).

6) BuBecTn M3 ymopajkdeHmss 5 B) Apyroe QoKasaredbCTBO yIpaskHe-
fAuA 4 § 4 (3aMernTh, WTO B clydae, KOTJa cTemens v Goibile HYyJf,
CTelleHb MHOTOWIEHA U (V) paBHa ero BHCOTE).

7) lyers, F-—pacmmpesde KoHeaHoTo THua moias K. JloxasaTs, 4TO
Bcaxoe mode E, npoMemyrodsoe Mexay K m F, aBiasercA pacHimpeHneM
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Koreudoro tuma nonA K (mycts B—Gasmc TpaHCUeAJeHTHOCTH paciIn-
peama E mona K, C—Gasme TpancuedpenTHocT noas F map E, Hoxa
8aTh, ufo E mMeeT Kodeunyio crenenb Haj K (B), mcuoabsys, uro F
HMeeT KOHeunyio cTemeut Hajg K (B|JC) m qro pacmmpenme E
n K (B | C) nmueitno paspgenenst Hap K (B) (mpegnomenme 11).

*8) Iycts Q—pacmumpenne noasd K, E a F—pacinnpenns moas K,
colepmamueca B Q H anreGpandeckn paspenesnnsie Hax K. Jlokasats,
4T0 AaA Toro, 3To6HW E m F Onam nmmeiHo pasmededsl Aax K, meo6-
XOLHEMO H AOCTaTouHO, 4TOGH TeHsopHOe mpom3sefeHHme £ R F (oTHo-
carenrAo K) GrI0 00aacTBI0 HEeJOCTHOCTH (Y4TOGH HOKA3aTh OCTATOU-
HOCTB, paccMoTpeTh 6asme TpaHCUeHKEHTHOCTH A pacmupenns E aaf
K m Gasmc Ttpamcmenfentroctd B pacmmpenma F naj K. Jloxasats,
uro moJie dacTanx H xoawua E Q) F anrebpamddo Hax moaeM sacTHHIX L
Koabna K (A)Q K (B). Ilyecte @—kaHOHW4ecKHH n3oMOpdmsM Koabua
EQF B mome K(E(JF), z HexoTOpHii snemenr koiasla EQF,

n

2 v X"~i__MugEManbAHIT MHOTOWleH smeMmenTa z mag L, ymaomken-
:moﬁ Ha HEKOTOpbli HeHyjdeBoii paeMmedT koxasna K (4) Q K (B), Tax, 410
rooddunments v; upmHapaemar xoavlly K (A) Q) K (B). lokasats, a0
paBeHcTBO @ (2)=0 Biaeuetr ¢ (vp)=0 m, ciaegoBarennHo, z=0). '

9) Nyers Q—pacmupesme noag K, E m F-—popfpacmupenns Q,
amaedino pasfenenasie Hagy K. Ilyers ¢ m T—K-msoMopdmams momeit
E m F coorBercrBenHo B moae Q. JlokasaTh, 49T0 ecay moas ¢ (E)
n 1 (F) anrebpaudeckn pasgenedn Hal K, T0 OuEm JmHeiiHo pasjgeaensl
Haj K m cymecrByer efmacTBeHHHN K-m3omopdmsm ¢ pacmmpennsm
K(EJF) na K (o (E) | ©(F)), KoTOpHi coBmajaer ¢ ¢ Ha £ m T Aa F.

10) B anreGpamueckom sambikanmm Q noas Q (X) paceMaTpEBAIOTCSH
JiBa YACTO TpaHCUeHAeHTAHX pacmupeand E=Q(X) m F=Q (X i)
(rme i2= —1) moaa Q. lokasaTh, aro £ m F He ABAHIOTCA aiaTeGpam-
4YecKH pasfeledHmMUu Hax Q, Ho E () F=Q (mycTs p W ¢— B3aOMHO
npocThie MHOrOWIeHH KoAbna Q[X], a Taxike r H s B3aHMHO OPOCTHL
8 Q[X]; nfokxasars HeBosMoykHOCTL paBeHerBa p (X 4 i) s(X) =
=g (X +4i)r(X), saMeTHB, 9T0 B3aNMHO OPOCTHE MHOTOWIEHH B KOAbIE
Q [X] ocrajoTcA B3aMMHO HPOCTHMHA B Koasle Q[X]).

11) Hyers E, F, G—pacmupeans noas K, cogepkammecs B pac-
mupeAun Q poag K, m oyctb F CG. aa toro urobnt moas E m G
OBam aareGpamueckd paspeieHn Hag K, Heo6XoqEMo M [OCTATOYHO,
91060 mons E n F Owum anreGpamdeck: paspenesnsl fgaj K # 9ToGH
noaf E(F) m G Geuim aarebpamdeckd pasjendeds Hafg F.

*12) a) IIycte K —mnoae, L—mopmone moas K; TpeflojIosKEM, 9T0
cyllecTBYeT KoHeuHoe 4mcao saeMeHToB ¢; (1<<i<(n) monsg K rawmx,
uro K=L [ay, a3, ..., a5]. Jorazarh, 4TO B3NeMeHTH a; aazebpauunst
gajx L (paccysKaas OT OPOTHBHONO, UPENIONOKHATE, 9TO &y, .. ., &y (m > 1)
00pasynT MakCHMaILHOE anrebpamIeckn cBoGOIHOe TOJiceMeiCTBO ceMeli-
eTBA (4:}{ iy BAMETHTE, UTO B KOJIBLE A=L]ay, ..., ap)] nepeceuenne
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BCEX MAKCHMAJHHEIX HAeanoB paBao (0), mpuMmenwmrs ynpaskaesde 46),
3 § 3).

6) Brusecrm m3 a), uro B airefpe Muorownemos K[X,, ..., Xg)
BCAKA MAKCAMAJNLAHI HAeall HMEeT KOHEuHYl0 KOPA3MepHOCTh Haj K.
BriBectn otciofa, 90 ecnim A—kromMyratmBHad anreb6pa maj modem K,
O0nafAOMAn eARALLE B eciH CYmecTBYeT KOHEYHOe UHCIO SIEMEHTOB
bj€A4 (1 <7 <q) rarux, aro A=K [by, by, ..., by], TO BeAKOE Hoxmo:Te
anrebpu A4, copep:ramee K, mMmeeT Koueunsii panr mag K.

13) IIycrs K —mnoxe, K ((X))—mnode (opmaJbHEX PANOB OT ONHOI
nepemennoii nax K (ra. IV, § 5, n° 7). Jloxasars, d9ro Becaxmit Gaamc
TpancuengenTaocTn moaa K (X)) san K pammomomen Muo:xectsy K.
Bynem pasiamuars xBa ciayuas:

a) Ecam Mommuocts MmuO:xectBa K CTPOTO MEHBOIe MOIIHOCTH KN,
TO 3aMOTHTE, 9T0 MuO0KecTBO K ((X)) paBHOMOIMIHO KN, H HCHOJb30BATH
yupaskueume 2,

6) Ecaz muoskecrsa K m KN PaBHOMOINHH, TO OHyCTs P —HpocToe
nognone moiua K, S —sdexoropoe GecKoHeuHOe MHO;KECTBO 3JIEMEHTOB
moasa K ((X)), anreGpamdeckn HesaBucuMux nag K, 7T —MHOMKeCTBO
(paBHomomgoe §) rosPprumenTon Bcex fopMadALHEX pPAAOB, MpHHAATe-
wamnx S. ITycrs L-—anreGpamgeckoe saMukaane B K ((X)) moaa K (S);
0ycTs u—3jieMedT Nouafi L m f—ero MAHAMANBHHEA MHOTOUNEH HAR
K (S). Ymaomxan f na senynesoil snement moxad K (S), MOMKHO CIATATS,
9T0 ¥ YHOBJETBOPAET YyPABHEHHMIO BHAA g(sy, ..., Sm, u)=0, rae
£ —MHorouuner Koasma K [Xy, ..., X, Xyl @ 84, ..., s —BTEMeHTH
muokectea . IlycTe A—MHOKOCTBO KOI(PPHIMEHTOB MHOTo9dONA g,
€ (u)—MHOKeCTBO Kod()PrunenToB PopMATIBHOTO pAja u. JOKasaTs, 9TO
none P (T)(4 ) C (u)) aareGpamuno nax P (7T |) A), Doka3aTs, 4To
B NPOTHBHOM CJyuYae [O/KHO CYIIECTBOBATH GeCKOHEeIHOe MHOKECTBO
CTeneAHHX PHNOB v, HpHHAJJeKamux noao Q ((X)), rme Q—axareGpan-
deCKOe 3aMHKauue Moda K, YAOBIETBOPAIOMEX YPaBHEHHIO g (S, ...
..y Smy V)=0. Hcnonap3ysa ynpaskiegne 2, NOKa3aTh, YTO €CIH MHOKe-
CTBO S WMeeT CTPOro MeHBIYI0O MOMAOCTH, UeM MOmMHOCTE K, To crte-
nenn TpamcuengentHocty moiaa K uax P(T) GecxomedHa, ¥ BHBECTR
OTCIO/la, 9T0 B 3TOM ciayuae moxe L oramudo oT K ((X)).

*{4). Mycrs E—neKOTOpPoe MHOKECTBO, P—0To6parkenne MEOMKECTBA
B(E) B B (FE), ynosaeTsopaiomee ciexyiomum yciopaam: 1° X C ¢ (X)
ana Beex X CE; 2° ¢ (@ (X))=9 (X) nas scex X C E; 3° paa BesKoro
XCE ¢(X) asasgerca obvepmHesmeM MHokectB ¢ (Y), rme Y mpo-
GeraeT MHOMECTBO KoHeunwx wactelt X; 4° ecam yd¢o(X) @ y€cp (XU
Uiz}), 10 2 €@ (XU{y}) («axcmoma samensn). Yacre X muoxkectsa E
fia3oBeM cucmeMoit Q-o6pasyroyuz 4acT® Z, ecam Z=o (X). Hasoem X
¢-c60600n0ii dactThio MHoKecTBa FE, ecam X — Munumasvras CHCTEMA
¢-ob6pasyomux ¢ (X). HasoBeM @-6asucom MHOXKeCTBAa Z CHCTEMY
©-06pasynIMEX 5TOT0 MHOKECTBA, ABIANILYIOCH (P-CBOGOAHOM.

a) Jokasats, 4T0 eciam wMmoskecTBo X @-cBobosino & z ¢ @ (X),
7o MuokecTBo X|J{r} gp-ceoGoamo DBuBecTm oTclofa, YTO BCAKAH
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MaKCHAMaJbHaA @-cBofofHas JacTh YacTE Y MHOKecTBa FE Apiserca
¢-6azmcom MuomectBa ¢ (Y).

6) IIycts A—HeKoTOpasa 9acTh MHOKecTBa E, Y —cHcTeMa (-o6pa-
ayiomux wmuomectBa A, X —@-cBoGogaaa wacTs Y. JloxasaTe cymiect-
BOBaHEe Takoro ¢-Gasuca B uactm A4, wro X C BCY.

B) Ecim A—unpousBoibHaA dYacTe MHOKecTBa E, To oToOparkenme
o4 B(E) B P(E), oumpenensemoe cooTHOmenHeM @4 (X)=0q (AJX),
YAOBJETBOPHAET TEM jKe YpPaBHEHWAM, UTO H .

r) Ecim A—muacte muOMecTBa E, ofnagaiomad ¢-GasmeoM U3 n
9eMeHTOB, TO BCAKEI APyroil ¢p-6asmc 4wacTm A COCTOHT H3 R dieMed-
TOB (paccy:jaTh EHAYKIMeil mo n: mycTs B ectb @-Gasmc H3 n ane-
MenToB dactm A, B’—papyroii ¢-6asmc; pacCMOTpeTh BdJieMeHAT a € B’.
JloxasaTts, ¢ nmomompio 6) cymectBoBagme uactm C 6asuca B raxoif,
910 {a} | JC —@-Gasme dacTu A m a ¢ C; HaxoHel, NPHMEHHATH Lpeao-
JOKeHHe MHAYKOAN K QYHKIUE Qo).

A) liBe gactm A m B muomecrBa E Aa30BeM Q-pas/leJIeHHLIMHE, eCJaNl
nepecedyenue BCAKOH (P-cBOGOXHOI TacTH MHOMKecTBA A ¢ Q-cBOOOHHOI
9acThI0 MHOMKECTBa B mycTo B ecim o0belmHeHNe BCAKON (-CBOGOAHOIT
qacTH MHOMECTBA A B BCAKOI @-cBoOO/HON YacTH MHOKECTBA B ¢-cBO
Gopuo. JoxasaTe, 970 Aag TOro, 4ro6n vactTwm A m B Owam @-pasge-
Jedsl, Heo0X0AMMO M JOCTaTOYHO, YTOOH BCAKAsA (-cBOGOJIHAA 9acTh A
Osia pp-cBOOOAHOIL

§ 6. Ilponokenna nm3omopdnsmoB. ConpsakeHHBIE DIIEMEHTDI
HopmaabHbie pacmupeHnsd.

1. IIpodoadicenuss uaomoPpPHu3mos

Teopema 1 § 4, ycTaHaBiIMBAOmMas BO3MOKHOCTH (HOTPYBUTHY
BCAKoe anrefpamveckoe pacmupeHne moas K B anreOpamdeckoe
saMmkagme moiass K, caexyomuM o6pasoMm o0ofmiaercs Ha TpaHe-
eHIeHTHBE pacmupeHus.

Meenpaomenne 1. Hyecmv E— pacwupenue noas K, (@)1 —6asuc
mpancyendenmuocmu pacwupenus B nad K. Iycmo K’ —noae, uso-
mopprnoe noaw K, u Q-—aneebpauvecku 3samruymoe pacuipenie
noas K'. Jaa ecakoeo usomopfusma uy noss K na K' u ecaroeo
cemeiicmea (b )er dsemenmos pacwupenus 2, aszebpauveckl c60600-
noeo nad K' u umerowezo mo e muoxcecmeo umndercos, umo (a,),
sywgecmgyem usomopPusm u pacwupenus E ¢ Q, npodoancarowpuii u,
u makoil, wmo u(a)=>=, daa ecex L€l

IeiicTBUTEILHO, CYIIECTBYeT H30MOpdhuam f—1 moas K(X,)er
Ha K’ (X\)c1, KOTODHI IPOTOIKACT Uy W OCTABISIET MHBAPHAHTHHIMMA
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uepemennsie X, (ra. IV, § 3, mpeanomenwe 1). CremosaresnHO,
ompejienen u3oMopdmam uy umcroro pacmumpenus K (a,),; Ha gHCTOE
pacmuperre K’ (b)), UpomomKamMuil 2y, W CTABAMUI B COOTBET—

cTBHe Kaxmpomy amementy f((a)) (rae fE€K (X)) sement f((b,))
(§ 5, mpepmomenne 2). Ilycts F— anrefpamdecKoe 3aMEIKaHWE MOJF
K’ (b)yer B Q; Torma mone F anreGpamuecku 3samknyrto (§ 4, cren-
cTBHe W3 HpefyioskeHuA 1), criefoBaTenbHO, NOCKOABKY pacImmpe-
une E anreGpawano mag K (a);, cymecrByer usomopdmsM u pac-
muperna E ma F, mpogomxawomuit ¥, (§ 4, crefcTsre us teopeMsr 1).

3ameTnM, 4TO CymecTBOBaHHE ceMeicTBa (b,).cr BIEMEHTOB pac-
mupenma Q, anreGpamdeckm csoGoguoro max K’, obecneumpaercd,
B uacTHocTH, Korjga K’ =K wu axareOpamueckasn pasmeprOocTh E
KOHeura ¥ He IPEBOCXOAUT anreGpamdeckoil pasmepHoctn Q (mHag K).
Beakoe pacmmpenne mons K, mmeomee KoHeIHYIO anreGpamiecKyio
pasMepHOcTE Haj K, Moxer GHTB, TakuM 006pasoM, HOTPYKEHO,
HaOpuMep, B eduncmeennoe anrebpanmdeckoe 3aMbulKadme £, pacimu-
peans K (X,)neny mona K. Taxoe pacwupenme HaswBaeTcs yrusep-
CatbHBLY pacuupenuenm AnA pacimuperuil moasa K KoHewmo# amnre6-
pawdeckoii pasMepHOCTH.

Cnepcrsue. ITycmv Q— aazebpaunecku samrHymoe pacuilperue
noas K 6eckoneunotl anee6 pauweckoti pasmeprnocmu nad K. ITycms E;
(1<ig<n)—n pacwupenuii noas K Komeunoll anaeelpauseckoii pas-
meprocmu nad K. Moxcro naiimu das kaxcdozo underca i (1 <i < n)
maxoli K-usomopgusm u; pacumperus E; 6 Q, wmo noae u; (E;) 6ydem
anzeb pauvecku pasdeaeno (nad K) ¢ nodnosem pacwupenus Q, nopo-
acdennsim n—1 nodnoaem u;(E;) ¢ undekcamu j = i.

HeiicreutenbHo, mycTs B — 6Gasnc TpaHCueHfeHTHOCTH (GeCKOHeY-
HHIT) pacmupenms Q Hag momem K. [lna xaskgoro mEmexca i ompe-
AeNUM MHOKECTBO B; Kak gacTh Oasmca B, COCTOAMEro M3 TaKoro
9HCaIa SMEMEHTOB, KaKoBa anreGpamdecKkas pasMepHocTh mons -E;
Ha K; BuGepeM B; Tak, 4To6H OHH TOHOAPHO He NEPECEKATUCH.
Bsuny npepmomenus 1 cymecrsyer K-uzomopdusm u; pacmupenus E;
B Q Takoif, aro B;—6asuc TpamcnengentHocTd mona u;(E;) man K.
Crepgcreue BHTeKaer Temeph H3 § 5, caectsua 1 m3 mpemyoe-
HEA 9. :

IIeepnoskerur 2. Iycme Q— aazebpauvecky samrHymoe pacuiu-
perue noas K, E—nodpacwuperue Q, u—nekomopai K-usomop-
Pusn E B Q. Ecau cywyecmeyiom dea pasromownbls 6asuca mparc-
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yendenmuocmu pacwupernus Q nad E u nad u(E) coomsemcmeenno,
mo u npodoascaemcs do K-asmomopgusma noas Q.

IeiicrBrrenpHO, TWycTh B —0asuc TpaHCHeHJeHTHOCTH mona
Han E, C —6asuc TpaHcuenmeHTHOCTH uois Q Hay F=u(E), pas-
"gomomEwi B. Bsuny npennokexns 1 cymecTByeT maoMopduam v
noas E(B) ma F(C), npogomxaomuit u. Tak kax Q—anreGpamde-
cKoe 3ammkamme mosedi E(B) m F(C), to (§ 4, cmencrsme m3 Teo-
pemu 1) cymecTsyer msomMopduam w pacmumpenusa Q B cebs, Ipo-
nomxaomuii v. Ilockoasry w (Q)— anre6pamveckoe saMEIKaHWe MOJIA
F (C), comepsxameeca B Q, To w(Q)={; 5T0 moKaspBaer, 9T0 W —
K-asromopdnam mons Q.

Cnepcreue 1. Hycmo Q — aazebpauvecku samknymoe pacuiuperue
noas K, E—nodpacuupernue Q. Bearuii K-asmomopgusn noas E
npodoaxcaemcs 0o K-asmomopdusmna noas Q.

Caegcrsue 2. ITyemv Q— anze6 pauuecky 3amMEHymoe pacuiuperi.e
noaa K, E—nodpacwupenue Q roneunol aaneedpauieckoli pasmep-
wocmu nad K; mozda ecawuii K-usomoppusm u pacuupenus E ¢ Q
npodoasxcaemes do K-asmomopgusma noas Q.

IeiicTButensuo, mycTs n— anreGpandeckas pasMepHOCTh mojsa K
sag K; oma cosmamaer ¢ anrebpamuecKofl pasMepHOCTBIO HOJA
u(E)y=F nag K. Cnemosareansno, nmone G=K (E(JF) umeeT KoHed-
Hyio anreOpamuecKylo pasmeprocTh m<2n Hag K (§ 5, npemaomxe-
amne 10). Ilone G mMeer omwHAKOBYI0 anreOpamyecKyi0 PpasMePHOCTDL
m—n wag £ m wag F (§ 5, teopema 4). Ilycre A—Gasuc TpaHc-
geHmentHOocT™® mona G way E, a B —0asuc TpaHCUHEHJEHTHOCTH
mona G mag F. Ina secsakoro Oasmca rpamcueHgenTtHocts C nods
nag G muosectBa A| JC u B JC 0yayr 6asmcaMmu TPaHCIEHAGHTHOCTH
nona Q mag E m F cooreerctBeEHO (§ 5, mpeamoskemue 8), IpHTOM
PABHOMOIIHEMHY, TaK Kak Oasuch A m B pasHOMomum. CrencTsme
BHTEKAET Telepb U3 NpPelJIoKeHnd 2.

910 cieRcTBHE IepecTaeT OHITH BEPHHM B CIYJae 1 poUsEoAbHO20
nogpacmapesnsa E pacmumpesna Q (ynpamuesnume 2).

2. ConpancenHoie noana. Conpaxcenmvie aanemeHmnot

Ourenenerne 1. ITycmv Q— aaze6pauvecku 3amknymoe pacuil-
penue noas K, E u F — nodpacwupernus pacwupenus Q. ITodpac-
wupenus E u F naswviearomcs conpaxcennumu (Had K) 6 nose Q,
ecau cywecmsyem makoii K-asmomopfusm u pacwupenus Q, umo



126 noJas . v, § 6

u(E)Y=F. [sa ssemenma x u y pacwuperus Q HA3b6aAIOMCS CONDPS-
acennomu Had K, ecau cywecmeyem makoii K-asmomopdusm w pac-
wupenus Q, umo u(x)=y.

Ilycts u—meroropwmii K-aBTroMopduam noas Q, A —IIporassoasHas
qacth @ u E=K (A4); Torpa snagenuss v B E moxmocThio ompene-
ns0Tcsn 3HaveHnAME ¥ B A U u(E)=K (u(4)) (ra. IV, § 3, cuex-
cTBHe U3 mpejuoskeHuma 2). B wactHocTM, ecim £ B y— 3JeMeHTH
noxs Q, conpsxennsie Hag K, 10 K (z) 1 K (y) — pacimupenus uoas K,
conpsKennaEe B .

Pazymeercsa, 3madennd, KOTOPHE MOKeT NpUHEMaTh K-aBToMOpdmaMm
u pacmupeHmsa Q [JH 3JeMeHTOB gacTH A moudA E, He ABIAIOTCA B 06mem
cIydae IPOM3BOJILHEIME (CM. IpefJoskeHme 3). 3aMeTHM, 4TO OTHOIEHHE
«z W Y cONpHAMKeHR» ABNAETCH OTHOMeATeM DKBHBAIEHTHOCTH B ), KJACCH,
COOTBETCTBYIONHE STOMY OTHOMIEHHIO, ABJIAIOTCA KAGCCAMU UHMPAHUMUS~
nocmu rpynnn K-asToMopdusmor pacmmpends Q (ra. I, § 7, n° J).

IlpepnomennE 3. Jas mozo wmobu saemeHmul & U Y pacwiupe-
nug Q 6uau conpancenst Had K, neobrodumo u docmamourno, umobut
aubo oba onu Owau mpancyendenmusimu nad K, aubo oba arzebpau-
weckumtt Had K ¢ oOnum u mem sce MUHUMAABHBIM MHO20UAEHOM
Had K.

Ycaosue Heo6xodumo, TaK KaK, eCIH U — Npou3BOJbHEI K-aBTo-
MopdusM pacmmpenns Q u ecau x — TPAHCLUEHIEHTHHI 2IeMeHT (COOT-
BeTcTBeBHO ajirebpamdeckmii) Hay K, To M aleMeHT y=u (r) TpaHC-
neafeHTeH (COOTBeTCTBeHHO aarebpamyeH) Ham K, HoCKONbKRY AusA
mo6oro Mmuorounena fCK[X] Bunonnserca TtoxkpecTBo u(f(x))=
= f(u (2)). 910 Ke COOTHOLIEHWe IOKA3EBaeT, UTO eCJHH B3JeMeHT &
anrebpautes uHax K u f—ero MmHMMAIbHHN MHoTowIeH Ham K,
to f(u(z))=0. CregosarteiprHO, NOCKOJIBKY MHOTOUJIEH [ HENIPHBOSHEM
B xoubme K [X], To oH ABigercd MUHAMAJBHLM [JIA 3JeMeHTa J = u ()
(§ 3, ompenmexnenme 1).

Ycuosme docmamouno. TlpepmomoskuM cHadasma, 9T0 3JIEMEHTH L
u y— rpancuenneETHs Hajy K (a B ocrambHoM mnpousBodbHEe). Ilo-
CKOABKY oToOpaskenne f-—f(x) (coorBerctBeHHO f-—f(y)) moxsm
K (X) ma K (x) (coorBercrsenHO Ha K (y)) asiasercsa K-usomopdmamon,
cymecrByer K-usomopdusm u pacmmpesus K (z) ma K(y) Taxofi,
9710 u(xr)==y m sror K-mzomopdmsaMm TpOROMKAETCHA FO HEKOTOPOTO
K-asromopdusma mons Q (cumemcrsue 2 m3 mpemaosxenus 2). Caemo-
BaTeJIBHO, BJIEMEHTH Z u y comps:kens Hap K.
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Ecny xe snmemenTtn  u y anrebpamunssr Hay K um umewor omus
I TOT e MUHUMAJLHEI MHOTOWIEH f, TO CYImEcTBYeT HEKOTOpP.LIF
K-uzomopdmsm moms K [X]1/(f) Ba K (r) (coorBercTBeHHO Ha K (y)),
gepeBogAmul xmace X no Moxyaio (f) B 3IeMeHT X (COOTBETCTBEHHO
B y) (§ 3, Teopema 1); cuemoBaTeabHO, cymecrByeT K-msomopdmam
u pacmupernsa K (zr) Ha K (y) rtaxoit, 9ro u(x)=y. OKoxHuaHUE pac-

CYy/HJieHIA NPOBOXUTCH, KaK BHIIE.

ITOT pe3yapTaT HOKA3hpBaeT, 4YTO HOHHATHE CONPAMKEHHHX 3J€MEHTOB
¢ dannom pacwupenuu E Tona K ABIAeTCA enympennum, T. €. 3aBACHT
TONBKO OT CTPYKTYpul paclmpedna E, Ho He oT anreGpamdecks 3aMKAY-
TOI'0O moJsA Q, B KOTOpOEe BKJaARBaeTCA E.

CrnencrBrE. [ asn mozo umobe saemenm z€Q 6via aneelpauyeckus
rad K, neobzodumo u docmamouro, 4moGe wica0 daeMeNMO8, COnPA~
sHeenHux ¢ & Had K, Ovao KOHeuMbM; MO 4UCAO He npegoczodum
cmenenu x Had K.

IleficTBATENRHO, eclld dIeMeRT I TpaHClUeHAeHTeH Hajg K, 1o Bce
ameMenTst ' (n—1uexoe uymcmo, Goipidee HYJAA) TPAHCIEHKEHTHEE
Hag K u, cmepomarennHo, conpskentl ¢ . C gpyroil ¢TOPOHH, ecim
3JeMeHT z anrefpamded Hag K, 170 4HCHO COIpPsKEHHHX ¢ HAM PaBHO
9HCNY PA3AUYHHET KOPHel B noxe {2 ero MIHHMAXbHOTO MHOTOY/IeHa [
(sag K), 1. e. He mpesBocxoxur cremennm Mmuoroumesa f (ra. IV, §2,
TeopeMa 2).

3dameuanue. Ilycrs G—HekoTopoe HoApacIMupeRUe PaCMHpPEHAR
Q; nBa 3JeMeHTa Z WM y Nojsg G MOTyT OWTH conmpsyKeHs Hag K, HO MOKeT
He cymiecrBoBaTh K-aBTOoMopusma nouada G, mepesofamero z B y. °Hanpa-

Mep, B HoJie feilcTBETeNsHEX uncen R anementss V2 m —V 2 comps-
FeHH gaf HojieM Q palHoBAJIBAHX 4HCeN, OBAAKO He CYHmIeCTBYET aBTO-
MopduaMoB moiig R, oT/HHIHEX 0T TosKgecTseHHoro (O6m. Tomod., ti. I

§ 3, yopamsenme 3).,

3. HopuaavHeie pacuiuperus

IleepnoskennE 4. ITyemo E — aazebpauseckoe pacuuperue noas K.
Toeda ecaruil K-andomoppusm u pacuwupenus E seasemcs aemo-
Moppusmom noaa E.

HocraTogHo pokaszarh, uro u(E)=E. JIna KaRIOTO 3neMeHTa
z € E 0603HaYMM CUMBONOM F, MHO:KeCTBO 9IeMeHTOB moad E, conpda-
esBHX ¢ x Hagy K. MuoectBo F, komewno pmus mobGoro z€CE,
n E asaserca obreguHeHneM BceX MHOKecTB Fy, xorga & npoberaer E.
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Jas ramporo y€F, ameMeHT u(y) conpsmeH ¢ y (cAefcTBHe 2
3 OpejaoKeHuA 2), caefoBaTeNbHO ¢ Z, OTKYAa u(F,)C F., a Tak
KaK MHOKecTBO F, KOHeYHO, TO 0ToOpaKeHWe U B3aWMHO OJHO3HAYHO,
Tak 9ro u(F.)=F, cumemosarencHo, u(F)= L.

Meegnomxenne 5. [Tycmv Q — aazeb pauvecku 3amenymoe pacuii-
penue noas K, E —anzebpaueckoe pacwupenue K, codepaawjeecs
e Q. asn moeo umobu ecakuii K-usomoppusm noas E e Q Oba
asmomopdusmon E, neobrodumo u Gocmamouro, umober das 1106020
zEE ece saemenmou, conpaxcennne ¢ * nad K, npunadaewmcasu E.

Tar kark Besakuil K-wsomopdpusm noas E B Q npogomuaercsa
o K-asromopdusma noxs Q (cmemersue 2 W3 mpepioiKeHusa 2), 9TO
yeaosue Heobxomumo. OHO ABIAeTcs TOCTATOYHEIM, TaK KaK [asd
xaxmgoro K-asromoppusma u pacmupeHus Q U3 9TOr0 YCJOBHA
spiTeKaeT BrIwYeHwe u4(E)CC E (ompegmenenme 1), ciaemopaTensHO,
u (Ey=E (npepxosxenue 4).

Onregenende 2. Aaee6 pauveckoe pacwupenue E noas K wHaswl-
eaemcs Hopmaavkuly (Had K), ecau ecarutl Henpugodumbii sMHO20UAEH
koavya K[X], obaadaiowuii xoms 6w odnum ropuem e E, pasaa-
eaemcs 6 npouseedenue mHoxcumeaell nepgoil cmenenu (He 00:3a-
TeAbHO PA3IMUHEIX) 8 koavye E[X].

ITocme Toro Kax BBeEHO 9TO OUpefelieHUe, W3 XapaKTepU3aLUd
coUpsAeHHEX 3JIeMeHTOB (Npejfo:xeHue 3) clegyer, 9TO HpeAJosxe-
gue 5 MO:KHO cPOPMYIMPOBaTh B Cle[YIONell SKBUBAaNeHTHOU (popMe:

Meegnosxerse 6. ITycme Q — anze6 pauvecku samkHymoe pacuiu pe-
#ue noas K, E — arce6pauuecroe pacwupenue K, codepaicaweecs e Q.
Has moeo wmober eécskuii K-usomopgusm noas E ¢ Q 6wra asmomop-
Pusmom pacwupenus E, neobrobumo u docmamouro, wmobsl E 6uir0
HO pMasvhitm Had K.

MoskHo crasarth eme, 9ro HopMaibHoe paciupenne E (CQ noas K
XapPaKTePU3YeTCA TEM, UTO C08nadaem co 6ceMi CBOUMU CON DANCCHHBLMIL
#ad K (onpenenenume 1). )

Ha npomsycenuu gcezo smoeo n° pacwupenue Q 6ydem (npous-
B0AbHBLM) QA2ebpauvecKU 3aMkRymum pacuupenuem noas K u ece
pacuwperus noan K, xomopee me 6ydem paccmampusams, 6ydym
nodpacwupenuamn noas Q.

Tak kax anrefGpamuecKoe 3aMHKaume HOJist K B Q ABAASTCA MOJeM
anre6pamgeckn 3aMrayTHM (§ 4, cirefcTBHe W3 npefioskenda 1), To omo
Gymer aopMarbHEM pacmmEpeaneM uosus K.
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Meegnomenue 7. ITycme N — nopmaavroe pacuwupenue noas K,
E —nodpacwupenue N. Beakuii K-usomopgusm noas E e Q omo6pa-
gcaem E ¢ N u moaucem 6uimo npodoaxcen 0o K-asmomopgusma noas N.

Jeiictearensno, Bearuit K-msomopdmsm u pacmupenns E B Q
MOKHO IpomoxuTh 1o K-apromopdmsma nons Q (caemcreme 2 U3 mpeq-
noKeHUus 2), CllefoBaTelbHO, OTpAHMYeHUEe ero Ha mouae [V sBisercs
K-apromopdusmoM sroro mois (upeginoxenue 6).

Ileegnoxenue 8. ITycmo (N,)— Hexomopoe cemelicmeo HOpmaLb-
noix  pacwupenuii noas K. Ilepecewenue [N, u noae K({JN,),

13 13

noposcdenrnoe oGwvedunenuem noaell N, [6480MCR HOPMALLHELMU
pacwupenusmu noas K.

HeiticrBurenbHO, TyeTh #— HexoTopuit K-apromopdusm moms €.
IIo wpegnonoxenut, u (/V,)= N, nis Bcex 1, CIeAOBATEILHO, NOIATAS
N=[|N,, mvmeem u(N)=DN, r. e. pacmuperme N HOopmManbuo Hag K

(upen;mmeﬂne 6). Amanormumo, mycrs M=K ({JN,); rorma u(M)
L

moposxpaerca obbefuHeHNEM IoJed u (IV,)= NN,, caegosarelbHO, COB-
magaer ¢ M, Taxk wro M wopmansHo Han K.

W3 npenanoskenua 8, B YaCTHOCTH, CAEIYET, ITO HIIA 1 POUIE0ALHOZ0
anrefpamdeckoro pacmupenus £ moag K cymecTsyer HaumeHbvuiee
Hopmanshoe pacuupenue N moasi K, copepmamee E, a nMeHHO
nepecevdeHNe Bcex ‘HOPMAaJbHEIX pacmupenuit monsa K, comepsmamux £
(oHm 3aBeOMO CYMeCTBYIOT, HaOpEMep, ajirebpamdeckoe BaMbIKAHEE
mong K B Q). Bymem wuasmBars N HOpMaJdbHHEM pacIimpeHueM,
nopoxcdennsmn pacuuperuenm E.

Ieepnoxerue 9. Ilycmes A — Hekomopoe MHONCECME0 as2el paue-
ckuz nad K osaemenmoe pacwupenus Q, u nycmv B — MHONcCCME0
conpaxcennur (had K) ¢ snemenmamu A ossemenmos mroxcecmsa Q.
To2da noae K (B) ssasemcs HopmasvHuim pacwupehuesm noss K,
noposxcdennum K (A4).

JHeiicTBuTenbHO, BCAKOe HOpManbHOe pacmmpenue noas K, comep-
Kamee A, gomxHO copmepsware B (mpenmnoxesme 5); wpome TOTO,
pacmupernne K (B) mopmanomo Hag K, tax rak guaa awoGoro K-amro-
Mopdusma u pacmmpeHHA (), mMeeT MeCTo BKIKYeHme u (B)C B
(oupenenenme 1), cnemomareasno, u (K (B))=K (u(B))C K (B).

Caegcrsue 1. ITycmb E — aaeebpanuecroe pacuupenue noss K
KoHeuHoU cmenenu; mo2da HopmaadbHoe pacuuperue N noas K,
nropoaxcdennoe E, moxce umeem Koweunyio CmeneHbd.

9 H. Bypbaxn
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Ieitcteurensro, E=K (A), rqe’ A—HexoTOpOe KOHeUHOE MHOKECTBO
(§ 2, n° 2), caemosaTenbHO, MHOKECTBO B 3JIeMEHTOB, COUPSKEAHEX
¢ pmeMeHTaMn A, KOHeUHO, U cJeflcTBHe lOKasaHo (§ 3, mpeasose-
HY® ).

Caegcrsuk 2. Bearoe Hopuaavroe pacuuperiue N noas K asasem-
cn 06'beduneHUEM KO PMAABHBLL Ro0 pacuuperuli pacwupenus N koHeu-
Holi cmenenu Had K.

TeiicTeurensHo, [N —oGwenwnaenne pacmupennii K (4), rme A
npoGeTraeT MHOKECTBO BCeX KOHEUYHHIX dacTeil pacmmpenns N (§ 2,
caeficTeme w3 mpemiokenus 3). Tem Gomee [N sasnserca obnenmue-
HIeM HOPMAJBHEX PacIVpeHui, IOPO/KIOHHEIX STHMHA PACIINPCHASMIA,

Cnegcreue 3. Hycme (f) — nexomopoe cemelicmeo MHO20UuAEHOS
koavgya K[X), A— mnoncecmeo ux koprell 6 nose Q; mozda K (A)—
HOpMaavHoe pacuuperue noas K.

TeflcTBUTEIBHO, MHOMKECTBO JIO6MEHTOB, COIPAKEHHHX € ieMeH-
ramu A, cosmazaer ¢ A (mpemmoskeHHme 3).

B uwactmoctn, noae kopreid (§ 4, n° 2) mmorouwnena f¢€K[X]
ecTh HOpManbHOe pacmmperue nous K.

Mu yme ormeuannm (§ 4, n° 2), aro nmoxe K (x4, x3, ..., ), HOpO-
saegdoe RopHAME z; (1 < i n) MHOTOUNEHR f, BOOOMIE TOBOPH, OTIAAIHO
or monst K (z;), IOPOAEHHOTO TONEKO 0dHuM 13 KopHeil (ympamuenue 7).
Ecnu f nenpusoguM u K (z;) cosmagaer ¢ K (xy, &9, ..., Zn) AJA HEROTO-
poro mumexca i, 10 K (2;)=K (z;) 017 Bcex oCTAIbHHX MANEKCOB 7, TaK
kax noxe K (zj) coupsskedo ¢ K (x;). B sToM cayuae ypasuenne f (r)=0
HABHBAIOT HOpMAAbHLLM Ypaswenuem Hag K.

Bameuwanne. Ecan E—mnopmansHoe pacmuapenme uous K,
a F—muopmanbHOe pacmupenwe Tons E, tmo F ne o6asameasro
ABasAercA HOpMadbHHIM pacinupenmeM K. leficTBurensho, K-aBro-
MopdusM u pacimmpeHns Q mepeBOgAT B obmeM ciyJae MNHIMAb-
Huit Muorouien nad E snementa x€ F B dpyeoll MHOTOWIEH KOJNbIa
E[X] n, cuegoBaTenbHO, He IGPEBONUT I B CONPAKEHHHIN ¢ T nad E.
TaknMm o6pazoM, anemedT u (z) He o00fA3aH TPIHANIEIKATE MO0 F
(yopamuerne 7); B aTOM ciaydae F w u(F)— pasauunvie HOPMaAbHEE
pacmupernsa moisa FE, koropwe K-usomopguei, HO He A6at0mcs
E-usomo pgrvmu.
Yunpasmuaenmsa. 1) llycts Q—anreGpadmgeckm 3aMKHYTOe pac-

‘mupesme noas K, EMelomee GoCKOHeUHY0 ajxreGpamdecKylo paaMep-
gocTs #af K. JlokasaTe CymiecTBOBaHHe GECKOHEUHOTO MHOMKEeCTBA
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K-supomopduamor Q Ha mopmond L, OTAMYAKE OT Q, M IO OTHONICHHIO
K KOTOPHM Tojie Q mMeeT MPOM3BOABAYIO aAre6panvIecKyio pasMepHOCTS,
He DpepoCcXofAmyl0 ero pasMmepHoctH Hajg K (§ 5, ympaskaenme 1),
°B gacTHOCTH, CYmeCTBYeT 0eCKOHETHOe MHOMKECTBO PasIMYIHHX H30-
MopdmaMoB moaa C KOMIJIEKCHHX 9YAces Ha nopmoxs C, orymuane or C.,

2) Iycrs Q—anre6padduecku 3aMKHYTOe pacmEpeme moaa K
u E—mnogpacmupenne Q. [{oxasats, 9ro ecam £ mMeeT Oeckoneunyio
anreGpadueckyi pa3MepHOCT: Hal K, cTporo Mempmylo aarebpamge-
ckofl pasmepmoctu moag Q mag K (§5, yupamesme 1), To Bearmi
K-nzomopduam mosasz E B Q MOMHO NpOROMEATE A0 K-aBroMopdmama
mons Q. Iate npuMep pacmidpenda F, WMeIOmMero Ty e ajirefpamde-
CKYyI0 pasMepsHocTs, 4To , u K-mzomopdusma moas E B 2, KOTOpHi
flelp3s NPONOAKHATEL N0 K-m3omopdmaMa (B ) HWKAKOro pacimupesns
moasi E, cofep:anieroca B Q m otamugoro ot E (cM. ympazxpesme 1).

3) Tycts Q-—asrefpamdecKH 3aMkayroe pacmupesme moasa K
Kopeunoil anre6paduecroii pasmeprocru Baj K. JlokasaTs, 9TO BCAKHIE
K-pugomopdusm mons Q smiagerca K-aBroMopdumaMoM.

4) Tyecte Q—aareGpamiccKM 3amMKAYTOe pacmmpenwe moias K,
E —mnopgpacmupende moiad Q, Tpadcmesfenstaoe sajg K. Joxasats cyme-
cTBoBamMe OGeckopgednoro MHOxkecTBa K-m3oMopduaMor moia E B Q
(nycts sneMenT z € E TpancnenfieaTed Haj K; paccMOTpeTh NOXpacCIIE-
pesme F pacmupesums E rtakoe, 4TO z TpaHcHenfeHTesl mag F, a E
aareGpawano Hag F (z), AOKa3aTh CYMECTBOBAHAE GECKOHEYHOTO MHO-
mecTBa F-usoMopduamoB moan E B Q).

*5) Iycrs Q—aarefpamdecku 3aMKEYTOe pacmmmpesde mnolsa XK,
N —noapacmuapeane moxsa Q. Jlokasate, 9To ecam N sopManbHo gag K
7 ecim £ m E’'—colpmKeHENe pacmupenua moiag K, copep:ramuecsa
B Q, Tonoasn N(E) m N (E’) compsxesn najg K. O6partmo, ecam N
o6ragaeT »TEM CBOMCTBOM W MMeeT KOAETHYI0 alreGpamdeckyio pas-
MEepHOCTE, CTPOr0 MeHbHIyI0 ajdreGpamdueckoil pa3MepaocTH moid Q
aapy K, ro N—popmanpsoe aixrebpamdeckoe pacmupende mois K.

6) Bceaxkoe anrefpamueckoe pacmupesme N moas K, moposkpennoe
MHOKECTBOM JeMEeHTOB, Kas/Hii M3 KOTOPHX HMeeT cremesns 2 mafp K,
SIBIHETCH HOPMaJbLAHM Hajg K.

°7) Mporounen X2—2 pempusofuM B xoabhe Q[X]. Ilycrs 00—
onumd ®3 ero xoppeil. JlokasaTh, 4T0 MHorouies X2-—q senpHBommM
mag nodem E=Q (a); oycTs f—omma H3 KOpHe#l HTOro MHOToWNeda,
u oycrs F=F (§)=0Q (§). Hoxaszare, 9ro F He HBAACTCA HOPMAJLLHEM
pacmmpenneM moas Q (jfokasaTe uTo Maoroudens X211 menmpmeogum
gaj F). Kaxoso mopMalinmoe pacmipesine moxa (), moposkpensioe F?,

*8) a) Mlorasarh, 4To ecld pannonainaad apo6s k € K (X) ymomae-
TBOPAGT YPaBHEHMIO BHfa h"-{—z fih"—1=0, rge f;—mBorounesu
xouasna K [X], 1to h€ K{X] (sanmmcatrs h=u/v, THe u W v— B3aBMHO
IpOCTHE MHOTOWNEHH; ecld v He IOCTOAHANI MHOTOYIed, TO pac-
€MOTPeTh KOpefb U B Q).

gs
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6) Iycre F—rakoe pacmmapenne nois K, uro K aareGpamdecku
samMKHyTO B F. JlokazaTte, uro moide K (X) aareGpamdgecKu B3aMKHHYTO
B F (X). (Ecaum anement w € F (X) anre6pauues sax K (X), to cragana
JIOKazaTh C NMOMOIBIO a) CYmecTBOBaH@e Muoroulena g¢ K[X] raxoro,

4910 2jeMeHT h=gw ABIAeTcad MHOTOWNeHOM Koabna F[X]. Ilycrts
m

F—anreGpamueckoe samuKanme moas F B Q, m mycTs h:Z a;jX7i,
=0

rae aj € F. Qs xaxkporo K-apromopdmsama u pacmmapenns F moxasaTs,

m

9T0 3IEeMEeHT 2 u(a;) X coupmen ¢ & man K(X) m, ucnoinsysa
=0

npejaoskesiHe 3, BHIBECTH OTCIONA, 4TO KOI(QOHIMEHTH a; OpHHAJjIeXAT

noaw K.)
B) ycrs E u F—pacmupenua noaa K, aareGpamdccKm pasjesef-

aue Hag K, m L—anreGpamdeckoe saMukaHme moie K B F. Bmpectn-
w3 6), aro ecam E —wumcro TpaHclUeHJeATHOe pacmupedme moad K,
1o E (L)—anareGpangeckoe 3amuikanme Honsa E B E (F). (CeecTu K cay-
"ato, Korjla K=L u E mMeeT KOHEUYHYI0 ajre6pamvecKyio pa3MepHOCTbH
Hax K (cM. § 5, yompaxaesne 10 m § 9, yopasxgenna 2 u 3).)

§ 7. CemapaGeaburie pacmmpeHus

1. Teopema Apmuna

IMyers @ —mnome. na Beskoit gwactu V. moas R MHOMeCTBO

F(V, g):g" otobpackennit V B Q cHaleno cTpyRTypoll 6exmop-
1020 mpocmparncmea Had K, OTHOCUTEJHLHO KOTOPOH IPOVM3BEJICHUE 0L
sneMeATa aCQ u orobpamemus u wactE V B Q spaserca orolbpa-
smermem z —>au (z) (ra. II, § 1, n° 4). Panzom mam @ wacTH MHo-
mectBa F (V, Q) sBaserca, TakmM o0pasoM, pasMepHOCTH BeKTOP-
moro mopupocTpadcTBa B & (V, Q), DOpOMmeHHOTO HSTOH 9acThio
(ra. II, § 3, n°2). .

Ilone Q ofmagaer cTpyKTypoOil gekmoprozo npocmparcmea Had K.
Mu 6ymem o0ospmagath cmMBoJoM Qx wmmomKectso Q, cmabiKenHoe
TONBKO 9Toll CTPYKTYpPONl BeKTOpHOTO mnpocrpaHcTBa. Horma wu
Oymem roeropuTh 06 asmomopgusmar Q, T0 peds OyaeT EATH BCOTA
06 aBTOMOpPYU3MAX CTPYKTYPH Ro4f L.

Hrepnomenne 1. Hyemv K —mnexomopoe mnodnose noas 9,
V — eexkmoproe nodnpocmparncmaso npocmpancmea Qg pasmeprocmu n
(vad K). Tozda cosorynnocmv £ (V, Qk) ecesosmoscnuix K-aunelinbx
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omob pascenull npocmpancmea V ¢ Qg sessemcs 6eKmoOpHBM npO-
cmpancmeom pasmeprocmu n (rad Q).

Ilpessme Bcero, scHO, 4T0 eciu u — K-mmBeiinoe oro0paskenne
npocrpaBctBa V B Qg, TO au Aag moboro a€Q raxse Oymer
K-nmrefHEM oTOGpaskeHUeM IpOCcTpaHCTBA V B Qx W, CIe0BaTeNbHO,
£ (V, Q) aBigercs BEKTOPDHHM IOANPOCTPAHCTBOM IIPOCTPAHCTBA
F(V, Q). Hyers (a;)1<i<n—6asnc npocrpancra V magy mnomem K,
n myerb #; (1 <i< n)—anBefiREle OTOOpayKeHNA V B Qg, ompepe-

nsieMpe yeaosuamu u;(a;)=0;; (cumBoa Kpomexepa). dru orobpa-
n

JHeHNA JUHelHO He3aBUCHMEI, TAK KaK COOTHOMEHHE 2 apty () =0
k=1

naa Becex x€V, mpumereHnoe K z=a;, Baeder a;=0. C pgpyroi
CTOPOHHI, OYyCTh U — JIPOM3BOJNbHOE JHHeHHOe OoToOpaeHHe UPO-
crpadcrtBa V B Qg; monaras u (a;)=P; (1<i<n), moarysaem, 1r0

0T06pa}KeHI/Ie u-— 2 ﬁkuh PaBHO HYJIO A BCEX aj;, CJIeN0OBaTeJLHO,
k=1

n
paBHO Hyalo Ha V, T. €. u= Prur. Taxam oGpaszom, oToGpase-
E=1 :

HEA u; (1 <i<n) obpasywr Gasuc mpocrpamcrBa £ (V, Q) Han
nonem Q.

CnepnctBuE. Pane (Had Q) muoxecmea ozspanuvenuil na V ecex
K-asmonmopguanos noan Q wne npegocxodum pasmepHrocmu Rpocm-
pancmea V nad noaem K.

HeiicrpurensHo, orpamudeudme Ha V mwoboro K-aBromopduama
mons Q aBadgerca K-nnHefinmM orobpamkenuneM mpocrpascTsa V B Q.

Hanomuam, 4ro f[isA BCAKOLO MHOMKECTBa aBTOMOpduaMoB S
10JA { MHOKECTBO DJAeMEHTOB 3TOTO TIOAA, UH6APUAHMHEIL TIPA BCEX
aBromopduamMax uf€ HF, aeaserca nodnosem Q W HABbIBAGTCA NOJLEM
uneapuarnmos omuocumesvno S (ra. 1I, § 5, n° 6).

TeorEMA 1 (Aprun). ITycms Q —noae, G —mroxnecmeo e2o asmo-
MO pPusmos, o6aadarowee caedyowumu ceolicmeamu: 1° ecau u€ g
wveEY, mo uoveg; 2° moxdecmeennblii asmomopPusm npurad-
aemcum G, Ilyemv K —noae, uneapuanmos omuocumesvHo 5.
Has mozo umobur wacmv V noss Q umesna koHeunwil pane n nad
noaen K, neobrodumo u docmamouno, wmobs Mmuoxcecmso Gy oepa-
nuyenuli ha V aaemenmoe mroxcecmea § umeao panz n nad nosem L.

MosxrO orpaHmuUMTHCA cAydaeM, KOTHa V -—eexmopHoe nodnpocm-
pancmeo mpocrparctBa Q. B camoMm pene, mycrs V,—BexTopHOE
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NOANpPOCTPAHCTBO (2x, NOPOMKAEHHOe MHOXKecTBoM V; TOTAa, AaA
TOro uTOO0H HexoTopoe K-nmmHelHoe oTo6paskeHme u wacTH V B mone
Q Omno HyJeBHM, Heo0XOAMMO M JOCTaTOdHO, 4To6M u(x)=0 paa
Bcex z€V. CaemoparenrHo, panr MHOMecTBa Gy Hag momeM K
paBeH paBry MHOXKecTBa Hyv, max K.

ITycrs Temepr V — BeKTOpHOE WOANPOCTPAHCTBO TPOCTPAHCTBA Qg
KOHeuHOH pasmepHocT: m Hax K. BBupy caengcrema us mpepiose-
sua 1 mMHOMecTBO Yy HMeer pamr, He mpeBocxomammii m. Ocraetca
AOKazaTh, YTO eCaAH V — BeKTOpHOe NOAUPOCTPAHCTBO IIPOCTPAH-
crBa Qg, AJA KOTOPOTO MHOMKECTBO Yy HMeeT KOHEUHHH paHT n
Hag Q, o V mmeer pasmeprOocTh Hapy K, me menvwiyio n. Ilyers (b;)
(1 <i<n+1)—cemeiictBo 3 n-+1 DPOM3BOJBHKIX DJIeMeHTOB NpO-
crpaHcTBa V. ME moxaskeMm, dTo 3T0 ceMelCTBO céA3amo B Qg, uro
u Oymer JAOKAasaTeIbCTBOM Hamero yTBepigenms. Ilyers & —
BeKTOPHOe TPOCTPAHCTBO Ha g, TOPOKAeHHOE MHOMKECTBOM Fy.
Paccmorpum numeiinoe oroOpaskerme u —>(u(b;)) mpocrpamersa HF
B BEKTOpHOe mpocTpaucrBo Q"*l, PamHr srtoro oro0paskeHmA He IIpe-
BOCXOAHWT 7, TAK KaK pasMepHoOCTh S paBHa n; ob6pas W mpoct-
paHeTBa # IpH 3TOM O0TOOpasKeHMH, CJIeHOBATeJRHO, ABIACTCA TOJ-
TmpocTpaHCTBOM IpocrpaHeTBa Q"1 omauunsim or Q1. Ilaa moGoro

aproMopdusMa vE Y 00603HAYUM CHMBOIOM U OTOOpakeHHe IPOCT-
pamcrBa Q™! B cela, ompefienseMoe cooTHOMeHHEM U ((%;)) = (v (7).

Hna seaxoro omementa u€ A mmeem Torma v ((u(b;)))= (v (u(by))).
Ho voues, mbo u ecrts orpammdeEMe Ha V orobpakenus

D agus, THe uy € G, ClIeR0BaTENBHO, Uoy COBIATAET © OTrpaHN4eHUEM
A

Ha V oro6paskennsa 2 U (ay) (veouy) B, 00 TPERUONOMKEHUIO, Vol € T,
A

Takum obpaszom, mo ompefienermio W, M mmeem v(W)C W pmaa
Bcex V€ G. Orcroma caegyer, uro mogmorae 2, céssanmoe ¢ W (mas
KaHOHHMTecKoro Gasmca mpocrpaHcTBa Q"1) comepmmrea B mome K
uneapuanmoe orHocHreapHO G (rai. 1I, § 5, upepgmosxemue 10),
Hrak, cymecrByer cmcreMa ypaBHeHHI, ompegeddiomux W ¢ rosg-
¢unuenramr B mome K (ra. I, §5, meopema 2), m TaKk Kak

W = Q™1 10 cymecTByeT ceMelicTBO (B;)i<i<nt1 3TeMeHTOB mM3 K,
n+41

M3 KOTODHX He BCe pPaBHH HyI0 H Takmx, aro o P (b)) =0
i=1

Alga ecex uE . Bsap B KauecrBe u oOTrpaHWYeHWe Ha V TOMKIeCT-
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BEHHOT'0 aBTOMOpdu3MA (KOTOPLIH, IO NIPeAUoJOKeHH0, IPHHAJJIe-
n--1

xur 9), M moaysmm 2, B;b;=0,9T0 H 3aBepimaeT KOKa3aTeIBCTBO.
i=1

91y TeopeMy Jerxc pACIPOCTPAHMTL HAa IPOHZBOJNLUEE HeKOMMY-
mamuensie meaa (yupaskHeame 2); TOI/la OHA OKA3EIBAaeTcA 060GmenmeM
TeopeMn 36) ra. II, § 5, OTKyAa ME CKONHMDOBAJH JIOKA3aTEJBCTBO.

2. Cenapadeavible pacuiuperust

Ilycrs E —mHexoropoe pacmmpenue nois K, Q— aaecbpauuecku
samxnymoe pacmmperme nonss E. Cmepcrsme M3 upemmoxenns 1
moKasHBaeT, 4TO A J060oro moampocTpaHcTsa V mpoctpancTBa Qf,
comepskamerocss B £ m MMeomero KoHeYHYH pasMEPHOCTH, MHOKe-
cTB0 orpammvenmii Ha V Bcex K-apromopdmsmoB mois L uMeeT
parr (max Q), me npegocxodswuil pasMepHOCTH mpocTpaHcTBa V
(map K).

Oneepenenue 1. Pacwupenue E noas K nasweaemcs cenapabens-
nan (Rad K), ecau cywecmeyem aa2e0pautecku SaMEHRYmMOE PACUU-
perue Q noas E, o6aadarwwee caedyowum ceolicmeomn:

(S) Hdas ecarozo eekmoprozo nodnpocmpancmea V npocmpan-
cmea Qg, codepacaweeocs ¢ E u umernwezo Koneunyio pasmeprocms,
MHONcecmBo ozpanuvenul na V ecex K-asmomopguamos noasn
umeem pane (Had Q), pasuwii pasmeprocmu V (nad K).

Beuny npepmaosenuss 1 570 paBHOCHIIHHO YTBEPKASHHIO, UTO [JLA
BCSIKOTO BeKTOPHOI0 moAmpocTpaHcTBa V (C E xoHeuHo# pasmeprHOCTH
gan K moGoe K-nnuefinoe orolpaskeHue mpocTpaHcrea V B Qg
ABIsieTcsl duHeiHo# womOmHanmeil (¢ KospdmmueaTamu B Q) orpa-

. gavenuit Ha V K-aBTomMopdmamoB nmouas €.
daMeuanme. YciopEe cemapabenrHoctH E nag K Bopamaercd
eHie cieAyiomuM ofpa3oM: AJf IPOU3BOJbHON cBoGopmoir mag K cm-
CTEMbI, COCTOHmeﬁ A3 KOHEYHOTO 4YHCJA n JJEeMEHTOB 4; pacINpeHna
E (1 i n), cymectByer n K-aBroMopdusmos u; pacmumpesna Q (1<
K i< n) Takux, 9To oupenenmTenb det (u;(aj)) e pasen uymo. Heiict-
BWTEJIBHO, TYCTh V —BeKTOpHOe NMOJIPOCTpaHcTBO MO0AA E, Imopodjen-

HOE DJIeMeHTaMu a;. PasmepHocrb mpocrpamctBa V masp wvouaem K pas-
$ia n, @ OpejEAymee CBOHCTBO O03HAYaeT, 9T0 CHCTEMA ypaBHeHHI

n
2 Eiu; (a5)=0 (1 <7< n) uMeer TONBLKO TPHBHAJALHOE pemenne B Q,
i=1

T. . 9TO OTPaHHYeHHs U, HA V jHHEAHO HE3aBHECHMEL Haf Q.
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TeorEma 2. Jlas mozo wmobu: pacwupenue E noas K 6uao
cenapabenvivin nad K, neobrodumo u docmamouro, wmobsr 6 aaze-
6 pauueckom 3amwikanuu o noas E nose E Guao auneino pasde-
aero (Had K) ¢ noaem uneapuanmoe omuocumeavro epynnwt K-aemo-
mopgpuzmos noas . FEcau asmo ycaosue eunoameno, mo ecaroe
anzebpaudecky 3amkrHymoe pacuuperue Q noas E oGaadaem ceoii-
cmeon (S).

HeiicTBuTensHo, nycets 2 —anrefpangecku 3aMKHYTO® pAaCIIHpe-
mue nons E, L (Q)—mone 31eMeHTOB, MHBAPMAHTHEIX OTHOCHTENLHO
rpymns K-aBromopdmsmoB mona Q. B cuny teopemn 1 cBoiicrBo (S)
o3Havaer, 4TO AaA M0G0 KoHewHOH wuacTH pacmupenua E paur
aroit wactu Haj K pamen paHry ee Hap L (), mHad9e roBops, BCA-
Kasi gacTh pacmupenus E, cBobomnHas Hap K, aBusferca cBoGomuoi
Hag L (Q). 910 B cBolo ouwepeAh o3Hazaer, 4To Imosa E m L(Q)
auneiino pasdeaenst Hag K (§ 2, n° 3). Ilycts Qy — anreGpanueckoe
saMblKaHHe pacmmperus E B monme Q; Teopema Oymer pnoxasaHa,
ecin Ml mokasxeM, 910 L (Q) =L (€,). Ho sT0 BHmTeKaeT u3 cienyo-
mero 6Gojee TOYHOTO PesyIHTATA:

Mrepgmoskenue 2. ITycme Q— aqzebpaudecku 3amMEHYyMOE pacuit-
perue noas K, u nycmov K — anze6pauneckoe sampmarue noss K ¢ Q;
mozda L(Q)=L (K).

HeiicTeurensHo, BoAakuil snemenT €L (Q) anrebpamdeH Hapg
moieM K (§ 5, clemcrBue W3 NpefioKeHUs JI), CIEmMOBATEJNBHO,

npmsagnexnt K. C pgpyroit cropomm, Beaxmit K-asromopdmsm

moas K mpojommaercs 10 HekoToporo K-aBromopdusma mons Q
(§ 6, cnepcrBume 1 w3 mpepnodenus 2), CIAeT0BATONbHO, T OJIHEH

OpiTh MABapWanTHHM Tpu Beex K-aBromopduamax moua K, tak uro

L (Q) L (K). O6paruo, mockonsky K — anreGpamteckoe 3aMHKAHHO
nonst K (§ 4, cnepcreue ws mpepsiomenns 1), oHO ABiseTcd HOp-
MaJBHEM pacmupeRmeM K, clemoBaTenbHo, orpanmueHme Ha K
Besikoro K-aBroMopduama moas Q ects aBromopdmsm K (§ 6, mpen-
noxenne 6). ITosTomy Beakmit smemert mons L (K) wHBapmauten
mpr Bcex K-aBTomopdusmax mons Q, ueM saBepmaeTcs JOKasaTelb-
ctBo Tommecrsa L (K)=L (Q).

Mm yrounmm sTOT pesyieTaT B § 8, n° 1, momHOCTBIO oUmcaB
mose L (K). Ceiiuac MBI MoMeM cKasaTh, UTO LOJe L (K) cocrour
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u3 Tex anrebpamueckux Hapy K 3/1eMeHTOB, KOTOpHE coenadaiwom co-
6CeMU CEOUMU COnpAcenHblMmy (T. €. U3 aare0pamdecKux HIEMEHTOB,
MUHUMAJIPHEH MHOTOYJIEH KOTODHX Haj moleM K umMmeer moavko-
00ur KOpEHB).

3. Il pumepst cenapabeavnstx pacuiu penuti.
Coseputennuvie noas

ITrepnomenus 3. Bearoe uwucmo mpancyendenmmoe pacuiuperie
noas K seanemes cenapaGeavrvim Had K.

HeiicreurensHo, u3sectno (§ 5, caepcrsme uz mpemiaoxenus 11),
9T0 Takoe pacmupeHue E nHHEHHO pasfesieHo CO BCAKAM anrebpau-
geCKUM pacmuperueM mois K, ¥ B 9acTHOCTH, ¢ IOJEM UHBApUAHT-

HEIX 3aeMmentoB L (K) orHOCHTeNBHO Ipynmel K-aBTOMOPPUBMOB.

anrebpanveckoro samuikanus K mona K B amnreGpamdeckoMm 3aMul-
raaun Q) noas E. CnenosatenbHo, Ipefiosenne BEITEKAET U3 TEO--
peMBl 2 M mpemiomkenus 2.

Onpepenenue 2. Iloae K Hasvisaemcs Co6epuieHHblM, eCAU OHO-
cognadaem ¢ MHONECMBOM IACMEHMO8, UHEL PUAHIMHBLE OMHOCUMELbHO
epynns.  K-asmomop@usmos anzebpauueckozo samvkanus noas K.

IlpEpaomernE 4. Ecau note K cosepuenno, mo ecakoe e20 pac-
wuperue cenapabeavrno (nad K); obpamno, ecau ecaroe arzebpau—
ueckoe pacuwuperue noas K cenapabenvro, mo K — coseputerroe noae.

Ilpenaosxenne sBAseTCA CIEACTBHEM TEOPEMHE ‘2 U IPEJIOKeHUA 2.

Ieepnoserne 5. Juas moeo umoGet noae K, unmeowee xaparme-
PUCTUUECEYI0 SKCROHERMY P, 66140 CO8e PUEHHBLI, Heobxodumo u docma--
mouno, wmobul eunoanfiocy ycaosue KP =K.

Ycnosue neobzrofumo: peiicTBATENbHO, MYyCTh Q— ajnredbpangeckoe-
saMbiKague 00iA K, £ — Opou3BONBHBIA daeMeHT mois K, y— rakoii
saement mons Q, wro y? =z. Has mwboro K-asromopdusma u pac-
mupenus Q umeeMm (u(y))’ =z u, cxaegosarenbro, (u(y))’=y?,
orkyma u(y)=y (§ 1, npegnoxenue 1). Ilockonbky mone K cosep-
menno, y€K, 1. e. KP=K. )

Yenosue Oocmamouno: [EACTBUTENIBHO, €CIM OHO BHIIOIHEHO,
1o moproabno K [XP] romsma K [X] pasHo KP [XP], cnemoBareasso,
cosmagaer ¢ (K [X])? (§ 1, npesnomxenue 2). Ilycrs saement z€Q
HHBapUAHTEH OTHOCUTENBLHO Bcex K-apromopduamos mois Q, rorpa z-
anre6pamuen Hag K, uw ero MuHMMANBHHI MHorowleH [ mapg K
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He HMMeeT APYrux KopHeit, Kpome z. Ecam z¢ K, to muorouneH f
JOJHeH MMeTh cTelleHb Goabme 1, ciegoBaTeldbHO, HMMETh KpaTHHH
Kopenb. JTO HEBOBMOKHO Npnm p=1, a mpu p>1 wu3 atoro BmTe-
raer Bruwgerue fEK[XP] (§ 3, npenmosxenue 1), Ho, Kak OnlIO
TONbKO 4TO 3aMedeHo, Torga f=g®, rme g€ K [X], 9To HeBo3MOMHO,
TaK KaK [ HeNpHBOXUM.

CnenctBui. Ecau noae K romeuno uau aszeb paudecku samrrymo
WAL UMeem ZAPAKEMePUCmUKy HYab, Mo OHO cosepuienHo, B uacm-
HOCIMU, 8CAKOE NPOCMOE Node C06e DULEHHO.

CaepcTBue oueBmiHO B ciyuae, Korja nose K wmmeer xapakrre-
puctury 0, Tar xak oroOpamenme r —>zP (p—XxaparrepucTUYeCKas
axcnonenta noxasa K) spaseTcsa tompecTBeHHHM. Ecmu K — Komewnoe
‘mone, T0 *—>xF — B3auMHO opHo3HauHoe oTobpasxenue K B cels
{§ 1, nmpemaosxenue 1), caemoBarenbHo, oroOpamkaer K Ha cebd.
.Haxomen, ecan none K anreGpamdeckm BaMKHYTO, TO HIJA J1000T0
snemerTa z € K ypaBuenne y®? =z umeer Kopens B K.

Ecam Ky—molle Xapakrepactakn p >0, 1o mone K=K, (X) pauno-
HAABHHX Jpobeil or opnHoll mepemennoll Han K, He fsasemcs cosepuseH-
HblM nosem: B CAMOM nele, He, cymecTByer siaeMeHta u (X)/v(X), npm-
napaesxamero oono K (u m v—wMsboroaness Koasua Ko [X]) m Taxoro,
aro (4 (z)/v (z))P=X. [elicTBATENHHO, NOCHE[HEe COOTHOMEHHAE MOKHO
sanucath B BuAe X (v (X))P=(u (X))P; oGo3Havad yepes m W n CTeleHH
MHOT0YNE€HOB U H U, COOTBETCTBEHHO LOJYYHUM IIZP:np+1, qT0 HEBO3-
Momuo. Kpome toro, ecam Q-—axrefpamueckoe 3aMuKaume moas K,
z-—KOpeHs MHorounesa YP—X (roasua K [Y]) B moxe Q, To pacmupe-
ane K (z) ge cemapaGensfio Haj K, Tak Kak BCAKHIl cONpAkeHHHNR C z
gafx K smeMmedT coBmajmaer ¢ z. ITHM [OKAa3aHO, UTO EQUHCTBEHHEIM

K-nmzomopduamom moas K (z) B moie Q sABasAeTcA TOHKECTBEHHHI aBTO-
MopdmaMm.

4. Ceoticmea cenapabesvHuvix pacutuperul

Ieegnomenue 6. Ecau pacwupernue E noas K cenapabeavro
.wad K, mo ecaroe nodpacwupenue pacwuperus E cenapabeavro
nad K. O6pammno, eciu E—mawoe pacwupenue noss K, umo eca-
KOe ee2o nodpacuuperue KoOHeuH020 muna cenapabeasvio nad K, mo E
-cenapabeavro Had K.

ITpepnosxenne ToTwac ciuegyer us onpefedenus 1, rak Kax Beg-
Xoe nofipaclinpenue pacmupeHus E, mopoKpeHHOe BEKTOPHHM IIOf-
‘IpOCTPAaHCTBOM KOHEWHOW pasMepHoCTH, BMeeT KOHeYHHIH THIL
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TaxuM 06pasoM, MOKHO TOBODHTB, 9TO CemapafelnLHOCTL ABIAAETCH
CBOMICTBOM «KOHEUHOTO XapaKTepay.

lregaoxerne 7. IHycmv F — pacuwupenue noas K, E —nodpac-
wupenue noas F. Ecau E cenapabeavio nad K u F cenapabeavno
nad E, 1o F cenapabeavio nad K.

HeiictBurenpuo, iyctb Q — anrebpaudeckoe 3aMbiRaHue moas F,
I —mone pneMeATOB, WHBAapUAHTHHX OTHOCHTeNHbHO BceXx K-aBro-
MopdusmMoB pacmmpenus Q, M —mole 3IeMeHTOB, WHBapHAHTHEX
oTHocuTenbHo E-aBroMopdusmoB mnoxs Q. Tar xax BeARHIT dITeMeHT
nons L wmABapumantem oTHOCHTEAHHO BceXx E-aBToMopduamos moas Q,
umeer Mecto Briouenne E (L) M (puc. 2). Ilo mpepmoaoskeHuto,

M

L—E(L)

|

K——>E-—>F
Puc. 2.

monss F uw M numeiino pasgenenst Haj E, ciegosatenbno, F u E (L)
AWHEHHO pasfgeaeHE Haj EF, uw Tak Kak, KpoMe Toro, L u L jgumeiino
pasgesensl Hag K, to F w L gumeitno pasmederw mnaj K (§ 2,
npejJokenne ), OTRYZAA, IpHUMeHAA TeopeMy’ 2, HOAYIMM LpEfIo-
‘JHeHue.

Ecam moaxe F cemapabeanuno sag K, 1o F ge 06s3aredanHo cema-
pabennHo Ha[ N106HM nodpacwupernuesm UWoAs F (cM. § 8, mpepiome-
pue 5). Hampmmep, ecam K-—mnode xapaxTtepmermm p >0, TO moie
F=K (X) paumoRaiIbHHX #apobGeidl or opuoii mepemenHoil mag K cena-
pabeavso mag K (npemaoxenwe 3), HO He cemapabesbpHo HAA TOAPAC-
mnpedaneM E =K (XT) (cMm. n° 3).

5. Teopema Jledexunoda

TeoreMa 3 (HMeperung). ITyems Q— pacwupenue noas K,
E — nodpacuwupenue Q. Jwboe cemeilicmso (up)y ¢ RONAPHO pasauy-
nx K-usomopgpusmos noss E g Q cocmoum us AuHERHO He3Q8UCUMBY
(nad Q) omob pancenuil.

ByneMm paccyssmate or mnpotuBHOro. KEcam oToGpamenua u
ARHe{iHO 3aBUCHMBEI Haj ), TO MeKZY HUMH CYIIEeCTBYeT nepsuunoe
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COOMHOWERUE Z oauy=0 (ra. II, § 5, n°4); wmmawe roeops,
A

M azus (z) =0 pas seex z € E. Naa moGux snementos z€E u y€E,

3

rtakme yr€ E, rar kak E—mnoxe, oTkyna

; azuy (yx) =0,

M TaK Kak U;— nsoMopdmsmu moas E, To

; azuy, (y) ua (2) =0

npn T06HX * W y, npuAagIekamux . 9To o3HaYaeT, UTO [ BCA-
Koro prementa y € FE sXeMeHTH 031y (y) ABIAIOTCA KodddnnmenTaMmu
ANHeHHEHX COOTHOMIEHU MemAy O0To0pajkeHMAMH u;. Tak Kar
Z ahuA=0—uep1§nHH0e COOTHOIIeHNe, AIXA g000ro 3ieMeHTa YE€LE
cymecTByeT Takoii saemenT Q(y)€E, u9ro pmas ecex A€ L cmpasen-
JTUBH TOKIECTBa

o, (¥) =@ (¥) aa

(rx. 11, § 5, opemnosrenue 2). CremoBaTenbHO, €CIM P W V— pas-
JudHHe WHAEKCH u3 L Takme, uTo @y %0 m ay£0, To u,(y)=
=u,(y) pas Bcex y¢€ E B mpormeopeunn ¢ npegmoaoxenmem. Cae-
AOBaTeJILHO, CYMECTBYeT TOJBKO ONWH wuHAeKe WL Taxoi, dro
a, % 0, HO M3 pacCMOTPEHHOTO COOTHOMIEGHWA MEKAY U); BHITEKaeT
rorga, 9ro u, =0, 9T0 HEBO3MOKHO.
Bameuanume. Te ke paccy:KaeHAA TpUMeHUMH K Goree oGmemy
CIy4al0, KOTHAa Up—npedcmagieHus MYyAbMUNAUEQAMUGHO20 MoHouda E

B mone 2 (cHaGeHHOe TOJBKO MYILTUIDIURATABHEIM 3aKOHOM); ecam
oToGpasKeHns u); NOOAPHO PABAHIHH W OTJIHMUHB OT HYJF, TO OHH

JTAHEeHO Ae3aBHCAMEL B BEKTOPHOM IPOCTPAHCTBE oF oToGpaskenmii E B Q.

Ileepaosenue 8. ITycmbv Q — asee6pautecku 3amenymoe pacuiu-
penue noas K, E—nodpacwupernue Q roueunoil cmenenu wnad K.
Yucao K-usomopgusmos noas E ¢ Q ne npesocrodum cmenenwu E
nad K. [Jas mozo wmobu ono 6wtao paguo cmenenu noas E nad K,
reobxodumo u docmamouno, wmobu pacwuperue E 6oi10 cenapabean-
Hom Had K.

IlepBasg w9acTs MOpegIoMeHMA TOTYAC CJOELyeT N3 TEOPeMH 3,
TaK KaK pasMepHOCTh Hafl 2 BekTOpHOTO npoctpamcTBa £ (£, Qk)
pasHa [E: K] (upegaosxenme 1). Ecau E cemapaGearmo magy K, To
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MHOKeCTBo orpaBmuenuii BHa E K-aBroMopdusMoB moas € mMeeT
parr [E:K)] nap Q, caemoBatelbHO, COCTOUT He MeHee YeM m3 [E: K]
anementoB. OGpartmo, ecam cymectsyer [E:K] pasamummx K-uso-
mMopdmamoB moag E B Q, TO oHU ABIAITCA orpaHMuYeBMAMH Ha E
K-asromMopdusmos monsg Q (§ 6, coemcreme 2 w3 mpemmoxeHmS 2)
u nuBEeiiE0 HesaBmcuME .Hax Q (rteopema 3). Beuny Teopems 4 mone E
umeer panr [E:K] mag moxem L (Q) snemenTtoB, BHBAPHAHTHEIX
oTHocETENbHO rpyunsl K-aBroMopdmsmor moas . ITAM [J0KA3aHO,
aro moas E u L (Q) nureiino paspenenst Hag K (§ 2, n°3), u cre-
noBarenbno (Teopema 2), 9T0 pacmuperme £ cemapabeabno maj K.

6. Cenapabeavnsie aazedpanueckue snLemenmol

Onrepeneane 3. Hycmv E — pacwupenue noas K. Saemenm x
pacwupenus E, anee6pavueckuli nad K, nasvisaemca cenapabeavrvim
nad K, ecau areebpauueckoe pacwuperue K (x) cenapabeavno nad K.

Ieegnomenut 9. Hycmv Q — aacebpauvecky samkrymoe pacuili-
penue noas K. Jan moeco uwmobw anzebpauveckuis aaemenm x€Q
cmenenu n xad K 6wa cenapabeavnvim nad K, neobxodumo u docma-
mouno, 4mMobLl On UMEL N PASAUNHBEL CORPANCEHHBMY IACMEHMO8
wad K (uwau, 970 TO e, BBERY npeadoskerms 3 § 6, umoGu ece
Kopru 6 ) MUHUMAALHOZO MHO2OuAEHA 3daemenma T Had K Gulau
npocmasLuLL).

Heiicteurensuo (§ 6, n° 2), wmeno K-msomopdusmos pacimmpe-
uaust K (x)paBHO Uncay 31eMeHTOB, COUPS/KEHHHX C £, & CTEUEHDb HONs
K (z) pag K paBma n.

Cnepcreue 1. Ecau agemenm €, aseebpavueckuii nad K,
asasemces cenapabeavuvin Had K, mo ecarull conpaxcenmwlii ¢ HUM
nad K saemenm moace cenapabeaen nad K.

Cnegcreue 2. Ecan snemenm x€Q A648emMcs NPOCMbLM KOPHEM
wexomopoeo muoeounena g€ K [X], mo x cenapabeaen nad K.

[HeiicTBUTeNbHO, MUHUMAJLHHE MHOTOWIEH [ SIeMeHTa % HaJX
oonem K pmenmr g (§ 3, Teopema 1), cregoBaTenanHo, z— upocToit
KOpeHb MHOrOYIeHA f, ¥ To K€ BEDHO AJs BCeX CONPMMEHHHX ¢ &
(§ 6, mpennomxenne 3).

Cnencrsue 3. Ecau ssemenm x€Q ancebpauven u cenapabenern
#ad nosem K, mo own cenapabesen nad awbum pacwupenuem F
noan K, codepmawemca ¢ Q.
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HeiicTBUTEIBHO, ¥ — MPOCTOR KOPEHb CBOET0 MHHUMAJBHOTO MHO-
rowitena Hax K, mpunamiemamero xoasny F[X].

Hasosem mmorowsem woasua K [X] cenapabeawmvly, ecinm Bce
ero KopHu B asirebpaudeckomM saMuiamunu moig K cemapaGelbHBL.
Beugy npepsiosxenus § § 3, 0aa mozo wumobsl Henpugodumuiii MHo20-
uaen fE€K[X] 6via cenapaGeavnvim, meobrodumo u docmamouro,
aro6u f ¢ K [XP] (p— xapakrepucTuKa mosig K). B wacrtmoctnm, ecau
K —noae zapaxmepucmuru nyav, mo 6cAKULL HENOCTNOAHHBIE MHOZO-
qaen koavya K [X] cenapabeaen.

Teepmnosmerne 10. Hycme Q— aazeb pavuecku samkrymoe pacuiupe-
nue noas K. Iycmv A—wacmv Q, cocmoswan u3 cenapabeasHslx
aazebpauveckux aaemenmos Had K. Tozda K (A)— cenapabeavnoe
aqzebpauueckoe pacuupenue noss K.

HocraTouno [gorasaTh, 9TO [l BCAKON WKOoHeUHo# wuacta F
nons K (A) nome K (F) cenapabeasro (npennosenme 6). Taxk kar
KaKIBIH ajeMeHT dacTd F comepuTcad B HEKOTOPOM pAaCIIUpEeHHR
mona K, mosyuaeMom mpmcoeiimenveM KOHEUHO TacTH MHOMKecTBa A,
To Bce mosie K (F) copepsxurea B moie K (B), rze B— Hexroropas
KOHeYHasd 9aCTh MHOKeCTBa A W, Cllel0BaTe bHO, MOKHO OTPAHUIATE~
¢ cryuaeM, Korja MHO:KecTBo A Komeuno. UTak, myeTs (@;)1<i<n—
HEKOTOpasA KOHeYHas IMOCHeJ0BaTeNbHOCTH colapaGelbanx anreGpam-
YeCKHX BJeMeHTOB pacmmupenus 2 moixa K. DBynem pRoxkasHBaTh
WHAyKuMeii mo n, uto moxe K(ay, ay, ..., a,) cemapabearHo mHap K.
Beugy ompepiesieEns 3 IpepiokeHue BepHo mif n=1. Tak kar
alleMeRT a, cenapabenen man modeM K (aj, ay, ..., an-y) (CHOICTBEE 3
u3 Opennoskenus 9), pacmupenue K (ay, aq ..., a,) cenapaGersHo
mag K (ai, ..., an-y) (ompegerenne 3); HO, O WPEATIONOKEHNIO HHLYK-
nur, moxe K(ay, ..., @ny) cemapabensno Hax K, clegoBaTelIbHO,
n noxe K(ay, ay, ..., a;) cemapabenpso Haxg K (upemnomxenue 7).

Coaegcteue 1. [Jan moeo wmober aszebpauuecroe pacwuperue E
noaa K 6wa0 cenapabeavuvim, neobzodumo u Jocmamouro, 4moGul
gce anemenmsl noas E 6Guau cenapabeavmust nad K.

CanegcTBue 2. Bceakoe asselpau«eckoe pacuiipeHue CO8CPULEHH020
noaa K cosepuernno.

IeiicTBuTensHo, nycth E— aareGpamdeckoe pacmmupenue nouad K,
F — anre6panveckoe pacimumpeHue mois E; BcAxmil smeMeHT x pac-
mupenua F anrebpaumuen max K (§ 3, mpepgnosxemme 8), clemosa-
TeAbHO0, cenapabenen Hajg K 1O TpejliONOKeHAI0 O COBEPIIEHHOCTH
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(mpepmnoxenvie 4). Orcioma BHTeraeT, uTo I cenmapalenen Hajy E
(crepcrsue 3 w3 mpepiosxenus 9) wu, caegosaTenbHO, F — cemapa-
GenpHoe pacumipenue mons E (cnepcrsue wiz mpemioxenus 10), Ho
3TO 3HAUAT, 9T0 £ coBepmeHHO (IpemioMeHme 4).

Iirepnomenue 14. B awbom aaeebpauyveckom pacwupenuu E
noas K muoncecmeo Eq anemernmos smoeo noas, cenapabeaviix nao K,
Aeanemcs cenapabesvrblm pacwuperuem noas K, kKomopoe cosna-
daem ¢ o6vedunenuem ecex cenapabesvhuiz pacwuperuic noas K,
codepycawuzca ¢ E. Jleiicrsutensro, mome K (E) cemapaGeabro
mag K (upepmoenwue 10), ciegosarensno, KO(Ey)(C_ E, u, smauur,
K (Ey)=E,.

