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IlpeaucioBue penakTopa nepesoja

[Mpeanaraemas unTATEN) KHArA HAHCAHA BRIZAKOIINMCA AMEPHKAH-
cxum MaremarukoMm C. MakieiinoMm, ogHuM U3 co3garenell TeopuH Ki-
Teropuii n romosiorndeckoii anredpnl. DTa KHHra NpeiHasHAvYeHA 1
LIHPOKOTO Kpyra MaTeéMaTHEKOB. ()Hil. BHAKOMHT 4YHTaTe s ¢ OCHOBAME
TEOPHH H YKA3LIBAET 6 MHOTOYHCICHHBIE NPHMEHEHHA B DA3JIHYHBIX Pa3-
JIeNIAX MaTeMaTHKH. DTH NPHMEHEeHHs OCHOBAHBI HA TOM, YTO B MATEMi-
THKE H3YYalOTCH HE TOJMBKO CBOIMCTBA 1€MEHTOB 00BEKTOB, HAJIETCHHBIX
ONpeIeeHHol CTPYKTYPOil, HO W 0TODPAXKEeHHsA MEXKIY FTHMH 0DbLeKTA-
MH, COPTTACOBAHHBIE € PACCMATPHBAEMBIMH CTPYKTYpaMu. Teopus karero-
pHil KOHUEHTPUPYETCH HA N3yHeHnn cpoiicrs orobpazxkennii (Mopduimos)
smexcay obbektaMi. B Maremaruke npuHaTO 0TOOPAIKEHUsI HA KADTHHKAX
H'i(‘)ﬁl]&}K&L’l’h CTPRIIKaAMHA. HD:!TDMIY ABTOP B KHHIe HCHOOJILB3YeT TepMWH
«cTpesikar 1118 0003HaueHns MOP(MH3IMOB B KATErOpHsX.

B knure HAMHAHO JIEMOHCTPHPYETCH, YTO A3bLIK KE!"I‘(_‘I‘U]JHFI i (l)}'HK—
TOpLI, MOpPMU3MBL (KO)npemessl, (KO)IpoH3BeIeHns, Pe30JibBEHTE, CO-
IPpAMKEHHLIC d)}'HK'l’U])l)I H T. /. — HHPOKO HCOHOWVIL3YETCH B PA3ITHYHBIX
pasznesnax MareMaTHku. [losToMmy oBazenne 3THM A3BIKOM H YMEHHE ero
HCIOJIB30BATH MO3BOJIHAET COBPEMEHHOMY 00PA30BAHHOMY MATEMATHKY BH-
JETh U OCO3HABATL eIHHCTBO Haykn. Takmm 0Opa3oM, 3HAKOMCTBO € 9TOft
KHUPDIH ABIACTCH BAAKHONH aCThIO (]6[]&'30133"}1?] COBPEMEHHOIO MAaTeMA-
THKA. ABTOP HE CTABIIT CBOEI HENMBK) OTPA3HTH JOCTATOYHO TIOAPOOHO BCe
HaNpaBJeHHs Pa3BuTHA Teopun Kareropnii. Hanpumep, B KHUre nouTn He
OTPAYKEHBL TAKHE PA3Je/ibl TCOPHH KaTeropuil, Kak abeiesbl KaTeropuu,
MPOU3BOHBIC KATETOPUHM M TPON3BOAHBIE (DYHKTOPBI, KATErOPHH MHO-
roodbpasuil ajnredpandecKux CHCTeM, VIIOPAIOYEHHBIE KATEropHH, Teophs
anredbp, koaarebp, Guanretp n aaretp Xonda B MOHOHIAIBHBIX KATEro-
PHSX M CBA3L C TeopHeil KBAHTOBBIX rpyni H T. 1. Yurarens, 3annrtepe-
COBABIIHIICA 3THMHA pazmenamMa, MOKeT HafTH COOTBETCTBYHOMIHE CCBLITKH,
HCHOJB3VA JAOIOJHUTENLHBI CIIMCOK, NPUBEJEHHbIH B KOHIE KHUH.

Kuura webosbmas mo obbemy. Ona Hanucana JOCTATOYHO NOPOCTO
H paccturTana Ha CTYICHTOB-MATeMATHKOB. Kunra BLLIepZaJ/Ia 1Ba H3na-
HHS HA AHTIHACKOM f3bike. HacTodAiuii nepeso/1 ocyIiecTsIeH O BTOPOro
M3/1aHNS,

Bubimorpadis, npuBeIeHHAS ABTOPOM, PA3YMEET I, He SIBJISETCS 110J1-
Hoit. B seil Maso orpaskena, HanpuMep, JUTeparypa Ha PYyCCKOM $3bIKe.
IIpn mepesoae GubIHOrpadus NOMOMHEHA PAIOM OCHOBHBIX MOHOrpadmii
M CTATOH, BBIIIEJIIIHX B MOCJTeIHHEe Mok, B rekcre cebuika Ha JTONOJTHH-
TEJIBHYH JIUTEPATYPY OTMeueHa 3naxoMm ¥. Boipaxaio riaybokyw Oaaro-
sapuocers E. C. Tonoay, E.B. Kanosy u E. T. yasreiihepy 3a nomous
npH 06CYZKJICHUH TePMHUHOIOTHH W CIIHCKA JIHTEPATYDEL

Haneiocs, uro nyOiaukamus 310l KHUIM HA PYCCKOM #A3bike Oy/er
C110cobCTBOBATE 3HAKOMCTBY HOBOTO IOKOJICHHH MATEMATHKOB € TeopHeit
K.Eth_’.[”()IJHﬁ H e NPpHMEHEHHAMA B MATEMATHEKE.

Ilepeson kuurn pemosrHed B. P. @ peHKAHBIM.

B. A. Apmamonos
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IIpeuciioBue KO BTOPOMY M3IAHUIO

Bo sropom m31anuu kuurn « Kateropun paGoraror» 1) noGapiens gse
[VIABBL, MPEJIMET KOTOPBIX BhI3BIBAET ceiiuac akTuBHbIL uHTepec. OjiHa
H3 3THX [VIAB NOCBALIEHA CUMMETPUYECKHM MOHOHIATbHBIM KATEropusM,
KATErOPHSAM KOC H TEOpeMaM KOIePEeHTHOCTH IS HUX. DTH TeMbl Npej-
CTABIAIT MHTEPEC KAK caMu 1o cebe, TaK W B CBA3ZH C NPAMEHEHHEM
B KBAHTOBOH TEOPHH MO/, AMEHHO, B TeOpHH ¢TpYH. Bo BTOPOiT 13 HOBBIX
rIaB PACCMOTPEHBI 2-KATEropHH M KATEropHH BLICITHX PASMEPHOCTEN, KO-
TOPbIE B NOCJIEIHEE BPeMs IPHBJEKaoT basbiioe BauManue. Kpose Toro,
nonosinena Gubauorpadms, 1TobB B KAKOH-TO Mepe OTpPa3suTh Mporpece
B M3YUCHHH KATEropHil 3a MPOLICInnii mepHo/L.

Ocrajibubie J1ecarh rias NoABeprich HeDOJIbIIHM H3MEHEeHHSIM, Y4TO
MO3BOJHII0 B Psijle MecT JI0CTHY L DoJibieit sicHOCTH; BO MHOPHX CJIYUasix
3TOMY [OMOIVIH NOje3Hble npeioxenna [eoprua lxanemnaze. B ria. 3
s 100ABHI ONHCAHHE KONPEIEI0B NPEICTaBUMbIX (PyHKTOPOB, a i, 4
TENephb BKAYACT KPATKOE OIHCAHNE XAPAKTEPHCTHICCKHX (DYHKIHIT m0/1-
MHOYKECTB H 3/IEMEHTAPHBIX TONOCOB.

on Diikp3, 27 mapra 1997 . Condepe Maraetin

IIpeauciaoBue K NEPBOMY U3IAHUIO

Teopusi kateropuii passusanack Obictpo. Ilens 3toil kaurn — npes-
CTABHTH T€ €€ HIEH M METOIbl, KOTOPbIE HbiHe MOryT 3¢hheKTuBHO NpH-
MEHATLCS MaTeMaTHKaMH, IJaGU'I'leUI.U\Iv'IMH BO MHOI'MX JIPDYIMX 06..1&1{'.'['}1}(.
Takoe npuMeneHne OCYIMIECTBIAETCA HA HECKOTBKIX ypoBHaX. Bo-nepssix,
KATeropin Jiawom _\",_'J,Uﬁﬂblﬁ A3bIK MbILJICHHS, OCHOBAHHbLIA Ha NOHATHAX
KaTeropum, yHKTOpa, ecTecTBeHHOr0 Npeodpa3oBaHusl, KOHTPABAPNAHT-
HOCTH H KaTeropu PpyHKTOPOB. DTH MOHATHS PACCMOTPEHBL (¢ DOAXOIA-
mvn npavepamn) B raasax 1 u 2. 3arem nossaserca gy aMenTanbHan
H7es APl COMPAMKEHHBIX (PYHKTOPOB. DTO MPOHCXOANAT BO MHOTHX, MO
CYLIECTBY 9KBHBATEHTHBIX, (DOPMaX, TAKHX KaK YHUBEPCATLHAS KOHCTPYK-
Hus, OpsAMOH n OOpaTHLIN npenesbl, napa (pyHKTOPOB € €CTECTBEHHbIM
H'jUM{)]Jf})Iifi_\-Il')M MEFY COOTBETCTEYHMNHMH MHOMKECTBAMH CTPETOK. Bee
a1 (GOPMBI M X BIAUMOCESI3M N3YIAIOTCS B IIaBax ¢ 3 110 5 101 1eBH30M
«ConpszKeHHbIe PYHKTOPBI BE3IECYIIH b,

JpyruyM OCHOBHBIM TOHATHEM TEOPHH KATeropuil ABJAsAeTcss MOHOW, —
MHOXKECTBO ¢ HuHApPHOIl onepalueil YMHOMKEHHH, acCOUHATHBHON 1 HMEeIo-
[ll,[‘ﬁ EIHHHILY: KATeropusa caMma MOMXeT DacCMaTPHBATLCH KaK CBOCro poJsa
0606eHHBIT MOHON/. DTO NOHATHE U ero 6O0IeHHA U3YYAIOTCA B TVIA-
Bax 6 u 7. Ero mecnas cBsi3b ¢ NOHATHEM CONPAXKEHHOIO (DYHKTOPA N03BO-
JISET MPOACHATD WIEH YHUBEPCAJIBLHOMN aireOphl U B HTOre NMPUBOIAT K Te-
opeme beka, xapakrepusyiomeii kKareropun ajrebp. C apyvroil ¢TopoHsbl,

') ®opmynuposka asropa. — pum. nep.
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PACCMOTPEHHE KATEropHil ¢ MoHOMIaNLHOH crpykTypoli (nopoxjaemofl
TEH3OPHBIM [TPOH3BEJACHNEM) MO3BOJACT, HANPHMED, BBECTH HEKOTOPDLIC
KATErOPHH TONOIOIHYECKUX MMPOCTPAHCTE, 06/1a1a10111He XOPOITHMHE CBOii-
CTBAMM.

[TockombKY KaTeropus COCTOMT H3 CTPENOK, TO TeopH#A KaTeropmni
ATO W HAYKA O TOM, KaK INPOKHTEL bes WEMEHTOB, 3aAMPHHE HX CTPEJIKAMM.
DT0 HANPABJICHHE MbICJH, NPUCYTCTBYsS € CAMOTO Havaja, CTAHOBMTCH
LEHTPAALHBIM B V1. 8? KOTOpasA COASPHAHT NEMEHTADHY IO TeOPHIO abe-
JIEBBIX KATEropHil M YYHT, KaK J0Ka3aTh J0OVIO JeMMYy O JAnarpamMax, He
GIPOroHsAs? 1o JuarpaMue Hi OJHOrO 3J1eMeHTa

B wurore Bce OCHOBHBIE MOHATHS TEOPHH KATErOpHil COEAMHAIOTCH
B JBYX NOCHGAHHX IVIABAX 2), U@ PACCMOTPEeHbI: GO/Iee CHILHBIC CBOIi-
CTBA NPEIRNOB, B OCOOEHHOCTH (DIJIBTPOBAHHBIX IIPEAEI0B; HCUHCICHUE
KOHLIEBBIX MOpgu3MoB; noxsTne pacimmupenns Kana. Do 6oniee rinybokas
dropua Gazopoii KonerpyKiuun conpsizkennbix qpyukropos. B zakmouenne
MBI NOKA3LIBAEM, YTO Bee 00BEKThl TEOPHH KATErOPHIl ABAAIOTCH YaCTHBI-
MU cayuasmu pacimupennii Kaua, (§ 10.7).

Y MeHs 6BLTO MHOrO BO3MOMKHOCTE! H37TaraTh MaTepHAT ITHX IVIAB
Ha JeKIHAX: B t‘IHKHI"(J; B B(]}’.I'[,_-‘!,(‘.I)f!., B IIHKIIE .IIGK[l.Hﬁ Ha KOWUITOKBHYME
Anepukanckoro maremarnyeckoro obmecrsa; B Cenr-Duaproc, biarogaps
gﬂ.l[Hﬁ_\’I)l‘(.‘K[)M}" MATEMATHUYSCKOMY ()ﬁl[!,(‘.(.f'l’B}':_ B U,H.quxe'r ST0 CIOeaa I
BO3MOKHBIM Beno Dxman u MHeTUTYT MaTeMarniecKux HCCIeI0BAHMIT;
B Jlongone — A. ®pennx, Kunre- u Kyunc-komnemxn: B lefinensbepre
X. Beitdgepr n Amsopext domsa; 8 Kanbeppe — Heiimannr n Oyndpait-
rToBekuil rpant; B Bayuoitne — an Kpucru n Hanponaibubiil Hay aHbLit
doun; B Thionede — TTons Mocrepr u @ouns Popia; HAKOHEN, 3a 110-
BTOpHBIE JeKin B Unkaro a 6narogapen Pobepry Meitnapay Xarumucy
n Mapmanny Xapeu Ctoyny.

MouM HCCIeIOBAHHAM TOMOIVIM MHOIHE Kojerd. O4eHb Moae3HbIM
OBL10 U()III'QHHB C MATEMATHEAMH., ITOCEHABIITHMHA Yukaro (G.-’IH.[‘(IﬂH})}I 3('])—
heKTHBHOIT NOIEPIKKE CO CTOPOHBL Y IPABICHHS HAYIHLIX HCCIIeI0BAHMI
BO('!HH[)—BUH,"I\JVU]Hl:[}( CHJT, y[[l)ﬂ.l!.?ll’HHH MOPDCKHX lrl{'.(‘.-’[f‘,’l'()liﬁl‘[}lﬁ H HH]LH—
OHA/ILHOTO HaydHoro ¢onga): 3ro M. Anape, 7K. Benady, 9. /lio60K,
O. Y. Jlosep, ®.3. Ix. Jlunron. Ilonesubie coobpazkenus BbICKa3a/1K
Maiikn Bapp, Hxou Ipaii, Maiinz Teepun u @pun Yasmep., Pazyuubie
coperbl Jann mue Bpaitan Abpaxamcon, Ponann Bpayn, V. X. Kokpodr
n [one Xamvom. Taunan @eiirnn u dxeddpn @naunc cymenn npueectn
paa MOMX Jiekuuit B yaobouuTaemsril i, Moit crapstii apyr A, X, Kind-
dopa, 1 apyrue kontern B ThioseHe Takyke okazaan OOIbIIYI0 OMOIb.
ITo HecrOMLKMM PIaBaM CYIIECTBeHHBIE coBeThl Janan dyxkon Maxmonamnsg
n Poce Crpur; apyrue matepranst kpuradeckn npouin Crencep Tik-
con, C. A. Xak u Murenn Jla Iliasza. Ocrpbie cyzmpaenus [Iurepa Msa
HOMONIH CYIIECTBEHHO VYYLIIHTL U'Iﬂ(_lp H Iodavy sarepuasia, a ‘NIHK(:

) 3aech B APYIHX MeCTax, NOAPa3yMeBas HCIOAL30BAHNE IEMEHTOB NPH
pabore ¢ HarpaMMavu, aptop ynorpefinser ciono chase, KOTOPoOe MOXKIO Tie-
peBecTH Kak «rporons. — Hpua. nep.

) Tnasbt 9 u 10, — Hpum. nep.
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Kesui ¢BoOMM 30PKAM IUIA30M YCMOTPEJ MHOPHE ChIPBIE MECTa B roToBof
pyvromucu. Jdoporn Makaeitn m Tup Illyvan 3aciavKuBamT NpH3HATETb-
HOCTH 34 nedaranue, Joporn Makieiln TaksKke 3a COCTABJICHUE VKAZATEI5.
a M. K. Kgour 3a tiate/ibHOE YTeHHe rpaHok. IIpu BeceM 3ToM OCTaBIINECH
(]I[II{ﬁKH? PABHO Kak 0'1‘60]] H nojada MarepHaa, NpaHaIexsaT MHe.

Hion Diikp3, 27 mapra 1971 . Condepe Maraetin



BBEIEHUWE

Teopus xareropuii HauuHaercs ¢ HAGIIOIEHHS, YTO MHOTHE CBOHCTBA
MATEMATHICCKHX CHCTEM MOACHO NPEJICTABATE MPOCTO B eAMHO0BPAa3na mo-
CPECTBOM AMATPAMM, COCTOATINX W3 eTpestok. Kaxkmas ctpenka f: X —
— Y oBoznauaer pyHKIHIO, T. €. MHOZKecTBO X, MHOKecTBO Y U nipaBuio
& — fr, KOTOpOE CONOCTABIACT KAKIOMY 3/eMeHTY & € X HeKoTopblil
anement fr € Y. Beoay, rae aro Boamomkuo, mel Oyiaem nucars fr, a ne
flx), onyekas nenykuble ckobku, THHHYHAS AUArpAMMA U3 MHOXKECTB

1 (hyHKIHI HMeeT BHjL
y
7N
X—Z

h

OHA KOMMYTATHBHA, ec/ii h = g o f, rae g o f, kak 00bIuHO, 0603HAUAET
c1okuy1o QGyukuuw go f @ X = Z, onpepensemyio kak r — g(fx).
Takue e aparpaMMbl MOMXKHO NPHMEHATL H B HHBIX MAaTeMATHICCKHX
KOHTEKCTAX] TAK, B KaTeropiui peex TonoJorivuecKux npocTpaHcTB ﬁy[(l:lhl
X, Y u Z obosnauaior TONOJNOrHYECKHE HpocTpaHcTBa, a f, g, h —
HenpepbiBHble orobpazenns. Touno Tak ke B kareropun seex rpynn X,
Y u Z obozuavaior rpynnsl, a f, g, h — romMoMopdu3MBL

l\/[HUI‘PIU CBOHCTBA MATOMATHYCCKHX K()H('.TI]_\."KIIHI?I MOMHO BBIDASHTH
B TEPMHHAX CBOMCTB YHHBEPCATBHOCTH IuArpaMM. PaceMOTpUM ITeKapTo-
BO npouiseaenue X X Y JIBYX MHOMKECTS, COCTOAEe, KAk 0DbIMHO, U3 BCEeX
ynopanouenssx nap (., y) snementos x € X u y € Y. llpoexnun npons-
pesenust (x,y) — o, (r,y) — y ua ero ocn X u Y npepcrasasior coboii
vk p: X xY — ,\ g: X xY =Y. Jlwbasa dbyukumpa b : W — X x
X.}" H3 TPeTHEr0O MHOMKECTEA "1 OIHOZHAYHO ONPEISTACTCH KOMIIOZHITHAMKA
pohn goh. ObparHo. ecimn gano Muoxkeerso W n pyukumn f u g, Takue,
KAK HA TIOCTIeTYIONIEli IHArPAMME, TO CYIIeCTBYET eIMHCTBeHHAS (DY HKIS
h, KOTOpas JelaeT JuarpaMMy KOMMYTaTHBHON; a uMenno, fiw = (fw, gw)
st Kaskaoro w e W

W

R

X G X xY — Y.

Taxum obpazom, mia naannix X u Y dyvuxuus (p, ¢) yHuBepcaibHa cpein
Beex map Gysxmouii, 0Todpakanmx HeKoTopoe MHOKecTE0 B X u B Y,
NOCKOJILKY JioDasi apyras Takas napa (f,g) OQHOZHAUHO nponyckaeTcs
(nocpeacreoMm h) vepes napy (p, q). D10 cBOiiCcTBO ONpeJe/sAeT AeKAPTOBO
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MPOM3BEACHHE eHHCTBEHHBIM 0Dpasom (¢ TOYHOCTLIO 0 Duekin); Ta
JKe JIMarpavMMa B KATEropuu TONOJOFHYeCKAX MPOCTPAHCTB WIH TPYIN
onpejesder TonoJIOrH4YeCKoe NpoH3Be/IHHEe HJW [NPpAMOE [IPDOH3BeIeHHe
rpymm.

;[_I)yI'HM [MIPHMEPOM TAKHX cpoOiicTB YHHBEPCAJIBHOCTH HABIACTCH CO-
npszkeHHocTh. Ecmn hom (W, X)) ofio3nauaer MHomKecTBO BCex (yHKOmil
S W = X ahom((U V), (X,Y)) — muokecreo Beex nap dyHkuumii
f:U = X,g:V =Y, 10 coorsercrene h — (ph,qh} = (f,g),
MNOKA3IAHHOC Ha .Ill')(‘,ﬂbl,’k}'lllﬂﬁ JHarpaMae, sABiraeTcHd 6[1{3Kl[[10ﬁ1

hom (W, X x Y) 2 hom ((W, W), (X, Y)).

D1a OHEKUHA €CTeCTBEHHA B TOM CMbIC/]AE (YTOYHAEMOM HIIKE), 9TO OHA
onpejiensiercs e1uHoo0pazHo s Beex muoxkectB WM Beex nap MHoO-
xeers (X,Y) (I TOYHO Tak JKe €CTECTBEHHA B CAYYA€ TOMOMOIMIECKIX
NpoOCTPAaHCTE  HITH I"[)YTI]'I). S'I’H CCTOCTROHHAS ﬁlrll"KllHil BEKJTIOYACT JBe
TEOPETUKO-MHOYKECTBEHHBIE KOHCTPYKIN: Kouerpykimio W — (W, W),
OTOOPAZKAIONLYIO0 KAXK/I0e MHOKECTBO B JIMArOHAJIBHYI napy AW =
= (W, W), u goucrpyrnmo {X,Y) = X x Y, conocrasisionyo xax-
J00 Nape MHOZKECTB MX JIEKapToBO npou3seienne. Eoim gana onucannas
OMeKIUA, TO MBI FOBOPHM, 4TO KOHeTpykuuda X X Y conpasicena cnpasa
koucrpykinn A, a A conpaxena ciesa nponzseienuio. Kak Mbl yBHIMM,
CONPAMKEHHOCTH BCTPEYAETCS MOBCIOAY B MATEMATHKE.

KoneTpyKins 1eKapToBa MpOM3BEIeHAsT HA3BIBACTCST (PYHKTOPOM, TIO-
CKOJIBKY OHA NPHMEHACTCH K MHOMECTBAM H K (DYHKOHAM MEKILY HUMM;
JeKapTOBBIM npon3seaenneM Apyx dyuakmuit k : X — X' wil: Y = V!
apageres pyHrmus k x [

kxl: XxY X' 'xY', (z,y) > (kx.ly).

OTvernu Takske, 4T0 OAHOTOUCTHOE MAOXKecTBO | = {0} caayxur eaunn-
ueit s onepanul ¢ JIeKapToBO HPOH3BEICHUE» BBHY OHCKIHIT

10, G (B ) (1)

umerommx sug A(0, z) = 2, o{x,0) = z.

Baykuefinyio poin B TCOPHH KaTEropuii Urpaet NOHATHE MOHOHIIA
(momyrpynmer ¢ exuuuieit). Monona M moxkaO onucatTh KaK MHOZKECTBO
M ¢ ppyms OyHKOMAMH

piMxM—aM n:1oM (2)

TAKUMH, 4TO CneJyipe 1HarpaMMbl KOMMYTATHEHDBL:

MxMxMIZEMxM IxMIEEMxM<Lrxi

lﬂxl Jsi JA i ¢ (3)

Mx M —5— M, M = M = M
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aneck 1 B Boipaskenun 1 x g — roxmjaecreennan gpyukipma M ox M, a 1
B BhIpazkenun 1 x M — omHoTOYeuHOe mHOKecTBO 1 = {0}, TOrma kak
Au p — Ouekuuu u3 (1). KoMMyTaTHBHOCTL JHArPAMM O3HAYAET, 4TO
C/IEIYIONINE TPOU3BEICHUs COBIAIAINT:

po(lxp)=po(ux1), pomx1)=2A po(lxn)=oe

DTH AMArPAMMBL MOXKHO HEPEHHCATH € HCHNOIL30BAHNEM IEMEHTOB, 3a-
MUChiBasd, CKaxeMm, (QYHKIHIO (1 Kak npoussejienne jp(a,y) = @y npu
o,y € M u 3amenss GyHKUMIO 77 Ha OLHOTOYEMHOM MHOMKecrpe 1 =
= {0} ee (esmucTRennbM) 3nagennem — smementom 17(0) = u € M. Toraa
NPEIbLAYIHE AHArPaMMbl IPHHUMAOT BUJL

(x, y: 2y —— (r,yz) (Oﬂ,_;.n) — (u,g) (, u) =<— (z,0)
(;;:y, z) e {;}:y)z = -J;(yz]j xr = ur, Tru = xI.

HO.?I)"IaﬁM, HTO 3TH JuarpaMmbl He YTO HHOe, KAK H3IBECTHBIE aKCHOMEI
MOHOHJAA: VMHOMKEHHE B HHX ACCONHATHBHO, a 3JIeMeNT U CIOYVAHAT JIeBOI
u npapoii eaunuiei. Cnpapeiineo 1 0OpaTHOE VTBEPHKICHHE, TOCKOIBKY
e e coobpaxKeHus MOKA3BIBAIOT, KAK MOXKHO BbIPa3uTh ajrebpanveckue
TOKJCCTBA B BUJE KOMMYTATHBHBIX AHATPAMM. DTY TPONEIYPY MOZKHO
NPUMEHATE W K JIDYTHM TOMXKJIECTBAM: HANPHMED, MOMKHO OITHCATL IPYIIITY
kak moHonga M, cHaGwennawlii ¢dyuknmein ¢ : M — M (koHeuHo, 3TO
GyHKIUS & — 7)), 118 KOTOPOit KOMMYTATHEHA (JIe/y FOIIAs THAPAMMA:

M2>MxM MxM o> (z,2) —> (z,2~1)
. ] ] (4)
1 > M O——u = el

Baece 0 : M — M x M — nnaronanenas Gyskups ¢ — (@, z) npux € M,
a GesbiMAHHAs BepTHKAIbHas crpeska M — 1 = {0} — 310 ouesnanasn
(n eauncrsennas) dbyuxkuns us M B oxpoTOdedHOEe MHOKecTBO. Kak
MOKA3AHO HA NPABOil JHarpaMme, ( CONacTABIACT KaXKI0MY IEMEeHTY & €
€ M snement r~!, KOTOPBI ABAACTCA A HENO MPABBIM OOPATHLIM.
Onpejiesiedre rpynnbl NOCPEACTBOM CTPETOK fi,1] U ( B N0I00HBIX
KOMMYTATHBHbBIX JAHAIPDAMMAX HE HCHOIL3YeT HBHO 3JEMEHTOB I'DYIIILL
1 MOTOMY TPUMEHHMO B PasiTHgHbx cuTyaimnax. Eemm 6yksa M obo3na-
HAET TONOJIOIMYECKOE POCTPAHCTBO (& HE IPOCTO MHOKECTBO), IPHYEM
CTPEJIKH — 3TO HelpepbiBHbie oToOpazxKeHus (a He MpocTo QYHKINH), TO
yenosus (3) u (4) onpesensioT TONOMOIHYCCKYIO FPYINY: OHH YTBCPIK-
mator, uto M #ABASETCA TOMOMOTHIECKHM TPOCTPAHCTBOM ¢ OHHADPHOI
onepanuell YMHOKEHHsI [t, KOTOPasi HelpepbiBHA (110 COBOKYITHOCTH ap-
I'VMEHTOB) U UMEeT HeNpepbIBHYIO NPaByio 06paTHYIO ONEpalHio, pHyem
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BBINOJIHEHB! ODbIYHbIE akKcHOMEL rpynnbl. Touno tak ke, ecau bByksa M
oboznauaer auddepennupyevoe MHoroobpasue (kmacca C'°°), mpruem
1 — oanoroyevnoe MHoroodbpasue, a Crpeku p, 1 4 ¢ — riajxue orobpa-
JKeHUsA MEOrooGpasuii, To auarpaMmel (3) 1 (4) ¢cTaHOBATCS ONMpe/IeeHIeM
rpynnet JIn. Takuv obpazom, rpy b, TONOJAOHIECKHE PPYIILL U TPYIIb]
JIM MOKHO ONTACATEH ¢ TOMONIBIO THATPAMM, COOTBETCTREHHO, B KATETOPHAX
MHOMKECTB, TONOJOIHYECKUX npocTpancts u aud pepeniupyemMbix MHOIO-
obpasuit.

Takoe onpejesenne rpynnbl B Kareropud 3asucut (s obpaTHoro
anleMeHTa, B narpavve (4)) oT IHATOHAILHOTO OTOOPAIKEHNS B JIEKAPTOBO
npousseaenne 6 1 M — M x M. Onpegenenue MOHOWIA HocuT Goee 00-
HIHIT XapaKkTep, MOCKONBKY JIeKapTOBO YMHOMKeHNe X B npousseterun M X
x M moxkno 3amennTh m060i Apyroit onepanpeit O oT ABYX nepeMenHbIX,
eCJIH TOTBKO OHA ACCOTHATHBHA M AMeeT enHuny 1, obecnevnBaloniyo
i3oMopdusmbr (1), IMosromy MOMKHO POBOPUTL O MOHOMJAE B CHCTEME
(C, O, 1), rne C — gareropust, [ — Takas onepanns, a 1 — ee eJHHATIA.
Hanpumep. pacemorpum monouis, M s cucreme (Ab, @, Z), rae Ab
KaTeropus abeleBhIX TPYNN, X 3aMeHeHO Ha TeH30pPHOEe TPON3BeIeHHe
abeIeBbLIX IPYINL, & €HHALA 3aMeHeHa Ha Z — a/UIHTHBHYIO UPY Y HEJIbIX
gucen; Toraa (1) npeppaiaercst B u3secTHBIT n3oMopdusm

ZaoX=2X=X®Z, X — abenesa rpynna.

Mpi yreepx1aem, uro monous, M B cucreme (Ab, @, Z) — 310 npocro
Koublo. B camom gene, coorsercrsyoumii mopdusm o M @ M — M
B CHJIY ONPEJISICHHs ONepatnn & asadaerca Guiauneitnoii dynkumeii M x
x M — M, 1 e. gueTpubyTHBEH c/IeBa H CIPABA OTHOCHTENBHO C/IOKEHUH.
Hasosem ero ymuomxenunenm. Mopdmam abenesnix rpynn 1 : Z — M noa-
HOCTBIO OnpeaenseTes BuibopoM oinoro aiementa B rpynne M| a umeino
obpaza u obpasyiomero 1 rpynner Z. Kommyrarupaocts auarpammbr (3)
O3HAYALT, 4TO YMHOMKeHue ;1 B abesaepoii rpynne M accoumaTHBHO, NTPHYEM
U ABIACTCA JEBON U paBoil enauieil, — apyruMu ciosamu, M apasercs
KOuIbLoM (¢ enpnuneii).

(FComo)Mopdmambr anrebpantieckoil CHCTEMBI TAKZKE MOMKHO OTTHCATH
¢ nomompio guarpavmm. Bemuw (M, p,n) n (M’ ', n') — apa mononja,
ONMUCAHHBIX BBIIEIPHBE/CHHBIMU JHArpaMMamMu, TO MOPQM3M 13 neproro
MOHOUJIA BO BTOPOIl MOMKIHO ONpeaesiuTh Kak takyio dyukumio f: M —
— M', 4T0 KOMMYTATHBHBI CIELYIONINE ANArPaMMbI:

M Mx M—=—= ) 1| — =M
]f jfxf J,f ” (5)
M M’ x M' = M’, 1— M.
B repumunax anemenros sto osuauaer, uro f(xy) = (fz)(fy) u fu =

=wu', roe v u ' — egununbl. Takum obpaszom. romomopdusM — 370,
Kak 00bI4HO, (DYHKIMH, cOXpaHsdomas npouspejenue u eaununy. Ecin



16 Beedenue

M ua M" — mononast B cucreme (Ab,@,Z), me. M, M’ — xonsua, 10
OMpeIeTeH b 37ech ToMoMophn3M f — 3T0 B TOYHOCTH MOPGhH3M KOMEL
(coxpansounmi e uHIny).

Haxkowneu, dedicmeue monouga (M, p, n) Ha MHOZKeCTBE S ONpPEAEIAETCH
kak 1akas pyakupua v M x S — S, 4r0 KOMMYTATUBHBL JIBE CIIEYIONIHEe
THATPAMMBL:

.
MxMx8—%Mx8 1xS—MxS$

NN

MxS§—Y 538 S.

Ecan pesyabrar jefictBus a7eMenTa MOHOWAA T Ha 3aeMenT 8 € S 0bo-
3HavaeTcs depes v(x, 8) = -8, TO YKa3aHHbIe AHarpaMMbl O3HAYAIOT, 4TO

z-(y-s)=(xy)-s, u-s=s

npn Beex x,y € M u Beex s € S. Dro ofprunbie dopyyant juis eii-
CTBHAS MOHOH/IA HA MHOXECTBE, 0COOEHHO MHUPOKO H3BECTHRIE 15 CAVUas
IPYTINTHL, AeCTBYOIIEH Ha MHOKECTREE Kak rpynmna npeobpazosannii. Eein
U3 KATErODHH MHOMKECTB Mbl MEpEileM B KATErOPUK) TOMOJIOTHYECKIX
NpocTpaHcTs, TO NOJY'1HM HelpephiBHOe ,_']._EHC"['BHE TONOIOrHYecKoro Mo-
Homaa M ma Tomonormueckom mpoctpancTee S. Ecom ke (M, p,m) —
moHonA B cuctenve (Ab, o, Z). 1o aeiicteue mononaa M wa obbekte S
n3 Kareropun Ab — 310 B TOUHOCTH NeBbIl MOAVIbL S Hag KoabioM M.



I'masa 1

KATEIroPHN, ®YHKTOPLI 1 ECTECTBEHHDLIE
INMPEOBPA3BOBAHNUA

1.1. Axcuombl Kareropuii

Blla'{a.l'[ﬂ MBI OINHUIICM KaTEropmi HemocpeicTBCHHO ¢ NOMOUILIO aK-
CHOM, HE OINHPAHCH HA AKCHOMATHKY TeOpHH MHOMeCTB, H Ha30BEeM HX
MmerakaTeropuaMu. Qjuako Haunem Mbi ¢ Gosee npocToro nonaTus (Mme-
Ta)rpada.

Meimnaepadh skmnovaer B cedbs obsexmut a, b, ¢, ..., empeaxu f, g, h, ...
CHEJYIOIINE JIBe ONepanmnm:

obaacmb, KOTOpas CONOCTABIACT KaKIOH crpenke f obbekr a =
dom f;

koobAaeb, KOTOPas COMOCTABIAST KaxKJoi crpeinke [ obbekt b =
=cod f.

Vaobuee Beero npeacTaBuTh ITH onepanun, u3obpasus f crpeskoii, Ko-
TOpasg HAMHHACTCHA B 007aCTH (HCTOMHHKE, 00IACTH ONPEIe/IeHnd) 0 KOH-
qaercs B Koobuacrn (uenu, obaacTn 3navenuit):

=

fia—=b um a,—fkb.

Torga serko u300pasuTh U KOHEHHBIH rpad. HanpuMmep: - — - — - WIN

Memaxamezopus — 310 MeTarpady, B KOTOPOM HMEIOTCS JIBE JIOMOMHH-
TENBHBIE ONEPAIMH:

edunuye, conocraBisdnlas KaxiaoMy obbexkty a crpeaky id, =
=1,:a—a

KOMNOFUYUA (YMHONCEHUE CMPEAOK), KOTAA KAXKIBIM IBYM CTPEn-
kam (f,g), ama woropeix domg = codf, comnocraBasiercs cTpeska
go f:domf — codg, HaspiBaeMad UX NpouscedeHuem (KOMNO3UYUET).
Takasi onepanus n3obpazkaeTcs Juarpammon

b
V \.'
a4 ——-0C,
gof

B KOTOpOfI npeacraBieHbl BCe YIIOMAHY Thi€ obaacTu onpejaesieHHA 1 3Ha-
qeduit. TH onepalid B MeTakaTeropui noavYHHeHbl CJeiVIOmuM JIBYM
aKCHOMAaM.
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ceony UGHOCTID. b 2
Accoyuamuenoems, s kondurypaipn 00bEKTOB B CIPEIOK

BCEr1A BLINOJHEHO paBEHCTBO

ko(gof)=(kog)of. (1)

S‘Ta AKCHOMa YTBeDIIaeT, 9TO aC(‘.OIIHaTHBHb]ﬁ 38aKOH BBITIOJTHEH 715 OT1e-
pPaln KOMITO3HIIHKM BCeTr /a4, KOUrJIa OHAa UMeeT CMbICTT {T. €. BCerJia, Korjla
Onpejie/IeHbl POR3Be/IeHNs B Kaxk /1011 gactn pasercrsa (1)). B varasHoft
(1’)0]]}1(‘ ATO BLIPpAMKAETCH B KOMMYTATHBEHOCTH i'.'.-'l[‘,ll“p"l{)[l[,(‘l'l JAHarpamMmMbi:

ko(gof)=(kog)ef

Axcuoma eduruum. Tnsa seex crpenok f : a = bung : b = ¢
VMHOMKEHHE Ha eUHHYHYIO cTPeiKy 1 obiajaer esolicTBamin:

lyof=f m goly=g. (2)

Dra akcHoMa VTBEPIKIACT, 4To eJMHu4Has cTpedka 1, aoboro obbekra
b ,.'J,CﬁCTB}'CT KaK eJHHHIA OTHOCHTEALHO OlepalMd YMHOMEeHH:HA, eCiaH
npousseeHne umeer cveica. B Harasaanoil dopme ypasuenns (2) seipa-
HKAOTCH B KOMMYTATHBHOCTH (_’..’IE!,-"I,_‘,’IO!II(".ﬁ JAHATPaMMbIL:

Hawm BeTpernTes MHOMO TAKUX JAMArPAMM, COCTOSIIAX U3 BEPIIMH (MeT-
KAMH [PH KOTOPBIX Ci1y:KatT o00bekTbl Kareropuu) u pebep (rue merkamu
CJIYZKAT CTPesKH TOi ke Kateropun). Takas jparpaMMa KOMMymamueHa,
ecau mobbIe Ba OPHEHTHPOBAHHBIX IYTH MEXLY NPOH3BOILHON napoii
BEPHIMH ¢ U ¢’ J1a10T NPH KOMITO3UINH HX METOK OJHY M TV K€ CTPelKY
13 ¢ B . DPPEeKTHBHOCTL TEOPETUKO-KATEIOPHBIX METOA0B B 3HAYNTC/b-
HOM Mepe OCHOBaWa Ha HATTTATHOCTH TAKAX JHATPAMM, TPeICTaBITIONIHX
JeHCTBHE CTPRJIOK B KOHKPETHBIX CJIyYasx.

Ecau b — obbexr B merakateropun C, TO COOTBETCTBYIOLIAS ©1H-
HHYHan crpenka 1, onpexenserca cpoiicrsamu (2) oanosmauno. Io sroit
MPAYHHe HHOTAA OBIBEAeT yI00HO OTOMKIALCTEATE CTPENKY 1) ¢ 00bexToM b
n 3anncarh b : b — b. Takum oBpazom, B ciydae HeoDXOIMMOCTH MOXKHO
nucarsb 1y = b = idy,.
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Merakareropueit sipisiercs jobast MoJAETL JUIsl TEPEYUCIIEHHBIX aK-
cuoM. [IpumepoM MOMKeT CAVIKHTB Kamez0pus MHONCECME, 00LEeKTaAMH
KOTOPOUH ABJISIOTCHA BCE MHOMKECTBA, & CTPEJKAMU — Bee (DYHKIMH ¢ TOXK-
JIECTBEHHBIME OTOOPAMKEHNAMI B KAYECTBE €JINHNIL 1 ¢ O0BIYHON KOMIO-
suupedi pynkuuii. 3uech «pyukimay o3uauaet pyHKOMIO ¢ 331aHH0iT 00-
nacThio 1 Koobaactbio. Takum obpazom, hyuknus f: X — Y cocrour w3
muoxkecrsa X (obuacrn), mupoxkecrsa Y (kooGnacrn) u npasuia x — fr
(7. €. COOTBETCTBYIONErO MHOMKECTBA YHOPSI0MeHHbIX nap (x, fr)), KoTo-
poe COnoCTaBIsIeT KaxkAOMy snementy » € X mexoropsil atemenr fz €
€ Y. B zarmcumocTn ot yaoberea 3TH 3HAMEHHS OYAYT 3aMHCHIBATHCA KAK
fx, f. nnn f(x). Hanpumep, ansa moboro MHOMKecTBa S 3ammch § — 8
s Beex s € S onuckiBaer moacdecmeennoe omobpasicenue 1g 1 S — S.
Ecan S — mogmuoxkecTBo B Y, TO COOTBETCTBHE 8 — § OIHCBHIBACT TAKIKE
omofpascenue axaonenus A aaoscenun S — Y. D1 orobparkennan
pazauyHbl, 33 ACKIdYeHneM ciaydas S = Y. Ilna gasssix Gyskomii
[: X =Y ug:Y = Z caoncrnaa hyuknpsa go [ : X — Z anpenensercs
Kak g o f(z) = g(fz) npu Beex & € X. Ormernm. 4ro 3amich g o f
o3navacT NpHUMeHernHe CHa'TasIa .f._, MOTOM g — B COOTBETCTBHH C TCM, YITO
dbyvurnus f 3anuceiBaeTcd ciesa oT apryMenta. MHorme apTopbl, 01HAKO,
NPHASPHHBAIOTCH NTPOTHBONOIOMHOTO CONJIalle .

Takum 0Bpaszom, OOLEKTAMH METAKATEIOPHM BCEX MHOMKECTB CIIYKaT
BCE MHOXKECTBA, & CTPeJIKaMH BCe d)yllh'll“]d ¢ 0DLIYHBIM NMpapiionM KoM=
MO3UIHH. AHAIOMHYHO ONPEJIEIHeTCS METAKATErOpHs BCeX PYI: 00bek-
TaMH FABIIAIOTCH BCE IPYIHIBL G., H, K .. . CTPEJIKAMH — BCe Te (1)_\_"HKI].HH

f u3 muokecrea (G B mHOKecTBO H, nma wkotopeix G ENN ABJIACTCH
roMomopdu3MomM rpyni. CymecTByer ¥ MHOTO JPYTHX METAKATETODHIl:
BCE TOMOJOMHYECKHE NPOCTPAHCTBA ¢ HENPEPBIBHBIMH (DYHKIHAMHI B Ka-
HECTBE CTPEJIOK; BCE KOMIAKTHLIC Xay¢/10p¢OBLI MPOCTPANCTBA ¢ TEMU JKe
CTPETKAMA, BCE OKOMBIIOBAHALIE TTPOCTPAHCTEBA C X MOpd’JH?&[a}Tﬁ H T.0.
CTpesiKi METAKATEropHH YaCTO HA3bIBAIOT ee Mopdusmamit.

nOCKO.'II:K}' 06’]:{.‘-K'|"bl METAKATEIOPHH B TOYHOCTH COOTBETCTBRYIOT ee
eJIMHUYHBIM CTPEJIKaM, TO TeXHHYeCKH BO3MOXKHO ofoiiTuch Boobiie 6e3
Gﬁ'hPK'I'()B H ]')ﬂﬁl:l'l'a"[‘b TONBKO CO CTPeJIKAMHA. Memawameeop?m cmpeLor Lﬂ‘
COCTOUT M3 CTPEIIOK, HEKOTOPBIX MEPEeMHOMACMBIX YIOPSJI0UCHHBIX ap
(g, f} » onepaunun, Koropas conocrapiser KaxAoi takoi nape (g, f)
CTPEJIKY ¢ o f, Ha3bIBAEMYIO ee MPOU3BEeICHHEM IiN KoMmnosuuueii. Eciu
(y,f} ﬂel)el\u‘lﬂo}i\'ael\u[ﬂﬁ I]ﬂpa-, TO Mbl I'OBOI)HM '1'1'(1]()!(9: 1o <g, f) ﬂ[II)P"
JIeTTEHO.

Oupenenum edunuuy v C' kak Takyio crpesky u, 4ro fou = [, ecan
TOJIBKO ONPEIesieHo fou, H %0 g = ¢, eCIH TOJIbKO OIPEIEIeHD U o g.
,:I,aJI(_'!(;?,_ I'IU"I"[J{_‘.G)'L’M BLINOJIHEHW A CAeAYHIOIINX aKCHOM:

1) pouseenenne (k o g) o f onpesneneHo, eciin W TOJIBKO €C/TH OTPe-
Jeaero npouseeaenne ko (go f). Ecan onn onpejenens, T0 OHH PaBHBI
MexkLy coboii (1 310 mpoiinee npouseedenue 3anucoiBaercs Kak kgf).

2) Tpoiinoe npouseeienne kg onpeaeieno Beeria, Koraa onpeieneHb
nponseeaennsa kg u gf.

3) st kask10it erpesiky ¢ B C' eyIIECTBYIOT TAKHE €JMHAHBIE CTPETKH
unu BC,uro onpenenenst u' o g u gou.
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C yueroMm sIBHOTO OOPEIEJICHHs eIHHHIHBIX CTPeOK, JAHHOIO Bbi-
1€, MOCTEIHAA AKCHOMA OKA3BIBAETCS JOCTATOYHO MONIHOM: CTPENTKH U
o B akcuome (3) eAHHCTBEHHDBI, & KaxiJ1oil CTpeKe g conocTaB/isaercs
KoOOAacTh ¢ M 067acTh 1. DTH aKCHOMBI PABHOCIIBLHEI MPEILIVIHM.
Muenno, ecin jlana MerakaTeropus ¢ oDbeKTAMU W CTPRJIKAMH, TO ee
CTPETKH ¢ OOBIYHOI KOMITOBNINE VI0BIETROPSIOT AKCHOMAM TOIBKO JIIst
crpeiok. OOparHo, METAKATeropus TOJILKO H3 CTPEIOK YJIOBJIETBOPSET
AKCHOMaM MeTAaKATeropuH ¢ OOBEKTAMH M CTPEJTKAMH, CTH 00beKTaMn
CUMTAIOTCH ONpeeIeHHble Bhile eauananbe crpeakn. (Jokasarenserso
MPEIOCTABIACTCS YNTATETIO B KAYECTRE YIPAYKHEHNS!. )

1.2, Kareropuu

Kareropnst (B ommune or MeTakareropnn) OyaeT 03HAYATH JOOYVIO
TEOPeTHKO-MHOMECTBCHHY IO MOJIRJL 18 AKCHOM KATETOPHHA. n(lH('.IIHM ATO
noapobree. Hanpasaennuiti 2pa (ero HasblBAOT TaK/Ke JHArPAMMHOIN
cxemofl) — 310 MHOKecTBO 00bekToB (O, MHOMKecTEO crpesiok A u jape
bYHKIHNT

dom

A—=0. (1)
cod

Yunoxenue B aroM rpade onpeaeseHo s 1ap CTPeIoK H3 MHOXKerTBA
AxoA={(g.f)lg. f€A u domg=codf},

HA3LIBAEMOI'O pouseesenneM Hal, O.
Kamezopus — 510 rpad ¢ AByMs JONOJHUTEbHBIMU DY HKIHAMA

0—ds 4, AxoAd——A4, @
¢ —sid,, (g, f)—=go .

KOTOpPbIE Ha3bIBAIOTCH eWHHIEH M KOMIIO3UIIHEl WIH YMHOMKeHHeM (1o-
caeanee 3anucnisaior rakke ¢ f). Tpu arom s seex obbexros a € O
W BCEX NepeMHOXKaeMbIx map crpenok (g.f) € A x pA cnpaseanmusbr
paBencTBa

dom (ida) = a = cod (ida), dom (go f) = dom f, cod (go f) =codyg (3)

H BRITOIHAIOTCSA AKCHOMBI acconpaTiBHocTi 0 eguanist (1.1) u (1.2). Ipn
paccmorpennn kareropun C' Mbl gacto Oy/em onyckarh OVKEbl A n O,
3aluChLIBas

ceC, fsC (4)

B cMbiciie «¢ — 00bextT B C» u «f — crpenxa B C'» COOTBETCTBEHHO.
MuoxkecTBo erpesiok u3 b B ¢ Hyaer obo3HauaThCS

hom (b, ¢) = {f|f 8 C, dom f =b, cod f = ¢}. (5)
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Kareropun MOMKHO ONPEIETHTL W HEOCPEICTBEHHO B TEPMUHAX KOMIIO-
3unpn B 3TX hom-yuoxkectsax (ev. mmske § 1.8). Mur atoro He aemaem,
TAK Kak Hac DOJIbIe HHTEPECYIOT He MHOKeCTBa (KATeropusi J0CTATOYHO
4aCTHOIO BH/A), & AKCHOMBI, CTPEJIKH M AnarpaMMbl. Ilo3yke Mbl YBHIHM,
YTO HALLE ONPEIeJIeHHe KATErOpHN PABHOCHILHO VTBEPAKJIEHHIO, YTO Ka-
TEropsa — 3TO MOHOH] OTHOCHTEIBHO TIPOH3BEICHNA X (onpeaenreHue
JaHO BO BBeJeHUH). PaceMoTpHM psl IPHMEPOB:

0— mycras KaTeropms (['l(-‘."[" HH Uﬁ’])(‘.KTUH, HH ('.’I‘I)I'._‘.TI{)K);

1 — kaTeropus ¢ oJiHUM OGBEKTOM ¥ OHOIT (e TMHIYHOI) cTpenKoil;

2 — Kareropus ¢ AyM# oObeKTaMHu @, b M 0IHON Hee nHn4IHOIl cTpe-
Koit a — by

3 — kareropmsa ¢ TpeMms 00BLEKTAMH, IPHYEM HEeANHHIHBIE CTPEJTKH

06pasyior TpeyroabHuk A\ ;
. —

H KATEropus ¢ AByM#a oObexkrtamu a,b v AByMs HEeeIHHUTHBIMA
crpenkaMn a — b. Takne cTpesiki Mbl HAZBIBAEM NAPGAALABHDLMU.

Bo Bcex nepedncieHHBIX CIydasgx KOMIO3HIMS ONpeIessaeTcs eIuH-
CTBEHHBIM 00Pa30OM.

Huecxpemune samezopuu. Kareropus duckpemua, eciim Bee CTPeTKA —
eanHIYHEBIE, Kaxka0e MHOKecTBO X ABIAETCS MHOMKECTBOM 0OBEKTOB JIHC-
Kpernoil kareropuu. JdefictBureibno, MOXKHO BBECTH 1O 0JIHOR ¢ InHHYHO
crpenke £ — x ans kaxaoro x € X. Kazmasi anckperrHas kateropus
O/IHO3HAYHO OTPEIeIACTCs MHOKECTBOM CBONX 00bekToB. Taknm obpasom,
JUCKPETHBIE KATENOPHH — 3TO, 110 CYIIECTBY, MHOMKECTRE.

Monoudu. Monows, — 310 kareropus ¢ oanum obbexrom. Kaxk caen-
CTBUE, MOHOM/ ONPEIeTaeTcss MHOKECTBOM CBOHX CTDETOK, €THHWIHOL
CTPEJIKOM 1 npasuaoM KoMnosuupn crpeiok. Hockoibry npoussejienue
onpejeneHo s aioboli napbl CTPeIoK, TO MOHOW/ MOMKHO OIHCATH Kak
maozkecTeo M ¢ Gunapnoit onepanneit M x M — M, acconmarnsoii
n uMeromeil eguanmy. Takum obpazoM, MOHOWT TO e CaMoe, [T
noayrpyrnmna c E‘.,"],l‘l[l}'ll.l(‘.ﬁ. ,:l.i'lﬂ moboii KaTeropun C n a0boro ofrbekTa
a € C' muokecTRO hom (4, a) Beex CTPenoK a — a ARISETCs MOHOWIOM.

I'pynnw. I'pynna — 310 KaTeropusd ¢ OJHUM OOBEKTOM, B KOTOPOil
Jll{)(}}]_'ﬂ CTPeINKS uMeeT (H’LByl.'TO[J()H]IIUi{)] ()ﬁ]}a'l'l-[}’l(} OTHOCHTEJALHO KOMITO-
3UIIAH.

Mampuyw. Ana modoro KOMMYTATHBHOTO Kombna K 1) muomecTBO
Matr e Beex npsaMoyrojibHbeix MaTpuiL ¢ Koadduumnenramu uz K sipasnercs
KaTeropueir; ee o0beKTaMn SBAAITCA BCE HATYPAJIBHBIE SGHCITA 1,71, . . .,
a Kaxzasa m X n-Marpuua A paccMarpHuBaeTcs Kak crpenxa A :n — m,
[ U6bI‘-IIIhIB-I VMHOMECHHENM MATPHIL B Ka4UCCTBe KOMITO3MITHH.

Muyoxceemesa. Ecim V7 — nekoropoe cemeiicrzo mnoxects, o Ensy
Oyaer O3HaYaTh KATeTOpHIO, OOBEKTHI KOTOPOH — BCe MHOXKecTBa X €

!)B kuure Bce Koabla NPeAoIaraloTCs acCOUMATHBHBIMU M COACDAKALLHMH
eAMHAIHLIA 3neMenT. B 3ToM nprmMepe TpeGOBARAE KOMMYTATHBHOCTH KOTBIA
K soxkno onyctuts. [pum. ped. nep.
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€ V., a crpeinku ace ynxuan f @ X = Y ¢ oDblvMHBIM NpaBHIIOM
kommnozuimi, [lTog Ens 6yaem moanmars miobyio 13 Takux KaTeropuit.

Hpednopadku. 1loa npenopa koM Mbl HOHHMAaeM KaTeropuio P, B Ko-
TOpOit s mo0BIX aHnbix o0bekTos p,p’ cymecTsyer He Gosee 0aHOI
crpeaxu p — p'. B mobos npeanopsaike PP MOXKHO OHpeieinTh DHHapHoe
oTHONIeHHE < HA ero 00beKTaX TAKHM 0bpazoM, uTo p < p', ecin i TOIhKO
ecit B P eymecrsyer crpeska p —+ p'. D91o Ounaproe orHomenne ped-
JEKCHBHO (MOCKOJIBKY /LSt KAZKI0TO P MMEETCH €MHUYHAS CTPeNKa P —
— P) H TPAH3HTHBHO (OCKOJILKY CTPEIKH MOYKHO NEPEeMHOMKATE). Taxium
00pazoM, TPEANOPAIOK — 3TO MHOMKECTRO OOBLEKTOR, HazenenHoe ped-
JIEKCHBHBIM 1 TPAH3HTUBHBIM OHHapHBIM OTHOmeHneM. OOpatHo, 000
MHOZKECTBO P € TAKHM OTHONIEHHEM ONPeeaeT MPeAnopsaa0K, B KOTOPOM
crpeaku p — p' — 3TO B TOYHOCTH T€ ynopaaouenuuie mapot (p,p'),
s koroperx p £ p'. Tlockonsky oTHonrenne TPaN3HTHBHO, TO WMEQTCH
€JIMHCTBEHHBIN ¢Nocod NMepeMHOXKEeHHsI 3THX CTPEJIOK; pedleKCHBHOCTD
oDecreHBaeT HAJIHIHe eJIHHHTHBIX CTPEI0K.

B iesio npeanopagkos BXOIAT YacmuMtve nopadni, T. €. Mpeanopsi-
KH C JONMOMHATeILALM TpeGosammes, 910 w3 p < p' n p' < p Boitekaer
p = p', n aunetinve nopadku, T.e. NPEANOPSIKHA, B KOTOPBIX JIs1 JIOOBIX
pup ombo p £ p', mbo p' < p.

Hopadkosne wucaa. Byaem pacemaTpuBars Kask /bt opaunas (nopsii-
KOBOEe ‘ll‘ll"..'l(]] 71 Kak JIMHeiino YHopaaovieHHoe MHOMKeCTBO BCeX npeiaie-
creyomnx opausanos: n = {0,1,...,n — 1}; B ygacruocru, 0 obo3na-
Haer nycroe MHOMKEeCTBO, a IICI}BbI}l"I DecKkone b OpJAHHAT PaBeH w =
= {0,1.2,...}. Kaxapiii opaunain n aupeliHo yOOPs04€H H HOTOMY
apasgercs Kateropueii (npeanopsiakosm). Hanpumep, kareropun 1, 2 u 3,
MePednCIeHHBIe BhINe, SBIAIOTCS MPeIIIOPAIKAME, KOTOPBIE COOTBeTCTBY-
107 (mueiino ynopsaotenasiM) opaudaiam 1, 2 u 3. JdpyruM npumepoum
CJIyRUT AuHeitabit nopsaaok w. Kak kateropus OH COCTOHT U3 CTPEIOK

0=1=22=23—>...,

HX BCEBOBMOMKHBIX TTPOM3BEJACHUIT M €JIMHHYHBIX CTPEJOK LIS KazK/I10ro
obbeKTa.

B KATETOPHH .’A 061)(‘.’.[(’[‘35‘1" ABJTHIOTCA BCE KOHEYHLIE ODIHHAJBL,
a crpenkavu f @ m — n — Bee (OYHKUEH, COXPAHSAIONAE MOPAIOK (13
i < j B m Boirekaer f; < f; B n). 91a Kareropus A, KOTOPYIO MHOIIA
HA3BIBAIOT CUMTNAUYUCALHOU, HTPALT BAZKHEIINYIO poinb (M. L 7).

B xareropun Finord = Set, ofbexkramu apiasnorcs Bee KOHEUHDIC
OPJAMHATBI N, a crpenkamn f @ m — n — Bce pyarnun w3 m B n. Ilo
CYHIECTBY 9TO KATETOPHS BCEX KOHETHBIX MHOKECTB, B KOTOPOil B3ATO 110
OJIHOMY KOHEYHOMY MHOZKECTBY JUISl KayK 10/ KOHEYHOH MOLIHOCTH N.

SU..'T.?JUHLE Kame20pu. B JONOTHEHHE K METAKATEroOpHH BCEX MHO-
JKECTB — KOTOPas He ABJISeTCS MHOKECTBOM — MbI XOTHM BBECTH I KATErO-
puto Set Beex aaana Muoxkects ') . TTyers nMeercs 10CTaTrouHo GoTbIoe
muoxecrso U («yvmupepcym»). Byaem cumrarh MHOMECTBO & MAJIbIM,

') Macro ncnosnpsyercs Takxe obosnauenne Sets. Tpum. ped. nep.
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eciii OHO gBjgeTcd jieMentom yuueepeyma. [Tycers Set KATerOpHs,
MHOZKECTBOM O0bEKTOB KOTOPOH CIIYKHT 3TAa COBOKYMHOCTE U/ BCEX MAJTbIX
MHOMKECTE, & CTpeJikaMH — BCe d)}'ILKIJ,H}I H3 OJHOIO MaJ0ro MHOXKEeCTBA
B apyroe. Ilo arofi cxeme (moapoGuoctu oM. Huxe B § 1.7) crpostca
H Apyrue H3BeCTHLIE 60J'lh[lﬂ!f-' KaTeropuH, a HMeHHo:

Set: O6nberTEI — BCe MATBIE MHOMKECTBA; CTPEIKH — BCe (DYHKINT
MEZKY HUMH.

Set.: Muomectsa ¢ ormedeHnoit Toukoil. QO6beKTb — MAIBIE MHO-
HecTsa, B Kaxm/J10M H3 KOTOPEIX OTMe'UeHa TOYMKa, CTPeIKH Cl]_\_;'l—[]\'ll,}ilrl.l
COXPAHSIONIHE OTMEYEHHYIO TOYKY.

Ens: Kareropua seex muozkecrs u pyHKUM BHYTpU (IepeMeHHOro)
cemeficra V.

Cat: ObnekTo BCE MAJILIC KATETOPHH] CTPEIKH Bee (pYyHKTOPDI
(cm. § 1.3).

Mon: OOLeKThI — BCE MAJBIe MOHOWJILI, CTPEJIKH — BCe MOP(U3MbI
MOHOH/IOB.

Grp: OBLeKTb — BCE MAJNBIE TPYONLE CTPEIKH — Bee MOPQH3IMB
TPy,

Ab: Ob6npextel — Bee vansie (agguTuBubie) abeaesnl rpynbl, © X
Mophuzmamu.

Rng: Bee manbie koibna, ¢ vopdmiamavmu kosen (CoXpaHsionmm
eMHIILY) MEeXKY HHMH 1)

CRng: Bee Mannie KOMMYTATHBHBIC KOJILLUA U HX MOP(HIMDBI ?).

R-Mod: Bee manbie JeBble MOAYIH HAJ KOMBIOM [? M AX JiHHeliHbIe
orobpaskenns ) .

Mod-R: Massie npasbre R-moyam 4) .

K-Mod: MaJibie MOAYIH HaJI KOMMYTATHBHBIM KOJIbIOM K.

Top: Masbie TOMONOTHYECKHE MPOCTPAHCTEA W HETIPEPBIBHBLIE 0TOGDA-
HEHHHA.

Toph: Tononoruieckne NpoOCTPAHCTBA ¢ KIACCAMH FOMOTOMHBIX 0T0G-
paykeHuil B KAYeCTBE CTPEJIOK.

Top,: Toonorn4eckne NPOCTPAHCTBA ¢ OTMEYEHHOI TOYKOIT 1 HENpe-
PhIBHBIE ()’!‘uﬁpammum, COXPAaHAIINEe OTMEYEHHY 0 TOYKY.

Hazpanme Toit mam uHOl Kareropuu Beerga Ovaer (Kak Bblle) Bbl-
JACTATHCA AHPHBIM IIIDH[’l’)TOM, Muorne ABTOPLI obo3navaloT KaTeropHu
3arvIaBHBIMH PYKOIMHCHBIMH Oy KBaMH.

1.3. ®yHKTODHI

Dynwmopom nazsisaercsi Mopdusm kareropuii. Bosee noapotno, ecin
umeores kareropun C' u B, 1o ¢yuxrop T : € = B ¢ obnacreio ¢
1 KoobaacTeio B coctouT w3 IByX B3auMocBssanHbix yuknmit: dhynmyuu
obsexmos 1', KoTopas KaxaoMy o0beKTy ¢ u3 C' conocrasiaser o6berT 1'c

) Jacro nenonnsyercs taxske obosnauenue Ass. [Tpua. ped. nep.

%) Yacto ncnomsayerca takxke obosuatenne Comm. — [Tpuat. ped. nep.
3 Yacro nenonpsyveres: Takxe obospagenne g M, g M. ITpum. ped. nep.
) Jacro ncnonbsyiores Takxe obosHadenns Mp, Mg, [pum. ped. nep.
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uz B, u dynxuuu empeaor (raroke oboznaquaemoil T'), Kotopas KaskIoi
crpeake f : ¢ = ¢ n3 C conocrasasier crpenky 1'f : Te — T'd uz B,
npuyem

T(1e) =1re,  T(gof)=TgeTf (1)

(IIUCJIL‘.,H,.II(_‘C pPaBeHCTBO NOJIHKHO BLINOJTHATLCA BCHKMI pa3. Korjad KOMIo3Ix-
uus go [ onpenenena B C'). Moxno onucars hyHKTOD, KAK U KATEropHio,
NOAB3YHCH OJHHMH cTpeskamu: 310 (hyukuua 1. kotopas crpeikaM f
u3 C conocragasier crpenxku T f uz B, nepesonT KaxkKayio eInHuny u3
C B epunniy w3 B, a kaxkiyio nepemuoxkaemyio napy (g, f) n3 C
B nepemuokaemyto napy (1'g, T f) w3 B, npuaem Tgo T'f =T(go f).

[Ipocrsiv npumepoM cayxur Gynxrop crenenn muoxecrs P : Set —
— Set. Ero dyukima o0beKTOB CONOCTABIAST KAMXKIOMY MHOMKeCTBY X
MHOXKeCTBO-CTeNneHb ‘P_X, WIEMEeHTAMH KOTOPOro ABAATCS BCe NOJAMHO-
wecta S C X; ero dyrkuus crpenok conocrasasier pyuknmn f 1 X — Y
orobpaxenue Pf : PX — PY | koropoe nepeBoiuT Kaz10e NOAMHOMKE-
creo S € X B ero obpas fS C VY. Tak xak P(lx) = lpx n P(go f) =
=PgoPf, 1o, ouesuano, Mel onpeaeawnd gynkrop P : Set — Set.

DYHKTOPBT BIEPBBIE TIOABWIHCH B IBHOM BHJIE B anredpanydecKoil To-
NOAOIHM, TJ€ OHH eCTeCTBCHHO BOJHHKAIOT NPH ONUCAHUHM FeoMerpH4e-
CKHX CBOHCTB MOCpeacTBOM ajrebpantdeckux nusapuantos. Hanpumep,
CHHTYISPHAA POMOJIOrHS B JAHHOI pazmepHocTn 1 (rae 7 — HaTypadis-
HOe YHCI0) COMOCTABIAET KAZKIOMY TONOIOTHYECKOMY IPOCTPAHCTBY X
abenesy rpynny H,(X), T e. n-10 rpynny romonaoruii npocrpancrea X,
a KayK/JIOMY HEIPEPLIBHOMY OTOOPAaXKEHHIO TONQJIOrHYECKHX [IPOCTPAHCTB
f: X =Y — coorsercreyiomnii romomopcuam rpynn H,(f) : H,(X) —
— H,(Y'), npuuem H,, oxassisaercs dbynkropom Top — Ab. Hanpumep,
eciu X =Y = ST — okpyxuocth, 1o Hy (S1) = Z, n romoMopdusn rpynn
Hy(f) : Z = Z onpenensiercs uestbiv mneson d (06pasom eauiuigp); 310
YHCJI0 — ODBIMHAsA CcTeneHb HenpepbiBHoro orobpaxenns f : X — Y,
B pannom cayuae (kak u B o6mes) romoronnsie orobpaskenus f,g: X —
— Y pamor oama u toT ke romomopdusm H,(X) — H,(Y), Tak 49to
H, B 1eficTBHTENLHOCTH MOYKHO paccmaTpusaTh Kak ¢pyakrop Toph —
— Grp, onpenenennslil Ha KATETOPHH FOMOTONHIT. AKCHOMBI TOMOJOTHH
Ditnenbepra—Crunposa naaunaiores ¢ yreepxiaennd, 4ro H, npu kax-
JIOM HATYDPAJTbHOM n ABagercs ¢pyHKkToporm Ha Toph, n comep:kaT HEKOTO-
phIe JIONOIHATEIBHBIE CRoiicTBA Taknx (qyHkTopon. Co3anibe nozaHee
TEOPHH MCKJIOYUTEIbHBIX MOMOMOIHHA U KOrOMOJIOIU TOMKE UMEIOT [1eJi0
¢ dpyngropavm wa Toph. I'pynust romoronmit 7, (X)) npocrpancrsa X
TAKIKE MOXMKHO PACCMATPHBATH Kak (GyHKTOPbI. Tak Kak OHM 3aBHCAT OT
BbIGOpa HAYA/IbHOIN TOYKH B X, TO IPYNIbl TOMOTONHKI ABASIOTCH QYHK-
topamu Toph, — Grp. OcnoBaas Hjaes IpH HCHOAL30BaHHH (QYHKTOPOB
B TOMOJOTHH COCTOWT B TOM, wrto H, win x, aaer anrebpanmtiecKyio
KAPTHHY WiH 00pa3 He TOJBKO TONOJOIHYECKUX [IPOCTPAHCTB, HO U BCEX
HENPEPBIBHBIX OTOOPAYKEHHIT MEH Iy HHUMH.

QyHKTOPLI ECTECTBEHHEIM 00Pa30M BO3HIKAIOT 1 B aarebpe. s mo-
6010 KOMMYTATUBHOTO KOIBIA [ MHOMKECTBO BCEX HEBBIDOMKICHHBIX 1 X fi-
marpuil ¢ Kosgunpentamu n3z K coctaisier moaHyo IMHeHHYIO TPYIIy
GL, (K); nanee, kaxapiii romomopdusm kosen, f : K — K' ouesnanbiv
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obpazom noposxaaer romomopdusm rpynn GL, (K) — GL, (K'). Tem ca-
MBIM JIJISI BCAKOTO HATYPATLHOTO n onpejene ¢pyakrop GL, : CRng —
— Grp. Jnd kaxaoi rpynibl G MHOXKECTBO BCEX MPOM3BEIEHIIT KOMMY-
taropos xyx 'y '(x,y € G) asaserca nopmaabuoit noarpynnoii [G, G|
B (G U HAZLIBACTCH KOMMYMALIMOM WIH RoMmmymamopiot nodzpynnoi.
[Nockombky m0boit romovopdmam rpynn G — H 1nepesoiuT KOMMYyTaTO-
pPbl B KOMMYTATOPbBI, TO conoctapienue G — [G,G] onpenenser oyesu-
Helit hyakrop Grp — Ab, a nmenno hakTopn3aNpo M0 KOMMYTAHTY.
Bamerum, ognaxo, yro uenrp Z(G) rpynust G (Bee @ € G rtakue, 4ro
ar = ra OpH BCeX ) He onpeeaseT noaobusiv odpazom dpyukTop Grp —
— Grp, nockonsky romMoMopdusm G — H MOMKET NepeBecTH 37eMeHT 13
ueHTpa rpynnbl G B 37eMeHT, He MpUHaIeKAIni nesTpy rpynms 1.
q).\-"lIK'T{'}ip.| KOTOpLIP“I IpocTO «3?].6]:1!3&(.."1‘» HACTHYHO HJIH IIOMHOCTLIO
CTPYKTYPY anrebpantieckoro o0beKTa, 0DLITH0 HAIBIBACTCA 3a0LIBAIOIITIM
(mnm ctuparommm) gyaxropou. Tak, 3abematomuii hysrop U : Grp —
— Set conocrasaser kaxaoit rpynne G MHOKecTBO ee anementTos UG
(300bIBaA YMHOKCHEE M TEM CAMBIM — FPYIIOBYE) CTPYKTVPY), 8 Ka¥K-
gomy mopdmamy rpynn f : G — G' conocTapnseT To e oTOOpAKeHHE,
paccMaTpHBaeMoe Kak oTobpaskeHne MHoOecTB. 3abpiBarominii pyHKETOD
U/ : Rng — Ab conocrap/isieT KaKJIoMy KObIly ero aJiiTHBHYI0 abeneBy
rpynny, a Kaxmaomy mopdusmy wkomen f @ B — R TO JKe camoe
UT‘(]SP&IH((‘[]HC, paccMaTpHBaAEMOE KakK MUp(i)H.'iM AJJIMTHBHLIX TPy,
DYHKTOPBI MOYKHO MEPEMHOMKATE. A MMEHHO, eCTH JaHb! (DYHKTOPHI

cHBSA
mezky kareropusavu A, B u C, 10 cioxkubie ynkimm
c— S(Te) uw fre S(TF)

or obbektos ¢ u crpenok [ kareropun C onpesensior  (hyHrTOp
SoT :(C — A, xoropbiit Ha3bIBAETCH KOMNO3UYUel NI NPOU36edeHUEM
S n T (8 rakom nopsaxe). Takas xomnozunms accouparussa. Lins
Kazk10it Kareropun B cymecTeyer TOmIecTBeHHBINH GyuRTOp I 1 B —
— B, KOTopbiil AeficTBYeT KaK eQMHHIA OTHOCHTEILHO 9TOH KOMIIOZHITHH.
Taxum 06pazon, Mbl MOXKEM FOBOPUTH O METAKATErOPHH BCEX KATETOpHIl:

ee ODBLEKTAMM SIBJAIOTCH BCE KATEIOPHM, & CTPEIKH Bee (hyHKTOPBI
¢ ONHCAHHON KOMTO3WINed., AHAJTOrAYHO, MBI MOMeM o00pa3oBaTh
kareropnio Cat Beex MajbIXx Kareropwii — HO He KATENOPHIO BCex
KaTeropHii.

Haomopdusm xareropuii T : €' — B — aro dynuxrop T w3z C' s B, ko-
TOpHI ABIAeTCA OHeKInell Kak Ha 00beKTax, Tak W Ha cTpeakax. VIrsmvim
ciosamu, pyarrop T : C' — B asnserca uzoMopdu3Mom, el 1 TOILKO
ecin cyiecrsyer pyagrop S : B — C, a5 KoToporo oba npousseiesns
SoT u T e S apagaorTca TOXKJACCTBEHHBIME (DYHKTOPAME; B 9TOM ClIyUae
S — deycmoponnui obpamumii byuxrop S =T,

OKazKyTest NOJNE3HbIMU H HEKOTOPbIE cBOfCTBa, ropa3io bosee ciabbie,
qem u30Mopdu3M.
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Dyukrop T': €' — B nazwisaercs noanwsts (full), ecnn pna kaskuoit
napbl ¢, ¢’ 06bexToB 13 C 1 Kaxoil crpenkn g : T'e — T'¢’ n3 B naiizercsa
crpeqka f e = ¢ B C. g koropoit g = T f. fAcno, 410 KOMIO3UIHS
JIBYX NOJIHBIX (DYHKTOPOB ABJIAETCH MOMHBIM (DYHKTOPOM.

(I).\f' HKTOP HA3LIBAETCH YHUGAACHITHBM WITH 6A0HCEHUEM, €CITH L5 JTH-
6oit mapet ¢, ¢’ obwverTor 13 C 1 moGoit napannensHoit napst fi, fo e — ¢
crpenok B C' w3 pasgencrsa 1 fi =T fo : Te — T caenyer fi = fo. llpn
ITOM KOMIIO3MIMS YHUBAJEHTHLIX YHKTOPOB yHuBajentTHa. Hanpumep,
gabpmaonwii pyvukrop Grp — Set yuusasenTen., Ho He MOJA0OH M HE
ABNsAeTCs Oneknneil Ha obbeKTax.

SDTH ABA CBOHCTBA MOKHO CAEIMATH HANIAIHBIME ¢ nomombio hom-
muozxecrs (eM. (2.5)). na pannoii napst odbexron ¢, ¢’ € C' dbyukuna
crpeaok dynkropa T : C' — B conocrasasier kaz<io0ii crpeake [ ¢ — ¢
crpeary I'f : Te — T'¢ u Tem caMpiM onpeaenser (DyHKIHIO

Tee hom (e, ¢') = hom (Te, Te'), [+~ TFf.

Oyukrop T noson, Korja Kaxias Takas (GYHKIHA CIOPbEKTHBHA, H YHH-
BAJIEHTEH, KOIJA Kailas Takasd (PYHKIM: B3aHMHO ofHO3Hauna. Ecau
dyurTOp W MONOH, U yHuHBaJgeHTeH (T.e. BnomgHe yuusasjenten — fully
faithful), To aru pyuxumun aprgores dueknuavu, 1o cam (hYHKTOP MOKET
u He ObITh M30MOpPGhU3IMOM KaTeropuil, NOCKOIBKY B KaTeropuu B moryt
naifituen 00LeKTLL, He npuHanexaimne obpasy dynxropa T

Hodkameeopusa S xareropuu ' — 3T0 COBOKYITHOCTH HEKOTOPBIX 06b-
ekToB K crpenok n3 €', Koropasi BMecTe ¢ Kax10il crpenkoil f Briovaer
obbexTol dom f u cod f, BMecTe ¢ KambiM OOBEKTOM § — €10 €JMHHYHYIO
crpeiiky lg, a BMecTe ¢ Kaxioil napofl NepeMHOMKAEMbIX CTPEJIoK § —
- & = ¢ nX KOMTO3uIW©. [Ipm 3THX yCIoBHAX COBOKYIHOCTE
OOBEKTOB U CTPEJIOK COCTABIAET HEKOTOPYIo Kareropuio S. Jlanee, otob-
pazkeHue BioxeHns (Briaodenns) S — C, coOnOCTaB/IHIOIIEE KazK bl
ofbeKT ¥ Kazkyto crpesky n3 S camum cebe (B C), asnsercs pyHKTOPOM,
a uMeHto dynxmopom eaoocenus. ITor QYHKTOD BIOKEHHS ABTOMATH-
YeCKH OKA3bIBAETCH YHHBAJEHTHBIM, EC/IN OH MOJI0H, TO MBI FTOBOPHM, YTO
S — noanas nodkamezopus B C'. Ecim nana kareropus C, 1o noiHas no-
KATErOPH:A ONPEIENAeTCa YEAZAHAEM MHOXKECTBA, ee 00BeKTOB, ITOCKOIBKY
CTPEJIKH MEXKLY JBYM#A M3 3THX 00beKkToB 8,8 ITO BCEBO3MOYKHbLIE
mopduzmbr s — s’ B C. Hanpumep, kareropns Set; Bcex KOHEYHBIX
MHOKECTB 9BJIACTCH NOJTHON ogKaTeropueit B Set.

VYopaxkueHns

1. ITokaxxnTe, 4T0 KazKIas U3 CIEIVIOIHRX KOHCTPYKIMIT MOKET paccMaTpH-
BaThCA Kak (GDyHKTOD: 1H0Je HaCTHBIX LEeJ0CTHOrO Kovibua; anrebpa JIn rpynms
Jm.

2. Iokaxure, yro pyukropst 1 = C, 2 =+ C u 3 — C cooTBeTCIBYIOT
ofpexTam, CTpesIKaM M MePeMHOKAeMBIM napaM crpeox B C.

3. Hurepuperupyiire nodsitue (hyHKTOpa B CASAYIONIMX HACTHBIX CJyvasx
Kareropuit: a) QYHKTOp MEAAY ABYMH HNPEAHOPHIKAMH — 9TO0 MOHOTOHHAS
dyrkmna T (1. e. m3 p < p' caeayer T'p € Tp'); 6) byuxrop Mexay agyma rpym-
namu (Kak KareropusiMm ¢ OaHUM 00beKTOM) — 9T0 MOpdHU3M rpyum; ¢) ecam
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G — rpymma, To dyurTop ¢ — Set — 9T0 ee NPEACTABICHHE MEPECTAHOBKAMIM,
rorga kax gpyakrop G — Matry — npeactasnenne rpynmnsl (G MATPHITANMHE.

4. Hokamure, aro #e cyuecrsyer dpyuxropa Grp — Ab, koropstii 66t 0106-
PasaT KAKAVIO TPYIITY B €¢ IEeHTp (PACCMOTPHTE CHMMETDPHYECKIE TPYIIILL:
S;a — 55 = Sg)

5. Haifimure gpa pasmannix dyuxropa T @ Grp — Grp ¢ TomaecTeennoi
dbyuknueit obbexton: T(G) = G i Kamxaoit rpynns G.

1.4. EcrecrBennbie npeobpaszosanus

[Tycrs gansl asa pyakropa S, T : ¢ — B. Eemecmeennoe npeolpa-
soeanue 7 : S T — 310 dyHKUHA, KOTOpas KaxkaoMmy o0bekty ¢ uz C
CONOCTARIACT CTPeiKY T, = 7¢ : S¢ — Te uz B rakum obpaszom, 4To 114
Kazk 101t cTpenkn f ¢ — ¢ m3 C creayomasn AnarpaMva KOMMYTATHBHA:

© Se——Te
I 5F rf (1)
d, S —=T¢.
TC

B 310M eirydae Mbl FOBOPHM TaKKe, 9TO CTpenka 7. : S¢ = T'e ecmecmeen-
#a 1o ¢. Ecnun cantarn, yro Gyuxrop S cozzaer 8 B usobpaxenue (Beex
00beKTOB 1 Beex cTpesoK) Kateropun C', To ecTecTBeHHOe Npeodpa3oBanue
T ITO COBOKYVITHOCTH CTPEJIOK, ()'T(')ﬁl}e’-l)ﬁfllﬂ][_[,ﬂx (HJ[H I'EQI}FB()Jl?IIlI,HX)
KapTUHKY S B KapTHHKY T, npuyeM KOMMYTATHEHBI BCEBO3MOMHBIC KBAI-
parsl (1 napamiesorpamyet!) Bpose nzo6paskennoro seine. Mpl nazbizaenm
Ta,7h, Tc, . .. KOMNoOHEHMaMU eCTECTBEHHOTO Npeodbpa3soBaHns T.

@ 7 Sa 5 = a i
\ . \ Th \
h b Sh Sb Th.
¢ Se - =~ Te

EcrecTennoe npeobpasoBaHie 9acTO HA3BIBAIOT mopduszmom G-
TROPOE; ECIH KaxKJ1ad KOMIOHEHTA T¢ eCTECTBEHHOrO npeobpasosanusa T
obpaTuma B Kateropuu B, TO T HA3BIBAETCH ECTMECTNBEHHOT IKEUEAAEH -
HOCIMbLH0 WK, JIVHIIEe, eCcTRnecmaerthiim 'H{}I’JMU}J(ﬁ?L‘}MUM; B CHMBOJHYECKOH
sammen 7 : S = T, B stom cayaae obparusie crpenxu (7¢) ! 8 B apnmores
KOMMOHEHTaMH ecTecTBeRHoro nzomopdmava 7 ! : T S.

[IpuMepoM ecTecTBEHHOIO NpeodpPa3oBaAHHS CIVIKHT ONPEICTHTE b,
A umenHo, nyers det g M — onpenenurenb n X n-matpuist M ¢ koaddu-
OHEHTAMH B KOMMYTATHBHOM KOabne /U, a K™ 00031aMaeT TPYIILY €IHHN
(obparnvex amementos) B K. Toraa marpmuma M meBmIpOKIeHA, €can
detp M obparuM, u detr apagserca mopdwmsmom rpynn GL, K — K*
(crpenkoit B Grp). ITocKobKY OIpeeuTe/b BhIPAKALTCs OJHHAKOBOI
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hopmysioli Bo Beex konbinax K, to kaxapii MOpdH3M KOMMYTATHBHBIX
kostery f : K — K' noposiaer KOMMYTATHBHYIO JHArpaMMy

- dety 5
GL,K ——= K~

GLn,fj I (2)
det gy

GL,K' — K",

310 oznaqaer, aro det : GL, — ( )* — ecrecrsennoe npeobpazoBabune
smexay asyums dyukropamu CRng — Grp.

st moboit rpynnst G npoekuns pg @ G — GJ[G.G] na daxrop-
TPYTIY 1O KOMMYTAHTY ONpeJesaeT Npeodpa3oBanne p TOXKIECTBEHHOTO
dbyakropa na Grp B gakrop-pyukrop Grp - Ab — Grp. Ilpu stom
P €CTeCTBEHHO, TaK KakK Kaxiaplii romomopdusm rpynn f : ¢ — H
anpejenaAaeTr O'lf.?BH,_-'lllblr‘I [‘(JJ\IOM(JIJ(])H:?M f’, AT KOTOPDONO KOMMY TATHBHA
CITeYIOIAs AHaTrpaMMa;

¢ =+ G/[G,G]
/ lf' (3)
H -2 H/H, H].

B kareropun Ab peex aGeneBbix rpyni HANIAAHBIM [PHMEPOM CIYAKHT
propas rpynna xapakrepos. [lyers D(G) oBosnadaer rpyiny XapakTepos
rpyunet G, 1. e. DG = hom (G,R/Z) — Muoxecrso Becex roMmoMopdgu3MoB
t : G - R/Z ¢ ecrectrennoii rpynmosoit crpyxrypoit (3aecs R/Z — an-
JIATHBHASA TPYIINa BEINECTBEHHBIX Yuces 1o Moy 1). Kaxnas crpenka
[+ G'" = G onpegensier B kareropun Ab crpenxy Df : DG — DG’
(mporuBononoxknoro wanpasaenus!), npuaem (Df)t = tf : G' — R/Z
npn kaxaoM t. Oruerny, aro g nepempozkaemoix crpeaok Digo f) =
= Df o Dg. Uz-3a obpanmienns cTpenok otoOpaxkeHne D He dBIgercs
dyukropom. Jro konrpasapuantabii pynkrop u3z Ab s Ab, cm. §2.2.
Ouanako propas rpymnna xapakrepos G — D(DG) u roxiecrsennoe
orobpaxenne I(G) = G zanaor dyukropst Ab — Ab. das kaxioii
rpynnel G UMEeT MECTO TOMOMOP]H3M

76 : G = D(DG),

KOHCTPVKINSA KOTOPOI'o XOPOLIO M3BecTHa: KaxoMmy g € G conoctaBum
dyarmo 7¢g ¢ DG — R/Z, xoropasa mmeer Bux t — tg g mo-
foro xapaxtepa t € DG; torga (1q9)t = t(g). Be3 tpyna nposepser-
€A, U4TO T ABIAETCH €CTECTBeHHBbIM npeobpazopanuem 7 @ I - DD. D10
VIBEPIKACHIE BBIPAKALT B TOUHOH (hOpME TOT 37eMEeHTAPHBI (AKT, 9TO
ompezeNenne TPeodpa30BaHusa T He 3aBHCAT OT CHRIHAJLHOrO BLIOODA
Oasucos, obpasywomux snementos u 1. 0. Ecom rpynna & KoHe'uHa, 1o T
sBasercs uzomopdusmon. Iosromy et Mbl orpannduM see GyHKTOPbI
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Ha Kareropuio Aby koneunnix abesieBLIX rpyn, 10 7 6y1eT ecTecTBeHHbIM
H30MOPMOHIMOM.

C apyroit cToposl, i Kax 100 KoHedHoH abeseBoit rpyvinsl G Hme-
erca m3omopdusm ¢ : G = DG Ha ee rpyniy XapakTepop, HO 3TOT
H '305‘10]_’}(})“?&1 JABUCHT OT npe/lcTaBleHHs G B BHJIE NTPAMODIO NpOH3Be/1eHH A
NUEJIHYIECKHAX TRV H NOTOMY HE MOXKET CHHUTATECHA eCTEeCTBEHHBIM. Bomee
TOMHO: Mbl MOZKeM npepparuth [ B KopapuanThbiii Gynkrop D'Aby; —
— Aby; na kareropun Aby ;, 06beKTAMI KOTODOIl ABJIHIOTCH BCE KOHEY-
Hble abes1eBnl I'PyHIILI, a CTPeJIKH BCe H'.i()MI‘JI}(])H'!Ml:[ f MEMKIY HHMH.
s sroro nonowunm D'G = DG uw D'f = Df~'. Torna og : G — D'G
3ajaer orobpaxenne g : I = D' dynkropos Abs; = Aby;, no ono ne
SIBJISIETCS €CTECTBEHHBIM B CMBICJIE HALIEIO OIpeIe/eH s,

AII&TIOI“H‘-IIII:]F[ npuMep — Xopoio M3BECTHBLIA CCTOCTBEHHBLIN H3IOMOP-
dH3M KOHETHOMEDPHOTO BEKTOPHOTO MPOCTPAHCTBA U €ro BTOPOTO COMpsA-
FKEeHHOTO.

pyroii npumep ecrectsenHoro n3oMopdu3iMa BOBHHKACT, CCJIH COIOo-
crapnTh kareroprio Finord Beex KoHEUHBIX NOPAIKOBBIX “HCET 70 M KA-
Teropuio Sety BCex KOHEUHBIX MHOMKECTB (B HEKOTOPOM yHuBepeyme U).
Kaxcipe nopsiakosoe aucio n = {0,1,...,n— 1} — 310 kone1unoe Muozke-
cro. IosroMmy nmveerca pynkrop siaoxkenus S : Finord — Sety. C apy-
O (ZTUI}OHBT, Kaxa/a0e KOHeYHOEe MHOMKeCTBRO ‘Y onpeIeIaeT Tlnl]ﬂ)'lKﬂBm
ancao n = #X, a UMeHHO uneIo 3emenToB B X. s Karkjaoro MHO®XKe-
crBa N MOKHO BhiOparh Oneximnio fy : X — #X. Teneps ans kaxaoro
orobpaxenua f: X — Y MexAYy KOHOUHBIMH MHOMKCCTBAMH ONPEICIIHM
cooteercrByomee orodpaxenne #f : #X — #Y wmexny opamnanamn,
nonoxue # [ = By fﬂ}l. [Monyuaeres KoMMyTaTHBHAS JTUATPAMMA,

X X #x
I l#r
v #Y,

nokasnBaomast, aro # seaserca gynkropom # : Sety — Finord. Ecin
X caMo ABNISETCA OPAMHAMOM, TO B KauecTBe fx MOMKHO B3ATh TOXKIE-
cTBeHHOE oTobpazkenne. B aTom caywae komnosnius pyHkropor # o S
Oyaer toxaecrsenubiM yukropom I' B kareropun Finord. C apyroit
CTOPOHBI, KOMIIO3HIMS S © # He sIBAAeTCH TOKIACCTEEHHBIM (PYHKTOPOM
I : Sety — Sety, nockonbKy ona oTobparxkaeT Kaxioe MHOKeCTBo X
B KOHEYHOE MHOKECTBO CHENHATBLHOIO THITA — OPJMHAI 71 ¢ TEM Ke YHCIOM
sstemenTon, 4o u X. Tem He Menee, npuBeAeHHBIT BbIIIE KOMMY TATHBHbI
KBaJsipaT mokazbiBaer, 9to f : I =3 S# asnsercs ecTeCTBEHHBIM H30MOP-
duszmom. B urore umeem [ = So#, ' =#08S.

B obuiem ciydae skeusaaeHmuocms Mexay xateropuavu C u D
onpegemnserca kak napa dbyuxropos S @ C — D, T : D — C Bmecte ¢
ecrecTBeHHBIMA W3oMopdmavavu [ 2T o S, Ip =2 S o T, Ipusegennwrii
IPUMED [OKA3BIBAET, YTO 3T0 NOHATHE, W3yuaemoe B § 4.4, nozpoasier
CpaBHUBATL KATEIOPHH NOXOXKHE, HO 04€Hb PA3HOI'0 pasMmepa.
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Mpl OylieM MCNONB30BATHL MU MHOIHE JIDYTHE [PHMEPbl eCTeCTBeHHBIX
npeobpazosaanii. Kak smepeeie orMmeTHan ilmendepr m Magneiin, ka-
Teropus Oblla onpelenena, 4rodbl MOKHO ObL10 ONpeaeInTh (hyHKTOD,
a QpyHKTOp — uT00bI MOXKHO OBbLIO OOPEAEINTEL eCTECTBEHHOE Mpeodpaso-
BaHHe.

Vupaxuenns

1. [yern S — dukenposainoe MHOKecTs0, X~ — MHOKeCTBO Beex dyHKimii
h : § — X. HNokaxnre, aro orobpamenne X +— X asasierca (ynxmmeii
ofbekTOB /s HekoToporo dbyHKkTopa Set — Set, a conocrasnenne ey : X7 x
x § = X, onpenenenuoe xak ¢(h, s) = h(s), 1. e. kax 3nagenue pyukuun h opu
8 € 5, ABNAACTCS ECTECTBEHHBIM 1PEobpPA30BAHIEM.

2. IIycrs H — dukcupopansas rpyvona. [lokaxure, 4ro coorsercreue G —
— H x G onpenensier Gyuxrop H x — : Grp — Grp, a kaxawii yMopdusm
rpymn f : H — K onpenensier ectecteennoe npeobpasosanne H x — 5 K x —,

3. llycre B n C — rpynnst (paccymarpusaeMble Kak KATErOPHH C OHEM 00b-
extoMm), a S, T : B — C — ¢yuxrops! (romomvopdusmer rpynm). [okazxnre, aro
ecrecTseHHOE npeobpasosanne S — T CyIECTBYET TOIIa U TOJIBKO TOI/Ia, KOIJla
S u T conpskensl, T.e. KOrjaa aas Hexotoporo snementa h € ' BumomHeHo
paeenctro T'g = h (Sg)h™" npu scex g € B.

4. ITycts C — wareropus, P — npeanopsaok, S, T : C — P — dyuxropst.
IMokazkure, 40 ecrecreeHHoe npeobpazosanne S =1 cymecrsyer (1 eUHCTEEH-
HO) B TOM M TOJIBKO TOM ciaydae, koraa Sec € Te ana moboro obbexta ¢ € C.

5. Ilokamure, 4ro Kamxa0e ecrecreenHoe npeobpasopanne 7 : .S — T onpeje-
ager GYHKNHIO, Takke 0003HaYaeMyIo T, KOTOpaa Kamkaoil ctpeake f:c — ¢
B C conocrapaser crpeaky 7f 1 Se = T¢' v B, npuuem Tg Tf = 7(gf) =
=7y Sf ana moboit nepemnaoxaemoii nape (g, f). Jokaxunre obparasiii paxT,
YTO KazK/1as Takas QyHKIUs 7 BOSHHKALT U3 CAHHCTBEHHOIO eCTeCTEEHHOIO [Ipe-
obpasosanns, s koroporo 7. = 7(1.). (D10 no3soamer onucats ecrecTEeHHOE
NpeofpazoBAHNE € MOMONIBIO OJHUX JIHINL CTPEIOK. )

6. Ilycre F nome. ITokaxure, 4T0 KATEIOPHH BCEX KOHEYMHOMEDHBIX
BeKTOPHLIX upocrpancrs gpan F, rae mopdmsyamy asagiores e JHHeinbe
OTOOPAIKEHNS, SKBUBATCATHA KaTeropun Matr g, omacanmoi s § 1.2

1.5. Mounomopdusmsel, 3ntuMopphn3Mbl 1 HYJIEBbIE
MopduaMb

Muorue (axrer, KOTOpbie O0BIYHO OINUCHLIBAKOTCH B TEPMHHAX 3Jie-
MEHTOB, HANPHMED, 3JeMEHTOB MHOMKECTBA WIIH CPYIIbI, HA TEOPeTHKO-
KATeropHoM sA3bIKe (.l)[}l).-\’[}’..‘llrlp_\’l(]"l'[:ﬂ B TePMHHAX CTPEJIOK. HELI]I.]]!M{?}I..
BMECTO TOTO YTOOBI FTOBOPHTE, UTO MHOXKECTBO X HMEeT POBHO OIIHH 3J1e-
MEHT, MOKHO CKa3aTh, 1TO /15 1100010 JIpyroro MHOYXKecTBa Y cynecrsyer
poBHO ojHa dyukums Y — X. [IpuBeem eme HECKOJIBKO IIPUMEPOB TaKOi
«paboTbl B3 AIEeMEHTOBY.

Crpenxka € : a = b ofpamuma B C, ecTH CYIIECTBYET TAKAs CTPETKA
e b= ap C, ana koropoit €'e = 1, u ee! = 1. Ecom crpesika €'
CYLIECTBYET, TO OHA eAuHCTBeHHA M o6o3Hauaerca € = e~ ', OObIHbIM
06pa3om J0Ka3biaeTcs, 410 (e1e2) 1 = €5 } e, ecan nponsseienHue €; ey
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onpejiesieHo, a €, U ey obparuMbl. Jpa obbekta a u b uzomopgdnn B Ka-
teropun C', ecu cyniecTsyer obpaTnmas crpenka (usomopdusm) € : a —
— by rorjga mbl numem a = b Heno, wro ornomenue usomMopdusMa
pedaeKCUBHO, CHMMETPHYHO H TPAH3UTHUBHO.

CT]}PJ]KH m:a— b sBaseTca J':‘L(J?‘OMBI’{{}'H.?MO.M B C, ecJan 118 JII('}()I:IX
IBYX MAPAJLIeNBHBIX cTpenok fi, fo : d — a nu3 paBencrea m o f; =
= m o fo Burekaer [ = fo. JpyruMu cnoBaMu, CTPENKA 11 ABJIHET-
¢ MOHOMODGMU3IMOM, €CIH Ha HEe BCErla MOXKHO COKPATUTL cieBa (m
coxpamuma caesa). Monovopdnamst B Set u B Grp TO K camoe,
YTO BJIOYKEHHs WJIH MOHOMODMU3MBI B OGBITHOM CMBICHE, T. €. B3aHMHO
O/IHOBHAYHBIE (DYHKIMH.

Crpenxa h : a — b apasercs snumopPusmom, ecsin jjis J06LIX JABYX
CTPEIOK 1,02 : a — b w3 pasencrsa gy o h = ga o h Boirexkaer g, =
= go. Apyrnvu e¢aoBamu, cTpenka h aBrAeTcA sMHAMOPGH3IMOM, ecan OHA
CORPATIVUM CTUINLE. al'.l I1Mﬂp(l)l1'-ll-1 bl B KATEIOPpHHA SEf. — TO ZKe CaMoe, 1To
CIOPBEKIMH WaH 3MUMOPGMU3MEL B 0OLIMHOM CMBICJIE, T. €. 0TOOpaYKeHHs
HA.

Ipasoti obpamnod ana erpenaxu h @ a — b asagerca crpenxa r: b —
— a co ceoiicreom hr = 1. Tlpasas obparnas crpenka (o6babo e
CAMHCTBCHHAMA ) HA3BIBACTCS TAKKE cevenuen 1us h. Ecin h nveer npasyio
obpaTHyio, T0 h 3aBegoMo ABasercsa annvopdmamom. ObparHoe BepHO
B Set, HO He B Grp. AHAJIOIHYHO, JieBasi oDpaTHas cTpesika s h HasbiBa-
ercd ee pemparyuedi, n mobas CTpenka ¢ aeroit 00paTHOH 00A3aTeNBHO AB-
asieres Monomopdusmom. Ecmn gh = 1,. To g 9BASCTCH pActenaiiouum
srmmopdu3nonm, b — pacuienagiouges MOHOMOP(U3MOM, 4 KOMIO3HIIHA
[ = hg onpegenena n waemnorentaa. B obuem ciavyae erpenka f: b — b
HasbiBaeTcs udemnomenmon, korja f° = f. Uaemnorent pactuenasemca,
eCJIH CVIIECTBYIOT crpesiku g u h, taxue uro f = hgu gh = 1.

O6bekT HaspBaeTcs mepmunasviom B C, eciin U8 Kaxk,10ro o0beKkTa
a B C umeercs posHo ojHa crpeika a — t. Ecan obbekT t repMubasien,
TO €JIUHCTBEHHOI cTpenkoil ¢ — f Oyaer enuHndHasn. Jlwdble 1Ba Tep-
MHHAJIBHBIX 06'])(:!]('[‘&1 B C ]-[f-l('ll\:‘l(')l)(}}l-lbi. Oﬁ"b(—!l{’[' S HAGBIBACTCH HAMAABHBLM
I UHUYUAABHUM B KaTQ]."OIJI‘IH C-, eCIan 74 KaXAa01r0o 061:9}(’1‘3 a anMeeTcs
POBHO OAHa cTpesika § — a. Hanpumep, B kareropun Set nycroe MHO-
JKECTBO #ABAACTCH HAYaJbHBIM, & JI000€ OJHONIEMEHTHOE MHOMECTBO —
TePMHHANBHBIM 0OBEKTOM. B KaTeropuu Gl‘p OAHOIEMCHTHAA UPVIIIA
SIBJISIETCH H HAYAJILHBIM, U TePMHHAIBHBIM 00BHEKTOM.

Hyaeasotl obzexm z B C' — 310 06beKT, KOTOPLIT OHOBPEMCHHO ABISCT-
cs HAYAJIbHBIM B TepMuHAIBHBIM. Ecin Hynepoit o6bexr B C cyuecrsyer,
TO OH €JIHHCTBEHEeH ¢ TOYHOCTLIO 10 lii}OI\-\lO]_)[}_)H'.S.\"la. H L1H J00BIX JABYX
obberToB @ U b B (' CYmECTBYeT eINHCTBEHHAs CTPenka a — z — b,
KOTOPAHA HAILIBACTCH Hy.ﬁ'a(‘,ﬁﬂﬁ- r_?'l'ﬁ}’](:'.ﬂ.?ﬁ()?‘i H3 @ B fJ. ..TIlOﬁc'LH KOMITIO3HIHA
¢ HYJIEBOIl CTpenKkoil TakzKe #ABIsAeTCd HyJAeBoil crpenkoil. Hampumep,
B kareropusix Ab n R-Mod cymecrsyer nyiesoii obbexrt (a nmenno 0!),
TAK JKe Kak u B Set, (a HMEHHO OMHOTOUEUHOE MHOMKECTBO).

Ipynnoud — aro kareropusi, B KoTopoii jiobas crpeska obparuma. Tu-
HHYHBIM PUMEPOM CITYIKHT hyndamenmanrvhst epynnoud 7(X ) Tonomno-
riveckoro npocrpancrsa X . O6vexr B 7(X) — 310 Touka B X, a crpesika
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x = ' Bw(X) — 910 knace rovoronmneix nyrefi u3 @ B 2’ (Hanomuum,
q10 MyTh f — 3TO HenpepbiBHasa dyaKima [ — X, roe [ — orpe3ok [ =
= [0,1], npuuem f(0) =z, f(1) = 2'. dpa nyru f,g ¢ obLMMH KOHLAMH
., &' rOMOTONHBL, €M cylecTByeT Henpepbisiasa Gyuknns F @ I — [ x X
takas, aro F(t,0) = f(t), F(t,1) = g(t) u F(0,s) = =, F(1l,s) =z’ npn
Bcex s nt B 1.) Komnozuyua (npouseedenue) nyreii g : 2’ —x2" n f 1o —
— ' — 910 nyrh b, B KOTOpPOM 34 [ coenver g, 4 UMEeHHO

h(t) = f(2t), 0<t<1/2,

=g2t—1), 1/2<t<1L )
KoMnosuims MOMKeT NPUMEHATLCH W K KJaccaM rOMOTONWI, Npespaias
m(X) B KaTeropuo U rpynnong, rie myTh, 0OpaTHell K JAHHOMY, — 3TO
TOT K€ MYTh, HO TIPOIIEHHBIN B MPOTHBONOIOMKHOM HANPABICHIH.
[lockoabky B rpynnomie G obas crpeiika 0DpaTiMa, TO Kaxk bl 006b-
ekt x B G onpenensier rpynny home (z, ), COCTOANYIO U3 BCEX CTPEJIOK
g x — x. Ecom eymecrsyer erpeska f @@ — @', To Mexiy rpynnamu
home (z, ) u homg(2',2') nmeercs nzoMopdu3M, A UMEHHO CONpsKe-
wne g —+ fgf ' Tpynnowi HasbiBaeTes ceAzHblM, eI JT00be 1Ba ero
0ObeKTa coeHensbl eTpeikoil. Jlerko nokasarh, 4T0 CBABHBIN DPYIIIONL
€ TOYHOCTBIO 10 H30MOP(H3IMA ONPeIe/AeTCs IPYNNoil, HMeHHO 000
w3 rpynn homg (z,2)), 1 MHOMKecTBOM Beex 06bexToB. Taxmyv obpasom,
dbyamaventanbasii rpynmong 7(X) auneiino cBA3HOTO npocTpaHcTBa X
ONPEIe/HeTes MHOXKECTBOM TOYEK NpoCTpancTsa u rpynnoii home (i, ),
1. e. hyndamenmaavnoll 2pynnoti npoctpanctea X.

Vnpa>kHeHHsA

1. Haiianre kareropmuio, B KOTOPoH HEKOTOPAsl CTPEIKA ABISETCH HMHMOD-
duzvonm 1 monomopdusvom, Ho He obpatuma. (VEa3aaue: paccMOTPHTE TLI0T-
HOE MOIMHOMKECTBO TOIOIOIHYECKOr0 POCTPAHCTEA. )

2. Jlokayure, 9T0 NPON3BEIeHIE MOHOMOPDU3MOB ABIACTCA MOHOMOP(hH3-
MOM, H aHATIOTHYHO U8 SITHMOPhH3IMOE.

3. Ecmu koymosunus g o f apiagerces MoHoMOpGH3IMOM, TO 9T0 BEPHO M JLIT4
f. Bepno mm sTo ana g7

4. Mokaxure, uyro B Kareropun Rng pnokenune Z — Q asnsercsa snmMop-
duzvom.

5. Hokawxure, aro B Grp mw0boii snumopdusm ciopbexTiped. (Yra3anue.
Iyers o6pas M mopdusma ¢ : G — H ne cosnazaer ¢ H., Ecom M mveer
nagexe 2, to pacemorpure dbaxkroprpynny H/M. B nporusHOM ciayuae nycTh
Perm H — rpynna scex nepectaHosox MHOxecTsa H, npudem cymecTsyior Tpu
pasauaHbx cveskubix kiaacca M, Mwu, Mv no noarpynne M. Onpeaenum o €
€ Perm H, nonoxus o(xu) = rv, o(xv) = runpuz € M. B 0CTATBHBIX CIIy9asx
o geicrsyer roxiaecrsenno. Iycrs v @ H — Perm H oroGpaxaer kamiablii
anement h € H B ymuoxenme ¥, crepa Ha h, a1, = o 'yyo. Torma v = ¢,
HO ¥ #£ ¢.)

6. [ToxazkuTe, uT0 B KaTeropnu Set BCE MIEMIIOTEHTHI PACMIEILIAIOTCS.

7. Crpenika f : @ — b & kareropun C Ha3bIBAETCH Pe2YAAPHOl, CIN CyIIe-
crByer crpedika g : b — a rakas, yro fgf = f. Iokamure, aro [ peryaspua,
€CTH OHA MMEeT JICBYIO JH00 TPaByIo 06paTHYIO, H J0KAXKHTE, ITO B KATerOpHH
Set peryaspsa aobas cTpeika, 418 KOTOpoil a # .
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8. Pacemorpnm kareropuio ¢ ofsexravu (X, e, t), rme X — Hekoropoe MHO-
weetso, e € X, t : X — X, u co crpenxanu f : (X e, t) = (X', €, t'), rme
f: X = X', fe=¢, ft =t Hokamure, 4ro B 910/l KATEIOPHH CVILECTBYET
HAMATBHBIT 00BeKT, 718 KOTOPoro X — MHOMKEeCTEO HATYPAIBHLIX 9HCerT, € = (),
at — dyukuna crenosannd, T.e. fn = n+ 1.

9. Hoxaxure, aro ecm dyukrop T : C — B yuusanenten, a Tf —
svonomMopduam, To u f — monoMopduam.

1.6. OcHoBanusi Teopun

(),I.I'll':l H3 IVIABHBIX 3a/a4 TeOopHH KﬂT‘CI.‘OIJHﬁ COCTOMT B H3IYUEHHH
CBOMCTB COBOKYITHOCTEI! MaTeMAaTHYECKHX OOBHEKTOB, TAKAX KaK MHOZKe-
CTBO BCEX TPYII WIH MHOXKECTBO BCEX TOMOMOP(QHIMOB MENKAY JBY-
ust rpyinamu. Ceituac 00bIMHO PACCMATPUBAIOT CPVIINY KAK MHOMKECTBO
€ HEKOTOPOI JA0NOAHHUTEILHON CTPYKTYPOR, M Mbl 3/1eCh HaMepesaemcs
PACCMATPHBATL MHOKECCTBA 6CEE MHOIKCCTE ¢ HEKOTOPOIT 38/1aH10i1 CTPYK-
Typoil. DTO COOTBETCTBYET NMPU3HAHHIO MPHHIIHIIA BHIJEJTeHUA: CIn JIaH0
cpolicTBo () MHOKECTB &, TO MOKHO 0DpasoBars Muoxectso {x | ¢(r)}
GCer MHOIKECTB T C 3THM CBOHCTBOM. 0,.'1]{3](0 AITOT npAaROHAN HEe MOXKeT
ObITH NPHHAT B NOAHOI ODIHOCTH, TAK KAK OH HNPHBOAHT K H3BECTHBIM
NAPAIOKCATLHBIM MHOKECTBAM, TAKHM KAK MHOMKECTBO BCEX MHOKECTS,
HEe ABJIAIOINITHNCH 2J1eMeHTaMy CaMMEMX cebs.

IIo aroii npuunie B HAHBHON TEOPHH MHOKECTB € OOLIMHBIM OTHO-
HIEHHEeM NPHHAIE)KHOCTH € MPUMEHEeHHEe TPHHIHNA BbIJIEJIEHI ODLIYHO
orpaHu4MBaeTcs. Paspemaercs MOCTPOUTDb MO JAHHBIM MHOMKECTBAM i, U
MHOZKEeCTBO {U, U}, WIeMEHTaMH KOTOPOro HABJHAKTCH U, U U TOJNLKO OHH,
VIOPSZI0UEHHYIO napy (u,v), BeCKOHeYHOe MHOMKECTBO (MHOKECTBO W =
={0,1,2,...} Beex KOHEUHLIX OPJMHAIOR), & TAKHKe

JIEKAPTOBO [1POU3BEICHHE uxv={{z,y)|r€uny v},
MHOKECTBO-CTENeHb Pu={v|vCul,
obbeanHeHne Uz = {y | ¥y € z A1a HEeKOTOPOTO 2 € T}

(cemefcTBa @ MHOMKECTR)

Hakosell, nyers gano MuOXMKecTBO © M cBOlicTBO ¢(x), B bopmyin-
POBKEe KOTOPOro y41acrsywT &I, OTHOIEeHHEe NPHHAIIeHHOCTH | Oﬁbl‘ll‘]ble
JIOTHYIECKHE CBA3KH, BKJIIOYAS BBIPAYKEHNS <1751 BCEX MHOYKECTB t» H «Cy-
mecteyer Muozkectro f». Toraa aonyckaercs

BBLIEICHAE 2IEMEHTOR U3 {z|z€unp()}.

D710 cBORCTBO MOMKHO BBIPA3HTL CIELYIOMIMH CIOBAME: CYIIECTBYET
MHOKECTRO BCEX TeX T ¢ JaHHBIM CROHCTBOM (0, KOTOpBIE ABIAIOTCA 7e-
MEHTAMIE 3apatee JIAHHOMO MHOXKECTBA u.

JobaBum K 9TOMY CTAHIAPTHOMY HAOODPY €lie OJHO JI0NYIIeHHe: Cyle-
CTBOBANNE YHHBEpeyMa. Yuueepcym onpeaenaercsa kaxk mMuoxecTso U co
creayiomuMn (0TIACTH N30BITOTHBIMA) CBOICTBAMIE:

Duzxz €uel cneayer x € U;

QymwsuelUnvel creaver {u, v}, (u,v),u xveU;

2 C. Marneiin
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3) uz xz € U caenyer Pz € U u Ux € U;

4) w € U (3mec w = {0,1,2,...} — MHOXECTBO BCEX KOHEYHBIX
OP/IHHAJIOB);

5)ecau f:a— b— copbekTusHad dyHKnns, npuuem a € U u b C U,
robhelU.

DTH yCIoBHA 3aMKHYTOCTH 178 [/ rapaHTHpyioT, 9TO TPHUMEHEHHe
CTAHIAPTHBIX TEOPETUKO-MHOMKECTBEHHBIX onepaiuii K aiemenrtam u3 [
Beeryia jgaer sneMmentol u3 U; B wacTHocTu, Gaarogapsa yonopnio w € U
VHHUBEDCYM COCPDAKHT BCe 00OBIMHO paccMaTpHBaCMBIC MHOMECTBA Belle-
CTBEHHBIX YHCENT I CBA3AHHEIE ¢ HIMA OecKOHeYHBIe MEOXKecTBa. [losromy
MOZKHO CHHTATh, YTO OObIMHAA MareMarTHka padoTaeT NCKIIOMHTENTbHO
payTpu U, 1. e. ¢ anementamn 3 U, Torja kax camo U H MHOXKECTBA, ¢ HUM
CBHAZAHHBIE, TDUMEHHIOTCH [LITH IMMOCTPOeHHA NCKOMBIX 60«7] BIITHX l{a.'[‘m‘mpnﬁ.

Badukcnpyem yaueepeym U, a maOX)ecTBa w € U OyaeMm HA3BIBATH
MOABMU MHOMCECTREAMY. TakuMm ()ﬁl]ﬂ-’}()m, VHHBEPCYM LT — ATO MHOMKE-
CTBO BCEX MAJIbIX MHOXKECTB. AHAJOIMYHO, Ha30BeM PyHKOUIO f:u — v
MaA0Tl, €CITN U W U — MaJible MHOecTBa. Torga MoMKHO paccMaTpHBaTh
H f Kak Majgoe MHOXKCCTBO — HANPHMED, KaK YNOPAIOYCHHYIO TPOHKY
{'1.-,,Gf,_v), rae Gy C 4 X v — MHOXKECTBO Brex (x,y), nas KOTOPBIX
*r € w, y = fzr. Kax caeicrsue, NpUHIMI OrPAHHYCHHONO BbLACICHHS
MO3BOSIET TIOCTPONTHE MHOMKECTBO A BCeX TeX MHOMKECTB, KOTOpBIE AB-
JSIOTCA MaJIbIMi (DYHKUMSMH, MOCKOJABKY 9TH (DYHKLHH — JIEMEHThl i3
U. Tenepb Mbl MOZKEM ONpEICNnTh KaTeropmio Set Bcex Majbix MHO-
JKECTB KAK TAKVIO KATCTOPHIO, B KOTOPOf UV, 1. €. MHOKCCTBO BCEX MAJIbIX
MHOMKECTB, ABIACTCA MHOMKECTBOM 06']:QKTOB, a 1‘41 T. 8. MHOMKECTEO BCEX
MaJIBIX DYHKLIHHA, — MHOXKecTBOM cTpesok. B jpanbneiimem Set peerga
0D03HAYACT ITY KATErOpHIO.

Anajnoruvyio, meaci 2pynna — 3TO MaJ0e MHOMKECTBO € [DPYIINOBOMH
CTPYKTYPOi, T. €. yIOPAI09eHHAA TTapa (u, m), IIe 1 — MaJoe MHOKECTEO,
am:uxu — u— YHKIMA, T. . DHHADHAS ONepaius Ha il KOTOpas
VAOBIETBOpsieT 00bIMHBIM akcuomam rpynnbl. [Tockoabky mobas masas
l"p}-’]l[];l HBAACTCHA TeMEeHTOM B {Jr._. MBI MOXKEM {)ﬁ])ﬂ:il)[{'rl’l'l: MHOZKECTBO
BCEX MAJIBIX ]."pyl'.[['[ " MHOMKECTBO BCEX I‘OM’OMOP(I’)H3L{OB Mew MaJIbIMHA
rpynnaMi. OHH coctaBigioT Kateropuio Grp Beex MadbiX IDyIiL.

Tor ke npouece UPUBOAUT K KATEIOPHAM BCEX MAaJIbIX MaTeMarTH4e-
cKkux 0ObLeKToB JAPYIHX THIOB. Hanpumep: KATEropHuA sABJadAcTCH MilJlDﬁ._
€CJI MHOYKECTBA ee 00bLeKTOB U CTpeslok — masble. Jdanee mMbl moctpoum
KATeropHio Cat Brex mManbix Kx'-l’l"l'-‘i”(ll)Hﬁ. 31—1&{("!‘“1\.1, OJJHAKO, 9TO Set He
ABNACTCHA MAJION KaTeropueil, oCKoIbKY MHOKeCTBO ee 06bekTos U He faB-
JISIeTCH MAaJlbIM. B NPpOTHBHOM CJy4ae L*v € L"—. HTO NPOTHBOPEYNT aKCHOME
PEryAAPHOCTH, KOTOpasA YTBEPHKIAET, ITO He CYIIECTBYeT OeCKOHeTHBIX
HENOYeK ...0p € Ip_1 € &p_o € ... € Tp. AHATOIHYHO, HE ABIACTCH
maoif u kareropua Grp.

Takomy onvcanuio OCHOBAHMI MATEMATHKH MOKHO NPHWIATH AKCHO-
Maruydeckyio ¢gopmy. Ipivem crangapTibie aKCHOMBI TEOPHH MHOXKECTB
ITepymesno—@penkens 10c cymecrsoanne MHo:kecrsa [/, urpawiiero
POJIL YHHBEDCYMa. B CHCTEMY Il(‘pMCJIO (Dp{fli!(ﬂﬂﬂ JLTA OTHOHICH WA IlpH—
HaANeAHOCTH (S BXOJAT CIEAVIOHIHE AKCHOMBIL 3KCTEHCHOHAJIBHOCTE (l\r‘IHO“
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JKECTRA, MMEIONMe OJHH W Te JKe IeMeHTbl, PaBHbl); CyIIecTBOBAHHE
NYCTOrO MHOKECTBA; CYIIECTBOBaHHe MHOMecTB {u,v}, (u,v),Pu n Uz
JUIs BCEX MHOMKECTB t, v, I: aKCHOMa OeCKOHEYHOCTH:; akcHoMa Bhibopa:
AKCHOMA PErV/IAPHOCTH H AKCHOMA 3aMENIEHHUS.

Samewenue. Tyers a HEKOTOPOE MHOXKECTBO, a croiicTBo p(x, 1)
onpenensier (hDYVHKOHIO HA WIEMEHTAX T U3 a4 B CISAVIONEM CMBICTe: U3
w(z,y) = @(z.y') upu & € a Borrekaer y = y', upuuem i oboro x € a
Haligeres Takoe y, 910 @(z,y). Torma cylecTByer MHOXKECTBO, COCTOAIIEE
H3 BCeX TAKHUX ¥, 11TO {r’)(ll’,'._ y) BLINTOJIHENO PH KakoM-Jbo T € .

KpaTko roBopsi, akCHOMAa 3aMENIEeHHs YTBEPHKIAeT, 9To o0pa3 MHO-
AKeerpa @ npu JedcTBun (PYHKIMK @ ABagercd MHoxkecTsoMm. Mokno
[OKa3aTh, YTO M3 AKCHOMbBI BaMENICHHA JIeJYyeT aKCHOMA BbIIEICHHS,
C(l)ﬂ])l\!yﬂ."pﬂBa-l]ﬂa}l BBIIIE. ﬂﬂ.?l(’i(‘., M3 HAIKX }'C.IIDBHI‘:I‘ onpeneaAaiommnx
yausepcym U, BEITERaeT, 9T0 Bee MHOKecTBa B U (BCe MasTble MHOXKeCTBA)
yaoeaersopsior akenomam Hepmeno—®@penxens. Hanpumep, yeaoeue (5)
B OIPEJEIeHHH YHUBEPCYMA COOTBETCTBYET 3amMerienuio. Mbl yBumanMm, 1o
HAIIE JIONYIIEHHEe O CYIIECTBOBAHUN IHHCTBEHHOTO YHHBEPCYMa BIIOJIHE
JOCTATOYHO JUIA HEJIeil TeOPHH KaTeropHii.

HCKU']'Opb]O. ABTOPBLI NPEANOIATAIOT CYIIECTBOBAHHE KAK MHOKECTE, TaK
H KJIaccoB, Henosb3ys akenomel legena Bepnaiica. Yrobnr noacnnTs sTor
noaxo, onpejaennn xaace C' Kak MPOR3BOIBHOE MOIMHOKECTBO YHUBEPCY-
ma C C U. lockonbky 3 & € u € U soirekaer o € U, 10 Kaxkaplil 3j1eMeHT
13 U ABAsSieTcst ero noJMHOMKECTBOM, TAK YTO 000 MAOe MHOMKeCTBO
ABJSICTCH TAKMKEe H KJIaCCOM. O,D,[IH.KO HCKOTOPLIC KJAACCHL, TAKHE KAK CaMO
U, ve siasiores Manbivi MHOKecTBaMi., (OHH HA3BIBAIOTCA cofCmMEeH-
HotMu Kaaccamu. NMaible MHOMECTBA M KJACChl BMECTE VIOBJICTBOPAIOT
crangapraeiv akcnomam Lepena—Bepnaiica (cv. Gadel [1940]).

Boavtan wamezopus — 310 TaKasd KATEropus, B KOTOPOH MHOME-
cTBa OOBEKTOB W CTPETOK ABISIOTCA KJIACCAMH, COOCTBEHHBIMH MJIHM HET.
HVenonb3vs TONBKO MaAse MHOKECTBA M [IPOH3BOJILHBIC KJIACCHI, MOMXKHO
ONUCATH MHOTHE HeOOXOINMbIe KaTeropun. B 4acTHOCTH, HAIIH KATEropHu
Set, Grp HT. 1. ABJIAIOTCH {:()ﬁ[:'[‘B(JHHb.IMH KJjaaccaMM U, 3Ha 1T, 6().[Ibl_l_ll-lh'llrl
KATErOpHsIMH B JAHHOM CMBICTE. BHAaTame Teopus kaTeropuii Orpannansa-
JIACH H3YYEHHEM MAJIBIX U OOJIBIIHX KATeropuii i OCHOBBIBAJIACH HA AKCHO-
max lepens—bBepuaiica. O apako BO MHOMHX CIyyasx HaM npuiercs obpa-
JOBLIBATEH KATETIOPHH, HE ABJIHIONHeCH KJIACCaMH. O,U,[IUFI H3 HHX #dpadeTrcHd
kareropus seex kiaaccos Cls: ee 06beKTbI — BCE KJIACCH, & CTPEIKH — BCE
dyuknun [ C — C' mexy kaaccavu. TakuM obpasoM, MHOKECTBO
06berToB Kareropun Cls — 3to mMHOmecTBO P Beex noaMuoxects B U.
S'I'D He KJIace, Tak Kak ero MOlnHoOCTh 6(].:ibLllE‘, YHEM MOLIHOCTE YHHBEDCY Ma
U. dpyruum nonesusiy npumepou cayskut Cat', kareropus seex 601bmmx
Kﬂ"[‘(‘.‘l"ﬂl)]ﬂ-l. OHH. HE ABISACTCH KJIACCOM.

B pasnbheitiiem mbl onyckaem 0603HAYEHIE BHIGPAHHOIO YHHBEPCYMa
U 1 roBOpUM NPOCTO 0 MAJTBIX MHOMKECTBAX, KJIACCAX N MHOXKECTBAX, HMes
B BHAY. UTO MHOMKCCTBA BEIIOYAIOT Ma/lble MHOMECTBA H KIIACChI, TdK JKe
u muoroe japyroe, — nanpivep, P(U), PP(U), {U} u 1. Ormernm,
B HaCTHOCTH, 4TO {b_} ATO MHOMKCCTBO, HMCIOILEC ','LHI]CTBL‘H[IIJI% e~
sment (a umenno yuusepcym U). Iostomy na MHTYHTHEHOM YpPOBHE OHO
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OYeHb MAJIO, HO B HALIEM CMbICJIe MaJbiM MHOMKECTBOM HE ABIAETCs; U3
{U} € U canenosano 6u1 U € U, B NpOTHBOPEYHE ¢ aKCHOMOIT peryJisp-
HOCTH. Tamm OﬁpiBOM., MaJI0e¢ MHOXKECTBO O3HadacT JLJ/Id Hace JeMeHT
VHHBEPCYMA, & He MHOZKECTBO MAJIoi MOITHOCTH.

TH.K(){" nocTpoeHHe OCHOBAH HiT MATEMATHKH € NOMOULIO € JTHHCTBEHHOI'O
VHIBepCcyMa obecneunBaer (B paMKaxX TEOPUH MHOMKECTB) KOPPEKTHBII
c1rocod paccMOTPEHHS! KATeropHii BeexX MaibIX MHOZKECTB M BCEX MalIbIX
rpyni. Ho 31ech OTCYyTCTBYIOT MHOMKECTBA [J1H PEAH3ALNH HEKOTOPBIX
h.ll?"l’ﬂK{l’f‘(!l'[)l]Hri, TAKHXY KaK MeTakaTeropus 6cer MHOXKeCTB HWIH ecer
rpymm. 'porenank wenmons3yer mHOM noaxon. OH NpHHAMAET, YTO TS
KasKJ0ro Mooxkecrsa X umeercs vaupepeym U rakoii, vro X € U.
Sleno, 4ro o, Homee cuIbHOE, JONYIICHHE 00ECHeYHBACT A KAarikI10-
o yHHBepcyMa L_T CYHIECTBOBAHHE KATENrOPHH BCEX TEX TDPYIHIN, KOTOPLIE
ABNAIOTCA neMeHTaMi 13 U, OaHaro OTCIona He BO3HHKAET KATETOPHA
GCEL DY, TTo aroii MPHYIHHE CepPbLe3IHO (]6(’:)'}1(,_-‘1?1..'1{1{'1: BOSMOMHOCTEL 10~
cTpoeHns Teopun Kareropuil (1 Beeil MareMarTHKH) BHE PaMOK TeEOpHH
MHOKeCTB. BoT nodwemy Mbl BHAvase jgasu onpeienenue kareropun C
603 HCNOABL30BAHNA NOHATHA MHOKECTBA, PACCMATPHBAA AKCHOMBI TIPOCTO
KAK AKCHOMBI NePpBROI0 NopsH/ika ¢ HeornpeieadeMbiMHe TepMHUHAMH «Oﬁ'b(‘K']‘
kareropun C'», <cTpeika B Kareropun C», «KOMMNO3HIHS», <CJIMHIIA,
«0bmacThy» 1 «Ko0GIacTh». Ha 9T0M s3BIKe MOKHO chOPMYINpPOBAThL AK-
CHOMBI 3JIEMEHTAPHON TEOPHH, T. €. TEOPHH [1ePBOIO NOPs/IKA, KaTeropun
BCEX MHOMXKECTE — B NPOTHBOBEC OOBIMHBIM AKCHOMAM JIAA OTHOINEHHs
NPAHALTCHHOCTH, — HO.'I}"IH_B HNOHATHE dACMEHTIIAPHO20 TMONOCA (L'_\".'[. Mac

Lane, Moerdijk [1992]) 1) .

YnpaxkHeHnsa

1. Ilyeres gam ymmsepeym U, a maxoke dyakmma f @ I — b ¢ obmacteio
onpegenenus I € U, npuven Bee ee 3nadenus f; (i € U) npunaznexar U
Hoxaskure, wro gexaproso npowseeaenne I1; f, ssasercs anementom u3 U

2. a) Ona pnanmoro vamsepcyma U w dyoxmmmn f : T — b ¢ obnacreio
onpegenenusn I € U nokaxure, uro obveaunenne U; f; ABIgercs MIOKCCTBOM
u3 U.

6) Mokaxure, 9T0 B ONPEJIEICHRN YHUBEDCY Ma U MOKHO 3aMEHUTH YCI0BHE
(5) na cpoitcrBo u3 1. (a) sTOro yupaskienus, a u3 veiaosus r € U BuTexaer,
qro Uz € U,

1.7. Bosibiuune kKareropum

Bo MHOTHX CYIIECTBEHHEIX (IyYadX KATETOPHA COCTOHT U3 Beex (Ma-
-.TIIJIX.) MATCMATHICCKHX ODLeKTOB C JI.I-‘I.-HH['}ﬁ C’I‘])}'K'l‘}-’p()ﬁ, MpU4eM ee CTpes-
KaMH CIVKAT Bce (PyHKUIHH, coXpaHsone 3ty cTpyktypy. [lepeuncinm
HEKOTOPBIE NMOJIE3HLIE TPUMEPL], YKA3aB COOTReTCTBYIONHe MOHOMOpdun3-
MbI.

!) JTormueckne BOMpPOCE!, CBSI3AHHBIE ¢ MOCTPOCHAEM TEODHH KATeropwii, 0f-
cyapaworcs B pabore (3axapos, Muxanes [2002]). — Ipum ped. nep.



1.7] Boavwue wamezopuu 37

B kareropun Ab Bcex Masibix abeneBbix rpynn o0beKTaMy ABIAI0TCSH
Bce majible (ajanTneHble) abemesst rpynnsr A, B, ..., a cTpenkaMu — Bee
romomopdusmet f @ A — B ¢ 06bigHbIM yMHOXKeHHeM. B 9ol kareropun
CTPEJIKA HBAAETCH MOHOMOPMDH3MOM, €CIH H TOJBKO €CIM OHA 3a1aeT
HHBEKTHBHOS 0'{'{)6]}}1)[(0}[]4@ (HJ]O}KE]-UIF‘.). TO‘[llﬂ TaK He (flﬂp"b{‘.KTli]lllh[ﬁ
roMoMOphu3IM 3aBeIoM0 asagerca smumopduivon. Obparno, roMomop-
dusv [ A — B, Koropblil gBasercs 3nuMopdu3MOM Kak CTPeIKa
B Kareropun Ab, nonzxen 6bh oTobpazkenuem na. B nporusnom ciayuae
dakroprpynna B/fA cocront ne Toanko M3 Hysif, W CYUIECTBYIOT JBA
pasinuabx Mopduzma B — B/fA (npoexkunst p u HyaeBoit Mopdusm
0), ans koropeix pf = 0 = 0f, 4r0 NpoTHBOPEHHT ONPEALTEHHIO HITH-
smopdusma. Hynesas rpynna B xareropun Ab apisiercss w HavaIbHBIM,
H TEPMHHAJIBHBIM OGT)OK'I'OM.

Magoe xkoabno K — 3T0 MalI0e MHOZKECTBO ¢ OMHAPHBIMH OTIEPAINA-
MH CJIOMKEHHH W YMHOMKEHHA, YI0BJIETBODAKMITHMA OOBIMHBIM AKCHOMAM
KOJIbI]a — BKJIIOYAsA CYIUIECTBOBAHME ABYCTOPOHHEH eauHuibl 1 Mo yMHO-
senunio. Kareropus scex madnbix Koden Oyer obosnavarsest Rng; ee 06b-
eKTBI — MaJble Koabla K, crpeakn f 1 R — 5 — (romo)mopdusmnt goserr,
npu4eM npeanojiaraeTed, 9To eJIHHHIA KOObla R NepexoIuT B eJWHHILY
Koibna S. B aToll KaTeropun HyJaesoe KOJbLO ABJIACTCH TCPMHHATLHBIM
0OBEKTOM, & KOMBIO HETLIX 9nces Z — HAYAJIBHBIM, HOCKOIBKY CYIIECTBY-
eT POBHO ojiHA cTpeika Z — R, xkoropasi nepesoaut 1 € Z B eluHHLy
komkia I, MoroMmopdwanvel B 37O KATEropun — 3To 0OBIMHBIE MOHO-
Mopdusmer (Baoxkenns) xomei. Kasxapili smumopdusy Kouen Spisercs
amMOPMUIMOM U KaK cTpenka B kareropun. Oanako snoxkenne Z —
— Q konbua Z B nosne pannoHanbHpIX Yucen Q asinAerca sntnmMopduIMonm
B KATErOPHOM CMBICIE, HO He CK]]}'I)EK[EH(’E.

B cayuae Manoro koabua 2 obbexramu kareropuu -Mod apisiores
Bce Masble jgesble R-momymm A, B, ..., a crpenkavu f : 4 — B — Bee
Mopdusmbl R-mojayieil (R-ymneitnbie orobpaxenus). B sroll kareropun
MOHATHA MOHOMOpdH3Ma U 3nuMopdu3IMa NMET 0OBIYHBIN CMBICI, & HY-
JIeBOi MU;.I,}’JH—; ABMACTCS HAMAJBHBIM W TePMHHAJIBHEIM []61:-(?1("1'('_)1\,1. B {_'.i'l‘\lr'—
qae o £ kareropus F-Mod, nnate obo3navaemas Vety, coctont u3
BCEX BEKTOPHBIX (JIHHEeHHbIX) npoctpancts nal F. Kareropus Beex Masibix
npasbix R-mouyaeii 6yner obosnagarbcs Mod-R. Ecaim R n S — usa
kousia, 1o B-Mod-S obosnauaer kareropiio scex Mainbix R-S-6unoy.ei
(neBbix R- u npaebix S-mozysieil, B KOTOpbix r(as) = r(as) ausa seex r €
€ R,a € A, 5 € 5). Auaioruano Mo:KHO NOCTPOHTH KATEIOPHH MAJIBIX
anrebpanyeckux 00beKTOB J000r0 3a/laHHOTO THIIA.

OG'bEK'[’i’lMH KATEMOPHUH TOMWIOIHYeCKHX NpOCTPaHCTB TD[J CJLY AT
BCE MaJIble TOMOTOrHYecKHe mpocTtpanersa X, Y, ..., a mopdusmamu
Bee nenpepoisubie orobpaxenns f @ X — Y. Cuoosa monomopdmsmamn
SBJIAIOTCA BJOMKEHHUS, a 3nuMopdusMamMu — ciopbexiun. O 1H0TO4e YHOe
HPOCTPAHCTBO CAYAKNT TePMHHAJABHBIM, & MYCTOE MHOKECTBO — Hava/lb-
HEIM OOBEeKTOM. _qlla...‘lﬂl‘l‘]‘lll() MOHIIO 06pa:3UBilTb KATEroOpHI0 BCEX Ma IbIX
xaycg0phoBeIX TPOCTPAHCTB HJIM BCEX MAJIbIX KOMIIAKTHBLIX Xaycaopdo-
BBIX NPOCTPAHCTB.
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B kareropun Toph obbektaMy sBISIIOTCH BCe Majble TONOJIOMHYECKHe
npoctpancTea X, Y, ..., a mophmsm a : X — Y — 3710 Kmace romo-
TONMKM HenpepbiBHbIX oroOpaxkenuit f : X — ¥ takum obGpasou, jaBa
roMOTONHBIX oTobpaxkenns f = ¢ : X — Y onpeaensior oAud # TOT xKe
mopduam n3 X B Y. ¥Vvuoxkenne Mopu3MoB — 310 0DLITHOE yMHOMKEHHEe
KJIaCCOB TOMOTOITHBIX oToOpaxkenuii. B s3Toft kateropun Knace roMoTonum
BJOXKEeHUH He 0DA3aTe/IbHO sBALeTCH MOHOMOP(HU3MOM, KAK MOXKHO BH-
JIeTh Ha NPUMEDPE BJIOXKEHHHA OKPYZKHOCTH B KPYT B KA4€CTBE €0 FPaHUILbL.
Kﬂ"["l.‘.l"(}pi-{}l TOP]]. ecTecTsenno BO3HUKALT B TCOPHR l"()M()’I‘OI]}iﬁ'., H na ee
MpAMEpPe Mbl BUINM, YTO CTPEJIKa B KATETOPHH — HE TO Ke caMoe, 4TO
dryuruma. B reopun roMoTonuii HCNoins3yioTea 1 MHOPHE APYIHE KATero-
pum: Hanpumep, kareropus C'W-KoMIIeKCcoB, CHMIHIIHAIBHBIX MHOKECTB,
KOMHAKTHO HOPOAIEHHBIX npoctpaicets (oM. § 7.8) u kommaexcos Kana.

Kareropna MHOXKECTB ¢ OTMeYEHHOH TOUKOH (HHOTIA HA3BIBACMBIX
Gaanposanubing MuoxkecTramn) Gyaer obosnauarses Set.. Muosceemeo
¢ ommenennoli moykoll P HemycTo ¥ MMEeT OTMEeYeHHBIl 3/I€MEeHT, KO-
Topbiit oGoanavaercs * wan *p. OTobpakenne MHOKECTE ¢ OTMETeHHON
roukoit f : P — ) — 310 dyuKHug 03 MHOKeCTBA P B MHOMKECTBO (),
KOTOpad nNepesojuT OTMEeYEeHHYI0 TOYKY B OTMEe4YeHHY, T. €. YVIOBIeTBO-
paer yeaosuio f(#p) = xg. Muoxecrsa ¢ 0TMeYCHHO TOUKOIL U ¢ TAKHMHE
OTOOPAMKEHNAMH B Ka9eCTBe MOP(HUIMOB COCTARIAIT Karteropuio Set,.
B s1ofi kareropun mMHOxecTBO {*} M3 0AHON (OTMEYEHHOR) TOYKH s1BJIsI-
eTCst M HAMAJIBHBIM, W TEPMHHAJIBHBIM 00bekTOoM. Mopduam f asasercs
vonomopdusmom B Kateropun Set,. ecan U TOIBKO ecan o obpartum
c1eBa, U AMUMOMPU3IMOM — €CJAH U TOMILKO ecan on obpatum cupasa. On
0bpaTuM, eciii U TOILKO eC/IH ABIACTCA MOHO- H 3IHMOP]HIMOM.

Ananornuno, Top, 0bo3Ha4aeT KATErOPHIO MAJLIX TONOJOMHHYECKHX
NPOCTPALCTB € OTMeYeHHO TOUKOIi: ee 00beKTL — npocTpancTsa X € 0T-
MEYeHHOI TOYKOil *; MOp(H3MBI — HenpepbIBHBIE oToOpaxenns f: X —
— Y, KoTopbie NepeBojsT OTMEYEHHYID TOYKY B orTMedennyio. Todno
tak e, Toph, — 310 Kateropms, 0OBLEKTAMH KOTOPOI ARJSTCA NPO-
cTpaHcTBa ¢ OTMEYeHHON 'l"l‘..)‘lKDﬁ.l ek M('Jp(l][—l:jl\{:—LMH — KRJACCEI MOMOTOITHA
HEMPEPBIBHBIX OTOOPAYKEHHI, COXPAHSIONIIX OTMEYCHHYIO TOUKY (Iputiem
FOMOTOIHH TAKAKE JOJDKHBL ee coxpaHsdTh). O6e KaTeropHi BO3HHKAIOT
B TEOPUH FOMOTOIMH, Te Beerja ObiBaer HeoOXoamumMo Beibparb OTMeYeH-
HVIO TOYKY HIpH OIpeaeacHim (b}']l,iJ,iti\-lUii"l‘«'.i.-']bllU}ul rpynmnbl WK BbICHTHX
rpynn romotonuit, cm. § 1.5.

BHHHDHI)IH OTHOMIEHHSA MOMHO PacCMaTpiBaATh KAK CTPEJIKH B KaTero-
prun Rel. Ee o6bexThl — Bece madbie MHOKecTBa X, Y, ..., a cTpeskamu
R: X = Y sasasiiores see Gunapubie ornomenns Mexcty X u Y, 1. e. Bee
noavuoykecTBa R C X x Y. Ecrm S 1Y — Z — apyroe takoe OTHOIIEHHe,
10 npou3pegaenne ornomennii S o B : X — Z onpeagenserca obbluHbIM
obpazom:

SoR={(r. z)| ans nekoroporoy € Y BepHO,
uro (z,y) € Ru (y,2) € S}.

Eaunnunoii crpeskoit X — X cysuT TOXKICCTBEHHOE OTHOLICHHE Ha
X, cocroguiee u3 seex uap epuga {x,x) aas seex & € X. Axcnomsl
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KaTeropiu o4epuanbiv obpazom seinoissioresd. Kareropua Rel cogepant
Set B KavecTBe MOAKATErOPHN € TEMH 7K€ OOBEKTAMH, TIOCKONBKY KazK-
avio pyagmmo f 2 X — Y MOXKHO MHTEPHPETHPOBATL KAK OTHOLIEHHE,
cocrogiiee u3 Beex nap suga (x, fx) ans scex ¢ € X. Ho 8 Rel ects
H JONOTHHTedbHAR CTPYKTYPa: A1 KaradJ1oro R + X =¥ ¥ cynecreyer
obpaTroe otomenne R* : Y — X cocrosmee u3 Beex nap puaa (y, ),
rue (z,y) € R.

Konwxpemnasa wamezopus — »ro napa (C,U), rae ' — Hexkoropas
kareropus, U yuusanaentusiii pynxrop U @ €' — Set. [Hockoiabky
U/ yHHBATIEHTEH, TO MOMKHO OTOXKJIECTBUTh KaxKayio crpeaxky f n3 C
¢ pynxumedi U f. B arom eMbicie MOKIO ONHCATH KOHKPETHYIO KATErOpHIo
Kak Takyio kareropuio C, rie Kaxapli 06beKT HaJe/leH MHOKEeCTBOM-
nocurenem Ue, kaxaas crpeaxa f @ b — ¢ B AeficTBHTILHOCTH ABIIS-
erca dyakmuei Ub — Ue, a KOMIO3MIHNA CTPETOK — 3TO KOMTO3HIHA
dyuguuii. Muaorue u3 GOALITNX KATErOpHii, ONUCAHHBIX BBIE, ABIAIOTCH
KOHKPETHBIMH KATCTOPHAMH B TAKOM CMBICIC, KAXKAadA 10 OTHOLICHUIO
K CBOeMY oveBmiHoMy 3abwiBaiomemy cdynkropy. Ho aro nesepno B ciy-
qaax Toph u Rel. Hro gacaerca npuioxenuii, To NOHATHE KATCIOPHH
npouie (n Gonee abeTpakTHO), YeM NOHATHE KOHKPETHOI KaTeropum,

1.8. Muoxkecrsa hom
Jas obbexros a u b B kareropun C' hom-yuoxkecrso
home: (a,b) = {f | f — 370 ctpenxa f:a — be C}

COCTOUT M3 BCEX CTPEJoK ¢ 0biacTbio a n KoobaacTtsio b. Ero oboznavenue
HaCTO 1 pasHoobpasHO COKPANAeTC:

home (a,b) = C(a,b) = hom (a,b) = (a,b) = (a,b)c.

B repuunax hom-muoxkecTs nousrHe KaTeropui MosKHO c(hOpPMYITH-
poBaTh caeayiomuy obpazom. Majas Kareropms 3ajgaHa, ecji HMeeTcs
CIEAYIONIAS COBOKYMHOCTE JaHHBIX:

1) MHOZM€ECTBO OOBLEKTOB a, b, c. . . .;

2) bynxuus, KoTopas Kaxk10# ynopsiaodenioi nape obbektos (a,b)
conocTap/ser MHOKecTso hom (a, b);

3) as kK106 ynopsotuennoit rpoiiku obbexton {(a, b, ¢) — Qynknua

hom (b, ¢) x hom (a, b) = hom (a, ),

HasbiBaemas Komuosuuueil (ympomxennem): upun ¢ € hom(b,e), f €
€ hom (a, b) ona samncemaercs kak (g, f) — go f;

4) anst kaxkporo obwekra b — snement ty, € hom (b.b), Koropbiii
Ha3bIBaeTcd eauHnueii oobexra b.

HpH ITOM Tpl,‘ﬁ}'(.‘,’[‘(_'ﬂ BLINOIITEHIE Uﬁbl‘{ﬂbl:x AKCHOM aCcCONHaTHBHOCTH
(1.1) m egurmner (1.2) mmoc 7oNOTHEATENbHAS AKCHOMA PA3ICTICHNN;

5) ecan (a, by # (a', "), ro hom (a, b)Nhom (a',b') = &, rae & — nycroe
MHOXKECTBO.
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B uacTHoCTH, AKCHOMY aCCOIHATHBHOCTH MOYKHO C(DOPMYJINPOBATEH KAK
VTBepKIeHNe 0 KOMMYTATHBHOCTH CIeAylonieil TuarpaMyel (e Kaxkaas
CTPEJIKA HOAVHAETCH 04€BHAHBIM 00Pa30M H3 VMHOKeHH: MOP(PHU3MOB):

hom (e, d) x hom (b, ¢) x hom (a, b) —— hom (b. d) x hom (a.b)

|

hom (e, d) x hom (a, ) hom (a, d).

D10 onpeseneHne KATErOpIA PABHOCHIIBHO NEPBOHAYAIBLHOMY OIpe/Ie-
aennio 3 § 1.2, Axenoma (5) tpebyer, urobet pasanansie hom-ynoxectsa
HE [EPECEKAIUCE; OHA BKJIIOYMEHA JIJ1A TOTO, YTOObI KAXK/Ias CTPE/IKA MMe-
Jia eJIHHCTBeHHY IO ofnacrs U koobaacts. Ecin B KOHKDPeTHOM [puMepe
3ITa AKCHOMA HE BBIIOJIHEHA, TO 9TO JIEIKO YCTPAHHTH, nojanpasus hom-
MHOZKECTBA TaK, 1To0bl OHM He nepecekajinck. Hanpumep, MOMKHO 3ane-
HHTL KaykI0e 03 HCXOAHBIX MHOXKecTs hom (a,b) na muoxkecreo {a} X
x hom (a,b) x {b}. D10 ozmamaer, wro wamaLii Mopdmzm f € hom (a, b)
MOMe™aeTes cBoeil 00macThio a 1 KoobnacTeio b. HekoTopsie aBTOpPEI o1myc-
kaor akcnomy (5).

Oyuxrop 1" : € — B onuceiBaeres Ha A3bIKe hom-MHOMECTB Kak
(obbranas) gynkums obbekros T Bmecte ¢ cemeiicTsoM hyHKmii

T.z: Cle,d) = B(Te, Te')

(a uvenno pynkuuit f — T f ana f € C(e,¢')) rakux, uro seeraa T, 1, =
= 1y, 1 KOMMyTaTHBHA 1106as THarpavMMa

c(, ") xCle,d) ——— Cle, ")

lr xT, o ]r

B(Td,Tc"yx B(Te,T¢'y —— B(T'e,T¢"),

e TOpH30HTAdbBHBIE CTPEIKH COOTBETCTBYIOT KOMITIO3WIIHHK B B H B C

[IpenocraBnser WHTATENIO ONHCATH €CTECTBEHHOE TpeobpasoBaHme
7: 85T B repunnax gyuxunii C(c,c’) = B(Se, T¢).

Bo MHOrEX CyImecTBeHHbIX TpuMepax Kareropuii camm hom-
MHOZKECTBa HMEIOT ONPeJAEJeHHYK) CTPYKTYDY; Tak, B KaTeropum
pekTopHbix npocrpaters V, W, ... vaja (pHKCHDOBAHHBIM OJIEM KaxK10e
muozKecTso hom (V, W) camo asasgerca BEKTOPHBIM NPOCTPAHCTEOM (BCex
JmHelnbx orobpazkenuit V' — W), B npocreiimeym u3 takux ciayqaes hom-
MHOXKECTBa sBIsioTesa abeesbivu rpynnavu. Onpesennv dhopMaibio
Ab-kareropuio (nassisaemylo rakxke npedaddumuenott kamezopueri) Kax
Takyio Kareropuio A, B KOTOpoil Kazknoe hom-mHOkKecTBO sABjsiercs
abenepoil rpynmoil 1o CHI0KEeHHIO, PUYeM KOMIO3HIus Ouauneiina: s
mobbix crpetok f. f'ta— bu g.g' 1 b — ¢ cnpageaMBO paBeHCTEO

(g+g)o(f+f)=gof+gof' +gecf+gof.
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Takum obpazom, Ab, R-Mod, Mod-R u 1. n. sipisitores Ab-kareropusiMu.
[ockonsky Kovnosunus (g, f} — g o f 6uauneiina,

A(b,c) x A(a,b) = Ala,c),

TO €€ MOXHO 3allHCATE H KaK J‘!‘EIHE'&HOE 0T061)3)KGHH€. }ICHQ'-II}3}"H TeH30p-
HOE TIpoN3Be/IeHIe @ = @z

A(b,e) @ A(a,b) = A(a,c),

u noanocThio onucatsh Ab-gareropuio A B 3rHX TepMunaX, He npeanoaaras
3apatee, 4To 310 kareropusa. Takum obpasom, mad 3ananus Ab-gareropun
HYKHA CJIEIYIOMAs COBOKYNHOCTh JTAHHBIX:

1) MuozecTBO OOBLEKTOB A, b, ¢, . . .

2) dyHKIs, CONOCTABIAIOIIAT KAZXK/I0I YIIOPAI0YeHHOM nape o6bek-
ToB (b, ) abeneny rpymmy A(b,¢);

3) Ana KaxKA0i yIOpaa0oTeHHo Tpoitku 06LexTor (a, b, ¢) — mopdnam
abeneBbIN rpyin

A(b,c) ® A(a,b) = A(a,c),

KOTOPBIT HA3BIBAETCS KOMNO3UIME U 3annckiBaercs Kak g @ f — go f;

4) ana Kaxaoro oovexkta a — Mopduszm Z — Ala,a). (3pecs Z —
aﬁe.ﬂeaa rpynmna Henblx 4YHCed 10 CJOA0XEeHHID, 3TOoT MO]J(b}{3M MOMHOCTEHO
onpegensaeTca obpaszom dncna 1 € Z, KoToperii MOKHO 0D03HAYATEL Yepe3
La.)

ﬂpu FITOM JLOJXKHBL BBITOJAHATBCH aKCHOMbBL aCCONHMATHBHOCT M €11~
el (1.1) 1 (1.2), em. taxske auarpamust. Onpesenenne Ab-kareropun
BIIOJTHE aHAJOTHYHO OIpeIeIeHHID KATeTOPHH qHepes hom-vaokecTBa: Set
samendgerca Ha Ab, ZekapToso mpon3eeeHne MHOXKECTB X — HAa TeH30p-
Hoe npoussedenue B Ab, a oaHorouedHoe MHOKeCTBO % Ha Z. 3710 onpe-
JIeSIeHne oueBiIHbIM 00pasom obobmaercst na kareropun A, B KOTOPBIX
hom-o6bexror A(b, ¢) npunayiexar kareropuu Tuna Ab, 7. e. najenennoii
VMHOZKEHHeM THMa & M eAnHaneil Tina Z OTHOCHTENBHO TAKOTO YMHO-
xenns. Takue kareropuw Haswisatores oboramennsivu (enriched, Kelly,
[1982]).

@yukrop T : A = B mexay Ab-karveropuamu A u B nassiBaercs ad-
dumuennim, ecn Kaxkaaa dyuakuna 1 : A(a,a’) = B(Ta,Ta') senaerca
romomopdusmom abeaessx rpynrn, T.e. T(f + f') = Tf + Tf' ana seex
napasuienbupix nap f u f'. fdeno, yro KoMnosunms AN THEHLIX GYHKTO-
pos ajgurieaa. Ab-cat Byaer obosnauars KaTeropuio peex masnnix Ab-
KaTeropuii ¢ aIHTHBHBIMI (DYHKTOPaMH B Ka4eCTBE CTPEJIOK.

3amMeuyaHus

D1 HehOPMATBHBIE 3aAMETAHNA, KAK H B KOHIIE MOCTELY FONINX I1aB, KACAIOT-
€A NMPE/IIOCHLIOK W NePCHeKTHE HCC/Ie0BaHMI 110 3aTPOHYThIM TeMaM, a TaK ke
comepaxar Gubmmorpaduaeckne cepuikn (manpuvep, Pétard [1980b| osnauaer
BTOPYIO U3 LUTHPOBAHHLIX clareil 310ro asropa, seimeaumx 8 1980 1.).

OcHoBoOIara0mas uies npeactapjiedns (QyHKIUM CIPe/IKO BlepBble 110-
ABMJIACH B TOMOTorHn okono 1940 1., BeposTHO B cTaThax wm aekupax B. T'y-
peBrYa 0 IPyIax OTHOCHTENbHbIX romorommit (e, Hurewicz [1941]).
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Ero nopoppesenne nemeiuieHno npupiekno suuvanme P.X. dokca (cm.
Fox [1943]) m H.9. Crunpoaa, KOTOPBI HCTIOMB30BAT CTPEIKH W (HEABHO)
dyukropsr; cm. takxe (Hurewicz, Steenrod [1941]). Crpeska f @ X — V
GLICTPO BEITECHWIA MeHee ymadnoe obGozHadenme ¢yuxmun f(X) C Y. Ona
XOPONIO BhIPA3M/IA NPEJAMET IIABHOIO mHTEpeca B Tononorun. Taxny obpasom,
0603HAMEHNEe CTPEIKA TOPOIIIO MOHATHE KATETOPHH.

Kommyrarusabie guarpaMsbl Briepebie GbLIH IIPHUMEHEHbI, BEPOATHO, TAKAKE
T'vpesuaem.

Camvu kaTeropumn, (DYHKTOPBI M €CTECTBEHHBIE Npeodpazopanns ObLIH OT-
KpbiThl Ditnendeprom n Maxneiitnom (Eilenberg, Mac Lane [1942a]) npu n3yye-
HHH NPEAeIos (IpH ecTecTBeHHBIX NPeobpa3oBanHAx) B CBA3H C TeopemaMu 00
VHEBePCAThHBIX KO3 drumenTax koromomormit Yexa. B aroit craree buim Ha-
nedaraHbl KOMMYTaATHEHbBIE JuarpaMmbl (BepoaTHO, Biiepssie). Takum obpasom,
OJHAM W3 TePBhIX PaccMOTpPeHHBIX QYHKTOpoB okasadcs Ext. Karteropmm xax
CAMOCTOS TeTLHBI npeamer gnepebie n3yuaance B pabore (Eilenberg, Mac Lane
[1945]). Croub wupokue o6obuienus B OCHOBHOM OLIBAIOT NPOABICHUEM A€D-
30CTH M CTPEMJIEHHS K CHEKYJATHBHOMY abCTPArupoBaHiio, KOTOPOe B JaHHOM
CIyHae NOAKPeIII0Ch VAOBOIbCTBHEM OT NOXHILeHIs TePMUHOB ¥ (uiiocodos:
«RaTeropus» 3amMcrsopana y Apucroresns m Kanra, «ynkrop» — v Kapna-
na (Logische Syntax der Sprache), a «ectecTsennoe npeobpasoBanues — n3
'J.'()I",f_l'a.ﬂ.ll;lei.[ L'ICIBCBI.'_‘{H(:‘,BHDI‘:I pe'lll. B}Ia‘la.ilﬂ KH.'I.'(_‘,FOPHL'[ uphhleﬂﬂ.ﬁﬂ{cb B OCHOBHOM
KaK A3bIK; B TOM YA€ CYIecTBeHH0 H 2(phekTHBHO — B akcnonax Ditnenbepra—
Crunposa B8 Teopun roMOJOPHN H KOIOMOMOrHd., B najispeifilies npuMeHeHue
KaTeropuii paciinpsa/ioch, 0 BOIPOC HA/IEKHOT0 000CHOBAIHS BLIIET Ha 1IePBLIii
maan. CormacHs cpein CIemyaincToR 31ech 10 CHX 10D HeT; NPHHITOe HAMHA
JONYINEHHE <€ IMHCTBEHHOTO YHUBEPCYMa» SBIACTCS MOAXOIAMEeH BpeMenHoi
l\l(‘!p[]ﬁ. HO HE NPeJCKa3adHueM ﬁ}t’,"k\,"l[l(ﬁ[“{).

Tt‘{_}p]'lﬂ Kﬂ']‘er‘ﬂpllﬁ CHOpalIHBAeT 0 KaiKJA0M THITE MaTeMATHYeCKOrG UG'b’PK'I'a:
«Yro 3nech cayikuT B KadecTse MophuaMon?s; ona Tpebyer, arobnl 3TH MOp-
dmamMbl GBI OnHCAREL OZHOBPeMeHHo ¢ obbekTamu, (JIHAKO <KaTeropumkms
OOBIMID HABLIBAIOT CBOM DOJLIIHE KATeropHH ofmpy numenem ux o0bLexTos,
kak nanpumep Set, Cat. Toanko Dpecman (Ehresmann [1965]) u ero mkona
OTBAMIIHCL HASRIBATE KaXl V10 KHT(‘.FUPHKJ ()6LU,HM HMEHEM e CTPETOK! Hallla
kareropus Cat 910 ux wareropus pyuxropos. Taxkoe pauumanne x (ro-
mo)vopdmsvan B Gosbuiolt Mepe socxosnr k Dvvu Herep, koropas mupoko
HX HCNOAL30BAJIA B TEOPHH FPYIIT H KOJelL,



I'nmasa 2

KOHCTPYKIIMM B KATETOPNAX

2.1. [IBoiicTBEHHOCTH

Kareropnas ABOICTBEHHOCTH COCTOWT B OOPAIIEHHMH BCEX CTPEJIOK.
B arom naparpade Mbl gagmM TOYHOE ONMACAHWE TAKON MPOTEIYPhI HA
OCHOBE AKCHOM, & B CJIEAYVIOUIEM — HA TEOPETHKO-MHOMKECTBEHHO OCHOBE.
Takum obpaszom, B 3170M naparpade KaTeropus OMHCLIBACTCH AKCHOMAMH,
Kak B § 1.1, a He B TepMEHAX MHOXKECTB (0DBLEKTOB U CTPETOK) u hyHKOmi
(001acTh, KOODIACTL, KOMITOZHILHS ).

