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NPEAUCJIOBUE *)

Jra kHura Obl1a 3ajlyMaHa KaK BTOPOe H3JaHHE MOeH KHWULH
«BpeseHne B OOILYyI0 TEOPHIO MHOXKECTB W YHKUMHY, H3JaHHOH
B 1948 r. Oxnako Bckope Xe Tnocie Hayasga paGoTel Hafg 5TUM BTO-
pBIM H3JaHHEeM MHe CTaJio SICHO, 4TO peyb (aKTUYeCKH HIET O Ha-
NHCaHHY HOBOH KHHI'M, @ He O HOBOM H3ZAHUU YiKe HAaNUCaAHHOI;
U IeHCTBUTEJIBHO, W3 CTapOH KHHUFH B HOBYIO GLITH MepeHeceilnt Ge3
CYLIECTBEHHBIX M3MEHeHMH JHlIL TiepBble TpU riassl. B mepepabo-
TAHHOM BMI€ MaTepHaJ LIeCTol ¥ ceJbMOH IJaB CTapoH KHUTHM Obli
YACTHYHO B3sIT MHOIO B TsiTyi0 IJiaBy HosoH KHuru. Coctapasionihe
OCHOBHYIO 4YacTb HOBO{l KHHUTU TVIaBBI UETBEPTAs U leCTasd HATIUCAHBI
3aHOBO, JIHilb C HeGOJbluUMU 3auMcTBOBaHMsIMH u3 IlpuGaBmeHuit
K JBYM IOCJEJHHM [JaBaM CcTapod xHurd. OjHAKO COXpaHuics U
ofluii ee avX, COCTOAUMMH B 3J€MEHTAPDHOM H—KaK $l Hajeloch —
JIOTHYECKH TILATeILHOM U3J0XKEHHH DPAaCCYXAEHHI: (GOPMYJIHPOBOK M
JIOK43aTe/bCTB, U INPOHH3LIBAOIUMHA BCIO KHUI'Y TaK Ha3blBaeMBbiil
«HANBUBIA» NOAXOJ K OCHOBHBIM NMOHATHSM TEOPUY MHOXKECTB, Henpe-
B30HMelHbIM 06Pa30M BOMJIOWEHHBIH B KJaccuyeckoit kuure @. Xaye-
Jopba «Teopus MHOXKECTBY.

Kak mue kaercsi, mpeffnaracMas BHUMAHUIO YHTAaTeJNd KHUTA
B ee TelepellHeM BHJE MOXKET CAYXHTh PYKOBOJICTBOM 15 IEepPBOTO
osHakomaelnnsi ¢ obuwe#l TonoJorued, T. e, ¢ Teopueil TOMNOJOrKUe-
CKHX UPOCTPAHCTB, ¢ ofpaillertieM ocoBoro BHHUMAELHA HAa MX BaX-
Helliiil yacTHBIL cayyali—wMeTpusyemule mnpoctpadcersa, Orciona
ciaefyeT M crnelHadbHoe BHHMaHHe, yleasevoe Ham# 1pobJeMe MeT-
pM3aunud Tomodoruyeckux mpocrpanctB. C Apyroii CTOpOHbI, Ype3BHI-
yaiino 60JbIloe MECTO B KHHIE 3aHUMAIOT IIPOCTPAHCTBA, 0b6/1akalomue
TEM HJIH HHBIM CBOHCTBOM «THMA KOMIIAKTHOCTH», T. €. TPEXKJe BCEro
6uKoMnakTHole (M JOKaJdbHO GMKOMNAKTHBIE), @ TAKKEe I1apakoMNaKT-
HBle NPOCTPaHCTBA. DTH NOCNe[HHe TeCHBIM 06pa3oM CBA3aHH ¢ 06-
meid npobaemoit Merpusaumu. Ecau npu6aBHTb, UYTO BIOJHE pery-
JSIpHBE, WJIM THXOHOBCKHE, NPOCTPAaHCTBA CYTh HE YTO MHOE, Kax
TIOINPOCTPAHCTBA OHKOMIIAKTOB, TO CTAHET SCHBIM, 4YTC BEIJEJEHUE,

*) B cnucke sureparypel amrtarenp HafiieT paGoTH, JHuIb HEMOCPEACTBEHHO
CBSI3aHHBIE C TEMH WJIM HHBIMH MeCTaMy OCHOBHOIO TEKCTa.



6 MPEAMCJOBUE

C OfHO# CTOPOHBI, METPH3YEMBIX NPOCTPAHCTB, a C APYTOH CTOPOHH,
NpOCTPAHCTB, YJOBJETBOPSIOIHX YCIOBHAM THIA KOMIIAKTHOCTH,
JAAeT HadM JOCTYI TPAKTHYECKH KO BCeM BaKHeHMHM THIAM TOMOJO-
THYECKHX TNpPOCTPAHCTB, YTO H OOBSCHAET Ha3BaHHE OCHOBHOH H
3apeplualowleil WeCcTOH TJ/aBbl HalleH KHHUTH.

Ilpn sToM s XoTen 6bt HACcTOMYMBO OOpaTHTh BHHMAaHHE Ha TO,
uro [lpuGasenue x KHure cocTaBjseT ee HeoTbeM/JIeMYo yacTh. OHo
nanucano B. M. 3aifiueBbIM ¥ moCBALEHO KPYry TecHO CBA3aHHHIX
MeXJy co60if BOMPOCOB, KOTOPLIE A MPHUYHCAAIO K BAXKHEHIIIHM CpPEH
pa3pabaTeiBaBIMXCsl B OGUiefl TOMOJOIHM 33 TOCJENHIO UYEeTBEPTDH
BeKa, 4 UMEHHO TEOpHH OOpaTHBIX (B 4aCTHOCTH H B OCOGEHHOCTH
NPOEKUHOHHBIX) CHEKTPOB H TeOpHH abCO.JIOTOB U HEMNPUBOJMMBIX
COBEpUIEHNBIX OTOGpaKeHu# TOMmoJorHueckuX npoctpanctTs. OCHOBHE
nepBoil TeopuH 3asomxeHbi B padortax [1. C. Anexcaunapona [4],
[5], 18] u A. T. Kypowa [1] u nojJyuunn HOBOE M OueHb HHTe-
pectoe pasBuTHe B paGorax B. M. 3aiinesa [2] u [3]. Bropan
Teopust BocxomuT K paGoram I'mucona (Gleasom) w ewe paxe
M. Croymra (M. H. Stone) [1], HO cBoe mnoJHOE pa3BUTHE MOTY-
uusna guiib B pa6ortax B. M. ITonomapesna |2} n [3], B xoTOpBIX,
B YAaCTHOCTH, H OblJa OCYHIECTBJEHA CBfi3b TEOPHU abCOJIIOTOB H
TEOPHU TNpPOeKuHoHHbIX cnekTpoB. Kpome Ilpubamnenna B. V. 3aii-
neB Hanwcan u § 5 rui. 6, B KOTOPOM Off HU3JIaraeT JaHNUYI0 HM
BHYTPEHHIOI0 XapaKTEPHCTHKY THXOHOBCKHX TPOCTPAHCTB.

Yuactue B. WM. 3afineBa B paGore Haj MOefi KHUTOH HACTOJbKO
BEJHKO, UTO 51 CUfiTal 1HEOOXOZUMBIM OTMETHTH €ro 0co60. ITo OTHO-
curcs U K B. B. Pepopuyky, KOTOpbii HE TOJbLKO TUIATEJBHO OT-
pelaxkTHpOBaAJ BCIO KHHUFY, HO W BHEC eIBa J¥ He BO BCE ee mapa-
rpatdbs!  yJYYIUEHWSI, 4aCTO oOYeHb CYyLeCcTBeHHbE. $1 MOTy npsimo
cKasarb, 4To 0e3 yyactHsi B. B. Pejopuyka KHura B ee HacTOAIEM
Buie BooOlie He Oblna Gbl Hanucana., B paborte Haa 3TOH KHHCOR
B. B. ®egopuyk Obld CyWECTBEHHO TOAZEPKAH CBOUM YUEHHKOM
A. B. MBanoBbiM. Ha3panHBIM MOWM fOpOTHM YyueHHKaM H KoJuIeram
sl BBIPAXKAI0 MCKPEHHIO0 H CcepievYHyio GJarogapHoCTb.

unb6epT YacTo CpaBHHBAJS MATEMaTHKY C BOJILEOHBIM, YapyOmum
cajoM. B aT1OT cam BepyT MuHOrHe pasJsnuHbie BXopbl. O HHUM U3 HUX
ABNAECTCA M TeOPETHKO-MHOXKeCTBeHHan TonoJorus. Mosa kunra B nep-
BYIO oyepelb oOpallleHa K u30paBillMM HMEHHO 3TOT BXOZ MOJOXbLIM,
HauMH2OWHM MaTeMaTHKaM. Haiins, kak fi Hazeloch, yxe B camom
HayaJie NyTH MHOrO NPEKPacHOro, OHM JIanblie CMOrYT TOWTH pas-
JIMUHLIMH NOPOTaMH ¥ TPHATH B Takue yrayOJieHHbIE YacTH caja,
YTO YV BXOAa Hesib3f OBIIO NPEABHAETb CaMOFO HMX CYIHECTBOBaHUA.

Mocksa I1. Anexcandpos
Wiousb, 1976 p.



I nasa nepesas
O BECKOHEUYHBIX MHO)XECTBAX

§ 1. Nonarue mHoMecTBa

Ha xkaxnom 1mary HaM TNPHXOIMTCH CTAJKUBATLCH C TEM TPYAHO
OINPEAC/NHUMBIM TIOHATHEM, KOTOpPOE BRIPANKAETCH CJOBOM «COBOKYII-
Hoctby, Hanpumep, MOXKHO FOBOPUTH O COBOKYMHOCTH Jtojell, npu-
CYTCTBYIOUMX B JAAHHBIH MOMEHT B JaHHOH# KoMHaTe, O COBOKYI-
HOCTH rycedl, TJIaBalomuX B TpYyAY, 3adnes; XKHBywHX B Jecax
MocxoBckoit oGJacTi, W T. 0.

B KaXaoM H3 3THX cJyyYaeB MOXHO ObJIO Gbi BMECTO CJIOBA «CO-
BOKYIHOCTbLY YHOTPEOUTH CJIOBO «MHOXKECTBOY.

B Mmaremarnke MOCTOSIHHO TPUXOZHTCH WMETL AEJO ¢ PA3JIHUHBIMA
MHOKECTBAMI: HanpuMep, ¢ MHOXKECTBOM BEpPIUMH WJIW AuaroHaseh
KaXoro-HuOyJlb MHOTOYrOJIbHUKA, MHOXECTBOM Jedutened umcaa 30
M T A

Bce npuBeneHHsle NpuMepbl MHOXKECTB 006/12Jal0T OAHHUM CYyLIECT-
BeHHBIM CBOHCTBOM: BCE€ 3TH MHOXECTBa COCTOAT U3 ONPEEe/IEHHOro
KOHEYHOrO YHCJZ 3JIeMEHTOB; TOCJAERHICIO (pa3y Mbl IOHHMAaeM B TOM
CMBICJIE, YTO B KAXKJAOM H3 YTIOMSIHYTHIX CJAY4aeB Ha BONPOC «CKOALKO?»
(miopeil B KoMHaTe, ryceil HA mpyay, AeauTesedl gucaa 30) Mbl MOKeM
OTBETHTb HJM TIPAMBIM YKA3aHWEM H3BECTHOrO HaM [E/JA0r0 YHCAa
(uanpumep, uucao geauresneidl yucaa 30 ectb 8), UAH yKasaHMeM Ha
TO, UTO HEJO€ YUCJO, Halowee OTBET Ha BOIPOC, BO BCAKOM cayudae
HMEeTCs, XOTA B JaHHbIH MOMEHT M IIpH JAHHOM COCTOSIHMHM HAElIUX
3HaHHH HaM MOXeT ObiTb M HEH3BeCTHO, KaxKOBO OHO liMenHo. MHo-
KEeCTBa, COCTOsAINHE JUllb U3 KOHEYHOro 4YHCJAA 3J€MENTOB, Ha3bi-
BAalOTCA KOHEUHbIMI MHOXECTBAMH.

B mMareMarHke MPUXOAUTCA TIOCTOANHO CTAJKHBAThCsl Y € APY-
I'MMH —HE KOHEeUYHBIMM, W/JIH, KAK TPHHATO TOBOPHUTb, OECKOHEUHOLIMU,
MHOXKECTBaM#. TaxoBbl, Hanpumep, MHOXKECTBA BCEX HATypaJbHBIX
yuces, BCeX YETHBIX YHCEN, BCeX LeJblX, RAIOWUX npH fesleHun Ha 11
B ocTarke 7, BCeX MpPAMBIX, NMPOXOAALMX yepes JaHHYIO TOYKY LJIOC-
KOCTH.

ITonsiTwe MHOMKeCTBa JAAs YA06CTBA HOMOJHSETCH HOHATHEM MYC-
TOro MHOXecTBa. [IycToe MHOXKeCTBO, 1O ONpeje/IeHHIO, He COZePKHUT



8 O BECKOHEUHBIX MHOXECTBAX [(rja. 1

5JIEMEHTOB; YMCJO SJEMEHTOB IYCTOrO MHOXKECTBAa ecTb HyJab. Heol-
XOIHMMOCTb pAcCMOTpeHMs! ITyCTOrO MHOXKECTBA BHJAHA U3 TOTO, YTO
KOT1a Mbl OfpeAessieM TeM WJIH HHBIM CHOCOOOM MHOXKECTBO, TO
MBI MOXEM H He 3HaTh 3apalice, COZEPXKMT JU OHO XOTA Obl OFHH
sneMenT. Hanpumep, BeposiTHO, MHOXKECTBO CTPAYyCOB, HaXOXSIMXCS
B JaHHbil MOMeHT 32 [lossipHBIM KpyroM, nycTO; OfHAKO Mbl HE
MOXKEM STOTO YTBEPKAATh C YBEPEHHOCTBIO, TaK KaK, MOMKET ObiTb,
Kakoli-HuOyab KalUTaH U 3aBe3 Kakoro-Hubyab ctpayca 3a Ilouasp-
HEIl KpyT.
[Tyctoe MHOXecTBO oGo3HauaeTcs yepes A.

§ 2. MonMuoxectBa. Onepauuu HajJ MHOKECTBaMH

BBepeM Tenepn ciefyioniue OCHOBHbICe OGO3HAYEHUS W MOUATHA.

Jns toro urofhbl yKaszaTh, YTO X €CTb 3JeMentT MuomxectBa A,
nuiyT X€A nwan ADx (upu 3ToM 0OLIMHO, XOTH H jlaleKko He
Bcerna, o0003HAWalOT MiuoXKecTBa OogbliliMu OyKBaMmil, a WX 3Jje-
MEHTbI — MaJbIMHU).

Onpegneaenue 1. Econ kawwtit ancment muoxectsa A ecTh
BMECTE C TeM 3JeMeHT MHOXKecTBa B, TO MHoXecTBO A HaspiBaercs
YacIeo W ROOMHONCECHBOM MiloXKecTBa B.

HanpuMep, MuoxecrBO BCEX YeTHLIX YHUCEJ €CTb YaCThb MHOMKe-
CcTBa BceX UeabIX uuced. Bmeeto Toro yroObl cxasaTh, 4TO MilOXKe-
cTtBO A ecThb uacTh MHOXeCTBa B, roBOpAT 4acCTO, YTO MHOXKeCTBO A
COJEPKHTCS B MHOxecTBe B uaH uto A BkJoueHo B B, u 3amucel-
BAIOT 3TO TakK:

A=B umu B=A.

Ecan A ects NOAMHOXKECTBO MHOxKecTBa B, mpuueM A=%B, 10
THILYT
Ac B wiw B> A.

3Hak¥ &, C HA3BIBAIOTCA 311aKaMH BKJIOYEHHs (OANOro MHOXe-
CTBa B Apyroe).

CorsiacHO nauieMy OnpejeseHHIO BesiKoe MHOxecTBo A ectb moj-
MHOKECTBO camoro ceba. Kpome TOro, MyCTOe MHOXKECTBO €CTh YacThb
BCSIKOTO MHOXKeCcTBa. MHOXecTBO A M 1yCTOE MHOXKECTBO Hasbi-
BAIOTCA 1EeCOOGCTBEHHLIMU MOIMHOXKECTBaMH MHOXKeCTBa A; Bee ocTalb-
Hble TOAMHOKECTBA Has3bIBAIOTCA COOCTBEHHBLIMH. [l BCAKOro sne-
MeHTa a€ A NOAMHOKECTBOM MHOxecTBa A dABJAAeTCA H MHOXe-
ctBO {a}, cocToswee TOJbKO H3 TOro 3j1eMeHTa. Mbl uacro Gynem
ofnyckath CKOOKH ¥ 0G03HauaTb MHOMECTBO {a} uepes a.

MonvuoxecTso MuoxecTsa A, cocrosiiee U3 BCeX 3JIeMEHTOB,
YAOBJIETBOPAIOIINX JMaHHOMY yCJOBHIO &, OyneM o003HauaTh uepes
{a € A: a ynossnersopsier A}.
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Ilpeanonoxum, 4TO MHl HMeEM HEKOTOPYIO (KOHEUHYIO HIH Gec-
KOHEUHYIO) COBOKYNHOCTb MHOXKeCTB Ay *). PaccMoTpuM MHOXKECTBO
TEX 3JEMEHTOB, KOTOpPHIC NpHHAJICKAT XOTA Obl OJHOMY H3 MHO-
KEeCTB, BXOJAWMX B JAHHYIO COBOKYIIHOCTh. MHOXeCTBO BCeX 3THX
2JIEMEHTOB Ha3bIBaeTCs .cymmod (Uau obeedureHuem) MHOXKecTB, 06-
pasylouMx JaHHYIO COBOKYIHOCTb.

O6benviienne MHOXeCTB of603Hayaercst 3mHakoM U; Hamnpumep,
A U B ectp obbeauilenne MuoxectB A u B; oO6beqHHeHHe BCeX MHO-
xectB A naHHO# coBoxkynuoctn ¥ MHOMeCTB O0GO3HauacTcs depes

U A. Ecnu coBoxkynnocts ¥ coctout u3 muoxects Ao, rae o
Ae

npoGeraeT HEKOTOPOe MHOMECTBO HHIEKCOB A, TO HX OObejqHHEHHE
o6o3HaTaeTcs uyepes U A, HAY DPOCTO uepes U A, . Ecau coso-

2CA o
KynHoctb I coctout u3 muoxects A,, rie n npoberaetr sce HaTy-

panbubie uncaa 1,2,3, ..., To ux obbejuHenue ob6o3HayaeTcs ue-

=
pes U A, wmn AUAUAU...
n=1

Hanpumep, MHOXeCTBO BceX MEJBIX YHCeT ecThb OOBENHCHHUE
MHOXCCTBA BCEeX UYETHBIX M MHOXKECTBA BCEX HEUETHBIX YHCEN, a TaKkKe
obbeunenue:

MitoxKecTBa A; BceX HeUeTHRIX 4YHCET, He IeJsIHXCA Ha TpH,

MHOKecTBa A, BCeX YeTHBIX udHCed,

Mioxkectsa A, Bcex 4Hced, JCTAUMXCA HA TpH (NPH 5TOM MHO-
xkectBa A, u A, umeloT o0lLHe 3. IeMelThl — YUCaa, Jiedsilutecs: Ha 6).

Paccyotpus  Temeph onepailHio BbIYHTAHHS MHOXKecTB. [lycrh
uMeeMm JBa Muoxectsa A u B (M3 KOTOPHIX BTOPOC MOXET M He
cojaep:xatbca B nepeom). Paswocmero muoxects A u B uasbiBaercs
MHOXECTBO TeX 3JCMEHTOB MHOMecTBa A, KOTOpBIE HE CyTh 3.e-
MeHTbl MHOxKecTBA B. Pasuocts muoxects A u B o6osuauaerca
yepes AN B.

TlepexoguM XK TpeTheit W mociejHel OCHOBHOH onepanuil Hafg
MHOXKECTBAaMU —K ONepanuu B3ATHs OOUIeH YacTH, HJAU llepeceycHust,
MHOXecTB. IlycTe MBI CHOBa ¥MeeM KOHEUHYIO WJIH GeCKOHEUHYIO
COBOKYTHOCTL MuOXKecTB Ag. HasoBem nepecewenuem stnx muoxects
MHOXECTBO TeX 3JeMEeHTOB, KOTOpble cojeparcsd BO BCeX AAHHBIX
MHOXECTBaX (MHOXECTBO 2.JEMEHTOB, OOLIUX BCceM MHOKecTBaM Ay ).

[epeceuenine ofGo3HauaeTcss 3HaAKOM [}; Tak Hampmvep, ANB
ectb mepecevenue MmuHoxKectB A u B. Ilepeceyenue Bcex mMuoxects 4

JaHHOH COBOXYIIHOCTH 9 muoxecrB o6o3HauaeTcs gepes n A;
Aell

*) Uunexesl @, B, ... (Moryuiue, nanpumep, MpHHEMATL 3Hauenus 1,2,3,...)
Cy>)KaT A Pa3jHUCHHA 3JEMCHTOB JaHHOH COBOKYIHOCTH: HampuMep, Mbl TOBO-
puM o muowxecTBax Ag, Ap, Ay gauuolt COBOKYNHOCTH MHOMCCTB.
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fiepeCeyeHne COBOKYNHOCTH MHOXKECTB Aa y TIC O npoﬁerae'r HeKoTopoe

MHOXECTBO HHAEKCOB A, oGo3Hauaercs yepes [} Aq HJIH Yepes N Aes
xeA o

*
B vactioctd [} A,=A,N4,N4N ...
n=1}
[Tpumepsi.
1. OGosnaunM uyepes A, MHOXKECTBO BCEX PALMOHAILHBIX YHCES,
1
abCoMIOTHASL BEHUMHA KOTOPHIX MEHBINE - (TIe 71— HaTypaibHOe
w
uicso). Ilepeceuenue n‘A,, BCEX MHOXKecTB A, COCTOHT M3 OZHOTO
n=1i
uycaa 0.
2. OGo3HauuM uyepe3 A, MHOKECTBO BCEX TOJOMHTEdbHbl X

I
panudoOHAJbHEBE X YHCEJ, MEHBIIHUX YEM P B stom cay4yae Het
HH OJHOT'O 3JEeMEHTA, OOHIEro BCEM MHOXKeCTBaM A,,, T. €. mnepece-

«*

yenne [} A, BceXx MHOMecTB A, €CTh NMYCTOE MHOXECTBO.
n=1
W3 oueBuaHBIX CBOFCTB AeHCTBHH CJIOMEHHS, NEPECEUEHHUS W Bbi-
YHTAHHA OTMETHM

KoMMyTaTHBHOCTS:
AyB=BUA, AnNB=BnA.
ACCONHAaTHBHOCTS:
(AuB)UC=AU(BuC)=AUBUC,
(AnNB)nC=An(BnC)=AnBnC.

ducTpubOyTHBHOCTD (NepeceyeHHs OTHOCHTENbHO CI0KeHuU):

(AuB)NC=(AnC) U (BnO),
BooOil(e

(UAa)nB'—‘U(Aa nB)
u, panee,
(ANBINC=(ANC)\B=(ANC)\(BNC),
ANB=AN(AB), A=(ANB)U(A\B).

Tlouty cTonb Ke OuEBMAHBI CACNYIOHINE COOMHOUEHUA Dsoticmper-
Hocmu {CNOXKEHUA U TiepeceueHHs):

Haa a0b6oii (KOHeUHOH WK GecKoHeuHOi) coBoKkynHocmu nod-
mroocecms  Ag 0AHH020 NPou3e0AbHVO MHOMECEa X UMCIOM  MOCINO
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moxcoecmea

X\nAa—U (XN Aa), (0
U4, = x\ 4. 2

IlokasatenbctBa oGenx opmya (1) u (2) cosepuenno auano-
rMYHB H HPOBOAATCHA aBTOMaTHueckKH. JlokaxkeM, Hanpumep, ¢op-
myay (1).

yers x € X\, n A,. 210 03Hayaer, 4To X He MPHHANIEKUT XOTH Gl

o

onHoMy Ag, T.e. YTO X UPUHANIEKUT XOTA Obl oguomy X\ Ag,
T. €. xEU(X\Aa). ostomy nesast wactb ¢opmyasr (1) comep-
o

KHTCA B NIPaBOH YacTH.

Ilycts, oGpatiio, x € U (X\\Ax); 3TO c©3Hauaer, 4TO X TpHHAA-
a

NEXHUT XOTh onnoMy X\ Ag, C/1ej0BaTeIbHO, X He MOMET NpHHAj-

JexaTb BceM A,, T.e. X He NpHnavIexur n A,, 3HauuT, ¥ 1pu-
174

Hagaexut X\ [} Aq. Takum o6pasom, npasist yacts dopmyst (1)

€CTb TOJIMHOXeCTBO JeBoil 4actu. Popmyaa (1) gmokasana.

B sakniouenue storo naparpada cxaxeMm o6 yOblBalOIKX ¥ BO3-
PacTalomiX [0C/1eOBATEIbHOCTSX MHOMKECTB.

[locaenoBaTe/bHOCTD MHOMKECTB

A, Ay Ay o, A, (3)

Ha3bIBaeTca yoOusaroweli, COOTBETCTBEIHO 603pCCMQiouiell, eclnu Ansd
moGoro n nveem A, = A, ,,, coorBercTBento A, = A, ,,. Ecaiu npu
5TOM [/ BCEX N WMeIoT MecTo Oosnee Cuibibie COOTHOLICHUSA
A,DA,.,, coorBerctBenHo A,cA,,,, TO mociejoBaTebHOCTb (3)
HasblBaeTcsl cmpoeo ybuearowell (cnmpozo evapacmaroiyeil).

Jlerko BHETb, UTO nepeceweHue (COOTBETCTBEHUO CyMma) mobod
Beckoneurol noonocaedosemensHocmu yovigaroweti (COOTBETCTBEHHO 603-
pacmaioweti) nocaedosamensrocmu (3) cosnadaem ¢ nepeceserueMm (CoOOT-
BETCTBEHHO cymmoll) eced nocaedosameavrocmu (3).

Jlio6asi (KoHeuHaa ujaud OeckoHeUHasl) COBOKYNHOCTb MHOXECTB
HAa3BIBACTCS OUIBIOHKIMHOL WIN cocmoawell U3 OU3BIOHKIMHBIX MHONCCCMS,
ecay TepeceyeHue JIOOLIX ABYX (pasiMUHBX) MHOXECTB, BXOISUIMX
B 3Ty COBOKYNHOCTb, NYCTO.
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§ 3. B3awmHO ojHO3HAYHOE COOTBETCTBHE MEXAY MHOMECTBAMH.
Orto6paxeHne OJHOro MHOXECTBA HA Jpyroe.

PasGuenue mHOMECTBA HA MOJAMHOMECTBA.

CemeiicTBA MHOXECTB M NOKDPBHITHS

Ecau nBa MHOMKECTBA COCTOSIT U3 OJLHOTO U TOTO K€ KONEYHOTO
yicna 3JE€MEHTOB, TO MEXAY 3JIEMEHTaMH 3THX MHOMECTB BO3MOXHO
YCTAHOBUTDL 63QUMHO OJHO3HAHHOR COOMBEMCMEUe, T. €. TaKOe COOTBET-
CTBHE, MPH KOTOPOM KaxXJIOMY 3IEMEHTY OJHOTO MHOMECTBA COOT-
BETCTBYET OJUH W TOJALKO OJNHH 3JEMeHT Jpyroro MHOXeCcTBa M 06-
paTtHo; ec/IH Ke HHCJIO 3JeMelTOB NepBOr0 MHOXKECTBA MeHbILe, YeM
BTOPOr'0, TO MOXKHO VCTaHOBHTH B3aHMHO OZHO3HaYHOC COOTBETCTBHE
MexX/ly TepBbLIM MHOXKECTBOM M HYacThi0 BTOPOroO.

ITousTie B3auMIIO OAHO3HAYIIOTO COOTBETCTBUSA TO CYILECTBY gefa
He UPeNNoJaraet, YTO MHOXKECTBA, MeX1y 3JeMeHTAMH KOTOpPLIX
yCTa1laBIUBAETCH 3TO COOTBETCTBHE, HCHOPCMCHHO KOHEYHbI.

[TpuBeseM mpHMEpbl B3aMMHO OAHO3HAUHBIX COOTBETCTBHH MeHLy
6eCKOHEUHBIMH MHOXKECTBaMH.

1. MHOXkecTBO A COCTOMT U3 BCCX LEJIBLIX TOJOXKUTENLHBIX YUCET,
MHOXKECTBO B —¥43 BCEX LeAbIX OTPHUATENBLIILIX YHCes,

OueBMANO, MBI TOJYYHM B3aUMHO OJIHO3HAYHOE COOTBCTCTBHE
MeXAYy MHOxecTBaMu A H B, eciH KaXKIOMYy IOJ0KUTEILHOMY YHCTY
MOCTaBUM B COOTBETCTBHE OTPHUATEIbLIOE C TOKO e alCoJIoTION
BEJIMYHMHOH.

2. MHoXecTBO A COCTOUT H3 BCeX 1EIbIX MOJOXKUTEbIbIX ulices,
MHOKECTBO B -—U3 BCEX MOJOKHTENbILIX YETHLIX YUCEJ.

Me! nmosiydum B3aUMHO OFHO3[1ayiloe COOTBeTCTBUE Mmexjgy A 4 B,
ECAH KAMKAOMY 4uCAy 1 € A TOCTaBHM B COOTBETCTBHE uuca0 2x € B.

3. MuoxecTBo A COCTOWT H3 BCEX TOUEK NPAMON JHHUU (KOTODPYIO
HpHMEM 3a ocb abcuMcc HEeKOTOPOHl KOOpAMHATHOH cucTeMbt) *).
MHOXecTBO B COCTOMT H3 BCEX TOUEK MOJYOKPYKIIOCTH

w4y—1)p=1 y<l,

¢ uentpoM B touxe (0, 1). Konusnt 3Toit nosyoxpykuocty, T. . TOUKH
(1,1) u (—1,1) ve npuuamnexar K Helt (B cuay ycaosua y < 1)
(puc. 1).

TlonyoxpyxXHocTh Kacaercsl HauicH NpsMON B HayaJde KOOPAMHAT.
YcTaHaBIMBaeM B3auMIO OJHO3HAYHOE COOTBETCTBUE MEXKJAY MHOXKE-
crBaMd A 1 B, cTaBAd B COOTBETCTBHE KaXKpoil Touke E MpaAMOH Ty
TOUKY 7 OKPYXKHOCTH, B KOTOPOii 3Ty OKPYXKHOCTb ll€pecexkaer Jyu,
COSIUHAIOIWMI HeHTP Kpyra ¢ E.

4. Ilycte A 1 B cOXpaHSAIOT CMbICA, YKa3aHHBIH B TPexbizyileM
npumepe. [1ycts B’ —uurtepan (—1; 1) uncioBoi npsamMoi, T.e MHo-

*) Myl cuuTaeM, 4YTO unTaTeJb 3HAKOM C NOHATHAMA YHCIOBOH npavMoil u
neficTBHTeIBHOTO YMCJa M3 Kypca ananusa. [loapobuo Mbt 3afimemcst AefictButesnn-
HBIMH iicJamu B caenyiowell raase.
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JKECTBO BCEX TOYCK oOcH abCiucC, YIOBACTBOPSIONIMX HePABEHCTBY
—1 < x < 1. TlpoekTHpya TOJIYOKPYXKHOCTE B OPTOrOHAALHO Ha
uHTepBal B’ U nNOMHA, yTo A yKe [0CTABJEHO BO B3aUMHO OXIIO-
31a410e COOTBETCTBHE ¢ B, 1Oy4HM B3aHMHO OjiHO3HAYHOe COOT-
BETCTBHE MEXIY YHCIOBOH mnpsmoit A u ee HHTepBajoMm (—I1; 1),
OueBrIHO, MOXKHO TaKHM 00DA30M YCTALIOBUTL B32UMHO OHO3HAUYHOE
COOTBETCTRHE MEXKAY 4YHCIo-
BOH MNpsAMOH M JOOLIM ee Hil-
TEpBATOM, a CJ/e10BaTeIbHO,
U MeXAY JIO0LIMM  ABYMSl HH-
TEpBaJaMH.

Ha ocroBe monATHs B3anum-
HO OJHO3HAYIIOFO COOTBETCT-
BHS BBOJAHTCHA CIelyloulee

Oupenenenue 2. [pa

MIIOXCCTBA HA3bLIBAIOTCH KOAU- = 7 7 -
YOCIMBCHHO  IKBUGANCHITIHBIMUL,
€CJAH MEXIY HUMH BO3MOXKHO Puc. 1.

VCTAHOBUTL  B3aHMHO  OJIHO- :

3HayHoe coorBeTcTBUe. Takum o6GpaszoM, muoxecta A U B B Kax-
JOM 13 NPebiIYLHX TPUMEPOB CYTh MHOXKECTBA KOAHUECTBEHIO 3KBU-
BaJIEHTHLIE.

KosuyecTBeHO 3KBHBAJEHTHLIE MIOXKECTBA YACTO Ha3LIBAIOT
NIPOCTO FKBUBAACHMHBHIMIL MHOXKECTBAMU.

3ameuanue 1. OTHOCHTENEHO IBYX 3KBHBAJEHTHBLIX MIOMKECTB
TOBOPAT, UTO OHU KMEIOT OGUHAKUBYID MOUHOCT .

3aMeuanue 2. OueBujiio, 4To B2 KOHEUHBIX MHOXKECTBA SKBU-
Ba/N€HTHBI TOCJA H TOJLKO TOTja, KOTga OHH COCTOST H3 OAIOr0 M
TOTO KE YHCAA 3JTEMEHTOB.

Gameuanue 3. M3 npeabinywero onpeieseHHs 3KBUBAJNEHT-
HOCTH CJAelyeT, 4To aBa MHOoxecTBa A u B, 5KBHBAJEHTHBIX 01~
HOMY M TOMYy K€ TpeTbeny MHOKecTBY C, 5KBUBAJEHTHBI MEMJy
€006010. _

3ameuanne 4. Ha Bonpoc, uto Takoe MomHOCTB (CM. 3ame-
taHie 1), MOXKHO OTBETUTb JIHIlL TaK Ha3bIBAEMBIM <Olpeje/IeHHEeM
yepes abCTPAKIUIO»: MOUIHOCTH ~—3TO TO, YTO €CTb OGLIEro y Bcex
SKBHUBAJEHTHLIX Mexjy coGo MioxecTs. EcaW Mbl noctaBum ceGe
Bonpoc: «HUTo ecTb OOLIEr0o y BCEX 3KBUBAJEHTHLIX MEXAY co00i0
KOHEUHLIX MHOMECTB?», TO M3 CKa3aHHOro B 3aMeuaHuH 2 Gygper cae-
JI0BaTh, YTO 3TUM OOILUM fIBJAsETCH ONMHAKOBOE YHCAO, HJIM KOJIH-
YECTBO, 3JIEMEHTOB, H3 KOTOPOTO COCTOSIT BCE 3KBUBAJICHTHHIE MEXIY
co0oit KoneyHble MHOXecTBa, B 3TOM cMbic/e HONSITHE MOILHOCTH
SIBJASIETCS] —B 1'PUMEHEHHH K OCCKOHEYHBbIM MIIOMecTBaM— aHaJIoroM
HOHATHA KOJHYCCTBA (KOJHYECTBEHFbIE UHCAaA) ¥),

*y Cm. B CBfI7H € 9THM 3aMeyatue B § 5 aTolt xe riaBsl.
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Onpenenenne 3. MHOKeCTBO, SKBHBAJICHTHOE MHOMKECTBY BCEX
HATypa/lbHbIX UHCE], HA3LIBACTCH CHEMHDIM MHOXCECITIBOM.

Ha ocHoBanuu ckasaHHOro B 3aMe4aHMH 3 MBI 3aKJIOuaeM, 4TO:
1) Bcsikoe MHOXKECTBO, SKBHBAJEHTHOE CUETHOMY MHOMECTBY, CaMO
eCTb CYETHOE MHOXKECTBO, 2) BCAKHE JBAa CUETHHIX MHOXECTBA 5KBH-
BaJIeHTHHbI.

OmnpejeneHye CYETHOTO MHOMKECTBAa MOXKeT OhITh cPopMy/JIUPOBAHO
¥ CefYIOWHM 06pa30M: CUETIIOE MHOXKECTBO —3TO TaKoe MHOXecTBo A,
BCE 3JEMEHTH! KOTOPOTO MOTYT GbiTh 3aHyMEepOBaHb B OECKOHEUHYIO
nocsie0BaTebHOCTD

Qyy gy Qgy oovy Qpyy oo

TaK, YTOOBI [IPH 3TOM KaXKALIH 3JEMEHT MOJAYUYHJ JIHIIbL OfHH HOMED 71
H KakJ0e HaTypasjbHOE YHCAO n Obi1o Obl B KauyecTBe HOMepa RaHO
OJHOMY H JIMLIb OJHOMY SJEMEHTY HAIlero MHOMEeCTBA.

BeckoHeuHoe MHOMECTBO, He SIBJSIIOUIEECH CUETHbIM, Ha3bIBaeTCs
HecHemHbiM MHOMECTBOM.

B3auMHO OHO3HAYHOE COOTBETCTBHE MEXIY ABYMS MHOXKECTBAMH,
HJIH, KaK TOBOPAT, B3aUMHO OJHO3HAYHOE OTOOpaeiide OxHOTO MHO-
JKecTBa Ha Jpyroe, €CTb YaCTHHIA c/iyuail ofliero ANOHATHA omobpa-
HCEHUA: eCAU KaKUM-HUOYOb 00pasom KaxcOomy IAEMEHMY X HEKOmO-
po2o mHoxcecmea X nocmaeaer 8 COOMBEMLMmeue OnpeoeseH bl INeMeHm i
Hekomopozo MHoxcecmea Y, mo mul nuwem f: X—Y u eosopum, uno
umeemes omobpascerue mroxcecmea X 8 muoncecmso Y, uau Qynxyua f,
apeymenm komopou npobeeaem MHoNecmao X, 4 3HAYEHUSS NPUHQO-
aAexcam  muogcecmgy Y. Jlas rtoro urtoGht MOKasaTh, UYTO JAAHHBLG
3M€MEHT y TOCTABJEH B COOTBETCTBHE B3JEMEHTY X, NHMYT Y= f(x}
¥ COBOPAT, YTO y €cTb o0pa3 3JeMeHTa X HpH AaHHOM otobpa-
KeHHH f.

ITpu stoM Mbl yacTo 6yreM mHcaTh y=fx BMecTo y==[(x), TaKk
KaK MBI IHiMeM y==sinx wiu y=logx, a ue sin(x), log(x).

MozkeT caydurbes, 4TO KancObui SNEMEHT MHOXKECTBa Y OKasbl-
BaeTCA MOCTAB/JCHHBHIM B COOTBETCTBHE XOTA Obl OXHOMY B3JeMenTty
MHoxectBa X. B 3TOM cayuae Mbi roBopum, 4to uMmeeMm oToOpaxe-
HHe MHOXecTBa X HQ MHOMXKeCTBO Y.

HaunGonee BaxubIM ciyuaeMm oToOpaxeHui sBAsercd caydait
0TOOpaXKeHHsT OJHOTO MHOXECTBA Ha Apyroe. K HeMy Jierko NpHBoO-
Jurcs W ofMi caydail otoGpakeHHsl OJHOTO MHOXecTBa B Apyroe.
B camom gene, nycts JaHO KakKoe-HHOYab OTOGpakenue [ MHose-
ctBa X B MHOXECTBO Y; MHOyCecmBo Y, 6Cex mex 3/M6MEHMO8 MHO-
awecmsa Y, Komopoe € cuay omobpascenusn f nocmaeaervr 6 coomeem-
cmeue xoms Obt 00HOMY 9aemenmy mHoxcecmaa. X, Ha308em 06pasor
mHoocecrmea X npu omobpaxcenuu [ u obosmauum uepes [(X) uau
yepes fX. OueBHmHO, MBI HMeeM oroOpaxkenHe MioxecTBa X Ha
MHOXecTBO YVi=fX Y,
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IMyers f: X— Y u X,—Henycroe nogMHOXecTBO MHOXecTBa X.
Qepanuvenuen omobpaxcenus | na X, naseaemcs omobpaxcerue f|x,:
X,—Y, onpedeasemoe paserncmeom [lx,x=fx, x € X,.

Onpeneaenue 4. Ilycte mano orobGpaxenue [ mHoxecrsa X
Ha MHoxkectBo Y. IlyeTh y ectb npou3BO/IBHLIA 5/1€MEHT MHOXe-
<tBa Y. ITpocGpasom unu noamoim npoo6pasor SNE€MEHTa Y NpPH OTo-
Oparkenuyl [ Ha3bIBAETCH MHOXECTBO BCEX TeX 3/1eMEHTOB MilokecTBa X,
KOTOPLIM TIpU OTOGpazKeHHH f CTaBHTCA B COOTBETCTBHE AAHHBIA 3.1e-
MeHT ¢ € X. 3710 MHOXecTBO obo3navaetcst uepes f~!'(y) wuau [-ly.

Oro6paxenue f MHOXKecTBa X HA MHOKECTBO Y, OueBWJHO, TOrja
H TOJBKO TOFJA B3aMMHO OHO3HAYHO, Korxpa mpoobpas f~!(y) xKax-
JIOFO 3JIEMCHTA Y MHOXCCTBA Y COCTOHT JIMIIL M3 ORHOTO 3JIEMEHTA
mHOMecTBa X. .

[Tycte nauo otobpasxenue f: X — Y MHOXKecTBa X B MHOXKeCTBO Y
1 M —npoKu3BOJibHOe NOJMHOKECTBO MHOXecTBAa X. Maasim obpasom
MHOKecTBa M npu érobpaeHud [ Ha3LBAETCA MHOXKECTBO BCEX TOUEK
Yy €Y, npooGpasbi KOTOpblX copepxarcad B M. Manbii o6pa3 MHO-
xectea M oGosnauaercst uepes f*M. Wrak, umeem f*M={ye€Y:
[~y <= M}. Jlerko nposepuTsb, uro f#M =Y\ f(X\M).

s onpegesenua majoro ofpasa BHITEKAeT, YTO KaXKABIH 3ie-
MEHT K €Y, KOTOpHIHt B CHJY COOTBETCTBHA [ He IIOCTaBJEH B COOT-
BETCTBHE HMHKAKOMY 3JIeMEHTY MHOxecTBa X, NPHHALICKHT MAJIOMY
o6pasy qoboro muoxecrsa M. Ilostomy nomsitue Manoro o6pasa
naubosnee ecTeCTBEHHO A/ OTOGPAMKEHHH «HA», MOCKOJbKY TONbKO
B 5T0M cJy4yae Maabii ofpa3 MeHblle (He Oosblue) obpasa, T. e.
F*M <= M.

ITyets pano mMuOXKecTBO X, MpejcTaBieHHOe B BHJE CYMMbI IH3b-
IOHKTHLIX (T. €. TOMAPHO He MNepeceKalomyuxces) NOAMHOXKECTB (B KO-
HEUHOM WU B GECKOHEUYHOM uHcsae), ITH NOAMHOXKECTBA (MHOMKECTBA-
cJaraeMble Haluel CyMMbl) ABJIAIOTCA 3J1eMEHTaMH JaHHOTO pasbueHus
muoxectBa X. Ilpocroli npmvep: nycrs X eCTb MHOMKECTBO BceX
YYauuxces B CpeAHUX IKoaaX MockBbi. MHOXecTBo X MOXHO pas-
6MTh Ha TIONApHO He IlepecexalollHecs NOXMHOMKECTBA, HaNpHMeEp,
CAeNYIOHHMH ABYMA criocofaMH: 1) Mbl oGbegHHsEM B OZHO CJIaraemMoe
BCEX VYYAMMXCS OAHOH ¥ TOH XKe ILUKOJALE*) (T.e. pas0HBaeM MHO-
MECTBO. BCEX YHALIHXCSl MO IUKodam), 2) Mbl OObefvHfTeM B OIHO
cJaraevMoe BCEX YyyaulHXCH OHOTO H TOro e Kjacca (XoTs 6ol U
pasJHYHBIX WKoJa). Bropoit npumep: nmyctb X ecTb MHOMXECTBO Bcex
TOYEK TJIOCKOCTH; BO3bMEM Ha 3TOH IJIOCKOCTH KaKylo-HHGYIbL Mps-
Mylo d H pa3obbeM BCIO ILUTOCKOCTh Ha npsiMble, napajjejbHbie nps-
Moit d. MHoxxecTBa ToueK KamAOH TakoH MPAMOH M FABJAIOTCA TeMH
NOAMHOKeCTBAMH, HAa KOTOphie MHl pas3buBaeM MHOxecTBo X.

3ameuanue 5, Ecau aanHoe MHOXKecTBO X pa3bMTO HA AH3b-
IOHKTHbE TIOAMHOXECTBa, jaiolllie B CYMMe MHOXKecTBO X, TO

*) B npeanodomennn, 4To KaxIbil yyalluficA y4¥uTCA JAHiub B OZHON LIKOJe.
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1% KPATKOCTH rOBOPAT TPOCTO O pasbueHud MHoOxKectBa X HA
Kaaceot.

Caenylomee mnpejsoxeHle HENOCPEICTBEINO CIEAYET W3 HALIMX
onpesenenuil. Ilyers pano otobpaxenue f Muoxectsa X ma MHo-
xectso Y. Ioaueie npoo6passt f~!(y) BCEBO3MOXKIBIX 3JIEMEHTOB Y
MHOXKeCTBa Y o0pasyior pasOuenne MHOXecTBa X Ha KJacchl. Muo-
KECTBO ITHX KJIACCOB HAXOAMTCSl BO B3aHMHO ORHO3HAYHOM COOT-
BETCTBHH C MHOXKecTBOM Y.

O6patilo: uycTs Aano pasbueHue mpoxecTBa X la Kiaccel. 3To
pasbuenue Nopox7iaeT oToOpaxeiue MioxecTBa X Ha HEKOTOpoe
MHOXECTBO Y, a HMEeHHO [ia MHOXECTBO, 3/JeMCHTaMHM KOTOpOro siB-
JIIOTCA KJIacchl Jauoro pasbuernins. 370 oToOpaXKelHe TOMyuYaeTes,
€CJH 3aCTaBUThL COOTBETCTBOBATL KaXAOMY 2ieMEHTY MHOXecTBa X
TOT KJacC, K KOTOPOMY Ol NPUHANJIEKHT,

ITpumep. Tem cambiM, uto yuaiiuecst MoCKBbI pacmpegesenst
M0 IIKOJAM, VXK€ YCTaHoBJeHO ¥) oToOpaxenve MmHOXKecTBa X BeeX
yualiuxcst Ha MHOKECTBO Y BeeX LIKOJ: KaxKjAOMY ywdaumemycs Cco-
OTBETCTBYET Ta IUKOJA, B KOTOPOIl O Yy4iTCA.

Tlpu Beeit caMOOYEBUIHOCTH H3J0XKEHHLIX (DAKTOB OHHU He Cpasy
MONYYUTH B MaTeMaTHKe OTUETNUBYIO (GOpPMYJHPOBKY; HOJYUHB e
3Ty (OPMYJHMPOBKY, OHH Cpa3dy HpHOOpesrH BaXKHOE 3HAUEHHE B JiO-
I'HYCCKOM [OCTPOEHHH PA3AUYNBIX MATEMATHYECKHX AUCHMHIIMH.

Ilyets mano pasbuenne MuoxKectBa X Ha Kaacchi. BeejeMm cie-
Iyolilee omnpejc/ieHue: ia3oBeM JBa d1eMeHTa MHOXKecTBa X aKeu-
GUACHIMHBIMU 710 OIMHOUEHUI0 K OQHHOMY pasbuertio, ecjd OHH Npu-
HaJaeXKaT K OJHOMY U TOMY e KJaaccy.

Taxum oOpason, ecanm Mbi pas’oOpeM yuamlixcs MOCKBH NO IZKO-
JaM, TO ABOE YYamuuxcst OYAYT «3KBMBAJEHTHB», €CAY OHM YyuaTcs
B OAHO{l M TOH e IUKOAE (XOTst Ob! H B pasHbIX Kaaccax). Ecaw
JKe MBI pa3o6beM ydall¥Xxcd MO KJAaccaM, TO JBOe Yywamuxcs OyayT
«3KBUMBAJIEHTHBLI», €CJAM OHH Y4aTCA B OJHOM H TOM Ke KJacce (xoTd
Obl M pasuyYHBIX ILKOJ).

OtHomenye 3KBUBAJIEHTHOCTH, TOALKO YTO OMNpe]cjeHIioe HaMu,
OYEBHAHO, O0AATAET C/AeAYIOLLUMH CBOMCTBAMH, HA3LIBACMBIMH AKCUO-
MAMU IKBUSAACHIMHOCTIUL

CBoiicTBo cuMMeTpuHu (Wi B3anMHoctd). Ecam x u X’
SKBUBAJIEHTHLI, TO SKBHUBAJEHTHLl TaKxke X' # X.

CpoiicTrO TpaH3uTUBHOCTH (u1d nepexopuoctu). Ecau
S5KBHUBAJIEHTHBl 3JIeMEHTHl X M X', a Taxxke x' H X', TO ¥ W X" 3K-
BUBAJEHTHHl («IBa JEMEHTa X W X", 5KBHBAJCHTHBIE TpeTbeMy x',
3KBUBAJICHTHBLI MEXAY COGOO»).

Haxouen, Mbl cynTaeM Kaxabiii 3/1eMEUT IKBHBAMICHTHBIM CAaMOMY
cefe; 3TO CBOMCTBO OTHOIUEHUS SKBHBAJIEHTHOCTH HA3biBaeTcd CBO f-
CTBOM DeiMEKCHUBHOCTH,

*} CM. npesbiayllylo CHCGCKY.
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Wtak, ecakoe pasbuenue OGHHO20 MHONCECMBA HA KAACCh: onpede-
afem  MencOY IACMEHMAMU MOS0 MHONCECMBA HEKOMOpoe OmHOWeHUe
axsusaremmuocmu, oGaadarouiee COUCMBAMY CUMMEMPUL, MPAH3UNIUG-
HOCMU U pepaeKcusHOCMU.

Ilpeamonoxum Temeps, 4To, 06paTHO, HaM yAa/aOCh YCTaHOBITH
HEKOTOPBIH TIPH3HAK, JAIOWKHE HaM BO3MOKHOCTb O HEKOTODBIX apax
3JIEMEHTOB MHOXeCTBa X rOBOPHTbL Kak o6 3KBHBaJjenTHHIX. [1pu sTom
Mbl TpeGyeM OT 3TOH SKBHBA/IEHTHOCTH TOJABKO, YTOOB! OHa OOJafala
CBOMCTBAMH CHMMETPUH, TPAH3UTUBHOCTH H peduiekcusroct. doka-
JKEM, YTO 3TO OMHOUWECHUC JKEUBANCHMHOCMU onpelessiem padbuerue
MHOMCECMEA X HA KAQCCHI KEUBAACHMHOIX MEHOY cOBOL /e MeHMOS.

B camom nene, HaszoBeM KJaccoM §(x) ZaHHOTO 3JeMEHTa X MHO-
skectBa X MHOXECTBO BCEX 37€MEHTOB H3 X, 3KBUBAJIEHTIIBIX 3ie-
meHty x. BedeacTeue ped1eKCHBHOCTH KaXK bl 3JEMEHT X COAeP KHTCH
B cBoeM kJacce. [lokaxkem, YTO €CJIM ABa KJacca HMCIOT XOTb CAHH
oKl 3J1eMCHT, TO OHM IlIEIIPEMCIHO COBHAJAIoT.

B camom aese, mycTe Kaaccehi E(x) u £(x") umelorT o6luit aae-
MEHT x”. 3anHCbiBas 3KBHBAJICHTIIOCTb IOCPEACTBOM 3HAYKE ~, HMEeM
[0 Ofpene/ eHHi0 KJaaccoB x ~ x", x' ~ x”, .cnejoBaTesiblo, B CH.Y
cUMMETpHH X" ~ X', a Torga B CWJiy TpausuTubHocTH X ~ x'. ITyern
x*— Kaxofi-HUOY AL 3qeMeHT Kaacca E(x'). MmeeM x ~ X" ~x*, a B
CHAly TPaH3UTHBHOCTH X ~ x*, T.e. x* € (x); 3nauur, §(x') <= & (x).
[lycre Tenepn x ecrs saement Kiacca §(x). Torpa x ~ X, no cuw-
METPUH X ~ X, ¥ TaK KaK X~ X', TO TO TPaH3UTHBIOCTH ¥ ~ X',
OTKYZa X’ ~ X, T.¢. X €E(x'); snaunut, §(x)=E(x').

Takum o6pasom, aBa Kaacca E(x) u E(x'), uMerouyiie obmuii sJe-
MeHT, JeliCTBUTe bHO COBMAJAIOT MeX1y coforo,

O6beMiiuM I0Ka3aiinoe B OJHO MPE/I0XKEeHHE:

Kascodoe pasbuerue xaxoeo-Hubyds mrosxcecmea X HaQ Kaaccot onpe-
deanem  mexcOy 3temeHmamu  Muosxcecmsq X HEKOMOpoe OmHoWieHue
BKBUBALICHMHOCHLL, 0BAA0QIOWEE CEOLICMBAMY CUMMEM PULL, M PAHSUIMUG-
noemu u pepackcusrocmu. O6pamno, Kaxcooe OIMHOUCHUE IKBUBAARH-
HOCMUL,  YCMAQHeBACHHOE MeH0yY daemenmanu mHoxceemsea X o obaa-
darotee ceLCMEaML cuMmMempuu, MpPan3umusHOCIU U PEHAEKCUBHOCTLLL,
onpedeasiem pasduerue MHOxcecmea X HO KAQUCHL NONAPHO IKBUBAIEHM -
HOIX MEHOY CODOI0 318 MEHITO8.

CemeiicTBa MuokectB W noxpwitus. Ilycts X -—nponssoanHce
MHOKeCTBO. I1yeTnh ¢ = {M} —uponsBoabiioe CCMEiCTBO IOAMHOKECTH
MHOKeCTBA X; 00Leauieriie BeeX M € 6 HA30BeM /e104 CCMCHCTBA O
u o6osnaunM uepes o, Tak uto o< X. Eciu E —mnponsso.ibioe
I0MHOKECTBO MIIOXECTBa X, TO uepes O, 00031aqdeM NOACEMEiiCTBG
cemeiicTBa o, COCTOsINEEe M3 BCEX 3JEMEIITOB 3TOro cemeiicTaa, fepe-
cexarounxest ¢ E.

MiioxecTBO 0 HasbiBaeTcs 3803001 MHOWecTBa £ oTHOCHTCI1LHO
cemeiicTBa ¢ M o6o3nayaeTcs 4acto yepes 3BgE; ecad npr stoM E
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COCTOUT M3 eIMHCTBEHHON TOYyku X € X, To nuwyT 3B,% U roBOPAT
0 36e30e MOWKW X OTHOCHTEJLHO cemelicTBa O; npu 3TOM 3Bgx= A,
ecJn XE X\o.

Besikoe cemeiicTBo 0 ={M} onpenenser ceMeficTBO 0* = {3B,x},
3JIeMEHTaMil KOTOPOro SIBJASIOTCA 3BE3AbI BCEBO3MOMHBLIX TOUEK X € X
OTHOCHTENBHO ceMeiicTBa o, QueBMIHO, ceMelCTBa ¢ M 0% HMEIOT

OIHO H TO XKe TeJ0 O =0%,
CemeiicTBO ¢ uassiBaeTcn nokpeunuen muoxectsa X, <= X, ecad

X,==o0. Yaule Bcero Mbl 6yjieM paccMaTpHUBaTb TOKPLITUS BCEro
MHOKecTBa X, T.e. ceMeficTBa MHOXKecTB O =={M}, X178 KOTOpLIX

6 = X. B 5ToM ciiyuae nodnokpoimues NOKPLITHA G Ha3bIBAETCH BCAKOS

TIOACEMEHCTBO 0,SS 6, AJIA KOTOPOro o,= X.

Kpamuocmeto ceMelCTBA MHOXKECTB 0 B jgaHHOH Touke x€ X —
KOPOTKO Kp,0 —Ha3BIBAETCH MOILHOCTb MHOMECTBA BCEX 3JEMEHTOB O,
cojepxaiux Touky x. CeMeiicTBO HA3BIBACTCA KOHEUHOKDAMHbIM WJIH
MOYCUHO KOHeuHbiM, eClH a8 Jioboro x € X uHelIo Kp,o KOHEYHOo.
CeMeHCTBO MHOMKECTB ¢ Ha3bIBAETCA 38e30HO KOHeuHbim (36e30H0 cuem-
HblM), €CNIH KaXJbld 3JeMeHT ceMeHCTBA NepecexaeTcs JHIb € KO-
HEeYHBIM (CUETHBIM) YHCJIOM 3JEMEHTOB 3TOr0 CeMeHCTBa.

IMycrs a={A} u B={B}—noKpbTUA OZHOrO U TOFO Ke MHO-
xecrBa X. ByzeMm rosoputs, uTo noxpuithe 8 snucano B NokpuITHE o,
eCH BCAKHH SieMeHT B nokpsitusi § cojepKUTCA XoTd Obl B OJHOM
sjgemeHTe A NOKpBITHA &. B yacTHOCTH, MOKpLITHR § BMHCaHO B no-
KpBITHE ¢, €CJIH f§ eCThb TONOKPHbITHE TMOKPLITHA O

Ilouarue noxpuiTva M OjaU3KHE K HeMy mousitds OyAyT HUICDAaTh
6obInyI0 poJsb B raase 6.

§ 4. TeopeMbl 0 CYeTHLIX MHOXKECT Bax

INepexonuM K 10Ka3aTeNbCTBY C/ACAYIOIUX TEODPEM.

Teopema 1. Beakas uwacms cuemuoeo muoscecmsa “ecme  AubO
KoHeuHoe, AUbO CHEMHOE MHUSLECITIR0.

HokasaTteabctpo. Ilyers A—cuetnoe MHOXkecTBO. Ha ocHoBa-
HUH OTNpeje/IeHNs CUETHOTO MHOMECTBa Mbl BIpaBe TNPEAnoJOoKUTh,
YTO BCE 3JeMeHTbl MHOXeCTBa A 3aHymepoBaHbl H, C/efOBaTeJbLHO,
€aM0O MHOXEeCTBO MOXeT ObiTh TNpeACTaB/AeHO B Buae OCCKOHEUHOH
noc/e J0BaTeIbHOCTH

iy Oy Qgy eovy Qppy vos 1)

ITycts A’ ecTb uyacTh MHOXKecTBa A U @, —T€PBbIA SMEMEHT NoC/Ie-
nosatenbHocTd (1), ABAAOmUicA BMecTe € 'TEeM 3JEMEHTOM MHOMKe-
ctBa A’; 1ycTh a, GyaeT BTOpoHl TaKofi S/JEMEHT B NOCTEROBATeNb-
noctd (1) u T. &

Bo3smox1bl JHIIb ABa cAydadn: JuGo Mbl IOCJTE KOHEYHOTO 4McJia
IIaroB HCYepliaeM Bce MHOMECTBO A’, KOTOpoe OKaxercs B 3TOM
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c1yyae KOUEYHLIM MHOMXECTBOM, JHGO MBI NOTYyuuM GeCKOHEUHYIO
nocJjej0BaTeLHOCTD

Gpy Oy v ey Qn s ooy

cocTosAulyio U3 Beex sieventoB A’. OGosHauas A NMPOCTOTH Ay
uepes a,, BUAMM, 4TO A’ —CUETHOE MHOMKECTBO.

Teopema 2. Cymma KOHEHHO20 WAL CHEMHOZ0 HUCAQ KOHEUHDIX
UALL CHEMHBIX MHONCECMB eCMb KOMEMHOE WAL CHeMHOE MHONCeCIen.
(ITpu 3TOoM oueBHIHO, UTO €CJAM XOTH 6bl OHO CjAaraeMoe GecKo-
HEUYHO, TO CYMMa He MOXeT ObiTb KOHEYHOH H NOTOMY €CTh CUETHOE
MHOKECTBO.)

Hoxasatenbctso. [lycrs nannsie MHOXecTBa cyTb A, A,, ...
eew Ay oo oOO03Hauum ux cymmy uepes A. OGosnauum depes P,
MHOKECTBO BCEX TPOCTLIX 4YHCes, depes P,—MHOXKECTBO BCeX uu-
cesl, ABJAIONIMXCA KBaJpaTaMH MPOCTHIX YMCes, Boofile, uepes P, —
MHOJKECTBO BCEX uYHCeJ, ABJSIOMIHXCA 7-MH CTEMEHSMH TPOCTHIX
uyucesJ, Muoxectsa P, CYThb IH3BIOHKTHbBI® CYETHBIE MHOKECTBA,

[peanosnoxum cHayasna, 4T0 MHOXeCTBa A, AU3BIOHKTHHL. Tak
KaK KaXKJ0e U3 3THX MHOMECTB KOHEYHO HJIH CYETHO, TO MOXHO
YCTaHOBUTH B3aHMHO OJHO3HAYHOE COOTBETCTBHE MEXKAY MHOMKECTBOM
A, u mnoxecreoM P, unu ero yactblo. Ho 3Tum 6yjer ycranosneno
B3aMMHO OJZHO3HAYHOE COOTBETCTBHE MEXKAY BCEM MHOXecTBoM A u
HEKOTOpOfi YaCTbi0 MHOXKECTBA BCEX HATypaJbHHIX uuCesd, OTKYA2 H
CJEAYeT, YTO MHOXeCTBO A He GoJiee ueM CueTHO,

B o6ulem ciyuae, Korna cpeau MHOxKeCTB A, HMelOTCs mnepece-
KaloulHecss MHOMECTBA, TOJOXKHM

A=A, A=A, NA, .., A=A\ (4[U...UA4,), ...

MuoxectBa A, CyThb AM3BIOHKTHLIE KOHEUHbLIE /M CUETHLIE MHOMKE-
cTBa, UMelomue Ty ke cymMmy A, uTo u MHOxectBa A,, oTKyja
ciaenyer, uTo A KOHEUNO WJH CYETHO.

Bropoe nokazaTeabcTBO (Mb J2eM €ro, MPOCTOTH pany,
JUIb JJ15E CyYasi CHETHOTO MHOKECTBA HONAPHO HE HepeceKalonuXxcs
CYETHHIX MiloxecTB). IlycTb NaHHBIE CUETIbie MHOXKECTBA CYTh

Ay={ay, Qi yzy o5 Qppy - -y
Azr:{ ar Qags Qogs = ooy Uy, oo '}’
Ay ={ay, @y, Qyys oy Qg - -},

L T T T S

— ]
Am - {aml! amz? Qpgy oy Qans - - i

. e . s e e e e 4 e e e« =

Torna muoxectso A =:{_j A, Moxxer GbiTh Caeayomnm o6pasoM 3a-

n
NKCaHo B BHJE CYETHOH TIOCJAEIOBATEJbIIOCTH:

Q15 Qg Aoy Qygy Qogy Agy5 Ayys Aogy Agoy Ayl - - o

3 Y
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Teopema 3. Braxkoe 6Geckoneunoe muoscecnso M codepacum
cuemnoe NoOMHONCECINBO.

HlokasatcianctBo. Tak kKak M GeckorleyHo, MBI MoOMKeM
Hafith B M 1Ba pa3JauuyHBIX 3J1EMEHTa, KoTopble 00O3HAuHM uepes a,
i b,. Ho muoxecrso M He uHcuepnniBaeTcsi 3THMU ABYMSI 3JeMCH-
TaMH, TAK UYTO MOXKHO HaHTH B M 3JeMelT @,, OTJIHYILIH OT a; uby;
M He ucuepmbiBaeTCsi TaKXKe H TPeMs sJeMeHTaMu a,, b,, a,, Tak 4To
CYILECTBYET YeTBEPTbI 3JeMEHT b,, OTAMHHBI OT yxKe BolOpaHubBIX
Tpex.

[lponos:kas HalW mpouecc, Mbl BLIEANM U3 MHOXecTBa M paxke
He OJHO, a JBa CYETHBIX MHOXKeCTBa:

A=lay, a, ay, ...},
B={b, by, b,, .. .},

geM JOKa3anma Hama teopema. To OOCTOSITENBCTBO, YTO MBI IOJTYYUIN
IBA AM3BIOHKTHBIX CHETHBHIX MHOMECTBZ, 1103BOJsieT CJEAYIOMUM 06-
pasoM YCUJIHTL (GOPMYJUPOBKY TeopeMsl 3.

Beakoe GeckotieyHoe MHOKeCTBO M COAEpIKHT CUETHOE MHOXKe-
ctBo A, npuroM takoe, uto M\ A ectb GecKolleyHoe MHOXKECTBO
(rak kak M\ A conepxut cueriioe MHOxecTBO B).

Teopema 4. Ecau M ecmo rHecuemruoe muodcecmeo *), a A —
IKOHeHOE LAl CHemHoe MHod%ecmso, codepacaiyeecae M, mo M u M\ A
IKBUBAACHIMHOL MEHCDY CO60ID.

B camom neae, muoxecteo M\ A necuerso (Tak Kak ecay Owt
MN\_A GbLIO KOHEUHDLIN WM CYETHLIM, TO Ha OCHOBAHHU TeopeMmbl 2
mHOXKecTBO M=AUY(MN\_A) 6bl10 Obi KOHEUHBIM HJM CHETHBIM).
Ha ocuoBanuu Teopembl 3 MOXKHO BLLICJIUTh U3 MiuoxectBa M\ A
cyetHoe MuokecTBo A;. O603HayuM octasuylocs gacTs (M N\ A4) \ 4,
snoxkecTBa M uepes N. HMaeem

A/I\A ::/]1 U A’,
M -_;(/1 U Al) U.'V.

YCTaHOBUM B3aUMIIO O HO3HAUHOE COOTBETCTBIE MEXAY CUETIIBIMU
mHuoxkecTBamn A; 1 AU A,, a KaxInil sqaement MHoXecTBa N mo-
CTABHM B COOTBETCTBHE camomy cebe. Stum GyAeT yCTauoBJeHo B3a-
UMIO OJlHO3HayHoe cootpetctoue Mexay M N A u M, uto u Tpe-
6oBaJOCh JIOKAa3aThb.

Teopema 5. [Hpucoedunan k Geckoneurnomy mrozcecmey A cuem-
HOe wau KOHeYHOe MHOoNcccmso B, noayuum muoxcecmeo AU B, k-
gusancHmuoe Muosicecmey A, -

B camowm xede, eciu A cuerHo, To AU B cueTHO Ia OCHOBAHHU
TeopeMbl 2 U, C/el0BaTe/IbHO, IKBHUBade:dTHO MHoxecTBy A. Ecin A

¥) CyiuecTnoBanHe CCUCTHBIX MHOecTB Oyser noxasano B § 6 370l riassbl
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HecwetHo, To AU B TakXKe IeCUeTHO; MLl MOXKEM, CJICIOBAaTedbLHO,
NI0JYUHTh MHOXKeCTBO A OTHATHEM OT HecyeTHOro MHoxectBa AU B
KOHEYHOTO FJIM CYETHOTO MHOXKeCTBa [3, 1M03TOMY Ha OCHOBAHHH Ipe-
nAvlayuieit Teopembl AU B u A 3KBUBaJEHTHHL,

Teopewma 6. Bcakoe 6eckonednoe mroowecmoo A codepocum
cobcmeennyio wacme A’, Ixeusarenmuyro ecemy mroxcecmnsy A (npu-
uem MoHHO npednosomums, umo AN A’ ecmo Oeckoneurnoe  MHO-
HCECMe0).

B cavom gene, ecau A-—cueTHoe MHOMKECTBO, TO, BBIICAsST H3
Hero (110 Teopeme 3) cuetiice noaMuoxectno A’ (Tak, ytobm AN\ A’
ObIIO OECKOIEYHO), TMOJYUHM Cpasy ROKas3aTeJIbCTEO Hallero yreep-
w)uenus. Ecau A HecuetHo, 71O, BbiC/sAA U3 A Jilo6oe cyeTHOE MHO-
keergo A,, noayuum vacth A,=AN\ A’, 5KBUBAJCHTHYIO MIIOXKC-
ctBy A 1mo teopeme 4.

Tak Kak HUKAaKoe KOHCYHOE MHOXKECTBO HE COjIeDXKHT YacTH,
5KBHBAJEHTHON BCEMYy MIOXeCTBY, TO Teopema 6 BhipaxaeT Xapak-
TEPHCTHYECKOE CBOACTBO OeCKOHEYHBIX MIOXKECTB, T. €. CBOHCTBO,
puHaiiexaiiee J06oMy OecKONEeYHOMY MHOXKECTBY H JHilb 6Gecko-
HEYHBIM MHOMKECTBaM. DTO MO3BOJAET NPHHATL CBOACTBO, BLIPaXKEHHOE
TeopeMoil 6, 3a onpepescnre GECKOHCUHBIX MHOMKECTB.

Ouenb MHOTO NPHJIOXKEHHH HMEeT cJaefyloilasl mpocras.

Teopema 7. Muoxecneo P ecex nap namyparvuvix uucea*)
CHenmHo.

HdokasaTtenbcTBO. HasoeeMm BBICOTOIO Haphl (p, §) HATYpab-
Hoe 4Hca0 p—+¢q. OueBujno, HMeercst poBHO n—1 Nap INAHHOM Bhi-
corbl 11 (7 > 1), MMeHHO

(L,n—1, (2, n—2),...,(n—1,1).

ITostoMy, o603Hauast yepe3 P, MHOXKECTBO BCEX TAp BLICOTHI 71, BH-
JUIM, YTO MHOMKECTBO P eCThb CyMMa CYETHOTO MHOXKECTBA KOHEUHBIX
MHoMecT P,, T. €. CUETHOE MHOXKECTBO.

Tak Kax KamxaoMy MOJOMHTEJBLHOMY APOGHOMY YHCAY B3aUMHO

CIHO311aYHO COOTBETCTBYET HECOKpaTHM'aH jlp()()b -i} 1, C¢jaejoBaTesib-

HO, Tiapa HaTypaJbHbIX uHce.T (p, ¢), TO lia OCHOBANKK TcopeM 7 u 1
BCE NOJOKHTEbHBIE APOGHLIC uucsa o6pa3yioT CUETHOe MHOMKECTBO,
CueTHBIM® AABJARETC H MHOMXKECTBO BCeX OTPHUUATEABHBIX JPOOHLIX UH-
cen. Hrak:

Teopema 8. Mnuooecmso ecex payucHasbHoix (M. e. yeavlx u
OpoGHb6LX) uucea cHenmno,

*)} Moz napofl NaTypajabHHX unCeT MOUUMAITCH /BA HATYPAJBHMIX unCIa (He
HENPeMeHHO Pa3.JduyneX), A&HHLIX B ompejedennom nopgaxke. Tax, (1, 2), (2, 1),
(I, 1) ¥ 7. 1 cyTb pasauysblc Hapbl HATYPAILHBIX YHCCT.
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INapa naTypaapHBHIX uysces ecThb YACTHOHIA Cayuyaldl KOHEYHOH no-
CJIeJOBATE TbHOCTH

P1s Pey + s P

HaTypaJbHBIX 4ucesa *), Jloxaxkem ofiiee mpeoKeHHe:

Teopema 9. Muoacecrnso S cex Koreurvix nocaedosamenvrocmeil,
COCIMABACHHOIX U3 3AEMEHMO8 OaHHO20 CHemHo20 MHoxcecmea D, ecmb
CHEIMH0e MHOMNCECIEO.

HJoxkasaTeabCTBO (MOCpeACTBOM Moauoii HHAyKuux). U3
TeopeMbl 7 BHTEKa€T, YIO MHOMXECTBO Map, COCTABJEHHBIX H3 aJe-
MEHTOB cueTHOro MHoxectBa D, ecTb cueTHoe mHOxKecTso. Ilpenno-
JIOXKHM, YTO J0Ka3aHa CYETHOCTh MHOMKECTBAa S, BCeX IOC/IEA0Ba-
TEJbHOCTEH, COCTOSIILUX U3 11 3IEMEHTOB JaHHOI'O CUETHOTO MHOXKECTBa
D. [oxaxem, 4TO MHOXeCTBO S BCEX MO0CIeA0BATEIbLHOCTEH, COCTOA-
KX U3 m--1 sjaeMeHTOB MHOxeCTBa D, TakiKe cueTHo. B camom
Iene, nycrb

D={d,, d, ..., d,, ...}.

Kaxpoii mocienoBatenpHocTd s =(d;, ..., d; ,d,)€S,,; coor-
BercTBYeT napa (s, d,), rne s =(d;, ..., d; )€S,, npuyem pas-
JHYHBIM S?+1 COOTBETCTBYIOT Da3/iMyYHbie Mapsl 3TOro Buga. Tak kKak
MHOXECTBO S, BCeX S§'™ CueTHO M MOXeT ObiThb 3aMHCAHO B BHAE
sym, ¥ L., 8™, ..., TO CUETHO W MHOXeECTBO Bcex nap (si™, d)
(BR3aHMHO OJ[HO3HAUHO COOTBETCTBYIOUIMX MNapaM HAaTypajbHbIX YHCeJ
HWHJEKCOB i, k), a 3HayuT, M MHOXECTBO BCex s»+1,

Tak xak Kaxzpoe S, 00 NOKA3aHHOMY CYETHO, TO CUETHO H MHO-
KeCTBO S, uTo H TpebOBaJOCh J0Ka3aTh.

M3 Teopembl 9 Bbitekaer psj cieicrsuit. Haszosem Touky nmo-
CKOCTH (a TakKxe TpexMmMepHoro u Booliile 71-MEpHOrO TNMpOCTPaHCTBA)
PAUUOHAALHOE, €CAX BCE ee KOODAMHATH CYTb PAllHOHANbHbLIE YHCHA.
OueBuHO, pauHoHaJbHasA TOYKA A-MEPHOLO MPOCTPAHCTBA MOMXKeT
6bITI PACCMATPHBAEMA K4K I10CJI€0BATEIbHOCT N PALHOHANBHBIX
uicea. [losroMy u3 Teopembl 9 M CUETHOCTH MHOXECTBAa BCEX PALHO-
HaJbHBIX YMCeN BhiTeKaeT

Teopema 10. Mnoocecgo 6cex payUOHAILHBIX MOYEK N-MEPHOD
1POCT PAHCMEA CHCIMHO.

Hasosem «pauuonaabHoif okpy:KHOCTbIO» (2 TAKKe panuoHadbHoift cdepoit Tpex-
MepHoro, BOOOLIe MA-MCPHOTO 1IPOCTPAHCTBA) OKPYKHOCTb (HJH cdepy), HeHTpP B
panuyc KOTOpO#i PallMOHAJAbHLL. TakuM 06pa3’oM, pauucHalbHble OKPYKHOCTH Ha-
XOAATCH BO B3AMMHO OJHO3HAUUHOM COOTRETCTBHHM ¢ TpoiikaMmu (x, y, r) panMoHalb-
HBIX YHCEI (X M y CyTb KOOpAMHATH LenTpa, a r—paanyc). Orcioga M u3 aHaqo-

THYHBIX COOOpaZKeHRit A9 NPOCTPAHCTRA CICAYET, YTO MHONECINEO 8CEX PAYUOHUNLHOIX
okpyxcHocmed (@ Tak)Ke MHOKEeCTBO BCeX DallHOHAbHEIX cdep) CuemHo.

*) Crporo rosops, NOCAELAOBATEALHOCTb M3 n (KaKMX yroaHo) uuced fy, fo, ...
v ew [n €CTb QYHKIMS, ONPEAEIEHHAS HA MHOXKECTBE NEPBBX 1i HATYPAJIbHBIX YHCE,
co snauenuamu fy=f (1), fa==F @), ..., fn=F(n).
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To4HO TaK € JI0Ka3hBaercs H
Teopewma 1l. Muoxcecmeo ecex MHo20426HO08

P(x)=ax"*t+ax" 4 ...+a,4x+a, 2)

C POYUOHAABHOIMU KOS(PUYLeHmAMU CHEMHO.
B camoMm gene, aTu MHOTrouJeHbl B3aMMHO OJHO3HAYHO COOTBET-
CTBYIOT KOHEUHBIM MOC/€J0BATEIbHOCTAM

(a()’ al’ *cr all)

pAUHOHAIBHBIX YHCeI.

Komnuekcroe (B 4aCTHOCTH, JAefCTBUTEILHOR) UiIC/O0 § HasbiBaeres,
K4aK W3BECTHO, a42e6pauuecKum, €CJHu CYLECTBYeT MHOroueH (2)
€ palHOHAaJbHBIMU Kodppuuuedramu, ofpamiaoiuuiics B HyJb
npu noxpcrauoBke Xx==§. O6osnauas uepe3 A (P) MiuOXecTBO BCeX
KOpHE HaHHOTO MHOTOWIeHa P (X) ¢ paUMOHAJbHBIMU KOs(pdHuMer-
TAMH, BMIMM, UTO MHOXECTBO BCEX anre6pauueckyx UHceJ ecTh
CyMMa CUETHOTO MHOXKECTB2 KOHEYHHIX mHoxectB A (P), T. e. cyeTHoe
muoxectBo. HMrax:

Teopema 12 (Kaurop). Mnodxecmeo ecex oazebpauteckux wucen
CHEmHO.

Bo Bropoii riase Oyjer J0Ka3aHo, YTO MHOXeCTBO BceX peficT-
BUTEJBLHBIX uuces] HecueTHo. HasbiBas KomIUIeKCHoe (B 4aCTHOCTH,
NefCTBUTENBHOE) YHCIO MPAHCYEHOEHMAKbIM, €CAd OHO He sBJAeTcs
anre6panyeckuM, MOJNYUYHUM B KAuecTBe CJeACTBAS u3 TeopeM 12w 5
TeOpeMy O HeCHeTHOCTH MHOXECTB2 BCEX TPAHCUEHJEHTHBIX AeHcTBH-
TeJbHBIX (2 31ayHT, M NMOJABHO KOMIUIEKCHBIX) YMCE,

§ 5. lonsitTHe 0 4ACTH4HO YNOPSAOUEHHOM
H (JHHEAHO) YHIOPHAOUEHHOM MHOMKECTBE

B npeapinyumeM naparpade, a TakxXe eme B Kypce sieMeHTapHO#M
aare6pbl uuTaTelb HMMEN CAydad MO3HAKOMUTLCH C MHOXKECTBaMH,
3JIeMEHTH KOTOPbIX PacCMATpPHBAIOTCH B ONpeleNeHHOM MOpSjKe.

Onpenenenune 5 MuoxectBo X, cocrosulee U3 KAKUX YIOJHO
3;1EMEHTOB, HA3LIBAETCS HACMUYHO YNOPAGOUEHHbIM, €CJiY B HEM YCTa-
HOBJIEHO «OTHOLUEHHE MOpSAKA», T. €. JJ9 HeKOTOphlX map X, x’ ero
(pa3/MuHbIX) 3JIEMEHTOB H3BECTHO, YTO OAMH M3 HUX MpejUuiecTByeT
JApyromy, HanpuMep, 3JeMeHT X MPeAIIeCTBYeT 3JieMeHTy X', 4TO 3a-
MUCHIBAeTCA TaK:

x<x nwm x'>x.

Tlpu atom npexnoJjaraercsi, YTo OTHOIEHHE NOPSJKAa YOBJETBOPSET
CACNYIOWEMY YCAOBUIO MPAHIUMUBHOCTIU:

Ecau x<x' u x'<x", 10 x<x",

Eciu B jaHHOM "acTH4HO yHIOPsiIOUEHHOM MHOXKecTBe X OTHollle-
HHe TIOPSAIKA YCTAHOBJAEHO J/If JIOOHX ABYX Pas3/JUUHBIX 3JEMEHTOB,
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T. €. JAJ5 JIOOBIX JABYX pasAM4HbLIX 3JEMCHTOB X, x" OfHII TpejiiecT-
BYyeT JpPyTOMY, T. €. BEpHO OfHO ¥l TOJbKO OI0 U3 JBYX OTHOILEeHUH
x<x' uan X >x', TO 4aCTUYHO yNOPSJAOUCHHOE MHOXKECTBO HA3BIBACTCS
AUHCLHO YNOPSAOOHEHHBIM WU TIPOCTO YNOPACOUEHHBIM.

YacTuyHo YIOPSIIOMEHHOE MHOMECTBO HA3BIBAETCS HANPUBACHHOIM,
eciy A5 J0OBIX ero ABYX 3JeMeHTOB X, x' CymectByer TpeTuil x”,
KOTOpBIiT CilefyeT Kak 3a x, Tak " 3a x': x">x, x">x'.

IlonsiTHe KOHEYHOTO YNOPA/A0YEHHOI'0 MIIOXKECTBA COBNAHAET C [10-
HATHEM KOHCUHOH I1I0C/€10BATEABHOCTH, COCTOsIIEH U3 pasiudubiX
BJAeVieHTOB (OTKYAd, MeXJYy NPOYHM, CJejyeT, YTO MHOKECTBO BCEX
KOHCYHBIX VIODA/IOYEHHBIX MIIOXKECTB, COCTABJEHUBIX M3 371EMECHTOB
JANHOTO CYETHOTO MHOMKECTBA, CYETHO).

[MpocreituinMu nmpumepamu GeCKOHEUHbIX YTIOP A/I0YEHHBIX MHOKECTB
ABJISIOTCA MHOXKECTBO BceX 1[eJIBIX YHCeJ M MIOMKECTBO BCEX palluo-
HAJIbHBIX YUCET; B TOM H B JJpYIOM MIIOXKECTBE 3JeMEIT X CUUTAETCH
NpPeJILCCTRYIONIUM 9JIeMEHTY X', ecad x < x’; 5TOT MOpPSIAOK B MHO-
JKECTBe DAUNOHAJbHBIX, B YACTHOCTH LEJBIX, UYHCEJ HA3bIBAETCH
«CCTECTBEHHLIMY,

Mioxectso Bcex JAefCTBUTENbHBIX uuncen (4uc/aoBasi mpaMast)
TAaKKe MOXKCT CHAYXKUTh NPUMEpOM YNOPALOUEHHOro MHOXKECTBA.

Baxiio ¢ camoro nava’ga 3aMeTHTb, YTO OJHO H TO e MHOXKeCTBO
MOXHO YHOPAJNOUNTL MHOI'MMH DAa3iUYHBIMH CNOCOGaMu, TAK YTO MO-
JlydaTcsi pas/udHBe YNOpAJOueHHBIE MHOXeCTBa. Tak, Hampumep,
HAaTypaJbHbIE YHCTA MOKHO YNOPSIOUHTb «ECTeCTBellibiM 0GpasoM»,
TAaK 4TO MOJYYHTCHA [0CJCAOBATENBLHOCTD

1,2,3,4,...;

HO MOXHO YNOPAJOUUTL II0 BO3PaCTAHHIO OTACJMLHO BCE I1€YeTIbIC
Yucad N OTACJLIO BCe UYCTHbIE U CUMTATH BCAKOE HeuyeTHoe 4Yuciao
HPEJUICCTBYIOHHM BCAKOMY HYETHOMY. HOJIyIII/IM ynopajioueHHOEC MHO-
JKECTBO

1,3,5,...,2,4,6, ...

MoXHO Takke 3aHyMepoBaThb KakUM-HHOYAb clloco0OM BCe panyo-
agbHbIE YHC/Id B 10C/Ae10BaTebHOCTD

Fislar voeylpy vns

H TOJ0MHTL 1, < Iy, ecant n<<n'.

MHOXECTBO BCEX UACTHUHBIX MOPSAKOB Ha JAHHOM MHOXeCTBe
X cano ynop#aouetio ectecTBeHIIbIM 06pasom. ['oBopsiT, uTo opaa0K <
cHsblee 110psiaKa <, (uou nopaIoK <, caabee 1opsiika <)y ecdqu
A8 BCSKHX X, y€ X H3 x <,y caenyer x <, Y.

Kak crnexnyer n3 onpegesenns, BCakoc (JUHEHO) ynopsifoueH-
1O€ MHOXXECTBO SIBJSETCS] M UACTHYHO YIopajoueHHHM. llpumepom
yacTHY!IO, HO HE JUHEHIO yNOpHLOUEHHOI'0 MHOXECTBA MOMKET Cay-
HUTb MHOXKeCTBO X BCeX Map HATYypaJbHBIX YUCEd CO CHeAYIOLUM
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nopsagkom: (x, y) <(x', y’)-—Torjga ¥ TOJABKO TOrJa, KOIJA OJHOBpE-
MeHHO X < x" H Yy <y'. OAHUM U3 BAXKHEHUWHX NPUMEPOB YaCTHUHO
YIOPAIOYEHHBIX MHOXECTB SIBJISETCS MHOXECTBO BCEX MOAMHOMKECTB
JAHHOTO MHOMecTBa X, VIOPAJOUEHHOE [0 BKJIOUEHHUIO:

M<M, ecin Mc M <X,

Onpenenenune 6. Ecom B pgasnoM ynopsaoueHHOM MHOXe-
ctee X uMeeM a<x<b, TO I'OBOPUM, UTO 3ACMEHIL X ACHCUI MEHCOY
aresmenmamu @ u b. MHOXCeCmE0 8CeX 3AEMEHMOB X, ACHAUUX MeHCOY
anemermanu a u b, uasewsaemca unmepsarom (a; b) ynopAdoueHHoeo
mroscecrnea X. Ecau K natepsany (g; b) npubasute 00a €ro «Kolua,
T. e. 3JeMeHTH & # b, To noayunM ceemenm [a; b]. B npumencuun
K 4YHC/JAOBOH TNpPAMOM mNoNyyaeM H3BECTHBIC U3 3/1eMeHTOB aHa/u3a
TIOHATHSl HHTEpPBajga (NPOMCKYTKA) ¥ CermeHTa (oTpeska) AeltcTBHU-
TeNBHHX uYncesa *).

YTopsaoueHHoe MHOXECTBO MOXET COJICPXKATh MyCThle UHTePBAJEL.
Tak, wanpumep, B yTNOPSIOUEHHOM MHOMECTBE BCCX HaTypaJIbHHX
Yycesl Bce MHTepBadbt BUaa (1; n -+ 1) mycibl.

DieMeHTH X UM x' YNOpsIOueHHOro Miio:kecTBa X HasbIBAIOTCH
cocednumu, ecnn uHTEpBan (x; x') mMycT.

Ecau aiemenT @ wacTH4HO YIOPSIOYEHHOTO MHOXKecTBa X TaKOB,
4To AJ9 BCAKOro X € X, X =~q, UMeeM a >~ x, TO TOBOpHUM, YTO @ —
NepBblil (MM HAaUMEHBIUNI) 3JIeMeHT YNOPAZOUYCHHOTO MIOXKecTBa X.
Ecau, naoGopot, ans Bcex x € X, Xx=* a, uMeeM x>~g, To a Hasw-
BaeTcs HOCAEJHUM (WJIH HauGoAbLUUM) 3JEMEHTOM YNOPAAOYEHIIOTO
mitoxkecTBa X. OueBu/io, BO BCAKOM JIMHEHHO YTOPAAOUYEHHOM MioO-
JKecTBe umceTcsi He Gosiee OHOI'O MEpBOro U Ilie 0ojee 0AHOrO To-
crefHero ajeMenTa. B To ke Bpems B uyacTHuHo, HO He JHHEHHO
VIOPAJOUYCHHOM MHOXKECTBE MoXXeT OLITh MHOrO MEpBBIX U MOCAefHUuX
aqaeMedToB. Tak, HampuMmep, B NPHUBEIEHHOM BbiHIE YAaCTHYHO yrops-
JO4YeHHOM MHo:xKecTBe X DNap HaTypadLHBIX 4YHCeNJ BCe Taphbl BUjA
(1, y) u (x, 1) 6yayT nepeiMu sjemMeHTamMu. B moGom cermenre [a; b]
yrnopsiaouenHoro muoxectsa X (B YaCTHOCTH, B JIIOOOM CerMeHTe
qyCcOBOH NIpAMOH) 3JIEMEHT @ fIBJASETCA 1EPBBIM, a 3AeMelT b—rio-
cresHuM. B unrtepBase (a; b) uncnoBoft npsMOM HeT HY mepBoro, HU
nocyiefnero saementa. B MHOXKecTBe BCeX HCOTpHILATE/LHBIX JAeHCT-
BUTEJIbHEIX (COOTBETCTBEHHO PAIlUOHAJBHBIX, COOTBETCTBCHHO LCJBIX)
qHCEeJ HYJAb €CTh MepBhuilf 3JeMeHT, a MOCJEAlero 3JEeMeHTa Her.
B mHOXecTBe BceX HEMOJOXKHTENBHLIX YUCET HYJAb €CTh NMoCcJelHH
B1EMPHT.

Onpenenenune 7. BsaumHo opHoznayHoe orofpaxenune f
yHOpSAOUeIIHOr0 MHOXKecTBa X Ha yIopsjouelilioe MHOXeCTBO Y
HA3BIBAGTCH Ccoomeemcmeuem nodobus WK nodOOHbIM COOMECHCTBUeM,

*) IpuGas.igs K uuTepsalty (a; b) TOJIbKO OIMH K2 CTO KOHIOB, [OJYYHM n0-
Ayunmepsaast (noaycezmenmer) |a; b)==al(a; b) n {a; b} =(a; byybd.
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ecl¥ OHO coxpansieT nopapok (r.e. ecanm u3 x<x" B X Bcerma
caepyet, ro [ (x)<f(x’) B Y).

[Ba ynopsnoueHHbIX MHOXECTB2 Ha3LBalOTCA noJOGHwMU (HIH
00UHAK0BO YROPAGOUEHHBIMI, WV UMEIOMIMMU OIMH H TOT Ke nopad-
Kogoui mun), ecid OKHO M3 HHMX MOXHO nojo0HO 0TOOpasuTh Ha
apyroe.

IIpumepn NoNOGHBIX YNOPALOUEHHLIX MHOMXECTB.

1. JlioOble B2 KOHeYHBIX JUHEAHO YMNOPSAAOUeHHbIX MHOXeCTBa X
# Y, coctofigHe H3 OJHOTO H TOTO XK€ YMCJa S 3JIEMEHTOB, MOA0OHbLE
Mexay coboii. B camoM pese, BhinullleM BCe 3JeMEHThl KaXJAOIo M3
MHOxecTB X u Y B TOM nmopsjike, KOTOPBI JaH B 3THX MHOXKeCTBaxX:

X <X, <. K Xy,
y1<y?<- <Yy

CraBA B COOTBETCTBHE 3JIeMELTY X; JeMeHT 4;, NOJyuyHM, OUEeBHIHO,
nojo6Hoe coorBerctBHE Mexny X u Y.

2. VYkazannoe B § 3 (npumep 4, puc. 1) B3auMHO OJHO3HauHOE
COOTBETCTBUE MEXY Bcell uucaoBoil npamoil u ee untepBajom (—1; 1}
X—a
b—a
YCTaHaBJHBAeT B3aMMHO NMOJOOHOE COOTBETCTBHE MEXKJY HHTEPBaJaMH
a<x<b un 0<y<l uncnosoit npamoii. Utak, Bce uHTepsannl
YHCJI0BOH MPpAMOA mMojobHBl Mexay co60i0 u nopoOHBI Beel umncsao-
Boil npsvoi. TouHO Tak ke NOZOGHBI MEXAY €060i0 M BCe CeTrMeHTHI
yuCTOBOH NPAMOH.

BecbMa BaxHBIM sIBJSIeTCH cjelyioliee 3ameuanue. B onpenene-
HAM 7 JBa TNOJOOHBIX Mexay Co0010 yMOpPSAJOYEHHBIX MHOKECTBA
Ha3BaHbl MHOKECTBAMH OJHOrO M TOTO Xe NOPsAKOBOro THna. Takum
05pasoM, HOHAMUE NOPAJIKOBO20 MUNG NOAYLAEHICA NYMem adCMparKyui
U3 HOHAMUSA Kaacca nodoGHbix MeXCOYy COB0I0 YnoPAGOUEHHBIX MHONCECE
TaK 2Ke, KakK MOHATHE MOUIHOCTH (MJH «KOJIHYECTBEHHOro» THIIA
MHOXKEeCTBa) MOJYYWJOCh NyTeM alCTpakiuK W3 NOHATHS KJiacca
SKBHBAJNEHTHBIX MEXJY OGO MHOMKECTB.

ABJASETCH COOTBETCTBHEM T0A00US. Jluuefinasa moacTaHOBKA Y=

Jameganne. Kiacc ynopsifioueHHHX MHOXeCTB, MOJOGHBIX JaHHOMY, Tak.
e KaK M KJacC KOJMUYCCTBEHHO SKBHBAVIEHTHHIX MEXAY €o60I0 MHOXKecTB (T.e.
MHOMKECTB, MMCIOULHX OAHY M TV K€ MOMIHOCTb), HEeJb3f DPacCMaTpPHUBAaTh KaK JOTH-
YCCKH 33aKOHYEHHOe 06pa30BaHHE, KaK MHOXKeCTBO, BCe 3J€MEHTH KOTOpOro Jehct-
BHTCJIBHO JaHB. B camoM neje, Heb?st MbICJHTh ce6e COBOKYNHOCTL BCeX BooGie
MHOMCCTB, 3KBHBAJICHTHHIX WJH NOJACCHBIX I4HIOMY, XOTS Gbl yXKe MOTOMY, UTO
COBCPILCHHO HEOBGO3PUMOI SIB.IACTCS COBOK YNBOCTh BCEX NPEAMETOB, KOTOphle BOGGLIC
MOFYT GbITh 3JeMeHTaMH Kakux 6bl TO HH Gui10 MuowecTs. Korga B Matemaruxe
TOBOPAT O MHOXECTBE BCEX NPEAMCTOB, 061afal0UMX KaKHM-TO CBOICTBOM, TO
ecTecTEEHHO TPeGOBAThb, YTOOE 3apadee ObIIO JiaHO KAKOE-TO BIOJHE ONpCAe]eHHOoe
MU0 eCTBO, 3JeMCHTAMH KOTODOI'O M ABISIOTCA pacCMaTpHBaeMbie NMPEAMETH; HHaue
JerKo NpuiiTH K TakHM lle TOAbKO GeccoaepIKaTeblbiM, HO W MPOTHBOPCUMBLIM
AOHSATHSIM, KaK, HalipHMep, MOHSTHE «MIOXECTBA BCEX MHOKECTBS, M3 CyLICCTBO-
BaHUS KOTOPOTO MOYKHO CIEAATh 1060 HeJenulil BLiBuL (MHOMKECTBO BCEX MHOMCCTB
RCJKHO GO OBl CONepKaTh cefs CAMOTO KaK  3JEMEHT, COACPIKATL B KayeCTBe
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TIOAMHOMKECTBA MHOMKECTBO BCeX CBOMX MoAMHOxecTB H T. 1.). C apyroil cTopomsl,
JIO/KHAS OCTOPOXKHOCTb B NOJIB30OBAHHY CJIOBOM «BCE» B TOJBKO 4YTO MPHBEICHHOM
CMEICJIE (T. €. MPUMElieHHe STOro CJIOBAa JIKIL K JEMCRTaM 3apaHee JaHiibiX MHO-
JKECTB) NMPAKTHYECKHM (HACKOJBLKO MOXIO CYAHTb Ii0 ONKTY HCTOPHH TEODHH MHO-
EeCTB) NO3BOJAAET H3GEKATh TaK HA3bIBAEMEIX «NAPaJOKCOB» STOH TEOpHH.

OuepyzHO, /B2 NOROGHEIX MeXAY cOOOH YNOPSINOUYEHHBIX MIOKe-
CTBAa U TNOJABHO S5KBHBAJEHTHRI MEXKAY COGOI0, T.€. UMEIOT OIHY H
Ty e MOUHOCTb, II03TOMY MOXKHO TOBOPHTB O MOwHOCMU OQAHHO20
nopadkogozo muna, NOHUMas NOJ STHM MOILIHOCTB JIOOOTO MHOMXKecTBa
s10TO THMa. Tak Kak [Ba KOHEUHBIX YIOPSJOYEHHBIX MHOKECTBa
DOA06HH MeXay coGO TOTAa, KOrja OHHM COCTOSAT M3 OfHOTO H TOTO
e YHCJAa 3JIEMEHTOB, TO IOPHAKOBbIe THIIBI KOHEYHBIX VIOpSAOYel-
HBIX MHOXeCTB HaXOJASTCH BO B3aUMHO OjHO3HAYHOM COOTBETCTBHH
€ HUX KOJIHYEeCTBEHHRIMH YHCJAaMH (MOLULIHOCTSIMU) H MOI'YT ObITh OTOXK-
JECTBJAEHBl C 3TUMHU TOCJAeAHUMH. Tak B apudMeTHKe Bcerja H Je-
JaeTca: HaTypajbebie uucaa 1, 2, 3, 4, 5, ... BBHIPAXKAOT B 0jHO
U TO e BpeMsl KaK KOJIMYECTBO 3JIEMEHTOB («MCLIHOCTBY) KOHEUIbIX
MHOECTB, TAK H TOPAAKOBBIH THI KOHEUHBIX YLOPHJOYEHHEIX MHO-
xkectB, CoBepmeHHO nHaue OGCTOMUT /€10 Jake ¢ npocTeHummu Gec-
KOHEUHBIMH MHOXECTBAMH, 4 HMEHHO CO CHETHBIMH MHOMKECTBAMH:
BCE CUETHbie MHOXKECTBA [O CaMOMy CBOEMY OTpeJie/eHHIO HMEiOT
OJHY W Ty IKe MOIIHOCTb (MOIIHOCTb MHOXECTBa ECeX HaTypasbHBIX
unces, oGosnayaemyro uweped 8, *)). Mexnay tem B raase 3 Gyner
JI0Ka3aHO, YTO YHCJIO Pa3/JUYHBIX NOPAJKOBBIX THIOB CYETHBIX YIIO-
PAJOYEHHBIX MHOXECTB He TOJNBKO GECKOHEUHO, HO Ja)Ke HecyeTHO.

TloaMuoxecTBo M- ynopsiioueHHOr0 MHOKecTBa X Ha30BeM nopsd-
K060 GoiNYyKAbIM, €CJIU BMECTE C JIOOBIMH ABYMS ajeMeHTamMu @, b(a < b)
MHOXeCcTBO M COjep:KHT orpanudeHHblil UMM cermeHt [a; b]. Ilycrs-
Y — npousBo/ibHOE MNOAMHOMECTBO YHOPANOYEHHOrO MHOMecTBa X.
MuoxkectBo C =Y Ha3oBeM nopa0Kosoli KoMNOHeHmOl MHOXecTBa Y,
eciiit C NMOPSAAKOBO BHINYKJIC M He CYLIECTBYET NOPSNKOBO BHIYKJOTO
mHOXecTBa C'<= Y, cojepxamero MHOxecTBo C B KauecTBe co6-
CTBEHHOTO NOMHOMXECTBd.

PaccmoTpuM creayioliee OTHOILEHHE ~ Ha MHOXecTBe Y:

1. Odng BcAko# Touku X € Y Bcerpa x ~ X.

2. Eciu x, y€Y n xs=y, T0O X~y TOTAA U TOJALKO TOria,
roraa [x; y]=Y, ecin x<y, wimn [y; x] <Y, ecan y<x.

Uurateab Ge3 Tpyla NPOBEpPHUT, UYTO OTHOILIEHHE ~ eCTb OTHO-
lIeHHe 3KBHBAJEHTHOCTH HAa MHOXNecTBe Y; caeiopatebHo, Y pac-
majaeTcsl Ha Kaacchl sKBUBaseHTHocTH. Ilyerb C— NpoOH3BOJLHBH
KJacC KBHBAJNEHTHOCTH, 4, b €C B a<b. H3 onpenenenus ortHolile-
HHSl 3KBUBAJEHTHOCTH BHITEKaeT, uto [a; b] =Y. Jlas BCAKON TOYKH
X € (a; b) umeem [a; x] = Y; cnenoBatesbto, a ~x u x €C. Ilostomy

*) & ecTb nepBas GykBa japeHceBpeliCKOTO aa(aBuTa, HalblBacMast «aledn,
Boipamense & unTaeTcs: caneh-nyibs.
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MHOXecTBO C NOpPsiIKOBO BHINYKJ0. B To ke Bpeamsa Bcfkoe nopsji-
KOBO BHITIYKJAOC MHOXECTBO COHEPIKHTCH B KAKOM-TO KJacce 3KBHBA-
gentHoctH. Taxum o6pasos, muomecTBo C sIBJSieTCSl NOPAAKOBOMR
KOMIIOHeuTol MHOxecTBa Y. Mrak, Hamu nokasana

Teopema 13. Beakoe nodmnonmcecnso Y ynopsdouennoeo MHO-
sicecmea X pacnadaemcs 8 OUSBIOHKMIHYIO CYMMYy NOPACKOGHIX KOM-
noHenm.

YNopsCUeHHBIM MHOMKECTBAM TOCBSIEHA TpeTbs raaBa 3Tofl
KHHTH. 37eChb K€ MbI OTPAHUYUMCS! CIEJAHHBIMHU 3JieMeHTapHbIMHA
saMeyaHufMU.

§ 6. O cpaBHeHHM MoOLLHOCTeH

YKe mpu caMOM OINpefesieHHH MOLLHOCTH MBI FOBODHJN O TOM,
UTO [IOHSITHE MOULHOCTH SIBASIETCS—B CJayyae OeCKOHEeWHBIX MHO-
KecTB— 00o0LIeHHeM TOHSITUSL KOJWUYECTBA 3/JEMEHTOB KOHEYHOro
MHOXKecTBa., OfHAKO OHO H3 OCHOBHBIX CBOHCTB KOJMHECTBA 3aKJIO-
gaeTcss B TOM, UTO JiBa KOJHYecTBa 100 paBHbl, JHOO OJHO H3 HUX
Goabue gpyroro. IIoaToMy ecrtecTBellHO BO3HUKaeT BONPOC O CPaB-
HHMOCTH MOLLHOCTeH.

Ilyers gaubt jiBa MHOxectBa A u B. Jloruyecku Bo3AlOXKHEL cae-
Jyoiye cayydau:

1. CymecTByeT B3a#MHO OJHO3HAYHOE COOTBETCTBHE Mexay A n B.

2. CyiecTByeT B3aUMUIO 0ZHO3HAYHOE COOTBETCTBHE MCXKAY OAHUM
MHOXECTBOM, Hanpuvep A, B cOGCTBCHIOI YACTbIO JApPYTOr0 MHO-
JeCTBa, B, ¥ B TO JKe BpeMs [eT B3aHMHO OIHO3HAUHOLO COOTBET-
CTBUA MEXIy MHOMNKECTBOM B U YacThio MHOMKecTBa A.

3. CyiuecTByeT B3aUMHO OJ{HO3HA4HOE COOTBCTCTBHE MEXKAY MHO-
XKeeTBOM A ¥ COOCTBENHOi YaCTbi0 MHOXKCCTBA 3, a TakxKe B3aUMHO
OHO3HAUIIOE COOTBETCTBHE MEXKAY MHOXeCTBOM B n coOCcTBCHHOH
YaCThio MHOxecTBa A.

4. He cywecTByer 1M B32aMMHO CjHO3HAYHOI'O COOTBETCTBHSA
Mexxay A 7 4acTbio B, HH B33HMHO O/UO31AYHOTO COOTBETCTBUS
Mexay B u ugacteio A.

Ecain A n B-—xoHeuHble MIIOXKECTB2, TO TPeTHil M ueTBepTHIl
cJyyau HeBO3MOXKHBL. B camom jese, ecaM 3TH MHOXKECTBA COCTOSIT
M3 OHOTO U TOr0 XKe YUC.JIa 3JEMEHTOB, TO OCymECTB'lHETCH nepBbIi
cnyllau, a ecJH U3 pasHOro—TO BTOpPOI.

B § 6 ra. 3 6yger Joxasano, 4TO 4YETBEpTHIl cayuyail HeBo3Mo-
JKeH TAKXKC H B NpUMEHeHMHM K OeCKOHeYHBIM MHOXKecTBaM. OpHako
JIOKa3aTeNLCTBO 3TO ONMUpaeTcsl Ha aKCHOMY (TaxK Has3blBAaeMYIO aKCH-
omy llepmesao (Zermelo)), KoTopast B OJHHX CHCTEMaX TMOCTPOEHHS
TEOPHU MHOXECTB TpHHUMAeTCH, a B APYTUX HeT.

UTo KacaeTcsi TpeTbero cayuyas, TO A5l OeCKOHEeUHBIX MHOXKECTB
Ol MOXeT OCYILECTBJAATBLCHA; Hanpunmep, ecau A u B-—cueTHble MHO-
KECTB4, TO AJd HHUX OFHOBPEMEHHO OCYIIECTBAAIOTCH M MNEPBBIH H
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TpeTHH cuyuam. Mbl ceflyac IOKaXXeM, YTO M3 BHIIOJHEHHA TPETHETO
ciyyas Beerja chaefyer BhNoJHeHde nepsoro. [in  GecKoueuHslX
MHOXECTB, KaK JErkKo BBIBOIMTCH U3 Teopembl 6, Bceria u3 nepBoro
cayuas cJelyer TpeTuil,

Hrak, nepexoiuM K A0Ka3aTeNbCTBY C/AEAYIONIErO MPeANONKEHUs:

Teopenma 14 (Kantop— bBepramrefin). Lcau u3 Osyx mHosxmecme
Kaxcdoe sxeusaienmuo wacmy Opyeoeo, mo amu 08a MHOMCECMEa IKeu-
oareHmHol Mexcdy co6o.

HoxasarteanctBo. Ilycth A 5KBUBaKCHTHO MUOXECTBY B, B
¥ B To Xe BpeMs B 3KBHBaJeHTHO MHOxecTBY A, < A.

B cuiy B3auMHO OFHO3HAYHOTO COOTBETCTBUSA, CYIIECTBYIOULErc
110 TpeanogoxeHHi0 Mexay B nm A,, MHOxecTBY B, COOTBETCTBYeT
IIEKOTOPOE NMOAMHOKECTBO (OUeBUAILIO, cobCTBeHNoe) A, MHOKecTBa A,.
Hrak,

Ao A oA,
A sxpusanentno A4,, (1)
B skBupajenTHO A,.

Ec/ti MBl oK akeM, 4TO B yeioBHAX (1) MitoxecTBO A; 3KBUBasedTHO 4
(m A,), to Gyzer nokaszana u Teopema KaHropa—DBeprinreiina.

PaccMoTpuM Kakoe-uMOyjib B3aHMIIO OAIIO3HAYHOE OTOGpaKeHue
f muoxectsa A na muoxectso A,. Ilpn oroGpaxenun f

A orofpaxaercss Ha A,,
A, cA » » Hexkortopoe A, < A,,
A, = Ay » » » A, < A,
A, c A, » » » A, c A,

H T.J. 10 BecKoieuoCTH,
B cuay Toro ae B3auMio 01HO3HAUHOTO OToGpaxeHus f, oye-
BHJHO,
A \_A, orobpamaercst Ha A, \ A,

AN A, » s A\ A,
AN A, » y A, N\ 4.,
AN A, » » AN\ A,
AN A, » » AN A4,

e e« & s+ s e & 2 & = 4 e« « o w s e

OTKYy 1a CJIC}'LyeT 3KBUBAJICHTIIOCTE MHOMCCTB
ANA) U (AN A U (AN A)U..., }
(A:NA) U (ANA) U (AN 4) U
Tosoxxum Tenepsb
D=AnA,nA4,nAn...

2
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Torpa Jaerko MpOBEPAIOTCH TOXKAECTBA

A=DU(ANA) U4, \N4)U(A,\4)u )
U(4;\NA4)pu..., 3)

A,=Duy (A, \ A, U (4, \ 4, U (
U (A, \NA4) V...,

KOTOpbIE MOXHO, OHEBHJIHO, 3aMKCaTb H TaK:

A=[Dy(A;\ 4)J(4,\NAyu...1U 1
UIAN ADUA. N\ 4)u... ],

A =[DU(A, \A)U(A,\NA4)U...JU
U2\ 4 U(A N 4)u .. L

@)

Ho B mpaBelx yacTaX oB6OMX 3THX pABCHCTB B MEPBON KBaipaTHOI
CcKOGKe 3aKJ04eHO OfHO H TO K€ MIIOXKecTBO, TOTAa KaK BO BTOPOil
KBA1paTHOll CKOOKe KarxKJOrO W3 5THX DABeHCTB 3aKJ/IOUeHbl 5KBHBA-
JICHTHBIE MHOXKeCTBA (2); YyCTAHABJIMBAST MEXJAY 3TUMH [ABYMSI MHO-
xecTBami (2) B3aUMHO OJHO3HAYHOE COOTBETCTBUE H 3aCTaBJsiA CO-
OTBETCTBOBATh cefe camoMy KaxIblfi 3JeMeHT MHOXecTBa!

DU(A;\ A U4\ A)U...,

Mbi TIOJTYUNM B3aHMHO OJIHO3HAYHOE COOTBETCTBUE MEKJY MHOXKECTBAMH
A u A,, yto U TpeGoBaJOCh J0KA3AaTb.

Tlocne Toro, Kak Mbl JIOKa)keéM B rJiaBe 3 HEBO3MOXKHOCTb UeT-
BEPTOTO C/yyasi, Mbl CMOXKEM CKa3aTb, UTO IJ/is JABYX MHOXecTB A
¥ B MOTYT OCYIIeCTBUTBCH JHWb CJIEAVIOMUE HABE BO3MOKHOCTH:
Jau6Go miioxkecTBa A ¥ B 5KBUBaJEHTHH (MMEIOT OJHY U TV e Moll-
HOCTB), Jub0 OfHO M3 HHX, nanpumep A, 3KBHBaleHTHO COGCTBCH-
HOWi uacTu jgpyroro, B, Toria Kax MHOXKeCTBO B y:xe He 3KBHBA-
JeHTHO HUKaKo#l wactn MHOkecTBa A.

Bo BropoM cnyuae MBI T'OBOpHM, YTO MOIIHOCTb MHO:kecrBa A
Melbllle MOIIHOCTH MHOXKecTBa B (WMJH 4TO MOUIHOCTE MHOXKecTBa B
omblLe MOLHOCTH MHOxecTBa A),

Bce mpegbiyuide paccyiKAeHHs O MOLULOCTH JUIIb B TOM CJAyyae
MOTYT TPETEHJ0BATb HA peajbHBIH HHTepec, eclM CYILECTBVIOT pas-
JuuHble Geckoneudbie MolHocTH, Ceflyac MBI YBUAUM, 4YTO 3TO jeii-
CTBUTEJBIIO TaK: Mbl JIOK2)XEeM, YTO A8 KaXXAoro mpoxectsa M
CYLLECTBYET MHOXKECTBO, MOLIHOCTh KOTOPOro §oJibllie MOLLHOCTH
MHokectBa M.

Mur noxkaxem aaxe Goree TOUHOE MpejAOXKEHHe:

Teopema 15, flyeme X u Y —0sa npouseorsnoix Henycmotx
MHOXCECMBA, YOVBALMBOPSUOUUX MOMY eOUHCMBEHHOMY YCAO0BUIO, 4nobbe
Y cocmosao Gozee wesm u3z o0noeo aremenma. Mruosicecrneo ecex pas-
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Auurolx omoGpaxcenuid mHoxcecmea X 8 MHoxcecmneo Y umeem mMoud-
Hocmb Goavwyio, wem MowjHocme muoxcecmea X.

[Ipn 3ToM MBI, €CTeCTBEHHO, CyHTaeM aBa orobpaenus f, u f,
MHOKecTBa X B MHOXECTBO Y pas3/iMUHBIMH, €CllH 110 KpahHe#l Mepe
L5 ofHOro snemeHTa X € X 3aeMeHThi f(x) u f,(x) MHOxecTBa Y
passuuHbl MexXay coboio.

HoxkasarteancrBo. OGo3nauum gepes Y X MHOKeCTBO BCex
otobpaxeHiit MuHoxectBa X B MHoxectso Y. B coorBercrBmu ¢
onpejeneileM HEpPaBeHCTBA MOLIHOCTEH Mbl NOJDKHHE JiOKa3aTh JiBa
yTBE PIKACHUA :

1. CyuiecTByeT B3aMMHO OfHO3HayHOe oToOpaKeHue MHoxecTBa X
Ha HEKOTOpOe MOAMHOMECTBO MHOXecTBa YX.

2. He cyumecTByer B3adMHO OJHO3HAYHOro OTOOpaKeHUSA MIOXe-
crBa X Ha BCe MHOXecTBO Y X,

JI1s fokasaTesbCTBa TEPBOTO YTBEDIKACIUUS BHIOEPEM B MHOXKe-
cTBe Y #Ba Kakux-Hubyjib pasiWuibiX saemeHTd y' U ¢’ M 444 Kaxk-
JIOTO 3neMenTa X, MHOXeCTBa X NOCTPOMM OTOOpakeHue f, MHO-
wectBa X B MHOXKeCcTBO Y caepyionium cnocobom: o6pas paHsoro
9JIeMeHTa X, pH oTobpaxenuy f, ectb f, (¥,)==y’, a o6pas BcaKoro
OTJIMYHOTO OT X, 3/1eMeHTa X € X npu orobpakeHny f, ectb f, (x)=y".
PasnuuneiM s/eMeHTaM X,, X, MHOxecTBa X COOTBETCTBYIOT pasiuu-
Hble oToOpaeHis; B caMoM jeue,

fx, (xl) :'!/’v
e, (X1) = 4"

Htak, HaMH YCTaHOBJENO B3auUMHO OIHO3HAUHOE COOTBETCTBHE
Mexly MHOXKecTBOM X U 4acTbio MHOKecTBa YX.

JlokakeM Temepb, YTO lle CYHIECTBYCT HHKAKOLO B3aHMHO OJHO-
3HAUHOTO COOTBETCTBMS Mexjay MHOXectBoM X U MHOMeCTBOM YX,

[IpeanoaoxumM, YTo TaKoe COOTBETCTBHE CYILECTBYET, U 0603HAUNM
yepes f¢ ToT amemeHT MHoxecTBa YX, KOTOpbil B CHIY 3TOFO COOT-
BeTCTBUSI OTBevaeT 3JemeHTy § muoxectsa X. Mckomoe nportusope-
YHe MBI MOJAyYuM, €CAW HaifiieMm sjement [ muoxectsa YX, orauua-
OnAHCA oT BCex fs.

Takoil siemeHT f, T.e. Takoe otoGpa)keHre MHOXecTBa X B MHO-
KecTBo Y, Mbl moctpouM ciaexywomuM o6pazom. Pacemotpum mpous-
BOJIbHBIA 31emeHT § MHOXecTBa X; ofpa3 9TOrO 3/€MEHTa NpH OTO-
Gpaxennn fb ectb snement f5(&) muoxecrsa Y. Oupegenum Tenepb
F (§), nonoxus f (E) =1, rie n-—mnpousBoJbHbI 3/1eMEeHT MHOXeECTBA Y,
BLIOpAHHBIA 107 eIUHCTBEHUBIM YCJAOBHMEM, uyToOM OH OB OTJAHYCH
OT 3JEeMeHTA f§(§) (3TO YCJOBHE BCerja BbINOJHUMO, TaK Kak, 1O
NPelNONOKEHNI0, MHOXECTBO Y COHEpXHUT Mo KpajiHefi Mepe 1Ba
sJIeMEeHTa).

Mel yTBepkjiaeM, uro orofpaxeHue f OTAHYHO OT Bcex otoGpa-
xenuii f&. B camom gese, ecau OBl [ COBNAnAJO ¢ HEKOTODHIM Ompe-
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JeJeHHBM S, TO, B YaCTHOCTH, AAsA 37eMeHTa £€ X Mbl UMeJNu Obi
FE)=r5(),

Bolpeku onpenenesuio orobpaxkenuss f. Teopema 3TuM jnoxasanua.
3ameuange l. Toabko 4TO usjioXKCHHAA Teopema, HPHUHAJ]e-
Kallasl K UHCIy 3amedatenbHefillnX npelJoKeHH{l TEOPpUH MHOKECTS,
JOKa3aHa, M TIPUTOM IIPHBECHIBIM 3JeChb MeTOJOM, OCHOBaTeleM
teopuii nHoxkecTB KanropoM. Camblil 3TOT MeTOj JA0KazaTelbCTBa
U3BeCTEH NOJ HAa3BAlUEM KAHMOPo8a OUAZOHAALHOZO NpPOYeCca.

Paccmorpry pasauudble yacTHble ciayuan Teopembl KauTtopa.

[pesxpe Bcero, mMycTb MHOXECTBO Y COCTOMT M3 JBYX 3/1€MEHTOB,
noaoxkun u3 ageMentoB 0 uw 1. Torjaa kaxjaomy oTo0pakeHHIO [
mHoxeersa X B MHOKECTBO Y COOTBETCTBYET pa3GueHue MHoxkecTBa X
Ha Ba MOJAMHOXecTBa Ge3 OfLIMX 3JeMelToR: Ha i1oaMiloxkecTBO X,
cocTosiIlee M3 BCEX TeX 3JeMEeHTOB X € X, AI9 KoTophix [ (x)==0, u
H2 noAMHONKECTBO X], cocTosiiiee U3 OCTAJILHBIX 3JEMEHTOB MHOXKe-
crea X (1.e. u3 1ex ¥ € X, gaa koropbix [ (x)=1). Cocpenoroyns
CBoe BHHMAHHE Ha TNoAMHOXKecTBaX X}, MBI MOKeM CKa3aTh: Kax-
JoMy otobGpaxenuto f muoxkecrsa X B MHoxecTBO Y, cocrosiliee u3
1BYyX 3jemenToB 0 1 1, COOTBETCTBYET OlIpeie IeHHOe TTOAMHOKECTBO X,
MmHoxecrsa X (a umeHHo noampoxectBo X[). Ilpu stom kaxjoe
HojiMHOMRecTBO X, MHOXecTBa X MOCTAB.IEHO B COOTBETCTBUE BIOJHE
onpe/eIeHHOMY oTo0parkenuio Mioxkecrsa X B MHoxecTBo Y (cocTo-
sillee U3 ABYX 3jementoB O u 1), nmenHo ortobpaxenuo f, onpene-
saseMoMy ycaosueM f (x) =0, eciu x € X, f(x)=1, ecan x € X\ X,.
KMrak, ycTanoB/JeHO B3aUMHO OJHO3HAYHOE COOTBETCTEBHE MEXAY MHO-
KECTBOM BCEX TMOJIMIOXKECTB MuoXKecTBa X W MHOXECTBOM BCEX OTO-
GpakeHHil MHoxecTBa X B MHOMECTBO, COCTOfliee U3 JABYX 3/emeH-
ToB 0 u 1%*). Tak Kak 3TO MHOXKECTBO OTOGPaXKCUHIl HMEET MOil-
110cTh GOJLIUYIO, uyeM MHOKecTBO X, TO jOKa3saHa

Teopema 16. Mruoxcecmeo ecex nOOMHONMCECME 1POU3LOALHOZ0
Henycmoao MmHoxcecmea X umMeem MOULHOCITIL DORbIILIO, HCM MOWHOCTY
muoocecmea X.

Sameuyanue 2, Yrpepapenue teopesbl 16 BeprHo u s nyc-
Toro Muoxecrsa X. B 3ToM ciiyyae MHOXKECTBO BCceX NOIMHOXECTB
MHOKecTBa X COXEep:KUT O/l 5. ICMEHT —YCTOe MHOMKECTBO —H, 3Ha-
yuT, UMeeT MowHocTh 1. B To ke Bpevsa caMo MHOXecTBO X uMeer
wotHocts 0.

Savevauue 3. Unucao Bcex oToOparkeHUH HEMYCTOTO KOHEYHOTO
MHO®ecTBa X B HEMyCcToe KOHEWHOe MHoxecTso Y paBHO, KakK He-
TpYAHO JAOKasaTh, b%, 'rae a—uucIo 3NeMenToB MHOxecrsa X,
a b-—uucao aneMeHtoB MiloectBa Y. B uacrrocTH, uuciIO Beex

*) 1lpy 5TOM COOTBETCTBHA ABYM HecOGCTBCINBIM NOAMHOXKECTBAM MHOMecTBa X
OTBCYAIOT [BA OTOOPANKCHHS, H3 KOTOPLIX OAHO OToGpamacT Bee MHOXKecTBO X fia
aaement I, a Apyroe—ua asexent 0.
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oToGpaxKeHuit Hemycroro KoHeuHoro MHoxectBa X B MHOMXECTBO,
COCTOSIEE M3 JIBYX 3JEMEHTOB (MJH YHUCJAO BCEX IIOAMHONKECTB KO-
HeyHoro MHoxectBa X), paBHo 2¢. Ilostomy U B ciiyuae GeCKOHEUHBIX
MHOJKECTB MOIIHOCTb MHOXeCTBAa orobpaxenuit X B Y oGosHauaercs
yepes b%, rie @ ¥ b cyTb COOTBETCTBEHIO MOLIHOCTH MHOXeCTB X
v Y. B uacTHOCTH, MOIWHOCTH MHOMKECTBA BCEX MOJIMHOMKECTB MHO-
xecrpa X ofosHauaercsi yepes 2%, rje a-—MOMIIOCTh MHOXeCTBa X,
Srtu 0003Hayenua JOruYeCKd BRAIYAIOTCA B OOLLYIO TEOPHIO JefCTBUI
HAJl MOLIHOCTSIMH, I'Jie pacCMaTPHBAETCS HE TOJBKO BO3BejeHUe B CTe-
neHb, HO U oObiee JEACTBUE YMHOXMEHHsI MOILHOCTER (mpu a1060it
MOIIIHOCTH MHOXXeCTBa COMHOXKUTeNell), a Tak:Ke (oJee mpocroe jeit-
CTBHE CJOXKeHusA MomuocTteir, Cm. 06 stom § 6 ran. 3.

Paccmotpum MHOXKecTBo Bcex oToGpakeHu#t muoxectsa N Bcex
HATYpa/JbHEIX UHCEJ] B MHOXECTBO, CoCTofulee U3 ABYX 3/jemeHtoB 0
u 1. Besikoe Takoe oToGpakeHue, CTaBA KAXKAOMY HaTypajJbHOMY
4YUC1Y B COOTBETCTBHE uyuC/aO 1, paBHoe O uau 1, npuBoput X mo-
CTPOCHNIO GeCKOHeuHOH MOoC/e/0BaTe/NbIOCTH

il, izvi;n-'-vim"'vinZ?v (4)

uHiu OeCKOHEUHOH ABOMUHOR ApOOH
.0

0, i1y Gay vy g vy In== 1>

¥ o6parHo, BCAKAY TAKAd MOCJAENOBATENBHOCTb, BCAKAST GeCKOHey-
Has JBOMuHas Jpobb ompegeasier otoGpaxkenue [, rue f(n)=0
wiu 1. Urak, MHOKecTBO Bcex 6eCKOHEYHBIX JIBOMUHBIX Apobeil umeer
Ty K€ MOLHOCTb, YTO M MHOXECTBO BCEX IIOAMHOXECTB HATYpajb-
HOTO pAaAa.

OGo3nauns (Kak OBJIO CJealo BhilLE) MOLUHOCTh CYETHBHIX MHO-
xkectB uepe3 N,, MB MOXEM CKa3aTb, HYTO MOIIHOCTb MHOXECTBA
Bcex mnochejoBartesibHocTel (4) ecTh 2o, -

Hrak, MHOMeCTBO BCex OeCKOHEUHBIX ABOWUHBIX ApoOeH 5KBUBI-
JIETHO MHOMKECTBY BCEX MOAMHOXKECTB HATYPANbHOI'O pPAjia H HMeeT
1103TOMY MOLIHOCTE 2o, '

Onpepnenenue 8 Mouwpocme 2% HasbiBaeTCH MOUHOCMBIO KOH~
munyyma M o6o3HauaeTCsl yepes ¢; oHa —HecuetHa (2% > &),

Mebl BCTpeTHMCH € 3TON MOUIHOCTBIO B KOHUE IvaBnm 2 (§ 4).

2 1. C. Anekcasapos



T ras6a emopasn
JAEACTBUTEJIbHBIE HHCJA

§ 1. llenexunnoscuoe ONpeACJCHUEe HMppauNOHANBLHOIO 4Yucia

B 3To¥ raaBe Gyjer MoCTpoeHa TeOpHA NEHCTBUTENLHBIX (BEWECT-
BEHHBIX) -YHCEs B TNPENNONOKEHHH, YTO WU3BECTHBH pallyoHajbHbIe
yycna ¥ apudMeTHyeckne onepauud Haj HuUMH. MuoxecTso R, Bcex
pPaLMOHANBHEIX YHCEJ Mbl cobHpaeMcsl MONOJHHTL HOBLIMH MaTeMa-
THYECKMMH O6BeKTaM¥, Ha3biBaeMbMY HPpPALHOHAJABHBHIMH YUCTaMH,
¢ TeM uYTOOBl TOAYYATb MHOMKECTBO BCeX JEHCTBUTENBHBIX YHCEN
c ero ajnreGpofi u Ttomosoruefi. Ilocneanss OyneT B CBoeM MecCTe
onpejenena.

MuoxecTBo R, ectb yropsijoyeHlioe MHOXKeCTBO 6e3 MyCThiX WH-
TepBaJoB (KaKoBbl Gbl HH ObLIM JBa PAa3JHYHBIX PallHOHAbHBIX
yucsia r’ u r’, mexany r’ u r’ cyuectByer 6eCKOHeEUHO MHOTO pallo-

1 p I
HaJbHBIX YHCeJ r, HANpHMEp: r,=—2-(r’+r’), r2=—2~(r’+r1), ry==

= %(r’—{-rg), el

Tlocne sroro npeapapuTesnbHOrO 3aMEYAHHUsT NepelineM K U3Joxe-
HUIO JIefIEKHHAOBCKOrO OfpejeJeHns MppaltoiaibHOro 4ucia.

HasoseM ceuenuem ynopsjoueHHOro MHoxectBa X BCAKOE pas-
Guenye ero Ha JBa HelepeceKalomHUXcs noamMuoxecrsa A u B takue,
YTO ANA JIOOBIX 3J1eMeHTOB x € A, y € B umeem x < y. Ceuenue (A, B)
Ha3biBaeTCsAd COGCTBEHHBIM, ecid o6a MHOXecTBa A W B Henycrdl.
Kaxk npasuio, Hiuxke noj ceuenHueM 6yJeM NoOHUMaTth colGCcTBeHHOE
ceueHue, He oroBapupasi 3Toro ocobo. Ho nHoraa y wac Gyaer Bos-
HUKATh NMOTPEGHOCTH B MPUBJIEYEHUH W HECOOCTBEHHBIX CEUYEHMI.

MuoxectBo A HasbiBaeTCA HUNHUM (UJIN 1€66iM), 3 MHOXECTBO
B —egepxuum (WIH npaseim) KAGCCOM.

B arom naparpade mb 6yfeM pacCMarpUBaTh TOJNbKO CEUEHHS
B (ecmecméerno *) ynopsiioyeHHOM) MHOXECTBE BCEX PallHOHAJbUBIX
uncels,

*} To ecth no Beanuume (cM. cTp. 24).
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IlpumepH ceuenwuit.

1. Ecan r ectb mpou3BosibHOE pPalMOHANLHOE YHCAO, TO, npH-
HHMas 332 MHOXkecTBO A MHOXKECTBO BCEX PAllHOHAJIBHHIX 4 <Cr, 4 32
B —MHOXeCTBO BceX OCTAILHBIX PAUHOHANLHBIX YHCEN, M01yYydeM
ceyenie.

OueBujino, r ecTb HauGOIbUICE YHCAO CPEH BCEX YHMCEN, MpH-
HajJJIeXallluX K HHXHeMy Knaccy A,

2. IlycTs 7 —npoK3BOIbHOE PALHOHANBHOE YHCIO; OTHOCHM K
Kaaccy A Bce pauMOHaTbible YHCAA, MEHbLIME YeM 7, a K KJAaccy
B—pBce octanpHple palHoHaNbHBle uHcaa. TakuMm 06pasoM, OnfTh
YCTaHOBIEHO CCYEHHe, NpPUUEM 7 ecTh HaHMeHbllee YUC/IO CPeH BCeX
yucea kJacca B,

3. OrieceM K KJjaccy A Bce OTPHLATEAbHbIE PALHOHAAbIBIE YHCA,
4uc10 ‘0 H BCE MOJIOKHTEIbHBIE PALHOHAIbHBIE YHCIa, KBAAPaT KOTO-
poix Menbuie 2. OrneceM K Kjaccy B BCe OCTaJbHbIE PAlHOHALHBIE
yucsa. Tak Kak 1e CYINECTBYeT DPaLMOHANBHOIO YHC/Ia, KBajapaT
KOTOpOro paseH 2 *), TO KBaxparthl BCEX PALHOHAIbHBIX YHCEN, IPU-
Hagnexamux K B, 6oabuie 2. _

Hokaxem, yto B A ner HauGoOAbLUIEro, a B B —iauMeHbllero
yucaa.

Ilycts r-—npousBo/ibHOE YHCAO M3 Kjacca A, Tak uto r2 < 2.
1
Torna r -+ TpH JOCTATOYHO GOJIBILOM 7 TaKke GYAET COMepKaThCs
B sToM Kaacce. JleficTBHTe1bHO, npegnosaras, 4to A > 1, umeem

12 > 2 I 27 2 1

“r,
M jAf TOro, 4ToObl NpaBas yacTb GbL1a MeHbile 4eM 2, gocTaTouHo

2r -1
B3ATH /1 > 5—. TakuM 06pasom, KakoBo Gbl uu 6buio 7 € A, npu

1
JOCTaToyno GOJIBIIOM A TaKiKe r+-—¢€ A, 1. e. B A Her Haubo/b-

1ero YucJaa.
ITogo6HbIM ke 00pa3oM JOKa3blBaeTcd, 4TO B B HeT HauMelib-
fLero 4ucsa.
Teopema 1. [aa ecaxoeo cewenus (A, B) & muoscecmse ecex
PAYUOHAALHBIX UUCEA UMEIOMCA AULUb CACOYIOUUe MPU BO3MONCHOCTIL:

*) Tak Kak r2==|r[%, TO DOCTATOUHO MOKA3aTh, UTO HE CYUICCTBYET HOJOXH-
TeJLHOTO PALHOHANLHOFO YHCJA, KBagpar Koroporo pasen 2. Ll{esoro uucaa rakoro
H4BCPHOC HE CYWECTBYCT, TaK Kak 12=1, a 115 n =2 Gyier n® = 4. [lyctb cyme-

2
CTByeT HecoKpatumas Apobb % Takasl, 4To <—§—) =2. Torma p%=2¢% ectp uer-
Hoe uMcao. Tak Kak KBaJpaT HEYeTHOro YUC.1a €CTb IledeTHOe YuCJI0, TO p ecTh
yeTHoe uuCI0, p=2p" (rde p"—uence), 1. e. 4p"°=2¢2, uau q%=2p'% 3suauur,
g§—4ueTioe YHCA0 H Upobb % coxparuma. [TonyyeHHoe npordsopeyue ZOKasulBacr

Hawe yTBCPMJEHHE,

2*
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1) aubo 6 nuxcnem xracce A umeemcs nauborvuee uucao r (mozoa
8 6epXHEM KAQCCEe Hem HAUMEHbUEe20 HUCAR);

2) aubo 8 eepxrem Kaacce B umeemcs waumetsiuee uucao r (mozde
8 HUMNCHeM Kaacce Hem Hauboablezo uucaa);

3) aubo, HaKoWey, HU 6 HUNCHEM KAQCCE Hem HAuBoabuiezo, HU
8 GEPXHEM KAQCCEe Hem HAUMEHbUIe20 HUCAA.

HdoxaszartenscTBo. UerBepTohlil JIOIHUECKH BO3MOXKHBIA CJYy-
dajt: B A ecTh HauGOJbIIE 3JIEMEHT @, U B B eCThb HAaHMEHbIIUH
3MeMEHT b—He MOXEeT OCYUIECTBHTBECSH, TAK KaK TOTAAa MEXAY 4HC-
JaMu @ H b #e Gbio Obl HUKAKOIO pallMOHAJLHOTO YUC/HA,

Onpenenenune 1. B cayuaax 1) u 2) ropopsT, 410 CeueHHe
(A, B) onpepensieT palHOHAJbHOE YUC/IO r; B clydae 3) FOBOPST,
YTO CEUEHHE OMNPENETSIET HEKOTOPOE UPpAYUOHAALHOE HUCAO.

HHorpa roeopst, 9TO HUppaivoHalbHOE YHCJIO eCTh CEeUYEHHe.
Onnako B APYTUX TOCTPOEHUAX TEOPHUH JIEHCTBUTENBHBIX 4uCeN IIo

CYIIECTBY Te e caMble HppalMOHANbHHE uucaa (Hanpumep, V 2
HJIH 3U) CBfSBIBAIOTCSI C COBCEM JpPYyrHMu o6pasoBaHUSIMHU, HANPHMED
GeCKOHEUHBIMH JECSITHUHBIMH JpOGAMU; NpPH 3TOM MHOTJA TOXe TOBO-
PAT, YTO HppaLUCHAJBHOE YHMCJIO €CTh GecKoHeuHas (HeflepHOAH-
yeckast) jpecaTHuHas Apo6b Met npeimouuTaeM B OGOHMX C/yuasx
roBOpHTb, YTO HPpPAUHOHAJLHOE YHUC/IO MHIL OHpefensercs
ceueHueM WM GecKOHeYHOH HeCATHUHOHA JPoObIO M T. M.

BeegeM onpezesieHust TOHATHUH «GoJibLIe» U «MEHbINE» B HpUMe-
HEHUH K HPPanHOHAJAbHLIM 4HCJIAM.

IMycts y Hac ects uppauuosansHoe yucno §. dro osHauaer, uto
y Hac ectb ceuenue (Ag, By) B MHOXECTBE BCeX PalMOHANbHBEIX QHCE.
BseneM ciepyromee onpeneneHye: BCIKOE HPPaAnHOHAIbHOE 4Yucao §
GoJiblle BCSIKOTO a € Ag ¥ MeHblie BcsiKoro b € By.

Onpenenenue 2. UppaunoHanibHoe YuCnO § Has3hIBaeTCs 10A0-
scumenvroin, ecin § >0, u ompuyameavroim, ecan £ < 0.