7. HIpunumuensie 3aeMeHIMbL

Ilycrs namo anreGpamseckoe pacmmpesme E moms K xomeumoit
crenieHn n. OneMeHT %€ E HAsLIBAeTCA NPUMUMUGHBLW 34EMEHMOM
pacmuperns FE, ecau E =K (z): cymecTBoBaHNEe IPUMUTHBHOTO BJIe~
MeHTa O3HA9aeT TeM caMmbiM, uto F — npocmoe pacmupenne nons K.
OneMenT Zz, chefoBaTeNbHO, WMeeT cTemeH: n wHapg K; ofpardo,
.BeAKMI dileMenT pacmupenysa E, creneHb KOTOPOro PaBHA N, ABIACTCH
OpUMWTHBHEIM BJieMeHTOM pacmuperua E (§ 2, cuegcrsme 2 w3
TeopeMst 1).

Trepnomenue 12. IHyecmos K —Geckoneunoe noae, moeda 6csakoe
cenapabeavroe aazebpaudeckoe pacwupenue E noas K koneunoi cme-
NEHU ABAKEMCH NPOCIMUIM.

Ilyers [E : K]l=n; no NpPefmoJoKeHNIO, CYNIECTBYET 71 PA3IIMYHEIX
K-uzomopdusmos u; (1 <i<n) pacmuperusa E B moxe £ (mpeamoske-
maue 8). Ilycts Vi (i =% J)— MHOmecTBO Tex sneMeHTOB Y€ E, nna
KOTOPHX U; (y)=u;(y); Torga V;;—moamnomxe noas E, comepsmamee K
U, Clef0BaTeNbHO, SIBIAIOMEECH BEKTOPHHM MOJIPOCTPAHCTBOM HpPO-
ctpaHcrBa E (mag K). Ho mpegnomosennio, MHOKecTBO Vi) OTan4HO
or E, u Tak kax poxe K OeckoHeuHO, TO cymecTByer dieMent x € E,
He mpUWHAjJNeKamuil HE K ofHOMY u3 n(n— 1)/2 BeKTOpHMX mog-
ppocrparcts Vi (ta. IV, § 2, mpegmomenwe 8); oT0 3Haumr, uro
BCe aneMeHTH u;(r) pasnmuBH (1< i< n), caiegoBatedbHO, £ WMeeT
00 KpaiiHedl MeDe 7 DPasIUYHHX CONPAMEHFHX B (, T. e. cTONeHb T
gag K He MeHBIIe n, m TaK Kak z€ E, To cremeHs Z paBHa n, T. €.
E=K ().
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Mmr ysupum B § 41, uyro mpepnoenue 12 pacupocrpanserca Ha
cry4dail koneunozo nona K (§ 11, npegaosxenne 4).

Yupaxbaeand 1) IIycrs f—HeOpHBOAUMEA MHOTOYZIEH KOJBIA
K [X], cemapabeapmmii san K, u mycre a; (1<{i<Cn)—ero KopHE
B anre6pamdeckoM samukammu Q wmoas K. Ilycts g— OpomsBodbLHEL
MHOrOoYJMeH Koaepna K [X)], A—HeKOTOpHH HENPHBOJMMHA MHOMKUTEIb
(8 K [X]) muorounena f(g(X)). [loxasats, 4T0 cTeDenp MHOrowiesa h
ABAAETCHA LeABIM KPAaTHHM ra UKCA2 n B 9To A MMeeT ToumHo r oOmuAX
KOpHeil ¢ KamasM U3 MHOrowleHoB g (X)—a; Koapua Q[X] (paccmo-
TPeTh CONPAKEHHKE IIPOMBBOJILHOTO KOPHA MHorodiaeHa h).

*2) Iycte Q—1ten0 (He obasamenbro Kommymamuenoe), K —mnoprerno
Tena 2, Qxg-—MHOKecTBO Q, cHa(KeHHOe CTPYKTIYpPoll npasozo BeKTOpP-
Horo mpocrpancrsa Hax K. Jlna moGoro BexTopHOro mojmpoctpascrsa V
npocTpancTsa Qg paceMorpuM MHOmecTBO L (V, Q) nmueilHEX oTo-
Opasxennii mpoctpasncrsa V BQ, cHaGeHHOE CTPYKTYPOIl 466020 BEKTOP-
HOTO OpocTpancTBa Haj 2, MHAYIMPOBAHHON CTPYKTYDPOH Q‘é (em. ra. II,
§ 5, n° 6).

a) Jlorasars, 9to ecam V umeer pasmepHocTs n Haj K, TO pasmep-
mocrp npoctpancTBa L (V, Qg) xHag Q pasma n.

6) IIycTe G —HeKOTOpoe MHOKecTBO aBroMopdusMoB Tera Q, co-
Jiep:Raniee TOXKAECTBEHHEL aBTOMOPQU3M U TaKoe, 4TO ecau u € G, v € G,
TO uov€G. Ilycrs L—Teno 31eMeHTOB, HABAPHAHTHEIX OTHOCUTENbHO G.
Jasg roro uTofH BeKTOpHOe HOJUPOCTPAHCTBO V MpoCTpamcTBa Qf, MMeso
KOHEYHYI0 paaMeprOCTb n Hax L, HeoGXoadMo ¥ [JOCTATOYHO, “YTOGH
MHOMECTBO Gy orpanmdenuii ga V siemenTos G WMeno paur n Hag Q
{To e JoxasaTerpCTBO, UTO AJIA TeopeMs 1).

B) Ilycrs K —HekoTopoe moATeN0 Tea Q; Ha30BeM BEKTOPHOE NoIIpo-
cTpadcTBo V mpocTpaHcTBa QK KOHEUHOI pasMepmocTn n cemnapafenn-
anM Haf K, ecam awboe auseiinoe orToGpakenye npocrpasctsa V B8 Qx
ABageTca mupefinoit KomOunanueil (¢ KoappuynmestaMu uz Q) orpanude-
amii ga V K-aBroMopdusmoB Tena Q. Jlaa Toro uto6s V 6uliao cemapa-
OeqbHHM, HEOOXONMMO M JOCTATOYHO, YTOOH ero paar (chpasa) Haf
II0JleM HHBAPUAHTHEIX 9JIEMEHTOB OTHOCUTeNbA0 K-aBTOMOpHHEMOB Tena Q
OB paBeH n; BHIBECTU OTCIOJa, 9TO BCHKOE BEKTODHOE MOJFIPOCTPAHCTBO
upocrpascTBa V cenapadenuo.

r) IIycrs E—mopreno teaa Q, comep:xamee K. BymeM roBopuTh,
910 E cenmapabenbHo Hax K, eciu BCAKOE BEKTOPHOE LONNPOCTPAHCTBO
npocTpascrea E KouedHoil (mpasoii) pasMepmoctn Hany K cemapaGeanuo
Hap K. Jloxanatbh, 9T0 ecay B uenouke K CEC FC Q reno E cena-
paGerpao Hajy K, a F cemapabeanHo Hapg E, To F cenapabeabno
uap K.

1) Hyers E—mnoaTeno Tela Q, comeps:xkamee K, u nmycThb (“u)ter“
fekoTopoe cemeiicTso K-msomoppnamos Tema £ B Q. JIna Toro urods
oToGpaKeH NN u, Omay nvuelino 3aBucumsl (Haj Q), HeoGXO[UMO M [oO-

€Taro4Ho, 9100 cymecrsosain K-uzomopdmsm v mpocrpamcrsa E B Q,
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RoHEYHAA HemycTad uwacth J MHEOMKecTBa I m cemeiicTBo (l‘*i)ie.] He PpasB-

HHX HYJNIO 31eMeHTOB Tejla Q Takue, 4TO 2 =0 m u; (2) = () nt
’ ieJ

nns Beex [ €J m Beex z€E.

§ 8. Pagnkansubie saementsl. Kpurepmii cemapafeabnocrtn

B smom napazpade Q — aacebpauecku 3amrtymoe nose xrapak-
MepuUcmudeckoli IKCnoHeHmsl D; 6ce npedioxcenus, Ookasvieaembie
6 amom napazpage, mpusuasvrs Oan p=1.

1. Paduraasvnovle 3.0eMeHNbl

Mregnomesne 1. Hycms K— nekomopoe nodnoae noas Q. [asn
mozo umobs aaemenm x€Q 6va unsapuanmern npu écex K-aemosmop-
Pusmax noas Q, Heobrodumo u Gocmamouro, 4MobH CYUECMBOBANO
yeaoe wucao m>0 makoe, uwmo z* €K. Ilycms e — naumenvuiee
us smux uuced; mozda MUMUMAALHBLL MHO20UACH dnemenma z Had K
umeem eud X" —a"°.

VYcnosme [oCTATOYHO; B CaMOM [ele, IYyCTh U — IPOM3BOABHEIN
K-asromopduam mons Q. Ecmm 2P ¢ K, 10 (u (2))"" =u (") =2,
caefosatenpHo (§ 1, caegcrene us npegaoskenud 1), u(z)=z. O6parno,
eciM 2JeMeHT T WHBAPMAHTEH OTHOCHTENBHO BCeX K-aBTOMOPM3MOB
nona Q, To x axare6pamuen Hajg K, M ero MuHUMaNBHHHE MHOIO-
ynen f Hag K mMeeT ToNBKO opmH Kopenbs (§ O, mpemnoenwe 3).
IIpr p=1, xax Mu y:xe Bupean z €K (§ 3, upegmomenue 1); ecau
ke p>1, 10 mycts e— pamboxbmee u3 wucexl h, IA KOTOPHX
feK [Xph]. Umeemf(X)=g [X?°], rae MEOrOUNEH g €K [X], owesmpano,
nenpupojuM u g ¢ K [X?]. Tak Kar g mMeeT TONHKO OfUH Kopenb P’
BQ, 10 g(X)=X—2a° (§3, mpepomenne 1). IIpenmosxenne gorasamo.

Oneepeaceue 1. yemyv dano nodnose K noas Q; snemenm x€Q
Hasvieaemca padukassraim nad K, ecau cywecmeyem maroe yeaoe
wacao m>0, umo 2" €K. ‘

MrosmecTBo pagnkanpaux napy K amementos mons Q ssagercs,
TakuM 06Gpa3oM, noaem dAeMeHN06, UHEAPUAHMHBYL OTHOCHTEILHO
scex K-asromopdmamos monsg @ (cm. § 7, n° 2); BBUAY mnpepnnome-
HEA 1 9TO WoNe MOMKHO OmpefielnTh KAK MHOMECTBO KODHeHdl Bcex

e
MBorowienoB Bufa X' —a woxema K [X] (e— opousBosbHOe HEOT-
puiaTeNbHOE UYNCJIO).

10 m. BypbGaru
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Tarx xak mose Q anrefpamdecKu 3aMKHYTO, TO OHO COBepIIeHHO
(§ 7, cmepacTBHe 43 HpeAJIOKeHHS D), CAEAOBATENABHO, 0TOGpaKeHHE
¢
x — z¥ aBaserca aproMopdusmom Q. Mu Gynmem oGosmauarts cuM-
—e 1/0° .
BOJIOM & —> 2P wmmu z —> z'/* obpatHHi aBToMOpdUAM, a CHMEBO-

—e

—e 1o
aom K*  wmau K'™ —o6pas moas K upu oTobpamemmr z —s 27

-6
noasa K B Q. Ilose K”  aBaserca MHOKeCTBOM KODHEH MHOTO-

wienos X —a wompna K [X], caegoBaTeibHO, OHO SBISAETCA a.ze-
6pauveckum pacmupenueM nosia K, wmenomuMm, BO3MOMKHO, Oecko-

—e —f
neunyro cremens. Eean e f, o K* CK® . Ioamone moans Q,
cocToAMmiee M3 PafMKAJbHHX HajJ K 2lIeMEHTOB, ABIAerTcH 00DbeTIHe-

. —e
muem moned K mpm e, mpoGeralomeM Bce HCOTPHUATENLHBIE UHCHA.

— 00
Bynem oGosmauats 510 moae cumpoiioM KP ; 0HO ABigercsa anre-
OpamdeckuM paciumpenmeM moiasa K (cM. § 7, mpepnoskenue 2).

—00
Meepnomenne 2. IToae KP  agasemesn naumenvuum cogepuer-
noim nodnoaem noas Q, codepucawun K.
Heiicterrensno, nycTs E — mpousBoibHOE COBEpIIEHHOE LOIOJE

—e
noxs Q, comepswamee K; tornma E¥ =E pua Beex e >0 (§ 7, npen-

—e — OO
noxxenue 5), caenosareasno, E DK®  u, smaumr, E DK® . O6par-

HOe HeIOCPEACTBeHHO CJelyeT W3 TOTO, 4To BCAKMI K-aBTomopdmam
o0

—o -
monsa Q sapagerca K® -aBromopdumsmowm, ciepoBarenbo, K®  aB-

JS6TCA IOJIeM 3JIeMeHTOB, WHBAPHAHTHHX OTHOCHTeJLHO Beex K © -

-00
aproMop{uamoB moas Q, T. e. mone K*  cosepmeHHO.
—e
3ameuanne. Ecmu moze K He COBepmeHHO, To Bee moas K.
pasmuuAH, Tak Kak torga KP == K (§ 7, mpennokenme 5) m n3oMopdhmam
-—e —€ —(e—1) —00
z~—> 2P npoma K ma KP  oro6paaer KP na KP . Ioae KP
ABIgeTCA, TakuM o0pasoM, anre6palvecKuM pPACIIUPEHWEM GeckonewHoi
cremnedn Haj, K, xorga K He coBepmeHHO.

2. Rpumepuii Manaetina
Meepgnoseane 3 (Mawraeiin). ITyemv K — newomopoe nodnoae

noas Q, EC Q— pacuwupernue noas K. Aas moeo wmobu E 6wiao
— 00
cenapabeavrvm nad K, neobrodumo, wmobs noas E u K¥ ° 6uiau

-1
auneiino pasdeaernv nad K, u docmamourno, wmobu noas E u K*
Guau aunelino pasdeaenst nad K.
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Kpurepmii cenapaGensroctu (§ 7, Teopema 2) osmauaer, uto E
n KF™™ JUHEHHO pasfeleHH HaJ K. CnemoBaTtenbHO, 0cTaeTcsA OKa-
3aTh, UTO €ciu noja F u K™ mmmeiino pasgenens Hag K, To
nunefino pasmenens mons E m K'™ %, JleiicTBHTeNBHO, BCAKOE CeMeii-
ctBo (a,) suementoB mousa E, coGonmoe Haj K, cBoGOiHO HAaj Kp_l,
cllefioBaTebHO, ceMelicTso (af) csobogmo mag K u wo mMEAyKnuu
CeMefCTBO (af’) cBobonmo Hay K nisa Beex HeOTPUIATEIBHHX THUCEJ f.

TarnM o6pasoM, cooTHOmeRHe Buaa D p,a, =0, rme p, €K™ mnce
L

PaBHH HYJIO, KpOMe KOHEYHOTO 4UHCIA, IKBHBAJEHTHO COOTHOMIe-
f
HHAIO pr’af’:O RIS BCeX NOJOMHATeNBHHX wHcea f. Tar kak
L

cymecrByeT dmcio f TaKoe, 9TO p.ffEK mas Bcex v, 10 p,=0 pgas
BCEX |, M TPef0KeHne FOKA3aHO.

Cunencrsue. Ilyemv E — nekomopoe pacwupernue noss K. Ecau E
cenapabeavno nad K, mo 0as ai0bozo aunmeiino ceobodnozo Had K
cemeiicmsa (a.) saemenmos pacwupenus E, cemeiicmeo (aP) auneiino
c60600no Had K. O6pammno, ecau cywecmeyem aureiinsii 6asuc (by)
pacuupenus E nad K makotli, wmo cemeiicmeo by, auneiino ceo60dro
nad K, mo E cenapabeavro Had K.

D70 yTBep:;K/leHHE HEIOCPEJCTBeHHO CJENYyeT W3 KPHUTepHsA IHuHeii-
Ho¥i pasgeserHoct (§ 2, n° 3).

z dameuanmnme. Ecam nome E cenapaGearso Haj K, To u3 mpep-

p—(x)
noykeHns 3 BHTexaer, dro E(\K . OnHako MOMeT CymecTBOBaThb
axrebpamueckoe pacmupesme E mona K, He cemapaGeabHoe Hajy K

— 00
B TaKoe, YTO EﬂK20 =K (cm. ynpaxsgeadse 17 m § 10, mpepmome-
ame 14). ‘

3. HIpuasoxcenue £ cenapateasvHotm
anzedpaudecrum pacuupeHuam

MregnomeanE 4. ITycmv A — Hekomopoe mHoNHcECMB0 anz2eb pau-
weckuz aaemenmos nHad nosem K, u nycmv nose K (A) cenapabenvro
nad K. Toeda K (AP)= K (A). O6pamno, ecau A umeem komeumwii
pane nad K u K(AP)=K(4), mo K(A) cenapabesvno nad K.

10*
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Bynem mnpepmonarate cHavanza, 970 A WMeeT komewslli pamr
Hag noneM K U (a;)1gi<u— MMHeHHNE Gasmc npocrpamerBa K (A)
mag K. Torma K(A)=K[A] m K(A?)=K[A"] (§ 3, mnpenwo-
JeHMe 3), CIeOBATeNbHO, DIOMEHTH aP ABIAKTCA CHCTeMOR 00pa-
3yOIEX BOKTOPHOro mpocrpaHcTBa K (AP) map monem K (§ 1, mpenuo-
memme 3). Ecau pacmmpenme K (A) cemapaGeasno max K, To ame-
MOMTH af JMHOWHO He3aBHCHMEL Hajg K (clegcTBme M3 IIpeJIoKe-
mna 3), ciaegopatensro, [K(AP):K]=[K(A):K] m K(A?)=K (4).
OGpaTro, eciW BHIONHEHO BTO YCIOBHe, TO DIEMOHTH aP JIMHOHO
nesasucuMu Hag K (ra. 1I, § 3, cmemcreme 2 wus Teopemnt 3),
chemoBaTenpHo, pacmuperme K (A) cemapaGensno mapy K (ciegersme
u3 mpepioskernsi 3). Ecam ke muokecTBo A mMeer GecKOHOUHHIL
parr Bag moieM K, to pacmapenue K (A) ABusgercs o00be{uHeHUEM
noguoneit K (F), rge F DpoGeraer MHOMKOCTBO KOHOUHHX dTacTeil
muokecTBa A (§ 2, caexcreme m3 mpepsoxkenus 3). Ecau mone K (4)
cenapaGensro Hax K, 1o moGoe moxmone K (F) cemapaGenbuo nap K,
cuegoarensno, K (FP)=K (F) n nome K (A?), asnssce obGbemme-
mueM modeit K (FP), cosmanaer ¢ K (A).

Caexcrsue. IIycmv E — nekomopoe cenapabeavhoe aszeb pauieckoe
pacwuperue noas K; ecau cucmema (by) o6pasyem 6asuc noas E
nad K, mo cucmema (bf) mosxe obpasyem 6asuc E nad K.

HeiicTBaTennno, ceMeicTBO (bg) muneiino csoGopmHo Hag K (caefn-

CTBHE H3 MOpPeJIOKEHHs 3), CHEOBATONbHO, OHO SABIAETCH 0azucoM
opoctpaHctBa K [EP] wam K (§ 1, npepnosenne 3). Tak rax pacium-
peaue E anrefpamumo magm K, mmeem K (EP)=K[EP]=FE (§ 3,
nPeAToHeHne 3).

3amMeuanun 1) Hcnonpsysa mpejnoskenme 4, MOKHO [JaThb Opy-
roe JOKasaTeNbCTBO TOrO, UTO BCHAKHIl cemapaGenbHrlll anreGpamueckmii
aag K snement x 6yfer cemapaGenbHrM Haj NMIOGHM pacmimpeHneMm F
mona K, copep:ammmea B Q (§ 7, crepcreHe 3 Ha3 mpepaosKenusa 9):

OeHCTBUTEILHO,

F (2?)=K (F) (zP) =K (aP) (F)=K (F) (z)=F (2).

2) Ecam E-—anreGpanmueckoe pacmupenne OGeckoneunoll CTCIeHH
gosa K, to ycnopae K (EP)=FE He ABuAeTcd [OCTATOYHHM AAS TOTO,

- P
uro6s E  6mmo cemapaGeapsriM Ban K: panpmmep, mome E=K
YHOBIETBOPAET DTOMY YCJOBHIO.
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ITrepnosernEe 5. llycmes E — npouseosvhoe cenapabesbroe pacuiu-
perue noas K, F—neromopoe aazcebpauueckoe pacwuperue noas K,
codepacaweecs ¢ E. Ilpu smux ycaosusx E cenapabeavno nad F
(cm. § 7, n° 4).

Ilycts (ap) —mexoropwii Gasme mona F wmap K, (b,)— HexoTopHi
6asuc monss E max F. JlocrarouHo pokasath, 4ro cemeiicTBo (bl)
aneefiHo cBoGopHOo Ham F (ciegcrBme m3 mpemioskenns 3). Ilyers.

Y Bubh = 0— ammeitnoe cooTHOmeHue Memny npaemenTamu bf) ¢ Koad-
m

¢uumentamm B, € F. Tar Kak snementH (af) cocraBasior 6asme nmoas F
Hag K (cmencrsme m3 mpepaosennsa 4), mmeem Py= 2 Orudh, THE
A

ay, € K. Caegosareanno, AZ aap (aaby)’ =0, m TaKk Kak ceMeHcTBO
s b

(apby) obpasyer 6asmc moas E vag K (§2, n° 1) (caegcrBue u3 mpemio-
xeHns 3), cemeiicTBo (apb,)’ nmmeiino cBoGogmo Hax K, orkyma cie-
nyer, aro op, =0 pmas Bcex map (A, p), 1. e. PB,=0 maa Bcex p.

4. PadurxaavHiosle pacuiupernun

Onpepenenne 2. Pacwupenue EC Q noas K naswisaemces padu-
KAAbHBLM, ecall éce eeo daemenmul paduraavnst Had K.
Taxmm o6pasoM, papmrainbHEe paciumpeEns noas K  cyro

pacmmperus moas K, comep:amimecs B K”—m; BCe OHH aire0pamyHH
vap K. Jlna axo0oro mHOMKecTBa A DajuKaIbHEX 2jemeHTOB Haj K
pacmuperne K (A) papgmransEo Hax K. Ecam FE— papukaiabHOe
pacmmpenne noas K, a F—paguranbHoe pacmmpeHme noas K,
10 F—paguransnoe pacmupenne moias K, Tak Kak Jdsd BCAKOTO
pieMenTa z €F CymecTByeT Takoe meloe 9mciIo m, wro aP"CE
7 Takoe menoe umcio n, 4ro (xP"P"EK, 1. e. xP™"C K.
Tlpepaomenne 6. Jas ecakoeo padukaasvnoeo pacwupenus E
noas K koneunoli cmenenu wucao [E: K] ssasemcsa cmenenvio xa pak-
me pucmuueckol 9KCROHEHmy. .
* Heiicrearensuo, nycrs £E=K (a4, ay, ..., ay) T Bce djeMeHTH a;
papmkaabBer Hany K; torga Tem Gojee dleMeHT a; PafmKajeH Haf
noaem K (ay, ..., ai-)opn 1 <i< n, a Tax kak unciao [K (a4, ..., a;):
:K(ay, ..., a;,)] ABasierca cremeHblo p (umpefgio:kenme 1), umcao
[E K] raxixe sBAseTcA cremeHbio p (§ 3, mpefjoskenue 5).
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ITpEgnoxErRE 7. Jas at06020 anzebpauseckozo nad K anremenma
x €Q cywecmeyem maroe yeaoe uucao m>0, wmo saemenm xP™
cenapabeaer nad K.

HeficTBUTeIBHO, TYCTh f-— MUHAMAJBHEIA MHOTOUIEH DIOMEHTA &)
ecmu p=1, TO IpeymOKeHne OYEBWIHO — [OCTATOUHO B3ATH M =0
(§ 7, npegnosxerne 9 m § 3, mpegaoxenue 1), Ecau p > 0, To nycTs

m—uxaubonbimee HW3 wWuced A, A KOTOPHX fEK[X”h], TOTHA
F(X) =g (X?),

rage g€K[X] u g4 K[X?]. OueBryHO, 9T0 g — HENPUBOUMEIN MHO-
rouren. Tak xak g¢K[X"], To BCe KODHM MHOTOWIeHa g
mpocteie (§ 3, mpepnoxkenwe 1), caegoBarennHo, 3nAemeHT P, AB-
aAsigchk KOpHEM MHOrodYieHa g, cemapaGemen Hay K (§ 7, mpemmo-
wenne 9). ‘

Cnencrsur. ITycmbv E — anze6pauveckoe pacusupenue noas K,
Ey— nauboasvwee cenapabeavroe pacuwupenue noss K, codepacaweecs
¢ E (§ 7, upennosxerue 11); mozda E — padukasvroe pacwupenue
noas E,.

HeiicTBuTOnbHO, AaA A060ro saemenra z € E cymecTByeT Takoe
uenoe uwncao m>> 0, 9ro saemeHT xP" cemapaGemeH Hay K (mpepo-
yeHMe 7), clegoBareldbHO, 2P € Ey 10 oupejeNeHKIO.

Heepnoxenue 8. Hycmv E — aneeb pauyeckoe pacwupenue noas K,
Ey— nauboaviuee cenapabeavroe pacwupenue K, codepacawyeecs ¢ E.
Han mozo umobu wucao K-usomopgpusmos nosa E ¢ Q 6vao roneu-
HoM, HeobGxodumo u docmamouro, wmobw noae Ey umeso roneurymo
cmenenv nad K; moada amo wucao paswo [Eq: K].

Heiicremrensgo, Bearkuit K-maomopdmsM u  pacmupenus FE,
B mode Q mpomoiuKaerca [0 HeKoroporo K-asromopdusma moas Q
(§ 6, cnexcrue 2 u3 mpepmomenms 2). Ilycrs v u w— K-aBromop-
¢usMer mons Q, nmpomomkaomue u. Torga oroGpakeHnme wvw™!
asngerca .Eg-aBromopdmamMomM mons €, cieoBATENBHO, €ro OrpaHu-
9eHMe Ha pacmupeHue F (koropoe pagukranbHo Hay E,) Gymer ToM-
HeCTBeHHHM oToOpaxkenuem. MHade roBopsa, Bearuit K-msomopdusm
moas E, ogmosHagHo mpogossxaerca mo K-mzomopdmama moas E,
Ilpennomenne BHITeKaeT TOTHa U3 cenapaﬁenbnocm nons Ey (§ 7,
operoskeHue 8).

Cnepcreue. Ecau E umeem koneunyw cmenenv nad K, mo uwucao
K-usomopgpusmoe noas E ¢ Q asasemcs deaumeaem cmenenu [E : KJ.
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Onpenenenue 3. Ilycmv Oano asee6pauueckoe pacuupenue E

rnoas K koweunoii cmenenu. Haszoeem cenapabeavHolm mHOMCUMEsEM
cmenenu noas E (nad K) u 6ydem obosnanams cumeosos [E: K],
cmenend Had K nauboavuiezo cenapabeavroeo pacuupenus Eq noas K,
codepmcawecocs ¢ E (pasuyio qucay K-msomopdusmos nois E B Q);
Hecenapabeavrum muoncumenesm cmenenu noss E (nad K) nasvigaen
cmenenv noas E nad Ey u o6osnauaem ee [E: K].

Tawum oGpasom, wucao [E: K]; aiaserca cremeHb0 p (Hpepio-

meHne 6 u cuegcTBHe W3 mpensoMmenuA 7), U

<

[E:K]|=[E: K] [E:K];.

3daMedanme. 3aMeTHM, 4TO HecemapaGejbHHN MHOMKATENb CTe-
meAu mona E He ofasarensHO paBen HauGoapmiesi cremeHm p, Ha
Kotopylo pexutca wuucio [E : K], Tax rak Moker cymecTrsoBaTh Cema-
paGemsnoe pacmupenme moasd K cremenm p (§ 11, upemaoskenme 5
A yopamaerne 8).

Korpa cremesp moas Eg mam K (COOTBeTCTBEeHAO CTeneHb Hoja E
uHag FEg) Gecrkoneuna, TOBOPAT eme Aasd yao6cTsa pedd, dYTo Ccemapa-
GesbHEIT MHOKHTENb (COOTBETCTBEHHO HecemapaGembHEIl MHOKHUTENB)
cremenu Hoid F Haa K Geckoneuen.

Yuopamunenuda. *1) a) Iycrs L—mnone xapaktepucruru p >0, z
u y—rtakme papmKamnmme may L oxementw, wro z ¢ L, y§ L, 2P € L,
yP € L. JlorasaTh SKBABAIEHTHOCTb ycaoBmil y € L (z) 1 z € L (y).

6) llycrs E — pacmupenwe moxs K xapaxtepucTasd p > 0. Yacts M
pacmmpenua E nasoBeM p-nesasucunmoii nad K, ecim aaA mo6oi wacTm
M’ wnomectsa M, oramudoir or M, monn K(EP)(M') u K (EP) (M)
pasnawdHe. JaA Toro 4roGW cemeiictBo M Grao p-nezasmcmMo Hapg K,
1e00X0OTIMO M JOCTATOYHO, WTOOH JI00aA KOBEYHAH 4acThb ceMeiicrpa M
O6maa p-Hesapmcuma man K.

B) Hacrs M pacmupesma E mona K uazoseM p-6asucom (Aaum 6asu-
com Hecosepwiencmea), ecim cemelicrBo M p-peszapmcmMmo Hag K M ecam
E=K (£P)(M). Ilycts S—rakad 4acte E, 4910 E=K (EP)(S), M—
4acTh MHOKecTBa S, p-mesapHcuMasg Haj K; I0Ka3aTh CymIeCTBOBAHIE
TaKkoro p-Gasmca B pacmmpenma E naa K, wto MC BC S (oM. § 5,
yopaxksesane 14).

r) Bag Toro 4To6H KOHEYHOE CeMeicTBo (#)1 <i<r pasmmumnx dye-
MeHTOB pacmupesuda E Guao p-Hezapucmmo Haad K, neo6xoimmo @ qocTa-

— v ;
TOYHO, 4TOOK DITEMEHTH Zyva ... vr_..'d;’la:g2 oo T O vi<p nas

BceX i) Omam numeiino HezaBmcmMst Haj moxeM K (EP). B wacraocTm,
EnA Toro dYrobGm pacmmpedme E mmeno p-0asuc M3 r sIeMeHTOB, HEol-
XOAUMO M JIOCTATOYHO, 4T0OH BHOOIHANOCH yciopme [E : K(EP)}=pr.
Hasobem r-cmenenwio necosepuencmea unoas E wvag K. Eeam r=0,
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to ecth K (EP)=F, to pacmupeAme E HA3KIBAIOT OMHOCUMEALHO CO8CD-
wennvln Hajg K (gaupmmep, aareGpamueckoe U ceumapaGenbHoe Hag K
pacmupenre E OTHOCHTeJbHO coBepmeHHO Haj K).

#2) a) Ilyers E —mHeroTopoe pacmmpeHme mojiA K XapaKTepHCTHRH
p>0, B—p-Gasmc moaa E wmag K (yompakdaegme 18)). Jloxasatp, uto

kE
Aas 11060T0 HEOTPHUATENLHOro Uejoro udcia k E=K (EP ) (B).

6) Hpepmonoxumm, aro EC KP ™. Jlna Toro urobm cremensn [E : K|
GrIa KOHedHOH, Heo0X0UMO M JOCTATOYHO, 4TOGH CTeUeHbL HecOBEp-
medcTBa mgy pacmupenns E gajg K (yupaskderame 1 r) Guia KoREWHOI.
TaxmM 00pa3oM, my— MOHEMAJABEOE Ydca0 oGpasylomumx moas E mag K.

R
Ecam mp—creneds sHecosepmencetsa moas K (EP ) mag K, 10 myqq L My,
mam Boex k; momommy f= Y| my; tora [E: K]=pl.
kR

B) Hpegumonomnm, uto EC KP™', w myers K,—Taxoe mopmoae
monst K, uro E cenapabeaswo Hap K, JlokasaTes p-He3aBHCHMOCTDH
cemeiictsa BP mag K. (3ameTnTs, 9T0 ecall {a3)— Gasmc noxs K mag Ko,
10 (af)—Gasme mons Ko (KP) mam Ko.)

HOycrs C—vuacts mona K OGe3 o6mux saeMeHToB ¢ BP M takas,
910 MHOKecTBO BP|JC sABuserca p-6asmcom mons K uag Koy Jorasarts,
ut0 ofbegmHeAne B|JC cocrasnser p-Gasuc monsa E Hapy K.

r) OuaTe TpefHoNoKEM, 9T0 E C KP™ & o mone E cenapaenpuo
Haf wopmoneM Ky moas K. JlokasaTh, 9TO ecIU cTelleHb HeCOBEp-
medcrsa moias K mHajy K KoHedHa, 170 E WMeeT Ty e cTelleHb HEcOBep-
mercrsa, 9T0 K Hag K, (acuoampsoBats B)).

*3) Ilyers E-—pacmnmpeAne mona K xapakTepuctuxk: p >0, F—
pacmrupenne moisa E. v

a) Ecim B—p-6asme mona E mag K, C—p-Gasmc mons F map E,
To cymecTByer p-6asmc uons F man K, cofepskammiica B B{JC.

G) Ecam F—cemapaGensHoe pacmmuperue wmoias E, 10 moGHe [Ba
H3 cleyIOmUX IpejloKeHNii BIeKYT TpeTse: o) cemelicTso B ofpasyer
p-6asuc monss E mam K; P) cemeiictBo C ofpasyer p-Gasme mons F
ran E; v) cemeiictso B{JC oGpasyer p-Gasmc mons Fuag K mB(1C=¢
(BocHONB30BATECS TeM, 9TO eCIM (cy)—O0asue moda F mag E, To
(cﬁ) obpasyer Gasmc moas K (FP) nag K (EP) m Gaswme moas E(FP)
may E). '

*4) Ilycts K—mose monoKuTenbHoll XapakTepHCTHKH p, E— Hexo-
Topoe pacmumpeAme moaa K m F—pacmmpenne KOHeYsOro THIA
mons E. ]Jlokasarh, 94TO €CIH CTelleEb HecoBepmeHcTsa moid E mgag K
KOHEYHA, TO OHAa He MeHBIIe CTONeEN HecoBepmeHcTBa moifA F gapg K
(cBecTm K ABYM craenyommm caydaam: 1° F ceumapabeabHo Hant E,
2° F=E (z), rae zP €E).

*5) Iycts K — HecoBepmeRHOe 1oje, E —anreGpanmgeckoe pacmmpe-
une-mona K wosewmoit cremenn. Jas Toro urobn E 6o mpocTeM
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pacmupesueM moas K, Heo6xofuMo ¥ J0CTaTouHO, UTOOH ero crelesn
secopepmedcTsa maxy K Owmura pabaa 0 mum {4 (masm gokasaTedncTBa
AOCTATOYHOCTH BaMeTHTh, 4TO ecaum Ey—mBamboabmee cemapaGenbHoe
pacmrmpenme mHoaAa K, copepameecs B E, To [E=FE;(a) u E;=K (§)-
U JIOKa3aTh, 4TO MOKHO HaiiTu ajemenT A € K Takoii, uto E=K (a4 BA),
OOCKOJbKY Hoxe K Geckomedso).

6) Ilycrs E— pacmupedne koHednoii crenenn mona K. Ilycrs r >0—
crelleAs HecoBepmeHcTBa mond F dapx K; fokasaTh, 9TO r— HammeHbIIee
ancao obpasyomux moxn E #ag K (guna toro uro6H [oKasaTk, aro E
nopojaercd r 9JeMeHTaMH, B3aMeTuTbh, UTo ecam L, —npambonbmee
cenapaexastoe pacmupesme noad K, cofepskameeci B E, To cyme-
cTByeT r axeMeHTOB ga; (1<Ci<(r) ragmx, wro E=Ey(ay, ..., a;),
¥ HMCHONbL30BATh yHpaxHeHHWe J).

BrisecTH oTCIONA, 9TO AAA TOTO YTOOH écakoe anreGpamuecKoe pacmu-
peREme KOHe4HOH cremesm Hoiss K xapakrtepuctuku p >0 Omao mpo-
CTHM, Heo0XOflHMO ¥ JOCTATO4HO, YTOGH CTelleAb HECOBEPNIeHCTBa
gonst K mgaf KP Gmaa pasma O mam 1.

7) Ilycrs F—cemapaleanRoe pacmupenwe Hoast K. Ecam mouxe
EC F npaderca OTHOCUTENLHO COBEPHIEHAEKM pacmzpedmeM noam K,
TO JOKasaTh, 4T0 F cemapabennsHo Hapm E.

8) yers K--noxe mNOJOKHTennHOH xapakrepucrurm p > 0. Ecan
E —ornocuTenpH0 coBepmIenHoe pacmupenyde moad K mam anrelpamde-

CcKOe pacmmpedme Hoas K, ToO Ep_m:E(Kp—m) (B0 BTOpPOM caydae
HCOOAb30BaTh PAAMKANLEOCT, E  Hajg HaubonbmuM cemapabelbHniM
pacmmpenueM E, moas K, cofepmammMmea B E).

9) Ilycte K—mose MOJOKHTeNbHOH XapaxTtepuctukum p, E —cena-
pabeavhoe pacmupenne moaa K, B— p-6asme monsa E sax K.

a) Jloxasars, 9ro cemeitcTBo B anrebpamdeckm cBoGoxHo mag K (pac-
CMOTpeTh adrefpamieckoe COQTHOMeRHe HaHMeHbINeH MOJOKMTeXBHOR
CTeIeHH MeKJY 8JeMeHTaM# B ¥ mpefcTaBUThH CTeNEeHN NepPeMeHHHX,
KOTOpHe B HeM ydacTBylor, B Bufe kp-+h, rae 0 k< p—1). Bubectn
oTCIORa, 9T0 ecan E mMeer KOHedHYI0 aiare6pamuecKyi0 Pa3MepHOCTE
Aang K, To cremest AecoBepmencTBa E pag K He IpeBOCXOAMT alreGpam-
geckoii pasmepHoctr E maj K.

6) Joxasats, 9o moic E cemapabeabHO H OTHOCHTEILHO COBepIIeHHO
nax noxem K (B).

10) Hazosem 6asuc tpaHcmesaaentsHocTu B pacmupedud E moaa K
cenapabessnbir, ecin nose E apidercH adrebpandeckmM cellapaGedbHHM
pacmupernnem moas K (B) (cm. § 9, n° 3). Jua Toro 4TOGH pacmmpe-
gue E pnons K moioxuresbHON XapaKTOPHCTHKH P M xoneunoi ajarebpan-
qeckoit pasmepHocTH majg K [JONycKakzo cellapaHTHHII 6asuc TpaHcmeH-
AentHocTE Raf K, HeoO0xoammo M fA0cTaTouHo, 4ro0n mole E 6o
cenapaGeabno #af K u ero cremexs HecoBepimencTBa Baj K 6rina pasma
ero anrefpamueckoit pasmepmocTm nag K. TawmMm o6pasoM, BCARHIA
p-Gasme monu E Hax K saBafercn cemapabenbnrM GasmcoM TpamclieH-
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nentrocTH nonfg E maxg K (mcmooirsopaTe ynpaskHesme 96) m ympamHe-
nme 30)).

11) JlokasaTh, YTO OTHOCHTENEHO COBEPHIGHHOE TPAHCIEHIEHTHOO
pacmupesne E monad K NOJOKHTENbHOR XapaKTePHCTHKZ p He MOKeT
mmeTs Komeunwil Tmn mapg K. (JloxasaTs, HCHONB3YS Hpefios;ieHsue 4,
9T0 B HPOTHBAOM cCJyuae Ajad Jdioforo (asmca TpaHCUEHNeHTHOCTH B
pacmupesns E san K pacmupesme E cemapabenrso maj K (B).)

12) Tlycts K-—pone DOJOMKATeNEHOIl XapaKkTepucTmKE p, E —cena-
pabeavroe pacmupenne K koneunoli anreGpamdecKoil pasMepHOCTH.

a) Ecam cymecrsyeT nexomopwii 6asuc TpamcuennesTHocTH Ty pac-

- m.
mupenns E najg K W HeoTpHmaTelLHOe YHCIO m TaKoe, 4T0 K (EP") cema-
paGeasao mag K (T,), 10 JoKasaTe, 9TO JAA 4io6ozo Gasmca TPaHCIEH-
peutsocTu 1 pacmumpesma FE wag K cymecTByeT TakOe HeOTpHIATEIb-

Bgoe 4meno n >0, 910 Hoxe K(Epn) cenapatenrso sapg K (7).

6) BuBectm oTclofa, 9TO ecam BHIIOJHEHO ycaoBme a), To E momy-
CKaeT cemapaHTHHI O0asmc TpaHcresfedTHOCTH Han K (ects B ecTk
p-Gasuc monm E mapg K, §—Gasme TpadcuenfestsocT® nons E mHaj K,
conepskamuit B (ympasksesme 9a)), TO, HCOOAb3yd yopasksenme 96),
FOKaszaTh, w10 §—cenapadTsmii 6asme TPaHCLEHAEHTHOCTH).

13. Ilycrr K —necoBepmesHOe IOJe XapaKTepPHCTHKE P H z-—Dodlle-
MeHT, TpaHcneAReaTHM max K. HokasaTs, uTo oGhepmaenne £ pacmn-

peBmit K(z”—n) moaa K sapuaaercsl cemapabelbHnM pacmimpenmeM K
anreGpamveckoif pasMepHOCTH 1, He OIYCKAOIMEM cemapaHTHOro 0asmca
TpancneafenTHocTH Aag K. ’

*14) lycrs E— pacmupeune moasa K, F— pacmmpenne noud E.

a) Ecam mose E pgomyckaer celapaHTHHI Gasmc TpaHCHeHIeHTHOCTH
#af K @ ecim F p[onycKaeT cemapaHTHBIH 6asdc TpaHCUEHJEHTHOCTH
nax K, 10 mone F fonyckaer cemapasTaiii 0asmc TpaHCHEReHTHOCTH
man K.

6) Ecam mone F pomyckaer cenapaHTHHI 0a3dAC TPaHCHeHeATHOCTH
san K m ecam E mMmeeT KOHeunylo anre0pamdecKylo pasMepnocTE Haj K,
10 mone E momycKaer cemapaHTHHN 0asmc TpaHCLUeHTeBTAocTH Hajy K
(cBecTH K caydaio, Korja F mmeeT KOHeuAylo ajre0pamdecKyio pasMep-
HocT: Hax K w mpumeHuTh yopasknenue 12).

B) Ecam F gonyckaer cemapadTHEIL 6Gasuc TpaHCOeHeATHOCTH Han K
n cenapaGeardo Hajy E, To mnode F momycKaer cemapaGensuelft Gasmc
TpaHcnesfleaTHOCTH Haj E (mcmoabsoBaTh ymnpaskHeHme 12).

15) Ilycrs K —moje mOJOKATENLHON XaPaKTePHCTHKA P H CTEHeRH

necosepmencTsa Haf KP, paspo#t 1. am Toro urobx pacmumperme E
noas K Gmimo cemapaGensHo Haj K, HeOGXOAAMO M JOCTATOYHO, HTOOLI
nose E me copep:;xano HAKAKOTO painKaJbHOro Haj K 5/1eMeHTa, He HpH-
sagge;xamero K (ecnm sunement a moas K oGpasyer Gasmc mona K
fiag KP, To nokasats, wro moat KP'=K (aP") n E nmneitno pasmenemn
Hanp K).
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16) Ilycrs f—yHEuTapnmnit AeDpuBOAEMEIA MEOTOWNeH KousHma K [X],
K—nmone monouETenbHOR XapaKTepuCTEKY p. IlOKasaTh, 9T0 B KOJIBIE
K [X] muorounen f(XP) HeOpEBOAMM HIH ABIHOTCA p CTONOHBIO HENPH-
BOJEMOTO MHOTOYJIeHa B BABACEMOCTH OT TOTO, CYMECTBYET B HET Kodf-

¢unmenar mporownena f, Ae mpEAaguexamuit moaro KP,

*17) Nyers Ky—moae XapaKTePECTEKE p > 2, B nycTs K—moxe
panmomansaux (Qysrnmit Ky (X, Y). PacemorpuM anreGpanmueckoe pac-
mupesue E=XK () noas K, nopo:xmaeanoe KopaeM O mBorounena f(Z)=

=Z?P4 XZP+Y B xomsue K [Z). Jlokasats, uto moae E He cemapa-
GeasHo max K, Ho He CONMEeP:KUT pafuKAAbHHX Han K aIeMeATOB, Ae IpH-
pagne:kamux K (cM. yumpa:xumenme 15). (3ameTHT®H cHagama, 9TO MHOTO-
9ieHd f HenpHBOAMM B Kouasme K [Z]; eclH cymecTBYyeT Takoil aleMEHT
BEE, uto P €K, B¢ K, 1o f upmsopum B Koubue K (B) (Z); mcnoapsys
yuopakEenmne 16, joRasaTh, 9TO TOrAa 9JIEMEHTH xir g yl/o npn-
gagnexxar E m grto [E: K] > p2.)

- 18) Ilycrp Q—anreGpamdeckn 3aMKEyTOe pacmupenre mons K, E
0 F—pacmupesrs mnonsa K xoHeuHoM anrebpaumdveckoir pasMmepHOCTH,
comepxamueca B Q, # ECF. Ilycre (ug)— ceMeiictBo K-aBTOMOp-
$usMoB mosg  TAKEX, UTO OTPAEHYEHHS U, HAa E HONAPHO pasiNdHH
a cocTaBNALT MEOMecTBo K-maomopdmamon monm E B Q. Ilyers (vg)—
ceMeiicTBO pasnmuEnx E-msoMmopgmamon. J[oxasaTs, 4TO Bearuw# K-m3o-
mopdmamM mong F moxer OHTh OJHOBHAYHO BANHCAH B BHJE WUgoVg.

BrisecTE orTciofa, uro ecam E m F—anrefpanuecKEe pacIIEpPeHHsA
moass K womeqgnoi crememm m E F, 1o [F:K|;=[F : E|;[E : K].

§ 9. Iuddepennnposanua B moaax
1. ITpodonscenue ougpepernyuposarnus

Ilycts Q—mHexoropoe mome, E—moamoae B Q. Mu ysxe ompe-
gemmnu B ruase IV, § 4, n°3 u 4 nonarue Ougigepenyuposanus
nodnoasn E B nome Q (rge nome I paccMaTpUBaioch KakK anredpa
Haj KOJNBIOM Z TelNHX pauHOHANIBHHX 9HCEX).

Ilpegnomenne 1. Jaa raxcdoeo Ougdepenyuposanus D nod-
noas E ¢ noae Q mromcecmeo N mex saemenmos z € E, as womo-
pux Dz=0, seasemcs nodnosem noas E.

B camoM pmene, usBecTHO, 4T0 [N sfBiAeTcd HOAKONbIoM mouA F,
cofiepswamuM eguruny (ra, IV, § 4, n° 3 u 4). C mpyroit cropons,
TaK Kak Bearoe paudepenuuposanue B mose Q mo6oit obmacTm
[EJTOCTHOCTH, cOjeramelica B {, ONHO3HAYHO IPOZOJIKAETCH HO
nuddepennupoBanua ee moius gpobeit (ra. IV, § 4, npexnoxenune 11),
MHO#eCTBO N COBIazaeT ¢ 9THM IojieM HApoOei.
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Orcroga caeayer, 9ro D(ax)=aDz gnsa Bcex a€ N, z€ E; apy-
ruMu caosamu, D sapaserca pauddepennmposammeMm mnonmoas E
moas Q, ecau mone K paccmaTpuBaTh KaK a.2e6py wad nosem N.
Boo6me nycts K —mpomssonbHoe mopmose moas £; Beakoe pudde-
pesnupoBanne moxmoass E B , paccmarpuBaeMoro Kak aJeze6pa
nad K, wmasmBaerca K-dugdepenyuposarnuen. 9tu prdpdepenaupo-
panua D xapaxrepusyiorcs TeM cBoiictBoM, uTo Dz=0 gas Bcex
z€eK. .

3 npegmpymero BhTeKaeT, B HacTHOCTH, 9T0 Bcakroe auddepeniu-
pomaHue npocmogo IIOJH B JIIOﬁOM €r0 pacCiupeBEnH ABIACTCA HY/AeablM,

Ieegaomenue 2, ITycmv E— nexomopoe nodnose noas Q, D—
dugpepenyuposanue noasn E ¢ Q, F = E () e — pacwu perue noas E,
codepuwcaweecs 6 Q, u (u)e1— cemeticmeo asemenmos uz Q. HJas
mozo umobu cyugecmeosano Ougidepenyuposanne D noas F, asagio-
weecs npodoascenuem Ouggepenyuposarnus D u makoe, umo
D (z.)=u, 0aa ecex €I, neobzodumo u Oocmamouro, wmobs Gas
Kaxcdozo komeunoco nodmmomwcecmea H € I cywecmeoeano Ouggepen-
yuposarue Dy noas E(x)m, s6asoueecs 1 pooosrcenuem
Ouppepernyuposanus D u makoe, wmo Dy(z)=u, 048 Eax-
dozo VEH. Jugpdepenyuposanue D 6 omom cayuae seisemcs
e uUHCMEEHH LY.

EnuscrBennocth D cjefyeT W3 TOTO, 9TO MHOMKECTBO TeX Bje-
MeHTOB z € F, KOTOopHe AHHYIWPYIOTCA HEKOTODHM pAuddepenmupo-
BamMeM, SIBIgercs mnopmosieM B F: ecixu oHO comep:kur K u z,, TO
ono cosmagaer ¢ F. Ecuuw mpopommenwe Dy cymecTByeT mas Kam-
ZOro KOHEWHOTro IoAMHOKecTBa H €1, To AnA ABYX TAKHX IIOLMHO-
mect8 H (C L pnddepennuponanue Dj, saBiserca npopoikenveM Dy
B cHIy efuncTReHHOCTH D).

Hna wammoro sideMenTa z € £ cymecTByer TaKoe KOHEYHOE MHO-
wmecrBo H, uto z€ E(z,)em (§ 2, ciefcTBue Ipe oskennsa 3), I sHa-
genme Dy (z) B CcHIy CcKasaHHOrO BHINe He 3aBUCUT OT BHOopa
KOHEYHOr0 MHOecTBa H, Y[OBIETBOPANMETo 5TOMY YCIOBHIO; 060-
3HAYMB TO 3HAYeHWe wdepes D, MH oONpefelnM, TAKEM o6pasoM,
D nHa Bcem mome F. Ocraercs yGemurics B ToM, uro D aBasercs
auddepeHnmpoBaEHeM, HO DTo HEMEJ[IeHHO ciefyeT H3 TOrO, ¥TO
IaA BCAKHX [BYX JeMEeHTOB & M Y, NpHHafJexamux F, cymecTByeT
TaKOe KOHeuHoe MHoecTBO H €I, uro z ¥ Y€ E(z,)ien.
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B uacrHoCcTH, Hysecsoe mupdepesmumpoBaHMe ABIACTCA CAMACT-
BeanEM auddepernmpopanuemM nods F, asEyIMpyomuM Bce moxe E
H KaEIBil U3 DJIEMERTOB Z,.

Irepnomerne 3. ITyemv E—nekomopoe nodnose noas Q, D—
dugpgpepenyuposanue nodnoas E 6 Q. Ilyemv F=E (xy, ..., Zpn)—
pacwiuperue KoHeunozo muna noan E, aexcawee ¢ Q, a—udeasr
anze6 pauveckuT COOMHOWEHUL Menc0y saemewmamis T; ¢ KoIHPHuU~
yuewmanu us E (MHOecTBo TakMX MHOTOWIeHOB fE E[X,, ..., X,],
aro f(Zy, ..., 2p)=0). Has 0O0annozo cemeiicmea u;(1<i<n) sae-
MEHMO8 Noas Q HeoGLodumblM U GOCMAMOUHBLM YCAOBUEM CYUECTE0-
sanus Oupgpepenyuposarus D noss F 6 Q, asasoweeocs npodos-

scenuem Ouggepenyuposanus D u mawoeo, ymo Dz;=u; daa ecex
1 i n, asagemes ebinoOAHEHUE paeencme

fD(xi,',..,xn)—I-Z 61‘1ul_0 . (3]

rae f0— mporounen (koasma Q[X;, ..., X,]), DonrydenEmil npume-
germeM puddepennmupoBamus D K KamaoMy Kos(duUHeRTy MHOTO-
quena f (ra. IV, § 4, n° 4).
" IToxamem cmadaina, uro ycaoBus (1) HeoGXoguMsl M [JocTaTOYHH
AJs TOro, 9T00K MOKHO OBLIO Hpopomwsurb auddepennuposanne D
no paddepenmmpoBanus D koaema E [z, z,, ..., 2], yaosierso-
pomero yexosuaM Dz = u; (1 <i<n). KRamgsii saeMeHT us
Elzy, ..., z,] uMeeT BHA g(Zy, ..vy Zp), T gEE[ Xy, X, ..., Xal.
B cuny npaBwiia BhI9HCIeHMSA NPOMSBOJHON [Ais Kammmoro mud-
¢JepeanEpoBaENs D, sBIsOmErocs HpofoiuReHmeM D), mmeeT MecTo
TOMKIECTBO

E(g(xl’ ey -Tn))=gD($1» AR xn)"f'z gffui, (2)
=1 i

OTKyfa cpasy ke ciaefyer Heo0xopmmocth yexosuit (1). Obparso,
ecjm ST YCNOBUA BHIONHEHH, TO [JsA HKaJA0r0 3JeMeHTa
y=g(xy, ..., o) w8 Elzy, ..., 2] MH Momem ompegennts Ey
¢ NoMomplo HpaBod dacTw paBeHcTBa (2), TaK Kak ycaosue (1)
TI0Ka3sIBaeT, UTO ONPeeleHHOe TaKUM obpasoM smauenme Dy Gyjer
OJIHUM W TeM e A KaKIOr0 MHOTOWIEHA g TaKoro, uTo
y=g(z1, ..., z»). Herpygno ybGemmrrcs, wro ommcammoe oToGpa-
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merne D aBaserca pudgepennmupoanveM kousna K [xry, ..., T.l,
YAOBIETBOPAIOMUM HY;KHHM YCJIOBHAM; OHO OJHOSHAYHO WPOAOI-~
maeTcA Ha moxe ppobeir E(ry, ..., 2,) Kombma K[z, ..., Za]

(ra. IV, § 4, mpeanosxenne 11), 9eM u 3aBepImaeTcA KOKasaTEILCTEO.
3amewanue. Ilycrs (fi)—HekoTopas cucreMa 06pasyomux
ujeana a; AIA Toro 9ToOm ycaoBme (1) BBHIIOIHANOCH A KAKIOTO
MHOTOWIeHA f € 4, MOCTATOYHO, YTOGH OHO BEIHOJHAIOCH A BCEX fj.
B camom pene, Kasjslit MHOrOdYIeH f€ ¢ samECHBaercA, II0 mpef-

IOJIOMKEHIIO, B BHJE f=2q>;j;,, rie ¢;— HEKOTODHEe MHOTOWIEHH
Y .

cIe0BATEIBHO,
o, F)
fD‘Z(Pffx—l-Z(PM‘A Haz 2 AL f—l—Z /"
Tar kak, coraacHo Ipefmoxokesmio, f,(zy, ..., xn)=0 IS BCeX A,
nMeeM '

O (2yy ..y Zn)+ Z oz, v

_2(9;. Ty oo ,:45,,)<f’v zi, "-vxn)“l-z afA >7

OTKyma cjejlyeT Hamle yTBep:KieHUe.

Ilpumennm KpuTepuil npenioMenus 3 K PasiIWIHEIM THIAM pac-
VpeHnii moxei.

Neepnomenne 4. Ilycts F(C Q-—uucmo mpancyendenmuoe pac-
wupenue noas E, (z) wucmuii 6asuc noas F nad E. ‘

Has rancdoeo Ouggepenyuposarus D noas E ¢ Q u ramdozo
cemeiicmea (u,) aremenmos us Q cywecmeyem Oughe penyu posariie
D noas F ¢ Q, npuuemn eduncmeennoe, npodosscaiouee D u maxoe,
umo Dz,=u, 043 raxcdoeo L. )

B camoM gpene, mpmean ¢ anreGpamuecKHX COOTHOINGHWN MEXKAY
alleMeHTaMu I, ¢ Koddpumuentramu u3 uoias E cBoguTea K HYIIO,
ciefoBaTesbHO, yenosug (1) BomodnswoTCA.

Meennoxenne 5. Ecau F C Q- cenapabeavtioe anzeb paureckoe
pacuwuperue noas E, mo rawcdoe Ouggepenyuposanue D nors E
8 Q o0nosnauno npodoaxcaemcs 0o dughghe peryu posanus Dnoasn E ¢ Q.

Cravana mOKameM, 9TO eCIH INPOXOJKeHue¢ BO3MOKHO, TO OHO
equHCTBeHHO. B camom peme, unycth f€E[X]— vmAaMalbHRN
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MHOTOYJIeH HEKOTOpPOTO aixeMeHTa € F Haj nomem E; B cuay ¢op-
Myns (1) [OMWKHO BHIONHATECA paBeBcTBO [P (z)+ f (2) Dz=0;
HOCKOJBKY diieMeHT z cemapabeiner Hax E, f'(z)= 0 (§ 7, npemio-
serue 9), Tak uro omeMenT DI ONpesieNeH OJHOSHAYHO.

Ilna noxasaTeabcTBa CymecTBOBaHMA D) JOCTATOYHO PACCMOTDETH

TOT cay4aii, xorma mone F=UF(zy, ..., ;) ABnAeTcA KOHEUYHHM
pacmupenuem uaz E (npegnoskerme 2). Ilposenem mugykumio mo n;
opu 2 = 0 yrBepimpenue oueBunuo. llomoswum L=E (z1, Ty, ..., Zn_1);

rorga F=L(xz,) u smemenr z, cenapaGenen max L (§ 7, cuen-
creue J npepiosxenns 9). [lo npegmonosxennio, fudpdepennupopanue
poass L saBaserca upopomsxenmmem D. llyers g— mMunnMansnmii
MHOI'OYJIeH 9IIeMeHTA I, Haf L; pmias cymecrBoBaEHA pauddepenmu-
posarua D mona F, upogomxaomero Dy, B culy saMedanus K mpefi-
NOREHUIO 3, HeoOXOIUMO W JOCTATOYHO, UTOOH MOKHO GBHLIO TaK
onpegenuts sHauemue Dz, B Q, 4T00H 0HO yJOBIETBOPANO ypaB-
HEHHIO ‘
8P (z) + g (2n) Dz, =0,

a BTO BCeIZa BO3MOMHO, IOCKOJBKY g’ (%) 5= 0.

Caepcrsue 1. Hyemv D—makoe Oudpepernyuposanue noas E,
wmo D (EYC E; moeda D (F)C F.

Cnepcreue 2. Jwboe K-dugppepenyuposanue pacwupenus E
noas K ssasemcs Hyaessm 6 xadnclom asezelpauveckom cenapabeab-
HOM pacwupenuu noas K, codepamawencs ¢ E.

B uactHocTm, Tak Kak Kaskmoe puddepeHmupoBaHZe npocmozo
mois P saBisdercd HyleBeM H Tak Kak P cosepmerHo (§ 7, cmex-
cTBMe IpeiiosKeHUA O), Kaikjoe jpuddepeHmpoBanue aszebpauye-
¢K020 pacmupeHus ponsa P Hymesoe.

Ilpepnomenne 6. IHHycms E(C Q— padukasvroe pacuiuperue
noas K roneunoil cmenenu, Goavwell 1; mozda cyujecmeyem HeHy-
aegoe K-duggepenyuposanue nosas E e Q.

B camom pgeme, mycTh (7;);<isn—CHCTeMa obpasymomux moina E
mag K rtakag, uyro z,¢K(zy, ..., Tn_1), DIEMEHT I, pafAKaNCH

Hag L; mycrs f(X)=Xpd—a—er0 MUHUMaIbHHY Haf L MHorowaen
(rme p— xapakrepuctura Q). JIaa toro uro6m K-puddepennuposa-
mue D nona L mpomommanocs Ko muddepennuposanna D moas E,
meo6xomumMo 1 pocTaTouHo, uroOs DI, MOXHO GHLIO OIpeeNnTh
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u3 coorHomemmsa [P (z,)+f (2,) D (zn)=0. Dro osHauaer, uTo
fP(z;)=0, uto, BOOOme roBops, Be Bcerga BepHO; HO gas D=0,
oueBufHO, fP(z,)=0 m, cremoBaTelbHO, CYIECTBYeT TAKOE

K-pudpdepennupoparme D moas E, uro Dz, —npomsBoapHEIA
sllement us Q.

2. JuddepeHyuuposarus cenapasesvinlt pacuiupenuti

TeorEma 1. [Jas mozo wmobwr koneunoe pacwupenue ECQ
noas K Owao aaeebpauveckunm u cenapabeavnvim nad K, neobzo-
Jumo u docmamouro, wmobs eduncmeennbvim K-dupdepernyuposa-
Huem noas E ¢ Q 6uao nyaesoe Ougifepenyupoeanue,

Ycaosme HeOOXOMEMO B CHAY CAEACTBHA 2 NpPeAJoKeHdms b.
O6paruno, mnyers E=K (z,, 25, ..., Z)—KOHEWHOE pacmupenne
nona K; monomam Ey=K, E;=K (x4, x5, ..., &;) gz 1<i<n.
Ilycrs h— mamMennmee uenoe i, pms Kortoporo moiae E— E, anre-
6pamano m cemapabensHo Hafg E;; MH XOTHM J0KasaTh, 9TO YmCHO A
He MOKeT OHTh LONOKHTEILHHM. B TpoTUBHOM clIyuae TmoJae
Eyp=E;_ (2;) ge 6uao 6m anrebpauveckuM m cemapaGeabHHM Haf
Ey 4 (§ 7, opegaoskenns 7). Ecam snement z, TpaHCHeHIeHTeH HAf
En_y, TO cymecrByer BemymneBoe Ha FE, K-muddepennmposanme D
{upepnomenne 4). Ecam e sneMeur zp, anreGpanuen mag K, 10 0H
fe cemapabeaen Haf FEp_y. Ilycte F-—nanGonpmee anreGpamueckoe
<cenapabenbHOe pacmupeHue nois I, comepxameecs B Ky; 10 npes-
nonoxennio, F s Ep, m Ep— paguxkaipHoe pacilupeAme moas F
{§ 8, mpegaowenme 7); caemoBarenabHo, cymecrsyer K-mudpdepennu-
posanme D, memyaeBoe Ha K, (umpemnoskenme 6). B obomx caywasx
muddepennupoBanne D upopomraerca Ha F = E) (upegmosxerue 5),
YTO 3aBEPHIAET [OKA3ATEIABCTEO.

Ecam E me ABnseTca pacipmpesueM KOHEYHOrO Tuua mous K, MojKeT

z cayunThcd, 9T0 uyieBoe AunddepeHmpoBaHue IO-IPEKHEMY ABIAETCA
epuAcTBeHANIM K-puddepenumposammem, Ho mome E yKe He cemapa-

Geabuo Hap K. Haumpmmep, mycTsr K—necoBepIieHHOe IOJE XapaKTepH-

ctuku p; Torga wamkpoe K-paddepemmmpoamme D moma E—=KP
ABIAGTCA HYIeBHM, TaK Kak [id KajKAOI'0 diIeMeHTa z € £ cymecTByeT

asxeMeHT y €K rawoii, ar0 z=yP, cuaemoBaTeasHo, Dz=pyP—1lDy=0.

Cnegcreme. Iyemv f; (1<i<n) cymv n wmHo20usen08 u3
Klxgy oovy zn]; 2z (1 <iKn)—~marue n asemenmos noss L,
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umo fi(Zy, ..., zn)=0 Oaa ecex 1<Li<n. Ecau onpederumerd
of;
det <a—£;> ne pasen mnyato, mo nose K(ziy, ..., z,) asasemes

anzebpauseckum u cenapabeavily pacwupenuen noas K,

B camom peme, mycrs D — kakoe-HuOyip K-guddepennupopanue
noaa K (xy, ..., z,); u3 n cooTHomeHu#t f; (x4, ..., z,)=0 cnenyer
(ra. IV, § 4, opemuosrenue 9), gro

< 9 )
Z aij Dz;=0 (1<i<n),

=1

OTKyZa, B cuiy npegmonoxkeHus, Dry=0 mgua 1<j<n, a 2310
osHagaeT, uro D =0 (upemioxenne 2).

3. Cenapabesvrote Gasucolt mpancyendenmmuocmu

ITycrb Q—mHekoropoe pacmupenue moust K, E-—mnogpacmumpenue
nosia Q; 0603HAYMM CUMBOJIOM Qp MHOMECTBO Q, HAJleIeHHOE CTPYK-
Typoil BeKTOpHOTO mpocTpaHcTBa Hapm noxem K. K-puddepenmupopa-
HuA nouaa E B  ABIAIOTCA YaCTHYHHIME JINHEHHKMY 0TOGparkeANAMA
noia E B Qk; orcioma HeMe[ieHHO CJefyeT, 4To oHM 00pasyior
BEKTOPHOE IIOANIPOCTPAHCTBO Haj £ BeKTopHOTO mpocTpaHcTBa I (E,
Qk) (em. § 7, n° 1).

TeoreMa 2. Hycme E=K(x,, x3, ..., Zp) C Q—cenapabessroe
pacuiupenue roneunozo muna noas K. ITycmv r— aaee6pauvecras
pasmepHocme noas E nad noaem K; mozda eexmopnoe npocmpan-
emeo D (nad Q) K-ougpdepenyuposanuti nors E ¢ Q umeem my ace
pasmeprocms r, cywecmeyem wuacmv B mHoMcecmea asemenmos z
marasn, wmo B sagasemca 6asucom mpaucyendenmuocmu noas E
nad K u E asanemca asze6 pauieckum cenapabesbHbim PACULLL PEHUEM
noas K (B).

ITpocTpascTB0 & HMeeT KOHEUHYIO pasMepHOCTh < 7. B camom
mene, oyetb Dx (1 <K<n-+1)—cuerema (n+4 1) K-guddepennu-
posanuit moua E B Q; cymecrsyer n-+1 suemenroB a; (1 <i<<n4-1)

moxs 2, cpefiM KOTOPHX He Bce PABHEI HYTO, C YCIOBMEM
n+1 n+1
D aiD; xj_O npu 1 <j<n; mosromy Z a;D;=0 (npepomenue 2).

i=1
Ilycte Temeph s <7 — pasmepHocTs npoctpancTBa D u (D)) <igs—
Gasuc mpoctpadcTBa & (Hax Q). Marpuna (D;x;) u3 s cTpok u n

11 H. Byp6arn
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cTonfnos mMeer panr §, 60 MHAYe HpeABIAYIIEE pacCyKAeHNS
mokasanu Oul, 910 nuddepeanuposanna D; nax Q aurAefiHo 3aBUCHMEL
Cpenas, ecanm HYKHO, IIePECTAHOBKY X%, MOMHO, CJIe0BATeIhHO,
canuTath, uro ompedenutend det(D;x;), rae 1<i<s, 1<7<s He
pased mynwo (ra III, § 7, opepmoenme 1). Iloxamem B mepsyio
ouepenb, uro moxe E aazebpaudHo W cenapabedbno Ham TOJIEM
F(xy, x5, ..., x5); B caMmom pexme, ecanm D — F-guddepernuposanne
nonsa E, o D apaserca tem Gonee K-guddepernuposanuem monsa E;

8

caemosarensno, D= Z a;D;, rie a;€Q; a raxk wak Dz;=0 pas
i=1
8
1 <j<s, nupiMu caosamu, 2 aDu;=0 ama 1</<s, 10 a;=0,

i=1
1<igs, 1. e. D=0, uro B cuny teopemn 1 noKaseIBaeT Hame

YTBepKIeHue.
Ocraerca ycranoBHTh au226paudeckyio Hesagucumocmv Han K
DIIEMEHTOB Iy, 3, ..., Ly llycTh a—miean anredpamvecKux CooT-
HOWIeHNil MeAy oldeMeHTaMm i, &y, ..., £, Haj modem K, m mycrs
a 0. Ilycrs f 5= 0 —muorowien Haumenvuielr (obmeit) cremenu B «;
Torga f(zy, ..., x,) =0, caegoBarensno (ra. IV, § 4, npenmomenne 9),

, ad
Z —:xf. Diz; =0 paa 1 <i<s u, 3Hauur, 5£—~0 maa 1< j<s; unage
J

roBopH, (%f;_ €a gas Beex 1 <j<s; B cmny Bubopa f orcioga caenyer,

qTo %:0 ma 1 <j<s. Ecim mome K uMeer XxapakTepmcTHKY
J

HYJIb, 10 f HeoGXomUMO ABIAETCA KOHCTaHTOl % 0, 4To HeBO3MOKHO,

crefoBatensHo, &= (0).
Ecniu mome K umeer xapaxrepumcruky p>>0, f OpuHajmemur

romeny K [X%, ..., X¥] (§ 1, npennoxenue 4); ppyramu caoBaMH,

f——Zc;Zf rge ¢, €K u rpe Z,—wmsorouwsens or X; (1<i<s).

Hocﬂom,}{y mone E cemapabensuo Hag K, B cuny Kputepus Maxmeiina

(§ 8, cneacreue mpepmokenna 3) cymecTBYIOT saeMeHTH dj €K, me

BCe paBHHE HyJ10, TaKWe, 9TO MHOTOWIeH g=  d;Z, TaK:Ke TpH-
)

HaJJleXuT HAeaxy 4, a 3To mporusopeunt Buibopy f. CaemoBaTennHo,

MBI CHOBA IPNX0fuM K abcypHOMY 3aKiIOYeHNIO, ¥ B STOM Ciydae
TaKkKe DoKazaHo, wro a==(0). [lokasareJbCTBO 3aKOHTEHO.
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Basue Tpanciensentaocrns B mona E man moieM K, #uisS KOTOPOTo
noixe E aBuaserca (anrefpaddeckuM) cemapabelbAnM pacmi¥peHHeM NOIA
K (B), HaauBaeTcH cenapabeavinim Gasucom mpancyendenmuocmu noas E
dgan K. 3amerum, uto ecam E obmamaer cemapabelbHEM (a3ucoM TpPaHC-
OeHmeHTHOCTH B maj K, To Apyroil 6asmc TpaHcHeHAeHTHOCTH B’ moas
E nmap K sne obs3an OmThH cenapabelbnnM: AalpuMep, eciid mone K AMeer
xapaxkTepreTuky p >0 u mode E=K(X) cenapaGearno Hag K (§ 7,
upepiaomenne 3), To X ofpasyeT cenapabeiabasil Ha3uC TpaHCIEHIeATHOCTH
nong E smag K, o XP rarxke oGpasyer 0asuc TpaHCUEeH[EATHOCTH
mona E map K, a mone E ABnseTcA paJiMKalbHHEM pacIIEpeHHeM Mo
K (XP). OrmeruM Tak:ke, qTo cemapabeinbHoe pacmupenme £ moas K,
fle ABNAMEeCH KOAeUHHM faf K, MoKeT fe UMeTh HU OJHOTO Cella-
paHTHOTO fasmca TpamcmeHmenTHOCTH (§ 8, ympamxaenne 13).

IIregnoskenue 7. Hyemv E u F —dsa pacwupenusa noas K,
aneeb pauecku pasdesennvie nad K, u nyemv F cenapabeavro nad K;
moeda noae E (F) cenapabeavno nad E.

JlocraTouno mokasare, uTO AJA Kammoill KomeuHo#l wactu M C F
nosie E (M) cenapaGennno mam E (§ 7, npepnoskenue 6). Tlomomum
L=K(M), rorpa E(M)=FE (L), cliefoBaTeisH0, MOKHO OIrpaHH-
TUTLCA ciaydaeM, Korja mosie F womeanoro Tuoa Hax K.

IIycets B — cemapaGennumii Gasuc TpancueHaenTHocTH Tos F nap K
(reopema 2); Tak Kak, IO IPELIOJIOKEHU0, ceMedicrBo B aareGpan-
geckm cBoGogmo mam F (§ 5, mpemnomenne 9), momne E (B) sipnsercs
UuCTHIM pacmupenmeM mHojis FE, @ ciemoBaTelbHO, cenapabenbHo
sag E (§ 7, npemnosxenue 3). Ilockonpry rasxpmii anepent moas F
anreGpamien um cemapaGesen Hajy K (B), on tem Goiee anreGpamden
B cenapaGenen mag E (B) (§ 7, cnepcreme 3 mupemnosxenusa 9); sma-
ant, pacmupenne E (F) cemapabeanno Hag E (B) u, ciemoBareibHO
(§ 7, npegnoskenne 7), mam E.

z HampoTas, eciall He mpefuloiaraTs, 410 pacmupenus E m F anre6-
pamtecKku pasflellens: Hag K, mone E (F) momer de OTh cenapabenbHuiM
mag E pmaxe B ciydae, Korjia F cemapaGensHo Haj K.

Hanpumep, uycTs z— TpaAcleHgenTasii Hag K 9IeMeHT, ¢— pagu-
HKanbHu Hagy K SieMedT, He mpuUHAJJe:kamui moxamo K; Torna slleMeHT
(z-}a) rpaucnensieatTen Hag K, mostoMmy nois E=K (z) u F=K (z+a)
SABINAIOTCA YACTHMA TPAHCUeN[AEHTHNIMH pacmupennsmu uoxx K u,
clegoBaTeNLAO, cemapabelabHsl Hap K.

Ho moxe [E (F) comepXuT s1eMeHAT a=z-|-a —z, PAfAKAIbHNN Hap
E u ue UpuHafne;amuii E, mockonbky none K (a) fie cemapaGenbHo
aag K.

11*
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Caepcrsue. ITyemv E u F-—0sa cenapabestmbiz pacuiu PeHus
noas K, arze6pauvecku pasdeaennvie nad K, mozda nose K(E | F)
cenapabeavno nad K.

B camowm pexe, B cuny mpennosenns 7 nome K(E ] F) cemapa-
Geapno man E, oTeyma cuefyer yTeepskjeHHe, Tak Kak mnome E
cenapabensro Hag K (§ 7, mpennosxenne 7).

VYVnpasaenusda 1) Hycre K—mnone xapakrepuctukdg p >0, Q—
siekoTopoe pacwimpende mong K, F—mnoapacmupeaune noaa Q. Iokasars,
uro kajknoe K-nuddepennmpopanme mosia £ B Q ABIAETCA HYJIEBHIM
B moae K (EP). Iycre B— nm06oit p-6asac mona E wam K (§ 8, ympask-
Henwe 1); nya Kakmoro agementa z € B cymectpyer taxoe K-paddepesa-
napopange D mona E, gro Dz=—1 m Dy—=0 puaa scex y€ B, y =~ z;
B YAaCTHOCTH, ecJd cTelleHb mecosepmeHcTBa mouas E map K (§ 8, ympam-
gsende 1) KoHeuna, To pasMepsocTh (mafg Q) mpocrpanctBa K-gmddepen-
nupoBaHgMi noasa E paBHa 3Toil cTelend.

BusecTd U3 3THX pe3yJbTaToB, UTO ecau F— cemapabensHoe pac-
maperwe Toas E, To wampoe K-puddepennmposasme monst E MomKHO
UPONO/IKATE [0 HexoToporo K-puddepesnmposanmsa Bcero muoas F
(mcnonn3oBaTh yopa:kHeswe 36) m3 § 8).

*2) Ilycts K—rmone xapaxrepucTuka p >0, Q—pacmupense moJas
K, E n F—uoppacmnpenya noud Q, anrefpaggecka pasfienesanse Hax K.
Ilyers L—muamGonasmee anre6pamueckoe B cemapabeibHoe pacmapeHne
nona K, comepameecda B F; moKasaTe, uto K (L)—wnanboasmee anre6-
pawueckoe @ cernapabensHoe pacmupeHue moll E, cofepskameecs B E (F).
(CBectn ® cayuaw, Korga L=K; nycte B—6a3nc TpaBECUeHAeHTHOCTH
nonsn E pax K @ H-—anrebpanmueckoe saMbikauve noad K 8 F; acoonb-
gya yupgsxueunwme 81) § 6, nowasars, uro H (B)-—anreGpauveckoe saMu-
Kavge noaa K (B) B mone F(B), pagmraabhoe Hap K (B). Iloxasars
BareM, uro AJNA BeAKoro aidrefpadueckoro Hajy E saeMenta z € E (F)
cyImecTsyeT Ielioe 4BCI0 r >0 W KOHEYHOE UYHCIO 3JeMEeHTOB u; € E

{1 i n) TakAX, UTO BJIEMEHT 2P’ =y UpEHANTERAT anrebpamuecKOMy
cemapabeabuoMy pacmmpesuio M=F (B)(wy, ..., up) boas F(B), upm-
geM u; obpasyior 6asmc nons M sap F (B),; NoKasaTh, HAKOHEIl, ACIOJb-

m
3ya mpefnokende 3 § 6, 9ro ecng y— 2 bu;, tme b; €F(b), To b;€ )
i=1
€1 (B), B BuLBeCTH OTCIOfa, UTO CYIIECTBYyeT TaKoe meloe 9ACIo s > 0,
aro yP° € E.)
*3) Ilycrs Kg—mone xapakrepuctakm p >0, K=Ky (X, Y)—mnone
panmoHANBHEIX JpoGeil oT ABYX mepeMedHHX Hajx K.
a) Iycry E=K (U, u), rge U—nesapacaMasa mnepeMensBad Hafg K,
a u—aarebpaguecknii Hapy XK (U) sneMeHT, ompejelieHHHI pageHCTBOM
uP=X--YUP, Ilorazars, uto noie E ue cemapabenntio may K, Ho moie
K anrebpamuecks saMkayTo B mote E. (Ilokasars, uTo Ansg mwoboro
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anreGpamueckoro max K »siaemeHta z€FE, zP€K; ecam 6w z 4 K, TO
KU, z)=K (U, u); BRBecTH OTCIOfa, MHCHOOJL3YA TeopeMy 1, 9TO ale-
meatu XVP g YV/P ppmmapnesans 6u momo K (z).)

6) Ilycts F=K (V, v), tAe V—ppyras mesasAcmMas Aap K mepe-
meigan m vP=X-YVP. Iloxasats, uto mois £ m F nmeefino paspe-
negst #ax K, go 910 moJse K He sBAAeTCH ajre6pamdYecKu 3aMKHYTHM

B moxe K (E ) F). (Ilokasats, ato X!/P ¢ K (E (J F), BHBeCTH B3 3TOTO,
9TO . BJIeMEHT V He MOMKeT HOpHHajje;xaTe moao F (), sakmoudTs Ha
OCHOBaHmH 3TOr0, 9T0 mojiA E m F umueiino pasfenedan: naf mojem K.)

4) Ilyers E m F—pBa TPAaHCHEHJEATHAHX pacmmpenns mons K,
aunaedino paspeaennnix fAax K. Ilokasars, uTo nose K (£ (J F) oramdHO
or roasma C (m3omopdHoro mpomssesesuo E & F), mOpomIeHHOr0 MHO-
mecTsoM E | F. (CBect: K caydalo, korga moas £ u F mMenT anreG-
paudecKyio pasMepHOCTh efmaAmNa Hap mojeM K; ecou x€E m y€ F—
TpaHCcOeH/eATANE HaA K 37eMeHTH, mOKa3aTh, 9TO sjeMeHT 1/x-}-y de
MOKeT -IpHHAUIEHATE KOJbNY C; METOJ0M OT IPOTHBHOIO MOKA3aTh,
49T0 MHAYe CYMECTBYeT TaKoe medoe d9ucio r >0, d9To 3SaeMedAT

1/(z+y)?" npumajmesxuT HOAKOMBIY Kodbua C (m3oMopdrEoMy K (z)®
& K (y)), nopoxkneanomy muomectsoM K (z) (J K (y), upmueM p— xapax-
TepHCTHICCKAA DKcmoneATa molg K.)

§ 10. Pacumpennsa Tanya

1. Onpedeaenue pacuupenutt I'aaya

Onpepeneane 1. Pacwupenue E noas K wnassieaemcs pacuwupe-
Huen I'asya (nad K), ecau ono aszebpauuno u ecau K coenadaem
¢ noaem uHneapuanmose zpynnst ecer K-asmomopgusmoe noas E;
sma epynna mozda wnasweaemcs epynnoil laaya noas E (nad K).

Mycrs E —npousponsHOe anarebpamueckoe pacmmpenue moag K
nu FDOK-—mone wnmBapmanToB rpynmsl Bcex K-aBromopdumsmos
mons E. Ilockonsry xampmil K-asromopdmsm mnons E gengercs
Takmxe F-asromoppusmom, E asaserca pacmmpenumem Tanya mons F.

Ieepnomenue 1. [Jasz mozo umobut aazebpauueckoe pacuiupe-
nue E noas K 6wuao pacwupenuem aaya, neobrodumo u docma-
MouHO, “mobsl OKO OBLA0 HOPMAALHEIM U CenAPABEABHbIM.

910 BCe paBHO, 9UTO CKAa3aThb, 4YTO 6Ce KODHU MUHUMAALHOZ0
MHuozouaena Had K 0Oas ramdozo saemenma xCE doaxcnbt 6uime
npocmsmu u codepiamvces ¢ E (§ 6, ompemenenne 2 u § 7, npen-
aosxenudg 9 u 10).
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Yciaosue Heobzodumo. B camom [mese, OYCTh Z HpHMHANIERUT
pacmupernuio 'anya E noxs K, m myers x; (1 <i<n)— Bce pasand-
HEle CONDsDKEHHBIE ¢ & JJEMeHTH, Jekamue B E; rampmii K-asrto-
Mopduam u moian E mepectasiser Memay cobofi saementsr z; (§ 6,

oupenenerne 1), mosromy || (X —uz;)= |[ (X —u (2:)); oo moxass-
i=1 i=1

n

Baer, 4TO KOOPPUIMEHTH MHOTOUIEHA g(X):iI_I1 (X—x;)€ E[X] nn-

BAapUAHTHH 1pu Bcex K-aBromopduamax moxst E, a rorza, cormacHo
OpefuoNoOMKenno, onn mpunapaexar mono K. Ilockoasxy g(X)=0,
MHOTOWJeH g KpaTeH MHHAMAJBHOMY MHOTOWIEHY [ ajeMeHTa X Haf
K (§ 3, reopema 1), a Tak Kak ero creilenp He Golbmie CcTemeHH f,
TO g=1{f; BT0 TOKA3HBAET, 9TO BCe KOPHN MHOTOUIEHA [ DPOCTHL
u comepskares B E.