Daemenmapnas meopus abempaxmnoti wamezopuu (ETAC) — sro
HEKOTOpad COBOKYITHOCTE YTBEpMIeHHH X, rie HCenoiab3yiorcs OyKBbl
a,be,... nna obbexkroB W f, g, h.... g cTPENoK. DTH VIBEPHKICHH
CTPOATCA W3 QMOMGPHBT Ymeepscdenuti, BKIIOYAIIINX HEONPEIeTA-
MBIE HCXOJHDBIE TOHSTHA TEOPHH KATeropuil; Takuy o0pasoM, aToMapHbIe
YTBEPIKICHUA HMEIOT BUJ €@ ABJseTcs 061acThi0 onpeaesenns hyHKInm
[», «b avnaerca koobaacTeio hynKin f», «i — TOAECTBEHHASA CTPEIKA
O0BbEKTA a», «g MOKHO YMHOKHTDL Ha f, monyuaus h», «a = by u «f = g».
'STH ATOMAPHBIE YVTBEPACIEHHS MOMHO TAKMKE 3allHCATH KaK 3HAKOMbIE
vpapuenud: a = dom f, h = go f. B obuiem cayuae yreep:kiaenue ¥ — 310
mobast cdhpaza (nmpaBnibio nocTpoernas GopMyJia), TOAYIeHHAS W3 ATO-
MAPHBIX YTBEPHKIeHHIT MepedHCIeHHbIX THIIOB ¢ TOMOIIBI) CTAHJIAPTHBIX
MPONO3HITMOHALHBIX CBSZ0K (M, WM, He, BIEYET, eciH ¥ TOIBKO eciin)
H CTAIJAPTHLIX KBAHTOPOB (<1 BCEX a», <[l BCEX [», «CYIIECTBYET
a...», «cymecrsyer f...»). Takum obpasom, samucs «f : a — by yno-
TpebiseTes HaMH KaK COKPAIIEHNe YTBEPXKISHNA «a ABJIAETCA 0DIaCcThIo
s hyrkiman f, a b — ee KoobaacThios.

IIpedaoscenue — 310 yTBEPHKJEHHE, B KOTOPOM HA BCE IEPEMEHHDBIE
HABEIIeHBI KBAHTOPBI (T. €. BCE MEPeMEeHHBIC CBA3AHLL, a He CBODOIHDI).
IIpumep npeanoxennd: <18 Kaxxaoi dynkuun [ eymecrsylor takue
anb aro f: a — by (310 gaxe akcuoma, BBIMOJHEHHaA B JH000
kareropun ). dpyroit npusmep — axcnomst ETAC (npusenenusie s § 1.1).

Nreepwxaenne, deoticmeennoe k narnomy yreepxaernio L n3 ETAC,
obpasyercs caeayiomuy crnocobonm: Beoay B Y 0bIacTb 3aMeHsiercs Ha
K000s1a¢Th, K00OaacTh Ha 06/1aCTh, COOTHOUIEHHE <l SAB/IAETCS MPOU3BE-
nenneM ¢ ma f» 3aMmensiercs na «h ABIgeTCcs npousBelcHHCM f HA gy
CTPOTKH 0 KOMIO3UINH TOBOPATHBAIOTCA B 006paTHyio cropony. Jlormie-
ckue onepauun (U, win, ...) ne 3arparusaworca. Hoayuaem caenyomyio
Tabmuiy (aononnenue K Heil cm. B ynp. 1 § 4.3).
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Vrisepxkaenue X Hpoficreennoe yreepykienue L
fra—=b f:b—=a

a=dom f a=codf

=y =1y

h=gof h=fog

[ — monomopduim [ — samumopduzm

CTpeJiKa it npapas (}ﬁlla'l‘ll}l}l CTPeJIKa 1 JieBad ()6[)&’{'}[}]}1
ais h anst h

crpenka f obparmva cTpeska f obparmma

0DOBeKT T — TePMHHAILHLII 00BeKT T — HavaILHLIHL

0’1‘MQ’1'HM, HTO ,'I,HOﬁC'[‘H(‘IHIO{‘. K r-‘l,]'i(]ﬁ(‘.'l‘B(‘H}!O!\u!y YTBepAJIeHno copliajaet
¢ nexoaubim (£ = ¥). Ecan yTsepkjenne BKIIOHAET JHATPAMMY, TO
B jJ,BU}“'ll.'.']"B(‘.IHI.Oi\r'l VIBEPHJAEHHNA BCE CTDPEJNKH B JHAI'DAMME HYXMHO nepe-
BEPHY Th.

yTBf‘.p}K,’[ﬂlTHH. ,TBUﬁCTBG]II-ﬂJT(‘ K aKCHOMaM K:"I.'I‘E‘-l"l')pﬂﬁ, TAKAE SIBJISATOT-
ca akcnoMamu. Taxum oOpaz3om, ec/IH MTPH BBIBOJIE TEOPETHKO-KATErOPHOI
TEOPEMbI M3 AKCHOM Kaxkji0e VTBEPHKJICHHE 3aMeHHTh Ha JIBOHCTBEHHOE,
TO MBI HOJIYYHM [IPABHILHOC TOKA3ATENLCTEO (ABOHCTBEHHON TeOopeMbl).
B ATOM COCTOMT NPUNHUUT (}fio't'icmﬁmmar:mu: ECITH YTBERHJIeHHE E ae-
MeHTAPHOH Teopnn abeTPaKTHON KATErOPHH MOMKHO BBIBECTH H3 AKCHOM,
TO 3TO BEPHO W JulsA JIBoicTBeHHOro yreep:xaenns L*. Hanpumep, mbl
VIOMHHAIM (JEMEHTAPHYIO) TEOPEeMY, Y10 eC/H B KATEIOPUH CYLIeCTBYET
TePMHHATBHBIT 0OBEKT, TO OH €IHHCTREH ¢ TOTHOCTBIO /10 A30Mopdn3Ma.
Hp}u-uum ,LJ,BU“['.'J‘B('JHUUC’J.'H H B ()U,'ll:‘(’. CJAOMHBLIX ClIydadax jaeT _Y,ﬂ.()()}[blﬁ
crocob nonyunTh (npudeM cpasy) JBOHCTEeHHYIO Teopemy. Ee e tpeby-
erest JoKasbiBaTh. Jaxke ee hopMyaMpoBKy Mbl 00bIMHO BY1EM Npe1ocTas-
JATH YATATETI0.

IpuHLMI ABORCTBEHHOCTH MOMKHO [PHMEHATh H K YTBEPHKIEHHSIM,
BKJIIOYAIONIMM HECKOJIbKO KaTeropuii u (hpyHKTOpoB Mmexay Humu. IIpo-
crefimuii (1 xapakrepuniii) cayuaii — anemenTtapnas Teopus 01H0ro QyHK-
Topa, T.e. AByx Kareropuii C' u B u dyukropa T' : C — B. Aromap-
HBIMH YTBEPAIEHHAMNA B ATOH TEOPUH CJIVIKAT, BO-NEPBbIX, ATOMAPHbLIE
vrsep:aenns s kareropun C, nepednciieHHble Bbllle; BO-BTOPBIX, CO-
U"I'BE‘.’TC'I'By]O[].LHl:"I CHHCOK JL71# KATeropuu B: B-TPETBUX, VTBEDHIEHWH BH1A
«T'e= by mw <«T f = h», KOTOpBIE ONpeIeaAlOT 3HAUCHNA DYVHKINA 00beK-
o u (pynkipn crpenok gpyukropa T ua odbekrax ¢ u erpenkax [ karero-
pun C. AKCHOMaME TEOPHH CJIYKAT aKCHOMbI Kareropuit C' u B, a takxke
yrsepaaenusn suna T(gf) = (Tg)(Tf) v T(1,) = 17y, o3nauaonme,
yro 1" apaserca dyukropom. lyanuzaums (nmepexon K 1BOHCTBEHHOMY
}"]'BPPH(JJ,EHI[IQ) COCTONT B 3aMEHe ero aroMapHbIX COCTABJIHIOHIHX, OTHO-
caumxed K C' u k B, ua jpoifcreennsie (T. €. B 00palieHun cTpesok B o6enx
kareropuax). [Ipuannn QBOMCTEEHHOCTH CIPABEIIHE U 3/6Ch, TTOCKOJABKY
VTBEpAKAeHIe 0 ToM, 9T0 T' aBadercs (DYHKTOPOM, CAMOABORCTBEHHO.
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[MoguepkHeM, 4TO NpH JAYAIH3ANAN YTBEPHIEHUA, BKIIOYAIONIET0 Hee-
K0AHKO KaTeropuil i (PYHKTOPOR MeK Iy HUMH, TOBOPAYHBATOTCH CTPEJIKHA
B KaXK0H KaTeropuu, HO (pyHKTODPLI HE HOBOPAYHBAIOTCH.

2.2. KonrpaBapuaHTHOCTh U JIBOUCTBEHHBIE KATEropuu

Kak 1ot kareropun C Mbl conoctaBuM deoticmeennyio kareropuio C°F.
Ee obbexrsr — te ke, uro u B kareropun (', a crpenku fOF naxomxsarcsa Bo
B3AMMHO OaHO3HAYHOM coorsercTBHl [ — [P co crpeakammn kareropun
C. dna gasxaoii crpenkn f:a — b u3 C maeem f°F 1 b — a (manpas-
Jgenue nporusononoxno). [Mpoussesenne PP = (gf)°F onpeaneneno
B C° Torma e, Korma npoussenenne gf onpeneneno B C. fcwo, uro
roraa C°P spasiercs kateropueit. ITpu atom obaacts ana f°P cosnasaer
¢ KoobBIacTbIo s f, crpenxa fOP gapiisercs MOHOMOP(MOH3IMOM TOI/E ¥Ke,
korjaa [ sieasdercs snuvopdusmoM, u T . eficTBUTensHO, NpH Takoi
npoueaype aioboe yreepxxKacnue ¥ o kareropuu C' nepexoauT B ABOHCTBEH-
Hoe yreepxaerne L° o xareropun C'°P. Bonee moapobuo: mycts yTeEp-
acaenue ¥ B ajementapHoil TeopuH abCTPAKTHON KATEIOPHH COAEPIKHT
croGonHbIe iepeMernsie [, g, ... OuernaHas MHIYKINS, OTBEYAKONIAS €ro
HOCTPOCHHIO U3 ATOMAPHBIX YTBEPAICHUH, OKA3LIBAET, YTO ¥ BBITOIHEHO
s crpesok f,g,... B kareropun C, eciii H TOILKO €CIH JABOHCTBEHHOE
yreepaaenne Y ppionneno jud crpenok f°P, g°P, ... B apolicreennoil
kareropun C°P. Kak ciiencreue, npejiiozxkenne ¥ sepHo B kareropun C°F,
eCJIH 0 TOUILKO eCJIi JABOMCTBeHHOe Npejioxkenne Y° BepHO B KaTeropun
C'. Do HabIOIEeHHe MO3BONSAET PACCMATPHBATE CBOMCTBO, JBOHCTBEHHOE
K (_‘.BOﬁ[f'I'B}' E_, KK HCXOJ/H0¢ C]}Uﬁ(_’TBD, Ho B ,’LBU;!(_‘.’I'BEI{HO]';I KaTeropHn.
(Hekoropbie aBropbt 0603Ha49a10T ABOHCTBEHHYIO KaTeropuio yepes C*.)

Mycrs T : € — B — nexkoropstit dyukrop. Ero dynkuna obbekTos
¢ — Tcn dysxuus crpenok f + 1'f, npeo6pazosannas B fF — (1'f)°,
BMecTe onpeaessior (gpyHkTop n3z C°P B B°P) koropblii Mbl 0603HATHM
depes TP : C°P — BP. Coorsercreus C' — C°P u T — TP onpenensior
(kopapuanrnniit!) dynkrop Cat — Cat.

Pacemorpun HexoTopenii oyakTop S : C° — B. B cuny onpenenennst
dyurTopa, on Kaxkjgomy obwekty ¢ € C°P conocrapaser obbexr S¢ €
€ B, a xamaoii crpenke f° : b — a n3 C°P — crpenky Sf : Sb —
— Sa w3 B, upuuem S(fPg°P) = (SF°P)(S¢°P), eciu TOILKO ONPEILIeHO
F°Pg°P. Taxoii GyHKTOP S MOKHO ONHCATH HENOCDEJCTBEHHO B TEPMHHAX
ucxoanoii kareropun C, obosuauus SfP wepes Sf; rorma S cranosuTcs
wonmpasapuanmmsia gynwmopom w3 C' 5 B. On conocrasager npous-
BoJIbHOMY 00beKTy ¢ € C obbekr Se € B, a kax ol erpeike f:a — b
crpenky Sf : Sb— Sa (npomueonciomnciozo HaNPaBIeHnd ), IPIYen

S(1) =15, S(fg) = (S9)(Sf) (1)

(nocseHee BRINOTHEHO, eC/TH TOMLKO npousseaenne fg onpeneneno B C').
Ormernm, wro yHKIUA CTPRNoK g KOHTPABAPHAHTHOTO (DYHKTOPA MOH-
eT NOPAJIOK YMHOXKeHHs. [{OHKpeTHbIe KOHTpaBapUaHTHbBIE (DyHKTOPbI Obl-
BaeT y106HO NPEeCTAaBIATh B TAKOM BHJE, T. €. KaK (byHKIHMHK S, MeHsoLIHe
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MOPAJIOK YMHOXKeHHsA. [IpHMepoM cilyKuT KoHTpaBapuanTbiii dynkmop
bynesoti emenenu P u3 Set B Set. Muowecreo PX = {S§ | S C X} -
ATO MHOKECTBO BCEX MMOAMHOMKECTE JaAHHOI0 MHOMKEeCTEA JL-; CCJIH f : ‘Y —
— Y — wekoropasn crpenxa, o Pf : PY — PX orobpaxkaer kaxioe
noamuoskectso ' C Y B ero moansli npoobpas f'7 C X. pyroii
HNpUMED XOPoLIo H3BeCTeH: 3T0 Hpouc/iypa, CONnOCTARIAIONAH KA 10oMY
BEKTOPHOMY MpocTpaHeTBy V' ero apoficTBeHHOe (CONpAXKEHHoe) BeKTOp-
noe npocrpancreo V', a kaskgaomy smpeiinomy orobpaxennio f 1V —
— W — conpsixennoe orobpaxkenune f*: W* — V", Dr1u cooreercrBus
ONPEARIAIOT KOnTpasapuanTibiil (pyHKTOD U3 KATEropuu BCEX BEKTOPHLIX
MpocTpancTB (HaJ (PHKCHPOBAHHLIM TIOJIEM) B HEE JKE.

Hanporus, ¢gyukrop T : €' — B, onpeneiennniii panee (5 § 1.3),
HasbiBaered koeapuarmuum dyvaxropom w3z C B B. Ilpn obmux pac-
CMOTPEHHAX 6b[BaGT ropasio ‘}'AUGHEC npeacTaBiaATh K(]H'J']}aBa-]}[iH.HTHbIﬁ
dbyuktop S w3 C 8 B kak kosapuantuwii dyukrop S : C°° — B,
a MHOrZa KAK KosapuautHelii dyvekrop S : ¢ — B°P. B 3roii xuwure
CTPEJIKA MEXKITY KATEropusmMu (T e. Mexiy ux obo3HaueHusiMu) Beeria
Oyaer o3Ha4daTh KoapuaHnTHblil pyakTop I : C — B wm §: C°P = B
MEZY YEAIAHHLIMHA KaTCrOpaMH.

Baxkusiit npuMep Ko- W KOHTPABAPHAHTHBIX (DYHKTOPOB AaioT hom-
maokecTra. [lyers € — gareropnst ¢ maabivin hom-MHOKeCTBAMK, Tak
4710 Kax/aoe mMHomecrso hom(a,b) = {f | f : a = bs C} asnserca
MaJIbIM H HOTOMY BXOJAHT KAK UG"heK'l' B KATEropHio Set. BCEX MaJlbIX
mHOKecTB. Torga ana kaskgoro obbexta a € C HMeeTca Ko6apuaHmmwll
hom-ghymxmop

C(a,—) =hom (a,—) : C — Set: (2)

ero ¢yHKINA 00HEKTOB 0TODparKaeT KaxKAblit 00beKT b B MHOMKECTBO
hom (a,b), a dyuknus crpenok orobpazkaer Kaxkiyio crpeaxy k : h —
— b B Py

hom (a, k) : hom (a,b) — hom (a, b'), (3)

KoTopasi crponTest o npaguay f — ko f nna kaxnoit crpeaxkn f ta —
—+ b. Paau npocroret o6o3uadennit ata gpyakuna hom (a, k) naoraa obo-
3nadaercad k, 1 HA3LIBACTCH YMHOMKEHHEM Ha k CeBa WM 0TODPaKeHHeM,
KOTOPO€ MHIYIHPOBAHO CTPEIKOI k.

Konmpasapuanmmsrii hom-dynrmop nns nponssonasnoro obuekra b €
€ ' MOZKHO 3anUcaTh B KOBAPHAHTHOM BH/IE KK

C(—,b) =hom(—,b): C" — Set; (4)

o orobparkaer Kaxabiii o0bekT a B MuOMecTBO hom (a,b), a Kax1yio
crpenky g:a — a' kareropun C' B pyHKIHIO

hom (g, b) : hom (&', b) — hom (a, b), (5)

KOoTopas crpontcs o npasmiay f = f o g. Onyckas obvexr b, aty dyHr-
o hom (g,b) MHOrAA 3ANHCHIBAIOT OPOCTO KAK g* H HA3BIBAIOT YMHO-
JKeHueM Ha ¢ cnpapa. Takum obpasom, 1is Kaxkaoil crpeakn f:a — b
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HMeen
k.f =kof, g'f=Ffog.

g apyx Takux crpesok g : a — a' u k : b — b ciexyoman
JAUATPAaMMa B KATeropHum Set KOMMYTaTHBHA:

hom (a’, b) —% > hom (a,b)

k,l | lk. (6)

hom (a’,b') —— hom (a, b'),

MoOCKOLKY 00a nyTn nepesoaar f € hom (a',b) 8 kfg.

Mpi onpegemn hom-dpynkTopbl gauinn 18 Kateropun C ¢ MajbiMu
hom-muoxkecrsavn, Takossl uasecrhbie Gonbiive kareropun Grp, Set,
Top n 1.1 YTob6H OXBATHTL KaTeropum 06e3 3TOTO CBOICTBA, MOMKHO
MoCTYnHTh creayonmyM obpasou. [Tyers nana kateropus C'. Bosemem mo-
CTaTOHHO DOJILIIOE MHOKECTBO V| COIepsKalllee Bee NOAMHOKECTBA B MHO-
Kecrre erpetok Kareropun C (Hanpumep, MHOKECTBO BCEX TOJIMHOKECTH
sTOTO MHOMKecTEA). Ilyers B kateropun Ens = Sety obbexramn apisores
Bce MHOKecTBa X € V', crpenkamn — Bee dyukupn f 1 X — Y mexay
TAKUMH MHOYKECTBAMH, & [POM3BE/ICHHE OIPEIE/ICHD KAaK ODbI'HAS KOM-
noznuusa qpyukunit. Torpa kaxipoe hom-vuoxkecrso C(a,b) = hom (a,b)
gpagerca odbekToM Kareropun Ens, 1ak 9ro onucannas BIIe NpPoLeLypa
onpejensier apa hom-dbysKTOpa

Cla,—):C — Ens, C(—,b):C° — Ens. (7)

B gacTrOCTH, ecnm B kadecTBe V' B3ATH YHHBEDPCYM, COCTOSAILIHIT M3 BCEX
MaAJIBIX MHOXKeCTB, To Ens = Set, B lJﬁI.IJ‘(’.M ciyvae Ens — aro (IIQ[){-?M('?H—
HAas) KATErOpHd MHOZKECTB, KOTOpad CIyzKUT o0JacThbio 3uadennii hom-
d)_y![KTOpDH B HH' [‘pr‘(ylﬂ[ll,{"ﬁ HAC KATeropiy \uin KaTeropHsx.

CylecTByer 1 MHOIO APYrUX MPHMEPOB KOHTPAaBapHAHTHBIX (DYHKTO-
pPoB. HY{ Th }l — TONOJIOrHYeckoe npocTpaHcTBo. \‘[IUPH 104YHUB ('-Idl THY-
HO) 1Mo BKJIOUeHHIO MHEOkecTBo Open(X), nomyunM KaTeropmio; crpesika
V' — U eymecrsyer B uveit 8 rounocrn rorna, koraa Vo C UL Tlyers
C(U) 0bo3nauaeT MHOXKECTBO BCEX HENPEPHIBHLIX BEIECTBEHHOIHATHBIX
dyannit h 1 U — R; npn gaxaom V. C U cooreercreune h +— h|V,
orpaHuuMBaionee Kaxkayio (yukumio h na nopMuoxkecrso V., onpeae-
nser pyukuuio C(U) — C(V). Bosunukaer xkonrpasapuanTHbil yHK-
top C u3 Open(X) B Set. D101 GYHKTOP HAIBIBAIOT NYUKOM POCTKOB
HenpepbBabix Gyskuuii na X. AHalornvdso CrpouTes ny9o0K poCTKOB
C'™-mucbpepermmpyemerx hyHKIHA Ha raagarkoMm Maoroobpazmam (em. Mac
Lane, Moerdijk [1992]).

IMpumeponm KoHTpaBapHAHTHOIO hYHKTOPA U3 KOJIEL, B KATErOPHH CIIy-
xur Mod-R. Bosnee konkperno, nycrs ¢ @ R — S — mopduay (Mapix)
kosen. Torma kaxkmaenii mpassii S-monyas B npeepamaercs B npaBwiil
R-vonyins Bp = (Mod p)B npn obparHoM xoie BIOAb 0@ KazKAbil 37e-
Mment r € R peitcrsyer na b € B no dopmyae b-r = b- (er). fcuo,
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uro Mod g — sro dyuxkrop Mod-S — Mod-R, npuien Mod (py02) =
= (Mod g, )(Mod g; ), Tak yro Mod, B ¢BOMWO OYepenb, MOMKHO paccMaTpH-
BaTh Kak konrpapapuantueii pynkrop n3 Rng s Cat’, kareropuio peex
BONBIIMX KATErOPHI.

Mozxno nocrponts u kareropuio Mod ecex (npaepix) Moayneit nag
acemu konpuamu. Ee obvexror — 1o napwt (R, A), rae R — manoe konsuo,
A — manwiii npasbiit R-mopyas. Mopdusm (R, A) — (S, B) — aro napa
(0, f), tie 0 : R — S — mopdusm konen, f : A = (Modp)B — mop-
husm npaeeix R-mopyneii. Qnpesenns yMHOMKEHNE 0UE€BHIHBIM 00pa3oM,
noayuaem kareropuio Mod. @yukrop npoeuupopanuss Mod — Rng
onpegenserca cooreercrenem (R, Ay — R. Haneneiinee uccnenosanne
cisi3n aToro giyHKTopa ¢ Bhimneonucanibiv gpynkropom Rng — Cat' npu-
BOIMT K Teopun paccaoennwus rwamnezopud. (Kareropns Mod paccinoena
rHain Rng, u cioem nan kaxiabiv B cnyxur kareropus Mod-R.)

2.3. TIpousBesenunsi Kareropuii

M3 apyx ganpbix kareropuilt B u €' MOMKHO 1eAyIommuM 06pa3oM
HOCTPOUTL HOBYIO Kareropuio B X (', KOTOpas HA3bIBACTCH UX Npousée-
denuenm. Ee obbexrnt — aro naput (b, e) obbexros b w3 B u ¢ w3 C'; ee
crpeaxu (b, ¢) — (b, ¢') — 310 napwt (f, g) crpenok f:b—= b ug:e— ¢,
a KOMIO3HIMS JIBYX TAKHX CTPEI0K

(f ) (f 29")

(b, c) —= (¥, ') — (¥", ")

Onpeaensercs B TepMAHAX KOMIO3HINK B Kateropuax B n C' no opmyne

(fl.g)o(f.g) =(f'of,g og). (1)
DyHKTOPEI
BE&BxcS3c¢c

onpejeinensl Ha (obbekTax u) erpeiakax dopmysiol

P(f.9)=1 Qf.9)=g

U HA3BIBAIOTCHA npoekyuami nupoussenenus. Oun obragaoT ciieayoinm
CBOMCTBOM: JUIA Kazkaoil kareropuu D u gynkTopon

B&pLc

CYLIeCTBYeT eauHCTBeHHbl pyukTop F : D — B x O takoit, uro PF =
= R, QF = T. flcuo, 410 B CHIy THX YCIOBHH I8 KayKIO0H CTPEIIKH
h w3z D nmeem Fh = (Rh,Th); obparno, onpenenne F'h taknyv obpa3zou,
nosyuaenm pyukrop F ¢ HyKHbIMH cBoficTBamu. MOXKHO HAIISIHO Hpe-
CcTaBHTH nocrpoenne dyugropa F (00603Ha4€HHOTO IITPUXOBOIT CTPEIKOIT)
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C HOMOIIBIO ule)lymmeﬁ KDMMY’]‘E].’[‘HBHDﬁ AHarpaMMbi:

2N

B--f—B:\<C'—‘-~-(1

DT0 CBONCTRO NPOW3BEICHNsT KATETOPHiT 03Hauaer, 1To npoeknnn P u ¢
VHUBEpPCAJILELL cpequ nap ¢yagropos, nanpasiennbix 8 B u C. Ouo
coBnaiaer co CBOICTBOM [l]JO{‘.]{[I'lII"I (J‘I,EKH-].ITOB&) NMPOHU3BEJIEHHH JIBYX MHO-
JKECTB, TPYON HIH TOMOTOTHYeCKHX npocTpancTs. Qbnme cpoiicTBa TAKNAX
NMPOU3BE/IeHHIT B MPOU3BOALHON KATErOPHH PACCMOTPEHB! B UL 3.

s apyx dyukropos U @ B — B' w V : € — C' cywecrsyer
npoussenenne U x V : Bx C — B’ x (', xoropoe M0KHO Onpeie/nTh Ha
00BeKTAX U CTPEeJIKax fBHbLIM 0DpazoM:

(U xV){bc)=(UbVe), (UxV)(f,9)=(Uf,Vg).
Drtor dyakrop U X V' MOKHO onmcaTe W WHAa4Ye: KAK eIMHCTBEHHBIN

dyukTop (Kak Ha auarpaMme (2)), KOTOPLI aejaeT KOMMY TATHBHOM cie-
OVIOUIYIO JHArPaMMYy:

U éf;rkt" l‘-' (3)
¥ ¢

B"‘LBJXCF_"C'

Takum obpazom, npoussegenne X — 310 napa (yHKIHE KaKJI0H nape
kateropuit (B,C) cTaBuUTCA B COOTBETCTBHE HOBad Kareropus B x O,
a kax10i nape dynsropor (U, V) — nossiit dyukrop U x V. Ecan npu
sToM onpedenennt npousseaenns U' o U u V' o V', 1o 3asenomo (U’ x
x Ve (UxV) =U'Ux V'V, llosromy onepaius X cama siBAACTCH
dyukropom; bosiee TOHHO (€C/H OrPAHUYMTBLCH MAJILIMM KATErOpHAMM),
370 (PYHKTOP
Cat x Cat — Cat.

Ananornuno crpostes ynkropst Grp X Grp — Grp, Top x Top —
— Top u 1. 1.

B onpeienienus npon3seIeHns KaTeropuil ¢ moMonibio auarpaMusl (2)
npucyrersopan pynkrop F : D — B x C. C apyroii croponsl, pyHKTOPBI
S: BxC — D n3 npon3seieHist KATETOPHIT Ha3hBAOTCS Hudynrxmopamu
(Ha xareropusx B u C) uin gpyHKTOpaMu o1 ABYX 00BEKTHBIX IepeMeH-
HeiXx (B B u B (). Takue 6udyHKTOPBI BCTPEYAIOTCS YaCTO; HAIpPUMEp,
pekaprono nponspenenue X x Y apyx muoxecrs X u Y — 310 Oudyuxrop
Set x Set — Set (Tounee, ero dyakuna oonextor). Taknym obpazom, name
OIpeieIeHre TPOM3BEIEHIs KATETOPHIT ABTOMATHYECKH PHBOJIAT K O1Ipe-
Jedenuio (pyHKTOpaA ABYX NEPeMEHHbIX — TOYHO Tak Ke, Kak olpe/eienue
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npoussegenns X x Y AByX TONOJOIHYECKHX TPOCTPAHCTE ABTOMATHYECKH
MPHBOIAT K OMPEAETEHH0 HeMPepRIBHON (DYHKIAN JIBYX MepeMeHHBIX,

Gukeuposas ogaud apryMent s 6udynkrope S, nojgydaeM ojHOMeECT-
Hetl hYHKTOP OT ocTapinerocs aprymenta. budyvaxrop S B uenom onpese-
JISIeTCH ITUMHA JIBY M3 HADOPAMU OHOMECTHBIX (PYHKTOPOB 110 CIe1y101neii
JTEMEHTAPHOI (XeMe.

Mpeanomennel. IMyems danw xamezopuu B, C w D. Jlasn scex
ofsermos b € B u ¢ € C' pacemompum maxue dynrmopu

L.:B—>D, M:C—- D,
umo My(c) = L.(b) npu awbwz b u c. Tozda budynxmop S : B x C —
— D, daa womapozo S(—,¢) = L. npu ecex ¢ u S(b,—) = My npu secex

b, cywecmeyem 6 mom u MOALKO MOM cayvae, ecaw dag waxcdol napul
cmpeaox f:b— b ug:c— e amnoaneno pasencmeo

ﬂ'fb’g Q Lc.f = L(r"f o «Mb.'?- (4)

B oM camae K(i:}f(?dﬂ.ﬂ U3 wacmerl PAGEHCTIGO AGARENCHE IHAYMEHLUEM
S(f,g) Pynruun cmpeaox gpynxmopa S na nape f,g.

Hoxazarensctso. Menonsavem oGoszuauenus b u ¢ 11d cooTser-
CTBYIOUMX eJAHHHYHBIX crpenok. U3 onpegenenns (1) yMuoxenust B kare-
ropun B x C' BHaHO, 4TO

(b',g) o (f.c) = (b'f,g¢) = {f.9) = {fb,c'g) = (f,c') o (b, g).
[Ipumensas GyHKTOP S K 3TOMY PABEHCTBY, HOIyIaeM
S(¥.g) S(f.c) = S(f,c') S(b. g):
COOTBETCTBYIOINAS KOMMYTAaTHBHASA AHarpaMMa HMeeT BH/L

Sthic) =2 506,

l.‘?[f,r'"

S, ).

S(f, f-'-}l
S, e

S(V,g)
—_—

Ho 310 — yciosue (4), koropoe, takum o6paszom, veodxoanmo. OGpartHo,
ecan ganst Bee Lo n My, 1o 310 yeaosue onpegensier S(f, g) s kax o
napsl f, §; MOAKHO MPOBEPATH, 9TO MBI TIOAyTaem 6nhyHKTOD S ¢ HYZKHBI-
Mu csoiicrBanvu. U

MozKHO CTPOMTH NPOW3BEIEHUA Tpex H Oosee KaTeropuii, a Takke
KOMOHHHUPOBATE MOCTPOCHHE IIPOH3BEICHUIT I NEPexXod K ABOHCTBEHHBIM
kateropuaum. Hueercs oweBmansri msomopdmzm (B x C)°P = BOP x
x C'°P. Yacro rosopst, aro yakrop B? x € — [ — aro 6udyHkTop,
KoHTpasapuanthelii 8 B n xopapmantupiii 8 C' co 3uadenusivu B D.
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Hanpuwmep, nyers €' — gareropusi ¢ Maibivu hom-muozkecrsamu. Torja
hom-mroxecTBa OnpenensOT caeayomuHil ondyHKTOP:!

hom : C°P x C' — Set.

Jeiictenrensno, KoMmayrarusraa aparpamva (6) n3 § 2.2 B Tounoctn
03HAYAET, YTO KO- H KOHTpaBapuaHTHble hom-(yHKTOPEL

hom (—,¢) : C°P — Set, hom (b, —): C' —+ Set

VAOBAETBOPAIOT YCIOBHIO (4) TeOpeMbl, KOTOPOe HEOOXOIAMO I Oy Ie-
nusa budpyngropa.

Teneps paceMoTpHM ecTecTBeHHbBIE NpeodpaszoBaHus Mex 1y OndyHE-
ropamu S, 8" 1 B x C — D. Tlyvers dhyakuusa a kaxnoit nape o0bekTosB
b e B,c € C conocrasisier ¢Tpenky B kareropun D:

a(b,c) : S(b,c) = S'(b,c). (5)

Hazosem npeoGpazosanne ecmecmeennbim 10 b, ect 11s Kaxioro ¢ €
€ C komnonenTsl ¢(b, ¢) co BCeBO3MOKHBIMK b ONPEILIAIOT ecTecTBeHHoe
npeobpasopanne pyukropos B — D:

al—,¢): S(—,¢) > S'(—,0).

Yurarens Jerko AOKazKeT CIAeayOninil momne3Hsii axr:

Mpeannoxenne 2. [Tyemn S, 5 — Gudynwmopu, a dynxiyus a onpe-
deaena dopmyaoti (5). Oma Pynwuus aeasemea ecmecmeennvm npeod-
pazosarnuem budynrmopos a : S -+ S' mozada u moawvko mozda, Kozda npe-
obpazosanue (b, ¢) ecmeemeenno no b npu awbom ¢ € C' u ecmecmsenio
no ¢ npu awbom b € B.

Takue ecrecreennble lT])F‘Oﬁpﬁ'iOBaH M YYACTBYIOT B BasKHeeM onpe-
JeJieHuy conpskennnix pyukropos (. 4). ®yuaxrop F : X — C conps-
el cnesa K pyuxropy G : C — X (OpOTHBONOIOAKHOTO HANPABJICHHA),
eclii cyliecTByer DHeKIHs

home: (Fz,c) 2 homy (z,Ge),

ecrecTseHHas no r € X uno ¢ € C. 3aecy hom (F—, —) — dudyHrTOp,
pPaBHbIN TPOU3BEIEHHIO

x Id home~

C' C% x (' —— Set;

aHag0rHdHo onpenendercs hom (—. G—) (no kpaitneit mepe ecim X u C'
HMEOT MaJjble hom-MHOZKecTBA).

IMponssesenne KATEropHil MOMKHO HATVISIHO OPEACTABATE B eirygae O x
X 2, rie 2 — Kareropu# ¢ OAHOH HeeIMHHIHOIN cTpenkoil () — 1; a mvenno,
C' % 2 cocrour w3 AByx 3xkzemmisipor C'x 0 u € x 1 kareropun C' 1 cTpeiok,
COEJIMHAIONIMX IEPBBIit K3eMILAp co BropbiM. L C = 3 310 nokazano
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Ha CJEAYIONEeM PUCYHKE, [Ie ONyIIeHbl JHaronaibabe erpeiku (C = 3
3TO TpeyroibHas kaTeropng u3 § 1.2):

N

Cx1

Cx0

Bneck gyuxropsl T, T : C — C x 2 («Bepx» M «HU3» COOTBETCTBEH-
HO) omnpenendioTesa ana kaxaoit crpenkn f n3 C no dopuyaam Tyf =
= (f,0) u T\ f = (f,1). Tlycrs | obo3pauaer e HHCTBEHHYIO HEeIHHHY-
HyKO etpenky (0 — 1 kareropmm 2. Onpenennm npeoOpasoBaHHe MERIY
Ty, Ty : C = C x 2 no dopmyne

'U,:]—i]_}T], ",L(_'=(C,,l,>.,

1A Kaxkaoro obbekra ¢. Ono orobpaskaer «HH3» B <BepxXs» U 3aBea0-
MO ABJIACTCH CCTECTBEOHHBIM. Ha:iOBCM M YHUGEDPCEABHBEM CCTIECTHIGEHHBLM
npeofipasosanuem 3 C' o caeayomeit npranae. s Kaxk /1010 eCTeCTBeH-
Horo npeobpazopanus 7 : S T wmemay dyukropamn S, T : C = B
cyuiecrsyer eauucersenuntii ¢gpyuxrop F o C x 2 — B raxoii, yro Fuc =
= 7¢ aas moboro obbekTa . A umenno, ecm f e — ¢, To nycrh

Fioy=8f FLU=TF FPf)=Tfore=7ds8f (6)

Henoepeaersenno nposepsiercs, 4to Mbl nosydaem dudynxkrop F' x 2 —
— B, npuuem Fu=r.

VioparkHeHust

1. TokamuTe, 9T0 CASAYIONME WIBECTHLIE NOHITHS SBASIOTCH Y9acTHLIMK
CAVHAAMN IMTPOH3BCIeHHH Kﬂ'l'(.‘]"(}])lrlﬁ: MpOH3IBeIeHHe MOHOH10E (Kﬂ'l'(—"[‘OI]Hﬁ C Ol1-
HUM O0BEKTOM ), FPYIIL, MHOKECTB (JIHCKPETHBIX KaTeropuii).

2. H[)KR}KIITQ_. TO [II){)H‘\']HE,.'IE.‘}IH(’. ABYX [II)&’.,_"[[]()])S!,'KKOB ABIACTCA I[p(?,_'I'I'[U])}']I_"lI"
KOM.

3. yers {C; | i € I} — cemelicrBo kaveropuil, I — coorpercreyiomiee
MHOKeCTBO  mrekcon. Ommmmre mpomssegenme O =[], Ci, ero mpoexmim
P; : C — C; v nailiyare vIUBEDCATLHOE CBOHCTRO 9THX NPOEKITWIL.

4. Omummrre KaTeropuo, TeoficTBeRAYI0 K Karteropun Matrg n3 § 1.2,

5. IlokazuTe, 9TO KOMBIO HENPEPHIBHBIX BeNeCTBeHHOIHAYHBIX (QyHKIHI
Ha TONOJAOTHHECKOM TIPoCTpancTse apiagercs dhynkipell 06LeKToB KonTpasapu-
anrnoro ¢gyukropa u3 Top s Rng.
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2.4. Kareropuu pyHKTOPOB

Ilycrb  jganwl kareropun C w B, Pacemorpum  Bee  (pyHKTOPBI
R, 5T :C = B.Ecmo: R=55n71:5=T — 1Ba ecTeCTBEHHBIX
npeobpazoBatus, TO HX KOMIOHEHTHI A Kax/aoro ¢ € C onpengisior
NPOM3BEAeHNSA CIPEIOK (T - g)¢ = T¢ © @€, KOTOpbIE HABJIAITCH
KoMIoHeHTaMu npeobpazopannsa 7 - @ R T. Tlokaxkem, uro 7-0
ecTecTBeHHOe mnpeoOpazopanne. [ 3TOr0  BO3BMEM MPOH3BOIBHYIO
crpenky f:e— ¢ B O n pacemoTpuM auarpaMmy

Rf
Re Re!
crcl lgc'
sf
(r-o)e S¢e————— G¢/ (r-o)c’

Tcl lrr’
Tf

Te———=T¢

Tak kak npeobpazoBaHns ¢ M T CTECTBEHHBI, TO 004 MAJIEHBKNX MTPSIMO-
VIOJABHHKA KOMMYTATHBHBL 1103TOMY KOMMYTATHBEH KBAJIpPaT, H IIPOH3BE-
JEHHE T - 7 HABIAeTCH eCTeCTBeHHBIM.

VMHOKeHne npeobpa30BaHUil ACCONMATHBHO; NPH 3TOM ¢ KAMKIBIM
dyakropom T cRA3BIBAETCH €IMHUYHOE ECTECTBEHHOE IpeolpaszoBaHue
1y : T — T ¢ xomnonentamu lpe = 1p,.. Takum obpazom, mid ganHbix
kareropuit B u €' MoxKu0 GopMabHO OCTPONTL Kame2oputo Gyukmopoe
B¢ = Funct (C, B), obbextavu koTopoit sapnsiorea dvaxropst 7 : C —
— B, a mopdusmamn — ecrecTBeHHbIC TPeoBpPA3OBAHNA MEXK/AY TAKHMH
dpvakropamu. Yacro OoiBaer ecrecrBedno 0003HaUHTE hom-MHOMKeCTBO
B TaKoil KATeropHH Tepes

Nat (S,T) = BY(8,T) = {7 | npeobpazopanue 7 : S+ T' ecTecTBeHHO}.

(1)
DTO MHOKECTBO He 00A3aTEIBHO MATIO.

Mbt 6v1eM HMPOKO NEeNHoIb30BATE KaTeropun ¢gpyuxkropos. Hanpuwvep,
ecn B m C — wmHOXKecTBa (KATEropum, IJIe BCE CTPEIKN €JTMHWYHBIE),
TO B(Y TAKIKE ABJIALTCH MHOMECTBOM, a HMEHHO H3BECTHBIM MHOCCTBOM
dyuxuuit, koropoe cocrour u3 seex gyukiuit C — B. B wacrnoctu, eciu
muoxkecrso B = {0,1} cocrour u3z asyx anemenrton, to {0,1}© — mmo-
JKECTBO (¢ TOUHOCTBIO 10 H30MOpdu3Ma) Beex nogmHoxecTs B C' (Oysesa
crenens PC). Ecin B — mobas kateropns, o B u B wsomopduer, a B>
HasbIBACTCH Kamezopued empeaor a B ee obbexTsl — crpesnxn f:a —
— b us B, a ee crpenku f — f' — svo napst (h, k) crpesnok uz B, aas
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KOTODBIX KOMMYTATHBER KBaJDaT

a—"s a' (2)

|

b—Es .

Ecin M — monou (kareropus ¢ oaaumM obbekToM), T0 00beKTaMu KaTe-
ropun Set™ spansorest ero peanuzaimy NpeoBpPAZOBAHUAMH HEKOTOPOrO
MHOMECTBA, o CTPe/ITKaMH M{Jp(l}HBMhI MeHY TaKHMH DeaTH3IalHsaMH.
B kareropun (hbyHKTOPOB Grp" o6beKTaMH SBJIAOTCA TPYIIbBL € HOMY-
rpynnoi oneparopos M.

Ecom K — goMmMMyTaTHBHOE KOBLUO, a (¢ — Tpymnna, T0 KATeropud
dbynkropos (K-Mod)® — aro kareropusi (K-nuneiinbix) npejcrapiennii
rpynnel G. Kaxownt dyakrop T @ ¢ — K-Mod onpenenserca K-
mogynem V' (obpazom exmucreennoro obwekra kareropun ) n mopdus-
mom rpynm 1" @ G — Aut (V) (nmpeacrapiennenm rpynmel (¢ IHHEHHBIMA
npegcrasgesnsivn Vo= V). Ecom T' — npyroe takoe npencraenenne, To
ecrecrsentoe npeacrasienue o @ T T onpejensierca coefi KOMIOHEH-
TOI Ha eIuHCTBeHHOM 06bekTe B (7 — eAHHCTBeHHOi cTpenkoii o : V. —
— V', ana KoTopoil quarpamua

Vv T V! (3)
Tg lT'y

Vv L V!

KoMMyTaTHBHA npu Jodom g € (. B Teopun npescrasiennii o Ha3bBa-
ercst enaemarongum oneparopom. Takum obpasom, obbekTaMi KaTeropun
(K-Mod)¢ sBasioTcs npeacTaBieRns rpymmst G, a Mopdr3MaMi — CIie-
TAWUIHE OHEePpaTOpPBLI.

Ecin C — Gonpmas kareropmusa, 10 karteropus dynxropos B me
0BA3aTe/ILHO ABJIACTCS NOJAMHOMKeCTBOM yHupepeyma. Hanpuwmep, ecan

= {0,1} — muOmecTBO M3 ABYX 3qaementos, a C copnagaer ¢ U, To
dbyukrop U — B — 3710 dhyuxnua u3 U B AByX3J1eMeHTHOE MHOYKECTBO.
Taxne pyHKIHN COOTBETCTBYIOT (B Ka4ecTBe XapakTepUCTHHeCKNX GyHK-
lI,I[F]) MOJMHOKECTBAM B Ia". n[):-)"l'()]\-'l}" MHOZKECTBO 00LEKTOR KATeropun
{0,1}Y pasnomontmo muoskecrsy P(U) seex noamuoxkects s U, a nocseji-
Hee unveeT DOTBIIYI0 MOIMHOCTR, wem [/,

YnpakHeHns

1. lIycre B — nexoropoe konbuo. Onuimure K-Mod kax nomiyio nogkare-
F
ropuio & Kareropun qgynkropos Ab'.
2. Ilycrs X — KOHEYHOE MHOMECTEO (KOHEUHAs JMCKPETHAA KATEeropus#).
Onumnre kareropuio B x,
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3. ITyers N — pauckperHas KaTeropus HATYPAILHBIX unces. Omumure Ka-
TEropuio (PYHKTOPOB AbN (H3BECTHYIO KAK KATEropHs IPpaLyHpoBaHabIX abene-
BBLIX FPYIIN).

4. Mycre P u Q — upeanopsiaku. Omumure kaveropuio gyukropos QF
H [NOKAZKHTE, "ITO O0HA ABIACTCH HIPpeaInopsIKon.,

5. IIycre Fin — kareropus Bcex KOHeUHbIX MHOKecTB, G — KOHeuYHAsn
rpyima. Ommmure Fin® (kareropmio seex npeacrasienmit rpymnst G nepecta-
HOBKAaMH ).

6. Ilverb M — GecKOHEYHBIl UIMKIMYeCKHH MOHOHA (¢ 37eMeHTaMn
1,m,m> . ). Ilokamwure, uro B Karveropmsix dynxropor (Matrk)® n
(Matrg )™ ofnextammn SBISIOTCH MATPHILI, TPHYEM OOBLEKTEL H30MOPQILI
B TOYHOCTH TOTJA, KOTJA MATPWILL, COOTBETCTBEHHO, SKBHBAICHTHLI FITH
101061 B eMbicsie snedinoit anrebper ') . O kareropun Matr cv. § 1.2,

7. yers maant kareropmn B, C' w xareropns dynktopor B?. [Mokaxmnre,
gro Kax et dyukrtop H : € — B? onpenenser apa dbvaxtopa S, T : € —
— B u ecrecrpennoe npeoGpasopamme 7 @ S T, npudeM 30 COOTBETCTBUE
H — (S, T, r) 6bueTasio.

8. Haitanre cesase Gyuxropa H u3 yop. 7 ¢ dyakropom F u3 (3.6).

2.5. Kareropus Bcex kareropuit

Mui Onpele/inig ¢cpmukatvioe YMHOKEHNHE T - 0 eCTeCTBEHHBLX Npe-

obpazoBaHmii:
——

Lo
(& = B.
—_—
OHH JONYCKAIOT M APYTOe, 20pU3onmasbnoe yMmMHoxenne. Eeam aapb
(GYHKTOPBI U eCTeCTBEHHbIE NTPeobpaszoBaHis

s s
—_— —_—
', - B ir A, (1)
TI’

MOZKHO CHauas1a 00pa3osatTh npoussenenns ¢pyuxropos S'S u1'T: C —
— r‘l., 8 3aTeM NOCTPORTE KBAADAT
i ~'Se i
LSS e——rq 8¢
S're T're
' Te

SFTC —_— T’Tf"

KOTOPBIH KOMMYTATHBEH, IIOCKOJIBKY T €CTeCTBEHHO Ha cTpenkax 7¢ u3 C.
ollp(!,_-'l.(_‘.i[HM Teneph (']"Ir o T](J KaK [IHATIOHAIL 3TOr0o KBa/lpata:

(for)e=T'rco7'Se=1'"Tco S're. (2)

Y Cy. @. P. Fawmamazep. Teopus marpmm. — M.: Hayka, 1988, c. 70, 75. —
Ipum. nep.
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Yrobbl nokaszaTh, 9ro npeobpazosanue 7 o 7 @ §'S 5 T'T ecrecreenno,
COCTABIM J71s Kazkaoit crpensn f w3 C' amarpaMmy

§'Se —228 §1Te 2L i ¢
S'.‘i‘[l S";"f] 'I'”!'[l : |
t ] !
S'Sb S'rh S'Tb ' Th T"T%, b

IIpon3penennsi 10 TOPH3OHTAIM PaBHBI 1O onpejeneHno (77 o 7)¢
u (7' o7) b. Jlepnlil KBagpaT KOMMYTATHBEH, MOCKOALKY T — €CTOCTBEHHOE
npeoGpazosanue, a S’ dyukrop. [lpaesiii xkBagpar KOMMyTaTHBEH,
tak kak 7 ecrectsenno, a Tf : Te — Th — erpenxa B xkareropun B.
KomMyTaTHBHOCTb BHEIIHEro KBaJpaTa O3HA4aer, 4To npeodpasobaHne
'?J O T ecTecTBeHHO.

Henocpeacrsenio nposepseTcs, 4T0 BBEACHHOE yMHOXKenue (T/, 7) —
— 7' o 7 accommratuero. Ono obranaer eqummmavi. Bemw Ig - B — B —
TOXK1eCTBeHHBIH (hyHKTOD B Kateropun B, a 1g : [g — [ — TOXIeCTBeH-
Hoe nipeobpaszosanne B cebs, 1o lgor = 77/ olg = 7'. Takum obpazom, g
HABAACTCH Bﬂﬂllﬁueﬁ KaK OTHOCHATECILHO YMHOMECHHSA O, TAK 1 OTHOCHTCILHO
yumuokenus -, O6ozuadenne dyukropa S yaobHo HCIONL3IOBATL U 115
TOXKJIECTBEHHOTO NTpeobpazosanns S —+ 5. B sTux obo3raueHnax nonydaem
B PACCMATPUBAEMOIT CHTYAIHH €CTECTBeHHBIC NMPpeodpa3oBannsd

S'o7:5808938 0T, 7oT:8c¢TH5T oT.

OIII}B,"I,(-?.TI(!I]H(-! (2), HCTIONL3YH H BEPTHEAJIBHOE YMHOKEHHE, MOXHO TOrIa
nepenucaTe B BLIE

T'or:(T'or)-(‘r'oS]=(T’OT)-(S!OT}. (3)

HMueercs 6onee obmee npasuio. IlveTs 1aHbl TPH KATEIOPHH U Y€ThIpe

npeobpasoBaHn:
—_— —_—

le Lo’
o p3, 4, 0

T{)l":lil BePTHKAIBLHOE y}\-fllU)Kf_‘HHl-_‘, + H TOPH30OHTAJIBHOC 'YMI-[U}K(_‘I-IHL‘ O CBHA-
3aHbl TOXKICCTBOM (3aKonoMm uepedoaanus)

(r'-a")Yo(r-o)=(t"o7) (¢’ c0). (5)

B KauecTtse yrlpa:&memm YHTATEb MOXKET BBINIHCATE O4YEBHAHBIE AHa-
rpaMMbl, HYKHBIE JLIsl JI0Ka3aTeIbeTBa 3Toro hakTa.

DTH  PE3VIBTATBL MOMKHO NPOCYMMHPOBATBL CJASAYVIOMHM  0Opa3oM
({]{‘I}a-lllrl HUBaACh CIIyHaeM Maabr K}:l’l‘(.‘-l‘(.][_]lrl]‘r.'[]:

Teopema 1. Cosorynnocms scexr ecmecmeenns npeohpasosanul —
MO MHONCECTNEO CIMPEAOK 08YL pazauwHue kamezopul, MG KOTROPOM
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onpedesennl dee paziuiHbE ONePatul YMHONCEHUNR - 1 O, Komaopue ydo-
eaemeoparom aaxony wepedosanua (5). Ecau npu 3mom empearxa A6AALM-
ca edunuued 0MHOCUMEALHO YMHONCEHUA O, THO OHA ABARETNCH edunuted
U OIMHOCUTNEALHO YMHONCEHUA *.

()'I"M(“T‘HM‘ HTO J15 FOPH30OHTAIBHOIO YMHOMKEeHHA © Uﬁ'h&‘.KTHMH HB-
JSAIOTCA KATEropu#, a JIjis BEPTHKAJIBHONO YMHOMKEHUsA + — (DYHKTOPBIL.
HDH HCIMOAB3IOBAHHH 9THX onepa[uiﬁ HacTo OnyCKaT DFRT.}HH-']OIIH(} o
J7Isl TOPH3OHTATBHOTO YMHOMKEHHUsT (KAK Je/1aeTcs 0OBIMHO MPH KOMIIO3H-
HHH CTPEJIOK B KHTQFOI)HH), TOrda KaK MHPHa#d TO4KA, 06[)'-31121‘-[?1,!01[1{[51
BEPTHKAILHOE YMHOKEHHE, BCErJIa COXPaHAeTCH. 3aMeTHM, YT0 00beKTb
1 crpenaku w3 O vozkno 3anucars kak yukropet ¢: 1 — C wan f: 2 —
— C'. Torga Takue 0603HAYEHHS, KAK 07 0 ¢ = 0C, B CHTYAIUAX TUIIA

1—>C 1. B

HMEIOT CBOfl OOBIMHBIIT CMBICIT.

aotinoii kamezopueri (double category, Ehresmann) nasnmsaerca vmo-
JKECTBO, KOTOPOe (Mo00HO MHOMKECTBY BCEX eCTeCTBEHHBIX Npendpa3oBa-
HHIl) COCTONT W3 CTPEIOK € JIBYM$ PA3JINIHBIMH YMHOMKEHHSAMH, B CO-
BOKYIHOCTH YIOBICTBOPSIONIHMU veaopuio (5). Ecan npu srom xaxias
eIMHHYHAA CTPEJIKA M0 NePBOMY YMHOZKEHHIO ABJISIeTCs] eJAMHUYTHON W 110
BTOPOMY, TO JIBOITHASA KATErOpHA Ha3blBaeTed 2-wamezopueti (Cokpamenue
A ApyMepHoii kateropun). Hanpusep, Kateropns Bcex KOMMYTATHBHBIX
KBajparos kareropun Set sipisercs aBofinoil kareropuedi (¢ 0UeBMIHbIM
TOPA30HTATBLHBIM W BePTHKATBHBIM YMHOMKEHHEeM), HO He 2-KaTeropmeii.
CyulecTByioT n-KaTeropuu u s 66GJabmux n, cM. i 12.

Msl roopum, 4TO ABe (YACTHYHO YHOpAAOUYeHHble) GHHADHBIE Ole-
palyn © U 0 YIORIETBOPAIOT daxony “epedosanus, ecinu (5) BBIIOIHEHO
BO BCEX CJy4asiX, KOI/IA OMNpPEIeIeHbl MPOU3BEISHHS B 00enX YacTAx.
ITpuseaenm eme nekoropsie npumepst. [yers €' — kareropus, - : € x C —
— C — dyukrop (Hanpumep, TeH30pHOE NpousBelenue), o, o', 7, 71 —
crpenkn 13 O, s KOTOPLIX ONpeiesiensbl npousseienns o' og n 7' o T.
Torza 3akon yepenoBanns (5) BBITOTHAECTCA; JEICTBATEIHHO, OH CBOINTCS
K Tpebosannio, 1Tobbl (hyHKTOD - cOXpanan nponsseaenne o . Yeaosue (5)
BBIIIOJIHAECTCS U B TOM C/Iy4ae, Korjaa o, o', 7, 7' — KBajpaTHble MaTPULLBL,
S5t KOTOPBIX ONpeesens 00bIMHbIe MaTpHIHbIe 1pou3Bejenus o' o o
u 7' or, a7 0 ob03HATAET MATPHILY

T 0
0 o
¢ BJIOKAMH 7 M 0 HA JHAPOHAJIM M HYJISMH HA OCTAJIBHBIX MECTax.
Kareropus dyukropos BC cama spisercs dpyHKTOPOM MEKIY Kare-
ropusayi B u (', kopapuanTuniM B B u xonrpapapuantunivi s C. Boaee
KOHKPETHO, eC/TH OTPAaHu'nTheA KaTeropueit Cat Beex Masbrx KaTeropuii,
1o 910 dynkrop Cat®? x Cat — Cat; dyakuus obbekTos oTobpazkaer
napy areropuii (C, B) B kareropuio dbyukropos BE, a dbyHKuns cTpesok
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orobpaykaer napy ¢yuxropos F : B — B'n G : " — C B (pyukrop
F:BY - B,

onpegetennbii na obbektax S € BY no npasmiy FES = FoSo G, ana
crpenkax 7 : S = T w3 BC no mpasuny FCr = ForoG. Orvernm,
HalnpuMep., 49To FC — HEe 1TO HHOC, KaK YMHOMKOCHHE Ha F cJeBda, Torla
kak BY — ymuoxenue na G cnpasa. DToT (DYHKTOp SABIAETCA TOYHBIM
ananorom hom-dgyukropa Set”’ x Set — Set.

YnpakHeHns

1. Tost mannsix kareropuft A, B u ' yeraHosuTe Cymecrsosanie DHeKIUH
Cat (4 x B,C) = Cat (4,C")

M nokaxuTe, 910 oua ecrecrsenna no A, B wu C. Iokaxure, o hyakTop
— x B : Cat — Cat umeer npaenii conpszkennniii (eu. . 9).

2 ,J_-[,Tﬂ Ka"['l“.]‘{]pl{ﬁ _-41 B n C-' JOKAMKHATE C_ViLl_ﬂ('.'T‘BUB}l[]Hﬂ COTECTEBCHHBIY W30~
MOPGHIMOB

(Ax B)® 2 A° x B®, P = (CP)"

Conocrasbre sropoit uzomopdusm ¢ Ouekimedi w3 yup. 1.

3. C momombio Teopembl 1 MOKaXATe, 9TO TOPH3OHTATLHOE YMHOMKEHAE

ApseTcda PYHKTOPOM
o: A% x BY & A°.

4. [lyers G — Tonojnoruueckas rpynna ¢ eamuuueli e, a o, o', 7, 7'
HEIPEPLIBHBIC IIYTH ¢ HATAIOM H KOHIOM B € (T. . HEIPepPLIBHbE 0TOOPAYKEHHS
eqrHIYHOro orpeska I B G, nepeposnme Kounsl oTpeska B ¢). Kak u s (1.5.1),
OLIPEACINM T 0 & KAK NVTL, B KOTOpoM 3a ¢ ciaeaver 7. Oupenenus 7 - & Kak
TOTOYCIHOE TPOWIBeIeHne TyTelt 7 u o, Tak uro (7- )t = (7t) (atf) npu 0 <
<t £ 1. Jokamure, 4T0 BBIIOJHEH 3aKOH Yepeaosanus (5).

5. (Hilton-Eckmann). IIycre S — umomecTBo ¢ AByMs (BCIOAY OIpeaeseH-
HbiMi) BuHAPHBIME OnepanusMu - : 5 x 5 — §,0: § x § — §, KoTOpBIE HMEKOT
06u1yIo (ABYCTOPOHHIOW ) €AUHUIY € U VIOBICTBOPAIOT 3aK0Hy Yepegosanns (5).
JlokazkuTe, YTO ONEPAINH - U © COBMAIAIDT H KOMMYTATHBHbL.

6. Coenunus yup. 4 u 5, AoKaxuTe, 4T0 QYHIAMEHTAIbBHAA IPYIIIA TONOJI0-
rHYEecKOoil rpyniel abesesa.

7. lyers T : A = D — nekoropwiii dynkrop. Ilokaxkurte, uTo byHKIAN
crpenok Ty, ¢ A(a,b) — D (Ta,Th) onpenensior ecrecrseHtoe 1npeobpasopa-
une mexay Gynkropavm AP x A — Set.

8. Ecomn [e — mowaecrsennbili (pyHKTOD HEKOTOPOR KaTeropuu, 1o ecre-
cTBeHHbie npeobpazopanus o : Io = I 00pasyioT KOMMYTATUBHBII MOHOW.
Haitanre sror monons wia ciayqaes O = Grp, Ab n Set.

2.6. Kareropuu 3amnsitoi

Cymecrsyer u gpyras o0man KOHCTPYKIHS KATEropuu, 00LeKTaMu Ko-
TOPOil ABAAIOTCA cTpeakn. Jnumen CHAYMAIA HeCKOMBKO TACTHBIX CIy9aes.
[Tyers b — obbexr kareropun C'. [Tocrpoum kateropuio ebzexmos nod
b, koropas obosnavaercs (b | C'). Ee obbekTaMu ABIAIOTCA BCe Napbl
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(f,c), rae ¢ — ob6vexr u3 C, a [ : b — ¢ — erpenka uz C. Ee crpenku
h:{f.c) = {f'.c) — 310 Te crpencn h : ¢ — ¢, ana woropeix ho f = f'.
Taxum obpasom, 0obekT B Kareropuu (b | C) — 910 ¢Tpeika B KaTeropuu
C, nexonsamas n3 b, a crpeqka B kareropun (b L C) — 910 KOMMyTATHBHBILT
TPEeYroAbHEK ¢ pepxuell sepumnoii b. B narnagnoit gopwve:

b /
obbexter {f,c) : lf; crpenkn (f, (‘) ey f/ \)r (1)
I ¢

Vunoskenne crpeiok B kareropun (b | ') onpenensercs yvnomkenuew
OCHOBaHMl h TAKHX TPeyroapHHKOB B KaTeropnu C'.

IMycre, Hanpuvep, * 0603HAYAST MHOMKECTRO U3 OJHOI Toukn, a X —
MPOH3BOJIBHOE MHOXKecTBO. Torma kaxias GyHKmus * — X HE YTO
HHOE, KaKk BLIDOP ToukM B Muoxkectne X taxum obpasom, (¢ | Set) —
TO KATErOPHS MHOMKECTB ¢ orMedennofi Toukoii (§ 1.7). Amanoruuno,
(Z | Ab) — kareropus abenerbix Py, B KAXKIOH U3 KOTOPLIX OTMEYEeH
SJIEMEHT.

[Iycrs reneps a — nexoropwiit obbekr B kareropun C. Kareropms
(C' | a) ofsexmos nad a uveer B

(—i‘-(-

[
OOBEeKTBI ¢ [f i  CTPEIKH : ; 2
i p \ / r (2)

rIe TPeyroanLHHK KoMMyTaruse. Hanpuumep, MHOMKeCTBO * TepMHHAIBHO
B Kareropuu Set, u MOTOMY BCEIJd CYIIECTBYET €IMHCTBEHHAA CTPEJIKA
X = % caegosarennuo, kareropus (Set | *) wzomopdna Set. Eue
npuvep: B caydae Korbia Z oobexTsl kKateropnn (Rng | Z) — aro kombna,
cHabxkenneie Mopdmamom ¢ : B — Z (komwno R ¢ nononrennenm &),
a Mopu3MbL — 310 MOPDUIMBI KOJICLL, COXPAHSIONINE NONOIHEHHE.

IMycrs b — obwext B Kateropuu C, a § : D — C — HekoTopbIii
¢dyurrop. Torma B kareropuun (b | S) obsexmos nod b ommocumenwvio
S obbekTamu apamoTea see Takne napst (f,d), aro d € ObjD, f: b —
— Sd, a crpeakavu h: (f,d) — (f'.d') — Bee 1e crpenxn b d — d' w3
D, nns xoropwix f' = She f. B narasjgnom sujae

b
f.f
0GBEeKTHI : lf; crpenku b I/ \ \ (3)
al —_— ’
Sd Sd—> Sd

NPHYEM TPEYIOJbHUK KOMMYTATHBEH. YMHOMEHUE 3/IeCh ONPEIeNsaeTcs
yMHOKeHHeM cTpesiok i 8 D. OTaensio 0TMeTnM, 4T0 PABCHCTBO CTPEIOK
B Kateropuu (b | S) o3manaer nx paBencTso B Kareropnn D,

Ilycrs, nanpumep, U @ Grp — Set — sabpisaonmii pynxrop. Torma
U1 KazKJ10r0 MHozecTsa & obbektaMmn Kareropnu (& ) U) asiasiorcs
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byukupn & — Ug w3 r B HOCHTENL HEKOTOPOH PpYyNIbl g; TAKOBA,
Hanpumep, (QYHKIHA, OTOOpakamas & B HOCHTETh CBOOOIHOI TPYIIIH,
HOPOMKACHHON 3J1IeMeHTaMi MHOZKeCTBa ©. D1a kareropud (x| U) — u apy-
rue eit nogodHbe — OYIYT MHPOKO HCHOMb30BATHCH HPH PACCMOTPEHNH
COTPSKEeHHBIX (hyHKTOPOR.

Ananornuno, ecm a € C u T : E — C — nexoropsrit ¢hbyEKTOp, TO
MOYKHO nocTpouTh Kateropuio (1" | a) obbekros Hal a oTHOCHTENLHO 1.

[Tpusenem o611y KoucTpyKimio. IIyers Janbl Kareropun i GpyHKTOPLI

rR & D.

Ob6verramu kamezopuy 3anameti (1' | S), koropasa oboznagaerca Takzxke
(7, S), seansores see tpoitku (e, d, f), rned € ObjD,e € Obj E, f : Te —
— Sd. Crpeaxamu (e, d, fy — (¢',d’, f') B 310ii KaTEropun sABAHIOTCH BEe
napwt {(k,h) crpenok k1 e — ¢’ Lo d — d', ann xoropuix f'oTk = Sho f.
B narasaroym suge

Te Te —>T¢!
obbektnl {e.d, f) : l}‘; crpenku {(k,h) : lf 1_-;' (4)
Sd Sd - sd,

npuues ksajapar kommytarusen. [poussenenune (K',h') o (k,h) pasno
(k' o ke, h' o h), ecrm oHO omnpeeTeHO.

[Toa ato obimee onpenenenne kareropun sansatoit (T ] S) noanmagawor
BeCe nepedncsennsie caydan. lefictsurensao, obbext b u3 € MOXKHO pac-
cvarpusath kak gyukrop b: 1 — C. Ecom npu arom s3sre T = b, 10
kareropus 3anaroit (17 | S) nmpespamaerca B kateropuio (b | S) 0bnekToB
noa b ornocurensuo S. B wactnoern, ecmt § = ' — ToMKIeCTBeHHBIH
dbyukrop Kareropun C, To Mbl noayydaem kareropuio (b | C) obbexros
u3 C' nog b. Ananorngno, MOxKHO B3aTh B Kadectse S dynkrop 1 —
1. e. 0bbexr a w3 C. [lyers Teneps § = T° — roxaecrpeHublil pyHKTOP
B C. Torma (C | C) — B TounOCcTH Kareropus C? Beex crpemnok n3 C.
B kauectse S u T Moo B3s7Tb TakKe obbexTnl @ u b karveropun C';
torga B kareropuu (I' | S) = (b ] a) obbexramn ABAAIOTCS BCe CTPEIKH
[ b — a. a vopduzmMaMu — JHIIL €IHHAYHBIE CTPEJKH BCeX 00bEeKTOR;
uHAaue roeops, (b | a) cormagaer ¢ MHOKeCTROM (ANCKPETHOIT KaTeropueii)
home: (b, a). FiMenHO 310T HpHMED M HOPOIMI HAZBAHUE KATEIOpPHH 3aIlsl-
Toit n obosnavenne (1,S5) — Koroporo Mbl OyieMm u3beraTb, MOCKOJILKY
JansdTad H Tak Hnecert 60.'[1:[11}’&'} HarpysKy.

[Mocrpoenne kareropun sanatoit (1' [ §) MOKHO HAIMISIHO NpEACTa-
BHTH Ha CIeyI0mel KOMMYTATHBHON auarpaymve u2 kateropuii u Qynk-
TOPOB:

(rls)
N o

e
— p— 2 —_— ) -
Bor G R gD,
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Buech do, di — dynxropst 1 — 2, kareropus gpynkropos C% — ne uro
HHOe, KaK Kateropus crpenok f u3 C, w noromy dbyakrToper (e, C%,
onpejiesieHible KAK B KOHIE [peblayliero naparpada, conocTasision
KazK/10il TakOil CTpeJiKe, COOTBETCTBEHHO, ee 06macTh u Koobaactb. PyHK-
Topul P u @ (npoexyuu kaveropun 3anatoii) u pyuxrop R onpepensiores
(ra 00BLEeKTAX) B COOTBETCTBHH C JHATPAMMOIL

(e,d,f: Te — Sd)

| (6)

eTe=—(f: Te— Sd)— Sd < d.

YipaxkHeHust

1. Ilyers K — koMMmyTarusioe Koubiio, ITokaKiTe, W0 KaTeropis 3amsol
(K | CRng) coBnajaer ¢ KaTeropueil Beex MajibiX KOMMYyTaTHBHBIX K-anredp.

2. llycrn ¢ — repmunadbibit obbext B C'. Joxkaxkure, aro gkareropus (C ] 1)
waomopuaa C.

3. Honomsure auarpasumy (6), goonpenenns P Q) u R na crpeikax.

4. (S. A. Huq). Iyers gamm dyaxropm 7.8 @ D — C. Tlokaxwre, 1to
ecrectsentoe npeofpasosanne T @ T3 S copnajaer ¢ dyukropom 7 @ D —
= (T | 8), rakum aro Pr = Q7 = idp, rae P, () — OpoeKIUH HA JHATPAMME
(5).

5. Ilyers gama koMuyTaTnBHAs THarpavMMa kateropuii pyHKTOPOB BHIA

]

s

E>=C=*=C=D

(nmzkung crpoka kak Ha Juarpamme (5)). Joxaxmure, 1m0 Cyuecrsyer eauH-
creennsii dynkrop L 1 X — (T | §), aas xoroporo P' = PL, Q' = QL
u R' = RL. (91o xapakrepusyer (T | S) kak obparubiit mpeaen, cm. § 3.4.)

6. (a) Iycrs dukcuposanm Mansie kaveropun C, D n E. Iokaxwure, 1o
(T,5) = (T' | §) — dyuxuns obbexros dynrxropa (CE)°P x (CP) = Cat.

(b) Onumwmre ananornunsit pyngTop aaa nepevennsix C, D u E.

2.7. I'padbr u cBoboguble KaTeropun

Hanounum cnavasta nocrpoenue esobogioro mononga F X, nopoxen-
HOT'O MHOAKECTBOM }(. OH COCTOHUT M3 BCEX KOHEYHLIX NOCIASI0BATEIBLHO-
creil (T ... T, AEMEHTOB &; MHOXKeCTBa X ; VMHOKEHHe TAKHX T0cje-
JOBATENBHOCTEH COCTOMT B NPUNHCBIBAHAN OJHOH NOCIE10BATEARHOCTH
K JApyrofi, Tak 410 nycras cTpoxa ciayxor eaummueit 8 FX . Xapaxte-
pHCTHYECKOe CBOICTBO 3TOT0 ¢BODOIHOIO MOHOMAA MOXKHO copMyanpo-
Bathb caeayionmm obpazom. [yers UM oboznataer MHOXKeCTBO 3718MeHTOR
npoussoasHoro mononaa M. Torpa mobas dyukmma f : X — UM
NPOJIOJIKAETCSA 10 EIMHCTBEHHOIO MOPgH3Ma MOHOMJIOR:

g: FX = M.
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Yrobbl HOIYYHTH COOTBETCTBYIONLEE onpejenenne cBoboaHoll Kareropun,
HYJKHO 3aMEHHTh HCXOTHOE MHOMKecTBO X OpHeHTHpoBaHHBIM Tpadom G.

Hanomuuy, 9o (opuentuposannbiii) epad G (§ 1.2) — 310 MHOKECTBO
06bekTos (Bepumn) (), MHOMKECTBO cTpesiok (pebep) A u ase dyHKINH
A=0:

o
A—=0. Gy=domf, & =codf.
e

Mopdiusm rpachos D : G — G’ — 310 nmapa taxux ¢pyuximiit Do : O — O
" D1 4= .4', 910

Dodof =0Daf m Dodif=01Dsf

s moboit erpenku f € A Takue Mopdu3nbl, € 09eBHIHBIM YMHOMXKE-
HHEM, ABIAIOTCH CTPETKAMI KATeropun Beex mainsx rpados Grph (rpad
ABASAETCH MaJIbIM, eciin O 1 A — masibie Muoxkeersa). JIioboi rpady MoxHO
1300pasuTh Ha JauarpaMue, cocrosieil us pepmnn (06bEKTOB) U CTPEIIOK.
OTJ’IH'IH(‘ oT K}lTEl'Ul]]I(]ﬁ JAHATDAMMBIL 31€CHL 3aR/10YaeTCs B TOM, 4TO He
IPEIYCMOTPEHO HH YMHOMKEHIE CTPEIOK, HU euHnvEbie crpenkn. [1osro-
My rpacd 9acTo Ha3bBAKT duzpamsmmoti coesmoti unn npedkamezopueti.

Kazxnas kareropnsa C' npespamaercs B rpadgp UC ¢ Temn ke o6bex-
TAMH H CTpPeJKaMH, ecin .'3&1-6blTl1 00 YMHOMMEHHH CTPEJIOK H O €IHHHLAX.
Kasaeri pyakrop F : C' — C' apngerca u mopdmzvom UF : UC — UC!
mex iy cooreercreyompyu rpadasvi. B pesyasrare onpenensiercs 3abbi-
patomnii pyaxrop U : Cat — Grph u3 xareropunm Manbix Kareropmit
B KaTeropuio rpacos.

Qurcupyem mMuoxkecrso 0. I'pad ¢ muoxkeersoum sepiunn O HA30BEM
O-zpahom; B mopduszme O-rpacdos D orobpaxenne Do : O — O obs-
sarebuo Toxaecrsennoe. Hpoerefimuii O-rpadg O umeer sug O = O,
rae obe byukipn <0baacThs W «KO0BIACTRY — TOXKJIECTBeHHEBIE. BEcin
Au B jasa. O-rpaca (1. e. asa muomecrsa crpeiok B (), 10 ux
nponseejenne Hajg O paBHO

AxoB={{g.f)| Gog=01f, g€ A, f€ B}; (1)

i g
ITO MHOKECTBO COCTOUT M3 MEePeMHOMKACMBIX Tap CTPeToK « — « —

Tlonoxkus

Qo{g, f) =0uf, Oi{g,f)=g. (2)

Mbl IpeBpamaemM 370 MHOKecTBO B ()-rpad. Takoe ymuOKeHNe (O-rpacdos
ACCOLMATHBHO, NOCKOIBKY s mobeix tpex O-rpacdos A, B u C cyue-
creyet oueBnansi uzomopdnzm A x o(B x gC) = (A x oB) x oC. Ona
npocreitmero O-rpada O cymeersyer Tak:ke u3omopdusy A = A x 0,
Koropsiii umeer sua f — {(f, 0o f). Ananornyno, A = 0O x g A.
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Kareropuio e Muoxkecrsom obbexros O MOXKHO omucarh kak O-rpady
A, cuabkennsrii 1yMa Mmoppuzmanmn O-rpacdosc: Axpd = Ani: 0 =
—3 .s"‘l (_\.'MHU):K(_’HH‘:‘ H (?,'.LH]'IHIJ,a). JUIA KOTOPDLIX KOMMYTATHBHEL JHATIDaMMbI

(Ax0A) X pAZ A X o(AX 0Ad) —> A x oA

lcxl e

Ax oA & A,

O oA 4 oA Ax a0

g[ l el (3)

A = A = A.

3neck 1 % ¢ cayRuT cokpamenneM s 1 X oc u 1. 1. delicteurensHo, as
HNePeMHOMKACMBIX CTPEJTOK <_f], f) M (de_] H3M ¢ OnNpeaeadaerT Hx [Npons3sejeinie
clg, f); kaxaptii o6bext b € O uMeer eJUHUYHYIO CTPEJIKY Bija i(b) €
€ A. Tlpn a1oMm nepeast AMarpaMma yTBEpPK/IAeT, UTO YMHOKEHHE acco-
LUHATHBHO, & BTOpas — 410 Kaxkaoe i(A) peficryer Kak Jesas n npasas
EIAHHHLIA OTHOCHTE/IBHO Y MHOAEHW . B ATOM CMbICJIe KATeropus llOJ_LOGHa
MOHOH/IY, KaK W OTMEYeHO BO BBejeHHn: Set mykno 3amennth #a O —
— Grph, a nponuseeIeHRe MHOMKECTE HA X 0.

C nomouipio yoboro O-rpada G MoKHO nopoauth Kateropuio C' na
TOM 7K€ MHOZKecTRe 00bek ToB (); CTpeKaMu 3Toit KaTeropuu 6y1yT CrpokH
[EePeMHOYKACMBIX CTpesiok u3 (7, Tak 4ro crpesky u3 b B a B kareropun C'
MOZKHO H300pa3uTh KaK MyTh U3 b B @, COCTOANINIT M3 NOCIE10BATEIBHBIX
pebep rpaca G. 3ra kareropna 6yaer obosnadarsen C = C'(G) u Hasbl-
BaThes ceoboduotll Kamezopueii, nopoxaennoi rpadpom G. Ee ocHoeHbie
cpoficTBa MOKHO ChOPMYIHPOBATDL CJIEAYIOMMM 0DPAZOM.

Teopewma l. Hyemn dan maawii zpafh G = {A = O}. Toeda cy-
weemeyem maraa wamezopua O = Cg ¢ mnodxcecmeom obsexmos (O
u mopdhuam zpahos P G — UC uaz G g zpad-nocumenns UC wamezopuu
C', npusem svnoaneno caedyouee ymeepacdenue. aa aroboii kamezopuu
B u mwbozo mophusma epaghos D . G — U B cyuwecmeyem edunemaeaenmnid
gynxmop D' : C — B maxoti, wmo (UD")o P = D, cM. KOMMYMAMUEGHI
duazpamamy

c G—>-uc

D uD (4)
\i, IR V
B! er-

B wacmnocmu, ecau ) — muoscecmao ofsexmos xamezopuu B, a D —

Mopusm O-zpadpos, mo dynxmop D' mosicdecmaeen na obsexmar.
Cpoiicreo Mopdusva P, Beipaxentoe B auarpamme (4), paBHOCUIBHO

VTBEepPKAeHuio, 4To crpenka P 1 G — UC apasgercs Hada bHbIM 00HEKTOM



64 Koncmpyryuu 6 Kamezopuis [Tn. 2

B kareropun 3ansroit (G | U). Hoaromy P eguuersen ¢ T0MHOCTLIO 10
m3oMopdmu3ma (kareropun (). IlogoGHoe cBoiicTBO BCeTpewaeTca 4acro;
OvieM ropoputh, 4ro P oynusepcaiien cpean mopdusmos u3 G B 3abbl-
patoiuii Gyakrop U.

Hoxkazartensctso. llyerk obbektsl B O Te ke, uTo 1 B (7, a cTpen-
KaMi ABJIAI0TCA KOHCHHDLIC CTPDOKE (IIJIH. l'lyTl{) BHIOA

a “{;ﬂggﬂg“}"'}.::}j s

KOTOPBIE COCTOAT U3 1 06BexToB rpada G, coemuaeHurx 71 — 1 ero erpen-
Kama f; : a; = ajp1. PAacCMOTPIM KAyl TAKYI CTPOKY KaK CTPEIKY
(ar, fiy--os foz1,an) @ — ap kareropun C' U ONPEIETHM YMHOKEHHE
CTPOK KaK clUenenne (IocIe10BaTebHoe IPUIHCBIBAHIE) ¢ OTOXKICCTBIIe-
nuesm obiero xkorua. Takoe yMHOMKEHHE 3aBEA0MO ACCOUMATHBHO, U €0
eMHAIAMI cayxar cTpoku {a) ammasl n = 1. Kaxnasa crpoka mivme
n > 1 gBisercs NPoU3BeICHneM CTPOK IUIHHBL 2:

(ﬂ'lrfl':ﬂ'.et”' raﬂ—lufi'l—hn-u) = (an—l'.'f:fi—'ltn'l’b} 0...0 (ﬂ‘lr flaa‘«’}’ (5)

Herombrit mopdusm rpados P : G — UC 0100parkaeT KaxIyio CTPEIKY
f i a1 = ay panworo rpada G B rpad-HocHTENH HEKOTOPOIT KaTeropnn B.
Ecmm eymecersyer dyurrop D' : C — B takoit, wro UD' o P = D, kak Ha
KOMMyTaTHBHOIT auarpavse (4), ro D' goaxen nvers sua D'(a) = Da na
obwexrax u D'(ay, f,az) = Df; na crpenxax. Ilockonsky mobast cTpoka
aauEel 0 > 1 asagercs npouwsseaenueM suzaa (5) B C, to I gomken
HMETH BILL

-DF{ﬂlrfls O3, ...,0p—1; fﬂ—i! ﬂn) — Dfu—l 0...0 Dfl

1 obparHo, sta dopmyna onpeaenser ¢gpyukrop D'B — C', 115 KoTOporo
VEA3ZaAHHaH JHarpaMma KOMMYTaTHBHA. D

Bot HeroTopbie ipocTeie npuMepst. e rpad cocTonT W3 € HHCTBEH-
HOi1 crpenkn f, anst kotopoit Og f = 01 f, To cBoDOHAS KATErOPHS COCTOUT
13 Beex crpenok suga 1, f, f2. ... Ecian rpad cocTonT 3 euHCTBeHHOl
CTPEJIKH ¢ HECOBIAJAIONIMMH KOHIAMI, TO cBODOIHAS KATErOpHs COCTOMT
H3 9TOf CTPENKH ILIOC [BE CAUHHYHLIC CTPEIKH (HA KaKIOM KOHLE).
s rpacha - — - — -« ¢ Tpems pPA3NMUHLIMH BePIIHHAMH CBODOIHAA
KATeropus npejactapiaser coboil KOMMYTATHBHBIN TperoibHuk (1obaBum
OJIHO MPOU3BEIEHHE CTPEIOK U TPH €IHHHYIHBIE CTPETKH).

Ecnn O cocrour uz oanofi rouku, 1o rpady G CBOANTCH K MHOMKECTBY
X (mrOKecTRY cTpenok X = A), u Teopema NPHBOJIAT K 0OIIEH3BECTHOMY
nocrpoenuio csoboanoro monouaa M, HOPOMICHHOTO MHOMKECTBOM X,
a UMEeHHO:

Cnencreue 2. Jaa xascdozo muorcecmen X cyulecmeyen MoHoud
M u dynwyua p: X — UM, 2de UM — nocumeav monouda M co cae-
JYrowuM YHUBEPCAAbHbIM CBOTemeom: das Kascdozo monouda L u aoboi
Pynwuuw h : X — UL eywecmeyem eduncmeennvidi mavoti mopduzm
smonoudos h' : M — L, wmo h = Uh' o p.
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DuementaMy MoHoWga M Iy KAT eqHHMUIA W CTPOKH Bujaa (.. ..
s Ep—1), THE T; € X
I'padbl MOKHO HCHOIL30BATL a4 OnHcanud auarpaMu. Ecm G -
HEKOTOPbIH rpady, TO MOKHO Onpeaeants duazpammy suia G B KaTeropuu
B kax mopdmam rpacdoe D : G — UB. Cornacno 1okazanHoil Teopeme,
Takne Mopdusver ) B TOUHOCTH COOTBeTCTBYIOT hyukTopam D' : Cg —
— B npu 6uekupn D' — D =UD' o P. Dra 6Guekuus

Cat (Cg, B) = Grph (G,UB) (6)

ecrecrsenna no G u no B. Taknm obpazom, ona o3nadaer, 4ro yHKTOp
C': Grph — Cat asisercs JeBbIM CONPAXKEeHHBIM (CM. 11, 4) K 3a0bIBaIO-
mevy dyuxropy U : Cat — Grph.

YupakKHeHnst

1. Jaiite onpeienenus 1poTHBONOIOAKHOIO rpada u npoussesenus rpados,
COTVIACOBAHHBLIC ¢ COOTBETCTBY IOMHMH ONPEICICHHAME /I KaTeropuii (1. e. 1ax,
arobbl (hyakTop U coxpassii MpoM3BeIeHRA 1 NEPeXo/l K NPOTHBOIMIOAKHOMY
rpady).

2. TTogaure, 9T0 KAZKABI KOHETHEIH OPAMHAI SBIAETCH CBODOHOI KaTe-
ropueii.

3. IMokaxure, aro kaxawil rpad G nopommaer cpobomnnii rpyrmons I7
('l". e. ",'J,(IBJIHTB{)I)SII()!H,H!‘TI TeopeMe 1, B KU'I‘()I}(}II:I KaTeropus# C SanMeHeHa Ha
rpyrmons F, a gareropus B — na rpynmoun E). BoiBeaure Kak ChejicTBHe,
4TO Kazaoe MaoxecTso X 1nopoxiaeT ceoboaHYy 0 rpyiny.

2.8. ®akrop-Kareropuu

H(!]{OTOI_)E:](! KATCIOPHH MOMHO OITHCATD C [TOMOIILI) UGp-':!.,"d}'IO].[II-D{ H CO-
OTHONIEHHIT CIedY OmHM ()6[)3301\1:

Mpennomenne L. Hycme C — nexomopas Kamezopus, @ @yiKuyus
R conocmasasem kascdoii nape obsexmos a,b us C' bunaproe omuouwe-
wue Ry p na hom-mmomncecmee Cla,b). Toeda cywecmeyiom wamezopus
C/R u dynkmop Q = Qr : C = C/R maxue, wmo: 1) ecau fR,,f'
npunadacocum C, mo Qf = Qf': 2) ecaun H : C = D — dyuxmop ua
C', das womopoeo us fR,pf" caedyern Hf = Hf' npu ecex f u f', mo
cyuieemeyem. edunemeennwt gynsmop H' : C/R — D. das xomopozo
H' o Qr = H. Hpu smom dynxmop Qr seasemes buexyuetl na obsex-
mar.

lopops kpaTko: Q) ABaseTCa YHUBEPCAILHBIM (DYHKTOPOM B KaT€rOpHN
C', nns koroporo m3 fRf' cnepyer Qf = Qf'.

Hanpuwmep, nyers C = Top, a fRf' ozuavaer, uro f u f' romoronusl.
Torza coorsercrpyiomas dhaxrop-kareropus C/R — He 4ro uHoe, Kak
kareropus Toph n3 § 1.7, B KOTOpoil 00BLEKTAMH CJIVIKAT TONOJIOIHYE-
CKHe TIPOCTPAHCTBA, 4 CTPETKAMH — KJIACCHI TOMOTOIHA HENPEePLIBHBIX
orobpazkenuii. Takoe nenocpejcrBennoe nocrpoenue kareropun Toph
BO3MOZKHO, MNOCKOJIbKY OTHOLICHHE FOMOTONHM OTODpazKeHuil Apaaercs

3 C. Marneiin
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IKBHBAJIEHTHOCTBIO M COXPAaHAeTcs NpH HX KoMnosuuun. B obiiem ciy-
qae TpeGYITCA NpeIBAPHTETBHBIE MAHHNYIAINE ¢ OTHOHmIeHweM R s
HOJYHYEHHA TAKHX CBOHCTB.

Ha6pocok aokasarensersa. Otnounenue IR Ha C' Ha3bIBAeTCH KOHZPIY-
SHMHOCT LI, eCJIH ].) Rﬂ,b ABJIHACTCH pF‘.{}Iﬂ{’KI’.THB[I]:]M? CHMMETPDHYHBLIM
W TPaH3NTHUBHEIM oTHOmeHneM Ha C'(a, b) 1 moboii mapsr 06wekTOE a, b;
2) ecim pag f.f' : a — b sepuo, uro fR,uf', 1o npu Beex g : o' —
—anh:b—= b uveem (hfg)Ry p(hf'g). na kaxaoro R cyuwecrsyer
HanuMenblllad KOHrpysnTHOCTb 1"?.‘I Ha C Takads, 41To R C R’ (ﬂ,{)K}l}KH'l’(‘.
B KadecTpe ynpaxkaernnd). Bossmem B kagecTse obbekron kateropnn C'/ R
obwextTil n3 C, a B kanectre J06oro hom-mnoskecrea (C/R)(a, b) Bosbvem
daxropmnoxectso C(a, b) /R, , mnoxecrsa C(a,b) no coorsercreyome-
My OTHOMmEeHHI0 SKBrBajenrHocTn B TTockombKy 9710 oTHOIIEHHE COTTIaco-
BAHO ¢ YMHOMKEHHEeM, TO np()HF}Beﬂ,ﬁHHe B (—/‘ COOTBETCTBYET HITUPI3BFE}IQIIHH)
B C'/ R npu ouesnanoi npoekuun () : C — C/R. lpu a1oM scHo, 410 [1714
modoro dyakropa H : € — D yuroxecrea S, = {f. f':a—=b| Hf =
= H '} onpeaeamor konrpysurnocers na C. 3uaunt, uz C' D R saitekaer
S O R'.u H moxuo npeacrasuts kak H = H' o Q. O

Ecan saeen € — csobojpas kareropusi, nopoxennas rpadom G, To
mbl Hasbidaem C'/I1 kareropueil ¢ ofpasyiowumu G W COOMHOUEHUAMU
R. Hanpumep, 3 MOKIHO ONHCATL KaK KATETOPHIO, TOPOKJACHHYIO TPeMsi
obwexktamu 0. 1, 2, Tpemsa crpeakamn f : 0 — 1, g: 1 =+ 2, h:0 = 2
W OJHHM COOTHOIIeHHEM h =go _f B KaiecTse 1acTHoro caydan {(' 0J1-
HAM 00'BEKTOM) CIOJIa BXOJAAT CIydali MOHOH,14, 38/IaHHOTO 06PA3YOIHMH
H COOTHOIIEHHSIMH.

YnpakueHns

1. Tokamure, 910 KaTeropus, nopoxiensas rpacom

¢ OJHHM COOTHOINEHHEM g’f = f’g, HMeer ']({']'b.lpl! EIHHUYHBLe C']'])l'.‘..'“(lr] H p{)BHU
nare neeannuannix crpenox f,og, fo ¢ mg' f=f'g.

2. Ilycrs €' — rpynna (paccMarpupaemas Kak KaTeropus ¢ OJHNM 00b-
exkrtom). [Mokamure, uro ans ka0l kourpysurnoctn B ma C cymecrsyer
HopMansnaa nogrpynna N s G rakas, uro fRg, ecin n Tonsko ecnw g ' f € N.

Sameuanus

F.".[&BH&H Waes ITOH TJIABBI — Ha}"HITI}CH lTpH.\']eE[HTB HpOCTOe ODOHATHE
(QYHKTOpa B CII0KHBIX C/IyUadX MYTeM MOCTPORHHS COOTEETCTBY IOUMHX CIOMKHbIX
KATEropuil: ABOHCTBEHHON KATErOPHUH B CJYHAe KOHTPABAPHAHTHBIX (YyHKTOPOS,
MPOU3BEICHAA KaTeropuil B cJIvydae bnpyEKTOpOB, KaTeropun (pyHKTOPOE (ak-
THYECKN K4K CONPAAEHHOI TPOM3BEIEHHIO ¥ KATErOPHH 3l TON 118 PeLyKIn
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VHUBEPCATLHBIX MOPMUIMOB K HHUIMATLHBIM 00bekTaM. BakHOCTL HCMONb-
30BaHHA KATEropHit YHKTOPOB (KOTOpBIE HHOTIA HA3BIBAIOTCH KATErOPUAMN
amarpamum) Geuta ocosnana I'porenauxom (Grothendieck [1957]) u @peiizom
(Freyd [1964]). Ilonsitae kKaTeropum 3anaToil, TacTO MPUMEHABIICCCST B JaCTHBIX
ciayuasx, ObUI0 B N0MHON 06mIHOCTH BBejeHO B (HeonyG/IMKOBAHHBIX) Te3ucax
Jlosepa (Lawvere [1963]). ¢ Tem 4To6bl 1aTh ONPEIEICHIE COMPAMKEHHOTO HYHK-
Topa 6e3 UCITO/Tb30BAHNS MHOKECTE 3eMeHTon. Ha HekoTopoe Bpems oHO cTasto
CBOErO POJa TANHBIM OPYIMEM B APCEHAJIE OCBAMIEHHBIX.

Jpoiictsernocts naeer goaryio ueropnio. Hammune apoficrsennoctn Mez iy
TOYKOI 1 UPAMOH B reoMerpuu, 0COGEHHO MPOEKTHBHO, NPUBEIO K CTPOroOMY
AKCHOMATHHECKOMY ONPEIesIeHHIO ABOTICTEeHHOCTH B MOHYMEHTAIBHOM TPAKTa~
Te Bebaena-10nra mo npoekTHBHOI reoMeTpuH. fIBHOE OMMCaHne ABOHCTBEHHO-
CTH € OMOIIBIO ABONCTBEHHbLIX KATErOPHil 4acTo OKA3bIBAeTCH NPeIIOYTHTE b
HBIM, HATTpUMED B GIy4ae apoicteernoctn IlorTparnaa, kotopas dbopyympy-
ercs (§ 4.4) Kak SKBUBAJIEHTHOCTh MEX/Y KATETOPUAMH HJIH KAk SKBHBAIIEHT-
HOCTb Mezk/1y Kareropueii u asoficrsennoii kareropueii (cm, Negrepontis [1971]).

a*



I'masa 3

YHUBEPCAJIbBHBIE KOHCTPYKIIUN U INTPEJIEJIBL

VHuBepcanbHbIe KOHCTPYKIIMH B PA3HOM 00JIHYBE NOABIAIOTCA BO MHO-
IUX pa3jenax MATeMATHKH — KAK YHUBEPCATbHBIE MOP(HU3MBL B JIAHHBIIT
(hOYHKTOP, KAK VHUBEPCAJILHBIE MOP(U3MBL U3 AaHHOIO (PYHKTOpa, KaK
VHHBEPCAJIbHBIE 37eMeHTbl (DYHKTOPDA B KATErOPHIO MHOMKECTB. Kaminas
VYHUBeDCANLHAN KOHCTPYKIINA OINMpe/iejadaeT npeicTapienie cooTBeTCTBY 10
uero hbyHKTOpa (€O 3HAYCHUSMM B KATErOPHH MHOXKECTB) B BHAe hom-
dbyukTopa. B cBowo ovepelib, 118 aAHAIN3A TAKUX TPEJACTABIEHUI CIIVIKHT
JEeEMMa ﬂ{)li(),’lbl. BE‘J.}KI'[I:[M npuMepoM YHOUBEPCAJIbHBIX KUHCTp_\"KU.Hﬁ Ab-
JFIOTCA TPEJENBI — Kak 00paTHbIe (— NPOEKTHBHBIE TPEIEIBI — TPE/IEIbI
= JleBble KOPHM), Tak U ABOHCTBEHHbIC K HUM HpAMbIe (= HHIYKTHBHbBIE
NMpeneasl — KONpeae sl — Npaebie KOpHHu). B 9Toii riase Mbl 1aamM onpe-
JIeJIEHUS YHUBEPCATIbHBIX 00bEKTOB H IPEAEJIOB U PACCMOTPHM HECKOIBKO
OCHOBHBIX CJIy4aeB ([IPOM3BEIeHNs, KOYHUBEPCAIbHbIE KBAAPATEI, YPABHH-
e ... ). Bonee riybokue ux cpoiicrsa nosasarca B i 9, n0CBaneHHO
crennaabHbM THHaM npejaenos. CeA3b ¢ CONpsizKeHHbIMHU (DYHKTOPaMH
OyJieT paccMoTpeHa B 1L 5.

3.1. YHuBepca/ibHbI€ CTPEJIKH

B § 2.7, ncxona n3 3abeBatomero dyskropa UV @ Cat — Grph
u rpada G, Mbl nocrpouin cBoboanyio kareropuio C naa G u Mopduzm
rpacos P : G — UC, xoropetii skiagsizaer G 5 C. Mebl nokazamau, gro
ATA CTPeJIKSL P VHHBepCcadjlbHa cpejid CTpejaoK H3 G B [.'I. AII.’-'LE'ID["I-"]‘[I-[OQ
CBOICTBO YHIHBEPCANBHOCTH MpHCY e MOphU3MaM, KOTOPbIE BKJA/IbIBAIOT
MOPOYK,IAIONIME HTEMEHTHI B cBOGOIHbIE anrebpanieckue CHCTeMbl JIPYIHX
THIIOB — HAIPHMEp, PYIINbI WK KOIbla. Beegem obuiee onpenenenne.

Onpepenenne. Ilyers S : D — € — pekoropstii hyHKTOD, ¢ — 00b-
ekt n3 C. Viusepcaavnas cmpeara us ¢ 6 S — 310 napa (r, u), cocroginas
u3 06bekTa r B D u crpenku u : ¢ — Sr B C Takasd, 4To JJ14 KAXK/10it 1apbl
(d, f), rne d — oovexT B D, a f : ¢ = Sd — crpenka B C, cymecteyer
enuHersennas erpenaka f'ir — d s D, aas koropoit Sf'ow = f. Hnaye
rOBOpA, Kax/1as cTpenka f uz S mponyckaercs eHHCTEEHHBIM 06pazoM
Hepes VHHBePCATIBHYID CTPEIKY i, KaK Ha KOMD.ly'I'ﬂTHBIIUﬁ AHArpaMme

I sy 2 (1)
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JApyrumu ciopamu, u : ¢ — Sy dBISETCH YHUBEPCalbHOH cTpesikofi
u3 ¢ B S, ecam napa (r,u) ABIAETCS HAYATBHBIM OOBLEKTOM B KaTeropHn
sangaroil (¢ | §), obbexramMun KoTopoil ciy:xkar crpeiku ¢ — Sd. Kak
U CAM HAYAIBHBLE 00bEKT, napa (r,u) eIUHCTBEHHA ¢ TOYHOCTBIO /10 H30-
smopduzma B (¢ | S); B uacraocTy, o0bexT r 8 D eAHHCTEEH ¢ TOTHOCTHIO
1o mzomopduama B kareropuu . DTO THNMYHEBND (Iyuail mpAMeHeHns
KaTeropuit 3ansaroii.

CymecTByer orpoMHuoe YHEI0 MPUMEPOB VHUBEPCAIbHBIX CTPEJIOK; I1e-
PetHCIIHM JIHITL HeKOTOPLIe W3 TTHX.

Basucw sexmopunr npocmparems. Ilyers Vet ofo3nauaer kare-
FOPHIO BCEX BEKTOPHLIX HPOCTPaHcTB Hajl (hukcnpoBannbiv nonem K,
B KOTOPOIl CcTpeikaM# SBISIOTC JnHefinple npeobpasosanus. Yepes
UV : Vet — Set obo3uadnm saboisaionmii hyHkTop, KOTOPBIH KAMIOMY
BEKTOPHOMY TMPOCTPAHCTEY V' COMOCTABMACT MHOMKECTBO €r0 37TeMEeHTOB.
,:[..'IH KA 100 MHOMKECTBA .X—, KAK H3IBECTHO, CYHIECTBYET BEKTOPHOE ITPO-
crpanctBo Vy c Gazumcom X; oHO cocToMT H3 Beex opmanibibix K-
JUHEHHBIX KoMOuHaiuit anementos n3 X. OyHKIMA, CONOCTABIAIONIAA
KAKJIOMY 3jeMenty @ € X TOT Ke 0EeMEHT, paccMaTpuBaeMbiil Kak
ekTop B Vy, ssnserca crpenxkoit 7 @ X — U(Vy). Kak uzsectno,
And moboro Apyroro BekTopuoro npocrpatcrsa W okaxkavio yHKOmio
[+ X = U(W) M0KHO NPOJOIAKATE JI0 €JINHCTBEHHOTO JTHHETHOTO npe-
obpaszosabus f': Vy — W rakoro, yro U f' o j = f. Dror cranaaprhbiii
dakT paBHOCHIEH TOMY, YTO § — YHHBepcanbHas crpenka n3 X e U.

Ceobodnse wamezopuu nad epaamu. Teopema 1, § 2.7 0 cnoGoauoii
kareropun (' naa rpacdom G B TounocTn o3naqaet, aro gpyukrop P G —
— UC ynusepcasien. 3To 3aMeqaHue OTHOCHTCA W K CBODOIHOMY MO-
HOWJIY € (PUKCHPOBAHHBIM MHOXKECTBOM 00pa3yonmx, csoBoIHON rpyme
¢ (pUKCHPOBAHHBIM MHOMKECTBOM 00pasywimux, csobojiomy R-MomLyiio
(Ha1 puKCcHpOBaHHBIM KOMBLIOM 7)) ¢ PUKCHPOBAHHBIM MHOZKECTBOM 0Opa-
3VIOUIMX, ajirefpe MHOPOYIeHOB Hajl JAHHBIM KOMMYTATHBHBIM KOJILIOM €
DUKCHPOBAHHBIM MHOKECTBOM OOPA3YIOIINX, H AHAJOTHYHO JIISE BCEBO3-
MOHBLIX THIIOB (!Blf]()l_)_ll‘l-[b[}{ aJIl”(!()I)RH‘[P.('.KHX cHCTEM 1

Hoan wacmuwr. s xaxmoro nemocraoro kombua D cymectsyer
M3BECTHBIE Criocof nocTponTh ero note vactabix QD) sumecre ¢ MOHO-
Mopduzmom j 1 D — Q(D) (vacto npu s1oMm D 00bABIAETCH TOAKOIBIOM
B Q(D)). Jro nome gacTHLIX OOLMHO ONHCHLIBACTCS KAK HAHMEHLIIEE
nose, cojepxkaimiee [, B TOM CMBICIE 4TO Jid Kaxkjoro noias K O D
nMeeTes MonoMmopduam noseit f @ QD) = K, ToxaecTsensbiii Ha obmem
noakonslie D. Oanako sioxkenne D C K 6e3 Tpyjla MOMKHO 3aMEHHTh
Ha J0boit Monomophuim tesnoctibix koaen, D — K. Takum abpasom,
HAIIE YTBEpPIKIEHHE O3HakaeT, uro mapa (()(D),j) yHEBepcanbHa OTHO-
curennio 3abbisaiomero pynkropa Fld — Dom,, w3 kareropun nonei
B KATErOPHI LEJIOCTHBIX Kojiell — e crpesikamvu B Domg, cuurars
MOHOMOP(H3MBI HENOCTHBIX Kostel (3aMeTHM, 4T0 roMOMOphU3M noaed
obszaTenpHo Asigereds Monomopdusmom ). Oanako B bobLeii Kareropun

1) Onpeaenerme cpobommex anrebpamdecknx cucrem oM. B Kumre (*Mamsies
[1970]), c. 315-316. — IIpum. ped. nep.
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Dom, rje crpeikaMi cayiaT Bee roMoMopQH3Mbl HEJI0CTHBIX KOJIEIL, He
CYIIECTBYET YHHBEPCATLHON CTPENKH M3 KazkKJI0ro Kombla B nome, Hampu-
MEp, B KOJIbLE LEeJblx Z 118 KasKJIOro NPOoCToro YHEIa p eyliecTsyer
romomopdusm Z — Zy,; unrarens Momer yGeauTbes, UTO 9TO Ae1aeT
HEBOZMOMKHBIM HAJIMIME YHHBepcasibHoil crpesku n3 Z B pyuxrop Fld —
— Dom.

Hoanwe mempuieckue npocmpancmea. Ilyers Met — kareropus seex
Merpuvueckux npocrpancts X,Y, ..., B xoropoii crpeakamu X — Y
Gy aaT (l)_YIlI\'lI,I!H.I. coxpansonme MeTpHKY H IMOTOMY B3auMHO OJ1HO-
3nadnele. [lomHEIE MeTpHYecKe TPOCTPAHCTRA COCTABIAIOT, KAK OOBEKTHI,
MOJHY K NOIKATETOPHID. OﬁmﬁﬁfaﬁeCTHﬂﬂ MOTOJTHEeHHe T MeTpHIeCKOr0
npocrpancrea X nopoxciaer crpeaky X — X, YHUBEPCAIbHYIO OTHOCH-
TeJIbHO OYEBHIHOTO 3abbiBatomero byHKTOpa (M3 KATEropun MOJIHBIX MeT-
PHYECKHX MPOCTPAHCTE B KATErOPHH BCEX MeTPHYeCKHX ][I.'.IUCTp("lH(_'-TB).

DyHKOMA, BKJIAIBBAIONAA MATEeMaTHIECKN 00BEKT B €ro MOIXo/s-
mee MonoTHeHHe, MOZKET PACCMATPHBATRCA KaK YHHBEPCATIbHas CTPesIKa
I BO MHOMX Apyrux ciaydaax. OOugee yrsepskaenue O €JUHCTBCHHOCTH
}'HHBEI]CHJH'_‘HOEI CTPeJIKH BJaeYeT eIHHCTEeHHOCTh NONOJIHEHHUH, C TOYMHO-
CTBIO JI0 €JIHHCTBEHHOTO H30MOpPHIMA (MTO eme MOMKHO ¥KeaaTs?)

Wieio yHHBEPCATBLHOCTH HHOT/IA BLIPAKAIOT B TEPMUHAX <Y HHBEPCAJb-
HBIX 3nemedToBs. [Iyers D — nexoropas karveropusi, H @ D — Set -
HeKoTopblit hyHKTOp. YHuusepcaavnniii saremenin dpynkropa H — 31o napa
(r,e), cocromuas u3 obbekta r € D n snementa e € Hr takas, 4To i
Kazk10i napst {d, r), r € Hd cymecrsyer eqMHcTBeHHEAs cTpenka f @ r —
—d B D, pasi koropoit (Hf)e = .

EcrecrsennniMn npunMepaMi yHUBEPCATIbHBIX 3EMEHTOB CJIyZKaT MHO-
rue uspecTHole KoHerpykiuud., Hanpusep, paccMoTpuM OTHOMIEHHE IKBH-
BAJICHTHOCTH [ Ha MHOMKecTBe S (COOTBETCTBYIOIMEE (DAKTOPMHOMKECTBO
S/E COCTOHT M3 KJIaCCOB 3KBHBAIEHTHOCTH 2JIeMEHTOB H3 S OTHOCHTENLHO
E) u npoexuuio p : S — S/ E, koropas o1obpazkaer KazKAbiil JeMeHT § €
€ S B ero knace F-sxsupanenrnocrn. Muoxeerso S/E obaajgaer tem
H3BECTHBIM CBOWCTBOM, 49TO Kaxaas pyaxuns [ Ha S, coxpaHAoasn
OTHOIIEHHE IKBHBAJTEHTHOCTH, MOKET DACCMATPHBATHCS Kak (DYHKINS Ha
S/E. Bonee ¢opvanbao, 310 03Hadaer, 4To ecan dyukmua f 1§ — X
takosa, 4o sEs' naeuer fs = fs', To f moxkno zanucars KAk KOMIIO3HINIO
f = f'p ana exunacreennoit dyakumn f': S/E — X:

s —=S/E

I Ly
F v
S——X.
Dro B rounocTu os3nadaer, uro (S/E,p) — yHuBepcanbHbiil 3aeMenT s
dbyvakTOpa H : Set — Set, CONOCTABAAONUIEIO KAXKIOMY MHOMKECTBY X
muoxecrso HX rex dyurunil f @ S — X, ana xoropeix sEs’ pneuer
fs=fs'.
[lyers reneps N — nopMadibHas nogrpynna B rpynne ) a hyHkTop
H : Grp — Set conocrapaser kaxaoii rpymne G' muoxecrso HG' Beex
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rex romomopdmsnos f : G — G’ koropeie annynupyior N (re. fN =
= 1). Torna crasnapraas npoekupus p : G — G/N, conocrasnsomas
Kaxgiomy aviementy ¢ € G ero cmexxkubil kjaace pg = gN B dakrop-
rpynne G/N, aBiserca yHupepcaabHbiM asementoMm ans H. B camom
Jenie, Ki'l}K'J[blﬁ H3 YEKa3aHHBbIX l'ﬂMU?\lU})li)HTMﬂB MOMHO IpeJcTaBHTh Kak
f = f'p nna emuncreennoro f' @ G/N — G'. Hdanee, dakroprpynmy
0ObI'THO ONUCHIBAIOT KAK I'PYIILY, 3JEMEHTAMH KOTOPOH CIIVIKAT CMEeXHbIe
kiacebl. QHaKo, 10KA3aB ¢ MOMOLIBLIO CMEKHBIX KJIACCOB 0dHO YKa3aHHOe
yuusepcagibioe csoficrso romomopduava p @ G — G /N, moxno sarem
JI0KA3aTh 6c€ OCTATBHBIE CBOHCTBA (DAKTOPIPYNI — HATIPHMED, TEOpPEMbl
06 usomopdmszme, — vike Ge3 ynoMunanua o cMexknbix Kaaccax (em. Mac
Lane, Birkhoff [1967]). Tpebyerca nuue cyimecTsopanie yHUBEPCATLHOIO
AleMeHTa p A (l]}’IIKTOI}ﬂ H‘ BU.-'I(‘(‘. TOrO, ero cyuecTBOBAHHE MOMKHO
J0Ka3aTh 063 HCHOTB30BAHHA CMEKHBIX KJTACCOB (CM. TEOpeMy O COmps-
wennom gyukrope, chopmymuposannyio B § 5.6).

Tenzopible NpousBeIeHns JaI0T APYroi MpUMep YHUBEPCaIbHbIX 3J16-
mentoe. [lyers gambl sekropusie npocrpancrsa Vou V' onan nonem K
n dbyakuns H, KOTopas CONOCTABIACT KaKIOMY BEKTOPHOMY NPOCTDaH-
crey W smnoxkecrso HW = Bilin (V, V" ; W) seex Gunnneiinbix ¢yHk-
it V' x V' — W. Ona cayxur dyuknmeil o6LekTop and hynKTopa
H : Vetg — Set. B 0Bbrnoii KOHCTPYKIHN TEH30PHOTO MPOH3BEICHNS
VUACTBYIOT BeKTOpHOe npoctpatcTso V@ V' u OniubeliHas yHKUps
@V x V= V&V, sanuceipaemas kak (v,v') — v @ ', TIpn arom
napa (V' ® V', @) apasgerca yHHBEPCAJIBLHLIM 3IEMCHTOM 1151 (DYHKTOpA
H = Bilin (V,V'; —). Bce 3to pacnpocTpanseTca Ha cIyuail, KOrIa mose
K 3aMeHeHo Ha KOMMYTATHBHOE KOJIBUO (4 BEKTOPHBIE [POCTPAHCTBA —
Ha K-mojyam).

[MongTHe YHUBEPCAILHOIO EMEHTA — 3T0 YACTHLIA CIyial noHATHsA
VHHABepcaTbHOI cTpenku. B camom zere, myeTh  — MHOMKECTBO H3 OIHO
rouki. Torga awboii sneMent € € Hr MOMXKHO paccMarpuBaTh Kak crpeiKky
e:+ — Hr s kareropun Ens. Kak ciencrsue, yHHBEPCATBHBIE 3/IEMEHT
<f'-, C) JLITH H — ITO0 B TOMHOCTH VHHBEDCAJbHAN CTPRIKA U3 * B H. OGPE—]T—
HO, ecyin (' umeer massie hom-yMHOXKeCTBA, TO IOHATHE <VHABEPCAJIBHAA
CTPE/IKAY SABJAETCH YACTHBIM CHAYYAEM HOHATUH «VHUBEDCAILHBIA 9/1e-
MenT». B camom aene, nycrs S 1 D — €' — HekoTopolil pyHKTOpD, & € €
€ C' — nexoropwtit oobext. Toraa (r,u) : ¢ — Sr apasiercs ynusepcanbHoil
crpenkoii u3 ¢ B S, econ u Tonbko ecan napa (r.u) € C(e, Sr) siBasercs
YHHBEPCATLHBIM 3eMeaToM s pyukropa H = C(e, S—). ror ynugrop
neiterByer Ha 06bekT d B ctpenky h uz D no ¢gopmyaam

d+s C(e,Sd), hws Clc, Sh).

JI0 CHX 1OP MBI PACCMATPHBAJN YHUBEPCAJIbHBIE CTPEJIKH 13 00beKTa
¢ € C B dyuxrop S : D — C. IBoilcTBeHHOC HOHATHE TAKIKE IOICIHO.
Vuusepeaavnas cmpeaxa w3 S B ¢ — 3710 mapa (r,v), coctoamas w3
obbekta r € D n crpeskn v @ Sy — ¢ ¢ makoil koobaacreio ¢, uro s
moboit napst {(d, f), rae f: Sd — ¢, cyulecrByer eIMHCTBeHHAS CTPEJIKA
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f'id— v, rakas uro f =wvo Sf' cM. KOMMYTATHBHYIO JMAIDAMMY

f
d Sd———c
i sp I
¥ ¥ v
r, Sr——c.

IMpoekupun p:a X b — a, q:axb— bNpou3BeIeHHA B KATEIOPUHA
C (rne ¢ = Grp.Set,Cat,...) dApjAI0TCA HPUMEPOM TAKOH YHHBEp-
canbHOCTH. deffcTBuTebHo, s 106oit apyvroii napsl ctpenok f : ¢ —
= a,q . c — b ¢ KoobJiacTaMu a | b cyuecTeyeT eHHCTBEHHAaA TaKas
crpenka h: ¢ — a x b, uro ph = f,qh = g. Takum o6paszom, (p,q) — yHu-
Bepeaibias napa. drofnl ¢aenaTh e¢ YHUBEPCAILHON CTPEIKOil, BBeIeM
anaronaasaetii dyakTop A : C = C x C takoii, uto Ac = {c.c). Toraa
napa f,g npespamaercsa 8 crpeaxy (f, g) : Ae — {(a,b) B gareropun C' x
x C, u (p,q) CTaHOBHTCHA YHHUBEPCAJIBbHON cTpenkoii n3 A B obbexr (a,b).

Ananoruyno, spo moboro romomopduisma (B kareropusx Ab, Grp,
Rng, R-Mod, ...) yHHBepcalbHO — TOYHEE, VHHUBEPCAIBHO /I MMOIXO0-
JSHIEr0 KOHTPaBaAPHAHTHOD (pyHKTOpA.

OTMeTHM, YTO MbI TOBOPHM <«VHHBEDCAIbHAA CTPENKa B S» H <«yHU-
BEPCAJTIBHAS CTPEJIKA W3 S», A He «YHHBEPCATLHASA» H ¢KOYHHBEPCATILHA»
CTpeKa.

YupakHeHns

1. Tlokamure, KaK HHTEPHPETHPYIOTCH B BUIE VHHBEPCAJIBHBIX CTPEIOK
CABAYIONINE WIBECTHBIC KOHCTPYKIHH:

) HEMOTMHCICHHOe MPYIIIOBOe KOJALIO Fpymis (1 oobme MoHonIa);

6) TensopHan anrefipa BEKTOPHONO NPOCTPAHCTBA;

B) BHElIHsAH arefpa BEKTOPHOIO [POCTPANCTBA.

2. Haitsnre yuupepcaibHbIl 2JeMeHT s KOHTPaBapuaHTHOro (hyHKTOpa
mHokecTsa-crerienn P : Set"™ — Set.

3. Haiizre ynusepcaibibie cTpeaku (M3 1aHioro nponssoisioro ofvbexkra)
B crenyomue 3abnsaomue gyakropsi: Ab — Grp, Rng — Ab (zafuisacres
yvuokenne), Top — Set, Set. — Set.,

4. Menonbzys Jninn VHEBEPCAALHOCTL (npoekiuil), JoKkamkure cieiyioume
TEOPETHKO-IPYITOBLIE H30MODGhH3MEL

a) ecrm M. N — popvamsnnie noarpynms B tpynamne G, nmpuaem M C N, 1o
(G/M)/(N/M) = G/M;

0) ecm 5, N — nogrpynmsr B rpynme (¢, BMECTE TIOPOKTATONHE TTOTPYTITY
SN, npuaem N nopmansaa, to SN/N =2 S§/SNN.

5. Ioxaxarre, uro K-daxropmogyns A/S (rae § — nogvonyms B A) moxer
OBITH OIMCAH B TEPMHHAX VHHBEpPCANBHOCTH. BhiBegnTe Teopembl 00 m30MOp-
duavax.

6. Ormumure (bagTOPKOABIA N0 JBVCTOPOHHUM MJIPANIAM KOJIEI B TePMHHAX
VHHBEPCATLHOCTH.

7. Hokazure, 410 nocrpoenne Kobia K[2] MHOrOUIEHOB HAjl KOMMY TATHB-
HBIM KOJTBIOM K OT TIEPeMEeHHOro T ABIAeTCH YHUBePCAILHON KOHCTPYKINeii.
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3.2. Jlemma Moneant

Tenepnb paccMOTprM HEKOTOPBIE OCHOBHBIE CBOICTBA, BLITEKAIONINE 13
VHHBEDPCAILHOCTH. Bo-nepBuIxX, 3T0 NOHATHE MOXKeT ObITh ¢hopmyanpoBa-
HO B TepMHHAX hom-MHOXKeCTE, a MMeHHO:

[Ipennoxennel. Jaa dannozo dynxmopa S : D — C napa
(r,u : e — Sr) ynueepcanvna us ¢ 6 S, ecau u MOALKD ecau ynKyus,,
omobpasicarouwan xasicdyro cmpeaxy f' rr = d 6 Sflou : ¢ = Sd,
HABAAETCA 6uemmeﬁ hom—Mno:)mecme

D(r,d) = C(c, Sd). (1)

Ima Guexuusa ecmecmeenna no d. O6pammo, dag danuniz T u ¢ 20601
ECIMECTGeHNbLTT USO.MUMHJ}M (1) COOIMGEIMCmMeyemn 6 YRII0HHOM CMBLCAE
edunemeennoll empeare u 2 ¢ = Sr, daa xomopoti napa (r,u) ynueep-
caavHa uz c 6 S.

doxasareabcTso. YTBepxRIAeHNe 00 YHIBEPCATLHOCTH TAPHI (7, 1)
B TOYHOCTH o3Havaer, 9rto coorsercrene f' +— Sf' ou = f Guexrneno.
Ora Guekums ecrecTBenHa 1m0 d, Tak Kak s ¢’ : d — d' Bepuo, 41O
S(@'f)ou=Sg o(Sf ou).

Obpartro, ectecTBeHHBIT HW30MOPGhU3M (1) CONOCTABIAET KaXKIOMY
obbekty d € D Guexumo g = D(r,d) —+ C(s,d). B sacrnocru, nyers
d = r; Torga egunnvnag crpeaka 1. € D(r,r) nepexoaur nox Jgeficrsuem
@ BeTpenky u : ¢ — Srua C. Jlna moGoit crpeakn ' : r — d qnarpanva

D(r,r) —fre Cle, Sr)
D(r-.f’ll JC«:S;’} (2)
D(r,d) == C(e, Sd)

KOMMYTATHBHA, NOCKOILKY ¢ ecrectsenno. Ho na aroii auarpamwe 1, €
€ D(r,r) nepexoaut no sepxueit u npapoii crpeske 8 S f' ow, a no sesoii
u mzkneii — B @q(f'). Tak kak @ GHEKTHBHO, TO ATO B TOUHOCTH 3HAYNT,
qro Kaskas erpeaka f ¢ — Sd umeer pug f = S f'ou jis eaunersennofi
crpenkn f'. Ho 310 Kak pas n o3vavaer, uro napa (r,u) yaupepcaiapHa. [J

Ecau kareropuu C' u D nveor mansie hom-vinmkecrsa, to (1) o3na-
gaer, uro yarrop C(c, S—) B kareropuio Set ecrecrserHno uzomopden
kopapuantaomy hom-gyuxkropy D(r, —). Takne nzomopdmamb nazbisa-
I0TCA TPeJICTaB/IeHnAMN (representations):

Onpegenenwue. [yems D — wamezopua ¢ maavvu hom-muosicecm-
eamu. Ilpedemaeaenuvem dynsmopa K : D — Set wnaswsaemca napa
(r,a)), ede r — obzexm uz D, a

D, =)= K (3)

— ecmecmeenunii uzomopusm. Obsexm r nazweaemcs npedemacanio-
wum obsexmonm. Ecau mawoe npedemasaente eyuecmeyerm, mo hyuxmop
K nasveaemca npedemasumvim.
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Takum obpazoM, npeiacraBiMbiii (DYHKTOD ¢ TOYHOCTHIO 10 H3OMOD-
huzma coBmajaer ¢ KopapruaHTHEIM (pyHKTOpoM D(r, —). Beenennoe mo-
HATHE MOXKHO PAclpocTpaiiTh Ha YHUBEPCAADHBIC CTPEJIKH ¢V IOIIHM
obpazou,

Mpeannoxmenue?2. ITyemv * oboznanwaem odnomouennoe MHodce-
cmeo, D — wamezopus ¢ maavimy hom-muosceemeamu, (r,u @ * —
— Kr) — ynusepcaavnas cmpeaxa u3 * 6 K : D — Set, a dhynnuyua
; = o, - ) 8 - P
U omebpancaern empeary [ r = d e K(f')(ux) € Kd das wascdozo
ofsexma d w3z D. Tozda v asasemca npedcmasaenuem gyuxmopa K,
" ﬂ'ﬂUfC[}UE’ €20 an()cmaGJae?-me ROAYYRETNCA TROKUM C'H.UCUGUM uz poeHo
odnotl yrnueepcarvroti cmpearu makozo euda.

HJoxaszaTenscrBo. Dyuxmma f @+ = X H3 0IHOTOUETHOTO MHOMKE-
CTBA * B IPOH3BOJILHOE MHOKecTBO X onpeaensercs anementom f(x) € X,
D710 coorsercreue f — f(*) apnserca ouexuneii Set (x, X') = X u ecre-
creenno o X € Set. Kounozunua ¢ K jaer ecrectsenabid H30MOpdhH3M
Set (¥, K —) = K. C yuerom npeacrasienns ¢ 03 (3) monytuaem

Set (x, K—) = K = D(r,—).

Taxknm obpazom, npeacrasienue gynkropa K coorsercrsyer ecrecrsen-
HOMY n3omopduanmy Set (x, K—) = D(r, —). Tenepr name yreepxienne
BBITEKAET H3 [IPEALLIYIIETO HMPEeI0MeHHA.

CrTosib 7Ke JIErKO J0KA3ATh €0 H HeNOCPEICTEeHHO: eC/I U — YHHBEp-
canbrast crpenka, 10 f— K(f')(u(*)) — npeacrasnenne; econ 1 takoro,
Kak B dopmyne (3), To i, orobpaxaer 1 : 7 — r B 3uement u3 Kr,
KOTOPBIH YHUBEPCAJICH, & NOTOMY ABJASCTCH YHHBEDCAILHON CTPeNIKOi % —
— Kr. O

OTMET‘I’T!\J, UTO KaxToe H3 MOHATHIT 4« VHHEEDCATTBHAA CTPETKA»,
«VHUBEDCATBHBIN MEMEHT» W «TPEJCTABAMBI (PYHKTOP» (DakTHIeCKH
OXBATHIBAET JIBA OCTAJIBHBIX. Tak, YHHBEDCAJThHAS CTPEIKA W3 €
8 S : D — (C coorsercrsyer (cM. Ipeaioenue 1) eCTCCTBEHHOMY
m3omopdmamy D(r,d) = C(e, Sd), a 3naunt 1 npeacrapaennio hyHKTopa
C(e,5—) : D — Set win, pABHOCHILHO, YHUBEPCAILHOMY 3JIEMEHTY LI
310ro (hyHKTOPA.

Jokazarenserso npeiomkenus 1 ocHoBano na nabiioaennn, Yro K-
JKJI0E CTECTReHHOe Tpeodpazopanne ¢ : D(r,—) = K nmomrocTsio onpe-
Jieqsieres obpasom ejuauaHol crpenkn 1 : v — r npHu oTo0paskennn o,
D710t hakT MONKHO chOPMYTHPOBATE CJIEIYIONIHM 00PA30M:

Jdemma (Yoneda). [Tyemv K : D — Set — nexomopuii ¢ynxmop,
ar — obsexm uz kamezopuu D (npuvwem D — xamezopus ¢ maismu
hom-muoscecmeamu). Tozda umeemea duexyus

y:Nat(D(r,—),K) = Kr, (4)

xomopas — nepeeodum  wasedoe  eemecmeennoe  npeolpaszosanue
a:D(r,=)= K ¢ a.l., m e 6obpas edunuunoti cmpeakur — r.
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JloKazarebeTBO BhIpayKAeTest Clieiyvionieil KOMMYyTATHBHON Jauarpam-
MOIT:

D(r,r) —> K(r) r
L=D(i‘.ﬂl jﬁ'm f (5)
D(r,d) —=*> K (d), d.

Cnepncrene. Jaa aobwr obsexmoe r,s € D aoboe ecmecmeentoe
npeobpasosanue D(r,—) = D(s,—) umeem 6ud D(h,—) dax eduncmeen-
noti cmpearu h: s — r.

Orobpazkenne Horeast y u3 dopmysr (4) ecrecreenno no K n no
r. Yrober Touno cdopmynnposarh 3torT (hakT, HYKHO paceMorpers K
Kak 00beKT B Kareropun (hyHKTOPOB Set”, a o6aactb u K0OGAACTD OTOG-
paxenns Yy cHUaTaTh SHAYeHHAMH (l')_\'llK'I‘UpUI]- Ha nape (K.| l") H 3aTeM
paccMOTpeTh 3Ty napy Kak 00bLeKT B KaTeropuu Set” x D. Toraa xo-
obstactn s y — 310 hyukrop ouenku (evaluation functor) E, koropoiii
orobpazxaer kax/ayio napy (K, r) s anavenue Kr dyuxropa K na obbexre
r; obnacts s y — 910 dyarrop N, koropslii orobpasxkaer obwekt (K, r)
B MuOzxKecTBO Nat (D(r, —), ') Bcex ecrecTBeHHBIX npeobpa3oBannii, a na-
py crpeniok F : K — K', f :r — ¢ 8 Nat(D(f,—), F). Iocae arux
3amevanuit MoxHO 6e3 Tpyaa noayunth gobasienue K jaemmve Homeani:

Jdeumma. Buexuus us dopmyan (4) A6asemes ecmecmeenkbm u3o-
mopuzmonm y : N = E mexncdy dynwmopasmu E, N : Set” x D — Set.

Dyuruusa odvekros r — D(r, —) 1 GyHKIEA cTPe/IoK
(f:8—=r)— D(f,—):D(r,—) > D(s,—),

rie f — crpensa B Kateropuu D, BMecte ONpeAessiior NOJMHLIH 0 yHUBA-
JEHTHLLHT ByHKTOp
Y : D - Set”, (6)

KOTOpPBI Ha3biBaeTcs dynxmopom Honedw. IpoiicrBennbiii K Hemy (pyHK-
TOP
. op
Y': D - Set? (7)

(Takske yHmBanenTHblil) orobpazkaer f : s — r B ecrecTBeHHOe npeobpa-
30BaHHE

D(=,f): D(—,8)= D(—,r) : D°® - Set.

Yrober i QyHKTOPHI OLLIM ONpejeeHsl, Kateropas D 1o/KHAa HMETh
Mavibie hom-muoykecrsa (HOCKOWILKY Set — 9T0 KaTeropus BCEX Maabll
muoxects). Lis Gonee obmmupabix Kateropuit D aemma Honenst n 106as-
JIEHHE K Heil 0CcTalores BepHBIMH, €¢an 3aMeHnTs Set na mobyio karero-
puo Ens, odbexramn Koropo# aepaamoTea Muoxectea X, Y, ... opmuem
Ens (X,Y) cocronr us seex dyakumit mz X B Y; pasymeercs, hom-
MHOzZKecTBa Kareropun D noszkubt 6b1Th 06bektamu u3 Ens. (Jansneiinee
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pacuiHpeHHe KaTeropim Ens ne pimser va nonsmrue CCTeCTBEHHOCTH, CM.
yop. 4.)

YnpakueHns

1. lyets dyaxropst K, K' : D — Set umeror npeactasaenns (r, ) u {r', ")
coorsercreerno. Jlokamure, 4T0 A5 KA 100 eCTECTBEHHOrO Npeodpa3oBaHus
7: K3 K' cymecrsyer eamracteernmsit mopdmsy h : v — ¢’ w3 D Taxoii, wro

Toth = o D(h,=): D(r,—)= K"

2. Cchopuymmapyiite yrpepskaenne, apofictaenoe K mese Momemsr (¢ 3ave-
noit D wa DP).

3. (Kan; <iaemmva ko-Moneapi».) Iyers K : D — Set — dyuxrop; (¢ | K) —
KaTeropus aementos ¥ € Kd; Q@ @ (¢ | K) = D — npoextma x € Kd v+ d;
a: (x| K) = D npu mobom a € 1) — jmaronansusit dynkrop, obpasom
KOTOROTO SRIACTCH KOHCTAHTA @. Er(fmﬂﬂﬂﬁ’l"(‘ eCTeCTREH ML H’munpdm?su

Nat (K, D(a, —)) = Nat (a, Q).

4. (EctecTtBernOoCTh He 3aTparnBaeTCs TPH PACIIHPEHHH KaTETOPIH-
koobaactu.) Ilycre E — nosnas noskateropua v E', a J : E — E' —
coorsercreyionee pioxenue. Toxamure ans dynkropos K. L : D — E, uro
Nat (K, L) = Nat (JK,JL).

3.3. Konpoussegenusi 1 KonpeneJibl

[Monarre Konpeaea Mbl NPOJEMOHCTPHPYEM HA MHOMKECTBE YACTHBIX
CIyyaes, rae GurypupyioT YHUBEPCATbHBIE 00bEKTEL.

Konpoussedenus. Ilyern C' — npoussonshas kareropus. Jdunaronan-
uelii dyarTop A : € — C x C Ha obberrax nveer Bug A(e) = (¢, c),
a na crpesikax A(f) = (f, f). Vuusepcannnas crpenka us obbexra (a, b)
kareropun C'x C' B pyHKTOp A Ha3bIBAETCA JUazpammoll KONPOU36eIeHUA.
Ona cocrour uz oonexra ¢ € C' n crpenxn {a,b) — (e,c) n3 C x C,
T. €. Napbl CTPEJIOK © : a —+ ¢, j : b — d c obnactamu a u b u obuieit
KOOOIACTRIO €. DTa Napa UMEeT H3BECTHOE CBONCTBO YHHBEPCAILHOCTH:
714 11000it nape! eTpenok f :a —+ d, g+ b — d cyvimecTsyer eguieTsennas
takas crpenka h :c — d, uro f = hoi, g = hoj. Ecan takaa nuarpamua
KOTIPOW3BEIEHHS CYIIECTRBYET, TO OOBEKT ¢ 00A3aTENBHO eINHCTREH (¢ TOY-
HOCTRIO 10 u3oMopduama B Kareropun ('); on oboznaqaerca ¢ = a Il b
wii ¢ = a + b u uaswBaerca ofsexmom wonpouseedenun. duarpamma
KOMPOM3BEICHHA TOTTA HMEET BH/T

0 —i> g 11 b<—b;

CTPeJKH § W j HA3BIBAKTCA uUHsexyuamu Konpomnsseaennsa a Il b (xora
oHn He 06a3aHbl ObITh MHBEKTHBHBIMH KaK (DYHKIMK). YHHBEPCAILHOCTD
TOH AMarpaMmbl O3Haqaer, 4o Jjobasd jJuarpamMva CJIeAyomero Buia
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OJHOZHAYHO JJOIOJHACTCS J10 KOM M}"’I’H'[‘Hfil'loﬁ (I'IOL‘TpE,'J,K_’.']‘ISOI&‘i CTPeJIKH h)f

fl—’-n,Ub*—b
\ / W

Torza coorserctene {f, g) — h seasierca dueknmeii
Cla,d) x C(b,d) = C(a1lb,d), (2)

ecrecTeenHoil no d, n coorsercrsne h + (hi, hj) Kk nemy obparno. Ecin
Kazkaas napa 00bekTos a,b B xkareropuu (' HMeeT KONPOU3BEIeHie, TO,
COCTABHEB J715 KAXJION Napbl JIMATPAMMY KONPOM3BEACHNS, MbI HOJYYACM
oudynkrop I : C x C = C; npu atom h 1l k onpepenserca ans crpenok
h:a—a', k:b— b kak equncrsennas crpenka hIlTk:allb — o' T,
auist koropoli (h L k)i =i'h, (h1l k) j = j'k (napucyiire auarpammy!).

HAuarpamma (1) wame serpesaeres B nnom suje. Hanpumep, sossven
B KaTeropnn Set B Kadectse allb 1u3boHKTHOE 0ObeINHEHe MHOKECTB
1 b (1. e. 0ObeMHEHNE HX HENEPECeKAIOIINXCs] IKIEMIISIPOB), & B KAUeCTBe
i HJ orobpazkenna Biaoxennda a C all b, b C a ll b. @ynxuma h
Ha U3 BIOHKTHOM 061;0,1“]101[”“ OAHOZHAYTHO ONPEJIeIAeTCH He3aBHCHMBIM
3aJaHHEM ee 3HauYeHHil Ha a ¥ Ha b, T. e. 3agaHnem Komnosunmit hi o hj.
D70 Kak pa3 u o3Havaer, 4To B gmarpavume (1) erpenka h onpenensiercs
OITHO3ZHATHO. FUBUIJH CTPOro, AH3bLIOHKTHOS UG’TJ(,’,H.}H[QIIII(.‘ HE ¢ IHHCTBEHHO.
HO OHO EJIMHCTBEHHO € TOYHOCTBIO J10 Guekiuu, 910 ¥ Tpebyercs or
VHUBEPCAIBHOTO 0OBEKTa.

Konpoussejenne aByx 0o0beKTOB CYMIECTBYET BO MHOIMX M3BECTHBIX
KATEropHsx 1 HMeeT B HUX pa3nooDpasHbie HA3BAHNS, IPHBEJICHHEIE B CJle-
AVIOMEM CTTHCKe:

Set JAM3IBIOHKTHOE 00beNHERNe MHOKECTB,
JHIBHOHKTHOR oﬁ'he,-’un-{emm TONOJIOMMYUecKHX
[POCTPAHCTE,

061.1(‘.,.‘11{}[(‘.‘]![‘[(‘. TOMOMOTHICCKHX ['II)O('TTIJE\-IIC']"B ¢

Top

Top. OTOXKJJECTBIEHHOH TOYKOIM,

Ab, R-Mod npamas cymma A @ B,

Gl‘p (:[‘l{)ﬁﬂ;f,ﬂf)e [MPpoOH3Be/jJeHHE,
CRng TEeH30pHOE npousseaenne R @ S.

B npeanopsaake P wanvenbnias Bepxnass rpaib a U b aByx aneMenTos
a n b (ecan ona cyviiecrsyer) — 9710 'J;[e\wur aUb co cueayonmman
cpofictaMu: 1) a € aUb. b < aUb;2)ecma <e.b<e,toalb < e. Dt
CBOfICTBA B TOMHOCTH O3HAYAIOT, 4TO @ U b fBAACTCA KONPOU3BEACHHEM
AMEMEeHTOB a U b, ecim paccMarpusaTth I Kak KaTeropuio,

Beckoneuwnste wonpoussedenus. B onpejenennn Konpousseaenns 3a-
meanm C x C = C? ma CX, rge X — HEKOTOpOE MHOKECTBO. 3/1€Ch
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ITO MHOXKECTBO PACCMATPUBALTCH KAK [MCKPETHAA KATeropHs, 0 03TOMY
obwekTamu kateropun dyakTopor CY apaarores cemeiictBa a = {a, | r €
€ X} obvexkros u3 C, npounjgexcuposanibix siementamu w3 X. Co-
orBercTByOIMil auarosaseaeili GyekTop A : C = CX orobpaxaer
KAZK b1 00HEKT ¢ B CeMeNCTBO, IIe BCE ¢, COBNAIAIOT C ¢. Y HUBepcasbHas
CTpeIKa u3 a B A — 9T0 AMarpaMma KONPOH3BEICHHA [0 MHOXKECTBY
unjekcos X ona coctont ni obwexrta ya, € C' » crpenox (mubexunii
KOIpou3Beaenns) i, : a, — l,a, n3 C' ¢ cooTBeTCTBYIONMM CBOMCTBOM
yausepcaabiocta. OHO cocTonT B TOM, 4T0 oTobpasxenne [ — {fi, |z €
€ X} apnserca buekipeit

C (Elax_,c) =2 H C(as,c), (3)

KOTOpasd ecrecTBeHHA 11O C. B KaTeropum SEt KOINMPOU3BCICHHE MHOKECTH,
WHIEKCHPOBAHHBIX MHOMKECTBOM X, — 3TO HX AH3BLIOHKTHOE 00beIiTHEHE.

Koemenexu. Ecn Bece MHOKUTENN KOMPOU3BEJIEHNS COBNATAIOT (@, =
= b npu Beex x), 10 Konpousseienne I1.b HasbiBaeTCA ROCMENEHLIO
u oboznauaerca X - b; B arux obo3navenunx

C(X -be)=C(b,e)",

H 9T0 COOTBETCTEHE eCcTeCTBeHHO 1O . Hﬂl’ll’}HMF!p, eciii B KaTeropmH Set
BCE COMHOYKHTENH PABHBI HEKOTOPOMY MHOMKecTBY b = X, TO KoCTeleHb
X -V = X x Y conajaer ¢ JeKapToOBbIM HPOH3BeJeHHer MHoxKecTs X
nY.

Kosdpa. Mpeanonoxcam, vro C' uveer nysaesoii 06LeKT 2z, Tak 910 11
m00BIX ABYX 00beKTOB b, ¢ € C cymectByer Hy/1eBas cTpenka () : b — z —
— ¢. Torga woadpo crpenku f @ a — b — 1o Takas crpenka u : b — e,
yro: 1) uf = 0:a — e; 2) ecotn g h : b — ¢ Bepno, uro hf = 0, To
h = h'u nas eaunersennoit crpenku b' e — e, B narasianoit hopve:

(L—f»b—ua-(_f uf:::(J:

h' (5)
¥
e, hf = 0.

B kareropnu Ab kosipom crpenkn f: A — B aeasierca npoekius B —
— B /A na daxroprpymny rpynmnst B, 1 BO MHOIMX N0100HBIX KATET OPHAX
KOAIPO — 3TO M0 CYIMECTRY HEKOTOPH hakTopodbekt. OHako B kate-
ropusx 6e3 Hysesoro obbekTa NOHATHE Kosyapa Henpumenumo. Ioaromy
paceMoTpum Hosee obLIee MOHATHE KOYPABHUTEA,

Koypaenumeau. Ilycrs B xkareropun C' mana napa crpeinok f,g:a —
— b ¢ obmeii obmacteio a u obmeit koobaacteio b, Koypaenumean naps
(f,9) — 210 Takas crpenka u: b — e (nam napa (e,u)), wro 1) uf = ug:
2) ecom s b2 b — e Bepno, uro hf = hg, o h = h'u 1aa eanncrsennoit
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crpenku b’ : e — e. B narmspanoii dopwve:

a—rph——se uf = ug,
g
NG @
¥
c, hf=hg.

Moxno creayionmy 00pa3soM OMHCATE KOYPABHHTEIb KAK YHHBEp-
canbayio crpenky. Ilyers L] oBo3navaer kaTeropmio, KOTOpas COAEPIKHAT
POBHO JIBa OOLEKTA M JIBE HEeIMHITHBIE CTPETKN W3 MepBoro ovkekTta BO
BTOPOIt; TakuM 00pa30M, KATErOpHA UMeeT Bl - = -, Obpa3syemM KaTeropuio
dbyukropos CH. O6bexkToMm B Helt cayxkur dyuktop u3 - = - 8 C, T.e.
napaensHas napa (f, g) : a — b erpenok a = b B kareropun C. Crpesxa
B Kareropun C* w3 oamoii takofi napst (f,g) B apyrywo (f',g') — 3o
eCTeCTBEHHOE MPeobpAZ0BAHNE MEKILY COOTBOTCTBYIOIHMA (DYHKTOPAMME;
HHA4e roBopd, 310 napa (h, k) crpenok h:a — a' u k : b — ' B kareropun

(&

a—= kg =g'h,
g
h k
a —Z ¥, kf=f'h,
y?

KOTOpas 1eaaeT KOMMYTaTHBHBIMH f—KBa.,_‘.f.lJﬁ'[' U g-KBaJapart. Ha {)6"1)(?](’1"2‘1.)(
¢ u crpenkax r w3 C onpejsenen TakxKe JIMArOHAILHBIN (byHKTOp A,
a nvenno: Ae = (1, 1.) u Ar = (r,r). Ecan reneps umeercs napa
(fog) : a = b, 1o crpeaka h : b — ¢, s Koropoit hf = hg, — s10
To ke camoe, uro crpenka (hf = hg, hy : (f.g) = (1., 1.} B kareropun
dyukropon CH:

I

a b
g
MI Jh hf = hg.
c—=>0¢

a

|

1

Huade ropops, crpesku h, KOTOpbIe ypaBHHBAIOT f W g — 3TO CTPEJIKH
uz (f,g) B A. llosromy ypasuurens (e, u) napst (f. g) — 910 B T04HOCTH
yausepcaibiasn crpeiasa w3 (f, g) B dyukrop A.

Koypaenurenn moboro muozxkectsa otobpaxkennit n3 a B b onpesems-
OTCSl AHAJIONMYHO.

B kareropun Ab KoypapauTens apyx romomopdusmos f.g: A = B —
310 npoexkuus B — B/(f — g) A na dakroprpynny rpynmet B 1o obpazy
romonmopduiva f — g. B kareropun Set koypasnnrens asyx dhymkIni
f.g: X =Y — 310 npoekuma p : Y — Y/E na dakropymuoxecTso
[0 HaMMEHbIIEMY OTHOLIEHMIO 3KBuUBajeHTHocTH E C Y x Y, Koropoe
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cojeprkur Bee napbl (fr, gr), rae @ € X. Koypasuurenn B kareropuu
Top onpeAensaoTes aHATOMHYHO ¢ TIOMOITBIO (PAaKTOPTONOIOTHH.

Virueepeaavnse xeadpamu. Ilyers B kareropun C' jaHa napa cTpeiok
f:a—=b g:a— ccobueil obnactoio a. Ynusepcasvunil keadpam nig
(f,g) — 910 KOMMyTATHBHBLIT KBa/paT (CM. HIZKe cliesa)

a —fb- b @ —'rb- b

Ja lu lg lh (7)
v k

¢ —=T, ¢ —> 3

TAKOM, ITO A7 KAYKIOrO KOMMYTATHBHOTO KBAAPATA (CM. BEILIE CIIPABA),
MOCTPOEHHOrO Ha cTpekax f, g, HallleTcs eJMHCTBeHHAA cTpeJaKka @1 —
— 8, A8 Kotopoil tu = h n tv = k ). Unaue roBop4, YHUBEpPCaJIbHbII
KBA/IPAT — 9TQ YHUBEPCAJBLHOE CPEJACTBO JIONOJHUTE CTpeakn f, g 110
KOMMYTATHBHOIO KBapara. Ero MoKHO HHTEPHPETUPOBATL KAK YHUBE]D-
casbHy crpesky. Ilyers - « + = - 0D03HAYAET KATEeropuio, KOTOpas
nmeer stor i Torga obbext B Kareropuu gyukropoe C7 7 — 310
nmapa crpeiok {f,g) n3 C' ¢ obmeii obaactsio, npuuem A(e) = (1.,1.) —
310 (byHKIHSA 06BLEKTOB O9eBHHOTO JHATOHATBHOTO (hyHkTOpa A @ C' —
— "¢, Kommyrtaruensiit kagpar hf = kg, n300pazkeHHblit HaBepxy
CHPABA, MOYKET TOIA PACCMATPHBATLES KAK CTPEJIKA

{f.9) bq—a#r‘
R
As .‘.41—.5—:»3

B kareropun C"° 7" u3 (f, g) B As. Yuusepcajisuplil KBapaT — 3TO yHH-
BeEpcaJibHad CTPEJIKA TAKOIO BUIA. EC‘- KOHew ¥, OJHO3HaYHO OII]_}Q;LB.-'ICHIILII‘:]
€ TOYHOCTBIO 10 (€IHHCTBEHHOr0) n30MOpdhH3MAa, ACTO JAMNCLIBACTCA KAK
KOTIPOW3BEIeHNe HAT (1.

r=blle=0b 1I ¢
a f.9)

M HOCHT Ha3BAHME PaccaoeHnotl cymmovr win (Bepiinnb) wxodexapimnosa
xeadpama. B xareropun Set yHHBepCaJbHBIT KBAJIPAT CYNIECTBYET JLIs
moboit naput (f, ¢); 910 ausbonkrnoe ooseunenue b1l e, B kKoTropom s
KazKJ0r0 & € @ OTOXKIECTB/ICHbL 3IeMeHTh! fr U gr. AHAJIOIHYHO CTPOATCH
v\'llﬂl}epca—]lb]'lhlf‘. KBAJJAPATHL B KATETOPHH 'I‘Clp K HHUM HPHHAJJICAMT Ta-
Kaf MOJIe3HAsA KOHCTPYKIMS, KaK MpHcoeanHenHoe npocrpanctso. Cyie-
CTBYIOT YHUBEPCAJILHBIE KBAAPAThl U B Kateropun Grp; B 4ACTHOCTH, €CJIH

1) Ofpamaen BHUMAHEe GUTATENIH, YTO, COIVIACHO YCTOMBLIEHCH TEPMUHO/IO-
UM, yHUBepCaabHblil Kpaapar (pushout) spisercs KOUPEEIoM, a KOYHHBED-
camsuelit keagpar (pullback, cu. § 4) — npeaenom! Ilpn atom oba onn obpaso-
BaHbl YHUBEPCAJIbHBIMU CTpesikaMu. — [Tpum. nep.
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crperiki f, g (B npeskuux oBo3HAMEHHAX ) ABJISIOTCH MOHOMOPg H3MAaNnH, TO
3TO BEPHO W 715 CTPETOK YHUBEPCATBHOTO KBaIpaTta u,v. B atom ciyuae
BepUIMHA ' HA3bIBACTCH amaavzamoli 14 b u c.

Koadepraa napa. llyers f:a — b — crpenxa 8 kareropun B C.

Yunsepcanbubiii ksajapar gaa napsl (f, f) nasssaercs kosdeproil
napoii xna f. Takuw obpasom, kogaepras napa 114 f cocTouT 3 obbexTa
7 ¥ APAIIEILHON Napbl CTPeNoK u,v : b — r ¢ obuacrbio b, i koropoil
BbimoaHeno pasedcrso uf = bf u ais moboii napet hok @ b — s u3
paBeHeTna hf = kf BLITEKALT CYIIECTBOBAHHE l‘.lg‘I,H[l[‘.'I‘BlTlII[{)r‘l CTPeJIKH
t:r — s co crolictBamu tu = h nwtv = k:

i
a—f:-b_—"‘_}f'- uf =vf,
v H

hf = kf.

Konpedeaw. Bee npeapiayiiie NpuMepbl OTHOCATCA K PA3IHIHBIM Ka-
TeropisimM (PYHKTOPOB U cTposiTes 1o caeayomeit cxeme. [yers C u J -
Ape Kareropun (J — KaTeropus HHIEKCOB, 00bIMHO Majiasd 1 H9acTo KOHed-
nas). Jduaronansustit pynkrop

A:C—CY

oToOparkaeT KaxKiblii 0ObeKT B nocTodHHbI HVHKTOp Ac, KOTOpPLIT Ha
mobom obbekre ¢ € J upuHMMaer 3padeHue e, a Ha moboil crpeiake u3
J — suauenwe 1.. Ecm f : ¢ — ¢ — mexoropas crpenka n3z C, To
Af — ecrecrsennoe npeobpazosanue Af 1 Ae - Ac, koropoe na mobom
obbekTe i € J npunumaer sHadenne f. Kawapii ¢pyagrop F @ J —
— C smasierca oobektom B OV, Vausepcanwuan crpesika (r,u) us F
B A HaswpBaerca xonpedeaom (npamvia npedeaos W undyKmueHbim
npedeaom) nuarpavmbl pynxropa F. Ona coctour w3 obvexta r € (',

obprvpao obosnadaemoro ¢ = Lim F wian ¢ = Colim F, u ecrecrseHHo-
—

ro npeobpasopanud u : F -3 Ar. VHUBEPCAJILHOIO CPEIH ECTeCTBEHHBIX
npeobpazopauuii 7 : F'» Ac. Iockonbky Ac — nocrosuustii ¢hpyHkTOp,
TO CTECTBEHHOE [lp(’.()ﬁpﬂ:‘lﬂﬂﬂlﬂ{f’ T COCTOHT H3 CTPENOK T; ° Ff - C
B €, no oHOM Lt Kaxka0ro obbekrta i € J, npudem 1; 0 Flu = 1; 1
Kazk10it crpenku « i — j B J. B HAIIAIHOM BHJE 3TO OIHATAET, 1TO
KOMMYTATHBHBI BCE KBaJAPAThl B CJEAYIOMEil cXeMaTH9IecKoil Jaarpavmme
(¢ onpepenennoii kareropueii J):

Fh<~—F"h—FK_—ZF<—IF
c = ¢ = € = & = &

Ha rakoit guarpamse Obiaer y100H0 OTOXKIECTBATL Bee HUZKHHE 00bek-
1o, 1o 31oil npu4une ecrecreennoe npeobpasosanne 7 : F'— Ac (vacro
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obo3nadaeMoe npocro T @ F -3 ¢), naspiBaercs Kouycom ¢ OCHOBanuem F
W BEPHIAHON ¢, CM. CJIeIVIOTIHI PHCYHOK:

Fy F,

I

(Bce TpeyronsbHHKH KOMMYTaTHBHBI). B 3THx TepumHax kompenen s
F : J — C coctour u3 obbexkta Lim F' € C' u konyea pu: F— A(Lim F) ¢
— o

ocHopannem F' u epimnoit Lim F, npudes atoT KOHYC YHHBEDCAJIEH: 1115
—

Kazka0ro konyca 7 : F'=3 Ac ¢ ocHopanueM F' cyHecTByeT €1nHCTBeHHAS
crpenka t' : Lim F' — ¢ takan, aro 7; = ' p; 104 Kaxkaoro nnaekca i € J.
—

Bynem HasbBaTh it npedeabHuim KOHYCOM WA YHUGEPCAALHBM KOHYCOM
(¢ ocuosanuem F).

Hanpusep, nycrs J = w = {0 =1 = 2 = 3 — ---}. Paccmorpum
dyurTop F : w — Set, xotopsri oTobparkaeT KaXKIyi0 CTPEIKY H3 W
B HEKOTOPOE BJOXKeHHE (MOJIMHOMKeCTBAa B MHOXKeCcTBo). Takoil dhyHKTOp
F' — 510 npocro Bozpacrapllag lelb MHoxecers Fyp C Fy C Fy C
Torna Tﬂl F — 3ro obweamnenne U seex rtakux muaoxkecrs F),, smecte

¢ Korycoum Broxernit F,, — U. Touro Tax e MOKHO HHTEPNpPeTHPOBATH
ofybeIMHeHNsT KaK 9acTHbIT cayqail konpenenos B Grp, Ab n apyrux
H3BECTHBIX KaTeropuax. BosmokHO, Teneps dnrare/ib 3ax04er MpoOBEPUTDH
dakt, KoTopslil Mbl Bekope jgokazxem (yrp. 5.1.8): ecin J — manas kare-
ropus, 1o a0doit pyakrop F': J — Set umeer konpegen.

YupakaHeans

1. Ilokazure, UT0 €M B KATEMOPHH KOMMYTATHBHBIX KOJIEN JIHATPAMMA
R =+ R® S8 « S ¢ orobpaxkenansimu r — r @ 1,1 @ 5 «— s onpejaensier
KUI'I{)UI‘I.’:‘BE’,_-'I'EHI‘IE.

2. Tlokaxnre, 9T0 €CJIH B KATErOPHHA Beerla cynecrsyior (Guuapubie) Ko-
NPOUZBEIEHN U KOYPABHWTEIH, TO B Hell Beerla CyIecTBYIOT H YHUBEPCAIbHBIE
Kpajparel. TIpuMenure 9101 pesyibsiar B caydasnx Set, Grp u Top.

3. B kareropun Matry w3 § 1.2 onHuinTe KOypaBHHTENb JIBYX M1 X 1-MATPHIL
A B (1. e. ABYX CTPEIOK 1 — T B 9TON KATErOPHH).

4. Ommmure KOTTPOM3IBEIEHAT (M MOKAKATE, TTO OHN CYMIECTBYIOT) B KaTe-
ropusx Cat, Mon u Grph.

5. Ilyere £ ornomenne sxepusanentaoctn #Ha muoxkecrse X . [Moxasnre,
YTO MAOKECTBO KAACCOB 3KBHBATCATHOCTH X/ F MOKNO OTHCATL 9epes NOHaTHe
KOYpaBHuTe A B KaTeropun Set.

6. [oxaxmuTe, 9To g obbexTor a u h kareropuu ' CyNIeCTBYOT KOPOU3RE-
JeHre, ectn v Taaeko ecn dynkrop Cla, —) x C(b, —) : €' — Set npegcranum.
Ucnonpayiire cooreercrsue ¢ — C(a,e¢) x C(b,c).

7. (Kaxaas abesesa rpynna spBisercs KONPeaeaoM CBOMX KOHE'THO HOPOXK-
aenaawsrx moarpy.) Hyers A — abenesa rpynma, J4 — Opeanopanox, coctod-
Uil U3 BCeX KOHEYHO NOPOKAeHHBIX noarpymnn S C A, yHOpsZOYeHHbIX 10
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praovenno. [lokaxkure, uto A apiagerca KonpenesoM oHeBuHOro yYHKTOPA
Ja — Ab. O6obmure ror dhakr,

3.4. IlponzBegeHus 1 NIpeIesIbl

Monarne npejpena JBORCTBEHHO K NOHATHIO KOIPEILE/ia. H}(‘l‘h HMe-
otes Kateropun C, J n amarowamsubii dynsrop A : € — C7. Ipedea
dynkropa F : J — €' — sro ynusepcaabuasn crpeaxa (r,v) n3 A s F.
IIpu srom obbext r € C 0ObIYHO 00O3HAYALTCA T = I;ii_nF unn Lim F.

Ero HHOI'Ta HABBIBAIOT Uﬁpﬁ'ﬂ'ﬂ!bh\l np Cd(,’JI.I‘JM HIIH TPOoCKmucHvmM TIPCE}EJ'I.OM
dyvukropa F. Ecrecteennoe npeobpasosanne v : Ar = F yausepcannuo
Cpeiy ecTecTBeHHBIX npeobpazoBanuit 7 @ Ae— F, e ¢ — ofibekT H3
C. Tlockonbky 3navennsi pyuxropa Ac :.JJ — C cpoagares K ¢, TO Takoe
ecrecrserHoe npeobpasosBanue T JUid Kaxkaoro obbekra ¢ € J cocrour u3
O/IHOIT cTpenku 7; : ¢ — F; Takoii, uro ans moboil cTpenku u : 1 — j
B KaATeropuu .I BBIMIOJITHEHO paBeHCcTBO Tj = Fuo 'TJ HI’IT{(}B(-‘-M T : (‘—.?‘ F
Korycom ¢ ocHoBanueMm F' u BepminHOil ¢. (Mbl npeanoduTaeM roBOPHTH
«KOHYC € OCHOBaHMeM F'», a He «KOKOHyC».) YHHBepcaibHOe cBOfiCTBO
npeofpa3oBaHus I COCTOHT B CIEAVIOMEM: 3TO KOHYC € OCHOBammenm F
W BOPHIAHON T;"iﬂl F; nns moboro konyca, 7 ¢ ocunosanuem F u sepumnioii

¢ CYHIECTBYET €JIMHCTEeHHAsA Takas crpenka t: ¢ — Lim F, uro 7 = vt
<_

npu Beex i. Harmsaauo sto nzobpaxaercs Tak:

& LimF = leF
\ — —J

¥
J j \ lp}

, F,

I = Npeaeibbiil KoHyc.