Ilpeanosioxum, MB UMeeM JBa HppaUKOHaNbHBIX yucaa § u n,
onpeneneHHbix ceueHuamu (Ag, By) u (Ay, By). BosmoxuB Tpu
cayyasi:

1. Ag=A,; torma Bg=B, u E=1.

2. Umeercas umcno a€ Ag, He mnpuHamiexamee X A, (1. e.
a€ AN By). Torma*) A, < 1&5, u Mbl nosiaraem 1 < E.

3. Umeerca uucio a€ Ay, He npunagnexamee k Ay (T. e.
a€AyNBy) Torma A=Ay, u Mbl nonaraem g << .

Jlerko mnpoBepuTh, YTO 3TH ONpejeNeHus [PeBpAaIlalOT MHOMKe-
CTBO Ry BCex OelicmsumeasHbix (T. € pPAalHOHAbHBIX U HPpPalLHOHA/b-
HBIX) YHCEN B YNOPSJAOYEHHOE MHOXECTBO.

Teopema 2. Cpedu Oelicmeumenrbrolx 4uces Hem HoUbG0AbULEZO
U Hem HQUMEHbUIE2O 4UCAQ.

*) Besikoe x€ Ay, Oynyun Menblite dem @, cozepxurcs B Ag, 1. e, Ay < Ag-
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HoxaszareasctBo. Ilyers & ects Haubonbinee uucio; & e
MOXeT OhTb pauuoHaibHO, Tak Kak E-+1>E&. Eciu § uppauno-
HajbHOo, TO nycrk (A, B) ects onpexensiiomee & ceuenne u b € B;
Torga b >E. AHaJOrMUHO JOK23HIBAETCH, UYTO HET HAMMEHBLLHEro
JIeICTBHTENBHOrO 4ucja.

Teopema 3. Kaxoevt 66t nHu Gbiru 08a pasiuunbix Oelicmeumens-
HOIX 4UCAG X U Y=F=X, MOXHO HAmu BECKOHEYHO MHOR0 PAYUOHAAL-
HbIX qucCen, BAKMOHEHHbIX MENCTY HUMU.

Hocratouso noKasarb, YTO MeXJY KaXIBIMH JBYMs HeHCTBHTENb-
HBIMH UUCJAMU CYIIECTBYET XOTs OBl OJIHO PAUOHAJABHOE UHCJIO.

Teopema BepHa, ec/iH x U y 062 PaMOHAJBHEL.

IMycre onHO u3 HUX, Hanpumep X, WppauuoHanwHo, x=(A, B),
a jpyroe panuosaibHo. Eciu y > X, T0 y€ B ¥ B B HET HauMeHb-
mero uucia. [lostomy B B wumeerca (pausioHaldbHoe) uyucio y’,
MeHbilee 4eM y ¥ Gosabiree ueM x. Ecmm y<x, To y€Aus A
umeercs: y’, Goiibliee ueM y U MeHbIlee ueM X.

IMycrs, Hakonen, ob6a uyucaa X u y uppauuoHaibHEl. Tak Kak
OHM pa3/jHYHbl, TO CYIHECTBYET XOTh OJHO pauHOHANbHOE YHCIO,
nOpuHajaexamee K HIDKHEMY KJacCy OJIHOIO CeueHUss U K BepXHeMy
KJIacCy ApYroro CeueHds H, CJeJjOBATeNbHO, MEHbILEE, YeM OJHO H3
STUX MPPALUUOHANBHBIX uucen, ¥ Gojbliee, 4eM JpYyroe.

Teopewma 4. Iycms Oano uppayuonareroe 4ucio E=(A, B).
Kakxoso 6ot Hu 0Oblao  MOAOKCUMEAbHOE HUCAO &, MOXCHO Halumu Oea
PayUOHAALHOX wucra a i b, yOosremeopsrowux Hepasencmeam a <E < b
ub—a<e. »

HocratouHo j0Ka3aTb TeopeMmy jiJas palHoHalbHoro e. B camom
nene, ecnu Obl g ObIIO HMPPALHOHANBHO, TO JOCTATOUHO OBLIO Obi
B3SITh NOJIOXKUTENbHOE PalHOHAJIbHOE uuclo &' < & (Takoe &’ cymie-
CTByeT HAa OCHOBAHHUHU npeiuayieft Teopemnl). Mrak, mycreb & panuo-
HanpHo. Bosbmem mpoussoiibHo @, € A u b, € B u mocrpouMm psjg
PalMOHa/ILHBIX YUCeN:

& &
Qs G =4a, —2-,...,a,,=a0+n—2-. 1)

Bosbmem 1 >-2—(b—°8:—”°—); Torna a,>b,, a,€B. Iycers a, k>1,
ectb nepsoe cpean uucen (1), mpunapnexamee x B. Torpaa,., €A,

g
a,€B, 0< ap—0py =5 < & YTO H TpeboBasoch nOKa3arh.

§ 2. Ceuenss B MHOMKeCTBe NeHCTBHTENbHBIX YHCE.
BepxHas M HHXMHAA IpaHd

Teopema 5. Kakoeo 66t Hu Obtro cevernue (A, B) 8 mHoxcecrnese
ecex dedicmeumeavHblx wucer, 6ceeda cyujecmsyem aubo Haubosbuice
qucro 6 A, aubo Haumenvuiee 6 B, npuiem oOHQ U3 IMUX BO3MONCHO-
cmell uckarouaem Opyzyro.
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HokasatenbcrBo. O6osnauum uepes A’, coorsercrsenso B,
MHOKECTBO palMOHAJAbHBIX yuced, NMpUHAAAexauXx K A, cooTsercr-
BeHHo K B. Taxkum oGpasomM, umeem ceuenue (A’, B’) MmioxecTsa
pPauUNONAABHBEIX yHces. Bo3MOMHEL TpH ciayuas:

1) A16o ccTh paunMoHa’dbHOE uucjao, Haubooabllee B A';

2) » » » » , HaumeHbuiee B B’;

3) nugo B A’ mer HanGoabliero, a B B’ HeT HAMMEHBILEro uyucaa.

Tlycre § ectb uaubonbiuee uucio B A’. [loxkawxkem, uro § ecTb
Hauboapliee uucao U B A. IeficTBUTenbHo, B NPOTHBHOM CIyyae
B A cyuwecrBoBano Obi HekoTopoe a>>&; B3sB palMoONaTbHOE &
MEXAY & M @, NOAYUHAM 6Ll NpOTUBOpEYHe, Tak Kak a' € A’, a’ > E.

CoBeplIeRHO aHaJOrH4HO AOKa3bIBAETCst, YTO YHCJO0, HauMeHbllee
B B’, sBIAETCH HAUMEHbIUNM ¥ B B.

Ocraerca paccmorperh Tperufi cayuail. B atoM cnyyae ceueniue
(A', B’) onpenensier uppaiuonansonoe uucio E. Tark kak kaxjoe
JelicTBUTebHOE 4YKCAO cofiepyxurca Jaubo B A, auGo B B, To u §
COepPKUTCA B OJHOM U3 JBYX 3TUX MHoxKecTB. [lycrh, Hanpuwmep,
E€A. Ecnmn 661 B A cywmectsoBano a > &, To, 6epsfi pauuoHaJbHOE
a wmexay & wu a, umean 6w a’ € A’ u, 3Hauut, a’ < § (Bonpeku
BRIGOpPY uHcna a’).

Ecau 66t £€ B, To coBeplleHHO TaK >Ke MH JOKasaju Obl, YTO
E ecrb Haumenbinee B B. Hakowen, ecnis 6u1 B A 6bU10 HauGosbilee,
a B B—wuaumenbuiee 4ucg0, TO NMOJYYHAH Obl MPOTHBOpEUYHE C Teo-
pemoit 3. ‘

3aMeuaHue O TeOMETpPHYECKOM H306paxkenuu Jeil-
CTBUTEJBHEX 4YHCeJ . YKe B sjeMeHTapHOR anrebpe, ucxous
M3 HAMBHOIO MpeJCTaBieHusi O NMPAMON JIKHUHM, MOKA3bIBAETCH, Kak,
B3SB Ha NpAMOil JiBe TOUKH —HYJEBYIO TOUKY (WJIU «Hayajo Koop-
AMHATY) W €HHHYHYIO, — MOXXHO HAHECTH Ha 3ITOH NpPSIMOH CeTKy Tak
1143bIBACMBIX DPAHOHANBHBIX TOYEK, HAXOMAAUIMXCS BO B34HMHO OfHO-
3HAYHOM COOTBETCTBHH C PALHOHAJBHBIMM YMCJIAMH. DTOT TPOLECe
HOCTPOEHUS. MHOJKECTBA BCEeX pALMOHAJBHLIX TOUYEK MPAMON MOKeT
fbiTlL, CTpOro oGOCHOBaH, T.e. BHBeJeH U3 CHCTEMBI AKCHOM 3JeMeH-
TAPHON reOMeTpPHU, B PACCMOTPEHHE KOTOPBIX MBI 3JeCh BXOAUTH He
GyneM. DTU ke AKCHOMBL MO3BOJISIOT MOCTABUTH OCTAaNbHEIE (T. €. He
palHoHaJbHble) TOUKH TPSMOH BO B3aHMHO OJHO3HAYHOE COOTBET-
CTBYE C HMPPALUOHAJBHBIMM YHCAAMHM, TdK YTO B pe3ysbTare ycra-
HABJIHBAETCS B3aHMHO OfHO3HATHOE COOTBETCTBHE MEKIY MHOKECTBOM
BCEX TOYEK MNpfAMOA M MIOXECTBOM BCeX MACHCTBUTENbHBIX HHCE.
YCTaHOBUB pa3 HABCErJa TAKOe COOTBETCTBHE, Mbl TOBOPHM O «4uC-
JIOBOH npsiMOii», Bripoden, yuTaTeIb MOXKET OFPAHHYUTLCA TEM, YTOGHI
MOMPOCTY HA3bIBAThL JAEHCTBUTENILRBE UMC/IA TOUKAMH YUCJOBOW Mps-
MOl ¥ B PACCYKICHHAX O HHUX MOJIb30BATbCH TEOMETPUYECKUM f3bi-
koM. Tak, Hanmpumep, BMeCTO TOTO, YTOObl T'OBOPUTH, YTO AEHCTBH-
TeJBHOE UHCJO @ MEHblue AeilCTBUTENLHOrO Yucna b, Mbl GyleM 4acTo
FOBOPUTH, YTO TOYKZ @ JIEXKHUT JeBee TOYKH b, H T. I,
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Onpepenenne 3. MHoxectBo M, cocrosiee H3 ReHCTBUTENb-
HEIX UUCeJI, HA3BIBAETCS 0ZPAHUUEHHOIM CeepXy (COOTBETCTBEHHO CHU3Y),
eClU CYIHEeCTBYET TAKOE YHCHO C, YTO BCE JIEMEHTHI TOTO MHOXKECTBA
MeHblUe (cooTBeTCTBeHHO Gosbie) ueM ¢. MHOXeCTBO HasbiBaeTCH
02PAHUUEHHbIM, €CTTH OHO OJTHOBPEMEHHO OI'DAHHYEHO H CBepXY U CHU3Y.

Tlycre MBI umeeM HemycToe MHOXecTBO M, orpanuuyeHHOe CBEpXY.
OG6o3HauuM uyepes B MHOXKECTBO BCEX TOYEK YUCJOBOH NpsiMOH, Je-
)Kaulux BNpaBo OT BCeX Touek, ofpasylomux MHoxecTso M, u uepes
A MHORKecTBO BceX eHCTBUTEJNBHBIX uuces, He Bomeamux B B. Ouye-
BHAHO, A COCTOMT M3 BCEX TE€X TOUEK X, [ KaXJIOH U3 KOTOPHIX
UMEeTC XOThb OJiHA TO4YKA § MHOxecTBa M, yJoBieTBOpAIOmAs yc-
Josuo x < E; ciaeloBatenibHo, M < A.

Ilycte a—nmpousBosibHAas Toyka MiloxectBa A, b—npousBosb-
Haf TOUKa MHOKecTBa B; Tak kKak a € A, To cywmecrsyer Touxka £ € M
Takas, 4To @ <C &; Tak Kak b€ B, 1o § < b. Cnegorartennio, a < b,
T.e. (4, B) ecTb ceueHUe B MHOXKECTBE BCeX IEACTBUTENBLHBIX YH-
ceJsl; 3TO CeyeHue Ha OCHOBAHMH TeOpeMbi D onpejenser AeiiCTBUTETb-
Hoe gucio By, KoTopoe ecTb JnGo nHauGoabliee B A, THG0 HauMEHb-
ee B B.

Jlokaxkem, 4To 4ucro Py ecmp Haumenstiee u3 écex Oeticmeumens-
HbiX 4quces P, Yo08aemeOPUIOULUX YCAOBUID:

P=E 0an acex EEM. ¢))

B camom gnene, B, ects nuGo HamGosnbuwee uwucao B A, auGo
HauMenblee B B. M B ToM u B Apyrom cayuyae B, He Moxer ObTh
MeHbille HHKAaKoro uucsia § € A, cllefoBateNibHO, U MOJABHO HE MO-
>KeT ObIThb Melibule Hukakoro &€ M.

C npyroil CTOPOHEL, L BCAKOTo a < f MOXHO Hailtu @’ mexny
a u P, Tak Kak a’ € A, to cywectByer Takoe §€M, uro a’ <,
snauut, @ << §. Tarum obpasom, f ecTb AeACTBHTEIbHO HAUMEHbILEE
quesI0 cpean Beex yucea P, yaosaersopsiouux ycaosuio (1). Yucno
4 OAHO3HAUHO OMpejie/leHO IJisg BCAKOIO HENYCTOTO OrpaHHyenHoro
CBEPXY MHOXecTBA M H HA3HIBAETCH B8epXHE0 2PaHbIO MHOXecTBA M.

Bepxmiolo rpanb mHoxecTBa M bl OyjeM o6o3HayaTh TaK: sup M
(unTaerca: supremum, yjapeHnue Ha «ew).

Bepxuasa rpaHb MHOXKECTBA B OfHHX CJIYYafX TPHHALAEKUT
K MHOXKeCTBY, a B ApPYIHX—HeT, KaK BUAHO U3 NPUMEpPOB:

1. MHoxXecTBO BceX LEJBIX OTPUIlATENbHBIX UHCEJ HMEET CBOelo
BePXHEI T'paHbio upciao — |, npuHajnexaumee K 3TOMY MHOMXKECTBY.

2. MHOXeCTBO BCeX OTPHLATEJIbHBIX HHCEJ HMEeT CBOEIO BepXHEl
rpaibio uucao 0, He mpuramiexaiiee K 3TOMY MHOMKECTBY.

3. Uurepsan (0; 1) umcer BepxHew rpaHbio yucao 1, He TpH-
Hajjexauiee K HeMy.

4. Cerment [0; 1] umeer BepxHelo rpasbio yucjo 1, nmpuHapgie-
Kamee K Hemy.
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5. MuoxecTso M, cocrosilee H3 BcEX pAUMOHANBLHBIX WYHCE,
MEHBIIMX EJMHHULI, WMeeT BepXHeI0 TIpaHbiO uyucao 1, He npunan-
Jexkaliee X Hemy. _

IlycTe Tenepb AaHO HemycToe MHOMXECTBO M, orpanuyeHHOe CHUY.
OrneceM K knaccy A BCe yuC/Ia, KOTOpPHIE MEHBILE BCEX 3JEMEHTOB
MHOXecTBa M, K Kaaccy B-—Bce ocTasbHbIe ReHCTBHTENBHBE YUca.
Takum o6pa3soM, nonyyaeM ceueHHe B MHOXKECTBE BCEX JEHCTBHTEJb-
HBIX 4KCeJ, ONpeje/Alollee HEKOTOpOe YHCJIO Q. Paccyxkiennsvu,
COBEpIUEHHO AHAJIOTHYHBIMA ‘TEM, KOTOPHie GBLIA TOMBKO YTO MpoBe-
JeHbl, Mbl yOexnaeMcsi B TOM, UTO Qy ecnib Hauboaviuee cpedu ecex
uucen @, Y008AEMBOPAIOUUX YCa08ul0: < E, KaKoso boL Hu Bbiao E € M.
Yucno a, HasHBaeTCA HudcHell 2panblo MHoXectBa M u ofo3na-
yaercst inf M (uuraerca: infimum, ynaperne na nepBom «i»).

M3 npeppiaymux onpejesennil .ciaenyer:

Teopema 6. Hem nu odnoii mouxu muomecmea M, pacnoaio-
ocennoil creea om a=inf M, no ecakuti noayceemenm suda [o; b)
codepacum no kpaiiHeli mepe oony mouxy &€ M.

Teopema 7. Hem nu o00HOUL mouku muoxcecmsa M, pacnoao-
aennod cnpasa om P =sup M, no scakuii noayceemenm suda (a; f]
codepacum xomb 00HYy mouky &€ M.

Ecoi MHOXecTBO M OrpanuvyeHo, TO OHO HMEET H HIKHIOI rpab
o u sepxuio rpanb B, Cerment |a; f] copepxxut Bce MHOMECTBO M
H €CTh HaHMElbLWHA CErMEHT, COAEPKAUINH 3TO MHOXKECTBO (APY UMK
CJIOBaMH, HHKAKOH CeLMeHT, COCTaBAAIOMUA COGCTBEHHYIO YaCTL cer-
Menra [o; B], yXKe He CONepKHT Bcex ToueK MHOxkecTBa M).

OueBuaHO, eciu B MHOXecTBe M ecTb HauGosbliee (HauMeHbILEe)
YHCJIO Y, TO Y eCTh BepxXHAfl (HHXKHAf) rpaHb MHOXKecTBa M.

Teopema 8. Ecau M ocpanuueno ceepxy u M, = M, mo
sup M, <Csup M. '

B camom jpene, nycts (A, B) ecThb ceuerne, onpesesioniee sup M,
a (4,, B,)—cooTBercrByIoUlee ceuenue aaa sup M;. M3 onpenenenuii
kaaccoB B u B, crepyer, uro B, = B, u, sHauut, sup M, <sup M.

CoBepilieHHO TaK e JOKa3bIBAeTCA

Teopema 9. Ecau M oepanuyerno cuuzy u M, <= M, mo

inf M, = inf M.

Cnepcreue. Ecau M cocmoum u3 wucea, MeHoUWIUX UL PABHLIX 4
(rie a—npousBOJIbHOE JEHCTBUTEJbHOE 4HHCAO), mo sup M <a.

B camom pene, mMHOXKecTBO M sBISieTCA YAcTBIO MHOXECTBA A
BceX yucesa x<Ca ¥ no teopeme 8 sup M<Csup A =a.

Ananoruyso, ecau M cocmoum u3 wucea, 66/bUlUX WAL PABHBIX a,
mo iniM=a.

Onpenenenue 4. Paccmosnuem mendy 08yms payuoHAAbHbLMU
moukamu a u b>a Ha npamoii HasbIBaeTcs YHCHO b—a.

Ilycte viveeM 1Ba HeHCTBHTEJbHBIX yucaa a ¥ b > a. PaceMorpum
MHOXeCTBO M, CoCTofilulee H3 PaLMOHANBHBIX YHCEN, SBJASIOUIHXCH
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PACCTOAHUAMHA MeXAy KaKHMH-Tu60 ABYMS PALHOHAJbHBIMH TOYKAMH
cermenta [a; b]. Bepxusas rpaHb (O4eBHAHO, OrpaHHYEHHOID) MHO-
KectBa M HasBBACTCA PACCMOAHUEM MexcOy moukamu a u b u oGo3na-
yaetcs P (a, b); 3T0 XKe YHC/IO HA3bIBAETCA OAUHOIO cerMenTta [a; b}
(u uurepBana (a; b)).

JlokaxkeM Terepb CJIeAYIOULYI0, BO MHOTHX CJy4asiXx [0Je31yI0
Teopemy:

Teopema 10. Jlyeme P u Q cymo 0sa maxkux Henycmoix mHo-
sicecmsa, 4mo Kaxcoas mouka muoscecmsa P pacnosoxcena sesee, uem
mobas mouxa muoxecmsa Q. Ecau, kpome mozo, daa awboeo & >0
umeromes Oge mouku x € P, y€ Q, paccmosnue Mexoy KOmMopsimu
Merbuie €, Mo

sup P=inf Q.

HoxasartenbcTtBo. Ilpexnae Bcero, MuoXKecTBO P orpanuyeHo
ceepxy, a Q —cnusy. Ilycrn

p=supP, a—=iniQ.

Ecnu G6bl Gbiio o <P, 10 B (o0; ] umeaacrs 6m Touka x€ P, a
B [a; X)—TouKa y € Q H, BONpeKH NPeAno/IoKeHHUIO, Obl10 Obl i < X.

Hrak, f<<a. Ecau Obl Obito B < @, To, B3AB pauHOHAJbLHBIE
yucaa a, b Tak, yrobbl o << a < b <P, Mbl uUMeaH Obl A JHOOBIX
X € P, y€ Q Hepasencrso p (X, y) > b—a, BONPEKH NPEAINONOKEHHIO.
Teopema nokasaua.

M3 rteopemst 10 BoiTekaer

Caepcreue 1. ITycme mHomecmea P u Q ydosaemsopsiom yc-
ao0suro meopemor 10, u nyeme E=sup P=inf Q. Ecau P, =P u
Q,= Q obradaom mem ceoticmsom, umo 0as Kaxcdozo € >0 MoxcHO
ratimu 08e mouku X € P u y € Q,, yoosaemsopsioujue ycrosuw p (X, y) <&,
mo sup P, =inf Q,=E.

B camom gnene, P, n Q, yjosleTBopfioT Yyc/a0BHIO Teopemsl 10,
cneposatenbHo, sup P, =inf Q,=§,. Ho T1ax kak P, =P, Q,=Q,
To (Ha ocHoBanHH TeopeMm 8, 9)

§1<§’ El)g’
T.e. §E, =E.

CanencrBue 2. Ecau (A, B) ecmb cewerue 6 mHoxecmse 6cex
PAYUOHANBHBLX (COOMBEMCMBEHHO 8CeX OeliCmBUMENbHbIX) YUCeA L eCAl
E ecmb uucao, onpelersiemMoe 3MUM CeueHUCM, MO

E=sup A=infB.

B camom nene, mapa MuoxectB A u B ypnosieTBopsieT (Ha oc-
HOBaHHMH Teopembl 4) BceM ycJoB#aM Teopembl 10, Tak uyro sup A =
= inf B-=¢'. Tak kak & He wmeHbiue Jio6oro uucja 3 A ¥u He
Gosible goboro uncaa us B, to sup A << E < ini B u, 31auut, §=§¢’',
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Crnencreue 3. [Tycme umeem yobBAIOWYI0 nOCACO0BAMENLHOCTTL
CeZMeHmos

A=A =...2A,2..., A,=[a,;b,]

npuuem OAUHA CeeMeHmo8 A, CpeMUmcs K HYMo npu 603pacmanuu n.
Cywecmsyem 00Ha u moabko 00Ha mouxa &, npuHadiexacauwas ecem
cezmenman A,
B camom jpese, mMnoxecTso P, cocrosilllee W3 BceX TO4YeK a,, M
MHOXeCTBO Q, cocrosilee W3 BceX Touek b,, OYeBHAHO, YyIOBJIETBO-
pAIOT BceM ycaoBusim Teopemsl 10; mosTomy

sup P=inf Q =§,

npuuem aad Jwo6oro n wuMeeM a,< E=<(b,, T.e. E€A,. Eciu 6u
cyllecTBOBaJa BTopas Touka E', mpuHagsexamas BceM A,, To AnxHA
V, He Morvia Obl HeorpaHHYeHHO YOBIBATH, BOIPEKH HaIUeMY YCJIOBUIO.

§ 3. JedcTBHS Haj AEHCTBHTENLHLIMH YHCAAMH

Ilpumenum teopemy 10 KX onpejenennio CJAOKEHHA M YMIOMKCHUA
JNEeHRCTBUTENbHBIX Yuces.

IlycTs paumbl jgBa jpefcTBUTENIbHBIX yucaa X U y. Uueaa x u y
onpenesoT ceveuust (A,, By) u (4, B,) B MHOXeCTBe BceX pauuo-
HaJbHBIX yuces, npuueM A, (cooTBeTcTBeHHO A,) COCTOHT H3 BCex
PALMOHAJIBHBIX YHCEJ @, <X (COOTBETCTBEHNO @, < Y); HA OCHOBAHUH
TeopeMsl 4 MOXHO /151 BCAKOTO [OJIOXKHTeNbHOFO € > () HaliTH Takue
yucaa a, € A,, b, € B,, coorercrpermo a, € 4,, b, € B, uro

0<b,—a,<e, coorserctBertio 0 <b,—a,6 <e. )

PaccMoTpuM Teneph MHOXKecTBO A BCex paLMOHAJbHBIX 4¥ce] BUAA
a,-a,, rne a,, a,— NpoU3BOJIbHBIE JEMEHTH U3 A, COOTBETCTBEHHO
U3 A, pacCMOTpUM TaKyKe MHOXKECTBO B BceX paluOlaJbHBIX Yuce
Bupa b,+0b,, roe b.€B, n b,€B,. Tak Kaxk Kaxjoe a, meubiie
Kaxuoro b, u Kaxjoe a, Mellbile Kaxjporo b, To Kaxpoe a,-a,
MeHblle Kaxjoro b,--b,. Kpome Toro, xakoso Obl Hu Obl10 € >0,
MOKHO HaHTH @ =a, 4-a,€ A ub=>b,4 b, € B TaKkue, ytobul b, —a,<
& €
<45 H b,—a, < ~ 3 BHAYHT, 0<b—a<e.
Mnoxecrsa A 1 B ypoBieTBOpsOT, TaKuMm 06pa3oM, BCeM ycJio-
BuAM Teopembl 10, Tak yro sup A =inf B=E. Tenepponpeneasiem:

E=x-+y.

Ecin x n y o6a paudoHasbHbl, TO Halle onpeaeselne CyMMBI
x-y npespaniaercas B oObluHOE; B CAMOM JieJie, [0 ONpPEAEJIEHHIO
MHOXECTBA A YHCJIO X+ eCTb B 3TOM CJyyae nauboJibiiee yucao B 4.

3ameTnM, HaKOHEl, YTO eC/M X — palidOHadbHOE YHCIO, T0 X -y
eCTh BepXHfisi TPaHb MHOXKECTBA BCEX pALHOHANBHBIX YHCEJN BHAA
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x—{—ay, rpe a”—-mo60e pallHoHa/1blIoe YHCT10, HE NpeBocXoasiiiee Y.
Orciofla, B yacTHOCTH, crepyer, yro 0--y=y.
Onpepneneriioe TaKUM 06pa3’oM C/JI0XKEHIE, OYEBHJIHO, KOMMYTa-
THUBHO!:
Xty=y-+x.

JIJISI TOTO yTOOLI JOKa3aTh, YTO OHO acCoOLMAaTHBHO, T, €. 4TO
&rly)t+z=x+y+2),

PaccMOTPUM CJellylomiye MHOMKECTBA PALMOHAABHBIX UMCeT:
1+ COCTOSLCE H3 BCEX UHMCCA BHAA Gy -Gy (TAC Qxiy<<X-'-y, a,<C2);
By, cocrosimiee u3 BeeX byyytby (ae byiy > x--y, by > 2);
Ay, cocTosimiee H3 BCEX Oy -i-Uy+ g5
B,, cocrosiee us Beex by--b, . 5
Ag, cocTosimiee U3 BCeX ay -0, --dz;
By, cocrosiutee Ha3 Beex by by-+b,.
QueBujHo,

-

Ay = Ay, A= A,
By=B,, By=B,.
Tak xark nwo6as mapa Muoweers (A;, Bj), i=:1, 2, 3, yioBaersopsieT yc.a0BHSAM
Teopemei 10, To M3 caedcTsust | 3TOf Teopembt BHITEK3eT, 4TO
sup Ag—inf Bg-=sup A, =-inf By == (x--y) 4-2,
sup Ag:=inf By=sup A, —inf By =x-1-(y -}-2),

(¢ ) z=x (- 2

uTo H Tpeéoaa:{ocx, J0Ka3aTh.

Iasi Ttoro uroGbt OnpejesHTh BBIYITAIINE JENCTBUTEIBHBIX uucesn,
HYJKHO OMNpeAe]UTh CHayajaa A1 KaxTIoro AefCTBUTENBHOTO YiCAa X
yueso — x. [ 3Toro paccMoTpiiM MHOXKECTBO B Bcex pailHOHAJMb-
HBIX yHcesd bZ>x W MuoxectBo A Bcex pauUHOHaJbHLIX yucel a < X.
B A Her nHauboJsblliero yucsa; ecjad Xe B B ecth HaUMeHbilLee 4YucJI0,
TO OHO HelpeMeHHO COBNAA2eT ¢ X, TaK Kak x=inf B. OGosnayum

yepes A MHoXecTBO BceXx uucen — b; ocraBliHecs pailyoHasibHbIe

yucaa o6pasyloT MHOXKeCTBo B, cocTosilee H3 BCeX yucea —a; pas-
Guenne (A, B) ectb CeyeHue MHOXKECTBA BCEX PallMOHAJBUBIX ynced.

FEcau 8 A ectb HauGogbLiee YUCIO f, TO — f =X (KaK [HaUMellb-
ee YHcIo B B); TOrAa M X M y==-— X pPaLHOHANbHBI. 3aMETHM, 4TO
B B Her HauMeHblUero yucia (Tak Kak B A ner HauGoJbliiero);
nostomy, eciiy B A Her Haubogbpliero uwucaa, To cedenue (A4, B)
orpeje1aeT HPPaIHOHANbHOE UHCIO, KOTOPOE MBI HA3blBaeM YIiC/OM
—x (B 3TOM cayyae B B HeT HauMeHblIETro yucia, W TakK Kak B A
HeT HauboJIblIero, TO W X uppaumonaseio). Ecim x>0, 1o 0€ 4,
ciejosareabto, 0 € B, t.e. —x <0, u ofparito. Takum obpason,
ecan x==0, To ojHO H3 JABYX 4HCEd X U —X TNOJOKHTEILIC,
ApYroe OTpPHLATE/bHO; IMOJOKUTEIbHOE H3 JABYX 4YHCET X M —X
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o6o3Hayaetcs yepe3 |x| W HasbiBaeTcs abcoamHoll 8eAuutHOl Yucesn
X u—X.

UnraTe10 npejocTaBasieTcsi caMOMY J0Ka3aTth, 4TO H3 JBYX OT-
pHUATeabHBIX YHCEJ TO GoJibile, Y KOTOPOro aGCoJIOTHAs BeaHyMHA
MeHbLIE.

JokaxeM, uro x-+(—x)=0. B camoM pene, no onpesnesnenunio
cymmbl X -+(—x)=sup 4, rre A ecTb MHOXeCTBO BCEX palUONalb-
HBIX uyuce] BHAA a-+a, npuyem a<{x, a <l —X.

3aMeTHM Inpexje BCero, YTo MHOXEeCTBO A HE CONepXKHUT HHMKa-
KOro [OJIOXKHTeJbHOTO uucia. B camom pese, cpeay aByx uucesn X
B —X OJHO, IYCTb X, MOJOXUTEJbHO, APYFO€ OTPULATE/IBHO, a 11O~

TOMY @ OTPHUATENbHO U |a@|>x. EC/M @ oTpULATeNbHO WIH HYJb,

TO @-+a TaKXKe OTPULATEJBHO; €CAH Ke a MOJOXKHTEJIBHO, TO, Tak,
KaK B 3TOM cayyae a=|al, |a|<<x=|x|, crenoBaresbHo, |a|<<
<|al, u, 3HaYMT, @-+a OTPHUATENHHO MIM Hyab. MUTaK, X - (—x)
He MOXeT OBbITb [OJOXHTENbHBIM UHCJAOM.

JokaxeMm, uto X--(— X) He MOXeT GbITh OTPHUATEIbHBIM.

B camom gene, ecau sup A <0, To Bo3bMEM, BO-NepBBIX, PAIUO-
HajbHoe yucao r Mexay sup A u 0, BO-BTOpPHIX, ABa TAKHX paLHO-
HaJbHBIX uyucaa r’ u r”, yToOnl

r'<x<r", r—r' <|r|=—r.

HMmeeM —r" < —x, otciona m u3 r’ < x crepyer, yto r'—r" =
=r'4(—r")eA. C npyroil cropoust, r"—r’ < —r, 3HauuT, r’' —
—r">r >sup A, 4To NpOTHBOpeYHUT ToMy, 4ro r'—r” € A. Pasen-
crBo X -+(— x)=0 poxasaHo.

Pasnocmerw 1Byx aeHCTBHTEJNBHBIX YHMCEJ X H y HasbiBaeTcd jeil-
CTBUTENbHOE YHCHAO X +-(— y); ono obo3Hayaercs yepes X—y.

Boiynranue, onpenenendoe TakuM 06pas’om, ecTb aeicTBue, 00-
paTHOe CJOXeHH10. B camoMm Jese,

=) +y=E+(—y)+y=x+{(—y+y)=x+0=x.

M3 npuBeseHuBX CBOMCTB CJOXEHUA, BHIYUTAHHA H YMHOXKEHUS
CTelyiOT, KaK H3BEeCTHO, Bce M3naraemble B 3/€MEHTApHOH aareGpe
npaBuja, Kacawolliecsi 3THX AEHCTBui.

HoxaxeMm, Hakonel, yto aGcoJIOTHAA BeJHYUNA PA3HOCTH ABYX
Yyuces X M y PAaBHA PACCTOAHMIO MeXJy TOYKaMH X H Y.

IMyers y < x. Hago pokasarte, uto x—y=p (x, y). Has storo
paccMOTPHUM MHOXECTBa: 3

A: Bcex umucen a,+a,, rae a, ¥ @, PamHOHANbHBL, @, X, @, <
<—y n

D: Bcex uucen BuUAa a,—a,, TA€ Q; U @, PAUMOHAJbHB, Yy <
La, <a,<x.

TaK KaK JeMeHTHl MHOXecTBa D MoryT ObiTh 3amucanbl B BHAe
a;+a,, rae a,= — a; YROBJETBOpAET YCIOBHIO — x < &), <<—y,
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10 gcHo, 4yro supD=sup A. Ho supD=p(x, y), a supA=x+
+ (—y)=x—y, uto H TpeOoBajoCch HKOKa3aTh.

YMHOXeHHUE JABYX ReHCTBUTEJBHBIX YHCEN X W y Mpl cHadaja
olnpejiensieM B npeanoJioxenud, yro x>0, y>0. Mol 310 zenaem
AHAJIOTHYHO TOMY, KaK ONpelelsjd B CBOE BpeMf CJOXeHue *):
MmioxecTso A onpefesMM Kak MHOXKECTBO BCEX YMCEN BHIA .,
rae a,, @, paunoHassuel, 0<Ca,<x, 0<Ca,<<y; MHOXKECTBO B
ONpefe/IHM KAK MHOMXKEeCTBO BCEX YHCE anxa b, THe by>x u
b, >y paunonanphsl. IlycTh naHO NpOM3BOJIBHOE paNUOHAJILHOE
s>0 HyCTb m ecThb HaTtypajbHOE Yucjao, OoJbluee, 4YeM YHUCIAa

41, y4-1, —2—. BriGepem ay, b, a,, b, TaK, 4TOOH
€ £
0<b—a,< 5.y 0<0,—a,<5-.
Torpa a.a,€ A, b,b,€8B, u Tak KaK

TO
0 <byb,—a.a,=b,(b,—a,)+a,(b—a,) <
e e e e

<bigpt @ Syty=e

4 [OTOMY MBI HAaXOIHMCfl BHOBb B YcJ0BHAX Teopemsl 10 u
sup A =inf B.

Yueao sup A=inf B Mbl HasbiBaeM npousgedeHuem Xy RAHHBIX pelf-
CTBUTEJIHHIX YHCEN X U Y.

[Nocne Toro xak jaefdcTeHe YMHOMKEHHs Onpejpesneno AAs HEoTpH-
11aTe/1bHBIX YHMCesd, Mbi PacipocTpaHsieM ero W Ha OTpHUlaTelbHbE,
nosaras npd x>0, y >0

x(—y) =(—x)y=—(xy),
(— x)(—y)=xy.

JloxasatenbCTBO OCHOBHBIX CBOHCTB YMHOXeHHs (KOMMYTaTuB-
1GCTh, ACCOUHATHBHOCTb, AUCTPHUOYTUBHOCTL .10 OTHOUIEHHIO K CJIO-
}K"HmO) a takxe csoicrs x-0=0, x- 1 = x Moxer GbiTb mpejocTaB-
nexo uuTatenio. Jlajee, YMTATeNi0 TPEAOCTABAETCA CAMOMY ONpe-

IenuTh jeiicTBHe fAeneHHsi (KaK o6GpaTHoe YMHOMeUH0) mo obpasuy
TOro, Kak BBejeHo JefcTBUe BhIyMTaHuA. [lpu 3TOM HAajgo Hauath

. 1
€ HENOCPEACTBEHHOTO Olipene/feHns yucaa — (cHavana npu x> 0),
yKa3aB COOTBeTCTBYyIOLIEE CeyeHHe MHOXKECTBA PAlUOHAJbHBIX yHCes,

*) Ilpn oupejenchuu cloxeHnd HepaseHcTBa X =0, y =0, oauaxo, ue npejg~
AI0J1araHCD,
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1 x
JA0KasaThp IHnOTOM, 4TO x-7=1, H OIpeAeJnThb, HAKOHeU, 7 Ka__K

x~—;— (mpu y=~0). IlpoBezenre Bcex OTHOCAUIUXCH CIOJA pPaccys-

JeHHii OyJleT XOpOILUMM YIpaXKHEHUEM.

3aMeyaHde O MONOJHEHUHN YHCJAOBON NpsAMOH ABY-
Mg «HeCOOCTBEHHBIMH» TOYKAaMH -Joo H —oo. Hiorga
6niBaeT yA00HO Hapsay € OOBIUHBIMM TOYKAMM UYHCJIOBOM IpsiMOIt
(B3aUMHO OJHO3HAYHO COOTBETCTBYIOUIUMH NEHCTBUTEJbHBIM YHC/IAM
H OTOXJECTBJEHHbIMH HaMH C 3THMH TOCJEJIHHMH) BBECTH eille JBe
HOBbIe «1ecOOCTBEHHBIE» TOUKH, 0603HAyaeMble 4epe3 -}-co H —oo.
Ilpu sTom 3TH 1Be HecoGCTBEHHbBIE TOYKH CBR3BIBAIOTCA C OGBIYHBIMA
TOYKAMH CJELYIOHMMH COOTHOLIEHHAMIU:

1° aa1a moboro JeficTRUTENBHOrO YHcjIa X NoJaraem

—o0 L ¥ < + o0,
B COOTBETCTBHH C UYeM YCTAaHAaB/JIMBAeTCH M HEPaBEHCTBO
—00 < - 00;

2° gnsi moGoro JeiCTBHTeNbHOrO uHucsaa X
(+l-00) - x = x 4 (4-00) = |00,
(—oo)+x=x-F(—00)=—o00,

~+00 -+ (+-00) = +o0,

—00 + (—o0) = —oo0,

—(4o00)=—00, —(—00)=-foc0,

B COOTBETCTBHH ¢ UeM s JI060ro neliCTBUTENLHOIO X
x—(+00) ==X+ (—o0) = —o0,
x—(—o0)=x+4(-}+o0)=-}o00;

3° pmas Ji060ro NOJOXKHUTESHHOrO YHCIA X

x+(+00) = (+00) & = (+00) - (+00) = (—00) - (—00) = +-0,

X+(—00)=(—00)- £ =(4-00)-(—00) == (—00)-(+00) = —o0.
Jlna oTpunaTteJbHOro X noJiaraeM

%+(++00) = —(— %) (400) = —o0

H T. I

B oTanuyHe OT 3TUX NpaBUJ AeHCTBHUIl, MB AelcTBUS -}-00 - (—o0),
a Takxe (-00)-0, (—oo)-0 onpeneaste He OyaeM, TaK Kak pasyM-
HBIM 00pa3oM HX OmpejesuTbh Hesb3fi. UHCIOBYIO NpsAMYO, IOMOJ-

HEHHYIO TOYKaMM —-00 H —oo, OyJeM Ha3blBATh pacClUMpeHHOH yuc-
JoBOH npsiMOi H OOo3HauaTh uepes R*.
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§ 4. Pa3noxenue REHCTBHTENbHLIX YHCeJd B JBOH4YHBLIE APOGH.
MownocTh KOHTHHYYMa

Cerment [0; 1] Ha30BeM cermMeHTOM HYJIEBOrO paHra M o6o3HayuMm
1
yepe3 A. CermenTsl [0; ?] 5

BOro paHra ¥ o6Go3HAYMM COOTBeTcTBeHHO uyepe3 A, u A,. Kaxapiit
W3 CerMEHTOB [epBOro paHra pasfie/luM IOIM0/1aM; MONYYHM YeTnipe
cerMeHTa BTOPOro paHra:

1 1 1 1 3 3
AOO:[O; T]r A01=[T; ?]v A“’:[_‘Z—; T:]v A11=[_4“; 1].

VBOOGLHE, CerMeHThl 71-r0 paHra noJy4aloTcsi OT AeJeHUsl NOoroJiam

1] HAa30BeM CErMEHTAMH Iep-

1
cerMeHTOB (n—1)-ro panra, umeror aiuHy o H 0003HauaioTCH yepes

A, .. .4, TR iy, ..., {, HE3aBUCHMO APyl OT ApPYra MpUHHUMAIOT

snavenus O u 1; npu s1oM Ay .. ¢ o M Ay ...¢ _ 1 CYTb COOTBeT-

CTBEHHO J€Bafdg KW NpaBas NOJOBHHbI CErMEHTA A[l N S

-1

IMycte x—Kakoe-uuGynb peficTBUTENBHOE umcAo. Ecau x we
1ejoe, TO OHO SsBJAAETCS BHYTpPeHHeHl TOYKOH OJAHOLO H TOJBKO
OJHOrO cerMenTa Bupa |k; k--1|, rae k—uesoe; uncio k£ o6osua-
qaercA yepe3 [x] u mHasbiBaeTcs yesod wacmpio x; TOorna x =~k+x’,
rre x' npurapiexut uxrepsaay (0;1). Paccmorpum cuavana cay-

@ m
yaif, Korxa x’ He WMeeT BHJa on (npu uenom m). Torpa x" npu-

HaJJIeXXHUT eJMHCTBEHHOMY CEerMEHTYy NepBOro paHra A;, exuHCTBel-
HOMY CerMeHTy BToporo panra A;;,cA;, BooGwe, nOpH J06ov

n—eJaMHCTBEHHOMY CerMeHTy n-ro panra A; . i,- Takum o6pasom,
QJHO3HAYHO OMNpefe/feTcs MOC/ef0BATEAbHOCTL CErMEHTOB
AleAi‘szA[lfzfsj...DA[l_”inD..., (1)

equHCTBEHIION Of6lwe# Toukol KoTopweix M sBiasercsa x'. Ilocneposa-
TeNbHOCTh YHCE
Dyy Gay gy avey Dpy ouey 2)

#3 KOTOpHIX Kaxjoe ecTb 0 uau 1, Takxe omnpeneneHa ofHo3HAYHO
Y HAa3bIBAETCA H0OCAe008AMEALHOCHIBIO OBOUYHLIX 3HAKOS NeHCTBHTENb-
HOro ymucja X' M AeHCTBUTENBHOTO yucJda X =& --x’; caMH 3TH gyHucaa
3anHUCHIBAIOTCA B BHJE

X =0, Liyige. ipee; x=Fk, i\dyig...ip..., (2)

¥ 3aNdCH 3TH Ha3bIBAIOTCA PABAONEHUAMI COOTBETCTBYIOMHX YHCEJ
B OECKOHEYHYIO RBOMYHYIO JPOOH.

ITycte Tenepn x’ € (0; 1) ectb Tak HaseiBaeMoe B80u4HoO-paylo-
HAAHOE 4UCAO, T. €. UMEeT BHI

¥ =5, (3)
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m
rae ﬂ.pOGb 3 HecoKpaTuMma, H, CJAeAOBATEJNbHO, /7 B npezxcmsme-

HHUM (3) HMeeT HaHMeHbllee BO3MOXHoe 3naveHue. Torpa x’ sipasercs
oOIKMM KOHIOM ABYX cerMenTtoB A, u A, paHra n, Hanmpumep npa-
BbIM KOHHOM cCerMeHTa A, W JeBHIM KOHHOM cermMeHra A, (3aech
MOJOXKEHO A KPaTKOCTH #=<i,...0,,0 v # =i ...i,_,1). Torna
X' 6yper npaBbIM KOHUOM cerMeHTa A,; H JeBbIM KOHUOM CerMeuTa
A.,.,, TpaBbiM KOHIOM cermenra A,;; H JieBbIM KOHLOM CermMeHTa
A u T. 1. Takum obpa3soM, yHcjO X' Onpenejser He ONHY, a JBe
[0C.1e0BaTe bHOCTH cermenToB Buia (1), a muMeHHo:

Ao DA, DAL 0D A, DAL oD
H
Ao DA, DA, DA 10DBG 100D,

B COOTBETCTBHH € YEM Mbl MOJYYMM H JABE€ I[OC/IEJOBATEIbIOCTH
JABOHYHBIX 3HAKOB yucja x':

By eeer ipeyy 0, 1,1, 1, ..,
| }

0 0 0, ... (4

iy eeey P nets

M3 KOTOPHIX, HAYMHAS C paHra n--1, oHa COCTOMT M3 OAHHX HY.IeH,
a BTOpas—H3 OfHHX epuHHU. Uucjaa x ¥ X’ HMEIOT MO JBa JBOHY-
HBIX pasJioXeHHA.

Ilycrs, obGparHo, MBI MMeeM IIOCAEROBATE/bHOCTh

iy fay fas ey by voey 1,=0 uan 1, 2)

otnnynyw 01 0,0,0, ..., 0, ...unor 1, 1,1, ..., 1, ... Eff coor-
BETCTBYeT MOCAE0BaTeJbHOCTh cermenToB (1) ¢ eauncTBenHOMN obuieli
‘rouKoil x', # (2) eCTb MOCNAEAOBATENBHOCTD JBOHYHBIX 3HAKOB yHcaa x'.
Ecsu Mbl ¥MeeM JiBe pas3/nyHble HOC/1eA0BaTeNbHOCTH BHJA (2), onpe-
Jessiiolle OJHO M TO e JeficTBUTENbHOE yncao x’ uarepsana (0; 1),
TO 3TH /JBE TOCJeI0BATENbHOCTH (6yAyuH TOCTER0OBATENbHOCTAMU
JIBOMUHBIX 3HAKOB ojHOro # Ttoro xe x' €(0; 1)), no Aokasanuomy,
HenpeMeHHO HMMeT BHA (4), a caMo yucao x' ABJAAETCA JABOHUYHO-
pauuoHaabHbIM. MTak, yudThIBas, 4ro KasJoe uesoe yuc.1o k umeer
ABAa JIBOMMHBIX pasjoxenus £k, 000...0... u k—1,111...1...,
HMeeM:

Kaxcooe delicmsumensroe uucro x umeem Aubo AUl 00HO 080Ut~
Hoe pa3noscenue

R, ijigeeiiye.e,
2u60 08a 080UMHBIX PABAONCEHUS

By, ..., 0l11... u &k 1000. .

n—l
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npudesm emopoi caydail Hacmynaem moeda U moAvKo mozda, Koeda
m

HUCAO X OBOUHHO-DAYUOHAALHO, Nl. e, UMeem 6ud X =1g; Npu yex m
u n. Qbpamno, ecsixoe 08ouUYHOE PA3AONCEHUE Onpedessiem 00HO-eOuH-
CMBEHHOE HEOMPUYAMENbHOe OelicmBUmenbHoe HUCAO, PA3A0NHCEHUEM
KOMOp0o20 OHO U ABAAEMCA.

3ameyanune 1. Eciu Mel 6yneM CerMeHTH paHra n JeNuTb He
Ha /1Ba, a Ha Kakoe-HWOYAb JpYyroe MOCTOSHHOE YHCJAO § PaBHBIX
yacteit *) (Hampumep, Ha TPH MJH HA JAECATh), TO NOJYUHM A9
KaXJoro JefcTBUTENBHOro yuciaa x >0 pasnoxenne B GeCKOHEUHYIO
TPOUUYHYIO, JecATHUHYIO, Boobile S-H4HYI0 Apobb. Ilo-mpexunemy
Yy Kaxporo uucsaa Gyaetr Jubo oaHO, JHOO B2 TaKUX Pa3jiOKEHUH,
OpHYeM Te 4YHCJa, Y KOTOPbIX UMEeTCH [Ba S-HUHBLIX pPasJIOXKeHHA,
00pa3syloT JiMllb CYETHOE MHOMKECTBO, 2 MMEHHO MHOXECTBO PaLHo-

m
, TIC m KU n-—leJdsle,

sl}

Teopema 11. Mruoxcecmso écex OelicmeumesvHoix ducen umeern
MOLYHOCMb KOHMUHYYMA c=280 u, credosamensrio, mecuemmo **).

HokasarteabcTBo. Tak Kak BcA uHcjaoBasg mnpsMas [HaXo-
JUTCA BO B33aHMHO OJHO3HAYHOM COOTBETCTBHUH C JIIOGHIM H3 CBOMX
MHTEPBAJOB H TaK KaK MHOXECTBO JBOHYHO-PAUHOHATbHBIX UMCE]
CYETHO, TO JOCTAaTOYHO JOKAa3aTh, YTO MHOXKeCTBO J’ BCeX He JBOMYHO-
pauMoHanbHBIX unces uuTepBana (0; 1) mmeer Mmoutsocts ¢. Ho mio-
»#ecTBO J' HaXoAHTCs BO B3aMMHO OJHO3HAYHOM COOTBETCTBHH C MHO-
)ectBoM D’ nenepuoiuueckKux (T. €. He KOHYAIOLIHXCA HU OLHHUMH
HYJSIMH, HY OAHUMH €IHHHUAMH) GeCKOHEeYHbIX ABOWYHBIX APOGei

HaJbHBIX 4yces BHUAA

0, iyiyeeiiy,. ..

MuoxectrBo D gcex GecKoHeuHBIX NBOHUHLIX JipoGeil MMeeT, KaK Mbl
BUeAH ***), MOmHOCTD ¢, 3 MHOXeCTBO D' 10jyyaercs U3 MHOXe-
crBa D BbluMTaHHeM JBYX MHOXECTB, COCTOSIILUX COOTBETCTBEHHO U3
JApobeit Bujaa

0, id,...2,000...
H BHIA

0, id,...0,111...

Kaxuoe M3 3THX MHOXeCTB HAXOIUTCA BO B33aHWMHO OJAHO3HAYHOM
COOTBETCTBHH C MHOXKECTBOM JIBOMYHO-DAIIHOHAJNDLHBIX HHCEJ HHTEP-

*) Uenoe uucio s==2 GyaeT TaK Ha3biBAEMHIM «OCHOBANHEM CHCTEMBI CYHC-
JEHHAY,

**) CM. koHer raasul 1, crp. 33. UncioBasi npsmas yacTo HasmiBaetcs apnd-

MCTHYECKHM KOHTHHYYMOM («continuums» 3HAUHT «HenpepbiBHOE?), NOITOMY H MO~

HOCTh €==270, 4BJIAACH MOLIIOCTBI0 MHOXKECTBA BCeX LEHCTBHTEIbHBIX YHCET, Ha-
3BIBAETCS MOIIHOCTBIO KOHTHHYYMA.
#**) CMm. KoHen rJuasui 1, cTp. 33.
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Basna (0; 1) u noToMy cueTHO; CleJ0OBaTeNbHO, MHOXKeCTBO D', a sHa-
YHT, H MHOXeCTBO J' HMEIOT MOILHOCTb €, 4TO H TpPeGOBaNOCh
JI0KA3aTh.

Cneuyxoiuee SMeMEeHTapHoe JOKAa3aTe/JILCTBO 'reopeMbl 0O HeCHYEeTHOCTH MHOXKeCcTsa
LefiCTBHTE/bHBIX YHCeS TpPeACTaB/seT Co6Ol0 NpHMeHelHe OCGIMX paccysKaeHuik
§ 6 nepBoﬁ rJasel CliellHalbii0 K llOKa3HTEJIbCTBy HECYETHOCTH MHOXKEeCTBa BCeX
JecATHyblX HZpobefl, T. e., NO CyllecTBy,— MHOKeCTBA BCeX OTOGpaweHUl Mio-
Kecrsa HaTypanbuux quceJs B MHOXKECTBO, COCTOfllee H3 JECATH 3/leMEeHTOB 0, 1,
2,3 4,5, 6,7, 8,9.

Hocratouro nokasaTh, 4TO MHOXKECTBO BceX uucea mutepsana (0; 1) necyetHo.
l'lpen,no:xo)KMM, YyTO OHO C(UEeTHO. St1o0 Q3HauaeT, 4yTo BCe Aeﬁc’rsu'renbuue YHUCJIa
untepsana (0; 1) moryr ObiTb 3aHYMePOBaHHEI B OJHY MOCJIEJOBATE/NLHOCTh

X Xgy eeey Xy wee ()

Kaxnoe quciio x, MowkeT CHITh NPejCT4BJCHO €IMHCTBEHHEIM 06pasoM B BHJE
GeckoneuHoll JecsTHUHOH apobu

m m
2

n
X, =0, ai?ai®...as"...,

pe sBaswowefica nepuoanucckoil ApoGuio ¢ mnepuosoM 9. Bosbmem Teneps ans

n
KAaXJoro n OTAHYIHOC OT a}l’ quHcao b,, pasHoe gauGo 1, auGo 2.
Aasa onpegeseHHOCTH Mbl, HAaNPHMED, IOJIOKHM:

. [¢43
by=1, ecau ay” #1,
n
b,=2, ecan ap” =Il.

Paccmotpum GecKOHCUHYIO LCCATHUHYIO JPoGh
0, bibs...by... ®)

Ona onpeneauT pexotopoe uucio x uurepsadaa (0; 1) (Comee Touno: wucho x npu-
HaplexuT Jaxe K cermesry [0,1; 0,3)).

Tak KakK Mbl HPCANOJAraeM, yYTO NOC1eA0BaTesbHOCTL (D) COACPIKUT Bee AciicT-
puTepHbte uncna untepBada (0; 1), To uncao x sanumaeT B pawiell NOC/ACAOBa-~
reabnocTd (B) onpeacaenuoe, MycTb, Hanpumep, m-e, mecto. Toraa

[¢ im (m
x=0, aV?ay™...aq”... %)

#, C1ejoBaTeIbHO,
(my ()

uny
3} :::bl, as :bz, weooy Qn :—bn, see
(rax kak (6) u (7)—oxua u Ta xe Geckoneunast gecaTHyuas xpo6u). B wacrnocra,

uny
Qm ='-b,,,,

4TO, 04KO, HEBO3MOXKNO, TAK KaK Mbl BHOHDPAJIH b, TaK, YyToOul ObLIO b, # am”.
[loayuenioe npoOTHBOPEUUE NOKA3bIBACT TCGPEMY.

Sameuanue 2. M3 nokasansoro cjaeiyer, 4ro BCsiKMH cer-
MEHT, MHTepPBa/] H TOJYMHTEPBAJ YHCJIOBOH NPSIMOH HMEIOT MOIil-
HOCTb KOHTHHYYMA3, TaK KakK BCE 5TH MHOMXKECTBA SKBHBAJCHTHHI
MeX1y COOOH M SKBHBAJEHTHBI MHOMKECTBY BCEX JEHCTBUTE/bHBLIX
yuce.

Orciofla HeMmoCPECTBEHHO BLITEKAET, YTO MHOMECTBO BCeX Hppa-
HUOHAJALHBIX YHCEeT, a TaKkKe MHOXKECTBO MppauuOHaJbHbIX YUCel,
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cojepKalmuxcs B Jio60M HHTEepBaJle YHCJIOBOH NpAMON, HECUETHHI,
H60 Kaxjoe H3 HHX NMOJYuaeTCs M3 HeCYeTHOrO MHOXecTBa yjane-
HUeM M3 Hero CYeTioro nogMHOXecTBa, Ha OCHOBaHMH 3TOro MOMY-
yaeM, B YaCTHOCTH: MEXJy JIOOBIMH ABYMs pasJHYHBIMH BelleCTBEH-
HBIMH yHc/aMH HafjeTcs HppalMOHANbHOE YHCJO M Ja)Ke HeCYeTHO
MHOTO HX.

Ilpumenum sameuanue 2 K JA0Ka3aTeNbCTBY CJEAYIOLIEro mpex-
JIOKEHHUA:

Teopema 12. Cymma KoHEuHO020 uAU CHEMHOZ0 MHONCECMEQ
MHONCECB, UMEIOULUX MOWHOCME KOHMUHYYMA, UMEem MOuiHOCHb
KOHMUHYYMQ.

ITycTe Hal¥ MIIOXKECTBA CYTh

Ey Eg Eay ey Epy oees
u nycts E=\JE,. [lonoxum A,=E,, A,=E,\ A;, Boobiue

n

A, =EN(AU...UA,_,).

E=UE.=U 4,

Ouesupiio,

npHuyeM MHoXecrBa A, mNonapHo He nepeceKaloTcsi. MHOXecTBO
A,=E,; uveeT MOWHOCTL KOHTHHYYMa, TOFAa KaK KaxJoe U3 MHO-
xectB A,, n>1, ecTb MOAMHOXECTBO HEKOTOPOrO MHOXKECTBA MOLI-
HOCTH KOoHTHHYYMa. [TosToMy MuOXecTBO A, MOXeT ObiTh NMOCTABJeHo
BO B3aHMHO OJHO3HAyHOE COOTBETCTBHE C MHOXECTBOM BCEX TOYeK
unrepBana (0; 1), a Kaxaoe MmioxectBo A, 'n> 1, MOXeT GHTbH
IOCTABJEHO BO B3aHMIO OJIIO3HAYHOE COOTBETCTBHE € HEKOTOPBIM
NOJMIIOKECTBOM COOTBETCTBEHHO HHTepBasa (n—1; n). Beieacrsue
3TOF0 BCe MHOXKeCTBO E OKa3blBaeTCsi MOCTABJEHHBIM BO B3aHMHO
OLHO3HAYHOE COOTBETCTBHE C MOXMHOXECTBOM MHOXECTBA BCeX JleHcT-
BHTEJbHBIX YMCEN; TaK Kak, Kpome Toro, E cojepxur vactb Ej,
MMEIOLILYIO0 MOLILHOCTD KOUTHHYYMa, To No Teopeme Kanropa—Bephu-
teiiHa E caMo HMEET MOULMOCTb KONTHHYYMa, 4TO M Tpe(oBajsoCh
JI0Ka3aThb.



I rasa mpemos

YNOPAAOYEHHBIE U BNOJIHE YNOPAROYEHHDBIE
MHOXECTBA. TPAHCO®UHUTHDLIE YHYUCJIA

§ 1. YnopsapoueHHble MHOXECTBA

[MousiTus ynopAl0UeHHOro MHOXeCTBa M MOJOGHOTO OTOOpaXKeHHd
ONHOr0 YMOPRAOYEHHOTO MHOXECTBA Ha JpYroe, a TakkKe MNOHATHE
TIOPSIAKOBOFO THNA JAHHOTO YMOPSJOYEHHOro MHOXecTBa ObliH BBe-
Jeitbt B § O ro1. 1. 3Tv NOHATUA JI&XKAT B OCHOBe BCEH HACTOALEd
raapbl. ClesaeM TO I10BOAY 3THX OCHOBHBIX 3JeMEHTApPIUbIX NOHATHH
ewie cjaeiyloliee, B CYIIHOCTH, camo co6oi0 pasymelonleecs

Bameuanue 1. YnopsaouenHoe MHOMecTBO A Ha3piBaeTcs
YNopAdoueHHbOIM NOOMHOMCECMEOM  YTIOPSOYEHHOrO MHOXecTBa X,
€CJIH KaXKAblii 3JeMeHT @ MHOXecTBa A fIBJIAETCH 3JeMeHTOM MHO-
wectBa X # eclu OoTHOulenuwe a<a’ B A coBnajnaer ¢ OTHOWeEHHEM
a<a’ B X. Bcsikoe noaMHOXKeCTBO YHOPSAOYEHHOro MHoXecTBa X
M OyleM B 3TOfl rJjase pacCMaTpPHBAThb KaK YNOPAJIOYEHHOE NOJ-
mitoxkecTBo. Hakouel, Ha nporsxeHud Bcell 3TOR rjaBbl JlelicTByeT
CJEYICILIEE COrVIAIEHHE: MHOXKECTBO BCEX AeHCTBUTEJIBHBIX YUCed HU
BCE €50 MOIMHOXECTBa, B YACTHOCTH JOGOe MHOMKEeCTBO, COCTaBJeH-
HOE W3 palHOHAJBHBIX YMCEJ, CUHTAIOTCH YIOPANOYEeHHBIMH ecTecT-
BenubiM 06pasoM (T. . A8 JHOOBIX JBYX JefiCTBUTEJ]bHBIX, B 4acT-
HCceTH AJsi JHOOBIX [BYX PAllHOHAMbBHBIX, YHCeJa X, X' OTHOLIeHHe
nopafka x<x’ osuavaer, 4ro x < x’).

[locne srtux BsOAHDIX 3aMevaHMil JOKaXKeM CJeayloliee BarkHoe
Tpe LJIoKeHHe:

Teopema 1. Bcaxkoe cuemnoe ynopadouennoe mroxcecmso X
noGoBHO Hexomopomy noomuoxcecmsy mroxcecmsa D ecex 0Osounro-
payuonanretix ducea unmepsara (0; 1), npuvem ecau muoscecrmeo X
HE COOCPHUM HU NYCMBIX UHMEpeaos, HU Nepeoeo U HU NoCcAeOHe20
31eMEHMO8, MO OHO NOJOOHO Gcemy mroxcecmey D.

HoxaszateabcTBo*). Ilycrh kce asiemeHTHl MioXecTBa X
3aHYMCPOB2alibl B IUC/E;[0BATETLHOCTD

iy Xgy vony Xpy oo 48]

*) CMm. BuKe saMcuanne 2,
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(npuueM noOpAOK 3JeMeHTOB B MHOoXecTBe X, BooOule roBop,
HIIKaK He CBfi3aH C WX NOPAAKOM B mnocjepoBatenbHocTH (1)).
BosbmeM Kakoe-HHOYAp [BOHYHO-panHoHajbHOE 4HCIO d, mpej-
o m
CTaBHM €ro B BHJe HECOKPATHMOIl APOGH 5; M HA30BEM M PaHIOM

uncna d. Bee mHoxecTBO D pacnafaeTcsl Ha «pelIeTKH» 3JEMEHTOB

pasHbelX paHroB: pemeTka nepBoro panra [); COCTOMT M3 OJHOro
1 3

» pemeTka BToporo panra D,—u3 nByX uucen M 7
1

u T. A. [TocraBuM Temepp B COOTBETCTBHE HYHCHY 5 SJEMEHT X,=

2o ~

uucsa

1 .
= f <7> U nepeiigeM K pemerke Broporo pasra D,. Ecau B X ectp

3JIeMEHT, MNpPeNIECTBYIOUA SJeMeHTy X,, To OepeM TOT H3 3THX
3.1eMeIITOB, KOTOopbId umeeT B (1) HaMMeHBIUMH HHAEKC n, H MoJa-

1 .
revf (—4-)=x,l. Ecau snementa x,<x; B X Her, To BbluepKu-
l- -
BaeM B peueTke D, sjeMeHT - ; HueM B (1) nepsoiil snement x,, > x;,
3 :
CTAaBHM €r0 B COOTBETCTBHE UHCIY - M NEPEXOiuM K peurerke Dy,

. 1
B ueit GepeM CHauana WHMC/IO o H HINEM K HEMY 3/EMNT X, C Hau-

MellbITUM HHAEKCOM, HPEZIUJECTBy}OUIPlﬁ paiee nocTpoeuubiM 3J€MeH-
1
tam. Ecnu on nMeercs, TO CTaBHM €ro B COOTBETCTBHE 4YHCaY ‘g,

1 3
€CJIM HeT, TO BbIMEPKHBAEM UHUCI0 3 W nepexoauM K YHUCTY g

3
K uneny — crapaemcs nopo0parb 3JeMeNT ¢ HAUMEHBIIMM HHEK-
C€OM, HaxoffuMiica K OTOGpaHHBIM 3JieMEHTaM MiokecTBa X B ToM

3
¥e NopAIKOBOM OTHOLIEHHH, B KAKOM UuC/IO0 Y HaXoJUTCsl K Yyixke

PACCMOTPEHHBIM W HEBBIMEDKHYTHIM yucaaM. Jlanee nepexopum
5 o
K 4uciy & M T. A, ABHrasich BCe BpeMst OT KaX/IOH pelleTKH

K pelieTke CJejYIOUlero panra, a BHYTPH KaXKIOH pelleTkd —
B McpsiiKe BO3pacTaHusi ee 3jemelltoB. B pesysabrare nodyuaem
nojo0HOe oToOparkenHe [ MHOxecTBa D’ HEBBIYEPKHYTHIX ABOHYHBIX
uices B Muoxectso X. [okaxem, uto f ects oroGpakeHue Ha BCe
mHoxecTBo X. B camom pese, mycTh 3TO He TaK MW NycTh X, €CTh
nepsblil 31EMEHT MHOXeCTBA X, Ii€ TOCTABJelHBIl B COOTBETCTBHE
enkakomy d. Torga saemenTsl X, ..., X,_; HOCTaBJCIbl B COOTBET-
CTBHE HEKOTOPHIM 3JjieMeHTaM d,, ..., d,_,, NpUHALIEKALUM, [OJ0-
WM, CyMMe [epBBIX R peILeTOK, HpHUeM MYCTb X, JEKUT MEKIY
X, ¥ X, WMes 3TH 3JeMeHTbl B KayectBe O.1MXKafiluero npemuiect-
Byouiero 4 Oauxaituero caeayiomero. Tak Kak B pewerke D,,,
HMEICTCA  3J1eMEHTHI, JieKauiie Mex1y JHOObIMH ABYMS COCEAHHMH
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saemeHTaMH Muoxectsa D;U...UD,, To B D, ; uMeercs u nep-
Bblil Mo BesMyuHE 3JaeMeHT d,, JNexauwnld Mexay d, u d; stomy
9/IEMEHTY MO HAlleMy TOCTPOEHHIO U JO/IKEeH GbITh MOCTABJEH B COOT-
BETCTBHME 3/IeMEHT X,. Tak e paccyXpaeM M B TOM CJyyae, Korja
X, OpeflecTBYeT BCEM 3JI€MEHTaM X,, ..., ¥,.; WIH ClIeiyeT 3a
HHMH BCeMH.

Ilepoe yTBepkaenne Teopemst 1 3TuM pokasano, Ecan X ne
COJEPHHUT KPaAHUX 3/1€MEHTOB U HE MMEeT NMYCTHIX HHTEPBAJIOB, TO,
Kak JIerko BUJIETb, HAM BOBCE He TIPUAETCH BBIUEPKHUBATL HHKAKHX
snemMeHToB B D, Tak 4yTO noJy4YHTCs MOAoGHOE OToOpaXkeHue BCEro
MHOXecTBA D na MHOXecTBO X,

CnepctBue. Muoxecmeo 6ceX payuoHAAbHbLIX 4vucer 1O0JOBHO
MHONCECNBY 8CEX OBOUUHO-PALUOHANLHBIX,

[TosToMy Bcsikoe cueTHoe YNopsilOYEHHOE MHOXKECTBO 6e3 MYyCTHIX
HHTEPBAJIOB U 63 KpalHUX 5JeMEHTOB NMOJNOGHO TaKKe MHOXECTBY
BCEX PaUHOHANbHBIX YHCeJ.

3ameyanne 2. Ecau uHTepecoBaThCA JHLIb NEPBHIM VTBEPX-
AelineM TeopeMmbl 1, To caMmoe NpocToe A0Ka3aTe/bCTBO — CIEAVIOLIee.

1
Ilonaraem f(x1)=7. Ilycre snementaM x,, ..., X, Y¥e I[OCTaB-

Jenbl B COOTBETCTBHE JBOMYHO-pAalHOHAJNbHHE uwucaa d,, ..., d,
unrepsaia (0; 1), cpexn KoTopeix nycTh d;—Haumenblee, a dy, —
nrauboabmee. Eciau x,,, npeamecrByer BceMm Xy, ..., X, HWIH cle-

1
JyeT 3a BCeMH HHMH, TO MOJaraeMm f(x,,ﬂ):?d,-, COOTBETCTBEHHO

F(Xasn) = (1 -+dy).

Ecin ke x,,( JeXKAT MEXLY X, H X,, p<n, q<n, AMEs 3TH
SJEMEHTHl CBOMMHM COCEfIMH, TO [OJAraeM

f (xn+1) = _2!' (dp “l'dq)-

Takum o6pasoM, onpejeseHo nogobuoe orobpaxenue [ mMHoxecrsa X
B MHOxecTBO D, W mepBoe yTBepxjaeHue teopeMmbl 1 poxasawo.

CeueHneM yHOpfAOMEHHOTO MHOXeCTBa € HasbiBaeTcst, KaK Ml
3HaeM, Takoe pas3bueline MHOXecTBa © Ha 1Ba NoAMHOXecTBa (Ha
IBa «KJjacca») A W B, uTo Kaxblld 3J€MEHT OJHOr0 MHOXECTBA,
Hanpumep A (¢HHXKHEro KJjaccav), MpeAIlecTBYeT KaXKjioMy 3.JeMelTy
BTOPOro MHOXecTBa B («BepXHero Kjaccar).

Bo3moXHBEI clenyioniHe THIOB CeyeHHHA:

1. B nmxknem Knacce A ecTb HauGoJAbLINI 3JeMeHT @, H B Bepx-
1ieM KJacce ecTb HamMeHbIUH# 3JeMeHT b; TaKoe ceuyeHue Ha3biaer-
ci cxkaukom. OueBuano, B 3TOM cjlyuae (a@; b) ecTb Iycroil ui-
TepBaJl.
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O6parHo, BCAKOMY NycToMy uurteppany (a; b) ynopsjoueinioro
MHOXECTBAa © OJHO3HAYHO COOTBeTCTBYeT CKawoK (A4, B), rae A
cocTouT H3 Beex x<a, a B—wu3s Beex y>b*).

Hanpumep, © cocrour u3 Beex x<C 0 u u3 Becex y>1, A cocrour
u3 peex x<. 0, B—u3 Beex y=1; a=0, b=1.

2. B HuxieM KJjacce ecTh HauboJblmiu# sjemedT &, HO B Bepx-
HeM KJjacce HET [1auMeHbIIero s/jeMelTa.

3. B HuxHEM KJjacce HeT HauboJbllero, Ho B BEPXHEM €CTh
HaUMEHbIIUA 3/1eMeHT § (CeueHHMsi TUNOB 2, 3 HA3BIBAIOTCH OedeKuM-
OosbiMU CedeHUAMU; SJEMEHT £ Ha3plBaeTCsl 3JeMeHTOM, Ornpejess-
eMBIM 3THM CeyeHHeM).

4, B uwxueM Kjacce HeT HauboJbliero, a B BepXHEM HET Hap-
MeHblllero 3jemeHTa. TaKoe ceyeHve HasbiBaercs «wesvioy. Hlean,
onpejesseMast HeCOOCTBEHHBIM CEUEHHEM, HA3BIBAGTCH HeCOHCMBEHAHOL.,

MHoxecTBo Bcex Lieselt YyHOpsAJOYEHHOrO MHOXKECTBAa @ ecTeh
yHOpAlOYeHHoe MHOXKecTBO: ecnu A=(4, B) u A =(4’, B’)—ge
uieau, To noJgaraem A <A/, ecan A < 47,

YropfAjoueHHOe MHOMECTBO Ha3bIBAETCA 3AMKHYMbIM, eC/IU OHO
He HMmeer uieseli (cOGCTBEHHBIX M HecoOcTBeHHbIX). Besfikoe 3aMmkhy-
TOE MHOXKECTBO, OYEBHJIHO, HMeeT HANGONBUINHA U HAUMEHBIUHH SJIEMEHT.
YrnopsjaoyeHHOe MHOMECTBO HA3BIBACTCHA HeNpEPbIGHbIM, €CIH BCe
CeyeHHs B HeM CYTh cevyeHHs JefeKHHJoBbl. HenpepbiBHOE ynops-
JIOUEHHOE MHOXKECTBO HA3bIBAETCH OMKpP6UMbIM, €CM Y Hero HeT HHU
HauGobUIero, HH HauMeHbluero sjemeHra. OueBMAHO, HpHCOEAUHSAS
‘K OTKPLITOMY HeNpepbiBHOMY MHOXKECTBY JBa 3JeMeHTa —iepBbili u
[IOCTIEAHUH, [OJYYHM 3aMKHYTOE HeNnpephiBHOE YIODPAAOYEHHOE MHO-
XecTBO (TaK OT uucaA0BOH mnpAMoOd R!, ABJIAOWEACA OTKPHITHIM
HeMnpepLIBHBIM yIIOP ANOYEIIHbIM MHOXKECTBOM, Mbl llepeuliy K 3aMKHY-
TOMY HElpepLIBHOMY YMOpPSJAOYEHHOMY MHOXecTBY R*).

Hasosem noavnoxectso D vrnopsjpouentoro Muoxectsa © nopsad-
K080 NnAOMHbIM B O, €C/ld KaxblH vHTEpBaJ] MHOXeCTBA O CONepXKHUT
xorsi Obl oaull anement u3 D. Hakowen, muoxecrBo D nasosem
naomubim B O, ecay Kaxablli HeNycTO# HATEpBaJ MHOXKecTpa O
COJAEPKHUT X0TA Obl OAHH 3JeMeHT M3 D.

3ameyanne 3. M3 atoro onpejeseHUs CcJEAyeT, YTO eCjH
B YMNOpAAOYEIHOM MHOXeCTBe O MMeloTcs cKauku (Uad, 4To TO Xe,
NycThie HHTePBaJIbi), TO HHUKAaKoe BooGiue HOAMHOXKeCTBO D<= O He
ABJAercH NOpPAIKOBO IJIOTHBIM B ©.

Mel 6yZeM B OCHOBHOM MHTEPECOBATLCH IAOTHHIMH MO MHOMXKECT-
BaMH JIMIb HENPEPBIBHBIX YHOPAJOYEHHBIX MIOXKECTB, B KOTOPBIX
MOHATHA MJOTHOCTH M MOPAJAKOBOH MJOTHOCTH COBNAJAIOT.

Teopema 2. ITycme ©—Henpepoisroe omkpoimoe ynopadower-
Hoe mHoxcecnso, a D—naomuoe noduHoxcecmeo mHoxcecmsa ©.

*) 3anuchk x < a (COOTBETCTBEHHO y > b) o3uauaeT, yto Jaubo x < a, AuGo
x==a (cooTBeTcTsenno Jaubo y > b, aubo y=-b).
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Cywecrnsyem coomsemcmeue nodobus mexcdy 3SaeMeHmamu MHoNce-
cmea O\ D u (YnopsaooueHHbIM) MHONCCCMEOM 6CEX Weaeli MHOxNCe=
cmsa D.

HokasareabcrBo., [lycte &-—npon3BosbHBIll 3J€MEHT MHO-
xecrBa O\ D. O6o3HaunM yepes Di MHOXeCTBO BCEX HPeAecTBYOLHX
anemeHTy §, a uepe3 Di—MHOXeeTBO BceX CJAEAYIOMHX 3a 3JEeMEH-
ToM £ 3nemeHTOB MHOXectBa D. Jlerko BHjeTh, uYTO pasbuenue
Ay =(Dt, Di) ecTp ceuenue MHOXKecTBa D H NPUTOM ek (TaK Kak
ecayn Obl, HanpuMmep, B Di Obl1 HaHGOJNBLIHH 3JEMEHT @, TO MEXAY
a 1 § He cojgepxazoch Obl HH ofHOro 3JemeHTa M3 D). Scio Takxe,
YTO JBYM pasJMuHBIM 3JeMmentaM &, m mHoxectsa O\ D ecoorserct-
BYIOT pasjHudbie wWwean Ag=(Dg, D) u hqy=(Dy, Dy), npuueM u3
E<m cneayer Ag <A, Ocraercqs JoKaszarb, 4TO Kaxmoff wienn
A=(D’, D") muoxecrBa D coorsercrByer azement § € O\ D Takoil,
uto D' =D;, D"=D{. O6o3HauuM yepe3 ©' MHOKECTBO BCeX TaKHX
X €O, uro x npeawecrsyer awobomy 3sdementy d€D”. Ilomoxum
Q"=0\0’. Jlerko Buzets, uro D'=DNO’', D"=DNO" n uyro
(8’, 8") ectb ceyenne B ©. Ecan § ecrbp ssemeHT, onpenessiemblii
B O IeNeKHHAOBBIM ceuexneM (6', ©"), o D'=D¢, D"=Di. Teo-
peMa JoKasaua.

Teopema 3. [lycme danbi 3sa omiKpeimbiX Hen pepoiBHbIX YNnops-
douenrbly muoxcecmea ©, u O, u naomuve 8 Hux mroxmecmsa D,,
coomeemcmeenHo D,. Ecau mnoscecmsa D, u D, nodobuel mexwoy
cobot0, Mo nolobHuL Medxcdy coborw w mHoxcecnea O, u 0,.

B camoMm gese, coorBeTcTBHe NMOAOGHA (0603HAYMM ero uepes @),
cyulecTByioltee Mexay MHoxectsamu D, u D,, nopomxpaer coorser-
CTBHE MOJ00UR P MeXAy MHOXKeCTBAMH uleseH 3THX MHOXeCTB, a
3HayHT, M MeXAy MHOXectBaMH O N\ D, u 6,\ D,. Jlerko Buzers,
yTo OTOGpAXKEeHHA @ M P BMECTE JAIOT COOTBETCTBHE IOA06MA MEXLY
O, 1 0,, yeM Teopema 3 joKa3aHa.

Teopema 4. Bcsaxkve omkpoiioe wHenpepoisHoe ynopadouersoe
MHOJMCECMB0 ©, 8 KOMOpOM RAOMHO HCKOMOPOE (YeMHOe 1O0MHONCe-
cmeo D, nodobHo mroscecmey 6cex OeliCmBUMesbHbIX HUCeA.

JoxasarenbcTBO. Jlerko BHAETb, YTO CYETHOE MHOXeECTBO
E, niaoTHoe B HeNpepbiBHOM OTKPHITOM YHOPSAJOYEHHOM MHOXKECTBe
©, He MMeeT HMU CKAuyKOB (MYCTHIX MHTEPBAJOB), HYU HaHMEHbIero,
HH HAWOOJblErD 3JeMenTta ¥ MOTOMY B CHJIY TeopeMnl | nojofHo
MHOXECTBY R, BCex panuouasbiipix yHcesd. Taxk kak R, ecTb mJaor-
HOE TIOAMHOXEeCTBO HeNpephiBIOT0 OTKPBITOIO YNOPALOYEHHOrO MHO-
XKecTBa R! BceX JeficTBUTENbHHIX uuce/ad, TO MO Teopeme 3 COOT-
BeTCTBHE nojobusi Mexxay D u R, moxer ObiTb NpPOJOJKEHO JO
COOTBETCTBHA nojobusi Mexay © H# R!, uro u TpeGoBajoch Mo~
Ka3aTb.

3ameuanune 4. M3 rteopemnt 4 caenyer, yro BCAKOe Hernpe-
pLiBHOE 3aMKHYTO€ YIOPAJAIYeHHOe MHOXKeCTBO, B KOTOPOM TUIOTHO
HEKOTOPOe CYCTHO® MHOMKECTBO, MOJ0GHO CerMeHTy YHCIOBON NPsMOA.



§2] BIMNOJHE YHOPAAOUYEHNDBIE MHOXECTBA 57

Teopema 5. [lna scakoeo ynopadowenrnozo muoocecrnsa X cyuje-
cmayem 3amMKHYmoe ynopadouerHoe muoscecmao Y, codepocauee mHo-
acecmeo X 8 Kadecrnge nNAOMHO020 NOOMHONCECTBA.

JoxasarenbcTBo. MuoxectBo YN\ X Oyger cocrosth u3
scex wesed (A, B) mHoxkectBa X, YHOPSIOYEHHBIX ECTECTBEHHBIM
obpasom. Ecin x€ X, a E=(4, B)eY\ X, 10 x<E TOorma wu
TOAbKO TOrAa, Korga x € A. 3aMKHYTOCTh MHOXeCTBa Y mpoBepsercs
TaK Xe, KaK H OTCYTCTBHe COOCTBE{HBIX Uiejieli B MHOXKeCTBe JAei-
CTBUTeJAbHBIX uucen (cM. Teopemy 5 § 2 ra. 2). Ilokaxem, uto X
naotio B Y. TlpeanonoxuM, yro cynlecTByeT HerlyCTOH HHTepBaJ
{a; b) MnoxectBa Y, He nepecekaioulufica ¢ X. Torpa sesaxuit
snement u3 (@; b) saBaserca 1wenbio. Bo3bMeMm Takoil 3JaemeHt
E€(a; b). Ilycerp E=(A, B). Tockonbky AnN(a; b)y=A, 10 nas
Besikoro x€ A umeem Jaubo x <a, anbo x=qa. PasencrBo x=a
MCKJAIOYEHO, MOocKoAbKY B A Her Haubosbiuero anemenrta. [lostomy
ajieMeHT o ABJAAerca meabto. IIpexamonoxus, uro a=(A4’, B’),
umeeM A=A’, T. e. a=E. I10 npoTUBOpeyYHe W 3aBepilaeT JoKa-
3aTeJbCTBO TEOPEMbl 5.

§ 2. OnpenpeneHue H NMpHUMepHI
BIIOJHE YNOPSIAOYEHUBIX MHOMXECTB

Onpenenenue 1. YrnopsjgoyeHHoe MHOXECTBO Ha3biBaeTcs
6noaHe YnopaooueHHbIM, eCIIM KaXKIOE ero HemycToe MOIMHOXKECTBO
COJepKHUT NepBbiil 3JjeMenT.

M3 az1oro omnpeaenenus cpasy cjejgyeT, YTO BCAKOE HMOAMHOeE-,
CTBO BIIOJIHE YTNOPSAI0YEHHOrO MHOMKECTBA CaMO eCTb BHOJIHE YIOPSL0-
YeHHOe MHOXECTBO.

3ameuanue 1. Tak Kak K NOAMHOXeCTBAM JHOGOr0 MHOXKeCTBA
MBbl TpPHYHCJAAEM H CaMO JAaHHOE MHOXECTBO, TO BO BCAKOM BHOJIHE
yNOpAJOYEHHOM HEMYCTOM MHOMKECTBE COJEPXKHUTCA MNepBbIi 3jeMeHT.
OpHako CyuiecTBOBaHKA NepBOrO 3J€MeHTa B CaMOM JAaHHOM ynops-
JIOUEHIIOM MHOXKECTBE elle HeJOCTATOYHO AJs TOro, 4ToObl OHO 6bLI0
BIIOJIIle YOPAAOUEHHBIM; Tpe6yeTcs euie, YToObl H BO BCAKOM HEMYCTOM
MOAMHOXKeCTBe JaHHOro MHOXecTBa Obl1 nepsbld 3jeMeHT. Tak, MHo-
JKECTBO BCEX palHoHaJbHBIX uyuces cerMenrta [0; 1] umeeT nepsslit
Y Toc/eHMI 3JeMEeHTH, HO OHO He fBJSETCS BIOJHE YNOPSA0ueH-
HBIM, TaK KaK, HanpuMep, B ero MOJAMHOXECTBE, COCTOMLIEM H3 BCeX
pauuoHanbHbiX uuces uHrepBasa (0; 1), nepBoro sieMenrta ier.

Bce KoHeyHble YNOpfiJOYEHHbIE MHOXKECTBA BHOJIHE YHOPSJIOUEHbI.
INpumepom OeckoHeyHoro BMHOJIHE YNOPSAAOYEHHOTO MHOMXECTBA $iB-
JISleTCs MHOXKECTBO BCeX HATypaJibHBIX YHCesa; 3TO MHOXECTBO U Bce
NofOoOHKE eMy HAa3bIBAIOTCH MHozcecrneamu muna o, MHoxecTsom
TUNA @ fABJAETCH, CJEAOBATENAbHO, HAlpHMEp, MHOMXECTBO BCEX yHCe

1 2 3 n

~2_’3’v_‘i_’,..,'ﬁi_x—,... (1)
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(Tak KaK OYeBHIHO, YTO OHO MOROOGHO MHOXKECTBY BCeX HaTypaJb-
HeIX uuced). Ho, monoausis MHoxecTBo (1) eme oOxHUM 3JE€MEHTOM,

HMeHHO yHcaoM 1 (CJIEILYIOHI,HM B IHopsAjXe BO3pacTaHud 3a BCEeMH

n
guciaaMu BUAA m), MbI TOJYYHUM MIIOXKeCTBO, COCTOALLee K3 BCEX
i
qucea
1 2 3 n
‘TI, ?’T’...,BT’.."l' (2)

OT0 MHOXKECTBO —TOXKE BHOJHE YTNOPAJOYEHHOE U CYeTHOe, HO OO
He T10J06HO MHOKECTBY BCeX HATypaJbllblX 4uced XOoTs Gbl [I0TOMY,
uTO B MHOXeECTBE (2) ecTb nocjemlluil 3JeMeHT, HMenHo 3Jjemenr I,
a B MHOXECTBE BCeX HATYpa/bHBIX YuCesa MOCJeIHero 3JeMeHTa IeT.
MioxectBo (2) M BcsiKoe nojo6Hoe €My MHOXECTBO HashlBaeTcs
mHoxecTBoM tHna - 1. Hrak, jpaxe BHoOJHe ynopsaioyeliibe
CYeTIlbie MHOMKECTBA MOLYT HMeTb pa3juyHble HOPSAKOBLIE THIIBI.
Bosee Toro, Mbl YBHIHM B 3TOf# FjaBe, YTO MMEETCSi HECYETHOE MIO-
KEeCTBO pAa3JUUNbIX [OPAAKOBBHIX THIOB BIIOJHE YIOPFJOUEHHBIX
CYETHBEX MIIOKCCTB,

Ho npexjge uem MATH jajbllieé B HCC/AEJOBAHWM BMOJIE YHops-
JOUEHHBX MHOXECTB H jJame Jas Toro, yrofbl ofocHoBaTh 0603HA-
yeHue @ -1 A1 MopsAKOBOro THIA MHOXecTBa (2), BBEJeM BeChMa
BaXHBIE BCIOMOraTe/bHble MOHSITUSI, KOTOPHIMH OY/JeM TOCTOsSUHO
NOJb30BaTLCH B JaflbHEiLleM.

Onpepnenenne 2. [lycro umeiorcs ABA YNOpsS0UCHHBIX MHO-
w,ecTtsa A u B, AaHHBIX B 3TOM NopsifKe (T. e. cHayazxa A, notom B)
M He HMeomux ofunx 3JaeMedToB. Pacemorpum muoxecrso AU B,
cocrosiitee U3 Bcex aementoB a€ A u b€ B. IlpespaTum Mioxe-
crso AU B B ynopsajouyeHHoe Mioxecrso A--B, BBeas B Hero
MOPAI0K cleayiouuM o6pa3oM: 3JeMeHTHl MHOXecTBa A, paBuo Kak
ajemedTsl MHOXectsa B, coxpanstor csoft nopawk U B A+ B
(r. e. ecym a<a’ B A win b<b' B B, TO Te xe OTHOWeNUS
coxpausiioress 1 B A+ B); ecau xe a€ A, b€ B, 1o no1araem

a<b B A-B.

VnopsaoueHnoe miloxectso A-+B HasmBaeM nopsdkosol cymsoli
viopsaouenublx Muoxects A u B (nanmbix B nopsake A< B).
Ecnu a, B cyTe nopsaakosble Tunbl MHOXecTB A W B, TO nopsiko-
pblil TN MHOXecTBa A --B HasmiBaeTcst cymmou o.-+f 1OPsIIKOBBIX
TUHOB « ¥ [} (B 3TOM X nopsaxe).

3aMeTuB, UTO MHOXECTBO, COCTOSIUIEE U3 OJHOIO 3J1EMeHTa, HMeer
NopsKOBH# TuN 1, BUAMM, YTO, MPHCOEIHHASI K KAKOMY-1100 MHO-
XKecTBy MOPAAKOBOrO THNA ® €ule ORMH 3JEMEHT, CJeAylomuil 3a
BCEMH 3JeMeHTaMil ;J1aHUOoro MHOXECTBA THNA ®, NOJAYYHM YHopano-
YeHHOe MHOXKECTBO, MOPAAKOBBII THI KOTOPOro, B CH.JIY TOJNBKO 4TO
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copMyJTHPOBAHHOIO ONpefeselus CHAOXKEeHHS TMOPsAAKOBBIX THIOB,
ecTh o+ 1.
Auanoruuno, MHOXECTBO

1 2 3 n
.Q.’ _3./"—4-, ey ;‘l—;_—l, “s ey 1,2, ..-,m

HMeeT TMOPAIKOBLII THI ®-}-, a MHOMXECTBO

123 n
PN R A G

3.5 ok
O BN

o1,

-— NOPAAKOBBIH THN ©-+®, TOT Xe HopANKOBBIA THA O -0 Hoay-
YHM, ec.di VOPSAOYHM BCE HATYpaJbHblE YHC/AA HE eCTEeCTBEHIlbiM
obpasomM (N0 HX BeJHYWHE), a TaK: CHAyajda yropPSJI0YHM BCe Heuer-
HBIC 4KHCIA MO BeJHYKMHE, a4 33 HHMH 3aCTABHM C/J€0BaTh BCE UYETHBIE
yucsaa, Takxke ynopsjouenubie no Beauyuue: 1, 3, 5, 7, 9,...
..., 2,4,6, 8, ...

BBeieHHasl TOJABKO YTO Onepanus CJIOXKEHHS TNOPAAKOBBIX TH-
noB ke 06.1a7aeT CBOACTBOM KOMMYTATHBHOCTM: TakK, Halpumep,
1l o=wz%0-+1; Boobme, aas a1060T0 HATYpPaJbHOrO 1

n—w=—=0xow-+n.

B 10 Xe BpeMs JIErKO BHJETb, UTO CJOXKEHHE NOPSIIKOBBIX THUIOB
of;ajfaer CBOICTBOM acCOLHATHBIOCTH:

(@+B)+y=o-+E+v)-

Bpejem Ternepb TIOHATHE CYMMbl YIOPANOYEHHOTO "MHOXECTBA
VIOpSIOYeHHbIX ~MHOXeCTB, ABJsioweecs ofobilenyeM  NOHATHA
CyMMBbl JBYX YyropsjoueHmslX MHoxectn. IlycTs AaHo Kakoe-HuGyns
VTIOpSIAOYEHHOC HEMYCToe MHOXecTBo A, 3/1eMEeHTamu KOTOpOro siB-
JSIOTCs TOTAapHO He Tepecekaloiiuecs yHopapoueHHLe MHOXecTBa

Bg. Cymmy S== |J B; Bcex mioxects Bz€ A xeraem ynopspo-

B A
EE

YeHIbIM MHOMECTBOM, 0603HauaeMbIM yepes > Bg BBOIf B Mio-
B.cA
B
KecTso S MOpPsI0K CJAeyOHM 00pa3soM: 3JIEMEHThl KaxI0To MIIo-
)KecTBa Bg COXpaHAOT TOT NOPAAOK, KOTOPHIM OltH uMenn B Bg;
ec.1i xe X € Bg, x' € By, To nonaraem x< x’, eciau B:< Bg B A.

YropsouerHoe MHOKECTBO Y, By Ha3biBaeM CYMMOii yrnopsiioue-

B, eA
§E

HOrO MHOXecTBa A YIOPSiJOYEHHBIX MHOXecTB Bg.
Ecan bg ecth nopsijIKOBbl THI MHOXeCTBA By W a—mNopsiiaxo-
BbIl THI MHOXKecTBA A, TO TOPAIKOBBIA THII S YNOPHIAOYEHHOLO

MuOXKecTBAa 2, Bs HasblBaeTCst CyMMOW MO THNY @ MNOPAAKOBBIX
B, eA
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THNOB b. D10 OnmpelnesieHHe 3aKOHHO, TaK KaK NOPSAKOBHIA THM s,
OYEBHANO, 3ABHCHT Jikllib OT JAHHBIX NOPAXKOBHIX THNOB br H OT
NOpPAAKOBOIO THNMA @, a He OT TOro, KakKue HMEHHO MHOXECTBa
Bt, A >TuX TUNOB OBLIH B3SATHL.

PaccvoTpuM yacTHBEIH cJyyail TOJIBKO 4YTO BBEJEHHOTO OMpefe-
jgenusi. Ilycte Bce MHOXecTBa By MMEOT OJAMH M TOT Xe THIN .
Torza nopsiaKoBubI TN MX CYMMBI N0 THNY @ O60O3HAuaeTcs yepes
b-a ¥ uasbiBaeTCs NPOHU3BEJCHHEM MOPSJKOBHX THHOB b M @ B 3TOM
nopsinke. Tak, Hanpumep, 0 t+0=0-2, ot+oto=0-3 u 1. 1.

3aMeuanue 2. Jlerko BuaeTh, 4T0 2-0 =, 3 w=® X T. A.,
Tagk 40 2- 0% 0 2, 3 05=® 3 U T. A.. CBOHCTBOM KOMMYTAaTHB-
HOCTH YMHOMXEHHE [IOpS/JIKOBHIX THUMOB (Aa)Ke BIOJHE YNOPSAAOYEH-
HBIX MHOXeCTB) He 06.1a1aeT.

JIpyroii mpuMep Ha yMHO)KEHHE NOPSAKOBBIX THIOB. MHoKecTBO
PaLHOHAJILHBIX YHCE]

1 2 n 3 5 n
-§-, g,...,m, ...,-é-, -2—, ..-,1+m, cee

i
k-{—?,k—{—%, e TIEERE

OUEBH/IHO, YIOPAJIOUEHO N0 THIY ®-® = ©?: THI ®«® = «f NoJ1y4aeTcs,
€c/ii B3sTh CYMMY NOCJ€0BaTeNbHOCTH

Ay Ay i A, ...

MHOXKECTB, KaxJAo¢ H3 KOTOPLIX YNOPAAOUCHO MO THRY . Touno
TaK Xe CyMMa noC/JeAOBaTCJbHOCTH MHOXKECTB

Ay Ay ooy Ay e,

Kaxjoe H3 KOTOPHIX HMeeT THI ®°, AaCT HaM MHOXECTBO, YNOpf-
JOUEHHOE N0 THNY ®?-0 =3, U T. 1., TAK YTO MOXKHO TOBOPHTH
O MOPSJIKOBOM THUIE ©” NpH JA060M 7.

Jlerko pokassiBaetcs caenymromas

Teopema 6. Cymma enosne YynopAaOoueHHO20 MHONECMEA BROHE
YnopsOOUeHHbIX MHONMECMB eCmb BROAHE YNOPAOOUEHHOE MHONCECIEB0.

B camom jsiene, mycTh ynopsjoueHHoe MHOxecTBO C onpepeneHo
KaK CyMMa BZA B: BnonHe ynmopsOYeHHOrO MHOXecTBa A BrosHe

£ €

ynopfajoueHHeiX MHOXecTB Bp. Ilyerb C'—xakoe-Hubyab Hemyctoe
noaMuoxecTBo MHOmecTBa C. Tak Kak MHOxkecTBO A BMOJHe yno-
PHAOUYEHO, TO Cpeid MHOXKECTB By, cosepXalluxX 3jieMeHTH MHOXe-
ctBa (', umeercs nepBoe MHOxecTBO Bg. Tak Kak MHOXeCTBO
C’ N Bg, fiBASCTCA HENYCTHIM NOAMHOXECTBOM BMOJIHE YNOPAJOUEHHOTC
MHOxecTBa Bg,, TO B HEM HMeeTcsi NepBHIl 3jeMEHT. 3TOT 3JieMeHT
H eCTb, OYEBUJHO, MNEPBHIT 3JEeMEeHT yNopsJoueHHOro Muoxectsa C’.
Teopema nokasaHa.
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Takum o6pasomM, B CHAY Teopemel 6, NpUMeHAs oONepanuio
CNIOXEHHA X BIOJHE YNOPSANOYEHHEIM MHOXECTBaM, B WYaCTHOCTH
K KOHEYHBIM MHOXECTBaM, H K MNOCJIefOBaTebHOCTAM BIIOJIHE YIO-
PAJIOYEHHBIX MHOXKECTB, MBI MOXeM TMo/Ny4aTb Bce OGosiee H GoJee
CNOXHBlE TIpUMepH BIOJHE YMOPSANOYEeHHHX MHoxecTB [Ipu sTom
CNOXeHHEe KOHEUHOTO YHCJAa ¥ CUETHBIX IOC/HeNoBaTeNbHOCTEH cueT-
HbIX BIOJIHE YNOPANOYEHHBIX MHOXKECTB, €CTeCTBEHHO, He BbIBOAHT
HAaC M3 KJacca CYETHBIX MHOMECTB.

PaccmorpuM, B wacTHOCTH, CyMMy

otottntt...t+o"+ ..==2n:m". 3

@
MopsinkoBsiit THI Y, " ycJ0BHO *) 06Go3nauaeM uepe3 @®. Ilia Toro
n

4TOGH! IOCTPOUTH MHOXKECTBO PAllMOHAJBHBIX YMCeJ, HMelollee 1opsij-
KOBBII THII ©®, MOXHO TOCTYNHTb, HAaNpPHMEpP, TAK: BO3bBMEM B MH-

1
TepBase (0; -2—) KaKoe-HHOYb MHOMECTBO, YIOpsZOUYeHHOe IO
1 2 )
TUNY ®, B HHTepBaJse (—2-; —5)-—Kaxoe-}m6ynb MHOXeCTBO, YHOps-
2 6 n . n4l
JIOUeHHOe T0 TuNy ®?%, Boofile, B HHTEpBaje T T
n=1,2,3, ...,—KaKkoe-HH6Yb MHOXKECTBO, YNOPJOUEHHOE 110 TUIIY

o"*1, Cymma BceX NOJYYEHHBIX MHOKECTB HMeeT THN 0®. Temepn
MOXKEM CTPOMTH JAJbllie THIIbI

w®+1, ..., @®+n, ..., 0?40, ..., 0°}+ -2, ..., 0%}
+e-n ..., °to-0=0%40% ..., 0°+ o ...
ey 02+ 0% =0".2, ..., 0%n, ...
u Jajiee TUI ©-®, KOTOPHH yCAOBHO 0603HauaeM yepes o®*!, TUnst
@01, ..., % e?, L., 0% 4te®2, ..., 0 L%, ...
vy OO O =@t 2 o @%tlp, L., 0=
=% .., %7 ..., 02 =0%2 (.., 0¥ ..., 09 %=
L@
2 n (h] P
=®®, ..., 0¥, ..., ®°, ..., ©? g eee
—_——
n pas
o @
Cymma @° + 09’ -} 4-... +0° -+ ... obosuayaercs uepes
S’
n pas
0®®  unu uepes & (Kaurtop). [lasee MOXHO MATH TEM XKe MyTeM

W HoJyyaThb NOpAAKOBhe Tune £+1, ..., etow, ..., e=g-2, ...
ce.,E8=8% ... HT. A., He GyyUH HAKOTA3 OCTAHOBJEHHLIM B 5TOM

*) B 3T0il KHMTe He BBOIHTCS ONpCEJEHWE CTENeHH ¢ MOKA3aTelleM ©; HHTe-
PECYIOIUXCS STHMH H JalbHeHLIMMH NOHSITHSAMH TEOPHH YIOPALOYEHHBIX MHOKECTB
orceuiaeM k kHare Xaycgopda [1}, ra. 3 n 4.
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npouecce. ITH NpuMepsl (Kak, BopoueM, yxe o, o+ 1, -2, ...)
FIOKA3bIBAIOT, HTO MHOXKECTBO NOPSIJAKOBBIX THIIOB CUETHBIX BIIOJHE
YHOPSALOYCHHBIX MHOXeCTB GECKOHEeYyHO.

Co Bpemen Kanrtopa nopsadkossie munot enoane ynopadouennerx
MHO%MCECME  Hasvisalomcs nopaodkosvimu uwucsamu. Ilopsakosbie THIHL
KOHEUYHBIX MHOXECTB CyTb, KaK Ml YK€ YNOMHHA/H, HATypajbHble
UHC/Ia U YHCIO HYJb; NOPAOKOBbIe MUNbL OECKOHOUHbIX 6nOAHE Yynops-
GOHEHHLIX MHONCECME HABLIBAIOMCS MPAHCHUHUMHBIMIL HUCIAML,

3ameyanue 3. [Ilpu

/!/ paccMOTpPEHHH BIIOJHe ynopsi-
/ // i JAQUEHHBIX MHOXKECTB 3HakKu <,
/ ! é
/ ! > 3dAMEHFIOTCA uepes O6b-
/ % {2 Hele <<, >.
/ % [lpusciem B 3akJoucuie e-
. / CKO.IbKO ipumepos  AcHicTBMH Hajg
/ % . DOPAAKOBHIMM THINAMH  VIIOPSAO4EH-
] , . 17 HbiX, HO HE BIOJHE YHOPSZOUEHHLIX
% z % 7 MHOMECTB.
7 / ] O6o3Haukm yepes p NOPsAKOBHIT
% | TAN MHOKECTBA BceX JeillCTBHTeAb-
/- : IbIX HHCEA. Y UOPAAOUHM MHOMKECT-
/ r BO BCEX KOMNJGKCHBIX YuCeJa Z:=
/ | =-x-Liy, nojaras Aaaa z=x-}iy,
’ 2, b
. % % : 2 =x"-iy o
g ] r 22,
- ecau (He B3Hpam HA TO, KAKoe M3
Puc. 2. aByx uucest y, y' Goasue apyroro}

uveem x < x'. Lean xe x=x', 10
notaraem 2< 2’, ecam y < y* (apy-
THMH CJOBAMH, YNOPAZOYHBAEM BCe Napbl (¥, y), KaK TOBOPAT, B aa(dasuTHOM
nopsifKe). DTHM NYTCM MHOKECTBO BCCX KOMILICKCHBIX WHCE/ OKa3biBACTCA  YIiO-
PAJIOYCHHBIM 110 THOY P°.

[Npumeuareaen nopsakoswit Tt 0%, rge 0 ecto nopsiakeswil THn cermenta
unca0Bo# npamoit. MHoxecTBo, ynopsjoueHnoe no THny 02, MOMCHO MOJyYHTD,
ecJM B3ATb HA IIIOCKOCTH 3aMKHVTBHIH KRAAPAT CO CTOPOHAMM, NaPaJiedbHbIMH
ocsiM  Koopamuat, W BepumnHanu (0, 0), (0, 1), (1,0), (1, I) u yuopsnounts mno-
KECTBO BCCX Touek 2=—(x, y), O0=<Cx<C1, O<Cy<C|, 3TOro ksaaparta B «aada-
BUTHOM mopsgxe» (T. e. noioxuTh (x, y) < (X', y'), ecow x < x” uau ecan x=x’,
y<y)

YHurateal0 npeliaraercss NPOBEPHTb, YTO MHTepPBAdM (2; 2') 3TOro ynopsiio-
4CHHOIO MHOXKECTBA AJH PASHUHBIX 2, 2° HMCIOT BHMi, YKa3auHuifl Ha puc. 2, u uto
B HEM MOXHO HaHTH CHCTEMY MOIGHOCTH ( TONAPHO HE NEPCCEKIOULYXCH HHTepBa-
JIoB; OPH STOM HAlC YNOPSOUCHHOE MHOXKECTRO NENPEPhIBHO H HMECT Kak nep-
BEIfl, TAK U NOCIEHHUH 3.IEMENT.

§ 3. OcHoBHbie TeopeMbl O BMOJHE YIOPSIAOHEHHBIX MHOMKECTBAX

MHOXeCTBO BCeX OTPHUATEJNbHBIX HEJIHIX uHcen
very —(n+1), —n, ...,—3, =2, —1 1))
¥ BCAKOE MN0j00HOe eMy MHOXKECTBO Ha3blBaeTCH MHOXKeCTBOM IOPSAJ-
KOBOrO THIIA w*.
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B mHuoxectBe (1) ecrb nocrepuuit aneMent -1, Ho, oueBmzHo,
HeT MEepBOro 3JEMEHTa; MO3TOMY 3TO MHOXECTBO, OyAyuH ynopsno-
YeHHBIM, HE SIBJIIETCS BIOJHE YNOPAROUYCHHBIM U TMOPSAKOBHIA THI *
He ecTb HOpfAKOBoe uxcjo, DBosee TOro, HMeeT MecTo BechbMma
npocTas, HO TeM He MeHee BaKHas

Teopema 7. [Haa moeo 4mobst ynopadoueHHOe MHONECMGEO HE
6610 8noAHE YNOPAAOUEHHBIM, HEOOX00UMO W QOCMAMOYHO, 4Mobbl 8 Heat
CYWecmeo6ao nOOMHONCECMEO mMUNa ©*.

B camom pene, Tak KakK BCAKOE NOAMHOXKECTBO BMOJHE YNOps-
IOUYEHHOI'0 MHOXKECTBA BIOJHE yNOPAAOYEHO, a MHOXECTBA THHA ®*
HE BIOJHE YNOpSAOYEHbI, TO HUKAKOE BNOJHE YNOpsiIOUeHHOE MHO-
XKECTBO HE MOXKET cOlepkaTb NoAMHOXKecTBa Tuna w*. O6paTHO, ecau
KaKkoe-Ju60 ynopsijioueHHoe MHOMKectBo C He sBJAeTCd BOOJHE
yNOPSIIOUEHHHM, TO OHO COJEPXHT nopMHoxecTBo A Ge3 mepsoro
anementa. Bosbmem Kaxoii-nubyap aaemeilt MHoxectBa A H 0603-
HauuM ero uepes a.,. Tak Kak HHKaKO# 3JeMeHT MHOxecTBa A,
B TOM uHCjle W 3JEMeHT a_,, He ABJSETCs NEepPBHM 3JEeMEeHTOM, TO
B A ecTb 3/eMeHT, MpelecTBYIOUINA 3JEMEHTY Q._,; OIUH U3 TaKHUX
a/MieMeHToB 0003HAYHM uYepes a.,:

~a<a_;.

Tax Kak a_, Takxke He sBJSETCH NMEPBLIM 3JEeMENTOM B A, To HMeeTcs
3/eMeNT a._,, NpejlecTBYIOWHI 3JeMenTy a_,. IloBropsas 310 pac-
CYXJeHHe, CTPOMM [ KaXJOro HATypajblioro 7 3JeMEeHT a_
MHOxecTBa A, NMpHuen

a—(n+l) < a—n°
MuoxectBo

vees Qo rypy Aoy voey Qg Ay, Ay

ABJAAETCA NOAMHOMKeCTBOM MuoxectBa A = C W uMeeT THO o*,
Teopema 8. Ecau [ ecmv nodobroe omobpaxcerue enone yno,
padouennozo MHomecmsa A 6 ccba, mo 942 4106020 emenma x € A
umeem f(x)>=x.
I[oxasa're.'lbc'rao. IMycrs B A uMeiores sjeMenTs x, He
YIOBJETBODSIOLIME ToC/AenHeMYy HepaBencTBy. Toraa cpeju  3THX
3JIEMEHTOB HUMEEeTCs IIepBHil; 0603HauuM €ro uepes x,. 3Hauwur,

flx) <x. (2)

O6o3nauasi a1emeHt f(x,) uepes x,, IepenuCHiBaeM HepPaBeHCTBO (2)
B BHje

X, < Xy 2

M, TOMHSI, yTo [ ecTb monNOo6HOe OTOGpa)KeHHe, BhHIBOgMM H3 (2')
HepaBencTBo

f (%) < f{x,) =x,.
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Ho wuepasencrsa f(x,) <x, u x,<x, NpOTHBOpPEUaT ONpejEJEHHIO
3/IEMEHTa X, KaK NepBOro sjeMeHTa X € A, yIOBIETBOPSIOUIEro yCo-
suio f(x) < x. Teopema 8 nokasamua.

[lyctb Tenmepb x—MpOH3BOJBHBIA 3/J€MEHT BIOJHE YNOPSA0uEH-
soro MHoxectBa A. HasoeeMm ompeskom mrosxcecmea A, omcewentvim
SAeMeHMmOM X, U 0603HaYuM uYepe3 A (X¥) MHOMKECTBO BCEX 3/1€MEHTOB
x' € A, mpejleCcTBYIOUHUX 3JeMEHTY X (eCJiH X~—TepBHil 3JeMEHT
muoxectBa A, To A(x) ecTb nycroe MHOXKeCTBO). MHOXeCTBO Beex
OCTaJbHBIX 3JIeMEHTOB MHOMKecTBa A, T.e. MHOxecTBO Bcex x"€ A,
YIOB/JETBOPSIOMIMX HEPABEHCTBY X' >X, HA30BeM Xxgocniom (MHONKE-
ctBa A), OTCEUEHHBIM 3JIEMEHTOM X.

U3 teopembl 8 BHBORMTCH

Teopema 9. He cyuwecmeyem Hurxaxoeo nodobuozo omobpadice-
HUA 8nOAHE YNOpAOOHEHHO20 MHONcecmea A 8 ompesok kazoz2o-au6o
nodmnoxcecmea A’ < A.

HdoxrxasarteabcTBo. Eciu 6B cyuecTBOBajo nofpobHoe 0To6-
pakeHHe BIOJIHE YNOpPAAOYEHHOro MHOKecTBa A B oTpesok A’ (x)
Kakoro-in6o noamHoxecrBa A’ = A, T0 Gbiio OB f(x) € A’ (x) n,
auaynt, f(x) < x, Bompexu Teopeme 8.

[Mycre A(x) 1 A (x')—nBa pasjiHyHBIX OTpPe3Ka BNOJHE YNopsijo-
YeHHOIO MHOMKECTBA " A; OJMH H3 3JeMEHTOB X, X' mNpejliecTByer
Apyromy, nonaoxuMm x < x’; torza A (x), OueBHAHO, €CTb OTpPe30K
mHoxectBa A (x'). MTak, M3 JIBYX OTpPEe3KOB OJHOrO H TOro xe
BMOJIHE YMOPAJ0UEHHOrO MHOXECTBA ONHMH €CTb OTPe30K APYroro.
[lostomy moJsyuaem

Caegncreue 1. Hea pasiuunsix ompeska 8noave ynopadouenHozo
MHONMCECMBA He Mozym Obuny no0obHbr mexcdy coboro.

M3 Teopemnt 9 BHITEKaeT, najee,

Teopema 10. Cywecmayem re Goace 00H020 nodobHO20 omobpa-
MEHUA OOHO20 GNOAHE YNOPAOOHEHH020 MHONCECMEa Ha dpyeoe.

B camom gene, nycth f ¥ g—aABa pasiMyHHX MNMOROGHHIX OTOG-
paKeHHsl BUOJIHE YNOPSAOYEHHOro MHOXecTBa A Ha BnoJiHE yno-
psinodenHoe MHOXectBO B. Tak kak [ ¥ g npeanojoxeHH pasiing-
HbIMH, TO CYIIeCTByeT 3JeMeHT a € A, aif Koroporo b=f(a)=
s#b'=g(a). Ilyctp, wnanpumep, b<b’. Tak Kak npu BcsKOM
nono6HOM oToGpaxeHu# [ MHOXecTBa A Ha MHOXeCTBO B orpesok
A (x) MHOXecTBa A mepexojdT B OTPe3oK B (y) mHOoxkecTBa B, rie
y=[(x), To orpe3ok A (a) mHOkecTBa A nomoGen orpeskam B (b) u
B (b') MHOXecTBAa B, OTKyja clefiyeT, BONPEKH TOJbKO YTO JIOKa3aH-
HOMY, 4To oTpe3Ku B (b)u B (b’) MHOXKeCTBa B nofobHBI MeXLY co6ot0.

CanepcrBue 2. Eduncmeennoe nolobroe omobpaxcerue 6noare
YnopadoueHrno20 MHoNceCmea Ha cebA ecmb moxcdecmeenHHoe omob-
pavicerue.

Beenem Tenepb cienylouiee OCHOBHOE ONpefesleHHe:

Msl TOBOPUM, UTO nOpPAOKOBOE HUCAO 0. MeHbIle nOPAdK0so20 wucaa B,
ecau Kaxoe-aubo (a 3HaYAT, U Ji000e) 8noaHe ynopadoueHHOe MHO-
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Hecmeo muna o no00OHO HEKOMOPOMY OMpesKy Kako2o-Hubyde
(a cnejgoBatenbHO, H J1I000r0) 8n0AHE YNOPACOHEHHO20 MHONCECMBG
muna f. OueBugno, u3 a <P, f <y caeayer, uro a < y. Kpome
TOr0, H3 Hauwero onpeneaeHHs M TeopeMbl 10 BhiTekaeTr, YyTo OTHO-
wennst o <P u a==f, a rakxke a <P u a>P uckmouaor ppyr
npyra., [pyrumu cioBamu, [Ba AaHHBIX NOPSIAKOBBIX 4Yucia o, P
MOTYT YJIOB.1€TBOPAThL He GoJee yeM OJHOMY M3 TPeX OTHOLIEHHUl:
a:ﬁ, a<Bv a>ﬁ-

Ml nokaxeMm, 4TO OJHO U3 3THX OTHOLUEHHH BCETAA BHINOJHEHO,
Jpyrumu caosamu, uMeer MecTo

Teopema 11. asa aoboix Osyx nopadkosvix wucea a. u f eceeda
ocyuiecmeasemcss 00Un u moabko 00UX u3 mpex cayvaeg: aubo a <@,
aubo a =0, aubo o >f.

B cuany paHHoro Bbille ONpefe/eHHsT HEPAaBEHCTBA MeXAY Mo-
PANKOBLIMM yHCJIamMH Teopema 11 Moxer ObTh cdopMyHpoBaHa
d Tak:

Teopema 11'. ITycmo Oanw OG8a enoane ynopadoueHusvlx MHO-
swecmea A u B. Toeda umeromcea auwo mpu eo3moxcnocmu: aubo A
u B nodobrer mexcdy coboro, aubo A nodobHO Hekomopomy ompes-
Ky MHoxcecmsa B, aubo B noGo6HO HEKOMOPOMY OMmMpesKy MHOMCecHL-
ea A

HokasarenbcTBy Teopemsl 11 npexanouuiem ciepywilee samMeyanve,

Ecniu pano kakoe-HnOyjAb NOPAAKOBOE 4HCIO §, TO XaHO U MHO-
kectBo W (E) BCex nopsaaKoBHIX YHces, MeHbILHX 4YeM &. B camoum
Jeje, 3a4atb MOPANKOBOE YHCIO E-—3HAuuT 3ajath Kakoe-HUGYAb
BNOJHE YMOpAJOUEHHOE MHOXKeCTBO THma &, Torjga JaHbl M BCe OT-
PEe3KH 3TOr0 MHOMXKECTBA; HO MOPSAKOBBIE THMLl 3THX OTPE3KOB Kak
Pa3 ¥ HCYEpNbLIBAIOT MHOXECTBO BCEX MOPSAJKOBHIX HHCEN], MEHbUIMX
yem £. Ilpu 3tom cnpasessuBa

Teopema 11". Omnuouenue o <P, ycmanosrenrnoe 018 nopad-
woeotx yucen, npespaujaem mroocecmso W (E) scex nopadxosbix ducen,
Menbiuux QaHH020 nopacdkosoeo uucia §, 80 6noaxe .YnopadoueHHoe
MHOXMecmeo muna E.

Joxraszarteabctso Teopemu 117, Kax M T04bKO 9To Bumesn (M kax
HENOCPeACTBEHHO CJefyeT H3 onpeiedelust oTHowenHs o < P), mHoxecrso W ()
HaXOAUTCA BO B32HMHO OJQHO3HAYHOM COOTBETCTBMM C MHOXKECTBOM BCEX OTPE3KOB
A (x) upousBoJibHO BbIOpanHOro mHoxecTsa A THma §; Tak Kax orpeakn 4 (x)
83aHMHO OJHO3HAYHO COOTBETCTBYIOT 3JeMeHTaM x € A, TO MMeeM B3auMHO OJHO-
suaunoe coorsercrsue ot=f(x), x€ A, a €W (), mexay muoxecrsom W (£) u muo-
kecrsoM A tuna E. [Ipa stoM cooTsercTshu u3 x < x* B A cnenyer, 910 A (x) ectb
orpesok wmuoxecrsa A (x'), suaynt, a=f(x) <P=Ff@x") B W), u obparuo.
Teopema 11" noxasawua.

Toabko 410 soKa3auHas Teopema 11" moxer Gbith cOpMysIHpOBaHA TaK:

Teopema 11°*". Iaemenmot 6caKoe0 enoaHe ynopadoHeHHO20 mHoxcecmea A
Odannozo muna & moecym Goime (U npumon eOUHCMBEHHBIM 00PA30M) SAHYMEPOSAHOE
nocpedcmsom  nopadxogeix 4ucea o < § max, amo noayuumcs nodobroe coomsetms

«cmeue Mexdy MHowecmaom A U MHONCCMSOM 6CeX NOPAOK08uX ducer & < & (m. e,

Xo < Xp 6 A pasrocuasro tmomy, ymo & < ),

3 n.c. Aqekcaugpos
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Ilepexonum Tenepb K nokasateabctTBy Teopembl 11. IlyeTs panbr
ABa DOPAAKOBHIX uucaa o, P. O6osnaunm uepez D MHOXeCTBO:
W ()N W (f). D10 MHONKECTBO BMOJHE VYIIOPAKOYEHO; ero THn o6o-
3naunM uepe3 O. [lokaxeM HepaBeHcTBa & <o, & <{f. llocraTouHo
JIOKa3aTb, Hanpumep, neproe u3 Hux. Hmeem D<= W (). Ecam
D=W (o), T0 § ecTb nopsiakoBLil THIT MHOXKecTBa W (), T. €. § =a.
ycts D < W (o). Pasbuenue

W (a)=Du(W (@)\D)

€CTb ceueHHe BO BTOJAHE ynopsajpoueHHoM MHoxecTse W (). B camow
aeae, nyctb x€D, y€ W (a)\ D. Tak xak W (o) ynopsnouexo, T0:
anbo x < y, 1ubo y < x, Ilokaxem, uTo BTOPOIl Cliyuaii HEBO3MOMEH.,
JeiicTButenbHO, Tak Kak x €W (a), x€ W (f), To oxgHOBpeme:HO:
x<a, x<Pp. Ecrtu 6b1 6bsio y << x, TO OO OB y < a, y < B,
t.e. y€D. MWrak, noKasano, urox <y ans Jwbex x € D,
yeW (@)\ D, a 370 # o3nauaer, uto (D, W (a)\ D) ectb ceueiine
B W (a). Ilycte E < a ecto nepsuil anement B W (a)\ D. Torza
oTpe3ok, orcekaeMmulii B W (a) aneventoM &, coBnagaer ¢ D, T.e. &
€CTh NOPSAAKOBHIA THi MuoxectBa D, §==0 u & < a.

CoBeplIeHHO aHAJOTHYHO J[OKa3biBaeTcid M HepaBeHcTBO &< f.

Onuako HepasenctBa O << a, O <P HE MOryT ObiTb BBIIOJHEHLE
OJIHOBPEMEHHO, TaK KaK B 3TOM cJy4ae MH uMmenu 6ol & € D, Tak
yto § ObiIO GBI TUMOM OTpe3Ka MioxecTBa D U ne Morjio Obl GbiTh
THiioM Bcero D. Htaxk, HmeloTcs JHWb CACAYIOUINE BO3MOXKHOCTH:

an6o 6=oa, §=0 u, snauur, a=_4§;
anbo d=a, S<P u, snaunr, a<P;
an6o 8o, =0 u, snauirr, < a.

CcnoeHast Teopema 11 moaHoCTbIO JOKasaHa.

Teopema 12, Jlioboe muoxcecriiéo A, cocmosujee us nopaoxo-
BbLX HUCER, BROAHE YNOPAOOHEHO.

IHoxaszateabcTBO. JlOCTaTOUHO JI0Ka3aTb, 4TO Ji06oe He-
nycroe Muoxecrso A’, cocrosiiee N3 TOPSIKOBBIX UYHCENT, HMeeT
IIePBBII 3JeMeHT: ecanm 370 OyJer 10KasaHo, TO OyJeT AOKA3aHO,
B YaCTIIOCTH, YTO BCAKOE HEMmycToe mojmuoxectso A’ muoxecrsa A
HIMEEeT TEepBbll 3JeMeHT, T. €. uto A BHoJHe ynopsjodefio.

BosbMeM kakoe-uubyab a' € A’. Ecau @’ —uanmenbiiee U3 yucen
x€ A’, 10 Bce gokaszano. Eciu ke wuert, T0 mepeceuenne W (a')n A"
Henycro ¥, OylAyud MNOAMHOMECTBOM BIOJIHE YMOPSAI0YEHHOTO MHO-
xectBa W (a’), conepxut nepsuiii ssiement a. [lopsjkoBoe uucio a
M ABJAeTCH NEPBbiM 3JjeMentoM B A’.

Teopewma 13. Mycmy §—raroe-nubyde nopadkosoe wucro. Tozda
E4+1>E, nputem ne cywecmeyem HUKAKO20 NOpA0Kosozo qucaa &',
ydosaemeopstowieco Hepaserncmey & < & < E+ 1.
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B camom nene, mycrb A —Kakoe-Hil6yAb BHOIHE YNOpSAOYEHHOC
MHoxecrBo THna §. [lo oupegesennio ci1oxeHHs NOPAAKOBLIX THIOB,
muoxecrso A’ tuna §-+1 nogyunm, ecau npucoeannum x A HOBHIH
371eMeHT a', clenylomuit 3a Bcemu siemedtamu a € A. Toraa, oue-
BIL1NO, A=A"(a"), 1. e. E<E-+]1. Besakoe nopsiKosoe 4uHCAO
B < E4-1 HBAACTCA TUIOM HEKOTOPOTO OTpe3ka A’ (x) mHOXecTBa A’.
}Io ecnu x=a,10 A (x)=A"@)=A nt'=E§ eciu ke x=a<da,
10 A’ x)—A(a) u &' < E. Teopema poKasana.

YTBepxaeuue TeopeMel 13 Bhipaxaior u Tak: unciao E+4-1 ecrts
11epBOEe NOPSIKOBOE YHCIO, cJenyioliee 3a yucaoMm .

Teopewma 14. [lyems A u B-—e6noane ynopadouerrvie MHodiCe-
cmea, u nycmo o, P—ux nopadxosoe munet. Ecaw A= B, mo a<{p.

B camom pene, B MPOTHBHOM caydae uMenan Osl ff <a M muoxe-
€TBO B O6bL10 6bl MOAOGHO OTpe3Ky CBOero noamHoxecrsa A, uro
nporHBopeyuT Teopeme 9.

[lycTs namo uekoropoe NOPSIAKOBOE UYHCJAO T U KaXAOMY o < T
NOCTaBJ/I€eil0 B COOTBETCTBIE MOPAIKOBOE UHCIO Xq . IlycTs E—cymma
IO THNY T BceX TOPAAKOBLIX YUCeJ X ; 0003HaYaeM ee uepes

E= D Xo.

ax<T

Ecan X, ectb Kakoe-HHGY Ab MHOKECTBO, YIIOPAAOYEHHOE MO THITY Xq »
TO CyMMa BIIOJHe ynopsinouentoro (mo tuny W (t)) MHOecTBa Miio-
KecTB X, €cThb BIOJHE YIIOpAAOdYeHHOe MHOXKecTBo X, THIOM KOTO-
poro aBisercs E. Tak Kak MHoxectso X COJEPXKHT B Kauectse
CBOEr0 TOAMHOMECTBA Kaxkjaoe M3 MHOXKecTB Xq, TO Ha OCHOBaHHH
Teopembl 14 n1a aw06oro x, umeeM Xq <. E&. WMrak, Hamu jpokasana

Teopewma 15. Cymma mobox nopadkoseix wuuces Xxo (Oanusix
8 AI0T0M NOPAIKE) ecmb  NOPATKosoe HUcA0 &, He meHbuice dem Awboe
U3 OAHHBIX CAG2UCMBIX X .

B3as uucao E-4+1, Bugum, 4ro OHO OGoJjblie JO60ro H3 Aaii-
HBIX Xg .

Hrak:

Teopewma 16. Ko scakomy Oannomy muoxcecmsy nopsaOKosuix 4i-
Cen MUKCHO NOCMpoumb NOPACJKosoe 4ucAo, Goavuiee A006020 U3 4Hucen
IMO20 MHONCECHBA.

Orcionia B CBOIO OYepelib BBITEKAeT, YTO «MHOXKECTBO BceX MOpSAA-
KOBLIX uHces» He cymecTByer BoBce *). OHO M MOHATHO: mpolecc
TIOCTPOEHHUsI Bce GOJBUIMX U GOJAbLIMX TOPALKOBLIX YHCE] N0 CAMOMY
CBOEMY CYIUECTBY HE MOXKET MbICAMTLCA KaK 3aKOHUYCHHBI, a «MHOXe-
CTBO BCEX [OPAAKOBBIX 4HCEI» MOrJO Obl BO3HHKHYTb JHIIbL Kak
HTOT 3TOr0 mpouecca.

[Tycts A —KaKoe-HHOY AL HEMYCTOE MHOXECTBO MOPSAKOBBIX UHCE/.
Tlo teopeme 16 cyuwectsyioT uncia E, Gonbuine yem Bce x € A. Cpeau

%) Cm. samewanne u3 § 5 ru. L,

3*
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JIIDGOTO MHOKECTBa Taxnx/‘c; HMeeTCs OJHO-CJHHCTBEHHOE HAauMeHb-
wee &,. HUrobsl nosyuuth 310 E,, BO3bMEM Kakoe-HUOYIb &, Goabliee
yeM Bce x € A. Toraa Bo BrojiHe ynopsjaoueHHoM MHOxecTBe W (E 1)
G6yLyT coaepxaThcs uYucaa, Ooapiine uem Bce x€ A (Hanpumep,
gyucao £). Cpean atux yucea Gyner onHO naumeHnbluee. Ouo u 6yjer
HCKOMBIM, S

Bosmoxubl aBa cayuad. 1°. B muoxectse A nmeercs nociefuuit
pJeMeHT (T. €. CYWIEeCTBYyeT HauboJibliee 4ncao x' Cpead BCEX yuces
x € A). Torpa, oueBunno, §=ux"-~1 u 6yaer nepebiM NOPSAKOBLIM
gyucaoM, 6oJibuinM ueM Bce X € A,

2°. B -A ner nocnepsero sJjemenra. B 3Tom cayuae nepsce
yucao E, Godabliee yem Bee x € A, ofaagaer Tem CBOHCTBOM, YTO,
KakoBo Obl HM Opuio uuciao &' <&, wHtepsaa (§'; E) Bnosne ynopsi-
nogeHHoro MHoxectBa W (E--1) coaepxut uucaa x € 4, a cozepxa
onHO Kakoe-HUOGYAb uyucno x' € A, conepKuT M Bece uncaa x€ A,
6osbuine yeM 310 x'. B 3TOM CiAydae TOBOPAT, HYTO 6HOAHE Yrops-
Jdouerroe Muoxcecneo A nopadrkosewx wucesa cxodumcs K wucay & (umeer
yucsao § CBOMM HPENENOM), W MHUMIYT

E= lim x.
xeA

Ilycrs, B uactHocT, A=W (E), rne £—Kakoe-nubyab NOpPSIIKOBOE
uucao. Ecan B W (E) umeercs naubonsiuee uucac £, 1o E==§ +1;
B 3TOM ciayvae wuntepsan (&', £’ +2) cocronT M3 eAHHCTBEHHOTO
yucéaa E=E 41 n uncno & HasmiBaertcst uucaom nepeveo puda (Wiid
usoauposanmbim uuciom). TakoBbl Bce HaTypadAbHbie 4ucia, 4ucaa
w41, o+n, o*+n, @3+ot+n u 1. 8 Ecan xe 8 W (E) ner
nauGoabuIero uucaa, TO Kaxabilh uurepsan (&', £), rie £ —upous-
BOJIbHOE MOPAAKOBoe uucao < E, cOnep:KUT OecKOHEYHOe MHOMCe-
CTBO TMOPHJKOBBIX YHCET M UHCAO § Ha3bIBAETCS r11pedeabHbiM nopsio-
KOGbIM 4UCAOM WAH uuUcaoM eémopoeo poda. TakoBel uicaa o, ©-2,

w-n, 0, (o‘”m HT. A

Sameuane. [lpusnun TpancOUHUTHONR UHAYKLHN,
Nyers pano xkaxkoe-uu6Gyab BiloJHE YilOpAgoueHHoe MHOXecTso W
I HEKOoTOpoOe mnpepyoxeHune P =P (x), 3aBUCSLICE OT NEPEMEHNOID
3JIeMEHTa 3TOrO BhoOJjlle YHOpsjoueHHore Mmuoxecrsa W (o6oluno W
€CTh MHOXKECTBO BCEX TNOPSAKOBLIX UMCEJ, MEHBILNX JAHIIOTC YHCAE U,
T. ¢. B HaWHx obosHauensx W =W (a)). B 3Tux npegnoioxenusx
yTBepIeHHe, HasbBaeMmoe NPUHIHIOM TPAaHCEGHHUTHON HHAYKUNH,
MOXKeT ObITb cHOPMYJIUPOBAHO TaK:

Ecau npedaoxcenue P eepro 04 nepeoco aremenma X, MHO¥CC-
cmea W u ecau u3 mozo, 4moO OHO GepHO Ol 6LeX 31eMEHMmO8 X,
npeduecmayrowyux OanHomy sremenmy x', caedyem, 4mo npedoxce-
nue P eeprno u 0a1 saemenma. x', mo npedaoxcenue P eepro u 0az
raxcdozo aremenma x€W. (llpuy W=W (), 1. e. koraa W ecrb.
MHOJKECTEO BCeX HaTypa/bHbIX YHCeNd, HPHHUMI TPaHCGHUMTHOLL
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HHAYKLIMH TPEBpallaeTcss B XOPOLUO H3BECTHBIH UYUTATENO O6hbiuHbIH
TIpHHINUN MAaTeMATHYeCKOH HHAYKIIUH.)

Ilis noxkasateiabCTBa TpPHHIUMIA TpaHCOHHHTHON HHAYKUUM JOCTa-
TOUHO 3aMETHTb, 4TO €caH Obl CyuecTBOBAJIH 371eMeHTH x € W, aas
KOTOPHIX NpejjioxeHue P HeBepHO, TO CPENH THX 3JEMEHTOB X Gbll
6bl mepBHIl 3/eMeHT, NycTb Xx,. 1o Torna mpepnoxenue P, Gyiyum
BEPHBIM JA51 BceX 3JeMeHTOB x € W, npejplHecTBYIOWIMX SJEMEHTY X,,
6bl10 6bl, B CHJY HAWIUX MPEANOJO0XKEHUH, BEPIIO U [JIf 3JIeMeHTa X,.
ITonyueHnoe mPOTUBOPeYHE JOKA3biBaeT Haille yTBepxjeliie.

§ 4. CuerHbie TPaHCHHUTHBIE YHCAA
(nopsipKoBbIE UHCRA BTOPOro KJjacca).
MousntHe KOHPHHAMBHOCTH. AKCHOMA BHIGOpA

Hasosem Hartypanbiibie 9HCTA U YHCT0 HYAb NOPAOKOSHIMU HUCAAMIE
nepeozo Kaacca; TakMM o6pas3oM, UHCAA NMepBOTO KJjaacca CyTb NOpsi-
KOBble THIIbI KONEeYHLIX BHOJIHE YMOpsijaoueHibix mHOxecTB. [lopan-
KOBBIE TUNH CYETHLIX BIMOJIHE YNOPANOUYEHHBIX MHOMKECTB HA30BEM
CYETHBIMH TPAHCOUHUTHLIME YHCAAMH WU TIOPAAKOBLIMH (mpaxcepu-
HUMHbLMU) qucAaMy 8mopo2o Kaacca, BnoJHe ynopsaj0ueHHoe MIO-
KECTBO BCEX UHces NepBoro kiacca obosnauaercst uepes W, snosue
YIOpsiiouenioe MHOMKECTBO BCEX 4YuCeJ MEepBOTO M BTOPOrO KJac-
coB—uepe3 W,; BHoaHe yNOPsAAOYEHHOE MHOXKECTBO BCEX YHCETI BTO-
poro kJjacca—uepes Z,.

Teopena 17, Kaxkoeo bt Hu 66110 KOHeyHOe UAU CHemHOe MHO-
20CCMB0 NOPSAOK0BLIX HUCEA 6MOPO20 KAMLCA

Olly gy v eoy Qpy w v oy (D

nepeoe nopsdkosoe wuca0 o, caedyrouwee 3a ecemu ducsamu (1), ecmo
MAaKKHe HUCA0 8MOPO20 KAACCA.

PaccMmoTpuM Ba cayuasi:

a) Cpeapu umcen (1) ecth HauGoJbillee, MYCTb 3TO Oy AET YHCIO 5
YHCI0 @, -1, 10 camMoMy CBoeMy onpeneseHHIO ABJISIOILeecd YHCI0M
BTOPOTO KJacca, €CTb [1epBOe YHC/10, Cjepywollee 3a BCEMH YuC-
aamu (1).

6) Cpeau uuces (1) ner nan6oaouiero. O6ozgauum 4vepes a nep-
BOC MOPSIKOBOE UKMCJO, Caelyiollee 3a BCEMH a,. PaccMOTpuM MIiO-
xecrso W (). Mbl yTBepxjaeM, uTo

W (o) = 0 V (a,). (2)

B camomM jesie, mpasas uacTb, OYEBMIHO, cOzepXuTCs B Jepoil. lo-
KaxeM, 4uTo, W 11a060pOT, JeBas cojepxurcs B npasoit. IlycTe
E€W (). Tak Kak @ cCcTb NMepBOE YHCIO, CJAeLYIOIIee 33 BCEMH &,
H E<a, TO cyllecTByeT a,, > E H, sHauut, £ € W (2,,). Paseucrso (2)
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5THM 10Kasano. M3 (2) caenyer, uro muoxecreo W (a) cuetno. Ho o
eCTb NOPAJNKOBLIH TUII MHOXecTBa W (@), T. e. MOPSIKOBBIH THIL
CUETHOTO BHOJHE YNOPSAOUEHHOTO MHOXecTBa, ueM teopema 17 «
JOKa3aHa,

W3 teopemet 17 BbITEKalOT Ouenb BaxKHble CJAEJCTBHS, a HMEHIO:

Teopema 18. Muomecmso Z, 6écex nopadKkoseix uucens emopoo
KAQcca HecuemHo.

JeficTBuTeNbHO, B MNPOTHBHOM cJiyuae, B CHJY Teopembt 17,
CyUIeCTBOB4/10 OBl YHCJIO BTOPOrO KJaacca a, CJAefyIOliee 3a BCEMH
Yy|caaMu BTOPOrO KJjacca, T. e. Obino Gbi, B YAaCTHOCTH, @& >> &, YTO
IIPOTHBOPEUHT AKCHOMAM TNOPAJIKA.