YcioBue docmamouro. B camoM mede, Ipe/mONIOKHUM, YTO OHO
BHIIOJIHEHO, W TycTh oaeMmeHT £ € F we mpmuamme:xur K; Ttak Kak
CTeleHh MUHMMAIBHOTO MHOTOWIeHa f daementa x Haxg K Goabmre
eMHNNOE M BCe €0 KOPHU mHpocTeie B E, T0 CymEecTByeT IO KpaiiHeH
Mepe OfUH bIeMeHT y € E, conpsyxeHHHI ¢ x ¥ OTAMYHHIE OT Hero,
ciemoarensuo (§ 6, mpenmuosxkeHMe 7), cymecTByeT Takoii K-aBTo-
mMopusm u moas E, 4ro u(x)=y; TeM caMHM Bce JOKa3aHO.

Caegcreue. Kaacdoe pacwupenue laaya N noas K ssasemcs
ob6vedunenuen écexr nodpacwupenuii l'aaya pacwupenus N Eoneurnod
cmenenu nad K.

B camom pene, kamkmoe HOpMAaXbHOE HOMpACTIIApPEHHE PACIIMPEHUA
N cenapabensro mam K (§ 7, upemaoenne 6), T. e. ABmgerca pac-
mmpenneM [anya moast K, @ yTBeps/ieHHe ciemgyer I3 aHAJIOTHIHOTO
pesynbrata (§ 6, caemctsme 2 mpendomenus 9), OTHOCAmMEToCcsH
K HOPDMAIbHHM paCIIAPEHUAM.

2. Hodpacwupenus pacuiupenusn I'aaya

Meennomenus 2. Hycmo N — pacwupenue INarya noas K. fas
KQaucdoz0 npomencymounozo noasx E, aemcaweeo mewmdy K u N,
N sasazemes pacwuperuem laaya noas E, u epynna I'aaya noas
N nad nosem E ssasemcs nodepynnoii epynnyt I'aaya noas N nad
noaem K.
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B camom pgene, Bce KopHM MuHWMadbHOro MHorowieHa f Hag K
BIA KaKAOTO dleMeHTa Z € /N HpocTH U copepmarcs B [V, ciemoBa-
reibHO, TO K€ CaMOe CHPaBe[IMBO [Jifl KOpHEH MHHUMAJILHOT'O HaJR
E muorounema snemenTta x, Reasimero Muorowien f (§ 3, mpemio-
JKeHue 2), 9T0 JOKasHBAaeT NepBoe YTBePIKJeHHe NPeIIosKeHus 2.
Bropoe sxe yTBepsKjneHZe OUeBMIHO, MOCKOJLRY rpymmy laxya mons
N nagm E MOMHO OTOMKIECTBHTH ¢ Tpymnoil apromopdusmos noxsa /N,
OCTABIAMAX VHBAPMAHTHHMUA dieMeHTH u3 E,

Ilreanosxenve 3. IHycme N — pacwupenue I'aaya noas K,
u nycmv I' —ezo epynna Tlaaya. Jasn xascdoeo npomedxrymounozo
noas E, aescaweeo mewdy K u N, u raadoeo K-asmomopgusma
0 €l noas N nose o(E), conpssennoe ¢ nosen E (nad K),
codepymumcs ¢ N, u epynna I'aaya noas N nao o(E) cosna-
daem c epynoii o Ao™l, conpaaennoli ¢ epynnoii I'aaya A no-
as N nad E.

B camom pmeme, mus Besxoro TEI coorHOomenue 10 (z)=o0 (x)
DKBHBAJIEHTHO PaBeHCTBY 0170 () =1.

Hpepnoxenne 4. Ilyemv N — pacwupenue Iaaya noas K,
u nycmv I'— e20 epynna I'aaya. [das mozo umober npomesxcymouroe
noae E, aexmcawee mencdy K u N, sgasasocv pacwupenuem I'arya
noas K, neobxodumo u docmamourno, wmobs epynna I'asya A noss
N wnad E 6viaa omauunoii om I' nodepynnoii ¢ I'; moeda epynna I'naya
noas E nad K usomopgpna T'/A.

Hug toro urobm mone E OGwvuro pacmupenmem Ianya napg K,
Heo0XOgQHMO M [OCTATOYHO, 4TOOH O0HO OHIIO HOPMAJBLHEIM, OCKOJBKY
ono cenmapabensHo Hay K (§ 7, mpemnosxkenme 6). Hpyruma crosamu,
HeoOxogumo ¥ gocratouHo, uTobu o (E)=E das awbozo asmomop-
dusma o €T (§ 6, mpegmoskenne 7). B cuny npegaomenus 3 a3 aToro
ycaoBug ciuenyet, 9to 6 Aoc™l=A pmaa mwoboro asromoppuama o€T.
ObpaTHo, Tak kak moje o (E) AaBiseTcs nojseM HHBAPMAHTOB I'PYIIIE
o0 Ao™l, us paeeHcrsa ¢ Ac™l=A cuenyer, uro ¢ (E)=E, g9r0o moxa-
3bIBAaET NEPBYI 4acTh MPENJIONEeHAT 4,

Ecnu E — pacmupenvie Tamya mag K, To pmua xamporo o€l
orpaHmYeHNe Oy aBTOMopduaMa ¢ Ha noxe E gBasgerca K-asromop-
¢usmom moas E; orobpawenme ¢ —>0p OyneT mpeicTaBleHueM TpyI-
uet I' Ha rpyomy Tlanya nona E (uap K), nockoasky Kammmi K-
aBTOMOpgU3M Dodg E mpogomkaercsa mo Hekotoporo K-apromopduama
noag N (§ 6, mpemsoxenne 7); ansi TOro 9To6H Op GHIO TOMIECT-
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BeHHHM oToOpameHMeM, HEOOXOMUMO M IOCTATOYHO, IO ONpeeJeHHIO,
urobn o€ A. Tem caMpiM yTBep:kaeHNe [OKa3aHO.

Pacmupenne [V mons K Hasbipaerca abeqegslu, €CIAW OHO fAB-
ngerca pacmupeHreM I'axya u ecaum ero rpynna Ianya a6eaesa. Us
Opeao;KeHHs 4, B TACTHOCTH, BHITEKAeT CJACAYIOmMee YTBep#IeHHE:

Caegcreue. Ecau N —abeaeso pacwupenue noas K, mo raxc-
doe npomexcymounoe noae, aedxcaujee mexcdy K u N, agasemcs
abeaegoln pacwuperuem noas K,

3. Cexmeticmsea pacwupenuii I'aaya

B smom u caedyiowur nywkmaxr Q oswavaem aacebpauvecku
samrnymoe pacwupenue noas K, u ece pacuupenus noas K, xomo-
peie 30ect paccMaAmMpuUearmcs, A8AANMCA NOOPACUU PEHUSMU  pac-
wuperusa Q.

Meepxosxenne 5. ITyemy (N,)— nerxomopoe cemeiicmeo pacuut pe-
nuii l'aaya noaa K. Ilepecewenue [N, u noae K(|J N.), nopoxc-

i L

Oennoe obvedunenuem noaet N, agaswomes pacwupenuamu I'asya
noas K.

HeficTBuTeapHO, Ramuoe Nojpaciinpenue cenapalenbHOTO .pacmin-
perus cenapabensno (§ 7, mpefuosenme 6), moaToMy Kammaoe pac-
MHpeHre, TOPOKACHHOe AJIrebpamuecKUMU 3JeMeHTaMu, celapabesbHo
(§ 7, npennoxerue 10). Torpa mpesioskenne b ABIAETCA CleCTBAEM
aHAJOrMYHOTO LPeNIOKEeHNA J[IA HOPMAJXGHHX pacuupennit (§ 6,
npejuioKende 8), eciu NMPHHATH BO BHUMAHAE XapaKTepU3alUi0 pac-
mupennit [asya, mamnyw B npejpioskenun 1.

Caencrene. [Tycmy (IN,) — ceneiicmso abenestix pacuiupeHull noas
K; rorpa mome N=K (|J V), nopoxmdennoe oboedurenuem nosaeii

i

N,, marwce ssasemcs- abeaesvim pacuwuperuesm noas K. .

B camom pere, /V—pacmupernne Tanya monsa K; nyers ¢ m T—
Karwe-HUOy/1p K-aBromMopduamer mong N, [lia wasporo v orpamve-
HEA aBTOMOpgU3MOB 6 U T Ha [V, asasiorca K-asromopduamamn Noss
N, (§ 6, mpenaoskenne 7), a Tak Kak [V, aGemeBo mayx K, To orpa-
HAYeHEe aBTOMOpduama oto lt ! Ha N, ApidercA TORIECTBeHHHIM
orobpaxkennem. Otcioma caenyet (§ 6, n° 1), aro oto 11! — TOsKE-
cTBeHHOe oTOOpaykenme Ha BceM moxae N =K ({J V), a aTo o3Hauaer,

i

910 /V —abeneso pacmupeHme mons K.
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B wactHOCTH, DONE, MOpOKAeHHOe OGLEIUHEHHEM 6cer abelleBHIX
pacmupenuit nons K, copepmamuxcs B 2, ABAeTCA HAUOOALULLM
aleJIeBHIM pacHimpeHueM, COAePHamMUMCH B Q; 3TO moje Ha3pBaercs
abeneevim samuikanuesm noxas K. flcwo, uro aTo pacmupeHme He 3a-
BHCHT (C TouHoCTBI0 g0 K-m3oMopduaMa) oT paccMaTpUBAEMOro ajre-
Opauvecku samKHyTOro pacmupenns Q noas K.

Meepnoskerne 6. IHycmv A—muoxcecmeo aascebpauveckuzr Had
K saemenmos noas Q. [Jas mozo umobst HOpMAAbHOE DACULLPEHUE
noas K, noposcdenrnoe muoscecmeom K (A), 6Gwao pacwuperuem
lanya, neobxodumo u docmamourno, wmobul éce saemenms 6 A 6orau
cenapabeasvrnr Had K.

¥Ycaosme, oueBugHO, HeoGxogumo (upepioskeAme 1). Ono pmocra-
TOYHO, TIOCKOJBKY JIeMeHT, CONPSKEHHHI ¢ alreOpamdecKMM cema-
palenpHEIM dIeMeHTOM, cenapabemed (§ 7, cuepncrBue 1 mpenyommeHus
9), a HopMaiBHOe pacIIMpeHHe, NOpPOKAeHHOe MHOKecTBoM K (A4),
TIOPOKRAAETCS MHOKECTBOM 2JIeMEHTOB, CONPSIKeHHHX C YIeMEHTaMu
u3 A (§ 6, npennoskenne 9) M MOCKONBKY, HaKOHel, KayXHoOe pac-
mupeHne, HOPOKIEHHOe MHOMECTBOM ajirefpamueckux cenapabensHHX
alleMeHTOB, cemapabenasno (§ 7, npepiomenue 10).

CnencrBue. IHycms (f,)-—Hexomopoe cemeiicmeo cenapabeavHux
mrozouaenoe koavga K [X], A—muooxecmeo ux kopueii 6 Q; mozda
K (A) — pacwupenue I'aaya noas K.

B uacrmocti, noae koprei cenapabeavrnozo mrozounena f€ K [X]
eCTh pa'cwupenue I'aaya vons K. I'pymma T'amya I' sroro pacmm-
peHus HaswiBaeTca epynnoti [aaya wmuoeousena f. Ilyers z; (1<
< i< n)—pasiuuHpie KopHm MHorouwileHa f B Q, u N=K(z, ...
..., Tp)—TONe KOpHeH MHOrowleHa f; OrpaHmveHHe KayKaoro
K-apromopdusma u monsa N Ha MHOMKECTBO {Zy, Xy, ..., Tn} ABIAETCA
nepecTaHOBKOH 3TOr0 MHO)KeCTBa, W 00paTHO, ecJW M3BECTHH! BHA-
wennda u(x;) (1 <i<n), To 3HaUeHVe U () ONIpe/eIeHO IA KAKIAOTO
anmementa z€N (§ 6, n° 2). Cuemosarensso, rpynua laxya I' moma
N man K ranoHudecku usomopgra rpyime TepecTaHOBOK 3JIeMEeHTOB
%;, HOPOKIEHHOH oOrpaHuveHMAMH aBTomMopdmamoB u €T Ha MHOMKe-
CTBO 3JIeMEHTOB z;; ciefoBaTennHo, I msomopdHa nodzpynne cum-
sempuueckol epynnet &, (#0, Boobme rosopsi, He umsoMopdHa Beeil
rpymne &,; APYFAMU CI0OBaMH, IPOM3BOJLHAS MOACTAHOBKA 3leMeH-
TOB x; He ABIAeTCHA, BoOOINe FOBOPA, OrpaHHUeHNEM KaKOTro-HUOYyAL
K-asromopdusma mons N).
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Ecan f— nenpuBofiuMHIl cenapabenbrnil MHOrowies, a moie K (zy,
Zg, +.., Tp) MHOTOUYJEHA f coBuafiaeT ¢ KakmM-1mGo m3 mnoxeit K (z;),
ypaBHesime f(z)=0 masmBaeTcsa ypaBHeHueM lamya (cM. § 6, n® 3). 3To0,
B 9YacTHOCTH, OyAeT TOTfa, Xorja moae xopreit K (zy, z, ..., z,) MHO-
rounena f ABAAeTcA abeneBHM pacmupermeM moua K: felcTBHTENBHO,
3 CHE[CTBHA DpejJoKeBWsa 4 BHTekaeT Torja, yro K (z;)—abeaeBo
pacmupesde moad K; OHO COJEDPHHUT IO3TOMY KajK/[ABH coupAKeHHHEN
¢ z; 9JEMEHT U, ciiefoBaTeldbHO, coBmanaer ¢ K (x4, s, ..., 2,). BoartoMm
ciaydae ypapHenwme [ (x)=0 Ha3LIBAlOT aleresvim.

4. Komnoaum pacuwupenusn I'arya
U RPOUIEOALBHOZ0 PACULU PEHUS

Teorema 1. ITyemv N — pacwupenue I'aaya noas K, E — kakoe-
aubo pacwupenue noas K (codepiucaweecs ¢ Q), u L=E[\N. lloas
E u N auneiino pasdeaenwt nad L; E(N)—nexomopoe pacuiuperue
TI'aaya noas E, u waxcowii L-asmomopgusm noas N edurncmeernuim
o6pasosm npodoaxcaemcs do E-apromopdumsma moas L (N); ecau T'—
epynna l'aaya noas N nad L, T —epynna I'aaya noas E(N) nad
E, mo omo6paxenue, cmasswee ¢ coomeememsue kaxdomy L-asmo-
mopgusmy noas N eduncmsennwiii E-asmomopgusm noas E(N),
aeaiyulica e20 npodoascenuem, ecme usomopguss epynn T uw IV,

Hycrs u ects E-mzomopusm nons E(N) B Q, umeem

u(E(N)=E u(N)=E(N),
TOoCKONBKY u (N)=N,
' N —E(N)
(.
K—>L->E
Pue. 3.

clefosaTensHo, E (/N)—mopManbHoe pacmupenue nmoas E. C gpyroi
CTOPOHH, KajyEIHI dieMeHT mois [V axrebpamuex u cerapabeneH Hag
K, a smawur u mag E (§ 7, caepcreue 3 mpegnomenus 9); orciopa
cnenyer, uro moixe F(NN) cenmapafensmo Hag E (§ 7, upepmnosxeHue
10) m mosromy sBagercs pacmupenueM lamya moas F (upemmose-
mne 1). Uro6m mnoxasats, ato E w N nmmeiimo pasueneHus Hax L,
paccmorpnM (nmueltru#) 6asuc (b)) mons E may L #m moxaskeM, 9T0
oH (nmmeitmo) cBoGogen Hag N (§ 2, n° 3). Paccympmaem or mpo-
THBHOTO: ecnm Oml ceMmeiicTBo (by) He Gmuio cBoGomuEM Hajy N, TO
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CYHIeCTBOBAQJIO OH LEPBHYHOE COOMHOULEHUE Mayb, =0 mempmy aie-
A

MeHTaMH by’ ¢ Kosdduumentamu ap € N (ra. 11, § 5, n° 4). Hasa
moGoro E-apromopdmsma u mons E(N) Torma D) u(a;)u(by)=0,
x

T. €. Zu(ah) by,=0. Ho u(a,)€N, cuaegoBaTeabHo, CymecTBYeT
x

TaKkoit sidement QEN, duTo u(ap)=o0a; paa scex A (ra. 1, § 5,
npefiuocenne 2), a TaK KaK CyIeCcTByeT TaKOH MHIeKC W, 4TO 4, =
=1, 10 g=1. 910 o3mauaer, uTo BCe KOIPPHUMEHTH @; HHBApPU-
aHTHH Npu KaxkpgoMm E-asromopdusme moass E (V) m mostomy (ompe-
meidenue 1) mpmmagide;kaT E, 49To nNpOTHBOPEYHMT IpefmoNorKEHHIO.

3aMeruM Temeps, 4TO Moiie E (N) max pacmupenue L n30MOpPPHO
TeH30pHOMY npomssefiermio EQN (§ 3, npegaoxenue 7 u §2, n° 3);
moxe E (V), paccmMaTpuBaeMoe Kak paciMpenue moasn FE, coBmagaer
rorga ¢ axrebpoif, monyuemHOil npM noMomM pacmHperHas Ho L
mong omeparopos L anrebpm N (ra. 1II, § 3, n° 4). CaemosarensHo,
Kayraul L-apToMopdusm noias /N 0MHO3HAYHO OPOJOJKAETCA A0 HEKO-
toporo E-smpmomopdmama moan E (V) (ra. III, § 3, mpemnosxenme 5),
a xaxppiit E-sagomopdusm mona E(N) aBaserca aBToMopdusmoM
(§ 6, npegnoskenne 4). TeMm caMmIM TeopeMa HOKa3aHA.

Caencreue 1. Hdas kamcdozo noas F, npomexcymournozo mesicdy
E u E(N), cnpasedauso pasercmso I =E (F[|N).

Heiicteurensno, E (N)— pacmupenue I'aaya mapy F (mpepmosxe-
gue 2). llyctp A’ —rpynma Tanya moas E(N) mag F; B cuany Teo-
peMn 1 oma msomopdHa rpyme A orpammdenmii Ha N aBromopdus-
moB 6 €A’. Ho mone wumBapuamToB rpynnoel A cospafaer ¢ F[\N;
onncague rpyool A’ mpm nomomu rpynoH A (Teopema 1) memep-
JeHHO DOKaseBaeT (ecau paccMoTperh Gasuc noas E mag E[N,
ApAALmuiica ogHOBpeMeHHO OasmcoM mnoast E (N) mag N), 4ro gias
MHBapHAHTHOCTH sieMenTa mM3 E (N) mpu oroGpaskenusax us A’ meob-
XOEMEMO ¥ [0CTaTO4YHO, 4UYTOOH HTOT HJIEMEHT LPHUHAMJIEIKAN TOJIO
E(F[)N); us aroro caeayer, 910 F=FE (F[1N) (onpepeneuwe 1)-

910 enepcreue me ofofmaercs Ha cayuait, xorja £ u N — aBa pac-
mupedand noas K, aumpeilao pasgeaenHwle Hay K, o Takue, aro N He
asasercH pacwuperueM Taaya mag K (ynpamsaeume 7).

Caegcreue 2. Ilyemv E; u E,— 0¢a marxuzx pacuwupenus larya
noas K, wmo E;[\Ey,=K. Toeda noan E, u E, auneiino pazdeaens
nad K, npuvem noae K (E,\\JLE,) agasemcs pacwupenuem Iasya
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noas K, epynna Iaaya womopozo usomopgna npoussedenuto I'y X T'y
epynn laaya noaelh E, u E, nad K.

Mn ymue supmenn (mpepnosxenue 5), gyro nouxe K (E,|JE,) asng-
erca pacmupenveM I'anya moas K. [na wamporo K-asromopdumama
0, (COOTBeTCTBEHHO Oy) moas £y (coorsercTBenno E,) mycts oy (coot-

BETCTBEHHO O,)— GJWHCTBEHHO® MPOJ0JKeHEe 0; (COOTBETCTBEHHO Op)
no E,asromoppusma (cootBercrBemHO E -aBroMopdusma) moag
K (E,|JE,) (teopeMa 1). Ecan o — K-asromopdusm nonsa K (E,|J E,),
To ero orpamudeHne Ha E, sapaserca K-asroMopdusmom oy
nona F,; ciefoBaTelbHO, 8’[’06 ecth E-apTomopdusM g, TOAR
K(E,|JE;). 910 nokasmnBaeT, 4TO 0=0100, H OPH JAHHOM O, O,
H O, OUpeleAA0TCA OJHOSHAYHO, TaK KaK OHH HABISIOTCA OTDAHH-
yeHuAMEu aBToMopdusma o ma noas E; u E, coorBercTBenHO. VIHBIMA

cAoBaMu, oOToOpameHue (Gj, 0y) —> 0,00, ABIAETCA B3aHMHO OJHO-
spaunpM oTobOpaskenmem rpymmst I'; X Iy Ha rpynny Taaya I' moas
K(E,|JE,) Bapg K; »ro oToOpaskeHHMe sABJAeTCA Tpe/ICTaBICHUEM,

TaK Kak aBTOMOPYHIM (Gyo 0y)o(TioT,) coBNANaeT ¢ oyT; Ha £, U ¢
057, Ha E,, u nostomy pameH (0,T,)e(0yTs).

8. Teopusa I'arya

Teopema 2. ITyemvs L-—noae, A —epynna asmomopgiusmos noas:
L, K—noae unsapuanmog epynnst A. Has mozo umobu L Geiao
pacu pernues Korneunoli cmeneny noas K, neo6zodumo u docmamoy-
no, umobu zpynna A Osaa konewnolh. Iloae L mozd0a 6ydem pac-
wupenuem Iaaya noas K, a A—epynnoii Taaya noas L nad K,
u cmenend noas L nad noaem K pasna nopadky epynnu A.

B camom pene, B cuny Teopemul HMemewmupma (§ 7, Teopema 3)
sneMenTH rpynnel A ammeiiHo HesapucuMsl Hax L. IlosTomy mepsoe
YTREPK/IGHNe TeOPEeMH SABAACTCH HEMONJCHHHM CJeJICTBHEM TeOPeMEl
Aprtura (§ 7, Teopema 1), B KOTOpOH, KpoMe TOrO, [OKa3HBaeTC:A,
970 ecan mopAnok rpynns A pasen i, To [L : K] = n. CaenoBarensHo,
BNeMEHTH rpynnH A ABnfAwTCA enmHCTBeHHEIMH K-aBroMopdusmaMm
woaa L (§ 7, npensosenne 8), orkyna caenyer (ompepenenue 1), uto
L — pacmuperme Tanya monsa K, m uto A—rpynna l'anya moas L.

Crnenyromas teopeMa CBOUNUT M3ydYeHUe 100 pacuiu peHuil KOHEwH020
pacmupenusa ['amya k msyueHmo nodepynn ero rpymme [amya.
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TeorpEMA 3 ($pymEmaMeHTaNbHaA TeopeMa o pacmmpenusax Lamya).
ITycmve N — pacwupenue Ianya wkoneunoii cmenenu noas K, I —
e20 epynna Paaya; nyemv &% — mrosecmeo noaeil, sewmawuz mendy
K u N, u ¥ — muoxecmeo nodzpynn epynnot I'. Jas raxdoi nod-
epynna A€ ¥ obosnauum uepes k(D) nose umsapuanmoe zpynnu A,
a 0asn ramdozo nodnoas E € wepes g(E)—epynny Iaaya noas
N nad nosem E. Coomeemcmeue E-— g (E) seanemces esaummno odno-
BHAUHBIM OMOBDAJCEHUEM MHONCECTNEA J5 HA MHOICECMEO ¥, npuuen
obpamuwis k Hemy seanemcs omobpascenue A — k (A). [Jas raxrcdozo
E ¢ nopsdok epynnwt g(E) pasen [N :E|, a undekc (I':g(E))
pasen [E:K)].

ITepBoe yTBep:KfeHUe ABIASTCA HEHNOCPEICTBEHHHM CIEICTBHEM
1pe0}KeHAA 2 # TeopeMbl 2, a BTOPOE CIELYeT M3 dopMymIBL

[N:K|=[N:E||E:K].

Cnepcreue 1. Omobpaxcenue E—s g(E) asasemcs y6usarwun
omobpaxcernuem MHONCECmEa & Ha F (YynopadoueHHOCmb RO 6KAI-
wenuwo). ITycmo (E;)—cemelicmeo noaeli, npunadiedcawyux MHONCe-
cmey %, E—ux nepecevenue, F —nodnoae K (1] E;). Tozda g(E)—

1

nodepynna 6 epynne ', nopowmdennas obwveluneHuem nodepynn
g(E;), a g(F) cosnadaem c nepeceuenuem nodzpynn g (F;).

Cungpctsue 2. ITyemov A —nopmaavnuii deaumeawv epynnw T;
moeda noae umnsapuanmos k(A) epynnu A seanemcs pacwupenuen
Laaya noas K.

JTOT pesyabTaT €pasy CaefyeT W3 HPERJOKEHHA 4,

CnepcrBue 3. Jas mozo umobsr npomexcymounvie noas E, u E,
Ouan auHeiino pasdeaenst nad K, neobrodumo u docmamouro, umobu
GHNOAHSAOCL PAGEHCMED

(I':(g(E) (g (E2))) = (I': g (E)(I': g (Er)).

JeficTeuTensHo, ecam monoxuth L =K (E,|]E,), T0 370 paBeHCTBO
SKBHBANSHTHO CJIENYIONEMY:

[E:K]=[E,:K][E;: K],

ABIANINEMYCA KPHUTepheM iunHelHoH pasgemeHHOCTH (§ 2, mpemioske-
HUe 4).

Crnepcteme 2 43 Teopemsl 1, KpoMe TOro, HOOYCKaeT AiA PACIIN-
peanit 'anya KoHewHo#l cTemeHM ciemymollee o0pamleHHe:
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llrepanomenne 7. [Iycmo N — koneunoe pacuwu penue l'naya noas K.
Ecau epynna I'aaya T noas N asisemes npamvim npoussedeHuem
dsyx ceoux nodepynn I'y u Ty, mo noas umneapuanmos E, u E,
epynn Ty u Ty coomeemcmeenno R64210mes pacuiupeHusmu Tasya
noas K, auneiino pasdesennsimu nad K u K (E,|JE,)=N.

B camom pmene, rak kax moprpymms I'y u I, sBasiorca mopmais-
aumu pennrenamu B I' (ra. I, § 6, npegnoxenne 6), nons E, u E,
ABIs0TCA pacmupenuaMu anya mons K (cnemctBue 2 TeopeMu 3),
rpymnsl 'aflya KOTOPHIX CcOOTBeTCTBeHHO #30MOpQHH rpymmam I,
u I'; (mpepaomenne 4); mockoasky rpymma I' moposkmaercst rpym-
mama Iy m Ty, a mnepecewenme I',[\', cvogurcs X efmHHNE, TO
E\NEy=K n N=K (E,JE,;) (cnepcrBume 1 TeopeMu 3); ciemoBa-
tenvHo, Ey u E, nnneitno paspgenensi Haj K (Teopema 1).

Ieepnomenue 8. Ecau E—roneunoe aaze6 pauneckoe cenapabens-
Hoe pacuuperue koHeunoll cmenenu noas K, mo cywyecmeyem auwn
KoHeuHoe wucao noaell, aexwcaupur mexdy K u E.

B camom pnene, HopMansHoe pacmupenume N mona K, mopompes-
Hoe MHOmecTBOM E, aBngerca pacmupeHmem I'anya (mpemioskesme 6)
KoHewHoll cremenu mag K (§ 6, cmepcreue 1 mpegmoskemusa 9); us
TEOpeMHl 3 ciuefyeT, 9T0 CYIECTBYeT JMIIb KOHEUROe UHCIO0 MoJjeii,
nexamux memnay K m NV, a smaunt, meapay K un E.

O6pameHne 8TOTO TpeANOMeHNs HeBepuo (ympaskuenme 0).

6. Hopra u caed 6 aazebpauuecKux
cenapatesvnux PaculuPe UL

Ourvenenerut 2. ITycmv E— anze6 pauneckoe cenapabeavroe pac-
wupenue noan K, umeiowee roneunyw cmenenv n Had K; nycmv oy
(1 <i<n) pasauunsiz K-usomopgpusmos nors E & aszebpauueckoe
samuanue noas K (§ 7, npennomenne 8). Jas xandozo saemenma
x € E nazosem nopmoll u caedom sremenma x omuocumeavno noaeii E
u K u obosnavum coomeemcmsernno uepes Ngyx(z) u Trgx (x) (win
npocto Ng(z) m Trp(z), win pmae dgepes N(z) m Tr(z), ecun
He Oy/eT BOBHMKATL HENOPAsyMeHHH) s.iemeHmbl

Nz (2) =01 (2) 0 (2) ... 0n(z), (1)
Trox (z) =0 (2) + 03 (2) - . . . +0p (z). (2)
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s sroro ompepmeneHans HeMe[JJAeHHO CiefyeT, 9To
Ng/k (zy) = Ng/x (2) Ng/x (y), (3)
Trex (4 y) = Trg/x (2) + Trg/x (v). (%)

dnemeuTH Nypyx (z) u Trgx (y) npunadaesrcam momo K: B camom
Aelle, HOpMaJdbHOe pacmmpenne G moina K, 1oposxjeHHOe MHOMeCT-
Bom E, aBuserca pacmupenmem ['amya (upenmorxenue 6) u mmeer
KoHeunyio crenenp Hag K (§ 6, cuencreme 1 mnpepmomenns 9), u gas
ramporo K-asrovopdusma T nona G sce K-umzomopdusmu vo; moas E
Pa3IMYHE, [09TOMY C TOYHOCTBHIO /10 HOPAJKA COBIAJAIOT C HW30MOD-
pmamamut 0;; orciofa T (Ng/x (7)) = Ng/g (%) 1 T(Trg/x (7)) = Trg/x (),
YTo [OKAa3HBaeT Hame yTBepikgeHwe (ompefexenve 1), MoskHo, cie-
JIOBATeIBHO, TOBOPUTH, 4TO oTOoOpaskeHWme Z -—> Trgy(x) sABnNsAercA
npedcmasaenuen addumusnoii zpynns nold E B afnuTaBRy0 Tpynmy
monsa K, a otobpamenue r—>Ng/x(z), paccMaTpmBaeMoe Ha My.b-
munaukamuenol zpynne E¥ 0TINYHHX OT HYIA dieMeHTOB mous E,
ABjIfeTca npedcmasieHuesm DOTOH TPYNNEL B MYJIbTHIINKA THBHYIO
rpyuny K* poms K. B uacrmoctu, Tr(—z)= —Tr(z), u ecan
z+0, 7o N(z)-0 u N(1/z)=1/N(z). [das rampgoro z€K
Trg/x (®)=nz u Ng/x (v)=2".
3amMeuganue. FEcan E—pacwupenue [Iarya uons K, To 0O
ABJAKTCA sneMentamu rpynnn lanya I' mons £, m MOMKHO CUATATH,

uro orobpaskeHde z-—Tr (r) ecTs YMHO:KeHWE Ha omepaTop O;j+ CGa—+...

...-}0p u3 rpynmoBoil anredpst A rpynnsl I' mag KonemoM Z IelHX
n

paLuoHANBHHX dmces. Bonee o6ilo, Mif KaskHoTO 3JjieMeHTa k=2 hio;
i={

n
u3 aroit amredpsl H QIR Kamgoro z € E Dogoxkam l-x:E hio; (2);
. i=1
HEeMOCPeJCTBeHHO BHHO, YTO STOT BHEMHMIl 3aKOH KOMIO3BHIAH (BMECTe
co cioxeHmeM B E) ompegenfAer ga E CTDYKTYPY «esozo A-modyas.
B TOM :Ke ciay4ae, KOT[ia PacCMATPUBAIOTCH HopMbl IIeMeATOB u3 E,

g

npeguoYTATENbACE 3AMHCHBATE Z° BMecTo o 1(z) maa kaxporo o €T

n
HomoKHM A KaKAOIO dleMeHTa A= 2 h;0; w3 A m xaxgoro z ¢ E*

i=1
n n
Ry h; o,
2t — H (xc‘)h’= H (= 1)01_
i=1 i=1
04+05t... 40

CreoBaTeibHO, MOIKHO nucath N (z) =2z n, Jlerko y6egarbes,

aro (zy)* =z y*, M b g (gMP =My npyramu cnoBamum, 3axon
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YMROKEHNS wmyavmunaukemuenoii (abeneBoil) rpynmm E* @ BHemmmii
saxon (A, ac)—-mc’L ompenensaoT HA E* CTPYKTYPY npasozo A-MoAydHs.

Ilrepnosmerne 9. Ilycmb E—cenapabeavrnoe pacwupenue kKoHey-
#oil cmenenu n noas K, F—cenapabeavnoe pacwupenue noas E
xomeunoii cmenenu m. Jaa ramdozo x€ F cnpagedauset paserncmea

Np/k (2) = Ng/x (Ng/£(2)), ()

Try/x () = Tre/x (Trp/p(2)). (6)

Heiicreutenbuo, nyets G — pacmupenme [anya monsa K, mopo-
JMIAeHHOe MHOMecTBoM F; K-uzoMopdusMH NHPOH3BOJBHOIO MOJpac-
muperus L pacmmpenusi G B anrebpamdecKoe saMuKaHme moas K
oToGpakaror L B G ®m Moryr OHTH IpojonxeHH [0 K-aBromopdms-
MoB moist G (§ 6, npennomxenne 7). llyers o; (1 <i<n)—sBce K-uso-
Mopdusmul moxss E B G; mpemmosoxuM, 4T0 KajKAWil U3 HHX Hpo-
momxeH f0 Hexoroporo K-asroMopdusma moias G, KOTOpHd MBL 060-
3HAYUM Yepe3 Ei. Ilycre, ¢ ppyroit croporm, T; (1 <j<m)—Bce
E-nzomopdpuamut moass F B G. Ecnim ¢ — npoussoapnniii K-usomop-
¢umsm monst F B G, To ero orpaBudenue Ha [ aBiaserca K-mzomop-
¢uamom mons E m, clemoBaTelbHO, COBIAJAET ¢ OJHHM H3 Oj.
OroGpasenne o;lo@ sBisgerca rtorna E-mzomopdusMmom moas F u,
3HAYAT, COBIA/IAET ¢ HEKOTOPHM Tj;; ADYTHMH CIOBAMH, §=0;oT;,
¥ scHO, uro KamAeii K-maomopdusM moass F eZmHCTBeHHEIM 0GpasoM
3alDUCLIBAGTCA B TAKOM BHIe; CHIe[OBaTeJbHO, NI Kamgoro x ¢ F

n m

Trpi (2)= 2 ( Z 01 (15 (2)) =

= ]=

= Z LA Z T (x))— 01 (Trayg () = Trayec (Tree (2)),

TOCKOJIBKY diieMeHT TTrp (%) mpmHajieskut monio E. Apanormyso
nokasuBaercs gopMyna (9). :
Caencrsue 1. Jas kamcdoso saemenma €L cnpasedauss
paeencmea
Nk ()= (Ng/x (2))", Trp/x (z)=m-Trgx(2).
Cnencreuk 2, ITycmy E — cenapabeabroe pacuiuiperiie KOHEWH Ol
cmenenu n noan K. Hycme ewe x — aaemenm noas E cmenenu m

m
nad K, u f(Z)y=Z™+ D) apZ™ " — €20 MUHUMAALHUIL MHO20YAEH
k=1
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Had K. Toz20a

n

N (@)= ((—1) "am)™, (7)

Tre/x (2) = ——aj. (8)

B camom peme, mpumenmm caexctsme 1 kK pacmuperuaMm K (z) n E
n Kk saemerty z€K (z); mycts z; (1<<i<m)-—Bpce conps/KeHHBIe
¢ snemMentToM z Hanx K, Tornma

o m
TI'K(x)/K (-77)=£21 Xi= —aq " NK(x)/K(x)=‘IIi xiz(—l)mdm,
= =

TMOCROJBRY f(Z)= H (Z—=z;), orciopa carenyior gopmyas (7) u (8).
=1

ITeennomerne 10. Jan ecakoeo cenapabeavnozo pacwupenus E
koneunoli cmenenu noas K cywecmeyem maroii saemenm € E, ymo
TrE/K (.CC) == 0.

B caMoMm feme, B IpOTHBHOM caydae Memay pasnamqammm K-m30-
Mopduamamu 0; (1 <i<n) moxa E cymecTBOBano O JuHEHKHOe

n
cootromerme ), 0;=0, uTo upoTHBOpeuuT TeopeMe JleeKHHMA
i=t

(§ 7, Teopema 3).

[Ipepmomenue 14. Jlycmy E—cenapabeavrnoe pacuupenue xpoueu-
Holl cmenenu noas K; dan vawcdozo duggepenyuposarus D noas E
maxroeo, wmo D(E)YCE u 0an ecex z€E umeem Tryg(Dz)=
=D (Trgx (2))-

B camom pgexe, mycts /V—pacmuperme I'amya moas K, mopo-
waennoe MHOmecTBOM E. Ilmddepenumposanue D oHO3HAYHO HpO-
momsxaerca Ha N u D(N)CC N (§ 9, npenaomxenue D u cuencteue 1
npepaosxerns d). Ilycts o; (1 <i<n)-—pasnnuasie K-u3oMopdusmu
mona E B N, npopomxennsie no K-asromopduamor mons N.
Herpynao mnposeputh, 4T0 n oTobpammenuit z —> ¢;Doi* (), ompe-
JeleHHHNEe B [V, aBusawrcad AuddepeHIHPOBAHNAMY,. COBIATAOIINME
¢ D ma mone K. B cuny npefaomenus 5, § 9, 0;D07*= D, oTkyna
0;D (2) = Do; (z) pna ramporo z€E (1.<i<n). Croxus movieHHO
9TU 1 PAaBEHCTB, MOJNYy4HM TpebyemMoe YTBEp:KIeHHE.

repnomxenue 12. IHycmv E — cenapaGeavHoe pacwupenue cme-
nenu n noas K, (adigicn— Hexomopwii 6asuc noas E nad K,

12 ¥, Bypbarm
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o; (1 <i<n)—n pasauunuix K-usomopgusmos noasn E ¢ aszebpau-
yeckoe zamvkanue noas K. Tozda

det (T (aia)) = (det (o; (a,)))™ (9)

B camom peae, mycets A — marpuna (o; (¢;)). Hoxomum t4. 4= (b;);
n n

rorma b= X 0 (@) oy (ay) = X on(aia;) =Tr(a;a;). Tem camum
h=1
BCe J[OKA3aHO.
Onpemenurens  det (Tr(a;ay)) HasmBaercss — OUCKPUMUHAHMOM
Gasmca (¢;) mons E. OH sBudeTcs Henyaegbln 3ideMeHTOM moias K
(§ 7, sameuaHume, ciaemyomlee 3a ompefeicHueM 1),

B raase VIII mH cHOBa BepueMcA K DOHATHAM CJOla W HOPMH Kak
K 9acTHHM CcIyd9aAaM O6ozee ofmux HoHATHII, DPHIOKEMEX K X060
asz2e6pe KOHEUHOTO PaHra HaJ KOMMYTATUBHWM KOJAbUOM K ®, B 9acTHO-
CTH, K Hecenapebeavhuisn pACTUMpeHUAM Woda K; M YBHOAM TaKiKe,
KaKUM 00pasoM 3TH HOHATHA cojep:kaT B ceGe kak vacTHwii ciaydail
moHATHA clefla W OHOpefenwToNA KeajpaTHoil Marpume (ra. I1I,
§§ 4 u 6).

7. Aazebpaunecras HezABUCUMOCTIL AEMOMOPPHPUIMN0E

TeoreMA 4. ITyemv K —OGeckoneunoe noae, N — pacwiupernue
Tarya koneunoil cmenenu noas K, u nyemv o; (1 <i<n)—6ce
K-agmomopgusmer noas N, Ilyecmv Q—mnexomopoe pacwupenue

noaa N; ecau suozouaen f, npunadaencawuti koavyy L[ X 4, X, oovy Xnl,
ydosaemsopsem ycaosusam f(oy(x), ..., 0, (®))=0 0us Eamdozo
xEN, mo j=0.

Hycte (aj)1<j<n—06a3uc moaa N vag K. Kampuiit anement z &N

n
ONHOBHAUHO B3AMUCHBAETCA B BMme L= 2, ya;, Iae y,€K, cie-
i=1
n ..
fOBaTeIbHO, O (L) = ) yjo;(a;) (1 <in). O6osmauum depes
=t
g(Yy, Yy, ..., Y,) MHOTOUIEH

n

(X oi(e)Yy, ..., ziﬂn(flj) Y;))

i=1 j=

JE]

rouema Q[Yy, ..., Y,]. Ilo opegnonomenuso, g (yy, ..., Yn) =0 ann
Bcex BeKTopoB (y;) € K"; cmemosartensno, g=0, tak kak moje K
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Geckomeuno (ra. IV, § 2, mpegnosxenme 8). Ho wmarpmma (o;(ay))
obpatmma (§ 7, saMedaHHe, cllefyiomee 3a onpefieaerneM 1), u ecam
(b,-j)——-o\6paTHa;1 IS Hee MaTpUua, TO

n n
f(Xy, Xay ..o, X,,)=g(j21 bisXgy oo 321 by Xy),

caegoBareabHo, Takme f= 0.

TeopeMa HeBepRa, Korga mnoae K xoneuno. B KagecTBe mpmMepa
BozpMeM N=K=2Z/(p) (p unpocroe); torpga zP—zx=0 paasg Kaykgoro
z€ K, Tak Kak usoMoppmaM x> zP HBIAETCA TOKAECTBEHHHIM aBTO-
mopdrsmom mosid K, a MHorouied XP—X € K[X] ne pased Hyiio.

8. Hopmarvnuti 6azuc pacuwupenus Iaaya

Ourepenenue 3. Hopmasvnum Oasucom pacwupenus Iaaya N
KoHeunoli cmenenw Had noaem K Hasvieaemcs Gasuc, € Komopo
A106bie 08 IAEMERMA CONPANCCHEL.

Hpyrumu caosamu, ecaun [N :Kl=n u ecnm o; (1<<ig<n)—=
K-astoMopduamsr mosg [V, HopManbHbIH 0asd@C COCTABIAIOT Bee
conpsxennsie »aeMeRTH 0; (z) (1 <i<n) smememra z€N. [na
TOr0 9TO0BI COMpPSIKEHHBIE ¢ % BIEMEHTH COCTABJASIA HODMANLHET
fasuc, HEOOXOZUMO W ROGTATOUHO, 4TOOH 0; (x) Omnm muHeiino Hesa-
BucAMH Han K. 3ro ycioBAme MOKHO HepedpasupoBaTh TaK:

NMeegnomerue 43. Jas moeo wmobu conpascenunsle ¢ €N
snemenmel 0; (x) cocmagasau Hopmaavubili 6asuc noas N Had K,
neobzodumo u Jocmamourno, umober det (o; (05 (x))) == 0.

Yenosue gocrarouno. JlelicTBHTENBHO, ecAW OHO BHNOJHEHO,

n
TO M3 COOTHOIIEHUS 2 A;03(z) =0, rae A; € K, cieayer gaa 1l <i<n
=7

aro D Ajo; (0 (x)) =0, mockomeky o;(A;)=A;, orkyma A;=0 pas
=

1<jgn.

VYeaosue mneobxopmmo. Ilpemmomosxum, JeficTBETENBHRO, 4YTO
det (0 (07 ())) = 0. Torga cymecTByOT n DIEMEHTOB, He BCe DPABHELE
Hyao, ‘uy€ N Takume, 4to

Zu;m(% @)=0 pua 1<i<n. (10)
12%
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Tax xar cymecrsyer saemenT o€ N raroif, uro Try,x (a) = 0 (mpepn-
noxenwe 10), MomHO cumrTaTh, UTO CymecTByeT [0 Kpafimeii Mepe
ofuH mHAEKC j Tako#, uro Try/x (u;) # 0 (yMHOMxam B cayuae
meobxonumocrr ypaBmenma (10) Ha opuj' maA Takoro mHeKca J,
qro p; =+ 0). Mmave ypasuenms (10) moxHO 3ammcarsb

X ot (1) 03 (@) =0 (1<i<n), (11)
j=
OTKYZHa, CIOKHB oTH n ypaBHeHmii (11), monxyumm

j__Z‘ Tr (ny) 05 () = 0.

Tar kar snemenTh Tr(p;) npmuagne:xar K B mocKonbKy mo Kpaii-
Heil Mepe OJMH M3 HAX He paBeH HYNIO, TO O;(r) NHHEHHO 3aBH-
cuMH Haj moxeM K, 9eM [OKa3aTeALCTBO 3aBEpPINAETCA.

TeorEMA 5. Ecau K —G6eckoneunoe nose, mo kaxcdoe pacuupenue
TI'anrya komeunoli cmenenu o6aadaem nopmaavHolm Gasucom nad
noaen K.

CorracrO mpeskHEM OGO3HAUEHHAM MONOKEM 0;0;=Opi, j), THE
P (¢, j)—onno ua uenmx gucen 1, 2, ..., n. Paccorpam mmorowren

f(Xh X21 ceey Xn)= det (Xp(i, J'))i

npmaagnexamuit koneny K[X,, X,, ..., X,], 1 noxamem, aro f== 0.
B camom pgexe, scHO, 9TO W3 coorHomeHus p (i, j)= p(k, j) cnenyer,
gro h=i, u auamoruuHo mu3 p(i,j)=p(i, k) cnegyer, uro j=k.
Cnemoparensuo, smavenme f(1,0,...,0) Amnsderca oupememmTeneM
MaTpHAub, MMelmeil eMHCTBEHHHHE He PaBHEIA HYJII0 5JeMeHT (pas-
HEA 1) B Kampaoll cTPoKe M KampoM cronbme, APYyTUME cno;;anlﬁ,
marpmusl wofcragoskn (ra. II, § 6, n° 5); cuemosarenbHO,
f(4,0,...,0)= £ 1, 9ro mokaselBaer Hame yrBep:xAenue. Tak Kak
det (o;(0;(2))) = f(04(2), . .., 0x(x)), Teopema 4 mOKa3HBaeT, 4YTO
cymecTByeT Takoil siaeMedT z €N, wro 0;(0;(r)) = 0, crenoparensHO
(upeanosenne 13), cONpssKeHHBIE C T DJIEMEHTH 00pPasyloT HOPManib-
Huit Gasuc moasg N max K.

MoskHAO IMoOKa3aTh, 9YTO TeopeMa 5 pacmpocTpaHfeTcH Ha CJayUaii,
rorja K xoneunoe wmone (ra. VII, § 5, n° 7).
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9. Hopnaavhsle Hecenapaieavise pacutupernusn

MMrennoxkenne 14. Hycmv K —noae raparmepucmuyeckoii sKCno-
newmut p, Q— anzeb pauueckoe 3amukarue noas K, N —uopmasbvroe

pacuupenue noas K, codepucaweecs ¢ Q, N-—noae uneapuanmos
epynnit K-aemomopguamos noasn N, No— Hauboaviuiee cenapabeavroe

~

pacuwiuperiue noas K, codepyucaweecs ¢ N. Toezda: a) N — nau6osb-
wiee padurasvroe pacuwupenue, codepicaweecs ¢ N, Opysumu cao-

samit, N=N N Kp_m; 0) No— pacwupenue I'asya noas K, auneii-
Ho pasdeaennoe ¢ N nad K, u raxncOwi K-asmomopdusi noas N,
eduncmeennsim 06 pazom npodoascaemes 8o K-asmomopgusma noas N,
B) N=K (N, N) (puc. 4).

N—N
I

K— N,
Puc. 4.

Rampuii snement moada N, pagmKaibHEI Ha):(:K: MOJKHO IIepe-
BeCTH B ADPYTO#l BleMeHT HEKOTOpPHM K-aBroMopdusMom moas L,
OorpaEHYeHHe KoToporo .Ha Ioje /N sABiserca K-aBromopdusMoM

mons N; cuegoBarensHo, N =N N KT

Ecam z€ N cemapabenen Hagm K, To BCe COIpAMKeHHEE € HAM
Hapy momeM K oameMeHTH TaKiKe cemapaGenpHbl (§ 7, ciemcrBme 1,
mpenaoskenne 9) M, clegoBaTelbHO, IpHHAZJAemar momio N, Iro
IIOKa3nBaeT, 9To /Ny HOpMaJIbHO, B NodTOMY (npesiosxenne 1) asasercs
pacmmpenuem Ianya moas K. Ilockonbky N, nmHeitHO paspmeneHO

¢ momem KP (§ 8, mpenmoxeHme 3), oHO TeMm Oosee pa3neNeHO
¢ monem N. C pgpyroit croponn, N ssasercs pajHKalbHEM pacIHu-
permem moas Ny (§ 8, clefcTBHe IpeioskeHns 7), W CJef0BaTelbHO
(§ 6, mpeanoskenne 7), Kampabil K-aBroMopduam noxs Ny OHO3HAYHO
npopomxaerca o K-asromopduama mona N. Ho mome N sasiasercs
pacmuperneM lamya moas N 1no onpemenenmo- (onpepenenne 1)
# Raauii K-aBromoppusm moas N ABagercsa N—aBTOMOp(bI/BMOM.

Iloramem, HaKoHem, 9ro N =X (N, | N ). MosxHo orpaHmUHTBCA
caydaeM, Korga N uMeeT koneunyio cmenens nad K. B camoMm jgeie,
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nycTh T — Kakoi-HUGYAb diaeMeHT ms NN; Torjfla HOpMadbHOe PacIld-
penne M, mopoKmeHHOe MHOKecTBOM K (Z), HMeeT KOHeUHYIO CTe-
nens Hap K (§ 0O, caemcrsme 1, mpepgio:xenue 9). Ilycrs M, (cooT-

BercTBenHo M )— Hamboxrmee cemapabesbHOe (COOTBETCTBEHHO pagH-
RampHOe) pacmupenue modsi K, comepkameeca B M; ecanm M
noxaskeM, uro €K (M, JTI), rorga €K (Vo ]NV), OOCKOJbKY
My Ny u MCN.

Mu moskem cuutarhk nostoMy, 4ro creneBr [NV : K] xomeuma.
B cuay 6) rpynns lamya moaeit Ny nag K u N mag N msomopdms,
noatomy [Ny : K1=[N : N](reopema 3) u ciegosareapno, N=K (N,UN)
(8§ 2, upepaosrenue 4).

Yupasxbeenua *) Iycte Q—Herotopoe Tesio (ne obasameasno
rommymamuenoe), $—rpyona apromoppusmo Tena Q, L —rmolie mABa-
praaToB rpynnu $. Ilycrs N —Takoe moareiio B Q, urto 6(N)=N aaa
KasKaoro aproMopusma o € §. Ilokasarts, 4T0 pacmupeane N cemapa-
6enpm0 (§ 8, ympasknesue 2) raj moaeMm K=2N () L; nycts (ap) — cemeii-
CTBO 9JdeMenToB W3 L, nauHeiino Ae3aBNCUMHX (cjeBa) Haj K; moKa3aTs,
YTO OHH TaKKe JuHelAo Ae3aBmcuMH Had N, paccMaTpuBas NepPBUYHOE
COOTHOMEANEe MEXAY dIeMeHTaMHu a; ¢ KoadunmentamMu us3 N; BHBecTH
OTCIONA, 4YTO Kajk/loe JIHHEHAO He3aBHCHMOe (CIpaBa) ceMeHCTBO die-
MenToB (by) w3 N aumdAeiino AesaBucwMo (cupasa) nap L).

2) ITycte Ny m Ny—pBa pacmupeunnsa Faaya noaa K, Ny—nx mepe-
ceuenne, N —moue K (N, |J Ny). O6osgagnmm uepes Ty, I's u T rpynnu
noneit Ny, Ny m N, coorBercTBeHno Haj noijieM K, a ueped Ay u Ay—

rpynns noxeir Ny m N paj monem Ny KampoMmy kaacey o, 0o MORYTio
A, B T, cooTBeTcTBYeT Kiacc 0o MO MORYIIo Ay B rpymme I's, cocTosmmit
3 aproMopduaMoB 3 Iy, orpanMueANe KOTOPHX Ha moie Ngy coBOajaer
¢ orpadEueAmeM Ha Ny BceX aBTOMOPQH3MOB, IPUAALTEIKAMINX KAACCY Oy,
Onpefeniendoe TakuM 06pa3oM COOTBETCTBHe HBJAsAETCA H3oMopmamoM ¢
rpynn I'y/A; u Ta/A,. Tlokasats, 9To rpynna I' msoMopdra moarpymnne 6
npomsseflenna rpynn I'y X T'p, cocroameil m3 Taxkux map (0, Og), 4TO
0y B Gy ABIAIOTCA COOTBETCTBYIOMEME TDH HM30MODPPH3Me ¢ KIaccaMm
B Iy u Ty, 7. €. 0= (0;) (Hcmonn3yiite Teopemy 1).

3) Iyers f—mporouiles koapna K [X], mMeromuii JIMmb IPOCTEHE
KOopHE B airebpamdeckoM 3aMHKamuy nmoas K. Haa rtoro 4robH rpynma
Tanya mons xopHeil Maorodnena f GHia TpPaH3UTHBHON (KOrja o’a pac-
cMaTPEBaeTCA KaK rpyNNa NOACTAHOBOK KopHelt MHOTOwIena f), Heob-
XOAMMO W ROCTATOYHO, YTOOH MHAOTOYICH f ORI HENPHBOXAM.

4) Nycte f— HenpuBoAWMBI cemapabenbamii Muorowied u3 K [X]
u I'—rpynna Tanya man K monas KopHeil MBorounesa f, paccMartpH-
BaeMaf KaK TPAaHSWMTHBHAA IPynNa NepeCTanoBOK KOPHe# MHOTOYIeHa f.
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ITorasate, 9TO FIAA TOTO, 4TOGH Mote K (z;), TMonydaemoe IpUcCoefuEe-

- HMeM K mouio K ofHOTO M3 KOpHeii MHOTo4leHa f, cofaep:Kajo mojmnoe
E DK, o6rnuamoe or K m K(z;), neo0xoAumMo ¥ mocTaTouno, 4roOH
rpynna I' Owia mmnpomuTHBHOHE (ro1. I, § 7, n° 7).

-5) IlycTp f— HenpOBOAHMHII ¥ cemapabenanuniii Muorowaes us K (z)
crenenu n, a; (1< i< n)—ero xopau, N=K (04, 0, ..., @,} —ero noae
xopseft. Ilyers F-—mome panuodadbueix apobeit N (X, ..., Xp),
E —mnoanoxe K (X4, ..., X;)C F. Ione F apafgerca pacmupesneM Iaxya
nona E, rpynma Tanya xoroporo msomopdua rpynme Tanya T’ moas N
gan K. ITorasats, 910 ecam O=oX;tasXs+ ...+ ayXp, T0 F=E (0),
7 4TO MHEEMAJBHHIL Haf £ MHOTOWIEH 3JeMeHTa 0 ABIZETCA HEKOTO-
PHIM LENMPHBOAMMEIM MHOKHTEJEM gq MHOTOWIEHA

fO)=[[(X—dXzp—:Xr@— ... — Xz m),
n

rae m mpo0eraeT cumMerpudeckywo rpynny &,. Kaknaas mogctaHoBKA Tt
onpejenser K-aBroMopdusM HoaH FE, KOTOPHH MH TakK:ke 0603HaYINM
"epes %, takoi, uro n (X;)=X ;) (1 <i< n). Horasats, uro rpynna I'
nsomopua mogrpymne rpynnm &,, 06pasoBaHHOH TaKuMM IOACTAHOB-
KaMM T, 9T0 W (gq)=g4.% Jaxdee, nycTs f=gigs ... gr— pasdluokenne f
Ha HeNpHBOAMMEE MHOKHTeIX B Koushe F [X];Imokasars, 4To aud
KaJKj0ro HHAexKca k cymecTByeT Takas NOJCTAHOBKa 1tz €&, waro
T, (81) =gn-

*6) IlycTs K — HecoBepIIeHHO® IOJIe XapaKTepuCTHKE p >0, I IycTh
E —anreGpangecKoe paciiupesne KoHedHoil cremerd mousa K.

a) ITorazars, 4To ecuw cTemenp HecoBepmeHuocTH moid E sax K
(8§ 8, ympamuenue 1) Goabme 1, To JcymecTByeT GeckofedHo MHOTO
Pasam€AHX moJeil ¥, ge:kamux Mexay E # K (CBeCTH K clIydalo, Koraa
K (EP)=K; nycTh ¢ u b— [1Ba p-He3aBHCHMHX Haj K sieMeHTOB nonaﬁ,
rorga Bce noas K (a---Ab) pasnmudn, Korma A npoberaer K).: -

6) O0paTHO, MOKAa3aTh,} ITO ECIH CTENEHL HECOBEPNICHHOCTH MO E
wag K paBHa 1, To cymecTByeT AMNIL KOHEYHOEe YHUCIHO noJei, deramuax
memspay £ u K (ucnonnaoBath yupaxuentde 4, § 8 m npepnoxenus 8, 10).

7) Uycrs N —pacmuperane Fanya moas’K, rpynna Taxya] T xoro-
poro maomopdua cuMMerpEYeckoli rpymme &, ¢ koropoiijoa u OTO-
mpuectsiaderca (eMm. ITpunosxenue 1, npeanosxenme 2). IIycte n—Ilenoe
Henpocroe umcno. Obosmagny wepes Ay moprpynmy rpyumns &, nopanka
(n—1)!, ocraBuAOmMy©w Ha MecTe umcyo 1, a gepes Ay —IUKIAICCKYIO
noarpynny mopAnka n B &,, mopoxpenmyio uumwiaoM] (4, 2, 3, ...)
(ra. 1, § 7, ynpa:xuenne 6).

Ilyers E; m E;—nonsA mEBapHanToB moarpynn Ay m Ay rpynnm T.
Nowrazate, 910 E; u E, nuneiiro pasjereds Hag K m 4T0o He Cyme-
CTBYeT mNOJfA, Jemanero Mexay FE; @ K, oTIHYHOrO0 OT 3THX JBYX
noJeii, XOTA Cym{eCTBYIOT TOIA, JeRamme Mexay N o Fy, oriaduane
or N m E,.
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8) MNycrs E —cemapabennnoe pacmupesne moasa K, mmeiomee Hay K
KOHEUHY®0 cTemesb, N —pacmupesme laaya moas K, wuoposjenHoe
mAokecTBoM E, a—anemedT u3 N, Bce CONpSKEHRRE 3J6MEATH KOTOPOro
COCTABIAIT HopManbuil 6Gasume wouag N aapg K. I[Iycrs ﬁ:TrN/E (o);
ooxasars, 910 E=K (f).

9) ycrs £ m F—pBa pacmumpenus lanya moaa K, mmeomuge
Aaf K Kodeudyw creledb W Takme, 9To E (| F=K; nycTh O (cOOTBET-
ctBendo f)—sauemedt u3 E (coorBercTBeHHo F), Bce coupsiKeHHEe
gap K afeMeHTH KoTOporo o6pasywoT sopmaibamil Gasuc moas E (cooT-
BercTBesHo F) mapy K. I[lokasats, uro B umoxe K (E |J F) Bce coupsa-
menane ¢ af sapy K anemeRTH oOpasyor Hay K HopMannHmi
Gasuc.

*10) Mycrs K—mnone xapaxtTepucturd p # 2 m E=K (z)—mnoxe
panHoHaJLALIX jApobGeit ot opmoro uepemensoro Haj K. ITycis ©
u T—uapoaoTesane K-aBroMopduaMel monsa £, KoTopue Kax /ol panno-
RanpRoil pobu f(X) crasar B coorsercrBue f(—X) m f(1—X) coor-
BeTCTBEHHO.

a) Moxasats, YTo HONAMHA HHBAPHARTOB 3TUX aBroMopdusmos ©
H T ABAAWTCA coorpercTBenfdo K (X?) m K (X2—X) (cm. Teopemy 3
® § 5, yopaskaednme 5);

6) ecnm p=0, To TpynUa, NOpoKAeHHAH O U T, Geckoneuna. Orcioaa
caepyer, aro K (X2) () K(X2—X)=XK. Ecam me p>2, to K(X?) ()
(| K (X2—X)=K (X2 (XP—1—1)2) (1eM ke MeTOfOM, 4TO H B CIydae a)).

11) MOycrs E—anre6pamdeckoe pacmumpeame moas K xapaxrepn-
cturu p >0, Eo— Hambonnmee cemapaGeiabHoe pacmumpesme noag K,
conepameecs B E, E=E | KP * _ sambonpmee pajuKaibHOe pac-
mupesne voax K, comep:kameecs B E. Ecam N —naopmanpHOe pacmmd-
perne mona K, mopompmesdoe MmHomecrBoM E, To samfonnmee cema-
pabennuoe pacmmpesrme moad K, cofepskameecda B N, cosmajaer ¢ pac-
mupeanem Laaya Ny mons K, moposkAessoe noneM Eq. [las Tore 9TO0H
wone N=N N .Kp_<>° COBIAJAJI0 C E‘", He00X0AAMO M JOCTATO4HO, UTO-
6m E Guno cemapabennmo sap E.

12) Mycts E-—mnexoropoe anreGpamdeckoe pacmmpesde moas K,
I' —rpynma K-apromopdusmor mona £, §-——mone uaBapRaBTOB Ipyd-
ou T. .

a) Uro6u E 6mao sopmanbauM gaj K, €e06X04HM0 H JOCTATOTHO,
qrobm § 6nino papmkansao Hap K,

6) uycrb Sg—HaumGoasmree cemapaeibHoe pacIIMpedHe MOAH K,
conep:xameeca B S. [Tokasars, aro Sp—HaEMeHLIIee CPeRH nojek F,
demamux Mexpy K m E, takux, 9ro E ABisgerTcA HODMAJNBHEIM pac-
mupesneM moag F;

B) myeth Eo—mHanGoipmee celapaenbHoe pacHIMpeEde UOJST K,
conepmameecs B E. Ilokasare, aro E=¢S (£¢) (samerdrh, UT0 HHKa-
xoil K-apromopdumsm mons E, OTAMIHHE 0T TOMAECTBEHHOrO, HE 0CTAB~
IfleT WMHEBApHAHTHRMH Bee aneMenth @3 S (Ep)).
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§ 11. Kopuu us epunmisi. Honeunnie moas.
Ilnrandeckne paciompeHns

1. Bopru us edunuywe

Onpefeaeane 1. Saemenm x noas K Haswsaemcs kopuem ua
COUHUYBL, €CAU CYWecEYem yeaoe ROJONCUMEAbHOe wUCLO N, 04%
Komopoeo x*=1. Beakuli saemenm x, 0as Komopoeo x"=1, Hasvi-
6aeMCa KOPDHEM n-U CMeneHu us e0uHuybl.

To. /e MOKHO BHIPasUTb, CKa3aB, YTO KOPHH U3 eAHWUIEL— dTO
DIEMEHTH KOHe4H020 NOPAJKA MYIBTHILIMKATUBHOE rpynne K*
HeHysneBHX aiaemeHToB moas K (ra. I, § 6, n° 7). Kopun mn3 exnnm-
HuIE o6pasylor moxrpymny S (K) rpymmm K*, a KopHE n-ii cre-
neHd u3 efuHUNE —noarpynny rpynnsl S (K). Ilyers sagam mHeko-
TOPHT KOPeHb 7-if CTemeHW % B3 eWHHUIEI, TOTJA MHOKECTBO IeJKX
palMOHANBHKIX Yuced m, Aaf KOTOPHX z" =1, aBasgerca npoobpazom
eJIMHAYHOTO BdieMeHTa 1 Opu TpejcTaBIeHMH A —>z" aINTHBHO
Ipynnsl Z B MyasTHILIMKaTtuBHYIO rpynny K*. CremoBaTeapHo, 910
MHOKeCTBO ABIAETCA NOATPYONoi nZ rpynnu Z, The n— HAMMEHb-
Mee M3 NOJOHTCABHHX NEAHX wnced m, s KOTOpHX 2" =1,
10 ecth nopsdor (ra. I, § 6, n° 7) snemenra z B rpymme K*.

Ilycts p—xapakrepuctuka nous K. Ecau snement z € K aBiAer-
CA KOpPHEeM U3 eNUHULE, TO ero NOpPANOK He Jeaumcs Ha p.
B camom pemne, ecau p = 0, To us coorHomenusa z"P =1, kKoropoe
MOKHO 3ammcath B Buge (z"—1)?=0 (§ 1, nmpemiomenue 1),
BHITEKaeT, 4To ™ =1, opuuem m < mp.

Beakuii kopeHs n-it cremeHu us eguHuIEl B moae K anre6pamven
HAJ npocmsim nodnosem p noas K, Tak Kak OH ABIAETCA KOPHEM
mHorowiena X"-—1. B ostom maparpade Bce BcTpedamommecs NOJA
MH 6yfeM paccMaTpuBaTh KaK HOANOAA OJHOTO H TOTO e aarebpan-
9eCKN 3aMKEYTOTo pacmmupenna Q moas P. Ecau n—uemoe momo-
JMUTeNBHOe YHCI0, KOTOpPOe He [geauTcd Ha XapaKTePUCTUKY p
noaa P, 1o mo6oii wopeHs MHOTOWIeHa X" —1 npocm. [eiicTBu-
TeapbHo, TpousBogHaa nX"~! sToro mMHOToumreHa o0pamiaeTcA B HYJIb
TOJNHKO TPH HyJIeBOM B3HAUEHAM %, KOTOpoe He ABIAETCA KOPHeM
maoroawtena X"'—1. Taxum ofpazom, cymecTByeT n kopHel n-i
cmenenu us edunuybt B moxe Q. Jlo6oli KopeHs N8 efWHUIE, Oygydu
aareOpamaarM Hajx mojgemM P, ® TOMy ke cenapabeaen Han P,
moToMy 49t0o P — comepmeHHOe moJe.
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OrMernM, 410 moide K MoyKeT He cofiepsRaTh HMKAKoro KopHA n-it
cTemeHu U3 e[UHUIN, KpoMe caMoil efwnuusl. Hampumep, sTo HMeeT
MeCTO B CJyd9ae LHPOCTOro IOJA Q mpu MoGOM HEYeTHOM IEJoM 7.

TeorEMA 1. ITyemwv P —npocmoe nose zapakmepucmuku D,
n— yeaoe noaocumensioe 4ucao, Komopoe ne deaumcs na p. I' pynna
KOpHel n-ii cmenenu u3. cOunuysl (Bo BCAKOM anreGpanmdecky 3aMKHY-
TOM pacmupeHuu Q mons P) ssasemes yurauueckoil epynnol n-zo
nopadka.

Mg #cmons3yeM HECKONBKO MpefBapuTeNbHHIX JIEMM.

Hanmomuum, gro mamGonbmuii obuimit menurens (H. 0. §.) d gByX

OOJIOMKUTENBHHX UENHX pAalUOHANBHEIX 4YHCell 7 H 1 BEgelgeTCa
. A3 MHOKecTBa BCeX IOJOKHUTENbHHX OOMUX peledumil dmcel m U N
TE€M, UTO CYMECTBYIOT Iejibie PallMOHANBHEE gucia h, K, OIA KOTO-
poix d=hm--kn (ra. I, § 8, n° 6). Us srtoro caemyer, uro axaa
M060ro MOJNIOKUTENHHOIO IEJOF0 MUCHA I H. 0. . MHCEd rm U I
paBer rd. Yncna m ¥ n HasWBAOTCA 63auMHO npocmulmu (a Kam-
ooe U3 4UCell — RPOCMbM OMHOCUMmeidvio 0pyzoz0), eclm UX H. 0. [.
paBeH eJuUHHUIE.

Jemma 1. Jlas mozo umobu cmexenwii Kaacc no modysio n noso-
HUMEABHO20 Yeao20 wUCAd T nopoxcdas yuxauxeckyio epynny Z/(n),
Heobzrodumo u docmamouno, umobsr qucaa x, n GulAU 63QUMHO NPOCTEL.

HelterBuTeinHO, HEOOXOOUMO W JOCTATOYHO, YTOOBI KJiace die-
MeHTA & HMeJ HOpPAJZOK n B rpymme Z/(n), To ecTs 4YroGH M3 COOT-
momesna zy= O(modnr) (rge y—mexoe) BEITEKAJO CPABHEHHE
y = 0(mod n). Ho aro osmavaer, uto B Kouwpye Z/(n) Kxace u aje-
MEHTA "X He Agafemcs Oeaumeaem Hyss. B arom ciayuae orobpaske-
HAe v —>uv Koxena Z/(n) B ceba B3aWMHO OjHo3HawHO. BBuay
KOHEYHOCTH Koaeua Z/(n) omO ABiAseTcs orTobpaskeHmeM Koabna Z (n)
Ha ceba. Taxmm obpasom, 3neMeHT u o6pamusm B Koubue Z/(n).
O6parHoe yTBepKjenue moixygaerca HemenuxeHHo. o sTo u osHa-
9aeT, UTO CYMECTBYeT [ABa IEJHX uucia R, k, HjIA KOTOPHX hx =
=14 kn, CregoBaTensHo, YHCHA T W N B3aUMHO IIPOCTHL.

HonngecTBO 1medBiX HOJOMRATONBHEX GHUCEN X, 63AUMHO I POCTBLIL
¢ n W He TMPeBOCXOAAIMX n, 0603HAYACTCA CHMBOJIOM @ (7) W Hash-
Baercs @ynryueii Jiaepa or n. Taxum obpasoM, ee 3sHATEHUSA
ABIAIOTCA YUCAOM 06pasylowus ¢ Yukaudeckoli zpynne nopidka n
(ra. I, § G, mpegnosmenme 8), a TaKKe HUCAOM OO pAMUMBL dae-
Menmos 6 koawsye Z/ (n).
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JIEMMA 2. [as aw6o20 yeaozo noaodcumeaviozo uucaa n cnpa-
860AUB0 PAGEHCME0

2 9(d)=n, (1)

d/n
8 KOmopom yeaoe wucao 4 npoGeecaem MHONCECMEO ROAONCUMEALHELL
deaumeaneii n*).
Heficreurensno, HaiizeM KoamdecTsBo Heamx 2z, 1<z <n, mas
KOTOPHX H, 0. I. £ B N paBeH. 3aJlaHHOMY [eamTentr0 O dmcaa n.
B atoM ciyuae §=hx-+kn [iA HeKOTOPHX NeNHX pPANUOHANBHBIX

qucea h, k, OTKyHma ciaenyer, 9TO 1=h%+k%. 970 [OKa3HBaeT

B3aHMHYI0 mpocToTy umcen z/8 u n/0=d; oGpatHoe momdywaercs

x
HeMeaJaerHo. BBuny Toro, uro —S<d, HCKOMOE KOJIMYeCTBO PaBHO

¢ (d). Horpa 6 mpoGeraer MHOMKeCTBO NOJOMKHUTENLHEX JeIHUTeNEl
9ucaa R, TO 3Ke MHOKecTBO mpoberaer u d=n/8. N3 »T0T0 BHTE-
Kaer dopmyma (1).

JiEmMA 3. Hycme G— konewnas epynna nopadka n. Ecau daa
2106020 Yeaozo noaoxHcUMeAbH020 deaumens d wucaa 1 YUCAQ dde-
menmog epynnwt G, nopador komopwx deaum d, He Goarwe uem d,
mo zpynna G yurauieckas.

B camom pene, mycrs d—monomutenbHHE meaureds n. Ecau
B rpynme G cymecTByeT 3JeMEHT X HOPAAKA d, TO HOPANKHA Beex d
pasiamunux saeMenroB z” (0 r<d—1) pensar d. Taxmm o6pasom.
970 eduHcmeenHble 3NEMEeHTH IPYOOH (G, DOPAAKRA KOTOPHX qeadT d.
CnepoBaTedbHO, 9HMCAO 9JIeMEHTOB rpynne G mopsApka d B 3TOM Cay-
wae paBHO 4nCIy O6pasylOmUX IUKINYECKOi IPYNNH, HOPOMKTEHHOI
snemenToM z, 7. e. ¢(d) (memma 1). Ilopapor moGoro smemenTa
rpymu G peanr n (ra. I, § 6, n° 7). Ms coornomenns (1) Bure-
Raer, 4T0 AaA 4100020 NOIOMKUTENILHOrO jeixntens d wucia n cywe-
cmeyem ¢ (d) sunementoB rpynnu G mopagxa d. B wactHoctm, cyme-
CTBYeT ¢(n) pileMEeHTOB rPYHOH G DOPAAKA N, KAMKAWIl 13 KOTOPHX,
clleloBaTeNbHO, MOpPOKaaer rpynmy G. ‘.

JlokasaB oTH JeMMH, HOKaMKeM, 4TO IeMMy 3 MOMKHO IPHMEHHTH
K rpynme KopHe#l n-ii cremedu ms enummni B noxe Q. [ledicrsu-
TEJBHO, TPH JAI0G0M IONOKHTEILHOM HeinTelle d 9uciIa 1 Jig KOPHA
U3 egUHWOH Z, MOPANOK KOTOPOro feamt d, CHpaBeflIMBO COOTHOIIE-

*) CoorHomesame d/n My NOJOKMTENLHFIMA LEIHMHA YACIAMA 03HATACT
gro d pgeaur n (cM. ra. V, § 1, n° 5).
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Eme z'=1 u ob6parmo. Taxmm oGpasom, mMeeTcd TOYHO d KOpHeR
M3 eIEHNIE, IMOPALOK KOTOPEHIX [AeNMT ¢, YTO IOKas3hBaeT TpebyeMoe.

Kopenr n-ii cTemeHEw U3 eJUHHNH HA3HBAeTCA N PUMUMUSHEIM,
ecill ero MOPHANOK paBeH 1N, TO ecTh eCIH OH ROpoxcdaem rpynmy
KOpHeil n-#i cremenn u3 emusuns. [Ipm pgoxasatedsctBe Teopemsr 1
" MBI TOKAa3aju, YTO:

CuggcrBrEe. a8 4106020 4eao20 NOAONCUMEABHOZ0 HUCAA N, KOMO-
poe He Oesumca HA P, YUCA0 NPUMUMUGHHIX KOpHel n-U cmenenu
us edunuyst pasno @ (n).

Nregaomenue 1. Hycmv Q —aazebpauvecku samkHymoe nose
zapakmepucmuru p. I'pynna S (Q) koprell uz edunuysr ¢ Q uso-
smopgra epynne Sy/Z, 20e S,—nodzpynna addumuenoii zpynnw Q,
o6 pasogannan dpobamu r/s, y Komopyx s He deaumcsa Ha p.

3amernM cHauada, 9T0 u3 cooTHomenuAa st =0 (mod p) caenyer,
gro au6o s =0 (mod p), mub6o t=0 (mod p), TDOCKOIABKY KOIBIO
Z/(p)—xoxsno nemocrHoctd. Takmm oGpasom, MHOMKeCTBO S, -
CTBUTeJbHO ABiaAgercA mojrpynmoit rpymout Q. Ilyers (v,)—crporo
BO3DACTAIOINAH MOCJHEe0BATEJBHOCTE BCeX INEJIHX YHCEI, KOTODHEe
He pmensarca na p. Ilomomum A,=v,V, ... v,. ObosHauum uepes Hy
rpynmy KopHeil A,-# crememu u3 ejwHuIsl. Ilpm srom H,  DH,
u S(Q)= |JH,. Hockoapry rpynma H, —nuxiangeckasd TOPALKA Ag,

n

TO CylLleCTBYeT WOCJeJOBATONILHOCTH (Q;) KOpPHejii M3 efWHUNLI, THE
L
amee, moGoii ameMeHT % €S, MOMKHO 3amucars B BEje r/A, (E mpm-
ToM GeCKOHEHYHHIM MHOMReCTBoM cmocoGoB). B cmmy ompepeinenus dp

aJleMeHT 0 He 3aBHCHT OT 3amucE r/A, snementa . Mu oGozHaduM

O, — OIPUMUTUBHHIA KOpPeHEL A,-f CTeNleHN W3 EMHHIH H O, =0

aJieMeHT o, B Tpyume S (Q) cumsoaoMm f(x). OueBugno, ur0 f— mpen-

crasiaerue S, B S (Q), orobpaxkawmee S, Ha S(Q)=|JH,. C gpy-
T

roii cropoms, coorHomenue f(r/A;)=1 osEawaer, uro al =1,

TO eCTb 9TO 7'/A, o 1gaoe w=uciao. Tawkum oGpasom, rpymma S (R)
usoMoppHa rpynme Sp/Z.

2. IIoae nopuett n-iL cmeneHUu U3 eOUHUYDL

Ilycte K —moste XapaKTepUCTHKE p, 1B — Lejd0e TACIO, KOTOpoe
He peaurcA Ha p. HasoBeM nosem ropuell n-ii cmenenu uz edunuys
Hay moigeM K u oGosmauumM cumBojioM R, (K) mome XOpHeil MHOro-
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gmeHa X" —1 mag monem K (§ 4, n° 2). Tak gar >TOT MHOTrOYIeH
cenapaﬁe.nen o moxe R,(K) sABiagercAa pacmuapenueM ['aiya KoHeY-
Hoit crememm wmoms K (cm. § 10, cuemcTeEe upepioskemms 6).
Ecim {— HeKoTopwii UDAMATHBHEIA KOpeHb nN-fi CTeNeHM H3 OJU-
HAUH, TO X1060if KOpeHL n-il CTeNeHN U3 e WHUOH ABAAGTCA CTe-
meHpI0 .

Taknm oGpasom, R, (K)=K ().

HYCTL I'—rpynna Tanya moasa R, (K) ortrocureasHo moia K.
Dina moGoro smementa o €I' smeMent o (L) HOMKeH OHTH IPAME-
TABHEIM KOpHeM n-ii creneHnm u3 efmannu. CiaenosatenrHo, o(l)=1{",
roe r-—Hejoe YHCI0, CMEKHHN KJIacC KOTOPOr0 L0 MOAYIN 7
ABIAETCA BHOOJHe ONpPeNeJeHHHM 5JIeMEHTOM MYJIbTHIJINKATHBHOI
rpymnH oOpaTEMHX 3JIeMEHTOB B Koibme Z/(n) (ciegcreme M3 Teo-
pemr 1). Oror smeMeAT MK oGosHauwmm cumsoaoM % (6). Ilyers
T—BTOpoil amToMopdmam m3 rpymou I, upmwem v ()=1{[°%; Torma
o (v (§))=0 (*)=(o (}))’=L". Orciona crepyer, ato ¥ (o7) =% (0) % (7).
HOpyramz ciroBamu, oroOpaxennme o —> Y (0) sABisgerca npedcmasae-
nuem rpynos I’ Ha DOATrpyOOy MYJLTEIUIAKATABHON rpynoH obpa-
TUMHX 3JeMeHTOB B Koisme Z/(n). Bolee Toro, mpeficraBnenne
0 —% (0) ABIAETCA U30M0pPHUaMOM, IOCKOIbLKY paBa K-aBTOMOD-
¢usma moas R, (K) coBmagaior, ecI¥ OHH HMEIOT OJMHAKOBHE 3Ha-
genwa Ha saemente { (§ 6, n° 2). B urore:

Iregaoxeane 2. Iycmv K-—noae zaparmepucmuku p, n—
yeaoe NOLONCUMEABHOE HUCAO, KOMOpoe ne Oeaumcs na p. Ioae
R, (K) ropuei n-ii cmenenu us edunuyst nad nosem K ssasemcs
abeaestin pacuiupernuem kKonewnol cmenenu noas K, epynna Iaaya
kKomopo2o usomopPra nodzpynne MYyLLMUNAUEAMUSHOU 2 pynnbl
obpamumblx ssemenmos koavya Z/(n).

Orcona BHTekaeT, 4To cremeHb [, (K):K] aBiderca deaumeaen
gncaa @ (n).

Ormermm, aro R, (K)=K (R,(P)). Taxum oGpasom, rpyoma
T'anya mons R, (K) mag monem K msomopdma rpynme Iamya moxs
R, (P) sag K [\ R,(P) (§ 10, teopema 1), T. e. mopgrpynme rpyons
Tanya I'y monsa R, (P) Bag momem P.

Mu yempsM natee, 9to npm p=0 rpynna Iaxya I'y moxs R, (Q)
gan Q m3oMOpdHA Ipymme ecex 0OPATHMEIX "DIEMEHTOB KOJbHA Z/(n)
H, CIef0BAaTeILHO, HMeeT HopAnok ¢(n). Ho ato ye me Ttak,
ecan p> 0.
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Homoskum h=r@ (r). Hycre {; (I i< h)—h npuMUTUBHEEX KOpHEH
h

u3 efnHunu. Muorouren @, (X):H (X—1T;) vDpuBagmesRUT KONBLY
i=1

P[X], u6o om mEBapmagTes mpn moGoM aBromopdmsme ma3 rpymme [g.
VpaBpenne @, (¥)=0 HassiBaeTcA ypaswenuem Oeaenus kpyza Ha n
pasubix wacmel WIN YUEAOMOMUYUECKUM Yypaenenuem undexca n. MHoro-
qiaen q)n HA3BIBAIOT YUKAOMOMUYECKUM MHOZOUAEHOM undekca n. Mgoro-
qanen @O, HenpWBOXWM B Konbile P[X] B ToM u TONBKO B TOM caydae,
ecan rpynna I'g mMeeT mOpANOK, paBHHI @ (n).