F;

31eck Kaxkplil KOHYC NpeicTaBien OJHHM KOMMYTATHBHBIM TPEYTOJIb-
HHKOM (11'5 M]IU[“}‘[K), BEPHIMHA KOHYCd HAXOIUTC:A HabBCpxy; cyuecrsyer
eIIMHCTBeHHASA CTPEJIKA t, KOTOPas /IeIaeT KOMMYTATUBHBLIMH BCE JTOMOTHH-
TeJIbHLIE TPEYTOMLHIKA (¢ 07IHON BepimmHoiT BAN3Y ). OOhekT I;]_!I-l F nero

npedeavundl konye v : Lim F' — F, kKak n 1000 yHHBEPCATbHBIN 00beKT,
B

OIHO3HAYHO onpeaensioTes GyHKTopoM F' ¢ TOYHOCTBIO 10 H30MOopdu3va
B kareropun C.
Cpoiicrsa nongaruii Lim 1 Lim cobpansl B auarpamme
—

Lim F = le F le F = Colim I

—:“'F—:“

¢ || s (1)

¢ F ¢,
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1€ POPH3OHTAILHBIC CTPRIKH COOTBETCTBYIOT KOHYCAM, a BEPTHKAJL-
Hele — cTpeakaM B (. Ecin nmpeaensl CyIMecTBYIOT, TO HMeTCs ecTe-
cTBEHHbIC H30MOPdhU3MbBI

Cle, I:i_mF) = Nat (Ae, F') = Cone (¢, F), (2)
Cone (F, ¢) = Nat (F, Ac) = C(Iirf F,e). (3)

B pasiuuHbX 9ACTHBIX CJIVHAsIX NPTl HMEIOT XOPOIIO H3BECTHBIE
HA3BAHHA, JBOMCTREHHBIE K HAZBAHUAM COOTBETCTBYIONIAX KOMPEIeToB:

Ipouseedenus. Ilycry J — jpuckpernas kareropus {1,2}, a ¢pynkrop
F:{1,2} = C — sro napa obbextos (a,b) u3z C. Ero npenen nassisaercs
npousaedenues 0bbekros a u b oboanauaeres ax b wmm a ITh: anarpamua
Tpesena COCTONT n3 00beKTa a X b U ABYX CTPeNoK p, ¢, KOTOPEIE HHOTIA
0003HAMAIOTCA Pry, Prs U HABBIBAIOTCH NPOEKUUAMIUL TIPOU3BEICHI:

]
adaxbdHb

Onu 00pa3syIOT KOHYC ¢ BEPIINHON @ X b, 1 B CHJIY JAHHOTO BBILIE ONpeze-
JIEHHS NPejiesia CYyHmecTByeT DUeKIng MHOKECTR

C(c,a x b) = C(e,a) x C(e,b), (4)

@CTeCTBEHHAS 110 ¢; 0HA OTODPAZKAST KAXKIyI0 cTpeaxy h : ¢ = axb s mapy
npoussenenuil (ph, gh). Obparno, ecin ganst crpenku f:e—ang: e —
— b, TO cymecTByer eJIMHCTBeHHAdA cTpejka h : ¢ — a X b takas, 4ro
ph = f u gh = ¢. Byuem nucarn

h=(f,g):c—axb

H Ha3bIBaATh h (prﬂ.?lKOrl C KOMTMIHEHITMIAM L f " g. ]\/'Ih] YiKe OTMeTHIIN
(B § 2.3), uro npousseaeHne JOOLIX ABYX 00BEKTOB CYIIECTBYET B TAKHX
kareropusix, kak Cat, Grp, Top, Mon; B 31ux (4 MHOIHX Jpyrux) ciy-
4agaX OHO HA3BIBAECTCA npamum npouseedenuem. [Iponssenenne B npeamo-
paiage — aATO l]Z"‘]GU.TIblI.IH-ﬂ HHAHAA l"pﬂ.lll:.

Eecxorveunwvie npouszeedenus. Ilyers J — HEKOTOpoe MHOKECTBO
(= JaucKperHas Kareropus — Kareropus, B KOTOPOH BCe CTPeJKH
equnnuneie). Torpa dymxrop F @ J = C TO HPOCTO MHOIKECTBO
obbekros aj € (', mnpounzekcuposannoe muoxectsom J. Komye
¢ BEPUIMHOR ¢ M OCHOBaHMEM @; — 3TO cemeficTBo cTpenok f; @ ¢ = aj,
MPOMHIEKCHpOBaHHOe MHOKecTBOM .J. CrenoBare/bHO, YHUBEPCANLHBII
xonye p; : Ilja; — a; cocrout u3 obwekta I1; a;, koToperit naspBaerca
NPOUIBEIEHUEM MHOKHTETIOH @}, N CTPETOK j — NPoekyuli TPON3BeIeHT,
CO CAEJYIOUMM CBORCTBOM yHUBepCcaJabHoCTH. 8 kasjioro cemeiicrsa
(= xomyea) f; : ¢ = aj. MHIEKCHPOBAHHOIO MHOMXKeCTBOM .J, cymecrByer
COIHHCTBCHHAS CTPEIKA

fic—=1la;, npnaxoropoit p;f=/fi, j€.J
7
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Crpenka f, oiHO3HAYHO OupeeiseMas 3THMH cBOCTBAME, HA3ZBIBAETCH
orobpazxkenneM (B mpoussenenue) ¢ xomnonenmamu fi, j € J. Ilpna stom
{f; i€ J}— f— Ouexuus

MC(c,a;) =T C(c,a;), (5)
J ¥

eCTECTBEHHAL 110 ¢. 3/1CCh HPOU3BEJICHHE B HPABOIl HACTH B3ATO B KATETO-
prnn C, a B nesoit — B Kateropun Set (npeanosnaraercs, uro €' — Karero-
pus ¢ Mansivi hom-muoxkecrsayvn). Orverim, wro hom-gynkrop Cle, —)
MEePeBONT MPON3BeIeHHs B cMbIcie C' B MPOU3BeIeHnd B cMbicae Set (cm.
§ 5.4). B kareropuax Set, Top, Grp cyuecrsyior npousseienns joboro
ceMelicTBa 00bLEKTOB, HHICKCHPOBAHHOIO JIIOOBIM MAJIBIM MHOMKECTBOM .J;
BO BCCX CayvHadAx 3ToO obpIranoe ACKAPTOBO IMPOU3Beaeine.

Cmenenu. Ecin Bce cOMHOAHTENN NPON3BEICHUS COBHAJAIOT (a; =
= b; € C npu seex j), ro npoussedenne Il;a; = II;b naspsaerca
emenenvio u obosnavaerca I1; b = b7, Mmeerca Gueximus

C(e,b)! = C(e, b7), (6)

ecrecTeerHas no c. CTenens B JI€BOIT 9ACTH B3ATA B CMBICJIE KATETOPHA
Set, rie cywecrsyer Jnodas majias crenelb X+ (1 coBnajgaer ¢ MHOMKe-
cTBOM Beex dyuKnuit J — X).

Vpasnumeau. Myers J = ||, @yuxrop F : || — € — 310 napanienis-
Hasd napa crpenok f, g : b — a B xareropun C. [lpesensastii o6wesT d ausa
F', eciin on cymiecTByer, Ha3biBaercs ypasnumenem (MM $pOM PA3HOCTH)
aas f u g dnarpavma npejesa umeer BuL

" I
dﬁ..b:g:n, fe=ge (7)

(crpenka e coorBercrByer Kouyey a 4— d — b ¢ Bepmunoii d). Crpenxy
MpejesTa TacTo TAKYKe HA3LIBAKT ypaBHHUTEneM ajas f u g; ee CBONCTBO
VHUBEPCAJIBHOCTH COCTOMT B CISAYIONEM: Ui Kax ol crpeiku b : e —+ b,
Takoit uro fh = gh, cyiecreyer eauncrsentas crpenaka i’ ¢ — d, naa
Koropoit eh' = h.

B kareropun Set ypasHHTeNb BCEr1a CYIIECTBYET; MHOMKECTBO d HMeeT
Bud {x € b| fz = gr}.ae:d = b — 570 ero Baokenue B KadecTse
noamuozxectsa B b. Tak zke onucpisaercs ypasnurens B xkareropun Top
(npuaem d nveer Tonosoruio nognpocrpadcrsa). B kareropun Ab ypas-
HATENb d CTPENIOK [ W g — sApO Pa3HOCTH roMoMopgn3mos f—g 1 b — a.

Al{?l...'[ﬂl"ld‘-lHU OnpeaeidinTed VpaBHHTETH JIIUﬁUm MHOMECTBA CTPEIOK
u3 b B a. Jlioboil ypasaurens e oba3an ObITh MOHOMOP(DHIMOM.

Koynusepeanvume weadpamet. Tyer, J = (— - ). @yuxrop F :

(= - +) = €' — 310 napa crpeiok b —f> a & d us C ¢ obueit koobaacTbio
a. Konyc naa takuM (hyHKTOPOM — 9T0 napa CTPeJIOK U3 BePLIMHBI ¢, /115
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KOTOpOH KOMMYyTaTHBeH (JIeBbIf) KBajpar

(‘—k"d bxud-—q*d
h ] Jp g (8)
h_}+a’ h————a.

TDI',."J,B.. _\('HHB(?I)C&J'II.)I]])Ii:{ KOHyC — 310 I‘\'D!\dl\‘l_}"m’l‘llﬂllblﬁ KBajipart ﬂDﬂ,DﬁIIOI'O
BHJIa ¢ HOBOI BepinHoit b X ,d W cTpenkaMu p, g (Kak MOKA3aHO cmpapa),
TAKOi 910 77151 TI0D0T0 KBa/IPATA ¢ BEPHIHHON ¢ CYTIECTBYET €/INHCTBeHHAST
crpeika v ¢ — b x ,d, s koropoit k = pr,h = gr. Ksajpar, obpaso-
BAHHBI ITHM YHUBEPCAILHBIM KOHYCOM, HAZBIBAGTCS KOYHUBEPCLALHBLM
W JeKAPTOBBIM KBAAPATOM '), a ero sepmmna b X ,d HasbBaeTcs pac-
CJIOBHHBIM NMPOM3BEICHAEM HJIH Npou3BeaeHneM Hal (oOnektom) a. Dta
KOHCTPYKIMS, BO3MOXKHASL BO MHOI'MX KATErOpHsiX, BHAUALE Hpuobpe/a
snavenne B kareropun Top. Ecin g : d = a — orobpaxenne paccioenns
(nexoroporo tuna) ¢ 6aszoil a, a f — wenpepoiBuoe orobpaykenne B Ha-
3y, TO NMPOEKINs KOYHUBEPCATBHOIO KBAJIPATA P — 3TO MHAYIHPOBAHHOE
orobparkenne paccjaoenns (Toro e THOA).

E('J}H CymecTByeT K(]yHHBﬂpca.:TbeIﬁ KBaapaT 1aA l'[ﬁpl)l COBIAIAN)-
mux crpeqok f b — a ¢ b: f, To on nazpiBaeTcsa adeproti napoii 15
f. Ou cocrour n3 obbexta d u napel CcTpenok p,q : d — b Takoii, 9ro
fr= fq:d— a, npusem jgwoban napa h, k : ¢ = a co ceoiicrsom fh = fk
umeer B h = pr, k = qr aias eauHCTBEHHOl CTPEJaKH T @ ¢ — d.

H_‘_r'l'"["h -I - 'u nycTas KaTeropis. TOF,"U:]. cyumecrsyer f‘,'l.]?llll"."l"ﬁf’.'l][']l:}ﬁ
dyukrop 0 — C, a umenno nycroit pyHKTOP; KOHYC HAJL HHEM — IOPOCTO
obbekt ¢ € C' (1. . COCTOUT JINIL 13 BEPIINHBL). 3HAYMT, YHUBEPCALHbI
kouyc Hag 0 — 310 o6bexT f u3 C, Takoii 9To 118 Kaxkaoro obbekra ¢ € C
CYIIECTBYET CAHACTBEHHAA CTPEJIKA — i. I’I"il"](? TOBOPHA, NpeIeI nycToro
dbyHKTOpa B KaTeropuio (' — 3T0 TepMHEHAABbHEIN 00bekT B (.

HMHorma npejens: onpejensiores He juis (pYHKTOPOR, a JIs JHATPAMM.
[oapo6uee: nycrs C' — xareropus, UC — coorsercreyiomnii rpad, G —
npoussosbnbii rpad. Torpa duazpamama B C' suga G — 3ro mopdusm
rpacdo D : G — UC. Onpegenns tenepb KoHyce p Kax (hYHKIMIO, KOTOPas
KazkJ10My 00beKTy i € (G conoctapaser Takyio cTpenky fi; : ¢ — D; u3 C,
uro Dhop; = py s kaxxaolt erpeqxu h @i — j rpada (. 9o copnagaer
C MPEeXKHIM ONpeeTeHneM KOHYCa KakK €CTeCTBeHHOTO MpeodpazoBaHmust
[ A(' o D., eC ,‘1,()6&111“’1‘b JaMedaHue, 4To B 3T0M onpeie/icHHH HCHoJh-
3yercs YMHOKeRHe cTpeaok B kareropuu O, Ho ne B obnactn G mopdusma
D. Hp(!,qc:mM JAUIA JHAPaMMBL D TCIICPL ABIACTCH yH][BCI)CE_'LI]JHLIf[ K‘.‘)lly{f
Aie= D,

Dra MoAMpUKALAS ONPEJENeHHs] PEIeIa HHYero 10 CYIecTsy He
mensier. Jlefiersuresbno, nyers csobonpas kareropws FG, nopoxiena
rpadom G, a P : G — U(FG) — cooTBercrByiolias yiHBePCalbHas

') Cum. crocky na . 80. — IIpum. nep.
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guarpamya. Toraa kascaaa quarpavyva D 2 G — UC oHO3HATHO 3A1HCHI-
Baerca B Bugie D = UD' o P pnsa wekoroporo (eIWHCTBEHHOTO) (hYHKTOpA
D' . FG — C. Bes 1pyla nposepdercs, 4910 npejaeibl (0 npejeibibe
KOHYCBI) a1 D' B TOYHOCTH COOTBETCTBYIOT TAKOBbIM A1s D,

VYuparkHeHust

1. IToxamure, uto B KaTeropun Set yausepcambubil 06bvext 1 f : X —
= Zug:Y = Z uaeer ua {{x,y) |2 € X, y €Y, fr = gy}. Onummure
VHHBEPCAIbHDBIE 00beKTh B Kareropuu Top.

2, ITokaxure, 4ro JeKAPTOBO IPOH3BE/ICHHE HALL MHOKECTBOM MH/EKCOE J
¢ OOBIMHBIMH NPOEKIMAME HBJISAETCH NPOM3BEJAeHHEM (B KATErOpPHOM CMBbICJe)
B Set u s Top.

3. IlycTe kateropus J mveer HadaiabHbI 00bekT 5. Jokaxnre, 9r0 M000i
dyukrop F : J = C B mobyo kareropuio C umeer npegen, a umenno F(s).
Cdropuayaupyiire apoiicTsesnsii gaxt.

4. Hokamure, aro B moboit kareropun crpeaxa f @ a — b asiasercs
uMOpPHU3MOM, EC/IH B TOJILKO €¢I YHUBEPCAICH KBAAPAT

H.—er-b

; l

b — b.

5. Tlokaxwure, 410 ecaym B KOVHHBepcaianHom kpajpare (8) f annaercs
MOHOMOP(UIMOM, TO H § SABISCTCH MOHOMOP(hH3IMOM.

6. Iokawure, uro B Kareropun Set snepuas mapa aas f : X — Y
orpegenserca orponrensen skpupanentnocry E = {(z,2) | z,2" € X, fr =
= fz'} Bmecte ¢ nogxoasmpvn otobpakenusvu E = X,

7. (flpepnbie napbl B TEpMHHAX NponsbeaeHnit u ypasanreneil.) [ycrs C —
KATeTOPHA ¢ KOHCYHBLIMHE MPOH3BCACHUAMHE I VDABHHUTCTAME. n()l'(.a.)KHTC‘. TO
KaxXkKAyI0 AAepryio napy ata f @ a — b MOXKHO BRIPa3suTh Hepes TPOeKIn
pPi.p2z aXxa—a B BUIe pic, pae, Lie e vpaeuuTens and fpy, fps 1 a x
x a = b (cy. yop. 6). Chopuymnpyiite asoiicTBeHHbHT DAKT.

8. PacemoTpuM ¢1eyIONIYI0 KOMMYTATHBHYIO JHAr PAMMY:

a) Ilyers oba kBajapara xommyTaTHeHBL JoKazKuTe, 4TO BHEUIHHI TPAMO-
YIOUBHUK (€ 0MEBUAHBIMH KOMIO3UIMAMU BEEPXY U BHU3Y) YHHBEPCAJICH.

6) Ecymn pHemamil npaMoyroasHUK B Opasslil KBaJpaT KOMMYTaTHBHBL, TO
9T0 BEPHO H IS JICBOTO KBaJpata.

9. (Vpasuurenn B TEpMUHAX NPOM3BEJICHMIT N KOYHNBEPCAILHLIX KBalpa-
roi.) Hokazmure, wro ypasaurens st f, g 1 b — a MOXHO ONPeJeMTh € HOMO-
bR Kﬂb’HHBHp[:a..‘[hHU[‘U KBadpatda /14

(Lo, f):b—=bxa+b:(l,g).
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10. Tlyers €' — kaTeropus ¢ KOYHUBEPCATLHBIMH KBAJAPATAMH U TEPMUHAb-
Hbim o6bekToM. JdokakuTte, aro B C' BCeryia CyuecTByIOT KOHEMHBIE NPON3Be/1e-
HHsA U YPaBHUTEIH.

3.5. Ka‘reropuu € KOHEeYHbIMU IIPpOU3BEACHUAMM

Mpt ropopum, 4to €' — Kamezopust ¢ KOHEWHBLMU NPOUIEEICHUAMU,
eC/N LT KAXKI0T0 KOHeYHOr0 MHOKECTBA 00BeKTOB €1, ....¢, € C' uve-
eTCsT ANATPAMME TTPOH3BEICHUS, COCTOAMAA U3 OOBEKTA €] X ... X ¢, H N
Mpoeknnil p; : €1 X ... X ¢, =+ ¢ (1 = 1,...,n) ¢ OOBIMHBIM CBOICTEOM
yuusepcaabnoct. B wacrnoctu, rorpa B C' CylecTByeT NpoH3BEICHHE
MyCTOro MHOYKECTBA 0OBEKTOB: 3TO MPOCTO TepMAHAILHBIT obbekT. Cy-
LICCTBYET N npousseacHne jgodbx aByx 00bekToB. Juazonassvnoe omob-
pasicenue d, 1 ¢ — ¢ X ¢ ONpenessercsa s Moboro ¢ yernosusimu prd, =
=1l,= p,;ﬁf, OHO SABJISICTCH eCTECTBEHHBIM MTPeodpasoBalneN.

Mpeanoxenne l. [Tyems 68 wamezopuu C' eyuecmeyem mepmu-
naavnvili obsexm t u npoussedenue a +— a x b — b mobux dsyxr obsexmos.
TF)E(}H G G (fyﬂ(ﬂﬂ'f"&y?ﬂ”l Jf.mﬁu(f KOHEYUWHDLE ﬂpmﬁ-'}ﬁ'ﬁd(fﬂ'fm. Oﬁaf_’.ﬂfﬂbﬁ npo-
uasedenuti onpedeaarom (wepes coomeememeue (a,b) — axb) Gupyrnkmop
C' x C — C. Dan mobive mpex ofisexmos a, b, ¢ umeemes usomopduam

a=agpciax(bxe)=(axb) xe, (1)

ecmecmeennnti no a, b w c. JTaa xancdozo obsexma 4 uMemes u3omop-
Puzmu
A= :txa=a, p=p,:0xt=a, (2)

KOTMOPBLE CCTNECTREEHNBL O (1] adecv t — ?flepMHHﬂﬂ.?ﬂiHﬁ obaexm 6 C

HoxkazareascTso. [Ipoussenenne oH0ro 06LEKTa ¢ — 3T0 MPOCTO
JMarpaMMa ¢ — ¢, COCTOAMAA U3 eIMHUIHON CTPeIKH sl ¢; OHa IpH-
cyrereyer B moboit kareropnu. Ilyers Tenepn ans mobbIx ABYX 00LEKTOBR
ay, az B C' cymwecrsyer npousseiaenne. Ecau mis kasxofl napbl o0bekTos
BBIOPAHO 10 OJHOI AMarpaMMe NpPOU3BEAEHUsl a1 «— a; X Gz —> (g, TO
Mbl OJayHuM (pyHKTOP X, onpejenus f| X fo s cTpesok f; yeaopuamu
pilfi % fo) = fipi. Urepupysa, moxao 06pa30Barth NPOU3BEICHUE TPEX
0OBEKTOR a, b, ¢, cocroamee n3 obvbekTa ax (hx ) n TpoeKIHii, NOKAIAHHBIX

Ha Juarpamme:

a=——ax(bxe)——=bxe
\Jr
c.

[Ipoexupst Ha @ W JBE OKA3AHHLIE 31eCh KOMIIO3HIMH ONPEAeIsiorT TP
crpenku u3 a % (b X ¢) — coorBercTBeHHO B @, b u ¢. 113 yHHBEpCcanIbHOCTH
NPOCKOUil NPOH3BCICHUSA JIBYX COMHOMKHTCICH BBITCKACT, YTO 3TH TpPH
cTpeqakn 00pa3yloT AuarpamMuy npowisemeHus Anda a, b, ¢. Jdnarpammer
MPOU3BEAEHHs /11 DOJIBIIEro “MHeIa COMHOMKHUTENeH MOMKHO CXOJHBIM 06-
paszsoM HOCTPOUTH 10 MHAYKUMH. Jdad Tpex coMHomuTeNel MOXKHO TaKxKe
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HOCTPOUTH JMATDAMMY HPOH3BEJEHUs HocpeacTsom nrepanun (a x b) x
X €; M3 €JIHHCTBEHHOCTH OOBHEKTA MPOU3BEICHNs BBHITEKAET CYMIECTBOBA-
Hie ejuncrsenioro usomopdusma a X (b x ¢) = (a x b) x ¢. Koropwilii
KOMMYTHDYET ¢ JAHHBIMH NPOKUHAMH Ha ¢, D u c. Dro nsomopdusm
v |3 TIPEe/TOXKeHHH., U OH ecTecTBeH. Hﬂl{l}]{l?'.ll,._\ NOCKOJIEKY H3 HKa#J/10ro
00BeKTa BeIeT eIMHCTBEHHAHd CTPENKA B TePMHHAIBHEBNIT 00BLEKT f, TO

auarpamva t +— a —I~> a onpejenser npouieeaenue obnexktos tu a. Beuay
€IHHCTBEHHOCTH O00BEKTA TIPOH3BEICHN f X a CYIIECTBYET M30MOphH3M
Ap 1 f X @ = @, N AHAJIOTHYHO CYHIECTBYET n3oMopduaM g, @ a X t — a,
npuyeM oba onn ecrecrseHHbl. Ilocrpoenubie 3mech nzoMopdusMbl a, A
H O HASKIBAIOTCH KAaHOHHUYIeCKHUMH. D

7151 KOHEeTHBIX KOTPOM3BEIeHII BepeH JABOIICTBeHARIH (hakT; B HacT-
HOCTH, KOMPOH3BEJIEHNEe MyCTOr0 MHOMKECTBA COMHOMKHTENEH — 3To Ha-
qaabHblil 00bekT. A m oObeKToB a; JuarpaMva KONPOU3BEIeHHs CO-
cront u3 m wwbekinit i ¢ a; = ayp I, 1T ay,, n moboe orobpazxenue
frall...lla, — ¢ oIHO3HATHO OMPEIETACTCA CBOHMH M KOKOMNO-
wewmamu fi; = fj 1 a; = ¢ (j = 1,...,m). B wacraocru, ecin C —
KaTeropus ¢ KOHEeYHBIMHI MTPOU3BEICHUAMU H KOHEYHBIMH KOIPOH3BeIeH -
SIMH, TO CTPEJIKH

aII...MMa, =+ b x...xb,

H3 KONPOU3BEACHHHA B IMPOH3BEACHHE OJHO3IHAYHO ONPeae/iHioTeH m X 1-
marpuueii crpenok fix =pefijia; = b, rmej=1,....m, k=1,...,n.
B KATErOpHUsX KOHeUMHOMEPHEIX BEKTOPHBIX NPOCTPAHCTHE, e KOHeYHOe
KOIPON3BEACHHE COBIALACT ¢ KOHEYHBIM [POM3IBEICHHEM, 9T MaTPHILA
BbIPaAaeT JIHHeHDe Il}Jt‘-Ué[JilErUBa,HHe, CBA3IBIBAIONIEe 3aaHHbIe Gii;'illl'.bl
B ero obaacTn m KoobmacTn.

B ofmenm cayuae nyers ¢ — mobas KaTeropns ¢ HyJeBEIM 00BEKTOM
z (1. e. O0BEKT 2z OJHOBPEMEHHO U HaYa/IbHbI, 1 TepMuHaIbHbIL), Toraa
mobast cTpenka ¢ — = — b, IPOXO/IsIAsA Yepes 2, — 3T0 HYALB0A CTPETKA
a— b, EC.?IH B C CYHIeCTBYIOT TAKXKE KOHETHBIE TPOH3BCICHEA 1 KOHETHDLIE
KONPOW3BEIEHHS, TO HMEETCH KAHOHMYECKAH CTPENIKA

ar...lMa, 2> a; x...xXa,

W3 KONPOM3BEJAEHNA B NMPOU3BE/ICHHE — A& UMEHHO, CTPENKA € €IUHHYHO
noX n-Marpuied (eAMHHLIbL HA JHATOHAIN M HYJIM B OCTAJIbHBIX MECTAX).
DTa KAHOHHYECKAS CTPEIKA MOMKeT GbITh H30MOphH3MOM (B KATEropHsxX
Ab u R-Mod), cobersennpiv monomopduivon (s Top, u Set, ), cob-
CTBEHHBIM 3MHMOpgu3MoM (B Grp).

YupaxkHeHns

1. JTokaxure, 4T0 AMATOHAIBHOE OTODpaKEHHe O, : € X ¢ — ¢ eCTECTBEHHO
1o ¢.

2. dogazkure, 910 B 000 KaTeropus ¢ KOHEYHBIMH POH3BEACHHAMH
BCEr/Jla KOMMYTATHBHBI CJEAYVIOMNUE IHarpaMMbl, BE/IOYAK0IINEe KaHOHUYECKHe
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orobpaskenns a, o, A n3 dopmyn (1) u (2):

ax(bx(exd) —=(axb)x(exd ——=((axb)xc¢)xd

ax ((bxe)xd) = (a x (bxe)) xd,

tx(bxe) —s=(Exb) xc ax(txe)——=(axt)xe
l}. l)\xl 1xA lgxl
bxe - bxe, aXc = axe.

3. a) Mdormwwure, uro B wareropun Cat cymecTsByOT KOYHUBEPCATBHEIE
kBajipatsl (e, ynp. 2.6.5).

6) Tokamwure, wro kareropuu ansrolt (b | C) u (C | a) asasiores
KOVHHBEDCABIBIMU KBagpataMi B Kateropun Cat.,

4. Joxaxkure, 1ro B kareropun Cat Beerga cynecTeyior Majibie Kompou3ne-
AEHH 1 h

5. Ilycte B — xareropus ¢ (komeunnivm) npomssegennamu. [okaxnre, uro
B mo6oit kareropun (ynkropos BY makke peerga cymecrsyior (Konedmbie)
NPOU3BEIEHNA, BBIYHCIAEMbIE TOTOYEYHO,

3.6. 'pynnsl B Kareropusix

Bepuemcs K nzee o npegcrapienun anrebpantieckux TOMK/IECTE JINa-
rpaMMaMi, BeIcKasanuoi Bo seegennn. Ilyers €' — KaTeropms ¢ KoHe9HbI-
MU TIPON3BEIEHNAMI W TEPMAHATBHBIM 00hekToM t. Monoud B kateropnn
C' — 910 Tpoiika (¢, p @ e X e — ¢, 1t — €), s KOTOpOoit KOMMY TaTHBHbI
CITEIYIONIHE JTHAMPAMMBI:

1
cx(c-xc)ia-(cxc)xc&rcxc
m[ u (1)

(528 4

o

nxl L=n
txc——=cxXc=——cXxt

1; J l (2)
[ = & = .
(D10 B TOYHOCTH COBNAJAET € ONPEAETCHHEM H3 BBEICHHA, MCKIIOYAA

SIBHOE MCIOJB30BAHKME B 1epBoil auarpamve n3oMopdusma accoiuaTni-
Hoctn a m3 (5.1).) Onpeaennu Teneps epynny & C' kak monon (¢, i1, 1) co

!) T.e. poM3BEACHAST MATBIX CEMEfCTE, COCTOAIMX M3 MATBIX MHOMKECTB, —
Hpum. ped. nep.
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C’I'I)E‘.-'IKUﬁ C e O, U I(U’!‘Opoﬁ KOMMYTaTHBHA CASAYIOUAA THADAaMMA.,
rie éc — JHaroHaJbHOe 0T06pa.)KeHHe:

‘>exc exe

n (3)

o

(aro o3Hauaer, aro ( orobparxkaer KazKaplll MeMeHT r € ¢ B npassblil
obpaTHLIi K HEMY ).

[MocpecTEOM AHATIOTHYHBIX JMATPAMM MOMKHO ONPEJETHTH KObIA
B Kareropun C', pELIETKH W T. IL; TaKas [POoUeAypa NPHMEHUMA K J11060-
MY KJACCY aJrebpanvdecKux CHCTeM, KOTOPBIH ONPeJenaeTcs Onepasyn
U CBA3BIBAIONIMMH HX TOMICCTBAMH.

Xopomo u3eectro, wto ana a06oil rpynmer G (B o6srHOM CMBICTE)
muozkecTso ynkipit G Takske sisasercs rpynnoi npu aotom X aeii-
CTBUTE/TLHO, IponsBeIenue aByX dbyuximii f, f' B G¥ MoxkHO OnpeIeanTs
noroueuno: (f- f)(x) = fa- flz. B pjannoM Konrekere 3ta KOHCTPYKIHA
OPHHAMAET CACAVIOMA BI.

[Ipeanoxenmne l. [lyemv C — xamezopua ¢ KOHEUHBMU NPOUIEE-
denusmu. Tozda obzexm ¢ acasemes 2pynnoti (COOMGEMCMBEHIO MOHOU-
dom) 6 wamezopuu C, ecau u moavko ecau hom-dynxmop C(—,¢) aean-
emes 2pynnoti (coomeememeenno monoudom) & kamezopuu dynrmopos

Set®™.

HoxazarenscTro. Kaxaas onepanps yVMHOMKEHHS [ HA 00BEK-
T€ ¢ ONPEARHeT COOTBETCTBYIOIEE YMHOXeHue I ua hom-mpooxkectse
C(—.c) : C°P — Set Kak KOMITO3HIIMIO

O(=,c) x C(=,0) = C(=,c x c) 3 O(=,0),

riae v = p. = C(—, (1), & MepBBIit €CTECTBEHHBII H30MOPMHU3M CVIIECTBYET
(cm. (4.4)) B cuay onpenenenns obbexTa npouaseaenus ¢ X c. Obparno,
MyCTh JAHO €CTECTEEHHOE NpeobpasosaHue ¥ yKazaHHOro Buja. Toraa mo
nexve Homesns cymecTsyer eqmHCTBeRHAS CTPeSIKA i © € X € — ¢, Js
KOTOpOit v = p.. Ilporon no auarpavMue NOKa3bLIBACT, YTO (i ACCOLHA-
THBHO TOIJA U TOILKO TOI/A, KOLJIA ACCOLMATHBHO [ OPU ITOM HYZAHO
HCIIONL30BATE OIIpe1eeHne H'ElOMOp(l)H'}R-la ACCOUHATHBHOCTH & B TCPMH-
HaX KOMMYTHPDOBAHUSA € TTPOEKIHAMH TPOM3BEICHHA TPEX COMHOKHM T,
Konen, lokazaTeberBa NpelocTapIsercest B KatecTse yupaskHens. [

B kareropun dbyukropos Set” Beersa CyLECTBYIOT KOHEHHBIE TPO-
m3pegenus (yop. 5.5). Iostomy gaske npu OTCYTCTBHH KOHEHUHBIX IIPO-
m3gegennit B kKareropun ' MOXKHO paccMarpusaTh 00berTwl ¢ € () mma
Kotopbix C'(—, ) ssasercs rpynnoii B kareropun (pyuxropos. Ojpako s
HE BIZKY PEAIbHOMN HOAb3bI B TAKOM VBEJIMYEHHU OGIIHOCTH.
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Yupa>kaeHnst

(3aech C — Kareropus ¢ KOHEHHLIMA NPOU3BEICHHAMH H TePMHHATLHBIM
ofbekTom t.)

1. Omumrre kareropuio mononaon B C' B nokazkure, 910 B Hell Beerga
CYIECTBYIOT KOHeUHbIe TPOH3Be/1eHn,

2. Hoxaxure, 410 Kareropus rpyin 8 C' — KATEropus ¢ KOHEYHbIMH [IPOH3-
BEIOHHAMHA.

3. HNokaxkure, aro pyaxrop T : B — Set asisiercs rpynnoit B kareropuu
Set?, ecomn m TobKO ecm kammoe muomecrso Th, rae b — obbexr u3 B,
ABIAETCA FPYINOH B 0OBLIHOM CMBbICTe, 4 Kaxgas crpensa T f, rae f — crpenka
u3 B, sisasiercs mopdusvom rpyui.

4. a) Mycrs A — abenepa rpyina B kareropun Set. ITokaxure, 410 coor-
percreyiomee ymuoxenne 4 x A — A, exnanna 1 — A u s3sTHe obparHoro
A — A asmsorea mopdwmsmanm rpynm, ecan nog A X A normwmaercs npamoe
NPpONEBECIEHNE UPYILIL. Hl]..'l_‘,"—l ure OTCH g4, 1TO 44. C TaAKHMH CTPYKTYPDHBIMH {)'l'('}ﬁ'
PAKEHHIMH SBISETCH IPYONoi B kKareropud Grp.

6) Jdokaxkure, 94T0 KayK 1ad IPYANa B KaTeropun Grp uMeeT YKa3anubiil Bu/I.

3.7. Konpegenbl npeacraBuMbiX (DYHKTOPOB

[onesnocrs npegcrasuMbix pynkropos hom (d, —) xopouwo suHa u3
CJIEIYIONIET0 OCHOBHOTO pe3yJbTaTa 0 (hyHKTOpax co 3Ha4eHnAMA B KaTe-
IropHH MHOMKECTE.

Teopewma 1. Jhoboil dynwmop K : D — Set us manoti komezopuu
D 6 xamezopuio muoscecme mogicno npedemasums (kanonuvecxum ob-
paaom) kax xonpedea duazpammsi npedemasumus hynwmopes hom (d, —)
daa obwexmos d us D.

Jdokazareasctro. Baauane nocrponn s pantoro K nekomyto
KaTeropuw jguarpamM (1ms kompenena) J B BHIAE TaK Ha3bBaemoil Ka-
reropun anementos u3 K. A umenso, 9o kareropust 3ansiroit (1 | K)
(em. anarpamumy (3) B § 2.6), B KoTOpO# 06beKTaMu ciryzKaT napsol (d, x),
vie d € Do € K(d), a crpeaxavn f @ (d,x) — (d',2') — ve crpenxu
f:d—=d ws D, pna xoropeix K(f)z = 2' (6onee kpatko, f*x = x').
Mgl yrBepKaeM renepb, 4ro ganublit hynkrop K spisgercs Konpeaeion
auarpamumbt B Kareropun (1 ) K'), Koropas coorsercrByer GpyHETOPY

M : JP - Set®.
Kaxcapii obwexr (d,x) nepexopur s hom-yuxrop D(d,—), a xax-
gad crpeika f — B HMHAYIMPOBAHHOE ecTecTBeHHoe mupeobpasoBamne
f*:D(d, =) = D(d,-). B cuiy usomopdusma Honezpi
y~': K(d) = Nat (D(d,—), K)

cymecrsyer konye B kareropun Set” ¢ ocnosammem M u seprmuoil
K, koTOpblil HA HUKENPUBEIEHHON IuarpaMme H300pazKeH CTPesKaMu,
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sayimmu B K (BHusy ciesa):

*

Iz (d, o) =——(d'.2")
o N
" fom =,
D . | — f 4 1
Set. D(d3 ) - 11 D(d f : d 5 (f ( )
,rf_'ﬂ‘l I
K L.

Mpupl yTBEpK/IaEM, 9TO ITOT KOHYC onpeienser komnpegen aiasi D(d,—).
Bo-neppbix, pacemorpum swoboil gpyroit konye nan D(d,—), sepmmnoii
KOTOPOro ciyxKuT Hekoropslit gpyukrop L : D — Set. Crpenkn sroro xo-
HYyCa (l_'.'I‘I)(—.’...‘IK][ B KaATEropuHu Setn) — 3ITO eCTeCTBEeHHBIE []]_)l-".(}ﬁ]]'d.’i()ﬂﬂl—]l{ﬂ
D(d,—) — L, u B ety aemumbt Honenst onn umeror suay 'z : D(d, =) —
— L ana nexoroporo z € L(d), arakse y 12 : D(d', =) = L,rue 2’ = fz
(HoCKOIBKY 910 KOHyC).

[Tokazken, 9T0 3TOT KOHYC ¢ BepnimHOoil /X' yEHBepcaned. Hyxao0 HAlITH
eMHCTEeHHOe ecTecTBeHHoe npeobpasosanne 8 @ K — L, nepeposiee
nepselii KOHYC BO BTOpoil. Jdast 910ro BO3bMEM NPOH3BOIBHBIL OObBEKT
x € K(d) n pacemorpum obwexr (d,x) € J (kak B Bepxueii uacrn
amarpammset (1)). Momozxum

Bar =z

s obbekTa 2 € L(d). hburypupyiomero B ecrecTBeHHOM npeodpasoBanun
y~ 1z m3 xoryca ans L. UTobbl moKasaTh, 4TO € €CTECTBEHHO, PACCMOTPHM
mobyio crpeaky f:d — d', ana xoropoit fr = ' Torman fz = 2, a Tak
Kak 1peobpazosanue y~! ecrecrsenno, To f(y~1z) =y~ (fz) = y~ iz,
Cnenosarensio, § ecrecrsenno. Ero ejmncereennocts ouesuna. [

JpoiteTBenHoe paceyrk/aeHne noKasbiBaeT, 410 moboil KonrpasapuaHt-
Hblll hyakTop DP — Set MOKHO MPEACTABUTE KAK KOMPEJIET JHATPAMMbI
[pPeICTABIMBIX KOHTpaBapHanTHLIX (yuxTopos hom (—, d).

Ecm ¢ — wmamas xaTeropms, TO KOHTPABAPHAHTHEIT (DYHKTOD

C°? — Set yacro masbiBawoT npednyxom. Y1061 MOTHBHPOBATH

3TO HA3BAHHE, PACCMOTPHM cUTyalmio, Koraa C — KATeropus OTKPLITHIX
mioxecrs U HEKOTOPOro TONOJAOrHUecKoro unpocerpauncrsa, F(U) —
MHOKECTBO NIaJIKHX (B HeKoTopoM cumbicie) dyukmii na U, a BKI0OYennio
V € U coorsercreyer orobpaxenne F(U) — F(V), kortopoe 3amenser
dyukumo, onpeaenennyio Ha [/, ee orpannmvenuem Ha V. Kateropus
Set””" Beex Takux yuxTOpoB (HpeanyakoB) uacrto o0D03HAYACTCH
C. Hexoropbie u3 rtakux (ByHKTOPOB (CO CBOICTBOM «B3aHMHOCTHSY )
HasbiBaloTeA myukamu (em. Mac Lane, Moerdijk [1992]).
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SamMmeuanus

Suonckmit maremarnk H. Vlonesa snepssiii copMyamposan neMmy, HOCH-
myo ero uvs, 8 1954 r. (wacruoe coobuenue Makneiiny ). C Teuenuem spemenn
ee IHATEHNE BO3POCTIO,

IMpeacrasunple (bYHKTOPBI, BEPOATHO, BIEPBBIE MOABW/INCH B TONOIOTHH
B BIJIC VHUBEPCAJIBHBIX NPHMEPOB, TAKUX KAK YHHUBEPCAJbHBIC NPUMEDPHI KOIo-
MOJOTAYECKHX onepatnii (Hanpmyep, npu seraacaennn 7K. 1. Ceppoum B 1953 1.
KOI'OMOJIONHI [0 MO/YJI0 2 npoctpadcts ditienbepra-Makieiina).

YHUBEPCATLHBIC CTPEJIKH €AHHCTBEHHBl JTHINL ¢ TOTHOCTBIO A0 H30MOD-
Gdu3mMa; BO3MOMKHO, MMEHHO H3-3a OTCYTCTBHH abCOMIOTHON €HHCTBEHHOCTH
ITo NOHATHE (lKJpBLHpUBHJlU(:b MeL/IeHHO. lelMepbl CYHIECTBOBAIN B TeMenue
JIO/IPOTO BPeMeHN; PeluTenb bl war Geun ¢aenan B pabore (Samuel [1948]),
rie geficrsuresibHO ChOpMYAMPOBano obLIee [HOHATHE YHUBEPCAILHON CIpei-
kn; sarem Bypbakm npugaan 3roMy 0bilieMy NOHATHIO MMPOKYIO H3BECTHOCTh,
ITpumepro Toraa e Oblia BbICKA3aHa MAEsd, 9T0 00bIMHOE 1EKAPTOBO TPOM3-
BEJAEHHE MOMHO OINHCATL Hd OCHOBE (',Ii(]ﬁ('.'l'ﬁﬂu YHHBEDCANBHOCTH €0 ]'!pﬂ(".K].l,Hﬁ
(Mac Lane [1948, 1950]). C apyroii cropotbl, HOHATHS [PEIEIA 1 KOIPEIEIa
HMeryD J0rVHE HCTOPHK B BHIIE pa:iﬂ(mﬁpaﬁﬂb{x KUH.KPH’I‘HJ:]K npuMepos. TH.K,
KO"[)"-,}I[‘J“»] llI]l‘{Eﬂ’l[ﬂJlllch npm JA0KAZIATENLCTEE 'T‘UC‘I]C.\‘[ 0 ﬂp(‘.,l(‘fTa-“JIc]THH ﬁﬂc-
KOHEYHBLIX abeieBsix rpynn B e o0bLeMHeHrs UX KOHeYHO MOPOMK IeHHBIX
nogrpyrm. [pegenst (o ynopsaoueHnpiM MHOMAKECTBAM ) MOSBAAIOTCH B TEOPHH
p-ameckny ancest lenzens ¥ OpH DOCTPOCHHH FOMOJIOTHIT M KOPOMOJIOUHIT
‘JEXH. NOCpeicTBOM NpeleibHBIX NPONeccos, (bUI)LlHJlHSUBaHHhIX HUHTEJ}'{]'HHH M.
C’l‘p(‘i"l."ﬂ}lﬂ;l(’. I)ﬂ.’."]ﬂﬁ}}ﬂ"]"h('ﬂ B eCTECTBEHHBIX ]!:"}Ol\.lf)pttlﬂ'}l\«lﬁx._ CBAIAHHBIX ¢ TAKH-
MH HPEeJaMIt, JIeKAI0 B 0CHOBE 1epBoil crarbn Ditnenbepra-Maxkielina no reo-
pun kareropuii (Eilenberg, Mac Lane [1945]). 9. X. Myp npu obues nocrpoeniam
anamsa (okoio 1913 1) uermob30Ban MPeIeibl 10 HeKOTOPBIM HATIPABACHHBIM
MHOGHCCTRAM. B() BCCX 3THX KJIACCHYTCCKHX ODPHMEDAX BOZHUKATH Npeac/ibl R
ans chyakTopos F 1 J — O, roe J — aumEeiiHO nAM 9ACTHYHO YIOPSI09EHHOE
muozkectso. B paGore (Kan [1958]) 6uun cienan mar K paceMOTPEHHIO NPe/Ie/ioB
Janst npomssoikHE (hyakropos; B kamre Freyd [1964] s ofmero caywaas
HCOOMB3VETCS TePMUH KOPeHb, a 1ie ipesiert. Ero noereaosaTemi Mpeanotim pac-
NPOCTPAHUTL ¥ 1A obmmil ciyyail nepponadainneiii Tepyun npegen. Cpoilctna,
crenudanLe 1719 TPEJIeT0B TI0 HATPABICHITEM MHOKCCTBAM, DYIVT HIVICHb
B I 9.




I'masa 4
COITPA>) KEHHDLIE @YHKTOPHI

4.1. ConpsikeHue

Mpzr onmpemenmy Tenepk BazkHelee moHATHE, BRegeHHOe Kamom, Ko-
TOPOE NMO3BONAET MO-HOBOMY C(hOpPMYIHPOBATE CBOHCTRA CBOOOIHBIX 00b-
EeKTOB U JAPYIUX YHHBEDPCAJILHBIX KOHCTpYKiuil. "I1T00bl noHATh HEOOXO-
JINMOCTH 3TOTD, BCIOMHHM TOCTPOEHHe BeKTOpHOro npocrpanctsa Vx c
Bazucom X (§ 3.1). @uxcuposas nose K, paceMoTpum cieayiomue Gynk-
TOPBI:

v
Set % Vet .

Bnece U — 3abwBatonmii ¢pyekTOp, T. e. U(W) nna mpon3BOTBHOTO BeK-
TopHOTrO npocrpancTea W o003HA4aeT MHOMKECTBO BCEX er0 BeKTOPOB:
eciit X — npousBosibHOe MHOXKeCTBO, TO 4yepe3 V(X)) obosnadaercs Bek-
Toproe npocrpanctio ¢ 6azncom X . Takum o6pazom, sexropet nz V(X)) —
310 hopManbibie auneiinnpie komOupaimn Y, , e r; € K — cxanapHbie
koapdumentol, r; € X, a onepainmun Haji BEKTOPAMM ONPEICICHEl 04e-
BujHbiM 06paszom. Kaxpnas dyukuus g : X — U(W) npogomkaercs 10
eIMHCTBEHAOTO qnHeitnoro npeobpazopanus [ : V(X) — W, mmemomero
g f(Xria;) = Erige;) (re. dopmanbibie nupefinpe KoMOHHALIRH
s V(X)) orofpazatorcs B peanbHble auHeliHble kombuaammn uz W),
s aroro coorsercrsus ¢ @ g +— f cymecrsyer obparnoe, a HMEHHO
¢ : fr—= X — orpannvuenne ¢yuknun f na X; takum obpaszom, nMeerca
buekia
w: Vet (V(X), W) = Set (X, U(W)).

Buekuus ¢ = @x.w onpeaensiercs OJIMHAKOBBIM 06Da30M /I BCEX MHO-
eers X M oBeex BekTopubix npoctpancere W. Do ozpavaer, 1ro o1ob-
paxKennA @X_J.‘i.-' ABIAIOTCHA KOMITIOHEHTaMHW eCTeCTBEeHHOTO rlpeof.)pa:%ona-
HUS 0, €CJIH PACCMATPUBATL 00e YacTi YKA3aHHON S9KBUBAJEHTHOCTH KaK
dvarTopsl Mexkay X u 1. ILocTaTOuHO NPOBEPUTH OTIAEIBHO €CTEeCTBEeH-
HOCTL o X W 10 .H-’y. El'f'l.‘(:!{f'I‘I].(!HI-I{')(’.’I'}') no X O3Ha'aer, 1To JJid l{i-l.}i{,'l(]ﬁ
crpeaku h : X' — X kKomMMmyTaTHBHA AuarpamMa

Vet (V(X), W) —— Set (X, U(W))

('i-'.‘a)'l Jh‘

Vet (V(X'), W) — Set (X', U(W)),
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riae h*g = g o h. Ho 910 BBIBOHTCA W3 onpejieienns DHeKIHE (P N0Cpel-
CTBOM CTaHJAPTHBIX BBIKIJ0K. To e OTHOCHTCA U K eCTeCTBEHHOCTH TI0
w.

PaceMorpum enie HeCKOMbKO N0I00HBIX TPUMEPOB.

Croboanas karveropust C' = FG nag panasiv (Mansiv) rpadom G
3ro ¢yuxkrop Grph — Cat, xoropsiii cea3an ¢ 3abeBaOINM (QyHK-
ropom Cat — Grph 1akum obpaszsom, uro Kaxiaplil mMopdusm rpadop
D : ¢ — UB upononxaercs 10 €IMHCTBEHHOro oTobpazKenusa Kareropui
D; : FG = B., I[pHUYeM COOTBeTCTBHE D D, ABIHeTCH ecTecTBeHNHLIM
H30MOPMOI3MOM

Cat (FG, B) = Grph (G, UB).

B KATeropH MaJIbIX MHOMECTEB KAz /1y (l]}’IIK[I,H[G ABYX HMEPEeMEHHBIX
g:SxT — R woxkno paceMarpusath Kak dyukumio pg : S — hom (1, i)
OaH010 nepeMeHHoro (['II)H]IHMalOII’,(_‘.["U SHAY4YCHKA B S}. npH4eM 3HavdeHn s
310 (DYHKIIH 3aBHCAT OT BTOPOI'o MEpeMeHHOro (IPHHIMAIOIIErO 3Hake-
nns B T); a umenno, [(pg)s]t = g(s, 1), e s € S, ¢ € T. Caienosarensno,
tp ABIAETCA ODHEeKIeii:

w :hom (S x T, R) = hom (S, hom (T, R)).

Omna ecrectsennano S, T'w R. Ecnn dukcnpopats muoxectso T' w onpese-
stk yakropsl F,G : Set — Set 1o dopmysam F(S) =S5 xT, G(R) =
= hom (T, i), To Guexnns npuanMaer BH/I

hom (F(S), R) = hom (S, G(R)).

Teneps ona ecrecrBenta 1o S u 110 K, 0 BHJHO CXOACTBO € [IPEALLILYITHMIA
MPUMEPAMH,

Ananoruino, ecoin A, B u €' — MOAyIn Ha/l KOMMYTATHBHBIM KOJTbIOM
K, to umeerca nzomopdusm

hom (A @, B,C) = hom (A, hom (B, C)),

ECTECTBEHHBI 10 BCEM TPEM NEPEMEHHBIM.

Onpenenenne. Iyers A n X — nekoropoie kareropun. Conpasice-
nue mesicdy X u A — sro Tpolika (F.G.¢) : X — A, rae F u G
hyHKTOPEL

- }'I
X <—=A4,
o
a Qyukums p kaxgoil nape obbekros ¥ € X, a € A conocrasiser
OHEKIHIO MHOMKECTB

O =Qra  A(Fz,a) 2 X(z,Ga), (1)

CCTECTRCHHYIO 10 & W 10 d.
3necek gepag qwacre A(Fx,a) — 3o 6uyukrop

4 FoPxld hom
XOP x 4 ———— 4% x 4 —— Set,
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KOTOPBIH KasKlyio napy obbektos (@, a) orobpasxaer B hom-MHOKeCTBO
A(Fx,a). llpasas gacts — 310 anamornanslii 6udyakrop X x A — Set.
[osromy ecrecrBeHHoCTh DHEKLHK (0 O3HAYAeT, 4TO A Beex k :a — a
uh:x — ' KOMMYTATHBHBI IHATDAMMBI

A(Fz,0) —— X (z,Ga) A(Fz,a) —2— X (z,Ga)
ml J{Gk;.. (rhrl la- (2)
A(Fz,a') —2= X (z,Ga") A(Fz',a) —= X (2',Ga),

rie ky — cokpamenue aast A(Fa, k) — onepaunu ymnoykenus na k, u h* =
= X(h.Ga).

[Moapasyuesaerces, ato Bee hom-mnoxkectsa B kareropuax X w A wva-
Jbl. B npoTHBHOM ¢llyvae HyzKHO [POCTO PAclMpuTh Set /10 noaxoadiei
Kareropun MHoKecTs Ens.

Conpaxenue MOXKHO onucars u 6e3 noMomu hom-MHoKeCTs — HEeno-
CPCACTRENHO B TEPMAHAX CTPOIOK. DTO OHEKIHA, KOTOPAA KA 0N CTPET-
ke f: Fa — a conocrasnzaer crpeaky of = rad f:a — Ga, conpasicen-
Hyo % [ enpasa, npuveM YCJIOBHA €CTECTBEHHOCTH (2), NMEIOmne Bu/1

wlko f)=Gkowf, @(foFh)=¢foh, (3)

BBIIOJIHEHBI Ut BeeX f u s Beex crpenaok h:a’ > xu k:a — a'. Iro
PABHOCHIBHO €CTeCTBeHHOCTH TPeOOpa3oBanns ¢ |, WHATe TOBOpPS, TpH
Beex hi, k v g @ & — Ga JOJBKHBL BBIIOIHATHCH PABEHCTBA

¢ N (gh)=p 'goFh, ¢ '(Gkog)=koyp '(g). (4)

B omucannoii cnryaiypn GyHKTOP £ HA3BIBAETCT A€BUM CONPAICEH-
wotm i G, a G — npagwism conpancerrnim pas F. (Hekoropoie aBrop
nonmyT F' — G apyrue rosopsart, 4to F' conpsiken K G, a G Koconpsrker
k F, HO HeKOTOpBIE FOBOPAT M HAODOPOT; NO3TOMY Mbl DY1eM NPHIEPHAKH-
BATBCHA TEPMHHOB JIEBBIT W NIPABBIT CONMPAMKEHHBIIL. )

Kasoe conpskenne onpegaeiser yuusepeaibuyio crpeaky. Hvenno,
B hopmyaie (1) nonoxkum a = F'z. Toraa g hom-mMuoxkecTBe 13 j1eBoif qacTu
cosieprkuTes eunnnas crpeska 1 : o — Fx; ee g-06pas obosnayunm 1),.
Beuay npema. 1 Moweanr n3 § 3.2 1, sBAACTCH YHUBEPCAIBHON CTPEIKO

ne x> GFr, 1, =p(1p,)

max € X B G. llpn conpsukennn Tagas yHHBEPCAILHAA CTPEIKA COMO-
crapngerca waswcdomy obbekry x. lpu arom dynkumua x — 7, gapaaercs
ecrecTBeHHbIM npeobpaszosannem Iy — GF, NOCKOIBKY KOMMYTaTHBHA
JI ]{)ﬁﬂ_ﬂ AHATrPaMMa,

y e wy 0
' ——=GFzx

h l | GEFh
"

]

r—— GFuz.

4 C. Maknefin
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D10 JoKasbIBAETCs! CICAYIONEH BHIKIaILKO:
GFhop(lpy)=w(Fholpy) =¢(lp, 0 Fh) = p(lpz) o h,

KOTOPAS OCHOBAHA HA YPABHEHHAX (3), O3HAMAIOIINY, YTO (0 €CTECTBEHHO.
B marnsapom BHIE 3TO BLIPAKASTCA KOMMYTATHBHON JIHATPAMMOTT

A(F7 , Fz') T0% A(Fa', Fz) < A(Fz, Fx)

® w !

X(z'.GFz' )(T Xz, C’F.n}h X(z,GFx),

rae h* = X (h,1) u h. = X(1,h).

BHE!KLI‘HH £ MOKeT 6].11"['1.1 BbIpAMEHA B TEPMHHAX CTPEJIOK 175, 8 HMEHHO

p(f)=G(fim, maaseex f:Fr— a; (5)
JefiersuTensbio, BBrLy yenosuii ecrecrsennocty (3) umeenm
o(f) =@(folps) =Gfoplp, =Gfon,.

Mbpr narnaano n300pa3umM 9Ty BBIKAAIKY, NOACTABHB CIMHIYHYIO CTPeIKY
1 B KOMMyTaTHBHEIT KBagpaT

A(Fz,Fz) — X(2,GFx) I—
fe |[(-’f}. I ]
A(Fz,a) —2— X (z,Ga) fol—s=of = Gfone.

B cuny ABoficTBEeHHOCTH, CONPSIKCHHE ONPEIC/ET YHHBEDPCAILHYIO
crpeaxy n3 F. B camom zene, B dopmyne (1) nonoxkum & = Ga. Torma
B 1IpaBoM hom-MHOXKecTEE ¢ U,Les)}xu'rm equau4Has crpenra 1: Ga — Ga;
ee obpa3 npu orobpazkenuu ¢ 0603HAYACTCH £,:

o FGa—a, g,= (,3'1(1(-,-0), a€ A,

W SABAAETCH yHUBePCaabhoi crpenkoil u3 F B a. Kak u ppie, € — 310
ecrecTeeHnoe npeoGpazosatne & @ FG = 4, npuyem

(g) =e,0Fg anaseex ¢:x— Ga.
Hakounen, sozbmenm 2 = Ga. Torpa us £, = ¢ (1ga) BBHAY Dopmyis (5)

BBITEKALT, HTO
lga = ( u) = 5(: O NGa-
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D10 3HAYMT, UTO ecTecTBeHHOe rlpeuﬁpmunm-l He

- e .

ABNAECTCA TOAIECTBEHHDBIM.
B urore ADKadaHa CIelyolas Teopensa.

Teopewma 1. Conpancenue (F,G, @) : X = A onpedeasem:

1) ecmecmeennoe npeobpazosanue 1) Ix -+ GF mawoe, wmo daa xagic-
0020 00BERMA T CMPEAKA 1], ACAAETCA YHUGEPcarbhoil cmpenakoli ud x 6 G
u das kKasedod cmpearu f: Fxr — a nposas conpasicennas x neid umeem
Gud

wf=Gfon, :x— Ga; (6)

2) ecmecmeennoe npeobpazosanue £ @ FG — [ 4 maxoe, wmo wescdan
CPEARa £, ABAAEMCA YHuGepcaibnoll cmpearot us a & F, a wasxcdas
cmpeara g — G UMEETM ACGYIO CONPANCENIYIO

o lg=¢e,0Fg: Fz —a. (7)

Hpu smom caedyroupie KOMNOZUUUY AGAAIOMCA MONCIECTNEEHHBLMU TLPe-
obpasoeanuamu (Pynxmopos G u F' coomeememeenno):

62 ara -6, P pap—Fs p ®8)

Haszosem 1 edunuedi (unit), a & — woedunuuedi (counit) conpsizkenmst,
(B nporiom Mer ynorpedisian TepMunbl conpanxcenue eneped (front ad-
junction) u conpascenue nasad (back adjunction).)

3ajanioe CONPSAMKEHHE HA CAMOM JJI€ MOMKHO MOJHOCTBIO ONPEIeIHTh
TOH AIH MHOH 9aCThIO NepeaHecaeHibix JailHbIX. [’IZ\-{(‘I[I](I, CITpaBc/JIHBa
CIIEIYIONIas TEOpeMa.

Teopewma 2. Jhoboil uz caedyouiur Habopos JaHHLLE NOAHOCTIVH
anpedeasem conpancenue (F,G,p) : X — A.

1) @yuxmopw F,G u ecmecmeennoe npeobpazocanue 1 @ 1x -+ GF
mawoe, Yo H(L’JJC(}H.B cimpeara 1y . & — GF.'IT YHueepcaabia Kak crmpearda
u3 G 8 x. B amom cayuae @ umeem eud (6).

2) @yrwmop G : A = X u das wascdozo x € X — obsexm Fpz € A
U ynueepcaivnai cmpeara 1, @ & — Glyr uz x 6 G. Toeda dynxmop ¥
umeem ynrumwo obsexmos Fy u onpedeasemcea dasn empearu h : x — x'
no popmyae GFhon, =nz' o h.

3) @ynxmopu F,G u ecmecmeennoe npeobpasosanue ¢ : FG =3 Iy
makoe, wino xexcdes empeara €, FGa — a ynueepeanvna xax cmpeara
uz F 6 a. B amom caynae p ' onpedeasemea no gopamyae (7).

4) Qyuxmop F : X — A u daa wasicdozo a € A — obsexm Goa € X
u empeara £y : FGya — a, ynuseepcaavnas kax cmpeaxa u3 F 6 a.

5) @yuxmopw F,.G u ecmecmeennve npeoipasosanus i @ Ix = GF
u g : FG -5 14 makue, wmo obe xomnozuyuu ua (8) asamomes mooicde-
emsennuMmy npeobpazocaruimu. B smom cayuae @ onpedeasenes gop-
myaoii (6), a ¢! — dopmyaoi (7).

4*
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Beuay n. 5) bl wacro Gyaem obosnauark conpsizkenne (F, G, p) kak
(F,G.n.g): X = A.

JdokasarTeybcTB0o. YHUBEPCAILHOCTb CTPEJIKH 1), O3HAYAET, 4TO
A Kaokaoit crpeaxn f o x — Ga cymecTsyeT pOBHO OHA CTPEJIKa g,
AL l(()'l'ﬂp()ﬁ KOMMYTATHEHA JIHarpaMmMa

UE

F_';r. r— GF;L
q Gy
Y ! Y
a, Glﬂ..

Dto B TOUHOCTH O3HaYaeT, uTo #(d) = (g o 1, onpenensger GHEKIHIO
0: A(Fz,a) » X(x,Ga).

Dra Guexmus # eCTECTBEHHA 1O T, NOCKOJIBKY ECTECTBEHHO 1), U ecTe-
crBeHna no a, nockoibky G — dyuxkrop. Chejgosarensno, onpeaeieHo
compszxenne (F,G,0). Ecn p — exuanna conpszxenns (F, G, ), 1o § =

HaGop (2) moxkno pacuupurs 10 (1), U HOTOMY OH OIPEIEIAeT COo-
npsikenve. B cavom zene, B cayuae (2) g kaxgoro obnvekra @ € X
JlaHa YHHBepcaabHas cTpenka (Fyx, 1, ); MOKaykeM, 4TO CYIIECTBYET POBHO
oauH crnocot npeepatnte Fy B yHKIMIO 00beKTOB TAKOro (YHKTOpA
F, uro npeobpazopanne 1 @ Ix -3 GF 6yaer ecrecrsennniv. Mmenno,
U3 VHUBEPCAILHOCTH 1, BBITEKACT, UTO I1d KAXKIOH cTpenkm h : x —
— o' CymeCTBYeT eINHCTBERHAA ([IPEPBIBHCTAS) CTPEKA, KOTOPAA JeTAeT
KOMMYTATHBHOI CTEIYIONYO JIHATPAMMY:

IJ!
Foyx r———s= GFyx
: b :
¥ . ¥
F(]'.I,'; gl — GFU:,L"".

BTy cTpenky Bo3bMeM B KadecTse Mopdusma Fh : Fypa — Fyr's kommy-
TATHBHOCTE O3HAYAOT, 4TO l'I]_](’.()GI]&.’S(.}B&I.I—[I[[! 1] eCTeCTBEHHO, Jlerko mpoBe-
puth, uTo F' npu takoMm onpeneseHnn ABAAeTCHS PYyHKTOPOM.

B cuny jpofiersennocti jlokaszsisaores nn. 3) u 4).

Yrobbl 10Kazath (5), ONPeAeTHM ¢ MOMOIILIO 1) 1 £ BYHKIHH

A(Fz,q) Z; X (z,Ga),

nonoxns ¢f = Gfon, upn Beex f 1 For — au fg = g, 0 Fg npn
peex ¢ @ @ — Ga. llockonbky G — QVHKTOD, a 1] — €crecTBeHHoe
npeobpasoBaHue, To

wlg =Ge,0oGFgon, =Cn, oneqe © 9.
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Ho mul npunsmu aonyuienune (8), 1.e. Ge, o g, = 1. Tlosromy pf =
= id. Jpoiicteenno, fp = id. 3naunTt, oTobpaxkenne ¢ ApaseTca Onekneii
(1 B obparno emy). OuesHaHO, 4T0 ITa OHEKIUS €CTECTBEHHA W IOTOMY
SABJAETCH CONPsAZKKEeHHeM (M eC/IM Mbl HAYAIN € CONPAKEeHUs, TO ¢ C HUM
cosnajaer). O

Dta Teopema oueHb momesHa. Hampnmep, nm. 2) u 4) nossonswoT 1o-
CTPOUTH CONPSIKEHHE, €CIM JIAHA YHHBEPCAIbHAA CTPEIKA H3 1100010 0bb-
exra (nan B 110060it 00beKT) ganHoill Kareropun. B qacTHOCTH, KaTeropus
C' uveer Koneunble NPOH3BeEHNs, ecin jaasg moboil naput (a,b) € C' x
x (' eymecTyer yHuBepcasibHas ctpernka n3 A : C = C x C' B (a,b). 13
JIOKA3aHHON TeopeMBl Mbl oay4aem, 91o gpyukrop (a, b) — ax b, KoTopwiii
onpejensier 00beKT MPON3BeIeH s, B 1eHCTBUTENBHOCTH ARIACTCA By HK-
ropom C' x C' — ', npuiemM conpsazken crnpasa JIparoHaibHoMy yHKTopyY
a;

w: (Cx C)(Ac,{a,b)) = C(e,a x b).

B('.IIUMIT.HB onpejaeieHie CTPeoK B KATerOpHH C x C, noayvaem:
¢ : Cle,a) x Cla,b) = Cle,a x b).

Koeaunnna sroro conpszkenus (nmonoxkum ¢ = a X b ciupasa) sjasiercs
crpenkoii {a X b,a x by — (a,b); unaue ropops, 3TO NApa CTPENIOK G ¢ a X
% b — b, a UMEHHO NPOEKIHN Npou3BeAeHUA p:a X b —ang:axb— b
Conpsizxenne @~ oTobpakaer Kaxkayio crpeaky f : ¢ — a X b B napy
(pf.qf); TeM cambiM @ ONpeesieTcs M0 KOSIHHHLE £.

Aunanornuno, ecin kareropus C' uveer konpousseaenns (a, b) — allb,
TO OHH OnpeensioT hpyHKTop Komponssenenus C'x (' — (', conpsazKeHHBI
caesa Kk A:

Clallb,e) = (C x C)({a,b), Ac).

Touno Tax e, Bee Apyrue MPUMEpPD MPEIeIoB (CIH 3TH MPeebl Cyle-
CTBYIOT B .__I‘H-HH()ﬁ KRTE[‘UI)HH) MOMKHO HHTERIPeTHPOBATH KakK IPpHMepbI
CONpsAXKeHHBIX (PYHKTOPOB. BO MHOIMX JafibHEHIINX NPHIOKEHHAX OKa-
METCH, 4TO 10KA34TE YHHBEPCAILHOCTE — 3TO JEerKHi [‘:I[U(_',US J0KA3ATH
CYIMECTBOBAHNE COMPAKEHHOTO (GYHKTODA.

C apyroit cTOpoHbL, B 1. D) CONPSKEHHe OMHCAHO NOCPEACTEOM JABYX
MPOCTBHIX YCJIOBHI OTHOCHUTEILHO €10 eTHHHIB] H KOG MHUIIbI:

F— FGF GrG<=—g
\ !zF (;el (9)
F G

DT mpeyzosvubie moscdecmea He COIEPKAT SBHO 0FBEKTOB KaTeropuii
A u X u noromy vaobunt 3 obpamenun. Kax Mbl BCKOpe VBHAHM, 3TO
MOJIE3HO NMPH PACCMOTPEHIH cBOHCTE conpszxkennus. (HexkoTopwie aBroph
B curyanuu (9) HassisaoT npeobpasoBanue 1) KBasnoOpaTHbIM I £.)

Cnepncreue l. BEeau dea dynxmopa F. F' conpaoicenw caeca k diyin-
mopy G : A = X, mo onu ecmecmeenno usomophre.
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JokazarenbeTBO CBOANTCS K MCIIOIB30BAHNIO TOro hakta, YTo yHHBEp-
cajbHasi cTpenka (MmogobHO HadaTbHOMY OOBeKTY) eJIMHCTBeHHA ¢ TOY-
HoCTbi0 10 u3oMopdusma. Mmenno, conpsxenuna (F,.G,¢) n (F',G, ")
COTNOCTARJAIOT KAzKAOMY & JB€ YHHBepcabHble crpenku £ — GFr ux —
— GF'z. Tloaromy cymecreyer euHeTEeHuR n3omopdusy 6, @ Fz —
— F'z, nna goroporo GO, o1, = 1.,; J€rKO TPOBEPHTE, 9TO TPeodpazo-
panue 8 : F'5 F' ecrecrsenyo.

Cnepncreue 2. @ynwmop G : A — X wmeem aeswdi conpasjcen-
Holl, ecAU U MOALKO ecau daa wascdozo obsexma x € X Pynxmop
X(x,Ga) npedemasum wax dynwmop, deticmeyrowuti na a € A. Eeau
¢ A(Fpz,a) = X(z,Ga) — npedemaeaenue amozo dynkmopa, mo Iy
aeasemes ynwuuets obsexmos dynwmopa, conpancennozo caesa k G,
npudem BUERYUL 0 CCTRECTRGENIG IO A 1 PEAAUIYETIE CONPAICCHUE.

Ha cavom gene sto nepedopmyianposka 1. 2) teopemsr 2. PaBno-
cibHO, (yHKTOp (G MMeeT JIeBbIil CONpsZKeHHBI, eCH U TOIBKO €Ciin
13 awboro ¢ € X cynecrsyer yHuBepeajbHas crpenka B G

[Ipenocrasnsem wnratemo chOpMYIHPOBATHL JABOCTBEHHBIE YTBEp-
JKEHUS.

DyHKTOPbL, CONPAZKEHHbIE 1UTHBHbBIM, a/UIHTHBHBL.

Teopewma 3. llyemv addumusnwii gynsmop G : A — M meaxncdy Ab-
wamezopusmu A u M umeem aeewii conpascennwdi F : M — A. Tozda
I addumueen, a buexyuu conpadcenua

p: A(Fm,a) 2 M(m,Ga)

Asamomes uzomopiusmamu aficacewy zpynn (npu scex m € M, a € A).
Jdoxkasareascrro. [lyers 57 @ [ GF — eananua conpsazkenns.
Torna ¢ umeer sun pf = G f o 1y, 1 npoussoibuoii crpeiky f @ Fm —
— a. Econ mveerces taxoke erpenka f' @ F'm — a, To BBHAY a7 TUTHBHOCTH
dyukropa G nonyyaem
e(f+f)=G(f+f)am=(Gf+Cf)nm =
=Gfonm +Gf onm =¢f +of.

Takum obpasom, @ saiagercd MopduamMom abenenbix rpynn. BosbMem
tenepb g.9' : m — n B Kareropun M. Ilockonsky npeobpazosanue 7
€CTeCTBEHHO, TO

GF(g+9g') otim = 1n(g +9') = mmg +mng’.
C apyroit CTOPOHBL, BBUIY & IMTHBHOCTH (yHKTOpa 7
G(Fg+Fg')onn = (GFg+ GFg' )y =
= GF‘} oM + GFQ, O M = Mg + ?h;!}?-
CoBnazenne 3THX JIBYX PE3yJIbTATOB MOKA3BIBAGT C yUETOM VHHBEDPCATIb-

HOCTH CTPEJIKH Ty, 910 F(g + ¢') = Fg + Fg'. 3naaur, dyukrop F
aaaurused. O
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B cuny jpoiictBennocTn, eciiv (hbyHKTOD CONPSYKEH CIPaBA aJJHTHB-
HOMY (PYHKTOPY, TO OH aJINTHEEH.

YuparkueHust

1. TToxaxkute, 4To K Teopeme 2 MOxKHO TO0ABHTE enie OOuH OYHKT (U ABOii-
CTBEHHBIT €My ):

6) ®yuxrop G 1 A — X u aas kaxaoro & € X — OpeicrabieHue o
dyukropa X(x,G—-): A — Set.

2. (Lawvere.) Ilyers panst Gyagropet G: A — X u F 1 X — A [logaxnre,
aro moboe conpazxenne (F,G,¢) Moxkno omucars kak nsomopdusm 6 meniy
KaTeTOPHsIMI 3anaTOH, 1A KOTOPOT0 CAeAyIOmas IuarpaMya KOMMY TaTHBHA:

6:(Flia)= (Ix |G)

|

XxA = XxA

31ech KOMIIOHEHTAMHA BEPTHKAIBHBIX CTPEJIOK SIBIAIOTCH (DYHKTOPBI MPOCKTH-
posaaux P n @ n3 (5), § 2.6.

3. s conpszkenns (A, X, ) (Ipon3BemeHne cONpsizKeHo CIpaBa JIHATO-
HaabpHOMY (BYHKTOPY) MoKazunTe, uT0 ecam ¢ € C, To eqnAmIa 6. : ¢ = ¢ X ¢ —
IT0 €AHHCTBeHHAR CIIJEJLKH., ALJIH Kﬂl‘()pﬂﬁ K(‘)MI\‘I.‘\'"J.'B'I'HBHB ,u,ua.rpa.uma,

(Dry crpeaky 8. 1acTo HaszpBAOT duazonaavnoii cmpearoti obbexTa ¢.) B cay-
qae O = Set nokaxure, 910 der = (¢, x) npu mobom ¢ € e.

4. (Paré.) Ilycre mamnst dbyukrope G : A — X, K : X — A u ecre-
crBennbe npeobpaszopanns £ ¢ KG = ida, ¢ @ idy = GK, npuaem Gz -
-0G = 1g : G- GKG - G. Hoxamure, uro ¢K - Kp : K- K asnaerca
wiemnorentom B AN 1 aro G uMeer JeBii CONPSKEHHBI, CCAH H TOILKO
eC/IA 3TOT WAEMNOTEeHT pacmennaserca. A muenno, ecmm e - Ko = a - 3, rae
oo = 1,0 : K= F, 1o ¢yukrop F conpswen caesa k G ¢ eannuaneii GJF - g
u KoeauHMIeil £ - .

4.2. IIpumepsl cOLpsi>KeHHBIX (PyHKTOPOB

B s1om naparpade cojieprarcs pasiuaibie IPHMEPbI CONPAXKEHHbIN:
BHaYase NpHBeAeM TAGIUILY JEeBHIX CONPIAKEHHBIX 18 HAHO0Tee n3BecT-
HbIX 3abbiBaonmux yHkropos (Tabdi. 1).

AHAOrHYHO ONHCBIBAKOTCHA KOEIUHHIBL IlyeTh, HAnpuMep, ¢Bo0O/I-
ublit R-moaysn FX nopoxaen anementamu jr = (z), rae z € X. Ero
MEMEHTHI 3ATHCHLIBAIOTCA KAK KOHEUHBIC CyMMbl Lri{z;), rme r; € R.
Torpa ana moboro R-moayns A koepaununa 4 @ FUA — A umeer suj
Yrila;) = Tr;a; (nmupeitabie kombunauun B A). Huadge ropops, £4 — 310
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Sabmoawouiutl hyrwmop
U : R-Mod — Set

U : Cat — Grph

U : Grp — Set

U: Ab — Set

7:Ab — Grp

U : R-Mod — Ab

U : Rng — Mon
em. ynp. 1, § 3.1

U:K - Alg - K — Mod

U :Fld - Domm
(em. § 3.1)

U : Compmet — Met

Jleawil conpancennmii F

X —= FX. Cpoboguuit R-
MOAYIL ¢ Gasuncom X

G — CG. Cpobontas Ka-
Teropus Hajl rpacgon G

X = X, Csoboguasn
rpynma majg X
X = Fy,X. Ceobognasn

abenera rpynna mag X

G v G/[G,G]. Dakrop no
KOMMYTaHTY

A+ R& A

M Z(M) (nenouncien-
HOE) MOHOMJAIBHOE KOIh-
1o

V = T'V. Tenzopuas aare-
Gpa najg V

D — QD. Tlone qacTHBIX

TMononnenue MeTpHIeCKnx
MPOCTPAHCTE

Tataumna 1.

Founuua conpascenui
7+ X = UFX
(enm. § 3.1). Bromenue
OOpPa3VIONIX

G — UCG. Baoxenne
obpasyonmux

X — UFX. Bioxenne
ODPA3YIONHK
Bnoxenue  obpasyio-
MX

G — G/|G,G]. Tpo-
exkuusa Ha caxrop mo
KOMMYTaHTY

A= U(R& A)
ar»adl

M — UZ(M)

m o= m

Vo TV. Baoxenue
obpasyonnx

D C UQD. Baoxenne
a»afl

(§ 3.1)

(."I‘lei,:l,ﬂ.p'l'llb[r{ '3“111\«‘101)(1)}{31\"[ Ha I]])DHBBUJ!I:I[I)[ﬁ R—MEL’JL\_FJII: H3 CI]UGU;],IIDF()
MOJYJIsA, HATAHYTOTO HA €ro 3JIEMEHTLI KAK Ha 0OPa3yolHe,

Tenepb nepevnciuM JIEBbe W HPABBIE CONPSIKEHHBIE (KOTOPbIE HE
0Bs3aTe/IbHO CYIIECTBYIOT B Kasoff Kareropun (') s AHATOHAJBHBIX
dyukropos: B ciyuae C = Set ykaxem maoke eauauny (rabma. 2).

B enyuae npemena BHI €IMHUIET 3aBACAT OT YHCTA CBA3HBIX KOMTIO-
HEHT B KATETOPHH J. KHTEI'OI]HH HA3LIBACTCH CHH.'SH(J‘!L eeo BOHEeH JLITE
a00bIX ABYX 00beKTOB j.k € J cylecTByeT KOHeuYHas MOC/Ie]0BATENb-
HOCTh CTPRJIOK, COBIHHAKIAA HX

J=Jo—=J1 & Jo—= = Jon—1 + Jo, =k (BO3MOKHBI 0Da HaNpaB.);

M. ynp. 7T u 8.

Jpoificreennere (pyHETOPBI J210T HOBBIC puMepsL. Ilyers V, W — Bek-
TOpHBIe npocTpancrsa Haa noaeM K. Jyammsaius D — 910 KoHTpaBsa-
puantubii gyaxkrop u3 Vet B Vet, koropsrii Ha 06bextax pasen DV =
= Vet (V,K) ¢ obbrauoii eTpykTypoil BeKTOPHOPO MPOCTPAHCTBA, & HA
crpeke h : V' = W mmeer sux Dh : W —= V, rae (Dh)f = fh zaa
moboro auseiinoro orobpaxkenus f: W — K. ®@yukiaus

g =¢vw : Vet (V, Vet (W, K)) = Vet (W, Vet (V, K)) (1)
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Tadnuua 2.
gz, pynwmop  Conpascenmne Edunuyn Koedunuua
A:C = CxC Jleswlil: KONPOH3BEAE- BJIOMKEHHH CBEPTBIBAIDIIEE

HHe M:CxC—=C i:a—allb orofp. clle = ¢
(@, b) — allb jib—allb Tz, jr T
Ipassii: npoussenenne uar. oroGp. HPOEKIMK
nm:CxC—=cC dc:e—cXe piaxb—a
{a,b) > a x b o (T, T) graxb—b
C—=1 Jleswiit: HaMAIbLHBI s—e
00BLEKT §
Tpapnii:  TepuMubnanbs- ¢ =t
Hbifl obbekT
A:C = Jlepwiii: koypapauTens  KoyparH. Envanunas
CTPEIKL CTPEIKE
fufu)
(3.3.6) (f.q) = obvexr xo- (f.q) — (e,e)l:e—e
VPABHHTEJNS €
(3.4.7) Ipaswiit: ypasanrens d Famruamas Vpaer. cTpenka
{f.g) — oObekT ypas- CIpenxa {dod) = ([, g)
HUTESA
A C — O et Bepmnna yuus.
keajapata (7), § 3.3
Tpasriii: Bepmuna koy-
HuB. Kpajapata (8), § 3.4
A:C=CY Jlepwiit: ofbexr xonpe- Yuusepc.
Aesia KOHYC
Ilpaemiii: 00bexT peae- YHHBEPC. KUHYC

J1a

onpegensiercd A h: V. — DW no dopumyae [(ph)w]v = (hv)w npu seex
v € Viw € W, Tockonsky orobpamenne oy ww,y — TOAICCTBEHHOE,
TO KaykJoe ¢ gpiseTcsa onexnmeil. Ee MOMHO NPeBPATHTh B COMPSIKEHHE

cremaytommy obpazom. Konrpapapmanrasiii dhyakrop D nopoxkgaer jasa
pasnnanbix (KopapuanTubix!) dyukropa ¢ oaunakoroit pynkimei obnex-
TOB:

D : Vet — Vet, D :Vet = Vet

KOTOpBIe onpeaensiores (kak oberano) gns crpenox AP @ W — 1V
uh:V = W no dopmyaam

Dh°? = Dh: DW — DV:; D°®h=(Dh)°®: DV = DW.
Buekunio ¢ u3 dopmy.ist (1) renepb MOMKHO 3alHCATE KAK COOTBETCTBUE
Vet (DPW, V) = Vet (W, DV), (2)
ecrecteentoe o V' ou W. Caepoparensuo, bynktop D conpszken ciesa

K D. (ITpeayupexgenue: on He conpsxxen [ cnpasa, M. § 5.5, ynup.
2.) lyere kw : W — DDW — kanonuueckoe orodpazkeHue BO BTOPOE
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conpsikentoe npoctrpaderso. Torja egunnua conpspkennst (onoxum Vo=
= D°W B dopuyne (2)) conagaer ¢ 3THM OTODPAKEHUEM: fw =
=Kw : W = DD"W, a koeauHuia — 310 crpeiika ey DP DV =V ous
Vet"’, koropas Ha camom zee pagHa £y = (Ky)°P ¢ TeM ke K.

g'l’ﬂ'[‘ NpHMEep NoOKA3LIBAET, KAKHM Uﬁpa’.}nm CONpPAXMeHnsds MOryT 3ame-
HATL n3oMopduamer Kateropuii. JIna KOHEUHOMEPHBIX BEKTOPHBIX MPO-
crpancts D u D gpasiores wsomopdusvanu; B obieM ciydae 31o
HeBepHO, HO D ocTaercs 1MpaBbiM CONPAKEHHBIM 11 DOP.

9'1’[]’]' IpuMep HMeeT OTHOUICHHEe M K CONPSAKeHHbLIM JId IPYIHX KOH-
TpaBapHanTHBIX (MyHKTOpoB. IBa konrpasapuanTHbix pyHKTOpa S @ A —
=+ X uT:X — A conpsennt cpasa (Freyd), ecim umeercsa Guexims
A(a,Txr) = X(r,Sa), ecrecreennan o a n no . Mbl He HyzIaEMCs

B 3ITOM TepMHHE, HOLKUJ'IIJK\« S H T MOMHO 3aMCHHTL KUBdIJleIITIIhI\{H
dyuxropavu S 0 AP — X u T : X°P — A u noctpouTsh ABOACTBEHHLI
dyukrop S°P @ A — X, macke kopapumantabii. Torjaa npeabiiyiias
ecrecrpennas ouekuns npunnvaer sug X°P(S5Pa,x) = A(a,Tx) n. 1a-
KuM oBpazom, dvikrop S°P conpsixken ciepa (B namenm cMbieae) 1. 9ro
paBHOCHITBHO TOMY, uT0 T°P compamxen ciesa k S. Ho 310 He Beerma
AKBHBAJICHTHO TOMY, 4TO T H ? CONpAXKeHL Crpasa.

Tpu caeayompx naparpada MOCBANIEHbI TPEM JAPYIHM THIOAM COMps-
senubix. Jlesntii conpsaskennntii pyukropy BaoKenus (NoaHOM nojakarero-
pull) HA3bIBACTCA pedhaekmopom; APYTHE YACTHBIE BB CONPAXKEHHBIX —
ATO IKBHBAJIEHTHOCTH Ka'l'e]'DpHﬁ. I{II)K@- B VIPpamHEHHSIX TpPHBEIeHEI
el HeKOTOpbIe JTI0G0MBITHBIE TPHMEPHI CONPAXKEHHbIX (PYHKTOPOB; B psi-
ne caydaes Tpebyercs 3HaHWE COOTBETCTBYOMEH Temartnku. B pabore
(Goguen [1971]) mokazano, 9T0 U1 ABTOMATA ¢ KOHEYHBIM 9HCIOM COCTO-
sTHAT (DYHKTOP MUHUMAIIEHAST PEATH3AINAS COMPIAKeH criepa K (DyHKTOPY
nosejenne. Ipuriamaes duTaTess NOMCKATh U CBOM COOCTBEHHBIE ITIPH-
MEpHI.

YuparkHeHnd

1. IlycTs V' — BekTopHOE IpocTpancTBo Had onnem . Torma MoxHO HocTpo-
ure BHewHow anrebpy E(V7), koropas spnsercs rpajaynpoBaHHON aHTHKOM-
nmyTaTusnoit anreGpoit. [lokaxknre, wro dynkrop E conpazxen ciepa cOOTBET-
cTBYOUIEMY 3a0biBatomeMy PYHKTOPY (KOTOPBI HE ABIAETCH VHUBAIEHTHBIM ).

2. Tlokaxure, uro dyvuxrop U : A-Mod — Ab umeer He TOIBKO JI€BbLIH
conpsixennbiii A = R A, no u npassiii conpsizennsiii A — homgz (R, A).

3. Ilyers Lieg — karveropmst seex (manwix) anredp JIn L nag nomem K,
B KOTOPOI CTpeKaMn ABIaoTes Mopdusmel K-Momyiieil, coxpansionme JHeso
vmuoxenne {(a,b) — [a,b]. Iyvers dyaxrop V @ Alg,, — Liex xkammoit
accoumaTueHoi aarebpe A conocrapiaser aarebpy JIn VA na rom ke sekropiom
npocTpaHcTBe ¢ yMmHOMKeHmeMm [a,b] = ab — ba npu a,b € A. C nomompsio
reopembt [Iyankape-bBupkroda—Burra nokaxure, aro dyuxrop E, rae EL —
ofepTrRiBaoman acconnatuBHas adrebpa maia L, conpaxen ciesa k V.

4. Ilyere Rng' ofoznauaer kareropuio kosen, I, He oba3aTe/IbHO HMEIOITHX
EMHUILY 110 yMHOAKeHUIO, [ToKaxKuTe, 4I0 CraniapTHas [IPOLEILY P HPUCOeLuHe-
HuA K R eIMHAIET IOPOKIAeT JIeBEII CONPAKeHHLI 1 3a0bBaomero QyHx-
topa Rng — Rng' (3a6biBalomero Haamque € IMHIIbL).
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5. Paceniorpunm vonoma, M Kak JHCKPETHYIO KATETOpHIO, 06LeKTAMH KOTO-
poit apasiorea anementst © € M. Torga yuuoxkenne B M cranosutea 6udyHk-
ropoMm g2 M x M — M. Toxaxure, uro ecou M spisercsa rpynnoi, To ne-
PeXo K 00PATHOMY IEMEHTY ONpeJeseT NPaBbie CONPAKeHALe K GyYAKTOpam
ple, =) u p(—,y) :M — M. OBparHbiil BOIpOC: 03HAYALT JIM HATHYHE TAKHX
CONPAKCHHBIX, 9TO MOHOH/ ABIACTCA rpymoit’

6. OnuiunTe eHHMUIbI I KOSMHUILBL /L5 YHABEPCAIBHOI'O H KOYHHBEDCAIb-
HOro I(Eaﬂpa.’l'd.

7. Ilvers xareropust J apnsercsa AN3bIOHKTHBIM 00beInHeHHeM (KOmpon3se-
neauem) IS kaTeropmii J, rae nrnexc k npoGeraer HeKoTOpOEe MHOKeCTBO K.
Hubexupn konponseeienns 06oznaanm I @ Jg — J. Torma kamapiii dyukrop
F : J = C onpenensaer Gyaxtopst Fr = FI : Ji — C.

a) Joxaxwure, uro Lim F' = [], Lim Fi, ecim cymecrsyor npeiessl B npa-
BOIT TacTH.

6) IMokaxure, aro Mw0dasn Kareropusa J ABASETCS TUIBIOHKTHBIM 00he/THHe-
HHEM CBHA3HBIX Ka.'l'el‘opﬂ.l“'i (KU'J'Ophle HA3bIBAKTCH €€ CeAITHMU KOMIIOHEHTIA-
M),

B) OTCI01a BbIBEIHTE, YTO BCE NPEIe/Ibl MOZKHO HOAYYHTb U3 IIPOUSBEAeHN
¥ TIPE/IEJIOB B CBASHBIX KATCrOPHAX.

8. [lycre kareropns J cesasna, a Ac :.J — € — nocrossnasil pyakrop.

a) Jokaxure, wro Lim Ac = ¢ u Colim Ac = c.

6) Omwmmre eaummy ats npaeoro conpszxenmoro C A : C — €7,

9. (Smythe.) Ilycte dpyurTOop O : Cat — Set conmocTapaseT Kaxa0{ KaTero-
pHH C MHOZKECTBO ¢e (}6']::81{1'0]5. HUK&MI‘), HTO OH UMEET JIeBbI COHPHMGHH.IJH‘:I
D, xoropuiil conocrasager Kaxaomy MHOKecTBY X JIHCKPETHY IO KATEropui HA
X. a D B cBOW OUepeb HMEET JIeBbill COIPSKEeHHDL, KOTOPLIH COMOCTAB/IAeT
Kazk 10l KaTeropuin MHOMXKEeCTBO ee ca3HbiX kKomnonenT. [Tokaxnre rakxke, 4ro
O mMeeT MPABEIT COTIPAAREHHEIT, KOTOPBIT COMOCTABISACT KAKIOMY MHOKECTRY
_Y KaTeropri ¢ MHOKECTBOM U(?'beKTUB _Y HC (ﬂ).l.[!]‘[(:'l‘Be]{H()ﬁ CTPE.JIKUI‘:I B KaA{10M
h(]IIl-MI[[)}](E!(','l‘BE,

10. ITycre kareropus C uMeer KosIEpHbIe [apbl 1 ypasHaTemn, a pyHkrop
K : 0% - CY conocranmser kazxnoit crpenxe u3 C ee xosaepuyio napy. Iloka-
AKNUTE, ITO OH HMMeeT IPABBI COMPAKEHHBI, KOTOPBIT KA 0i mapaiieabHo
nape CTPesioK COMOCTABISET ee VDABHUTEb.

11. IIyere C' umeer koneunsie konponsseienns n a € C. Ioxaxure, uro
npoekmus @ : (e L C) — C gareropun szansaroit ((Q(a — ¢) = ¢) umeer aesbiil
conpazxennstii suaa ¢ — (a — a Il ¢).

12. Iyers X HEKOTOpoe muowecrso, KATEropHs O CTEIMeHsMI
u kocrenensmu. [Joxaxnre, uro xocremenb ¢ — X - ¢ conpsizeHa cjiesa co
CTENEHbIO ¢ ¢,

4.3. PediekTuBHbIE M0AKATErOPUN

s muorux sabbisaoimmx pyHKTOPOB u3 cnucka B § 4.2 KoeanHn-
na conpskenusn £ : FU - T4 conocrapisier KaskaoMmy obbekty a € A
crangapTHeIl snuvmopdusy e, ¢ F(Ua) — a, orobpazxarommii ¢cBoboaHbIi
obbekT na a. 1o obumit akt. Muenno, ecan npasuiil conpsaxennoiii ¢
VHHBAJICHTEH, TO KayKIad KOSTHHHIA COMPHXKEHUA £, ABIAETCA 3MHMOP-
duzmom.

Teopewmal. Hyems (F.G:m.2) : X — A — nexomopoe conpsowce-
nue. Toada: 1) dynwmop G ynusarenmen, ecan U mosvko ecau xKaxcdod
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KOMNOHEHMA £, Koedunuyn £ Aeademcs snumopdusmonm: 2) dynkmop
G NOAOH, €Al U MOALKO €CAU KAHCIAA KOMNOHEHMA £, ABAALTNCA MOHO-
Mophusmom u pacwenaiemes. Kax caedemeue, G noaon u ynusaienmen,
ECAU U NOABEO ecAl KaAHCIad KOMNOHEHNG £, ABAACTICA UFOMOPPUIMOM
FGa = a.

B JAOKASATENBCTEE HCNOTB3IVeTCH CJe1Y0Iasn

Jdemma. IMyemw f*: Ala,—) = A(b,—) — ecmecmeennoe npeobpa-
306011E, um)y'r;upmmmme cmpeawod [ : b — a wamezopun A. Toeda f*
MOHOMOPPHO, ecat u moavko ecau | anumoppua. C dpyezoti cmoponu,, f*
anumopiPro, ecan u moavko ecan [ smonomopdra w pacuienazemes (m. e.
UMEETN ACEYI0 0OPAMHYI0 CINPEAKY).

OrmveruM, 910 coorsercreue [~ > i 3T0  DHeKIm
Nat (A(a, —), A(b, —)) = A(b,a) u3 aemmt Honesp:.

Bamerum takxke, uro s moboix dyakropos S.T : C — B = Set
ectectBennoe mpeobpasoparne 7 @ § 3 T’ smuMopdhHO (COOTBETCTBEHHO,
MoHOMOpdhHO) B Kateropun BC | ecm n TOMBKO eCTi KazK1as KOMITOHEHTA
Te 2 Se = T, snmmopdua (coorsercreenno monomopdna) B kareropun B;
TO MOXKHO MOJYHHTE 13 yip. 4, § 3.4, BBIYUCINB YHUBEPCAJIBHBII KBaJApaT
NOTOYUCHHO, KAK B viop. 5, § 3.5.

Hdokazarenscrso. BEam h € Ala,c), o f*h = hf. llosromy
nepBoe YTBEP:KIeHHe KaK pa3 o3Haqaer, ITo crpenka f anuvopdna. Ecan
orobpaxkenne f* snmumopdHo, TO cymecTsyer crpenka hy : a — b, 1ia
koropoil [*hg =hof=1:0—= b, 1.e. [ umeer Jesyio obpariyio CTpeiKy.
O0paTHOe YTBEPKIEHHE OMEBHIHO.

Teneps morazxken Teopemy. IIpuvenny aemmy [Toreasr k ecrecTBeHHO-
My npeobpazsosanuio (byaknus crpenok gynkropa G, 3arem conpsike-
Hue)

Gae s 1 =N 3
Ala,c) — X(Ga,Ge) — A(FGa,c).

D10 npeobpazosanue onpejenserca (NON0KIM ¢ = a) 00pa3OM CTPEJIKK
1:a — a n 310 B TOYHOCTH — ONpejeleHne KoeauHulpl €, @ FGa —
— . HU '59_1 ABJACTCH H'.3UMU{J(.I]H'.3I\10M, NOaToMy JAaHHOe eCTecTBeHHOe
mpeofpazoBadme 3MUMOPMHO HaAM MOHOMOPGHO, ecan xaxmgoe G, . CO-
OTBETCTBEHHO HHBEKTHEHO HJH CHOPBEKTHBHO — HHAYE TOBOPHA. KOIJ1A
dyuxrop G coorpercrsento yuupasenren win nosoH. Tenepb ocraerca
NMpUMeHnTE JdeMmy. O

IMoakareropus A nasbiBaercsa pedaexmuéenoti B Kareropun B, ecin
dyukrop Baoxkenns K @ A — B umeer neswtil conpsizennntit F @ B —
— A. Dror dynrrop F MOKHO HA3BATL peaexmopom, 4 CONPAKCHHE
(F\K,0) = (Fy¢) : B — A — penauxoii (reflection) wareropun B
B ee noagareropnio A. Ilockombky dyHETOP BAOMKenna A Bceraa yHH-
BAJIEHTEH, TO KOEIMHHIIA OTPAKEHUA £ BCErJIAa SBJIACTCH AMHMOPGMHUIMOM.
MosKHO OIHCATL OTPAXKEHHE B TepMUHAX KoMrosuuud (pyuxropos K =
= KF : B - B; zgeficreurensno, nogkateropus 4 C B pedunexktusua
B B, ecom u Toabko ecnn eyineersyer pvuxrop R @ B — B co 3nauennsaMu
B A u Buekunsa MHONKeCTR

A(Rb,a) = B(b,a),
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ecrecTeerHas 1o b € B u no a € A. MomHo TakiKe onpcarh 0TpaskeHue
B TEPMHHAX YHHBEPCAJBHBIX CTPesOK: noakaTeropust A C B pednexTus-
HA, €C/IH M TOJBKO eCin JLid Kaxkiaoro b € B eyuecrsyior oobekt Rb B A
u crpensa 1, ¢ b — Rb, takue uro Kaxas crpeaxa ¢ b = a € A
umeer i g = f o s egunersentoit erpeaxku f @ BRb— a n3 A, Kak
oberano, Torna R okasesaercsa dyvaknueil obwexTor dhyakropa B — B
(co 3nauenuavu B A).

Ecnu nomas nogkareropua A C B peduiexrusna g B, To 1o reopeme
1 ke apiii obbekt a € A usomopden FKa, u noromy Ra = a npu Beex a.

JpoiicTeerno, nonkateropus A C B xopegaexmusna 8 B, ecnn dyHK-
Top paokenna A — B nmeer npapsiii conpszxennniit. (Ipeaynpesxkienne:
s kaure (Mitchell [1965]) tepmunbr pednextupnbiii 1 kopednekrusHbiil
TNMOMEHSLIIHCh E\{[‘.C'IRMH‘)

Bor neroropsre npumepsl. [lograteropns Ab pedaexkTneHa B KaTero-
pun Grp. B camon aene, nyers G/[G,G] — daxroprpynna no komy-
raury rpynnst G. Torpa hom (G/[G,G]. A) = hom (G, A), econ rpynna A
abenesa, u npu arom Ab nonna B Grp. Teneps pacemorpum Kateropmio
BCEX METPHYECKHX MPOCTPAHCTB X, B3AB B KAYECTRE CTPEJIOK PABHOMEPHO
Henpepbigabie Gyrnknun. Tonnas (l'ill]) noakareropus nosnex (complete)
METPHYCCKHX TPOCTPaHCTB pediekTunHa; pedeKTop oTobparkaer Ka-
JKJI08 METPHYeCKOe MPOCTPAHCTERO B ero nononaenwe. [lamee, paccmor-
PHM KATEIOPHI) BCEX BIIOJIHE DErYJISPHBIX XayCaopdOBbIX POCTPAHCTE
(ctpenkn — Bee Henpepoishbie hyHknun). Torpa (nomHas) nojkaTeropns
BCOX KOMIAKTHBIX XaycaopdoBpx npoctpancts pediiektupaa; pediekTop
oTobparkaer Kazia0e BIOIHE PeryaspHOe IMPOCTPAHCTBO B €r0 KOMOAKTH-
duraumio Croyna—Yexa !

B rareropun Ab xopeduiektnBna nosHas nojkareropus scex abese-
BbIX IPYIIL KPyUeHus (B IPYIIIE KPYUEHHd BCE IEMEHTL MMEIOT KOHEe'-
HBII TOPAIOK); KopeduekTop orobpazkaer Kazayio abenesy rpymmy A
B nojarpyniny T'A, cocTogiyio i3 Beex ee IeMeHTOB KOHEYHOTO 0P 1K,

Yoparknenust

1. Tlokaskure, uro rabauiny asoitfcrsenabix yrsepagienntt (§ 2.1) moxno
HPOJIOIIKHTE Ciieaviona obpason:

1) Paccuorpny Gonee ouryio kateropuio K Beex yHUBEpCATBLHBIX aareGp cur-
HaTypsl Q@ (em. *Mamsues [1970], ¢. 46-47). ITonuas noakateropus P B K
HA3BIBACTCH PEAMHOIC00PA3NEeM, eC/IH BLIIOIHEHb] (JIeLYIOUHE YCIOBUSL:

1) ecom anrebpa A mexut B P w m3omopdna aaredpe B, To B € P;

2) oanovIeMeHTHas ajrebpa npuHasiexut P;

3) kateropusa P 3aMEHyTa OTHOCHTEILHO TIOTATTE0p M MPAMBIX TPOM3BEICHMIII.
MoxHo nokasartk, uro P spiasiercs peduiekTuBHOI noakarveropueii B K.

Bepuo u obparnoe: ecan nouadas peduiekrusnas nogkareropus M s K yaosie-

TBOpAET YCI0BHIO 1), TO oHa apaserca mpeavuoroobpasnem (*Mamsues [1970],

c. 292-293). — IIpum. ped. nep.
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Ymeepotdenue Jlsoticmeennoe ymeepxcderue

S, T :C — B — dyuxrops S, T:C — B — ¢dyaxrops

T nonon T nonon

7' yHHBAJIEHTEH 1" yHHBAJECHTEH

7 : 8T — ecrecreennoe npeofpazo- 7 : T % S — ectectsennoe npenbpaiosa-
BaHUE HHE

(F,GL.p) : X — A — conpsxernne (G F,p~ 1) 1 A = X — conpsxenue

7 — eaununa gua (F, G, o) n — woegunnna s (G F ¢ 1),

2. Iokaskure, 410 abeIeBLl PPYIIIL, CBOBOAHBIE OT KPYHeHUs, COCTABIAIT
NoJHY 10 pedyIeKTHBAYIO ToAKaTeropuio B Ab.

3. Hyern (F.G.g) : X — A — conpsxenne, npuiem dyusktop G oo,
a KasK/lad eaunnia 1), Monomopdima, Torga pee 1, Takske u snmMopd b

4. HGK}!}KHTE, “9TO CAeVIONHEe NoJgKaTeropHn [](’{l)jlﬁl('l"ﬁﬁﬂbl:

ﬂ) THOJTHAS [I()}J.K?I.']'Hl‘[]l}liﬂ BCEX YACTHYHBIX ||01]}]r'1|}(0]:! B Kﬂ'l‘{‘?l'ﬂ[]l-{}’l PI'EOI'd
BCEX ]'lpt‘.}'['ﬂOIJHIIIT\'OB, rae ('TI.)L‘J'IKHL'(H ABITANTCA BCE MOHOTOHHBLIC (.i)}"]‘"{[].“l’!.

6) nonnas noakareropus To-npocrpancrs B kKareropun Top.

5. Mlyers gano conpsskenne (F, G @) : X — A, Joxkamure, quro G yuusa-
JIBHTEH, €CIN M TOJIBKO €CIn @ nepesoant snnvopgusvbl B snuMopgusvb.

6. ITyers pano conpsokenne (F, G5, &), rae ogan w3 dynsropos F, G nonon.
Hoxkamure, wro npeobpazosanne Ge : GFG — G obparumo, npuaes ofpaTHbiM
apnaerca NG : G = GFG.

7. Ilyct, A — nonnas pedutekTueHas noakareropus B B, Jokaxure, 4o
ecom pynxrop S J — A nmeer npeaen s B, o on mmeer npeaea s A,

4.4. DKBUBAJIEHTHOCTH KaTeropuii

DyukTop S : A = C asnserca uzomopuamom KATErOpHii, €Can cy-
mecrsyer (HpoTHBONOI0KHO Hanpasiennsii) dpyuxrop T : C — A rakoii,
o ST =1:C = CulS=1:4—= A. B 3rom ciiyuae umeerca conps-
skenne (T, S;1,2) : C = A,vaen: I 5STne: TS 31— Towaecrrennnie
ecTecTBeHHbIE TTpeobpasoannsd. nave ropops, ABycTOpOHHNIIT 0OpaTHBII
T K hyHKTOPY S CONPSIZKEH K HEMY (JIeBa, — a B JIEHCTBUTENBHOCTH TAKIKe
1 CIpaBa.

MNueercs Boaee obmee (1 Bonee noneznoe) nousitue: hyuxkrop S : A —
— O aBnsercs sxsusasenmuocmuio kamezopudi (n Toraa kareropun A n C
IRBUBLAECHITIHG), €I CYINECTBYOT (NIPOTHBONOJOAKHO HANPABJEHHbII)
dbyukrop T : € — A u ecrecrpenubie uzomopduszmer ST =2 [ : C —
- CuTS =1 : 4 - A B arom cayuae T : C — A makke
ABIACTCH 3IKBUBAJICHTHOCTBIO KAaTeropuil. Bekope MBI yBHIHM, 4TO TOI/Ia
T conpszxed kK S u clesa, U cOpasa.

IMpusenenm npumep. COreaemom kareropun €' paseiBaercs jodbasn ee
rostHasT ToakaTeropus A, Takas 91o moboit 0obexT 13 C nzomopden (B C)
posHo ogHOMYy 00bekTy M3 A. Torga A u €' 9KBUBAJIEHTHBI, W BJOMKEHHE
K : A = C gsigercs 3KBHBAJCHTHOCTBbEK Kareropuii. deificTBuTennbHo,
gna kaskaoro ¢ € C o soibepem mexoropstii uszomopdusm 8, @ ¢ = Te
¢ obwexTom T n3 A. Torma eymectsyer posHo ogun criocod npesparuts T
B hyuxkrop T : C' — A, Tak 910661 HONYIUTH €CTeCTBeHHbIH H30MOphH3M
0 : 1= KT. Ilpu stom TK = I, nosromy K aelicTBUTEIBHO ABJIALTCH



4.4] IREUBLACHMHOCIIL Kame2oputl 111

skBHBaJenTHOCTLI0. Takum 0bpasoM, awbai Kamezopus IKEUBAACHITIHG
(nwbomy) ceoemy ckeaemy. Hanpmumep, CKeeToM KaTeropum BCeX KO-
HEYHBIX MHOYKECTB SBAACTCH MOTHAS MOAKATEropHs, 00bEKTHl KOTOPOil —
Bee KoHeunste opaunasist 0,1,2,...,n,... (Bazecs 0 oboznavaer nycroe
MHOJKECTBO, a Kaxjaoe n — muoxecrso {0, 1.....n—1}.)

Kareropus mazeisaerca cxeaemmoii, ecau mo0ble TBa M30MOP(hOHBIX
00'bEKTA COBIAMAIOT, T. €. KOIJA KATEropus siBJIsercs CBOUM CKEIeTOM.,

Conpascenue-sxeuearenmuocmy (adjoint equivalence) mexay xare-
ropUaMH aro conpskenne (T,S;7,2) : C' — A, B koropom eaununa
I ST n koemquanna € @ TS = | ABIAIOTCA €CTECTBEHHBIMH H30-
mopdwavamu: [ = ST, TS =2 I. Toraa ' n e~! makke apisorcs
eCcTeCTBEHHbIMU H30oMopdu3MaMu, 1 Tpeyronbhele Toxectsa 1 - T'ny =
= 1, Se-nS = 1 moxkno zanucars B Buge Tyt - e 'T = 1, 718 x

x Se~! = 1 coorsercrBenro. Temepp 3TH TOXKAECTBA O3HAYAIOT, UTO
(S,T;e 7!y : A = C — conpsxenne, ana xkoroporo e : I TS
spasieres equannedt, a p~' 0 ST 5 T — woepununeii. Kax caegersne,

B conpszkennu-sxusanenarnocru (1, 5;—, —) dbynxrop T' : C — A co-
npaken caesa pyaxropy S 1 A = C ¢ eaunnneit 7, 1 ogpospevenno T
conpsizken crpasa S ¢ exununneit £ L.

Tenepsb Mbl TOTOBBI CHOPMYIHPOBATL OCHOBHBIE VTREPIKACHUA 06 3K-
BUBAJICHTHOCTH.

Teopewma 1. Caedyrougue ceoticmsa dynxmopa S : A — C aozuvecku
PLGHOCUATH B

1) dynxmop S A6asemMeA IK6UBAACHIHOCTIVIO KAMeE20pul;

2) S erodum 6  COCTAB  CONPANCENUA-IRGUGAAEHITIHOCTIU
(T',8;n,¢) : C — A;

3) ynxmop S noaon u ynusarenmen, npuiem xaxcdwii obsexm c € C
usomopgher Sa das mekomopozo obsexma a € A.

Hdoxkazareascrso. fdceno, uro u3 (2) sorrexaer (1). [lokaxem, uro
ni (1) caeayer (3). Jaa sroro savernm, uro nockoanky ST 2 [, To
Kaxkabii obbexT ¢ € C nmeet Buj ¢ = S(1'c¢) nas wekoroporo a = Tc €
€ A. JIns kaxnoit crpeakn [ a — o' BBHLY ecrecTBEHHOrO n3oMopduama
6 : 78 = I cymecTByeT KOMMYTATHBHBLI KBAIPAT

By
TSq——a
Tsf f

TSa' = a'.

i

[Mostomy f =0, o TSf o d,!; cienoBatensno, hyHKTOp S YHHBATEHTEH.
CuMMeTpHYHbIM 00pa3oM U3 ecTecTBeHHOro uiomopdusma ST = [ cie-
aver, uto T yuusaienrter. ITokamewm, uto S nonou. s 310ro Bozbmem
106y10 crpenky h : Sa — Sa’ u nonoxum f = 6, 0o Tho 8;!. Toraa
BBHHQHPHBG,I’,QHHEII‘;] KBaIpaT OCTAHETCA KOMMYTATHBHBIM TIOCTE 3aMEHBI
Sf na h; anauwr, TSf = Th. Hockonsky dyaxrop T yHusajgeHTen, To
Sf = h, u 310 0o3HaMaer, 4TO S MOJIOH.
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Hoxazkewm, uro u3 (3) serrekaer (2). Hyskno nocrpours st S (nesbiit)
conpsaxennsii T'. dna kaxaoro ¢ € C' Mbl MOXKeM BhIOpaTh OOBEKT ap =
=The € A 1 u30MOpHU3M 7)., 1A KOTOPBIX KOMMYTATHBHA, JHATPAMMa

Me i C =] S(Tg()
J.S‘g. g :The — a.

Sa

s kaokaoft crpenku f @ ¢ — Sa xkomnosuups f o~ umeer sua Sg
JI/Is HEKOTOPOH CTPeNIKH g, TMOCKOALKY S NOMOH; ¢ eIHHCTBEHHA, Tak
kak S yuupanenren. Muaue rosops, f = Sg o1, ans eanncreennoil
CTPENKH ¢, T. €. 1), — YHABepcanmbHaa cTpenka n3 ¢ B S. CregosarensHo,
cyuiecTsyer posio oaun crnocob npesparurs T B dyagrop T : € — A
TaK, 4robbl npeobpaszosanue 1 : I -+ ST 6bu10 ecrecrBeHHbiM, u Toraa T
CONPsERen ceBa K S, IIpHYIeM l‘I']Ol\riOI)('l)l‘l'.‘]l\'l 1] ABJASHETCH (‘r-'llriilﬂllﬂﬁ. Kak
W LI 060r0 conpaxenns, S, - fse = 1 (NOT0MKEM HA TPV IIEH
auarpavme ¢ = Sa, f = 1). Takum obpasom, crpenka Sz, = (1sq) !
obparuma. [lockoibky S HONOH M YHUBAJICHTEH, KOEAMHHIA £, TAKKE
obparumva. Caenosarensuo, (T, 5;1,) : €' — A sBasgercs conpszKeHueM-
IKBUBAJICHTHOCTBIO, W JIOKA3ATENLCTRO 3asepiieno. [

[Tprmenm B 3TOM AOKa3aTeNbCTBE, 9T0 A — moanas noakareropus B C
nS=~K:A4- C asaserca snoxkenuesm. Torna ana obbekrosa € A C C
MbI MOYKEM MOJIOXKHATL 4y = @ = K a 1 CYuTaTh ), AMHIYHOI CTPEIKOI.
Teneps Ke, = 1, noatomy £, = 1 npu Beex a. Jokazano

Mpennoxenue 2. [Tyems A — noanan nodeamezopus 6 C, u Ka-
afcduii obsexm ¢ € C usomopden (6 C') nexomopomy obsexmy us A.
Tozda sanoscenue K : A — C a64d8emesd IRGUBLAEBHMHOCTIBIO U 6T0dUM
6 cocmas conpanrcenua-sneusasenmuocmu (T, K;n,1) : C — A, 2de
rwoedunuyeri asasemes edununas empeara. Kax coedemeue, A pedner-
muena 6 xamezopuu C.

B wacTrocrn, cioga BRIIOYACTCS VIKe VIOMSHYTBIH caydail, korga A
ABAACTCA CKCJAeTOM L5 C.

OyurTop F': X — A HaspIBaeTCA CONPANCEHHOIM U 0OPATMHLM CACEE
(left-adjoint-left-inverse) nna G : A — X, ecnm umeercst conpsizeHne
(F,G;n,1) : X — A, rae koegunuueil ciayxul equHUHHa CTPeiKa. 1o
osnadaer (ynp. 4), uro G asaserca nzomopdpuzmom mexay A4 uw pe-
cdurexTuBHOll noakateropueit B X. B euryaumun w3 npegioxenus 2 Mbl
MOKa3a/11, 4To BiaoxkeHHe A — C' uMeeT conpaxKeHHblil 1 O0paTHBI cIeBa
hYHKTOPBL.

Teopembr jBoiicTBeHHOCTH B (DYHKIMOHATBHOM AHAJIH3E YACTO JIAKOT
HpHMEpPbl Kareroproil sksusajgenTocti. Hanpumep, nyers CAb — ka-
TEropus KOMIAKTHBIX TOIOJOTHUYECKHX a0e/eBbIX IPYIIL, a 0ToOpazKeHue
P conocrabnger xaxkaoii takoii rpynne G ee rpynny xapaktepos PG,
COCTOAMYIO U3 BCEX HempepsiBHEX romomopdmivos G — R/Z. Coraacno
reopeme gpoiicrsennoctu Howrpsruna, P : CAb — Ab°P apasercs sxksu-
BAJICHTHOCTBIO KaTeropuit. Anajsorndno, reopema lenbdanna—Halimapka



4.5] Conpascennvie dynwmopn, 6 caysae npednopadros 113

YTBEDHJIACT, YTO IKBHBAJIEHTHOCTHIO Kateropuii apigercs (dhyuxrop C,
CONCTABNATOMIAN KazKIOMy KOMIAKTHOMY Xaycaopdosy npoctpanceTsy X
abenesy C*-anrebpy HeNpepbIBHLIX KOMILIEKCHO3HAYHBIX (pyHKUMHE Ha X
(cm. Negrepontis [1971]).

Vopaxknenus

1. HJokamure cieiymee:

a) Jlwboie apa ckenera aannoii kareropun C' usomopdust.

6) Mycrs Ao — ckener aas A, a Cy — ckeqner gaa C. Torga A u C
IKBUBAJIEHTHDBL, eciu 1 TobKO ecin Ag u Cy usomopdb.

2. a) Jdokaxkure, 910 KOMOO3HIAA ABYX aksuBajentnocreit D — C,C' — A
SABIACTCH IKBUBANECHTHOCTHIO.

6) Chopmympyiite n JOKaKHTE COOTBETCTBY 0N (DAKT /18 CONPHAAKeHHI-
IKBUBAIEHTHOCTRI,

3. Iyers dyuxrop § @+ A — € yaupanedres, 1H0JM0H # CIOPLEKTHBEH HA
obkerTax (Kamx b obbekr ¢ € C pasen Sa s nekoroporo a € A). Jdokamure,
qTO HMeeTes conpsiKenne-akusanentaocts (1,551, 2) : € — A, rue eaununeii
CAYHKHT eAMHHYHAA cTpetka (K, Kak cieaersue, T ABIACTCH COMPAAKEHHBIM
caesa W 00paTHBIM clipasa K S).

4. llyers nan dyaxrop G : A — X. [Joxkamknre paBHOCHILHOCTD CII€/1YIOIHX
TPeX YCeIoBHIA:

a) G uMeer conpsizenubil 1 obpaTHbl ciesa PyHKTOD:

6) (G MMEET JTCERRIHT COMPSKCIILIT, OO, YHHBAICHTEH H BIANMAO OJTHOZHA-
ged Ha 00beKTaX;

B) umeloTes noanas peduiektusaas nogkareropus Yo B X B usomopduaum
H: AZY magwe, ato G = KH, rme K Y — X — snoxenne.

5. lyers J — ceaznaa kareropus, 4 : C = C 7 umeer renbiit CONpPHAKESHHBII
(konpeges). [okamure, 910 MOXKHO BLGPATE ACBLIN COMPIKEHHLIT TAK, YTO OH
OyvAeT 1 JIeBsiM 06paATHBIM,

4.5. Conpsxennbie (pyHKTOPbI B cjlydae Ipeaiops/iKoB

Hanoumnnm, uro npegnopsagok P — aro muokecrso P = {p,p'... .}
Ha/IeJIeHHOe PeIeKCHBHBIM H TPAH3UTHBHbIM GHHADHBLIM OTHOLUEHHEM
p < p'. Tlpeanopsaakn MOKHO paceMaTpUBaThb KAK KATCIOPHH, NPHYeM
dyukuuu, coxpansioune nopsAoK (GUHAPHOE OTHOLIEHHE), CTAHOBHATCS
dbyukropavn. Torga dynkums L : P — @, obpamaomnas nopsjiok,
cranoBurcs pyvakropom L : P — (Q°P,

Teopewmal. lyemv P,(Q — dea npednopadra,, a dynkyuu L : P —
— QPR : Q°" — P coxpansom nopadex. Tozda L waw ¢ynxmop
conpasicen caeen & R, ecaun u moavko ecau npu éeex p € P uq € Q)
GONOAHEHO CAEDYIUee:

Lp>=2qe@, ecauumoavko ecau p< Rqg e P (1)
B amom cayuae cyuwecmeyem posro 00HO CONPANCEHUE L, NPU KOMOPOM
L conpasicen cacea x R. Hpu eécex p u g éepno, winop < RLp uw LRq 2 q:

®ax caedcmeue,

Lpz LRLp > Lp, Rq< RLRq < Ry. (2)
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HJokazarennerro. Hanomuum, 4ro P MOKHO paceMarpuBaTh Kak
KATEropHio, B KOTOpOil CylecTeyer (pOBHO) oHA CcTpenka p — p' B ¢Iy-
gae p < p'. Hosromy yeiopue (1) o3nadaer, 410 HMeercs OHEKIHA
homeer (Lp,¢) = homp(p, Rg); sra Ouekuus eCTECTBEHHA, MOCKOIBKY
Kanaaoe hl)lll—Ml-li_'l)KEl:.'.'["l']l) COAePKHT HEe 60.”("‘['! OAHOrO 3JIeMeHTa. E,il}!l{}fl],a.
COTPAKEHNS COOTBETCTBYET HEPABEHCTRY p < HLp ama Bcex p, a KOeTHN-
ua — nepasencrsy LRq > q nist seex g. [pa yenosus (2) — 910 Tpeyrosn-
HBIE TOMKIECTBA, CBA3bIBaOmue eaunnuy u gkoeauuuny. Coy4aii, koraa P
H Q TACTHYTHO VIIOPA TOYCHLI (T. e. oba orHoienus S 1'-1[l"l'[1['.1-1}11\1[?'['[];1‘]1!1)[},
BBITJIS/IAT HAMOOTEE MPOCTO: MPeIblIVINAe YeI0BHS MPHHAMAKT BAA L =
= LRL w R = RLR (rpu orobpaskenns csojares K oguomy!) O

IMapa dyuxumii L n R, coXpansiommx HOpsIoK H yIOBIeTBOPSIONINX
yeaosuio (1), naspisaerca coomeememeuem aaya meskny P u Q. Tlpuse-
JeM ocHOBHOI mpuMep. Ilyers rpymma G aeifeTByer Ha MHOMKecTBe U IO
dopuyae (a,x) = a-x,rae g € G,x € U. B kauecrse P sosvuen P(U) —
MHOXKeCTBO BeexX noamuoxkects X C U, ynopsjouennoe 1o BKJIIOYCHHIO,
a B KauecTse () — MHOKECTBO Beex nojMuomkects S C G, rakke ynopsi-
Jodennoe ux no sraodenn (S < 8, ecan u ronbko econ S C S’). Ilyers
ILX={c|zreX =2>eg-x=ua}, RS={zr|c€S=>o0-z=uzx}
unade ropopst, LX — 910 noarpyrma B G, OCTABJISIONIAs HA MECTE BCE
toukn v € X, a RS — MHOXKECTBO HEMOABIKHBIX TOYEK ABTOMOPQM3MOB
u3 S. fdcero, yro LX > S B @, ec/i U TONBKO €CIM 0 + & = T NPH BCEX
o € 5 necex 2 € X, 9T0 B CBOKW OYEpeb PABHOCIILHO HEPABEHCTRY
X < RS B P. Caenosarennio, L u R cocTaBisiior napy CONPsKCHHBIX
dyuxTopoe (coorsercreue lanya). B nexoamom sapmuante (G apnserca
rpynnoii asromopdusmon noms U, kak B kiacendeckoit reopun Lanya.

Mycrs U n V. — asa muoskectsa. Torna vuoxkecrso P(U) seex noj-
MuokecTs u3 U sapiasiercs npeanopsaikoM no skiodenuio. s kascioft
dyakunn f @ U — V' ee obpasz f., onpenensemsrii yeaosuem fo(X) =
= {f(z) | * € X}, apaserca pyHKuneli Ha MHOXKECTBAX, COXpaHSIOIET
nopsanok. Takum ofpasom, nonyuaem dyuakrop fo @ P(U) —= P(V).
Ipoobpas f*(Y) = {z | fo = y ana nekoroporo y € Y} onpegensier
dyukrop P(V) — P(U), nanpasnersstii B 06paruyio cropony. llockons-
Ky uX C Y & X C f*Y, 1o dpyukrop obpa3za f, conpsixen ciesa
K dyugTopy npoobpasa f*.

H[‘.KU'J'U]J[)] € COnpAxKeHnbic (})_VI[KTOPI)I B TeOpHH 6_\_';10]}[:1){ a.m‘L!Gp TECHO
cBA3aHbI ¢ JoruvecknMu cpsa3kamMi. CHoea Oyaem paccmarpusath P(U)
KaK NpeanopdajioK 1, caeloBaTe/ibHO, KaKk KaTeropHio. KHK Mbl YiKe OTMEe-
THIH, JHarosaabibiil yukTop A 1 P(U) — P(U) x P(U) nmeer npasbiii
CONPsiZKeHHbI M, KOTOpbIA oTobpaxkaer nogmuozkecTsa X, Y B ux nepece-
serne X MY, i nepsiit conpsikennsri U, T. e. o6beamaenne (X, Y) — XU
U Y. Ecan (pukcuposano noamuoykecreo X B U, 1o nepecedenue ¢ num
cranoeures pyuxropom X N — : P(U) = P(U). Ecim X' o6o3nauaer
gononredne K X B8 U, o X NY < Z Torga n Toabko torja, Korja Yo <
< X'N Z. Ilosromy npasbiM conpsizkennbiM aas X N — apiasgeres X' U —.
Taxnm 06pazoM, NPH NOCTPOSHUH COMPSIKEHHLIX (hYHKTOPOE HCTIONB3Y I0T-
e Oyaesbt onepaudy N, U 0 ', KOTOPbIE COOTBETCTBYIOT CBA3ZKAM I, WJIH,
He.
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Teneps pacemorpum nepsyio npoekupo P : U x V' — U npounsBeenus
maoxkectB U n V. Kaxnoe nogvuoxkecteo S C U x V' onpenenser nsa
nojamuoxkectsa B U no dopmyiiam

P.S={z|3y,y €V. npuiem (z,y)€ S},

P.S={z|Vy,y€V seerna (z,y)€ S}.

Ouu nosywaores npu npuMeHenud K (T,1y) KBAHTOPA CYHIECTBOBAHHSA
dy (cymecrsyer y) u kBauropa obmuocTH Vy (ans seex y). llpu srom
P.S spnaerca obpazom muoxectsa S npu npoekumn P. Tas moboro
noamaoKeeTsa X C U cnpapeiinBbl COOTHOIICHHA

S<PX e PSLX; PPXLS&X<AS

D710 o3HAYaAeT, YTo I P*, 1. e. 1ns B3saTua npoobpasa, CynecTBYeT Kak
JeBBIl conpsAKenHbtil Py, Tak n npaestii conpazxennstii Py, B arom evmbicie
KBAHTOPBI 3 1 V MOKHO HHTEPNPETHPOBATE KAK cONPsKeHHble (DYHKTOPbI.
31ech BO3MOKHA H TeOMeTprteckass naTeprnperanus: P*X — ato un-
Jgubgap X x U C U xV ¢ ocnopanvem X C U: P, S — npoekiusa MHOXKeCTBa
S c U xV na ocunopanue U, a P.§ — Takoe nanbosibiiiee MOIMHOMECTEO
X C U, 9ro nocTpoeHHBIH HAJL HUM UHIHIAD UETHKOM coAepkuTed B S.
Takum obpazom, Ml YO IHINCE, UTO BAXKHEHAIIHE JTOMHYCCKHe CBA3KA (M,
uiau, ve, ¥y, 3y) MOXKHO HCTOJIKOBATH KAK CONPsZKeHHbIE (DYHKTOPbL. JT0
WTIOCTPUPYET HALLl JI€BH3 «COlpsKeHHble (hyHKTOPbI BE3IECY I ».

Vupaknenus

1. lyers H NPOCTPAHCTBO €O CKATAPHBLIM MPOH3BeAeHHeM (HATTPHMEeD,
l‘IiJ]IJ{)(’.p’[‘(}H(] !]p(](."l‘pi'].ll(f’l'}l{}]. ,/:LH..:J(EI'J,| NyeTh P= Q — MHOKECTBO BCEX THOAMBHO-
weers S C H, ynopajouennoe o smovennio. [TokaxnTe, WTo opToroHaiLHOe
gononnenwe K S (pasioe RS n LS) onpenender coorpereTene Lamya.

2. Pacemorpuy coorsercrsne [anya MeKay 9acTudHo VIODPSIO0YCHHLIME
wvroxkecrsamu. [Tokaknre, aro momqumowectno {p|p = RLp} coBnamaer ¢ mom-
MHozecTBOM {p|p = Rq ana wekoroporo ¢}, Halinre Guexknmo Mex/1y 3THM
MHOMKECTBOM M moimMuoxectsoM B () Buma {g|q = LRq}. Kakoem stu MHO-
JKecTBa B ciaydae rpynnst aproMopdusmos nona’? Pacnpocrpanserca ma sToT
PE3VILTAT HA HPOH3BOIBILIC COMPIKCHUAT

3. Ecm C T BATeropHd ¢ KOYVHHUBEPCAJLHBIMH KBaApaTaMi, T0 Kada1asa
crpeaxa f : a — a' onpegenser dynkrop (C | f) = f. : (C L a) = (C la'),
KOTOPBII 1epeso T Kaxiblil obbekT £ — a kareropun (C | a) B xoMnosuuuio
r — a — a'. Toxaxure, uro f. umeer npapuiii conpsskenimii £, a1a koToporo
f & = a') =y — a, rjie y — pBeplumnHa KOYHHBePCAALHOIO Kbajparta a —
—a .

4.6. /lekapTOBO 3aMKHYTbI€ KATErOpUHA
Kak mbt yeianu, 3¢ dexTHEHOCTS TEOPHH KATETOPHH B 3HAMATEILHOMN

Mepe OCHOBBIBAETCH HA NPUMEHEHUN KATEeropuil ¢ A0NOIHUTeNbHOR aiin-
TUBHOI CTPYKTYpoil. OAHHM U3 OCHOBHBIX NMPHMEPOB CIIYZKAT 3aMKHY Thble
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kareropun (em. § 7.7); ceffuac Mbl yiKe MOMKEM BBECTH HX 9ACTHBIN CIIy-
qaii — JeKAPTOBO 3aMKHYTHIE KATETOPHH.

Korja Mbl roBopHM, 410 Kareropus €' MMeeT KOHeYHbIe HPOU3BE/IeHIs
U KOIPOU3BEICHUSA, TO TO O3HAYACT, YTO BCETIA CYIIECTBYIOT KOHEYHDIE
NPOU3BELHAA 1 KONPOWIBEAEHNA, 4 TAKIKE TEPMHUHAILHBIE W HAYATLHBLIE
obbekThl. B 3tom cryuae pyaxropet C — 1u A : € = ¢ x C umelor
Jiesblit u npasbiit conpsskenanbii. B camom jgene, ux jeBbie conpsoKenHbie
COOTBETCTBYIOT HAYAJILHOMY OOBLEKTY M KOIPOM3BEICHUIO, & NPABLIC CO-
NPAKEHHBIE — TePMHUHAIBLHOMY OO0LEKTY H TPOHIBEICHUIO.

Henmone3ys JTHIL TOHSTHE COMPAYXKEHHOTO (DVHKTOPA, MBI OIPEeIeTHM
TENnephb JAeKapToBo 3aMKkHyThie Kareropnn. Kareropusa C, B KOTOPOit 0/1HO-
3HauHO ) 3a/aHbl BCe KOHEYHbIe NPOU3BEJCHNS, HA3BIBACTCA Jenapmo6o
AAMENRYNOTE, CCIN KAZKIBIH M3 CAeAYIOmuX (hyHKTOPOB:

a1, € 0xC 0=%¢
c— 0, ¢ (cc), arraxb

umeer sadaniuii [PABBLIL CONPsSIAKeHH bl ((‘.‘ 3a1aHHBLIM COMNMPAXKeHHeM ) D
CONpAMeHHBIE AMEOT C.‘:'Ie,‘n,’iOI.H,]{ﬁ BHUJIL:

t<10, ax-<d(a.b), =<ic

ITosToMy ONHO3ZHAYHO 3aJaTh NEPBBII M3 HUX — 3HAYAT OJHO3HATHO
3J1ATH 'l'f‘lJMHHHJII:']'Iblri {)6’13('![\'T B KaTeropHi C._. d OJHOZIHAYTHO 3401a7ThH
BTOpOIl o3Hadaer [if Kaxaoil napot obbektos a,b € C oaHo3HAYHO
3a/1aTh 0DLEeKT npousseaennd a X b u ero npoekuuu a 4 a x b — b, Dru
IPOEKUHH ONPeAeIAioT conpazxkenne (M 00pa3yioT ero KOeIMHHULY); Kak
yKEe OTMEYAIoch, B 3TOM ciydae X craHoputes Gudpynkropom. Tperse
HCKOMOE COTPAZKEHHE OJHO3HAYMHO ONPEAeseT 14 KazIoro (hyHKTOpa
—x b : C — C npasolii conpszKenublii, a TAKKE COOTBETCTBYIONLY IO
ONEeKIHIo
hom (a x b, ¢) 2 hom (a, ),

€CTECTBeHHYO 10 a u 1o ¢. [To Teopeme o nmapamerpax (koropas Oyier
JloKazana B caeayiomen naparpadge) orobpaxenne (b, e) — ¢ apnaerca
dyukumeil odbextos 6udyaxropa C°P x ' — (. QaHO3HAYHO 3371aTh
CONPsKeHHe JHAYUT 3a/aTh JUUIA KaxJIbIX ¢ H b CTPEeNRY

e:c? xb—e,

ECTECTBEHHYID 10 ¢ H YHHBEPCAIBHYIO Cpean cTpesiok ui — X b B ¢. Ha-
30BEM TAKYIO CTPEIKY € = €3 . omobpasicenuem oyenrku (evaluation map).
B creayommx aByx ciydasax takoe orobpaszkenne ceoanres K {f, x) — fux,
T. . 0DBLIMHOMY B3THIO 3HAYeHHA (DYHKUMH [ [IPH 3HAYCHUM apryMeHTa T.
Kareropus Set nekaproeo 3aMkuyTa, npuuem ¢’ = hom (b, c).

') A He TOBKO ¢ TOMHOCTBIO 10 H3oMOpdusMa. — [Tpum. nep.
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Kareropus Cat jsekaproso samxiyta, npuuem CP — 310 kareropus
(GHVHETOPOB.
ITpuMepom aHajlorMyHOrO ABJICHUH CAVKHT (HYHKTOP

—wg B: K-Mod — K-Mod,

KOTOpOMY  compsixken crnpasa ¢yaxrop hompg (B, —); conpske-
HUE  ONPEJCAeTcd KOeJAMHNNed, a HMeHHO OToDpazkenneM OLeHKH

homy (B, A) @ B — A.

YupaxkHeHn s

1. a) TIyers U — nponsBojibHOE MHOMKECTBO, TTOKazKHTE, UTO Npenopsiiok
P(U), cocrosmmii u3 BCex ero NOAMHOMKECTE, SBJISETCH JIeKapPTOBO 3aMKHYTOi
Kareropueit.

6) TMokaxure, wro nwbaa Gyiaesa anrebpa, paccMarpuBaeMas Kak MIpeino-
PHIIDK, JEKAPTORO 3AMKHYTA.

2. Mycre T — anemenrapuas Teoprs. PaccMoTpiM MHOMKECTBO €€ TIPeInKe-
it S = {p.q,...} KaK OPEANOPAAOK, B KOTOPOM P = § 03HAYACT «f BJICHET §»
(1. e. g cieayer w3 p ¢ yuerom akcnom teopun T'). okaxure, 4ro Kareropns S
JICKAPTOBO 3aMKHY T, MPHYIeM HTDOH3BE/ICHHeM CIYKIT KON LIOHKIN, a ¢” nmeer
BHJL «U3 P Ceyer ¢».

3. Jdokaxure, uro B oot gexaproso saMknyToli kareropun ¢ = ¢
n cbxt = ().

4. B Tpon3BOMBHOIT JEKAPTOBO 3aMKHYTON KATETOPHHA HallIATe ¢CTeCTREHHOE
npeoGpazopanne ¢ x b — ¢, B cayuae Kareropun Set CONIACOBAHHOE ¢ KOM-
nozuipedi pynknuii. Jokaxnre, 94To 0HO (KaK U KOMIOSHIINA) AcCOIHATHBHO,

5. IMoxaskuTe, 9TO M3 AEKAPTOBOIl 3AMKHYTOCTH KATETOpHH A He BHITEKALT,
aro kareropus A’ Takae gexkapTOBO 3AMKHYTA.

4.7. Ilpeobpa3oBaHMA CONPS>KEHHBIX (DYHKTOPOB

Teneps uzynm mpeobpazopanns, KOTOPBIE CBA3BIBAIOT PA3IIMTHBIC
conpsixkenus. [lyers ganbl gBa conpskenus:

(F,G,o,m,e) 1 X = A, (F'.G" ¢\, ey : X' = A", (1)
Omobipancenue conpasicerud (IepBoro Bo BTopoe) — 310 napa (pyHKTopoB
K:A— A ul:X — X', 1 Kotopoit KOMMyTATHBHBI 00a KBaJjparta

Ha cleayomeil juarpamse:

AL.‘YL.‘A_

K| Ll Kl @)
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u Jnd Beex obbekToB @ € X 1 a € A KOMMyTaTHBHA JUarpaMMa

@

A(Fx,a) X(z,Ga)
Ksz-'.r,-nl iL=L:.Gm
A(KFz,Ka) X'(Lz, LGa) (3)

&

A'(F'La, Ka) ——~ X'(Lz,G'Ka)

3aece Kgy, , o3Hataer orobpaskenne f — K f, cocrosmee B MpAMeHEHNH
dbyukTopa K K Kaskaoit crpeike [ : Fr — a.

Npennoxenne 1. MMyems danwm conpascenusn (1) u dhynwmopn
K u L, daa womopwx evinoaneno (2). Tozda ycaoeue (3) daa hom-
Muaseecns axauearenmno pasencmey Ly =1'L, a maxace =' K = Ke.

ﬂ, OKaszaTelbCTBO. H_}’(_'Tl: JAuarpaMaa {3) KOMMYTATHBHA. TMono-

wuM a = Fz u gobapum x (3) exunnunyio crpeaky 1 : Fo — Fa.

TMonyaum epuanunt £, &' 1 pasencrso

(Ln:L— LGF)=nWL:L—=GF'L),
rne LGF = G'F'L s enny (2). Obparno, ecsin gano pasencrso Ly = 'L,
10 (3) BBITEKAaET W3 ONPEAE/CHHA CONPszKeHnil ¢ u ¢’ B TepMHHAX HX
eaunuil. Cayuaail koeaunn apoiicreen K aromy. [
[IyeTs Tenepb JaHbI ABA COTIPSIKEHNS
(F,G,p.n,2), (F,G ¢\ q,e: X = A (4)
MezIy OJHUMH H TeMH ke Kateropuamu, EcrecTeennbie npeobpasosaims
o F5 F', 7:G'H G
HA3BIBAIOTCS CONPANCEHHbMU (TOCPEICTBOM JAHHBIX CONPAKEHU), ecan
a1 m0boit napet obbekros r € X, @ € A KoMMyTaTHBHA JHATDAMMA
S
A(F'z,a) =X (x,G'a)
(a'x)*:-“(dm\ﬂ}l l-"(ftfa}={fa)v (5)

A(Fr,a) %‘ X (x,Ga).
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Teopewma 2. Hyemu dana napa conpasicenuti (4). Tozda ecmecmeen-
Hble NPeobpPasosanui o 1 T CONPANCEHB, ECAU UL MOALKO eCAt KOMMYIMa-
MUGHA 001G U3 CACOYIOUWUT HEMBPET JULZPAMM:

G' - G F———p'

lrrﬁ?' |G€’ F’I'I T'—:F( (6)

| p—— ral [ /R r
GFG' ——r GF'G',  FG'F'——> FGF,

1

FG' — = FG Ix ——GF

e | I e ™

FIGh ——— 14, G'F' —=GF".

Ipu smom das dannodi napwu conpancenut (4) u ecmecmeennozo npeob-
pazosanus o : F'= F' eyuweemeyem edunemeennoe mawoe 7 : G= G,
wino napa {(o,7) conpasicena. Jeoticrneenno, ecau danw (4) u T, mo
cyuecmeyem eduHCTNIBERHOE TNAKOE T, YMo Napa (T.T) CONPANCENQ.

Jdoxkazareascrso. [pexne seero, uz (5) soirekaer (6) u (7).
B camom zene, nonoxum na juarpamve (5) @ = G'a, B BepxHeMm npasom
Yoy BO3BMEM €IHHHYIHYIO CTpeaKy 1 G’l‘] - Grﬂf n npOBEJ'I,P,M ee 110
JATPAMME, UCTIOIBL3YH onpeaenende orobpaxkenuil ¢ u ' B TepMuHax
eIMHAIBI H KOEJIMHATIBI:

E’a 11 =1g,

|

E'fu O T g P G’S’“ o GO"(_'HG [s] T?G'fl = Ta.

Cnpapa M3y nomyvaem nepeoe pasenctso u3 (6). Heckonbko apyroii
0bx0j1 AaeT eaeayiomnit pesyisTaT:

1
E(l

T

£l 900G, =Eq o F'1y <4 Ta-

[Monyyaem KoMMyTaTHBHOCTE NepBoil JuarpaMmel n3 (7). Ilo asoiicreen-
HOCTH KOMMYTATHBHBI M BTOPBIE JHarPAMMbI,

IIyers tenepn dbuxcupoBano o, no ne 7. Ipumennu gemsy Mone 1ot
K npeoGpazoBanmio @ o (0,)* o @'~ (tpu cToponsr guarpamver (5)). Met
BH/MM, UTO MMEETCH eJIHHCTBEHHOE CeMeficTBO CTPeJoK 7., Jealonee
aHarpaMMy KOMMYTATHUBHOI, M 3TO CEMEHCTBO ONpPeIe/AeT eCTeCTBeHHOe
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npeotpasopanye. ITockonbKy Kaxaan crpenka £, : FGa — a yausepcaib-
Ha Cpead CTPesioK u3 F B @, TO CYIIECTBYeT M €IMHCTBEHHOE CeMeiicTBO
crpeqok 77 1 G'a — Ga, Jenawonee KOMMYTATHBHON NEPBYIO JHATPAMMY
u3 (7). Tax kak u3 (5) errexaer (7), o 7, = 7. naue rosops, ecin 7 =
= 7" genaer KOMMYTATHBHBIM IEPBLLT KBaapar u3 (7). TO 310 BepHO | s
(5). [ToaTomy 13 KOMMYTATHRHOCTH TIEPROTO KBaapata B (7) BerTekaer (5).
Ecan mano o, 1o, ouesuano, nepebiii ksagpar u3 (6) KOMMyTATHBEH POBHO
JIJ1A OJIHOTO ecTecTBeHHoro npecdbpasopanud 7 @ G' = (. Tak kak u3 (3)
cneayer (6), To 1) = 7, u noromy orobpaxkenust 7, w3z (3) onpenessior
ecTecTBeHHOE TIpeobpazosanne; npu 3ToM u3 (6) cnexyver (5).

H[_][f’l"[)i)“ll COOTBEETCTBYIOLIHE JHAI'PAMMBI M3 eCTeCTBEHHBIX III)E_‘.UGI)E[.—
30BaHUil, YnTaTeNh MOXKeT Takie ybeanmrses, yro n3 (6) sprrexaror (5)
u (7). 0

Tenepb pPacCeMOTPHM CONPAYKEHHYIO TAapy (0, T) €CTeCTBeHHBIX peol-
pazosannii Kak npeofpaiocanue (Wi MOpQHUIM) NEPBOTO CONPSKEHU BO
propoe. Beprukasibias KOMIO3UIMS ABYX TAKUX MOPhUIMOB:

(o's7")

{o.7) B ;
{F? Gf nf E) — (F!?G"J n,‘€;> — (FHEGH}?}”?EH> (8)

3aBeIOMO ABJIAeTCA (HAmpuMep, B Cmily yeiaosuda (3)) npeobpasosanuem
(a',7") o {o,7) = (o', 7 - 7') neproro conpskenns B Tperne. Taxum
obpa3oM, 1Mo JABYM JaHHBIM KareropusM X u A cTpomTcs HOBasi RaTe-
ropusi APNX — wamezopua conpasicenuti mexxay X u A. Ee o6bextavn
sBJstiores conpsizkenns (F, G, ). a crpenkavu — npeobpasosanus (co-
IpAKEHHBIe Mapbl) {0, T) ¢ onpeaeIeHHbIM Beie ymMuOxKenneM. Ipa oge-
BHJIHBIX 3a0bIBAIOIINX (DYHKTOPA CBA3BIBAIOT 3TY KATETOPHIO € 0OBIMHBIMHA
KATEropusaMH GYHKTOPOB, & NMEHHO:

AX = Alad)X [A[ad_nx]"“ — X4

F~——A<F,G, e >—>(G
o J«a,r> :
Fl<=—< F'.G' 1. >—— @G,
B cayuae kareropin Set XapakTepHBIM NPHMEPOM CIIYKUT GHEKIs
hom (S x T\, R) 2 hom (S, hom (T, R)), (9)

Kotopas obcyxaanack B § 1 Kak npuMep conpsizkenus (JUa KaiJoro
maanoro maokectea 1), [lyers ¢ 0 T — T' — dynxkmma mexay apyvs
TAKHMH MHOMKECTBAMM; TOa — X ¢ — ecTecTBeHHOE Npeobpa3oBabue
dyukropos = XT3 — xT'. EMy conpszkeHo eCTeCTBeHHOe npeobpaso-
samue hom (¢, —) : hom (7', —) < hom (T, —), nanpasaennoe B 06pATHYIO
CTOPOHY, B COOTBETCTBHH € TeM, uT0 (hyuxTop S X T koapuanten, a GyHk-
top hom (7', R) kourpasapuanren no aprymenry 7. Moxno nazsars (9)
conpsizkenuenm ¢ napamerpom I € Set. B ciyuae KOMMyTATHBHOIO KOJIbLA
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K conpsixenne Modyg (A @ B,C) = Modyg (A, Homg (B, C)) umeer
napameTrp B € Mody. B obimem cryuae cnpapemmmpa

Teopewma 3 (o conpsamennax ¢ napamerpoum). [Tyems dan Gughynrmop
F : X x P = A, npuuem dan wasicdozo ofeexma p € P dynxmop
F(—.,p) : X = A umeem npaewii conpascennunii G(p.—) : A = X ¢
CONPANCENUEM

hom (F(z.p),a) = hom (z.G(p,a)), (10)

CCImecineeisiM o T W T (1. TOZ(}G cywecneyem Edu?lﬂﬂtﬂfﬂ?luﬁ cnocob
conocmasums Kaxcdoti cmpeaxe h : p — p' us P u xascdomy obvex-
my a € A empeaxy G(h,a) @ G(p'.a) = G(p,a) uz X max, wmobmn
noaywumy Gugynrmop G : PP x A = X, daa xomopozo Guexyus u3
conpasncenus (10) ecmecmeenna no v, p u a. Imo coomeemcemeue mency
G(h,a) u {h,a) moscno maxsce onucamv kar edurcmeenmviil cnocob
npespamums G(h,—) & ecmecmeennoe nPeolpazo6eamniLe, COMPANCEHHOE
x F(—,h).

dokazareiabcrpo. Ecrecreennocts conpsxenus (10) B p € P
COOTBETCTBYET KOMMYTATHBHOCTH KBa/lpaTa

hom (F(z,p),a) = hom (z,G(p, a))

]F{.r,h:' Gih,a),

11'§

hom (F(z,p'),a) =hom (z,G(p, a)).
Ho ero KOMMYTATHBHOCTE [J1d  BCEX d O03HAY4eT, YTO B KAYecTsBe
G(h,—) : G(p', =) 5G(p, —) MOKHO B3sTE NPEOGPA3OBAHNE, CONPAIKEHHOE
x F(—.h) : F(—,p)= F(—,p'). Benay npeasiiymeii reopemst Taxoii
BHIOOD €IMHCTBEH — U YCJIOBHE CONPSAKEHHOCTH MOYKHO BBIPA3UTH J106biM
U3 NAMAL YRadanuus maam enocobos. Jns noboit apyroii crpenkn i’ @ p' —
— p" 9ra equncrsennocrs osuavaer, wro G(h'h,—) = G(h,—) o G(h',—).
Cnenoparensno, G(—, a) asnsercs dpyuxropom, a G — 6udyarropom. [
Jpoitcreerno, ecoin gan 6ndyakrop G @ PP x A — X, npryem
Kazkapii hyakrop G(p, —) umeer npasbiit conpsizkennsit F(—, p). To cy-
HIECTBYET eIMHCTBeHHDBIH cniocod npespatuts F' B dudyukrop X x P — A.

Yuoparknenns

1. Mokazkure, uro Kocrenenn X -a B kareropun ', ONpe/e/ieHHbIe YCI0BHEM
C(X - a,e) =2 Set(X,C(c,a)), MOKHO HHTEPHPETHPOBATL KiK CONPSKEHHe
¢ TIAPAMETPOM 1.

2. llyern g = & — Gp, F(z,p)) — eqununa conpamenns ¢ napaMmeTpom.
(J"U CCTeCTBEHHO 10 Ty KidKOe CBOHCTBRO ]TI)f.“Uﬁpi:l."l()RﬂHHﬁ Ui (f[)flT’B(’.Tf‘TB}'—ET ecTe-
creeHHOCTH conpsykenna (10) mo p?

3. Myers AN — xareropus dynkropos, § — nosmast nogxaTeropus s neti,
cocToamang 3 Tex pyagTopos F @ X — A4 xoTopHe BMeoT Ipassii COTTpAmKen-
meiit RF : A = X. Ilpespatare R B dynxrop S°° — X9, pubpar no ommomy
RE pns kamaoro I, npuyem Ro n0maHO 6bITH CONPAMKEHO € 0.
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4. (Kelly.) Keadpam conpascenuti (adjoint square) — 9T0 COBOKYIHOCTH
KaTeropuil, (bYyHKTOPOB, CONPAKCHUI U eCTECTBEHHBIX MPeodPa3oBaAHIil

g B o:F'H= KF,
X’ _ S A, 7 HG = G'K,

AL K(l'l'O])ﬂﬁ BCET/Ia KOMMYTATHEHS Ce/ 1Y IONaA JuarpaMmsa hom-MuoKecTB:

{oz)*
A(Fz,0) —— A'(KFz, Ka) 2, A(F'Hz,Ka)

Jw ¢J

X(z,Ga) —— X'(Hz, HGa) —— X'(Hz,G Ka).

BripasuTe mocrespee yoIoBHe PasiHTHBIMA CHOCODAMA B TEPMHUHAX eITHHLL
M KOBMHHLL CONPHAZKEHHNIT; NOKAKMTE, IT0 Kaz 10e 13 1peolpa3oBanuil ¢, T onpe-
Aenser apyroe. (Bouue s Tekcre pacemorpen ciayuait H = K = romiaecrsennnii
dynxTop.)

5. (Palmquist.) Ilyvers manw H, K u apa conpsaskenust w3 yup. 4. Haii-
auTe DHEKIMIO Mesay ecrectseHHbiMu npeobpasosanuavu o : F'HG = K

uf3:HSGKE.
4.8. KoMmrosnuusi conpsi>keHHbix (pyHKTOPOB

HI)O[r‘If’iBO,}.’L(‘.[[H(‘ JABYX NOCASA0BATENBHLIX COMPH HOHWI SIBJACTCH COTI psH-
HeHHeM B GIeIYVIOINeM CMBICTIE:!

Teopewma l. Iycmo danw dea conpancenus:
(F,G,m,e): X — A, (F,G,7,5): A= D.
Tozda npouseedenus yuxmopoe onpedeisrom conpanceniLe

(FF,GG,GqRF -5,8-FeG) : X = D.

Hoxkazarenbctso. [Ipuvenurensio Kk hom-Muoxkeersam asa jam-
HBIC CONPSKEHUA ONPEIeIHIOT CaeayIonHil n3oMoppu3M, ecTecTBeHHbI
nmoze€Xunode D:

D(FFz,d) = A(Fz,Gd) = X (¢, GGd).

On o3nauaer, YTo npon3seaenne ¢pyHKTOpoB F'F conpskero cnesa ¢ GG
MMoaoxunv d = FFr u npuvenny 3tH aBa H30MOpGU3MaA K eIUHITTHOR
crpeake 1 : FFr — FFz. Torna eauanua npon3BeeHns CONPAKeHTH

L GiiF s
paBHa ¢ —» GFx —— GGFFz, r.e. GNF - 1}, KAk 1 yTBeDPKIaJI0Ch.
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JlpoficTBennoe paccysKAenue HOKA3hBAeT, 4To Koeunuua pasna £ - FeG.
MOXKHO HETOCPEACTBEHHO MPOBEPHTE, YTO MOCTETHIe (DOPMYITEI OTpeIe-
as0T ecrecteenubie npeobpazopanns I 3 GGFF w FFGG = I, koropwie
VJOBJIETBOPAIOT TPEVIOIbHBIM TOXK1ecTBaM. [

Henonbays takoe yMmuoxkenne, Moo obpasosats kareropuio Adj,
obbekTaMu KoTopoii ciayzxkar see (manvie) kareropun X, A, D, .. ., a crpedn-
kamn — conpszkenns (F,G 0,2} : X — A ¢ BBEIGHHBIM ¥ MHOKEHHEM;
eAMHHYHON CTPEIKONR 1A KaxK0i KaTeropun A CIyANT TOXKJICCTBEHHOE
conpszkenne A — A.

Dra kareropusa objajaer u ajgurHBHOM crpyKrypoil. Kaxoe hom-
vuoxecTro Adj (X, A) MoxHO paccMaTpUBaThL KAK KATETOPHI) — A HMEH-
no, kak Kareropuio ABNX conpsoxennii mexay X u A, onmcannyio
B npeabiyimem naparpadge. Ee o0bekThl — yKa3aHHBIE CONPAXKEHUs, & ee
CTPEIIKH — CONPAMCHOLIC Hapbl (0,T) € BCPTHKAJILHLIM YMUOKCIHEM,
BBEAeHHBIM B popymyae (7.8).

Teopewma 2. [Tycms dann dee conpasdcennnie napn

(o,7) (F,G,n,e) > (F',G' \5y/,&') : X = A,

| . =t = -

(7, 7) : (F,G,i,8) > (F ,G ,7,g"): A= D.
Tozda (2zopuaonmanvumne) npoussedenus ecmecmeenns npeobpasosanud
To U TT ONPedeartom CONPANCENHYIO NAPY ecmecmeennus npeodpaso-

N = e
eanuil o : FF= F F', 77 : G'G = GG , xomopas coomeemcmeyem
NPOUIBEIEHUAM CONPAIAUCEHUTL.

;.IO KA3ATEJILCTEO MOMHO BRIDAIHTE JHAI'DAM Moit hom-ma0KecTR

e

D(F Fla,d)= A(F'z,G d) > X (z,G'C d)

l{r_mrrl' l(w}'{ﬁf)- l{r?dj.

D(FFz,d) ~ A(Fz,Gd) ~ X(z,GGd).

'

Onepaums ropu3oHTAIBHOIO YMHOKCHHS B JACfiCTBUTE/ILHOCTH ABJIS-
erca OuyHKTOPOM

Adj (4, D) x Adj (X, 4) — Adj (X, D). (1)

D10 3uaunt, uro Adj asngerca neymepnoil kareropueii, nomobuoii Cat
(cMm. § 2.5).
Jdononaurensroe obeyxaeane oM. B . 12,

Yanpaxknenus

1. Joxaxure, 4T0 FOPU30HTAJILHOE YMHOMKEHUE apigercs OudyHKTOpOM
Brza (1) ¥ 9T0 OTCIOAA BEITEKACT 3aKOH TePEeSOBAHNA MEXKIY TOPH30HTATIBHEIM
M BEPTHKAJIbHBIM YMHOKEHHEeM CONPAAKEHHBIX Iap.
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2. IToxkaxure, uro conpsikenue 3abpipaomero ¢gpynkropa Rng — Set ¢ ero
NMPABBIM COTIPAMKCHHABIM MOKHO TOAVIATh KAK YMHOMKEHHE COMPKennil IByns
criocobamu: Rng — Ab — Set n Rng — Mon — Set.

3. Iyers R, 5, T — mexoTOpbIe KOTBIA.

a) ITycre pEs — Hexoropstii 6umoayias. Hoxkamure, uro — g F: Modyg —
— Mods nyeer npassti conpszennstii homg (E, —).

6) Ilokaxure, 4TO MOIYYeHO conpsxenue ¢ napamerpom E € R-Mod-S.

B) OH.HIJJ.HTE KOMITOZHIIUIO 3TOT0 COHPﬂ}KeHHH C dHATOIMYHBLIM CONPHMKCHHUCM

Mod.-_.- e MDdT‘

4.9. IloagMHOXKecTBa M XapakTepucTHYIecKne (hyHKIUH

XapaxkTepuncrnaeckas dbyHxunsa moamuaomecrsa S C X — 370 GyHK-
uua thg 1 X — {0, 1}‘ MPUHHAMAIONIAS 1B 3HATCHHS:

g =0 mpu ¢ € S; vsr=1lnpux e X,x ¢ 5. (1)

IIpu sTom {0} C {0,1} aBigerca npocTefmnM CayyaeM HETPHBHAIBHO-
o noJaMHOZKeCTEA. ]_.[I}DHBHUJ[IJHU[‘ MHOZKCCTBO S C 4\’ MO HO U’F{)ﬁp&—
3UTH B 3TO NOIMHOKECTBO, HCTIOML3YsA ONMpee/ieHne XapaKTepHeTHIecKofl
dyHKIN, 310 0TOOpaKEHHEe MOPOFKAAET KOYHUBEPCATIBHBIN KBaApaT

S — {U}
l @)
x —¥3.100,1)-

XapakTepHeTHUeCKHe (DYHKIHA HacTO NPUMEHAIOTCH B TCOPHH BEpOSAT-
HocTeii; B noruke Mamkectro {0, 1} cocTouT W3 3maMennii MCTHHHOCTH.
Monomopduanm (npocreiimee Broykenne noaMuoxkectsa) t: {0} — {0,1}
HABBIBACTCS Kacccuduramopom nodobaermos B KATErOPHH MHOKECTE.
OxaspiBaercs, 10100HbIE KiaccHhukaTopbl 10100LEKTOB CYIIECTBYIOT
u B Apyrux kateropuax. B obmem ciyuae wacccuguramop nodobaexmoe
B Kateropuu C' ¢ TepMHHAIBLHBIM 0DBLEKTOM 1 — 310 Takoii MOHOMOPGhH3M
t:1— €, gro Kaxaplt MoromMopdusM m u3 C e IHHCTBEHHBIM CTIOCO00M
BEJIIOYMACTCH B KOVHUBEPCAJILHBIA KBaapar mias ¢ Muaue roeops, s
KazKJI0T0 M CYIMECTBYET eINHCTEEHHBI KOYHHBePCATLHBIH KBaIpaT

S |
]r (3)
2.