Mousocts MHOkecTBa Z, o6Go3nauaercs uepe3 &, (Mbi NOMHUM,
yT0 cueTHOe MuoxecTBO W, umeeT MmowHocTh &,). IlepBoe nopsiako-
BOE uuCiI0, Ceaylouiee 3a BCeMH YMCAaMH BTOPOro KJacca, 0603uHa-
yaercs yepe3 o, (uHorpa uepes ). Mrak, o, ecTb NopsigKoBslil THI
BriosiHe yropsiioueHHoro Muoxecrsa W,=W (0,). Ilo camomy cso-
eMy onpejie/leHHI0 ©, €CTb [epBOe HecyeTHOe TpaHCHHHHUTIOE YKo,
BCSIKOE TOPAAKOBOE HuCI0 o < @, KOHeyHo wnau cuerHo. Otcioza
clefyeT, UYTO BCSKOE HEeCUeTHOe TNOJAMHOXECTBO MHOXectBa W,
MMEeT TOT K€ THI ®, (i, CJeA0BATeNbHO, Ty XK€ MOIHOCTL &,).
B wacr#octd, ©; MOXKHO ONpPEJEIUTL H KAK MOPSIAKOBBIA THI BIO.THE
YIOPANOUEHHOr0 MHOXECTBA Z; BCeX INOPSAKOBBIX YHCE1 BTOPOTO
KJacca.

Cranencreue. He cywecmayem HUKAK020 KApOUHAAbHOR0 HUCAq M,
1/006.1eME0PAIOUIL20 HEPABCHLMEBY

8 <m< & 3)

B camoM fene, mycTh TaKOoe WHCAO m CYIIECTBYET; TaK Kak
m < ©N;» TO cyuiectByer noaMmHoxectso M mHoxectBa W,, umeloliee
MOLLLIOCTb /71; HO B CWy HepaeeHcTBa (3) MHOXecTBO M HecueTno,
a noToMy, N0 TOJTbKO YTO JOKAa3aHNIOMY, HUMeeT MOIHOCTb &,. [loay-
YeHHOe TPOTHBOpeule JOKA3biBaeT Hauie YTBEPKACHHE.

Teopema 17 nocayuT HaM TNOBOAOM K BBEAEHUIO BAa>KHOTO MOHS-
TUA KOHQUHAALHUCMU, KOTOPOe MBI Cpasy JaJuM BO Bcedl ero obil-
HOCTH,

OnpejieneHe KOHGUHANDLHOCTH YNOPALOUEHHOTO
MHOXECTBAa CBOeMY MOAMHOXeCZTBY. Mul GyaeM roBoputs,
YTO YMOPAJOUEHHOE MHOXKeCTBO X KOH(PHHAJBHO CBOEMY MNOAMHO-
sectBy A, ecin B X He CyuleCTBYeT HUKAKOrO 3JeMeHTa, Clefyio-
LIer0 33 BCeMH 3JeMeHTaMu x € A.

M3 3roro onpenenenus caepyer cpasy: B TOM U TOJALKO B TOM
ciyuae, KOrja B YNOPAJOUEHHOM MHOecTBe X HMeercs NOCAeNHHUIl
3JIEMEHT X, BCC MHOXecTBO X KOHGHHAJIbHO MOJIMHOXECTBY, COCTOS-
IUEMY U3 OfHOro sjeMeHTa x,. Hanpumep, cerment 0<Cf{<C 1 uucio-
BOIl IpsMOit KOH(HHalen cBoeMy KOHILY 1.
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HurepBan 0 < ¢ <l KouduHajleH NOAMHOKECTBY, COCTOSLUEMY

n
M3 BCEX TOYEK BHJA m y TJi€ N—HATYPAJIbHOE YHUCIO0,

OnpeneneHue KOHPHHAJBHOCTH OLHOTO NMOPSAKO-
BOro Tuna Apyromy. Mel cKaxeM, UTO NOPSAAKOBBLIH THI & KOH-
¢uHa/eH NOpALKOBOMY THNY @, €CJH HEKOTOpoe (a CJefoBare’bHo,
" Jo6oe) MHOXecTBo X, ynopsjodeHHoe MO TUny E, KOHDUHAILHO
HEKOTOPOMY CBOEMY HOAMHOXeCTBY A, nMeioumemy Tum a.

Tax, nanpuMep, Kakoit-HuGyAb MOPSAAKOBHIA TUM E TOr1a U TO.IbKO
TOFla KOH(HHaeH nopagkosoMy uucay 1, ecau § ecTb nopsikoBbiii
THIL yNOPAROYEHHOTO MHOMECTBE, HMEIOIEro nocaegnuil saeMeHr,
ITopsanxoBeiit THI MHTEpPBaTa YMCAOBON TpAMOH (COBNAafaONH ¢ HO-
PAAKOBBIM THNOM Bceit UMC/JOBOI NpsiMOit) KouduialeH HOPSAKOBOMY
quCAy ® (TaK KaK YUC/HoBas NpsAMad KOH(DUHAAbHA MHOMXKECTBY
HaTYpaJbHBIX uYucesn),

3aMmeuanue 1. [ToaTHe KOHDUHANBHOCTH *) B 11pUMEHEHHU K
ynopsAaodeHHBIM MHOXKECTBaM, He o00Jazasd CBOHCTBOM CHMMeTDHH,
06/1a71aeT CBOHCTBOM TPAH3UTHBHOCTH: eC1¥ YNOPANOUEHHOE MHOXKe-
ctBo X KoHODUHAILHO CBOEMY IOAMHOMXeCTBY - X;, a X, —cBoeMy
nonMitoxkectey X,, To X koHpuHanbHo Muoxectsy X,. To ke BepHo
W 119 HOPAAKOBLIX THIOB.

Teopema 17 Moxer 6uiTh Tenepb cHOpMyAHPOBaHA H CAeLyIOUHM
o6pasoM:

Teopema 17, Mnoocecmeo W, ecex nopadxkoebix wucea nepeoec
U 8MOPO20 KAACCOB HE KOHPUHAABHO HUKAKOMY CB0EMY KOHEHHOMY UAU
cyuemHoMYy NOOMHONCECMBY.

B camMoM nene, B NpPOTUBHOM ciyyae MOXHO Obi10 Gbl HalTn
TAaKoe KOHEeYHOe /M CUETHOE MHOXECTBO HODSAKOBBIX uuce.] BTOPOro
KJacca, 3a KOTODhLIM He ¢/e70Ban0 Obl HAKaKOro NOpsiiKOBOrO YUCIa
BTOPOro K.acca; HO 3TO NMPOTHBOPEUHT Teopeme 17.

Ilepexond x DOPsIIKOBBIM THIAaM, MOMHO CKasaThb:

Teopewma 17", Tpancunumnoe wucao ®, He KOHPUHAALHO HU-
KQKOMY MEHBULCMY MPAHCHUHUMHOMY HUCAY (8 HACMHOCMU, HUCAY ©).

3a KaxJLM TOPSAAKOBBLIM YHCAOM a < ©; CJAGAVET YHCIO o -i-1 <
< ®;, T. €. UHCJO 1I€PBOrO PoOjAa; 3HA4WUT, Bce MHONKeCTBO W, KO-
(hHHAALHO TMOIMHOMECTBY BCEX 4HCEeT NepBOIO POja; NociejHee MOj-
MHOXMECTBO, CJA€J0BaTeNIbHO, HeCcueTHO H, MO JOKa3aHHOMY, HMeeT
TMO o, (4MTaTesb Oe3 TPYAa H HENOCPEICTBEHHO JAOKaXeT, YTo,
CTaBsl B COOTBETCTBHE KaXKAOMY YHCTY a < ®, 4uc10 -+ 1, MBI HO-
AyuuM nono6Hoe oroGpakeHue MHOMecTBa W, Ha NOAMHONECTBO
BCeX uuces nepsoro poja). C Xpyroifl CTOPOHbI, 34 KaXKAbIM UUCIOM
o < ®, cAelyer npeierbHOe YHUCIO (HarpuMmep, uucio o+ o). Or-
ClOfla BLITEKAeT, UYTO MII0KecTBo W, KOHOUHANBbHO NOAMHOMNCCTBY
Bcex IpefenbHbIX TPAaHCPHHUTHBLIX 4HceT BTOPOro kKJacca, TaK 4YTo

*) Tak, Kak Mul €ro onpeaesdH.



72 YNOPAAOUEHHBIE MHOXECTBA, TPAHCOPHHHTHBIE UNCJIA (TJ. 3

3TO TOCTefHee MHOMECTBO TaKKeé HEeCYeTHO U uMeeT NOPANKOBHIH
THI O,

Teopema 19, Ecau a <o, ecmbv npedesvroe mpancourumoe
HUCAO, MO CYWECMeyem CHemHas nocae008ame s HoCmb

gy Obyy Cgy o vy Opy = oo 4)

803pacmanuux nopsOKoBbIX Ylces, MEHLUIUX HeM O., UMPIOWAR 4YUCAO O
ceous npedesom:
a=limea,.
(m
(IlpyruMua clOBaMH, K KaXJIOMYy NpEACIbHOMY UHCAY 0. MOXKHO MOAO-
Opatb NMOCJENOBATEAbHOCTL 4Yucea (4) TakuM o6pa3oM, 4YTO o OKa-
JKeTcs TepBbiM YHCJOM, TNPEBOCXOAALIUM JO60E YHCIO H3 MNOCAEN0-
BaTelbHocTH (4).)

Tak, nanpumep, o =limn, ©-2=iim(o {n), *=limw-n,
(n) " ()
@
0°=lim 0", ¢=Ilimo* H T. A
) (n) ~——
n pas

IlokasatenbcTBOo TeopeMmu 19. MuoxecrBo W (o) Beex
uhces, MEHbUIMX ueM &, CYeTHO (MMeeT THM a); 3HauHT, ero sie-
MEHTHl MOTYT ObITb 3aHYMEDOBaHBI B MOC/AE0BATEILHOCTD

P )

{(npuyeM MOPSIIOK HOMEPOB B 3TO# MOCJIe10BaTeAbHOCTH, BoobLle
TOBODS, HHYEro e MmeeT OOlLero ¢ MopAAKOM BO BIOJIHE yNOpsAao-
yendoM MHomectee W (a)). Cpenn umcen (5) ner Haubosbuiero (Tak
Kak a—BToporo poxa). Bosbmem uueno a,=§,. Tax kak §, e ectn
uanbosiblilee YHCJIO B NOCAENOBaTeNbHOCTH (D), To B 3TO# nocseno-
BaTeJIbHOCTH CYLIECTBYIOT uncia, 6onbine yem §,. Ilyers o, =§, —
TO M3 HHX, Koropoe obaajnaeT HaUMEHLIUUM HHIAEKCOM p, == |; uMeem

p0=0<p1’ §P0<§Pl'
Tak kKak uuciao Ep‘ He 9HBJseTcd HaUHOOJBIUUM B TIOCAEI0BATE/Ib-

noctit (D), TO B 3TOH MOCJAENOBATENbHOCTH CYILECTBYIOT Yuciaa, 60.1b-
wue yeM E,; cpead HHUX BO3BMEM UHCIO o,=§, ¢ HaHMEHbLIHM
UHIEKCOM p,; NPH 3TOM p, > p; > p,=0. Ilponomkas tak paccyx-

JaTh jaJjbile, NOJY4YHM NOCJAEACBATeNbIOCTh
au=§po’ a1=§p,, OL2=§p:’ ""all:EF,l’ v (6)
TpHYeM
O=p <Py <P< oo <Pp<es (7

IlokaxeMm, uro a=limea,. Ouepniuo, o GoJblie, ueM Jw06oe a,.
(n
OcraeTcss J0Kas3aTbh, YTo He CylecidyeT HHUKakoro &€ W (a), KoTo-
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poe Obl mnpeBocxoauao Bce uncaa (6). BosbMmem npousBosbHoe
E€W (). Tak Kak B nocJjenoBaTebHOCTH (D) dHTypHpyIOT Bce
sneneHTHl MHOXecTBa W (o), To § ecth Hekoropoe E,.. Tak kak ua-
Typa/bHbi€ YHCJA p, HEOrPaHUUEHHO PACTYT, TO CYLIECTBYET OAHO-
elHHCTBEHHOE p, TaKoe, YTO

Pa< M < Prays
Torja HenpemeHuo §,, < §,,"+1 =:0Q,,,, TAK KaK B MpPOTHBHOM C.1\yae
yucao § 6bl10 Gbl BLIOpaHO HenpasBHibHO; §, ObLIO Ohl Goblie,
Ppar . m
yem ’gpn, H HMeJa0 Obl MeHbIIHH HHIEKC 7, YeM YHUCJO0 ‘épnﬂ. Teo-

pema 19 jpokasana.
dta Teopema MoxKeT OblTb CHOPMYJIHpPOBaHA H TaK:

Teopema 19'. Beakve npedeavroe mpanchurumuoe 4ucio emo-
PO20 KAQCCA KOHQPUHAALHO Hucay o.

Takum o6pa3zoM, BCsiKOe HaTypajJbHOE YNHCJAO KOH(HHAIBLHO 1,
a BCAKOe TpPaHC(QUHUTHOE YHCIO BTOPOro KJacca KOHGHHAIBHO
Jnbo 1 (ecan oHo—nepBOro pojaa), aub6o uneay o (ecan OHO—T1Ipe-
JAeJbHoe).

3aveuanne 2. M3 teopemnl 19 BITeKaeT OIHO CJENCTBHE, KOTOPOMY MpH-
1asaicch 6oablioe 3HAaueHue 0CO6eHHO B NEPBLIH, «KJaCCHYCCKHH» HePHOX Pa3BUTHS
TCOPHH MHOMCCTB— NEPHOA, HE OMpauelHblil HHKAKMMH COMHEHUSMH B INDPA4BO-
MCPHOCTY TeX WJH HHBIX, C H2WBHOI TOUKH 3PEHHT OUeBUIHBIX, TEOPETHKO-MHOME-
cTeenibXx KoucTpykuuid. CieacTBie, 0 KOTODOM HAET pedb, TAKOBO: eCJH Y Hac
yKe NOCTPCCHO TeM WM HIbLIM NyTeM MHOXKeCTBO BCeX NOpAikoBbx uncea W (x),
MCHBILMX uYeM JaHHOE 4HCJI0 G BTOPOTO KJdcca, TO YHCIO G MOXKKHO BCerga mnoct-
POHMTb OJIIIHM W3 JBYX CIAGAVIOULHX C6Co6oB: 60 npubasienueM | K HekoTOpomy
BIOJNE onpereaenHomy umcay x' €W (o) (umenio K HauboablIEMY Cpead Bcex
uncen x€ W (), ecan takce HauG.).iblilee YHCAO CYIHECTBYET), JHO0 mepexosom
K npejeay HCKOTOPGH Bo3pacTalollell MOCIef0BATCIBHOCTH (4), COCTaBJjieHHON H3
yHce < . Takum o6pasoM, B TO BpeMs KaK KaXK10e HATYPAJbHOE YHCAO MOJy-
waetrcd npubasiacHueM | K Hanboabluevy NpPEILUECTBVIOIEMY eMy HAaTypadbHOMY
yHcay, 8 06aacru TPAHCHOUHUTHLIX uHCEA OAHCH 3Toll omepanun npubasieHus |
HEJZOCTaTOuNO, HVIXKHA eule ONMepaliHs lepexola K npeleay sodpacraioueid noc.e-
JOBaTeIbHOCTH, Dro MoaoxeHlie Beuiell BhizblBaeT, OYHAKO, CAelyloniee 3avMeyanic.
B cayuae umcea HatypaqabiubiX (M TpauHchUUHTHLIX NCDPBOrG pojAa) mepexon oOT
YHCe, MCHBIUMX o, K UHCIY O AIBJIAETCA AeHCTBHTCILHO BIOJHE ONpeieeHiLIv,
TaK KaX CYLIECTBYCT OAHO-CAMHCTBEHHOE HauGOALUICE UMCIO B MHOMecTBe W (o),
K 3TOMY uHCaYy H Hajo npubasuth 1. Droit OnpeleseHHOCTH, OAHAKD, HET, KOrla
BeJ0 HIeT 0 NOCTPCeHHH NOCIeTOBaTeNLHOCTH (4), HMeloIlell CBONM npelesoM AaH-
Hoe npedesplioe 9HCA0 . JelicTBHTeNbHO, f0cacioBaTeabHOCTs (4) CTPOHICS
COBEDUICHHO aBTOMATHYECKH H, KaK ToBOPAT, «3bDESKTHBHO», KaK CKOPO HaMH Bbi-
6palia HekoTOpas onpeiedeHHas 3anuch MHoxecTBa W (a) B BuJe MOC.I1EI0BATC/ib-
noctu (5). Ho Bce 1eqo B ToM, 4TO BHIGODP 37T0¥ 3anuc (T. e. BEIGOP HEKOTOPOFO
B3aHMIIO OIHO3HAUHOro ornGpaxennsa fo MuomacrBa W (a) Ha mHOXKecTso W (w)
BCEX HATYpaJbHbLIX YMCEJA-WIIeKCOB) NPH HACTOSIUICM COCTOSIHMM HAlIUX RHANMA
ABJIAETCA AaKTOM UHCTOrO IIPOM3BOJA: Mbl HE MMeeM HHKAKOIQ 3aKOHa, N0 KOTOPOMY
MOXCHO Gbls10 Obl [OCTPOMTHL OTOGpa)ceHHe fo AAS JIOGOrO M3 HeCYeTHO-MHOTHX
TPaHCPUHKTHBIX UHCET O BTOPOro K.Jacca.

Mui, npasia, 3HaeM, 4TO AJS KaXHoro o, © < @ < ®©;, Takue 0T06pa>xeﬂmr
CYWECTBYIOT, T. €., 4TO MHoXecTBO Fg 5Tux orobpaxenuit Henycto. Ho Mol He
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UMeeM HHKAKOTO MpaBujia, NO3BOJAIONIEr0 H3 BCeX 3THX MHOXKecTB Fy BHGpaTh
No OIHOMY OnpejgejeHHOMY 30¢MeHTY. BMecTo Toro, 4ro6bl FOBOPHTH O MHOMKe-
cTBe Fg  BCEBOSMOXHbLIX oTOGpakenyit fo, MOXKHO GbLIO 6bl NPAMO COBOPHTL
o Mioxectse My BceX nocaefosateabHocrefl (6), CXOAAIMHXCA K IperedbHOMY
uHCay o MHOXKecTBa Mg HenycThl B CHJy TeopeMsl 12, HO HenycToTa 3THX MuO-
JKCCTB EHIC He O3HAuaeT HAJMYMA IPaBUAA, KOTOpOe TNO03BOHAO Obl nHaMm AJjis BCeX
IpeleablblX TPAHCHUHHTHBIX yHced & < ; BLGPaTb NO OAHOH onpejescHHON
nocJaegosatedabloctH (6).

CyuwectBoBanue MHOxecTBa M mnocienoBatenbuoctelt (6), mo oa-
HOfl MOCJe0BATEIBHOCTH [T KAaXAOr0 NpejeabHoro o < ©,, MoKeT
YTBEPXKAATHCA HAMH JAKIIb Ha OCHOBE CJAe1YIOLEro ofulero aomy-
HleHNS, HM3BECTHOTO II0] HasBanueM akcuombsl lLlepméno (Zermelo)
UJIH aKCHOMBI BbIGOpA.

Axcuowma BrOopa. [lycme darno muosxcecmeo M, sremenmanu
KOMopozo SIBASUOMCA NORAPHO HE NepeceKaioujuecs Henycmbie MHONce-
cmea M. Toeda cywecmsyem muoscecmeo M, kancdsui atemenm Komo-
PO20 €CMb 3ACMEHIT. My, HEKOMOPOo20 MHoxcecmea M, u Komopoe nepe-
cexaemca ¢ KaxcOom mHoxcecmeom Mg, auwis no o0Homy aremenmy mg.

JIpyruMH CJIOBaMM, MHOXeCTBO M, CyllecTBOBaHHE KOTOPOro
TIOCTYJIUPYETCS TOH aKCHOMOH, COCTOHT H3 3JIEMEHTOB, «BbIOpaHHBIX
0 OJHOMY» H3 KaXadoro MHoxectBa M, € M.

Axcuoma BeiGopa Obljia BhicKasaHa cBeiue 70 Jer ToMy Hasan
¥ BBI3BaJa MHOTOYHMCJEHHBIE HCCAeJOBaHHSA O GaKTHYECKOM MecTe,
3aHMMAeMOM €l0 B JIOTHYECKOM NOCTPOEHHH COBPEMEHHO MaTeMaTHKH.

Ipr atom okasajock, 4To MLl He yMmceM 0GOfiTHCh Ge3 NPHMEHEHHS aKCHOMbE
Iepmes o npu NOKa3aTes1bCTBE HEKOTOPBIX 3J1€ MCHTAPHBIX TEOPEM, OTHOCSULHXCS JaXKe
He K TEODHH MHOXECTB B COGCTBEHHOM CMHIC€ C0B2, 2 NPOCTO K MaTeMaTHuec-
KOMy aHaaxsy. Bosbmem, Rampumep, CleAyiollke ABA ONpeJe/eHusl HeNpepbiBHOCTH
dynxuHu f, 3apanHON Ha YHC10BOH NpsMOIi:

19, Oynxuus f HasbiBaeTcs 1ENpPepLBHOH B TOYKE X, CCJH KO BCAKOMY Iio-
JOMHTCIBHOMY & MOXNO [050o6paTh TaKoe NoOJoXkHTeJbHoe O, YTO 475 BCex X,
YAOBJIETBOPSIOMHX HEPABeHCTBY | X,—x | < O, umeenm |f (xg) —f ()| < e.

2", DynkOusa f HasLiBaeTCRA HENPEPHIBHOM B TOYKE X, €CAH AJds BCAKOH no-
CACJOBATENBHOCTH X1, Xgy veey Xpy «oo, CXOZAMENCHT K TOUKE X, HOC/EAOBATC/IBHOCTD
Fx0), F(%), eens f(xn)s ... cxoautcs K Touke [(x,).

OTH 1Ba onpejeeHHs, KAK H3BECTHO, SKBUBaAeHTHHL. IIpoaHaam3upyeMm ofbry-
HOE [0K43aTeJIbCTBO MX SKBHBANeHTHOCTH. IlycTh f HenmpepuiBHa B Touke X, B nep-
BOM CMbICTIe, M NYCTb JaHa KaKaf-HUGY/Ab NOCNEJOBATEIbHOCTE X1, X, eeey Xp, oevy
cxoaawascs K x,. Torga aas moGoro € > 0 MOxHO HAlTH Takoe §, uTo A BeeX X,
Jekalx B HHTepBane (Xo~—0; x4--08), umeeM | f(xo)—f (x)| < e. Basn ana pan-
HOro & Takoe 8, nopGHpaeM K neMy Hatypajibhoe N Tak, uToGbl Aas Beex n== N
6blI0 | Xg—X, | < 8, 3naumt, |f(x))—f (x,)| < &. Tak kak 3To HMeeT MmecTo Ans
moGoro & > 0, To NOCNeNOBATCABHOCTD f(Xy), f(Xa), «ooy f(%p), ... CXORHTCH K [ (X,).
Hrak, eciin GYHKUMS HenpephlBHa B CMbICAC onpefedenus 1°, To OHa HenpephisHa
H B CMBICJIE OTpefiesieHust 2° *),

Tlycrs Tenepp f— QyHRKuHs, HENpPEpPLIBHAT B TOUKE X, B CMEIC/IE ONpeeseH s 29,
Jlokaxewm, YTO OHA HENMpPepbIBHA U B cMbic/le onpeaetetins 1°, [Ipeanoaoxum npornstoe.

*) 3aMeTHM, 4TO JOKA3aTeNbCTBO 9TOrG YTBEPIKJAEHHA HE OMHMPAETCH Ha aK-
cuomy Llepmesio: BHIGOP uHciI2 N NPOM3BOJAMTCA OJHO3HAYHO, TaK KaK MOXHO
B3ATh NepBoe Takoe (HaTypaJbhoe) N, u4To ans Bcex n > N umeeM | xo—x, | < 8.
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Toraa cyuiectsyer Takoe £ > 0, uto npu 1obom 6 > 0B untepsase (x,—8; x,-+6)
HMCIOTCSA TOUKH X6y, A KoTophix | f(xg) —f (¥@)) | ==¢. HaBas unciy 8 s3uaye-

1
HHUS 6":7[ u Gepsl Aas Raxioro takoro 0, HEKOTopoe X5, KOTOpoe 0003iauum

ANl KPATKOCTH Yepe3 X,, IOJYUHM MOC’IeN0BATCILHOCTE TOUCK X,,, CXOISAULYIOCH
K TOUKE X,, B TO BPeMsi KaK A1 BCEX 3THX TOueK x, HmeeM {[(xqo)—[(x,)|=e.
JloKa3aTe/bCTBO 3KBHBAJEHTHOCTH oitperestenuit 12 1 2° 3THM 3aKoHUelo.

Pacemotpum 6:amxe BTOpyl 1OJI0BHHY 3TOTo JokasaTedbcTsa. CyinecTpoBanmne
TOYEK X(§), OAHOBPEMEHHO YIOBJETBOPSIOULIHX JBYM YCIOBHAM |Xp— X | < O H
JF(xg)—f (x(6y) | =&, 1ie o3uadacT (COrIacHO OGBIMHOH TOYKE 3PeHHH, MPHUATON u
B 3TO{l KHHMTC) TOTO, YTO Mbl MOKEM JaTh NMPAaBHIO 415 (PAaKTHUECKOTO MOCTPOEHHst
0110# OnpefiesieHON TaKOfl TOYKU: JOCTATOMHO, YTOGbL MOL.I0 NIPHBECTH K NPOTH-
BOPEUHIO NMPeAno.10KeHne, UTO MHOXKeCTBO 3THX ToUcK nycro. [losromy npeznoao-
Kenue, 4yTo GyHKLHA f He aABJIseTCA B CMbIC.Je onpeeeHus 19 HenpepbiBHOH B
JaNNOH TOUKe X, O3IHAYAET JHIUb, YTO LIS HeKoToporo & >0 u Jawboro & > 0
MHOKecTBO Mgy TeX TodeKk X uMuTepsana [X,—&; x,--98), 118 xotopmix | f{x,) —
— [(x) | ==&, nenycro. Tlepexoi oT 110CICIOBATEILHOCTH HENYCTHIX MHOKECTB

M,,;M(an)

K NOCJACAOBATe.IbHOCTH TOYeK X, €M, MoxeT OnIThb OCyllecTBaeH, BOOGIC roBODS,
Julls NyTeM {IPOW3BOJBLHOrO BbHIOOPa ™) B KaAXKIOM M3 MHOXeCTB A, 10 OfHOH
TOYKE, KOTOPYIO Mbl W 0003HaYaeM yepes X,.

OrMeTuM TaKke, YTO B HEABHOM BHJE AKCHOMA BbIOOpA B HEKO-
TOpBHIX CJAYyYasX HCIOJIb30Bajach HAaMH B NepBOH rjase.

IlpuMeHUM akcHOMY BbifOpa K JOKa3aTeSbCTBY CJEAYIOIEro Mi-
TEPECHOTO MPEeAJOKEeHHS:

Teopewma 20. Cywecmsyem muoxecmeso E, cocmosyee u3 dedcm-
SUMENbHbIX HUCeA U UMelouee MOWHOCMEL &, (Opyeumu crosamu, 8epro
HepaseHcmso 8, << ¢, 20e ¢, KaKx 8ce20a, ecrmy MOUHOCHs KOHMUHYYME).

Hasa pokaszartesnbctBa Teopembl 20 ganuM npuuajgiexailee JleGery
takTHueckoe pas36Guenye unreppasa 0 < ¢ <1 nHa &, nomapHo He
nepecekaloUXcsi MHOMECTB Eq, o <{a<{ 0, T. €. 1aJUM [PeJCTaB-
nenve untepsana 0 <t <18 Buge cymmnt {J E, nonapuo ue ne-

O,
PECceKalomuXcs MHOXECTB, NPHUYEM ITO NpeicTaBicHHe GyleT coBep-
ieHHo 3(heKTUBHBIM (B TOM CMBICJE, YTO, KaK CKOPO JaHa TOYKa !
nutepBana (0; 1), MOXKHO OJHO3HAYIO OMpeieAHTb TO €AUHCTBEHHOE
mHoxectBo E,, KoTopoMy oHa npHHapiexur). Pasbuenue unrep-
Baqa (0; 1) Ha MHOoxecTBa E, ocylecTs/sgercs Tak.

3anyMepyeM pa3 HaBcerja Bce pallMOHAAbHblE YWCJa HHTepBada
(0; 1) B nocJjejgoBaTeaLHOCTh

e e e 8)

Tis Tay «oos T

*) Muoxectsa Af,, nepecekalorcs: 6oJce Toro, ouesuano, M, .y & M,,; nostomy,
uToGst NPUMEHHTHL aKcHomy Liepmeso B ToM BHIE, KaK ona Osi1a chopmy.adpo-
BaHa, 1Haj0 OT MHOXecTB M, nepefith K MHOxecTBam M,\ M, ., HenycThole Cpeiu

P ’
nux ofosnauntb vepes My, My, ..., Mp, ... ¥ H3 HUX yXe BLHIGHpaTb Ha OCHOB3-
uuu akcuomsl llepmeso no Touxe x, (cm., BopoueM, cTp. 79).
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Ilycrs ¢ —nponsBospnas Touka unteppana (0; 1). Yucno ¢ oxwHo-
3HAYHO MOXKET ObiTh NpeJCTaBJENO B BHIE CYMMH GECKOHEUHOro pAia
I 1
t=—2”1+——2ﬂg+'.'+—2ﬂk+”° 9)
(B CaMOM jJiesie, JIOCTaTOYHO B3ATb pasJioeHHe uucaa f B Geckoney-
HYI0 JABOWUHYIO JpoOb, MpHueM B ciyyae, ecau ¢ AoNyckaeT JABa
TAKHX pPas3JoxeHHs, OepeM TO H3 HUX, KOTOpOe, HAUYHHAS C HEKOo-
TOPOro MecTa, COCTOHT M3 OAHMX €AMHHIL YUCHA /1y, My, ..., 1, CYTh

oMepa OBOWUYHLIX 3HAKOB Halllero pasJoXeHusl, PpaBHBIX 1). Hwmes
pasgoxenue (9), pacCMOTPHM MHOXECTBO pALHOHANbHEIX YHCEJ

T Tugp wovs Trps oo (10)

Bosmoxub aBa cilydas:

a) Mroxecrso (10) He saBaAsieTCA BMOJHE YNOPHJIOYEHHBIM (1O
BeJiHUMHE BXONSIIHX B HEro PalMOHAJNbHBIX 4MCEJ); B 3TOM CJiydae
OTHOCHM TOYKY ! K MHOXECTBY Eg,.

6) Muoxxectso (10) Bio/1He ynops109eH0 1 UMEeeT THII O, O < & < @}
B 3TOM CNyYae OTHOCHM TOHKY ! X MHOXecTBY E,.

TakuMm obGpasoM, Kaxpas toyka ! unrepsana (0; 1) momager B
OHO M TOJbKC B ONHO MHOXKeCTBO FE,, rie o<{a<{w®,, Tak 4T0O
3TH MHOXKECTBA I[IONAapHO HE TNEePEeCceKaloTCs H JAI0T B CYMMe BeChb
uaTepBan (0; 1). HoxaxeMm, 4TO, KakoBO Obl HH OBbLIO TPAHCHUHHUT-
HOe YHCJIO ¢ BTOPOYO KJacca, MHOXeCTso L, Hemyero.

B camoM gese, Ha OCHOBZHHM TeopeMbl 1 CYUIECTBYIOT MHOXe-
cTBa My, cOCTOsILLME M3 PAUHOHANLHLIX YHCEJ M UMeIONIHe NOopsij-
KOBHH THUN o. BosbMeM Kakoe-HHOYIb OJHO TaKoe MHOXKECTBO Mg
NyCTb €0 3JEMEHTHl CYTb pallioHAJbHble YHUCaa

Tus Fap wvor Pogs ooe

(3anucaHHble B TOPSAKE BO3PACTAHHA HX HOMEPOB B MOCJIEIOBATENb-

o ] 1 |
docti (8)). IleficTBUTENbHOE UNCO | = W_{_ o + ... —1—%1— ... CO-

JIEP/KHTCS B MHOXecCTBe E,,.

Ilnst poxasatebeTBa Teopembl 20 HaM OCTA€TCST TPUMEHHTDL aK-
cuoMy llepmeno u BEIGpaTh H3 KaXAOro MuoxecTBa E, 110 TOUKE X,.
Ioayyennoe Muoxectso E = {x,} Oyaet UMeTb MOLLIHOCTb §,.

3ameunanue 3. Toabko UTO NpHBEAEHHLI NPUMED N0Jb30BAHAS AKCHOMOH
Lepmesio THORYCH: NOKA34B NPH NOMOLLH STOH 4KCHOMB! CYLIECTBOBAHHC HMEIOULHX
MOLLHOCTh ) MHOXKECTB £, COCTOSIIMX M3 JCHCTBHTEJbHBIX HHCEI, Mbl B TO XKe
BpeMs JHLEHBl KAKOH 6bl TO HH OBLIO BO3MOMKHOCTH YKa34Th MHAKBHAYA/bHBI
TpHMep TAKOFO MHOXECTBA: JBA JIMLA, TOBOpALIie O KaKOM-JBGO MIiO/KecTBe BU4
E={xa » Tle ¥ €Eq (no onuolt Touke H3 Kakiaoro Eg), HMKAK 1ic MOTYT GhiTb
yBepeHL. B TOM, YTO OHM TOBODAT 06 OZHOM M TOM XK€ MHOXECTBE, TAK KdK HE Cy-
HecTByeT OObeKTHBHOTO NpH3HAKA, NO3BOJSIOWLErD YIOCTOBEPUTLCA B TOM, Y70 064
8TH JiHLA BLIOPa/JH M3 KaXKIOIO MHuOMeCTBa E¢ N0 OJHOMY H TOMY JKe BJCMCHTY Xg.
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B 3TOM CMpicAe M&l TOBOPHM, YTO HOCTPOEHNOE TOJBLKO 4TO TOMEUHOe MHOXecTso E
MOHIHOCTH & CCTH MHOXKCCTBO HedppeKTHBHOE (B IIPOTHBONOJIOKHOCTL MuoKecTaY Tt
MOLULHOCTH Ny, /eMEHTaMH KOTOPOro sIBASIOTCA caMH MHOXecTBa Egq; 3TO MHO-
xeetBo Wt adpextusro, ero anementnl Eo onpelesicHb! COBEPIUCHHO OJHO3HAYHO,
T4K KaK 0 KaxkJoit naHHON Touke ¢ unTepBasia (0; 1) MbI MOXKeM CKa3aTb, KakoMmy
HMCHHO MuoxecTsy Eq OHa NmpHHALICKHT).

3ameuanue 4. [IpuBegeM HeCKONBKO JadbHelIMX NMPHMEPOB Ha NpHMeHe-
1iHe aKCHOMbI BuIGOpa.

1°. loka3aTe/ibCTBO TEOPEMBI: CyMMa CYETHOrO MHOMKECTBA CUETHHX MHOXKECTB
€CTh CHETHOE MNOKCCTBO—OMHpaercs Ha axkcuomy Licpmeno. B camom Rene, nycrs
N2HO CUETHOE MHOMKEeCTBO cueTHbIX MuoxectB Eq, Ej, ..., £y, ... s npocroTel
fipennoJaraeM, 4T0 MHOXectsa £, TNoNapHo ©e nepecekaloTcs. Tak Kak Kaxjoe
u3 mnoxecrs E, cuetno, To mas moGoro n cymiecTBYeT TO KpafiHeH wmepe ofHo
B3aHMHO OJHO3HA4YHOR OTOOpaXkeHue MuoxecTsa £, Ha MHOXECTBO BCeX HATyP an b-
HpiX yuces. JpyraMu croBamH, muoxectso M,, 3JieMeNTAMH KOTODOTrO ABASIOTCH
B3aUMHO OJHO3HAUHBIE OTOOpaxKeHHsi MHOXKecTBa £, HAa MHOXECTBO BCEX HATypaJib-
HLIX YHced, wenycTo. MHoxectBa M, ana pasinyHbIX n NONapHO He Mepecexa-
orcs. [lpumensia akcuomy Hepmeso, Buibupaem M3 kaxaoro M, no ofHoMmy s.e-
MenTy. 370 JaeT HaM BO3MOXIOCTb AASl KAXKAOrO 1 HEKOTOPLIM OMpeleseHHbIM
<¢nocoboM 3anucaTh MHOXKecTBO E B BuIe 6eckoHeYHOH NOCJE0BaTe.IbHOCTH:

Ep={el, e, ..., efs .}
o

Takum o6pasom, Bce MHOMecTBO E = U E, 3anncaHo B 8HAe CACAyIOUleH TaGIHUbL

n=1
e €5 eh, el ek L
o s 5 )
el eg, eg, €% ey e,ﬁ,
ei‘, eg, e3, e‘;, . e/‘
el e e e o el L

qT0 BAeT HaVv BO3MOXHOCTb 3aHyMepOBATb BCe 3JCMENTHI MHOMKECTBA YIKE COBEP-
uwienno apdexktusno (§ 4 ra. I, crp. 19).

2°, [lposenem ¢ NOJHOR aKKypaTHOCTLIO (onupaoweecs Ha akcuomy Liepmeno)
JI0Ka3aTeqsCTso Teopembt 3 § 4 ra. 1:

Beaxoe GeckoHeuroe MHONMECMBO COOEPHCUM CUEMAHOE - OO MHONCECITLE0.

JdokasaTteabcTBo. MuoxkeciBo E Geckoiedilo; 3TO 03HA4aeT, 4To npu
J060M HATYPAIbHOM I MHOXECTBO £ COIEPKHT NOAMHOMKECTBO, COCTOSILES H3 f
saemenros. [lostomy, oGo3uauast yepe3 Ml, MHOXECTBO BCeX MNOAMHONECTB MHO=
skecTBa £, KawaA0e H3 KOTOPHX COMCPKUT POBHO n! 318MEHTOB, Mbl MOXeEM YT-
BEPKAATH, YTO OPH MOGOM HATypasabHOM n Miuoxecreo I}, Henycro. OueBWAHO,
nukaxve asa muoxecrsa Uty Wy, p # ¢, ne nepecexaworcs: IpuMenas axchomy
LlepMeno, sniGepem u3 Kaxaoro muoxecrsa Wl, 1o oaxomy anemenry M,. Umecem
10CJe0BaTe/ 16 HOCT b

My, My, iy My, o

Tak Kax Muosectso M, cocTonT U2 nl 31eMeHTOB, a YHCJIO. SJAEMEHTOB” MHOMe~
crBa My ...UM, Menbie yem

=D (n=11] <nl,
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70 B MHOXecTBe M, \(M;U...UMy-1) MoxKHO BLIOPATL 3AeMCHT X,. MHOXECTBO
Xis Xzp ever Xy ons

CCTh CHYETHOE NOAMHONKECTBO MHOMecTBa E.

Bonpoc. Uem ommusercs TOAbKO 4YTO NPUBEACHIOE JOKA3aTeNbCTBO OT
JOKA3aTeJAbCTBA TOH XK€ TeopeMbl, pavHoro B § 4 ri. I, W B ueM IpenMylIccTBO
TenepelHero J0K43aTe]bCTsa CPaBHHTEJALRO € TOTAaiHum?

§ 5. Teopema lepmeno

Teopema Ll epmMeno raacur:

Besaxoe mroacecmeo moxcem Goime cOeAQHO 8110AHE YROPAOOHCHHBIM ¥

JlokasarenbcTBy (omupaioileMycss Ha axkciuoMmy Llepmeno) mpen-
poulieM OfHO ofulee 3ameuanue, Kacawoleecst OTOOpaXeHHH MHO-
JKECTB.

B nepBoii raase (§ 3) monatHe orobpaxkeHus MHOkecTBa X B
MHOXecTBO Y OblI0 BBEJIEHO XKaK HOBOE 3JEMEHTAapHOE II0HATHE,
He MojeXxallee ONpeReseHHIo: OblJI0O NPOCTO CKA3aHO, YTO €C/H KaXK-
AOMY 3JIeMeHTY X MHoxectBa X 110CTaBJeH B COOTBETCTBHE HEKO-
TOpBIA 3JieMeHT y = f(x) MHOXecTBa Y, TO HMeercsi otobpaxKeHue f
muoxecrsa X B Y. Tenepp Mbl 3aMeTHM, 4TO B JEHCTBHTE/LHOCTHE
HOHATHE OTOGpa)KeHHsi CBOAMTCS K NMOHATHIO MHOXKecTBa, Vmenwo,
HapsAy C IHaHHBIMM ABYMS MHOxecTBaMd X H Y paccMOTpyM MHO-
XecTBo Z, 3jeMeHTaMH KOTOpPOTO fABJSIOTCS BCEBO3MOXIbE I1aphbh
(x, y), rie x€ X, y €Y. MHOXeCTBO BCEX TAKHX Nap HasblBaeTCs npo-
u3sederiuem muoxcecmea X ra muomecmeo Y (Kanrtop) u obosna-
yaerca uepes X XY. 3adame (o0no3naunce) omobpaxcenue [ mHo-
acecmea X 6 mHomecmeo Y —3uauum 3a0ame HeKomopce nOOMHoxe-
cmeo O muosmcecnsa Z =X XY, yooeremeopaoujee ycaosur: xaxobui
daemenm x, muoxcecrnsa X exo0um 8 00HY U auuls 8 00HY napy.
2, =(Xgy Yo), ABATIOWYIOCS daeMermoM Muowecmsea B. Ecam (x,, y,)
ecTb (eAuHCTBeHHaA) napa z,€ D, cojepxauas J1aHHBIA 3/EMEHT
X, € X, TO 3/MeMEHT y, TOH Napel U €CTh, O ONpejeseHHIo, o6pas

*) Mnl gaem teopemy Llepmeno B ee Tpaamunonnoil dopmyanposke. [lo nosoay
o10oil GOpMYAHPOBKK BCMOMHHM, YTO Mbl ONpPeAefHsIH YNOPSJAOYEHHOC MHOXKCCTBO
KaK COBOKYNHOCTb JBYX MOHSITHI: BO-IePBLIX, HEKOTOPOro MHoxkecTBa M u, pO-
ETOPHIX, MMEIOUIErocsl MEeXAy JOGLIMH JBYMSi PAa3HUHLIMH 3JEMEHTAMH X, Yy MHO-
swectBa M orHowmenns X < y (MM y < X); NO3TOMY BHIPOKeHMS «Jannhoe (BUOJHER
yNopsioueHOe MHOXKECTBO» H « MHOMKECTBO BCEX JIEMEHTOB Janiioro (BiloJiie) YIops.io-
YeHHOT0 MHOXKECTBa» UMEIOT HEOJIHHAKOBOE COlepKaHNe (TaK e KaK pa3Hoe ColepiKa-
HHe HMEIOT BRIPAXKeHH s «AaHHOE METPHYCTKOE NPOCTPAHCTBO» H «MHOXKECTBO BCeX TOUeK
JAaRHOTO METPHYECKOTO NPOCTPALCTBAY HJH «IaHHAsl TPYNNa» H «MHOMECTBO BCEX 3Je-
melitoB jannoit rpynnui»). Ecan cobmoznaTh nojHyio JIOTHUECKYIO aKKypaTHOCTb, TO:
Teopemy llepmeno caenoBano 6u chopmyanpoBaTh Tak: «Ko scaxomy muoxecmsy cy-
wecmeyem  6noaHe YnopadoueHROe  MHONECMS0, MMONECMBOM 6CeX  INCMEHNIO8
Komopozo seanemcs OAHHOe MHONCECME0». 33 MCKIIOYEHMEM CJiyyaeB, XOrja AaiHoe
MHOXKeCTBO M NycTO MAH COCTOHT JlMilb M3 OJHOTO 3/IeMEHTa, /1S HeTO CylecTByeT
€once OAHOIO BNOJIHE YNOPAJOYEHHOTO MHOMECTBA, MHOMECTBOM BCEX 3JIEMEHTOB KO-
TOPLIX OHO ABJRETCS.
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Yo =1 (x,) 371eMenta x, npu oro6paxenuu f. O6paTHo, eciy naH 3Je-
Meur y, €Y, To MHOXKECTBO Bcex /eMeHToB X € X, BXOAgAUiHX K Ka-
Ky-unubyib u3 nap (x, y,) € P, HaspiBaeTCst npoodpasom 3ieMEHTa
Y, €Y 1pu orobpaxenun [ ¥ obosnavaercs uepes [~ (y,).
Mbl MoXem Tenepb naTh akchHome Llepmeso Takyio popMyIHPOBKY:
Han ecaxoeo muroocecmea MM nonapro He nepecekaouwyuxcs Henyc-
muotx mHOxMcecms M, cyuwecmeyem omobpaxcenue [ muoacecmea I a

cymny \J M, ocex dannbix mnoxncecme My makoe, 4mo o6pasom eca-

[e 3
K020 nemenma My € M npu smom omobparceHuyn SBAAEMCS HEKOMO-
boitl saemenm my mHoxcecmea M :

f(Ma) =My € Mg.

Hokaxem, uTO B 3TOH (hopMyaHUpoBKe akcHoMmbl Llepmeno moxuo
OTKa3aTbCst OT TpeGoBaHHSA, 4TOOL MioxecTsa M, nonapuo He rie-
pecekajnch. Jlokaxem, APYrMMH CJAOBaMH, CJELYIOLLHH

O606wennbiii npuHUUT BB6Opa. [aaecaxkoeo muoscecmea
M wenycmoix muostecme My cywecmeyem omobpacenue MHONCCMSa

M e cymmy \J My muoxcecms M,, npu xomopom obpasom xaxdozo

o
anemenma My € WM Agastiemcea  pekomopuil  dneMeHmn M, MHOMCECM-
ea M.

JloKa3aTe/IbCTBO 3aKJIOYaeTcsl B BecbMa MPOCTOM CBEACHUH JIOKA-
3LIBaeMOr0 NpejioKeHus K akcuome LlepMeso B ee mepBoHayaabHOM
Buje. PaccmorpuM, B camoM Jnesie, Hapsiny € KaxIbiM JaHHbIM MHO-
KectBoM M, MHOxkecTBO M,, 31eMeHTaMil KOTOpOro fBJSAIOTCS Bee-
BO3MOXKHbIe mapbl BUAA (Mg, mg), Tae Mo €M dukcuposano, a m,
CyTb BCEBO3MOXHbe 3JeMeHThl MHOoxectBa M,. CraBs B cooTset-
CTBHE KaxJoMy 3JjeMeHty (M, m,) Muoxectsa M, 3ieMeHT m,
muoxectsa M,, cozepxauiuiica B nape (My, my), MOJYyduM B2aNMHO
0;1HO3HAYHOE COOTBETCTBHE MEXKAY MIIOKecT8oM My U MHOXKeCTBOM M, .
MroxecTBOo Bcex MuoxecTB M, o6o3uauum uepes M! JIBym pas-
JAuylbiM ssementay M, v Mg MHoxectea I COOTBETCTBYIOT Heme-
pecekawoluecss MHoxectBa M, u Mg, Tak u4TO K MHOXKecTBY M’
MHOXecTB M, MOMHO NPHMEHHTb akcHoMy llepmeso B ee mepBoua-
YaJAbHOM BHIE M BbIOpaTb W3 KaXKAOro MHOXeCTBa M; MO 3jeMeHTy
my = (Mg, my) € M. Crassl B COOTBETCTBUE KAXKAOMY M, 3JIEMEHT My,
(TOT caMbiii, KOTOpBIH cCOfAepXHTCS B mape (Mq, My), aBasiomeiics
BHIGpAHIBLIM HAaMK 3JEMEHTOM M, MHOxecTBa M,), moayuuM ortobpa-
HeHue mq =f(My), CyllecTBOBaHHE KOTOPOrO yTBEepkaaercs B 0606-
1leyioM npuHumne BoiGopa. OGOGIEHHBIH TPUHIKT BEIGOPa M GyaeM
KpaTKoO (OpMyJHpOBaTh TaK:

Ecau dano raxoe-nubyde muoxcecmeo M nenycmoix muoncecms M.,
Mo MOMCHO u3 6ecex mroxcecns M, evlOpame no Iremenmy mg
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(npuyeM cpepH BLIOPAHHEIX 9JE€MEHTOB MOryT ObiTh H COBHa-
namwouiue).

ITpu nokasatenbctBe Teopemul lLlepmeno nam GyapeT yaobHa elue
cjepyomas

Jlemma 1. [Jaa moeo wnobu Gannoe ynopadouerroe muoxcecmeo M
66110 8rn0aHe YnopAdoHeHHbIM, 00CIamodHO (U, 04e8UGHO, HeobX00umo),
umolbor 8 mnuoxcecrnge M u 6 sepxrem Kaacce 06020 cewenust MHO-
acecmea M Ooin nepeoud 3aemern.

B camom pene, npeanosoxHM, YTO B JAHHOM YNOPSAOUEHHOM
MHoxecTBe M Hawe ycnosue BhinosineHo. Ilyets E—kakoe-nu6yib
HenyCToe noaMHOXeCTBo MHoOxectBa M. Jlokaxem, uto B E umeertcst
TiepBbHIH 37€MeHT. 3TO, OYEBHANO, BEPHO, e€cld £ conep:KUT nepsuiif
aneMeHT x, Bcero mHoxecrsa M. Ilyctb anemenT X, He copmepxuTCs
B E. IlpomsBesem ceuenne MmHoXectBa M, OTHecs K mNepBOMY
kaaccy A Bce Te 3/aeMeHThl x € M, KOTOpble NpeALIeCTBYIOT BCEM
s7eMeHTaM MHoxecTBa E, a Ko BTOpOMY Kaaccy B-—Bce ocraliblible
sneMeHThHl MHOxectBa M. Tak kak x,€ A u E < B, to 063 KJacca
HENyCThl; KpOMe Toro, u3 x€ A, y € B ciaepyer x < y, TaK 4T0 Mbl
JedcTBHTENIbHO HMeeM ceueHue. IlycTb y,—nepBuiii asnement B B
(Tako#l cymecTByeT .mo ycJjoBui). Jlokaxem, uto y,€ E (Tak kaxk
£ = B, 10 orciona 6yneT cleroBath, HTO Yy, —lepBblii snement B E).
Ho ecin 6w y, He copepkaiock B E, 10 pasa moboro y€ £ Mbt
umeau 6ul y, < y, oTKYA2 ¥, € A, BORPEKH TpearoIoKeHu0. Jlemma 1
JIOKa3aHa,

TlepexoiuM K poKasatedancTBY Teopembl Llepmesno. 3ro nokasa-
TeJlbCTBO (3aUMCTBOBaHHOe y Xaycaopga) JOBOABHO TOYHO BOCMPO-
M3BOANT KOKasateabcTBO camoro llepmeso.

Ilyete nano npoussonbHoe wmHoxkectBo M. Tak kak nycroe

(4 BOOOIIE BCAKOE KOHEYHOE) MHOXKECTBO, OUEBUAHO, MOXeT ObiTh
BIIOJIHE YNOPSAJOYEHO, TO Mbl MOXEM NPEANOJOXHUTh MHOXecTBO M
HenycThM (naxe GeckoHeunniM), PaccMOTpUM MHOXECTBO Bcex lie-
IIYCTHIX MNOAMHOXeCTB ), MHOxectBa M u corsacHo o6obienHoMy
IIpUHUHKIY BbI6OPa B KaXXAOM W3 3THX MHOXeECTB (), Bbifepem no
3;1eMEHTY Pg. I3TOT 3JeMEHT p, (KOTOpHIA CuHTaeM onpejeseHHbIM
219 KaXJ0ro Henycroro (Q, <= M) Ha3biBaeM OMMeYeHHbIM 3/1eMENTOM
B Qq. OT™eueHHb!l 31€MEHT MHOXKECTBA (Q, HA3LIBAEM TAKKeE «/1pu-
damoyrbiMy  JEMEHTOM K MHOxecTBY P,= M\ @, 4 o6o3Hauaem
uepes f(Py). Takum ofpasoM, And BCAKOrO MHOmecTBa P, = M
O1O3HAYHO ONpejeseH NpUAATOUHbIA syeMeHT [(P,)=p,€ Qy =
= M\ Py MHoxectBo P, =P, p, HA3BIBAEM «HpEEMHUKOM> MHO-
xectBa P,. [lpeemnux onpedesen, marxum 00pasom, 0as Kaxdozo
muoxcecmea P, — M.

Hasoeem Tenepb yenoio muosmcecméa M Bcsikoe Muoxectso K,
YJIOBJIeTBOpPAIOILee C/E1YIOUMM YCAOBHSAM:

a) sneMeHTaMu MHOXeCTBa K SABAAIOTCA NOAMHOXKECTBA MHO-
MectBa M;
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6) NyCcTOE MHOXECTBO SABJSETCS 3/]1E€MEHTOM MHOXKecTBa K(;

B) cymma MOObIX MHOXECTB, SABJSIOIIUXCS 3J€MEHTAMH MHOMXKe-
¢TBa K, eCTb 3JeMeHT MHOoxecTBa K

r)y eciu P,€EK u P,=M, to u P,€eK.

Lenu cywecmeyiom: B caMoM jesie, MHOXKECTBO BCEX NOAMHONKECTB
MHOXecTBa M saBaseTcs UENbl.

Jlerko mnpoBepuTb, YTO mnepeceyeHue JIOGOr0 MHOXECTBA ueneit
€CTb IleNb; 3HAUUT, CYINECTBYET TAaK Has3biBaeMasl HAUMEHbUIAS yens
MHOXecTBa M —umMeHHO llenb K, sabaswliascs nNepecedenneM Bcex
nened muoxkectsa M. OtHocHTeNbHO 3TOH HauMeHbiuell nenu K,
JIOKaXeM cJejyiolee NpeiioKeHue:

Jlemma 2. Ecau A€K, B€K,, As=B, mo aubo Ac B,
aubo B < A.

B camom pene, nasoBeM Kakoe-nuGO MHOxkecTBO P € K, Hop-
MA.I6HbIM, €CH, KaKOBO Obl HH Oblio X € K,, uMeem aubo P= X,
au6o X < P. Jlisa poxkasaTtenbcTBa JIEMMBL 2 JOCTATOUHO yGepuThCH
B TOM, YTO Bce MHOXectBa P € K, HopmaibHbl. ns sroro o6osHa-
uuM uepe3 K’ MHOxecTBO Bcex Hopmaabhhix P € K,. Hocrarouno
NoKas3aTth, yTo K’ ecth llenb: Tak Kak K' = K, u K, ecTb HauMeHb-
mas nenb, TO OTCiOfa OGyjeT cJienoBath, 4To K' =K.

Hoka3arenbcrBo Toro, uro K’ ecrtb Lenb, B CBOIO ouepeib ONH-
paerca na cjelyioulee BCNOMOTaTe/bHOE NpejIoXKeHne:

Jdemma 2’ (x nemme 2). ITycme P € K,, P = M; ecau P—rnop-
MAABHOE MHONCECTB0, MO 0a1 mobozo Mmuoxcecmea X € K, umeem 6o
X=P, aubo X =P’ (apyriuMu cJa0BaMH, €cJH P HOpMalblio, TO
u P’ HopmaspHO). '

Haa noxkasareabctBa Jemmbl 2° oGosHaunM uepe3 K (P) wmo-
#ecTBO BceX X € K, YZOBJETBOPSIOMMX (AN8 AAHNOrO, 3aUKCHPO-
BaltHOro nopManstioro P < M) ycaosnio: aubo X = P, audo X = P’.
Jlocrarouno fokasarth, uto K (P) ectb nens: T2K Kak K (P)=K,, a
K,—mnannMenblnasg uens, TO orciona 6yjeT c1eaoBath, 4To K (P) ==
= K,, T.€. 410 JemMa 2’ Bepua.

Hrak goxaspiBaem, uto K (P) ectp uenb. OueBujaHO, nycroe
MHOXECTBO ABASETCA 3JeMeHTOM MHOXecTBa K (P).

Ilyerb paHut kakue-unbynsn P, € K (P); AOKaxeM, 4TO HX cyMmma

U P, takxe ectb 3nemeur MmHoxectBa K (P). B camom pese, ecan
o
Kaxjpoe caaraemce P, coxcpxurca B P, T0o u U P, copepxurca

o
B P; ecanm xe XoTb ofHO cJaaraemoe P, ne cojepxurca B P, 10

us P, € K (P) cnepyer, uto P, = P’, a Torpa teMm 6osee U P,=P.
a

OcTaercs nokasatb, uto 13 P, € K(P), Po=% M, ciaeaver, uTo

P, € K(P). Ho rak xax P, € K (P), 10 au6o P, = P, au60 P, = P’.
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Bo Bropom cnyusae u mogaBHo Py = P’. Paccmotpum nepsbiit cay-
qaii: P, <= P. Ecau P,=2P, 10 P; = P’, u cioBa P, € K (P). [lyers
P, < P; nokaxem, uto B 3TOM cayuae P,= P. B camom pene, Tak
Kak P mnpeanosiokeHo HOpPMaJbHBIM, TO aub6o P, = P, torga Bce
roToBo, JauGo P, > P, HO B 1ocJefHeM cJyuae MBI HMeaH Obl
PN Py =(P\P)U(P\ P,), npriueM Kaxioe H3 ABYX 3aK.IOUEH-
fibiX B CKOOKH C/1araeMbiXx NenycTo; MO03TOMY MHOMxecTBO P\ P,
conepxajo 6bi o KpallHed mepe ABa 3JemeHTa, TOTAa Kak B jeicTt-
BHTEJLHOCTH OHO COCTOMT M3 ENMHCTBEHHOro 3JjieMenTa p,. Mrak,
cayvai P, o P HeBo3mOXeH, U jeMma 2’ joKasana.

[lepexoanv ¥ mokasaTejnctBY Jnemmbl 2. Kak yxe Gwlio cka-
34HO, JOCTATOYHO MPOBEPUTh, YTO MHOXKecTBO K’ BCeX HOPMaJbliblX
P€K ecrs uenn. [Mernaem 3ty npoeepky. OueBwilio, nycToe MHO-
2eCTBO HOPMaJbHO.

[lycth pano mo6Goe MHOXeCTBO HopMaabHbix P,. Jlokamewm, 4to

HX CyMMa U P, Takxe HOpMmanbHa. B camom pene, nycre X —mnpo-
¢4

13BOJLHOE MHOXKECTBO, SIBJFIOLIEECst 3JeMelTOM MiloxecTBa K,. Ecuu

Kamaoe P, coxepxutcsi B X, TO TeM Ke CBOMCTBOM 00Jajaer W ux

CyMMa; eclu XOTb OXHO P, COZepKHT MuoxecTBO X, TOo Tem GoJee

U P.= X. Hopmansnocts muoxectsa {J P, aTuM noxasana.
e 2

o
Ocraercl N10Kas3aTh, YTO ecau P, HOpMalbHO, TO TeM ke CBOH-
crsom obmapaer u MHOXecTBO Pg. o 3To yTBepxknenue, Kak Mot
BUIeAM, M €CTb YTBEpIKAEHHe JiemMMbi 2'.
Jjlemma 2 poxasana. K3 Hee caenyer, uTo, HOJarast gisl ABYX
Kakux-nu6o sjiementoB P, € K,, Pp€K,

Py < Pg, ecnn Py < Py,

Mbl peBpatilaeM MiloxecTBo K, B ylopsIoueH1ioe MHoxccTBo. Jloka-
XEM, YTO VIOpSAJOueHHOe TakKuM o006pa3oM MHOXecTBO K, BMOJHe
viiopsajaouero. B camoM nede, nycroe MHOXeCTBO SIBJIAETCS, OYEBHJIHO,
HepPBBIM dAeMeHTOM MHoxkectBa K, B cuny aemmet 1 ocTaetcs
JIOKa3aTb, 4YTO NpH BcHAKOM ceuennn K,=AUB B ynopsipoueHitom
mHoXecTBe K, BepXuuil KJacc B coaepuT nepeuiil sJjeMent. Pac-
cMoTpuM cymmy P Bcex P, € A. MuoxectBo P ectb snemeHT MHO-
skecrBa K, (110 ceoiictBy B) nenu), 1t mostomy aubo P” € A, anbo
P€B. Eciu P€ A, 1o, B3aB Kakoe-HuOyab Pg € B, numeem P < Py,
snaunt, P < Pg. [losromy P=£M u upeemnuk P’ =P \p MHOXeE-
crBa P cyuwecrsyer. Ilo camomy onpejeneHuio Mioxecrsa P umeem
P’ €B (tak kKak usaue 6bi1o O6bl P’ =PFP). Muoxecrso P’ ectb
nepBbId 3JeMENT MHOKecTBa B (TaKk Kak ecyii 6bl OBl 37JeMeHT
Pg<P’, Pyg€B, 10 Gblsio 66t P< Pg< P’, T. €. P < Pgc P’, uero
He MOxeT ObiTb, Tak Kak P\ P COCTOMT U3 eAHHCTBEHHOrO 3Jje-
menra p). Mrak, B cayuae PE€ A B B umeercd nepsbiil snemest P’.
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Ecan xe PEB, 10 camo P ectb nepsuiii s1eventr B B. B camom
Jene, KakoB Obi HU Obla aaement Py € B, aas qwboro Py € A nmeeM
Po< Ppg, T.e. Py Py; 3Hauut, U cymma P Bcex P, cogepmures
B Pp, 1.e. PPy Hrak, K, ecTb BnojiHe yHOPSNOYEHHO: MHO-

HKecTBo,

JoxkakeM, Hakouell, UTO MeXKAYy MHOeCTBOM A 11 MHOXECTEOM
Bcex P, €K,, P, M, cymecrByeT B3aUMHO OjHO3HAaUHOS COOTBET-
CTBlE (N03BOJIsIOlIEE NEePEHeCTH Ha MHOXKeCTBO M NoOpsiIOK U3 BIOJAHE
ynopsao4ernoro Muoxectsa K, u teMm clejath MuoxkectBo M Bnoane
ynopsnouennbim). Mckomoe B3anMHO opHO3H&YHOE COOTBETCTBHE OCY-
HIECTBJASIETCS, KaK Mbl cefiyac yBHAMM, TeM, UYTO Mbl KaXKIOMY
P, €K, P,==M, cTtaBuM B COOTBETCTBHE €I0 NPHIATOYHHI 3JIeMEHT
Po =[(Pg). TlokaxkeM, 4YTO OlpejeieHHOe TaKUM oOpa3om oToliparke-
svue [ MHoxectBa Bcex P, €K,, P, M, B mHoxecreso M B3anmuo
oaHo3HauHo. B camom nene, ecau P,, Pg-—1Ba pasjHuHBIX 3]eMeHTa
MHoxecTsa K, u, Hanpumep, P, < Pg, T0 3To o3Hauaer, uto P, < Py.
Ho Ttoraa P,=P,Up, (kak nepmulil, caenyiomuit 3a P, snement
BNOJIHE YTIOPAJOYEHHOTO MHOXeCTBA K,) MOXET HAaXOAMThCH C MHO-
xecTBOM Pg auiib B OTHOIEHHH Py < Py, T.e. Py Upy, = Py. 3Ha

YNT, p, € Pg, TOrna kak ps He cojepkurTca B Pg M MO3TOMY He
MOKET COBNAAATh C pP,. VITak, pa3HyHBIM 3JIeMEHTaM MHOXecTBa K|
COOTBETCTBYIOT pasjiHuHbie 3/jeMeHThl MHOKectBa M. Ocraercsa noka-
3aTh, 4YTO B3aHMHO OJIHO3HauHOe oToOpa)keHHe f ecTb oTOOpaxKeHHe
Ha Bce MHOXecTBO M. [lasi 3TOro BO3bMEM KakoH-HHOYAL 3JaeMeHT
p € M. OGosnaunm uepe3 P cymmy Bcex MHOXecTB P, €K, ne co-
NepAKallix 23eMeHT p (Takue P, 3aBeJOMO CYUIECTBYIOT: K HHM
OTHOCHTCSI, HanpHMep, IYCTOE MHOXKECTBO, SABJAIOLICECH JIEMEHTOM
MHoxectBa K,). Tak kak K,—uenb, 10 P € K,. [lokaxeMm, uro p
ecTb npuaarounwiii anemeutr Kk P, t.e. f(P)=p. Ho ecau 661 p He
6LITO NPHAATOUHBLIM 3JEMEHTOM MHOXecTBa P, To MHOXectBO P/ S P
TaKXe He coleprkano Obl 3J1€MEHT p, Y4TO NPOTHBOPEUYHT TOMY, 4YTO
P ecto cymma Bcex P,€K,, He colepikaumwux p. HMrax, peiicteu-
TeabHo, f(P)=p, U jpokasartennctBo Teopemnl Llepmeso poseneno
0 KOHILa,

3ameuanne 1. Hawe nocregnee paccyxjeHue cOAEPEKUT 10-
Ka3aTeJbCTBO TOrO, uYTO (efuHCTBeHHoe) P € K,;, KOTOpOoMYy, B CHJY
oTo6paxenusi f, nocTaBjeH B COOTBETCTBHE AAHHBLINH 3jeMeHT p € M,
ecTb cymma P=f"1(p) Bcex Tex P, € K, KOTOpHE He COlepKaT
NIEMEHT p.

3amMeuanne 2. EXMHCTBeHRBINA 3JeMeNT NPOH3BOJA, COLEPHAUHAC B TOJBKO
4TO NpHBELENHOM JIOKa3aTeabCTBe TeopeMbi Liepmesio, cocToHT B BHGOpe Aad Kam-
ROTO MHOKecTBa P C M ero npupatounoro sinementa p==f(P)EM\P. Tlocae
“TOTO KaK 3TOT BHGOP clesan, BCE paccyXK/ieHHA, NPHBOARUINE K BHECEHHIO B MHO-
MecTBO M 1no.aHOA yNOpsSAOUEHHOCTH, NPOUCXOAAT COBEPLIEHHO ABTOMATHUYECKH M
oanosnauno, Takum o6pasoM, ecau 3alaHHOe MHOXeCTBO M TaKOBO, YTO MH yMeeM
5(:€KTHBHO OCYIECTBHTL M Kaxjoro P C M Bh6op HEKOTOPOTO 31EMEHT3
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p € MNP, 1o muoxecrso M Moxer OwiTb BRoJsHe ynopsaaoueHo sddexkTHBHBIM
o6pasom. Tak, Hanpumep, ecau Mbl 32 M BO3bMEM MHOXECTBO BCEX HATypasbHbIX
yucesl M NSl Kaporo MuoxecTsa P M onpenesimM NPHIATOYHBIH 3JeMeHT
p=[(P) Kak HaumeHbIee HaTypajlbHOe UHCJO, He NPHHAJIEKAllee MHOKeCTBY P,
T0, NPUMEHAS MPelnAylLIHe PacCyKACHHS, Mbl M NOJYYHM eCTECTBEHHBI MOPAZOK
& MHOXKECTBE BceX naTypajbHblx uuces. Ecin e Mbt onpeneanm f(P) Kak 10,
He [pUHaLJeIRaLlee MHOXKeCTBY P, HaTypaJbHOe 4YHCIO, KOTOPOE COCTOUT H3
HAUMEHLILEr0 YMCJa TPOCTHIX MHOMKMUTEJeH U Cpeiu UMCea C JaHHBIM YHCJIOM MHO-
muTesell ABAAeTCS HAUMEHBIUHM, TO MbL IIOJIY4HM IIOJTHOE YROPSIOYeHNe MHOXKCCTBA
BCEX HATYPaJbHBIX 4HCEN NO THOY 0% cHavasa GyAyT HATH BCe IPOCTHIE YMCJIA
6 ¥X eCTeCTBEHHOM [OPsAZKe, NOTOM BCE Y/, COCTOSIUME H3 JABYX IPOCThIX
MHOMHTe/Iefl, TaKKe B HX eCTeCTBeHHOM IIOpsiAKe, W T. .

BooGute, ecau naM fano xakoe-HHGyAb BIIOJIHE YNOPSANOUGHHOE MHOXECTBO
W Mbl XOTHMM BOCCTAHOBHTb 3TOT NOPSJOK, paccyxk/iasi, Kak IPH J0KasaTenscTse
teopemul llepmeso, To Ham Hano 06BABHTL NpHAATOUHLIM 3jaeMenToM f(P) aas
awboro P C M nepsmifi sJemeHT MHOXecTBa MNP (B TOM NOpsiKe, KOTOPbIi
AaH B MHOXecTBe M C camOoro Hayajla 4 KOTOPHIf Mbl XOTHM BOCCTAlOBUTD).
B aToM, ecan yrogHo, H 3aK/HoyaeTcs BCA Wjes JokasaTeiscTBa Llepmeso.

§ 6. Teopembl 0 KapAMHAMBHBIX YUCIAX

M3 reopemer llepmeso BbiTeKaeT, YTO BCSIKAsi MOLLHOCTh MOXKET
6biTh paccMaTpHBaeMa KaK MOLLHOCTb HEKOTOpPOTO BNOJIHE YNOpAJo-
4YeHHOrO0 MHOXKECTBA. 3TO TNO3BOJSIET HaM JOMOJHHTH Pe3yJbTaThl
§ 6 ra. 1 cnenywoluM BecbMa CYLIECTBEHHBIM INpeiJoXKeHHeM:

Teopema 21. Bcakue 0dse mowppocmu a u b cpasHumor mesxcoy
cobo, m. e. aubo a < b, aubo a="b, aubo a>b. Apyeumu croeamu,
M000e MHONMECMBO MOwHocmeld ABAAemca YnopAadoteHHom (no geat-
uuHe *)).

B camom gene, nycte A w B-—pBa BHOJHE YNOPSAOYEHHBIX
MHOECTB3, HMEIOLLHX COOTBETCTBEHHO MowHoctH a u b. Toraa,
B cHay TeopeMbl 11/, nMeloTcs AWUIL TPH BO3MOMHOCTH:

an6o A u B nogo6ubl Mexay coGow (torga a=hb);

160 A Mofo6HO HEKOTOPOMY OTpe3Ky MHOKecTBa B (Torna a < b);

aubo B nono6uo HekoTopoMy oTpe3Ky Miuokecrsa A (rorpa b < a).

Teopema 21 3THM noKasaHa.

Terepb MOWHOCTH OYAyT HA3LIBATBCS TaKXKe KaAPOUHAAbHBIMU
qucaamu.

M3 reopembl 21 u u3 cneacTBus Teopembl 18 BhiTeKaer

Cnepcrue. Has 6CHKOUL HeCcHemHOU MOWHOCHTILL M UMeeM
m>=8, (m.e. 8] ecrmb HAUMEHLIUAA HeCUEMHAS MOUWHOCMb).

YcTaHoBMM Tenepb HEKOTOPHIC COOTHOWICHHA MEXKAY MOUIHOCTSIMH H MOPAAKO-
BLIMH UHCJIAMH.

Tlycrh mano kakoe-Hnbynb GecKoHcuHOe KapaunadbHoe uncno m. Paccmorpum
pce [OPSAKOBBIC UMC/IA MOULHOCTH m (T. €. BCe NMOPFAKOBLIE THUNH BUOJHE YyHOpsi-
JOUEHBBIX MHOMKECTB MowHocTH m). Co80KynHOCIMb Imux nopaokoseix uuces 000-
snauaeme 4epes Z (M) 1 HOSbIBACMCS YUCAOBHIM KAAGCCOM, COOMAEMCMOYOUUM MOU-
Hocm m.

*) [axe, Kak Mbl cefiuac yBHJHM, BIOJIHE yIOpsioueliHbIMU (Teopema 22).
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B uactHoctH, Z (§p) €CTb MHOXECTBO BCEX CYETHBIX TPAHCHUHUTHHEIX HHCe,
T. €, UHCEJI «BTOPOro ‘kaacca». Cpeau NOPSAKOBLIX YHMCE] MOIHOCTH M HMEeTCH
HaHMeHblllee: OHO OGO3HAYAeTCH 4epe3 @ (M) H HA3BIBACTCH HAYAALHLIM NOPAGKOGLLM
QUCAOM MOULHOCIUL M.

3ameyanue 1. Beakoe nHayanbHoe uMCHAO ® (/1) €CTb NpelefibHOE YHCIO:
ecan Ob Obiio o (m)=o-}1, To uucso a, Oyayun < o (m), NO onpeneIeHUIO
HauaJbHOTO uucna uMeno 6wl MolgnocTs m" < m. Ho or npubGapiaenus oguoro
BJEMEHTa MOUIHOCTh GECKOHEYHOTO MHOMXKecTBa He Mmeusercd (§ 6 rui. 1), nosromy
m=m". TlonyyeHHoe NpoTHBOpeyHe [OKa3blBaeT Hallle YTBEPKUECHHE.

PaccMOTpHM MHOMECTBO BCeX Haya/ibHbiX 4YHCeJl OECKOHEYHBIX MOIHOCTel,
MeHbLIHX YeM 1m. STO MHOXEeCTBO BIoane ynopsjouero. [1ycTb nopsAKoBoe 4nei0 o
€cTh ero nopsajkosntii THH. Toraa noaaraem

g = (m),

T. e. cHaKaeM KaXpoe HauaibHOe NOPSANKOBOE YMCIO HHICKCOM, pPaBHBIM HOpsii-
KOBOMY THHY MHOXECTBA BCeX HaYa/JbHBIX TNOPSAKOBBIX YMCE, MEHLIIHX ueM
panroe. Tak kak o (kak M BCsIKOe NOPAAKOBOE YHCJIO) €CTb MOPAAKOBBLIA THII
muoxectBa W (@) Bcex mnopaakoBeix uucea < o, To W (@) noiobHo MHoXeCTBY
BCEX HAUaMbHBIX WYHCEJ], MEHbUIMX YHCIA Og = (m), TaK uTo Kaxiomy f < a
COOTBETCTBYET (g < @, Ortcioga cpasy cnenyer, YTO j10G0€ MHOMXKECTBO HAYAbHBIX
NOPAAKOBLIX uMCeNl NOAOGHO MHOKECTBY HHIEKCOB STHX YHCeJ (WeM H onpaBaaHo
BBEJEHME HIHJeKCcOB). B UacTHOCTH, NOPSAKOBOE HHCJO ®, SIBJAIOLUIEECSH NepBbIM
GeCKOHEYHbIM TIOPSIIKOBEIM 4MCJIOM, IOJydaeT Tenepb ofo3Haueline ®,; 0603Haye-
HUE O TaKKe yxke ObWIO HAMH BBEACHO.

MomnoeTh HayanbLHOTO uUCNA ®q O06GO3NavaeTcs uepes o (3Tomy obiuemy
0003Ha4eHNI0 BHOJNE COOTBETCTBYIOT paHee BBCHCHHLIC OOOSHAUEHHA &y AIH CYCT-
HOH MOILHOCTH M &; AJs NepBoH necyernofi momHoctH). Takum obpasom, Kamjas
MOHINOCTL /1 ToJlydyaeT o6o3HaueHHe B BHIE HeKoToporo §o. [lycTh nHaM naiio
Jalofoe MHOKECTBO KapAHHaJbHLIX 4nced. CTaBsi B COOTBETCTBUE JIOGOMY M3 RaH-
HBIX KADIMHAJbHBIX 4HCel m={q HWHACKC aQ, TOJyYdM B3aHMHO ORHO3HAYlOCE
oTobpaxenne RAHHOTO MHOXKCCTBA MOILHOCTEH B MHOKECTBO NOPAIKOBHIX UMCCA &)
npu 3ToM, ecnn Ny < Ny, T0 0, < @g M, CICAOBATENLHO, & < B, nosrowy Hawe
COOTBETCTBIC €€Th COOTBeTCTBHe mopoGua. OTCiofia H H3 TOro, YTO BCAKOE MHO-
JKECTBO NOPALKOBBIX YHCEN SBJASCTCHA BNOJHE YNOPSAOUEHHBIM, CIEAyeT

Teopema 22. Bcakoe MHOMECMSO MOULHOCHENR ARASIEMCS 6MOAHE YNopado-
YEHHOM (N0 GeAudUHe).

3Gasmcuanue 2. Ilpu sT0M MHOMKECTBO BCeX GECKONEUHbIX MOWHOCTEH #1,
MEeNLMX JaHHOH MOLIHOCTH M — Ko, N0A06HO MHOMKeCTBY W (®t) BCeX HOPALKOBLIX
unce < o (H/H MHOXECTBY BCeX LaYalbHbIX MOPSAKOBBIX wHCCS wg < ©).

Mbi MOXeEM OnpelesuTb HHCIO @ (M)==0g KdK MNOPALKOBBIH THI MHOXCCTBa
BCEX 1OPHAKORBIX HHCCH, MGIIOCTb KaXAOTO H3 KOTOPLIX MeHbllle, YeM AaHHoe
KapARHaADLOE YHCAO M —=&g. (ITO BLITEKAET M3 TOro, YTO NOPSAKOBOE HUCIO
TOraa M TOJbKO TOrAa MeHblle, ueM jauHoe @ (m)==w,, KOLJd €ro MCLLHOCTL
Menblle m.)

EcrecTsenno 3anaTLesl MCCACAOBANKCM YHCIOBOrO KJacca

Zoc=Z (Na),

COOTBETCTBYIOLICTO J@HHOR MOIMHOCTH M =: g, H OUPCICJHTbL TOPAAKOBLIT THI H
MOLLIOCTL 3TOr0 MHOMecTBa. [lpexie BCEro, OYEBHIHO, YTO YHMCJIOBOR Kiaace Zg
€CTb MHOMECTBO BCCX HOPH AKOBBIX ukced §, YAOBJCTRCPSIOLIMX LEeDPABCHCTBAM
<
g, <&E< Do pr
T. e

Zo=War\Wa, 0y
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rie A5 KPaTKOCTH 1UJOKCHO
Weo =W (0q).
Boaee Toro,
WVosrr=Wo+Za %), (2)

Fie CpaBa CAOKEHME BMOJIHE YIOPAAOUCHHBIX MHOMXKECTB Onpeleseno, kaxk B § 2.
Jaace, aag ni0€oro oo mieeMm

Wo= Y Zy &)

v o

{cymMuva Gepercs 110 BNOJIHE YNODPSIO4EHHOMY MHOMKECTBY Bcex v < o).

Teopema 23. Mnowmecmeo Zy useem HOPAOKOBLIL MUR .« Wgyy U, CL20060-
meavro, Mourocne Net1.

Iry TeopeMy MB BbiBCAEM H3 APYroi, siBJIsoLleNCA lienocpeiCTBeHIbIM o6olie-
HHex Teopemnt 2 § 4 ra. 1.

Teopewva 24. [Mycms m-——beckoneuroe xapdunasenoe wucao. Cyuma m
Mromecme Me, KQxQoe U3 KOMOPBLIX Umeem MOWHOCMb <K M, eCMb MHOXECMEO
MOUYHOCIUL << m.

Jlo Toro, xak JIOKasmBaTb TeopeMy 24, nokaxeM, KaK M3 Hee BHITEKacT TCO-
pema 23.

[Tpexae Bcero, npuvensis TeopeMy 24 x c.Iyualo, KOria Bce cjaraembie, KpoMe
KOHEYHOIO YHMC.Ja, NYCTbl, BHAMM, YWTO YACTHHIM CjydaeM Teopembl 24 sB.siercs

Teopema 24,. Cymnma KOHedHOeO HUCAQ MHONECMB, U3 KOMOPHX Kaxcdoe
umeenn MOwHOCMb < m (ede 11— GeckoHeurog KAPOUHAAbHOE HUC.I0), eCib MHONCe-
CM6E0 MOWHOCIIL < 1.

BriBeneM Tenepb M3 Teopemul 24 cieayioliice NpeliokeHHe (CoAepxaiiee Teo-
peMy 23 Kak 4acTHLIA cayuai):

Teopewma 23'. B mnowmecmee W o (6006u4e 60 6CAKOM 8ROAHE YNOPIOOHCHHOM
MHONCECMEe MUNG ®g) X60CH, OMCederHblid A00b sieMmenmom &, umeem miun Og.

(Hro6m noayuntb M3 teopemil 23’ Teopemy 23, Hajgo B (HOpMY.NpPOBKe TCope-
mul 23’ s3amcHuTh Wa uepes Wi ¥ noioxnts £ =)

HokaszareabcTso Teopeumbl 23'. Idas moboro & < wa umeenm

Wo=A®)+BE: *®

rie A(E) cctb orpesok Wy, OTceveHHbifi 3aeMeHTOM & (T. €. MHOXECTBO BCeX
' < &), a B(E) ectb xBocT 3TOTO 3dcMeNTa (T. €. MHOXKCCTBO BCeX &', YAOBJICTBO-
psiomnx HepaseHcTBAM £<CE’ < wg). Tun muoxectBa A (§) ects &) Taxk Kak g
€CTH NIEPBOE YHCIO MOWHOCTH N, TO MOILHOCTE a MHOKecTBa A (E) MeHblne yenm Ng.
Tun MuomectBa B (E) ecTsb NOPSAKOBOE UHCI0 N << ®q. [lyeTh W < wn. M3 TOrO,
uTO W €CThb NepBoe uke10 Mownoctd o, H H3 npeinooxenud 1) < g CICIYCT,
YTO MOIMHOCTb b Mhoxectsa B (E) menbiue ueM Nq. [lycth ¢ ccTb Hanbo.blice H3
KXapauHaabhbx uuced a u b. Umeem ¢ < &¢. Toraa u3 (4) u teopems 24 BuiTe-
KaeT, UTO MOULHOCTb MHoxecTBa W -= A (E)-+- B (E) He npeBocxomr ¢, 1. ¢. < o,
TOrAa KaK Ha CaMoM fJejle MOULHOCTb MHOXecTBa Wq paBHa Ka.

Teopema 23’ pokasana (B npeanonoxeHnun, 4TO JOKasaHa Tcopema 24).

3aveuanne 3. Eciu B dopMy HpOBKax TeopeM 24, 24, TNpeino.ioKHTb,
uTo XOTs1 6bl OAHO H3 CJIAraeMblX MHOMKCCTB HMEET MOIHOCTH /M, TO HO Teopeve
Kantopa— Beprirrefina (§ 6 ra. 1) mounocTs cyvmbl 6yler == m, 3HA4HT, B CHaY
Teopem 24, 24,— pasna m.

BsejeM tenepb caeayioulee onpeacienve. Hasoem cymmoii (HEeKOTOpOro KoHed-
HOTO HJH GECKOHEUHOTO YHC/Id) MOULROCTEH /g MOILHOCTb CyMMbl TONAPHO He nepe-
CEKAIOUINXCS MHOXeCTB Mg, HMCIOIHX COOTBETCTBEHHO MOMHOCTH Mg (OYEBHAHO,
pe3yibTaT 3aBHCHMT JMWb OT CAMHX MOULHOCTEH My, @ HE OT TOro, KaKoe MMEHHO

*) B yacruocTH, Zg ecTb MHOXKECTBO TNOPAJKOBBIX uucead BTOPOro K.jacca,
W — MBOXKECTBO BCCX HATVPAALHLIX unuced, a Wi-—BceX UYHCCa < .
1) ] 1
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muomectso Mg MOUWHOCTH My Mbl B3saH). Teopema 24 u ee wyacTubiil cayuail 24,
JA0T LaM CHeAYIOUHi pe3yabTaT:

Teopema 24'. Cymma m crgzaembix, U3 KOMOPsLX Kaxcdoe ecrmb HeKomopoe
KapAUHALBHOE HICA0 < M, eCHb KAPOUHANbHOR 4UCAO <\ M, Npudem ecau xoms 6ol
00HO cagzaemoe pPAsHoO m, mo U cymma ecmo m*). B wacmnocmu, cymma xorew-
HO20 HAUL CHEMHO20 4UCAQ CAQ2QeMbIX, KAX00e U3 KOMOPoLX ecmb OAHHOE HecKkoHey-
Hoe KAPOUHQAbHOE YUCA0 m, PAsHA M.

Tlepexons, Hakouel, K JAOKa3aTeJdbCTBY TeopeMbl 24, 3aMeTHM, YTO ee JOCTa-
TOYHO JOKasaTh B NpeANOJOXKEHHH, YTO BCe 3ajahuble MuokecTsa My B uncre
m =Ny 10NapHO He NepeceKaloTcss ¥ YTO K2KA0C H3 HMX MMEeT MOULHOCTb m = N1y.
Toraa MHOMCCTBO BCCX MHOXECTB Mg MOXKHO YNOPAAOHHTL {10 THIY @1

Ml) Mg, asey Ma, “ee

{2 npoGeraer BCe TOPSAIKOBBIE uHCIa < @), B Kaxjaoe MHOWecTBO Mq Tome
MOJKHO YUOPSZOYHTL 1O THIY g :

Ma={ﬁ”x%,“”x%,“l
{p npoGeraer Bce MopsiKoBble uHCIa < Of).

Bee cBoauTes, TakuM 06pasoM, K JOKa3aTe/bCTBY CJEYIOULEro NPCANONKEHHS:

Teopema 24”. Mnuomecmso ecex nap (x, B), 20e o u f npobezarom (nesa-
sucumo dpye om Opyen) MHONECMBO 6cex nopadkosvix wuces < @y (wau 8000uis
Karoe-Hubyls mHoocecmeo mownocmu ), umeem mouHocmy Ny .

Hpyramu cnopamu: [Ipoussederue (cM. Hayalo § B) Osyx mHoxcecms mouys
Hocmu ¢ umeem my & mowHocmos . '

Ora TeopeMa Bepua Aas N,. [IpeAnonoxum, uTo Teopema 24" BepHa IJisi Bcex
6eCcKOlEU HBIX KapAHHAAbHBLIX uncea < §¢, H AOKaXKeM, UTO TOTJa OHAa Bepua H jas
N 3TuM Teopema 24 u Gyler Aoka3zaHa Ans snoGoro &y .

Mrax, paccMoTpum MHOxecTBo £ Bcex nap (o, B), rae o u f—BceBo3mox-
#ble NOpsIKOoBbE YHCaa < O¢. Hasosem BeicoToio mapsl {2, f) nopsakosce umcae
2==o-+fB. JlokaxeMm, yTo Zasi Jo0bx o < @y, B < wr uMeeM A=a -+ < o¢.
B cavom fene, MycTb, Hanpumep, o << f}; 0603HauHM uepe3 @ MOIULHOCTb HOPAAKO~
BOr0 4HCJaa O, 4epe3 b-—MONHOCTh MOPAAKOBOro uucia P, toraa a<<b < 8¢
Tak Kak TeopeMa 24” (a sHauuT, H teopeMa 24,) npeano/oxeHa BepHOH ans kap-
IMHATBHOTO uKena b < 8¢, T0 a--b=b < 87, Ho Toraa U a+fP < wr, ¥ nauwe
yTBepXK eHue noKkasano. O603HauMM Tenepb JIsl Kaxaoro A < @y uepes L) Mmuoxe-
cTBO BCeX mnap (, P), BbicoTa Koropbix paBna A. Tak kax kaxaas napa (o, f)

HMEeCT BLICOTY & 4-f < @y, TO
E = U Ea.

0<~7\.<(l)1:

Tenepb nam nounaaoGutcst
Jdemma. Jas kandozo 0annozo b < 0y u awboeo o << A umeemncsa odHo-edun~
cmeerHoe nopsdKosoe qucao f maxoe, umo

a+t+p=24

npu smom B<< A (max kax npu B > A umern 66t u a-f-§>=4 > 1).

B caMom geae, MO CaMOMY OlpeEleHHIO CNOKEHHS TOPAIKOBLIX YHCEN, HCKO-
Moe P omnosnayHo onpegeasercsi Kak NOPSAKOBBIA THO XBOCTa, OTCCKAEMOro
B MHOKecTBe W (A--1) ajemenToM a.

*) To xe yTBepKJCHUHE BCPHO, CCAH HH OJHO M3 CJaraeMblX HE DaBHO HY.IIO
(B 5TOM cayyae CyMMa [aHMBIX KaDAMHANbHBIX HYHCEN eCTb MOWHOCTb CyMmbl M
fIONAPHO He NepeceKaloiluXCsa HeMyCcThX MHOXKeCTB Mg, AaHHBIX B yucae m). Oue-
BHIHO, MOUIHOCTb MHOXecTBA M B 3THX YCJAOBHAX Z=m; C JAPYroil CTOpPOHSI,
B CU.1y Teopemsl 24’ oHa << m.
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M3 nevMsl cileiyer, 4TO NPH 3ajaHHOM A KaXIOMY O << A OJHO3HayHO COOT-
BETCTBYET 3JeMeHT (&, P) MHOkecTBa Ea, H TaK Kak PasjIMuHbIM ¢, €CTECTBEHHO,
COOTBETCTBYIOT pa3JUyHLIE 3JEeMEHTBl MHOKecTBa E), TO CyUeCTByeT B3auMHO
OHO3HAYHOE COOTBETCTEME MEXKAY MHOXKECTBOM E) ¥ MHOXKECTBOM BCEX MOPSALKO-
BLIX yHces o << A. DTO COOTBETCTBUE NO3BOJISIET NEepeHecTH B MHOXecTBO E) MHoOpsi-
noxk u3 muoxectsa W (A1), T. e. cuuTars Ep ynopsinoueHHsim mo tuny A-- 1
(0TCI01a, B YaCTHOCTH, CJAelyeT, 4YTO AJIsl KaXKIOro A < ®y MHOXKecTBO Ejp eCTh
HENYCTOE MHOYKECTBO).

YuopsiaouuMm Tellepb Bce MHOxecTBO £ caeayiomnM o6pasom. Ecam naper
t=( P) u '=(a', B') uMeioT pasjuunbie BbCOTH A=oa--f u A'=a"+f’,
10 noiaraem [ < {*, ecam A <A’ Ecau xe a--P=a"-+p"=A4, 10 coxpansiem
aia L n "8 E Tor nopaiok, KoTopwit { u {* umenn B Ep, T.e. nhoaaraew
t< ', econ o < a’.

Otciosa cpasy cJaejiyeT, YTO YNOPSAOUEHHOE MHOXKecTeO E ecThb CyMMa vmopsi-
JIONEHHOTO 110 THNY @ MHOXKECTBAa BAOJHE YNODPSINOUEHHBIX MHOXKerTB Fp M, 3Ha-
4HT, CAMO €CTh BIOJHE YNOpsSAOYEHHOe MHOMecTBO, THIl 0 KOTOporo ectb cymma

b= X (A+D. (%)
< A <o)t

Jlokamxem, uto O==@g; JOCTATOYHO AOKa3aTh, uTo O<Cw¢, Tak kax H3 (3
#ICHO, 4TO He MoXeT GuiTh 0 < wr.

[MpeanosioxuM, 4to 6 > @y . Torga Bo BNOJHE YNOPATIOYEHHOM MHOXecTRe E
CYIIeCTBYeT OTCeKaeMbli HEKOTOPbIM 3JeMeHTOM §&;=(qy, B) €E orpesok A}
nopsiikoBoro THna ®¢. Ilycts A.l__al—l—ﬁl. Tak Kaﬂlk < g, TO MOULHOCTh C
nopszxoBoro uucia Ay Mesbuie yem &y . as moGoro siementa §=(a, fi) orpes-
kxa A (§;) HMeeM COTacHO NOPSIKY, YCTaHOBJeHHOMY B E, HepaBeHCTBO o — f} < Ay,
3HaunT, M mofiaBHo o< Ay, P=CA;. Tak KRak ¢ < N7, TO MBl MOXKEM YTBEDHKIITb
(no Teopeme 24", koropasi npeanoJaraercs ZLOKa3dHHOH LS MOULHOCTH ¢ < Nt),
YTO MHOJKEeCTBO BceX nap (a ﬁ) rie @ < Ap-i-1, B < Ay--1, HmeeT MoutHocTh C.
Ho torza u Bce wMuoxectso A (%)) umeer MomnoCTb <c< Nr, BOTIPEKH CBOCMY
onpejejeHuio.

Teopema 24" u BmecTe ¢ nelo TeopeMul 24, 24,, 24", 23, 23" jokazaHbl.

Ipexne ueM chopMYHPOBATH HEKOTOPHE AadbHefiuine CJIeACTBHsS TeOpemn 24,
onpeicauM TPOM3Be/lelHe JBYX KAP/MHAABHBIX YHCCA 4 H b KAK MOULHOCTH MHO-
HKCCTBA, ABJAIOLIETOCS NPOM3BEJEHHEM KaKOro-in6o MHoxecTsa A MOULHOCTH @
W Kakoro-in6o MuoxkecTBa B MommuoctH b (pe3y.abTaT, OYEBHAHO, HE 3aBHCHT OT
TOr0, KaKWe WMCHHO MHOXKecTBa A M B 3ajaHubiX MOIHOCTeH MbI BO3bMeM). M3
TeopeMbl 24 caepyer, uro

m? = 6)

(nas moGoro GeCKOHEUHOTO XKapAuHaabHoro uMcaa m). Tak Kax 1.8 2i06oro Kapau-
H4JbHOTO uucaa m u MoGoTO KapJuBaJbHOTO uMcaa n, l<Cn<Cm, wuMcen mzz
nm>=m, To ¢opMyaa (6) ponyckaer cieaywouee o6o6iieine:

nm==m, ecii l=<Cn=<C = &- 7).

B uyactHocTH, RoNo = 8o Ang Jicboro o == 0.

M3 aoxasanuoro, aajee, caelyeT, UTO GCCKOHEUHOE KapAHHAJIBHOE YHCIO m
le MOKET ObiTh MPeJCTaBICHO B BHAC CYyMMbl KaKoro-iufo uucia a < m cJaarae-
MbIX, KAKJAOe H3 KOTOPbIX PaBHO OIHOMY M TOMY ke b < m (TaKk KaK 3Ta cymua,
Ou¢BHAHO, paBha ab, a NoToMy paBHa HauGoJbUleMY M3 ABYX uuced a4, b). B uacr-
HOCTH, KapJHHaJbHOEe YHCIAO BHAA &g+1 (T. €. HHICKC KOTOPOro €cTb NOPSIKOBoe
MC10 NEPBOTO POAA) BOOOILE He MOKeT ObiTb NPeACTAB/ICHO Kaxk CyMMa MCHbLUICTO
yeM &g 1 UHCIA CIaracMblX, KaKJIO€ M3 KOTOPLIX MeHbine deM Ngi1 (T4K Kax

Kamjoe M3 3THX ClaraeMblX << 8o, YUCI0 UX =T Ng, 3HAYHT, CYMMa << 8;2,5 =&a).
OznHako yike KapAnRalbHOEC 4MCI0 N@ €CTb CyMMa CHCTHOTO HHCJIa MEHbUIHX.
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KapIHHANBHBIX YHCRN:
No=8o+8+8:+...+8:+... (<o

Beaxoe Rapaunajbioe 4YMCAO M, ABAAIOUICSCH CYMMOH MEHbUIHX 4YeM M Kapau-
HaAbHLIX UHCEJ, B3ATHIX B uHC/e < m, Ha3bIBACTCH UPPe2yARPHbIM; TAKOBO, HAa-
npuMep, 4ncio No. Toabko uto GHa jJoKa3aHa

Teopewma 25 Bcaxoe wucro euda N1 pezyaspuo (m. e, He moxem Ooimsp
NPeGCIaseHd KUK CYymMQ, HUCAO CAQ2AeMBIX KOMOPOUL MEHbue ueM Noii, NpuYes
Kaxdoe caazaesoe maxxce menouse wem No i)

Jdo cux HOp HEH3BeCTHO, CYIUECTBYIOT JIH Pery/sipHble KapDAHHaJdbHblE YHCAA
BA1a N, Tle A—npeflelbHoe MNOPsARKOBoe uHcaA0. Taxkue KapAuHadbHhR uHC/ia
Ha3bIBAIOTCH HEOOCMUNCUMBLMU *); CJIH OHM CYLICCTBYIOT, TO MOWHOCTb HX HHJCK-
<€a A (kaKk Jerxo BHAETb) JO/KHA GBITh paBHA CAMOMY KapAMHA/bHOMY HHGAY NA.

3ameyanne 4, U3 Teopemn 24,, pajee, cieayer

Teopema 26. Huxakoe Geckoneuroe KapOUHAAbHOE WUCAO M He Moxcent Goims
NPeACcmasaeno 8 sUGe CYMMbL KOHEUHO20 UCAA KAPOUHAALHUX Hucen, Kaxdoe U3 Komo-
PYiX meHowe wem m (HUKQKOe MHONCECMBO OQHHOU OECKOHEYHOL MOWHOCMU m He
moxcen. 6oimb NPeJCmasaeno 8 8uOe CYMMbL KOHEHHO20 HUCAG MHOXECIE MOUHO-
cmed < m.)

B camom fedie, ecad KapAHHA/bHBE YHCJAR My,..., Mg (AaRUbBE B KOHEYHOM
4dncae) < m, To, o6o3mavas uepe3 m” HauGoJiblice H3 Yuced m,,..., Mg, 3AKA0-
yaeM 1o Teopeme 244, uTo

my-{-my+ ... 4+mg=m" < m.

3ameuanue 5. Hpyroii gopmoit no cyniecTBy TOR e TCOpeMH O peryJsp-
HOCTH KapAMHANBHBIX YKCed BHAA Na+1 SBAsSETCA CaAeAyIOLIas
Teopema 27. Cymma enoane Ynopado4eHHO20 MHOMECMSA MUNG < Wg+i
NOPAGKOBbIX HUCeA < Ogi1 ECHIL NOPAOKOGOE HHCA0 < Ogil-
B camom fnede, nycTb
Y
0 =%§V ’

TAE HlideKC v NpoferaeT BCe NMOPSAAKOBBIE YHC/IA, MEHbUIHC YeM HCKOTOpoe § < W i1.
MotocTb Kasoro caaraeMoro 3toit cyMmbl < g1, 3HauH1, << §g: YNCIO Caa-
raeMbiX Takike << Mo, 3HAUHT, BCA CyMMa ©CTb NOPAAKOBOE YUCJAO MOLUHOCTH
=< N, T. €.

0< g 1.

Tax xe Jerko I0Ka3sblBaeTCH H CJeAyollee TNpPefIorKeH e, CCTeCTBeHHO 0656+
uaotiee Teopemy 17:

Teopema 28. Ecan mnomecmso nopadkossix wucea Ev, kamdoe us xomopoix
< Qg 1, Umeem nopadxosutid mun 0 < Wg i1, MO NePeoe nOPAOKOsoe 4UCAO, Cedyid-
dyee 30 gcemi NOPAOKoSoIMU yucaami &y, eX00SuUMI 8 OAHHOE MHOMELITIE0, MAKKNCE
< Wg 1.

%
B camoM Acje, pacCMOTPHM CyMMy E=Z§v- Kamioc U3 HalHX NOPAIKOBLIX
Y

ypced &y BO BCAKOM Cayude MeHbiue yueda § {1, wo mo teopeme 27 umeem
E < o1, 3HAUMT, U
£+l < oger-

INoatomy nepmoe umcmo, caeaywuice 3a Beemu 5y (6yiayuu 3ascaoMo He Goabiie
yem § -+ 1), Takke < @g4r, YTU H TPeGOBANOCH NOKA3ATH.

*) Xaycaopd cuHTal UX B HEKOTOPOM CMBIC.IC KCOPOUMAHMHBLMY TIO Be/id-
TyiHe H GeCHONC3HLIMH AJdS OOLIMHBIX HYXJ TCOPHH MHOMECTB,
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3ameuanue 6. i BCAKHX ABYX KapAHHAJBHEIX uncen a, b mol B § 6
ra. 1 0603raunay vepes ab xapamHaJIbHOE WHCJO, SIBJSIIOUIEECS] MOLLHOCTHIO MHO=
sxkecta AB, rae A —xaKoe-nuGyAb MHOKCCTBO MOULHOCTK 4, B—Kakoe;nnGyab
MHOKeCTBO MollHOCTH & B A8 ecTb MHOKeCTBO BCex oTOGpakenuil MHOMectsa B
B MHOXKecTBO A. Jlerko onpenesnTb npou3sefieHHe JIOGOro KOREYHOro HJn Gec-
KOHEUHOFO YHC/Aa KapAUHANbHBIX YHCC Ao, NEPEXOAsiiiee B onpeleaenne crenedy a®
B Cayyae, KOTIa BCe dp PaBHBl MexkJay coGoo. Jis 3TOoro onpeienuM lpousBeje-
Bue C JaHHOTO MuOXKECTBA B MHOXKecTB Ag .

C-—_-H Aa,
A

o€ B

HJH NpocTo C=H Ag. HMenno, sjeventaMu mnoxectsa C sSBASIOTCS, N0 Onpe-
42
JENCHWIO, BCEBO3MOKHbIE OT00pakenust f MHOXecTBa B (3jieMenTamu KOToporo sis-

JRI0TCA JaHHbIe MHOKeCTBa Ag) B MHOxecTso A= U Aq, YIOBICTBOPSIONHE ViKe

¢
3HakoMoMy HaM yciaoBuio f(Aq) € Aq. Ecan Bce MmuomxecTBa A nonapHo He ne-
pecekaotcsl (Cayyad, K KOTOPOMY JIETKO CBOJZHTCA M OOLIHI cayuail), TO 3.1eMeHThE
MmyoxecTBa C MOTYT ObiTb ONpefcicHbl KaK BCCBO3MOMHbE NMOAMNOKECTBA MHOKe-

c-rBaU Aq, nepecexaloiiuecst ¢ KaxiuM H3 MHOXKeCTB Ag NO JaHHOMY 3.€MeHTY..

@
Ecar HaM JaHO Kakoe-HHOYIb MHOXECTBO KaPAHHAJBHBIX HHCCT g, TO, Oeps A9
KakJoro M3 3THX KapAMHAJLHBIX YHCET dgq MHOKCECTBO Ag MOULHOCTH dg, ONpeIc-
JMM DPOM3BENeHHE 3a1dHHUBIX KapAMHAJIbHBIX YHCed KaK MOUWIHOCTb NPOM3BEICHHS
MHOAECTB Ag (HX MOXKHO TNDPEANOJONKHTL HEIEPEeCeKaloUIBMHCS).

B cayuae, econ Bce Ag MMEIOT TY K€ MOILHOCTb @, a MHOXKCCTBO BeeX Ag Hveer
Mouoctb b, no.yuaem creneds ab, UTo6L y6enuThCs B TOM, UTO 3TO OHpElEIeHHE
CTellcHH coBmajaer ¢ JaHHbM B § 6 ro1. 1, Gepem muomecTBo B (Momhocty b), 31e-
MEHTAMH KOTOPOIO SIBJISIIOTCS BCE MIOXKECTBA Ag M TOJABKO OHH; TaK Kak BCE MHO-
wecTBa Ag MMCIOT OZNY H TY Ke MOLLHOCTDb @, TO MOXHO B3ATb OAHO MHOAKCCTBO A
TOH K€ MOUIHOCTH @, HaXOASILLeeCs BO BNO.THE ONPEfeSeHHOM B3aHMHO OTHO3HAYHOM
COOTBETCTBHU C KaMJBIM H3 MHOKECTB Ag; 3TO NO3BOASET PacCMaTpHBaTb OTOOpa-
KeHlie, CTaBsallce B COOTBCTCTBHC KAKAOMY 3.leMenTy Aq MHOXecTBa B Kakoii-s1mGo
saeMenT Xg € Ag, Kak oTobpaxele MHoxectBa BB A r, o6parno, moboe oroGpa-
wenve B B A—xax BHGOP 110 3jeMeHTy Xg B KaxJoM Ag. Ortcioga n cielyer
TOXJICCTBEHHOCTL OOOHX OnpejesIeHHH CTeneH .

UnTaTedb JICTKO JOKAXKET caelylolee CBoiiCTBO 06LIero yMHOKCHIA MOULHOCTCH:
ec.at 8 QUHHOM npoussederull KAPOUHQAbHOIX HUCEA 3UMEHUMb HPKOMOPble MHOXCU-
me.au 6016l KAPAUHAAGHBIMIL HHCAQMU AU NPUCOEOUHILMb HOSbE MHOXCUMEAll,
OMAUYHBIE O HYIA, MO NPOU3BLOCHIIe MONCEM NIOABKO Y6CAUdUMbCH (HO MIXMcern
OCMameCs U HeusMeHMbLM) ¥).

JICTKO NPOBEPACTCS TaK/Ke PABEHCTBO

abi+by — b gba,

A nwvenno, 6epev IBa Henepecekalonuixcs MHOXeCTBa By u B, momunocteit by u by,
a Takme MHOXKECTBO A MOWHOCTH a; Kakjace O0TcOpaxcenue Muoxectsa B:== B;|) B,
B A 0IHO3HAUHO onpeje.seT liapy oToOpaxcuuit: muoxecrsa By u MHoxectza B, B
A, n 00paTHo, KaXAuR Takas napa onpepeasieT orobpaxense B B A. Aunajornuuo

*) JIoKa3aTb 3Ty TEOPCMy MOXXHO aBTOMATHHECKH, OTNPaB.IsfACh OT onpele.e-
HUsl HEPABEHCTBA MoLMHoCTeil B raase 1. 3ameTHM, OlHAaKo, 4TO, HaNpuMmep, H3a < b,
d < g, BooGie roBops, He ciejayer HepaBencTBO aP < b7 (a Tosibko aP < b¥).
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JoKasbiBaercs H Aqad Moe6oro YMeaa CiaraeMbixX ¢op.\ly.na
"\
Z Do by
a = I I a .
a

Eco Bce by paBHEL OIHOMY M TOMY M€ Kap MNAALHOMY UHCAY b, @ YHCJIO HUX PaBHO
£, T0 rioydaem dopmy.y

ab¢ = (ab)c.
3ameuanue 7. Ynraremo npejocTas seTC] npoBepuTh, YTO B Ciiy4yae KO-
HEUYHbIX KaleHHa.'lele YuCeJ Hawu ONpeie’ieHusa ,'lel:'lCTBHﬁ CJAOXKEHH s, YMHOKCHNA,
BO3BEJICHHA B CTENCHDL NNEPEXOAAT B 06bluHbIC onpejaesielusn anemenrapnoﬁ a§)l4('bMCTHKl/l.

Bocno.ib3yemcst BeIBeJNHHBIMH NDAaBHAAMH A1 HEKOTOPhIX HITEPECHLIX NOg-
cyeToB. [lpexne Bcero, u3 reopemb! 24 umeem

8% =Ko

Iast 106oro GecKoHeuHOro KapauHaabHoro wucia . Orcioga no mupykuui no-
JAyuaem a9 Jo6oro HaTypadablore n

NN

Mouisocts 8‘3‘ €CTh MOULHOCTb MHOMKCCTBA BCeX GECKOHCUHBIX NOCICI0BATe.TbHOCTER
HaTypaibitpix uucet1. Jlerko HenocpeicTsenuo yGeAMTBCH B TOM, UTO OHa paBua

momuocTk kouruiyyma ¢=28e  wanpumep, ycranasauBas B3aHMHO 0XHO3HAuHOE
COOTBETCTBHE MEXKIy MHOKECTBOM BCeX MOCACAOBaTeqbHoOCTedt (1), My ..., My, .. )
HATYPaIbHSIX UKCET W MHOXKECTBOM BCeX HPPaUHOMAJLEGLIX YHces HHTepsaaa (0; 1),
JAHHBIX HX Da3/IOKEHHSIMH B GECKOHEYHYI0 HCTPCPLIBHYIO APOGhL

1
n,+

r
l
R

ng-i- .

O1HaKo UMCIOTCA UYATATC]H, He 3HAKOMLIE C HeNpepuLiBHLIMH APOCGAMH; TaKoBhie
MOFYT BbniBeCcTH GOPMY.TY %
Ko =c¢ (8)
H3 CoOTHOUICHME
(28 8,,8"< oo

(o g, ©)
Tlocaeance coaTHoOIellHe ROKA3BIBACTCH TaK:
o - (280)2(0 = 9% Re _oNo,
Ja.iee, umeem
¢ :2R0<n80<ﬂoao_.;c

A5 0106010 HarypaJbHOrO n, T. €. n¥o =g,
Jaaee,
No!=1-2:3-...n... =0 (10
B camoM Jene,

(=280 =1.2.2.,, < 1.2.3.4... <8% ¢,



92 YIIOPSAAOUYEHHDBIE MHOXECTBA, TPAHCOMHHUTHBIE UUCJIA [I[J. 3

Tak kak &y €CTb HaWMeHblas W3 HECYETHHIX MowHoctefl, 170 & < ¢ (4T0 MEHI JiO-
Ka3ain B § 4 B HENOCPEACTBEHHO, NOCTPOHB MHOXECTBO JEHCTBHTEAbHBIX WHCEN,
uMmeiolee MottnocTe §). Bonpoc o ToM, nMeeT Ju MecT® paBeHCT-
BO (=&; uan HepaBeHcTBO ¢>N), COCTaBJSET 3HAMEHHUTYIO
KOHTHHYyM-npo6JeMy, pPelieHHVIO B HAacTOsILee BpPeMst, HO B CMbICAe, Ja-
nexol.:; OT TaKk basmbaemoll «HanBhHOI» TeopaH muoxkecTB (cm. Flex [1]).

3

c=2Xo g Mo Moz
cenyeT, uTo
8 =c. (1)

Iloxa»xe,-n, Cc npyroﬁ CTOPOHH!, (bopMley
NOKl:QRl > 81.

o aaxe, Aas J06oro 8o < &p, ropasio Goaece obuiyio GopMmyay

Rsﬁ —2% N5 > Na.

Hwneuno, u3
2 < 8 < 2N oM

BBIECIHM
R, X X R, KRR
2 R P (27%) B WP = h

uTo ¥ TpeCoratoch LOKasaTb.

§ 7. Peryasipubie ¥ upperyJsipHbie NOPAAKOBbIE 4HCJA.
O HauMeHbLIEM HAYAJNLHOM HMCJE, KOTOpPOMY koH$uHareH
JaHHbiil TOPSAJKOBBIA THN

T10padKos0e 4UCAO HA3BIBACMC PeeYyAAPHOIM, eCAlL OHO He KOHPUHAALHO HUKa=
KOMY MeHbueMy nopsiokosomy 4ucay. VI3 KoHeuHHX NOpsiAKOBBIX YMCET pery.isp-
nusmn sBasiiorest anwb 0 v 1. Mot ysuaum pance (teopema 30), uTo Besikoe Gecko-
HEuioC pery.IsipHOC YHCJO0 eCThb HaualbHoe uncio. ORHAKO Npekie BCCTO AOKAMKEM
cieiayiollee NpejllorkeHue:

Teopema 29, [rs mozo umobet HAHAILHOE HUCAO @y ObLAO pecyaspHbLM,
Heobx00uMO 1 docmamoyHo, 4mobsl e20 mougHocms N4 66110 peeyasproi.

JdoxasateabctBo. 1° Ecau &¢-— upperyispuas MOWMHOCTb, TO H g —
upperyasapHoe nopsaxosoe uucsao. B camoM jieae, Tak Kak mouwmocte 8¢, No
1IPeAIIOJA0KEHHIO, HPPETy.IsiPHA, TO OHa MOXeT OBITh NPEJCTABJeHA KaK CyMMa He-
KoTOPOro wucha b < N craraemMuix 8o, Kaxjoe H3 xoTopplx < 8. Cymwa Tex
H3 3THX CJllaraeMblx, KOTOpbie He mpesocxoist b, no teopeve 24 W cama He npe-
BOCXOJHT b (Befb UHCJO ITHX CAaraeMbix u nojpasro < b). Ecaum Obl cymMMa 0cTAIb-
HBIX caaraemblX (T. e. Tex §q, KoTopsle > b) Obista pasua HeKoTopoMy ¢ < &y, To
cymma Beex No Obla Obl s<<b-}-c, T. e. Gbl1a Obl paBHA HAHMGO’LIIEMY H3 YHCCK
b 1 ¢ B, 3uaunt, 6biaa 6L, BoupekH npeanotokeruio, < Ny. Hrak, uncio &y mo-
JKCT OHITH NPEJCTaBJAEHO KaK CyMMa HEKOTOPOro uMcaa g < ¢ CJaraeMmbix, Kaxjoe:
n3 kotopuix < ¢, HO > a. B 3THX npeanoJomernsax Kakioe caaraemMoe (Gury-
pYpyCT B HalweH cyMMe UMCAO Da3, 3aBeJOMO MeBbIUCe, YeM CaMO 3TO cJaraeMoe..
INosToMmy Kaxjasi Tpynna y4acTBYIOU{HX B HaweH CyMME DaBHBIX CJaracmblX HMeeT
CYMMy, PaBHYIO CAMOMY 3TOMY CJ/laracMOMy, TaK YTO Mbl He H3MEHUM Hauly CyMmy:
N1, ecan kaxaoe W3 ec caaraeMblx GyIeM CUMTATh JHUIb OJMH pa3. MrTak, moxem
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HHINKCATh

Nt-_"‘ Z “a: (1)

rie nOpsAAKOBOE YHCJO O NpoleraeT HeKOTOPOe MHONKECTEO O 3nauennii, MOWEOCTb
KOTOporo a < &¢ H, 3HaunT, NOPsAKOBLIl THIl 6 Koroporo < wy; NPH 3TOM 4 MO-
eT OBTb NpeanosiokeHo MeHbuie Joboro Ng.

PaceMotpum noampoxectBo ©" muoxectsa Wy, cocrosiliee W3 Bcex @y , AN
xoTopuix o €Q. Muoxectso O nono6uo muoxectsy ©. Ilokawewm, uro Wy kou-
¢MHaNbHO CBOEMY MOAMHOMKECTBY O 3THM W OyleT N0Ka3aho, YTO YHC/IO () KO-
¢unadbio uucay 0 < o M, caenosatennro, upperyaspuo. Tak xak &y wppery-
ASPHO, TO uMCAO T (B CHAY Teopemul 25) sBasiercst npeneabheiMm. Orcioxa caenyer,
YTO 32 BCAKHM YHCIOM E < @y CelyeT HadaNbHOE YHTIO Wg < Mg: BCaMOM fede,
ecau OB 32 ynHCAOM & < ©7, MOWHOCTL KOTOPOro o6o3nauum uepes {§,, He crelo-
B0 Gbl IHKAKOTO HAYAABHOTO YKC/A, TO CPEIH BCCX KADAUHAABHLIX 4Hcea < Ng YH-
“cno Ny 66110 Gbl HauGoJbWHM, T. €. Gblio 6ul T="v - I, TOraa Kak T—npejenbhoe
YHCAO ¥).

IMycts mHOXecTBO W He KoubunanbHo cBoemy noamuosxkectry ©”. Torpa cy-
mecTByeT yncao § < o, Gosibliee yeM BCe Mg €O, npuuem yucao £ mMoxer OuTh
NIPCATION0KEHO HAYANbHLIM, § =g < O7. Hororna Bee ciaraemie B npasoii yacT
paseHcTBa (1) Gbwin Gbl MeHblie 4eM Ng, @ TAaK KaK UHC/IO UX MEHbLIE yeM Kaxjoe .
U3 3THX CJlaraeMblX, 3HAYHT, H NMORABHO MeHbule yeM o, TO BCS CyMMa B Npagoit
uacTH pagenctBa (1) 6uiaa 6b << 8o < N¢. [loayuennoe npoTuBopeune 10KasbisaeT
KOHOHHAIBHOCTD YHCAA Wy uucly 6 < 0.

2°. IlycTh @y RpperyAspuo H KoHpubaauno uucly 6 < 0. Tax kax w;—
HavaJLnoe uyucjo, T0 O numeer Mommocts b < 8¢. Muokecreo Wr rondunansio
HCKOTODOMY CBOeMy NOAMBOxecTEy © Tuna O < wg u mowtoetn < 7. Orcioga
CJeIYET, 4TO

W= U A (@),

ae®

Ho rampoe W {ct) mvecT MOMHOCTE < &y, a UHCIO STAX MHOKECTH ecTh b < Nx.
Tlostomy 8¢ upperyaspio. Teopema 29 poxasana.

OCHOBHEIM Pe3y/IbTATOM HacTosllero naparpada sipasercs

Teopema 30 (Xaycaopd). Beskoe ynopsdoderroe smnoxecmeo A mowHocmu
& KOHPUHANLHO HEKOMOPOMY C60CMY BNOAHE YROPAOOUEHHOMY NOOMHONCECmEy **)
munu £ < og.

Mpexkae uem JIOKasbLIBATb 3Ty TCOPEMY, CACTACM OTHOCHTE/BHO Hee HEKOTOPhbie
3aMeuanlusl H BLIBCACM M3 HeC HCKOTOpbLIC CJACACTBHSI, KOTOPHIC HO3BOISIOT OHEHHTH
€C BAXKHOCTD.

[Mpexpe Bcero, yxke Gblio ormedeno (B § 4), uto ynopsiaoucunoe Miuoxectso A
TOT/1A ¥ TOJAbKO TOTAA KOH(DUHAABHO NOJAMHOKCCTBY, COCTOAILEMY H3 OJAHOIO MMLLs
sqeMenTa, Korja B A ecTb nocnefuuil siemeHT.

Paccmotpum nasee Hau6oJee BaKHbIA ciyuafl, xorsa A ecTs Bnoawne yno-
PANOUEHHOE NIOAMHOMKECTBO, THII KOTOPOro oGozHauwum uepes 0, Tak kax mouwocts A
ofoznaueHa uepes Nt, To 0= wy. Teopema 30 yrsepixiaaer, uro unciao 0 xongu-

*) 3amerum, uto e £ < 05 < 1, TO W Wo41 < O7 (T2K Kak uuaue OuLI0
6m T=0-}1). Mtak, And upperyasipuoro wg (¥ Jaxe A1 BCSIKOTO @ C IIpejicidb-
HBIM MHJCKCOM T) 32 KaKIbM § < @ CACAyeT HauaibHOE UUCAO BHAA Wgi1 < Wy.
DTo 3aMeqanue HaMm LOHIZOGWTCA NpPH JOKazaTteibcTse TeopeMbt 31.

*#) Hanomnnaem, uTo Besikoe NoAMHOXecTBO A’ ynopsjoyeHHOro MHuoxectsa A
BCErJa PacCMaTPMBAETCAd HaMH KaK YUOPSLOMCHHOE MBOMKECTBO, NpPRUEM NOpPSIOK
MexAy SAeMcHTaMu MHOmecTsa A" OCTaeTcA TeM CaMblM, KOTOPbIl 3TH 3iCHehTLE
nmeiotT B A,
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f1aaLHO HekoTopovy & << @¢. INostomy, ecin 0 > @y, T.e. ectn 0 me ecTe HayadbHOE
4410, TO OHO KondUHANbHO YHCTy § << 0y < B, T. e. He ABAsIETCA peryaspHeiv. MTak, u3
Teopembl 30 ceaveT, 4TO Besikoe GeCKOHEUHO PeryJisipHoe NOPAAKOBOe YHCIO CCTh He-
fipemeliHO HAUANLHOE YHCA0. DT O N03BoMIAeT HaM CPOPMYAHPORATL AOKA3AHHYIO HAMHU
Teopemy 29 tak:

Tcopema 29°. Peeyaapubie nopsdcossie 4icAa cyms He 4mo uHoe, KaK HA-
4QAapHble HUCAQ PESYAAPHHIX MOUHOCHIEN .

Teneps Ml MOWEM HECKOMBKO ycnauTh # camoe teopemy 30. Ilpexge mcero,
Mbi MOKeM ee JOpPMYAHPOBATH TaK;

Besixuii nopadsosed mun 0 souwgnocmu Ry kongunasen HEKOMopoMY nopadko-
eomy uucayt < wg.

Bepa uas aanuoro mopsiakosoro Tuna 6 namvenbilice KonpHianbHoe emy no-
pankosoe YHcao §, BUAuM, 4TO § ecTb perynisproe, cieloBaTesbHO, HayadbHOE
4ic0 £ =g << @7 (TaK Kak ecan Ow Hawe HaWmeHbinee § He GBIO PEryJifipHbIM,
TO OHO Obl10 Obl KOHPHHAALHO HeKoTtopoMy §' < & u aromy &' 6uuio Oul koudm-
a0 B 0).

Hrax:

Teopewma 30°. Ko scaxomy nopsdrxosomy muny O mownocmu &<, 8 4acm-
HACMU KO BCAKOMY nopadkosomy wucay © xaacca Zi, cywecmeyem KOHPUHANbHOE
eMYy HaUMeHbUtee PEYIAPHOE Wo << W, NPudes nopadxosoe yiicao B moeda u morvko
noeda Kongunaabno 1, Kocda ono nepsozo poda.

DTa TeopeMa ABIACTCH, OYCBHANG, AATEKO HAVHIMM oCobutenneM Teopemut 19 § 4.

Buiseaem 3 Teopembl 30 ewie o4HO CA@ACTBHC, KACAIOLULEECH MPPETyAsipHbIK
sotHocteit, Ecin &t upperynsipno, 1o muroxectso W KOHDUNAALHO HEKOTOpOMy
sogmuowmectsy O’ THna § < @g. OcTasasa B 07 Bee 31eMCHTBl BHAA & == @p4y (€CIH
TAKOBBIE HMEIOTCSI) H 3aMCHASI KA¥/IbIHl 9J1€MCHT ¢, He HMCIOULH# 3TOr0 BH.1a. GJH-
KATIUKM CACAYIOUIEM 32 HHM YHCIOM BHA @p.y (TAKOC MMCCTCH, €M, CHOCKY Ha
<Tp. 93), MOMEM NPeINVAVKHTb, YTO O COCTOMT H3 HAYAALHBIX UMCE] BHAZ Wpiy.
MHOMKECTBO TeX NOPHAAKOBBIX HHCEI P, A1 KOTOPBIX Moi1 €6, o6o3nauuM yepez
©, npuueM NpeanosaraeM, uTo HOPAJAKOBBI THI § MHOXECTBA O €CTb HAMMEH LM
#O3MOKHBI H, CIEI0BATENLHO, €CTh PEryAsipHOC 4YHCAO wo < wy. TakK Kak, oue-

N\ .
suHO, N1 = &p+1, TO HMECM TAKOIl pe3yjasTar:

pE

Teopema 31. Ko scaxomy (Beckoneunomy) uppezyaipHOMY KAPOUHAALHOMY
qucay Qv Cywecmsyem maKoe HQUMEHbWEe Pe2yASPHOL  KADOUHAABHOE HUCA®
Mo < N1, umo W seasemcs CyMMmOU 6no.aHe YnopAOGOHENHO20 N0 PeyinpHOMY
muny We MHOMECMBL CINPOR0 B03PACMAIOMIX KAPOUHAALHOLX H1iCen 8100 o1 < Nt -

[lepexoaum, nakomen, K gokazateancrsy teopemst 30.

[lyctb A ectu ynopsazoucHHoe MHOXKCECTBO MoulHOCTH v . Besikoe MHOxecrao
MOU(HOCTH N, @ 3HAYHT, H HANIC MHOKeCTBO A MOXKET GhiTb NOCTURIEHO BO B3aUMHO
QAHO3HAYHOE COOTRETCTBHC ¢ MHOXecTBoM Wy. DTo 031a4aeT, YTO 31eMEHTHl MUO-
weer8a A MOrYT GbiThb CHAGIKEHBI NOPAAKOBLIME YHCI1AMH O < @y B KayecTse MH-
ACKCOB, TaK YTO MOAYHHTC BIOANC YMOPSAOYCHioe MHOXKECTBO B Tuha @y

B—{xy, Xy ...\ Xa, .00}

{7 mpoGeraeT Bce 3HaUcHHS < (7), COCTOMUIEC M3 TexX Xe 3JeMCHTOB, uto W A,
ipuyeM NOpAAoK B B, BooGu(e TOBOPS, COBCPLICHHO OTJHYATCH OT lopAika 8 A
{t. e. npn a < P moxer OwmiThb u xa>-xﬁ B A). lHaszoseMm Tcnepb 3JCMEHT X = xa
puowecTsa A NPaBHALHBIM, €CIn Jist Beex v < @ UMeeM Xy < Xo B A. DacMenT x,
©€CTb 1paBH/bHBIL 37emeHT. Takum o6pasoM, muoxectso C BeeX IPaBWIbLHLIX 5ae-
MeHTOB 3aBeloMo HerycTo. Kpome Toro, nopsagok s muoxecrse C, Kak B NOAMHO-
JeCcTBE YHOPSZOUEHHOI'O MHOXKECTBa A, COBNAJAeT € NOPAJKOM, KOTOPbIH 3TO MHO-
JKCCTBO 110J1y4aeT H3 BAOJHC YNOPALOUCHHOTO MHOXecTBAa B (1. €. ¢ nopsagkom
HHAEKCOB, KOTOPHIMH ChHabmenbl 3deMeHTh Muoxectsa C): ecad xa €C, xﬂGC u

a < B, To, N0 camoMy OMNpejicIeHHIO TIPABUABHOIO JEeMEeHTa, HMeeM xy 3%, 8 A
Takum o6pasoM, ynopsagoueHHoe MHOKecTBo C ABIAETCA MNOAMHO/KECTBOM YIOpPSH-
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JOUEHHOTO MHOXeCTBA A M BMECTe € TeM— IIOAMHOMKECTBOM (BlONHE) yNopasoueH-
HOoTO MHOXKecTBa B. Byidyu noaMHONKecTBOM BMOJIHE yHOPSAAOUEHHOTO MHOXKeCTEa B,
HMEIOILEIO THN ®y, MioXKecTBO C caMo ABJSIETCS BHOAHE yNOPsAOYEHHLIM [0 TUNY
< Ot .

OcraeTcsi N0Ka3aTb, 4YTO YNOPSAJOUYEHHOE MHOKecTBO A KOH(PHHANBHO CBOGMY
BUOJNe ynopajoueuHoMy noamuoxkectsy C. [lpeinosioxnm npoTuBHoe, H nycTh
SJAEMEHT X B A eCcTb JCMEHT C HAHMEHbIIMM HHjEKcoM @, caelyiouwii B A 33
BeeMy seMentaMn C. YTBepiKaaetcs, 4T0 Misl J060ro v < o umeem Xy —3 xa B A:
B CamMOM Jlcjle, B IIDOTHBHOM CJlyuae LSl HeKOTOporo v < & Gbl1o 6bl Xy & Xa, H,
3HAUKT, YK€ Xy C MEHbLIHM HMHJEKCOM Vv < 0, CAej0Bad Oul 32 BCeMH SACMEHTAMU
MuoxecTsa C.

HTaxr, [eficTBRTEIBHO, Xy ~3 X A1 BceX v < a. Ho 310 o3navaer, uro xo —
TIPaBHJALHEI 2JCMeNT, T. €., BONPEKH CBOEMY Ol Pelic/eHHIO, Xo €CTb 3JCMEHT MHO-
xecrsa C. [NonyuenHoe npoTHEOpeuue NOKA3BIBAET TEOPCMY.

3ameuanne. JokasareibcTBo TeopeMbl 30 CBOAMTCA K YyCTAHOBJEHMIO CJe-
JYIOLIETO, XOTS M NPOCTOTO, HO BCE XKe MNOYYHTeJbHOro GakTa: Kakum Ou crnocobom
MHl HH NIpeBpPallaJX JaHHOE YIIOPAJOYEHHOE MHOXKECTBO A MOUIHOCTH §y BO BnO.e
YNopsAoueHHOe MHOXKECTBO B Tuna ¢, NPH BceM HMewllemcs, BooGile roBops,
PasaMuuE MexXLy HopsiikaMH B A H B B ynopauouesnoe MHOKECTBO A CONEPHHT
KoHpWHaAbHYIO yacTb C, I 31€MEHTOB KOTOpOii nopalok, BsaTuil 3 A, cosna-
BAET ¢ NOPAJKOM, B3ATHIM M3 B.



I ra8a wemsepmas
METPHUYECKUE H TONOJOTHYHECKHE MPOCTPAHCTBA

§ 1. Onpenesenns n ppocteiluine cpoicTsa
METPHYECKHX M TOMOJOTHYECKNX NPOCTPAHCTB

Beectu B Kakoe-mu60 MHOXecTBO X, cocTosdliee H3 3]1€MEHTOB
TIPOM3BOJIbHOH NPUPONbI, METPUKY —3HAYUT ONPEREIUTb AR NIOGOH -
napel 3JEMEHTOB X, X' MHOXecTBa X HeOoTpHIaTeJbHOe YHCAO0 P (X, X)
Tak, yToObl COGMICAANUCH CREAYIOUHEe YCJIOBHA:

1. Yucao p(x, x’) paBHO HYJIO TOTAAa M TONBKO TOTAA, KOrnua X
¢ X' TOXJAECTBEHHBI MexXAy cobowo, T. €, 0603HAYAIOT OAUil H TOT XKe
3/JeMEHT MHOXecTBa X.

2. p(x, x"Y=p(x, x).

3. Kakossl Gb HH Gbitd TpH 3jementa x, x’, x” MHoxectsa X,
Beerna p(x, x')+p(x', x") =0 (x, £").

MuoxectBo X BMecte C KaKoH-HHOYIb BBEACHHOH B HEro MeTpH-
KOH HA3bIBAETCS MEMPUHECKUM 1NpOCHLpAHCITIEOM, DJIEMEHTHl MHOXe-
crea X HaswBAlOTCA Mowkamu, a caMa @ydxiua p (x, x”) or AByx
HEepeMEeHHBIX TOYEK Has3bIBaeTCs Mem puKoll 1101y 4eHHOro METPUUECKOro
npocTpancTBa, obo3HayaeMmoro uepes (X, p), a 4acTo AAsl KPATKOCTU
it npocrto uepe3 X.

OueBunio, €Ciu MeTpUKa BBejeHa B JaHioe MHOxecTBO X, TO
BBeJeHa OHA BO BCiKoe 1onavHoxecTBo X, X (kak orpanudedue
dvuxuun p). JpyruMu cA0BaMU, 8CsKoe MHOMECME0, Aexauee 8 Me-
MmpuyecKOMs NPOCMpancmee, Maxsce AsAsemes (BNOJHE ONpeAe/eHHbIM)
Mempude kUM N pPOCM DAHCITIEOM.

FEcau BepxHdAs rpanb MHOXKecTBa BCeX uuced p (x, x'), Koraa x, x”
1ipoberalot Bce TOYKHM noamuoxecrsa M npocrpaHcrBa X, ecTb Ko-
HCYHOC uHCJAO d, TO MHOXeCTBO M HasbiBaeTcsl OrpaHuueHHbIM,
a yncjo d naseiBaercsi ero amamerpoM. B uwactHocTH, B 3TOM onpe-
JeseHHH ToJ MIHoykecTBOM M MOXKIO NMOHUMATDL 1 Bce npocTpancTeo X.

Paccmosnnuem mexcoy dsyma muoxcecmeamu M u N B MeTpHueckoM
npocrpadcTse X HasbiBaeTCA HEOTPHLATEAbHOE UYHCNO

o (M, Ny=infp(x, v), (1)
[fe X ¥ y— 1POM3BOJLHBIE TOYKH COOTBETCTBCHHO M3 M 1 N.
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Ecnu muoxecrsa M u N wuMeloT Hemycroe nepeceueHue, TO
o (M, N)y=0 (rak kak B dopmyne (1) moxHO B3sTb X =y € M N N).
Ojnako moxet 6bith p (M, N)=0 u npu Henepecekawomuxes M u N:
JOCTaTOYO B3ATh B KauecTBe MpocrpaHcTBa X YHCJIOBYIO npsMylo
U Ha He#l onpegesuth M kak untepsaa (0; 1), a N —kax nHTepBan
(1; 2); MmoxXHO 6bl10 Gbl TaKKe B3ATh 32 NMHOXKECTBO BCEX PanHOHANb-
HBIX, a 32 M-—MHOXeCTBO BCeX UPPAIUOANbHBIX TOYEK NpPAMOH,

B vacTHOCTH, eciu O1HO U3 ABYX MilOXKecTB, Hanpumep N, cocTouT
JINUWb U3 OHOH TOYKH @, TO nosyuaeM paccmosarue p (a, M) om mouku @
do muoxecmsa M, onpeneneiinoe GopmyJioi

p (a, My=1ini p (a, x),

rne x npoGeraetr Bce M.

Ecan e—xaxoe-nnufo MOJ0KUTENbHOE YHCJAO0, a X—KaKas-nuGo
«(pHUKCHpPOBAaHHASI TOYKA METPHUYECKOTo NpocTpaHcTBa X, TO MHOXKECTBO
BCEX Touek x', aJA KoTopbix p (X, x') < &, HasbIBaeTCH chepuecKoll
OKPECIIHOCITBIO € YeHmpom X 1 paduycom £ v o6o3Hauaercs uepes O (x, g).
Aganoruuiio onpenensiercs cdepudyeckasi paguyca & OKDPECTHOCTH
O (M, &) nozmuoxecrBa M npocrpaiicta X. 3T0O MHOXKECTBO BrceX
Taknx Touek x € X, uro p(x, M) <<e. Uurareabp Moxer 0OKasaThb,
uro cdepuyeckas okpecthocrb O (M, &) MHOxectBa M sABAseTcS
-obbeuHeHueM cpepuuyeckKMX OKpecTHocTell paauyca & BceX Touek
MHOKecTBa M.

PagsencrBo p (x, M) =0 Bbinonnsercs Toraa ¥ ToabKo TOrja, Korpa
Jiobasi cepuueckas OKDECTHOCTh TOYKH X HMeeT Henycroe mepece-
yeHue ¢ MHoxectBoM M. B 3ToM ciiyuae Touka X HasbiBaeTcs mouKod
npukocHogenus Muoxkectsa M. OueBHAHO, KaXjasi TOYKa CaMoro MHo-
JkecTBa M fIBJisieTCSl ero TOYKOi NPHKOCHOBEHHS, HO 06paTHOE YTBEpPXK-
Jielide MOXET U He MMeTb MecTa: Tak, Hanpumep, ecJH M ectb OTKpHI-
“THIil HHTEpPBAJ] YHCJOBOH MPAMOH C OObIYHBIM ONpENEIEHHEM paccTos-
HUf Ha Heil, TO KOHIbI UHTEpPBasa, He MpUHAMIEKA eMy, ABJIAIOTCSH
TeM Ue MeHee ero TOYKaMH NPHUKOCHOBEHHS.

MHoXecTBO BCEX TO4YeK NPUKOCHOBEHHS NaHHOTO MHOxecTBa M
B JaHHOM METPUYECKOM MNpocTpaHcTBe X HAasbiBAeTCA 3aMbIKAHUCH
mroxectsa M B npocrpanctBe X u oGosHauaercs yepe3 [M]. Hs cka-
3aHHOTO clexpyer, uro Beeraa M < [M]. Muoxectso M HasbiBaetcst
3aMKHYmbLM B METpHYeCKOM npocTpaHcTBe X, eclH Kaxpuas Touka
TIPUKOCHOBEHHSI MHOXecTBa M ecTb TOuKa 3TOro MHoxectBa M, 7. e.
ecnn [M]=M. Unraresb 6e3 TpyJia MOXKeT 10Ka3aTh, YTO AHAMETD
3amblKauust [M] noforo MHoXecTBa M paBeH AMAMETPY CaMOTO MHO-
xectBa M.