Ecam gwnemo n 3alaBo AABHO, MOMKHO ABHO BHYHUCINTH MHEOrouwieHd @,
¢ DOMOIUBI0 cJefylInero peKyppeHTHoro npomecca. Ecam xopess n-ii
CTeNeHH U3 eAWHHNH NMeeT NOPAJOK d, To d fedwmr n (n° 1) m =
ABJAETCE IPWMUTHUBHEM KopseM creneHn d. OGpaTso, moboit npumu-
THBHHII KOpeHb cTeleHU d ABJAETCA KOPHEM n-il cTen€HH M3 eIMHHUIH,
ecqu d pennt n. TaknMm oGpa3oM, mMeeM ’

Xn—1 = H Dy (X). (2)

d/n
910 ompepeaser @y, (X), ecau nasectan @, (X) naa Bcex genautenen d
(cTporo Mespmux r) uucaa n. Tak kak @, (X)=X—1, To UMeeM, TaKAM

o6pasoM, pekyppesTHHi mpomecc, oupepessomuit @,. Hanpumep, ecan
h=q—mnpocroe TuCIO0, TO

X' —1=(X—1) Oy (X),
OTKYZA
Oy (X)=X0"1L X024 L X1,
B rawectse gpyroro mpumepa BouucanMm Dy, (X). Hmeem
X121 =00;,0aD,D3DD,

"
X6 — 4 =Dg®0;DyDy,
OTKYZa
X6 1=10,,D,.
Ho

X4—1=0,0,0;.
Tar rak @) (X)=X—1, a @y (X)=X+1, 10 @y (X)=X2+41. Orco7a,
OKOHYATEIBLHO,
Dy (X)=X4—X2 41,
OtmeTnM, 910 mHorowien @y, (X) mpuBogAmM HaJ mojieM XapaKTepHcC-
THKHN 5, IOCKOJABKY
Xt_X2 ) 1=(X2-2X—1)(X2-2X —1)

(cM. ympasxuenme 1).
3ameuanuna. 1)CpaBENBas cTeNeRN AByX 4IEHOB B paBeHcTse (2),
saiinem coormomenne (1). OTciofa MOMHO BHBECTHM AHAJOTHYHHI PEKyp-
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PeHTHHIH Tponecc AJAs BHYNCISHANA cp(n). Mo3gnee MH papum Apyrae
BHpAKeRUs gua ¢ (n) w MHOrodmena @Op.

2) Mgron Buuncaennsn P, yrasaafapil Bume, gaer aaa ©, MHo-
TO4NeH ¢ IeNHMA palAoHAILHLMA KOdPPUI{HEHTaMP, KOTOpHE OHpefe-
JeHBl ONHOBAAYAO (KAK 3TO Jerko MoKasaThk WHAYKILHe#d) u He B3aBHCAT
0T XapakTepUCTHKHU Hoad P.

3. Koneunvie noasn

Mut moxamem B raase VIII, § 11, n° 1, uyro moboe KoBeuHOE
Teno o0sA3aTeNnbHO Kommymamuero (cM. ynpaxaernne 14). B arom n® Mat
H3Y9HM CTPYKTY Py KOHEUHHIX Tell, Ipefmojarag HX KOMMY TaTHBHHMH.

Mer yme samermin (§ 1, n° 1), uro womeunoe moaxe K HeoOXo-
AUMO MMeeT XapaKrepucTuKy p > 0 (koropas, clef0oBaTeJLHO, COBIA-
Jaer ¢ xapaxrepucrumueckoil srcmomesroil moiss K). Omo saBnserca
pacmupeHmeM ¢BOero ImpocToro mogmonsg P (usomopduHOro momo
Z/(p)), upuueM, odeBUfHO, KoHednoit cremenm n Haxg P. Hamom-
HEM, 4ro nwo0oe HEeKoTopoe HpocrpaHcTBo E pasmepHocTd o Hap
moiem L msomopduo mpocrpacrsy L™ (ra. II, § 3, cmemcrsme 1
K TeopeMe 3). Ecam mome L cocTouT U3 r 3JeMEHTOB, TO BEKTOPHOE
mpocTpascTBo F comep:uT 7 3JeMeHTOB. JTO [0OKa3HBaeT, 4TO pac-
cmaTpusaemoe moiie K uMeeT p” =g dIeMEHTOB.

Myapramamraruerag rpynma K* HeHyleBHX dnemenrtos mois K
ABnsiercs rpyomoir mopsgka g—1. CiemoBarenbro, pas moboro
aneMenta r u3 K* mmeem z71=1 (rx. I, § 6, CIefCTBYE K IPeJIo-
®KeHmIo 8), u Tem Gosee z7= z. 9ro HOCTefHee COOTHONMeHHEe CHpa-
BequuBo u:upu z=0. [lostomy MmH BEANM, WT0 ¢ 5IeMeHTOB &;
(1 <i<g) noas K siBusmoTcs KOpHAMH MHOToumeHa X?—X, OTKy-

a
Za caexyer tommectso X1 — X = U (X —E&;). Takum oOpasom, MO~
=1

HO CKasaTh, 4ro moie K coBmajaeT Of[HOBPEMEHHO C No4eM KOpDHER
n ¢ mHoucecmeom kopHeir MHOrowiaeHa X?— X. 970 HOKasHBaer M30-

MopPU3M [BYX KOHEYHHX HOJNell ¢ OMHUM M TeM jKe 4YUCIOM 3Je-
MeRTOB *),

*) B camoM fleiie, 0yCTh py W pg— [Ba PasAWIHEIX OPOCTHIX TMCIA; TOTAR
P % pY Ana m06HX MeNHX HONOKUTENbHEX umcea m ®w n. Wmave ma pa-

peHcTBa ph=p}* BHTekano 6pr, uTo py =0 (mod p1). BeaERy Toro, o Z/(pg) —
Hole, B HeM OTCYTCTBYloT Aeantean 0. OTcioga moayumm, 9ro pe = 0 (mod py),
910 HeBO3MOKHO (cM. ra. VII, § 4, n° 3).
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OGparBo, mycTh ¢= p"— miobas CTemeHb HEKOTOPOI'O WPOCTOTO
wncaa p. PaccMoTpEM B anre6pamueckoM 3aMHKaHAE , MPOCTOTO
mons Z/p xopBEm MHOrowiesa X?¢—X, mim, 49To TO ke caMoe, 3ie-
MOHTH moJiA 2,, WHBAPHAHTHEHe IpH aBToMopdmame i —> 2% coBep-
meHHOT0 mous Qp (§ 1, mpenaoskenue 1 m § 7, ciemcTBEe mpesJo-
sKeHmA 5). ITH 3NeMeHTH 00pasyloOT moJe, KOTOpoe MH 0GO3HATAM
(mna ymoGcrsa) caMBosoM F,. IJTO TONE ABIAETCA pPaCHMHpeRHeM
KoHeuHo# cremeny monsa Z/(p)=F, Tax rak npousBomgmasg MHOro-
ymera X?— X paBEa —1, To Bce KopEm MHorowresa X¢—X B Q,
npoctsie (raasa IV, § 4, mpepmomxenue 3). CuemosatenpHo, molle F
COMepHAT ¢ = p™ IAEMEHTOB W ABJIAETCA pacmmpeBmeM [amya moss
Fy (§ 10, cuencrme upepmnoxerma 6) crememm n. MyasrEmimka-
TuBHasA rpynna Fj HeHyJIeBHX 5JeMeHBTOB moaA Fy cOBIAfaeT ¢ rpymn-
moii wopme#l (¢—1)-f crememm m3 exmBEUNH B moje Q,. B urore:

TEOPEMA 2. a) Yuc.ao s4emenmos q KOHEYHO20 NOASL HE06LOOUMO
ABAAEMCS CIMENEHbI0 P™ HEKOMOPO20 NPOCMO20 YUCAd .

6) Jas awb6ozo npocmozo wucaa p u 406020 yeaozo yucaa n>>0
cywecmeyem noae Fq, cocmosawee us q= p™ ssemenmoe: nose kop-
neti mrozourena X?—X nad npocmem nosem F,=Z/(p). Jdwboi
aaemenm noas F, seasemca koprem smozo MH0204AeHE.

B) F 4 ecmb nose unsapuanmos omuocumenbio asmomoppusma r—x?
(npoussoabr020) aazebpauvecku 3aMEHYMO20 pacwuperus noas Fg.

r) Jwboe nose us q saemenmos usomopgro noawo Fg.

n) Addumusnas epynna noas F, asasemes npamoii cymmoi n
yukaudeckux zpynn nopadra p. Myavmunsukamusnas epynna Fj
aeasemes yukauveckoli zpynnoti nopadra g—1.

4. Aacebpaudecrue pacwupernus KoHeunoti cmenenu
HKOHEYHO20 NOARA

ITrExnoxERRE 3. a) [as a106020 yeaozo m >0 noae Fqm sgasem-
ca pacwuperuenm cmenewu m noas Fg. Hdaa awboeo o6pasyoweso L
yukausecrol epynnt Fgm umeem Fom=Fq(L).

6) B npouseosvHoM aa2e0paAuvECKL 3AMEHYMOM DACWLpenun
noas Fg cywpecmsyem eduncmsennoe pacusupernue cmeneru m noas Fg,
usomopgproe noaw Fqm.

Ilepsas wacTs mpepnoskeBnA moiydaercs memenuenHo. C mpyroi
CTODOHH, BCAKO® pacmmpeBHe cremenm m moiaf Fg, copmepskameecs
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B Q, cocrout uz ¢™ saemenros. CuemosareabHo (Treopema 2 B)) OHO

ABJIAETCA MOJdeM MHBApUAHTOB asToMopdusma z — 27" B mome Q,
4eM U 3aKaHIUBaeTCA [AOKA3aTesbCTBO.

Cnencreue, Kaxclwil nenyaregoll aaemenm aseeb pavueckoeo samsl-
KQHUSL KOHEUHO020 NOASK SE6ARCMCA KOPHEM U3 eOUnUYLL.

HelictBuTeIbHO, ecau dIeMeHT & anrebpamueH Haj moaem Fg, T0
Fq(x) ecth anrebpamveckoe pacmupeHue KOHEWHOI cremenu moas Fog,
CJeJ[0BATEAbHO, KOHEUHOe MOJIe.

IlepBasg wacTh mpeposkeHMaA 3 mo3BoJAeT cHOpPMYIAUpOBATE TEO-
peMy o TmpUMHTHBHLIX 3uemenrax (§ 7, mpegaosxenme 12) Bo Beeif
ee obiquocTn:

Teegaosenue 4. Kaacdoe cenapabeavnoe aazeb pauteckoe pacuss-
penue E noneunoil cmenenu nad nosem K asasemca npocmeism.

NlpepnomennE 5. Hoae Fym asaacmca abeaestim pacuwiuperuem
noas. Fq. Ezo apynna T'aaya nad noaem Fy sgasemcs yukauueckol
2pynnoil nopadka m u cocmoum U3 asmomopPusMos T —>ZT B
O<kgm—1). '

Heitcteurensro, Oycth ¢— asroMopdusm z —> z? moas qu 87,
clefcTBUe X mpepiaokenuio 5). IloseM WHBAPHAHTOB [JA aBTOMOP-
¢usma o cay:xur more F, (teopema 2). CiemosarenpHo, OHO ABIAET-
CA M MOJeM MHBADHAHTOB JJA MUKAMYecKoll rpymmsl I', mopoxkpen-
noit o. Mz osroro Bmrexaer (§ 10, teopema 2), uro I' ABafercs rpym-
moit Tanmya mons qu Hajg noiem F, M uMeeT, TaxmM - obpasou,

MOPANOK, PaBHBIL m.

5. Hunaunecnue pacuiupenusn

Onpepeaeaue 2. Pacwupenue E noas K Hasweaemcs yukau-
weckKUM, ecau OHO seasemcs pacwupernuem I'asya, a ezo zpynna
Taaya nad noaem K yurauvecras.

Mpumepwn. 1) Kampaoe cemapabenpHoe xeadpamuunoe paciimpe-
nue E moas K puxauuuo Haj noteMm K. B camom gene (§ 7, npegpaoske-
Hie 12), mmeeM £ =K (), rile ® —KOpedb HEKOTOPOro HempUBOLUMOTO
maorounena X2-+4-aX-B wa woasua K{X]. Bropoii wopeHs ®' aToro
MHOTOYJIEHA paBeH O— @ W, 3HAYUT, TaKe OPUHANICKHT Nod0 E,
llone E aBnserca pacmupeHueM laaya monsa K, ero rpymnma Tanya
nag K MMeeT DOPAJOK, PaBHBIH /IBYM, M, 3HAYAT, UMHKJINYHA.

2) Hpepaosxedue 5 NOKA3RBAET, UTO MOJE qu ABAAeTCA  LUKIH-
4eCKUM pacuIMpeHueM cTemeHu m moasd Fg.

13 H. Byp6axu
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3) Hycrp K —OpomsBoNbHEOe mole, O — aBToMOPU3M KOHEUHOIO HO-
pAAka n moixs K (To ecTh n—9To HauMeHblDee M3 IeNBIX 4mceld h, AIA
KoTOpHX oM ecThb TOMAecrsenAnii asromopdusm). Home [ mEBapHaHTOB
aBTOMOpP{U3MA O B TO K€ BPeMA €CTh ¥ NOJi¢ MHBAPHAHTOB L{MKJINYECKON
IPYHNOL n-TO HOPAAKA, mOpokRermol o. Cnepmoearennso (§ 10, Teope-
Ma 2), none K aApadercd NHKINYeCKAM pacIIEPeHR¥MEM CTelleHu » noJd L.

Ussectro (ra. I, § 6, upepmoxenwme 8), uTo Kaskgasg UUKJIMYIE-
CKafA rpymnma n-ro nmopsafka msoMopdua rpyume Z/(nZ). Ilogrpymos
rpyonn Z, comepiamue nZ, uMeloT Buj dZ, rie d upoberaer MHO-
jecTBO Hmeamrededl umcaa n, llosromy moparpynmumm rpyunst Z/nZ
asuasoTea Qaxroprpynmamu Buga dZ/nZ (ra. 1, § 6, teopema 6).
Ho ecam n=dd, o mzomopdmsm = —> dz rpynust Z Ba dZ orolpa-
maeT moarpynny O8Z rpymns Z Ha moprpynmy nZ rpynns dZ.
Taxum oGpasoM, rpyuna dZ/nZ msomopdua rpyume Z/8Z. C gEpy-
rofi cTopoHH, arTOprpyunna rpynuu Z/nZ mo mnoarpyune dZ/nZ
uzoMopdua rpynue Z/dZ (ra. I, § 6, teopema 6). Tem cammm,
MH BHFAM, 9T0 KaKEad nodepynna W Kakpasa ddaxmopepynna
OMKINYECKOM TIpYyUOH OUATh ABIAAKNTCA NOUKINYECKOIl Ipyuuoii.
Takum ofpasom (§ 10, Teopema 3 u upepnoxenue 4), ecam E—
IUKINYEeCKOe paciiupeHde CTeHeHW n umoisa K, To moboe moae F,
opoMeskyTounoe Mexgy K m E, yukauwno BHag K, a moae E yuk-
auyno Haf F. Tounee, mMeeTCs B3aMMHO OXHO3HATHOE COOTBOTCTBHE
MeXROY JeNUTeNAME UHCAA N M HPOMEKYTOUYHBIME LOJAMH MERIY
K u E: rammoMy feauTedo d TNCAA n COOTBETCTBYET IPOMEKY-
TOYHOE LHKAMYecKoe moje F cremeHu n/d man moaem K, [aA Koro-
poro E— nuRInYecKoe II0Je cTelleHE d Haj HoldeM F.

B npomsBoIbHOM IuKIMYeCKOM pacmuperuy £ noada K HopMma u ciieq
aneMeHTa nondA K o6aafaioT caepyomuM fyHgaMeATaIbHEM CBOXCTBOM

TeorEMA 3 (I'unbBEPT). [Tycme E — yukauveckoe pacuiu PeHUE NOLS
K, 0—o6pasyrowuil saemenm epynnst laaya noas E nad nosem K.

a) Jan saemenma x € E pasencmeo Ngjx (r)=1 umeem mecmo
6 MOM U MOAKEO 8 moM cayxae, kozda cyujecmeyem Hewyae-
eotl aaemenm y € E, duan womopozo x=1yl—°(=y/o7t(y)). Kaomcdwui
anemenm yy € E, daa womopozo x=yl—o, umeem eud Ay, ede A€ K*;

6) dun saemenma € E pasencmeo Trgx (x)=0 umeem mecmo
6 MOM U MOAbKO 6 MmoM cayuae, Koeda cywecmeyem snemenm z € £,
dan Komopoeo x=1z— 0 (2). Kawcowil ssemenm z,€E, dasn Komopo-
20 T=12—0 (24), umeem eud z4u, 20e p€ K.
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a) Ilyets n—cremens E vag K. Jlna Bcakoro osaeMeHTa t€E
TMOCTPOUM JJIeMEHT BHAA

w(t) =1t} xto - p+og0?  gldotoxed | 4 pltot..fon—2 o1

mona E (pesonbmenra Jlarpamska-— I'masGepra). Ilockoarsky rn K-as-
Tomopdmamos o* (0< k< n—1) nona E nmmeitno mesasmcmmu (§ 10,
TreopeMa 3), cymecrByer diaeMeHT (€ E, gua xoroporo y=u(t)= 0.
Jdna aroro sHaueAma ¢, B cmay cootHomenmsa Ng/x(z)=
= gltot.+0" 240" 4 pyeem

Yo=104 20t 4 . 4 zO+o ..o 2pon =ty o1

oTKyRa zy%=y, = y!—9. HaoGopor, ouesmpro, 9T0 13 z =yl-° cie-
ayer, uro Npg/ (z)=1. Haxomen, ms coorHomerma y!-9=yl-°
BeITeKaeT Y4y ' = (yy 1)°. CuemonaredbHo, 9IEMEHT y,y‘l WHBApPHAH-
TeH NpA Bcex K-aBroMopdmaMax nosis E, rax quto y,y €K (§ 10,
ompefsienenue 1).

6) Nssectro (§ 10, mpemnosxenme 10), aro cymecTsyer bdIeMeRT
v€E, nna xoroporo Trg/x (v) % 0. PaccmoTpum aimeMeHT

Z= 7 (@0 (0)+ (20 (@) * (0) + ...
E/K
A (@to(x)4 ... o2 (2) o (v)).

n—1

Ecmr Trg/x ()= D, o*(2)=0, 10

0(Z) =gy (O (@) O (0) 4. .. (0 (2) +-0%(z) - ...
.+ o2 (x))on-1 (v) — zv),

oTRyma caegyer, uro 2z—o0 (z)=x. O6pardo: o0YeBMIHO, UTO U3
paBeHcTBa T = z— G (z) caenyer, 10 Trg/x (z) = 0. Haxonen, us coor-
HOmEeHNA 2—0 (2)=2;—0 (z;) BHTERAeT 2z;—Z=0 (3;—z). TaKkmM
obpaszom, sireMeHT (2;— z) HHBApHAHTeH Hpm Bcex K-aBTomMopdusmax
mong E, ciemomareibHOo, mpmHAfjde:RuT moxawo K.

CaencrBue, ITycmov p—npocmoe 4ucao, m u n— 06a npouseoanp-
HOT YeablT TNOA0IHCUMesbHBT wucaa, = p". Kaxcowii nenyaesoii
gaeMeHM KOHEeYH020 noas Fg seasemca nopmoll Hekomopozo ase-
newma  pacuupenus F o noas Fo. Raxowii osaemenm noss F,

Aeaaemcs caedom Hexomo pozo saeMenma noss F M

13*
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JleiicTBuTenbHO, HOje F m ABIACTCA OUKAMTCCKUM PAacCHIMPeHHeM
nouasi Fg, rpymma Iaxya KOTOpOro mopopgaercsi aBToMOpHU3MOM
z —> 2% (upeguoxenue 5). Haiimem mopamok moarpymum G (Myis-
THOIMKATABHON) rpyunns Fg, asiasiomeiica obpasom F:m mpu npej-
crasiaennd r — IV (z). G usomopdra dawroprpymme rpynmmr Fzm 10
nogrpyune U, cocrosmeil m3 sneMeHTOB z, fua Koropeix N (z)=1.
Ho no reopeme 3 moprpynna U spasetcs o0pasoM Trpymmb F:m
npu npencrabienun y — y? 1. Taxum o6pasom, rpymna U mzomopd-
Ha (aRTOprpynie IPYUIb F:m no moprpyume, o6pasoBaHHOH TeMu
siaeMeHTaMu ¥y, #iaA Koropux y=1. Ho atu smementn y apasiorca
B TOYHOCTH 9jeMeHTaMu rpynuu Fg(n® 3). Ilosromy rpymma U
uMeeT mopsAmox, pasmEH (™ —1)/(¢—1). CnegoBartensho, rpynna G
nMeer mopsAmok ¢g—1, a moromy cosuagmaer ¢ Fj.

IlomobreiM ke obpasoM HaitmeM mopamok wmomarpynnm H ammgu-
TEBHO# rpynne F,, ABasomelica obpasoM rpynust F  m 1pH 0r100-
paenun r—> Tr(r). Ona uzoMoppra ¢awroprpyune rpynnou F om
no moxrpynme V, cocToameit 3 sieMeHTORB X, fust KoTopux Tr(z)=0.
Ilo Teopeme 3 rpymma V Apusercs o6pasoM rpyIIIs qu Op|  oTo-
opamenuu (§ 1, npemgmomenne 1) z->2z—2z% Tarum obpasoM, oma
uzomopdra daxroprpynme rpynuel F o, mo mOXTpyIme, COCTOAMeIr
U3 57eMeHTOB Z, JJA KOTOPHX z=2% To ecTh (n° 3) mo wuoprpyn-
ne F,. Ilopamox rpyunm V papen, Takum of6pasom, ¢™/q, ciaemo-
BaTeJbHO, WOPANOK TIpymuH // paBeH ¢, 9T0 JOKA3BHIBAET COBHAME-
Hue H ¢ F,.

6. urxauuecrue PaAcuUPenus
u deyurennle YPpasHenus

IlepBasi d4acTh TeopeMH 3 HO3BOJASAET ONWCATH MPOCTOH CHOCOD
oOpasopaHNA HEKOTODHX NWKINYECKMX pacmMpennii umoasa K.

Heepnoxenue 6. Iyecmv K —nose zapakxmepucmuku p, E—
yuranieckoe pacwuperue noai K, cmenenv n romopozo He deaum-
c¢i Ha p, u nycmv noae K codeprucum nose ropuell n-ii cmenenu
u3 edunuysl. B amom cayvae cywecmeyem HenpueoOuUMsli MHO20-
uner u3 woawvya K [X] euda X"-—a makoii, wmo noae E nopo-
adaemes npousdeosvHlM KOpHEM O 3mozo mHozourena. Kpome mozo,
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Henyaesoll ssemenm £ € E feasemcs KOPHeM MHO204AeHA U3 KOAYA
K [X] suda X"—b ¢ mom u moavko ¢ mom cayuae, ecau &= AO%,
ede k-—yeroe wucao, a AEK. Bouee cuavnoe ycaosue E =K (&)
umeem Mecmo 6 mom U MOAbKO 8 MOoM cayuae, ecau wucaa k u n
gsaumno npocmer u A = 0.

HeiictButensno, nycts (€ K — OpIMUTHBHEIN KOpeHB nN-H cTe-
nenn us emuAmuel. Mmeem Ng/g ([)={"=1. Tarum oGpasom, cy-
mecTByeT sseMent 0 € E, mas kortoporo {=01-¢ wiu, unage, ¢ (0) =
={0. Ua sroro mmmmo, aro o (0)={"0. Caegosarennno, 0 mmeer n
Pa3JN9IHEX COUPS/KEHHBIX, APYTUMH CJIOBaMu, HMeeT CTeIIeHb n Haf,
nonem K, orkyga E= K (0). C pgpyroit croponsr, mMeeM 1=("=
= (0")1-9, 10 ecth 0 (0")=0". IT0 morasmBaer, dro 0" € K. Ecanm
EEE n E"=bEK, 1o nMeem 0 (E")=E", otkyma (E1-9)"=1. Taxum
obpazoM, o (§)=wE, rme o — Kakoi-TO KopeHb u3 eguuuuS. Ecimx
o={"= (8-1)" 1o mponmywmm o (§07*)=E0", orkyma EO"CK.
OtGpatHo, ecam E=A0", rme AEK m k—menoe 9ucio, TO HMeeM
g'=A" (0" = A"a" € K. Ecau, xpome toro, E=K (&), To n comps-
wenHHX 0" (E) = o"E (0<hgn—1) onementa & mommnel GHTH pas-
amaEpMu  diaeMeHTamu (§ 7, n° 7). Ho sro u osmawaer, 9to @ AB-
AfeTcsd NPUEMATUBHEIM KOpHeM n-ii cremeny u3 emmmauusl. CregoBa-
TeabBO (deMMa 1), umcna k W n B3aUMHO IPOCTEHL.

.

Anre6pamdeckoe ypaBHenme Bufia £ —a=—0 Ha3HBaeTCH «IBYUIECH-
HEIM ypaBHEHAEMY.

ITrepnomenue 6 gomyckaer cienyiomee ofpamenie:

NMregnosenne 7. Hycmv K — nose xapakmepucmuru p, n — yesoe
4lca0, He kpamroe p, 0as Komopozo noae K cofepucum nose kKop-
Hell n-U cmenenu us edunuyel ¢ node Q. Has awbozo sremenma a€ K*
noae kopHeli E muozousena X" —a A6A8emMCA YUKAUNECKUM PACULU-
peruem noas K, u noposcdaemca npouseosbmbim KO PHEM MHO0UAEHA
X" —a. Cmenens [E:K]=d ssasemcs Oesumenem wucaa n u pasHa
Haoumerbvuemy yeaomy ducay r>>0, das romopoeo a’ ssasemca n-ii
cmenenvio asemenma noas K.

HeiicTBUTeNbEO, UycTh 0 — Koperb MEOTOWIeHa X" —a. [las dmwo-
Goro gpyroro kKopHs 0’ atoro MEorouwiena mMeeM (0°/0)*=1. Orciona
0" =wh, rme o—KOpeHb n-il CTelleHM U3 eFUBHUIEI, KOTOPHIl mpu-
magaesxuT moaio K mo mpepmonoskenmio. Taxumm obpasoM, 0 €K (9),
910 moKasniBaeT paBerctBo £ = K (0). llockoabky mpomsBogsas nX" ™
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MHOrouleHa X"-—a obpamaercsa B Hyab Jumb mpu Z==0, Bce KOpPHU
MHOTOYMeHa X"—a npoCTH (3a HCKIOUeHHeM caydas ¢ =0, 9T10T
TPUBHANBLHEN ciaygaii MH ocTaBigeM B cropoHe). Taxmm oGpasoM
(§ 10, cnepcrBue mpeptoenus 6), mome E sABiseTca pacmimpeHHEM
I'anya mona K. Ilyers I' —rpynma I'anya mona E map K, o —mnpo-
n3pobERi snemenT rpymnu I'. Ilockomsky E =K (8), zaganune o(8)
ompefienser o (§ 6, n°2). Ho o(8) aBiserca KOpHEM MHOroOWIeHA
X" —a. Cnemosareapno, o (0)=_{s0, rge [, —KopeHn n-ii cremenu
W3 ONUHMIEI, BIOJHE ONOpeAeasdeMuin 3amannmeM o. Orobpaxenne
0—>{; ocymecTBiserT B3aEMHO OJHO3HAYHOE COOTBETCTBHE MemIAY
rpynnoii I' u moarpynmoii MyJsTHIVIZKATHBHOM Tpyunmsi G KopHEi
n-i cTemeHH M3 eNUHHIL. HpoMe TOro, oHO sABIAETCH npedcmaste-
Hues rpynnu I' B rpynny G, tak kak mpu TET umeem

01 (8) =0 (t(8)) =0 (§<0) = =0 (8) = {680,
rae

car = gocr-

Urak, BupaM, uro rpymma [ usomopdHa nodzpynne rpymnm G.
ITockomsky G —umriaumgeckas rpynoa mopsgka n (Teopema 1), To
I' —uuraugeckas rpynma, mopapok d koropoii peamt n. llodommm
n=dh. W3 coorHomenmir o (0)=(0 gna oEI' BuTEKaeT, 4TO
Ng/x (8)=p8%, rme p€K, orryza 89 =b¢c K. CaexoBarensHO, HMeeM
a=0"="0", orryma a®=0b%"=0p". Eciu 6m CymecTBOBamO YHECIO
r<<d, pana xoroporo a’'=c", rge ¢€ K, 10 um3 coorHomenua 9" =a
caenoBato Om, gto 0™ =¢c", orkyma 90"=wc, TOe ®—-KOpeHL n-ii
crenenu u3 exuHmNE. TaxuM oGpasoM, ademeHT O OHA 6N KopHEM
muorouwnena X' —wc u3 roaniia K [X], B mporusopedun ¢ reM, urto 0
nMeeT cremenn d Hapg moxeM K.

Ecnm wmone K se cofep:<uT mose KopHeill n-ii CTeNEeHH HM3 eJHHMAINH,

e TO UpefyioKeHnd 6 B 7 mepecTaloT OHTH BepAMMHA (CM. ympajkdenme 7
¥ § 6, yopakaenme 7).

Yupamaenun 1) a) Jokasars, 9ro mone Ry (F;) kopHeil n-ii

CTelleAN M3 eJMHALH B ajrefpamdecKOM 3aMHKAAAMM KOHeIHOro moud Fg

(n He KpaTHO XapaKTeDPUCTHKe p II0IA Fq) coBmajfaer € IOJEeM qu,

Iie m—HamMeAbIlee W3 IEJHX dnceld, Aafd KOTOpHX ¢m—1 kpaTHO n.
Busectr ma aroro, 4to Muorowiea @, rHenmpmBoAmM B Koiasme Fg[X]
B TOM ¥ TONIHKO B TOM cXydae, eCIH KIacc, COJep;KalfEi g, B Tpymime
o0paTUMHEIX BJEeMEHTOB Koanua Z/(n) mMeeT DOPANOK, paBHm#E @ (n).
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6) BrBect: m3 a), 9TO0 AJIA KaKJOro MPOCTOro YUCHA p, . He, ABIA-
lomerocs fesaureieMm 12, maorouiaen @,y (X) npuBoAEM B KasKA0OM H3 KoJlell
FgylX]. B atom cayuae Fp cofepuT Bceraa Kopuu 12-#t cremesn
W3 eMANNH, OTIMUAKE OT Hee caMoil.

B) Jlokasats, uT0 DoJe Fz He COAep/RAT EM OfAOro KopHs 13-i
cTenenn u3 enmaumH, ortamgaoro ot 1. Ho cremesr moaa Rja(Fg)
Hajg F3 parma 3, uro Mennime, uem ¢ (13)=12.

r) Ilyers ¢=p™; norasars, 9T0 B Koable F,[X] MHEOTOUIEH an——X
paBeH IpOM3BE/eHNI0 BCeX YHUTAPAHX HEIPHBOAEMHX MHOFOYIEHOB,
CTeMeHd KOTOPHX [eJAT n (Mcmoib3omaTh upepiromenue 3). Ilycts
hy (1 <i< r)—pasauuAne mpocTHe AelmTeny umCiaa n. JIORasaTh, 4TO
9ACHAO BIEMEeHTOB EEqu AJA KOTOPHX Fqn=Fq (%), pamnmo

v—q—Zq +2q > gt B (g
i<j t<J<k

(3aMeTATE, 9TO TaKoll 3JleMEHT XapPAKTEPU3YeTCs CBOMCTBOM He mpmpaf-
JeMaTh HM K KakoMy ®3 noneit mmga F ,.) JoxasaTs, 9To

© Ry

q i

n n

o Ty,
=gt <vg gn—g 1t
i

Paso6paTe chyuwait, Ifle n-—cCTeIeAs HEKOTOPOTO NpPOCTOFO 4MCIA.
BrpecTm ®3 3TOr0 IOjCYeTa 3AaNeAWe WHCIA YHMTADHHX HeNpH-
BOJMMEIX MHOI'OYJIEHOB CTEeIEAU 7 B KOJbIe Fq [X].
3) Ilycte {—npmMuTHBAMEA Kopedb (¢ —1)-i cTeNemr M3 eqUANIH
B Tone F,, rak uro mwofolt anemenr rpynnm Fgq mpejcraBigercs
e Bufe [* (0 k< g—1). lokasars, UTO m-MU CTeLCHAME 3JIeMEHTOB

rpynns  Fq ARISIOTCH IeMERTH (8 kompmuecTBe (g—1)/d) Bupa
MOk <(g—1)/d), rre d—mauGonpmuit -oGIMEHA HeqBTeNs GHCET
¢—1 m m. Ramamif w3 9TMX 3JeMeBTOB ABAAETCH m-H CTeIeHbIO d
PasTMIAHX 9IeMEeATOR Hoast Fg.

4) B mone Fy(g=p", p = 2) 4mcao v pemenuit (ry, £;) ypaBHeAns
ay2] 4 aszi=0b(a10; = 0) 3agaeTcs cnemylomumu GopMyIaME:

1° ecam b=0, a —ayay He ABIAeTCA KBAZPATOM JIEMEHTA B IOJE Fq,
T0 v=1;

2° ecan b == 0, a — a,ap He ABIACTCSA KBAAPATOM DIEMEHTA B IIOJE Fq
To v=g-}-1;

3° ecam b=0, a —aya3— KBaJPaT HEKOTOPOTO JIEMEHTa B TIoJe Fg,
10 v=29—1;

4° ecam b == 0, a —ajap—KBaJpaT HEKOTOPOTC IEMEHTA B IOJe Fy,
10 v=¢9—1.
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(Ecanm —ayap—KBajipaT, CBECTH ypaBHeHHe K BHAY yz=c.

Ecam —ajay Ae ABAsieTcs KBAJPATOM, OPUCOETMHHTL K TIOMIO F,
KOpeHp MHOrowIeda X2--aqup M NpHBeCTH ypaBHeHMe K BHAY (9+l=4d
B Iojde qu, rae d € Fy. Ilpn sToM mcmonb3oBaTh yupamuesne 3.)

5) a) B moae F,(g=p™, p = 2) uncao v pemenuii (z,, s, ..., xzm)
yPaBHEHHsA
axitaozi+ ... Faom @3 =8 (¢as . .. azy 7 0)
saflaeTca caegyomuMyu GopMyTaMu:
1° ecau b=0, e (—1)"aj4; ... as, He nABIsETCA KBAAPATOM,  TO
V=gl gM L gm—1,
2° ecam b £ 0, a(—1)"asa,... ay, He ABAAGTCH KBANPATOM, TO
v=¢¥m-14.gm-1;
3° ecau b=0, a(—1)™ aja, ... apy,—KBagpar, To
v=¢¥m=l4-gM—gMmL
4° ecnm b 5+ 0, a(—1)"aqay ... gy, —KBAApAT, TO
v:q2m-1_qm—1'
(IIpoBecTu MEAYKOWIO MO M, UCHOJAL3OBAR YUpasKHeHUE 4.)
6) Yucno v pemmeHnii ypaBHeHHUH
2173 + @923+ .. +am@in, =b(aes . .. azpyg 7~ 0)
sallaeTcd caepyomuMy GopMysamu:
1% gcanm b=0, To
V=g
2° ecnm b0 u (—1)™aay ... asyueqb 116 ABAHETCH KBAAPATOM, TO
v=g¥m—g™
3° ecam b= 0, a (—1)™ajay ... agy 1 b—EKBagpar, 1O

V=g | g™
(CBecTE X caydgaio a).)

6) Ilycre E-—HekoTopoe HUKJIKYeCKoe pacmupesHue moas K. [Jdxa-
sarb, 49r0 FE mn3oMopdHO TEH30pDHOMY [POHM3BENEHHI0 UUKIUIECKUX
pacmmpenuii mods K, cremeHN KOTODHX DAaBHLL CTeIIeHSM HEKOTODHX
HPOCTHX 9Hced (Mcmoip3osaTh Teopemy 1 us § 10).

7) llyers K—nmone xapaKIepUCTHKM p, ¢—HEHYJeBoe IIPOCTOe
9HCH0, AJAS KOTOPOro mosde K CONep)KAT KOPAU ¢-if cTelleHH H3 eJH-
auny. [IyeTs {—NpEMUTHBAKNE KODEADb g-il cTeNeANn U3 eRHAITH.

a) IIycrs E-—pmuxkanmgeckoe paclimpenune mois K cremeam ¢f, 60—
K-apromopdmam moaa FE, moposkpamomuii rpyony Tanya noas E gHap
ooneMm K. Ilyers F,_j—mpoMeskyToddoe Iode mMexpy moisamu K m E
cTellean ¢ uajg moaeM K. B aToM caygae cymectryeT aiaeMeHT O € E,
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ABIAKIAHCA KOPHEM HeOpHBOAUMOIO Msgorodiesa XI1—a,, w3 KOAbLa
F{X], nas wotoporo E=F(0) m 0°={0 (rme m=g°1). Jloxasars,
uto E—=K®), 60°=p0, rne PEF, npuaem o’ l=p? & Ng/x (B)=tC.
(3ameTnTs, uTo mo mpejroskenmio 6 00—=fOF mpm O< k<(g m BEF.

Briancians B“mq, HOKa3aTh, uro A"™¢—1 =0 (mod g). OTcwoxa BHBeCTH,
aro k=1.)

'6) O6parho, mycTs F-—OUKIMYECKOe paclumpedne mois K cre-
menanm ¢¢~1, Ilyers 0 — K-aBromopdmsM moas F, Hoposkpanmui rpynmy
‘Tanya moaa F max moiem K. Ilyers cymecrsyer anement P € F, mas
Koroporo N/ (f)=C, ¥ mycrs sixemedTt a €F Tawros, uTO a® 1=

JAOKAa3aTh, 9T0 AAA Awb6oro snemeara A € K* mmorounes X¢—Ao gempnm-
BopgEM B Hoabuie F [X]. (McmonpsoBaTe HpHW 9TOM INpepiiosKesnme 7.)
Tlycte 0—opma m3 kopHeit aroro msaorouxena. JJoxaszaTh cymecTBOBa-
aue K-msomopdmama ¢ moms E=F (0) B more R, mpoioamalomero o,

npruem 0%=B6. BuBect: orciofa, uT0 E ApAfgeTcA IUKIMIECKEM pac-
mupedneM nois K cremenm ¢, mpHueM ¢ mopoxgaer rpynmy Ianya
mons E gan K m E=K (0). JoxasaTh, Baxodew, 9T0 Kamjoe LWHKIHA-
YecKOe pacmupeHde Hoil K cTemeHn ¢°, cofiepsxkamiee Noje F, ABIAETCA
molxeM Kopseid MHorowiesa X9—Aa u3 Koawna F [X] npx cOOTBETCTBYIO-
mieM Bh6ope siaemeATa A € K* (ODpmMmeAHThL Teopemy 3).

B) Paccmorpers B kadectBe monsa K 1ose Q paulHOHaJbAHX YACE.
Msaorounes X241 nenpuBopum B Koawue Q (X]. Ecau i—opnn m3 ero
KopHel, To F=Q (i) apldeTcsa HWUKIWYECKHM pacHmFpeHmeM moas Q cre-
IeHH 2, HO OPX STOM HE CYMECTByeT HHKAKOTO LXKJIMYECKOro pacIiH-
peansa noas Q cremeam 4, cofep:amero F.

*8) llycrs K —moxe xapakTepReTHRE p > 0.

a) Ilycrs E —uuranveckoe pacmmpenme cremenn p noas K. Joxa-
33Th CYIIECTBOBAHUE TaKOTO0 HEOPWBOAMMOTO MHOTOUYIEHA B KOABIE
K [X] Bapa XP—X-—a, uro mole E MOPOMKJaeTCA MPOW3BOJBHHM KOD-
Aem 0 oTOTO MHOrOuneHa. (3aMeTHTh, 9TO Trp/x (1)=0.) Juement &

nopoijaer moxme E W aARIseTCs KOpHEM MHoroulesa smma XP—X—b
m3 korsna K [X] B ToOM m ToABKO B TOM cayuae, ecIm E=kO--A, The
k—mexoTopoe HemyJaeBoe mexaoe 4Hcao, a A€ K.

6) O6parro, morasats, 4To HpH J060M a € K MEOrOUIed XP—X—a
anGo HenpmBopuM B xoanle K [X], 1m6o Bce ero KOpHEH IIPHHAAIEKAT
momo K. B mepsoM caydae nokasaTs, 910 moje KopHeir E 3TOro MHO-
rouefa sBIAeTcA NUEKINYECKWM pacmupenneM NoAE K cremneHd p
H IOPOMJIEA0 NPOWBBOJLAHM KopHeM maorouresa XP—X —a. (Pacey-
HATH, KaK B Ipeao:KeHnu 7.)

*9) IIycte K —modae xapakrepuermka p >0,

a) llyects E—umkinyeckoe pacmupenwe noas K cremeam p?, 0 —
K-aproMopdmam moaa E, moposxparommii rpynny laaya moas E map
moaeM K. Ilyere F—mpoMemxyTousoe mole Mexay mnoasmm E n K,
cremeflr Koroporo Hajx moxemM K pasEa pé—l, Ecaum m=pt-l, 1o
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cymecTByeT Kopenb O¢ E HenpuBoguMOro MHorousiesa XP_— X —a u3
xoxsna F[X], qas koroporo E=F (0) u 0™ () =0+ 1 (ynpaxuenne 8a)).
JlokasaTs, 4To npu arom Takxe E=K (0) u o (0)=0+p, rae amement
P € F rakos, uro 6 (@) —a=pP—P u Trg, , (B)=1.

6) O6paTtno, myers F—uukiamueckoe pacmupesme moias K cre-
nenE p®~1(e >1), 0 —K-aBromopfusm mojd F, DOpoKAan0mai rpynny
Tanya moas F maj moaem K. Jlokas3aTh CyINecTBOBaHHE [ABYX 3jeMeH-
ToB @, B w3 moxa F, pas woropux Trp . (B)=1 u o (a)—a=pr—p.
(McoonssoBare mpepnomenue 10 uz § 10 um reopemy 3 u3 § 11.) Buse-
cTH OTCIofa, 4TO0 upH mobom A € K Muorounes XP—X—a—A Hempu-
BOJABM B Koanie F[X] (cM. ympasksenne 86)). Ilycte 8 —xopeHb aTOTO

MHOTOuwTena. JloRasaTs cymecTBoBanme K-uzoMopdusma o moasn E=F (6)

B moMe , mpojoKaOmMero O, IR Koroporo o (6)=04p. 3akio-
4@Th OTCIONA, 9TO Hoje E HBAAETCH HUKINYSCKEM pacHIEpeHmeM Irons K
cTemen® p®, ¢ mopoxjaer rpynmy laiya woas E smajg moaem K
n E=K (0). [lokaszarb, HaKoHEIl, 4TO KaiKJoe IHKIZYeCKOe pacmizpe-
are mona K cremesm p?, codepskamiee moJje F, SBIAETCA HOJIEM KOp-
Heil Maorowiesa XP-—X—a—A u3 Koasua F[X] mpu moaxopsameM A
u3 mous K.

10) IIycts K —mosie XapaKTePUCTHKE p, n— HEKOTOPOE LEJ0e YHCIA0
(re pemsmeeca Ha p), gas Koroporo mnoie K cofepmuT Bce KOPHH
n-it cremenu u3 egmaunH. Ilycts Kg—mopnone moas K, 1A KOTOpPOro
K —pacmupesne Famya moas K, Ilycrs a—smemesr wons K, pas
KOTOpOoro noje KopHeit E mrorouiesa X"-—a mHMeeT CTeneHb, pab-
By n, #saj moaem K. Tlone E sasaserca pacmmpenmeM I'amya moas
Ky B TOM ¥ TONBLKO B TOM caydae, ecam pas di100oro Kg-aBTOMOp-
¢nsma T moam K cymectBylor medoe uwucio r >0 m azement b €K,
I8 KOTOPHX T (a)=>b"a". (Mcnons3opars mpepnosxenge 6.)

*11) Ilycre K—moae XapaKTePHECTHKE p, n—lejoe YACIO0, KOTO-
poe He JeauTcs Ha p B JJAA KOTOpOro moixe K COHEP:KHT BCe KOPHE
n-creneny u3 epmuuuiu. Ilycrs P, —uonrpynma MYJIbTHIJIAKATHBHOR
rpynnw K* memyieBHx 3jeMeBTOB Imoid K, cocToAmas @3 n-X cTeme”
geil snementos Ipynns K*. Ilycrs G—poprpymma rpynou K*, coxep-
smamas P,. JlokasaTh, YTO M3 KOoRewnocTH mAjeKca (G : P,) BHTeKaer,
aro mome W (moayuesHoe TpmcoejgmsenmeM K momo K Bcex xopaei
MHOTO4NeHOB X"—a, Tje ¢ npoberaer rpynny G) sBagercs abGemeBrM
pacmuperuem Hoaa K, cremeds KOTOPOTO KOHeYHa m paBHa (G :Pp).
T'pynna Tanya wons W sajx monem K msomopdpra rpynme G/P, (pasio-
skuTh rpyuny G/P, B HmpfaMoe Ipou3BefleANe IUKIUYECKHX TPyI, Opo-
BECTH HMUJYKIUI0O [0 YMCAY TPYNNOBHX COMHOKUTeNedf, HCNOIb3YA
mpensioskenme 7, mpepmoxenne 6, ympamaemwme 10, xax m Teopemy 1
n3 § 10).

* 12) Ilycrs K— mosne XapakTepUCTHKY p, n— IEJ0€ 4HUCI0, HE KpaT-
#oe p. Muoroujen Buuga X"-—a u3 xorsna K [X] scmpmeofiuM B TOM
M TONBKO B TOM cJyuae, eCHNE Jus J000r0 NPOCTOTO AedBTens g
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4ucia B DlEMEHT ¢ HE PaBeH g-il cTeleHU KaKoro-iuGo piementa moas K
a, Kpome Toro, upu r = 0 (mod 4), ecnu a HempeAcTaBUM B BHLE — 4ct,
rpe c€K. (l{oxasaTenbCTBO HOCTATOYHOCTH YCIOBUH npd moMomud
yupaxk#ennda 1, § 7 cBecTH K CiIy4alo, Korfja n=¢°® (g mpocToe); saTeMm,
OoNpefieINE ¢ moMompbl0 ymopaskHeHma 1 n3 § 7 Bmg ceoGopHoro wieHa

KaKJoro HEempPHBOAUMOrO COMHOMMTEeN MHOTOYJIEHa qu——a, opoBecTH
HAJYKOUIO 1O e.)

13) Iycrs N —pacmmpenue Tamxya xomegsoit cremenu umona K,
T'—ero rpynma Taaya san monem K. IIyeTs (25)qep— cemeiicTBo Heny-
AeBHIX paeMeHToB u3 moJsda N. Hua Toro 4rofH BHIOJHAINCH COOTHO-
MeHUs Toy=ZeZT AAA NPOMIBOJBHHX HIeMeHTOB ¢ W T rpymmu T,
He0GX0AUMO ¥ OCTATOYHO CYMECTBOBAaHUE HEHYJeBOTO sieMeHTa z €N,
4I8 KoToporo zozz’—" npu awonx o €T (06p330BaTL 9JNEeMEeHT

2= 2 zat", i tEN.) JoxasaTh, 4TO BTOT Pe3YABTAT COREPIKUTCS
oel
KaK 4acTHHH ciaydai TeopeMH 3, eciu rpynma I' nuKaudgecxas.

14) HycTs K —xoHeuHoe Texo, He o06a3aTednHo Kommymamuenoe, Z —
€ro HeHTp, ¢ —YUCIO BaeMeHToB moud Z, n— paHr teida K Hapj mounem Z.

a) Jokasats, gyro paa moGoro mopmoas E moas K, comep:xamero
moiae z, padar E Hajy moaeM Z ABIAGTCH HEAUTEdeM 7.

6) Hyctp z € K—bsaemeAT, He xeamui .8 1eHTpe Z. JlokasaTb,
YTO YMCHO PABAMIHHX COUPAKEHHHX dIeMEAToB yry~—! nad sneMeHTa x
B rpynne K* passo (¢"—1)/(¢?—1), rie d QedNT n M OTAHYHO OT n.
(PaccmoTpers B K MHOKECTBO 97€MeHTOB, IEPECTAHOBOYHHX C I,
U ACHOJNB30BATH a).)

B) BuBectru us 6), uro ¢—1 peaurca Ha mnesoe uucio Dp(q)
(pasnoxuts rpyony K* Ha KJacChl cONpAKEHHHX BJEMEHTOB M MCIONb-
30BaTh TOMAECTBO (2).) ’

r) Nokxazats, 9to npu n > 1 umeem @, (¢) > (g—1)9(n) (pasnomurs

muorogres @, (X) B mone KommmexkcHux umcea C). Bupectu orciopa
910 K=2Z, ApyruMM cJoBaMu, 4UTO TelJo K rommymamusero.



NPUIJOMEHUNE 1
K TJIABE V

CAIMMETPNYECKNE PANINOHAJIBHBIE JTPOBU
1. Cummempuuecrue PpynHruuu

Ilycrs K—mnone, N=K(X,, X,, ..., X;)—1noje panuoHAIH-
HHX fApobeii oT n nepeMeHEWX Hay DoigeM K. Jlns moGo#t panmo-
HadbpHO# ppobm fEN wm A1060if DEPEeCTAHOBKE C ¥M3 CAMMETDPH-
decKolf rpynnsl &, ompefelmM pPalUOHAILHYIO APoOH Of cleayomuM
obpazom:

of (Xy Xoy ...y Xp)=F(Xo@ty Xo@)r ---1 Xom)

(em. ra. III, § 5, n°1). Ouesnpgno, oToOpaskenme f —> of sABiAAeTCA
asromopdpmsmoM moag N (ra. IV, § 3, npegnomenne 2). OGosmaunm
ero CEMBOJIOM {g; OTOOpasKeHHEe O —> (g ABASETCA H30MOPHEIMOM
rpyoont &, B rpyamy aBromMopdusmor moas N. Bnpeap Mm Oypem
OTOKIEeCTBIATE rpymny &, ¢ ee obpasom mpm 9ToM m30MOpPH3MeE.

Cummem puueckoii payuonasviol dpobvo WIM, HONYCKad BONb-
HOCTD pedn, cummempuuecrol @dyuryueii or X; (1 < i< n) masoBem
panuoHanbHyl Apobh fEN, KoTopag uHEaPUAHMHA OTHOCHTEJBHO
rpymns &, (1. e. of =f puas Bcex 0 €S,) (em. ra. III, § 5, ompe-
renende 2). CoBoKymHoCTH cHaMMerpuueckux ¢yHKmmi E spasercd
moneM mEBapmanToB rpymmnn S,. Takum obpazom (§ 10, Teopema 2),
N saBaserca pacmupenmem Iaxya uwoma FE cremenu n!, rpymma
IF'anya roroporo coBmagaer ¢ &,. Ogesngno, N =E (X;, X,, ..., Xy).
Paccmorpnm B Koabue N (Z) MHOrowieH

@) = [ (Z—X) =2+ 3 (—1) s,
i=1 =,
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rae
Sk(Xi’ Xz, aeey Xn)= Z XilXi2 e Xi

. . k
i1<<io<. . .<1k

n
paa 1<k<n Tax xar h(Z)= [[(2 ~Xos i), moGoii mepecranos-
=1

Ko#l 0 €S, MHOTOUIeH A He MEHSETCA NPH IPHMEHEHUX O K ero
roapPuimentam. MEade rosops, KodpPUIMEHTH Sp ABILSIOTCA CHM-
meTpudeckuMu QymKumamz or X;. CuMMeTpumuecKyro ¢yHKUEIO s
HA3HBAIOT 24eMeHMAPHOT cuMMmempuyeckoll Pynryueil cmenenu k
or X; (1<i<n, 1<k n). Takum obpasoM, sz €E paa 1< k<n.
Ceifivac mu1 ysmpmm, aro E cosmagaer ¢ moneM £’ = K (s, Sp, .. ., ).
Heficturensno, N ABiageTcsa moleM KopHelt MHorouxena A€ E'[Z).
Tar wkax KopHE dTOr0 MHOTOUYIEHA INpocrhie, TO /N ABjIAeTCA pac-
mupenneM I'aanya mons E’, ero rpymma I'anya Hag nolleM K’ amis-
erca moprpymmoir rpymns &, (§ 10, n° 3). Uz Brmouemnit E’(C
C EC N sBureraer, uro E=E’.

3ameTnM eme, YTO TAK KaK moie /N anreGpamunEo Ham mojdem E,
E u N umeor ofHY u TY ke ajre0pamdecKyi0 pasMepHOCTH HAaJ,
moxem K (§ 5, Teopema 4). Cuemosarenvmo (§ 5, cmemersme 1
K Teopeme 1), DIeMeHTH $y, S5, ..., S, 00pasylor umcTHEl Oasuc
mona E uag momem K. Hrak:

Ieepaomenne 1. Juas rascdoli cummempuyeckoll payuowasbHoll

dpobu g us noas K(Xy, X, ..., X)) cywecmeyem, u npumom
eduncmeennas payuonasvrnas 0pobv ¢ us noas K(Zy, Z,, ..., 7Z,),
das Komopoii

g(Xy, Xy, ..., Xp)=0 (81, S25 ---, Sp)

n
IIyers f(Z)=2"4 Z (—1Dk apZ"—k — MpoU3BONBHEH yHUTADHEI
k=1
Mgorouies mu3 Kouabla K [Z] cremenu n, Q-—aarebpamdecKoe 3aMBIKa-
aue nmoaa K. Muaorowres f pasiaraeTcs B Koabie Q[Z] B mpoumssefie-

n
Hue n(Z—ai) MHOTOUJIeHOB IIePBOH CTeleHHW, He 06A3aTeABHO pas-
i=1

aunusHX. B sroM caywae mmeeM ap=sp (04, ..., Op) maa 1 <Lk < n.
Ecam coMelfcTBO 91eMEATOB (ak)y<pep AOLYCKAOT MOACTAHOBKY B PAaLy-

OHAIBHYI0 APOGL @ (Zy, ..., Z,), TO ceMeHCTBO 3IeMeRTOB (“h)isk<n
~

OOHNyCKaeT IONCTAHOBKY B Jpobe g (X4, ..., X;), npugem g (o4,
eees Qp)=0(ay, ..., ay) (va. IV, § 3, upegroxenne 3).
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Benjy anreGpamuecKoil HesaBHcmMOCTH Haj modem K 3ieMeHTOB
s; H3 JKOKa3aTeNhLCTBA TpeJioKkeHHA 1 BHTeKaer

Ileepnoxensue 2. IIycmv K — npoussoasvroe nose, Uy (1< k< n)
n-nepemennvir. Munoeounen h(ZY=Z"+U,Z"*+ ... U, ,Z U,
nenpusodum u cenapabesen nad nosem E=K(U,, U,, ..., Up,).
Hose N wopneii muoeousaena h(Z) ssasemcsa pacwupenuem Iaaya
rnoas E, zpynna Iasya womopozo usomop@ra cummempuseckois
epynne ©,. Kpome moeo, nose N agamemcs wucmo mpancyendenm-
HelM pacwuperuem noas K.

2. Cummempuuecrue MHO20ULECHHL

JIo6yo camMeTprHYecKyio panuoHaabEy0 Apobb g€ K (X, ..., X,)
MO}KHO 3aIHCaTh B BHAE YACTHOTO ABYX CUMMEM PUHECKUZ MHOIO-
wieHoB. [leificTRuTensHO, UycTh g=u/v (4, V— MHOIOYIEHH); WOJO-
KIM W = H (ov); w dABAgeTCA CHEMMETPHYECKHIM MHOLOUIEHOM,

CES,
apobr w/vy ecTh HEKOTOPHH MHOTOWIeH V;, mpmieM g= (uvy)/w. Us
COOTHOINGHHUS UVy=gW BHTEKAeT, UTO WUV;—CHMMeTPHYECKH# MHO-
rodjeH, HOCKOIBKY g W w— CHMMeTpuyecKnme Apolm.

Takum o0pasoM, cUMMeTpEYecKHe MHOTOLIGHH o0pasyiOT moj-
xoubno P B mone E cEMMeTpUYeCKAX PanHOHAABHEX Apobeit; nas
aToro Koibma E aBiserca moxeM orHomeHmit. Mu cefizac yToummm
npefliomeHne 1 AIA CHAMMETPUYECKMX MHOTOYIEHOB.

PaccMoTpuM cHMMeETPHIECKHE MHOTOWICH

f(Xh ey Xn)::;cMM1

rae M npoGeraeT MHOKeCTBo of opgHouneHOB oT X4, ..., X, W3
cooTHOmEHUN Of =f npm Kaykmo# mepecTaHoBKe 0 €&, BHTeKaer,
4TO PaBEHCTBO Cg (a)==Cp HMeeT MecTO A AWGoro opgmouwmeHa-/M
un awofoil mepectaHoBEH 0C &,. B moboM Kiacce MHTPAaH3HTHBHOCTU
rpyoon ©,, paccMaTpEmBaeMoil KaK TIpPyNNa omEePaTOPOB Ha MHO-
JKeCTBe ONHOUIGHOB off, BHOepeM HEKOTOPHI (B OCTaJbHOM IIPOH3-
BOJNBHELH) omgHouneH. IlycTs & — MHOKeCTBO PTHX OFHOWIEHOB. s
RasKgoro ompouwneHa M € & nycrb I'y — moprpymma rpynn ©,, ocras-
TAAOWAA WHBRAPHAHTHHM onHouwneH M. Ilycts ¢ —ee mafexc B rpynne
©,. B RaxmoM neBOM cMeXHoM Kiacce rpyuns &, mo moArpymme
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T'ar BozbMeM mo mepectanoBke 0; (1 <7< q). lyers 1 (M) = i oM.
j=1
Taxum obpasom, v (M) MOXKHO ONpefeNHT: E KAK CYMMY BCeX pas-
AUNHBLZ, OBHOYIEHOB B ceMeiicTBe n! ogmowreHoB Bupa oM (o€ E,).
W3z sr1oro BuiTexaer toruac, uro T(M) ABIACTCA cUMMEM PUNECKLUM
MHOrOWIeHoM W 1TO f= ) ¢t (M). Kpome Toro, scmo, uTo mmo-
Mc¢3S

rowreHs T(M) auneiino nesasucums Ham umouxem K, xorma M mpo-
Geraer wmuomecrso &. Tarkumm o06pasom, omum oOpasyoT 6asuc
ajire6psi P cuMmMerpudecKuX MHOTOWIeHOB (Hax momem K).

Ieepnoxenne 3. [Jas aw6oz0 odnousena M (oTHOCHTENABHO X,
Xa, ..., X3) cywecmeyem muoeowaen @(Yy, Yo, ..., Y3) ¢ yeasinu
payuoraavHumy  kosgPuyuenmamu, 0Oas romopoeo T(M)=e(sy,
S35 <.y Sp)

Paccmorpum epadyuposky (ra. IV, § 1, n° 3) womsma Z[Y,,
Y,, ..., Y], B KoTopoit 6ec ommounena Y:“Y;‘z. . .Y:‘Ln mo ompepexe-
HHEI0O UpPUMEM PABHEIM Ay + 20y~ ...+ nA,. Ilpu aToM cormamenun
MEl ceff4ac yTOUYHHM pe3yabTaT, CHOPMYJUPOBAHHHIN B IpeIIIOxKe-
HEY 3, 7[0KasaB CymecTBOBaHWEe MHOTOWIEHA ¢, BeC KOTOPOTO PaBeH
noanoii cmenenu k opmownena M u rtaxoro, 9yro T(M)=¢(sq, Sz, ...
..., S). Cmavana mposesem mEAyknmio no n. Ilpegmosxennme oge-
puguao npu n=1. C gpyroil croponsl, gud GEKCUPOBAHHOTO 7 Tpe[-
nosenue odesapuo npu k= 0. Msl upoBefeM TaKiKe MHLYKOHIO 10 k.

Honomam ©(M)=f (X4, X3, ..., X3). MBOrOUAEH f(X,, X,, ...
..y Xn_1,0) cummerpuuecknmii, ImpUueM BCe ero HEHYNeBHE KO-
¢umuenTsl paBuE 1.

B cuny mpepumonoskenna MHAYKIWME CYMECTBYeT MHOTOWIEH g X
XYy, ..., Yay) ¢ HeAuMH panEoHAIbHHMH KO3(PunumeHTaMH, Bec
KOTOPOTO He IPeBocXoduT k @M [Jiid KOTOpOTo

f(-Xb LN Xn_iv O)Zq)i(siv sy S;L—i)~

3neco sp(Xyy ..., Xna)=sp (X4 ..., Xn_g, 0) saBuaserca smemen-
rapHO#l cumMmeTpumueckoil ¢QyHKNueir cTememm A ot X; ¢ i<n—1
(1<h<n—1). PaccMoTpHM CHMMeTPHIECKHIl MHOTOLIEH

fi(-Xia ey Xn—h Xn)zf(Xh ceey Xn_b Xn)—‘(Pi(Si, sy 3n-1)1

KodpOUIMEHTH KOTOPOro Medile panuoHAlbHEe 4dncda. llocKoapky
BeC ; He IPeBOCXONHT k&, HoNHAd CTelleHb MHOI'OWIEHA f; TaKxe
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He npesocxogut k. G mpyroit cropomsr, fi(X,, ..., X, ,, 0)=0.
CrnemoBaTespHO, Bce HWIEHH MHOrOWIEHa f; Cofep:saT B KadeCTBe
muomuTenad X, Ho rak Kak f;— cuMMerpuuecKmit MHOToOUJIeH, TO

mepeMeHHbie X;, ..., X,_; TaKiKe SABIATCA MHOKUTETAMI B Kam-
JioM U3 WieHoB MHorodneHa f;. IlosTomy moxem Hammcars fy (X4, ...
coey Xp)=89(Xy, ..., X3), TOe g—cuMMeTpuIeCKH# MHOrouseH

¢ TeJNHMH PalMoHANBPHHEIMA KodpdunmeHTaMu, a ero NOJIHAL CTe-
neEb < k-—n < k. B ¢ty MEAYKTHBHOIO IPefIION0KEHAA CyMecTByeT

MHEOTOWIeH @y (Y4, ..., Y;), Beca <k—n, ¢ veasimu Kopddunuen-
ramu, gias koroporo g(Xi, ..., Xp)=¢2(81, ..., Sp), OTRYAA
F( Xy, ooy Xo)=01(S1y ooy Snct) +SnPa (St voes Sn) =@ (51, ..., Sa)-

Bec muorousmena ¢ me mpeBocxopnt k. Ilyers ero Bec <Ck; Torga
HOJIHAsA CTelenms MHoOTOUJIeHa f Tarke Oyaer << k. CuaemoBaTenbHo,
BeC MHOIOYIeHa (¢ paBeH k, YTO 3aKAHUABAeT JOKAa3aTeJILCTBO.

3aMeTVM, 9TO UpeJHIyHilie pacCMOTPEHHSA MO3BOJAIOT OUPEALTIHATH
CHMMeTpUTIECKHe MHOFOWIEHE B .60l aiareGpe MHorouwiemos A [X,,
X, ..., Xp] Banm npoussoabubiae KOMMYTATHBHHM KOJBIOM ¢ eIuuileil.

3. Gopnyaa HuvromoMa

MH mocrapdm cele IeJpI0 IOXYYUTH peKyppeHTHbIC (0pPMYyIb
(«popmyan HeploTomay), m0o3BOJAIOMHTE BHYUCIATH BHIPAKEHUA CHM-
MeTpHYecKIX MHOrOodYJeHOB

Pe(Xt, Xoy oo, Xo)=X14+XE+ ..+ X0 (k> 0)

B BHJle¢ MEOTOWIGHOB OT Si, Sz, ..., Sp-
pegnomenue 4. Hmeen

Pr—ProiSi+ ProSat .o +(— 1) pispoy + (— 1) ks =0 (1)
dan 1<EkLn u
Pr—Pr-1S1t - o F(— 1) PrnisSn-t + (—1)" Pa-nSn =0 (2)

daa k>n.
IIepsoe dorasameavcmeo. Ilyers f(Z)y=(Z—Xy)(Z—X,) ...
...(Z—-X;) (B wompme N [Z], rge N=K(Xy, ..., X;)); Torma

FE A
7o)~ 2 7% ©
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Ho pasnomxenue 1/(Z—X;) B dopmansuriil cremenHod psag mo 1/Z

(ra. IV, § 5, npepaoxenne 5) umeer BUF —-
X},
Zh+1 ’

-+

.. CaegosaTenbHo, ypasaende (3) 3alMCHIBAaeTCA B BHOE

'@ _

F@) Z _i_Zg —l— e e Tm

Zk+l

una, ymMBOKas o0@ 9YacTd Ha f(.Z)/Z",

n—(n—1)% +(n— 2);%+.,.+(—1)"-1§%%=

—(1 A2 (1) ><n+p’+ S Rt
(4)

JocTaTouno Temeph cpaBRUTH Kosdunuentst uwpm 1/Z* B gBYyx wac-
TAX paBeHcrBa (4), YToOH wouyunts gopmyan (1) m (2).
Bmopoe dorazameavemeo. VI3 coormomennit

X?—s,X?—‘+s2X?—2+ e (=) sy X (— 1) 5 =0
msa 1 <i<n caegyer upu k>
Xt —s,X?" (=1 s,,_ix?'"“ 4
F(— 1) X" =0 (1<ign).

CkIafHBas BTH N COOTHOWMEHMi, MH moiydnMm toxkpgectso (2). Has
AoKasaTeJncTBa coorHomenus (1) M ucmodn3yeM clefyromyo
aeMMy:

JlEmMa. ITycmv K —noae, f— o00nopodnsii mmo20uaen cmeneHu
g<<n us koavya KXy, Xo, ..., Xyl. Ecau muozourern f o6pawa-
emcs 6 HYab Rpu nROOCMAH0GKe HYAR 8 NPOU3BOLbHBIE N—( U3 N
nepemennuir X; (1<<i<n), mo f=0.

IeiicrButensso, ecau f =0, To f aBngerca cymmoil HenyneBmx

W,
zaenos Baga aXiy ... Xi™, rme vi>1 npm 1<hk<m 1 ka__q
h__

970 gokasmBaer, 9To0 m< ¢. llomcraBuB HyJh BMECTO TeX dJIeMeH-
ToB X;, WHAEKCH KOTODHX OTAMYHH OT WHJEKCOB [, -DJEMEHTOB,
BXOAANMX B OMWH U3 STHX WIEHOB, MH NOAYyIuM, TakaM oOpasom,
HEHYJEBOH MHOTOYIEH, UTO IPOTHBOPEYAT DPe/IIONOKeHUIO.

14 H. Byp6aku
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Jloxaszas JeMMy, pacCMOTPHM CHMMETpPUIECKHI MHOro4JIeH

f(le sy Xn)=
= Pp— Pr-151+ Pr-oS2 + « « + + (— 1) pispoy +(—1)" ksy

AN HEKOTOPOro mHAeKca k<<n. IJTO OJHOPOAHEI MHOroYIem Cre-
menu k. Jlamee

F(Xy, s Xy O, ..., O)=
= pp— Ph—18{ + ... +(—1)* L pisi_+ (—1)" ks,

rme
s;=8;(Xy, ..., X5, 0, ..., 0)

k .
p;'::pj(Xla ey Xh’ 0’ v 0)=2XJ.
ja=1{

IMockonbxky s —oaeMeRTapHAss CHMMeTpHYecKasg QYHKIDEUA CTe-
menn j or Xy, Xy, ..., Xz, w3 dopmynut (1) (moxasammoii Brime)
aas n=1k sHrexaer, 9o f(X,, ..., Xz, 0, ..., 0)=0. Tax xar
f —cuMMeTpHYeCKUii MHOro4lIeH, OH o0pamaeTcs B HyJIb NpHA NOJ-
CTaOBKe HYJIA B IPOU3BOJGHES Nt — k us n mepeMennnx X; (1 <in),
OTKyZa, upuMeHds jdemmy, mojydum f= 0.

Caepcreue. dycmv K —noae zapaxmepucmuru Hyadv, (03)i<i<n
u (Bi)i<i<n—06a cemeiicmea us n asemenmos noas K, das romo-

pux ﬁ‘ af = En‘ BE, ede 1< k< n. Il pu smux yeaosuax cywecmsyem
i=1 i=t
nepecmanoska o muomcecmea [1, nl, daa Komopol P;= ag (i, 20
1<ign,
Heiicteurennno, gopmyrn (1) morasmsaror mHgyKIUed mo k, 4To
sp(0y vovy An)=3Sa(P1, ..., Pu) (GeneEMe Ha WPOUBBONLHOE NEJNOE
YHCI0 BOBMOKHO B CHJY TPEAUIONO;KeHuil oTHocHTedbHO mous . K).

n n
Caegosareapno, muorognenst [[(X—a;) u [](X—f;) cosmagaror.
i=1 i=1

1=

Yupamueunda {1)Iycrs K—mnponasoanaoe noae, N==K (X4, ...

..y Xp)—T0de palMOHANBAKIX ApPoGeil OT n mepeMeHHHX HaJg I0JeM
K, E—mnopnoae moasa K, o6pasoBafioe CHMMeTPHUYECKHUMH paliloHalb-
gsuMa gpoGaMu. Jokasatn, 9ro smeMent Xp (1 < k< n) uMeer cremeHs
n—k-+1 vag ooaem E (X4, ..., Xp—4). Kakroit Maorowien arpaer poIs
ero MUHAMAJBHOr0 MHOrO4JeHa Haj sTaM uoaeM? BmiBectu oTCIOA,
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910 MHOrowieHd f ug koasuna E [Zy, Zy, .., Z3] cTemed: < n—k oTHo-
CHTeNBHO Kaskjgoro n3 Zj, AaH roroporo f(X;, X, ..., X3)=0, asaa-
eTcH HYJTEeBHM.
. 2) Nlyers f— covmMerpruecknit Maorouned u3 korema K [Xy, ..., X,
¢—enHcTBeHANN MHOTOwiend us Koabma K [Yy, ..., Y,], Aaa xoro-
poro f(Xy, ..., Xp)=@(S¢s ...2 Sp). JloKasaTe, UT0 IOJiHAaH CTeNeHb
MHOTOU/eHa ¢ PaBHA CTeHeHW MHOrowYjieHa f OTHOCHTENBHO IPOMBBOND-
Hoit m3 DepeMeHHHX Xj.

- 3) B ofo3Hauennsx Dpeniosenus 4 MOIOREM uj=(—1)/t1s; (1
<J<n). Hoxrasats, uro

— Mda >
PR= 2] Gy, 0, U127 ¢ U
re cyMMmpoBaHHe Bejerca 1o Beem cmcreMaM (A, ..., Ap) HeoTpHIa-

TEABHHX IEJILX YHcead, AIAA KOTOPHX Ay+2Ahzt+...-+nh,=k. Hosd-
uuaenT % hs. . A, paBeH -

«  EQqtrat... A1)
A Aol ... Ag] :

(Pasnomurs f' (Z)/f(Z) B ¢opmaapBHil pHA HO cremensam 1/Z, samm-
caB f(Z)=2"—g(Z) m pasnoxmB cHavaia 1/f B pAx mo creme-
aam g/Z"m.)

4) Mycrs K—moae xapaxteprctTurn HyJAb. Ilycts a; (Iign)—n
sJeMeHTOoB m3 Dond K, AJA KOTODPHX a’{—i—a’z‘—}—...—i—aﬁ:O npu »
mocaenopaTedbHHIX 3Havenmsx h, k1, ..., h+n—1 nAgekca k.
‘JlokazaTh, 9TO B DTOM caydae Oy=0y=...=0,=0. [lokasater sa mpm-
Mepe, 4UTO 3TO yiKe HA TaK, eci¥ n BHaUeHHNi HHJAeKca k He ABIAeTCA
nocnefoBaTeNLHEME UHCAAMU MAE ecim moae K mmeeT XapaKTepnc-
TUKY, OTAWYHYIO OT HYJH.

*5) llyers K —DpomssoanHoe MOJe, f— panuoHadpHast [pobe m3
nons K (X, ..., Xp, Yy, ..., Yp). OGo3HaumM cmMBOJIOM Gf (0—aI0-
Oas DepecTaHoBKa M3 ©p) payHOHAaNBHYIO APOGEH

0f (Xgy ooty Xy Yyy ooty V)=
=f(Xa(1)’ Cevs Xc(n)' Yo(i)' ey Ya(n))'

TopopaT, uTO0 f— cumMempuueckan palUOHAdbHAs [POGb OTHOCH-
teanno map (X;, Y;), ecim of=f npu mobux ¢ € Sy,

a) Jlag no6oro smemenTa V==( Ay ...s Ans gy -.0r Bp) H3 N2ZP
7 10001 mepecTaHOBKE O € &, HONORAM

0——‘1(\;):(7\,0“), P }"a(n)’ Rg(1yr <-o2 Mg(n))

I'pyony &,, TeM caMuM, MOKHO paccMaTPHBaTh B KavecTBe TPYNIH
omeparopos B N2® (ra, I, § 7, n° 3). Ilycrs y—IOPOM3BOABLEHE KiIace

14*
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AATPAABATEBAOCTE Ipynox &, B N27, OG03RAYAM CHMBOJIOM Uy cmM-
MEeTpAYeCKAA MHOTOYIeH

S xhxhe | xteybs | ytn,

rae (Ay, ..., Any Wy ..., Py) OpoGeraeT MHOKECTBO Y.

Doxasats, 4TO [MAOTOWNeRH u, ofpasyior Gasuc (mag moumem K)
BEKTODAOTO IPOCTPAACTBA CHMMETPAYECKHX MHOIOWIEAOB OTHCCHTENLHAO
map (X3 Yj).

0) Ilpeanomodimm, 4YTO XapawkrepmeTuka molsa K pasga aymio.
Dorasath, 4ro n000f MAOTOWIER U, pPaBeA HAEKOTOPOMY MHOTOWIEHY
¢ PpaREOHAJHLANMA KO3pPHAMAEATaME OTHOCHTeNbAO CHMMETPHTIECKAX

dyarnai
n
Uan= 2 X;‘Y.’i".

i=1

{BecTr fl0Ka3aTelIbLCTBO HMHRYKuEeH no 4meay nta (A, My), OTIHIHELX
or (0, 0) B crpoke v=(Ag, ..., An, Uy, ...y p,n); i-accMOTPeTh TpoU3-
BETICHHS Uylyy.)

B) SuemenmapHsimu cAMMeTLRuUcckuMU $ynkumamn ot (X;, Y;) Oynem
HaspBaTh n(n--3)/2 MAOrOYIEHOB BHAA Wpp=Uy, COOTBETCTBYIOMHX
KIAccaM HHTPAH3ATABAOCTE Y 31eMeATOB (A1, ..., Any py, -..o Hg)
oramuanx or (0, ..., 0) @ mns Koropsix h map umewr Bug (A p;) (4, 0),
& ppyrmx map—(0, 1), a n—h—k ocranphnx—(0, 0). LorasaTs (mpm
ycaoBmM, 9TO XapaKTepACTEKA Hois K pasHa 1iymo), 9to moGoit chm-
MeTPHYECKEN MAOTOYIeH OTHOCHTENbHO (X;, Y;) paBen HEKOTOPOMY MHO-
Touneny ¢ Hospdmiumenramm B mone K OTHOCHTENBAO 3JEMEHTAPHEIX

n
cEMMeTpRYecKHX YHKUME. (PaccMoTpeTh CyMMEI BHJA 2 (UX; VYR,
i=1
rae U m V—pse nepemeasane. Hcmouansosats 0).)
r) Iycrs K—Dolle XapakTepuCTARE 3 ® n> 4, [oKasaTh, dTO

n
2
MHoTOINeH | X1Y} me pasem mmkaromy Mmorowiesy c¢ Koaddmimen-
i=1
TaMn 3 Dol K OTAOCHTENbHO CHMMETpHmYecKHX PYBKUEH why.
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PACHINPEHNMA TAJYA BECKOHEYHOI CTENEHN
1. Tonoaoeuuecran :pynna I'arya

Hycte K -—nome, N —pacmapenne Taxya mona K, I'—rpymna
Tanya moma N map nomem K, Ecaim N —pacmnpenre Geckowneunol
cTeneHd Hay mojeM K, TO yiKe He CYIIECTByeT B3aHMHO OIHO3HAT-
HOTO COOTBETCTBHA MEXAY Honrpymtamzm rpymnw I' m mpomesxyrod-
geME nomamu Mexny uwomama K m N. Toumee rosopsa, momer
cymecTsoBarh mogrpynma A rpymnm I', ornmumas ot T, mo mmero-
mag B KauecTBe UONSA HHBAPHAHTOB TO e, yro M y I' mome K
(yopasxrenme 1). Bce ke caemyiomee npefioKeHHe CHOPABEIINBO.

Ilpegnomemne 4. Hyeme N — pacwupenue I'anya noas K, I'—
epynna TI'aaya noas N wnad K, A—nodepynna epynnet ', noae
uneapuanmoe komopoii coenadaem ¢ nosenm K. Jas aw60z20 nod-
pacuwupenus L noas N, aeasiowyezoca pacwupernuesn I'asya noas K
U umewwezo Had HUM KOHeuHYI0 cmenend, awboli K-aemomopgusm
noaz L seasemcs oeparudenuesm asmomopdusma, npunadiescaujeco
epynne A.

HeitcTeurentao, orpasmuenua Ha L asroMopdmamos ¢ € A oGpa-
3yI0T HeKoTopylo rpynny K-asromopdasmoB moas L (§ 6, mpemio-
ende 0), Dode HIIBAPHAHTOB KOTOpOH coBmagaer ¢ nomeM K.
Ilockoneky mome L mMeeT KOHEWHYIO cremeHb Haj noiem K, 3ra
rpynna cosuagaer ¢ rpyumoii Tamya mnoma L mam momem K (§ 10,
Teopema 2). :

M ceilwac nepedopmysimpyeM pesyabTar mpefxoskenas 1 Ha
ToHoJOruIeckoM Asnre. [aa mioboro moppacmupennmsa L nmoma N,
ABNAIOWErocsa pacmimperueM ['allya H HMEOIIETO KOHEYHYI CTeHeRb
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sax monem K, nycts g(L)—rpymna Taaya mona N wmag monem L
(mogrpynna rpynns [', obpasoBannas u3 aBromMopdusmos o €I', ocras-
JASIOMPX WHBADUAHTHHM Ka[IuA dleMeHT moas L). MuomxecrBa g (L)
obpasymT 6asuc guavmpa Ha I, mbo pas nByx pacmumperuit Iaaya
L a M moaa K, comepskamuxca B N #W HMMeIOIUX KOHEUHHe CTe-
nenn, K (L|JM) aBaserca pacmupenuem lanya KoHewnoil cremeHI
Hay moaem K (§ 10, mpemnomennme D).

C nmpyroit cropomm, mogrpymnul g (L) ABNSIOTCA HOPMAALHBIMU
deaumeaanmu B rpynme I' (§ 10, mpemnosxerme 4). Taxmm oGpasom,
OHE ompefedsioT Ha I' TOHOJOTHIO, CO2AACOBAHHYIO CO CTPYKTYpOil
rpyonut I B aroit Tomonormm oEu ofpasyioT gyndamenmavryio
cucmemy oxkpecTHOCTeH equauyHOTO 3aemenTa & (O6m. Tomoa., ra. ITI,
§ 1, n° 2). B panpmefimem, paccMarpmsas rpynny [anya Hemoro-
poro pacmmperns I'adya nmpoumsBonbHOro moast K, mMu Beerga Oynem
wojipasyMeBaTh (eciu He OTOBOPEHO IpPOTHBHOE), 9TO »Ta rpymma
@ajielieHa BHINe ONPEIeJeHHON TomoJormeii.

Torga npepmosxenne 1 MOKHO BHpasurh B cleAyomell sKBUBa-
JAeHTHOH dopme:

Meegnosweane 2. Hyems N — pacwupenue I'aaya noas K,
' —epynna I'aaya noas N nad nosem K. Hodepynna A zpynnu I,
noae unsapuanmos Komopoi cosnadaem ¢ noaesm K, ecwody naomua
¢ zpynne T.

HeitcTeuTenbno, gas mawoboro amemenra o€ I' m moboro pacmn-
peaug Tanya LN moasn K xomewnoii crememu majy nojem K
CymecTByeT sldeMeHT TC A, [1ias KOTOPOTO OrpaHMYeHHs DHICMEHTOB
6 u t Ba L, B cuny npepaosenusa 1, cosmagaior. CremoBareanHo,
o lt€g(L), oTkyZa ciefyeT umpentioKeHHe.

2. Ceoticmea mononozuvecrux epynn I'aaya

IIyers NV —pacmupenne N'anya mons K, I'—ero rpynnma Taaya,
L N — paciomperne I'anya xomeumoii cremenn mois K. [Ina meyx
3JIeMeETOB T, ¢ rpynnnt I' mmeem 0711 € g (L) B TOM M TONBKO B TOM
caydae, ecld 0 (x) =71 (Z) AIA BceX JIeMEHTOB & HEKOTOPOil CUCTEMBI
ofpasyomux moas L Hajg moaem K, KoTOpyw, B cHOy OpPegUoOJo-
JReHNsA, MOKHO BHIOpaTh KoHewHoH. HaoGopor, mockoasKy Beakoe
pacmupenne [asnya mona K, moposxgeHHoe KOHETHOIO TaCThi0 oA IV,
HMEeT KOHeuHYI0 cTemenh Hajg moaem K (§ 6, caegcrsme 1 x mpern-
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aoxeHnio 9), M BUjmM, 9TO Tomogorms rpymnm I ABisercs
B TOYHOCTE mono.ozueti npocmoii cxodumocmu. Ylpepnmonaraercs npm
3TOM, 4T0 mosie N majeseHo duckpemroi Tomoxorueii (O6m. Tomou.,
ra X, § 1, n°3). Mosxao g06aBuTh, 9TO IPH PacCMOTpeHMu rpynns I

B KauecTBe wact: MEO:kectsBa NV orobpaxenmit us N B N ee Tomo-
n0ruA WHIymupyerca Tomojoruell npouseedenus MUCKPETHHX TOTO-

“ N
NOTMA HAa CcOMHOKHATEHnsAX B N .

Ecan N HajgeluTh paBHOMEPHOil JNCKPeTHOil TomoJjlormeii, T0
rpynna I’ spisercs equicontinu. 9t0 3anoBo AoKa3HBaeT, YTO TOMmOJO-
TMA TIPOCTOH CXOJMMOCTH cOTJIacyercs cO CTpykrypoii rpynmet T
(O6m. Tomox., ra. X, § 3, npenaoskenne 11).