Bepxmas ropH30HTAILHAA CTPENIKA 9TON0 KBAIPAT, — ¢IHHCTBEHHOE 0T00-
pakeHHe B TePMUHAJIBHBIN 00BLEKT |, HHKHAS TOPU3OHTATLHASA CTPETKA
COOTBETCTBYET XapakTepHCTHUecKoil (yHKIMKM JanHoro nogobbekra S,
a yuusepcaibublii Monomopdmusm ¢ : 1 — §) urpaer posib HCTHHBL

T

-~

U q

B
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Hanpumep. Bozsvenm B kagectrse C kareropuio dyaxumit f: X — Y.
B stom ciryuae monomopdnsm g — f — aro dhyukmma g 1 S — T mexay
noamuoxkectBamu S C X u T C Y, takas 4o g(s) = f(s) npu Beex s € S.
D10 03HAYALT, YTO KOMMYTATHBHA JHATDAMMA.

]

X—Y.

ITpu 3T0M BCE 3neMenTh MHOMKecTBA X JIeIATCA Ha TPH KIACCA: TTEeMEHThI
13 S; aseMenThl & He W3 S, HO Takue, 4To gr € T'; HAKOHel, AIeMeHThbl
He 3 S, s koroperx gr ¢ 1. [losromy MOMKHO ONpeenuTs XapakTepi-
CcTHYECKYI0 (DYHKIMIO, IPHHHMAIOILYIO TPH 3HAYEHHUS, TOJTOMKUE:

Ygr =0 upu x € S,
tbgr=1upuxr ¢S uo frel,
tgr =2, korna x ¢ T (m noromy = ¢ S).

AHAJTOMMYHO OPEJABLIYIIEMY, MOTYYaeM KOYHHBEPCAIbHBIH KBAIPAT B Ka-
Teropun (MyHKIMi:

3nece obbekTamu spasorea crpenkn X — Y n j: {0,1,2} — {0.2}, rae
dvaknua § umeer ug j0 =0, j1 =0, 72 = 2. Takum 06pa3oM, BIOKEHHE
J, MOKA3ZaHHOE CHPABa, AB/IACTCH KiIaccH(hukaTopoM no100LeKTOR B KaTe-
ropun yHKImii.

Knacendukaropnsl nogobbexkToB CYINECTBYIOT M BO MHOIHX JIPYIHX
ciayyasx. BenovunM, 410 KaTeropus-cTpenka 2 cogepKur Jipa ofhekTa
0 m 1 m eanHCTBEHHYIO HeeIMHHYHYVIO cTpenaky a : 0 — 1. Ilostomy
npon3sonbHag gymrkims f — T0 ke camoe, ato dyukTop 2 — Sets.
Crie10BaTe/IbHO, BbIIE MbI IOCTPOHIH KJIACCH(MHKATOD 1M0A00LEKTOB 114
Kareropun GbyHkTOopoB Sets’. Ecan €' — TpPOM3BOIBHAA KATETOPHA, TO
B Kareropun hyHKTOPOB Sets® cyniecTByer KiaccuhukaTop nojobbekTos
(naiianre erol).
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4.10. Kareropuu, noxoxkue Ha Sets

(DnemenTapHbiit) monec — 3TO, MO OnNpejeneHun, kareropua F co
C/IEAVIOIIMMH CBOCTBAMMN:

1) Beeraa cymecTBY T KOHETHBIE TTPEIETh;
2) uMeeTca KIaccHUKATOP TMOI00HEKTOB;
3) kareropus E 1ekaproBo 3aMKHY TA.

Hanomuna, 4To AeKaproBa 3aMKHYTOCTH O3HA4YAeT, 4To npu Beex b € E
dyukTop eymuoxkenne na by (1. . a — axh) umeeT npapbiii CONpPsZKeHH LI

C— Cb, AUTH KOTOPOro, TaKHM 061)&'30“. BBRIMNOHCHO YCJIOBHE
hom (a x b,¢) = hom (a, c*).

Wnase rosops, 8 E cymecrsyor skenonenTo.
Kareropus Sets peex (Masbix) MHOMKECTB sIBJIAETCS TOMOCOM, TAK 7Ke

Kax 1 Kareropns Sets” BCex KOHTPABAPHAHTHBIX BYHKTOPOB H3 MAJOM
kareropun C' B Sets. Takoil ¢dyukrop F' : C°P — Sets masbiBaercs
TAKIKE NPEIIYIKOM. FT0 HA3BAHME BO3HUKJIO B Tonojsoruu. Ilyers C -
MHOKECTBO BCEX OTKPBITHIX MHOMECTB [J B TONOQIOrHIECKOM NPOCTPAHCTBE
X. B stoMm cayuae nmpeanyuox FCOMOCTABASCT KaXKIOMY OTKPBITOMY
muozxectsy U muoxkectso FI(U) u obaagaer ceoiicreavi pyHKTOpA 110 OT-
HOMIEHHIO K HENnpepbiBHbIM oTobpazkenusivm [ — V. Hanpuwmep, B kauectse
F(U) MOXKHO B35ITh MHOKECTBO BCEX HEMPEPBLIBHBIX BEIIECTBEHHOIHATHBIX
dhbyukuuii va U. B arom ciyaae F' HazbiBaeTesa nyYkoMm (BCOOMHUM NYY0K
KO3hpHIneHToB B TeOpHH KOroMosaoruit!). Dta u Apyrae KaTeropun my-
KOB HI'PAIOT IEHTPaJIbHYIO POib B anrebpandeckoii reomerpun u ajarebpa-
HYECKOIT TONOIOrUK; OHATHO, YTO (JIOBO «TOMOC» MPOU3BEICHO OT (JIOBA
«Tonosoruas. OCHOBAHKE COCTONT B TOM, “TO TONOJIOIHYECKAs] CTPVKTYPA
0 CYHMIECTBY ONACBIBAETCS CBOHM TOMOCOM ITYyYKOB.

I‘l'B)"{[‘]iI{U K{-i"l'{_’.[‘U])Hr‘I NYYKOB HA TONOJOIMHYECKHX TPOCTPAHCTEAX H HX
0600menuit npusesio u K u3ydenuio tomocor (cM. Mac Lane, Moerdijk
[1992]). B wactHOCTH, MHOPHE MX JOMHUECKHE XapaKTePHCTHKH OTPaKa-
WTCd B Kiaccuguxarope nogodbekTor (1. Bo MHOrHX ¢Iyyasax TOMoCh!
NO3BOJSIOT NO-HOBOMY B3IUISIHYTh HA OCHOBAHUA MATEMATHKH; HAIIPUME],
npumenenne (GOpCHHra B JI0KA3ATENBCTBE HE3ABHCHMOCTH KOHTHHYYM-
HITOTE3LI XOPOLIO OHACBIBACTCH [NOCPeICTBOM Kl]]l(’.'{'pyl{]l;lﬂﬂ‘\‘{ B TONOCAX
(em. Mae Lane, Moerdijk [1992]. Ch. VI). Kpome toro, cooTBeTCTBYIOMIIE
TOMOCHE MOTYT 3aMEHHTh KATErOPHI0 MHOMKECTE KaK OCHOBY MATEMaTHKM.

W3 akcnom Tonoca BeiTekaeT MHOIO nosiesusix cieacrsuil. Hanpusep,
B TOMNOCE BCEIJIA CYMIECTBYIOT BCE KOHETHLIE KOMPEJeIb.

3amMeyaHHud

MHOrO4YHC/ICHHDBIE IPUMEDD] COLPAAECHHBIX DYHKTOPOB, IIPUBEICHHbBIE 3/1€Ch
¥ B JIPYTHX HCTOYHAKAX, MOKA3BIBAIOT, YTO CONMPAMKEHHOCTE TIOCTOSHAO BCTpeYa-
ercd BO MHOruX obiactax maremaruku. Hies sTofl KHEUIM COCTOAT B TOM, 4TO
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CHCTEMATHYCCKOE NMPHMEHEHNE CONPIKEHHOCTH MOZBOIACT MPOACHUTEL MHOIHE
Bonpochl. HeemMoTps wa 370, MOHATHE MAPBI COMPSIKCHABIX (DYHKTOPOB chop-
MHPOBAIOCH O4eHb 11034H0. [To-BHAMMOMY, TEPMHH «CONPSIZKEHHBIH» BHAYAIE
(m y#e O9CHBL TABHO) NPHMEHSJICA B TCOPUH JHHCHIBIX Inddepennnanbunx
oneparopos. Okono 1930 r. 310 noHsTHe GHLIO NEpEHECEHO B TIMIBOEPTOBO
npocrpancreo H, rae nannomy snmeitnoumy npeobpasosanmio I' cOOTBETCTBYeT
conpsazeHHoe npeobpa3oBaHue, KOTOpoe ONpeesseTcs uepe3 PaBeHCTBO CKa-
JAPHBIX IIPOM3BEICHHNI:
(T"z,y) = (z,Ty)

e Beex sexrTopos @,y € H. feno, aro 31eck nmeerca GopMaibHas aHAJIOIHH
C OIPE/Ie/IEHHeM COTPAKEHHOTO (DYHKTOpPA.

Hanven Kan (Kan [1958]) neppsiv BBet M Hauaj M3Y4arTh CONPHAMKEHHBIE
¢dyukroper. Oun norpebosaancs emy HpH PacCMOTPEHMH CHMILTMIUAIBHBIX
obhekTos, u Kan BBeJ OCHOBHBIE [OHSTHH: €JIUHUIBL W KOSIMHMILBI,
Npeieibl  Kak  CONpsiKeHHbie  (QDYHKTOPBI, CONPsDKEHWs ¢ NapaMerpoM,
conpsikennpie  npeobpasopanna. O TakKe JI0KA3al  BakKHYyIo  TEOpeMmy
cymecrsoBannst  (aas  pacmmpenuss Kana — ov. i 10). Bamerww,
9TO €ro OTKPHITHE [POH30ILIO JIHIDL 9€pe3 JIeCAThH JeT [0GAe  TOTHOro
OIPE/IEJICHHS  YHUBCPCAIBHBIX  KOHCTPYKIMi.  Buauaie uien, cpsi3abibie
€ CONPAKEHHOCTBIO, PA3BHBATNCHL MeLienno, W He Oblia  scHa  CBH3bL
¢ NOHATHEM VYHHUBepcadbHOoCTH. Bakpefiinmas poiab  conpsizkenHoctH  Onuia
packpeita B 1960 B npuscronckux  resucax  @Ppeiiga  (neonybamkosan-
HBIX, HO THPOKO IHPKYANPOBABTMX), a Takwke B ero xmmre (Freyd
[1964]) n B paborax (Lawvere [1963, 1964]). 3uecs ymectHo 3aJarbes
B’UTII)G(:UI\.[: He I'lpf:.','.'[,(_"']"(.)“'l' JH U‘TKph[THE’ ene KaKuX-TO OCHOBHBIX UGITI;HX
MOHATHI,

Moo TakmxKe 3aayMaTBCH, HOMEMY BBEACHHE COIPHKEHHBIX (DYVHKTOPOB
TAaK alepRatoch. K memy Moo 6B TMPHBOCTH W3IVYCHUE THALDEDTOBLIX
NPOCTPAHCTE WM VHUBEPCATLHBIX KOHCTPYKUMi B obmell Tonmonorun, HO
ATOT0 HE TPOMIONLIO; BOIMOKHO, 3TOoMY nomemasna wpofima 1939-1945 rr
B cnenyomenm gecsrinerun, 1945-1955 rr., KaTeropud H3VHAINCH  MATD,
Teopus KaTeropuil Gblia /MINbL A3BIKOM, A OTEHIHAIBHBIX HCCIeI0BaTes el
PACXOJAKHIBANIO PACTIPOCTPAHEHHOE NPATMATHYHOE HejoBepHe K Beeobmell
abcTpakTioii Henyxe (T.e. Teopun xarteropuii). Byvpbaxm, ommako, wsGexkan
sroro (Bourbaki [1948|, Appendix III). Ero onpejenenue yuusepeannnoi
KOHCTPYKIIAW OBLTO TPOMOZJIKHM, TAK KaK HE TIPAMEHSICH KATeTOPHLII
A3bIK, HO OHO O03HA4AN0 paccumorpenune Oudyvakropa W @ X"P x 4 —
— Set u oTmicKamme yHHBepcaabHoro snementa 8 W(r,—) mas kamzaoro
2. D70, B CBOK O4Y€PE/Ib, O3HAYAET OThICKAHHE OObexkTOoB BHia Fr € A
u ecrectsennoro usomopdusma W(r,a) = A(Fr,a); cioga sxmowaemes
3a/7a4a OTBHICKaHWA Jeporo conpsizkennoro F o dyukropy G @ A —
— X: rorma Wi(x,a) = homyx (xr,Ga). Cioga BKIOYaeTcsl Tak:Ke 3aj1ada
OTBICKAHHSA TEH30PHOIO MNpoM3BejieHust JAByX Moayaeir A wu B, xorga
B xagectse W ((A, B),C) OGeperca muomecTBo Omimaeiinbrx ¢dyakmmii A x
x B — (C. Orsverusm, 4ro HpH TaKOM IOJX0Je TEH30PHOE NPOH3BEIeHHE
A @ B me ABNAeTCA NPHMEPOM JEBOT0 conpszkeHHOro ¢yHkTopa (x0T 9TO
HPHMEP VHHUBEpCAIbHBIX CTpenok). IHaue roBopsi, uiesi yHHBEPCAJLHOI
kopCTpyKImn  Obia cdopuynuposana DBypGaxm taxmm  obpazon, wT0bBI
OXBATHThL KAK MOXKHO OOiiblie — B 9acTHOCTH, YT0DBl BKJOUHTH Hien
HOoAMIMHEHOA  amrebpbl, CTObL  Bamuble i Tpaguuumii  ppaniy3sckoii
MATeMATHKH., 3aJHHM 9HCAOM 3Ta JONOMHATEIRHAR ODIIHOCTL BBINVIAINT
usnumieeii; 8 Qopuynupopke BypbGakm BbUIBMraanCh Ha IepBbll  IL1aH
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npegcTaBuMbe (BVHKTOPDBI M CTABMIACk 3ajada Halitm Fz, ans Koroporo
W(z,a) = A(Fz.a). Ilpu 370M nponajaer CAMMCTPHA, TPHCYIIAd 3alade
HOCTpOeHuA conpszxenHoro: Haittu Fr, jana koroporo X(r,Ga) =2 A(Fz,a).
B pesvapTaTe raaBHOE OTKPBITHE HE COCTOSIOCH! OHO OBIIO OPEAOCTABICHO
Doslee  MOJIOZLOMY YeNIOBeKY, ObITh MOZKET MEHee CKOBAHHOMY Tpajuuueii
nan mopoit. ITo 9TOMY NOBOAY MOXKHO CKa3aTh, HT0 Xopomas obmas
TEOPHs CTPEMUTCS He K MAaKCHMAaJIbHOI OOIIHOCTH, a K pa3yMHOI obiiHo-
cra.



I'masa 5
MPE/JIEJIBI

B sroit raase neeneayiores coiicTBa M CTPOCHHE MIPEIEIOB, & TAKIMKE
MX CBfA3b € CONPAYKeHHBIMI (hYHKTOpAMH. 3aTeM 3Ta CBSA3b HCMOIb3YeTCd
B BasKHEH X TeopeMax, 00ecIieTHBAOINX CYIIECTBOBAHNE COTPAMKEHHEIX
(hYHKTOPOB M yHHBEPCAJBHEIX 00BEKTOR B IIHPOKOM KJIACCe CHTYAIIHIL.
B zakmiodenne Mbl HOKAYKEM, KAK UCIOIb3YITCs CONPSAKEHHbe (hy HKTOPbI
B TONOJIOIHAH.

5.1. Coananue npeaesion

Kareropus C naspisacres noanoti 6 maaom (small-complete), a qame
npocto noawnoti (complete), ecrm B (' CymECTBYIOT TIPEAEIBI 178 BCEX
MAJIBIX JMATPAMM, T. €. cyliecTsyer npeiei moboro pyaxropa F @ .J —
— C u3 maqoit kareropuu .J B C. Ilokazem, yro Set, Grp, Ab n muorue
JPYIHe KATEropul ajiredp HoJiibl B MAJIOM.

Y1068 OKA3ATH, KAK CTPOATCS NMpPEJesbl B KaTteropun Set, paccmor-
pum npeaea hynkropa F': w — Set; 3uech w — auneiino ynopsigouen-
HOE MHOMKECTBO BCEX KOHEYHBIX ODJIMHAJIOB, W Mbl HHTEPNPETHPYEM €ro
Kak cBODOIHYI0 KATErOpuIo, NOPoxKIeany1o rpacom

0=1=2253—>---}

Gyukrop F : w? — Set — 3ro nepevens mMuomects F, u dhyukuumii f,,,
CM. [EPBYIO CTPOKY CJieayioleil JHarpaMmbl:

Fhe—Rg—=R<- Fy = e
//1//’\ | &
BIIOHKEH He L =1LimF
[1.1 FJ’ 421
{zo,21,...|2n € Fp} < {0, 21,...| faZny =20 € Fr}.

Ecan dpyuxrop F 3anan, To cravana mbl obpasyem nponseegenne [1; Fj;
OHO COCTOMT M3 BCEX CTPOK BHAA & = {Tg,®,Ts....}, [Ie BCErga o, €
€ F,., u cemeiicrBa npoexunit p, : II; F; — F,. Ho 3ru npoekuun He
Uﬁﬂ:‘iilTU.IbIlU IlUpU}K,EL{lEOT KOl\-II\'lyTElTHBHbIﬂ Tpe}'I'QFILHHKI‘I_. T C., BO3MOM-
HO, fuPn+1 7# Pn. lpegen nommen OBITE, BO BCAKOM CHIY1A€, BEPIIHHOI
MHOMKECTBA KOMMYTATHBHBLIX TPEYToibHUKOB (KoHyca). [loaromy Bo3bMmenm
MOJAMHOZKECTBO L, COCTOsIIEe U3 TEX CTPOK &I, KOTOPBIE COrMacoBansl ¢ f

5 C. Maraeiin
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(1. e. [, = &, UpH Beex n). 3areM onpegenum QYHKIAA [y, ¢ L — F),,
TOJIOMKUB [i, T = Tp; TAK KAK CTPOKA T corjacoBaHa ¢ f, 10 fujtn41 = lp
upn seex n. Ciegosarensto, @ L= F — 910 Konyce ¢ pepuinnoii L € Set
n ocnopanuem F. [lycrs 7: M =3 F — apyroit Konyc, BepIInHOil KOTOPOro
apasgercss MHoxecrso M. Torpa moboil snement m € M onpejensier
cTpory {7,m}, cornacopannyw ¢ f. Tem campiv onpezemnena (byHKInsS
g: M — L, naa koropoli gm = {1,m} u noromy pg = 7. [ockonbky
Takad PYHKUNUA ¢ eJIMHCTBEHHA, TO fi ABJHACTCH YHUBEPCAILHBIM KOHYCOM
C OCHOBaAHHEM F, Te. L npenenbnoe MHozKecTno 11 F.

CTpoka r, cornacoBaHHas ¢ f, — TO JKe caMoe, 9TO KOHYC T : % — F
¢ ocuosanuem F oy pepumnoil B ognorodednom muoxectse . [loaromy
NnoCTpoeHHblit npeaes L MozKHO onucarh Kak Muozxkectso L = Cone (%, ),
COCTOAIEE U3 BCeX TAKHX KOHYCOR, Ta e KOHCTPYKIHA NTPAMEHAMA | 110-
¢y1e 3aMensl w'P Ha mobyI0 KATEropHio.

Teopewma l (monuora kareropun Set). Hyemv J — manas xamezo-
pud. Tozda wascdwi dynwwmop F 2 J — Set wmeem npedea, xomopwvim
Aeademes muoncecmeo Cone (%, F') ecexr kornycos o : % — F' ¢ ochosanuem
F u rsr:pmm-w'.'.‘i (5] (}a?ﬂ)fﬂ()“t(ﬁ“ﬁﬂ(}M JMHONCECTRGEE . Hpnc}f’_rmumﬁ KOHyC 1
COCTNOUM U3 CIMPENOK

vy : Cone (%, F') — F}, o aj, (2)

Kascdon U3 KOMopus — Mo GYHEYUL, OMODPANCHIOULGE KOHYC 0 6 JAe-
menm oj € Fj.

Ecan, wanpumep, kateropus J AHCKpeTHA, TO MHOXKECTBO J-KOHYCOB
Cone (x, F') — 910 npocro gexaproso npousseienue I1; Fj.

Hokasareascrso. [Hockonbky J Majlasg  KATeropus, To
Cone (%, F') — man0oe MHOMXKECTBO W, 3HAYHAT, OOBEKT B KaTeropum Set.
Ilyers v : j — k — nponssoabnas crpeaka ns J. Iockonbky o —

komyc, To Fyo; = op; caenosarensno, (opymyna (2) onpezneiser KOHyc
v ¢ ociopannem F. Yrobel jokazaTh ero VHHBEPCATILHOCTh, PACCMOTPHM
10601t apyroit korye 7 : X = F ¢ ocopannesM I 1 BepIIMHOI B HEKOTOPOM
muoxecrse X. Econ ¢ € X, 10 70 — konyce nay F' ¢ sepiiunoii
B OIHOTOYEMHOM MHOMecTBe. I[lodTOMY CYHIECTBYET €JIHHCTBEHHAA
dyurkmpua I 2 X — Cone(x, F'), koTopas orobpamKaeT Kax/bii 31eMenT
BTx. O

Kinouesyio posib B JIOKA3aTRILCTEE ChIrpaia (ecrecTeennasn) GueKips

Cone (X, F) = Set (X, Cone (x, F)), (3)

KOTOpadA HMeeT BHI T h. HOCKOJ'I])KUV KOHYC — HEe YT0 HHOe, KaK
ecTecTReHHOE 1|pm6pa'in'na}-me, TO nojgayvaemM colnpsazxKeHue

Nat (AX, F) = Set (X, Cone (¥, I)).
Torga B cuny onpenenernna npegena Lim F = Cone (, F).

[Tpenenst B Grp M JApyrUxX KATErOPHsIX CTPOSITCS BO MHOPOM aHA-
JIOMHYHO € [IOMOINBI0 MHOMECTBa BCexX KonycoB. Hampumep, nyerb Jas
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dyukrop F : w — Grp (em. auarpammy (1)). Torpa kaxaptii obbext
F,, sengaerca rpynmoii. MuoxkecTBo L, cocTodiee 3 BeexX KOHYCOB (Beex
CTPOK T, COIIACOBAHHBIX € [), TAKIKe ABJAAETCH CPYHONOH OTHOCHTENBHO
MOTOYEYHOr0 VMHOMeHuA ((xy), = Tpyn). U npoexuus p, : L — F,
BHIA T 3+ I, OKA3LIBACTCH I'QMU?\IU})li)HTMﬂM rpymni. (.‘-JIE!,-’LOI?!.E—'I.'I"F!JIhIiU-_.
i L=+ F — npenensuelii kouyce B kateropnn Grp.

Teneps npogeMoHcTpUpyeM 3Ty KOHCTPYKIMIO [J18 CIIy4as UENbIX p-
aauuecknx uucen Z, (rpe p — npocroe uucno). Ilyers nanm dyuxrop
F : w°® —» Rng, npuuevm F, = Z/p"Z KOJIBIO HEJbIX [0 MOLYJI0
p"a Fhp 2 Fy KAHOHHYCCKAHA IPOeKIHA Z/p'“'HZ — Z/p"Z. Torga
cymecrsyer Z, = I{.El F.Qnement A € Z), — 310 konyc naj I ¢ gepiunoii

*, Maave ropopsa, A MOXKHO NPEJICTABHTD KAK MOCIEI0BATENBHOCTD UETTBIX
ancest A = {Ao, A1, ...}, e A = A, (mod p”) npu Beex n, npudeMm A =
= A, ecan A, = Al (mod p™) npu seex n. [lpa p-agudeckux wuena A u p
MOZKHO CJHIOKHUTEL M HEPEMHOMKHTL NO'WIeHHO, 110 (hopmysiam

(A+ t)n = An + fin, (A)n = Anftn.

Torza Z, = Lim I’ npespaitaercs B KOIblUO (p-aludecKnx 4nuces), 1 oHO
HOJIHOCTBIO ONPEJAEIAeTCs TAKUM OIMcAHHeM. DT0 OIHCAHUE KOPOYe, YeM
TPAJMIMOHHOE, KOIJIA BHAYAIEC BBOJNTCA p-ajMveckas HopMma (a Tem ca-
MBIM M TONOJIOTHS ) B KOJIbLE Z, a 3aTemM p-aJiieckoe THCII0 ONpeieiaercs
hyHIAMEHTATBHOI TOCTEI0BATENBHOCTRIO B 3TOI TONOMOTHH.

C noMOIIBIO TIOHATHS TIPEJEIA MOKHO NOCTPOHTE W KOJILIO (hOPMaJib-
HBIX CTEIEeHHBIX PAIOB (yIp. 7).

Mepeiing B kareropmio Top, BozbMmem B kKavecTre 0bbekTa F), OKpyx-
HOCTh S, a B Kauwectse crpenkm f, : S' — S! — menpepsiBHOE 0TOG-
pazkeHue, n pas3 paBHOMepHO HaMalbiBaomee okpyxuocts S ua cefsi.
[Ipeaenom B eMbicie Kareropun Set 31ech CIYKUT HEKOTOPOE MHOMKECTBO
L; npeppaTim ero B TonoJorHieckoe NpocTpancTio, 00bABUE OTKPLITHLIMH
JIAIIL TAKHE ero MOJAMHOKeCTBa, YToOb Bee orobpamenus i, : L — S?
craji HenpepbiBHbiMU. Tlo/yueHHoe NTPOCTPAHCTBO SIBJIAETCHA TPEIEIOM
vae B Kateropun Top: 0HO H3BECTHO KakK p-aduseckutl coaenoud.

Onnmen 060Ly10 KOHCTPYKIMIO TPeJeTa s ¢Iyuas rpy.

Teopema?2 IHyems H : J — Grp — wuexomopwil dynxmop,
U : Grp — Set — sabviemowuti pynxmop, npuvem UH umeem 6 wamezo-
puu Set npedea L u npedeavrwndl wonye v . L= UH. Tozda eyuecmeayem
eQUHCTNBENHAA CINPYRINYPA 2DYNNDL MG MHONCecTnee L maxad, wno 6ce
cmpearu v; 2 L — UHj wonyca v cmanoesames smopussmamin 2pynm; 2ina
epynna L asasemesa npedeaom das H 6 xamezopuu Grp ¢ npedeabmbim
KONYCOM 1.

Jdokasareasncrso. Beuay teopemur 1 sosemem L = Cone (%, H);
npousseaenne aApyx kounycos o,7 € Cone (*,UH) 3azamum dhopmyioii
(o7); = 075, a obparubiit snement — dopmynoii (¢~ 1); = aj_l (31€CH
npouseeaenne u 00pATHBIN 3nemenT B3aThl B rpynne H). Dtu onpeze-
Jenust npespamainT L B rpynmy, a KakKAayilo KOMIIOHEHTY KoHyca 1 —
B Mopdusm rpynn. O6paTHO, €Cin ¥ UMEET BHIL T — Tj U [P KAZKIOM j

5%
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onpejensger Mopdu3M IPYI, TO OPOM3BEJeHHe KOHYCoB 0, T € L 10J#HO
HMETh VKA3aHHBI BUII.

Ilyers Teneps G — nponssoibhad rpynna, A : G — H — Hekoropbiit
kouyc B Kareropun Grp (cocrosmpuii u3z mopdusmos rpyma A; : G —
- Hj, j € J). Torna UX : UG UH Konyc B kareropun Set,
W TI0 YHUBEpCATbHOCTH ToayyaeM, uto (UA = (Uv)h ana ennacreenHoit
dvaknun h: UG — L. g ni00bIX JIBYX 2JIEMEHTOR ¢, g2 € G unmeeM

(h(g192)); = Ailg192) = (M\jg1)(Njg2) = (hgr)i(hg2); = ((hg1)(hg2));s

MOCKOMBKY A — MophusmM rpynim, To 310 Bepao u aid h. D1o o3paqaer,
yro L geficrsuresnbho sapiasercs npejenom B Grp. O

HI)HB(%,’E‘.][[‘IO(’. paccyaJAeHHe Ha caMoMm nene (b()[),\"IEIJIH:i}’(:"]' UGbJ‘-[I[U(.‘.
MTOKOMITOHEHTHOE OTIPe/Ie/IeHHe YMHOKEeHHS B JIEKAPTORBIX MMPOH3BEIeHIAX
I'pymni, B KOJObLIE p-aldveckKHx HCen d 1. 1. HDH ITOM Openeibl B Ki-
reropun Grp OZHO3HAYHO CTpOATCH ¢ HOMOLILIO (byuxropa U, ncxons
M3 npejaesios B kateropun Set. AnasormvHoe paccyskJeHue 1no3B0JHeT
NOCTPOHTE € NOMOIIBLIO '_iasblBaloﬂJ,HX d)y!lKTOpOB npeaeiibl JO0BIX Ma-
Jbix cemeiicrs B kareropusx Rng, Ab, R-Mod u tomy noaobubix anre-
Opauvecknx Kareropusx. Jnade ropops, 3abpiBaioiuii (pyHKTODP €O31aeT
npeaeasl B CMBICTTE CIIEAVIOIIero onpeaeaeHns;

Ounpenenenne. Dynxmop V : X — A cosdaem npedeavt das ¢yrx-
mopa F': J — A, ecau ennoanenn coedyrouue den yeaosua:

1) daa waxcdozo npedenvmnozo xowyca T : x— VE 6 wamezopuu X
cyuectneyenn E(}HHCTRG(:’HHHJ{ T (ﬂf-._ ﬂ'), COCINOANULNA 103 obmexma o S }1
u Konyca o : a—» F maxaa, wmoVa=x ulVo =r1;

2) amom wonye o a > F acasemes npedeavuns 6 samezopun A.

AHANoOrnvHO MOZKHO ONPEJAESINTL CMBICT Bhipaskenuit <17 coznaer npo-
u3BejeHuda» (cuuTas B NPEALLAYLIIEM ONpejesieHul Kateropuio J jmc-
KpeTHoit), «V co3naer KOHeUHBIe npeaenbls (cuutas J KOHeUHoi) Hin
«V" cospaer konpeaeas» (0O6paTHB cTpeskn BO Beex konycax). Ornaensno
OTMETHM, YUTO BeIpaxenue <V co3maer mpeaessls 03HAYAET Jub, 910 V
onpejesier npeiensl s pyukropor F B Tex caydasiX. KOrja nponise-
aerusa VI yxe wmewm npeensr.

B s1ux repmunax reopeMa 2 NpHIHMAET CJIe1VIOWHIT B

Teopewma 3. Jabmsmoupuil dymwmop U . Grp — Set cozdaem npe-
denwt.

YupakKHeHnst

1. Moxkaxure, uro npoekuns kareropnu sanaroit (¢ | C) — C cozzaer
TIPEIeThI.

2. Ilycre Comp Haus C Top — nonHas NOJAKATErOpHA BCEX KOMIAKT-
HeIx Xaycaopdosex npoctpancts. [loxamkmre, uro 3absearommit byEETOP
Comp Haus — Set cozuaer npejieisi. )

3. Ilyere X — npomssoapsas kateropms. [lokamkure, uro mpoexmusa X2 —
— X x X, orobpaxamomas kaxivio crpeaky f : x — y n3 X B napy {(z,y),
CO3/3€T 11PEeIeibl.,

4. HoxaxuTe, 4TO KATETOPAA BCEX MAaJIbIX KOHEYHBIX MHOMKECTB KOHEUHO
noane (T. €. B Hell BCEraa CYINECTBYIOT KOHEYHBIE IPEIebl).
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5. dokasure, uro kareropusa Cat nosna B MajoM.

6. IlokamuTe, 9TO KAKI0C P-3IHHYCCKOE HHCIO A ONPEIEAseTCs CTPOKOI
HEJIbIX YHCen a; € {0._ 1,...,p— l}, npuaeM A, = a0 +a1p+ ...+ an- |p“_1 X
x (modp"). IMokamxknre, 910 CAOKENHe W YMHOKCHHC P-aTHFCCKIX THCCT CO-
OTBETCTBYET OHEPALMAM C/IOKEHHT M YMHOMKEHUs GECKOHEUHBIX J1eCHATHYHBIX
apobeii ... ay ... ag, He OFPAHMYCHHEIX BJICBO U B3ATEIX 110 MOIYIIO p.

7. Nyere K[r] — KOABIO MHOrOYIEHOB 0T 2 ¢ KO3(gHIMEHTAMI B KOM-
vyTtatasaoM xogsiie K, a dyukrop F : w7 — Rng sagan gopmynoit F, =
= K[z]/(z"), rae npoexunu ovesnans, a (x") — rnasseii naean. Jokaxne,
gro Lim F' — 3710 Koab1o (popMaibHBIX CTENEHHbIX PAIoB 0T & ¢ Koahdunmen-
ramn u3 K.

8. HUKHH{}ITF‘, T Kan‘.l’Gp“H MHOXKECTB KOTIOJTHA.

5.2. CBa3b NpPeJeJIOB ¢ NPOU3BEIEHUIMU
¥ YPABHUTEJISIMU

ITpesen gia dbyuxkropa F :.J — Set kak cemMelicTERO BCeX KOHYCOB

Cone (%, F') C I1 Fj
J

MOMKHO HOCTPOHTH B [Ba stana. Kaxablit KOHYC ¢ — 3TO 3JIEMEHT &
npoussenenus 11; F; ¢ npoekuusaMu p;: TaKO 31€eMeHT ABIALTCH KOHYCOM
B TOM ciydae, korja (Fu)r; = xp ans kaxaoit crpenks w : x; —
= @ 13 J; 370 paBHOCHILHO TPeDoBaNNIO, YTOOL! T KA B ypaBHUTEe e
crpenok (Fu)p; u py : I1; Fy — Fy.. Chopmyanpyes 91y npoueaypy s
MPOH3BOJILHON KATENOPHIL.

Teopewma 1. Tyems 6 kamezopun C' cywecmsyion Ypaerumment 6Cet
nap MopPuamMos, a maxdice npouseedenus 6cer cemeilieme obsexmos,
undercuposurns obsermamu u cmpearamu xamezopuu J. Tozda ¢ C
cyuweemeyem npedea arbozo dynwmopa F . J — C.

Jna 1orazarensCTBA HYKHO MOITANHO TMOCTPOHTH CIEAYIONLVIO JTHA-
rpammy (1), Buecsk i obosnauvaer obbexkr, a u : j — k — crpenky
Kateropun npaexcos J. Ilo npeanonoykennio cymecTsyoT NpoH3BeaeHAs
I; F; n 11, Fi; v ux npoexkumu; BTOPOE NPONIBEACHHE B3ATO 110 BCEM
CcTpenKaM U W3 J, OpHYeM MHOXKHTETh ¢ HHAEKCOM U — 3TO 3HAYEHHE
Fy = Feodw dhynkropa F' va koobaactun crpenku uw. Ias npoussenenns
I1,, Fj cyuiecrByer euncTenias napa crpesaok f u g, Jeiaiomux KOMMY-
TATHBHBIMH TIPH BCEX 14 COOTBETCTBEHHO BePXHUIT 0 HuzKHni keaspar. Jas
STOH MAPBI MO MPEIIOI0KEHHIO CYIIECTBYCT VPABHUTEb €. Y MHOXKAH €ro
Ha MPOEKINH TIPOU3BEIEHNS p;, TOIYYaeM CTPenKH j; = pie : d — F; nas
Beex i. Ilockoneky e ypasuupaer f u g, a JBa KBajparta Ha juarpamme
KOMMYTHPYIOT, T0 Fypu; = p ana seex u @ j — k. Cnenoparensho,
i Ad—= F — xgonye najg F' ¢ Bepumnoli d. Ilyers 7 — spyroil takoii
KOHYC, HO ¢ Bepmuuoil ¢. Ero otobpazkenus T; OOHO3HAYHO OHNPEAETAIOT
orobpazenue h @ ¢ — II; Fj; 1ak Kax 7 #Bagercda Komycom, to fh =
= gh. Taxum obpasoum, h OOHOIHAMHO TPONYCKAETCA 1€PE3 €, U MOTOMY
KOHYC T OJIHO3HAYHO MPONYCKASTCS “epe3 KOHVC ji. DTO 03HAYAeT, 9710 d
¢ KouycoM g oGpasyer npezen ¢ynkropa F. Badbukcupyem pesyibrar,
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KOTOPBIHA BIM30K K ciyualo kareropun Set:

Feodu = Feodu 2
i ‘!‘
Pu i
Hujsk Fie = My Feodu T I1; F; e d (1)
Pu Pdom u

Fa
Feodu <=— Faomu

Teopema2 (cBA3L MPEAENOB € NPOM3BEICHUAMHA W YDABHHTEITSIMI,
npojaoizkenne). Hpedeaom dyrnxmopa F @ J — C asasemes ypasnuimens
E napw f.g : I; F; = I, Fepau (u € arr J, i € J), 2de pyf = peodu:
Puf = Flopaom v Hpedeavnmd xonye pr cocmouwm uz omobpascenudi p; =
= pje, j € J (oboananenua coomeememeyiom duazpamme (1)).

Dra TeopeMa NMeeT HECKOVIBKO NMOJIe3HBIX C.T}.@,Z[,CTBHfI H 4YaCTHBIX CIy-
HaeB.

Cnepncreune l. [Tyemv 6 wamezopun C cyuyecmsyiom ypaenumenis
8cexr nap cmpenox, npouzéedenua eécexr obveRMOe U MEPMUHAALHUT 065~
ewm. Tozda 6 C cywecmsyiom ece xoneunne npedeant.

3neck xoneunnili npedea oznaqaer npeaen dyukropa J — C, rae
Kareropus J KoHedHa.

Canencreue 2. ITycme 6 wamezopuu C cyuecemsyiom ypoenument
6CET NAP CMPEAOR U 6¢e Mave npouseedenus. Tozda C' noana 6 masom.

Orcro1a, B 9ACTHOCTH, BBITEKAET [IPVIOE JIOKA3ATENBCTBO IOJHOTHI
B MaJIOM JUTs Kateropun Set.

[MoraTie nomHoTHE HanbOTEe MOTE3HO B coydae OOTLIINX KATEropmii
win npeanopsaxos. B npeanopsake Ponpoussedenne o0bektos aj, j €
€ J, — 310 Taxoil 06bexT d, uro d € @; HpH BCEX j, NpUYeM H3 YCIOBUH
¢ € @j OpH BCEX j BBITEKAECT, UTO ¢ < d; HHAYE FOBOPS, NPOU3BEICHHE
COBNAACT ¢ HauboabuLeti HuNCHell 2pannio WIN NEPECeeniem MHOFKHTE-
Jefi @ (ABOICTBEHHO, KOIPOU3BEICHHE — ITO HAUMEHLULAA BEPTHAL 2PAHD
wian obsedunenue).

Mpeanoxenned (Freyd). Feau manas vamezopua C' noana 6 ma-
JHOM, IO OHO AGAAECTICH ﬂpﬁ(}”ﬂpﬂ[}NUM, TP UNEM NGJ!C.()U{:' MOAAGE MHOHCE-
CMB0 €20 INEMEHMOE UMEETN HAUBOALIIYIO HUNCHION 2PAtb.

Hokazareasctso. peanonoxum, 4ro C' ne ABIAeTCH NPEANOPHAIL-
kowm. Torma waiigyres obwertht a, b € C' co erpenkavyt f # g:a — b. Das
KayK/I0ro Majoro Muoxkecrsa J obpasyem npoussegenne I1; b, B koTopom
Bee MHOuTen b; pasubt b. JhioGaa crpenxa h : a — II; b onpegenserca
CBOUMH KOMIOHCHTAME, KaXIasd H3 KOTOPLIX MOMKCT DABHATLCS f H.I1H
g. Taxmu ofpasom, cymecreyer He menee 27 crpemox a; — II;b. Ecan
B MaJIOM MHOMkecTBe J Bosiblie 3/1eMeHToB, 4eM crpetok B kareropuu ',
TO HoJy4aeM nporusopeune. [
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YnparkHeHust

1. (Manes.) TTapaiensias napa crpenok f, g :a — b s kareropun C' umeer
obugypo aeeyo ofipamuyio cmpeasy h 2 b — a, ecoin hf =1 = hg.

a) Iycts B kareropun C' Beerja cymecTBy 0T Mabie NPOHIBeIeHAd | ypan-
HHTEIN NAPALISIBHBIX [TAp CTPENOK, IMenmux obmyo aesyio obparaywo. Jdo-
KaauTe, \1ro C' nosIHA B MAJIOM. (5’Ka3au HE! Napa/uelbHas napa U3 JOKasaTeab-
cTBa TeopeMbl 1 B IeACTBRTEILHOCTH HMeeT 0611yiIo J1eByio o6paTHyio. )

6) Tokasure, 410 B kKaTeropun Set napaniensuad napa erpenok fog: X —
— Y ummeer obuiyio npasyio obpatHyio, ecin M TONLKO ecin obpa3 coorper-
crpyiouelt dyukipn (f,g) : X = Y x Y copepxur guaronans {(y,y) |y € Y],

2. Mokaxure, aro ecmm kareropun Ch, Cy nomnnn (WM KOMOIHGL), TO 3TO
BEPHO 1 17a ux mponssenerns O x (.

3. (I{_ﬂl " ].in_1£ kax ynxropet) Hyers dynkropu F,F' ] — C umeor

upejesbuble Kouycsl pi, ' (nan konpepensubie konycst v, v'). Tloxkaxure, uyro
]
KazkJa0e ecTecTBeHnoe mpeobpaszosanne [ : F — F' oaHo3sHAaYHO onpeaenser
crpeaky lim 3 (coorsercreento lim ), jus KoTOpoit KOMMY TaTHBHA CI€LY I0IIAs
— —

auarpamua, roge A C — ¢ — rmaronansusii dyaKTOp:

AleF > F . A(LE{IF:]

A(lim 8) : 8 { Alim 8)
— =
¥ ¥
A Lim F' -pr—2 5 A(Lml F'.

TMonyunre kKaxk caegcrsue, 1o ecan O noana, To Lim (coorserersenno Lim)
— —
sisaserca Gpyuxropom C f 0.
4. (TIpeneast komnosuamii.) Iyers nana KoMuosuuus OyHKTOPOB
W /
7R sS08 ¢ 2

a TAKKe npejeibubie Kouyes v s F, v oaas HEW. Tlposepbre, 4rto

Ap(He) = Ho Ajeo W : J' — (', n noxawmure, IT0 CyWECTBYET E7IHTH-

cTBeHHAA KaHoHuueckasi crpeska £ @ H o Lim F — Lim HFW ., qas kortopoii
{_

KOMMYTAaTHBHA CUIeAYIONlas JIuarpasMma;

AJ:(HoI;iElF) W urw N A;a(LimHFVI}

AJ,ml I lAJ.m

Ay LimHFW) ' gpyy 4% Aj(HoLim F).

Asoitcreenno, nocrpoiite crpenky s : Lim HFW — H o Lim F' 8 coorsercrnim

C HPABOH YaCTblO JANATrPAaMMbL.
5. (Ilpeaen xax pyHKTOp H3 KaTErOpHM 3aIsATOl, COCTOAME W3 BCEX IHa-
rpamym Kareropun C.)
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a) Pacemorpen dyvarrop W nz ynp. 4 kaxk erpenky B kareropun (Cat | C'),
NOKayKHTe, 910 ecim Kateropms € momma, to Lim asasierca $yurTOpOoM
—

(Cat | C)°? = C.

6) Hyers (Cat-[-C') — kamezopus ceepr-zanamoll, 0GbeKTAMH KOTOPOI
apisorca Gyakropet F @ J — C, a crpeaxkamu (3, W) : F' — F — naps,
cocrosnme n3 dbyaxropa W : J — J m ecrecrsemmoro mpeobpasobariis
3: FW S F'. O6weanuus yup. 3 u 4, nokaxure, aro ecin kareropns C' mo/Ha,
1o Lim ssaserca ¢yukropom (Cat-[.C)"" — C. Chopmyaupyiite n nokaxure
apoiicTeennpiil dhakT.

5.3. Ilpemensl ¢ napamerpamu

Mycrs T : Jx P — X — nekoropbiii GudyHKTOD, NPHYIEM NPH KAz I0M
snagennn p € P napamerpa p dbyugrop T'(—,p) : J — X umeer npeaed.
Torna arn npepenst st Beex p € P onpenensiior hyHKINIO 00beKTOR
p+— Lim; T'(j, p) nekoroporo ¢gynkropa P — X.

Mer me HGyaeM 10Ka3BIBATE 3TOT (DAKT HEMOCPEJACTBEHHO, A 3aMEHHM
dbyukroper P — X obbexramu kareropuu gynxrtopos X . Torga dynx-
top T : J x P = X Gyzer 3amenen Ha conpszxennsii emy S : J = X7
3nech conpsxenne meer s Cat (J x P, X) = Cat (J, X¥). Hanominu,
4yTo Kaxiaomy obvexty p € F coorsercrsyer dyukrop £, XP o
— X, 3pauenue npu p, KOTOPLIT JAeficTBYeT Ha cTpesky (ecrecTBenHoe
npeobpaszosanue) o : H - H' uz X¥ no dopmynam

E,H=H,  Eo=0,:H,— H, (1)

Teopemal. Hyemv S : J = XF — nexomopuwii dynxmop, npuvem
das wancdozo obsexma p € P xomnosuvgun E,S -] = X usmeem npeden
L, ¢ npedeavnum xonycom 7, ¢ L, = E,S. Tozda cyuwecmeyem edun-
cmeennbiii hynwmop L : P = X ¢ dynwuuets ofsexmos p — L, maxot,
wmo omoebpasicenue p — T, onpedeascm ecmecmecnnoe npeobpasosanue
T: AL = A;J-=5 S. Hpu smom 7 aeigemes npedeavmbm KOMYCOM
¢ ocnosanuesm S : J = XF u sepuunoti L € XF.

Hdoxazarenscrso. Ilvers h : p — q — TponsBoAbHAA CTPETKA W3

P. Torna Konycel 7, W 7, AU TPOM3BONBHON cTpenkn u : J — k n3 J
HMeIOT ¢JIeayomuil Bua, rae S, obosnavaer £,S:
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TpeyrojbHUKH KOMMYTaTHBHBL, HOCKOILKY Tp W T, SBJISIOTCH KOHYCAMH,
a mapaJieNIorpaMM KOMMYTATHBEH, TaK Kak S apagerca ¢dpyakTopoM. [o-
CKOJIBKY BHYTPEHHHI KOHYC YHUBEDCAICH, TO CYLIECTBYET €IMHCTBeHHAN
crpeaxa Ly, : L, =+ L, taxas, 4ro 1,j o L, = Spj o T,j upu Beex j € J.
Cooreerersue h +— Ly onpepensier dyukrop L (v1obst jokazars 310,
HADHCYEM CHAapPYXKH emge OJHH KOH}'C) I eCTeCTBEHHOe Hpe(}ﬁp&?ﬂBaHHﬂ
7 : AL S (xonye w3 obuexta L € X' 8 dynxrop S : J - X7T).
Dror Konye — npegenbibiii. B camom geae, nyers o 0 M S — ewe oauH
konyc. Torzma cymecrsyior eaunersenbie crpeakn My, — Ly '), nockoun-
KY L sipnaerca npenejaosM; OHH OnpejedadioT ¢JHHCTBeNHOe eCcTeCTBeHHOe
npeobpaszosanne M — L. [J
P(,’.'j_v.'lb’l‘-'d"i' MOMHO 3alMcaTb B BHe

E,(Lim S) = Lim (E,S) :
) (Lim 8) = Lim (5, )

6 KAme2oput PynEmopos npedenst MONCHO GoHUCAATIL TOMOYewHo (ecin
CYNMIECTBYIOT MOTOYEIHBIE [PEIeIbI).

Cnepncreune. Feau wamezopus X noana 6 smanom,, mo 3mo Gepo
P
u dan aeboti kamezopuu dynxmopoe X .
F; . ! § ! J y KL

D101 haKT NPEBPANACTA B HACTHBIT ci1y4ail co31anma npelesios, ecin
pPaccMOTpeTh JHCKPeTHY IO KaTeropum |P|, COCTOAILLYID H3 BCEX UG’]_;{_‘.K"I'UB
H eINHATHBIX CTPEIOK KaTeropun P.

Teopema2. Iyemv X u P npouzsoavhvie Kemezopuu. Tozda

. . =3 -

dynemop eaoocenus i : |P| = P undyyupyem dynwxmop i* = X' : X' —
— XIP1 cosdamousuti npedean.

5.4. CoxpaHeHHe NMpeaesoB

Tosopsar, uro dyaxrop H : C = D coxpanaem npedeavi GhyHEKTOpA
F : J — C, ecim gaskapiii npegensusil konye v : b— F aus dhyagropa
F g gareropun C nepexoant noj aeiicreuem (pyukropa H npenenbHbIil
konye Hy : Hb—= HF B xareropun D. 310 o3naqaer, wro H ne toibko
NEepeBOANT Kazk/Iblil npeneabublii 06bektT Karteropun C B npepesbHbiii
obLeKT KaTeropuu D. non nepepojauT npejelibHbie KOHYCL B 1Ipeieib-
Hble. DYHKTOD HA3BBIBACTCS HENPEPULEHBLM, ECITH OH COXPaHseT Bee MaJible
MPEeIeIbI.

Teopemal. [Myems C —  wamezopus ¢  maavm  hom-
muoocecmeamu. Tozda wascouid hom-dpynxmop Cle,—) : € — Set
COTPARAE. 6O npet}e.au B MOACTHHOCIUY, 606 MOABLE npet}e..’l.w

Jdokazsarenserso npuseger u K Gosiee obuemy pesyibrary. Muenno,
nvers hom-muozkecTa kareropun C' IPHHAANIEKAT HEKOTOPOH KATETOPHHA
unoxcects Ens, npuuen Ens (X, Y) sBeerna cocronr us ecer dynknuii
X = Y. Toraa kaxaetii hom-dyaxrop C(¢, —) : € — Ens coxpanser Bce
npeaeibl, KOTOpsIE CYIHIeCTBYIOT B KATeropHH C.

') Kotopsie coxpamsin 6bl KOMMYTATUBHOCTh IMarpaMmbl. — IIpus. nep.
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Hoxazareabcrso. [lyers J — npoussoiasnas karveropusi, F:J —
— € — ¢yHKTOp € MpegenbHBIM KoHYCOM ¥ : Lim F' =3 F' B kateropnn C.
Mpumenns hom-gyuxrop C(c, —), noayunm gonye v. = C(e, v7), nokasam-
HBIl HA CJAEIYIONIe guarpaMme s Kareropun Set:

C(c,Lim F) L—rC’(-{,F,.), i€ J
A

ik I

Ti

X C(e, Fy).

IIyers 7 — Apyroii KOHYC ¢ TeM e OCHOBAHHEM H ¢ BEPIIMHOII B MHO-
weeree X. Kaxkiaoumy anementy & € X COOTBETCTBYET KOHYC T{E : € —
— F; B kareropun C', 0 BBUIY YHHBEPCAJIbHOCTH KOHYCA I CYLIECTBYET
ejMHeTEeHHas cTpeika h, e = Lim F rakas, uro vih, = 7z, Tonoxus
kxr = h, npn Beex &, Mbl NOCTPOHM (DYHKIMIO, & TEM CAMBIM M CTPEJIKY
k B kareropuu Ens (cMm. amarpavMuy) TAaKyio, 94TO Vyjk = T; OpH BCEX 1.
OueBujHO, YTO cTpeika k ¢ TaKuM CBOICTBOM €IMHCTBEHHA, W [OTOMY
KOHYC V, SBJSIETCS TIPEJIeTbHBIM B Kareropin Set. [

IIps MHOM M3NOMKEHHW MOYKHO ObLI0 Dbl HAYATH JOKA3ATENLCTBO €
TOro, 4ro BHIy onpeaenenus gyukropa C(e. F-=) : J — Set xonyc
At e F B gareropun C' oreeuaer xouyey A @« — C(c, F—) B xate-
ropurt Set ¢ sepmmnoii B Touke #. Ilockonsky B coorsercreun ¢ (1.3)
Cone (X, —) = Set (X, Cone (%, —)), 10

Cone (X,C(e, F—)) = Set (X, Cone (*,C(c, F—))) =

= Set (X, Cone (¢, F)) = Set (X, C'(¢, Lim F)),
riae Cone oznavaer J-konyc. Ha nociegnesm mare ucnosbsyercst onpe-
aeqenne Lim F. Ho Lim S nins kaxaoro S @ J — Set onpenensercs
conpsikenmnem Cone (X, S) = Set (X, Lim S). IToatomy u3 npeibiiynmx

}'paBHeHHﬁ ceayeT, 9TO B JaHHOM ClTy4dae Lim S (C COOTBETCTBYHOIIIHM
nmpejaeiibHbIM KOH_\,-'(‘.O‘.\-I) HMeeT BUIT

Lim C(e, F—) & C(e,Lim F). (1)

HEKO'I‘Opre ABTOPLI C NOMOIILID 3TOIO PaBeHCTBa ONpedesasAI0T IIpeie-
JibL B KATETOPHH C B TepMHHAX [MTPejaesioB B Set; HalpumMep, rll’){ilr'l'-ll-’i(-‘.,-'!.{‘.ﬂllt-‘
0bbekToB a; u3 C onpejensercs Kak

I}C(c‘,a;)EC(c,I}a;). (2)

KonrpasapuanThbiil hom-(hyHKT0op MOKHO 3anicarh Kax
C(—,e) = C(e, =) : C" = Set;

MOATOMY W3 Teopembl 1 ciaemyer, 9To 3ToT (PYHKTOD NEPeBOJHT MAJLIC
KOIpe/esibl (M X KONpeeibHbe KOHYCbl) B Kareropun C' B COOTBETCTBYIO-
1IMe [peienbl u npetesbhbie kouycol B Set. Hanpumep, u3 onpeaenenus
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MEaJIOro KOIMpOU3Be1cHHs BRITeKALT H.’]OMOpd’)HBM {ME‘?}K,)J,_Y KONpOH3Be1cHH-
eM H !TpOIlBBe,‘leHHEM):

C(laj,c) =11 C(aj,c).
j J

BootGute, konpeaea pynkropa F @ J — C MOXKHO onpegaenTs 1o hopmMyJie
C(Colim F,¢) = Lim C(F—,c). (3)

Coznanne n COXpaHEHHE TIPEIETIOB CBA3AHEI MEKAY CODOI.

Teopewma 2. Hycmv dynxmop V : X — A coadaem npedean dan
F :J — A, npuvem vomnosuuus VE 2 J = X umeem npedea. Toeda V
corpanaem npedeavt das F'.

Kaxk cnemctene, ecin V' coxpaHseT MaJble TIPeIenbl, a KaTeropusa X
MOJIHA B MAJIOM, TO 3T0 BepHO 111 A, npiudenm yHKTOp V' HEIPEpbIBEH.

HoxkazareapcrBo. [Iverb 7:a—= F no: x> VF — npejpeibHbie
kouyeol B A u B X coorsercreenno. Tockonbky V' cozmaer npenesnl, To
CYHIECTBYET eJIMHCTReHHbI Konye o b= F B A makofi, yto Ve : VLSV F
coBnamaer ¢ o : & — V' F; npu 310M KOHYC ¢ sBJAfAeTcs npenenbHbeiM, Ho
NPeAeIbl €AHHCTBEHHLL ¢ TOUHOCTBIO /10 W30MOP(MH3MA, NOITOMY Cyle-
creyer taxoit mzomopduzm f : b = a, uro 70 = p. Ciaenosarennuo,
VO :Vbhb=x=Va, upuaem V7oVl = Vo = g. llosromy Va sisasercs
npeaenoMm n V' coxpanser npeaenst. [

OG‘LEKT P ll.l_‘KUTUp'Uﬁ KATerOpHH HasplBpacTcHd npoekinueisiam, CCJan 1714
Kazkaoil crpenku suga h : p — ¢ u moboro anuMopdusva g : b — ¢
cyutecTsyer Takasd crpesnka h', wro h = gh':

P
h ’ - _-' -
.- g h
r
b—g>=&

DTO PABHOCHIIBHO CIEAVIOMEMY TPeOOBAHUIO: €ClIH ¢ — MUMOPdH3M, TO
orobpazkenue hom (p, g) : hom (p,b) — hom (p, ¢) asnserca snuvopdms-
MoM B Kateropun Set. Muave rosops, 06beKT p NPOCKTHEEH, €CTH U TOb-
Ko ecin ynkrop hom (p, —) coxpansier summopdusmbr. Jpoiicreenno,
00BEKT ¢ HA3BIBACTCA UHBEKIMUGHM, eciin hom (—,¢) nepesoauT MoHo-
MU!J(l)H'?L\"IbI B f‘)IIIll\'}UI}Ll}HTSMbl. STH MOHATHA 0{'06(‘,1-1 HO [MOJIE3HBL B COy4Yae
R-Mod u npyrux Ab-xkareropmii; B kateropnn R-Mod npoekTHBHBIMA
(]611{'_\K'THMH ABTAIOTCH TTPAMBIC ClIaracMbIe ('.Bf}r)(),r["hlx M(),'L_\_r’.?'l('?ﬁ.

YupakHeHHns

1. Tokazure, 1T0 KOMIOZUILAA HENPEPBIBHLIX (DYHKTOPOB HENPePLIBHA.

2. Ilycry kareropns C nouna, a Gyuxrop H : C — D coxpanser madible
NPON3BEICHAA U ypapHuTe M (napamteasusx map). Jokaxure, uro H nempe-
PBIBEH,
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3. [lokawmure, uro dyuxkrop F : Set — Ab, korophiil orofpaskaer kaxioe
MHOKecTBO X B MOPOKICHAYIO UM CBODOIHYVIO abe/eBy TPy, He ABIdeTes
HEIPEPbIBHBIM.

4. Iycts X' — wmamoe mmoxectno. Ilokawkwure, wTo ¢dyAKTOp (MpaMoro
vmuoxkenus Ha X ) X x — : Set — Set coxpaHsier npeensi.

5. (Coxpanenne npejenos.) yers gaum dyaxropst H: C = C' u F: .J —
— C, npuvem F' u HF nvesor npegenst. Jokazcure, aro H coxpausier npejen

dyukTopa F, ecian n TosibKo ecii Kanonndeckas crpenka HoLim F — Lim HF
- —

3 yup. 2.4 apngercs H.'.i(}MOllleBMOM, {B'I'D eCTeCTBEHHAA XapDaKTepH3alud Co-
XpaneHusd npeaeson, ecjirn B KaTeropuax Cn C, npetae/ibl 3aJ1aHbl o;mosuaqrm,)

5.5. eiicrBue conpsi>keHHbIX (DYHKTOPOB HA Ipe/ieJibl

OuHo 13 Haubosee MOMe3HBIX CBONCTE COMPAMKEHHBIX (PYHKTOPOB €O~
cTONT B caeayiomem: (hyHKTOp, CONpsizKeHHbIi CnpaBsa, COXpaHser Bee
IIPeIesIbl, CYIIECTEYIONIE B ero 0bIacTn.

Teopemal. yemo dynwmop G = A = X umeem aeewii conps-
agcermnmti, a dynxmop T : J — A umeem npedeavnuti xonye 7 1 a— T
e wamezopuu A. Toeda GT umeem npedeavnwti wonye Gr : Ga—= GT
e xamezopuu X .

Jokazareasctro. Ouesnano, aro G7 JeHCTBHTENBHO ABIAETCS
konycom Haj X ¢ pepumnuoii Ga. I[lyers dyaxrop F conpsiken ¢ G
CJIC B, HpHMU]IHB H'}(li\.l")]](bl{'iM COTPSMOCHAS K KEL}K;-'I,U}I:{ CTPEJIKE KOHYCA
o x> GT, nonyuaem crpenkn (o;)” : Fo — Ti, © € J, koropble cocras-
asiior kKouye o’ : Fo 53T e kareropun A. Ho xonye 7 : @ =T yuneepcanen
cpean Konycos u3 1 B A, 103TOMY CYIIECTBYET €IMHCTBEHHASI CTPEJIKA
h : Fr — a, nna koropoilt 7h = o, CHOBa NPHMEHHB CONPAZKCHHE,
nosiydaem equucrsennyio crpeaxy hf 1 @ — Ga co csoiicreom G - Af =
= (7h)* = (6”)* = 0. Eguncrsennocrs crpenku h¥ B TOUHOCTH O3HAvaer,
uto konye Gt : Ga-+ T ynnsepcanen. [

].-II)()HJI THCTPHPYEM JOKA3ATeNBCTRO CACAYIONHMHA JTHApaMMaMi (I Jie

11 — j — NpOM3BOJbHAS CTPEJIKA B KaTeropun .J)

6 A e X

.

Tj<——Fz, GTj

ovy

Memnee ?].'l[.‘i\‘l(.‘l{"[‘(’il.)l[hlﬁ BAPDHAHT NOKaA3ATC/ILCTEA UCIOIL3YeT TOT (b('-LK'[‘.
4yt pyaxrop Lim conpszken cnpasa aunaroHanpHOMYy hyakTopy A. B ca-
MOM fefe, nVveTh JaHO CONpPHAXKeHHe

{(F,G,n,e): X = A
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H HeKOTOpas Kareropus nujgekcos J. Pacemorpum kareropun (pyHKTOpOB
n3 J B X nB A; nonyyaem amarpamMmy

(F1.G7 n) e’y : X7 2 AT,

rae FY(S) = FS aa kaxxaoro dyukropa S : J — X, a takke /S =
=S : S GFS ur . U3 tpeyronbibiX TOXKACCTE JLUIS ] U £ BBITEKAIOT
Takme ke Tox1ecTsa aaa 0 u e, mostomy amarpamma jefiCTBHTEILHO
OTIPEJIETISIET CONPSIZKEHHe (KOPOYe TOBOPSI, COMPSTKeHHsT TePeHOCATCST B Ka-
reropuio dpyukropos). B nrore nonyyena guarpaMma ConpsizKeHHBIX map

7
S ————= 4 J
Xde—— A
’ a’ ’

A Lim A Lim

— —
- F
Ne/—Z—2H4.

a

H(‘.]'!l'}{.'])(’.,-'J.(’.TI‘B(‘i-[Ill] H3 OnpeeaeHns AHaroHalabHBIX (})}’[IKTO[)OB A BLITE-
kaer, uro £V A = AF, n1031oMy 1UATPAMMA JIEBBLIX CONPAKEHHBIX B 9TOM
KBAJIPATE KOMMYTATHBHA. Hﬂ("[{o.'lhK\f NP KOMIIO3HITHHK Cﬂ]ilJSI}K[‘]”llJ[X

hYHKTOPOB CONPSKEHHOCTh COXpaHsercs, 10 0ba ¢pyukropa LimoGY
(—.

n G o Lim conpsxenn: cnpasa gyuktopy FY o A = A o F. Ho npa-
.(_

BRI COMPAXKEHHBIT 1718 JTAHHOTO (DYHKTOPA G‘THH( TBEH ¢ TOYHOCTLIO J10
ecrectsenioro usomopdusma, n moromy Lim o GY = G o le. Taxum

(_

obpaszom, s suoboro yuxropa @ J — A ¢ upenenom a (1 lI])L,._I,(‘ JILHBIM
Koryecom 7 : a— T B kareropun A) BHOBL ToKazano, uro Ga = GLimT =
= Lim G“ (7) = Lim GT. PexkomenjyeM “MTATENO OKAZATL € MOMOIILIO
AHAJIOTTYHOTO PACCYIKIeHN, 9T0 (¢ COXpaHAeT NMpeebHbIe KOHYCHI (1Moj1-
CTABUTH B MPEIbILY LYK JIHAIPAMMY €MHUILLI H KOETHHHUIBL 1 BCIIOMHH Th,
YTO Npeaeaphblii konye 7 : a -1 _He 9TO HHOE, KaK SHA4CHUE KOEIHHHIIbE
conpskenns (A, Lim...) : A = A7 na dynxrope T).

Crone yKe MONE3HO M JIBOICTBEHHOE YTBepiKIAeHHe: e (pyHKTOp P
MMEET [PAaBbIil CONPAMKEHHBI (T. €. ABAAETCA JIEBBIM CONPAYKEHHBIM ),
TO OH JIOMZKEH COXPAHSATH KONPEAedbl (KONPOU3BEACHHH, KOVPABHUTEIH
H T 1), 910 obbacHgeT, noveMy Konpousseaenne (croboaHoe npon3se/ie-
Hie) aByx cpobOAHBIX TPYINT CHOBA SBAACTCH CBODOAHOI rpymnoi (waa
JIN3BIOHKTHBIM 00beTHHEHHEM MHOKECTE 00pa3yionmx).

Anasnornino (BBHIY MCXOAHOIO BAPHAHTA TEOPEMbl) THIUHYHbIC 3a0b1-
BAIOITHE (DYHKTOPBI B anreGpe cOXpaHAIOT IPOA3BEICHHA, AApa, YPABHH-
TEJM U IPOYre BB Npeienos. Kak npaBuio, HOCHTEIEM POU3BEICHHs
IBYX adrebpandecKnx cHcTeM (Tpynm, KOen H T. 1.) CAYXKHT JAeKAPTOBO
NPOMIBEACHNE HOCHTEIel MuOMuTeRel. ITOT 1 aApyrue nogodusie (haxrnt
HEMOCPEACTEEHHO BREITeKAIOT n3 (Herpyanoii) Teopemer 1. C ee nomonisio
MOZKHO TAKIKE JIOKA3ATh OTCYTCTBHE CONPSZKEHHBIX ¥ HEKOTOPBIX (PYHK-
TOPOB,
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Yupa>kaennst

1. Iyers X thukcnposannoe vaokectso. [loxamwure, wro gyaxrTop
X x — : Set = Set ne MokeT UMETH JA€BOTO CONpsKeHHOro, ecan X conepmur
Gos1ee O/IHOTO HTEMeHTA,

2. Tlokamxure, uro qyuakrop D @ Vet™ — Vet uz (2), § 4.2 we uveer
HPaBoro CoONpsAKennoro (M noToMy, B 9acTHOCTH, HE CONpPsKen ciaesa (pyHkTopy
D°P)y.

3. lyere € — nonnas w pedaexTnpras noakareropust B kareropuun D,
Konorroit B manon. Joxakure, aro C KOmoHA B MATOM.

4. Jloxazkure, uto kateropna Set’” #e apaserca 7ekapTOBO 3aMKHYTOI.

5.6. Teopema @peitja o conpsizkeHHOM (pyHKTOpE

Copymyanpyem Tenepb OCHOBHYIO TEOPEMY CYIIECTBOBAHUSA JIEBOIO
COTIPSIZKEHHOTO 115 gaHHoro ¢gpyvakTopa. CHavama paccMOTpHM BOTPOC
O CYIIECTBOBAHMH HATATLHOTO 00BEKTAa B JAHHON KATErOpnH, a 3aTeM
HCHONB3VEM TOT (DAKT, 4T0 KaA a8 YHUBEDCAIbHAS CTPEIKA, OHpeie/is-
emMas e;.uu-mueﬁ JeBoro CUI]]JHX{E‘.HHOI‘O, ABIAeTCH HaYa IbHbIM Dﬁ'bﬂKTOM
B TMOIXOIAMIEH KATEropun 3anaToi.

Teopema 1 (cymecrBoBanue HadaIbHOro oObexTa). Hyemov D — xa-
mezopiA, oANGRE 6 MOAOM U UMETOUL0A MO E kﬂfﬂ—.ﬂﬂﬂ.’ﬂﬂ(‘.ﬂ?ﬂﬁﬂ. 'R'Jada
cylecmeosaHue HavaavHozo obsexma & D pasHocuavho caediyroujemy
YCAOBUIO CYULLCTNBOBANUA PAIPLULAIOULERZ0 MHONCECTREW: UMECTIER MAAOC
muoscecmeo 1 u npoundencuposannoe um cemeticmeo {ki} obsexmos uz
D maxoe, wino das wancdozo d € D npu nexomopom i € I cyugecmneyem
cmpeawa k; = d 6 D.

Jdokazareascrro. CyumecrsoBanne paspemaioniero MHOKeCTBa
neobxogumo. B camom jene, nyers D owmeer navaibabii obbekT k.
ITponBieKCHPOBAR €10 OJHOIEMEHTHBIM MHOKECTBOM, MBI TTOJYTHM
Pa3peIIalonIee MIOKECTBO, MOCKOILKY u3 k& B J1000# 00bLEKT HMeeTcs
€IHHCTBEHHAsM CTPe/iKa,

O6paTHo, MyeTh paspelianiee MEoKecTBo cyviecTryer. [Tockonbky
Kateropus D noHa B MATIOM, TO /IS 3TOFO MHOMKECTBA CYHIECTBYeT 00b-
ekt npoussegenud w = I1k;. Jdns kaskaoro d € D ualigerca nexoropasi
crpeika w — d — nanpnmep, kovnosuiua w = [k; — k; — d, toe
nepBasa crpesika ITO NPOeKHHAA TTPOH3Be e . ITo NMPeJmooHeH o,
MHOZKEeCTBO 3HI0MOpdhm3mMoB D(w,w) obbexTa w Majo, a kareropus D
nona. IMo3ToMy MOMKHO HOCTPOHTH YPABHHTEIL € © U — W ITOr0 MHO-
skecTBa snIoMopdu3mos. g kaxmaoro d € D wmaiigerca xorst 61 onHa
crpenka v — d, nanpumep v — w — d. ITycrs nveeres ape Takux cTpesikma
f,g:v — d. Bo3pmem UX YpaBHHTENDb € (CM. AHATDAMMY ).

(3]
Y —=p ——————=d
A g

i 8 &

. eey s
w——w = [l k—k;.
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[To onpegenenuo OOLEKTA W HMEETCHA CTPEIKA § : W —F U, HOITOMY
KOMIIOBHIINA €€18, KaK U 1., ABagercd sHmoMopdnsmom obberTa w. Ho
€ 110 OIPEICICHHIO CIYIKHT YDABHHTENEM BCEX TAKHX 3HA0MOPGhHIMOB,
U IIOTOMY

ee1se = 1,e = el,.

[TOCKONBKY € ABJISeTCs YPABHHTEIEM, TO 3T0 MOHOMODMUIM; COKPATHE HA

HETO ClIeBa, noydaem: e1se = 1,, D70 03HAYAeT, 9TO YPABHUTEb €1 CTPe-

noK f u g umeer npasyio obparayio crpeaky. Kak u mo6oli ypasnuresn, e;

apisercs MoHoMopdu3zMom — a 3uaunt u usomopduizvom. Hostomy f =

= g3 9T0 IHAYMT, YTO ¥ ABITALTCS HAYATBHBIM 00BeRTOM B Kateropuu D. [
Huyio dopmyinpoBKy 31010 J0KazaresbeTea cM. B § 10,2,

Teopema2 (Teopema Dpefima o conmpszkeHroM (yHKTOpPE). [lycmu
dana wamezopus A ¢ maavmu hom-Mmuoscecmeam, noAHAA 6 MAAOM.
Tozda ynxmop G : A — X umeem aeenii conpastcennnidi, ecan u mMoavko
ECAal OH COEPIHACIIT 60 MOAbe TLPE()&JL'M W GHI0ANEHO L‘Jﬁﬁd’g!ﬂﬂ{ffe yeao-
6UE CYUWECTNBOEAHUA PAPEUAIUL20 MHONCECTNEA: dAa Kadcdozo oboexma
r € X cyweemsyem monoe smmodeceemeo I u npoundexcuposanmoe um
cemeticmeo cmpeaor f; 1 & — Ga; mawxoe, wmo wascdas cmpeara h . x —
— Ga wmooicem OGume npedemasaenn kax somnosuyus h = Gt o f; dan
HEKOMOPO20 uHdeKeca i u nekomopozo t: a; — a.

Hoxazarensctso. Ecin G unmeer nesnii conpszkenubiii F', To
G coxpangler Bee Mpejienbl, B TOM YHCIE MAJLIE, KOTOPBIE CYLIIECTBYIOT
B ero obuacrn A. Ilpu srom yHmsepcasbnas crpenka 1, : @ — GFzx,
KOTOPAH ARINAETCH (!JI,HI{HII,C;{ COLPAMEHWHA, CAYAEHT LIH 2 paspeilaioniyim
MHOZKECTBOM C OHOIEMEHTHBIM 1.

()GI)JLT‘HU. OycTh YCAOBHA TEOPEMEL BLITTOTHEHE . ,.E[(]l".'l"(':'l."[‘{')"l][l’l nocTpO-
HTh YHHBEPCANBHYIO ¢Tpenky r — Ga u3 Kaxioro ¢ € X B dyukrop G}
TO/IA JIeBbI conpsikenHblil s G crpoutes norouedno. Takas yHuBep-
CanbHAA CTPEIKA ABIASTCA HAYAJIBHBLILM 06'}3@KTO}1 B KﬂTe[‘OpHII 3AnATOi
(r | G) = D, tak 4ar0 HyHO JAHIIL TPOBEPHTL YCJAOBHA NPEALLIYIEH
TeOpeMbl 1718 3T0il KaTeropun. flcHO, 9TO W3 CYIIECTBOBAHUA PA3PEIIAio-
mero MHoxecTBa A G BBITEKAET CYHIECTBOBAHNE TAKOTO MHOMKECTBA
aua (x| G) = D. lockonsky A umeer masibie hom-MHOXkeCTBA, TO 3TO
epuo u g D, Yrobel nokazars, wro D nonda B Majiom, HY#CHO JIHIITH
JIOKA3aTh CYLIECTBOBAHME JIODLIX MaJILIX NPOU3BEIeHHit u ypasuurenei
napaIeIbHBIX nap. Ux MOKHO HOCTPONTL CIeIyIOmmM 0Gpa3om:

Jdemwma. [Tyems dhynwmop G @ A — X coxzpansem see manwie
npoussedenus (coomeememeenno, ece ypasnumean). Tozda npu awbom
x € X npoexuun xamezopuu zanamoti

Q:(x] G — A, (# > Ga) = a

co3daem 6ce Maave npouseederud (COOMBETNCMEERHO, GCE YPAEHUMEML).

Hoxasareasctso. Ilyers J — HEKOTOPOE MHOIKECTBO (IHCKPETHAS
kareropu#), a f; :  —+ Ga; — NPORHIEKCHPOBAHHOE HM CeMeHCTBO 00heK-
ok u3 (x| (), npuuem B kateropun A UMeeTcs ARarpaMma Npon3ee1eHusl
p;  Ma; — a;. Hockosbky G coxpander npousBeAeHUs, T0 B KATErOPHHU
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X umeerca auarpamva npoussesnennss Gp; + Glla; — Gaj. Tlosromy
B X CyImIecTBYeT eINMHCTBEHHAd cTpernka f : x — GJ'Ha j» JIA KOTOPOii
(Gp;)f = f; upn Beex j:

IMa; GTla;
.4
wl Tt le
43y T L Gu_;
fi

DT0 03HAYAET, YTO ceMelicTBO p; & f — f; ABIAETCA KOHYCOM B KATErOPHHA
(z | G) M Ha CAMOM JIeJe eJIMHCTBEHHBIM KOHYCOM, KOTOPBId 1101
aeficreuem () npoeuupyercs B ganubiii komye p; : lla; — a;. Moxuo
MPOBEPHTE, YTO ITOT KOHYC Pj CIIYKUT JHATPAMMOI TPON3BEIeHNs B KaTe-
ropun (z } G); 311 ABa dakTa NOKA3LIBAIOT, 9TO () CO31aeT NPOU3BEICHN,

AnanornuHo Mbl CO3IAJMM YPaABHUTEb JIBYX CcTpediok s,t @ [ — g
B Kareropun (z | G) (em. amarpammy muke). [lyers nan ypasuuTens e
crpestok (Qs, Qt T. €. JIaH YPABHUTEehL JJs § U 1 Kak cTpenok w3 A.
[Tockonbky G coxpaHnsier ypaBHHTeH, TO (Ge ABNAETCA YPaBHUTEIeM JJIs
Gsn Gil. Ho Gso f = g = Gt o f, n09TOMYy CYIHIECTBYET €JIMHCTBEHHAS
crpeaka b : @ — Ga, aas kotopoii Ge o f (em. anarpavmy ). Muaave rosops,
crpenka e : h — f B xareropuu (x | () — eauncrsennas, KoTopas 1o
geiicTereM () EPEXOINT B € @ a — b,

]

h Gr

r——->Gh &

[l Gsl l(ﬂ 5 l
c.

g
r —— Ge,

’II
2
r
t

O(."'i"ﬂ.-f_"]‘[:}l NOKA3ATH, YTO CTPeIKA € ABJHeTCH YPABHHUTENEM B KaTero-
pun (x | G). Bozemem B 570 Rateropum apyrofi obbext k @ x — Gd
u crpenxky r : k = f, mos koropoit sr = tr. Torna pasencrso sr = tr
BEpHO H B A, 0 NOTOMY CVIIECTBYET IMHCTBEHHAHA CTpenka 1’ B A, g
kotopoit 7 = er'. Ocrasock Jnib N0Ka3aTh, 4T0 ' SABJIACTCH CTPEIKOI
k — h B kareropun (z | G); no Ge(Gr' ok) = Gler'jok = Grok =
= f, 1 BBUJLY eJHHCTEeHHOCTH cTpenkn h norydaem, uto Gr' ok = h. Dro
ozagaer, 4ro v’ Apagercs crpeaxoii kareropun (x| G). O

Takas cxema paccyKAeHHH NPUMEHMMA HE TOJIBKO K MPOU3IBEICHUAM
WM YPABHUTESIM, HO M K CO3JaHuIo .0bozo npejiena (yup. 1).

Teopemad (reopema o npegcrasumoctu). ITyemv D — wamezo-
PUA € MaABLMY hom-aHodceemsamu, noanaa 6 manom. Tozda dynsmop
K : D — Set npedemasum, ecat u moabko ecau ot cOTPAHACTL 6C€ MAADLE
npedeant U 6MNOAMEND CACOYIOULEE YCAOGUE.



5.6] Teopema Ppeiida o conpascernnom gynrmope 145

Cywiecmeosanue paapewaioutezo Muosicecmea. Cyulecmeyen Maioe
MHoscecmen S obsexmos uz D maxoe, wmo daa awbozo obsexma d €
€ D u 06020 saemenma v € Kd cywecmeyrom s € S, saemenm y € Ks
u empeaxa f: s — d, daa xomopuzx (K f)y = x.

Hoxkazareiabcrso, PakTHueckn Mbl N0-HOBOMY c(OpPMYJIHPOBA-
an TeopeMy 1 0 CcymecTBOBAHHN HAYAIBHBIX 00beKTOB. [leiicTBuTenbHO,
NpeacTaBsieaue 47 K‘ — ATO VHHBEDCAJALHAA CTPOIKA W3 OJHOIEMEHTHO-
ro MHOxecTBa * B K (npennomenue 2, § 3.2). 1. e. HauaubHbll 0ObeKT
B Kareropun sanaTtoil (+ | K), Koropas 1noJHAa B MaaOM, NOCKOJIbKY
dbvakrop K npeanonaraercsa HenpepbiBHbIM, O6paTho, ecin dyHaKTOp K
NpeJcTaBuM, TO OH 3aBe/10MO0 Henpeposised. [

CyiiecTBoBanie paspelaionix MHOXKecTB (MM 9To-10 1oa0bHoe)
HeoDXouMOo BO BeexX Tpex Teopemax. [lycrs. Hanpusmep, Ord — ynopsio-
YEHHOEe MHOMKECTBO BCEX MAJIBIX TIOPSAIKOBBIX WHCEN a, 3, ...} 3TO KATero-
pust ¢ hom-muoxkecteom Ord (a, #), KoTOpoe TyCTO WIH OJHOATEMEHTHO
B 3aBucHMOCTH OT Toro, ¢ > A wm a < 3. Kareropus Ord” nosna
B MAaJIOM, NOCKOJIbKY OPOU3BEIEHHE JH000T0 MAJIOT0 MHOMKECTBA OPAHHA-
JIOB paBHO MX HauMenbnieil sepxueii rpamu. @ynkrop K : Ord”? — Set,
orobpaxkaonnii g0boe a B 0JHO3MIEMEHTHO® MHOMKECTBO *, 3aBEI0MO
nenpepbizen. Ounaxko on ne npegctasum: e Ka =2 Ord? (3, «) npu
HekoropoM [, T0 & € # a0d Beex o, T.e. [ — HaubOIBLIINIE Masbii
OPJIMHAJL, & TAKOIO, KAK M3BECTHO, HE CYIIECTBYET.

Cayuait nomHbex Oy1eBsIX aaredp TakzKe MOKa3bIBAET, YT0 HeOHX0InMo
KaKOE-TO VCJIOBHE THITA CVINECTBOBAHNS PA3PEIIAIOIIMX MHOKECTE. 3alaH-
HOE CUeTHOE MHOMKeCTBO ) MOpOzKIaer CKOMMb YroAHO OOoMbliiie IMOIHbIE
Byaessl anrebpsl (Solovay [1966]); kak ciegersue, He cymecTsyer coboji-
HOI nosHOIT Oys1eBoil anredpsl, NOPOKIEHHON MHOKECTBOM [, o OTOMY
sabpisatommit hynkrop Comp Bool — Set ne umeer conpsikentoro
clepa — XoTd oH Henpepbised, a kareropuda Comp Bool nonna B masom.

'T(‘.Ol')UMFI. O CONMPAHEeHA0OM (by]lK'l'Op(‘ HMEeeT MHOT'O l]pll..‘l[}}i{ﬂl]}[ﬁ.

Hanpumep, oHa obecnednBaer CyniecTBOBaHHE JIEBOTO CONPSAKEHHOTO
A zabwiBatoinero pyHkropa Grp — Set. JlelficTBHTENBHO, MBI yiKe
sraem, uro U cosmaer Bee npeeist (teopema 3, § 5.1), mosToMy Rareropms
Grp nonuna B maaosm, a gyuxkrop U wenpepuisen. Ocraercs naiiru pas-
PelIaIIee MHOXKECTBO A Kaxjaoro X € Set. PacemorpuyM HEKOTOpYIO
dyuknuo f: X = UG, rae G — rpynna, n sozemen nojarpynny S C G,
HOPOMICHHYIO BeeMu 3iaementamu suga fr, r € X. Kaxkipil snement
13 S paBeH MPOM3BEJCHNIO ITHX 0Dpasyiommx U obpaTHbIX K HUM 3Je-
mentoB — nanpumep, (fz)E(fee)*! - (fr,)*!; nostomy 1is gannoro
X MOHIHOCTH MHOXKECTBA S OrpaHudeHa. B3sB M0 OJIHOMY IKIEeMILIAPY
H3 KarKJIOro KJjacca H30Mop@HLIX rpynn S, noiyHaeM Majioe MHOMKECTBO
I'PYTIN, H PA3PemaioniM MEOKECTEOM 6Y1€T COBOKYTHOCTE BCeX (hYHKIATT
X =US.

IlocTpoennsit feBblil conpsizkennbiii F' @ Set — Grp conocrasinger
KKA0MY MHOMKeCTBY X nopomcaennyio um ceobomuyvio rpynny FX. Ta-
KM 00pa3on, HAIA TeOPeMa MO3BOMAeT MOCTPOUTE 3TY TPYIIY, N30eKan
0OBLIMHOro (JOBOJBHO KPONOTIAMBOIO) SIBHOTO [OCTPOCHUS €€ 31eMeHTOR
KAK KJaCCOB 9KBHBAJIECHTHOCTH /0B Haa aadasurom X. Pagu tounoctu
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OTMETHM, 4970 0DBLIYHOE HNOCTPOEHHE 3A0/IHO TOKA3BIBAET, YTO YHHBEpP-
cambHafg cTpenka X — UFX nHBeKTHBHA (pas3iMYHBEIE IEMEHTHI W3
X pasinu4Hb 1 Kak seMenTsl csobognoil rpymne). OMHaKo IpH Haem
HOAX0/E TAKZKE MOMKHO YCTAHOBUTh 3TOT (PAKT, BCIOMHHUEB, YTO CYLIECTBYET
rpymnia He JABYMHA PAZTAYMHBIMHA JIeMEHTAMH h ?‘-’ k B CcaMoM Jaene, nycre
xz € ye X. Bosemewm takyw dbyuknmio f: X = UH uro fo = hu fy = k.
Ona N0/KHA [PONYCKATLCH Hepe3 YHHBepcaibHylo crpenky X — UF X,
KOTopad no3tomy obsasana 6bITh BIOKEHUEM.

9'1'?1 KOHCTPYKIHA [IPAMEHHMA He TOJILBKO K GI']:I? o M K Kareropmun
Beex Masbix anrebpanmdeckux cucrem ') gammoro tuma 7. Tun 7 aaze-
Gpauneckoti cucmems, ONPEJRIHETCS MHOMKECTBOM oneparopos £ 1 MHO-
ecTBoM ToxKAecTB E. Muoxecrso oneparopos () epadyuposano, T.e.
KA IOMY ero siaeMeHTy W € Q COMOCTABIEHO HATYPAJBHOE YHCIAO 71,
KOTOPOE HA3BIBAELTCA €ro apHocmuro. Takum obpasoM, onepaTop apHOCTH
2 — 370 DuHApHBIH onepaTop, apHocTH 3 — TepHapHbiii U T. 1. Jdeficmeue
onepaTopos u3 {) HA HeKOTOpPOM MHOXKecTBe S — 3710 (hyukuua A, KoTopas
CONOCTABJAET KayK/JAOMY ONEPATOPY W apHOCTH 7 HEKOTOPYIO n-apHylo
onepauHio w4 @ 8™ — 8§ (3aeen 8" = Sx...x 8, 4uei10 MEOXKUTE /€I paBHo
n). o nannomy MuokecTsy onepatopos 0 crpoutes MuoKecTso A Beex
IPOM3BOIHBIX ONEPATOPOB; CCJIH JAH ONEPATOP W apHOCTH 71, & TAKIKE 1
MPOM3BOIHBIX OMEPATOPOR Ay, ..., A, APHOCTEI My, . .., My, TO OTEBH/THAST
KOMINO3UIHSA wW(Ay,...,A\,) ABISETCs [POU3BOIHBIM OIEPATOPOM APHOCTH
my +...+my,. Ecim ke gan onepatop A apaoctu n v byukims f :n — m
u3 {1,....n} B {1,...,m}, TO ee MOACTAHOBKA B A AaCT IPOU3BOLHLLI
oneparop # apHocTH M, KOTOPBIH 3AMNCLIBAGTCHA 9EPe3 MePEeMEHHLIE I;
B Buae 8(zy,...,0m) = Mzjg,...,2p0). (Takoe onucanue B TepmuHax
NePEMeHHbIX 3aBHCHT OT JIeficTBU onepaTopos U3 (1 HA JAHHOM MHOMAKEe-
ere; aberpakTibiil HOAX0/ K KOMIO3HIUE OLEPATOPOB CM. B CTAHIADTHBIX
Kypcax yHuBepcanbHoit anrebpst, sampumep (Cohn [1965]) wmun (Gréitzer
[1968]).) Bo Besikom cay4ae, kaxkjaoe jeiicrsue A oneparopos u3 0 na
MHOKECTBE S OJIHOZHAYHO NPOJIOIAKAETCA JI0 JAEHCTBAA MHOMKECTBA MPO-
HIBOAHLIX OIEPATOPOR _'\.

MuozxectBo mootcdecme E B anredpanveckux CHCTEMAX THIA T — 3TO
MHOJKECTBO YHOPSLIOMeHHbIX nap (A, i) NPOM3BOAHBIX ONEPATOPOB, HPH-
YeM A M 44 HMEIOT OJMHAKOBYIO aprocth n. deiicrsue A oneparopos u3 €
na muoxecrse S ydosaemeopaem toxaectsy (A, p), ecm Ay = py 0 S —
— S. Aurebpa A tuna 7 — wau (§), E)-anrebpa — 310 MHOMKECTBO S,
Ha KOTOPOM 3a/aH0 ,-‘l,(-'.ﬁ('-TBH(—‘. A onepaTopos 13 [11 VAOBJETBODIOIICE
BeeM TozzecTBaM u3 Ep Mmbr Oyiaem HaseiBaTh S Hocumeaem ajnredOpbi
u vacro nucars [A| = S. Mopdmwmsm (Q, E)-anrebp g : A = A" — aro
otobpaxkenne Hocureneit g : § — S', coxpansomee Bee onepaTops! 03 )
(1, caegoparennno, u3 A) B ToM eMmbicie, 4TO

gwalay,. .. a,) = wa(gay, ..., ga,) (1)

)B pycckom asbike npuEsT (B JAHROM 3HAYEHHN) TePMHH YHHBEPCATHHAS
anrebpa. — I[puat. ped. nep.
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i Beex a; € A. Coorynnocrs Beex magbix (€, F)-anrebp ¢ ykaszan-
HBIMH MOP(hH3IMaMH B KadecTBe CTpelok obpasyer kareropuio (), E) —
— Alg, koropyio nasbiBaor muozoobpasuem anredp. Croja orHOCHTCS
Takne m3BectHble npuMepsl. Kak Grp. Rng, Ab, a taxxke MHOrne MeHee
HIBECTHLIS (ili—'l.ﬂl)i[&-19]'l, pyinbl KJIacca HHILONOTEHTHOCTH HE BhIIIE JaH-
woro). Onumenm B 9tux tepmunax, sanpumep, Grp. Ilyers ) conepmxur
TPH OIEpaTropa: YMHOMKEHHE, B3gTHe oDpaTHOr0 W BBIDOP EIMHHIbL €,
¢ apHoctamu coorsercTBento 2, 1 u 0. Toraa E Briovaer akCHOMBL 115
CIHHHITLL (('H’.‘ =TI = II?(’.)._ AKCHOMBLL JL7TA ()ﬁpﬂ‘]‘ll(]l'[) AleMeHTa (3";1'.'—1 =e=
= .',E-lir) H 3aKOH acCONHATHBHOCTH.

g kaxinoro MHOr00O6pazna anrebp TeopeMa 0 CONpsKeHHoM (hyHK-
TOPE rApAHTHPYET CYLIECTBOBAHKE JIEBOI'O CONPHKEHHOIO K 3a0bIBAIOIIEMY
dbyuropy (1, E) — Alg — Set; paspemaomee MHOKECTBO CTPOHTCS
TaK e, Kak B caydae rpynn (em. takske § 5.7 mmxe). Taxkum obpazowm,
3Ta TeopeMa TS KaxKI0ro MHOMKecTBa X TapaHTHPYeT CYINecTBOBAHHE
NOPOFK IEHHOTO HM CB(J()UH,]-HH‘() KOJIbIA., l:ﬂ()(]ﬂ,ﬂ.l-](.)ﬁ abenesoil Ipynimst, ¢Bo-
foauoro R-moayisi u 1. 1n. CBoboAHbBIE MO MPH ITOM HE MNOABIAIOTCH:
obpaTHas onepanua K yMHOMEHHIO B 10J1€ HE BCIOJY ONPEJIEIeHa, Tak "ITo
MOJIsE HE SBJSIOTCH AJNTeOPanvyecKuMH CUCTEMAMH B OIMCAHHOM CMbIC/IE
(H B ,_‘I,(".}"'{('T]iH'I'(.‘.’Ibli(](‘:’!‘[r{ CIS()GO,.-'I\H])IX noJaei ne [','_\_"'[Ll,el'.'.'l'li_\-’(?'i.'} ]} -

Jpyras WocTpanus TeopeMbl 0 CONPAKEeHHOM (DYHKTOPE — [MOCTPO-
CHHE JTeBOTr0 CONMPsAZKeHHoro Jis 'iElﬁI)[B}LlU[ILL‘.T‘U d)yI[KT()pi—l

V : Comp Haus — Set. (2)

KOTOPBII 0TODpazkaeT KaxIblii XaycIopdoB KOMIAKT B MHOYXKECTBO €0
Tovuex. Ecim jame xayeiopdh ol KoMmakTel X, TO JeKAPTOBO MpoON3Be-
Jgenne ux vocureneit Y = IL; VX, ¢ Tononorveii nponssejeHnsa Takixe
SIBJISETCH XayCAOPhOBbIM KOMOAKTHBIM POCTPAHCTBOM (MOCTEIHEee B CH-
ay Teopembl Tuxonosa); caegosarensuo, B Comp Haus cymectsyior see
Maseie nponsseaenuda u Vo coxpanger ux, B neifictenrensnocrn V' cozmaer
npoussenenns. Tononorus npousseleHns BKIIOYAeT HauMeHbunil nabop
OTKPBITHIX MHOZKECTB, IPH KOTOPOM Bee npoekiuu p; : Y — X; nenpepbis-
Hbl; 103TOMY B 1000 apyroft komnakTaoit Tonosoruu Y ma o xe muo-
xecTpe Y, ofecriednBaromeil HeMpepeIBHOCTE MPOEKIHil p;, MPHCYTCTBYET
BosibIIe OTKPBLITBIX MHOMKECTB; 3HaqduT, orobpaxenne id : Y' — Y anoa-
eTCs HeNPEePbIBHBIM BJOKEHHEM KOMIAKTA B XaycaopdoBo NPOCTPaHCTBO
H IIOTOMY HIOMOPGUIMOM. AHAJIOIHUHOE PACCYIKICHHE TTOKAILIBAET,
aro V' co37aeT BCe YPABHHTENH, a (JIeJ0BATEIRHO H BCe MAJBIE NPeIesl.
Ocraercs naiitn 419 KAZKI0M0 MHOKECTBA S Pa3penaionee MHOKeCTBO
crpenok f: 8 — VX, roe kaxxmoe X — xayeaopdor komnakr. [lockonbky
MOZKHO 3aMeHuTh N Ha 3ambikanmne fS C X, to momno cunrtars fS
mwiorheiM B X . s kaxoii touku @ € X pacemorpum Muoxectso Lx =
={D | D C Suz € fD}; taxum obpaszom, Lr — nemycroe cemelicTBO

') Koserpykuus ¢o6oamoii amreGpsl npuMeHnMa TakKe K 1PeIMHOI006pasH-
A (PeIUTITYHO TOMHBIM KIACCaM ) YHHBEPCATBHBIX anredp (cu. *Mamsues [1970],
c. 303-303); (*B. A. Apramonos [1991]). — Hpum. ped. nep.
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noavuoxkeere B S. Eciu 2 # o' paspenennt 8 X HenepecekaiolnuMucs
OoTKpHITBIMA MHOKectBamu U u U', 1o f~'U € Lz, vo f~'U ¢ L',
nosromy L # La'. Takum oOpasom, L gBAAeTCH BAOKEHHEM MHOMKECTBA
X B nosropuyw Gyaesy crenenbp PPS muoxecrsa S. Eciu B3ars see
nogvuoxkecrsa X B PPS,| Bee rononoruy na Kasi oM Muoxkecrse X 1 pee
dbyakuun f: S — VX, 7o MBI MOTyUMM MATIOE PA3PEIIAINEe MHOXKECTEO
s S. Teopema o conpsizkenHoM (pyHKTOPE TAPAHTHPYET TeNeph HAJIMTHE
JICBOTO CONPSIZKEHHOro Jitsi V3 OH COMOCTABJSICT KaZKJIOMY MHOMKECTBY S
komnakTudukannio Croyna-Yexa auckpernoii Tonosornu ma, S.

Vnparknenuns

1. Hycre dyakrop G @ A — X nenpepsisen. Tokamxire, 1m0 NpoeKnmnsd
(x L G) = A cozzaer Bee Masble TIPEIL/Ib.

2. C‘ HNOMOIIBI) TEOPEMBI O CONPIMKEHHOM (l')_\-"HK’['I'.I])l". l{aﬁ,}u{'!"l‘.‘ JIEBBIT CO-
npsizKeHHbit s Kaxgoro us saboisaommx pynkropos Rng — Set, Rng —
— Ab, Cat — Ab, Cat — Grph. Conocrapbre 310 ¢ 00bIMHLIM HOCTPORHHEM
CONPSUKEHHBIN B ABHOM BH/IE.

3. Ilvers 1an koyuusepeaabHbI KBaapar B kareropun Cat:

AL a

H -
.Y’ — ls

npuuem H coznaer npenensi, a G ux coxpanser. Jokaxmnre, uro H' cosnaer
MPEIETbI.

4. C nomombio yop. 3 u roro dagra, wro (z | X) = X coszgaer npejensi,
naiTe HORoe pemenne yop. 1.

5.7. llogobbexkTbl U NOpoO2KAaKwLne cemelicrsa

Takne TOHATHSA, KAK NOJIKOIBIO, MOACPYNNA WIH NOJNONE, MBI Pac-
CMOTPHM TEMephb ¢ KATErOPHOMN TOKH 3PEHHs, HCIIIBb3Y s CTPEIKH BMECTO
aneMenTop. Hanpuvep, noarpynmna S rpynnet G 6yeT NOHHMATLCS HE KAK
MHmKecTRO Anementor 13 (7, a kak monomopduim S — (¢, peanuzoBan-
HBIIT KAK BJIOYKEHHE MHOMKECTB.

IMycre A — npounsBonbHaA KaTeropusi, 4 : s = a u v : t — a —
JaBa MoHoMmopdu3ma ¢ obuweli koobuacrbio a. Byaem mucars u < v, ecan
U TPONYCKAeTCs Yepes v, T.e. ecin u = vu' 18 HeKoTopoil CTpesnkn
u' (koTopas obssarenbno monomopdua). Ecm ognopemenno u < v
u v < u, To 6YIeM NHCATH U = v; TEM CaMbIM ONPEILIEHO OTHOMIEHNHE
IKBUBAJICHTHOCTH = Ha MHOMECTBE MOHOMOD(MHM3IMOB ¢ KOODJACTBIO d.
Kmacesr 3710l 3KBHBATEHTHOCTH HA3BIBAIOTCA nodobsexmamu 00hEKTa a.
Yacro Opieaer yao6HO cKA3aTh, 9T0 MOHOMOP(U3M @ : § — a AGAREMCA
NOA0GBEKTOM B @ — T. €. OTOXIECTBATH U ¢ KJIACCOM IKBUBAJIEHTHOCTH,
cocToamumM u3 Beex v = uf, rue 0 : s —+ 8 — obparumasn crpenka. Takue
00O BEKTEI COOTBETCTBYIOT NOA0OLEKTAM B OOBIMHOM cMBICTe (onpenes-
€MbIM B TEPMUHAX 3JEMEHTOB) B TAKUX M3BECTHLIX DOJALIIMX KATErOPHsX,
kak Rng, Grp, Ab u R-Mod, no ue 8 Top.
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Jemma l. B awbom koynusepcaivrom xeadpame:

i
Jy
a

3

||

=
==

o t— T3

f}
——r
y!
=
f

ccau empeaxa [ monomoppua, mo u f' monomopdra (u ecau g mono-
Mopdina, mo u g' monomopdina).

Kpartko rosopsi, KoyHHBepcaJibHble KBa/Jparhl 115 MOHOMOP(U3MOB
COCTOAT M3 MOHOMOD(MHIMOB.

JdokazarenscTso. PaceMoTpny, KAK NOKA3AHO HA JHATPAMME, TIa-
patensiyio napy h,k, ana xoropoit f'h = f'k. Torpna gf'h = gf'k
u noromy fg'h = fg'k. Iockombky f — monomopdusm, To g'h = g'k.
Ho oanoepemenno f'h = f'k; nockonbKy KBaJpAT YHHBEDPCAJICH, TO H3
3THX ABYX PAaBeHCTB BbITekaeT, uro h = k. Cnenosarensuo, f' apnserca
monoMopduzmonm. [

Jlias Kauioro a € A MHOKECTBO BeeX MOJ00bEKTOR YACTHYHO YIIOPSi-
JIO4eHo nocpegaersom otHomenus v < v, Ilyvers w : s 5 awmw v b —
— a — apa noaeObeKTa, IpUYeM B KaTeropun A Beerja CylecTByoT
KOYHHEepcasbHble Keajaparbl. B cuiy npeabyymeid Jemvbl KOyHHBep-
CATBbHDI KBAIPAT 1A CTPEJOK 1 U ¥ OIPEICAET €11e OTHH MOHOMOP(hU3M
w:p = a ¢ KoobiaacTeio a, npudaem w < u,w < v IT0 nepecenenue (MK
HAUBOADULAA HUNCHAA 2PAHD) TOZOOBEKTOR U ¥ U B YACTHIHO YIOPS I09eH-
HOM MHOMKECTBE BCex I[OAO(J']:(:'.KTUB JLIH a = 4"1. AI‘]H..'T.UI'H‘![I{), nycres J —
[POU3BOJILHOE MHOYKECTBO, KOTOPOE HHICKCHPYET ceMeicTBO no100besTos
u; : 8 —a (i € J) obwekta a € A; Torga npejes Beex ITHX CTPEIOK,
eclIi OH CYHMIECTBYET, ONpe/eNisaeT nepecederne mo00bekTor u;. lpn go-
MOTHUTEBHBIX MPENOMOKEHUSX MOKHO TOCTPOUTE W ofaedunerue (nan
HAUMENLWYIO GEPTMIOI0 2Pany) ceMeiicTBa 10100 bEeKTOB.

JBOﬁCTIiﬁHIIO, JBa '.“}T]][MDI’(]]HBM& 5 cC 0633{"{'[:]0  IKBHBAJCHTHDLI,
ecm v = fs ans obparmmoii crpenkn #. Kiacesl 3KBHBAJIEHTHOCTH
TAKMX AMMMOPGUIMOE HazbiBaOTC haxmopobsermamu 0bbeKTa a; OHRM
YACTHYHO VIOPAIOYeHbl OTHOLICHHeM 7 < 8, KOTOPOE O3HAMAET, 4TO I
nponyckaercsi yepes s, T. e. r = r's. Takoe onpejenenne dpakTopofbekTon
10 JABOHCTBEHHOCTH TIpome, dem 00brdHoe onpejgenenne Qgakropairedp
B TEPMHMHAX KJACCOB IKBUBANEHTHOCTH, U OHO COMJIACYETCH € OOBIYHBIM
ONPEAEJICHHCM B TEX KATEIOPUAX, IJ€ 3NHMOPPHUIMBL — 9TO CIOPHEKTHB-
ueie orobpaxenns. Hanpuwmep, tak o6cront geno B Grp. Kax crencrene,
Kask bt hakTopobbekT rpynnst G B 910 KATEropHK onpeaeseTces mpo-
exupedi p : G — G /N rpynnst G Ha ee paxroprpymny G/N 1o HekoTopoii
HopMasibHoil noarpynne N; upu srom ornomenue G /M < G/N umeer
wmecTo, ecam u Tonbko ecoim M D N (B obmewm caytae oTHOmeHHe 1 <
< s st hakTOpOOHBEKTOR O3HAMAET, YTO [PH TEepexoie K hakropy no r
Boubimii 06LEKT § HYy2KHO 0TOpocHTh!).
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Mebl roBopuM, 4T0 MHOMKeCTBO S 0bbekToB KaTeropun C nopoostcdaem
3TY KATEropmio, ec/ii T8 KazkKI0il NapasiebHOH mapbl HeCOBAIAIONINX
crpenok hh' @ e — d u3z C cyuwecrsyor o0bekT 8 € S u crpenaxa
f 18— ¢, nna xkoropoii hf # W' f (tepMuE <nOPOXKIAET> YCTOAACH, HO
BRIOPAH HEeyauHo; Jyuie o010 6bl «pazaensers ). Cioaa BRmovaeres
W Ccaydail, KOrga KATETOPHI0 ToOpoxXKI1aeT oanH 00bexT s. Hanpuvep, moboe
OJHOIEMEHTHOE MHOMKECTBO nopoxkiaer Set; Z nopokiaaer Ab u Grp:
R nopoxaaer [-Mod. MHOXKeCTBO KOHEYHBIX LUMKIMYECKHX TPYIIL [10-
POAIACT KaTeropuio pecex KOHe'"HbLIX abeIeBBIX rpyin (El. TAKAKE BCex
abeJIeBBIX TPV KpyJIeHHs ).

JIBofcTBeHHO, MHOMKECTBO ODLeKTOB () ABIACTCH KONOPOHCOWIOULUM
Muoscecmeom st Kareropun C, eciin sl KAz 100l apaJuiebHoil napsl
crpeaok b # h' © a — b B a70it kareropun cymecrsyior ofbekT g
u crpenka g : b — ¢, ana koropoii gh # gh'. Obbexr g HazpBaercs
N{JTI-(}‘FJf?:m_'.()(”ﬂ‘ﬂl,HM._ €CJIH MHOXKECTBO {q} ABJIACTCH KONOPOMITAKOIITHM. Ha-
nmpuMep, Jdoe JIBYX3JI€MCHTHOE MHOMKECTBO ABJIACTCH KOMOPOMK/IAI0INM
B kareropun Set.

[onpay#acs, nonaTHeM N0A0OHEKTA, MOAHO INy0Ke HCCIEA0BATL CTPO-
enue paspemawiinx muaoykects. Iyers jgan dyakrop G @ A — X5 mul
roBopuM, 4rto crpeika f @ — Ga oreamuisaem (spans) 00bEKT a, ecin
B Kareropun A me cymecrsyer cobersennoro !) monomopdusma s —+ a
takoro, aro f nponycekaercs gepes Gs — Ga.

Jdemma 2. [yems 6 wamezopuu A nwboe muosxcecmeo nodobsermos
ofserma a umeem npedea. Tozda ecau dynwmop G : A — X corpansem
see amu npedea, mo waxedas empeaxa h @ @ — Ga nponycraemes wepes
cmpeary [ 2 — Gb, xomopas oxeamueaem b.

JoxrazaTeascTBo. PaceMOTpIM MHOXKECTBO BCEX TAKHX NOJI0OBEK-

TOB 4 : 8§ — a, W0 h = Guj o hy ans wexoropoit crpenkn hj. Bozpvewm
upejen v : b — a seex u;. Torpa (cM. auarpammbi)

I
h
v b l(}‘a:
8j —— a, GHJ' — G,
uj Gy

crpeaka Gv @ Gb — Ga taxke ssiusiercs npeaesiom (ana Guj), u h
nponyckaercs: 4epes3 (Gv ¢ NOMOIIBI0 HEKOTOPOit CcTpeaki f, KAk MoKazaHo
na auarpavae. Ilo nocrpoenmio [ oxearsisaer b. [

D1a JeMMa 03HAYAET, YTO PA3PEHIAONIIM MHOKECTBOM LIS & MOKeT
CITYZKUTh MHOZKECTBO BCEX MCXOFANHX H3 HErO CTPEJIOK, KOTOPBIE OXBATHI-
BAIOT KAKOH-THO0 OOBEKT.

B kauccrse NPAJIOMKEHHH PACCMOTPHM KATETOPHIO 'd.ﬂl"eﬁp JAaHHOIO
tuna 7. IIyers B Heil 3agana crpenka f: S — GA. B anrebpe A umeercsa

)T e. ne spasomeroca usomopdusmonm. — [pum. nep.
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nojairedbpa, nojlyvyacMas MHOTOKPATHBIM NPHMEHEHHEM ONEPATOPOR W €
€  k amementam MHOKecTBa f(S). MomuocTs 310if moaamretpsr Ay orpa-
HHYeHa MoumocTaMu Muoxkecrs S u (). Ilockonbky f nponyckaeres gepes
S = GAj, To Takue cTpeakn u3 MHOXkecTBa S ') 06pasyioT Majoe MHO-
JKECTBO, KOTOPOE sIBIAeTcd paspemaomuyM s gyukropa G Alg, —
— Set. DT cTpeNKH ABNAIOTCA OXBATHIBAIONIMMH B CMBICII® TIPEIBLIY el
JIEMMbl, BCIH BMECTO NOA0OBEKTa ¢ PACCMOTPETh Takoil MopdusM u @ s —
— a, 9ro crpenka Gu unbektTusia B kareropun Set.

,Z[j]}"l"[»lM [IpUHMepoM COBMecTHOO NPUMeHcHHA ATOH JIEeMMBL W Teope-
MBI O CONPSKEHHOM (DYVHKTOPE CIYKHT TOKA3ATeNbCTBO CYIMIECTBOBAHNS
TenszopHoro npousseaenns moayaeit. ITyers ganot moayan A nw B napn
KOMMYTaTHBHBIM KoJbioM /. VX tensophoe npomssenende — 310 yHH-
Bepcanbibii anement muoxkecrsa Bilin (A, B; C) Guanneitnbix dynkuni
#:Ax B — C B Herotopsri Tpernil K-Mmoayae C. 9TO MHOKECTBO CIy-
wxur pynkuueit obnekros nekoroporo pyukropa, ua kareropun C. Irobnt
MNOCTPOUTh Pa3pelalonee MHOMKECTBO A4 Janubix A u B, nocraTovHo
paccMOTpeTh JMiL Te GunnHeinbe pyHKimun /7, KOTOphie OXBaTLIBAKT
C' (ve npomnyckaiores Hepe3 ero coberseHusii noaMoayian). Moayan C
COCTOUT U3 BCEX KOHEdHLIX cymm » 3(a, bj), 1. e. yKa3ZaHHOe MHOMXKECTBO
JgeifeTBUTENbHO gBAACTeA paspemaomny. Kateropua K — Mod nosma
B Manom, a ¢yskrop Bilin : K — Mod — Set nenpepnisen; mosromy
TeH30pHOe npoussejieHne @ @ A x B — A ® B cyuecrsyer. O0biaHOe
nmocTpoerne (B sBHOM BHJIE) CTAHOBHTCS COBEPIIEHHO W3TUIITHAM, TAK KaK
BCEe CBOMCTBA TEH3OPHOTO OPOHIBLICHHA HCNOCPENCTBCHHO BLITCKAIOT H3
VHHBEPCATLHOCTH.

YuparkHeHust

1. C moMONBIO TeopeMsl 0 CONpsKennoM (PYHKTOpe NOCTPOHTe KOMPOH3Re-
geane G 11 H B xateropun Grp (om0 06pIYHAO HA3BIBACTCA C60600HBIM NPOUI-
eedenuent). Henonbsya npoussenenue G X H, noKaKnuTe TakiKe, Y4T0 HHHEKIINH
wonponsseseana G — G H n H — G 11 H monomopdubr, a ux obpass
HEePECeKaloTes 0 eMHUYHON HOArPYILIE,

2. AHayIOrH4HO HOCTPOITTe KONPOU3BEIeHNEe KOlel,

3. ITyers R — mexoropoe kombio, A — npassiit R-monyns, B — neewiit R-
Moyab. C MOMOIMBIO TeopeMbl 0 conpsameHHom gyaxTope nocrpoiite A @r B.
(TaK(](‘l TeHIOPHOC HPOH3BeASHNE — 9T0 aﬁe:mBa I'pyiiia, Hade1eHHan fb}"[‘ll(].[l‘l(‘)ﬁ
{a,0) > a @b € A®p B; ara Qynknns GnajummTHBHA, YIOBJETBOPAET YCIOBHIO
ar @b =a®@rb upn sBecex a € A,;r € R, b € B n yuusepcansbna cpean yuakumii
¢ Takumu cpoficrsavu.) Jdokakure, aro A @ B nopoxmaerca (kak abenesa
rpyrna) anementamu a @ b, Hecneayitre cpass meskay A @s B uw A @r B
Jarnoro mopdmsama kooen, S — R

4. C nomompo TeopemMbl 0 CONpsizKeHHOM (DYHKTODE 1oCTpoiiTe KOypaBHH-
Tenn B Kareropun Alg .

') Das seeosmomunx f. — Hpum. nep.
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5.8. CrnenuasbHasi TeopeMa 0 CONnpsi>KeHHOM (pyHKTOpe

Teneps paccmoTpuM JIpYyryIo TEOPEMy O CYHECTBOBAHHE COMPAMKEH-
HBEIX, B KOTOPOil BMECTO Pa3pelIaloNniero MHOXKeCTBA Tpebyercs Masoe
KOTIOPOZK IAI0INIee MHOZKeCTRBO 00BEeKTOR.

Teopewmal (cnenmanbhas TeopeMa o HadanabHoM obbexre). [lyems
ramezopua D noana 6 maaom, umeem maane hom-muorncecmnsa 4 Manoe
ronoposicdarowee muooicecmeo , npuiem dan xancdozo MHONCECTNER
nodobsexmoe mobozo obsexma d € D cyuecmeyem nepecevenue. Tozda
D umeem navasonwud obaerm.

Hoxkazaremnnctso. Obpasyem nponssesenue gy = Il,cq g Beex aue-
MEHTOB MAJOI0 KOMOpO 1ai0iiero MHOMeCTBA Q H BO3BMEM Iepecevuedme
r BCex noAoObeKTOB B qp. dasd kaxaoro obbekra d € D cyuecrsyer
He GUJIB{.’ l'J,:J,I'[{Jl:i CTPeJIKKY T - d: B caMOM Jgjie, VpaBHUTE L JABYX pai-
JHYHBIX CTPETOK TAKOTO BHAA OBIT OBI COOCTBEHHBIM MOHOMOPHhH3IMOM
¢ KOOOJACTBIO T, T. €. MOAOOHEKTOM B (fp, MEHBIIHM €M TepeceteHne Beex
OO0 HEKTOB.

q'[‘(}ﬁhl NOKA3ATE TeNeph, 9TO " ABIHETCH HAYATbHBIM (]6139[‘('['01\1 Ké-
Teropun [, HYKHO JHIIB NOCTPOHTH CTPENKY © — d Aas Kakaoro d.
Pacemorpns muoxkecetso H Beex crpesiok h i d — g € () n (Manoe) npo-
nspegenue Ilyepy . Bosbmewm erpenky j @ d = llpey ¢ ¢ KoMnonenraMu
h (r.e. pyoj = h ana scex npoexumit py,). [Hockonsky muokecTBo (@ —
KOTIOpOsK Aatoliee, crpesika § monomopdna. ObpaszyeM KoyHHBEpcaibHbII
KBA/IPAT

I

PN A HqEQ q=qp

., b

N
d——pena,

riae erpeaka k usveer KowmmoHeHtwl py o k = p, ana seex h : d = q.
Torma u erpenka j° monomopdHa, Kak npejgest ans MoHoMopdmiMa j.
Buaunt, ¢ Apagercs noaotbekToM B ¢p. Ho 1 — 3710 nepecedenne Bcex
TAKHX HOA00BEKTOR, NOITOMY HMeeTcs crpeika r — ¢. Komnosuunsa r —
— ¢ = d CIYIKHT HCKOMOIT cTpenkoil. [

Teopema?2 (cnenmasibaas TeopeMa o conpseanosm (yHKTOpE).
Hyemb wamezopus A noamna 6 marom, umeem maavie hom-muodcecmea
1 Manoe wonoposcdmouee muoscecmso Q, npuuesm das Kancdo20 mno-
siceemea nodobsexmoe amobozo obsexma a € A cyuweemsyem mpeden
(a snavum, u nepecevenue). ITyemv wamezopusa X mawmice UMeemn maane
hom-mnooicecmea. Tozda daa ¢ynxmopa G : A = X cywecmeyem aceutil
conpancennnil, ecau u moavko ecau G COTPAHAEM 6CE MAABE NPEIEAbL
u 6ce npedeavt cemedicrne Monomopfusmos.,

Jdoka3zaTensCcTBO. YOIOBHS TEOPEMBI HEOOXOIHMBI, MOCKOIBKY
IpaBbiii conpsameHHbil (PYHKTOP A0/KeH B 1eliCTBHTEILHOCTH COXPAHSITh
Bee npenesbl, Itobbl gokazars obparHoe, A0CTATOMHO MOCTPOUTL IL1H
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Kaskaoro ¥ € X HavaibHbil 06bekT B Kareropun sansatol D = (x | G).
ITokazkem, 9TO 3Ta KATErOpHs YIOBJETBOPAET YCIOBHAM MNPEABLIYIIE
TeopeMbl (0 CyUecTBOBaHUM HavasibHoro obmbekra). Buadae ybepumes,
410 10100beKThl B Kareropun (x | G) UMEIOT Hy#KHbIH BH.

JTemma. Cmpeaxa b : (f : © = Ga,a) — (f' : 2 = Gad',d)
6 wamezopuu (z | G) monomopdna, ecau u moavko ecau cmpeaxa h = a —
= a' monomoppra 6 xamezopuu A.

Jdoxkazareascrso. fdcno, uro ecim b : a — a' monomopdna, To
uh: f — f' monomopdna. s gokazarenbersa obOpaTrHOro 3aMeTnM,
97O MOHOMOP(HOCTH CTPENIKE /i B TOTHOCTH O3HAYAET, UTO €€ sjepHasi
napa (KoyHusepcayabhblil Kpajapar s napet i, i) nveer sug 1,,1, :a —
— a. C apyroii croponbl, B cuiy jgemmybl 13 § 5.6 npoekuus kareropun
3AM9TOM

(zlG)—= A, (f:2 > Ga,a) —a

CO3[AeT BCe Mpefenbl U, B YACTHOCTH, AfepHble mapsl. Ilpu stom B A
BCEIIA CYHIECTBYIOT siepHbie napbt. [Hoaromy (reopema 4.2) npoekims
KATEropHH 3alsToil coXpaHseT Bee siIepHble Hapbl U B TOM HHCIE Hapy
Lg, 1,; Kak caeacrsue, ona nepesognt Mmonomopdusvbt kareropun (z | G)
B MonoMopdu3mbl kareropun A. [J

Bepremca K oxasatenbeTBy Teopemsbl. JaHo Maioe KONOpoXxKIaionee
muozkecTBo B Kateropni A. [lockoneky X mveer mansre hom-mHoxecTBa,
TO MHOKeCTEO ' Beex 00bekToR k : 1 — Gq (¢ € Q) ABAAeTCA MaTbIM —
H PR 3TOM KonopoxJaomnm B kareropun (z | G). Ecin B sroli kare-
ropun gamel crpesku 8 £ t: (f : @ = Ga,a) = (f' : ¢ = Gd',d'), 10
HafigyTes ¢y € Q u erpenxa bt a' — go, ana xoropoii hs # ht. Ipn stom
h MOKHO paccMaTPHBAThL KAK CTPEJIKY

h:(f 12— Gd.d) > (fo:z = Gg,q),

vie fo = Gho f', upudem hs # it s kareropun (z | G). Takum obpasom,
() xonopoxaaer (z | G).

Mockonsky kareropust A nomna B majom, a dyakrop G Henpepbi-
BeH, TO Kateropua (r | () moana B mamoM. OcTaeTcs JHINb TOCTPOATH
B 9TOH KATErOPHH NepecedeHre NPOH3BOILHOIO MHOMKECTBA 10106 beKTOB
hi : {fi : @ = Gai,a;)) = (f : © = Ga,a), rae i € J. Cornacuo nemue,
COOTBETCTBYIONINE CTpeku iy @ a; — a monomopdmnt B kareropun A. Io
MPEANONOKEHHIO OHI TOT/1a HMEIoT npeaet h: b — a B A:

a; x . T =
4

Si__--": hs fo fi f

]

Gh;
= (Fa; Ga.

Gs;

E i
b "’;,. a, Gb

Iockonsky dhyarrop ¢ coxpanser mpeaenst, To Gh : Gb = Ga, rae Gh =
= Gh; o Gs;, sisasiercs npejeiom st Gh; B X. Tak kak ojHOBpeMenHo
Ghio f; = f npu Beex i € J, TO CYWIECTBYET €AMHCTBEHHAS CTPE/IKA
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fo 1 @ — Gb, ana koropoit f; = Gs; o fy; B Mrore nomyvaem crped-
ky h : (fo.b) = (f,a), xkoropaa aeasercsa mpegenom cemeiicrea {h;}
B Kareropuu (@ | G) (Mbl CHOBA BOCHONL3OBAJIMCH TEM, H9TO IPOCKIMH
KATEropHH 3algToil CO34aeT MPeaeib). ITOT IPeIes ABJAAETCH HCKOMbBIM
nepecedenuenm peex h;. [

Jlokazanroit Teopeme MOXKHO NpuIaTe u Apyryi ¢opuy. Byazem ro-
BOPHTb, YTO KATEIOPHs Maia 6 cmbicae nodobsexmos (well-powered) )
ecan nmoao0beKThl 0boro obbekta a € A MOKHO NPOMHAEKCHPOBATDL
MAJIBIM MHOMKECTBOMI HHAYE I'OBODH, JUIA Kaxa1oro a cynecrsyer Mannoe
MHOXKeCTBO J,, obmanaromee Oneknmeil Ha MHOMKeCTBO BCEX NMOTOOHEK-
ToB B a. Muorne nipecthsie boabinne kareropun — Top, Grp, R-Mod
W T. /. — MaJjibl B CMBIC/IE NOA0OBEKTOB; ABOHCTBEHHOE MOHATHE — KaTe-
TOopHHa, MOAGA G CMBCAE gﬁamrwpoﬁﬁemrws 2) . E(."..']i[ KaTeropus ;4 MaTa
B CMBICTE TOAOOBEKTOB H MOTHA B MAJIOM, TO JTH0O60e MHOMKECTBO MoA00b-
ekToB 00BLeKTa a € A HMeeT Nepecedcnue, KOTOPLIM CIYKIT UX O0bLIMHBI
npegen. Kak cieicrsue, crenuaibias TeopeMa o CoNnpsazeHnoM pyHkrope
MPUHAMAST CIE1YIONHNA BT

Caepcrsue. Iyems kamezopus A noane 6 MaAOM, MAAL 8 CMBLCAE
nodobsexmos, umeem maavie hom-muodcecmea u Maaoe Konopoxcdarouee
MBOMHCECTNGD, (1 KATNEZ00UA .X- UMCETIE MOABLE k{JTFI-—AHI.O.’?K?I"‘.I".‘.?H.BI’L T’(.'Hdﬂ.
dynrmop G : A = X umeem aesuti conpascennnd, ecau 1 MOALKO ecau
on nenpepusen. Kax caedemnesue, moboii nenpepusnndl dynxmop K : A —
— Set npedcmasum.

DTOT KIACCHYECKUI BADUAHT CHELUAJTBHON TEOPEMBI O COIPAMKEH-
nom dynkrope (uporga oboznauaemoit SAFT — Special Adjoint Functor
Theorem) wacto Berpedaercs 0€3 gBHOTO YNOMHHAHMA O MamocTH hom-
MHOMKECTE — eCJlM B ,-'.la“ii(]ﬁ paﬁo’l‘(‘. PACCMATPHBAIOTCH JIHIIL KATEropun
¢ MastbivMi hom-muoxkecrsamu. HekoTopbie apTopbl HCIOIBL3YIOT J115 KaTe-
l‘OpHﬁ, MaJibIX B CMBICTIE TIUAOG'I)FKTOB, TepMHH «JI0KAJIBHO MAJIbLIe KaATero-
PHH», HO JIPYI'HE HA3BIBAIOT TAK KATENOPHNM ¢ MAJTBIMH hom-MHOKeCTBAMI,
TAK 9TO MbI BOOBIIE OTKA3AINCH OT 3TOTO TepMuHa/

Kaacenvecknii apuant reopempl SAFT MOMKIO HENOCPEICTBEHIO BLI-
BeCTH W3 0BIIeii TeopeMbl 0 COnpAKeHHOM (DYHKTOPE MyTeM MOCTPOeHHS
paspemaroniero MaOKecTBa (M. Freyd [1964], p. 89 wm Schubert [1970a],
p- 88).

B kauecree THIHYHOTO NPHMEPA PACCMOTPUM (DVHKTOP BIAOMKEHHSs

G : Comp Haus C Top (1)

noaHoit noakareropun xaycaopdosbix komnakros 8 kareropuio Top. Kak
ye ormeqdeno, xareropus Comp Haus nomma B manom; oHa mMeeT
u massie hom-muoskecrsa. Cornacuo nemmve Ypoicona, s JTOOBIX JIBYX
TOMEK & # Y B KOMIAKTHOM Xayciopdosoym npoerpaicrse X cylecTByeT

) B pyecxoit TepMHHOIONMH — KATEropusl M0OKAJLHO Maja ciesa. — [Ipua.
ped. nep.

“) B pycckoii TepMHHOIOTHH — KATeropHs, JOKATLHO MaJas cnpasa. — IIpuat,
ped. nep.
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HerpepbieHoe orobpaskenne [ : X — [ Ha equauqHbii orpesok [, takoe
gro fx =0, fy = 1. Kak cnencreue, I konopoxaaer Comp Haus. Ilo
CHELHATBHON TeopeMe 0 ConpsxKenHoM (hyHKTOpe YKazanHoe piaoxenne G
HMEET JIeBblil CONPAXKeHHbI. DTOT DYHKTOP (MM, HHOTAA, €r0 OrPAHYe-
HHEe Ha NOJHYID NOAKATeropiio BIOJIHE DeryasapHbIX III)O("]‘DH.!-[C'T'B) Ha3kbLIl-
Baercs komnaxmudurayueti Cmoyna—era. Crona Brmwouaercs u ciydaii
JUCKPETHOI'O NpocTpaneTsa, eM. § 5.6.

JApyrum npumepom cayzxut Teopema uz paborst (Watts [1960]). JTioGoe
KOJILIO R NOPOAIALT KATCTOPHIO R—Mod H NOTOMY KONOPOXK 1aeT KaTero-
puo B-Mod"". Kak cneactsue, m060ii KOHTpaBAPHAHTHEIN & IATHBHEI
dyugrop T ¢ R-Mod — Ab, nepepojsiinyil Majibie KONpeIe/bl B Mpe-
JeJIBl, peasn3yercs nocpeactsoMm nzomopdusma rpynn I' = hompg (—,C)
s Hekoroporo R-moayas C. Jleiictenresibio, 1o cnenHatbioi reopeme
o conpsazkeaaoMm dyarTope T : (FE-Mod)°? — Ab nmeer nepsrii conps-
wenuntit F. TTockonsky yakrop T aaiuTuBeH, TO CONPAKEHne

Ab (G, TA) = homp (A, FG), G € Ab, A € R-Mod
ABIAETCA H30MOPhU3IMOM abenesbix rpymm; nonoxkne (G = Z, nomyaaem
TA= Ab(Z,TA) = homg(A, FZ).

VupaxkHeHust

L. ycres gan dyukrop K : A — Set. Jlokaxure, uro ecim ans K cyuecrsy-
€T JIeBBIH CONpPSZKEHHbLl, T0 oH npeactasum, Obparno, nyecrs A — Kareropus
¢ MaublMK KocteneHamu, a ¢gyukrop K npeacrasum B suae K = Afa,—) aua
reroToporo a € A. Joxamwure, aro K AMeeT JeBblil COMPAYKEHHRNT (KOTOPHI
CONOCTABNACT Kara lOMY MHOGKECTBY _Y MAJAY0 KOCTeIeHE _Y . n'!.).

2. llycre A — neswiit R-yoayas, B — npaswmit R-moayns, G — abenesa
rpyma.

a) lz]ﬂl(a?KHTP. HAJANMHME COOeaVIommx COIII)}I}K@H]""’I:
homp (A, homz (B,&)) = homgz (B ®r A,G) = homg (B, homz (A,G)), rae
homz (B, G) umeer ecrecTBeHHY 0 CTPYKTYPY (JeBOro miu npagoro) R-momyas,
homp oGozpadaer hom-maoxkecTso B kateropnn £-Mod, a homz — B Ab.

6) Mspectro, aro asauruenas rpynna Q/Z paumoHabHbBIX UMCET 110 MO-
ayao 1 gpigeres HHLeKTHEHREM Koofipasywonmuy s kateropun Ab. Henonesys
1. a), Jokaxure, 14ro homg (R, Q/Z) asisercd MHLEKTHBHBIM KOOOPas3y 0 MMM
B kareropun RB-Mod (onpeaenenie mHLeKTHBHOrO 00bekTa oM. B § 5.4).

3. C nomoueo ynp. 2 6) 1 cnenqaabioil reopeMet 0 conpstkennoM dynkrope
JOKAKHTE, 210 060l HenpepuiBabil ajumrusasii hyokrop T @ B-Mod — Ab
npeactasmm. (Teopema NVorTa.)

4. (Kommaxrudukanus Croyma—exa.) Ilyers X — Bnosme peryispHoe
TONOJIOrHYeCKoe npocrpadcTso. TTokamkure, 910 yHUBepeaJbHas crpeska X —
— GFX pns aesoro conpazenHoro k dgpyaxropy (1) sasiserca upbexkuueii.
(TTprMennTe JeMMy Y PhICOHA: CC/Ii & F# 4 BO BIOIHE PNV PHOM TPOCTDAHCTEE
X, 1o cymectsyet menpepsigaoe orobpaxkenue f : X — I (I — eauamamnstii oTpe-
30K), Takoe 910 fz # fy.) B Knaccudeckux HCTOYMHHKAX 9Ta KOMIakTuhuKammis
OIUCBIBACTCH JMINEL 18 BIOOHE Peryaspaoro X. DTo orpanuyeHne W3IHrHe;
OHO CBA3AHO € TEM, 9TC PACCMATPHBAJNCH JIAINL VHHBEPCATLHBIE HHLEKIHH,
a HE YHHBEPCATbHBIE MOP(hH3MBL BOODIIE.
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5.9. ConpsizkerHbie (byHKTOPbI B TOMOJIOIUM

B kareropun Top obbektaMu siBIAIOTCs Bee (Madibie) TONoJM0rHYecKue
npocrpanerea X, Y, ..., a cTpeJKaMH — BCe HEMPEPBIBHBIE OTOOPAKEHH S
[ X = Y. Babosaonmii pynkrop (0bbraHo GeabivsaHbIH)

(G : Top — Set

orobparxkaer X B MHOMKecTBO ero To4ek (GX; OH YHHBAJIGHTEH W WMEeT
JeBblil conpszkentbil [, KOTOPLIT CONOCTABIHET KAXKIOMY MHOMKECTBY S
JIHCKPETHY 0 TOMOJOTUI) Ha HeM (KOTJ1a BCe NOJAMHOMXKECTBA B S OTKPBIThI).
Kaxk cIeacTeue, G COXpaHseT BCe npeieqbl, KakKHe MOryT cyigecTBOBaAThL
B kateropun Top (neamomy HoCHTETEM TPON3BEIEHNS MPOCTPAHCTB SBJIS-
erest JISKAPTOBO [POU3BEIeHHe uxX Hocureseii). Babbisatomuii (pynkrop G
HMEET TAKZKEe NpaBblil conpsazkennbiii D', KOTOPbI CONOCTABISET KA IOMY
MHOZKECTBY S TPHBHANBHY IO TOINOJTOIHK)Y HA HEM (KUI',’_I'Z_L OTKPBLITHL TOJILKO
S u @). Kak caexcreue, G coxpasieT BCe KONPEIEJbl, KAKHE MOIYT
cyuecTroBaTh B Kareropun Top — ¥ BOT novemy KONpoOH3BEJIEHHEM JIBYX
MPOCTPAHCTBE CIYXKHT HX JHIBIOHKTHOE 00beIHHEeHHe ¢ COXPAHEHHeM HX
TOMOJOT'HHA.

Teneps paccMOTPHM TONONOTHIO TOATPOCTPAHCTBA HA MHOMKECTBE
S C GX.

Ecinn npocrpancreo X dukcuposano, to G unayuupyer pyHKTOP

GlX:(Top | X)— (Set | GX)

g , GF =

Yy —X GY —=GX

h [ = Gh | (1)
A i - s 81 r

Yllie——= X GY' —= GX.

3aeck fn f' — obbekTol, a h — crpenxa B kareropun sanatoii (Top | X).
Dyukrop G | X umeer npaesiii conpsizkennsiii L. JeficTBure1bHO, 00bHEKT
t:S — GX kareropun (Set | GX) — 1o muoxkecrBo S u GyHKINA
t: 5 — GX. Beexenm tonosiornio Ha S, 06bABHB OTKPBITBIMH BCE MHOXKE-
crea puaa t~ U, rie U orkpeiro B X . Hazosem noay4eHoe npocTpancTso
LS; rorpa t cranopurcsa HenpepbiBHbIM orTobpamkenuem Lt : LS — X,
(Hanpumep, ecim S — noamuaomxecrso 8 GX, o LS — aro S ¢ Tono-
JOrHeli mojnpocTpaHeTa.) Kak u3sectHo, Takas Tonoaorus Ha S nmeer
CBONCTBO YHHBEPCAJIBHOCTH: €GIIH Henpepbisroe orobpaxenne [ 1Y — X
npoiyckaerca uepes t B kareropun Set no dopuyne Gf = to s:

(e
oy =L ax
Js Il Gf=tos,

S _E‘_.. G‘Y’
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1To orabpaxkenue ¢ : Y — LS wenpepbisno. Ha camowm jene ato cpoii-
CTBO BBHIPAKAET MCKOMYH) cOmpsizKeHHOCTB: hom (G f,t) = hom (f, Lt).
Bamerum, uyro (G | X)o L = Id; dyuxrop L aABIsfeTcs CONPsiKEHHbIM
u obparueiM crpasa ana (G L X).

OT{L(”J]I:HD OTMeTHM, 9TO CROMCTBO YHHBePCAJIBHOCTH HHJI‘.\I-"II"H]'IOBEI.HIIUﬁ
TOMONOTHH HA NoIMAOXKEcTRe S C (GX Kacaercs He TOIBKO APYTHX MOJ-
npocrpadeTs B X, HO ¥ APYIUX npocTpaners Y u 06020 HENPEPLIBHOIO
orobpazkenus f : Y — X, KoTopoe nporyckaercs depes paoxenne t 1 S —
— GX (1. e. ero 0bpas cogepxures B nogmuoxkectse S).

C MoMONIBIO OMHCAHHOTO CONPSIKEHHOTO (PYHKTOPA MOXKHO TOCTPOHTH
B Kareropun Top (cranjapribie) ypaBHUTEIH NMOCPEACTBOM CIELYIONed
obneit rpoueLypot:

[MMpeannoxennel. lycme dyncmop G : C — D ynusaaenmen,
6 wamezopuu D ecezda cyuwecmeyiom ypasnumeas 1w npu aw0bom r €
€ C dynwmop (G L x) : (C L 2) = (D | Gz) umeem conpastcennmi
u obpamuwndi enpaca ynsmop L. Tozda e wamezopuu C' 6cezda cyuse-
CMBYON, YPABHUMEAU.

Joxkasarenscerso, Y1066l MOCTPOUTL YPABHATENL NAPALICALHOM
napset f, f' : * — y. npumenum G, BozemeM B D ypaBantens t: s —
= Gr napet Gf,Gf" v npavenun L: BBHY YHHBEPCATBHOCTH CONPSZKe-
uug crpenka Lt @ Ls — x smaserca ypapunrenem s C. O

DTo paccy’KJIeHHe — He UTO HHOR, KAk 0OLIMHOe ONpeeJieHne ypan-
HUTEIIA, OCBODOMKICHHOE OT VIOMHHAHKHI 00 SJeMeHTaX: ec/u JaHbl JIBa
Henpepbieabix orobpaxennsa f, f' : X — Y, 1o Gepem muoxecrso S
rouek ® € X, rae fx = [, 1 BBOIMM TONONOIHIO NOANPOCTPAHCTBA.
Hanname conpszxeHHOCTH 0OBSICHSIET, Novesmy HYKHA WMEHHO TOTIONOTHs]
HO/UIPOCTPAHCTBA.

Xopomio u3sectHo, uTo Kateropus Top nonna (complete). "Ttober 10-
Ka3aTh 2T0. TPQG.\'@TCH. NOCTPOHTE JIHIIL YPaABHHTEIH (Ilapaﬂ.‘lﬂ}lbl'ihlx Ilap)
u npomssegennd. Urober mocTponth npom3penecHne m000ro ceMencTBa
npocrpaners X;, i € J, HY3KHO B3sTh npousseaenue ux nocureneit [1GX;
M BBECTH HA HeM (YHHBEDPCAJILHYIO) TOMNOJIOIHIO, B KOTOPOil HENPePbIBHbI
pee npoekuuu p; : INGX; — GX;, i € J. B repuunax kareropuii
MOJKHO BBIPA3UTL TOT (aKT, UTO A5 JI0OBLIX TpocTpancTs X;, MHOKecTBa
S u dynxumit t; S = GX; cymecTByeT VYHHBEPCATILHAA TONOJIOIHA,
cojiepaKaIasn JIHMIb T MOJAMHOKECTBA B S, KOTOpbIE HeOOXOIMMBL J1is
HenpepbisHOCTH oTobpazkennii £; (cm. ynp. 3).

JBOICTBeHHOS pAcCyKIeHHe TIPHMeHnMO K Konpeaenam. I[lyers X —
NPOH3BOJIBHOS TOIMMJION HYeCKOe [MPOCTPaHCTBO. q)‘\-' HEKTOP

(X1@G): (X | Top) = (GX | Set)

umeer jesbill conpsokennntit M. Jdeficrsurensho, obbexr us (GX | Set) —
510 HeKotopas dyukuus t : GF — S. Beexzem Ha ee kooGnactu S
TOMOMOTHIO, COCTOAMIYIO H3 BCex Tex nogmuomects V. C S, npoobpasbi
KoToperx t 'V orkperter B X, M HA30BeM TMOJYUEHHOE TPOCTPAHCTEO
MS. (Ecin orobpaskenne ¢ : GX — S ClOPLEKTHBHO, TO Mbl HOJIYYaeM
XOPOIIO H3BECTHYIO (haKTOPTONOMOIMIO WIH TONOJIOTHIO OTOXKIECTBIICHHS
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na S.) Teneps dyukuua t npespaiiaercs B HenpepbiBHOE 0TODpAIKEHUE
Mt : X = MS. Ilpu atom, ecin orobpaszkernne f : X — Y menpepbiBHO
i Gf =kot s nekoropolt pyuxkuun k:

T0 orobpaxenne k : MS — Y nenpeprieno. Takmv oBpasom, cooTeer-
creme k — k — 910 coupskenue

(X | Top)(Mt, f) = (GX | Set)(¢,Gf),

l?,"[,}ll—[l’{[l(‘]‘ri KOTOPOro CJOAYHHT TOAJIECTBEHHOE ()Tﬂﬁpa}[{@!“de. Ka-K cnen-
creue, dbyukrop M conpsizken ciesa u o0paren cupasa K (X | G).

H[)(ﬁ,’l.:l{)}l((?l-iﬂﬂ 1 ONHPaeTeHd JIHHIL Ha aKCHOMbI Ki].TF'I."()[)Hﬁ.. NnNoaToMy
BEpHO M jBoiicTBennoe yreepzenne, C y4eToM yKa3zauHoil CONpamKenno-
CTH OHO O3Ha"aeT, 410 B kareropun Top Beerja cylecTByiOT KOypaBH#-
TeJIH.

.('XI'!HJ[(JI‘]{ HHO B KATEropHH TDp CTPOATCH KONPOU3BE1EHHH (,'.I,li'S’l)IOl'lKT“
HBIe 00BeIHHEHNA ) W Konpeaennl obmero Biaa. Takne Kompeaensr BeTpe-
HainTCA “1acTo, O0OLITHO noa JApyruMH Ha3BanHAMH, HalpuMep B CTan-
JIAPTHOI MpOoLEeAype CKIEHBAHHA MPOCTPAHCTBA U3 KyckoB. Ilyers, cka-
xem, {U; | i € J} — orkpwiroe nokporrne npocrpancrsa X. Kaxoe
HenpepbiBHOE oTOOpaxkerne f : X — Y onpegenser cemeficTBO CBOHMX
orpannuennii f|U; - U; = Y (i € J). OGparHo, X0poio H3BecTeH Ttor
dakt, uTo cemeiicTBO HenpepuBHbIX orobpaxkenuit f; : U, = Y (i € J)
onpejeqnser nenpepoienoe orobpaxkenne f Beero npocrpancrea X, ecian
i Toibko ecan f;|(U; NU;) = f;|(U; NUj) npn Beex i 1 j. Dror dakr
O3HATAET, UTO CIEIYIONAA THAMPAMMA ONPEJIETSIeT VPAaBHHTETh:

Top (X,Y) - ITop (U, Y) = T Top (U; NU;,Y),
1 1,1

/1€ CTPEJSKH COOTBETCTBYIOT OFPAHNYCHNAM 0TODpaKeanil. JKBHBAICHT-
HO, PE3VIALTAT MOXKHO chopmMynpoBarh caeayonmm obpasom. [Ipocrpan-
crBo X sBaserca KonpeaeaoM B kareropun Top ansa dynakropa U : J' —
— Top. npuvem Koupeieabubii Kouye cocrowt us pioxennii U; —
— X; npu atom obbextamn Kareropun J' SIBAAIOTCA TAPBI WHIEKCOR (i, J)
U OTAEIBHBIC HHACKCBL (i), & HEeAUHUIHBIE CTPEJIKH HMeoT BUIL (i, j) —
— (i}, (1,J) = (j); dbyukrop U neiicteyer va 06bexThl 110 dopmynam
U(i.j) = U;NU;, U(i) = U;, a HeeIUHHYHLIC CTPEIKH HEPEBOIUT BO
BJAOXKECHIA,

Jpyrum npHMepoM KOypapHuTens ciy:ur npocrpancerso X /A, ko-
TOpOe mHoJIydaercs m3 npocrpancrBa X coicamuem nodmmoscecmea A
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B TOUKY. 3TO KOYPaABHUTEb

* - X X/A

[
[

MHOKEeCTEA BCex CTPeJIoOK, (}Tﬁﬁpa}ﬁﬂmﬁﬂ{x QIHOTOYETHOS UDOCTPHHFTBO
% B Kakylo-jinbo u3 rouek a € A. Takoli koypasHUTe/L HCNOIBIYETCs
B TEOPHH TOMOTOITHH. Pﬂ['.(.'.}"l(']"l"l}HM KATeTOPHIO Tﬂp(z). OObLEKTAMH KO-
Topoii seasores napst (X, A) (mpocrpancreo X ¢ moaMHOMKecTBOM A},
a crpenkamu — (X, A) — (X', A') — nenpepnisibie orobpaxenns X —
— X', orobpasawomue A 8 A'. Ecau Y — Tonosoraveckoe npocTpancTBo
€ OTMEUeHHOIT TOUKOI, TO onpeienennio npocrpancrea X /A MoxKHO n1pu-
JATh CJeAYIOMmni Bui:

Top.(X/4,Y) = Top® ((X, A). (¥, +)).

Kak caeperene, dynxrop (X, A) — X/A conpsoken ciesa k hyHgTOpy
Y — (Y, %), orobpazkatomemy Kayka0e NPOCTPAHCTBO ¢ OTMEYEHHOI T0Y-
Koit B mapy (Y, ).

Mpuorue noakareropun 8 Top mHpoko u3BecTHbI.

Ilpennoxenne 2. Hoanaa nodkwamezopus Haus wamezopuu Top,
COCmMOAULGA U3 6CET a:rzyndnptﬁoemn: npocmpancme, noAHG U KOMOAMET.
Dynrmop eaomcenus Haus — Top, mar awce kax u sabusaowiud @dymr-
mop Haus — Set, umeem aesuii conpantcerrinid, H .

HoxkazareascTso. [lokaxkem, 9TO CyHmIECTBOBAHHE JIEBOTO COTPS-
xennoro H poirekaer w3 reopembl 0 conpsizkennom pynxrope. Tpexie
BCEro, MPOM3BEJACHHA H NOMIPOCTPAHCTBA XAaycAopdOBBIX IPOCTPAHCTB
rTakKe xayciaopdoser, nosromy kareropus Haus nonna (complete), a ee
proxenne B Top saBiasercs HelpepblBHBIM (DVHKTOPOM (T. €. cOXPaHs-
er mMasbie npeneist). Ocraercs Jnib NPOBEpUTh CYIIECTBOBAHNE pa3pe-
HIAIONIET0 MHOMKECTBA [UIA KAXKJI0r0 TOMOIOrHYecKoro npocrpancrea X.
Ho moboe nenpepoizioe orobpaxenne npocrpancrsa X B xaycaopdgosa
NPOCTPAHCTBO Y mpomyckaercs uepe3 ¢poit 06pas, KOTopsiil ABIAETCS
MONPOCTPAHCTBOM B Y # noromy xayciaopdor. Dror ofpas sisasercs
hpaKTOPMHOKECTBOM /114 X ¢ HEKOTOPOIT TONOIOrHe i, IOTOMY CYILECTBY-
er we Hosee veM Masoe MHOKecTBO (HenzoMopdHbix) clopbekiumii X —
— Y na xaycaopdoBo npoctpancTso Y. DT 3HAYUT, 9TO Pa3peniaionee
MHOMKECTBO cyuiecTByer. TTony4ennbiii JeBblil conpsizkernblit byakrop H
CONOCTABJIACT KazkKJAOMy npocrpanctsy X xaycaopdoso npocrpascrTso
H X n uenpepeisroe otobpaxkenne i : X — HX, yansepcanbHoe cpean
HelpepbiBHbIX 0Tobpaykennii u3 X B xayeaopdosel npocrpancrsa. U3 yuu-
BEPCAIBHOCTH OTOGPAKEHHS 1) BBITEKAET €ro CHOPbEKTHBHOCTD, MOITOMY
H X MOKHO 0nHCATD Kak Hauboibmee xaycaopdgono (bdKTDpl‘IpULTp AHCTBO
maa X. Ecom camo X xaycaopdoro, To moxkao nomoxnts HX X
o = 1, u rorga H spngerca conpsizKeHHbIM ¥ 0OpaTHBIM C/eBa 115
BJIOZKEHUH.
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[Mockoasky dbyugrop H aBigercsi JIEBbIM CONPSKEHHBIM, TO OH CO-
xpaHger Kompeaenasl. Kak cmeacreme, xareropus Haus xonmomma, T.e.
B Hell CymecTBYOT Bee Malible Koupeleibl. B uacriocru, konpousseje-
une 8 Haus cosnazaer ¢ xonpousseznenned B Top (MOCKOIbKY KOMPO-
H3BeAeHne XaycaopdoBeIX TPoCTpaHeTs Xayeaopdoso), a KoypaBHHTEhL
B Haus — st0o manGonsmee xaycaopdoso daxkrop-orobpaxenne 11a Ko-
vpasuutens s Top.

[Monnas nogkareropus KOMIAKTHO NOPOKICHHBLIX XayCA0p¢OBbIX POo-
CcTpanCTE 0coDeHNO NOIe3HA, NOCKOILKY OHA JeKapToBo 3aMkuyTa (§ 7.8).

YupakHeHns

1. Ilyers L conn — monnas NOAKATErOPUs JOKAIBHO CBA3HBIX TPOCTPAHCTE
e kateropun Top. Jdokawnre, wro dyukrop D @ Set — L conn nveer sepniii
conpstkernbiil (', KOTOPBIN COMOCTABIAEST KaXJI0MY TPOCTPaHCTBY X MHOMKe-
c1BO ero cpasubix Komnoneut. Ilokaxure, uro dyvukrop C' yie He HMeeT JIeBOro
COTIPAKEHHOTO (H3-32 HENPABHIBHOTO JeHCTBHS HA VPABHHTEIH).

2. Tlokamure, 4o npapstil conpsxkenntiii D' : Set — Top k salbiBaomety
GYHKTOPY HE HMEET IPABOr0 CONPAMKEHHOTO (HM3-3a HENPABHIBHOTO AEHCTBUS
HAa KOTIPOW3BEICHNS ).

3. Kareroproe nocrpoenne OObIYHBIX IIPOH3BEIEHNI TOIOIOIHYECKHX TIPO-
CTPAHCTE,

a) Iyers A : C — CJ, A D - D' AUaroHanbable (pyHKTOPHL.
Has moboro T € €7 kampwit yukrop G : O — D onpejensier GpyaRTOP
G.: (AL T)—= (A" | GT) no qopmyae (1 : e T) = (G : Ge= GT).
Iycrs G. umeer jeewiit conpskennnti, a GT umeer npejaen B kateropun D.
,.H,L'IK-'-_I}KH':I'('!? urn T umeer npejaea B KATeropuy C

6) Tyers G sabbiBaomuit gyuxrop Top — Set, a J JIHCKPeTHAS
KaTeropus. H(Ji"['p{}ﬂ'l'(’ JIeBhIi l'.()llI)H)i(l".li}i}.x.lﬁ AL G.;f HOoKa3aB, 4T 0OH BBOAWT
Ha 1MTPOHU3BOJIBHOM MHOMECTBE s leaﬁeﬁillylﬂ TONOJIOrHIO, B J{()"I‘Dpﬂﬁ ABIHETCH
HEenpephiBHbIM 3adannoe cemelicteo dyvaxumit f; + § — GX;, npounnexkcupo-
BAHHOE MHOXKECTBOM J.

B) Brmegpre m3 npeapraymero, uro B kateropin Top cymecTeyior Bee
nponsseienns (B 00bIMHOM CMBICTE).

4. Hoerpoitte nesniil COMPAKEHHBI LTH KAXKI0TO 13 (DYHKTOPOB BIAOKEHNH
Top, ., =+ Top,. n = 0,1,2,3, rae Top, 0b003HAYALT NOJIHYIO NOJAKATETOPHIO
Beex Th-npocrpancts B kareropun Top. Veaopue Ty o3nadact HOPMAaILHOCTD
npocrpancrea, Ty — ero peryasprocts, Ty — xayeaopdosoers u 1. 1. 1)

5. IMokaxmure, uto paoxkenne Haus — Top ne mveer npaBoro conpszKeH-
HOro. 118 3T0T0 NMOKAMHTE, ¥T0 KOYPABHUTEIb 0TOGpamenuil xaye1opdoBpix
npocrpancts s Kareropun Top ne 06asarensno xaycaopdos. Orcoaa noayqaure,
wro 3abueaomail dyvaxrop Haus — Set me mveer mpasoro conpsxeHaOTO.

3amMmeuyaHHnsd
I’IBB{"EC‘I‘HH MHOI'OYMHC IEHHBIE II])I']MB]J]:I U HYacTHbIe (‘..’IY‘IHH 'l'm[)th[ 0 l‘.ﬂ[]l)}{"

KeHHOM (DYHKTOPE; MPOM30LLI0 MHOKECTBO HACTHYHLIX OTKPLITHIT U [1E€pPeoT-
KkphiTuit. Yooumsnem yeaosne Bypbaxu (Bourbaki [1957]) ans cymecrsosanms

1) Cm. MaTemarmueckwnii sunpKTonemaeckuit ciopaps, — M.: CoBerckas am-
umksoneans. 1988, c. 443-444. — Ipus. nep.
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VHHBEPCATILHBIX CTPEJIOK: B 3TOM BAPHAHTE TEOPEMBI ABHO cOPMYyJINpOBAHA
PONL PA3pPEeNIAIAY MHOKECTB, HO OF OKA3AJICA TPOMO3IKAM, MOCKOIBKY TO-
HATHE CTPYKTYPbl v Bypbakmn ne ucnonssyer kareropueix paeii. CoppemenHbril
BAPHAHT TEOPEMBI 0 CONMPAXKEHHOM (yHKTOpe 6BLT chHOpMyIHpPOBAH W NpHoH-
pen ussectHoCTh Giraronaps @peiiy (Freyd [1964]), xoropstit chopmysmposan
U COENUAILHYIO Teopemy o conpskentom dyukrope (SAFT). Ham papuant cre-
HHATHHON TeopemMbl 0 Hava/bHOM 0DbexTe npuHainexur Kemwm (G. M. Kelly,
HaCcTHOE COODIIeHIE).

6 C. Marneiin



I'masa 6
MOHA/IbI U AJITEBPHI

Teneps Mbl bosiee NOAPOOHO H3YIUM POJb CONPSIKEHHBIX (hYHKTOpPOB
B VHUBepcAThHOI anredpe. s kaxnoro tama anrebp 7 (§ 5.6) mveer-
ca kareropus Alg.  Beex anrebp ganHoro tuna, sabeiBarouuil (pyHkrop
G : Alg, — Set u ero nessiii conpsizkensbtii F, KOTOPBIl conocrasiger
Kapk oMy Muoskeersy S esoboanyio anrebpy F'S Tuna 7, NOpomKaeHuyio
3neMeHTaMi u3 S. DTa CONpPAKEeHHOCThL OTPazKaeTcsa B Kareropuu Set;
JeiicTBuTeNbHO, KoMnosuuua T = GF — 310 dyakrop Set — Set,
KOTOPBIH CONOCTAB/ISIET KaM,JI0MY MHOMKECTBY S MHOKECTBO BCEX IJIeMEH-
TOB ('f()(lfTB(%Tt.‘-"['B}'[UIIL(?ﬁ (']'i(}ﬁ('}lﬂ,ll(}ﬁ ilﬂl“(‘()pbl. C Cl)}'llK'l'(}[}ClM T CBSI3aHbI
1 OTIpeJIeNIeHHbIE eCTeCTREHHBIE TPpenbpa3oBalns, KOTOPHIE PHIAT €My
CTPYKTYPY MOHa/IbI, HATOMUHAIOIIYI0 MOHOH/1. 3AMEMATEIBHO TO, 9TO BCIO
kareropuio Alg_ MOXKHO BOCCTAHOBUTDB 11O €€ MOHAJIe B Karteropun Set.
Hpyroi saxkuaeiimmil pesyasrar npunagiexnt bexy (Beck) n xapakre-
pusyer Te Kateropun A ¢ conpsmenuamn (I, G,¢) : X — A, Koropsie
MOZKHO BOCCTAHOBHUTL TAKHM DGP&TSOM o MOHa e T B J],a[lli()ﬁ KATeropHuH
X. B urore oxassiBaercs, 4ro ajirebpa B cMbiciie Bexka — Hactaibko obuiee
MOHATHE, 1TO BKIIOYAET KOMIAKTHbIE Xayciopdoset npocrpancrra (§ 6.9).

6.1. Mouanpl B KaTeropuu

Kasapiit sngodyukrop ) T : X — X onpepensier komnozuuun 7% =
=ToeT: X 3 XuT?°=T2T:X = X.Oyers u : T> 3T —
ecTecTBeHHOE Npeobpas’oBaHie ¢ KoMIoHentamu i, @ T=r — Twx s
kazkjgoro ¢ € X. Torma T : T% = T? obo3HauaeT ecTecTBeRHOE Mpeobpa-
sopanne ¢ komnonentamn (Tp), = T(p,) : T?z = T2z, a npeobpazopanne
pT : T3 = T? uveer komnonentst (uI), = pr,. B peficrsurensuocrn T
u puT — 3TO «POPHU3OHTAIBHEIC> MPOWIBEJICHHA B CMBICTE § 2.5.