Touka x mHoxectsa M HaswiBaeTcs 8HYmMpeHHed moukold MHO-
xeerBa M, eciu Hekoropasi ee chepuueckas okpectHocth O (X, )
coniepxuTcsi B MHOKecTBe M. MHoxecTBo M Ha3bIBaeTCs 0mKpbimola,
€CJIM BCE €ro TOUKU CYTh BHYTpeHHHe.

4 11.C. AJjexcaupos
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HenocpeacrBedHbiM CleACTBHEM TUX onpejeseHuil sBasercs, Kak
JIETKO TMPOBEPUT YUTATENDb; CJepYIOllee YTBEPXKICHHC: MHOMNECIMEO
X\ M, donosnumervroe Kk 3umxHymomy mroxcecmsy M mempuueckozo
npocmpancmea X, ecmb ONIKPOUTIOE MHONCECIBY MOS0 NPOCIPAHCHIBA,
a  MHONCeCmB0, OONOAHWITIEAbHOE K OMKPbIMOMY MHONCECMEY, 3aMK-
HYMo.

M3 onpeneneHnss OTKPHITOro MHOKECTBA KaK MIOXKCCTBA, BCe TOUKH:
KOTOPOTO CYTh BHYTPEHHME, CPasy BHITEKaerT, 4TO OGbeluHerue Ji0-
GOli COBOKYTHOCTH OTKDBITBIX MHOMECTB JAaNHOrO METPHYECKOTo Npo-
CTPAHCTBa €CThb OTKDBLITOE MHOXKECTBO 3TOTrO npocrpaHcrtsa. C zpyroi
CTOpOlbl, TepeceyeHHe JABYX, a CJEOBATeNbHO, JI060r0 KOHEYHOro
Yhc/Ja OTKPBITHIX MHOMECTB €CTh OTKphITOe MHOMecTBO. B camom
aeae, nyctb I'; u I',—OTKpPbLITHE MHOKECTBAa METPHUECKOTO NPOCTPaH-
crBa X. Hokaxewm, yro mHoxecTso I', NI', oTKpHITO, T. €. utO J106a%
touka x €I';NT, ecrb BHyTpeunsasa Touka mHoxectBa I'yNTI',. Tak
KaK TOYKa X €CTb BHYTPEHHss TOuKa Kaxjoro us muoxectp 'y u Iy,
TO CYWLECTBYIOT cepuueckie okpectHocTh O (x, g,)=1", u O(x, &,) =1,
Ilycrb &—HanMeHbllee M3 4ucea e, €. loraa O(x,e)=1,NnT,,
4TO ¥ TPeGOBAJOCH JOKA3aTh.

CemelicTBO (§ BcexX OTKPHITHIX MHOXKECTB METPHYECKOTO NMPOCTpaH-
ctBa X HasbiBaercsi omKpoimoti, a CeMEiCTBO g BCEX 3aMKHYTHIX
MHOXECTB — 3AMKHYmMOU monoaczuell METPUYECKOro mpocrpaHcTBa X,
OueBupHO, MHOXeCTBO BCEX TOuUeK X, paBHO KakK H nycToe MHO-
JKECTBO, SIBASIOTCS dJEMEHTaMH Kak cemeficTBa &, Tak H cemeiicTBa .

Tenepb uuTaTeJdb yXKe NOArOTOB/EH AJsS BOCTIPUSITHSA CleYIOLErD
$YHIAMEHTATbHOIO ONPEeNeIeHNsA:

Beecmu 6 karoe-1u60 muozcecmso X OKPoUnYI0 MONOADSUIO — 3HAHUNTE
goi0enums Hekomopoe cemeiicmso & nodmuoncecme muoxcecmea X maxum
00pa3osm, 4mobbl bLOAHAAUCH CACOYIOUUE YCA0BUA:

ls. Bce muoscecrneo X, a maxace nycmoe muoxcecmeo A cyme ane-
menmot cemeiicmea ®.

Ils. Ob6wvedunenue 2106020 HuCAQ U nepecedeHue KOHEHHOZO HUCAQ
MHOJICECMB, ABAAIOUUXCA Inremermanu cemeticmea &, cymp saemermot
cemelicmea &.

Muoxectso X ¢ BBeaeHHOH B Hero OTKpHITOH Tonoaoruedl 4 ua-
3biBaeTcs monosczudeckum npocmpancmeon (X, &), s1emenTsl camoro
mMHoxectBa X HasbiBaloTcs moukamu npoctpaserBa (X, ®), a mHO-
JKecTBa, ABJSIIOLMECS JeMeHTaMH cemeiicTBa &, Ha3BIBAIOTCS OmKpbL-
motmu mroxcecmsamu npocrpanctsa (X, @).

MuoxecrBa F =X\ G, nonoinurejbHble K MHO:KecTBaM G cemefi-
ctBa &, HasbIBaOTCSA 3aMKHymbIMu mHONCecmeamu npocTpanerBa (X, §).
CeMefiCTBO & 3aMKHYTBHIX MHOMECTB HAa3bIBAETCS 3AMKHYMmOU mono-
aoeuei npoctpaderea (X, &), CemeiicTBo &, O4eBHAHO, YIOBIETBOPSIET
CNEAYIOUIUM YCJOBHSM:

1g. Bee mromecmeo X u nycmoe MHONECTIGBO CYMb IAEMEHIMbL Ce-
Meticmsa .



§11 METPMUYECKUE U TONIOJOTHYECKUE NTPOCTPAHCTBA 99

3. [Iepecewenue nwbozo uwucaa u obseuHeHUe KOHEUHO20 HUCAQ
MHOXMCECM8, BXO0AMUUX 8 CeMELCMB0 ¥, ABAOMCS INCMEHMAMU IMO20
cemeticmeaq.

BmecTo TOro uto0bl HauWHaTbh C BBEJEHHHA OTKPEITOH TOMOJOTHH
B MHOKeCTBO X U 3aTeM Onpele/isiTb 3aMKHYThie MHOXECTBa KakK
JIOTIOJIHEHUA K OTKPBITbIM, MOXKHO GbL10 CHauaJsia BBECTH B MHOXKeCTBO X
3aMKHYTYIO TONOJIOTHIO, T. €. BLUIENNTb HEKOTOPOE CceMeillcTBO
TMOAMHOXKECTB MHOXecTBa X, yjOBJaeTBopswilee ycaosuam Ig u g,
Ha3BaTh 5TH MHOXKECTBA 3aMKHYTHIMH B TOMOJOTHYECKOM NPOCTPAHCTBE
{X, &1, a MHOXeCTBa, JONOAHUTENbHEE K 3aMKIYThIM, Ha3BaTh OTKPhi-
TBIMH; TOTgA ceMeACTBO & Tak onpejenesHHbIX OTKPHITHIX MHOMXKECTB
ynoBieTBopsier ycaoBuaMm le, Il T. e. oGpasyer OTKpBITYiO TOMO-
JIOTHIO TOmoJoruueckoro npoctpaHcrBa (X, ©)=[X, §]. Bwmecro
{X, ®) u [X, §] 6viem B GonblUHHCTBe CJYyuaeB FOBOPUTb NPOCTO
0 TonoJgoruyeckoM npoctpatcrse X. TakuM o6pasoM, oTKphiTas To-
nosorus & B KakoMm-1M60 MHOXKecTBe X OJHO3HAYHO ONpeAessierT
CONPSMEHHYIO 3aMKHYTYI0, ¥ Hao6opoTt. O6e 5Tu Tonojoruy BMecTe —
OTKphITasd & 1 3aMKHYTasi §— 06pa3y1OT TONOJIOTHUECKYIO CTPYKTYPY
T = {1, §} Tonoaorunueckoro npocrpanctea { X, I} = (X, &) =X, §].
Tlpyvuem, oueBHAHO, BCe pAaBHO, HAYWHATb JM ONpeAeseHHe 3TOH
CTPYKTYpH € BBejEeHHs OTKPHITO/l TOIOJOI'HH H MOTOM [IEPEXOIOM
K JIONOAHUTENbHBIM MHOMECTBAM OMNpeReNATh 3aMKHYTYIO TOHOJIOIHIO
WM HaYHHATb C 3aMKHYTOHl TONONOTHU H ONDENeNsITb OTKPHITYIO,
fiepexois K JOTIOJHHTENbHBIM MHOMKECTBAM. '

Mbl BHaenH, YTO METPUKA KaxOTO METPHYeCKOro mpocTPaHCTBA
TIOPOXKAAeT B MHOMECTBE BCeX €ro TOYeK HEKOTOPYIO TONOJIOTHIO,
T. €. NpeBpallaeT JaHIOe METPHUeCKOe NPOCTPAHCTBO B HEKOTOpOe
onpejieJieHHOe TOMOJOTHYecKoe npucTpaHcTBo. Kopoue, Kaxjaoe Mer-
pUYeCKOe MPOCTPAHCTBO HEKOTOPBHIM eCTeCTBEHHBIM O6Pa30M sIBJseTCH
u tonosoryueckum. OG6GparHO, €c/aM TONMOJOTHA JAAHHOTO TOMOJOTH-
4ecKOro MpOCTPaHCTBA MOXeT ObiTh MOPOXKAEHA HEKOTOPOH BBeleHHOH
B MHOXECTBO €r0 TOUYEK MeTPUKOH, TO NaHHOe TONOJIOTHYECKOE Mpo-
CTPAHCTBO Ha3blBAETCS MEMpPU3YeMoLM.

Tononorust (OTKpHITasn, COOTBETCTBEHIO 3aMKHYTafd) TONOJOTHuUE-
cKoro npocrpaHctBa X caefyioiluM o6pasoM NOPOXKIAET TOMOJIOrHIO
B0 BcAkoM wMmuoxecrBe X, < X: nogMmHoxectBo M wMHOxecTBa X,
Ha3blBAETCH OTKPLITbIM, COOTBETCTBEHHO 3aMKHYTBIM, B X, €CJaU OHO
IBJIsleTCA TNepeceyeHHeM MHoKecTBa X, ¢ I1EKOTOPHIM OTKPHITHIM,
COOTBETCTBEHHO 3aMKHYTHIM, MHOXecTBOM mnpocrpaHcTBa X. Takum
o6pa3oM, BCAKoe MHOXecTtBO X,, JeKauiee B TONOJOTHYECKOM Ipo-
cTpascTtBe X, TakXKe sBJseTC OJHO3HAYHO ONpeleseHHbIM TOMO-
JorupdeckuM rnpocrpadcteoM. Korpa roeopsaT O NOANDOCTpaHCTBAaX
JAHHOTO NPOCTPAHCTBA, TO HUMEIOT B BUAY WMEHHO TOJBKO YTO BBe-
JleHHOe CorJauleHue.

Onpenene uue 1, JioGoe OTKpbITOE MHOXECTBO TOMOJOTH-
geckoro npocrpasctsa X, cojepixailiee JaHHYIO TOYKY X, COOTBETCT-

A*
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BeHHO JIaHHOE MHOXeCTBO M, Ha3LIBAETCH OKPECHLHOCHbIO MOYKU X,
COOTBETCTBEHHO JaHHOro MHoxecrsa M, B mpoctpancTee X.

OxkpectHocTh TOUKM x (MHOXKecTBa M), Kaxk npasuso, obo3Ha-
yaercs uepes Ux (coorBercrBeHHO depe3s UM), B ciayuae HafOOHOCTH,.
KpoMe Toro, uepes Ux, Vx u 1. I

EctecTBeHHO BBOAMTCS

Onpepenenne 2. Touka X Ha3BIBACTCA MOUKOL NPUKOCHOBEHUST
MHOXKecTBa M X, ecn Kaxaas okpecTHoctb OX TOUKH X COREPHHT
no xpaiiHeit Mepe oiHy TOUKy MHOXecTBa M, T. e. ecin M N Ox==A.
MuoxkecTBO BCeX TOYEK NPHKOCHOBEHUs MHoXKectBa M B Tomojoru-
4yecKOM mnpocTpaHcTBe X HA3BIBAETCA Sambikanuem MHoXecrsa M
B npocrpaicree X 1 oGo3Hauaercsl yepes [ M]x nau npocto yepes [ M].
Tax kaxk J/o6as OKpeCTHOCTb NPOU3BOJBHOH TOUKH COFEPNKHT 3TY
TOYKY, TO KaxKAas TOYKa MHOKeCTBa M ecTh TOUKa NMPHUKOCHOBEHHS
MHoxectBa M, T. e,

MM @)

YceraHOBUM HekoTOpble AalbHefilue CBOACTBA ONEpalUM 3aMBIKa-
Hus. Ilpexpe Bcero, ouesnauo, uro [X]=X u [A]=A. OueBngHo
TaKXKe, UTO €cJM MHOXecTBO M cojepxurca B MHOKecTBe N, TO
[M] < [N] (cBOfictBO «MOHOTOHHOCTH» 3aMBIKAHUS).

Teopema 1. Mnooecmeo M mozda u moavko moz0a 3aMKHYMO:
(m. e. ABasemca OonoAHEHUEM K HEKOMOPOMY OMKPBUNOMY MHONCECMBY),
Koeda [M]= M. ,

B camom pene, nyctb M 3aMguyro B X. Torza X\ M orkphTo
M SBJSIETCS OKPECTHOCTBIO KaK1o# cBOeH TOYKM. 3HAUMT, KaXK1as
Touka x € X\ M umMeer oKpecTHOCTh (HanpuMep, okpectHocts X\ M),
He nepecekammyocs ¢ M; cleloBaresbHO, HU OfHA TOUKa X € X\ M
He Bxogut B [M], 1. e. [M]== M. A rak Kax, ¢ ApYyrofl CTOpOHHI,
M <= [M], to [M]=M.

[Tycrb, HaoBopor, naHo, uro [M]=M. IokaxeM, uro M sa-
mrHyro B X, T. e. uro X\ M orxkpuro B X. [lefictBurenbHo, uz
yeaosus [M]=M caenyer, uro kaxkaad Touka ¥ € X\ M umeer
oxpecrHocTh Ux, He nepecexawoimyiocs ¢ M, T. e. Jexautyo B X\ M.
Muoxecreo X\ M, rak cymma okpectHocredl -Ux < XN\ M ceoux
TOYEK ¥, OTKPBITO, 4TO U TpeGOoBajoCh AOKA3aTh.

W3 pxaouenus (2) caenyer, uro aasa JoGoro M < X umeem
[Ml<=[[M]]. Hoxaxem obGpatHoe skmovenHe [[M]]<=[M]; arum

OyaeT A0KasaHo, 4ro
[[M]]=[M], €)

T. €. YTO 3ambikaHue awbozo mHoxecmea M = X samknymo.

[Tycrs x € [[M]]. BosbMeM npou3BOJIbHYIO OKPECTHOCTD U X TOUKHM X..
Ona conepKHUT XOTA OBl ONHY TOuky y € [M], a sABaAACH OKpecT-
HOCTBIO 9TOH TOUKH y € [M] no onpenenenuio [M], ConepXuT U TOUKH
muoxectsa M. Hrak, npoussosnbHasg oxkpectHocTb Ux TOUKH X nepe-
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cekaercsn ¢ M, 1. e, x€[M]. Brmouenne [[M]]<=[M], a suaumur,
U paBeHCTBO (3) 5TUM JOKA3aHBL. :

Teopema 2. [lepeceuerue 8cex 30MKHYMbIX MHONCECME NPOCTPAN~
cmsa X, codepacauyux Oanroe mwodxcecmso M, ecmo [M] (m. e. samoi-
Karue aobozo mHoocecmaa M ecrmb HauMeHbUICe 3AMKHYINOE MHOINICECTEO,
codepaicawyee  mromcecmeo M *); ecau F—rkaroe-#ubyds 3amkHymoe
MHONCeCmBo, codepocauiee mHoocecmso M, mo F 2 [M]).

Horkasarenbcrso. Tak kak [M] 3aMrHyTo M comepxur M,
TO nepeceuenye BCeX 3aMKHYTHIX MHOXeCTB, cozepxaiux M, conep-
xurca B [M]. s jpokasartelnpCcTBa oGpaTHOTO BKJNOUEHMS HAJO
TONbKO ToKasarth, uro [M] conepxurcs B moGoM 3samxuytoM F 2 M
(torpa [M] Oymer copmepxarbCi U B IepeceyeHuy BceX 3TuUX F).
Ho ecau pano samxuyroe F =M, to (B CHIY MOHOTOHHOCTH 3aMbl-
kanus) F=[F]=[M], uro u TpeGoBajoch HOKa3aTh.

JokaxewMm, Haxouen, uro mig gwonx A=X, B=X

[AuB]=[A]u[B].

Tak kak A= AUB, B= AUB, To 43 MOHOTOHHOCTH 3aMBIKAHHS
caenyer, uto [Al<=[AUB], [B]=[AUB], suaunr, [AJU[B]ls
<|AUB]. das gokasarenbCTBa OGPATHOrO BKJIIOYEHUS] BCIOMHHM,
yro [A] u [B], a 3uauwr, u [A]U[B] saMgryTH, a notomy no Teo-
peme 2 umeem [AUB]<[A]JU[B]

Caexyromue H3 TOJbKO 4YTO YCTAHOBJEHHBIX CBOHCTB Onepaiuu
3saMBIKaHus (M0 NPHYHHAM, KOTOpble cefiuac e BBISICHATCHA) HasH-
BAIOTCA OCHOBHBIMH CBOHCTBAMM WJIM aKCHOMaM{ 3aMBIKAHUA:

1°. [AU B]=[AJU[B] (aucTpuGyTHBHOCTL MO OTHOIIEHWIO K KO-
HEUHOMY CJIOXEHHUIO);

2°, A<[A];

3. [[All=[AT;

4°, [A]=A.

Mrr onpepennay TOMOJOTMYECKOE TPOCTPAHCTBO MNpPU TNOMOLILH
AKCHOM, HAJaT2eMBIX HA OTKpPLITHIE HJM HA 3aMKHYTHie MHOXKECTBaA.
MoxHo Gbuio 6Bl U3GPaTh APYroi NyTh—OTIPABJSATHCA OT HOHITHS
3aMBIKaHUS U PacCMaTpuBaTh YCJaoBUsA 1°-—4° KaK aKCHOMBI, KOTOPBHIM
HOJUMHAETCS 3TO NOHSTHE. TOrJa 3aMKHYThle MHOXKECTBA OIpelesiy-
JUCh OBl KAk MHOMKECTBA, COBMANAIOINME CO CBOMMH 3aMBIKAHUSIMH,
a OTKpHITHie —KaK MHOXKECTBA, JONONHUTE/bHBIe K 3aMKHYTHIM. [lpu
9TOM Jerko ObL10 OBl JOKa3aTh (M 3TO MPENOCTABJISETCS UMTATENIO
clejiath), YTO OTKPHITHIE MHOXECTBA YAOBJETBOPSIOT YCJIOBUSM
Iy, llg, a saMKHYTHIE MHOXEeCTBa yAOBJETBOPAOT ycnosuaM Iy u'llp
M NpHBOJAT IOCPENCTBOM ofpeneieHuit 1 u 2 K TeM e 3aMBIKaHUAM,
KoTopule jauel a priori. Taxum o6pasom, BC€ 3TH NOAXOJAHBl NpPHBO-
JAT K TOMY K€ KJaccy TOMOJOrMYeCKHX MpPOCTPAHCTB.

*) 3aMKHYTHE MHOXECTBA, COAepiKaltHe M, HECOMHEHHO CyLeCTBYIOT: HAnpH-
wmep, Bce X.
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3amMeuanue 1. Mcropuyecku nepBeIM MOAXOHOM K NOHATHIO
o0IEero TOHOJOrHYECKOT0 NMPOCTPAaHCTBA, OKA3aBLIEMYCH SKBUBAJEHT-
HbIM OOLIENPUHATOMY B HACTOsIlllee BpeMs . MOHSTHIO, ' IOJOKEHHOMY
B OCHOBY Halllero M3JI0XKEHHs, GblJ MMEHHO INOAXOJ, NPH KOTOPOM
HCXOJAHBIM OCHOBHBIM TIOHSITHEM SIBJISIETCS NMOHATHE 3aMBIKAHMS MHO-
JKecTBa. STOT TOJXON NPHHALJIEKHT NOJbCKOMY MareMaTuky Kypa-
toBcKoMy (1922 r.),” kKoTophi#i npu 3TOM CHOPMYJIHPOBAN H OCHOBHBIE
aKCHOMBI, KOTOPBHIM TOHATHE S3aMblKaHus ynosjersopser. [lostomy
cGOpMYJIHPOBAHHHE BHIIE AKCHOMbI 3aMBIKAHHA HA3BIBAKOTCA AKCHO-
Mamu KyparoBckoro u ux aBTopy NpHHaLIeXKUT OeCCHOpHBIA NpH-
OpUTET BBEJEHHSI COBPEMEHHOrO OO6lLLero NMOHATHS TONOJOIMYECKOro
npoctpacrBa: YUTo ke KacaeTcs oOnpefeseHUsl TOMOJOrHYECKOro
IIPOCTPAHCTBA MOCPEJCTBOM OTKPLITOH TONOJIOTHH, TO OHO BHEpBBHIE
(1925 r.) Bcrpeuaercst B pa6ore AsekcaHjgpoBa |2].

Mbl BHZEJM BBILE, YTO 6CAKOE MEMPUHECKOE NPOCIPAHCITIEO MOJCerT
Bbims  pacCMampueaemo Kak monosoeuteckoe npocmpancmeo. Jpyro#
BeCbMa BaXKHBI IPUMEP TOMOJIOTMUECKUX POCTPAHCTB NOJYUHM, €CIH
pPACCMOTPUM KaKoe-TH00 JIHHEHHO yNopsaoYeHHOe -MHOXKecTBO X
¥ ONpefeJuM OTKPHITHIE MHOXecTBa B X KAk MHOXKeCTBA, SIBJIAIO-
UIMecs CyMMaMW MOPSJKOBBIX HHTEPBAJOB, B3ATHIX B JIOCOM uuCIe.
HerpynHo npoBepHTb, 4TO 3TO ONpeJeNeHHe OTKPBITBIX MHOXKECTB
npeBpaiiaeT yHopsiIOYeHHoe MHOXecTBO X B. TOMNOJOrMueckoe
IPOCTPAHCTBO — «IPOCTPAHCTBO AAHHOrO YMNOPSAJAOYEHHOTO MHOXKECT-
Ba», —o0603HauaeMoe Takxke uepe3 X. Ecaum M ecth npousBoabHoe
MHOXKecTBO, Jexauiee B X, T0 ToukKa a € X TOrla W TOJOBKO TOTAA
ABJSIETCS TOUKOH NPHKOCHOBEHMS MHOXeCTBa M, KOTAa Kaxublifl
MHTEPBAJ, COEPXKAUWKHA TOUKY @, CONEPMUT M TOUKM MHOXecrsa M.

YucnoBast npsiMasi, T. €. MHOXKECTBO BCEX AEHCTBHTE/NbHBLIX YMCEs,
MOMKET PacCMaTPUBATHCS W KaK (JIMHEHHO) ynopsijoYeHHOe MHOXECTBO
M KaK MeTPHYECKOe NPOCTPAHCTBO (YHTATENL MOKET JIETKO NIPOBEPHTD,
gto onpenesieHHoe B § 2 ri1. 2 pacCrosiHMe MeXNy TOYKaMH YMCIOBOH
npsIMOH yOBJIETBOPSET aKCHOMAM METPHKH), puueM o5a 3TH NOAX0a
NpUBOIAT K ORHOA M TOH Ke TOMOJOTMH Ha YUC/OBOH NPSAMOH, T. €.
K ONHOMY U TOMY K€ TONOJOTHYeCKOMY HPOCTPAHCTBY, KOTOpoe Oy1eM
0603HauaTh 4Yepe3 R! U HA3BLIBATE 4UCA080L npAmOL (MONOA0SU4ECKOR).

3ameyanue 2. VK3 ofuwero onpejeneHuss TOMOJOTHYECKOro
IPOCTPAHCTBA HE CJIEAYET, YTO MHOMKECTBO, COCTOsillee U3 KOHEYHOro
gpc/ia TOYeK, HempeMeHHO 3aMKHYTO. DBosbmeM, Hanpumep, MHO-
KECTBO %, COCTOsIlee JIUUIb U3 JBYX 3JE€MEHTOB @ U b, u 00bsaBUM
OTKPHITHIMM MHOXECTBAMH TONOJOrHYECKOrO NPOCTPAHCTBA ¢F BCE MHO-
KECTBO 3§, NYCTOE MHOMKECTBO M MHOMKECTBO, COCTOfIlee U3 ONHOH
touku b. OGe akcroMer I u II BEiMOJHeHbI, TaK YTO g €CTb TOMO-
JIOTHYECKOE NPOCTPAHCTRBO. 3aMKHYTHIMU MHOMKECTBAMH B ¥ ABATIOTCA
Bee &, NyCTOE MHOXKECTBO M MHOXKECTBO, COCTOSILIEE M3 OJHOH TOUKH 4.
MHOXeCTBO, COCTOSIIEE M3 TOUKH b, 3aMKHYTHIM He sBjsieTca. 3ame-
TUM, 4TO y TOYKHM @ MMeE€TCs JHMIIb OfHA OKPECTHOCTb, HMEHHO BCE
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NIPOCTPAHCTBO 7. 3aMbIKAHHE MHOMKECTBA, COCTOSILIETO M3 TOUKH b,
TaKXKe €CTb BCE NPOCTPAHCTBO 4y. IJTO MPOCTPAHCTBO HAa3LIBAETCS
4CBSI3HBEIM JIBOETOUHEM» *),

ﬂpyroi& NMpUMED KOHEYHOro TONOJIOTHUECKOr0o IPOCTPAHCTBA INOJNYYHM, B3§IB
MHOKECTBO X, COCTOSAIEE H3 CEMH «TOYEK»:

a, b, coa B,y A

R NDHHAB, YTO OTKDLITHIMH MHOXKECTBaMH FABJIAIOTCH: NMYCTOE MHOMXKECTBO, a TaKXe
Clejyroluine MHOJKCCTBA H BCEBO3MOKHBIE HX CYyMMbi:

@ b,c, 8), B, ac b), (v a b 4),
(@, &), . 8), @A),
A).
Jlerko npoBeputb, 4TO CPEAH <OQHOTOUEUHBIX» MHOKECTB (T. €. MHOXKECTB COCTOS"
IUX 13 OAHOM TOUKH) 3aMKHYTH JuMb 7%, B, y. 3aMbIKaHMeM MHOXeCTBa, COCTOs-
mero H3 TOYKH 4, asasercs (@, B, y) U T. 4. 3aMBIKaHHEM MHOXECTBd, COCTO-
AWEro H3 ToukH A, sABadercs Bce npoctpancTso X. Ecam cudrars, yto A ‘ecth
/TPEYTOMIbHUK C BepIIMHAMHK «, P, y H COOTBETCTBEHHO IIPOTHBOJEKAUUMH HM
.CTOpoHaMu a, b, ¢, To TonoJ/orufA, BBeleHHas B InpocTpaHcTee X, npuoGperaer
NIPOCTON SJeMeHTapHO-TeoMeTpHUeCKHi cMblc/. FiMes 3To B BHAY, JierKo HOCTPOHTD
NPOCTPAHCTBO, COCTOSIIEGe M3 JeBATH TOYEK, COOTBETCTBYIOUlee TeTpa3gpy CO BCEMH
ero rpayams, peépamm ¥ BeplIMHAMH, H T. .

Onpeneasenne 3. Touka X TOMONOrHYECKOTO IIPOCTPAHCTBA
X wHasbiBaeTcsi npedessHoll mouxold MuoxectBa M= X, ecqn Kaxk-
Jasi OKPECTHOCTb TOYKH X COJePKHUT GeCKOHEYHO MHOrO TOWEK MHO-
xecrBa M. Touka x HasbiBaeTcsl u3oauposanHoii B. X, eciy MHO-
2KECTBO, COCTORIEe M3 OJHOH TOYKH, OTKPHTO B X.

3ameuanue 3. IlpuBejenHble B 3aMeyaHHH 2 mpUMepHl MOKa-
3BIBAICT, YTO B TOIOJOrMYECKHX [POCTPAHCTBAX MOXET MMETb MECTO
clenylollee sBJeHHE: KaxJas OKpPeCTHOCTb TOUKH X COIEPKMT OT-
JIHYHBIE OT TOUKH X TOUYKH KOHEUHOro MHOxecTBa M; no3TOMY
TOYKA X TONOJOTMYECKOro npocrtpaHcTBa X, He ABJsOLiasca Mpe-
JeTbHOH TOYKOH /151 MHOXKECTBa BCEX TOueK NpocTpaHcTBa X, MOXKET
B TO e BpeMsi He ObiTh H30JHPOBAHHOH TOYKOH 3TOr0 TNpOCTPaH-
CTBa (TaKoBa, HalpHMep, OIHA U3 JABYX TOYEK CBA3HOIO ABOETOYHMS).

*) IlpocTefiiM TOTONOTHUECKHM TPOCTPAHCTBOM, COCTOSIMM H3 JBYX TOYeK
a H b, sBasiercs «npoctoe japoetodHe» [, B KOTOPOM BCe UYeThpe COAEPIKAIHXCH
B HeM MHoxecTBa: A, a, b, alyb—saABasiorcs, NO ONPENieNeHHIO, OTKPLITHIMH
(a- crefoBaTe/bHO, H 3aMKHYThIMH). 3TO TONOJOIHYECKOE NPOCTPAHCTBO MOXKET
6EITh ONpeNeeHO H KaK MeTpHYecKOe NpPOCTPAHCTBO, B KoTopoM p (a, b) paBHo,
Hanpumep, | (MM KakoMy-HHOYAb APYrOMy MOJIOXKHTENbHOMY UHCJY).

Kpome npocToro # CBA3HOrO IXBOETOYMH, M3 ABYX TOYEK @ U O MOMKHO NOCTPOHTD
ellle JIMWIb OXHO TOMOJOTHYECKOe NDPOCTPAHCTBO, @ HMEHHO TaK HAa3biBaeMoe «CJMII-
uieecst JiBOeTOuHe», B KOTOPOM OTKPLITHIMH. MHOXKECTBAMH fBJSIOTCS JIHWIb BCe
NPOCTPAaHCTBO M HycToe MHO¥ecTBO. OFHAKO 3TO TNPOCTPAHCTBO (B OTJIHYUME OT
oueHb BaXHBIX, NPH Bcell MX npocToTe, NPOCTPAHCTB & M D) HUKAKHX T PHMEHEHHH
He HaXoAuT (Y4TO CBS3aHO C TeM, YTO OTKDHIThle MHOMKECTBA CJMIILETOCH JBOETOUNS
HAXOAATCA BO B3aHMHO  OJHO3HAUHOM COOTBETCTBHH C OTKPLITHIMH MHOMKECTBAMH
NPOCTPAHCTBA, COCTOALIETO H3 OAHOM TOUKH).
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EcrecTBeHHO CKa3aTh, UYTO B TOIOJOTHYECKOM I[IPOCTPAHCTBE MNOC/IEHOBATEN b-
HOCTb TOYeK Xy, X3, ..., X5, ... CXOJUTCH K TOYKE X, €CNH JOGAs OKPECTHOCTh
TOUKH X COAEPMHT BCe TOUKM STOH 1OC/e/0BATENLHOCTH, HAYHHAs C HEKOTOPOit.
YacTHBIM CllyuaeM CXOGJSIIHXCS [OC/AeN0BaTeJbHOCTEHR SBISIOTCA INOC/eI0BaTeNb-
HOCTH CTalHOHApHEBIE, AN KOTODHIX, HAUMHAs C HEKOTOPOTC n, HUMEeM X, =
= Xp4+1=... TIOHATHE CXOAMMOCTH MMEET B TEOPHH TONOJOTHYECKHX NPOCTPAHCTB
3HAUHTEJbHO MeHbIUEe 3HAYEHHE, YeM B TEOPHH METPHYECKHX NPOCTPAHCTB: MOMKET
CIYIHTBCS, YTO TOUKA X TOMOJOTHYECKOTO mpocTpascTBa X SIBASETCS INpenesibHOM
TOYKoH MHOxecTBa M= X H B TO Ke BpeMf B M HeT HHKaKOH mNoCaeROBaTeNb-
HOCTH, cxofsimedics k Touke x. Ilyctp, Hampumep, X ecTh MHOXKECTBO BCeX Jelt-
CTBUTeNBHEIX yucesd. HasoBeM oTKpHITEIM B X BCSAKOe MHOMECTBO, HOJyYalouieecst
BEIYHTaHHeM Jio6oro He OGoJlee ueM CYETHOTO MHOMKECTBA TOYEK M3 Kakoro-jubo
MHOMKECTBA TOUEK, OTKPHITOrO Ha YHCJOBOH mpsamo#. Jlerko Bugers, uto
B X HHKaKOe CYyeTHOE MHOMKEeCTBO He HMeeT NPefeJbHOH TOUKH M YTO Jyis Hecyer-
HOTO MHOXecTBa M InpefefibHhie TOUKA B IPOCTpaHcTBe X COBHAJAIOT C TOUKAMH
KOHJAeHCcAlWH MHOKecTBa M Ha uucnoso# npamoif. [lpu sToM TOuKa X TOMOJOTH-
YECKOTr0 NMPOCTPAHCTBA MA3LIBACTCS MOYKOE KOHOeHCQyUY KaKOTO-MHGO HECYeTHOrO
MHOXKecTBa M, Jlexallero B 3TOM NPOCTPAHCTBE, €C/IH KaXKAas OKPECTHOCTh TOYKH X
COfleDXHT HeCyeTHOe NOIMHOKECTBO TOueK MHOXKectsa M. CXoAsiuMucs B RApo-
cTpaKcTBe X sIBAAIOTCH JIMIIL CTAlHOHADHEE MociefoBaTesbHoCTH. [To3TOMy, ecnun
T0YKa ¥ €CTH He INPHHALIexaWas MHOXKeCTBY M npeje/bHAss TOUKA 3TOTO MHO-
KEeCTBa, TO He CYUIeCTBYET HMKAaKOH NOCTeJOBATEJIBHOCTH TOYEK MHOXKecTBa M,
cxopsimefics K TOuKe X.

TeM He Menee BO MHOTHX BaXKHBIX CJAyuasiX NOHSITHE CXOAMMOCTH INPeJICTaB-
JifleT HHTepeC H B TEODHH . TOMOJOIHYECKHX HPOCTPAHCTB; MBI BEPHEMCS K ITOMY
Bonpocy Huke (§ 4); cefiluac OTMETHM TOJLKO, YTO paccMaTpHBasg BHOJHE YHOPS-
nouenHoe MHOXecTBO W (©;) BCeX MOPSAXKOBHIX YHCENl MEPBOrO H BTOPOFO KJACCOB
KaK TONOJIOTHYECKOe NPOCTPAHCTBO, MH 3aMeYaeM, 4TO CXOJUMOCTbL B 3TOM IPO-
CTpPaHCTBE €CThb He UYTO HHOE, KaK CXOJMMOCTb CUETHOH HOCJAeA0BATEN bHOCTH
NODAJKOBBIX YHCEN O, K IpefeJbHOMY uHcay A==lim @,, onpejerennass Hamu

| n

B §4rn 3. Bceasu ¢ 3THM MOKHO OTMETHTb, YTO TPAHCGUHHMTHHE YHCAA BTO-
poro poaa (mpefesibHble TPAHCHURMTHBHIE WYHCJI3) H TOJNBKO OHH SIBISIIOTCH Npe-
Jle/IbHBIMH TOYKaMu npocTpaHcTBa W (01).

Touka x MHOXKecTBa M HA3bIBACTCH GHYMPeHHEl MOuKOL 3TOTO
MHOMKECTBA, €CJH CYIIECTBYET OKPEecTHOCTb TOUKH X, COAepiKamasics
B MHoxecTBe M. COBOKYNHOCTb BCeX BHYTPEHHHMX TOUYEK MHOXKe-
crBa M HaswiBaeTcsi omikpoimeim a0pom MHoxectBa M u oGo3zHa-
uaetcsa yepes <M)>. Jlerko mpopepsieTcsi crenyolee yTBepKAeHHUE:
ecii A W B—B3aUMHO JOTIOJIHUTE/NbHBIE MHOXECTBA TOMOJOrHYE-
CKOTO NPOCTPaHCTBa, T. €. B=X\ A (3Hauut, A =X\ B), 10

X\JA]=<B> (4)
X\<B>=[A]. 5)

Jlerko nokasblBaeTcs TaKiKe, UTO OTKPHITOE SAPO BCAKOLO MHOXKe-
crBa M ecTb cymMa BceX cojiepXamuxcs B M OTKPHITHIX MHOXECTB
(unn nHauGoJbIlee) OTKPHITOE MHOXECTBO, COJEpKalleecs B MHOMKe-
ctBe M. MmeloT Mecto cieaylouine COOTHOLICHUS:

M>= M, (n M) =<M> <My,
i=1, 2

MY =<M>.

H
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OTH COOTHOIIEHHS BHIPAXKAIOT OCHOBHBIE CBOfCTBA OTKPHITOrO SAPA
MHOXKECTBA; OHM JBOMCTBEHHBH OCHOBHBHIM CBOHCTBAM 3aMBIKAHUS M
MOryT OBITh IOJYdYeHBl U3 HUX Ha OCHOBaHMM (opMyabl (4).

MuoxxectBo M TOmoNOrMUeCKoro npocTpaHcTBAa X HAa3BIBaeTCH
6crody naomuoim B npocrpaHcrBe X, ecaM Kaxnas Touka x € X
SIBJISIETCS TOYKON NPUKOCHOBeHUs MHOXKecTBa M, T. e. ecint [M]y=X.

MuoxecTBo M HasbIBaeTCH. NAOMHBIM 8 OMKPOLUTIOM MHOXMCECMBe
I'e X, ecaiu I'=[M]yx win, uro to xe, ecainu M NI Bcoopy njorHo
B mnoanpocrpaHctBe I' < X; wMmHOxecTBo M HasuiBaeTca Huele He
naomubin B X, €CJH OHO HE IVIOTHO HY B KaKOM HENyCTOM OTKpHI-
ToM ' X. Jlerko BuneThb, uto M TOrZa M TOJBKO TOrJa HHUrje He
miotHo B X, ecam KaxkJoe Hemycroe oTkphToe I' © X conepxur
HeKOTOpOe Takoe oTkpuitoe Hemycroe [, = I', yto M NIy =A.

3ameuanue 4. Jlerko pokasatb, UYTO 3aMbIKaHHE BCAKOIO
HHUrJe He IUVIOTHOTO MHOXKECTBA HUrJE He MJIOTHO.

3amMeyanune D. J][Ba B3aMMHO NOMOJHUTENbHBIX MHOXKecTBa A
n B MoryT o6a ObiTb BCIOAY NJIOTHHIMA B X —IpHUMep: MHOXKECTBO
BCeX pANMOHAJBHBIX ¥ MHOXECTBO BCEX HPPANMOHATBHHIX TOUCK
upcioBoil npamoii. OgHako eciu 3aMkHyrtoe F Bcrogy niorHo B X,
to F=X, ecniu orkpuiroe G sciopy mwiotHo B X, 10 F=X\G
Hurjge He mioTHo B X.

Beakoe MmHoxectBo M < X BCIOLY IVIOTHO B NMOMNPOCTPaHCTBE
[M] < X.

Onpenenenue 4. Ilycts M—npou3BojibHOE MHOMXKECTBO NPO-
crpaictBa X; 3aMkHyTOoe MHOXecTBO [M]N\<KM)> HasmBaerca epa-
Huyeti MHOXectBa M u obosnauaerca uepes rp M.

MuoxecrBo rp M Hurge He mioTHo B X, XOTs MoXeT OBITb
BCIOZy TIOTHO B [M].

QaxkTHuecKH Mbl 6yJeM paccMarpuBaTh TOJbLKO TpaHMIBl OTKpHI-
TBIX MHOXECTB M DE€Xe TpaHuibl 3aMKHYTHX MHOxecTB. OuesuiHo,
yTo A9 OTKpHTOro (G, COOTBETCTBEHHO 1A 3aMKHyToro F, nMeeM
rpG=[G]\G, rpF=F\ <F)>, npuuem wmHoxectBo rp(G Hurme
ge maotio B [G]=GUrpG u Ttem Oonee Bo BceM X, 4 MHOXe-
cTBO Ip F Hurpe He miotHo B X, XOoTA MOXeT OblTh BCIOAY IIOT-
HpIM B F.

[Ipennoxenue 1. Ecau F—3anxnymoe, a G— omxpvimoe MHO-
gicecrmeo 8 npocmpancmee X, mo F\ G samknymo, a G\ F omxpvimo.

B camom jene, FN\G=F N(X\G), a GN\F =GN (X\F), orkyza
U CJefyeT yTBepXXJeHue.

KanoHuuecKue 3aMKHYTHEe U OTKPHTHE MHOXe-
cTBa (%2- U ®0-MHOXecTBa). MHoxXecTBO, ABJfIOLIEECS 3aMbl-
KaHMeM OTKDBITOTO MHOXKECTBA, HA3BIBAETCH KAHOMUMECKUM 3QMKHY-
mbtn WK, Kpatko, xa-mroxecmsom. Ecan A=[G], o G =<A> = 4,
spaunT, A=[G]=[<KA>] =4, 1. e. A=[<A>]; nosromy *a-MHOKe-
CcTBa MOTYT ObITh OMNpejeieHbl KaK MHOXeCTBa, ABJASOILHECH 3aMbl-
KaHMEM CBOEr0 OTKPHITOIO AApa.



106 METPUYECKHWE M TOMNOJIOFHMYECKHWE IMPOCTPAHC TBA [(rJi. 4

B KaXaoM 3aMKHYTOM MHOXeCTBe F CONEepKHTCS MaKCHMAajb-
HOEe ®a-MHOXKECTBO (OBITh MOXKET, MYCTOe), HUMEHHO

A=[<F>].

OueBupio, ganee, yto cymma ayx xa-mHoxects A, =[G, u 4,=[G,]
ectb xa-mHoxectBo A =[G,]U[G,] (onnako mnepeceuyeHHe NBYX Xa-
MHOXKECTB MOXET He ObTh KQ-MHOMKECTBOM).

MHoxkecTBa, SIBJASIOWHECT TepeceyeHHeM KOHEYHOTO YHCaA Xa-
MHOKECTB, Ha3BIBAIOTCS TU-MHONCECHIBAMUL.

MHuoxecTBa, ABAAKIINECS OTKPBITHM SAPOM KaKOro-HHOYAL 3aMK-
HYTOTO MHOMXECTBA, HA3BIBAOTCA KAHOHUHECKUMU OMKPLUTOIMUL WU
xo-mromcecmeanmy. Ecmn G=<F>, to G=<[G]>, TaK 4TO %0-MHOXe-
CTBa MOryT OBITh ONpeNeNeHsl KaK OTKPHITHE fJpa CBOMX 3aMBIKa-
Huit. W3 A=[<A>] no. dopmyne (4) caeayer, uro X\ A==
=<¢(X\KA>>. AuanoruunpiM oOpazoM u3 dopMy/an (D) 41 MHO-
wectBa G=<[G]> caenyer pasenctBo X\ G=[X\[G]|]. Cregona-
TeNbHO, KAHOHUYECKHE OTKPBIThIE MHOXKECTBA MOTYT GBITH OINpPEseeHbl
KaK JONOJHEHHS K KAaHOHMYECKHM 3aMKHYTBIM, U Ha00OpOT.

Besxkoe orkpbitoe MHOXecTBO G CONEpXMUTCS B HaWMEHbILEM
%0-MHOXKECTBE: UM sBjsieTcd MHoxecTBo <[G]>.

Mpennoxenue 2. Ecau A—npoussoioHoe ®a-MHOKCECMEO, a
F —npoussoavroe samxnymoe muoxcecmeo npocmparcmea X, mo

[ANF]=[<A>\F].

JlocTaTouHo J0Ka3aTh, UYTO BCSAKAs OKPECTHOCTh OX BCAKOW TOUKH
x€[ANF] nepecekaerca ¢ wmHoxectBoM <ADNF. Tlonoxum
0,=0xn(X\F). Tak kagk x €[ANF], 70

A =050 AN(X\F),

T. e. otkpbiroe MHOXecTBO O, =Ox\ F nepecexkaerca ¢ A=[<A4>],
Ho torga.u O, N<A>=%=A, 1. e.

A = 0x N (KAXN\F),

yto U TpeboBajoch JAOKasath.

BepHeMcss K METPHYECKHM NPOCTPAHCTBAM.

HokaxeM 1Be TeopeMbl, KOTOpHIE (XOTA M C pasHbIX CTOPOH)
YCTAHABAMBAIOT CBA3b MEXKJY 3aMKHYTBIMH H OTKPBLITBIMH MHOXe-
CTBAMH.

Teopewma 3. Bcakue 08a Henepecekaioujiixca 3aMKHYMbIX MHO-
ascecmea F, u F, mempuueckozo npocmpancmsa X umerom & amom
npocmparcmee 06e HenepeceKarouyuecs OKPeCmHOCIILL.

HoxasarteabctBo. Tak xak F, u F,—Henepecekawomuecs
3aMKHYTHI€ MHOXeCTBa, TO HMKaKas TOYKA OJHOIO H3 3TUX MHO-
JKECTB He sIBJsi€TCS TOYKOH INpHKOCHOBeHusa Apyroro. Ilosrtomy s
KaxkJoH TOYKM X € F; uucio p,=p(x, F,) nonoxutenbho. TouHo
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TAK Ke JUIST KaXjol TOUKK y € F, uMeeM p, = p (y, F,) > 0. TTonoxum

0=y v(s k). v U0
X€F, YyeF,s
U, n U, cyTs OTKpHTHE MHOXKECTBA, COJEPIKAINE COOTBETCTBEHHO
F, u F,. Hoxkaxewm, uro U, NU,=A. Ilycrs, B camom Jesie, umeercs
toyka z2€U,nNU,. Toraa wumeerca Touka x€F, Takas, uro
P 9

p(x, 2) <=, u Touka y € F, TaKas, uro (Y, x) < 5. Tlyers s
ONpeneJeHHOCTH P, > p,. Toraa

Pxt P
P P<p(x, D+p (9 ) <=5 <pw

YTO NPOTHBOPEUUT ONpPEJEJEeHUI0 YUC/Ia p,; ITO NPOTHBOpEUHE AOKa-
3bIBACT Haule YTBEPIXKACHHE.

Jlsa 1nenepecexkalomuxcst 3aMKHYTHIX MHoxecrBa F; u F, moryr He umerhb
HenepeceKawomuxces cpepHueckux okpectHocreit. Heno B tom, yro Fy u Fy MoryT
HaxoIuTbCst APYT OT Jpyra Ha pACCTOSIHHHM, PaBHOM HyJIO (KakK, Hanpumep,
rnep6osia H ee acHMITOT2 Ha OGBLIKHOBEHHOH YHMCJIOBOH IJIOCKOCTH), & TOrAZ,
OueBHJHO, BCsKas clepHuECKass OKPECTHOCTb ONHOIO H3 HAWIHX JBYX MHOKECTB
nepeceKaeTcl Co BTOPLIM MHOXKECTBOM H TeM GoJee co Besikoi ero cdepuueckoit
OKPCCTHOCTBIO.

Mtoxectso M TOnONOrHYeCKOTo npocTpaHcTBa X HasBBaeTcA
Gg-mHoncecmeom (muoncecmsom muna- Gg), €CId OHO SBASIETCA nepe-
ceyeHUEM CUYETHOTO YHMC/Ia OTKPBITHIX MHOXKECTB IpoctpaHcTBa X.
MuoxecTBa, JOINOJTHUTENbHBIE K (5-MHOMXECTBAM, HA3bIBAIOTCH MHO-
acecmeamu muna Fg. V3 ¢opMyn nsoficreenroctd § 2 ra. 1 caeayer,
4TO MHOXECTBO TOTJa M TOJBKO TOrja uMeeT THn Fg, Kerja OHO
SIBJASIETCH CYMMOH CUETHOrO uMCjla 3aMKHYTHIX MHOXKeCTB.

Teopema 4. Beaxoe samxuymoe mruoscecmso OaHHO20 mempu-
ueckozo npocmparcmea X asasemcs muoxcecmsom muna Q.

B camom jpesie, JOCTATOYHO TMOKa3aTth, 4TO BCAKOE 3aMKHYTOE
MHOXKecTBO F ecrb mepeceueHne CBOMX cepHYECKUX OKPECTHOCTEH

BHJA Un=U<F, —:T) » tme n=1,2,3, ... Tak KaK npu BCKOM 1
/
o0

umeeM F = U, ro, snaunr, F<[) U,. Ocraerca ToabKo nokasars,

n=1
»

gro Beskas Touka x € () U, npunamiexur muoxecrsy F. Ho us

n=1
w

1
x€ n U, cpasy ciexyer, 4ro npu J060M 7 uMeeM p (X, F) <>

=1
T. €. p(x, F)=0, A 3TO 3Ha4uT, YTO X €CTb TOYKA [PHUKOCHOBEHHR
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MHOXecTBa F, T. €., B CWJy €ro 3aMKHYTOCTH, €CTb TOUKa CaMOro
MHOXKecTBa F.

TlockonbKy MHOXECTBa, AONOJNHUTENbHEIE K (s-MHOXKECTBAM,
uMeior TN Fgs, JlOKa3aHa TaKxke

Teopema 4’. Bceakoe omkpoimoe MHOXCECTEBO — MEMpPUHECK020
npocmpancmea X ecmy muoscecmeo muna Fg.

BopeneBckHe MHOKECTBA B METPHUeCKHX IPOCTpaHcTBax. Hasosem
MHOXecTBaMu TURA (s MHOXKECTBA, SIBJAAIONIAECH CYMMaMH CYETHOrO
upcna MHOXKecTB TuUna (s, TOYHO TAK JKe MHOXKeCTBaMu Tuna Fgp
HA30BEM MHOMKECTBA, SBJSIOMUECH NEPECEUYEHHAMH CYeTHOTO 4HCNA
MHOXKeCTB Tuna Fg. (3aMeruM, uYTo CYyMMa CUETHOr0 YHC/Aa MHO-
»ecTB F; ecTb, OUEBUIHO, MHOXECTBO F;, & nepecedeHde CYeTHOrO
yucja MHoXecTB (g ectb MHoxecrBo Gs.) [lanee, HasoBeM MHoOXe-
crBaMu  THNa Fgss MHOXKECTBA, SIBJSIOIMECS CYMMaMHU CUETHOTO
ypc/ia MHOXKeCTB THHA Fgs, 3 MHOXecTBaMM THNA (gg6 —MHOXKECTBA,
ABASIONIMECST TIEPECEYEHHAMH CYETHOro uucsia MHOXeCTB tHNa Gag.

AnanoruuHo onpegeasoTcs MHoXectBa THNOB  Gsgss, Fososs
Gso656, Fodbass M T. ., TIpHUEM Kaxabil pa3 3HAYOK G O3HAYaeT
CueTHOe CJOXKeHHe, 3 3HAUOK O-—CueTHOE NepeceyeHue.

B neckonbko Gosiee KOMNAakTHOH QopMe Te K€ MHOXKECTBA MOKHO
HOJyYuTh CAenyromuM o0pazoM. HasoBeM 3aMKHyThle MHOXECTBA
MHoxkecTBaMu tina (0, 8), a OTKpPHITBIE MHOXeCTBA— MHOXKECTBaMU
tuna (0, o). M re u gpyrue MHOXecTBa BMECTE€ HA30BeM MHOXKECT-
BamMu THna 0. IlpenmonoxumM, Yro NOCTPOEHBI MHOMXKECTBA THIA
n—1. HasoBeM MHOXeCTBaMM THRA (n, O) MHOXKECTBA, SBJISIOMIYECH
CyMMaMH CUETHOTO HHC/Ja MHOMXKECTB THNa 7—1, a MHOXeCTBaMH
tuna (n, 6) MHOXeCTBa, TBAAOLIMECST NEepPeCeYCHUSMH CYETHOrO YHCAA
MHoXecTB THna n—1.

(Ilpu sToM pJis nOJyYeHMS MHOXKECTB THna (n, G) AOCTATOYHO
Gparb cueTHble CyMMbl MHOXecTB THna (n—1, 6), a a1 nonyuyeHus
MHOXeCTB THna (n, -8)—cueTHble IepeceueHHsT MHOMKECTB THUna
(n—1, 0), Tak KaK CueTHbHle CyMMB MHOXecTB THna (n—1, o),
COOTBETCTBEHHO CUETHHIE M€peceueHust MHOXects tuna (n—1, 6),
70T HaM CHOB2 MHOXKeCTBA TOFO K€ TUMA.)

MnoxectBa Tunos (n, ¢) u (n, 8) oOpasyloT BMecte THI 1.
Hrak:

(0, 0)-OTKpEITHIE MHOXKeECTBA,
tun 0
(0, 8)-saMKHyTHIE MHOXKECTBA;

1 {'(l, o)-tun Fg,
o (1, 8)-tun Gg;

2{ (2, o)-tun Geg,
T (@, 8)-mun Fos;



511 METPUYECKHE U TOINOJIOTHUECKHUE MPOCTPAHCTBA 109

3 I (3’ 0)'THH FOGO‘,
T2 (3, 6)-1un Goos;

e & e e a4 s e & s a2 e s s s o e =

STy KJacCUPUKANUI0 MOXKHO NPOJAOJKHTb, MOJAb3yACh TPAHCHUHHT-
HBIMH YHCJaMH BTOpOro kjaacca. IlycTh nocrpoeHbl MHOXECTBA BCeX
"THIOB &’ < @, a & — KaKoe-Ju00 TpaHChHHHUTHOE YHC/I0 BTOPOTO Kjacca,
HasbiBaem mHOxecTBaMu tuna (o, 0), COOTBETCTBeHHO THna (o, O),
MHOKECTBa, SIBJISIIOHINECS CYMMaMH, COOTBETCTBEHHO NepeceueHHsIMH,
CYETHOTO YHCJAa MHOXKECTB THIOB < 0 MHOXeCTBA THNOB (%, G) H
(o, 8) BMecTe HaspBAOTCA MHOMKecTBaMM Tuna o. [lpu sTom, ecau
o —nepBoro poaa, ca=a’'-+1, To AI9 TOJyYeHHS MHOKECTB THNA
(2, 0) nocrarodrHo Opare CuUeTHbIE CYMMBI MHOMXKECTB Tuna a’ (paxe
OIHUX JUUIb MHOXeCTB THna (o', 8)), a JJIs NOJYYeHUS MHOKECTB
Tuna (o, §)—cueTHble TepeceueHUss MHOXKeCTB Tuna (a', o).

lNonyuyaempie TaxuM oOpa3oM MHOXKeCTBA, T. €. MHOXecCTBa BCe-
BO3MOXHHX THIOB ¢, [fie o0 €CThb J1060€ NMOPAJKOBOE HHCHO < Oy,
UA3BIBAIOTCH  BOPEACBCKUMU  MHONCECMBAMU WJIH COKpPAIlleHHO B-mHo-
gicecmsamy LAHHOFO MeTpUUecKoro npocrpaHcrsa X.

3ameuanne 6. OuyeBupHo, BCAKOE MHOMKECTBO THIIA ¢ ABJSETCS
BMeCTe C TeM MHOXecTBOM THna f npu JwboMm B > o.

3amMeuaHue 7. 3aMKHyThle MHOXECTBA HAa3bIBAOTCA TaKXKe
MHOXeCTBaMH Hy.1e8020 Kiacca. Ecaum oa-—xaxoe-HUOYAL MOpALKOBOE
qucno, | <K a < m;, TO MHOJNECMBAMI KAACCA O. HQ3bIBAIOMCS 6CE MHO-
JCECMBQ MUNG O, He ABALIOUUECs MHOXCecmeamy muna o HU npu
Kakon o' < o, Bompoc o ToM, B KaruxX caydasx JefCTBUTENIHHO
CYIIECTBYIOT MHOXKeCTBA BCeX KJACCOB o <, (BONPOC O HemycroTe
KJIaCCOB -0OPENEBCKUX MHOMXKECTB), MBI B 3TOH KHUIE OCTaBJIsIEM
OTKPHITHIM, 3aMeTHM JIHiIb, YTO B CAYyYae, €CM NPOCTPancTBO X
COCTOMT M3 CUETHOrO MHOXECTBA TOUEK, BCe BOOOLIe JieXKalue B HeM
MHOXKeCTBa fABJAIOTCA MHOxecTBamu thna Fg (u tuna Gs), Tak uro
BCE KJIACChl, HauyuHas co Broporo, mycrel. HaoGopot, ecan X ectb
©BKJIMAOBO NMPOCTPAHCTBO. JIOGOr0 4UCAa HU3MepeHuil, Ui 03poBcKoe
TIPOCTPAHCTBO, WM THUJABOEPTOBO IPOCTPAHCTBO, .TO CYIIECTBYIOT
GopeeBCKHe MHOXKeCTBa J06oro kjaacca a < o; (Z0OKa3arelabeTBO:
MOXKHO Haiith B kHure Xaycmnopé¢a [1], ra. 8, m B KHure
Kyparosckoro [1], 7. 1, § 30).

3amMeuanue 8, Msl Bugenu, uro mo6oil KoHeuHBHt THN (1, O)
uiu (n, 8) nonyuaer ecrecTBeHHoe ofo3HaueHue B Buje Tthna F,
#iu G,, T1€ # €CThb KOHEUHAas COBOKYMHOCTh 3HAYykoB ¢ H O, ynoB-
JIETBOPSAIONIAS CJEAYIOMUM YCA0BUHAM:

A) nBe oauHaroBble OyKBH O MM O HHMKOrja He BCTpedalOTCA
TOAPAL;

B) B cnyuae F, nepBoit GykBoi siBasiercss o, B cayuae G, nep-
B8Ol GykBoil Asasgercs §;
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B) ecan nauHei# tan ectb (1, o), coorBeTcTBeHHO (1, ), TO
nocieanefi 6yKBoH B % fIBJSETCA G, COOTBETCTBEHHO 8.

OpHako u3 TOro, 4T0 BCAKOE 3aMKHYTOe MHOXKECTBO €CTh MHO-
xKectBo THna (g, a BCSIKOE OTKPBITOE MHOMXKECTBO €CTb MHOXKECTBO
tuna Fg, caenyer, 4To BCAKOe MHOXeCTBO Fg eCTh BMecTe C' TeM
Gsg; Beaxoe Gg ectb Fgs; BooOie, Besikoe F, ecth Gp, U BCAKOE
G, ectv F;,. Takum ofpasoM, pasuuua Mexpy F, n G, naHHoro
THNIA 7 CTHpaeTcs NnpH nepexofe K cjienyriouemy tuny. Tem Gojee
KaXAblfl TPaHCGUHUTHBIH TN MoXeT OBIThb 3anucad M B Buae F, u
B Buge G,, IIe * eCTb HEKOTOpOe BIIOJHE YNOpPAJOUYeHHOEe MHOXKe-
CTBO 3HAuKOB 0, §, ynosjersopsiomee yciosusaM A), B), B).

Jlerko nokasmiBaercsi, yro jaonosaneHue X\ M K mobomy MHO-
XecTBY M Tuna o eCTb MHOXKECTBO THNA o (2 MMEHHO, JONOJHEHHE
K MHOXeCTBY TUIa (€, G) €CTh MHOXKeCTBO THNA (@, §), U 06paTHO).

B camom pene, 3T0 yTBepXKneHHe BepHO AId MHoxecTB THna 0.
IlpeanonoxuM, 4TO0 OHO OKA3aHO JAJISI MHOXKECTB BCEX THIIOB o < al.
Torga u3 ¢opmya jaBoficteeHHocTd § 2 ria. 1 U U3 caMoro onpeze-
JeHHs] MHOMECTB THIIA 0. CJeAYET, YTO AOMOJHEHUE K MHOMKECTBY
tuna (@, 0) ectb MHOXKeCTBO thna (o, 8) u obparHo.

Hanee, cyMmMa ¥ repeceueHHe CUETHOrO HHCJIA MHOMXECTB THIia
o eCTh MHOXKECTBO THna o - 1.

PaccmorpuM Tenepb HEKOTOPYIO cucTeMy K MHOXKECTB, JieKa-
uWMX B J@HHOM npocTpaHcTBe X. JT1a CHCTEMa HA3BIBACTCS MEA0M
MHodcecm8 (WM TPOCTO TeNoM) NpoctpaHcTBa X, eciud OHA YJOB-
JIETBOPAET CJACAYIOIIUM YCJIOBHAM:

1°. Cymma ¥ nepeceyeHHe CUETHOTO YMC/IA MHOXECTB, SABNAIO-
[UXCA 9JeMeHTaMu CHcTeMbl K, €CTh 3Je€MeHThI CHCTEMBl K.

2°. Hononuenue X\ M Ko Bcsikomy wmHoxectBy MEK ecrb
3JeMEHT CHcTeMbl K.

3ameuanne 9. M3 stux ycnosuil ciegyer, 4to BCe NMpOCTPaH-
cTB0 X H NYyCTOE MHOXKECTBO SIBJSIIOTCS 3JieMeHTaMH BCsKoro reqa K.
B camom gene, ecit MEK, 10 m XN\ MEK, 3nauur, X=
=MUX\MEK u A=X\X€EK.

Hanee, u3 namux ycjoBuil ciaepyeT, 4YTO PasHOCTb JBYX MHO-
xeets M, €K, M,€K Ttakxke ecTb 9JleMeHT cucremn K, TaK KakK

Ml\M2= -/‘/11n (X\Mz)o

Mur TONBKO 4TO JOKasanu, 4TO CYMMBl H TepeceyeHHs CUETHOTO
gucsia GopeneBcKuX MHOXeCTB mnpocTpaHcTBa X cyTh GopesieBCKUe
MHOXKECTBA 3TOTO NPOCTPAHCTBA, @ TaKKe YTO JONMOJHeHHE. K Oope-
JIEBCKOMY MHOXECTBY eCTh GopeseBcKoe MHOXectBO. Mrak, 6opeaes-
CKUE MHOOMECMEA npocmpancmea X 06pasyrom Mmeao MHONCECMs 3imoeo

npocmparcmea X.

HoxaxeM Tenepsb, yro Bcakoe Teno K mpocTpancrsa X, comep-
Jalllee B YHCJIE CBOMX 3JIEMEHTOB BCE 3aMKHYyThie (MW BCe OTKPHI-
ThbIe) MHOMKECTBA, COMICPKHUT H BCe GopeseBcKHe MHOKecTBa. B camMom
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AeNe, eC/Id BCe 3aMKHYTHE MHOXKECTBA SIBJISIOTCS dJ1eMeHTaMu Tena K,
TO BJEMEHTaMH 3TOr0 TejJa ABJSIOTCA M BCE OTKPhIThle MHOXKECTBA
(KaK JONOJHEHAS K 3aMKHYTHIM; eciu Opl Oblio jaHo, uto K cojep-
HKUT BCE OTKPBITHIE MHOXKECTBA, TO K colepxano Obl ¥ BCE 3aMKHYTHIE
MHOJKECTBA, KaK JIOMOJHEHMA K OTKpHITEIM). VTak, BO BCAKOM cay-
yae Teqo K COJEpXKHUT B KayecTBE CBOMX 3JEMEHTOB BCe MHOXKECTBA
Tuna 0. Ho ecin K cofepxuT B UHC/Ie CBOMX 3JIEMEHTOB BCE MHO-
JKeCTBa BceX THUNOB o < a, rje a—Jitoboe PUKCUPOBAHHOE MOPAIKO-
Boe 4HCI0 < ®,, To K COEepXUT U BCe MHOXKeCTBA THUMNA O, TaK KaK
ITH MHOXKECTBA SIBASIOTCA CYMMaMH ¥ NepecedeHHsIMHU CYETHOTO YHCTa
MHOXecTB THOB o < . Hame npepnoxenne jnoxasaHo. OHo mo-
2KeT ObITh COPMYJIUPOBAHO M TaK:

Teopema 5. Cucmema scex 6Goperesckux mrHoxMcecms OQAHHO20
npocmpancmea X ecmb HQUMEHbUIEE MeA0 MHONCECME 1NpOoCmpaHcmen
X, codepxawee 8 qucie COUX 3ACMEHIMOB 6CE 3AMKHYymble (WAu 6ce
OMKPLUTILIE) MHONCECTIBA 3MO20 11 POCIT PAHCITEA.

JloxasaHHas TeopeMa N03BOJseT ONpelelUTb CUCTEMY Bcex Gope-
JIEBCKMX MHOXecTB npoctpaHersa X (M, Kak rosopAr, «bopeses-
CKOe TesJ0 TmpocTpaHcTBa X») 6e3 npuMeHeHHs] TpaHC)UHUTHHIX
qucen.

3ameTuM TMpeXjAe BCETo, YTO [epeceueHue JOGOro MHOXKECTBa
Ten K, AaHHOTrO npocTpaHcrBa X eCThb CHOBA Telo npocrpaHersa X.
B cavoM jfese, eciiu JaHOe CueTHOE MHOXECTBO 3JeMeHTOB M; cuc-

TeMb K= N K., T0 cyMMa u nepecedeHue MHoxectB M; (kKak aJje-
¢

MEHTOB Kaxjoro 43 ten K ) cojepxarcs B JoOoM K,, 3HaumuT,
# B K. Ionojnenne K nwbomy M€K, comepxach B Mo6oM Kg,
Takxe copepxurcad B K.

C n1pyro#i CTOpOHBI, COBOKYUHOCTb BCeX MHOXECTB IIPOCTPAHCTBA
X, oueBHIHO, €CThb TeJO, COJepKallee B YHCJE CBOMX 3JE€MEHTOB
BCe 3aMKHYTHIe (OTKpHTHE) MHOXxecTBa npocrparcrBa X. [Josromy
MOXHO 0e3 KaKux Obl TO HH ObUIO IIpeABAPUTENBHBIX pPAcCyXAEHHH
TOBOPUTH O HaMMEHbIIEM TeJie NPOCTPAHCTBa X, CONepIKAUleM B Uuce
CBOMX 3JIeMEHTOB BCe 3aMKHYTHIE (BCe OTKPHITbiE) MHOXKECTBA: HTHM
TEJOM ABJAsETCS NepeceueHue BceX Teil K npocrpaHcrBa X, conep-
XKalUX B UMCJe CBOMX 3J€MEHTOB BCe 3aMKHYTHiE (BCE OTKPHIThbIE)
B8 X MHOXeCTBa; 3TO HauMeHbLIEE TEJO M MOXKHO ONPENENUTb KaK
GopeJieBCKOe Teso npocTpaHersa X.

3ameuanne 10. DopeneBcKre MHOXKECTRA SIBJASIOTCA UACTHLIM
cllyyaeM TaK HasblBaeMbX A-MHoOXecTB (ZaHHOro mpocrpauncrsa X);
onpejejenne A-mHoxects M A-omepanuu, NpU [OMOWHM KOTOPOH
A-MHOXeECTBA TNOAyYaOTCH W3 3aMKHYTBIX MHOXeCTB, GyleT AaHO
8 §4 ru. b, samevanue 4; Tteopusi A-MHOKECTB M GOpeJeBCKHX
MHOKECTB XOpOWIO M NOAPOOHO M3joxkeHa B Kaure Xaycpopoda
[1] u B xnure Kypatosckoro [1], T. 1.
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§ 2. Hemnpepsienbie oToGpaxeHns

OroGpaxenue f: X-—Y TOnomoruueckoro mpocrpacrsa X B.TO-
NOJIOTYYECKOe NPOCTPAHCTBO Y HASHIBACTCS HENPEPOIBHUIM 6 MOuKe
X, € X, ecjiy Jd HEro BHUIOJHEHO clAejyroliee

Yecnosue Kown. Ko Beakoit okpectHoctit Oy, TOUKH Yo == [X,
cyllecTByeT Takas okpecrHoctb Ox, Touku x, € X, uro fOx, = Oy,.

Orobpaxkenne f:X — Y HasbiBaeTCH HENpPepbiGHbIM 0mobpasceruem
npocmpancmea X 6 npocmpancmso Y, €ClM OHO HENpephHBHO BO
ECAKOH TOUKe X, € X.

W3 sroro onpenenenus jnerko cienyer

IIpennoxenune 1. Omobpanenue f: X —Y moeda u mosro
moeda HenpepvisHo, Ko20a npoobpas Kancoos0 OMKPBIMO20 MHONCECHER
V=Y npocmpancmea Y ecme omkpeunoe mroscecmso U= f~1V npo-
cmpancmea X.

B camom sienie, nycTh BhINoJHEHO yciaoBue Komu jis ao6oi TouKy
%, € X #u nycrb V—npousBonbHoe OTKpHTOe B Y MHOXecTBO. [lns -
JloKasarenaberBa Toro, 4ro [~V ofkphito B X, AOCTATOYHO JOKa3arh,
uro Jo6as Touka x € [~V —BHyTpeHHAs TouKa MuOXKecTBa [~V
Ho orxpeitoe MHOXectBO V' ecTb OKPeCTHOCTb TOYKHM y= fX; IlO-
9TOMY CYIlecTBYeT oKpecTHOCTh Ox TOUKM ¥ B X, 17is1 Koropo# fOx=V,
a 910 ¥ 3Hauur, yro Ox = f~V.

Ilyerp, ofparHo, npoofpas JOGOro OTKPHTOrO B Y MHOMXKECTBa
orkphit B X. JlokaxXeM, 4To TOTAA ycjaoBHe KOIIM BHIIOJTHEHO A%
Jo6oft TouKn x, € X. DBepeM InpousBoibHYIO oKpecTHOCTH V= Oy,
TOYKH Y, =fx,. Torma f-'V ecTb okpecrtHocTb OX, TOUKH X, U A7IA
Hee, oueBHaHO, [Ox, = Oy,. W3 npennoxenus 1 HenmocpeacTBEHHO
cienyer

Mpennoxenne 2. Omobpamenue f: X —Y moeda u morvko
mozda HenpepuigHo, Kko20a npoobpad [f~* F 6caxkoeo samKuymoz0 MHo-
ocecmsa F ¢ 'Y ecmo samxrymoe mrosncecmeo 6 X.

Haxonen, nMeer Mecrto

I[Mpeanoxenune 3. Omobpamenue f: X —Y moeda u moavko
moeda Henpepbero, ko2da 0af awboeo muomcecmsa M = X umeent

M)y = [fM]y.

Horkasareancrso. 1° Tlyerk oroGpaxenue f: X — Y nenpe-
puBro. Torza mHoxecrso [~ [fM] 3aMKHYTO M COZEPXUT MHOXECTBO
M. Cnenoparenbho, [M] = f~3[fM], otkyna f[M] = [fM].

2°, Myers f[M]x =[fM]y naa awoboro M = X. Jlokaxem, 410
f: X—Y HenpepriBHO.

PaccmorpuM 3amkuyroe B Y muoxecrso F. Torpa

[l Fl1< i 'F1=[F]=F,

orkyna [f~'F] < f~'F, snauur, [~'F 3aMKnyTO.
[pepsoxenne poxasano,
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JokaxeMm cienyoouye ABa yTBEPKACHUSN:

Ipennoxenne 4. MMycmv F,, F,—da samxnymowx muooce-
cmea npocmpancmea X, darouux 6 cymme ece X, u nycmo f,: F,—Y,
[s: Fy— Y —nenpepuigrble omob pascenuss 3mux SaMKHYMbLX MHONCECME:
8 npocmpancmeo 'Y, cosnadaowue na nepecewenuu F,NF,. Tozda omo-
6pascenue f: X —Y, 3adasaemoe pasercmeamnu

f(x)="F1(x), ecou x€Fy,
[(x)=Fy(x), ecau x€F,,
HerPepPLIBHO.

Hokasareabcrtso. [locrarouso fokasarb, uro npoodpas f~*@
BcsIKoro 3aMkHytoro B Y MHoxecrsa @ samxHyt B X. Ho (kak
Jerko mnposeputb) [0 =@ Y f;'®. Muoxecrso fi® (coorser-
ctBeHHO ;M) 3aMKHYTO B 3aMKHYTOM MHOXecTBe F; (COOTBETCTBEHHO
B F,) u, 3nauur, BO BceM npocrpaHcree X, MOSTOMY 3aMKHYTO W
MHOXecTBO [0 =f '@ U j3;'®. Tlpepnoxenue JFOKasaHo.

Mpepgnoxenue 5. [lycmsp cucmema OmKpbimbLx 8 NPOCMpar-
cmee X muomcecms Oy, 2 €N, 6 cymme daem ece npocmparcmeo X.
Ecau omobpascenue f: X —Y maxoso, umo eco oepanusenue fq: Og—Y
Ha Kancdoe muoncecmso Oy HENpPepoisHo, MO HEeNpPepPoisHO U CaMO Omo-
6pascerue f.

HdorkasarenbcTBo. PaccMoTpuM npoussosibHOe OTKpHITOE B Y
mHoxecreo V. Ero npoo6pas

fF-v=ivaU0.=U¢F-Vn0s)=UfV

OTKpHT B X, uTO M TpebOoBaIOCh JOKA3aTh.

Npu HenpepnisHoM oroGpaxenun f: X —Y o06pas OTKpHITOro
MHOXecTBa G = X Moxer He ObITh OTKpHTHIM B Y, 4 o6pa3s 3aMk-
HyToro MHOxecTBa F = X Moxer He Gbith 3aMKHYTHIM B V. Hanpuwmep,
pPaccMOTPUM B IIOCKOCTH, CHAOXeHHOH NPAMOYTONbHOR cHCTeMOMH
KOOpAMHAT, OKPYXKHOCTh S paguyca | ¢ HeHTPOM B Hayaje KOOpiH-
Har u noayunrepsal X =[0<Cx < 2r) ocn abcumec. Jaa mo6oi
ToukH ¥ € X 0603HauHM uepe3 fx TOUKY OKPYKHOCTM S, pamuyc-Bek-
TOp KOTOpOH HaK/OHEH K OCH a6CLucC Moj yrioM x. OTHM onpe-
JeJIeHO B3aMMHO OJHO3HAUHOE HempephiBHOe orobpamenne f: X —S
noayunrepsana X =[0; 2m) Ha OKpYyXHOCTb S, NpH KOTOPOM 0Gpas
nonyunrepsaia G ={0; m), ABAAOUErocs OTKPHITHIM MHOXECTBOM
B npocrparctee X =[0; 2x), He ecTb OTKpHITOE MHOXeCTBO B S,
a ob6pa3 nonyudrepBaia F =[mn; 2x), ABAs0MErocs 3aMKHYTHIM MHO-
KecTBoM B X, He eCTb 3aMKHYTOE MHOXeCTBO B S.

Onpenenenue 5. Orobpaxenne [: X—Y Tonosorayeckoro
npocrpaHctBa X B TONOJNOTHYECKOE NPOCTPAaHCTBO Y HasbiBaeTcs
OMKPbIMbIML, COOTBETCTBEHHO 3AMKHYMbIM, €CJAU LS MO60r0 OTKPHI-
roro G< X, coorsercrBenHo saMkHytoro F = X, obpas fG coor-
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BETCTBEHHO fF, IBJAfSIETCA OTKPHITHIM, COOTBETCTBEHHO 3aMKHYTBHIM,
MHOX€ECTBOM TpOCTpaHcTBa Y.

M3 onpenenenusi cpasy cjaeayer, 4To NPH 3aMKHYTOM OTOOpase-
aud f: X — Y maislii o6pas f#G *) oTkpbltoro Muoxectsa (G OTKPBIT.

He orosapuBas storo 0co6o, Mbl 6yieM paccMaTpHBaTh JHIUIb
TaKHe OTKPBITHiE W 3aMKHYTHIE OTOGpa’keHUS TONOJOrHYECKHX NpO-
CTPAHCTB, KOTOpHIE BMECTE C TeM SIBJIAIOTCH HenpepuiBHbIMU. Crexyer
3aMeTHTb, YTO CpPelH HeMpepHIBHBIX OTOOpa)KeHUH OTKpL:~bie orofpa--
JKeHds1 o0pasyloT ype3BbiyailHo crneunanbHblil Kaace. [Las Toro yTo6s!
yﬁenHTbCﬂ B 3TOM, JOCTATCUHO PAaCCMOTPeTh HellpephiBHBE (PYHKIHH
y=Ffx, 0<{x<<1l, 0<Cy<C1, ocyiuecTBasOmHEe OTKpHTHE OTOGpa-
JKEeHHst o'rpesxa X=[0<{x<1] B cebs. Irn HYHKUNH HMEIOT KOHEU-
HOe YHCJIO TOYeK MaKCUMyMa u MHHHMyMa Ha otpeske [0; 1], mpuuem
{IPUHUMAIOT B TOYKAX MaKCHMyMa 3HaueHHe l, a B TOYKaX MHHHMYyMa
spauende O; B NpOMeXKYTKax MexJy IBYMS TOC/IEN0BATENbHBIMH
TOYKAMH 3IKCTpeMyMa (YHKUHUS [ MOHOTOHHA.

Ba:XHBIM. TIpUMEPOM OTKpBHITOTO OTOOpaXKeHHs OAHOH IJIOCKOH
061acTH Ha JPYTyI0 MOTYT CJAYXKHUTb OTOGpaKeHHS, OCYLIECTBAsIeMble
AHAMUTHYECKIMH (YHKUHAMH KOMIJIEKCHOrO TEPEeMEHHOro.

[MosnoxeHne 3aMKHYTHIX OTOGpamKeHUit B TONOJOTMH COBEpIIEHHO
Apyroe: Mbl YBHIHM, 4TO JJIsi OY€Hb BAa’KHOrO KJacca npoctpaHcTs X
¥ Y BcAKoe HenpephiBHoe oroGpaxenue f: X -—Y sBagercd 3amk-
HYTHIM; B YacTHOCTH, 3TO HMEET MecTo, ecyiu mnpoctpaHctBa X u Y
onpefeNeHbl KaK MHOXECTBA, Jexaulye B A-MEPHOM €BKJIHIOBOM
npocTpaHcTBe R”, npuyeM X 3aMKHYTO M orpaHnyeHo B R*, aY < R
COBEPILEHHO IPOU3BOJIBHO.

HMeer Mecto ciepyiomasi xapakTepHCTHKA 3aMKHYTHIX oOToGpa-
KeHHH:

I[lpennoxenue 6. Henpeposroe omobpasxenue [: X —Y mo-
noaoeuwecko2o npocmparncmea X 3amxnymo moeda u moavko mozoa,
K020a 6INOAHAEMCA YcaoBuUe:

(C~Y) A moboeo muoxcecmea M <=Y u awboii oxpecrmuocnu O
mHoxcecmea =M cywecmsyem makas okpecrmuocms V mrosxcecmea M,
amo [~V =0. ‘

Hdoxkasarenncrtso 1°. Ilpexnonoxum, 4to orobGpaxenue f
3aMKHYTO; paccMotpum MHoxkectBo M <Y u okpectHocts O MHO-
wxectBa f7IM. Muoxectso F = X\ 0 samkuyto B X u FNf'"M=A.
Tlostomy muoxectBo fF 3amkuyto B Y u fFNM=A. OxkpecTHocTh
V=Y\JF o6nanaer csoiicteoM [~ lVﬂF A, creposaresbHO,
[~V = O —ycnosue (C~') BhimosiHeHO.

2°. Hyects pna orobpaxenus [ peimosineno ycnosue (C—'). IMpen-
MOJIOXKHM, 4TO 0o0pas fF Hekoroporo 3aMkHyToro B X MHomectBa F
ue 3aMkHYT B Y. Ilycre y € [fF|\fF. MuoxecrBo X\ F sBiasercs
OKDECTHOCTbIO MHOXecTBa f~'y. CnemoBaTe/bHO, CYLIECTBYET TaKast

*) Onpenenenue Masoro ob6pasa cm. Ha crp. 5.
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oxpectHocTb V TOoukm y, uro f~W <= X\ F. Ho rtorma VnfF=A,
u nostomy y ¢ [fF]. INonyyenHoe npoTHBOpEYHE AOKA3BIBAET 3aAMK-
HYTOCTb OTOOpaxKenus f.

JloxaxeM OTHOCHTENBHO 3aMKHYTHIX (OTKDPBITHX) OtoGpakeHUit
ele caeaywlllee

Yreepxkpaenue 1. Ecau nenpepowroe omobpasncerue f: X —Y
npocmpancmea X & npocmpancmso Y 3amKrymo (omxpbuno), mo 0as
Aobozo mroxcecmea B=Y omobpascenue f: f~'B— B maxsce samx-
HYymo (oMmKpbimo).

IokasartenbcTBo. PaccMOTpHUM 3aMKHYTOe (OTKpHTOE) B f~1 5
MHokecTBO T'. Torjga B X cymecTByeT 3aMKHYTOe (OTKPBITOE) MHO-
xecTBO F, B nepeceuernuu ¢ f~'B paromee muoxecrso 7. Ilo ycio-
BHIO MHOXKecTBO fF 3amkHyTo (OTKpHITO) B Y. ClieoBaTebHO, 3aMK-
HYTO (OTKpBITO) B B MHOXeCTBO

BNfF=[(~'BnF)=|T,

4r0o ¥ TpefoBaNoch AOKa3aTh.

PaccmorpuM  cayya#t  B3aMMHO  OJHO3HAYHOTO  OTOODAKEHHSH
f: X—Y npocrpancrBa X Ha mnpocrpauncTBo Y. Ilpu stom onpe-
JiesieHo u o6parHoe oTofpaxenue f~1: Y — X. PaccMoTpenHbifl Bhlile
npuMep orobpaxeHnus nonyunrepsana X =|[0; 2n) na oxpyxuocts S
NIOKa3blBAET, YTO M3 HENpPepHIBHOCTH B3aUMHO OJHO3HAYHOro oTofpa-
eHusa [, BooOlle roBopd, He cClaelyeT HelpephHBHOCTL 0OpaTHOro
orobGpaxenus f~!. OpHako Jerko A0Kas3ath

[pennoxenne 7. Ecau 630uMHO OOHOBHOUHOE HENDEPLIGHOE
omobpascerue | npocmpancmsa X Ha npocmpancmeo Y 3aMKHYMO, Mo
obpamnoe omodpasicerue f~: Y — X Henpepwwsro (1 3aMKrymo).

3ro cjenyer W3 TOro, 4ro npoofpas BCAKOTO 3aMKHYTOTO MHO-
xecrBa F <= X npu orobpaxenun [~': ¥V — X ectb MHOXECTBO
(f~Y)"*F=fJF =Y, 3aMkHyTO€ B CWJIY 3aMKHYTOCTH OTOGpaKeHU .

AHaJOrM4HO JOKa3hlBaeTCsl HENpEephIBHOCTL OToOpaxkenuss [~1,
O0paTHOTO K B3aMMHO OJHO3HAYHOMY, HENPEPHIBHOMY M OTKPBITOMY
oTo0paKeHHIO.

Onpegenenune 6. Orobpaxenue f: X —Y rtonoiornueckoro
npocrpanctea X Ha TOMNOJOTHYeCKOe INPOCTPAHCTBO Y HasblBaeTCsi
mononoceuteckuMm (U 2omeomopproim) orobpaxkenueM X Ha Y, ecau f
B33aUMHO. OHO3HAYHO H €cJM NpH 3TOM 06a orobpaxenus f: X —Y
u f~1: Y — X HenpepbIBHBL.

JpyrimMu CJIOBaMU: TOMOJIOTHYECKOE OTOGpaXKeHHe NpocTpancTea X
Ha NPOCTPAHCTBO Y —3T0 TAKOE B3aNMHO OZHO3HAYHOE OTOOpaXeHHe
MHOXecTBa X Ha MHOXecTBp Y, NpHM KOTOPOM MHOXECTBO BCEX
OTKPHITHIX MHOXKECTB NpocTpaHcTBa X orofpakaeTcsi Ha MHOXECTBO
BCEX OTKPBHITHIX MHOXKECTB NPOCTPAHCTBA Y WM —YTO TO KE —MHO-
MECTBO BCeX 3aMKHYTHIX MHOXKecTB B X oTOOpaKkaercs Ha MHOKe-
CTBO BCEX 3aMKHYTBIX MHOXECTB B Y.
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Tononoruueckoe orobpaxenue f npocrpanersa X Ha Kakoe-HUGYIb
TIOANIPOCTPAHCTBO Y, HPOCTPAHCTBA Y Ha3BIBAGTCA TONOJOIHYECKHM
oTo6paxenueM npoctpancrBa X B npocrpancTso Y. Ilpocrpancrea X
Y Y HaspIBAIOTCS 20MEOMOpGHHbIMU MEXLY cODOI0, €Cyd OZHO U3 3TUX
fIPOCTPAHCTB MOXKHO TOMNONOTHYECKH OTOOPasuTh HA JApYyroe.

JlanHoe Bhbille omnpelieNleHHe HENPEpPHIBHOCTH O3Hayaer: oTobpa-
KEHHE [ TOMOJIOrMYEeCKOro NpocTpaHCTBa X B TONOJIOTHYECKOE I1pO-
CTPaHCTBO Y HENpephHIBHO, €c/u Npoo6pas (OTKPHITOH, COOTBETCTBEHHO
3aMKHYTOH) TOMOJICTHH NPOCTPAHCTBA Y COIEpKHUTCA B (OTKPHITOH,
COOTBETCTBEHHO 3aMKHyTOi1) Tonosoruu npocrpancrea X. EcrecTBeHHo
EO3HHKaeT Bonpoc 06 orob6paxenuax f: X —Y, npu KOTOpHX Ipo-
0of6pa3 TONOJOrMH INPOCTPAHCTBA Y COBMajaeT ¢ ToNOJOrHeH mpo-
crpanctBa X, T.e. MHOxecTBO M <Y OTKpeITO (3aMKHYTO) B. Y
TOrJa ¥ TOJLKO TOTAA, KOTAAa OTKPHITO (3aMKHYTO) B X MHOMKECTBO
M. OroGpakeHus, yIOBIETBOPAIOLIHE ITOMY YCJOBHIO, HAa3bIBAIOTCH
paxmoprbiny *). @akTopHble OTOGPAXKEHHS, OUEBHIHO, HelpephIBHBI.
Jro BecbMa BaXKHBIH KJjacc orobpaxenuii., JlokaxeM, B YacTHOCTH,
YTO BCE 3aMKHYTHle M BCE OTKpPHITHIE HeNpephlBHBIE OTOOpaKeHHS
apafoTc  GakTopHLIMU. [lokasarennpcrBa NS 3aMKHYTHIX H 1
OTKPBITHIX OTOOpa:KeHHH BIOJHE aHAJOIHYHBI, IO3TOMY OrpaHHUHMCSH
3aMKHYTBIME oToOpaxenusmu. Mrak, nycrs oro6paxenue f: X-—Y
83aMKHYTO M nycts O —Kakoe-HUOYAb MHOXeCTBO, 3aMKHyToe B Y.
Torna f~'® 3aMKHYTO B X B CHJIY HENpephIBHOCTH OTOGpaxkeHust f.
O06parHo, eciM ]IS KAKOTo-HHOyAh MHoxectBa M <Y wMHOXecTBO
7'M =® samkayro B X, To MHOXecTBO M =D 3amMkHyTO B Y
B CHJIy 3aMKHYTOCTH OTOGpaxeHus f.

PakTopHBle 0TOOPAKEHUSA €CTECTBEHHO BO3HMKAIOT NPH TAK HA3BI-
BaeMbIX (HaKTOpH3aLUAX NpocTpaHcTBa X 10 HEKOTOPOMY €ro pas-
6uennio. Ilon pasCueHueM IpOCTpPaHCTBA IoHuUMaeTcs cucrema I
€ro JH3BIOHKTHBIX 3aMKHYTHIX IIOAMHOXeCTB {M}, o6belrnHeHHe KO-
TOpPHIX ecTb Bce X, ‘

Ecau onpeneneno pasbuenue i, TO onpefesieHO M ecTeCTBeHHOe
oroGpaxenue p: X — M, cocrosinee B TOM, YTO Kaxkio#d Touke x € X
CTAaBUTCSl B COOTBETCTBHE €[VIHCTBEHHOE COJEpIKalliee X MHOXKECTBO
M eNt. Tenepb muoxecTso N npeppaniaeM B TOMNOJOTHYECKOE TPO-
CTPaHCTBO, OOBABJSAA OTKPHITHIM B mpocTpadcTBe P Beskoe MHO-
xecrBo =M, npoobpas ' KOTOPOro INPH €CTECTBEHHOM OTO-
opaxenny p: X — M aBasercs OTKPHITHIM MHOKECTBOM TpPOCTpaH-
ctea X. OueBupHo, Ty Xe caMylo TOMoJOrHio Ha N Mbl mosaywunu
Gbl, HasbiBasd 3aMKHYTHIM B I Besikoe Muoxectso N = M, npoobpas
p N Kotoporo 3amkHyT B8 X. DTa TONOJIOTHS HA3BIBAETCS Pakmop-
Hoti ‘monoaceuedt na MuoxecTBe NI (AM3BIOHKTHBIX IOJMHOMXKECTB
npocrpaHcTsa X, AalOmMX B cyMMe Bce X),

*) ®akTopuble OTOOpaKeHWs] GbIIM BHEPBbie PacCMOTPeHHl AneXxCaHapo-
8bIM [3] (cm. Takke Anekcanapos—Xond (1], ra. 1, §5u ru. 2, §§ 2, 3).
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OuepupHo, yTo npu ¢axkTopHOH TomosOoruH B MWt ecrecTBenHOE
orobpaxenue p: X — N sasnserca GakTOPHBIM M, ClAelNOBaTE/bHO,
HenpephBHBIM OTOGpa)keHueM npocrpancrsa X B npocrpanctso M.
Camo tnpocrtpanctBo MU HasbiBaeTcsl NmpU STOM NPOCTPAHCTBOM pas-
Guenunst M uan paxropnpocrpaicTsoM X no pasbuennto M. Ouesustio
TaKke, 4yTo ycaoBHe 3amkHyrocTd B X Bcex M €M pasBHOCHIBLHO
YCJIOBHIO 3aMKHYTOCTH BCEX OJJHOTOUEYHBIX MHOXKECTB NpocTpaHcTsa I;
3TO0 MOCTEHEE YCJAOBME BhIPaXKaloT, rosops, uro MW ecrv T,-mpo-
crpanctBo. K aromy Bompocy Mbl BepHemcst B § 8.

ITousitusi CXONUMOCTH M PaBHOMEpPHOH CXOJMMOCTH 1IOCJIEN0Ba-
TEJNBHOCTH HENPepHIBHHX (QYHKHUH, M3BECTHHIE UHTATENO M3 Kypca
MaTeMaTHYeCKOTO aHaNu3ad, NPAaKTHUecKH Ge3 H3MEHEHUH TepeHocsaTes
Ha cay4all tonmosiorndeckux npocrpancrs. Ilyets X —kKaxoe-an6ynb
MHOXkecTBO M f: X — R'—dynxuus Ha muoxecrse X. Ckaxem, uro
nocsienoBarenbHoctb gyukuui {f,: n=1,2, ...} cxogurca K QyHK-
uuu f, ecnu i modoro € >0 u 060l 1aHHON TOUKK X € X MOXHO
HafTH TaxKoe uucJO 71, (3aBucsllee, Boobuie roBOps, HE TOMLKO OT
BHIOpaHHOrO €, HO W OT TOUYKH X), YTO

[F()—f,(x)| <& nasg Bcex n>> fe. (*)

Ecau K xaxgomy € >0 MoxHO mopo6parb #g Tak, YTOOH YCJIO-
BUe (%) BHIMOJNHAAOCH 1/ BceX X € X, TO TOBOPUM, YTO IIOCHEjO-
BarenbHOCTh {f,} cxomurca X ¢yHkumu f paBHOMepHO.

Kak uurarento yxe H3BeCTHO M3 KypCca MaTeMaTHUeCKOTo aHa-
J3a, €CNM 1OC/AeN0BATENbHOCTh {f,} HenpephiBHBIX QYHKUMA Ha
TOINOJOFMYECKOM (B UaCTHOCTH, HA METPUYECKOM) NPOCTPaHCTBe X CXO-
auTCA K peficrBuresnbHo QyHKumm f: X — R!', 10 OyHKuMs [ He
o6sa3aHa ObIThb HempepoiBHOH. B T0 e Bpemsa umeer mecro

Ilpennoxenne 8. Beakaa ¢pyukyus f Ha monoioceuteckom npo-
cmparcmee X, A8A0WAACT NPEOCAOM PABHOMEPHO CX00AWelica nocae-
JosamebHOCM U HENPepbiBHbLY QYHKYUL, HerpepoibHa.

Hoxasarteabcrso. [lycrs naHa Touka x € X U noNOXKHUTENb-
Hoe uyucjio €. Tpefyercs Hafith Takylo okpectHocTh OX TOUKM X, 4TO
1F(x)—F(y)| <& nas Bcsko#l Touku y € Ox. CyluecrByer Takoe

R ="Ng/5, YTO |f(z)——f,,,(z)]<% ISl BceX m_=n U Bcex 2€ X,
[Nockonbky ®yHKOMA f, HenpepoiBHA, CYIECTBYeT TaKas OKPECT-
HocTh Ox ToukH X, uto |, (X)—F, (9)] < % J/is-BCAKOH ToukH y € OX.
Iloxaxem, uro okpectHocTh Ox-—HCKOMas, Kimeem

[F—F =)= () +F ()= D+ ) —F )<
Kakpoe u3 tpex cnaraeMelx B 5TO#l CyMMe MeHblle ueM &/3: nep-
BOE H Tperbe —B CHJIy BbHIOOpa YHCAa 7, BTOpOe —B CHIY BHGOpa
oxpectHoct Ox. Takum o6pasoM, | f (x)—f (y) | < & ans BCAKOM TOUKH
y € Ox. Tlpepnoxenne n0Kasamo.
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§ 3. CesasHocTs

IlpocrpaiictBo X Ha3LIBAGTCH HECBA3HBIM, €CJH €TO MOMHO Tpei-
CTABUTb B BHAE CYMMBl ABYX HENEPECEKAIOUUXCs HENyCThIX 3aMKHY-
TBIX MHOXKECTB!

X=0,yd,. (%)

Tax kak MHoxectBa @; 1 @, B3a¥MHO NONOJHUTEILHBE, TO KaXAoe
M3 HHX, KaK JONOJHEHHE K 3aMKHYTOMY, OTKpHTO. [TostoMy B ompe-
JieJleHUH HeCBA3HOrO INPOCTPAHCTBA MOXKHO 33MKHYTHIE MHOMECTBA
3aMEHMTb OTKPHITHIMH WJH «OTKDBITO-3@MKHYTBIMM», T. €. TaKHMH,
KOTOpEIE OJHOBPEMEHHO OTKPHITHI U 3AMKHYTHI.

B kaxaoM npocTpaHCTBE HMEIOTCH 1BA «TPUBHAJBHBIX» OTKpPBITO-
3aMKHYTHIX MHOXECTBa: BCE NPOCTPAHCTBO U NMyCcToe MHOKeCTEO. Ecau
NPOCTPAHCTBO HECBA3HO, TO B HEM MMEICTCS HETPUBHAJbHBIE OTKpBI-
TO-3aMKHYTblE MHOXKECTBA, T. €. HENyCTble U B TO XK€ BpeMs HE COB-
Hajamouye Co BCeM INPOCTPAHCTBOM: TAKOBBl KAaXJ0€ M3 MHOXKECTB
®, u @, pasbuenus (x). O6parHO, ecqM B MPOCTPAHCTBE HMEETCS
XoTa Obl OJHO HeTpHMBHAJbHOE OTKpHITO-3aMKHyTOe MHOXectBo @,
To ero jonosHeHune @,= X\ D, Takke fBJAAETCS HETPUBKATbHBLIM
OTKPBITO-3aMKHYTEIM MHOXKECTBOM, T4K YTO MHl HMeeM pasfueHue (x).
Hrak:

IIpocmpancmeo moz0a u MmMoabko moeda HeceA3HO, Ko20a 8 Hem
UMEEMCA HEMPUBLAALHOE OMKPbUTIO-3AMKHYMOe MHoxcecmeo. Ecan xe
B rnpocTpaHcTBe X eMHCTBEHHBIMH OTKDPBITO-3aMKHYTHIMH MHOXe-
CTBAMH SIBAAIOTCA JBa TPUBHAJABHBEIX (UJM, YTO TO K€ CaMOe, eC/TH
NP BCSIKOM IIPEACTaBJCHUM NPOCTpaHCcTBA X B BHJE CYMMH ABYX
Hemnepecekaummuxca 3aMKHyTHIX caaraemplx @, u @, no xpaitHedt
Mepe OJHO M3 3THX CJjlaraeMbiX mycro), To X Ha3blBA€TCH CBA3HLIM.
Ilycroe npocTpaHCTBO M TOUYKA, OUEBHAHO, CBSI3HEIE NPOCTPAHCTBA.

Tak Kak BCAKOE MHOXECTBO, JieXKailee B KaKOM-THO0 TONOJOTH-
H4ECKOM [POCTPAHCTBE, CaMO sBJISIETCA TONOJOTHYECKHM IIPOCTPaH-
CTBOM, TO, ONpeje/IHB CBA3HOCTb TONOJOTHYECKOTO INPOCTPAHCTRA,
Mbl BMECTE C TE€M MOXKEM YCTAHOBHUTH, GYET /M JaHHOE MHOXKECTBO M,
Jexaulee B npoctpaHcTee X, CBA3HBIM MM HeT. ToJIbKO TNpH pac-
CMOTpEHHHM pa3bMeHM# MHOXKeCcTBA M Ha CyMMy ‘ABYX 3aMKHYTBIX
MHOMKECTB (HJIHM NIpH PAaCCMOTPEHUH OTKPHITO-3aMKHYTBIX NOAMHOXECTB
MHOXecTBa M) Hajgo NMOMHMTb, 4TO peub MIAET O MHOMKECTBAX, 3aMK-
HYTBHIX M OTKPBITHIX B M, ¥ 4TO MHOXKECTBO, 3aMKHYTOe (MJIY OTKPLITOE)
B M, moxer He ObITh 3aMKHYTHIM (COOTBETCTBEHHO OTKPHTHIM) B X.
Hanpuwmep, eciu X ectb minockoctb, a M—cymma unrepsados (0; 1)
1 (2;3) Ha ocu abeuuce, TO KAKABH W3 3TUX MHTEPBAJIOB NPEACTAB-
Jaser cofol0 OTKPHITO-3aMKHYTOE MHOXKeCTBO B M, He sBJsIOMeecs
B X HM 3aMKHYTHIM, HH OTKDBITBIM.

3ameuanue 1. Eciu X, ecTb mopnpocTpaHCTBO TOMOJOTHYE-
cKoro npocrpanctBa X u MuoxectBo M < X, OTKpPHITO-3aMKHYTO B X,
To B X CYIIECTBYIGT OTKphiroe MHOxecTBO D M 3aMKHYyTOE MHO-
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ecrso ' Takue, uro M =X NT =X N ®; oguako B npocrpancTBe X
MOXKeT He CYUIECTBOBATh HHKAKOTO OTKPHITO-3aMKHYTOrO MHOXeCTBa,
Jawoiero B iiepeceyenun ¢ X, MHoxkectBo M. Hanpumep, nycrs X —
yucaosas npsimasi, a X,-—ee MOANPOCTPAHCTBO, COCTOALIee M3 BCEX
painuoHaNbHBIX yucen. Ofosnauum uepes M OTKpHITO-3aMKHYyTOE B X,
MHOXK€CTBO, COCTOsIllee M3 BCEX PpAINHCHANBHBIX HHCEN HHTepBa/a

(—V'2; V'2). Muoxectso M ne apasercss mepecevenneM ¢ X, HHU-
KAKOTO OTKpHITO-3aMKHYTOTO B X MHOXKeECTBA (NMOCKO/MbKY, KK MBI
CKOpPO yBuJMM, B X He HMeeTCsi HMKAKOrO HETPHBHANBLHOIO OTKphi-
“TO-3aMKHYTOTO MHOXKECTBA).

Teopema 6. Ceemenm wuucaogolt npamod ecmv ce43Hce MHO-
JHcecmeo.

IHoxkasatenbcTBO OT nporuHoro. Ilyctb cerment [a; b]
HecBased, Torga on Moxer GbiThb MpEACTABIEH B BUAE CYMMBI JIBYX
HENMyCTHIX HEMEPECEeKAlOmMXC OTKPBITO-3aMKHYTHIX B [a@; b] MHO-
xecrs @, u @,. Ilycrs, nanpumep, a € ®,. Tak xak O, oTKpHTO
B [a; b], To cymecrByer Takoe & >0, 4to mnoaycerMedT [a; a+-€)
conepxurcs B @O,. Haszosem Toury x€|[a; b].«oTMeueHHOH», eciu
nonycerMeHT |[a; x) comepxurca B @,.. Bce Touku mnoaycermenra
[a; a+¢), KaK MBI BUJeNH, ABIACTCA OTMEUYEHHBIMH; NIO3TOMY, 06O-
3Hauas yepe3 ¢ BEPXHIO0 I'paHb MHOMKECTBA BCEX OTMEUEHHBIX TOUEK,
HMeeM BO BCAKOM clAydae ¢ > a. yTBep}KﬂaeTCH 4TO ¢ —OTMeYeHHas
TOYKa, T. €. YTO BCSKad Touka X € [a; ¢) copepxurca B 1,. B camom
Jene, NyCcTh AaHa NpPOU3BOJNbHAA TOYKa x €[a; ¢); TaK KaK c—Bepx-
HfASl TpaHb MHOXKECTBA OTMEUEHHBIX TOYEK, TO MMEETCs OTMedeHHas
Touka X' > x; chaejoBatesbHo, [a; x’) = @, u, B yactHocTH, X € D,.
Tax Kak BCe TOUKM TNOJycerMeHTta [a; ¢) npunajgiexar O, u @,
samMxkiyTto, To ¥ ¢ € ®,. Ho ®,, Kpome Toro, u orkphito. ITostomy,
€CJiM ¢ /=b, TO BCe TOYKH HEKOTOpOro nosaycermenta [c; c+¢'), ¢’ >0,
npuHagnexar @, ¥, 3HAYUT, C - & —«OTMEUEHHAs» TOUKA, BOMNPEKH
MPENNOIOKEHNIO, UTO C—BEPXHSS IpaHb BCEX OTMEUEHHBIX TOUEK.
Hraxk, nenpemenso ¢==>b. Ho B stoMm cnyuae, no joxasansomy, [a; b)
conepxurca B @,, a B cuay 3amkuHyrtoctH @, B (D, comepxurca
M Touka b, Tak yro @,, BONpeKH HAUIMM MPEANOSOKEHUIM, NYCTO.
IlonyuenHoe nporuBopeure 0KasbiBaeT TeopeMy 6.

IlpumepaMp HeCBSI3HBIX MHOXKECTB MOTYT CJYXKHTB: 1) cymMma asyx
CerMEeHTOB (WM JBYX MHTEPBA/JIOB) YHCAOBOH NPAMOI, HE UMEOULHX
OOUIMX TOYEK (KaXkIblii U3 3THUX CErMEHTOB (COOTBETCTBEHHO HHTEp-
BaJOB) OTKPHITO-3@8MKHYT B MX CYMMe); 2) MHOMXeCTBO R} BceX pauuo-
HaNbHBIX TOYEK YMCJIOBON NPSAMOH (MHOMKECTBO BCEX PAaUUOHAJIbHBIX
TOYeK, JeXKalKX HA KaKOM-HHOYAb HHTepBaJie C HPPalHOHAILHBLIMH
'KOHIAMY —Hanpumep, Ha uuteppaie (—V'2; V'2),— asasercsa or-
KpPHITO-3aMKHYTHIM MHOXKeCTBOM B mnpoctpaHctBe R{). lopofubiv xe

ob6pasoM yGexaaemMcs B TOM, YTO W MHOXKECTBO BCEX HMPPalMOHAJb-
HBIX TOU€K NPSIMOH HECBSI3HO.



120 METPHUYECKHUE U TOIIOJIOTHUUYECKHUE NPOCTPAHCTBA frJja. 4

Teopema 7 Ilycme 6 npocmpancmee X dauer dsa Oussionkm-
HbLx 3amrHymotx muoscecrmsa Dy u O, u Henycmoe ceA3H0E MHO-
aicecmeo M, codepacaweecs 8 cymme O, Y D,; moz0a M nenpemenno
codepaicumest 8 OOHOM KQKOM-HubOYOs CAQ2QeMOM 3MOU CymMot, M. e.
aubo 8 ®;, aubo 6 O,.

B camom pene, Tak kak M = @,y ®,, 10

M=(MnD,)y(MnD,).

Tak xak @; u @, 3amguyTel B X, To MN®; u M N O, 3aMKHYTH!
B M, a tak Kak M CBsi3HO, TO OJHO H3 MHoxects M N @; win
Mn ®,, vanpumep M N®,, nycro, Tak uro M=Mn o, = D,, uto
H Tpe6oBaJOCh JOKa3aTh.

CoBepilleHHO aHAJOrHUHO JOKa3HBaeTCH

Teopema 7y Ecau cesisroe mrosicecmso M codepacumesn 8 cymme
Osyx Ouzsionkmuelx omrpoumelx mrosxcecme Gy, G, npocmparncmea X,
Mo OHO YeAuKOM COOePICUMCS 8 OOHOM U3 CAGROCMBIX SO CYMMbL.

W3 3Tux npoCTeIX TeopeM BBITEKAET PAJ CJACACTBHU:

Teopewma 8. Ilycme ¢ npocmpancmee X dana cucmema (awboi
MOWHOCIUL) CeABHbIX MHogcecms My, npuuem nepecedenue 6cex 3mMux
snomecms My Henycmo; mozda cymma M ecex mroscecms M, censna.

B camom pene, eciy Gbi MHOXKeCTBO M GBLIO HECBA3HO, TO CYIle-
cTBoBasNio OBl mpeacTaBiaeHue M B BHAE CYMMBL JBYX HENYCTHIX,
HenepeceKalomuxcs, 3aMKHYTHX B HeM MHoxecTB O, u @,

M=d,| D,

v Kaxjoe M3 MHOxecTB M, comepxkanock GBI, TO Apexpaymed Teo-
peme, au6e B @,, aubo B @, Jlo mnpeinonoxeHH0 CYyLUECTBYET
TOYKa @, npuHajnexamas Bcem My; nycrs, Hanpumep, a€@,.
Torma xaxnoe My, umes B (O; TOUKY a, AOJKHO LEJUKOM COREp-
xartecad B @,. 3Haunt, 1 M= ®,, 1. e. O, NyCTO, BONPEKH HAIIUM
NPEANONOKEHU SIM.

Teopema 9. Ilycme Oas moboix Osyx mowek X u Yy npecmpar-
cmea X MOXCHO Halmu codepycawjee smu 06e HIOHKU CEA3HOE MHO-
aicecneo C,,. Toz0a ece X cessro,

B camom jgene, ecan OH 6blio,

X=0,y0,,

rae @; v @,—HenycThie HelepeceKawlUecad 3aMKHYThie MHOXKECTBA,
TO MOXKHO OBITO Obf B3SITh [1POM3BOJIbHHIE nBe TOUkH X € D,, y € O,.
Cassnoe mHoxectBO C, ), COepxkallee ¥ U y, NEpecekanoch 6bl Kak
¢ @, Tak 4 ¢ @,, MeXIy TeM KaK 10 TeopeMe 7y OHO NOIKHO OBLIO
ol nexath au6o B @, au6o B @,. IlpoTuBopeune pokasuiBaeT
TEOpEMY.
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W3 Teopemer 9, Teopembl 6 M onpejeneHHs BHITYKJOIO MHOMKe-
CTBa *) BBHITEKAeT

Teopema 10. Besakoe eunyrace mroxcecrnso cessno. Tax, n-mep-
Hoe eskAu0080 NPOCMPAHCIE0 npu Aw0bom n C653HO0. B wacmuocmu,
CBABHOU ABASEMCA U HUCA08AA NPAMAA.

Teopema 11. Ceasnoimu muoscecmeamis Ha nPAmMol ABAAOMCA:
nycmoe MHONCECNB0, OOHOMOUEUHbIE MHONCECMBA, CeaMeHmbl, noayces-
Mmermot (KOHedHble U OeCKOHeuHbie) U uHmepsaibl (KoHedtole u Gecko-
Heunvie). Hukakux Opyeux Cés3HbIX MHONCECMS8 HA NPAMOL Hem.

Tak kak Bce mepeuucieHHsle B Teopeme 11 MHOMKeCTBa CBSA3HBI
{xotd Obl B GUJY TOTrO, YTO OHH BEINYKJHI), OCTAeTCH JIMIIL JOKa-
3aTh, YTO HHKAKHX CBS3HBIX MHOXECTB, KPDOME€ IepeyMCJ/eHHBIX, Ha
npsMOH HeT. 3TO AOKA3aTeJbCTBO OMHMPAETCA Ha CJENYIOMLYIO IeMMY:

Jlemma, Ecau a u b—0se mouxku ceasuoeo muoscecmsa C Ha
npamoi, mo ecakas mouxa unmepsara (a;, b) codepoxcumcs e C.

I1s nokasaTeqbCTBa JIEMMBL NPEANONOXKHM, YTO TOYKA ¢ HHTEp-
Bana (a; b) me npuuangexut C. Torxa, o6osnauas vepes @D, mHo-
JKeCTBO BCeX TOYeK MHoxKectBa C, JeXallluX BJIEBO OT ¢, a yepes
@, —MHOXECTBO BCeX TOUYeK MHOXecTBa C, JeXallux BIPABO OT c,
NOJyYHM, B NPOTHBOPEUHH CO CBA3HOCTBIO C, JBa HEMYCTHIX OTKpHI-
Thix B C MHOXectBa ®; u ®,, jNawnux B cymme Bce C U HE HMEIO-
‘IAX oGWuX Touek. JlemMa noKasaua.

Ilycts Tenepp C —NpOM3BOJIbHOE CBA3HOE MHOMKECTBO Ha mpsi-
Mmo#t Rt. Tlpennonoxum cHayana, yto C orpasnyedo, u nycrb a=inf C,
b=supC. Ecan x—mo6as Touka untepsaia (a; b), 1o, Oeps TOUKH
a’' €C, b' €C cooTBercTBEHHO Ha [a; x) u (X; b] (Takue TOUKH Cyine-
CTBYIOT B CHUJy ONpejeseHus yucesa o U b), cpasy ke 3ak/ouaem
u3 Jemmsl, uto x€ C. Mrak, wnrtepBan (a; D) Bo BCAKOM chyuae
cogepxurcsi B C. Tak kak, c gpyroéi cropoun, C<=/[a; b], T0 C
'HeoOXOMMO coBNajaeT C OJHHM U3 yeThlpeX MHOXKeCTB: (a; b), [a; b),
{a; b] nau [a; b].

Ecmu C orpasHueHo JIMImB ¢ OZHOH CTOPOHBI, HaNpPHUMEp CHM3Y,
T0, nonaras a=infC, poxasbiBaeM, 4TO OECKOHEUHBIHl HHTEpBaJ
»(a; oo) cozepxutcs B C: mis 060 TOYKM X € (a; oo) GepeM TOUKH
a’ €C, b’ €C coOTBETCTBEHHO HA [a; Xx) M (X; ©0) M 3aAKJIOYaeM H3
JemMsl, 9to x € C. Taxum obGpasom, B pasbupaemMoM ciayuae C ecTh
Jn6o uHTepBas (@; oo), MHO0 mosycerMeHrt [a; oo). Hakowneu, ecnu C
He OrpaHMYeHO HH CBepXy, HH CHU3Y, TO JJjd JIOGOH TOYKH x € R
6epem Toyky a’ € C cieBa oT x W Touky b’ € C cnpasa oT x, OTKyja
no jeMme x € C, Tak uro C= R,

Teopema 12. Henpepvisnoui 0b6pa3 c6a3H020 npocmpaLcmea
C6A3eH..

*) Muoxkectso M, Jexkaiiee B eBKJHJIOBOM /i-MEPHOM IIDOCTPAHCTBE, HA3Hi-
BACTCH GHINYKAbIM, €CIH OTPE30K, COCRMHSIOMMI JIoGble JBe TOYKH MHOkecTBa M,
IIeJIHKOM JIeXKUT B M.
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B camoM nene, nyctb f ecTh HenpephiBHOE OTOGpakeHHe CBA3HOIO
npocTpanctBa X Ha npoctpadcTBo Y. TpeByerca aokasatb, yro Y
ceasno. Ho B mporuBHOM ciyuae Mbl uMean Obl pasbueHue npo-
CTPaHCTBA Y Ha ABa HEMYCTHIX AM3BIOHKTHBIX 3aMKHYTHIX MHOXECTBA:

Y =0,U®,.

Ipeoobpasw F, u F, moxects ®, 1 @, Gbliin Gl HenycThIMH (TaK
Kak [ oroGpaxkaer X Ha Bce Y) JAHU3BIOHKTHBIMM 3aMKHYTLIMH MHO-
XKECTBaMH, « JAOUHMH B CyMMe BCe NMpPOCTPaHCTBO X, YTO NPOTHBO-
PEUNT ero CBSA3HOCTH.

M3 teopemir 12 Bhitexaer

Teopema 13. Hedcmeumesvran dynryua y=f (x), Henpepvienas
Ha ceasHom npocmparcmee X U npunumarowas 06 Kaxux-Hubyds 3Ha-
uenus au b, npunumaem u 8cAKoe 3Hauenue c, aexcaiyee Mewly a u b.

B camoMm jpene, MHOXecTBO Y Je#CTEHTENBHBEIX UHCes, SBJAIO-
mweecss oGpasoM npocrpaucrea X, no Teopeme 12 cBs3HO; mO3ITOMY,
eciu a€Y, bEY u a <~c < b, ToB cuy JeMMH! K TeopeMe 11 nmeem
CEY, uro u TpeGOBaNOCh [|OKa3aThb.

B uacTHoCcTH, yTBepkjeHHe TeopeMel 13 mmeeT Mecto Asis oGO
JiefCTBHTENILHON HernpepblBHOH (QYHKIUHWH, ONpelejeHHOH Ha cerMeHrte
WA JI060M (KOHEYHOM HJH OeCKOHEUHOM) MHTepBaje HJad IOJYyUH-
TepBaJie YUCIOBOH MPSIMOH (YTO JaeT 'M3BECTHYIO TeopeMy aHa/l1u3a),
a Takxke A J060H HenpephIBHOA (PYHKUMM JABYX I€PEMEHHBIX,
ONpejeieHHOH Ha KaKoM-JH0O CBSI3HOM MHOXKecTBe (B YAaCTHOCTH,
Ha ofJaactu), AJAA MoayJs (2 TakxKe AJA AeHCTBHTeJbHOH 4YacTH)
HEMNpephiBHOA (YHKIIHY KOMILIEKCHOTO NEpPEeMEeHHOro (paccMarpuBae-
Mo#l Ha Jio6OM CBSI3HOM MHOXKeCTBE) U T. A. .

Koneqﬂyxo A0Cae10BaTENbHOCTE MHOXKCECTB
My, My, ooy My

(nexamnx B KaKOM-HAGYRb NPOCTPAHCTBE X) HAZCBEM yenwvio mroxcecms (NOAPoG™
Hee: yensio, csasvisarouiero mroxcecmsa My, 1 M), ecau

My N\ Myg#A, My Mg # A, ..., Mg_1 0 My # A.

TNocaepoBaTeibHBIM NpHMeHeHHeM TeopeMbl § IOKasuBaem 6e3 TpPyZa, UTO CyMMa
CBA3HHIX MHOXeCTB, O6pa3yloitHx LeNb, eCTh CBA3HOe MHoxectBo. OTClOa H H3
Teopembl 6 cpasy cjenyer, 4TO BesKas JOMaHas JHHHS IIPEACTaB/ser coboio cBi3-
Hoe MHOXeCTBO. M3 cBs3HOCTH BceX JIOMaHEIX M H3 TeopeMbl 9 B CBOWO ouepelb
BHITEKAET, -uTO Besikoe MuoxectBo M M3 R7, moGble nBe TOYKH KOTOPOTO MOLYT
OHTb COeZHHeHwl Jexamell B M JomaHo#, cBA3Ho. Mbl THM jloKasaJjH OIHy TO-
JIOBHHY (JIOCTAaTOYHOCTD) CJIeJYIOLIEH TeopeMbl:

Teopewma 4. [as mozo umober omxpoimoe smroxcecmso I' 6 R™ GbLa0 c8a3HO,
Heobxodumo uw Oocmamouno, umober awbvie O0ee mourku mHoxcecmea T moncrHo 6oiro
coeOunump romanod, sexcoujed ¢ I

OcraeTcsi J0xa3aTb HEOOXOJAHMOCTh H3JIOKEHHOr6G B 3TOH TeopeMe YCJOBHS.
Jlpyramu cJ0BaMHM, Hajno J0KazaTh, YTO ecau 6 OMKPbLmMos I’ = R™ umeromca oOse
mouku a u b, xkomopvie ne moeym 6Gewme coedutenst aewcaujed 6 I' aomanod, mo I
HeCcBA3HO.

JJssi IoKazaTesbCTBA 3TOFG  YTBEPKACHHA 0603HAYAM uepes I', MHOXeCTBO,
COCTOslLIlee B3 TOUKH @ M M3 BceX ToueK MHoxectBa I', xoropnie MO)KHO COEJIHHHUTb.
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¢ a Jqexawumun B [’ somanemvy. [Mo camomy onpenenenuio ['; =T, Kpome Toro,
I'; nenycro (Tak Kax codepxuT @) H He coBnajaeT ¢ I', Tak Kak no mpeamnoJo-
Xeyuio Toyka b He npnuapiexur mHoxecrBy I, Ocraerca sokasarts, uro [,
OTKPHITO-3aMKRYTO B I'.

Hokaxem, uto I, otk poito. llyers x €T, Toraa cymecrsyer U (x, &) << T}
KakoBa Obl HH Obuia Touka x' €U (r, €), orpesok xx' qemur B U (x, e)=T.

BosbmeM Kakyio-HHGYZIb JIOMaHYIO aX, COSIMHSIOMYI0 TOYKY @& C X; ecau 37a
JOMaHasi He MMeeT C XX HH onHOH oOOmeH TOYKH, KpoMme X, TO, NPHCOeNHHsS
OTpesok xx', moayumm Jgomauyio ar’ I, coeaMHsomyl0 a ¢ x'; ecaum e
JOMaHAsl GX MMEeT XOTS Obl OAHY OT/HYHYIO OT X TOUKY IMEPECEYEHHT C OTpes-
XOM Xx, To OG03HaudM wuepes X’ Ty M3 STHX TOUeK, KOTOpass GJHxKe BCEro pac-
nonoxena & x’. Torna nomanas ax” we HMeeT C OTPE3KOM X' X' HHKAKoil oGumici
TONKHM, KPOMe TOuK# x”, M, MDHCOGNMHAS K JIOMAHOH ax’ OTPE3oK X'X', NOJyudM

Jexamyio B I' somarywo ax’, coepunsiomyw a c x'. Hrak, kaxaylo Touky
x" € U (x, € MOXHO COEIHHHTbH C g JomaHoli, jexkawmedi BT, tak uro U (x, g) == I,
W, CJeloBateJbHO, IPOM3BOJIbHAS ToYKa X € [, eCcTb BHYTPEHHAS TOUKA MHOXKe-
ctBa I' (no orHowenio x R”, 3nayut, TeM Gojiee NO OTHoweHHO K I'), ueM jo-
kasano, uro I', oTKpmITO. ‘

HokaxeMm, yto 'y samxuHyTo B I'. Tlyers X’ € I'—Touka NPHKOCHOBEHHS
mHoxectsa 'T',. Tak kak I orkpwrro, 1o cymectsyer U (x', ey =S T. B U (x/, #)

cyutectsyeT Touka x € I, ¥ ee MokHo coeuuntb ¢ a Jomanoit ax = TI'. Tax xax
OTPE30K xx' NeXUT B F, TO, IOBTOPsAA HOCJOBHO TOJ‘leIO YTO BLINOJIHEHHOE MO~
CTpPOEHHE, NMOJyYHM CHOBA JoMaHylo X', Jexamyw B I, Tak uto %’ €y, ur0
H Tpeﬁona.nocr: JA0Ka3aTh.

Teopema 15. [Tycme C—ceaznoe MHONceCmso, aexauiee & npo-
cmpancmee X; ecaxoe muoxcecrnéo C,, codepamawee C u codepacaiyeecs
8 [C], ceasno.

OGBIUHO (POPMYJUPYIOT 3TY TEOPeMY TaK: NnPUCOEOUHASR K CBABHOMY
muoxcecrney C  ai060e MHONECME0 €20 NPECeAbHbIX MOYEK, NOAYUUM
cssiznoe  muoscecmeo. Hanpumep, nycTs C—MHOXECTBO BCEX TOUEK
HecKOHEYHO3BEHHOI! JIOMaHOH, H300paXKeHHOH Ha puc. 3, a B— jno6oe
MHOKeCTBO (KOHeuHoe WJIM GeCKOHeuHoe), Jiexaliee Ha orpeske [0; 1]
ocu opaunar. Tak kak C, KaK JIerko BHAETb, CBA3HO, a B cocTouT
M3 NpeleTbHBIX TOUeK MHoxkecTBa C, TO B CHAY TeopeMel 15 MHo-
xectso C,==Ctj B ToXe CBA3HO.

HokasateabcTBo TeopeMnl 15. Ilyere C, ynoBaerBopsier
ycaosusiM teopemsl 15. Ecau 61 C, He GbiI0 CBSA3HO, TO Mbl HMEJH
661 pasbuenne C,=®, UD,, rae @, u O, He mepecekanTCa U 3aMK-
Hyte B mnpocrpancrse C,. Ho Torma mo teopeme 7 cssisHoe MHO-
xecrso C, comepxach B CyMMe O, UD,, comepxkanoch Gl B OJHOM
H3 caaraeMbix 31of cymmbl, HanpuMep B @,. Tak kKak @, 3aMKHYyTO
s C,, To BcsKasd Touka MuoxkectBa C,, GyAyuH TOUKOH TPHKOCHO-
Beuua gas C<= @,, copepxanaace Oni B ®,. Taxum obpasom, ®,
fiycto, W TeopemMa 15 aTHM nokasana. ’

Iycts a—npou3BosibHas Touka mpocrpanctea X. Hasosem xom-
nornenmoii mouku a B X cymmy C, BCeX CBA3HBIX MHOXeCTB, JiexKa-
mux B X W comepxamux Todky @. MuoxecTso C, COAEPKHT TOUKY @
{TaK KaK MHOXECTBO, COCTOsIILee H3 OJHOH TOYKH, CBsisHO). [losTomy C,
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nenycro. Ilo teopeme 8 muoxecrso C, csasHo. Taxkum o6pasowm, C,
ecTb HauGoJbluee Jexauiee B X CBA3HOE MHOXKECTBO, COZeprKallee
TOYKY a {«HauGoJibllee» B TOM CMBICJIE, UTO W BCAKoe Jjexaiiee B X
CBSI3HOE MHOMXECTBO, COJepiKallee TOUKY a, copepxurca B C,). Hako-
Hell, U3 TeopeMnl ‘15 caenyer, uro C, 3aMKHYTO (B NPOTHUBHOM CJay-
gae, npucoenuusss K C, Kakywo-HUOYAb He . cojepxkailylocs B
HEM INpEeAeJbHYIO TOUKY X, MbE
4 TONYYHJIH OB «GOJIbIiees CBA3-
7 Hoe MmHoxectBo C, U x).
Ecnu xomnonentt C, u Cp
JIBYX TOYEK @ ¥ b NpoCTpaH-
ctBa X uMeT XOTs1 OBl ONHY
o0L1yiI0 TOYKY, TO OHH COBNA-
Jlal0T, TaK Kak 7o TeppeMe 8
mHOoxkectBo C,UC, cBAA3HO.
Hrak, KOMIIOHEHTH ABYX Ka-.
KUX-EHGYAb TOYEK JaHHOro
) HPOCTPAHCTBA WJIH COBHAJAIOT,
WJIH He IepeceKkalnTcs MexIy
7 Z cobol0.
ITosToMy Kaxjgasg KOMIO-
Puc. 3. HeHTa C, Kako-Ju60 TOYKH
a ecTh B TO K€ BPEMS H KOM-
noneHTa Jyuo6oit Touku x € C,, TaK ut0 Bce X pacnadaemcs (4 nupu-
TOM OJHO3HAYHO) HA C60U KOMNOHeHmbt (T. €. HAa KOMIOHEHTH pas-
suuHbix Touek a € X). Kaxpasa U3 KoMnoHenT mnpocrpaHctBa X He
CONEPKUTCA HH B KAKOM OTJMYHOM OT Hee CBSI3HOM IOJMHOXKECTBE
npocTpaHcTBa X; B 3TOM CMBIC/I€ KOMIOHEHTH JAHHOTO TNpOCTpaH-
CTBa CyTb HauboJbliMe CBA3HBEIE MOJMHOXKECTBAa NpocTpascrsa X.
3amevanue 2. Kak Bcerga, paccMaTtpuBasl kKakoe-JIAGO MHO-
kectBO Mc X Kak IpOCTPaHCTBO, MOXKEM TOBOPUTH O KOMIIOHEHTAxX
JAHHOTO MHOXeCTBa (JeXallero B HEKOTOPOM IpoctpaHcrse). [lpu
3TOM €CTeCTBEHHO, YTO KOMIIOHEHTHl MHOKecTBa. M, Gyayud 3aMK-
HyTEl B M, BOOOLIE rosops, He GyIyT 3aMKHYTH B X.

Ilpumepw.

1. Ecin X —npocroe aBoetoune, To KoMnoHeHTaMun X fABJASIOTCA
€ro TOUKH.

2. Ecim X ecTh cyMma JBYX HJIHM KOHEYHOTO YHCJ/IA MONApHO
He NEpEeCceKaloluXCcsl CEerMEeHTOB YUCJOBOH NPAMON, TO 3TH CErMEHTHE
M ABJASIOTCH KOMIOHEHTaMH X.

3. B cuny Teopempl 11 enHMHCTBEHHBIMH HeNyCTHIMH CBSI3HBIMH
MHOXKECTBAMH, JeXalUlHMH B MHOXECTBE BCEX PalUOHANBHBIX TOYEK
WM B KaHTOPOBOM COBEpILIEHHOM MHOXKeCTBe *), SBJISIOTCS OJHOTO-
yeyHble MHOXKeCTBAa. To ke cOpaBejlMBO H JJ MHOXECTBA BCEX

*) Cm. § 5 3r0il raaswl,
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HppauMOHaNbHEIX ToueK. IlosTomy, ecau BO3bMeM 3a TpocTpaH-
ctB0 X MHOMKECTBO BCeX PanHOHANBHEIX TOYEK, WJIU MHOXECTBO
BCeX MPPaAUMOHAILHBIX TOUEK YMC/AOBOH NpPsIMOi, HJH KAHTOPOBO
COBEpIICHHOE MHOXECTBO, TO KOMIIOHEHTAa KaxIOH Toukd ¢ B X
OyneT COCTOATh M3 OXHOH 3TOM TOUYKHM a.

3ameuanue 3. [lpocrpanctso X HasbIBACTCA 6/104HE HECEA3-
HbiM, €CI KOMIOHEHTAa KawKJO# ero TOYKH COCTONT M3 OXHOH aToi
Touky. HpyrumMu cnoBamu, NPOCTPAHCTBO BHOJIHE HECBA3HO TOrJa
H TOJBKO TOrfla, KOTJAa OHO HE COAEPKHUT HETPUBHABHBIX CBA3HHX
NOJINPOCTPAHCTB.

Ilpumep 4. Bosbmem Ha OCH X MHOXECTBO DAaIlMOHANBHEIX
TOueK R, U B KaXJOH ero TOYke X BOCCTABHM MNEPNEHIHKYJIAP Q,
JuuHel 1 B cropoHy nosoxurejpHbX y. CyMMy 3THX NepHneHAHKY-
Jasapos o6osnayuMm yepe3 Q. Orpeskn Q, ABJSAIOTCS KOMIIOHEHTAMH
‘MHOxkKecTBa Q.

Besikuit cerMeHT UM NOJycerMeHT A, nekamuifi B OTKPHITOM
MHOxkectBe I' uHCJiOBOH DpAMOH R, CONep:KUTCA B HENYCTOM HH-
tTepsasne I''<=T. JocraroyHo paccmorpers cayuyait A=|a; b]<=T.
Torna, Tak xak I' orkpeito B R!, TO umeloTcs Jjexamue B U
uHtepBasn (a’; a@’)da u (b'; b")3b. OueBupno, unrtepnan (a’; b")
cozepxuT cermeHT [a; b] u mexwur B I'. Ciyuait nosycermenra AT’
pa3bupaercss aunamornuso. M3 pokasaHsHoro cienyer, 4TO KOMIO-
HEHTBI HEIYCTOTO OTKpHTOro MHOXkecTBa I' & R! CyThb CMexHbE
uHTEpBaABl K MHOXectBY D= R\ I, T. e. uHTepBaJbl, Jexaline
B I', HO uMelomue KOHUBI, NpHHaunexaumue @.

Mul BHAENH, UTO KOMIOHEHTH JHOGOTO TOMOJIOTHYECKOTO NPOCTPAHCTBA CYTh
SaMKHyTHe MHOXecTBa. [IpuBeleHHBle Bbllle ADHMEpHl IIOKas3HIBAIOT, YTO KOMIIO-
HEHTH MOIYT He CHITh OTKDHITHIMH MHOXecTBaMH. IIpuBejieM ellle OAMH mpuMep.
ITyets X cOCTOMT H3 OTPE3KOB

S(), Sl, sy Sn: ves
#3 NJAOCKOCTH, IIapanfelibHLIX OCH OPIHHAT H ONPENeasiCMBIX YCJIOBHSMH]

wa St x=0, 0<y<1;
g S, x:%, I<y<l (n=12,3,...).

DTH OTpesKu SABJAIOTCS KOMIOHEHTaMH npocTpanctBa X; S, npu n =1 oT1xpuTH
B X, HO Sy OTKPHITHIM MHOXecTBOM B X He sIBJIsieTcsl.

OrxpbiTele CBA3HBIE MHOKECTBA Ha3blBAlOTCA 0b6.aacmami (JAHHOTO IPOCTPaH-
crBa X).

BBHjy H3/JOMEHHEIX NPHMEPOB HHTePecHa

Teopema 16. Komnonenmot awbozo omxpoimozo mtoscecmsa I esxaudosa
f1-MepHO20 NPOCMPAHCMBA cymb 06aacmiu.

B 4acTHOCTH, KOMIOHEHTH OTKDHTOIO MHOXKECTBA HA NPSAMOH SIBASIIOTCA MH-
TepBaJaMH.

Jnst OKasarenbCTBA PacCMOTPUM KaKylo-HHGYAb TOUKY X KOMNOHeHTH C oT-
KphiToro MHOxecTBa I' & R”; Touka x, Gynyuu BHyTpenuell B I' otHocHTesbHO R%,
nMeet okpecTHocTh U (X, 8) =T w 3Ta OKpPecCTHOCTDL ABASETCH CBHS3-
HHM MHOXecCTBOM (Tak Kak oOHa Beinyknaa). Ilostomy CUU (x, &) cBssHO
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{TeopeMa 8); a Tax kak C—wkomroHeHTa Touku X, 10 U (x, &) = C. Hrak, Kaxnas
TO4YK2 KOMMOHeTH C sisjisieTca BHyTpenHell, sHauut, C—OTKPHITOE MHOXECTBO, YTO
4 TpeboBaNOCH LOKA3ATH.

Teopema 17. Kaxcdoe omkpoimoz muoocecmso I' & n-meprom npocmparcmes
R” ecmb cymma KOHeuHO20 WAL CHEMHO20 YUCAG MORADHO He NePECEKAIOUiUXcA
-06 aacmed.

Hokasateabcrso. Tak kak xomnouents mHoxecrBa I' cyTo ofaactu, me
MMefollHe NonapHO OOWKX TOYEK, TO OCTAETCA [0KA3aTh, YTO BCAKOE MHOXKECTBO S

HoHapHoO He nepecekawluxca o6nacteft B R” xomeuHo miH cueTHo. Muoxectso Ry
BCEX DaLHOHAJAbHBX TOWEK n-MEPHOrO HApoOCTpPaHCTBa (T. €. TOYEK, BCe
KOOD/HHATLl KOTOPHIX PAUHOHANBHB) CYeTHO W BCioAy AjoTHo B R?™. Tlostomy,
Gepst  Lepuyio  PalMOHAMBHYIO TOYKY [POCTpaucTBa R7™, NONaBwyw B JAaHHYIO
ofaacts €8, nosyusm B3aHMHO OJHO3HAYHOE OTOGPaKEHHWe CHCTeMBl S HAa HEKOTO-
POe [OAMHOMKECTRO CHETHOTO MHOKECTBA Rf, 4eM J0Ka3aHO, YTO ¥ MHOKECTO S he
CoNlee ueM CUYETHO.
3amevanne 4. JoxasarenscTBo TeopeMmsl 16 onupaercs JMiIb Ha CBS3-
HOCTh cepHYECKHX OKPecTHOCTeR B R™ H NPUMEHHMO KO BCEM TOTIOJIOTHYECKHM
npocrpancTBaM X, 001analolluM Tem
cBoiicTeoM, UYTO s J06oH Touku

V. XE€X u Joboit ee okpectHocTH OX
// MMeeTCS  CBSI3HAs OKpecTHocTb U
7, TOUKH X (T. e. CBS3HOE OTKpBITOE
Z,
g

MHOXECTBO, cojepiKaillee TOYKY x),

5 : 8 nexainast B Ox *). [lpocrpancrea X,
yhosJjersopampye 1a maoboro x € X
Pruc. 4. MOC/EHEMY  YCJIOBHIO, HA3biBAIOTCSH

A0KAAbHO C8A3HbIMIL (TAKOBHI, < HANIPH-

Mep, eBKJIMJOBBI IPOCTPAHCTBA, 4 TaK-
e Jqiofble Jekalmue B HHX OTKPBITbie MHOXKecTBa). TaxuM o6pasoM, HOKasbiast
“reopeMy 16, MbI (akTHueckdH AoKasanu GoJee obillee NpeIOKeHHe:

Teopema 18. Komnonernmbr 1106020 A0KGALHO 8531020 NPOCMPAHCMBA CYMb
obracmu.