Ieepnosenue 3. I'pynna Taaya T pacwupenus Taaya noas K
ABAAEMCA 8NOAHE HECEAIHOU KOoMRarmmuoi zpynnoi.
N N
Heiicturentno, I' Kak mommpocTpamcTBO mpocTpaHcTBa N

OT/IeMMO M BIOJHE HECBA3HO, KaK Bce NPOCTPAHCTBO N¥ (O6m,
romox., ti. I, § 11, npennoxenne 9). Haa moboro siemenra x €N
MHOXECTBO 9ieMenTom Buzma o (z), rpae ¢ npoberaer rpymoy I,
KOHe4HO0, MOCKOJIbKY OHO SIBIAETCA MHOKECTBOM COODS/KEHHHX HaJ
poaeM K r aareGpamueckomy mam mosaesm K siemerty z. Bee mpo-
eKnum rpynns ' Ha OpocTpaHCTBA COMHOKUTeNell mpoussexenus NN
ABISIOTCA KOHEYHHMU MHO/KECTBAMH., JTO JOKA3HIBAET OTHOCUTEb-

HYI0 KOMHAKTHOCTh, rpynonsl I' B NV (O6m. Tomox., ru. I, § 10,
cuefcteue K Teopeme 2). OcTaeTcs JMUIb [0Ka3aTh 3samkHymocmo I

8 NV. Ho ecan u HPUHAAJICHKHAT K 3aMBIKaHmio I B NY 10 aas
awboii mapu (z, y) Touek m3 N cymecrByer sjaemedT o€, ana
KOTOpOTO 0 (1) =u (v), 0(y)=u(y), 0(r+y)=u(e+y) u o(zy)=
=u(2y). Orciofa caeayer, uro u(x—+y)=u(z)+u(y) n u(zy) =
=u(z)u(y). 910 7AOKA3EIBaeT, 4TO U sABJAeTcA DHIAOMOPGHIEMOM
poiss N. Ina sesaxoro osaementa €K mogo0HEIMU jKe - paccymmie-
HUAMH DOKa)KeM, 4T0 u (x)=x. Takum obpason, u sisasgerca K-samo-
moppuamon moas N, a B cuay aarebpamunocry mosis N mag K
u AiBnseTcs, caejoBaTeasno, u K-anToMopdusmom moas N (§ 6, mpea-
nomenne 4).

To ofcrosTesIbeTBO, uTO rpynna I' BoolHe HECBA3HA, BHITEKAeT
TaKKe M M3 TOr0, 4TO AJas Jwdoro mojpacmmupennsa L monsa N,
ABIAPMErocsa pacmiperues [agya KoHeuHOll cTememn Haj mojem K,
moprpynna g (L) rpynou I', KoTopas, TO ONpejielieHHI0, eCThb
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OKpecTHOCTh Hyxs, omrpuma B I'. CiegoBaTe bHO, OHA TAKe X 3AMK-
nyma (O6m. Tomon., ra. IIT, § 2, mpepnosxenme 4). Bomee o6mo:

Ieepnomenne 4. ITyeme N — pacwupenue laaya noas K, T —eao
ezpynna I'anya. Ecau F —nodpacwuperue noas N EKoweunol cme-
nenu Had nosem K, mo epynna I'aaya g(F) noss N Had nosem F
Aeasemen nodepynnoli, o0nogpemeHno omkpwmoll u samkrymoll
6 epynne T,

Heticteurensuo, nycts L — pacmuperne amya, mopompentoe F;
L umeer xomeunyo cremensr Hag nomeM K (§ 6, cmemcrsue 1 K mpep-
aoxenmo 9), mpuuem g (L) g(F). CmenoBaTenbHO, eJMHMYHEIN
aJeMeHT rpynnu [ ABisercs BHyTpeHHeH Toukoil moprpyumst g (F),
4TO U [fOKasmBaeT mpemmo;xenne (O6m. Tomoua., ra. III, § 2, mpen-
aokenne 4).

PaccmorpuM Temeps npouseoavnoe mompacmupenwe E mons NV.
I'pymna Tanya g (E) moxs N mapx momem E ABmsercd MHOMKECTBOM
omeMeHTOB OET, aas kKoropex o (x)=2z puaa mwoboro z€ E. Ilo-
CKOJBKY No0ass 3 mpoexuuil 0 — o (x) rpynoet I' Ha mpocTpaHcTBa

commomuteneit B N menpepmisua, g (E) ABnsierca 3amknymoii TOf-
rpynmoit rpyoner I' (O6m. Tomom., ra. I, § 8, caencrsue mpepio-
wenua 6). Tomomorusa rpynnm I' mapynupyer Ha g (FE) romomormo
mpoctoii cxoguMmoctn B N. Takum obpasoM, HHAyNEpPOBaHHAsA TOIO-
JorMs cOBIAfaeT ¢ TomoJormeil, ompejemenHodi Ha rpymnme [amya
g (E) meromom n°{.

OGpartHo, paccMOTPUM NPOM3BOABHYI0 Hogrpynny A rpynoo I
IMycrs E =1k (A)—none ugBaprantos rpymust A. B cmny mpepgmo-
weHus 2 mofgrpynma A ecwdy naomuna B rpyume lamya g (E), Koro-
pasi ABJIseTCH, CIeN0BATENBHO, 3amblkanuesm DOArpynns A B rpynme T
B urore ocmopmas Teopema o pacmupenuax I'agya KOHeuHOH cremeHu
( § 10, Teopema 3) obobmaerca cregyomuM 0GpasoM:

Teopema 1. ITycmv N — pacwuperue I'aaya noas K, T'—eeo
(monoaoeuueckan) epynna I'aaya. ITycmv &% —mnosxecmeo npo-
MeHYmouHux noaseli mexncdy nossmu K u N, nycmv G —mrosxnecmeo
samknymuix nodepynn epynnswe U. Jas awboil nodepynnut E€ g
nycmo k (A)— nose uneapuanmos zpynnw A. Jasn aob6ozo nodnoas
E € nycmov g (E)—epynna I'aaya noas N nad E. Omobpadxcenue
E—g(E) agasemca 63aumno 00HOSHAUHBIM 0mob padceHuem U3 o
Ha G, 0aa romopozo A—k(A) sessemcsa o06pamuuim omo6pa-
HceHUEM.
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IlpEpmoxenane 5. IHyemv N — pacwupenue Iaaya noas K,
E — pacwupenue I'aaya noas K, codepxcaweecs ¢ nose N. Iycmdb
I'—epynna I'aaya noas N nad nosem K, A—zpynna I'aaya noss N
nad noaem E. Ipynna lasya noas E nad nosem K usomopgpra
(monoaozuneckoi) epynne I'/A.

Ilockonpky rpynnm Tamya noxeit N m E orHocuTensno momsa K
KOMIOAKTHH, BCe CBOJUTCA K [OKA3aTeIbCTBY TOTO, YTO OTOGpaRenze
0 —> O (KOTOpoe KakaoMy asToMopdumamy o€T craBuT B cooTBeT-
CTBHe ero orpaHmueHHe Ha FE) siBiaseTca Henpepesusin ua I' (§ 10,
mpepioxende 4 m O6m. tomon., ram. I, § 10, rteopema 1). Ho ecnm
L — nexoropoe moppacmmpenme noisa E, ABiAomeeca pacmMpeHneM
T'anya KoHewHOH CTemeHM OTHOCHTeNbHO WoaA K, To W3 BRIIOYEHHA
ocg(L) cmepyer, uto Oy copepmurcs B rpynume laanya mons E
otHocuTenbHO mWodsi L. Otciofa clemyeT mpejJio:Kenue.

Yunpamaenunsa 1) a) IIycrs N—pacmupesne lanya mnona K
Oecromeunoit creneau Hajg K. Jlokasars, uro rpynna laxya T moas N
aan K ne neasemca cuemnot (MCHONbL3yH ynpaskaenne 18 ms § 8, mo-
CTPOHTH MHO;KecTBO K-aBTOMOPPU3MOB 10 N MONIHOCTH KOHTHEYYM).

6) BriBecTn U3 9TOrO, UTO B BTOM Clydae B rpynue [' cymecTByioT
fHe3aMKAyThe DOATPYUNH (PacCMOTPeTh CYeTHHe NOATPYUNH rpyuns I').

2) IIycts Q@ —pacmupenne moid K, N-—uofpacmupende moila Q,
fABNAIOmMeecd pacmupeAmeM I'axya mnoaa &, JE—npousBoiabHOe
moppacmupenne moia €. Jlokasarb, 9YTo (TOHOJOrHYeCKasd) IPyHna
TFaxya mons N nag E(\N msomopdaa (romosoruzeckoit) rpynue Tlanya
noas E (N) nag E (ucmoan3oBath caefctBue 1 teopemu 1 m3 § 10).

3) llycrs N —pacmupenve Taxya moaa K, (EL)LEI—cemeﬁc'rBo nop-
pacm#pennii moaa N, Kammoe U3 KOTODHX HABIAETCA pacmHUpeHHEM
Tarya mag K @ AnA KOTODHIX:

1° A moGoro HMHmEKca X, 0603HAYAH CHMBOJOM E,, noxe, nopom-
JAleHHOe 00'hefdHeHneM EL ¢ == %, umeeM E,(\E, =K,

2° mone N moposkneno o6neauaenuem F .

a) Jlorkasars, 9ro mojse N nN30MOPHO TEH30PHOMY UDPOH3BEXEHHIO
%EL pacmupennit E, woast K (ra. I, Ilpanoxesme I, n° 2) (ompe-

JOennTts m3oMopduaM aToro mpousBefieAnd Ha N, HCHOAL30BaB TeopeMy 1
3 § 10).

6) Ilycrs I'—rpyuna Tanxya nmona FE, ormocuTedpHo K; NOKasars,
4T0 (Tomojorudeckas) rpymma lanya moaa N orHocdTennno K H30-
Mopdaa TpoH3BefeHMIo (Tomojormdeckux) rpymu I').

4) Mycts N — pacmupenne Faxya wonn K, A—nauboinniee abeneBo
pacmupenne moxa K, comepmameeca B N ( § 10, caegcTsue npepiosxke-
g 5). IIycrs TI'—rpyoma Tazya wmoam N sag K; fokasars, 4910
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rpynna Taaya moaa N Hag A ABideTcsa 3aMbIKAaAEeM KOMMYTaHTa
rpynnou T

* 5) Hycres Qp—anrebpauvecKoe 3aMHKAHHe MPOCTOTO HONA Fp.
Haa moboro mpocroro uaucaa ! mycrs /N;—o0bejuHenne pacmupesiit
oA Fp, copiepRamuxcsa 8 Qp, CTNeAH KOTOPHX ABJMIOTCA CTeleHAMH
qucaa I.

a) [loxkasath, uro N; ABaAeTcA abedeBsM pacmupenneMm mong Fp,
rpynna Taaya T'; koToporo usomopdua (TONOJOrmYeckoil) ammuTUBHOIH
Tpyune Z; UelnX [-agudecKmxX 9mced (OmpejleJdTh  H3oMopdusMm
u3 Z; va I';, acnonsays mpu sToM mpepdomenne D u3 § 11).

6) [Hoxasate, dro molde Qp ApieTcA abeeBHM pacOIADEAHeM
noasg Fy, uro ero rpymma Tamya I' maomopdua mpom3BegeHNI0 TOUO-
Joru4ecKuX Ipymn Z;, rje ! mpoGeraer MHOMKeCTBO IPOCTHX WHCeT
{cM. ynpasknenme 3). Jlokaszars, 4TO cHeTHas moarpymma rpymou I,
noposkaennas apromopdmrsMoM x —- zP Bcioay maorsa B I'.



NCTOPUYECKII OYEPK
K TJIABAM IV 1 V

(PaMckme mudph orHOCATCA K GumGnmorpadum, moMemeHHOMH
B KOHIe 3THX 3aMeJaHMii.)

Teopus moJieil, a TaKke TECHO CBABAHIAA C Hell TEOPHA MHOIOWICHOB —
IPAMOIl TPOAYKT JleATENHLHOCTH, COCTABIAABHICH /10 cepeamanl XIX BeKa OCHOB-
HOe CORepsKaHme KiaccmdecKod anreOpH. 9Ta AeATeIBHOCTL Ohllla HAIPaBjieHA
Ha pemenme ajreGpaudeckuX ypaBHeEHRI ¥ CBOAANMUXCA K HEM 33784 0 reoMerpn-
9eCKHX IIOCTPOEHHAX.

ITurascs pemurs anrefpamueckoe ypaBHEHHE BEINE IEPROIl CTelleHH, MH
OKa3hBaeMCA Iepej| COBEPUIEHHO HOBHIME BHYHCIHTENBLHHMHU TPYAHOCTAME, B6O
CTRHOBHTCA HEBO3MOKHBIM OlLPefeNNuTh 3HAUYEHHE HeH3BECTHON, MONB3yACh JIHMb
«panAoHANBHKEMYY JeilCTBHAME HAJ JAaHHEIME 330aJaMi. 3TO 3aTpyAHEHEE, BAAH-
Mo, Guno oGHApy:KeHO Ype3BmyaiiHo maBEO. OJHHM H3 BasKHEHINNX MaTeMaTH-
YeCKUX BKAAJOB BABENOHAH CJefyeT CYATATE TO 0GCTOATENBCTEO, UTO HM YAANOCH
CBECTH pemieHwe KBajipATHHX u OMKBaj[paTHHX ypaBHeHHH K euHCTBeHHOII HOBO
anrefpandeckoil oNepauyHn: W3BJEYEHHIO KBRJAPATHKNX KOpHei. (9T0 ycraHaBiE-
BaeTcA AOmMeAmEME A0 Hac teKcramm ((I), crp. 183—193), B K&ropmx TaKuM
cnoco0oM peilieHH MHOTOYHCJHEHHbIE YPaBHEHUA ¢ YHCIAOBHIME KodpPmmmeHnTta-
mA.) Uro Kacaercs paspalorku GopMajJbHOrO HCIMCIEHHA, AHTHTHOH HAYKe TAK
¥ He ypasocs NPOABEHEYTHCA B 3ajave pemenud -adrefpamdecknx ypaBHeHHIl
Janbime 3Toro. B camMoM pene, TPeRKE KiacCH9ecKOil SHOOXYM JHINb IT€PEOTKPHIIR
BaBHJIOHCKEE (ODMYJH B reoMeTpHYeCKHX TepMUHAX; MCHONB30BAHRE DTHX pe-
3yJNBTAaTOB B adrefpamdecKoM BHje 3aCBEJETEJbCTBOBAHO He paHbme IepoHA
(100 r. . 3.) u duodanTa.

PemmrenbHii mporpece GhlJ JOCTATHYT FPEKaMU B COBEPUIEHHO MHOM HAIIPaB-
JeAmE. MH I0oYTm He BHAEM, KAaRK BAaBWIOHAHE IpefcTaBiAim cebe KOpHHE
KBajparHHe U3 [eJHX gmceld, He ABIAIOMUXCA KBaJpaTaMm, B KaK OHE WX
BEMECAANE ¥). B HeMHOrowuciemHHX JomeAREX A0 HAC TeKCTaX IO BTOMY
BONpOCY aBTOPH, WO-BAAMMOMY, AO0BOJbLCTBYIOTCA [A0BOJIBEO rpy0HME mpmGiu-

*) Bo Bcex NnpmMepax KBajpaTHHX U GAKBaJPATHHX ypaBHeHHIl B BaBHJIOH-
CKEX TeKcTaX JaHHEE HONOGpaHL TAaK, 9TO KODHEW NPUXOAMTCA H3BJIEKATH W3
TOYHHIX KBajpaToB.
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sxepaeiMu Metonamu ((I), crp. 33—38). IIndaropeiickas mKoaa, CTPOro OMpeseNEB-
mas OOHATHE COM3MEPHMEIX BeJIAYAH W NPUAABABMAA OHTOMY MOHATHIO IO9-
TH PeNArdo3HHIl XapaKTep, He MOIVIA OCTABATHCA HA 9TOH TOYKe 3pemuA. Bosz-
MOKHO, 9T0 HMEHHO (e3yCHemHOCTh IIOCJeHOBATEIbHHX INONHTOK pPaldOHAILHO
BHpasurh 9mcao J/2 NpHBenra K JI0KA3aTeNbCTBY HPPANHOHATIHLHOCTH 3TO-
ro gmecaa *).

B ppyrom mecre (cv. Heropudeckne samedannd K ra. IV Kanrm I11) Mur yxe
YKasHBaJHd, 9TO STO OTKPHTHE, 3HAMEHYIOIee pPelHUTeNbHE IOBOPOT B MCTOPUH
MaTeMaTHIeCKHX HAayK, OKasalo rayGoxoe BIHAHMe HA IOHATHE «IHCIA» Y I'pe-
KOB M NPHUBEJIO KX K CO3[AAHAI ANrefpE HCKIIOYATEIBHO I'eOMETPHIECKOTO XapaK-
tepa. Ilexb sroro cocrosiia B OTHCKAHHH croco0a IpejpcTaBieHns (miam, OHTH
MO3KeT, JOKa3aTeJbCTBA (CYMECTBOBAHHAY) HECOM3MEDHMEX OTHONIEHHI, KOTO-
PHe I'DeKd OTKa3HBAJIHCH CIATATH 9ucaamMa. Yame Bcero oHH CBOgHIN ajirefpan-
decKyI0 3ajady K HAXOMKJEHHIO Ilepece9eHAA [BYX BCIOMOTATEIbHHX INIOCKHX
KPHUBHX, BHOPaHHX MOgXoaAmuM o6pasoM, Hian e K MIOCAeZ0BATEIFHOMY pasHC-
KAaHHI0 HeCKOJIBKAX TakuX Hepecedenmii. Ilozpmsas m me 3acayskusarmomas 60ab-
Imoro XOBepHA Tpajdnus OpunuckBaer IlmaToHy MepBylo KilacCHHKANWIO STAX
KOHCTPYKUMII, KOTOPOU cyKueHa poarada H OamcratenbHad mcropusa. Ilo-Bupm-
MOMY, II0 NPAYHHAM CKopee (rIoCOPCKOro, 4eM MaTreMaTHIecKOro, XapaxTrepa
Ilnaror choenma’JbHO BEIAEIHT TAK Ha3HBAaeMHE «IIOCTPOCHUA LHPKyJIeM W JHHei-
KOil», T. €. Te, B KOTODHX JIAmMb NpPAMEE JHEAHA H OKPYKHOCTH HCIOJIb3YIOTCA
B KadecTBe BCOOMOI'aTelbHEX KPHBHX *¥),

Bo Bcakom cryuae, EBramy B cBonx «Havanax» (I1I) orparnamBaerca TOIbKO
3a/la9aM, Pa3pemMUMEIMA HTHM crmoco0oM (He HasHBasg HX, BOpPoYeM, 0COOBIM
TEPMIHOM).

910 obcroATenbCTBO, 0€3yCHOBHO, HEMAJIO CIOCOGCTBOBANO IPHBIEYEHHIO
BHAMAHAA K TAKMM 3agadaM MaTeMaTHKOB MocieqylomuX BexoB. Temepsb, opHa-

#*) OAMH COBPEMEHHHHl aBTOP BHICKA3aJ OCTPOYMHOE 3aMeJampme O TOM, 9TO
MoCTPoeHNe NPABMILHOTO 3BE3AYaTOr0 MATHYTOAbHUKA, H3BecTHOEe Mudaropeiinam
(nATAyronpbEAK OBV y BAX OJHAM M3 MHECTAYECKHX CHMBOJOB), HEMEJIEHHO [aeT
AppanmoHarbHocTs gHeTa )'5. Ou 3Re HDEIIOKAI THIOTE3y (K COMKATGHHI,
He [OATEEDKACHHYI0 HUKAKAMA TEKCTAMH) O TOM, YTO HMeHHO HA 9TOM IyTH nuda-
Topeiind OoTKpEE mppanmosanbHee umcda (K. von Fritz, Ann. of Math.,
t. XLVI, 242 (1945)).

**) B cpasu ¢ stum IlmaToHY NpHEOACEBaercd TakXKe pasfencHme ILIOCKHX
KPHUBHX HA (IIJIOCKHE» (MPAMAg H OKDY)KHOCTb), «TeJeCHHE» (KOHHIEeCKHE cede-
HHAA, HOollyTaeMEe Kak IepecedeHre INIOCKOCTH C TBEPAHIM TEJIOM-KOHYCOM) H BCe
ocTalbHEe, OObequHeHHEe OOIMAM Ha3BaHHEM «THOL YQUUUXOi». JII060UEITHO,
9TO BIHAHHAE 5TOH KiaccadHKanui MpociekuBaercA eme y Jlexapra, KoTopsii
B cBoeil «['eOMeTpHH» OTHOCHT K OJHOMY H TOMY 3Ke «POAY» YPAaBHEHHA CTelleHH
2n — { # 2n: 6Ge3 COMHEHHA HOTOMY, 9TO ypaBHeHUA NePBOil M BTOPOH CTelleHM
pemanTes NepevncIeHAeM (IIOCKAX» KPABHX, & YPaBHeHUs TpeThell U 9eTBepTOi
CTEIEHA — IepedncieHAeM (TeJeCHEX» KPHBHX.
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K0, MH 3HaeM *), gro anreGpamuecKWe YPaBHEHUS, KOTOPHE MOKHO PeNIATH
«I[APKYJIEM U JAHEHKO0ik», OTHOCATCA K BeChbMa cHel[HaJbHOMY BHAY: B YaCTHOCTH,
HeOPUBORUMOE ypaBHEHHE TpeTheil cTemeHW (HAA IOJeM PalMOHANLHEIX YUCEN)
Heab3A PEWIATH TAKHM cmoco0oM. Mempy TeM, I'DeKHM yiKe JaBHO BCTPETHIACH
< TofOGHEIME 3afiadaMd, KOTOPEIM CYKJ€HO OHJIO CTATh 3HAMEHHTHIMH: YABOCHNE
ky6a (pemenrne ypasHenus 28 = 2) u Tpucexnus yria. C apyroil ¢cTopons, KBagpa-
Typa Kpyra OOCTaBhia OPEeBHAX MaTeMaTHKOB Iepef JHIOM TPaHCIEH/eHT-
ol mpobaeMer. Mu oGHapysKuBaeM, 9To A8 PemeHAA STHX 3afaY BBOAMINCE MHO-
rouncieHnkie ainrefpamieckue KpaBHe (KOHHUECKHe CeUeHHs, MUCCOHLA JlmoKie-
ca, KoExouna HuxoMena) u TpaHcrnesfeRTHH e KPUBHe (KBagpaTpuca J{mHocTpara,
coupans ApxuMena). IT0 OGCTOATENBCTBO He MOIVIO HE IPHBECTHA K H3Y4EHUIO
TAKHX KPUBHX CAMHX OO cebe, UTO0 NOATOTOBHIO NOYBY jif GyAyINEro passuTas
AHAJNATAIECKON TeOMeTpHH, anredpandeckoil reoOMeTpHY 1 HCYNCIeHAA GECKOHOTHO
vanitx. IlopoGHEIe MeTOLH, OFHAKO, HEe CIOCOGCTBOBANIM HEKAKOMY IpOrpeccy
B pemeHMH ajreGpamdecKUX ypaBHeHHi *¥).

EnwrcTBeHHEIM TPYHROM AaHTHYHOCTH, COAEP/KAIMUM 3HAYUTENbHHIA BHJIAR
B 3TOT BOOPOC U JOJIr0e BpeMs BIUABIIAM HA aJTe0pancToB CPegHEBEKOBEA U Bos-
poskaennsa, ocrajack kaura X «Hawan» Epxampa (I1I). B sroii kKHUre (OCHOBHEIE
Pe3yALTATH KOTOPOHi HEKOTOPHE NCTOPWKH CKJIOBHEL NPHOWUCHBATE Tearery)
EBRIup paceMaTpuBaeT BHIPa/KeHUA, HOJYYal0Iuecd B pesyiabrare KoMOumanwm

T T =
HeCKONLKAX PajuKkanon, mampumep ¥V Va4 Vb (an b — panuoHanbHHe UnciIa).
OH faeT yCIOBHA, NPH KOTOPHX TAKWe BHPAKEHHS MPPANMOHAXLHE, Pa3feliser

*) OTHcKaHUe ToUeK mepeceTeHusI OPSIMOl H OKPY/RHOCTA (MIH ABYX OKpYK-
HoCTeil) PABHOCHJIBHO PEMEHNIO ypaBHeHAd BTOpoil cTedeRd, Koa(PUIImeHTH KOTO-
POro ABIAIOTCH PANHOHAILHHME (YHRIEAME OT KoopPHIHeHTOB paccMaTpUBa-
eMoii IpsAMoli A OKRPY/KHOCTH (WK OBYX OKpysKHOcTeit). OTciofa JeTKo BHBeCTH,
9T0 KOOPHMHATH TOYKH, KOTOPYI0 MOKHO NOCTPOHTE «IHPRYIEM H JIHHEHKO»,
JCXOAA H3 JAaHHHX To4eK, OPHHAANERKAT HEKOTOPOMY pacmupenumio L mnoas
PaHOHaNbHEX 4ucen (, ONUCHBaeMOMYy cilenyomuM o6pasoM. Ilyers K — noae,
noxydeHHoe IpACOefNHCHAEM K Q KOODOAHAT 3aJapHKX ToueK. Torga cymiecrByer
BO3pacTaiomasn IoCIeROBaTeNEHOCTD Homelt (L;) <ignr TPOMEIKYTOTHLX MEFKILY K
u L u yrosaersopsiomux yeaopuam K = Lo, L = L,, [L; : L;_4] = 2 mpr 1
< i < n. UBgyRU¥S N0 n DOKA3HBaer, 9To CcTemeHb naj DoixeM K pacmmpe-
nusg T'arya N, DOPOMAEHHOro pacmupeRueM L, ABIAETCA cmenenvlo 0golru.
MOKHO [I0KaB3aTh, 9T0 M HA00OPOT, NPY BHIUOTHEHNH HOCHETHEIO YCIOBUA CYIMecT-
BYeT HoCJAEAOBATEILHOCTE mojieii (L;), mpoMemxyrounnx Me;kay K @ L ¢ onmcan-
HHMN BEIIe cBoiicTBamm. TOTHA ToCTaBieHHAas 3afada PEMIAETCH LUPKYIeM
n ngrefixoft (cp. H. I'. Ye6oTapes, Ocaosn teopun 'amya, Focrexmsmar
(1934%), 1. I).

**¥) JI3-3a OTCYTCTBHA YNOOHOTO anreGpamdecKOro HCYHCIEHHA Yy I'PEKOB MEH
me HAXOmuM KaKHX-Au00 DOOHTOR KiaccuuiupoBaTh 3ajadd, KOTOPHE He yha-
BAJIOCEH PEeNIUTh «I{APKYJeM A NTUHe#Koi». ApaGH nepBHIMY CBeId MHEOTOTHCICHHLIE
3aa9¥ 3T0T0 poja (HaupmMep, HOCTPOEHHe NPABHIBHHX CEeMU- W [AEBATAYTONb-
HOKOB) K pelleEdl0 KyOWYeCKHX ypaBHeHHil.
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HX Ha MHOTOYHCTEHHHE KAaTeTOPWH (M /OKABHBAET, YTO STH KATETOPHH HEO COBIA-
Ja10T), 4 TAKKe H3ydaeT anrefpaudecKHe COOTHONICHMH MEKAY STHMH HPPA-
IHOHAJABHOCTAME THOA (B COBPEMEHHOI 3ammcH)

VVitVi=V s WitV +V 5 Vo—Vi=a.

Bee 510 BHpameHO OOHMYHHIM TeOMETPHAYECKHM SMB3HIKOM «HAYAN», UTO [eJaer
H3JI0:KeHAe 0COOCHHO TAKEMOBECHHM A HOYAOOHHM.

Iloce ymagka KJaaccHYecKolf T'pedecKoif MaTeMAaTHKM KOHIeONHEH, OTHOCA-
mgecA K anre0pamvecKEM YPaBHEHHAM, IpeTepueBalor usMeHenna., Hecom-
HeHHO, 9T0 HA IPOTAKEHHNA Bcero KIacCHIECKOI0 NePHOTA IPeKU BIAfedd MeTo-
JaM# CKOJb YTOAHO TOYHOrO BEMHCIEHMA KBAJPATHHX KopHeil. K comamrennro,
MH MajJI0 OCBEIOMJIEHH 06 aroM *),

Y mERycoB, 3aTeM y apaGoR W WX BamafHLIX CONEPHHKOB CPEJHAX BOKOB U3-
pieueHde KOpHeil JO0HX HOPALKOB CTAHOBHTCA IOCTEHEHHO OHON H3 OCHOBHHX
omepanuii HEapAAy ¢ PaKAOHAJILHEME ODepanuAMU ajTeOpH H, KAK 5TH IOCTeS-
Hile, 0603HaYaeTca Bee 60/ee yToOHKME A1a Buunciendil cumBoaamu **), Teopus
ypaBHeHWit BTOpOH CTeeHH, HEIPOPEHIBHO COBEPUICHCTBYeMas B HIPOAO/IKEHHE
BCEro cpefHeBeKOoBhA (YHCIO KOpHelt, orpmmarensusle KOPHE, HEPA3peIImMBLA
cnydail, fBoiiHEe KODHH), a TakKe TeOpHWA OUKBajpaTHHX ypaBHeHWH QAT Te
o6pasur GopMysa pemeHHA «B pajmKalaXs, KOTOPHe ajreGpamcTH HeCKOIbKHX
BeKOB Oy[yr OHTAThCA HEPEHECTM HA yPaBHEHHsl BHCIIMX CrencHeil, B HepByI>
odepens KyOudeckue. Jleomapmo Ilusamckmil, IiaBHBIA TPOBOJHEK apabCeKoi
Bayku B Erpone XIII Beka, Bo BCAKOM caIydae, yiKe CO3HAET, UTO UPPaLHOHAIL-
HOCTH, pacKiaccudumumpoBaruble EBRIAmOM B ero fecAtoil Kuure, He TOAATCH
A2 310l meanm (HOBOE OKAa3aTelbCcTBO HEBO3MOKHOCTH B TEOPHH, KOTOpaA H30-

*) Haupnmep, upuHajieKamuil A pxuMeqy MeTo; OPAGIZKEHAOTO BRYIACIE-
uma 49ncna s tpebyer sHaHEA PAxa KBAAPATHHX Kopme#l ¢ g0BOABHO 60JBMOlT
TOYHOCTHI0. ME He 3HaeM, OfHAKO, KAKUM CHoco0OM ApXume[ BHMUCIAN 3TH
KopHUL. MeToy Beruncaennn /2, JocTaBasioNIAil PasiokeHne STOTO YHCIA B (HEIpe-
PHIBEYIO APOGH», H3BecTeH HAM (B reoMeTpHYecKoil ¢opme) n3 rekcra Teorma Cmmp-
geiickoro (I1 B. ®. 3.); BO3MOMKHO, 9TO OH BOCXOmUT K PamuEuM nudaropeitmam.
Tor cnocob oTHicKannsA UpubIIKeanil K KBAAPATHRM KOPHAM, KOTOPHIA H B HAITH
IOHE OpemofaeTca B cpefHeil mKoJae, 3aCBAAETENFCTBOBAH BiepBHe y Teona Aner-
cagapniickoro (IV B. H. 3.), X014, HECOMHEHHO, oH OHn maBectex yxe IltomoMelo.
OrMmeTmM, HaKoHeI, 910 y I'epona (okoxo 100 r. H. 3.) MOKHO HANTE UPHOIMWKEH-
Hoe BHYHCAeHMe OfHOI0 KyOmueckoro Kopma (cp. G. Encstrom, Bibl
Math. (3), t. VIII, 412 (1907)).

*¥) IIppanmomalbHocTh umcxa ) @, TAe a — Ieoe YACI0, He ABIAIOIIEeCR
TOYHOi n-# crememblo, BuIepBHE OTMedeHa H pokasana IlltmpemeM (XVI Bek).
BopoueM, ero gokasatelbCTRO CKOORPOBAHO ¢ foKasaTedbeTBa EBKIMAA OpH n =
= 2, M npeicTaBlseTcs AOBOJLHO MAJOBEPOATHHM, 9TOOH TaKoe HETPyZHOe
ofobmenne He OHIO 3aMEYEHO PAHLINE,
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6uayer umu). OH NIETaeTcs NPOBECTH AHANOTMYHEE BHYACIEHNA ¢ KyOHleCKHMB
KODHAME ¥ HIOXydYaeT COOTHOIIEHWA THOA

V16V 54 =250,

nogoGusie opmynam EsKimpa 12 KBajpaTHHX KopHe# (BmpodeM, Gonee paHHHE
DpUMEpPH TaKUX TOKJECTB 3aCBHIETETBbCTBOBAHH Y apabos). Bee ke mpodayr
ellle TPH BeKa GeCIIoHBIX MONKTOK, Doka Ciounmuox gens Oeppo B Havaze XVI Be-
Ka He IpuneT, HAKOHel, K (opMyJe pemlenus ypaBHenus x® 4 ax = b

3 — == 8 —_—

b b \2 a\3 b b \2 a \3
VOG-V ETH(E) o
He naM onuchBaTh 31€Ch KPAaCOYHYI0 MCTOPUIO 3TOTO CEHCAMUOHHOTO OTKpPH-

Tl — CCOpH, BHI3BaHHEE HM Mexny Tapraabell ¢ opmoil cropomn m Happauo
¥ ero Koo ¢ fpyrofl, mam HaGpackBaTh NOPTPETH, 10POH BechMa IPUTATATENb-
HHE, YYeHHX, OKa3aBIIAXCA B 3TOM cuope mporusuuramu. Ho ME gomxus orme-
TATH pPeOIMTeNbHBE WPOABMKEHNs B TeOPHU ypaBHeHMil, focTuruyThie Hapmauo
H ero yYeHUKAMH BCJHEACTBUE 3TOTO OTKPHITHA.

Tar, Kapiaro, TOM»30BaBMMHACA OTPANATETSHEMA UMCIAAME OXOTHee, 9eM
GONBITMHECTBO ero COBPEMEHHMKOB, 3aMeYaeT, 9T0 Y KYOMIeCKUX MHOTOWJIEHOB MO-
sKeT OHTH TpH KOpHA, a y OmrsappaTHHX — uwerhipe ((111), t. IV, crp. 259).
On oTMeuaeT, KpoMe TOTO, TO CYyMMa Tpex KopHell ypasHenns x® + bxr = a2? + ¢
(y KoToporo, BIOpogeM, WIeH ¢ x? y)Ke yMelH YHHUYTOKATbh) BCeTHA PaBHA a (Tam
ske). HecoMmeHHO, PYKOBOACTBYACH 3TUM COOTHOMIEHHEM H cBoedl obmell muTyM-
uueil, OH NPUXOAUT K NEPBOHAYAIbHOI Haee 0 KpaTHOCTH KopHA. OH OCcMeUBaeT-
ca gaxke (me Ges OPATOPCKUX IPeJOCTEPEKEHAN) NPON3BONUTS (HOPMATbHEIE BHIK-
NagKu ¢ BHpPaKeHASMH, B KOTOPHE BXOAAT KBAaJPaTHHE KOPHU H3 OTPULATENDb-
HHX uncea. Harkerca npaBponogoOHEIM, ITO K 9TOMY er0 IPHBENO €CTECTBEHHOE

2 3
nosABjleHMe TAKUX BHpaskenmil B ¢opmyne (1) npm (%) + (%) < 0 (tar

HA3LIBAEMEL «cayuail HenpuUBOAMMOCTH», B KOTODOM, KakK moman Kappano,
ypaBHEHMe MMeeT TPM BEI[eCTBEHHHIX KOPHA). 9T0 00CTOATENIHCTBO, BO BCAKOM
ciydae, ¢ OYeBHMIHOCTBIO IPOABAseTCA y ero ydenuxa P. Bowmbennm, Koropsiil
B cBoeil «Axre6pe» ((IV), crp. 293) moKasbBaeT COOTHOUNIEHHE

-

oV —fl=24V —1

n 3aGoTETcA O TOM, YTOGH JATH IpaBmja AeHCTBHI HAJL KOMILIEKCHHIME SUCIAMA
B ABHOM BHUJE, y/Ke BeChbMa GIH3KOM K COBPEMEHHHM H3IO:KeEHaM *),

*) Bombemnn ((1V), crp. 169 1 190) paccMarpuBaeT KOMILUIEKCHHE duCia
KaRk «IWHeHHEHe KOMOMHANMMU» ¢ BeMeCTBeHHHIMH KOdpPHOUEHTAMH 4YeTHpex
6a3nCHHX »JeMeHToB: «piuy (1), «meno» (—1), «piu de meno» (4i) m «meno
di meno» (—i). B qacTHOCTH, OH OPMYIHPYeT AKCHOMY, COTIACHO KOTOPOH «piuy
u «piu de meno» «He CKIafLIBAIOTCAY— HEPBOe TOABJCHH® IOHATHAA JuHEHHON
HEe3aBUCHMOCTH. |
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Haromen, B 1545 rogy gpyromy yuemury Happamo, JI. @eppapu, ygaerca
pemurs ofllee ypaBHeHWe UeTBePTOH CTemeHM ¢ IOMOMIBIO BCHOMOTATENBHOTO
®yGH4ecKoTo ypaBHeHHA *).

ITepuoy, mocaenoBaBINHA 3a SMOXOH CToNb GHCTPOTO NMPOTpecca W MPOJINB-
muiica Biors no cepepmun X VIII Bexa, orMeveH aMmb pasBaTHeM HOBHX Hjel,
BBEJICHHEIX WTAJIbRAHCKOH mKojgo#. Biaromaps cymecTBeHHHM ycOBepIIEHCTBO-
BaHNAM, BHECEHHEIM B CHCTEMY aaTeGpamiecKEx o0osmauenmit, Bmera cMor ycra-
HOBHThL OGHMUE COOTHONMEHWA MEXAYy KodQPUnpmenTaMn ©M KOPHAMH JI0GOTO
anreGpandecKoro ypaBHeHHAA mo Kpafimefl Mepe B ciydae, Korja Bce KOPHE TOJI0-
sgareanun **) ((V), crp. 158). Bosee pemureaburiii A. Mumpap, He KoieGuack,
yrBepskgaer (pasymeerca, 0e3 qOKA3aTelbCTBA), 9TO ¥ BCAKOTO yPABHEHHA CTe-
fIeHM 12 AMEETCA B TOYHOCTH 72 KOPHEH, ecJil CINTATh TAXKe «HEeBO3MOKHEE KOPHHAY,
KaKIHH co cBO6H KPATHOCTBIO W YTO 9TH KODHH YNOBJIETBOPARIOT COOTHOHMICHWAM,
namasiM Buera. On jKe BIepBbie HOXydaeT OPMYIH NJIA CYMM OJMHAKOBHIX cTele-
geil KopHell BOJIOTH 10 YeTBEPTOH CTENEHH.

Ho Teopueckmit nyx XVII BeKa ofpamien ¥ WHEM OeifM, A Aarefpe JIAMb
mepenapgaer Koe-4ro B3 HOBEAIMNX OTKPHTHA AHaJATHYecKOH reoMerpnn u Vcame-
nerma GecKomeuno Majwx. Tak, ¢ MeromoM [leKapra mpoBegeHmA KacaTeJbHHX
K aiareGpamiecKkmM KpmBHM (cp. McropmiecKme samedauma X Kmmre IV, ru. I,
1T, 1II) cBAsam KpuTep®Wil KpaTHOCTH KOPHA aJjire6pamieckoro ypaBHeHHA,
chopmymnposannmii ysenmkom Jlekapra Iymme ((VILI), crp. 433 m 507—509).
Hecomrenno, 9T0 Takxe noj BiBanmeM JleKapra HAUWHAETCA Pa3iIWIeHHE MEXAY
anre6pamdecKAME M TPAHCHOEHJeHTHHEIMA (QYHKNUAMH, Dapaliie]bHOe BBEIeHHO-
My B ero «['eoMeTpum» fEJIEHAI0 KPABLIX Ha (TeOMeTPHYECKHe» M (MeXaHWISCKHEH
{cp. Mcropmieckne samedanma K Kmmre IV, ra. I, II, III). 9to pasandennme, BO
BCAKOM CIIyYae, CTAHOBUTCA COBeplieHHO ABHHM y I'peropu, Koroprii B 1667 roxy
OHTaeTca RAKE JOKAB8ATH, UTO0 IIOMAAs KPYTOBOTO CeKTOpa HE MOMKeT OHTBb
anrebpandeckoit pyHKnHeH ero XOpAH H pagmyca **¥),

ClI0BO «TpaHCHEHNEHTHHI mpuHamiemxnT Jleiifuny, KOTOPHA BCIO JKE3HD
mHTepecoBalicA MOJOGHEIMA KJIacCHPMKANUHOHHRIMA BOOPOCAMH M KOTOPHM

*) IlpuBena mepBOHAYaJBHO® ypaBHeHEmEe K Bupy =1 = ax? - bx - ¢,
CTAPaIoOTCA 3aTeM ONPeenTh IUCI0 2 TARMM 06pas3oM, ITOGH IpaBaa YacTh ypaB-
HEHHA

(22 -+ 2)2 = (a 4 22) 22 -+ bz -+ (c + 2?)

6HlJla TOJHREM KBajpaToM, 9TO NaeT JJIA z ypaBHEHWE TPeThell cTemeHM.

**) Byera, CTPACTHHIl NOKJOHHWK AHTHYHOCTH, CHCTeMAaTH4ecKH M3Geraer
HCIONL30BAHAA OTPHIATENBHHX 9HCEN B CBOHX PAacCY:KNeHHAX. DT0 He Melmaer
eMy TpH cjiyyae BHpasKaTh Ha CBOeM A3hIKe COOTHONEHUA MeKIy KoaddmmuenTa-
ME I KODHAME, KOT'Ja HEKOTODHe H3 I0CjIeJHAX OTPANareAnHsl. HampuMep, ecan
y ypapHemmsa z3 -} b = aqx ecTh [OBa TOJOMKATEJLHHX KOPHA x4, %3 (@ > 0,
> 0), Bmera moxasmBaer, Wro z} - a2+ x@s == a W xywy () + o) = b
((V), ctp. 106).
***) J Gregory, Vera Circuli et Hyperbolae Quadratura..., Pataviae,
1667; cp. G. He inri ¢ h, Bibl. Math. (3), t. 1I, 77—85 (1901).

.
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B 1682 romy OTKpLLT IpoCTOE KOKA3aTeABCTBO peadyinTarta, He paBasmerocs I'pe-
TOPH, YCTAHOBHB, 9TO Silt z He ABJAeTcA anrebpamdeckoll pymruuei ot x ((VILI),
1. V, cTp. 97—98) *). Jle#iGuuy u ero gpyr YupurayseH, Kpome Toro, GLLIH e UR-
CTBeHHHMYE MaTeMaTHKAMH CBOETO BPeMeHH, el MHTePeCOBABIIAMUCA IPO6IeMOi
pemenus anrefpandecKHX ypaBHeHHH «B pagHKauaxs. M sugmMm, Kak B Hagalde
cBoeit meatenprocTH JleHOmEN W3ywaeT «caywai HeNIpUMBOAUMOCTHY YPaBHOHUSA
TpeTheil cremenu u yGempaerca (BmpodeM, 0es FOCTATOYHOTO FOKA3aTeabCTBa),
9T0 B DTOM CJIyIae Hesb3f M30aBHTHCA OT MHUMBIX Be/M9UH B OPMYNaxX Jis pelle-
muii ((IX), ctp. 547—564). Torma ske o Gesycnemuo HHTAeTCA peluTh B pajH-
Kajlax ypaBHeHMe IaToil cremesm. Horja mozxe UupHraysen yreepKpaer, 9ro
OH pemmJ BTy IpofiaeMy, H30aBHBMACL OT BCOX WICHOB YPABHEHHs, KPoMe IBYX
Kpa#HUX, ¢ IomMompblo IlpeoGpasoBauus Buaa y = P (x), rme P — nogxomamui
MHOTOWIeH 49eTBeproil cremewm, JleiGHuK wueMemyenno ob0HapyKuBaer, 4YTO
.ypaBHeHHs, opefeaiomue KoadPANuenTH MEOTOTTeHA P (), HMEIOT CTenens >3,
¥ ONeMHBAET HTOT MeTOxX Kak Gesmagexusiil ((1X), crp. 402—403).

IMo-BuaUMOMYy, MMEHEO HYKJH HOBOTO AHAJIU3a IOHEMHOTY BOCCTAHOBUJIH
unTepec K anrebpe. VimTerpuposamue pammoHanbHHX ppobeil, ocymecTsiaeHHOE
JleiiGunuem u MoramnoM Bepuyiury, a TaKKe TeCHO CBA3AHHEHI ¢ 3TMM BOIPOC
0 MHVMBIX JoTapudMax, JAIOT NOBOA [Jsf YriayGJeHHA pacueToB ¢ KOMILIEKCHE-
MU 9ACTAMH M IPHUBOJAT X HOBOH IIOCTAHOBKE BOIPOCA © pAa3JOKeHWAH MHOILO-
4lena HA MHOMKHUTOJNH IePBOil CTeleHHM («OCHOBHAA TeopeMa ajareGpbiy) **),

B nagane XVIII sexa Kotec m MyaBp cBOgAT pemeHUe ABYWISHHOTO ypaBHe-
HEA 2" — 1 K JeJleHUI0 OKPYKHOCTH HA 1 PABHBIX dacrell. s BEIpasKenusa Kop-
Heil «B paguKaNax» NOTOMY OKA3HBAGTCA HOCTATOTHHM HAATH COOTBETCTBYIOUIHE
$OpMYIH i HEYeTHOTO IPOCTOro Wicaa n. MyaBp 3aMedaer, 4TO B DTOM CJIydae

1
MOACTAHOBKA Y = x-{—;— CBOJHT 3aJaYy K pelIeHHIO «B PajHKajax» HEKOTOPOTO

*) OupefeleHde «TP3HCOPHAPHTHHIX Beauudm y Jle#Oumma ((VIIL), T. V,
ctp. 228; cMm. TaK:xKe cTp. 120) npuMenuMo cKopee K PYHKIHAM, YeM K IHCIAM (TO,
9TO OH [(eJaeT, HA COBPEMEHHOM fI3HKe CBONUTCA K ONPeNeJeHHIC TPAHCIEeHJEeHT-
HEIX BJIeMEHTOB HAaJ II0JeM, IOJYYeHHHIM B pPe3ydbTaTe IPUCOSAMHEHHS HAHHHX
3afady K I10J10 paunoHANbHHX umcexa). Ilpencrasaserca npaBgonogoOusM, ogna-
Ko, 9r0 JlefiGHuL HMeJ XOBOJIPHO HETKOE IOHATHE O TPAHCUGHACHTHHIX WHCAAX
(xoTa X TOYHOE OnpejesieHHe, KaK Gynro, 6bL10 [ano ue panbime Kowdqa XVIII se~
ka). Bo BcakoM cnydae, JlefibHuy B ABHOM BUJe 3aMedaer, YTO TPAHCHeHAEHTHAA
(yHKIUA MOMeT IPAHEMATL PANHOHAJIbHHE 3HAYCHNA IPA DaUNOHAALHHX 3HA-
qeHHAX APIYMEHTA U, CASHOBATENILHO, 9TO er0 JOKA3ATeNLCTBO TPAHCHEeH/ICHTHOCTH
¢ yuKIAY Sin x eme HeOCTATOTHO [IA ROKA3aTeNbCTBA NP PANMOHATLHOCTH TNCIA T
((VIID), =. V, eTp. 97 u 124—126).

**) (0 3a4aTOYHOM COCTOAHHMH, B KOTOPOM B TO BDeMA HAXOJWIOCH emie
Hcancenne KOMILIEKCHBIX BeJIHYUH, MOKHO cocraButh cefe oTuernuBoe mpep-
cTaBienne, guTan JleiiGuuna (OgHoro M3 Hanbogee ONHITHHX B BTOM HCUMCIEHMH
MATeMAaTHKOB TOH 3MOXH), KOTOPHIA BHIpAsKaeTCh TAK, Kar GyqTO CAuTAeT HEBOB-
MOKHEIM Pas3io:KUTh MHOTOWIEH 21 - 1 HA [[Ba BEMIECTBEHHBIX MHOUTEN 2 BTOPOH
crenenn ((VIII), . V, crp. 359—360).

15 H. Byp6arun
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n—1
2
Heyfad ¢ OGIHM pemeHHeM «B PajgaKajJaxy (BKI09aa HOCKOIBKO IONMEITOK Jiliepa
(X)) HaYMEAOTCA MOWCKYM ANPUOPHHX JOKA3aTeJALCTB, He MCIOAL3YIONAX ABHHX
¢opmya paa pemerumii. He BX0oga B Aerald IpepiaraBIIUXCA MeTOROB (KOTODHE
B KOHOG KOHNOB IpHBeaH K porasartenncrsaM Jlarpamxa m I'aycca; cp. Uctopm-
vecKkue 3amedarua K Haure 11, ra. VI, VII u Kaure 111, va. VIII), orMerrM 30eCh
TOYKY 3pemHs, ¢ KOTOpoil aTa mpobiaeMa paccMatpusaerca B cepegune X VIII seka.
Ilomyckaerca (0es Kakoro Oul T0 HA OHLJIO ONpaBJAHHA, KpOMe CMYTHOTO OILy-
menHAa «00mero ciyd4an», HECOMHBOHHO 00A3aHHOIO CBOHM BO3HAKHOBEHHEM, KaK
y A, Hupapa, HAJIHYMIO COOTHOMEHHWH MEKAY KoapPumueRTaMH H KOPHAMH),
9T0 Y BCAKOrO YPaBHEHHA CTEEHH n €CTh n «HNeAJbLHHX)» KOpHeH, ¢ KOTOPHMA
MO’KHO BHIYHCJATH, KaK ¢ YACIAMH, He 8HAR, ABATIOMCR AU OHU wucramu (BellecT-
BeHELIME A KoMIleKcHNMA). ITpepnonaraeTca nokasath (HOMTb3YACH HpABUIAMY
meficTBail ¢ »TUME MfeaJdbHKME KOPHAMA), 9TO IO KpaiiHe# Mepe OfUH U3 KopHeH

ABJAETCA OGHIHHM KOMIJICKCHHIM YACIOM *).

B sTOM HeCOBEPmMEHHOM BHfe MOJKHO pPasjHIdTh yKe MepBEI pocroK oGmeil
unen «popMaNbROTO NPHCOSANHEHA Y, KOTOPOH, HECMOTpA HA BospakeHma layc-
ca ((XIID), =. III, crp. 1), cyxpeno GELIO cTaTh OCHOBOH COBpeMeHHOH TeopHm
KOMMYTATHBHLIX IOJIeil.

C ocmosomoaorkgsiMu paGotamu Jlarpamwxa (XIa) m Baumepmomaa (X1I)
A770 rox oTKpHBAET HOBHIL W pemalomuii MepHO] B MCTOPHU TEOPUH ajredpande-
cKuX ypaBHemHWil. Be3pasfesbHO HAPUBIOIEMY A0 TOH IOPH SMIAPH3MY Goljiee Mid
MeHee YAAYHKX MONKTOK HaiThH GOPMYINH JJIA PeleHNii TPUXOAUT HA CMEHY cacTe-
MaTH9eCKdil AHAIH3 MOCTABIEHHEX MpoGieM H METOHOB, CIIOCOOHHX C HAMH CIIpa-
BHTHCA, — AHAJA3, KOTOPHI depesd IMEeCTHISCAT JET HPHBENS K OKOHIATENHHHKIM
pesyasraram l'aaya. Rak Jlarpamk, Tak m BarnepMoHy MCX0QAT U3 HEOI pejielieH-
HOCTH, K KOTODPOH IPHUBOJAT PAa3HEe 3HAYCHHUA PAfAKaIOB B OopMyJax ajis pelle-
HUA . YPABHEHHI CremeHH < 4.3T0 0GCTOATENBCTBO YIKe MPHBIEKAJO BHAMAHHE
ditepa, KOTOPHH CpeAN MPOYero MOKA3al, KaK cJAeXyeT COTIACOBHBATL 3HAYOHHA
‘Kopreii B popmyne genb Peppo, 4T00H MOAYIHTH 3 KOPHA, a He 9. Jlarpamk 3ame-
"aeT, 4TO KKK 13 Ky0udecKAX panuKanos B fopMy.e fenp Oeppo MOKHO 3amn-

YPaBHECHHA CTEIeHH . Uto A0 «OCHOBHOM TeOpeMLl», TO 10CJe MHOTOKPATHBEIX

cath B BHAE % (x4 + 0zy + ®3%3), THe © — HeKOTOPHIE KybuuecKmii Kopens u3
eIUHULH, %, Ty, £3 — TPH KOPHA pacCMATPHBAEMOTO YPaBHEHUA, B3ATHE B OIpe-
HeneHHOM TopajgKe. Jlarpamk 3aTem penaer GyHpaMeHTaNbHOe HAGmONEHHE, 9TO
dymrrnmEa (xy + 0ry+ 0%3)% OT Tpex KOpHeH MOJKeT UPHEAMATL Iamb 0sa
PA3HHIX 3HAYCHHA IPH BCEBO3MOKHHX IepPECTAHOBKAX KoOpHeH, 4T0 anpuopwo
o0bscHAET YCIEX METOJ0B pemreRda KyGmueckoro ypasmeuna. Ilomofumit ke
aHana3 METOj[0B PEIICHHA YPABHOHHA UeTBEPTOH CTeNeHH IPHBOXAT K PyHKmuu
24%5 P 3z, deTHpex KopHel, mpmAUMaMENl TONBKO mpu PA3HHX 3HAUCHHA
IIpH BC6BO3MOKHEIX IIePeCTaHOBKAX KOpHeH H ABAAIOmMEHCcA, ¢Tano OHTh, KOPHEM

*) Crnegyer OTMeTHTH, 49r0 «MHEMEHE (imaginaires) KopEHH» MaTeMaTHXOB
XVIII Beka — 3T0 4acTO HMEHHO (HACAJIHHHEY KODHH, OTHOCATEIBHO KOTODHX

U OHTAlTCA OKA3ATh, 4TO OHM HMeoT B @ + b Y —1 (cMm., manpumep, (XI16)).
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HEKOTOPOro KyGmueckoro ypaBHeHHA, KO3 PANAGHTH KOTOPOIO' CYTh. PATMOHAIE-
Eute yEEnEWE o1 KO’$PUIEERTOB mePBOHATANBLHOTO ypaBHeHHA *). Jlarpams
TOBODHT,  9YTO 9TH q;al('ﬂ:l «cocmasaniom UCMURHBIE NPUHYURY U, MAK CKA3amb,
camy memaPusury **) paspewerun ¢ padurascx ypasnenu mpemveil u vemsepmoii
cmenenuy ((XI), crp. 357). Onmpaack HA 3TH OpBMepH, Jlarpamx EaMepeBaeTca
H3yudTh B OGIEM caydae A yPaBHEHHH CTONEHH n, KAKOE KOJIHIECTBO V
PASHHX 3HAWOHHI ***) MOMKET NPAHMMATh DA NPOM3IBOJBHHX NEPECTAHOBKAX
‘KopHe#l panmomaibHEan yRKOHA V or 3THX Kopmeii. ITo cymecTy, om 3aKaagh-
BAET TOM CaMBIM (Ha A3LIKe, €Ie TeCHO CBA3AHHOM C TeOpHell ypaBHEHWI) OCHOBH
TEOPHH IDYyOI M HoJNed M NMOIydaeT HECKOJBKO PYHZAMEHTAIBHHX pe3yiIbTa-
TOB 9THX TOODHIl, HCIOAB3YA TO 3K NPUANANE, KOTOPHMA MH 10Jb3yeMCA CeTOXHA.
Hanpnamep, 0n fOKa3HBaeT, YTO YHCIO V AEIAT n!, TOM KO PACCYKIEHASM, KOTO-
poe CIYKHAT ceiigac fia fOKasaTeabcTBa TOro (aKTa, 9T0 MOPAJOK TOATPYHIOH

- KOHeYHOH IpynnH feJnT HOPAROK Beell rpynns. Eme Goree s8ameuarenbman Teope-
Ma, B KOTOPOH OH OKA3HBAET, UTO €CJIH JB6 PagMomalbube $YHKIMA OT KOpPHeH
V4 B V4 0cTaroTcA MEBAPHMAHTHHMA DY OFHAX ¥ TeX JKe I6PecTaHOBKAX, TO Kayk-
JaA W3 HOX ABIAeTcA panuomaabHoll $dymknmeir or gpyro# m or KospduumenTon
ypaBHeHMA (YacTHHI caydait TeopeMn I'anya, XapaxTepmsyomeil Bcaxoe HDOxpac-
muapenue pacmaperdsa ['amya Kax moJie maBapmantoB ero rpynns Tanxya). «9mae
npobaema,— TOBOPAT Jlarpamm,— npedcmasasemea mue 00HOU uz eawcHeiliwux
6 meopuu YpagHeHull, u ee obupee peuienue, x0mopoe mul ddaem Huxwe, Boancro noxa-
sambv ¢ Hosom ceeme amy wacmv Aaze6pony ((X1), crp. 374).

Bce aTm m3bicRaHAA, eCTECTBEHHO, B AyXe JlarpamKa ABJIAKNTICA JAIIb TOXTO-
TOBKO# K aHajlu3y BO3MOKHHX MOTOJOB peliends airefpamdecKux ypabHEHAN
HX OCIeNOBATONbHEIM CBefleHNEeM K yPABHEHHAM MeHbIne#l crenenm, uGo BeaKmit
TaKof Meroj, Kak MOKasHBaer JlarpamkK, cBA3an ¢ 00Pa30BAHAEM PANAOHANEHEKX
Pyaxnuii OT KopHei, IPAHAMAONAX MEHbINE 1 3HAYCHAH DA BCCBO3MOKHKX epe-
-CTaHOBKaX KopHe#l. PyKoBOZCTByfACh, HECOMHEHHO, CBONMH pPe3yJbTaTaMmu
0 KyOmuecKOM ypaBHeHNH, OH BBOJAT B OGINEM CIydae «pe3oiasBeHTH Jlarpamxas

Yp= D) ©lzy, THe @ — Kopemb n-it crememm ws emmmmmH (1 <k <Ch),
H=t

*) B atoM cioBe, cTOJNH 9ACTO BHIXONAIEM m3-mof mepa apropos XVIIT
BeKa, MONYCTHMO yCMaTpUBaTh IEPBH, €me JOBOJBHO CMYTHHE 3a9aTOK COBpe~
MEHHOT'0 HOHATHA CMpYykrmypol.

**) Bapuar TaKKe 3aMeTHN 3T0 06CTOATENLCTBO ‘B CBOAX «AJTel pamdecKux
PasMBIIIUIEHUAX?, KOTOPEE BRILIA B cBeT B ToM ke 1770 roay, mo 6ua me B cocro-
AIHAH W3BJI6Yb U3 dTOTO Ha6mo;:enw1 Te CNejCTBHA, KOTODHE H3BIEK M3 HETO
Jlarpamk.

***) JlarpamK yKe NPOBOJAT Da3iATINe MEMTY DAa3IHIHHME PayUoHaAb-
Hotmy Opobamu, KOTOPES HOTYYAOTCA H3 V MepecTanoBKaMu DepeMeHHHX x; (1 <
< i < n) B PasnAIHEMA sHAYCHUAMU, KOTOPHe IPHAMMAIOT 5TH APobu, KOTma
ABAAIOTCA KOPHAMH HEKOTOPOTO aIrefpamdecKoro ypaBHeHHA ¢ NAHREIME THCIIOH-
gaMA kKoadpummentamua. Bcee e ero M3I0KeHHEe He JHIIEHO Roneﬁamm 0 9TOMY
nonony, m aamb y Naxya aro pasamame cramonmrea Gosee apmmim,

15*
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¢ 0YeBHAHOCTBHIO IOKABHIBAGT, KaK 3HAHNE 3THX 7 UHCeJ IO3BOJAAET HANTH Kop-
HE Y, A BHUACIAET B 00mMeM ciIydae CTeIeRh yPaBHEHHA, KOTOPOMY YJOBIETBO-
paloT uucia y,. OH mOKasmBaer, HalpAMep, UTO 6CAH 2 — LPOCTOE UHMCIO, TO
Yp ABIAAIOTCA KOPHAMH HEKOTODOIO0 YDABHEHMA CTeleHB n — 1, KosddrmumenTtHt
KOTOPOTr'0 IPeCTaBIAIOT cO00H panEoHAbHLe (YHKIME OJHOT0 KOPHA YPABHEHAA
crenes® (n — 2)!; KoopdEOMeHTH TOCHEIHEE0 PANHOHANBHO BEIPAKAIOTCA We-
pes KoahdunuenTH NePBOHAYAALEOr0 YPaBHeHHA. «Kcau A He 06mMarbeaioch,—
8aAKAIOUAEM OH,— MOKOGL UCMLUHHbBIE NPUHYUNL PA3PEULEHUS YPasHeHUll U Hadae-
Hawull anaaus, xomopuvil ¥ Hum npusodum; kak 6udno, ece c60dumes Kk Kombuna-
MOPHOMY UCHUCIERUIO CREYUAAbHO20 poda, Komopoe no3eoanrem anpuopu Haxrodumb
omudaemsie pesyasmamuon ((X1a), crp. 403).

Yro Kacaerca MeMyapa BamgepMonaa, BaImCaHHOTO He3aBHCEMO OT PaGoOTH
Jlarpamka, B HeM MMEIOTCA MHOTOYHC/JIeHHHE TOYKH CONPHKOCHOBEHMA C 3TOH
pa6oroif, B TACTHOCTH HAEA OTHICKHBATL DPANHOBAJBbHHe (YHKOHE OT Kopme,
IpPEREUMAIONIEEe [0 BO3MOMKHOCTH MAJKO Da3mEHX 3HAYeHmH IpW IepecTaBOBHax
Kopmeil ¥), m ma3ydUeHwe «pe3onbBenT Jlarpamxan, rakie BBeAeHHNX Bamgepmon-
7IOM IO STOMY HOBOAy. XOTA ero MeMyap /ialieKo He MMeeT ACHOCTE M OGIXHOCTH,
KoTopse UpWCYIA TPYRY Jlarpapsa, B ogEoM nymkre Bampgepmonpy aBmo mper
fanpmre Jlarpamka, IDEMeBASA BCe 5TH HfeH K yPaBHEHMIO fesieHus Kpyra " — 1
TP TPOCTHIX HOUETHHX n. B To BpemA Rak Jlarpamk OTpaHWIMBAETCA HAIOMHE-

n
HAHAEM O CBEJICHHH 9TOI'0 YPAaBHEHHA K YPaBHOBMIO CTENIeHH /1 == 5 C panuroBaib-

BHME Koo)puIHenraME B He DHTAeTCA PelIMTh ero npm n > 11, Baupepmomg
YTBeD)KAAST, 9TO m-¢ CTEISHH pe3oabBeHT Jlarpamka 9TOr0 ypaBHeHHA pa-
MHOHANbHE H3-33 COOTHOIIERUHA ME;KAY PasiHYHEIME KODHAMME ypaBmHeHHd x” —
~—1: B0 0CHOBATEJLHEOCTL YTOTO yTBe:K/IeEHA OH IPOBepAeT AMmb OpH n = 11,
He J0Ka3HBasA €r0 B O0IMeEM ciydae.

Toasko TpPHAUATH Jer cOycTa chopMyiupoBammruid BamaepmoHIOM pesyiib-
rar Ou noamocThio AoKasad K. @. I'ayccom **). Ero okoRuaTeIbHHE PE3yAbTATH
o6 ypasmenmmm 2" — 1 = 0 (n — OPOCTOe HedYeTHOE UHCIO) HAXOAAT CBOE MECTO
B o0me#l mporpamMme ero 3HaMeHHTHX apmpmermdecKux mccraegopammit ((XIII),
1. I, cTp. 413 1 panee) m ocoGerHO APKO WIIIOCTPEPYeT ero MacrepcrBo B oGpa-
MERAN ¢ TeM, YTO ME CEerogHsA HAa3HBAaeM Teopued nuHAWdecKmX Ipynn. Jlora-

Dy (z) = (@™ — 1)
3aB, IO MEOTOWIEH =1 HONPHBOZUM NDH BCEX HETETHBIX

*) B 2TOM MCCle0BARHMA (PAa3BATOM B feHCTBHTEJbEOCTH JIAMb /A YPaBHE-
Huil NATOH cTelenu) BIepBLie NMOABIAETCA HOBATHE umnpumumueHocmu ((XII),
crp. 390--391). Kpome Toro, meropst JIarpamxa u BasgepMonsa ecrecrpenHo cOxm-
JRa0TCA | ¢ ux paGoTaMu TOro BpeMend o6 ompepelmreNinx, 6rarofaps KOTOPHIM
Mpesl IepecTapOBKE M BCe, UTO ¢ Hell CBA3AHO, JOKEO GHIO CTATh NPHBHYHHM
9THM y4eBHIM,

*¥) Tayce me cchiaeTc Ha Bamgepmonmpa B cBOEX «ApuMeTHUecKmX Hcciie-
JOBAHMAX», HO IPAaBAONOA06HO, YTO OW IMTAX MeMmyap aroro astopa (cp. XIII,
r. X, Abh. 4, crp. 58).
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npoctHx n *), Taycc sareM BHCKa3HBaeT Hfelo sammcarh n — 1 Kopmeit atoro

MHOTOYIIEHA B BHIE ;gh =, (0 kg n—2), Toe g — npmMATHBHEE KopeHb
cpasgerAA z"l =1 mod »n (4r0 HA COBPEMEHHOM A3KKe CBOXUTCA K BHIACHEHHIO
muKImgEocTH rpynns I' ypasmemma @, (¢) = 0). BearoMy pmennmremo e gmena
n — 1 Taycc crasur B coorBercTBHe f = (n — 1)/e «mepmomoB»

Mv=Cy+ Cvre+Cvtoet - T Lvits—ere A<v<h

¥ IOKA3HBAET, M0 CYIIECTBY, YT0 JuHefHHe KOMOMHANNH ¢ panuonaIbHENMA KO3 g-
dmmeATAMA YHMCea 1), 06pasyOT mode, NOPOKACHHOE MOGKHM H3 f MEpHOXOB 1,
T EMelolliee CTENEeHb f HAX mOJeM PAaNWOHATLHEIX UHCEN (3TO 10JIe, BCTECTBEHHO,
COOTBETCTBYET MOATPyNIe MopaaKa e rpynnH I'). 3pech He MecTo BXOAHTH B JieTa~
I 9TOTO AHANHM3A W BAKHHE apAfMeTHIeCKHe CIeLCTBHS, U3 HETO IPONCXOATITe.
YRajKeM Immb, 9T0 OH NPHBOAWT, B YACTHOCTH, K 3HAMEHATON TeopeMe O BO3-
' MOKHOCTH CTPOMTh «IWHeHiKofi W IWpKydeM» NpABAIbHHE MHOTOYTOJbHAKH,

9HCIO CTOPOH KOTOPHX — mpoctoe Bmma 22k - 1 *%),

Uto o pemenma B pagmkanax ypasuenuma @, (z) = 0, T0 0mO Jerko moay-
9aeTcA M3 TeOPHH NEePHOAOB B IIPUMEHEHAN K f-H cTeNleH: pe30JbBeHTH Jlarpamka
i—1
2 01, (tme of = 1) ***),
v=0

Hemnocpexcreenno ¢ paboramm Jlarpamxa CBA3aHH H3HICKAHHA €r0 COOTe-
dJecTBeHEANKA Pyddmnam, ogpoBpeMeHHEe ¢ A pEPMeTHIeCKAMHA HCCIEL0BAHAAMIAY.
Haumnman ¢ toro, geM Jlarpamx Komemia, Pyddman npoBoariamaer cBoell 1elbo
J0Ka3aTeIbCTBO HEPA3PENIAMOCTH B «pagmKaiaxy «o0mero» ****) ypapmenna

*) IloHATHEe HeNIPWBOZAMOTO MHOTOWIEHA (C PANMOHAMLHEIMA Koadpprmuen-
tamn) BocxopdT K XVII sexy. Heoron u Jleitbmun y:e onmcanm cmocolsi, 1mos-
BoNAmMue (0 Kpaitmell Mepe TeopeTHIECKH) OIpeseIATh HENPHBOAMMEE MHOMKH-
TeJIH MHOTOWIeHa ¢ JAHHHMHO PanuoHAIbHHMHA Koaddunuenramm ((VIII), 7. 1V,
crp. 329 m 325), Ho pesyastar I'aycca — mepBoe MOKa3aTeNbCcTBO HENPHBOJH-
MOCTH, IPIMEHAMOE K LeNOMY #Hogcecmey MHOIOWIEHOB CKOJIb Yromgao Gompmmx
crenenei.

**) Taycc ABHO YTBePIKAAET, 9T0 OH MOKeT JOKa3aTh, 9TO 3TO — EIHHCTBEH-
HH#l BO3MOMKHHIH clIydail mocTpoeHHA MHPKYJTeM W JWHEHKOH MHOTOYTOJbHHKA
¢ Ae9eTHHM IPOCTHM THcIoM cropoH ((XIII), 7. I, crp. 462). OgEaKo 10 mOKa-
3aTeIbCTBO HUKOTAA He OEUIO onmyG/IMKOBAHO M He HANAEeHO B ero fyMarax.

***) Ha camoM fefte, eclim XOTeTh MOKA3aTh TOALKO PaspemnMocTb B pagd-
KajJax, XOCTATOYHO LOJOKATH ¢ = 1 W mpoBecTH WMHAYKIHIO IO 7.

**%%) Maremarmkm XIX BeKa HOAMMAOT mOJ TAM, IO CYIMECTBY, ypaBHe-
HAe, KO2(QPHIHmeHTaMHE KOTOPOTO ABIAITCA nepemennuie (indétermindes) mapg
ToJeM panuoHAJLHEX amced. Ho coBpeMemHOe moHATHe NepeMeHHOU HOABIAETCA
e pampme mocaexnanx jgeT XIX cronerma. Jlo Tex mop mox «MHOTOWISHOM» HIIH
«panmoHANBHON APOOBIOY Beeraa MOAAMANY Pyrkyulo KOMIUIEKCHEX NePeMeHHHX.
«O0mee» anrefpamuecKoe ypaBHeHHWE PAcCMATPHBAETCA KAK YPAaBHEHME ¢ Hesa-
BHCHMEMHA KOMIUIEKCHEIMH IIepeMeHHHME (variables) B KagecrBe Koadipmmmentos,
KOpDHE KOTOpOTO CyTh «anre0pamdecKEe (YHKIEA» OT OTHX NepeMeHHHX,—
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naroit cremend. MHOroCIOBHOe W HeACHoe JjoKasareincrBo Pyddmum ocramocs
HENOXHHM, XOTA W IePefeIHBaJ0Ch HECKOABKO pas. Bce sxe 0HO Gui0 yike 09eHD
6nE3K0 K (B DpPHHIHIE BEPHOMY) J(OKAsaTeALCTBY, IIO3AHEe IOAyleHHOMy Ale-
aeM *). Ero raapuHil HHTepeC 3aKA0YaiCA BO BBEJHAHA HCUACASHHAA IOJICTAHOBOK
R IePBHX IOHATHHA TeOPHE Ipynu, Koropue Pyppmam passABaer xixa goKasaTenb-
CTBa HeCYIECTBOBAHAA (YHKOUH OT 5 KOpHeH ypaBHeHHMA, IPEHAMAKMEH 6oabime
2, HO MeHbIN® 5 3HAUeHHil IPK BCOBO3MOMKHEIX HePECTAHOBRAX KOpHeL.

Mu yxe onacwBand (Mcropayeckme 3aMedamna K ra. 1), KaK meCKOabKo Jer
coycra Homu passua m cmcreMaTH3HPOBaJ 3TOT IEePBHH HaGPOCOK TEOPHEH rpynm
nepecraHoBoK. Ho ecam B ToM, 9T0 KacaJoch HOACTAHOBOK, IOHATAA, HEOOXOH-
Mule jiaA passErEA Hyuedl Jlarpamka, NOCTeHeHHO IPOACHANHCH, OCHOBHEE IIPHH-
NHOH TeOPHH IoJeii eMe 0CTaBaja0Ch IPeACTAaBATh B CTOAD e ABHOM BHge. MMen-
HO 9TOr0 HefocTaBaao PypdmHE B AMEHHO 3TO IpejCTOAN0 CclelaTh AGexw
u Tanya B mocnenHeit pase passHTHA 337298 O pelIeHHAM ajarefpamdecKHX ypaB-
HeHWH,

Bcro cBoXo HONOAryW *KH3Hb Afein He IpeKpallaeT 3aHEMAThCA HTOH mpob-
aJeMoit. Bynyum ellle ToYTH PeGeHKOM, OH AyMaer, IT0 HOAYIAT GOPMYIY pPelIeHHA
B pafAKajax ypaBHemHi maroii cremenm. OGHApPY:KHEB mo3Ke CBOX OMHOKY, OH
He yCIOKaHMBaeTca, IOKA He HAXOJHT J0KAa3aTeJbCTBA TOrO, YTO TaKoH popMynn
me cymecrsyer ((XIV), 1. I, c1p. 66). Ho m Ea aTOM OH He ocTanaBampaerca. Torma
Kak ero comepmdk fIxo0H passHBaeT TeOPHI0 HAAMOTHYECKAX GyHKIMH KaK aHa-
JAUTEK, B Tpygax Afeiaa Ha 3Ty TeMy, NOCBAIEHHHX TEOPHN YPAaBHeHHH geneHusn
sanpnrEveckEx ¢pyurmmit ((XIV), 1. I, cTp. 265, 377 et passim) moMmmEpyer
anreGpamgeckan Touka 3penmA. TaK, OH HmonydYaeT HOBHe THIOH DPa3pemiAMEX
B pafifKajJaX ypaBHeHUil MeroJoM, CKONMPOBAHHKM ¢ MeTona I'aycca miaa ypas-
HeHHH flesenmA Kpyra ((XIV), 1. I, crp. 310 m 358) **).

Hcxona ms sroro, oH mogHEMaeTcA A0 o0INEro HOHATHA «a0eJeBHX ypaBHe-
HUiP», PaspeliiMocTh B PafiAKanax KOTOPHX [(OKa3HBAaer B 3HAMEHHTOM MeMyape
((X1V), 1. 1, cTp. 478). HiMeHHO B 3TOfl CBA3A OH BBOJHUT TOYHOE ONIPeJeICHHE

IOHATHE, JAOIEHHOe IOACTAHE KAKOTO OH TO HH (HI0 TOYHOTO CMHECHIA, 6C/H CIOBY
«pyEKnEA» HpHnaBaTh eI'0 COBpPEeMEHHOE SHadYeHHe. PasyMeerca, pacCyKAeHHsA,
B KOTOpDHX (QHIypHPYIOT 9TH «ajire0pamiecKHe QyHKIHH», B 00INeM IO CyIECTBY
BepHH, B 9eM MOMKEHO yGe[EThCcA, IOPeBOs HX HA COBPeMeHHEI ajnrelpamyecKmit
A3HK. .

*) Cu. P. R uffini, Opere Matematiche, v. 3, Roma (Ed. Cremonese),
1953—1954, a ramme H. Burkhardt, Zeitschr. fir Math. und Phys,,
XXXVII suppl., 121—129 (1892).

*¥) Tayce B cBomx «VccleZoBAHMAXY YKe OTMEYAJ BO3MOKHOCTH 0000MeHAA
€r0 MeTO[0B HA yPaBHEHHA feiendasn JeMaEcKarw ((XIV), 1. I, crp. 413), n B pe-
neppm Ha 5 ((XIII), 7. X, crp. 164, 162 m 517). Kar MHorme gpyrme KpaTKHe
H 3arafioyHHe yKasaHHAsd, KOTOpHEME laycc mo cBoeil m3m00aeHHOH HPHBHYKe
ycenBaJ cBoM paboTw, cooTBercrByloman fpasa u3 «Mccaegosanniiy BosGyknana
BOOGpaskenne cOBPeMeHHMKOB. MH 3HAeM, YTO OHA HI'Dajia HeMaxylo IHo0yauTe]b-
HYI0 poub naa Abenn m fIKoGH B HX HCCAE[OBAHHAX HA STy TeMYy.
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HeIIPHBOJMMOCTR MHOTOWICHA HAJ JAHHHM MOJIeM (TOPOKAeHHEM Ko pRnneATaME
H3y4aeMoOT0 ypaBHenma *).

CMepTh RacTETIA ero B 1829 roxy, Korga OH 3aHEMAaJcA 00meR nmpobieMoi
ONHCAHAA BCEX ypaBHeHNWH, paspemIEMHX B PAJAKAIAX, H TOJBKO Y10 COOOIImI
Kpeanwo n Jlesamgpy o CBOHX pesyNbTaTaX, yiKe BechbMa OJH3KEX K Oynymam
gocrmxennsim Tanya ((XIV), 1. II, crp. 219—243, 269—270 m 279).

Mmenro Tanya mosesoch TPH Iofa COYCTS B3aBEPHIMTHL BCIO IOCTPOiKy (XV).
Kak n AGean, HO ¢ emme Goupmie#fi OTIETANBOCTHI0, OH HAYWHAET ¢ ONpeAeleHHH
(C TOYHOCTHI0 70 TePMHUHOJOTHH) IPHHANISKHOCTH BEJIHYAHEL K IOJIO, IOPOs-
JeHHOMY OAHHLIMA BeJAYMHAMH; MHOHATHA MPHCOSMHEHHA; TOHATHA MHOr0YiIe-
HOB, HENPHBOMHMOIO HAJ AAHHEIM IojeM. 3ajgasmmch ypaBHeHmeM F (z) = 0
6e3 KpaTHHX Kopmeit, ¢ KoadpunmenramMn B gamHoM Ioiae K, Fanya mociaemosa-
TONBHO [OKA3EBAET, ITO «gcezda moncHO 06pasosamd makyio Pyuxyuio V om xop-
HBIZ, UNO 6C€ 8HAUCHUR, NPUHUMAEMbIE €10 NPU 6CEEO3MONCHBIT NepecmaHoerar Kop-
Hell, 6yOym pasHsimu», 970 dTa GYHKOUA «obaadaem mem csolicmeom, ¥mo 6ce Kop-
HU nepeoHAUAAbHOZ0 YPABHEHUR pauuoﬁtmbno suipancaromen wepes Vy, # HAKOHEN,
o6o3nagan uyepe3 V, V', V”,... Bce KOPHE HeIPHBOJHEMOIO ypaBHeHHA, KOTOPOMY
yaoBiaeTBOpAeT V, 410 «ecau a = f (V) — odun uz xopreii nepeonauanbiozo ypas-
nenus, mo f (V') maruce 6ydem ezo xopnem» ((XV), erp. 36—37). Bupamascs
COBPeMeHHHIM ABLIKOM, ['a/lya JoKa3HBAeT TeM CaMEIM, I10 V, Kak u mobaa conpa-
sKegHas K V Benmumma, mopospaer mode N KopHeidt MuHorowrema F. 3arem oH
onpepenser rpynny I' ypasaeansa F = 0 Kak MHOKECTBO TeX mepecTaHOBOK KOp-
Hell x;, KOTOpHe MOJYJAIOTCA TONCTAHOBKON BCEBO3MOMHEIX CONDAMEHHHX K V
B pan@oHRAaJbHBIE BHpasKeHHA KopHeil z; depea V. Ilocae 3T0r0 OH HEMEJJIeHHO
ycTagaBAMBaeT TO (yumaMeHTajJbHOE 00CTOATENLCTBO, UTO 3deMeHTH mola K
XapaKTepu3yIoTCA HX NHBAPHAHTHOCTHIO IIPH BCeX NOACTAHOBKax rpymnon [
((XV), crp. 38—39). 3areM oH HOKa3HBaer, ITO eciaH moje [N cOmepsKHT HoJje
Kopueit L gpyroro MHOrowiIeHa, To rpynna nojua N mapg L aBiaercs HOPMAJIbHHM
meaurenem rpyms ' (monsarme, cuelnajsHO BBEefeHHOE MO 3ToMy MOBORY) ((XV),
crp. 41 m 25—26). OTcioma OH BHBOAHT, HAKOHEN, KPHTePHH pa3pemraMOCTH
B PaJEKANAX ¢ OOMONIbI0 PACCY’KIeHAsA, CYMECTBEeHHEe 3TANH KOTOPOTO COCTOAT
B ciaeqyiomeM. IlpmanMaerca, 910 OCHOBHOe moie K copepsKuT BCe KOPHH H3 efn-
gunu. Torma, 0 MPEAIOJIOKeHAI0, IOJKHA CYMECTBOBATh BO3pacTanllas nocle-
JOBaTeNBHOCTh Mo (K ;), <i<m» TPOMEKYTOTHHX MEIKAY K wn N,rme MH II0Ji0-
#nm Kg= K, K, = N m rue mode K;,y Moaydaercs npHcoemmaeHEeM K K;
BCeX KOpHEH ABYI/IEeHHOr0 ypaBHGHHA zt— a; = 0 (a; € K;). CiepoBareinHo,
B rpymme ' cymectyer Takaa yOnBaommas mociegosareasHocts (I;) moprpymm,
maa xotopod Iy = T, I, = {e¢} (egmumuuni saemernt), I;,, ABIAETCA HOP-
MaJabHHM genamreneM B I';, a dakroprpymos I;/T';, TUKIMYHE (B 3TOM ciydae

*) Camo moHATHe IoJda (Kak H Gosiee ofmee MOHATHEe MHOMECTBA) 0CTaeTCA
TOUTH TYHAHM MaTeMaTHIeckoi Mucan o Karropa u Jenexnuna. AGens o I'anya
oIpefeNA0T 9JEMEHTH CBOHX (OCHOBHHX MOJedl» KaK BeSMIAHH, DAHUOHAJIHHO
BHpasKaioIlHeca Jepe3 sajaHHHe BOANINHH, HO H He TOMBIIIAOT O PACCMOTDe.
HON B ABHOM BHje BCEr0 MHOKECTBA STHX DJIEMEHTOB.
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rpyuna ' masmBaercs paspeuwunoil). OOpaTHO, eClIH 3TO YCIOBHE BHIOOJIHEHO,
HMCUONb30BAHME TOAXOJAMEH pe30AbBeHTH Jlarpas;ka HOKa3kBaer, 4ro IOJIe
K;4, moaydaerca npucoequaeHneM X K; BceX KopHell HEKOTOPOTO JBYWIEHHOFO
ypasuenna (cp. § 11, reopema 3) m, craimo Onrh, ypapmenHe F (z) = 0 paspe-
MAMO B pajiuKanax *).