Onpepencune. Monada T = (T, 5, ) B kareropunr X cocroutr u3s
dbyukropa T : X — X n asyx ecrecTBeHHBIX MpeobpazoBanuii

g:lx 23T, p:T*ST, (1)

ASTAHIHY KOMMYTATHBEHBIMH CHSIYIIOIHE JHarpaMmMbi:

T:sl,.in'z TTLT*TZ*TLTI
n'f‘] lﬂ I l# [ (2)
T2 ——T, T = T = T

') T.e. bynxrop, y K0TOPOro o6aacTs 1 K0OGIACTh CoBIAIAT. — Hpum. nep.
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Onpezenenne Monabl (hopMaibHO OXOZKE HA ONPeesieHHe MOHOM/IA
M B xaTeropmm MHOXECTB, JaHHOe BO BBeJIeHMH. MHOMKeCcTBO 3nemen-
ToB MoHouta M samveneno sva supodvakrop ' 0 X — X, jaekaprono
MPOU3BEACHHE JIBYX MHOXKECTB X — HA KOMIO3UIHIO ABYX (YHKTOPOB,
OunapHas onepauust ymuoskennst g : M x M — M — na npeoGpazosanue
p:T? 5T, aemnnmman: 1 — M — wa npeobpazosanne n : Iy = 7.
[Toaromy Mbl HA30BeM 1) eduruued, a (1 — ymnoscenuem B monaae T rorua
nepBasi KOMMYTaTHBHAs JuarpaMma u3 (1) BLIparkaeT accouuamueHocin
YMHOMKEOHHS, &4 BTOpad H TPeThbid XapakKTepHuiyioT COOTBeTCTBEHNO JIeBYIO
W TpaByio edutruyy. Beuay ckazaHHoro, MoHama B kaTeropun X — 3TO
MOHOM/I B KATETOPUH ee 310 YHKTOPOR, 716 YMHOMKEHHEe X 3aMEHEeHO Ha
KOMIO3HIHIO 3HI0(DYHKTOPOB, & €IMHHLIA — HA TOXKJECTBEHHBIH SHI0-
dyukTOp.

Tepmunoaozua. Oowvertsr (X, T, 15, #) IMEIOT MHOTO HA3BAHUIL: ABOMH-
CTBEHHAA CTAHIADTHAA KOHCTPDYKIIHA, TpﬂﬁKﬂ, MOHOH, H TPHAIA. Hacroe
0 HeyAauHoe yioTpebesenne B 3TOM cMbicie ciaosa Tpolika (triple) nopo-
JIMJI0 Maccy HeJI0pa3yMeHHil, HApUMep M3-3a MyTaHullbl ¢ YIOpPsA09eH-
HBIMH TPOITKAMH W HCIOJIL30BAHHA POJICTBEHHBIX TEPMUHOB THIIA TPOHY-
Hele npoussogasie yakropet (triple derived functors), npurom uro arn
¢hyHKTOPBI He MPOH3BEACHLI TPH pasa or Hero 6ur 1o o 6buto. osromy
Henecoodpaser TePMIH MOHAIA.

Kaxoe conpsikenne (F,G,n.e) : X — A nopomxjaer MOHaLy B KaTe-
ropun X . Huenno, komnoszummei asyx gpyukropoe F 1 X - AuG: 4 =
— X apnsercs sugodgyukrop 7' = GF, caupuna CONpsyKCHus 7 sSBIseTCs
ecrecTBeHHBIM npeobpazoeanuem 1) ; [ —+ T, a koemuanua ¢ : FG = [4 npn
FOPH30HTANILHOM YMHOMXKEHHH [TOPOXKIALT eCTECTBEHHOEe peodpa3oBanie
= GsF : GFGF = GF = T. Accoumarusabiii 3akoH (2) jUid Takoro
VMHOMKEHHSA } COOTBETCTBYCT KOMMYTATHBHOCTH HEPBOH U3 CIELYIOMHX
AT PANM:

GFGFGF £X% qrGF FGFG X555 Fa
G:‘F'O‘F’l l(;sf' le!’(‘-‘ JF
GFGF —2L£ - GF, FG—=—=I,.

IHomensas Mecramu G u F, noiy4aeM KOMMYTATHBHOCTE BTOPOH HArPaM-
MBI, KOTOpas BBITEKaeT yike u3 onpeaenenns (§ 2.4) ropusoHTAIBHOTO
npouseeenns e = £-(FGe) = (e FG) (1. e. 13 3aKona 4epeioBasng jiis
YHKTOPOB 1 eCcTecTBeHHBIX Npeobpa3zoBanmii). AHAJTOIHYHO, AKCHOMBI
JIeBOH M OpaBoil e MHUILL U3 (2) COOTBETCTBYIOT AHATPAMMAM

Ix6F 25 arar £ grIx

6
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KOTOPBIE 1O CYIIECTBY CBOJAATCA K TPEYTONBHLIM TOMACCTBAM 15 CONpSi-
HKEHUS:
1=Ge-nG: GG, l=¢F -Fn:F5F.

Caenosarensuo, (GF, 1, GeF) nelicrBUTe/IbHO SIBJISETCs. MOHAION B KaTe-
ropur X. ByzneM roBopurh, 4TO 3Ta MOHAMA ONPLICACHA CONPANCEHUEM
(BG1.6)

Hanpumep, monada ceobodnoti zpynnst B Kareropii Set — 3To MoHaza,
onpejenennaa conpsikennem (F,G.p) : Set — Grp, rue G : Grp —
— Set — 3abpiBaomuii GyHKTOD.

JpoiicTBEHHO, KOMOHA/1A B KaTeropuu coctonT u3 hyakropa L u npe-
oOpazoBaHHii

L:A— A, e: L1, §: L3 I3, (1°P)

JAJTH KOTOPLIX KOMMYTATHEHBI JHATPAMMBI

L—»p2 L = L = L
Jl I(LJ I ]5 ||
L} —=1I* AL A

Kaxnoe conpsmenne (F,G,n,e) : X — A onpegenser KOMOHAILy
(FG. =, FnG) B kateropun A.

Yro takoe monana s npeanopanke P? Oyuxktop T : P —- P — ne
4TO MHOE, Kak MouoroHnas dyukuma T @ P — P (z < y B P Bnever
Tz € Ty). Ecrecrsennsie npecbpasosanns 1 u g 13 (1) cymwecrsyior
b TOYHOCTH TOrIdd, KOorida

r < T, T(Tx) < Tx (3)

mpr Beex ¥ € P; B aToMm cayvae guarpaMumbl (2) KOMMYTATHBHBL, TTOCKOIb-
KY B NPEANOPs/IKe CYIIECTBYeT He Dosee OZHONH CTPeNKH ¢ 38 aHHBIMHA
kornamu. V13 nepporo ypasrenns g (3) eirexaer, uwro Te < T(Tx). Mpen-
NOMOKHM TeNepb, 4YTO OPEAnOpHiIoK P apiagercs 4acTUUIHbIM OOPHIKOM
(z €y € @ saever z < y). Torna w3 (3) cnenyer, uro T(Tx) = Ta.
CueoBarenbio, MoHa A 1 B 4aCTHYHOM MOpsaKe P — He 910 uHOe, Kak
onepaya 3ambikans t 8 P, 1.e. monoronnas Gpyuxkuus t: P — P, isa
Kotopoii ¢ < tr u i(tx) = tx npn Beex x € P.

[Tpenocrasnsienm anraremo onpegennts Mopduam mouayn (1, pn,n) —
— (1", 1, n') (coorsercrpyomee ecrecrBernoe npeobpasosanne T =3 T")
U KATErOpHIO BCEX MOHAJ B JaHHOi KaTeropun X .

6.2. Ayirebpnl Ha/1 MOHA/ 104

EcrecrBennbiii BONPOC: «Besikas an MOHaAA ONpeiesaercs napoil co-
NpAAReHHBIX Cb}f' HKTOpOB?& HMEET MOJOAKNTEIbHBINA OTBET, a Ha CaMOM J1eJ1¢
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JIBA NOJIOKUTEIBHLIX OTBETA, OTBEYAIOIHE JBYM [apaM CONPAMKEHHbLIX
dyurropos. [Ipn mepsom orsere (Eilenberg, Moore [1965]) mo monazme
(T,n, 1) B xareropuu X crpoures kareropus T-anredp X7 u conpsixenne
X — X7, goropoe u onpegensier monany (.1, 1) 8 X. ®opMaiabHo
T-anrebpa — 3TO MHOMXKECTBO, Ha KOTOpOM IeiictByer moHomna T (cm.
Bseaenue).

Onpenenenue. Myers T = (T, 1, p) — mounaga 8 kareropuu X. To-
raa aazebpa nad monadoti T' (T-anrebpa) (x, h) — 310 Dapa, BRIOUAIONIAs
obuext & € X (nocurens anrebpu) u erpenky b : To — x B kareropun
X (HA3BIBAGMYIO CTPYKTYDHBIM OTOOpazkeHHeMm aaredpbl), M1s KOTOPOil
KOMMYTATHBHBLL AHATPAMMBI

TQ:rLT:v $iﬁ—T:c
F‘rl lh i Ih (1)
T.’I’IL"‘I! L.

(HE])HHH AHarpaMma oHavacT acCOUHATHBHOCTL, BTOPpad — HaJIu'1He e1H1-
uuipl.) Mopduzm T-anredp f : (x,h) — (', h’) — 310 crpenka f: x — 2’
B Kateropuu X, 118 KOTOPOil KOMMYTaTHBEHA Juarpavva

fJ le (2)

Teopemal. (Kamwedas monade onpedeasemes  ceoumu T-
aazebpamu.) Eeau (T',n, p)y — monada 6 xamezopuu X, mo mmooicecmeo
ecex T-anzebp u ur mopduirsos obpaayem wamezopuio X' . Humeemes
CONPANCEHUE

F o, o TN -1
(F',G in,e7) : X = X7,

6 womopom Pynxmopue FT u GT onpedeasromes coomeememeusmu

(z,h) —— & — (Tx, pt,)
GT ; I A f Ty (3)
(2',h') —2', g — (T2’ pp),

u npu smomn’ =n uel (x,h) = h daa wascdoii T-anzebpw (x, h). Mona-
da, coomeememeiyrousan 6 xamezopuu X momy conpascenuio, cosnadaem
¢ ucxodnodl monadoti (T,n, ).

JloKazaTeberBo 3THX VIBEPIHKIEHUH COCTONT B HX NIPAMOI NpOBEpKe.
Ecau f: {(z h)y = (&' ,10') u g : (&', W) (z", h") — mopdusmer T-anrebdp,
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TO ATO BEPHO W s UX Kommosuiuu gf: npn takoM yumuoxenuu T'-
a.nreﬁpm OYEBIIHO 06PA3YIOT KATETOPUIO, KAK W YTBEpKAaTochk. PyHKTOD
GT : XT — X npocro sabbiBaer cTpykTypHoe otobpasetme T-anreGpot.
C apyroii cropousi, mig waxaoro r € X napa (Tw,p, : T(Tx) —
— Txz) smaserca T-anrebpoit (ceobodnoti T-anzebpodii nag X) B cuay
FAKOHA aCCOUIMATHABHOCTI 1 HAJTHNYHSA TeBoit n HpaBOﬁ €THHHIEI B MOHATEe
T. Caenoparensuo, coorsercrsue @ — (Tr, jip) JefCTBHTENILHO Onpese-
Jaser d)vuKTop FT : X - X7, kak u yrsepxianocs. Torma GTFTz =
=G (Tx,,) = Tx, nosromy e l,HHuu,a 1) JJAHHON MOHA/IBI HBIAETCH ecTe-
creennbM npeobpasopannem 13 = 5 : Iy = GTFT. C apyroii croponbi,
FTGT{x,h) = (T'z,p,). Ipu srom IlepBbIﬁ KBajipar B onpexaenennn (1)
T-anretput {xz, h) oanauaer, uro crpykrypnoe orobpazxenue h : Tx —
apngerca mopdusmom T-anredp (T'x, p.) — (x,h). B urore nonyqaewm
ecTecTReHHOE peolpa3oBaHne

Ee; ny =h: FTG"(x,h) > (x,h) ,

KOTOPOE COOTBETCTBYET onpeaetennto Mopdusma 1T-anrebp. Tpeyronsasie
TOMKIECTBA JUI1 CONPSIZKeHHsT UMEIOT BU,T

T =
Te——TTz T ——Txr
> l”‘r & h

Tr

k)

HE’.})B(}E BLINOJIHEHO B CHJY aKCHOMBI ([Il)i—l.B()ﬁ) EIHHHIBLL 1714 :Z—'.| a4 BTOpoe —
B CHY akcHoMmbl eammunnt g T-anre6put (em. (1)). Cregosaresno, n?
u e onpenensior conpsKenne, KAK U yTBEPHKIAIOCH.

1o CONPSIZKeHNUE, B Cl!OI'D OUePe/Ih, ONPEeARIsNeT MOHAJAY B KATeropun
X. Dujiodyukrop Gir COBITA/IAeT c i—I("‘(O,ELHb[M T, eqununa n! — ¢ ne-
XG,J,IIUH P,LHIIHLL[‘H, AL Y\dl‘lO}K(’HHH }U- G F Bb][lD. IHEHBLI paBeHCcTBa
pre = GTe"(Tz,pu:) = G'ur = pip, 1. €. OHO COBNAJAET C HCXOAHBIM
VMHOMKEeHHEM B T. ,I[DKBBRTE‘..TBCTBO 3ABEPINEHO. O

Teneps nokazkeMm Ha HECKOJTBKHX TIpHMepax, 4To 1'-amrebphr A1d HEKO-
TOPBIX M3BECTHBIX MOHAJ — ITO TAKKe W3BeCTHbIe anrebpbl.

Samwuranue. Onepanua 3ambikanusa T na opeanopsake P — 310 mo-
naga B kareropunm P (e, § 1); coorsercreyiomas T-anrebpa — aro
37eMeHT * € p, aad kotoporo Tw < r (cTperka CIy:KHT CTPYKTYPHBIM
orobpamxennen). [Tockonsky & < Tx npu sBeex x, to T-anrebpa — 310
rakoit anemenr x € P, nns koroporo @ < Te < x. BEcomn P — gacruynbiit
MOPAIOK, TO B Takoil cutyanun @ = Tz, n torna T-anrebpa — 3To astemenTt
T, damrrymeti B 00BIMHOM CcMbICIIE,

eticmeue 2pynnet. [yers G — (manas) rpynna, X — (masoe) MHo-
JKECTRO, TPUYEM BBINOIHEHBI YCJIOBHS

TX=GxX, X 5GxX, Gx(@xX)—GxX,

T (ut 3), {gl'.' (g?"! -?')) = (gl.gii':IJ"
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e € X, 1,90 € G, au — enunnua rpymnel G. Torga B kareropun
Set onpepenena monaza (1,1, u). B aroii curyannn T-anrebpoit aeasercs
muoxecTso X ¢ dpyukuueil (crpykrypHbiv otobpaskendem) bt G x X —
— X, Takum 4to

Wgrge, @) = h(gi, h(gn @), h(u,z) ==

Ecau nonoxnts g - r = h(g, r), TO Nony4aeM CTAHIAPTHOE ONPEIETEHHE
aeiicrenst (g, x) — g-x rpynnbl G va maoxkecrse X . Heyamsureanto, 1o
T-anredbpsr gag mMoaagasl I — 9T0 ZefiCTBHA TPYONBL HAMIE OOPEeIETICHHE
T-anredp nocrpoeHo 1o obpasiy onpejeaenns AeicTBUs PPY b

Modyau. Ilyers R — (manoe) xkonbuo, A — (vanad) abenesa rpynna.
Torpa yenosus

TA=R®A, A—-R®A R®RRA) >RRA,
a—1®@a, 1 ®((®a)—rr®a,

rie a € A, ry,r2 € R, onpenensator monaay B kareropun Ab. Paccyxias
KAK B NPEABLAVIIEM cayHae, noayvdaeM, 91o T-aarebpsl — 310 Jjepnie H-
MOJTYJTH.

Yaopakuenns

1. lNonuste nogypemerku (E. Manes, auccepranus.) Hanovuaum, €10 noHas
HOJIyPEeLIeTKa — 9T MaCTUYHLI HOPSAI0K (F, B KOTOPOM KA 10€ MOIMHOKECTBO
S C @ umeer cynpeMy™m (HauMeHbIIVIO BepxHOWO rpams). [Iyers P — xoea-
puanwmuiil gynrmop Gyaecoll cmenenu B KaTeropnu Set. DTo 03HaYaerT, YTO
PX — muomecTso peex nmogmuoxects S C X, a (Pf)S, rae f: X = Y,
910 0bpa3 muOKkecTBa S TpH oTobpaxkennn f. I[lycte X — npomssosbaOE MHO-
weeTso, 1x ¢ X — PX orobpaxaer Kamiaplii semMent © € X B 0JHOTOYEUHOE
uuomecTso {2}, a pix : PPX — PX orofpazaer kazI10e CeMeiicTBO MHOXKECTR
B UX 00beIMHeHe.

a) Jdowamxure, uro (P, 1, u) — vexoropas mMonaza P B kareropun Set.

6) Hdokazkure, uro xaxsaan P-anrebpa (X, h) cranoenrca noamoil nomaype-
METKOil, eC/iu ONpeenuTh oTHomeHne & < y yenosuem hix, y} = y n nonoxnrs
supS = hS ans Becex S C X,

B) Jdokaxnre obGpaTHOe: KaXkaas (Magas) MOTHAS TIOMYPENIeTKA, TPeBpana-
ercd rakuym cruocobom B P-anrebpy.

r) U3 B) noayuwnre, uro xareropus P-anrebp — 310 xareropus Beex (Masibix)
HOJIHBIX [IOIYPEmeToK, rae MopduiMaMi ABIHAIOTCH (QVHKINH, COXPAHAIONNE
HOPHIOK H CYLPEeMyM.

2. IMoxazwure, uto dyurrop GT : XT = X coxpanser mpeess.

3. a) Iycers (T,y,u) u (T, 7', 1) — vonaxm na muoxecrse X. Ompeze-
e Mopdusm MoHAA § Kak COOTBETCTBYIOMICE €CTECTBEHHOE NpPeodpa3oBaHme
@ : T T' w mocTpoiiTe KaTeropnio Bcex MOHAT Ha X .

! ey iz , o

6) Mexons us @, nocrpoiire gyukrop 87 X7 — X7 qakoit uro GT e 7 =
Tr T™ 23 r;-l
=G, a Takxke ecTecTRennoe npeobpasosanme F S A7 o BT
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6.3. CpaBaHenue c ajaredbpamm

Hexoas 3 conpsikenns X — A, MOMKHO NOCTPOHTL MOoHaay 1' B KarTe-
ropun X, a 3atem Kareropuio T-anrebp. CrnipalmmBaeTcs, KAK OHA CBA3AHA
¢ uexopnoit kareropueit A7 TToutHblil OTBET 3aBHCHT HE TOJBKO OT CAMEX
KATeropuii, Ho u o1 conpsazenns. OH COTCPAKUTCH B CICAVIOUILH Teopeme,

Teopemal (cpasaenne conpskennii ¢ anrebpamu). [yemo
(F.G.n,e): X — A

nexomopoe conpasicenue, T = (GF,n, GeF) onpedeisemes um
Monada 6 wamezopun X. Tozda cyuwecmeyem eduncmeennwii dynkmop
K:A— X" maxeii, wmo G'TK =G u KF =FT,

JdoxkazaresaberBo. YIBep:KAEHHE TeOpeMbl 03HAUYALT, YTO CJIeIYI0-
HIYIO JTHATPAMMY MblI MOMEM JONOJHUTH CTpenkoidl K, koTopas cioenaer
KoMMyTaTusubpiva 1 F- u G-kpajgpar:

At xT
e
X = X

Koennnua £ 3a7aHHOro COnpsizkeHus onpeensier Uis Kaxoro a € A
crpesiky Ge, @ GFGa — Ga. 9Ty eTpeiiky MO#HO PAcCMaTPHBATH Kak
cTpyKTypHOe oTobpaxkenue h B T-anrebpe na obbexre Ga = x: jgeficrsu-
Tenbno, muarpaMme (2.1) 371eck TpUEAMAIOT B

GFGFGa L5 GFGa Go —= GFCa
p(,-u:C'J'EF('r'ul l(fl‘:‘n \ l(;’i..
GFGa Ga, Ga.

(€5

Ony koMMyTaTHBHBL (IepBas aApigercsd onpejenenneM Gee, a propas —
OJHHM W3 TPeVroJabHLIX TOMIECTE JaHHOTO COTII)?[?KE?I[HH). HGQTOM}' ALITHA
moboti erpenku f ra — a’ w3 A mul onpeaennv K no cdhopmyinam

Ka = (Ga,Ge,), Kf=Gf:(Ga,Gz,) = (Gd',Geyr); (2)
NOCKOJIBKY peobpazoBaHne £ eCTeCTBeHHO, TO Takas crpenka K f kom-
MyTHpYeT ¢ G2 u notoMy aBasgerca MopdmsMmoMm 1-anredp. CrangaprHas

NPOBEPKa MOKAIBLIBAET, 4TO K sisasiercs ('b_\"I{K'!"I’.Jl’)(}_\'l1 pu4aem

KF=FT,  @gT=a. (3)
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Ocraeres nokazarh, 4ro (pyukrop K eauncrsen. Ipexie Beero, kax-
I[,bIH 0bberT Ka pomxen O6bTh T-anrebpoil, a yeIoBre KOMMYTATHRBHOCTH
GTK = G osnasaer, 4ro coorsercTByiomuy X -obbekrom apaserca Ga.
Takum obpazom, Im nveer sui Ka = (Ga,h) pida HEKOTOPOro CTpyK-
TypHOro orobpaskenus h; npu srom pasencrso GTK = G osnauaer,
ato 3pavenne Gymkropa K ma crpenke f m3 A pasmo Kf = Gf,
uro coorsercreyer pasencrsy (2). Ocraeres aumum nafitm cTpykTypHOE
orobpazkenue h. duarpamma (1) kommyrarusna, conpsxenus (F,G....)
n (FT,G7T,...) umvelor obwyro exunuiy 1), u nosromy dpynxropst K : 4 —
= XT u T : X = X (rokgecrsennbiii) onpenensiior orobpazkenue
[EPBOI'O CONpsxKeHus BO Bropoe B cmbiciae § 4.7. Ilpuvenus K sromy
oTo6pazkennto npeioxkenne 1 n3 § 4.7, nonywaem, uro Ke = 7K. Ho K
npu JeficTBHA Ha cTpelki coBnajgaer ¢ (7, nosromy Ke, = Ge, ,pm Beex
a € 4 a U3 ONpejIesIeHnsl KOeInHNTIbI a.nreﬁpbl aT BhITEKaeT, uTo &1 Ka =

eT(Ga, hy = h. Takum o6pasom, u3 Ke = eT K crenyer, uro Ge, = h.
TeM caMBIM CTPYKTYpHOE oToGpazkenne h onpeneneno, n e IHHCTBeHHOCTE
dyukropa K noxazana. [

Bo muornx ussecrubix conpsaxennax (F,G, .. .) cpasanpaomnii hyHK-
rop K siBisiercd u3oMOpdM3MOM; B 3TOM cJy4ae Mbl HazpiBaeM (byiukTop
G monadureckuam (monadic, tripleable). ¥V apyrux asropos (Barr, Wells
[1985]) tripleable oswataer mminb, gro K aBISeTcs SKBHBAJICHTHOCTHIO
gKareropuit. QIHAKO HMEETCs NpoCToil npuMep, Koria I He ABIAeTcs Hi
H30MOPKhHU3MOM, HH JAXKe IKBHBAJIEHTHOCTHIO. 3abbiBawonmii (ynkrop
G : Top — Set mmeer mesrlil conpsazxkennsiii [, KOTOpBIl COMOCTABISA-
T KadA0MY MHOMECTBY A JAHUCKPETHOE TONOJIOrHYeCcKoe npocTpaHcTBO
(Bce nonmuOAKecTBa B X OTKPBITEL); AeHCTBHTENBHO, €IMHIYHAA CTPE/IKA
nx ¢ X — GDX 3apeioM0 YHHBEPCAJILHA CPEJN CTPEIOK 13 00bhexTa
X B dyuarrop G. Conpsizenue (D, G, 1, ...) : Set — Top onpejenser
B kareropun Set roxkiecrsennyio monasy I = (I1,1,1) (¢ roxaecrsen-
HbIM (DYHKTODOM H TOXIECTBEHHBIMH €CTECTBEHHBIMH NpeobpazsoBaHHsA-
mu). TIpu arom T-anrebpbr B kareropun Set — 310 NPOCTO MHOMECTBA,
nosroMy cpasnusatoumii pyukrop Top — Top" = Set B ganHOM Ciydae
copnajiaert ¢ f3il6hlﬂalOlILl!E\-I (l)yl'[K"l'UpOM G‘

6.4. CnioBa n ¢BOGOAHBIE MOJIYTPYTIITHI

B eyuae cRoBOIHBIX NOTYTPYTIN CPARHABAIONIHIT (DYHKTOD MOKHO TIO-
CTPOUTH B gBHOM BHjE. [loyrpynna — 910 MHOKECTBO S, HaJIeJIEHHOE ac-
conpaTHBHOI OuHapHoit onepanmeii v : .S x S — §. Ceoboapan noayrpyn-
na WX nax mpoxkecrsom X 1MOXoxKa Ha COOTBETCTBYIOUHH cBoDOMIILIH
monons (§ 2.7). Ona cocrout u3 Beex cioB (x1) ... (&, ) TONOKUTENBHOI
JUIHHDBL 71, 3AlIMCAHHBIX [TOCPEACTBOM CHMBOIOB x; € X3 Mbl numem (r),
4TO0BI OTIHYHTE (10BO (x) 13 WX or anementa v € X. YMHONKEHHE (JIOB
COCTONT B UX NPUITHCBIBAHUH JPYT K JAPYIY:

({@1) - Aza)) (Y1) - - - (Yn)) = (@1) - - (&) W1) - - - (Yn);

TAKOE YMHOMKeHue acconmarueHo u npespamaer FX = (WX, v) B nony-
rpymny. 3aece WX — ausblonkraoe obbeaunenne [IX", n = 1,2,...
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IIyers G : Smgrp — Set — 3abniBatomuii GyHKTOP U3 KATEIOPHU BCEX
MAJTBIX TIOAYTpyI (3abeiBatonmmii ymaoxkenne ), Torma crpenka ny @ X —
— GFX, oupejensiemas coorpercrsueM x +— (r), YHHUBEPCAIbHA CPELH
crpeaok w3 X B (. Iloatomy F asiasiercd hyHKTOPOM, CONPAZKEHHBIM
cJ1eBa, ¢ G, i 1] onpejensaeTtT colupsiienne

(F,G.n.e) : Set — Smgrp.

[Tyers S — mpomsgombHAS MOAYTpyIna (MHOKECTBO S ¢ aCCOMHATABHOIN
Ounapuoii onepaupeli S x S — S, 3a0UCHIBACMOR MYJILTHINIMKATHBHO);
TONAA KOSJAMHUNEH £§ JAHHOIO CONPHAKEHUs 110 ONPE/IeTeHHI0 ABIAETCH
tor mopdusm noayrpyni £5 : FGS — S, a1 KOTOPOro TOMKIECTBCHHA
komnozumua Geg o gy + GS =+ GFGS — GS. Unave roeops, g —
UIMHCTBEHHBI MOpgU3M nonyrpyiin, KoTopblii oTobpazkaer Kaxablii ob-
pasyionwii (s) B s. D10 03HAMAET, YTO

es((s1)...(sp)) =81...8, (npouseenerne & S) (1)

npu Beex s € S. Takum 06pa3oM, KOEAUHUIA CHUMAET YIJIOBbIE CKOOKH ( }.

Mpennomenne 1. Monada 6 xamezopuu Set, onpedeasesman conpa-
gicenuem Set — Smgrp, umeem eud

W=(W:Set—Set, n:I>W, pu:W23W),

o0
20e WX = HI X" pxx = {x) das wancdozo v € X, a pyx umeem sud
n=

px (((@11) - @i ) - (ora) - (Tan, ) =

= (w11) - @1n ) - (@p) - (i)

daa ecex noaoscumenvnbx k, 6cex nabopoe ny, . ..,ny us k namyparvnux
wucen u aeer xi; € X.

Hokazareascrso. Io onpegenenwio nx = (), a g =
= GeF : W2 5 W onpegensiercst ppimenpuseentodi gopmyiof mis £g,
re Kamapii snemenT n3 W2X zamican kak cioo (fummsst k) ot k cnor
JJIMHBL 7y, . . ., Tl COOTBeTCTBEHHO. Kopoue rosops, p, OpH NPHMEHCHUH
K CJI0BY U3 CJI0B VIAIAET sHewnue yraosble ckobkmn, [

OrMeTHM, 9TO 3T0 ONPEeJeIeHne MO3BOISeT HelNOCPeICTECHHO TTPORe-
PHTh AKCHOMBI €JIMHHIIBI U ACCOIMATHBHOCTH B MOHaje W, He obpalasch
fABHO K HOHSITUIO nosyrpynnbl. Hanpumep, acconparuBiocts yMHOZXKEHHs
[i O3HAYAET, YTO B CIyHae mper nap YIJoBbix cKoGoK pesyibrar Oyier
OJUHAKOB, eCITH VIAAUTL CPeanue, a 3aTeM BHelnae (TK()GKH, HIIH €CIH
VAATHTE CHAYAMA BHENIHHEe CKOOKH, a 3aTeM CpeIHHe.

MMpegnomxenne 2. B caywae onucaunoli mowadw caoe W e wame-
copun Set, W-aazebpn umerom eud (S, vy, s, ...). Boaee wonkpemmno, na
Muoscecmee S das kaxcdozo HamMypasLHozo 1 3601 1-GPHAA ONEPAUIULA
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vy, 8" = S, npunem vy = 1 u dast wasicdozo namypainhozo k u kasedozo
Habopa k HAMYPAALHOT MUCEA T, . .. N BHINOAHEHO MONCIECTNEO

Up(Uny Xoe e e X W) = Upitiing S AT Ry (2)

Mopdusm W-aneebp f : (S.w,...) — (S8',v,...) — amo ¢Pynxyua
f:8 = 5", kommymupyouwan co 6cemu v, m. e. fv, = v, f": 5" > S.
Jdoxkaszarenbcrso. Pacemorpum W-anrebpy (S,h : WS — S).
Hockomsky WS = 115", To ctpykrypHoe orobpazenune i — 3TO COBO-
KVIIHOCTE N-apHLIX onepanuii v, : S™ — S, no oauoil s kaxjoro n.
B cnny akenombr eagpanner 1A W-anrebp hnx = 1, nostomy oroGpazke-
e v — roxaecrsennoe. C apyroil cTopoibl, MPOU3BEICHHE MHOMKECTH
JuCTpUbYTHBHO OTHOCHTEILHO KONPOU3BEICHUS, U TIOTOMY

I'V(H’-.Y} = III(H }(r:)k = ]‘E'[H(A-m % ... % ‘Y-m,) o ]EEHJY.NI_IF"'-'_"ke

rU1e 1 B cpeaneii v npasoil uactu npoberact see nabopsl BUIA {n. Tyenny n;..).
B stux 0603HaMeHNAX aKCHOMa ACCOMATABHOCTH /1718 CTPYKTYPHOTO 0TO0-
paxkennst i npuanavaer sug (2). O

Pacemorpum npocreiiimuii eoryvaii Toxaecrea (2): 3 =241 =1+ 2,
orobpaxenne vy — roxaecrsennoe. Tormga

mrnmx)=r=wm(lxw): SxIx85 >S5

Ecan 3anmcars GuHAPHYIO ONEpANMi0 V7 KAK YMHOMKEHHE, TO MbI MOJIy-
4aeM, YTO TepHAPHAs ONepalus Iy [IPH BCEX I,y,z € S yIOBIETBOpHeT
TOAECTBY

(xy)z = va(x,y, 2) = 2(y2).

AHAIOTHTHO, Uy, COBNAJAET ¢ TIPOU3BETEHHEM 1 3TeMeHTOR. 1o HHIYKIn
Bes Tpyia 10Ka3bIBACTCs

Caencrsue. Cucmema (S vy, 1o, ...) acasemea W-aneebpoti onu-
carMozo euda, ecau u moavko ecau v, = 1, e : S xS = § —
accoyuamuenaa bunapnas onepavus na S u npu ecer n = 2 epro, wImno
Unyr = vp(va x 1) : 711 5 6.

Takum obpasom, ecin Mbl pACCMATPUBACM MOJVIPYIIILI KAK MHOMKE-
cTBa ¢ 0HONH DMHAPHO accoHaTHBHOIL onepalueii, onpe/iesisaeM CoOOTBeT-
creyoiyio moramay W e kateropun Set u crpoum kareropuio W-anre6p,
TO NOJAYHAeM Te Ke MONYTPYIIbL, HO ViKe Kak ajrebpanvecKue CHeTeMbl
euga (S, vy, va,...), tae vy = 1,1 = v, & BCE Vy1) ABIAIOTCS HTEPALIHAMA
onepaunn . Cpapuubaionwmil gynkrop K : Smgrp — Set" 3TO
ouesnIHOE oTtobpamenne (S, v) — (S, 1,v9,..., 0, ...), T1€ v, — UTEpa-
A 6unapuoii onepauuu r. Muade rosopsi, K — 310 mM30MOpQM3M, HO
OH 3ameHsieT ajgrebpandeckywo cucremy (S,v) ¢ 0aHOI ACCOUMATUBHOI
lelllﬁ.pl:lﬂfl Ul'[l,‘p'd.lJ‘HCﬁ TEM e MHOMKCCTBOM CO BCEMH IMPOH3BOIHBIMH OT
HEe onepaniuAaMA.

AHAJTOIHYHO OMUCHIBAIOTCS Anrebpbl Hal JAPYIMME M3BECTHLIMU MOHA-
namu (ynp. 1, 2).
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Yupa>kaeHnst

1. Iyers Wy MOHa1a B KaTeropum Set, onpeaensenmasn sabbmaonmn
dryuxkropom Mon — Set. ITokaxure, wro Wy — 310 muokecrso M ¢o crpokoit
Vo, Vi, ..., cocTosimell u3 n-apHbix onepanuil v, rae vp @ ¥ = N — eaunnna
moronaa M, a v, — NpOM3BeIeHHe 11 MHOKATE e,

2. Iyere R — gonnuo o epanuneii. 3absisaonmit dyvaxrop G @ R-Mod —
— Set w3 Kareropun jiesnx R-Mozyiieil useer gesstil cONpsizKeHHb 1 n0ToMy
onpegenser monaty (Tg,7, g B kareropun Set.

a) Jdokamure, 910 91Ty MOHALY MOXKHO ONHCATH clieaylommum obpasom. Ecim
X — opouzsonshoe maoxkecrso, 1o Tp XN coctont n3 sex dyaxuuit f: X — I,
TMCIONAY JTHNE KOHCYHOe 9HCIT0 HeHyIeBnsx smadenuilt eemu £ 2 N — YV —
nexoropas dyuknus, y € Y, vo [(Tgrt)f], = S fe, e cymma Geperes no sees
r € X, nng koropeix tr = y; ecrm ¢ € X, To 1, : X — R onpegensercs no
dopyynam () = 1, (ge)z’ = 05 ecm k € Tr(TaX), 10 pok : X — R
onpegensercd 4ua r € X no dopayvie (pok), =3 ; kg fr, rae cymma Geperca
no seem f € Tr X

6) Mposepure nenocpeacrsento, 4o (T, 17, 1) U3 0. 4) ABATETCHT MOHATOM.

8) Hokasxure, aro (Tr,n, pt)-anreGpor copragant ¢ R-MOLYSMH, €CIH B 10-
CHABAHUX PACCMATPHBATE B KAYECTBE ONePaluii He TOIBKO CI0KEHHe H YMHOMKe-
HUE HA CKATIPEBI, HO W modnie muHeiinse kombunampn. (CrpykryvpHoe otobpa-
sxenue h conocrapaser KaxkaoMy f ommnelinyio kombuaanmio ¢ koaddumentanu
fo ana kaxgoro @ € X))

3. Haiire anaforuaHoe 1OHOC OIMHCAHME CONPSIKEHH, ONPEeeIseMoro 3a-
Oompaommy pyukTopom CRng — Set. Hcnomssyiite Tor daxt, urto 3gece
TX — 310 KO/IBILO BCEX MHOIOYIEHOB € 1ebiMH KO3(DDHIMEHTaMI 0T CHMBOJIOB
(nepemennnix) r € X.

4. Conpszxermie (F, G, p) : Ab — Rng, rae dyaxrop (7 3abnsaet yMiomxe-
HUE B KOUIbLE, onpeaensaer MoHany T B kareropun Ab,

a) Haiite npamoe onmcanne 3TOH MOHAIM, KaK CAedaHo B Texcte qiaa W,
HO 3ameHnB X' Ha TEH30PHOE NPOM3BEIEHNE 11 MHOKHUTE IS, & KOPON3BeIeHne
II — ma (GeckoHeMHYIO) MPAMYIO CVMMY aD€/I€BLIX IPYIIL.

0) Haitre coorBercTByImee ommcanne T-anredp M mokaxkuTe, ITO CPABHH-
patoiuit GyuxTop u3 koneu B T-ajareOpbl 4BAACTCH H30MOPMHIMOM.

6.5. CBobo/iHble MOHAJUMeCKHe ajiredbpsol
n}'CTb AaHO CONpAXEeHne
(F,G,¢) : X = A.

JIobast nomaasa noakareropua B C A, cogepxamias o0berTh B2 1718 Beex
x € X, mopoxkaaer apyroe ConpazkeHne:

(Fg,Gg,pB): X = B,

rae Fg — 310 pyarTop F', KoobaacTs Kotoporo orpannyena ¢ A na B,
dyukTop G — aro G, obnacTs KoToporo orpanndena Ha B, v npu & € X
1 b € B ncxoanoe conpazkenue onpeaenaer OueKknmo ¢p:

homg (Fgx,b) = homy (Fx,b) = homy (z,Gb) = homy (2, Ggb),

D Ipu &’ # x. — Hpum. nep.
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3aBe/loMo ecrecTeHHy0 110 x 1 no b. [Ipu atom Bropoe conpsikenne g
onpeieTseT B KaTeropun X Ty Ke MOHAJIY, 9T0 H neppoe, DTo HabmoaeHne
HOKA3BLIBAET, 4TO H Ta 3Ke MOoHaAd B X MOXKET OHPEIesTbes MHOIHMH
conpszkennamu. i HauMeHbLIEro Takoro conpszxkennsa B = FX: ato
HOJTHAS MOAKATeTIOPHA B _Jn, cocTodlas 13 Beex (TH[)S(),’I‘H]_‘I}( Uﬁ'hf‘.KTO B F.'I? €
€ A. HUszeecrnsie cpoitctea mopduzmor Fr — Fy mexay cBoGOAHBIME
00beKTAMHE NMOACKA3LIBAIOT crocob nocrpoenus nojgxkareropud FX u co-
HNpAXKEeHHA B HENOCPeACTBeHHO 110 Monaje. IIpuseaem 310 nocrpoenue,
I[PpH KOTOPOM KATCTOPHSA FX onuceiBaetca BHYTPOHHHM (Jﬁpﬂ."}(}M, o He
KaK ToJKaTeropus (ca. ynp. 3).

Teopewna l (Monaamyeckas xareropusi, Kleisli [1965]). Ifyemn dana
monadn (T, 1, i) 6 wamezopuu X . Kaoedomy obzexmy v € X conocmasum
Hoeuil ofsexm rr, a xaxcdoti cmpeawe f @ x — Ty uzs X — nosymw
cmpeary 7 1 xp — yr. Pmu woewe obsexmot U cmpeaxy o6pasyrom
wamezopwo, ecai onpedeatns Komnosugwo cmpeaor [ ou g’z yr — zp

o NPasuLy _ _

g of =(p:0Tgof). (1)
Hpu smom dynxmopu Fp + X — Xy u Gy : Xy —+ X coomeememeenna
onpedensiomes no Hopmiyrem

Fr:k:ixz—yvr (nyok) :2r - yr, (2)

Gr: f ror—=yr—pyoTf:Tax— Ty > Ty, (3)

w nomomy dan obsexmos swnoaneno pasencmso Grrp = Ta. Buekyus
> = f onpedeasem conpameenue (Fr,Gr,pr) + X — Xp, Komopomy
coomsgememsyem 6 xamezopuu X ucroduai monada.

HaGpocoxk goxkasarenscrsa. B cuny onpeaencuns crpenok f”
umeercs Gueknua hom-yvinoxeers Xy (zr, yr) = X(x, Ty). a onpeaenenne
KOMITOZHINH B KATErOpHH X COOTBETCTBYET KOMIIO3HIHH

f T 3
x Ty —> T2 —= T

B kateropuu X. C nomouibio noaxoadineii AuarpaMMbpl MOXKHO TTOKA3ZATH
accOIMATHBHOCTEL BBEJIEHHON KoMnozunuu. Ipyrue aparpavMmbl 10Kasbi-
BAIOT, 4TO JeBOil M npapoll eJMHHLEeH CIyKHT (?,r,]’ rxr — xr. H3
JAJbHEHIINX BRIKIAJI0K caenayet, 4yto Fp u G 1eficTBUTeNsHO ABIAI0TCs
dyarropamu. ITo nocrpoennto, f7 — f — aro Gueknms

Xr(Frz,yr) = Xr(zr,yr) = X(2,Ty) = X(z,Gryr);

OH& ECTECTBEHHA [10 & M 110 Y7 U NOTOMY ONPEAEIAET HCKOMOE COIPSIKEHHE
wr. BEro egumauneii cay:KuT 1), 4 KOSINHANA OMPEeIeaseTcs 1o popmy.ie
(z)yr = (lr;-y}'o : (Ty)r — yr. Yunomenne B kateropuun X HMeeT BHJ
GrerFr, 9T0 COBIAAET € UCXOIHBIM YMHOKEHUEM (i B CIITY ONpPeIeneH sl
Gr. B urore conpsizkenne onpeensier uexoauyio mouauy I'. [
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Teopema?2 (reopema cpapienust Uisi Kouerpykumn  Koefieam).
IHyemv dano conpasicenue (F,G,n,e) + X — A, xomopoe onpedeagem
e wamezopuu X wmonady T = (GF.n,GeF). Toezda eyuecneyem
eduncmeennndi pyuxmop L : Xp = A maxot, wmo GL = GyLFp = F.

HI){‘,’.IOI:’I‘&BJIHB!\{ A0KAZATENBECTBO YHTATENI0. O’[‘M{‘THM JIHI B, 9T0O ILTH
VCTAHOB/IEHUA eInHcTBeHHOCTH (hyHKTOpa L TpeGyeTcs cHOBA (M HECKOJIb-
KO MO-HHOMY) HPHMeHUTL npeaaorkenne 1 uz § 4.7 06 orobpaskennnx
COTPAZKEeHIIT,

JIpe TeopeMbl cpaBHEHHs MOKHO OBLEIHHUTL CJIEAYIONM 0Dpa3oM:

Teopewma3. [yemv dana monada (I, n,p) 6 ramezopuu X. Pac-
CMOMPUM KAME20PpUt0, 00ELKMAMU KOMOPOTL ABAAOMCA 6CE ME CONPAHCE-
nus (F,G,n,e) : X — A, womopue noposcdarom smy monady, a cmpeara-
MU — me omobpadcenus conpaxcenuti (§ 4.7), xomepwe moxcdecmeenmnt
na X. B amotll kamezopuu umeemcea nanasvhui obsexm — xoHcmpyruuna
Kaeticau — u mepmunaavunti obzexm (FT,GT p,eT) : X = XT co
CPABHUBAIOULUM PYHKTOPOM

YupakHeHns

1. Tocrpoiire cpasaupaiowmii dyaxrop Kueiicon L, nokaxure ero eams-
CTBEHHOCTDL U HOKazKATe, 970 06pa3 Kareropun X OpH €ro ACHCTBHH ABIACTCH
nosanoit noakareropueii FX C A, obbextb Ko1opoii nveor euid Fo s see-
BO3MOKHBIX & € X,

2. IToxazkute, uro orpasnuenue hyHETOpa L onpeieser IKBHBAICHTHOCTh
kareropuii Xo — FX,

3. [Tocrpoiite npumep conpsizkenns, B KotopoM F' ne asiagerca Oueknped na
obbekTax. Orcoga nonyuanre, 910 akBuBaieHTHOCTE X7 — FX n3 yup. 2 ne
obsizarensio spasercs niomopdusmom. (Viazanue: orobpaxkenne § — T(S)
€ 0HOIIEMEHTHEIM 06pa3oM onpeaensier MoHaAy B kareropun Set.)

4. Pacemorpum sakimoqure/bioe cpasaenne ui reopemn 3. Cymecrayer s
Ha CAMOM JIEJ1e KaTeropis Beex conpsmennii?

5. Iyers (F,G,n.e) : X — B onpenensier monaay {T.n,y) B xareropun
X, a apyroe conpsxenne (L, R, n',e"} : B — A onpejenser 10xKI1eCTBEHHYIO
monany B kareropum B (r.e. RL = Ip, ' = 1 u Re'L = 1). doxamure,
uTo KoMnosunas conpaxennii X — A4 onpeaenser B xkareropun X HCX0IHYIO
monaay (T, 5, u).

6.6. Pacmiernienne KoypaBHUTEJ e

Ham norpebyrorcs HEKOTOPbIE CHEMUATILHBIE THIIBI KOYPABHUTETIE.
IMop suakod B kareropun C' By1eM TOHRMATH JIHATPAMMY

8o .
a—Zph—>C (1)
ay
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e edy = ed;. Takum oBpazoM, BHIIKA — 3T0 HPOCTO KOHYC € OCHOBAHHEM
a = b u BepmmHOil ¢. HamoMHIM, 9TO cTpeska e Ha3BIBAETCS Koypae-
HUIREACM NAPAICIBLHON napbl cTpeok Jy u dy. ecilu OHa [NOPOXKIACT
BUIKY, npuuem jgwobaa crpeaxa f @ b — d, ana koropoit fdy = fo,
umeer Buy [ = f'e aua eguncreennoit crpeaxn [’z e — d. Crpeaka
€ HA3BIBALTCA GHCOANMHBLM KoypacHumeaem I7a Jy 1 J; B KATeropun
C', ecom s moboro dyukropa T @ € — X (B mobyo kareropuio X)
B HOJIYUCHHON BHIKE

T Te
Te——=Th——T¢
T

Koypaeuureaem aua T3y w Ty sasnsierca Te. Kak cieacreue, abeo-
JIOTHBI KOYPABHUTENL ABJIAETCH KOYPABHUTENCM. AHAJOIMUHO MOMKHO
ONpeIeTnThL abCOMOTHRIE KOMpeaenbl (1 abcomoTHRIe MPeIetsbl) aoboro
runa (Paré [1971]).

Pacwuenaennas 6uara B Kareropun ¢ — 310 Buiika (1) ¢ asyms 100oi-
HUTEILHLIMH CTPEJIKAMH

(1 -(i— b -‘S_ { i (2)
JIU151 KOTOPOH BBITIOIHEHEBI YCJAOBHS
edy = edy, es =1, ot =1, ot = se. (3)

Byaem rosoputs, uto s u t pacwenasiom suagy (1). H3 stux yenosnii
BBLITEKACT, UTO € — PACHICILICHHLIT AMUMOP(H3IM ¢ HPABLIM 0DPATHBLIM S,
PacmenneHHyio BHJIKY MOMKHO TaKXe NPeJCTABHTH KaK MIapy KOMMYTa-
THBHBIX KBaJADaTOB

t i
—_— —
€
_—

5

b
alj

e

) — O

—
e

o _—D

1€ POU3BELCH IS [0 PTOPU30HTAIM — eJuHnYHble crpenkd. Mnadge rosopst,
eI CTPETKH d) U € pacCMaTpHBATh KaK 00beKThI B Kareropun ¢hyHKTO-
pos CZ%, 10 (Op,€) : Oy —» € — CcTpesKa MesK Ay HUMU, 1711 KOTOPOIl CTPe/IKa
(t,s) cmy=nrt mpasoii o6parnoii: (O, e)(t, s) = (1,1).

Jlemna. B aroboti pacusenaennoti 6uike € AGAACTICA KOYPAGHUMEALM
dast 60 i 81 %

Hdokazareascrso. [lyers ansa crpenkn f @ b — d sepuo, uro fdy =
= foh. Honoxxum f' = fs: ¢ — d. U3 ypapnennii pacmeniennoi BHIAKN

(3) monyuaem
f'e = fse = foyt = fopt = f,

T.e. [ mponyckaercs uepe3 e. C apyroit croponwi, ecin f = ke maa
HeKOTOpoil crpenkn k @ ¢ — d, o fs = kes = k, noaromy k = ' =
= fs, u crpeaka f' eanncrsenna. O
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[Moa pecwenaennum woypasumenem j1as Jy u &y Gyjem nonumarh
CTPETKY € U3 Takoil pacmenmenHoil Bukn, CymecTByeT XapakTepu3anns
TeX Napajuie/ibHbIX nap dy, &, 18 KOTOPBIX HEKOTOPLIH (a Torja v Jio-
60it) KoypapHuTeIhL paciuenies (yop. 2).

H(][fK[U]hK“'p' pacieiyiedad BHIKa ONpejeidaercsd YPapHeHHAMHA, BRJTHO-
YAKIMAMH TOMBKO KOMIIO3HIIHH H € IHHUYHEIE CTPEJKH, TO OHA OCTaeTCH
paciienyieHHoi BuiKoil npu jgeiicrsun aoboro gpyukropa. Oreioga sbrre-
Kaer

Canencreue. B .awboli pacueniennoli 6uike € A6A8eMca abCoaom-
HuM Koypaeruineaem dar Jy u Oy.

IIpueenem npumep suakn B Kareropun Cat (C' — mobas xkareropns):
p I P P I

8
02—z (C——=1.

1

3,_'1(_‘('-].: 02 — KaTeropust, (16'[)(3](']‘11.[\1 H K(l‘TUpUﬁ CIAYHAT CTPRIKHA H3 C; qepes
do m O; 0603HAYEHBI (DYHKTOPHI, COMOCTABISIONINE KayKI0il CTpEJKe ee
00saeTh ¥ KOOGIACTL COOTBETCTBEHNO; € — 2T0 (DYHKTOP, KOTOpLIi 0106~
paxKaeT Kazk bl 00beKkT Kateropun C' B € IMHCTBEHHDLT 00BEKT KATEropun
1. Ecin €' umeer tepMunadibibiii 00LEeKT ag, TO 3Ty BUAKY PACHICILIAIOT
hYHKTOPEL $ 1 T2 IepBbIil 0TOOpaKAeT e NHCTBeHHbBIT 00beKT KaTeropnn 1
B tg, a BTopoii orobpaxaer 1060 06bext ¢ € C' B e AHHCTBEHHYIO CTPEITKY
C = ag.

Tenepn npusenem npuvep suiakn B kareropun Grp. [Tycrs N 4G —
HOpMaJibHas MOArpynna rpynmsl (5 o6pasyemM MoaynpsiMoe Npon3BeIeHne
G % oN, cocrosiniee 3 nap (x,n), rae © € G,n € N, ¢ (3apeiomo acco-
imaTHBHbiM) ymuozennenm (z.n)(y, m) = (zy, (y~ 'ny)m). Toraa nmeercs
BHJIKA

o .
GxgN —G—— G/x\f,
&1

3aecs p — npoeknusa va dakroprpyiny G/N, dy(r,n) = x, d{r,n) =
= xn. QUeBHJIHO, 9TO B 3TON BHIKE P SABJISIETCS KOYPABHUTEIEM JU1st dg
u J,. B obuen cirydae 9Ta BIIIKA HE PACHICIUICHA, HO HOCIE TIPHMEHEH
zabesatoniero pyaxropa U : Grp — Set nosmyunres pacuienyienHas Bi-
Ka B KaTeropun Set. B kagecTBe s BO3bMEM (DYHKIHI, BRIODHPAIOIIYIO TT0
MPEJICTABUTEIK H3 KAz J0T0 CMEXKHOro Kiaacca (smeMenTta (hakToprpynns
G/N), v nonoxnv tx = (x,z~ ' (spx)). Dror npumMep, KeTaTh, NOKA3HIBAET,
4TO (haKTOPrpyIny MOMKHO PACCMATPHBATL KAK KOYVPABHHTEIb B KATErO-
pHR TPy,

YupakHeHus

1. ITokamure ¢ HOMONILIO AHAJOIMYMHON KOHCTPYKUMH, YTO B KaTeropuu
Rng daxropkonbuo R/A koabua R no wieany A MOAKHO paccMarpusatTh Kak
KOYPABHATEIh, MPUIeM MOIyYeHHAs BHAKA PACHeIAeTcsa Moj JeficTRHeM 3a-
ObiBaomero (pyHKTOPA B KATErOPHIO MHOZKECTB,
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2. IMapasurensnaa mapa dg, 81 : a = b nazwmeaerca (Beck) corcumaemotl
(contractible), ecmu cymecreyer crpenka t @ b — a, takag 4ro dy = 1 m dtdy =
= td.

a) JokazuTe, uTo B moboil pacmennennoi siuike (1) mapa dy, &) cxnvaema.

6) Hdokazxure, 4TO ecjH CKMMAEMAas [APA HMEeT KOYPaBHUTE/b, TO OH
PACHICTLICH.

6.7. Teopema Beka

B HFI.HF)U.J'IE(’ H3BECTHBLIX KaATeropHAX «'.I..."II‘[.’E)]] Bﬂ.}l(l-ﬂ’rlil[ylﬂ poaL urpaet
nocTpoente Koypapuureseii — dakroprpynn s kateropun Grp, daxrop-
moayaeii B B-Mod u 1. n. Teopema Beka xapakrtepuzyer kareropuio T-
ajarebp 715 NPOM3BOILHON MOHaAL! 1' KaK KATErOpHIO ¢ COIPSZKEHUEeM,
'.'iklﬁbl'l‘il[(_ll.l.l,liﬁ d_)yl[l{"l‘(}p KOTOPOrg co3naet mspede.a.mmme KOYDPABHHTETH.
Hanomunm (§ 5.1), uro dbyukrop G : A = X cozdaem xoypasHumenu
St napaiiensnoit napet f.g :a = b B kareropun A, ecin s KasKI0ro
koypasuurens u : Gb — z crpenok G f,Gg u3 xareropun X cyuecrsyior
eJIMHCTBEHHLI 06beKT ¢ 1 eJIMHCTBeHAs cTpeka € : b — ¢, 115 KoTOphIX
Ge =z u Ge = u, npuveM € CIyAKUT KoypaBauTeseMm i f u g.

Teopewma 1 (Teopema Bera o xapaktepuzanun anre6p). Hyemn
(F,G,n,e}: X = A (1)

— newomopoe conpancenue; {T,1), 1y — onpedeaseman um monada 6 K-
mezopun X3 X1 — wamezopus T-aaze6p;

(FT,GT,qT,eT): X = XT (2)

coomsememayouee conpasicenue. Tozda caedipougue yeaosus pasHo-
CUABHBL

1) (edunemeennnd) cpasnuearowud dynxmop K : A — X1 aeanemea
usomopuamonm;

2) fynuwmop G @ A = X cozdaem woypasuumentt 0afs MerT Napai-
seavhvr nap f,g uz A, daa xomopuz napa G f,Gg umeem abeonrrommuil
Koypasuumens 6 wamezopuy X ;

3) pynxmop G : A — X cozdaem xoypasnumeny dai mMex napaitLeas-
wux nap f,g uws A, das womopwus nape Gf.Gg umeem pocuienaenmnnd
Koypaenumenv 6 kamezopuu X .

Jdoxazarenbcrso. Bravane mokaxkem, uro u3 (1) sorrexaer (2).
Pacevorpun asa orobpaxenns T-anrebp

do
<.'IT, h’} T (y!}"'}‘
1
KOTOPBIM COOTBETCTBYIOT CTpefki n3 X, umerommue abcomoTHBI KOYpaB-

HHUTEN B

da &
r—=s Y ——2z.
dy
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Yrobbl co3aaTh KOypaBHUTE b U1 9TOH Hapajiie/bHOH Napbl, HYKHO BHA-
qaJe HallTH €INHCTREHHYIO CTPYKTYpY 1 -anredbpsi m : Tz — z Ha obBeKTe
z, IpH KoTopoit e craner Mopduszmom T-anredp, a 3arem J0Ka3arb, 410
B ,aeﬂcrﬁn'renbum TH € ABJAAeTCH KoypaBHHTedeM s dy,d; B Kateropun
T-asre6p X1, Ho B nesoil wactn jiuarpamvis

KOMMYTATHBEH W BEPXHHIT KBAJIPAT (BRIIOTAIONTHIT dg), 1 HHKHAI (BKITIO-
vaoumii d; ), nockonsKy do 1 dy apasiores mopdusmamu T-anredp. Kak
caencrsue, ek npu ymHOKeHun Ha Tdy w Ha T'd; maer ooy u Ty 7Ke
CTPRJKY. HD (S aﬁ['(J.flI('ITI-[h[ﬁ KOYPaBHHTE1L, H NOTOMY Ti’,’ ABAAHETCH KO-
ypasHHTeneM. 3HAYUT, CYIIeCTEYeT eANHCTReHHAS BePTHKAILHAA CTPEJIKA
7 (NOKAZAHHAA IITPHXAMM ), KOTOPAS JeJaeT MPABLIH KBAPAT KOMMYTa-
TUBHBIM.

T[E[[(?I}b MBI XOTHM MNOKA34Th, 49TO ™ CIAVAHT CTPDYKTYPHBLIM (]’[‘()6]7)&].—
wennem jna z. Ha mmarpamme (3) nokasana €B3b aKCHOMBI accOMpAa-
TUBHOCTH j71d 1 (BHENTHUI KBajipar) ¢ aKCHOMOI accoOlMaTHBHOCTH I3
CTPYKTYpHOro orobpaxkenns k (BHyTpeHHHIT KBajapar).

T?z L >Tz
T2 =Ty
e uyl l,,. m (3)
Ty 5 Y \
Tz m ]

Jlepasi Tpamenus KOMMYTATHBHA, NOCKOIBKY TpeobpasoBaHHe [i ecTe-
CTEEHHO, & OCTAJIbHBIE TPH Tpalelul KOMMYTATHBHEL B CHY OlTpe/1ejieHH
m nocpeactsoM k u e. CrneaoBarTensuo,

3
moTmoT? =mopu.oT .

Ho e apiasiercs abeomoTHbIM KOypaBauTeaem, nosromy 1%e — koypasiu-
TeIb U, CJIE0BATETLHO, 3nuMopdnsn; cokparns Ha T=e, nonydaem 3aK0H
ACCOUUATHBHOCTH IJI5 1. Pacc}')K;IEHI»lC TOrO e poda NOKA3LIBACT., 9TO
BBIMTOTHEHA AKCHOMA eINHANB mon, = 12 — 2.

Mpl HanuM, KaK ¥ HAMEPEBAJIHChb, BAMHCTBEHHYIO cTpykTypy T-
aarebppl m Ha 00bekTe z, npuyeM e sapigerca Mopdunsmom T-anredp
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B cHJy noctpoetius m. Yrobbl noKas’arh, 9T0 € ABIdercs KoypasHHTeIenm
B X', pacemorpum moboe apyroe orobpazkenne T-anredp f : (y, k) —
— (w, n), Ja koroporo fdy = fd,. Torpa crpenka f :y — w B Kareropun
X yaosnersopsier yeaoeuio fdy = fd;, nputiem e apagercs (aGCOTOTHBIM )
Koypasuureaem jna dg,dy @ x = y. Iosromy cymecrsyer orobpazkenue
f':2 = w, nna xkoroporo f = f'e. Paccyxnas Kak B ¢Iydae THATPAMMEI
(3), monyuaes, uro f' asisgerca mopduzvom T-anrebp. [lockonbky 1o
eJMHCTBeHHAs! cTpedka ¢ yeaosuem f = f'e, T0 e — KOypaBHUTENDb B Ka-
reropun X1, u u3 1) caenyer 2).

Janee, KaxKbifl pPACIIENIEHHBI KOYPABHATENb ABAAETCA abcomoT-
HBIM, TI09TOMY yeaosne 2) nozsossier hynxropy G cozpars Gombie, gem
3). Takum obpasom, u3 2) creayer 3).

Ocraercs npkasarn, uto u3 3) cireayer 1). Pacemorpum s atoro T-
anredpy (x, h). Orobpaxkenne h : T'v — & ABISETCA CTPYKTYDPHBIM B TOM
H TOJIBKO TOM COVHae, KOTdd Juarpamsa,

) Hae [} .
T2z T:»’ Te——>=x (4)
T

ABMACTCH BIIKOH B KaTeropuu JY‘ npu4denM e paclenidiT CTPeaKH

- Nr= Te
T?x += Tx += x. [lefictBHTENbHO, YCIOBHE HATHYUA BUAKH B (4):
hop, =hoTh — 310 B TO'HOCTH 3aKOH ACCOUHATHBHOCTH I i KOMIO-
sua h on, pasaa 1 B CHIYy AKCHOMBI eIHHNNE A4 (2, h); ypaBHeans

fz o NTe = 1, Thonry =nzcoh

BBIMOJTHEHBE B CHIIY AKCHOMBI €HHHIBL 715 MOHAIL! T, & TAKIKE €CTECTBEH-
HOCTH MpeoBpazoBaHus 7).

g waxaoro obwvexta a € A conpsxenune (F,G,e,n) + X — A
MOPOKTALT BHIKY

&

EFGa Ea .
FGFGa——= FGa—= & (5)

KOTOPYIO Mbl HAZ0BEM KeHORUMECKUM npedemasaenues obbekTa a. B cy-
yae A = Grp 0HO COBOAJACT €O CTAHAAPTHBLIM IIPEACTABICHHEM; 3/1€Ch
£, — 3TO NPOEKINS HA TPPYILY G CcBODOAHON T'PYINbLL, NOPOAK/IeHHOI
MHOMKECTBOM ee 3ementoB. IIpumenus dbyuxrop G Kk sBuike (5), Mpl
MoJTy4aeM paclieieHHy0 BINIKY B KaTeropun X — HMEHHO, YaCTHBI
styHait pacuenuiennoli suiku (4), korga (x, h) — sro T-anrebpa (Ga, Ge,)
W73 TEOPEMBI CPABHEHHSI.

Pacemorpum reneps apyroe conpskenue (F' G n' &)+ X — A,
KOTOpOe onpezetser TV ke MoHaay B kareropun X. IToa cpaenenuem
(mexxay F' u F) mot nonnvaesm taxoit gynkrop M : A" — A, uro
MF" = F u GM = @'; xax ye OTMe9eHo, TAKOe CPABHEHHE ABIACTCA
MOpOHIMOM conpsizReHnii 1 noToMy yiosaersopsaer yeaopuio Me' =M.
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Jdevmma. FEeawu G ydosaemesopsem npednoaosicenuio 2) meopers
0 €O30aHUY KOYPABHUMEAEN, MO CYUECMBYEm eUHCMGEHHOE CPAEHEHUE
Jﬂ{! . .‘1’ — A.

Kak mpl Teneps 3uaem, G7 yjobiersopser 3ToMy NpenonokKenuio;
MO3TOMY JIEMMa MOMYTHO JACT HOBOE JIOKA3ATENIBCTBO TEOPEMbI CpABHEHHSH
(§ 6.3).

Hdoxkazarenscrso. Ecm M cymecreyer, to FGM = MF'G
u Me' = =M, nosromy M nepeBoauT KaHOHHYECKOE pejicTasienne s o
B KaHOHWYECKoe npeiacrasienue 1o Ma'. 3aqut, obbekt Ma' Brmoven
B HEKOTODY ) BILIKY

Epgtal

FGFG' = FG'F'G'a = FG'al "> Ml

B Kareropnn A, mpuuem cTpeska k aomkHa coBmagars ¢ Mel = saq.
Orobpasum ary sunky B xkareropuio X nocpeactsom chyuxropa G. Momy-
YHM BHIIKY

Gepgiat Gl

GFGFG'd e GFG'a'

G'a!

B KaTeropun X, npuyeM pacueniennyio. Tak kak T = GF, 10 MBI 10J1y 41~
JIH MACTHBIH cayuail BIIIKK (4), rae x = G'a’. Ho B cwiny npeanososxkenna
3) B atom cayuae G cosgaer koypasuutenn. llostomy k u Ma' moxno
BRIOpaTL POBHO OHEM cnocobom (npuaem ecan obbexT Ma' seibpan, To
£pqr MMeEeT CBOMCTBO, onpezesionee k, u noromy cosnaaaer ¢ k). Mer
NOKaA3a1H, 1TO CpaBHEHHE .t"tif EAHHCTBEHHO, eC/IH OHO CYIIeCTBYeT.

Teneps Boibepem k u Ma' yrazauasiv 0Bpa3od n noraxkeM, ato A
apaserca (yuxropos. Pacemorpusm nponssoasuyio crpeaxy f :a’ — b
B kateropun A. Ha nuarpamme

FG'F'G'a' —= FG'd’ ks Ma'

lr-—‘(-"ff' 7.f IFG’_.F Mf
ki
FG'F'G'Y —= FG'Y =3 MYy

06a JIeBbIX KBaJAPaTa KOMMYTaTHBHDL, 10sToMy ko F'G' f nponyckaerca qe-
PE3 NepBbIi KOypasHUTE b k NOCPEICTEOM eMHCTBerHof crpeakn Ma' —
— MV, kax norazano Ha aumarpaMse. B3se 3ty cTpenky B Kagectee M f,
MBI, ouesHaHo, npespatum M B dyngrop A’ = A, uro u tpebyerca. [
C nOMOILIBIO 3TOH JeMMbl MOKHO HOCTPOHTD i HCXO/IHBI CpaBHUBAIO-
it pyukrop K @ A = X7 u cpasnusarommit qynxrop M : X7 —
— A, Ux gommosmmua MK : A — A 1orga fBAseTca CPABHEHHEM
(conpszkenust F'... ¢ camum coBoit) M, CHOBA B CHIY JEMMBIL, J0JKHA
ObITH mm,mt‘mmmhlm (hVHKTOPOM. ﬁ\uaﬂm H'mu. dbyukrop KM : XT -
— XT apnserca cpasuennem mexay FT u FT w noromy nomxen 6b1Tb
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roxaecrBednbiM. [Mockonbky KM = 1w MK = 1, ro K spagercs
n3oMopcduaMoM, uto u Tpebyerca A nyakTa 1). O

Moxno 1 Jaablie aHaJiu3upoBaTh KOHCTPYKUMIO byukropa M B 3710l
TeopeMe, HCHOb3yd (14 CIyias NAPaALIEIbHBIX 1ap) CAeIYIONee moHs-
THe OTpaxeHnns:

Onpenenenne. @yuxmop G : A — X ompasxcaem wonpedean
dynemopa T T — A, ecau wamecdwii kowye A : T a us T s a € A,
daa womopozo GA : GT = Ga aeasemea xonpedeavhvm Konycom 6 X,
YHce ABAACLTNCA KONPEJeABLHMM KOHYcoM 6 A.

B gactroern, G OTpakaeT KOYPABHUTEH, CIH KaKIad BUIKA B A,
KOTOPAS CTAHOBNTCSA KOYPABHUTENEM B X, YiKe ABIACTCA KOYPABRHUTEIeM
B A. Ananoruuno, G ompasicaem uzomopdusmot, €cin u3 Toro, 9ro Gt —
uzoMopdusM 1A HeKoTopoit crpesiku f w3z A, Bbirekaer, uro u t —
H30MOPRHIM,

Teopema Beka cokpamenno oboznadaerca PTT (precise tripleability
theorem). ¥ nee nmeercs mMuoro eapuantop: cnabeiii Bapuant, ¢ Gouee
JIETKUM JIOKA3aTeIbCTBOM, KOTJIA jle1aeTcs Golbile NpeInonoKentii o Ko-
ypaepaaTenax nap (yop. 2, 3); papuanT JUist 5KBHBAJICHTHOCTEI, KOTOPbIi
JAeT YCI0BHA, MPH KOTOPBIX cpapHuBaionwit ¢ymkrop K : A — X7
SABIACTCA HE M30MOPKhH3IMOM, a IKBHBAIEHTHOCTBIO Kareropwii (ymp. 2,
6); KOHCTPYKTHBHLI BapHANT, KOIJA AHAIHZUDPYIOTCH MPEAN0JIOKeHH
(HeKoTOpbIe N3 HUX 06ECNeYHBAIOT CYIIECTBOBAHNE JIEBOTO COMPsKEHHOTO
aas Iy Apyrue npespamaioT 9T0 CONPSKEHNe B SKBUBAJICHTHOCTL! VIID.
2, 5); rpy6utit Bapuant (CTT nan VI'T) ¢ cHABHBIME NPEANOIOKEHHSMH,
HOAXOAALIMME B CJIyHae NPON3BEASHH HECKOILKUX 3a0biBaioimnx GyHK-
topos (ynp. 9-11). Oanako ormernm, uro & pabote (Barr, Wells [1985])
uMeoTes u bosiee Kareropuansie popmysnposky sapuantos CT7T v VIT'T.

YnpakHeHns

(KoypasanTe b 3/16Ch 0O3HAYALT KOYDPABHUTETH MAPAJUIeTbHON MaphL. )

1. Hokaxure, 9ro ecau dyukrop G cO3LaeT KOYPABHHTEIH, TO OH HX
T OTPAKAET.

2. Cnabas Teopema o TponmdnocT (3 aucceprainn Beka). Ilyers ganHo co-
npaxenne (1) 1 coorsercrsyonmii cpasnusaommii pyuaxrop K. Hdaitte npayvoe
J0KA3ATeIBCTBO CISAVIONINX (DAKTOB:

a) Eco B kareropun A Beerja Cynectsyior koypasuurenn, 1o K umeer
JIeBBI conpaMKennbi L.

6) Ecam npu s1oM G coxpaHsier KOy PaBHHTENH, TO eJHHHIE ITOTO COMpPsKe-
HHA ABAAeTCH msomopdusmom I = K L.

8) Ecim npu 3rom G orpamkaer KOypaBHHTENM, TO KOEJIHHHUIA FTOI0 CONPs-
aenus gpiasercd usomopdusmom LK =1,

3. (Aswrepraruenoe yciaosue ans yvup. 2.) Ilyers 8 karveropun A scerpa
CYMECTBYIOT KoypasHuTe M, G cOXpaHseT KOYPABHHTEIH H 0TPazKaeT H30MOp-
duznvbl. Jokaxure, uro G orpazaeT KOypapHHTE/IH,

4. a) Hoxkazxnure, uro T-aarebpa (r, h) ¥MeeT KAHOHIIECKOE MPEJICTABICHIE

P
(T2, pra) — (T, ) —> (2, ).
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6) IMokasure, uro cpapuupaommii pyukrop M : X7 — A B reopeme Beka
oTpeenseTed IRArpaMMoil KoypasHuTenel

“Fa
FGFr ? Fog tivessss = M(x,h).

5. ITvers manst conpsskenud (1), (2) u cpasnupaomuii dyvuxrop K. Jamee,
nyers P — muokecTBO Beex mapasuienbHbix nap f,g i a =t b B kareropun A
rakux, 910 G f, Gg uMeior pacmennennpiil koypasaurens. C noMmonsio vop. 4 6)
JIOKAMKHTE CIIS1YIONee.

a) Ecim B A cymecTByoT KoypasHuTen Beex nap n3 I, ro K nmveer jepsri
conpsxenuniii M.

6) Ecim mpm stom G coxpamseT KOVpapHUTem Beex map n3 7, To eqmrmna
storo conpamxenus 1 : I = KM apnaerca uzomopchusnom.

B) Ecomn, B nononnenne k a), G orpazkaer xoypasnuTean scex nap us P, to
KoeInHIIA 3Toro conpaxenna MK - [ asngerca mzomopdmsmon,

6. C nomomnipio pesyanratos yup. 5 u reopemst 1 us § 4.4 nokamure cieayio-
il BApHAHT TeopeMmsl Beka, xapaxktepusyoommii kateropmio T-amrebp ¢ tou-
HOCTBIO 10 sKBUBasenTHOCTH. Ecomm nanst conpsaxenns (1) u (2), 1o creaymomme
VTBEPHICHNA PABHOCH/TLHEL ]

1) Cpaprwpaommit dyrkrop K @+ A - X T aBIseTCS IKBHBATCHTHOCTHIO
KaTeropuit.

2) Ilyern f,g — napannensbaas mapa B kateropun A, npuses napa Gf, Gg
nveeT abeomoTHI KoypasnuTens, Toraa B A cymecTsveT KOYPABHUTENL JLTs
f, g, npuien G coxpansier W OTPAKACT KOYDPABHUTEIL TAKON naphbl.

3) To xe ¢ 3amenoii abcoTIOTHOTO YPABHITENS TIa PACTIETLTCHITRIN.

B jansaeiiimnmnx ynpamHaenusx Menois3yiores onpeaenenus csoitcrs CT'7T
VTT, PTT pna dynxropa G @ A — X. Ilyers (g (coorBercrBento Sg) —
MHOYKECTBO BCeX napauienbHeix nap (f,g) B kareropun A rtakux, 4ro napa
(G f.Gg) mueer xoypasuutes B X (COOTBETCTBEHHO, PACLICILUICHHELT KOYpPaB-
vurtesn). Torpa G obaanaer esoiicteom C'TT, ecoin GG umeer neswiii conpsiken-
HBII, COXPAHAET U OTPAXKAeT BCE CYIIECTBYIOUME KOVPABHUTE/IH, IpiyemM B A
cymecTByiorT Koypasuuresn seex nap us Cg. Hdamnee, G mveer csoiicrso VT'T,
ecrmn G IMeeT NIeBBI COTPSAYKEHHBI, 0TPAYKAeT KOYPABHHTEIN BCeX map w3 Sq,
a B KaTeropuu A cymecrsyioT pacilellIeHHble KOYpaBHHTEIM BeeX nap u3 Sg.
Haxkonen, G mveer cpoiicteo PT'T, ecrmn (G mveeT j1eBIi CONPAYKEHHBI, COXPa-
HSAET M OTPakaeT KOYPABHUTEH BCEX nap u3 S u B kareropun A CymecrByor
KoypasHnaTen scex nap u3 Sg. deno, wro us CTT u VTT caeaver PTT,

7. CTT (Crude Tripleability Theorem — rpy6as Teopema 0 Tpom4HOCTH;
Barr-Beck). Ilyere G mveer csoiicrso CT'T. Hoxamure, 4T0 CpasHUBAIOMINI
dynkTop K Apiaercs IKBMBAICHTHOCTBIO KaTeropHii,

8. VT'T (Vulgar Tripleability Theorem — npocras TeopeMa o TPOHHIHOCTH).
IMyers G umeer ceoiicreo VT'T. Hokamwure, uro cpapnusaoummit ¢pynkrop K
ABIACTCA IKBUBATEHTHOCTHIO KATETOPHit.

9. Ilyers ganbt Gyaxropet G1 : A = X, G2 : X - Y, Gz : ¥ — Z,
coorsercreenno obnazaomupe ceoiicteamu CTT, PTT n VTT. Jokamxknre, 110
dyukrop G3G2G obaanaer ceoitcreom PTT.

10. Jokazkure, 410 komuosuiua asyx dyukropos co ceoiicrsom VT T rakxe
0b1aIAeT ATAM CBOMICTBOM.

11. Jokaskure, 4T0 KoMrozuuus asyx dyukropos co csoitcrsom CTT Takxe
obulagaer 3TUM CBOICTBOM.
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6.8. Auirebpsl aBasitoresa T-anrebpamm

Mpbr yike 3HAeM, 9TO B CIy4Yae MOTYTPYII, MOHOWJIOB M KOJEI[ CPaB-
HnBaloUmit GyHKTOp seagercs nzomopdusmom (§ 6.4). Dror pesyaprar
Bepen u s 1060ro Muoroobpasng (B cmbicie onpeaenenus u3 § 5.6):

Teopewma 1. IHyemv Q) — nekomopoe muozcecmeo onepamopos, I —
HEROMOPOE MHOMCECTILGD TNU.'}H.TQCC?HG ({'l TMEPMUNRAE OREepLInopos, Thpotes -
eodupir om ), G — szabwsarowudl dynrmop usz kamezopuu (), £) — Alg
acex maanz (), E)-anzebp 6 xamezopwo Set, a T — coomeememeayiouan
monada 6 xamezopuu Set. Tozda cpasnusaouut gynwmop K : (Q, ) —
— Alg — Set” aeasemesn UIOMOPPUIMOM.

Hokaszarenserso uenoan3yer reopemy Beka. Pacemorpum napadtiesns-
Hyto napy mopcmamon (0, E)-anrebp f,g : 4 = B. KotopbiM cooTBer-
erByioT (pyHKUMK, HMeonHe aDCoIoTHBII KOYPaBHUTE L €:

Gf .
GA—=GB——X. (1)

g

Y1066l cO3aTh KOYPABHHUTEIH, Mbl JIOJFKHBL HOKA3ATH, 14T0 0TOOpaMKeHHe
MHOKECTB € IMOAHUMAETCH JI0 €IMHCTBeHHOro Mopduisma aaredp B —7,
KOTOpbBIH siBasiercs koypasuurenem mopdusvmon anrebp f,g. s aroro
PacCMOTPHAM MPOW3BOABHEIN N-apHbIT onepatop w € () 0 ero AeicTBHS W 4
i wpg B aarebpax A n B (kak 00bIHO, MBI He OyJeM pasaniarh anredbpy
A u ee nocurens |A|). Ha crexyromeil anarpavme (ne obpamaemM noxa
BHUMAHMSA HA PABBIT KBajpar):

,4“ : Bn —B“.—)— ‘YTI h'“} Cn
‘qu
;'Al mBl L‘,.‘ l_dc (2)
f ¥ /
X s g Iel

A——=B
g

[Ba JeBbIX KBajpaTta (BKIOUAIOMINX COOTBETCTBEHHO f M g) KOMMYyTa-
TUBHBL, NOCKOALKY [ 1 g apnsaores mopdusvavu Q-anrebp. @yuxuun e
ABIACTCA ADCOMOTHRIM KOYDABHUTENIEM B KaTeropun Set, mostomy ee n-a
crenenn e ocraercs KoypasauwreseMm (s f n g). Ho

ewpf" =efws = equa = ewpg”,

NO3TOMY ewp NPOIYCKAETCH Y4epes3 3TOT KOYPaBHHUTEIb eHHCTBEHHBIM 00-
pazom 1o dopMmyie ewp = wye'. Tem cambiv Ha X onpeneseHa onepamns
Wy, JCMAI0MAR CPeAnnii KBaIpaT Ha IuarpaMme (2) KOMMYTaTHBHBIM;
9TO 03HAMACT, UTO € ApaaeTca mopdmavom (Q-amredp. Jdns nmponseoxabix
ONepaTopoB A CTPOUTCH AaHAJIOIMYHAA JHATPAMMA, OJHO3HAMHO ONpeje-
adionadg Ay; Kak (IeIcTBHe, U3 CHPaBeIMBOCTH TOXKICCTBA Ap = B
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B anrebpe B caenyer ero cnpaseumBoctbs B X, u noromy X apnsercs
(€1, E)-anrebpoii.

Ocraeres nokasarh, 410 € ABJIgeTcd Koypasuureaem i aaredp. Pac-
CMOTPHM NPOU3BOAbHBLL MOpdu3Mm anrebp h : B — C, ana koroporo hf =
= hg. Torpa hf = hg B kareropnn Set (npumennny 3absiBaonuit hyaKTOP
(), nostomy h mmeer Bua h'e nna epuncreennoil ¢gpyakoun h'. Hymxuao
HOKA3ATh, YTO HPaBbill KBaapar Ha auarpavme (2) KoMMyTaATHBEH 1A
Kazk0ro u3 oneparopos w. Ho h asasercs mopdusmom ajredp, mostomy

hwxe™ = hewp = hwg = weh™ = weh™e™.

Tak kak e" KOYPABHHTEIL, TO 3T0 3numopdusm, nostomy h'wyx =
= weh'™, aro u Tpebyerca.

YupaxxkHeHAHA

1. Joxkazxure reopemy 1, ncionb3ys Bmecto alCo/OTHBIX KOYpasHuTE €l
PACLIEILIEHHLIC M 3aMETHE, UTO Kax1as OUeDANN Wy ONPeAe/HeTeH B TeDMHHAX
paciienienus (s, 1) puakn (1) no dopmyne

wx (£1,...,&,) = ewn(sri,...,52,), r € X,

(OTmeTnM, 9T0 TIPH 1 = 2 9TO HATIOMHUHAET OOBITHOE OTpese/ieHne YMHOKEeHHS
CMEZKHBIX KJACCOB 110 HOPMAaJIbHOM 10IrpyIiie. )

2. IIycrs K — wommyrarusuoe kouabno. [Mokamure, aro reopema DBeka
cripaseBa 174 3abmmaomero dyaktopa K — Alg —» K — Mod.

6.9. Komnakrabie xaycaopcgoBbl npocTpaHcTBa

Teopewma 1. Zabusamowuii dynxmop
G : Cmpt Haus — Set,

conocmasasouutl kascdomy (Mmaromy) komnarmmomy caycdopgosy npo-
CIMPARCINGY €20 HOCUTNEAL, ABAACTICA .htﬂ'!#ﬂ(hl"lef.‘ﬂ.“HM,.

;_-l() KazaTeabcTBo. Mbl ViKe JHaeM, 1To G HMEeT JIeBbI CONPAKeH-
Helit F'y geitcrsurenbHo, B KayecTse X MOKHO B3ATH KOMIAKTH(DHKAIHIO
Croyna—Hexa (2) u3z § 5.6 muoxkecrsa X ¢ IMCKpeTHoOit TONOMOrHeit.

B ocrapmeiics vactn poxaszarenbcrsa (Mbr caegyem Paré [1971]) 6y-
Jer }'JLU()HU paccMaTpiBaAThE TONWIOTHYCCKOE NPOCTPAHCTBO KAK [Iapy
(X, (7)), cocrosimyio 3 muoxkecrsa X W onepanuu 3ambikanus S — S,
KOTOpas ONpejesiena 1is seex noavuokecte S, T C X n nmeer obbanbIe
cpoiicTrBa:

=@, S8Sc8, §=35, BSuT=35uT,

e @ — nycroe Muoxkectrso. Torma wenpepweroe omobpadcenue
f (X0 )x) = (Y. )y) 910 Takas Qyekopa f o2 N Y,

uro fS O fS 11a Beex S C X. Ham Gyzer nosesna Xopolio u3secrsas
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Jemwma. Hyemv X — womnaxm, Y — wayedoposo npocmpanemeo.
Tozda waotcdoe nenpepwienoe omobpascenue f: (X,( )y) = (Y, (" )y)
3AMERYMO.

Hy:xu0 npoBepnTth, 4T 3a0bIBaBOmB (GYHKTOD
G: (X, (T )x)— X

CO3TAeT KOYPABHHTENIM Jis COOTBeTCTBYIommuX map. Ilyers f,g :
(X, ()y) = (Y,(7)y) — napa sHenpepbiBHBIX OTOGpazkenwuit, s
KOTOpO# cyuiecTsyer MHOecTBo W 1 abeomoTHbiil KOypaBHUTE b €:

i .
X :q; Yy —W,

B kareropun Set. ITycrs P obosnauaer kosapuantibii hyrukrop Oyiesoii
crereHn Set — Set; Taknm obpazoum, ecmm S C Y, 1o (Pe)S — 310
obpaz mMuaOMKecTBa S npn orobpaxkennn e. [lockonsky 310 abeomoTHII
KOVPaBHUTE b, TO Pe ABIAETCH KOYPABHITEIEM B CIIEIVIOMIET JuarpaMme
(B KaTeropHM MHOKECTB):

rt B
PX ——= PY —PW

Pg
f_l,\'j (v Hw (1)
Pf g 3
PX —= PY —> PW
g

Tak kak ['.IT{]G])}].}KE‘.HHH f H g HeNPpepbIBHEL, TO KOMMYTATHBHbI oba KBaJl-
pata ciesa (Bxmogamomue f u g cooreercrsenno). Kak caeacreue,

Peo( )yoPf=Peo( )yolPy.

Ho Pe spaserca KOypaBHHTEIEM, MOITOMY U€pe3 HEro MpOMyCKAeT s
Pe o (7 )y. Tem cambiv onpejensercs ejpncTBennoe orobpazxenne
(7 )w, 0Go3HAYEHHOE NPEPLIBUCTON CcTpesKkoii Ha auarpamue (1), KoTopoe
JARIaeT KOMMYTATHBHBIM l]pﬂ.liblﬁ KBaIpaT. STO U'I'UGDH.H((‘-HHG MOM{HO OITH-
cath caeayioumm obpasom. Iyers gano noamnoxectso 7' C W; Bosbmem
moboe nogyuozxectso S C Y, ans koroporo (Pe)S = Ty rorna T = (Pe)S
nesasncnMo ot BeiOopa S. Kak creacrsme, ecmn e 'T € YV — nommbri
npoobpas muoxecrsa I, to T' = Pe(e 'T). Bes rpyna nposepsercs,
TITO ITO ONMEpanns 3aMblKaHua Ha MAoKecTse W, KOTOpOe mpespamaercs
B TONOJIOMHYECKOE POCTPAHCTBO.

IMockombKy AuarpaMma KOMMYTATHBHA, TO OTOOPAKEHHE € HelPEepPbIB-
HO H 3aMKHYTO. TaK Kak NpOCTPaHCTBO Y KOMIIAKTHO, a OTODpaskenue
e : Y — W copwektusro, o W takxke xkomnaxtro. [lockomsky Y
Xayc0phoBo, TO Kaxkaas ero TOUKa 3aMKHYTA; Tak Kak orobparkenue e
3AMKHYTO M CIOP'bEKTHBHO, TO TOYKH NpocrpancTsa W TakzKe 3aMKHYTL.
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Yrobwl nokazars, uro W xayeaopdoso, paceMoTpUM JIBE TOUKH W 7 wy €
€ W. Onn 3aMKHYTBI, TOITOMY € ‘w; m e 'wy — HemepeceKarommecs
3aMKHYyTBIe MHOmecTBa B Y. Ilo m3ssecrHoMmy cpoficTBy xaya0pdhoBbix
KOMIAKTOB, TAKHE MHOZKECTBA MOZKHO PA3/IeJHTh HENePeCceKAITHMICs
OTKPBITHIMH MHOKecTBaMn (110601 xayjopdos komnakt wopuasen). ITo-
ATOMY CYIIECTBYIOT OTKpBIThIe MHOXKecTBa Uy, Uy C Y Takme, uto U N
NU; = @, e lw; € U;. Ux pononsenuss U] u U} B npocrpancrse Y
samiHyThl, npudem Uf U U, = 1. Tlockoabky 0TobpazkeHue ¢ 3aMKHYTO,
to muoxectsa e(U]) n e(U3) samxnyret 8 W, npiaem

(Pe)Ui U (Pe)Us = W, w; & (Pe)U.

CuoBa BO3bMEM JlONOJNHEHMs, Ha 10T paz B W: torma [(Pe)U{]
u [(Pe)lUl)] — 310 Henepecekarnmecs OTKPhIThiE OKpectHOCTH B W
TOYEK W) H Wy COOTBETCTBEHHO. 3Hauut, npocrpainctso W xaycaopdoso.

Hexona w3 abcomoTHOr0 KOypaBHATENA ¢ B Kareropuu Set, Mbl mo-
cTporan B ero koobaactu W eqMHCTBEHHYIO TONOIOIHIO, B KOTOPOil OH
HENPEPHIBEH, TPHYEM 3Ta TONOJIOrns KoMnakTHa u xayciaopdosa. Ocraer-
st IOKA3aTh, YT0 Henpepsisioe orobpaxenue e : Y, (7 )y) = (W, (7 Jw)
daBasieTca Koypasuureaem B kareropuun Comp Haus. Pacemorpum xaye-
popdon kovnakr (Z, (7 )z) u uenpepwisnoe orobpaxenue h Y — Z,
JI71s KOTOPOT'G PaBHBI 00€ KOMITO3HIIHH HA JIHATDAMME

f

X—=y-—tsgz

ITockonbKy € — KoypapHMTeNbL B KaTeropuu Set, 1O CyHIECTBYET e1HH-
creensan dyukums b : W — Z, ana xoropoit h = h'e : Y — Z; ocranocs
MOKa3aTh, 4T0 oHa Henpepbisha. Boskmem T C W n S C Y 1akue, uro
(Pe)S =T. Torpa T = (Pe)S u noromy

(PR')T = (Ph')(Pe)S = P(h)S = P(h)S = (Ph")(Pe)S = (Ph')T.

Buauut, orobpaxenne L' nenpepbisHo (u samkayTo). Jokazarenscrso
3apepieno. [

YnpakHeHne

1. TToxazkure, uro Tomomorus ma W, BERegeHHAS B OPeIBIAVIIEM 10KA3a-
TENbCTBE, — TO (PAKTOPTOMONOrTsA, ONpejenseMas oToOpaxkennem e ; Y —
— W (B 310l TONOMOrUN MHOZKECTBO OTKPBITO, €CJU H TOJBKO €C/IH ero MoTHbI
npoofpas OTKpHIT B Y').

3ameyaHus

DddexTrBHOCTL B OPOCTOTA NCIOILIOBAHNA MOHAI U KOMOHA OCO3SHABA-
J1ack Kpaiige meieHHo. Brauasie oM [IPUMEHAIMCH B FOMOJIOI1eCcKoil a/rebpe
(cm. § 7.6). B pabore (Mac Lane [1956]) mumoxomom ormeueno (§ 3), uro
BCe CTAHJAPTHHIC Pe30IbBeHTH MOAHO TOIYYHTH U3 YHHBEPCAIBHBIX CTPeIokK
(1. €. u3 conpsamennit). 3arem B kuure (Godement [1958]) arn pesoabBeHTH
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OLUIM CHCTEMATHINPOBAHEL € TIOMOIILIO CTAHIAPTHLIX KOHCTPYKIWIL (KoMoHa).
B craree (Huber [1961|) ma ocmoBe TeopHu rOMOTONUH B CMBICIE DKMAaHA
NXwirroHa M3y Yaauch NPUMEPB TPOM3BOAHBIX (DYHKTOPOB, KOTOpPBIe MOIYT GBIThH
OTIpesesIeHEl B TepMAHAX KoMmonad, a B crarse (Huber [1962]) — sosmnkaomue
upu 310M GYHKTOPHBIE CHUMILTHIHAIBHBIE PE30JIbBEHTH B a0e/IeBbIX KATeropusx
Gonee obero puma. 3arven XiITOH (Kak U JAPyrue) MOCTABILI BOIPOC, BCAKAS
I MOHA/12 BOZHHKAET M3 CONpsizkeHus. HezaBucHMO NOABHINCH JBA OTBETA:
kouctTpykimu cpoboaunix aarebp (Kleisli |1965]) u pamueitmas KoHcTpyKims
kateropun Monandeckux aaredp (Eilenberg, Moore [1965]). Hexosms w3 taxkoro
ormcanus anrebp, B paGore (Barr, Beck [1966]) Gbuto nokasawo, 9ro pesonb-
BEHTBI, IOJIYUYEHHbIE ¢ NOMOMIBIO MOHA H KOMOHA/I, MOXKHO HCIIOJIB30BATD J1aKe
B Heabenepbix KaTeropuax. [Ipm sToum Op171 moMyYen HeOKILTAHHBIN Pe3yTbTaT:
paccMoTpenne MoHa/1bl cBOGOAHON rpynibl B Kareropun Set NpuBoauT K CTaH-
JAPTHOH KOTOMOIOTHH Tpyim. lansHelinee npoasnkeHne B 9TOM HATIPABIEHIN
orpazxeno B paGore (Barr, Beck [1969]).

B pesvawrare oxouo 1965 r. cran akryanen sonpoc o6 OnMcaHuy KaTeropun
anrebp waz monauoit. B paBore (Linton [1966]) paccmorpen eayuail monazn
B Kareropun Set, a sarem Bex goxazan csowo teopemy (rorga HeomyGIMKo-
BaHHYI0, HO AOJIOKCHHYIO Ha KoHgepenmnn B 1966 r.). B crarse (Paré [1971])
ata Teopema copmynnposasa B TepMHHAX abCOMIOTHRIX KOYpPaBHUTEIel, 9To
nossoinio Hape (§ 9) gars ussmnoe JoKa3aTe1LCTBO TOrO (haKkTa, 4T KOMIAKT-
HBIE XayCA0PgOBEL TPOCTPAHCTEA ABIAIOTCH MOHa A eckuvn. Muaorne apyrne
Pe3YLTATEL B 3TOM HApPAB/IeHHN colepxxarca B auccepranuu Maneca (Manes
1969]).

Onucanye anrebp B TEPMHHAX MOHAJ] TECHO CBA3AHO C APYTHM HX OIMUCAHH-
eM, B TepMmuaax adrebpandeckux reopuii (Lawvere [1963], nanoxkeno B knure
Pareigis [1970]).



I'nasa 7
MOHOM/IbI

Teneps Mbl neeneayem obiiee nonaTHe MOHOWIA B Kateropun. Kak Mbl
yiKe BIUJIEIH BO BEeAeHWH, 0DBIVHBIN MOHONA B KaTteropnn Set ompese-
JISIeTCs CTAHAAPTHLIME JIHAIPAMMAME JII8 JeKAPTOBA NPOU3BEIeHHS X,
a B kareropuu Ab KOIbIO ABIAETCH MOHOHIOM OTHOCHTEILHO OIEPAIIHN
tensopHoro npousseaenuns. [losrouy Mbr natmem ¢ kareropuii B, najgenen-
HBIX MoAxoaamnM O yHKTOPOM X HIIH (2, KOTOPbIf 4Yaiine 0003HAMaeTes
0. Camu 31n KaTeropun 6y1yT HA3bIBATHCH MOHOHIAJILHBIMH, TIOCKOJIbKY
oudyurrop O : Bx B — B npeanonaraercs accounarnsisiM. OOpIHH0 0H
OBIBACT ACCONMATHBEH JIHIIL <C TOYHOCTHLIO 10 H30MOphU3May | HAITpUMe),
T TeH30PHOTO MPON3BEIeHNA BEKTOPHBIX TPOCTPAHCTB HMeeT s H30MOp-
By Ueo(VaW) =2 (UaV)aW. Hame Beero Mbl mpocTo OTOXK 1€CTBISAeM
3TH TPOliHbIe r1p0n3se,qemm HOCPeACTBOM TAKOTo m3oMopduszma. Jann-
Hefinil aHa i3 NOKA3LIBACT, YTO [PH TAKOM OTOKIECTBICHHN Tpebyercs
AKKYPATHOCTh — HYZKHO Npasuabho ewbpams m30MopdHu3M 1 yOeauThes,
UTO [OJYYeHHOE OTOX/IECTBIEHHE NOBTOPHBLIX NPOU3BeIeHul Oy1er kore-
penTHbM ')

Pene Bonpochkl KOrepeHTHOCTH B MOHOWJIAJBHBIX KATErOPHAX, MbI
CMOZKEM OlPeeInTh B HUX MOHOWJBI, JeficTBHe MOHOWJIOB HAa OObLEKThI
KATEropHH, a TAKKe NOCTPOHTH CBOOOIHBIE MOHOMIIBL. 3aTeM Mbl Onpe-
JICJIHM  CHMILTHIHAJILHYIO KaTeropnuio A, KOTopas OKazkKeTed OCHOBHOI
MOHOWZAILHOI KATErOpHed, NOCKOABKY OHA COAEPKHT VHHBEPCANLHBIN
MOHOHJ U HTPAET BAYKHYIO POTh B CHMILTHINATBHBIX Pa30HeHHAX U CHM-
MIMORAIBHON Tononornn. B 3ak/moderde Mbl PACCMOTPHUM 3aMKHYThIE
MOHOUJIA/ILHBIE KATEIOPHH HA [PUMEPE KOMIAKTHO MOPOMKICHHBLIX [PO-
CTPAHCTB.

7.1. MououanbHbIEe KATETOPHAA

Kareropus HazbiBaeTcs MOHOMIAIBHON, €CIH OHA HAJEJIeHA TPON3Be-
JCHHEM THIIA IIPAMOrO NPOM3BEACHUA X, NPAMOH CYMMBL ) WIH TEH30D-
Horo npousseaenus . Bo scex cayuasix mpr Hysem oiunakoso obosna-
qaTh ITO npoussegenne depes [ (Muorue apropsr muuryt ®). CHavana
MBI PACCMOTPHM KATETOPHH ¢ YMHOMKeHHeM [, ¢Tporo accoumaTHBHBIM
1 HMEIOIIHM CTPOTYIO JIBYCTOPOHHIO eannniy e. Bonee nogpobno, empoezo
Monoudaavhaa wamezopua (B, 0,e) — ato xareropus B, mamenennas
ondyuxropom O : B x B — B, KU[U[)bIH ACCOIHATHBEH:

O(Ox1)=0(1x0):BxBxDB— B, (1)

) Cwm. § 7.2, — ITpum. ped. nep..
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a Takyke 00BLEKTOM €, KOTOPbIH sBisercs Jesoil n npapoil egununeil is
O:
Ofex1)=idg = O(1 xe). (2)

ITpw 3anmcn 3akona acconmarnsnoctn (1) mbt otoxaectenim (B x B) x
x Bu B x (B x B); B 3anucu akcHOMbl euiuib (2) e x 1 oboznauaer
dyaTop ¢ = (e,¢c) : B = B x B. budynkrop [ conocraBiser Kaxioi
nape oobexToB a, b € B obbekr a b € B, a kaxx 100 nape crpesiok f :a —
—a',g:b—= b —crpenky fOg:a0b— o' Ob. Yreepxaenue, uro [
SIBJIHETCH 6“(1']}’[1]{'[‘0})01\!, 03HavaeT, dTO BeIIOJIHEH 3aKO0H 41epe/loBaHHH:

1,01,=1,05,  (f'O¢"N(fOg) =(f'£)O(g'9), (3)

eciin onpegenenst kovnosunuu f'f u g'g. Akcnoma accounarusnoctu (1)
o3Hadaer, 4o Gunapuas onepanus [ acconuaruBia u Ha 00beKTax, u Ha
crpeikax. AHAJIOIHYHO, aKCHOMa eauHuIbL (2) o3Havaer, yro ede=c¢ =
=cOe pna obwekta c uw uro 1,0 f = f = fO1, gas erpeaxu f.

Jlioboit morong M (B OOBITHOM CMBICTE. T. €. B KaTeropun Set), pac-
CMATPHBAEM Bl KAK JAHCKPETHAS KATErOPHA, ABTHAETCH CTPOro MOHOH 1A Th-
HbIM, HpHYeM B KauecTBe [ HYMKHO B34Thb YMHOMKEHHE €r0 3JIEMEHTOB.
Ecan X — mobasi kareropus, To kareropust End(X), obbekravmu koropoii
caysKar Bee 3uA0MYHKTOpsL S ¢ X — X, 4 eTpe/kaMi — BCe €CTeCTBeH-
Hibie npeobpazosanus @ : S = T, asasierca cTporo MOHOMJANLHOM, ecin
B Kadeerse O B3aTh ymuoxKenne GpyHKTOPOD.

(Hectporo) monompaibaas kareropus — 310 Kareropus B ¢ ymmo-
aicenuem, 1. e, oudynrkropor O, KOTOPBIA accOMATHBEH ¢ TOYHOCTHIO J10
ECTECTBEHHOTO H30MODhH3IMA (r N HMeeT O0BLEKT €, ABIAINIMIHCS TeBOi
u npapoit eqununeit 1ag [ ¢ TOYHOCTBIO A0 €CTeCTBEHHLIX H30MOP(pU3MOB
A # g coorgercreenuo. IIpu 3TOoM HOMKHDLI OBITH KOMMYTATHBHBL BCE
JIMATPAMMBI, BKJIIOYAIOIINE o, A U 0.

Torpops dopuanbio, monoudaavnas xamezopus B = (B, O,e,a, A, g) -
aro kareropusi B, 6udyuxrop O : B x B — B, obbekr € €
€ B n TpH ecTecTBeHHBIX NpeobpazoBanms a, A, g. Bomee kKoHKpeTHO,
npecbpazoBanue

a=agpe:a0b0c)=(e0b)0c (1)
ecrTeCTBeHHO 1O a, b‘ CE B, H NATHYTOJIbHAA THaATDaMMa
a0 (b0 (cOd)) —>> (a0b)O(cOd) —> ((«Ob)Te)Od

l]i:lﬂ ]nml (5)
aO((bOe)Od) £ (@O0 (bOe))Od

KOMMYTATHBHa 1IpH Beex a, b, ¢, d € B. Touno Tak xe, npeobpazopannus A
H P eCTECTBEHHBI MO BCEM ()6'3:(“-!{'[":1.'\:‘1 NS BZ

Agiela =aq, 0q :ale = a, (6)
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TpeyrojibHas JHarpaMMa

a0 (eOe¢) —— (aOe)Oec
jl Oa lg 01 (7)
ale = ale
KOMMYTATHBHA OPU Beex a,¢ € B, u npu 31tom
Ae =0 :ede— e (8)
Bekope Mbl yBHAMM, 4TO U3 KOMMYTATUBHOCTH 3THX TPEX JUarpaMM

BLITEKAET, YTO KOMMYTATHBHBI W Bee nojobuse amarpamvbl. Ormernm
Juuis (e, yvip. 1), 910 U3 Hee BLITeKACT KOMMYTATHBHOCTDL JHAIPAMM

ed(bOec) —=2= (edb)Oe ad(hbOe) —— (aOb)Oe
A A0 10¢ @ (9)
bOe = bOe, aOb = aOb.

JT6as KaTeropus ¢ KOHEIHBIMH MPON3BEIEHISIMH CTAHOBUTCS MOHOH-
JadbHOM, eciid B Kadecrse a b gasgrs (oaHo30aMHO BRIOpaHHOE) MpOn3Be-
neHue oOLEeKTOR a,b; B KauecTee € — TePMHHAILHBI 00LEKT; B KA1eCTBe
o, N 1 op — eauHersennbsie w3omopdanvel (npean. 1, § 3.5), koropsie
KOMMYTHPYIOT € COOTBETCTBYIOIHME Npoeknnamn. Torma narnyroabHAK
(5) kommyTarusen (0be BEPTHKAILHLIC CTPEIKH KOMMYTUPYIOT € HPOEK-
LHAMH YeTBIPEXKPATHOI'O MPOU3BEJIEHH), TaK e KaK M TPeyrojibHHK
(7). Alli—l.’lﬂl"li'{llﬂf ..'[[l’]ﬁ}'l('l KATeropHi ¢ KOHe'HbBIMHE KOHNPOH3BeTCHHAMA
MOYKHO C/IeTATh MOHOW/JAJBHOH, B3dB B KauecTBe [J KONpOW3BEjIeHHE,
4 B KAYECTRE € — HAYAJBHbBI 00BheKT.

OOBI4HBIC TEH30PHBIC TTPOH3BEICHHA TAKKE HPHBOJAT K MOHOHIAIb-
neiM kareropuasv. Hanpuwep, tenzopnoe npoussegenne 1pyx abesienbix
rpyin A n B onpeneneHo, ecnn 3agada pyeEkmma A x B —+ A ® B,
a,b — a @ b, yuupepcanpnas cpean Ouinaeitasix Qyaknmit n3 A X B
B abeqaesst rpynibl. Ee urepauus JaerT YHHBEPCAJIbHYIO TPHIHHEHHYIO
dyurimnio Ax (BxC) - A®(B@C); nockonbKy oHa eJIMHCTEEHHA ¢ TOY-
HOCTBIO A0 H30MOphH3Ma, TO CYIIECTBYET eIHHCTBEHHBIH H3oMOphn3M
a: Ax(BwC) = (A®B)®C, u npuTOM €CTECTBeHHbIIN (BCIEICTBHE €10
eauncrsennoctin). Coorsercrsyoumii naTnyroabHuk (5) KOMMYTaTHBeH,
MOCKOMTBKY 008 BePTHKAJBHBIE CTPEJNKH — 3TO €IHHCTBEHHBIE CPABHEHMST
yauBepcaibibix 4-muneiinbix pyakiuii. Mzomopdmsmer X 0 Z @ 4 =2 A,
g:A®Z = A Xopolo u3BeCTHI (M MO3BOIHAIOT OTOXKIeCTBUTL £ A ¢ A).
B umesnoM ckazamnoe osnauaer, 4ro (Ab,®.Z, o, A, ) — MOHOHIAILHAS
KATEeTOPH.

Kommyrarusiocts nsruyroibiuka (5) st © B kareropun Ab ymoxio
HEMOCPEACTBEHHO NPOBEPUTD Ha iemenTax ¢ € A, b € B,c € C. 3amerus,
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aro afa @ (b@e)] = (a@b) @ e. Orcioga BuiHa eme oHa Polib ITONO VeIio-
BHA: OHO TIPEJOTBPAIIALT HCIOIb30BAHAE JIOXKHON ACCONMATHBHOCTH —
HApUMep, i n3omopdusma o 1 AR (BoC) = (A® B)®C, 3agannoro
Ha 3Tux abenesbrx rpynmnax no dopuyie a'la® (b®e)] = —(a®b) @ c.
B AAHHOM Cay4dase jJuarpaMmmMa (-'3) HEKOMMYTATHBHA H3-3a HENPaBHILBHOI
JHAKA.

CyiecTByer 1 MHOTO JIpYIux npumepos. Paceysias kak s ciayuae Ab,
MOZKHO 1OKA3aTh, YT0 A1 J000ro KOMMYTATHBHOIO KOIbLa X KaTeropus
(K-Mod, @, K) mononpansua. To ske sepno ans rpagyuposannnix K-
Moayaell 1 audQepeHInaTbHBIX TPaJyHPOBAHHBIX K -Moayaeil (T. e. nemn-
HBIX KOMILIEKCOB K-Mo/yaedt) npu TpajuiHoHHOM ONpPeJeSenin TeH30p-
HOTO nponssezenns 3Tux oovekros (Mac Lane [1963a]). Anasornyno, Ka-
Teropus Beex K-anrebp (nnu seex andipepennmaibibix rpajiy MpoBanibIX
K-anrebp) Taxme MOHOHZAIBHA OTHOCHTETBHO HX OOBIYHOTO TEH30PHOTO
npousseaerns. JLs kazxoro koubiia B kareropus seex R — R-Ounvojyaei
MOHOUIAJIBHA OTHOCHTEIBHO & j.

(Crporuit) mopdusm MOHOMIAATLHBIX KATErOPHI

T:(B,0O,e,a,\p)— (B, O e,a X, 0)

510 Takoil pyuxrop 1': B — B', uro nupu Beex a,b, ¢, f 1 g BbIIOJHEHDI
paBeHcTBa

T(aOb)=TaO'Th, T(fOg)=TfO'Tg, Te=¢, (10)

Taﬂ,fht‘ == aFTr:,Th,T'(" T’\ﬂ = /\FTQ,' Tg& — Q{J"a‘ (11)

Bagap takue mMopdH3MBI B KaUecTBe CTPENIOK, MOXKHO obpasosath Mon-
cat — KaTeropmio Beex MajbIX MOHOWIAABHBIX KaTeropuii. B weit (ouesna-
IID) BCeraa CYHnecTBY 0T KOHCYHBLIE NPOU3BE/IeHHA, B 1aCTHOCTH, 06'}_1{"K’]’ 1
¢ oueBnAHOIl (CTPOro) MOHONAAILHOIN CTPYKTYpOH ABj#AeTCsS TePMHHAIL-
nbeiv obbekrom 5 Moncat. B neit umeeres nonnasn NOJKATEeropHs, cocTosd-
A W3 BCEX CMpPo20 MOHOMJATBHBIX KATETOPHil; B HAX, €CTeCTBEHHO, NPH
onpeaenennn Mopduamos T mozkHO onyeraTh yeaosns (11) aus a, A u p.

Oznako MHOTHE MOJIE3HbIE MOPMH3MBI MEKAY MOHOHAAILHBIMH Ka-
TErOpPUsAMHA HE ABISIOTCA CTPOrUMH B cMbicae yeosni (10) w (11). Ha-
npuvep, 3abbasomii Gyuxrop U @ (K-Mod, g, —) — (Ab,@,...) He
sapasercs crporuM. B camom sene, ecin A m B — asa K-mozyas, to
MOZKET He uMerh Mecra uu pasenctso U(A @x B) = UA @ UB, un nazxe
uzoMopdu3M, a Juib ecrecteennblii Mophuam UA @ UB — U(A @k B),
KOTOPBIH BhIpaxKaeT ToT (axt, 910 A @5 B apasgercsa pakTopMmoaynen
A A g B. AHanorndHoe nogozKeHHe BO3HHKaeT 1 3a0bIBAIONIera
dyukropa (Ab,®....) = (Set,x....). Mbt ne 6yaem dopmyauposars
37€Ch CBOICTBA 3ITHX HECTPOTAX MOPQAZMOB MEXKIY MOHOWIATBHBIMA
kareropusamu (cm. § 12.5).

Bosuukaer uckymenne n30aBUThCA OT BCEX ITHUX XJOMNOT € a4, A H @ ,
NPOCTO OTORACCTBUB Bee m3oMopdune 00bexTe! 13 B. Ho 910 nepo3monx-
HO, KAK NOKA3LIBALT CIACAVIONee PaccyzKaenne, npuaasiexkamee abemmy.
Ilycrb Setp — cKener Kareropuu MHOMKECTB; B HEM CYIIECTBYET MPOU3Re-
gerue X X Y ¢ obbruibiMi npoekuuAMu py 1 pr. Ecan D — cyernoe
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MHOXKecTBO, To D = D x D, u obe NMpoekinn 3Toro mpon3BeieHis
AMUMOPGhHIMEBL Py, po : D — D. [lpennonoxny, 4To CTAHIAPTHRIA H30-
mopdusm et X x (Y x Z) = (X x YY) x Z), kommyTupylouuii co sceMu
TPEeMH NPOSKIHAMIE, BCEr/1a TOXKICCTBEH; TONIA OH TOXKICCTBEH U npu X =
=Y = Z = D. Tockoneky on ectecreen, 10 f x (g x h) = (f x g) x h
ma moberx f,g,h: D — D. Ho onepanust X Ha (hyHKIIAX onpeaensercs
B TEPMHHAX MPOEKIMHA Py U Pa, W OTOMY

Im=p(fx(gxh)=p((fxg)xh)=(fxg)p :D— D.

Tak kak p; dpaserca snuMopdusmonm, To 310 BepHo n aad [ = f x g.
Takoe ke paccyzKIeHHE OTHOCHTEJILHO Ps MOKa3biBaer, 4to f X g = g,
u noromy [ = g aas mwobsix f, g9 1 D — D, aro abeypiapo. Ananornanoe
paccy & aeHne PHUMEHHMO K cKenery kateropnn (Ab, @, ...).

YnpakHeHus

1. Joxkamure, a1o u3 (5) u (7) seirexaer (9). TMojckaska: B 0ATHYTOMLHUKE
(5) nomokum a = b = e u gebaBuM AMArOHANN, [BA pa3’a N0JACTABHB g, [Ba
paza — ocHopHoe ToAIecTBO (7), & TAKKe NOAXO/IHIIHE eCTeCTBeHHbIe Tpeohpa-
sopanrg. Honyanm (AO1)ad = AX e (e 0 (cOd)) = cOd, n nockonsky A —
wiomopgam, o (AO1)a = A

2. IMocrpoiite B kareropun Moneat npouseegesne JIBYX MOHOM/IAIBHBIX
KaTeropmii.

3. Mokasxkure, 910 ecid Kateropus B vmonouianbha, ro v B uveer (oqe-
BUJIHYI0) MOHOMIAIBHYIO CTPYKTYDY.

4. Tlyers B — monouaanbias, a Cf — npoussoiibias Kareropud. Tloxamm-
Te, UT0 Kareropus (pyHKTOpPOB B monOMabHA, tupuuenm ymuoxenne SOT
onpeaenserca no gopuyne (SOT)e = SeOTe. B kauecrse e : C — B nyxuo
B34Th NOCTOsAHHBI (KOHCTanTHBI) (dyukTop €. [Tokaxkure, Ur0 conpskeHne
BE*P = (BY)P gpiserca n3oMopdhu3MOM MOHOMAATBHBIX KATErOpPHII.

5. Jokazure, 410 CTPOr0 MOHOM/A/IbHAH KaT€lOpHs ¢ OAHUM O0ObeKTOM —
3TO MHOKECTBO (CTpenok) ¢ asyma OGmHapHBIME omepammaym o, [, korophie
VAOBIETBOPAIOT 3AKOHY HepPejIoBatns 1 HMeloT 001my1o (JIeBy10 M npasyio) eamn-
oy id.. [Iprvernre yop. 5 u3 § 2.5.

6. ITokazkuTe Ha TPAMEpax, 9To arCuoMbl (5) 1 (7) He3aBHCHMBL.

7.2. KorepenTHocTh

Teopema korepentHocTH yTBEpXK/aeT: Jiobas IHarpaMuMa KOMMYTa-
THBHA; B 60/Iee YMEpeHHOM BapuanTe — jodas JuarpaMMa onpeie/eHHoro
Kjacca KoMMmyTaTnsHa. [Ipeayer Halero BHHMaHHA ceifyac — JAuarpaMMbl
B MOHOMJAJILHON KATCrOPHH, KOTOPLIE, NOA00HO nATHYronsnuky (5) u3
§ 7.1, crposTes ¢ nomommpio ymaoxkerns [ n3 peammsanuii nzomMopdgnanos
v, A u p. Opnaxo e hopMasibHO PA3IMYHBIX BEPUIMHBL TAKON JIMATDAMMBI
MOTYT COBHACTB B OTIEIbHONH MOHOHJIAIBHON KATErOPHH, NPUYEM TAKHM
06133-301\4, qT0o I{UMMyTﬂTHBIIU’CTL HEe COXPaHHTCHA. HU3TUM}' MbI JOKaHACM
JHMIb, 9TO KOMMYTHpPYeT Karxkiaas (hOPMATLHAA AHATPAMMA, B KOTOPOI
BEPIIMHAMH CJIYKaT HTepupoBannbie opumaibubie []-nponssejenns ne-
pemennbix. Takue ¢gopuasbibie NPOU3BEICHUA Mbl HA30BeM OHHAPHBIMEI
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CIIOBAME; OHH COOTBETCTBYIOT IPABHIILHO NOCTPOEHHBIM (DOpMYyJIaM i Tep-
MaM B JIOTHYECKOM CHHTAKCHCE TEOPHH JOKA3aTeThCTB.

Adajgiuy ToYHOEe PEKYyPCeUBHOE onpejaeerne. Bunapnoe ¢ao60 J1JIMHDI
0 — 3710 cuMBOI ¢¢ (OycTOR (JIOBO); OMHAPHOE CJIOBO JLIMHBI 1 — 3TO
cumpon (—) (nepementoe wian 3amensonii ero 3npak). Ecam v now
6HHB.DHBI'9 CIOBA IJIAHBL 7711 @ N COOTEETCTBEHHO, TO BRIpAMKEHHE U Ow =
= (v)0(w) sapnsercs GuHApHBLIM cA0BOM daunst m + n. Hanpuwmep,
poipazkenne ((—0O—)0Oep) 0 — aBasderca OGHHAPHBIM CIOBOM JIMHBL 33
ono oboznauaer D—I'Ipl')lrl:iB('.}.I‘(!IlI‘IO HerLipex COMHOMKHTEIeH © fla}lil][[lﬂ[:.l
paccTaHOBKOI ¢KOGOK W 3aIaHHON COBOKYIMHOCTHKY MHOMKHTEEH, cocToA-
uiei u3 eq. Jdaa mobpix Apyx OHHAPHBIX CIIOB U M @ OJHHAKOBOH JJIHHBI
BBEIEM eIHHCTBEHHYIO CTPEIKY v — w. Takne ¢jioBa 1 cTpeskn 00pasyior
kareropuio W (npegnopsaok, B KOTOPOM Kax<as crpeaka obparmma).
DTa KaTeropus ABIAeTed MOHOMIAABHON ¢ yMHOXKeHHeM v,w — vDw
H G,Z],HHHL['{:‘.E £, T B KAYUEeCTBE ¢, /\ H g HYMHO B3ATb COOTEETCTBYIIOLIHE
CTPENKH (3aBEIOMO €JIMHCTBEHHBIE).

[To camomy cBOEMy NMOCTPOEHHIO (CTPesIka v — W eAMHCTBeHHA) JT0Has!
gauarpamva B gareropnn W kommytarusna. [lostomy mopdusmer n3z W
B B AAT HCKOMBIE JTHAPAMMBL, KOMMYTATHEHBIE B JIDYIHX MOHOR A TL-
HBIX KaTeropusax. CymecTBoBanne 3THX MOP(MH3MOB BBITCKALT U3 CIACIYIO-
mieit TeopeMbl, KOTopas B JeHCTBHTEIBHOCTH o3Havaer, uto W aeaaerca
cBODO/IHON MOHOWIAJIBHOI Kareropueit ¢ oJHUM oDpasyoimuy (—):

Teopemal. Jaa awoboti monoudarvnoti xamezopuu B u aobozo

obsexma b € B cywecmeayem eduncmeennuitl mophuam MoHOUIQABHBLY
ramezoputi W — B mawxoii, wmo (—) — b,

,¢10K33 aTeJdbCTBO. 3anuuemM HCKOMBI MOp(bHBM Kak w — W,
HOCKOILKY Ha caMoM [Jeje OH O3HavaeT: HUJJ,C'l‘aBI-lM b Bo Bee CBOGQ;'],III:[(‘
nosuunu copa w. Ha obbexkrax w ciaeayver noiozKHThb

(eo)y = e, (=)s =0, (vOw)p = vp Dy (1)

o HHAVKIHH 9TH d)UpMy..‘li‘xI OAHOZHAYHO ONpeigisaioT BCe iy.

s ertoB huKCHpOBaHHOIN UTHHBT 11 MOCTPONM Tenepb 0a3ucHBIN rpad
Gﬂ = G'n_.b- Ero BEPHIHHEL — BCe J1OBa W JIITHHBI M, HE BRJAIOYAIOIIHE
€, a ero pebpa v — W COBNAJAIOT ¢ HEKOTOPBIMH CTPEIKAME Uy — W
B kareropun B. Hazosem ux Gazuchbivu crpesikavu. [Ipu atom Kaxias
PeATTH3ANIA ACCOMHATHBHOCTH

a:up O vy Dwp) — (up Owy) Owy
nan moMopdmava o ! ABngeTcs 6Ga3ncHOM CTPeTKOf, TAK Ke KAK BCe
crpenku Buga S001 w 108, tae 1 @ vy — vy — eIHHAYHAS CTPEIIKA,
npudenM crpenka § yxe orHeceHa K OasuchHbim. Hedopmanbao rosops,
Basucnas crpenka — 3710 crpeaxka muna (1 0a)O(101) — peannsanus
n3oMopdu3Ma @, YMHOXKEHHAA HA eIUHHYHBIC CTPEIKH. 3aMeTHM, |TO
Kazk1as Dazucnas cTpeska HanpapieHa aubo npaMo (eciid BKIIOYAET ),
aubo obparno (ecan prmouaer a~ '), Takuum obpasom, nyrn B rpade
G, 13 v B w — 3TO NEPEMHOKAECMbBIE MNOCAEI0BATEIBHOCTH Ga3UCHBIX

7T C. Maxneiin
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CTPEJIOK U3 Up B Wi B KAYECTRBE NIPOM3BEICHUS MOJIYYAEM CTPEIIKY ty —
— wy, B Kareropun B. Kmodepoil MyHKT Hamero joka3aTenbeTBa OyaeT
COCTOATL B TOM, YTO [JBA NYTH U3 U B W JAOT B NPOU3BEJACHUU 0dny
L MY AHCe CTPENKY Uy — Uy B Kateropun B — 1. e. rpad G, onpenemnser
KOMMYTATHBHY10 Jinarpammy s B.

Cua‘{a_rla BO3bMECM B EKauecTne Hz'{l“) €IHHCTBEHNOC CJIOBO JIHHBL 7,
B KOTOPOM BCe Napbl ckoBok BeiHecensl Bieso. B rpade G w3 moboro
G1oBa W JIJIHHBL N cyniecreyer {]pHE‘.I{'I'H]’)()BHIH{blﬁ nyrs B CHOBO 'U':'{”}:_
B CAaMOM Jeje, Takoif nyTh MOKHO BbIOpaTb KaHOHHYECKHM 0OpazoM,
HOCAe10BaATe/ILHO NepeiBurasd BJieso Cl{ClﬁKl’i — OT HAPYMHBIX K BHYTpPeH-
HIM — B peamm3annax m3omopduiva a. Ecm v u w — apa cnosa 1iHHE
7L, TO MOMKHO 06"]:0,‘11‘11[1‘]']"]) JABA KAHOHHYECKHX NYTH, NOJIYYHEB OYyTh ¥ —
— w'™ 5 w; dakTHIECKH MBI J0Ka3aIH 000DHIEHHYIO ACCOIHATHBHOCTD
HTEPHPOBAHHOTO MPOU3BEACHHS B CJIY4ae acCOINATHBHOCTH [T TPEX MHO-
uTeneit.

Pexypcnsio onpegenny pamnez ¢ cnosa w, monoxns geg = 0, o(—) =0
H

o(vOw) = o(v) + e(w) + anuna cnosa w — 1;

TOT 4 pa'BEHCTBD ow = D ()?}IH‘-I&ET, qTO BCE Tla.pbl' l'fKGﬁOK B CJIOBE W
BBIHCCEHDLI BJEBO.

IMokazkem Tenepsb, uro auarpamma (7, KoMMmyTaTneHa. Bee BepnmHb
IYyTH H3 ¥ B W COEIHHHUM C OTMEYeHHOTM l!(&l_)[lIHHUﬁ 'ﬂ_?{ﬂ} KAHOHHYCCKHM
HanpapJeHHbIM nyTeMm. M3 nonyuennoil quarpamMmbl

() th (20 V3 < w
w = ) = ) = ) = )

SCHO, YTO JAOCTATOYHO JIOKA3aTh PaBEHCTBO NPOH3BEICHUI 110 J1H0DbIM
HANPAGALHHMM TTYTAM (TOTBKO a, o1 otHOro a 1) 13 v; B w'™ . TIposeem
HHIVKIMIO 10 panry ciaopa v; = v. llyers yreepacienue pepno 1s peex
CJIOB ¥ MEHBIINX paHroB, PaccMoTpuM IBa pas3iaHdHbLIX HANPABICHHBLIX
LYTH, KOTOPbIE HATMHAIOTCH (HAnpaBieHnbiMu) DasucHbiMu crpeiakamn 3
i i8 '}', HCXOIANITHMHA W3 'U, CM. ,Iuarpam-my:

v=ulw

t}”
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O6e crpenkn S u vy nowmskaor pasr. IToaromy nocrarovno nokasarh,
YTO MOMKHO COBIMHHTH WX KooOmactn v u v HANpaBJAeHHBIMI MyTSMH
€ HeKOTOpOit 0b1el BeplunHoll 2. Co3/1aB KOMMYTATUBHDBLT poMmO Mexy v
u z. Pacemorpum Bosmoxubie ciayuan. Eem § = 4, 10 Bo3buem z = v’ =
= v". Eciu 3 # ~, 1o sanumem v B suge v = uDw u 3amerum, uro 3
HMEeT OJIHY W3 TPexX BO3MOKHBIX (hopM:

A=301,; B aeficrByeT BHYTPH HEPBOIO MHOMKHTEA i,
5 =1,0p3"; @ gelfictByeT BHYTPH BTOPOrO MHOAKNTE I,
B =0ns4; rpev=ulw=ul(s0Ot).

st 7 BO3MOMKHBI AHAJIOMMYHBIE TPH CJYdast,

Teneps cpasuuM pasimunble cayydan anda § u anda . Ecau oba aeii-
CTBYHT BHYTPH OJHOTO H TORO #Ke MHOMHTENH U, TO MOMKHO HPHMEHHTH
MHIYKINIO 1o jumHe n. Ecmm § neifcTByer BHyTpH U, a %y — BHYTPH W, TO
KOMMYTATHREH poMO

wOw

N

uw' Ow wOw'

kﬁ

u' Ow' ’

nockonsky [0 asiserca Oudynkropom. Ocraerca wiyuail, Koraa omaHa
u3 crpesok 3 u y, nanpumep 3, umeer Bug J = « = Qu. ¢ (Tperni
cayuaii B npueegennom nepedne). llockonsky 74 # [, To 4 aeiictByer
BHYTPH ©# WK BHYTpH w. Ecim v geificTByer BHYTPH 1, TO HAM 1101
xoauT poMb Mexmay uld(sO¢) n (w' Os)OF, KOMMYTATHBHBIL B CHIY
ecrecrsennocTn wiomopdmava a. Ecan 4 aeficreyer suyrpu w = st
W TIpA 3TOM BHYTPH § W BHYTPH t, TO AHAJOTHYHBLT poMb cymecTByeT
B CHJIY ecTecTBenHoCTH u3omopduiMa a. Ocraercs Jmnib cayaail, Kora
v neiterByer BayTpu w = s ¢, Ho He BuyTpu & win t. Torma 4 sBaserca
peaauzamueii nzomopdmama o, f pasusierca npoussenennio plg, u nam
poMO JOTKeH HATHHATBCS CO CTPEIIOK

U:qu:uD(SD(IJDQD

(uOs)O(pOq) wO((sOp)Ogq).

Torga B kauecTBe pom0a MOMKHO B3ATh naTuyroasuuk (3) u3 § 7.1, Dro
MOKA3bIBAET, 9T0 rpad (), onpeseraeT KOMMYTATHBHYIO JHATPAMMY B Ka-
Teropun B J0Ka3aTebeTBO KOMEPEHTHOCTH 3aBEPLIEHO — B TOM, 4TO
Kacaercs accoUHaTHBHOCTH.
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Cuoyuas npuMeneHinsd H3oMopgu3MoB A H g TPHBHAJIBHO YKJ1a/IbIBAKT-
€ B 9TO J0KazareascTBo. [0BOpa dhopManbHO, PACCMOTPHM CITEIYIONIAIT
rpad G, Ero pepiimnaMu gBisiorTes Bee ¢aoBa JUHHBL 71, B TOM 4quce
U ¢J10Ba, copepkamine ep. PeGpamn storo rpada cayxkar Bee Da3ucHbIe
CTPRJIKH, NOCTPOEHHLIE, KAK M BbIIE, N0 Peaid3aliisamM Hf':lf)}\[t]p(l)l{f}_’\-llf)ﬁ
a, A 1 ¢ (m ux obpartHBIX) nocpeacTBOM [J-yMHOMKEHNS HA €THHAYHBIE
crpeaxu. I'pad G!, Geckoneuen, Ho cogeprut npexuuil (Koneunstii) rpad
G ;, HOCTPOEHHDLI JIMIDL ¢ TOMOMIBIO . HyzKHO NOKa3aTh, YTO AHATDAMMA,

G:i KOMMYTATHBHA B KATCropHu B. ,1’”[ KA 1010 Cl0Ba W No-npesKHeMy

uafinerca xora 6ut ozun nyrs w — w™. Ho kommnosuums crpesox,
noay“enHast 13 M0DOTO TAKOTO MyTH, papHa KOMIO3IWUDOHAH 1714 JIpyroro
ILYTH, I/1e BHA4YAJIe YCTPAHAIOTCH BCE BXOMXKICHUA €, a 3aTeM NPHMEeHAeTCH
cv. JleficTBUTENLHO, €CIM € yeTpaHsiercs Noj JeficTsreM u3omopdhusma
A elb = b pocte HEKOTOPOTO TIPHMEHEHHS r, TO 9TO BXOMKJIEHHUE €
MOM{HO YCTPAHHUTE H PAHLINE — B CHAY eCTeCTBeHHOCTH 4, JIHATIPAaMMbI (7)
win aumarpamye (9). B cayuae nponssenenns e U e ppuiy papencrea (8)
He3pasnaHo, yerpanserca e noj geiicrenem A uian . B urore nosyuaem
Ty e KOMIIO3HIAK CTPEJOK, UTO H 1JId KaHOHHYeCKOro oyTH, B KOTOPOM
BCE BXOXKJICHHMS € YCTPAHSIIOTCA B HEKOTOPOM ONPEIEJICHHOM [0ps/IKe
(nanpumep, ciesa Hanpapo). Dra npouenypa csoaur G k G, U KOIb
ckopo auarpavma G, KOMMYTATHBHA, TO 310 BepHO U ana G1.

Teneps MbI Mokenm nocTponthk Mopgusm W — B, o KoTopoM TOBOpHT-
csi B teopeme. [lo mocrpoennto kareropmn W, ciosa v w w oamHAKOBOIT
JUIMHBL 1 cOeJHHenbl B Heil posHO oanoil crpenkoil v — w. Mekombiii
MOpdH3M 0TOOPAYKAET ITY CTPEJIKY B KOMIIO3HIIHIO CTPEIOK BAOMb 1100010
OYTH U — W, B G:;: MBI TCEPE 3HAEM, 9TO 9T4 KOMIO3HIIHA ¢IHHCTBEHHA
(ne zaBucnT oT BBIGOpa myTH). Baarogapa Toit XxKe eMHCTBEHHOCTH Takasd
KoHncTpyKuus onpegenser ¢gpyvuakrop W — B. B1or dynkTop sApngercs
MOPGDU3MOM MOHOMIAILHBIX KATEropHii, NOCKOIbKY

fOg=/fel0log=(f0O1)c(10g)

g obeix crpenok f u g, O

y'r[iﬂl))ﬁ(}lnl'llie 0 KOI‘(‘!’}EHT‘HDCTH MOACHO ('l]]l‘)].'JM_\IUII-IIJ(}RR'['[': B Tﬂ])&[ll][ax
rpacoB, pedpaMn KOTOPBIX CJIYKAT eCTeCTBEHHBIE MPeoOPA3OBAHNS (v, A
H O B['Ia‘-x‘.i‘l..a']{’- 3AMETHM, 4T0 KaxK/j10e CAos0 u J1LJAUHbBL 1 (Ofl.‘ OJHOro nepe-
MEHHOI'0) OIpeJIeideT sl Kax 10il Moo 1aibHOol Kareropiu B dyHkTOp
wg: B" = Bx...x B — B orn nepeMeHHBIX: LI 9TON0 HY AKHO KazKIbIi
npoben (—) B ¢/ToBe w 3aMeHHTh Ha TOXKAECTBEHHBI (DYHKTOP KaTeropun
B. Bo3amokHO H SIBHOE PEKYPCHBHOE ONpejieserHne aToro (pyHKTopa (aHa-
gornunoe dopmyne (1)): (ep)p @ 1 — B — 310 KoncranTubii Ghynkrop
e € B: (—=)p — toxnecrsennbii pynkrop B = B. Ecm wp w wly yxe
ONpeeqeHsl B TePMAHAX CJIOB w U @' JJIHH COOTBETCTEREHHO 1 B n', TO
(wOw')p — 310 KOMNO3UINSA (DYHKTOPOR

wg =

(wOuw')p : B"t" = B" x B 5 Bx B B. (2)

B makux TepMuHAX YTBEPKJAEHHE 0 KOPepPeHTHOCTH (hOpMYJIHDYETCs Clie-
ayionm obpazom:
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Cnepcrrue. [Mycms B — monoudaavnas kamezopus. Cyutecmeyem
PYHELUA, CONOCTNABAAIOULAA KaKHcdoti nape cA08 v, W 00UHAKOG0T OAuHbI
n (edunemeennwiii) ecmecmeennvd usomopdussm

cang(v,w) : vg = wg : B" = B, (3)

KOMOPHIll HA3WEAETNCA RAHOHUMECKUM 0TOBPAJICEHUEM U3 Up 6 Wy, NPU-
WEM KAHOWUNECKOTE seasemes edunuwnas cpeara e — e (meacdy dy-
mopamu om () nepemennvir), a maxsce moscdecmaenioe npeobpazoeante
idp : Ip = I, ecmecmeennvie uzomoppuszmu o, A A" 0,071, KoM-
nOIuwUHA 1 D —ﬂpfnﬁfﬂf‘.f}e?”!-ﬁ (}ﬂyﬂ": ROHOHUYMECKUT CTRJEA0KR.

Takas (HOPMYJIHPOBKA, KAK BLISCHATCH U3 JOKAZATCILCTBA, TTPHMCHH-
Ma M K IYYAK, PACCMOTPEHHOMY B caMofl Teopeme: juis Kaxaoro b €
€ B cymecrsyer diyHKums, CONOCTARISIONIAN KAMKIOH Nape OB v, w
O/IMHAKOBOI JJIHHbI KAHOHHYCCKYIO CTPENKY can,(v,w) : vy — wp U 10
CBOMM CBOHCTBAM HANOMHHAIONAA CANR.

Jdoxkasareaserso. I[lo gannofi mMononjaiabaoil kareropun B wmbl
noerpoum kareropuio It B), ofbekravu koropoit cayzxkar see napst (n, T,
rae 7' — moboit pyuxrop 1" : B* — B, a crpenkamu f : gn,T) = (n, 1)
SIBJIAIOTCA BCe ecTecTBeHHBIe npeobpasoeanus f : T = T'. B sroit kare-
ropun Mol onpegenum ymuoxkenue no qopuyie (m, S)O n,T) = (m +
+n,50T), rae SOT — koMnozunms

SxT

sOT:B™"=pmx p* XL, g« p 5 B.

B kavyecTBe eTHHHAILI € BO3bMeM GhVEKTOp 1 — B ¢ e IMHCTBEHHBIM 3HaYe-
auenm e w onpeneanm A e 0T 3T nna kazkaoro T w s kaxaoro a € B”
Kak crpenry Ay, : edTa —+ Ta B kareropun B. Takoe npeobpazosanue A
ecTecTBeHHO 110 T. _AHHJJOI'H‘I]IO 0]]'{)(’-,’.‘(".."111}{ IOTOYeTHO (200 A& N ﬁf_’.‘.} '1‘1_1}';!,3
npoeepsercd, uro [tH(B) — (Aectporo) MoHOMaanLHAA KaTeropus. [

Tox aecrsennptii hyukrop I : B — B asasieres obbekrom s [H(B).
Coraacno gokasannoili Teopeme, W gapisercs cBoboanoll MOHOMIAIBHOIM
kareropueit vag (—); nonoxkus b = I, nonyvuaem eauncreennsii Mmopdmznm
MOHOWJATBHBIX KaTteropuit W — [t(B) takoil, uto (—) — 1. B wacTHOCTH,
ator Mopdgu3m orobparxkaeT Kazxoe cJI0Bo w B (DYHKTOP wpg, ONHCAH-
upiii B opmvie (2). a eauHCTBEHIAN CTPEJIKA ¥ — W MEMJIY CI0Ba-
MH OIHHAKOROH JIAALI 0TODPAIKACTCS B €CTECTBEHNOC NMPeodpas’oBanue
vp —+ W, KOTOpoe Mbl 00o3HauNM cang(v,w), kak u B (3). Ilockoneky
3TOT (PYHKTOD ABAAETCH MOPDHIMOM MOHOMJIAIBHBIX KATEropwii, T0 OH
JI0JI7KeH coxpaHdaTh a, A 1 p. Takum obpasoMm, B Haunx 0D03HAYCHMAX [1J151
CIIOB MOJYYaeM CJIe/1y0Inee:

cang(eg,ep) = 1. e v e, cang((—),(-)) =idp : B B,
cang(—0O(-0O-),(-0-)0-)=a: BO(BOB)-> (BOB)OB,
cang(epOd—, (=) = A, cang(—Oeg, (—)) = o,

cang(vOv,wOw') = cang(v,w) Dcanp(v', w').
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DT0 CNeJCTBHE 03HAYALT, YTO KOMMYTATHBHBI BCE JHATPAMMBI CIIe/1y10-
IIET0 BHA.

Bepwuns. Cnosa w JUIHABLL 70, KOTOPLIE NPEICTaBIAI0T (DYHKTOPDI
wp: B" = B.

Pefipa. Ecrecreennsie npeobpazopannst 1., idg.a, A p w nx [O-
npouseenennsa. 1Ipn arom pacemarpusanoTes GyHKTOpLl Buaa e, [, — [0 —
M UX KOMIO3MIHH, & KaxKjoe pebpo siBJIgeTcs ecTecTBeHHbIM npeobpaso-
BaHueM Mex/1y yHKTOPAMU, OTBEHAIOUIUMH €10 KOHIaM.

Vnpa>kHeHnd

1. Haueprure Auarpanuy, BKJUOYAIOLIYIO BCE KAHOHHYECKHE OTOOpAKEHHS
mez 1y GuHapabMu caoBavn gumaabl 5. (Ee moxHo paccuarpuBaTh KAK mOMHII-
patbHOe pasztuenue NopepxHOCTH cdepbl Ha 19 obnacreil — 16 MaTHYTOILHIKOB
(peasmzaumii nsomopdusma a) v 3 kesaapara (KOMMYTaTHBHBIX B CHJIY €CTe-
CTBEHHOCTH). )

2. (Stasheff [1963].) Tlokazknre, 910 AUArpaMMa, BKIOYAIONIAA BCE KAHOHH-
YecKne 0TODPayKeHHst MeXK/AY CIOBAMH JTHHBL N1 + 3, MOXeT DacCMaTpHBATLCS
KAaK I0/JM3IpaibHOe Pa3bHeHne MoBepxXHOCTH n-MepHOoil cdepsbl.

3. Hocrpoiire ¢BoGoIHYI0 MOHOMIANBLHYI) KATCIOPHIO HAJI MPOM3BOJILHBIM
nMHOzecTBOM X 1 JIOKaKUTe J71d Hee COOTBETCTBYIONIEE CBONMCTBO YHUBEPCATb-
voct. (Tlonekaska: ee oGLeKTAMH CIIYIKAT C/I0BA, HPHYEM CI0BOM JUIAHbL 1
ABaAeTcd 060l sueMenT x € X, W cymecTByer ciopbekuma Wy — My n3
mrozkecrsa 1o Wy na ceobognmit monony sang X. Cyueersyer (eauHersen-
HAfA) CTPEIKA U — W, €CJIH U TOMLKO ECAH CI0BA U M W HMEIOT OJMHAKOBBI
obpas B monone Mx.)

7.3. Mouou b1

Crenys uaesm BBEJIEHNUS, ONPEISTUM TENephb MOHATHE MOHOMIA B [TPO-
u3BOABHOI MonongaabHoill Kareropun (B, O, ¢).

Monoud ¢ B kateropun B — 310 06bexkT ¢ € B ¢ ABy™Msa cTpeikaMu
prele — e 17 e — e, KOTOPHIE JAeJal0T KOMMYTATHBHLIMH JIHATDAMMbI

cO(eOe) —ua-(ch)Dc”—DLnI:lrr

ID;L‘J I (1)

I
cOe c,

\ ]u/ (2)
A o

Mopdmuam monongos [ : (e, .n) — (¢, p'.np)" — 210 crpeaka f e —
TAKASA, UTO

fu=p(fOf):e0c— ¢, m=n:e-c.
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Monou/ipl B Kateropun B ¢ TaKuMH CTDEIKAMH 00pa3yior KaTeropHio
Mong, npugeMm cooTBercTBHE (C,[1, ) +> ¢ ONpenesaeT 3a0bIBAIOIINIT
dyvuxrop U : Mong — B.

DTO ONpeIeIeHne OXBATHIBACT MHOMKECTBO C/YIAEB; HEKOTOPBIE H3 HHX
VIKE VIOMHHAHCH BO BBEJICHHH!

Monoudaavnaa xamezopus

(Set, x,1)
(Top. x..)
(C,0,1d)
(Ab, ®, Z)
{(K-Mod, @k, K)

(I'paayupoBaHHble MOLYJIH, . ..

(DG — K-Mod, &, K)

(Bop: Dup’e)
(K-Mod™ &%PK,)

(Cat, x. 1)
(O-Grph, x,0 —+ 0)

Monoudn 8 kamezopuu

(06brmBIE) MOHOMIBL
TOHONOIHYECKHE MOHOUbI
mouaganl (em. ra. 6!)
KOTbIA

K-anreGpoi
I'paaynposansbie anreGpbl

JTudppepenupaibibie rpaiLynpo-
BaHHbIe N -aareOpsl

KOMOHOWIB! B Kareropuu B
K-koairebpbl

CTPOr0  MOHOMJIAJBHBIE KATEro-
pun

xkareropun (cm. (2.7.3)).

Boinonusercs 0600meHHbIIT 3aK0H ACCOMHATHBHOCTH, KOTODBIl yTBEp-
HKIALT, UTO B MOHOWAE (¢, f1, 1)) PABHBL JI0DbIE N-KPATHBIE TIPON3BE/ICHHSI.
Bomee nogpobuo, myeTs w — OPOM3BOIBHOE DHHAPHOE €/TOBO, W, € B —
COOTBETCTBYIONUINIT 00beKT H3 B (B 0603HaYCHUSX U3 JOKA3ATELCTREA Teo-
pembl 2.1). Torga w-KpaTHoe MTPOU3BEIEHHE (L, — TO CTPEIKA [l © W- —*
— ¢, onpenensiemMas pekypeusrno. Ecan w = eg, TO e, : € — ¢ paBHa
0 ecin w = (=), TO fy—y : ¢ = ¢ — eIMHHYHAs CTPeNKa; ecim w =
= (=)0(-), 10 pyw = p, u Boobue, ecin w = wOwv, 10 iy, pasua
OUEBHIHON KOMIIO3HILHHI

(uOw)e = u, 0w, ﬁ} efe Dye. (3)

Mpennoxennel (06obmennslii 3akon acconuarusHocTn). Iycmu

(¢, 1, 1) monoud 6 kamezopuu B. Tozda kpammwe npouscedenus i,

U fhy Oaa awbux deyr caoe v u w odunaxooli daunn n yydosaemeoparm
PROGEHCTIG)

s © cang (U, w) = fiy 1V = ¢, (4)

2de can, (v, w) = v, — W, — KoHOHuMecxkan empeara us meopeant 1 § 7.2

Hoxaszarenabcrso. Axkcnompr moonma (1) u (2) — 910 Kak pas

Te ciaytuan papeHcTBa (4), KOrIa KAHOHMYECKAA CTPEIKA PABHA (v, A AIH

g. Ocranbhbie cily4an MOMKHO [POBEPHTH 110 MHAVKIMH, HOCKOJIBKY BCE

KAHOHHYECKHE CTPEJIKH ABJIHIOTCA KOMIO3HIMAME CTPEJIOK BUAA (¢, A U Q.
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Hanpuvep, moxno onpegenure n-to O-crenens ssementa b € B,
MOJIOZKIE
b = (bOp) O --- 0O, (5)

I71e BCe CKOOKH BBIHECEHBI BJIEBO; TaKuM obpasoMm, 0¥ = e, b = b, b1 =
= b"Ob. Torna B monouag (¢, f1,7) PEKYPCHBHO ONPEICAACTCA N-KPATHOE

npomsseenne p™ : " — e

“(Ol =, #(1) = id,, H(m = u, 1 “{n.+l} = “(#(u} Ogq). (6)

Kak caencrsue, us (4) soirekaer Gomee H3IBECTHOE paBEHCTBO — 0HOOIIEH-
HEIT 3aKOH ACCONMATHBHOCTH, BEPHEIT MPH BCEX HATYPAJBHBIX n W ki, ...

- kn: ) . |
lM(”‘-] (‘uili o — 'ulkn:l) — ;‘[J"l+---+kn)‘ (7)

Teopema 2 (nocrpoerne csoboIHBIX MOHOMIOB). [Tyemv 6 Monou-
daavnoti kamezopuu B cyuieemeyon cuemmbie KONpou3sedenttt, npuiem
daa wancdozo a € B gynwwmopw all— u —Oa : B = B cozpanarom amu
ronpouseedenusn. Toeda sabwmearowuil dynwmop U : Mong — B umeem
AeEutll conpancennni.

Bameuanne: Bo MHOruX ciaydasx (B = Set, B = Ab,...) caun
hyugropsl ad— u — Ja umMeor npaebiil cCONpsizKeHHBIA ¥ IOTOMY aB-
TOMATHYIECKH COXPAHAIOT KOTPOHU3BEICHNUS.

,47_1 OKazaTeJdbCTBO. ,:.T';.Flﬂ Kax 1010 CHETHOTO K()I'l]’}(}lrl.’}ﬂ(!,'.’l.&‘.—
nug 1l,,b, obvekToB b, € B BBINOIHEH AHCTPUOYTHBHBIH 3aKOH
6 : U,(alby,) = all I, by, Tak kak a]— coxpanser KONpoW3BeIeHusl.
JeficTBUTENBHO, B CHJIY ONpPEIeJeHNs HHbeKIUil KOIpou3Be1eHns
in 2 by = W,b, v j, cyuiecreyer enuHcTBeHnas crpenaka 6, nenaoinas
KOMMYTATHBHOI AMarpaMMy

aOb, = alb,

llDi" in

all Hur n ‘56 Hn(a' O b"),

H COXpaHeHHe KONPEeIeJoB B TOUHOCTH 03HAYMALT, 4T f sIBJsercs H30MOop-
dbuzvom. ObpaTnas cTpesKa CTPOUTCA AHAJIOTHTHO.

s gansoro a nycers by, = a” 0obo3HAYMAeT 71-10 CTeNeHb, 33JaHHYIO 110
dopuye (5). Onpegemum ymuaomenne konpousseaennii I1,a” dhopaynoii
a™Oa™ = @™, GopMaabHO [ — ITO eJIHHCTBEHHAA CTPEIKA, JeIA1011as
KOMMYTATHBHON auarpaMmy

#od Fm.n
(Opa™)O(I,a") — 1y ma™ Oa" <—— @™ Oa™
L S P can
T Y 3-u+ﬂ|

Hkﬂ,k e il
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3iech BepIUKAIBLHAS CTPEIKa can IT0 KAHOHHYECKOE 0ToDpakenue
(MTepUpPOBAHHON ACCOIMATHBHOCTH), CYIIECTBYIOIEe B Kareropnu B mo
'l‘(ﬁ(_)p(:!i\.-l(’ KUI‘EPCH'I‘HUC’I‘H; (P — 2AHHCTBCHHOE ()’l"Uﬁpa)K(,‘l‘lHe KU[II)UH'JB(;‘,L]{?—
aug I, ;. KOTOpOE IETaeT KBAJAPAT ¢ HHbEKIHAMH KOMPOU3BEICHU Jpm . pn
H iptm KOMMYTATHBHBIM [PH BCEX HATYDAJILHBLIX M U n; orobpazkenne
f o ) — KOMTIO3UIIHA IBYX VIOMSAHVTEIX KAHOHHUECKHX M30MODQGHU3IMOB
f (nockonbky onepauus [ guerpubyrupsa ornocurensno L, u 11;):
yMmHoxkenne g umeer sui g = @(f o #). Donbmas, no cranjaprhas
JduarpamMma (_YI]I)EI}KI]L‘.I]HD!) NoKasbLipaeT, "1To 'U. ACCOIHATHBHO B CMLICTIe
(1). CooTeercTByomas eanHnna 1, : € — L,a"™ mo onpenenenmo ectb
HHBEKIINS Konpouseeaenus ig : e = a’ — I1,,a". Ckazaunoe oznadaer,
aro (Upa™. p,11,) asasercs monouom B kareropun B. Unbekius konpo-
uIBedeHus o, =i ' a =a' — l,a™ — aro erpeska

Oa t 00— U<LI a, . r;n>
L

B 3abbBatommit pyuxrop U : Mong — B.

Fra cTpenka yHHBePCATLHA cpen erpestok ni a i U, [eficrsurensno,
nyers (¢, pe, 1) — moboit morona, a f 1 a — ¢ = U(c, fie,1),) — CTpeska
B kareropun B. Onpenenny crpenky f': I1,a" — ¢ Kak KOMIO3NIMIO
B HIDKHEH CTPOKe KOMMYTATHBHOH [HarpaMmbl

al o 2 ¢
H”a'ﬂ' (R [I_“C'”' P 4

nocrpoentoii caeayionmm odpaszom. B kavecTse w BO3bMEM CI0BO JAJIHHBI
7L, B KOTOPOM BCE l".KDﬁKIr‘] BbIHECEHBI BJICBO, TAK YTO 1y = hﬂ. CONMacHo Ha-
memy onpenenesnto b, Jdanee, nvers py, @ e’ — ¢ 0603HA9AET N-KPaTHOE
NPOU3BEIEHNe, ONpelesedHoe B 0DOOIEHHOM 3aKOHE ACCOMHATHBHOCTH
(6). Ilyern iy, 0 jp, — MHBEKIHH KOMPOH3BEICHHA, & PEPLIBHCTLIC CTPCIKH
B HHUAHEH CT]]DKQ JAenanT KBa.-.flpa-TbI mna J'!,Hﬂ-l"pﬂ-MM(‘. KO;\"’[M‘\;’T&TI[B][b[MH
npH BeeX 71 (3TH CTPEJIKH CYUIECTBYIOT 10 CBOMCTBY VHHBEPCAJBHOCTH
konponseeaenuit). C nomompio 60abINOIT, HO CTAHIAPTHON JMATrpaMMbl
MOZKHO NOKasarTb, 4ro f' apiaserca mopdusmom monouaos. 1o nocrpoe-
Huio f' o p, = f, u noaTOMY CTPENKA g4 ACHCTBUTEILHO YHHBEPCATLHA —
a 3paunT, L,a” — cpoboanbii MOHOMA HaJ @, KAK U YTBEPAKIACTCA B T¢-
opeme. O

B srom cosepmento (hopMasibHOM JOKA3ATEALCTBE BAXKHO, 9T0 OHO
OXBATBHIBAET MHOTHE YACTHBIE CJy'Uad OJHOIN H TOH Ke KOHCTPYKIIHH.
B cayuae B = (Set, x, 1,...) 910 crangaprHas KOHCTPYKIUs ¢BODOIHOIO
MOHOM/IA HaJ MHOKeCTBOM a (crneiacteue 2, § 2.7): B 3TOoM caydae a”
COCTONT W3 (JIOB JJIMHLL 71, 3ANUCAHHLIX YePe3 CUMBOILL H3 @, 4 CBODOTHLI
MOHOHI ABIACTCA IN3BIOHKTHBIM obbemmuennem 1, a” ¢ xommosnmumeii
B KauecTse ymuozkenust. B cayuae B = (K — Mod, @g, K, .. .) nonyuaem
CTAHIAPTHYIO KOHCTPYKUMIO (M., nanpumep, Mac Lane [1963a], p. 179)
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rensoproii anrebpol ©, A" nag K-voayiaem A. Ta ke KOHCTpYKUMS jaer
JndeperRIHATEHBIE TPALYHPOBAHHBIE TEH30PHBIE ANTeOphI, CBODOIHBIE
TOINOJOI'HYCCKHE MOHORALL H T. JI1.

Yupaykuenus

1. Joga:kuTe, 9T0 €CTH B KATeropu B cymecTBYIOT KOHEYHbIe TPOn3BeIe-
HHs, TO 3TO BEPHO W 14 MDI’]B‘

2. (Koreperntnoets ang mononaos. ) Marepmpernpyitre npegnosxenne 1 o Ka-
HOHH'IECKHX f}’T(}erﬂ)K{!HHﬂX Hp KK CIETIVHILY R T(K)Il{".:\{y K(]I‘f‘.pe}l'fﬂl’.l("[‘l’i AT
mononaa (e, pu, ). Pacemorpun rpady, pepumHamMu KOTOporo ciay:kar Gunapubie
CIOBA W, a CTPENKAMU ¥ — w — CJeAYIOIHe CTPeIKH ve — we: 1, p, v,
peasmzaimu a (., v, w,.) usomophusva a, peamusain uzomopduiMos A 1 g,
a raiore nee O -npomssegenma Tagix crpesor. Jdokaxkure, 910 modbie aBa myTH
w — (—) B 9T0M rpade AI0T paBHLIC KOMIOIMUMH CTPEJIOK, HO 9T0 Gyaer
HEBEPHO, €C/TH KOHLOM IYTH CIyxkAT He (), a cropo (—) 0 (=) gmums 2,

3. a) (Ioacranoska €108 B €710B0.) Kam10€ ¢/I0BO U JJIMHBL 11 OIPeeIseT
dyuxrop uw : W" — W. Ilyers gaust c1oBa vy,. .., Uy} HOKAIKHTE, TTO JHHA
CI0BA Uy (U1,..., V) PABHA CYMME JUTHH CIOB ¥; M 4TO OHO (HedOopMAaIbHO)
COOTBETCTBYET NOC/IEI0BATEIBbHOMN I0ICTAHOBKE C/IOB U1, . . ., Uy B CI0BO U BMECTO
npobesnos (—).

6) Iycre w = uw (vy,...,v,). [lokamuTre, 910 108 KAHOHMYECKHX OTOOpA-
KEHHH fyy U3 NPeyIokeHHs 1 KoMIIO3uima

o (g =Py, ) oy
We = uw (Picy v yUne) Ue &

paBHa [ty : we. —+ c. [TokaxknaTe, 94T0 OTCIOIA BRITEKALT TpeaToKenne 1.

7.4. eilcTBusi MOHOMIOB

[Tycrs cnosa dmkenporana Monongansias kareropus B. Jlesoe deti-
cmeue MOHOUIA (C, i1, 1)) HA oObekTe @ € B — 310 crpesika v : eOa — a
B KaTeropuu B, 175 KOTOpoil KOMMYTATHBHA JHarpamMmma

a O O
cEI(cDa)—»—(eE!c)Da“—l)-gDﬁMeDa
10w v 2 (1)
cOa - =l = a.

Hanpuwmep, ¢ neiicrsyer na cebs 1mocpecTBOM JIEBOTO PEryiIspHOIO HpPel-
cragienus p: cOe — ¢ Mopdusm f : v — v nesbix geilcTenii MoHOMIA
¢ — 510 crpenka [ @ a — « B kaveropun B rakas, yro v (10 f) =
= fr:c0Oa — a'. B3as neesie AeficTBIA MOHOWA € B KATECTRE O0BLEKTOR
W Takue MOp(U3MBI B KadecTBe CTPeJIOK, nojiydaem kareropuio .Lact.
fcHo, 9TO ITH ONpeesieHNd BKAKYAKT HEKOTOPBIE H3BECTHBIE CIIyHau:
Jeiferene 0OBMHOTO MOHOMAA HA MHOXKECTBC, IeBbii R-MODyIL, paceMar-
PUBaeMbBIil KaK fAeiicTeie Konkna ! ma abenmesoil rpymnmne; TO e ¢ 3aMeHoit
koner, Ha K-anrebpot win DG-anrebpu (DG oznavaer pudpdpepennmaib-
HbIE IPAJYUPOBAHHBIE).
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3abbipatonmii pyakrop Lact — B onpenensiercss no dopmyie
(v : eda = a) — a; oH UMeeT JEBBIl CONPAXKEHHBI, KOTOPLIi 0T00-
paxaer Kax it obbexkr b € B B U b, npudenm peifcrsue MOHOMIA ¢ HA
¢Ob oupenensercd KoMIo3uimed

o r.[i]
cO(cOb) - (cOc)Ob'— cOb.

AHAIOTHYHO ONpeaesAoTes npapee aeiicrsud o : bOe — b Monona
c. Mo ananoruu ¢ GUMOAYIsIMH (JIEBLIMH W HPABBLIMH [R-MOJVIISME) MOMKHO
onpc,ucvam'rb JeBOe W NpapBoe ACHCTBHSA ¢ HA @, KOMMYTHPYIOIIHE MEXKILY
o1
coboit ') .

YupaxkHenus

1. (Dubuc |1970], npear. 1, § 2.1.) Iyers (T, n, ) — vonaza s xkareropun X.
IMokazxmnTe, 9TO0 MOAKHO ONPEASTATH ¢¢ aeiicTere Ha saaodyaETOpe S 1 X — X,
\CTTH 1 TONBKO €CITH MOZKHO MOIHATEL S B kKareropmo T-anreép X mo doparyae
S = GTS{, IlpH'[EM ITH ,1(%1’»'{(:’['1511}1 B3aHMHO OJIHO3Ha'THO (:OO'I‘HE'I'U'!'B_YK)'I' 1OIb-
emam 8" X — X1

2. Tlycte Manas ¢Tporo MOHOMIAIbHAs KaTteropus B aeiicTByer Ha katero-
puu C' (kak mononn s xkareropun (Cat, x,...)). Onpesenure aeiicrsne MOHONIA
B kateropun B na o6vexre n3 C @ ¢ MOMOLIBIO 3TOTO JefCTBHA PACIPOCTPAHHTE
pesvabnTar viap. 1 Ha cavaait dyvakTopos S @ X — A W3 nponwsBOIBHON KaTero-
pum A.