EjpuncrBeHHbIME oOGnacTsMH Ha npsMoll seasiorcss uHTepsannt. Ho yxe na
1J10CKOCTH 66/1aCTH MOFYT HMMeTb BecbMa oMb BuA. HasbiBasi epanuyed 06-
aacth I’ muoxectso [I']N\T, mMoxHO npexkiae Bcero KJacCHOHUHPOBATH INJOCKHE
‘OrpaHHYeHHEle OGNacTH 10 4HCIy KOMNOHeHT, Ha KOTOpble pacnajfaeTcs HX rpa-
HMUA. DTO UHUCJAO HASHIBAETCS NopAdKom ceasnocmy oGaactu. B vactHocTH, o6aacts,
IPaHHLa KOTOPOH eCcTh CB3HOe MHOJKECTBO, HasbiBaelcst odxocsasrod (puc. 4, a);
0651acTb, TPaHHNA KOTOPOH COCTOMT H3 [ABYX KOMOOHCHT, HasbIB2eTCH d8YCeasHoil
(puc. 4, 6); ob6nacTs, rpaHsla KOTOPOH COCTOHT H3 TPeX KOMIOHEHT, HasbiBaeTcs
mpexcsasznot (pHC. 4,8) U T. A

Ipannua Juo6oit 06nacTH SIBAAETCH S3AMKHYTHIM MHOXKECTBOM, OIHAKO CTPOCHHE
STOTO 3aMKHYTOTO MHOXKECTBA, Jaxe B Cyuae OJHOCBSI3HBIX 06JacTelf, MOMeET ObiTh
upe3BLIYAHHO CJIOMKHBIM, KaK ITOKa3blBAET PHC. 5: IPaHULA 3alTPHXOBAHHOK chu-
paneBHAHOH O©GJACTH COCTOHT U3 JKHPHO BbluepUeHHOH KPUBOH M OKDYMKHOCTH, Ha
KOTOPY!o 5Ta KpuBas (u Bcsl 061acTh) CHHMpaJeBHAHO HABHBAeTCH; 3Ta I'PaHHIA
CBAI3HA. DJIEMEHTAapHBIE 3aMKHYThie -KDHBBI, KaK, HanpuMep, OKPY:KHOCTb, 3JNIHIIC
U T. M., SB/ISIOTCA OJHOBPEMEHHO I'DaHHLaMu JIBYX  obJacTeif, oJHa H3 KOTOPHIX
OTpaHWYeHa M COCTaBJsfeT TaK HA3bIBAEMYI0 BHYTPEHHIOK 06/acTb K JAHHOH KpH-
BOH, a Jpyras He orpanHyeHa («BHeHHsS o6nacTb K 3aMKHYTOH KpHBOi»). Ognnako
rpanHlla 3alITPHXOBAHHOH cnmpasteBupHoit obGmactu I' (na puc. 5) sBageTcsa B To
JKe BpeMsl TpaHHLe# M BTOpoH, taxkxe orpanuueHHoil oGaactu I'' (o6racte I —
pPasHOCTb MeXJy u300paxeHHHIM HAa PHC. 5 KPYroM H 3aMuIKaHueM o6jaactd T).

*) Kak Mel ysmaemM B crefymwollieM maparpade, COBOKYNHOCTh OTKPBITHBIX MHO-
2KeCTB {U} SIBAAETCS TaK HasmiBaeMofi 6asoit mpocrpancTBa X.
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3uaunrTesbHo TPylHee NPeiCTABHTL CeGe Takoe NOMOKeHWe Beulefl, NpH KOTOpOM
OIHO M TO K¢ CBSA3HOE SaMKHyToe MHoxecTBo C sBJisieTcsl FpaHmueld Tpex (wam
GONMbLIEro yucaa) HONAPHO He NepeceKaolluxcs OLHOCBA3HEIX obnacted. UToGE:
NOHATb, KaK 3TO BOIMOXKHO, NpeacTaBUM cebe OCTPOB B OTKPHITOM MOpPe U HA Hem
nBa osepa M BooOpasum cefe cCuaelyiollylo nporpammy pador. B mnepsmii wac
BELYTCS KaHaAbl OT MOPSi M OT KaXIOTO K3 ABYX 03eD TaKuM 0GpasoM, 4Tolb
KaXnpili M3 95THX KaHaJoB Obli «cJenbiM» (T. e. OblJi B JeHCTBHTENbHOCTH 3a/HBOM:
COOTBETCTBYIOIIENO BOf0EMA), YTOObl STH KaHaJlkl HUTIE HE CONPHKACANACh MEKIY
co6oi0 4 4yToObl B pe3yJbTdle 4aco-
Bofi paGoTel paccTosiHWe OT KamkioH
TOYKU CymM 010 Mopckofi Boa, a
TaKke 0 BOAbl KasKaoro 3 JIBYX
ozep Guwio meHbite 1 kM. B cneny-
olEe [oMyaca Kaskjelfi H3 Ipose-
JEHBBIX TPEX KaHaJj0B NPOLCJIKACTCS
TaK, YTO HO-NPeXHeMy BCe KaHaJbl
OCTAIOTCST CJIENBIMH U HE CONpHKa-
caoTcs Mexcgy ccGol.u uTO paccro-
sAHHe OT KakJIOfl TOUKH CyWH O BO-
JH K2XKJOr0 M3 TpexX BOJOEMOB CTa-

HOBHTCS Me€HbILEC 4YeM —§- kM. B cae-

RyIOITHe 3aTeM YeTBePTh Yaca KaHaJbl
NPOAOTKAWTCA Jadbille TaK, YTOOHI,
no-npexkHemy  He Ccoo6WAACh MEXAY
coGOH, OHH C TaKOH «IJAOTHOCTHIO»
NpPOHHKaJH Obl BHYTPb OCTPOBA, 4TO-
Ghl  paccTofiHUE OT KamKJAOH TOUYKH
CYIUH O BOABl KaxJAOTO H3 TpeX BO-

Puc. 5.

JoeMoB crejafoch < -E‘KM, HT A

Uepes nBa yaca TakoH AesTeAbHOCTH OT OCTPOBA OCTAHETCH JIMINL HEKOTOPOE HUTAE
He IUIOTHOe Ha TJIOCKOCTH CBfI3HOE 3aMKHYyToe MHOXecTBOo C, B JioGoii GausocTd ot
Kax ol TOUKH KOTOpOro 6yJAeT HAXOZHTbCS BOJA KaXJIOr0O H3 TPeX BOJOEMOB, NpHTEM
BCE 3TH BOJOEMHl (Mope M JABa 03epa) no-npexkHeMy OGyJyT OCTaBaThesl Pa3oOlleH-
HBLIMH: BOJB! HHKaKHX [BYX M3 HUX He GYIyT CmelMBaThcsi. ITH Bojoembi (NpopoJ-
JeHHBIE RPOBEIEHHLIMH W3 HHX KaHanaMmH) M SIBASIOTCS TeMHM TpeMmst o6GiacTamm,
ofl1y10 TpaHHLy KOTOpEIX ofpasyer MHOxecTBO C; oiHa M3 3THX oGaacTell (¢Mopenr):
HEe OTPaHMueHa, OCTajbHble JiBe OTpaHHYeHH (pHC. 6).

HccnepoBanse NJIOCKHX OXHOCBA3HHIX ofiacrell M BX TPaHHI BO3HHKJO B CBA3K
¢ Teopueil (hyHKUMI KOMILIEKCHOro nepeMennoro (Teopema PHmaHa o BO3MOXKROCTH
KOHGOPMHOTO OTOGpa)KeHHA" J10601 OAHOCBA3HON ©6NacTH Ha BHYTPEHHOCTb KPyra
H—BHepBEe pelllennan Kaparteogopn—3ajiaua O COOTBETCTBHH I'PAHHI[ NIPH 3TOM.
OTOOpazEeHNH).

§ 4. Ba3pl H Bec TONOJOrHYECKOrO NMPOCTPAHCTBA

Ilycrs s 1 S—pBa ceMeficTBa MHOXKECTB. Ecau xamxjoe MHOxme-
cTBO cemeiicTBa S ecTb oOGbeJMHEHUE HEKOTOPBIX MHOMKECTB CeMei-
CTBa §, TO TOBODHM, UYTO CeMeHCTBO s addumusHo nopoxcdaem cemei-
ctBo 'S win sBaferca ero addumuswod 6asoh. Ecnau raxpoe MHO-
XecTBO ceMmefictBa S ecTb nepecedeHHe HEKOTOPHIX MHOMXKECTB
ceMeficTBa S, TO S MYALMUNAUKAMUBHO noposdaem CeMelicTBO S, WK
SIBJISIETCA €0 MyavmuniuxamugHoi 6asoll.
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Hycrs X —rononoruyeckoe mpocTpaHcTBo. AxgutuBHasg Gasa
OTKpBITOH TOMOJMOTHM, T. €. CEMEHCTBA BCEX OTKPHITBIX MHOXKECTB
NIPOCTPAHCTBA, YACTO HASHIBAETCH Cembr0 MPOCTPAHCTBA X B CMBIC]e
Apxamrensbckoro [1]. Ina Toro uro6bl Kakoe-HHOYAb ceMeli-
CTBO § MHOJKECTB . IPOCTPAHCTBA
X OblIO €ro CeThlo, HEOGXOLHMO
U JIOCTATOYHO, 4TOOBI AJS1 KaXx-
Joi TourkH x € X W Kaxuoi ee
okpecTHocTH Ox B ceMeficTBe s
HaUWIOCh MHOXeCTpo M, yjosje-
TBOpAIOLEE YCA0BHIO X € M <= Ox.

Cetb, cocrosiiiags H3 OTKpHI-
THIX MHOXECTB TpocTpasctea X,
HA3bIBACTCSA €ro omipuimoti 6a3oll .
AHaJIOTHYHO CEMefiCTBO § MHO-
XKECTB, MYJbTHUILIHKAaTUBHO MOPO-
JKAIee 3aMKHYTYIO TOTIOJIOTHIO
(ceMeficTBO BceX 3aMKHYTHIX MHO-
JKECTB [IPOCTPAHCTBA X) U cOCTOS -
Ilee U3 3aMKHYTHX MHOXECTB, Ha-
3BIBACTCS 3amKHymoti 6asoli npo-
crpaHcTBa X. 3aMeHss B NAaHHOH
6ase npocrparctBa X (OTKPHITOH
WM 3aMKHYTOH) BCe MHOXKECTBA WX JIONOJHEHHSMH, TONYYUM (3aMK-
HYTYIO, COOTBETCTBEHHO OTKPHITYI0)} 06a3y, COnpssceHHy mNepBOHA-
yajpHO fauHofi. HanMenbinee xapiuHalbHOE YHCHO, SBJSIOmeecsd
MOLIHOCTBIO KagoH-au6o 6assl MpocrpaHctTBa X (OYEeBHIHO, Bee
PaBHO —OTKPHITOH HJN 3aMKHYTOH), HA3LIBAETCA 62COM TPOCTPaH-
crBa X u obo3navaercs uepe3 wX. Jlerko BuueTh, uto ecnn X <X,
To wX,<<wX. IlpocrpancTsa, uMeroiue cyetHyw 6asy (mpocrpaH-
CTBAa CYETHOTO BeCa), UrPalOT B TONOJOTHHM YPE3BBIYAHHO BaXKHYIO
poab. Oun BBesennt Xaycaopdom (1914 r.) nox nasearumem mpocrt-
PaHCTB, YIOBJICTBODSAIOWINX 6/MOPOL AKCUOME CHEMHOCTU.

Ilycts x—mnpousBonbHas Touka npocrpaHcrBa X. Besikoe cemei-
CTBO S COEEpPKAIUX TOUKY X OTKPHITHIX MHOXeCTB, obJajawoliee
TeM CBOHACTBOM, YTO BO BCAKOH OKpecTHOCTH OX TOUKH X CONEPKUTCH
HEKOTOPOE MHOXKECTBO CeMeficTBa §, Has3kbiBaercs (40KaasHot) 6asoll
npocmpaucmea X 6 mo4xke x. HanMeHnbmiee KapjiHHaNBHOE YHCJO,
ABJISIIOIIEECA MOLIHOCTbIO KaKoH-anbo JoKaAbHOH 6Gashl INpocTpaH-
ctBa X B JJaHHOH €ro TOYKE X, HA3BIBACTCS AOKQAAbHbIM 62COM TIPO-
CTPaHCTBA B TOUKE X.

3ameuanne. JlokaabHEI BeC IPOCTPAHCTBA B JMI0GOH ero uso-
JIMPOBAHHOH TOYKe, OYEBUJHO, paBeH 1.

Ecnn noxkajgpHBIYI BeC TPOCTPAHCTBA CYeTeH B KaxkJOH TOYKe
x € X, T0 HpOCTPAHCTBO, [0 OIpPEJCJEHHIO, YJOBJETBOPACT Repsold
axcuome ciemuocmu (Xaycropd).
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BaxHeHIINM npHMEpOM MpPOCTPAHCTB C NEPBOH AKCHOMOH CYET-
HOCTU ABJANOTCH MeTpuYeckHe npocTpaHctsa. JlokaaeHylo 6asy
MeTpHYeckKoro npocrpactea X B 060K ero Todke X o6pasyior,

[
Hanpumep, cpepuyeckKHe OKPECTHOCTH O/\x, 7), roe n npoberaer

BCe HaTypa/jbHBIE YHCJA.

Hanomuum (cM. § 1 ru1. 4), 4To noc/ie0BaTeNbHOCTL TOYEK {x,},
n=1,2, ..., Tonosorudeckoro npocrpancrea X cxodumcsa X TOUke X,
ec/iH Kax/1ast OKPECTHOCTb TOUKH X COXEPHHUT BCE TOUYKH IOCIENOBA-
TeJbHOCTH {X,}, HaunHas c Hexotopo#. B stom onpepeneHuu MoxHoO,
OUEeBHJIHO, OTPAHHUUTHCSA JIHILb OKPECTHOCTAMH, NPHHAAIEKAILUMY
Kakol-Hubyab JoKajlbHOR 6ase NpocTPAHCTBA B TOUKE X. Hmeer
MECTO cJlenylolee

[Ipeanoxenune 1. B npocmpancmee X ¢ nepsotl axcuomod
CHEMMOCTLIL MOUKA X Mo20a U MOAbKo mo2da AB8AAemcs mMouxol npu-
Kocogedus muonecmea M= X, koeda umeemcs nocaedosamervHoce
mouex {x,} mrowecmea M, cxodauaacs ¢ mouke X.

OueBHAHO, JOCTATOYHO JOKAa3aTh JHIUb OXHY TOJOBHHY 3TOrO
mpensioKeHusi, a UMEHHo Hafith B MHoxkecTBe M nocienoBatels-
HOCTb TOYEK {X,}, CXOAAULYIOCH K TOYKE NPUKOCHOBEHHS X MHOXKe-
crea M. Ilns 3TOro BO3BMEM KaKYIO-HHOY1b cueTHyio 0asy mpo-
crpanctBa X B Ttouke x. Ilyers U,, k=1, 2, 3, ..., —3jeMeHTH
sToit Gasel. 3amensia, ecaw Hyxwo, U, wa U, nU,n...NU,. Bu-
JHM, 4TO §e3 OrpaHuyeHus OOGUIHOCTH MOXKHO NPEINOJOXKHTh, YTO

v, =l,=...2U0,= ... nH

Tagk Kak Xx-—TOYKa NPUKOCHOBEHHS MHOKecTBa M, TO HJs Kax-
JIOTO k MOXHO B3dATb TOUKYy X, € M N U,. [oxaxeM, 4TOo mOCNEA0OBA-
TesbHOCTB {X,} cXoaurcs B Touke x. B camom gene, mycrs Ox —
NpOH3BOJIbHAsL OKpecTHOCTh ToukH X. Ilo onpenenennio sioxanbHO#
6a3n cyimectByer U, < Ox. Ho BBHIY NPeanoNOKEHHOrO COOTHOIIL -
uusi (1) Bce TOUKH Xp,X,.q ... Aexar B U,= Ox, u cX0auMOCThb
nocje0BaTebHOCTH {X,} K TOYKe X J0Ka3aHa.

[lpeanoxenne 1 nosBojser cBecTH NOHATHE TOUKH NPHKOCHOBE-
HUE, a CJe/l0BaTeNbHO, BCIO CTPVKTYDPY TEX NPOCTPAHCTB, B KOTOPHIX
npejIoKeHHe | BHINOJHEHO, K PACCMOTPEHHIO CXOAALIMXCS MOCHeNo-
BaTeJIbHOCTEN TOYEK, YTO OYeHb BaXKHO AJsa HpuiaoxkeHu#. ITosromy
TOMOJOIHYECKH NPOCTPAHCTBa, JJIs KOTOPHIX NpeasnoxeHue 1 Hmeer
MmecTo, ofpa3yeT BechbMa BaXKHbIH KJacC NMPOCTPAHCTB; 3TH NPOCTpaH-
CTBa HasblBaOTC npocmparcmeamu Ppewe —& poicorna *). Mpr yxe
3HaeM, YTO NPOCTPABCTBA C NEPBOH aKCHOMOH CueTHOCTH, ¥ B 4acT-

*) [lo umeHu onHOro M3 ocnoparteneit obuieil rono.10ruy — QpaHUy3Kkoro Mare-
matuka @peiue, XKeaaBwero BCO OOLLYIO TOMOJOFHIO CTPOHTL IIpi [OMOULH MOHS-
THsl cxonsameiics nocaegoBareabtocti, # [1. C. ¥pbicona, Brepsble olipefesuBe
Lero TOYNLIC JOTHUECKHE TPAHHUBL 1S BOZMOMHQCTH TAKOrO (lOUTOCHUS.

5 1. C. Ansicangpos
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HOCTH, MeTpHYecKHe (METpH3yeMmble) TNPOCTPAHCTBA MBJAAIOTCH IPO-
crpancTBamu Ppeme — Y pHCOHA.

Iycrs maua xaxasi-uuGynp 6asa B={U} Tonosoruyeckoro mnpo-
cTpaictBa X. BriGupan B KaxuoMm MHoxectse U €® no Touxe,
nojiyydM MHOXKecTBO Touek M < X, Bciogy MJOTHOE B MpocCTpa-
crBe X (I0OKa3aTesNbCTBO COBCEM [IPOCTO M MOMET ObITb NpeloCTas-
JIeHO uuTaTen0). Y3 ToNBKO 4TO CKa3aHHOTO CAeNVer: ecau 8 Mmoano-
Ro2UtecKOM npocmpancmee X umeemcs 6a3a MOUWHOCY i, MO 8 3MoM
NPOCM PAHCIMEBE UMEMC U 8CI00Y NACMHOE MHOMECTIB0 MOWHOCHIL M.
HasoBeM nuomwuocnivro mpoctpancrea X HaHMEHbLIEE TAKOE Kapiu-
HaJIbHOE 4HCJO N1, Y4TO B NpoOcTpaHcTse X HMEETCs BCIOAY ILIOTHOE
MHOXECTBO MOULHOCTH 1. MBI TO/IBKO YTO AOKA3aJH, YTO AAOHHOCHb
npoOCMpancmen He npeeocxodum cen eeca.

ITpocTpancTsa cueTHOHl MJIOTHOCTH (T. €. MPOCTPaHCTBA, COAEP-
XKalife CYeTHOEe BCIONY [JIOTHOE MHOKECTBO) HA3HBBAKTCA cenapa-
GeqpHoimy (TEPMHH KpafiHe HeyladHbifl, HO, K COXaJleHHIO, yKope-
HHBIWHACA ¥ NMOJYYHBLIME Bceobulee pacnpocTpaHeHne). MBl TOJbKO
YTO BHACIH, UTO BCSAKOE TONOJIOTMUECKOE NPOCTPAHCTBO CO CUYETHOH
6a30il sIBJASIETCs CenapabenbHBIM,

CymecTByloT npumepst cenapafenbHBIX TOMOJOFHYECKHX NPOCT-
PAaHCTB, HE HMEIOMMX CUeTHOH O6a3el (3TH UpHMEpPb OYAYT npuBe-
JeHbl B XoHue naparpaga). OpHaxko umeeT MecTo

Teopewma 19. [1a moeo wmobu mempureckoe 1 pocinpasciieo
umero cuemryio 6a3y, 0OCIMAMOYHO U, OHe8UOHO, HeobXVOuMO, WNobb
0HO ObLA0 cenapabeibHolM.

JloxasateasctBo. Ilyerh X —cenapaGenbHoe Merpudecxoe
IPOCTPAHCTBO, U NYCTb CYeTHOE MHOKecTBO D= {d} Bcooay niorHo
B npocrpanctee X. Paccmorpum cemefictBo B Bcex cepHUECKHX
okpectHocTe O(d, r), rae Touxka d mpoberaeT BCe TOUKH CUETHOrO
MHOXeCTBAa D, a r ecTb ITPOM3BOJILHOE MOJIOKITEIHHOE PALMOHAb-
HOe HHUCJIO.

Cemeitcteo B, oueBunno, cuerno. JlokaxeM, 4TO OHO fABJsIETCH
6a3oit Metpuyeckoro mpocrpanctBa X. JL1s 3TOro B Kaxpofi Touke
¥ € X W cojiep:auleMy ee OTKPHITOMY MHOxecTBY I' Hajgo nomo6pats
Tako# atement O(d, r) cemefictea B, uro x € 0(d, r)=T. Tak kak
X —BHYTPeHHAs TOYKa MHOKecTBa I', TO CYIIECTBYET cOlepIKauascs
B I' ctepnueckas okpecraocts O (x, )T, BosoMem Touky d €D,

& .
JIeXaAWyIo B 0()6, —3->, " [IOJO/KHTEJADHOC palHOHAJJBIIOE YHCIO I

Takoe, 4To % <r < —g—e. Torma p(x, d) < % <r,r.e.xe0d, r).
C npyro#t cropomsl, a5 Kaxpofi Toukn x' € O(d, r) uimeeM
"o , 3 s 2
pir, ¥)<px, d)bp(ds )< FHr<gtge=s

3HAYUT,
0o, r)cO(x, e)=T,
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Tak uTo B nefcTBUTENbHO ABjsiercit Ga3o#d npocrpancrea X. Cosep-
LIeHHO aHANOrWyHO AOKA3bIBAETCs M O6lLee YTBEpKACHHE: 8eC Mempu-
©eCKI20 NPUCIPAHCINEQ POBIH €20 MAOMHOCITIU.

BaxHeliuuM npeasoxeHueM, Kacawuiumcss 6a3 H BeCa IpocTpaH-
CTBa, ABAsETCH

Teopema 20 (Anexcanppos—Ypoeicon [1]). Ecau eec
npocmpancmea X pasen 1w, mo ecakas Oasa B npocmpancmea X
codepacum  nodmHoncecmeo ' mowmccmu M,  MAaKe  ABASOUEe S
6azmt npocmpancmea X.

Jdoxaszateabctso. Bosbmem kakyw-uubvio 6asy B, mnpo-
CTpaHeTBa X, HMEIOWYIO MOWHOCTs 1l =X . OCo3naunm yepes U sne-
MenTh 6a3bt B, [Tycts V— npoussoisuas 6asza npocipanctsa X. Ham
Ha10 BHIASIHTL u3 6a3bi L 6aszy P <=V, uMewnyio MOUHOCTh Ul

Haumem ¢ Toro, uro kakyw-uubyvis napyv (U,, Ug) anemenros
Ga3nl W, HA30BEM OTMCHUEHHOIl, €CIH CyUEeCTBYET XOoTA Obi OAHO
V €3, yarosrerBopsioiiee BK/ICUYEHIIO

U, =V Uy (2)

MHoxeCTBO BCEX OTMEUEHHBIX Nap UMeeT MOWHOCTh, He GOMBLIYIO
yeM MOMLHOCTh BCeX Boo6lle nap 6asm B, T. €. MOWHOCTL < .
Has xaxaoi orMedensoél napot {(Uy, Uy) BoidepeM no opHomy sJe-
menty V €%, yrosaersopsiomemy ycioswio (2). Muoxecrso B’
OTMEuYeHHHX TakuM oGpazom 3aeMentoB V' 6assl B Takxke uMeet
mowHocTh << 1. [losTOMy ROCTATOUHO AOKA3aTh, YTO MHOXKECTBO L’
ectb Ga3a npoctpadctea X.

Wrak, nycrtb madsl Touka x € X u ee oxpectHocTh Ox. Tpebyerca
Haiith Takoe V' €Y', uToOb GbLIO

x €V <= Ox. )

Tax xak B, — 6a3a, To cyluectyer Takoe Up €8, uto x € Up=0x.
Ho 6asoit sipasercs # Y, nosTroMmy cyulecTsyer V, YAOBJIETBOPAIO-
[mee BRJAOUEHHIO

x eV = Us.

Haxkoneu, MoxHO naitn Takoe U, =¥, 4ro
xelU,=V.

Orciona caexpyer, uro napa (U,, Ug) ormedenHas, Mo3IToMy Cyuect-
syer V' €%, yrosnerBopsoumee ycaosuo Uy, =V = Uy u Tem Gosee
ycsoBuio (3), uto M TpefoBaNoCh 10Ka3aTh.
~ Tlonstue Gaspl NO3BOJASET BBIIEJNHTb Clejyloliue BaKHbie KJaacchl
TIPOCTPaHCTB:

1) [Toaypeayasiprvte npocmpaxcmea —3TO TPOCTPAHCTBA, B KOTO-
PHX KAaHOHHUECKHE OTKDHIThIE MHOXKeCTBa 06pasywT 6asy *).

*) 3aMeruM, 4TO peryaspubie upocrpascrsa GyAyr onpeiesacisl nosme (§ 8
ria. 4).

5%
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2) HulykmusHo HyswmepHole RPOCMPAHCHIGA, T. €. TAKHE IMpo-
CTPaHCTBA, B KOTOPBIX (HE TOJABKO %X0-MHOXKECTBA, HO JaXKe) OTKPHTO-
3aMKHYTble MHOXKeCTBa oGpasywoT 6asy.

B HHIYKTHBHO HYJBMEPHBIX MPOCTPAHCTBAX KaAXKIOE OTKPHTOE
MHOXECTBO €CTh CYMMa, a KaXKJoe 3aMKHYTOE MHOMKECTBO— Nepece-
YeHHE OTKPHITO-3aMKHYTLIX MHOXECTB.

HBaykTHBHO HYJbMEpHEE NPOCTPAHCTBA OYAYT MOAPOGHO u3Y-
YaThCsl B JaJbHEHIIEM,

Onpejenenne TONOJOTHH B MHOXecTBe X TNOCPEACTBOM yKa3aHHA
CHCTEMB! TIOAMHONXECTB, sBAfiOlledcs 6a3oi. OnpejeseHne ToNoAOrHH
nocpeacTBoM okpectHoctell. OnpeesinTb TONOMOCUIO B MHOXKecTBe X,
T. e. npeBparurs X B TONODJOTHYECKOE NPOCTPAHCTBO X, —3HAYUT
CIIpeNe/INTh, KaKue MHOMKECTBA MBI OOBSAB/IAEM OTKDBITHIMH (OpH
9TOM JOJXKHBI GhITh cobaofennl yeiaosusi le, 11w § 1). Ognako yxa-
3aTh BCE OTKpPHITHIE MHOXECTBA 4actTo ObIBaeT 3aTPYAHUTENBHO H
HeyI06HO, BO MHOTHX KOHKPETHBRIX CJydasX ObiBaeT ynoOHO HeNo-
CPEICTBEHHO YKa3HBATh HE BCE OTKPBIThIE MHOXECTBA [OJ1€XKallero
OMpeNIeNIEHUI0 TOMONOTHYECKOr0 NPOCTPaHcTBA X, a TONBKO HEKOTO-
phle U3 ‘HHX, a HMEHHO MHOXECTBA, KOTOpbie COCTABAT OJHY u3 6a3
5TOrO IPOCTPAHCTBA (OCTA/TbHBIE OTKPHITHIE MHOXECTBA OflpelensTCs
Kax BCEBO3MOXKHEIE CYMMB JAHHBIX MHOKECTB).

Taxofi cnocob6 onpepefieHus TONOJOTHH OCHOBHIBAETCS HA CAEAYIO-
meM NpENIOKeHHH:

Ilpenaoxenue 2. Ilycmo ¢ muoxcecmee X, cocmosiyem u3
saemenmoe atodoti nPupodsl, HA3LIGAEMbIX MOUKAMU, daner nodaosce-
cmea Ty, cucmema somopewx, obosnauaemas namu uepes S, obaadaem
caedyrwunu ceolicmeamu:

(A) Kamdas mouka x € X codepaucumca no xpaiineid mepe 6 o0nom
I, €S.

(B) Ecau kaxmodas mouxa X codeprcumes u 6 To €S u e Iy€S,
mo uméemes sexomopoe I'y €S makoe, umo x €T, CFanFﬁ

Ecau naseame nycmoe L —— A u éceeosyoncrbie CYMMBL MHO~
scecme Ty omipeuneimu mHoxmecmeamu, mo axcuomwst 1 u 1l mono-
ADRUMECKO20 N POCIMPAHCIBA OKQICYMCSL GHINOAHEHHBIMIL 6 NOAYUCHHOM
monoaczuteckom npocmpaucmee X, cucmema S 6ydem Gasvii.

JloxasarenbCTBO NpeiocTaBisieM YHTATENIO.

Yacro, Hanpumep B rnepBoM m3fanuu «Teopun MHO)ecTB» Xayc-
Jopta, naercs He OPOCTO cucreMa S MHOXeCTB I'y, yIOBJETBOPSAIO-
masn ycaosuaM (A) u (B), a cucrema mHOMeCTB U (X), OCTaBMCHHBIX
B COOTBETCTBHE TOYKaM X € X | Ha3bBAEMBIX OKPECTHOCTAMH 3ITHUX
TOYEK, NPHYEM MNPEANHCHIBAETCH BHIIIOJHEHHE TPEX YCJOBIIM:

A) Kaxpo# Touke x € X 1OCTABJEHO B COOTBETCTBHE NMO Kpafineil
Mepe ofHOo MHOoxectBO U (x) («kaxpas Touka x € X umeer XoTs Obi
OJIHY OKDECTHOCTbY), IpHYEM BCerja

xeU (x).
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B) Hasa nwofeix aByX okpectHoctell U, (x) u U,(x) oanodl u Toi
e TOUKH X € X cyllecTByer

Usx)sU,)NU, ).

B) Kaxkoso 6m uu 6uno y € U (x), cywecrByer
Uy) = U (x).

Ecay HasBaTbh OTKpHITHIM BCfiKoe MHOxectBo I'— X rtakoe, urto
ana mwoboil toukn x €' cymectsyer U (x) =T, 10 noayuurcst tomno-
JIOTHYECKOe NPOCTPAHCTBO, H cHcTeMa S Bcex MHoxects U (x) (pac-
CMaTPHBAEMBIX HE3aBHCHMO OT TOrO, KAKHM TOYKaM X OHH [OCTaBJIEHH
B COOTBETCTBHE) eCTb 6a3a 3TOro NPOCTPAHCTBA.

HokasaTebCcTBO CHOBA NPEROCTABJAEM UHTATENIO.

MuoxectBa U (x), oTHecenuble Touke x € X 4 yIOBJETBOPHMOIUE
ycanosusim A), B), B), obpazyior 1o, uro Xaycaopd HaswiBaj cucre-
MOH OKpecTHoCTel B npoctpaHcTBe X, a 3ajaHue TPH HX NOMOLIH
TONOJIOTHH HAa3blBaeTcsl 3aJaHleM TONOJOrHH NpPH NOMOUIH CHCTeMB
OKPECTHOCTEH.

[Mpumep 1. Ha uucnosoil npsamoit R' TONONOrHIO MOXHO 321aTh,

BbIIEAINB JJI5 KaXKJAOH TOUKH X B KAUeCTBe OofpeaesIAomX €e OKpecT-
! 1

. 1
HOCTell BCe MHTEPBAIb BHAAd {X-—,-; x+~n~> .

Hapsaay c nonstuem 6asbl 4acto yJOGHO NoJb30BAaTLCSH NMOHSITHEM
npeabasel TOMOAOIMYECKOrO NPOCTPAHCTBA.

Onpenenenne 7. Cucrema I OTKPHITHIX B TONOJOTHYECKOM
npoctpanctse X MHoxectB O, HaswBaeTcs npeddasol NPOCTPaAH-

cTBa X, €CIM MHOXKECTBA, sABJsomuecs nepecedeuusiMi Og N ... N0,
BCEBO3MOXKHEIX KOHEUHBIX CHCTEM CHCTEMBE 2, 06pasyloT 6a3y mpocTpan-
crBa X. OueBupHO, BcAkast 6a3za NPOCTPAHCTBA SABJSETCS W €r0
npenbasoil.

[Tpumep 2. Ha uncioBoit npsiMoli 6ecKOHeUHbBIE HHTEPBAJIB Bua

(—o00; ), (a; + o)

obpasylor npeabasy, He o6pa3ys GasH.

[Ipeanoxenne 3. Omobpasmcenue [: X — Y npocmpascmea X
8 npocmpancmso Y HenpepoiHo, ecau npoobpaser [0, ssementnos
nekomopod npedbaser %=1{04}, a €YU, npocmparcmea Y omkpounot 8
npocmpancmese X.

HokasaTtenbcTBo. [lonoxum

Og, -+ 0, = NOF .

i=1
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Mo ycnosuio Muaoxkectsa Oy ... o, 00pa3yior 6a3y B npocrpancrsa Y.
QueBnpHo,

f“Oa'...ag= f‘—ln Oa[: n f_lOoci-

i=1 i={

IMostomy mnpooGpaser snementoB 6asbt B orkpnitel B X. Bo3bMem
oTKpbiToe B Y MHOxecTBo 0. OHO SIBAAETCS! CyMMOIl 3/IeMEHTOB He-
Kotopoii mogcncrembl B’ cucremsl B, T. e.

0= 0s,...a..

L

Ho roraga muoxectso

f—lozf-l U Oa‘---a\-:U f_IOa,---a‘y

2N

sIBJASAACh CyMMOH OTKDHITHIX B X MHoxects, oTkpoito B X. Henpe-
PHIBHOCTL OTOOpaxenus | JoKasana.

YacTHBIM ciydyaeM NpejsiokeHus 3 ABJASETCH

IMpennoxenune 4. Hag moeo umobol e32UMHO O0OHOZHAUHOE
omobpaxcente [ npocmparncmea X wna npocmpancmeo Y 0Ootao eomeo-
soppusnos, #eobxodumo u docmamouno, wmoder npu smom omoGpa-
sceHun Hexomopasi 6asza npocmpancmea X omobpaxcarace Ha 6a3y
npocmpancmea Y .

Jloka3aTesIbCTBO NPeJOCTaBIIAETCs YUTATENIO.

[Ipumepn NpPOCTPAHCTB C NepBOH aKCUHOMOH cuer-
HOCTH, COAEPXKAMHX CYeTHOE BCHOAY MNJOTHOE MHO-
KEeCTBO W He HMelWHX cueTHOR 6as3n. 1. Ilpocrpancrso
COCTOMT M3 BceX Touek noJycermenrta [0; 1). B xauectse 6a3bl BO3b-
MeM cemelicTBo S BceX nosycerMeHToB Buaa [x; x7), rae 0<Cx < x" < 1.
Yenosusi (A) (B) npennoxenns 2, oueBujpHo, BhinoJHeHB. [lepsas
AKCHOMA CYETHOCTH BEIHOJHEHA, NOCKOJbKY CpPEIH INOJYCerMeHTon
|x; x’) KOCTAaTOYHO B3ATb MOJYCErMeHTHi BUAA [X; X --r), rie r-—ro-
JIOXKUTENbHBIE paUHOHa/bHble Yucsa. CUETHBIM NJIOTHBIM MHOMECTROM
SIBASIETCH MHOMKECTBO pallHOHAJBHBIX ToueK nosaycermenta [0; 1).

B cuny teopemnt 20 ocragoch nposepuTh, UTO cemeficTBO S He
COJIePHHUT HHKAKOro CUeTHOTO IojcemcficTBa, sBjsowerocs 6azoil.
Ho ecan [x; x')ES u [y; y') ynoBiersopser ycaoBuio: x €[y; y'}=
= |[x; x’), T0 HenpemeHHo Xx=y. CnenoBaTeJbHO, BO BCSKOH TNOA-
6aze S’'cS wenpeMeHHO MMEIOTCA 3JEMEHTH BHIA [X; X') npH Jo6om
x€]0; 1). Orciopa BbiTeKaer, uTo BcAKas mnopbasa Gasst S umeer
MOLILHOCTH KOHTHHYYMa. A 3T0 3HAYHT, YTO BEC STOrO I1POCTPAHCTBA
paseH t. [locTpoeHHOe HaMM MPOCTPAHCTBO HA3LIBAETCSH «CTPEJKOIt».

2. Cpean MHOrOYHCTIEHHLIX [OPHMEpPOB TOMNOJIOTHYECKHX HPO-
CTPAHCTB, ABJASOMWUXCS JHHEHHO YNOPAJOYCHHBLIMH MHOMKECTBAMH,
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QueHb HHTEPECHO MPOCTPAHCTBO T,o MHOXECTBA, (JAuHefiHO) ynops-
JOYeHHOro no tumy 20, rie 0-—nopsiiKoBbiil TUII CErMEHTA YHCJIOBOM
npamoii. Toukn npoctpanctBa T, MOryT ObiTh 3anHCAHBI B BHJE
x={(t, i), rae ¢ ecTb NPOH3BOAbHAA TOuKa cermenta [0; 1], a /=0
uan 1; npu 3ToM Mbl foaraem

(t, <, i),

ecin ¢ <1, a rage u ecou =14, i=0, i"=1. Touku x= (¢, i)
MbI MOKEM NPEACTABJASATH cefe JeXalliMu Ha OOHKHOBEHHOH 11.10CKO-
cTH (TaK uro { ecTh abcuucca, a i-—OpAHHATA), YTO MO3BOJUT NPU-
JaTh HIDKECTenyIOliuM OTBJCYCHHBIM DPACCYXACHHSM CBoeolGpasHblit
HarJAAHO-[COMETPHYECKHI CMBICI.

B mpoctpanctee T,s BClOAY IWIOTHO MHOXeCTBo D), cocrosuiee
U3 BCex Touexk Bujxa (r, i), rAe r paiHOHAJbHO (BCIOAY ILJIOTHBIMY
ABJIAIOTCA AdxKe Ka)kaoe u3 MmHoxects D, D, D, =D, cocrosmux
u3 BceX Touek BHaa (r, 0), coorBercTserHO (7, 1)).

IlpoctpancrBo, nodyyaemoe u3 7.5 BHIOpacHBAHHEM [EpBOU H
nocnesHell ToueK, OObLIYHO HA3BIBAXOT MPOCTPAHCTBOM «ABYX CTPLJIOK»
WM NPOCTO «IBYMA CTpeikamH». Taxk Ke, KdK H AJIA «CTPeIKu»,
NOKA3KIBAETCHA, YTO TPOCTPAHCTBO «JIBYX CTPEJIOK» HMEeT BeC, pas-
HB ¢. 270, BIpOYEM, CJELyeT H3 TOTO, YTO «CTpejKa» fABJSeTcA
NOANPOCTPAHCTBOM «JBYX CTpesoK». Mpl elle BepHeMcs K NPocTpail-
CTBY «ABYX cTpesiok» B § 1 ra. 6.

§ 5. loamuHexecTBAa NpAMOA M NIOCKOCTH

1. OTkpbiTble M 3aMKHyTbie MHoKectBa Ha npsamoit. Ilycts I' —
OTKPHITOE MHOXECTBO Ha npsaMmofi R!. Ha crtp. 125 mMm jgoxaszami,
4TO KOMNOHEHTH OTKPHITOro MHOXeCTBa I’ R cyTh CMeXHBIE HiTED-
Banel K mHoxkectsy P =R"™\TI. IlockonbKy KOMOOHEHTH BCAKOrO
MHOXECTBA JU3BIOHKTHE, MBI MOJyd4aem, 4To MHoxectso I' coctout
M3 JU3BIOHKTHEIX HHTepBanoB. Ho Mbl 3Haem (cMm. Teopemy 17 § 3),
Y4TO BCSAKOE MHOXECTBO O JIU3LIOHKTHBIX WHTEPBAJIOB Ha TPAMON He
gonee uem cyerHo. Takum o6pasom, noxasaHa

Teopema 21. Bcesakoe omkpeimoe mnoxecmeo T nma uucaoeotl
npamoii R ecmb CYMMQA KOHEHHO20 WAL CHENIHO20 MHOINICECEA QUBBIOHKIT-
HbIX UHMEpeancs, KOHYsL KOmMOpsix npuHadaexcam OONOAHUMEALHOMY
K U samxnymomy muoscecmsy O = RVI'; cpedu smux unmepeaice
Mmozym  okasamvCs O0UH uaw 06 GECKOHEYHbIX UHMepsasa 6uda
(—o0; a) uru (@, + oo).

Teopema 21 yacto dopmynnpyercs tax:

Teopema 21'. Bcakoe samrxrymoe mHomecmeo @ Ha npamoi
NOAYHaeMCA 6LIMUMAHUEM U3 NPAMOU KOHEHHO20 WA CHEMHO20 UUCAG
LHmepeanos, cmexcHolx Kk mHosecmey M.

Onpepenenne 8. 3aMkHyTOE MHOXECTBO (€3 HM30JHPOBAHHBIX
TOYCK HAZbIBAETCH COBEPLUEHHbIM.
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JlokaxeMm eme crenymooiiee npenoXeHue:

Teopema 22. [laa mozo umobet mouka X 3amMKHYmMoz0 MHoxice-
cmea ®c R buraa usoauposannoti mouxodl muoxcecmsa @, Heobxodumo
u docmamouno, umobel 3ma mouxa Obiaq OOWUM KoHyom O08yx cMedc-
HoLX uMmepsaaos K mHoxcecmsy O.

B camom gene, ecqnt Toyka X ecThb OOLIUiI KOHEN JABYX CMeXKHBIX
K @ nuTtepBanos (a; X) H (x; b), T0 HHTEpBAX (a; b) coAepKUT eAHH-
CTBEHHYIO TOUKY MHOXecTBa (D, HMEHHO TOUKYy X, KOTOpas, TakUM
o6pasom, ABAsETCS H30JUPOBAHHOM.

O6paTHo, NycTh X¥— H30JMpOBaHias ToYKa MHOxecTBa D u mycrs
uHTepBaJ (a; b), conepKa TOYKY X, HE CONEPIKHUT HHUKAKOA Ipyroi
ToukH MHOXecTBa (. BospMem Kaxkylo-nuOo Touky X' HHTepBasia
(a; x); oHa neXKUT B HEKOTOpO#H komnoHeHTe 8’ MHoxecTBa ['= R\ @,
¥ 3Ta KOMIIOHEHTa Cojep:KuT uHTepBata (a; x)*). Touno Tak xe
KoMroHeHTa 07, colepxailas Kakylo-1u6o Touky x” WHTepsajia (x; b),
COJIepXXUT BECh 3TOT HHTepBaJ. louka X sB/SeTCH, OUEBUAHO, npa-
BbIM KOHUOM HHTepBaja O U JNeBbM KoHUOM uHTepBana 07, u4ro u
Tpe6oBaNoch A0Ka3aTh.

CanencrBue. [aa moeo umobet samxrymoe muoxcecmeo O R
ObLA0 CoBEPUIEHHBIM, HeobXooumo u Jocmamouno, 4mcbel HUKakue dea
cmencnbix € O unmepsara He umean obuL20 KOHYA.

3ameuanue 1. [lyete A —Kakoe-n160o NOAMHOXKECTBO JeHCTBH-
TeJbHOH TpsAAMOH; BCSIKOE MHOXKECTBO, ABJAOILECCs nepeceyeHueM
MHOXKeCTBa A C HEKOTOPHLIM HHTEPBAJIOM, HA30BEM (OTKPHITHIM) KYCKOM
muoxectBa A. M3 teopemn 21 cneayer, 4TO BCSIKOE MHOXKECTBO,
OTKphITOe B A, €CTh CyMMa KOHEYHOro HJIM CYETHOrO MHOKECTBA
KYCKOB MHOXecTBa A.

2. Hurae He nJoTHble MHOKECTBA HA MNPAMON M HA TJIOCKOCTH.
KaHTtoposo cosepuienHoe mHoxecTso. Ecid muoxectBo M Hurze ne
IJIOTHO Ha R', TO KaxkIbli uHTepBasl (o; B)c R! coaepxur no Kpai-
HEHd Mepe OfHYy TOUKY X, He SBJAIOLLYICCS TOYKOH NMPUKOCHOBEHUS
MHOXecTBa M. Torsa HekoTopas OKPECTHOCTb (X——&; X -+ €) TOUKH X
He COAEpPXKUT Hu OLHOHA TOouky MuoxkectBa M. Mrax, nnst toro uroGst
MHOXecTBO M OblIO HUrje HE MJIOTHHIM Ha R!, HeoOXomuMo (M, oue-
BUJHO, JOCTATOYHO), 4TOOBH KaXkKAplli HHTEpBas (o; B)c R comepikan
uHTepBai (a’; §’), cBoGonHEIA OT ToyeK MHOXxectBa M. Ananoruuno
JOKa3blBaercsd, Yro JJs1 TOro, 4ro0bl MHOKecTBO M OBLIO HUrJE HE
NJOTHEIM B R*, HEOOXOAMMO H JOCTATOYHO, YTOOEl B KaXIOM Kpyre
Jexan MeHbIMHH Kpyr, He cOIepKalllufi HH ORHOH TOUKH MHONKe-
ctBa M. Jlioboit oTpe3ox, Jexamuil Ha MIOCKOCTH, J06as JoMaHas
JIEHMs, @ TaKkKe Takue KpHUBble, KakK 3J/unc, runepbosa, napaboaa,
MOI'YT CHYXHTb NpUMEpaMy HUIZE HE IIOTHHX COBEpIUEHHHX MHO-
JKeCTB HA MJOCKOCTH.

*) Boofue, Besikuit uHTepman, copepXaul4iica B OTKPHTOM Muoxectse I,
JACHUT B HEKOTOPOH KOMIOHEHTE 3TOr0 MHOAECTBA.
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Hanomuum, uto naockoid arcebpaudeckoil Kpueot HasHIBaeTCd MHO-
xectBo A Tex TOYeK (X, y) TJIOCKOCTH, KOTODHIE YJOBJIETBOPSIOT
HEKOTOpOMY 3aJaHHOMY YpPaBHEHHIO BHIa

f(x’ y)=0,

rae f(x, y) ecTb MHOTOWIEH OT NEPEMEHHHIX X, Y, He DABHHIA TOHK-
JeCTBEHHO HYJi0. JIoKaxeM cielyloliee NpejioxeHne:

Teopema 23. Beakas areebpaudeckas KPUBAs eCiib MHONCCCINEO,
Huz20e He NAOMHOoe HA RAOCKOCMU.

Jlemma. Cywecmsyem He 6048 KOHEUHO20 YUCAQ MAKUX 3HQHe-
HUll nepemenno20 Y, npu noOCMAHOBKE KOMOpeLx 6 muozouieH [ (X, y)
ROAYYOCMCS MHO204ACH OM X, MONCOSCIMBEHHO DOBHOLL HYAID,

B camom jesie, HanuieEM TOXKJECTBO

Fx ) =po )X +p X"+ oo+ D (W) X+ P, (),

nojayyaemoe, €C/M pacnofioXuTe MHorousleH f(x, y) no yGbBaOmMUM
cTeneHsM x. 3xecs KoadpduuueHTH p,o (), P () ---» p,(¥) cyTs
MHOFOU/IEHBl OT Y C MOCTOSTHHBIMU Ko3(hduunenramu. Eciu npu naH-
HOM 3HAQYEHHWU Y ==Y, MHOTOUJEH OT X

F(xs Yoy = Po (4o) X" Py (o) X"+ - oL 4Pt (Y0) X + P ()

TOXKJIECTBEHHO PaBEH HYJIO, TO 3TO 0O3HAYaerT, YTO YHCJHO Y, SIBJIAETCH
KopHeM anre6panueckux ypasHeHHH p,(4)=0, p,(y)=0, ...
- P, (4)=0. Tax xak Kaxjoe anrebpauueckoe YpaBHCHUE HMeeT
JHLIb KOHEYHOE YHCJIO KOpHEil, TO JeéMMa JOKa3aHa.
JIlokaxkeM Tenepb, yto ajre6panyeckas Kpusas A, ompejeise-

Mas ypaBHEHHeM
f(x’ y) = Os

€CTb MHOXXECTBO, HMIJIC HE IJOTHOE Ha miocKocrd. lis atoro po-
CTAaTOYHO J0Ka3aTh, YTO BCAKOE OTKPbiTOe MHOXecTBO I' Ha miocko-
CTH COAEPKHUT OTKpHITOE MHOxKeCTBO I'y, cBOGOJHOE OT TOYeK KPHBOIi
A. Bo3bMeM KaKyI0-HUOY Ib TOUKY 2, =(X,, ,) MHOXKecTBa I', BHIGpaH-
HYI0 TIOJl € AUHCTBEHHEIM YCJIOBHEM, YTOGH 4, OBLIO OTVIHYHO OT KaX-
JIOTO M3 TOro KOHEUHOTrO YHCJIa 3HaueHu#l y, npu KOTOPHX f(x, y)
DpeBpaulaeTcs B TOXJIECTBEHHO pABHBIH HY/AI0 MHOrOYJICH OTHOCH-
teabHO x. IlpoBesem npsAmylo y==y,, Ha Hel f(x, y) moxer o6pa-
THTbCS B HYJb JUIb 18 KOHeyHOoro yuena .3Hauenpdl x. Ilpsamasn
Y =1, NepeceKaeTcs C OTKPHTHM MHOXecTBoM I' o OTKpEITOMy Ha
3T0# npsmoifi MHOXKecTBY H, conepxamemy TOYKY 2z, H, CJeJOBa-
TeNnbHO, HemycToMy. 3HAauyuT, MOXHO HalTH MHTepBan H, nexamuj
B H. Bosbmem Ha untepBane H, Kakylo-HHGYAb TOUKY z=(X, Y,),
B KoTopoil 3naueHHe QyHKHHMH f(X, y) OoTIHYHO OT Hyas. B cuay
TOTrO, 4TO MHOrouseH f(x, y) ecTb HenpepbiBHasA QYHKIMS OT X, ¥ *),

“ ST0 Mu npeznionaraeM M3BeCTHAM M3 aHanH3a,
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cyuiecTByeT Takoe € >0, 4TO BO BceX TouKax okpectHocTi U (2, €)
¢byukuua f(x, y) ornnuna ot uyasn. C apyrofl cropounl, Tak kKak I'
OTKpHITO, T0 p (2, R¥\T)=¢’ > 0. MHoxectBO I, =U (2, "), rze &"
€CTh HAauMEeHblee W3 YucCel € H &', U eCTb HCKOMOoe OTKPHITOE MHO-
XecTBo, cojepxkaileecs B I' u cBoGojHOe OT ToueK KpuBoi A.

Upnmepu COBEpIICHHBIX HHTJE He TVIOTHBIX MHOMKECTB Ha TIPAMOK
121€KO He CTONb 9JI€MEHTApHbl, KaK IPUBEJEHHBE Ceffyac MpUMEpHI,
OTHOCSIMECS K clyyalo miaockocTH. Ilpocrefiliee Takoe MHOXECTBO
6bi10 TIocTpoeHo KaHTOpOM i H3BECTHO NOJ HA3BaHHEM KAHMOPO6A
COBEPLULHHO20 MHONCECBA WIH KAHMOPOBA QUCKOHMUHYYMA. ITO 3aMme-
yarTesibHOE MHOXKECTBO NPeICTaBASET HHTePeC 3HAUMTENbHO GOMbLIMIL,
ueM HHTEpeC OTAebHOro npimMepa. OHO UMeeT GOJIbINOE NP HHHUNHAMb-
HOe 3HAYeHHe M IOCTOSIHHO NpHMeHseTcs BCIONY, [AE BOOOWE Npu-
MEHAETCH TEOPHS MHOXKECTB.

Bosbmenm cermenr [0; 1] uncnoBoit npamofi. O603Hauum ero yepes A
M 6yneM Ha3bBaTb CEIMEHTOM «HYJeBOro pauras. Ha Hem Bo3bMem

1 2
ABa cermeHra A = [0; i] A (3; 1] . 3TH cerMmeHTHl 6yjem Ha-

3blBaTh CErMeHTaMH <«NEPBOrc paHra», a Jexamuit MEeX1Y HHMH

1, 2
HHTEPBAT 6=(—3~; §>—HHTepBaJIOM «niepBoro panras. C Kamzueim

M3 cerMeHToB A, H A, NOCTYyNMM TaK xe€, KaK C cerMeHToM A, a
HMeHHO Ha Ay ¥ Ha A, BO3bMeM IO JiBA CErMEHTAa «BTOPOTO PaHra;
310 OyHNyT NepBas W TPETbA TPETH KAXKJIOrO H3 CErMEHTOB l€pBOro
panra, T. €.

1 2 1
Aoo = [0, —g] u Am = [ g’ ‘;3‘] (Ha AO)

fo 7 8 )
A“’:l?’?] " A,,=[§; 1] (Ha A
MEXAYy HIHMH JieXKaT COOTBETCTBCHHO HUHTEPBAJBI «BTOPOro pam‘a»

L, 2
Ooz(—g—; j) , T. e. cpelussi TpeTb cermenta A,

7.8
8, = (-9—; §>—Cpeﬂﬂﬂﬂ TPeTh cermenta A,

(puc. 7). 3710 nocTpoeHHe npoﬂonmaem 0e3rpaHHYHO: NIYCTh NOCTPOeHH
2» cermentoB n-ro panra A;,. .. (Kam;u:m U3 HHAEKCOB iy, ..., i,
npuunMaet 3navenus 0 u 1); Ka)K,nuH u3 cerMentoB Ai,...i, pas-
JequM Ha TPH paBHBIX NO JJMHE KyCKa: ABAa KpafiHUX cermeHra
Ai .0 A1 (mepsas M TPeTbst TPeTH cerMeHta Ai. ;) M
AeXKAWHI MOXAY HHMH HuTepBad O,... (CPEAHAR TPeTb cerMeHTa
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Aj,...1) 9TO M OyIyT 1BAa CErMeHTa W HHTEPBAJ (n+1)-ro panra,
Jexaliue Ha JAHHOM CerMeHTe 7-ro panra Ay, .. .
3ameuanne 2. Tag Kaxk CerMeHTHl A-TO paHra HaXoAATCH,

1
NONAPHO, Ha MOJIOKHTE]BHOM PAaCcCTORHHU Z>z; APYT OF Jpyra, To

3TO Xe M NOJ3BHO CHPABEIJHBO /7 JeXauX Ha HHX HHTEpBasoB
(n-+1)-ro panra. MuTepBaibt paHros < 7 Jexar MEKAY CErMEHTaMu
A-TO PpaHra i noToOMy HAXO0JsATCS HA NOJOMUTEJIHLHOM PaCCTOAHUH

. y/@\\' G - pe T mme. ~~, Y - d;‘\ %,
op s bop Ao 2 By A ; G By
0“0//( Aw an Aa /i Ag/ lﬂ’ 2 oo A,ﬂAfﬂf A 7o A// et
3 3 7 /

Puc. 7.

oT Bcex uutepBanoB (n-+1)-ro paura. CymMy BCEX CerMeHTOB 1-10
paHra o6osnaunm uyepes II,. D10—3aMxHyTOE MHOXKECTBO, HONO/HE-
HHE K KOTOPOMY COCTOHT U3 JBYyX GECKOHEUHHIX UHTEPBANOB (— 00; 0)
u (1; 4 oo) m u3 Bcex MHTepBaJOB panra < n. Ilostomy mnepeceue-

npe I = ()1, Bcex muoxects I1, eCTh 3aMKHYTOE MHOXECTBO, UMEIO-
n

mee CBOHM JONONHEHHEM CYMMY Bcex uuTeppaioB &/ . .; (BCeBO3-
MO¥HBIX DAHFOB) # JBYX GECKOHEUHBIX HHTepBaJoB (--00; 0) u
(1; 4 oo0). Orcioza, B YacTHOCTH, CJIEAYET, YTO KOHIBI BCEX HHTEp-
BanoB O;,.. ., a Takke ToUkd O u 1 npuHanIEXKAT MHOXKECTBY 11,
TaK 410 MNTEPBANM §;,. . ; , @ TaKiKe nuTEpBaAbl (— 00; 0) M (15 +4-00)
CyTh BCE CMeXkHbie HHTEPBAJBl K 3aMKHYyTOMy Mmuoxectsy II. Muo-
wectBo I1 1 HA3BIBAETCS KAHMOPOBLIM MHOMCECEOM HJW KaHmopo-
BbIM OUCKOHMURYYMOM.

W3 sameuanus 2 ciepyer, 4To ABa CMEXKHBIX HHTEpPBajJa K MHO-
sectBy Il He TOTBKO HE MMEIOT OOUIMX TOYEK, HO He HMEIOT u o6LUlero
KOHIA, MO3TOMY B CHY CJEJCTBUS TeopeMbl 22 3aMKHYTOE MHOXe-
ctBo [I—cosepuennoe.

YertaHosuMm HekoTophie ceoficTBa MHoxectBa II.

1
Tlpexcie Bcero, AIMHA KAXAOTO CErMeHTa 7-TO PAHra paBHa x.
Mel y>xe BuIesM, uTO pPACCTOSIHHE MeXJAy IABYMs PasjM4HBIMU cer-
!
MEHTAMH f1-TO paHra = . INostomy Kaxpas touka x €[ A npu-

HAIEKNIT eIMHCTBEHHOMY CerMeHTy A; NepBOro paHra, eJAHHCTBEH-
HCMY (fiexaliemy Ha A;) cerMeHTy BToporo panra A;;,, BooGlle,
€LMHCTBEHHOMY CeTMEHTY n:10 paura A;,.. . . Jlpyramu cioBami,

Kam pofi Touke x € [1 ofHO3HAYHO COOTBETCTBYET fIOCJIE/IOBATENBHOCTD
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CerMeHToB
AL'.:J A(‘{!DAi‘;‘!{’D "_,“Ai‘,-g_'_,' Doy, (1)

n
A 3HAYHUT, M HOC/AeR0BATEAbHOCTL HHACKCOB

iy Ly cvey £y oo wawnoe [,=0 pau =1. (2)
Ilpu stom kaxnas mnoc/enoBateqbHOCTh (2) moCTaBleHA B COOTBET-
CTBHE OJHO#-eIMHCTBEHHOH Touke x €I, a MMEHHO egHHCTBEHHOH
TOYyKe X, mpuHajgiexaiiedl BceMm cermenram (1). HMrak:

1. Muoxectso Il Haxoaurcss BO B3aMMHO OJHO3HAYHOM COOTBET-
CTBHH. C MHOXECTBOM BCeX TiocJseloBaTeabHocTell Buja (2) Had, 4TO
TO Xe caMmoe, BCeX GECKOHEeYHbIX NBOHYHLIX ApoGefl

Ov iliZ"‘[u"'» in: (3)

a TOTOMY UMeeT MOMHOCTb KOHTHHYyMa.

2. MHOXKeCTBO BCeX KOHEUHBIX CMEKHBIX MHTEPBAA0B K KAHTOPOBY
nuckoHTHHYYMY I1 ecrectBeHHBIM 0Gpa3oM ynopsfouyeHo («cleBa Ha-
npasoy). Jlerko BujeThb, YTO 3TO YNOPALOYEHHOE MHOMKECTBO NMOJOGHO
MHOXECTBY BCeX JBOHYHO-PALMOHANbHBIX yucen uutepsana (0; 1)*).

B camom pese, 1A YCTAHOBJEHHS HCKOMOIO TIOJOGHOTO COOTBET-
CTBHHA [OCTAaTOYHO YWUTATb CHCTEMY HHICKCOB I,...[,., Kaxioro
uutepsana O;,.... , KaK KOHEUHYIO ABOMYHYIO ADOGH

.. i, b in_ i
0.l‘...z,,_11=7‘+%+...+§%:‘1—+§.

Toraa HalIH CMeXHbie HHTEpBaJbl 1OCACA0BATE/ADHO 3ANHCHIBAIOTCHA
npu ﬂOMOLU,H-l[pOﬁHbIX HHCKCOB TakK:

6oo=6(_,_)y 601‘— 6(1). 610:—6
8 8

) iy

e = s s s+ e = 4 s e s e s = s s e = s = s e s e =

Hpn 3TOM fICHO, 4YTO B33UMHOE [MOPAAKOBOC DPACHOJOXKEeHHEe Ha NpA-
MOl HAmWHX CMEXHBIX HHTEPBAJNIOB TAKOBO 2Ke€, KaK U pachoJioxKeHne
ABOHYHO-PALUHOHAJbHLIX YHCEeNM, ABAAIOLHUXCA HX HHACKCAMH, 4eM
Haule YTBEpXKICHUE NOKA3AHO.

*) MoxHo 6610 Gbl BBIBECTH 3TO yTBepiKicHue u3 Teopemut 1 § 1 ra. 3, yGe-
AMBUIHCE B TOM, YTO CPEAM KOHCUHLIX CMEM(HbIX HMHTEPBAJ0B HET HM CAMOTO NCBOTO,
HM CaMOro fpaBOro M YTO MEeXAy ACbIMH ABYMS CMCHKHAIMH HHTEPBAJAMH JEKUT
GECKOHEUHO MHOTO CMEKHBIX HHTEPBAOB.
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3ameuanue 3. Touku Muoxkecrsa II, asagwouiMecs KoHUAMHU
CMEXHBIX HHTEPBAJIOB, HA3LIBAIOTCHA MOYKAMU nepsoeo poda (Wad
oonocmoponnumu mouxasmu) muoxecrsa Il. Mx, oueBuano, manuis
cuemnoe MHOXKecTBO. Bee ocTaibiblie Touku MHOXectBa I1 nHasniBaorca
mouxamu emopozo poda (WU deycmopoHHumu moysamu). Eciau x ects
JIeBbIl KOHel CMeKHOro HMHTepBaJa 6;1...1'”, TO X fAABJSETCHA TOYKOH

riepeceyeHus CerMeHTOB

Ai,...ino. Ai....inou Ai...-i,,mu A[t'-~in0111’ )

a eciu X ecth NpaBblit KOHEll CMeXHOro uurtepsata O, ..., TO X
sIBASIeTCS TOUKOH IepeceyeHnss CerMeHTOB
Ao Doy Aol ooy Biyll o000 - e

Ecan ke touka x OpHHALIEKHUT CEerMeHTam

Ao =2 A,;l D AL‘J! D A“[g[s ... Ai,i,...[n o
TIpHYeM Cpead HHIEKCOB {, TIPH CKOJb YIOAHO GOJIBUIOM 1 UMEIOTCA
KaK HYJH, TaK M eHHHLDBI, TO X —TOYKa BTOPOro pona. Takum oGpa-
30M, cpedu Geckoneunsix dsouunsix Opobed (3), 83aUMHO O0OHOZHAUHO
coomeememeyowux mouxam muosxcecmsea 11, moukam nepsozo poda
coomeemcmeyom Opobu (3), Yy Komopsix éce i,, HAUHARL C HEKOMO-
pozo, pasrs mMexcdy co6o/0 (X KOTOpbIE, CJE10BATE/NbHO, SBASIOTCA
PA3NOKEHUSIMH JBOHYHO-PALUOHAABHBIX Yuces).

3. KadrtopoBo mHomecTBo Il Moxer ObITh ONpeAesieHO KAK MHO-
kectBo Bcex Touek cermenta [0; 1], uMemomux pasnoxeHue B TPOMU-

HYI0 Apobb, cocrosuiee Jauib #3 nudp 0 u 2.
2
B camoMm sene, TOYKHM CMEXKHOTO MHTepBata § = (% §> xapax-

TEepU3yIOTCS TEeM, 4TO HX pasfioeHHe B TPOUYHYIO APOOGbL KMeer
nepBoifl Tpouunbiit 3Hak 1. 3aMeTHM, YTO KOHUB HHTEpPBAa HMMEIOT
Mo }Ba pPa3/IOXCHUSA, & HMCHHO:

0,10000000... == 0,02222222 .

0,20000000... =0,12222222. ..

Jas Hac BAXKHO 3aMETHTh, YTO KaXKAAs U3 3THX TOYEK HMeeT pai-
J0KeHUe, B KOTOpPOM ydacTByloT Juib nudpel 0 u 2. Takum obpa-
30M, 062 CerMEHTa [IepBOr0 PaHra COCTOAT U3 TOYCK, HMMEIOoLinX
pPas3JIOKeHUE B TPOUYHYIO JpoOb, NMepBoll HudpOi KOTOPOro siBaAfeTca
au6o 0, mu6Go 2. Cpexy 3TUX TOYEK T€, TPOMUHOE PA3IOKEHHE KOTO-
pbiX HMeeT B KayecTse BTOpoOil uudpbl HenpemenHo 1, cyTb mutep-

1,2 7.8
Basbl §,={g; 5 ) u 8, =(5; 5), 1. e cMexusle. Mrak, Touku
CMEXKHBIX MHTEPBAJOB BTOPOTO PAHTa XapaKTEPHU3YIOTCHA TeM, UTO OHi,
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He umesa ungpri 1 B xavecTBe CBOEro NepEOro TPOWYHOrO 3HakKa,
UMEIOT ee Heu3GEeXKHO CBOUM BTOPHIM TDPOHUHbIM 3HakoM, Caejnosa-
TeAbHO, ynaass u3 cermenTta {0; 1} cmexHble uHTEpBaABl NEpPBLIX
JBYX PaHTOB, Mbl VI2/HM BCE TOYKH U TOJILKO T TOYKH, Y KOTOPBIX
uudpa 1 HenpemeHHO NOABJAETCH B KAyecTBE NEPBOrO HIAH BTOPOTO
TPOUUHOTO 3HAKa. TOUHO Tak »e yOeaaeMcss B TOM, UTO CMEXHbIE
MHTEPBAJLl TPETLETO PAHTA COCTOAT 113 TOUEK, MepBLE 1BA TPOUUHBIX
3HAKA KOTOPHIX OTJHUHB OT 1, HO TpeTHil HENpPEMEeHHO AB/sETCA
enumined, i 1. 1. Boo6ule, yransa u3 cerMmenra [0; 1] Bce cvex-
Hble MHTEpBAJbl PapfoB <L/, Mbl yJa/1M BCE TOuUKH, HMEoUiie
uudpy 1 no xpafineit mMepe Ha 0JHOM W3 NEPBHIX /I MECT TPOHYHOIO
pasioxenns. Orciona cjielyeT, uTo CyMMa BceX COOCTBEHHBIX CMEX-
Hbix uHTepBanoB K MHoxecTsy [l coctout M3 Bcex Touek cermenra
[0; 1], TpouyHOe pa3JjokeHHe KOTOPHIX HeNpeMeHHO COIACPHHT XOTH
6b1 onuy uihpy l. YTBepxkieHue 3 3TUM JAOKa3aHO. 3aMETHM, 4TO

Ka¥Jlafg M3 TOYEK IepBOro poaa, Oyayuu TOouYko# Buxa %, uveeT

B2 TPOMYHBIX PaA3JIOKEHHUA (OAHO U3 KOTOPbLIX HE CONLPKUT
wigpst 1).

4. KadtopoBo MuokecTBO |l HHI A2 He M;JOTHO HA YUCIOBOH MPAMOI.

B camom nene, taxk kak Il 3aMkHYTO, TO 1OCTATOYHO NOKA3aTh,
gro RIN\II Bcropy njorHo Ha R!, T. e. 4TO KaAad TOYKA X HHC-
JN0BOH nipsAMoil ecThb Touka npukocHoseHus MuoxectBa R'N\II. Oue-
BUAHO, IOCTaTOYHO paccmoTpers ciywat x €Il M nokasars, uToO,
KakoBo Obl ud O6uuio € >0, nMewores Ttouku RINII, nexautie

1
B U (x, &). Ilna s10r0 paccMoTpum CTOAb GOJbINOE 11, YTO g < &

Tak xak Hn COCTOHUT U3 KOHEYHOro 4ucja IONAapHO He Nepecekato-
i «
DHUXCA CerMeHTOB OJIMHbBI 3 TO PaCCTOAHHS OT KaxXKA0d TOUKHU MHO-

xecrea Il, (3Hauur, B gactuocTH, ¥ OoT Kaxiaofl Touku x€II) no
CYMMBI HHTepBa/loB, obpasyiomux aonosntenue Kk II,, menbme uem

g < & Cneposartesnno, U (x, £) umeer ¢ RIN\II,, a sHauuTt, u no-
nasHo ¢ R™\ II nenycroe nepeceuense, 4to M TpeGoBaNOCh 10KA3ATH.

5. O6osnauum uepes [I;, . .; MHOKECTBO BCeX TOYeK muoxectsa II,
Jexamux Ha cermente A; . . Ilpn mopoGnom npeoGpasosanuu

/ ]

(c Ko3ppHIHeHTOM 53), nepesogsimiemM cermedt [0; 1] B cermenr
Ai,...i , MuoxkectBo II, oueBHIHO, B32UMHO OJHO3HAYHO NEPEXOLHT
B MHOxecTBO I, .., OTKyla, B YaCTHOCTH, CHeLyeT, YTO MHOXe-
creo I;,...; wumeer mommoctb koHTHHYyMa. Ilycrh Teneps a—rpo-

H3BOJIbHAA Touka MHOkecTna [1. Jloxaxkem, yTo B J106G0ii OK pecTHOCTH
U (a, €) coaepsuTcs He TOMbKO OCCKOHEUHOe, HO LAXKE HECUCTHOe
MuokectBo Touek u3 JI (3TMv GyleT naHo BTOpOE JIOKA3aTesbCTBO
roro ¢akTa, yro 3amkHyToe MuoxecTBo [ me copepxur usonupo-
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BaHHBIX TO4EK, T. €. sABasgercs cosepwenubiv). Ilas 3T0ro BO3bLMEM
|

€TO/b GOMBILOE 71, YTO 77 < &, H PACCMOTPHM TOT CEFMEHT /-0 PaKra

Y

1.

oy Ha KOTOPOM JICKUT TOUKA a. Tax kak AJitHa 3TOr0 CerMeHTa

|
paBHa =7 <{ &, TO OH, COLEpXa TOUKY @, UETUKOM JIEKHT B U (a, &),

geM Haule yTBep:kjaeHue M noxasano, uGo U (a, &) coiepXuT uacrs
H[l...in muoxecrsa [, umeromyo MoWHOCTE KOHTHHYYMA.

TlogeegeM uTOr KOKa3aHHOMY.

Kanmopos duckonmunyym I ecmo Huede ne naomwoe cosepuuen-
HOe MHOJCECme0 HA HUCA0B0L NpPAMOL, KANOAs MOUKA KOMOpPo2o ecms
mouka KouOewcayuu amozo mHozxecmea. Mroswecmso scex cobcmeen -
Hbtx cmexcHbix unmepeanos K muoxecmey 11, ynopadouennoe na wuc-
20800 npamoti ecmecmsennoim 00pasom (cresa Hanpago), nodo6HO
MmHoscecmey ecex (080UHHO-) PAUUOHAABHBLX 4UCeA.

3. OGuime TeopeMbl 0 COBepilleHHbIX MHOXKECTBAX Ha MNPAMOI.
YcujieHueM CBOHCTBA 2 KaHTOpOBAa MUCKOHTHHYYMA sBJsSeTcs cie-
Adywoutad obas

Teopema 24. ¥Ynopadouennoe ecmecmsennbim obpasom (cresa
HANPABO) MHONCECMBO 6CeX KOHEHHBIX CMENHCHBIX UHMEPSars K aobomy
Huele He NAOMHOMY HeNnYCHoMY COBEPUICHHOMY MHOXCEcm8Yy nodobHO
MHOXCECBY 6CeX OBOUHHO-PAYUOHANBHBIX HUCCA.

B cuay Teopemst 1 § 1 ran. 3 nocrarouno nokasarb, uTo

1° cpenu KOHEUHBIX CMCHHBIX UHTEPBAJIOB K HUTHE HE IVIOTHOMY
coBepuientoMy MHoxecrBy (D HeT HH C€aMmMoro JIeBOro, HHM Camoro
npaBoro;

2° Mexay JoGbIMH IBYMS KOHCYHBIMH CMEXHBIMH HHTEpBanamu
K COBEpUICHHOMY HHIAE He IIOTHOMY MHOXecTBY @ nexuT no Kpai-
Hell Mepe OLHH CMEeXHBIH unrepBail K .

HokasartenbcTBo csoiictsa 1° Ilyers 6 =(a; b)—kKo-
HeuHbt cMexHbii uuTepBan K @, Torpa a € @®. Oxuako He MOMer
6biTy a = inf @, Tak xak TOrAa a Obia 6bl H3OJUPOBAHHOM TOYKOH
muoxkecrea @, Ilosromy wumeerca Touka x € D, pacroyoxeHHad
g/1es0 o1 a. Tak Kak @ uurie He MJIOTHO Ha R, TO HA (X; @) MOXKHO
HalTi Touky x €I'=RU\ . Touka X' HpHHALANEKHT HECKOTOPOMY
cmexxHOMY uHTepBany O xk (D, KOTOpbill, coxepxa TOUKY X' HHTEp-
BaJja (X; @) U He coaepxka HM 4, HU X, JexXuT Ha (X; a), T. e. pac-
TI0/I0JKeH BJIEBO OT uHTepBana (a; b)=90. Mrak, HuKakoit KoHeuHbll
CMeKHBI uHTepBan K (D He sABAAETCS CaMbIM JeBbiM. TakuM e
TOYHO 06pasoMm yGesaumcs B TOM, 9TO HUKAKOH KOHeUHbIl CMeXKHbif
unrepBad Kk @ He sABJASETCH caMbIM TIPABbIM.

NokasatennctBo cBofictaa 2°. Ilyets 8,=(a; b)) m
S, = (a,; b,)—nBa cmexdbix uHTepBana Kk @, u nycre §, Jexur
BjeBO OF 0,. TaK Kak 3TH uHTEpBajAbl He UMEIOT OOWEro KOHa, TO
b, 5~ a,; Tak Kak (D HUrae He MJAOTHO, TO Ha (b,; @,) UMeeTCA TOUKA-
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x € RN D v cojepraulnil ee CMeXHbI HHTEpBaJ JexuT Ha (b;; a,),
T. €. MeXay 8, u 6,, 4To ¥ TpeGoBaNOCH NOKA3aTh.

Caencteue. Ynopsdouennoe Muomecrso O 6cex CMEHHWX UHMEPLANOS
K OSPAHUYCHHOMY COBEDUEHHOMY Hl2de He MAOMHMHOMY MHONCECTHsY nodobHO
MHONCECITIBY BCCX 080UUHO-PAYLUOHANbHOIX mouex Cezmen ma [0; 1]

H3 rtecpemsn 24 BhiTekaer, uto Besikoe cevenue (A, B) 8 ykasaH-
HOM YNOpSLOYCHHOM MHOMKECTBe € NpUHANJICKUT K OLHOMY H3 CJe-
JAYIOLMX TPEeX THNOB:

1) B umkuem knacce A ecTb cametfi npasbiil, HO B BEpPXHEM
KJjacce B HeT caMoro J1eBoro WHTEpBaJa;

2) B A uer camoro npasoro, HO B B ecTb camulil JieBHd HHTEepBals,;

3) w4 B A Her camoro npasoro, HH B B HeT camoro Jesoro
WHTEpBaAA.

CeueHus 3TOrO TpPeTbEro pofa, KAK M3BECTHO, HA3LIBAOTCA
«legSMH» B YIMOPAJ0YEHHOM MHoxecTBe ©. Mot ceflyac npHAGKHM
TOJNBKO YTO INOJAYYCHHBIE PE3YJbTATH K JOKA3aTeNbCTBY QUEHb BaX-
HOM TeopeMbl, YTBepiKAaloWeld, YTo BCE OrpaHuddeHHble HUPLE He
M/IOTHBIE COBEPILIEHHbIE MHOKECTBA HA NP AMOIl NOAOOHH MeXYy CO6O0I0.

Onpenenenune 9. Touka coBepuwieHnoro MHoxectea @, asasi0-
IAasacA KOHILOM HEKOTOPOrOo CMexHOro K (O uHTepBasja, HA3bLIBAETCH
moukoti nepozo pooa (UMU 00HOCMOPOHHed moukoid) muoxecrtsa @;
touka x € O, He ABAMOLIASCA KOHIIOM HHKAKOro cMmexHoro x @
VHTEpBa/sa, HasbLiBaeTCs moukol 8mopozo poda (WU 08ycmoporHed
moukod) mHoxkecrBa .

OueBuano, ecnd Touka a€ @D ecTh TOYKA MEpPBOTO poja, TO BCE
JAocTatouHo GJM3KHe K a TOYKM MHoMKecTBa 1 pacnosnokeHsl ¢ Of-
HOIl CTOpOHB OT TOYKM @, 4 HMEHHO CJeBa OT 4, €C]Iu a— JeBblil
KOHEU HeKOTOPOrO CMEXHOTO MHTepBAaJa, H clpaBa, ClH g— [PaBbil
xouen cmexHoro Kk O natepsana. Ecau e ga—touka BTOpOTO poja,
To B J/i1060# GJIM30CTH OT TOUKH 4 ¥ CIIpaBa, U CJI€BA HMEIOTCA TOYKH
mHoxecrsa @.

Kaxno#i Touke x € D BTOPOro poja COOTBETCTBYET BOJIHE ONpeje-
Jennoe ceyeiue 0, = (A,, B,) B ynopagouyesHoM MHOKeCTBe O: 4TOGHL
NOJIYYHTh 3TO CeyeHue, NOCTATOUHO OTHECTU K HHKHEMY knaccy A,
BCC CMEKHble UHTepBaJibi, Jexallye JeBee TOYKH X, TOTJa BEpPXHUN
Kjacc B, Gyner cocTOSITh U3 CMEMXHBIX HHTEPBAJOB, JekKallUX npa-
Bee ToukH x. Ceuenne 0, == (A,, B,) ecTb miens: B caMoM jeste, MYCTh
8=(a; b) ecTb npoU3BOJLHBIH HHTEPBAJ, IMOJOMKHM HHKHETO KJjacca;
TaK KakK x-—TOYKa BTOpPOro popa, 10 x=<b, sHadut, b < x. Tax Kak
O uurpe He nuoTHO, TO Ha uutepsane (b; x) Jexur Touka x' €T =
= R\ D, a 3Ha4HT, U BeCb CMEXKHBI{ UHTEPBAJ, COACPKAUHA TOUKY
x', KoTophiil, TaKNM 06pa3oM, OKasbiBaercs crnpaBa OT uHTepBana §,
RO elle ciaeBa oT Toukd x. Mrtak, HUKAKON M3 HHTepBAJNOB HUMKHEIO
KJ1acca He ABJACTCA CaMBIM IPABBIM CpeAH HHTEPBANOB 3TOTO KJacca.
Toupo Tax Xe Ml ybejHMCa B TOM, Y4TO CPEAH HUHTEPBAJOB BepXHEro
KJIacCa HeT CaMoro JIeBOro.
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JByM pa3inyHBIM TOYKAM BTOpOro poaa x u x’, x < x’, COOTRETCT-
BYIOT pasjuuuble menn 8, u 0,., Tak KAaK BCE CMeXHble HHTep-
Balbl, Jexaliue Mexay X U x', nonagarot B B, ¥ B TO XKe Bpe-
mMi B A.

HoxaxeM, Hakoweu, 9yto Kaxjas wmetib 0=(A, B) B O oxa-
3bIBAETCA [OCTABJIEHHOH B COOTBETCTBHE HEKOTODPOIl TOYKE BTOPOro
pona mHoxecTBa . [pyrumu-cioBamu, HaifiieM TaKyl TOYKY BTO-
poro poja x €D, yro A COCTOHT M3 BCEX CMEXHBIX HHTEPBAJOB,
Jexaulux Jesee, a B—H3 BceX CMEXHbIX WHTEPBANOB, JeKalllnx
npaBee TOYKH x. PacCMOTpUM BEpPXHIOIO FPaHb @ MHOMKECTBA, COCTOA-
L1ero W3 KOHLIOB BCeX HHTEPBAJOB, SABJAIOLIMXCS 3JeMeHTaMH KJjacca
A. Touyno Tak e nycrb b ecTb HMXHAS IPaHb MHOMKECTBA KOHIIOB
BceX MHTepBa/doB W3 B. Tak Kak Kawaoilt untepBan u3 A J€XKuUT
JeBee Kaxjaoro uHTepsasa Uz B, 10 a<{h. Ognako ecau Gbl GbL1O
@ < b,to Ha (a; b) He okaszajnoch Ol HH OQHOTO CAMEXHOTO HHTEpBaJa
k @O, a 3HauuT, ¥ HU ogHoll Touxku MHOxecTBa RN\ P, B mnporuso-
peuud ¢ teMm, yto M wuurge He nnotHo. [lostoMmy a==b. Tlonaras
x=a==b, BUIUM, YTO X-—TOYKa BTOPOTO POia U 4TO A NCHCTBUTENHLHO
COCTOMT M3 HHTEpBa/JOB, nexaliux Jesee, a B—u3 uHTepBanos,
AeKauyux npasee TOuKH x. Mrak, Hawa KOHCTpYKHHSA faeT B3aUMHO
OZIHO3HAYHOE COOTBETCTBHE MEXIY BCEMM TOYMKAMH BTOPOrO POja MHO-
xectBa @ u Bcem WenaMu MHOXecTBa ©. Ho MHOXecTBo Beex wmesieit
MHOXKeCTBa © €CTeCTBCHHHIM 00pPAa30M OKa3blBAeTCsl YIOPANOYeHHLIM:
JOCTATOUHO YCJHOBHUTHCH, 4TO 1iesb O, = (A,, B,) npejiecTsyer Hesu
8,=(A4,, By), ecnu A, < A,. Ilanee, eciu ¥3 ABYX TOYEK BTOPOTO
pona x, y€® nepsas Jsexutr jesee Bropoit, To A, < A, Tak
YTO YCTAHOBJICHHOC HaMH COOTBETCTBUE MeXAY TOMKAMH BTOpPOTO
pona MHomectBa @® u mensiMp B © €CcTb COOTBETCTBHE
nopobus.

[TycTs Temepb jaHbl 1BA OTPAHUYCHHBIX COBEPUIEHHBIX HHUIIE He
mnoTHbix MHOxecTBa @ u D' Ha uyucaoBoh npsamofl. Muoxectsa ux
TOYeK nepeoro poga o603HAYUM COOTBETCTBEHHO uepes S u S, a
YNOPANOYEHHBIE MHOMXECTBA HMX KOHCUHBIX CMEXKHbBIX HHTEPBAJOB —
yepes O v B'. YnopajgoyeHsble MHOXKeCTBa © H O nogoGHH Mexay
co0o10, TaK KakK KaxJoe U3 HUX NON0GHO MHOMECTBY BCEX JBOMYHO-
paruoHabHbIX uyces. CooTBeTCTBYE Nopobus Mexay 6 n @' nopox-
JaeT COOTBeTCTBHe TMoxobus Mmexay S u S’ ecid 8=(x;y)
&8’ == (x';y’)—cooTBeTCTBYIOLME APYF APYTY CMEXKHbie HHTEpBaJbi K
® u @O, To cunTaeM COOTBETCTBYIOUMMHU . APYL OPYTY X u X', Y
y'. Kpome tore, craBuM B cooTserctBue a=inf ® u o' =inf @',
b'=sup @ u b’ =sup @'. CooreercTBUe nonob6us Mexnay 6 u O
HOpOXA3eT COOTBETCTBHE MOAOOUA MEKIY MHOMECTBAMU BCeX mesed
B O uB 60, 1.e. MexAy Toukamu Broporo popa B @ u @'. Ocra-
€TCs II0KA3aTh, 4TO NOJAYYEHHOE B3aNMHO OJHO3HAaYHOE COOTBETCTBHE
mexxny Becem @ 1 Bcem D' ecTb cooTBeTCTBHME TOA06HA. A a4 3TOTO
JOCTATOYHO AOKA3aTh CJEAYIODICE:
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Ecau x —nepsoro, y—peroporo posa B @, a x” u y —cooTsercr-
pyolye uM Toukn 8 @', 10 u3 ¥ < y, COOTBETCTBCHHO X > ¥, Cjeayer
x' <y, coorBercTBeHHO X° > Y.

Ho orsowenune x < y pasHOCHIBHO OTHOWeHHIO x € A, KOTOpOe,
B CUY COOTBETCTBHA MOXIY WIENAMH B O usB 8 nepexo,zm'r B OT-
Hoilenue x’' € A,,, paBHOCHIbHOE OTHOWeEHHIO X' <y Ananornyso
H A5 OTHOUICHUA X >y (PaBHOCWJBHOTO OTHOLIEHHIO X € B)).

[NpeapiayiinMy paccyACHHAMH JNOKa3aHa

Teopewma25. Bee vepanuyennste cosepuieHHbie Hu20e He NAOMHbIE
MHOKCECAA HA NpAMOl NnodobHet mexcdy cobow. B wacmuocmu, 6ca-
KO€ COBEPUIEHHOE 02PARUMCHHOE HU20e HE NAOMMOE MHOMCECINBO HA NPA-
Motl n0000HO KAHMOPOSY OUCKORMUHYYMY.

Tak Kak TOMOJIOrHs YHCJAOBOH MNPAMOR M JEXKAmMHUX Ha Hell MHO-
MHKECTB MOXET PaCCMaTpHUBATHCA KaK NOPANKOBAA TONOJOCHA B MHO-
HecTBe JNCHCTBUTELHLIX YMCEd, TO B Teopeme 25 CIOBO «0AOGHLD
MOXEeT OblThb 3aMEHEHO CJIOBOM «TOMEOMOP(dHLI».

Temu 3Ke paccyxAeHHSMU J0Ka3blBAeTCHA, YTO BCe COBEpLICHHLIE
HHUfe He TUVIOTHHIE U B 00€ CTOpOHH HEOTpaHMYCHHbIC MHOXKECTBA
nofo6Hb MeX1y c00010 (HAWM pPacCyKICHHUS JaXMe HEMHOro ynpo-
L1AaI0TCST OT TOrQ, YTO TAKHE MHOMECTBA MMEIOT JHWDb KOHEYHbE
CMeKHbie HHTepBaJbl). Mexny npouum, Bce B 06e CTOPOHB Heorpa-
HUdeHHble COBEpIUCHHBIC HUIAE He IJIOTHbie MHOXECTBA MOXOGHHI,
HanpuMmep, KaHTOPOBY AUCKOHTHHYYMY, U3 KOTOPOFrO YyJaleHnl Jse
ero xpailiue (camas Jesas u camas Ipasas) TO4YKU. AHAJOTUYHO,
COBEpIHICHHOE HUI[E He IJIOTHOE MHOMKECTBO, OrpaHHYEHHOE TOABKO
cHHU3Y (TOJALKO CBEPXY), NOROOHO KAHTOPOBY IAHCKOHTHHYYMY 0e3 ero
caMoil paBOH (caMofl JIeBOH) TOYKH.

U3 usnomedHoro caenyer, 4To 6cAKoe Huz2de we nAOMHoe Cosep-
WIEHHOE MHONCECTIBO UMEEHTt MOWHOCTb KOHMUHYyMA.

Hakoneu, ecjid coBepUICHHOE MHOMXKECTBO NJIOTHO HA KAKOM-HH-
6ya1b MHTEpBA/e, TO OHO COHEPXKHUT ITOT UHTEPBAN M, 3HAUKUT, TOKe
HMeeT MOIIHOCTh KOHTHHYYMA, HTaK, HMeeT MeCTo C/ACAYIOHiA 06-
Ui pesyJbTar:

Teopema 26. Beakoz cosepuiennoe MHOKCICMBO HQ APAMOL UMeent
MOLYHOCTS KIRMUNYYMA.

STy TeopeMy (CHauaJja CHOBA A/l OrpaHHYCHHLIX HHUTJC HE ILIOT-
HLIX MHOMECTB) MOXHO BbIBECTH euie M U3 JIP)FUX cooOpareHui.
Msl BHIEH, YTO MHOKECTBO TOYEK BTOPOTO POf2 COBEPIUEHHOTO HH-
rae He nJjoTHoro Muoxkectsa O nogo6GHO MHOMKECTBY 1e/efl MHOXeCTBa
©. Ho MHO)ecTBO © B CBOIO oYepeab NMOAO6HO MHOXKECTBY pallMOHAJb-
neiX uHcesa. 3HAYUT, MHOMKECTBO BCEX TOYEK BTOPOrO pOJa MHOXKeC-
tBa (D n0106HO MHOMECTBY BCEX UIEJieil MHOMECTBA PalHOHAALHLIX
unCes. HO MHOMECTBO BCEX ule/iell MHOKeCTBA pallHOHATLHBIX YHUCEJI
nojAo0HO MHOMKeCTBY BCeX -HpPAUHOHANLHBIX YHCeN. ITOT pesy/bTar
ocTaeTcs B cHAe H 6e3 npefNoJoKeHUs] OrPpaHUuYeHHOCTH MHOIKETTRA
@. Hrax:
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Teopewma27. Muosecmao scex mouex smopoeo poda 106020 co-
BEPUICHHOECO HUu20e HEe NAOMHN20 MHONCCCMBN HA NPAMOU NOGOGHO MHO-
ICECIMBY  6CCX UPPAUUOHAADHIX HUCEA U, CAL008AMEALHO, UMEeI MOl
HOCMb KOHMUHYYM.

3asepuiuM 3ToT naparpad NoCTpoeHWeM CTaHAAPTHOTO OToGparke-
HUA KAHTOPOBa NHCKOHTUHYYMA Ha OTpe30K uucA0Boil mpamoi. [lo
Teopeme 24 MHOKECTBO CMEXKHBIX MHTEPBAJOB K KaHTOPOBY AHCKOM-
THHYYMY [O00HO MHOXKECTBY ABOHYHO-DAUHMOHANbHBIX YHCEJ OTpe3Ka.
Ha cmexnom unrepsase 8, K KaHTOPOBY IHCKOHTHHYYMY, HMElOLIEM
B KAYE€CTBE HOMEPA JABOMUHO-PallHOHANBHOR 9UCT0 7, MojaraeM (yHK-
LHIO ¢ paBHOH 7, Tak XKe Kak H Ha ero kouuax. Ocraercs noornpe-
IeduTh (PYVHKLHIO @ B TOYKAX BTOPOrO POJA KAHTOPOBA AHCKOHTH-
nyyma. Kaxpas Takas touxka £ onpenesnseT pasfueHHE MHOXECTBA
BCCX CME:KHBIX HHTEPBAJNOB Ha 1Ba KJacca-—Ha HHTEPBaJbl, JCKa-
IHe CIeBa OT TOYKHM E, W HA WHTepBaJ/bl, JeKallHe Crnpasa OT 3TOH
toukd. Tem caMeiv onpezeseno ceueHHe (A, B) B MHOKecTBe Bcex
JBOMYHO-PAllHOHAJBHBIX YHCe OTpeska, spasolleecs iieano. [Tosa-
raeM @ (§) paBHLIM COOTBETCTBYIOUIEMY 3TOl €A1 ABOMUYHO-HppalH-
oHa/NbHOMY uwucay. VKrak, nocTpoeHo orobpaxenue ¢ oOTpe3ka Ha
ce6s. OHO HenpepbiBHO, KaK MOHOTOHHOE OTOOpaXKeHHe OQLHOFO yIo-
PSICUYEHHOTO MHOXKecTBa Ha apyroe. I'papuk 3TOro 3aneuaresbHOro
o1o6paXieHisa HOCHT HA3BaHHE «KAHTOPOBOH JecTHHub». OrpaHuueHue
3TOT0 0ToOpakeHUs HA KaHTOpoB AucKOHTHHYyM Il w Oyaer crau-
JapTHBIM oToGpaxeHnHeMm mHoxkecTsa Il Ha orpesok.

§ 6. Hekoropble kaaccuueckue npumepsi
METPHUECKUX NMPOCTPAHCTBE M HX CBOHCTBA

B stom naparpade MBI npuBejeM HECKOAbKO BaxHelNMX npume-
POB METPHYECKHX NMPOCTPAHCTB, NMOCTOAHHO BCTPEYAIOUIMXCA BO BCe-
BO3MOMKHBIX OTA€/JaX MaTeMaTHKH.

Uncnoeas npsamas R! u3pecTHA 4HTATeNO elle H3 cpelHeid
wKo/abl. TOUKaMU 11-MepHo20 eeraudosa npocmpancmea R* naspiBaoTca
MoC/Ae10BATEALHOCTH

Xys Xgy oony X,

U3 1 JEHCTBHTE/JbHBIX uHces, INpHYEM PacCTOSIHHE MEXAy ABYMS
ToukamMu x=(x%,, ..., x,) 4 y=(y,, -.., Y,) onpenenserca dop-
MYJI0i

px, =V, —p)+ ... Fx,—y.)%

dro paccrostne, OUEBHAHO, YIOBJETBOPAET aKCHOMAM TOXKIECTBA
u cumnerpun. JlokaxeMm, WTO OHO yJOBJETBOPAET TAKKE W AKCHOME
Tpeyro/ibHiKa. JloKasaresbCTBO OMMpaeTcst Ha HepaBeHCTBO Kowu —
ByHAKOBCKOro (HENpaBH/AbHO HA3HIBACMOE T3KXKe HePaBEHCTBOM
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Hlpapua), a nmeHuo Ha HepaBeHCTBO

<V Exy/ e )

BepHOe A/A AOGHIX HAGOPOB ACHCTBUTENbLHBIX 4HCN X, H Uy.
Haunem ¢ gokasarenbcTBa 3TOr0 HepaseHcTBa. PaccMOTpHUM cHa-
9ajla yactHslil caydail, Korna paccTOAHUUA OT TOUCK X =={(X,, ..., X,)

B oy=(ly, ---y §,) 00 nauara xoopdunam o==(0, ..., 0) paBum 1
(r.e. Xi+...+x=1, gi+... +yi=1).
Tak kak
Q o 9 S
0< X (o—u* = X xi+ X i —2 3 vt
TO

n

n r
2 i+ 2 ui>2 X nye

n
o Y
SHAYMT, B CHAY HAIIHX TIPEANONOMEHHHA uMeem 2>2 X Xuy, T. €.

n
1
24 Xy < L. (1)
k=1t
Ilycrs Tenepb x=(x,, ..., x,) u y=(y,, ..., Y,)—Kakue yroaxo
TOYKH N-MEPHOTO NPOCTpaHCTBA R,
Tlonoxum
e ;. . Yr
./\k:——/..—’c‘-_:', yk:—f; Hpﬂ k=l,2,...,n
V 2« ) br
! ’ [ s ’ ’
Toraa paccrosHue oT Touek X' ==(X;, ..., X.), ¥ =(4s, ..., Yn)

10 Hauyajga KOODpAUHAT pPaBHO l, H Mbl, 10 TOJALKO YTO AOKA3aHHOMY,
MOXKeM Hanucarhb

n
Y P
Z x.’eyk< lv
k=1
—
zxk”k

‘/Zxk Zyy '

yem HepaseHcTBO Koiun —ByHAKOBCKOTO N0OKa3aHO.

*) Jaa dutateseli, 3naKOMbIX € OPOCTCHLUMMH MOHATHAMH, KACAOULMMHACA
HEKTOPOB B N-MEPHOM IPOCTPAHCTBE, 3aMCTHM, YTO HepaseHcTBo (1) AAR ABYX Bek-
Topos E=(x1, ..., X) H §=(yyg, ..., Yu) OCOGEHHO NPOCTO 3aMUCHIBACTCI, €C/IK
HCnoab30BatL 06o3Haueknd ckaasipuoro npoussetendasn: (§, W) <5 -]
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IokaxeM Tenepb, YTO0 B MPOCTPAHCTBE R" BLIIOJIHEHA aKCHOMA

TPEYrOJNbHUKA, T. €. YTO I8 JIOOBIX X==(Xy, ..., X, ) M y=={lf;, - . ., §,)
UMeeM HepaBeHCTBO (cymMMuHpoBanue Besge oT 1 10 n)
V3 t—zyF <V Z W=y +V ZWe—2z) @

noﬂal‘aﬂ xk—yk: uk, yk——-Zk:vk, nMeeM xk—zk=uk+vk, TAK 4YTO
NOAJIeKALLee IOKA3aTe/NbCTBY HEPaBEHCTBO (2) NepenucsLBaeTCa B BUje

VZ (up+up)* << VZ U+ VZ U
WM —TI0 BO3BejeHMH obeux yactedl B KBajgpar —B Buje

(et < Jui+ Do -2V Rui-V Yo,

Nut 3242 up, < Do+ Noi -2V DoV ok

Ho nast nokasatenscTBa 3TOr0 HepaBeHCTBA JOCTATOYHO 00€ YacT
nepasenctda Kown —ByHsIKOBCKOrO NOMHOXKHTb. HAa 2 M 3areM Npu-
6aBUTb K HIM [0 BBIDAKEHHIO X u}-+ X 07,

3aMeyaHue O METPHYECKOM NPOH3BEACHUHN NI POCT-
paHcTs. 10 3aMeyaHHe COBEPUICHHO €CTECTBEHHO INPHUMBIKAET
K ONpeje/eHHi0 eBKANIOBHX npoctpancts R”. Ilycrs naubr metpu-
YeCKue MPOCTPaHCTBA

X, ..., X,

(B KOHeuHOM uxcae n). TouKamu MeTpuueckoro npousserenuns X —
=]X;X...xX,] HasoBeM BCeBO3MOXKHbE MOCJ€I0BATELHOCTH,
Kanas H3 KOTODHIX COCTOMT U3 £ 3saeMeHToB X, € X,, ..., x, € X,,.
Paccrosinve Mexay ABYMs TOUKAMU X = (X, ..., X, ) K Yy==(4,, - - ., §,)
npoctpanctsa X ONpejeHM 1o (opmyJe

p(x, =V, 9))+ ...+, y.).

Yurareno npenocTaBafeTcs camoMmy y6esuThcsi B TOM, YTO BBEJeH-
HOE TAKHM 06pa3oM paccTOsTHHE YI0BJIETBOPSET BCEM TPEM aKCHOMaM
MeTPHYEeCKOro NpOCTPAHCTBA.

ITpexe uyem onpenenaTh rUALGEPTOBO MPOCTPaHcTBO R™, nAB-
nsomeecs Kak Obl GecKOHEUHOMEPHBIM aHAJI0rOM eBKJMAO0BA Mpo-
CTPAHCTBA, 3aMMILEM OJHO APHPMETHYECKOE COOTHOUICHUE, HEMOCPes-
CTBEHHO BBITEKaIOlee W3 AKCHOMbI TPeYroNbHHKA, BHITIOJHEHHOH, KaK
CleyeT #3 NPeAbIAYIINX DPACCYXACHHHA, B n-MEePHOM €BKJIHIOBOM
npoctpancrse. MMeHHO, NMpuMeHHM aKCHOMY TpPEyrolbHURA K TpeM
roukam 0 =(0, ..., 0), x=(x,, ..., x,) 4 y=(y,, -.., Y,) n-mep-
HOro eBK/HJ0BA NPOCTPAHCTBA, MOJydaeM

p(x, 0)+p(, y)=p(x, v),
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]/2 X+ 24 Yn = k§ (Xe—1z)*. 3)

k=1
Ilycte Tenepb mocienoBaTebHOCTH ACHCTBHTEALHBIX WicCes

Xyy Xgy ey Xpy ooen

Yis Yas o ovy Ypy oo
CyTh HOC.TIe}lOBaTeJIbHOCTM CO cxopAledicsa CyMMOIul KBanpa-

TOB (T. €. pansl Z X2 u 2_, y: cxonsitest). Torpa, nepexoas B (3)

n=1

K npejeay npu n—»oo, IOy 4UM

l/mk +} k§1y2>]/k>;] (¥ (4)

Tax Kaxk Bce nanucaHHble pAAbl—C MONMOXKHTEJAbHbIMH 4YICHAMHU, TO
o 2

:

w3 (4) caenyeT cxomuMocTh pana 2 (x,—y,)*. Wrak, ecau padot
k=1

o0 o

o
Ql Y 9 % P
D xiou X yd cxodamea, mo cxodumca u pad 2, (X,—yg)?. To
k=1 k=1

n ecTb apupMeTHUeCKOe COOTHOLIeHHe, HY/KHOE HaM Jjis onpejese-
Hus npoctpaHersa [ Hiabbepra.

Onpenenenue runb6eprosa npocrtpanctsa R*. Tou-
KamMu ruac0epToBa NPOCTPAHCTBA SBJAICTCA BCEBO3MOMHLIE (eCKO-
HeUHble TOCTeNCBATEILHOCTH JeHCTBHTEbHBIX YHCel

Xiy Xy ooy Xy

co cxogamefica CyMMOH KBallpaTOB Paccrosinue mesny
JBYMS TOYKAMHU X = (xl,_ Koy woesXpy oo YU Y=Yy Yay ooy Ypyy + - )
onpejeaseTcs ¢opMyaoAd

=

p(x, y): 231 (xu_yn)2

(0 TOJBKO 4TO JOKA3aHHOMY, PAJL CMIP2BA CXOAMTCA B HAmMUX npen-
NONOKEHHSAX, TAK YTO pPAacCTOSHHE ONpeleieHo AAA JIOGhIX IBYX
ToueK ruianGeproBa npocrpancrsa). Ilpoeepsem akcHoMbl MeTpuue-
€CKOro MpOCTPAHCTBA. AKCHOMBI TOKAECTBA M CHMMETPH BHIIOJHEHH
OYeBHAHBIM 06pa3oM. AKclioMa TPeyro/bHHKA MOJydYaeTcss Hpeneb-
HbIM [EPEXOAOM MPU 71— 00 N3 COOTBETCTBYIOLNEIO HEPABEHCTBA JJA



§ 6] [PUMEPBE] METPUUECKHX ITPOCTPAHCTB 151

n-MepH0r0 €BKJJAHNO0OBA npOCTpaHCTBa
n n "
l/ 2 (Xe—ye)* + ]/ 2 (Ype—2x:)* = ]m
k=1 k=1 b=1

MuoxecTBo Bcex TOueK xX=(X,, X ..., X,, ...) THAsGeproBa
1
NPOCTpanCTBA, A5 KoTopbiX 0 < x, < o (mpu moGom n=1,2,3, ...),

ofo3HayaeTcss Yepes () ¥ HA3BIBACTCH OCHOSHbIM napanteaenitnedom
ruab0epToBa NPOCTPAHCTBA (1M TPOCTO 2UALDEPMOSHIM KUPAUUOM),
Jlerko Bujers, urto Q 3aMKHYTO B R®.

Mbl 3HaeM, YTO MHOMKECTBO BCEX pauUMOHAJIbHBIX (2 TaKXKe MHO-
HKECTBO BCEX HPpalLMOHANbHBIX) TOYEK 4MC/A0BOH mpamoil R! Bciogy
NJOTHO Ha Hei.

Jlerko HaliTH cueTHoe BCIOAY IIOTHOE MHOKECTBO M B A-MEPHOM
€BKJIHIOBOM TpocTpaHcTBe R® NpH JHOGOM 7! TaKUM MHOMKECTBOM
siBNMeTCA, HanpuMep, MHOMECTBO BCEX «PALHOHANBHBLIX» TOUYEK, T. €.
TOYeK, y KOTOPLIX BCE 71 KOOPAMHAT papHoHajbHbl. CUETHOCTH 3TOrO
MHOXecTBa fokasaHa B § 4 ra. 1.

B ruanGeprosom npocTpaHcTBe R™ TaKKe HMEETCA CYCTHOE BCIOAY
NJIOTHOE MHOXKECTBO: TaKHM MHOXKECTBOM, Hanpumep, AB/isfercs MHO-
xecerso D Bcex Touek Buua

x=(ry, ry .., 7,, 0,0, 0, ...}, (5)
Yy KOTOPBIX BCE KOOPAHHATH! PALMOHAJIbHB M CPeAd HUX Jdib KO-
HeyHoe (01HAKO CKOAb YTrojHO GOJbUIOE) YHCJIO OTJAHYHO OT HyJIA.
CuetHocTs Muoxectsa D crepyer us toro, uto D ects cymma cyet-
Horo MHoxectBa wMmuoxects D, rae D,, no onpejeneHuo, cocrout
n3 Bcex Touek BMAa (5) Npu NAHHOM 7.

O6o6mennoe ruAbGepToBO HOpocTpaHcTBo [*F
CTpPOHTCA AJA BCAKOrO 6eCKOHEYHOrOo KAapAHHAJALHOTO 4HCIA T c/e-
AYOUHM crnioco6oM (NpUBOISILHM B CJAy4ae CHETHOrO T K OGBIKHO-
BEHHOMY (KJacCHYeCKOMy) THAbGEpPTOBY [POCTPaHCTBY). Bo3bmem
Kakoe-1400 MHOxecTBo ¥l =={a} MOUHOCTH T, KOTOPOE HA30BeM MHO-
JKECTBOM HHIEKCOB, 2 CaMH 3JeMeHThl o MHOxecTBa ¥ Ha3oBeMm uH-
nexcamy. Tlpu cuerHoM T BO3bMeM B KauecTBe 9 MHOXECTBO Bcex
Hatypaabubix uHces ¥), Kaxmomy o €3 mnoctaBuM B COOTBETCTBME
HEKOTOpOE BELIECTBEHHOE 4YHCAO Xo TaK, 4TOOGbl MHOMKECTBO TeX d,
IS KOTOPBIX Xo 70, Obl10 He Go/ee yeM CYeTHO H 4TOOBI MPU 3TOM
CyMMa KBaj1paTOB YHCeA X, Oblna Koxeysa. Mbl MOAYYWIN QYHKIHIO
X =x (&), ONpeje/eHHyI0 Ha MHOxecTBe ¥, CO 3HAYCHUSIMH, ABASIO-
IWAMHUCSA BELICCTBEHHLIME YHC/IAMH, H YAOBJAETBOPSIOLLYIO NOCTaBICH-
HbiM Bbile yciaoBuaMm. Kaxpas rtakaa ¢yHKUus x cO 3HayeHUsIMH

*) [pr aeGoM T MOWHO, KOHEYHO, MPUHATL 32 2 MHOKECTBO BCEX NOPILAKO-
BLIX YHCCA MOULHOCTH < T.
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x(a)=1xq (Kamaplii wabop umcesa {x,}, rae a npoGeraer Bce MHO-
ectBo MHAekcoB ) HaspiBaeTCs TOUKOfl x == {X,} npocrpascrea H*,
a CaMHU. YHCAA Xq, T. €. 3HAYeHUS (QYHKIHH X, HA3BLIBAIOTCA KOOPAH-
HATAMH TOUKH ¥ ={x,}. Kak u npu 1= &, 119 BCAKHUX ABYX TOUEK
x={xo} u x' ={x,} umeer mecto HepasexcTBo Komu—DbyHsakoB-

CKOTo0
> xax, < ]/2 X3 ]/2 X2,
aed

e aed

rae cymmvupoBande BegeTcs no Beem a € U uau, 4to TO Ke camoe,
no He GoJiee yeM CUETHOMY MHOMXECTBY TeX o, I/ KOTOPHIX XOTA Obl
ONHO W3 uHUCeJ Xy, X OTJHYHO OT HyJas. M3 3rtoro nepasexcTBa
clAenyeT, 4To AAS Touek x=={x,} u y=={y,} onpeneseno kKoHeunoe
HEOTpHILATE/IbHOE YHCJIO

Y (x» y) = ‘l/-aez; (xa—ya)29

HA3LIBAEMOe DPACCTOSHHUEM MEX1y HHMI, # YTC 3TO paccTosiHHe (oue-
BHJIHO, YAOBJETBOPAIOUIEE AKCHOMAM TOXKACCTBA M CHMMETPHH) y10B-
JeTBOpSeT U akcuome TpeyrospHuka. [losydenHoe meTpuueckoe npo-
crpauctBo H™ HasbiBaeTc 0600uieHHbtM  2UAbOEPMOBHIM N POCIPAH-
CIMBOM «HUCAQ UBMEPEHUL TY.

Mpocrtpancteo C BCceX HeNpepHBHBX QPYHKUUHA [
Ha otpe3ke |0;1]. Toukamu npocrpanctea C ABAAIOTCA BCEBO3-
MOXHble BelleCTBEHHble HenpepuiBuble GYHKUHH Ha oTpe3ke [0;1]
uncsosofl npamoii R *). Paccrosuue o (f, g) Mexay nByMs TOYKaMu
npocrpadctea C, T. e. Mexay ABYyMS QyHKuHaMU [ U g, onpele-
JAserca Kak

p(f, &)= sup |f(x)—g)].
0Lxg L

YuraTesb JMETKO JOKakeT, 4TO NOCJAENOBATENLHOCTb TOYEK [, f, ...
vers [us +-. npoctpaHcTBa € CXOQMTCA K TOYKE [ TOTAA M TOJBKO
TOrja, KOrja nocaejpoBaTtenbHocTs dynkuui f,, f,, ..., f,, ... paB-
HOMepHO cxonutcs Ha otpeske [0; 1] K dyHKuHn f.

HJokaxem caenyiomee

Mpeagnoxenune 1. B npocmpancmee C codepycumca cuemuoe
8CI00Y NAOMHOE MHONMECmeo.

JlokasaTenbcTBY 3TOTC TUpefJOMEHUA TpejpnoulsieM HECKOJAbKO
sfemMeHTapunx 3amevanuii. HasoseM «gonyctumoit» soManoil BCAKyio
NPOCTYIO JIOMaHYI0

L= Ao Ay Am (6)

YAOBACTBOPAIONLYIO CAENYIOIIHM YCIOBHAM:

*) BmecTo orpesxa [0; 1] moxHo Opino 6wl B3STL B M0G0 APYrod oTpe3ok
fa; b} uncaosoi npsimoi.
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a) nomadasa [ Bca pacnosioxena B nosnoce 0<Cx<C1 u ¢ Kax-
JOH Jexawmeil B 3TOA nHoJjoce MpaMOH, nmapanneabHo# oCH OpAMHAT,
nepeceKkaeTcs B OLHOH JHllib TOYKe;

6) BepuiMHAMH JOMaHOH [ SABJISIOTCA TOYKHU

Ao:(xov .l/o), A1:(x1y y1), ey An:(xm yn)

¢ panHoHa/lbHBIMH afcuuccamu, npuueM x,=0, x,==1.

OyeBundo, Kampaa jonyctuMas JdoMaHas L siBAseTcs TpaduroM
HekoTOpoil HenpepsiBHOf Ha [0; 1] dyHKuMu A (X), JTHHEHHON B KaxX-
nom u3 cermentos [0; x|, [%;ix,], ..., [x,-;1]. Henpepbisusie
MYHKIHH 3TOrO poAa HA3LIBAIOTCH KYCouHO Aunelidotmu. Kycouno au-
HEellHYI0 (PYHKILUIO HA30BEM «I1ONYCTHMOIl», €Ci ee rpaduk ecTb Jo-
nycTHMAas JioMaHas.

Cpean Ja0ONyCTHMBIX JIOM2HBIX H COOTBETCTBYIOULHX HM KYCOYHO
JUHeHHbIX (YHKUHHA Mbl '0c000 BHIJEIHM «pETyafApHBE» JOMAHLIC M
dyukuua. JonycTHMYIO JIOMaHYI0O Mbl Ha30BeM peryJspHOH, ectn
ofe KOOpAHHATHE KaxI0H U3 ee BeplIUMH pauHOHaAbHH. PyHKuuH,
rpaduKamit KOTOpBIX fIBASIOTCS peryaspHbie JOMaHble, Ha3oBeM
Takxe peryaapusimu. M3 Teopempt 9 § 4 ra. 1 caenyer, yto mso-
JEeCTBO BCEX pery/sipHbix JoMmaeblX cueTHo. CleposarenbHo, pery-
asgpuble GYHKUHH OGPas3ylOT CueTHOe NoxMmHoMxecTro C, NMpocTpaH-
crea C. Hawa 3apaya— pokasars, uto MHOMeCTBO C, BCIOAY MJIOTHO
B C. DTO yTBepkKjaCHHE BHITEKAET W3 CJACAVIOUUX ABYX HpelIOKeHM:

A) KaxoBel 6b1 HH Gblid HenpepsiBHas ua |0; 1] dyuxuus f(x)
H [I0JOKUTE/JbHOE YHCJAO &, CYUECTBYeT AONYCTHMAs KYCOYHO Jiu-
neftnas QyHxuua A (x), yposaersopsomas ana Bcex x €[0; 1] ue-
paseuctBY | f(x)—A (x)]| <.

B) Kakosbl Obi HHM OblIM 10MYCTHMAas KYCOYHO JuHeHHAs ¢yHK-
HHA A (X) W HOJIOXKHTeIbHOE YHCJIO &, CYLIeCTBYLT peryaspHas ¢pyHK-
uua  A* (x), yanosnaersopswomas jpas seex x€[0; 1| nHepaBencty
PA(X)—A*(x)| <e.

JLasi nokasarenbCTBa NpelJoKeHHA A) BOCHOJb3yeMCH H3BECTHON
U3 aHaju3a TeopeMoil O TOM, YTO BCHKAs HempepbiBHAs Ha CerMenTe
[0; 1] ¢yHKUMA paBHOMEpPHO HenpepbiBHA HA 3TOM cermeHTe. [losTomy
AJst naHHO#l HenpepeiBHOH Ha |0; 1] dyukunu f(x) MOXHO K0 BCSI-
KoMy & >0 mnogobGpats 8 >0 Tak, 4To6H A JOGHX x' u X" Ha
cermente [0; 1], ynoBneTsopsiomux HepaseHcTBY |x' —x"| < §, Gblio

[F(xY—F )< % . PasoGbeM tenepb cerment [0; 1] paunonann-

Hbi MU TOYKAMH X,, ..., X,., H3 OTPC3KH
[£,=0; x,], [xs %], -+, [X,-p x,=1]
aauuel < 8, ¥ nycTh
yi=1f(x)
aas i=0,1, ..., n. Ecau nonoxuts A;=(x;, y)upu i=0,1, ..., n,

T0 JomaHas (6) Oyder ponycTumoil; o0o3HAaUUM H306paxKaeMyio: elo
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Kycouno JuHeiinylo ¢yskwino uwepes A(x). Jna kaxpoi ToYkd X
cermenta |[0; 1] onpegeaum x; u3 ycaoBua x;<Cx < x;,,. Kimeem
OUEHKHU

T —Fu) <+,
1A () —A () << IR ) —A ) | = | ) —F ) < 5
OTKyaa, MoMus, uto A (x;)==f(x;), moayvaem
) —A @ <ITT@O—FE) |+ A E)—A ()] < 5 +5 =8,
gem yTBepikaeHie A) 10Ka3aHo.

YrBepKnuexue D) BbiTekaeT H3 CAERYIOMErO 3aMeYaHUN:
B’) Nycrs panm ponyctuMas jomanas (6) u uucno & > 0. Ecau

Yo» Y1s ---» Yn OTIHYAIOTCA COOTBETCTBEHHO OT Yo Yy --+s Yn
MeHbile yeM Ha & U A; == (X;, y;), T0 nAs QyHKUHH A* (x), H300pa-
*kaemoil jomanoit A, Ay ... A, 6yner

% () —A* (1) ] <e.

(Yreepxaeune B) crenyer u3 B’), Tak kak 3uauenud Yo, Yi, « - -, Yn
MOKHO BbIODAaTL PALHOHAJLHBIMU.)

JleficTBuTeIbHO, TIYCTh X— NPOH3BOJALHAS TOYKa cermeiita [0; 1].
Onpenenum x; n3 yeJoBusa X, < x < x;,,. Hmeem x =1x, 4+ (1 —8) x; .,
rie

0<t="n"%

T~ =
Xiv1—Xi

Toraa
A=ty + (1= Yy M@=ty +(1—0yi,,
H, CJAel0BaTeJAbHO,
l7»(16)—” <ty —yi| +A =D gia—yin, | <e[t + (1 —1)] ==,

yTo U Tpe6OBaNOCh AOKA3ATh.

Bsposckue npocrpancrtea. Ilyers A= {a} — muoxkectBO
KaKHX-JH060 3/JE€MEHTOB o, Ha3biBAEMbIX HHIEKCAMH, H MOILHOCTH
mioxectsa ¥ ecTb NpoM3BONBLHO 3aJdHHOE KapAHHAJIBHOE HHCIO T.
ITocTporm MmeTpuyeckoe MpocTpaHcTeo By cienyiolium o6pasom. Toy-
KaMi npocTpanctBa B, sBJAAKTCA, N0 ONPeieSenqio, BCEEOIMOMKiibE
(cuetynie) HOCAEROBATENLHOCTH

Eom (Oyy gy o vy Oy =2 2)

afemMerTOB MHOXecTBa uHuekcoB . Paccrosnue Mexay aBymsi
Toykamn = (o, ..., 0, ... YU E =(ay, ..., ap, ...) Onpenenasercs
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KaK

p(EE) =7

rae k ecTs HauMeHbIUee ¥3 TeX HATYPalbHBIX 4ices, ANA KOTOPHIX
oy 7=, HTak, OVHKIHA paccToOAHHA NPHHUMAET JIHIUb 3HAYeHUsA

1 1 ,
BHJA -, TIPUYEM PaBeHCTBO { (&, E’)zf 03HAYaeT, YTO O, = 0y, - - -

veey Gy =0y, HO O, .

Cpennt aKcHOM METPHYECKOroO- MPOCTPAHCTBA AKCHOMBI TOXKIecTsa
I CHMMETPHH BBIMOJHEHbl OUEBHAHBIM oGpa3oM. Jlerko nposepserca
U aKCcHOMa TPEYroNbHHKA, H Jaxke B ClelYIOIeM YCHIEHHOM Buje:

[ I " i

ectn p(E, &) =5, (', E)=7, 10 0(§, &)=+, rne %k ecrs
HauMeHbillee u3 AByx uucea k', k7, u, cienosarensho, 1/k—mnan6osn-
wee u3 AsByx paccrosauii p(&, &) u p (8, &).

. [

Ctepuueckoil OKpPeCTHOCTHIO O(E, —n—/\ TOUKH E=(Cyy .oy Ay . . L)
apasaerca MHOXeCTBO Og, .. .o, BCEX ToueK &' —(o, ..., a,, ...),
J1A KOTOPbIX

Ct;:O’.l, BRI Ctrlz:ocn-

MuorkecTBO BCeX cpepHuYeCKHX OKpecTHOcTe#l BCEBO3MOMKHBIX TOUeK
£ € B, 0u4eBN]IHO, DABHOMOUIHO C MHOXECTBOM BCEBO3MOMKHBIX KO-
HEUnbIX KOMOMHAUMH o, ..., @,, T. €. HMeeT MolHocTh T. [losromy
NIPOCTPAHCTBO B, HMeeT BeC T K ero 3aKOHHO HA3BaTb HIPOBCKHM
upocTpaHcreoM Beca 1. Cam Bsp noctpoun npocrpancrso B, nuuib
L717 CUeTHON MOWHOCTH T=&,, H Torla MHOXecTBO ¥ ecTb Tpocto
MHOKECTBO BCEX HATYpa/jbHbIX YUCET U TOYKH NPOCTpaHcTBa By, cyTs
CHETHBIE TIOC/TE0BATENLHOCTH HATYPATbHbIX uHCes.

Npeaaoxenue 2. baposckoe npocmparcmeo By, 2omeomopgpro
npocmpancmey J 6cex UppAYUOHAABHBIX HUCER, PACCMAMPUBAEMOMY
KaK noonpocmpancmso wucro080t npamoli R,

HoxaszaTenbcTBO. [JOCKOMBKY MHOXKECTBO R palldOHaIbHBIX
TOYeK YHC/AOBOH MPAMOH 10J0OHO MHOXECTBY R, IBOUYHO-payuo-
Ha/lbHBIX TOYeK orpeska [ =[0; 1| (cM. caexctBue u3 Teopemn 1 § 1
ra. 3), JAOCTAaTOYHO J0Ka3aTh, uTO 63POBCKOE NPOCTPAHCTBO By,
roMeoMopHo noanpocrpadcTsy J,= I\ R, orpesxa I, —Tem cambim
OyJer J0KazaH u roMeoMOpdH3M npoctpauctsa By, npoctpatictsy J.

PaceMoTpuM Ha cermente [ cueTHOE ceMei:CTBO celmenton 6, = {A,},
j=1, 42, 43, .., e A,::[l——i,; L

97 2F +1J
= [2/-1, 2] nmpu j<0. Cermentsl A; 6yleM Ha3BIBATH CerMEHTaMHU
1-ro pawura.

Hasnee, Ha kaxjoM cermenre 1-ro paura A= [a/-; [)/-]. b;—~a;=d,
noCTpouM  cyeTHoe cemeiicrBo  {Ay}, k- -l : -

npa j>0u A, =

:tzr i‘;v .
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d; d
MeHTOB 2-ro0 padra, rje Ajp= [b,——i—f;; b/-——Q—k_—l] npu k>0
u Ap=la,+d;-2*"% a;4-d;-2¥] npn k<0, n nonoxum 6§, =
={Ay: j, k=21, 2, ...}. Tlpogomkas 3Tu MocTpoeHusi, Ha cie-
AYWOIEM [are NoJyyuM ceMeficTBO CerMEHTOB 3-TO pamra

63:{Ajkl: i’ k’ I':il’ i2) -'-}: AjleAjkCAjv
uT. A

o
Tomoxmum 8= §;,. Jlerko BugeTb, YTO MHOKECTBC KOHIUOB
i=1
BCEX CEerMEeHTOB, BXOAAIMUX B ceMeiictBo &, coBnajgaer ¢ MHOXe-
cTBOM R, NBOMYHO-DAlHOHANBHBIX TOYCK OoTpeska /.

Mbl MOXKEM CUMTATH, YTO HPOCTPAHCTBO By, COCTOHT M3 CHETHHIX
NOCIe10BaTeIbHOCTEl OTIMYHBIX OT HYJs UedbiXx uuceg. B stom
TIpeNnoNOKe N JerKo nocTPouTs otofpaxenne f: By, —— I npoct-
patictBa By, B 0Tpe3ok /. A UMEHHO, MOJOCKUM

F(rys Moy Ay oo sy o )=An NALA N ... N A,,‘,,zn_,,kn

Tlonyuennoe oToOpaxeniie B3aWMHO OJHO3HAYHO, 3T0 Cpasy Cleayer
U3 mnocTpoeHus cucyempt cermentoB 8. Ioxawkem, uro f(By,)=/J,.

Ilyerb x€J, u Ak, Argiyy -« -y Ak,k,,,.kl, . .. —II0C/1€10BAaTE N b-
HOCTh BAOXKHUMBIX CerMEHTOB cojepxamux Touky x. Torza
[k, By by, - .k ...)=x. TeMm cambiM j0KazaHo, uto J,< fBg,.

Ilycte Tenmeps x €R,. Torgpa x sBiAsieTcs KOHUOM HEKOTOPOro
cermenta paura k (uucsio k 3aBHCHT OT X). 3HAUHT, X HE HPHHAM-.
JeXKUT HUKAKOMY cerMeHTy paura (k--1). Taxum o6pasom, x¢fBy,.

Wtax, Mbl HOoCTpOWJH B3aHMHO OJHO3HAuHOe oTo0paKeHue [ rpo-
crpaHcTBa By, ua npocrpanctso J,. Ilokamxewm, uto oro6paxenne f

’

TonoJoruyeckoe. CucteMa MHOXECTB {O <r, 711«) r €Bg,,n=1,2,.. l{
)
7

[
ob6pasyer 6asy npocrpanctsa By,. Kaxpoe MuoxecTsBo ofr, -
\ /
COCTOMT H3 TOYEK, HEPBbIC /I KOOPAHHAT KOTODHIX PaBHb MePBHIM 1

KoopaMHaTaM r,, ..., r, TOukH r. [lostomy f(O <r, %)) =
=A,...r,,0J,. Ho muoxecrsa Ak,,_,knnJ2, n=1,2, ..., k=1,
+2, +3, ..., i==1, ..., n, o6pasyioT Ga3y mnpocrpancrsa J,.

Hrax, orofpaxenne [ mnepeBoaut 06a3y npoctpasctsa By, B 6asy
npocTpaHcTsa J,, ciejopatesqbHo, f-——TOMNOJIOTHYECKOe OTOGpakenue.
Ilpennoxenite gokasaso.

Kak Mbl nokasajau, 6apoBCKOe NPOCTPaHCTBO By, uMeeT Bec &,
T. e. obGJ1agaer cyeTHofl 6a3zofi. UroGbl MNONYYHTb CUYETHOE MHOMKe-
CTBO, BCIOAY NJAOTHOE B By, 0603HauuM yepe3 f{, MHOXeCTBO Bcex
nocaenosareabrocreit Buma (n,, 1, ..., 1, ...), tme n, npoberaer
rce HatypaJbHbie uHcia; depe3 H, o603HAYUM MHOMKECTBO BceX IO-
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crepoBartenbHocTedl Bupa (ny, n,, 1, ..., 1, ...), rme n; n n, npoGe-
TalT HE3aBHCHMO APYr OT JApPYra MHOMKECTBO BCeX HATYpalbHBIX
grces. Boobwe, uepes H, 0603HaunM MHOXKECTBO BCeX IOCJENOBa-
TeJbHOCTEeH BUja

Ny vy, Iy i) 1, 000),

Tae n,, ..., N, NpOGETraloT HEe3aBUCHMO APYF OT APYTa MHOXKECTBO
BCeX HaTypaibHbX uucea. Kaxnoe us muoxecrs H, cuerno; cymma H
BCEX MHOMXeCTB H, ecTb CYETHOe MHOXEeCTBO, BCIOfY TJIOTHOE B G-
POBCKOM TIpocTpaHcTee By, .

O6o3nauuM yepe3 M, MHOXKECTBO TOuEK IJIOCKOCTH, COCTOsILee
u3 2771 Touek

1 1 3 ] om__ 1 1
E‘;;!Az_u ] 5&)2_”/, vy T’F'

\

Muoxectso E ompenesuM Kak CyMMy Bcex MuoxkectB M,
(n=1,2,...). UlpenenvuniMu 1151 wMmuHOXKecTBa E sBaAAIOTCS BCe
touku cermenra |0; 1] ocu aGeuuce.

PaccmoTpuM B KadecTBe MeTpHueCKoro npocrpaHctBa X MHOXe-
CTBO (Jexallee Ha ILIOCKOCTH R*), cocTosilgee M3 BCEX TOYEK MHO-
skectBa E u u3 Bcex toyek cermedra [0; 1] ocu aGeumcc. B atom
IPOCTPAHCTBE MHOXECTBO E eCTh CUETHOE BCIOJY IJIOTHOE MHOMKECTBO.

JHOGONBITHO OTMETHTh, YTO MHOXKecTBO E£ ecThb Murumarornoe
BCIOAY TIIVIOTHOE MHOMXKECTBO TpocTpaHcTBa X B TOM CMBICAE, YTO
BCSKOC MHOXECTBO, BCIOAYy TWIOTHO® B X, COIEPKHUT BCe MHOMNe-
creo E. YUuraremo npefoctasasiercl y6eAMTbCA B TOM, 4TO MUHU-
MAAbHOE 6CI00Y NAOMHOE MHONCECMBO CYUWECMBYen 8 MempuiecKosm
npocmparcmoe auule moeda, K020a MHONMECMBO 6C€X U3IAUPOBAHHbLL
MOoYeK 3Mmozo Npocmpancmea 6cro0y naomuo 8 Hexm. B uactHoctd, Hu
B eBKNIIOBLX R”, HH B ruisbeprosom M, Hu B G3pOBCKOM HpO-
CTPAHCTBAX MMHHMAJbHBLIX BCIOLY ILIOTHBIX MHOXECTB He CYIecT-
BYeT: eciu 43 J0GOro MHOXKECTBA, BCIOAY M.10THOTC B OXHOM 113
HOMMEHOBAHHBIX TNPOCTPAHCTB, BHIYECTh KOHEUHOE YHUCAQ TOYLK, TO
OCTABILEEC MHOMKECTBO Gy/Jer BCIOAY TIOTHBIM; MOXHO 113 JicG0ro
MHOKECTBa, BCIOLY ILIOTHOTO B EBKJHIOBOM, TCHALGEPTOBOM iiH
67POBCKOM HPOCTPAHCTBE, BHIYECTb I HEKOTOPOS HECKOHEYHOEe MHO-
JKECTBO TaK, YTO OCTAaBineecs MHOMXKEeCTBO OVAeT BCIOAY [MJAOTHBI.

B 3akaioueHue OTMeTHM, YTO [OYTH BCEe PAaCCMOTPEHHBIE B 310M
naparpage MeTpHYecKue NPOCTPAHCTBA, @ MMEHHO! eBK/NAOBH NpO-
CTpaHCcTBA R” NPOH3BOILHOTO UHCIA H3MepeHHH, ruanfepToBO npo-
cTpaHctBo R™, npoctpaHcTBo C HenpepuBHbXx (QYHKUIIE HA OTpedke
[0; 1], GspoBckoe npocTpaHCTBO By, —ABIAIOTCA NPOCTPAHCTBAMH
co cyeTHo#t Gazol. B camom jese, Bce BrillieyKazaHHble npoCTpau-
cTBa cenmapaleqbHbl, ClefoBateibHo, B Cialy Teopembt 19 § 4 sce
OHM HMEIOT CYETHBHI BeC.
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§ 7. llpoctpaucrea co cueTHoil GasoM

Ipoctpauctsa, umewoumue cueTHyw 6a3y, T. €. OpOCTPAaHCTBA
CUETHOrO Beca, O0pa3syloT OIMH U3 BAXKHEHNINX KAACCOB TONUOJAOTH-
YeCKUX MPOCTPAHCTB, OCOGEHHO YAaCTO BCTpeHaAwUHACH B npusoxke-
HasX. Met Bujenm, 4TO TaKMe BaKHble 1A Bcell MaTeMaTHKH Tpo-
CTPAHCTBA, KaK eBKIUAOBbI NPOCTPAHCTBA NOOOr0 UUCIa H3MepeHHuil,
TUJAL0EPTOBO MPOCTPAHCTBO, MNPOCTPaHCTBO ( BCeX HenpephiBHBIX
¢yuxuui, onpenesennbix Ha orpeske [0; 1], npocrpancrso bspa By,
¥ pAL APYTHX NPOCTPAHCTB, ABJAOTCH NPOCTPAHCTBAMHU CO CUETHOH
6a30i. Mbl yxKe 3HAeM, 4TO BCSKOE NMPOCTPAHCTBO CO CUETHOH 6a3oit
cenapalbe/ibHO, T. €. COALPKHT HEKOTOPOE CYeTHOe BCIOAY IIOTHOS
mHOKecTBO. JloKaweM Temnepb clepyiollee HPe1a0KEHUE:

Teopema 28. Ecau 8 X umeemcs cuemuoe 8ciody naommuoe
MHOJCECB0, MO 6CAKARL cucmexma S NONAPHO He Nepe: eKQWUXcs
OMKPLUNLIX MHONCECME npocmpancmea X KOHEeHHA WAL CHemHa.

Tax Kak Kaknas M30jupOBaHHas Toyka mnpoctpancrBa X obpa-
3yeT OTKPBITOE MHOXeCTBO, TO B Teopeme 28 comepxurcs

Teopema 29. Ecau 6 X umeemcs cuemuoe 6ciody nAomHoe
MHOJCECTIBO, MO MHONCECME0 6CeX U3DAUPOBAHHBIX MOYeK NPOCIPAH-
cmea X KOHEHHO uaw CHemHo.

HoxaszateqbcrBo Teopemnp 28. Ilyetb B X umeercs
BCIONY MJOTHOE cyeTHoe MHoxecTBo M. CTaBst B COOTBETCTBHE KakK-
JOMY. OTKPBITOMY MHOMXecTBY I'€S HEKOTOpYVH ONpeie/eHHY0 M3
COJIEpKAIMKXCA B HeM TO4yeK MHoxecTBa M, modyduum B3auMHO Of-
HO3HAYHOE COOTBETCTBHE MEXJYy MHOXKECTBOM S U HEKOTOPHIM 10f-
MHOXKeCTBOM MHOXecTBa M, ueM ¥ JOKa3aHO, 4YTO S KOHEYHO WM
CYeTHO.

[Tpumepn MeTPHUYECKHX INPOCTPAaHCTB, He ColepKAULHX
HUKAKOIO CY€THOIO BCIOAY NJOTHOTIO MHOXKECTBa. 1. O6o3na-
YyuM 4yepes R KaKOe-Hhéyﬂb HECYETHOE MHOXKECTBO (0 npupole 3, 1EMEHTOB KOTOPOTO
He jesaeM HMKakuxX npeanoqoxkendi). [as ao6eix 1Byx saJementoB xER, yER
niosiaraem p (x, y)==1. D10 onpexsieHHe pacCTOSHHUA NpeBpaliaeT MHOXkecrso R
B METPHYECKOE MPOCTPAHCTBO, BCE€ TOUKH KOTOPOTO MH30JHPOBAHBLI B R Hoa’romy
CJMHCTBEHHOE MHOXKECTBO, BCIOY IIVIOTHOC B R, eCcTh CaMo R, KOTOpog, Io npes-
JIONOZKEHHIO, HECYETHO.

2. Tlycts R2—O0OhKHOBEHHAs HYHCJIOBAS IJIOCKOCTH, OOBIYHOE —PacCToRHME
MexJly TOUKaMH 2z, 2’ KoTopoil Oyjem, Kak Bcerjaa, ofo3HauaTb uepes p (2, 2').
Ilycts o—mnavano Koopamuat. Ilosloxum Tenepb aam JioOblX ABYX Todek 2 € R?,
2/ ER?

p, (2, 2’)29 (z, Z').
eCJay npaMasn 22" APOXOJHT yepes o, H

p'(z, 2')=0(z, 0)+p (0, "),
ecay npsmas 2z’ He NPoXoauT yepesd 0. MHOKecTBO Touek naockocTu R? ¢ pac-
cTosinHeM O’ MeKAy HHMH eCTb MeTpuueckoe mpocTpanctso R. Ecan Ha Kakoi-
HUOYIb npsmoit, mpoxoisiueit yepes 0, BO3bMEM MHOXKECTBO BCEX TOYEK, OTJIHUHEIX
OT TOYKH 0, TO 3TO MHOMKECTBO 6y11eT OTKpblTO‘ 3Ha‘{HT, B ﬂpOCTpaHCTBe R HMeeTCHa
HeCUeTHOC MHOKECTBO MNOHAPHO He MePEeCeKAOUHXCA OTKPBITLIX MHOMKECTB W, CJe-
JoBaTeabiO, HET HMKAKOro CYETHOI'O BCIOJY [JIOTHOrO MHOXKCCTBA.
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BerioMHuM, 4TO TOYKa @ HA3LIBACTCS TOYKOH KOHICHCALWH MHO-
xectBa M B npocrpanctee X, €/ KaXias OKPECTHOCThL TOUKH @
CONEPIKHT HECYETHOE MHOXKECTBO Touek MHomectsa M. OueBnpno,
YTO TOJNBKO HEeCYeTHble MHOXKECTB2 MOTYT MMETb TOUKH KOHJEHCAIUN
M 9TO0 KaXIas TOYKa KOHIEHCAaHnuy M IOJABHO FBASIETCH Npenesib-
HOMl TOYKOH.