HepoaMOXHOCTD pellHTh B pajmKalax «ofliees ypapHeHHe cTemeHd n > 4
clef[yeT TOrja H3 TOro o0CTOATENBCTBA, UT0 Fpynma I' Takoro ypasHeHWs, H30-
mopdHan cammerprieckoil rpynme &, ([Ipunosenme I, n° 1), e aBaserca paspe-
memMo#t (cp, ra. I, § 7, ynpasxkuenne 11).

LI

Rax Mu ye ormeuan: (cp. Ucropmueckme sameuanus K Pia. I), maumuaa
¢ cepequHr XIX BeKa, anre6panHcTH 3HAUATENBHO PACIIAPHIH 00JACTh CBOMX
HCCJIe/OBAHHIl, 10 TeX MOP MOYTH HCKIOYHTEIBHO NOCBAMIECHHEX H3yUeHHIO ypaB-
HeHnil. B cete oTkpHTHii 'alya cTaHOBUTCA ACHEIM, 9TO 3a7a9a PelleHusA B pa-
JIAKAIaXy— BCET0 JIHMIb YaCTHHH Cclydail, H IPHTOM JIOBOJbHO HCKYCCTBeHHMIH,
o0meii mpoGneMs KiaccHGHRanMH mppanmoHaAbHOCTedl. Vmenno ee Oynyr ara-
KOBarhb ¢ PasHHX CTOPOH B NOCIeJHHE JeCATHIETAs BeKa, H MHOTOYHCJIeHHbIE pas-
PO3HEHHEe pe3yJTbTATH OyAyT HAKANINBATBCA, IOATOTABIHRAA HOYBY AIA
caHTeTHIeCKOil pabore IlTeiimmua.

B orHomenmm mpeskge Bcero anrefpamuecKux mppanmonaissaocTeil dyHpma-
MEHTAIbHHI NPUHUNI KiaccHPUKALHE nocrasmia teopema [anaya, cBopHBman
H3y9eHHEe alnre0{pamIecKoro ypaBHeHHA K H3ydJeHH:0 ero rpynnu. B camom pexe,
OCHOBHEIM 00bE€KTOM H3yJeHHA B IHCTOR AnreGpe B TO BpeMs CTAHOBHTCA TEODPHA
IPyOO NEepPecTaHoBOK, O KOTOPOH HET HYMKAH TOBOPHTbL 37ech moppobHee (cp.
Hcropnueckne 3aMeuanus K TiL. 1). JIpyrie TOCTHXeHHA TEOPHH ANTe6paHIecKHX
moJieil CBABAHH ¢ PAa3BHTHEM B TOT Ke mepmop Teopmm umcen H AxnreGpaudeckoit
reoMeTpHH. DTH JOCTH;KEHHsA, BIPOUEM, OTHOCATCA TIABHEIM 06pasoM K cmocoly
H3JI0eHus H To Golbmeit Jactm upmmapmerkar Hepekmupay (X VIII), xoropmik
BBEJI HOHATHA IONA H KOIbIA **), a Tak:Ke (B CBA3K CO CBOHMH HCCIEJI0BAHHAMHA

*) Ecam K He comep/KUT BceX KOopHel m3 enmHWMuB, nyctb E — mole, Hoay-
49eHHOe TpHCoemuHeHAeM K K Bcex Takmx XopHei. Ilome E () N aBuserca aGeye-
BHM pacmmpeHHeM noas K, oTKyjga (HOIb3yAch TEOPeMOH O cTPOeHHH KOHETHEIX
abeqmensIx rpynn) 6e3 Tpyna BHBOAHETCA, 9TO WA PA3PEMMMOCTH TPyNOH moxn N
gax K meolxopmmo H goctaTouno, 9roOm Onaa paspemuma rpynna moua E (V)
sag E. YaureBas, 9T0 KOPHM H3 eJHHHANH BHPAYKAIOTCA «B PajHKANaX», MH BH-
aEM, 9T0 KpuTepmii Fanya me 3apucHT OT XKaKux OH To mE GELTO OpeANONOKeHHMA
o usmcnopom noxe K (u, 6oree 00mo, ocTraeTcAa cOpaBelTHBHM JJA BCAKOTO MOIA
XapaKTepuCTHKE HYIb). B neiicreurensrocta Tanya ne Haknaxspaer na K HHKa-
K¥WX Ynpomaiolax orpaHNYeHH i, a IPOBOAUT HHAYKIHIO IO MOPAAKY PaidKaloB,
TMOCJe0BATeIHHO NpHCcOeiEAAeMEX K moimo K ((XV), crp. 43).

**) Caopo «mome» («Korpers.— ITpum. nepes.) NPHHANJICKAT CAMOMY I{ene-
KHHAY; CIOBO «Kojabmo» OO BBeneno ['manleprom (IlepeKmu HA3HBAI KOJbLIA
«OOpATKAMMY).
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N0 THOePKOMIUICKCHHIM CHCTEMAaM) CHCTeMATHYeCKH pasBUI JIHHEHHHA acmeKT
Teopun pacmupernmit (XVIII), 1. 3, crp. 33 B manee). EMy TaKiKe MpHHAJISKAT
MHCIb paccMarpEBarh Ipynny ladya Kak COCTOSIIYIO yie M3 aBTOMOp(H3MOB
COOTBETCYBYIOMEI'0 PACITMPEHNA, & He TOABKO KAK IPYyINy NepecTanoBOK Kopueif
ypaBaernn. Om foKassiBaer (JJIA YACIOBHIX Ioxell) ymgaMerTaabHYIOTEOpPEMY
0 amHeitHON mezasmcmMocTn aBTroMopdmamoB ((XVILII), 1. 3, crp. 29) uycramaBan-
Baer CymIecTBOBAHAE HOPMaIbHOTO Gasuca y Beakoro pacmupennn Faxya (X VIII),
T. 2, crp. 433). Hakomen, om OpUCTymaeT K 3ajaue OHHCAHAA airelpamvecKHx
pacmupennit GeckoneurOi cTeMeHA, KOHCTATHPYET, YTO TeopHa lanya B ee OOHT-
HOM BHfe 3fech HempaMeHnMa (u60 He BeAKasa moxarpynna rpyunns I'amya cosma-
AaeT ¢ TPyNmoH pacIIMpeHMA OTHOCHTEIBHO KAaKOTO-HHOYAb IOApACIIMpEHAsY
H Jep3KHM B3JeTOM HHTYUNNE Y:Ke IpeyrajfelBaeT HEOOXONUMOCTH DPAaccMAaTpPH-
Bate rpynny lanmya kaxk TomomormiecKyro rpymnny *) — upaesa, Koropaa JOCTH-
* reer 3penoctn ammb B 1928 roay, korma Kpymnas pasosber TeOpHI0 pacmmpeHNE
TFaaya Gecrkomeumoit crememm (XXIV).

IMapaanenpno ¢ 3TAM pasBATHEM YTOYHAETCA NOHATHE 3JIeMEHTAa, TPAHCIEH-
JICHTHOTO HAp mnoixeM. CymecTBOBaHHe TPAHCUCHASHTHWX dHmcell BIGPBHe yCTa-
gaBamBaer JInysuanb B. 1844 rogy ¢ moOMOIIBI0 ABHOM KOHCTPYKIHH, OCHOBAHROMR
Ha Teopun guodanrosux npubamwreruit (X VIII). B 1874 rogy Kanrop npepnaraer
HOBOE, «HEKOHCTPYKTHBHO» IOKA3aTelbCTBO, HCHONB3YIONEee IIPOCTHE coobpase~
HMA 0 MOI[HOCTA MHOKECTB (cp. § 3, ynpaxuenue 1). Haxkonen, B 1873 rogy 3pmnr
JIOKa3HIBAET TPAHCICHACHTHOCTh 4mcaa e, a B 1882 rogy JlmapgeMann amamormg-
HEIM METOJI0M YCTaHABIHBAET Tpaacuennemaoc'rh T, TOJNOKAB KOHEI[ CTa PHHHOMK
3afade O KBagpaType Kpyra **).

Yro KacaeTca pOJNH TPAHCUGHJEHTHHIX UHCE] B alTe0pamdecKHX BHKJIAKAX,
Hporexep B 1882 ropny saMeuaer, UT0 €CJIH YMCIA0 ¥ TPAHCIEHACHTHO Haj moneM K,
t0 nole K (x) naomopdHo mMOMO pammoHaIBHEX apobeit K (X) ((X1Xa), crp. 7).
BropoueM, nprcoeguaenre mepeMeHHEX K IOMI0 CTAHOBHICA KPaeyTOTLHBIM KaM-
HEM ero M3J0KeHnsa TeOpHH anrebpamsecknx dmcen (XI1Xa). C gpyroit croponH,
Hemexnnay u Bebep B ToM ke rony ((XVIII), 1. 1, crp. 238) mokasuBaiT, Kak
apupMernUecKEe METOAHl MOI'YT CIYKHTh A 000cHOBAaHHA TeopWm axrebpam-
YeCKMX KPHBEX. Tak B PasHBIX HAIPABJEHUAX IPOABIAITCA AHAJOTAH MEKAY
ApnpMeruroft m Anrefpamueckoil reoMerpHeil, KOTODHIM CYK[eHO OKa3aThCs
HCKIIIATeJbHO TIOMOTBOPHEIME Ajisl PasBHTAA 00eHX HAYK.

Bo Bcex 3THX HCCIe0OBAHMAX HM3ydYaeMBle MOJA COCTOAT M3 (KOHKPETHBIX»
9J6MEHTOB B CMBICIe KAAcCHUeCKON MATEMATHKM — YHACEN (KOMILIEKCHBIX) WA
¢ yHKOUH 0T KOMILIEKCHHX MepeMeHANX * **). Ho y:xe Kponexep B 1882 roay Bnonne

*) «Cogokynnocmd amux nepecmarook 06pasyem € HEKOMOPOM CMbICAE

HENpepuIGHOE MH02006pasUe — 60NDOC, Komopuiil Mb He 6ydem yeaybaamd daseen.

*#) JIpocTsle [0KAa3aTeJbCTBA STHX TeOpeM MOKHO HAMTH, HaNpHMep,

B xaure: D. Hilbert, Gesammelte Abhandlungen, Berlin (Springer),
1932, v. I, 8. 1.

**%) Hu Kpomexep, Hu Jenexnan u BeGep, Kak H HX ODpealleCTBeHHUKH, HA

caMOM flelle He OUPeAelAlT MOHATHA <«aarebpamdeckoit ¢yEKmmm» opmol mim
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oTaaer cefe 0T4eT B TOM, 4TO (KaK HOACHO HpequIyBcTBOBAIE 'ayce m I'asya) B ero
Teopun «mepeMenmule» (indeterminées) mrparor Becero ammb Poab GABHCHHX BiIe-
MeHTOB HEKOTOpoit aareOpH, a ue mepeMemmmx (variables) B cMmcae Amaamsa
{(XIXa), erp. 93—95). B 1887 rogy om pasBmBaer 3Ty Hfel0 B CBA3H ¢ 00muprOi
1porpaMmMoil, HampaBieHEOHX me Goiee m He Memee Kak HAa HmpeoGpasopamme Beelt
MaTeMATHKH B IeJ0M ¢ 0TOpacHBaHEeM BCEro, YTO HEIb3s CBeCTH K ajgrelpamiec-
KHEM OonepamEAM Haj OeJHMH guciaMi (cp. Meropudeckune 3aMevanna K Kamre I,
ra. 1V). UMerno mo aromy mosony, ciregya maee Komm (X VI), Koropmii ompege-
Jimn pose C KOMIUIOKCHHX dHCeJ Kak moje BEIeros R [X]/(X? 4- 1), Kpomekep
TOKA3LIBAOT, YTO TEOPHA AJNTre0pamYecKHX 4YHCE]d COBEPOIEHHO HE 3aBHCHT OT
«OCHOBHOI TOOPOMEI aJre6pH» H JasKe OT TeOPHH BeNIeCTBOHAKIX Yncell, H0O0 BCAKOS
nojde anare6pamuecKEX UHCON (KOHOIHOH cTemeHH) H30MOPOHO LOJI0 BHYETOB
Q [XV(f) (f — menpuBopuMuit mag Q Muorowies) (X1X6). Kar zameuaer BeGep
{XX) uepe3 HECKOIBKO JIeT, pa3BaBas mepshil Ha6POCOK AKCHOMATHIOCKOH TOOPHE
noneit, ator meTox Kpomekepa B meiiCTBHTEABHOCTH IPAMEHEM K JNI0GOMY OCHOB-
aoMy noaio K. BeGep yxasmBaer, B 1acTHOCTH, 9T0 B KauectBe K MOMHO B3ATH
noxe Z/(p) (p — mpocroe UHCI0), BBOAS TeM CaMHM B TEOPHIO MOJeH HCUHCICHHE
CpaBHeHUHE «HO MOAyado p». IlocdemHee 3apoAmIAOCs BO BTOpod momopmme X VIII
Bexa B pabortax Jitmepa, Jlarpamxa, Jlexxasapa 1 l'aycea, # ero amaJorga ¢ Teo-
pueil anre6panuecKEX ypaBHeHEH HOOTHOKPATHO OTMEdaJach. PaspmBas 9Ty ama-
Jaormo, Tamya (B CBOMX HCCIeIOBaHAAX L0 TEOPHH TPYIN), He Koaebianch, BBea
<«HAeajbHLe KODHE» CPABHEHHA, HENPHBOXHMOTO WO MOAYJII0 p *), W yKasal
wx Bakmeiimme cBojicTBa ((XV), erp. 15—23) **). BupoueM, npumeHeHHe MeTOAA
Kponexrepa K nonio Z/(p) npuBOgET (C TOYHOCTHIO O TEPMERONIOrHAU) K IPEfCTAB-

HECKOJIbKUX KOMIIGKCHHIX TepeMeHHHX. B meficrBaTeBHOCTE npaBHIBHO Ompe-
Jenurh «aarebpamuecKyio $ynKOEIO» OxHOA KOMmiexchod mepeMenHodl (B ama-
JIATHIECKOM CMHCJIE) MOMKHO, JIHIb OIpefeiHB IPEIBAPHTEIBHO COOTBETCTBYIO-
{1yl0 PAMAHOBY HOBEPXHOCTH, TOTA KaK MMEHHO BBEJEHH® PAMAaHOBOH moBepx-
HOCTH (9mCTO anrelpamdecKuMu cpefcreaMu) u 65LT0 meanio Jexekunna u BeGepa.
DTOT MHUMKH IOPOYAHEI KPyr, PasyMeeTca, HCUe3aeT, KOAb CKOPO HOJe «aiare6-
pamueckmx (QYHKOHi» ompefensercAa Kak aGerpaxrmoe ajarebpamdeckoe pacmim-
peHME IOJA panuoHAJAREHX PyErmmd. B nelicTBATeABHOCTA, TONBKO 9THM OIpe-
JeldenmeM ® Toab3ylorca Jlemermug ¥ Belep, 9r0 BOOJMHE y3aKOHHBAeT HX
Pe3yabTATHL. )

*) B pyxonucu, DpeamoioKATeAbH0 faTEpyeMor 1799 rogoM, Ho onyGauko-
BaHHOH Wb HocMepTHO, Iayce yKe H3MOKUT HACI0 BBOJCHHNA TAKHX «MHU-
MocTeil» W HOXYIMJ 3HAUUTENbHYI0 dacTh pedyisraroB lamya ((XIII), 1. II,
crp. 212—240, B ocobemmoctm crp. 217).

**) Talya oT9eTNIMBO cO3HAET OPMANBHEIA XapaKTep alredpandecKuX BHITHCH
Jiemmil, Be KosmeGiack, manpaMep, Gparh DPONSBOJHYIO OT JEBOH JaCTH CPABHEHUA,
q9robH fj0KasaTh, 4TO MOCTeHEE He HMeeT KPATHHX «MHEMEX» Kopmell ((XV),
crp. 18). OH moggepKmEBaeT, B 9ACTHOCTH, 9TO TEOPeMa O HPUMHATHBHOM 3TeMEHTE
COPaBe[IIABA [IA KOHEUHHX HOJied Tak ’Ke, KAk m [Ja 49ucIoBHX ((XV),
c™p. 17, mpamMeuanme 2), BOpodYeM, He NOKA3HIBAA BTOTO.
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JIeHHI0 TeopuH «ManMocteit Nanya», yixe ganaomy Ceppe u Jepnexmapom ((XVIII),
1. 1, crp. 40).

Ko Bcem atuM mpmmepaM «aGCTPaKTHHIX HoJlei» B camMOM KOHIle BeKa mpmba-

BWIHACEH "HOJIA HOBOTO M COBEDPHIEHHO HHOTO THIA — YIOAA (POPMAJbHHX CTe-
TMeHHHX PAoB, BRepennane Bepomese (XXI) u ocofenno p-apwdeckue moan Ien-
sexsn (XXII). Umenmmo aro mocienHee oTKpHrde npupedo Hlreiimmma (no ero
cOGCTBeHHOMY CBHETeALCTBY) K BHIeJeHN0 a0CTPAKTHHX NOHATHH, 06IAX BCeM
aTEM TeopuaMm, B ¢pympaMenTaarHoM TpyAe (X XIII), xoTophil MosKHO paccmaTpm-
BaTh KaX 3aposKAeHne cOBPeMenHON Konnennnu Aare6pu. CHcTeMaTHYeCKE PasBH-
Basl CAEACTBHA M3 aKCHOM KOMMYTAaTHBHOIO 10, [ITeiHAN BROXHT MOAATHA KpaT-
HOro moJjs, cenapaGenpnnx (anre6pamyecKHAX) 2JeMEHTOB, COBEPIIEHHOIO TOJA,
onpepeNsieT CTeleHb TPAHCIEHAGHTHOCTH PAaCIIMPeHHS W, HAKOHEN, AOKAa3HBaeT
cymecTBoBamHe ajirefpamyecKH 3aMKHYTHX pacmHEpPeHHN J000T0 Mo,
° © B camoe nociaepHee Bpema Teopus Hltelinnna Onna foNoJHeHA B HECKOJIBKHEX
Ba/KENX oTHomeHHWAX. C opmofi cToponH, paboTh APTHHA ¢ OYeBHJIHOCTHIO BH-
ABIIA JNUWHEeHHHN xapaxtep Teopmm Iamya (XXV). C gpyroil cropomm, obmee
noEATHe jpuddepeHNAPOBAHAS (CKONMPOBAHHOEe ¢ (OPMANBHHX CBOHCTB KJacCH-
9ecKoTo pnudxpepeHNUANBHOTO HCUYACIeHNA), NPEABOCXUINeHHOe [JlefeKHMHAOM
((XVIII), r. 2, crp. 412) u Brepnennoe lrefimumeM B YacTHOM cllydae IOJdA pa-
huomansHEHX apobeit ((XXIII), crp. 209—212), 6nI0 ¢ ycnexOoM HMCIOJIb30OBAHO
B (Ba’KHOM 1A COBpeMeHHO# Anre6pawdeckoil reoMeTpHH) H3yYeHHH TPAHCIEH-
JEHTHHX paCHmHUpPeHud, B YacTHOCTE B 0000IEHAM HA STH NOCJIENHNE IOHATHA
cenapabexbrocrd (X XVI).



iy

(11

(IT bis)
(111)
(Iv)
V)

(VI)
(VII)

(VIII)

(IX)

(X)

(XI)

(X11)

(XII)
(X1V)
(XV)

BUEBINOTPA®UA

O. Neugebauer, Vorlesungen iiber Geschichte der antiken
Mathematik, 7. I: Vorgriechische Mathematik, Berlin (Springer),
1934. [Pyccr. mepeson: O. Heiire 6 ay s p, Jleknuun no ucropun
AHTHYHRX MaTeMaTHuecKmXx HayK, T. I: JloTpeuecKas MareMaTHKa,
OHTH, M.— JI., 1937.]

Euclidis Elementa, 5 1r., m3x. J. L. Heiberg, Lipsiae (Teubner),
1883-—-1888.

T. L. Heath, The thirteen books of Euclid’s Elements.., 3 Tr.,
Cambridge, 1908.

H. Card ano, Opera, Lyon, 1663.

R. Bombelli, L’Algebra, Bologne (G. Rossi), 1572.
Francisci Vietae, Opera mathematica..., Lugduni Bata-
vorum (Elzevir), 1646.

A. Girard, Invention nouvelle en Algebre, Amsterdam, 1629.
R. Descartes, Geometria, trad. latine de Fr. van Schooten,
2-e wm3m., 2 Tr., Amsterdam (Elzevir), 1659—1661.

G. W. Leibniz Mathematische Schriften, uzg. C. I. Gerhardt,
7 1., Berlin — Halle (Asher — Schmidt), 1849—1863.

Der Briefwechsel von Gottfried Wilhelm Leibniz mit Mathemati-
kern, herausg. von C. I. Gerhardt, t. I, Berlin (Mayer und Miiller),
1899.

L. Euler, Opera Omnia (1), t. VI, Berlin — Leipzig (Teubner),
1921: a) De Formis Radicum Aequationum..., erp. 1—19; 6) De
Resolutione Aequationum cujusvis gradus, erp. 170—196.

J.-L. Lagran ge, Buvres, r. 1II, Paris (Gauthier-Villars) 1869:
a) Reflexiones sur la résolution algébrique des équations, p. 205—
421; ) Sur la forme des racines imaginaires des equations, erp. 479.
A.Vandermonde, Mémoire sur la résolution des équations,
Hist. de 1’Acad. royale des sciences, année 1771, Paris (1774),
erp. 365—416.

C. F. Gauss, Werke, I1—X, Gottingen, 1863—1923.

N. H. Abel, (Euvres, 2 rr., a3n. Sylow et Lie, Christiania, 1881.

F8'97G alois, (Buvres mathématiques, Paris (Gauthier-Villars),



(XVI)

(XV1I)

-

(XVIII)

(XIX)

- (XX)
(XXI)
(XXII)
(XXIII)
(XXIV)

(XXV)
(XXVI)

BUBIUOrPAGUA 237

A-L. Gauchy, (Buvres completes (1), r. X, Paris (Gauthier-
Villars), 1897, crp. 312 m 351.

J.Liouville, Sur des classes trés étendues de quantités dont
la valeur n’est ni algébrique, ni méme réductible & des irrationelles
algébriques, Journ. de Math. (1), r. XVI (1851), crp. 133.
R.Dedekin d, Gesammelte mathematische Werke, 3 tt., Braun-
schweig (Vieweg), 1932.

L. Kronecker: a) Grundziige einer arithmetischen Theorie

- der algebraischen Grossen, J. de Crelle, . XCII (1882), ctp. 1—122
-(-Werke, T. II, Leipzig (Teubner), 1897, crp. 245—387); 6) Ein

Fundamentalsatz der allgemeinen Arithmetik, J. de Crelle, T. C
(1887), crp. 490—510 (-Werke, T. I, Leipzig (Teubner), 1899,
crp. 211—240).

H. Weber, Untersuchungen iiber die allgemeinen Grundlagen
der Galois’schen Gleichungstheorie, Math. Ann., r. XLIII (1893),
crp. 521—544.

G. Veronese, Fondamenti di geometria, Padova, 1891,

K. Hen sel, Theorie der algebraischen Zahlen, Leipzig — Berlin
(Teubner), 1908.

E. Steinitz, Algebraische Theorie der Korpern, J. de Crelle,
1. CXXXVII (1910), crp. 167—309.

W. Krull, Galoische Theorie der unendlichen algebraischen
Erweiterungen, Math. Ann., r. C (1928), crp. 687.

A. Artin, Galois Theory..., Ann. Arbor, 1946.

A. Weil, Foundations of algebraic geometry, Amer. Math. Soc.
Coll. Public., . XXIX, New York, 1946.



TJABA VI
YIIOPAJZOYEHHBIE T'PYIIIBI N II0JA

§ 1. Ynopanouennsie rpynnsl. eanMocTs.

HonsaTasA u peayAbTaTH, H3JIOKEHHEE B 9ToM naparpade, kacaorcs
WBYdYeHHsA OTHOMEHMs MOPAAKA B KOMMYTAaTHBEHX MoHompax (ra. I,
§ 1, n° 3), BAYKHNIM UPUMEPOM KOTODHX ABJIAIOTCH abedessl pynnal.
Hpome cmenmaibHO OroBapmBaeMEIX CIYYaeRB, 3aKOH KOMIO3HIHH
B H3yYaeMHX rpynmax OyfeT 3amucHBaThCA addumuseHo, Kar, HALpH-
Mep, B IpAMeHEHHASIX K Teopwd muTerpupopamus. C Apyrod ¢cTOpPOHH,
IONYTHO MH HM3JOKAM HEKOTODHE BajKHHE ajire6pamiecKkme HpPHIO-
JKeHEA TEOPHH YIOPANOYEHHHX MOHOWTOB W TpPyImm u Gymem Hepe-
BOAUTH IO Mepe HajoGHOCTH 9acTh Pe3yJIbTaTOB Ha MCIOJb3YeMEIH
B 3THX HPUIOKEHHAX MYAbMUNAUEAMUGHbLE SBHIK.

1. Onpedeaerue YnopaooweHnuxr MOHOUIOE U epYnn

Oupepnenemue 1. Iogopam, uwmo Ha mruomcecmse M cmpyrmypa
KoMMYymamugHozo moHouda (B affATHBHEIX 00O3HAUEHUAX) U CMPYK-
mypa nopadra (ob6o3HagaeMasfd BHAKOM <) C024aC08AH¥, €cAU OHU
yOosaemeopaiom caedyiowell arcuome: ,

(YM) Haa wwbozo z € M ommuowenue z<y eaevem z + 2
<Y + 2. Muoncecmso M, crHabncernnoe cO2AACO8AHHEMU CIPYKINYPAMY
KOMMYMAMUSHO20 MOHOUDA u NOPAdKA, Hasvlgaemcs YnopadoueHHsIMm
MOHOUOOM; eCcAU CMPYKMYPa KOMMYMAMUSHO20 MOHOUDA Sasemcs
cmpyrmypotl aberesoil epynnwt, mo M Haswsaemcs ynopadoueHuok
2pynnoii.

AHanoTAIHO MOMKHO ONPeReJdTh NOHATHEe HeKOMMYTATHBHOIO yOODA-
JAo4eHHOr0 MOHOHMAa (yupaskmemme 1).
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Ecanm cTpykTypa mopsfKa corjiacoBaHa cO CTPYKTypOii MoHOHMAZA,
TO Ta JKe COTJIacCOBAHHOCTbH MMeeT MeCTO M JJIA CTPYKTYDPH npOmugo-
no0NHO020 NOPAOKA.

Il pumMepH. 1) AXIUTHBHbE IPYNOHl NEJIHX PANUOHANBHHIX H BCEX
PanHOHAJBLHHX YHCEI ABAAIOTCA YNOPDAAOYEHHBIMEH TPYUIaMH, eCIK OHH
cHa(KeHH CTPYKTypaMH IOpAfAKa, oupefeidesmmME B ra. I, § 2, n°5
7 § 9, n°5. *To ;Ke COpaBeJIEBO K NJIA aJIUTHBHOR I'PYNOH NeHCTBHTEIb-
gHX uncen (O6m. Tomoux., Ta. IV, § 1, n°3).,

2) *ApauTHEBHAA TPYINa KOHEUHHX UHCIOBHX (yHKOWil, ompepeleH-
HEIX Ha MHOKecTBe E, ABIAeTCA yIOPANOYEHHON IPYNUOH O CTPYKTYpOi
nopAAKa, onpeaeneHHoll oTHOmerHeM «puA moboro z € E; f (z) < g (2P,
KoTopoe sammchBaerca «f <C-g». 970 ‘OTHOIDeHHe O3HAYAET, UTO rpaduk
OYRKOUE f de;kuT HOJ rpaduKoM QYHKOHMHA g; B HEKOTODPHX CJIY4asAX UHTA-
TeJNb MOKeT HAHTH 3Ty rpa@uuecKyio HHTepOpPeTANHIO YXOOHOM.,

3aMegaHne. B riase, N0CBAIERHOH HOPMEDOBAHUAM, MK yBH-
oM, Kakmm ofpasoM HEKOTOpHe CTPYKTYDH YHODPAAOYEHHOH TPYIIH,
HCHOJb3yeMble B. ajnrebpe, MONYCKAOT TAKYI0 QYHKIHOHAIBHYI HHTep-
TpeTanmio.

Cornacmo o6mum ompenernenuaMm (Teop., ma. Pes., § 8) mzaumro
ommosHaTIHOe OTOGpaskenme [ ymopAaoIeHHOrO MoHomzga M ma ymo-
pAgoYeratii Monoun M ' HasmBaetcHa usomopgusmom M ma M’', ecim
cTpyKTypa M’ moaydeHa mepeHOCOM CTPYKTYDH M ¢ MOMOMBIO KaHO-
HAYeCKHX Mpouo/sRernit oTtobparkenus f. PasrocuasHoe TpeGoBamme:
f — Takoe oroGpasxemme M ma M’', wro f(z +y) = f(z) +f(y)
(T. e. mpencranienue MoHomna M ma momoma M’) m 9To cooTHOme-
ara <y 14 f (¢) < f (y) PKBEBaJeHTHH (OTCIOZa CIEAYET, B YACTHOCTH,
uto u3 f () = f (y) BHTeRaeT x =y, T. e. [ B3aHMHO OJZHO3HAYHO).

IlpEnnoxernE 1 («cuoxenme mepaseHCT®Y). Ilycmbv () u (y;)
(1 <ig n) — 0¢e nocaedosamenvbHocmu U3 n saeMeHmMO8, nPuHal-
aewcawux ynopadouenromy monoudy M, marue, wmo Oas écakozo
i z; <Y;; TOTja

Tt <Y1t Yn.

Ecau, céepz mozo, éce anemenmul Z;, y; pezyaspuet (ra. 1, § 2, onpene-
nenne 4) (B 9acTHOCTH, ecat M — 2pynna) u ecau cywecmsyem makoe i,
wmo Ty <Yi, mo Ty + ... +%p <Y1 + ... +Ya.

Crxyuai ODpOHM3BOJLHOIO n TOJYIaeTCA HMHAYKIHeH U3 cixydasd
n = 2; B HHIYKTHBHOM [OKa3aTeIbCTBE BTOPOTO YTBEPIKIEHNA HCIO0Tb-
syeTcs TOT QaKT, YTO CyMMa PeryJAPHHX 3JeMeHTOB ABJIACTCH Pery-
agpuuM saementom (ra. I, § 2, n° 2, mpeanoxenme 2). Ilepsoe
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yTBepsKeHAE ABIAETCA CIENCTBHEM COOTHOMCHHN T | 5<%y | Y2
H Zy +Ys<Y; -} Y2, BHTEKAOMHUX U3 IHIPeAIOJOKEeHUN TeopeMHl
u oupenenenusa (YM). Ecam pame 2y 4 2o=y; + Y2 TO 2y J 22 =
=2y -+ Y2 = Y4 + Y2, OTKy[la OPH DPeryAAPHHX Z; U Yz Tz = Y2
A x4 = Y41, 9TO [OKABKBAET BTOPOE YTBep KACHHE.
IlrepnosxennEe 2. B ynopadouennot epynne G  Hepasencmsa
Kyuzx +z2<Ly - 2 sksusaseHmHul,

B caMowm fiesie, 0T OJHOTO K ZpYroMy MOJKHO HepeiiTu IpubasieHneM
# ofeuM vacTAM z mau (—z).

9ToT (paKT 03HAYAET, 9TO B YIOPANOYEHHOH Ipyime cTpyKTypa
HOpARKA UHEAPUAHMHA OMHOCUuMesbHo cléuzos. Jlpyrumm ciaoBamm,
B YOOPAROYCHHOI IpyIme CHABHT SABISETCA a6MOMOpPHUIMOM CTPYK-
TYpH nopadka.

Caencrsue. B ynopadouennoii epynne G ompowenus r <y, 0<
<y— 2z, 2 — y<0u —y< —x sxeusatenmHusl.

JleficTBUTe I HO, [OCTATOYHO TIPUMEHHTH, Ipendo:kenme 2, Oeps
TOCHENOBATENBHO 2 = —Z, 2 = —y B 2 = — (r -L ¥).

W3 sroro caepcTBusA BHTEKaeT, B 9aCTHOCTH, 9T0 ecad G — ymops-
JOoueHHad TPyIa, To oTobpaykeHwe ¥ — —z rpyomns G na ceGa mpe-
ofpa3yeT CIPYKTypy IOpAAKa B CIPYKTYPY RPOMUBONOLONHOZO
nopadxa.

2. I pedynopadovenrnste MOHOUIBL U ePYNNDBL

Ecau otrOmenne r < MeAy ajeMeHTaMu MHo;kectBa F pediex-
CHBHO U TPAHBUTUBHO, HO OHO Ha3HBAaeTCA OTHOUIEHHEM npednopadka
na FE (Teop. mu., u. 1Il). OtHOmMemme «r < y W y < o» ABAAETCA
ornomenneM sksuBasentHoctd S B E (Teop. mm., Pes., § 6, n°1),
COIVIACOBAHHKM ¢ oTHOmeHMeM z =< y. OTHomemme ={ oupegeixser
ma (axropmuoxectse F/S orHomeHMe IopsAAKa, Ha3HBaeMoe .acco-
OMUPOBAaHHKM ¢ =.

Onrepenemme 2. Iogopam, wmo Ha mHoxucecmee M omuowerue
npednopadra (o0603nauaemoe ) U CMPYEMYPa EOMMYMAMUEHOZ0
Monouda cozaacosandl, ecau OHu ydoesemeopaiom caedyiowuels arcuome:

(IIYM) faa awbozo z €M, x L y eaevem x + 2z L y - 2. Mno-
acecmeo M, crabwcenmoe cmpykmypol KOMMYMAmUueHozo MoHouda
U CO2MACOBAHHBIM € Heil OmHoweHUuem npednopadra, HA3bIBAEMCS
npedynopadoueHnsim MOHOUDOM.
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IIycre M — npepymopsigodeHHHt Momomag M S — OTHONICHHE
SKBUBAJeHTHOCTH «r Xy # Yy X2 . B cumay csoiicra (IIYM)
oTHOmeERAe = ' (mod S) Bieder Axsg Kaxkaoro y € M orHOmMEHHA
z+yKz'fyns’ +y<z+y 1 e = y=2z"+4y (mods).
ApyruMm ciosaMm, OTHOIIGHHME OJKBHBANEHTHOCTH S CO2AGCOBAHO
co caosxesmeM B M (ra. I, § 4, n°3, ompenmenenme 4). Torma M/S
¢ UHAYNHPOBAHHEIM 3aKOHOM CJIOKeHHS ¥ CTPYKTYpoHl mopsafKa,
acconmumMpoBaHHON ¢ ={, CTAHOBHTCH YNOPAJOUCHHBIM MOHOUDOM.
B caygae, xorma M — npefymopAgoueHHas 2pynna, M/S apasercs
$axroprpynmoit M mo moxrpymme M ', 3JeMeHTH % KOTOPOi yHOBIeT-
BopAT coormomenuAM z 0 n 0 X .

3. IToaowcumeavrvie snemeHmot

IIycrs G — mpepymopsgoYeHHas IpydOoa ¢ OTHOIIEHHEM LpefIo-
pagka <; 3 oraomreHnii 0 < z n 0 < y BHTeKAOT oTHOWeEHHEA ¥ =<
< 2 +y (c momomsio ceoiictBa (IIVM) m 0 < = 4-y (mo Tpamsm-
THBHOCTH); 3T0 O3HA4aeT, 4YTo MHOKecTBo P T1ex 3nemenros z € G,
ansg xoTopux O < x, 3aMHHYTO OTHOCHTEJIBHO CJIOMKEHHA; KpOMe
TOTO, OTHOIIeHMe % ={ y SKBuBadeHTHO O < y — %, T. e. ToMy, 4TO
y—x€P.

O6parmo:

Nremgnosxerne 3. Ilyemv P — uacme abeaesoti epynnyt G, codep-
aawan 0 u makas, ymo P 4 P ( P; mozda ommnowenue y — x € P
ecmb omHoweHnue npednopadra, co2AACO8AHHOE cO CMPYKMYPOL epyn-
net G. [as moz0 wmo6wr omo omHouterue onpedeasno na G cmpyrmypy
ynopadouennoii epynnsl, Heobxodumo u docmamouro, wmobs P )
N (—P) = {0}; 0an mozo umobw epynna G npu amoii cmpyrmype
6ui1a cosepuieHHo ynopadouennoli epynnoii, Heo6zodumo u docmamouro,
qymobul, kpome mozo, P[] (—P) = G.

Henocpeacrsenno yoeskgaeMca, 4To orHomerue y — z € P ped-
JeKCHBHO ¥ TPAH3MTHBHO M (€CHU 3alECaTh ero Kak & =<{ y) yAOBIeT-
popser arcmoMe (IIVM). UYrobm pgomasaTh BTOpOE YTBep:KIeHme,
AOCTATOYHO 3aMeTHTh, ITO MHOKecTBO P [) (—P) sBasgercs takoi
moprpynmoit G', wro gmsa mcex z € G 2 £ 0 m 0 £ z. Haxonren,
COBepINeHHas YOOPAXOIeHHOCTh IPyNnH G 03HAUAeT, 9YTO AIA MIOOHX
3JIeMeHTOB z, y € G ofuHE U3 3IAEMEHTOB £ — ¥, ¥ — X IPHHANIEIKAT
P, wem Jora3aTelbCTBO 3aKaHIMBAETCH.

16 _H. BypGaku
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Onrpeaenennk 3. B ynopadouennoll zpynne  nOAONCUMEAbHELM
(coomeemcmeenno OmMPuUYAMEALHEIM) IACMEHIMOM HA3BIBAIOM  BCAKUL
saemenm xz, maxoii umo Q<L x (coomeemcmeenno x<0).

OTMeTAM, YTO HYJAbL — @NUHCTBEHHHH 00H08DEMEHHO NOAON UMEAbHbLL
© ompuyameadnblii 3JeMEHT; BCAKHH DJeMEHT r, AiA Koroporo 0 < =z
(cootBeTcTBeRHO z < (), HABHBAETCA CMP020 NOAOHUMeAbHBM (COOTBET-
CTBEHHO CMPO020 OMPUYAINEAbHLM).

Mprmep. Iyers B agmuruBeO# rpynne Z X Z P — MHOKECTBO
3IeMeHTOB (z, y), YINOBIETBOPAIOMEX ABYM HepaBeHcTBaM az -+ by > 0,
cz 4+ dy > 0, tae a, b, c & d — HeKOTOpHEe (EKCHPOBAHHEE HEIHEe UACTa
(*unu JeficTBHTENbHEE UHCIA,) TaKde, 4To ad — bes~0; «xomyc» P yno-
BIETBOPAET HBYM NEPBHM YycnoBuam mnpepioxenus 3. Taxmm obpasom,
Ha Z X Z oupejensAnrcs pasiudHble CTPYKTYPH OOPAAKA, COrIacoBaH-
HHe ¢O CIpyKTypoil rpymni. Ilpm a1060fi m3 3THX CTPYKTYp TIpynua
He ABISETCA COBEPIICHHO YHOPSINOYCHHOH.

3aMedanue. Hcnoapsya ycunosge P -+ P C P, 3 OTHOmMIEHHA

Z > 0 MOYKHO BHBECTH OTHOMIeHHE nz > ( LA KAKIOTO UEIOro HaTypalb-
HOTO n B yHopsAnodeHHOH rpynmne G. Ecim K TOMY ke NOJTOKATENBHHI

9JIeMeHT Z IPYOnH ( EMeeT KOHEYHHH OOPANOK n, T0 K 3JIEMEHT — & =
= (n — 1) z monoxuTeneH, Tak Kak P (|} (— P) = {0}, 70 z = 0. B gacr-
HOCTH, €ClIH Bce B3JeMeHTH IPynns G HMEI0T KOHEYHHI NOPSIOK, TO
P = {0}; orHomemme =z < y TOIA 3KBHBAIEHTHO = = y (duckpemnas

CTPYKTYpPa OOPAIKA).

4. Dusvmpyrouuecs zpynnst

ToBopar, 9T0 ymopamoueHHEOE MHOKeCTBO G fusvmpyemes enpaso
(cooTBercTBeHHO 6.60) (Teop. Mu., Pes., § 6), ecim pas xampoit maps
3IeMeHTOB (%, y) MHOMecTBa ( CymecTBYeT TaKOi 3jeMeHT z € G,
910 £< 2z 0 Y <z (cooTBETCTBEHHO 2<%, 2<y). Nampmas ymops-
NoYeHHasA Tpynma, QmIbTpyoOmascs BIpPaBo, (QUIBTPYETCA TaKKe
BIEeBO Z O0pDATHO: B caMOM figlie, TaK KaK CYMECTBYeT 3JeMeHT z € G,
B KOTOPOro —2 <z U —Yy< 2z, EMeeM —z<Z B —z<y (cuen-
cteme mpemuosxeHua 2). Ilosromy Mu GymeM rosoputs npocto GUABT-
pylomascsa Tpymma.

IpegnoxennE 4. Jaa mozo umobt ynopadouennasn epynna G
Gviia  guavmpyiowjeiica, Heobxodumo u Oocmamouno, umober OHA
nopoxcdanacy ceOUMU  NOAOHCUMENbHBIMU  dfeMeHmaMu, Opysumu
caoeamu, wmobs ecakuil saemenm us G 6w pasrnocmvio 0syx noaoxcu-
MEABHBIT 9/EMEHIN08,
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B camoM pgese, ecam rpymna G Quakipyercs, TO AJS HKAaEAOTO
z € G cymecTByeT TAKOH MOJNOKUTEJLHBIN DJIEMEHT 2, 9T0 <X 2,
M Z ecTh PAPHOCTH HOJOKUTEIbHHX DAEMEHTOB z W z — Z. Hcaw,
06pa’rﬁ0, r=u—vuHny=w-—1I roge u, v, w, { NOJOKATCILHH,
TO dJeMeHT U -+ w Goupme = m y.

lrepnossenue 5. Hycmv (x;) — KoHeunoe cemeiicmeo asaemenmos
Puavmpyroujeiica epynnet G; mozda cywecmeyem makoil saemerm z,
umo x; -+ z noaoscumesvusl 0aa écex i.

Ilyers z; = u; — v, TAe uU; W V; HOJOKATENLHHI; AOCTATOTHO
B3ATh B Kad9ecTBe 2z CYMMY BCeX U;.

5. OmrouweHus 0eAUMOCTNYU 68 NOAE

Mu cobmpaeMces ompejieauTh B37eCh HEKOTOpPEE YIOPANOICHHEE
rPYIIH, ArPaoIue BakKayo poab B Aare6pe. B atax rpynnax oGsrano
HCIOABIYIOTCA MYJIbTUIIMKATHBEEE 0003HAYEHWS; AAA TOTO UTOOH
OpUMEHHTh K HAM [OJAYYeHHHE paHee pe3yIbTATH, HEeO0XOHWMO,
C/IeJIOBATENBHO, IEPEBECTH BCE ¢ AANTHBHOIO A3HKA HA MYJIbTHIIAKA-
THBHBIH, 9T0 He COCTABHT HUKAKON TPYHHOCTH Ais gurtateds. DBcwdy
nuace A oGosHawaem obaacmy yesocmuocmu ¢ edunuyeil, sanucegae-
moii 1 (T. e. HeHyleBoe KOMMyTaTHBHOe KOJBIO ¢ efmEmNei m Ged
neaurtedaeir myaa; cMm. ra. I, § 8, n°3); uepes K ob6osnauaemes noae
omnowenuti kKoavya A (ra. I, § 9, n°4).

B mynprunmmkatusmoii rpynme K* Bcex HeHYAEBHX 3IeMEHTOB
moas K muosxectso P = A* menyJeBHX 3J€MEHTOB KOJbIa A BaMKHY-
TO OTHOCHTEJHHO YMHOMKEHNS, HOCKONBKY A He uMeeT [MenmTeneit
gyas. Iloatomy MmoskectBO A* ompenenser ma K* oTmHomeHme mpej-
nopsifka 271 y € P, 1. e. «cymecTByeT daeMeHT z € A*, nua KoToporo
y = zx», mpeBpamaiomee K* B npedynopadouennyio zpynny (KoTo-
pas BanucHBaeTCA MYJIbTHINIMKATHBHO) (Opennoxkenme 3). Pacmpo-
CTpaHAA Ha clydaii, Koraa z, ¥ € K*, TepMHHOJOTHIO, 0THOCAMYIOCA
K sameMenTaM Koabma A (rx. I, § 8, n° 3), otromernne 27! y € P MosxHO
IpPOYECTb TaKsKe TAK: T Jeaum y, AN L ecmb Oeaumend i, WIM Y KPAMHO
2 (oTHOCHMTeNbHO Koabma A); Mu GyaeM TOBOPHTH, YTO OTHOMICHH®
z! y € P ecth omuowenue Oeaumocmu B K* oTHOCHTEeAbHO Koubha A.
OrTHourenwe «x AEJNHUT y» MH 3aOACHBAEM |y, a ero OTPHIaHWE Kak
zly. dmeMeRTH W3 A* W TONBKO OHEM ABJIAITCA Kpamubmu edu-
Huybl; OHH HABHBAIOTCA WHOTAA yYeaslMU dieMentaMd B K.

16*
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BamMewanunma 1) Oruomennme pgenmmoctn B K¥* cymecTBeHHO
3aBACAT OT BEOOpa ®oxba A. Ecia 4 = K, 70 nonydaeM ¢«TpHBHAILHOE)
OTHONTeHHWe, The z|y nanA Kammod mape (z, y) smemenroB ms K. Ilycre
D (COOTBETCTBEHHO ¢) — HPOCTOe 9HCNO; PANMOHANBHHE YUCHA r/s, 3HA-
MeHaTenb KOTOPHIX JeNUTCA Ha p (COOTBOTCTBEHHO ¢), 00pasymoT woj-
KONBIOO Zp (COOTBETCTBEHHO Z,) KONBIA Q; OTHOMICHHA JeNEMOCTA B Q¥,
‘COOTBETCTBYIOIIME 9TAM ABYM KOJBIAM, Pa3AAYHE, €CIA p=£ ¢; IHCIO p/q
KpatHo 1 m7A ONHOTO KONBNA, HO HEe JJNA APYTOTO.

2) Mu pacnpocTpaHseM WHOTIA OpejielieHde OTHONEHNA z | y HA Hapy
aeMeHTOB U3 K (a He Toabko H3 K¥); mOHNMan ero KaK CHHOHUM yTBep:k-
JIGHAA (CYMEeCTBYeT TaKOl ameMeHT z € A, 9TO y = zz»; CleNOBaTeNbHO,
z | 0 pua xasmoro z € K. 970 mo3sonser chopmyimposats Gea orpanude-
Buil cemyomuil pesyasTar: ecit z |yuz |z, 0z | (y — z); ecnm z | y
azlz, ozt (y— 2. Pacmupum TaKuM xe 006pasoM COOTBETCTBYIONTYIO
TePMAHOJNOTXIO; B YaCTHOCTH, OyAaeM Trosopurb, 9To ajemenr 0 —
nenwia B K.

Y1o6s BHIBECTH M3 OTHOIIEHWA NEAVMOCTH OTHOUIEHHE nopadkra
(n° 2), my:xHO mepeiita K PakToprpynne rpynns K* mo moarpynne U
saeMeHTOB % € K* Tarmx, 9ro z |1 1 1| 2. 9TH 3IeMEHTH ABIAKWTCA
B A* Jesumensmu 1, 1. e. onm o6paTEMH B A; HX Ha3HBAKT YaCTO
Ans KpaTkocTH edunuyamu xomxbna A. Daxtoprpymma K*/U 6Gymer
‘Torfa ymnopafodeHHO}M rpynmoii. [IBa saementa x m y w3 K, npm-
HaJJle;Kalle OJHOMY KIaccy 1o Mopymo U, HaswBalOTCA accOyuupo-
6AHHMMU; 3TO O3Ha4YaeT, 4to z |y B y | z. Ecam, Banporus, z genur y,
HO y HE [eTHT %, TO FOBOPAT, YTO X CTPOTO JIENUT Yy, WIM YT0 Z eCTh
-cmpozuti Oeaumens y, WIHL Y CIMPO20 KPAMEN T.

OrvetuMm, ato K*/U asaserca guavmpyloweiica rpynno, mo-
ckonbRy K — moae orHomeHuir Aua A (mpennoskenme 4).

VrBepiienue, YTo ABa diIeMeHTa ¥ W y Ioia K accoummpoBaHH,
B CHIY TPaHSUTUBHOCTHA OTHOUIEHHS [eJHMOCTH, O3HadaeT, 4T0 %
A y EMeOT OAHO U To e MHOKecTBO KpaTHHX B K. B coorsetcTnnu
¢ o6bmmmu ompemenemmamm (rx. I, § 1, n°1) Ama xamporo © € K
cuMBoioM Az 00603HauaeTCA MHOMECTBO 3JIEMEHTOB BHfAa 2%, IAe
2 € A; MHOmeCcTBO Az ABAseTCA IOAMOXydeM Koabma K, paccMaTpu-
paeMoro Kark A-mogyas. Pacimmpas TepMHHOJOIHMIO, OTHOCAMYIOCH
K caydano, Korja z € A, Mu Oyfem HaswBaTh Ax 24aéHblu OpOGHbLM
udeasom mnons K oTHocHTeNbHO KoabHa A.

Otmeram, uto ecny A=K, T0 rnaBEmil ppobumil mpmean==(0)
ue seasemcs wpeanoM 8 uone K, paccMaTpHBaeMOM KaK KONBIO.
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PnaBemiit gpoGmmit mmean Az ofosHadaerca Takke 9Tepes (z).
Haa npormpomocTaBieHmsA HACANH Koiaba A 6GyayT HasHBAaTHCA
yeasmu. Mur mmmem z = 0 (mod y), ecim z € Ay, m z = z’ (mod y),
ecin z — z'CAy; ecam z =z’ (mod y), To zz = zz’ (mod zy),
KaKoB OH Hum 6HI sdeMeHT 2z € K.

OTMeTHM, 9T0 U3 cpaBReHAA z = z' (mod y) ne ciedyem cpaBHeBHe
zz = zz' (mod y), N0 Kpailmeit Mepe ecim z He meawi. Tax, B noie Q
OTHOCHTeNBHO Z HMeeM 4 = 2 (mod 2), HO He 2 = 1 (mod 2).

OrHOmenne z | y, oveBHMHO, SKBHBAJEHTHO BRIOUEHHIO (z) O (y).
OroGpaenme z — (¢) rpymum K* ma MHoMecTBO §* HeHyIeBHX
IrIaBHHX ApoOHEIX MpaealoB moda K onpegenrser, clegoBaTelbHO,
63aumno o00no3HauHoe oToOpaskemme ¢axroprpymnut K*/U na &%,
Ilepenocs ma &* mocpencTBOM 3TOT0 0TOGpasKeHMA CTPYKTYPYy Ipym-
nu K*/U, npuXonuM K oupefelleHUI0 IPOM3BEJeHAS TIaBHHX Ap06-
HHX mflealioB (z) ® (y). OTEM DIpousBeleHHeM ABIAETCA upean (zy),
‘saBucAmuil Tonbko ot (z) n (y). Hamenennoe TakmM 2axoHOM Komio-
BHIUE W OTHOIIeHHeM Iopaaka (x) D (y) MHoKecTRO &* cranOBHTCA
ynopsafouenHodl rpynmoii, msomopdmoit K*/U, woropyw ymob6HO
oroxpmecTBuTh ¢ K*/U mocpencTBOM BHINEYNOMAHYTOrO oTo6pa-
HKEHNA.

QTMBTKM, qTO OTHOLICHWE «r NeJUT y», KOTOPOe B ciydae meabix mojo-
JHUTEADHBIX YUCEJl éseuem HEPaseHCmeo x< Y, COOTBETCTBYET BRIAIOUCHUIO
(x) D (y), To ecTh npean (x) «Goavmer uneana (y). YTobH 910 «OGpamenue
OOpAAKa» 3anOMHWIOCH, YKayKeM, HalpuMep, YTO 7 nmMeer «6oabIIe»
KpaTHHX, deM 91.

OTHOmeHMe x |y, pacnpoCTpameHmHOe HA Bce dieMentH noasa K,
TaK;Ke SKBUBAJEHTHO BRIIOYEHUIO (z) O (y) B MHOKeCTBe J° BCeX THABHHX
APoOHEX upeanoB moasa K (B xoropoM (0) — HamMeHbITHH 5JeMEHT OTHO-
CHTeJIbHO BKIIOYEHHS).

Mu BepHeMcs Tenmepb K affUTHBHONM TePMHHOJOIMM KaK B Ipej-
mecTBYOmMUX IyHEKTaX. OHAKO mocie BBeJIeHHS AJOUTHBHON TepMm-
Houaorum B a6zamax, orMeueHHHX 3Haxom ([{EJI), 6ymyT BBemeHH
COOTBETCTBYIOIIHE TEPMWHH, CBSA3AHHEE C [eJUMoCTBIO. (B sTmx
ab6zamax MH CoXpaHAeM 0(GO3HAYeHHA JTOTO IYHKTA.)

Hdns oGneruenmsa paboTh umTaTens Ha sAsmk Jeaumoctn GymyT
mepeBeieHBl TaKe HEKOTOpHEe BajkHhe peayiabraril. Ilepesox mpen-
nosenus 7, HaopuMmep, Gyner oGozmagarsca Tak: «Ilpemiomxenme 7

(BETM.
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6. daemenmapHole ONEPAUUU HAD YNOPAIOUEHHLLMU
zpynnamxu

Ilyers H — nodepynna ynmopspodenHoil rpymms G; scHO, YTO
CTPYKTypa NOpAfxKa, mERyLupoBamHad Ha H cTpyKTypoit mopspgka
rpynon G, coriacoBama ¢ T'pynmoBoit cTpykTypoit ma H. Bcergma
6yneT DpeanmosaraThesa, 4To Hoarpynna [ caabxeHa 3Tol CTPYKTYpOit
nopAfKa, 3a MCKIIOYEHMEM TeX CJaydYaeB, Korga OymeT oToBOpeHO
opotuBEoe. Ecamm P — MHOKeCTBO IOJORHTeJILHHX 3JIeMeHTOB
rpynns G, To MEOEeCTBOM LIOJO/RATEIBHNX 2JIeMeHTOB moArpynms H
cayxur H [ P.

Mycts (G,) — cemeiicTBO ymOpAKOYSHHHNX IPYNI; COLIACHO OIpe-
JeNeHNI0 NPOM3BeeHMA yHOpAZOYeHHKX MHOKecTB (Teop. M=,
ra. III) npomssemerme rpymn G = IIG, cHaGKeHO CTpPYKTYypoil

22

mopAfRKa, B KoTopoil oTHOIMEHHe «(%,) < (Ye)» MEEAY ABYMHA dieMeH-
TaMi B3 G D0 ONPEEJEeHHMI0 €CTh CHHOHHM BHPAaMKEHHA (Tq < Yo
mis moGoro av. HemocpeacTeenro BuHO, 9TO 3Ta CTPYKTYypa TOpPAAKA
coriacoBaHa ¢ rpynmoBoil crpykrypoil B G. Hapgenenmas sToi cTpyk-
Typoii rpynna G cTaHOBHUTCA yHOPSZOYEHHOH rPpynmoil, KOTopas Ha3H-
BaeTca npouseedenuem ynopadouennuix epynn G,. llomomurennune
aneMeHTH B G — 3T0 Te 2JEMEHTH, BCe KOMIOHEHTH KOTOPHX HOJIO-
muTeabnn. B ciaywae, Korga sce Muomartenu G, COBIAJAKT ¢ OFHOM
H TOit Ke ymopamouemmou rpynmout [, G aBisetcs rpyunmoit H!
oToOpaseHnii Mmo:KecTBa uHHAeKcoB / B H, mpmdyeM oTHOmeHme
«f < g» mempy ngByMa oTobpaskemusMm MHOskecTBa [ B H osmauaer,
210 «f (0) < g (@) gas aboro a € I»; ToI0KUTeAbHEE 0TOOpakeHHA —
9T0 Te, KOTOpPHE NPHHUMAIOT TOJBKO HOJOKMTEJIbHbHE B3HAYCHHSA,
IIpamyro cymmy cemeiictBa (G,) yDODAROYEHHHX IPYNI ONpefeduM
KaK moprpynoy mx npomssemerus (ra. II, § 1, n°7).

Hycre (G,).er — ceMeiicTBO ymopAXoYeHHHX TpPyOO, B KOTOPOM
MHOKECTBO HHACKCOB I gnoane ynopadoueno oTHOMEHNEM IOPAAKA < ;
pamomMamM (Teop. M., ra. III), uTo Ha MHOKecTBe Hmpom3BefeHWH
G = 11 G, omo ompepeasier oTHOmEHU® NOPAJZKA, HASHBAEMOE (JIEK-

13

cuxorpapmuecKkmM», IMPA KOTOPOM oOTHOmEHHmEe «(x,)<< (y,)» MEempy
NByMsA 3lIeMeHTaME m3 G o OLHPEfeNEHHI0 MABJIAESTCH CHHOHUMOM
BHpa/KeHMS «ecldd f — HaUMeHbIOIMA M3 TAKMX HHJEKCOB L, 9TO
Z, % Y., T0 Tg << ya». HanmomHmM, 9T0 OpoU3Be/ileHNe BIOJHE YHOPS-
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JIOIEHHOTO ceMefCcTBa co6epuwiero YnopadoueHnsliz MHOMKECTB CaMo
COBEpIIEHHO YHOPARKOYEHO  IIOCPEACTBOM  JEKCHKOrpadmIecKoro
nopsanka. B o6mewm caydae oTHOmMeHue JeKcuKorpagmiaeckoro mopss-
Ka Ha G coriacoBaHO €O CTPYKTYpOHl TpynIH (3T0 DpoBepAeTcA
HEIOCPel[CTBEHHO); HajeJeHHas 5Tolt CTpyKTypoii rpynna G sapiasgercs
VIOPANOYEeHHOH rpynmoil, KOTOpas Ha3HBaeTcA JAekcukozpaguieckum
npousgederiuem BIOJNHE YIOPANOYEHHOTo ceMelicTBa YHOPAAOYeHHHX

rpyon (G).

damMeuanua 1) B caydae, scTpeualomeMcs Haumbojee dacTo,
BHOJHe YNOPAJOYEeHHHM MHOMKECTBOM HHEKCOB CIYIKUT KoHeuHulll MHTEP-
Bax [1, »] mmoskecTBa N.
- 2) MHOKECTBO WOJOKUTENLHH X 3J1eMEHTOB JEKCHKOTpaduduecKoro
npousseeus G cocrouT u3 O N 3IeMeHTOB, ¥ KOTODHX HeHyJeBad KOM-
OOHEHTa ¢ HaUMEHLITUM HHJEKCOM MHOJIOKHTeJbHA.

7. Bospacmaiouwue npeicmagrenus
YNOPADOUECHNBLX ePYNN

IIyets G u G’ — gBe ymopsmodYeHHHE TPYOOH; CpefHu IpelcTa-
BI€HHU# [ CTPYKTYPH affuTHBHON rpymnusl G B CTPYKTYPY afARUTHB-
HOH rpymmu G MOKHO paccMaTpHBATH BOBPACTAIIUE 0TOOPAYKOHUS,
TO eCTh TaKme, IJA KOTOPHX uM3 X<y cuemyer, 4to f (z) <f (y)-
B cumny coorromenua f(y — z) = f(y) — f(x) Bo3pacTaomue
mpefcTaBieHns rpymas G B rpynny G’ xapakTepusyloTcAa TeM, 4TO
IpH TakoM mpefcTaBieHnu 00pa3 HOJOKUTENBHOro djaeMeHTa um3 G
ABJIAETCA MOJOMUTEIbHNM djiemMeHToM B G'. Tlyeth P (cooTBETCTBEH-
HO P') — MHOKECTBO IOJORUTEIBHNX DJIeMEHTOB B G (COOTBETCTBEH-
H0 B G’); yciaoBme BO3pacTaHHA 3aNMCHBAeTCa TaK:

fpyc P
flcmo, 910 KamoHMIecKoe oToGpaskeHue M0GoH mogrpynmu rpymme G
B yHOopAgodeHHYH rpynny G’ ¥ NpOeKuus HpOM3BeeHUA YIOPAKO-
9eHHHX TPpyOd HA €r0 MHOKHTENH ABIAIOTCA BO3PACTAIOMIMU Ipej-
CTaBICHUSIMH.

Hszomopgusm (n° 1) f ynopspodenHON rpynnn G Ha yOOpsAKOdeH-
gyio rpynny G’ — 5T0 B3aMMHO ORXHO3HAYHOE IpEJCTaBICHHE TPYIIE
G ma G’ taxoe, 9T0 f U mpefcTaBleHHe, oOpaTHO® K HEMY, SBIAITCA
BO3pacTAIOMNUMA. JTO 3AMICEBAGTCA TAK:

f(P) =P’
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MosKeT CIyauThCH, 9T0 H30MOPYUSM I'PYNNOBOM CTPYKTYPH IPynUuH G
1na IPynnoByo CTpyKTypy rpyunsl G’ ABiAeTCA BO3PACTAIONIMM, B TO BpeMs
Kak o6patHerit usoMopduam ne aBAserca TakosuM. Tak 6ymer, Haopumep,
ecan G = ', f — TOX/eCTBeHHOE 0TOOpAKeHne TPyNNEl G HA cels U ecau
P C P’,u0o P=P’. BuactHocru, B Z B KauecTBe P’ MOKHO B3ATH MHOMKE-
CTBO (OGHMHBIX) HEJEIX NOJO;KUTENBHHX WHced, a B KadecTBe P — MHOMKe-
CTBO 9ETHHIX IIOJO;KUTEJLHEIX THCEN.

(LEJ) Nyers K — noae Fp (X) panuonadsHEX ApoOeit Hag nmojeM Fa
u3 7AByX osaeMeHToB., OTHOMEHHs JEIUMOCTH OTHOCHTENHHO KOJeIl
Fy [X] =A" u Fo [X? X8] = A onpepeasor Ha K* nse pasinuHble
CTPYKTYPH YUOPAAOYeHHOH IpyNOe Takue, 9to 4 C A’ (3T0 CTPYKTYPH
YHOPAOUEHHOM IPYIIH, NOCKOALKY 1 ABiAercsa efMHCTBEHHON efmHUOEH
Kak B A, Tak m B A').

8. BepxHana u HujicHasa :panu
8 ynopadouennott epynne

Hanommum (Teop. mmu., Pes., § 6, n°7), uto ecam MHOMeCTBO

MasKOpanT 9acTn A ynopsgodenHOro MuokecTBa E (MHHME cjoBamm,
MHOKEeCTBO TaKHX 3JeMeHTOB z € E, 910 2 < z fas Bcex = € A) pgony-
CKaeT HamMeHbIHil BJEMEHT @, TO BTOT DJIEMeHT (ABIANMEmiicA Torpa
¢/[MHCTBCHHBIM) HABKIBACTCsI 6eprHeil epansio yacTa A. Ecim A — Muo-
JKECTBO 9JIEMEHTOB HEKOTOPOro ceMeiicTBa (&) 3JeMeHToB M3 FE,
€ro BepXH#AS I'PaHb, €CJAH OHA CYMECTBYeT, 0003HAYAETCA CHMBOJOM
squ z, (mam sup z,, mag opocto sup x,). Eciam peub mper o KoOHEYHOM
e L

cemefictBe (2;) (1 <i< n), sra rpaBb 0003Ha"gaeTCsH TaKKe CAMBO-
aoM sup (zy, ..., Z,). Hmxeag rpanb onpefeiadeTcs aHAJOTHIHEIM
o6pasoM m oGosmauaerca inf. Omepanum sup m inf accoyuamuenn
B KOMMYMAmMuUGHbL.

Hanomuum (Teop. mu., ra. III), uro ecim F — wacTh ynopapoues-
HOro MHOecTBa E, a (z,) — cemeiicTBO auleMeHTOB U3 F, TO U3 CYIIecTBO-

BaHus BepxHedl Tpamm sup (z,) B E (kKoropyio momHO 0603Havardh "epes
supg (z,)) He cienyeT cyWecTBoBanue BepxHell rpanu cemeiicrsa z, B F
(koTOpYI0, eclH oHA CYIECTBYeT, MojkHO 0GozHAUMTL Wepes Supp (=,)-
Ecam kammas U3 HAX CYIIECTBYeT, TO SUpg (z) < supp(z); ommako
ecIu supg (z,) cymecTBYeT ¥ uUpRHajpjexnT F, 71O Bepxuas TpaHb
supp (z,) cymiecTByeT I paBHa SUpg (z,). Hanpumep, B KOoabie MHOTOTIE-
HoB A = K [X, Y] nag nonem K ranaBrble upeadst AX mu AY oTHOCH-

TeIbUO BKAIYEHHUH MMeioT BepXHe# rpaHbio ujeal AX -+ AY Bo MHOxe-
CTBE BCEX HEeaJOB M KOAbHo A Bo MHOMKeCTBe TIABHEIX HeaJioB Kojrua A -



8 YIOPSJIOYEHHBIE TPYIONHL, JEJIWMOCTD 249

(LEJI) Oaement d rpynnn K* HasmBaeTca HAUGOALUWUM 06U UM
deaumesem mam, Kopode, H. 0. X. ceMelictBa (z,) suemenTtoB u3 K¥*,
eclu IaBHHE ApoGmuil maean (d) apiagerca B §* eepxueil zpanvio
(oTHOCHTENPHO BHJAIUEHWsH) ceMelicTBa WAeanoB ((z,)) wmidm, uuade
TOBOpSA, eciu AJia dieMenta z€ K* oTHomenwe z|d DKBMBAJIEHTHO
TOMY, 9TO 4z |z, AIA Kaskgoro w. Amajormimo, saemenT m € K*
HA3HBACTCA HAUMCHbUUM 00U UM KDAMMHGIM, WIK H. 0. K. ceMeiicTBa
(x.), ecam mpepen (m) ABAsAETCA HUMCHED 2panblo ceMelicTBa WAEaIOB
((z)) B &%, 10 ecTh ecim COOTHOWIEHEE M | z SKBHBAJIGATHO TOMY,
uTo «, | 2 A Kaskporo w». H. o. A. m H. 0. K., eciu 0OHHA CymMECTBYIOT,
ompejesieBH 110 Mopyio noprpynnu U epuwmun K*, 10 ecTh BcAKue
mBa H. 0. }. (WM ABA H. 0. K.) JAHHOTO ceMeHCTBA ACCONUHEPOBAHH;
AJA KPATKOCTH 9YacTo 0003HAYAIOT dYepes H. 0. A. (x,) W H. 0. K. (x,)
a06oit H. 0. 7. W3 H. 0. J. MIH H. 0. K. ceMeiicTBa (Z,), €CIH TaKme
BJEMEHTH CYMIECTBYIOT.

(AEJI) Umorma momaATHE H. 0. [. PAacHPOCTPAHAKT U HA ceMeACTBA
(z,) TaKux saementoB B3 K, HEKOTOPHE M3 KOTOPHX MOTYT OHTh PABHHE

HYJdI0; B 3TOM Caydae H. 0. . OnpejgensercA Kax Taxoh anement d u3 K,
uT0 z | d SKBHBANEHTHO BELPAKEHMIO «Z | z, Aua m0GOro 1.

Ouerupmo, d = 0, ecam Kampubli ¥3 , paBeH HYJNO; B OCTaJNbHHX
ciy4asX d COBIAjAeT ¢ H. 0. J. HEHYJEBHX DJIeMeHTOB JaHHOTO ceMei-
¢TBa. AHAJOTMYHO, H. 0. K. ceMeHcTBA, HEKOTOPHE JJIEMEHTH KOTO-
pOT0 PaBHH HYJO, €CTb HYIb.

B ynopsanouennoit rpynme G ¥3 wHBaPHAHTHOCTH IIOPAAKA OTHO-
CHTEeJBHO CHABHTOB (IPEAJIO/KeHHEe 2) HEMEJJIEeHHO CJeJyeT PaBeHCTBO-

sup (z -+ x,) = z -+ sup (x,) (1)

B TOM CMEICHe, 9T0 KayKOHH pa3, KOTHa OfHA W3 YacTeil 3TOr0 paBeH-

CTBa CYWECTBYET, TO [PYyras. TakyKe CyWeCTBYeT W paBHA LEPBON.

Toymo Tak sKe, NOCKOABKY oToOpaenme z — —zx 1peoGpasyeT

NOopAKOK rPynnsl G B IPOTABOLOJIOKHEIA (COTAACHO IPEJIOKERHIO 2),
moJayYaeM

inf (—a,) = —sup(z,) (2)

— COOTHOIEHHNEe, MMelomee TOT e CMHCJ, YTO W HpeJsymee.
Nregnomenne 6. Hyemv (Tou)uca, (Yo)per — Osa  cemedicmsa

gaemenmoe ynopsadouennot epynne G, kancdoe us komopwux obaadaem

eepaneii epanvio. Toz0a cemeiicmeo (Tq + Yp) (a.p)cAx B MAKHKE UMeent:



250 YIOPAMOYEHHBIE TPyOObl U HOJAA ra, vi, §1

BEPITHION 2DAHb, U

SUpP  (Zo + Yp) = SUP Zq - SUP Yp.
(0, BYEAXB aEA BEB

HleficTBNTeAbHO, M8 HEPABEHCTB Xy ~+ Y < 2 A M06Goro a u mwboro
P caexyer, 9To sup (r,) + y¥p <<z AasA aoboro f, a orciofa sup () +
+ sup (y5) < z.

9. Peutemouno-ynopadouennsie 2pynnot

HanommnM, WTo ymopsmoueHHOe MHOKECTBO, B KOTOPOM KaRAad
HKOHeYHAaA Henycmas dacTh o0jdamaeT BepxHe#l m HwKHEHl TrpamAMA,
fAa3uBa~TcA pewemkoii (Teop. mm., Pes., § 6, n°8). flcmo, aro upo-
W3BeJigANEe PENIeTOYHO-YIOPALOYeHHKX I'PYII, B YaCTHOCTH, IpOM3Be-
JeHne cOBepUIIeHHO YHOPAZOYeHHKX TPYNN, ABISETCA PelIeTOTHO-yIO-
pAgouenHo rpynnoii. B npoTrBONON0KHOCTh 9TOMY NOATPYLIIA pelle-
“TOYHO-YIOPsAA0UeHHOH rpynnsl me 00g3aHa OHTH pelIeTOYHO-YHOPSA-
J0OYeHHO# Tpymuoii.

Tar, B ynopamouennoit rpynome Z X Z «BTopag GHCCeKTpHCcay (MHO-
mecTBo map (m, n') Takux, 9t0 n + n’ = 0) ymopapgoueHA AUCKPETHO
W, caeg0BaTeIbHO, He ABJIAETCA PeIleTOYHO-YIOPANOYEeHHONH Tpynmoi.

ApmuTHBHAA TPyNIa MHOTOWIEHOB OT OXHOH meifcTBHIenbHOH mepe-
Menno# (yupaskmemme 2, n° 1) aBadercA (UALTPYIOMEHCA TPyOImoOR
(mockonsky p (2) m g (x) MaxopmpyoTcs MuHOrowrenoM (p (2))2 4
+ (g ())® + 1), xoTOpas, MOKHO IOKa3aTh, He ABIAETCA DPeNIETOYHO-
YUoOpAROYeHHOH rpymmoii.

B ocraBmeiica wactm sToro maparpada ynopsmoueHHEE MOHOMAH!
TpyNnH, eclu He OrOBOPEHO LpPOTHMBHOE, OYAYT LpeAmoJararTbCs
CULLTNOYHO-Y IO PAOOUEHHBIMIL.

Ynmratenp saMerur, 4ro npemunoskemna 7, 10 m 11 copasemnmsm
B m0Goll ymopAmodeHHof rpyie B TOM CMEICIE, YTO ©C/IH OfHA B3 BEPXHUX
WIH HIGKHEX rpafefi, ¢urypupyromunx B GOpMyIANPOBKe STHX MPe7JIOKe-
Hn#, CyIIecTBYIOT, TO CyIIecTByeT W Apyras, B BHCKA3aHHLE COOTHOMEHHUA
HMEKT MecCTOo.
Heepmomenue 7. IHycme x u y — aaeMeHmsl pewemouHo-ynopa-
douennoit epynnwt G; mozda x +y = inf (z, y) +sup (z, y).
HeiicTautenbro, coraacuo coormomernaM (1) m (2), (n° 8),

sup(a—=z, a—y)=a-Fsup(—=z, —y)=a—inf(z, y);

JIOCTATOYHO B3ATH 4 =+ Y.
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NMeegnomenue 7 (OEJ). Ecau &* — pewemouno-ynopadouennas
epynna, mo dan awbol naps saemenmos a u b us K npouseedenue
Hauboabuiezo 06wpeeo OJeaumenss U HAUMEHb W20 06Ufee0 K PAMHO20
snemenmos a u b accoyuuposaro ¢ ux npoussedenuem ab.

Meegnomenue 8. Hycmv P — MHOJNCECMBO NOJONCUMENLHOL A€~
Mermos ynopsdouennoii epynnwt G. [Jas mozo umobw G Guaa
pewemonno-ynopadouena, neobxodumo u docmamourno, wmobe G=
=P—P u, kpome moeo, umober muoxmecngo P, nadeaennoe undy-
YUPOBAHHBLM  ROPATKOM, YD0osaemBoPANO O00HOMY U3 CAOYOWUT
ycaosuii:

a) kaxcdar napa saemenmos uz P umeem e P eepxmiow zpans.

6) waxcdan napa saemenmos us P umeem ¢ P Hudcnion epans,

HeobxogumocTh 3THX YCIOBHA OUeBHAHA: [eHCTBUTENHLHO, COOT-
HomeHUsi G = P — P osmagaror, 910 G punbrpyercs (mpemioxende 4);
¢ Jpyroiél CTOPOHH, IIOCKOJIbKY HIUKHSAS M BePXHAA Ipavu ¢ G JByX
2JIeMEATOB W3 P mONOKUTeNbHH, TO OHH TAalKe JeKaT B P. -

O6parHo, BaMeTHM CcHadaxa, 9TO B HpPeJJIOKeHWH a) (cOOTBET-
cTeerHO 0)) Kakmas mapa SieMeHTOR Z, y u3 P HEMeer BepXHIO©O
(cooTBeTCTBEHHO HIIKHIONW) TIpaHb ¢ (7, paBHyl CBoell BepxHeil
rpa#a a (COOTBeTCTBSHHO CBOeil HmuKHeidt rpamm b) ¢ P. Iro oue-
BOHO JJA @, MOCKOJbKY KajKmad MaKOpaHTa 3JeMeHTOB % W
Y TOJOKUTONHHA.

IIycrs Temeps z€ G — MunOpaATa AIA X U I, TOLAA CYIMECTBYeT
takod smement u € P, uro z--u P, mockonsry G=P—P; opnmHako
anemeHT infp(x-+u, y-+u) mamopupyer b-u =, BHAUUT, UMeeT
Bun b-t-ctu(c>0); rax kak b-}c MeHpmme, YeM £ ® Y, T0 ¢=0;
sHauwt, infp(z+u, y-t+u)=>b-+4u, orkyga z+u<b-+u, Tak uro
2< b m, cieqoBaTelibHO, b ABIAETCA HIDKHEN T'paHB 1ALz U Y B G.
IIycTp Temephb ¥ M Y — OPOU3BONLHEIE BIIEMEHTH W3 (; MH CBHHEM
ux B P: nmycrs siemedT vE€P TakoB, 4T0 z-}V ® y-+U MOJOKU-
TeNbHA (IpefJIosKeHHe O); DO HpejH0I0KeHHIO a) (COOTBETCTBOHHO b))
Z£-4v ¥ y-+v HOOYyCKAOT REPXHIOW (COOTBETCTBEHHO HIDFHIOW) TPaHb
8 P, a smaumr, 1 B G, 4T0 MH TOJbKO uT0 mposepuiu. OOpaTHeIi
CIBUT IOKA3EIBAET, 9T0 X U ¥ MOMYCKAIT BEePXHII (COOTBETCTBEHHO
HIDKHIOW) T'paHb B G; CyIecTBOBaHWe OJHOr0 M3 ABYX POIOB IpaHe
Ang Kammodl mapsl (%, y) BiedeT CYM2CTBOBAHH® JPYrOoro B CUNy
cootHomenus (2) (n° 8), 5T0 MOKasHBAaeT MOCTATOTHOCTL YCIOBHH

TEOpeMHI.
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10. Teopema o pasaoicenuu

TroreMa 1 (teopema o pasmomenmn). ITyemv (i)i<i<p
v (Yj)i<jgq— 06e Eoneunsle nocaedosamerbHOCIU NOAOIHUMEALHBIT
asemenmog pewlemouno-ynopadouennoli epynnet G makue, «mo-

P q
MNay= D) y;; mozda cywecmeyem Oeolinal nNOcAeD06aMELLHOCTLY.
i=1 i=1

(215)1<icp, 1<j<q NOAOHUMEALHBT 9aemenmos uz G maras, 4mo ;=
q P

= Y z;; Oaa Kaxdozo i uw y;= Y, z;; Oan kKaxdozo J.

=1 1

= =

1° Iloxaswem cmauasna Teopemy upu p=gq=_2.Ilycts z, ', y, y' —
TaKue TMOJOMKATENbHEE 3leMeHTH U3 G, at0 z -+ 2’ =y y'. Homomum:
a=sup (0, z—y’). Tar rax ameMeBT z—¥y =y — 2z’ MeHBIIe WeM T
n Y, dJeMEeHTH b=2x—a W ¢=Yy—a TNOJOKUTeJBHH; TO K€ BEPHO:
2 pqua d=a—(z—y'). Nmeem z=a-+b, z'=c-4d, y=a-c,
y'=b-d.

2° TlokaykeM Temeph, YTO €CHH TeOpeMa COPABEAAMBA JJIA p <M

n g=n(m>2, n>2), To oHa BepHA U AaA p=m, ¢ =n. Coraacuo
m—1 n

IIPeANONOMKEHNI0 UMEEM Iy, -+ ) ;= 2, Y. llocKombky Teopema.
i=1 =1

BepHA HpH p=2, ¢=n, CyMecTBYIOT B¢ TaKWe KOHeYHBEIe HOCIENO-

m—1
BaTeNBHOCTH (2]), (2]) M3 7 TONOMKUTENBHHX UICHOB, 9TO ) Zi=
=1

n n
= D\ 2}, Tm= D 2} B yy=2z;-+2j ana 1 <j<n. C gpyrofi cTOPOEH,
=1 =1

MOCKONBKY TeopeMa crpaBegimBa Aiaa p=m—1 u ¢=n, cymect-

ByeT ABOiHAA NOCIEHOBATENBHOCTH (Uij)i<ism—1, i<j<n TAKafg, UYTO-
m—1

n
;= 2 wy g 1<i<m—1 n z;= 2 ui; aaa 1 < j<n. lonaras
i=1 i=1

ziy=uy upr 1 <i<m—1 u zyy=172; (1 <j<n), noxyuaemM ABOHBYIO
TOCHeOBATENbHOCTD, YAOBICTBOPAIONYI0 YCHOBEAM TEOPEMHEL.

3° Menasg poam »IeMEHTOB Z; W l;, BAAAM TOYHO TaK JKe, UTO:
ecim TeopemMa BepHA AJdA p=m W g<<n(m>z, n>2), TO OHA
cupaBefaMBa AJA p=m, ¢=mn. Taxkum oOpasom, Teopema [O-
KaseBaeTca  NBOMHOI HHAYKOWEH, OTOpaBadsch OT CHyYas
p=2, q=2.
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Cnepcreme. IMycmv y, 4, %3, ..., Zn,—Ha6op n-+1 marux noro-

n
scumenvunx saemenmos epynnst G, wmo y < 2 zi; moeda cyuecm-
. i=1

eyiom n  noaoxcumenvublr aemenmos Y;(1 i< n) marux, umo
n

Yi<zZi U y=_2 Yi.

i=1
Hocrarouno mpumenwnTh TeopeMy 4 K HOCIEZOBATEIBLHOCTH Ij
¥ IOCHe[OBATENBHOCTH, COCTOAMEHl U3 [BYX BJIEMOHTOB §J H 2=

=(,i1xi)—y-

i=

1. HHonoxwumervHas U OMPUUAIMECAOHAA UACINYU

OnpefEnerne 4. B pewemouno-ynopadoxennoti zpynne G noao-
HCUMeAbHO wacmvlo  (COOMBEMCMBEHHO OmM PUYAMEIbHOU  YaACMbIG,
abcorlomuum sHauenuem) sasemenma x€G naswieaemcs u 0603Ha-~
yaemca wepea x* (coomeemcmeenno z~, |z|) ssemenm sup(z, 0)

(coomsemcmeenno sup (—z, 0), sup (x, —z)).
e HBOMOTPFI Ha CBOe Ha3BaHMe, OTpHOaTeNbhHAA 9JacTh X~ DJEeMeEHTa T
- ABIHETCA NOAOUCUMEABHLIM DICMEHTOM.

flemo, uro 2" =(—2z)* u | —xz|=|z|. OrmeTnM TaKKe cie-
pylomae ¢QopMmynsl, HepBafd K3 KOTOPHIX eCTh HEIOCPe/ICTBeHHOe
ClefCTBUe OIpefielleHAil ¥ HHBAPUAHTHOCTH MOPAAKA OTHOCHTEIHHO
C/{BUTOB, a BTOpas BHBOAUTCA W3 NEPBOH NpH IOMOIY IIpejyIo-
sHeHHsA T: '

sup(z, y)=z-(y—=z)*, inf(z, y)=y—(y—2)". (3)

Ileegmoskenue 9. a) Has kancdozo aisemenma I peutemouro-
ynopadouennoll zpynnst G umeiom Mmecmo COOMHOWEHURA: £ =g" — 1z~
u inf(z*, 27)=0. _

6) Aas raxdozo npedcmassenus ssemenma x ¢ sude pasnocmu
JeYx NOAONCUMELDHHITL IAEMEHMO8 T=1U—UV UMEIOM MeCMo paseH-
cmea: u=2x"-+w, v=2" +w, ede w=inf (u, v). Ecau, ¢ vacmuocmu,
inf (u, v)=0, mo u=z*, v==1".