3. Onmmmre peiictens K-goanreGpo.

4. Iyers B Kateropuun B CYMECTBYIOT KONPOUIEBEIEHUA W UX CONPAHAIOT
Bee ynxropn Buaa a0 —. Ilokaxnre, o B kareropnu Lact cymecTsyior
KONPOU3BE/IeHHA U UX COXpaHseT 3a0bBawonmii ¢pyaxTop B Kareropuio B.

5. Eciim B uexoanoil kareropun B Cymectsyor KOHEMHBIC NPOU3BELCHIS,
To 3T0 BepHO H Ana Lact, npuiem npoexkimmn a X @' — a,a’ TpomnsBeaeHus
B Kareropnn B cranoparcs mopdusmamu aeiicreuit B kateropuu -Lact.,

6. (OBobmenne TEH30PHOrO NPOH3BEACHHA NPABOrO MOAV/IA HA JIEBBIIL)
Ilycrs B kaveropuun B CyIECTEYIOT KOYPABHUTENM, ¢ — HEKOTOPbL MOHOM/I,
o:b0c = b — ero upasoe, a v : c0a — a — nesoe geiicrsue. TTocrpoiire
renzopHoe npomssegedHne b .a € B xak KoypaBHHTeIb jABYX OTOGpazkeHuil
bO(cOn) — bOa, oupenensempix geficrsuanmy, u gokaxnre, 4ro . asinzerca
dynkropom O, : Ract. x .Lact —+ B.

7. (Teopema xorepentTHocTH st geiicrsud.) Ilyers gano nesoe jeiicrsie
v : c0a — a mononaa ¢. Ounmure cBoicTBa KaAHOHH'ECKHMX OTOGpazkeHuil
Py  Weg — @, TIE @ — OPOM3BOIBHOE (JIOBO [UIMHEI HEe MeHblme wem 1
€ DOCACAHHM CHMBOIOM (—) (OmpezemnTe, 9TO 9TO 3HATUT), & W, o HOTYIAETCH
03 W, eCTH MOICTABATE @ BMECTO TIOCTETHETO CHMBOMA, & ¢ — BMECTO OCTATLHLIX.

1) O6zop pesympTaTos o ceoiicTam KaTeropmi . Lact Moo Haiiti B paboTe
(*M. Kilp e.a. [2000]). Tpum. ped. nep..
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7.5. CuMmmnmuanbHasi KaTeropust

Onuiem Teneps 0JHY €TPOro MOHOMIAJIBHYIO KaTeropuio A, Koropas
HIPaeT BayKHEHIIYIo POk B TOMOTOTHH H MPH 3TOM MOPOXKIAET YHHBEP-
CATBHBIT MOHOWL,

Ob6bextamu 1ol Kareropuu A CIy»KAT BCe KOHEYHBIE MOPHAIKOBLIE
unesa no= {0,1,...,n — 1}, a crpeakamu f : n — n' — Bee (necrporo)
MOHOTOHHBIE (DYHKIMH, T.e. Takue ¢dbyuknun f, uro u3 0 € i € j <
< n ecanegyer f; < f;0 B aroil kareropun nopsiikosoe yuciio 0 ssisiercs
HAYAIbHBbIM 00beKkTOM, a 1 — TepmuHasabubiM. Ilopadkosoe caocenue
(ordinal addition) — aro Gudyuxrop + : A x A = A, onpejgenennnlii
HAa OPJHHATAX 1, M KaK 0OBIMHAA CYMMa n + m, a Ha cTpeakax f :n —
—n', g:m— m' — no dpopuyne

(f+9)@) = fi t=0 .0 —1,
= n'+g(—n), i=n,...,n+m-1,

(Takum obpazom, dbyskuusa f + g — 310 npocto f M g, NOCTABICHHBIE
pﬂ,ﬂo.\!.) Toraa {A, +, U) CTAHOBUTCH CTPOro MOHOHIAILION KaTeropueii.
[Tockonbky 00bexT 1 B Hell TePMHHAIEH, TO CYIIECTBYIOT €IMHCTBEHHDIC
crpenku p: 2 — 1, 1720 — 1: no 1ol 3Ke npuanHe 3T crpenkn obpasyor
smonona (1, i1, ) B kareropun A. OH YHUBEPCA/IEH B CJIEAYIONEM CMBICTE.

Mpennoxenne l. Myemsv dan monoud (¢, p',n') 8 cmpozo monou-

dasvnoti kamezopuu (B, O, r). Toeda cywecmeyem eduncmeennuii mop-
usm F : (A, +,0) — (B, O,r) maxoii, wmo F1 = ¢, Fu=p' u Fp=n':

il F

0 1 2=1+1 (4,+,0)

r (1)
Y o ¥ /! ¥ v

e ——c ! cle, (B, O,¢).

JoKazaTenspeTBO OCHOBAHO HA TOM, YTO CTPEIKN n3 A — He 9T0 HHOe,
KAk urepaiun GUHAPHOrO npousseaenus p. bBonee noapoduo, nycrs k)
obosnauaer exunersennyio erpeaxy ) - k — 1. Takum obpazom, % =
=q, p'Y — equnnunas crpenka, p'?) = p:2 =1,

p¥ =pp+1)=pud+u):3=21
u . 1. [oekonbky ofbekt 1 repmunaien B A, To
”("}(.“(kll 4., _i_ﬂ{knl} — ”tk1+,..+£‘-,.} (2)

(0BobrienHbt 3akoH accouuarusiocTn). C apyroit croponsl, eciau f @ m —
— n — wbas crpeiaka u3 A, TO nycrb m; — (NOPAIKOBOE) HHCIO
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ANEeMEHTOB B INOJAMHOMKECTBE f_l?: C m; Tora
- n—1
f — u’{mu) +Nlml} + ...+ “(mn—l}l1 Z m; =m (3)

(oTMeruM, YTO HEKOTOpBIEe U3 M MOryT pasuathes nymo). Cienosaresins-
HO, KazKJAasa cTpenka f — 3T0 cyMMa MOBTOPHBIX MPOH3BEICHMIT, MOCTPO-
EHHBIX U3 [t K 7).

Pacemorpum reneps doyuxrop F' u3 dbopMyinposku npeoxenus 1.
Hockonbky F(1) = ¢ n F pomxen 6pith MOphH3MOM MOHOMIAMLIELIX
kareropuil, To Fn = ™ rem cambiv onpesesnena Gpyukuna oObeKTOB
ansa F. Haaee, us pasencrs Fu = p' u Fry = 1 sbirekaer, uro Ful™ =
= '™ ¢ yuerom npeacrapaenus (3) aas cTpesok M3 A onpeaeneHa
dyakuua crpenox F'f mas f. CnegoBarensno, ¢dbyuxkrop F' eIHHCTBEH.
OcTanock JHIL MOKA3AThH, UTO YKA3aHHABIE (DYHKIAN OOBLEKTOB W CTPEe-
JIOK JeficTBUTeNbHO olpeae/iHaioT (pyaxTop. Ho KoMIo3HIuN B KATEropun
A onpeaensiorea dopmynoii (2). Ouu corsacoBanbl ¢ KOMIO3UIHAMH
B Kareropu B, NoCKoILKY B Heil TakyKe crpabejuins 3akon obobuennoii
ACCOIMATHBHOCTH. ,.‘:[_OKBSa'I‘@..’IbCTBO 3aBepinexHo, D

Monysennoe CBORCTBO YHHBEPCANBHOCTH TOJHOCTHIO XAPAKTEPH3YeT
kareroprio A. Ee 06bexTh 06pasyior ¢BoBOAHBII MOHOU, TOPOZK AEHHBII
obbekToM 1 (OTHOCHTENBHO CIIOIKEHHS ); €€ CTPEJIKH CTPosITeA W3 p i 2 — 1

n: 0 — 1 nocpeacTBoM CI0KeHNd M KOMIIOZAINH ¢ YYeTOM AKCHOMBI
ACCONUATHBHOCTH 1A A1 AaKCHOM JIeBOi K [l[)ﬂ[‘l(]ﬁ CIHHAUBLL I8 7 0 fi.

Bosmoxkuo u apyroe ONHCAHIe CTPEJIOK 113 A. 0OCHOBAHHOE HA TOM, UTO
MOHOTOHHasA by m(mm f:n = n' npeacransierea B suae f = go h, rae
dyuruus b : n — n" MOHOTOHHA M CIOpbEKTHBHA, a ¢ : n'' — n' MOHO-
TOHHA U HHBEKTHBHA. H]]H ATOM HHLEKTHBHAA (b}"]‘ll{l],ﬂ}l g onpejiejadercH
yKazanpeMm ee obpasa, T. €. HeKOTOPOro HmoaMHoxKecTsa u3 n' opanHaios
B MHOMECTBE ﬂf. Ki.lK CIeICTEAE, CYINECTBYET POBHO 11 + 1 HHBLEKTHBHBLIX
MOHOTOHHBIX (byHKIHT n — n+1, a nvenno Gyaknun o' (i =0,1,...,n),
0bpas Kaz10il 13 KOTOPhIX HE COAEPKUT COOTBETCTBYIOINEE i

Min-n+1, 60,...,n—-1}={0,...,%,...,n}, (4)

rae i O3HA¥aeT, 4To i npomyckaercsa. MoxHo n300pa3suTh COBOKYIIHOCTH
ITUX C.’]'l)(’JlOK (D[]‘YC’]"I"IB HHeKC 'H-) B BHIEO

&
02 | —x0—=%3

= yeers O0yevy0pin—n+ 1. (5)

C apyroft croponsl, clOpbeKTHBHAA MoHOTOHHas dyakuna h : n — n”
onpejensierca noguuoxecteoMm {j | hj = h(j +1), 0 € j € n —
- 2} COCTOSATIEM H3 TeX FHAYECHWI J NP KOTOPLIX h HE BO3pACTACT. l\ciK
CIIEJICTBHE, HMEETCH 1 TAKHX CTPENIOK 1 + 1 — n; OHE ONpenensores 1o
dhopmyne

ol':n+1—=n, of(@)=0cl(i+1) ((=0,1,...,n-1). (6)
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3006pasum UX COBOKYIHOCTE (ONYCTHB HHIEKCHI) B BHIE
]
ag - -
e—1="—-2%x—3F—4..., 00,....,.0p1:0+1>n. (7)
ol

9'1"}1 CTPe/lKH MOXKHO TakiKe BbIPpa3HTb “iepes iy H 7. ,Zl@ﬁ(_‘.TBlrlT JILHO,
o : 0 — 1 coBnagaer ¢ 5, gp : 2 — 1 coBnagaer ¢ g, u U3 ONPEICTCHHI
cleyer, uTo

& =L+n+lp—i:n—arn+1, R - (8)

‘=1l+p+l,—i1:in+1-on, i=0,...,n—1. (9)

Temwma. B xamezopuu A wascdasn cmpeaxa f : n — n' umeem
edunemeennoe npedeinasaenue 6 ude

f:é,-_lo---oé,;koajlo-v-ocr_,-h. [IU)

2de nopadroewe wucaa h u k ydosaemeoparom ycaoswo n — h+ k = n',
a cmpoky undescoe i u j — YyeaoGuaM

n>i>-->0 20, 0<h<---<ja<n-—1L

Hokaszarenbcerso. Miaykoua no n nokasbisaeT, 410 Jjiobasds Mo-
HOTOHHAs byukuma [ onpejeasercs ceoum obpas’oM — HOAMHOKECTBOM
Bn' —m (_UB()KVHHD{‘TI;I(} Tex J € n, 1pu KOTOpBIX f He Bo3pactaer [f(j) =
= f(j + 1)]. Daementsr w3z n', ve npunaanexamme o6pasy dpyukunm f,
3aHYMEpPYEM MHAEKCAMM iy, ...,%, (B oDparHoM nopsjake). DiueMeHrbl j
M3 1, Ha KOTopbiX [ He BO3pacraer, 3aHyMepYeM HHIAEKCAMH ji,...,Jh
(B npavoM nopsaake). Mot Buaun, 910 hynknun B 06eHX 4acTaxX paBencTsa
(10) cosnanator. O

Kak cuiejersue, KoMnosuips moOuix AByx § WM g IPHBOHTCH K KAHO-
andeckomy sy (10). Orciona seitekaer, 910 31H OUHAPHBIC KOMIIO3HIIAN
VAOBIETBOPSIOT TOXJIECTBAM TPEX BH/IOB!

8;i0; = dj416;, i< g, (11)

00 = 00,41, (N (12)
0051, ©<7J,

o0 =4 1, i=gi=j+1, (13)

(5,'_10";;, i>7+1.

MoxKHO HpoBepUTEH TH TOXKJAecTBa Henocpeacrsenno. Hanpumep, (11)
O3HATAET, UTO 5}"'"15;' 5;‘:11 0 in = n+ 2 s moGoro j £ n; MOKHO
IPOBEPHTE, YTO 0DE YAaCTH ITOr0 PABEHCTBA — MOHOTOHHBIE HHbBEKIMH,

HMEIOUIMe OAHHAKOBBII 06p&3 %
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Mpepnnoxenne 2. Kameeopus A, ofmeximu xomopoti — sce KoHeyw-
Hote opduraan, noporcdaemes cmpeaxamu d' :n—=n+1lucl :n+1—
— n, nodwunennvmu coomnowernusm (11), (12) u (13).

HoxazaTeabceTrso. C MOMOIMBIO 3THX COOTHOMIEHHH T00AT KOMTIO-
UMK CTPEJIOK d W 0 NPHBOANTCH, H TIPHTOM €IHHCTBEHHBIM 00pazoM,
K suay (10) u3 dopmymuposxu jemubr, U

Kareropus A uyeer HENOCPEACTEEHHYIO FEOMeTPHYeCKYI0 HHTEPIpe-
TAIMIO B TePMHHAX ADHHHLIX CHMIUICKCOB, KOTODPOH COOTBETCTBYET
dhyHKTOP

A: A — Top, (14)

npeacrasngionmii A kak nozakareropuio B Top. Ha ofbexktax n uz A
OH ,"lEﬂf'.Tl'l_\'PT CIe 1Y HOITHM [)6])3:1(]!\{. B kauecrse :Aﬂ BO3LMEM NYCTOE
TOTMONOTHTIeCKOe TTPOCTPAHCTEO, A B KavdecTse A, ;1 — CTAHJAPTHBIH 7~
Mepubiit aduanbil cunaexe, 1. e, noanpocrpancrso B R cocrosmniee
H3 CIEIYIONMX TOYeK:

Apt :{p:(tﬂa-“stn)|t0201--'1tn?0: Eti:]-};

HEOTPULIATEIbHBIC BEIIECTBEHHBIE unciaa fg, ..., t, — 310 bapuuenmpuye-
cxue koopdunamst 1ok p € Ay Ecom f :n+1 — m — crpenka uz A,
o onpeaennm Ayt Ay — Ayp Kak (addunnoe) orobpaxenne suia

Aj(tu....,t,,) = (Su,...,Sm), &5 = Z t;.
!

O6parny EHnManne, 910 (B Taknx obo3navennax) A, 1 nveer n + 1
BEPIIMH W Pa3MepHOCTh 1, & Ay — aro (eauncrsennoe) adgdunnoe orob-
parkeHue, KOTOpOe NepeBoIuT BepIy i cuMiiekea A, B pepuuny fi
cummaerca Ay, nanpumep, Az, 0 Ay = Ay 910 adypunnoe oTob-
pakeHHe, TepeBojsiee nN-MepHblil cummiere A,.1 B N-MepHYI I'DaHb
cummaekca Ay o, Nporasoneskantyio sepiimte i. [losepxHocrs Terpasipa
A, reoOMeTpHYECKH COCTOHT M3 YETLIPEX TPEYTOIbHBIX I'DaHel, KOTOpbie
sipsisiores obpazamu cumiekca Ay npu otobpamennax dp. dy,d2 1w da.
Henonp3yva crapaaprable GakThl n3 adduanoil reomerpun (Mae Lane,
Birkhoff [1967], ch. 12) moxno nposeputs (ynpazkxenue), uro A npn
TAKOM OIpejesenun geficrsurensio sapisercs gpyaxropon A — Top.

Orverny, uro dynkrop A orobpakaer nopsakosoe 1uciao n + 1 s n-
MEPHBIH CHMILICKC: MeOMETPHYCCKAA PA3MEPHOCTbh Ha CIMHHILYY MEHbIIe,
yesm apudmeTndeckas, ucnonbiyemas s A.

IMycrs AT obosnagaer nouHyIo nogkareropuio B A, obbeKTaMu Ko-
TOPOIT ABIAIOTCA BCe MOMOKHATeNnpHBIE opamHansr {1,2,3,...} (vaamen
roabko (). Tononorn o6osnauaor aty kareropuio A, a ee o0bLEKTbI —
{0.1,2,...} (B COOTBETCTBHH ¢ TEOMETPHYECKON PA3MEPHOCTHIO). 31ech
Mbl gobaswi K A pacroamuii 0 — o0bext, HeoOXOAUMLIT 1S TOro,
aro0e1, anamoruveo Qopuyne (3), BBIPA3UTE BCE ONEpalN TEPEXOIa
K I'DAHH M BBIPDOMKIEHUS B TEPMUHAX OMHADHOIO YMHOMKEHMsI i W JiH-
HULBI 7).
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Konrpasapuanrusie gynkrops u3 AT 5 Set TpajimuHonto Hasbipa-
0TCA CUMAAUYULADHBMU MHONACECTNBAMU,

C y4eToMm CKasanioro, cumnanyuaisiud obsexm S B HEKOTOPOH Kare-
ropun X — 310, no onpeaenennio, pyuxrop S : (AT)P = X, a mopduam
CHMILTHIHAIBHBIX Oﬁ'i)@KTOB S - S’ ecrecreeHHOe l’l]')P(lG])?l:K‘)BH.HHE
#:8 - 8. Bamumewm dbyaxTop S B BHIE

n+1w=5,, 0; — dj, gj — 85,

TAK UTO S, MMEET Ze0MEempu4eckylo pPa3zMepHocTs n. Torja cuMmimim-
a/bHbli 00beKT X MOKHO ONHCATbH TPALMIHOHHBIM (1 Bosee CIIOKHBIM)
obpaszom kak nepe4dens S, S1,..., 9, ... obbekros 13 X (rae S, coorser-
creyer n-mepHoMy cumiuiexcy). Ilpu srom crpesikamu ciayzKar oneparopsl
rparn d; © S, —+ S, (i = 0,...,n;n > () u onepaTopsl BEIPOMKICHAA
it 8y = Spp (i = 0,...,mn > 0), yAOBAETBOPAIOIINE TOMKIECTBAM,
apoiicreensbiv K (11), (12) u (13):

didjiy = d;d;, i< g, (A3
84181 = 8i85, i<, (127%)

sjadi, 1< ],
df-'g..f = 1, = Jt.}' +1, (13'43)
SJd,'_| 1> 7+ 1

[Iyers, nanpusmep, ¥ — 310 adypuaabill CHMILIEKC, BEPIIHHBL KOTOPOIO
gauneitno yropsgouenst. Torga d;Y — 9to ero i-a rpanb, noiydeHHas
VAATIEHHEM BEPINUHEL ¢, A §;Y — BRIPOXKJIEHHBIT CHMILUIEKC € V/IBOEHHOI
BepimHoii 1. [lepeunciennbie BeIMe NpaBUIA TPH 3TOM BLINOTHAIOTCH.

Honoanennnidl cusmnarypaiviod obbekT B Kareropun X — 310 (hyHK-
Top §' @ A" — X. CuMmmiuumaibibiii 06bekT S MOXKHO nonoanums
(1. e. nposomkuTL 10 dynkropa S'), naiina B kareropun X ob6next S
u cTpeniky £ : So — S_1. ana Koropeix edy = edy 1 51 — S_y; Toraa
S'(60) = . Takaa crpeika £ (TPAIMIHOHHO) HABLIBACTCA NOTIOAHCHUEM
obbekTa S.

Cumimnpanbibiii obbekr S B abenesoil kareropun A (Hanpumep,
B Ab) onpezenser roMOMOrHIO ¢ MOMOMIBIO MOJAXOAAIIETO ONEPATOPA TPa-
nunel. MMenno, noerpons, uexoas u3 S, crpeikn

Gl Gpa BB (15)

rje 20MoMOpusm eparuupt d 1 Sy — S, ONpeIeeH KaK AJlbTePHUPY -
mas cymma 8 = do —dy +...+ (=1)"T1d, 1. U3 coornomenuit (117*) 1i1s
rpaneil d; serrekaer, uro 99 = 0. (Dro ozpavaer, uro auarpamma (15)
onpezenser nennoi kommiexe B kareropuu A.) Ilockonsky 08 = 0, To

Im{d: 8,41 = Sn} <Ker{0:5, =+ 5,-1},
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H MOXKHO B3aTh (pakTopobbext (eM. . 8) B Kauecrse n-H 20Mon0zuu
obbekTa S:

Hu(S) = S[)/]-.III {8 5 S] —+ Su}._

H,(S)=Ker{d:5, = S, 1}/Tm{d: S, = Sp}, n>0.

Kazioe nononnenne pyuxropa S onpejeser NOnoJTHeHHe TOro NermHoro
KOMIUIeKea, 1. e. obbexr S_| € A u crpesky € @ Sg — S_y. ana KoTopoii
g0 = 0; Tem caMpM onpeaesena u crpenaka Ho(S) — S_.

KJaceHveckumM NpuMepoM CIysKUT CHHUYIAPHAA TOMOJIOIHA TOHOJO-
HYECKOTO NMPOCTPAHCTBA. PACCMOTPIM KOMIOZHIHK (DYHKTOPOB

A—,...
ol Bt Ly AD,

A" x Top
rie A : A = Top — dyuxrop n3 dopmynst (14), a Z conocrapiaser
KAZK/JI0MY MHOMecTBY cBOOOnyI0 abejnesy rpyrimny, HOpoKACHHYI0 €ro
smemerTamu. ONuCAHHAS KOMITO3HMINS ONpPEJEseT s KAKI0r0 TOMO-
JOTHYeCKOro npocTpaHcTBea X nonoaHeHHbi l"HMrl.?lHH,HiL‘lLIIbll'ri obbLeKT
S = S(X) B kareropun Ab. Kawxpnaa crpenxa h € hom (A, 4, X)
TO CHATYJISAPHBIN n-cuMiuieke B npocrpancree X, noaromy S, — 910
cpobojnas abenesa pyIia, NOPOXKIeHHAS BCEMH TAKHMH CHMILICKCAMH
(Olla- COCTOHT M3 BCEX KOHeYHBIX HeJOYHC/IeHHbIX JTMHEAHbIX KOMﬁml&
iil Beex CHHCY/APHLIX n-cuMIuieKcoB). CooTBereTByIomuii menmnoi Kom-
TI7IEKC HA3BIBAGTCH CUHZYAAPHBM UENHHM KOMIAEKCOM TIPOCTPancTBa X |
a €ro TOMOJIOTHST — CuHzyaapHoil 2omoaozueti (ev., sanpumep, Mac Lane
[1963a], ch. 3).

Muoroobpasusie cBoHCTBA KATCrOpHH A MOMKHO NOIBITOXKUTE CICLYIO-
M 00pA3OM:

a) kareropus A COCTONT W3 KOHEYHBIX HMOPHIKOBBIX HHCEJ H, COOT-
BETCTBEHHO, ABJAACTCH TNMOMHON noakareropueit B kareropmn Ord seex
(uHeHO) YIOPSAI0UCHHBIX MHOKECTB;

6) A asaserca nonHOI NoakaTeropreii B Cat, eciim HHTEPIPeTHPOBATE
KAYKIAbIH OPAHHAN Tl KAK KATeropuio (KOHEdHBIH NPEAnopajioK); Toria
obbekTamu B A sapasiorcesa kateropun 0,1,2,3,..

B) KaTeropmus A ABJILAETCH CTPOTO Ll()!l[)luj'i'l..’!bl'l(]ﬁ H COAPPHKHT YHH-
BepPCANILHEBIIT MOHOHI; €€ CTPEeIKH — 3TO BCEBO3MOMKHBIC HTePHpPOBAHHBIE
npowssezennst om0 4 4 plme—1)

r) A kax nojgkareropus 5 Top COCTOUT N3 CTAHIAPTHLIX YIIODPHAI0-
YEHHBIX CHMILTEKCOB (M0 OJHOMY B Kaxk70il pasmephocT) n adbHHHBIX
0TO0paKenuil MeKLY HUMHE, COXPAHAIOUIINX 1OPII0K.

Crmvmnunua babe 00BLEKTEL, ONMPeTseMBle ¢ TOMONIBI) KATeropun
A, cIyKaT OpYJAMeM HCCIeI0BaHHS MHOMHX BONPOCOB ajredpanveckoii
TONOJOTHH, B 0COOEHHOCTH CBA3aHHBIX ¢ romosorueit, O -koMmninekcamu,
npocrpancrsamu Jiinendepra-Mareiing 1 KOrOMOJIOrMIeCKIMHE Oepa-
muAMA. DTAa JUHAA PAa3BATHA TpeAcTaBaena paboravm (May [1967]),
(Lamotke [1968]) u (Gabriel, Zisman [1967]), nputem B nocienteii pabore
KATErOPHBIE MPHEMbI HCIOMB3YIOTCS B HOJHYIO CHIIY.
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Yupa>kaeHnst

1. [Nokamure, uro B Kareropum A crpeska f @ n — n' ABAAETCHA MOHO-
MOPGhU3MOM (COOTBETCTBEHHO HMOPGRUIMOM), CCIH U TOALKO ey yHKius
f uHbexkTHBHA (COOTBETCTBEHHO CIOPHEKTHBHA).

2. a) INokazxure, uro noaxareropus Amen C A Beex Monomopdismon n3 A
NOPOXIACTCS CTPEJIKAMH 0;, TIOAYHHEHHBIMI cooTHOmenusM (11).

6) INokammuTe, 9T0 Kazxkaas crpeinka U3 Ao, OJHOSHAYHO MPEICTABIAETCS
KaK MTepHpPOBaHHAHA cyMMa crpesiok 7):0 =+ 1mid:1 = 1.

3. a) Hokamure, uro nogkareropus Aqpi C A Beex snmuopdusmos nz A
HOPOXIAETCH CTPeIKaMi ¢, NoJAUYMHeHHBIME cooTHomenusM (12). TTokaxure
TaKzKe, 9T0 KaTeropus Ael,, ABIAETCH CTPOr0 MOHOMIATLHOM,

6) Hoayepynna {c, ) B cTporo moHonaaabHON kareropun (C, O,e) — 310
obbexr c u crpenka p ¢ e — ¢, acconpmaTusnas B ToMm enmbieste, gro p(pO 1) =
= u(l.0Op). MNMokaxnre, w0 cTpenka 2 — 1 onpegesieT VHHBEPCATLHYIO
HNOJIYTPYNIY B KaTeropun A.p.

4. Togamwure, =170 KATErOPHS CHMILTHITHATLHLIX 00BeKTOB B Kateropun Set
TIOVTHA B MAJIOM.

7.6. MoHa/ibl U1 TOMOJIOTUSA

Monaibl M JABOMCTBEHHBIE UM KOMOHAJIbl UI'PAIOT B FOMOJIOIHYECKOR
anrebpe HNEHTPAIBbHYIO poab Onmarogaps kareropum A, 4TO Mbl TeNepb
siparue u nogcuum. Hyers L = (L,g,0) — xomonaga B kareropun A;
uHave ropops, aan suzogpyuxtop L : A — A u ecrecrsennsie npeobpaszo-
panusa £ : L5 Idy, §: L — L2, y10BIeTBOPSIONIHE COOTHONICHUSM

6L -8=L6-6:L>I% cL-6=1,=Le-6:L>L. (1)

310 onpegenenne apoiicreenno K (opvyne (2) w3 onpesenenns MOHAI
B § 6.1. Ono pasHOCHIBHO TOMY, YTO (L,£,d) — KOMOHOHI B CTPOLO MO-
HouaabHoit Kareropun A4 snpodynkropos kareropuu A, e hyHkTOp
yMHoKeHus [ — 310 koMnosuius pyHKTOPOB.

[Mockombky A coaepxkuT yHuBepcanbubii modona (1,0 — 1,1+ 1 —
— 1), 1o A°P copepxuT yuusepcasibHbiii komonomns (1,1 — 0.1 — 1+
+ 1). Tepeiias or npeanoxenns 1 § 7.5 k AsoiicTBEHHOMY, NOTyHaeM,
110 JUIs 10000 KOMOHOM A B CTPOro MoHoMakHoi kareropun (B, [, €)
CYIIECTBYET €MHCTBeHHBI MOPMhH3IM MOHOHJATLHBIX KaTeropuit AP —
— B, npn KOTOpOM YHHBEPCAJIBLHBI KOMOHOM/I NEPEXOANT B JIAHHBI.
Dt1or Mopdu3M — HE YTO HHOE, KAK MOMOJIHEHHBIH CHMILIHIMAILHBII
obwexT B kateropun B (a (AT)°P 5 B — cnvnumnmaisnbiii obbexT).

B uacrnocrn, nobas komonana (L, £, ) B kareropun A, paccmarpusa-
emas Kak KoMoHOW, B KaTeropun dhynkropor A, onpesenser nononuen-
bl cuMIIHIEATLHEBI 00bekT (pynkrop) AP — A4 ¢ amarpamumoii

(1, 0<—1—>1+1)

y |

(L; B——L—2sLoL).
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Bueck n orobpaskaerca B L™ = Lo -0 L; £ apisercs NonoJIHEHHEM,
ad =50 : L = L? — orobpazkenmem BrIpozkaenns. Ilepexon k rpann
H BBLIPOZK/JIEHUE B BBICHIUX PA3MEPHOCTAX ONDEACIAIOTCH YPABHEHHAMH,
apoiicteerabME K (8) 1 (9) u3 § 7.5 (rae 0 4 o BbIpazKeHbI 4epes jL u 1):

& = Ll : LM 3 L7, i=0,...,n, (2)

P = LWL Lh LM, i=0,...,n—-1. (3)

B LHEea0M f.’lr[l\{][;'[l{llHFLr[})I-!I)[ﬁ (]6’b(‘.KT HMEeeT BRI
(fU i 3
Smp L = {L*{:LZEL-"”,, L—2——L }
iy

Iycrn reneps A apigercs Ab-kareropueil (nanpumep, abenepoil Ka-
rTeropueil, nam ke K Smp L upumenen ¢yukTop B HEKOTOPYIO Ab-
Ki-l’l"(".[‘OI)HK]). I‘l":l CHMILTHIAAJLHBIX TOAASCTHE J1J1H nmapmmi’l nepexoia
K TpaHAM d; TOTa BHITEKAET, 9TO ATbTEPHUPYIONIHE CYMMBI

d=dyg—dy +dy — ...+ (-1)%d, : L 'a - L%

yJ0BAETROPsIOT yeiopuio 0d = (0 u nosromy sigasiorcest MopduaMamn
I'PAHULBL L1 HEKOTOPOIo HEeHOro KoMIllekea, obosnadaemoro L™ a:

&

A ca B
Efailee Ifa & L& v

C NOnOJHCHHEM £, La — a. 3’]"{)’1' KOMILIEKC HABIAETCH ['.’I'E‘l.lI,J],ﬂpTl[D}ul
Pe30IBbBEeRTON 1A a € A B CMBICIe TOMOTOIHYECKOH ajredphl, OITOMY
C ero NOoMollbIO MOAHO CTPOHTL NTPOM3BOAHBIE (}I}'}{K"I'();:ll:i — B HaCTHOCTH.
pasinyHble TOMOIOrHYecKkue (hyHKTOPDI.

]-[I)H.“EI]OE\-'I MOXKET CJ[}"}K}]'I‘b KOroMoJ101rms l'pyll][.

Sabemanmuii pyrxrop U : Rng — Mon (3abbmaomuii yMHOKeHHE)
umeer (o TeopemMe 0 CONpsKeHHoM (DYHKTOPe) JeBbii conpsaKennniii 7,
KOTOPbI oTobpazkaeT Kaxablil MoHouns M B MOHOMIANBHOE KOIbLO ZM .
B uwactnocrn, ecoim M = IT — (myasranaukaruesas) rpynna, to ZI1 —
I‘p}'IIHOBOC KOJOBLLO: ero aJliHTuBHad I‘p}-‘[ma — 3TO (.'BD6U,3],!IE1$I aﬁ@.f[(;‘ﬂﬂ
rpynna, nopozxaennast aeMmentamu @ € Il, a yMHOMKEHHE B HEM — 3TO
eauncTBennoe Gunneinoe orobpakenue, npu koropoum (r.y) orobparka-
erca B 1y (mpomseenenne B I1) npn mobex 7,y € I Ilycrs [1-Mod
obo3nadaer kareropuio aesbix [-moayieii A.

3abemawmmit byukrop U : [I-Mod — Ab wumeer seBwlii conpsi-
skennbtii Z(I1)®, kotopetii conocrasaser kax ol (agaurusnoit) abenesoii
rpyune B sessiit Z(11)-monyas Z(I1) @ B. Exununeit n koeaunnie 3toro
CONPAKEHNA CIYAAT ('I'T'ﬂ()pﬂ)l(f’l[ﬂﬂ

n:B=Z1)x B, b—=1xbh bheb,
e:Z(IxUA—> A, r®a—za, a€ A
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Kouvnosuups I[1-Maod — Ab — [I-Mod onpejensier KoMoHaJLy
(L,z,0) B xareropun II-Mod, rae L : [I-Mod — [I-Mod — dyuakTOp
L = Z(I1) & — (rounee rosop#, Z(I1) ® U—), npeobpasosatue € : L = Id
onpejeneno Kak soine. IpeoGpasosanue & : L3 L umeer sug 6 =
= Z(IT) ® pU, nan B ABHOM BHJIE /L1 TPOUIBOILHOTO MOy A:

6a:LA=2() ® A — Z(I) ® A - Z(I]) ® Z(II) ® A = L4,

r@arrr®l®a, zell,a€ A,

rae 1 — eannnna rpynnet I1. Pacemorpum aeneBy rpynny Z Kak TpUBH-
anpueii [I-moxyne A (x-m = m npu seex r € Il 1 Beex nemwx m). Torma
Z(I) @ Z = Z(11), u cummunuuanbubii obbexr (SmpL)Z npuaumaer suy

Z(M T Z(M)P ZF... 20" T2y ..,

re Z(M)U™ obosnauaer n-KpartHoe TeH3opHoe npomsseienue A, =
=Z(M) @ ---@ Z(M) ') . Mpu srom A, — csoboanas abeseBa rpynna,
TMOPOK/ICHHAS BCEMH JTEMEHTAMM

TRT...0%y =@ [11]...|70]

(TpasMIHOHHBIM ABJAeTCs Ipasoe obo3navdenue), rae x,x; npoberaior 1.
Crpykrypa Il-monynsa onpeaensierca coorsercrineM (rae y € IT)

(woalz]...|... |en]) = yalei] .. |2a)-

Oneparopsr rpanu d; : Z(ITH)("+H) Z(I1)"™, koropsie B dopmyae (2)
BBIPAZKEHBL Y€PE3 £, HMEIOT B,

BT E o N | ) FRE R [ [ i=0,
= zlz|...|zizisa| .. 7R], 0<i<n,
= 2l&i| o Bn-ils =M.

Onepatopsl Beiposcienns s; : Z(Pi)" = Z(Pi)"+t1) | pripasennbie
B hopumyae (3) gepes d, — 10 orobpaxenna [I-moxyieit

sl || Bnai]) =& | o | Bt |E|Bi] o5 J=1]5 0<i<n—1.
IMockonbky cama kareropus IT—Mod abenesa, To stor (nonosHeHHbIil)
CHMTITINIHAIBHBIT 00BEKT OnmpeaensaeT B Heil MOMOMHEeHHBIT HemHOH KoM-

IIIeKC BRAa

ZZ(M) e« ZIM® ...« Z(M)™ ...

&Em

") Mpunsto Takxe obosnagenne Z(IT) — Ilpum. ped. nep.
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[onyuena esoboauas pesonbeenTa Tpusnaibsioro I-vomyns Z; na camom
JIesie 3TO CTAHJAPTHAA PE30JbBEHTa, ¢ TIOMOIILIO KOTOPOil onpeaenser-
csl roMosiorust M Koromostorus rpyninbt I (Mac Lane [1963a], Theorem
IV.5.1).

Koromonorus rpynnst IT nonyuaercs w3 910l pesoibBenThl ClIe/Lyio-
mmm obpasom. Bossmem Il-momyne A w coorsercreyiommii (hyHETOD
homyp (—, A) : (II-Mod)°? — Ab, rae homy (—, —) ofosnauaer abeiepy
rpyuny mopduzmon [I-moayaeii. [Ipuvenus 310t GYHKTOP K yroMsHyTO-
My nennoMy kommiekcey (uexmiouas nononnenue Z(11) — Z), nonyuaen
KOIIEITHOI KOMILIEKC

homy; (Z(T1), A) % homyy (Z(ID)?, 4) & ...

¢ korpanuneit § = hompy (@, A). Tpyunsl KOroMoaoruii 31oro KoMIieKea —
370 B TO4HOCTH rpynnsl Koromoaoruit H" (11, A) rpynnst 1 ¢ kosddum-
entamn B A. Qopmyiel s d;, IPUBEJIEHHBIE BBIIE, AAI0T ABHOE BbIPAXe-
uue ana 8. Tak, nanpumep, H*(II, A) = {a | a € A u ra = a 113 Beex z};
H(I1, A) — 310 rpynna ckpenteHELIX roMoMopduzmor IT = A no moxy-
O TTABHBIX CKpeleHabIx roMomopdusmor, a H2(I1, A) — rpynnma Beex
pf-l(’ﬂlH]]f‘.HHn ilﬁJJJ,“THBI']()ﬁ rpynibt tl nocpeicTreomM M_\_'..’II)THIJ.IIHKHTHBH(JI:'I
rpynnet 11, ¢ onepanueii conpszkenns, KOTOpas ONPeEIAeTes CTPYKTYPOii
I-moayas A (Mac Lane [1963a), IV.2, IV.3) 1).

['py bl BHICHIIX KOFOMOJIOTHI IPYIII BCTPEYAIOTCH B TEOPHN MPEIIAT-
creuiit (Mac Lane [1963a], IV.8), 8 reopun K (II, 1)-npocrpancrs s to-
nostorun (Mae Lane [1963a], IV.11), B reopun noneii knaccoe (Cassels,
Frohlich [1967]) ).

TFomonorus rpynnet 1T ¢ kosppunmentavu s npacom [-moayne O
CTPOUTCH AHAJNOrHYHO. K CcraHaapTHBIM pPe30/bBEHTAM HYMKHO Tenepb
npuvensts we dyukrop homp (—, A). a (koBapuanTabiii, a//MTHBHBI)
dyugrop ¢ @ — : [I-Mod — Ab. I'omonorns noqy9eHHOro HEemHoro
KOMILIEKCA B KaTeropun Ab — 3ATO IN'OMOJOTHST Hﬂ{n-, C} 'PyIILI n ¢ KO-

s¢rpunnentamu 8 C. Hanpamep (Mac Lane [1963a], Prop. X.5.2),
Hy(IL,Z) =2,  H\(I,Z) =11 /[ILIIJ;

nocseHss rpynna noayvena dpaxropusanieii rpynne [T no kommytanTy.

7.7. BamMKHyTbIE KATeropuu

I’L’J‘(_!HT 0O KOTOPLIX HIeT pe'b B 3TOMH riape, Mnojiy4unjm B ,_-’J,EI...'][J]I(!ﬁllI(!i\'I
MOIIHOE pa3BHTHE, KOTOPOTO MbI KOocHeMmcs BKparie. MoHouIanabuas Ka-
Teropua B HA3ZLIBAETCH f'.‘H.M..-‘\rﬁ(’.ﬂ].pH"!.HU’ﬁ._ €CIH OHa Ha/1eJ1eHa H.'iUNIDI')(l')H."]—
MaMu

Yo raO0b=b0a, )

') Cw. raroxe (FBrown [1994]). — [Tpuae. ped. nep.
%) Cm. rakxe (*Serre [1968]). — ITpum. ped. nep.
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ecTecTReHHBIMKI N0 a, b € B, NpH4YeM KOMMYTATHBHEL BCE JHAIDaAMMBL BH 1A

Ya b ©Vba = 1: Oh :Ah O Yb,e * blj(:‘gb, (2)

a0 (b0c) —2> (a0b) Oc —— c¢O (a0 b)
lmﬂ, " (3)
P ) SO N Y o Tt B g 9

Drux yeaosuii gocraroano (Mac Lane [1963b]), arofs gokasars kommyTa-
TUBHOCTb BCEX TAKHX JHAIPAMM, B JIyXe TEOPEMbI KOT€PEHTHOCTH 13 § 7.2
Mononnansubie kareropuun (B, O, e....), rae [0 ofoznauaer kareroproe
IIPOU3BEICHAC WJIH KONPOHM3BEJICHNE, ABTOMATHYECKH OKA3LIBAIOTCH CHM-
METPHIHBIMH, €C/IH B KauecTBe ¥ : o X b = b X a B3aTh (KAHOHHIECKHIT)
H30MOPhH3M, KOMMYTHPYIOMINI ¢ MPOCKIMAMI. DTH naen pazpadaTbiBa-
1oTesa B T 11,

Samrnymas xamezopus V. — 3TO cUMMETPHYHAA MOHOM/IAJIBHAA Ka-
TEropus, B KOTOpoil s Kazxaoro pyakropa —Ob: V' = V onnossadHo
3aman npapbii conpmxennudt ()P @ V. — V. Hanpuumep, areropus
(Ab, &, —) samxnyTa; 115 abesnesnix rpynn A u B conpszkennbrii nveer
sua AP = hom (B, A): 310 abenesa rpymnna ncex mopdwusmos B —
— A. Aunanoruuno, 3amkuyta gareropus (K-Mod, @, ...) a1 aoboro
KOMMYTATHBHOIO KOJIbIA I{. ,.‘J:ﬂl{ap'I‘UBU 3AMKHYThie KATCIOpPHH, Takue
kak Set i Cat, zamMrayTel 0 B HoBOM cMbIcse. Bo Beex aTux coydasx
dbynkrop () : V = V ssasercs pasHoBmIHOCTLIO BHYTpenHero hom-
(hVHKTOpA.

B § 1.8 Ab-gareropun (B 9acTHOCTH, A0e/IEBRI KATETOPHN) YIKe pac-
CMATPHEAIHCL KAK KATCTOPHH C h()]’.[l"LIIIO)KUCTBaMH B KaTeropuu Ab
A.IIaJTOTH'I][O‘ MOMHO PACCMOTPETE KATCTOPDHH C hﬂll'.l‘}\-ﬂlf}}KeCTBﬂMll B JI10-
00l MoHOMAATBHON KaTeropin B, 3a1aB s 3TOro: MaokecTso R obsex-
moe r, s, t; st Kazk1oi napel 00bekTos r, 8 — obbekr R(r,s) € B; s
KK 10 yiopsaaoUenioii Tpoitku — crpeixy (koMnozunuio!)

R(s,t) O R(r,s) = R(r,t)

B Kareropun B; mis kaxoro obbexra r — crpeaxy € — R(r,r) (eaunu-
iy!). TIpu arom KOMNO3NIMSA JOJZKHA Y0BISTBOPSTH OBLIMHBIM AKCHOMAM
ACCOLMATHBHOCTH ¥ euHuIpl. Pesyiabrar naswiBaerca B-kareropueit, B-
Gazuposannoti KaTeropueil win Kareropueit omuocumeavho B — a va-
cro V-gareropueli (¢ samenoii 6ykest B na V). Oanako samerum, 4ro
MOMyeHHaAsT CTPYKTYpa 1! He siBasiercst Kateropueil B 0OBIMTHOM CMBICTE;
B Heil cywecrsyior aumb hom-ofzexmse R(r, s), no ne hom-mnosicecmea.
IMocrennue MOXKHO MOMVYHTD, JHIIL NPUMEHHB K hom-oGbexktam R(r, s)
nogxoaamuit gpyuxrop U : B — Set, cxkamem U = Ble, —), KoTOpLBIil
nopoant hom-umomxectsa U R(r, s). Ecin takne hom-vnoxkectsa nyveor-
csi, TO roBopdar, 4To obbexkThl R(r.s) cocrapisnor oboramenne obbrIHON
kKareropun U R.
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Ha oboraiientblie KaTeropii NepeHocaTes NPakTHIECKH BCe OCHOBHbBIE
pe3yIbTaThl TEOPHH KATErOPHH MpH VCIOBHH, YTO MCXOAHAS KATEropHs
B — HE TOMBKO MOHOHIaJIbHAH, HO H 3aMKHYTAHA. pa.'JBI'I'J.'HC B 3TOM Ha-
npasienun (cm. (Dubuc [1970]) n (Kelly [1982]), a takzke CCbLIKH B 9THX
paboTax) MoXKeT JaTh MOIIHBIT MeToj, no3roastonuii eannoobpaszHo pac-
CMATPHBATH KAK OOBIYHBIE KATETODHH, TAK H ATIHTHBHBIC KATETODHH,
CBAZAHHBIC C 3AMKHYTHIMH KATEropusMy HEMHBIX KOMILIEKCoB (11 teeil
aarebpbl OTHOCUTEIbHBIX IOMOJIOIHIl), & TAKyKe KaTeropHH, CBA3AHHBIC
C NOJAXOAAINIAM NeKaApPTOBO 3aAMKHYTBEIM BADHAHTOM KATCTOPHH TOP

7.8. KoMnakTHO MOPOXK/IEHHbBIE ITPOCTPAHCTBA

Xopoliasi KATeropus TONOJOrHIeCKUX TPOCTPAHCTB 10K Ha ObITh J1e-
KapToBO 3aMKHyTa. KaTeropuio Set geaeT eKapTOBO 3aMKHYTOH H3BECT-
HOe ConpszKenne

Set (X x Y, Z) = Set (X, ZY), ZY =Set (Y, Z), (1)

K()TOE{‘K’, orobpamxaer Kaxayio crpeaky f : X xY = Z s f#: X =
= ZY, npuuem (f*a)y = f(z,y). Takoe conpsuxenne MOXKHO paccMmoT-
PeTh 1 714 Tononoruyuecknx npocrpascete X, Y u Z. Mer nosmy«smm Tonono-
ruueckoe npocrpancrso Cop (Y, Z), seeas na muoxkecrse Top (Y, Z) seex
HenpepuieHur 0TOOpaKeHnit ¥ — Z KOMNAKMHO-OMEPLMYI0 TOMOIOIHIO.
I’IM(.‘.IIIIO. nycrnh [lIJ(!,-'},GE'L'!('l OTKPLITEIX MHOMKECTE COCTOHT H3 MHOXKCCTB
N(C,U), rpe C' — npou3Bo/ibHOE KOMIAKTHOE MojMuoxectso B Y, U —
moboe orkpeitoe nogvaokecteo B Z, u N(C, U) conepxuT Bee e Henpe-
peiBHbIE oTOGpazkenus h : Y — Z, jua xoropeix hC C U. CranpaprHoe
paccy i 1eHne (KU"I'()[.)(.)[‘.‘- HaM He [lUT]J(‘.‘G}'[‘E’I‘{_'.H) NOKAILIBAET, YTO OrpaHH'e-
HEHe OCHOBHOrO conpsaxenus [+ f# u3 (1) naer conpsxenne

Top (X x Y, Z) = Top (X, Cop (Y, Z)), (2)

eCJTH TPOCTPAHCTBO Y JIOKATBHO KOMITAKTHO H Xay¢1opdoso.

Boii10 MHOMO NONBITOK HEPEHECTH 3Ty cuTyanuio na Goaee ofume npo-
cTpaHCcTBa Y, MCIOMB3YA Pa3IndHbIe IPYIHe TONOJIOMHH HA MTPOCTPAHCTBE
yHKIMI WM HA npocTpaHcTBe nponseeaenns. Hannyummil nojaxos, co-
CTOUT B TAKOM OFPAHUYE€HHH KATEIOPHH TOMOJIOIHYECKHX [NPOCTPAHCTB,
korjga (kareroproe) npomssegenne X — X X Y (¢ ero cobersennoii
TONONOTHEH KAK TPOW3BCICHHA) BCEIA HMEST MPABOE CONPSAXKEHHOE (KO-
TOpOEe SABJAETCA NPOCTPAHCTBOM (DYHKIHIT ¢ OJHO3HAYHO ONpEAeleHHO
Toronorueit).

Tonomorateckoe MPOCTPAHCTBO X KOMIAKIMHO NOPorHcdero, ecii Ka-
scgioe nogaMuoxkecrso A C X, nepecekaiomiee jioboit komnakr C' C X no
3aMKHYTOMY MHOXKECTBY, CaMO #AB/sgeTcd 3aMKHYTbiM. O603HaUNM uepes
CGHaus gareropuio, 00bLEeKTEL KOTOPOH — BCE KOMOAKTHO NOPOH ICHHBIC
xaycaophOBLI TPOCTPAHCTEA (HMHAME HA3ZBIBAeMEIe TpocTpancTeamu Ken-
JI), NPUYEM CTPEJIKAMU CIYIKAT BCE HenpepbiBHble oTobpazkenus X —
- X'
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MMpeanomenue 1. Hodwamezopus CGHaus C Haus noana u xo-
pedhaexkmusHa.

DA NOAKATErOpPHA MOJIHA 10 ONpeaeneHnio. g KaxK/aoro xacyuop-
dbosa npocrpancTsa ¥ MOKHO MOCTPOUTH KOMIIAKTHO TOPOZKIEHHOE PO~
crpancreo K'Y ¢ rem ke nocuresenm (ero kesurnpukanuio), cunras A C Y
samayTeM B K'Y, ecotm u Tomsko ecin A N ¢ 3amkayTo B Y 104 Beex
komnaktop € C Y. Takum obpaszoM, Bce 3aMKHYTBLIE MHOMKecTBa H3 Y
3aMkHyTBL B B K'Y, D10 npocrpancrso xaycaopdoBo, 1 TOILCTBEHHOE
orobpaxenne £y : K'Y — Y nenpepoisio. Yepes nero nponyckaercs J1o-
Ooe HenpepbIBHOE oTOOparkenne f : X' — } H3 KOMIAKTHO MOPOXKJIEHHOTO
xaycaopdosa npoctpancersa X: f =ef',

rae orobpaxenne f': X — K'Y morodeuno conazaer ¢ f u HenpepbIBHO,
NOCKOILKY X KOMOAKTHO nopozieno. Takusm obpa3zoMm, crpeika & yHu-
BepcabHA Cpeau CTpenok u3 K B Y M notoMy sBIdeTcs KOeIuHHIeH
CONPsERKeHES, KOTOPOE OFJ(:![:I']G‘[HB.EI(.‘T T].')(‘ﬁ}’l'-!M_\-"}[) KO].)G![:l)..'[[-!KTHBli(JC'l‘b noa-
kareropun CGHaus C Haus.

W3 onpepenenns npocrpancrsa K'Y caenyer rakeke (em. (3)), uro ecan
g Y — Z — Hekoropoe 0TobpazKeHHe B TONOJOIHHECKOe NPOCTPAHCTBO
Z, 1o qyukuusi g : KY — Z nenpepbiBHa TOrIa M TOJALKO TOIJA,
KOT/IA g HEMPEPBIBHO HA BCEX KOMTTAKTHBIX MOAMHOMKecTBaxX B Y . OTMeTv
TAKIKE, ITO METPH3YEMBIE MPOCTPAHCTRBA, & TAKKE JTOKATBHO KOMITAKTHERIE
Xacya0pdoBbl NPOCTPAHCTBA KOMIAKTHO MOPOYKIEHDIL.

HDpennoxenue 2. Kamezopusn CGHaus noana u xonoana (6 ma-
AOM).

Jokasareasctso. Kareropus Haus nomna (npega. 2, § 5.9),
n dyurTop K Kak npasblil CONpAXKEHHBI coxpanser npe/eist. [Tosromy
kareropusi CGHaus nomma. Kak cioencrsue, npoussenenue (06o3uatum
ero ) apyx npocrpancts X u Y B kareropmn CGHaus nonywaercst na
1X 0bbraHOrO npousseaenusa X x Y B kareropun Haus no dopmyie

Xay = K(X xY). (4)

Wnaue rosops, O-npoussesenne npocrpancrs Keuin — 310 npoussese-
HHE HX HOCHTeNel ¢ Kemmundpukaimeiil 06bI9HOM TONOIOrHH POU3BEIEH .

Konomora caepyer orcioga nenocpeacreento. Iockonnky moboe ko-
MPOH3BEACHHE (T, €, AN3BLIOHKTHOE 00LEeINHCHNe) KOMIAKTHO MOPOKIeH-
HBIX NpocTpaHeTs B kaTeropnn Haus TaksKe KOMIAKTHO NOPOXKIAEHO, TO
JIOCTATOYHO NOCTPOUTH KOYPaBHUTE/b NapajjiesibHoi napst f,g: X =t X



7.8] Komnaxmmo noposxcdennote npocimpancmen 217

B kareropun CGHaus. Bossven ee koypasaurens p: X — () B Karero-
pun Haus (npea. 2, § 5.9) 1 nocrponym odbekt K Q:

! y i
Yy=x—L +KqQ
9 A
p |
tl | &
|
|
Q.

Tak kak crpenka £ : K@ — () ynnsepcaibia, TO CyHIECTBYET eIMHCTBeH-
Hoe orobpawkenne p' : X — K@, mis kotoporo sp’ = pu p'f = p'yg.
[Mockonwsky p' sieasercs crpenkoit u B karteropun Haus, rjae p cayxur
KOypaBHHUTEeIeM 11 f U ¢, TO CYLIECTBYET HENpEepbIBHOE 0TOOparKeHue
t:Q — KQ rakoe, uro p' = tp. Torna p = ep’ = etp, noaromy &t = 1
n cte = £. Ho £ aensaeres moromopdusmom (B kateropnn Haus), nostomy
tz = 1, u B AeHCTBHTENLHOCTH & — H3oMophuim,. 3Ha4NT, KOypaBHUTEh
napbl B Kareropun Haus nexxkur n 8 CGHaus. [

Hanpumep, ecin A — noaMHozKecTBa KOMIAKTHO NOPOAKJIEHHOT0 Xayc-
Jopdosa npocrpadersa X, To NpOCTPAHCTBO oTOKAecTBAeHus X [//A aB-
nserest koypapuntenem B kareropun CGHaus (coxuenm B aToii kaTero-
pun Bee A B Touky). 1o nauboinbuice xaycaopdoso GakTopnpocTpancTBo
ana X/A (B xareropnn Top); ero tononornsa aBTOMATHYIECKH SBISETCH
KOMIAKTHO MOPOXKAEHHOI.

Teopewma l. Kamezopusn CGHaus dexapmoso samxmnyma.

Ecin X 1Y — KOMHAKTHO NOPOMIEHHBIE Xayci0pdoBbl npoctTpat-
CTBA, TO TYCTh )
XY = K(Cop (Y, X)) (5)

— npoctpaHcTBo PyHKUHiT ¢ Keqnnduranmeil KOMNIAKTHO-OTKPLITON TO-
nogorun. Onpegerny e @ XV OY — X kak oroGpaskenne OLEHKH:
(f,y) = fy. Mer yreepaxgaem, 910 € HenpepeiBHo. B neitctenTensrocTn
JOCTATOMHO I0KA3ATH, UTO oToOpaxkenne € : X' x Y — X HenpepbiBHO Ha
kKomnakTax. ITockoIbKy KOMIIAKTHOE NOIMHOKECTBO POU3BEIEHIS COep-
JKUTCH B MPOU3BEICHHH CBOMX MPOEKIHIl, TO J0CTATOYHO MOKA3aTh, YTO €
HenpepsiBHo Ha MEoxkecreax Buiga D x C| rpe D — xovnaxt 8 Cop (Y, X)),
a C' — gomnakr B Y. Ilyers (f,y) € D x C, a U — oTKpBITOE MHOZKECTBO
B X, conepxaiiee fy. [Tockonbky f Y — X HenpepsiBHO, TO cyniecTsyer
okpecrioers M rtouku y B C takaa, yro fM C U. Ho muoxecTso
N(M.U) exomur B npeabazy mia Cop (Y, X) (cm. ee onpesenenue me-
pes, hopmynoit (2)), nosromy muoxecrso [N(M,U)N D] x M orkpsito
B D x C; ono copepxur (f.y) u nox aelictsuem e orobpaxaerca s U.
CuleioBaTe/IbHO, € HENPepbIBHO.

Ocranoch NokasaTb, 4TO € YHHBEPCAJIBHO cpein 0TobparkeHui u3
—0OY s X. Pacemorpum moboe orobpazxkenwe h : Z0Y — X uz
kareropun CGHaus. Onpeaenum k @ Z — Set (Y, X)) no dopuyne k =
= h#, n.e. (kz)y = h(z,y) npu Beex z € Z u y € Y. Henocpeacrsenno
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rposepsercs, yro orobpakenne kz 1 Y — X HenpepwiBHO; noaromy kz €
€ XV. Tenepb mokaem, 4TO HempepeIBHO oToOpamenne Z — XV
Z kZ. HU{_'.K(X'[I)K_\" Z KOMNAKTHO NOPOXJACHO, TO A0CTATOYHO MOKA3ATh,
410 HenpepbisHo otobpazkenne Z — Cop (Y, X). Ilycrs reneps N(C,U) —
OJIHO 03 OTKPLITBIX MHOMKECTE B []p[’!flﬁﬂﬂ{‘ K(lhlﬂi—lK’l'H(}"O'rl{pl:lTUﬂ TOICO-
ruu, npuuem kz € N(C,U); toraa (h{z} x C) C U. Tak xak U/ orxpsITO,
C' KOMIAKTHO, & /i HENPepbIBHO, TO CYIIECTBYET OKPECTHOCTL V' TOMKM
z, takas yro A(V x C) C U. Orcopa seirekaer, uro kV C N(C,U).
CJ]Q;I,U]!H.'I'[!JII)ll()., k HernpepbLisno.
Hwmeetest KoMMyTaTHBHAS THATPAMMA

XYgy —Xx
k1
zOY :

B CHJY CONPAMEHHOCTH B KATeropun SEt CYIeCTBYeT He 6[].”9(:5 OIHOTrO k._
g koroporo e(k 1) = A, 1 TOMBKO YTO MBI IOKA3a/IH, YTO k HEIIPEpPhIB-
HO. H()f—)’l‘()ﬂ-\-{_\’ € YHHBEPCAJIBHO B ONpPeaeadeT HCKOMY IO CONPsAeHH0CTh

CGHaus (Z0Y, X) = CGHaus (Z, X V). (6)

Ho O oboznauvaer npoussenenne B kateropun CGHaus, nostomy oHa
JIEKApTORO 3aMKHYTA. [

Conpsizxenne (6) apnserca GHexnueii MHOKeCTE. XOTeI0Ch OBl MO/Ty-
UHTH H COOTBETCTBYIONHIT raMeomopehuam npoctpancts (py K

XFRr o (X¥)E,

Ho on soirekaer w3 conpszkennoctd (6) 1o kareropubiv cooGpazkennam
(ynp. 3, § 4.6).

Takosbr ocHosubie ceoiicrsa kareropun CGHaus. Jdanbueitinme wme-
crenopanus (Steenrod [1967| u /Ap.) MOKA3BIBAIOT, 4TO T4 KATETOPHSA
BechbMa Noje3Ha s Tononoros; 8 pabore (Dubic, Porta [1971]) nposne-
MOHCTPHPOBaHA €€ MOJe3HOCTh A TOMOIOTrHYecKoif anredpsr (B CBA3N
¢ obobmernavu aeoiicreennoctn ensdania). Bee manoxkennoe o3rauaer,
yTo B Kareropun Top Mbl MMenn Jen0 ¢ HeNpaBHJIbHO BbIODAHHBIMHE
MareMaTnieckummn obbeKTamn,

[pasuwibisie obbexThl — 910 npocrpancrsa u3 CGHaus.

Yopa>kHeHust

1. TTokazure, aro ecau npocrpanctso Y xaycaopdopo, 1o KY ssiasercs
konpeaenom (B Haus) ero KOMmaxTHBIX MOAMPOCTPAHCTB, YIOPATIOMEHHBIX 0O
BKJIIO9EHHIO,

2. JokazKuTe, 4T0 3aMKHYTOE (1M OTKPBITOE) [OAMHOZKECTEO IPOCTPaHCTEa
X € CGHaus ¢ ronosornei nonpocrpancTea takszke npuaaatexnt CGHaus.

3. Jokamure, uro saoxenne CGHaus — Haus cospaer konpeaenst.



7.9] ITemau u nadempotinu 219

4. Tlyers 7 — JoxanbHO KOMNakTHOe Xayeaopdopo npocrpancrso, X €
€ CGHaus. Jokaxute, uto ZOX =7 x X,

5. Hoxamure, aro kareropns CGHaus -—)Ksuﬁammma caenywned: ohbek-
Tl — Bee xayeaopdonsn npocrpanctsa; erpeikn f 2 X — Y pee dyuriuu,
HENPEePBIBHBIE HA KOMIIAKTAX.

7.9. Ilersin 1 HAZACTPOIKHK

B teoprn roMoTonun Mel pacemarpusaem kateropnio CGHaus kom-
MAKTHO TIOPOKIEHHBIX XayCI0pGOBRIX MPOCTPAHCTE € OMMeNeHHOTE Tot-
xofl, oObekTamMu Koropoil sBisiiorces npocrpancrsa X € CGHaus ¢
BLIOpAHHON TOUYKON #*x, & CTPRJIKAMH — HEIPEPBLIBHLIE OTODparsKeHus,

Y -
COXPAHIONLIE OTMEYeHHYI0 TouKy. Ilyers moanpocrpancrso X *) g XY
COCTOHT H3 BCEX TaKHX OT()E)piD‘KQHHﬁ. HOCKDJIbe ITO NOANPOCTPAHCTBO
3AMKHYTO, TO OHO KOMIIAKTHO MOPOZKISHO. B HEM eCTecTReHHO onpeensi-
erTcd OTMedeHHasd TouKa (HenpepbisHag (pyHKIMA, oTobpaykaoman see Y
B %y ). MMeerca crannaprhoe conpsukenne f — f#:

CGHaus(Z0OY,X) = CGHaus(Z,XY),
U )
CGHaus,.(Z. X) =~ CGHaus,(Z, X)),

PiLC(ZM(}Tp}[M TOMHEOKECTBO B IPABOIT 9acTn, coctoamee u3 Tex f# : Z —
— XY xotopere coxparsior ormevennyio Touxy. Toraa (f#2)*y = *x
(_f#*g)y =%y, 7.0 0pH Beex z € Z,y € Y BLIIOINEHO PaBencTBo

f(z.%) = x = f(x,y).

D70 B TOYHOCTH T€ HelpepbiBHble (PYHKUUM [, KOTOPDIE CKUMAIOT KJHH
ZNVY = (ZO%) U (*UY) B Ttouky. CoorBercrByiomnee npocTpancTBo
OTOAICCTBIICHHS HA3LIBACTCH CINANYITLBLM npuussedenueM

(ZOY)//[(ZOx)u(=0Y)]|=ZAY
(mrOrIA oHO obo3nadaerca Z#Y). Ilomygaem conpsikenue
CGHaus,(Z AY, X) = CGHaus.(Z, X)), (1)

OKI}\}KF}U{"II: SI MOMHO NOVIYYHTh H3 @JAHHHYHOIO OTPe3KaA I =
= {t] 0 <t € 1} kak npocrpancrso oroxiectsienua S = I1//{0, 1}
paccMoTpuM  ero Kak npocrpancreo OTMEeYeHHOI TOYKOI D = +
Ounpegennnm dyukToper ¥ (cranyras nadempotina) u §1 (npocmparnemeo
nemens) u3 CGHaus, 8 CGHaus,, noinoxns

NX =XAS! OxX = x*9

BBHLY YHOMsIHYTON Guekimn (2 siBasercs npaBbiM CONPSIZKEHHbBIM JL1s 3.
Touku n3 XX — 510 nerim B X 1pu OTMEYEHHOIT TOUKE, T. €. HeIIPePbIBHbIE
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orobpaykenns f : I — X, wia koropeix f(0) = f(1) = *x. C apyroii
(‘1‘Op0HIﬂ, YX — 1o mpmaaap X x I, B koropom ocHoBaams X X {+1}, X x

x {0} u obpasyiowas * x I ¢KaTbl B TOYKY. KOTopas sAsjsgercs (HOBOI)
orMedenHoit. JIpyruMn eiosamu, 310 ABOIHOM KoHye Hag X (T. . MHOMKe-
CTBO XX ‘T‘ B KOTOPOM BeEpXHEe H HHIKHEee OCHOBAHWA CHATHI B T‘O'IK"\;’).
nprueM 06pa3yionas, NPOXOJAIIAS Y9epes #, TAKIKEe CKATA B TOUKY (CM.
pHC.).

Hanpmuvep, £5' = S' A §' — 310 asymepnas cdepa, £"S' — aro
n-mepHag cgepa. Egunnna conpsukenns X — QXX oroGparkaer x € X
B dyrxumo {(x,—) : I - ZX. Ee M0&KHO H306pa3HTh BEChMA HALTISIHO:
Kok gas Touka r € X orobpaskaerca B Ty 00pasyionlyio KOHVCa, KOTOPas
Tepe3 Hee MPOXOANT; 3Ta oOpasyiomas aeagercs toukoil 5 QX X, no-
CKOJIBKY 9TO METJId, COCJAMHAIONIAS CeBEePHBIH MO0 1 (OTOXK AeCTBIeHHbII
€ HUM) 102KHBI.

Ilo uuaykumuu noay4daem, 4ro X" sBiseTcs JeBbIM CONPHKCHHBLIM 115
Q" : CGHaus, — CGHaus,; 10 conpszxenne nmeer eamanmy X —
— Q'YX | KOTOPYI0 MOZKHO 3a1UCATh KAK KOMIO3HIIHIO

= - EX
X0 2= 0

QEEX —

Oyukrop ), Kak npaBblif CONpsyKeHHBI, COXpaHAer NPOH3BEeHH:
QUX0OY) =2 a"XO0"Y. 9rn u noaodbHble (hakThl MOXKHO MOTYIAThH
KAK NPAMBIM TONDOTOIHYECKHAM DACCYARIACHHEM, TaK W HCIOTh3Y cBOHCTBA
CONPSAKEeHHIT.

YnpakHeHns

1. ITocrpoiite feebiit conpaxennsiii ans dyusropa Set.(S, —) : Set. —
— Set..

2. TTokaxkwute, uro craayToe nponseenenne B kateropun CGHaus. komvy-
TATUBHO M ACCOLMATHUBHO € TOMHOCTBIO 10 €CTeCTBEHHBIX n30MOPQH3IMOB, KO-
Topeie npespamainT CGHaus, B cHMMETPHIHYIO MOHOHIATBHYIO KATETOPHIO,
HpHYeM eJUHHLENH CIYAUT NPOCTPAHCTBO U3 JABYX TOYEK.

3. Mokaxure, 9o B kareropun Top, dyuxrop — x Y me umeer npasoro
CONMPAAEHHOTO (MOCKOILKY HE COXPAHSAET KONPOHIBEISHNH ).

4. ©@yuxrop upocrpancrea uyreit P: CGHaus —+ CGHaus onpeaengercs
1o popuyae PX = XM rne orsmeuennoii Toukoit otpeska I ssazerca 0. Ecom
f € PX, 1o coorsercrene [ — f(1) onpegensier ecrecreernoe npeoGpasosanne
i P = 1d. Hokamure, 4ro £ MOKHO HOJIYHHTE U3 KOYHUBEPCAJBHOIO KBagpara
ana auarpavmer P =3 Id = . (B kaacerueckoit repymmonornn QX masmpaerca
«cnoems» orobpamenus Ty : PX — X.)
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5. Onuimmre KOeUHUILY COMPAKeHisa MeAay ¥ u Q.

3aMeuaHusA

Tlossrue MoHOMIAIBHON Kateropun DbL10 siBHO copmyauposado BeunaOy
(Bénabou [1963, 1964]), koroperii nasmpan nx catégories avec multiplication
(kareropun ¢ ymuozkennem), 1 Maxaeiinom (Mac Lane [1963b]), koropuiit ux
Ha3biBal cCOOTBeTCTBeRRO categories with multiplication; cospementioe nazsanue
npuHapiexRnT Jientepry. [lepsuie Teopembl KOrepeHTHOCTH TOSBHINCE B Pa-
Bore (Stasheff [1963]), nocBsmeHHON BHICITNM FOMOTOIHAM, & TAKxKe B paborax
(Mac Lane [1963b]) n (Epstein [1966]); B nociemmem ciyvae KOrepeHTHOCTS
norpefosanack, 1Tobe garh obuwee onpeenenue onepauuii Crunpoaa. Teopenn
KOPEPeHTHOCTH CTAIH npeameroM aktusnoil aesrensnoctn; JTambex (Lambek
[1968]) namen 3ech 3aMedaTeJLHBIC CBA3H ¢ TeopeMamu of VeTpaHeHuH ce-
GeHUA B TeHICHOBCKOI TEOPHH T0Ka3aTe/ILeTs; Ha OcHOBE ero wiaell B pabore
(Kelly, Mae Lane [1971]) 6nura jgokasana TeOpeMa KOTEDEHTHOCTH LIS 3a-
MKH_\"I‘I)[X Kﬂ'l'(".{"(}pﬂﬂ. CHA‘I][.I]HU\HR.II[)HH-H KH.T(‘!I‘()I}HH B TEMEHHE 10J0r0ro BI)HM(’.H“
np}l(:y‘n‘Tmmarla HOABHO B (l}upm_y..‘lax S r']]a.ﬂl?"l' B H.ﬂ'l"(?ﬁp}lﬂ"[i".{.‘ﬂ(}ﬁ T‘UTIU.."[U]"HH;
OHA IOABUIACE B SBHOM BHJIE B KOHTEKCTe HpocTpaincts Ditaenbepra-Maxieiina
u reopemn Ditnenbepra-3unnbepa okoso 1950 . u 3aTeMm CLIrpasa posh B pas-
BHTHH TOMOTOTHICCKOH anre6prr (oM. 3ameaanms K . 6). Hame obeyxaenme
MOHA/T H KOPOMOJIOTHH 3aTPATHBACT JNIL NMPOIOT K no3japeiimemy dypaoMy
PAZBHTHID KOATICTTYVATLHBIN CNEM l"(]h-fﬂ."!nl"]-l"-le(f](ﬂﬁ 'ri.:lrf‘aﬁp'l.‘l_

KoummakTHo 1mOpokaeHHBE NPOCTPAHCTBA BHEPBBIE NHosBWIHCE B 1955 1.
B kaure Txona Kewm no obwel TOMOI0MME; UX O0E3HOCTD BRIABIUIACL B Pa-
Gorax (Steenrod |1967|, Gabriel-Zisman [1967]) u ap. B rononornu ¢ yenexom
OPHMEHAIOTCA W JAPVIHE THIIB 3aMKHYTBIX KaTeropuil, B 0cOGEHHOCTH KBA3H-
TONMOJOrHYCCKUE NPOCTPAHCTBA, BReennbie CrieHbepoM.

Haacrpoiika ¥ Aan TONOTOTHYECKAM TPOCTPAHCTBOM JOJTO NMPHMEHSIIACH
B Teopun rovoronuu. Kapran u Cepp B csoeit araxe (oxoso 1951 1) Ha Tpyanyio
3304y BBITHCACHNS TOMOTOIMHTECKHX TPYII Chep CYINeCTBeHHO HCTIOMB30BAIN
NPOCTPAHCTBA METEeIb U HAJACTPOHKN. BHaya/ie 3TH KOHCTPVKIMH BBILJIAIEIN
KAK YHCTO TeOMETPHHecKne, n ecrectsennoe npeobpasosanune X — QXX Gbrao
BBEIEHO HA OCHOBE Tonosornyeckoii unryunun, Teneps oo onpejensiercs B ab-
CTPAKTHBIX TEPMHHAX — KAK €IHHUIA COMPSAEHHsI.
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ABEJIEBBI KATETOPH1N

[Ipeaver sroil rnasel cocrasnaioT cnenudHveckKue CBoOicTBa, HPHCY-
tpe takum kareropusiv, kak Ab, R-Mod, Mod-R n R — Mod — S. Bee
oun geasores Ab-xkareropusamn (hom-MHoxkecTBa npeacrapasioT coboii
abesieBbl IPYIIibl, TPHYeM KOMIO3UIMs GIInHeRHA), Beerja CYIecTBY T
KOHEYHDBIC MPeAEIbl H KONPEeIeIbl, H 3TH NPEIebl Xopomo cebs neayT
B 0COBEAHOCTH ATpo 1 Koaapo. OTeioma BO3NAKAST COBOKYTTHOCTE AKCHOM,
ONMCHIBAKMINX a0eIeBy KATETOPHK. ITHX AKCHOM JOCTATOYHO, YTOOBI
VCTAHOBHTH Bee (DAKThI 0 KOMMYTATHBHOCTH JHATDAMM W CBA3AX MEKILY
MOPGhU3MaMI, KOTOPLIC B TCOPHH AC/ICBLIX PYIL JOKASLIBAIOTCH B Tep-
MHHAX 3neMedToR. Mbl TOBOIMM H3JI0KEHHE /10 3TOTO MECTa, OCTABJIAsS
HMOCTEAVIOHIHE BOHPOCH] FOMOJOIHYECKONH aaredpnl s dosee cneumain-
HOTO PACCMOTPEHHSA.

8.1. dapa u Kosapa

Hanmomanym (§ 1.5), uro HymeBoil 06beKT z — 9T0 OOBEKT KaTeropun
C', SIBASTOIMHACA OJTHOBPEMEHHO HAYATLHBIM W TepMuHATbHBIM. Econ C
uMeer HyJepoil 00bekT, To A abbix a,b € C eAuHCTBEHHbIE CTPEJIKH
a — z 1 z = b umeror nponssesenne 0 = 07 : a — b, Koropoe naspizaercs
Hyaeeoli empearoti w3 a B8 b, Kax creacTene, ecan OJuH 03 MEOKATEIEH
B HEKOTOPOM TIPOMU3BEIEHHN CTPEIOK — HYJIEBOi, TO N BCe NPON3BEIeHNe
nysegoe. Hynepoil o0beKT €QUHCTBEH € TOMHOCTBIO [0 H30MOpdu3Ma,
H MOHATHE HYJIEBO CTPETKH HE 3aBHCHT 0T KOHKPeTHOr0 BeIDOpa HYJ1IeBOIo
obbekTa.

IIyers kateropus C' nmeeT HyneBoil o0beKT. Hdpo crpenkn f : a —
— b — 3710, N0 onpeacnennio, vpasuureas crpenok f.0:a = b. B 6onee
ABHOM BHJE: cTpenka k : s — a cayxur aapom aisa f @ a — b, ecom
fk =0n mobas crpenka h co croiicreom fh = 0 ejguncTBernbIM 06pazom
nponyckaercs yepez k (B Buge h = kh'):

Taknum 061){-1.30;\:'!, eCJIH B KaTeropui pcera CymecTsyoT ypaBHuTe 1 (l-l.i'l}l‘
Gonee 00110, KOYHMBEpPCAJIbHLIC KBalparTbl, HJIHM KOHEYHbIE Ilp(‘,.'_leﬂbl),
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a Takyke HyJaepoll oObekT, TO B KATEropuu cyuecrsyer n saipo k ;s —
— a ang moboil cTpesiku f, IpHYeM OHO €IMHCTBEHHO € TOYHOCTBHIO 710
nsomopdusma o0bexra $. Kak n moboil ypasuutes, aipo k obasarejbio
monoMopdno (u3 kg’ = k' caenyer g' = h' sBuny rpebopanns eMHCTBEH-
HOCTH B OIIl]ﬂ,'l(’JI(_‘.HHH). nl’].’-}'['OM‘Y OnlBaeT )’,"L('lﬁl—l() CHHTATL AADO k.’ . e
HO,.'.IOﬁ'}:eKTDM B a — T. €. KIacCOM 3KBHEAJIEHTHBLIX MOHOLIOp(bH?]MOB 8 —¥
- a.

IMpuseaem npumep. B kareropun Grp ny/iaeBbisM 00bEKTOM ABJAAETCH
rpymnima I n3 OIHOTrO JenMerTa ({ljl]-i[]“[kb[)._ H LI ..'11061)[){ ABYX I'pyiin
HyJaesoit MopdusMm ¢ — H — 3T0 eauHCTBeHHBIH MOPMU3M, KOTOPBIi
orobpaxkaer G B eununy rpynnel H. $lapo npoussosnbioro mopdusva
rpyon f : G = H — 910 Baoxenne N — G gapa B 0ObIMHOM CMBICIE
(cocroamero w3 seex x € G, ans xoropwx fx = 1). Ormernm, uro
N — nopmanbHas noarpymma B G, Tak 910 M060e AIpO B KATETOPHHA
Grp M()I'IU!\«{(‘]])[})['I(‘), HO HMEeTesd M[‘}I'[L‘lk-‘lf}]](b}'[?}MI:l, KOTOPBIE HE ABJIHHTCHA
SZIPAMH.

B kareropun mMuoxkects ¢ ormedennoi Toukoil Set. (§ 1.7) nyaesniv
ODBEKTOM ABJISCTCH OJAHOTOYCHHOE MHOYKCCTBO, & HYJIEBOe OTODparKenne
P — @@ — 310 yukius, 0robparkaionias Bee MHOKeCTB0 P B OTMeIeHyio
TOUKy *g € Q. Eeomn f @ P — () — MopdusM MHOXKECTB ¢ OTMEYCHHOI
TOMKOf, TO ero sapo S = P — 310 Bnoxenne copogynuoctn S Tex & € P,
JJ1st KOTOPBIX f& = %; 1ph 3ToM B P 1 B S OTMeYeHa 0/IHA H Ta JKe TOUKA.
TToxoskum 0Opazom onuckiBaTes sapa B kateropun Top,. B kareropun
Grp smumopgusm onpegenserca (¢ TOMHOCTLIO 10 H30MOpdHu3Ma) CBOHM
S/IPOM, HO JAJeK0 He Tak obcronT aeno B kareropuax Set, u Top,.

B so6oii Ab-kareropun A Bee ypasnurenn spiasores sjapavu. [leii-
CTBATEJILHO, B TAKOI KaTeropnn kaxaoe hom-muoxecrso A(b, ¢) aeagerca
abenesoil rpvunoit. ITosroMy eciin gana napainenbias napa f,g:b — e,
TO Tperks crpenka h : a — b ynoemereopsaer yeiosuw fh = gh, ecin
1 roibko eciin f(g—h) = 0. [Mosromy crpenka h, yHHBEPCaIbHAS ¢ TAKHM
CBOMCTBOM, MOKET ObITh ONMHCAHA 00 KaK ypaBHUTe b 11 f 1 g, aubo
Kak #1po st f — g. Tlo sroif npuaune s kareropuax B-Mod, Ab u 1. .
06H‘IHO HMEWT Ie/10 C aApaMi, a He ¢ }'paBHHTeIHMH.

JlBoiicTBeHHOe IOHsITHE KostApa yoKe Obi1o seegeno B § 3.3.

Tenepp npeanonozkuM, 4ro B Kareropuun C' umeercs HyJAeBoil 00beKT
Z M CYyHIecTBYWOT sipa W KOosddpa JLs BCeX CTPeJoK. E(’Jl}l c € C. TO
MHOKECTBO P, BCex cTpeoK f ¢ KooBAACTbIO ¢ MOYKHO TPEBPATHTD B TIPe/i-
NOPSJIOK, cauTan, 910 ¢ < [ B TOM ciydae, Korja g nponyckaerca qepes f
(r.e.g=1f g’ JULsE HeKOTOpoit crpenku g'). Peduiekcnsroe n TpaH3nTHBHOE
OTHOLIEHHE Oll]_}f‘jl,(:‘ 1HeT, Kak UGbl‘[HU' OTHOLIEHHE 3KBUBAJIEHTHOCTH =
= f=g o3mATACT, TTO f < gug £ f. Knaccsl 3gBHBATEHTHOCTH
crpenok f € P, no atomy oTHOMEHHIO oﬁp‘nw{n HACTHYIHO YIIODSI0UeH-
HOE MHOJKECTBO, KOTOPOE COAEPKUT YaCTHYHO YIIOPAIOUEHHOE MHOMKECTBO
nMo0GbeKTOR M3 ¢ (ecau paccMaTpHuBaTh TOJNLKO MoHoMmopdwbie f, To
ornouienye g < f — 3T0 OTHOLICHHE BJAOKEIHA, KOTOPOoe HLUIO ONPE/ICIeH0
a1st nogobLekTos B § 5.7).
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JlsolicTeenno, na muoskectse QY Beex crpesiok u ¢ obnactbio d nmeercs
OTHOIIEHHE TIPEANOPAJIKA: U > ¥, eCIH ¥ Nponyckaercs depes v (v = v'u
18 HEKOTOPOIT crpeikn v').

Bribepem Tenepb sSapo 4018 KA a0 CTPeIKH t ¢ 06/1acTbio d 1 KOAIPO
Juts Kaskaoit crpeskn f o koobaactsio d. CornacHo onpejesiennsm spa
W KOSIpa,

f<kerue uf =0« coker f = u. (1)

ST‘I-I JOrHYeCKHE 3KBHBAJICHTHOCTH O3HAYAIOT, 9TO (b}"[l[({],““
ker : Q% — Py, coker : Py — Q°

YCTAHABIMBAIOT coOTBeTCTRHE Lamya vexay npeanopsakamun Q7 u Py
B cMblcse onpeaenennd n3 § 4.5. Kak u g moboro mTakoro cooTsercTBmsd,
TPEYTONBHBIE TOXKIECTBA MMEIOT BT

ker (coker (ker u)) = keru, coker (ker (coker f)) = coker f.

IIpr stom g daBagercs aJpoM TOrAa W TOABKO TOTJA, KOTJa ¢ =
= ker (cokerg). Fmu (BakThl TAKKE BHIBOAATCS HENOCPEACTBEHHO W3
OHpe e/ TeHHIH,

Ecaun B kareropun C CYHIECTBYIOT HYJIeBO 00LeKT, s1/Ipa 1 KOs Apa, TO
Kazkjas crpeqka f u3 C' nMeeT KaHOHHYECKOe Pa3JiozKeHne

f =mq, m = ker (coker f). (2)

Jdemmal. Eeau npu smom f = m'q', 2de m' asanemesn adpom, mo
KOMMYMAMUGHHT Keadpam
: £
s
Q’l ’ l"‘ (3)
e

MooicHo donoarums (eduncmeennoti) duazonaavhoti cmpeakot t, das Ko-
mopoti m = m't wq' = tq. Ecau npu amom 6 kamezopuu C' cypecmapom
YpasHUMeAl, @ KaHcduli MOHOMOPPHUIM ACAACICA AOPOM, MO CTRPEARA
anumopgia.

Jdokazareascrro. [lo npeanonoskennio m' = kerp', rue p' =
= cokerm';
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HOJIOKHM Takxke p = cokerm = coker f. Torpa p'm' = 0, nosromy p'f =
= p'm'q = 0, u p' nponyckaerca gepes p no cdopmyne p' = pw ana
nexkoroporo w. Torga p'm = wpm = 0, H03T0MY 7 HPONYCKARTCH Yepe3
m' = kerp' no dbopamyne m = m't s equECTBeRHONO MOHOMOPdHU3MA .
Ipu arom m'q’ = m'ty n crpenka m’ monomopdma, u noromy q' = tq.
Orcona nonyuaem muarpavay (3).

Y106Bl 10KA3ATL TENEPb, Y4TO CTPEJKA ¢ MMMOPQHA, PACCMOTPHM
HAPAJLIRILHYIO APy CTPEIOK

re = se,

rq = sq,

r. s, rae rqg = sq. Torga ¢ nponyckaercs 4epes ypaBHHTeb € CTPeIoK 7
n s no dopuyae g = eq’ ana mexoroporo ¢, n f = mqg = meq'. Tax kak
crpesika m' = me MOHOMOP(MHA, TO OHA MO MPEANOI0KEHHIO SABJISETCS
SZIPOM, M COLJIACHO MEePBOMY YTBEDXK/ICHUIO JeMMbI UMEETCA CTPeNKa i,
s Kotopoit m = m't = met u noromy 1 = et. Takum obpasom,
MOHOMODP(H3M € HMeeT NMpaBblil 00paTHBIN H, C/IeI0BATENLHO, ABIACTCA
n3omopduszmom. Ho B kauecrse e Opu1 BoOpan ypasHUTENbL LA 7" U S,
NO3TOMY 7 = $. BHAUMT, ¢ ABIAETCH STHMOPPHIMOM.

Taxkum obpasom, dopmyna (2) gaer pasioskenue crpejaku [ Ha snu-
Mophu3M 1 MOHOMOpdM3M. [

8.2. A/ iMTUBHBIE KATEropuu

Corsacno onpexgenennio u3z § 1.8, kareropusa A apaserca Ab-
Kareropueit, ecim B Heil kaxcioe hom-muoxkecrso A(b,¢) spaserca
ajumTHBHoil abenesoil rpynnoit (ne obazaTebHO MaJoH) B yMHOMXKEHHe
CTPeIOK GFI.FIHI{(.‘FIIIU OTHOCHTENLHO TAKOI0 CIIOAKCHHS. K&l}Kﬂ'aﬂ abesesa
rpynna A(b,¢) comepxkur Hynesoit snement 0 : b — ¢, KoTOpHIi
HasbIBAETCA Hyeaoll cimpearoil (1axe ecn A He nMeer Hysieporo ofbekTa
B npexues cubiee). IIpu 310M yMHOMEHHE HA HYICBYIO CTPEIKY Aaer
HYJIEBYIO CTPEIKY, NOCKWIBKY YMHOMKEeHHE |H,[‘I(‘TTI_)}[6_\_-"'I.'Ir'll'iIIO OTHOCHTCILHO
CIOKEHHS.

IMpennoxennel. Caedppoutue ceoticmea obaekma =z 6 Ab-
xamezopui A pasHocuavHu: 1) ofzexm 2z ABAAEMCA HOLAADHBLAL
2) obserm z aeasemes mepmunaavnoam; 3) 1. = 0 z — z; 4) abeaesa
epynna Az, z) cocmoum moavko uz nyar. Kaw caedemeue, 0601
Hauaauud (u 000 mepmunanonui) obsexm 6 A AGARCMCA HYAEGBIM.

HJoxasateabceTso. E¢an 00beKT 2 ABIAETCH HAYAILHLIM, TO CYIOE-
CTBYeT eIMHCTBeHHAA CTpenaka z — z, mostomy 1. = 0w A(z,z) = 0.
Ecmu 1. = 0. To ans moboit crpenku f : b — 2z umeem f=1.f =0f =
=0:b— 2, T.e. CyNECTBYET €JINHCTBEHHAA CTPEJKa U3 b B 2, a UMEHHO

8 C. Marneiin



226 Abeaest vamezopuu [Ta. 8

0, 1 noaromy 06nLerT z TepMubaien. OCTallbHble YTBEPAJIEHNSA BEPHBI 110
npoicTBenHOCTH. [

Ecin B Ab-xkareropun A umeercs nynesoll (1. e. HadajbHbIE W TEp-
MHUHATLHDBIL) OOBEKT z, TO eIMHCTBEHHBIE CTpeakn b — 2 m 2 — ¢
ABNAITCH HYJIEBBIMH JIEMEHTAMH B _-‘1(?3‘,_ Z) H }1(2,(‘!) COOTBETCTBEHHO.
[Tosromy wommozumms b — z — ¢, KOTOPas PABHA HYJIEBOMY MOPhU3IMy
0:b— cBempicae § 8.1, Takske gBJISIETCs HYJIEBBIM 3JIEMeHTOM B abeseBoil
rpynre A(b, ¢).

T(_‘.['I(?l)b pPaccMOTpPHM MnpousBeacHns | KONpous3Beetnus B J’-l !'}-
KaTeropun A.

Onpeaenenne. Juazpamma npamot cymmne ') das obsexmos a,b €
€ A — amoe duazpamma

P Pz
fl-(l—c—_)—b, (1)
(3] g

2de empearu Py, p2, iy, is ydoeaemeopaom pageHcmMeam

pip = 1y, paiz = 1y, iyp1 +iap2 = 1. (2)

Teopema 2. Obsexmwu a u b 6 Ab-kameeopuu A umeiom npouise-
derue 8 A, ecan 1 MOABKO €CAU OHU UMEWM NPAMYIO cymmy. Fmenno,
ecau dana duazpamma npamoti cymmw (1), mo obsexm ¢ u npoexyuu p
1 p2 onpedeastom npoussedenue obvexmos a u b. Jsoiicmeenno, oboexm
¢ w UMBERUUL iy 1 iy onpedeastom wr wonpouseedenue. Kax caedemeue,
dea obsexma a u b umerom npouseedenue 8 Kamezopuw A, ecan u moavko
ErAat oWl WMEeNTn KOH?}BTL’}B(’.[}EHHC.

Hdoxazarenscrso. lpeanonoxnm cHagana, 94To JaHa Auarpamma
npamoit cymmet (1), yaosnersopsitomas yenosusy (2). Toraa

pria = p1 (i1p1 +izpa)ia = Lo pyig + priz o 1 = pyis + pria.

TMocne survmtanna noayuaem pyia = 0 no cumverpun poip = 0. (D1i
VpaBHEHHMA XOPOLIO H3IBECTHbBI OJ1A Cayda:d Hpﬂ.\'i{)ﬁ CYMMBI MO,.:[,}'.TIeﬁ.)
f1 f2

Paccmorpum reneps kakyio-iubo auarpammy suga a — d — b, Econ
h=1i1fi +iafs : d = ¢, 10 p;h = f;. Obparno, ecn p;h' = f; (1 = 1,2)
Jtst Hekoropoit crpenkn b 1 d — ¢, To

h = (iypr +iap2)h’ = iypi ' +iepeh’ = i fi +iafo

i noromy h' = h. 910 03HAUAET, UTO CYUIECTBYET €IHHCTBEHHAS CTPEJIKA
h :d — e, nna koropoit p;h = f; npu i = 1,2. Tloromy amarpamva

1) B noxmmmmmke yrnorpebaserca tepymna biproduct (6unponsseaenne). B am-
TEPATYPE Ha PYCCKOM A3BIKE IIPHHAT TEPMUH OpaAMas cyMMa. — Ilpuam. ped. nep.
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o p2
a +— ¢ — b geficreuTenbHO oTRevaeT npownskeneHno. CooTeercrTeuHe
hw (fi. f2) onpeaenser uzomopdusym abeneBbx rpyIn

Ad,c) = A(d.a) @ A(d, b),

B KOTOPOM 3HAK €& B MPAaBOil YacTH O3HAYAST MPAMYI) CYMMY abeleBbix
Fp}']:[l'[.

ObparHo, eciin Jana uarpaMMa MPOH3BeJIeHns a & axb B p 1o
B CHJIY €r0 ONPE/Ie/IeHHs CYILIeCTBYET ¢MHCTBeHHAs CTPeJIKa i1:a—axb
¢ koumonentamm priy = l,, poiy = 0 1 eguncrsennast crpenka is : b —
— a X b ¢ KoMnoHeHTamMu pris = 0, peis = 1;. Toraa

pr{iipr +iops) = p1 + Ope = pi, pLliipy +iip2) = pa,

H HOTOMY 11p1 +dape :a X b — a x b — eguncrsennas crpeika ¢ KOMIo-
HEHTAMH P 0 Po. JHAYNT, 9TO €IMHUYIHAA CTPenKa 1,.,. Takum obpazoM,
JlaHHAs JMarpaMMa npou3BeIeHns JeHCTBUTENbHO ONPEIeIHeT NPAMYI0
eymmy (1), (2). O

B nexkoropeix kareropusix, nanpumep 5 Ab n RE-Mod, Gunponzie-
JeHHE HACTO HA3BIBAIOT npamoll cymmoii 1) . OrveTHM, 4TO Juarpamya
NPAMOIT CYMMbI OIMCHIBACTCH BHYTPEHHUM 00pa3oM, B TepyuHax ofbex-
TOB a,b, ¢ n CTpenoK Mex 1y HUMH, TOrJlAa KaK CTAHJIAPTHOE KATErOpHOEe
onmMcaHAe TPON3Be/IeHNsT (M KOMPON3BEIeHHs) SIBISETCST BHEINTHAM: OHO
NPeANOIATAeT, YT0 38/JaHbl CTPEJIKH BO BCeil KATEropiu.

nsa nannbix obbvektos a,b € A auarpamma npamoii cymuet (1), ecin
OHa cylnecTeyer, onpejiejacia oJIHO3HAYTHO ¢ TOMHOCTBK 10 1{7!0!\.101)(])}{3&1?1
obbekTa c. Ecoim Beerma cymecTeyer npAMas CyMMa, TO €€ KOHKPeTHBI
BLIOOP ¢ = a @ b s kaxkaoil napst (e, by onpegensger dudynkrop & 1 A x
x A — A, npudem fi1 & fo nast crpenok fy ra = a'uw fo 1 b=V
onpenesisaeTes 6o YPaBHCHHAMH

pith e f2)=fipj, i=12, (3)
T. . l)l'l['.‘f‘.,(I,E‘.JI)[!:"I‘L'H KAk JUIsl NTPpOU3Be 1eHHY X = ‘.’J}.i, J]HGO VPaBHEHHAMHA

(fr & foiv=irfr, k=12, (4)
T e. ONpeJeJdercs Kak JUid Konpoussegenns & = II; 3zxech i‘l,i;

MHBEKIMH BTOPOro Konpouseeaenns 2) . Jleiicreurensno, neppas napa
vpasuenuil (3) oguosnauno onpeensier fi & fo KAK CTPEIKY ¢ KOMIIOHECH-
tamu fi, fo; BBUIY ypaBHeHHil, ONpeIe/AI0NHMX BTOPOE KONPOH3BeIeHHe,
i pasencrsa piih = 0 nonyuaem

(fi @ fo)ix = (i1} +i305) (f1 @ fo)ix = i} fi,

4TO COOTBETCTBYET BTOPOil nape ypasuenuii. OOparHoe sepHo 00 jABoii-
CTBEHHOCTH.

') Cwv. npesmiaviyio cnoceky. — Hpus. nep.
a
) A pl, ph — upoekumm BTOporo npousseserns. — IIpua. nep.

g
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Pesyubrar MoxKHO Takike chopMyaupoBarh ¢IeayioimunM 00pazom: co-
OTBETCTBHE MKy (DYHKTOPOM NMpOH3BeIeHns a X b ¢ hyHKImell cTpenok
(3) 1 dynkropom konpounssedenus a [ b ¢ dyuxupedt crpesok (4) ssis-
€TCsl eCTeCTBEHHBIM H30MOPQH3MOM.

Wrepuposanne onucantoil KOHCTPYKUMH NPH JAHHBIX @), ... 0, €
€ A onpeaensier UpSMYH CyMMy Bja;, KOTOpasi XapakTepuiyercs (¢
TOUYHOCTBIO 10 u3oMopdusMa B Kareropun A) auarpammoit

H.j—ig@jaj&ﬂk, Gk =1, 0018
W YPABHCHUSIMH
. . . 0, k # 7, .
i+ inDe = 1, Prt; = 0p; = ?ﬁ% (5)
1L; k=j

IIpy 3TOM 408 JAHHBIX Cp,....Cn € A nveerca uzomopdusm abeaeBLIx
rpyIin
A (Brer, Bja;) =Y Alek, a5),
Jik

rae y . 0003HAYAET WTEPHUPOBAHHYIO MPAMYIO CYMMY abeTeBhIx Tpymi.
Kak cnepcrsue, kaxmpas crpeqka f @ @pep — ©ja; onpejensieres n X
X m-Marpuneil ceonx komnowenm fr; = prfi; : aj =+ cp. Ipn srom
KOMIO3HIHSA CTPENIOK COOTBETCTBYET ODLIMHOMY VMHOMKEHHIO MATPHI] KOM-
nonent. Muaqe ropops, B ypaBaeHusAx (5) COZEPAKUTCH XOPOIWIO H3BECTHOE
MarTpuuHoe neancienne (em.§ 3.5).

Addumuenaa kamezopua — 310, 10 onpeaenenno, Ab-kareropus, B Ko-
TOpOit uMeeTes HyAeBoi 00bekT 0 1 npsavast cyyuya Jio6oit napbl 00LEKTOB.

Mpeanoxenued. IHycme 6 addumusnoii xamezopuu A dann na-
pasnesvhive cmpeaxu [, f'a — b, Toada

fHF =0"(f® f)o,:a—b, (6)

2de 0, : a — a X a — duazonanvnoe omobpancenue, 6 b B b=>b 1 b —
— b — weduazonaaw.

31ech AMAroHANbL onpezesieHa YCIOBHEM pd, = 1, = ped,, a Ko-
auaronags — yeaosuwem 0P = 1, = §liy. JMokasareanerso cBoguTes
K HEMOCPeICTBeHHOMY BBLIYHCIIEHIIO:

OV (f © )00 = 8(f @ ) (irpr + izp2)da =
= 0(f @ [N)iv +84(f @ )iz = 8¥ir f + Binf' = f + 1"

D10 NPEAIOKEHHE 03HAYACT, UTO AJJHTHBHASL CTPYKTYPA KaTeropuu
A onpeaengerca npamMoil cymMmoii (em. ynp. 4).
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[Mvers A u B — ape Ab-kareropuu. Addumuenni diynwmop T @ A —
— B — 310 dyEKTOp 13 A B B Taxoii, uro

T(f+f)=Tf+Tf (7)

Juta JnoGoit napassensnoil naper crpeaox f, f' 1 b — ¢ u3 kareropun
A. Kax caegcrsue, T0 = 0. TTockonmbKy a/UMTHBHAS CTPYKTYPA MOMKET
ObITH OnpejeeHa B TEPMHUHAX NPAMOH CYMMBI, TO yeaoBue (7) MOMKHO
chOpMYIHPOBATE CICIYIONIM 00PA3OM:

Mpennomenned, Myems A u B — daee Ab-wamezopui, npuviem
e A ecezda cyuieemeyrom npamvie cymmu. Tozda dyuxmop T+ A —
— B addumusen 8 mom u mosvko mom cayuae, Kozda mobotl duazparstse
npamoll eymmol 6 A on emacum 6 coomeememeone JuazpaMmy NPAMot
cymmnt 6 B,

Jokazaredbcrso. Kaxioe ns pagencts pri; = 1, poia = 1 uiype+
+ iypy = 1, ONHCHLIBAIOIMIMX NPAMYIO CYMMY B TEPMHHAX €€ HHBLEKIHI
i; W TPOEKOHil pj, COXpaHAETCS TPH JeHCTBHH AJJIHITHBAOTO (DYHKTOPA;
CITEOBATETLHO, OH COXPAHSET TIPSMBIE CYMMBI.

O6parno, npeanonoxknm, aro T coxpaHsier Bce OMHAPHBIE TIPSMbIE
cymmer. Torma mia moboil mapauensuoii napot crpeinok fi, fa 1 a —
= a' mveen: T(fL @ fo) =TfiaTfo. Pagencteo T(fi + fo) =TH+Tf
Tenephb BhITeKaeT 13 dopmynsl (6) n pasencte 1'(d,) = dp,, T(0%) =
= §T%, KoTOpbIe HENOCPEACTBEHHO CICAYIOT W3 ONPEIEICHHIT IMAaroHam 6
H KOJHATrOHAIH 5 B TepMHuHax 1IpousBeIenis 1 KONPoOU3Be et . O

JoKaz’aRHOMY MPEeTOKEHHI0 MOKHO TPHAATH H Takoit Bua: GyHKTOD
T ajgurusen. ecin W ToAbKO ecnn T conocraBiger KaxkJIoi uarpam-
Me DHHAPHOTO MPOM3BEICHHS B KATEropuH A JAHArPaMMY [PON3BEIeHHs
B KATETIOPHH B, WITH: 2CJIH 1 TJIBKO €CJIH OH CONOCTABRJIHAET KaA10oMY ﬁH‘
HAPHOMY MPOM3BEICHAIO B KaTeropun A KONpOH3BeieHne B KaTeropnu B.

Muorue uiasectnbie hyHKTOPLL Mez1y Ab-KaTeropusanm ajiuTHBHLL
Hanpuumep, ecnu B A cynecersyior Majbie hom-MHOMeCTBa, TO U THBEH
Kazkap1it hom-dgyakrop

A(a,-): A— Ab,  A(—,a): A°® = Ab.

Ecau A u B apagaiorca Ab-kaTeropusMu, TO 3TO BepHo u jaasg A x B,
H IPOeKIHK 31oro nponssegenna 4 x B — A, A x B — B apiasnores aji-
autusHbiME byaKTOpaMi. TeHzopHoe npoussejenue abejneBbix rpymn —
aro hynkrop Abx Ab — Ab, ainTuBHBIR 110 KAXKJIOMY H3 ApryMeHTOR.
To e BepHO AT IEPAOTITIECKOTO TIPON3BEIEHTA.

YupakHennst

1. Toxaxkure, yro B 1000 avmrnsHoil karteropun A kapmonudeckoe oTob-
pAKeHIe
K ll.. Ha, 2 a1 X...Xan

(onpeaenennoe B § 3.5) apaaerca nzomopdusmom. (ITo cymectsy 310 niepedop-
MYJIMPOBKa Teopembl 2.)
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2. Onpejesnre aHAJIONHYHOE KAHOHHYECKOe 0TOOpaskenue K BeCKOHeUHOro
KOMPOH3BEICHAA B COOTBETCTBYIONIEe GecKoHewHoe nponssenenne. [lokamuTe
Ha npumepe, uTo 310 orobpaykeHue He 06a3aTe/bHO ABAACTCA H30MOPPUIMOM
B TIPOM3BOILHON aIIATHBHON KATErOPHIL.

3. IMokaskure, 4T0 NpAMas CYMMAa B A MTHEHON KATErOPHM ACCOLMATHBHA
1 KOMMYTATHBHA (¢ TOUHOCTBIO J0 ECTECTBEHHOrO H30MOpdu3NMa).

4. (AnpTepHATHBHOE ONPejIeeHNe CI0KEHNs CTPEJIOK, TAKKEe IPUBOIAIIEe
K a1IUTHEHON KATErOpuu. )

a) [Tyers A — kareropus ¢ HyJeBbIM 00HEKTOM, KOHEYHBIMH [IPOU3BEICHN-
SIMH M KOHEYHBIMH KOIPDOM3BEIeHHsIME, B KOTOPOil KaHOHIYeCKoe oToOpaxkenne
W3 KONpousseaenns B nponsseienne a1 as — a1 X az (§ 3.5) Beeraa apaaercs
wsonopusnon. Tas f, f' :a —= b nonoxmm f+ f' = 8°(f x f') §.. Jokamnre,
Y10 TAKOe CI0KEeHHe pespamaer kazx/aoe Muoxectso A(a,b) B koMmy raTnsHbi
MOHOMA, HPUMeM KOMIO3HLNS CTPEI0K AUCTPUOYTUBHA OTHOCHTEILHO GLOZKe-
Hu.

6) IMycTs npn aT0M A0s Kaxka0r0 a € A CYmEecTByeT Takas CTPEJIKE Uy © 0 —
= a, w10 vy + 1o = 0 : o = a. Jokaxnare, 1o kaxaoe maoxkectso Afa,b)
ABIAETCH r‘pymmﬁ OTHOCHUTEIRHO CIOOMKEeHWs, QHI}E,'TP.JEHHUTU BhIINE, H, TAKHUM
00pazoM, 310 cioxenue onpejenser Ha A CIPYKTYPY aIMTHBHON KaTeropuu
(Mac Lane [1950]).

5. (Cuobognas Ab-gkareropus uaji kareropueit C.) TTo pannoil kareropun
C nocrpoiite Ab-gxareropuio A w dyuxrop C — A, yaupepcanbHbil cpenn
dryukropos 3 C' B Ab-kareropun. (Iojckaska: obbekTrl B Kateropun A Te xe,
uro B O, a A(b,e¢) = Z(C(b,¢)) — csoboanas abenesa rpynna Ha  MHOKECTBOM
C(b,e).)

6. (Cooboamas a//THTHBHAS KATEropus. )

a) IMo gannoit Ab-kareropun A noerpoiite agynrusnyio kareropuo Add (A)
n anmurusanil Gyakrop A — Add (A), yausepcansuniil cpean GyHKTOPOB 13
A B aggurusnase kareropun. (Iogexaska: obwexrnr 8 Add (A) — seesosmomnnie
T-KH 061:(??{1‘()3 "3 _-4, rae n = U, 1. <) CTPEITRKAMH ('..Fr_\"}KH.’T MATPWTIILD l'."]"p("..?'[ﬂ]( a3
A

6) Ilyers A KOMMVTATHBHOE KOJIBIO K| paccMarpHBaeMoe KaK AITH-
THBHAA KaTeropua ¢ oamum obbertom. Ilokaxunre, aro Add(K) cosmagaer
¢ kareropueit marpur, Matr i, onucannoii 5 § 1.2. (Tlogekaska: nokaxure, 4To
Matr g 0630706T COOTRBETCTBYIONIIM CBOHCTBOM YHHBEPCATHIOCTH. )

8.3. AbDenieBbl KaTeropum

Onpenenenne. Abenesa xamezopus — smo Ab-xamezopus A, xo-
mopas ydoeaemeopaem cALMPOULIM YCADBUAM:

1) A umeem nyaecoll obserm;

2) 6 A scezda cywecmeyiom GUHAPHBIE TIPAMBLE CHYMMbLE

3) wamcdan ecmpeara 6 A umeem adpo u Kosdpo;

4) wasncouti monomoppuzm seazemes adpom, a xaxcowil anumop-
Pusm — xosdpom.

Iepebie gBa yenoBus 03Ha4aoT, 410 A gBIsSETCH aJUIMTHBHON Ka-
teropueit B cumbicie § 8.2, Beuay npemnoxenus 1, § 8.2 mocrarouno
noTpeboBaTh B VCAOBHH 1) HAMUYHA HE HYJCBOIO, 4 HAYAILHOTO WJIH
TePMHHATBHOTO 00bLexTa. BMECTO CyImecTBOBAHMSA NPAMBIX CyMM a & b
MOXKHO NOTpeboBaTh HAJIMYMA BeeX Npou3BeleHuil a x b wan peex Gunap-
HBIX KOHNPOH3BEJAEHHIT,
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C yuerom yeaosuit 1) u 2) cyuecrsosanne siaep (yeaosue 3)) piaeder
CYTIECTBOBAHNE BCEX KOHEYHBIX MPeAenon. JleilcTBUTENBHO, YPaBHATETh
napbl f,¢:a — b MOXKHO HOJYYHTH KAK AP0 Pa3HOCTH [ — ¢, KOHEHYHbIE
NPOU3BEICHNs CYIIECTBYIOT B cuay 1) u 2), a Haju4ue KOHeYHbLIX MTPO-
H']B(!,'I,F'.Illlﬂ H .\!'[')aEHH'I‘P..-'IPﬁ rapanTHupyer CylecTBOBAHHE BCEX KOHEYMHBLIX
npesenos. lBolicTBeHHO, CYIIIeCTBOBAHNE KOSAIep BJIEHeT CYINeCTBOBAHIE
BCEX KOHEYHbIX KOIPEIEIOB.

Yenoeue 4) — upespsivaitno cuinsnoe. Hanpumep, u3s mero caezayer,
qT0 eciin CTpeJka f OIHOBpeMeHHno M{]Ii[]MDI](l)I[H H T-]l']Hi\-IO]:)[i')H}l.I TO OHA
sipaseres n3oMopdgm3mom. deiicTeurensho, ecmn f @ a — b aBagercsa
smonoMopdmsmom, 1o f = kerg s HEeKOTOPOIT CTPEIKH ¢, B TIOTOMY
gf = 0 = 0f. Ho crpenka f snumopdna; COKpaTHB Ha Hee, MOIyHaeM:
g =10:b—= c. dapo ayiesoro mopdusma g IKBUBAJICHTHO €AUHUTHON
erpenke 00beKTa b H, CeI0BATENBHO, ABIACTCA H30MOPDHIMOM.

Kareropun R-Mod, Mod-R, Ab (u muorne apyrue) asasorcs abesie-
BBIMH, C OOBLIMHBIME sIPAMY 1 KozIpam. Ecan kareropus A abenesa, To
910 BepHO ¥ 1151 Kareropui (ynkTopos A7 ¢ mponssosbHOIT KaTeropueii J.
Bouee noapobho, ecin ganst asa dyakropa S, T : J — A, T0 MHOXKECTBO
Nat (S,T) = AY(S,T) Bcex ecrecrsenubix npeobpazosanuii o, 3 : S—= T
siageres abenepoil rpynnoil. B KOTopoil erokenne onpee/eno moKoMIo-
HPHTH(‘J‘ (o4 f); =a;+3; : Sj = Tj ana xaxmoro j € J. Oynxrop

J — A, eJMHCTBEHHBIM 3HAYEHHEM KOTOPOIO ABJIACTCS HY) 1eBOI
oﬁ%em‘ B A, — 370 Hysaesoii oobekt B Kareropun A7, TIpsavas cymma
Sa@T pByx d)_w, HKTOPOB OIPEIE/IACTC DOTOYCTHO KK (Sr_) T)a= Sa®Ta.
fapo K ecrecteennoro npeobpasopanns a : S — T takwke onpegenaercs
noroydeqno: ecin j € J, ro Kj — Sj asaserca aapom mopdmsma aj. dia
A7 Bhmonnensr BCe AKCHOMBI a0e/IeBOI KATErOpPHIL.

Ilpepnnomennel. B abeacsoti wamezopuu A mobas empeaxa [
npedemasasemes 8 eude f = me, 2de empeaxa m monomoppua, a e
snumopdna: npu Gmom

m = ker (coker f), e = coker (ker f). (1)

Ecau umeemea dpyeoe pazacocenue euda f' = m'e', ade empeara m'
monomophua, o ¢ onumopfnae u Kommymamusen acewtl weadpam 1a
caedyroweti duazpamme:

f
—_—
I
—_— * -T% - T
|
9 h g | & h (2)
¥
—_— b —— ——
f e m
Jr)
. . o o i r i
o cyuiecmeyem eduncmeennas cmpeara k, das womopoii €'g = ke,

m'k = hm (m. e. Kommymamuenv Keadpamu cnpasca).
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Hdokazarennwerro. Yrobbl noCTpOUTE YKAZAHHOE MPEJICTABICHHE
ana f, monoxkum m = ker (coker f). Iockonsky (coker f) o f = 0, To
f mveer Bug f = me a1d eJHHCTBEHHON CTPEIKH €, KOTOpad 3MHMOopgHa
no jgemme 1 w3 § 8.1. Ho erpenxa m \iOHO\{OpCbHa. U €N ONpeIesieHa
KOMIIO3HUNHA ff' TO OHA paBHa HYII0 TONIAa H TOJLKO TONAa, KOorja € U
Crnenorarensno, ker f = kere. Ilpu srom crpenka e snumopdra, mosToMy
e = coker (ker ¢) = coker (ker f). Coornomenus (1) poxkasanb.

Pacevorpum teneps f u f kak 00bLeKTH B KaTeropun crpenok A2
Torpa mopdusm (g, h) : f = f' — He 4ro nHOE, KAK JEBBIT KOMMYTATHB-
uniii kBagpar us (2). Pacemorpum npejcrasnenns f = me, f' = m'e
u nonoxum u = ker f = kere. Toraa 0 = hfu = m'e'gu, noaromy €' gu =
= 0 u crpenka e'g nponyekaercs qepes e = coker u no gpopmyne e'g = ke
s epuHerBennoil crpeqakn k. Janee, m'ke = m'e'g = hme, nostomy
m/k = hm, u B npamoyronsauke u3 (2) 0ba KBagpaTa KOMMYTATHBHBI.

JokazarenpeTBo 3aBepimeno. Ero BTopas 9acTh NOKA3BIBAET, YTO 0~
6oit mopdusu (g.h) : f — [ nepesoaur npencrapnenne ans f B npes-
crapienue A1a f', T.e. 9TO mpeicTasienue spngercsa pyHkTopubm, Lia
cayuas eaunmanoro mopdmsma (1.1) - f = f 910 o3uaqaer, uro nw0bnie
JIBa pasjoxenns crpejaxu [ Ha MoHoMopdu3M U 3muMopdu3M H30MOpgd-
Hel (m3oMopduam & nocTpoer Boie).

D10 passoxenne No3BoJHAeT (CTaHIAPTHO) onpeaenuTb 06pas u Koob-
pas crpeaku f = me : a — b rounoersio 1o nzomopgusma no hopmMynan

m =imf, e = coimf. (3)

Taxum obpasom, ebpasz m crpeikn [ apiaseTcs HOLO0OBEKTOM ee KoobJla-
cru b, a xoobpas — dpakropobbexkTom obnactu a. Boobie, ecin f = myteq,
rae iy — MoHoMopdusM, ¢ — nzomopdusm u e — anumopdusm, To my =
=imf, e = coimf,at — (cranzapTHeIi) H30Mopdu3M MexK Ty Koobpazom
i 0bpaszom. Tak yerpoenbl W3BeCTHBIE KOHKPeTHbIe Kareropuu Thia Ab.
ITycrs Teneps f: B — C' — mopdusm B kKareropun Ab, s1poM KOTOPOro
apasierca nogrpynna K C B, obpazom — nogrpynna S C C. Torpa f
HI)E,‘ICT&BJ'IHETCH B BIAE KOMOO3HIITHA

B3 BIK 5814 C,

rje e; — NpoeKis Ha (i)aK'!'()p]'[)yl[ll_y. T — BJOMKEHHe, a i — U‘-lf‘lﬁl’l,‘],]'[blﬁ
mzoMopd3m Mexkay kooGpazom B/K u obpazom S. D10 pasmomenne
OCHOBAHO HA TOM, 9TO Kaxk /sl (hakTopobbext B/K nmeer kaHoHH1IeCKOe
npejcTasieHne (B BUJAE MHOKECTBA CMEXKHbBIX KJIACCOB).

B m060it abesiesoii KATEropuH MOMKHO ONPEJIEIHThL HOHATHE TOUHOI
MOCTIETOBATETBHOCTH (¢ OOBIMHBIMA CBOHCTBAMHA).

Ounpenenenne. lepemmorcaema nape cmpenor

L (4)

mouna 6 b, ecau imf = ker g (axeusasenmnocme nodobsexmos us b)
AU, WMo Mo Hee camoe, coker f = coim g.
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Bamerum, uro imf < kerg, ecoim v Tonbko ecom gf = 0, a f
> kerg, ecnim W TONBKO ecny Tobasd cTpenaka k co coiicTBoM gk =
umeer Buid k= mk', vae m — mouomopdusm uz pasinoxenus (1). Dro
JIBOSIKOE OIPEICJIEHHE TOYHOI MOCIEI0BATEIBHOCTH HA CAMOM JIEJIe CBO-
JARTCH K YOIOBHID, XODOWO H3BECTHOMY, CRaXKeM. JLIA CJIy'asd KaTeropHn
Ab: nocrenosarensuocts (f, g) Touna, ecnn nponzeenenne gf pasuo 0
1 Jioboit anement, nepexofdinii B 0 1pH oTobpaXkKeHHH g, CONEPKHTCS
B obpase orobpazkenus f.

Onpeanenenue. Juazpamma

oW

0safvheso (5)

(2de O obosnavwaem wyaesoll ofsexm) wnasveaemes xopomwoil mownol
N0CACdOGAMEABHOCTIBIO, €CAl Oha mowna 6 a,b u c.

[Mockoneky crpenka () — a — HymneBas, TO TOYHOCTH B @ O3HAYALT
MOHOMOP(HOCTL cTpeskid f; ABOHCTBEHHO, TOYHOCTH B ¢ O3HAYAET ee
snumopdHocTs. BBray ckazanHOrO BbIE, YCI0BHE (5) DABHOCHIABHO CJIe-
AVIOMIAM:

f=kerg, g = coker f. (6)
A.lla.fl()l"H‘IIED, yoiaosHe h. = l'.f_lk(!l' f COOTBETCTBYET YTBEPAJICHHIO, YITO
[0CJIeA0BATEIBHOCTh
h
alivteso (7)

Touna B b u ¢. Knaccuueckoe nazsanne st (7) — KOPOTKAA Npacar mod-
HAA ﬂﬂ{!.{l.f:&ﬂﬂﬁﬂt(ﬂlhHﬂﬁmh. AII}LHUI‘H'I]]D, YoiaopHe k = I(D!'f BLIPpaKaeTcsHd
KOPOTKOIT JIeBOIT TOYHOI NOCIe10BATEILHOCTEIO.

Paznoxenne npoussoibiol crpenkn [ na MoHOMOPGgU3IM U 31HUMOp-
duszm f = me onpegenger B¢ KOPOTKHE TOMHBIC HMOCICIOBATCILHOCTH,
KOTOPBIe noassiores (6e3 myseil no kpasgM) HABEPXY ¥ BHH3Y CIIeLyIOnedi
JIHATPAMMBI:

ker f coim f
" — —

x limf .
. (8)
lcokerj’

Oyuxkrop T+ A — B mexay abenepbivMi kateropusiMg A u B no
OTIPE/IETTEHNI0 HAZBIBACTCH 1MOMHBLM, €CTH OH COXPAHAeT BCe KOHEeTHBIe
[PEeIeibl U BCE KOHEUILIE KOIMpedeibl. B 4acTHocTH, To4Hbil (hyHKTOD
COXPAHACT AAPA U KOSIPa:

ker (T f) = T(ker f), coker (T f) = T(coker f). (9)

On COXpaHsieT TaKikKe (}6[)a3hl, KOQﬁlJaBbl 1 NepeBoJdT TOMHbIe noc/ieino-
BATE/ILHOCTH B TOUHbE. C Y4eTOM M3BEeCTHOIO HaM [HOCTROEHNA Npeiaes1oB
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M3 NIPOM3BEIEHUI U ypaBHuTened, a TakKe ABoficTBeHHON KOHCTPYKIMH
noayyaeM, 9to ¢gpyakTop I : A — B To4eH Toraa m TOABKO TOT/IA, KOTIa
OH &JJIHTHBEN H COXpaHAeT Aldpa H Kospa.

Dyukrop T mouen eaesa, €ciu OH COXPAHAET BCE KOHEUHDIE MPEe-
JIBL. I’T}Iﬂ'-l(:‘ rosops, T TOYEeH CleBa, ecjiii 1 TOJLKO eCclid OH aJlJuTHBeH
u ker (T'f) = T(kerf) mna ecex f. llocmennee ycioBme paBHOCHIBHO
rpeboBanuio, 4robbl T cOXpaHsiil KOPOTKHE JIEBBIE TOYHbLIE 0CIE10BATE b
HOCTH.

CyllI‘QCTI]y(‘.T u Doslee 3KOHOMHOEe onucanie abeseBbix l{('l'l'[!l"(}pl'{ﬁ, ne
HCTIONB3YOIIee CTPYKTYPY abenepoli rpynimbl Ha Kask oM hom-MHOKecTRe.
Mmenno, nyers A — npoussoabnas Kareropus, yIORIETBOPAIONIAS Y10
puam (1), (27), (3) u (4), 1. e. akcnoMma (2) 3aMeHeHa HA CHEIYIONULYIO:

2") B kareropun A secerna cymecrsyior GuHAPHBLIE NPOM3BEICHNA

H KONPON3BEICHH.
Torna na kamgom hom-uvuoxecrse A(ae,b) MOKHO BBECTH CIIOKEHHE €
nomonisio (opuyist (2.6), u npu 3rom A npespaniaercs B abeseBy Kare-
ropuio. Tosoisno kponormsoe aokasareaberso (Freyd [1964], Schubert
[1970]) 31ech OnymieHo: OHO MAJIONOIC3HO L5 TPHIOKEHHH, MOCKOIbKY
ciokenue B Kanaom n3 muoxkects A(a,b) obbrino ObiBaeT 3a1ano H3HA-
JaILHO.

VYnpakneHnd

1. yers A, B — abenesst karveropu, T : A — B — apnwrusssiii hyHKTOD.
TMoxkaxure, qro T To4eH TOMIA H TOIBKO TONIA, KOIJIA OH HEPEBOINT BCE KOPOT-
KHE TOMHBIE HOCACA0BATEILHOCTH B KOPOTKNE TOUHBIE HOCIEA0BATEIbHOCTH.

2. Jlokaxure, 9ro ecin kateropun A u B abenesst, To u kareropua A x B
abenensa.

3, HI)HH}KHT(‘., HTO KATETOPHAA BCEX ('.H()G(L'—J;HT)IX H.ﬁ(‘?.-TﬂBF-IX Tpynn “f‘iiﬁl‘ﬂi‘.ﬂil,

4. IMokazkure, 9T0 KATEMOPHS BCEX KOHEYHMIX afejeBnix rpynn (rjie crpes-
KaMH ABISIOTCH Bee MOpdgu3Mel rpymm) adenesa.

5. Ilycrs konbio R Hereposo ciepa. Ilokaxure, 4ro KaTeropusi Bcex Ko-
HEUHO IIOPOXKACHHBIX AeBBIX [-Moayneil (erpeikn — Bee MOpdU3MBL MOy Ieil)
abenepa.

6. Ilyers u < v — nogobbekTs 0bbekTa o B abenesoil kaTeropun. Onpegenn-
Te hakTopoObeKT vfu (cornacoBap 3T0 oUpeaeIeHue ¢ 00bIaHbIM). JoKaKuTe,
uro ecan gf = 0, To obbextr kerg/imf msomopden nsoiicrsennomy obbekry
coim g/ coker f.

8.4. JIlemMbl 0 Juarpammax

H{ﬂ?ﬂiﬂﬁ xomnaexe B abenesoil KATeropum A — 3710 NOCae10BATE I b-
HOCTh NepeMHOAACMBIX CTPETOK

"‘-:}n +1

O
B Cn1 —Cp —FCp—1 —F ", (1)

rae 0,8,+1 = 0 npu Beex n. ITa MOCTEIAOBATEILHOCTD He 00A3aTelBHO
TOYHE B Cpl OTKJAOHEHHE OT TOYTHOCTH HRME‘.[]H(-!'I‘(’.H T-M 20MOA02UYNECCKTLM.
obBERTNOM

H,c=Ker(d, : ¢, = cn-1)/Im (On41 : €1 = Cn) (2)
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(0 nopgarin gpakropodbekTa B JaHHOM eMblicse eum. yip. 6, § 8.3). Buauasne
HENMHLIe KOMTIJIEKCHT HCIOMB30BAHCE B aIrebpandeckoil TOMoNTOTHT, TpH-
4eM TOJALKO B Kareropuax Ab u A — Mod (ocobenno s cirygas, Koria
K — nosie BEIMETOB HEJBIX 9HCeT 10 NpocToMy Moayo). Oanako B Gomee
OBIINX BOIMPOCAX TEOPHH TVHUKOB 0 FOMOJOIHYECKO airefphbl HCHOIL3Y-
H0TCA NEMHBIE KOMILTEKCHI BO MHOTHX abesieBbix kateropuax. Onpeaenenne
romosioruu (2) npuMenuMo B 000l abeseBoil KaTeropun; HeeiejoBatme
ee cpoilcTB Tpebyer paboThl ¢ TOYHBIMH MOCIELOBATE/IBHOCTAMHI, H B Te-
opuu abesIeBLIX CPYII IPH 3ToM 00BIMHO HCNOJIBL3YIOTCH anementhi. Ho
MBI ceffyac ToKayKeM, UTO HEKOTOPHIE OCHOBHBIE JEMMBI O JHATDAMMAX
BbinoHensbl B 0o (bukenposannoit) abeneroii kareropun A.

Mopdusym KOpOTKHX TOUHBIX HoceoBaTenbHocreit (m,e) — (m', e’ )
(B kareropun A) — 3o, no onpeaerenuio, Tpoiika crpenok (f, g, h) B Ka-
Teropun A, Jenarnias KOMMYTATHBHOM THarpaMMy

m €

[} . . . 0

A (3)

m' e

Koporkue ToYHbIC NOCIeJOBATEIbHOCTH ¢ TAKHMHA MOPgH3MaMu cocTas-
JAOT KaTeropiio Ses A; oueBnanbM 00PA30M OHA NPEBPAIIALTCH B aJl/1H-
rusnyio. Ilepsas ocnoBuas JeMMa COCTOHT B CJIEAYIOLIEM:

JdJemmal (Koporkas jgeMma o narn Mopdusmax). Ecau 6 wommy-
mamuenoti duazpamme 6uda (3) CMPorUy ABLANOTICA KOPOTIRILMUL 1T04HbI-
MU NOCAEI0BATNEALHOCAMYU, MO U3 MonomopPHrocmu (coomsememeenHo
anumopdrocmu) f u h caedyem monomopdrocms (coomeememeenno snu-
MmophrHocmn) g.

B cayuae gateropun Ab vossmenm anement r € ker g. Torga g(z) = 0:

o — & —— e(2)

R

X
0 f(x') ——= 0= 0= he(x),

u noromy he(z) = 0, e(x) = 0. IHockombKY nepeasi ¢TpOKa TOYHA, TO
cyniectsyer aneMent x', ans koroporo m(z') = x. Iockonsky srOpas
cTpoKa Takxke Touna, To f(z') = 0, orkyaa ' = 0 u noromy x = 0. 1o
paccyzEIeHne TIOCTPOeHD Kak Nporon anemenTa & (diagram chase with ).

Takoe ke paccyKiaeHue MOXKHO nposectd B oboil abeneBoil Kare-
ropun, He HCNOAL3YA 1emMeHTOB. Ilonmoxmm k& = kerg. Torma hek =
= ¢'gk = 0; nockoabky h — monomopdusu, to ek = 0. Cnegoparensno,
k mponyckaercs wepes m = kere mo dopmyae k= mk. Ho mpu arom
0 =gk = gmk! = m'fE', n tak xak m' n [ monomopdubi, 10 k = 0.
IMockoabky k = kerg, 10 ¢ sBasgercs MOHOMOPGDOUIMOM.
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JIBOHCTBEHHO JOKASBIBACTCS, Y4TO ¢ ABIAETCH INMUMODQHIMOM.

B kareropmm Ab moHOMOphH3MY (COOTBETCTBEHHO SMHMOPMOH3IMY)
OTBEYALT B KOVHHBEPCAILHOM KBajpare MoHOMOpGghH3M (CcooTBeTCTBEHHO
arumopdu3M). DTo BepHO A1 MOHOMOPdU3MOB B 11060t Kateropun (1em-
ma 1, § 5.7), a s samumopduavos — e moboii abesreroll kareropun, 9o
MBI 1 MOKAMKENM.

Mpeanomenne?2. ITyemv 6 abeaesoti kamezopun dan KOynusep-
caavunili keadpam (na duazpamme — npacwli).

a— :a-s—f)-d
I Jy' Is
0—s>a—sp—Lse

Eeau npu smom f asasemea snumopduamom, mo amo éepro u daa f',
npuvem adpo k empeaxu [ moxcro npedemasums & sude k = g'k'. 2de
k' — adpo daa f'.

Kak crneacTeue, e JaHa KOPOTKas TOYHAA MOCTEI0BATETBHOCTD ¢ —
—+ b — ¢, TO mobas CTPeJIKA g d — 0 NOpOFKIaeT ¢ MOMOHILI) KOYHH-
BEPCATIBHOIO KBAJIpaTa KOPOTKYIO TOUYHYVIO ITOCIEI0BATE/IbHOCTD @ — § —
— d. 9'1"3 oneparua (ﬂ. TaKKe r:"I,I!()ﬁ['.'I‘]:!f‘]'l[ln'-'l.!n'-! K Il['!r{) MOZBOJIHET ONMHCATL
Ext (¢,a) (MHOXAKECTBO BCEX KOPOTKHX TOUHBIX I10C/IEA0BATEILHOCTEH H3 a
B ¢) kak Oudynkrop na abenesoii kareropun (Mac Lane [1963a], ch. TII).

HokazaTenbceTno. Koynusepecaiabublil KBagpar ¢ Bepiunnodi s (Kak
U BCAKHIT KOYHHBEDCAIBHBIN KBaJIpaT B abeeBoil KATEropun) CTpOHTCA U3
npouseeeHuil u yvpasauresel caeayonmym obpaszom. BoszbMem npamyio
cymmy b d ¢ mpoeknmsMu py U pg, 0Bpa3yem JEBYI0 TOYHYIO TTOCTEI0BA-
TEJIBHOCT

0— s bayd T2,

(Takum obpazom, m gBiseTca AAPOM) U TonoxKuM g' = pym, f' = pam.

3neck crpesnka fpy — gps anmmopdna. deificteurensno, nyers i fp —
— gp2) = 0 ans nekoroporo h. Torga, uenonbsys HHbBEKIHMIO NMPAMOIL
CYMMBI 41, HOJYHAEM

0="h(fpr —gp2)ts = hfpriy = hf,
u 1ak kKak [ — snumopdusm, To b = 0.
Ilyers teneps uf' = 0 ana mexkoroporo u. Taxk kax f' = pam, To

wpotn = 0 u ups nponyckaercs vyepes fpp — gpe = cokerm no dopmyne
upy = u'(fp1 — gp2). Ho poiy = 0, orkyaa

0 =upsiy =u'(fp1 —gp2) s = ' fpriy = ' f.

[Tockonbky f — anumopdusm, o 4’ = 0; 3pauur, f — snumopdusm, gro
n TpeboBAaJIOCh.
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Hakouew, paccmorpum k = ker f. dns naper crpesiok k& @ a — b
n 0 : a — d semomsenst pageHcrea fk = 0 = ¢0. Cormacro onpeje-
JIEHHIO KOYHHBEPCAJILHOIO KBAAPaTa CYIECTBYET €IHHCTBCHHAS CTPEJIKA
k' :a — s, 11a xoropoit ¢'k' = k u f'k' = 0. Hockoasky crpeixa k
smoHoMopdna, To 1o epuo u s k', Tlokaxkewm, aro k' — aapo ana '
Pacemorpum TK)ﬁym crpenky v, mas koropoit f'v = 0. Torma fq’?.' =
=gf'v =0, u g'v upouvcmmui epes k = ker f no cdopuyne g'v =
= kv' ¢ mekoropeim v'. Orcrona g'v = ¢'(K'v) n flv = 0 = f'(k'0). Ha
"I"_[){‘.ﬁ()l'iil'[l}{ﬁ CIAHUHCTBOHIIOCTH B OIPeIeJeiil KOVHHBeDCAJILHODO KBaapaTa
nomy4gaem, uro v = k'v'. Crenosarensno, k' = ker f/. [

Beuay aroro npeioskenns, B abegesoil KATeropuu MOXKHO paboraTh
¢ AparpaMMaMi, HCIOIb3ya wieHbl 00bekToB (Kareropun A) Bmecto aie-
MenToB (kak jgenaerca B rteopun abesnesbix rpynn). Crpenxky @ ¢ ko-
obmacteio a € A Oyaem Ha3bpIBATH “ieHOM OOBEKTA @ W NPHMEHATh
obo3nagenne x €, a. Ecan @,y — unennl 00LeKTA (2, TO NDOJAOKEM T = 1),
ec/IM CYIIECTBYIOT TAKHE 3MUMOPMH3MEBL 4, v, 4T0 Fu = yv. Hcno, uro aro
oTHomeHue pedpIekcHBHO 1 cuMMeTpraHo. JJokazkem ero Tpan3nTHBHOCTD.
[Iyvers yw = zr aad snumopdusmon w 1 r. ObpasyeM KOyHHBEPCAILHBII
KBa/lparT, N0KA3aHHbIA B BEPXHEM YVIUIY AMarpammbi

|!.' lt' lJT
Y w

s e s
]r ly

s — ],

Cornacno npenoxkenno 2 v’ nw' — soavopdusuel, mostomy @ = 2. Kak
cIeacTene, MOXKHO CHHTATE, 4TO YJ1ed DG’IJ(:‘.K']H. o — 3T0 KJIacC IKBUBAJIeHT-
HOCTH (15 OTHOLICHNS =) CTPEJIOK ¢ KoobuacTbio a. Ilockonbky Kaxias
CTPE/IKA T HMEET PasjioeHue T = me, TO KamkJoMy 'ieHy obbexkra a
COOTBETCTBYET ero noJodmekr (Monomopdusm m), Ho HaMm 3707 (hak?
He norpebyercsa. B kamaom oObekTe a MMeeTess HyJeBoil WieH — KJIace
SKBHBAJICHTHOCTH HyJaepoit crpenku 0 — a. Jdaa kasxioro qnena @ €, a
CYHIECTBYET NPOTHBONOMOZKHEIN *LI€H —I.

His kaskpoit erpenku f :oa — b KasKApll WwieH @ €, @ NOPOMKIaeT
unen fx €., b, npuvem w3 r = y B a creayer, uro fr = y 8 b. Takuwm
0bOpa3soM, Kaxdias crpeika U3 a B b nepeBodur wieHbl 00beKTa a B 4JIeHbl
obbekTa b — Kak eciin 6bI 3TO OBLLIH TEMEHTBI MHOKECTB.

Teopema 3 (suementapble npasuia paborst ¢ guarpaMmanu). Jas
wAEHO6 00BEKMO6 6 abeAesoll KaMEeZopUL BWNoANEHD caedyiouee:

1) empeara [ : a — b monomopdra, ecan u moavko ecan das 6celr
renpausz fr=0 caedyem x = 0;

2) empeara f @ a — b monomopdna, ecau u moavko ecau das ecex
7' €pa uz fr = fr' caedyem x = 2';

3) empenra g : b — ¢ snumopdia, ecau u moavro ecar das KaHcdozo
2 €, € CYWECTNBYEM Y €, b, das Komopozo gy = z;
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4) empeara h 1 1 — § acagemen nyaeeoti, ecau u moawnko ecau he =0
npu 6CET T €, Ty

5) nocaedosameaviocms a Lo b4 ¢ mowna 6 b, ecau u moavko ecau
gf =0 u dan wascdora y €, b ua gy = 0 caedyem cyuiecineosatite maxozo
T Em @, wmo fr=y;

6) (ewnumanue) das mobvr g b — ¢ ux,y €, b makuz, wmo gr =
= gy, cywecmeyem 2 €, b, das komopozo gz = 0; ecau npu amom fr =0
das wexomnopozo f b —d, mo fy = fz, wecauwhy =0 dasn h : b — a, mo
hx = —hz.

Hokazareascrso. [Ipaguia 1) n 2) — 910 n1pocTo onpe/jieie e Mo-
HoMopdm3ma. [lokaxkem npasuno 3). Ecim g — snumopdusM, To HCKOMBII
Y €mb co croiicTBOM gy = z CTPONTCH ¢ NOMOIIBI KOYHHBEPCAIBHOIO
KBagpara (¢ yderoMm mpemnoxenus 2). ObBpaTHo, eciH ¢ He ABAAETCH
arumopdmavom, To aaen 1, €,, ¢ He uveer B gy = 1, Hu A8 Kakoro
Yy €, b. IIpapuno 4) ogeBnaHoO.

Hokazkem npasuio 5). Pacemorpny cranapraoe pasnoxenne [ = me
U BHAYMAJIE HPEAIONOAKHM, ITO JaHHas HOCIEI0BATEeILHOCTL TOUNHa B b, Tak
ayro m = kerg. Ecim gy = 0, To y = myy ans nekoroporao y;. O6pazyewm
KOYHHBEPCAJILHBIN KBAIPAT, NOKA3AHHBIL HA JuarpaMme ciesa:

Mockonsky ye' = mey; = fy| u erpeaxa €' snumopdua, o y = fy, 9ro
u Tpebyerca. O6GpaTHO, MyCTh PACCMATPHBACMOE YCIOBHE BBITOTHEHO IUTH
Beex Y €, b. Monoxkum k = ker g; roraa k €,, b u gk = 0 (nna obbexTa ¢).
[Tosromy uyveercs uinen & €, a, A14 Koroporo fe = k, T.e. ku = mexrv
AL1H COOTBETCTBY HOINMX BI]HMDP(I}IHZYHUB w M v, HU H3 9TOrag papeHcrba
BBITEKAET, 4TO MOHOMODPMU3M k nponyckaeres yepes m u noromy imf >
2 kerg. C yuerom pasencrea gf = (0 nomywaem, uT0o paccMaTpHBAEMAS
MOCJIEI0BATE/IBHOCTD TOYHA.

CMbI[.'.!'[ npasnia 6) B TOM, '-{'L'06hl 3dMEeHWTh BblYHTaAHHWE 3JeMeHTOoB
B abenesoii rpynne. Ecimn gr = gy, TO ¢ymecTBYIOT SnuMOpgusMeL U, v,
J18 KOTOPBIX gl = gyv, W NPaBuio 6) BHINMOMTHEHO, eCIH TOIOMKATE 2 =
=yv—zxu €, b O

IMpuseem npumep paborbl ¢ AUATPAMMOIT HA OCHOBE 9THX MPABIIL.

Jdemmad (nemva o narn Mopdusmax). Feau 6 wommymamuenotl
duazpasmate

g2 ga g4
a; -5 ag ay ay as

1!1 1; o |a 11‘5 ()

b 1 bg b3 f)r; ; br,
14

hy he ha

cmporu movnst, a fi, fo, f1. fa #Asasmomes uzomopuzmamu, mo u fi
AGAACTNCA UIOMOPPUIMOM.
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Jokazarenwcrso. C yuerom JBOACTBEHHOCTH J0OCTATOYHO JIOKA-
3aTh, 4TO f3 sBAAerTca MoHoMopdusmom. B Teopun abenepbrx rpynm mis
31010 ObL1 Obl Henosb3oBal eMent @ € ker f3. Bmecto 31oro paceMorpum
HEKOTOpPBIA 4wieH & € ,, as, a1 xKoroporo fsx = 0. Torma figsr = 0;
NOCKOILKY crpesika fy monomopdna, o gar = 0:

Y i > I — g3

_"'ll

fil Ih fa
¥
y.i'

B Tei oy —— 0 0= fygsz.
L

ITocKOMIbKY BEPXHSAH CTPOKA TOYHA B @3, TO B CHIIY MPABHIIA 3) CYIIECTBYET
Y Em @2, 105 Koroporo gay = x. Torna 0 = fax = figay = ha foy; 1ak Kak
HIZKHASA CTPOKA ToMHA B by, TO cymecrsyer y' €, by, 1 koroporo hyy' =
= fay. Hockomeky crpenka f) amumopdHa, TO CYIMECTBYET & €, @y, I
Koroporo hy fiz = foy, otkyiaa fog1z = foy. Ho erpenka f; monomopdaa,
M 1o npasuay 2) g1z =y nx = goy = gog 2 = 0. Hockoasky n3 faz =0
BCEDIA CICLYET & = 0. 1o f3 asaseres monomopdusmon. O

B kauectre BTOpOIl mumoctpanun pacemorpum Mopdnsm (f, g, h) xo-
POTKHX TOYHBIX HOCAEA0BATENLHOCTEN N3 quarpamumel (3); no0asus sipa
M Kos/ipa crpesiok f,g v h, nosyanM cIeayionyio Jnarpasmy:

e Kef ot Kol Kah
3 k
0 a i b : & 0
f ! " v
g 08— ff s ¢ 0

i
Cof -™ > Cog— = > Coh —>0,

rie Kef — obaacre crpengn ker f, Cof — koobnacts erpenkn coker f
u . . Croabust 37oil anarpaMumbt (¢ gobasieHnenm Hy/eil BBepXy 1 BHU3Y)
TOYHBI 10 TIOCTPOEHUI, & CPEJIHHE CTPOKK — 10 yeIoBHo. B crity onpeje-
JIeHHIt A4pa M KOs/IPA CYILECTBYIOT €AHHCTBEHHbIC CTPEIKH g, €. A00aB-
MeRne KOTOPBIX B BEPXHAII0 CTPOKY CO3TAET KOMMYTATHBHBIE KBAIPATHI,
M AHAJOMMYHO CYIIECTBYIOT €JHHCTBEHHbIE CTPEIKW 1Ty, €1 I8 HHAKHel
crpoku. IIpaBuna u3 Teopenmbl 3 NO3BONAIT Ge3 Tpyia NMOKA3aTb, UTO
nepeas cTpoka Touna B Kef u Keg; npoiicTBeHHO, NOCTCIHAT CTPOKA
touna B Cog u Coh. Oanako mepsas ¢cTpoka He 00A3aTENBHO ABAACTCH
KOPOTKOI TOMHON NOCJHEJ0BATENLHOCTBIO, TAK KAK CTPERJIKA €y MOKeT
He ObITh snuMopduoil. DTO NPOUCXOANT KAK pa3 B Tex cjaydadx, Koria
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crpedka my ne Monovopdma. [pusesem npoctofi npuMep 31010 ABjaeHus
(B xkareropun Ab; g # 0):

0 0 Z Z 0
| ]
0 Z— 17 0 0.

[lorepsa TOYHOCTH BO3MEMIACTCHA CIACIVIOMCH HEeoXHIAHNON JeMMOil,
COTTACHO KOTOPOIt snarpaMmy (3) MOKHO JTONOAHNTL HEKOTOPOiT CTPETKOI
4, KOTOPasA HA3BIBACTCSH CEA3WEAIULUM 20MOMOPHUIMOM — B TIEPBYIO OFe-
Pe/Ib OH HCMOMB3YETCS B KOHTEKCTe OTHOCHTEIRHOI TOMOTOTHHA (KOMIIJIEKC
10 MOAYJIO [OJKOMILIEKCA) M JLIH YCTAHOBJIEHHS COOTHOIICHUH Mexily
MPOM3BOAHBIMH (PYHKTOpAMHU B roMOJIOrn4eckoil anrebpe.

Jdemmad (nemma o ker-coker-nociie10BaTes bHOCTH HIH 3MEEBHIHAS
.rmr»ma). Hycmb drm Mﬂ}uﬁmm KOPOTMKILE INOYHbLT ﬂﬂt!ﬂe{}ﬂﬁﬂl'uﬂ.ﬂ,bHOl‘Z'H'lcﬁ.
(fy 9. h) (can. (3)). Tozda cyweemesyem cmpeara d : Keh — Cof, xomopas
denaem mounoli nocaedogaimeabnocms

0— Kef =% Ke q—?RPh—)Cﬂf 2 Cog = Coh = 0. (6)

HJoxkazarteanbcrso. Mexoaa us MopdusMa KOPOTKHX TOHMHBIX I0-
C/Ie/I0BATENLHOCTEN, NOCTPOUM JuarpaMmy, nokasannyio & (7) ciesa,

gealugeg i ey T € Co
|

Il I &’ l

ol |

a—"sp—" s Y—— Lk

PR [ o

a’—}-b’—)-—(- gy ——- ()
|

J Ip' Il

¥

1——5-—d’——'a-—(' FA

3xeck ¢ = Keh: d nopokaaerT KOyHHBEPCATBHBIH KBAJIPAT 1715 € H k =

ker h; COOTBETCTBEHHO, U ABIAETCH ?ﬂ]{‘.\rl()}){i’)“?h‘fﬂ‘.\{ C AOpoM S, KaK
B TIPEAJIOKEHNN 2; ABOHCTBEHHO, d' MOPOMXKIALT YHHBEPCAILHBII KBaApaT
ans p o= coker f uwom! ¢ kosapom s, Kak nokasano Ha JMarpamme.
BepruranbHas cTpesika MOCPEIHHe — 9TO KOMIO3uIm: 0y = p'gk’ : d —
— d', nputem s'dg = hku = 0 n dgs = u'pf = 0. Mockonbky u' = ker s’
1 u = coker s, TO §y UMEET €IUMHCTBEHHOE PA3JIOKEHHE BHJIA

Juzu'ﬁu: dE)C{jiPa] i}d‘
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B cepeaune naxoquTes HCKOMasi CBA3LIBAIOIANA CTPEIKA d @ ¢g — ay.

JeiicTere 370l cTpeskn ¢ Ha wieH r 00beKTa ¢p MOMKHO MOKA3aTh
€ NOMOLIBLIO JIeCeHKH B npasoil Yactn auarpammbl (7). Msmenno, sy
IMUMOPGHOCTH CIPENIKN € CYLECTBYeT Y € ,, b, ans xoToporo ey =
= ke. Torga e'gy = hey = hkz = 0 n (HOCKOIBKY JeBad jAuarpamma
TOYHA) HAfinerca z € ., a', ana xoroporo m'z = gy. Mer yreepxkaaem,
4TO TOra dr COBHANART C 2y = pz €., ay. HelicrBurensho, d sBnsercs
BEPUIMHOI KOYHUBEPCAJILHOrO KBAAPATA, U MOTOMY CVIIECTBYET Lo €y, d,
17151 KOTOpoTro uzg = &, k'zq = y. Orciona

u'dr = uw'Suzy = Sozg = plgy = u'z;

NOCKOJIBKY 'U., ABJIACTCH 1\10]10[\-’]0[}(.])143}\'{0:\1.. TO 5{1‘? = 21+ 9’1‘() paccyadienme
MOKA3BLIBAET TAKMKE, YTO KJACC KBHBAJEHTHOCTH, COJAEPXKAIIMH z). He
JABUCHT OT KOHKPETHOrO BAPDHAHTA MOCTPOSHHA JICCEHKH (?). IIM(:!IEIIU
B COOTBETCTBHH C 3TOMH JIeCeHKON OOBIYHO ONNCBIBAETCS JIeHCTBIE CBS3bI-
patomero Mopduzva § Ha weMeHThl abeeBbIX IPYIIL.

C moMOIBIO JIECEHKH MBI TENePh MOMKEM J0Ka3aTh, 410 ker-coker-
nocaegosareasiocts (6) Touna — ckamenm, 5 Keh. TNokaskenm cnauana,
910 deg = 0. [Lad 3T0ro Z0CTATOYHO NIPOBEPHTH PABEHCTEO depw = () a71s
NPOUZBONLHOTO 1! €,, by = Keg. Ho ecoin & = egw €,,, ¢g, 10 ka = keqw =
= ejw, rae j = kerg, kak na guarpauve (5). [osromy B necenke (7)
MOKHO B3ATH i = jw. Toraa gy = gjw = 0, orkyaa deg = 0. C apyroii
CTOPOHBI, PACCMOTPHM & € , ¢y, A4 kotoporo dr = 0. Toraa B necenxe
noryyaeM z1 = 0. U3 touroctn anarpavubl (7) c/Iegayer, 9To CyniecTBYer
2o €m @ € YOJIOBHEM f2p = z. 9T0 o3Hauaer, 4To gmz: = gy. Obpazyem
Teneps pasHoOCTh Yo = Yy — Mmz2 €, b. Beuay npaemnna 6) eemosners
pasencrsa eyg = ey = kx u gyg = 0. Ho j : by — b — 310 ker g, noyromy
CYLIECTBYET Ly €,, by, 1t KOTOPOrO jIp = Yot

gk — =€pdp T

T
14 ] Ik
v [

Yob—> kx = kz
I”

0.

Torza kegxo = eyy = kx u k asagerca monomopdusMoM, OTKYIA €Ly =
= r. Mu nokasanu, aro eciw dr = 0, To 2 uMeer B & = eprg W,
CJIeIOBATETBHO, JeXKAT B 00paze Mopdu3ma eg. TeM caMbIM JIOKA3AHO,
STO MOCIEI0BATeILHOCTD (6) TOYHA; HA caMOM JleJe HAllle J0KA3aTelbeTRO
B TOYHOCTH COOTBETCTBYET OOBIMHOMY, B KOTOPOM HCIIONB3YIOTCS HACTOS-
MIHEe WTeMEeHTEI HACTOATITHX {160..‘10]31':1}{ T‘]J}"I][I. D

YupaxkHeanst

1. B nemwve o mate Mopdu3Max HalinTe MAHIMATLHBIC YCIOBAA (TOIHKO Ha
fiy fom f1), npn Koropeix fi asaserca MmoHOMOPgN3IMOM,
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2. B nemyie o naTH Mopcdhuivax JoKaykuTe smuMophHocTh fi, Henmonn3ya
unensl 00bLeKToB (2 ne apoiicteennoe nonaTne). (Iloackaska: B TakoMm Tokaza-
reascrse rpebyerca npasnio 6) w3 reopemst 3.)

3. 3BasepmmTe I0KA3ATENLCTBO TOrO, 4TO ker-coker-mocienpeBaTesHOCTD
TOYHA.

4. TokasxuTe, 9TO CBA3BIBAIING MOPQI3M § eCTecTBeH, T. €. IT0 ITO ecTe-
CcTBEHHOe 1peobpa3oBaHie MeK/1y HEeKOTOPBIMH JABYMs (GVHKTODAMH, ONpeie-
JIeHHBIMK Ha Kateropun, ofbexkTtaMu KOTopoit seisiuorcs Mopdusuet (3) xopor-
KUX TOYHBIX T10CTI€/I0BATETBHOCTEI,

5. 3 ¥ 3-AmarpamMuMa UMEeT CAEAVIOMMIl Bia (N0 KPasM CTOAT HYJIH):

a) Hafite npaMoe TOKa3aTeILCTBO 3 X 3-TeMMBI ecan 3 X 3-amarpamma
KOMMYTATHBHA, IIpHYeM BCe TpH cTo01a U ABe HOC/IEIHHEe CTPOKH — KOPOTKHE
TOYTHBIE TIOCACI0BATETBHOCTH, TO 3TO BEPHO 0 714 NepPBOil CTPOKH.

6) Mokaxwure, 4TO 3Ta JEeMMa CJIeAyeT Takxe n3 teopembr 0 ker-coker-
HnoC/IeJ0BATeILHOCTH.

B) Jdokaxure, 1o ecim 3 X 3-auarpaMma KOMMYTaTHEHA 1 BCE TPH CTONIDLA,
a TAaKzKe NePBad M TPeThH CTPOKH — KOPOTKHE TO4HBIE [OCIe10BATEbHOCTH, TO
TO BEPHO N JUIA Cpe/Heli CTPOKH.

6. JokaxuTe, 910 /1715 NPOUSBOIBHBIX cTpeiok f:a —bwu g: b — ¢ Touna
NOCTe10BATEIbHOCTh

0= Kef = Kegf = Keg — Cof = Cogf — Cog — 0.

7. IokaznTe HENOCPEACTBEHHO, uT0 KaTeropusa Ses (A) B obmeu cayuae ne
apgercd abeesoil.

3ameyaHus

Bcekope nocie seejienns nousTusa kareropuu ditnendepr u Crunpos (Eilen-
berg. Steenrod [1952]) mokasam:, MTo ¢ MOMOMBIO A3BIKA KATErOpHil u yHK-
TOpOB MOYKHO J1aTh aKCHOMATHYECKOe OIHcaHue roMoJJOrig U KOroMoJordam
B TONOJIOIMYECKOM ITpocTpancTse. B cBow odepean 9T0 npHBETIo K sBonpocy o6
ONMCAHHN KATErOPHIl, B KOTOPBIX MOI'VT JIE/KATh 3HAYEHUS TAKNX TOMOJIOIMIL.
ITocne obcyxaennst ¢ Ditenbeprom Takoe onmucanne ObL1o naHo Makneiinom
(Mac Lane (1948, 1950]). Ero nonsitue abesieBoit GHKATErOPNH BLITIISLIEN0 IPO-
MO3IKHM, 0 TeMa OKa3aJach Ha 3aJHeM TIaHe, 3aTeM MOSBHI0Ch aKCHOMATHYe-
ckoe ucciegopanne ByxcGayma (Buchsbaum [1955]) u b0 obuapyxeno, uro
KaTeropun My<IKoB (afeseBsIx TPYMN) HaJ TOMOIOTHYECKUME MPOCTPAHCTBAMMA
aGesieBbl, HO He siBJsOTCH KaTeropusamu moayaeii (Grotendieck [1957]), a Taxaxe
HTO TOMOTOTHYeCKas a..nreﬁpa. B 3THX KﬂTempHﬂx HQOSXCLIHM& ATA IIOOTHOTO
ncenegopanns Koromosioruit nyukos (Godement [1958]). IMoa snusauem srmnx
OTKpbITHil abesIeBbl KATeropuy BOLLIM B HPUIHYHOE OBULEeCTBO,

ITa rIaBa COAEPHKAT NI IMEMEHTAPHYIO TeOPHIO abeneBLIX KaTeropuit —
BBIBOJA CTAHAAPTHBIX JIEMM O JMarpaMMax HenoCpeAaCTBeHHO u3 akcmom. Ham
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METOJL TPOrOHA TI0 JIMATPAMME 0CHOBAH Ha MeToje w3 kuury (Mac Lane [1963a),
ch. XII). Kmouesyio ponb 3ech UTpaeT 3MEeBHIHAA JeMMa, KOTOpas TO3BO-
nser nocmpoums crpeary. Ilepseie nokasarensersa 3100 geMMbl juia abese-
BEIX KATETOpHii OLITH HESCHBIME; 376Ch HNPHBEICH BAPHAHT, MTPHHAIEKAIIHI
M. Anape (M. André, wacrroe coobuenne ). MoxHO Takske JOKA3ATH 3TH JIEMMbI
0 OMArpaMMax s DPOH3BOILHBIX abeIeBBIX KaTeropmii, Hexons us cayaas R-
MO/LYJIel U TIPUMeHsi A No/IXosIIHe TeopeMbl Bioxkenus (Lubkin, Haron, Freyd,
Mitchell). B stux samedaTe/bupix TeopeMax ansa uoGoit Manol abesesoit xa-
reropun A crpositcs yuupasieHTHbie u Toudbie GyakTopel A — Ab u A —
— R-Mod (rae R — noaxoasiuiee KOIbIO), MPHYEM BTOPOH U3 HUX MOTIOH
(full). Joxazaresersa cum. B kuurax (Mitchell [1965]), (Freyd [1964]) u (Pareigis
[1970]).

B 3rux ucrouHNKaX MOXHO HailTH CBeJIeHHA H O Ja/IbHEMIINX KPacHBBIX
Pe3yIbTaTax 1Mo adeIeBbIM KaTeropuaM — Takux, kak Teopenma Kpymna-Pemaxa-
HImnara, asoiicreerHocTs MopHThL, HOCTPOEHNE HHBEKTHBHBIX 0D0J04YEK B 101~
x0asAux abejeBpiX KaTeropusix, CrpyKkTypa kareropuil I'poresanka u J10KaibHOo
uereposbt Kateropun (Gabriel [1962]).



I'masa 9
CIIEIINMAJIBHBIE TTPE/IEJIBI

B sroii raase n3yvaiores j1Ba HOJE3HBIX THIA NPEAEIOB (H Konpeze-
70B): (HDUALTPOBAHHEBIE TIPEJIRTEI, T. €. TPEIebl TI0 HATIPABJICHHBIM TPeI-
nopsaaxkam (u, B fosee obiiem ciayydae, 1o onpeaeaeHibiM (puibTpoBaHHbBIM
KATEropusiM ), M KOHIIbI, KOTOPBIE MOPOXKIAIOTCA ONpeeTeHHbIMU OudyHK-
TOPpaMH H B HEKOTOPOM CMBICIIE® BEANT cebs TI{'),'I.(JGHD HHTeTrDaAJTaM.