Hmeer mecto cienyioumas sameyaTenbHas TeopeMa, BIepBbie 10-
Kazauuasa Jlunnenedom:

flepBas teopema Jluupeneda. [Tycme M —muoxcecmnso,
Aexcawee 8 npocmpancmese co cuemuotl 6asod. Toeda mouku mHoxce-
cmea M, He agasiouuecs MouKamu KOHOEHCAUUL 31020 MHOXCECIMS,
00pasyIom KOHeyHoe UAU CHEIMHOEe MHONCECHBO0.

HoxkaszartenbcTBo. Ilpexae Bcero sameuaeMm: ecau

S={T,,T, ..., T, ...}

-- Kakaa-unOyxb oOnpeje/eHHas cueTHas 0asa npoctpaHcrea X, To,
145 Toro 4robsl ToukKa X Gblja TOYKOH KOHpeHcauuu muoxecrsa M,
HeoOXONHUMO M JOCTAaTOYHO, Y4TOGBI Kakaaa S-OKPecTHOCTb *) TOuKu
X COJlep:Kaia HECYETHO® MHOXKECTBO TOYeK u3z M.

Hrak, ecii x He eCThb TOYK2 KOHAEHCAIWH MHOXectBa M, TO
cyuiecTsyer S-OKPECTHOCTb TOUKH X, coiepxkaias He Gojee cuer-
HBOTO MHOXecTBa Todek 13 M. BouiGepem i Kaxjao# TOYKH X MHO-
ectsa M, He fABAsoUlelica TOYKOA KOHJEHCAILUH 3TOrO MHOMKECTBA,
S-okpecTHocTb, comepKamyio He GoJiee CYSTHOrO MHOMECTBA TOueK
u3 M. Tak xak Bcex S-okpecrHocTell —cYeTHOE MHOMKECTBO, TO
9UC/I0 OTOOpPAHHBIX OKpEcTHOCTeH U HOJL2BHO He 00Jee 4eM CueTHO.
B kaxnoit u3 3TUX OKpecTHOCTell noMeniaeTcs He GOJee CYeTHOro
MHOXeCTBA Touek H3 M; 3uauut, e Gosiee ueM cueTHO OYIET U MHO-
XKECTBO BCEX TOHEK MHO:KecTBa M, nonasuinx B CyMMY OTOGpPamHBIX
S-okpecthoctefi. Taxk Kak Kaxjas Touka MHOXecTBa M, He sBasio-
mafAca TOYKOW KOHIEHCANMH, TOMaa XOTH Obl B OLHY OTOOpPaHHYIO
OKPECTHOCTb, TO TEOpeMa JNOKa3aHa.

Teopema 30. Muoocecnso D scex mouex ronOencayuu 06020
muoncecnsa M, aexmauieeo 8 npocmpancmee o cuemnoli 6asol, ecmv
COBEPUIEHHOE MHONECNIB0, NYCMoe 8 MOM W [OALKO 8 MOM cayuae,
ecau M He 60.aee wem cuemHo, U HecuenmHoe 8 cayqoe HecuemHozo M.
Kamcdaa mouxa a €W ecmv mouxa xowdencauuu u muoscecrmea O.

HokaszarteabcrBo. O6o3naunM uyepes (D MHOXKECTBO Beex
TOYeK KOHJescauuu MHOxectsa M. M3 npeawnyumedt teopems: cue-
ayer, 4yto (O B cnyuyae uecuetrHoro M HecueTHo; B caydae, ecan M
He OoJee yeM cyeTHo, (D, oueBinHo, nycro. Hokawxkewm, uto (O —co-
BEpIIEHHO2 MHOMKECTBO.

*) Toy S-okpecTHoCTLIO KaKOH-HMOYAL TOUKH X M NOHHMIEM OKPCCTHOCTD,
npruaatexauyo Gase S.
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1. Muoocecmeo ® samxnymo. B camom Jene, mycTh a-—Touka
npukocHosenuss Muoxkecrsa @. Torpa mo6asa okpectHocts U
TOUKH @ CONEPIKUT HEKOTOpylo Touky x € 0 B KayecTBe OTKPHITOIO
MHOXKeCTBA, COAEpIKALlero TOYKY x, MHOxecTBOo U siBasieTcs okpect-
HOCTBIO 3TOH TOYKH, a TOTOMY COIEPIKUT HECHETHO® MHOXECTBO TO-
yex u3 M. Tak kak U -—npouspo/ibHass OKPECTHOCT: TOUKH 4, TO @
ecTh TOUKA KOHJeHcallnu Muoxectsa M, T. e. ag @.

2. Hoxaxem, uto KaxcOas mouka a € D ecme mouka Kondercaytiy
mrooceernéa @, B camom nene, nycrs U —npousBosbHas okpect-
Hocts TOuku a. llo onpeienenuio Touku a MHoxectso U N M
HecUueTHO; 3HAUWT, No TeopeMe JluHpesdeda BCe ero TOUKU (32 HCKJIO-
gyenues, camoe OOJbliee, CYETHOTO HX HHCAA) CYTb TOYKH KOH/IeH-
canuu 3T0ro MHoxectsa U M, a 3Ha4YuT, U NOJABHO TOUKH KOH-
Jlencauun mMpoxectBa M, T. e. mpuHananexkat mMuoxkecrsy (O, Mrax,
m0o0as OKPeCTHOCTh TOMKH @ COAEPMUT He TOJNbKO OeCKOHe4Hoe, HO
AaXke HecueTHO® MHOXKECTBO Towek MHoxecTsa .

Teopema 30 nokasaua.

CnenctBue. Beaxve samxnymoe muoscecmeo F, nexcawee 8 npo-
cmpancmee co cuemuoli 0asou, aubo He 6oace uem Ccuemno, aubo ecmo
CYMMEQ  HECHEMHO20 COBCPLUEHHO20 MMOMCECTIBA CEOUX MO4eK KOHOeHCa-
yuu u we Goree 4ueM CHEMHO20 MHOMCECTBQ OCMAAbHBIX MOHEK.

B camom nene, ofiozHauas uepe3 (D MHOXECTBO BCEeX TOYEK KOH-
Nencauud MHoxectBa F, umeem D = F, 8 1O Bpemsa kak F\ @ no
nepsoil Teopeme Jlunpeneda He Gojiee ueM CUYETHO.

Brtopass teopema Jiuugeneda. Kawxosa 6ot nHu Ooira
necuernnasn cucmema N omrpoumex muoocecme @, 3a0annas 8 npo-
cmparcmee X co cuemuoli 6a3oii, 6 cucmeme A moxcro watimu cuem-
nyto uau  Koneunyrw nodcucmemy Ay, 00veOUHeHUE 31EMEHMO8 KOMO-
poti coenadaem ¢ o6veduneruem daemenmos cucmemot .

[t nokasatenbCTBa BO3bMEM KaKylO-HOO cueTHylo 6asy

r, T, ..., . ... (1)

npoctpanctea X. Saement I', 3Toll 6ashl HA30BEM «OTMEYEHHBIMY,
ecau '), copepxkurcs no kpaiineit mepe B ognom G € . Tlycrs

| A P [

— BCe «OoTMeueHHble» sjemenTnl 6asa (1). Kaxpoe I',, comepikures,

B0OOOIE TOBOPS,, B HECKOJBKHX (BO3MOXKHO, H B GECKOHEYHO MHOIHX)
pasnuyHpix G €V; BhiGepeM nasi Kax:i1oro «otmesensoro» I, Brmonue

onpenejeHHoe cosepkauee ero G €V, koropoe o6o3nauum uepes G,.
[MonyuuM He Gosee ueM CUETHYIO MOJCUCTEMY
Gl’ sz st Gk (2)

cucreMbl V. Mel yTBep:KzaeM, YTO CyMma BCeX MHOxecTB (2) paBsHa
cymme BceX pooOwe MHoxects G €V. JlocTatouHo mnokasath, 4rO,
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KakoBa Obl HH Obl1a TOYKA X, TMpHHALIeXKallas Kakomy-HHGyap G €V,
Haiigerca B (2) mHoxecTBO G,, cojepxauiee touky X. Ho, B camom
aene, ecd X€G, 1o (Tak Kak G oTKpHITO, a (1) ecTp 6a3a) cyuie-
crayer [, conepxaiuee x u comepxauieecss B gasHoM G. Torpa [,
[0 CaMOMY OTpeJeJIeHHIO eCTb OTMeueHHHIH aJeMeHT 6a3b (1) u, cie-
JI0BaTeJILHO, CONEPKUTCA B HEKOTOpoM G, U3 MOCJIEeA0BATEIbHOCTH (2).
210 G, CONEPXKHT H TOYKY X, 4TO H TpeGOBAIOCh HOKA3aTh.

Teopema 31 (Bap— Xaycnopd). Beaxas snoane ynopsdovernas
603PACMAOUAR UL YOLIBAIOWAR CUCTIEMA MHONCECINE, KOmOopoie AU60
ace 3amxnuymot, aubo ece omxpoimor 8 npocmparcmee X co cuemnoll
6a3otl, codepoum rHe 00A€C CHEMHOZO HUCAQ PASAUMHBIX INCMEHMOG.

JloKa3aTe/IbCTBO OMHPaeTCs Ha CJepyoUlyIo JIEMMY:

Jlemma. Bnoane ynopadouennas cmpoeo eospacmaroujasn (cmpozo
Yoviearouas) cucmema MHoxMecms

MccM,c...cM, =...

(coomeemcmeenno M,DM,>...o5M,>D...), cocmoswux u3 Hamy-
PasvHulx uuces, He 6ojee uem cuemHa.
B camom pene, nycts

Xo € M1\ Mg, COOTBETCTBEHHO X, € M\ Masy.

Ecau 6u1 cucrema Bcex M, Obila HecueTHO#, TO MBI uMenu Gbl He-
CYETHOE MHOXECTBO TMOMAapHO Pa3JHYHLIX HATYpaJbHBIX YHCET X,
4Yero He Moxet ObiTh.

Hokaxem Tenepb Teopemy Bapa— Xaycnopda. Jdocratouno goka-
3aThb ee YTBepXKAEHHE, Kacalolleecs BNOJIHE YNOPANOYEHHBIX BO3pac-
TaOIHX H yObIBAIOIMX CHCTEM OTKPHITHIX MHOXECTB: Mepexoj K 10-
NOJIHUTEJILHBIM MHOXECTBaM JacT yTBEpK[EHus, KacaloUlHecs CHCTEM
3aMKHYTHX MHOXecTB. Mrtag, mpeinosoxuM, 4ro B JAHHOH BHOJHE
YIOOPSILOUEHHOH CHCTEME OTKPHITHIX MHOXKECTB HMEeTCSl HecuerHas
HONCHCTEMA PA3NHUYHBIX MHOMKECTB

G,cG,c...cly. .., cooTBETCTBEHHO G;DG,;D...5G, >...

Bo3bmem kakyio-HHGYAL CUeTHYIO 623y MpOCTPAHCTBA H pa3 HaBCeraa
33aHyMepyeM ee 3JIeMeHTHI:

Uy, Uy oo, Uy, o

Iocrpoum tenepr mast Kaxporo G, MHOkecTBO M,, cocrosiniee u3
BCEX TeX HaTypalbHBIX uHces n, Af Kotopux U, < G,. OuesugHo,
#3 Toro, uro G, =Gy, crenyer, uro M, My, [Tostomy mHOXecTBa M,
HAXOAATCA B YCJIOBHAX JIEMMbl, M, 3HAYHT, CPejHl HUX HE MOXKeT
UMEeTbCS HECYETHOrO YMCJa pa3/uuyHbix MHOxecTB. [TosTomy u cpenn
MHOXECTB G, He MOXET HMETbCH HeCYeTHOro YUC/]a pPa3jIMYHBIX MHO-
xects. Teopema Bapa— Xaycmoppa atum nokasana.

Ta e teopema MOxkeT GHITH BBICKA3aHa H CJAEAYIOWUM oGpa3oM
(MbI npHBOAMM JHWIL (OPMYJHPOBKY, Kacaiomytocs yGbIBAOLIHX

6 1. C. Anexcanapos
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CHCTEM 3aMKHYTHIX MHOKECTB, NPeJOCTaBJSS OCTAJbHBIC TPH (opMy-
JINPOBKH UYHTATEIO):

Teopema 31." Kakosa 6bt Hu Obira enoane ynopsdouerHas yboi-
6QIOWAR CUCITEMA 3aAMKHYMbIX MHO%cecme npocmparcmea X co cuem-
HoU 6a30il, BaHYMEPOBAHHBIX 6CeMU NOPAOKOBBIMU YUCAAMU Nepeoeo U
8Mopo2o KAQCCos:

FobF=2F,o..oF 2., a< o, 3>

faidemcea maxoe a, 4mo éce mMHoxecmea {(3), HAUUHAA C o-20, COBNA-
Oaiom mencdy coboti:

FazFa+1=Fa+2==---

HokasaTenbCTBO OT NPOTHBHoOro. Ecau Takoro o Her, TO AT
KamJoro o < ®; MOKHO HaliTH HauMeHbmee Takoe P (), o < P (@) < 01, ure
Fo # Fp @ #, caepoBatesbho, Fg D F§ (). [Tosoxum Tenepp vy=0 n npeano-
JOXKHM, YTO ]I BCAKOTO HOPSIJKOBOIO uucjaa {, MeHblLero 4eM HeXoTtopoe ¢ < M,
TIOCTPOCHO TMOPSNKOBOE HHCIO Vi < @3, TAK UTO LPH L < {' < o nmeeM Ve < Vg, U

Fy. D FVC' Jns nocTpoenus 4Mcia Vo OCO3HAYHM 4epe3 o' HaWMeHbilee UHCAO
,
< @, Goabiiee uem BCe vc,g <@, H moaokuM ve=f (') >a’. Torpa Fy,C

C For < n Fyc n FVC’ T. e. FVQCFVC st moboro § < a.
y<a <o

Takum o6pasom, aia a060ro o < @, CTPOMTCSH Vg TaK, YTO MHOKECTBA Fy,,

YHCAO KOTOPHX HeCYeTHO (==@;), BCe pasiHuHbl MEXAY CO00I0 B NPOTHBOPCHHH
¢ teopemoii 31. Teopema 31’ stum noxasana.

ITyctb teneps E —npousBo/ibHOE MHOMKECTBO, Jekallee B Npo-
cTpaucrse €o cuetHod 6asoii. OSo3mauyum uepe3 E'Y npousBogHyio
MHOXKecTBAa E (T. e. MHOXKECTBO BCeX MpelebHbIX TOYEK 3TOr0 MHO-
xectBa). Ecan gado E, 10 onpepedsieM E©*D xak npousBoiHyio
MHOXkectBa £, Ecau P-—npenenbHoe TpaHCPHHHUTHOE HHCJO BTO-
poro Kknacca, To o0o3HauaeM uepe3 E® pepecewenne scex E@,
a < p. Onpenenensoe TakuM 0GpasoM anfl JOOOro MOPsiAKOBOrG
ynpcna o < ®; 3aMKHYTOe MHO)kecTBO E'®) wasnipaercs IIPOU3IBOJHON
nopsigka & or MHoxecrsa E. Muoxectsa E® ofpasylor BnoJue
YIOPsOYEHHYIO CHCTEMY yOBIBAIOLIHX 3aMKHYTBIX MHOMKECTB H MOTOMY,
Ha4YHHas C HEKOTOpOTo & < ®,, COBMajaloT Mexay cobow. QuesuaHo,
MHOKECTBO E(® = E'*#1) ecTh coBepiienHoe MHOkecTBO. Hrak, nmeer
MECTO

Teopema 32 (Kautop— Benpukcon). Jaa kamdoeo muoxcecm-
6a E, zexmawezo 6 npocmpancmee co cuemnoil Gazoti, umeemcs nep-
60e makoe nopadkosoe wuco o < @, 4Mo NPouUsBOOHAL a-20 NOpPAdKa
mroxcecmea E ecmo cosepuienroe muoocecmeo (Goims moxcem, nycmoe),
m.e. E¥=F@D =,

W3 nepsoil Teopemst Jluupeseda npu sToM caepyer, uto E* Mo-
Ket ObiTh MYCTHIM JIHIIL B caAydae He Gojee uem cuerHoro E. B cay-
yae xe HecyeTHoro E mHoxkecTBo E® = E®tD =  ecTb HeCueTHoe
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COBEPIIEHHOE MHOXKECTBO (COofiepiKallee MHOXKECTBO BCeX TOMEK KOH-
jeucaunu MHoxecrsa E).

Ilpoctpancrsa co cuyetHoft Gasolft jomyckaioT padbHefimme Teo-
PeMel, Kacalolnecs MOIHOCTEH PasiHYHbIX CHCTeM MHokecTB. [Ipexne
BCETO, JOKAXEM CJeAYyIOee YTBEpKAeHUE:

Teopema 335. Mroscecmgo gcex omKpuimolx MHONMECME QAHHO20
npocmparcmea X co cuemnoll 6430l He Npesvblaent MOWHOCHLUL C.

B camoMm pene, nycrs

|\ R N (4)

— 6a3a mpoctpauctsa X. Kaxpomy otkpbiToMy mHOXecTBy G ogHo-
3HAYHO COOTBETCTBYET MOAMNOCIEAOBATENBHOCTh MOC/AEN0BATENBHOCTH
(4), cocroamas u3 scex I',, comepxamuxcsa B G. IByM pasinunbiM
OTKPBITBIM MHOXKECTBAM COOTBETCTBYIOT Da3JHYHBIE MOANOCTENOBa-
TEJBHOCTH, TaK KaK ecad G u (' pasjnuHbl, TO CYUIECTBYET TOYKA X,
TpHHagIekamas OJHOMY H3 THX MHOXKeCTB, Hanpumep (, u ue npu-
Ha[JeXamas [pyroMy; HO Torja CYLIECTBYeT M OKPECTHOCTb I,
TOYKH X, Aexamas B (G, Ho He jexauiaa B G'. Urak, ycranosnieno
B3aHMHO OJIHO3HA4HOE COOTBETCTBHE MEXJY BCEMH OTKPBITHIMH MHO-
JKeCTBaMM TpocTpaHcTBa X H HEKOTOPBIMH [OC/€0BATENbHOCTSIMHE
HaTypPaJbHBIX yHCEJ (HOMEPOB 3JemMeHTOB I, mocaenoBatenbHocTH (4)).
ODTHM H JOKAa33aHO, YTO MOLUIHOCTb MHOMECTBA BCEX OTKPBITHIX MHO-
JKeCTB npocTpaHcTBa X He NPeBOCXOMUT (.

Tak Kak nepexos OT OTKPBHITOTO MHOXKECTBAa K €ro JOMOJHEHHIO
OCYLLECTBAET B3aHMHO OJHO3HAYHOE OTOOpaXKEHHE MHOMKECTBA BCEX
OTKPBITHIX MHOKECTB NPOCTPAHCTBA X HA MHOXECTBO BCEX 3aMKHYTHIX
MHOKECTB 3TOTO NPOCTPAHCTBA, TO U3 TEOpeMbl 33, caenyer

Teopema 335 Mowmrocms muONCCCMBA 60X BAMKHYMOIX MHO-
dHecme RPOCMPAHCIEa co cuemAol 0a3oi He npeeocxodum c.

N3 teopemnl 33 BhITeKaeT

Cnenctsue. [Tycms 6 npocmparcmee X ace 00HomMoYesHbte MHO-
acecmea 3amkrymot (makue npocmparcmsa rHasvisaromes T -npocmpan-
cmsamu (cM. § 8)). Ecau npu amom npocmpancmeo X umeem cyerm-
HYi0 643y, MO MOWHOCb MHONMECMBA 8CeX €20 MOoYeK He npesocxodum c.

Tak kak €BKJHAOBO NPOCTPAHCTBO JI0OOrO 4YHCIAa H3MepeHHi,
a Takke TCHIbGEPTOBO MPOCTPAHCTBO SABJASIOTCA TPOCTPAHCTBAMH
co cyeTHOH Oa30fi, TO Teopembl 33 H 33; NMPHMEHHMBI, B H4acT-
HOCTH, U K eBRJIHJOBbIM, H K CUIb0epTOBY npocTpadcTBaM. OnHako Tak
KaK M B EBKJHAOBbIX TMPOCTPAHCTBAX, H B THIbOEPTOBOM mpo-
cTpaHcTBe, H B GYHAaMeHTaJbHOM NapaJlielennneae ruisbeprosa npo-
CTPaHCTBA COAEPKATCA MPAMOJHHEHHbIE OTPE3KH, HaNPUMEP OTPE30K

lO <X <§] y Xpg=X;==,..=0, TO MOIIHOCTb KaXOT0 U3 NOHME-

HOBaHHBIX NPoOCTPaHCTB Mo Teopeme Kanrtopa—Depuwreiina B tou-
HOCTH paBHa ¢. TaK KaK B MHOXECTBE BCeX 3aMKHYTHIX MHOXKECTB
J2HHOTO NMPOCTPAHCTBA COJICPAKUTCA, B KayecTBe II0IMHOKECTBA, MHO-

b*
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JKECTBO BCEX TOYEK 3TOro NPOCTPAHCTBA, TO MHOXKECTBO BCEX 3aMKHY-
THIX MHOXECTB, JIEXallUX B €BKJHJIOBOM MPOCTPAHCTBE JIOGOFO YHCAE
H3MEpeHHH, a Takxke B rujib0epTOBOM NpOCTpPaHCTBE ¥ B €ro (gpyHua-
MEHTaJIbHOM NapaJilefenunese, UMeeT MOLUIHOCTh C.

Urak:

Teopema 34. Mowprocme n-meproeo eskaudosa npocmpancmea
npu amobom 1, MougHocme 2uabbepmosn NpOCMPARcmea U ezo pynoa-
MEHMAAbHOZ0 NAPAALEAenUnedn, a maKie MOULHOCMb MHONECMBA 6CeX
BAMKHYMbBIX, POBHO KAK U MOUHOCTb MHONCECBa 8ceX OmKpoimbix,
MHONCECMB, ACHCAUUX 8 KANCOOM U3 3MUX NPOCIPAHCTS, PASHbL C.

3aMmeTHM, YTO NepBHIE IBa YTBEPXKAEHHS TeopeMul 34 MOryT GHITh
JIETKO JIOKa3aHEl HEMOCPEICTBEHHO, YTO Mbl M peKOMEHAYeM cielaTh
YHTATENIO.

BcrioMH#M, HaKOHeI, YTO NMPOCTPAHCTBO BCEX HETPEPBLIBHLIX QYHK-
1ui, onpefeneHHelx Ha cermente [0; 1] (wam moGom apyrom cer-
MeHTe), eCTh IIPOCTPAHCTBO co cueTHod Gasoit (cMm. § 6) u, creno-
BaTe/IbHO, HMeeT MOMHOCTE < ¢. Tak KaK B WHCJE HenpepbiBHLIX
(YHKUHA MMEIOTCS, B YaCTHOCTH, BCE KOHCTAHTHI, TO 3aKJ/I0YaeM, yTO
MHOXKECTBO BCeX HenpephiBHLIX (YHKUHi, OmnpegeseHHBIX Ha Ka-
KOM-JH60 CerMeHTe, HMEET MOLIHOCTh ¢. JTOT (AaKT TaKXKe Jerko
JOKa3aTh HEmoCPEACTBEHHO (MO/b3YSCh TeM, YTO BCAKAS HENpephiB-
Hasi QYHKUMA BOOJIHE Onpeje/ieHa ee 3HAYEHHSMH B TOYKax Kakoro-
Ju6G0 BCIORY MJOTHOTO MHOMXECTBa, HanpHMep ee 3HAYEHHSIMH B pa-
IIHOHAJIBHBIX TOYKAX).

§ 8. AKCHOMBI OTAECAHMOCTH

Ta obmHocTb, € KOTOPOA MBI BBeJH TIOHSTHE TOMOJOIHYECKOTO
NPOCTPAHCTBA, H BO3MOXKHOCTL B CTOJIb OCUIHX DPEANOJOXEHHSIX
ONpefe/UTh OCHOBHLIE MOHATHS TEOPHH TOYEUHLIX MHOMKECTB HMMEIOT
BO MHOTHX CIY4YasfiX HPHHUHNHAJbHOE 3HAauYeHHE, A TAKXKe MO3BOJISIOT
BHECTH B H3/IOK€HHE TONOJOIHYECKHX CBOICTB TOYEUHHIX MHOXKECTB
DPOCTOTY M JIOFHYECKYI0 npo3pauHocTb. OJHAKO CBOE MOJHOE reo-
MeTpHYECKOe COjiepKaHHe TeOPHA MHOXKECTB MOJY4aeT JIHWb MPH
NOCTENEHHOM CYXEHHH KJacca TONOJOMHYECKHX [POCTPAHCTB, YTO
JIOCTHFAeTCH BBEJICHHEM JONOJHHTENLHHIX YCJIOBHH, KOTODHIM pac-
CMaTpHBaeMble MPOCTPAHCTBA AOJKHBEI YIOBJAETBOPATh., Mol yxke mno-
3HAKOMHJINCh C OfIHUM H3 BaXXHeHIIWX YCJOBHH TAKOTO poja-—c Tpe-
GoBaHueM, 4TOOH NPOCTPAaHCTBO UMEJO CueTHYO Gasy. OxHako npm
Bcefl BAaXKHOCTH 3TOr0, TaK CKa3aTh, KKOJHYECTBEHHOTO» OrpAaHHUYEHHH
OHO He HCKJIIOYaeT BCe NPOCTPAHCTBA, TONOJOTHSA B KOTOPHIX yepecuyp
M40 NOX0Xa Ha TOHOJOTHIO, CKameM, METPHUECKHX MNPOCTPAHCTB:
Mbl BHAEJH, YTO Jaxe B NpPOCTPAHCTBAX, COCTOAUWIMX H3 KOHEYHOrO
yucia TOYEK, MOryT, HanpHuMep, HMETLCR HE3aMKHYTHIE OJHOTO4EY-
Hble MHOXecTBa. C apyrofi CTOPOHBI, CYHIECTBYIOT BaKHble KJacchi
TONOJIOTHYECKHX NPOCTPAHCTB, He YAOBJETBOPSAIOIUMX aKCHOMAaM CyeT-
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Hoctd. [lostomMy npuxoauTcs Ha/maraTe Ha TOMOJIOTHYECKHE IIPO-
CTPaHCTBa TpeGOBaHMs COBCeM JpYyrodl NpPHPOALI — Npexae BCEro
TaK Ha3blBaeMBble Ycro6uUst, WM AKCUOMbL, OMOeAUMOCmU, K KOTOPLIM
Mbl ceffyac H oGpaTumcH.

«<HyneBasa» akcuoMa OTAeNHMOCTH, HJIH aKcuoma
Konmoroposga, TpeGyet, YTOOH U3 4i066ix 08YX PABAULHBIX MOYEK X
u Yy no kpaiineil mepe 00HQ MOUKA UMEAQ OKPECMHOCMb, He Co0epicauiyto
dpyeyto mouky. TomoJsOrHYecKHe NpPOCTPAHCTBA, YIOBJIETBOPAIOLLIHE
HYyJIeBOH aRCHOME OTHEeNHMOCTH, HasuBawtca T ,-npocmpancmeamu.
MoxHO ¢ yBepeHHOCTbIO CKa3aTh, YTO TOMOJOrHYECKHE NPOCTPAHCTBA,
He apjasiourecss T )-IpOCTPAHCTBAMH (HampuMep, CAHMILEECS NBOETO-
une {(cMm. crp. 103)), eaBa nH TpeACTaBASAIOT WHTEpeC NS HCCIE0-
BaHuA. [Tostomy B fasbHeilleM NOJ TOMOJOTHYECKHM NPOCTPAHCTBOM
Mbl neerja Oyaem noHHMath T,-npOCTPaHCTBO.

B xauectBe cozepkaTesbHOTO H BaXKHOrO pesy/ibTaTa, Kacaoile-
rocsi Ty-NpocTPaHCTB BO BCeil MX OGLIHOCTH, MPHBELEM CJEYIOLLYIO
Teopemy:

Teopema ITonomapesa. Cpedu écex T,-npocmpancms npo-
empancmsa ¢ nepsoll aKcuOMOU CHeMmHOCMU U MOABKO OHU ABASIOMCA
obpasami MempuuecKux npocmpancme npu (HenpepuisHsIX) OMKpLLMbLX
omob pasenusx.

Haunem co caenyoweli oueBHAHOHN JieMMbI:

Jlemma 1. [Tycme [—o0ro3HaUHOE 0OMOGpadcerue npocmpancmea
X na npocmparncmeo Y. Ecau 01 moboti mouku x € X nHekomopas
6asa B, amoti mouku nepexodum & 6a3y mouxku fx €Y, mo omobpa-
sicerue | nenpepowsro u omxpoumo. O6pamuo, npu OMKPLUMOM Henpe-
posrom omobpanceruu f: X—Y ecaxas 6asa ecsaxoli mouku x € X
nepexodum 8 6asy mouku fx €Y.

H3 srtoii snemmbl cpa3y ciepyer, 4TO HpH OTKPHTOM HenpepLiB-
HOM OTOGpaXKeHHH nepBasi aKCHOMa CYETHOCTH coxpansercs. Orciona
BBHITEKAeT OJHO H3 JBYX yTBepxkieHHi teopemul Ilowomapesa, T. e.
YTO TOJILKO MMPOCTPAHCTBA C MEPBOH aKCHOMOH CYETHOCTH MOTYT OHITH
o6pa3aMH MEeTPHYECKHX ITPOCTPAHCTB IpH (HEMPEPHBHHIX) OTKPHITHIX
OTOGpaKeHHAX.

TlepexogM K JOKa3areJbCTBY BTOPOro YTBEPKIEHHS TEOPEMhl.

Ilycrs X —kakoe-uubygb T ,-NpOCTPAHCTBO € MeEpBOH aKCHOMOH
CUETHOCTH, HMelomee Bec T. BosbMem. Kakyw-uubynbp 6asy B ={U,}
MowHocTd T mnpocrpaHctBa X. B Gaposckom mpocrpaHcrse By (mo-
CTPOEHHOM Ha TOM e MHOMECTBE HHJIEKCOB, 4To H 6asa B) nasosem
TOuKy E=(o,, ..., @, ...) OTMeyeHHoH, ecau MHOXecTBa Uq,, ...
-~y Uq,, ... 06pa3yioT 6a3y HEKOTOPOIl (¥ TOrAa, OYEBHAHO, €HHCT-

a0

BEHHOMH) TOYKH X =n UaneX. MHOXeCTBO BCEX OTMEYEHHBIX TO-
n=1

uek npoctpancrsa B; o6o3naunm gepe3 W; kaxnoll Touke EEW
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COOTBETCTBYET Ta — e[HHCTBeHHas — Touka ¥ = [E € X, a1a Koropo#t
Uais - -y U“n’ ...} ABnsieTcs 6asofl U KoTOpas MOMKeT ObiTb 3amH-

caHa B BHAE

Takum o6pasom onpenenenuoe otoGpaxenne f: W — X Hasbl-
BaeTCA CTAaHAAPTHLIM, 3TO OToOpaskeHHe ecTh OTOOpaKeHHe Ha BCE
npocTpancTeo X.

B camoM pgese, BO3bMEM KaKyio-HHOYAb TOYKY X € X H Kakyio-

HUOyNL cuetdyio 6asy {Uq, ..., Uq, ...} 3TOA TOYKH B MPOCT-
pauctse X, COCTaBJeHHYIO M3 3JemeHToB Gasel B. Torma Ttouka
E={o, %y, ...y Ay, ...} € By—oTMeueunasi u fE=x.

Ouepuano, u MuoxectBo W, u ero craggaprHoe oroGpaxeHne f
MOJHOCTBIO onpejesienbl 3axauneM 6a3ul B mpocrpancrsa X, [loka-
XKeM, 4To

f(WNOq,..0)=Usn...0Ua *). (1)

Bramouense [ (WNOq, ..o ) =Uq, N ... NUq, Henocpeacrsexso cie-
Jyer u3 omnpeneneHust oTobopaxenus f. [ gokasaresbcrsa oGpart-
HOrO BKJIIOYEHHS BO3bMeM KaKylwo-HUGyab TOUKY x€Ug, N ... N Ug_n

¥ gonotuuMm okpecrHoctd Ug,, ..., U“n 3TOH TOYKH KaKHMH-HHGY b
oxpectaoCTsiMA Ug, . ... (B3s1TBIMU M3 B) no 6asel Toukn x B X.
Torpa, nonaras E&=(ay, ..., @,, O,y ..,), NOJNYUHM, OUEBHIHO,

fe=x. N3 papercrsa (1) B cuay Jgemmsl 1 cjeayer OTKpPHITOCTH
1 HempepblBHOCTL oToOpaxeHns [. TeopeMa mosHOCTBIO foOKa3aHa.

YCcuneHneM HyJeBoll aKCHOMbl OTAENHMOCTH fIBJI€TCS NepBas
aKCHOMAa OTJeJuMOCTH, Tpebywouias, 4tobbl daa awbbix deyx
PA3AUMHBIX MOYeK X U Y CYUECMB08GAA OKPECMHOCHLL MOYKU X, He
codepacanias Mouky Y, U OKPECMHOCMb MOYKU Y, He COOepicaujas
mouky x. JIoKaxeM, 4YTO nepeas aKCuoMa OmOeAuMOCMU PABHOCUALHL
mpeboeanuro, 4mobbl Kaxooe MHOICECMBO, COCMIOALee AUy U3 00HOU
mouku, Owiro 3amkHymo. B camom jgene, €CqH B TOMOJNOTHYECKOM
NpPOCTPAHCTBE BHINOJHEHA MEpBAas aKCHOMa OTIAEJHMOCTH, TO HHKaKas
TOYKA Y, OTJHMYHAsi OT AAaHHOH TOUKH x € X, He sBJAsAETCS TOUKOH
MPHUKOCHOBEHMS ONHOTOYEUHOTO MHOKECTBA {X} (Tak kaK Hmeercs
okpectHocte U (y), ne comepxkamiasi touxky x). [lostoMmy 3ambikanue
OJ{HOTOYEYHOTO MHOKECTBA {X} CONepPIKHT JHIb 3Ty TOUKy X. OGpaTHO,
ecld BCE OJIHOTOMEYHbIE MHOXECTBA 3aMKHYTHl, TO, KaKOBbl Obl HU
GblIH TOYKH X W y mnpocrpaHcTsa X, OTKpBITOE MHOKeCTBO X\ gy
ecTb OKPECTHOCTb TOYKH X, He COACPHKaas TOUKY Y, a OTKPLITOe

*) Muoxectsa Oy oupezeieHsl & § 6.

B OL"
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MHOKecTBO X'\ X ecTb OKPEeCTHOCTb TOUYKH Y, He cogepKaimascs
TOUKY X.

IlpocTpancTsa, YIOBIETBOPAIOUIHE HEPBO AKCHOME OTAEIHMOCTH,
HaspBalotess T -npocmpancmeamu. Tlpumepom T -npocTpancTBa, He
apaswouterocsi T ,-1pocTpaHCTBOM, MOKET CJAYKHTb CBS3HOE JBOETOYHE.

BaxHo oTMeTHTh ciepyomui Gakr:

ITycts M —muoskectBo, nexamee B T,-npocrpancrse X. Besikas
TOUKa NPUKOCHOBEHHSI X MHoxecTBa M ecTh J1ubo npespebHasi TOYKa
mHOxecTBa M (npuHapiexaiias HIM HE NPHHAMJIEKAMAsh MHOMKe-
ctey M), au6o Touka MHOkectBa M, H30MHMPOBAHHAA B I3TOM MHO-
xecrse *).

B camom gese, nycth x €[M] H nycTbh CyLiecTBYyeT OKPECTHOCTh
U (x) Toukn x, copepkaliast JHIb KOHEYHOE YHCJIO TOUEK MHONKe-
crea M. OGosuauum uepes X,, ..., X, Jexamue B U (x) TOUKH MHO-
xecta M, orTiuyuble OT camofi TOukH x. Tak Kaxk OfHOTOuEYHbIe
MHO)kecTBa B X 3aMKHyThl, TO, BhiuHTasi 3 U (x¥) KOHeyHOE MHO-
KECTBO {Xy, ..., Xz}, noayuum oxpecTHoctbh U, (x) TOUKH X, HE cO-
JepKalyo Hu OfHOH TOuku MHOKecTBa M, OTJHUHOM OT TOYKH X.
Ho rtak xak x € [M], To U,(x) N M Bce ke HENycTo H, C/1e0BaTe/IbHO,
x €M. Ilpu srom otkpsiToe B M Mmuoxkecrso MU, (x) coctout us
opnoil Jsuwb ToukH x. Hame yTtBepxpenue pokasano. K3 Bcero
clenyet, uTO 3amxHymbie muoxcecmea ¢ T -npocmpancmee X moeym
Goimb onpedeaerbt KAk MHOMCeCMBA, co0epxcaiyue 6ce C60u npede.bHbie
mouxu.

3amevanune . Ecau Ty-npocmpancmeo X ydosiemsopiem nepsoii axcuome
cHemHOocny, mo 048 Kawdot MouKy npuKocHoserus x muoxcecnsa M moxcro waiimu
cxo@;zu;yfoc‘ﬂ K mouKke X nocxze@oeameﬂbﬂocmb MOYEK X, 3020 MHONMECMABQ (IIOCTHTO‘{HO
B3sTh X, EMN U, (x), rae U, (x)—>37eMenTsl cueTHOH JoKanbHO# Gashl B TOuKe ).

IIpu amom, ecau x ecmo npedeavnan moura mHoxecmsa M, mo sce mouku X, mozym
Goimo npeonooKcensl pasaudHbIMIL.

Bropas, unu xaycnopdosa, akcuomMa oOTJeJHMOCTH
3aK/04aeTcss B TpeOOBaHMH, YTOOBI 00bie 08¢ pa3AUHHbIE MOMKU X
u y monoaceuteckoeo npocmparcmea X umeal HenepeceKaioujuecs
oxpecmrocmu U (x) u U (y). IlpocTpancrsa, yIOBJETBOPAIONHE ITOMY
TpeGoBanuio, HaswiBatorca T,-npocmparcmeamu WIH xaycoopghosbimi
npoCM paHCmeanu.

Tpumep uexaycpopdoBa T -mpoctpaHcTsa X MOXKHO NOJYYHTh,
B3AB MHOXECTBO X, COCTOAIleE M3 BCEX [EHCTBUTE/IbHBIX YHCEJ
H elle KaKoro-HHOynb OTJINUYHOIO OT HHX BCEX 3JEMEHTa § Npou3-
BoabHON npupoAs. OTKpuiThiMM B X 0OBsABJAAIOTCHA, BO-NePBBIX, BCE
OTKDBITHIC Ha UHCJAOBOH MPsiMOil MHOXKECTBa, BO-BTOPLIX, BCE MHO-
xecrea Buga X\D, rie D—npoH3BOJbHBE KOHEYHBIE MHOMECTBA
JeAcTBUTeIbHBIX 4HCes. JIerko mpoBepHTb, 4TO MHOXKecTBO X ¢ 3TOH

*) HanomunaeM, 4To H30/IMPOBAHHOCTL TOUKH X B MHO)ecTBe M o3HauaeT, aTo
MHOM€ECTBO, COCTOsIlIeé H3 OJHOH TOUKH X, OTKpeITO B M.
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Tonojiornedl ectb T',-IPOCTPAHCTBO. DTO MPOCTPAHCTBO HE YAOBJeET-
Bopser XxaycpopPosoit akcHoMe OTIEJHMOCTH: KakKoBa Obl HH Obijia
Touka x € X, x=§, mo6sle ne okpectHocTd U (E) u U (X) nepecexatorcs
(rak kak U (§) conmepxur Bce peficTBHTE/bHBIE YHC/IA, KpoMe, GHITb
MOXET, HEKOTOpOro KOHEYHOro MX MHoXecTBa, Torna Kak U (x) ectb
OTKPHITOE MHOXECTBO Ha HYHCJIOBO# DpPAMOil H, 3HAYUT, COAEPNKHT
IeJBlH HHTEepBal).

Hasosem peeyasproin npocmpancmgom Takoe T'4-IPOCTPaHCTBO,
B KOTOpPOM s JM0GOH TOYKH X H JIOGOTO HE COAEPKALILro 3TY TOUKY
3aMKHYTOrO MHOXecTBa [ CYIIECTBYIOT IH3BIOHKTHHIE OKPECTHOCTH
Ox u OF, Bcsixoe peryaspHoe MNpPOCTPAaHCTBO, OYEBHJHO, Xayc-
xopdoso.

I nmonydeHHs npUMepa HeperyJsapHOro xaycupopdoBa mnpo-
CTPAHCTBA DPACCMOTPHM MHOXKECTBO R BCeX JEHCTBHTENbHBIX YHCEJ
H onpeiesuM B R TOMOJOTHIO MPH TOMOLIH CHCTEMHl OKpeCTHOCTeil
(cMm. § 4) caepyiomiyM 0oGpa3oM: OKPECTHOCTH BceX ToueK x %0 Te
e, YTO W Ha YHCJOBOH NpPAMOI; OKPECTHOCTH TOYKH x =0 monay-
YalOTCS! BBIYHTAHHEM H3 JI06Oro ColepKaliiero 3Ty TOUKY HHTepBaJa

BCeX nOonaBWHX B 3TOT HHTEPBaJ TOYEK BHJA ’ rje n—mnartypaJsnb-

Hoe uucyo. IlpocrpanctBo R Xaycaoptoso; MHOXKECTBO BCEX TOYEK
1
BUJA —- 3aMKHYTO B R; BCAKAsA OKPECTHOCTb 3TOrO 3aMKHYTOTO MHO-

JKeCcTBa NepeceKaercsl O BCAKOH OKPeCTHOCTbIO TOuKH 0.

JlanpHefiwee cy)XeHHe KJacca MPOCTPAHCTB MOJYYHM, €CIH GyneM
paccMaTpuBaTh TaK Has3bBaeMble HOPMaJbHBIE MPOCTPAHCTBA: HOP-
MAAbHOIM  NPOCMPAHCMBEoM Ha3biBaeTcsl Takoe T ,-mpocTpaHcTrso X,
B KOTOPOM BCSIKHE ]|Ba HEMEepeceKalomHXCH 3aMKHYTHIX MHOMKECTBa
HMEIOT HenepeceKaloulHecs OKPeCTHOCTH.

Tlpumep peryJasipHOro HEHOPMaJbHOTO MPOCTPAHCTBA MOXKHO MO-
cTpouth caeaywouum obGpasoMm. HasoBem npoussedernuem dsyx mono-
Aoeuneckux npocmpancme X M Y npoH3BejeHHe ABYX MHOXeCTB X
Y (1. e, MHOXecTBO BCex map (x, y), rae x€ X, y €Y), B Koropom
OTKDHITHIMY MHOKECTBAMH SIBJIAIOTCS NpPOH3BENEHHA JIOOOr0 OTKpHI-
toro A< X Ha moGoe OTkphiToe B<Y ¥ BCEBO3MOXHBIE CYMMBI
TAaKHX Npou3seneHuil. JIerko N0Ka3bIBAeTCS, YTO MPOH3BEJECHHE JBYX
peryJIipHHIX MpPOCTPAHCTB €CTb peryJspHoe MpoCTpaHcTso. B uact-
HOCTH, DEry/sipHbLIM MPOCTPAHCTBOM ABJSETCA NpoH3BeneHHe S mpo-
CTPaHCTBA BCeX NOPAAKOBLIX uHCe] &< ®; HA NPOCTPAHCTBO BCEX
nopaakoseix uncen P<Co. Ilpocrpancrso S, Bmpouem, ecTp He
TOJILKO PeryJ/iipHoe, HO jake HOpMaJbHOE NPOCTPAHCTBO (UUTATEJIO
pexOMeHIyeTcsl ROKa3aThb 3TO YTBEPKICHHE B KauecTBe yHpaX HeHHs).
Onsako, BHIYHTAast W3 DpPOCTPaHCTBA S ONHY JHIIL TOYKY (0, ®),
NOJyurM HeHOpMajbHOe npocTpaHcTso S*. [ Toro uro6nl y6ennThes
B 3TOM, PacCMOTpHM MuoxkecTBo X', cocrosiiee M3 BCEX TOYEK BHJA
(@, w), rre a—moboe mopsAgKOBoe 4HcI0 < »,, H MHOXecTBO Y’,



§ 81 AKCHOMBI OTREJIMMOCTH 169

cocToslee H3 BCeX Toyek BHaa (w,, 1), rae n-—aoboe HaTypalbHOe
gucio, X' u Y’ cytb 3aMKHYThe B S* MHOXecTBa 6e3 o0mHX TOYEK,
moGuie aBe okpectHocTH U (X') u U (Y') Kotophix B npoctpaHctBe S’
mepeceKaoTcs (MmocJejHee YTBEpPXKJAEGHHE YHTATeNb TaKXKe JOJIKeH
caM JOKa3aTb, OMHPASACh HA NPOCTHE CBOMCTBA TPAHCHUHHTHBIX YHCE
BTOporo Kjacca). [IpocrpanctBo S*, ne 6yayuyd HOPMAaAbHBIM, fB-
JSIeTCA PEeryJiSipHBIM, NOCKONBKY BCSKOE€ NOANpPOCTPAHCTBO PeryJsip-
HOTO NPOCTPAHCTBA PEryJspHO.

Teopema 3 § 1 moxer tenepb OHTh CHOPMYJIHPOBAaHA TaK:

Bcsikoe mempuueckoe npocmpancmeo HOPMAILHO.

Tak Kak BCAKOE MHOXECTBO, JexKallee B KaKOM-HHOYIb MeTpH-
YeCKOM NpOCTPAHCTBE, CaMO SIBJSIETCA METPHYECKHM NPOCTPAHCTBOM,
TO METPHYECKHE NPOCTPAHCTBA MOFYT CJYXHTb NPUMEPOM TaK Ha3bi-
BAaEMbIX HACAEOCMIBEHHO HOPMAALHBIX NPOCMPAHCME, YIOHHMAas Moj
HACJIeICTBEHHO HOPMAJIbHLIM TaKO€ HOPMaJIbHOE MPOCTPAHCTBO, BCAKOE
NOJMHOXXECTBO KOTODOFO HOPMAalbHO; HAoGOPOT, NPOCTPaHCTBO S,
6Gyny4H HOpPMaJabHbLIM, HE SIBJSETCS HACAEACTBEHHO HOPMAJbHBIM, TaK
KaK COJNEepHT B KayeCTBE MOAMHOMKECTBA HEHOPMAJbHOE NpPOCTpPaH-
cTBO S*.

BaxHeHIIMM mOAK/IACCOM KJacca HacMeJCTBEHHO HOPMaJbHHIX
NPOCTPAHCTB ABJAIOTCS TaK HAa3bIBaeMble COBEPLIEHHO HOpMAJIbHbIE
NPOCTPAHCTBA.

Onpegenenune 10. HopmanbHoe mpoctpanctBo X HaswiBaeTcs
COBEPIUEHHO HOPMANbHbIM, €CIH BCIKOE 3aMKHYTOE ero MOJMHOXKECTBO
ectb (g-MHOXKECTBO.

Jloka3aTebCTBO HACJEACTBEHHOR HOPMAJBLHOCTH COBEpPIIEHHO HOP-
MaJbHBIX MPOCTPAHCTB MOXKHO HAHTH B KHHre AJeKCaHJpOBa—
ITacwukosa [1], ro. 1, § 5.

Teopemer 3 1 4 § 1 mMoryT GbiTh Temepb 0GbENHHEHDI CAENYIOMIUM
06pasoM:

Teopema 35. Bcakoe mempudeckoe npocmpancmso COBepLIeHHO
HOPMAALHO.

Teopema 36. Beakoe ynopadouennoe npocmpancmeo HOpMaibHo.

Hoxasateabcrtso. Ilycte A u B—H3BIOHKTHBIE 3AMKHYThIE
MOAMHOXKECTBa ymopsifoueHHoro mpocrpasctsa X. PaccMoTpuM oT-
Kpuitoe MHokecTso W =X\ B. Ilo teopeme 13 § 5 ra. 1 MHOXe-
creo W pacnajaercs B IH3DBIOHKTHYIO CYMMY MOPSIAKOBBLIX KOMIOHEHT
W,, o€, KoTopsle B JaHHOM C/lyyae, O4eBHIHO, OTKpbiTH. [Toka-
WeM, uTo IS BCSAKOrO o € ¥ CyumlecTByeT TaKoe OTKPBHITOE MHOMKe-
ct80 U, uto

AnNWos Uz s[U]l=W,. 2)

Ecmu ANW,=A, 10 nonoxum U,=A. ITycts Tenepp A NWo%A.
Muoxecrso X\ W, pacnagaercs B cyMMy IBYX NOPSAIKOBO BHIYK-
Jeix KoMmnoHeHT C U D (npu atom x < y pas x € C v y € D). INocrpoum
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TAKOe OTKPHITOE MHOkecTBO U, uTo
AnW,.=Uz=[Ull= X\C.

Boamoxunl Tpu cayuas.

1°. B muoxectse X\ C cymectsyer HauMeHbiyi sneMeHT a € Wo.
Torga B muoxecte C cymecTByeT HauGOIbIIHHA 3JIEMEHT b, TOCKOJIbKY
B IIPOTHBHOM CJyyae HaHeTCs HHTEPBaJIbHAsA OKpecTHOCTh Oa TOUKH a,
conepxamasics 8 Wq H He mnepecekawomascs ¢ C, 4ero He MOXKET
Obith. Ilonaraem Ug = (b; —+o0). Muoxectso U HCKOMOe, NMOCKOJIBKY
[Uil=UioWa.

2°, B muoxectse X\ C He CymeCTBYeT HAHUMEHLIUETO 3JEMEHTa,
a B mHoxkecrse C cyuwectByeT HanGojblinil 3jgeMeHT a. B sTom
cayyae a € B, MOCKOJbKY B NPOTHBHOM CJy4Yae CyIECTBYeT HHTEp-
BanbHasi okpecTHocth Oa, cojepxaufascas B W u ue mnepecekalo-
mascsa ¢ Wg, 1. e. Oa=W,, 4T0 npOTUBOPEYUT AUIBIOHKTHOCTH MHO-
skeers C u W, IlockoabKy a € B, cylecTByeT HHTEpBa/JbHAs OKpecT-
HocTh (b; ¢) TOUKH a, He nepecekawomasica ¢ A. Wurepsan (a; ¢)
Henycr, Tak Kak B MHOxectBe X\ C HET HaHMEHLIIEro 3JEMEHTA.
Bepem kakyw-HuGyap Touky d €(a; ¢) u noaaraeM Uf=(d; +o0).
Hmeem

AnWecse, +0)=(d; +0)=Ui=[Ukl=[d; +0) = X\ C.

3°. Ceuenne {C, X\ C} ssasercs mennto. B stom cayuae mHo-
xkectsa C 1 X\ C OTKPHITO-32MKHYThI H MOXKHO nOJOXKHTE U= X\ C.

AunanordyusiM o6pasoM, ornpasasiscb oT ceseHusa {X\ D, D},
CTPOMM TaKOe OTKphiToe MHOXecTso Ug, 4TO

AnW,=Uz=[Uz]l= XN\D.

Teneps noaaraem U, =UgzNU%. Ycnosue (2) ouesnpHbiM 06pasom
BBIOJHEHO.

INonoxum Tenepb v=Uvu, u V=X\JU]. OtkpbiThie MHO-
oedl

xecrsa U u V puspionxktasl u A<= U. TlokaxeM, uyto B<=V wuan,
yro TO ke camoe, [U]N B=A. IllpennonoxuM, uto [U]NB==A,
¥ BO3bMeM HexkoTopylo Touky x € [U]|N B. Torna iu6o BcAKuft HHTep-
Bax Buja (a; x), qHGoO BCAKHA HHTepBaJ BUA (X; ) nepecekaercs
¢ mMHoxkecTBoM U (He HMCK/MIOYEHO, YTO MMEIOT MecTo ofa ciaydas oj-
HospemeHHo). [Tycts w5t onpepesnenHoctH (a; x) N U = A pn1s Bcsikoro
a< x. Ilyctb Ox—npou3BosbHAS HHTEPBAJbHASI OKPECTHOCTb TOUKH X.
CymecrsyeT takoe a €, uto As=U, = Ox. B camom gene, B mpo-
THBHOM CJydae, BBHAY TMOPsAKOBOH BbINYKJOCTH MHOXecTB Ug o
YCAOBU A xQ[Ua], waiigercs Takoe a<x, wrto (a; x)NUgs=A naa
pesikoro o€ ¥, Ho ecam A=£U,=0x, 1o OxnNA=%=A. Chenona-
TeJbHO, X €[A]= A, 4TOo NPOTHBOPEUHT NU3BIOHKTHOCTH MHOXKeCTB A
4 B. Tegpema 36 noxasaHa.
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3ameuanue 2. [lyets X —ynopajoueHHOE NPOCTPAHCTBO, a
Y —HeKoropoe ero noaMHoxectso. Ha noaMHoxkectBe Y uMeercs
nopsanok, nacaenyempii us X, Ilostomy MuOMecTBO V' MOXHO pac-
CMaTpUBATh KAk YHOpSiAOYeHHOe mpocTpaHctso. IIpy sToM oKasw-
BaeTcs, YTO MNMOPSAAKOBAs TONOJIOFHA Ha MHOXeCTBe Y Heé 06s3aHa
COBMAJATh C TONOJOTHEH, WHAYHHUPOBAHHON Ha MHOXecCTBe Y TomO-
Joruell mpoctpaHcta X, T. €. TOANPOCTPAHCTBO YNOPSAAOUEHHOTO
NIPOCTPAHCTBA, BoOGHEe TOBOPH, He ABJISETCHA YINOPSAOUYEHHBIM ApO-
CTPAHCTBOM.

[Tpomsmmoctpupyem 3TO Ha CJeAyOLlEeM npuMepe: nycTb X —3To
otpe3ok [—1; 1] uncniosoit npsmo#, a ¥ cocrout us touku {—I}
u noaycerMenta (0; 1]. Torna touka {—1} saBaseTcs u30AHPOBAH-
HO#l B Y, Kak B noampocTpancTtBe npocrpancrsa X. B To ke Bpems
B TOPAJKOBO#l TOMOJOTHM Ha MHOXecTBe Y TMOCJe0BaTeNbHOCTD

{—’17: n=1,2, ...7 cxoaurcst K Touke {-—1}.

Ho necmoTpsi Ha TO, 4TO CBOHCTBO OBITH YIODPAJOUEHHBIM NDpO-
CTPaAHCTBOM He ABJISETCH HaCJeACTBEHHEIM, ynopadoueHnbie npocrmpaH -
Cmea HACACOCMBEHHO HOPMQABHbL. STO BHITEKaeT M3 HOPMaJabHOCTH
BCAKOTO 3aMKHYTOr'O TOAIIPOCTPAHCTBA HOpPMaJbHOTO TIPOCTPAHCTBA
H CJelyIOlero yTBep:KIEHUS, A0Ka3aTeJibCTBO KOTOPOro IpejocTaB-
JISieTCSl YHTaTeJo:

18 ecsakoeo nodmrnoscecmea Y ynopadouennoeo npocmpancmea X
cywecmayem marxoe ynopadoueHHce npocmpancmeo Z, Komopoe codep-
agcum Y 6 kadecmee samxrymoeo noonpocmparcmea. I1pu smom moxcro
cuumams, 4mo Z< X.

OzHoit M3 uHTepecHeHWNX NpodreM TEOPUH TONOJIOrHYEeCKHX Mpo-
CTPAHCTB SIBJsIeTC YCTAHOBJEHHE HEOOXOZHMBIX M JOCT2TGUHBIX
YCJOBHH JJIsT TOro, YTOOBI TONOJOTMYECKOE NPOCTPAHCTBO GLLIO, KaK
TOBOPAT, Mempusyemo, T. €. TOMEOMOP(HHO HEKOTOPOMY METPHYECKOMY
NpOCTPaHCTBY. V3 CKa3aHHOTO BHILE: CJAEAYeT, YTO HEOOXONNMBIM
YCJOBHEM METPH3YeMOCTH TOTOJOrHYECKOrO NPOCTPAHCTBA SIBJASETCSH
ero HopmajbHOCTs *). OfHAKO 3TO yCJI0BHE HEJNOCTATOYHO: MOXHO
JIETKO NOKasaTb, uTo, Hanpumep, npocTtpahctBo W (®,) Bcex nopsan-
KOBBIX uuces]l <, HOpManbHO **), Mexny TeM oHo (xak Oyjer no-
Ka3aHo B . 5) He meTpusyeMo. Tem 6osee 3aMeuaTesbHa CJAEAYIO-
Hias- TeopeMa ¥ pBICOHA, IOJNHOCTHIO pellaiolmasl 3ajauyy MeTpH3aluu
B NpHMEHEHHH K NPOCTPAHCTBAM CO CYeTHOH 6asoi:

Ileppass mMmerpusanHoHHas Teopema YpocoHa. [Jun
moz0 4mobsl MON0A0ZUNECKOE NPOCMPAHCMED CO cuemHol 6asoll Oet-
A0 mempusyemo, Heobxo0umo u OGocmamiodno, 4mobbt oHO OblAO HOp-
MaAbHO.

*) laxe coBepieHHAsT HOPMAJBLHOCTD.
**) Byayun ynopsloueHHEIM, OHO Jae HACHEJCTBEHHO HOPMAJLHO H, KpoMe
TOro, YNOBJIETBOpfeT nepBof aKCHOME CYETHOCTH.
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JlokasaTenbcTBO 3TOH TeOpeMbl OMHpaeTcss Ha Jpyroe BaxkHOe
npepioxenne, pokasansoe I1. C. YpricoHom uH u3BecTHoe noj Ha3sa-
HueM «GOJBIION» JIeMMBI Y PLICOHA:

Boasmwasa nemma Ypuicona. [lyemse A u B—O0sa samx-
HYMbIX HenepeceKarouUXCl MHONeCMEa KopMabHoeo npocmpancmea X.
Hrs moberx Osyx Oeticmeumensrvix wucer a, b, a < b, cyuwecmeyern
deticmeumenviuas HenpepblBraf Qynkyus f, ,, onpedesennas 80 ecem
npocmpancmee X, NPUAUMAIOWAS 3HOYEHUE Q 80 BCEX MOYKAX MHO-
amecmea A, 3uaenue b 6o ecex mourkax mromcecmsa B u yooesemeo-
pawwas ecrody 8 X Hepasercmasy

a<fa,b(x)<b°

Ecnu ofHo M3 JNBYX MHOXeECTB, CKaxeM A, mycro, TO JOCTaTOYHO
nonoxuth f(x)=>0 paa moboro x € X. Ocraerca paccMoTpers cay-
yafi, Korjga He OfHO H3 MHoxecTB A, B He nycro. Ilpu 3TOM MOXHO
NPEANONONKUTb, 4T0 =0, b==1, TaK KaK [, ,(x) (WIg "0O6LX a, b)
nojyuaercs u3 f, ;(x) nocpeactsoM gopmy/ibt

fa,6(X)=(b—a)f,,,(x)+a.

Ianvueitiune paccyXueHus H GyAYT BECTHCb B MPEANOJOXKEHHU
a=0,b=1.0n# onupaioTcs Ha CAEAYIOULYIO TAK HAa3bIBAEMYIO «MaJYIO»
JemMMy Y pbicoHa:

Manas aemma Ypuicona., Ecau X Hopmarswo u A samk-
wymo ¢ X, mo Kk moboii oxpecmuocmu U (A) muomcecmsa A moxcro
nadimu makyio okpecmuocms U (A) mroacecmsa A, umo [U (A= U (A).

B uactHoctH, B s06oit oxpectHoctH U (x) M0GOH TOYKH X HOp-
MaJIbHOTO TMPOCTPAHCTBA cojfiepkuTCA 3ambikanue [U,(x)| HekoTopoit
okpectHoctd U, (x) ToH xe ToukH x. Jlerko nokasarte, 4TO mocnes-
Hee CBOWCTBO BLINOJNIHEHO HE TOJNLKO B HOPMAJbHBIX, HO H B pery-
JIADHBLIX NPOCTPAHCTBAX H XapPaKTepU3yeT 3TH NOCHE[HHE (T.e. MOXKeT
ObITH TIPHHATO 32 onpeaesieHne peryaspHoctH). [TofoGHEIM xe o6pa3om
Majiafd JieMMa YpbicoHa B ee ofeM Bujae (T.e. A8 JIOGOro 3aMK-
Hytoro A) XapakTepH3yeT HOpMaJbHbie NpPOCTPAHCTBA.

XapakrepH3yeT HOPMAJbHBIE IPOCTPAHCTBA H OOJbIIAs JleMMa
Ypuicona. B camom nesne, Gyayud BepHOH 1asi JM0GOro HOpMaJbHOroO
NpPOCTPAHCTBA, OHA BHIPAXKAET HEOOXONMMOE YCJIOBHE HODMAJbHOCTH.
Ho 910 ychoBue m pocrarouno. Hasosem, B camMom JeJe, 1Ba j¥3b-
IOHKTHBIX 3aMKHYTHIX MHOXecTBa A u B ¢ynkyuonaswHo omdesumoiny
(B TOTIONOrHYECKOM NpocTpaHcrBe X), €C/IH CYWECTBYET onpejeseH-
Has Ha Bcem X HenpepbiBHas QYHKUHA f, yAoBIeTBOpsionias yciao-
BusiMm 0<Cf (x)<C1 Bo Beem X, paBHasi Hy/10 Ha A W epwHHUE Ha B.
Ecau samMkryThie MuoxectBa A u B (GYyHKUHOHANBHO OTAE]HMB B X,
TO OHH MMEIOT AU3DBIOHKTHHIEe oKpectHocTH U A u UB. JleiicTurenHo,
Rocratouno onpefenuts UA u UB kKak MHOXeCTBa BCEX TOYEK X,

8 KOTOpHIX f(x)<%, COOTBETCTBEHHO [ (X) >T;~. Hrak, nopmars-
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Hole npocmparcmea mozym Obums onpedesenst kKax T ,-npocmparcmsa,
8 Komopeix Ao6ble 080 HENepecekarouyuxcs SAMKHYMbIX MHONCECMBa
PYHKYUOHANLHO OMOeAUMbL.

Ouenb BakeH kJacc T,-TIPOCTPAHCTB, B KOTOPBIX KaKmas TOYKA
(YHKUHOHATBHO OTAE/IHMa OT JI0GOr0 HE CONEpIKALIEro 3Ty TOYKY
3aMKHYTOrO MHOXeCTBa. DTH NpocTpaHCTBa, BBegeHHuie A. H, Tuxo-
HOBBbIM, HAa3bIBAIOTCA BMOAHE Pe2YASPHbLMU.

TlpocrefiiunM npumepoM BrogHE pPeryaspHLIX NPOCTPAHCTE AB-
JITIOTCA HHAYKTHBHO HyabMepHeie T -mpocrpaHcTBa. B camom nese,
fiycTb B HHJYKTHBHO HYJbMEPHOM mpocTpaHctBe X HaHbl TOYKA X
4 He cozjepxamee 3Ty TOYKY 3aMKHyToe MHoxectBo F. Torpa B ok-
pectHoctH  Ox= X\ F colepXHTCA OTKPHTO-3aMKHYTas OKpeCT-
gocth O,x. DyHKuus, paBHas Hy/o Ha O;x ¥ enunuue Ha X\ O,x,
HenpephiBHa W OTHeNsSeT TOYKy X OT MHOXxectsa F,

Brnosne peryasipasie npoctpancrsa GyAyT nOAPOGHO HCCJIENOBAHBI
8 rjase 6.

HOns pokasarenbctsa Majof JieMMbl YPHICOHA JOCTaTOYHO B3fATb
nusbioHKTHble oKpecTHoctH U,(A) u V 3amMkHyThix MHOXKecTB A ©
X\U (A); torna muoxecrsa [U,(A)] u V Takxke He umei0T 06liux
Touek, T.e. [Uy(A)]= X\V= XN(X\U (4)=U (4).

[Nlepexonum K mOKa3sateabCTBy GoJibwiofl gemMbl ¥ peicona. [Tona-
raeM U (A)=T,=X\B ¥ HaxoguM 1no Majoli JeMMe OKpPECTHOCTb
U, (A)=T, taKymw, uro [[\] <= I';. [IpeanosiokuM, 4yto yke mocTpoeHs!
OTKpHITHE MHOXKectBa I'p (n/1s1 jgaHHoro HatypajabHoro n u p=0,

2”
1, ..., 2% rak, uro npu p < p’ uMeeM [I‘p]cf‘i (nis n=0 3710
2Il 2"
LeAcTBHTeNbHO cuenano). Ilo manoll JjemMe MOXKHQG MOCTPOHTH OT-

kpbitoe I'op; TaK, 4ToO6H!
gft+1

[PP]EPMH E[F?P+l]§ Pp+l-

'211 2n+1 on+1 2%

Orciopa caenyer, YT0 AJS BCEX ABOHYHO-PAlHOHAJBHBIX YHCEJ 7,
P

T.e. NI BCeX uHCed BHIA r=g, 0<{r <1, MOXHO HOCTPOUTH
oTkphiThie B X Muoxecrsa I', Tak, wro A< T, 4 npu r <r"

AN =0 "%
Tlosoxum Tenepb st Bcex ocraubhuXx f, 0 <& <1,

Ft = U Fr.
r<t
JokaxemM, 4TO Bcerjpa

[Ty]<=Tr npu t < ¢,
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B camoMm pese, Geps ABOHYHO-pallHOHAJbHBIE 7, r' TaK, 4TOOH OBLIO

t<r<r <t,
HMEEM

I''<T,, suauur, [T, <1y,

ueM yrBepxieHue aokaszano. Hakowmeu, nomoxum I'y=A aaa ¢ <0
0 Iy=X gas ¢t > 1.

IToctpoum Tenmepp ans Kaxgol ToukH x € X HEKOTOpOE CeyeHHEe
(A*, B*) B MHOXecCTBe BCEX JEHCTBHTEJNbHBIX 4HCEJ: HMEHHO, OTHE-
ceM uyHCNO ! K HHXKHeMY KJaccy A%, ecau x He comepxutcs B Iy,
H K BepxHemy B¥*, eciu x €Ty 310 ceuenue onpepessier AeACTBH-
TeJbHOE YHUCIO0 T,, npuyeMm, oueBupHo, 0<Crt,<C 1. Hpyrumu cao-
BaMH, onpepnesieHa GyHKUHA

fo,l(x)zfx

Bo BceM npocrpancree X. Ilpu satom f, , (x)=0mnpux€Auf, ,(x)=1
npu x € B. JlokaxeMm, HaKOHEN, HENPepbIBHOCTb (QYHKUHH [ (¥) B
Kaxnoii Touke x € X. B3as npoussonbyoe € > 0, pacCMOTpHM OKpecT-

HOCTb
U(x)= F1x+s\[P1x— s]

Touki x. Torpa no camomy omnpejeneHHIO 9TOH OKPECTHOCTH HMeeM
a5l Beex ee Touek x' €U (x)

T,—e < Ty < Ty+8,

1. e. | fo, 1 (X)—Fo, ()] <&, uto M TpeGosanoch n0OKa3aTh.

IlpumennM Tenepb GOJbIIYIO JeMMy YPBICOHA K JOKa3aTeJbCTBY
MeTPH3aUHOHHOH Teopembl. TaK kax TpeOyercs J0Kasath JUlb [O-
CTAaTOUHOCTh YCJIOBHSI 3TOfl Teopembl, TO Hama Lejb OyneT, KOHeuHo,
HOCTUTHYTA, €CAH MBl JOKaKeM Cliefyioliee NpeisIoKeHHe:

Teopema ¥Ypoicona (o norpyxkeunn), Bcfxoe HopmasvHce
RPOCM PAHCIME0 €O CHemHOl 0Oa301 20MEOMOPPHO HEKOMOopomYy MHO-
HECmBy, NeHAUEMY 6 OCHOBHOM napairitesenunede 2uivbepmosa npo-
cmparcmea *).

JlokazaTteabCTBO TeOpeMbl O MOTpYkKeHHH Bosbmem
KaKy1o-HUOYAb cueTHyIO 623y S JaHHOTO HOPMAJLHOro npocTpatcrsa X.
Ilycts

U,U,, ..., U, ...

*) HanomuuM, 4T0 «oCHOBHOH Napanjenienunely Q (WAH «KHDPTHY») FHABGEpP-
TOBa NPOCTPAHCTBA R*™ COCTOMT, 1O ONpPEJe]eHHIO, H3 BCEX TOYCK y==({3, fy, ...
cees Iy .. )ER®, ypoeaeTBopsiomHXx (npu JicGom n=1, 2, 3, ...) ycroBUIO

0ty <g5e
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— Bce ayieMeHTHl 6asel. Ilapy (U,, U,) nazoBem KaHOHHYECKOH, ec/H
Uils U,

Us magofi JeMMmbl YpbiCOHA BBITEKAET CJAEAYIOILeEe 3aMeyaHHe:

Kakosbt 661 un 6biTu Touka a € X u ee okpectocth U (a), MOXHO
HaiiTu kKaHoHuueckywo napy (U, U,) rakyw, uro a€U;, U,=U (a).
B camom pene, tak Kak S ecTb $asa, TO CYLIECTByeT TakKoi 3Je-
ment U, 3stoft Gasw, uto a€U,= U (a); nocae storo 0o Masaoi
JeMMe Y pbICOHA HAaXOJHM OKpecTHOCTh U, (a) ¢ 3aMbikaHueM, comep-
xkaumpmMcs B Uy, Hakowden, Gepem asgiement U; 6aset S, yaoBJIerso-
pmomuil yenosuto a € U, = U (a). OueBunno, (U;, U,) ecTb uckoMas
KaHOHHYECKasl mapa.

Kanonnyeckue mnapbl 00pasyiOT CYETHOE MHOMKECTBO U MOITOMY
MoryT OBITb pPa3 HaBCerjJa 3aHYMEPOBaHbl B CUETHYIO T[OCJe/0Ba-
TEJIbHOCTh

ﬂl! Toy o ey Ty - -3 ﬂnz(Uiy Uk)‘

Corsaacuo Gosbiiofi JemMe YPBICOHA CTPOHM J51 KaxKno# KauoHH-
yeckoit mapsl m, == (U;, U,) venpepbiBHyl0 DyHKUHIO @, (X), onpene-
JIGHHYIO BO BCeM mpocTpaHcTBe X H YAOBJETBOPSIOULYIO YCJIOBHSM:

0o, (x)<{1 nasa moboro x€ X,
¢, (x) =0 mas x€[U,],
¢, (x) =1 nas x € X\U,.

QOraeceM 0608 Touke x € X MOCAEA0BATEALHOCTh YHcea

=t ()=, n=1,23, ..,

H [O0CTaBHM efl B COOTBETCTBHE TOUKY
y=F ()= (x), ts(x), ..., L, (x), ..0)

THabGepToBa Kupuuua Q. JlokaxeM, yto nosiyyeHHoe oToGpamkenue f
npocTpaHcTsa X Ha HEKOTOpoe MHOXecTBO Y <= (@ ecTb TOMmoJIOrH-
yeckoe ortoOpaxkenue. Ilpexae Bcero nokakem, 4to otofpamenue f
B3aHMHO ofHo3HauHo. [lokaxeM, APYrUMu CJIOBaMH, 4TO AJI51 ABYX
pasinyHbix TOYeK X, X' mpoctpanctBa X Touknm f(x) u f(x’) pas-
Jiauel. Jas sToro osbMeM oxpecTHocTh U (X) TOUKH X, HE comep-
Kallylo TOYKy x’, H NMOCTPOHM KaHoHuuecKylo mnapy xn,=(U,, U,),
yaosJaetsopsiomyto yenospuio x €U;, U,=U (x). Torpa ¢, (x)=0,
9, (x')=1, 1. e. t,(x)=0, t,(x")=g;, 3HaunT, ToukH [(x) H f(x")
(uMest pas/uyHBIe A-KOOPAHHATHI) Pa3/IMYHbL,

Joxaxkem, uTo orobGpaxenue [ Henpepniuo. HepeM npousso.b-

Hylo fouky x€ X ¥ mpoussobHoe & > 0. OueBnjgHo, MOXeM mpeji-
noJoxutb, 4to & < 1. Ham napo HafT™i Takyw okpecrHocts U (x),
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gyrobul pas Joboii ToukH x' € U (x) Gblio p(f (x) F(x")) <e. Has
970r0 BoI6HpaeM CToJbL Gosbiioe 1, 4TO0L 21,,, < 5 Bceaencreue ue-

TIpEePBIBHOCTH q)yHKLmu 9,(x), --- ®,(X) MOXKHO HAHTH TaKne
okpecraoctd U (x), ..., U, (x) TO‘-IKP] x, yto pia x' € U, (x) Gynem

uMeth |, (X)—@; (% )l < T/—_Q— npa i=1,2, ..., m. O6GosHauuMm

vepe3 U (x) nepeceuenne okpectHocret U,(x), ..., U, (x). Has
x' € U (x) umeem

p(f (1), F(x) =l/ NGRS &

TSI 7 E N S
i= {=m+1

1/8’z2,+12,<1/2+2 .

ueM d JOKa3aHa HeNpephiBHOCTb OTOOPAXKEHHS.

IokaxeMm, HaKOHEll, HENPEPLIBHOCTL 0GPATHOro oToGpakenus f~*
muoxectBa Y< @ na X. Ilycre nana NPOKM3BO/bHAS TOUKA yey,
¥ 0ycTb x==f~1(y), T. e. y=F (¥). [lna npousBo/bHO OKPECTHOCTH U (x)

e6yeTca nojo6pars Takoe € >0, wrobut npu y' € U (y, &) Gbao
f Yy')eU (x). Ias toro utoObl HAlTH HyXHOE HaM g, nonbHpaem
cHayaja TaKylo KaHOHHYecKyio napy , =(U, U,), urobui Gulio x € U,

U, = U (x). YtBepxknaercs, 4to e=on

B camom pesie, l'IyCTby € U(y, ). lokaxewm, uto ¥’ =f~1(y") € U(x).
Ho ecan 6m x' € X\U(x), 10 u nogaBHo x’ EX\Uk(x), T. €.
¢, (x)=1. A Tak kak x € U, (x), 31auur, 9, (x) =0, TO MBI HMeJH Gbt

eCTb HCKOMOE &.

, () — 1, (¥) = o5

oy 1) =p (F (), FEN 11, (0)—t, () =g =¢,

ponpeky ycjosuio, uro y €U (y, €).

Teopema 0 noOrpy:xKeHuH MOJHOCTHLIO JOKA3aHA.

Arol TeopeMe MOXKHO 1aTb TaKylo GopMYyJHPOBKY:

HArs mozo umobsr monoaceudeckoe npocmpancmeo X Gotro 2omeo-
MODPHO MHOICECMBY, ALHAuEMY 6 2urbbepmosom npocmpancmee, He-
06x00umo 1 Jocmamovro, 4mobvt OHO ObLAD HOPMAALHO L UMEAO0 CHEeMHYIO
6asy.
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(B camom gese, Mbl TOJNBKO 4YTO JOKa3anH JOCTATOUHOCTb 3TOFO
yC/oBHsl; HEOGXORUMOCTh €r0 OUEBHJAHA, TAK KaK TuJbOepToBo npo-
CTPaHCTBO, OYyAy4YM METPUYECKHM NPOCTPAHCTBOM, HMEET CUETHYIO
Ga3y; 3HauuT, U BCAKOE MHOMECTBO, Jexailee B rHjib6epTOBOM Npo-
CTpAaHCTBE, €CTb MEeTpUYecKoe, T.e. W I0JaBHO HOPMaJbHOE Mpo-
CTPAHCTBO CO CcueTHOH 6as3oii.)

[MpunnunuanbHoe 3HaueHWe 3TOH TeOpeMHl OIPOMHO: OHA IOJ-
HOCTbIO XapaKTepusyeT C TOMOJOrUYECKOH CTOPOHH MHOMKeCTBa, Je-
JKamyge B THAbOEPTOBOM INPOCTPAHCTBE, YKa3blBa#  HEOXKHIAHHO
KOPOTKHH NyTh, IO KOTOPOMY MOXKHO HPHATH OT caMbX OOIIMX TO-
MOJIOTHYECKUX TOCTPOEHHH — TOMOJOTHYeCKUX MPOCTPAHCTB —K COBep-
LIEHHO KOHKPETHOMY OOBEKTY TEOPHM TOUCYHBIX MHOXKECTB—K MHO-
KeCTBaM, PacloJOXKeHHbIM B THJIbOEPTOBOM NPOCTPAHCTBE.

M3 Teopemnl 0 morpyeHu, najee, BHITEKaeT:

Bce mempuueckue npocmpancmea, codepicaujue Ccuemmble 6ctooy
NAOMHbIE MHONECBA, U MOALKO MAKUe MEeMmpusecKue npocmpancmea
20MEOMOPPHL MHOJNCECTIBAM, ACHCAULUM 8 2UAbOEPMOBOM NPOCMLPAHCMEE.

H3 Goabuioit seMMbl Y pLICOHA BLITEKaeT ,

Mpennoxenue 1. Bo ecaxoi oxpecmruocmu OF samxrymoeo
nodmnosxcecmea F nHopmasvrozo npocmparcmea X codepocumcs Fy-ox-
pecmuocme OF .

B camom pene, nyctb [—HenpepbiBHas (pyHKUMSA HA NPOCTpaH-
ctBe X, mpuHUMaoulas 3HaueHus: Ha orpeske [0; 1], paBnas O na F
n 1 ma X\ OF. Ilonoxum O,F ={x € X: f(x) < 1}. Torpa orkpsitoe
muoxectBo O,F nexur B OF u ABJIAeTCA CYMMOH CYETHOIO HHC/a
3aMKHYTHIX MHOXECTB

F,,={x‘eX: f(x)g"-}—‘}.

IMpuMenum renepp GOJbIIYIO JeMMY YDBICOHA K NOKAa3aTeNbCTBY
cilenymouieii BeCbMa Ba)KHOH TEOpEMBI:

Teopema 37. Ko ecakoti ozpanu4enHori Henpepuieroti pyrkyuu @,
sadannod Ha samxHymon mroxcecmee O nopmaavroeo npocmpancmea X,
cyuecmaeyem Henpepbigras 8o écem npocmparcmee X ¢ynxyus f, cos-
nadarowas ¢ ¢ 6o ecex mouxax mroscecrnea © *). Ilpu amom, ecau p,
ecmb eepxHAs epanv (pyukyuu |@| Ha ®, mo pynxyuwo [ moxro
nodobpame max, umo 6epxweil 2pansio ee abCOMOMHOL Geaudursl (60
ecem npocmpancmee X) maxmce 6ydem 4ucio p,.

Yacro mnoJas3ylorcs Kpatkod (oOpMyJHPOBKOH 3TOH TeopeMsl,
TOBOpS, YTO BCAKas HenpepuiBHas QYHKLUs, 3aJlaHHAS Ha 3aMKHYTOM

*) Teopema 0 mpoo/eHHH HenpepuiBHHEIX (yHKUMA XapaKkTepH3yeT HOpMaib-
Hple npoctpaHcTBa (cpeas Bcex Ty-nmpocTpancTB): ecd X HEHODMaJabHO, TO Cylie-
CTBYIOT JABa JH3DbIOHKTHEIX 3aMKHYTHIX MHOXecTBa A H B, He OTReIHMHX (yHK-
nHoHaubHO; nosaras f=0 Ba A, f=1 na B, umeem HenpepuBHYIO (yHKURMIO f,
KOTOpasi onpejejeHa Ha 3aMKHYTOM MHoxkectBe A{JB u He MoxeT ObTb IIPOJOJI-
JKeHa Ha Bee IpocTpaHcTBO X.
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MHOKecTBe IfpocTpaHcTBa X, MoOeT ObITh HeNpepbiBHO NPOJO0J-
JKeHa Ha BCe npocTpaHcreo X.

JdokasareabctBo Teopemn 37. llosaraem @, (x)=o(x);
sTa (yHKUMA omnpepesneHa Juilb Ha MHOoXKecrBe @. Tlyets u, >0
€CTh BepXHsisi rpaub Qyurunu |@,|. O6osHauum uepes A,, coorser-
CTBeHHO B, 3aMKHYTO€ MHOXKECTBO TeX TOueK MHoxectBa @, B KO-

%‘L*). Crpoum 1o Jgemme

YpbicoHa HemnpepbIBHYIO Bo BceM npocrpaHctse X QyHKUHIO fo, [paB-

HY!0 ———%ﬂ Ha A,, pasuyio —%ﬂ Ha B, H yIOBJETBOPSAIOILYIO BCIOLY

TOPHIX @, (x)<———”31, COOTBETCTBEHHO _=

B X HEpaBeHCTBY |f0|<%"~. ITonaraem teneppr una @
@, (x) =9, (x)""fo (x).

OyHruuA @; venpepoiBHa Ha @, H BepXHAA IpaHb f,; QYHKUHH @ |
yIOBJIETBODSET HEPABEHCTBY uig—s—uo.

CoBepuieHHO TaK e, KaK Mbl Tepeuiyii or @, K @,, nepexoguM
OT ¢, K @,: ofo3HayaeM uepe3 A,, B, 3aMKHYTble MHOXECTBAa TeX

touek MHOXKectea @, B KOTOPHX @, (x)<-——'§i,c00TBeTCTBeHHo

0N (x)}%‘—; CTpouM (QYHKUHIO f,, HEpPEPLIBHYIO BO BCeM X, PaBHYIO
M1

—-—”?)L Ha A,, 1 paBHyO -3 Ha Bj; nonaraem Ha @

Py (x) = (2 (x) _fl (X)
Bepxusist rpaub g, QyHKUEH |@,| yIOBIETBOPSIET HEPABEHCTBY

2
By << FReE

Takum ofpasoM mar 3a mwaroMm CTpouM Qyuxkuuu
D=, Oy, Pgy o+ vy Ppy o2+
HenpepbiBHbe Ha @, H QYyHKUUH
For Fio Far o ova Frs == v
HenpepuiBHBe Ha BceM X, npuueM Ha O umeem
P (X) =@, () —F, (x). )

*y Ogno uz muoxecrs Ag, B, Npn 5TOM MOKET 0Xa3aTbCA HYCTHIM, UTO,
OJIHAKO, He BJAMAET Ha AajibHelIIHe PacCyiKiaeHHs..
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Hanee, o6o3Hayan uepe3 p, BEePXHIOO rpaHb (yHKuHH |@,], ¥meeMm

2
If"(x)l<_pé_n_, Mn+1<'§“m n=0’ 1,21'-"
3HAYHT,

e @I<(5) 10 1@< (F) (1)
INosoxxum Tenepn
Sa(X)=Fo () + ... +F, (2.
B cuay BToporo M3 HepapeHCTB (4) moc/enoBaTebHOCTb

Sys Sz Sgr v vy Spy v v e

paBHOMEPHO CXOAMTCA K HenpepbiBHOR B X ¢yHKHHM f, mpHuem
‘: 2\n
HOI<Z (5) 5=pe ©)
n=0

TaK yto QyHKnuA |f| orpannuena B X Toio Xe KOHCTaHTOH W, YTO
K ¢ynkuns |@| na @.
Hasee, no ¢opmyae (3) nmeeM B si060it Touke x € O

fn (X)'—: P, (x)_“q)ni-l (X),
3HAYHT,

S, (X): Py (x)—q)n+1 (X),

H TakK Kak B CHJy HepBoro u3 HepaseHcTB (4) GyHKUHMH @, ; NOpH
n— oo CTpeMsATCH K HyJio, To AJasa Jmoboro x € O umeem

Fl)=1im s, ()=, ()= (),

ueM BCE [0Ka3aHo.

[Npumenrm jgemmy YpbicoHa K JOKa3aTe/bCTBY CJEYIONIErO BaxK-
HOTO YTBePKACHHA:

Jlemma Benenucosa. a) B wuopmaserom npocmparcmee X
8cakoe 3amxHymoe mHoxcecmeo muna Gs U mMOALKO MaAKoe MHOMNCe-
cmeo ecmob MHosdcecmeo Hyaeth Hexomopold Henpeptisroti Ha X QpyHK-
yuu.

6) B Hopmasvrom npocmparcmee X 048 6cAK020 OMKPLINOLO MHO-
sgicecmea U muna Fo u moawko 0an maxoeo muoxcecmea cyujecmeyent
nenpepoiran  @yaxyus f: X —[0; 1] maxas, wmo U ={x€X:
f(x) > 0}.

OuesupHo, 4TO yTBEpKAEHHA a) H 6) s3kBHUBajJeHTHH. [lokaxem

@«

yreepxaenue 6). Ilycts U= |]J F,, rne muoxectsa F, saMkuyTsl.
n=1

ITo Gosbmoit temme ¥ peicoua pjst Besikoro n= 1,2, ... cyulectsyer
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Takas HenpepoieHaa ¢yHkuusa [, X — [0; 2—',;] , uTo f, (Fn)z%t "

Fa(X\\U)=0. Tonoxum Teneps f= 2 f,. DyHKuus [ Hempe-
n=1

pbiBHA, IOCKOJbKY OHA fBJIETCH NPENesOM PaBHOMEPHO CXOopsilefics

n
MOC/IEOBATE/ILHOCTH HEUPEPLIBHLIX (GYHKUUH ¢, = >, f,. Oue-
m=1
BuIHO, 4to f(x)=0 pna Bcako#t Toukyn x € X \ U. B 10 xke Bpewms,
ecnu x €U, 1o x € F, npu vexkoropom n, Torpa f(x) =f, (x) = 2L,, > 0.

Jlemma BepenwucoBa aokasana.

§ 9. OrpaHndenHble MHOXKeCTBa B R”;
veopembl Boabuano — Belepurpacca, Kanropa
n bopeas — JleGera. Teopema Kown

C orpanuueHHBIMH MHOXECTBAMH Ha YMCJIOBOH MPSMOH Mbi BCTpe-
vasuch B raase 2. Muoxectso M, nexainee B eBKJAHIOBOM MpOCT-
paHCTBe, Ha3bIBAETCH O2DAHUMEHHbIM, €CJIH OHO LEJHUKOM JIEKHUT B He-
KOTOPOM .Iuape (uaM, 4TO TO XKe caMoe, B HeKOTOpoM KyGe).
OueBHiHO, ANA STOrO HEOOXOAMMO M JOCTATOYHO, YTOGHI NPOEKUHM
MHOXKecTBa M Ha KaXLyl0 KOOPAHHATHYIO OCb GHLJIM OTpaHHYCHHBIMH.

Hmeer mecTo caepyiowas gyHzaMeHTaslbHas TeopeMa:

Teopema 38 (Boabnano—DBeiiepuitpace). Bceskoe Geckoneuroe
02PAHUHEHHOE MHOJCECMEO 8 e6KAUGOBOM npocmparcmae *) umeem xoms
Obt 00HY npedesbHYto MOUKY.

Iokaxem reopemy Boasitano— BefiepiuTpacca A/ MIOCKHX MHO-
#ecTB. JloKasaTesbCTBO OMHpaercs Ha CAELYOWLYIO JIEMMY:

Jlemma, Bcakas ybwowsaowas nociedosamesbHocms SQMKHYMbIX
NPAMOY20ALHUKOB, CIMOPOHbL KOMOPbLLX NAPAAIRALHbL OCAM KOOPOUHAM
U cmpemamca no JAuHe K HYAw, umeenm nepecederue, COCIMOAWEE U3
00HOU-eOUHCMBeHHOU MOYKLL,

B camom pene, nycthb

Q,=Q,=...2Q,=...

— JaHHas TOC/e0BaTeIbHOCTh NPAMOYroJbHUKOB. CrpoekTupyem
3TH NPSAMOYToJbHHKH Ha OCb abCuucc ¥ Ha ocb opauHAT. Iloayuum

*) B ruasGeprosom npocTpaHcTse TeopeMa Doabuano— Befiepnitpacca yxe ne
umeer Mecta. B camom nene, Geckoneunoe Muowectso M={xj, ..., Xy, ...}, rze

TOUKA X,, HMEET eNHHCTBEHHYIO OTJIHYHYIO OT HYJAs m-l0 KOOPIMHATY, KOTopas
pasua 1, orpannueso (ero nmamerp pases ¥'2). B To me BpeMs scakas cdeph-

weckas OKPecTHOCTh pasuyca V¥ 2/2 mepecexaercd He Gojee ueM ¢ OLHOH TOUKO
MmHoxkecTBa M, KOTOpoe, TeM CaMbIM, He HMeeT NpeieNbHBIX TOYeK.
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00C/Iefi0BATENbHOCTh CErMEHTOB
X, =2X=2...2X,=2...

Ha ocu abcuuce u 10CJeA0BATE/ILHOCTL CEeI'MEHTOB
Y, =2Y,=2...2Y,=2...

Ha ocH opauHar. Kaxnas w3 5THX mnociefoBaresibHOCTEHR HMeerT,
B cuny chaeacreus 3 reopemn! 10 § 2 ro. 2, nepeceuenne, cocrosi-
flee U3 OJHOH TOYKH X,, COOTBETCTBEHHQ Y,. louka &, ==(X,, ¥,)
NJIOCKOCTH MPHHAJIEXKUT BCEM NPAMOYroJnHHKAaM Q,; UX nepeceue-
HHe, TakuM oOpasoM, Henycto. Ecam Gbi 3T0 nepeceuyeHue, Kpome
Touku §,, comepmano eme Kakyl-uHOyAL TOUKY &, TO, 0603HAUHB
uyepe3 d paccrosiHue MexXay Toukamu L, u E u B3sIB Crojib GOJib-

d
nioe n, 4T00bl 06e CTOPOHBI NPAMOYIOJAbHHKA (, OblIM MeHbIUe T
MBl NONYy4YUJaH Obl MpOTUBOpeuHe (BCAKHE jABE€ TOYKH IPSMOYTOJib-
d
HUKa @, UMelOT paccrosiHue <2?= d, a notomy Toukm &, u E,

OTCTOSILIIME APYT OT japyra Ha d, He MOTYT B 5TOM NPAMOYTOJBLHUKE
YMECTHTHCH).

Tlepexonum HenmocpenCTBeHHO K JOKAasaTesbeTBY Tteopembl BoJib-
uaso — Beflepmirpacca. PaccMorpuM  Kakoe-HHOynb OrpaHHueHHOe
MHOxectBo E Ha nsockoctH. B cuny orpaHmueHHOCTH MHOXKecTBa E
cyllectByer KBajapatr @, €O CTODOHAMH, Mapa/ljie/IbHBIMH OCSIM KOOp-
JUMHAT, colepxaumuil Bce mHoxecrso E. Pasobbem kBanpar Q, npsi-
MbIMM, Mapajie]bHEIMH €ro CTOPOHAM, Ha ueThipe KOHTPYSHTHLIX
Mexny cobolo KBajapara. Tak Kak MHOXkecTBO E GeCKOHeYHO, TO MO
KpafiHe#t mepe OAMH U3 3THX 4YeThpex KBaJpaTOB-—Ha30BeM ero Q, —
cozepKUT GeCKOHEYHO MHOro todek MHOxecTBa E. Kpanpar Q. umeer
CTOpPOHY BJBOE MeHBLIYIO, YeM CTopoHa Ksagpara Q,. Pa3ofoem
KBajipaT Q, Ha ueTHIpe PABHEIX KBajApaTa NPSAMBIMU, NapailielsbHEIMH
cTopoHaM; Xors Obl OfHH H3 3THX KBajparos-—o003HAUUM €ro
uyepe3 @,—coiepkHT GECKOHEUHO MHOTo ToueK MHOXectBa E. Kmap-
pat Q. UMeeT CTOPOHY BJBOe MeHbLLIYIO, 4eM CTOpPOHA KBajapara Q,.
ITpononxas sTo paccykpenue, NoayuuM yORIBAIOLLYIO OC/IEN0BATE b-
HOCTb

Qe @;0Q;,2Q;>...2Q,>...

KBajpaToOB CO CTOPOHAMH, MApajje/bHLIMH OCAM KOOPAHHAT, KaxK-
Ablil M3 KOTOPHIX COAEPKHUT GECKOHEYHO MHOIO TOuUeK MHOXKectsa E,
npuueM cropoHa Q,,, BiBOe MeHbLie CTOPOHBL Q,, TaK 4TO Mbl
HAaXOJUMCHl B YCNOBHSX JIeMMbl H MMEeM TOUKY &, MpHHAIJIexallyio
BCeM KBanpataM Q,,.

Toxaxem, uTO E,,——npenenbﬂaﬁ TouyKa wmuoxecrsa E. B camom
Jene, nycte U (E,, e)—npou3BoJbHAs OKPECTHOCTb TOUKH E,.
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BosbmeM n cTosib GosbiiiM, 4TOGH CTOpOHA KBaaparta Q, Gblsia MeHb-

&
we - . JlioGble JBe TOUKH STOrO KBajpaTa OTCTOAT APYF OT Apyra Ha

& €
paccrosinue < 4 -+ = &, OTKyAa C/IeLyeT, 4TO KBaApar Q,, conepxa

touky &,, uenukom aexut B U (&, ¢). Ilo onpenenenmo kBagpara Q,
B HEM COJepKUTCH GeCKOHEeUHOS TNOJAMHOXKECTBO MHOXKecTBa £, W BCe
3TO NoAMHOKecTBO cofepxutcs B U (E,, £). Tak Kak e —HpOU3BONBHO
Masioe NOJOXUTEJbHOe YHC/I0, TO §, ecTh NpejielbHas TOUKa MHOMKe-
crBa E, u teopema DBoabnano—Bedepiurpacca A5 IVIOCKHX MHO-
JKECTB JIOKA32aHA.

DTO Ke J0Ka3aTesbCTBO (Jlaxe B HECKOJbKO YIPOWEHHOM BHIE)
NPHMEHHMO M K CJy4Yalo YHCJOBOH NPAMOH: BMECTO TOrO, YTOGHI fie-
JINTb KBaApaT Ha YeThlpe PaBHLIX KBaApaTa, IPUIETCS OTPe30K JeNUTh
nonosaM. B ciyyae npoH3BOJBHOTO f1-MEPHOIO €BKJMIOBA IIPOCTPaH-
CTBa n-MepHBI Ky6 IDpUIEeTCs JeJuTh Ha 2" paBHBIX M-MepPHHIX
Ky0o0B,

YCTaHOBHM DSiJl BaXKHBIX NpPEAJOMNKEHUH, ABASIOLHXCA JerKUMH
caencreuamu teopeMbl Bosbnano — Beiiepmrpacea.

Teopema 39. Ecau mrnoxecmeo ecex mouex GecKOHedHOU nocae-
dosameavbrocmu

Xyy Xay Xgy vovy Xpy o oe (1

02panuteno ™), Mo u3 Hee MONHO 6bi0eAumb CX00AuYIocs nodnociedo-
8aMEALHOCTb.

TlokaxeM Tpexle Bcero, 4ro U3 nocjenosaTennHocts (1) Bcerga
MOKHO BBIGpaTh KOO CTauHOHApHYIO TIOANOCE0BATEILHOCTE (T. €.
TaKyl0, BCE 3/IeMEHTHl KOTOPOH, HAYHHAs C HEKOTOPOro, COBMALAIOT
MexJy co6oto), ub0 MNOANOC/ef0BaTeNhbHOCTh, COCTOSILYID U3 110-
NApHO DAas/MYHBIX 3JEMeHTOB. B camoM jene, nojoxum n,=1 u 6y-
JIeM HCKaTb 8 nocjaefoBatenbHocTH (1) mepsbiil ssiemeHT x,, He paB-
HBIA 3JIEMEHTY X, ; €CJIH TaKOr0 3JeMeHTa HeT, TO

X=Xy =Xg== ves =X, = ...
M Bcad nocsaefoBaTeanHocTh (1) CTaUHOHApHA. Ecau ke Taxo#l sJe-
MEHT x,, CYUECTBYET, TO HIUIEM MepBLIA 3JEMEHT X, , Ny > n, >n,,

OT/HYHBIA KaK OT X, Tak u ot x, . [Ipogomxkas sror npouece, MBI Jubo
HalileM GeCKOHeuHYIO NOANOCAEN0BATENbHOCTD

Xipis Xngs Xngs o vos Xpy oy 1y <My <Ny < uoe <Ry < vey (2)

nocnaefoBarebHocTH (1), cocToAlLlyi0 U3 NONMapHO pas3JUYHBIX Je-
MEHTOB, JH0O BBIIENHM KOHEYHOE YHCJO 3JEMEHTOB

xnlv xn.‘" “s ey x"s ’ (3)'

*) [oBOPAT KpaTKO: «ecili mociefoBaTenbHocts (1) orpanmuenan.
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o6a1al0IUX TeM CBOHCTBOM, 4YTO KaXXjbili U3 3JIeMEHTOB _TiocJiefo-
Bareibroctd (1) coBmajaer ¢ ofHuM M3 3JeMentoB (3). B stom BrO-
pOM cllyuae HekoTopas GecKoHeuHas TMOJTOC/en0BaTebHOCTh

X Xpgs v ovs Xy oo 4)

noceoparesibHoctd (1) 6yAeT cOCTOATL U3 3JEMEHTOB, KOTOpHIE BCe
PaBHEL OJIHOMY H TOMY K€ 3JIEeMeHTy KOHEYHOro MHoxKectsa (3).

IoanocnenosarensHocts (4), OYEBHAHO, CTAUMOHApHUA W, CJENO-
BaTesbHO, cxoputca. Ocraercss paccmorperb cayuvafi, korpa B (1)
HMeeTcs: GeCKOHeuyHas IOANOC/JeN0BaTeNbHOCTE (2), coctosmias U3
IONapHO PA3/JUYHBIX 3JIEMEHTOB. ITH 3JIeMeHTHl 06pa3yioT 6eCKOHey-
HOe OrpPaHHYEHHOE MHOMKECTBO, HMelollee B CHAY TeopeMel DoJib-
nano— Beftepuirpacca npejennHyo Touxy E; Beinendas u3 (2) nox-
TIOCJIeI0BATENbHOCTb, CXOAAUYIoCcH K &, y6epuMcs B CripaBelTUBOCTH
TeopeMsl 39.

Teopema 40 (Kaurop). Beakas nocaedosamenvHocmos Henycmolx
02PAHUHEHHBIX YOLIBAIOWIX 3AMKHYMbLX MHOXMCECM8

F.=2f,=2F,=2...2F,=2... (5)

UMeem Henycmoe nepecederue.

Hoxasarteanbcrso. Bubupas u3 kaxporo F, mo Touke x,,
noJy4yaeM OrPaHHUCHHYIO TnocaefosaresbHocte (1), M3 xoTopoit, no
TeopeMe 39, MOXKHO BBHIIEJNHTE INOJMOC/AEN0BATENLHOCTD

Xpys Xy vovs Xpp s vony (6)

CXOAAILYIOCH K HeKOTOpOH Touke a. JloKaxkem, 4TO Touka 4 npHHaj-
JeXUT Jo6oMy MHOXecTBY F, Hauel nociegoBarennHoctH (5) H,
CJleOBATENbHO, [epecedeHHI0 3THX MHOXKecTs. Bo3bMeM Kakoe-Hu-
6yab F, 1 BbIIENHM NOANOCTE0BATENLHOCTD NOCAER0BATENbHOCTH (6),
COCTOSIILLYIO U3 TeX X,,, , ¥ KOTODHIX 1, >> f1; 3T MOANOC/IEI0BATEIbHOCTD

{Bce 9aeMeHTH KOTOpoH mnpuHAjgdexar F,) cxogutcss K TOH Ke
TOUKE @, KOTOpas, TakuM o0pa3oM OKa3blBAeTCs TOUKOH NMPHKOCHO-
Benus MHoxectsa F,, a Tak Kak F, 3amKkHyTO, TO @ €F,, ut0 M
TpebOoBaJOCh AOKA3ATD.

Teopema 41 (Bopenn—JleGer). Hs scaxol Gecxoreunod cu-
cmemsl % uMmMepeanos, nokpowsaowei dannbil ceemenm [o; B, moxcro
soileaums  KoHednyro  nodcucmemy, maxsce HOKPbEAOWYo  Cea-
senm [o; B].

Mp npuBOAMM 3/eCh NEepBOHAYAJbHOE JOKA3aTEeNbCTBC, NPUHAA-
Jexaiiee camoMy JleGery. Huxke Gyner noKaszaHa 3HaunTeNbHO GoJslee
obmas Teopema (§ 1 ra. 5), kacawomasicsi, B YaCTHOCTH, M 3aMKHY-
ThIX OTPAHHYEHHBIX MOJMHOMKECTB E€BKJMJ0BA TIPOCTPAHCTBA.

HoxasarenncrtBo. Hasosem kakyw-1n6o Touky a€la; p]
OTMEUYeHHOH, €CJIl CYIECTBYeT KOHEeUYHAas MOACHCTEMA CHCTeMbE 2,
nokpuiBaomas cerMeHt [o; a]. OGo3uauuM gepe3 M MHOXKECTBO Bcex,
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OTMEYEeHHHIX ToueK. JIerko Buzets, uro M Henycrto (Hanpumep, o € M).
Oycre §—Bepxuaa rpanb mHoxectBa M. Tak kak M <l|a; B], 0
o< E<{P. llokaxeM, uto §E==x [S B camom jpene, Touka § conep-
MHUTCS B HEKOTOPOM HHTepBaje A= (x’; x”) cucTembi Z; 1o ompeje-
JeHHI0 ToukH & B (x'; x") coaepXuTtcsi OTMEuYéHHasi Touka X, cJje-
IOBaTeJibHO, CerMeHT [o; X] MOKPHT KOHewHOH moacucremoit 2.
cuctemsl X, Ilycrb 2, coctouT u3 uHTepBasoB A,, ..., A, Toma
cucTema g , coc'romuaﬂ M3 HHTepBanoB A, ..., A, A, oqesmmo,
NOKDHIBAET CerMeHT [a; §

Onnako cucreMa g noxmeaeT He TOJIbKO cerMeHT [a; E], HO
naxe cerMenT [a; §'], rae § —npousBosibHas ToUKa HHTEpBAJIA (E; x"),
TaK u4ro ToukKa §' >E oOKasblBaeTCsi OTMEYEHHOH, €CHH TOJbKO
¢’ €Ja; B]. Ho 370 smmb B TOM ciliyuyae COBMECTHO C OlpelesieHHEM
ToukKH § (KaK BepxHeil TrpaHH MHOXecTBa M OTMEUeHHBIX TOUEK,
Jexamux Ha [o; B]), ecnn E=P; 3HauuT, Bech CerMeHt [o; [3]
MOKPLIT KOHEYHOH nojcucTeMofi 2z-g cucTeMBl 2, u Teopema 41 jo-
Ka3saHa.

3ameyanne 1. U3 teopemn Bopens—JleGera B cBOIO o4epenb JIETKO BHI-
BoguTc Teopema bBoabnano— Befiepmtpacca. B camom gene, mycTb MHOXeCTBO
M = [a; b] ne nMeer HH ojHOf NpejesbBOM TOYKH; Toria Kaxkjas Touka x€l[a; b]
umeeT okpecTHocTh U (X, €4), colepXxalyio JHIIb KOHeyHOe 4HCIO Touek x. Cue-
TeMa 2 Beex 3tHx U (v, &4) mokpuiBaeT cermedt [a; b] H, 3HauMT, NO Teopeme
Bopeas —Jlebera, COREPXHUT KOHEYHYIO NOJCHCTEMY

Up s Uy

TakKe TIOKphiBaiomyio cermeHT [a; b]. Tax xax xaxknoe u3 muomects M [} Uy,. ..
... M Ug xomeuno, To B Bce MHOxectBo M=M O U)DU...UMN Uy
KoHeYHO, M TeopeMa Donbunano— Beliepmrpacca jokasaHa.

SBameuanue 2. Unraremo pekoMeHAyeTcsh JOKas3aTh NpejJIOKeHHd, TONY-
qamuﬁlneca nyTeM 3aMeHBl B (opmyanpoBke Teopemn DBopens-—JleGera cermenra
Lo B):

1) NPOH3BONBHBIM OI'DAHHYEHHHIM 3aMKHYTHIM MHOXKeCTBOM (Ha NpsMoii);
2) 3aMKHYTBIM KBajpaToM;
3) npoH3BOJBHBIM 3aMKHYTHIM OrPAHHUEHHEIM MHOMKECTBOM ILJOCKOCTH.

JloKaxkeM Tenepb C/efyioulee NpeNoKeHHe:
Teopema 42 (npunnun cxoaumoct Komm). Jas moeo umobot
nocAe008aMe AbHOCIL

Xyy Xgy Xgy o vey Xpy o v (1)
movex wucaogold npamoll Gwaa cxodsuweiics, Heobxodumo u Jdocma-

mouno, 4mobel 018 Kanc0020 NOAOHCUMENLHOZ0 HUCAQ & MONCHO Bblao
Halmu maKoe HaQMYparbHoe HUCA0 N , 4mobbt Obia0

X)) =|x,—x,]<e

ona ecex p u q, 6osvuuux vem ne .
Heo6xoauMocTb yCNIOBHS HEMOCPeACTBEHHO CJAEAYET W3 onpefe-
JeHUsA CXONfmelcA MocaeloBaTebHOCTH.



$ 9] OrPAHHYEHHBIE MHOXECTBA B R" 185

HokaxeM, yro ycnosue nocraroyso. OGosnauum (nas k=1, 2,
3, ...) uepe3 E, MHOXKECTBO TOYEK

Xy xk-t-i' Xpgas » oo

nociegoBarensHoctd (1). Ouesumno, Mmuoxecreo E;, suauur, TeM
Goslee xaxjoe W3 MHOXecTB E, orpaHuueHo *) u

E.2E,2E;=2...2E,2E,,=...
TTonoxum
Ctk‘:— il’lf Ek’ ﬁk=sup Ek'

Ha ocuoBauuu teopem 8 u 9 § 2 ri. 2 nmeem
O, Ly <Oy .. O, <.,
Pr =P =By =... 2P =,

npudem o, <P,. Ecau o, =P, TO BCE TOUKHU X4, Xpiqs ... COBMA-
JAA310T, U TOTA2 NocCjiefoBarenbHOCTL (1) cxomures K Todke E=x, ==
==Xp,,=... ECHH Xe HH NpH KakoM 3HaueHUM K TOuKa O, He
cosnagaer ¢ P, to cermentol [e; B,], [@ B.], [¢s Psl, ... o6pa-
3y10T YOLIBAIOLLYIO (OC/EN0BaTeIbHOCTh. JloKaxkeM, YTO

klirn (Be—e) =0.

Hna moGoro panuoro € > 0 BO3BMEM flg CTONb GOJBLIINAM, YTOOLI
npH p > e, ¢ > 1g OO | X, —x, | < —38~ Iyere & > n.. U3 onpe-

IeJleHus yucenl o, P, CilexyeT, 4TO MOKHO HAHTH X,, X, P>k,
g =k, Tax, 4ro

0<x,,~ak<»§—, 0<<Pe—x, <—83~.

&
Orcioga 1 U3 ]x,,——-xq|<§ cienyer, uro Pp—o, <e, ueM Hame

yTBEpXKJEHUE JOKA3aHO,

B cuny caencrsus 3 Teopemsl 10 § 2 ra. 2 cywecrByer epun-
creeHHas Touka §, mpuHapaexkaulas Bcem cerMenram [o,; Be]. Ipu
3TOM, KakoBo Obl HM Obino € > 0, umeercs crtosib GoJblioe 2, uro
U (§, e)>[o; Prl, TaK uTO BCE TOUKH Xp, Xpyy, ... COZEPIKATCSH
B U (E, €). A 310 u osnavaer, yro £= limx,.

n—w

Onpenenenue 1. Tlocnenosarenbuoctsb

xl: xz; MR} xm

*) B camom jene, mosbMeMm, HanpuMep, €=1 W ONpemReJHM JJs 3TOLO €
YHCAO Nng; NYCTb X) — CaMas JieBasi, a Xy-—camas npasast U3 TOYCK Xy, Xpy ..,
wves Xpg, 43 TOTAA BCE MHOKECTBO Ey JeXHT Ha HuTepsane (xp — 1; %y +-1).
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}IEI':ICTBI/ITeJlebIX YuceJsa HasbplBaeTCHd eoapacmmou;eﬁ, [S371

RS A G AN G L TN

4 ybeeaiowjeli, ecau
AT -5 M- N3 -3 S S §

Bospacramomue u yOnBaoIHe 10CAe0BATENLHOCTH 00beIHHAIOTCA
OJIHHM Ha3BaHHEM MOHOMOMHbBIX NOCAedo8amesbHocel.

Teopema 43. Bcakas MOHOMOHHAA O02PAHUMEHHAS NOCAC008A-
MeAbHOCM  eCb  NOCA006AMEeAbHOCb  CXO0AUAACA, NPUHEM BCAKASR
02PAHUMCHHAA 803PACMAIOMAs NoCAe008amesbHOCb cxodumes K ceoetk
eepxreti epanu, a ybvisarowas—«K céoell HucHeld epanu.

JokaszarenbpcTBa B CJydae BO3PACTAOILUX U yOBIBAIOIHX IOCHE-
JloBaTeJIbHOCTEH COBEpINCHHO aHAJOTHYHbLI, PACCMOTPUM NO3TOMY JIHIb
cjyudail Bo3pacTaioulux nocaepobartesnbHocted. IlycTh HMmeeMm Bo3pac-
TAIOLYIO  [10CEJ0BATEIBHOCTh

= SO A= (7)

n

H TycTb £ ecTh BepXHAsA I'paHb MHOXKECTBA BCEX TOUEK, SIBJIAIOLIMXCH
aJIeMeHTaMd Hamed mnochejposarennHoctd. Ilyers (E—e; E-+8)—

&
NPOU3BOJILHAA OKpecTHOCTh Toukd E. CerMeHT |E— E] cosep-
H

JKHT 1O KpailiBeHd Mepe OfHy TOYKY MNOCAEOBATENBHOCTH (7), MyCTh,
HanpuMep, TOYKY X, TaK KaK HHKaKas TO4YKa X,, MJIs KOTOpoH
n >k, He JEXWT BJEBO OT ¥, U HUKaKas BOoGUle U3 TOUEK X, He
JIeXUT BIPaBO OT &, TO BCe TOYKH X,, 7 >k, JeXKaT Ha CermMeHTe

lg——;; g], COCTABJISIOMEM YaCTh unrepsana (§—e; §-r¢). Hrax,

KakoBa Ohl HHU Oblia OKPeCcTHOCTb TOYKYU §, BCe X,, HAupHas C He-
KOTOpOro, JieXKat B 9TOH OKPeCTHOCTH, a 3TO 03Havaer, uto limx, =§,

17— ©
uTo U TpeGoBajdOCh JOKa3aTh.

3aKOHYHM 3TOT maparpad cjaeiyIomlUM yTBepKIEHHEM:

Teopema 44. Mnuoocecmso ecex mouek n-mepHo2o eeKALA08Q
RPOCMPAHCMEA UMEEm MOUHOCb KOHMUHYYMA.

3aMeuanue 3. ITa TeopeMa HENOCPEJCTBEHHO BHITEKAeT U3
Teopembl 24" § 6 ra. 3, corjacHo xortopo#l ¢*=¢. Ho MBl magum
3J1eCh SJIEMEHTAPHOE JIOKA3aTeabCTBO 3TOTO (pakta. JloKasareabCcTBO
6yleT INpOBEIEHO IS IJIOCKOCTH, HO OHO 6e3 TpyJaa mnepeHOCHTCH
U Ha obwH# caydaf.

Iloka3aTenbCcTBY OpPEeANOIIIeM HECKOJbKO 3JeMEHTaPHBIX (PaKTOB.
OGo3HauuM uepe3 r, @ TOJApPHEE KOOPAMHATH HA MJOCKOCTH M
YCTaHOBUM HA KaXJAOM Jayue ¢ = @, <=0 B3auUMHO OJIHO3HAUHOE COOT-

*) Takum o6pasoM, ecm NOCJAENOBATENBHOCTE ABJSETCS OJHOBPEMEHHO H BO3-
pacraiouleil ' yOniBalouledl, TO Bce 3JEMEHTHl €€ PaBHBl Mexjy coGoif.
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BeTCTBUE MeXjy MHOXecTBOM Bcex Touek ( <r < 1 1 MHOXKecTBOM
Bcex Toyek O <(r < oo; Ha ayue ¢=0 ycTaHOBHM B3aHMHO OjiHO-
3HAYHOE COOTBETCTBHE Mexjy BceMu ToukKamu O0<Cr <1 u Bcemu
ToukaMH O <Cr < oo. B pesyjbrare NoayuyuTcs B3aHMHO OJIHO3HAY-
HOE COOTBETCTBHE MeXJly MHOMKECTBOM BCEX TOUYeK MJIOCKOCTH U MHO-
JKeCTBOM BceX ToweK orkpeitoro kpyra r < 1. Cronp Ke Jerko
YCTAHOBUTH B32HMHO OJHO3HAYHOE COOTBETCTBHE MEXKJy MHOXKECTBOM
BCEX TOYEK [JOCKOCTH U MHOMXECTBOM BCEX TOYEK OTKPBITOrO KBaj-
para 0 <x <1, 0<<y<\.

Hrak, nocratouHo j0kas3aThb, 4T0 MHOXKeCTBO  BCeX TOUeK (X, y)
oTKkpeiToro keajpata 0 <x <1, 0<<y<1 umeer MOWHOCTH KOH-
THHyyMa. 3anumeM s 3TOTO KOOPAHHATHL X, Y MPOU3BOJLHON
TOYKH (X, y¥) € Q B Buae NBOMUHBIX Apobell, He HMEIOWUX EIHHHIL
B nepuose:

Xn 0
x=0, XX, %5...%,... <T. e, x=Y " X, == >,

Y=0, 4Ysls- +-Yp- - <T- e. y=3 2, yn=°),
U [OCTABMM B COOTBETCTBHE TOUKe (X, Y) TOUKY
t=0, XY\ Xals%slse  ~Xnlip- - - (T. e. t=2 (2—"""_—1+2%';>>

n

paTepBasa (0; 1). Kaxpad Toyka 3TOro HHTepBana, B JBOHYHOM
Pa3fcKeHUH KoTopoH

1=0, ity . 1, ..

VMeTCsl HYAM KaK Ha MeCTax C IPOU3BOABHO GOMBIIHMH HEUeTHLIMH
HOMEPAMH, TaK ¥ Ha MecTaX C IPOU3BOJLHO GOJLIIUMH HEeTHLIMH
HOMEpPAMH, OKAXKEeTCsl IOCTABJEHHOHM, TaKUM 06pa30M, B COOTBETCT-
BUe OJIHOH-eAMHCTBEHHOH ToYKe (X, ¥) € Q, MMEHHO TOYKe C Koop-
JUHaTaMU

x=0, t,f,te. . toyy oo,

y=0, tf,t,. .. 05, ...

Wrak, ycraHoBJeHO B3aHMHO O/IHO3HayHOe oToGpa)enue kpajpara Q
Ha vactb uuTepBana (0; 1). C apyrofl cropoHbi, OTHOCS Ka)kao#

1
TOUKe { 3TOro MHTEpBaja TOUKy |{ I, ?> KBajgpara Q, Mbl MIOJyYuUM,
AY

OYEeBHJIHO, B3aMMHO OJlHO3HAuyHOe oroGpakeHue HHTepBajia (0; 1) na
vactb KBanpara Q. CheposarennHo, no Teopeme 14 § 6 ra. 1 kpan-
pat Q umeer Ty e MOMHOCTb, yro w mHrepsan (0; 1), T. e. mow-
HOCTb KOHTHHYYMa, U Teopema 44 fokasaua.



Trasa namas

KOMNAKTHBIE U NOJHBIE METPHUYECKHE
NPOCTPAHCTBA

§ 1. KoMnaktHocTL B JaHHOM NpOCTPAHCTBE
H KOMIZKTHOCTb B cebe

Onpenenenue 1. Muoxkecrso M, nexamee B MeTpHYECKOM
npocrpaHcrse X, HA3BEIBACTCH KOMNAKmubiM 8 npocmparncmee X, eciu
3 Kaxno# 6GeCKOHEeYHOH nocjenoBaTeJbHOCTH TOYEK MHOXectBa M
MOXKHO BBIGPATh NOAMOC/]IENOBATEAbHOCTE, CXOAAMLYIOCH K HEKOTOpOi
Ttouke mpocrpadcrea X. Ecnu Boinosneno GoJiee CUJIBHOE YCJOBHe,
4 MMEHHO, 4TO U3 Kaxkjaoi GeCKOHEUHOH MOCJAe0BATeNIBHOCTH TOuYEK
MHoKecTBa M MOXKHO BBIGPATh MOJNOC/E0BATENBHOCTD, CXONALLYIOCH
K HEKOTOpOH Touke MHOXKecrBa M, To MHOXKecTBO M HasHBaercs
Komnaxmubim @ cebe. Ecan roBopsT O KOMMIAKTHOCTH KaKoro-jubo
METpHUYECKOr0 MPOCTPAHCTBA (KOTOpPOE pacCMatTpUBAETCA CAMO O
cebe, a He KaK MHOKECTBO, Jexanee B KAKOM-Aubo ofbeMioniem
NpPOCTPAHCTBE), TO, ECTECTBEHHO, HMEIOT B BHLY KOMMAKTHOCTH
B cefe: METPUYECKOES NMPOCTPAHCTBO X HA3BIBACTCH KOMAQKMHbIM UK
TIPOCTO KOMNAKMOM, €CJH K3 Kaxjaod OeCcKoOHeyHOH nocaenoBarenb-
HOCTH TOYEK 3TOT0 NPOCTPAHCTBA MOXHO BLIJIENIUTb CXOISALLYIOCH
B 3TOM IPOCTPAHCTBE NOANOC/CNOBATENLHOCTD.

M&ei roBopuM, YTO MeTpHuecKoe HpPOCTPAHCTBO X KoMNaAKMHO
8 mouke x € X (MM HMeeT TOUKY X CBOeH mouKol AOKQAAbHOU KOM-
nakmuocmu), €CAM Y TOYKHM X CYILeCTBYeT OKpectHocTs Ux, 3ambl-
kauue [Ux]x KOTOPOH eCcTh KOMMAKT; MPOCTPAHCTBO HA3BIBAETCSH
AOKAALHO KOMAQKMHbIM, €CTH KaxKLas ero To4kKa ecth TOYKa JOKa/b-
HOH KOMIAKTHOCTH.

Besikuit kKommakT, oOuyeBHAHO, o06JajaeT CBOHCTBOM JOKAaJIbHOM
KomnakTHoCTH. IlpuMepoM JIOKaibHO KOMMAKTHOIO MPOCTPAHCTAA,
He SBJSAIOUIErocs KOMIMAKTOM, MOXKEeT CJYXKHTB 4UCJIOBAas NpsiMasg W
BoOOLIE eBKJUJO0BO MPOCTPAHCTBO M06Oro uucia usMepeHui. I'iilb-
6epTOBO HPOCTPAHCTBO R™ HU B KAKOH CBOeH TOYKe He KOMIAKTHO.
B camom nene, kakoro 6bl HH Guilo € > 0, B €-oKpecTHOCTH moGOfH
TOUKH a=(ay, -.., @, --.) MOXKHO HalTH pACXOASILYIOCS NOCJ]e-



§ 1] KOMITAK THOCTb 189

JIOBATEJIbHOCTD Xy, X svey Xpy +++, THE x,,,=(a,, Qgy  ve-

€
ey a,,,—{—?,’a,,,“, R

Teopema 1. Muoocecmeo T 6cex mouex aoxkareHoll Komnarxm-
Hocmu npousgoavHozo npocmparcmsa X ecmb omxpumoe 8 X, Goune
MOOCem  NYcnoe, MHOJNCECMB0, ABASUOWICECA JNOKAAbHO KOMNAKNLHbIM
RPOCHPAHCMBOM.

B camoM pene, aias mmoGofi Toukun x €I cyuiecTByer OKpect-
HocTe Ux (otHocutenbHo X), 3ambikanue kotopoil [Ux]x ects kowm-
nakt. Orciofa cpasy chreayer, 4To Beskasi Touka x € Ux ecth Touka
JIOKATbHOH KOMIIAKTHOCTH TpocTpancrsa, T. e, Ux < I'; 3naunr,
I’ otkpuito B X. Buibpas okpecrHocts U x Tax, urobn [U,x]= Ux,
BHIMM, 4YTO 3aMbiKanue okpectHocTH U,x B I' coBnajmaer ¢ ee 3aMui-
KaHHeM B X H ABJIfETCS KOMNAKTOM, OTKYAa H cjenyer, uto I' ecTo
JIOKQJIbHO KOMMAKTHOE NMPOCTPAHCTBO.

JlokanpHY0 KOMIAKTHOCTH TOMNOJOTHYECKHX [POCTPAHCTB MBI
6yzem usyuath B § 12 ra. 6.

Onpezie/ieHHI0 KOMIIAKTHOCTH MOXKeT GHITb NPUAAHA H TaKkad fopma:

MHrorcecmeo M < X nasveaemcs komnakmusim 8 npocmparcmee X,
ecau  Kaxcdoe OeCkoHednoe NOOMHOsCeCmeo mHoxmcecmea M umeem
(8 npocmparncmee X) xoms Gol 00HY NPECeAbHYO MOUKY.

B camom jene, mycts ToJBKO uTO chOpMY.JHPOBaHHOE YCJAOBHE BRINOJHEHO.
Jlokaxkem, uto M3 moGofi GecKOHeUHOH NOCAeAOBATEILHOCTH

xl, Xos eeey xﬂ’ cos (l)

TOUEK MHOXKECTBA M MOXHO BHJACIHTH CXOAAILYIOCS NOANOC/EAOBATEAbHOCTD.
B camoM jene, nosioxuM f;=—1 u 0603HauMM wuepe3 n, HaHMeHbLIee n TaKoe, YTO
TOYKa ¥, OTJMYHA OT X,,. Takoe n Henb3s GyAeT HailTH JHIbL B CiIydae, ecJH
Bee ToukM (1) coBunapator. BooGuwe, ecoan %, ..., Xp;, YHKe ONpeneliens, To 060a-

HAUHM Yepe3 f.y HAHMEHbIUIEE 1l TAKOE, YTO TOUKA X, OTIHUHA OT Xn;, «vvy Xpy,
Ilps 3TOM MOTYT BCTPETHTHCH JABE BO3MOMHOCTH:

a) JIas mekotoporo k (Moxer Ohith, yxe H ansa k=1) oxaxkercs, uT0 Lnpiy
TIOCTPONTL HeJb3s, T. €. YTO KaxkJasd TOMKA X, COBNajaeT C OZHOH M3 TOuEK
Xny «+er Xn,; TOrZA Hafigerct GecKOHeUHAs NONNOCIENOBATEAbHOCTh HOC/E]0Ba-
TeabHocrd (1), cocrosimias M3 COBNajaloMX MEXAY cOGOI0 TOYEK; 3Ta MOC/IeN0Ba-
TEJIBHOCTh CXOIMTCH, M HAIle yTBepKAeHWe NOKa3aHo.

6) Ilponecc BHIENEHHSI 3JIEMEHTOB Xp,, «.., X, TPOJOIKAETCH GECKOHEUHO
ny np
H APHBOJHT K NOCTPOCHHIO GECKOHEYHO! NORNOC/EN0BATENbHOCTH
Xnp Xng eves Xpg ven 2)

nocienoBatenbHocTd (1), cocrosmiei W3 NOnapHO pa3jiMYHHX TOYEK, TaK uta (2)
apasgercss GecKOHeuHbIM ITOAMHOXECTBOM MHOKecTBa M. 3TO NOJAMHOXECTBO HMeeT,
10 TNPEANONOKEHHIO, TIPEJEbHYI0 TOUKY Xg. TaK KaK METPHYECKOe HPOCTPAHCTBO
VIIOBJETBOPSAET NEPBOi aKCHOME CYETHOCTH, TO, B CHJy npemjoxeHHs 1 § 4 ra. 4,
H3 NOCAENOBATENLHOCTH (2) MOMHO BHIAEAHTb NOANOC/IEAOBATEIbHOCTh, CXOASILYIOCS
K TOUKE Xg4.

OGparuo, nycTbh U3 KKAOH NOCKENOBATEIBHOCTA MOMKHO BLICJIHTh CXOASIRYIOCH
NMOANOCHEAOBATeTLHOCTD M JaHO KaKoe-HHOYXb GecKoHeuHoe NOAMHOXKecTBO M,
MuHoxecTsa M; Torza B MHOokectBe My COJepKHTCS cyUeTHOE MHOMKecTBO My,
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9JIEMEHTH KOTOPOTO MOXKHO 3aHYMepOBaTh B BHJe TocsefoBartenbHocTH (1), cocrosmeit,
QUEBWIHO, W3 NOMApHO pasJH4HbIX ToueK. Bhinessns H3 3TOH noc/eroBaTeqbHOCTEH
CXONSALYIOCH NOAMNOCTE0BATe/NILHOCTE M 0003HAauYash 4epe3 X ee npejes, BHANM,
YTO X, €CTb NpeiesibHas TOYKA MHOXeCTBa M;, a 3nayuT, ¥ MHOXKecTBa M. Hrak,
9KBHBAJAEHTHOCTH OGOHX onpejeJieHUil KOMNAKTHOCTH JIOKa3aHa.

B wuactHocty, Korga M coBnajaer co BceM X, HMeeM NpexJso-
JKeHue:

Komnaxmer mozym Obime onpedeseHst Kax maKue MempuyecKue
RPOCMPAHCTEA, 8 KOMOPbIX KAX00e OeckoHewHoe MHOJNCECHBO UMeem
xoms 6ol 00HY npedeabHYylo MOHKY.

Tak Kak BCSKOe NMOJAMHOMECTBO OIPAaHHYEHHOTO MHOKECTBA Orpa-
HHUeHO, TO W3 Teopemsl DBosbliano— Beflepwtpacca ciexyer, 4To
ECAKOE 02PAHUYEHHOE MHOXCECTIB0 e6KAU008A N-MEPHO20 NPOCHLPAHCMEA
KOMAAQKMHO 8 3MOM 1 pPOCHLPAHCMEE.

[Tycte &—Kakoe-HHOYAb MNONOXKHTEJAbHOE uHuca0, a8 M-—mMHo-
JKECTBO, Jiexallee B MeTpuueckoM npocrpaHcrBe X. KoHeuHoe MHO-
JECTBO TOUEK 4,, Gy, ..., &, JAeKALUX B M, HasbBaeTCs &-Cemvro
muoxkectsa M, ecnu ana mobGoit Touku x € M maiizercs no Kpafi-
Hefl Mepe OJHa TOUKa @;, OTCTOSIlasi OT X Ha paccTofgHue < e&.
(Ilpumep: nyctb M ectb OOLIKHOBEHHBIH KBajapat, pasobbeM ero
Ha KBaapatel M,, M,, ..., M, nuamerp, T. €. JUIHHA QUaroHan,
Ka)JO0ro H3 KOTOPbIX MeHbIlE &, €CJM B KaxXJoM KBajapate M;
BO3bMEM TI0 TOYKE ¢;, TO MHOXKECTBO 3THX TOueK OyleT €-CeThio
kBaapata M.) Ecau mwuoscecrngo M umeem npu nexomopom GaHHOM
e>0 xoms 6oL 00HYy e-cems, mo 0HO oepanuyero. B camom pene,
nycts Ne={a;, ..., a;} ecrtb &-cetb MHOXecTBa M; o0Go3HAYUM
gyepes d pguaMetp MHOXecTBa Ng, T. €. Haubo/bluiee CpefH 4uCced
p(a; ). das mobux aByx Touek x u x' MuoxecrBa M uafinyrcest
TOUKH @;, Q; Haluel e-ceTH Takue, 4to p (X, ¢;) <g, p(x', @;) <,
TakK 4YTo

P(x, xl)<9(x» al')+9(a1'» aj)_l-p(ajv x’) <6+d+8:d+28’

OTKYa CJIeAyeT, 4To juaMeTp MHoXectBa M He npeBocxoiuT d 4+ 2e.

HaszoBem Tenepb MHoxkecTBo M 8r0aHe ozpanudernbiM, €CJIH OHO
npu JmoooM &> 0 COIepXKHT HEKOTOPYHO &-ceTh. Mbl TOJNBKO 4TO
yGeAnIuch B TOM, UYTO BCAKOE BIIOJIHE OTPAHHYCHHOE MHOXKECTBO M
i TNOJABHO SIBJASIETCS OrpaHWYEHHBIM, NO3TOMY Ha3BaHMe BHIGPAHO
3akOHHO. [loKaxeMm cieqyiouiee NpeiToKeHue:

Teopema 2. Bcesakoe muoncecmso M, komnaxmroe 8 KaKom-aubo
Memputeckom npocmparcmse X, 6n0AHe 02PAHUHEHO.

B camom pene, ecsiu MHOxKecTBo. M <= X He BHoJHE OTpaHUYeHo,
TO cyulecTByeT Hekotopoe & >0, mpu KoTopoM M HE COAEPKUT
HHKaKoil e-cern. Bosbmem npousBoiabHylo Touky a,€ M. Tak kak
B M HeT &-ceTH, TO &-CETbi0, B YaCTHOCTH, He SIBJSETCSI MHOXECTBO,
cocToslilee W3 eJUHCTBEHHON TOYKH 4,; no3toMy B M MoXHO HaiiTa
TOUKY @,, OTCTOSIYI OT @, HA pacctoanne > &. Ho mapa Touex a,,
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@, Takxe He ofpasyer e-ceTm MHoXKecTBa M; nostomy B M MOXKHO
HaflTH TOUKY @,, OTCTOAINYI0 OF KaXJOo# u3 ToueK a,, @, Ha pac-
crosane =¢. [Ipojo/kas 3TO paccyxkjeHue, Mbl LIar 3a HIAroMm
NOCTPOUM GeCKOHEUHYIO MOC/Ie/l0BATENBHOCTh TOUYEK

Aoy Qgy vy Oy oney (3)

Kaxjas W3 KOTOPBIX OTCTOHT OT BCeX INpeJUecTBYIOMHX (B MocJe-
joBaTtebHOCTH (3)) Ha paccrosihue = &. [losTomy paccrosinue Memay
JOGLIMH BYMS TOUKAMH [OCJE/0BATEIbHOCTH (3) OKaspiBaeTcsl =&,
Orciopa caejyer, YTO IOCJAEAOBATENBHOCTb (3) HE COAEPKUT HHUKa-
KOH cXopsinedicsl TOAMOCAe]0BATENbHOCTH, H TeopeMa 2 JloKaszaHa.

Tak Kak orpaHu4eHHble MHOXeCTBAa EBKJMJO0Ba IPOCTPAHCTBA
KOMIIaKTHbI, @ KOMIAKTHHE MHOXeCTBa OrpaHUYeHbl (fla’Ke BIOJHE),
TO M3 JOKA3aHHOTO BHITEKaeT

Teopema 3. Lag moeo umobot MHOMECMBO, AEHAUUEE 8 CEKAL-
dosom npocmparcmee R®, Gotao komnaxmrsim 8 R™, Heobxodumo u
docmamodno, 4mobst OHO ObIAC O2PAHUUEHHBLM.

M3 Teopem 2 m 3 clesyer, UTO 8CAKOE 02PAHUHMEHHOE MHONMCECMEO,
Aescaiee 8 n-MepHOM eeKAUGOBOM NPOCMPAHCMEBe, ABASEMCL U BNOAHE
o2zpanuMertbirM,— 06CTOATENBLCTBO, B KOTOPOM JIerKo YOemuThCs |
HernocpejaCTBEHHO.

Teopema 4. [an moeo umobor muoxcecmgo M, aexcawyee 6 mem-
puueckom npocmpancmee X 0Obiao KomMnaxmom, Heobxodumo u docma-
mouno, 4mobvt OHO OBLIO BAMKHYMO U Komnakmuo ¢ X.

B camom gese, nycts M 3amkayto u komnaktHo B X. Torpa
BcsKoe 6eckoHeuHoe mnoiMHoXecTBo M’ <=M umeer B X xors 651
OfHY TnpepeNbHYI0 TOuKY a. Tak kKak M samxayrto, T0 a€ M, 1,
3HauyHT, M’ HMeeT mnpejenbHylo Touky B M, oTkyna u caexpyer,
uro M -—xomnakr. O6pario, nyctb M xomnaxTHo B cebe. Torxa u
nopaBuo M xomnaktHo B X. [Jlokaxem, uwro M, kpome Toro, u
3aMKHyTO. Ecau 6pf 310 ObI0 HE Tak, TO CyllecTBoBajaa Obi npe-
JeJnbHasi Touka @ MHOxecTBa M, He npuHajjexalas 3TOMY MHO-
XKecTBy. Bo3bMeM nOCTeNOBATENBHOCTD TOYEK Gy, Qyy vy Upyy - - -
MHOXecTBa M, cxopsmyioes K a. Beakas noanocnaefoBaTesibHOCTb
3TO TOCJEeNOBATENBHOCTH TaKXKe CxXxomutest X a € X\ M, T. e. He
CXOAUTCA HH K Kakof Touke MHoxectsa M. Mrak, mocienosaTesnb-
HOCTb TOYeK @, € M He COEepPKUT HUKAKOH MOAMNOCJEI0BATENLHOCTH,
cxopasueficas B M, u M He MoXkeT 6HLITh KOMIAKTHO B cefe.

3ameuanue 1. OnHo Hu3 yTBepXjeHufl TeopeMbl 4 oOLIYHO
(GOpMYJIUPYIOT TaK: 6CAKUL KOMNAKM 3AMKHYM 8 A000M 00BeMAI0-
wem Mempuveckom npocmpancmee *).

Sameuanue 2. B runn6eproBoM MNpoOCTPAHCTBE JETKO HAATH
OrpaHiyeHHOe MHOXKECTBO, He fABJANleecs BIOJHE OrPAHUYEHHBIM:
TaKOBO, HAmpuMep, MHOxKecTBO E, cocrosillee W3 BCEX TOYek, ¥

¥ B § 1 rn. 6 Gyner nokasano 3nauuteabno Goaee cliee yTBEpKIeHie.
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KOTODHIX OfHA KaKasi-HWOylIb KOOpIMHATA paBHa 1, a Bce OCTajabHbIE
paBHel HysO. JlioObie JBe TOYKH 3TOMO MHOMECTBA HAXOAATCH APYT

OT zpyra Ha paccrosuud V2, Tak 4TO OHO OrpaHMYEHO (MMeer AMa-

MeTp V'2). B 10 xe BpeMs OHO He BIOJIHE OTPAHHYEHO (npH & < Ve
B8 E He CyllecTBYeT &-CeTH).

Teopema 5. Bo ecikom Komnaxme, cocmosauem u3 OecKoHey-
HOZ0 HUCAQ MOHEK, UMECITICS CHemHoe 8CI00Y NAOMHOe MHONCECHIBO.