B) omHoweHue «xr <y» sksusasenmno xt<Lyt u >y

r) jz]=2"+2>0.
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n) Kakosu 6w Hu Gwau saemenmst x uy us G, cnpasedaugo
Hepasencmeo |x+y|<L|x|+|y| u Ooaee obwee mepasencmo

n n
| D} 2| <Y |2i| 04 awbozo konewnozo cemeiicmea (z;) saemenmoe
<1 &1

epynna G,
e) Kakosw 6ur nu 6biau saemenmdt T u y us G, cnpagedausa
repasencmeo ||z|—|y|<|z—y]|.

Mu poxaskem opHoBpeMenHo a) u 6). Eeam z=u—v, roe u
E U NOJOKETeNBHH, TO U > X, 3HATUT, 1 > sup (z, 0)=z*, u snemenT
w=u—z" noxomumreyed. C gpyroit cTopoHH,

at—z=sup(z, 0)—z=sup(z—2z, —z)=2",
OTKyJa ClIeRyeT, 9T0 z=a"— 2~ u v—2z" =w. W3 z <2~ BHTeKaer,
910 zL 2T —2 U <& — 2z, ecau, KpoMe TOrO, Z <X, TO BIAEMERT
Z¥— 2z TOJIOMKATeJNeH, OTKYHa zT<{z"—2z B cuay ompepeieHHs z*.
Nrax, z<0, posromy inf(x*, z7)=0, orkyma, IpHUMEHAA CHBHT,
inf (u, v)=w. :

B) W3 coormomenua <Yy cmexyer, 4uro sup(y, 0>z
n sup(y, 0)>0, orkyma 2*<y"; m8 —y< —a BHBOLUM TOYHO
TaK ke 2~ >y . OOCGpaTHas HMOIAKANUSA - TOTIAC JHE MOJYydIaercs
¥3 PaBeHCTB X=x"—a" m y=y" —y".

r) Tak kak £ <2" @ —2x <2, ACHO, UTO

|z|=sup(z, —a)<<a™+2.

O6GpaTHO, W3 HepaBeHCTB 4> % U a> —& B CHIY B) clenyer,
qaT0 a* >z, at> 2T, a <z, a <z". Tak Kak 2ieMeHT q~ IOJo-
surener ® inf (x*, 27)=0, pgBa DocleXHNMX HepaBeHCTBA IOKABH-
BatoT, a0 a_ =0 m a=a"; ABAa TepBHX JAIOT TOrga @ > sup (z*, 27),
T. e. a Ooapme 31IeMeHTa, paBHOrO z*-+ 2, B cHIy a) H TpepJo-
JKeHAs 7. ,

n) Uz pepasencre < |z| m y<|y| momysaem z-+y<|z|+|y|;
U3 HepaBeHCTB —z<|Z| M —y<|y| BHTeKaeT, 4T0o —Z—y<
<|z|+]|y|, oTKyna crexyer mepsoe HepaseHCTEO. Bropoe BHEBOmETCA
WHAYKIMEH 110 7.

e) 3aMeHsia B 1) £ M Yy Ha Yy U £—Y, OPUXOAMM K Hepa-
BEHCTBY

lz|—lyI<lz—yl;
TouHO Tak ke |y |—|z|<|y—z|=|x—y|, oTkyma moayzaem
chopmynnpoBamHEI pesyiabLTar.
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3aMeuannme. W3 B) caefyer, uro cooTHomenue |z |=0 BiedeT
z=0 (m6o z* ¥ z~ IONOKHTEIbHH); CIEHOBATENbLHO, HEPaBEACTBO-
z == 0 osnavaeT, 4T0 |2 | >0.

Mregnomenne 9 (AEJ). Ecau epynna P* zaasnwz dpobruix
udeasos ¢ K pewemouno-ynopadovena, mo xraxcowii ssemenm x
us K* wmoxcno npedcmasumsv ¢ sude r=uv™, 20e u u v — Hekomopsie
yeavie maxue, ymo H. 0. 0. (u, v)=1. Jaa awbozo dpyzozo nped-
cmagaenus r=u'v'"l saemenma T e sude wuwacmmoeo Osyx YeAbLx
umerom Mmecmo coomHoweHus u'=uw, v =vw, ede w—yeash
osemMeHm, paenwlii #H. 0. 0. saemenmos u' u v'; 6 wacmHocmu,
ecau K. o. 9. (', v)=1, mo u' u v’ accoyuuposanu coomeem-
CMEEHHO ¢ U U V.

Taxoe unpefcrasiesme uv~l 3gemeaTa x w3 K* vacT0 HasHBaeTCH
Hecoxpamumoii dpobuio,

12. He3aeucumvte saemernmust

OnpPepeneaue 5. Saemenmir T U Y pewlemoyro-ynopadouennolt
epynnyt Hasvieaiomcs Hesasucumsmu, ecau inf (z, y)=~0.

B HEKOTOPHIX CJay4YasdX He3aBHCHMEIMHM ClelyeT Has3HBaTh ABa TaKHX

snmeMestTa z W Yy, AXA Koropwx inf(|z|, |y|)=0 (cMm. Uarerp.,

9, II, § 1) mam BBeCTH COOTBETCTBYWIIYI0 TEPMHEHOJOTHIO B TEOpHI>:

JenmMocta. Mu 3Toro 3mech He GyneM fenaTth.

JlBa HezaBMCMMEIX DIeMeHTa 06A3aTENLHO noaoumerbibl. [lomo-

JKUTeIPHAA M OTPHOATENBHAas YacTH DJIeMeHTa %, T. €. 3JIEeMeHTEHE

¥ u 2z~ mesaBucuMu (npepiaoskende 9a)). ToBopsiT, 9T0 slEMenTH I,

03

ceMelicTBa ()7 Hesasucumsl ¢ coeokynnocmu, ecan inf (z,)=0;.
Lel

AT 3TOTO IOCTATOYHO, YTOGH CYMecTBOBANA TaKasi KOHeIAas dacTh J
MHO3KecTBa J, 9T0 COOTBETCTBYWI(ME HJICMEHTH HE3aBHUCHUMEL B COBO-
KynHoctd, JNeMEeHTH ceMelicTsBa (z,) BA3HBAOTCA NONAPHO HE306lU~
cumsmu, ecan inf (z,, 2,)=0 pna xKampoil maps (v, %) PABIAIHHX
WHIEKCOB.

OneMeHTH r, MOryT OHTH He3aBHCHME B COBOKYHHOCTH, HO He GHITH.

i
IOomapHa0 HE3aBUCHMEIMH.
Ecam z # y mesaBMCHMH, TO TOBODAT TaKMKe, 9TO T HE SaBHCHT
0T y, WM 9TO Y He BaBHCHT OT Z.
(AEJI) Onementst £ uw y B K Ha3WBAOTCA He3ABUCUMBIMU, ©CTH
riapEEle HMAeadH (r) m (y) HesaBucHMH B &. ITO O3Hauaer, 4TO
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e[MHUNA ABIAETCA H. 0. M. BJIEMEHTOB & M ¥, OTKyAa CJIemyeT.
9T0 T M Y — yeale.

Hanpumep, gucanTend M 3HaMEHATENb HECOKPATHEMOiT npolu mesa-
pucuMnl. [JouaTuAa momapHO HE3aBHCHMMBEIX IENHX DJIEGMEHTOR W MEABIX
3JeMeHTOB, He3aBUCHMHEX B COBOKYIHOCTH, OTIpe/eISI0TCA aHaIo TAYHO,

(XEJI) HesaBmcuMule d7I€MEHTH & W J 9aCTO Ha3uBalOT «B3aUMHO
TPOCTHMUY; YCI0BEMCA m3Gerath 9TOH TepMAHONOTHH, KOTOPad IpH-
BOAHMT K IYTaHANE ¢ IOHATHEM I[eJ0ro mpocTtoro axementa (ra. VII,
§ 1, n° 3).

eegnomenue 10. Hyemv z, y, z—mpu saemenma peuwtemonno-
ynopadouennoll epynnst; das moz2o wmobsl £ —z U y— 2 6slau Hesa-
eucumsl, Heobxodumo u docmamourno, wmobe z=inf (z, y).

JeitcrBurensuo, coorHomenns z=inf (z, y) u O=inf (x—3z,
Y — Z) SKBHBaJEeHTHH.

Meepnoxerue 10 (UEJ). [ pedroaoxrcumn, wmo mmoxcecmso P*
pewemouno-ynopadoueno, u nycmv a, b, c—mpoilka aremenmos
ua K, npuvem ¢+ 0; 9as mozo wmobu ac™' u bc™! OGwuau Hesa-
gucumvl, Heobxodumo u docmamouno, 4MobGH aemenm ¢ Ovla
Hauboavuwum obwum desumesem dsemenmos a ¥ b,

eemuosxerne 11. FLcau x u y—Hesagucumble asemeHmal
8 pewemouno-ynopadouennoil epynne u z>0, mo inf(zx, 2z)=
=inf (z, y+2).

Heiicreurearso, O=inf(z, y), Tak gro z=inf(z-}+z, y+2).
Caeposarenbao, orHommenme «f <2 u [<2z» COBIAZaer ¢ OTHOIIE-
HEaeM «& <z M t<z-}2», a 3HAUUT, TaKKe (DOCKONBKY Z < Z - 2)
¢ orHomeHUeM « <<x U 1<y 1+ 2».

Caencreue 1. Ecau z u y nesasucums u z<<y-+2(z2>0), mo
< 2.

Cagncreue 2. Ecau z He 3asucum om y u 2z, Mo x He 3a8UCUM
marxce U om Y- z. N

Caegcrsme 3. Hyems z; u (y;) —makue 9sa Koweuwnsix cemeii-
cmea INeMERMOo8 peulemouro-ynopadouennoli epynnst. G, wmo Hu
odun x; He sasucum wHu om odmozo u3s y;. Toeda x+...+x,
He 3asucum om Yy ... - Ym.

9T0 BHBOJUTCA M3 CIENCTBAA 2 MHAYKOUEH 1Mo m u n.

Cnencrsue 4. Haroso 6w nu 6uso yeaoe n>0, cnpagedaues
pasencmsa (nx)t =nat u (nx) ==nx"; 0aa Ekandozo n€Z, Kpome
mozo, [nz|=|n|-|z].
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IeficTBuTeNBHO, NX=nz*—nz~, TaK KaK osjeMenTn z* B 2~
He3aBHCHEME, TO HE3aBMCMMH TalKe nz® @ nz~ npu scex n>0
(caemcreue 3); mepBoe YTBEDHKAEHME ClefyeT OTCIOfA B CHILY Wpef-
nosenns 9a). Bropoe ciexyer B cmiy upepioskenmsa 9a) B cayvae
n>0; cayuait n<<0 BhiTexaeT 0TCIOa € WOMOIIHI0 COOTHONICHMA
| —z|=|z].

Heegnomemae 11 (QEJ). IIpednososcum, umo muoxcecmeo &*
pewemoyno-ynopadoueno, u nycmsv a, b, c—mpoiika makuzr yeisx
anemenmos ¢ K, wumo a wue sagucum om b, mozda ecaruil n. o. 0.
SAEMEHMO6 a U C A6AREMCS makrxce u u. 0. 0. dan a u be.

Cagpcrsue 1 (OAEJ) («iemma Esrmupay). Hyemv a, b, c—
mpu yeavix saemenma us K. Fcau a e sasucum om b u deaum be,
mo a Jdeaum c.

Cngncrsue 2 ([IEJI). FEcau x ne sasucum om y u z, mo z
e sagucum om yz.

Caencreue 3 (AEJ). Hycme (x;) u (y;)— 0sa roneunwxr cemeti-
cmea yeavr asemenmos us K marue, umo kaxcOwii saemenm x;
ne sasucum om graxdoeo y;. Toeda npouseedenue saemenmoe
He 3a6ucum Om npouseefeHuUs IACMEHIMOs Yj.

Caegcrsue 4 (AEJ). Ecau d —n. 0. 8. saemenmos z u y, mo d* —
K. 0. 0. saemenmos 2" u Y" Oasn 6caK020 yeaoz0 n.

B camoM pmene, zd™* u yd~'— HesaBUCHMEIE BIEMEHTH (Ipe/ilosKe-
aue 10 (AEJ)) u ro ke camoe BepHO pgua z"d™ u y"d™" (cmen-
cTBHe 3).

Neeaaomenane 12. Hycmy z; (1 < i < n)—n nonapro He3asucumus
9AeMEHINOE pewenmoyno-ynopadouennoli epynnst. Toeda

SUP (Z4y o ooy Tp)=24H ...+ .
Tak KaK 9JeMeHT Z; He3aBUCHUM OT Z;-...-+2%;; IpH Bcex
2Li<<n (caegcrene 3 mpemiokenua 41), TO paBeHCTBO BHBOJMTCA

n3 GopMydnt u-+4v=sup(u, v)-+inf(u, v) (npegnoxenne 7) MHAYK-
ngeir mo n.

BaMmesanne. [lpegnomenne 7 MoraswBaeT TaKyke, YTO MJIA TOrO,

gro0H 2 W Yy OHJIN He3aBHCHME, HeOBXOAUMO W JOCTATOYHO, YTOGH
z-+y=sup{z, v).

Iregnoseenne 12 (AEJ). Tycmo a; cyme n nonapro Hesagucumuix
yeanx saemenmos uz K. Toeba ur npouseedenue a; ... a, s6isemcs

H. 0. K. 94EMEHMO8 &1, ..., Qp.

17 H. Byp6arn
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ITeegnoxeaue 13. llycmv ¢ pewemouno-ynopsdouennoli epynne G
dano MmHoxNceCME0 (o), DONYCKaAWee HUNCHIOW (COOMEEMCMEEHHO 6ePT-
HIOI) epaMb Y U npouseoadbubili ssemenm z€G; moezda MHOMCECmeo
(sup (2, zy)) (coomeemcmeenno (inf(z, x,))) ob.aadaem nuxcneil (coom-
8EMCMBEHHO BepIHEll) ePaHbIO, NPULEM UMECM COOMBEMCIMEEHHO

inf (sup (z, z,))=sup (z, infz,), ]
a o

(4)

sup (inf (z, 24))=1inf (z, sup zq). J
a “ a

B camom pgeme, sup(z, 24)=2z4 (Tx—2)", 1M03TOMYy OpH HoOMONM
CHBATa MBI MOMKeM CBeCTH Bce K caydaw z=0. pyrumu cmosamum,
HOCTATOYHO HOKA3aTh, 4TO MHOKECTBO (Xy) 00aamaeT HUMKHEH I'DanbIo,
pasaOll y*. Tak Rak y< %y, TO y'<2Z§ AAA RaKZOTO O (IPOJIOIKe-
aue 98)). Ecim, ofparHo, a<2§ AIA KUKEOTO G, TO a<<Zy-| 75
(upennomenne 9a)); HO M3 Y < T CHEAYET, 4TO Y >y, HOITOMY
a2y -ty HBAA KOKZOTO «; APyrAMM cjaosamu, a<<y-4y =y
Bropas ¢opMylla BHBOJUTCA aHAaIOTMYHO ¢ 3amMeHoil sup Ha inf,
Caegcteue. Ecau saemenm z pewiemouno-ynopadoiennot epynnst G
He aasucum Om Kaxc0020 ud 94eMeHMmoe Ty, 00PABYIOUWUT cemelicmao
¢ gepxHell epandio Y, MmO 2z He 3a8UCUM OM Y.
910 HEmoCpeACTBEHHO BHITeKaeT U3 BTOpoil Qopmynn (4).
Bameganue. IlpmMeass GopMyns Hpefiosenus 13 x MHoeCTBY
U3 ABYX DJIEMEHTOB Z, Y, MOJYYHM cleRyiomue (GOPMYJIHL, BHpAKAIOIIHe,

q9T0 B PeUIeTOYHO-YHOPALOUeHAOH TpyIIe Kamiaad H3 [BYX omepamai
sup u inf ducmpubymusna OTHOCHTEIBHO APYTOiH:

sup (z, inf (z, y))=inf (sup (z, 2), sup (z, ¥)),

inf (z, sup (z, y))=sup (inf (3, z), inf (z, y)).
910 cpoiicTBo AuCTPUOYTUBHAOCTH ABIACTCA CIEUHAJLHHIM CBONCTBOM

PeImeToYHO-yIOPALOYEAHHX TPYII; 0RO HE PACHpPOCTPAHASTCA HE Ha MAO-
/ecTBa, HE Rake HA DeMIeTOTHO-YIOPHROTEHHEIE MOHOUAL (CM. YIpask-

genne 24).

13, IrcmpemarvHole IAeMeHbL

OupepeneHuE 6. Suemenm x ynopsdouennoli epynnut G naswsaem-
CA SKCMPEMAALHLIM, eCAU OH ABALEMCH MURUMAALHBM 8 MHONCECEE
CMPO20 NOLONCUMEALHYT diemenmos epynnil G.

Myecrs x —bKCTpeMadbHEE 3IeMeHT YIOPARKO4eRHOH Ipynou G.
Jna Besikoro mosoKUTENBHOTO djeMenTa Yy €G axement inf(z, y),
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ecTi OH CYIIECTBYeT, MOMKeT OBITh paBeH Toapko amGo z, amGo O.
Taxum 06pa3oM, B PeHIETOYHO-YNOPAAOYEHHOM TpyNIle KayKABIH WOJIO0-
MATeNpHHI snemerT 1160 Gonbime, MM60 HE3ABHCHM C HKCTPEMATBHHM
BJIEMEHTOM %, B YaCTHOCTH, PA3HHE 3KCTPEMAJbHEE 2JeMEHTH He-
BaBHCHMEL.

(OEJ) Ileasit sxemedt p B K Ha3HIBACTCH 9KCMPEMALLHBLM, €CIT
niead (p) HABAAETCH ODKCTPEMAILHEIM 3JIeMEHTOM YHOPAKOYICHHOH
rpynns &*. 3To o3HawaeT, 4TO KayAblil memil sleMenT, fexamuil p,
accomuupoBan ambo ¢ p, mabo ¢ 4. Ecam rpynma &* pemerouno-

yOOpsA/0YeHa, TO BCAKMH meibik sneMenr a jauGo He3aBHCHM ¢ p,
aubo kpareH p.

3ameugaune. 1) Tor daxrr, 9TO HEaHil JIeMEHT p ABIACTCA

N BKCTPEMaJbHBIM, He oaxauaem, 4TO (p) —MaKCHMAJbHEU BAeal KOAsna A

(em. yopamaeame 26). 2) B HeKOTODHX caydadX yHOTDPebadIoT BMecTO

CJ0Ba HKCTPEMAJBLHKI CIOBO npocmod (HampHMep, AAA HeIHX pamuo-

gaabauX uncea cM. ta. VII, § 1, n® 4) mam cioso Henpusodumwii mas
moamromMoB (cm. ta. VII, § 4, n° 5).

HMpregnosxenne 14. [ aa mozo «umober saemenm x>0 cmpykmypro-
ynopadouennoll 2pynnst 6bola dKCMPeMAAbHELM, He06XOOUMO U docma-
mouno, wmobsr us omuowerull «wx<y-+z, 0<y, 02 caedosaso
OMHOWEHUE (T LY U T 20,

Ecim z srcTpemaneH, To, Kak MH TOJBKO 4TO BANend, y ambo
Gonpme z, AnGo He 3aBHCUT OT Z; B HIOCJIefHEM cly4ae ciefcTBme 1
3 mpepnoxenna 11 moxasmBaer, uro z Gomsme z. OGpartHO, mpep-
TOJIOKHUM, 9TO YCJIOBHe TeopeMsl BHIoNHeHO: 3 0 <y < BHBOLNM,
monarag z=y-+z (z>0), uro ambo z<y, mbo <z B neppom
clIyyae £=1y, BO BTOpoM Z<T—Y, ¢lefoBaTenbno, ¥y <0, a 3paunr,
y=0; 270 mOKa3zbIBaeT, YTO & [EHiCTBUTENHHO SKCTPEMANBHEI.

OTMeTEM, q9T0 MH HEe HOXb30BaJHCH peme'rO!mof[ YOOpAAOIEHAOCTEIO
TpynInnl G NIPE AOKA3aTeJdbCTBE [JOCTATOYHAOCTHA YCJIOBUA.

Tleepnoxenne 414 (JEJ). Iycmv &*— pewemouro-ynopadouen-
naa epynna. Heobxodumoe u docmamouroe ycaosue sxcmpemarvrocmu
yeao20 asemenma p€K sakawuaemcs 6 mom, umo p doaxncern 6umo
omauver om edunuyw, U ecau p Jeaum npouseedenue Odsyzr yeawz
ouemenmoa, mo p Oeaum zomsa 68 00uH us Hux. :

Heennoxenne 15, Hycmov G’ —nodepynna pewemouno-ynopado-
uennoti epynnot G, nopoxclennas muoxcecmeom (P, ey nonapro pas-.
AUNHBIL dKECMpeMasbHbiL daemenmos zpynnvt G. Kaxcdwii paemenm

17*
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2€G' monHHO 00HO3HAUHO npedecmasumy ¢ eude = D n,p,, ede n,—
L

yeasle PAGUOHAABLHBIE WUCAA, OMAUNHBIE OM HYAS MOABLEO D4R KOHeu-
H020 uucaa urdercos. [as mozo «mobvr ssemenm T OwA NOAOHCU-
MeAbHBM, Heo6xodumo u docmamouno, wmobsl ece n, Gelau NOAOHCU-
meAbHYMU.

flcro, uro G’ —wMHOMecTBO d1eMeHTOB m3 G, NpPEeACTABICHHHX

8 puge O, m,p. llpegmoxommM, aro X n,p, > 0. Ilepenocs B mpasywo
[

gacrh Bee 1NeHsl ¢ Koaddunmentamu n, << 0, moirydaem coOTHOMIEHHE
BHfA

mpr+ - P2+ .. R,
rae r>0, s>0 7 p;, ¢; COCTABIAIT MHOKECTBO U3 I - § PABIMIELIX
BKCTPeMAJIBHHX BJIeMEHTOB; CJeACTBue 3 mpepiokenus 11 noxkasmsaer
TOP[A, YTO HpaBasg K JeBas JacTH HEPABEHCTBA HE3aBHCHMH, M CJie-

qoBaTenbro, s=0. OTcioga BAAHO, 9T0 H3 COOTHONIGHHA Entpl>0
L

.
clefyeT TOJOMATENBHEOCTh 1, AJA Bcex L, Ilostomy m3 paBeHCTBA

D n,p,=0 BHTeraeT ogHOBpeMeHHO, uTo 7, >0 m n, <0 maA Beex U,
T. 6. n,=0, # 5T0 3aBepmaer FOKa3aTeJLCTEO.

droT pesyibTaT 03HAWAET, UTO YIOPAZoUeHHaA Tpyuna G m30-
mopdpra rpymne Z(I) —mpamoil cymme yopsagodennsx rpyntd Z (n° 6).
Yuopamouerasie rpynan Z(I MomuO0 oxapamepmosau cle Iy IO IM
-cnocobom:

TeoPEMA 2. [[aa mozo wmobv. ynopadouennas epynna G Obaa
usomopPra npamoii cymme epynn Z (ynopadouennuxr o6uuntlM 00 pa-
30m) Heo6xodumo u Oocmamouro, 4mobs oHA 6blad PeulemouHo-yno-
padouena u ydosaemeopara caedyouemy Ycaosuw:

(MUH) Raxcdoe nenycmoe MHONCECMBO NOAONCUMEALHBEL AEMEH-
mos epynnti G, HadeieHHOe oMHOWEHUEM NO PAOKka, UHOYYU POBAHHBIM
omuoulenuesm nopadka & epynne G, codepicum MUHUMAALHBIE ACMEHM.

ITokameMm cHad4aja, 4ro rpymma Z(I) pemerouHo-ynmopagodeHa
n ynosaersopsier ycaoeuio (MIH). Ona sBusercsa pemerouno-ymops-
MOYeHHEOR TPYINOH, HOCKOJBKY 3TO TpsAMas CyMMa COBEPIIGHHO YIIO-
pagouernnx rpymi. G gpyroit cTOpoHH, mycTh E — Hemyctoe MAOJKe-

CTBO MOJIORATENBHHX 3JeMeHToB m3 Z(1); mycTs z= D) ne — moboit
13

siaemensT wMmEOMectBa E [(e,) — RaEommueckuit OGasmc rpymnm ZD],
YUncao moN0mATeIFHEX 2JIeMeETOB I € Z(1), KoTOpHe MeHbIIe %, KOHEY-
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HO ¥ DpaBHO H(nt—{—i) (IMmEs KOHEYHOe 9YHCJIO MHOKATENell B 9TOM
t

OpousBefleHNMH OTJHHYHO OT eguuunel). CnegoBaTenbHO, MHOMecTBO F
3JeMEHTOB W3 K, MeHBIIMX %, W HNOJaBHO KOHEYHO; TaK KAaK OHO
HeIycTO, OHO COZEP;KUT MAHEMAJbHEI saement y (Teop. ma., ra. ITI),
KOTOPHH# siBAsieTcd, OYeBHUAHO, MHHHMAJLHHM dJieMmeHToM B K,

Ipeanonosxum maoGopor, uro ycaosue (MWUH) ymosuersopewo.
CHagama JoxajkeM CHCLYIOMYI0 JeMMY:

JIemma. Ilycmov G — ynopadouennas epynna, ydosiemsopsiouasn
yeaosuro (MUH). [as rawmdozo snemenma x >0 us G cywecmsyem
srcmpemanvhuiii saemenm p € G makoi, wmo p < x.

B camoMm mese, MHOKeCTBO MOJIOKUTENHHEX 9JIEMeHTOB Ipynmu G,
MeHbMUX ¥, HeOYcTo B 00JafaeT MAHAMAJIbHKM 3JeMEHTOM P, KOTO-
" pHiif, ogeBumHO, OyMeT SKCTpeMaidbHHM B rpynme G.

Ilprase sto Bo BHMMamme, BepHEMCs K [OKa3aTeJbCTBY TeOpe-
mit 2. Yrobu mpuMeHuTH Ipejiioxkerne 15, HAM JOCTATOYHO MOKA3aTh,
4970 Ipynma G ODOpOKIAeTCA CBOMMHM DKCTPEMaJbHHIMH 3IeMeHTaMH,
- Tak Kaxk G — QuABTpylmasgca TIpynoa, TO HJOCTATOYHO HOKasaTh
(openmnoskeHue 4), 4To KasKEHA saemeHnt x >0 B rpynne G aBasercs
CYMMOH BKCTpeMAaJBHHX 3JeMeHToB. [{Js 3TOro paccMOTpUM MHO-
/KecTBO E TexX IoJIOKUTEeJbHHX DJIeMeHTOB y € (G, KOTOpHE IpefcTa-
BuMH B opme y = x— (py + ... =~ p,), THe p; — PKCTpeMaabHEE
aJeMeHTH rpynmsl G, He 00a3aTenbHo pasiuunsie. Tak Kak z >0,
TO B cHIY JeMMH MHOKecTBo E me mycro. Caemorarteabso, K copmep-
JKUT HeKOTODHII MAHMMAJLHHI 3JeMeHT ¢ B cmay cBoiicrsa (MHH).
B cayuae ¢ = 0, 1eMeHT ¢ B cHIY JeMME Ok O GoabIIe HEKOTOPOT'O
SKCTpeMaJbHOIo 3JeMeHTa p’ IpynmH G W djeMeHT ¢ — p’ mpmHAAJIE-
#aa 6m E, 9To mpoTuBopeunt MupuManbHocTd ¢ B E. CiegoBaTeab-
HO, ¢ =0 m z=py +... 4 p,, 9T0 u TpeGoBaJNOCH HOKAZATH.

Teopema 2 paiifer B HanbHelileM npuMeHenue B Teopud JlemmMocTn
B KOJBNAX TIABHHX npeanoB (ria. VII, § 1, n°2) n B KOXBUAX YACTHHIX
(Bropaa dacTh, TIaBa, OTHOCAMAACA K HOPMHDPOBAHHAAM) M B MBYdYeHHEH
BeajioB JefleKMH0BHX KOjell (TaM jKe).

Yupaxsbesrnusda 1) YnopanoueHnuil meKOMMYTATHBHHA MOHOHJ
M ecrs MOHOMJ (3aMECHBAEMHI MyJIbTMONIMKATABHO), cHAGKEeHHEIE TaKroi
CTPYKTYPO#l NmOpA/AKa, UTO OTHOmeHWe z < y BledeT 2z < 2y U 22 < Yz
A Kaxporo z € M. Ilyere G — yunopsAnodeHnas HeKOMMYTATHBHAS
rpynna. J{oxasarh clieXylolEe YTBep:KICHMS:

a) Iycrs P — MHO/KeCTBO 9JIeMEHTOB, GOJBIONX d9eM HeATpambHER
anemenr ¢ € G, torga PP =D, P Pl ={e, u aPa~l = P pan
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Ramporo a € G. OGparath yreep:xpenme. Halitm yciopHe pisa cosepmien-
HOfl ymopAmod9eHHOCTH Ipynnu G.

6) Ecnm ongmm ma siemMeBTOB sup (%, y), inf (2, y) cymecrsyer, To Apy-
roii Takske cymecrsyer & sup (z, y) ==z (inf (z, y)) 1=y (inf (z, y))! <.

B) daeMenTH sup (z, €) B sup (z 1, e) nepecranoBounn. [[pa mesanm-
CHMEIX DJieMeHTa HepecTaHOBOYHHI,

r) Hoprpynna G', nopoxueHEAA BKCTPEMAIbHEMNA BAEMEHTaMHU IPYyI-
me G, KomMMyTartmpHa. OTcioma cliefyeT, UTO €CIH BHIOJHEHH YCIOBHA
TeopeMel 2, To G — KOMMYTATHBHAs Ipynna,

2) Ilycrs E — pemeTka, Ha KOTOPOA 3ajaB B3aKOBE KOMUOBWINY
(z, y) = zy (@e 06n3aTedbHO ACCONMUATHBHHI) TaKol, YTO JAA KAKKOTO
a € E oro6paskeEus £ —~ az u 2 — za ABIAKTCA H3oMoppuaMaMy yoopsago-
9eHHOTO MHO;KecTBa E ‘Ha ce6s. OGosHauHM uyepes3 I, (COOTBETCTBEHHO a¥)
ameMeRT W3 E, onpefeiendsiii paBeHCTBOM (Z,) @ = z (COOTBETCTBEHHO
4 (¢%) = z), ¥ OPEJIOJOKAM, YTO OTOOPAKEHHA £ ~ dy M & ~+ ya ABIAIT-
¢A m3oMopdmaMaMu yHopsaodeKHOro Mpos;kecrBa E ma MHOKecTBO E,
coaf;KeHHoe NPOTHBONOJOKHEM mnopspkoM. ITokasars, wro mpm srux
YCAOBUAX MIA JWOOHX &z, J, 7 HMEET MECTO PABEHCTBO

(it (x, ) ©= (2) (59D 2, ).

3) Ilyers G — ynopspmodeRFEasa Ipynna, MHOMKeCTBO P HoloKmTeNh-
HHX 5ZeMeHTOB KOTOpoii He cBoguTcA K Hyio. llokasars, uto G Gecko-
HEYHA M He MoKeT 06Ja5aTh BN HanGOAbINAM, iV HAMMEHBIINM JIeMEeHTAM,

4) Mlyerp G — yuopspoueHHas rpynna, P — MHOKeCTBO TOJOKE-
TeNbHEX HJIEMEHTOB IPYNOH G, f — KaHOHWYeCKOoe 0TOGpasKeHEHe IPYnOH G
HA axmopepynny G/H. s Toro uToOH MEOMKecTBOo f (P) ompenensdo
ga G/H crpyKrypy yLOpAmoYeHHON rpynnH, HeoOXoguMO W NOCTATOYHO,
uT06H u3 yeaonmit 0 <l y < z 1 z € H caegosaxo, uro y € H. Torga H
HA3HBAGTCA usoAuposarnoll mOATpynmoil rpynusl G, m G/H paccmarpm-
BAaeTCA KAk ynopsapgodewsas rpynna. Ecim G K TOMY 3Ke pPemeTO9HO-
yUuopsAnoYeHa, TO AAA ToTo, YToGH G/H Guia rpynnoii-pemeTroil, Heol-
XOfEMO H JOCTaTouHo, 4YToOH H3 coormomemmii |y (< |z | ® z¢€¢ H
BHTeKaNo, uTo y € H. ITokasarh, 9T0 9TOT JaxKT PaBHOCHIEH TOMY, YTO
H — nsonmpoBaEHas u (uabrpylomasacs poarpynrna. [lokasars, 4To
yoopsanouenHas rpynna G, He AMemAas APYTHX H30JHPOBAHHEX NOf-
rpynn, xpome ce6a u {0}, ABiAercd coBepmIEHHO YHOPANOYEHHOM (pac-
CMOTpeTh H30JIMPOBAHELE MMONTPYINH, NOPO;KAEHHHE [BYMA HNOJNOMH-
TeNHHHME »JeMeRTaME U3 (); *BuBectm orcioma (OGm. romox., ra. V,
§ 3, ynpammenwe 1), uro G mW3oMopdHa TOTRA HOATpyINIe aJJUTHBHOH
TPYOOH MeHCTBHTEAbHBX dYHCEI.

5) J[larb mpuMep yHopAnod9eHHOH TPYNNH ¢ HEAECKPeTHHIM OTHOIHe-
HpmeM HopAnKa, o6iiafaomeil HeHYJIEBHIMH JNeMEHTaME KOHeYHOI'O MODHAN-
Ka (B3ATh PaKTOPrpyuny moaXoRAmeil yIOpAROueHEOH rpynns G 1o TaKoi
nogrpymme H, uro P (| H = {0}).

6) Ilycre G — ynopamoueHHAA rpynna, P — MHOMeCTBO e HOJNOMKH-
TeNbHHX oieMeHToB. IlokasaTe, 4910 P — P sBaserca wamGoapmei
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dureTpyromeiics moprpynnooffl Tpynos G W 4TO 3T0 W30JMPOBAaHHAA WOJ-
rpyona. KaxoBo oTHomenne mopAnka B Qaxroprpyuine?

7) Ecim B rpynne Z B KayecTBe MHO;KeCTBA HONOKHUTENbHHX e~
MEHTOB B3fTh MHOKECTBO, COCTOAMPe W3 HYXA M TelbX dHcexr > 2,
TO HONYYeHHAS yOOPAnOYeHHAA rpynma Oyner QEAsTpyomelica, HO He
pemerouHo-ynopsaotenaoit. (IToxkaszaTs, 9T0 MHOKECTBO TeX Z, A KOTO-
pHX >0 ®m z > 1, obGamamaer NBYMA pasBEHMH MUHIMAIbHEIME BJje-
MeHTaMu.)

8) Iyers z — TaKkofl 3jeMeHT YHOPANOYEHHON TpPYNOHN, 9TO Cymie-
creyer y = inf (z, 0); Torpa pis moGoro nexoro uncaa rn > 0 m3 nx > Q.
BHITEKAeT, 410 « >0 (umeem ny = inf(nz, n — 1)z, ..., 0) >
>inf ((n — 1)z, ..., 0) =(n—1)y); cuenoBaTeIbHO, pPABEHCTBO
nz = 0 BaedeT z = (.

9) IlorasaTh, 4ro B pemIETOYHO-YUHOPSAOYeHHOE Fpymme cyMma BCH-
Koro cemelictBa (H,) m3oirpopamnux ® OEIBTPYOMEXCA NOATPYII
ABjseTCA M30AHpPOBaHHOM W gEmaprpylomefica moarpynmoit. (Mcmombaso-
BaTh CIeJCTBHe TeopeMhl 1.)

10) ITorasaTh, yTO B pelnerOYHO-YHOPANOYeHHOH Ipynne G A Kak-
noit koHeuHoll OCHENOBATENBHOCTH 2IeMeHToB (z;) (1 < i < n) B3 G cupa-
BeJJIEBO COOTHOINGHHE

sup (2;)= D) z;— ) inf (s, z)+ ... +(—1)PH X

i 1<j

X Z inf (zip - s xip)+...+(—1)"+1 inf (zg, ..., z,).
i1<ipg<. . . <ip

(PaccympaTp HO MERYKRAA, OTEPABIAACEH OT HPEANOKesua 7 0 ACHOND-

3yA nmcTpUOYTHBHOCTL OMEpPanmUM sSup OTHOCHTeNbHO omepammm inf.)

11) Hycrp (z;)— ceMeficTBO U3 n DIEGMEATOR B PemeTOYHO-YHOPSINO-

gennoll rpynue G; aas Kasporo mexoro k (1< k< n) wepes dp {coor-

BETCTBEHHO mp) 0603MaYUM HEKHIOW (COOTBETCTBEAHO BEPXHIOI) IPaHb

n
CYMM k pasawuHHX 9JEMEHTOB Z;; 9HCIO0 TAKMX CYMM DaBHO < k) .

{IokasaTs, 94TO
dp+Mmy_p=214 22+ ...+,
12) Moarpynmna H pemerouro-ymopARoueHsof rpynnu G saskBaeTcH
£0pellemouio-yno padouennoli, CIM NIl RaA0oll napH sreMeAToB z, y €H,
TaKKe st(l;p (z, y)€H (sTa BepxHEAA rpadb, caeloBaTeabHO, COBOANAET

< sup(z, ¥)).
H

a) Ecam G=Q X Q x Q (rpynuna Q ynopsanogeHa oGu9aHM oGpasom),
to moprpynna H Tex sieMenToB (z, y, z), ANA KOTOPHX 2=z y Deme-
TOYHO-YIOPAJ0UeHA, HO He KOPeIeT0dYHO YHOpAJoYeHa.

6) Kampas msomupoBasiHas (yuopapesre 4) ¢EibTpyOmasca mof-
rpynna pemeToIAO-yIOpAnodessiofik TPYHNOH HABAAETCH KOpPEImeTouso-
YHOPAAOICHAOH.
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B) Ilycts G-—pemerouno-ynopsgouennas rpynna, H-—HeKoropas
noArpynna B G, H’—MHOMKeCTBO HWKHUX TIpaHeidl KOHEUHHX dacTel
a3 H w H”-—MHOKECTBO BEPXHHX Tpaneil KoHednwx dacrteit u3 H'.
Ilokasars, uto H"-—HauMedblnasg KOPEINETOYHO-YIOPAAOUEHHAA IOJ-
rpynna, cofep:kaman H (Acnonndyn 3aMeyaHdMe K NpeJokeHnio 3).

13) Toeopar, uro Momous M noaypewemouno-ynopadouer cuusy (und,
Jid KPATKOCTH, Noaypeutemouno-ynopadouen), ecnd M — ynopajfodeanslis
Mmonodf, inf (z, y) cymecTsyer gas Aw06oil mapH z, ¥y 2JIeMeHETOB U3 M
a ecad inf (z+ 2, y - z)==inf (z, y)+z gaa awbux =, y, z€ M. JorazaTs.
9TO TOTHA CHOPABEHIUBH TOMEECTBA

inf (z, 2)-+inf (y, z)=inf(z+y, z-+inf(z, ¥y, 2)),
inf (z, y, 2)-inf (z+y, y+2, z+2)=inf (z, y)+inf(y, 2)+inf(z, z).
C NOMOIBI0 MEepBOTO TOMAECTBA [AOKA3aTh, 4TO W3 HEPABEHCTB Z <2
a1 y < z caepyer, uro z-+y << z+4inf (2, y).
Toxkasats, aro mpepgnosxenmme 11 W ero cnepcTsue HWMEIOT MECTO

B NOAYpeINeToano-yIoPAAOICHALX MOHOUAAX, ofilajamimux HefATpads-
AEIM DJAEMEHTOM.

14) IokasaTp, 9TO B IOAYPEMeTOYHO-YNODALOYCHHHX MOBOUAAX

HMeeT MeCTO HepaBeHCTBO

inf (z; - yi) > inf (z;) -+ inf (y3)
AR MOOHX KoHeYHHX mnocaefosartensHocreil (z;) @ (y;), COCTOATIEX
KasKJas U3 n DIEMeHTOB.

BEIBECTH H3 3TOr0, 9T0 B PEMETOYHO-YIOPAZOUSHHOH IpyINe BHIOM-

HHIOTCA HepPaBeHCTBA
@E+pr<zttyy Jzt—yt(<lz—y)
15)-Ilorkasath, 9T0 B pEMETOTHO-YNOPAXOUCHHOH TpyNme clpaBen-
IABO TOKHECTBO
|zt —yt|Hlzm—y~ |=[z—y].
(3aMerturs, ato z—y L |z—y| v |zl—|y|<|lz—V¥]|)

16) Ilorasars, 9T0 B NONYPEeNETOTHO-YIOPANOIEHHOM MOHOUAE
BHINOJIAAETCS COOTHOIIEHHe

r inf (z, y)-+inf (nz, ry)=2rinf (z, y) (cpaBam ympamwuenze 8).
Noxasats, ato inf (nz, ny)=ninf (z, y), ecam inf (z, y) — pery;IApaLit
BIeMeHT.

17) Hyctes M —noxypelleTOYHO-YOOPAZOIEHALIT MOHOUJ, obmana-
OUUi HedTPansALM dJAeMedTOM HYJIh, I %, ¥, Z, t €M TaroBH, 4TO
z22>>0, t > 0. [JonasaTh HepaBeHCTBO

inf (z+z, y-+1)+inf (z, y) > inf (z+2, y)+inf(z, y+9)

18) Ilycrs (Gt)lEI—CeMeﬁCTBO COBEPIICHHO YIOPAZOYEHHRX TPYNN &
COBePIMICHHO YIOPAMOYeHHLIM MHOKOCTBOM HHJIGKCOB I; ma rpyunme G,
ABIAOMECA npanxoli cymnmol Tpynn G, onpefeduM CTPYKTYpY yHopa-
AOYeHHOI IPynnmE, 6epA B Ka9ecTBe MONOKATEJNBHHX dJeMEHTOB IPYMIL
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G’ MuomecTBO TaKmX (r,), 9T0 r, >0 A HAEMeHLHIEr0 HAJEKCA L
¢ AenyaeswM z,. llokasaTs, 9To rpynma G', cuabennas aToil CTPYKTY-
poil, ABAAETCA COBepHICHHO YMOpAMOYCHHOH rpynmoii.

19) Hycre G—apanTuBHasd rpynna, (Pg)-—cemeiticTBo 4dacreit B G
TaKkAX, 910 Po~+ Py C Pg m Pq () (—Pq)={0}; mycrs Go—ymopsaso-
uepHAA Tpynna, DONYYAOIIAACHA, €CIM B KadeCTBe IOJOKATENhHHEX
3JI6MEHTOB B3ATO MAOMKecTBO P,. Ilodmomm P= () P,. Ilokasars, 4TO

a

P4-PC P u P (—P)=1{0}. Ilorasars, 9ro ynopsgodennas rpynma H,
Doy9aiomancs HajeJeAdeM TPyNOH G OTHOmOHMeM NOPHIKA ¢ MHOMKe-
CTBoM P mONOMMTeNLAHX 3JeMenToB, m3oMoppHA MHaroHalm mpodA3BEfe-
gy rpynn Gg.

20) llycrs G —apaaTuBHad rpymma, P—wactek B G, ya0BIeTBOPAIO-
maa ycuaosmam: 1°P4P=P, 2°P() (—P)={0}, 3° pmaAa Rammoro
1eJoro rn M3 BRIAOIEHHA nx € P caepyer, 9ro x € P (ycaosme C)).

a) IlokasaTe, 1T0 A d1eMenTa a € G Takoro, 4ro a € P, cymecTByeT
qacTe P’ B G, yAosiersopsAnomas yciosuo (C) B) m Takada, uro PC P’
# —a€P’ (B KadecTBe P’ B34Th MHOKECTBO Tex Z€ G, AIA KOTOPHX
CYymEeCTBYIOT ABa Ielwx guciaa m >0 u n>0 m sanemenr y € P, yaosie-
TBOPAWIAE PABEHCTBY Mz = —na-+}).

6) Busecru u3 a), 910 P ABageTcA mepecedenueM Tex dacreit T C G,
AAA KOTOPHX BHUOOAHAWTCA paBencrBa; T+4+T=7T, T () (—T)= {03},
T U (—7)=G (uuuME cloBaMy, Tex dacreil, KOTOPHE oupefensior Ha G
CTPYKTYPY COBEpIIeHHO YNOPAAodYeHHOl rpynnH) I KOTopHe cofep:Kar P.
(UcmoanzoBats Teopemy llopha.)

B) B =acraocrm, eclim G —ajAfATHBHAA I'Pynla, B KOTOpPOH BCe He-
HyJeBHe DJIEeMeHTH HMeIOT G(eCKOoHeUHB|H NOPAMOK, TO IepecedeHHe
Bcex Takmx dacredr T, aaa Koropux T4 T=T, T (—T)={0}
n T (—T)=G, cognrca & 0.

*21) ¥Ynopagodendas rpynma Ha3HBACTCHA Dewtemouno-ynopadouusae-
Moli, ecnm oda m3oMopdHA IDOATPYIIE pemeToqHO-yHOPAZOIEHHOH Tpym-
ou. [lokasaTh, 4To AJA pemeTodHol yHOPAZOIMBaeMOCTH Ipynns G
He00X0MAMO B J0CTATOYHO, YTOOH AIA KaykAOro metoro n >0 #3 He-
pasencrBa nx >0 cuefosano 6w, 970 z > 0 (1 [OKa3aTeALCTBA JOCTA~
TOYHOCTH HCHOAL30BaTh ympaskaenue 200) n 19). Ilokasarn, 9To Kamaas
penieTouHO-yIOPAROUABaeMasA Ipynna A30MopQHA MOArpynme nporsBefe-
HHA COBEPINeHHO YIOPAJ0YeHHHX TPYHI, '

22) Ilyere G — pelneTodHao-yoopALoIuBaeMas rpynaa (paccMaTpasae-
Maf KAk Z-MoAyin) A E—BekropHoe mpocrpaHcTBo G (ra. ITI, § 2);
MOKa3aTh, 1TO Ha aJifNTABHOW rpynme E M0oKHO 0HO3HATHO OHNpPERCIATH
CTPYKTYPY HOpPAfKa, COrlacoBafHYl ¢ IPynmoBoil cTpyKTypoit Ha E
n HEAYyNUpYyIomylo Ha G JaHAYIO CTPYKTYPY mopsaka. Ilpocrpascrso E,
HajielleHHOe DTOH CTPYKTYpO#l, ABIAeTCA pemeToIHO-yHOPANOIMBaeMon
rpynmoi.

23) IlycTh G — pelneToYHO-yopAAOdeHHas rpynna Z X Z (Z Hafeltena
o6Hunoil cTpykTypoil mopsaka) ¥ H —mH30inpoBaHAAaA moArpynoma B G,
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nopoMAeHHas NeMeHTOM (2, —3); moKasaTh, ITO yHOpAKoIeHHAA Ipyl-
pa G/H de asnAeTca pelieTo4HO-yUOPHROYGHHOR (CcM. yupaskdedue 4),

24) IIyetp A—KOMMYTaTHBHOE KOIBIO, & ] —MHOMECTBO BCEX 6ro
udeanos; npougeedenuem ab IByX HJeadoB a B b HasoBeM upeaJs, odpaso-
BaHHH} KOHGUAHMHE CYMMaMd Zaibi, e a;€a m b; €b. IlokasaTs,

1

970 a (b+{)==ab-}-af; mrage rosops, mMuoxecTso I, BagenesHoe OTHO-
meameM mopafka a Db m sakoHoM XKoMmo3uuuu (a, b) —ab, ABIgerca
noaypeuiemouno-ynopadouennam  monoudoxn (ynpasxaemne 13), mpouem
BepXxHell rpanplo BNEeMeATOB a M b sBiAsercs mpean a--D, a HmKHeN
Tpagbio—a [) b.

IIyers K —wdekoropoe mote, A=K [X, Y] —Koablo MHOroYleHOoB
OT JABYX mepeMesHHX Hajg K. B rouaple A paccMOTpHM I'aBHBE U ea
a=(X), b=() 7 {=(X-}Y); nokasars, 9T0

@O +{ = (@+D NG+, @+ NTF @NDN+END,
(a (1 b) (@+5) 5 (a (a-+5)) (] (b (a+4-D5)).

*25) Ilyerp I —moaypeineTo4Ho-yUOpSAOUSHAHI MOBOHA HJAealoB
KOMMYTaTUBHOr0 Koabna A (yupasknedade 24), insa Toro uTo0H KoHeUHAR
CHCTeMa cpaBHeANH x=a;(a;) ®WMeJa pemleArme KakAHM pas, Korja
nobee ABa H3 3THX cpaBHenmii mmeloT ofmee pemedne (T. e. ecau
a; = aj (a;-aj) BAS Kampoll napH MAAEKCOB i, ), Heo0XoAMMO ¥ HocTa-
TOYHO, IT00H B I Kamasn U3 ABYX ouepammit (a, b)—>a [} b # (a, b) —
->a--b Ola JUCTPREOYTHBHA OTHOCHTENHHO APYroil («kutaiickas Teo-
pema»). J[oxa3aTedbeTBO MOKAO HPOBECTH clefyOmuM obpasom:

a) Ecam (a; N ag)t-{ay ) ag)=0ay () (az+ag) @ ecam Kamgue pBa
U3 Tpex cpaBHenuit z = a;(n;) (=1, 2, 3) mmelor ofmee pemedHs,
TOrJl2a BCe TPH CpaBHenHdsa mMeloT ofmee pemesue (mycTs yp—o0mee
peiieHne cpaBAeHH z=ay(a)) B « = ay(ay), z3—obmee pemenme
CcpaBAeHHi#t z = a4(a)) BT xz=ag(az); HOKa3aTe, UTO CPABHEAHA =
=x3(ay () ag) B z==z;3(a; () ag) mMelor ofmee pelmesnue).

6) Ecam xkaJas cEHcTeMa Tpex cpasHeumit, nmobhe ABa M3 KOTOPHX
mmetor obmee pemename, camMa ofnagaer o0mEM pelmeHdeM, TO BHIOJA-
HANTCH 3aKOHHE! ANCTPEGYTHBHOCTH: )

at+-GN)=@+6N@+f) z aNO+N=@ND+ (N
(Jlna goKasaTelbCTBA HMEPBOTO DaBeNCTBA 3aMETHThL, 4TO AIA KamJoro
auaemenra z€(a4b) ) (a--f) cymecrsyer Takoit y, uro y€bT,
Yy ==z (a). AnAa poKasaTenbcTBa BTOPOTO COOTHOMEHHA 3aMETHUTH, UTO
Jas Kaxgoro asnemesTa z€af)] (b-+f) cymecrByeT Takoii dneMeHT
y€aN®, uto y = z(f).) OrMeru™, 4ro B cuay a) m 6) Bropas fopmyra
JRCTpUGYTABAOCTE BJedeT IepByIo.

B) JlokasaTh «KHETRCKYI0 TeopeMy» HHAYKINeil mo YHmERy paccMa-

TPUBaeMHX cpaBHeHAUl MeToJoM, aHAJXOTHIHNM METOAY JOKasaTeJbCTBa
LpefJA0KeHNsA a).
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26) IokasaTs, 9TO B MOHOMJe HAEAJOB Koibla Maorounenos K [ X, Y]
(rme K —mnone) maean (X) y/lOBIeTBOPAET YCIOBMIO Upenioskenms 14,
g0 HO ABIAETCH MAKCHMAaJbHbIM.

27) llyets A—KOIBLO, ABAAKNINESCA KBAJPATHIHEM paclIApenneM
xoaelna Z ¢ Gasmcom (4, e), rae e2=—35.

Iloxasats, 9T0 A ABnAercA 06JACTHIO UEJOCTHOCTH; B 3TOM KOJbIe
9=3.3=(24-¢) (2—e); mokasars, 9t0 3, 2--¢, 2—e ABIAIOTCH BKCT-
PeManbAEME 3JEeMeHTaMH Koibna A, He Y/OBIETROPAMAMHE YCJIOBAIO
apepioxenns 14 (JEJ).

*28) Ilyers G — pemieTouno-ynopsafgoYennas rpynna, P— MHo0mecTBO
ee MOJOMKUTENbHBX daeMedTOB. JiBa sieMeATa z, y € P Ha3HBAIOTCA
PEOUGANEHMHLIMU, €CIH KajKIHH BIEeMeAT, He3aBUCHMEIA C HePBHM, He
3aBHCAT W OT BTOPOTO; KJAcCH JKBHBAJEHTAOCTH, COOTBETCTBYIOI(AE

5TOMY OTHOWIGAMIO, HAZKRAIOTCA Numamu B P; gepes z 0603HAYAM AT,
coflepsRAMYIO .
a) IIycte @ m b—pBe HETH;, OyeTh I, ;—JBa DIEMedTa U3 @

¥ Yy, y;—ABa dIeMeATa W3 b; IOKasaTh, 9TO €CHHW KAK/HIL dieMeHT,
He saBUCAIMIT OT x, He B3aBHCHT OT ¥y, TO Ka)KAblil 3jeMeHT, He 3aBHA-
cAmAR OT Z4, e 3aBECHT OT Yq. TaKEM o06pasdoM onpefelsercs OTHO-

Menne Me:KNy @& I b, KOTOPOS 060BHATAETCH & 3> b; MOKA3aTh, UTO OHO
ARJIAETCA OTHOIIEHMEM IOPAKA Ha MHAOMecTBe F HHATeH.

6) Ilokasarp, 9TO ODPH TAK ONpe/ieleHAHOM OTHOUNEGAHH NOPARKA F
sRAAeTcHA pemieTKOH W 9UTO

inf (@, b)=1nf (a, b), sup (e, b)=5up (a, b)=a -} b.
(Mcoonnzosats ciaepcTame 2 npefiosxennd 11.) Ilokasats, 970 HaEMeAb-
mEM sreMenToM B F seusercs smth 0={0}.

B) Jle AATH ¢ W b HA3WBAIOTCH HesaBECHMEIME, ecad inf (a, ) =0.
MokasaTh, 9T0 €CHE ¢ B b—[Be HATE == 0 B eCHH a < b, TO CymecT-
ByeT HATH ¢ == 0, He3aBHCHMAs C 4 M TaKas, 4T0 ¢ < b.

V r) Huts m =~ 0 HasuBaercs BKCTPEMANBHOHN, €cIH OHA BIIAET-

¢s1 MAHVMAJBARM SJEMEATOM MHOKecTBA oTnmYnsix or O mmreit, Iloka-
3aTh, 9TO OHKCTpeMaJbHasdA HUTL COBEepHIEHHO yHoopsagodeHna (l'IyCTB a

u b—JBa BieMeATa W3 m; pACCMOTPeTh SUTH, KOTOPHM MPEHAJIEHKAT
sunemeArs a —inf (e, b) 1 b—inf (¢, b) m wmcnoxnsosarek 0)). Ilorasars,

Kpome TOTo, 9ro obBemunenme nureit m, —m u {0} ABAsETCH COBED-
MeHA0 yHmopsjodedHoil mogrpynnoi I (;L) B G.

I) HOycrs panmo ceMeiicTBO (?ﬁ;) BKCTpeManbHKX HHATeH B @) IOKa-
saTh, u9TO moArpynma H, mopospesnas o0befHAeHHeM HATEH m., u30-

mopdua npamoii cymme (n° 6) rpynn H (i) (cBeCTE K CHYIai0 KOHEYHOTO
ceMeficTBa, a BaTreM HPOBECTH HHAYKIHUIO).
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e) IlokasaTe, 9YT0 B HpPOHW3BefieEUN (COOTBETCTBEHHNO B HPAMOM CyM--
Me) COBEPIIEHHO YMOPAJOYEHHHIX TIPYINI BJIEMEHTAMM SKCTPEMAaJbHHX
gnTell ABIAIOTCA B TOYAOCTH Te, Y KOTOPHX BCE KOOPAHAATH, KpOoMe:
onuoil (koropaga >0), papan mHydw, Orciofa ClIeAyeT, 9T0 YHOOpAJo-
4eHHad Ipynma MoskeT OHTH TOJBKO OJHAM CIOCOGOM HpepcTaBleHa
B BHJE NPOM3BEAeHHNA (COOTBETCTBEHHO NpPAMOIl CYMMEH) COBepIIEHHO-
ynopaAodeHANX IPyHn (HHade TOBOPA, MHOMHTENH ONPeNEIeHsl OfHO-
3HATHO).

29) Yuopapoueasaa rpynua G Ha3HBAaeTCH 6NOAHE PEULeIMOUHO-YNo-
padouennoll, eCIM OHA PEIMETOYHO-YIOPAAOUEHA W eCHM KajKAasd Majyko-
pApyeMas 9acTh B G jonyckaer B G BepXHIOI0 rpaHb.

a) Ilokasarb, 9T0 NisA HOJHOHK PEMETOYHOH YHOPANOYeHHOCTH QHIb-
Tpylomeiica Ipynns G HeoGXOAMMO H JOCTATOYHO, 4TOOH KamKaasd 9acThb-
U3 MHOKeCcTBa MOJOKUTENBHBIX 31eMeHdToB P rpynnsl G uMesia BepXHIOIO-
rpass B P.

6) llponsBenende BHOJHE pPemIeTOUYHO-YMOPHAOUYEHHHX TPYHI €CTb.
BIOJIHE PeNeTOYHO-yNopAgoueHHas rpynna.

B) Ka:xgas m3oampoBaHHAasA OOATPYyNNAa BHOJHE PellieTOUHO-YIOPHA-
A0YEHAON Ipynnnl BOOJHe PemeTOosHO-yIOpsAao9esHa.

30) B ymopspodendoi rpynue G naa xamaoit wacta A B G 0603Ha-
M cuMBodoM m (A) (cooTBercTBeHHO M (A)) MHOKeCTBO MHHODAAT
(coorBercTBeHAO Ma)kopadt) dactd A B G; torma m (A)= —M (— A).

a) Ornomenne A - B Baeder m (B) m(4) 1 M (m (4))C M (m (B)).

6) Umetor Mecto Brmogenns A CC M (m (4)) n M (m (M (A)))=M (4).

B) llycTe A, —cemeiicTBo sacreit w3 G; Torma

m(L'l) A)= O m(4,).

r) Rampoe Mmuoxkectso M (B), rae B —mamopmpyemMas HeEmycras
4acTh B G, HAaBHBaeTCA ebiciwum muoocecmeom B G. A rakjaol MuHO-
pupyemoil menycroil JacTe A B MuoskecTBo GM (m (4)) ABIAeTcA HaH-
MEHBIIAM BEICIIAM MHOKECTBOM, coflepkamuM A; ero 0603Hag9aioT depes
(A4), ecntm AC B, To (AyC (B); ecam A mMeeT BEpXHIOW rpank a B G,
10 (AY=M (a); mocierHee MHOMKECTBO 0GO3HAYAET TAaKKe {(a).’

a) Ecim A m B—pBe HenycTele MudopHpyeMble wactd B G, TO
(A+ By=((AY-+(B)>)., Orcioma ciaeayer, 510 B MHOmecTBe M (G) BHIC~
mAx MAokecTB H3 G orobpaskesme (A, B) -~ (A-|-B) aBuigercsa acco-
NHATHBEEIM H KOMMYTaTHBHEIM B3aKOHOM KOMHOSHIHH, JIA KOTOPOTO
(0y =P—geiiTpaarHulil 2J€MeHT, OpHYeM OTHOMeHMEe mopaArka A DB
COITacOBAaHO C BTHM 3aKOHOM Kommosuuumu. Mromectso IM (G), HagemeH-
HOE DJTOH CTPYKTYpPOiHl, #ABIAETCA NOJYPEMETOYHO-YHOPANLOIEH HEIM
MOHOHJIOM, ecxH G— dmaprpylomascsa rpynma. KHpoume toro, orofpaske-
ane z - (z) rpynun G B MM (G) ssagercAa uzoMopduaMoM YIOPAHXOIEH-
goif rpynnn G Ha HekoTopyto moarpynmy Momomaa IR (G).

e) Ecrm snement A ma Mosomaa M (G) cuMMeTpH3yeM OTHOCUTENLHO
33KOHA KOMHO3SHIHAH B 3TOM MOHOH/E, TO CAMMETPEYHHM K HeMY CIYHT
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M (—A)= —m(4). (3amermts, 4TO ecim B cmmmerpmien ¢ A, TO
BCM(—A) u A|-M(—A)C(0), orkyna (A--BYy=(A-}-M (—A4).)

*31) VuopagoueHHas Tpynna G HasHBaeTCH apzumedosoll, ecin
eANHCTEeHHKMA djieMeHTaMA Z € G, A KOTOPHX MHOKECTBO KpaTHHX
nz (n—uenkie >0) sSBAseTCs MEHOPAPYeMEM, GYAYT HONOKATENbHEE
3J1eMeETH B G.

a) as toro 4roGu monoup I (G) BHCMEX MHOKECTB YHODAKOYEH-
golf Tpynnst G Guin rpynnoif, Heo6XofAMO I OCTATOYHO, YTOOH rpynna
G 6Gmna apxuMenoBoit (mcmoab3oBaTh yupaskaesme 30r)); M (G) Torga
BHOJIEE penreToYHO-yIopAJ09eHa.

6) BrBecTz oTciofa, 4To AAA TOrO, YTOOH ynopafodennas rpynna G
6oina meoMopHA MOATpYyNne BIOJNHE PENIeTOMHO-YIOoPAfoYeRHol Tpynnt,
geo0X0MMO E JOCTATOYHO, YTOOH' G OHia apXEMeJoBOM.

*32) a) Iycre G—Bnonse pemerouHo-yNOPHAOYERHas TIpynoa
n H—poprpynna B G. Jina KakJoro BHCIIEr0 MHOKecTBa A ¢ epynne
H uepes z, o6osHauum HEkHOW0 rpans A ¢ G. IlokasaTe, 9ro oToOpa-
skenme A - rx wmuoskectBa I (H) B rpynny G BsauMHO 0JHO3HAYHO.
(YeTagoButh, 9TO A—MHOMKECTBO TeX DIeMEHTOB y € H, 1iad KOTOpHX
¥ >z4a)

6) O6osmagmm uepes (B), roe B—mMusopupyeMas vacts B H, Bre-
miee MHOKECTBO, MOPOMK/JGHHOe 4YacTeio B B H (saeMeHT MHOKECTBA
M (H)). Oycre aaa xaxpoii wacrm B B H, Muuopupyemoii B H, cmpa-
BepamBo coorsomesme inf B=inf(B) (mmwmxame rpamm Gepyres B G);
moKaszaTh, 9To B 2TOM ciaydae oTobpaskesme A - z4 ABIAeTCA UIOMOp-
{$maMoM BHonlle pemeTodHo-ynopagouesHod rpynnm IR (/) ma Aexoro-
pyio moArpynny rpymnst G (cM. ympaskreswe 30m)). )

B) Ilycrs RaRAHA dleMeHT TpynnH ( ABIAeTcH HUKdell IpaHblo
fiekoTopoii dactE B [; mokasaTh, 4UTO B O9TOM cayd4ae A KaskAoil
mupopupyomeit B H dvactm B C H BHnoamsercs pameHcTBo inf B=
=inf (B} (um:xkHEe rpanu G6epyrca B G). (3aMeTuTh, 4TO 9T0 PaBeHCTBO
cnpaBefaueo upu ycaosmu inf B€ H; B obmeM ciaydae paccMOTperhb
-TaKoit diacMesT z € G, uro z--inf B€ H, T. e. ABnswmuiica €Hummuell
rpamplo Hexoropoit uactu B H, a [agbme MCHONB30BaTh yHpPaMKHe-
ume 3071).) ’

r) Iycrs G—Bnoane pemeToddo-ynopagodessan rpynna Z X Z X R,
9 > 0—mnppanumonajbHoe WUCI0, W OycTh J{ —mnoarpynna, cocToAmas
W3 TaKux djieMentoB (z, Y, 2), 4r0 0(z—z)+ y=0. Iokrasars, YT0 He
cyIIecTBYeT HEKAKOro maoMopduaMa BOOTHEe pemeToTHO-ymopamouennol
Tpynnst I (H) Ha mofrpynny rpynns G, CBofsmierocs K TOMJeCTBEeH-
oMy ortobpakenmio mHa M. (IToxasarn, uro rpymma I () maoMopdaa
K=2Z X R; paccmorperr B K NOArpynnmy, COCTOAINYI0 H3 TeX u, A
KOTOPHIX /Ul KajyKmoro uejoro n >0 cymecrayer smeMenT v€E ¢ nv=
=u, I aHANOTHYHYI0 Hofarpynny B G.)

33) a) [as Toro urobH COBEPIIeHHO YHOPAAOYeHHAs Tpynma Geina
apxmMefloBol, HEOOX0oAUMO H JROCTATOYHO, YTOOH OAA Kamfgoll mapu
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aneMeAToB z >0, y >0, npumagnekamnx G, CymecTBOBaso uexoe
r >0 Taxkoe, 4T0 y < nz.

6) BcAxaa coBepmieHHO YIOpALOYeHHAA Y BIONHE PEmeTOYHO-YIO-
papodennaa rpynna G nsomopdra am6o {0}, imGo Z, nuGo R (or6pocus
JiBa MEPPHX ciaydaA, BospMeM a >0 B G W MOCTaBUM B COOTBETCTBIUE
KaMioMy BJIeMeHTY z € G HI)KHIOI0O TPadb TOX PauUOHaJNbHEX YUCEs
p/q, ANA KOTOPHX ¢z < pa).

B) BuBecTy 0TCI0Za, 9TO Ka/KAAA COBEPMIEHAO YHOPAXOYGHHAH apXu-
MeJloBa rpynna uzoMopdEa moprpynme rpynne R. (3ameturs, 9T0 MHAO-
xectTBo M (G) conepmeAHo yHOPANOYCHD.)

r) Jlexcnrorpadudeckoe mpouspefeade Z X Z He ABAACTCA apxy-
MeJ0BOH TPymmoif.

34) ycrs G-———ZN—nponsBe,ueHne HECUeTHOI0 CeMelicTBa coOBepmel-

Ao ynopagovenanx rpynn Z, H =2z ygonnposaumas n dnanTpyio-
mascA OoArpynma B G-—npAMas Cymma MHONKHTexelt rpymmm G.
HoxazaTs, 4T0 pemierouHo-ynopsnovennasn rpyana G/H (ynpaxHerne 4y
Ae MoOeT OHTb apxXumepnopoif, xorAa G ¥ H BNOJHE pemeToYHO-YHOpPA-
nouenst. (JorasaTsk, 9T0 nisa 6cakozo aneMedTa z € G/H MocaenopaTesn
HOCTL nz (n—Hedne >0) apiAerca muxopupyemoii B G/H.)

*35) Bricmee MHOxeCTBO A B YHOPAROUEHHOH rpynne G HasHBaeTCH
MHOKECTBOM KOHEuH020 mund, eCHW CYMECTBYeT TaKoe KOHeYHOe MHO-
mecTBo F, uro A=(F). I'pynma G HasuBaeTcA noayaprumedosot,
eCiIM Rakiioe BHCOICe MHAOMECTBO KOHEUHOr0 THIA CHMMeTPH3YeMo
B Modaone M (G). Hampgas pemeTodHo-ynopAnoIeHAas (COOTBETCTBEHHO
apxuMeloBa) IPYNNa ABIHETCA IonyapxXuMe{oBoll (ympa:kHeAme 31a)).

a) IlokasaTh, WTO RajkAas [OJyapXuMenoBa TpYIa pemerodHo-
yoopanoumBaema. (Ecau nx > 0, paccMoTpeTh BHICHIee MHOMKeCTBO (FY,
rie F={0, z,...,(r—1)z}, ® mokasatb, 9TO OHO CHMMETpPH3YeMO.}

°g) llycts K — nekcurorpadmaecroe mpoussenerane R X R, G — o6Hu-
uoe mpomsBejgedaune K x R. Ilycts 6 —wmppanuosansaoe yuciao 0<C 8 < 1,
H—noprpynoma B G, mopoxpennsas axementamu ((1, 0), 0), ((8, 0), 0)
a ((0, ), 0), rae = mpoberaer R. IlokasaTe, 4wr0 moprpynna A mpowus-
BeleHUA JBYX COBEPUISNHO YIOPAAOYCHAWX I'DYII He ABNACTCH apXuMe-
ZoBoil. (PaccMoTpeTs BHCIDEe MHOMKECTBO, IOPO:K[AEHHOE 3IEMEHTAMR
(1, 0), 0) m ((8, 0),0) us H, u HOKA3aTH, ITO OHO He MOKeT OGHITH CUM-
MEeTPH3YEMEIM. ), ’

B) Ilycts G —duunrpylomanca moayapxuMefopa rpymma, My (G)—
yeroiilunBoe moaMuomkectBo B M (G), HMOpOKAGHAOe BHICIIAMU MHO-
JKECTBAMH KOHEUYHOTO THIA ¥ CHMMETPHYHHME K HHM; HOKA3aTh, UTO
M; (G) — pewemouro-ynopadouennas rpynma. (Ucmonap3opats, YTO MHO-
ectBo IN (G) moONypemIeTOMHO YHOPALOYEHO.)

r)° llyets G—rpynna Z X Z, B KOTOpoil B KavecTBe MAOKEcTBa P
NOJNOKATENHHEIX DAEMEHTOB (epeTcs MHOYKECTBO Tex map (z, y), Aas
RoTOpHX z >0, y > 0z, roe 0—HexkoTopoe HPPAuUMOHAJBLHOE UHCJIO.
ITorasaTp, 4T0 G—apxmUMeRoBa I'PYNONa, HO 9TO CHMMETPUUIHOE MHOMKe-
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ctBo B M (G) K BHICHIEMY MHOMKECTBY KOHEUHOTO THIA, He HMeRIleMy
BHA (a), He SABIAETCA MHOMECTBOM KOHEUHOrO THIA.,

36) Oycte G—ymopAjgoUeHHas TPynna u P-—MHOKeCTBO ee ILOJO-
MUTENBHAMX DJIeMedTOR. Jiad Toro 4To6m rpynma G 6mia msoMopdHa
opaMoll cymme Trpynil Z, He06X0IEMO B JOCTAaTOYHO, 9T00bi CYM(ECTBO-
Bajgo Taxoe otobparkeHMe xz—>d(x) MHOskectBa P B N, 4To eciaum He
mMeeT MeCTa HepaBeHCTBO b > @, TO B BHCIIEM MHOKECTBe {4, b) Ccymle-
CcTBYOT Takoii ajnemedr ¢, 910 d (¢) < d (a). ([IoxasaTe, 9TO 3TO cCHOpa-

BeJJIUBO HA Z(I), eCJH HONOMHUTEH d (.z)=Z z,; o6paTHO, TOKA3ATH, ITO

KajKgoe BHCIIee MHOKeCTBO A EMeeT BUX (a), JJA 9ero paccMOTPETH
Taxoit aaeMmedT a € A, a0 d(a) < d (x) Ana xaxgoro z € A, sareM Opum-
MEHUTH Pe3yIbTAT TeopeMu 2.)

37) Haa roro urobul PuasTpyomasca rpynna G Owura msoMmopdsa

moArpyune NIpAMOH CYMMH AL He06X0UMO ¥ JOCTATOYHO, UTODH:

1° G 6maa apxumeyioBa; 2° Ka)0e BHCIIee MHOMECTBO B G ABIA-
JI0CH MAO;KECTBOM Kodeudgoro tuma. (Iloka3aTe, YTO yclaoBHe 2° JKBU-
BaJedTHo ycaoBuio (MUIH) (reop. 2) B ymopagodessom moHoupge I (G);
VA OKa3aTeJbCTBA HEOOXOJHMOCTH HCIONB30BATH ynpaskHeAune 32a).)

§ 2. Yunopanouendasie nous
1. Vnopadouennuvie rKorvya

Onpeneaerne 1. Hycmo dano xommymamuenoe koavyo A; 2osopam,
4mo cmpyrmypa nopadka Ha A c024ac08aHA ¢ KOABYEBOL CIMPYKMY PO,
ecall OHA co2Aac08aHa co cmpykmypoii addumusnoil epynnsr A u ydos-
aemeopaem caedywowei arcuome:

(YR) Hs wuepasencme >0 u y>»0 ewmeraem, umo zy> 0.

Koapmo A, cHaG:eHHOe TaKoil CTPYKTYpoOH MOpPARKA, HasHBaeTCH
YnopH0oueHHBM KOALYOM.

Ilpuwvepu. 1) Koabma Q u Z, ynopsigodeHEHe 0GhIHEEM 06pasoM,
ABIAIOTCH YUOPAXOYGHHHMHE KOJbIAMU,

2) Ilpomssepgenme ynopAXOYEHHHIX KOJell, CHaOeHHOe CTPYKTypoit
TOpAKKA IPOH3BeNeHHUsd, ABJIAETCA YHOOPSNOICHHHM KOJNBIOM. B uactmo-

ctn, ®oabuo AF orobpaskeuntt MuoxecTsa E B ymopsxouensoe Koapno A
ABIACTCA YHOPHAMOUCHHEIM KOJIbIOM.

B ynmopafjoueHHOM KOJblle U3 HepaBeHCTB >y W z>(0 BmTe-
KaeT, 9TO 2z>>yz. B caMoM [eJe, 3TH HEPaBeHCTBA HKBABAJICHTHE!
cooTeTCTBeHHO HepaBeHctBaM = — Yy >0, z>0 m (z — y) 2> 0.
SToT pesymbTaT MOKA3HBAET, UYTO MHOMECTBO TOJOKATEIbHHIX
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9JIEMEHTOB YIHOPALOYEHHOI'O0 KOJbIA ABIAAETCA MYJIbTHILNIMKATHBHEIM
YIOPALOICHHKM MOHOHJIOM.

Mosxmo amasormgEO mOKa3aTh, 310 HepaBeHcTBAa <0 m y>»0
{cootBercTBeHHO ¥y < () Baekyr HepaBeHCTBO Zy <0 (cooTBeTCTBEH-
g0 zy>0). 9TH pesyabTaTH OOLMHO HA3EBAIOT NDAGUAOM SHAKOS.
Nz mnx caepyer, 910 ecim A — cosepueniio ynopadouennoe KOJBIO,
TO BCAKMI KBaZpaT LIOJIOKATENEH, M, B TaCTHOCTH, YTO BCAKMHU HIeM-
HOTeHT (M eJHHHAIA, eCIW OHA CYmecTBYeT) IOJOKHTeJeH.

Il pamep. B xonene Z mMmeercs eduncmeennas CIPYKTypa coBep-
ImeHHo YHOPAJOYEeHHOr0 KOJALLA, ABIANIMAACA o0Br9HOM CprRTypOﬁ!
B camMoM jese, 1 > 0, oTky#a mo vEAYKOnZ n > 0 JId KayKEOTO HEaoro
HaTypaapHoro n=0. Kpome 5T0il CTpYKTYpH, Ha Z CymeCTBYIOT I JPYIHe
CTPYKTYPH YIOPAZOYEHHOTO KOJbIa, HO y:He He COBEDHIGHHO YNOPAXO-
YeHHOTO (CM. HIDKe).

3JaMeuamue. He caegyer gymarh, 9To BcerJla KBajgpaT HeHyJe-
BOTO 9JIeMEHTaA cmpozo TOJOKATENeH, KaK 3TO IIOKa3pBaeT npuMep KoJabIa
¢ uyiesnMnA kpajpatamu (ra. 1, § 8), 3agaEmoro Ha ajAETEBHOL coBep-
mMengno yuopﬂnoqemmﬁ rpynonoe.

Ilycts P — MHOKECTBO IOJOMKHTENBHBIX DJIEMEHTOB YHOpPSAO0YeH-
Horo koxbna A. UssectHo, 9o P oupesenger ¢cIpyKTypy DOpsAfKa HaA
(81, n° 3, upeamroskenne 3). Ckasath, yT0 A — yUOpAM0IEHHOE KOJb-
M0 — 3HAYUT CKa3aTh, 9T0 P obJajgaeT caeqyOmMuMHu CBOHCTBAMH:

(APy)P+PC P, (AP;1) PPC P, (AP11) PN(—P)={0}.

B camom pese, ycaoBus (AP;) m (APy;) 03HAaZal0T, 9TO aggUTHBHAA
rpynma Kojblla ABIseTCA yHopsamodennoil rpymmoi (§ 1, n° 3, mpepn-
ao;senne 3), a yexosme (A Pyy) copuagaerc (Y H). HaromnnM, 910 BoIa
TOr0, 9TO0H OTHOLICHKE NOPAIKa, 3afaHaoe HA A, OB1II0 cosepuerbim,
Heo6X0JAMO 1 ZOCTaTOIHO caexyomee yciosue: (APy) Pl (—P)=A.

IlpmMep. Eciu B Z B kKadecTBe P B3ATH MHOKEETBO MONOKUTENb-

HHX (B OOGBIYHOM cMbiCJIe) HETHBIX UHCEeN, TO Mbi HOJIYYHM CTPYKTYDPY
He COBeDPUICHHO YHODSITOYEHHOI0 KOJbLIA. '

HamomuuM eme, 970 B abeseBoif coBeplleHHO YHmOpAZOYeHHOI
rpyunre u3 cootHomenus nx = 0 (mias uejoro HaTypalIbHOTO n #+ 0)
ciaepyer pasemctso z = 0 (§ 1, n°3). 910 maer HaM ciemylomuit
pesyJbTaT:

IIpegnosxeane 1. Bceakoe coeepuienno  ynopadouennoe  KOAbYO
umeem TAPAKMEPUCINUKY  HYAb.
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2. VnopaoouerHbte noas

Onpepenennt 2. [lose, Hadeaennoe cosepuiennoti cmpyrmypol
nopadka, Ha3vleaemes YnopadoueHHsIM NOAEM, €CAU CIMPYKMY DL NOPATKEQ
0 NOAS CO2A0COBAHBL.

Jas nosell MBI OTPaHNYNBAEMCA COSepUieHKMNM OTHOINEHWEM NMOPAMKA,
TaK KAk JIpyrMe CJIyd9ad CHNMIKOM <«HATOJOTHYHHEY (CM. YHOPayKHeHHe O).

IMMIpunmeps. 1) Ilote Q pannoHaIbHHX YMCeJ €CTh YHOPAAOYEH-
HOE HoJe.

2) Iogmode ymopAg0YeHHOTO MONA ¢ MHIYIIIPOBAHHON CTPYKTYpoO#
NOPAAKA ecTh yHOOPANOYEHHOE FOIe,

3) Ilone nmelicTBHTENBHHIX TlCeJ €CTh YNOPANOYEHHOE ToJe.

B ynopsapoueHHHX IONSAX NPAgU.L0 3HAKOE MOJKEO YTOUHHTDH CJie-
aytomuM obpazoM: ecinm £ >0 u y > 0, 1o zy > 0 (B camom peune,
a2y % 0). 910 moxkasmBaeT, uro HepaBeHCTBO r >0 3KBHBaJIEHTHO
1 >0, nockonbky 2zl = 1 >0. CTporo NOJOKHTENLHHE 3Je-
MeHTH moJiA o0pasyT, CJef0BATENBHO, MYJIbMUNIUEGMUBHYIO CO8ED-
weHHo ynopadovennyo epynny. C apyroii CTOpOHH, BCAKOE YIOPAIO-
YgHHOEe TIOJIe MMeeT XapaKTepHCTHKY HYyJb (mpeptoxenume 1).

Hreeanomennt 2. ycmv A — cosepuwenno ynopadouennasn obaacmo
yeaocmuocmu, u nycmov K — ee nose omuowenuii. B K cywecmeyem
eduncmeennan cmpykmypa nopadka, undyyupyiowas Ha A sadannymw
empykmypy u npespawjaowar K e ynopadovenrnoe noae.

Rasxpuit snemesT € K 3anmcmsaercA B Bmae x = ab™, rge a
u bg A. Eciu x nonosxuresnex, T0 ¢ u b ofuHAKOBOrO 3HaKa, u o6par-
Ho. CiaeposaTeJbHO, BUAHO OTCIOHa, 9YTO ecim Ha K cymecTsyeT OTHO-
nleHAe DOpAAKa, YAOBIETBOPAKNIEe 3afJaHHHM YCIOBHAM, TO OHO
€/{UHCTREHHO, W MHOKECTBO IIOJIOKHUTENBHHX 9JeMeHTOB P copmajaer
¢ MHOKECTBOM TeX oTHOIeHWil ab™, y KOTOpHX a m b — BieMeHTH
m3 A ogmuraxoporo sHaka. OcraeTcs, cie0BaTEIBHO, NOKa3aTh, YTO
P ynosaetsopsier ycaorusMm (APp), (APi1), (APmx) m (APyv). 3ro
oueBmpuo Oasa (APy) m (APiy). Oua opoeeprm (APy) paccMoTpuM
paemeHT ab™! 4 ¢d-1, rue a, b, ¢, d MH MOKeM CUHTATh IOJIOKHTEIND-
HEMH. JTa cyMMa 3anmcuBaetca B Bupe (ad - be) (bd)™, u (ad - be)
u bd DONOKATEIbHH.

O nposepku (AP;y;) paccMOTpUM paBeHCTBO BHAA ab~l= —cd~1,
m3 Kortoporo caenyet, uro ad -- bce = 0. Ecam mpeamomosxuts, uto

1/, 18 u. Byp6aru
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9JIeMeHTH ¢ B b OHOro 3HaKa H TO ’Ke caMoe JIA ¢ U d, TO UPABHIO
3HAKOB IOKAa3KBaeT, 4T0 ad W bc OMMHAKOBOTO 3HAKA; OTCIONA BEITE~
Kaet, 9T0 ad = bc = 0 u a = ¢ = 0; caegoBaTeNbHO, MHOKECTBO P
HA caMoM jlele yaoBaeTBopAeT akcmome (APiy).

Opumep. IMockonsky Z [OIyCKAeT eINHCTBEHHYIO CTPYKTYpY
COBEPIICHHO YIOPATOYEHHOI0 KOABLA, TO 1OXe @ AONYCKAeT eHHCTBEH-
HYI0 CIPYKTYDPY HOPAAKA, IPK KOTOPOil Q — yHOpAZOYEHHOe IOJe; 3TO
O0bIYHAs CTPYKTYypa nopsaka moas Q.

3. Pacuwupenue ynopiadoueHnvx noaetl

Onpegenenne 3. Iycme K — ynopsadouennoe noae u E — Heko-
mopoe pacuwupenue K. I'osopam, wmo cmpykmypa nopadka na E onpe-
deasiem na E cmpyxmypy ynopadouennozo pacwuperus nois K, ecau
oHa onpeleasem Ha E cmpyrmypy ynopadouennozo noss u ecau OHa
undyyupyem na K sadanmyio cmpyxkmypy.