9.1. ®uabTpPOBAHHBIE TIPE/IEJIbI

[Mpeanopanok P HA3BIBAETCH HANPAGAEHHDBIM, €CTTH A JABYX JTHOOBIX
anementon p.g € P cymecrsyer [06mast] sepxusst rpans 8 P, 1. e. Takoii
MeMEHT F, uto p < r u ¢ < r (ero eamHcTEeHHOCTL HE Tpebyerca). Kak
C/IeICTBHE, 060 KOHe'THOe MHOMKECTBO 3/IeMeHTOR 3 P uMeer BepXHion
rpabb. HanpapieHHbil npeanops/iok HA3bIBACTCH TAKKE HANPIEAEHHBLM
Wil fuasnposansm MHONCECTRBOM.

D10 nonsaTHe 0606MALTCA W HA KaTeroprn (MO APYIHM HA3BAHMIEM).
Kareropus J nassiBaercs dluasmposannoil, eciin oHa Hemycra M BbIIOJI-
HEHO CIIe/LY FOTIIee:

a) Ans Kaxaplx apyx obwektor j,j' € J eymecreywr obbexkr k € J
u ctpenku j — k, j' — k:

6) ans moOBIX JABVX MApaJeNbHBIX CTPEIoK u,v : 1 — j u3 J
cymecteywot k € J w crpenka w : j — k Tagas, 9To wu = wv, Kak
B CACAYIOIMEM KOMMYTATHBHOM pombe:

Yenopue a) 03HAYAET, YTO AUCKpeTHas jamarpamma {j,j'} asnserca
OCHOBAHHEM KOHYCA ¢ Bepiunnoil k, a yeaosue 6) — 4T0 mnapa i =} j TaKe
CJIYZKNT OCHOBAHMEM HEKOTOPOro KoHyca. Kak crencreue, mobas KoHe' -
Has JHarpamMMa B (QUIbTPOBAHHON KaTeropu J aABISETcs OCHOBAHHEM
xo1s Obl OJIHOIO KOHYCA ¢ Bepiinuoii k € J.
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OrmeruM, 4TO TEePMUHOJIOMHS 1718 JBOMCTBEHHLIX MOHATHIT 31ech He
verosnack. B Hekoropeix pabortax, mampmumep, (Mac Lane, Moerdijk
[1992]) onucannas kateropus J Ha3bIBAETCH KOPUALTPOGAHNHOT.

Duavmpoeartvitl Konpedea — 3T0, 1O ONPEIETCHNIO, Konpeaen dhyHK-
rTopa F' :.J — C, onpejenennoro uwa puasrposantoil kareropun .J.

B kmaccmueckoMm Iydae KONPeIeTbl ONPEeIessiiich TOIBKO HAJl Ha-
NPABJIEHHBIMM TPEATOPSAKAMM (MM JAKe HAL HAIPABICHHBIMH [TOP# LKA
Mu). D10 dopmalbHOe OrpaHnyeHne oKaszaaoch Gecrnosesnbiv. Ha camom
JIeJIe CYHIECTBeHHb] L (DOPMYJIBI NePecTAHOBKH 1718 (PUILTPOBAHHBIX
Kompeenioe (§ 9.2) W BO3MOXKHOCTE TIONYYHTE BCE KOMPEIenabl H3 KO-
HEYHBIX KONPOW3BEIeHnii, KoypasuuTeneil 1 Konpeaeions naj Hanpapied-
HBIMH npeanopaakaMi. [IocKobKy MBI yiKe 3HaeM, YTO BCe KOIPEIebl
MOZKHO HOMYUHTL w3 (GecKOnennbIx) KOMpOu3BeaAeHnii 1 KOy PABHHTENCH
(akT, apoificTBenHbIl K Teopeme 1, § 5.2), TO yKa3aHHAA BO3MOKHOCTH
BLITEKACT y3Ke U3 cieayiomero caxra.

Teopewma 1. B kamezopuu C' ¢ KOHEUHBMU KONPOUZELOCHUAMU U KO-
npedeaamie wad seemu (MAABMIL) HOTPAGACHIBMU NPEONOPAORAMU CYLLe-
cmayom ece (Mmaane) Konpouisedenus.

HdoxasareascTso. Mpl XOTHM DOCTPOHTL KONIPeAen 1718 (DyHKTOPa
F . J = C, rge .JJ — HEeKOTOpPOe MHOMKECTBO (IHCKPETHAS KATETOPHH).
IIycre J* — npeanopsaok, 06bLeKTH KOTOPOro — BCe KOHEHMHbIE MOjl-
Mmuokectsa S C J, YHOPSAOYEHHBIE 10 BKJIOYEHHIO: scHO, uto JT —
dunsrposannas kareropus. [lyers dyuakrop F conocrasnser kaxiomy
KOHEUHOMY ToAMHOXecTBY S Kornponseegenue [TF's, B3aToe no Beem s €
€ S. Ecom Bnoxenne S C T apnserca crpenkoii u 1 S — 1" B kaTeropnn
JF, 10 Bosbmem B kaecrse FHu eaunersennyio (HpepbBUCTYIO) CIPEIKY,
KOTOpasi npH /1060M § € S 1e1aeT KOMMYTATUBHOIT JHArDAMMY

FtS=1Fs———>1IFt=Ft+T
Fs - Fs,

rue 4,4 — unbekuun konpousseaennii. dcuo, aro FT — Qynxrop Jt —
— C, cormacoBarsslii Ha J ¢ maHHBIM (yHKTOpOM F, eciu Kateropus
J Bioskena s .)T+ nyreM OToXKIeCTBIICHHS moboro } C OJHO3NCMEH THBIM
MuoxkecTBoM {j}.

Pacemorpuy Tenepk ecTecTBenHoe mpeobpazosanne f @ FT 5 G, rae
G — moboii apyroit pyukrop JT — C. Tlpun mobom s € S kKoMMyTaTHBHA
JHArpaMMa

F+S=1IFs— —— =GS
‘ Tm{«}cs)
Fs— - - >Gls).

&
B ewny onpesenenns KONpOW3BeeHHS 3TO 03HAYAET, UTO # IOJHOCTHIO
3a3/1aH0 cBOMMH 3Havenusmp 6, Ha Fs. Kak caeiacrsue, Kaziblil KOHYC
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vt FT 5 ¢ nag FT noiHocTsbio onpejessercs CBOMMH 3HAYeHHsIMH Ha
J, xoTopwie ob6pasyior kKonyce v : =% ¢ waa F. Ilpn stom v apnaerca
npejejbibiM KOHYCOM, €C/IH H TOJIBKO eCJIH 3TO BepHO L1 I, 3[17:1‘-]H'l‘. Mbl
MOZK€M BBIMHCIHTL HCKOMOE Konpoussenenue [1F;, apigomeecs Konpene-
aom yukropa F, kak konpeaen dyukropa FT. On cymecrsyer B cuiy
Toro, uro Kareropus JT dunsrposana. [

B KavdecTEe THITHYHOrO NPHJA0ZKEeHHs TNMOCTROHM KOIpelenbl B KaTero-
pun Grp.

Ipeagnoxenne 2. Jabwearowud dynwkmop Grp — Set cozdaem
PuavmposarHbie Konpedes.

Hdoxasareawsctro. [lyete nanel duabTpoBanHas kaveropws J
u dyurrop G J — Grp; crpeakaMm j — k on conocrasiger rpynioBbie
mopdusmet G — Gi. Janee G obo3Hadaer U rpymiy, # ee HOCHTEb.
ITyeTs gan Taxke mpeaeabHBH! KOAYC (L TS KOMIIO3UIHE (DYHKTOPOB J —
— Grp — Set ¢ BepmIHHOI B HEKOTOPOM MHOMKECTEE S; OH COMOCTAB/ISET
Kkkgomy § € J dyuxumio p; 0 G — S, Buauane nokakewm, 4ro ma
MHOZKECTBE S NMeeTCs eIMHCTBeHHAs IPYIIOBAs CTPYKTYPa, NPH KOTOPOii
pee dyuxkiun pu; spasores Mopduzmamu rpynn. Bo-nepsuix, saMernm,
YTO LA KazKJI0ro s € S cynecTsyer Xorts Obl OJNH HHIEKC j TaKoii, 9T0
715 COOTBETCTBYIONIEN0 3JIEMEHTA TPYIHIbI BHIIONHEHO PABEHCTBO (1) =
= 3. B nporusnoM ciayuae Mbl MOLIH ObI YVAATUTH § U3 S U HOIYYNUTH
KOHYC ¢ BepIIHOH B MenbieM MHoxkecrse S': o4eBmjHOe NpoTHBOpEdne
¢ VHHBEpPCABLHOCTBI) MHOKecTBa S (Haiimyrca e dyaxmmm S = 5,
JAAKNMNHE OOHHAKOBY H) KOMIO3HIHID © ,U)

Onpenenuy Teneps NPOU3BEACHNE IBYX NPOU3BOALHBIX 3MIEMEHTOB
s,t € S. Jlna nekotopwix j,k € J BBINOJHEHBI PABEHCTBA 8§ = [1jg; W T =
= ppgr; TaK Kak Kareropus J dbuibTposana, TO B Heil MMEETCH KOHYC HAJL
J, k ¢ HeKOTOPO# BePIIMHOIN 1:

Gy —Gir~

Gk | f.

Ero ofipaz npn neiicrenn dyukropa G wveer pun G — G + Gp. D10
3HAYMT, 9TO § W § COOTBETCTBYIOT 3yementam rpynnbl G Mx npousse-
JIeHHE B S IOJIOZKHM PABHBIM DE3YJbTATY IPUMEHEHUS (I; K X ITPON3Be-
gennto B ;. Takoe Npou3BeICHHE HE 3ABHCHT OT BBIOOPA i, MOCKOIBKY
aaa moboro apyroro i mumeerca xomye G = Gy — Gy, cocToamuii 3
sopihuszmos zpynn. Hpoussesenne Tpex Muoxuresed v, s, & ACCOIHATHBHO,
HOCKO/JILKY MOKHO BbIOparh G Tak, 4ro0bl BCE OHH COOTBETCTBOBA/IM €€



9.1] Duavinposannse npedeasl 247

JIEMeHTaM, H BOCIIOJIL30BATHCS ACCOIHATUBHOCTBIO yMHOKenHa B G;. Bo
Beex rpynmax (; nMerTesa eInHInbL, i orobpaxkenns G; — Gy ux coxpa-
HALOT. Oﬁﬂ.ll'lﬁ Oﬁpiﬁj FITHX CIAHHHL ABJdeTcH I';?jJ.HHHI.l(_’ﬁ JUIA Y MHOMEeHH
B 5. AHAJOrH1HO CTPOATCH OOPATHBIE ATEMEHTDI.

Mer Hanum (e HHCTEEHHYIO) PPYHIOBYIO CTPYKTYPY Ha S, pH KOTO-
poit p; : G; — S seasercsa mopduamMoMm rpynm. DTO O03HAUAET, UTO [I
sIBJISIETCs KOHYcOM B Kareropun Grp c ocuopanuem G u BepimnHoit S,
npu4eM yHusepcaJabibiM konycoM. deitcrsurensho, ecm v 1 G5 T —
APy O KONYyC B KaTeropum Gl'p, TO OH OCTACTCHA KOHVCOM H B Set, NO3TOMY
CYIIECTBYET eINHCTBeHHoe oTobpaxkenwe MHOKecTs f @ S — T, nua
kKoroporo fpu = r. Kak v pbinie, MOKHO MPOBEPHTH, 4T0 OHO SBJIACTCH
smopduzmom rpynmn. O

HC][O, H9TO 3TO PACCYAJACHHE ITPHMEHHMO HEe TONMLKO B KATeropum Grp,
HO 1 B m10boil kateropan Alg, anredp ¢dukenpoaHHoro THma T (KOTO-
puLit onpeseaserca cucTeMoil onepaituii 1 ToxciecTsaMu, o, § 5.6). dro
3aMeYaHHEe OTHOCUTCH U K CJIEAYIONIEMY Pe3YJbTaTy.

Cunencreue 3. B wamezopuu Grp scezde cyuwecmeyom (maase)
wonpedent.

Hdoxasareancrso. llpexae seero, oanosneMenTnas rpymnmna aBis-
erca B Kareropun Grp mauanbueiv obbextom. Janee, aisa mobeix aByx
rpyun G u H cymecrsyer konpousseienne G * H. B camom zaene, mobas
nmapa rovmomopgmamos G — L, H — L B tperhio rpynny L nponyckaercs
uepes noarpynny B L, noporxiuenuyio obpasamu rpynu G u H. Mom-
HOCTb 3TOil MOArPYIINbLI OTPAHHYEHA; KAK CJeICTBHE, BBIIOIHEHO YCIOBHE
CYUIECTBOBAHMS paspelnaoero Muoxkectea. [To Teopeme o conpsxennom
dyugTOpe cymecTsyer Konponsseaenne G+ H.

M3 srux apyx sameqanuii cieayer, 4ro B kareropud Grp cviiecrsy-
10T Bce KOHe4Hble kompom3pezenns. COMTacHO Npeaorkennio 2, B Heil
CYHmecTeylor pee ('l}H.I'[lnTp()BHII}[[)I(‘ RONpeaeansl. BBH;'I\Y TEOPeMLI 1 B ueii
CYIIECTBYIOT BCE MaJble KONPOW3BeIeHHA. 1TOOBI MOJYYHTH BCE MAJIbie
KOMpeae/bl, HYKHBLI JIMIIL KOYPDABHHTETH. Ho KOYPaABHUTETE ABYX IOMO-
Mopu3MoB u, v : G = H — 3ro npoexnua H — H/N na daktoprpynmy
M0 HauMeHbIel HopManbHoil nojarpynne N, cojaepzxalieil Bee 3/IeMeHThl
(ug)(vg) ', rme g€ G. O

9’1"(} JLOKASATENLCTBO HO3BOJISICT ABHO ONHCATH KOITPOH3BE/1CHHEe NPYITIL.
Ero o6brau0 Ha3LIBAIOT c6000dHBM NpOU3EedenueM; OHO COCTONT W3 KO-
HeUHBIX CoB (g1, hy, g2, ho, . .. g, b)), comepanmx cuveonsr g; € G
i h; € H. ¥YMHOXKeHHEe ¢/I0B COCTOUT B MX NPHITMCBIBAHHK JPYD K JPYIY.
a PABEHCTBO YCTAHARIMBACTCA TOCAEA0BATENBHBIMU COKPALEHHAMY (ecan
h; =1 B rpymme H, To ymanuM h; H MePpeMHOXKHAM ¢; H ¢;4; B rpynne F.
u T..). JlokazaTe accOnMaTHBHOCTE WCXOAS H3 TAKOTO OMPEIeTeHHs —
JOBOJBHO KPONOTIHBOE Jeno. Beuiy caeactBusa 3 MOKHO NOAYHUThL Gec-
KoHeunoe korponsseaenne [1;G; rpynn G nyres cKJIenBanus BCEBO3IMOXK-
HbIX KOHEeYHLIX KUJIpDHBB(‘,LLCIIHf{

Gil *G,-.a*---*G'f,‘.

KOTODBIE BRIAILIBAIOTCH KakK NOJAIPVIIILI B KONPOW3Bel1eHHs Gonbinero
qucsaa MHoxuresei. B urore HiG-; ABJaseTcsH 00beJAMHEHHEM BCEX ITHX
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KOHEYHBIX KONPOH3BEAEHWH, 0TOMIECTRISEMBIX ¢ OMONILIO TAKHX BJO-
JKEHNI,

VYnpakneHns

1. € nomompn Teopembl 0 conpsmkeniom (hyHKTope J0KaKHTe B OJMH 1ar,
4TO B KaTeropuu Grp BCErga cymecTBY T Mable KOnpeeis.

2. Hokazute, uto B Kareropuu Alg_, onucannoii s § 5.6, Bcerga cymecTsyoT
MAJIBIE KOTTPE/CIRI; B HACTHOCTH, OIHITHTE HAYAILHEHT O0LeKT (B KaKOM corytdae
on nyer?).

9.2. IlepecTaHOBKA IIPEAE/IOB

Pacemorpus dudynkrop F @ P x J — X B KonoiHyio kareropuio X.
Jlns 3Haqennit p € P napamerpa p konpeaeant gyakropa F(p.—) :J —
— X onpegensior dyaxropst p — Colim; F(p, j), npuuesm xonpeaeibabie
KOHYCBI

itp.j : F(p,j) — Colim; F(p, ) (1)
—

ectectennnt no p (reopema 1, § 5.3). Moxno nenocpejcTsenno nokasarn
(cM. Huzke § 9.8), uro

Colim,, Colim; F(p, j) = Colim; Colim,, F(p. j) (2)
) gy

C KaHOHHMHYCCKHM UTOGI)&)K@HH(:‘-M B Ka4eCcTBe HG(JMOp(iJHiiM'd. ,L—LBOﬁCTBCHHO.
Npeacibl TakMKe KOMMYTHPYIOT. Ho npeisinl me oba3arennHo KOMMYTHDY-
0T ¢ RonpeJeadaMi, NOCKOIBKY KaHOHHYeCKOe OT{)ﬁpa)KEHHE

& : Colim; Lim,, F'(p, j) = Lim, Colim; F(p, j) (3)
— — — —

MOKET He OBITh H30MOP(IIMOM.

DTO KAHOHUMECKOE OMOOpadCeHILe OTIPEIETIEHO, KOTIa CYIeCTBYIOT BCE
npeiaenant u Koupedenst 8 (opmyie (3). OHo crpouTes ¢ HOMOUIBIO Cle-
JYIOUei auarpaMmb:

o g Vp.j Lim, F(p, j) Hi Colim; Lim,, F(p, j)
F(p,j) i, ol L £
Hp.i oj K
¥ ¥
Colim; F(p,j) . *» _Lim, Colim; F(p,j) _ Limy Colim; F(p, j).
— = &L — ¢

(4)
3aech v w0 V- 18 KAKIOLO j — NPEIeIbHBbIE KOHYCHI, & (L, fy — 114
Kax@caoro p — KOOpPpeoebHLIC KOHYCEI. HUCKOJII:K}' I ABJIACTCA KOHVCOM
OTHOCHTEJIBHO P, & fi eCTeCTBEHHO 10 P, TO KOMIO3HIHNA [ty jVp j C dukcn-
POBAHHBIM j SIBJIAETCH KOHYCOM OTHOCHTENBHO p. Tak Kak KOHYC ¥ YHHBED-
caJleH, TO CYILECTBYIOT CTPEIKH vj JLUId BCEX j, JeJIaloliue J1esblil Kajpar
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KOMMYTaTHBHBIM. [TOCKONBKY ft;, — — KOHYC OTHOCHTE/BHO J, TO 9TO BEPHO
W IS @ TAK KAK KOHYC fi YHUBEPCATEH, TO CYIIECTBYET 0TOOparKeHwne
k., jenaiomiee npasbiii KBaApaT KOMMYTATHBHBIM. 9TO H €CTh HCKOMOE
KAHOHUYECKOE 0TOOpazKeHue,

Ono ne obszarensio asiasercs wzomopduzvom. Pacemorpiy, nanpu-
Mmep, cutyanni, koraa 2 = {1,2} u J = {1,2} — anckpernsie kateropnn
¢ apyms obbekramu. Eciu eyluecrByer KaHOHUYECKOe 0TobpaxkeHue

k1 (A x By) I (As x By) = (A; 11 As) x (By 11 By)

(CMT)[('JI 0603HR‘TEHHf{ l'T!‘I("l'F]I‘]:,l"l,(?l'll’).I| TO OHO HMEeT JIBe KOMNOHEHTE! ay | o,
[UIEe, HAIPUMED, (v ONPEeIe/IdeTcs JHarpamMyoil

_-‘11 -'Ep— .»-‘11 x By By

N,

A I Ay <2 (A, 1T 4y) x (B; Il B;) —2> B, I B.

Quesnano, 9ro B Kareropun Ab orofpaxkenne k sApiserca u3omMopdns-
MOM, & B KaTeropuu Set — Her: ero 061acTh — JUIBIOHKTHOE 00beIHHEHHE
IBYX MHOMKECTE, a KOODJACTh — JH3BLIOHKTHOE O0LeJnHeHHe 9eThIpex
JEKAPTOBLIX POW3BEICHUH:

(A1 x B1) 11 (A, x By) 11 (As x By) 11 (A x Bs).

Pacemorpum teneph yolIoBHS, NPH KOTOPBIX K 33BEJIOMO SABJIAETCH
H3OMOPQHIMOM.

Teopenma l. [Tyemv P — xonewnan kamezopus, J — maras duan-
mposannas xenezopua. Tozda das awbozo budiynwmopa F : P x J — Set
RAHOHUYMECKAA CTHPeARA

£ : Colim; Lim,, F'(p, j) = Lim, Colim; F(p, j)
— — —

auda (3) seasemes uzomopPuzmon.

9’1"(1 O3Ha"aeT, 1To KOHe'HbIe T1Tpejae/ibl B KaTeropun Set KOMMYTHDPYIOT
c (i)l'{..?l BTPOBAHHBIMH KONPpeIeaaMH.

HoxazareascTro. llo MOCTPOEHND KONMPEIETIOB B TEPMHHAX KO-
npousseaennii u koypasuuTenei (apoficrsennniii hakr K Teopeme 2, § 5.2
71 caydas PuIbTPOBAHHON KaTeropuu .J) HMEeTcs paBeHCTBO

Colim; F(p,j) =1 F(p,j)/ E, (5)
—_ J

rae 1I; — ausbionkrnoe obbegunenue, a F — OTHOMIEHHE 3KBHBAJICHT-
HOCTH HA HeMm: mMenHo, ecmm @ € F(p,j), ' € F(p,j'), To Ex' & tom
M TOJIBKO TOM CIIVUAE, €CIM CYIEeCTBYIOT cTpeikn u @ j — k, u' @ 7' — k.
i Koropbix F(p,u)r = F(p.u')x'. Kinace sKBHBAJIEHTHOCTH 3J€MEHTA
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x € F(p,j) oboznaunm (z, ). Kareropua J dgunsrposana, u u3 yejosus a)
B OTIPEJIETTEHHH TAKHX KaTeropnil BeITeKaeT, uTo A060il CTIHCOK TAaKHX 371e-
MEHTOB (21,1 )5y (Tyy frn) MOKHO NPEJCTABHTL KaK CHHCOK (Y1, k), ...
voo s (Ymo k) ¢ omMBEAKOBBIM BTOPBIM HEIAEKCOM k. 13 yeaosua 6) B TOM zke
onpe/ejieHHH ciejayer, 1To .'”06(1? PABEHCTBO MEK1Y AMeMEHTAMH TaKoro
CITUCKA MOMKHO DEATH30BATE, IPHMEHAA OJHY U Ty e cTpenky w : k — k',
s moboro dyakrtopa G @ P —  Set BLIIOJHEHO PABEHCTBO
Lim, Gp = Cone (*,G); npasas 1actb 0603Ha4AET MHOXKECTBO KOHYCOB T
{_
¢ ocnopanuem G u sepmmuoil B Touke *. Een Gp = Colim; F(p, j)
—

H  KaTeropus:d P KOoHe4qHa, To KZt'lKJ],bI}I"i TAKOH KOHYC COCTOHMT H3
Koneunoro uneaa saementos n3 Colim; F(p, 7). Yenosua, aenawmme ero
—

KOHYCOM, CBOJATCA K KOHEYHOI COBOKYNHOCTH PABEHCTE MEXKIY ITHMH
anemenTamu. Iockonbky kareropus J sipjisiercs HanpaBIeHHOMN, TO BBHILY
CKA33HHOTO BBINIE KAXKBII KOHYC T COCTONT U3 IeMEeHTOB T, = (y,. k')
¢ duxcuposannsiv k', nputsem y, € F(p,k') yme cocrapasior komyce
y: %= (=, k"). Dror xonyc y asnserca sanementom u3 Lim, F(p, k'); ero
Kiace sksuBasienTHocTH — anement u3 Colimj Limy,. Orobparenne

T+ (y, k') € Colim; Lim,, F(p, j),
_} {_

HE 3aBHCHdnee oT CASTaHuorog Bblﬁﬂllﬂ ANMEMEHTOB B Kiaccax 9KBHBAJIEHT-
HOCTH, W €CTh WCKOMOE (ABYCTOPOHHEe) ofparHOoe [JId KAHOHHYECKOro
oTobpazkenns k. [

VYupakueaus

1. Tloxkaxure, 4o orobpazkerue x u3 Gopmy.sl (3) ABAAETCH €CTECTBEHHBIM
wa crpenkax o @ F' = F' wz X%

2. (Verdier.) Kareropwsa J massmsaerces neesdofuavmposannodl, ecam oma
VAOBIETBOPSACT VCIOBHIO ©) st (DHIBTPOBAHHBIX KATErOPHA H CJeAyonesy
yenosuio a'): ambnie ape crpenkn i — §, i — j ¢ obnreit o61aCTBI0 MOMKHO
BKJTIOYHTH B KOMMYTATHBHLIN pomb

/ J
7 ~a
i k.

\j,/lf

Hokaxkure, uro kareropusi J (puabrposana, ecim M TOJIBKO €C/H OHA CBA3ZHA
1 ncepaoduabrposana. Jokaxure, 110 KaTeropus HeepaoQuibrpoBana, ec/iu
M TOJILKO CJIH €€ CBAZHBIC KOMIOHEHThI (hu/IbTPOBaHbL,

3. MMokaxure, 4T0 B Kareropun Set KOIPOH3BEACHMS KOMMYTHUPYIOT C KO-
VHHUBEPCAJIBHLIMH KBapaTaMu.

4. C nomompio yrp. 2 u 3 nokaxure, 94To B Kareropun Set ncesnoduabTpo-
BaHHBIE KOIPEJIE/Ibl KOMMYTHPYT C KOYHHBEPCAILHBIMI KBAIPATAMHA.



9.3] Dunasvroe GyrKmopss 251

9.3. Ounanbubie (hbyHKTOPbI

Konpeaen 4acto MOKHO BBIMHCINTB, PACCMATPHBAA JIMIL HEKOTOPYIO
noakareroputo. Hanpusmep, et N — JHHEHO ynopsi/IoueHHOE MHOMKE-
CTBO HATYPAlbHBIX “Hces, T0 konpegen ¢gyaxropa F : N — Cat sisno
COBTIATALT € MPEJEJIOM €ro OrpaHuveHns Ha 11060e GeCKOHETHOe TOIMHO-
weerso S C N (1. e. Ha m0DYI0 NOJAKATETOPHIO, B KOTOPOH JJisl Kax 10~
ro obbekta u3 N Haiigerca Gonbmwit). B KnaccHaeckoil TepMHHOIOTAN
Takoe noaMuozkectso S HasbiBaeres kounaavnss ¢ N; ceropans GuL10
Obl xkeaaTesbHo OTOPOCHTL KO, KAK HE CBA3AHHOE € JIBOICTBEHHOCTHIO.
Mt 3avennm nojMuoxkectso S cHadana pyHkTopoM Biaoskenus S — N,
a 3aTeM MPOH3BOJIBHBIM (PYHKTOPOM.

Oyukrop L : J' — J Hasbsaercs dhunasbmbim, ecau s Kaxaoro k €
€ J xareropus sangaroii (k } L) wenycra w cBaszHa. 9TO 3HAYAT, 9TO /A
Kaxk10ro k uveercst obnext §' € J' werpenka k — Lj', npuaen noboie ase
TAKHE CTPEIKH MOXKHO CBA3ATh MOCPEJICTBOM KOHEYHOI KOMMYTATHBHOIT
JINArpaMMbl BHJIA,

E = k = & E o= k
| | |
T

L.'-’ — Y _ _‘: " _ .

T A S iy~ L'

Hoaxareropus maspaercs gunaisnod, eciin GUHAICH COOTBETCTBY IO

dyukrop siaokenus. Hanpumep, ecin J — auneiinbiii nopsuiok, J' C J,

a L — coorBeTCTRYIOMIEE BIOXKEHHE, TO €70 (PAHATLHOCTL O3HAMACT MPOC-

TO, uTO A8 Kaxaoro k € J cymecteyer takoit oonext j' € J, uto k < j'.

®Oyukropam L : J' — Ju F :J — X coorBercrByeT KaHOHHUECKOE
orobparkenne

h : Colim FIL — Colim F, (1)

o -
KOTOPOE ONpPeIeeH0 Mpu yCIOBHH CYIIECTBOBAHHA O0ONX KONPE/Ieon;
ecrm 4+ F'L-5 Colim FL u g — xonpemeibubie KOHYCbl, T0 h — eaun-

cTBeHHAA cTpesika u3 X, jjis KOTopoil h‘u}, = ppj upu Beex j' € J'.
Teneps chopuympyem 0CHOBHOI Pe3YJILTAT:
Teopewmal. Ecau dpynwxmop L : J' — J dunaaen, a daa dynxmopa
F :J — X eyweemeyern @ = Colim FL, mo cyuecmeyem v Colim F,
— —
npunem xanonueckoe omobpancenue (1) seasemes uzomopduasmon.

Hdoxazareascrso, [lo gannomy konpeznensnomy konyey pu: FL =
= Colim FIL = & nocrponm crpeniku 73 @ Fk — @ nna kakaoro k € J,
BHIOpaB CTpenKy u : k — Lj' v B35B B KAUeCTBE T) KOMIIO3HIHIO

Fik &% FLj 25 2.

Iockonbky p1 — Konyce, a kareropus (k | L) cesazna, To npusejiennas Bbie
aMarpaMMa (pHHAJBHOCTH [10KA3BIBAET, YTO Tp HE 3aBHUCHT OT BbiDOpa u



252 Cneyuaavnvie npedeas [Ta. 9

u . Buaunt, 7@ F' -3 @ gapagercs KOHYCOM € BepUIHHON & M OCHOBAHHEM
F. C napyroit croposer, ecim A @ F'=3 y — Jpyroil KOHYC ¢ TeM ¥Ke
ocHosanem F, o AL @ FL—= y — xouye ¢ ocnopanuwem FL. Bouiy
VHHBEPCAJBHOCTH KOHYCA {4 CYIIECTBYeT €JUHCTBeHHAA cTpenka f : o —
— y. ang xoropoit fu = fA Tak kaxk A\p = Apj o Fu, 1o fr = A
Crnenoparensno, 7 — npeaensHbiil Kouye, u noromy r = Colim F. Scno,
4TO TOLAA KAaHOHMYecKoe oTobpazkenue hi asasercda uzomopduzmom. O
Yenopue dunansnoctn dyukropa L gapiserca HeoOXOAMMBIM s
cripapeuBocTH 3Toi Teopemst (em. ynp. 5). [pu pacemorpennn npeje-
JIOB TIOTe3eH JIBOICTBEeHHBIH pe3yabraT (JIBOCTBEHHBIM K MOHATHIO (hH-
HAJILHOTO (DYHKTOPA ABIACTCS MOHITHE UHULUAADHO20 ((YnKmopa).

YuparkHeHust

1. Mycrs j € J, npudem {j} — anckpernas nogxareropus B J ¢ ogHmM
oobexroM j. Ilokammure, uro siaowenue {j} — J dunassno, ecim u T0NLKO
ecrm 00weKT j Tepuunaten B J. YITo IpH 3TOM MOMKHO CKA3aTh O KOIPEIeTax
M TePMHHAILHBIX 00bexTax”

2. Hoxawmure, 910 KOoMIo3uins hUHAILHEIX HYHKTOPOB (hUHAILHA,

3. llyers J — duasrposannas kareropus, dyuxrop L : J' — J nonon (full)
u Kaxaasa u3 kareropuii (k | L) (k € J) nenycra. Joxaxure, uro Gpynxrop L
dunanen.

4. Jdna xosapmantHoro hom-dymkropa J(k,—) : J — Set nokaxure

¢ nomompio jgemmsl Honeast, uro Colim J(k, —) — oaHOTOUYEUHOE MHOKECTEO.
s

5. (O6pamenue Teopemsr 1.) Iyers kareropun J' u J nveor mansie hom-
muoxkectsa, L 1 J' — J — nexoropwiil hyHKTOD, NpHYEM 115 KAy, 1010 hyHKTO-
pa F': J — X B KOnoanywo Kareropio kanonudeckoe orobpaxenne Colim FL —

—

— Colim F' asnaerca nzomopdirzmom. Jokakwre, aro L dwmanen. (ITogexaska:
—> :

pacevorpuTe mpavep F' = J(k,—), X = Set n nenonsayiite yp. 4.)

9.4. JImaroHajibHas eCTeCTBEHHOCTb

Tenepb Mbl paceMOTpHM 00001IeHe oHATHA ecTecTientocTH. [Tyern
naabt kareropun C, B un dyekropur S, T : C°P x C — B. Juecme-
cmeennoe (dinatural) npeoGpazosanme a : S — T — 310 byHkuua c,
CONOCTARAAOMAN Kaxk oMy obbekTy ¢ € C' crpenky a. : S(e,e) = T(e, )
B KaTeropuu B, KOTOpas Ha3bIBAECTCA KOMNOHEHOT NpeoGpasoBaHua «
B (PG"I)[‘.KT‘[‘. ¢, NpU4YeM JL01s KE]}K,I'].Oﬁ CT]]L‘,.-'IKI1 f :C— CH3 C KOM MYy TaTHBHA
HIECTHYTOIBHAA JUATPAMMA

S(e,¢) —=T(c, ¢)

ay Qf )

S(c,e) T(e, ). (1)

5%\ /U’.'l}

S(c,¢") o T, )
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Bamerum, uro npu nocrpoernn erpesiok S(f,1) u T'(f,1) na s1oit jgua-
rpaMMe ACnob30BaAHA KOHTPaBapHAHTHOCTE (byHKTOpoR S 1 T 1o mepso-
MY apryvMeHTy.

Kaxaoe ecrecrBennoe npeobpazosanue T @ S = T memxay 6udyHk-
ropamu S u T ¢ xomnonentamu 7, @ S(e,¢') = T(e,¢') onpegensier

JMecTecTBeHHoe npeobpasosanme o @ S — T Mexay Temn e OudyHk-
TOpaMH, npHaeM ero KOMOOHEeHTAMH CAyAaT JAuaroHadbHbBIE KOMIIOHEeH-
Thl MpeoDPa30BaHAs T; TAKHM 0Dpa3oM, a. = T... Bomee unTepecusie
npuMephl CBA3aHbl ¢ QYHKTOpamM#, (DHKTABHBIMA M0 OJHOMY Win Oomee
nepemennsiM. Hanpumep, dudyuxrop 1I' : C°P x C — B $uxrusen 1o
[EPBOMY EPEMEHHOMY, €CJIH OH ABIACTCH KOMIO3HIIHEH

cr*xCc %ol p,

rae ( — npoexkums Ha BTOPOA MHOKHTENb, & Ty — HexoTopblii (hyHKTOP
(or oxuoro nepemennoro). Unage ropops, Kazaplii GYHKTOP OT 0JHOTO
nepevennoro Ty : €' — B moskno pacemarpusars kak Gudpyngrop CP x
x C' = B, ¢GhuKTHBHEBI 10 TepBoMy nepemeHHOMY. BudyekTop, ¢duk-
THBHLI 1O (Jﬁﬂ']m nepeMeHHbIM, — 3T0 OpocTo 0OLeKT b € B. npu4aemM
T(e,¢') = b gna seex 06bexros ¢, ¢’ € CuT(f, f') = 1y ana Beex crpeiiok
f,f'n3 C.

31ech NOABAAIOTCA JRECTECTReHHbIe npeobpasosanua S — T caeayio-
X TanoB. Ecim oudyakTop S GUKTHBEH 110 BTOPOMY TepeMeHnoMy, a T’

10 HepBOMY, TO AMecTecThentnoe npeobpasosanne a : S — T nepepoaut
dyugrop Sy : C°° — B B kopapuanthsiit pyaxrop 1y : € — B, npuuem
KOMIOHEHTBI (v : Spe — The 1ega10T KOMMYTATHBHLIME HATDAMMDI

e
Soc —— Tue

SofT lm (2)
S{‘)C" _'""""c, Tu(,"

s Kaxoil erpenxu f i e = ¢ us C. Takoe npeobpazosanue MOMKHO
ObL10 OBl HA3BATH €CTECTBEHHBIM TNTpeobpa3zoBaHueM KOHTPABAPHAHTHOIO

dyuxropa Sy B kopapuantnusit pyngrop Tp. (Apoitcreenno, — kopapu-
aHTHOTO (DYHKTOPA B KOHTPABAPUAHTHBIII. )
Ecau 6udpynkrop T = b : C°P° x € — B dukrusen no obouwm

MepeMeHHbIM, TO JHeCTeCTEeHHOe Npeotpasopanie a : S — b cocTonT M3
KOMIIOHEHT ¢ : S(c, ¢) — b, KOTOpbIE J1e/1a10T KOMMYTATHBHON JHArPAMMY

S(c,e) L S(c, )

S(f.1) . (3)

S(e,e) ——b
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npu Beex [ : ¢ — . (Ilpaas gacrs wecrayroiabiuka (1) ckiennachs
B oaun obwexr b.) Taxkoe npeobpasosanme a : § — b Hasbizaercs
cynepsecmecmeennvi;m (extranatural, supernatural) wim waunom w3 S
B 0. AHAJIOPHYHASA TEPMUHONOIHA IPHMEHACTCA B CBA3H ¢ JIBOHCTBEHHBIM

npeoGpazosanuem 3 : b = T, xoumnosents koroporo (. : b — Te,e)
J1e/1al0T KOMMYTATHBHBIM 000 KBaJpaT BHIA

b —sT(c,c)

3o l'r(l,n (4)
! !

T(d.c") mT(c,c)

(31ech ckaennach nepas 4acTh wecTuyroabHuka (1).)

HI)HBCJI,(TM npuMep II]_J(‘()(JI)EL:}UB&]JHH KazkK 1010 THITA. HEUIUMI]HM.I 4TO
E€BKARI0BO NMpocTpancTno K 3TO BEKTOPHOE NPOCTPAHCTBO HaJ MO-
JIeM BEHIPCTBCHHBIYX YHCED R? HaJASTeHHO? CKAJTHAPHBIM TPOH3BEICHHCM
(,):ExE—= R, koropoe 6uIHHEHO, CHMMMETPHYHO H IOJIOKHTEIBHO
onpejeneno. Takue npocrpaHeTsa AapiaA0Ted obbekramn Karteropun Eu-
clid, erpenxamu koTopoil cayxkar jmueiinse npeobpasoBannsd, COXpanao-
e ckangpioe npounsseaenne. Pacemorpum apa hynkropa B kaTeropuio
BeLICCTBEHHBIX BEKTOPHBIX MPOCTPAHCTB!

U : Buclid = Vety, + : (Buclid)”” = Vety.

(Kopapuanrusiii) sabbisaiomnii dyakrop U 3abbiBaer ckanspHoe mpous-
BEJEHNE, 8 KOHTPABADHAHTHLLI (DYHKTOD # MEPEXOANT K IBOHCTBEHHOMY
npocrpancrsy. Ecan renepn E — mofioe eBKIMI0BO NPOCTPAHCTEO, TO
coorsercTtBue e — (e,—), e € FE, onpepensier nmHeiinyio (yHKIHMIO
KE : E — E‘7 TaAKHC d)}'llKLUIH }i’h‘ ABJAAIOTCH KOMINOHEHTAMA ANCCTeCTBEH-
Horo npeobpazosanus k : U — * ( cavuait, asoficTsenustit K Tuny (2)).
10T haKT MIHPOKO HCTIONB3YETCS B PHMAHOBOI TeoMerpun 1) : kammoe
EBKJIMJI0BO NPOCTPAHCTBO ecmecmeenio wioMopd o ceoemy IpoiicTEeH-
HoMy 2). C NOMOIIBIO HOHATHS JHECTECTBEHHOCTH Mbl CMOIJIH BBIPA3HTh
ATOT (1)&}(']‘ B KATErOpHbLIX TePpMHHAX.

Omobpasicenue ouenwu. Ecmm X (Mam0e) MHOMKECTBO, TO oTobpa-
wenne Vy Beper snadenne kaxaoit yokoun 0 X — A npu kaskaom
3Ha4eHnn apryMenta £ € X. BadukcHposas (Maji0e) MHOKECTBO A, MbI
MOzkeM paceMaTpuBarTh Vy kak (yHKIHIO

Vx thom (X, A4) x X — A, (h,z) — hz,

onpeiesieHHy o Ha kaxaoMm oobwekte X € Set. Ecoim X, Y — apa manbix
muoxecrsa, 70 hom (X, A) x ¥ apuserca pyukumeii obbekros hynkropa

1) Kak n 8 apyrux pasaenax matemarnki. — Hpua. ped. nep.
?) HykH0 noTpeboarh KOHEYHOMEPHOCTH NPOCTpaHCTBa, — IIpum. ped. nep.



9.4] Aunzonaavhas eCcinecmeertocIny 255

Set®”” x Set — Set. Oueswano, uro s gwboit crpenkuw f @ Y —
— X Bemonneno pasereteo A(fz) = (hf)z. Ilosromy KBagpaTsl BUIA
(3) Beerpa KoMMyTaTuBHBL, W QyvHKUHH Vx CiyxKaT KOMIOHEHTaMH Cy-
MEPBECTECTBEHHOTO Mpeobpa3oBannd

V :hom (—, A) x (=) 5 A.

le-‘] arom V' eCTeCcTBEHHO (B Uﬁh[‘[l—[{)M \‘.'.'Mhl(fll('.) o apryMeHry _‘-1: Mbl
ropopum, 4to orobpazkenne ouenkn hom (X, A) x X — A auecrecrsenno
(1 eynepbecrecrsenno) no X u ecrecTeenHo no A.
Koedunuym. Ilycrs naus yskropst F: X X P —- AuG: PP x A —
— X. Buexius
A(F(z,p),a) = X(z,G(p,a)) (5)

ECTeCTBEHHA 110 T, P, U G SABJIACTCA CONPsAKEeHneM ¢ napaMerpom p (reo-
pema 3, § 4.7). Ero koeauuuily MOMHO HOAYUUTh, noioxus ¢ = G(p,a)
B hopmyite (5); momyyaeM COBOKYITHOCTH KOMIOHEHT

Ea) : F(G(pya)) = a, (6)

€CTECTBEHHYIO 10 @ W JMECTECTBEHHYIO (—CYNepbecTeCTBeHHYI) 10 p.
C[(},‘I}.l BEJIHYASTCH H ]}El('.{fMUTI](‘]-I]Ibl’ﬁ (fﬂy‘[il.if{ OTUGI)&}KE‘.HHH OIIEeHKH.

Bor npumep auecrecrsentoro npeobpasoBaingd JABOICTBEHHOIO THIIA.
B r[pm['a}mm;}mﬁ KaTeropmuy C KaA JI0OMY (]ﬁ'hpKT_\_" ¢ COOTBETCTBYET e/H-
HUYHAA cTpesika 1. @ ¢ — ¢, KOTOPYIO MOXHO PACCMATPHBATh KAK 371EMEeHT
1. € hom (e,¢) nm Kak crpeaky 1, : ¥ — hom (e, ¢), rae * oboznauaer
oaHoToYeqHoe MHOKecTBO. llpu srom hom (e, ¢') — dyuruna obbeKToB
dyuxropa CP x " — Set. Jdaa moboit crpenxu f @ ¢ — ¢ Boinonneno
oueBHIHOE yenopue fol. = 1.0 f, KOTOpoe B HAIIIMX TEPMUHAX O3HAYALT
JIMECTECTBEHHOCTh TTPeolpasoBaHus

1:%— hom(—,—).

Bee tpu tuna amecrecrsennbix npeobpasoBanuil BCTPEHAIOTCH COB-
MECTHO € eCTeCTBeHHBIMH NMPeo0pa3oBaHuAMHU B MPEHeM cMbIcTe (M Mbl
4acTo OVeM HA3bIBATL X TAKYKE CCTECTBEHHBIMH, VOIOTPeDAAd A1 JINlb
TaM, 1€ 3T0 cyniectseHHo). Takum oGpa3om, €N JaHbl KaTeropun
1 QYHKTODBI

S:CP"x(CxA— B, T:Ax D®x D — B,

TO ecrecTBenHoe mpeobpazosanne ¥ : § — 1" — 310 dynkuua, conocras-
JS0N@Aan Kaxkaoi mpoiike obbektos ¢ € C, a € A, d € D crpeiky

v(e,a,d) : S(e,e,a) = T(a,d,d)

kareropuu B, npuuem: 1) npr duxcuposannsix ¢ u d npeodpaszopanie
(e, —,d) ecrecTBerno O a B 0OLMHOM CMBICTE; 2) pH (QHKCHPOBAHHBIX
a n d npeobpazopanue y(e,a, —) anecrecTBeHHO N0 ¢; 3) npH GUKCHPO-
BaHHBLIX ¢ u @ npeobpasoanue v(c,a, —) auecrecrsento no d. B srom
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onpe/eleHHA MOYKHO 3aMeHuTh J1i0byio u3 kareropuil A, B, C' npoussejie-
HEEM HECKOIbKHX KATEropuil, i IpH 3TOM eCTEeCTBEHHOCTh 10 APTyMEHTY
¢ € C = ' x C" MOKHO 3aMEHHTHL HA CCTECTBEHHOCTH 10 KAZKJIOMY
aprymenty B nape (¢, ¢"'), korna apyroii apryyent pukcuposas (eM. HuxKe
yup. 3). Hanpuuep, B moboii kareropun onepanis KOMOo3nimm

hom (b, ¢) x hom (a,b) — hom (a,c)

€CTECTBEHHA. DTO 3HAYUT, YTO OHA ECTECTBEHHA 110 @, JUECTeCTBEeHHa 110 b
U eCTeCTBEHHA M0 C.

Kounosuupa apyx auecTecTBennnlx npeodpa3oBamnil BOOIHE MOMKCT
He ObITh AHECTECTBEHHON, HO M000e AHEeCTeCTBEHHOE Npeobpa3’oBanne
a: S 5 T MOKHO YMHOXKATH ¢ KayKA0H CTOpOHDBI HA NpeobpasoBaHnd,
ecTecTrennne mo obomy aprymentam. Eem o : 8" Su 7 : TS T -
eCTeCTBEeHHBIE PeodpPa30BaHNA, TO IPOU3BEJIEHUA CTPEIOK

S'(¢,¢) =23 S(e,¢) 2% T(e, ¢) == T'(e, ¢)

ABJNAIOTCH KOMIOHEHTAMH JIHeCTecTBeHHoro npeobpasosanna S° — T
Bouee unrepecen (xors J1€rKo 10KazbiBaeres) cieayiomuil ciayyaii.
IHpeanoxenune 1. Tyems danvt dyrxmopn

R:C = B, S:CxC®xC—=B, T:C—=1B
u ¢pynwyuu (dan ecex c,d € C)
ole.d) : R(e) = S(e,d, d), ald,c) : S(d,d,c) = T(c),

ecmecmaenHnie no ¢ u duecmecmeennwie no d. Tozda pyuxyua, conocmas-
asoutasn waxcdomy ¢ € C' npoussedenue cmpeno:

a(c.e)

R(e) L2 S(e, e, c) T(c),

onpedeasem ecmecmeennoe npeobpazocanue = T.

YnparkHeHnst

1. Jdokaxure, aro emquunna 1, @ r — G(p, F(x,p)) conpsxenns ¢ napa-
METPOM JIHeCTCeCTROHHA TI0 P, TPHYEM 3TO CBOHCTBO PARHOCIUILHO TOMY, YTO
camo conpsikenne ecrectsenno no p (em. § 4.7, yup. 2). Chopuyaupyiite
IBOHCTBEHHEIT (hAKT.

2. CopMmymupyiiTe TPeyronbHbIe TOXKACCTEA Ul COMPSKEHUs ¢ napaMer-
POM.

3. (Ecrectpennocts npu paznenesnn nepemenssix.) Ilyers nanbi: obbexr
b € B, dyHrTOp

S:(CxD)Y"xCxD— B

v dbyuknus 3, conocrapasomas Npon3soababiM obbextam ¢ € C,d € D crpeaxy

Be: Sle,d,e,d) = b
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n3 kareropun B. ITokaskure, uro npeofipazopanne [ : § 3 b amecrecrnenno
B TOM H TOJBKO TOM CJHYY9ae, €CIH OHO JHeCTCCTBEHHO M0 ¢ (MpH KazkIOM
duxcnposantom d) u amecrectsento 1o d (npy Kaxa0M QUECHPOBAHHOM ¢).
CdopuyanpyiiTe IBOHCTREHHBIT PE3YALTAT.

4. PacrpocTpasure NpaBn/Io KOMIO3HIHMK W3 NpPeanoKeHus 1 Ha ciaydaif,
rkorga § — sro pyurrop C'x O x C x C°P x C — B. IIpopenaiite To xe camoe
Ut 1000ro HedeTHoro ducna Maoxurtesei C.

5. yers mauet S : C°° x C — B u b,b' € B. Tlokaxure, 4ro m1us ame-
cTecTBeHHbIX npeobpaszosanuit b — § n S < b 5 ofmem ciydae He CylulecTByeT
KOPPEKTHO OMpeeTennoil Kommosmmm b — b,

6. Obobmus ynp. 3 1 4, HaliguTe 0bIIEe MTPABIIO MEPEMHOKCHUSA €CTECTBEH-
HBIX [1peoGpasoBannil 0T MHOIMMX IEPEMEHHbIX.

9.5. KoHupb!

Koney — 310 0cobbIil (1 0COGEHHO TOME3HBIIT) THIT IPe/Iesa, KOTOPbIil
onpeaeHeTcd B TEPMHEHAX YHHBEDCAJILHBIX KJIHHBEE BMECTO YHHUBEDCA -
HBIX KOHYCOB.

Onpepenenne. Konwey dynxmopa S + CP x ' = X — ama
YHUBEPCAABHOE JUECTRECMEBEHHOE NPEOOPAZOSAHUE KOHCTaHMVL € 6 (hynk-
maop S; unave zosopa, ymo nepae (e,w), 2de e — obaexm kamezopuu X,
aw:S 58S — waun (Queemecmeennoe npeobpuzosanue) ¢ mem cootic-
meom, wmo daa kaxcdozo xauna 31 x — S cywecmeyem eQunemeennaa

cmpeaka h © © — e 6 wamezopuu B maras, wmo [, = w.h npu ecex
a€C.

Takum obpazom, s kaxaod crpenkn [ b — ¢ kareropun C' nmeercs
JAHATPAMMA,

a?b =}
AR
I A < -
hl S(b;c)‘ (1)
; \ S(/.1)
S(es0)

We

B KOTOPOIlT KOMMYTaTHBHBI 00a YeTLIPEXYIOJLHHKA (9TO YCJIOBHS JIHe-
CTECTBEHHOCTH ). YHHBEPCAIbHOCTbL KJIHHA W O3HAYaeT, YTO CYNIeCTBYeT
EIHHCTBCHHAA CTPeJIKa .IIL A5 KU']'OpOﬁ KOM MYTaTHBHEI 06&1 '[‘p(_‘._‘,’l'UthllHl{ﬂ
cIeBa.

CpoficTBo eIMHCTBEHHOCTH, npHeynee 10Dl yHuBepcanbLHolil KoH-
CTPYKIUH, B JAAHHOM Ciaydae o3Havaer, 4ro ecau {e,w) u (¢',w’') — asa
konua pynxropa S, 1o cyumecrsyer eauHeTBeHHbHT H30MOPU3IM U e —
— €', ana KoToporo w' ou = w (T.e. w.owu = w, ANA KAKIOTO ¢ €
€ (7). Byiem HA3bIBATH W KOHUEEHM KAUHOM W YHUBEPCAADHBLM KAUHOM
¢ womnomenmamu w.. Cam 06beKT € HA3BLIBAIOT KOHLIOM (yHKTOpa S
H 3allHChLIBAIOT CO S3HAKOM HHTEerpaal

e= JS(.:., ¢) = End S.

c

8 C. Marneiin
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Ormernm, 4TO NepeMeHHoe HHTEPHPOBAHUA ¢ NOABIAETCs [10J] 3HAKOM
HHTErpana JBaz/abl (OMH pa3 KOHTPABAPHAHTHO W OJINH Pa3 KOBAPHAHT-
HO) 1 CBA3AHO 3HAKOM HHTEIPAJIA B TOM CMbIC/IE, YT0 pe3yibrar Golibiie e
3ABHCHT OT € H HE MEHACTCH NPH 3aMeHe ¢ Ha Jji0boe apyroe 0603HaAYeHNnE
ofrbekta kareropun C. 9710 noxoxke Ha cBOHCTBA CHMBOJIA T B OBLIMHOM
unrerpane [ f(z)dz.

OaMHE U3 NPUMEPOB KOHIOB CBA3aH € €CTeCTBEeHHbIMH I1peobpa-
sopanusamu. Ipa dyuxropa U,V : C — X onpegensior ¢GyHKTOp
homy (U—, V=) : C°? x C' — Set. Ecan Y — npoussoasioe MHOMXKECTRO,

o kaun 7 : Y 5 homy (U—, V—) ¢ koMuonentamu
7.1 Y = homy (Ue, Ve), ceC,

comocTapnger kaxkaomy y € Y u xaaomy ¢ € C crpenky 7., @ Ue —
— Ve nz X, rakyo 9ro s Kaxaofi crpeaxkn f @ b — ¢ BBINOTHEHO
yenosue kamHa Vf o m,y = 7., 0 Uf. Ho 310 yenoeue paBHOCHIBHO
KOMMYTATHBHOCTH KBOIPDATA

Ub—= Vb

ur J"!

L T
Ue—— Ifn:

KOTOpas O3HATACT, YTO T_ , OpH (BPUKCHPOBAHHOM Y SBISCTCH CCTCCTBOH-
ubiv npeobpazosanmem 7, : U= V. Ilyers Nat (U, V) obosnaqaer
MHOXKECTBO BCEX TAKHX €CTecTBeHHBIX npeobpaszopannit. CoorBercTBme
y — 17—y — 910 eauncreentas Gyuknua ¥ — Nat (U, V), ana koropoii
KOMMYTATHBHA CJACAYIONAA IHAIPAMMA:

Y —— hom (Ue, Ve)
|

| Il
¥

Nat (U, V) —=> hom (Ue, V).

Baech we CONOCTABAACT KAYKAOMY ECTECTBEHHOMY Npeobpa3soBaHuio
AU =V ero komnorenty A, : Ue = Ve, D10 B TOYHOCTH 03HATAET, 9TO
w — yvHEBepCcaabHbH Kiaud., CleaoBaTe/Ibho,

Nat (U, V) = Ihom (Ue, Ve); Uuv:C—=X. (2)

feno, YTO KOHEl BCErjla sIBASeTCs NMPeJeIoM, a MMEHHO IPeIesioM
COOTBETCTBYIOLICH AHAPAMMBL B KATEropuu X, KOTOPAA COCTABICHA H3
kyckos Buza S(b,b) —+ S(b,¢) = S(e, ¢), mo onHOMY A5 KAXKAOI CTPEsKH
[ w3z C, durypupyomeii B auarpamve (1) npu onpejeneHun KOHIOB.
Dror dakr MomHO BOpPMAIM3OBATL [YTEM [IOCTPOCHUS 110 KATErOpHH
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C caeayiomeil kareropun CY (Koropas HCHOAL3YeTcsi TONLKO B 3TOM
naparpade). O6bexTsr Kateropun C% — 3T0 BCEBO3IMOMKHbBIE CHMBOJbBI
n f¥ e ¢ — o6bekt, a f — crpenka u3 C (ormernm, qto ¢& u (1,)% —
pPasianyHbLIe ﬂﬁ'bPK'l'hl). C’TI)(.’..ﬂ KM KaTeropmuu C‘@t ATO € THHHYHBIC CTPeIKH
771 TAKHX 0OBEKTOB H eI TO JIBE CTPETKH

b — f5

ansa Kaskaoit crpeakn f @ b — ¢ m3 C. Ilponseenenns nomyudenHbIx
CTPEJIOK ONPEIEJEHbI JIHIIL TOVIA, KOLJA OHA W3 CTPEIOK — SIHHIYHASL
Tem cambiv nocTpoeHa Kateropus C¥, KoTopasi HasbIBaeTcs xamezopuetl
paatuenma na C.

Kazxapti dbyuxrop S : CP x €' — X onpenenser dynxrop St : O —
— X, KaK NOKa3aH0 HWKe J715 [pou3BoabHoit crpenku f : h — e uz €
(oTobpazkeHns HANPABJICHBI CBEPXY BHH3):

os s 13 el

X S(bs b) m" b(b C) m S(C (‘)

3 s1oro HepTrexa BUIHO, 4TO KOHYC T 1 T = S§ — TO XKe caMoe, 4YTO KJIHH

w o =3 S. Kak ciencrsue, npejaen B kateropun S spigercs Konuom
B KATErOPHH S B CJIEAVIONIEM CMBICTE.

[pennoxenne 1. Jaa xaaﬁ:dq;rn (ﬁgﬂnmopa S:0"x(C = X
u coomeememeyrouiezo Gyrnwmopa S¥ 1 CF — X, onpedeaennozo suiue,
UMEETTLCH TK‘IU&’&UP[!}H{:‘M

g IS(r:, ¢) = Lim[S! : % = X]. (3)
) —

Boaee nodpobno: ecau cipuecmayem anbo yrazaunnil vowey, aubo yrosan-
wuitl pynrmnop, mo cyweemeyom oy oba, npurem uMeemes councmee-
nas cmpeara 8 6 wamezopuu X, deamroryns xommymamuenoti duazpasmmy

JS((’., ¢) —= S(c, ¢)

e "’l )

. ﬁ -ke
L5 i)

das moboeo ¢ € O 3dect w — konuesoti xaun, a A — npedeavstii Konye.
Ipu smom cmpeara B asaremes u3omMopdhusmom.

o
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Canencreue 2. lyems xamezopus X noama 8 MaaomM, 0 KGME20PUL
C maaa. Tozda wascdwii dynwkmop S : CP x C — XN umeem xouey
6 wamezopuu X .

[Tpepioxkenne 1 OKa3pIBACT, 9TO KOHILI ONPEIETAIOTCH TTPEIETAMH.
ObparHoe JOKa3bIBALTCA NMPOLLe: KaxK/IblH Npeaes MOKHO PAcCMaTpuBaTh
Kak konen!

Mpeanoxenwne 3. Myems T : C — X — nexomopwil dhyrwwmop, S —
KOMNO3UUUR

T, 5
6% 20 % 0 L X,
2de ) emopan npoexyua npouseedenusn: (c,c') — ¢'. Tozda napa
{e,7 : e T) aeaaemca npedeaom daa T 6 X, ecau u moavko ecau
(,7:e = S) asasemea wonuom dan S 6 X.

Joxkasarenscrso. Komnonenrer 7. Konyca € — T jenalor Kow-
MyTATHUBHBIM Tpeyroabiuk 7. = 1'f o 7, (B cuiy ecrecrsennocru!) 1uia
Kazkaoii crpenkn f @ b — ¢ u3 C. D10 03HAUAET, UYTO KOMMYTATHBEH
KaoKAbIT KBaapar Buja

e—" =~ Th=5(hb)
ta SOLF=T(f)
Te= 53¢, C)SW_-ITC = S(b,¢)

(6udynrrop S(—, —) dukrusen no nepeomy nepemennomy). B eporo ove-
Peb 9T0 3HAUUT, UTO T : e — S apagercs kaunoM. Kak cieacrsue, konyce
T VHUBEPCAJEH, €CTH H TOJBKO €C/TH OH YHHBEPCAJTEeH Kak Kianua. [

B10T PE3VILTAT 03HAYAET, YUTO HMeeTes U30Mopgu3M

JS(n, &= J'Tr: > LimT,

€ c
€N CYIIECTBYET VKA3AHHBIH KOHE wAu NPEJIe, MPHIeM KOHIEBONH KIHH
nepexoinT B I]pej],e.a'lbl‘]b!ﬁ KOHYC: MO3TOMY B HAILIAX Of)Of?oHa-‘-IeHi'lle MOAHO
3ammcaTs 060t Tpegen KaKk HHTerpant (KOHeI), He YKa3bBad (PHKTHEHOE
repeMentoe (1epBoe nepeMerioe B S).

Mp1 roopum, uto gpyurTop H : X — Y coxpansem woney pyHkTOopa

S:C% x C - X, eciiu M3 TOro, 4ro w : e —» S Apjagerca KounoM ana S

B kareropun X, peerna creayer, uto Hw : He = HS spaserca KoHIOM
Jod H Sy B Hammmx obo3HaYeHHAX:

H [ S(e,c) = [ HS(c,e).

Awnanoruuno, H cozdeem xonen, ans S, ecim Ui Kazka0ro KOHI@
v .y — HS cywecrsyer eauHcTBenHblii Kaun w : e — S TaKoii,
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qyro Hw = v, 1 3107 KAuMH w sapisercs konuom st S, IMoekoibky
Korenl (dpyHETOpa S) — TO 7K€ camMoe, 9To Tpelen (COOTBeTCTBYIONIEr0
S%), TO HOsMyMEHHBIE PEIYILTATHI OTHOCHTETLHO COXPAHEHHS MPEIeI0B
MepeHocATes Ha caydail coxpadenns KoHnoe. Hanpumep. hom-dvakTOpHI
coxpansiior (1 obpamator, cm. § 9.6) KoHbL:

X (:r:1 j S(e, c})

X (IS(L-, c‘),z:) = [ X(S(e,e),z). (5)

o

| X(z.S(c.c). (4)

C

9.6. Ko-kKoHLBI

Onpegenenne Ko-konua (ynkropa S @ C° x € — X apoiicTseHHO
K onpejesnennio Konna. Ko-xoney S — sro napa (d,{ : S = d), cocros-
mas u3 odbekTa d € X u guecrecrsennoro npeobpasosannus ¢ (Kiauna),
YHUBEDCAIBLHOTIO CpeIn THeCTeCTBEHHBIX HpeﬁﬁpaﬂﬂBaHHﬁ MEHY S H KOH-
ctanTofi. Ecim 06berT d cymecTByer, TO OH €IUHCTBEH ¢ TOYMHOCTBIO 10
n3oMopdmana; 06brHO MBI GyIeM ero 0603HATATE 3HAKOM HHTErpana u
CBA3AHHBIM NEPeMEHHBIM ¢ B Ka4eCTBe HHAHETID HHIICKCA:

c

S(e, ¢) £ IS(c,r:) = d.

Dopuasbnbie ¢BOCTBA KO-KOHIIOB JIBOICTBEHHBI CBONCTBAM KOHIIOB.

K(]—K(]"[lhl HeDEeKO BCTPReYaOTed Mo/ JIPYIHMHA da3BainudaMH. HEI[]]]H—
Mep, TeH30PHOE NPOW3BEJeHHe MOAyJel Haj KoiabloM R ABIAeTca Ko-
KoHoM. Bosee noapobHo, Kobio B MOKHO pacevatpupaTh kak Ab-
KATEropuio ¢ ogunM 00bexToM (KOTOpPLIl Mbl Takyke oboznaunnm 1) u ame-
MenTaMu 1 € R B KAYMECTRE CTPRIOK, MTPHYeM KOMITOZHIIHA CTPEJIOK COBIA-
gaer ¢ ux npomspegennenM B R. Jlesbiil B-moayinbs B — 910 a1 @ THBHII
dbyugrop B — Ab, koropsiii orofipazxaer (eauHcerseHHblil) obbektT R
B abesesy rpyvimny B, a kaxayio crpenxky r w3 R — B orobpaxenue
(cxansipHOe yMHOMKeHHE) 7y : b rh B 3T0f rpynme. AHATOrHTHO, TPABEIT
R-yvojyias A — sro aggurusieii pyuxrop R°Y — Ab (konrpasapuant-
aeiit 1o R). Ecim & — tensopHoe npoussenenne B Kareropnu Ab, To
cooreercreue K+ A @ B onpenenser 6udyurrop R°? x K — Ab. Ilpn
ITOM KOHEIL

R

IA@B:A-X.HB

COBNAIALT ¢ OOBIMHBIM TeH30PHLIM npou3pedennem Haa K. Jdeficreurenb-
Ho, kaun ¢ u3 6udyukropa A @ B B abeney rpyuny M copnaiaer
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¢ (epuncrsennbiv) Mopduimom ¢ @ A @ B — M abenesbix rpyii,
JETAIONIIM KOMMYTATHBHOI JHATDAMMY

Ae B2t AeB
f'-?)lﬂl lg
Ao B—2—> M

s moboit erpeskn ¢ w3 B, Ecom Moayau wnrepnperupyiorest kak yHk-
TOPBI, TO 3TO O3HAYAET, 4TO JJs JT00BIX 3jeMerToB a € A, b € B Beinon-
HEHO PABEHCTBO

olar ® b) = ola ® rb).

Crenosarenbro, M Apjgercs KOHIOM, €CIH H TOJTBKO ecin M coBnagaer
¢ A @ B ¢ touHoCTbO 10 AneMeHTOoB Buaa ar & b — a @ rh, u aro
COOTBETCTBYET OOBIMHOMY ONPEIEICHHIO TeH30PHOro nponssegenns M =
= A®p B.

CMBICT 3THX pacCy#IeHHil He B TOM, 9TOOBI CBECTH H3BECTHOE K HEH3-
BECTHOMY (TE€H30pHBIC NMPON3BEJICHMA K KO-KOHIAM), a B 0600mennn ns-
BECTHOrO, ¢ TeM 49Tobbl OXBATHTL ropas3io bojbuie ciydaes. Ecnu B -
MOHOHIATBLHASL KaTeropust ¢ ymuozxkennem [ (em. . 7), 1o s mobbix
apyx dpyaropos T': PP — B u S : P — B uX TEH30pHOe NPOH3BEIeHHE

r
POpl = J(Tp) 0 (Sp)

— 310 00bekT H3 B. CumminiuanbHas kateropua A n3 § 7.5 HajeneHa
dbyukropom A @ A — Top (kaxapii opaunan n + 1 peanusyercs Kak
n-mepusiit addnaabil cuvnnekc); GyuxTopst S @ AP — Set nazsmaior-
CH CHMILTHIHAJIBHBIMH MHOMECTBAMHM. Kﬂ—{'.'['l"fn(?llh S = J‘\.- ([\-11'1()}K(‘.CT]30 S
B crenenn npocrpancrsa X ) copnamaer ¢ s X, 1. e. qu3bIOHKTHBIM 00b-
CAOHHEHeM S SKBEMILIHPOB MHOXKECTBA .X‘. C.EIQ‘_-'{UB&'I‘E!.-'IIJ[[U, COOTBETCTEHC
(n,m) —= Sn-Am onpenensier pyuxrop A x A — Top. B stom ciyuae
KO-KOHerl
T

J(Sn} -An

€CTh He 4YTO HHOe, Kak 00bluHas zeomempuuecran peasusaius (Lamotke
[1968], p. 34; May [1967|, p. 53) cuMiumumanbHoro Muoxkecrsa S. @op-
MYJTa KO-KOHIIA OTHCBIBAET TROMETPHIECKYI0 PEATHIANNI0 OUeHb TTPOCTO:
BO3BMEM JIMIBIOHKTHOE 0Obeunenne adpUHHBIX N-CHMIUIEKCOB, 10 0l-
HOMY 715l Kazka0ro t € Sn, 1 CKJIeHM HX TTOCPEJACTBOM JAHHBIX ONeparmii
mepexoga K rpann mo peipoxgenust (T.e. crpenok u3 A). Cymecrsyer
asanormHoe 3hdEeKTHEHOe OMHCAHHE KIACCH(MUITUPYIONNX TPOCTPAHCTE
(Stasheff. Milgram) ronosoruteckux nonouaor (Hanbosiee vaobHoe B ciy-
yae kareropun CGHaus u3 § 7.8); cm. (Mac Lane [1970]).
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YnparkHeHust

L. IIycre nan Gudynkrop S : C°" x €' — Set. Jokaxnre, UT0 MHOKECTBO
Wedge (¥, ) peex kannben w @ ¥ — § U3 ogHotodednoro muomecrsa * X
SBAAETCH KOHNOM 175 S, TpHYeM KOHIEBOH KIHH MMEeT BHI w — w.(*) €
€ S(e, ¢). Conocrassre 9107 QAKT ¢ ABHLIM OMHCAHWEM TPEACIA B KATECrOpHN
Set Kak MHOKECTBA KOHYCOB,

2. TToxkaxcute HENnoCpeacTBeHHo (He MCIOIb3YH MPEIeibl), 9T0 B KATErOpHH
X ¢ MaJLIMKM NPOM3BEJCHHAMH M YPABHUTCJIAMH BCEIJa CYIIECTBYIOT Malible
KOHIIBL (CM. COOTBETCTBYIOIIEE JOKAZATEILCTBO 114 npeaenos B § 5.2),

3. Kaxaoit kareropun C' cooTBeTCTBYET KATErOPH 3aKPYyUeHHALIX CTPEI0K
Cy, obbextaMn KOTOpoil apsnawres erpeaxd f @ a — b w3 C, a erpengavn
(h,k): f = f' — crpenxm h : o’ — o (ofparnte BHUManMe Ha 3arpyTHBame! )
w kb — b, g koropux ff = kfh. Torga coorsercrsue f @ (a — b) —
= {a, by apaaeres Gyuxropom K @ Cx — C°F x C'. Hoxasure, 1o qis 1ioboro
dyukropa S : C°" x C — B xonycst e — SK COOTBETCTBYIOT KNUHbAM € — S,
M ¢ IOMOMBIO 3TOro akTa JOKAXKHTE APYTHM CIocOBOM, 9T0 KOHIIEI CBOJATCS
K npeaenaM (mpeanoxenne 1, § 9.5).

4. TTycre Fin 06o3nauaer cKeIeT KATErOPHH HEIIYCThIX KOHEeYHBIX MHOKCCTE.
Ero o6beKkThl — KOHEUHBIe HEHYJIEBBIE OPAHHAIEL i1, & CTPEIKH — BCe (DYHKIIMN
n — m. Ecimm X — HeKOTOpoe MHOKeCTBO, TO cooTpercrsue n — X" onpeaenser
dyukmno obvexros gynkropa (Fin)®" — Set. das xonsuma R coorsercrene
n — R" cranosnrcs wosapuanmunae pyukropoym Iy : Fin — R-Mod, ecn
npu srom kaxdas Gyskuma f 1 n — m (crpenka n3 Fin) orobpaxaer nabop
ag,...,Gn-1 B bo,...,byu-1 € R™, tae bj = Y a; (cymma Geperca no Bcem
Tem j € n, ans koropeix f; € i). Hokamwure, uro cpoboauwutii R-monyiib,
HOPOM TEHHBIN MHOMKECTBOM X, — 5TO KO-KOHEr

T

J.\'" - Bl

ITokazknre, aro 31a hopMy/Ia Mo CYUECTBY COOTBETCTBYET OOBIYHOMY OIMHCAHHIO
SIEMEHTOB CBOGOIHOrO MOIY/Is Kak (OPMATBHBIX KOHEYHBIX CYMM Y &, § =
= 1, P LN

5. Ecm karveropus D konosna, To MOMKHO ONPEICIHTL TEH30PHOe TPOH3HBE-
nenue gyaxropon S 2 O — Set u T : C — C — D xak ko-xouner, I(Sc) :
- (Tc), rae « obo3mavaeT KO-CTENeHb, [JOKAKUTE, 9TO TEHIOPHOE NMPOU3BEICHME

“ o

ABAAeTCH QYHKTOPOM DY x Set®" = D.

9.7. Konubl ¢ napamerpamMmu

Ilo esounm OCHOBHDBIM (bUpM'(]J]bl[b[}J cpoicTBaM KOHILI BECLMd HAITOMHNA-
HaoT urrerpasabl. Bee aTi esoificTsa mpHeylM B pasHOil Mepe 1 npeseaam
(eci paceMaTpHBATBL MX KaK KOHIBI ¢ (DHKTHBHDLIM [IEPEMEHHBIM ).

I[Ipennoxenne 1 (KOHEN WA Npees eCTECTBEHHOTO Ipeobpasoba-
ans). [lyems dano ecmecmeennoe npeobpasosanue v @ S = §' mexcdy
dynrmopanmu S, 5" : CP x C — X, xomopwue umerwm wonuwm (€,w)
u{e',w') coomeememeenno. Tozda cyuecmeyem edunCMEEHHAA CTNPEAXA
9 = [Yee 1 6 = € 6 namezopuu X, npu arwtom ¢ € C deanouian

p
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KOMMYMATUSHOT caedyrowyo duazpamay:

JS((:._ ¢) —= > S(e, )

.|
i k” (1)
e Y w"
JS*(C, ) —=> S'(c, c).

Hdokasareabctso. KOMIOSHIHT Y, . 0 w, onpeaenaior ki, [o-
ITOMY CTPEJIKA § CYIIECTBYET M €JIMHCTEBeHHA B CHJY YHUBEPCAJILHOCTH
Kiupa w'.

Bynem masniBaTh CTPENKY ¢ KOMUOM €CTECTBEHHOro npecbpasoba-
HUA .

Tpu ymuOMKeHUN 1Tpeolpa3oBaHus < Ha JIPYFOe eCTECTBEHHOE TPeni-
pasopanne 7'+ 8" 8" KOHIBI NOAMHHAIOTCA IPABHILY

[0 “Mee = [[1he] o [[1ee] @

¢ [ad

C yueToM 3TOro NPABWIA MOXKHO MOKA3ATh, UTO NpeIea (WM KOHell),
sapucsmil or napaverpa p (B Hekoropoii kareropun P), neifcreyer Ha
TOT napamMerp Kak (pyHKTOP B CJCAYIOLIEM CMBICIIE.

Teopema 2 (Teopema 0 napaMeTpe Aisl KOHIOB 1 npeaenos). ITyemy
dar fynxmop T : P x C°P x C — X, npuvem dynxmop T(p,—, —) das
aiobozo obsexma p € I umeem xoney

wp JT(}), c,e) = T(p,—, =) (3)

c

e wamezapuu X . Toeda eywecmeyem eduncmaenwndi ynrwmop U 2 P —
—+ X ¢ pynxyueii obzexmos Up = [ T(p, ¢, ¢), das Komopoii komnorermu

"
wauna (3) daa kaoedozo ¢ € C' onpedeasiom npeobpasosanue (wy). : Up —
— T'(p,c,c), ecmecmeentoe no p.

JokazaTenbcTro. Kaxgas ctpenka s : p — g u3 P onpenenser
ecrecrsennoe upeobpasopanne v = 1(s, — —) : T'(p,—. —) > T'(q. —, —).
[Mosromy B obo3navenusx auarpavmbl (1) GyHKINIO CTPETIOK HCKOMOIO
dbyukropa U moxno sanucats kak Us = [ T(s,¢,c). C yuerom npasuia

i
yuuozxenus (2) met nonygaem gpyukrop U : P — X. O
Mpr Gyaem samucoisath dynkrop U xak U = [T(—,c¢,c). Tagkum

obpaszoum,

“T(—,:’., rt)] p= jT(p, c,c), [JT(“,C, c)] = J T(s,e.c). (4)

44 &4 i i



9.7] Konun ¢ napemempamu 265

Takue oboznavenus nojapasymesaior, yro cam cyuxrop U sasasercs
KoHIIOM. B camMoM jeme, paceMOTPHM j'T(—, ¢, €) KaK 0ObEeKT B KaTeropun

dbynkropos X u np(‘gj\('mmm T P x O x €' = X kax dyukrop
T# :C% x C — XP| koropwriit aeficteyer na crpenxu (n o6bexre) f, f'
13 C' no dhopmyie

T, f)=T(—J.f): P> X.
HNuaue rosopa, T u T# cpasanbl CTAHAAPTHBLIM COMPSIZKEHIeM

Cat (P x C°? x ', X) = Cat (C°P x C, X 7).

Teopewmad (reopema o napamerpe, npoioikenne). Ipu mez oce
yeaosuar wa T dynxmop T wmeem woney,

#:J'T(—,e,e) TR,

[ 4

2de (w¥)p = (wp)e npu 6cexp€ P uceC.
HoxrkasarenscTno. Konen _fT(—.c, ¢) sensercs oobektom B X,

c
a dyrkTop T# mueer xkoobmacts X', Ilo mpeapLaymeii Teopeme CTpeaKn
- &l

(wp)e 13 X onpeaensiior st KAXKAOTO ¢ CTPEIKY B X* (ecrecrsennoe
npeodpa3oBaHue )

wt - JT(—,(‘,(?) 3 T(—,e,0):

o

ero Komnonenta B p pasna (w#), = (wp)e. Ecm ¢ nepemenno, 1o w#
CTAHOBUTCH KIHHOM IT(—,(:, ¢) 5 T#. Jror kaun yuausepcaien. [leit-

C
CTBUTEILHO, 14 J11000r0 obbekta F € X ¥ u moboro kanna §: F = T#
Kazk/1asi KOMIIOHeHTa (. eJIMHCTBeHHbIM 0Dpa30M Mpolyckaercs uepes
COOTBETCTBYIOILYI0 KOMIOHEHTY Wwp. 3HaunT, 5 eQuHCTBEeHHbIM 00pa3oM
nponyckaerca uepes w¥. Tem cambiv onpenenen kowen aia T#. O

DTy TEOPEMY MOMKHO CHOPMYIHPOBATE NOTHOCTBLIO B TePMHUHAX KATC-
ropun dyrkTopos X7, kak Gbu10 caemano aas npenenos B Teopeme 1,
=

§5.3.

VupakHeHnus

1. (Dubuc.) Mocrpoiire kateropuo Gyaxtopos X* u dyaxrop T : € = X7
KOTOPBIIT HMeeT TIpeest, Ho He noTodevnsd npetet. (Ykasanue: sospyute O =
=2.)

2. Chopmyaupyiite 1 JOKAKHTE TEOPEMY O HAPAMETPE U1 KO-KOHIIOB.

3. Ilycrs kateropma X momma B manou, a C' mana. C moMompio npeaioxkenns
1 gokaszkure, aro Lim : X© — X appaeres dyuxropom (e, yop. 3, § 5.2).

=
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4. Tlokaxknre a5 NPOM3BOILHLIX KaTeropuit X u P, uro ¢ymxrop X —
— XPI ypaynmposanssii sroxenuenm (mckpernoit noakareropun |P|), coza-
eT KOHIpl 1 KO-KOHIH (cM. Teopemy 2. § 5.3).

9.8. IloBTOpHBIE KOHIBI U MPEJIEJIbI

Tenepb BBISACHHM, NPH KAKHX YCJAOBHAX JIBOIHON MHTErpAT MOMKHO
HOAYIHTH KaK nosTopubii (@younu!)

Mpeanomenne. [Tycms dan ymxmop S : PP x Px CPxC' = X,
npuvem woney [ S(p,q, ¢, ¢) eywecmeyem daa écex nap (p, q) 0bsermos us

[N

P; 6 coomeememeun ¢ meopemoil o napamempe Gydem paccmampusamn
amu xonuw kax Oudynrmop PP x P — X, a S wax 6udpynwmop (P x
x O)P x (P x ) = X. Tozda umeemea uzomopduzm

g J S(p,e,p,c) = J “S{p,p,c’c]}.
{p.c) p e

B delicmeumeavrocmu deotinodl KoHey, 6 A€60{ ©acmu CYuecmeyem mo-
2da u moavko mozda, Koeda CYUECTIBYEI KOMEN 6 npasoti wacmu,

P
1 mozda umeemca eduncmeennas cmpeaxa 6 6 xamezopuu X, deaaryan
KoMMYTRATRUEHOT duazpammy

£(p.c)

J S(p,p.c,c) S(p,p,c.c)

{pe) I

[ Us(prpe C, L)] i" JS(pr L (!) 2; SU—" yoLe c)?
.p [= ©
2de 20puUsOHIMAAbHBIE CIMPEARU €, P U W — MO YHUBEPCAADHIE KAUHDA 0AA
COOMMBEINCTGYHOULNLT KOW08, Cfﬂpﬁﬁ?ﬁl 9 Ha IO [)‘U-LLZ;U[LMME HAGARACTLCH
usomopduzmom.
Hokaszareascrso. dua gaxuoit napst (p,q) € P x P umeercs
KOHEI,

Wpq* JS(;}, qg.c.c) = S(p,q,—, —).
¢
Jlaa xaxaoro @ € X kaxjaoe cemeiicTBo cTpesok o, : @ — [ S(p,p,c.c)
(&
B KaTeropmm JX.' C HHICKCaAMK H3 P onpeiaesaser ceMeficTBO Ep.f? C HHIeKCaMH
uz PP x C, cocrosmee u3 KOMIOZHITHI

i 0 5 [S(,p,0,0) Z225 S(p,p, ).
[

fAcno, yro £, —y ¢ GUKCHPOBAHHBIM P ABJAACTCA KJIMHOM OTHOCHTEIBHO
¢. O6parHo, NOCKOIBLKY KOHEIl Wy, YHUBEPCAIEH, TO KazKi0e CeMelicTBo
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C HHAeKCaMK 13 P x C‘, eCTeCTBEHHOE MO ¢ NPH Kax 10M p, SIBJIACTCH KOM-
MO3ANHAei YEa3aHHOrO BHIa AJA e JTHHCTBEHHOTO cemeiicTBa 0. CewmeiicTBO
O HJIH f cyvinepbectecTseiio 1o p (IIUC‘.'IC;"J.I'I{‘?{‘? — HpPH HEKOTOPOM (,'.)., (SIS 35 |
" TOJIBKO €CiIn COOTBETCTB}'[OLLLHﬁ KBaJapar.

x__£1_+J5@mxuﬂ r— e S(p,pyc,0)
2q “ lj S(ps.e.c) £q.e JS(p.a,c,C)
[S@a.c.) T [Saec).  S@a.c.0)—Sm.a.c.0)
[ c

KOMMYTATUBEH [T KaxKa0il crpenku s : p — g u3 . llpu sTom nepserii
KBaApaT KOMMYTATHBCH, €CJTH H TOVILKO eC/TH OH 0CTAaeTCs ! KOMMYTATHBHBIM
noesie YMHOKEHHA Ha CTPeJKH Wy, . A1d Beex 00bekTop ¢, Obpasyem
KyBuiIecKy o JmarparMmy, B KOTOPO 3TH JIBa KBAJIPATA CIYKAT NEepeIHed
u 3aJHelt IPAHAME 1 HX COCAMHAIOT pedpa L, Wy p e Wp g.c MWy g (mayume
B Hanpasaenun or unraresns). C yuerom npeabUyiero, yerbpe 60KoBbie
rpann KomMMmyTtaTushbl IlosToMy mepegpsis rpanb KOMMYTATHBHA B TOM
H TONBKO TOM CJIy4ae, €cjln 3a/Hdsd IpaHb KOMMYTATHBHA [PH BCEX C.
CreoBaTenso, ¢ ABIACTCA KIHHOM OTHOCHTEIBHO P, €CITH W TOMHKO
ecti £ SIBIACTCA KJAMHOM oTHOcATensHO (p,c). Takmy obpazom, KiInHbA
m3 x B [ S(—,—,¢, ) B3aNMHO OIHO3HATHO COOTBETCTBYIOT KIMHbSIM U3 T

@
B S. [locKONbKY KOHEL — 9T0 yYHHEEPCA/IbHBII KJIHH, 8 YHHBEPCaIbHOCTh
ONpeJiesieHa ¢ TOYHOCTHIO 10 W30MophH3Ma, TO Mbl NOJYYAEM HCKOMBII
uzomopduzn 4. O
OTMeTHM 0JHH CYIIECTBEHHBII NYHKT: 3T0 NPe/JI0KEeHHE CBOIMT JBOii-
HOM MHTErpaJl K IOBTOPHOMY 1PH YCJIOBHH, YTO BHYTPEHHHH HWHTErpaJ
_[5'(}), q,c.c) cymecTByer s ecex nap (p,q) (a He TOMBKO npH p = q).

B Cly4ae npeieion 3Ta TOHKOCTL HE BOIHHKAeT.
Cpozs BoitHOoll HHTErpas K NOBTOPHOMY ABYMA CHOCODAMI, MOy YaeM
H3BPCTHRIH pesviabTar of) U3MeHeHnH NOPATIKAa HHTEerPHPOBaHA.

Cnencrsue. [yemo dan dynrmop S @ PP x P x CP x C —+ X,
npuneam xonun [ S(p,q,¢,¢) u [ S(p,p, b, ¢) eywecmeyrom npu 6cex p,q €
c P
€ P ubye e C. C yuemom meopems, 0 Napamempe paccMompim 3mu
xonun kax Oudynrmopu (omuocumeavno p,q u b, ¢ coomeememeenno);
mozda uMeemcea usomopPusm

iUSW&mﬁ]%luSpna)l

B deticmeumeasnocinu Aecas wacms cyuecmeyem mozda i moasko mo-
2da, xoeda cywecmeyem npasas, u uzomophusm 8 — smo edurncmeennan
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empenra 8 xamezopun X | Komopas deaaem KoMmymamusnumu duazpam-

| S(v.p.cve) — [$(p.p.csc) —=S(p.p.cye)

ST ‘ I

Y
JIS(D??}! , ﬂ) E—F J-S(p' P, c, (\_.) p— S(JI"'. P, e, (!}
cp P

npu ecex p € P uc € (' adecy 20puzonmassrne empearu — 3mo co-
OMELTMCMEYIOULUE KOMNOHERTIbE YHUCEPCAALHBET KAUHLES JAA PACCMaIm-
PUGLEMBLT UWHTHE2IHLAO6.

W3 37UX pe3sybTaToB BRITEKAT COOTBETCTBYIONINE (haKThi JLis 1pe-
aenor u Konpeaenos. Mvenno, mycrs nan dyuxrop F : P x C = X, rae
Pu C — manume, a X — noanaa kareropun. C yuerom npemioxkenns 3,
§ 9.5 monygaem

Lim,, Lim, F(p, ) = Limg, 4 F(p,¢) = Lim, Lim, F(p,c).
CooteetcTByonas (GpopMyna BepHa U 715 KOMPEIETOB.

3ameuanus

CHereMaTHIeCKOe HCCIeI0BAHRE BCEX BOZMOMKHBLIX CBOHCTB Npejenos co-
gepanock B pykonmnen Llesasie 1no reopu Kateropuil; K comaleHnio, sra
PYKOMHCH DBIIA yTpatena Hekoel napoxoanoil koMnanuei.

CynepbecrectBentnie npeobpasosannda (K BCe NPaBHIa WX TEPEMHOMKEHW )
6uin orkpuitel 8 ¢rarke (Eilenberg, Kelly [1966b]), a auaronansno ecrecrsen-
neie npeobpasosanusi — B pabore (Dubuc, Street [1970]). Tlepsoe onpejgenenne
TeH30pHOTro npousseienus pyukTopos npuaapiexnt Kany (Kan [1958], § 14);
JiaJiee 3TH IIPOM3BEIeHHs] MCcie10Baiucs B Heonybiaukosannoii pabore ®. V-
mepa 1 Annena Koapka. }

Mpes nonsitist konna Obuia Habfinena Honenoi (Yoneda [1960]) u addex-
tupno npusmenena s pabore (Day, Kelly [1969]); srn asrops samerwiu, wro
NOHSITHE KOHIA CYIIECTBEHHO /1715l KATEropuil, CBA3aHHbIX He ¢ Set, a ¢ ApyruMu
saMkHyTHME Kareropuavi. Om. taxsxe (Kelly [1082]).
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PACIIIMPEHM S KAHA

ITycrs M — nekoropoe noamuozkecTso s kareropun C'. Jliobyo ¢yHk-
mao t : M — A B menyeroe mHONKeCTBO A MOXKHO NpomonKuTs HA O
MHOIMMH CHOCODaMH, ¥ CPeiu HUX HeAb3H BbIOPAThL KAKOM-TO KAHOHUYE-
ckuit wian eauncTsennsii. Oanako ecnin M — noakareropusa B C, To 11sa
Kax101ro (lJ_VI]I("I‘(]l]H T: M= 1'-1 B INPAHITAIEe HMeeTCHA (}Gﬂ. KaHOHHYCCKHX
(min kpaitnnx) crnocoda npogoKuTEL ero 1o dbyukropos L, R : C — A.
OnM XapakTepu3yIoTesl YHUBEPCANILHOCTBIO COOTBETCTBYIOIMX €CTeCTBeH-
HBIX npeobpasosanuil. B o6mem ciyvae nmocieannx MoxeT u He ObITh, HO
OHH (J6}li.lﬂ-’fl.‘...’]bll() CYIECTBYIOT NPH YCJIOBHA, YUTO KATErOPHA .ﬂf.{ Magld, a A
MOJTHA HITH KOMOJTHA, W TOT/Ia OHA PEATH3YIOTCA KAaK OTIPEIETeHHbBIE TTDE/Ie-
JIbl WITH KOHIEL. 9710 pacipenna Kana, KoTopeie sBisioTed BazK HeH M
noHsitHeM teopuu kareropuii. M3yuas ux, mbl eme pa3 yberxgaenmcs, 4ro
Kax10e U3 OCHOBHBIX NOHATHIT MOZKHO BBIPA3HTL Hepe3 JApyrue. B Ha4va e
3TOH IJTaBBI MBI BBIPA3HM CONPAXKEHHBIE (DYHKTOPBI KAK MPeIesbl,a 3aK0H-
YUM TewM, 49TO BbIpAZHM BCE Hepes pacilHpenns Ka-lia-.

10.1. ConpsizkeHHbie (PyHKTOPbI U [PE/IEJIbI

Ecau a5 Beex cpynkropos J — € cymiecTByoT Mpeieabl U KOMpeie-
JIbl, TO OHHU ONPEIEJIHAIOT COOTBETCTBEHHO NPABLIil U JIEBbLT CONPAAKCHHBIIT
JL1E AJHArOHaAlIbLHOTID {b}rliK'l'Opil A:

(i
Lim | |4| Lim (= npasbii conpszkennpiii ws A). (1)
— —

CJ

Oﬁpil’l‘l_lt.), JeBble CONPHMEeHHLIC MOMHO HHTEPIPCTHPOBATL KaK Hpele/ibl.
Brauane 3aMeTumM, 1ToO HAYATBLHBIA 0OLEKT B 10607 KaTeropumn C asns-
eTCsH NpeiaeioM:

Hanaububiii o6bext €' = Colim (0 — ) = I(Jijl d:C—=C), (2)

riae 0 obosuaqaer nycryio kareropuio (opaunan 0), a 0 = €' — nycroii
dyukrop. Onpenenenne Ha4aaAbHOrO OOBEKTA € B TOYHOCTH O3HAYAET,
4TO 3TO Koupegea myeroro dymropa. Ilpm stom erpenxn g, e —
— ¢, IUHCTBeHHBIC I8 KAXKIOrO ¢, onpedenant xkouyc e — Id.. Econ
A d-= Id, — xonye e apyroil BepiMHoii, TO CyUIECTBYET €JHHCTBEHHAS]
crpenka f @ d — e, takas 410 pof = Ao AIA BCEX ¢ ACHCTBUTEIBHO,
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NONMKMB ¢ = e, noiayuaem [ = A, a Jjus 370l CTPENKM BBINOIHEHO
ypaBHEeHHE [ A, = A., TOCKOILKY A — Kouye Hajx Id.. 910 nokaswiBaer,
yro e = Lim Id.. O6parubiii daxr (ynoboit npeien wig 1d — navanbubrii
OGBEKT) ABAAETCH YACTHBIM CJYdaeM CIELYIONeH JIeMMbL:

Jdemwma l. IIyems A : d = Ide — wouye Had moscdecmeennvim yrx-
mopom, ¢ darn dynxkmopa F @ J — C wonye A\F : d—=3 F asancmes
npedeavnuvim. Tozda d — navaavnwii obsexm 6 xamezopuu C',

Hdoxkasareascrso. [lockonbky A — KOHYC, TO TPEeyroJbHHKH

ANAY /\

Agi ’\F'

KOMMYTATHBHBL U151 Kaskoro i € J n kaskaoit crpenkn f 3 C. Ho konye
AF — npenesbHbIi, H ¢ YHeTOM JABYX HEePEBIX TPEYTOJABHHKOB NOIYHaeM,
uto Ay = 1. Torga tperuit TpeyronbHUK nokasbBaer, qro [ = A..
BHaunt, n3 d B KaxIeli 0ObEKT ¢ BeJeT eIMHCTEeHHAS CTPeIKa, T. €. d —
HavaIbHbIH 00berT. [J

Taknm obpazom, Hadaubhbie 06bLEKTLI cBoAATCH K npeaenam. lanee,
dyugrop G @ A — X umeer Jepplii CONpsyKeHHBIi B TOMHOCTH TOLJA,
KOIJa A Kaxk/aoro obbexra x kareropus sanstoil (x ) G), cocrosiias
u3 Beex nap (g : ¢ — Ga,a) umeer HauanbHsil o0bekT. 10 NO3BOIIET
BBIPA3HUTE JIEBBIE CONPAZKEHHbIE Yepes npeaenst. Hamommmu, aro coorser-
creue (g,a) + a onpesensier (sropyio) npoexumio () : (¢ | G)
KATETOPHH 3an4aToil.

Teopewma 2 (popmanabEBIT KpUTEpHIH CYIIECTBOBAHUS CONPSAKEHHO-
ro). @yuxmop G : A = X umeem aeeviti conparcennnil, €cau t Mosbko
ecAu GunoAnens cacdyiougue Jea YeAoGUA:

1) G cozpanaem ece npedeam, cyuwecmeyrouue 6 A;

2) daa kascdozo x € X 6 wamezopuu A cyuecmeyem
Lim(Q: (z ] G)— A).

B smom cayuae aeewd conpascennnl dedicmeyem na kasicduil obsexm
x € X no dopmyae

Fer=Lim(Q:(z|lG)—> A), (3)
{_

a xaxcoyo cmpeaxy g - x — Ga nepesodum 6 komnonenmy A, 1 Fr —
— Qg = a npedeavnoeo konyca X dax npedeaa (3).

Hdokaszareabcrso. Yeaosue 1) HEODXOQMMO, TOCKOJIBKY IIDABBIE
CONPsIZKEHHBIE COXPAHsIOT BCe mnpenenst. Ecnu dyukrop F conpszken
caesa ¢ G, To kwkgas mapa (1, : ¢ — GFz, Fr) asiserca nadaibHbiv
obwexkrom B wareropuu (r | G). Iostomy xaxasni dyHRTOp M3 3710
KATErOPHK 3aiaToil uMmeer npegen (a4 MMEHHO. CBOE 3HAUEHHEe HA ITOM
Ha4aJIbHOM 0ObekTe). 3HaunT, yeiosHe 2) Takxke HeobXoAuMO.



10.1] Conpascennvie dynsmopn u npedean 271

Orciopa yemarpusaercs u obparasiii daxr. Cornacno yenosuio 2),
KOMIO3UIHA (PYHKTOPOB

wie) S yie) S a (4)

umeer npegen 8 A npu mobov y € X. Cornacno yenoeuio 1), G coxpansier
BCE npeaeinl; B cuiy JeMmmol u3 § 5.6 @ cozgaer sce npenenst. Creno-
parenbuo, Id umeer B (y | G) npeaen, kotopeiii Beuay (2) sBasercsa Ha-
HalbHBIM 0OGBEKTOM — CKazkeM, y — Ga. Ho Torna a aengerca snadenuem
a = Fy aesoro conpszkentoro F, oTkyia

Fy=Q[Lim(ylG)— (ylG)=Lim(Q:(ylG) —» A)
— o

(HOCKOMBLKY () coXpaHsAeT 3TOT peaes, KoTopbliil um e u cosgan!). Ilo-
nydeHa nckomast (hpopMmysia; H3 Hee HeNOCPE/ICTBeHHO BBITEKAET MPAaBHJIO
NOCTPOEHUS JIEBBIX CONpAXAeHHbIx. [

Vupakuenust

1. ChopmyrmpyiiTe vrBepsKIenie, IBOICTBEHHOE K Teopeme 2.

2. (@opmasbhbit kKpurepuit npejacrasumocty, Bénabou.) Tlvers kareropus
C HAMEeT MAThie }.IUHL*MHO}!(E!CTBH. a ok UGUZ%Hﬂ.'[H.{‘.T OTHOTOMETHOE MHOMKECTBO.
Hoxaxure, aro gpyuxrop K : C — Set npeacrasim, eciim U TOILKO eCIH BbIITOJ-
HeHn! Jpa yenopus: 1) K coxpanser Bee nPeesisl, CYMEcTBYONNE B KATeropui
C; 2) mpoexknns kKaTeropun sanatoit @ ¢ (x | K) — C wnmeer mpeaen n C.
B srom cayuae npegensnniil konye 5Toll npoexupn A : or -3 () conocrapiaaer
KK I0MY 0bberTy h € K, crperky Ay @ 7 — ¢, H 370 COOTBETCTBHE ABIACTCH
npeacrasiennem K = C(r, —).

3. (QopmanabpHbli KpuTepHil yHupepcanbHocTH crpenkn.) Ilyers X mwe-
er magnie hom-muoxecrsa. [lokaykure, 4ro yHUBEpCaIbHAs CTPEIKa U3 T €
€ X B G : A — X cymecrByer, ecii H TOIBKO ecm : 1) dhyvakTOp
X(z,G—) : A — Set coxpanser sce npesenst; 2) B kareropuu A cyuecrsyer

LimQ: ((z L G) + A)

4. (VeopepurercTsoparns (POPMA/IbHBIX KPHTEPHEB CYLIECTBOBAHHS. )

a) [ogaxure, w0 yeaosue 1) B Teopeme 2 MOKHO 3aMEHATE HA CIEIYIONEe:
G coxpaHseT BCe Mpejiesbl, CYIeCTBOBAHNE KOTOPLIX Tpebyerca B yeiosum 2).

6) IMokaxkure, yro yeiaosue 1) B yup. 2 MOKHO 3aMenuTb Ha cieayomee: K
COXpaHAeT Ipeges hyAKTopa (J.

5. (Ipeacrasunbie u conpsixennsie pyukToper, Bénabou.) Iyers C umeer
vadsie hom-muoxecrsa. TTocrpons st npoussoabioro gyukropa K @ C —
— Set xareropmio Cx. npucoennnns & (1 OIWH HOBBIH ODBEKT 0O W HOBBIE
hom-muoxecTBa Ok (00,¢) = Ke, Ckg(oo,o0) = * (0gHOTOMETHOE MHOMKE-
crso), Ci (e, ) = @ (nycroe MHOKECTBO), € OYeBHIHBIM yMHOKenuem. [Tyers
Jik : C = Crx — dyvaxrop shomennsd. Jokaxure, uro K npejacraBum, ecin
H TOJBKD eCcim ,)Tjg' HUMEeT JIeBhLIT I'{)“pﬂ HEHHBI.
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10.2. Cnabas yHUBeEpCAJIbHOCTH

Iyers jgan ¢gpyukrop G :a — X u obbext x € X. Caabo ynusepcais-
HaA empearans r 8 G —3ro napa (r,w : & = Gr), cocrosmas n3 o0beKTa
r € A u ykazanno#l crpenku w n3 X, npuuem s Kaykaol crpesnku
f:x = Ga cymectsyer ctpenxa f' :r — a takas, uro f = G f' o w. D10
COBIIAJIAET € ONPEJIEIeHHEM YHHBEPCATLHON CTPEJIKH C TEM HCKTIOYeHHEM,
YTO He mpeianonaraercs eauHcrpeHnocTs crpenkn f'. Io Toii e cxeme
(Fll‘ﬁrd) MOZKHO MU,.e'.lﬂ(.i)[rlll,[r'[p(}lia’l‘b BCEBO3SMOMKHBIE THUILL YHHBEPCAJLHBIX
00bLEeKTOB, onpeaeaus ciaabble NpON3BeIeHHA, CJ1a0bIe MPeIebl, cIadbie
KOTPOU3BEILHNs (B KAJKI0M cllyvae npeanoiaras cymecTBoBanne, Ho He
€TMHCTBEHHOCTD ).

B kauecrBe NpUIOKEHHS JaJUM HOBOE IOKA3ATE/ILCTBO TEOPEMbI
Dpeiiza o cymecTBoBaHNN HaYaIBHOTO 00bexTa (Teopema 1, § 5.6).

Teopewma 1. Tyems kamezopus D noana 8 MAI0M U ULMECTL MALAGLE
hom-muoocecmea. Tozda e D eywecmeyem nanaavhuii obosexm, ecau
U TMOABKO eCAU CHMECTREYETE MOADE MHONCECTIEO S.. KOmopoe AGAACTCA
cAabo HavaAbHLM, . €. dax Kaocdozo d € D cywecmeyem empeara s —
—d, 20e s € S.

Hdoxkaszareasctso. Honuywo (full) noakareropuio 8 D ¢ o6bexTaMn
13 S 6yiem Takoke oboznauark S. IMockonbky D wmeer hom-MuoxecTsa,
TO KaTeropna S mana; Tak kak D nonHa B magoMm (small-complete), To
dyurrop Broxenus F : S — D umeer npejenbubiit Kouye gz v F.
IMokaxxem, wro v = Lim F' cayzxunt nadanbHeiM 00bekToMm B D,

Ipex e Beero euibepem ans kaxaoro d € D crpenky s — d u onpeje-
JIHM Vg KAK KOMIIO3UIHIO T4 @ U L 5 — d. Mut YTBEPKIaeM, 410 7 1 U —»
— Idp smasercs konycom. HdeficTBuTensno, Bosemem crpenky f:d — d'
n ofipazyeM auarpamMuy

d d'.

ITockonbky Kateropus S MOTHA B MAJOM, TO CYHIECTBYET KOYHHBEPCATb-
Hblii kpagapar g s — d' n s’ — d' ¢ sepimunoit p. Tlockonbky MHOKECTBO
"

I
S cnabo HATATBHO, TO HMeeTca cTpenka v — s — p. Tak xax mogka-
3 D
reropus S nosasa (full), o obe komnozunun s” — p —- su s’ = p =

—+ 5 coaeprarTcd B S, H ABd BEPXHHUX HYeThIPeXYIro/MbHHKA KOMMY TaTHBHbI
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(p¢ siasieres: konycou). Jlanee, namnyroibHIK KOMMY TATHBEH, HOCKOJIbKY
P CAYZKAT BepHIMHOI KOYHHBEepCaJbHOro Kpaaparta. CrenoearensHO, 7
SABJIACTCS KOHYCOM.

Ecin, onpenensas Kouyc 7, Mbl Boidepem v — § — § B KA4eCTBE i,
To kKomnozunus YF @ v F onpepennt npejensssii kKonye jr. Beugy
memwmer 1, § 10.1 v spasgerca HagambaBIM 00beKTOM B S. [

AHaIM3 3TOr0 PAcCyKAeHHs 10KA3bIBAET, 9T0 OHO OCHOBBIBARTCYH HA
Jokazarenscrse Teopemsl 1, § 5.6; HO B TOM iyuae Mbl cHauYala pac-
cymarpuBaiy npouspedenue [[ s (wrobur nonyunts eguncrsennnii cnabo
HAvYaTbHbBIT 00bEKT), a 3aTeM — MOAXOAANIAI ypapHnTenb. Ha 3101 pas
0be onepaiun ofbeuHenbl B OJIHy — BagTHe npejena ana F: S C D.

10.3. Pacmupenune Kana

[ycts pan pynxrop K : M — C, a rakzxke kareropus A. Pacemorpum
kareropuio (yukropos AY, B kKoTOpOll OBLEKTAME CTYIKAT Cb\f[-lKTt}phl
S :C — A, a CTpesKaMu — eCTECTBEHHBIE TIPeoOPasoBanus o : S - 5.
Ounpegennm dyuxrop AK - A9 5 AM | ponoxus

(0:853 8 (0K : SK 5 §'K).

nOU'T‘pDH'I‘IJ pacu.mpt!]m(’ K(’UIEI — AHAMAT HAUTH JIEBLIA H 1';parsb|1'i co-
npaxenssii ans AKX, Paccvorpuv sty 3azavy cHauana TS HpaBOro
CONPAMKEHHOTO.

Onpenenenne. Mycmo darww gymsmopu K - M = C uT : M —
— A. Hpasoe pacwupenrue Kana daa T no K — omo nape R,c: RK =T,
cocmosuyei w3 gynsmopa R € AY u femecmeetitiozo Tipf'()ﬁpud(?ﬂuﬂim &,
ynuGepcaavrozo cpedu cmpeaok uz AK : A 5 AM ¢ T € AM

Kak scerjga, cBoificTBO YHUBEPCAILHOCTH OIPEICIHET (byLucTop R =
= Rang T eamacTBeHABIM 06pa3oM ¢ TOTHOCTBIO 0 €CTECTBEHHOTO H30-
mopduszma. Bojee 1o pobHo, YHHBEPCAILHOCTL 3/6Ch O3HAYAET, 4TO I
Kazka0it napet S, : SK -3 T usmeerca ¢HHCTBEHHOE €CTECTBEHHOE MPE-
obpazopanue g : S R takoe, wro o = ¢ - 0K : SK 5 T. Emy oreeuaer
ImarpaMMa

e:RK 5 T. (1)

Coorpercrpie o +— £ - 0 K onpejenger DHeKIHIO
Nat (S, RangT) =2 Nat (SK,T), (2)

ecrecTBeHHyO 10 S} ¢ ApYroit cTopoust, 3ta buekunsa onpegenaer Rang T,
ucxona n3 K u T'. Dto pacmmpenne Kana nasssaerca npasua, TOCKOILKY
B 0bo3zHavenun hom-muoxkecrea Nat ono crour enpasa. (Bupouem, oruve-
THUM, YTO HEKOTOPbIE aBTOPbI HasbiBaloT [T esbiM pacmupennen Kauna.)
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Vuupepcanbibie crpeiku u3 gynkropa AR Bo pee obnextnr T Byecte
06pasyioT JeBsri conpsxkennsrii dynkTop ama AR, H? 3TOTO 00IIEro
dakTa BhITeKaeT, 4yTo ecin wasicdwii Gpynkrop T € AM umeer npasoe
pacumpenue Kana (R.ep : RK = T), 1o coorsercreue T — R cayxur
dbyHKpeit 06bLexToB npasoro conpsxkennoro gyukropa aua AN npuuem
€ ABAAeTCd eaMHHNel sToro conpsxennda. B gampreimeM Mbl mocTpoHM
npassie pacimupenus Kana nna nexoropuix hyuxropon T, koropoie MD—
IYT CYLIECTBOBATH M B TOM CJIy4ae, KOIja npasbiil conpakennbiii k AKX
(B enom) He cymecrsyer.

Ha npakruxe OpiBaer Baxken cayuiaii, korna M — nogkareropus s C,
aK: M = C — siokenne M C C. Torma AX — 310 onepanus,
orpanndusaiomasn obnacts ¢gyukropa § @ €' — A Ha NOAKATErOpHIO
M. O6patno, aast gapsoro T : M — A paceMoTpuM €ro npoaoizKeHns
E : C - A na sxareropuwo C'. Torpa ana moboro Ee € A u nwoboit
crpeakn [ : ¢ = m u3 C cymecteyer crpenka Ef : Ec — Tm n3 A,
H TAKHE CTPE/IKH COCTAB/ISAIOT KOHYC ¢ sBepiiunoil Ee u ocnoanuem T,
ecau pacemarpusarb T kak GhYyHKTOp Ha KATEropuu CTpeiaok f : ¢ — m
(rae e duxcnposano, a m menserca). Crpesaxu [ apasiorea obbekTaMu
Kareropun 3anaToit (¢ | K), noaroMmy B kKauectse Ee ecTecTBEeHHO BLIOpaTh
npejgen (¢ npeaensibim konycom Ef) dyuxropa T : (e | K) — A:

3 . J LimT
[ EC > —
. Ef
! \ /f!
m ——s ' —=m", Tm Tm' Tm'".

Sra npoueaypa (cm. (1.3)) npuvenuva u B obuem cayuae. Lo kaxk-
Jgoro ¢ € C' obbexrami kareropun sansaroit (¢ | K) ciyxar o6bekrb
(fym) (nnm s kparkocru f), rae crpeaka f: ¢ = Km npunainexur
C', a coorpercrene (f,m) — m apagercs gpyuxumeii odobekror dbyHkTOpa
npoeknun Q : (¢ | K) — M.

Teopemal (npasoe pacimnpenne Kana Kak nmoTodednsiii npeaes).
ITyems danw, pynsmopn K : M — C uT : M — A, npuses womnoauyus
(cl K) = M — A npu xascdom ¢ € C umeem npeden 6 xamezopuu A
C ﬂpl’.’.af.’ﬂbﬂth KOHYCOM /\, ﬁ.'G'H’bﬂp'hﬂ'j Mbl FATVUULNEM G ﬁ'f&[}e

Re = I'_(.El ((e ] K) Emi A) =LimgTm, fe€(clK). (3)

Kaoedas empeara g : ¢ — ¢ undyyupyem eduncmeennyio crmpeaxy
Rg:LimTQ — LimT(Q’, (4)
— —
KEOMMYMUPYIOWN0 ¢ npedeavubmy KoHycamu. mu gopmyav. onpedend-

som fhynkmop B @ C — A, u dan waxwcdozo n € M womnonenms. npe-
deavHbir Konycoe M\, = £, onpedeasiom ecmecmeennoe npeobpasosatiue
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e: RK5T. Hapa R,z asasemes npaswsm paciwupernuesm Kana das T
no K.

Jdokazsareanctso. [Ipexe scero, Rg v hopuyae (4) onpenensier-
e TeM (AKTOM, YTO HMPeIest aBisercs (DYHKTOPOM oTHOCHTENLHO (¢ | /),
a NoTOMY W OTHOCHTETbHO ¢. VMenHo, eciim jaHa crpeska g @ ¢ — ¢
u npoexuus @' : (¢! | K) - A, 1o kaxuaa crpeaxka ' ¢ — Km
onpezensier crpenky f'g: e = Km € (¢ | K), n koMnoneaTst Ay : Re —
— T'm obpaszywr kouye uz Re. Ilockonbky konye A yHUBEpCasieH, To
CYLIECTBYET €IMHCTBEHHASA CTpesKa Rg, KOTopas Jelaer JuarpaMmmy

—Tm

Re = LimTQ Asto
{_

|
| Ry [l (5)
¥ 51
fias Tt Val '
R =LimTQ" 2 p,.

kommyTaTusHoil npu seex f'. (leicrearensho, coorpercrene f' = f'g
onpeaensier dynkrop (9 L K) : (¢ L K) = (¢ L K), npu atom TQ' =
=TQo(g | K), 1 Rg cny:KUT KAHOHHYICCKHM CPABHCHHEM — BCIIOMHIM
dunanpipie dhyukTope.) Eean Rg suibpano takum obpazom, to R, oue-
BH/IHO, CTAHOBHTCH (DYHKTOPOM.

Ecnu n € M, 1o 1k, asnaerca oovektom B (Kn | K), v npeteabubiii
Kouyc A umeer komunouenry Ay REKn — T'n, obo3uauaemyio ,. dus
Kaszk/10it cTpenkn b i n — n' mocTponM amarpaMmy

‘\1!(-.1
REkn——=1n

R.ft’hl w‘ JTJ‘: (6)

RKw —> T'n';
1 Kn'

HIKHHI TPEYTOILHHK KOMMYTATHBEH B CHITY onpeenenns Rg (noaoxum
g = Kh), a Bepxuuil KoMMyTaTHseH, MOCKonbKy A — xouyc. Ilosromy
KOMMYTATHBEH U KBAJAPAT] 3TO O3HAYAET, 1T0 1113(-!(16])?13033&11{6 e: RK 5T
ECTECTBEHHO.

Mycrs teneps S @ € — A — apyroit dyakrop, o« ¢ SK =5 T —
ecrecTsenHoe npeobpazopanue. Ilocrpounm o. @ Se — Re. ucxons us
[ e — Km, ¢ noMOmbIo auarpaMMb

A
Re = Lim; Tm —L= 7 ™ o T

A
Ge | ]u 1!? (7)
|

. e - r
Se 7 SKm e SKm'.
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Jos kasgaoii crpenku bz (f,m) — (f',m') kaveropun (e | K), tae [/ =
= Kh o f, mpaBelii KBaIpaT KOMMYTATHBEH, NOCKOJIBLKY O €CTECTBEHHO.
3HauuT, JHArOHAJIBLHBIE CTPEIKH oy, o Sf @ Se — T obpasyior Konye
¢ BepmnHOit S¢ N CYIIeCTBYeT eIMHCTBEHHAS CTPEIKa 0., eIAI0as
kommyTaTueHoil auarpamvy (7). Jokaskem, wro npeobpazosanue o ecre-
creenno. Bosnmem g : ¢ — ¢ u obpasyen nmarpavuy

. ’ | . ET 1u (8)

Sc——=> S ——> SKm
Sg sy

S(f'ag)

st kaxaoit erpeakn ' ¢f = Km wz (¢! | K). Tlpassiii u srenmnii
KBAIPATH KOMMYTHPYIOT B CIUTY OTIPEJICTIEHNS 0, & BEPXHAL MPAMOYTOIb-
HUK — B CHJIy jauarpammel (5), onpegensiomeii Rg. Kak wreactrue,
Jiepplil (BHYTpeHHMI) KBAJAPAT CTAHOBUTCH KOMMYTATHBHBIM, eciu obe
BePTHKAJILHbBIE CTPEIKH YMHOKUTL Ha A}, anst soGoit ns crpeqox f'. Ho

A’ — npemenbHbLl KOHYC, MOITOMY U CAM JIEBbIT KBAAPAT KOMMYTATUBEH.
3navunt, npeobipazopanue @ ecTECTBEHHO.

B onpepenennn (7) ais o nonoxum ¢ = Kn, f = lx,, m = n. Mbi
BUIUM, 9TO Gy = A rpnTKkn, 0TKYHa v = £ - K. Takum obpasom, Joboe o
nonyqaeres u3 € : KK T no gopuyne o = -0 K ¢ nexoropsim o. B ey
mmarpaMmer (8) mpeofipazoBanie ¢ ¢ TAKWM CBOWCTBOM €IHHCTBEHHO.
eiicTBUTENBHO, 3TO CBONHCTBO ONpeIeaeT ero KOMIIOHEHTHI T ¢y, ; YTO0BI
ONpPEeITHTE OCTAJILHBIE KOMIOHEHTHI, NOJ0AKHM Ha auarpamve (8) ¢ =

Kn, f' = 1gy. m = n. Ecm ¢ ecTecTBOHHO, TO JCBbIl KBaIpar
KOMMYTATHBeH, W TOTIa Ay o 0. ompenereno mis Beex g @ ¢ = Kn. Ho
A — npejedbHblil KOHVe, HO3TOMY OHPEIeIeHO H 0., FTO 03HAYALT, YTO £
yHUBepcaabHo. [

Canepcreue 2. Iyems wamezopua M mana, a xamezopus A noana.
Tozda .moboil dywxmop T : M — A umecm npasoe pacuiupenue Kana no
mobomy K : M — O, u dynsmop A® umeem npacwii conpascennnii.

B uacrHOCTH, 3TO OTHOCHTCA K caydaio A = Set:; oH ObL1 H3y4eH
nepsbiv B pabore Kan [1958].

Caepcrsue 3. Tyems dynxmop K 6 meopeme 1 nonon (full) u ynu-
eaaenmen. Tozda ynusepcarvraa cmpeara £ : RK = T daa pacwupenus
Kana R @ymmo}m T no K aeasemcs ecmecmsenuvim uzomophuimor
e: RK =

_ﬂoxa3aT enscTB0. BEem n € M, o RK'n nonyuaercs u3 npegena
Haj Kareropueit zansaroil (¢ | K) npu ¢ = Kn. llockonsky K noson
U YHUBAJEHTEH, TO Kax bt 06bekr f: Kn — Km B Kareropuu 3ansToii
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MOKHO 3anucarh Kak [ = Kh aig egunersensoft crpeinku b @ n — m.
710 o3ra49aeT, uro 1 : Kn — Kn apngerca HagaIbHBIM 00HEKTOM B KaTe-
ropun sangatoit u noromy RKn = Limg T'Q) moxuo nafiru, npumenus 7'Q)
K 3TOMYy HadaabHOMY o0bekty. Cnenosarensuo, RKn =Tn, £, = 1. O

3,’((’(‘]: COMEPAUTCHA (‘Jl.\f‘lﬂ.ﬁ: KOT 18, [)EI.(T[IIH]}PHH(’ K?}.HH B G}'KBH.IIh[I{'jM
CMBICTIE ABJIHAETCH paCUJI-TpeHHELI.

Caneapcreued. ITyemv M — noanaa nodsamezopus 6 xamezopuu C,
aT : M — A — nexomopwii hynwmop. npuvesm 00018 KOMROIUULA
(¢ L K) = M — A umeem npedea 6 A. Tozda cyuecmeyem makot
dymwmop R : C — A, wmo RK =T (m. e. R cayacum npodoarncenuem
daa T') u mooicdecmeenoe ecmecmeennoe npeobpazosanue 1 : RK 5 T
deanem R npaeom pacwupenvesm Kana das T no eaoocenwo K 0 M —
—+ O

HoxkazarenscTBo. [Ipuvernm cnenctsue 3 K Biaoxkennwo M —
= C. 0

Jlepoe pacmupenne Kana L = Lang 1 onpeaensaercs anaJOrHYHO, KAk
mapa L,n: T = LK, rae 1 yHHEEePCATIBHO Cpeay Npeodpa3oBaHuil MeK Iy
T u A%, Orcrona NoTVIaeM OHeKI

Nat (Lang 7, S) = Nat (1, SK), (9)

ecrectsennylo o S € AY. Ecnu cymecTByioT cOOTBETCTBYIONINE KONPe-
aedet, 0 L onpenenserca no (opuyie

Le= Colim (K L) 5 M 5 4), 10
c olim ((K | ) — A), (10)

rie P — npoekunst (m, K'm — ¢) — m.

VYupakuaeHns
B yup. 1-4 ucnoins3yworca QyHKTOpb

K:M->C, T .M—A

u3 pacunpenns Kana.

1. TIycte A — wareropma crpenok 2, a M n C — HEKOTOPBIE MHOAKECTBA.
Torpa dyuxrop T @ M — 2 MOMHO paccMaTpHBaTh Kak 1oAMHOKecTBO B M.
Moxasure, uro 2" — 910 KourpasapuanTHas Gyaesa crenesn PM, a Lang T
spasierca obpaszom dyuakropa T C M no K. Omuumre Rang 7.

2. (Pacumpenus Kana npexctasumbix dyraxrtopos.) Ilvers A = Set,
a xareropun M u C wnmeior massie hom-muoxecrsa. Ilokaxkwure, urto Je-
Boe pacmmpenne Kana s M(m,—) mmeer sua C(Km,—) ¢ exmanueii
n:M(m,—) = C(Km, K—), kotopas onpejeisaercs veaosuem = L.

3. Iycre M, C' n A — HeKOTOPHIE MHOZKECTBA, TPIIeM A COIepPXKUT He MeHee
JIBYX 3/IEMEHTOB, a orobpamenne K ne ciopbextusro. Jokaxure, uro vu Lang,
mn Ranyg we cymecreyer.

4, (Ulmer.) Ilokazkure, 4ro cjiegcTeue 3 OCTALTCs BEPHBIM, €CIH yoiosne <K
HOOUIOH I YHUBAJIEHTEH» 3aMEHNTh HA «/{ NOA0H M CTO/Ib K€ YHUBAJICHTEH, KaK
n T». Tlocremmee o3madaeT, uTo 04 Mob6erx crpetok b, h' : m — n xateropun
M us Kh = Kh' cnenyver Th = THh'.
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5. Ilycre M — nwo6as kareropms, a kareropusi M., nosyuaercs poban-
neamem Kk M opnoro moporo obwexta oo, TepmuHansHoro B M. Hoxkamnure
(Mcxons 3 ompesenenuit), 9To konpejesbHeill KoHye dyukTopa T : M — A
Apjgercd jieppim pacuupennesm Kana s T no dyukropy siaoxenus M C M,
1 0DpaTHO.

10.4. Pacmumnpenusi Kana Kak KO-KOHLbI

Veuncienne KO-KOHIOB JaeT H3AmHyio opMyay s paciiipennii
Kana; pacceMoTpuM a8 pa3suoobpasns JIeBoe pacllnpeHne.

Teopewma 1. Hyemv danne dynxmopw K : M — C uT : M — A,
npusesm Oaa seex m,m' € M u ecex ¢ € C' 6 kamezopuu A cyueemsypom
woemenenu C(Km',c) - Tm. Tozda T' umeem nesoe pacwupenue Kana
L = LangT ne K, ecau dan wasicdozo ¢ € C' cyueemeyem cacdyrouyudi
KO-KoHeY, u mozda on coenadaem ¢ ghynrmopom us L:

m

Le = (LangT)e = fC(Km, ¢):Tm, cel. (1)

HJokasareasctso. [lo TeopeMe o napaMerpe MOXKHO paccMaTpH-
BATH }’Kﬂ3alll-lhln KO-KOHEI Kak (l}}"liKT{Jp OTHOCHTENEHO . C[)EIBHHM ero

¢ kakum-uuby A6 Apyrum dynrkropom S : C — A. o senve Vonessr
A(Tm,SKm) = Nat (C(Km,—), A(Tm,S—)) =
= JEns(C(K:n, ¢), A(Tm, Sc)), (2)

TAK KAK MHOKECTBO ECTECTBEHHBIX NMPeodpa30oBaHUil MOXKHO OPEACTABUTD
Kak Komel (B mocraroano Gompmoit nonnoii (full) xateropnu muoxecrs
Ens). llueerca crnexyonias nocieI0BaTeIbHOCTE H30MOPGMHIMOER;

Nat(L,S) = IA(L".’., Se) (bopumyaa konua aia Nat),

m

= j"i (J C(Km,e¢) - Tm, Sf‘) (onpenenenne (1) aaa L),

o j [ A(C(Km,c)-Tm,Sc) (nenpeppiBrocTh  hyHKTODA
A(=, 80)),

o j J Ens (C(Km,c), A(Tm, Sc)) (ompeseTerme KocTenenei),

=~ [ [Ens (C(Km, ), A(Tm, 5¢)) (dyGiusm)

= J A(Tm, SKm) (mo dopuyae (2)),

R

Nat (T, SK) (opmyna kouna ans Nat).
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3aeck npumennMa Teopema PyOuaN (NEPeCcTaHOBKA KOHIOB), ITOCKOILKY
o6a konua | u [ cymecrsyor. Kareropus muoxkecrs Ens jomkna 66rb
m <«
JA0CTATOTHO BOJIHKA (‘-I'T(Jﬁhl CoaepzKaThL BCe 110!11—1\{]-[{])]{[‘0'?!3&1 KEJ.‘T‘(‘.]'U[)Hﬁ x'l.
u ' u muoxkecrsa Nat (L, S), Nat (T, SK') ana seex S : C — A). Ilockoiib-
Ky KazK/Iblil 1epexo/ ecrectsed 1o S, 10 pe3y abrHpyonmii uzomopdusm
Tak:Ke ecrecrsed 1o S, u noromy L = LangT. O
()'I‘M(’."l‘li_\{, q4T0 Dﬁpf:l’l"l]{}(‘. HE YTBEPAAACTCH: eCJIH pacilipeHie LIHIA‘T
CYMIECTBYET, TO OHO He 00A3aHO A KaKI0TO ¢ HMeTh BHJ Ko-KoHma (1).
Mebi mosyaus eHHALY 1) TOCTPOEHHOTO pacimpenns Kaua, ecan no-
nokuM S = L u npumenuM uenocdky mzomopdusmos. Cdopmympyem
pe3yibTar.

Teopema?2 (pacimpenus Kapa Kak KO-KOHIBL, [NPOJCIZKEHHE).
ITyemv dano pacumupenue Kana (1). Toeda ynusepcaavnas cmpeara
n T LK npu wascdom n € M seasemes womnosuuued unsexyuu
i1, wocmenenu (daa f = 1k, : Kn = Kn) ¢ xomnonenmoii Konue6ozo
KA W

Tn LN (Kn,Kn)-Tn

w
-
m

JC(I\-HI, Kn)-Tm = (LangT)(Kn).

Takum obpazom, nesoe pacummpenne Kana MOMKHO NMPeACTABHTEL IBOSI-
Ko: 1o ¢opmyie (1) kax Ko-gonen, a no ¢gopmydie (3.10) kax Konpeed.
STH (.i)l.)pM_\"JIh] TECHO CBHASAHLI H B ,_-'J,Uﬁ{"[‘[ill"l‘().}’lbl{D{Z'!‘H AaloT AaBa crocoba
NIPeICTABICHHSA OJHON W TOi yKe HHMOPMaUn 0 Konpeaerax (cM. HEXKe
yvap. 1). Caencreus § 10.3 moxkHO BHIBeCTR 13 06enx (hopmyn. Ananorua-
HO, /A 1pasbix paciuupennii Kana numeercs opmyna

[Rall;"T)c — TmC-'{c.'.J(m}, (3)
m

BepHaA IpH }"CJ'IDBHI'I C}’mGCTBOBaHI‘IH yKﬂBaﬂHOﬁ CTENeHN 1 ee KO-KOHIA
(31ech crenenn X o3nauaer coorsercreue a — at B A).

Pacemorpus Tenepb aaanTHBHBIE pacmmpenns Kana. [Iyers M, Cu A
sipastiorest Ab-kareropusivu, a 0ba jganubix dyiukropa K v T agjurus-
ubl. Torga moxkao onucars npasoe Ab-Kan-pacumpenue dyukropa 1" no
K kak apanrusnaeit pynkrop R 0 € — A ¢ ecrecreennoil Gueknmeii
(3.2) ans addumuenvir hynkropos S. 3ror dyuxrop R’ ne obaszaresnnio
corniacoBad ¢ 00ObMHBIM NpasbiM pacimpennen Kana Rang T, koropoe
nosyvaerca, ecnu 3a6uiTh, yro K, T (1 S) agmuruensl. Ognako R’ mo-
NPeKHEeMY MOMXKHO BBIPA3WTH Kak Kowuerl no copmysne (3), 3amenne co-
orsercrsyomyio kocrerens a® (rae a € A,C € Ab) na korensop a“,
KOTOPBII ONpPeAensaercd COnpAzKeHueM

A(b,c) = Ab(C, A(b, c)) (4)
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s Beex b € A (em. Day, Kelly [1969], Dubuc [1970]). Hapumep, ecin
A = R-Mod, To nonyqaem a© = Ab(C,a) ¢ oueBnanoii crpykrypoit R-
mogyaa (nepenecennoit ¢ a € R-Mod).

[Tpoussoansie pysrTOpH — NpHMep Ha TV ke TeMy. llycrs dpyaKTOD
T : R-Mod — Ab touen cnpasa. Toraa ero jiegbie npon3BoiHbie GyHKTO-
pet 1), : R-Mod — Ab MOXKHO HAJEINTL CBA3BIBAIOITHMH MOPMOIEMAMI,
KOTOPGIE NMPEeEPALTAIOT HX B T. H. CBAZHYID NOCIE10BATENEHOCThL (ll_yllKTO—
poB (Mac Lane [1963a]: Cartan, Eilenberg [1956]). IIpusesem ochnoHoit
npumep: ecin A — npapstii [-Mo/1yJib, TO JI€BLIE NPOH3BOAHBIE (DYHKTOPBI
Tensopuoro npoussegenus A @p — @ R-Mod — Ab — nepunojuueckue
npouzeeaenns Tor, (4, —) : R-Mod — Ab.

Jlesble npoussoaubie pyuxropst T, aas T MOKHO 0XapaKTepU30BaTh
CJIEIVIOINNM CBOITCTEOM yHUBepcansnoctn: Ty = T, n ecmn S, — mio-
Oas CBA3HAS [0CJIEIOBATE]IBHOCTE (a4 IHTUBHBIX) (DYHKTOPOB, TO /1oboe
ecTecTeeHHOE TTpeobpa3zosanne Sy — Ty MpoaOmKAeTCA 10 € IMHCTBEHHOTO
Mopdusma CBA3HBIX noceoBaresnsiocteit yuxropos {S, | n = 0} —
=+ {T, | n =0}

D710 CBOHCTBO MOMKHO TAKKE CHOPMYIHPOBATL CASLYIOMHM 0DpasoM.
Baoxuyv R-Mod B 66sbmyio Ab-kareropuio E ¢ ofvextamu (C,n), rae
C' — HekoTOpBIH R-MO/Y/Ib, N — HEOTPHIATETLHOE 1EJI0e YHEA0, H hom-
rpymnamu Buga E((C.n), (B,m)) = Exth ™(C.B) c xomnosuumeii,
ONPeRIgeMoit TPOU3BEe1eHHeM Honeant. Toraa coorsercrsne C' — (C,0)
onpeznensger ¢gpyuxrop K : R-Mod — E. B srom ciyuae cBa3Has no-
CJAeI0BATENLHOCT ajanTueabix dyukropos {T, | » = 0} — 10 xe
camoe, 910 oaun ajaauTueneiii yukrop 1. ¢ E — Ab co cpoitcrBoM
T.(C,n) = Tp(C), koropetit nepesoaur Mopdusmel u3 F B essapisaioime
mopdizmel. CpoiieTBO YHHBEPCATBHOCTH, CHOPMYITHPOBAHHOE BBIIILE IPH-
MEHHTEeJNbHO K NOGIEJ0BATENBHOCTH T* JIEBRIX l'I]')(]H.'{BO,T[‘II:TX ('I')_YHKTDDOB
Juia T’ renepb BBINIAAHT CHELY IOIHM 00pasoM:

Nat (S.K,T) = Nat (S.,T.).

910 B TOYHOCTH O3HawdaeT, 9to 1. saBagerca mpaebiM  Ab-Kan-
pacimpenvem w1 = Ty no K : R-Mod — E (u uro ero egpuunneii
e: T, K = T eayxur TOMRIECTBEHHOE NPEoDPA3OBAHNIE).

Herann cm. B paborax (Cartan, Eilenberg [1956]) wan (Mac Lane
[1963a]) (rze xareropusi E onpemeisiercst APYruAM, HO SKBHBAJICHTHBIM
crniocobom — Kak rpaayuposannas Ab-kareropus).

Ynparkaeanst

1. Jokanre, 410 €C/AH KO-KOHIB N3 TeopeMbl | CYIECTBYIOT, TO OHM
onpenensioT Konpemeas n3 dhopmyast (3.10) ana Lang.

2. Mpu duxcuposannom K ommunre LangT n RangT (koraa onn cyiue-
crByoT) kak dyaxtops B T

3. (Dubuc.) ITycrs cymecrsyer RangT. Ilycrs takxke L ¢ C — D —
nekoropotit gyuxrop. Jokamunre, uro RangprT cymecrsyer, e u Toabko
ecm cymecteyer Ran; Rang T, n Torma stn GyHKTOPE! (1 MX yHHBepCaTbHBIE
CTPENKH) COBIIAIAIOT.
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4. (Ulmer; Day, Kelly; pacmupenne Kana kak ko-KoHel B kareropuu hyHk-
ropos AY)) Iyers C(Km',¢) - Tm cymecrsyer ans seex m',m € M w neex
e € C. Hokaxure, aro coorsercrene (m',m) — C(Km', —) - Tm apnaerca
dyuknueit ofbexkror Gynkropa M x M — AY. Jokamure, ura T nmeer
aepoe pacimmpedne Kana no K, eciin v toinsko ecin 3tor Oudyarrop nmeer
KO-KOHELL, M TOI/A 3T0T KO-KOHEeL saBJIsHeTcd pacuimpeniem Kana

m

Lang T = JC(K’m, —) - Tm.

Onuummre yauBepcanbayio crpensy 4ua Lang T B TepMHHAX KO-KOHIA,
5. (Ulmer.) Ansanorsuano ynp. 4, noayaure neobXoauMoe W I0CTATOYHOE
yenosue qas cymecrsopanus RangT B repymunax npejesios B Kareropuu A°,

10.5. Ilotoueunsie pacmupenuss Kana

[Iycrh panpt byssTOpDI
cEuML a8 x (1)

i npasoe pacimpenve Kana RangT ¢ koepmuunedi €« (RangT)K 5 T.
Byaem roeoputs, uto G coxpanaem 3to npasoe pacmmpenne Kana, ecan
G o RangT saBasieres npasbiM pacinupenneMm Kana jyig GT° no K ¢
koeauauueit Ge : G(RangT)K = GT. D10 Bneuer (HO CuibHee, 4e)
H3oMopdhu M
G o Rang T = Rang (GT).

MpbI yiKe 3HAEM. 9TO NPABBIE CONPsAXKeHHbe HYHKTOPbI G COXPAHAIOT
npeaenbl. TlokazeM Tenepb, 4To OHH COXPAHAIOT W pacumperus Kana.

Teopemal. Feauw ymwmop G @ A — X umeem npoewii conps-

oicennnti F', mo G coxpansaem ece npaswe pocriuperus Kana, xomopute
cyuweemeyrom 6 A.

Jdokaszareaserso. Buadaie paccMorpum conpsxKenne
A(Fz,a) = X(2,Ga), € X, a€ A

Ecan Bymecto © noacrasurs hyvakrop H : ¢ — X, a BMecTo a — PYHKTOP
L:C — A, ro npuMmenenune 3Toro conpszxennsa K kaxaomy Le m He naer
DMeKIIIO

Nat (FH,L) = Nat (H,GL). (2)

(Kak 06b14no, conpsaxenue csasbsaer I caesa u G cnpasa.)

IMycrs reneps g gpynkropos K u T @ M — A nveerca conpaze-
uie u npasoe pacumpenue Kana RangT'. Torpa g soboro dhyakTopa
H : C — X mbl uMeeM caeayromnme GHeKIHm:

Nat (H,G o RangT) = Nat (FH.RangT) =
= Nat (FHK,T) = Nat (HK,GT),
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ecrecrBeHnbie 10 H; nepsas v TpeThd — 310 4acTHbe cayyan (popMyJibl
(2), a Bropas — onpenesienne npasoro pacmupenns Kana. Kommosumms
Ouekunit (s seex H) nokasvisaer, 410 G o Rang 1" siBiisiercs npasbiv
pacnmmpenuem Kana RangGT. YItober HaliTH €ro KOeAUHUILY, MOM0ZKHM
H = G o RangT n sossmen obpa3z eaunnanoil crpenxn. Honyuaem Ge,
e ¢ : (RangT') = T — koemgmunna mannoro pacmmpenns Kana. [

Cneacrsue 2. Ilyem» R.2: RK =T — npaseoe pacwupenue Kana.
Hyems npu amom wamezopus A umeem maivie hoTn-MHONCECTREA U M-
avte wocmenenu. Toeda npu xencdom a € A dynxmop Al(a,R—) : C' —
— Set onpedeasnem npasoe pacwupenue Kana dan A(a, T—) : M — Set
¢ xwoedunuueii Ala,e—).

JokazaTedbcTBO. JIeBbIM CcONpPskKEHHbIM  (QYHKTOPOM 4
A(a, —) :A — Set apnserca kocrenenn X = X -a. O

Onpeaenenne. yemv danwt ynxmopm C E ML A, 20e xo-
mezopua A wmeem maavie hom-mwoonceemea. Hpasoe pacwupenue Kana
R nasvteaemes nomowedHbiM, eCAu €20 COTPAHAM e NPedemasumie
Pyrnxmopn. Aa,—) : A — Set, 2de a € A.

Teopemad. @yuxmop T : M — A umeem nomouevnoe npasoe
pacwupenue Kana no K : M — C, ecau u moavko ecau npu 6cexr ¢
cywecmeyem npedea daa (¢ | K) = M — A. B amom cayune RangT
onpedeasemen opmyaramu uz meopemn 1, § 10.3.

Hoxazareascrso. llockomsky A(a,—) coxpaHser mpegensl, TO
moboe pacimpenne Kana, nocrpoerroe no dhopuMyne npegena, sBisercs
NHOTOYCHHEBIM.

O6parno, nycrs s kanaoro a € A ¢ynasrop A(e,T—) : M — Set

mueer mpapoe pacmmpenne Kama R* = A(a, R—), xax Ha creayiomeii
JmarpaMMe:
C
"
K
R
M—7FA pYE) Set.

Torna ana kaxaoro pyagropa V' (em. auarpammy) umeercsi GHEKIH
Nat (V, R") = Nat (VK, A(a, T—)),

ectectrennas no V. B wactrocTH, 310 BhIMONHEHO, Koraa Vo= Cf(e, —)
J/18 HeKOTOporo ¢ € C':

Nat (C(e, =), Ala, R—)) = Nat (C'(e, K-), A(a,T-)).

[IpeoOpa3oBaB J1€ByI0 4acTh 10 JdeMMe VIOoHeIb!, a NpaBylo — 1O HHzKe-
npusejiennoli aevue, nomyvaes (3nect ) — npoekuusa (e | K) — M):

A(a, Re) = Cone (a,TQ : (¢ | K) = A).
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DT0 03HAYAET, YTO MHOKECTBO KOHYCOB NPEACTABAMO H [OTOMY IPEIe
ana T'(Q) cymecrsyer. [

3/ech HCIoAb30BaHA

Jemma. Jas ynxmopa K : M — C sceada umeemes Guexuus

Cone (a,(c | K) - M — C) = Nat (C(e, K-), A(a,T-)).

Hdoxazareasctro. Koaye 7 : a =7T() conocragnaer Kax a0l cTpen-
ke f e = Km crpenky 7(f,m) : a = T'm, NOIIMHEHHYIO YCIIOBUAM
KOHYCa; 15 KazK 00 cTpenky i m — m' umeem

r(Kho fym') = Thor(f,m).

Ecrecreennoe npeobpazopanue § @ C(e, K—) - A(a,T'—) conocrapusaer
nbem m € M u f e = Km crpenky f,f : @ = T'm, nogunnennyo
VCIOBHIO €CTECTBEHHOCTI: /U KAk 108 crpenku h 2 m' — m nvees

Bt (Kho fy=The f,,f.

Bueknna T + 3 reneps odesmaHa. [

M3 nokasaTenbeTsa TeOPeMbl BLITEKACT TAKKe

Cnencreued. Pacwupenue Kana R.e: RK =T daa T sacanemes
NOMOMENHBM, ECAU U TOABKO ecat 0aa 6cexa € A uc € C' omobpastcenue

A(a, Re) — Nat (Cle, K—), A(a,T—)),
nepesodsuee g @ a — R 6 npeobpazocanue ¢ xomnonenmodt das m € M

C(e, Km) kLt A(Re, RK'm) M} A(a,Tm),

AGAAEMCA Dueryueti.

VnpakHeHue

1. B cnrvauuu (1) nycrs cymecreyior RangT u Rang GT ¢ xoeaunnuamn
EH ..‘,JA ,F_I()KFMH'I'(’, HTO aMeeTed @JHHCTECHHOE eCTeCTBeHHOS IIpl‘Oﬁl‘Jﬂ.’}[)BiﬂiH(‘
(karonmeckoe otobpaxenne) w : G o Rang T = Ranx GT taxoe, uto ¢’ - wkK =
= Gz Hokamure rakke, yro G coxpansier Rang T, econ u ronsko ecim w
apasterca n30MopdusMont.

10.6. IlnoTHoCTB

IHonkareropuss M C C nHasbiBaerca naomuoti 8 C, ecan Kazxablii
0bbext w3 (' apasercs koupenenaom o0bexToB u3 M: Gonee TOUHO —
Kﬂl’[p(’.ﬂeﬂﬂ]\i KAaHOHHYeCKOrQO BUIa, AIA KOTOpO]."O KOHPE,Z[QHBHLIﬁ KOH}'C
COCTOUT W3 BCEX CTPENIOK m — ¢ B 0bbexT ¢ u3 obbwekros m € M. Bojee
001110, IJIOTHOCTE MOZKHO ONPEAEIHTh He TOALKO Juis Biaoxkenus M C C,
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Ho M aas Jwboro dyaxropa K @ M — C. Tlpu artom crpenkn m —
— ¢ 3aMeHsIIOTCA Ha 00BekTHl (m, f : Km — ¢) xareropum 3anaToit
(K | C). Hanomuum, yro npoekuun P¢,Q° kareropun 3ansToil MMemr
sua P%(m, f) = m, Q%m, f) = f; ormerum, uro (pyukuns oGbexTos)
() MOKeT pacecMaTpHBATECA W KAK Kouye Q° : K P° — .

Onpepenenne. Pynkmop K @ M — C nasveaemes naommvia,
ecau daa xaxcdozo ¢ € C sepua hopamyaa

Colim (K L ¢) 25 M £ 0) =, (1)

nputes ﬁ:map{zde.rzmmm KOHCOM .'3(}(3(!?] AGARETICA RAHOMULECKUTL KOHYC
Q°. B wacmnocmu, nodkamezopus M C C naomna 6 C, xozda dynxmop
BAOUCEHUA NAOTNEN 6 TOABKO WINO ONPEIeALIHOM CMBICAE.

HMuorna onpeaencuue (1) seiparxawt ciaegayiomuy obpaszom: «Kano-
nnveckoe otobpazkenne Colim K P¢ — ¢ gpiasierca M30MOPGU3MOMS;
3/eCh  KAHOHMYECKOoe OTo0pa)KeHHe — 370 EJAHHCTBeHHAH CTPEJIKA
k: Colim K P® — ¢, KOTOpas NEPeBOIHT KONPEICILHBIH Konye B QQ°.

H'd-ll[JH.\’JE‘-I). OIHOTOYMEYHO? MHOMEeCTBO % [LIOTHO B KATEropHH Sel‘..
B camowm mene, s kaxaoro Maokectsa X Kareropus sanaroii (x | X)
3TO MHOKECTBO (JIMCKPeTHAaA KATEropus) 371eMeHToB u3 X, KaXKIbll U3
KOTOPBIX pacemarpusaercs kak ¢yukuus z : « — X. lpu srom (1) npe-
BPALIAETCH B VTBEPH/ICHHe, YTO Kaxaoe X #ABIfercs KOnpOH3Be/IeHHeM
Iz cpoux snemenrop (1. e. yro dyvugkuua f ¢ obiacteio X oguo3HATHO
onpejiesiena, eciii 3a/1aH0 ee 3Havenne fx a8 Kaxmaoro & € X ).

Hpolicreento, dynkrop K : M — C Ha3bIBaeTcs KONAOMMHbIM, €CIIH
st kazkaoro ¢ € C' sepra dhopuyna

Lim((clK) S ME0)=c (2)
s ?
HPUYeM IIPeJesibHbIM KOHYCOM CJIYKUT KAHOHUYEeCKHl KOHyC, KOTopbiit
orobpamaer (f : ¢ = Km,m) B f. Ho 310 Kak pas Tor npeses, KOTopbiii
durypupyer s onpegenennn RangT. Orciona Burrekaer

Ipeanoxenue 1. Pynwmop K : M — C wonaomen, eciw u mossko
ecauld,. u moancdecmeennoe ecmecmeennoe npeobpazosanue Idy : K K
onpedeasmiom nomoveunoe npasoe pacuupenue Kana dan K no K.

B cnencrsun 4, § 10.5 npeobpazoBanne £ B 3TOM CIy4ae ABISETCH
TOKACCTBEHHBIM, H TOJYYeHHAS OMeKIIs CBOAATCA K COOTBETCTBHIO MEK-
JIV TIPOM3BOILHOI eTpeskoil f @ a — ¢ n ecTecTBeHHBIM 1peodpazoBaHAenm

ff=CfK-):Cle, K-)=>Cla,K-) (3)

(npeobpazosanue f* — aro ymuoxkenne na f cnpasa). Orcioga Berrekaer

Mpennomxenne 2. Qyuxwmop K : M — C wonaomen, ecau u mossko
ecau yrazannoe eviue coomeememeue f — C(f, K—) asasemea npu 6cex
a ue € C buexyued

C(a,¢) = Nat (C(c, K-),C(a, K-)), (4)
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ecau w moavko ecau ghynxmop C°P — Ens" suda
¢ Cle, K—): M — EnsM (5)

noaon (full) u ynuearenmen: npednoaazaemen, wmo hom-muosncecmea
ramezopuu M aexcam e Ens,

Cnencreued. Ecau hom-muoocecrmea rkamezopuu M aesicam
6 noanoti (full) wamezopuu mmooceeme Ens, mo eaoocenue Honedu
Y : M - (Ens™)P. umewwee 6ud Ym = M(m,—), seanemca
KOTLAOTTEH BLM.

Iokasareabcrso. Henocpeacrsenno u3 nemmbl Honeap! Borrexa-
er, 4To s Kaxkaoro pyvakropa F : M — Ens sbinosanena popuyia

(Ens™)°P(F.Y'm) = Ens™ (Ym, F) = Fm.

Ecau teneps B Guekiun (4) nonoxurs C = (Ens")® o = Fue =G,
TO ee IpaBas 4acTb HPUMET BHIL

Nat (G, F) = (Ens")*P(F,G) = C(F.G),

u (4) npeppamaercs B ToxaecTso. O

Dror pesyabtar Hacto (GOpMYIHPYIOT caeayiomum obpason: moboii
dyarTop M — Ens sBagerca KAHOHHYECKHM MPEIETOM TPeACTABIMBIX
dyuxTOpOE.

DakT, ABONCTBEHHBIH K NPELIOKEHHIO 2, COCTOUT B TOM, YTO (PYHKTOP
K : M — C nnoren, ecin ¥ ToapKko ecan coorsercrene ¢ — C(K—,¢)

onpejaenser noanwtii (full) n yuusanenrubii gyukrop € — Ens™™.
B gavecTee TPIIIOKEHHS MOKAIKEM, 9TO MOIHAA MNOIKATETOPHS KOHEYHO
MOPOKIEHHEIX adenerwix rpynmn miotaa B Ab. Hyxuo aume nokazars.,
410 Js 100bIX AByxX abenesnix rpynn A4 u B orobparkenue

Ab (A, B) - Nat (Ab (K —, A), Ab(K—. B))

spisieres ouexuueii. Bo-nepsbix, OHO B3aHMHO OAHO3BHAMHO: JBA [OMO-
mopmava fog : A = B, coBnajaiompe Ha NHKIHIECKUX MOATPYITAX
B A, copnagaior seoay. Janee, ono ciopbektusio. B camom zene, ecin
JAHO ecTecTBeHHoe npeobpasosanne 7 @ Ab (K—, A) 5 Ab(K—, B), To0
MOKHO onpeaesants Gyuxpo f @ A — B, p3as B Kauecrse fa s
moboro a € A suavenne 7 Ha orobpaskennn Z — A, nmepesogsmem 1 B a.
Hockonbky rpynna Z & Z KoHeuHO NOpoXKAaeHa, To 31a OYHKIH J0JKHA
ObiTh roMoMopdu3vom. Ee 06pa3 npu paccMaTpHBaeMOoM OTOGpParKeHHH
COBIATALT ¢ T} AOKA3ATENLCTBO 3asepiueno. Oruernd, 9to hakTHIeCKH
JOKa3aH0 OOIBINE: MOTHAS NOIKATeropus ¢ oauny obsestom Z & Z nnoraa
B Ab. (Tpebyiorca apa ciaraembix Buja Z, NOCKOALKY abesieBbl rpy bl
ONpeesIAioTea B TepMuHax GuHapHOil oneparuu.)
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Yupa>kaennst

1. IMoxazwure, aro B xKareropnn R-Mod nomsas mogkareropms ¢ ogHEM
obbvexkTom R & R miorHa.

2. TlokazmuTe, ITO MOTHAS TOIKATETOPHS ¢ OTHIM O0BEKTOM Z He ABIACTCH
mnotHoil B Ab.

3. Ilycre wamezopua obpasee KM ana dynxropa K : M — C — sro
noggaTeropud B C', 00LEKTE KOTOPOIl HMe0T B K m 1018 BCeBO3MOKHBIX 1M €
€ M, a crpenasn umeror sud Kh pna h vz M. Jokaxure, 4o ecm K 11040,
10 noaxareropua KM mnorna s C.

4. Hoxkammure, 9yr0 00beKkThl noakareropun M nopoxaawot C, ecin u TOILKO
ecim yHusasiented gyukrop C — Ens*™, sananssiii coorsercrmenm ¢ —
= C(K—.c).

5. Ilycts B wareropum C' cymectsyior Bee koctenemn C(Km' c) - Km.
Hoxaxure, uro ¢pyaxrop K : M — C mwioren, ec/il U TOIbKO €CJIHM KaX bl
obbekT ¢ € C #BISeTCH KO-KOHIIOM BHIA

e

- j C(Km,c)- Km

€ KO-KOHUEBLIM KiunoMm wy, @ C(Km,¢) - K'm — ¢, xoropuit aelicreyer na
HHBEKLIAN KOcTeneny no dopaymae wi,iy = f: Km — e

10.7. Bce kaTeropHbie NMOHATHS SBJIAIOTCS
pacumpesusmu Kana

[Tonsarwe pacumpennus: Kana oxsarbiBaer Bce Apyrue OCHOBHBIC TOHS-
THA TEOPUH KaTeropmii,

Teopemal, Qynusmop T : M — A umeem konpedea, eeau u mosvko
ecau on umeemn aeeoe paciuupente Kana no (eduncmeentomy) dynwmopy
Ky : M — 1, u moeda ColimT saearemean snavenuem LangT na edun-
cmeerHom obsexme xamezopuu 1.

Jokasarenbcrso. Pyaxrop S : 1 = A — 310 npocro ofbexT
a € A, a ecrecrsennoe npeobpazopanue a @ 1" SK IT0 KOHYC
¢ ocroparnem 1' n mepmmHoit a. [lockomexy mesoe pacmmpenne Kana
L = Lang, T Briodaer yuusepcasbioe npeobpasosanue 7 @ 1T = LK,
TO OHO MOPOXKJIAET YHHUBEPCAJBHBII KOHYC ¢ OCHOBaHuMeM 1, a 3HAYAT
u xonpejgen s T, [

Heoiicteenno, npasere pacumpennsa Kana mo tomy xe dhyuxkropy K
HOPOXKAAIOT TPEIEIIbI.

Teopewma 2 (popmanbubll KpuTepHil CyIECTBOBAHUS CONPSKEHHOTO
dyukTopa). @yuxmop G 1 A — X umeem aeenil conpaxcennnil, ecau
U MoAbKo ecau npacoe pacwupenue Kana Rangly : X — A eywecmeyem
1 coxpansemces nod delicmeuem G; 6 IMOM CAYAE NPAGOE PACUIUPEHUE
Kana 2o aeewdi conpamcennnti F' = Rangly daa G, u woedununa
pacwupenua Kana = : (Rangl4)G =5 14 coenadaem e xoedunuuetdi conpa-
asicenun € @ FG =5 1.

Hoxkazarenbcrso. [lyers G umeer aepoiit conpskennbtit F' ¢ equ-
uuneit 1 : lx =+ GF u xkoemunuueit £ : FG -3 14. Torana mia Beex
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dyukropos H : A — C (B vacTHOCTH, I8 TOMKIECTBEHHOIO (DYHKTOPA
14) MBI MOZKEM TIOCTPOUTH OHEKIINIO

Nat (S, HF') = Nat (SG, H), (1)

ecrecTBeHHy1o no S : X — C. s 9TOro nonomxmum
{o: b—}HF}F—-r{SG HFG L H},

{r:8G= H}yw {8 % SGF =5 mry.

Kovnmosunus nepBoro 1 BTOPOro npeodpaszoBaHns TaeT TOAIeCTBEHHOE:
o+ @, TOCKOJIBKY JIHArPAMMa

§—7—HF = HF
Sr}l IHFH Il
SGF ““> HFGF —= HF

KOMMYTaTUBHA (0epBLUl KBAIPAT BBIPAXKAET IBYM#A CHOCODAMH I'OPH3O0H-
TaJIbHOE TIPOW3BEIIeHNE 71), a BTOPOil — NpAMeHeAne dynKTopa H K o1-
HOMY H3 JIBYX TpPeyroJdbHbLIX TOXKIAeCTB 114 7] | E), A.i-['d.i"l[)!“l{'—ll'la.ﬂ JAHa-
rpamMMa TMOKA3BIBAET, 9TO KOMIO3HIINA B 00OPATHOM TMOPS/IKe TAK/AKe J1aeT
rToxaecTseHnoe npeobpasopanue. [Tonyuena nekoMast OHeKkns, 0OUEBHIHO
ecrecteennas no S. Ecan s3are H = 14, 10 OGuekuns NoKA3BIBAET, UTO
F = Rang1 4; equunua 91010 paciiMpenus apigercs obpasoMm 1ig o =
= 1p unoromy pagna . Ecau B3ats H = @, To GHeKIusA NOKA3LIBALT, UTO
GF = Rang G, v eqununia 9roro pacimpenns pasia Ge. Takum obpazom,
G coxpansier npagoe pacinpenne Kana Rangly. Me1 1okazanu nepsyio
HOJOBUHY TEODPEMbI.

Mbr jgokasanu u Goablue: [ Kazkaoro H BBINOJIHEHO PaBEHCTBO
HF = RangH ¢ exmunneit He, Takum obpasom, Rangl, coxpansiercs
npu AeficTBuN T000r0 GyHKTOpA (310 abcomomuoe pacumpenne Kana).
Cchopmynupyem ator hakT Kak

Ilpeanoxenned. Hyemv dynxmop G : A — X umeem aeeniil
conpamcennnti F' ¢ xoedunuueii e : FG =3 1. Tozda Rang1 4 eyuecmeyem,
paeuaemea F ¢ woedunuyell € u corpanaemea npu deticmeuu 2106020
rynmmopa.

Ob6partno, npeanonoxnM, 9to 14 umeer npapoe pacumpenue Kana R
no G, npuuem G coxpaunsier 310 pacmmpense. Torjga umeores Guexun

¢ = s : Nat (S, R) 2 Nat (5G,14), @(S 3 R)=¢-0G,

¥ =ty Nat (H,GR) = Nat (HG,G), v(H 5 GR) = Ge - oG,
ecrecteennbie 1o S 0 X = A H : X - X, ¢ koegunnuamu gl =
 RG5 14 nYgrl = Ge : GRG = G. Onpeaennm 1 : 1 = GR kak
u')lal(l G G). Tormayn=1mn

Gz - i}'G = 1ga.
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370 0JHO U3 JIBYX TPEYTOILHBIX TOXKJAECTB JUTsl NPEANOIAMAEMOr0 COMpsi-
wennda ¢ 1 RG = 14, n: 1x = GR. Bropoe nmeer Bua cR - Ry = 1p.
IIpumenus duekuuio @g, samennm ero na p(eR - Ry) = . Ydurvisas
onpejeneHne OHEKIHH ¢ B TePMHHAX £, HYZKHO I0KA3ATh KOMMYTATHB-
HOCTh KHH;LDH.'I‘&

RnG
RG % RGRG
£ J l sRHEG

1a RG.
JoBapiM HaBepxy NPEPBIBACTYIO CTPENKY; NMOCKOJBKY s R yiKe ycra-
HOBJIEHO TPeyroibHoe ToxaecTr0 G2 -G = 1, T0 KOMMYTATHBHOCTE KBaJI-
parta CBOANTCA K IKBHBAJIECHTHOCTH JABYX BbIpaykennil qusa cg : RGRG —
— ]... HTO H 'Fp(!ﬁ(ll]ml(]{fb J0Ka3aTh. a

Mo ¢ux nmop B 3TOM maparpade He HCHONIb30BAIHCE (OPMYIBL 18
pacumpennit Kana. Tenepe BbisicHHM cMbica 3THX opMysl B 1IPOCTOM
ciyaae pacmmpennit Kana no romaecrsennomy dyuxropy I 1 C — C.
M3 csoiicTBa yHHBEPCANLHOCTH, KOTOPOE ONPEJACIAET ITH PACITHPEHHS,
HENOCPEICTBEHHO BhITeKaeT, 410 1A moboro T' : € — A pepHbl paBencTsa

Lan;T =T, Ran;T =T.