B camom gene, myets X--KoMnakt. Tak kak X, mo joxkasau-
HOMy, BIOJIHE Orpanuueno, To Ajs Jwoboro € >0 B X comepxurcs

1
e-cetb No. IlaBasi e snavennus 1, 5, ..., ..., noJgyuyum He

60Jiee ueM CYETHOE MHOXKECTBO

ab

N=N,,
n==1 o
sgciofy naotHoe B X (rak Kak, Kakosa 6ol Hu Oblia Touka x € X,
umeeM p(x, N)=0). Muoxecreo N He moxer OblTb KOHEUHBIM, TaK
KaK BCAKOe KOHEYHOe MOAMHOKEeCTBO KOMMAKTA SaMKHYTO.

3ameuanue 3. HMas onpeseseHus KOMNAaKTHOCTH HeMOCPe/CT-
BEHHO CJexyeT:

Ecau X —romnaxm, mo ecixoe M= X xomnaxmuo ¢ X; mo-
3TOMY 6CAKOe] 3AMKHYMOe MHONCECME0 Kakozo-aubo xomnaxma X camo
ABAACMCA KOMNAKIMOM.

Teopewma 6 (Kaurop). [Tycme

O, 20,20, 2..20,=2... 4)

cymo Henycmole 30MKHYMble KOMIAKMHbIE MHOMCECITIBA MEIMPULEcKO20
npocmpancmea X, m. e. Komnaxkmet, aescawue ¢ X. Hx nepeceuerue
@0

@ = D, nenycrmo.
n=1

3ameuanue 4. Teopema Kaurtopa Moxker GblTb CHOPMYyJIHpO-
BaHa # TaK:

Jlbas nocrefosamesvHOCHy HenyCmolX YOLIBAOWUX 3AMKHYMOIX
muoxcecmg (1) KOMNAKMHO20 MempuuecKkozo NpoCITPAHCMEn  UMeern
Henycmoe nepeceerue.

HoxasatennctBo Teopemu Kanropa coBnafaer c jpaH-
HoiM B § 9 ru. 4 joKa3atesnncTBOM TOHl K€ TeOopeMEBl I 3aMKHY-
TBIX OrPaHU4eHHbIX MHOKeCTB B R". [las mo6oro n Bo3bMeM [po-
U3BOJILHYIO Touky a,€®,. M3 mnocrnenoBatespHOCTH MOJMYYEHHBIX
TakuM o0pasoM TOYeK &, @y, ..., &, ... Bbl0epeM copsuLyocs
NOC/IEI0BATEIBHOCTD

T R T )
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{TaKas cymecTByeT, TaK Kak Bce a, Jexar B @;, a ®O; KOMOaKTHO).
Ilycts a__llma . JokaxeM, uro a €D, npu 1060M 1. BozbMmeM

n, > n. HOCJIeIlOBaTeJ'IbHOCTb a a .y a COCTOHUT U3

np? e41° fE+s® ° 77
Touek MHoxecTBa @, W cxomurca K TOH Ke TOUKE &, YTO H BCSA
nocaenosatenbHocTh (5). IlosToMy @' ecTs TOUKAa NPUKOCHOBEHHS
muoxecrea @,. Tak kak @,, 3amxHyTO, TO @ €D,, 4TO U Tpe6O-
BaJIOCh JOKAa3aTh.

CanepgcrBue. Beakas yboisarowmas nocae0osamersrocms Henyc-
Mmblx BAMKHYMbLX OC2DAHUHEHHBIX MHOJCECME 1-MePHO20  e8KAL006a:
NpoCMpancmen umeem Henycnoe nepeceqerue.

3ameuanue 5. Ecmun juamerpst MHOXecTB (4) crpemsitcs
K HYJIO, TO TepeceyeHue BceX MuoxectB @, (HenyCToe B CHJY Teo-
pembl Kantopa) cOCTOMT M3 OZHON-€JIHHCTBEHHOH TOYKH.

Hapsany c teopemoii Kantopa ofHuM H3 Ba)KHeHIUHX Npeaioke-
HHH B TEOPHM KOMMAKTHBEIX NMPOCTPAHCTB SBAAETCS TAK Ha3biBaeMas
TeopeMa bBopens —JleGera, nokazanHas nepBOHAYANBHO IJIs CETMEHTA
YUCJOBOH TpPSIMOii.

Teopema 7. Iycmo ®—xomnaxm, aescauiuii 8 MempudecKom
apocmparcmee X (T. e. B cuny TeopeMbl 4 D —3aMKHYTOE H KOM-
nakTHoe B X MHOXKeCTBO). H3 6cAKol cucmemot % OMKpbUNbLY MHO-
acecme npocmparcmsa X, nokpewarouwiux *) mromcecmeo ©, moxcro
BbIOLAUMb KOHEUHYIO NOOCUCIeMY, MAKIe NOKpblsatowyo mHoxcecrmeo @,

JpyruMu cJoBaMu, 6CAKce OmMKpoumoe NOKpoUmUe KOMNAKIMHO20
samxrymozo- mroocecnsa © codeprcum Koreuroe nOOnoKpsimue mozo
sce mrosecnsa .

LloKa3aTé1bCTBO OCHOBHIBAETCSI Ha Cjenywoieli Jemme:

Jdemma. Besaxuid xomnakm D npu awobom € >0 moxncem Ovime
npedcmagien 8 8ude CYMMoL KOHeHHO20 HUCAA 3AMKHYMBLX - MHONCECTS8
Juamempa < e.

3ra neMMa BecbMa MPOCTO BHITEKAET M3 TOTO, 4TO KOMHAkKT (D

BRosiHe orpaHuyed. B camom gese, Bo3bMeM Kakyro-au6o a-cerb
N=Aa,, a, ..., as}

Komnaxkta @. Torza, no camomy onpexeneruto cetd, O coxepxutes
€
B cymme muoxects U | a,, T ) , U [as, ——) , SHAYUT, H MORABHO

€ &
B CyMMe MHOMeCTB [U_(al, —3—>] s ey [U <as, 3” (3aMBIKanuqa
Gepyrca Takke B ). Tak kak Kaxkpoe u3 MmMHOXecTB O, =D

*) Hanomnum, Yo cucrema X MHOXKECTB noxpwvisaem muomectso @, Hin o6pa-
3yer noxkpaimue MHoxecTsa @, ecqaM Kawaas Touka . MHOxecrBa D conepikurcs
XoTst Gbl B OJHOM MHOXecTBe cucTeMbl X. [IOKphITHE HA3LIBACTCH OMKPLIMbIM (COOT=-
BETCTBCHHO 3AMKHYMbIM), €CJIH BCE €r0 3/IeMEHThI CYTh OTKPHITHIE (3AMKHYTHIE) MHO-
Kecrea. TlOKpBITHE, COCTOsilee H3 KOHEYHOTO UHMCJa 3/1€MEHTOB, HA3LIBAETCH KO-
HEYHOIM.

7 0. C. Anexcanzapos
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g
n [U (a,-, —5) €CTb 3aMKHYTOE MHOKECTBO JMaMeTpa < o2& W

O=0,y... yd,, T0 JemMma joxasaHa.

Jokaxkem Tenepr Teopemy bBopeasi—JleGera oT npoTHBHOTO.
IMycte komnakT @ < X nNOKpPHT HEKOTOPOR GeCKOHeuHOH cucTemoi X
OTKPHITHIX MHOXKecTB I' mpoctpancTsa X, H IYCTb HUKAaKasi KOHey-
Hasi DOAcHcTeMa cHcTeMbl X He nokpeisaer . Bepem B Jjemme
e¢=1 u npeacrabum @ B BHAE CYMMbl KOHEUHOrQ YHCJ2a 3aMKHYTHIX.
muoxects @, ..., @, nuamerpr xotopuix <l. Ecau 6bl Kaxkaoe
n3 3Tux @; 6bJI0 NOKPHITO HEKOTOPOH KOHEYHOH MOACHCTEMOH CH-
creMnl Z, To ¥ Bce @ 6bLio 6bl MOKPHITO KOHEYHOH IOACHCTEMOIT
cucremul 3. Tlostomy. HekoTopoe (D; HE NMOKPHITO HHKAKOW KOHEYHOR
noacucreMoli cucreMbl X. Muoxectso @;, Kak 3aMKHYTOe mnoj-
MHOMeCTBO KoMnakTa @, ecTb KOMNAakT M TOTOMY MOXET
OHTh NPEICTaBJEHO B BHJE CYMMBl KOHEYHOrO UHCJa 3aMKHY-

Javamerpa <%. Ilo kpaii-

Hell Mepe OIHO H3 3THX MHOXecTB, @;;, HE TOKDPHTO HUKAKOIL
KOHeuHOft nojcuctemoil cuctempl 2. 3J1o @;; M npeicTaBAsem
B BHJEe CYMMbl KOHEYHOrO YMCJIA 3aMKHYTHIX MHOMECTB JAHaMeTpa

1 -
< 7, BuiGHpaeM cpexn Hux omuo, (@, He IOKPHITOE HHKaKof
KOHEYHO# NOACHCTEMO!N CHCTEMH %, M NpOJOJIKaeM 3TOT Npouecc Ao
GeCKOHEUHOCTH, B pe3ysbTaTe NOJMYYaeM NOCIEAOBATENbHOCTD

(Dg(pi,g(Di,i,—-:gq)i,igia;—'"Qq)i,i,"'ing"' (6)‘

KOMMAKTOB, NpHYEM HU OAWH M3 HHX He MOKPHT HUKAKOH KOHeUHOH
NOJICUCTEMOH CUCTEMBl 2 W AHAMETD 6(®i1“‘in) MHoxKecTBa @; ;

THiX MHOXecTB @ ,,@;,, ..., D

iys

g vine
1
menbuie YeM —-. Ilo nokasansomy nepeceuerne muoxects (6) co-

CTOMT U3 OJHOM TOYKH a. IDTO @ COJepKUTCA B HekoropoM '€ Z.
Tak xak I' otkpHTO, TO cytecTBYeT U (@, g)<=TI. Bo3bmeM n CTOMb.

60/bIINM, 4TOGEE OBLIO % <& Tornausa€®; ; nd(®;, ;)< ’11_
caenyer, uto @; U, e)=T, 1. e.yT0 D

vein &

i\...iy TIOKPHITO Jaxce
OfIHHM 3JeMeHTOM I' cHcTeMbl 2 (TOraa Kak Mbl NPEANOJIOXWJIH, 4T
HUKAKOe KOHEYHOE UYKCJIO 3JEMEHTOB CHCTeMBl X He TOKphiBaeT
®;...;,)- Tlonyuensoe nporuBopeune AOKa3kiBaeT teopeMy Bopess —

JleGera.

Teopema Bopens — Jle6era nonHOCTLI0 XapakTepudyeT XoMnakTel. Jlpyrumm
C/0BaMH, HMEeT MeCTO CJIeNyloumas

Teopema 8. llycms suomecmeo M= X yOosaemeopsem momy ycaosuio,
WO U3 BCAKOU CUCMEMb. OMKPHIMBX MHOMecme npocmparcmea X, NOKpoléao-
wux M, MOxHO ebideaums KOHeuHyw nodcucmemy, 06200Q0ULYI0 mem e CBoL-
cmeos. Toeda M ecmb komnaxm.

B camom pene, npeanosoxum npotushoe. Toraa B M cyimecTByeT GecKoHedHoe
noamMHokecTBO M’, He Hmeioniee B M nukakoi npegenvHoli Toukn. Orcioaa cae-
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Ayet, uto Jo6an touka x €M umeer okpectHoets U (x, &), conepxamyo He Gonee
KOHeYHOTO uucja Touek MHOxectBa M’. OkpectHoctd U (X, €,) NOKpBHIBAIOT BCe
muoecTBo M. B cHAY HAMX npejnoJiosKeHMH CYMIECTBYeT KOHEUHOe YHCIO STHX
okpectroctell. Uy=U (%1, &xs ..., Ug=U (x5, & ), Takke nokpusaiouux M.

Torna
M=M"NUHU ...UM NU),

4TO HEBO3MOXHO. TaK Kak M”-—G6ecKOHeuHOe MHOMKECTBO, & Kaxkiaoe H3 MHO:KeCTB
M'NU; xouedno.

Orpannyueasich HauGosee BaXKHBIM YaCTHBIM ciaydyaeM, koraa M==X, Mbl npu-
XOAMM K TAaKOMY MpeJJIOXKEeHHIO:

Teopema 8. Lasn moeo umobor mempuueckoe npocmparcmeo X 66ta0 xom-
namom, Heobxodumo U Oocmamowno, umobet U3 KaxOod cucmemp OMKPHLMHIX
MHOzCeCm8, Oauux 6 cymme npocmpancmeo X, MOnHo G6iA0 6ubpaAms KOHe4H YO
nodcucmenmy, 0baadaouyyto mem e C80UCMBOM.

§ 2. HenpepoiBHble 0TOOpPAXKEHUA KOMMAKTOB

Teopema 9. Mempuueckoe npocmpancmeo, ABAOWEECS Henpe-
DHIBHBIM 00PA3OM KOMNAKMA, CAMO ecme Komnakm *).

HoxasateanctBo. Ilycts nauo HenpepriBHOe oTOoGpaxenue f
KoMmmakta X Ha Metpuyeckoe mpoctpaHcTBo Y. UToGH ZOKasath,
410 Y ecTs KOMIAKT, HAZO J0Ka3aTh, YTO M3 KaxXKIOH cHCTeMbl X,
OTKpHTHIX B Y MmHoxecTB Iy, NOKpHBawoWux Y, MOXHO EbIIEAUTH
KOHEUHYIO MOJACHCTEMY, O6GJajamlomyio TeM xe cpoicreoM. Ho- cu-
cTeMa Xy OTKpBITHX MHOXecTB [~!(I,) noxpeiBaer X W Bchaejgcrsue
KOMNAaKTHOCTH X conepXHT KoHeunyio nogcucremy {f~'(I'g), ...,
F~* (I'o )}, Takke nokpaiBatomywo X. Ho torna muoxecrsa I's,, . .., I

-06pas’yloT KOHEUHYIO TMOACHCTeMY CHCTeMbl 2, NMOKPBIBAWOULYIO INIPO-
.CTpaHCTBO Y, 4TO M TpeGoBajoch NOKAa3aTh.

M3 teopem 9 u 4 ciexyer ,

Teopewma 10. Bcakoe muoscecmeo M, nexcawiee 8 xaxom-aubo
Mempueckom npocmpancmee X W ABAAIOUEECA HEnpepoisHbim 00 pa3oM
Komnakma, 3amMKHymo 6 npocmparcmee X.

Orcona, nanee, ciaenyer

Teopema 11. Bcakoe Henpepwisioe omobpadiceHue KOMRAKME
SABASEMC BAMKHYMBIM 0MOB parceHuem.

B camoM nmene, mycTh f —HenpepeiBHOe oToOpaKeHHe KOMMIakTa X
B Kakoe-THGo MeTpHueckoe mpocTpanctBo Y. Bceakoe 3amkuyroe
B X MHOXeCTBO fiBjistercsi KoMmnaktom (§ 1, 3ameuanue 3), mosTomy
€ro o6pa3 npH OToGpaxeHUU [ 3aMKHYT B Y, 4To M TpeGoBaJOCH
JLOKa3aTh.

M3 teopemnt 11 BeITekaet

Teopema 12. Beaxoe 83aumno o0no3naurnoe u 8 00HY CMOPOHY
HenpepuigHoe  OMOOPANCEHUE  KOMNAKMA HenpepoisHo u 8 Opyeywo

*) B uacTHocTH, BCfIKOE MeTpHYeCKOe MPOCTPAHCTBO, OMEOMOpHOE KOMUaKTY,
€aM0 ecTb KOMMAKT: CBOMCTBO KOMNAKTHOCTH B cebe, KaK FOBOPAT, TONOJOTHYECKH
HHBapHaHTHO (YTO, BMPOYEM, CJefyeT H3 CAMOTO ONpefeieHHd KOMIAKTHOCTH).

7‘
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CMOPOHY U, CAe008QMEAbHO, SEAAEMCA  MONOAOZUMECKUM  Oomobpa-
JHEHUEM.

B camoM jnese, mycTb f ecTe B3aHMHO OJHO3HAUHOE H HEMNPEPHLIB-
HOe B OIHY CTOpPOHY oTo0paxkeHue Komnakta X Ha Kakoe-HHOYIb
MeTPHUECKOe npocTpaHcTBO Y. B cuay teopemst 9 npocrparctso Y
ecTb KoMnakT. TpebyeTcs JokasaTb, uTo oToGpaxenne f~! Kom-
nakta Y Ha kommakt X, obpatHoe orobpaxkeHMIo [, HelpepbiBHO,
T.e. TpebyeTcsi nOKa3aTh, 4TO Npoobpas npu oTobpakenuu f~! BCs-
Koro saMksytoro B X MHOkecTBa M siBJfeTCH 3aMKHYTHIM B Y MHO-
xecteoM. Ho npoo6pas (f~!)~* M muoxectsa M npu otobpaxeHnuu
f~! coBnazaer c ob6pa3oMm MHoxecTBa M npu oTob6paxeHuu f, Koro-
pbiil B cuay Tteopemnl 11 samxHyT B Y. Teopema 12 pokasaa.

M3 reopemer 9, nasee, BhiTeKaer

Teopema 13. Beaxas dedicmsumenvran gyuxyus y = f(x), onpe-
OeAeHHas HQ Hexomopom Komnakme X U HenpepovieHas Ha HeM, 02pa-
HuueHa U npunumaem & Hexomopot mouke x,€ X Hauboaviuece w
8 Hexomopotd mouke X, € X Haumenvuiee 3HaUEHUE.

B camom pese, o6pasoM npoctpaHcTBa X mpu oroGpazkeHuH [
ABJAETCA HEKOTOPOE MHOMKECTBO Y HeACTBHTENbHBIX HHCEJ, U 3TO
MHOXKECTBO (B CUJY TeopeMnl 9) ecTb KOMIaKT, T.€. (B CHAY TeO-
peM 3 1 4) 3aMKHYTOE H OrPaHMYEHHOE MHOXECTBO REHCTBUTENbHBIX
yrcesi, Bepxuss ¥ HHXHAA TpaHH 3TOrO MHOXKECTBa IpMHaLJIexaT
€My M ABJIAIOTCS HCKOMBIMH HaHGO/NbIIMM H HaHMEHbLINM 3HAYEHHSIMH
Hae# QyHKiMH B npocrpaHctee X.

YacTHeIMH CcayyasiMH TeopeMbl 13 sBJAIOTCA H3BECTHBHIE H3 aHa-
JH3a TeOpeMbl O TOM, YTO BCSKas HenpepbiBHAs (QYHKIMA, onpeje-
JieHHash Ha 3aMKHYTOM H orpaHuyeHHoM MHoxecTse (D (Ha npsamoi,
Ha IJIOCKOCTH MJHM BooGile B R”, HanmpuMep, MOAYJb HENpPepHBHOM
(YHKLHH KOMINIEKCHOIO [epeMeHHOTo), npHHuUMaeT Ha (D Kak Hau-
6oJbllee, TaK ¥ HapMeHbllee 3HAYEHHA.

3ameuanue 1. M3 teopem 11 u 12 § 3 ri1. 4 u Teopemn 13
clenyeT, 4TO COBOKYIIHOCTbIO 3HAUEHUH JeHCTBUTENIbHOH (YHKHNH,
ONpeleJICHHOA M HEeNpepLiBHOM Ha CBA3HOM .M KOMINAKTHOM MeTpH-
YeCKOM IPOCTpaHCTBe (HanpHMep, Ha CerMeHTe YHCI0BOH NPAMOM.
WM Ha 33aMKHYTOM KBajpaTe WJIH Kpyre), fBJseTCA BCerja cer-
MEHT YHUCJOBOH NpPAMOA (Mau—ecad (QYHKUMA NOCTOAHHA —OAHA
TOYKa).

*

Oro6paxenne f npocrpaHcTsa X B mpocTpaHcTBo Y HaskiBaetcs
JABHOMEPHO HEnpepoiéHbiM, €CaH Ias Jioboro € > 0 MOXHO HafTH
takoe & > 0, uro ana moGulx nByx Touek x’ € X, x" € X, paccros-
HUe MeXJY KOTOpbiMH B X MeHblle yeM §, HmeeMm

pUFED), TN <enY.
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QueBUAHO, 6CAKOE PABHOMEPHO Henpepuigroe omobpaserue He-
RPepbigHO.

Teopema 14, Beaxoe Henpepuisrnoe omobpascenue [ xomnakma
X pasHomepro HenpepbiBro *).

HoxasaTeasctTBO (OT npotHBHOro). Ecau Tteopema 14 He-
BepHa, TO CyllecTByeT Takoe & > 0, uro jas awo6oro & >0 MoxHO
HaHTH Napy ToueK X, X5, YAOBJECTBOPAIOULIYIO YCJOBHAM

p (X X)) <O, p(fxe), [lxe))=e.

1 1 ’
JHasas & 3navenus 1, G e g ees H ofo3dayas x< s >, x< ) )
n n
ApPOCTO uYepe3 X,, COOTBETCTBEHHO X, BHIOMpaeM U3 NOCJeNOBaTe/b-
HOCTH

Xy Xgy evvy Xpy cvn
CXOAAIMYIOCS TOANOCIEI0BATENbHOCTD
Koy Xup vons Xppy vy HMX,, =X,
k>w

, 1
Tak kak p(x,, x,) < — » TO IOC/Ie]0BATENHHOCTD
Xays Xags o os Xngy =« -

TOMXE CXOUUTCH, W TIPHTOM K TOMY 3Ke Ipeleny Xi.
B cuay HenpephiBHOCTH OTOGDaxKeHHSl HMeeM, IoJaras Y, =

= [ (%ux)> Ye=1[ (¥n,), paBeHcrsa
lim g, = lim g = f (x,),

TaK YTO TNpPU JOCTATOYHO OOJBIIOM K paccTosinue p(y,, yr) 6yaer

CKOJIb YFOIHO MaJjo, Mexay TeM 10 TNpPeANONOXKEHHIO P (Y, Yi) =€

nasi Beex k. ITlonydyennoe mnpotuBopeure joKasbiBaeT Teopemy 14.
3amMeuanne 2, Jlerko pokasbiBaerca cieayioumas

Teopema 15. Mempuueckoe npoussederue 08YxX KOMNAKMOE €CN1b
KomMnaxm. ,

B camoM gene, nyctb B npousBegenun X =[X’X X"] aByx xoM-
naktoB X’ u X" jaHa NocjenoBaTebHOCT TOUeK {X,}, X, = (¥, Xp).
Bri6ipaeM NoANoCA€I0BATENLHOCTD {Xpy by Xy = (Xgs %my) TaK, 4TOGHI
N0C/1eA0BATENbHOCTH {X,,}, {Xn,} ObLIM CXOAANINMICS COOTBETCTBEHHO
X X, 1 K x;. Toraa nopmocsienosartesbHocTs {X,} cxomurca B X
K TOYKe X, = (X3, Xp).

[Ipumep HenpepHBHOTro oTob6paxeHUsd OTpPe3Ka Ha Tpe-
yroabHHK («kpusas [leano»). BosbMeMm pasGuenne orpeska [0; 1]=35 na gse

&
€ro noJoBUHH: §j== [0; —2—J n 6= l—;—, lJ. dto pasbuenue orpeska [0; 1}

*) Sra Teopema saBAseTcH 0GOGHMEHHEM H3BECTHON B3 Kypca aHAIH3A TEOPEMHL.
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1 1
Ha3oBeM paslHeHHeM MepBOro PaHra, a OTPe3KH [0; 5| 5 1| — oTpeskamu
[epBOro panra. Pa3Gusast Kawk/sldl OTPe30K MEPBOrO PaHra HA ABE HOJOBHHBI, 11O-
JiydHM ueTsipe oTpeaka Ogg, Og1» 019, 813 BTODOro panra, ofpasyioumiue pazGuenue
BToporo paura orpeska [0; 1], u T. 1. PasGueHue n-ro pasra COCTOHT H3 27 or-
. . 0 1
peakoe 8, .. .0, <ll, s+erig= |, AMMHA KX/OTO U3 KOTOPHIX €CTh 7.
AuanoruyssiM o0pasoM, IPOBOAA B PaBHOGEXPEHHOM TNPSIMOYTOJIBHOM Tpe-
yroibHake A BbicoTy ¥), paso6heM ero Ha fBa DaBHbIX PaBHOOELPEHHBIX MPIMO-
YFOJNIbHBIX TPeyroJbHHKa Ay H A;. DTO—TPEYroJbHHKH «HEPBOTO PAaHra»; OHU
ofpasyoT «pazbHeHHe HePBOTO paHTa» HCXOAHOro TpeyroibHuka A. Pa36usas
KaXAbH TPeyroJbHHK MEpPBOro PaHTa ero BEICOTOH, MOMYYHM YeTHIpe TPeyrobHHKA
BTOpPOro paHra Agg, Ay, Agg, Ayp. BooGute, npu ao6om n noaydum 27 Tpeyrodb-
wakoB A, i, | fn oe o t,,::T paHra n.
3ameuanue 3. Bee TpeyroibHHKH B HauleM NOCTPOEHHK CUHTAIOTCH 3aMK-
HYTHIMH (T. €. K HHM NPHCOEJHHSIIOTCS WX BEPHINHBl H CTOPOHHI).
U3 Hawell KOHCTPYKLUHMH BHITEKAET, OUEBHAHBM 06pa3oM, uTo Bcerga o;, . QgD
u A DAL

X}

iedpingeq 1.0y nint1s

1
paBHa 7, TO OHA CTPEMHTCS K HYMO NpH
HEOTPaHHYEeHHOM BO3pacTaHMK 7. JIeTKO BHJETb TaKXKe, UTO H JMaMerTp TPEeyroib-
HBKa Aj, i, MPH HEOTPAaHHUEHHOM BO3PACTaHMH n cTpemutcs K Hymc. Otciona
BHITEKAEeT:

a) Ecam ans moGoro n MH o603HaunM vepe3 P, au60 oauH TPeyroJibHHK
n-ro panra, H60 CyMMy JABYX HDHJETaiGIIHX APYr K IPYry TPeyroJbHYKOB 1-ro
paHra, TO NpH HEOTPAHHUYEHHOM BO3PaCTaHHM 7 JuaMeTp MHOxecTBa P, Gyner
CTPEMHTBCS K HYJIO.

Ham nonagoGutcs eme criefyioniee CBOHCTBO HAlllero HOCTPOeHHSA, KOTOpoe Ge3
TPyla ROKAa3uiBaeTCsl (MHAYKIHEH 1o panry n):

6) Ecan asa otpeska &;,...s, u 8;, .y, panra n mmeor ofmuil xoweu, To
TPEYFOABHHKH Bjy, ;. 4 Ay ; T¥PHIETAOT APYT K IPYry no obueit cropose.

Iycrb Tenepnb { —kakas-auGo Touka orpeska [0; 1]. Jlas kaxporo pamra n
HMeeM JHOO ONMH-eJMHCTBEHHb! oTpesok &;, . ;, padra n, Cozepiamuii BHYTH
ceGst Toury f, qmGo pea orpeska O;, ;, m 6; ;. HMeOmMEX TOUKY £ cBOMM
obmum xonuom. OGosnaunm uepes P, (f) B nepBoM cllyyae TpPeyroJLHHK Aiv i,
a BO BTOPOM—CYMMY JIBYX TPEYFOJBHHKOB Aj_ . i, H Aj ;.. KOTOpHE B 310M
cnyyae, B CHAY 3aMeyanHs G), NPUMBIKAOT IPYT K Apyry. Jlerko BuaeTs, uTo

PiyoPy(t)D...0P, (1) D..., (1)

npUYeM BCNEACTBHE 3aMeYaHH$ a) NepeceueHue BceX P, (f) COCTOMT M3 eIMHCTBEHHOI
TOUKH, KOTOPYI0 MHl H 0G03HauuM uepe3 f (f).

Mul . monyunam, TakuM oGpasoM, otoGpaxenme f(f) orpeska [0; 1] B Tpe-
yroassux A,

Jlokaxem npexknie ecero, 4To 3TO oToGpa)eHHE ecThb OToGpa’KeHUe Ha Bech
TpeyroabhHK A. B camom jene, mycTh x—npou3BoJIbHasi (HKCHMPOBAHHAS TOUKa
Tpeyroibuuka A. Bosbmem kakyio-nHGYIb MOCAENOBATe/LHOCTL HALIMX TPEYTOMb-
HHKOB

Ianee, Tak kax pmmua &, ¢,

A,\DA,'”',D...DA,-,,',‘__,'HD... )]

*) Tloa BricOTOR B NMPAMOYTOJNBHOM TPEYro.IbHHKE NOHHMaeM BCe BpeMa nep-
NEHAMKYJAD, ONYILEHHBI H3 BEePUIHHE NPSMOr0 yrja Ha THOOTCHY3Y.
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noj ycJoBneM, 4ToObl X COAEPHANOCh B KaXHOM M3 TPEYToAbHHKOB A;,, ;. 370l

NOCJIEA0BATENbHOCTH (411 HEKOTOPHIX TOYeK X Takas noCJae0BaTeJbHOCTh OKasbl-
BaeTcs oOmnpelefeHHONH OJHO3HAuHo, Risi Apyrux—Her). [locaexoBatenbnoctr (2)
COOTBETCTBYET NOC/€J0BATENLHOCTD

8,284, 0..085...1, D 3

onpejensiomlas eJHHCTBEHHYIO TouKy [ €[0; 1], ABasOmyOcs TOUKOW NepeceueHHs
BCeX orpe3koB (3), npHYEM M3 HALIETO NOCTPOEHHSH Jerko CAeLYerT, YTO Al /-
6oro n uMeeM

Apy i, =P )

Wz rtoro, uro

na (4) u U3 TOTO, UTO n P, (t) cocronT H3 OAHOH JHLIb TOYKH, BHITGKaer, YTO
n=1
@®
2= [) Pu() 1. e x=f ().
n=1
HoxaxeM, HaxoHel, 4TO oTOoGpameHHe [ HenpepuBHO B JI060f TouKe
2, E[0; 1). Ilycrs

Xo=[(Wg)= n Py (o).

n=l

Bepem nponseoannoe &£ > 0. CymectByer Takoe n, uro P, (fo) = U (xy, €). Buifu-
paem 310 n; Touka f, NPHHAANEKHT JHGO K €JHHCTBEHHOMY OTPE3KY Oj, .../,
aubo x aBym orpeskam O;,,, ;. u 8; ;. panra n. B nepsom cayuse monaraem
8;=8;, .. i, Bo BropoM ofo3nauaem uepes O, oTpesok, sBAsOWHACT CymMolt

orpeskos §;, . i, u 8;, ,.;., ¥ uepes n-—paccrosiune or fy Io Gumxaiimero

KOHLa OTpe3ka 6;:' Torga aas scex f€[0; 1], oTcTOAHX OT {, MeHbIe YeM Ha 1),
nmeeM P, () =P, (to), ¥, 3HaumT,

P FU) <&

uyto ¥ TpeGoBasoch JOKa3aTh.

3aMeuan ne 4. JIonONHHM TOJLKO YTO NIPOBEJEHHOE NOCTPOEHHE CEAYIOUHM
3aMeuanueM (Bunepsbie caedanduiM H. H. Jlysunem): 6 mpexmepron npocmparncmee
MOXCHO nocmpoums npocmyio dyay (T. e. MHOXKeCTBO, roMeomopctHoe orpesky [0; 1])
maxkum o6pasom, umo npoexyued amod Oyeu Ha naockocme Gydem mpeyzoabruk *).
Jlas 3TOr0 BO3bMEM B MJOCKOCTH X3==0 TPeXMEPHOIO (X;, X,, X3)-POCTPAHCTBA
TPEeyroJbHHK A M HenpepniBHO oroGpa3nM Ha nero orpesok 0<I/<C 1. 3anumem
310 oTOGpaXkeHHe [ B BHJE CHCTEMbl JBYX HENPEpHIBHBIX (QyHKUHH

X=@;(f), X=(2),
rae X;=@; () ¥ x,=¢, () cyTb KOOpIMHaTHl TOUKH X=[(f) Tpeyroabuyka A.

*) Jra npoctasi Ayra MOXKeT CJAYXKHTb COBEPIUEHHO HenpoHHLaeMoll Jif AOMAs
Kphiwleit jomal
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Crapst B cOOTBeTCTBHE TOYKe ! oTpe3ka 0=/ <1 Touky X Tpexmepuoro mnpo-
CTPAaHCTBA € KOODAMHATAMH X3 —=@1 (), Xg=, (), X3-=1, NOJYYHM TOMOJIOTHUE-
ckoe oToGpaxkenue orpeska [0; 1] ra nekoTopylo MpocTyio Ayry, npoekmMeil KOTo-
poit Ha mIocKocTb X =0 sIBIsieTC TPEeyroNbHHK A.

3ameuanue 5. JleGery npunagnekur clegyioulce H3SUINOe NOCTpoeHuHe
HenpepuiBHOrO oToGpaXkelnss KaHTopoBa IHckoHTHHyyma Tl ua ksagpar. Kax
A3BECTHO, TOUKH MnoxecTsa II cpean Bcex Touek umcnoBoit npsimolt R xapakte-
PH3YIOTCSl TEM, YTO MOTYT GBbIThb BHIPDAXKCHBI B BUJe GeCKOHEUHOM TPOHUHON ApoGu

0, 6 0, .
z=?+3—§+...-1—§~,;—{—.... )

rie kamgoe 0, ecrs auGo 0, nmbo 2 H, CACNOBATENLHO, MOXKET OWTH 3aMHCANO
B Buxe 0,==2f,, rae {, ccTb yxe qn6o 0, au6o 1; B COOTBETCTBHM C 3TUM IiCpe-
nuceiBaem (5) B BHae

(7

=2 (’131"+'%+“'+'3r?)' ©

IMocraBum B cooTseTcTBHe Kaxkao#t Touxe (6) muomxectsa IT Touky (X;, X;) eIMHHu-
HOTO ¥Bajpara Q ma naockoctu R2, nosaras

t { ! ton—
Xp=1py (t)='2l+*2“32‘+”2?;'+- ~+L£,°r1+ e

7 4 7 4
Xy =@z (1)2”2&'{‘2-;‘;‘_263 ’[‘+227n see

Monyuaem otoGpaxenne f muoxeersa ITC[0; 1] B emmnuunmiy ksagpatr Q =
=[0<x<1l; 0<<xy<C1] maockoctn R2. IlycTh X ==(x;, X,)—NPOH3BONbHAH
TOYKa KBajpara Q; 3anHchiBasi ee KOOPAWHATH B BHAE IBOHYHEIX APODeit

0
n=848 B =

0
=Rt b =,

3aKJI0YaeM, YTO TOYKa X, B CHAY OTOGPaKEHHS, IOCTABJEHA B COOTBETCTBHC TOUKE
muoxecTsa Il, onpegenennoit passomennem (6), B KOTOPOM H4 UYETHBIX MecTax
CTOSIT NOAPSA G1y G2s »sys Gpy ..., @ HA HEUCTHBIX Dy, Pgy «.., Pp» ... UTaK,
oroGpaxenne f ecTh oToGpakenne muoxectsa 11 Ha Becb ksaspar Q.

JokaxeM, uto 310 OTroGpakeHue Henpepniso. B camom jene, ecaiu umeem
aBe TOYKH

, o £ i
z=2(-§-+-§2-+...+y',‘,-+...)

Y ot in
l=2(—3—- ?-f‘-...—-{—’g‘”——l-)

muoxectsa Il, y kotophix #n # Ip, TO
1

== .

Tostomy, ecan nocnerosatensuocts Touek {(#}, (&) € I,

* t{k’ t(z’?) 15."’
{ '=2(-—3—+?—+...+—3‘;‘—'-{—. ..).
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¢ t
cxomuTe K £=2 (%—}—3—2—}- ) , TO Ans1 JHo6OTO n MOKHO HAATH TaKoe ki,
yto npn k > k,; GyzeM nmMeTb
&)

£ R

:t]_, sy tn =tn-

Ho un3 sroro yciosua cieayer, 410 H £~ g, ®) u xé’”:% (t%) Gyayr npu

HEOTPaHHYEHHO BO3PACTAlOIIEM K CTPECMHTBLCA COOTBCTCTBEHHO K Xp=@(f) #
Xo =1, (f), 4eM HenpCPLIBHOCTL GYHKUMH ¢ H @,, a 3HAuMuT, H oTOGpaxeHus f
nokazaHa. B § 4 Gyper noxasana Gosee o6ULasi TeOpeMa, a HMEHHO: 6CAKUL KOM-
naxkm ecmp 06paA3 KAHmMOPo8A OUCKOHMUHYYMGE Nnpii HEKOMOPOM HENnPepusroM
omobpascenuu.

QyHKUMH @y M @y, ONpeneieHHBle Ha KauToposoMm MHoxectse lf, mpowmntep-
NONUpYeM JIHHCHHO Ha CMEXKHbIX HHTCPBAIAX K 3TOMY MHOXKECTBY, T. €. NOJOXHM
Ha KaxJOM cMexHOM nutepsane (o; P)

—t t—

[0 f5ne g e,

1 % () g:; 02004 5 = B

TIONYYHM HenpephiBHEIC DYRKIUHH (KOTOPhIC TOXKE 0603HAYHM uepe3 ¢, ¢.), onpe-
Aesennbie yxe Ha Beem cermente [0; 1), Ilomaraa aas xaxaoro f € [0; 1], Kak
npexje, X;==@;{!), Xy=¢,({), noayunM HenpepuBHOC oTo6paxkeHne f oTpeska
[0; 1] na xBagpatr Q@ (370 OTOGpaxenne GyieT oTOGPaAKCHHEM Ha BeCh KBajpart,
NOTOMYy uTO, KakK Mbt Bujead, Raxe f(11)-=Q).

Mutepec se0eroBCKoro JOCTPOEHHS 3akJONaeTcsl, B YaCTHOCTH, B TOM, YTO
oHO cpa3y ke obGobutaercs na cayuait a060ro WHCNA H3IMEDEHHH H  NPHBOANWT
K HenpepbiRHbIM OTOGpakeHHAM KaHTOPoBa AuckonTHnyyMa I! u orpesxa ma xy6
JOGOro MHCA2 H3MCPeHHil M Ja)Ke Ha THAbLGCPTOB KHpPNHY *).

3agonuum 3TOT naparpad KoKa3aTebCTBOM C.elyoHlel TeopeMsl:
Teopema 16. Ecau monomonnasa nocaedosameibHocmv Henpe-
poignolx  pynkyuil **), onpedesenubix Ha xomnakme X, cxo0umcs

*) Onpegesienye ruabGepTOBA KHPHHua jdano B § 6 ra. 4; u3 Toro, YTo ruab-
GepTos KHUpNHY ABJASETCA HENDEpbIBHbLIM 06PasoM OTPe3Ka, CAeiyeT (H3 OCHOBAaHMK
TeopeMbl 9) Cro KOMIIAKTHOCTb, KOTOPas, BNPOYCM, OYyJCT HENOCPEJCTBEHHO JOKa-
sana » § 8.

**) Tloc1ef0BaTeIbHOCTD AEHCTBHTEAbHEIX QYUK

fl! fz» LR ] fm veey (7)

onpeficieHubX B npoctpauncise X, HA3LIBAETCA MOHOMOHHOU, CCTH OHa BBAACTCHA
BO3PACTAIOWICH MM yOmBawoulcH NOCJCAOBATC.ILHOCTLIO; [IPH 3TOM NOC/AEAOBATE/IL-
HOCTb (7) HaA3bLIBACTCA go3pacmaloueid (COOTBCTCTBeNHO ybobisaroued) na X, ecan pas
Aoboro x € X HmeeM

ho<f,<...<f,(0=...,
COOTBETCTBCHHO

hO=LW= ... = ()= ...
Ecan, xpoMe Toro, no xpaiincii mepe aas oanofi Touks x € X muceM

htn <[ <...<fu@ <.,
COOTBETCTBEHHO

hO>hL@w>...>hWw>...,
TO NOCAEAOBATENbHOCTb (7) HA3BIBACTCA CMPo20 eo3pacmaroujeld (COOTBCICTBEHBO
cmpozo yboisaiouieir).
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K ynkyuu, HenpepbigHoti Ha X, mo 3ma nocaedo8ameAbHOCML CX0-
dumcs na X pasromepHo.

IocraTouno JOKazaTh 3TY TeopeMy s cayudas Bo3spacraiwolied
110CJIe0BATEbHOCTH

<< .. <[,(<... )

GyHKUMHA, cxopsuwedcs BO BceX TOYKAxX Komnakta X K Henpepbis-
“Hoit yukuuu f(x).

TpeGyercst poKaszaTb, uTo Aaa JoGoro aaunoro € >0 MoxHO
HalTH TaKoe f,, 4TO NpU N >=n, AJd BceX Touek X € X Oyqer

[F ()=, (x)| <e.

Urak, nyctb &> 0 nano. O6osnauum yepes I', MHOXKeCTBO BCEX
ToueK X € X, A/ KOTODBIX BHIMOJHEHO YCJOBHE

[F () —f. () <e.

Tak kaxk u [(x) u f,(x)—HenpepoiBHoie B X YHKUHH, TO Hempe-
puiBHa ® OyHKUMA |f(x)—f,(x)|, u notomy wmuoxectBo I', npu
mobom n orTkpbito. Jlanee, Tak Kak mnociefoBaTesIbHOCTH (8) BO3-
pacraer, To Bo BcsiKo#t Touke x €' nmeem

| () —Fner I ) —Fo (01
Mostomy, ectu x€TI',, 10 x€T, 4, 1. . I',=T,,, npu mobom n,
H, 3HAUMT,

Nel,elie...cl',= ... 9)
Hakoneit, Tax Kak nocjepgoparenpHocts (8) cxoaurca B 0060
toyke X € X, TO Kakaas TOYKAa X COfepXuTcst B HeKoTtopom I',.
Takum o6pa3om, oTKpeiTHie MHOxecTBa I', B cBoeit CoBOKynHOCTH
TIOKPLIBAIOT Bce NPOCTPAHCTBO X. B Cujly ero KOMHakTHOCTH OTCIOAa
c/elyeT, YTO NPOCTpaHCTBO X NOKPHITO KOHEYHBIM YHCJIOM MHOXECTB
I',, nycrtb mHoxectsamu L', I',, ..., I', . Cuutas uniexcs n,,
flgy - .., Ny BO3PACTAIOWMMH, 3aKmiouaeM u3 (9), uro ', coBnagaer

co Bcem mpoctpancTsoM X. A 3TO O3HayaeT, 4TO NPH 7 Z=n, AIA
A06oi Touky x &€ X uMmeem

P —Fa () <e,

4y1o H T965OBaﬂ0Cb JOKasaThb.

n?

§ 3. CeaA3HOCTb B KOMOAKTHBIX NPOCTPAHCTBAX

Teopema 17. Bcakue dsa Henycmotx OUBTIOHKMHOIX 3AMKHY-
MbLX MHOXCECMEa MemputecKozo npocmpancmea X, U3 KOmopsix xoms
66t 00HO KOMNAKMHO, Haxodamca dpye om Opyea HA NOAOHCUMEALHOM
pacCmoarul.
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Mu Bugenn B § 1 roi. 4, uTo BCSIKOE METpUUECKOE IIPOCTPAHCTBO
HOPMaJlbHO, T. €. YTO BCSIKHE 1BA IM3BIOHKTHHIX 3aMKHYTHIX MHO-
JKECTBA B HCM HMEIOT JLH3bIOHKTHbIE OKPECTHOCTH. [l KOMNaKTHBIX
METPHYECKUX TNPOCTPAHCTB BepHO GoJee CUJIBHOE YTBEPXKAEHHE,
a MMEeHHO!:

CanencrtBue 1. Beakue 0sa nenycmoix OUSBIOHKMHbIX 3AMKHY-
moix mroxcecmsa xomnakma X rHaxodamces dpye om Opyea Ha noao-
HCUMEALHOM PACCMOAHUU.

3ameuanue 1. Ecau F, u F,—AV3BIOHKTHbIE 3aMKHYTHIe
MHOXECTBA B MeTpuueckoM npoctpadctse X u p(F,, F,)=d >0,

d o(F dy |
IR 2 5 JH3BIOHKTHEL.

C llpyFOl‘;l CTOPOHBL, BETBDL I'HnepéOJlbI H OJHa H3 €€ acHMNTOT MOryT Cay-
JKUTbL DNPUMepoM napbl AU3LIOHKTHBIX HEOTPaHWUYEHHLIX 3aMKHYThIX MHOKECTB Ha
NJOCKOCTH, pacCTosiHHe MeXJYy KOTODLIMH DaBHO HYJO.

Ecau npoctpancrso X ecTb cymMma ayx nHrepsanoB (0; 1) u (1;2) uncnopoit
ﬂpﬂMOﬁ, TO KaXIblH H3 3ITHX UHTEPBAJOB CCTh 3aMKHYTO€ OrpaliHdeHHOE MHOXe-
CTBO NPOCTpancTsa X, a pacCCTosinHe MEXKAY HHMH PpaBHO HYJIO.

To chepuueckue okpectHoctH O (Fl,

Chencreue 2. Beaxue dsa Henycmoix OUSBIOHKMHbIX 30MKHY-
MbLX  MHOMECTE e6KALO08G N-MEePHUZ0 NPOCMPAHCME, U3 KOMOpolx
xomsa 6bt 00HO O2paHuydeno, Haxodimca Opye om Opyea HA NOAOHU-
MEABHOM PACCMOAHUU.

HokasateabctBo TeopeMbl 17. Ilycre F u @ 3aMkHYTH
B X, HemycTel, HO MMeIOT nmycToe nepeceyense. ITycts, Kpome ToroO,
® komnaxtiio. oxaxem, uto p(F, ®)>0. B nporusHom ciryuae
Mbl HMeau Gbl ABE MOCIEHOBATENLHOCTH TOUYEK

Xyy Koy vovy Xy vy X, EF, 8]
"

yl’ y2’ R ylt' MR | yue(‘[)’ (2)
rtakne, uro limp(x,, y,)=0. BcieicrBHe KOMNAaRTHOCTH MHOMe-

n— o

crea @ u3 (2) MoXHO BHIGpaTh NOAMNOC.IEXOBATENbHOCTh
yulv yng M ] y”k’ tet

cxopAuylocas X Hekoropoir Touke y € M. Tax kaxk p(x,, y,) crpe-
MHTCH K HYJ0, TO I0CJIe10BATEAbLHOCTh

X, X

ny tay ot

o X,

WEEE
TAKXKe CXOAMTCHA K TOUKE 4, NpUYeM H3 3aMKHYTOCTH MHOXecTBa F
caeqyer, uyro y € F. Takum o6pa3oM, Touka y okasniBaercs o6ileit
Toukoil muoxects F u @, Bonpekn HaweMy [PeANOJIOKEHHIO.
Teopema 17 pokasana.
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Jnst Bcex BOMpPOCOB O CBA3IOCTH KOMIIAKTOB CJ/efyiollee JIOHS-
THe (BBejeHHoe eule KantopoM) siBAsieTCH OCHOBHBIM:

Onpepenenue 2. KoHeynas noc/iejoBatefibHOCTb — TOYCK
a,, ..., a; MeTpuyeckoro npocrpaHctsa X HasblBaeTCs &-yenslo,
a HMeIlHO e-HeMbio, COoefuHHAmedl TOUKY 4; C TOUKOH a;, eciu
pla;, a;,.,) <& aas i <s. MHOXecTBO M Ha3bIBAeTCS £-CYEILACHHBIM,
ecsi Molbie JIBe ero TOYKU MOTYT GbiTh COeJHueHbl &-lelbl, COCTas-
JNeHHo#l W3 Touek MHoXecTBa M. Mnoxkectso M HasbiBaercs cyen-
AEHHbIM, eClil OHO fIBJseTCH &-CllelleHHHM npu Jjobom € > 0,

Teopewma 18. Bcsakoe ceasnoe mempuueckoe npocmparcmeo X
AGAAEMCA CLENACHHBIM.

HokasarteanbctBo. Ilyers X ne cuenneno. Hokaxem, yro X
He MoxeT ObiTh cBA3HBIM. B camom jese, Tak Kak X He CUEmjeno,
70 B X MOXHO HAWHTH JBe TOYKH g U b, KOTOpbie TIPH HEKOTOPOM
€ >0 He MOryT ObITb COeJMHEHB HHKakKoil e-llenso. O6o3nauum
yepe3s A, MHOXeCTBO BCeX TOYeK mpoctpaHcTsa X, KOTOpbie MOTYT
ObiTb COEAMHEHBl C @ TOCPeACTBOM e-llend. Muoxectso A, Hemycro
(Tak KaK comepXHuT Touxy a). OHo He coBnajzaetr co BceM X (TaK
KaK He cofepXuT Toukd b). [ajee, A, 3aMkuyTo: ecly a’—TouKa
IPHKOCHOBeHHS MHOXKecTBa Ag, TO HMeeTcs Touka a; € A, orcrod-
uas ot a’ Ha paccrosiide < &. Ho a, Moxer 6biTh coeiHHeHO ¢ a
MOCPeACTBOM ge-LeNH a==a,, ay, ..., Q;5; [O3TOMY HMeeM H ¢&-lenb
a=ay, Qy, ..., Qg, Qg =0', COCRWHANOIYIO a ¢ a', T. e. A €A.
Hakoueu, mHoxecTBo A, OTKpHITO: eciu @’ € Ag, T0 a’ MOXeT OHTb
coelMHEHO C @ [OCPeICTBOM e-TiellH; HO Torja H BCAKas TouKa
a"€U (a', &) Moxer ObiTb CcoequHeHa C @& TMOCPEICTBOM e-lleMu.
Teopema 18 nokasana.

Teopema, ofparnas K Teopeme 18, neBepHa: cyMMa ABYX HHTep-
sajos (0; 1) u (1;2), a Takxe MHOXECTBO Bcex PpalHOHAJIbHEIX
TOYEK YUCAOBOH NpAMOHR MOTYT CHYXHTb NPHUMEpaMu MHOJKECTB Clerl-
JeHHbIX, 110 HecBA3HBIX. OJIHAKO uMeer Mecto

Teopema 19. Beakuii cyenaennoill KoMRaKm s6A86MCA C8AZHOIM.

B camom jpene, ecan Komnakt (D HecBfizeH, TO OH MOXeT ObiTh
npejacTaBliell B BHJEe CYMMBI JABYX HeNYCTHIX HEMNepeceKalomuxcsi
3aMKHYTHIX MHOXeCTB: D=, U @,. I'lo Teopeme 16 nmeem p (@, O,)=
=g > 0. Bsss no npoussony rouku x, €M, u x, € O,, BUaUM, yTO
3TH JBE TOYKH He MOTYT ObITb COe/IMHEeHbI HHKAKOH e-IeMmblo.

Henyctoie cBA3HBIe KOMNAKTEL HA3BIBAIOTCH KOHMURYYMAMU; CPELH
HUX COOCMGEHHO KOWMUHYYMOMU HA3BIBAIOTCA KOHTHHYYMBI, COjlep-
)amue O6osee OfHOW TOYKH (MBI CKOPO YBHAMM, HTO BCSKui
Co6CTBENHO KONTHHYYM HMeeT MollHocTh ¢). M3 rteopem 18 u 19
clegyer:

s moeo umolbl Komnaxm ObiA KOHMUHYYMOM, HeOGX0duMO u
docmamonro, umobol OH ObiA CyenneH.

Teopema 20. [lepeceuerue ybusaroweld nocaedosamebHocmy
KOHMURYYMOB eCly KOHMUHYY M.
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Mbi fokakeMm naxe Gosee CHJILHOE IpelsIOKeHHe:
Teopema 20'. lyems O, 20,=...20, =..., npuuem
D, ecmv Henycmoid €,-cyenaenuoii xomnaxkm u lime,=0. Toeda

n—o
o

N ©,—xonmunyyms.
a1 = ]

Jloxa3aTe1bCTBO OCHOBBIBAETCA Ha JeMMe, MOJe3HOil W BO MHO-
THX APYrHX cayyasx.

Jdemma. llycms Oana ybewaowas nociedosamessHocms Hemnyc-
Molx KOMNAKMO6

O, o20,=2...20,2..., 3)

qexeauyux 8 Mempudeckom npocmpancmee X. Kaxosa Oot Hit 6biaa
®

okpecmuocme T nepecewenus ©@ = () @, smux Komnakmos, Haddemcs
n=1
maxoe np, 4mo 04s écex n > np 6ydem M, =T.

B camoM pese, MHokecTBO I' eCcThb OTKpBEITOC MHOMXECTBO, COIEp-
Kauee @M. TMostomy Kaxjaoe muoxectso ;=M \T (kak nepece-
yepne IBYX 3aMKHyThix MHOXects O, n X\TI') samkHyto B X,
31ayut, u noaasno 8 @,. Kpome toro, ouesunno, O, 2d,.,. Urak,
MuoxkectBa @), 06pasyloT yOblBAIOLIYI0 [10CA€10BATeAbHOCTE KOM-
nakrtoB. Mx mnepecedenue nycro, Tak KaK COAEPKUTCHA, C O/HOH
ctopotinl, B @<=1', a ¢ apyroii cropous, 8 X\ I'. ITostomy Bce
O, nayunas ¢ HeKoToporo n=rnyp, nycth. Ho ecau @, =@, N (X\I')
mycro, To. 3unauut, O, =T, uto n TpeboBasoCh HOKa3aTh.

Jokaxem tenepb Teopemy 20°. [lpeanosnoxkum, uto @, ecthb
€,-ClleNJIeHNbIi KOMIIaKT (npnqem lime,,-:O) M 4ro (1Ienycrofi)

n—>rx
')

Komnakt @ = n @, ue asaserca KoutnnyyMmom. Torga ® =@ yd°,
n=1

rae @ u @ 3aMKHYTHl, HeNyCThl H He MepeceKkalTcs, H MO Teo-
€
peme 17 umeem p (0, @®")=¢>0. Ionoxum l"-:U((D', §>

e\ .
T"'=U <(’D", 5 Orkpeitoe MoxectBo I' =17 U T apasiercs oKpecT-
HocThlo Kommakta (D; 1o3toMy Ads JI06OTO JOCTATOYHO GOALINOLO 1
umeem O, =T"yI”. Tlpu stom B, =D, NI" 2D 5=A, O,=D, N
L/ ’ ” ’ g 8
N0 %A, O,UD,=0, u p(D,, O;)= - - Bans npu s1oM

€
n cTosb 60JbMIMM, YTOOH ObLiO &, << = , VBUANM, 410 (D, BoOnpexu
n 'j n p

NPeinoIoKeHI0, He MOXeT ObiTh &,-CuelleHHbIM.
[TpuseneM HeckoJbKO NpuMepoB KonTHHyyMmoB. OuesuiHo, eliH-
CTBEHHBIMH COGCTBEHHO KOHTHHYYMaMH, JeXKalUUMH Ha npAMOi, AB/sA-
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10TCA cerMenTel. Tak Kak NpM HempeprIBHHIX OTOGpakKeHHsIXx coXxpa-
HRETCA KakK CBsi3HOCTH (Teopema 12 § 3 ra1. 4), TAK H KOMNAKTHOCTD
(Teopema 9 § 2), TO HenpepuigHbll 06pA3 CAKO20 KOHIMUHYYMA ectib
Koumunyym. OTCIOfa, B YaCTHOCTH, CJAENYET, UTO HenpepvisHoui obpas
RPAMOAUHEIHO20 Cce2menma ecms  Konmunyysm. llosTomMy Becakas
cHcTeMa 71 HenpepblBHBIX QyHKuuit

=% (), i=12...,n, (4)

3ajafiHBIX Ha cerMeHTe 0<Cf{<{1, ompenenser B n-MepHOM IIPOCT-
PaHCTBe HEKOTOPHH KOHTHHYYM, ABJAIOLIMACA B CWJIYy CamBX ypas-
Henu# (4) HenpepoiBHBIM o6GpasoM otpeska [0; 1] u unasbiBaembril
OGBIYHON Henpepbieroll Kpusol B n-MEPHOM INPOCTPaHCTBE {(CUCTeMa
ypaeHeHHH (4) Ha3bIBaeTCA NAPAMEMpPuUueCKUM npedcrnas.ieniiem Tol
KPHBO#).

Kak Mbl 3HaeM, NMOHsITHE HeNPepLIBHON KPHBOH 7-MepHOTO Npo-
CTPaHCTBa, ONpejle/ieHHOe TaK, Kak Mbl 3TO TOJbKO YTO CLENATH,
MOXET Jlaxe HpH n =2 BKJIOUaTb B ce6A reomeTpuueckne o6pa3sH,
BOBCEe HE MOXOXHE HA TO, YTO Mbl NPHBBLIKJAM HA3LIBATbH «JIUHHAMHYS.
Tak, HanpuMep, TPeYroJbHHK HJiH KBaApPaT B CMbICJE TONBKO UTO
NpHBENEHHOTO Olpefe/ieHHs —HelNpepbiBHbe KpHBLIe. [ToaTOMY KOH-
THHYYMBI, ‘ IBJISIIOINEC HelpepbiBHBIMH 06pa3ami npsMOaHHeHOro
cerMenTa, B HacTofllee BpeMsa HPeANOYHTAIOT Ha3biBaTb He KPiBbIMH,
a acopdanosbinu Konmunyymamu. B xaure Xaycnopda [1], §31,
YHTaTe/lb MOXKET HalTH J0Ka3aTeshCTBO TEOPEMbLI, YCTaHaBJNBaloUieH,

YTO KOPAAHOBLI KOHTHHYYMbI TOXIECTBEHHLI C JOKAJILIO CBA3HBLIME
KOHTUHYYMaMH.

HokasarenbcTBO onmpaercs Ha caeaywooulyto teopeMy CepnuH-
CKOro:

Jlrs mozo umobot KOHMUHYYM Gbl AOKAALHO CBA3EH, HEOGXVOUMO
u docmamouno, wnobot npu awobom € >0 on npedcmasanics ¢ eude
CYMMbBL KOHEYHO20 4YUCAA NOOKOHMUHYYMO8 Ouamempa < &.

OD.HH n3 npom‘eﬁmux JOKaJLHO HEeCBA3NBX KOHTHHYYMOB TOJAYHUM, e€CaH

.1 1
Bo3bMeM rpadux Qynxunu y=sin—, 0< X< -, M NPHCOCLHHHM X NeMy Bee

v

TOuKY cermenta [—1; 1] ocn opaunat. KontHuyym 1ot romeomopden xoutnryymy C,.
ABJSIOUIEMYCS CYMMOH BePTHKAbHLIX CEIMCHTOB

Co={x==0, 0<<y<l}, C,,={x=—n]—,0<y<1},, n=1,2,3, ...,

N TOPH3ONTa bHLIX cerMeHToB D,, npuieM D, npu HCUETHOM 7 JEXKUT Ha OCW
abCUHCC B COeUHACT TOUKH e 0} u P 0], Torza kak D, npu ycTHOM
T
- 1 *)
n NCKKT Ha npAMofi y=1 ¥ COCNHHSCT TOYKH e 1) n T | .
=

N

*) YutaTeso pexomenayercsi cheaaTh uepre.
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ITpnBeseM HCCKOALKO NPHUMEPOB JIOKAJLHO CBA3HHIX KOHTHHYYMOB.
Ecau n3 mcex Toyex

L1 r 3 ro2r—1
n o) nt gn)’ Tt \a’ 2n
(n=—=1,2,3, ..))

ONYCTHTb MEPNEHIMKYANPEL HA OCh OPAHHAT ¥ MMPHCOCAHHHTL UX K KouThunyymy C,
TO TMOJAYUUTCA JOKAJILHO CBA3HBIE KOHTHHYYM.

Becbma 3aMcuaTesbHBl ceAVIOLLHE ABA NOKATBHO CBA3NLIX KOHTHHYyVMa, Bliep-
Bble MOCTPOEHHBIX MOALCKHM MareMatikoMm CopIHHCKHM.

lepeolit KoHTHHYYM CepPNMHHCKOTO HOJAy4aeTcs Clepyiowum oGpa-
3oM. DBepercsi paBsnoctopouHuit TpeyronbHHk (puc. 8) H TpeMs cro cpeAuHME
JMWHHAMH pa3GHBacTCl na ueTeipe pas-
HBIX TpPeyrojbHHKa. BuyTpesnocts cpel-
Hero TpeyroJbHHKa (Ha puc. 8 ona
3aITPHXOBAHA) BHIKKABIBAETCH, a Ha
KaXKJOM W3 OCTABLIHXCA TpeX 3aMKHy-
TbIX TPEYTONbHHKOB (Mbi HasblBaeM HX
TPEYroJblHKAMH NepBoro palra) moBTo-
pAeTCA TO Ke NOCTPOEHHE: Kaxibli u3
3TUX TPeyroNbHUKOB TPeMS CcpefHHMHU
JIHHHAMH JIGTATCA HA UYeThipe pPaBHLIX
TPeyrofbHHKa, H3 KOTOPbLIX BHYTpPCH-
HOCTb CpefHero BrIGpachiBaeTcs, Tax
YTO TMONYYAIOTCR AEBATb  3aMKHYTHIX
TpeyrafbHHKOB BTOPOrO paHra, H T. 4.

OGo3HayuM uepes I, CyMMy Bcex 37
TPeyroJbHUKOB n-I'0 PaHra; Tak Kak Bce
STH TREYTOABHHKH 3aMKHYTBIE, TO HX CYM-
Ma fi, eCTb KOMIAKT. JTOT KOMNaKT, oue-
BHILIIO, -CBSI3eH (JIOGKIC JBe €10 TOUKH MO-
TyT GHTb COeAHHeHb! JOMaHOH, Jexalueil
ta %,). Tak KaKk f, D X, 4y, TO Nepeceyeiine BCeX T, eCTh KOHTHHYYM S, KOTODHIR
M HasbiBaercst «kpHBoN CepmuHckoro». UToGul HMeTh MNPeicTaBleHue O ee BH/e,
BaeM Ha yepTee H30GpacHHe KOHThHyyma my. Ha koutHHyyMe S nmeercs Bcooay
MJIOTHast GCCKOHEYHO3BEHHAsl JomaHas L —cyMMa KOHTYPOB BCeX TPeyroJbHHKOS
-Hauiero mocrpoexusi. Jlerko BHAETb, YTO MHOXKECTBO L CBAI3HO, KaK CyMMa pacrylel
HOCJIEAOBATCABHOCTH KONTHHYYMOB L, (rge L, ecTb cymMmMa KOHTYpOs BceX Tpey-
.roabHUKoB pakros n). OanHako L manexko He HCueprnblBaeT Co60i0 BCEro KOHTHHYyMa
S: na S umeercs euie HCCUETHOE MHOMKECTBO TOUEK, He JEKAULUX HH HA ONHOM U3
KOHTYPOR HAIIUX TPEYTONbHHKOB. Jlerko BHeTb, YTO Kam/Jas TOUKA KOHTHHYyMa
;S uMeeT CBA3HYIO OKPEeCTHOCTb CKOJMb YFORZHO Majdoro AMaMeTPa, TaK YTO KOHTH-
HYYM JIOKaJibHO CBRA3eH.

Bropoit koutuunyyMmM CepmnHHCKOrLO, Tak Ha3biBaeMblA <KOBep
Cepnunckoro», crpoutcest Tak (puc. 9). Ksagpar Q co croponoit 1 (tasoeem ero

KBajpaTOM HYJeBOO paHra) feIuM Ha 9 paBHblX KBagparos co CTOpoHaMH %
# yAanfieM BHYTpeRHOCTb cpeivero W3 HHX. OcraoTca 8 3aMKnyTHIX KBaApaTon
MepBOro panra, CyMMa KOTOpuXx ofpasyeT KouTHhyyM C;. Ha kamnom us tux
fIOBTOPSAEM TO Ke [OCTpoeHHe, TaK UTO HoJyvyaeM 64 3aMKHYTHIY KBajapata BTOPOro
panra, cyMmMa KOTOpPuWX ecTb KoHTHuyyM C,. [loctpocune mpofoskaerTcst Heorpa-
HHYCHHO M APHBOAHT K MOCJEOBATENBHOCTH YOLIBAIOWUX KOHTHHYYMOB

,o6,o...oC,>...,

1
Jgipuuem C, ecTb cymma 87 KBaipaTos CO CTOpOHAMH 3
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Tlepeceuenne C Bcex KOHMTHHyyMoB C, H €CTb KOHTHHYYM, HAa3HBaeMblfi «KOB-
pom Cepniusckoro».

3ameuanue 2. ToAbKo uTO DacCMOTPEHHBIe KOHTHHYYMbl 0GJajaloT Tem
CBOHCTBOM, uTO KamAbli M3 HuX HATAe He TJoTed sa naockocth. Kosep Cepmunu-
CKOTO 3aMeuaTesieH TEM, YTO COACPIKHT TOROJOTHUCCKHA 06pa3 BCAKOTO KOHTHHYYMa,
JeKalero B NJOCKOCTH M HHMTJE He NJoTHOro B HeHl. Taxkue KOHTHHYyyMbl Hasbl-
paloTcl MAockUMH. CoGCTBEHHO KOHTHHYYMBI, JeXKallHE Ha NJIOCKOCTH W HHLJE
He IIOTHHE Ha Helf, Ha3bIBAOTCA (NAOCKHMH) Kanmoposuimu kpusemu. Y13 npuse-
JCHHLIX TIPHMEPOB BHHO, “TO KaHTO-
poBa KpuBas Moxer He Oumrb MXKoOpAa-
HOBOH #, 0OpaTHO, MKODAAaHOB KOHTH-
BYyM (HanmpHMep, KBajapaT) MOXKET He
6uiTh  KautopoBoil  kpusod. CeoiicTBo

KOHTHHYYyMa OLITb }KOPJAHOBLIM, O4CBHII-
:%: HO, TONOJIOTHYECKH HHBAPHAHTHO: eC/In

/ C; ecTb }KOpAaHOB KOHTAHYYM, a C, ro-

meomopno Cy, To u Cy aBaAsierca Kop-
BANOBBIM  KOHTHHYYMOM (NOTOMY  4TO,
ecau [, €cTb HenpepniBHOE 0ToGpaxe-
une orpeska Ha C), a f,—Tonoaoru-
yeckoe oroGpaxenne C; na Cy, TO f=
=f,f1 €cTb HenpepriBHoOe OTOGPaXKeHe OT-
peska na C,). Bosnnkaer ectecTseHHBIN
BOTIPOC: SIBJIACTCS JIM CBGICTBO MAOCKOTO
MHOKeCTBA GbiTh KalTOPOBOH KpPHBOM TO-
HONOrKYeckH HHBapHaHTHRIM? Jlpyrumu
c10BaMH: eciy Cy — KaHTOPOBA KPHBas, a
C, —IJI0CcKOe MHOMECTBO, romeomopthHoe
muoxectsy Cy, To Gyjer an C, KauTepo-
Puc. 9. soii Kpmeoii? M3 npeawaywero nam us-
BecTHO, 4TO C) BO BCAKOM Cy44S— KOH-
TeHyyM. Ocraercst 1OKa3aTh, uyto C, HHLJe HEe NIJIOTHO Ha NOCKOCTH. TonkoeTs
STOFO BONPOCa BHAHA H3 TOFO, UTO CaMO NO celc COOHCMBO NAOCKO0 MHOMECMSE
Gbuns HU20e He NAOMMHGIM HA NAOCKOCMU NIONOAOSUHECKOL UHSAPUAHMHOCIILIO HE
obaadaem. JleficTeuTeAbHO, 00603HauuM uepes R; MHOXKECTBO BCEX DaUMOBANbHLIX
TOYeK Ha TIPsMOil, a uepe3 R, MHOKECTBO BCCX PALMOHAAbHLIX TOUYEK Ha MIOCKOCTH
(T. €. MHOXKECTBO BCEX TOYCK TIOCKOCTH, Y KOTODBIX 00C KOOPAHIIAaThl PalOHa bHbI).
MoxHO J0Ka3aTb, UTO MHONecTBa R, M R, romeoMoptHbl; MexAy Tem R, Hurae
He TJIOTHO Ha MJOCKOCTH, a R, BClofly niaoTho. Opuako ecau u3 08yx aescouyux
HQ NAOCKOCIMU U 2uMeOMOPPDHBIX MeHAY COBOW KOMNAKMO8 OOUH HueOe He NAOMEH:
Ha naockocmu, mo mem oke ceodcmeos obaadaemt w Jpyzol. DTO NPCANOKENHe
BBITEKAeT H3 OLHOM M3 OCHOBHLIX TEOPCM TOMOJOTHH IJIOCKOCTH, a8 HMEHHO M3 TaK
nHaspiBaeMoii Teopemn 06 HHBAPHAHTHOCTH NJAOCKOA obnacTh:
ecau U3 OBYX 20Me0MOpPHIX meidy cOBOW NAOCKUX MHOXECHB O0HO COOepIiCumt
BHYMPEHHUE MOuKW, MO U OpYeoe MHONECMAO codepxcum eHympeHnue mouxu. Ana-
JIOFMUHAsl TeOpeMa CNpaBejyiABa M JAJf MHOMCCTB, JEXAWHX B €BKJAHAOBOM Npo-
cTpaHeTBe Ji060ro JaHHOrO unciaa M3mepeHii n. Jas ruabGepToBa NpOCTPAHCTBA
4HAJIOTHYHOE [PCAJIOXKEHHE YIHC He MMECT MecTa.

Bnoane jocTynnoe AoKa3aTeqabeTso (ylAaMenTanbnoli Teopembl 06 MNBAPHAHT-
HOCTH IIJIOCKOR OGAacTH M aHAJIOrHYHOH TeOpeMbl ISl -MCPHOTO NPOCTPAHCTBA
MOXHO HafiTy B rJaBe 5 xunrw AnexcanapoBa [I0], a Takme B KHure
Aunexcauppopa—Ilacumukosa |1}, raasa 3, Teopena 4.

HazoBeM &-xomnonentolt Qg (a) TOYKil a KOMNIakTa € MHOXECTBO
BCEX TeX TOUEK 3TOTO KOMNAKTa, KOTOphbieé MOrYT ObiTh COELHMHEHb
c Toukoil a mnocpegctBom e-uenu. OueBnpHo, Q.(a) ectb e-cuen-
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JIeHHOe, MHOXKeCTBO; MNPH J0Ka3aTe/bCTBe Teopembl 18 MBI Bupesu,
YTO &-KOMIOHEHTA €CThb OTKPHITO-3aMKHYTOE MHOXECTBO. 3aMKHYThIM
MHOXecTBOM OyleT W mepeceuenne Q (a) Bcex £-KOMIIOHEHT TOUKH a,

1
B3fITHIX AJS BCeBO3MOXHbIX &> 0; npuuem, noJsaras €y =-r B

-}

Q.=Qi(a), umeem Q(a)= (}Q, TaK ut0 TO Teopeme 20
n n=1

KOMMakT @ (@) cBfA3eH M, 3HAUHT, COAePXKUTCA B KommoneHte C (a)
touku a. O6patHo, C(a) = Q. (@) npu moboM &, Tak uto C (@) <= Q (a)
H, 3Hauut, C(a)=Q (a).

Hrax:

Teopema 21. Komnonenma moboid mouku a xomnaxma @D cos-
nadaem ¢ nepecedeHuem €-KOMNOHEHM 3MOU MouKi, 63AMbIX 0%
8Ce803MOOKCHBIX & > 0,

' i
OGosHayasi, KaK TONbKO YTO, - -KOMIOHEHTY TOYKH a B @ ye-

-}

pe3 Q,, 3akmouaem u3 pasenctsa C(a)=Q (a)={) Q, (no Jemme
n=1

K Teopeme 20), uto K JMoGoi okpectHocTH I' Mnoxectsa C (@) MOXHO

nopo6path Takoe n, uto Q,<=T. Tak Kak @, OTKpLITO-3aMKHYTO,

TO HMeEeM TaKOe CJeJCTBHe H3 TeopeMbl 21:

Canepcrtsue. Kaxoea 6ot Hu bbiaa oxpecmrocme I' xomnornermor
C xomnakma ®, momno watimu codeprcawyrocs 8 1 oxpecmuocmo
muoocecmea C, ABAAOUYIOCA He MOALKO OMKPOUTIBIM, HO U 3AMKHYITbLM
MHOINCECTLE0M..

[Tycte Tenepn KoMmaktT @ He COZePKHT HHKAKOrO COGCTBEHHO
KOHTHHyyMa. Takue KOMIIaKThl H230BeM IHCKOHTHHyaJbHbIMH. Oue-
BUJIHO, JHCKOHTHIIYAAbHBIL KOMIAKT MO)eT OBITb ONpejesieH Kak
KOMIIAKT, KaXJas TOYKa KOTOPOTO COBMAJaeT CO CBOeil KOMNOHeNToM.
U3 tonbko 4TO CcHOPMYNHPOBAHHOrO CJeICTBHSI BHITEKaer, 4TO
B JIMCKOHTHHYa/AbHOM KoMiakTte (D Kaxaasm TOuKa COJIEepMHUTCHA B OT-
KPBITO-3aMKHYTOM MHOXECTBE NPOl3BO/bLHO Majoro juamerpa. Bosb-
MeM e MpPOH3BO/LHO Majoe € >0 M 3aKMOUMM KaXKAYI0 TOUKY X
JAAQHHOTO JIHCKOHTHHYQJbHOTO KOMIAKTa B OTKPbITO-3aMKHYTOE MHO-
x)ectBo anamerpa < €. [lo Teopeme bopeas — JleGera u3 noayueunnoro
TakuM 06pa3oM HOKpPHITHA KoMnakTta (0 MOXKHO BbileJIUTb KOHEyHoe
NOANOKPHITHE, COCTOfAllee, MOJOMHM, H3 MHOXKECTB

r,r, ..., I
HonoxuM Tenepb
H,=V,, H,=T\\H, ...
eery, Hy=TN(H,U...UH,_), -..
cowy He=T\(H,U...Ul,_).
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Tak kax 'y ', OTKpPHITO-3aMKHYTHl, TO OTKPHITO-3aMKHYTBIM MHO-
#xectsom Oynet u pasmocts ')\ I ¥), 1. e. H,. BooGute, Bcsikoe H,
{rre n=1, 2, ..., s) OTKPHITO-3aMKHYTO (KaK pa3HOCThL MEXAY
OTKPLITO-3aMKHYThIMH MHOXecTBamu I', u H,U ... UH,_,).

Mrak, P npencrasjieHO Kak CyMMa KOHEYHOTO YHCAZ MONapHO
e NepeceKalolnxca OTKPHITO-3aMKHYTHIX MHOMKECTB aHameTpa < €.
O6Gparno, ecau kKommaktT @ npu Mo6oM € >0 J0MYCKaeT Takoe
upeACTaBJeHHe, TO, OUYEBHIHO, OH He MOKeT COREPKaTb HHUKAKOro
CBRI3HOr0 MHOXECTBA, CcOCTOfillero GoJsee ueM U3 OAHOM TOUKH.
Taxum o6pasoMm, Mbl NPUILAN K CAENYIOWEMY pe3yJbTaTy:

Teopema 22. Haa moeo umobsr komnakm ® we coleprcar Hu-
KAKN20 COOCHIBEHHO KOHMUHYYMA, HeobXo0uMo u 0ocmamouno, 4modst
OH Bbtn HYyrbmepHbiM, m. e. 4mobot npu mobom & >0 on moe boimo
npedcmasren KaK CYMMA KOHEUHO20 YUCAQ NONAPHO He NepeceKarjuxcs
samKHymowx MHoxMecma duamempa < e. Kaxcdoe us smux samxrymeorx
mHONcecme (kax OonoAHeHue K Cymme 0CmaavHuix) Oydem npu smosm
U OMKPOLIMIGIM.

3ameaanwue. 3 3a onpenesenne NyALMEPHOLO KOMMAaKTa, KPOMe KamiAOTO
#3 [BYX 3KBHBANEHTHBIX CBOHCTB, QUIYPHPYIOMKX B Tegpeme 22, MOKeT GHITh, KAK
JIerKO BHACTH, NMPHHATO cUle H Caedyioliee CBOHCTRO:

Karosor 6ot nu Gotau Ose moaxn a u b xkomnaxma, @, e20 MoxHo npedcmasume
8 8ude CUMMO! OBYX HEMEPECeKAIOUAUXC 3AMKHYMbIX MHONCECME, U3 KOMOPLIX nepsoe
codepacum mouKy a, a emopoe—mouky b. ITO CBOHCTBO HA3BIBAETCA «pasdesex-
HOCMOIO MeNOY Ao0uay Osyma mowxkamu». Taxum obpasom. B cayyae Kommakta X
<.1eiyiotiHe cBOfACTBa npocTpaHeTBa X OKa3hIBAIOTCH 3KBHBAJEHTHBIMH:

1) X He cOlepHT HHKAKOTO COGCTBEHNOr0 KOHTHHYYMa;

2) X He coaepKHMT HHKAKOro CBS3HOTO MHOXKECTBA, cocrosulero Go.gee, yem
43 ORHOH TOUKH,

3) X paszencho mek1y JIOGLIMH JBYMA TOUYKAMU;

4) xaxnaast Touka a € X CONepKHTCS B CKOAb YTOXHO MajOM MO RHAMETPY
OTKPBITO-3aMKHYTOM MHOMKCCTBE,

B cayuae xomnakTHoro X Kak/oe M3 3THX CBOHCTB MOMeT ObITh NPUHATO 3a
OTNPCACACHHE JHCKOHTHHYAJbHOCTH HAM HYJbMEPHOCTH: 6€3 MPCANOIOKEHHR KOM-
NaKTHOCTH npoctpaHcTBa X HHKaKHe ABa 43 3THX CBOiicTs, Boobie rosops, ne
9KBHBA/IEHTHBL.

Cpenu HyJbMepHBIX KOMNAKTOB HanGoJee CylIeCTBEHHBI cOBep-
IWeHHBe (T.e. He CoAeprkallMe HU30/IMPOBAHHLIX TOYEK); OHH Ha3bl-
paotcst  duckonmunyymamu. llpuMepamH JHCKOHTHHYYMOB MOTYT
CAYXKUTb KAHTOPOB JHUCKOHTHHYYM M BCE€ KOMIAKTH, €My ToMeo-
MopdHble.

B creayrowem naparpade Mbl YBHAHM, YTO STHMH NpHMEpaMH
¥ HCYEpNbLIBAETCS BCE PasHoo6pasHe AUCKOHTHUHYYMOB: HMEHHO, Mbi
JOKaXxeM, 470 BCAKHH AWCKOHTHHYYM roMeoMopdeH KaHTOPOBY.

*) B camoM sese, pasHOCTb MEXJAY 3aMKHYTHIM M OTKPBITHBIM MHOKECTBOM
3aMKHYTa, a Pa3HOCTb MEKAY OTKDBITHIM H 3aMKHYTHIM MHOXKECTBOM OTKDBITa.
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§ 4. KoMnakTel Kak HenpepbiBHble 06Gpa3bi
KaHTOpPOBA AMCKOHTHHYyyMa

Teopema 23. Kaxdoui nenyemod cosepuiennnid (m. e. He ume-
10uul  U30AUPOBAHHBIX NOMEK) KOMNAKM COOepacum nodMHomecmeo,
20MeOMOPPHOE KAHMOPOBY OUCKOHMUHYYMY.

HokazarteasctBo. Ilycte D —xomnakt, He cojepxauluit
HHU OfHOH H30/1HpOBaHHOH TOYKH. Bo3bMeM jBe Kakne-HHOYAb TOYKH

1 1
a, 4 a, xomnakra O u nojoxutespHoe g, MeHblllee yem 7 15 0(ay, ay)-

Tax kak D He CONEPXMT M30JUPOBAHHLIX TOYEK, TO HET H30JHPO-
BaHHBIX TouYeK W HU B ojnoM u3 mHoxecrs U (a,, ¢), U(a,, &), a
ciefoBaTeNbio, M HH B OAHOM u3 MuoxectB ®,=[U (a, ¢)], @, =
= [U (a,, €)], KoTOpEIe ABJSAIOTCA HeNepeceKaloUIMMHCA KOMNAKTaMik

AxHametTpos < o

Ilpepnonoxum Ttemephb, urto AAa ganunoro n>=1 n aas moGoi
CUCTEMBI M3 N HHAGKCOB [, ..., [,, Kaxaki# U3 KOTOpHX pasen 0
uian 1, NoCTpoeHH COBepIIEibie KOMI2KThI (Dil_,_;ﬂ c d, obaajao-
Hge CAeAYtOHMH CBOHCTBAMH:

1) onu nomapHo He MEpeceKarnTCs,; |
PEN

Hna n==1 TakuMu KOMIIAKTaMu KakK pa3 ¥ sBasAtorcss Hamu D,
u ®,. locrpoum xomnakter @y .. .¢; — cieayownM o6pasom.

B, ... ¢, BO3bMEM JIBC TOUKM &i,,..io ¥ @i, ...i 1 H BO3bMEM &> 0,

2) Kamabil U3 HHX HMeeT jauaMeTp <

! . . L ! Torn 6
MeHbLIee ueM E—p(ai, ciee Qi) G oraa, OGepu
B8 Oy, ... OKpecTHOCTH Ula,...i0 &) 1 U(a, veaiyty )y TOAYYHM
JAB2 HeliepeceKaiolHXCsl COBepLIeHIIbIX KOMIaKTa
Diy o= [U(a,...i,0, €)]
O, ip=[U(a, ...01, €)]

I
RHaMeTpa < 5T, YTO HaM M TpeboBanocs.
HUrak, aast mo6oro warypanbHOTO f HaMH TOCTPOEHH COBep-
wennele Komuaktel @y, . ; ——¢KOMREKTBl paHra n», YIOBJETBOPAIO-

ue yeaosusim 1), 2). Ilpy 3ToM H3 Hawero nocTpoeHud cjaeiyer, 4to
seerpa By o @y O6o3unavasi Tenepp yepes ” cymmy
BCeX 2" KOMIIAQKTOB f-FO paHTa (D,-,,__,»", HONYYHM KOMIAKT (D® ==

©

== [} @ < ®. Kaxjoit Geckoneunoil nocJe10BareqbHOCTH

n=1

il’ l.:, ey in. ey i":(l), (1)



212 METPUUYECKHE MPOCTPAHCTBA [ra.5-

COOTBETCTBYET eNHHCTBEHHAs TOUKa
Eyovriy . =@, NP, N...ND; .5, N ... ) ED,

n ofpartHo, AJAA Kaxjo#d Toukd §€ D cyuectsyeT JHilib ORNO iy
rakoe, yto E € ®;, nmub oxno i, takoe, uro EE€W;,, ¥ T. 1., 3Ha-
YUT, CYILeCTBYeT O1HO3NIAYHO Olpejeselinas nocaexosatenbiiocts (1)
T4Kaf, 4YTO

E=0, N0,,0n...00;, . .:N...,

n

T. €. 9TO

E=E,...v,....

BcrioMruM Temneph, 4YTO IIPH NOCTPOEIHH KAaHTOPOBA AMCKOHTH-
uyyMa Il Mbl ANS KaXKAOTO HATYPAJBHOTO n uMeju 2" CerMelToB
panra n, o6o3HayeHHbIX 4epe3 A; .. .; , H YTO, CTAaBf B COOTBETCTBHE
KaX10il TouKe X KaHTOpOBa IMCKOHTHHYYMa €JHHCTBEHHHIH copep-
Kaluil ee CerMeHT A, .. .; paHra n, Mbl TaKXe HMeJH B3aHMHO
OJHO3HAYHOe COOTBETCTBUE MEXy BCeMu mociemosatesnbHocTaAMH (1)
¥ BCeMH TOYKaMH KaHTOpOBA JHCKOHTHHYYMa, TakK 4TO Kaxjaas
touka x €Il opHo3HayHO 3amuchiBanacb B BiHje

X==Xig oiiiy onne
TloctaBuM Tereps B COOTBeTCTBHE KaXKJoH TOUKe x;,,__,-n_,,EII
Touky & i e €®D. 2t0 COOTBETCTBHE €CTh, OYEBHJHO, B3AUMIIO

opHosnauiioe coorsetrctsie Mexay 1l u @. Jlerko pokasath, 4to
OHO B3aHMHO HenpepbiBHO. B cuay rteopembr 12 poctatouHo jpoka-
3aTb, YTO OHO. HEMPEPHIBHO B OJHY CTOPOHY, HAmNpHUMep B CTOPOHY
or Il k ®®. lna 3roro Bo3pMeM npou3BOJIbHYIO OKpecTHOCTh U (€, &)

Toukd E==§;,...¢ ... W BO3bMEM n CTO/Ib 60J1b1IEM, HTOOBI i < 8.

- 1
Torpa @, ...; = U (g, €). Bo3bmenm & <3za- Tak kak paccrosnue
MeXIY ABYMs pasqHUlIBiMH CeTMeHTaMH panra fn GoJblue HJIH PaBHO

qn» TO A7 Beex Tovek X €11, oTcTosiWUX OT Xi\...7 ... MeHbIlE YeM
nHa 8, umeem x € A, ...i,. 3HauuT, 06pasbl STUX TOUEK X MPH HalueMm
otobpaxenun Il na ®® cozepxarca B ®;, ... U, ¢), uto u

TpefoBanoch NOKa3aTh.

Teopewma 24, Beaxui komnakm ecmo Henpepolersiii 06pa3 Kam-
Mmoposa QUCKOHMURYYMA.

3ameuanue 1. M3 reopembr 9 § 2 caeayer, 4to Besikoe MeT-
pHyecKoe NPOCTPAHCTBO, SABJAfAOLIEECs HelpepbBHHIM 006pa3oM KaH-
TOpPOBa JMCKOHTHHYYMA, eCTb KOMIAKT; 3T0 06CTOSITeNbCTBO, BMECTe
c TeopeMoit 24, Mo3BOJIfET CKa3aTh:
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L moeo umobet sem puueckoe #pocmpancmeo Osli0 KOMNAKMoM,
HeoOxodumo u docmamouro, 4mobbl OHO Obla0 HenpepuieHbM 00pasom
KaHmMoposa OUCKORMUHYYMA.

HoxaszatenbctBo teopemb 24. Ilycte nau kommakt @.
Kak wmer 3naeM, ou npu gwobom & >0 moxer OpiTh mMpeacTaben
B BHAe CYMMbl KOHEUYHOTO 4HC/Ia 3aMKHYTHIX MHoxectB U, ..., B,
auametpa < e. Ilpu 3ToM Bcerja MoXHO 3aMEHHTH UYHCJIO § ITUX
claraeMbix JIOOBIM 3aJaiiHLIM YHCAOM s >> S, MOJIOXKUB

([)S+1=(I)S+2= s =0 =0y,

TaK KakK Mbl Bogpce lle mpejiiosnaraeM, uto MHoxectsa (D; nonapuo
pasauunbl Mexay coboto. B wacTHocTH, MOXHO BCerjpa npen-
GOJOXHUTh, YTO YHUCJAO S MMeeT BUJ 2"

[Mpencrasum teneph @ B BHAE CyMMBl S; = 2"t 3aMKHYTBHIX CJ]ia-

1
raemerx @y, ..., @O, npuamerpa <%, KoTopbie OyneM HasLBATL
KOMNaKTamMu nepsoro panra. Kaxawift xomnakt s, nepsoro pasra
npejCcTaBMM B BHAE CyMMbl 2%: KoMnakToB My, nuamerpa <722-.

Takum ofpasoMm, Becb Komnakt (P mnpeicTaBuTCi Tenepb B BuJE
CYMMBL S, = 2Mm+": KOMNaKTOB BTOoporo panra Mg, Kaxaeil u3s
KoMnakTos @, TpeicTasjfeM B BHjIC CYMMbI OJHOTO W TOTO XKe

2n o !

ancaa 2% KoMnaktoB ®ppn, Anamerpa < op (KOMNAKTHL TPETbero
paura) u T. A. Boofwe, zas mo0Oro Harypajbioro uucia m
Mbl OyZeM UHMeTh IpejCTaBjeHHe Komilakta (@ B Bule CyMMB
Sp=2""F""""m xomnakrtos @y, ...n, PaHTa m, KpHUEM Kax sl
xomnakt ®p, ... »,_ paHra m—1 6yger mpeicTaB/ieH B BUJAE CYMMBI
2"m xomnaktoB My, ... By

1
paura 6ynetr < . IMapantenniio ¢ 3THM paccMOTpuUM JJIA Kax-

B H JHaAMETp KaXJIoro KOMIakKTa m-ro

JOro M JaHHBle HaM B Yucie S, =2"% " *"n cermentn Ai, ...t
”

1
PaAHTA 7, =1+ ... -1, <IUIHHH T) , CAYXMBIIMe AJfA NOCTpoe-
3 m

HUS KaUTOpOBA ANCKONTHHYyMa. Kaxaeill cerment Ay, ... panrar,
m
By oo.
0603HayHM Temepb npocto uepes A™ fa, rne h;, npunumact 3Ha-
wenusg 1,2,3, ..., 2"%. D10 obosnaueHue OCHOBANO Ha TOM, YTO
KaXblil CerMeHT PaHTa r, =N, -{-Hy- ...-| N, JAEKUT HA HEKOTO-
pom cermente A; . ¢ == A"+ pahra n,, Ha NEKOTOPOM CerMeHTe
1
A,-I,,.in e, Ahh: panra n, --n, u T. 1., C/leloBaTeibHO, €CTECT-
1

hy ... h
BeHHI0 nosiyuaer obo3Hauende A™ m (rge h, nprHUMaeT 3Haue-
aus 1,2, 3, ..., 2%). B cuay 3tux oGo3Hauenuit OKA3LIBAETCH
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yCTaHOBJIEHHBIM B3aWMHO OJHO3HAYHOE COOTBETCTBHE MEXAY BCeMU
\ By ...h
cerMerramu A" m paura r, U KOMIAKTaMH (Dn,.--h,,, paura ni.

Kaxnaofi touke x €Il opHO3HAuHO COOTBETCTBYIOT 110CJAEAOBA-
TeNbHOCTb

AP oAb o L D At )
conepkauinx ee CerMeHTGCB, a CJejoBaTe.1bHO, JI0CA€10BaTe/NbHOCTb
(Dh,D(Dh,h,:---3mhlh,...lim3--- 3y

H efuiicTBeHHas Touka E=[(x), cocTaBafiomas nepeceueHHe KOM-
naktoB (3). C apyroit cTopoms, Aas Kaxpo#l Toukn & € P MoXKeM
B3fiTb HEKOTOpHIH cojepxawuil ee Kommakt @, nepBoro paHra
(Takux KOMIIAKTOB I1€PBOTO paHra Moxet OHTh, Boolule rosops,
HECKObKO, TOTJa Mbi H3 HHX OepeM, Hanpumep, TOT, YV KOTOPOTO
uHjaeKkc nauMenbluuii). [lamsee, Gepem HEKOTOpbIH KOMMNAKT BTOPOro
paira Oy ,, conepxawuil TOUKY & (HOMHHA, YTO MHIAEKC A, 1IPH 3TOM
6bl1  yxKe 3aQUKCHPOBAH), HEKOTOpHIfi KOMMAKT TpeTbero paHra
DOppn, ¥ T. A. Toayyaem, Takum 06pasoM, MMoc/aei0BaTeNLHOCTD (3),
mepeceyeHHeM 3JeMeHTOB KoTopoH u amjasercs Ttouka . CooTser-
CTBYIOIAf focaeoBaTelbHOCTb (2) AaeT B mepeceuenuu Touky x €11,
u E=F[(x).

Hrak, oto6paxenue f ectb orofpaketide KaHTOPOBA JMCKOHTH-
nyyma II Ha Bech Kommakt @. Jlerko BujgeTb, 4To OTOOpa’kenue

3TO HenpephiBHO. B camom pese, mpu 3anantom & >0 OepeMm cTodb
1

Gosibiioe m, yTobbl ObLIO @-n—<e. IMocne sToro monardem §:-=-—.
3 m
PaccMoTpuM  Temepb  KaKylo-mu6o TOuky x=AhMn AmR L.
By...h
. A" @y ... Bece touku x’€ll, orcrosiutie ot x MeHbue
yeM Ha O, TpHHAjAJEXRAT TOMY XKe CerMeHty A" P paura r,,
yro U x. [lostoMy ux o6paser Oy1yT NPHHAAISKATH KOMIAKTY

(h,“”_hm, conepxaweMy E=[(x), wu, 3nauut, p(/(¥), [@")-Z
<6 ((Dh1 "'hm) < % < e, 4TO U TpeOoBRal0CL J0Ka3aTh,

3ameuanue 2. Ecau 6 B npeabiyiileM IOCTPOEHHH MOXHO
6bi10 BhIGpPaTh KOMMAKThl By, ...h, TaK, ytoObl BA KOMIIAKTA OHOIO
H TOTO XXe paHra He uUMeaHu O6IWMX ToueK, TO Kaxiafd Touka &€
OAHO3HauHO onpejensga Obl noclerosatesibNoCcTh (2) comepxa-
HIHX €ee KOMNAKTOB (Dh""hm pa3JHuHBIX paHroB, a TOTJ2 OAHO-
3HayHO onpeaensnace Gbl M TOYKa X, Aaf KoTopoH § - (x).

Hpyrumu ciaopami, oTofpakeHHe KaHTOpPOBA JAHCKOHTHIIYYMA HA
KoMnakt @ O6b1o0 6bl B32aHMHO OJHO3HAYHBIM U, B CHAY
teopeMsl 12, cam Komnakt (D 6bia 6 TOMeOMOpdeH KauTOPOBY Jiu-
ckoHTHHYYMY. QueBHAHO, AJA 3TOrO HEOGXOAHMO, uTOGH Kommnakt (D
6bL1 HYJHMEPHBIM U NIPUTOM COBEpLICHHBIM KOMNAKTOM, T. €, AUCKOH-
THHYYMOM. JTO YC/I0BHE OKa3biBaeTcsl U JA0CTaTouiibiM. B camom peae,
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nycte M —cosepiieHuslil HyJAbMepHbt Kommakt. Toraa ® npu ses-
KoM € >0 moxer ObiTb npeiactaBieH B BHAE CYMMbl [OIIapHO He
flepeceKkalomuxcs Komnakros @, ..., @ auamerpa < e. Ecan Ow
XOTb OAMI U3 Komnaktos (); cojpep»san H301HPOBAaHHYI TOYKY, TO
ona 6bi1a Obi uzonuposaHHoi Toukoit B (. Mrak, sce ®; cyTo au-
CKOHTHHYYMBL puaMerpa < &. Mbl YTBepXKjaaem, 4To, KaKoso Obl HHU
6bli0 HaTypanbyoe s’ 3> s, BCErja MOKHO 3aMeHWThb [IpefCcTaBjeline

D=0, y...ud,, Ond==7A, §D)<e,

ﬂpeﬂCTaBﬂeHHeM
G=0[y...ud,, @ Nd;=A, 8(D])<e.

Jocratouto nokasarb 310 yrBepkiehue Aas s’ ==s-+1. Ho B 3tom
clyyae JOCTATOYHO HPEJCTABHTL JAUCKOHTHHYYM (D B Bume CyMMbl
ABYX HellepeceKawmuxcs Henycthix Komnaktos ®; u @¢,, v nono-
wurh @] = ®; aaa awboro < s—1. M3 sroro 3ameqanusn, B yacr-
HOCTH, CJleflyeT, 4To AMCKOHTHHyyM (D MOXHO NpeicTaBuTbh B BHAE

CYMMBI IONIAPHO He NepeceKalomuXcs HenycTbix KoMnakTos @y, ..., O,
rae s= 2%, [locse storo npejcrasnsieM Kaxjplil U3 Komnakros M,
{h,=1, ..., 2™m) B BUAe CyMMbl OJHOTO U TOTO Xe lmcna 24 no-

napHo He MepeceKamoUxcsi Komnakros @, , auamerpa < 71« UT. I

IlpyruMu cjaoBaMH, MBI MOXKeM MPOBECTH BCIO KOHCTPYKIHIO KOM-
naktoB @y, ..., TaK, 4tobbl B2 KOMIIAKTa O\HOFO PaHra He HmelH

OfIIUX TOYeK, OTKyjJa, KaK Mbl TOJIbKO YTO BHAeAM, ClIeiyeT [oMeo-
MOPHH3M MeXAY JaHHBIM JAUCKOHTHHYyMoM ( U KautopoBbiM JH-
ckontuuyymom, Hrak:

Teopema 24’. Han mozo umobut Mempuueckoe npocmparcmeo X
66110 20MEOMOPPHO KAHMOPOBY OUCKOHMUHYYMY, Heobxo0umo u docma-
mouHo, wmobel 0HO G6lAD OUCKOHMUHYYMOM.

M3 teopem 23, 24 u pesysaprara, nosyuewHoro B § 5 ra. 4,
ciaepyer

Teopema 25. Beaxuil uenycmotl cogepuiennoui xomnaxm (8 4a-
cmHocmu, 8CaKull COOCMBEHHO KOHMUHYYM) UMeern MOUHOCMb ¢,

Orcropa crepver

Teopema 25'. Bcakoe nenycmoe cogepiuenoe 02paHUSCHHOE MHO-
HeCcmeo e8xAudosa npocmpancmen mob020 HUCAQ U3MepeHutl umeem
MOUHOCMD €.

3ameuaHue 3. YuTareno caMoMy NpefoCTaBaAETCA YOeAHThCs
B TOM, YTO 3Ta TeopeMa BepHa W JJ/isi COBEpHIEHHLIX HeorpaHHUeHHBIX
MHOeCTB, pacHOJIOXKeHHbIX B eBKJMIOBOM IIPOCTPAHCTBE M0OGOTO
YucTa u3Mepenui.

M3 rteopemnt 24 B coepunennu ¢ teopemoil 30 § 7 ri. 4 caexyer,
lpanee, YTO 8CAKUL HecHemHslll Komnakm (8 4acmHocmu, 6CAKOE He-
CHemHOe FAMKHYNIOE 02PAHUMEHHOE MHONCECMBO eBKAUO08G NpPOCIpPAH-
cmea mobo20 wucAq U3Meperul) umeem MoujHOCM C.
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W3 teopemnl 24’ ciepyeT, 4To, Kak 6bl CJAOXKHO JaHHBIA JUCKOH-
THHYYM HH ObL1 PacnoJioxeHd-—HanpHuMep, B €BKJHAOBOM HPOCTPaH-
CTBE TOTO MM HHOTO YHC/1Aa H3MEpPeHHi,—OH BCE PaBHO TOMOJIOTH-
YeCKH 3IKBHBAJIEHTEH KaHTOPOBY IAUMCKOHTHHYYMY.

Tipumepm.

1. TlpuseseM KOHCTPYKUMUIO, ABASAIOMLYIOCH KaK Gbl ABYMCPHLIM aHAJNIOTOM NepBo-
Hayambioi KOHCTPYKIHM KaiTopoBa JHCKOHTHHyyma. BosbMem kpappar Q co cro-
poHoil 1 u pasoGbem ero Ha AeBfiTb pasHbIX KBaapatoB (puc. 10). Y ganus gHyTpeH-
HOCTh 3aIITPUXOBAHHOH KPecTooGpa3Hoit
¢urypsl, cocrosueil u3 nATH KBaiupa-
TOB, NOJYYUM YeThIPE SaMKHYTHIX KBaj-
parta Qy, Q,, Q3, Q4 (¢kkBagpaThl mnepeoOro
paHra»), paclOJOXEHHLIX DO yriaaM
kBaapara Q. C KaKALIM M3 KBaApaTos
NepBoro paHra NOBTOPHM TO K€ NoCTpoe-
nue. Ilonyuum 16 kBazpaToB BTOpOTO
panra Q;,, n306paxeHHbX ha puc. 10
(nesamwTpuxosaiHe KBaapath). Boo6-
me, Aas a06oro n nodaydaem 4% no-
NapRO He IepeceKaloMXCsl 3aMKHYTHX

KBajapaToB €O CTOPOHOH («xBagpa-

1
3n
Thl #1-T0 paHras). CyMMy BCEX 3aMKHYTHIX
KBaJIPaTOB A7-TO paHra 0GO3HAYMM yepes
Q7. Tlepeceyenne scex QU €CTh AHCKOH-
TuHyym . Ecan Q ectb «einnn bl KBag-
pams [0 << x=< 1,0y =<1}, To ® cocro-
HT U3 BCEX TeX TOYeK 3ITOro KBajpara, obe
KOODJIHHATBL KOTOPBIX HMEKT TPOHUHOE
pasiioxeHHe, COCTOSILLEE JIMINE H3 Hyned
u jasoex. Orciona Jierko cireayer, uto
nawr komnakt @ npencrasasier coboio
METPHUECKOe NpPOU3BCAEHHE KaHTOPOBA JHCKOHTHIYyMA Ha cebsa. Jlerko caenatb
aHaja0ruuHOe NOCTPOCHME B TPCXMEPHOM H, BOOOIUlE, B A-MCPHOM IIPOCTpatCTBe, T. €.
FIOCTPOHTb JIHCKOHTHHYYMBI, SIBARIOLLHE-
€ MeTPHUYCCKHMH IIPOM3BeIeHHAMH TPeX
u Gonee 3K3eMILISIPOB KanTopoBa AM-
ckonTHHYYMa. Bce Takue KOMIAKTH $B-
JARIOTCA JMCKOHTHHYYMaMK, a CJIcloBa-
TeJbHO, TOMeoMOphHLI XaHTOPOBY Ai-
CKOHTHHYYMY.

2. llpumep AnTtyana. 3ro—
OJAMH H3 CaMbIX 33MEUATCJbHBIX AHCKOH-
THHYYMOB TPEXMEPHOrO HPOCTPAHCTBA.
Ero nocrpoensio npeanoinieM HeCKo.ab-
KO 3aMCYaHHI.

Tlog moposm MEl B nocaeyloneM sce
BPEMST TIOHUMAEM T €JI 0, NOJYUEHHOE OT
BpAlLEHUsT 3aMKHYTOro Kpyra K BOKDyT
OCH, JIeXallei B IA0CKOCTH 3TOT0 Kpyra Puc. 11.

M ero He nepecexawouiei. Korpa xpyr K,

Bpatilasach BOKDYT NpsiMoiil yy' onuchiaer 5

TOp, 'TO UEHTP Kpyra K ONHCLIBAET OKPYKHOCTD, HA3HIBACMYIO 0CCBOL OKP YHCHOCTILbI
mepa; ec uenTp HazoseM yenmpom mopa. ITr0CKOCTL OCEBOH OKPYKHOCTH TOpa
HA30BCM 9K6anopuaivnol naockocmero mopa. HaszoeeM nBa AM3BLIOHKTHEIX TOpa Ja-
YenneHnbiMU, €CJH OHY He MMEIOT OOULMX TOYEK M MX 3KBATOPHAJbLHBIC INIOCKOCTH

Puc. 10.
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B3aUMHO TIEPNEHAHKY/ISIPHBI, NPHYEM OCCBAsh OKPYHKHOCTb KAXIOIO W3 ABYX TOPOB
NPOXORHT YePe3 BHYTPEHHOCTb KPyra, OrPAHKUEHHOTO OCCBOH OKPYIKHOCTHIO ApY-
roro Topa (puc. 11).

Koweunas cucrema vopos Ty, Ty, ..., Ty 0Gpasyer, mo onpefeaeHuio, 3amK-
HYTYIO [eNb, €CAN KaKAble [BA M3 STHX TOPOB HAXOAATCA APYr OT Apyra Ha ro-
JIOXKHTEJbHOM paccTosiduy u ccin Ty u T, a Takxe npu Jiobom i=1, ..., s—1
Tope T; W Tj4q 3auenyenst MexAy co0oi0. 3aMKHYTash Uenb TOPOB Ha3blBaeTcst -
UEMbIO, €CIH KamIblil H3 COCTaBASIOULMX ee TOPOB umeeT guaMeTp < &. [lonoxum

1 -
Teneph &, =z, , n==0, 1, 2, ..., 1 Bo3bMeM Kakoi-1ubo 10p Ty anametpa < gy=1.
Buyrpn topa T, BO3bMEM 3aMKHYTYIO €;-uenb Topo Ty, T, ..., T, LEHTpul Ko-
TOPBIX JIeXaT ha ocesolt oKpy:kHocTH Topa T4. Drvo—Topw nepBoro paura. Bayrpu
Kaxj0ro Topa T;, epBoro panra BO3bMCM 3aMKHYTYIO 8y-Lienb TopoB Ty, o .., Ty -
'l
(Topbl BTOPOTO paura), UCHTPH KOTOPHIX JiexaT Ha ocu Topa T;,. [lpomosxkas ato
i10CTPOCHHE, MOAYUUM NIPH JI0GOM n crcTeMy Topos n-ro paura Ty, ... j, Auamerpa
< €p,, IPHYEM TOPLI OALIOTO H TOFC K€ paHra He MMEIOT OOWIHX TOYeK, Kam Ablft
Top n-ro paura T;...; ., JeKHT BHYTPH Topa Ty, ... 4, , paura n—1 u nce
TOPH n-r0 paira, jJexauue BHYTPH AattHoro Topa (n— 1)-ro paura, oG6pasytor 3aMK-
HYTYIO Ep-LEMb M MMCIOT CBOH LCHTPBI Ha 0ceBolt OKPykHOCTH Topa Tiy...j ..
QOGoznauan uwepes T7# cymmy BCeX TOPOB n-T0 paura, TNOJAYYHM  JIMCKOH-
oo

THHYYM (DznT". Aro M ecTb AucKouTuhyyM Antyana. Ero pacnoniowkenke
n=1

B TPeXMCPHOM IPOCTPAHCTBE OYeNb 3aMeuaTesibHo. B tamom nese, Bo3bmeM Kakyo-

nn60 TouKy C Ha oceBOll OKpYMKHO-

crd topa T® M nposeaeM uepes 1/} r
npamyio yy® (puc. 12) n Touky C
mIockoeth . B 3TO#  maoCKOCTH -0 —

BO3bMEM OKpPYKHOCTH [' ¢ weHTpoM
8 C, NPOXORAULYIO 4YCPE3 LEHTP TO-
paT? MoxHo AOKa3aTh CJAeAyIOMLYIO
TROPEMY: 603bMeM KAKOU-HUBYOb KPY2
Q, nanpumep Kpye x24-y*<1, u
21060e e20 HenpepvigHoe OMmMobpace- !
HUe 8 MPpexmepHoe npPOCMPAHCMEO, N
NP KOMOPOM OKPYICHOCME X2 - y% —

==1 esaumno odHo3nauno (a cheno-

BaTC/AbHO, ¥ B3AUMI0 HCNPEPBIBHO)

omobpaxcaemcs Ha oxpyxcrocms 1.

Toz0a.06paz sHympenHocmi Kpyaa .

Q Henpemenno umeem obuyue mouxu

¢ mHuoocecmeom . Harasgeelii cMbich 3To#t OueHb TPYAHO. JOKa3niBaeMofi Teo-
PCMBI  33KJIOYACTCH © TOM, WTO €CJIH NPEACTaBAATL cefe OKPYNKHOCTb CAGAAHHOT,
HallPUMep, M3 Pe3HHbl, TO NPH BCSIKOH HempepoiBHoil gedopmauuu (BCSIKOM «crsi-
THBAHKMY) 3TOM OKPYMXKHOCTH B OJHY TOUKY OHa B Ipolecce 3Tofl AeopMaLHH. He-
npemeHio 3ajeieT 3a muowectso . Mexay rem auckonTunyym ®, xax BCAKMEA au-
CKOHTHHYYM, romeomopteH KaHTOPOBY.

o

Puc. 12.

* *
*

3ameganune 4. Bo BceX paccyKaeHusiXx 3TOro naparpada OCHOBHOE MecTO
3aHMMAJIO TIOCTPOCHHC B TOM WJIM HHOM METPHUECKOM IPOCTPAHCTBE HEKOTOPOil CH-
CTeMBI KOMJIAKTHBIX 3aMKHNYTHIX MHOKECTB M;,...; . CHaGXKeHHBIX KOHEUHBIMH CH-

cTeMaMl MHIGKCOB [y ... [,, MPHYEM KaXALIA H3 3TMX HHIEKCOB NMPHHHMAJ KOHCY-
HOE HHC/IO 3HAYCHMH, YHC/IO e M 3THX HHIEKCOB — BCCBO3MOXHBIC 3HaueHMA |1, 2,
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3, ... Io GeckoHeunoctu. [Ipn sTOM BCerpa
(1) - O;

l‘:.‘.im_ “--Jmim-i—l-'

Takne cucremsl Mnoxects @,
HNocnegosatenvnocTd BRaa

ise. . i,, H23BIBAIOTCS KONEUHO BEMBALYL MUCA CUCTIENAMY -

2@y .20 =2...

fyly ... im =
HA3HBAIOTCA HENSMH BeTBAWLeliCS CHCTeML); nepecedeHne BCeX MHOKecTB, o6pazyino-
WHUX Ueilb, HA3LIBAaETCA AAPOM UENH, a CyMMa finep Beex ienell eeTBRuLeACH CUCTEMER
#233LIBACTCA 5 APOM ITOH CHCTeMbi.

Bce 1M NOHATHA OCTAIOTCA B CHJle, CCAM MNepefiTH OT KOHeuHO BerBAlleRCsE
K CYETHO BeTBSMEHCE CHCTeme MuHOKeCTB. CHeimMHO Gemeawiedca cucmemod win A-
cucmenold MHOKECTB NPOCTPAHCTBA X HA3WBAETCA CHCTCMA MhokecTs M,
Kam0e M3 KOTOPHIX CH2GXMEHO KOHEUNHM YHCJAOM MHIEKCOB iy, ..., {,,, TIPHHAMAIO-
BINX A100uie fedble N0J0KHTeSbHBle 3HaycHHst (YaK 4aTo Hi000il KOMOWHALINK §). . .1,
MOGOTO  YMC/A M HATYPANBNBIX MYHCE] COOTBETCTBYET Teneph aiement M
Rannoi  A-cnctemm). Kpome Toro, TpeGyercsi, 4ToGbt BCerAa Oblio M,‘___,-m;)
22M;,  imimer T2KHM 06pa3soM, A-CHCTEMA CONEPKMT CHETHOE MHOKECTBO 3.1€-
menros My, My, ..., M;, ... nepBoro panra (T. e. HECyHmIMX NO OANOMY HHAEKCY);
KaxIOMy SMeMeHTy M; nepBOro paHra «noA4YHHEHO» CUYEeTHOE MHOKECTBO €ojAep-
AWMXCSl B HEM 32,€MEHTOB BTOporo pawra M, ..., M., ..., K&2XKIOMY 3JieMeHTy
M;,;, BTOPOTO panra nNOJYHHCHO CUYETHOE MHOXCCTBO 3JEMERTOB TPETbEro PaHra
M oo oo Mijigiss - 1 1. 4. TlocaegoBareibHocTs BHAA

Miy Misip .. M

KamAeli SJeMEHT XOTopoli (Kpome NepBOro) MOAHHHEH NpeAbLylleMy, Ha3biBAeTCH
yenoo A-cHeTeMbl; NepeceucHye IJIEMEHTOB, o6pasylouX nenb, Ha3biBaeTcA I0pos
STOR yenu, M, HaKouell, CyMMa siep BCeX HENCH A-ChCTeMhl HasuiBaercs S0pom
AauHoH A-cucmemor. CyniecTBeHHO 3aMETHTb, YTO B ONpefeseHi A-CHCTEMEI OTHIOAb.
HE COAEpXKHTCH TpeGoBanHe, 4TOGH ABA MHOKECTBa, ABASIOUIHCCS 3JEMEHTaAMH OJf-
HOTO M TOTO JX€ panra, He mepeceKaduch MexAy co6010; (oaee TOro, pasiHyHble
5JIeMeTEl OJZHOTO H TOFO Ke PaHra MOTYT OHTb H TOXJICCTBCHHHBIMH TOUEYHLIMH
MHOXECTBAMH; B CBS3H C 3THM CJEJYeT 32METHTh, YTO KA Abifl 3J€MEHT Mi‘

ol

Iyige . ig? = o

. i
m~1"m
paura m > 1 NOJYKHHEN CAMNCTBCHHOMY 3JNCMEHTY paHra m—],aHMeHHO 3JIEMEHTY

M; . ..; _» HO MOXKeT GbITb NOAMHOKECTBOM M IPYTHX 3J]eMeHTOB paHra m— 1.
o tmen

Tlostomy, 0603nauas yepes M cyMMy BeeX JIEMEHTOB M-TO PaHTa, Mbl OJydaeM
L

MHNOKCCTBO n M=, BoBce He CoBNajaiolliee, BooGille T'oBops, ¢ SAPoM jaHHOh A-
me=1
CHCTEMB! (3 JHIIbL COREpIKAllee 3TO AAPO); B CAyYasX, KOIJa 9TO COBNaJeHUe HMeeT
MecTo, cama A-onepaius, T. €. NePexol OT 3aJaHHON CHCTeMb MHuOMecTB M;
ey
X ee R]pY, HC NPEACTaBJAET HHTepPeCa, TAK KAK MOXKET GhbiTb 3aMEHEHa CJIOKENHeM
MHOKECTB Ka)XIOr0 AaHHOTO PAaHra H B3STHEM TNEPECeueHMs NOJYYeHHHIX MHOXKECTB
M™. Yame Bcero paccMaTpHBaOTCH A-CHCTEMbLI, 3IEMEHTAMKW KOTODHIX ABAAIOTCH
3aMKHYTHIE MHOMeC1Ba gannoro npoctpauctsa X. Te MHoxecTBa npocTpancTsa X,
XOTOpLIC MOTYT GBITh NOJyueHbl B KauecTBe s1APAa HEKOTOPO A-CHCTeMBbl, COCTABJIEN~
HOIl M3 3aMKHYTHIX MHOXECTB NpoCTPaHcTBa X, HA3LIBAIOTCH A-MHONECMEAMU RpO-
crpasctBa X. Bce 6openescxie MHOXECMBA REAAOMCA HACMHBLM CAY4GEM A-MHO-
wecme *),

*) 310 AOKa3aThb HETPYJHO; TaK KaK BCE 3aMKHVTHIE MHOMXE€CTBA CYTb A-mHo-
JiKeCTBa, BCe 6ope.'lencxue MHOXECTBA MOTYT CbiTb TMOAYYEHL] B3 3aMKHYTBIX NIpH~
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A-MHOXKeCTBa, PACHOJOKeHHLI® B eBKJIHIOBHIX, & TaKKe B TiLGEPTOBOM, MPo-
CTpPaHCTBaX, AOAYCKAIOT OYeHb AAJCKO HAyulee usyuenne. B 1o xe Bpems 3a npe-
feramu A-MHOMCCTB MHOTHE CaMble CCTCCTBCHHBIE 33laYH TCOPHH MHOMKECTB OK23hl-
BalOTCH, Mo Kpafinell Mepe B HAcTOsulce BpeMmd. depaspewrnmuivmu. Takosa, Hanpu-
Mep, mpocTteifias M3 3a1aY TEOPUH MHOMECTB—3alaya ONPCACNCHHS MOLIHOCTH
MHONKECTBA: OKa2LIBACTCs, BCAKOE HecueThoe A-MHOMKeCTBO J00Oro eBKJNAOBA MK
rHAbB6epTOBa NPOCTPAHCTRA, BoOOWE BCSAKOTO cenapalesbHOro NHOAHOTO *) MeTpHyc-
CKOTO NPOCTPAHCTBA HENPCMEHHO CONEPIKMT HEKOTOPHIfi AHCKOHTHHYYM **), a mo-
TOMY HMEeT MOILLHOCTb ¢, TOPAa KaK Jae Ha YHC/IOBOI MPAMOH 3ajadya onpelesicHHUA
MOIHOCTH MHOXECTB, HONOMUATCALHBIX K A-MioxecTBam, CTATKHB2CTCA C TPYRHO-
CTAMM, TIPEACTABAAIIHMUCA B HACTOsUICE BPEMS COBEPUICHHO HeNpPeoaoJHMbIMH.
Muoxkectso, gonoauntedbHoe K A-MHOKeCTBY, MOXKeT camo He GbiTbh A-MHOMKeCTBOM:
A-MHOXKCCTBA, JIOUOJHATEIBHBIE K KOTOPHIM TaKike SABASIOTCH A-MHOXKECTBAMH, CYTb
He 4TO HHOC, KaK GOPEJEBCKHE MHOXKECTBA. Ty 3aMeYaTe/blivio TeopeMy A0Ka3ad
M. 4. Cycann, 1noCTpoHBIIKI NPH NMOMOILH CBOEH TCOPEMBL M IepBbiil npuMep A-Mno-
eTTBAa, He sBAswoulerocs GopesieBCKHM MHOxecTBoM, B 1916 r. Toasko nocae storo
NpHMEPa W CTATO BO3MOKHBIM TOBOPHTH O KJacce A-MHOKeCTB Kak O KJaacce MHO-
KecTs, Hell TBHTCbHO Gosice MIHPOKOM. 4eM K.Jacc GopeseBCKAX MHOXecTs. Teopus
A-MHOXECTB SIBASICTCH HauGo.ee pa3paGoTaHHON riaBOH Tak Ha3mBacMOil JecKpHIi-
TUBHOH TEODHH MHOKECTB; UHTaTeJel, Ke1aloWMX NO3HAKOMUTLCA C Hel, Mbl OTChE-
JaeM K ;(HH[‘e Xaycnopda [l], ra. 8 u 9***), H k kuure Kypatosckoro
{i], . L.

§ 5. OnpepneneHue ¥ NPUMEPbl MOJHBIX METPHUECKUX
RAPOCTPAHCTE

TTociegoBaTeiLHOCTD TOYEK
P U (H

MEeTPHYECKOro npoctpaHcTBa X HasbiBaeTcs (PyroamMexmairstol no-
£1e008aMeAbHOCTIBI0, €CTH KO BCIKoMY € > 0 MOXHO noaoGpath Takoe
HaTypaJbHOE YHCJO Mg, UTO 418 JIOOBIX p Z=Ng, =g OyaeM HMeTb
p(x,, x,) < e.

OueBHIHO, 6CAKAR CXOOAWAACA NOCAeI0BAMENLHOCTL AEARCMC (PYH -
damermanrvHol .

MerTpuuyecKkoe TIPOCTPAHCTBO HA3BIBACTCH MOAHbLLM, €CJIH KaKAas
dyHpamenTaibHat MOCICAOBATEALHOCTb ABAACTCA cxoiaweiics. [oa-
MPOCTPAHCTBO YMC/IOBOH MPSAMOH, COCTOAIIEE H3 BCeX DPALMOHAJbHBIX
TOUYEK, MOXKET CJAYXKUTb MPHMEPOM HEMOJHOTO METPHYECKOID MPOCT-
PaHCTBA (AOKA3ATENLCTBO OYIeT NMPUBCACHO HEKE).

MCHEHHEM CUYETHOTO UHC/JAZ Pa3 ONCPAIMil CJIONKCHUS H NepPeceeHHs, TO JOCTATOYHO
A0KA2aTh, YTO- CYMMA H NepeceueHHe CUETHOTO M uHcAa A-MHOXKeCTB CyTb A-Muo-
KecTBa. IT0 nociestee I0Ka3aTe]bCTBO MOMKeT GhiTb NPOBEJEHO YMUTATENCM CaMo-
CTOSITENBHO .
*) OnpefesicHue [IOJHOCO METPHUECKOTO MPOCTPAHCTBA [aHO B CJAGAYIOWIEM

naparpade.

**) [lokasawo snepsete [1. C. Aaexcauzpossim B 1916 r.

***) Haasauwe ¢A-muoxectBo» Geto npejioxeno Cycaunnim; Xaycaopd uasbisaer
A-MHOXCECTBA CYSIHHCKHMH MHOMECTBaMAH.,
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Ecau e dannoti pyndamenmarvroii nocredosamenvriocmu (1) umeemcs
£x003u40ac noONoCAe006aneabHOCb

K Xy wovs Xy o vee 2)

ny

€ npedesom a, mo U 6ca nocaedosameavrocmas (1) cxodumesn k npedeay a.
.B camoM nesie, BHIGEPEM WHCJHO N CTOJb GOJILIIUM, '-lT06bl 18 mo-

ObIX p 2> N, § 22 Ny BRINONHAJNOCH YCAOBHE 0 (X, X,) < ° Jlokaxem,
4T0 AJ9 J06Oro 71 == g MMeeM
pfa, x,) <e.

B camoM neje, AOCTaTOuUHO B3ATb B NochenoBartebHocTH (2) Takoe
x,,k » UTOOBI OHOBPEMEHHO BLINOJIHAIHCH YCAOBHSA 1y == flg, P (@, X,, )<<

< . Ilpn n>=n, GyaneMm nmeThb

e €
P (av xn) < P (a’ x”k) '*’ [ (xnk, x") < -;2— + > =g,

3amevyanne 1. Toabko uTo a0Ka3anHoe yTBEpAAeliHe MOXKHO
BLICKA3aTb M TaK: eciH (yujaMeHTajJbHas iloCJaeJ0BATENLHOCTb He
sBAAETCA CXOAAILEHCcsH, TO OHA 6n0AHE PacXo0aass s (B TOM CMbicae,
uTO HHKAKasl ee NOANOCAELOBATENBHOCTL HE CXCAHTCH).

JoxaxeM, yTo NPoCTPaHCTBO R BCeX PALHOHAJNbLHBLIX TOYEK Hi-
CcN0BOIl npsAMoil HenosaHo. Bo3bMeM mnocJieloBaTeIbHOCTD

ST T T 3)

PaUUOHAJILHLIX YHCE], CXOAALMXCA Ha NPAMOH K HEKOTOPOMY H p-
panvoxvaabnomy npejeay E. Torpa B npocrpancree R nocJe-
noBaresabHocTh (3) Gyier pacxoasileiicss ¢yHjpaMenTasbHol noce-
JAOBATENLHOCTHIO, @ [IPOCTPAHCTBO R, €1e10BaTeNbHO, Hy/eT HENOMHEIM,

3ameuyanue 2. U3 onpeleneHnss nojJHoro MeTpHueCKoro npo-
CTPAHCTBA CPa3y CJAELYET, UTO BCHKOE 3AMKHYMOe MHONCECIE0, ALK aee
6 NOAHOM NPOCMPAHCIIEE, CAMO ABAREMCA NOAHBIM 1 POCIT PAHCIMBOM.

Jlerko BHJETb, MTO ACAKULL KOMNAKM ABARACMCA NOAHbIM MEm pude-
ckum npocmpancmeéom. B camoM nese, Tak Kak W3 BCHKOIN mocaeno-
BaTeJbHOCTH TOUEK KOMNAKTa MOXHO BBLAENHTbL CXOAANLYIOCH MNOANO-
CJe0BaTeqbHOCTh, TO COTJIACHO 3aMeuaHHio | Bcsikas (dyHaaMeH-
TaJbHAA NOCJELOBATEJLHOCTL TOYEK KOMAAKTA ABJAAETCA cxoaAuencs.
Jlanee, mbl Bujeau euwte B § 9 ra. 4, uro Bcakana (yHiameHTa bHas
NoCJeA0BaTeIbHOCTb TOUEK YHCA0BOH 1IPAMON €CTh I0CJ110BATEILHOCTL
cxojfauianca (B 9TOM M 3ak/iouaeTcs NpHHUMI cxoaumoctu Kouww),
TAK 4TO “UCA06AR NPAMAA €CMb NOAHOE MEMPUUECKOE N POCIT PAHCITEO.

JloxaxeM noJHOTY n-MepHOTO eBKAHjoBa npocrpancrba. Ilycts
AaHa B R” ¢yHpameHTaJbHaA NOCJAEA0BATELHOCTD

Ay, Qyy ooy Oy o e vy (4)
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rae a,=(x", ..., xy™). Tax kak, oueBupgHo,
p (x;p), xzfq)) < Y (apr aq)

npu JoGoMm i==1,2, ..., n, TO KaXaas H3 M[OCJEL0BATEILHOCTEN
xPLxP, oL X, L., 5);

rie i—1,2,...,n, ecTb ¢yHIAMeHTaJbHASl TOCJEI0BATENbHOCTD.
JeACTBUTEJAbHLIX YHCE] M JIOTOMY CXOAMTCH K HEKOTOPOMY
x; == lim x{™ (6)

n-—+x

(apn i=1,2, ..., n). Ho Toraa u nocaepopatenstocts (4) cXoauTes
K TOuKe a==(X,, ..., X,).

JloxaxkeM Tenepb, uTO eu.10epmoso npPOCMPAHCINEO echib NOAHOE
Mmempureckoe npocmpancmeo, JoKasaTesbcTBO aHaJOTHYHO TONbKO
YTO NPHBEJCHHOMY JOKa3aTe/bCTBY JJiA €BKJNHI0BA NPOCTPANCTBA,
HO OCJOXKHAETCH, €CTeCTBEHHO, HEKOTOPHIMH BONPOCaMH CXOAMMOCTH,
Ilycte (4) ectb cHOBa ¢yHAaMEHTaNbHAs NOCIEA0BATEJNLHOCTb, HO:
Tenepb yXxe B IHJAbOepTOBOM NPOCTPANCTBE, TAK YTO

A, =Xy, P, oL, Xm0 ) 4’y

Jasa moGoro i, npHHIMAIOLIETO Tenepb Jio6oe 3 sHavenuii 1,2,3, ...,
nMeeM GYHJAMEHTAJbHYIO MOCIEOBATEABHOCTh (5) ¢ npepenom (6).
Hapo npexje Bcero jiokasartb, uTO

a::(xl’x‘z:"';xnv"') (7)'
€CTb TOUKa THJILGEPTOBa TPOCTPAHCTBA, T. €. YWTO pAj ) X2 CXo-
n=1

anTes. 310 JA0Ka3aTeJbCTBO OINMpAETCs Ha HEPaBelCTBO KOUJH—-By-
HSIKOBCKOTO

3 laulib,]< Zaﬁ']/ S ®)
n=1 n=1 n=1

BepHOoe JJ11 JioOblX JBYX TOCJeJoBaTeJLHOCTE!l JeACTBUTEABHBIX
qHceJl
Ay Qgy vvvy Qpyy oo R Dy, by, oo, by, L%

@ N \
*) Koneunmil cayyail 3T0ro nepabencTsa <B KOTOPOM BMECTO ¥, CTORT 3 |

n=1 n=1
6uia pokasan B § 6 ra. 4.
Hokaxem nepaseHctso Kown— Bynssckoro jpis 6ecxouequb1x CyMM. Hepa-

gencTso (8) HECOMHEHHO BepHO, €C/IM XOTs 6H OiNH H3 ABYX PSJOB 21 s, 2 ba
n=1 n=1
ABJsIETCA pAacXoZAlINMCA, TaK KaK Torja cnpasa CTOMT -i- oo. [lpeanosoxnm,
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JokaxeM mnpexzae Bcero, uto anas JioGoro & >0 MOXKHO MOKO-
OpaTb TakKoe Mg, YTO ANA m > /1, OyAEeM UMeTb

o«

D (X, — XN < et (9)

n=1
B camom pmene, BO3LMEM m CTONL OOABIIMM, YTOOB AJsI [ > mig,
1
m > m, 6o p(a,, a,,,)<-.2-, T. €.

@®
(h ()2 e?
Z (xn —=Xn ) < 4 "
n=1
Torna Ana awoboro BaTypaanoro yuesa k u N0 ABHO 6YD.EM UMEThL

k
LY 82
Y iy < 5
n=1

3BHAYMT, M0C/E€ MpeiesibHOTO repexona l— oo

k

N N e?
3 <,

=1

qro NMpH R — o0 jpaer

a0
s? o
Z (xn'_'x;zm))2 < T < &,
n=1

o »
2 Y 2
uto 063 psAAA 2: an, 2‘ by cxoaatca. Tornpa, Gepa B rMILGEPTOBOM MpPOCTpaH-
n=1 n=1
CTBC TOYKH

0=(0,0,0, ...,0, ...),
a={al, |al, lagl, ..., laz]. ..,
c=(lay|]by |, |az]|+-1bs)s ..., ]anH'l{{n{v o)

7 3amECHIBAS AR HHX HEDaseHCTBO Tpeyroasiuka o (o, €) << p (0, a)-+p(a, ¢),

nosayuaeMm
VZ (’ an { ‘Il"l bn ‘)2< 1/2 al?l -+ “/2: bi,
D anl+160 07 < Nai - Bba+2y/ Dan - X om,

#AM, [OCAE O :BHANBIX COKDAUICHHH,

Slanlibal<y/ Tar-Dbi-
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T. e, HepaseHcTBo (9). Ilns mo6oro m > m, unmeeM Tenepr noO He-
paBenctBy Kown—Byunaxobckoro

Zx:r"(xn—x:,"”)|< V Dy X (x, — xR,
n n nl

rje ciuipaesa nojx 3HaKOM paaukana palbl CXOANTCH. CJ]EIIOBaTe.HbHO,
B Bblpa)xeHHu

Y . 3 I} .
2, — XY D (YR 2 DX (x,— ™)
n n n
BCe pH,ubI—ZlﬁCOJlIOTHO cxonamuecs, TaKk 41O HMEEM TOXKIECTBO
4 Q| P "y S
D, — XY+ D (XY 2 2 X (%, — 1) = DX,
n n n n
V' .2
U3 KOTOpOI‘O n cnenyeT CXOXHMOCTb pﬂlla Zx,,.
n

Wrak, (7) ectb neficTBUTENLIO TOYKA I'HABGEPTOBA NPOCTPAHCTBRA..
Ocraerca J0Ka3aTh, YTO K Hell CXOAMTCS INOCAENOBATEbHOCTb (4).
Ho npu m > m, nmeem, B cuay (9) » onpesenenis Touku (7),

p(a, a,) <¢e,
yTo H TpeﬁoBaJIOCb J0Ka3arTh.

¥Ynpaxuenne. Jlokasars 110.1H0TY npoctpancTBa Bapa.

TloauniM aBasercss u npoctpancrBo C BceX HempepoiBHBIX thyHKuuii, ompege-
JICHHRIX Ha XaKoM-HHOYAb oTpeske [a; D] umcaoBoit npamoii (cm. § 6 ra. 4). Jo-
Kaxem Oogee obillee NpPeLI0KCHHE.

Ha3oBem ortobpaxenne f MeTpHuecKoro npoctpanerBa X B MCTPHUECKOE Npo-
cTpalcreo Y oepanusennoim, econ Mnoxkectso  f(X) =Y orpansveno (r. e.
MMCET KOHeUMbI aHaMerp).

Ecau f u g—nBa orpanuuenHnix orobpaxeHust npoctpanctea X B Y, 7o
muoxectso f(X)Ug (X) &Y orpannuero, nosromy u

sup p{f (), g )
xeX

€CTh KOIICUII0e HeOTPHLATEIbHOC UHC10. ITO YHCJO HasoBeM paccmoanuesm p (f, gy
mexcdy omobpaxcenusmu f u g. Ecaw 3 g, T.e. ecth xora 6ol ogHa Touka X € X,
Ass Kotopoll f(x) # g (x), To, oueBunuo, o (f, g) > 0; Tak Kak, ¢ apyro#t cropo-
nu, p(f, )=0, To BBejeHHOE MAMH DACCTOSAHHE YJOBJICTBOPSET AKCHOME TOXK-
JAecTBa. Y IOBJCTBOPAET OHO, OUCBHAHO, H aKCHOME CHMMCTPHH. AKCHOMA TPeyrob-

HHUKA A
o [<<p (o f-+p (s [9)

BbINONEHA AS J0ObIX Tpex OrpaHHYeHHBIX oTcOpamenu fy, fo, f3. B camom
Jede, Kakosa O6bf HM 6bl1a Touka x€ X, umceM

p @), [s)<p(fr(x), LE)-4p (), sN<pn [ 1p (e Fa)
N03TOMY H

p (1 f3) :xseu)F() p(Fr(x), [s)<p{fs, fo)+p s [a)-

Hrax, MHOXKeCTBO BCCX OrpaHHuCHHHX OTOGpameHHNl MeTpuyecKoro npoctTpan-
c¢rBa X B MCTPHUECKOC NPOCTPAUCTBO Y ¢ OfipelesieHHHIM 1AM B 3TOM MHOXeCTBE
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PacCTOsiHHEM eCTb MeTPHYECKOE MPOCTPaHCcTBO; obo3HauuM ero ycpes B (X, V).
dlpn stom nocsienoBaTeIbHOCTb

flr f2' seny fnv o

Touex mpocrpanctsa B (X, Y) Torza n toabko Toraa cxoautes s B (X, V) K Tou-
ke f, xorna oroGpaxcHus [, cxomatca 8 X paBuoMepHo K oroGpaxkenuio f. Or-
ciola # Hu3 npepiokedus 8 § 2 ra. 4 caeayer, uto mHoxectso C (X, Y) scex
OrpasHYeHHBIX Hell pep H BH L X oToOpaxennil apocrpaictsa X B ¥ 3amkuyto
8 npocrpadctee B (X, Y). Mul Temepb u 6yaemM paccMaTpuBaTh JHMbL MPOCTPaH-
crBo C (X, Y) (c merpukoili, B3sToil u3 mpoctpancrsa B (X, Y)) 4 nokaxkem cielyio-
wlee NpesioXkeHHe:

Hpocmpancmso C(X, Y) 6cex oepanudentvix HenpepbisHotx omobpascerui
APOLUIBONLHO20 MempPUHecKo20 npocmpancmea X 6 NOAHOe Mempu4eckoe nPOCmpas
cmso Y ecmpy noaHoe MEMPULECKOE NDOCMPAHCMEO.

OtmeTum ocoGo N1Ba YaCTHBIX CJIy4as:

1. [lpocmpancmeo 6cex HenpepbleHbix omoOpascerutl 2166020 MemMpuLecko2o
NPOCMPAHCIRA 8 02PAHULEHHOE NOAHOE MEMPUHECKOe NPOCIMPAHCMSo (8 vacmHocmy,
8 KOMNAKIM) ecme noAHOe npOCmparHcmeo.

2. [1pocmparncmso 8cex HenpepuiHbLX 02PanuerHox OeliCmeumenbrolx Gynkyui,
onpedeneHnbix 8 A06GOM MeMPUHECKOM NPOCMPAHCMBE, eCmt NOAROE NPOCIPAHCMBO.

[lepexopuM K nokasaTeésabcTBy NOJHOTH upoctpanctea C (X, Y) B obmem
cayuae goforo X u moGoro nodrnoro V.