Il pmsepu. 1) Kasxpoe ynopsaaodennoe noje K Asiserca ynops-
JOYEHHHM pacmupenueM nodas Q. B camom pene, Tak Kak K uMmeeT xapak-
TEePHCTHKY HYJb, OHO ABJseTcs pacimipernueM noxsa Q. C gpyrofi croponH,
KaK MHE TOJABKO 4r0 yGemiinch, Q MoKeT GHTb YIOPALOUEHO eNITHCTBEH-
HBIM 0GpasoM.

2) llycrs K — ynopsapodennoe noje, K (X) — moae panuOHAJbHBIX
Apobeil or opuoil mepemenHofl majy K. Ompemeaum cTpYKTypy mopspka
B KOjble Myorowienos A [X], OGepst B kauecTBe IOJIOKUTENbHHX 3Jle-
MEHTOB Te MHOTOWIEHH, Y KOTOPHIX cTapmuil KO3dOUIHeHT 00K UTEeNeH.
MoayuenHoe TaKiIM 00Pa3oM KOJBI0 COBEPHIEHHO YHOPSAMOUYEHO, HpPHIEM
OTHOINIGHNE TIOPSAAKA B HEM sSBJAETCSA TPONOJUKEHNeM OTHOINeHHS IOpSj-
xa B K. Ilpumedss npepsosxenne 2, ompemgeauM B K (X) cTpyKrypy
ynopsigouenuoro pacmupemua noasa K. Jlaa K = R MOMKHO IOKA3aTh,

. 910 onpefenennoe TakuM o6pazom ma K (X) OTHOIeHHe MOPAMKA COBIA-
J8eT ¢ TIOPARKOM POCTa B OKPECTHOCTH —+ oo (cM. IpefOiKeHMe 4, KHH-
ra IV, ra. V).

Teorema 1. [Jas mozo umobs pacwupenue E ynopsadouerHoezo
noas K donyckaro cmpykmypy ynopadovennozo pacwuperus noas K,
Heobxodumo u OGocmamouno, uwmober yoosaemeopasoce caedywujee

ycaosue:
(YP) Hsz coomnowenusn psxi 4+ ... 4 paas = 0 caedyiom pasen-
CMBA PyXy = Pos = . .. = PpXp, = 0 Oua kancdoil koneunoll nocae-

dosameavrocmu (z;, p;) nap, cocmoswur u3 ssemenmos x; € E u noao-
wcumenvrvixr saemenmos p; € K.
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Yeaosue (YP), oueBupmo, sxBmBajdentHo yciaosuio (YP) — 1
He Agasemces cymmoi aaemenmoe euda pr?, (x € E, p€ K, p>0).
YciaoBne sABaseTcs HEOOXOAMMHM, IOCKOJBKY DJEMEHTH  BHJA
Pi®} TONOKUTENBHW, a  paBeHCTBO  p;xf = 0  sKBHBaJenT-
HO p;z; =

YTobm MOKasaTh NOCTaTOYHOCTb YCIOBMA, MH ONpeflelHM ceifgac
Ha F oTHOmemme mopspka, mocTpouB dacth P (C E, ymoBIeTBopsio-
myn yCI0OBUAM (AP[), (AP[[), (AP[“) u (APIV)a H coaepsKamyro
MHOKeCTBO KA | MOJoMuTeAbHEX 3lemeHToB moasa K. Taxas gacts P
meficTBUTenbHO OyfeT ompeneiasaTs Ha E cTpYyKTYypy ymopsjnodeHHOTro
pacmmpeHus noas K, tak Kak 6yfer UMeTs MeCTo paBeHCTBO K [ P =
= K_; B caMoM JeJe, ecIH OBl MHOKECTBO P cONepsKaNo 3JeMEHT
—a <0 wu3 K, ro amemeHT a mpuHajgIe;xa1 651 MHOKecTRY P[] (—P),
BompekH ycaosmo (APy).

Y1060 ompepeanTs P, paccMoTpuM MuOEecTBo IR wactei moaa E,
yoosiaetBopsaomux axcuomam (AP;), (APy) u (APrn1) ¥ conepsramux
o0nemunenne K . ¢ MuoxkectBoM C KBagpaToB 3ieMeHTOB moas K.
910 MHOKecTBO I He mycTo, TAK KAK OHO CONEPIKUT MHOKeCTBO Py dle-
MEHTOB BHIA Zipi:v% (ro, 9t0 P, ymoBierBopsier axcuome (APy)

HEMeJIeHHO cieayer us ycioBus (Y P)). Kpome rtoro, I sBaserca
uunykmiBENM. llostomy B cuiny Teopemnt Ilopma cymecTByeT Mak-
cuMaabHET 5ieMenT P € N, o KOTOpOM HaM ocTaeTcs HOKa3aTh, 4TO
OH yaoBJeTBOpHET ycaosmio (AP1y); a 570 BHTeKaeT U3 CJieAyomei

JIeMMBI:

Jemma. ycmo P €M u x € P; moeda cywecmeyem makoe mHo-
acecmeo P’ ¢ WM, umo PC P u —x € P'.

IMonoskum P° = P — zP m ybexmmes, ato P’ obmamaer TpeGye-
MM cBoifcTBamu. Tak kak 0 € C CC P, o P C P’. Orcioma C € P’
u Ky C P'.Tak vax 1 € C C P, o —x € P’. Umeem: P’ + P’ =
=P—2aP +P—gP=P+P—zx (P+P) C P—2zP=P,
oTkyfa caegyer yciaosue (AP;). Vmeem mamee: P'P' = (P — zP) X
x (P — zP) = PP 3PP — g (PP - PP) P 4+ CP —
— P C P — zP = P’, otkyna caepyet (APy).

IipoBepum, Hakomenm, . cBofictBo (APy): OycTh HMeeTcA pa-
BEHCTBO p — xq = —(r — $), TAe p, ¢, r, S IPHHAJJIERKAT p; OT-
ciofa caegyer z(s -q)=p +r, ecmm (s +-q)*0, T T =
=(s +¢2%(s +¢((@+r)CCPPC P B TpomuBOpeInHm ¢

18*
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npeanoioKeHNeM; ciaefoBaTenbHo, s + ¢ = 0, orkyma p +r = 0;
tak Kak P ypmoBiertsopser (APp;), TO oTciofa ciemyer, UT0 § =
=g =r = p = (), 4ueM H0Ka3aTeJALCTBO 3aKaHIMBAETCA.

CaegctBue («TEOPEMA ApTmHAa — Illpaiiepa»). [Jas mozo umoGu
6 noae E cywecmeosana cmpyrmypa nopadra, npespawaiwwas E ¢ yno-
padouennoe nose, Heobrodumo u docmamouno, umobel U3 paseHcmén
2} ... + 2k =0 eumerano, wmo Ty = Ty = ....= Ip.

Heo0xogumocts ouesmpna. OGpaTHO, U3 [AaHHOTO YCJOBHMA BHITe-
Kaer, 4T0 I mMeer XapaxTepUCTHKY HYJIb M, CJHEHOBATEIABHO, MOKET
paccMaTpHBAaThCA Kak pacmupendme moad (Q; Torga mmeer MecTo yCIO-
sue (YP), u teopema 1 moxasmBaer, 410 B £ MOKHO OIpPENEIHTH
CTPYKTYPY YHOpAfodYeHHOro pacmupedus mnoxs (), apyrumum crosa-
MH, CTPYKTYPY YUOPAJOIeHHOTO NOJS.

B noae E ne soxcem cymecTBOBAThH CTPYKTYPA YIOPA[IOYEHHOTO NOJIA,
eca —1 ecTh KBajpaT HEKOTOPOTO 3JaeMeHTA, B "acTHOCTH, 9TO cripaBef-
JIABO 1A aiare0pamdecKy 3aMKHYTOTO 1I0JA.

4. A.veedpauvecnue paciiupeHus
YROPAOOUENHBLX N1OAET

B arom mnaparpade (3a ncKIYeHHeM Tpepno;KeHnsa 8), MH GygeMm
OTOKAECTBIATL JAA KPaTKOCTH MHOTOYIEHH H NOARHOMAAJAbHEIE QYHKIUM,
9710 He NpeiCTaBUT HeyHoOCTBA, TaK KaK NoJA Kodddunuenros mMewT
XapaKTepPHCTURY HYIb M, ciefoBaTeabHo, GeckomewHw (ra. 1V, § 2,
n° 5, mpepioykeHne 9).

Ilyets K — ynmopamogennoe none i f maorowred wag K. Mur cka-
deM, 4T0 [ Mensem 3Hak ¢ K, ecau cymecTBYIOT [Ba diIeMeHTa
a, b€ K rarme, uro f(a) f(b) << 0, rosopsaT Toraa, uro | smensem
snak mendy a u b.

IMeegnomenne 3. Hycmv K — ynopadouennoe nose u f— nenpu-
eodumsiii nad K muozouien, menswowuii snax 6 K mexcdy a u b.
Ilone E=KI[X]/(f) donyckaem moz0a cmpykmypy ynopadouernroz0
pacwupenus noas K.

JorasareascTBO mpoBefeM WHIYKIHEl N0 CTeNeHH 1 MHOTO-
gnena f. Ilpu n=1 umeem E=K, u yTBepaeHue TPUBHAIBHO.
IlycTs mame yTBepseHme cupaBeluBo AJA Bcex cremeneir <n—1.
MeTo/oM OT HpPOTHBHOTO JOKaKeM, YTO OHO CHpPaBEfAMBO AAA N.
B cury (YP)’ MH MoeM HPENIONOMKUTH, UTO CIPaBefANBO HEKO-
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TOpoe COOTHOIMIEHUE BUIA
1+§piﬁ (X)=0(mod (X)), rae f€K[X] n p€EK..

Bea orpapwdenns oOMHOCTH MOMKHO CYUTaTh, 4TO CTENEHH MHOIO-
4ineHoB f; He mpesocxopaT n—1 (ra. V, § 3, reopema 1). Mmeem
TOTHA

13t (X) =k (X) f (X),

rae & = 0 — MHOrOWIeH, cremeHh KOTOPOTO HE HPEBOCXOAMUT R — 2,
3aMeHss B HpeNHAyMeM papeHctBe X Ha 4 W b, BAAMM, 4TO
h(b) f(d)>0 n h(a) f(a)>0. Tak Kak, cOrJacHO HPEAIOJIOKEHUI,
MHOTOWJIeH [ MeHAeT 3HaK MexAy a u b, 1o h(a) h(b)<<0. Torpma
HEPaBeHCTBO TOTO JKe BHJA BHOOJHSETCH MJIA ONHOTO W3 HENPHBO-
PuMHX MHOMxuTeNel g (X) muorogmena h(X): g(a)g(b)<<0. Ho

1+ 2 pifi (X) = 0 (mod g (X)), a aro osmauaer, uro B moxe K [X1/(g)

HeJIb3A BBECTM CTPYKTYPYy YUODPANOIEHHOTO pacmupenus noas K
(reopema 1), 9T0 HDPOTHBOPEYAT NPEHHOIOHEHAI0 MHIYKOUA,

3amMeuannme. Haj ymopanodeEHHM mojdeM K MoTryT CymecTBO-
BaTh HENPHBOAMMEE MHOrOWIeHH f, He MeHslomue 3HaKa B K, g0 Ta-
kue, aTo moae K [X]/(f) obrajaer cTpyKTypoil yHOPAZO4eHHOT0 paclIn-
perns noia K (cm. ympa:penme 17B)).

Jas opmMeneHNs mpeAHAYmIero IpefjioKeHUs HaM HOHANOOHTCH
caeaylOmuil pesyaIbTaT!

Ilrepnosxerne 4. ITycmo K — ynopadouennoe noae u f— mroz0~
uaen nad K. Cywecmeyem unmepsan ¢ K, ene womopozo f umeem
mom e SHAK, WMo U €20 cmapuiuil 4aeH.

Bce merxo csommtea K caydalo, Korma f—yHATAapHRI MHOroules;
rorga Mo}kHO 3zamucath f(z)=2a" (1+4ax 1+ ...+ az™). llyems

M=sup(L, |ai|+ ... +]|an).

Hpu |z|>M mmeem 1 +ax '+ ... +a,27">0. Orcioma cienyer
yTBEpIKICHAE.

Caepcrsue 1. Kaocdoe aaeebpauneckoe pacwuperue Hewemuoil
cmenenu ynopadouennozo noas donyckaem cmpyrmypy YnopadoueH-
H020 pacusupeHUus.

Kapoe taxoe pacmuperue, Gymyam mpocthim (ra. V, § 7, n® 7,
npenaomenne 12), usomopdro momo vuma K [X)/(f), rae f— menpu-
1/, 18 H. Byp6arn
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BOJMMHI MHOTOWIEH HedeTHO! cremenn. JlocTaToyHO HOKAsaTh, 4TO
{ Memser 3HAK (mpepJoKenue J), dYTO HEMeNJIEHHO CAeLyeT us
npenioenus 4.

Caepcteue 2. Ecau a— nosoycumenvHsll saemenm Yynopadouer-
1020 noaa K, mo noae ropuell mnozouiena x*—a donyckaem cmpyk-
mypy ynopsdowenrozo pacwupenus noas K.

YTBepKeHUE TPUBHANBHO, eciu a—kpagpar B K. Ecid 310 He
TaK, TO &2— a—HEOPHBOJMMEIN MHOTOWIeH, Memdglmuid 3HAK,
mockoapbKy oH <0 mpm z=0 um umeer smak z?, T. e. >0, BHE
HEKoTOporo uaTepsaja @3 K. A T0T[a J0CTATOYHO OPHMEHHTEL Hpef-

doxedne 3.

dameuanue, Ecazm ymopsagouennoe moie K COZEPRET «HBaf-
PATHEIE KOPHH» M3 HEKOTOPOro IOJNOKRHTENLHOrO 3NeMeHTa & (KOPHE

MHOroujdeHa z2—a), To B ofmeM clydae IOK ]/E NOHAMAETCH MHONO-
sKATEAbANHM KopeHb. Ecanm noide K ne COJeP/KAT KBAJPATHHX KOpHel
b u —b W3 daeMeHTA a, TO YONE KOpHeH MHOrOWIeHA Z2-—a JAOMyCHAET
dse CTPYKRTYPH VHOPAKOUEAHOTO pacimmupeHus moias K, npwgeM oFHO
noayuaeTca M3 APYroro K-aBTOMOP@U3MOM, ONPETeTeHHEM OToGpae-
pmeM b -—>-—b; BEOOp OJHOIl M3 5THX CTPYKTYpP HOpALKA oIpefe-

ager toria ¥V a; »T0 6yueT TOT U3 dAeMeHTOB b, — b, KOTOpHI Iomo-

WHATENEH,
Ecnm a # o' — B2 NONOKATENBHNX 3leMeHTa w3 K, KpafpaTHEeE

i R
Kopau KoTopuix mexar B K, 10 ¥V aa' =(} a) (V a’), rax sro caexgyer
U3 ONpefeseHHA KOpUA W IPABUIA 3HAKOB.

5. Marcumaavrsle Ynopatouennsie noas

OupepnEnenuE 4. Ynopadouennoe noae K naswisaemcs makcumans-
HULM, ecal Eadcdoe anzeb pauyeckoe ynopadovennoe pacuperue noas K
coenadaem ¢ K.

IMpumep. Mu ysuumm pansme (O6m. Tomoa., ra. VIII), gro
oJne R ,ZIBI‘ZIGTBI/ITBJTBHLIX qucea AsjadeTcd MaKcHMaJbHBIM yoopAzoueH-
HBIM IOJIEM.

CymecTBOBAENE MAKCHMAJBHEIX YHODAJZOUCHHHX mojelf BHTE-
KaeT M3 CJeIYIOMeli TeOPEeMBEL:

TErorEMA 2. Kancdoe ynopadouennoe noae K o6.aadaem ynopadouer-
HolM adeeb pauveckuM DAcwil PeHueM, KOMopoe AASEMCS MAKCUMOAb-
HUM Yno padotenHsIM RoAeM,
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Mono mokasaTthk, 4TO 3TO HOCJEeRHee HoJe ompefejsderca ¢ ToU-
HOCTBI0 7o K-msomopduama *).

Hycts Q— anre6panueckoe saMeikanye noisa K, u mycts i — muo-
JKeCTBO YIOPANOUeHHHIX pacmupenuil moas K, comepmamuxca B Q.
VIopagouuM MHOKEeCTBO ¢ DOMOMBI0 OTHOUIeHWA «[, sBAsETCS
yUopAgoueHHKEM pacmuperueM uoas M». YnopafgoieHHOe MHOKe-
ctB0 N, cHabikeHHoe 3Toll CTPYKRTypoil mopanka, Oymer undykmue-
HBIM: B caMoM feje, eciad (L,) BOOJHe yOopalodeHHOe CeMeHCTBO
siementToB u3 N, 1o mone L= |] L, MONKHO YHOPAJOYHTH, B3AB

L

Li,=J (L)+, a torga L —BepxHasa rpanb ceMeiicrsa L, (cM. ra. V,
L

§ 2, wopemnoskenwe 3). B cuay rteopemm IJopra R cogepxur
MaKCUMAaJbHbIE  daement F, ymoexersopsiomuii  TpebGosanmio
TEOPeMEL.

Heepaoenne 5. Hycme K — makcumaavhoe ynopadouennoe nose
u f—mruozounen us K[X], menaowuii snar mencdy 0syms saeMeH-
mamu @ u b uz K. Toeda f umeem ¢ nose K makoii kopenv x, wmo
a<<x<<b.

Ho wpafimeii Mepe oiMH W3 HeHPUBOJUMEIX MHOMRHTeJEH MHOTO-
wiena f MeHsieT 3HaK MeKNY a u b; mycth 310 Gymer k. Home K [X]1/(h)
o61anaeT TOrga CTPYKTYPOil YHOPAZOYEHHOro pacuiumpenws moaa K.
CnegmoBartesipHo, oHO coBmagaeT ¢ K u h uMeeT cremenb 1. Tak Kak
h (a) h (b) <O, enumcTBeHHEIl KQPeHB Z MHOToWeHa / YIOBJIETBO-
psieT HEPABeHCTBY a < < b, HOCKOIbKY MHOrOYIeH TepBoii cre-
IeHu ABJIseTcs MOHOTOHHON (VHKIMeii.

IIpemsomxenme 5 JaeT, B 4aCTHOCTH,

Hrpegnoxenue 6. Kaxncowii nosomcumenrvusiii ssemenm maxcumans-
1020 ynopadouenrozo noas K umeem ¢ K weadpamnuii kopenv. KancOuii
MHO2044eH HewemHol cmenenu Had K umeem no kpaiineii mepe odun
ropenb 8 K.

JTO HELOCPENICTEeHHO CIeAyeT u3 ciaefcTerit 2 u 1 upeAIosKenus 4.

CaepcrBue. Makcumanvhoe ynopadouennoe nose K ne donyckaem
UHBLE, KEPOME UMelwelcs, cmpyKmyp nopadka, co24aco8a HHbIT O CIpYk-
mypoi noas.

B camom pexe, momosxnTenbHue adements mona K ompenensores
ero anare6panueckoil CTPYKTYpoil: OHU ABJIAITCA KBaJpaTaMd,

*) Cmorpm Ban-gep-Bapuaen, Cospemennan anreGpa, 1-e m3g., t. 1.
18%*
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6. Xaparmepuzauus MOKCURAALODHHLX
YnopaooueHnslx mnoaetl.
Teopema IHiirepa—Adazpanica

CaoiicTBO, ycTaHOBIGHHOE B UpelaoKeHWH 0, XaparTepuayeT
MaKCHMaJAbHKE YHOOpAAOYeHHHe nois. Bomaee TowHO:

Teopema 3 (Jiinep.— Jlarramxk). Iycme K — ynopadouentoe
noae. Caedyiowue mpu ceolicmsa 9%8UBANEHNIHYL:

a) Iose K(i) anzebpauuecku samknymo (i ORUH U3 KBAJpaTHHX
Kopmeit m3 —1).

0) Hose K ssasemcs marcumasvbHuln YynopadoieHHsM NOAEM.

B) Kancluiii noaoncumenvrslii saemernm 6 K ssasemcs keadpamom,
u KancOwil mHozouaen Had K Hewemmoii cmenenu umeem wkopernv ¢ K.

flcro, uro a) BEeueT G): B camom nene, K oGaapmaer, ¢ TOYHOCTHIO
no m3oMopdmsMa, ByMaA anreGpawdecKuUMy pacmmpeHusMu: cammm K
7 K (i) . Ilocnegmee me Moer OWTh ymOpsZoYeHHEM, TaKk Kak —I
ABAAETCA B HEM KBaJpaToOM.

Hdas pokasaTenbeTBa WMOMEKamumd 6) — B) HYKHO JMIIb LpH-
MeHUTHL Hpefmnosxenre 6. OcTaertcs moKasaTh, YTO M3 B) BHITEKaeT a). -
9T0 ABJIsAETCA PE3YABTATOM ABYX CIEAYMUX NPENIOKeHHNA:

ITeepnosxenus 7. Hycmv K—ynopadouennoe nose, rancdsiii noso-
HcumenvbHblil daemenm Komopozo ecmv keadpam. Toeda rancowii sae-
menm noan K (i) ecmv xeadpam u rancowviii mrozousen nad K (i) émopoti
cmenenu umeem xropenv ¢ K (i).

IToxasem cHavama, 9T0 BTOpoe yTBePKACHEE CIAE[yeT U3 IEePBOTO.
Mguorounen Bropoit crememm ax® + bxr - ¢ MOKHO 3ammcaTh B Cle-
ayomeii dopme, KoTopas dYacTO0 HASHBAETCH KAHOKU4eCKOU Hopmol

mpexyaeHa:
b\2 b2—4ac
a <<x T35 —_W> :

Ecin d — wBagpaTthmii xopemb mus (b2 — 4ac)/4a®, 10 d — (b/2a)
6CTh KOPEeHb 3aJaHHOr0 MHOTOYJeHa BTOPOH CTeICHH.

IMokamem Tenepb, uTo Kasawil snement a - b;(a € K, b€ K)
ABAseTcs kBagpaTom. Haliiem Takol saeMeHT T -+ ¥;, 910 (T 4 ¥3)* =
= a - b;; 9T0 paBeHCTBO MOKHO 3aIlMcaTh B BHJe NBYX TAKHX pa-
BeHCTB: 22 — ¥ = a u 2xy = b. OTclofa monyYaem

(24 y?) =a’4- b2
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OGoanauas uepes ¢ MOJOKHTENbHKIT KBaJpaTHELA KopeHs u3 a® + b2,
moxyyaem ¢ > lal, ¢ > |b| m 2% + y® = ¢. Orwcopa 2® = (¢ + a)/2
A y® = (c — a)/2. Tak ®ak ¢ >>|a|, T0 oTEH ypaBHeHHI pa3peNIHMHI
B K, u ecam zy m y,— opuo u3 pemernwmii, 10 z§ — y§ = 0 m 2x0y0=
=4 b.B3as z =2y 1@ y = b/2zy, mONYyIEM WCKOMLIH KBaZpaTHHLH
KOpEeHb,
‘ ITrepnosmenne 8. ITycme K — nose (Ipou3BOJBHON XapaKrepn-
crakm). Ilyeme K u K'= K(i) makoswr, umo:
a) kaxucOwii mMHO20uAeH HewemMOl cmenenu Ha0 K umeem  Ko-
pend ¢ K,
6) kancOuii mrHozouaer emopoii cmenenu Had K' umeem koperw
¢ K'. Toz0a K' arzebpauuecku samrHymo.

O6o3naumm qepeaTz DIeMeHT, CONPSKEHHbI ¢ daeMenToM a € K,
Apyrama cixosBamm, o6pas a npm K-asromopdmame moas K’', ompe-
JeneHHOM oroGpamenmem [ — —i. Jlasa KasKIoro MHOTO4YNeHA [ Hap
K’ ofosmaumm vuepes | MHOTOWIeH, Bce KOBQQUIOUEHTH KOTOPOrO
conpsxens ¢ Koaddmmuenramu MEorounena f. JJocraroano noxasaTs,
uT0 KasKpeii MmorouneH Hag K mmeer xopens B K'. B camowm fiexe,

nyctb f — muorounen Haj K'; torna Mmuporoanen mam K g = ff mMeer
Koperb B K', koTopmit Gyner koprem nubo gas f, mubo pas f. B arom
IOCHeIHeM cJydJae DJeMeHT, CONpsIKEHHHH ¢ 5TEM KopHeM, 6ymer
KopueM gmaa f.

Ilycre Temeps f — mmorounen mHagy K crememm 2"p, rhe p He-
getno. Ilpw n =0, B cmny ycuosmsa a), f umeer wkopers B K.
ITporepem mokasarennctBo mEAyKnmed mo n. Ilycrs E — pacmm-
perme moisa K, B KoropoM f pasiaraercs Ha JIHHeHHEe MHOKHTEIH:

f(X)=I (X —a;). Ilyere b € K; obpasyem MuOrowien k,

KOPHAMEM KOTOPOTO SIBASIOTCH DBJIEMEHTHl
Yis=a; +a;+ baa; (i>n.

Kosdpdnmmenramn sroro Muorodnena GynyT cmMMerpmueckme (yHK-
¥R OT NepeMeHHHX g; ¢ Kodpdummenramm m3 K; cremosatennHo,
h — wmuoroaner Hax K (ra. V, llpmaoxenue 1); Tak Kar OH mMmeer
cremens 2"p(2"p — 1)/2 = 27"1p' (p HederHO), TO OH EMeeT KOPEHBb
yij, aexxammit 8 K', B cmiy npenmonosxxenus mepykmuu. Ecam npm-
HATH BO BHEMAaHHEe, 4YTO B3T0 BepHO MIA Kaxkgoro b€ K m uro
K — Gecxomeunoe mode (B camoM fene, KOHEYHOEe IOJe, HMeIee



282 VIOPAMOUYEHHBIE TPYIIIEL U MOJA ria.vi, §2

[IpOU3BOJBHO GoJbIIne IPOCTHe pacIEpeHns HedeTHoH cTeneny (ra. V,

§ 11, opegiomenne 3), He MOKeT YHOBJETBOPHUTH YCJIOBHIO a)), TO

OTCIOffa cJeflyeT CymecTBOBaHHE [0 KpaliHeil Mepe omHo#l mapw (if}

TaKoil, uT0 a; 4-a; 4 ba;a; € K’ u a; a5 b'a;a; € K', rae b == b

Torpa asnements a; -+ a; u a;a; Aeskar B8 K', wm, ciaegoBarensHo,

a; U a;— -3eMeHTH n3 K', IOCKOIBKY OHW SBIAITCA KODHAME ypas-

HeHHs BTOpOii cremenn x? — (a; -+ a;) ¢ + a;a;= 0. Iro oxasHBaer
Tpebyemoe.

IIyers K — ynopsapouennoe moje, ¥ nyctb K’ = K (i); AIA KaKAOTO

pJeMeHTa z = a -+ b; € K' nopma 2z = a®-- b® paementa z Hay moneM K

(ra. V, § 10, n° 6) aBuasieTcs MONOKMTENBHEIM DjleMeHTOM noiafd K, KOTO-

pHi paBen HyJa10 jaumb npu z = 0. Ecau B K KaKgui#l moJa0KUTebHBLH

9JeMeHT ABJAETCA KBaApaToM (ecid, B WacTHOCTH, K — MaKCHMaiIbHOE
yuop;moqeﬂﬂoe HOJIB), HaBOBeM')aGCO.’LIOmH/blM 3HAYEeHUeM JdreMeHma z

1 0603HATHM 1ePe3 | 2 | HOM0KHTeNBHEL KBAIPATHELA KOPEHD W3 HODMHL 2Z.
Tar war [zz' 2= |z|2|2 |3 10 |22 | =|z2]|]|7% |
KpoMe TOro, mMeeT MECTO HEDABEHCME0 MPEY204ibHUKQ

242" [ <[z 1+]2"|

A Kaxnoll Dape 9aeMenToB z, 2’ € K'. B camoMm fene, ecd z = a | bi,
z’ = a’ 4 b'i, 5T0 HEPABEHCTBO ,YKBUBAIEHTHO CICRYIOUIEMY:

(aa")2+(b+b)2 < a4 Ba't - b2 42V @31 8 @3 59

HIN ellle:

r

(aa’ + bb)2 < (a2 +b2) (a'24- '),

KOTOpoe 3amHchBaerca B BHEe (ab’ — ba')? > 0.

Teopema 3 mo3BoMsIeT HAM HAMTH BCe HENPHUBOMUMEE MHOTOUISHH
Haf{ MAKCHAMAJbHHM YIOPAKOUSHHKM IOJIEM.

repnoxenue 9. Ecau K — makcumaavroe ynopadouennoe node,
mo eduncmeennsmu HenpugoOumeimu Had K mHOz0useHAML S8ASIOMCH
MHO20YACHY NEPEOll CMENeHU U MHO20UAEHB @MOpol cmenenu ax® -
+ bz -¢, y kKomopuz b® — 4ac<<O.

Tax xar mone K (i) amreGpamuecknm 3aMKHYTO, Kakfoe ainrebpan-
Yeckoe pacmupenue nonst K mmeer ambo nepsyo, jqubo BTOpPYyio cre-
IleHb, W CHAEOBATENBHO, JAINb MHOTOYICHN MEPBOH MM BTOPOH cTe-
meHH MoryT OnTh HempmBoguMmMa Haf K. YroGm ysumers, kanme
H3 MHOTOYJIEHOB BTOPOil CTeNeHN HEMPHBONMEME, HOCTATOYHO HANHCATH
KaHoHmIeckyo ¢opmy rpexdirena a ((z 4 (b/2a))? — (b* — 4ac)/l4a?)
(cp. upemiosxenme 7).
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3aMevuarune. PaccMOTpeHHe KAHOHAIECKOH (OPMH TPEXINEHOB
naer Golee CHNBEHII pesynbraT; mycTs K — ymopaacuemmOe moxe; AIS
TOTO 4TO0H MHOTOYNEH BTOpoH cTememd majy K az? 4+ bz 4 ¢ mMen B K
fIOCTOSHENA BHAK, HEOOXOIEMO M JOCTATOYRO, 9tobm b2 — 4dac < 0,
I 3HAK MHEOTOYNEHA B 3TOM CAydYae COBIAJIET CO BHAKOM 4.

Yupamuaennsa 1) Ilycte 4 — copeplmeEHO YHOpAJ0IeHHOE
KOJBN0 U B — NOAKONBIO B A.

a) duement x € A HasHBaeTcA Geckoreuno GoabWwium OTHOCHTENBHO B,
ecmm |y | < |z | aus xammoro y € B. IlokasaTb, 9TO MHOKECTBO 3ie-
MEHTOB N3 A, He ABIAIOMHAXCA 6eCKOBEYHO GOJBIIMMH OTHOCHTENBHO B,
obpaasyior mopxoasxo F (B) B 4, comepramee B.

0) 9neMeHT = € A HA3HBACTCA 6eCKOHEUHO MAAbM OTHOCATENBHO B,
ecan |z | <<y Ans wamporo y € B, y > 0. Ecam .xonemo A ofnagaer
©IUEANel, DpEEanie;Kamell B, B eclm Ois8 KaKporo y € B rakoro, 4To
0 < y, cymecTrByeT TaKON oieMenT z € B, aro 0 < z < y, TO MEOMECTBO
aJeMenTOB H3 A, 6GeCKOHeYHO MaJHX OTHOCHTeIBEO B, obpasyer unof-
soasxo J (B) B A. Ecanm, KpoMe ToTo, [is KasION Naphl TAKEX HIEMEHTOB
¥, 243 B, uaro 0 < y < z, cymecTyer Takoii siemMeBT z € B, 110 0 < 72 < ¥,
10 I (B) ABuaerca udearon B F (B).

2) Ilycts A — cOBepINIEHHO YHOPHAOIEHHOE KoAbmo. IlyeTs n —
MEOKECTBO HEJIbNOTEHTHHX 9IEMEBTOB M3 A (ABIAIOMeecs HOealoM B A);
KayRIE 5JIeMeHET Kolpna 4, se DPHABAIEKANME 1, ABIAeTcsa 6eCKOHEYHO
Gonpmum oTEOCHTENbHO 1. (DaKTOp-KOJIBINO A /1 COBEPIIEHHO yHOpSA-
JAodeno (§ 1, ympasxmeswme 4) m He mMeeT JeadTeleld HYIA.

3) Ilycts P — MHOMeCTBO 3jieMeBTOB moas @, ofpazoBammoe HyNeM
¥ PpANUOHANLHHIMA YHCIAMH, He MEEGITMME (B OGHYHOM CMEICHE) deM
-oquuermga. Iloxasars, 910 P ynomiersopsder akcumomam (AP)), (4Pj1)
n (AP).

*4) a) Ilyers K — mome, P — wacts w3 K, yHoBIeTBOPAWOHAS
yenosuam (A Py) (AP11) m (A Pr1y) 1 Takas, aro K2 C P (rme K2 — muoO-
JKEeCTBO KBafpaToB diemenToB W3 K); mokasarh, 9ro ecam z > 0 mpm
CTPYKTYPe HOPAAKA, ONpefielleBHON MHO;KecTBOM P, 10 —1 > (; BHBecTH
‘OTCIOA, 9YTO MEO}KeCTBO K% CTPOro IONOKHTEIBHHX 3JeMeHTOB H3 K
ABisgeTcAd NOATPYNNOH MYJIbTHOJMKATHBHONA rpynnm noxs K.

6) B mone Q elMECTBEHHEIM MHOKECTBOM P, Y0BIETBOPAIOMHAM YyCI0-
BHIO 3), ABIAETCA MEOJKECTBO TeX DPANUOHANBEMX 4Mce]l, KOTOpHe > 0
(upm OGHIHOM LOpATKe).

B) IIycte P — 9acte B K, ypoBiersopsiomiasd yciosuam (4 Pg),
(AP11), (APq1y), Takad, 9ro 1 € P, u nycTs npd mopAfKe, onpefeleHHOM
MEOECTBOM P, W3 mepsenctBa z > 0 caeayer, 9ro z~1 > 0. IlokasaTs,
qTO JJIA NOJOKWTeJBEHX y ¥ z U3 y° > z2 ciaemyer, 9T0 y > z. BumecTn

1

orciofa, 910 Aus nIxoGoro y > 0 —%— v+ vy H>1—ntl maa xampgoro

mexoro n > 0. (3amernth, aro (y+ y1)2m > (im) JJA BCAKOTO IEJ0To
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m > 0.) BmBectm oTcopa, 9ro eclIH CTPYKTYpa NHOPAAKA AMIATHBHOH
rpyunst nois K, onpepeneHHnas MHo:xecrsoM P, apxuMeposa (§ 1, yopam-
memue 31), 10 (y — 2)? > O anA Kaxgo# maps y, z sleMenToB U3 P; ecin
K’ — mogmoxne B K, moposxjieHnoe MHO:kecTBOM P, To z2 > 0 aua Kas-
moro z € K’.

r) lIyers K = R (X) — mosle pammoHAJBHHX ppoGedl or ommoro
TIePeMeHHOTO HaJ modeM R; mycrb P — MHOKOCTBO, 00Pa30BaHHOE HYeM
¥ TeMM pamAOHAIBHHIMA ApobAMEH u € K, [JId KOTOPHX HPH KaxKaoM
JedcTBATENbEOM dWHcAe ¢ sHadeHme u (I) onpepeneHo B Goabme HyJs.
Iloxasarp, 9r0 P y#oBIETBOpsET YCIOBAAM B) B mopomaer K, HO [To
cymecTByeT Taxoil saeMenT v € K, aro »? ¢ P.

5) HOycers K — mome, P — ero dacTh, ompefeiaiomas B K cTpyx-
TYpY peuiemounoli YDOPsIO9OHHOCTH, COTTACOBAHHYI0 C XOJbNEBOil
crpyKrypout mons K.

a) Ioxasarb, uro eci:m z==0 — Taxoit smement, uro (zt)"1> 0,
T0 (ztz)t = (zV)2.

6) BeiBectm OTCIO[]2, WTO €ciIW HEPaBeHCTBO Z > 0 BiledeT HepaBeH-
ctB0 271 > 0, To K cOBEPINEHHO YMOPAMOYEHO.

6) Ilome K = Q (X) pamumoHaJBHHX ppoGeii OT OfHOA mMEpPEeMEHHOM
HajJ moxeM Q HopomKpaerca MHO:xecTBoM K2 cBomx xsapparos. lloxasars,
49TO0 MHOKecTBO P cyMM KBajpaToB 5J1eMeHTOB U3 K OmpejeiseT HE pemre-
TOYHYI0 YOOPAJOYeHHOCTH, COIJIACOBAHHYI0O € KOJBIEBOH CTIPYKTYpoi
poxs K, mp® ®oropoit 3 u > 0 caegyer, 910 ¥~ 1 > 0.

7) Oas Toro uro6H B mone K, HMMelIeM XAapPaKTOPHCTHKY =£2,
KOKIHA aaeMeHT OHJI paBeH CyMMe KBAafpaToB HEKOTOPHX 3JIeMEHTOB,
Heo0xoymMo M [OcTarodHo, urodH —1 mnpegcraBnsnack B BHJE CYMMH
KBajparoB. (3aMeTHTh, 9T0 KaKAbH smeMeHT u3 K ecTh pasHOCTH [ABYX
KBaJ[paToB.)

*8) Iycre A — Henycras gacTh moiaa K XapaKTepACTAKE, OTIAXIHON
or 2; none K uasmBaerca A-ynopsdouusaembim, €CIA HA OFAH INEMEHT
u3 A He sBaserca cyMMoil xsaapatos saementop m3 K. ITome K Hasm-
BaeTcH ynopadowusaembim, ecii Ha K MOKHO BBECTU COBEPIIOHHYIO CTPYK-
TYPy NOPAAKA, COrIacOBAHHYIO ¢ KOJBOeBOil cTpykrypoil moma K.

a) Iloxasarp, 90 ecau noyne K A-ynopapounBaeMoe, TO OHO ynopsa-
N0UMBAEMO M, Cle[0BaTelbHO, MMEET XaPaKTePHCTHKY HYIb.

6) IToxaszath, 4ro BCsAKOe airefpamveckoe pacIIMpeHWe W BCAKOE
qHcTOe pACIIApeHAe HedeTHHIX cremeneil A-ymopspmoumBaemoro moas K
caMn ABIAITCA A-ymopA[09ABAaeMEMHA MOJAME (PACCYKAATH KaK B Ipej-
JgojkeHnd 3).

B) llycte K — A-ymopspodmBaeMoe Tmojle M TYCTh 3jeMeHT b € K
He MOKeT OHTDb IMpefcTaBleH B BAAG ca — d, TN a € A, a ¢ 1 d — CyMMH
KBaspaTos ameMeHToB ®3 K. IToxazars, uro mome K (V' b) A-ymopsmo-
uMBaEMO.

r) Ilonme K HasHBaerca maxcumaiviwum A-ynopsadovueaembin, eCIH
He cymecTByeT OTAMYAOro or K anrebpamyeckoro pacumpenusa moif K,
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ssasmomerocs A-ynopsagounsaeMeM. Ilokasars, 410 MaKcaManbEOe A-yHO-
pagounsaeMoe moie K ofnamaer clenywomuMe csoiictsamm: 1° mome K
nugazoposo, T. e. KayKIasg CyMMa KBajpaTos ajleMeATos n3 K ecTh KBaapart;
2° HA OJMH 3jeMeHT W3 A He ABNAETCA KBagparoM; 3° KajKgHH 27eMeHT
m3 K, He SBAAOMAACA KBajgpaToM, HPeICTaBAM B Buge c®a — d2%, rpe
a € A; 4° ramguit maorownen m3 K [X] HewerHo#l cremes:m mMmeerT B K
M0 KpaitHeill Mepe OfHH KOpPeHL (MCHONL3OBATH 0) @ B)).

n) IoxasaTs, 9To ecnn none K ynoBieTBOpsieT 9eTHpeM yCIOBHAM T),
o KaskaHil anrefpamdeckmit Hajy K dieMeAT HBAAETCA sieMeATOM 29-i
crenenn nan K. (Paccy:knath, KaK B Ipe0KeHUA 8 nHAYKIHAEH 0 IKCHO~
genTe 2 B CTemedd paccMarpupaeMoro »sieMenta.) Ilorasats, ¢ Jpyroi
CTOPOHH, WI0 HAKAKOe KBAApaTHUHOe pacmmpenwe mons K pe ABIAETCHA
A-ynoopsijounsaeMEIM. BEBecTH oTcioga, 4To mole K sBaseTcd MaKch-
MaAbLHEM A-ynopapoiusaeMeM *).

e) Ilycts K — A-yumopsapgoumsaeMoe nole, Q — anrebpamdecKu 3aMK-
uyroe pacmmpenme nois K. IlokasaTe, 4T0 CymIecTBYeT MaKCHMajibHOe
A-ynopsnounsaemos molte R, copepmameeca B Q m comep:kamee K.
(HMcoonbzosarhb 0), B) ¥ 1).)

9) Ilycrs g — Uedoe HATYPaibHOe UHCIO, He ABJIAIONEECH KBajpa-

toM; B more K=0Q () q) nyerp A coctont ms —1 3 V ¢; nokasarb, 9T0
mone K A-yumopsizoumsaemo. IToxasath, 9TO cymecTByeT airebpamdecKoe
pacmupenue E moas K, sBimiomeecs yHOPATOUABaeMHM, IndaroposhmM
H TARUM, 9TO KasKNuil MHOTOuneH Hajx F HedeTHOH crenend mMeer B none £
KOpeHb, HO 9T0 B E HeNb3fl BBeCTH CTPYKTYPY MAKCHMMANLHOLO YIOPAAO-
genaoro mons. (Paccmorpers MakcuMaldbuOe A-yHopsjousBaeMoe pac-
mupesme uona K.)

*10) a) Ilycts K — yunopapouusaeMoe Hoie, £ — ero pacmypenue
I'anya. Ilorasars, wro nnf6o E ynopspoumBaeMo, 1o CyIecTBYeT
ynopsgounsaeMoe ainrebpamyeckoe pacmupesde F noas K, cofep:ameecs
8 E m raroe, uro E saBiaseTcd KBAApPaTUYHHIM pacmupennmeM moas F.
(UcuonnaoBatk Teopemy 1, ra. V, § 10).

6) HoxrasaTb, uro MEorowaes X4 2 menpmsomuM 1o Q H uTO ecad
K — pacmmpenne 4-ii cremeHn noias (), IOlyyaeMoe IPHCOeqHAHEHHEM
K @ ROpHS BTOTO MHOTOYNeHd, TO K HE COAeP/KAT HUKAKOTO YHOPSAAOUABae-
Moro nomions, orangHoro ot Q. (OupegeanTs moARONA HONA K ¢ HOMOILBIO
teopun [anya.)

11) Iycrs K — ynopsigodYeHHOe TIONe H G — ero mojmuoie:

a) Iokasarb, 910 1A TOr0, 9TOOH 9dieMeHT =0 01 GecKoHeuHO
GonpmaM OTHOCATENALHO G (ympa:KHeHHe 1), HeoHXOgAMO H ROCTATOYHO,

*) Ucnonb3ogath Teopuo lanya ™ claefywomuil pesyabTarT TEOPHH TPyuu:
nycerh nana KomedHas rpynma I' mopagka p9, rie p — HPOCTOe YHCA0, H NOArPYyN-
na As£T rpynnm I'; Torga cymecrsyer moxprpynna Ao rpynnu I' nopaaxa pai,
cogepsxamasn A (eM. H. Zassenhaus, The theory of groups, New York,
Chelse Publ. Co., 1949, crp. 107 (cm. Tarsxe M. X o a n, Teopms rpynu, WUJI,
Mocksa, 1962, crp. 59. ({Ipum. nepes.)).

19 H. Bypbarn
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9106H 2~ GHa 6ecKOHEYHO MANHM OTHOCHTenbHO G. I'oBOpPAT, 9To mone K
cpaswumo ¢ G, ecig B K He cymecTByerT GeckoHeYHO GOXBMOrC OTHOCH-
TeILHO G BJeMeHTa (¥, CIeOBATENBHO, He CYMEeCTBYET OTIMIHOIO OT HYIsH
GeCKOHEYHO MaNOro OTHOCHTENBHO G 3neMenta). Jas Toro utobH noxe K
GL1/10 CPAaBHYIMO €O CBOMM NPOCTHM NOANOJNeM (), HEOOXOUMO | JIOCTATOYHO,
9T06H aguTUBHAA rpynna noist K 6uaa apzrumedosa (§ 1, ynpasxnenne 31)
H, clefoBaTenbHO, 4ToOm K OHX0 m3oMopdmo mommoxio moas R (§ 1,
yupaskuerme 33 B)).

6) Moxasars, uto B Kodbne F (G) onementoB m3 K, He ABIAIOMUXCH
GecKOHeYHO GOJLIEMK OTHOCHTeNbHO G, MHOkecTBO [ (G) GocKOREYHO
MalNHX OTHOCHTEIBHO G DIEMEHTOB SBISETCS MAKCHMaJNbHHM HJEaJOM;
KpoMe TOTO, CTPYKTypa mopsagka B ¢axtopkonpnme K (G) = F (G)/I (G),
FHAYIEPOBAHAAS CTPYKTY PO nopsaka Koasna F (G) (§ 1, ynpaskaenwe 4),
COBEPIIEHHA ¥ COIIACOBAHA € KONBIEBO# CTPYKTYpOH.

B) IToxasars, 4To kaskpmi Kaacc mo mod 7 (G) MOmeT comepiKaTh
JUOE OJ¥H 3JEeMeHT W3 G. BHBeCTH 0TCI0/a, UTO KAHOHHYECKOe 0106 pasKe-
HHe noiA G B K (G) sBIsercs u3oMOpduaMOM yHOPsj04eHHOIO mons G
Ha noxnoae G’ ymopspouenHoro noxs K (G) m 9to K (G) cpaswumo ¢ G'.

12) Ilycrp K — MaKcEMalbHOe YHOOPANOYEeHHOE NoOJNe, [ — MHOTO-
gyned Hay K, a m b — pBa KopHA MHOrouieHa f B K Takme, 9410 a < b
u { He mMeeT KopHeil Mexay a m b. Ilokasars, 4T0 ecau g — panmoOHANB-
Hasg p[po6b Hay K, 3HaMeHaTenb KOTOPoil He ofpamaeTcss B HYJIL IPH
a & z < b, 10 ypasuenne f (z) g (z) + §' () = 0 WMeer HedeTHOE TUCIO
Koprelt B (a, b) (MCHOAB3OBATE Npefnokenme 5). BmBecTm OTclofa, 4TO
ecay h — panmomanbmas Apo6s Hajy K, ofpamaromasca B HYJb MeXIY
a m b, 3mAMeHaTeNb KOTOPONl He PaBeH HyAW B (a, b), T0O ypaBHeHwe
B’ (z)=0 mMeer DO Kpaiimefi Mepe OfHH KOpeHb B (a, b) («Teopema
Poaasn»).

13) Hycrte K — MaxcuMalbHOe YNOPSO4YeHHOe Ioje, h — pammo-
magpuas npo6s magy K, [a, b] — samMkHyTHil WHTepBal, B KoTopoM h
Belonmy onpeneneHa. IToxasath, uTo cymecTByeT Takoil aaement ¢ € (a, b),
aro h (b) — h(a) = (b — a) K’ (c) (¢Teopema O cpefHEM»; HCIONB3OBATH
«reopemy Ponusi», cM. ynpasxaenue 12). BmBectnm orciofa, 4TO AN TOrO,
ar06H k (x) 6ua Bospacraomeit gymrnwmeit B [a, b], meobxonmmo u mocra-
TOYHO, YTOGH BHNONHINOCH HEPaBeHCTBO k' (z) > 0 B 5TOM BHTepBale
(s mOKazaTenbCrBa HeoGXONUMOCTE Pa3GWTH HTOT WHTEPBAN KOPHSIME
ypasuerust k' () = 0).

#44) a) Ilycte K — MaKcwManpHOe YHOPARO4YeHHOe moje, F —
moxnone 8 K w f — MEOTOWIeH maj E; NOKasaTh, 4T0 Bce KOPHHM MHOTO-
unena f, neamume B K, npurapnexar F (E) (ynpaskeerne 116)) (ucooas-
30BaTh TpenlOKeHwe 4). BLiBecTH oTcoofa, 4T0 ecim G — moanoje B K -
n E K — pacmupenne nois G, cpapEmMoe ¢ G (ynpayuemue 11),
TO MHOKeCTBO 2JIeMeHTOB W3 K, anrebpamdeckux mapx E, o6pasyer Maxcnm-
MalbHOe YUOPANOYeHHOe IoNe, cpaBHHWMOe ¢ G.

6) BmBectu m3 a), 410 moae K (G) (ynpaskmemme 11) npwm yclIOBHAX
ynpakHeHms 14a) ABINfAeTCA MAKCHMAIBHHM VIOOPANOYCHHEIM MOJNEM.
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) Ilycrs f — MHOTOWIEH HAR G CTelemd > 1. J{okasaTh, 49T0 AAA
woro, urtoGx »aementT f(t) 6Oula 6eCKOHeYHO OOALIMEM OTHOCHUTENBHO G,
He06XOIEMO M [OCTATOURO, ITOOL BAeMedT I 6L GecKOHEIHO GOJABIINM
OTHOCHTENHRO G; A TOre 4ToOH () 6K OeCKOHEYHO MAJKM OTHOCH-
rensRO G, Reo0X0oMuMO H AOCTATOUHO, qro6n ¢ 6nno pasHO (mod I (G))
xopmio Mrorodnena f B K. (Pas6uts K §a wATEpBAAN] KODHAMN MHOIOUNEe-
moB f u j', Aeamume 3 K, ¥ HCHONL30BATH YNPAKHOnHe 13; samernTh,
uro eciim z < ¢ m3aemeRT x € K necpammm (mod 7 (G)) ¢ £, To cymecTsyer
Takoit y € K, 90 e <y <t Ey—2€G)

#15) Hycrs K — MaxcaMaidbHOe ynopsapouernoe mnore. Paccmorpm
B [0d6 PANEOHANBLHEX xpoGeit K (X) cTPYKTYDY HOPALKA, NPH KOTOPOH
K (X) sBasercA YIODPAOUeHHHM pacmupeRmeM uodas K. Ilorasarh, 91O
3Ta CTPYKTYDPa OLpepeliAeTcA MHOMecrBoM A Tex z € K, KOTOpLe MeHL-
me X (DOKasarh, UTO BEAK KAKAOTO MAOTOWIena f mHap K onpepenmerca
MHOKeCTBOM A, Hcnoabsys Tnpenaoxemme 9). O6GparHO, NOKasarh, UTO
RasmIoMy MHOxecTBY 4 C K TaroMy, 4To H3 £ € A H y < £ BHTeKaer,
9ro y € A, coorBercTByeT Ha K (X) CTpPyKTYypa ynOPsS[0YeHHOTO Pacmumpe-
HEA, 0P KOTOPOil A COBHAJAET ¢ MHOMECTBOM TeX z € K, KOTOpPHe MeNb-
me X (TeM sxe meroioM). Ecam A obaapaer HEauGonbmAM 3]eMeHTOM, UIA
CA HauMeHBIIHM HJeMEHTOM, AnGoecan 4 = Knim A = ¢, TO CIPYKTypa
nopapxa, ompefeiseman Aa K (X) mnmomecrsom A, Taxosa, uro K (X)
mecpasamMo ¢ K. Ecam, aaoGopot, 4 u CA me IyCcTHl X ecAH e CYImecTBYeT
gg Ramboabmero 3eMeHTa B A, HA HAEMeBbIIero saeMenta B CA, TO noe
K (X) cpaBmmo ¢ K. .

16) Wcnonbays ynpaxaense 15, garh npmEmeD noas £, HafleldeHHOTO
HeCROALKOMA CTPYKTYPAMHE YHODANOUEHHHX Hojdell, KOTOpHle He MOTyT
6HThL NONYYeHH OEa u3 JAPYro#l ¢ momomplo aproMopdusma monsg K.
Wcroassys a10, AaTh npuMep mois E, HAneNeHAOTo CTPYKTYpOH mopaaxa,
€OTJ1acOBARHON ¢ KOJLIEBO# CTPYKTYpPOH, HO NPH KOoTOpo# E He pemeTou-
HO-YNOPAA0YeHO (pPaccMOTPeTh AWATOHAAL MHOMecTBa £ X E ® HcOOADL-
30BaTh yOpa:KEenme 5).

*{7) a) Ecaum K — apxmMe[0BCKH YIOPAAOUEHHOS IOJe (yIpascHe-
gme 11a)), z m y — fBa saemenTa m3 K Takume, uT0 = < y, NIOKA3aTh, YTO
CyIiecTBYeT Taroe wmcno r € Q, uro z < r < y. °BelBecTH OTCHOAA, YTO
HE CyIIecTBYeT APYTdAX YIOPANOYeHHHX nopuoiefi moasg R, msomopd-
mux K.,

6) B mone K = @ (X) paccMOTPEM CTPYKTYPY NODPAAKAa, OPH KOTO-
poit X > 0 m X 6ecKomeTHo BeAMK OTHOCMTENbHO Q (ynpakmemume 15).
ITorasathb, 970 Nose K cpaBEUMo €O cBOmM nIopmodeM Q (X2) m xath mpa-
Mep JBYX 37deMeHTOB 2, y U3 K Takmx, 910 z < J/, ¥ He CYmMECTBYeT die-
MenTa @3 Q (X2), demamero Mexay % o y.

8) IIyers K — ynopapodemnoe noge, onpepediensoe B §); HOKasaTh,
gro muorouner f(Y) = (Y2 — X) (Y2 — 4X) — 1 mag K mempmsopmm,
HO 00aajaer KODEAMY B KOKHOM MAKCEMAIbHOM YHOODAZOYEHHOM pacmid-
pesmE moasa K m aro f(a) > 0 pas peex a € K.

19*
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#18) Ilycts K — ynopsapodeHHoe mone, E — ducroe pacmmupenwme
monst K, (X)er — umernit Gasue pacumpenus E (ra. V, § 5, oopepe-

Jenne 1).

a) Ecam mone K apxuMenoBo, To A TOro, 4100 B E MOMHO GHIO
BBECTH CTPYKTYPY YHODPAROIEHHOTO pacHimpenusa nodsg K, Opd Kotopoil B
cpaBEEMO ¢ K, HeoGX0QUMO M JOCTATOYHO, ITOOK MOILHOCTH MHOMeCTBA J
6ra He Goablle Mom{EOCTH (asmca TpaHCOeHmeHnTHoCTH Hona R mag K
(rge K paccMmarpuBaercd Kak mopuoje moas R; cM. yupaskmenue 17a)).
MHOsecTBO BCEX TAKUX CTPYKTYDP TOr[a DKBHBAJEHTHO MHOMKECTBY B3alM-
HO OJHO3HAYHKX oToOpakenwit f MHOKecTBa I B R rtarux, aro f(I) —
anrebpamdeckn cBoGopgHAs cmcrema Ham K.

6) Ecan mone K me apxuMenoso, To Ha E Bcerna CyIiecTBYeT IO Kpail-
Hell Mepe OffHA TaKad CTPYKTYypa YHODAZOYeHHOro pacmMpends moas K,
q10 E cpasrmMo ¢ K. (Horma I cocrouT M3 OfHOTO 3JeMeHTa, MCOOMb30-
Barh ynpaxHenue 15, 3aMeuas, 9To Q He MOMKeT HMeTb BepXHIOIO T'DaHb
8 K; pacmpocrTpaHdTbh Ha OGm[UE ciyuadl ¢ momomisio TeopeMu I[lopma.)

19) °Iycrs K — noxuode B B, 6 — pgeficrBuTenbroe 4iclo, aareGpan-
qeckoe Hag K. ITokasaTh, 9T0 4HCIO CTPYKTYP YHOPAROUSHHOTO pacIIdpe-
muda B moxe K (0) wag K paBHO KOJMUECTBY qefiCTBUTeNbHEIX IMCeN, COIPS-
menunx ¢ 0 (ucmoanszoBarh ympaskHemme 14a) m 17a)).

*20) Ilycrp K — MaKCHMAaJbHOe YIOPAZOUEHHOE mojde, G — HOAIoes
B K. Ilokasarh, 410 MHOKECTBO pacmIMpeHdil moas G, CpaBEHMHX ¢ G
H copepaniuxca B K, MHIYKTHBHO; ecal Ey — MAKCHMAJIbHHHA 5JIeMEeHT
3TOr0 MHOMKeCTBa, MOKas3arh, uro E, mzomopdro moaio K (G), ompepeses-
goMy B ynpaskHemmu 11 6) (mOKasars, 4TO KaHOHHYeCKOe OTOGpasKeEHe
F (G) 5a K (G) orobGpasgaer Ky Ha K (G), YCTAaHOBMB BHaUaJe IPH OOMOUIH
yopaskaernsa 14a), 910 Ky — MarcAMaJIbHOe YIOPAFOUYeHHOE II0Je, HOTOM
¢ moMompio ynpakeerusa 15, gro B K (G) He cymiecTByeT aJeMeHTa, TPAHC-
MEHNeHTHOTO HAJ KaHOHMYecKMM o6pasoM moas E).

21) a) IIyers K — MaKcHMaJbHOe YHOpsgoueHHOe mote, m u M —
nBa piaemenra u3 K, npauem m < M. Ilokasars, 4T0 KaKARE MHOTOWIeH
f € K (X), modoskuTedbHEE B uWHTEpBa’de [m, M], mpemcraBuM B BHIe
cymmu Mmsorounesos suma (aX + P) g2, rme g € K [X], a mmorowien
aX 4 P noaomurenen B [m, M]. (JI1g MEOTOWIEHOB TIEPBON CTeNeHH 3TO
04YEeBHIHO, & AJI MHOTOYWIEHOB BTODPOH CTeMeEM MOKHO BOCHOIB30BATHCH
caeyomuaMa GopMyIaMu:

(X—a) (X —b) = (X —b)2 4 (b—a) (X —1D),
(X —a) (b—X) = ((X —a) (b—X)? - (b—X) (X —a)?)/(b—a)

apu a < b.)

6) Mokaszarb, 4TO0 peaynbTaT YOPaKHeHAA a) He Becerja CIOpaBen/ns,
ecnmn K — mpouaBoJibHOE YHOpSAZOYeHHOe mode. (3aMeTHTb, 4TO MHOIO-
qJIeH MOKeT OHTh HoJokuTeNeH B K, HO He B MAKCHMAJIbHOM YIOPAKOIeB-
HOM pacHmpesnu moasa K; cM. yopaskuenue 178).)
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*22) a) Ilycre E — aarefpamuecKoe 3aMuKamue noisa K, apasawmeecs
pacmupenueM noias K creneHH ¢ ,rue g — upocroe gucio. IIokasark, 9TO
nole K cosepmenno (ta. V, § 8, n° 1).

6) Iokasarsb, 9T0 ¢ He PaBHO XapaKTepucTHKe moiua K (ra. VvV, § 11,
yupaskaerue 96)).

B) [ToxasaTh, 9T0 K COmePsKUT KOPHA ¢-f CTeleHd U3 1, u uto £ sABIseT-
¢g moleM KopHeit HenpuBoammoro Hajg K Mporowiesa X9 — a; BHBecTH
oTciofa, 9T0 ¢ = 2 (B IPOTHBHOM ciIyyae U3 ynpammenma 12, § 11, ra. V

caemyer, uto X492 — ¢ menmpmsogmm). Iloxasats, KpOMe TOro, 410 -— @
ABIAeTcA KBajgpatoM B K (ympamkpemme 12, § 11, ra. V), mo uro —1
He fABIsfeTCA KBajpatoM B K m uto E = K (i) (i® = — 1).

1) IlpegnonosnM Temeps, uTo K TaKOBO, 9TO erc aiareGpamdyeckoe
3aMHEagHe £ HMeeT KOHEUHYIO, OTiHuHYI0 0T 1 crenenn mHap K. Ilokasars,
aro i ¢ K 1 ur0o E = K (i) (eciu E=£K (i), To u3 Teopun I'anmya caeno-
Bajo OHl, UT0 cymecTsyer Takoe uouxe F, uro K () C F C E un gro E
HMeeT IPOCTYI0 CTeleHb Hay F; NpUMEeHWTH B)).

BuBectu oTcioma, uwro K MakcAMaJbHOe YUOPAAOUYEBAaeMOe INOJIe
(cnemosaTenbHO, B HEM MOKHO BBECTH HEKOTOPYIO CTPYKTYPY MaKcHMAalb-
HOr0 YLOPAMOYEHHOro MoJis) (IOKasaTh MHAYKOHEH N0 7, 4TO Kamjad
CyMMa n KBaAparoB 3JeMeHTOB U3 K sBiseTca KBajpaToM sieMeHTa n3 K;
IJIA JOKasaTedbcTBa TOro, 9To a® |+ b2 sBisercs KBajgpaToM, paccMOTpeTh
KBagpaTHHe KOpHH z -+ iy U8 2JeMeHTOB a + ib B mone K (i)).

*23) Iiycrp K — Hekommymamusnoe Telo.

a) Ilorasath, 4ro ecid vactb P (- K yHOBIETBOPsAET YCIOBHAM
(AP;y), (AP13), (AP111) u (AP1y), T0 cBOiflcTBAa YHOPsAAOYEHHHX mOJeil,
H3J0KeBHse B 1° 1 ¥ 2, pacOpocTPaHAITCSA HA (HEKOMMYTAaTHBHOE yHOpPA-
JogeHHOe Telo» K, H uro P comep:KuT MEO:KecTBO C CyMM IpOUWBBENeHM
KBaZipaToB 3jeMeHTOB H3 K.

6) Iloxasath, uTo P cofepsuT KOMMYTaTOpH zyz 'yl s;eMenToB
u3 K (IOKasaTb, YTO Ka;KAHI KOMMYTAaTOp €CTh IPOH3BeJeHNEe KBAaJIPATOB;
3aMeTHTH, 9T0 B fakToprpyunne G rpynun K* mo HoArpynne npowsBegenui
KBafpaTOB KamKApil 2JIeMeHT WMeeT IOPAAOK 2, H® cJeJoBaTelbHO,
G aGexesa).

B) Moxasare, 910 ecil —1 He ABIAETCA cyMMOH MPOM3BeEHHHE KBAag- *
paros, To 8 K cymecrsyer 4dacTh P, YyIOBICTBOPAIOMAs YCIOBHAM
(AP1), (AP11), (AP5n1) ® (4 Pyvy) (cuepys goKasaTelbeTBy TeopeMsr 1),

1) Oycte G — yoopsanoueHHOe 10l H ¢ — OTIAHYHHIA OT TORIECTBEH-

HOTO aBToMOpgHMaM mnoas G. PaccMorpmM (HeKoMMyTaTHsHOE) Telo K
o

«popMalIbHHX JEBHX PAJOB» 2 a, X" (a, € G), Tne X"a = o" (a) X®
n=-nh

¢ra. IV, § 5, yuopamkmenme 10r)). Ilycts ¢ oToOpaskaeT KamaHH IOJOKH-

TeJNpHHIL 3]IeMeHT H3 G B IOJOKETEIbHHH dJIeMeHT; IOKA3aTh, 4TO MHOKE-

ct80 P tex sneMenToB u3 K, HeHyJephe 4JieHH HAaUMeHbHIeH cTeneHH

KOTOPHX HMEIOT IOJOKHTEIHHHA B G KoadPHIUEHT, YHOBIETBOPAET yclio-

siam (4Pg), (4P11), (AP111), (APrv) u onmpepenser B K cTPYRTYpPY
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YIIOPANOYEHHBIE I'PYIIEL W IOJA . vi, § 2

YOOPAAOYEHHOr0 HEKOMMYTAaTHBHOrO Tela. IloKasaTh, 4TO B KadecTse HO-
11 G MOKEO B3ATH nofe (00HYHMX) GopMabHHX cTeneHHNX pagos Q ((Y)),
4 B KauecTBe MONOKUTEIbHHX DIEMEHTOB BTOT0 MO — MHOMECTBO dop-
oo
MaJbHHX PAOB 2 r, Y™, geyylieBoe K03pPUOHERTH B WiIeHAX HAH-
n=-—h

Membllell cTeMeHHE KOTOPHX MOJOKHETENIBEE; aBTOMOPQH3M O OUpefeInM
¢ momompblo paBescTBa O (Y) = 2Y; torma Teao K HA3HBAETCH (TeIOM
dopmansanx pagor FmanGepranr,

°n) IlokasaTh, 9T0 HEKOMMYTATABHOE TeJ0 He MOJKeT OWTh apXuMe-
MOBCKH YIOODSIOYeHHKM (OPHMeRATh upefiosxenme 1 O0m. Tomod.,
ra. V, § 2 K MyJIsTHIVIAKATABHOH Ipylde TOJOKATEJIbBHX 3JeMEHTOB
Teiua).,



YRA3ATE/Ib OBO3HAYEHUN

I'masa § n°
NO L IV 11
X, (mepemesnasm) . . ., . IV 1 1
A[X), . rAlX;, X

i2""

,X,p] ...... Iv 1 1
41X], 4AXx, v, Z]

AlX e o v o oL Iv 1 2

degu, deg, u(u—mneny-
Jepod maorowren) , . IV 1 3

f(z) (f—muOTOWIEH oOf-
HOi1 mepemenmsmoit) , , IV 2 1

f[wL f((xt))v /('Z‘il’ v

ceerZip) (f —mHOTrOUNeH,

Z, —NolapHO NepeCcTAHOBOYALIE

BJIeMeHTH) ., . . . . Iv 2 2
A[wli A[zl,]l,EI' A[xilv
Tigr oovs xil], AMyiv 2 1

SN, F(Xy, X, ...y Xp)
(f —wmuorowren, X,—
mepeMedune) . ., , ., IV 2 2
F (f—muaorowren) . , . IV 2 3
&E(X)ep K (Xyy Xo,...
....... Iv 3 1

gajdpAasg Apobp, X =

=(x,)— cemeiicTBO, fo-

nycKaomee  IoJCTa-

HOBKY Bf) . . . . .. Iv 3 2
K@), K@)en Kl

%o, e n), KMy, . IV 3 2

Tnasa
X, f(Xy, Xoy oo Xy)
(f — panmomaxpmaf
Apobs, X;—nepemen-
HHE) . . . . . . . . Iv

Afr Af(Xh ooy Xp;
Yy, ooy Yy) (f—mMuoro-
wIeg) ... ... . . Iv
df, df (X, ..y X5 Yy,
.e» Yp) (f—mmoro-

Di/r DXif, 'a‘X-i'i in
(f—muoorounen) ., . . IV

Df, %/{— y 1" (f—wmBOTO-
9led 0JHOHK mepeMen-
\goit) , . ... ... Iv

[D1, Do} (Dyg, Dy— pudpe-
peanupoBanusa aja-
re6pe) . . . .. .. Iv

I (E) (E—aurebpa) . . IV
P (f—Muorowien ¢ Ko-
sppunrenramun u3z A,
D — pubdepennuposa-
age B A) ., . ... Iv
2
Di/v R" ’ in (f*PaIUI-
OHANBHAU Ip06h) . . . IV
o (f — paumoBHaabHAH
oy

Apobp,  (z;)—cemeii-
CTBO,  [JOLyCKamee
mopcTanoBry B f) , , IV

B

w
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TnaBa’§ n°

AlX e AlIX;
Xiz, cees Xip]]
oW, oy (u—dop-
MadbHH PAX)
zul, up tup ...
Vel 1 2
"‘+uhn+“'((ul)k€L—
cyMMHApyeMOe ceMei-
cTBO $OpPMANBHEIX pHA-
HoB)
fug,ug ..o, up) (f—op-
MaJNBHER  pAT,
dopManpHaLe pPaAgr Oe3
c¢Bo0OAHOTO WieHa) . .
K ((Xiy X21 LS ] Xp))’
KXy .......
®(u) (v — dopMadsHLI
pax w3 K ((X))) . .

du
D;u, 3%, (v — dopManp-

11

U;—

HHE pAX) . . . . . .
du, du(Xy, ..., Xp
Yi, .., Yp) (u—dop-
MaJbABA PAA) . . .
AP (A—wacTe moxas, Xa-
paKTepucCTHYecKad dKC-
TMOHEHTa KOTOPOTO D)
dim algE, dimgE (E—
pacmupenme moas K)

LIV

Iv

1v

1v

IV

v

LIV

... IV 5 1

(3]

VYHKABATEJIb OBO3HAYEHHNU

Tnasa §
Qg (K—mnogmone Q) . . V 7
2P ¢, zl/pe ...... vV 8
Kp—e, Ki/p’ Kp—oo
(K—mnone, xapaxTepu-
CTHYeCKAA SKCIOHEHTA
KOTOpOTO p) vV 8
[E:K]s, [E:K]; . ... V 8
Ngx @), Ng(2), N(@) V10
Trgi (z), Trg (), Tr(z) V 10
oM@ ... ... vV 11
(K . .. ...... V1l
L V 11
Fqg ..o 0. viu
zly, zly oo oL VI 1
@ ... 0., VI 1
=z (mody) .. ... VI 1
sup oz, (F—dacts  ymo-
PHEOYEHSAOTO MHOKe-
crea E) . . . . ... VI {1
H. 0. I (%;), 5. 0. X (z;) VI 1
xt, z—, |{&| (z—odneMeAT
pemeTOuHo-yIopago-
ueHHO#W rpymme) . . . VI 1
Va (2> 0 — suement
ynopapgodensoro mwoasa) VI 2
lz| (z—ouaeMmesr K (i),
rge K-—ymopapgodes-
HOoe Tojge u i2=—1 VI 2

N

T WM = O O =

Q© o

1
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Tnasa § n°

Abeaceo aamvixanue noas V, 10, 3

— pacwuperue v, 10, 3

— YpasHenue v, 10, 3
Aébcoaromnoe gHavenue

ZeK (i) (K — yoops-

IOYeHHOe I10JTe) Vi, 2, 6
— — B PpOIeTOYHO-YIIO-

PAIOYGHAON FpymuIe vI, 4, 1
Auazebpa  epadyupoeannas IV, 1, 3
— MHO20UAEHOE Lo Iv, 11
— Popmantrsir  cmenen-

HBIX padoe o Ivy 5,01
Auneebpaunecku sagucumvie

saeMenmBL v, 5 1
— samkHymoe noae vV, 4, 1
— — — B pacumpesma V, 3, 3
— HezagucuMmble  saeMer-

me . . . . ..... V, 5 1
— pazdeaennble pacuupe-

Hus . V, 5 4
— c60600nas cucmema . vV, 5, 1
— — wacmbd ...V, 5 1
— cgo6odnoe cemeiicmeo . V, 5, 1
— ceazawHan cucmema . . V, 3, 1
— — uacmb VvV, 5, 1
— €GA3aHHOE cemelicmeo v, 5 1
Aneebpauveckuii  saemenm

HAN TOJeM ., vV, 3, 1
Aneebpauncckoe  zamura-

HUue noas . ...V, 4, 2
— — noan B pacmupesmm V, 3, 3
— pacuupenue noas v, 3, 2
Apmuna meopema . v, 7, 1

TEPMHIHOB

Tnaea §
Apmuna — Illpeiiepa meo-
pema R 2 X
Accoyuuposannvie saemer-
mu . VI 1,
Basuc aurneiinwiii pacuiupe-
HUS « v v « 0 « « - . V, 3,
— cenapabeabHbiii mpanc-
yeHndeHmHocmu  pacuiu-
penus e Vv, 9,
— mparcyendenmuocmu
pacuwupenus . vV, 3,
Buseadpamuunas Popma . IV, 1,
Bunapuas dopma . v, 1,
Bec 08nopodnozo saemen-
ma FpajyApOBaHHON
aarebpH oI, g,
Bsaumno npocmiie MHO20-
©AeHbL Lo Iv, 4,
— — daemMenmbl . VI, 1,
Buympennee - dufpepen-
Yyuposanue LIV, 4,

I'padyuposarnan asecebpa 1V, 1
Ipadyuposannuiii modyas 1V, 1,
1

I'padyupoera anecebpri v, 1,
— modyasn SIv, 1,
T'asya zpynna mrozowsena V, 10,
— — pacwupeHus v, 10,
— pacwiuperue . .V, 10,
— ypaeHerue . . .V, 10,

n®

W

Qo P o QO W W
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T'napa §
I'pynna Iaaya MHOrOUIE-

1 c: S v, 10,
— -— pacmmperud Vv, 10,
— npedynopadouennan . . VI, 1,
— ynopadouenHan . |, . VI, 1,
Tuav6epma meopema . Vv, 11,
Heolinoli koperv MHOIO-

9IeHa . . v, 2,
Heyunenroe ypagrerue v, 11,
Hederurnda meopema . v, 17,
Heaenue eekaudoeo mHozo-

wAeHO8 . . . Iv, 1,

Heaenua h:pyea MHO20UAE~

HE .. . . v, 11,
— — ypasnenue .V, 14,
Heaumocmu ommnowenue , VI, 1,
Heaumeau eduruyni . VI 1,
Heaumeav cmpoauii saemer~

ma .. . VI, 1,
— aaemenma . VI, 1,
Huckpemnasn cmpyrkmypa

nopsadka . I "4 PR
Huckpumuranm baauca

pacwuperus Vv, 10,

Huppeperyuan mrozouaenalV, 4, 1
— MOJHHIE 3JaeMeHTa aJj-

Te0pH . Iv, 4,
— PpanuoHAIbHOMN npoGn 1v, 4,
Hufpdepernyuaavran fopma

magaaredpoit . ., . CIv, 4,
Hudeperyuposarue aa-

ee6pbi . IV, 4,
— eHYympenHee . 1v, 4,
— koavya LIV, 4,
— nodaazebpur E ¢ aared-

pefF . LIV, 4,
— uacmhoe BA [xi, Tg,..

- . IV, 4,

— — B K (2, 23, --- ,zn) Iv, 4,
— — B A [[.‘El, Loy -nn

RN | . Iv, 5,
Honycrarowee uvogcTamon-’

Ky ceMeiictso . , L Iv, 3,

ne

CU N W

CroT oY o [=2I" =

[3,

n6

ot

L w

YRABATEJIb TEPMUHOB

LCnapa §
Hpobruiii enaerviii udean ., VI, 1,
Hpobv mecokpamuman . . VI, 1,
— PAYUOHAALHAA . . Iv, 3,
— — oduopodHaa v, 3, yop.

— — cummempuuecrkas . . V, 1,

Ee¢rauda semma . VI 1,
Esraudoso deaerue MHOIO-

ICHOB Iv, 1,
— uacmmoe LIV, g,
Edunuyer ¢ koavye . VI,

Bamuiranue abeacco noas V,
Bamvirarue ancebpauvecroe

noas e e e e .. V4
— — — B pacmupesam V, 3,
Hdean aneebpauneckur co-

omnowenul Mexnuy z, IV, 2,
Hdean anzebpauveckur co-

omuoweruli, HKOTOPHM

ynoBiaerBopser x . . . IV, 2,
— eaaenwili dpobmwi . . VI, 1,
Hneapuanmrocms nopad-

ka upn Tpagceaammux , . VI, 1,
Keadpamuunan gopma L Iv, 1,
Keamepnapras popma . . IV, 1,
Koavyo ynopadouernnoe . VI, 2,
Koneunozo muna pacuwupe-

HUue . . . . . . ... V, 2,
Honemanmu ¢ A [XL]LEI v, {1,
Kopenv deoiiroii MHOTO-

wjieHa CIv, 2,
— uz efunuybl v, 11,
— kealpammulii B ynopa-

IOYCHHOM IIOJe | . VI 2,
— kpamnuuii MuOrodnema IV, 2,
— MHOTOWIeHa . IV, 2,
— n-# CTEHEHH U3 e[AHHA-

115 S v, 11,
— nepeoob pasmuii n-i cre-

meHn 03 eqaEmw ., ., .V, 11,

n°
5
11
1
3

1

12

[ 4043 §

[

- Q0

w N



Hopenv npocmoii mMmoOrou-

YHABATEJIb TEPMUHOB

I'nasa § n°

JqeHA . . ., . . .. . . IV,
-~ mpoliitoli MHOTOUIE-
HA ... Iv,
-— uemvlperkpammsiii MHO-
TowjleHa . ... L IV,
Kosppuyuenm  crapmuii
HEHYJIOBOTO MHOTOW/Ie-
HA m3 4 [X] . iv,
Kosgppuyuermu MHOTO-
9I6HA . R A Y8
— ¢opmanbHOTO pﬂ}],a . LIy,
Kpamnoe edunuym . . . VI,
-—— cTporoe axememra . . VI,
— 9jeMeHTa , . . . . . VI,
Kpamuoemsv ropua MuoOTO-
9eHa . . PP YN
Hpamuwii kopernv MHOTO-
YiIeHa . IV,
Kpumepuii Ma;meuna . v,
Hybuxeckan @opma . IV,
K-asmomopusm pacuupe-
Hua noas K . v,
K-au¢¢epem4upoeanue
pacuupenus noaa K v,
K-usomoppusm pacuiupe-
Hus noas K . . . . . v,
K-usomopgnsie  pacuupe-
HUS . . . . . . .. .V,
K-snudomopPusm pacwupe-
nus noas K v,
Hazparnxca UHmMEPnoAL- .
" yuonwaa gopmyaa . . IV,
Heii6ruya Popmyaa Iv,
Jexcurozpagpuueckoe npo-
uscedersue .. . VI,
Jdemma Eerauda . . . . VI,
Juneiinas gpopma . Iv,
Juneiino pasdeaennsie pac-
WUPEHUA . .« o . . . v,
— cgobodroe cemelicmeo Vv,
Junelinaii 6asuc pacuwiu-
peuua.......-V’

[ in
ek el

4

4

(=3 v UV U1 = e

[ NS

1

Makaeina xkpumepuii .
Marcumasvroe ynopadouen-
Hoe noae . . . . . .
Murumasvnoii mHozouaeH
4266 paAuUNECEO20 IneMeH-
ma , . .
Muozouaen .
— Odeaenua Kpyea .
— MUHUMAIbHLIE — aNTel-
PaH9ecKoT0 BJIeMEHTa
—, MEHAKIUHA 3HAK B AH-
TepBaje .
—, He couepmamuu CBO-
6ogporo wiema .
—_ =X v S .
— 00HOPpOAKLLE HOJXHOHR
CTeneHn p .
— — CTeOEHH p OTHOCH-
TeJLHO Xu 1eJ .
— OT n mepeMeHHHX .,
— cenapabeabtuili
— crenesd > p (> p)
YyHumapnvlii .
Muozounenm ezaumno npo-
cmble
Muoxcumens Hecena pa66ﬂb—
Mol CTEOeHH  afirel-
PaHdYecKOTo pacmApeHasn
— cenapabeavublii crene-
HE ajnreGpamgecKoro
pacmupenun .
Modyav  epadyuposannuiii
Moroud npedynopadouen-
17 .
— ynopﬂaouennbzu

Haubosvwuii obwpuii deau-
meas IBYX MHOTOINEHOB
B K [X]

— — — (m.0.1.)
MeHTOB

Haumervwee o6u;ee Epam-
HO€ [IBYX MHOTOWICHOB
B K [X] .

aJ1e-

v,
.1V,

v,

. VI,

v,

. VI,

. IV,
. IV,

. Iv,

LIV,
LIV,

.1V,

.1V,

. VI,
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Tnapa § n°

8,

o oea w3 e e
. e e e

[N

WwmN W

2

5

N =

Qo
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I'maga § n°

Haumenvwee obujee Kpam-
noe (H. 0. K.) aleMeH-

TOB . . 4 ¢ . . .
Hezagucumwvie aaemeHmel
Henpusodumwtii muocousen

Hepagencmso mpeyeoavhu-
ra B K (i) (K yoopago-

VI, 1t
VI, 1,
v, 1

YeHo) . VI 2,
Hecoxpamumas dpo6s . . VI, 1,
Hopma aaemenma cemapa-

GexpEOro  anrebpamue-

CKOTO pacmimpemus . Vv, 10,
Hopmaavroe pacwupenue V, 6,
— YypaeHeHue . . VvV, 6,
Hopmanavroli 6asuc .V, 10
Hyav mHocouaera Iv, 2,
Hviomona ¢dopmyaa . v, I,
n-apuas  opma v, 1,
O6paayrowuz cucmema Had-

noas ..V, 2,
Odropodrasn cocmae/mmwan

crenesn p MHorowresa IV, 1,
— — — p ¢opMaIBHOTO

pana oo . IV, 5,
Odnopodras  cocmasanio-

was DIEMeHTA B TPayH-

poBaHHOH aureGpe LIv, 1,
— — — B TpajynpoBaH-

HOM MOAyae v, 1,
O0ropodnwvii mrozowner . . IV, 1,
— apemeHm B TPAXYHPO-

panmoil aarebpe Iv, 1,
— - B IpagyApPOBAHHOM

Monyae LIv, 1,
OoHouner A L
Ocmamox NOpH eBRIALO-

BOM [eJieHHU JBYX MHO-

TOUYNCHOB R A N
Omruowerue deaumocmu VI, 1,
— — mpusuaabroe VL,
Ompuyamenvhas Yacmo

dlIeMeHTa . VI,
Ompuyameavnori aaement VI, 1,

W WO wWwWwom

w

[S2 3]

11

3

YRA3BATEJOL TEPMHWHOB

Ilepeoobpashuiii KODEH®
n-1 creleHn B3 eMHUTH

Ilepemerrnasn

Iodpacuuperue

ITodcmanoska cbopMaJIb-
HHIX PAAOB B cbopmam:—
HHI pAp .

— ¥, MecTo X B MHOTO-

wieH .

Ioase tmae6paw¢ecnu BamK-
Hnymoe . e e

— — — B pacmmpeHHH

— Kopwell MHOTOWIEHA .

— — n-H cTemeHd U3 efu-
HALE .

— npomencymouroe

— npocmoe

— PAYUOHAALHBIE 6po6eu

cogepuienroe .

YynopadouerHoe

— MakrcumasbHOe

— dopmaabublr padoes .

Honowcumeavrvils saemerm

Hosoxcumeavras wacmo
saemerma Ce

Hopador 0606ugenroeo
fopmaasrozo  pada
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