Paccmorpum, nanpusmep, gpyuxrop T : € — Set u npearionoxus, aro
' nmeer magabie hom-muoxkecrsa. Toraa B popmyite, suipazkalomieii Rang
KaK KaHell, ('}’I.I.[,(“C’l'l:’o.\"lo'l' BCe HE‘!OﬁXO}.lHMbIe cTernedH, U NoToMy JJisl KaxK-
aoro ¢ € C uMeem

Te= (Ran,T)c = I T'mClem),

m

Ho B kareropmn Set somomreno pasencreo X' = Set (V,X), u BBy
(2) u3 § 9.5 KoHen, CBOANTEA K MHOMKECTEY €CTECTBEHHBIX Npeobpa3osanmii

Te= J Set (C(e,m), Tm) = Nat (C(¢,—),T).

m
B pesyasrare noayuaaem gemmy Hounemp,

YnpakHeHns
1. Tokaskure, aro Gueknus (1) (rax ke kax u (2), § 10.5) apaserca 1acTHbIM
ciayuaem OHeKIN B KBaapare conpsekeduii (yup. 4, § 4.7):
Nat (HG,G'K) = Nat (F'H, KQG).

2. Buiseaure nevmy Monems: u3 dopmyin, sepaxaomeit RangT aepes
nipesen. (Toayaaen He3aBUCAMOe T0KAZATETHCTEO JeMMBr Tome b, kKoTopas me
HCHOOAb30BAIACch B J0KasaTeaberse us § 10.3.)
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3. a) Ilyers K : M — € wuwveer npasoe pacmmpenune Kana no cefe R,
W nycTh gana 6ueximad ¢ : Nat (S, R) = Nat (SK, K). Jogaxure, aro (R, 1, i)
anaseres Monanoi b C; anechn = ¢~ (Idg), 1t = ¢ ' (2-Re). (D10 1. 1. Mmonada
wonaomuocmi B kareropun K.)

6) Moxaxure, wro dyakTop KA KOIIOTEH, €CIH # TOJILKO €CITH 1) ABISETCS
HIOMOPOHIMOM.

B) Ecrm G @ A — X mveet gepnrit conpswennnni F @ X — A ¢ eqummei
n: Id - GF uxoemnmnedi £ : FG —1d, To ero Monaga KOIIOTHOCTH CYIIECTBYET
u mveer nua (GF, n, GeF) (1. e. Monaga onpejenaeres Conpaskennen).

3ameuyaHus

Dopmaiibible KPUTEPUH COLPHKEHHOCTH npunaiiexar Benady (Bénabou
[1965]). Mocrpoenne pacimpennit Kana kax npeaenos H Konpeiei1os 6610 ocy-
mecTraeno B pabore (Kan [1958]) g saxueiimero ciyyas, Korja kareropmueii-
Koobaacteio cayxur A = Set. Buauenne 310l KOHCTPYKIAH OCO3HABAIOCH
amnb nocrenenno. B 1963 r. Jlopep npumenwi ath pacumpenns B (HyHKTOPHOI
CEMAHTHKE. Y/IMep HOHAL MX BAKHOCTH H B HEoNnyO/IMKOBAHHON CTaThe BbIBE
dopmyny ko-xouuoe (e ynorpebuass tepmun ko-xomnen) ans LangT. Benaby
(ne onybinkopano) onucan pacmuperns KaHa B OTHOCHTEILHBIX KATETOPUAX
(srawuas Ab-kareropun); ato caenano u B patore (Day, Kelly [1969]). Jdansme
ata uaes passura B pabore (Dubuc [1970]); saech gopmyia, phipaxaoias
pacnipenns Kana qepes KO-KOHIIBL, HIPAeT IVIABHY 0 POJIh.

Kax ormeueno B § 10.4, nepeniv u BaxKHEHIIHM IPAMEPOM PACHIHPEHIS
Kana siBiuiocs nousTre npoussoiaoro gyukropa, ssejgensoe Kapranoa u Jit-
nerbeprom. Masuayio dopMy s Takoi HHTEPHPETAIHH TPOH3BOAHBIX (Y HK-
TopoB Hamen Bepabe, Henonbays BlozKeHne nponspoiibHofl abenesoil kareropun
B NOAXOAAUY IO HPoM3BoAny o kareropuio. Cu. obzop 8 patore (Quillen [1967]).

B ocrorononaraomeit crarse (Isbell [1960]) dyaxrop K @ M — ' na-
3BIBACTCH AJEKBATHLIM (JleBa, ecin coorsercrsue ¢ — C(K—, ¢) nonno (full)
H YHHBAJCHTHO. 9T0 (GyHKTOP 3 (GOPMYAMPOBKHN YTBEPIKIEHNU, ABOHCTBEH-
Horo K npegioxenuo 2, § 10.6; kak ciaeactTsue, HOHATUS AJACKBATHLI ciesa
u KortoTHniil copnagaior. Paspupasa sty maen, Habenrn nomyunn xapakTepusa-
mio kareropuit anre6p (Isbell [1964]).

Pacmmpenns Kapa sxompamr B 00HXO0T TOCTEITEHHO; MIOTOE W3 COMEPIKATIA
9Tl raasnl Mie coobuput Moit eryaenT Sayapao Twobok: B csoio ouepean, Maxk-
cy Kennm npuHAIIEXRAT 3HAYATEILHBIE VCOBEPIIEHCTBOBAHNSA, B OCODEHHOCTH
HCOOIB30BAHEE TOTOMeHHBIX pacmupennit Kana.

10 C. Maxneiin
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CUMMETPUA N 3AY3JINBAHUWE
B MOHOMNIJAJIBHBIX KATETOPUMAX

MonoujanbHasa KaTeropus, COTJIACHO ONPEIeNeHnio U3 . 7, — 3T0
KATeropus ¢ OMHAPHLIMU TEH30PHLIMH TPOU3BEISHHIMH, ACCOIHATHEHBI-
MIH € TOYHOCTBIO J0 €CTeCTBEHHOTO n3oMopdu3ma a. [naBueni pesyasrart
OTHOCHTEIIBEHO 3THX KATErOPU COCTOUT B TEOPEME KOPEPEHTHOCTH: €C/IH
KOMMYTATHBHA OHNPEIeJIeHHAs IMATHYTO/IbHAA JHarpamMma, BEJII0Yalouias
a ((5), § 7.1), TO KOMMYTATHBHBI U BCE AHATPAMMbBL, BKJIIOUAIOIME 3TO €¥.
Paccumorpum Teneps pazimndnbie 0600111eHNsA 3TOr0 Pe3yJbTATA.

Bo-nleprreix, 3ameTnM, UTO 3Ta TEOpeMa KOT€PeHTHOCTH (PaKTHIeCKH
CBOANTCH K VIBEPAICHHUIO, 9TO0 MOHOWIAJIbHAN KATENOPHUs IKBHBAJICHTHA
CTPOroi, T.e. TAKOH KATEropuM, B KOTOPOil 0TODparKeHHe accolHaTHi-
HOCTH BCETAA TOXKICCTBEHHO, TAK K€ KaK W OTODpasKeHnA A W p aisa
eIHHIYHOr0 o0beKTa. Jlanee, CHMMETPUTHAA MOHOWIANBHAS KATErOpHs
(§ 7.7) xapakrepusyercsa TeM, YTO TEH30PHOE NPOU3BEICHHE HE TOJb-
KO accolMaTHBHO, HO M KOMMYTATHBHO C TOYHOCTBIO JI0 MOJAXOJAAIIErO
ecTecTBeHHOro m3oMopdusva v allb = b a. Kpome Toro, pbioste-
HA TEOPeMa KOrepeHTHOCTH, 4 MMEHHO KOMMYTATHBHBLI BCE HAIPAMMBI,
BKJIIOHAIOLUIHE & W 7 OJHAKO HE BCerja MOXKHO CICJATh H30MOPGhH3M
% TOMKJIECTBEHHLIM (T. €. HOAYYHTE CTPOrO MOHOHIAILHYIO KATETOPHIO).
B cuMMeTpUUHBIX MOHOMJAILHBIX Kateropusx 2 = 1 (1e. v cosna-
J8eT co CBOUM ODPATHBIM), HO CYIIECTBYIOT M BHEYAT/ISIONIHE ITPHMEDDI
MOHOMJIATTLHBIX KaTeropuii ¢ sakpyvenusim ¥ (y° # 1). D10 Kareropun
kKoc (§ 11.4), KOTOpBIE BOZHUKAIOT B NPHIOKEHHAX K KBaHToBOH du3uke
1 T€OPHH Y3JI0B.

11.1. CuvmMeTpuYHbIE MOHOW/JAJIBHBIE KATErOPUN

Monongansras kareropusi M — 310 Kateropusi ¢ GuyHKTOpPOM
wan O
O:MxM-— M,
KOTOPbIH 1051 obbexTos a, b B M 3anuceiBaeTes pasHbivMmn cnocobamu Kak
IPOU3BEIeHHE:
(a,b) >aOb, a®b wm ab,

ACCOLHATHEEH C TOYHOCTHIO J0 eCTeCTBEHHOIO H-’SOMOD(bH'SM&
a :a(be) = (ab)e (1)

H IIPpH 3TOM I*IEKOTOPL\IFI AIEeMEHT € ABJIACTCH @,‘.IHHHI.LG].:[ C TOYHOCTbLIO OO0
eCTeCTBEHHBIX H30MOP (I]H"H\.'I(}B

Aea = a, prae=a. (2)
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DrH 0']‘05])&2&{!3"1-'[}1 AEKHBL YIOBIETBOPATE ONpelejeHHBIM 'l'p(_‘.GUB.‘c'lI'IHSll\-i
KOMMYTATHBHOCTH: A @ 3TO NATHYTIOJBHaA JTHaArpaMMa

a(b(cd)) —— (ab)(cd) —— ((ab)c)d

l l 3)

a((be)d) - (a(be)d),

em. (6), § 7.1, a wis A u p — ABC KOMMYTATHBHOCTH

a(ec) —— (ae)c
U‘J j‘pl A=p:eec—re. (4)
e = ac,

CTanaapTHBIM MPAMEPOM MOHOWIATBHOI KaTeropuu M cayxuT KaTero-
pHS BCEX BEKTOPHBIX MPOCTPAHCTB HAJ JAHHBIM nojieM F ¢ oDbldHbIM
TEH30PHBIM TPOU3BEICHHEM X B KadecTBe mnpoussejenus [ U ¢ OfHO-
MepPHBIM BEKTOPHLIM IMPOCTPAHCTBOM Fr KauecTse e1MHHLBL BOT [IOYMeMYy
MOHOH/IAJILHBIE KATEIOPUH YacTO HA3BIBAIOT MEHIOPHULMU KAME20PUAMIL.

Komumyrarusiocry (3) u (4) obecnierupaior (KaK B CIeACTBHH 13 TEO-
pembl 1, § 7.2) KOMMYyTATHBHOCTH KazKIIOH JAuarpamMel, cocrosiueii u3 o,
/\ H p. I’I.\I[‘!HI‘I[]. ALJ1# J[IUGUPO cjaoBa w B HJI[IJI:!.B][’I‘(‘, , b, E, ... Cymecrasyer
eINHCTBEHHAAA KOMTIO3HIINS CTPENOK (v, A H p, KOTOPAs BCe CKOOKH B CIIOBE
w o nepeasuraeT BACBO M YyCTpaHAeT BCe BXOXKIACHHA JeMeHTa €. (HR[IDH—
Mep, B (4) moboe U3 HUX MOXKHO YAAJIUTh 10 HJH [IOCIe HNPHMEHEHHA
oToDPAKEeHHA (@ — € OJIMHAKOBBIM PEIYJILTATOM. )

[Ipusepsl, OpHBEJEHHABIE HMMKE, MOICKAHIBAIOT IAEK0 3ay3IHBAHHA
(braiding).

Saysausanue B MOHOMIAALHON Kareropun M npencrasiser coboil
ceMefcTBO H30MOPphHIMOB

Yo :a0b=b0a, (5)

KOTOpPbBIE eCTECTBEHHBI ITO a4 H he M, VAOBJIETBOPAKT VCIOBHI) KOMMYTa-
THBHOCTH

10™
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1 BMecTe ¢ n30MOPGH3MOM ACCOLMATHBHOCTH (v JISJIAI0T KOMMY TATHBHBIMH
CTTQIVIONINE JIBe MIeCTHYTOMbHbBIE AHarpaMmel (rae onyuier cuvmeon [ ):

(ab)c S I clab) a(be) — (be)a

albe) (ea)b (ab)e blca) (7)
l'ﬁl l‘r-l l~f.1 ll--r

a(eb) ——- (ac)b, (ba)e B blac).

3amernm, 4TO UEpBasdg AHATPAMMA 3AMEHSACT KaiKAYI0 CTPEJIKY Yabe €
MpPOM3BeJeHreM ab B Ka4ecTBe NepBOro HHJIEKCa Ha JIBe CTPEJIKH Y ¢ OJH-
HAPHBIMH MHIEKCAMM, & BTOPas JeJaeT TO 3Ke caMoe CO CTPeJIKAMH Vg be,
I€ NPOM3BEACHHE IPHCYTCTBYET BO BTOPOM HEIEKCE. 3AMETHM, €9TO H3
NepEoro mecTnyroabuuka s (7) a1 v caeayer Bropoit aus v~ 1 1 naobo-
por. [Toaromy ecan v apaserca 3ayzmpanuem 8 M, ro n v~ Taxxke.

CumMmempuiHaa MOHOUDAABHAA KAMEZOPUA, KOTOpasd ye ObLIa onpe-
gesena B § 7.7, — 310 KaTEropus ¢ 3ay3JMBaHHEM v, B KOTOPOH KOMMYTa-
TiBHA Jobas JHarpaMma BHIA

Ya,b
ab——=ba

\ l (8)

ab.

B arom caiygae n3 Kazkaoro nrecTuyronbHUKa B (7) creayer apyroii. Teo-
PEMa KOIepeHTHOCTH /1718 MOHOW/IAJIBHBIX KATEropHil, JoKa3anHas B 1L 7,
Ternepb OyeT pacnpocTpaHeHa HAa CHMMETPHYHBLIT ciydail ¢ moMoubLio
cummerputeckoil rpynnst S, crenenn n. Kak u B § 7.2, 6yaem pacevar-
pueartk [J-cioBa w u3 n 6yKE, a TaKKe nepectanoBkn 7 u3 S,. B kaxoit
[‘HMMI-'?T])H‘-].I-IUI.-TI M{)}[Ol‘l,‘l}].'lhl-][]ﬁ KATErOpHH M nepecTaHoBOYHOMY CJI0BY
wTt cooreercreyer dpyuxrop (wr)y : M" — M, Koropblil onpegensercs
I'I(.‘])(‘.C'I‘H.IIOBKDH T aprymMenTon clioBa

(wr)m(@1;:00580) = W(Br1y458rn);, G EM.

Teopewma 1. B kancdoii cummempunnolt monoudaabhotl Kamezopu
M umeemesn dynkuus, Komopas conocmasarem xasicdoti nape (vo, wr)
NEPECTRano6owHns cAoe odunarosoti daune 1 (eduncimeennwd) ecme-
cmeernull uzomopphusm

cany(vo,wr) : (vo)y = (wr)y : M" = M (9)



11.1] CumMmemnpuinbie MoHoUdoAbHbLE KAME2OpuL 293

(kanonuneexoe omobpastcenue w3 VT 6 WT), NPULEM TAK, YN0 eduHuua
6 M u ece peasu3ayuu U3OMOPPHUIMOE O U Y ABAAIOMCA KAHOHUYECKUMIL
To oce sepro das womnosuyun v [ -npoussedenus kanonuieckus omoo-
pasceruil.

JdokazareabcTso. Mex/y AByMsa pas/ndHbIMA MEPeCTAHOBOYHBI-
MU CIIOBAMH BCELJIA MMEeTes XoTd Obl 01HO 0TODpazKeHte, TaK KaK MOMKHO
MCIOB30BATH PEATH3AINN H30MOPGHU3MA (0 JI/I5 H3MEHEHNsl PACCTAHOBKN
cKoDOK, & pean3anud H3oMopdH3Ma ¥ — Ui TPAHCIOZUINH COCEIHHX
AprYMEHTOB. ITO JaeT A6V HYAKHYI MEePeCTAHOBKY apryMeHTOB, TaK
KAK BCEC [EPECTAHOBKH B CHMMETPHYCCKON IPYIHIC [IOAYHAI0TCa U3 110-
crenoBaresabix Tpancnosummii. Toxaectsa (7) mokasssawoTr, 4TO mepe-
CTAHOBKY WHAMBHIYAJBHOIO apryMeHTa @ ¢ NPOH3BEJIEHHEM APIYMeHTOR
BCErj1a MOZKHO 3aMEHHTb IOCIeI0BATEIbHBIMH MEePECTAHOBKAMU HHINBH-
NVAJIBHBIX apI'yMEHTOB.

Ocraerca moka3arTb, 4To Ji00ble JBe TaAKHe KOMIIO3MIIMU (MyTH W3
(vo)ar B (wT)ar) pasuel. M3 Teopembl 0 MOHOWIAILHON KOPEPEHTHOCTH
(§ 7.2) s accoUMATHBHOCTH Mbl VK€ 3HAEM, YTO PaBHbI J0ObIE JIBE 110-
CIIEIOBATEILHOCTH IIPHMEHEHHTT ACCOIMATHBHOCTH &, nepesojdine (vo) i
B (w7)as. IloaTomy MOKHO cunTaTh, YTO NIpoN3BeIeHne [J cTporo acconn-
ATHBHO M v TOXKIecTBeHHO. B a1oM ciyuae mectuyronbuukn (7) MOKHO
3aMEHUTh JABYMA TPEYrOJbHHKAMHA

ﬂ.b(‘ —)' l"ﬂb ﬂb( —)'

N4 N A .

OTH TOXNAECTBA TOKA3LIBAIOT, ITO IOCTATOYMHO PACCMATPHUBATL TIO-
cilejiopaTe/bible nepectatosku cocenaunx 6vks a.b. Ho cummerpuyeckasn
rpynna S, nopoxiaercs TpancnosuuuaMn 7; = (i,i + 1) nowrenoparesin-
upix 6yke (i = 1,..., n — 1). 1 moboit 3aMKnyTeiil 1y Th, cocTodmn u3
TaKHX Tpancnoanmlﬁ, COOTBETCTBYET COOTHOLICHHMIO MexIy o6pasyonu-
Mu 7i. F3BeCTHO, 9TO BCR TAKHE COOTHOMICHHS HBJIAIOTCH TPOW3BEIEHUAMHA
CONPAKEHHBIX K ONPEeeIONIHM COOTHOIEHHAM IPYINbL S, B KauecTse
KOTOPBIX MOMHO B3SITh

72 =1, it=1,....n—1,
(i) =1, i=1,...,n-2, (10)
TiTj = T;Ti, 1€i<j—-1<n—2.

[oaromy s JOKA3ATENLOTBA, KOIEPeHTHOCTH JOCTATOYHO NOKA3ATh, 4T0
JUI KAZKJI0T0 M3 3THX COOTHOIIEHHN KOMMYTATHBHA COOTBETCTBYIOIIAS
JUATPAMME OYTCEH.

Ieproe cootnomenne 77 = 1 Beipamaer csoiicteo ¥ = 1 m3 (8),
BBLINOJHEHHOE 10 npenoaoxednio. Tperbe obecrieqnBaercst ecrecTBeH-
HOCTBIO u3oMopdusma 4. B cayuae sroporo coornomenns (ri7m)* = 1
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€CTECTBEHHOCTE M30MOPIHBMA Y, p M JABYX TpeyroibHukop (7a) nocse
nepeMeHbl 0003HaYeHn il 1aeT KOMMYTATHBHYIO IAarpaMMy

-1
abe bac
Ty 1 .F‘
' Yae,b
bea (11)
Yea,b
71
cab — - cha
")'

IMo nepumerpy noayuaem 7,727y = T271T2. 9T0 U Tpebyercs aus (10). O

D1y TeopeMmy KOT€pPeHTHOCTH MOXKHO 0600muThL, HCIOIL30BAB OTOD-
paskenuss A u p Bmecro eaunun. Baarogaps gonymenuio (6) mobyio n3
EJIUHUL, MOXKHO VIAIHTH [0 WIH [0CHe NPUMEHEHHS H30MOopdu3Ma ~,
U MBI y2Ke 3naem cooreercreyonmii dakt s a. Tounaa dopuyauporka
MOy YEHHOI TeopeMbl PeJOCTaB/IsAeT A YHTATE/I0; noTpebyercs paccMar-
pHBATH CJOBA OT Dosiee “eM 1 ApryMenToB, NPHYEM HEKOTOPLIE M3 HIX
pasibl eguauie. OTMeTHM Take, 910 s (POPMYJIMPOBKM ClIEICTBHS
B § 7.2 nonofabiv Ke crnocoGoM HCNONB3YIOTCA CI0BA, BKIYAIONINE €,
Pe3yaeraT cHOBA BBIpAIKAET TOT (PAKT, UTO KOMMYTATHBHBI Bee hopMaib-
HEIE JIAArPAMMBL B TEPMAHAX n30oMopgmamMor a, A, p v 7.

11.2. MonounanbHbie (hyHKTOPBI

Ecau gareropus obiasaer AONOIHNUTENLHON CTPYKTYpPOIl, TO cieayer
ONPEIITHTL COOTBETCTBYIONYVIO CTPYKTYPY Ha (DYHKTOpPAX M eCTecTBerH-
HBIX npeo6pa:303 AaHHAX. B,ELB(‘.b MBI BHOEER paCCMOTPHM cmytlaﬁ MOHOMJIAJb~
Hoii kareropun (§ 7.1).

Monoudaavnwil dynxmop (F, Fy, Fy) : M — M' vexay MOHOHIAIb-
HBIMH KATErOpHAMH ﬂJ’ H Jlifr BRJAIOYAET CUeAYI0IHE TPH KOMIIOHeHTHL:

1) (06pranblil) GyHKTOp Mexay Kareropusmu F' : M — M';
2) ana obwexktos a,b 3 M — mopduzmer 5 M’

Fy(a,b) : F(a) O F(b) — F(aOb), (1)

eCcTeCTBEHHbBIE 10 a n b;

3) ana eaunnn e u ¢ — mopdusm B M/

Fy:¢' > Fe. (2)
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[Ipu srom B M' 10/KHBL KOMMYTHPOBATE CHSILYIOUME TPH JIHAIPAMMBI,
BKJIIOYAIONINE CTPYKTYPHBIE OTOOPaKeHus o, A, p:

F(a)O(F(b) O F(c)) —2= (F(a) O F(b)) O F(c)
||EZIF3 Fa01
F(a)O(F(bOc)) (F(aOb)OF(c)) (3)

lf’.z
F(a)

F(aO(b0¢)) ———— F((aOb) D),

F(b)Oe F(b) e' OF(b) —2 = F(b)
l] 0 Fy Tr‘(p) 1FnE[l THM (4)
F(b) O F(e) ——> F(bDe), F(e) O F(b) —— F(eDb).

O4epnnas KOMIO3HIHA MOHOHAAILHBIX (DYHKTOPOB TakzKe Oyaer MOHO-
H/IAJILHOH.

Mononaansneiii (GyHKTOp HazwBaeTca cuabuum (strong), ecom Fj
n Bee Fh(a,b) apnmworca n3ovopdm3Mamu, 0 cmpozus, eCIn OHI TOXKIe-
CTBEHHBI (HANOMHHM, YTO MOHOMJIAJIbHAS KATEIOPHH SBJIAETCH CTPOIOoil,
e/ TOXKICCTBEHHBL (b, A 1 p).

Monouaanbnoe ecrecrsennoe npeobpasopanue 6 : (F, Fy, Fy) —
= (G,G2,Gp) : M — M' mexjy ABYMA MOHOWIAJbHBIMI (hYHKTO-
paMi — 3TO ECTECTBCHHOE NpeodpasoBalne MEyK/1Y COOTBETCTBYIOLIMMA
obbraabvE hyaktopavn f 1 ' — (G, takoe uro B M' komMmmyTaTHBEHBI BCE
JIHarpaMMbl BHIA,

F(a)OF () —=5 F(aOb)
Ief,mf. ln..m (5)
G(a) OG(b) —2> G(aDb)

"

a
¢ ——Fe

J"' (6)
Gy

e —Ge.

OueBuHas KOMIO3MIMA JIBYX MOHOWJAIBHBIX ECTECTBEHHLIX Npeobpazo-
BaHMit Takzke Oyl1er ecTecTBeHHOI.
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Ecnn F — smonougaibasil GyHKTOp. T0 oTobpaxenus F, s 1pons-
BeJeHuA n Fy A eIMHANBI MOXKHO TPOIOIKATE 0 (hYHKTOPOB, onpese-
JICMBIX [IPOM3BOJILHBIMU TEH30PHBLIME CJIOBAMH ¥ M3 1. OYKB (KOTOpBIE
Obin BBegeHbl B § 7.2), Ilns kaxaoro taxkoro (pyHKTOpa v MOJAYIaeM
IIlJEOﬁpFL’}OBRHHF‘

F,:v(Fay,...,Fa,) = Fv(ay,...,a,), (7)

CCTECTBEHHOE 10 @y , . . . , Uy, Hpuierm Frp = Fy u F, = Fy. Jeficrsurenbho,
€JI0Ba ONPEEIAIOTCS 110 HHIYKIMH KAK TeH30pHbIe npoussenenns v v’
fostee KOPOTKHX OB, 0 B KadecTse F, . Mbr Bepem F3(F, O F,/). Tlpn
TakOM Onpele/ieHHN O4Y€BHJIHO, 49TO BCe JHarpaMMbl H3 TAKHX €CTeCTBeH-
HBIX Ipeofpa3oBaHnil KOMMYTHPYIOT. A HMEHHO, €CJIM U M W — JIBA TAKHX
O-caoBa u3 n 6YKB, TO TeopeMa KOT€PEHTHOCTH JA€T €HHCTBeHHOE ecTe-
cTEeHIOe npeobpas’osanue 5 @ v — w, NOCTPOLHHOE 13 oToDparkeHnii a, o
u A. Torma B clity HHAYKIAE KOMMYTATHBHA JHarpaMMa

v(Fay, ..., Fap) —s Fv(ay, ... an)

ln Fr (8)

w(Fay,..., Fa,) = Fw(ay,...,a,).

(910 He uTo mHOE, Kak pacnpocrpanenue ycioeuit (3) u (4) na npons-
Bo/IbHBIE cioBa.) dajee, nis 06oro ciosa v | J060ro MOHOHIAJIBHOIO
ecTecTBeHHOro npeobpazopanus 0 @ F — G MexKAy 1BYMS MOHOWIAbHbI-
MM (DYHKTOPAMH KOMMYTATHBHA JIHATPAMMA

Fu
v(Fay, ..., Fa,) —— F,(ay, ...,a,)
"{001!""(}“';) luulu‘l yeers@n ) (9)

v(Gay, ...,Gay,) ST Gu(ay,...,ay);

310 yeiosue obobuiaer yerosus (5) n (6).

EL‘J!H B._ .I?jl — KaTeropmy ¢ 3ays3jimBanuem (lld[lpHMl.'.p, cHMMeTpuilbIe
MOHOHJIATbHBIE KATErOpHH), TO 3ay3aennbiM (braided) asisercs raxoit
MOHOBAATLHLIN hyrkTop (F, Fy, Fy) : B — B', KoTopslii KOMMyTHpYeT
€ 3AY3JIMBAHHAME ¥ 1 ¥ B CIEAVIOUIEM CMBICTE:

FaeOFb—— FbOFa

Fs Fa ( 1 U)

F(aOb) Lﬂm-F(bl:Ja);
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3meck Y u Y sayanusanng 8 B u B' coorsercrsento. 3ayisennbie MOHO-
HAATBHEBIE (DYHKTOPBI CIIyZKAT MOPGhH3MAMA B KATErOPHH MOHOWIATBHEIX
KATeropuil ¢ 3ay3/iuBaHueM.

11.3. Crporo MoHOUA/IBHbIE KATEIrOPHHA

Teopewma 1. Jhotaa monoudasvnas xamezopus M xamezopro Ixeu-
GUACHTINA HEKOMOPOTE cINPo20 Monoudaavnoli kamezopu S nocpedemsom
CUALHBLT MOHOudaabuux hynwmopos G : M — S u F: 5 = M.

(HamomumuM, 910 MOHOM/IAIBHAS KATErOPHS HA3BIBACTCH CTPOrO MOHO-
HIAJILHOL, €C/IH CTPYKTYPHBIE OTOODazKeHHs v, ¥ U p — TOKIECTBEHHBIE. )

;_T‘ oKasaTelbCcTBO. B CHJY TeopeMbl KOrepeHTHOCTH CYUIeCTBY 0T
OIHO3HAYMHO ONPEAEJCHHBIC KAHOHHYECKHEe OTOOPayKeHHs MCXKIY CI0Ba-
ML OTCHTA BO3AAKACT HIeA BIIOAHATL JaHHYI0 KaATerOpHio .l?'-f B CTpOTO
MOHOH/IAJTBHYIO KATETOPHIO S, COCTOSIIYIO H3 HTePHPOBAHHBIX (hpopMalib-
HbIX TPOH3BeIeHnil anemenTor U3 M (e Bee napsl cKOOOK HAMHHAIOTCS
B HAYAJIC (JIOBA).

B katectse S podnmewm cBOBOANBIT MOHOWI, MOPOMKICHALIT TEMEH-
tamu w3 M. A uMEHHO, nyeTh 00beKTaMn B S ABJIAIOTCH BCE KOHEYHBIE
crpokn s = [by,...,by] obbexros w3 M, pxmiouas nycryio crpoky ().
Ipoussepenne 01 crpok s u { onpegensercs Kak UX KOHKaTeHaius s - .
Takoe npon3seaenne acCONHATHBHO, TIOATOMY OTOGpaskeHne ACCOIPaTHE-
HOCTH v B S MOMHO B34TH TOAICCTBEHHBIM ., /:la;l{ft'., nycrad CTpoKa B npH
TAKOM YMHOMKEHHH JIICTBYET KAK eINHHIA, MOITOMY 0TOOpazeHus p u A
B S TAKIKEe MOMKHO BIATH TOAJIECTBEHHBIMH. l_[p;{ TAKHX CONVIaNIEeHUAN S
CTAHOBHTCH MOHOHIOM, HO e He E-IOH{)H:LF]JIBHOﬁ' KaTGFOpHeﬁ.

Onpegenuy Tenepb Ha cTpokax w3 S orobpamenue F @ S — M,
[OJIOZKHB

F(f) =e.
rIe Bee mapbl CKODOK B NPABOI YacTH HAYMHAKTCA B HaYaje CIOBA.
B kauecrre crpesok s — £ Mexiay crpokamu § ¢ n3 S BO3BMEM BCE
CTPEIIKK MEXKJIYy COOTBETCTBYOUUME 00bekTtamu B M:

F(s) = F(t) (1)

¢ TeM e yMmHoxenuem, 4to u B M. ZlcHo, 4To 3TO Ccormamenne npe-
Bpamaer S B kareropuio. Jdanee, yMHOMKEHHE-KOHKATEHALMIO § - U MOXKHO
TMPOIONKATE 10 YMHOAKEeHAst f+ g cTpenok f 158 =2t g u — v, 11e 4
u v, 10406H0 § U {, — KoHeuHbie eTpoku obbektos u3 M. Konkperno sro
03HAYAET, UTO MbI ONpeesaeM [ - ¢ Kak ¢IeAVIIYD KoMIo3unuio & M:

F(_.s-u)—*F(S)DF(H)I—G;F({]DF(U)—-*-F(t-'u);

37eCh JBE BHEIIHHE CTPeIKH — KaHoHH4YecKne orobpaxkenus u3 M. Ecan
h:w — y — eme 010 0TODPANKEHNIE CTPEIOK, TO HTEPALIUA 3TOI0 OIPeae-
JIeHHS TAeT B KATeCTRe TPOIHOro nponieeaenus (f-g) - h KoMmo3mmio ka-
HOHHYECKUX 0TODPaXKeHNH, CJIeJ0BATEIbHO TAKKe KaHOHH1YecKoe orobpa-
:Kenue, 13 reopemMbl KOrepeHTHOCTH /LA MOHOMIAJbHBIX KATErOpUil TOr1a
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CJIEJIYET, UTO NPON3BeieHne crpesiok f-g erporo acconparTueto. 3uauut, S
ABJAETCA CTPOTO MOHOMJIAJIBHOI KaTeropneil. lanee, F' cTaHeT CHIBHBIM
MOHOMJIAJIbHBIM (DYHKTOPOM, eI B KadecTse Fy B3ATh TOMXKJIECTBEHHOE
orobpazkenne € — €, a B Kauectse Fy(s,t) — €IHHCTBEHHOE KAHOHHIECKOE
orobpaxkenne (Bee CKOBKH CABHHYTHI BIEBO)

Fy(s,t): F(s)OF(t) = F(s-1). (2)

Veqnosua (3) u (4) § 11.2 aunsa MOHOMIAILHOTO (DYHKTOPA BHITEKAIOT TP
TAKOM ONPEJEJIEHHH W3 TeOPEMbl KOIePeHTHOCTH JIJIf MOHOMAAJIBHOM Ka-
Teropun M.

Yrobbl onpeaenTh CTPOTO MOHOWIANBHEIT (PVHKTOpP 00paTHOro Ha-
npasienust G : M — S ¢ yeoswem G(b) = [b], 3amernm, 4ro ecam b, e €

€ M, 1o G(b) - G(c) = [b][c] = [b, €], u nomoxum

Gy =[p, GH=1,
Gg=1 !@—}E, (3)
Ga(b,c) = 1:[b,d = [pOd]

3ueck nocieatee 0TOOpaKeHHE PABHO 1, MOCKOIBKY B CHIIY ONPEIAEIeHIsA
(1) orobpazenne crpox [b,e] — [b0¢] — 210 B TOUHOCTH 0TODpazkenue
bOe— b0cn3 M. Torna ana G semonHensl yenosus (3), (4) a3 § 11.2.
B cayuae (3) samernm, aro otobpaxkenne G5 0 1 parno

(G(a) - G(b)) - G(c) 275 G(aDb) - G(o),

[a,b,¢] — [aOb, ]

1 Kak orobpaenne w3 S AomKkno B cuay onpejgenenns (1) coBnasarn
¢ orobpazkenneMm « : ald(bUe) = (a0b)Oe w3 B; BHU3Y aunarpaMMbl
(3) § 11.2 nonyuaenm orobpazkenne G(a), Torga kak Hasepxy of = 1.
Tpoussenenne dyuxropos FG @ M — M apnsaerca TOMICCTBEHHBIM
hyukTopom, a npousseaenne GF emy ecrectsenno nzomopdmno. Chaemnosa-
TeJIbHO, MOHOHJA/IbHAA KaTeropus M IefiCTBHTENBbHO KATErOPHO SKBHBA-
JleHTHA (MOCPeICTBOM MOHOMIATBHBIX (DYHKTOPOB) CTPOTO MOHOMIAALHOI
KaTeropuu S, Kak W yTBepxi1aiocs. [

O6paTHo, W3 IKBUBAJICHTHOCTH B YTBEPXKIEHUH ITOM TEOPeMbI JIerKo
BBITEKAET TEOPEMa KO'CPEeHTHOCTH,

Teopema 2. Ecau monoudasvnas wamezopus M sweusarenmua
cmpozo MoHoudaabHoll kamezopuu S nocpedcmsom CUABHOZ0 MOHOU-
danvnozo ynsmopa G : M — S, mo dar accouuamuenocm mensopnozo
npouasedenua 0 6 M wozepenmmocms umeem mecmo,

HdoxkaszaTteascrso. IIycTh v B W — JIBA TEH30PHBIX JOBa H3 k
6yks, a f# u @ : v = w — ABA ECTECTBEHHBIX NPEOOPABOBANHA MO Y
COOTBETCTBYIOIHMA (PYHKTOPaMH, OpudeM 00a TOCTPOCHBI TPUMEHEeHHEM
npeobpazosanus acconuaTueHocTH o B M. Menonssyem reneps ecrecTsen-
uble npeobpasosanns G, u G, nocrpoensie Kak 8 (7), § 11.2 u3 Gy n Gy.
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Ananornuno (8), § 11.2, KOMMyTATHBHA JAHAIDAMMA

v(Gay, ...,Gay) g w(Gay,...,Gay)

G5 e 3

Go
Gu(ay, ....an) —— Gwlay, ..., a,),

KaK M cOOTBeTCTBYIOmAs auarpamma st 0, 3necs #, — cokpanienne or
0(Gay,....Gay), a b, —orbla,...,a,). Ho nockonsky MoHOHIa/IBHAR
kareropua S ¢ G : M — § asasiercst crporo moHouaaabHoii, a 6 u '
NOCTPOEHEI 13 ¢, T0 # = §' B S. ComocTapnasa NpeJbLIyIie THATPAMMBI
ans 6w 6w znas, uro G, u G — 30MOPUIMBL, MBI HAXOIMM, 4TO
Gly = GO} Ho G — 5KBUBaJIEHTHOCTb KATEropHil, HOITOMY CyLIecTByeT
u dyukrop F : § = M B obparnom wanpasinennu ¢ FG 2 1. ITpu arom
FGoy = FGHY,. Tak kak FG = 1, 10 910 Bilever pasencrso § = 6’ B M.
WNraue rorops, 8 M 11 accolmaTHBHOCTH (M AHATIOTHYHO s p U A)
HMCET MECTO KOI€PCHTHOCTD, KaK M yTBEepK1aa0ch. [

Vnpaxkuenust

1. [okasxuTe, wro ecom €' — mobas kaTeropus, To Kareropns dyukropon C'C
¢ KOMOO3HITHEH B Ka9ecTBe TeH30PHOTO YMHOKEHNS W ¢ 1o B Ka9ecTBe €IHnIb
SAIBIACTCA CTPOrO MOHOWIANLHON KaTeropueii.

2. [ogakure, 9to ecom B ymp. 1 € = M — MOROWIATLAAS KATETOPHSA, TO
CYMECTBYeT CHILHLI MoHOWaanbHb pyukTop (T,72,To) : M — M™ rakoii,
qro npu a,b,c € M

Ta)=al—,
T}_{t{,h} = g be:al (hl:lc} — (a.[]b}[]r:,
(To)a = Aa)"':a— ela.
Ipu s3rom obparure saumanue, 4ro veiaosus (3) u (4), § 11.2 aus sroro monon-
nampnoro dyakTopa T npespamaiotca B yetosus (5), (7) n (9) u3 onpeaenenmsa
MOHOMJIAJILHONR KaTeropun B § 7.1,

3. C noMOmbIo OPEIBUIYIIHX PE3VILTATOR JaiiTe JIPYroe J0KA3aTeIhCTRO
Teopembl 1, He 3aBucAniee 0T Teopembl Korepentnoctu. ObGparnre BHHMaHKe,
HTO 9T0 JaeT He3apuCHMOoe JOKa3aTe/ IbCTBO KO[‘(‘p{‘HT‘HU(’TH H3 TE‘OPUI\JH 2

11.4. 'pynnser koc B, n Kateropuga Koc

Tl'-.‘-ﬂ(‘pb, KAK OBLTO nﬁemano, peaabHO BREIEM KOCHI 1 COOTBETCTBYHO-
LYK KATEerOpHIO KOC.

*\_\\\
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Koca u3z rpex nureff, takas Kak nokasaHa sjech, obpasyercs nyrem
NMepeKPYYHBAHUSA HHUTeH B NMPOCTPAHCTRe 0€3 pa3phiBOB W CBA3BIBAHHA.
O/IHY TAKYIO KOCY MOYKHO YMHOMKHTD HA JAPYIYIO, OTOMH/ICCTBII [IPaBbie
KOHIIbI HUTEIl MepBOil KOCbI (B 3aJaHHOM MOPAAKE) € JeBbIMH KOHIAMHI
HuTell BT{)!JDH KOCKEL. ,H‘B(-’ KOChL HA3LIBAKYTCH pPabBHBIMH, €C/IH [epBYH)
MOXKHO 1epOPMHAPOBATE BO BTOPYIO 03 nepecedenns WK PA3phIBA HUTEI.
Bor nexoropbie npumMepbl KOt U3 TpeX HuTell, 11e NpejcTaBieHbl JBa HX
Hpou3BeeHns U oDpaTHas Koca (CM. METKH):

/
oy G]"I 53} 0102071 630103

O‘JEBI{.‘IHaH JIE(i)OpMaILHSI noceaHeit JANarpaMMbl B NPEIbLIYIIIYIO J0-
KAZBIBAST PDABCHCTBO
O10920] = 020109. (1}

H('.l-[(l,_ HTO TaKoe YMHOMMEeHHEe RKOC aCCOIHATHBHO, HMeeT eJHHHIY ('l'pl‘]
Henepekpy4eHHbie HUTH) 1 oO6paTHbii a1ement. OTcioaa noayyaeM onpe-
Jleyienne Etp’[‘[rill(.llil)l“'l Irpyinbl KOC Bg. Oua NOPOAIASTCH 3JIeMeHTaMH 07
H Sy, HOAMHHEHHBIMHI TOJIBKO cooTHOLIenNo (1), AHANOrHYHO ONUCHIBAECT-
cst TPyTNa Koc u3 n uareit B,,.

Bonee dopmanbsHo, MOXKHO onpeaenuTs rpynny koc B, kax dynia-
MEHTAJIBHYIO TPYIIY COOTBETCTBYHIIETO NpocTpaHeTBa Ty, 3JeMeHTaAMHA
KOTOPOTO CAIVKAT HaDOPLL U3 11 PA3AMTHLIX ToUeK. lefieTBuTennno, nyeth
P — PBRJHI0BA ILIOCKOCTE, a NpoOCTPaHcTBO Tn — MHOMKEeCTBO BCCX Ha-
O0pPOB W3 N Pa3MHYHBIX TOYEK TIJIOCKOCTH P ¢ o4eBHjHOI TOmOmOrHeii.
Torna apruHosy rpynny koc B, MoxkHO (HOpMasbHO ONMPEAE]nTh Kak
dyHAaAMEHTAILHYIO IPYIITY TAKOro npocrpancrsa 1),

#leno, wro rpynna koc By, nopoxiaerca n — 1 kocamu @;, KOTOpBIe 110
QJIHOMY pasy [MepeKkpyqHBalor -0 HuTh ¢ (i + 1)-il. Beime ykasan obpar-
HBIIl 3/IeMeHT cr,_l ¢ coorBercTByomeli aedopmanueil o1g201 B d20103.
B1u obpasywomme o; rpynns B, NOJMHHEHBI ONPEIEAsIoNIHM COOTHOMIE-
HHAM CIeIVIOIero Buia.

0i0i10; = 0i410i0541, t=1,...,n—1, (2)

o0 = 0;0;, li—jl #1. (3)

I'pynna xkoc By — 3710 npocto deckoHedHas NUKIMYECKAS TPy C
(emuHCTBEHHEIM) oOpasywonmmM . Ipyona koe By cocTONT TOMBKO U3
CTHHHLEL.

Kaznas koca uz n auTell onpenenser mepecTaHoBKY N HX KOHIIOB H CO-
orBercrByoit romomopdusm B, — S, Ha CHMMETPHYECKYIO T'PYIIY
S, crenenu n. Hanomuum, yro S, nopoxaaercs n — 1 TpaHCHO3ZMUMAME
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7 = (i, + 1), KoTOpHIE HEPEeCTABAAIOT IeMeHTH i U i + 1, npuuen
OTpeIeTSAIONTHe COOTHOMIEHNSA A1 HIX HMelT BHI

7 =1; TiTj = TjTi, i —jl #1, (4)

TTiATi = Tk Il i=1,....,n—1 (5)

Orciona canopa ouesnaen romoMopgpusm a; — 7; rpynnet B, na S,,.

M3 Beex rpynn Kot MOXKHO COCTABUTE KaTeropnio koc B. Ee o6bekTamn
ABJISIOTCH BCE HEOTPHIATEIBHBLIE HeILIe YHCia 1 = U,_ 1._ 2, - -y @ CTPEeJIKA-
MH — KOCBI 1 — 1} IPH N # 7 CTPEJIKA 1t — M OTCYTCTBYIOT, H HMEeTCs
JIHITE € IUHHYHAA ('JT[}{‘.JIKFI- m - m 9THM 0]'];]9;'1{‘47]5](?'[‘(’.'5{ MOHOH IAJIBHAN
KATeropns, B KOTOPoil poiib TeH30pHOro npousseaennd [ : B x B — B
HI'paeT CJiozKeHHe D = +Z_ 3/1eChH cyMMa IBYX Oﬁ'bt!KTOl! (‘-lIriCL‘.J'I) mun —
9TO HX CYMMAa B OOBIMHOM CMBIC/IE, & NMPH OIEPALHN CIOXKEeHHS KOC OHH
KJIATYTCST PSIOM:

fleno, 4ro 9Ta onepalmd (C1POro) accouMaTHBHA, 4 IycTas Koca Ha 00b-
exTe @ CJIVZKHT (.‘.,Il]-i]llr'll],(?rl. H()L-)"I‘OM_\-' KaTeropmsa Koc B ¢ (]IIQ]):';I,H,HGﬁ +
ABIAETCSA CTPOTO MOHOMJIATBHOIT KaTeropueii. OHa MOYTH CHMMeTPHYHAS;
ciokenne 0bbekTon mo+ n KOMMYTATHBHO, W MOXHO OHNPeIe/IHTE 1pe-
obpazoBanue Y, © M + N —> N+ M, nepecekas m HUTER ¢ JAPYTHMH 71
HUTHAMH, KAK HA Cleaylomem ueprexe (aias m = 3,n = 2_]:

y
/

AV
/

/ ;

D10 npeobpaz’oBaHne 7y €CTeCTBEHHO [0 71 W 1, YTO MOJKHO HAIIsIHO
Buaers (Joyal, Street, [1993]) nus koc € @ m — m u ) 1 n — n Ha
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('Jlf:‘.,'l\\’lﬂl.l.leﬁ cxeMaTH1ecKoi AdHarpamme:
e
N4 \\
/ \ [
/ L» ] [ e |
Tpebosanue cuvmerpun ¥* = 1 napymaercs, Ho 06a MWeCTuyroibHIKa

KOMMYTATHBHBI, B 4eM yOerk/1aeT cleayoi@as amarpaMva (e, KOHegHo,
He BHIHA aCC()LlIiaTI-lBH()CTb)!

“

]

Peasmsanus Ko nepexkpyd4eHHbIMH HHTAMKY HENOCPEJACTBEHHO YKA3bI-
BAET Ha 3HAYEHNEe KATeropHil ¢ 3ay3/IHBAHHEM /LTS TEOPHH CTPYH B TEOpe-
THHeckoil (usnke.

11.5. KorepeHTHOCTh B KaTeropusix ¢ 3ay3JiMBaHUEeM

Kak wmnt Bugenn B § 1, B cuMmerpuinoil MOHOMAAILHON KATEropun
HMEET MeCTO KOTePEeHTHOCTh; KOMMYTATHBHBI BCe (hOPMaJIbHbBIE THATDAM-
MBI, BKJTIOYAIOIIHE JINITE aCCOIMATHBHOCTL (f 1 KOMMYTATHBHOCTE 7. DT0
HUKOMM 00pa30M He TAK B MOHOHIAJILHOIN Kareropun ¢ 3ay3ausanuem B;
I ABYX aHHbIX ofbekTos @ u b B B Mmosker waiitnen Heckonednoe Ko-
JIHYECTBO KAHOHMYECKHX aBToMopdi3MoB npousseienus a b, a umenno:

1,9%,49% ..., 23,974, ...: a0b > aOb. (1)

Taxnm oBpaszom, na aOb aeifcreyer noarpynma rpynnst Koc B, kak
cleacToie, JHarpaMMbl ¢ yHacTHeM 7y MOIYT He KOMMYTHDOBATE.

B ofmem ciyuae cuTyanusi AaHAJTOMHYHA W OMACHIBAETCS CJIe/yIOmei
Teopemoit korepentioctd u3 (Joyal, Street [1993]):

Teopewma 1. [yems B — wamezopus voe. M — monoudaavnas wame-
20pua ¢ sayzausaruem, My — coomeemcemeyrouas 06unad KaMezopua.
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Tozda cyuwecmeyemn IKEUBAAEHIMHOCTAL Kanezopud
homgpe (B. M) = My, (2)

2de hompyc 0603HavaEM KAMEZOPUIO CUALHDIE MOHOUIGALHUT 3AYIACH-
wwx Pynwmopoe F : B — M. Ixsueasenmuocms (2) noayuaemcs,
ecau conocmaeumy xascdomy dynsmopy F 1 B — M ezo snavenue na
obaexme 1 xamezopuu xoe B.

Joxkazareabcrtso. o reopeme 1, § 11.3 MmonoujiaibHasn KATEropHs
M cwibHO SKBHBAJEHTHA CTPOrO MOHOWAAJbLHON Kareropum S. 3ayzin-
Bamue v B M mpH ITOH IKBHBAJICHTHOCTH HEOCPCeACTBEHHO TIePexXoIHT
B 3ay3/MBaHie B S, TaK 4TO 9KBABANEHTHOCTh M — 5 dBIsAETCHA CHIBHBIM
mMopdusmom Kareropuii ¢ 3ayaausannen. [odTomy A0CTATOMHO JOKA3ATH
TeopeMy, 3aMenus M Ha CTPOro MOHOWIANTBHYIO KaTeropuio S. s sToro
HNOKAZKEM, "T0 HMEETCs H30MOpgHIM KaTeropuii

hompys (B, S5) = So, (3)

rzae hompys COCTORT U3 3ay3JIeHHBIX CTPOIO MOHOHIAIBHBIX (PYHKTOPOB
F, a uzomopdu3y nostydaeTcs, ec/ii BHOBb B3ATh NX 3HAYEHN: HAa 00beKkTe
1 € B. Coorsercraue (3) nepesoaur kax sl rakoii (pyukrop F' B o0bekt
F(1) € §. O6parro, no JaHHOMY OOBLEKTY @ B S MBI XOTHM ONPEIETHTE
3ay3JieHHbll cTporo MoHouabHb hyakTop F = F, : B — S ¢ F(1) =
= a. Ecnu dyukrop F' cTporuil, T0 0H COXpaHAET NPOU3BEJACHHE, TTOITOMY
noaoxkum F(n) = a”. Orobpaskenus n — n B kareropuu koc B 10/GKHb
nepefitn B orobpaxenns a” — a”™ B Kareropun S. DTH oTOGpAKEHHA
no— M — B TOYHOCTH IEMEHTLI n-i rpynibl Koc By, NOpOXKjieHHoil
CcTaHIapPTHBIMU OTOOpaKeHusMu o, i = 1,...,n—1. B yacrnocru, o : 2 —+
— 2 J0JKHO nepefiTn B

F(0) =%aa:a’ > a’BS.

Orobpaxenue o; B kareropun B (3akpyuuBanue HUTH i BOKPYD HUTH © +
+ 1) moxHO 3amucaTe Kaxk cymmy (1. e. O-mpon3senenne)

oi=li1+o+1p_i1, a"—>a".
[ToaTomy Mbl JA0JKHBL HOJOKHTL (UTO W JIeJ1aeM)
F(Jij — li—l + Ya,a + ln—i—l: a" = a".

Tenepp HyzxHO HPOBEPUTDL, YTO F COXpalsaer OHPeae/Isionie CooTHOLe-
uug rpynnst Koc By,. CoorHomenus

ai0; = 00, |£—J|>1
OYEeBHAHBLL, & COOTHOINeRAe

Fi0i410; = 0i4+10i0i4]
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BLITEKAST M3 JIBYX KOMMYTATHBHBIX IIECTHYTOILHUKOB JIJIs1 7Y, HOKA3AHHBIX
Ha auarpavuse (11) § 11.1 ana cayuas i = 1.

Yrobbl 3aBeplinTh onpejeieHde MoHonaansioro (pyukropa F =
= (F. F3, Fy), HY2KHO el1e NOCTPOUTh noaxoagmuiee orobpazkenne Fy, a Tak-
e (J'Pf}ﬁ])ﬂ)i((-’.}ll‘l'f'

Fs(m,n) : F(m)OF(n) = F(m+n),
CCTeCTBEHHOE 110 11 1 n. OH() JONKHO HMeTh B
am 0l ”_:1 sy ﬂm-i n

Juta gannoro a = F'(1). Ho nocKOIBKY ¢aoxenue Koc m — m u n — n
CBOJANTCH K pasMeillenmi ux ps/jioM, TO 3TO L)’I"UGPB-}KE‘HKE MOKHO B3STh
TOXK/IECTBEHHBIM.

Ham rakxke tpeGyercst orobpamenne Fp : ¢ — Fe; 31ece e —
equnuuipiii 0bbekr kareropun S, torga kak € = 0 u noromy Fle) =
= ¢'; noaroMy MOXKHO B351Th B Kadectse Fy TokiecTrerHoe orobparkenne;
npu TakoM Buibope pyHKTOp £ AeficTBHTCILIO OKA3LIBACTCA CTPOIHM.

Haxkoneii, jiokazken, 9T0 onepaliis B3sSTHe 3Ha4YeHns Ha obbekTe 1 u3
(3) smBasercs IKBUBAIEHTHOCTBIO Kareropuit. JLisi 9T0oro noxaxkes, 4ro
OHAa NOJTHa H TOYHAa. B camowm Jene, nyCTh JaHbl IBa ('.TpOFHX MOHOHW AT b~
Heix dynxropa F,G : B = § u orobpaxenue f : F(1) = G(1) mexiy
nx obpazamu (3HadeHmsiMH Ha oObekTe 1) B Karteropum Sp. Mbr xoTum
HAHTH 2CTECTBEHHOE III)(!()ﬁl)i—L"}[]BELIil‘l(! 9 P = G._. J3HaYeHHeM KOTOporo Ha
obbekrTe 1 apagerca nannoe orobpazkenne f. Ho ofbexT n B kareropun
B pasen n-KparHoMmy Npon3eeeHnio obbektos 1, a S asiasercs ¢rporo
MOHOHIAILHON KaTeropueil u noroMy o006/aJaer N-KpaTHBIMK CTerneHsd-
MH OTHOCHTEALBHO YMHOMEHHA a. E(‘JIH w — HeKOTOpoe O-cioso or n
[EPEMEHHBIX, TO CTPOrO MOHOMAAIbHBI dyuxTop F' maer usomopdusm
F, : F(1)" — F(n); ecain nogomuTsL BCE NEPEMEHHBLIE PABHLIMH @, TO 3T0
JK€ CJI0BO JAET n-10 CTeNeHb 0T a B Kareropuax B w S. 3HaunuT, nckoMoe
ectectBennoe npeobpasosanue 6 : F — G ¢ yenosuem 6(1) = f nomxxo
Je1aTb KOMMYTATUBHON CJIEIYIOMYI0 JHarpaMMy:

F(I)H L G(l)n

gjn lc

F(n) —— G(n),

MO3TOMY HAM CJIedyeT OnpeleanTs #, kak G, f "F;l. W3 cpoiicrs orob-
paxenuit F, n (G, BBITEKAET, 4TO NMpPH TaKOM onpejaeneHun # Oyaer
ecTecTBeHHLIM npeobpasopannea. O

Samernanue. ITO TOKAZATETHLCTEO CEIYET PACCYIKACHIIO U3 TIPEIPHH-
1a (Joyal, Street [1986]); ono we BrmOvYeHO B OMYBIMKOBAHHYIO 11037Ke
crarbto (Joyal, Street [1993]).
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B pesyibrare noiygaem TeopeMy KOrepeHTHOCTH, HO HE B ODBIMHOM
cmbicie. OHA He yTBepAIAeT, 9TO KOMMYTHPYeT mobad auarpaMma, co-
craBjieHias U3 OCHOBHLIX oToDpakenuit a, A, p 0 7y, HO CJYIKNT JIIA OlK-
CaHHs BCEX KOMMO3ZHMIMIA 3THX OTOOpazkeHuii, a TAKMKE BCeX MOPOKIACH-
HBIX MMM 9HJI0MOP(QHIMOE HTEPHPOBAHHOTO TEH3OPHOTO MPOH3BEIEHHS.
Kaxaomy m3 atnx oToOpaykeHnii COOTBETCTBYET HEKOTOPas KOCA, KAK
HallpUMmep:

(aOb)0Oe a b /(:
-
cO(aOb), £ a b.

DTa Koca ompejesser NoNapHble COOTBeTCTBHS MePeMEeHHBIX TpH 0Tobpa-
FKEHHH 7Y, pAcCCMaTpHBACMOM KaK €CTeCTBeHHOE []'[){-‘.(]()I)I—l.’](m{-l.llH{Z. Z\-‘I(}}Kl](}
Hed)opMaJIbHO BBIPA3HTh pesy abrar caeayviommm obpasom (Joyal, Street
[1993]): siBe kKoMnO3uIMU U3 @, A, p ¥ Y PABHbBI, ECIH UM COOTBETCTBYIOT
OIHHAKOBBIE KOCBI.

B urore reopema korepentnocTi hopMmyianpyeres caeayiomnsM obpa-
30M:

Teopewma 2. Kaxcdaa womnosuyua wamonuweckur omobpadcenut,
dediemeylowus na n-Kpamuom npouscedenun 6 monoudaavhot xamezo-
puu ¢ sayzausarnuem M, undyuupyem Hexomopoe 3aysiusarue (dnemenm
a2pynnwu voc). dee maxue xomnosunuu cosnadaom na seedl kamezopuu M,
ECAU U TROALRO ecalt ol darom odun u mom sce saemenm 6 B,,.

11.6. IlepcnekTHBBI

W3ydenne Kareropuii ¢ 3ay3jHBaHHeM HMEET MHOIC CB#A3ell ¢ JApyru-
MU obJacTaMu MaATeMATHKH, TaK K€ Kak H ¢ HeKOTOPBIMH DasiejlaM#i
KBAHTOBOI Teopuu nofs B ¢pusnke. B yacTHOCTH, TaKHe CBA3H BO3HHKAIOT
B Teoprun cTpyH. Tam kocy moryT 0bpas3oBaTh NepenieTaionmecs Tpaek-
TOPHH IEMEHTADHBIX HacTHI — i Oosee TOTO, HUTH MOLYT COCIHHATL-
CH B paszjaenaThLCH, Kak Ha (.l.'.l(‘ﬁ"MaIlDH("KI‘IX JAHATPAMMAX, OIMACHIBAIOITTHX
CTOMKHOBEHHA 0 PACTIAT 3JEMEHTAPHBIX YACTHIL; 3/1€Ch MbI PACCMATPHUBAEM
KOCY KaK COCTOSIILYIO M3 TPAEKTOPHI (KOTOPBIE NPHHA/JIEKAT HE JIBUKY-
LIMMCH TOMKAM, & JABHAKYIIMMCH CTPYHAM, HANPUMED OCILHJLIADY IO
Ko/TbleBbiM erpyram). Hamm rpaekropun (Boine Hazsanubie HUTAME) TO-
113 3aMEHAIOTCH TPYOKAMHE ¢ (TONOIOTMYMECKH ) KPYTOBBIM HONEPEYHbBIM -
yeHneM. COBOKYIHOCTE KOHEYHOTI'O YHCIA TAKHX TPYGOK MOMKET paccMar-
puBaThes Kak Mopdnzm (nyrs) B Kareropuu ¢ sayziansanneM. Kaxaoil us
ITHX TPYOOK MOMKHO TIPHIATE KOH(POPMHYIO CTPYKTYPY, M TO K€ BEPHO
JU1s CTOJIKHOBEHMH, TOYHee JUis UX Opejicrasiednd Ha (eliiMaHOBCKHX
muarpammax (cm. MacLane [1991]). Taxue KOHCTPYKIHUM UIPAOT TAKIKE
pPoIL B ;LBOﬁCTBC]HIOCTIE‘I TﬂﬂaK&l KOMIIAKTHBIX TONOJIOIHYCCKHX rpyiin ((TM.
Doplicher, Roberts [1989]).

C japyroit cTOpoHbL, OJHOMEPHbIE HUTH B KAKOH-1MO0 KOce MOXKHO 3a-
MEHUTD JIEHTAMHU, & JIEHTBI 3aKPYTHTH OJHH WK MHOI'O Pa3, 110 WIH NIPOTHB
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yacoBoil crpeskn (o kareropusx jgenr ev. Shum [1994]). Baech umerorcs
cymecTBeHHBIe CBA3n ¢ Teopueii y3nor (Kauffman [1991] [1993]) n cHoBa
¢ pusukoit. Hutn B Koce MOKHO 3amennTh Ha kiaybkn. B kiaybke uurn
MOZKET HAYATLCHA HA HUKHEM YDOBHE, 3aKPYTHTbCH BOKDYD DPasIMUYHbIX
APYIHX IIH'T(‘.ﬂ, d 3aTeM BEPHYThCH B JADPYTIYH) TOYUKY HCXD,ELHOﬁ [l}'}}IMDﬂ.
KaK HanpHMep Ha GJIeayIoneil auarpamae:

|

Hakoneu, ects Buewarndwmue ceAsu ¢ anrebpamu Xomda u KBaH-
TOBBIMH Ipylnamu (Kotopsle npejactapasor coboil obobienrbe anrebphb
Xondpa). O6mmpnasa 6Gubimorpadusa npusegena B Monorpacdun (Schnider,
Sternberg [1993]) 1) .

') Cn. raxze (*Montgomery [1993], ch. X.) — Hpum. ped. nep.



FmaBa 12
CTPYKTVYPHI B KATETI'OPUNSsX

B a1oit raase Mt pacCcMOTPHM HECKOJIBKO HOBBLIX [l()llﬂTHﬁ: MOABHBIITHX-
cs B TeopHn Kareropuit. Mel HadHeM ¢ HIen BHyTPeHHE! KaTeropuu, KOTo-
past OIHCLIBASTCS AUATPAMMAMH B ODBEMITIOIEH KaTeropun. 3aTen vece-
JVEeM TOCIEI0BATEIbHOCTH NePEMHOKACMBIX CTPEJIOK — OHH COCTABJIAIOT
HEPB KATErOpHH, KG'.I'G])I)II"'J OKAMKeTCH CHMILITHIIHAIBHLIM MHOMKECTBOM.

Ilocme 9TOrO MBI PACCMOTPHM KATETOPHH BBICIINX Pa3MepHOCTell
CHaYaATa Q—KHT{%I"UI]HIJ, B KOTOPLEIX HMEHTCH ('lﬁbﬂKThl, CTPEeNTKH H 2-KIeTKH
MEZKLY CTPEJIKAMH, a 3aTeM KATerOPHH € 3-KJeTKAMH U Tak JaJjee.

12.1. Bayrpenuue kareropuu

B 3rom naparpade mbl paboraem BuyTpH obbeminomeil kareropuu E,
KOTOpAsA KOHETHO TIONHA, T. €. B Heil CYMECTBYIOT BCe KOHETHBIE TTPON3Be-
JACHHHA, KOYHHUBCPCAJIBALIC KBAJPaThLI M TC]JMH[‘I&II].;H!JI]:‘I UG'I)E‘]{T. Kiu{ ywe
OTMEYEHO BO BBEJACHHN, BHYTPH F MOKHO OIIPEIETHTH MOHOHIbI, TPY b,
l"'j)a[l)]:nl " i—l.i'l1'(‘?61’}}1I1‘|E{'.KH(J. l)r]'])l-’.KThl APYTIHUX THIIOB. c.l'l(",ﬂyﬂ ITOMY l'ly'I‘H.J
MOZKHO OTIPEACTHTEL BHYTPH £ 1 KATErOpHio; OHA HA3BIBACTCS KA E20PHBLM
obaexmom B E wnn enympennedi xamezopued s E.

Takas suyrpennsisa Kareropus C' = (Cy, C. 1. dg, dy) 1070KHA COCTOATD
H3 IBYX D()'bﬂl('l“()l] Cﬂ H Cl KaTeropiuH E._ KOTOpPLI® HASLIBAIOTCA COOTBET-
CTBEHHO obBekmom 006sexmos 1 00BeRmoMm CMPeor, a TakyKe 4YeThIpex
cTpenok kateropun E:

i:Co— Cy, dy,d :C| —?C@, “Ip’ICf| XC.',JC| —)C]: (l)
CTpedka i HazbipaeTes eaunuieil, dy — obuacreio, dy — Koobiacrbio, ¥ —

KOMITO3NIIMEH WK VYMHOMKEHHEM. l'fpu ITOM 0BIACTh o'r'oﬁpa.memm Y =
ITO BEPLIMHA CIACAYIOUETID KOYHHBEPCABHOIO KBajgpaTa:

w2 '
Ci % ¢,C1 —>C,

T J l dy ( 2 )
l.'f[]
C[ CU H
KOTOpPYIO B CJOyHae E = SEt MOAHO PDACCMATPHBATE KAK MHOMKECTBO

BCEX Map MEPEMHOMKAEMBIX cTpenok. YeTsipe oTobpaskenus (1) moguamnae-
Hbl CASAYIOIMNHAM 4eThipeM YCIOBHAM KOMMYTATHBHOCTH, KOTOPLIE TPOCTO
BBIDAZKAIOT CcTaHAapTHbIe akcnombl kareropuil. Tax, dopmyaa

duiz].:d]f:CU—?Cu (3)
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onpejefaseT obiacth 1 KoobaacTh EAHHHYHBIX CTPRIOK, JHarpaMma

ixl Ixi
CD X Cncl _— C]_ x c.'ncl s CJ_ X COCU
lﬂz J'}‘ J’ﬂ'] (4)
G = ¢ = G
VEA3BIBACT MX aeiicTeue IIPH YMHOMKEHHWI 7, JHarpaMma

w1 v w2
C)~—0C X ,0 ——=

b e

dy
Co Cy Co

do

onpezerseT 001acTh B K00OIacTh KOMIO3HIIH, a

. ¥l
C1 % ¢,C1 X ¢,C; ——=C % ¢,Cy

lm lw (6)

Cy x ¢,C} —T

BBIDAZKALT ACCOUHATHBHOCTL KOMIIO3HIIHE B TepMHEax (3aBejoMo acco-
upaTupaoro) npejgena Cy x (3 x 4. D10 onpejeneHne no CymecTsy
COBIIAJIAGT € TEM, KOTOpoe jano B auarpamse (3), § 2.7.

[TockombKy 9TH AHATPAMMBI BBIPAZRAIOT AKCHOMBI KATETOPHil, TO KaTe-
ropueiii 06bekT B Set — He uTO WHOe, Kak OOLIMHAg Majad KaTeropHs.
Kareropusti o6bekT B Grp — 370 KATEropusi, B KOTOPOH MHOKECTBO
ofbektos Cy 1 MuOKECTBO crpeiok C) ABISIOTCA PYHNAMH, [PHYEM
BCE CTPYKTYPHBIE OTOOpaskennd i, dy, dy u v ABIAIOTCS roMOMOphH3MAME
rpynn. s ciyuaes i v dg 970 030a1ACT, 1TO KOMMYTATHBHBI THATPAMMbI

o my

CUXC()-—-?-C;] C]XCI——}CI
lm l Jdomo Jdo
C]XC[Lcl. C?UXCGLCU.

rjae mg U my — ymHoxkenne s rpynnax Co v Cy coorsercreento. Ho Cy x
x Cp n C) x C) onpegenanr kareropuio-npouseeaenne C' x C'; noyromy
VKa3aHHBIE JHATPAMMBI O3HATAIOT TAKZKe, WTO TPYTIOBBIe OTMepanim nig
W ny BMecTe onpeensior Mopdusm kareropuii, T. e. dovukrop m : €' x
% C' = C, xoropsiii accounarnser u umeet obparnsiit. Takum obpaszou,
KaTeropustii 00bekT B Grp — To ke camoe, 4to rpyanosoii oobext B Cat.

[Mono6ras nepecranopka anrefpanvaecKnx CTPYKTYP BO3MOMKHA U B 00-
meM cayuae: kareropusi X -o0beKToB B KaTeropuu Y -00bekToB sgBiseTes
n kareropueii Y -00bekToB B Kateropnu X -00beKTOB.
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Buympennuti gynxmop [ = C — D mexay JABYMS BHYTPEHHHMH
kareropuamu C' m D B obmeit obbemmommeil kareropun E — 3ro, no
onpejenenuio, napa orobpaxenuit fy : Co — Dy m fi + C; = Dy u3
E, xoropeie B KauectBe GyHKINH 00beKTOB 1 (DYHKIHN CTPEIOK IeJIal0T
KOMMYTATHBHLIMH CICAYIOHIHEe OYMeBH/IHBIE JTHAIDAMMBI:

; fixfy do i
C’]. x C'-'(:Cl r—— D]. X Dn-Dl C] T- Cﬂ —i C[
1
Rl l’-’-‘i‘ J’ll fol flJ (7)
fi do g i
C; D, Dy —=Dy—— D.

1

CToJib 7K€ OHEBH/IHO ONNCHLIBAIOTCS BHYTPEHHHE ecTecTBeHHbIe npeobpaso-
BAHMS MEXKIY AByM#A Buyrpenuumy (pyuxtopamu us C' s D.

DTn BHYTpeHHKE (DYHKTOPHI, O1HaKO, nAYT w3 C' B APYTYIO BHYTPEH-
HIol Kareropuio D, a ne B ynusepcym E; ne cymecrsyer BHyTpenHei
KaTeropuu, KoTopas 6bl COOTBETCTBOBaIA YHUBepCyMY. Tak, BHYTpeHHME
dyuxropnl B kareropun Set ne prinwouawr Gynkropos H @ C — Set
(Takux, kKak Be3mecymme hom-(hyHKTOPED). DTO 3aCTABASET MO-HOBOMY
copuymposarts nousthe sayTpensero (pynkropa. Hockoapky muOME-
crBo 0ObexTor Cp MaJIo, & KaTeropus MHOMKECTB KOMOJIHA, TO MOXHO 3a-
mennts Gynkunw obvexros Hy : Cy — Set konponssejgenues mMuoxecrs
u ero npoexuueii 8 Muozkecrso Cy:

‘.’T:Ho = I‘(L H']C“‘" C(]. (8)

Heitetere ctpenok f : ¢ — ¢ B COBOKYTHOCTH ONPEaenseT 0TOOpAKeHHs]
«neicTBuA»
Cy x ¢,Ho = Hp.

Takum obpazom, ecan jgaHa BHYTpeHHss Kareropus C B KaTeropnn
Ef.r TO HaM NPUXOJHTCH PacCMaTpraBaTh UG'I:(:‘K’I‘I-I H3 E Ha /1 C(;u TAKHE
kKak 7 : H = Cy, dy : Cy = Cy. Ilpn atom neperii Cy-00berT 13 E
onpejgensierca kak obwekr 7w 0 H — Cy nag C Bymecte ¢ otobDpaskennes
neitcTeus

p:Cy x g,H— H, (9)

npuienm s3aech C) spagercs obnexkrom nan Cy ¢ orobpaskenunem obaactn
dy : €1 = Cy. Dro orobpazkenne aeifcteus g 06a3aH0 ObITH 0TOOparKe-
Huem Has Cp B TOM CMBIGHIE, YTO KOMMYTATHBHA CJELYONas JHarpaMmMa,
re p1 ABIAETCA NPOeKHeil Ha NepBblif MHOMKHTEb:

C) xcoH—L>H

Jm Iw (10)
dy
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OHO JOJIZKHO HAllOMHHATL O ,’J\E‘!ﬂ(_"l‘BHii I'DYTIILI Ha MHOKeCTBE B TOM OTHO-
HIEHTH, 9TO JOMAKHBI BBITOMHATHECA aKCHOMBI €JIMHHIIEI 1 aCCOIAATHBHO-
CTH, & HMEHHO:

Cl X C-'u-H L C] x (-'nH

lu
P2
H,
(11)

¢y % c.'ocl x (_-DHﬂa—-CE x (-’nH
yx1 I
G mg H.

Jlespiit C-00bEKT TAKOTO POJA HA3LIBACTCH TAKXKE BHYTpeHHeH [uarpam-
Moit Bo BHyTpenneii kareropun C' wim (ciexys Bopeo) suytpennuv ¢hyHk-
TOpOM €O 3nadendsiMi B 6a3e (internal base-valued functor). 3ueck pazno
OTMETHTh, 9TO B cayuae F = Set BBeieHHOe OHATHE KAK Pa3 OXBATHIBAET
n3pecTHnie PYHKTOPBL B3 BHYTPEHECH KaTeropuu B 00LEeMTIOHIVIO KATero-
puio Set.

Mopduam H — K rakux (Jepbix) C-06beKTOB — 970 1POCTO MOph#H3M
¢: H — K w3z E, coxpangionyil BBeJICHHYIO CTPYKTYDY. T. €. JIeIaionimii
KOMMYTATHBHLIMHU 00E JHarpaMMbl

g—sx Cix s % G e K
L . 1 | (12)
@
Co =—=20Cy, H K.

Haa obpraabix dyaxkropo H w K co 3HAYEHHSMH B KATETOPHH MHO-
JKECTB 3TO COOTBETCTBYET ONMPEIENeHNI0 eCTECTBEHHOTO TTPeoOpa3oBaHis;
HepBas JAHarpaMMa yrsepiiaer, 4to ¢ scerga orobpakaer H(e) B K(c),
a BTOpas — UTO ITO OTOGPAKEHNE KOMMYTHPYET ¢ KoMnosuimedt (B yem
H COCTOHUT (;‘-CT(-!(.'TEQI-IHOCTB).

Kareropusie 00LeKTEl B KATErOpHA TPYI W3yvaoTea B § 12.8.

12.2. Heps kaTeropuu

ITycrs mana kareropus C' (B kareropnn Set). Paccvmorpennstii Bbime
npeaen Cy = C X ¢, C) cOCTONT U3 BCEX NEPEMHOKAEMBIX 4P CTPEIOK 13
C'. MoxkHO TakzKe paccMOTperh, Kak B (5), § 2.7, nepeMHOZKaenble CTPOKH

PR £ PP [Pt
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H3 71 CTPEJIOK, rie
dify =dofa, ..., difn—1 = dofn. (1)
OHI‘] COaepxKares B 1{"['(‘.1)H]IUHHI-II-IOM npejaene
Crn=0C1 %, C1 Xy %, Ch (n MuooxwuTeneil) . (2)
:[,UG?I.-BHB C{], Mbl IIpEBPATHM Nnoc/1eJ10BaATe/ ILHOCTE MHOMKECTB
C-'U,C‘|,...,C-',l,.‘.

B CUMILIMIMAIBHOe MHOMKecTBO (B cmbicae § 7.5). [pu n = 1 nam yxe
Janel oneparopel rpaun dy,d; : €y — Cy. llpu n > 1 oneparops
rpaan d; = C,, — Ch_q, i = 0,1,....n onpejeisoTcs yialeHneM uin
KOMITO3UIHEI COOTBETCTBYIOIIHX CTPEJIOK, & HMEHHO!

do(frs- s fa) = (f‘.’a'-'afu)e

di(fl----afn)z(fl»---:fjfj+l-.----fn)- j: :"':”’_I? (3)
dn(f]1---afﬂ.):(fl""'!f?l—l}'

Oneparopel BHIDOZK/JIEHAA §; ONPEIeNATCs J00aBIeHHeM MOJIX0AANINX
CAMHHYHLIX 0TODpasKennil iy, B NOAXOAAIINX MECTAX, & HMEHHO!

So(fl.'}"'ufn) = (itfﬂf1|f1!.f21""!.f'ﬁ)1
3j(f1u--‘:fn) == (fla‘--afj1"’:d1f,-\fj+l1---‘fn.) (4)

npu j = 1,...,n. B pesyaprare cHOBa NOJIy1aeM [IEPEMHOMKACMbIE CTPOKH
H3 CcTpeloK. be3 Tpyja NpoBepAIoTcs TOAIeCTBA /L1d ONepaTopoB IPpaHy
H BBIPOZKIeHust, yetanosiaennnie B (11)-(13), § 7.5. MoxkHo npon/unocTpu-
pOBaTh MX FeOMEeTPHYECKHIl CMBICT, NMPeiCTaBHB CTPeaKH f; Kak pebpa
CHMIIJIEKCOB € OY€BH/IHON KOMIO3HIMeHR, HanpuMep:

e
\
3 .
fifafs o
Nifz e
[ e—. N [ —— ./—)-..
h f i

Anajiorsino, Heps BHyTpenneil kateropun B E — 910 cHMIImmualib-
HBIT 00beKT B E.
VYopaxkuenane

1. [Lis eyuas HepBa KATEropHH HPOBEPLTE TOXIECTBA OHEPATODOB MPaHu
M BBIPOKICHUS, IPUBEICHHbIC BhIIIE,
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12.3. 2-kareropun

Tepmun 2-kareropus 0003HAYAET CHCTEMY W3 2-KJIETOK MM 0ToDpa-
JKEHHIT, KOTOPbIE MOMKHO MEPEMHOMKATE JBYMS PA3JIUIHBIMH, HO KOMMY-
THPYIOIHMHA cHocobaMu.

B nepsom npumepe (cu. § 2.5) poss oTobpazkeHuit HTPaiOT €CTeCTEeH-
Heie npeobpazosanns. [lycts gansl Tpu dynkTopa

R,5.T:C— B

n ecrecTeenHble npeobpazoparna 0 : R3S w7t : S53T. B § 2.4 mur
OIPEJIEJIMIIN BEPTHKA/IBHOE IPOM3BEIEHHE eCTeCTBEeHHBIX npeobpasosauil
Teo: R — T no dopuyie (7 e o)(c) = 7co oe ana KazxKaoro odbekra
¢ € C. Ilpu 3roM cHaua A BLINOIHACTC NpeodpPa30BAHKe a, & 3aTeM T8

R R
C o B, C e B
T
i
—.TH-

H[l HMEeeTCA W FOpH30OHTANLHOE YMHOMKEHHE eCTeCTBEHHLIX [Ip[‘.()ﬁ]’)}]ﬁ()ﬂ{l—
Hull, cormacoBaHHOe ¢ KoMnosummueil pyarTopos (§ 2.5), Kak Ha cleayo-
el marpaMme:

R R R'oR
—_—
C o B o A & A
a'oa
-
S 5 508

Baeck (¢! © ¢)e = ¢'Se o R'oc nna xaxaoro obvexra c € C. O6a yuno-
JKEHHHA ACCONMATHBHBI, H OHH KOMMYTHDPYIOT Mexay coboii (Teopema 1,
§ 2.5).

AHaJIOrYHO, HEMEETCH ABA KOMMYTHPYIOLMX ClI0CO0a Y MHOKCHUSA 10-
MOTOMAI MeZKIy HEeNpephIBHBIMA OToOpaxenusMa. Bemomuanm Tomomno-
ru: romoronust @ @ f ~ g Mexjy HenpepbiBHBIME OTOOpaykenuamu f
U g npocrpancTBa X B HPOCTPAHCTBO Y — 3TO HenpepbiBHas aedopMa-
nua orobpaskenus f B g. IInade roBops, 970 HENPEPBIBHOE 0TODPAIKCHHE
f: X xI—=Y,rme I — orpesok ¢ xkonmamn ) v 1, nputaem s Kazk 1o
TouKH 2 € X Boinoanenst Toxecrsa #(x, 0) = f(z)nb(z, 1) = g(x). Ecan
@ = g ~ h — Apyras roMoTONMs, TO MOXKHO 00pa30BATh BEPTUKAJILHOE
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Ix

8x

npowisegenne p e : f ~ h (em. moke). C apyrofi cTtoponst, ecim aans
orobpazkenus f',¢" 1 Y — Z u romoronus ¢ : f' — h' mexay #Humu, TO
MoxKHo 06pasosarh ropusonTaibioe npousseaenue 8 o8 : ffo f ~ g’ og.
KOTOPO€ SABJIAETCH TOMOTONNEH MeXKIy MPOH3BEACHUAMH OTOOparyKeHuii.
OHaKO BePTHRATBEHOE TIPOH3BE/IeHNe JIBYX TOMOTONHi ¢ e f, B KoTopom
ncronb3yercs npu 0 < t < 1/2, a ¢ npu 1/2 < t < 1, oka3biBaeTcs Heac-
COUHATHBHbLIM. qTUﬁbl NOYHHATE KATENOPHIO, Mbl JOJGKHEBL HCTIOAL30BATE
B Ka9ecTBe 2-KJIeTOK KJIACCHl Tomotonun romoronmii! [opmsoHTambHOE
YMHOMKEHHE [MTPH 3TOM KOMMYTHPVeT ¢ BEPTHKAITLHBIM.

D1u (U ApyrHe) NPUMEpb] IPUBOAAT K OOLIEMY HOHATHIO 2-KATErOpUH
KaK CTPYKTYPbL, COCTOAEH 13 00HEKTOR, CTPEIOK MeXK/Iy ofbextamn u 2-
KJIEeTOK MEXIAY CTPDeNKAMH, ITPpHYIeM 2-KJIeTKH MOKHO nepeMHOMaAThL JABVMA
CHDCOG&LIH. FOPH3OHTATBHBIM H BEDTHRAJIBHLIM.

Pacemorpum obbramyio kareropuio C' ¢ obbektamu a, b, ... 1 ropuson-
TanbHbIMA cTpeskavi f 1 a — b, B 2-gareropun Il wa €' gononanrensuo
uMeroTes 2-KiaeTku a : f = g ¢ obiacreio f 1 Koobiacteio g, rae f u g
napasienbasie cTpenkn B O, CKamem W3 a B b, 4TO MOMKHO BBIPA3HTH
hopmynoit

a:f=>g:a—b (1)

u u300pasuTh (M0 BEePTHKAJIN) CICAYIONHM 00pa3om:

f h
ajE b, b jB{:. (2)
4 ke

_,.:]‘..‘IH 2-KJIeTOK HMEeeTCH ABa PA3IHYTHLIX YMHOMKEHHH. BG—HQI}BI:D\’} eCaH
AdaHa Apyras 2-xknerka

o fl=4:boe, (3)

TO AMeeTCA TOPH30OHTAIEHOEe MMPpOH3Ee1eHHe a' o

a |« b |laoe=a aca ¢ (1)
AF AN Nt
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corsracoBanHoe (BBepxy W BHH3Y) ¢ komnosunueil crpenok. [orpebyew,
qTOOBI 2-KJIETKH COCTABIAMN KATETOPHIO OTHOCHTENBHO 3TOTO TOPH3OH-
TAJILHOIO YMHOXKEeHHA. B 4acTHOCTH, 3T0 03HAYAET, 4TO /14 /1106010 06b-
exta b umeerca eauunyunas 2-gnerka 1:1 = 1: b — b, koropas asngerca
;LBY("I"()')DHHE;& P}lHI!HlL(:‘ﬁ OTHOCHTEJIEHO TAKOIO YMHOMEHWS. HI:II{ ITOM
obnacte a — [ 1 KoobIACTE @ ¢ ABAAIOTCS (DYHKTOPAMH W3 TOPH-
30HTAIBHO KATeropun 2-KJeToK B FOPH30HTAILHY IO KATEIODHIO CTPEJIOK.

OaHoBpeMeHHO [ Kaxka0il napsl 00bekToB a,b 2-Kiaetku u3 a B b
CAYAEAT CTPRIKAMH KATEINOPHH € BEPTHKAJIBHLIM YMHOAKCHHEM!:

f !
— —_—
@ o b a b,
Foa
R PaBHO —h)- ( 5 )
a
e
h

KOTOpOe 6}",}“"]‘ 06{).’3113‘{&'[‘])(3}] }KHI.)IIOﬁ TOYKOH. _,_.'I:[.I'IH TAKOI0 YMHOMEHHH
TaKyKe CYIIECTBYIOT BEPTHKATBHBIE eIHHNYHbIE 2-KaeTkn 1p: f = f.

JlBe JONoNIHHTEILHBIC AKCHOMBE CBSI3BIBAIOT FTOPH3OHTATBHOE ¢ BEPTH-
KasibHbIM. Bo-nepsbix, norpebyen, 9To0bl rOPH3OHTAIBHOE IPOU3BEICHHE
JABYX BEPTHRAJIBHBIX €IHHHLL TAKZKE 6[:]..‘[0 liep'rl-'[KHJIblIOﬁ C,j].lilll‘]lleﬁ, KaK
Ha JHarpamMue

a ly bhob lyy ¢c=a Liyr €, lfrlefro]f. (6)

Jlamee, ecn 1an HaGOp 2-KI1ETOK
a:f=g:a=bh o:f =g b=

Brg=h:a—=b f:9g=h:b>ec

TO NPOH3BEIAeHHS, NOKA3AHHBIC HHIKE:

c (8)

i I
e} “ a’
a b
.{'i“ s
h h'
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JOJKHBI YJI0BJIETBOPATH PDABEHCTBY
(B'oB)e(doa)=(ec')o(Bea): ffof=hoh:a—>c. (9)

3,’1{.’.(']) (H B IAPYI'UNX ME’.('.T‘H.X) BEPDTHKAIBHO® YMHOMKEeHHE oboznavaeTcs
JKUPHOH TOYKON e, a TOPH30HTAJIBHOE YMHOXKEHHE — KDPYAKKOM o (HJH
HPOCTO HPHITHCHIBAHHEM OJHOIO MHOMHTENs K Jpyromy). Axcnouma (9)
HazpBaeTCs obmenoM B cepeamue uersepxu (middle four exchange), Tax
KAK 31eCh MeEHHAIOTCA MECTAMHE CPeIHHE JIBa apryMeHTa B NOCTe10BATE -
HOCTH YeThipex 2-Kinetok 5,3, a', a.

O'I‘MC’I‘HM.. 4TO B ATOM CTPYKTYPC BOSMOYKHO H INOPH30OHTANBHOE YMHO-
JKeHHe 2-KJIeTKH Ha 1-KJIeTKY: HYZKHO MPOCTO YMHOMKHTE 2-KJICTKY C JII0-
Boit cTOpOHBI HA BEPTHKAILHYIO eaunuily 1-kiaerku. Hanpusep, nponsse-
jgenne f' oo umeer sujg

f  if 'f
a e b lp c=a |[foa € (10)
g £ f'a

Ero moxkuo 3anucats u tak (npucrasus yc¢ f' Kk 2-kaerke a):

!
_—
a « b #} c. (11)
-
8

Takoe onpegenenne 2-KATECOPHN OXBATBIBACT IIPHMEPEL, TPHBEICHHLIE
BBIIE: BO-TIEPBBIX, 2-KATETOPUIO TOMOJOTHYECKHX TPOCTPAHCTE, HENPe-
PBIBHBIX OTODPaXKeHUil M KJIACCOB NOMOTOIM; BO-BTOPBIX, 2-KaTeropuio
Cat maubix sareropnil, PYHKTOPOB M €CTECTBEHHBIX MpeobpasoBanmii.

Beprukaiabhyio kareropuio na obbekrax a u b byaer yvaobno obosma-
gnth 1'(a,b). Torma npaemmo nepecraroskn (9) m npasmuino (6) wis Bep-
THKATBHBIX GIHHUL, BMECTE O3HAYAIOT, YTO FOPU30HTAILHOE YMHOKEHHE
sIBJIAETCH OM(PYHKTOPOM MEZXK/y BEPTUKAJIbHBIMHM KATErOPHIMH:

Kape: T(b,e) x T(a,b) = T(a,c). (12)

Kpome Toro, omepamis U,. oTobpaskawomas KasKIenl 00bLEKT a B €ro
eTMHHYHYK) CTPenky 1, : a — a, aeagerca pyHKTOPOM U3 TePMUHAILHOI
Kareropun 1 (¢ oaHuM 06BEKTOM H OLHOI CTPesIKOi):

Up:1—T(a,a). (13)

DTHX ABYX OHEPALMil JOCTATOHHO, YTOOBI OIMHCATDL 2-KATEIOPHIO B Tep-
MHHAX ee BepTHRAILHBX hom-kareropuii T'(a, b) — ananornino Tomy, Kak
onuceiBaeTces obplMHas KaTeropus B repMmunax hom-unoxecrs (§ 1.8). Ta-
KuM o6paszoM, 4Tobbl 3aJaTh 2-KaTeropuio, Hy KHbl CAEAVIONHe JaHHble:
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1) Muo)ecTBO 00beKTOB @, b, ¢, . . 3

2) pyHRUHA, KOTOpas COMOCTABAAET KazxKI0H YIOpAI0IeHHo
nape 00bexTos (a.b) xareropuio T'(a, b):

3) ana Kax0it ynopsaodennoil Tpoiikn obnwekton (a,b, ¢) —
dyukrop (12), koroppiit Ha3LIBACTCH YMHOMEHHEM (KOMIO3H-
meit);

4) pns kaskgoro obbekra a — gyuxrop U, suiga (13).

ITpu 3TOM YMHOMKEHHE 3) HOMKHO YIAOBIETBOPATH 3aKOHY ACCOLUHa-
tusuoctd, a ¢pyuxrop U, — Onpesenars JIeByio U IPABYIO €AHHHILY 15
TAKOTO YMHOMKEHHS,

STa COBOKYNHOCTHL AKCHOM JUIA 2-KATeropuii paBHOCHJILHA TTPEIbl-
ayuielt. Ona BrojHe AHATOIHYHA ONPEAEIeHHIO KATEropnl B TEPMHUHAX
hom-MuoxKecTs, KoTopbie 34ech 3aMenennl hom-obbvexkrtamu T'(a.b). Drn
0OBEKTBI — HE MHOMKECTBA, & KATETOPHH (T. €. 0OBLEKTHI KATErOPHH BCEX
(mannix) kareropuii Cat); MOKHO CKa3aTh, 1To 310 oboramennsie hom-
MHOMKecTBa. x KoHeTpyKIEA Henonb3yer 1ot axt, yro Cat umeer npo-
W3BEACHHA H TepMHHAILHBIT 00bekt. Yacto GeiBaer nonesno obobmmTL
U 9TY CHTVALMIO: HCHOML30BaTh BMecTo Cat MOHOHZANILHYIO KATEropuio
1" u pacemarpusars kareropun, oboramenisie B V', — ¢ obbexramu u3 1V
B KauecTBe hom-06beKToB M ¢ YMHOMKEHHEM H CIHHHIAMH, ONPe/IeIeHHbl-
mu kak soire. (Cu. raoke § 7.7 n saveuanue B § 1.8 o Ab-kareropuax.)
Takne oforameHHbe KATErOPHH CHCTEMATHIECKH H3YYAIOTCH B MOHOIDaA-
dbun (Kelly [1982]); em. Takzxke padory (Dubuc [1970]).

12.4. Onepanum B 2-KaTeropusax

MHuorne cgoiictea hyHKTOPOB, yeTaHOBIeHHBIE 1151 cayvast Cat, Herno-
CPEJICTBEHHO MEPEHOCHTCs U Ha, Jpyrue 2-kareropun. Ipnvepom moxker
CayKuTh conpszkerne. [Tyerk B 2-KATErOPHH JaHbl IBe 1-KJIeTKH MezK Ly
OOHUMHA 1 TeMH e ()ﬁ'BEPKTHMH, HAIIDABICHOLIE l'[p()THB()H():[O}KI-I{):

£
i —-— b.
]
Onn HassBaores conpascennsamu (f cnesa, g cnpasa), ecii cylecTByIor
2-KAeTKH 1) ¥ £ (e/IMHNIEA 1 KOBIHHNIA):
n:1=>gf:a—sa, e:fg=1:b—=0b, (1)
JLTA KOTOPBIX BBINOTHEHb CICAYIONIHe PABEHCTBA:
(Ne(fm)=1:f=fof=> fra—>b, (2)

(gs)e(ng) =1,:9g=gfg=>g:b—=a (3)

Ha camom pene B 2-KaTeropuu Cat s1u aBa PaBeHCcTBA B TOYMHOCTH
BBIPDAZKAIOT [1Ba TPEYIOJAbHBLIX TOAJIECTBA 1A eJHHHIbBL 1) M KOeIMHHILI
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£ (obbranoro conpsizkennst mexkiay dynxkropavu (9), § 4.1). B nepsom
paBeHcTBe £f (haKTHUECKH 03HAYAET TOPU3OHTAIIBHOE TIPOR3BeIeHHe £1,
TaK 4ro popmyia (2) B TOHHOCTH COOTBETCTBYET ¢ieyioueil auarpamme:

a . g—2
n a —f:-- b
a 4 b g a 4 b = Ly (4)
P a
_fy. b
Q 7 b " b

3ech B J1eBOiT HACTH NPEACTABICHDI ABA TOPH30HTAILHLIX YMHOMKEHHS 2-
KJIeTOK, 3a KOTOPLIMH CJEIYeT BePTHKAILHOE YMHOMKeHHEe pPe3yibTaTon.
D10 MOAKHO CXCMATHHECKH H300Pa3UTEL Cliejyiomuy obpasom, onyerus 1y
BHU3Y CJIeBa:

1 1
i ——— >l 4 ——- 1l
U”
' ! ! ! (5)
£
b — b b = b.

AH%L-'IU]’H‘{HO, Jepas q4acTh papeHCcTBa {3) BRAIOHaeT ClelYiolie Bepria-
Ka/IbHBIC [TPON3BEICHNA:

a—L  sa a——>a
“u
g g = q 9
£
b————1 b——==bh.

DTa AMarpaMMa BbIPAKAET TOT (PAKT, YTO FOPH3OHTAILHOE NTPOU3BEICHUE
gE CKICHBACTCH BAOML [ ¢ FOPH3OHTAILHBIM IIPOM3BEICHEEM 1)g U B pe-
?.}'HET&TB ODOTYy4IaeTCA e THHHTHAA KJIeTKA W3 gBg.

CxoHbIM 00PA30M MOMKHO TIOJHATL B 2-KaTeropun noasgrre (npasoro)
pacmupenns Kana (§ 10.3). menno, nyers B 2- Kareropun janbl 06beKTbl
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m,c,a u crpenkn k¢ s caenyomed kondurypaumn:

vl ®)

m—t!-a.

Torna npasoe pacumpenne Kana mis ¢ no £ — 9To erpejka r m 2-KiaeTka
e:rk=1

(7)

rakue, 110 mobaa apyras 2-knerka a, umewinaa Bl o - sk =t m
HEKOTOPOIi CTPEJIKH § : ¢ — @, ABAACTCA NPOU3BEJCHHEM 2-KJIeTKH &
W OJHO3HAYHO DI]I;K’.,’],CJIOI]H()!-“'I 2“KJI(_‘.’I‘K}'{ a, CM. HHZKE!

¢ e coa
(&} E
m —rh- i, m —f—a- a.
Hage ropops, r U £ VHHBEPCAJIBHBI KAK JONOJTHEHHe JuarpamMbl (6) 1o
Tpeyroiasiuka. Pazyuveercs, 310 Ta ke KoHgUry pais, KOTopas Henoilbh3o-
pasiacs B § 10.3 npn onncannn npaesix pacumpennit Kana o6braubix Gy HK-
Topor. Kak n s moboix anrebpaniecknx o0beKTOB, Hy ZKHO ONPEETHTL

MOpdu3MBI Mexkay 2-KaTeropuaMu. OHM HasbiBaloTCA 2-yHEKTOpaMHu. 1o
onpejgenenuin, 2-diynuximnop

F:T—>U

mexay 2-gareropuavu T n U — 970 Tpoiika dhyHKINi, nepesoagmmx o6b-
€KThl, CTPeJIKH U 2-K1eTkid u3 T B coOTBeTCTBYIONINE KOMIOHEeHTh W3 [/,
IpUYeM COXPAHSAIOTCH BCE KATErOPHBIE CTPYKTYpPBL (0baactu, koobaacTu,
equnuipt n npoussexenust). Ecm G — apyroit taxoit dyuktop G @ T —
— U mexay Temn e 2-KaTeropusaMm, 70 2-ecTecTEeHHOE peodpa3oBanmne
f# : F=3 G — smo dyukuus, orobpaaomasn Kaxibil obbekr a € T
B crpenky fa : Fa — Ga u3 U, nputem s Kaxkaoi 2-kiaetkn o : f = ¢
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13 T’ BuINOAHEHO chaeyinee papeHCTBO (I\-!E}K,IL}_" 2-KJeTkaMmn ¢ }’(‘.‘EI.MH):

Fr Gr
_ —_—

Fo 18| m—Lsgi=rFa—L%ca |ra cp (0)

—_— —_—
Py Gy

B wacTrOCTH, TpHMERANTENBHO K pebpan (1-KaeTKaMm) 9T0 03HAYAELT, UTO #
SIBJITETCsT (ODBITHRIM) ECTECTBEHHBIM MPeodpPa3oBaHWeM MeXKY COOTBeT-
crByioUME 00buHbIMU (hynkTopamu F u (. Ynrtarens MoOmKeT mnpobe-
pPUTb, YTO 2-KaTeropuu, 2-(hbyHKTOPLL 1 2-€CTECTBEHHbIE NPeodpa3oBaHs
MEKIY HEMH CIVIKAT OOBEKTAMH, CTPEIKAMH U 2-KJIeTKAMH HEKOTOPOi
2-kareropun! Ee yacro oboznauaior 2-Cat,

Ho renepb MOMKHO caeqaTh mar B CIegyionyn pasuepHoctb. Ecim
Janbl 2-ecrecTseHnbie npeobpazopanus @ @ F = G u ¢ 1 F = G mexay
OJHHMH 1 TemH ke 2-bynkropamu F u G, To Mex iy arumn npeobpa-
30BAHHSAMH TaKyKe HMEITCA OnpejliesieHHble oTobpamennsa g : 6 — o,
KOTOPBIC HABIBAIOTCS Modudurayuamu. Mmenno, Takas smojndpmkanms ;o
JIOJIZKHA COMOCTABIATE KAXKIAOMY 00beKTy & € T' 2-KIeTKY jig @ 0y = ©a,
TAKYIO Y9TO ey 1onnHe E"III)OH"{HE;L{.’.H Hs COBIIAIANDT JLJIA .Illﬂﬁﬂﬁ 2-KJIeTKH
a:f=g:

Ffr iy Ha af
Fa Fa Fb w Gb= Fa ke Ga Ga @Gb.  (10)
Fg “h Fa Gy

B TpexMepHOM BHJ/EC 3TO MOMKHO NMpeicTaBiTh CJCY IOLLHM (}6[1133()}\1:

Ga = _Ga

Ilepeanss, 3a1Hss, HUZKHAA M BEPXHASA rpaHn Kyba — 3T0 COOTBETCTBEHHO
Fa, Ga, pb u p,. IIpapas u jeBas rpann KOMMYTHPYIOT (IOCKOILKY
npeobpaszosanns # m @ ectectBennsr). Pasencteo (10) ozmauaer, wro
Nocae10BaTe/IbHOE IPUMEHEeHHe Tepe/ineil rpanu, a 3aTeM HUzKHel, j1aer
TOT Ke Pe3y/ibTat, 4T0 U IPUMEHEHHE BepxHeil u 3aiauell rpanu,
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CkazaHHOe NOIpa3yMeBaeT, 4To MoJupuKkalms g paccMaTpuBaeTcd
Kak J-kneTka it : 6 = p. Ecan mpr 3TOM B KavecTBe 2-KIIETOK B3ATh 2-
ecTecTBeHHbIe NPeodpasoBaHusd, B KA4eCTBe CTPEIOK 2-(DYHKTOPBI, & B Ka-
qecTBe 00BEKTOB — OOBEKTHI, TO Mbl NOAY9uUM J-Kateropui. Kak Mbl
VBHIUM B CIe1YIONeM TI&[]HI"I]H(I)Q, I]ﬂ,"ll)ﬁ]l('l TOMY Kk 2-1(3"]‘5-‘]"(1])}“0 MO~
HO ONMPEeIeTuTs KAK KATeropuio ¢ hom-amnomectsamu, 060TANEHABIMI 34
cuer nepexona B Cat, MoxkHO (hopManbHO ONPEIeNnTh U 3-KaTeropHio
Kak Kareropuio ¢ hom-muozkecrsaMmu, 0GOraleHHbIMU 34 CUET [ePexo/ia B
2-Cat.

12.5. Kareropusi KAk 0/JHO MHOXKECTBO

OOBMHO KATEroOpHIo PACCMATPHUBAIOT KAaK CTPYKTYPY., COCTOAMIYIO M3
ABYX MHOMKECTB — MHOMKECTBA OOBLOKTOB H MHOMKECTBA CTPeJIOK ; . HD
MOXKHO [IaTh ONpeIe/eHHe KATerOpHH, HCHOAb3YIONIEe JIHIIb MHOMKECTBO
CTPRNOK, eCIH pPacCMaTpHBATL OOBLEKTHI KaK CTPeJdKH ()(TU{_)(}]"(] poia.
a umento eanandnbie. Takoe onpenenenne yxe dbu1o npusegeno s § 1.1.
3aeck Mbl JaJHM JIPYroe onpeeienne KATeropiuH B TepMHHAX CTPesoK,
KOTOpPOE JalIbllie NpuMeHAeTcs K n-kareropusam. HNmenno, xarveropua —
1o MHoKecTBo crpenok C' e apyma dyakupsivu s, t : O — O, koropbie
HA3bIBAIOTCA HCTOYHHK H I€Th, H (HE BCIOAY onpejeneHHoif) 6GuaapHOi
()nepalmeﬁ #, KOTOpas Ha3bIiBaAeTCs K()l\-iﬂ()B}ITI,HEﬁl MnpH TOM JLJIA BCEeX
x,y,z € C J0/2KHbI BBIIOMHATHCH CAEAYIONIHe AKCHOMbL.

Onepaups z # y onpenenena, ecim U TOMLKO € Sx = fy, 1 B 3TOM

cyHae
s(x#y) = sy, tx#y) = tr; (1)
TH# sT =, ez =m; (2)
(z#y)#z=ac#(y#2), eCIIM BCEe BBIPAXKEeHHs onpejaenenst; (3)
ssr = sr = lsw;
ttr = tx = stx. (4)
Crpenka r dBAsS€TCA €IMHUYMHON, €CIH M TOALKO €CIH & = S& HIIH,

3IKBUBAJICHTHO, T = f&.
B srux repmunax, dpyuxrop F : C' = D — 310 npocro QyHKIus n3
MHOZKCCTBa C B MHOMKECTBO D, TaKasg 9To

sF=Fs, tF=Ft:C =D (5)

Flriy) =Fe#Fy, (6)

e onpeaeneno r #y (a rorna seuay (5) onpeneneno u Fr # Fy).

ﬂl.’H{J, HTO Takoe Onpeac/icHHe KaTeropua | (])_YHK']'{][]H PaBHOCHIBHO
CTAHIAPTHOMY OIPEJICICHUIO B TEPMHUHAX MHOMKecTBa 00BeKTOB U MHOMKE-
CTBA CTPEJIOK.

) B 6ykBaTBHOM CMBICTE 3TO BEPHO JHIIb AJIA MAJBIX KAaTErOpHil; B 00IIeM
CyHae HyKHO BMECTO MHOMKECTB OBOPHTE 0 Kaaccax. — [Tpum. ped. nep.
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AHAJNOPHYHO, 2-KATEPOPHIO MOYKHO PACCMATPHBATHL KAK OJHO MHOMKE-
cTBO X, cocTofAMIee N3 2-KNeTOK (HApHUMep, eCTeCTBeHHBIX Tpeodpa3oBa-
nuii). Torga npexxuue 1-gierku (crpenkn) u O-gaerku (00bekTbl) crano-
BATCH OCOOBIMHU BbIpOKAeHHBIME 2-KaeTkamu. Ha muoxectse 2-knetox X
HMEIOTCS JIBE KATETOPHLIE CTPYKTYPLI, ropu3onTaisias (#q. s, to) ¥ Bep-
TnkansHaa (1,81, 4 ). Kaxgas w3 HUX YIOBIETROPSET NPHBEICHHBIM
BbIIIIE AKCHOMAM KATEIOPHH, 4 TAKZKE CJIeIYIOIUM YCIOBHSM:

1) kaxuaa exuanna A 0-cTpyKTYpbl ABJIdeTcd eauHuueil u aas 1-
CTPYKTYPBI;

2) obe RaTeropHbIe CTPYKTYPBI KOMMYTHPYIOT MY cODOI.

Pazymeercs, yeaosne 2) o3nagaer, 4ro

sos1 = 8180, soby = tiso,  losi1 = sl toly = Hity, (7)

neem o, 3=0,1nm 1.0, TO 1715 BCEX T, Y, U. V BBLITOTHEHBI PABCHCTBA

(z# ay) # s(u#av) = (27 pu) # o (v # sv), (8)
to(-‘r#ﬁy] = (tux) # I'J(tcxy)a
Sa (-'-I-' #_ﬁy) = (snI) #,ﬂ.‘?(sﬁy)s

ecii 06e YacTh ONpe/Ienensl.

[TocKoIbKY S22 M gz B 0-CTPYKTYPE ABJISIOTCH SAMHUIAMHE, TO OHHM
OCTAIOTCA SIMHANAMKE H B 1-¢TpyKType B cuaty yenoens (1). Crnenoparens-
HO,

8180 = Sg, t180 = So, Sitg = to, fito = to. (9)

C yuerom yenosus (7) noaydacM Takzke:
$081 = Sg, Sot1 = S0, tosy =to, toty = to. (10)
DTH npasuia BMecTe ¢ (4) no3BOMIAI0T BBIYHCIATDL JI060e Npons3BeieHne,
cocTapjieHHoe U3 8 W . Peayimrars! coryiacyiores ¢ MHTYHTHBHON KapTi-
HOI1 pebep 2-KIeTKH, a4 MMEHHO:
51 = 8151 = t151,

81

5081 = Sof1 = spgso =115 =50 ® l‘ ® [y =1lgs) =gl = 51ty = t11g,
Ny
t1
i1 = t‘lt] = S'[tl.

[Mocne 9TUX UPUrOTOBJIEHMI MBI TOTOBBI K TOMY, 4T00LL JaTh Ompe-
JeTeHne J-KaTeropui U Boobine n-KaTeropun A1 m000T0 HATYPATLHOTO
queja . HD(’;IC,‘J,HH)I npejicrapjser coboil muoxecTso X cn pasjiiH4HbBIMKA
KATEIOpHBIMH CTpyKTYpamu (#;,s;.4;) ana i = 0,...,n — 1, KoTOpbIE
KOMMYTHPYIOT Mezkay coDoil, npuieM Kazk/as eJUHHIA CTPYKTYPhI 1
ABJIAETCSH eIMHANEeH 0 A71s CTPYKTYP j ipn j > i. llnaue rosopsa, xamxnan
napa #;. #;. vae j > i, cocrapasier 2-kareropuio. 370 HenocpeicTBeHHO
MPHBOIAT K ONPEIETEHUIO NONE3HOT0 NOHATHA w-Kateropun: i = 0,1,2, ...

11 C. Maxneiin
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12.6. Bukareropun

Huorga ymuoxenne MopQu3MoB B IPeNonaraemMoii KaTeropiu OKa3bl-
BAETCs ACCOUMATHBHBIM JIMIIb ¢ TOYHOCTHIO 10 N30MOphu3Ma. D10 npnso-
AT HaC K [TOHATHIO Gl‘lKﬂ.’I'(_‘.l‘U]}HH l)._ KOTOpad HaloMuHaeT 2—}\'&.’[‘&_’.1‘0})}“(],
HO YMHOXKEHHE CTPEJIOK B Hell accOIHATHBHO JIMIIL € TOYHOCTLIO 10
Ir{'_‘lOM{]])[i'lH'lMH, ONPeIeJIsCMOTro Ii[‘.KD'H)]]Dﬁ 2-KIeTKOMH. (DODMH.:'!I)H(} brka-
teropus B cocrour uz 0-giaerox a,b, ..., 1-kjpetox f,g,... 0 2-KJ1eTOK
.G, ..., COOTHOLIEHHEe MeXy HX OﬁJIEt(’.’l'}IMH H KDDGJIEI.{:’I‘HMH [MOKA3aHO Ha
CIIEAYIOMIEH anarpaMme:

|
‘Q-
)

rje 1-rjaeTkn JeficTBYHOT MO TOPH3OHTAJIN, & 2-KJIeTKH MO BepTHKAJM.
Bosiee nojpobno, kaxpoii l-kierke [ coorsercreyior O-kaerkn a n b
B KavecTse obsacti u Koodmactu (f @ a — b), a 0bnacTsio n KoobIacTsIo 2-
KJOTKH p cayzaT napasaenasibie 1-kinerkn fu f'. [pu srom kax ot nape
O-xnerok (a,b) cooreercreyer (oObivuHas) Kareropus B(a,b), B KoTOpOIi
obbektamu cayakar see l-knerku f, f', ... w3 a b, a crpeskamn sBasOTCH
2-guerku mexy stuMu 1-kiaerkamu. B xareropuu B(a, b) eprukanisuoe
YMHOMKCHHUE 2-KJICTOK ACCOMMATHBHO (pasyMeeTcs), W Juls KaxK/1oro ofbh-
ekta f :a — b umeerca 2-knerka 1y @ f = f, urpaomas poab eJMHALb]
OTHOCHTEIIBHO TAKOTO YMHOMKeHHsA. BepTHkaIbHoe YMHOMeHne 06o3Haa-
eTess KPYXKKOM 0 HJIH TIPHIHCBIBAHHEM OTHOTO MHOMKHATENA K APYTOMY.
Hanee, nna ka0 ynopsaouerroi Tpoitku 0-k1eTox a, b, c nmeercs
6udyaTOp
* : B(b,e) x B(a,b) — B(b,c), (2)

KOTOPbLIH HA3LIBACTCA [OPH3OHTAJILHLIM YMHOKEHHEM H 0D03Ha4aeTCs *.
Taxnum obpazom, aasa 2- u 1-knetox wa anarpamse (1) onpegenens npo-
H3BEJCHHA 0 % p, T*0 U g* [ CISIVIOUEro Buja:

g*f hxg
—_— —_—
] oxp C, b e . (3)
R S —
g L'y

1) B xnure (*Hanenko, [ymsreiibep [1974]), . 1, § 8, ¢. 48 Tepunn Gukate-
ropus uMeeT apyroit embics. — [lpum. ped. nep.
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Kpousme toro, mas kaskaoft O-kjaerku o uMeercsl eldHu4Hasg 1-Kierka
l, : @ = a (KoTOpas HACTOAIMIEH eIHHMATCH He ABIgeTcs; CM. HUMKe).
DT0 rOPU3OHTAILHOE YMHOMXKEHHE *, XOTd M 3alHCAHHOEC KAK 0ObIYHOE
VMHOXKEHHE B KATETOPHH, He ABJIAeTCA CTPOr0 aCCOIMATHBHBIM; OHO ACCO-
HHATHBHO JIHIIE C TOYMTHOCTLIO J10 eCTeCTBCHHOTO l-'i'_iﬂl\lﬂ[)(]'}lrfi:\-{ﬂ o ME}K_}.LY
(HYHKTOpAME HTEPHPOBAHHOTO VMHOMKEHHUA, & HMEHHO:

B(e,d) x B(b,c) x B(a,b)

/ = \

B(e,d) x Bla,c) B(b,d) x B(a,b)

\ o /
(4)

YHrobwl o ObI10 ecTecTBeHHBIM NpeobpasoBanneM (pyHKTOPOB, TpebyeTes
KOMMYTATHBHOCTD CJIE/IYIOMEN JIHArpaMMbl U3 2-KIIeTOK, NMOKa3aHHbIX Ha
auarpamse (1):

h#(g*f) ——(h*g)*f
T*[O’*p]] J{T*UJ“P (5)
Woa (g ') —> (W xg') ' [,
H]JU;],II(JJIE\[‘H,L‘M bIE €AMHHYHLIE CTPRIKH 1‘7 obasann ;L{?ﬁtt’l‘liﬂﬂa"{‘b KaK e/1H-

HHTBI OTHOCHTEIBHO TOPH30HTAIBHOTO YMHOMKEHHS JTHIITb ¢ TOTHOCTRIO 10
caeaytonmx uzomopdusmos A u p, ecrecreennnix no f € B(a, b):

pﬂ.b:f*lf'l#f! /\a.b:lb*f:'f- (6)

Tpoiika ecrecrsennnix npeobpas’oBamuii v, A, p HOTIHHCHA CICLYIO-

MM JIBYM AKCHOMAM KOTepPeHTHOCTH. Bo3bMeM yIOMHUHABIINECH CTPEIKH

f.g m h, a taoke k : d — e. Torga go/keH ObITH KOMMYTATHBEH

CICAYIOUIHI DATHYTOABHHUK, CKOMHPOBAHHBI M3 aKCHOM MOHOMJIAJIBHOI
kareropun ((3), § 7.1):

ks (hx (g f)) ——=(kxh)x (g% f) —— ((kxh)xg) x f
Feoe o lu*}' (7)
kx((h*g)*f) - (kx(hxg))*f.

Hast A m p, aHanoruMHo Cayvan MoHonaaabHol kateropun ((7). § 7.1).
Tpebyercs KOMMYTATHBHOCTD CJEAYIONIeH JHarpaMMbl (J€BbIX U [IPABBIX

11*
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eJIHHHIL):
g*(Lp* f) —— ((g* L) x f)
- lm (8)
gx*f = g+ f.

B obbrunoii kateropun C' obpalienue Beex CTPeIoK N03BOJAeT nepeiTu
K apoiicrennoii kareropun C°P (§ 2.2). Jlns 6ukareropun (kak n jas 2-
KATErOPHH) BO3MOYKHBI JBA CIIOCODA Jyalu3aun: oJnH — nyTem obparue-
HHs CTPEJIOK, Apyroil — nyrem obpamenns 2-Kierok!

Hueercst v cooTBeTcrByIONIee onpeaeaenue ¢gpyukropa (1. e. Mmopdus-
ma) mexay Omxareropusamn. Ilperocragnsem anratemo gare csoe cob-
CTBEHHOE ONpeje/ente Wi 06paTturhes K Jjureparype (oM., Hanpumep,
Bénabou [1967]).

12.7. Ilpumepbl 6MKaTeropuii

B kagecTBe neporo mpuMepa OTMETHM, 4YTO JH00asg MOHOWIAJIbHAS
kareropus M sipnsiercs u Oukareropueit B ¢ oanoii O-knerkoit. Meficrsu-
TEIBHO, BO3bMEM €e 0OBeKTHI a,b,... B KadecTBe 1-KJI€TOK, TEH3OpHOE
TI]JOH??;BG;]E‘.]IHQ — B Ka4ecTrse KOMITO3HIIHH, a ("TIJ(’,.‘IKH "3 ﬂur — B Ka4decTBe
2-gaerok. Toraa ecrecTBennble H30MOPMU3MbBL a, A U p U3 ONpeaeseHus
;\-1[)!{0].1,11,1’:1.;'[11]!0]? KATeropuy noaxoiqaT o s DOoCTpoeHHA GHKH.'[‘EI‘U[_)HH,
MOCKOJILKY V/IOBJIETBOPAIOT TEM K€ TOXKJIECTBAM, BBIPAYKEHHLIM B MATH-
yroneuuke (7), § 12.6 w kpagpare (8), § 12.6. O6parno, 6ukateropna B
¢ eMHCTBeHHON 0-KieTKol ABserTcs no Toi Ke NpHuYnHe MOHOWIaJbHOT
KaTt’.[‘Ul)H{‘ﬁ. KE'I-K cleJeTrBHe, "!‘EL'JIJBMH KUI'CI_)E‘.}['[‘HUC'I‘H JIIH MOHOH AN BHBIX
KATETOPHIT PACTIPOCTPAHACTCS I Ha OTODPAIKEHN p, A 1 (¢ B OHKATETOPHAX,

CJ'I(!,;]&"[OLILHM ]'[]]I:IMGDUM CJ'IY}KHT K:'I-W]"D]]HH KOJIe — TOYHee, 6]-1[(3'[‘(‘-—
ropus, B KOTOpOoii:

O-knerkn — xonwna R, S5, T';

l-gierkn — bumonyiau sAg : R — S;

2-kierkn — romomopdusmbl Gumoayaeii 4 — A4’

Beenem yunoxxenue 1-gnerok. Ilyers ¢ Bs oboznavaer OMMOLY/Ib, JeBbIi
IIo T, I'I]')H.Bb!ﬁ 10 S. 9..’[8}1(’!}{"[‘31\{1‘1 ()61)["1!‘1()1"(] T@EI:‘I()DHOT() Hp()Ilf‘iBf}}lﬂHHH
Mogyieil B ®g A cayxkar cymmbl npousseiaenufi b @ a, rae b € B, a € A;
npr atoMm bs @ a = b @ sa (s € S) u T 1. flcHo, UTO TAKOe TeH30pHDe
npoussegenue spigerca dumoayies, jesoiM 1o I u npasoiv no K. Ecim

rereps ¢ C'p — Gumonyab, npasbii no T u aessti mo U, 1o xopoimo
H3BECTHAS ACCOIMATHBHOCTE TEH30PHOTO YMHOMKEHHsT MOy IeH:
. o 1 - 1
Cor(BesA )= (CerB)xs A (1)

HO3BOJIAET B3ATb €r0 U B KA4eCTBE I'OPU3OHTAIBHOIO VMHOMKeHu#A. Bep-
THKAJIBHLIM YMHOMKEHHEM CJIYZKUT ODLIMHOE YMHOMKEHHe roMoMopdusnmos
6mvoaymeit A — A' — A",

Teneps onumeM Guxareropuio pacnopok. B uexognoil kareropun C
JIONZKHBL CYLIECTBOBAThL BCE KOYHHUBEpCAJbHble KBaaparbl. s Kaz1oii
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napbl crpeqok s.6 w3 C ¢ obuell koobnacrsio b seidepem KoyHnuBepeasib-
HBI KBaJIpaT, KOTOPBI HA30BEM KAHOHHYECKHM:

—_—

| @)

.T‘b'

Pﬂcnopm (Spﬂ.ﬂ) orakbs HCXOTHOM KaTeropuu C aTo, 1o onpeiaene-
HHK, Iapa CTPEJIOK H3 Hexm‘opoﬁ Oﬁ'ﬂleﬁ BEPIIHHLI © C KOHIIAMH B A H B b:

/\ o
@ b.

Bukareropua Span (C') umeer ieiyimue KOMIOHCHTL:

(O-xmerkn — ofnexTh gannoi kareropun ('

1-kneTkn — pacnopkn u3 O

2-KJIeTKH ME/1y JBYMsl pacrnopkamu n3 a 8 b — re l-knetku @ : v — ¢
u3 C', KOTOpPDIE AEIAI0T KOMMYTATHBHBIMH CJAEAVIOUHE TPEYIOMbHHKH:

2 5%
i} E R (4)
by

v

B(‘}]J].‘IIKEU]I‘)I'K)B ”])UH?.BBJ].(‘}H“(:‘. ABYX TaKHX ‘2‘[(.71('."1‘(]]( CUU'I'BETC']'By(‘TT ”l)l}‘
ns3peeHnio (B C) CepeTMAREIX CTPeOK . LOPH30HTATBHOE TTPON3BEICHHE
})El(‘ﬂf]p()K L{Q}K;];y i H I‘J 15| i\-‘(’.}}(__‘]‘y b (5 B mlpera\e.r[HET{.‘H (_Bb[ﬁ].)a-HH[:”\'l ])a-—
Hee) KAHOHHYECKHM KOYHHBEPCAIbHBIM KBAIPATOM /sl JABYX CepPeIHHHbIX
CTPEIIOK:
. u &
Ty

(5)
AW

Yrobsl 10KA3ATH ACCOMHATHBHOCTL TAKOTO YMHOKEHHs, PACCMOTPAM TPH
MOCJIE0BATEIBLHBIE DACIOPKH, cBA3bBaomme a, b, ¢ n d, K KoTopbiM
J06ABIEHBE CBEPXY TPH (KAHOHHYECKHX ) KOYHHBEPCAIbHBIX KBAJIPATA, CM.
JuarpamMmmy:

S B (6)
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[TockonbKy KBajpaThl KOYHHBEPCAJILHBI, TO H COCTABIEHHLIE 3 HHX HD5-
MOYTOTBEHUKH TOZKe KOYHHBepcaabHeL [loaTomy kazmoe n3 TpoiiHBIX Mpo-
H3BeACHU JAaHHLIX PACHOPOK COOTBETCTBYET KOVHHBEPCAJILHOMY KBaJl-
paty ¢ BepuinHOH B Bepxueil (-xnerke 2. IIOCKOMBKY KOYHUBEPCAJIbHBII
KBAIPAT KA JAHATPAMMEI €HHCTBEH € TOMHOCTBIO 10 H30MOpd#H3-
Ma, TO MBI NOIy9YaeM TpeOyeMmblil eCTECTBEHHBIT H30MOPMH3IM ¢ MEKIY
TpoiiibiMu nponsBedennamu. Orcioga BHIHO TaKzKe, YTO KOMMYTATHBHA
HATHYTO/IbHAA AnarpaMya Jiid o. ToxecTsennas pacnopka na O-kierke
@ COCTOMT M3 JABYX GIMHHYHLIX CTpeioK u3 a B a (B kareropun (). B3an
JIPYTYIO PACTIOPKY M3 @ B b M NOCTPOHB KOYHUBEPCATBLHBINH KBAIPAT:

¢
VRN
1 ey s (7)
2N o
a a b,

MOJIYMACM UCKOMOE €CTeCTBeHHOe npeobpasoBaiie A 11 3TOr0 POH3Be-
nenus. [Iposepka ocTanbHBIX AKCHOM NPEIOCTABIAETCS] “THTATETIO.

Bukareropuu rakyke HasbiBaloTces ciabbivp 2-kareropusimu., Takoe
Ha3BaHHUE [0/IPa3yMEBaeT, 970 BO3MOKHO MOHATHE (1aboil n-KaTeropun.
D70 AelicTBUTENBHO TaK, H N-KATEIOPHH € DA3IHYHLIMH ONPEIeIeHsAMI
MOABIAKTCA B BOTPOCAX Teopernaeckoii dmsnkn (cum. Baez ¢ coagropavm
[1995], [1996]).

12.8. Ckpeulenablie Moy U kareropuu B Grp

Bepraemes K npuMepaM KaTeTOPHBIX 00beKTOB. (OKA3BIBAETCS, KaTe-
ropasie 06beKTh B Grp — MO CYIECTBY TO JKe caMoe, UTO CKPeleHHbIe
MOIYJIH, KOTOPbIE NOABJSIOTCA B Teopun romoronuu. Ilpusesem 3xaech
JIOKA3ZATEIBCTRBO HTON0 3aMEMATEILHOTO pe3yihtaTa, coobiennoe mue Te-
OprueM ,ﬂ@Ki:lH(—.‘.T[H,H:iE.’..

CKpenennbiii MOAY/Ib 38/1aH, eciu 3a1ana napa rpynn H u P, npuyem
P neficrsyer na H, a takse romomopdusm o H — P, cornacoBanHbiil
¢ 3THM JeiicTEreM. DTo 03Ha4aeT, eciH Jeficteue anementa p € P uHa
aneMenT h obosuaueno h”, uro maus hok € H u p,qg € P Bbinoiasenst
pasenctBa h! = h,

(hP)? = W™, (hk)? = hPkP, o (hP) = p(x h)p~™.

CerI_H,eHHb[e MOAYJIH MOABJIAKTICH B IeOpHH TOMOTOIIHNH.

Benovunm Teneps (eu. § 12.1), 4T0 BHYTPEHHSS KATETOPHS B KATEr0-
pur Grp cocrour u3 asyx rpynn Cy u Cy n gerbipex romMoMopdusmMon
rpyIi

dy
_—

Cy Co, Co——>Ci, 7:CixcCi—=C, (1)

dy
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AR KOTOPLIX BBINMOJIHEHBI COOTBETCTBY HLIHE YCTIOBHA. Mbi YTBEDH IAaeM,
BO-MIEPBRIX, YTO B ITOH CHCTEME MOZKHO 3a0bBITE O KATETOpHOM YMHOXKEHRHA
7. CHerema noHoOCTLIO ONPEJEIAeTCH JHarpaMMoil rpyin 1 roMmoMopdgns-
MOB

d

4 Co, Gy —=Oh; (2)
dy

riue
doi = 1 = dyi (3)

H KOMMYTATOPHAS MOANPYINA, MOPOXKJACHHAS AApaMu roMmoMophusmon dy
# d), COCTOHT TOJIBKO U3 €HHHUIIDLL:

[ker dy, kerd,] = 1. (4)

[Iposepum, uTo romomopdusmel rpynn do,d, W i, BMECTe B3ATEHE,
JEHCTBUTENBHO TOMHAT YMHOKEHHE 7. Sanuiiem mpon3eejienne nepeMHo-
JKaemoit napol Mopduszmon

a _f} b e

B Buae g o f. 91o romomMopdu3M rpynm, YMHOXKEHHE B KOTOPLIX Oyaem
3AMHCBIBATDH NIPOCTO g1 ga. [loaTony

(g192) o (fif2) = (g1 © f1)(g2 © f2),

eciiu onpeenenbl oba NpousseleHus cupasa (cHosa 3akod obumena B ce-
peaune uersepkn) ') . Tpumenns 3ror pesyabrar k eamuune 1, ofbekra
b, monyuaem

gof = (L1 g)o(f1;1 1) = (Lo f)(1; 01, ) (gols) = £(1; 01, )g. (5)
Monoxue f = g = 1, nonyyaem
1, = 15(1; 1 0 151)1,,

OTKY/1a
T, G|
te1;t =170

1o BHITEKACT M U3 TOro paxta, uro orobpawxenne ( )7 : C = C, rae
C' — rpynnopoii 00bekT, sBisiercs (hyHKTOPOM.
[Moacranoska B (5) naer paseHCTBO

gof=f1"g.

Huade ropopsi, KaTeropHoe YMHOMKEHHE Y ONPeIeIsIeTes IPYIIoBoii CTpyK-
typoii Ha, C'. C apyroit cTopoHs,

gof=(g1;"L) o (L1 f) = (go Ly)(1; " 0 1 )(1p o f) = g1; ' f.

) Cwm. § 12.3. — Ipum. nep.
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HOB”I.‘OM}' I'PYINIOBOE YMHOMKEHHE VI0OBJICTBOPAET YCIOBHID

fllg=g1,'f.

Ecnn obbexr b € Cy apaserca eapanneii rpynnst Cp, 1o 1, = i(h)
sapasterca eananueii 8 C, nosromy fg = gf. Ho ecam b smasterca e qunnneit
rpynner Clp, 170 kareropuas crpeaka g ¢ obmacroio b nesur B kerdyp,
n anagornydno f oexur B kerd,. Ilosromy pasencrso fg = gf o3navaer,
4T KOMMYTAHT (4) CBOANTCH K eanHuIe.

Obparuo, nycrs gana auarpamma (2) B kareropun Grp, ya0BiIeTBo-
patomas yeroeusasm (3) n (4). Toraa mer MoKeM ONMpeseanTs KaTeropHoe
yuuoxenue v : € x ¢,C = €, nonoxus

V(9. f) = fl;,_lg L ylb_lf-

HenocpeacTseHno NpoBepseTcs, 4To ¥ CAVAKNT YMHOKEHHEM B HeKOTOPOii
payrpenteil kareropuu s Grp.

Hanee, coornomenns (2), (3) n (4) B gareropun Grp onpeneasior
cxkpementbii Moayab a : H — P. MMento, nonosxmnm

H = ker dy, Pr={ly;

Toraa orparnaenne d) orobpazxkenns d, Ha ker dy sBasiercst romoMopdns-
MOM
a:H— P

B camom JdeJie, HMeeTCA KODPOTKaA TOYHAA NOCIe0BaTe/lbHOCTE

1o kerdy = C; 2 Cp > 1,

KOTOpast CTAHJAAPTHBIM 0Bpazonm onpeaensier geiicrene rpynms Cy Ha H =
= kerdy: suibepen B ) 110 NPEACTABHTENIO /Ui KAMKJIOIO JIEMEHTA U3
Cy u Tpanchopvupyem kazabi amemenT u3 kerdy suiGpaHHbIM mpe-
CTABHTENEM. 3aMeTny, 9To s orobpaskenus ¢ : Cy — € BBINOTHEHO
pagencTro doi = 1, TAK 9TO § PACIIETIACT YKA3AHHYIO KOPOTKYH TOYHY IO
nocne oBare bHocTs. OBPATHO, TUTATEL MOYKET MOKA3ATDL, YT0 CKPEILCH-
ublil Moayas a : H — P onpejesnsieT paciensieHnyio TO9Hy0 MociIe10Ba-
TEALHOCTL MPYIIN. DTH B3aHMHO 06paTHbIC KOHCTPYKIHU TOKA3BIBAIOT, 4TO
KATEropHsi CKPENIeHHbIX MOJLYIeil IKBUBAIEHTHA KATEeropun auarpamu (2)
B Grp ¢ yeaosusvi (3) u (4).
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Hononunenune. OcHOBaHNA TEOPHUHM KaTeropuii

Mgl OonpeaeJILJIH KaTeropuid B TEPMHHAX MHOMKECTB: Kak MHOMKECTBO
06bEKTOB 1 MHOZKECTBO CTpesloK I) . O,rmaxo KaTeropun MOKHO OIpenae-
JHTh H HENOCPeACTBCHHO — H, BO3MOM(HO, HCNOJIB30BATL HX KAK OCHOB&-~
HHUEe Beeil MaTeMaTHuKn, He NPHMEH TeOPeETHKO-MHOMKeCTBEHHBEIE AKCHOMBI
ueI)ME‘.JIO—(I)IJGI'IKE.‘-JIH. HDHBE;'ICM ITO NPAMOE OITHCAHHE.

1. Obsexmor v empeary. Kareropusa coctont u3 o0beKTOB 4, b, ¢ 1 cTpe-
JIOK f, 4. h. B KaTeropu MHOXKeCTB (]G‘BGK'IBMH ABJIAHIOTCH MHOMKE-
CTBA, 4 CTPeIKAMH — (DYHKIHH,

2. Obaacme. g kaxaoit crpenkn f HEKOTOPBIH 00HEKT a ABIAETCH ee
0fBUIACTBIO, & HEKOTOPbIT 00BbeKT b — KoobiiacTbio: B 9T0M €JIy4ae Mbl
numenm [ :a — b.

3. Komnosuyua. Ecrn nauer crpenxu f:a = bwu g: b — e, To ux KoMmo-
FULMA WK TTPOU3BEIEHHE — 9TO HEKOTopas cTpeika go f:a — ¢.

4. Accouuamuenocms. Ecim, KpoMe Toro, uMeercs ¢tpenka h @ ¢ — d, To
'I'pﬂﬁHOE NnpoH3eeiedne acCoOIHaATHBHO.

ho(gof)=(hoglof: a—d.

5. Fdunuun. Kaskapit 0bbekt b umeer equnnanyio crpeaky 1, @ b — b
Ecan umeercs crpenka f:a — b, 10 10 f = f. Ecan gana crpesika
g:b—=e,t0g0ly =g.

DJEMEHTAPHDIIT TOMOC — ITO KATErOPHsl, B KOTOPOIl HMeeTC sl TOMOTHHE-
TEJILHAA CTPYKTYPa 'l'{‘.I]M}[IIi—U]hH]:!ﬁ []6’I3(‘.K'I'._. KOVHHBEDCANLHEBIE KBAaIPa-
ThI, OTOOPAXKEHHE HCTHHA, KIaccuduraTop noaodbeKTos, OYIeBhLl CTENeHH
(MHU}KB(’.'I‘BI—]. I'ID,.TJ,MH(')}KE.‘('.’I'H}. 9"[‘?{ AONOIHHUTeIbHAA CTPYKTYDPA JOJXKHA
YAOBJIETBOPATDH CJACIYIOMIM aAKCHOMAM.

6. Tepmunaavnunii obzexm. Mmeerca repmunanbieii odbekt 1, B KoTo-
PBIfi M3 KayKJI0ro 0DbeKTa @ BeJIeT POBHO OJHA cTpeika a — 1.

7. Koynusepcaavnne weadpamu. ns kaxofl napel crpeiok [ @ a —
—+ b+ ¢ g ¢ obuieit KooOAacTHI0 b CYNIECTBYET KOYHHBEPCATLHBII
KBA/PAT, OUPEeAeIeHHLL cornacuo § 3.4:

P——sc

: (1)

a—>
7 b.

B gacTHOCTH (nonoxum b = 1), 4 M0OOBIX ABYX OOBEKTOB @ H ¢
CYVIIECTBYET NPOHIBCICHHES 1 X .

) Cum. cuocky B ri. 12, ¢. 320. — [Tpum. ped. nep.
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8. Hemuna. Cywectsyer obbekt € (06LeKT HCTHHHOCTHBIX 3HaYenui) 1)
u MosOMOpm3M f i 1 — ), KOTOpPBIIT HA3BIBAETCS WCTHHOI: JLIA
Kazk/10ro0 Monomopdusma m : a — b cyuiecrsyer eQMHCTBeHHAA
crpesika ¥ 1 b — (), 118 KOTOpOil Cleyiomunil Keaipar saBidercs
KOYHHBEDCAJTBHBIM:

l’ (2)

9. Byaeen cmenenu. Kaxmomy obwekty b conocrapiserca obbext Pb n
crpenka g @ b x Pb — ), takas ato g8 Kaxaoit crpeskn for b x
X a — {) cylIecTByeT €INHCTBEHHAS CTpetka g : a — Pb, nenawinas
KOMM }"I“d’l'iiﬂ}{ﬂﬁ CIeIVIONIYI0 AHAPAMMY L

f

bxa——=

N
bx Pb—=Q.

Y1o0bI NOHSTH CMBIC ITHX AKCHOM, NPHMEHHM UX K ODIMIEH3BECTHOMH
KATETOPHH BCEX MHOKECTB. J11000€ OJHO3IEMEeHTHOe MHOMKECTBO MOZKeT
CITYUTE B 3TOH KATErOPHH TEPMUHAILHBIM OOBEKTOM, MOCKOILKY Ha
KarkJI0M MHOKeCTBe @ uMmeercst ennncTsentas dbyuxups a — 1. Econ
JAHDL ABA MHOMEeCTBA a U b, T0 KOVHUBEPCAJILULI KBaJAPAT IS JABYX
CTpeloK a — 1 ¢~ b — 3T0 TeopeTHKO-MHOMKECTBEHHOE TIPOW3BEIEHNE 1
€10 NPOEKIMN Ha MHOMKHTENN a 1 b,

B kaugecTse 00bekTa HCTHHHOCTHBIX 3Ha4YeHMit £ BO3bMeM Kakoe-1u60
MHOKECTBO 2, cocrosmee u3 apyx obbektor 1 1 (), a B kauecTBe MOHOMOP-
dbuzmat: 1 — 2 — ouesngnoe sxmouenne. Toraa monomopdusy m : a —
— b M3 aKCHOMBI 8 COOTBETCTBYET NOJAMHOMKECTBY @ C b. D70 noaMHOMKe-
CTBO HMEET, KaK M3BECTHO, XapaKTepHCTH4YecKyio gyvHkumio v @ b — 2,
KoTopas pasia 1 uau (0 B 3aBHCUMOCTH OT TOTO, NPUHALICHKHT HIH HET
anement y € b nogmuoecTBy a. OTCIONA BOZHUKAET KOYHHBEPCAJILHBII
kBagapar (2).

Akcuoma 9 onuceiBaer PPh, MHOXKECTBO BCeX HOAMHOXeCTB 8 C b,
KOTOPOE 4acTo Hasbisator Oyaesod crenensio. omoxum £5(x, s) pasabiv
(0, econ s7meMeHT & € b NIPHHAITEIKUT TOAMHOXKECTBY §, M PABHBIM 1 B Ipo-
THUBHOM Cayuae. B pesyanrare noay UM KOyHHBepCATLHLI kBagpat (3).

Hrak, nepeducieHHbIe AKCHOMBI TONOCA BBIMOJHSITCA B KATETOPHH
muozkecTs. VI3 Hux BeiTekaor Muorne cuibibie yreep:kaenns. Hanpuvep,

') B kumure (*Goldblatt [1979]) obbexr Q masbiBaercs Kaaccuduimpyonmy
06BLEKTOM, & BMECTE €O CTPEeJIKOi HCTHHA — KIACCHDHUKATOPOM Mogo6LekTos. —
pum. nep.
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ITH AKCHOMBI TAPAHTHPYIOT CYIIECTBOBAHHE BCEX KOHEUHBLIX KATErOPHBIX
MTPOH3BEIEHNI 1 KOYHHBEDCAIBHBIX KBAJIPATOR, A TAKZKE BCEX KOHETHBIX
KOIPOU3BEeHHI, BKIIOYAs HadalbHblil O0LEKT, KOTOPBIM CHAYKHT 1YyCTOe
MHOXeCTBO @. 13 HHX BBITEKART CYIIECTBOBAHUE MPABOTO CONPAKEHHOIO
K [POU3BEAEHHIO @ X b Kak (DYHKTOPY OTHOCHTEILHO @) 9TO HKCIIOHEHIHAJL
¢®, nas koroporo (cu. § 4.6)

hom (a x b,¢) = (a,c).

T@IIpr KATeropu MHOMECTE MOXHO OIHCATh KaK BJEMEHTa-pl'I.Mﬁ TO-
noc, ﬂl'l[)ﬂﬂ,f‘-..‘l(‘ll][h{ﬁ BhINIE, ¢ TpeMsd J0MOJTHATEeILHBIMHA cBOHCTBAMM:

(a) oH BHOMHE pa3zzennM;
(b) B Hem BhIMOMHeHA akcnoma Beibopa (AC);
(¢) B uem umeercsa obnext narypaasunix auces (NNQ).

[Ipn paccmorpennn 3THX CBOIHCTB HOJIE3HO MPEICTABIATH cebe 0ObLEeKThI
KAK MHOMKECTBA, & CTPEIKH — Kak (hynKipmm.

YTBepKIeHne, 9TO TONOC 8NoAHE paddeatism, O3HATAET, YTO eCIH TaAHBI
ape pazinanee crpenkn f, g @ a — b, To naiigerca crpenxa p: 1 — a, nun
Kotopoit fp # gp. MoruBupoBKa cocTouT B TOM, MTO e MyHKIuH f U
§ PasjMYHLL, TO OHH JOJXKHBL pasiniuaThLeHd B IiE.‘I{D’l"(]l]Uf{ TOYKEe p, T. €. HA
HEKOTOPOM 3JIeMeHTe P MHOMKEeCTBa a.

Axcuoma ewbopa (AC) rpebyer, urobbl s KazKIOH CHOPHEKIHA
[ a — b cymecrsoBasio npasoe obparnoe orobpazxkenne T : b — a.
IR KOTOporo, Takum obpasom, for = 1. Orobpaxkenne 7 BuiOupaeT 15
KaKA0iT Toukn p : 1 — b MHOXKecTBa b HERKOTOPYIO TOYKY B @, A HMEHHO
NPOM3BEICHNE TP, KOTOpoe noj jeiicrenem f oroBpaxaercst Ha p.

O6sexm namypaaviur wucea (NNO) MOKHO OnHCATE KAK MHOXKCCTBO
N ¢ navanbubiv obwektom (0 0 1 = N n dyuxkumeii ciegopannsa s : N —
— N, B TepMmunax kotopoit dyukuun f @ N — X MOXKHO ONPeIenThb
pekypeneno, ykaszas f(0) n komnosunmio f o 5. Huave roeopsa, NNO-
obwekt N — 910 AuHarpamva

Q B gy
1= N-=N,
cocrosmas w3 roakn O 8 N n makoro orobpaxkennud s, 410 s J00bIX

h, k i
crpesiok 1 = b = b naiinercs eaquncreennas crpenka f : N — b, Kotopas
JdesiaeT CAaeayiomyo JHarpaMsy KO.\'H\.-]}'T}].THBIIOﬁf

8
N—N

L.
b——b.
IIpu 06bruanoit 3anucn QyHKiyil 370 03Ha4A0T, YTO

fO=h,  fs=kf,

1—1-—

]_—;-



332 Honoanenue. Ochosanus meopuu kamezopud

T. e. MOXKHO onpedennts f. ykasas f(O) u soipasus f(n + 1) sepes f(n).
Taknm obpasom, KaTeropmsi MHOAKECTB MOKET OBIThH OINMHCaHA KaK
BIOOJIHE PA3JIeUMblil TONOC, B KOTOPOM BbUIOJHEHA AKCHOMA aKCHOMEA
BeI0Opa U HMeeTCs O0BEKT HATYPAJBHBIX YHCEN. DTa COBOKYIHOCTH AK-
CHOM l'_'«]'lﬂﬁﬂ COBMECTHA C HEKOTODhLIM BADHAHTOM aKCHOM HG}HUPJ](') {‘l"‘ H.
orpaanuennsii Lepueno; em. (Mac Lane, Moerdijk [1992])). Bnepsrie ona
nogsuiack s pabore (Lawvere [1964]), e nassana snementapHoii reopueii
Kareropun MuozkecTs . OUH U3 HPUMEPOB WIEMEHTAPHOTO TONOCA — Y-
Ki Ha Tonosoruteckonm npocrpancrse; (em. Mac Lane, Moerdijk [1992]).
B arux akenmoMax 4acTo NPHHHMAETCS, 9TO KIacCHumpyonmii 06b-
exT ) uMeeT pOBHO JIBA AMEeMEHTA. DTO npespaiaeT ero B Oyiesy anrebpy.
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CRng
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Colim
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Compmet
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can
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Dom
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Euclid
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Finord

Fid
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Tepmunonozun

TepmuHONOTTSH

B .'iTHl‘J'fi WHUZ2E
CTpeIKa
obaacts (domain)

koobuacts (codomain), of-
J1aCTh 3HAYCHu

rpad
eCTECTBEHHOE TIPeolpasoBa-
HHE

eCTeCTBeHHBIH H30MOPdI3M

monomopgu3sm (monic)
snmnmopdusy (epi)
HAESMIIOTEHT
['[[]()’I‘HB(I]I(lf]())l(ﬁhlﬁ
KOITpOWR3Be1eHne
VPABHHTE T
KOVHUBEDCAIBHBI KBaIpaT

YHUBEPCAILHBI KBalpar
YHUBEPCATBHAH CTPEIIKa

[Pe/ien CyMecTRyeT
rpeiest

KOIpe/ien

KOHYC K (yHKTOpY
Konye o1 hyHKTOpA
JICBBI COTPHKCHHBIT
MPABLIT COMPSKEeHHBI

mMopdiran conpsizkenna (unit
of adjunction)

B dpyeur ucmownukan

orobpazkenne (E & M), mopdusm
(Gr)

ueroanuk (source) (Ehr)

uesn (target) (Ehr)

NMPeAKATEropHsi, CXeMa IHArPaMM
(Mil)

Mopdusm pyurropos (Gr),
dyuxropuansnoe  orobpakenue
(G-2)

€CTECTBEHHAS  IKBHBAJIEHTHOCTH
(E & M)

Tenepb HeyHoTpebuTe bHO)
monomorphism

epimorphism, epic

npoektop (Gr)

JIBONCTBEHHEL

CYMMa

SIAPO, AP0 PasHoOcTH

paceaoeanoe npoussenenne  (Gr),
ACKAPTOB KBAaApar

KOJAeKapToB Kpajpar (comeet)
jgepoe  cpobonuoe  oTobpakeHue
(G-2)

npeaen npeacrasum (Gr)
NPOeKTHBHEIN Tpejiesn, O0DpaTHBIH
npeaen
MHYKTHBHBI
peies
NPOEKTUBHEL KOHYC, 0OPATHBIIT KO-
nye (G-Z)

MHAYKTUBHBI KOHYC, KO-KOHYC (co-
cone)

Kocornpskennbii (Mit), conpsken-
HBI

conpsizkennniii (Mit), koconpsixen-
HBbII

npeaes,  OpaMOM

adjunction morphism (G-7)
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TPEYTONILHBIE TOXKIECTBA ¢ kBasu-oOparen K 7 (G-Z)
MOHAIA Tpoitka
ounponsseaenne (8 Ab-  npamas cymma
KaTeropusx)
Ab-kareropus npejainTiEHan Kateropus (yora-
pesinee)
Gr — Grothendieck (I'porenauxk)
Ehr = Ehresmann (9pecuan)
Mit = Mitchell (Muraemnn)

E &M = Eilenberg & Mac Lane (Diinenbepr u Magseiin)
G-Z Gabriel-Zisman (TaGpusab-TIncman)
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— MaJas 34

— (byrpameHTAIBHAA 32
Tpynmong 31

— epsannii 32

— bynpamenTansHE 31

AnoitcrsennocTs 43, 67
JHedtersue

— monouga 202

— MOHOMAA Ha MHOMKecTBe 16
— oneparopa 146
Jmaromanesas crperka 103
Jnaronansnoe orobpaskenue 88
Hnarpamuma 12, 65, 86

— KoMMmyrarusHas 12, 18
Hnarpauunan cxema 62

Enuunna 17

— conpamenns 99

EcrecTrennoe npeobpazosanne 27
VHHBCpCANIbHOE 52

— — conpsikennoe 118

3akon uepejoanns 56, 57
BaMuikande Ha npeanopajike 166
Saysmmsanue 201

3ueeBnaHan gemva 240

Haevnorent 31
pacmemnnaeMeit 31

Wzomopdmsm 31

— ecTecTBeHHsbli 27

— gaTeropuit 25, 110

Hernua 124, 330

Kareropusa 12, 20
— BasmporanHas 214
- abenepa 230

— ANOUTHBHAA 228

— Gonsmasa 35

— BHYTpeHHAA 307

— AapoiHas 57

— meolicTRenHas 45
JeKapTOBO 3aMKHyTas 116

— JancKpernaa 21

— 3aMeHyTas 214

— sanaToi 60
—. npoexiux 61
KOHEHHO noanas 132

— KOHKpeTHas 39
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— Kkoc 299

— NMOKAJBHO MATAH C7IeBa (MATAA B CMBIC-

ne nonobnekTon) 154

— JIOKaJILHO MaJjas chpasa (Majgas B

cubicne pakropobbextos) 154
MHOMKeCTR 19

- MOHOHJANBHAS CHMMeTpIYHAxA 213, 292

oforamenias 11

— obbeKTOB Ha a 59

— pbwekToB mog b 58
obbexkTos nog b ernocurensno S 59

— nogHan B Mamoum 129

— npeaaurusnan 40

—, npousseaeHne 48

— ncesgoduanrposanias 250

— pasbuenua 259

— paccaoentas 48
€ KOHeUHEIMH nposnejennavn 88

— ceoboanan 63

— cpoboguan uam rpacdom 69
ceAzHaA 104

— epasHag koMmonenta 107

— CHMIIHIHanLHas 22

— crejgerdas 111

— conpsaxennii 120
crpenok 53
CTPOTO MOHOHAATEHAS 188

— TeH30pHas 291

— dounbrposannaa 244

— dbyarTOpOB 53

Keanpar

- Aekapron 86

— KOYHHBepCaJabHBI 86

— conpszxennil (adjoint square) 122

— yHEBepcanbHbii 80

Knaee 35

— cobeTBennsiit 35

Kaacendmrarop nogobrextor 124, 330

Kinn 254

— KoHneBoil 257

— yHHBepcanbubiil 257

Ko-konen 261

Koeaunnuua conpszxenns 99

Koxkomnonenra RY

Koasno manoe 37

KowmuyTant 25

Komnozunus

— crpenok 17

— (pyHKTOPOB 25

Kowmmonenrta

— BCTECTBEHHOrD npeobpasosanna 27
npeobpazoBanns 252

— crpeakn 84, 228

Kommonenrtr 85

KourpysaTHoCTs 66

Koner

— ecTecTrentoro npeobpasosanna 264
dynrTOpa 257

Konyc 82, 83, 86

— npesensbusiii 82, 83
VHHBEPCATBHEI 82

Koobnacrs 17

Koobpaz 232

Konopoxaawmee muoMxectso 150

Konpeaen 81
dunbsrpoBanuslit 245

Konpon3senenne 76

—, Anarpamma 76

~—, HHBEKUHU 706

—, obbexT 76

Koporkas Tounas nocaenoBaTebHOCTH

233

Koca 299

Kocreneus 78

Koypasuurens 78, 175

— pacmenneHasii 176

Koanpo T8

Jlenma Horens: 74

Metarpad 17
Metagareropus 17

crpenok 19
MeTputeckoe npocTpascTeo noHoe 70
Muoroobpasue 147
Muoxecrna Gazupopannnie 38
Muosecrso 23
— magioe 23, 34
¢ oTMe4eHHOH TOUKol 38
— € DTMEYEHHON To4Koil 23
Mogudurannsa 319
Monana 162
— KomoTHoeTH 289
Mownowua 13, 21

(B kareropuu) 90

B MOHOWTATLHOH KaTeropmi 108
MonounanbsHas gateropus 189
Mounomopdmav 31
— pacmennaomui 31
Mopdwmiam 15, 19
— rpadon 62

MOHOMAATBHBIX  KaTeropmii,
191
— (dyuxropor 27

cTpormit

Hauboanmasn muskiasg rpans 134
Hamvensimas pepxusis rpans 134
Hocurens anrebpm 147, 165
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Ob6aacte 17 IMpeakateropus 62

Obpas 232 [Tpennoxrenne 43

Qbpasyomue # cooTHomenns (B kaTera-  [Tpeanopaior 22

pun) G6 — HanpaBJenisii 244

Obbesnnenne (Haumenbmas pepxuss  [Ipeanyuox 93

rpaas) 149 [TpecfipasoBaane IHECTECTBEHHOE 252
Obuexr 17 ecrecreennoe 27, 51

HHLeRTHBHEI 139
— MCTHHHOCTHBIX 3Haqennit 330
— KaTeropHseni 307
HaqaIbHBE (Mannuansimit) 31
— m\yneroit 31, 222
— npejacrapasomnuii 73
~— HpoeKkTusBHBL 139
— TepMuHanbHbI 3]
Qbbextn n3omopdase 31
Oneparop cnuetawomuit 54
Opannag 22
Orobpaxkerne
— ToMgecTeenHoe 19
BEJIKOYeHNst 19
— HenpepueHoe 184
— onenku 117, 254
— conpaxenuil 117

ITapa 19
— KoaaepHas 81

napaninenbuaa cxuMaenan 177
— CTPEROK nepeMuoKaeman 19
— agepras 86
Iapanaensreie crpenskn 21
Tlepecesenne  (mauboibmas
rpans) 149
Hogrpynna xkousmyraTopnas 25
Hoakareropus 26
— KopediiekTuBHaA
— maoTHaa 283
— nonsas (full) 26

pednexrasras 108
— punansuan 251 109
Hogobwext 149
ITone yacTHBIX 69
TMononuenue obnexta 208
[Monmorrennbi CHMIITHIHATBELIT 00BeKT
208
Tlopomxnammee MEOAKeCTEO 150
Tlopaakosoe quciao 22
Topagox gacTusHEIR 22

aunetnnii 22

Ilpeaen 83
— HMHAVKTHBHBI 81
— wOHeTHBIH 134

obpaTuniii 83

npoekTHBHLET 83
— npamoii 81

HHAHAA

cynephecTecTsennoe 254
[lpuHunn geoficreeHHocTH 44
[Mpoexnua nponssenenns 48
ITponssegenne 84
— mpoexumun 84
— npsavoe 84
— crpeqnok 17
— (byHKTOpPOB 25
[IpocTpauerso nerens 219
[Tpasaa cymma 226, 227
[y 1h, KomMnosunun 32
[lyuok pocrkos dynxuuii 47

Paur cnosa 194
Pacnopka (span) 325
Pacumpenne Kana
abcomornoe 287
— — norogeqnoe 282
— — npasoe 273
Perpakuua 31

Croboanan T-anrefpa 166
Crobogroe nponsseaenne 151, 247
CroiicTBO YHHUBEDCAILHOCTH 12
Ceuenue 31
Cummmmnnansisil obnwexr 208
Cunrynsapaas romoiorus 200
Cunrynsipuptiit nennoli komniesc 209
Crener 110
Conenony, p-aanueckmii 131
Cooreerereue Damya 114
Conpsizenne 96
— ¢ napametrpos 120
ConpsizKeHNe-3KBEHBATEHTHOCTh
equivalence) 111
CONpszKEHAOCTE
— caesa 13
— cmpasa 13
Croenuajibias TeOpeMa 0 HadalbHOM OG-
exTe 152
Coenuaibuasg TeopeMa 0 CONPAMKeHHOM
hyukTope 152
Cpagpuenne 179
Crenens 85
Crpenka 12, 17

nepas obparnas 31
— Hyaesad 31, 89, 222

(adjoint
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— myneras (B Ab-xarteropum) 225
— obpatumas 30
oxpaTEBaeT 06berT 150
— npasasd obparnag 31
— perynapHas 32
cnabo yEMBepCcaTpHAA 272
- cokpaTuMas cnena 31
cokpaTuMas cnpasa 31
— yHHBepcanbHas 68, 71
CTpykTypHOE 0TODparkerne anaredper 165
Cranyras najgerpoiika 219
CranyToe npon3eeienne 219
Cxema auarpammuas 20

Teopema 0 napamerpe 264, 265

Teopema o npeacraguMocTn 145

Teopema Dpeliaa o conpsamxennonm hynk-
Tape 143

Toaxgecrso 146

TonmoqorATeckoe MPOCTPAHCTEO KOMIAKT-
HO NOpOXAeHHoe 215

Tonoe

— anementapnniil 126, 329

— — BHOJHE pazaennmbii 331

Tounaa nociesosarebuocTs 232
Tpeyronsasie Toxaectsa 101

VYuHomenne 2-KieTox

— — pepTHKAgLHOE 315, 321

— — ropu3oHTaasHoe 313-315, 321
YunozxKenue roMoTonnit ropuionTalbHOE
313

VMHOMKEHHE eCTECTBeHHBIX peodpasoBa-
Huit

— — — BEpPTHKAJILHOE DD

— — — ropu3oHTAIBHOE 55, 58, 123, 162
Vumoxkenue crpesnok 17

Vuupepcannuas anrebpa 146

Vuusepcym 22, 33

Vpasuurens 85

VTeepxKaeRe

— aToMmapHoe 43

— meoficTrennoe 43

Daxropobbekt 149
DyuxTop 23

— Monean 735

— ajpuTapnnii 41, 228
— Oyaesolt crenenn 406
— paomenuns 206

— pHyTpersuii 309

— amaroHanensiii 104

— sabnieaommuii 25
HHHIHATbHE 252

— KOoBapHaHTHEIT 16

— KOHTpaBapHaHTHBIT 45
KOTMIOTHBIT 284
nesntt conpssennnit 51, 97
MoHanaeckuit 169

— MOHOHAAJBHBIN 294

— MOHOHAAJBHEIN CHIBHEIT 295
Henpeprisasi 137

— obpaTasrii 25

— oTpamaer Konpegens 181

— manorHni 284

— nonxei 26

— mnpassiii conpsxennsi 97

— mpencTapAaMuiil 73
, npejcraniense 73

— co3/jaer konen 260

— co3aaeT npegenst 132
COTIpSAReHHBIT W obpaTHEI cepa 112

— coxpanger kouer, 260

— coxpangeT npejeant 137

— crporuilt 295

— TouHbIi 233
TOYHB cnesa 234
VHABATCHTHEH 26

— (huHAIbHBI 251

DyuKHA

— masas 34
caosnan 19

Gyurnua obwekror 23

DyHKUHA CTPenoK 24

Xapakrepucratieckas ghyuxuua 124

Hennoit komnnere 234

Yepemonanne 56, 57
Yaen obbexra 237

DKBHBAJICHTHOCTE KaTeropui 29, 110
DKBHBAJEHTHBIE KaTeropun 110
DneMeHT yHABEPCATBHEH T0
Smavopduan 31

pacmenasomui 31

Hapo 222
— passocTi 85
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