[Tycts
foo foo ooos fru oen 10)

-eCTb (pyHIaMeHTaTbliast NocJefoBaTeabHOCTE Towek npoctpancrsa C (X, V). Taxk
KaK 19 Kaxnof Toukd X€ X MOoCACAOBATCARHOCT

Il (x)v f2(x), oy fn (x), “sn

ecTh (yHIAMEHTaMbHAA TMOCJeAOBATENILHOCTh TOYEK MOJHOro mpocTpascrsa Y, 1o
olja CXOAMTCS K HCKOTOPOH Toyke mnpocTpaHctBa Y; oGosnauum ee uepes f(x).
Taxum obOpa3oM, onpesecHo OTOOpaXKCHHC

y=f{

npocrpanctBa X Bnpoctpanctso Y. Hago nokasats, Bo-niepBeix. uto otoGpaxenue f
HEMPCPLIBHO H OrPAHHYCHO H, CJACIOBATe/IbHO, fBISETCS TOUKOK MPOCTpaHCTBA
C(X, Y), n, Bo-BTOpPHIX, UTO MocjefoBatesabsocTh (10) cxoputes 8 C (X, Y) x f.
Bce yTBepxaeHHS OVAYT JNOKa3aHBl, €CAM Mbl JIOKAaKeM, YTO HENpepHBHLIE 0TO-
6paxenns (10) npoctpancTBa X B NpocTPascTso Y cxoasTes K oroGpakenuio f
pasuomepro. Ho 310 caegyeT u3 Toro, 4To B CHJIy ONpelecHUS METPHKH TPO-
crpanctsa C (X, Y) nocacaosateasnocts (10), 6yayun pynaamentansioil s C (X, Y),
YNIOBJETBOPACT YCJOBHIO: K KaXaoMy € > 0 MOXHO Noio0parb Takoe fig, UTO NpU

JUOBBIX P > fg, § > Ng HCPABEHCTBO
p(p ), falxp <e (11

soinosiHeno Kis Bcex x€ X. Tlepexonass npu npou3BoIbHOM, HO (QHKCHPOBAHIOM
x€E X K npeneny npu ¢ = oo, mojyuaem

plp(0r ) <e

IAK BCEX p==ne M BCeX X€ X, UCM H 10Ka3aHa PaBHOMEPHAs CXOAMMOCTB nocJe-
JOBATEABHOCTH oTobpaseiiun (10).
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§ 6. lMonoanenne merTpHyecKoro mpoctpaHcTsa

Mul npuBojMaM B KadecTBe TNpPUMepa HENOJHOTO METPHUECKOro
NIPOCTPAHCTBA NPOCTPAHCTBO BCEX pPAIMOHAJAbHBIX TOYEK UYHCJOBOK
npsaMoit. IlpocTpaHCTBO 370 ABAsIETCH BCIOAY ILIOTHBIM  TOAMHO-
JKeCTBOM T10/JHOTO NPOCTPAHCTBA, & WMEHHO BCEl YUCIOBOH NpPAMOH,
Ml ceituac nokaxeM, 4To 3TO Bcerja GbIBAET TAK: HMEET MECTO

Teopema 26%). Bcakoe mempuueckoe npocmparcmeo X seasiemcsa
6C100Y NAOMHBLM NOOMHOICECTNBOM HEKOMO P00 NOAHO20 npocmparcmea X .
Ilpu smom noanoe npocmpancmso X onpedesero 0OHOSHAUYHO € MO4-
HOCMBI0 G0  UBOMEMPUHECKO20 OMOBPANCEHUS **), OCMABASIONE20 He-
no0sudCHbIMU 8Ce MOoUKU MHOXMCCCNEa X = X **¥), U AGAACNICS HAUMCHOUIUM
NOAHBLAL MEMPULECKUM npocmpancmeom, codepacauyum X (T. e. BCAKoOe
mosnoe MeTpuueckoe npocrpaHcrtso X', comepxauee X, conepKuT
mHoxkectBo X" = X, u3oMeTpuuHoe rnpocTpaHcTBy X).

Onpeneneunne 3. IlpocrpanHcTBo X Ha3bIBAETCS NMOROAHEHUELM
npocrpaHcrBa X.

HdoxaszarenbcTBo. BBeseM cHayana MOHATHE paccTOsSHUA
MeXJy AByMsA (PyHJAMEHTAJbHBIMU MOC/EAOBATE/bIHOCTAMKU

X==(Xyy Koy wnvy Xpy onv) )

Y=Ws Yo s Yinr --)- )
3aMeuaeM AJA 3TOrO, YTO NpPHU JIOGHIX /m, A Mbl HMeeM

0 Xmr Yu) <P (Ks X,)+0(Lnr Yo) +0Yns Yu)s
‘ Y (xlm ym)—p (xm yn) [ < Y (xm! xn) +p (ym ym)v

OTKYyia CJIellyET, qTo YHUCJA0BaAA MOCJASIOBATC/IbHOCTD
P (X Y1)y P (X2 Yo)s oo P(X0s Ya)s oo

aBaferca ¢ypraMeHTajbHOl, 3HauuT, cxoaduleiica. Ee mpexen Mut
U HA30BeM paccmosHuem MexAy (yHIaMEHTaNbHBIMH 110CACA0BATE]b-
Hoctamu (1) u (2):
p(x, y)=lim p(x,, ¥n). (3
n->®m

*) Kak cama sTa TeopeMa, TaK H NPHBCHEIHOC 3eCh ce AOKAa3aTeJbCTBO NpH-
uanrexar Xaycaopdy.

**¥) OroGpaxkenne [ MeTpUYecKoro npocrpasictea X Ha MeTpHYeckoe IpocTpall-
€TB0 Y HasbiBaerca wusomempuueckum (UMM KOHTPYSHTHBIM), €CJH OHO COXpaHsAET
PacCTosiHuUg, T. €. ecJu AJas Jobbix x' € X, x" € X umeem p (f (x'), ") =p (x', x").

*##%) To ecTh eciu X' — Kakoe-uuGy/ib MOJHOE MeTPHUECKOEe MPOCTPAHCTBO, COALP-
kamee X B KayecTe BCIOAY NJIOTHOFO MHOXECTBA, TO CYILECTBYET H3OMETpHYeCKCe
oroGpasxerne f npocrpancrsa X' ma X, yhosJeTsopamouiee ycaoBHIO f(x) =X ana
aoboii Toukn x € X.

8 1. c. AnekcanAposB



996 METPHUYECKHE NPOCTPAHCTBA [rua.s

W3 onpenenennsi (3) cnepyer: s JMoGblX Tpex byHIaMEHTaIbHBEIX
nocnegoparesnbHocrell x={x,}, y={y,}, 2={2,} BonoaHeHO He-
PaBEHCTBO TPEyroJbHUKA

p(x,)<<p(x, ) +0(y, 2). (4)

B camoM nene, umeeM 0 (X, 2,) << 0 (X, ¥,) +0 (Y5 2,), OTKyZA HEpa-
BEHCTBO (4) NoJyyaercs nepexoioM K npeneny npu n— oo, B uacr-
Hocri, ecan p(x,y)=0, o(y,2)=0, To u p(x, 2)=0. Iloaromy, Ha-
3biBag ABe (QYHAAMENTAJbHbIC MOCAEA0BATENbHOCTH 3KEUEANEHITHBIMU,
eci pacCTOsiHMe MeXAY HHMH paBHO HYJIO, MoJyuyaeM pasGHeHue
BCCro MHOXKeCTBAa GYHAAMEHTANLHBIX NOCACAOBATENLHOCTEH HA KJECCHE
3KBHBAJCHTHHX MeX1Y co6oio noclefoBaresbHOCTeH, ITH Kaacchl 115
KpaTtkocTH OyleM HasbiBaTh nyuxamu npoctmpavcmea X. Ilyerb § u
n—Ba nyuka. BeilGupasa § u 1 no ¢pyniaMeHTadbHON MOC/E10BATENb-
HoctH x={x,}, y={y,}, 6e3 Tpyna y6expaemcs B TOM, uTO (X, Y)
COXpaHfieT CBOe 3HAueHHe, eCJii 3AMEHUM X, Y T10C/Ie10BaTeIbHOCTAMY
X', y’, 3KBMBAJICHTHEIMM COOTBETCTBEHHO MOCJEN0BATENLHOCTAM X H Y.
D10 no3poasieT onpexeauTb paccTofuue p(§, n) Mexny AByMa nyuKaMu
no dopmyae

Y (§9 "]) =p (¥, !/),

rie x € E, y € n BuiGpansl npoussoJbHo. Paccrosuue p (§, 1), oueBHgHoO,
yRoBaeTBopsieT akcHome cummerpuu: p (§,m)=p(n, £), a TaKkxe ak-
cuoMe Toxaecrea: p(E, )=0 Torga W TOABLKO Toraa, Koraa E=m.
Haxowneu, sro paccrosnue p(§,1) yAOBJETBOPSieT H akCHOMe Tpey-
rolibHHKa (TaK Kak efi yAOBJETBOPHAET, KAK Mbl TOJbBKO UTO BHjEJH,
paccTodHHe Mexay ¢(yHIaMeHTaJbHEIMH IIOCJIE]0BATENbHOCTIMH).
Hrak, nawe ompejesicHHe DPacCTOSIHHA MeXAY Ny4dKaMu npeBpa-
IaeT MHOMKECTBO BCEX IIYYKOB NpPOCTpaHcTBa X B METpPHUECKOe Npo-
CTpaHCTBO; 0603HauMM ero yepe3 X,. HaszoBem ormeueHHBIM ryukoMm
TAKOH Iy4OK §, KOTOpblif B HHC/]E CBOMX 3/1€MEHTOB CONEPXKHT CTa-
IIHOHAPHYIO [IOCTER0BATEeJNbHOCTb, T. €. [OC/AeN0BaTeNbHOCTL BHJA

X, Xy o0y X, .0.), x€X.

Tak Kak BcsikHe JiBe Pas/MUHbLIE CTAllHOHApHBIE MOCAE10BATENb-
Hoctd {x} ¥ {y} HMeIOT MexAy coGoi0 MOJNOXKHTENbHOE PAacCTOAHWE
(paBHOE DPAacCTOAHMIO MEXAY TOUKaMH X H y), TO B KaXKAOM OTMeueH-
IIOM MyYKe COAepKHUTCA JHIIb OfHA CTauMOHapHas MNOCJe10BaTENb-
nocte. TaxuM o6pasoM, OTMeueHHble IIYYKH B3aHMHO OJHO3HAYHO
COOTBETCTBYIOT TOYKaAM TpocTpadcTBa X, nmpHueM COOTBETCTBHE 3TO
COXpaHfeT pacCTosHHe (pacCTOfHUE MeXAY ABYMA OTMEUEHHBIMH Myu-
KaMH PaBHO DAcCCTOSSHHIO MEXIY COOTBETCTBYIOLIHMH HM TOYKaMH
npocrpancrsa X). 3aMeHHM Terepb B npocTpaucree X, Bce OTMeueH-
Hble MYYKH COOTBETCTBY!OWAMR STHM NY4KaM TOUKAMH MPOCTPANCTBA
X (Bce paccTOfHNUS IIPH 3TOIl 3aMeHe OCTAIOTCs TEMH Xe, YTO H A0
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3aMenbl). B pesysibrare monyuaetcsi MeTpuueckoe npocTpanctso X,

QUEBH]IHO, HM30MeTpHuHOe npocTpaHcTBy X,. Irto npoctpaHcTBo X H
€CTb TO, KOTOPOE Mbl XOTe/1H noctpouTsb. [1pocTpanctBo X comepxures

B X Kak noamuoxecrso. [lokaxem, uro X Bciony naotno B X. B
caMoM pene, npu npousBoibHoM E€ XN\ X u x€E,

X=X Xy ve ey Xpy oo ), )

paccrontue Mexay Toukamd £ u x, npocrpancrsa X ectb o (, x,) =
= p(x, X,), Tae p(x,x,) €cTb paccrosiiue Mex1y QyHAaMeHTaNbHbIMH
110C]1€10BaTe L HOCT AIMH

X=Xy, Xgy oo s Xypy o0 )
"

Xg=(Xps Xpy ovvy Xpy o-2).

Ho sto paccroanue crpemurcs K Hymo npu Bospacrauuu n. Cre-
JRoBaTeJibHO, AJA N1000#H (DyHZAMEHTaNbHOH n0c/]e10BaTeNLHOCTH (D),
B3fTOA B nyuke §, HmeeM

E=lim x, B X. (6)
n—> 0
OraM pokasano, 4ro Kaxpaad tTodka £ € X\ X ecTb TouKa MPHKOC-
1oeenus MHoxectBa X < X M, 3Hauur, X mjoruo B X.

Hokaxem rtenepn, uto X ectb noaxoe npocrpancrso. Ilyerb
B Bor ooy Buy vns Q)

— ¢yHAaMEHTAJNbHAA NOCJEJI0BATEIbHOCTb TOUEK NpocTpaHcTea X,
Ecan &, ectb nyuor, GepeM B HeM (QylijaMeHTaJbHYIO NMOC]EAOBA-
TEAbHOCTb {X,} H B HeHl TOUKY X, =Xm TaK, 4T00b GblI0

1
0 (En Xm,) <. Ecam xe E, ecto TOUKA npocrpancrsa X, 1o 0Go-

3HAYaeM 3Ty TOYKY uepe3 X,. [lonyuenHble TOuKH
Xiy Xgy ovvy Xy oos (8)

nipoctpanctBa X o6pa3syior QyHAaMEHTa/lbHYIO NOCAEN0BATE/bIOCTD,
KOTOpasA OJHO3Ha4yHO omnpejeJsieT copep:xaumuii ee nysok §. Ilocse-
JoBarenbuoctb (8), a 3HAUUT ¥ nocjenoBareNbHOCTb (7), CXOLHTCS

k E, ueM nonHora npocrpaHctBa X JOKa3aHa.

[Tycrb Tenepb X' —xakoe-HHGY AL NOJHOE METpHUYECKOE HPOCTPAH-
CTBO, Cojiepxallee IpocTpaHcTBO X B KauecTBe BCIOAY IJIOTIOTO

mioxecrsa. Torga kaxnaa touka &' € X' ogHo3nauno ompeneasieT
TIYMOK CXOASIIIMXCH K 3TOil TOuKe (yHAAMEHTANbHLIX NOCJAEL0BaTe b+

Hocteil npocrpanctea X H, caefoBaTeNbHO, ToyKy E npocrpauncrsa X.
PasanynbiM  Toukam mnpoctpanctBa X' COOTBETCTBYIOT MNpPH 3TOM

8*
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pasyvunbie ToYKK npoctpadcTBa X. B cumy noasnoTth npoctpanctsa X’
KaXIbfl NYyYoK mpocTpaHcTBa X COCTOMT U3 NOCJENOBaTeNbLHOCTeH,

CXOASHIMXCSL K HeKoTopoll Touke E' € X', TaK 4YTO TOJILKO YTO yCTa-
HOBJIEHHIOE COOTBETCTBHE €CTh B3aUMHO OJHO3HAYHOE COOTBETCTBHE

Mex 1y ToukaMH npocTpaHcTB X' m X, npd KOTOPOM Kaxpas Tod-
kKa u3 X cooTBeTCTBYeT caMoi cebe. bosee Toro, nerko BuieTs,
YTO NOJIYYEHHOE COOTBETCTBHE fABJseTcA u3oMeTpuueckuM. Hakoneun,
eciu X' —KaKoe-HHOYAL TOJHOE NPOCTPAHCTBO, coiepiaiiee X,
TO 3aMblKaHHe MuoxectBa X B X' ecTb HO/AHOE NPOCTPAHCTBO, CO-
IeprKaiiee NPOCTPAaHCTBO X yXKe B KayCCTBE BCIOJY MJIOTHOTO MHO-

XecTBa M MOTOMY H3oMeTpuuHoe mpocTpauctsy X. Teopema Xayce-
lopda NMOMHOCTLIO JOKA3aHa.

3ameyqanne. B3ase NpocTPaHCTBO palMOHANbHBIX uuced R H nocTpous ero

nonoHeHHe R, MOXHO GEIIO Gbl He NPHHAAJCKAMIMe NPOCTpancTsy R TOukHM npo-

cTpaHcTBa R Ha3BaTh MPpalMOHabHBIMH unciamu. [lpu 3ToM npHuinocs 6ot BBeCTH
clellyolliHe JaibHelillde 3aMeuaHdsl u onpejenenHs. Ecay xano uppaunoHalbHOe
yucno £ M palMoHalbHOE YHCNO X, TO, B3fIB B DyuKe § Kakylo-HHOyAb $yHIaMcH-
TaJbHYIO IOCJ€ELOBaTe]bHOCTD

Xis Xgy eeay Xpy auey

MOXHO GO 6HW JIErkKo JNOKA3aTh, YTO AAS BCEX LOCTATOMNO GOJBLIMX 1 HMeeM

au6o x, > x, o x, < x. B nepeoM cayuae mosaraem § > x, Bo BTOpoM £ < x;

npu 3ToM Ge3 TpyAa JOKaspiBaeTcs, YTO pPe3yJbTAT HE 3aBMCHT OT TOTO, KaKyio

HM2HHO 110CIEJ0BATENLHOCTD {x,,}eg miet B3aau. Touno Tak xe, ecin §* u§” —asa

Pa3fHUIBIX HPPAUHOHANBHEIX YHCAA, TO Opyd Ji06oM Be6Ope MOC/ACAOBATEN BIOCTCH
e A p v

{xnt €2* n {x,} €E" umcem mns Beex nocTaTOuHO GOABWHX N AMGO Xn < Xp, M-

; ,,

60 xp > xn. B nepsom cayuae moaaraem §° < &, Bo sropom &’ > E”; npu atom

pe3yJbTAT CHOBA HE 3aBHCHT OT CICLHMAIbHOrO BHGOPA MOCACHOBATC/bHOCTER
; P - .

{xn} €E" u {xn} €E". Taxum 00pasOM, B MIOKECTSC BCEX JCHCTBHTCABHLIX (T. €.

DALHOHAJIBHBIX M HPPALHORANLHBIX) YHCE YCTAHABAMBACTCH OTHOLICHWE OOPAAKA,

VIOBJICTBOPAIONlee, KaK MOMKHO I0OXa3aTh, OOKIUHLIM AKCHOMAM.

Janee, kax Ml Buyenn {(dopmyna (6)), BCsAKas NOCACAOBATENBHOCTb {xn},
B3iTan M3 my4yka §, cxoaures B R K Touke §; MTaK, BCSIKOE HPPALHOLIAJ bHOE
4acao § ecTb npefes HeKOTOPO HOCHEI0BATEN BHOCTH PAlHOHANbHEIX YHUCe) (a HMEHHO
npejen MoGol MOCNeNOBATE LHOCTH {%,} €E). DT NMO3BOJSET ONPCAETHTH ACHCTBHS
HaR ZCHCTBHTCALHWMH YHCIAMH: YTOOH 1OJAYHMKTb, HanmpuMmep, cyMmy ABYX AeiicT-
pHTCAbHBX uncen §' u 7, BOsbMEM Kakue-HHOynb nociesosarebnocTH {xn}E€E’,

"
{*n} €E", cxonsmpecs coorseTcTBeHHO K &', E” (ecam nupH 310M, namphmep, § pa-
,
UHCHAABHO, TO MOXHO NOJOKMTb Xn=E" aJs Bcex n), W pacCMOTPUM TOC/CHOBA-

”
TCALIIOCTE !x,; -+ Xnt. Ora NOCJIeA0BATEILHOCTD OKa3nBaeTca ¢ HAAMCHTANLIOH H
\ H n 1 >

CACAGRATE/BRO, CXOMATCH K HEKOTOPOMY AeHCTBHTENLHOMY YHCAY, KOTOpOe H Ha-
3LIBACTCS  CYMMOMT JBYX HaHIBIX YHCE g" u §”. UnTatenio NpeioCTanIfgCTCS A0KA-
5aTb, 4TO TaKEM 0CPA30M oNpepescHHble ICfiCTBHR Haj NeHCTBHTONBLH JIMH “MHCIAMK
GOAQAAOT BCOMM VCTAICBJiGHHRIME B SJleMeHTapHol aareGpe CROWCTBaMH OCHOBHBIX
“CTLIDEX NeHCTBHM.

Hawmcuennas B 5ToM 3aMeuanuH TeOpHs MPPAUMOHANLHEIX YMCEN H3BECTHA MO
HasBanueM peopun Kannmope w € yeneXoM MOXeT COCTA3aThes ¢ Gojec paciupo-
cTpancuiol B yyeOukkax JCACKHHOBOH Teopuell B OTHOWIEHMH CBOeH MPOCTOTHL
3 eCTCCTBEHHOCTH,
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§ 7. Ilpocreiiiinde CBOHCTBA NOJHLIX METPHYECKHX MPOCTPAHCTB

Mpl yxke BHAENH, YTO BCAKOE 3aMKHYTOE MHOXECTBO B IOJHOM
NPOCTPAHCTBE CaMo fABJsETCH MOJHBIM. JIOKa)KeM HEKOTOpHe Aanb-
Heliluue cBOficTBa NMOJHBIX NPOCTPAHCTB.

Teopema 27. B nosHoMm MempuuecKom npocmpaHCmee 8CAKAR
noCAefo6ameAbHOCTL YObIBAIOWUX 3AMKHYMbIX MHOINECMS

O, o20,2...20,2...,

Quasempbt KOmOpbLX CIMPEMAMCS K HYAI0, UMEeN nepecedenue, cocmo-

awee U3 0OHOU mouKU.
B camom gene, Tak Kak juaMeTpbl MHOxectB @, crpemsrcs
@«

K HY.JI0, TO Nepeceyenye n ®, BO BCAKOM clyyae He MOXKeT
n=1}

conepkatb Gosee oxpHoit ToukH. beps B KaxaoM u3 MHO-

xecrs @, no Touke x,, noayuaeM (ynlaMeHTaJbHYIO MoCaejoBa-

-2}
TeJAbHOCTb {X,}, mpenen kxoropoit conepxurca B &= ) @,.
=1

n=
Teopema 28. Ecau rascdoe us omxpoimsix muoocecme Ty, Ty, ...
eeey Iy oo noanceo mempuueckozo npocmparcmsea X naomuo 6 X,

v ]

mo ux nepecedenue M= () T, maxoxce ecmov e6cody naomnce ¢ X
n=1
mHOscecmeo (ouesudrno, muna Q).

CHayana poxaspiBaercs

Jlemma. Ecau omxpoumoe mrnoxcecmeo T' naomuo 6 mempuueckon
npocmpancmee X, mo, Kaxkogo Obl Hu OblAO HENYCmoe OmkKpounoe
muoxcecmeo Ty, umeemca omrpoimoe mHoxcecmeo I npouseosvno ma-
2020 Ouamempa, 3ambikanue Komopoeo codepacumes ¢ I'N\ T,

B camom jene, rak kKak I' maordo B X, to I'NI'y—wuenycroe
OTKPLITOE MHOXKECTBO; BCsiKad Touka x €' NI, uMeeT noaoxurenb-
HOe paccTosinue p,. OT jponoauurenbHoro ¥k I'N I, 3amxuyroro Muo-
xecrBa. bepsa npousBosbHO Majoe & < p,, BHAUM, YTO 3aMblKaHHe
£-0OKPECTHOCTH TOYKH x comepxutcsa B I'N1'); sMemma poxasana.

Ilna nokasaresnbcrBa TeopeMbl 28 focTaTOUNO B JIOGOM OTKPHITOM

v ]
muoxecrse I'y naiith Touky MHoxecrBa M = () T,. Bepem, B cuny
n=1
JleMMbl, OTKpbiTOe MHOkectBo I'; anamerpa < 1, yroBaersopsiomee
ycaouio [I'f|=T',NT,. Ilpennonarasi, 4to NOCTpOEHbl OTKPHITHIE
MHOZKeCTBa

ald atd ~
Iozl—‘m 1y =y rlzy
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8 (I'7) < '1]2 npu k=1, 2, 3, ..., n, yAOBJeTBOPAIOIIHE YCJOBHIO
TMelenTey (apu k=1,2,...,n),

TIOCTPOHM, 1ia OCHOBAHUM J€MMbl, OTKPBITOE MHOXeCTBO I, Iua-
mMeTpa <71_'T_1 takoe, uro [IN4]=T,NT,. [lepeceuenne F =

o
= n[l‘,’l] HenycTo (COCTONT W3  OAHOH TOUKU) W COAEepIKUTCH

n=1
B MNT,, 4To u TpeboBa/joch NOKa3aTh.

Jlerko BuaeTb, uro nepecedeHuem M J1I060r0 KOHEUHOTO HJH
CYETHOTC UHCJA BCIOAY IJIOTHBIX B JAHHOM IIOJHOM METPHYECKOM
npoctpaicTee X MHoxecTB THna (s ecTb TakKXe BCIOJY ILIOTHOE
MHOkecTBO THnNAa (s, MHTepecuo 3ameTuTb, YTO Cpefl BCeX MHO-
JKECTB, JeXKallHX B KaKoM-J1H60 MeTpHYeCKOM NpOCTpaHCTBE, BCe
MuoxectBa THrAa Gs M TOJBKO OHH FOMEOMOP(HHI MOJHBIM MeTpH-
YeCKMM NpOCTPAHCTBaM ™).

Muoxectso M, J1exxaniee B 110JHOM METPUUECKOM NPOCTpaHCTBe X,
Has3LIBACTCS MHONCECMBOM 6MOpol Kamezopuu B 1eM, ecjy MHOXe-
ctBo M copepxuT Bcroogy njorHoe (s-MHOXecTBO. JIerko jpokasaTts,
uto jonogHenne X\M X MHOXKeCTBY BTOpPOM KaTeropuu ecTb 00b-
eJMHEHUE KOUEYHOTO HJIM CYETHOrO YHCJa HUTAe He IJOTHEIX B X
MHOKecTB. TakHe MHOKECTBA HAa3BIBAIOTCS MHONcecmeamu nepeot
kamezopuu. Ilepecevernne KOHEYHOTO WM CUETHOTO YHCJI2 MHOMXKECTB
BTOPOM KaTerOpHH €CTb MHOXKeCTBO BTODOH KaTeToOpHH, a 00beiu-
HEeHHe CUETHOrO 4HCJIA MHOMXECTB NepBOH KATErOpHH eCTbh MHOKeCTBO
1iepBO# KaTeropuu.

Ynopasxkunenue. Moxer iH B NOJHOM MeTpHdCCKOM npocrpaHctse X cyer-

Hoe (MM Jake KOHEUNoe) MHOXKECTBO ObiThb MHOMXECTBOM BTOPOH KaTeropH¥ H npu
KAaKHX YCJAOBHUAX?

§ 8. KoMnakTHOCTb H NOJHOTA

Mul Bujenu, YTO BCAKHHA KOMIOAKT fAB/SETCH NOJHBIM NpPOCTpaH-
cTBOM; eme panbiie (B § 1) 6bl10 KOKA3aHO, YTO BCAKHI KOMMNAKT
criosine orpanvued. JloxakeM Tenepb o6paTHOe NpejUIOKeHHe: BCA-
KO€ BIIOJIHE OTPAHHUEHHOE IOJHOE MeTPHYecKOe MpPOCTPAHCTBO fB-
JfeTcs KoMrnakToM, 3TuM OyleT AoKasaHa

Teopema 29, Jaa mozo umoboL mempu4eckoe npoctmpancmeo
ObLAO0  KOMRAKMOM, He00Xo0umo u Jocmamowno, umobel oHO Obla0
FLOAHBIAL U BNOAHE OSPOHUNCHHbIM.

*) Bnepsble pokasano (nis  cenapabeqbHBIX METPHUECKHX IPOCTPaHCTB)
AnexcanaposwuM {l]. Dra Teopema ocsoGoxjeHa OT yCJaOBHS cenapabelb-
neetd Xaycaopgom. Jlokazateancreo MoxcHO Hafitn B kaure K ypatosckoroll).
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JlocTaTouHO NOKa3aTbh, YTO U3 BCAKOHN NOCIENOBATETbHOCTH TOUEK
Xpy Xgy vovy Xy oee (1

BIOJIHE OTPAHMYEHHOTO MPOCTPaHCTBA X MOXKHO BHIOpaTh QyHAaMeH-
Ta/bHYIO NOAMNOC/EN0BATE]bHOCTb: B CAMOM JieJie, eCJTH 3TO yYTBEPMKIE-
Hue Oyner jokasaHo, TO Mbl u3 Jno6od mnocraegoBateabHoctu (1)
TOYEK RBIIOJIHE OTPAHHYEHHOIO IIOJHOro npocrpancTea X CMoXKeM
BEIOpaTh (PYyHAAMEHTANbHYIO, T. €. (BCAEACTBHE IOJHOTH NPOCTpPaH-
ctBa X) CXOAAIMLYIOCS NOANOCJAEJOBATE]bHOCTb, a4 3TO W 3HAYHT, UTO
X —KOMITaKT,

Hrak, nycte paHa nocaenosateasHocts (1). Iloxaxem crHauasa,
yto mpu mo6oM & > 0 u3 nocseroBaTebHOCTH (1) MOXHO BBHIGpaTh
GeCKOHEYHYI0 MOANOCTEJ0BATe/LHOCTh AHaMeTpa < €.

JokasaTenbCTBO HE NpeACTaBAseT 3aTpYyAHEHUE: W3 NOJHOM
OIpaHUYEHHOCTH NpocTpaHcTea X chaeayer (jgemma K Teopeme 7 § 1)
BOSMOXKHOCTb NpPEACTaBUTb X B BHJE CYMMbI KOHEUYHOTO 4HCJA MHO-
xkecTB AuaMerpa < &. Ilo kpafinei Mepe OO U3 3TUX MHOMKECTB
CollepXUT GeCKOHEYHYIO IOAIOC/e0BaTeNbHOCTL MOCHAeJ0BaTeIbHO-
cr (1), ¥ gnamerp 31Ol MOANOC/ENOBATENLHOCTH, OYEBUIHO, < €.

OcHOBBIBASICH Ha 3TOM, MOXKHO U3 moc/ejoBatebHOCTH (1) Bhige-
JUTH NOANOC/E0BATEIbHOCTD

Xngy Xngs vevy Xngy voe 1)
nuamerpa < 1; manee, u3 nocsenosBaTeasHocTH (1,) MOXHO BHOpaTDh
NOANOC/1e/0BATENbHOCTD

xnkl’ xnk2) MR ] x"k;’ A (12)

1
AuameTpa < -, W3 TIOCJEN0BATE/bHOCTH (1,) —nomnocnenosatesn-

1
Hoctk (1;) namametpa <35 H T A «/luaronanoHasi» mocneaoBa-

TeJIbHOCTb
Xngs Xng s oo *) (#3)

obaafaetr TeM CBOHCTBOM, uTO COBOKYIIHOCTh €€ YJ/I€HOB, Ha4YHHast
C m-ro, ABJsI€TCs1 NOANOCJAEA0BATEJbHOCTLIO INOANIOCIAECAOBATECALHOCTH

1
(1) n notomy umeer auamerp <--. Orciona cieayeT, 4ro NOAMNO-

cJiefloBaTeibHOCTh (2) mocaenosatenbHocTH (1) ecTo pyHRaMeHTaNb-
HaA NOCJAef0BATENILHOCTh, 4TO W Tpeb6oBaNOCh N0Ka3aTh.
3ameuanue 1. Ilpn pokasarenncrse Teopembt 2 § 1 MBI no-
Ka3ajd, YTO BO BCHKOM HE BIIOJHe OrpaHH4YEeHHOM I[IPOCTPAHCTBE
cyulecTByer Takas GeckOHeuyHas moc/efoBaTeabHOCTH (1), uTO pac-
cTOAHME MeXJy JIOOLIMH JBYMSI pPa3/IMUHBIMH ee sjeMedTaMy 00.1bile

*) Tpetu#i wjcH 3ToH TOCICAOBATE/NbHOCTH €CTb X C MHJGKCOM 7, W T. A
i3
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nekotoporo &> 0. TlocaexoBareasnocre (1), obaanawouias  3TuM
CBOACTBOM, OYEBHAHO, He MOMKET COJep:KaTh HHUKAKOH QyHIaMeH-
TaabHON nopnocJegoBatesbHocTd. Mrtak, umeer Mmecto

Teopema 30. [Has mozo umobot mempuueckoe NpPOCHPAHCMEO
6610 6N0AHE 02POHUMEHHBIM, Heo0xo0umo « docmamouno, 4mobbe U3
8CAKOL GCCKOHEMHOU NOCAC008AIMEALHOCIIL MOUEK SMO20 NPOCITL PAHCIMEA
MOXCHO ObLA0 666 pams  (PYHOAMEHMANLHYIO NOOROCAEO0ANEAbHOCHLD.

3ameuanue 2. Iipu nomouu teopemsl 29 ferko J1oKasmiBaeTcs
KOMNAKTHOCTH TuJbfGeproBa Kupnnya Q (§ 6 ra. 4). Tax xak @,
JIETKO BHIETh, NpecTaBjaseT cofOl0 3aMKHYTO® MHOMECTBO B T'HJib-
6epToBOM TPOCTPAHCTBE H, CJ€JOBATEbHO, ABJSETCA MNOJAHBIM HPO-
CTPaHCTBOM, TO JOCTATGYHO JO0Ka3aTh, uTO @ 00/iajaeT CBOHCTBOM
MOJHOM OrPaHUYEHHOCTH, T. €. NpH KaxJoM & > 0 copepKuT &-CeTb.
IMyctb pavo &>>0. BosbmeM n cT0dbL GOabMIAM, 4TOOBL OBLIO

1 o o
Sa=r << & 1 DACCMOTPHM Jexamui B Q eBKJUJIOB n-MEpHBHI Tma-

pansesenunes QF, COCTOAWMH H3 BCeX TOUEK X==(X;, X, ...
cey X, e ) EQ, YAOB/IETBOPSIOUINX YCAOBHIO X,y g =X,y p = - - - =0,
OyeBHano, AJAA KaMJAOH TOUKM X==(X,, X, ..., X,)€Q Touka
X' =(Xy, Xgy «osy X5 0,0, ...)€E Q" OTCTOHT OT X Ha PACCTOSIHHE

A 1\2 ] % 1 1 S
V E G)<V 5 <t

k=n+ k=2n+1

1
Orciopa caeayert, 4To BCAKadg -5 -cethb B Q" Oyler Bvecre ¢ TeM

# €-CeThi0 B (), ueM noJHas OrpaHHYeHHOCTh NPOCTpaHCTBa Q Jo-
Kasana.

§ 9. Muoxecrsa, aBasoUMecsl OJHOBPEMEHHO MHOMXCCTBAMH
F; u G5 B KOMNAKTHBIX METPHYECKHX NMPOCTPRHCTBAX

Ilycere X ~—Kakoe-nu6o MeTPHUCCKOC IPOCTPAHCTBO CO CueTHOl Oasolt. Mul yike
3aMETHJN, YTO MBOXKecTBO I' BCeX TOUEK JOKaMbHOA KOMBAKTHOCTH APOCTPaHCTBA X
orkpuito B X (4 Jokanbio Komnakrtio). lloxaxem Gosee obinee

Npeanoxeune 1. Hycme M—raxoe-nuGyde mroxcecmso, rexcamiee 8 sem-
puzeckon npocmpancmee X. Paccmompum M kax nodnpocmparcmeo, 0603ra4um
uepes I' MHONCeCIB0 mMo4ex AOKAAbHOL Komnaxmuocmu npocmpancmea M. Mruosce-
cmeo T' omxpoumo 8 samvikanuu A=[Mly muowecmsa M. (Ilonaras M= X, no-
JyuHM nepsoe yTBepxjeHse Teopemst 1 § 1.)

HokasareansbcTBo. Bosbmem npoussoibHyio Touky €I n oGoznaunm
uepe3 U =Ux okpectnocTb TOukM X (oTHOcHTedbHO M), 3ampbikanue xoTopoil [U}
8 M ects komnakr. Tax kak [U], Oyayuu KOMNAaKTOM, 3aMKHYTO BO BCHKOM
061eMJIICLICM METPHUCCKOM NpOCTpancTse, B uactiiocTd u B8 A, 10 [U] siBasercs
3aMbiKanuem MHOXecrea U ne Toibko B M, no u B A. JlokakeM, uto U oTKphITO
B A; sTuM OyaeT NOKas3aHo, 4TO NPOH3BOJbHAsA TOuka XEI' ecrb BHyTpeunss (o
otuowenuio X A) Touxa, T. e, uro I otkpeito B A. Jlna Toro utobbl yGeRuTbest
B ToM, 4T0 U OTKpBTO B A, A0CTATOUHO IIOKa3aTh, YTO

[ANUV]aNU =A.
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Ho
ANU = (ANJUDUAU D).

Mnoxeerso JUNU ecTs KOMNakT H NOTOMY COBHAZaeT CO CBOMM 3aMbIKATIMEM B
JoGom obbeasTioleM mpocTpancTse, B Tom uucae u B A. Tlostomy [[UINU]a =
= JUNU n ne uveer obuwux touek ¢ /. Ocraercs 10KasaTb, UTO

ANIUIIaNU =A.

Ho ANJIU] otspuito 8 A, a M scwoay naotuo B A. Tosromy ANANJU]) =
= MN\[U] mornio 8 ANJU] u, 3uauut,

ANV -~ [MN[U]] 4. M

JlokaxeM, uto
[MNIUHANU ={MNJUIIaNU. 2

Tipasas wacts, ouerugHo, cogepacutest B JeBoi. Ho aw6ast touka Jiesod yacTw,
Oyiyus npuHamLiexkameir U, 3uaunT, H nejasio npuuajgicxaiieli M Touko#t npu-
KocHoenua uuoxkecrsa M~\[U]. conep:kntest B npasoil yacTh, ueM TOXACCTBO (2)
nokaszano. Tax kak MN[U] u U cyTh AU3IBIOHKTHbIE OTKPLITHe B M  MHOXECTB2,
10 [MNJUNaNU =A; 3naunt (B cuay (1) n (2)), [ANIUIANU =A, ur0 1
TpeboBanoct 40K43aThb.

[Moaoknm teneps Xog—=X, To==1' u npeguonoxum, 4to 3amxuyTsie 8 X MHO-
KeCTBa XE MOCTPOEiibl A8 BCEX HOPSIKOBLIX 4ucea §, MEHLIUHX YeM JAHHOE No-

psakosoe 4ucio «. Leaw a—unepsoro poia, a=a’ -1, To, obosHawas ucpes I,
OTXpuiToe B X, MHOXKCCTBO BCCX TOUEK JOKaJILHOR KOMIAKTHOCTH NpocTpat-
crea X, noaaraem X =X T ,. Ecan xe o—BTOporo poia, T0 nosaraem

Xgs n X

o < o

Takum oGpasoM, npoGeras Bce MOPAIKOBHE uucia @ < @y, NOJIy4aeM BOOMHC
VIOPSAAOUCHHYIO CHCTCMY YORIBAIOWMX SaMKUYTBIX MHOXCCTB X ; MHOKCCTBO X

HA3BIBACTCS sbidemom nopsdxa o npocmpancmea X.

B cury Teopemst DBapa— Xaycnoppa (reopema 31 § 7 ra. 4) umeercs
MepBOC AOPAIKOBOC YHCAO O < Wy, A1 KOTOPOro szpo, a ToTjaa, OUYCBHJHO,
wo XX, = Xp=... Mioxectso X, (nepsoe 8 psigy {X,} ¢ xotoporo
HAYHHACTCS! COBNAJEHUE) HA3HIBACTCA nocaedrum evuenmom npocrpavcrsa X. Ecin
3TOT MOCACTHHUA BLIYET MYCT, TO NPOCTPaHCeTBO X HA3LIBACTCS NPUBOJUMBIM, A COOT-
BETCTBYIOLLCE 11OPSIIKOBOE UHCIAO 0 —KAACCOM npusodusmocmu (WIH [IPOCTO KAGCCOM)
npoctpancrsa X. OueBuZHO, BCHKOC MCTPHUCCKOE HIPOCTPANCTBO, romMeoMopdHoe
HPHBOJMMOMY HPOCTPAHCTBY, CAMO NPHBOAUMO (KJIacC NPHUBOIUMBIX NMPOCTPAHCTE
€CTb TONOJMOHYCCKH MHBApHAHTHBIL KJacc). OueBHAHO TaKKe, YyTo ABa COMEOMOPG-
HLIX TIPHBOJHMBIX [IPOCTPAHCTBA UMEIOT OAHH M TOT K€ KJjacc.

Hmeet mecto

Teopema 31. Jlaa moco umobSer mrosncecmso M, aexcawee 8 komnaxme 4,
66110 OOHOBPEMEHHO MHONCECIBOM MUNA FU u muna Ga' HeoDX00UMO 14 COCMAMO4HO,

4modbt npocmparncmso M 6bta0 npusodumo.

Orcioaa u M3 TOJAbLKO YTO CI&NIAHHOTO 3aMCHAliuA O TOMOJOTHYECKOoi HHBapHaNT-
HOCTH KJaCCa 1IPHBOMMBIX MPOCTPAHCTB BLITCKAIOT:

Caneacrsue 1. [Tycme X — mempuyeckoe npocmpancmeo co cuemnori 6a3od,
M —monoaozuveckuii 09pa3 npocmparcmsa X & xakosm-aubo rkomnaxme © (Hanpu-
Mep, ¢ euavbepmoson xupnuue). Has moeo umobor M Goiro ¢ (D oonogpeserno munc

Fs @ Gy, neobxodumo u docmamouro, umobet X Gotao npusodumo.
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Cnepncteue 2. Fcau A u A'—adsa zomeomoppuex mendy cobow mrooge-
cmea, aexawux coomsemcmeerio 8 Komnasmax ® u @', u ecauw A ecmo 8 npo-
cmparicmee ® mnomecmeo muna F u Gy, mo men dce ceolcmeom o6aadaem u

mrooecmeo A* no omuowenuo K konnokmy " (TeopeMa 0O TONONOTHYCCKON HHBA-
PHAHTHOCTH MHOMECTB, SBMAIOWHXCH OAHOBPEMEHHHO MHOXecTaMu THna Fg u G

B KOMNaKTax).

JoxaszaTtTeabcTBo TeopeMmu 3. Beesem caenyiomce Bcnomorarensioe
nousitHe. Ha3zoseM uenubiM npeacTaBleHneM MEOKECTB M, Jlekallero B KaKoM-1160
npocrpaucTse X, BeAKoe NpefcTaBienie BHAa

m=U PeQy)
f<a
rae & npoberaer Bce MOPSIAKOBHIC YHCJA, MEHbILHE YCM HEKOTOpoe & < (¥, A Pg, Qg
CYTb 3aMKHYTHIE MHOMXECTBA MPOCTpalcTBa X, YAOBJACTBOPAIOUIMC UENH BK/IOYECHHE
PP .22 2P, 20, = (6
Hazosem cBoiicTBoM 1 CBOHCTBO Kakoro-H60 MHOXKecTBa M, JCXKAaICTO B Jatie
HOM Kowmitakte @, GoiThb NpuBoAMMBIM; csoifictBom Il -—cBoficTRo ponyckath uenuoe

npejcTaBieHne; HakoHed, croficteoM 111 —croficTBo muoxecTsa M~ GbiTb ONHOBpe-
MeHHo MuoxecTBoM THna Fo o Gy (8 ). O6o3Hauan cTpeikoll JOTHYCCKOC Caean-

BalHe OLHOrO CBOHCTBA M3 APYTOTO, ROKAKEM Teopemy IO CJelylollell cxeMe:
[——Ill—1.
1 —I1. TIlycre M npusoanmo. Toraa mmeem
M=My>DM>D...OM, D...D Mp=A,

T, =M \M ®

a+1
(rze I' —MHOXeCTBO BCCX TOHCK JIOKAMBHO KOMITAKTHOCTH Muoxectsa M )

m=Ur,, ©)
a<p
B cuay npemnoxenus 1 T, otkpwiro B [M_ ] (sambikanne B @D); nosromy
@, =M I\, 3amknyto B [M,], caegosarennto, 4 B @, u

Tak xak fo= Mo\ Pas. ®
Po=M M
oM M ], o M, =D, ., 3nauuT, u M =Dy, T o
[Mon] D(DU.»H = [MouH]' (7)

Kowmnaxter @, onpeseseust st BCCx MOPSAKOBMWX uhced Buia -1 < p; mas
npesenbiiblX TPaHcHUHUTOB A mosaraem

Q)L=1M).]g=n{Ma]= n Dy iye

a<h a+1 <A
HMmeem

m=Ur,= U N\,
a<p a<p
OTKy4a u caenyer, uto M obnazaer csoilctsom -[I.
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I1 — 1. Ilycts

M= U @,
<E<a

M=FP NCHUPNQIU-.. U(Pg\Qg)U .

(Tpuuev Henmb BK.Ioueituil (3) npeanoJaractcs Buinoasennoi ¥)). Kawioe cnarac-
Moe PE\QE' OyLyuH OTKPHITHIM MHOMKECTBOM MErPHYECKOro NpoCTpancTsa Pg, eCTb
F; (8 @), caenosarcabuo, # M ecto F; (B (D). Ho, noaaras Qp==X, umeem

XN\M=(QNPYUQINPIU ... U@QN\Pe, U ... = U @ Py,

g<a

T. e. XA\ M rakxke obaagaer cBoiictBoM Il #, 3WauuT, no TOIBKO uTO NOKa’ah-
oMy, ecte F. Tak xak XM ects F, 10 M (Byayun F) ectb B 10 e Bpems
H Gy, ymepmaeuue JOKa3ano.

{11 — L. Tlycro muoxectBo M ectb oanonpeneuto Fy u Gy B xomnakre ®;
PACCMOTPHM CHCTeMY Beex Boiuetos M muoxectsa M, Ma\Ma+1 ==1"_. Ham
HY)XHO J0Ka3aTh, YTO NOCIeANUi BbRIET Mp eCTh TTYCTOC MHOMKECTBO. ﬂpe.monomum
NPOTUBHOE H ACKAXKEM JABe JICMMBL. '

JJemma 1. Ecau N ecio odnospemento Fo u Gg 8 Mempu4eckosm npocmpas-

cmee X, a F samxnymo ¢ N, mo u F ecme odno‘;pememw Fou Gy 8 X.
w

B camom Jeae, Tak Kak N —~~.U A,, rae A, samkuytel B X, U F 3aMKHYTO

n=1
B N, 10 cywecrsyer 3amKuyToe B X MHoAecTBO A Takoe, 4TO

»

F=AnN=U 4.nay

n=1

Tak kak A,NA savkayre B X, 10 F ccto Fy B R. C apyroit croponunt, Tak

kak A, Oyiyuu saMmxiuythim B X, ccrb Gy B X, TO CyWeCTBYIOT OTKps(ThC B X
o

Mmuoxectea G, Takue, uto A= n G,. Ho n N, O6yayun Ga B X, ecTb nepeceye-

n=1
HHMC CYETHOTO uncaa oTkpuThix B X muoxects I'y,. TlosTomy

Fes ANN = (ncn n(nu).

otkyaa cienyer, uto Foects Gg B X.

*) Tlpn 910M, KaK Jerko y6e1uThefl, Ge3 orpanudcHAS OGULHOCTH MOXKNO CUH-

TaTb, 4TO A1 Jo6oro TpanchutuTa A BTOPOro poga HmeeT mecro P; = n P,

E<h
Mul ® 6y,1eM npejitoaaraTs 370 yCJA0BHE BbUIOHCHIILIM,
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Jlemma 2. Ecau N ecmo odrospemenno Fo u Gy 6 X u XD E o N, mo
N ecmb odnospemenno F u Gy 6 E.

B camoM nese, mo npepnosoxenuio N= nG,l=UA,,, rie A, 3aMKRYTH,

n n
a G, orkpuitel B X. Tak kak N E, 10

N=ENN =N ENG=U ENA,
n n

oTKyna B Bhitekaer, uto N ecte Gy u F; B E.

Bepremest kK paceMoTpenuio  nocacRHero Bhitetra M wmuowectsa M B npenno-
aoxum, yro M_# A. Tak kax M samkuyro B M, a M ect Fy u Gg B @, 10
1no nemme 1 Muoxectso M eCcTb onnoupemeuuo F;n G B . Honoxm.w

(cciu HE OrOBOpEHO NPOTHBHOE, TO 3aMbiKaHHe Be3flc B 3TOM JioKasaTedbcTe Ge-
percs B ). YTBepiKaaeTcs, yYTO

= [8]. (8)

HJWI 3TOTO0 3aMeTUM, UYTO MHOXKECTBO Mp' 6ylly‘IPl OOCJMEAHUM BBIYETOM MHOXKe-

ctBa M, He MMeeT HM OJHOH TOUKH JIOKAJbHOH KOMITAKTHOCTH (HHAue MHOXKECTBO
I’ Gbwio Gul HENYCTO H MBl HMeJH Obl MDH:MO\chMp). Ecan 6u Bxaioue-

Hue (8) He MmeJI0 MecTa, To CyllecTBoBaja Ol TOukKa xEMp, He NnpeaedbHas Aas
B=[M \M, 1, creqopateibno, BHYTPEHHAR K M _ 1O OTHOUICHHIO K KOMIIAKTY
1)) ——[M I- Ho Toraa, Gepst okpectHocts U (x) Tak, utoGhl 3ampikanue (B @ ) sTOM
oxpecmocm aexano 8 M or MBI ybeanaucs Gul B TOM, 4TO X eCThb TouKa JXOKaJlb-
Hofi KOMNAKTHOCTH \mox{eCTBa M, uero He MOXKET GhiTb.
IlepemucoiBag Telncpb ouesmmoe paBeHcTBO

LM INM, NI NM ) = M, N[ M INM, ]

B BHAC
[BINB = M, \[B]

# noab3aysch Bkaoyenuem (8), Hmeem
(BINB=M,,

T. e. [B):)M [B]D[M }- Ho, ¢ apyroit CTOPOHL!, OUCBHINO, [B](_.[M ]. Uraxk,
|B]= [M I J.lpyruMH c.noaamu, B3dMMHO JIODOJHYTEbIHbIE f10 omomeﬂmo K KOM-
naxkTy [M ] MHOMxecTRa M H B o6a BCIORY NJOTHH B KOMIaKTe [Mp] Ho Ttoraa
o6a 314 MHO)KGCTBa He MoryT GbiTh OJHOBPEMEHHO MHOKECTBaMH Tuna Gg B [Mp];
MEKAY TeM MHOXeCTBO Mp, Oyayus opuospemenHo F; 2 Gy 8 ®, no aemme 2
ssasetcss oquospevenno F, n Gy # B 3amMKHYTOM [M 1. on(yzxa cleayeT, 4To
B=[M, ]\M Takxe ectb Gy B [M ]. Teopema 31 ﬂO.TlHOCTblO JoXasana,

3a Meqa nne. Moxuo nOCTpomb HPHBOIMMOE MHOXKECTBO (faxke cocrosiice
H3 PalMOHAJbHBIX YMCea), KNacCoM KOTOporo fABJsdeTcs mofoe Halepel 3apanHoe
NOpAAKOBeE YHCHO O < ;. B camom pene, Bo3bMeM Kakoe-nu6o BHosHE ynopszo-
ueHHOe MHOXCCTBO M, cocTosillee M3 paudoHasbHbiXx Ynces orpeska [0; 1] u taxoe,
410 ero «-s npoussojpunas {cM. § 7 ra. 4, ctp. 162) cocTout M3 oaHOH nocJepHed
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6

ToukH. Herpynno yGeautnes, uto mns moGoro @ < ®; TakHe MHOMECTBA CYLIECT-
Byior. Obo3Haunm uepes M ® Npou3BOAHYI0 Hopsaaxa E mHoxecTBa M H nojoxum ¥)

N =(MN\MD) Y (MONMS) ... yMEN M+,
(rae A < a). Ilpenocrasnsem yutatenro A0Ka3aTh, YTO

Ne=(MEINMEEF D) yMEEFN MES D)y,

OTKYJAa CliefyeT, Y4To KJaacc MHOXKecTBa N ecTh Q.

Teopema 32. Jasa mozo umobol mempuueckoe NPOCMIPARCMBO €O CHeMHOE
bazod Oviao npusodumetm, Heobxodumo « Q0CMamo4HO, 4mobbl Kaxdoe Henycmoe
3amxrymoe 8 X MHONECmB0 UMer0 xoma Obl 00HY mMOuKYy AOKAAbHOU KOMAAKML-
Hocmu.

Yecnosue HeoGxoaumo. B cavom gene, nycrs X npusogumo u A — He-
nyctoe samkuytoe B X MHOxecTBO. PaceMmoTpuM Brosioe ymopsiouerHYIO CHCTEMY

scex BoraetoB X, a<<p, npoctpanctsa X. Tak Kak n X, =A, 10 pas moboit
o p

ToukH Y€ X CcylecTByeT HaMMEHbLUCe MOPAAKOBOE UHCAO o (X) Takoe, 4TO X He

conepures 8 X . Ouesuano, o (x) nepsoro popa. Ilycts ap=a (xg)==yp+1

©CTh HaHMeHblee cpely BceX uHcea o (X), MOCTPOCHHBIX A/Is1 BCeBO3MOWKHBIX X ECA.

Toraa Ang. Tak kak x, He colcpxkurcs B Xv+1' TO X, eCTb TO4YKa JOKa/b-

HOH KOMIAaKTHOCTH MNpPOCTPAHCTBA X, a C/IeloBATeNbHO, M 3AVKHYTOTO B 3TOM

rpocTpancTBe MHOMecTBa A.
YcnoBue gocrarouyno. Tak kak nocaeluuil Biuer Xp npoctpancrea X

€CTh 3aMKHYTOe MHOMECTBO, He COJepxallee TOYCK JIOKAJAbHOM KOMIAKTHOCTH, TO
U3 HaWero yCaOBusl ClefllyeT, yTo X ==A, 4T0 ¥ TpeGoBanoch A0KA3aTh.

BuiseeM U3 OKa3aHHLIX Pe3yJbTatoB CJCAYIOLICE MpeLioXKeHHe:

Teopewma 33. Jan moeo umobet cuemmnoe muosxcecmeo M, aexcaujee 8 xom-
nakme ®, 6o120 muoxcecmeos muna Gy 8 @, neobxodumo u docmamoyro, emobot M
GbiA0  pa3posnenmoin (M. e. He CO0epias0 Henycmozo RAOMHO20 8 cebe nodmHo-
aecmsa).

B camom gene, ecim M pa3posHeHo, TO BCSIKOE HEMYCTOE MOXMHOKECTBO MHO-
kectBa M collepiHUT H30JHMPOBAlIHBIE TOYKH, SBASIOHMECS, OYCBMAHO, TOYKAMH
Jokannuoit KomnaktHocrd. [losTomy, B cuny Teopemel 32, mMHO:kKecTBO M NpHBO-
AuMO, a No3TOMy, no Teopeme 31, sBAACTCS MHOXecTBOM Gig.

OGpartio, ecan cuerroe muoxectso M ectb Gy 8 @, 10, OyAyun (kaK BCsAKOE
CUETHOE MHOXECTBO) M MHOXCCTBOM £, oHO mpupogumo. Ilycr, Tenepn A—nnor-

Hoe B cebe mojmuo:KecTBo MHoxcectBa M; nokawxeM, uro A mycto. Tak kak sambl-
xaHue MHokectBa A B M Takke mAOTHO B cebe, TO MOMHO C €CaMoro Haiana
npeanoaoxuTb, uto A samxnyro 8 M. Tak xak M npuBoaumo, 10 A cojepmur
TOUKY JOKaJbHOH KOMIAKTHOCTH Xy. IlycTb U (%p) =TI ecTb oKpecTHOCTb TOUKH X,
€ KOMNAKTHHM 3amblKauHeM [1') 4. Tak kak T' (Kak oTKphITOE NOAMHOMCCTBO IUIOT-
noro B ceGe Muoxectsa A) nuotHo B cebe, To U xomnaxT [I']y we conepxut nzo-
JHPOBAHHLIX TO4CK, a IIOTOMY HMMECT MONIHOCTb KOHTHHYyMa, YTO NPOTHBOPeuuT
ToMmy, uto [I']1 ecTb mogmuokecTBo cueTnoro muoxecrsa M. Teopema 33 nokasaua,

*) Cpeiu BCCX NOPSAKOBLIX HYHCEA o < @y UETHBIMH» (T. €. AOTYCKAalOUHHH
npeicrasieHne BHEA a=2r|, rae T]—'KaKOC‘Hyﬁyﬂb NOPARKOBOE UMCHO < W)
ABASLIOTC BCE YMCJAAa A BTOpOro poad, A < @y, W BCE yucJa NEpPBOTO PUAa BHiA
?\/—i‘2ﬂ, rae A— uyucio BTOpOro poja, L < W3, a4 N— HATYPaAAbLUOC YHCAO. B canom
Aedne,

A=2A, A4-2n==2(L4n).



I’ rasa wecmasn

YCJIOBHA THNNA KOMNAKTHOCTH U METPU3ALUA
TONOJIOTMYECKHUX TPOCTPAHCTB

§ 1. bukoMnakTHbie APOCTPAHCTBA

B rnase 5 Oouto pokasano (teopeMa 8 § 1), wro KomnakTHOCTHL
METPHYECKOTO NPOCTPaHCTBA BIOJHE XapaKTepH3yercsi TeM, YTO
B 1aHHOM DPOCTPaHCTBE BhIIONHEHa TeopeMma Bopens—Jle6era. Hpy-
FHMH CJI0BaMH, CBOHCTBO, COCTaB/AIONLEe YTBEPKIeHHE ITOH TeopeMbl,
MoXeT ObITb MPHNATO 3a ONpejeSieHHe KOMNAKTHOCTH METPHYECKOTo
npoctpaHcTea. [lepenoca 370 ke CBOHCTBO Ha TOMOJOTHYECKHE MpPO-
CTPAHCTBA, Mbl TOJiyyaeMm cJepyloliiee OCHOBHOE

Onpenenenue 1. Tononoruueckoe npoctpanctso X Haswl-
BaeTCH OUKOMNAKMHBIM, €CJH BCSKOE ero OTKPHTOe MOKpHITHE CO-
JEP/KUT KOHEUHOe MOJNCKphITHE,

Teopema 8 ri. b Moxer Tenepb OblTh cOpMyJHpPOBaHA Tak:

Jlaa mempudeckux npocmpancms nonamue GUKOMNAKMAHOCMU CO8NA-
dJaem ¢ noRAMUEM KOMNAKMHOCMU.

Tononoruueckoe npocTpancTBo X HA3LIBACTCH KOMNAKMHbIM, €CIH
B HEM Kaxjoe (GECKOHEUHOe MHOXKECTBO UMEEeT NpelesbHYIO TOUKY *).

3ameyanune 1. M3 xOMOaKTHOCTH TOMOJOIHYECKOTO NPOCTPAH-
ctBa X, BooOLle roBOps, HE CAEAYeT, YTO KaXKjas 6eckoHeuHas mno-
CJIel0BATENBLHOCTE TOYEK NPOCTPAHCTBA X COAEPXKMT CXOAAILYIOCS
HOANOC/eIOBATEILHOCTb: CYLIECTBYIOT NPHMEpHI KOMNAKTHBIX (M On-
KOMNAKTHBEIX) Xaycnop(OBLIX NPOCTPAHCTB, B KOTOPLIX HET HU OJHOI
HECTALHOHADHOH cXopdlleiica nociefoBatejsbHocTd (cM. § 4).

JlokaxeMm, 4T0 CBOACTBO KOMBAKTHOCTH TONOJOrHYECKOro MNpo-
crpancTBa X SKBHUBAJEHTHO KaXIOMY M3 CJEAYIOHINX CBOHCTB:

*) Muorne aBTOpPHl Ha3LIBAIOT KOMAAKTHHIM TOMOJOTHUCCKHE NPOCTpaliCTBa,
GUKOMITaKTHBIE B HalweMm CMbicie. 3Ta TepMHIIONOrHsS ONpaBAaHa TeMm, uTO aHa-
JIOTOM KOMNAKTHBIX METPHYECKHX RNPOCTPAHCTB  CPeiHM  TONOJOTHUECKHX Npo-
CTPAHCTB JeHCTBHTENbHO ABJSIIOTCH OHKOMIIaKTHhLIe HpOCTpaHctsa. B 3roit
KHUTE, ONHaKo, Mbl OyleM NpHAEPHKBBATBCA HKCTOPHYECKH CJOXHBILeficd Tep-
MHHOJIOTHH (CM. 3aMeuaHHe 2 K Tenpeme 2).
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6) Bcfixaa nocnefoBaTesIbHOCTh HENMyCThIX yGBHIBAOIMX 3aMKHY-
THX MHOXE€CTB

O,o0,=2...20,=2... (1)

npocTpancTsa X MMeeT HeNycToe nepeceuenve.

B) BeAkas cuertnas cucreMa OTKDPBITHIX MHOXKECTB, ABJAOMIAACH
TIOKPBITHEM NPOCTPaHCTBa X, COAEPKHT KOHEUHYIO NoJcHCTeMYy, 06-
JIaJalolllylo TeM ke CBOHCTBOM *).

Hokaxem npexpae Bcero, 4To BCAKOE KOMIOAKTHOE TOMOJOruue-
CKOoe npocTpaHcTBO - obsanaer ceoficrBom 6). Ilycts pana nocneno-
BaTeNbHOCTb (1) HemycTBIX 3aMKHYTBIX MHOXecTB. Ecau Bce MHO-
xecrsa (1), nauunas c HexoToporo, noaoxum c @,, coBnapawor

w

Mexay cobot, To n ®,=®,. Eciyd Ke HET TaKoro m, TO JErko
n=0

BHUIGJHTh M3 nochenoBartesabnoctd (1) GeckoHeunyio noanoc/enosa-
TEJLIOCTb, BCE 3JEMEeHTHl Kotopoil pasauunbl. Ilpennonaras, uro
3TOT BHIGOp YKe cnenad, cuurtaem, yto sce @O, B (1) pasauunui,
bepem ana kaxaoro n Touky x, € O\ D,.,. ITonyyenroe Gecko-
HeuyHoe MHOXecTBO M == {x,} umeer, N0 NPEANOIOKEHHIO, NIPEALbLHYIO
Touky §. Touka & npunapnexur Bcem (., Tak Kaxk ec/iu Obl OHa He
TpuHajeKana, Hanpumep, muoxectsy @,, 1o okpectHocth X\ D,
Toukd § cojpepxKana Obl /ilUb NEpBblE m TOYEK X,, BOIPEKH TOMY,
yTo E—npefenbHasi Toyka MuoxectBa M.

O6patHo, ecnn npocrpaHcTBo X He KOMOAKTHO, TO B HeM Cy-
mecrsyeT GecKoHeyHoe MHOXKecTBO M, He uMeiollee HY OAHOH mpe-
aenabHO#t Touku. Depst cuetHoe nopmuoXecTBO M, <= M, cocrosiiee
U3 ToYeK

Koy Xpyovvy Xpy ooy

u nonaras @,=[M,], M,={x,, %,4y, --.}, DOAyunM yOGHIBAOLLYIO
N0C/IeJOBATEbHOCTG 3aMKHYTBIX MHOxecTB @,, uMeolyi0 mycroe

o

niepeceverne. B cavowm nese, eci Gul cymectsosana Touka x € () @,
n=1

To Mo6Gas OKpPecTHOCTh TOUKH X fiepecekasach Obl CO BCEMH MHOXKe-
crBamu M, M, cleloBaTeqbHO, cojepxaja Obl GeCKOHeYHOoe 4YHCJIO
TOYeK MHOXecTBa M, =={x,, X, ...}, T. €. X ABJAIaChL Gbl Mpere/in-
Hofi TOukoH MHoxkectBa M,—rnporuBopeuue. Mrak, cBoficTBO KOM-
IIAKTHOCTH (CBONCTBO a) ) SKBUBAJIEHTHO CBOHCTBY 6).

Jokaxem Temeph, uTO cBOiHCTBA 0) U B) 3KBHBAJEHTHB MEXLY
co6oto. Ilycte cmoiictBo 6) BhinoaHedo. PaccmorpuM Kaxoe-HUGYIb
nokpeiTie 2 mnpoctpancTBa X, COCTOfllee M3 CYETHOIO YHCAA

*) B stoit HoMenkJ/1aType cBOACTBOM a) yZOOHO Ha3BaTb CaMmoO CBOHCTBO KOM-
TWaKTHOCTH.
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OTKPbITBIX MHOXXeCTB ;
Gy Gpoovny Gy - @)

Monoxum T',—G,U...UG,, ®,—X\T,. Torna umeeM cueTnyio
10C/1e10BATENbHOCTh YOLIBAKINUX 3aMKHYTBIX MHOXKecTB (D, ¢ nycTEIM
nepecevenueM. IToatomy cpeiu muoxects (D, umetorca nycrsie. Iyers
®,=A. Torna I',=GyU ... UG,= X u {G,, ...,G,} ecTb HcKomas
nojcucreMa cucteMsl (2). OGpatiio, nycTb cBoicTBO €) HE HMeeT
MecTa, TaK 4TO HEeKoTopas ilocjeioBaTenbHOCTb (1) HemycThix 3am-
KIYTHIX MHOXECTB HMeeT InycToe iiepecevyende. Torpa, nogaras
G, == X\ D, BuANM, uTO cHcTeMa (2) mokpeiBaeT npoctpductso X.
Ecan pana xoseudas noacucrema {G,, ..., G,,S} cucteMn (2) u

m<...<ns 10 G, =.. .EG,,S, TaK uto G, U.-. UG,,S -= Gns¢X,

1 yCJOBHE B) HE BBINOJHEHO.

M3 nokasanHoro BbiTekaeT mepBoe YTBepXKjieHue CJAepyomlei
TeopeMbi:

Teopema 1. Beakoe buxkomnakmuoe monosoeudeckoe npocmpar-
cmeo Komnakmwuo. ag npocmpancme o cdemHold 64300 norAmus
KoMnakmuocmu u bukomnaxmuocmu cosnadqiom.

OcraeTcsi foKa3aTb, 4YTO BCAKOE KOMMAAKTHOC TOMNOJIOTHYECKoe
npoctpanctso X co cyeTHoH 6asoil GukomnaktHO. IlycTs == {Gg)
€CTh CHCTEMA OTKPHITBIX MHOKECTB NMpOCTPaHCTBa X, NOKPLIBAOMIAS
3T npoctpauctBo. B cuay sropoil teopemsl JInppeneda (§ 7 ra.4)
M3 CHCTeMbl X MOKHO BbIJIeIUTh CUETHY!O FofcHcTeMy X, MOKpHI-
Batoiyto npoctpadctso X. CorsnacHo YyC/OBHIO B) (BbIIOJIHEHHOMY
B CHJY KOMMAKTHOCTH mpoctpaictBa X), W3 Z, MOXHO BBIAC/IUTH
KoHeuHoe MNOKpHITHE X, KOTOpoe K SBJIAETCA HYKHOH HaM KoHeu-
Hoil nopcHcTeMol cHCTeMbl X. '

Onpeneanenre 2. Touka § Tonosornueckoro mpoctpanctsa X
Ha3bIBACTCA MOUKOU NOAH020 HAKONAeH U JaHHOTO MHOoKecTBa M = X,
eciu mnepeceyeHdHe MHoxecTBa M ¢ J0G0H OKPECTHOCTBIO TOYKH §
HMEeT Ty ’Ke MOUIHOCTb, YTO H BCe MHOMeECTBO M.

JlokaxeM Tenepb CJe/lytolLYI0 OCHOBHYIO TeOpeMy:

Teopema 2. Cgolicmeo 6UKOMIAKMHOCMU MONOAC2UYECKO20 NPO-
cmparcmeéa (KoTopoe HasoBeM cBolcTBOM (B)) axsusascamno
Kascdomy u3 caedyioujux ceolicma:

CeofictBo (A). Bcakoe OCecxoneunoe muoscecmso M umeem
6 npocmpancmee X xomsa 0ot 00HY MOUKY NOAHO20 HAKONACHUSR.

CsoiicrBo (B). Bcakaa enoane ynopsdouennas cucmema He-
nyCmolx YObIBAIOUUX BAMKHYIMbIX MHOMCECT 8

O, =20,=2...20,=2... 3)
npocmparcmea X umeem Henycmoe nepecederue.

JokasartenbcTso. HasoBem kakylo-1ubo cucteMy MHOMKECTB
yernmpuposannol, ecay moGoe KOHEUHOe YHMCA0 MHOXECTB, SIBJISIO-
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IMHXCA 3JeMEeHTaMH 3TOl CHCTeMbl, HMEeT HenycToe MepeceyeHHe.
Beensn sTo omnpejenedne H MOMHs, YTO OTKpPLITHE W 3aMKHYTHE
MIIOXKECTBA FpOCTpaHcTBa X ABJAIOTCA B3aHMHO AONOJHHTE]bHBIMIE
¥ YTO JOMOJIHEHHE K CYMME MHOKECTB eCTh mepeceueHue JOMoJHeHUiT
K 3THM MHOKECTBaM, a NONOJIHEHHE K fepeceyeHHio MHOXKECTB ecTh
CYMMa JIONONHEHHH K STHM MHOKeCcTBaM, Mbl 6e3 Tpyna y6exjiaeMcs
B ToM, uTo cBoiicTBO (B) (T. €. cBOHCTBO GHKOMNAKTHOCTH MPOCTpPAaH-
ctBa X) SKBUBAJEHTHO CJelyiouiemMy CBOMCTBY:

CsoiictBo (B'). Beakas yermpuposanHas cucmema 3aMKHYMbLx
mroxcecme npocmpancmea X umeem Henycmoe nepecedexie.

ITosaToMy pocraToyHO N0OKa3aTh, UYTO

(A)—(B)—(B’), (B)—(A)

(rae crpesxa osHauaeT Jorpueckoe ciaejoBaHue).

(A) —(B). IlycTs nana Bnosne ynopsjaoyenHasi CHCTeMa Hemyc-
THIX 3aMKHYTHIX MHomecTB (3). Ecim Bce saeMeHTH cuctembl (3),
HauuHast ¢ Hekortoporo (D,, COBnajalT Mexuy co6ow, TO U mepe-
ceyeHne BCEX 3JieMEHTOB cucreMbi (3) pasuo sTomy @, u noromy
Henycro. Eciu B cucreme (3) 3a kaxaniM D, creayer Mg~ Dy, TO
U3 (3) Jerko BoliedseTcs KondpHHAMbHAS NOXCHCTEMA, COCTOAILAS M3
noilapHo pas3auuyHnix MHOKecTs, Ilpenmosaras, 4To 3TOT Repexof
K KoH(bUHAJBLIIOH NOACHCTEME Y:KE BbINIOJHEH, MOXKIO NPeINo.10/KHTb,
yro Bce O, B (3) Mexny cofoto pasauuusl. B stoM mpeamnoioxexHnn
MO’KHO CHOBAa BBIIEJAUTH MOJCHCTEMY cHcTembl (3), KoTopoil Bca cuc-
Tema 6bla Obnl KoHpHHAAbHA U KoTopas uMmena Obl HaHMeHbIUWH
BO3MOXHBIl MOPSIAKOBHA THy. 3aMeHHB BCIO CHCTEGMY TAKOH IOjICHC-
TEMOH, MOXHO TMpeAnoJoXuTh, 4YTo cucrema (3) He KoHuuaahbHa
HUKaKOW MojicHCTeMe, FNOPSAKOBHIA THR KoTopoil 6bl1 Obl Meubiue,
yeM NOPAAKOBBIN THA Bcel cucteMmsl (3). Ho Toraa unopsixoeslit T
cicrembl (3) ecTh Hayaabloe (jlaxe perysspHoe) NOpPAIKOBOe YHCIAO
;. Hrak, Mel MoXKeM MpeamosioKHTh, YTO clicTeMa (3) UMEeeT HopAx-
KOBBIfl THIT ©; W COCTOHT W3 IMONAapHO PaszTHUHBIX MHOKecTB. Bo3b-
MeM Tenmepb B KampoMm K3 MHoxecTB (D, N\ (D, ,; MmO Touke x,. Mo-
wectBo M Bcex oToGpaBNBX HAMH TOUEK X, WMEeT MOIIHOCTL &;.
[lyerh £—r1ouka nmosnoro Hakomniaenust miokectsa M. Touka § Bxo-
aut B mepeceyenne peex Oy, Tak Kak ecau Obl oila He ConepKa-
Jach, Hanpuvep, B Mioxeetse Mz, To X\ Py Obl10 6L OKPECTHOCTHIO
TOUKH &, copepKauied NHUlb TaKHe TOUKH Xq, IJS KoTopulx o < f.
[o Tak Kak nopsiKoBbiii THI CUCTeMB (3) €CTh HaYaiblioe YHCIAO O,
TO MHOKeCTEO My TOUeK Xy, o <, HMEeT MOILHOCTb, MEHBLUIYIO yeM
mouHocts & BCero MHoxecrsa A, UTO NMPOTHBOPEUYHT NPEANOJ0Ke-
HiiK0, yTo § ecTh TOYKA NOJHOro HaKomieuus muoxkectsa M.

(B)—(B’). Ilpennonaras (B) BepHbM, NPHBEASM K NPOTHBOpE-
uuio mpennosoxenue, udro (B') uesepno. Ilycrs &; ecth uanmerns-
iee (oyeBHpHO, GeCcKoHeYHoe) KaplMHAALHOE YKCJAO, 15t KOTOPOro
CYU1eCTBYeT LeNTpHpoBailias cucTeMa X MoluocTH &, cocTOsULAA
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W3 3aMKHYTHIX MHOXKECTB C MNYyCTHIM TlepecedeHueM. [IpepcraBum
cucteMy X B BHJE BIIOJIHE YNOPALOYEHHOH CHCTEMBl THHA Oy

S={F, Fi .oy Far.. .}, @ < 0.

OGo3naunM uepes @, nepeceuenue Bcex Fy ¢ B < a. Tak Kak ™oui-
HOCTb MHOXKeCTBa TakuxXx Fp MmeHblie ueM N, TO U3 onpeje/eHus
Kap/iuHajbBOro uyucnaa &, BbiTekaer, uto kaxioe O, a < ©;, Hemyc-
to. Tak kak mHoxecra @, yOblBalOT, TO UX NepeceyeHHe, OUEBUHO,
coBnajaolee C mepeceueHueM BceX [, HENyCTO, BOIIPEKH onpeje-
JIEHHIO CHCTEMBbI ..

(B) — (A). Hano noxasats: ecnu (A) HeBepnio, To 4 (B) HeBepHoO.
o ecau (A) HeBepHo, TO cyuecTByeT GecKOHeuHoe MHOXecTBO M,
He HMeiolllee HW OJHOM TOUKM noJiHoro Haxonnenusi. CrenoBaTenkbHo,
Kakaas Touka x € X umeer okpectHocTh U(x), mnepecekamolyiocs
¢ MHOXeCTBOM M TIO MHOXeCTBY, MOUIHOCTb KOTOPOTO MeHblie, ueMm
MOIHOCTb MHOXKecTBa M. Brifepem maf Kaxaoh Touku x € X Takyio
okpectHocTh U(x) u 0003HAYUM [OJYYEHHYIO CHCTEMY OTKPBIThIX
muoxecTB uepes 2. Ilycts

Uy ..., U,

— gKakas-Hubyib KOHeYyHass nojcdcTeMa cHCTeMbl 2. Tak Kak woll-
HOCTb KaxJoro u3 muoxects M NU,; 1<Ci<(s, Mmeubiile MOUIHOCTH
BCcero MHomxecTBAa M M UNCAO 3ITHX MHOXECTB KOHEYHO, TO HX
CymMma He MoXeT ObiTh paBia BceMy MHOxecTBY M (Ha OCHOBaHMH
Teopembl 24, § 6 ra. 3). [losToMy HHKaKas KOHeYHas MOJCHCTEMA
CHCTEMBL 2 He MOXKET NOKpPBIBATL BCe - MHOXeCTBO M u Tem Gosee
Bce npocrpancrBo X, T. e. cBoiictBo (B) B mnpoctpanctne X me
BBIIO.THEHO.
Hama rteopemMa no/aHOCTBIO AOKa3aHa.

3ameuanue 2. Tak Kak A1 CYCTHBIX MHOKECTB NOHATHE TOYKH TIOJIHOTO Ha-
KOIJICHHS COBNAaeT C NOHSATHEM Npe/iebHOll TOUKHM H TaK Kak Besikoe Geckoueynoe
MHOMCCTBO COJAEPHHT CUCTHOC NOJAMHOKECTRO, TO CBOHCTBO KOMIIAKTHOCTH TONOJOLH-
4eCKOFO [IPOCTPAHCTBA MOKeT ObiTh BLIPAaMKCHO B TaKo# ¢opwme:

Csoifictso a). Bearoe ciemroe muonecmeo M umeem no kpadned mepe odny
MOYKY NOAHO20 HAKONACHUA.

ITosromy, eciu 6bl Mbf COTJACH/IHCH B NPHMCHEHHM K TOIIOJOTHUYECKHM NPOCTPaH-
CTBAM TEPMHH «GUKOMIAKTHBI» 33MCHHTHL TCPMMHOM ¢KOMITAKTHBII», TO KOMUIAKTHEIE
(B OGLIYHOM CMbICJIE) TONOJAOTHYCCKHE NPOCTPAHCTBA Obiji0 Obl CCTECTBCHHO HA3LIBAIL
CKOMTIAKTHBIMU 1S MOULHOCTH &g». B CBfI3H ¢ 3THM eCTeCTBCHHO BO3HMKAIOT HOHs-
Tusl (MHHIHMAJALHOI) KOMITAKTHOCTH BIJIOTH A0 AAHHOH MOIHOCTH 0 == ¢ H (PuHaAL-
HOH) KOMMAKTHOCTM Hauuuas c AaHHOi mounoctH . [Ipoctpanctso X nasniBaercst
HHUI{HANBHO KOMIIAKTHBIM JIO JaHHOH MOILHOCTH 0 == &y, €CJH BCAKOE OTKPLITOE
NOKPHITHE MOLLHOCTH WM <I( CONEPXKUT KOHeuHoe MOAMOKpPHITHE HpoctpaHctBa X.
C ppyroit cropount, RpocTpaHcTBo X Haspiaercsd (HHAJNLHO KOMNAKTHBIM HauuHast
€ JIAHHOH MOIIHOCTH (I, eC/IH BCSIKOC OTKPBITOS MOKPHITHE mpocTpaHcTBa X, umeioliee
MOU{HOCTD > (I, COAEPIKHT MOAMNOKPHITHE MPoCTpaHCTBA X MOIIHOCTH << d.

YeNoBHe MHMUHAILHON KOMITAKTHOCTH SKBUBAJACHTHO yciosuam (Ag) u (By),

aHaaoruuHbIM yeioBHaM (A) u (B) 6uKoMIaKTHOCTH.



§1} BUKOMITAKTHBIE NMPOCTPAHCTBA 243

Has dunanbHOW KOMNAKTHOCTH Takasi SKBABANEHTHOCTh, BoOONle TOBOPS, &e
uHMeeT Mecta (cM. Mumenxo [1]).

DukoMnakTHHiE NPOCTPAaHCTBA OJHOBPEMEHHO AHRIMANLIO KOMNAKTHE BNJOTL
RO JmoGofi MOIMHOCTH M (HHANBHO KOMNAKTHH Hayunaa ¢ Jw6oi moumnocts U
{otciona n TepMun «GHKOMNAKTHBI»).

3ameuanne 3. Ilpoctpancteo W (®,) Bcex mopsiakoBeIX uncen
< @, KomnakTHo. [lelicTBUTENbHO, BCAKOE OECKOHEYHOE MHOMKECTBO
M= W (0,) conepkuT, KaK Jerko BHIETb, CUETHYIO IOCJICAOBATE /b=
HOCTL CTPOFO BO3PACTAIOUIMX HOPAAKOBBHIX YHCEJ

Qgy Cyy eny Qpy ove

IlepBoe uncno, Gosplllee ueM Bce 3JEMEHTH 3TOl TOC]ENOBaTe/b-
HOCTH, fiBJfAeTCA ee npefejoM (cM. § 3 ra. 3) W 3HauuT, npenedib-
HOH Toukoi Muoxectsa M. Onxako npocrpanctso W (w,) He GikoM-
NaKkTHo: BCsAKUA MHTepBad Buia (u; B), a <P < w,, ecrb ue Gonee
4eM CYETHOE MHOMKECTBO, NOITOMY HHUKAKOE HeCueTHOe MHOKeCTBO
ne wMeer B npocTtpaHcTBe W (w,) TOYEK TIOJHOrO HAKOMJEHHSA.
B nporuBonojoxHocTe 3TOMy npoctpaHctBo W (o, - 1) Beex nopsa-
KOBbIX 4YHCeJ < ®; OHUKOMMNAKTHO: BCAKOE HECYETHOE MHOXKECTBO
9TOr0 MNPOCTPAHCTBA HMeeT (€IMHCTBEHHYIO) TOUKY NOJHOTO HAKOMN-
JIeHUfA, M TAaKOH TOYKOH fABJAAEICS TOUKA .

Cpeau O6GHKOMDAKTHBIX TOMOJOTHYECKUX MNPOCTPAHCTB Haubosee
Ba)KHBIMH AIBAAIOTCA OHKOMNAKTHBIE XaycZopdoBbl NPOCTPAHCTRA,
Ha3biBaeMble npocto OGukoMnaktamu *). MMy MBI U GyjeM riaaBubIM
obpasom 3aupmatbes. Ilpu sTOoM HaM nonano6aTcs JBe NpoOCTbie
JIEMMBI,

Jlemma 1. Bcakoe samxuymoe mnosxcecmeo M, sexcauiee 6 6u-
KOMNAKMHOM Mmonosozudeckom npocmpancmee X, ecmo OUKOMNaKM-
HOe MONn0AOUMECKOe NPOCMPAHCmao (8 4aCcmHOCMmU, 3AMKHYMOe MHO-
aicecmeo, aexcauiee @ Guxomnaxme, ectnb BUKOMNAKm).

B camom gedne, JioGoe GeckoHeunoe MHoxectBo M < @ umeer
B X TOYKY MNOJIHOTO HaKOIJIEHHS §, KoTopasi, B CUJAY 3aMKHYTOCTH
@, nexur B M, oTKyna U caegyer OMKOMNAKTHOCTh (D *%),

JlemMma 2. Ecau M <= X ecmo 6ukomnaxmuoe npocmpancieo,
mo ecaxana cucmema Z={Iy} omkpumex 6 X mnoxecms,

*) Utak, Besikoe GHKOMNAKTHOE NPOCTPAHCTBO KOMMAKTHO (T. €. GUKOMNAKT-
HHIE TIPOCTPAHCTBA SIBASIOTCA HACTHBIM C1y4aeM KOMNAKTHBIX), HO KOMMakTul (T. e.
KOMNaKTHble MCTPHUECKHE TTPOCTPAHCTBA) 06Pa3yloT 4acTHHIA CJayyalh GUKOMIIAKTOB
(T. e. GHKOMIIAKTHLIX XaycAOP(POBEIX NMPOCTPAHCTB).

**) Moxno, KoHeuno, BBIBECTH 3TO nNpejjoxenne H u3 coiictBa (B): nycrs
ZaHa cucTema I OTKpuITRIX B @ MuoxecTs G; Gepem OTKpHIToe B X MHOMCCTBO
I‘a TaK, utobm 6o O, =G,; mnoxecrsa I, u muoxecreo I'== X\ @ 06-
pasyloT cuctemMy X', NOKPHIBAIOWYI0 BCe NPOCTPAHCTBO X; GepeM KOHEUHYIO Noj-
CHCTEMY O CHCTeMbl X, TaK/KC NOKPHIBAOMYIO X; NEepPeCeYcHHs 2.]1eMeHTOB CHCTEMb! O
¢ MHOXecTBoM @ 06pa3yloT ICKOMYIO KOHEUHYIO HOJACHCTCMY CHCTCMbI Z, NOKDHI-
Baiouylo Mnoxecrso @,
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noxpewsatowias M, colepscum  KoHewnyw nolGcucmemy X, maxoce
noxkpotsarowyro M.

HNokasateabcrso. Cucrema o={MnNTI,}, B cury OGuxowm-
nakTHocTd M, CONepKHT KOHeuHyIo mnoacucteMy o, ={MnNl,, ...
.-+, MQNTq}, nokpusaomyo M; noncucrema Zy={l's , ..., T}
cucteMsl 2 TeM GoJjiee nokpHBaer M, uTo M TpefoBanoch ROKA3aTh.

Teopema 3. Bcakoe xaycdopgoso OuKOMNAKMmMHOe NPUCMPAH-
cmgo X HOpMAAbHO.

JoxkasaTteabcTno. Jlokaxem cHawajga, uto OGukoMmakt X
FIBJISLETCS PEryJsipHbIM MIPOCTPAHCTBOM, T. €. YTO JUIf KaXKIOH TOuKM
x€X W .KaxKIOro He COAep:Kallero 3Ty TOYKY 3aMKHYTOrO MHOXKe-
ctBa Bc X MoXHO HaiiTH Hemepecekawouuecst okpectHoctd U (X)
u U (B). llas sToro BosbmeM Henepecexawomuecs okpectriocty U, (x)
u U (y) Toukn x u mo6oit Toukn y€ B. Korga y npoGeraer Bce
MiuoxecTso B, To oToGpauuwse Hamu U (y) nokpusaor B. U3 snemm |
u 2 crepyer, 4to cyiecTtByeT KodeuyHoe uducao atux U (y), nycTs

U - Uy,

KOTOpble TaKxe TMoKpbiBaloT Bce B. BospMem coorBeTcTBYyIOlLKE
U, (x), ..., Uy (x). Ux nepeceuenue U (x) He uMeeT OGLIHX TOYeK
¢ eymmoit U (B)=U (y,)U ... UU(y,).

ITyets Teneps A u B-—7Ba HemepeceKaloOUUXCA HENYCTHIX 3aMK-
HYyTHIX MilOxecTBa 6UKoMmnakTa X. Jlis Kamiaofl Touku x€ A BO3b-
MeMm mapy Hemepecexawluuxcs okpectdHocted U (x) u U, (B) Touku x
‘MU MHOXKECTBA B, CyeCTBYIOILYI0O B CHJY YXKe JOKa3aHHO# pery-
asipiocTH wpocrpadersa X. Korpa x mpoferaer Bce mioxectso 4,
To oroGpasHble Hamu U (x) mokpsiBaioT MHoxectBo A. 3unaumt,
CYLLECTBYeT KoHeyHas CHCTeMma

U@ o0 Ux)

3THX MHOXECTB, TAKKe€ [OKphbIBaIOad MHOXeCTBO A. Muoxectso
U(A)=U(x)U...UU(x,) ne umeer o6UIHX TOYEK C lepeCeuCHHeM
UB)=U,B)n...NU, (B). Takum o6pasom, mMHOXKecTBa A 1w B
uMeloT Henepecekamwoluecs okpectHoctH U (A) u U (B), uto u Tpe-
60Bajioch A0Ka3aThb.

[Tyers, Temeps X -—KoMnakTHOe XaycnopdopBo MPOCTPAHCTBO CO
cucrioii 6aszoii. Ilo teopeme 1 mpoctpancrso X GHKOMIAKTHO, 1O
TOALKO YTO JIOKA3aHHOMY —HOpMajbio, B KayeCTBE HOPMAILHOTO
[pOCTpPAlCTBA CO CcUeTHOi Gasoit X -—wmerpusyemo (cm. § 8 ra. 4,
ncpBasi MeTpPH3aUHOHIAs Teopema ¥ peicoHa). OGpaTHO, BCAKOE KOM-
NaKTHOE METPH3yeMOe MPOCTPAHCTBO ABJAACTCH GHKOMMAKTHLIM XaycC-
JophoBbIM [IPOCTPAHCTBOM CO CueTHOH 6a30f.

MTak, Mbl jl0Ka3zanu caefyiomylo Teopemy:

Teopema 4 (BTopas MeTpH3aillMOHiias Teopema Ypoicona). s
mozo umobbt Komnakmuoe (8 4acmuocmu Guxomnaxmroe) xaycOop-
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oo npocmparcmseo 6GeLr0 Mempusyemo, Heobxodumo u docmamouro,
umobst OHO UMeno ciemHyo 6a3y.

Takum oGpa3oM, KOMIAKThl C TONOJOrHYECKOH TOUKH 3peHus
CYTh HE YTO MHOe, Kak GUKOMIaKThl, UMewulie CYeTHY 6asy.

3ameuanue 4. Heo6xomumo umers B BHAy, uTO (B OTJHYHe
OT METPHYECKHX NPOCTPAHCTB, B KOTOPLIX CYHIECTBOBAHHE CYETHOIO
BCIOZY MJIOTHOIO MHOXECTBA JKBUBAJEHTHO HANHYMIO CUETHOH 6Gasbl)
GUKOMAAKT, COjlepKaLIMi CUETHOE BCIORY NJIOTHOE MHOMKECTBO, MOMET
eule He MMeTh cueTHOH 6asbl. IlpHMEpOM Takoro GHKOMIAKTA MOXKeET
CNYAUTh paccMoTpeHHoe B § 4 ra. 4 MPOCTPAHCTBO «IBYX CTPENOKD.
YnopsioueHHoe MHOMECTBO, Ha KOTOPOM OIpefieseHO NPOCTPAHCTBO
«IBYX CTPEJIOK», HMeeT NepBblH M NocjenHuit ajeMeHTH. Bce ero
cofcTBeHHble CEYeHMst, OYeBHAHO, ABJAKTCA ckaukamu. Ilostomy
OGHKOMIIAKTHOCTD «ABYX CTPEJOK» BHITEKAET U3 NPHBOIMMOIO B KOHIE
3TOro naparpada Kputepus OHKOMAAKTHOCTH YHOpPSAOYEHHBIX mHpo-
CTPAHCTB.

3ameuanue 5. Cnepyouiee npeinoxenue 3HAUHTEILHO YCH-
JuBaeT yTBep:KjeHue 3amedaHua 1 K teopeme 4 § 1 ria. 5:

Teopema 5. Ecau muomecmeo @D, srescauge 8 Kakom-aubo
xaycdopgposom npocmpancmee X, agasemca bukomnaxmom, mo O
samxrymo 8 X

Mpbi cefivac pokaskeM 3HaduTenbHo 6oJlee CHIBHOE YTBEPMKIAEHUE,
JJs Yero BBejEM MOHATHE [1-3aMKHyTOoCcTH. XaycnopdoBo mpoctpas-
ctBo X RaspiBaercs H-samxnymos, ecin X 3aMKHYTO BO BCAKOM
oGbemsomeM (T. e. cojepxaiiem X B KayecTBe MOANPOCTPAHCTBA)
Xaycnopposom npoctpanctee X. MoxHO cKasaTh W TaK: NpocTpal-
crBo X HH-3aMKHyTO, ec/li IPH BCHKOM TOIOJIOTHYCCKOM OTOGpaxe-
Hud [ npocrpanctBa X B KakKoe-1HGO XayCA0phoBO IPOCTPALCTBO X

ob6pa3 fX sABAsercs 3aMKHYTBIM MiloXKeCTBOM npecrpanctea X. [lo-
KaxeM, YTO HPH 3TOM MOXKHO OrPalliuuThCA TaKMMH [1pocTpail-

crBamu X, 178 Kotopulx MHOxecTBO X\ X COCTOMT JMWIb M3 ONHOM
TOYKH E.

Ecau X —ne3aMKHyTOE MHOXKECTBO XaycaophoBa npocTpancTsa X,
To ofo3Hau¥M uepe3 § Kakyw-1u6o Touky mHoxectsa X\ X, mpe-

naeteuyio B X paa muoxecta X. Torna X 6GyleT He3amKHyTO
B npoctpaHcTBe X U§ (KoTopoe paccMaTpHBACTCSl KaK MOANPOCTPAH-
crBo npocrpaiicrBa X). Besakoe Ttakoe mpoctpanctso X UE Hasmi-
BaCTCst  00HOMOde oM (IETPHBUANBHBIM) pacuiliperueM 1IPOCTpali-
crBa X. Takum o6pasoM, H-3aMKHyThi€ IIPOCTPAHCTBA MOMKHO ONpe-
J€/MTh KaK XayCnophoBbl MPOCTPAHCTBA, HE HMEIOLULHE HETPHBHAL-
HBIX OHOTOYEYHBIX XaycaopdoBbiX paclIipeHLi.

Teopema 6. Hra moeo umober xaycoopghoso npocmparcmeo X
o0 H-3amxrymoin, HeoOXo0umo u 0ocmamouto, 4mobet 8 NPocmpar -
cmee X 6bM0AHANOCH CAedyrolyee
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Ycnosue (A): 60 ecakom omxpoinom nokpeimuu o ={G} npo-
cmparcmea X umeemcs Konewrnoe wucao ssemenmos Gy, ..., G,, 06Be-
Qunenue xomopox eciofy naiomuo 8 X.

l. Ycanosue (A) xoctatousno. [Tycrs oHo BhimoJHeHo; npern-
nosoxum, yro X HMeeT oxHoToyeyHoe pactuupenne X = X J&. Ilo-
KaxkeM, uro X 3amkuyto B X. Tak kak X —xaycaopdoso npo-
CTPaHCTBO, TO IJAs KaxAo# Toukn X € X CyUIecTByeT OKpeCTHOCTb
Ox, 3amplKaHue KOTOpPOd B fipocTpaHcTBe X He CONepKUT TOURY §,
Tak uto 3ampikaue [Ox] B X n B X o1HO U TO xKe.

B cuay BoiMoMHEHIIOTO Mo MpeANoJoKenuo yclosus (A) Hekoro-
poe Kouleghoe yucao 3tux Ox, mogoxum Ox,, ..., Ox,, uMeer obne-
JvleHie, Bcoy mnJjoTHoe B X, Tak 4To 3amkHyToe B X MHOKe-
cteo [Ox,JU...U|Oxs] cosBnamaer ¢ X, u9ro u Tpe6oBanoch
JI0Ka3aTh.

2. ¥Ycnosue (A) HeoGxoaumo. IlpeanosoxuM mnportusiloe,
T. €. YTO CYILECTBYeT TaKoe GECKOHEYHOe OTKphITOE MOKPhiTHE ® = {G}
upocTpalcta X, YTO Kaxjoe KoueyHoe noxcemeiictso Gy, ..., G
ceMCHCTBA ® UMeeT OGLeNHHEHWe, He sB/sloLLeecs: BCIOLY FJIOTHBHIM

s
B X, 1. e J[G]=#X.
i=1 _
IMoctpoum Teneps mpoctpadcTso X, NOMONHAA NMPOCTpaHCTBO X
eNMHCTBEHNON TouKOH E M oGbABJAsIA OTKphITOH 6asoil B X BCe
OTKpBITHIE MHOMECTBa INPOCTpPaHCTBA X M BCE MHOXKECTBA BHAA

s
{8y u XU |G, rre G,, ..., Gs—npousBoNbHbIA KOHEUHDIH Hadop
i=1
MHOKECTB moKpbiTHa . Ilonyuennoe npoctpaserso X xayciopdoso
(10CTATOYHO 3aMETUTh, 4TO AIf MOGOH ToukH x € X W A1d TOUKH §

noJyuiM nu3bIOHKTHBIE oKpecTHoctH Ox u Of B X, B3aB B Kaue-
cree Ox Kakoe-HHGY/b COfeprKallee TOYKY X OTKPHITOE MHOMKECTBO

G €o u nonoxus Of = X\ [G]). B 10 xe Bpems Touka § B X, oue-
BUIHO, siBJsieTcs nipenedbHoil ana X, ciegoBatenbHo, X He3aMK-

HyTo B X —rnporuBopeuse ¢ ff-3aMKHyTOCTbIO mnpocTpadcTea X.
Teopema 6 nokasana.

Ycnosue (A), xapakrepusywoouiee H-3aMKHYTOCTh, OYEBHIIO, SIB-
asietcs ocnabneHueM ycJoBHS OGHKOMMAKTHOCTH, TaK YTO BCAKHM
6HKOMIAKT ecTh H-3aMKHyTOe npocTpaHcTBo. Takum 06pa3oM, BMecTe
¢ TeopeMoil 6 Mpl [I0Ka3alu M Teopemy 5.

Mbi 3HaeM, 4YTO BCsiKMH GHKOMOAKT €cTh peryJspHoe (H Jaxke
HopMmasiblioe) H-3aMKHYTOE POCTPaHCTBO. JloKakeM o6GpaTHoe yTBep K-
JeHue: 6cakoe peeyasiproe H-samxnymoe npocmpancmseo X Guxom-
nakmno. Ilycts o = {G}—npoK3BoibHOe OTKPBITOE MOKPbITHE TPO-
crpanctBa X. [lnsi moGoi Toukn x€ X BO3bMEM Cojepkaiiee 3Ty
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TOYKY MHOXecTBO G € » M Takoe OTKphiToe MmuoxectBo I' (cymiecr-
BylOLIEE B CHAY peryJspHocTy npocrpadcersa X), uro x €= [T = G.
M3 nonyuensoro noxpeitus {I'} Bbigenum, coryiacHo ycaasuio (A),
KoHeuHoe mnopcemeiictso {I';, ..., ['(} ¢ Bcrony nJIOTHBIM oGbenuue-
uueMm. Torpa muoxectsa |I'y], ..., [I'y] u Tem Gosee comepxaiiue
WX COOTBETCTBEHHO MHOxectBa G, ..., G, u3 ® 0o6pasyioT KoHey-
Hoe 1oKpbiTHe mpocTpanctBa X. Mrak, nokasaua

Teopema 7. Buxomnaxmer cymo He 4mo uHoe, KaK peyaapHbie
H-3amxnymote npocmparcmea.

[lpuBeneM euie oAuH KpuTepHil GUKOMIIAKTHOCTH, MPEACTaBJISAI0-
muiicad HauboJee ecTeCTBEHHBIM OCOOILIEHWEM 3JeMEHTAPHOH TeopeMhl
MaTeMaTHYeCKOr'0 aHaJi3a «O BJOXKEHHBIX OTPE3Kax»:

Teopema 8. Peecyaraproe npocmpancmeo mozda u moAbKo mozda
OUKOMNAKMHO, K020@ 8 HEeM 6CAKAA HANPABAEHHAA NO BKAIOHERUN *)
cucmema n={A* nenycmoix %a-mHoowecme umeem Henycmoe nepe-
ceuerue.

Ianum aseMeHTapHoe JoKasateabcTBO TeopeMmbl 8. Tak kak G-
KOMIAKTHL TOXKJECTBEHHBl C PEeryJ/isipHbHIMH f7-3aMKHYTBIMH NPOCTPaH-
CTBaMH, TO JOCTATOYHO JOKas3aTh

Ilpeanoxenue 1. Xaycdopgoso npocmparcmaeo, 8 xomopom
ece H-cucmemor unmeiom Henycmoe nepeceserue, sceeda H-samxuymo,

HokasbiBaeM 3To npeanoxenue. I[lycts Xaycnopdoso npocrtpas-
crBo X He siBasercA f{-3aMKHYTBIM; MOKaMkeM, YTO B HeM HMeeTcs
H-cuctema §={A* c nycroiM nepeceueHueM.

Tak kak npocrpadcTBo X He f{-3aMKHYTO, TO MOXHO NpHCOe-
JHHMTL K HEMy TOYKy 2* TakuM o006pasoM, 4YTO MNPOCTPAHCTBO
X=XUz* 6ymer xaycpopjoBo, a TouKa 2z* B HEM —HEH3OJHPO-
BaHHOH.

[ycts {0*z*} —cucTeMa Bcex OKPeCTHOCTEH TOUKH 2* B IIPOCTPaH-
crBe X. 3Ta clcreMa HanpasjieHa MO BKJIOYEHHIO, NPUYEM TOYKa 2*
He u3osupoBaHa B mpocrpancTee X = X U 2*; CJeloBaTedbHO, OTKpHI-
e B X MuoxkecrBa H'= X(10*2* wuenyctol u Takke oGpasyioT
CHCTeMY, HANpaBJEHHYI 10 BKJOuYeHuio; nojaras A*=[H*|x, no-
ayunm H-cucremy E={A* B npocrpanctse X. JlocraTouio noka-

sath, uro nepecevenue {} A* nycro. B mpotuBHOM caywae mycrhb
n

%, € A* u nycts Ox,—mo6asi OKPECTHOCTb TOYKH X, B NpPCCTpaH-

cree X; Ttoraa Ox,NH*s=\ npu moGom H*—unaue Obl10 Obl

u Ox,N[H*]=A s sexkotoporo H*, utO0 HEBO3MOXKHO, TaK Kak

X, € [HMx == A*. 3nauur, u Ox,N0z*z=A ;a7 MoGOA OKpecTHOC

0 1X . ’ ) JAi p TH

*) CucTeMa MHOMKECTB 7] SIBJSETCS HANPABJACHHOI MO BKJIOYCHHIO, ©C/IH BMECTE
€O BCAKHMYH ByMs saementamu A, A’ €1 ona conepxur Tperuit A" En, Jexaunit
B Hux nepecedenun: A" = A()A". Hanpasjeunas 1o BKJIOYEHMIO CHCTEMa Hemy-
CThiX ®a-MHOXKECTB HasbiBaercsi fi-cucremoii. ’
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Ox, TOUKM X, u JoGoil okpectHocT Oz* Touku 2* B X, a 3T0 mpo-

THBOPEUMT ToMy, 4TO X ecTh XaycnopdoBO MPOCTPAHCTBO.
ITpennoxenne 1, a crnenosarteqabHo, H Teopema 8 noKaszaHa.
[pumenum Tenepb mouarue F/-3aMKHYTOCTH JUIST LOJyYeHUS CJe-

AYIOILEro KPUTepHs GHKOMMAKTHOCTH yNOPANOYEHHBIX MPOCTPAHCTB:
Teopema 9. ¥Vnopadouennoe npocmparcmeo X 6GuUKOMNAKMHO

moeda u moabKO moeda, Ko20a OHO He uMeem ueell.
HokaszateanctBo. Ecam X wumeer uiesau, To corjaacio Teo-

peve 5 § 1 ra. 3 mpocrpancrso X BKNaAbIBAeTCsi B KauyecTBe BCIOLY

NJOTHOTO MHOXECTBA B YHODPSAOUCHHOE MPOCTPAHCTBO X, rje Tou-

Kamy Muoxectsa X\ X sBasorea Bce wean Mioxecrsa X, Ilostomy
npocrpaictBo X He [-3amMKHYTO H, cJeioBaTe/lbHO, HE GHKOM-
MaKTIO.

[Mpennonoxuv Teneps, HaobopoT, uyrto mpocrpaticto X He Ou-
KomnakTio. Torja cyiiecTByer BROJHE yrnopsifoueHHas yGolBalOMmast
noc/e10BaTeNbHOCTb {F,} HENYCTHIX 3aMKHYTHIX MHOMECTB F,, 1Melo-
mas nycroe mnepeceyeHue. OGosHaunM uepes A MHOKECTBO Bcex
ToueK X € X, 08 KamIo# U3 KOTOPHIX CYLUECTBYeT TAKOe MHOMKe-
CTBO [y, UTO X < Y AAd BCAKOW Touku y € I,. Toraa napa (4, X\ A}
onpejeaser wesan. B camom nene, ecin x€A u &' <x, 70 ¥ € A.
[Mostomy mapa (A4, X\ A) ssasercst ceuenueMm. [Ipernonoxum cua-
yaja, 4ro B BepXieMm Kaacce X\ A HMEeTcst HAHMEHLUIMH 3JEMEHT Q.
IlycTs @ He nmpuHaanexxut HexkoTopoMy F,. CylecTByerT HHTEpBalb-
Has OKpPEeCTHOCTH (b; €) TOUKU @, He nepecekawowmasicst ¢ F,. Touka b
NpUHANTEKUT A, TO3TOMY OHa JIEKHT CJIeBa OT HCKOTOPOTO MIOMe-
crBa Fur. KpoMe Toro, cyilectByeT HITCpPBa/blas OKPECTHOCTH (d; €)
ToukH b, He nepecekawomasca ¢ Fo. [odoxum a’==max {a, a’'}.
Torpa unTepBaabHasi OKPeCTHOCTb (d; ) TOYKH @ HC HepeceKacTest
¢ Fur. TlosToMy TOYKa a JeXHT cJeBa OT MHOXecTBa Fo-, T. €.
a € A. J10 1pOTHBOpEYHE M HOKa3blBaeT OTCYTCTBHE MHHHMAJbIOrO
3JeMEHTa B BepXHeM KJjacce.

TlpeamosoKkuM Teneps, 4ro B HUKHEM Kaacce A uMeeTcsl MaKcH-
MaJpHBIH 37eMeHT a. Torda Todka @ JEXKHT CJeBa OT HeKOTOPOro
muoxecrBa F,. [lockonbky MuOXecTBO F, 3aMKHYyTO, CyWeCTBYeT
HHTEpBANbHAA OKpecTHocTh (b; ) TOUKH @, He mnepecekawulascs
¢ F,. Ilpy 3tOoM uuTepBa’ (a;¢) MyCT H, CJAeAOBAaTEJNbHO, TOUKA C
ABJSETCST MUHUMAJbHBLIM SJeMEHTOM B BepxHeM Kaacce (X\ 4), uro
NPOTHBOPEUUT yiKe noKasaHHoMy. Teopema 9 noxasaria.

§ 2. HenpepriBHble 0TOGPaKeHHSI GHKOMMAKTHBIX MPOCTPAHCTB

Ecau [—mnenpepoisroe omobpascerue OUKOMNAKMHO20 mONoAoRLL-
ueckoeo npocmparcmea X Ha monoaceuteckoe npocmpancmeo Y, mo
npocmpancmeo Y  Ouxomnakmuo. JlAA  NOKa3aresnbCTBa BO3bMEM
Kaxoe-1ub0 OTKpLITOE MMOKphITHE oy =={G} npoctpancrea ¥ 1 060o3-
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HAYUM UYepe3 wx MOKpHITHE mpocTpaicTsa X, cocrosiee U3 npoos-
pasoB [~1G 3/7eMEHTOB NOKPHITHH ®y. TaKk Kak »x—OTKpHITOL
NOKphITHE GHKOMIAKTHOTO NpocTpadcTBa X, TO B HEM CONEPMKHTCH
Koneulioe NokpmTHe f~4 Gy, ..., 7' G, storo npoctpaHcrsa. Torna
G,, ..., G, ecTL Koneulloé MOKPLITHE mpocTpancTtsa Y, cojepika-
meecss B (MPOH3BOJLHOM JaHHOM) OTKPHLITOM HOKPHTHH My ITOrO HpPo-
cTpancrsa. BuKOMmakTHOCTHL npocTpaHcTBa Y jloKaszaHa. BuiBeiem
43 TOJIbKO YTO JOKa3aHHOTO

IIpeanoxenne 1 (Beitepwrpace), Bceakaa Oeiicmeumenrsvras
ynkyus [, sadannas Ha Guromnakmuom npocmpancmsee X, vepaHu-
YeHQ 1 APpUHLMAem 8 HeKOmopslx mouxkax npocmpancmena X o céee
MAKCUMAABHOE, A MAKHE B0 MURUMOALHOE SHAYEHUS.

B camom 1ene, ecan [—nenpepbiBHas BeuwecTBeHHAs yHKUIIA
Ha OukomnaxkTHoM mpoctpanctee X, To fX ecTh GHKOMMIakTHOE MOI-
TIPOCTPAHCTBO WYKHCJOBOH [PsSMON, T. €. OrpPaHHYeHHOe 3aMKHyTOe
MHOZKECTBO BelHECTBEHHBIX uuces, cojep:Kauiee (B CHJY CBOeH 3aMK-
HYTOCTH) Kak CBOW BEpXHIOW TpaHb M, Tak W CBOIO HUMKHIOW
rpaub m. Econ x,€f~' M, x, €f~'m, To B TOUKaX X,, X, MpocTpai-
ctBa X ¢YHKIHS [ TpHHHMaeT CBOe MaKCHMaJbHoE 3HaueHue M,
COOTBETCTBEHHO CBOE MMHHMajbHOE 3liauciiue /1.

MNpeanoxenue 2. Beakoe Henpepoisroe omobpaserue [ Gu-
KOMNAKMHAHO20 monoaozudeckoeo apocmparcmea X 6 xaycdopghoso npo-
CMpancmeo Y 3aMKHYMO.

[Tyets X —GHKOMMAKTHOE IPOCTPAHCTBO K MIOXKCCTBO A 3aMK-
HyTo B X; Haao nokasarh, uto B=F[A 3amMkHyto B Y. D10 Cciejpyer
u3 Toro, uro A, GyAyus 3aMKIYTHIM B GHKOMIIAKTHOM TIPOCTPaH-
crBe X, camo ecTb OHMKOMMAKTHOE NPOCTPAICTBO; 3HAYHT, B €CTb
GUKOMITAKTHOE [I0fIPOCTPAHCTBO XaycjaopdoBa MnpocTpascTBa Y,
a [03TOMy, 10 Teopeme 5, 3aMKHyTo B Y, uTo u TpeGoBajoch 1O-
Kas3arhb.

B ¢Bsizn ¢ nocgejHHM YTBep:K/JIE€HHEM BBEJEM CJeiytoiiee

Oupenencuue 3. HempepriBHoe oroGpaxeniie f Tonojorive-
ckoro mpoctpatctBa X B TODOJOTHYECKOE MPOCTPAHCTBO Y HA3M-
BAETCHA COGEPUICHHLIM, €CIM OHO 3aMKHYTO H JUISt BCAKOH TOYKM y €Y
ee npoo6pas f~ly GuKoMmakreHd,

Jlass mo6oro HenpepsiHoro oroGpaxenus f: X-—Y B T -npo-
crpaHcTBO Y mpoo6pas Beako# Touku f-ly 3amkHyT B X. Ilostomy
U3 JeMMbl 1 K Teopeme 3 M npeioxKeHHs 2 BhiTeKaeT

Mpennoxenue 3. Bcakoe Henpepotsroe omobpascerue | 6u-
Komnakmuoeo npocmpancmea X 8 xaycoopgoso npocmparcmeo Y co-
8eputerno.

Hs npeanoxenus 3 u npemjoxkenus 7 § 2 ra. 4 BbiTekaeT cJe-
JAyloee.

Mpennoxenue 4. Beaxkoe 83aumno 00HOo3HAUHOE U 8 0ORY CrLC-
POHY Henpepoigroe omobpascerue 6uxomnaxma X Ha xaycdopgoso
npocmparcmeo Y ecmob 20MeomMopphusM.
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[lpu nHenpepniBlbBIX OTOOPAXKEHHUAX BeC TOMNOJOTHYECKOro mpo-
CTPAaHCTBA MOXKeT nopniathca. [Ipounmoctpupyem 3To Ha caenytwo-
uiem npuMepe. B kKayecTse mpocTpancTBa X BO3bMEM YHCJIOBYIO Aps-
Myto. B Kauectse npoctpaHcTBa Y Bo3bMeM (PaKTOPNpPOCTPAHCTBO
npoctpancTtsa X (cMm. § 2 ra. 4) orHocuTeanHo pasbGuenust W, enun-
CTBEHHbIM HETPHBUA/LHBIM 3JEMEHTOM KOTOPOrO SBJSETCS MHOMKe-
cTBO Z Becex enbix uucesn. Hakodneu, 3a orobpaxenwe [: X —VY
BO3bMEM €CTECTBEHHYI0 NpPOEKUMIO npocTpancrBa X Ha aktopnpo-
crpacTBo Y. OroGpaxenne [ dakTopHO H, c/lenoBaTe/lbHO, Hempe-
poiBHO (cM. § 2 ra. 4). Ilpocrpasctso X umeer cyetHyw Gasy.
INokaxkem, 4To mPoOCTPAHCTBO Y He TOJNILKO He MMeeT CueTHOl 6asbl,
1O JaxK€ HE€ YJNOBJCTBOPSET NepBOil aKCHOMe CYETHOCTH B TOUKe [,
ABJsIOUleidCcs o6pasoM MHOoxecTBa Z npu ortobpaxedun f. Ilpeano-
JIO}KUM, UTO TOYKA { uMeeT cueTHyio Gasy okpecruocteit {U,, U,, ...}.
Hast kaxjoro nenoro uydcna k sapukcupyeMm Taxoit uutepsan vV,
YUCJOBOM NPHAMOM, YTO

) keV,,

2) nnuna V, e mpesocxoaut 1/2,

3) konubl uurtepsana V, nexar B f1U g

+ o

Hosnoxum teneps V=) V,. Orkpbitoe Ha uucjomoil mpamoii
-— 0

MHOxKecTBo V o6.ianaer tem cofictBoM, yto V= f-1fV, IlosTomy no
onpejeseHkto (PakTopHOro oTo6paxeHus MHOxKecTBO [V oTKphiTO.
B cunay csoiictsa 1) umeem €[V, a B cusny cBoiicts 2) u 3) nmeem
UNfV=%A ana seskoro k=1,2, ... Takum o6pasom, cuctema
{U,} ne sBasietcs 6a3oii OKpecTHOCTEH TOUKH [.

B To ke Bpemsi uMeer MecTo

Teopema 10. Ecau xaycoopgoso npocmparcmeo Y seisemcs
obpasom Guxomnakmrozo npocmpancmea X ApU HENPEPLIGHOM 0OMO-
opasnceruu f, mo wY LwX.

M3z Teopempt 10 ¥ BTOpof MeTpH3aUUOHHOH TEOPEMbi ¥ pHICOHA
BLITEKACT cllejyloliee yTBepHeHue:

Teopema 11. Xaycdopgoso npocmpancmeo, Asanwuieecs Herpe-
pbiBHOIM 06PA3OM KOMNAKMA, CAMO SBASCMCH KOMNAKITIOM.

IloxazarenncTBo teopemn 10. B mpoctpanictee X 3a-
buxcupyem Gasy {Vo: a€ A} momnocth wX. OGosuauum uepes T
MHOKECTBO BCEX KOHEUHBIX mopMHOXKecTB MHoxectBa A. U3 Teope-
MBl 24" § 6 ra. 3 BBHITEKaeT, YTO MOIHOCTb MHOxectBa T paBHa
MollliocTH  MHoxectBa A*). Jlas Beskoro t €T nodoxum Vi-=

=UVa n U, =Y\J(X\V?). Cornacio npegnoxeunto 2 orobpaxe-

ae!
nue | 3aMkHyTo, nosToMy MHoxectBo U, oTkpbito. Ilokaxewm, yro

*) HNpennoaaraem, wro wX = &,  Ecanm Bec npocrtpancrsa X Koweuen, 10
YTBEPKIeHHE TeOpeMbi OUEBHANO.
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coBokynHocth {U;: t €T} oGpasyer 6asy mnpocrpascrsa Y. Ilyern
Oy— xakas-HHOYAb OKpeCTHOCTL NPOU3BOJLHOH TOYKM y €Y. [dna
BCAKON ToukH X € f~ly 3adukcupyeMm HEKOTOpHIl 3ajeMeHT Vi (X)
6asbi, coiepxauluil x u cofepxamuiica B f~'Oy. B cuay nenpe-
PHIBHOCTH oToGpaxeHus f MHoxecTBo [~y 3aMKHyTO M, Cjacjosa-
TesbHo, GukomuaktHo. [losToMy u3 mokpouitusl {Vex: X € f~y} storo
MHOKECTBa MOKHO BBIIEHTH KoHeyHoe mofnokpuiTHe {Vq, , ..., Va,}.
Iokaxem, uto y €U, =0y, rne t=la,, ..., a,}. Hueem f-lycV?,
T.e. foly n(XN\V!) = A. Tostomy y ¢ [ (X\VY), T.e. y € Y\ F (X\ V).
C apyroit croponsl, VI =f~10y, 1. e. X\f10y= X\V!. Torna
FIXNFT109) = [ (XN, T e VNF(XNVY) = YN (X\f~10y). Ho
YNF(XN\V) =:U,, a YNJ(X\J"'0y)=0y. Urak, U,=0y. Teo-
pema nokasaua.

3ameuanue, Unratenr serko moxer yGeiuThcsi, uTo (aKkTH-
uUCCKH HaMu joKasaHa Gosee oGuias

Teopema 12. Ecau monoaoeuueckoe npocmpancmeo Y agaaemcs
00pasos monoaoeudeckoeo npocmpancmsa X npu CoBepueHHOM OMo-
6panceruu, mo wY <{wX.

§ 3. Teopema Beiiepmtpacca—CroyHa

Iycts X —6ukomnaxT. OGo3nauaem uepes C(X) xonpio (an-
re6py) Bcex NeACTBHTeNbHbIX W HenpepbiBHLIX Ha X ¢yHxuui ¢
o6biYiibIM OTIpefiesieHHeM JlefcTBUH CI0XKEeHHA H yMHoxeHusa. Pac-
cmatpuBaem C (X) Kak MeTpuuecKoe mpoCTPaucTBO, nojaras Aas
Mmo6bIX Kakux-uubyns ¢yukunit f € C(X), g€ C(X)

p(f, gd=max|f(x)—gx)|, xe€X.

[Mycte C,—nonkoabio Koabua C (X), o6iajaiomiee cie1youuMa
JIByMa CBOHCTBAMH:

1. C, pasaensier Touku X, T. e, AA% JMOGBIX ABYX Pa3JHUHBIX
TOueK X, W x, npocrpanctsa X Haligercs ¢ynkuua [€C,, npunu-
Malolasi B 5THX TOYKaX pas/auuHble 3HaweHun f(x,)=f(x,).

2. Hoakoansio C, COJICPHHUT BCe KOHCTAHTHI; T. €. BCAKAA (PyHK-
Uus, NMPHHMMAIOIAsA BO BCeX TOYKaX X € X ONHO M TO XK€ 3HaueHue,
SBJAAETCA 3JeMenTOM Koabna C,.

Teopema Befiepwrpacca—CrToyna yTBepxiaeT, dTo
scaxoe nodkoavyo C, = C(X), obaadarowee smumu 08yus ceoticmeamu
1 u 2, agasemcs 8cio0Yy NAOMHBIM MHOKNCECTIBOM 8 MEM PUHECKOM NpO-
cmpancmee C(X), WIn 4TO 6CaKas Henpepvisnas Ha Guxomnaxkme X
Pynkyus [ ecmo npedea pagHomMepro cxo0suyelics noCae006amebHOCMUY
pynryui, npunadrescauux nodkossyy C,, a 3TO 3HAUMT, UYTO KO
sesikoft dysxkumu f € C(X) # Ko BeAkomy € > () CymecTByeT Takas
pysxuusn g€ C,, uto |f(x)—g(x)| <& naa Bcex x€ X. 3ametum
npexye Bcero, 4Yro, Hapaxy ¢ nogkoibiuoM C,cC(X), noako/blLoM
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koabia C(X) nsasiercs u 3amblkadue [C,] wmuoxkectBa C, B
merpuueckoM npoctpancree C(X), npuyem C, Toraa H TOMLKO TOTAa
sciony notHo B C(X), korpa seony maotHo [C,]. Tlostomy nocra-
TOYHO JOKasaTh yTBep:KIcHHe TeopeMnl Betieprpacca—Croyna
s (yrosaeTBopsaomuX  ycaosuam 1, 2) 3aMKHYTBIX MOKOJeEL
C,=C(X).

Haunem ¢ nokasarenbCTBa HEKOTODHIX JIeMM.

Jlemma 1. Ecau xoavyo C, pazdessem mouku npocmpancmsa X,
mo 0HO cusvHo pasdeasem mouku 8 X, m. e. 045 awbox 08yx moqex
X, X, npocmparcmea X u mobbix 08yx Oelicmeumenvubix quces a u
b cywecmeyemn maxas gynkyus f € C,, umo f(x,)=a, f(x,)=0b.

JlokasarteabcTBo. [lo npennosioxeduio cyulectsyer ¢yuk-
uus gE€C,, I8 KoTopoH g(x,)=a==g(x,)=0. 3amensa g uepes
g, =g—a€C,, MOXEM MPEINoJOKHTb, 4To g(X,) =0, g(x;)=p 0.

Torna, nonaras f=b_ag—|—aECo, umeeM [ (x,)=a, f(x;)=b.

Jlemma 2. Ecau C,—3amgrymoe nodxossyo xoavya C (X), co-
Oepacawee 6ce Koncmanmel, mo 041 ecakoti gyuxyuu [ € C, umeem u
|F1€C,. N

Ins JokasaTesabcTBa JeMMmbl 2 3aMeTHM, HTO [f]=l/f2.0603Ha-
yasi yepe3 ¢ MakcuMyM OYHKuuu |f|na X, umeem

FWl=VF@=Ve—eTrm=c ) 1-(1- (CE).

Ionaras y (x) == 1—(’—@)2,umeem, nanee, |f(x)|=cV T—y(x),
npuvem ¢yukuua y(x) Hempepniia Ha Bcem X n O0<Cy(x) <1,
Mo ¢opmyae Gunoma Holortonma pas moOblx y Ha orpeske [0; 1]
dynxuus ' 1—y oT y onpenenena n pasnaraeTcs B CTENEHHOMH PAK
70 cTeneHaM Yy, paBHOMepHo cxopsmufica ansa 0<Cy<C1; 3nvauwr,

l/l—y(x) pasJjaraercs B PAjA M0 CTeneHsiMm y(x), paBHOMEPHO CXO-
asiuuiicst Ha Bcem npoctpadcrBe X. Tak kak f € C,, 10 u dyHKuua
y(x) 1 Bce ee moJo:KHTeJbHBIE CTENEHH cojep:artes B Kodbue C,,
a tak Kak C,3amkdyto B C(X), TO M CyMMa paBIOMEpPHO CXOnsi-
merocss Ha X psjga 00 cTeneHaM y(x) comepxutca B C,, T. €.
|fl€C, uem nemma 2 nokasana.

[ycts navo xoxeywoe uucio dynkuui f,, ..., f, u3 C,. O6o3-
nauum uepe3 My, .. ., COOTBETCTBEHHO M, ... jp (DYHKIHIO, TPHHU-
MawIyl B KaxIoH Touke x € X 3HaueHue, paBHoe nanbosbliemy,
COOTBETCTBEHHO HauMeHbHIeMy, W3 uuced [, (x), ..., [z (x).

Jlemma 3. Ecw nodkoasyo C, Hapady c KaxcOoim ceoum 3ae-
menmon [ codepocum u |f|, mo oHO emecme ¢ a0GoML CEOUMU  3Ae-
smenmamu fy, ..., f, 8 KoHeuHom uucre coOepicum U 3AeMeHmbL
My, i My, e
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HlocTatouno noKasath 510 Ias R=2, T. e. 118 AByX OYyHKuuix
[ n g. JlokasaTenbCTBO HENOCPEJCTBEHHO BHITEKAET M3 TOTO, YTO

2M, (x)=[ () +g(x)+|f (x)—g(x)},
2my, () =T (x)+g®)—]f (x)—g(x)].

Temepb IOCTAaTOYHO [OKa3aThb YTBEpXKIeHHe Teopems Befiep-
wrpacca—Croyia B npexnosoxednu, 4to C, €CTb 3aMKHYTOE Moj-
KoJiblo Kodbiia C (X), CHABHO pasjefsiolliee TOUKH W YAOBAETBOPSIO-
nee cJeAylolleMy YCJOBMIO: ecan GYUKUMU [ B g CYTh JeMeHThE
konbua C,, To dynkunu M, , u m, , TakKe ABAAIOTCA 3JEMEHTAMR
storo koabua C,. ITpoBonum 310 N0OKA3aTeNLCTBO.

[lycte nanel npousBoabHo (yHkuuf [fE€C(X) u uncao & > 0.
3anaua 3akmoyaeTcsi B TOM, UYToGHl HaiiTu ¢yuknuwo geC, Tak,
yToGH Gbla0 | f(x)—g(x)] <e anst Bcex x € X. Tak kag C, CuIbHO
pazjesseT TOYKH, TO MJAA JHOObIX TOYEK X H Y mpocTpancTBa X
cywectByet Qynxuus g, € C,TaKas, 4to g, (x) = (x) v g, (9) = f (v)
M3 wenpepoiBioctd QyHkukit f u g, Bo Bcem X chenyer cymiect-
BoBaHHe Takoil okpectHocTH U, X TOUKM X, 4YTO AJs BCEX TOUEK
LeU,,x nveem f(f)—e < g, (!) <[(f)+e. Awanornuso, cyuecr-
BYeT W OKpecTHocTh V. y TOUKM y, N/ BCeX Touek ¢ KoTopoir
nveem f(f)—e < gy, (£) < f(f)+e. Cuutan Touky y duxcuposan-
Hoii, GepeM aas Kamnofl Toukd x € X TOJNbKO YTO YNOMSIHYTYIO OK-
pectHocTh Uy x. 3T OKpeCTHOCTH MOKPHIBAIOT BeChb GHKommakT X,
MW W3 3TOTO MOKpBITHA BbiAe/asAeM KolieuHoe nokpuithe U, , x,,
UgyXar -vs ka, » mnpocrpanctda X. Ilonaraem, panee, Wy=

k
== Dlewy u ofo3uauaem yepes g, GyHKUA, TPHIMMAOWYIO B KaXK-

Jo#t Touke t € X 3Hauenme g, (), paBHOE HaUMEHbLUEMY H3 UHCEJE
ey () -1y gxky(t). Torna nasi noGoro ¢ € Wy umeeM f(f)—e <

< g,(t)<f(f)-+e. B camom nene, nasi pauworo ¢ 3uauenue g, ()
pPaBHO HEKOTOpOMY gxiy(t) > f(f)—e npu tEinyy, 3HAYHT, TeM GO-

aee npu ¢t € Wy. lanee, kpome Toro, Tak Kax (Bce Bpems fpu QuK--
cvpoBanHoM y € X) muoxkectsa U, x; nokpeiaior Bce X, 10 g, ()<
L

<f()+e nna Bcex t€ X.

Wrak, nas Kaxpoit touku y € X mpl noctpounu dyuruuo g, € C,
u okpectHocth Wy Tak, uTo6bi Gbi1o g, (¢) < f(f)--& mis Beex
teXu f()—e<g,(f) n1a Becex t€Wy. M3 muoxecrBa 3THx
Wy, noctpoeHHBIX /st BceX y € X, BoiGHpaeM KOHEYIoe YHCJAO OK-
pecTHoctell, ofpasywouiux nokpeitne Wy, ..., Wy, Gukomnakra X,
B 060o3HaYHM uepes g (YHKUHMIO, NPHHHMANOIYIO B KaXA0A TOYKe
x € X 3naueHne, paBlioe HauGoJblIeMY H3 YHCEJ 8y, (). Tak kak B

Ka)loH Toyke X 3HaueHue QyHKIHH g paBlo HEKoTopoMmy g, (X), To
i
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Beerfa g(x) < f(x) +e. KpoMe Toro, manmas touka x € X NpUHAI-
NeKUT HekoTopoMy MuoxkecTBY Wy, [Tostomy f (x)—e < g, (x)<{g(x).

Taxum obpasom, A1 BCAKON TOUKH x € X uMmeeM
f(x)—e < gx) <fx)+e.

Teopema nokasana.

B cayuae otpeska umciosoii NpsMON MHOrodYJeribl, Kak Jerko
BHIETb, 00pa3yioT moakoqbuo C,, yAOBJETBOpsioulee YCJAOBHSAM 1 H
2. B stom ciydae MBI HMeeM KJacCHuecKyio Teopemy Befieputpacca
O nMpubGAMKEHUH HEenpepbiBHOA (GYHKUHH paBHOMEpPHO cxojsllefics
NOCJ/1eJOBATE/bHOCTBIO MHOT'OYJIEHOB.

§ 4. Tonoaorudeckoe npoussencHue m Teopemn! TuxoHoBa

BecbMa Goabllioe MECTO B TEODUH OHKOMINAKTHLIX TOMOJOTHYEC-
KHX MPOCTPAHCTB 3aHUMAIOT CTaBLiHE yKe KJIACCHYECKHMH TEOPeMbi
TuxoHoBa.

IlonsTue npousBesenius MHOXKecCTB OHNO BBelelo (B Ha-
yaje § 5 ra. 3) ANA AByX MHOXKecTB. Jlagnm oBobuieHye 3Toro 1oHs-
TUS Ha cAydYa#d Ji000ro KOHEYHOro MKW GECKOHEYHOro YHCJAa MHO-
HECTB.

[Mycrb xano HeKoTopoe MmHoxecTBo A J06oil MoutHoCTH T, 3je-
MEeHTH KOTOporo OyjgeM. HasblBaTb «MHAEKCaMH» H 00o3HAuyaTh rpe-

yeckuMu GykBamu o, P, ... IlycTh KaxaoMy HHIeKcy o OTHECeHO
HEKOTOpOe onpefenennoe MuoxecTso X,. Ilpoussenenne X = ] X,
aeER

NOJYUEHHOH CHCTeMbl MHOMNKECTB *), 110 onpejeseHuto, ecTb MHOXe-
cTBO X, 37M€MEHTaMH KOTOPOTO fABJASIOTCH CHUCTEMBI {Xo}, MOJYYalo-
LMECH, eC/IH KaXJoMy uHAeKCYy o € ¥ OTHECTH IO ONHOMY SJEeMEHTY
Xa.EXa.

IIpeanosoxum Tenepb, uTo MHOXecTBA X, CYTh TONOJOTHYECKHE
npoctpanctBa. Cienys A. H. Tuxonoy, BeeneM B npousBejenuc
X = 1] Xa Tonosormo ciaegyomum 06pasoMm: BO3bMEM NPOH3BOMb-

[ AR
HOe KOHEYHOe UMC/O HHAEKCOB O, @y, ..., O AT KAXKIOro H3
sTHX &;, i=1, ..., 5, BO3bMEM B X, OTKDHITOE MHOXKECTBO Uy H

HA30BEM AeMEHMAPHbIM OMEKPoumoin mHozcecmeom O (Ug,, .« .., Uy ) HIH
s
OTKPBITHIM MHOXXE€CTBOM, OMpeje/ieHHbBIM HAHHBIMU Ug,, - - ., Uy , MHO-
s
HKeCTBO BCeX X == {xa} € X, 1A KOTODPBHIX Xg, ElUg,, ++-, Xo, € U,
5

*) Muoxectsa Xo M Xg Halled CHCTEMBL MOTyT COCTOAITH M3 ONHHX H TeX Xe
3/CMCHTOB; TIO3ITOMY, CTPOTO TOBOPSH, MbI HMECM CHCTEMY TaK HA3bIBaGMbIX «0603Na-
4eHHbIX» MHOXECTB X, TOHHMAsi O] O0O3HAYeHHLIM MHOXECTBOM Mapy, COCTOs-
HLYIO H3 JaHHOIO MIOXKECTBA M TOIO HHIEKCA ¢, KOTOPOMY 3TO MHOXKECTBO OTHECelo.

Cum. 06 sToM Aaekcaugpos [10], u. 1:3, crp. 25.
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(a ocrajbHbIE Xo COBEpUIEHHO Npou3BoJbHbl). Ilepeceuenne moGex
IBYX 3JIEMEHTapHBIX OTKDBITBIX MHOXECTB SIBJAAETCS, KaK JIeTKo
BHJETh, 3/IEMEHTAPHEIM OTKPLITEHIM MHOXXecTBOM. IloaTomy snementap-
HhHle MHOXKecTBa oOpasyloT 0asy HeKOTOpoi TomoJorup Ha X (CM.
npepJioxenve 2 § 4 ra. 4).

Jra TonoJiorusi npeBpamaer X B TONOJOTHYECKOE MPOCTPANCTBO,
HasbiBaeMoe monoaozudeckum (MAH MUXOHOBCKUM) NpoUssedeHuem 3a-
danHol cucmemsl monosoeudeckux npocmpancms®). Ompounsie mMHo-
IHECM6a MONOA0CUHECKO20 NPOUSBEOCHUS CYMb 8C803MOICHLIE CYMMbL
JAeMEHMAPHLIX OMKPLUMBIX MHOXMecm. JleTKo BHAETb, 4TO MONO/0-
auteckoe npoussederue 000t cucmemsl xaycoopghoesix npPOCM PAHCME
ecmo xaycoopgoso npocmparcmeo (LOKa3aTeIbCTBO MOXeT ObiTb Ipe-
JIOCTABJIEHO YHTATEJIO).

IlpuMepr Tonmonoruyeckux npoussepgenni. [lpous-
BelleHUe JBYX MNPAMBIX €CTb ILIOCKOCTb, NPOH3BENEHHe 7 TPSIMbIX
€CTb 7-MepHOe €BKJIHMIOBO NMPOCTPAHCTBO (paccCMaTpUBacMOE KaK TO-
HOJIOTHYeCKOe NPOCTPAHCTBO), NPOH3BEieH e IBYX OKPYKHOCTEH ecTh
TOp. I]poussedenue Cuemmno20 4UCAQ nPOCMbIX 080eMOUULl 20MEOMOPPHO
KQHMOpoBY OUCKOHMURYYMY.

B camom Aeqae, Kaxjasa TouKa X KaluTopoBa MHOXeCTBa 11 onnosnauxo npen-
@

CT2BHMA B BHJE X = n A i TRe A Ay s Ai‘...i"’ ... CyTh H3BCCT-
n=1 .
Hele nam M3 § 5 . 4 cermewtnl pamros 1, 2, 3, ..., n, ..., colepxanine TOUKY

x €Il 4 3TUM oJHO3HAUHG onpejeeHnbie. TakHM 06Pa3oM, TOUKH KaHTOPOBa MHO-
JKeCTBa HaXONsTCS BO B3AHMHO OJHO3HAYHOM COOTBCTCTBHH C MOCJEJUBATE]NLHOCTAMH
i1y fgy «uus ipy ..., THe Kawgoe i paBuo 0 mju 1, T. €. C TOUKamu HpoOH3BEJE-

HHS P=HD,,. B kauectBe Gassl mpocTpaHCTBa HD,, MOXKHO B3fTb COBOKYII-

HOCTH 3JICMEHTAPHLIX OTKI:BITHIX MHOXKCCTB BHJA Oil i rape Oit. i COCTOHT H3
ey ey
BCEX TOUEK Y =(j1, +. s fu» +..) C [[DPn» v KoTOPEX ji=ij, ..., ju=i,. Ho

STHM TOYKaM Yy COOTBETCTBYIOT TOYKH MHOXKCCTB HnAl' ; » H 3TH THOCJHeLHHE
cenby

MHOxecTBd, OueBHIHO, 06pasyiorT Gasy muowxectsa I, paccmarpuBaemoro Kak mog-
NpPOCTPAHCTBO UHC/IOBOH NMPAMOIL.

Ecau Ha nauannBoM orpeske A, OpaTh He jBa cerMenTa Agg, Agy, PAa3sjicJeH-
Hble JPYT ©OT Jpyra uHTepBajoM O, a JuoGoe YHCIAO B TaKMX CCTMEHTOB H 1IOBTO-
pPATb 3TOT npollecc, Nepexois OT PaHra n K paHry n-F1, Kak Mbl ACTadH 3TO NpH
NOCTPOCHMH KaHTOPOBA MHOMKECTBA, TO IOJYYHM CHOBA COBEPLIEHHOE HUIAC He IIOT-
noe mHoxecTso 1I(R), T. e. MuoxecTso, romeomopdHoe n pake nojolHOe (KaK
yHODSAZOYEHHOe MHOMXCECTBO) KaHTOPOBY MHOxecTBy lI, H Toukn Mmuoxectsa Il (k)
6yAyT HaXOIWTHCH BO B3aWMHO OJHO3HAYHOM COOTBETCTBHH C TOUKAMH NPOU3BCIC-

HUS HD,,, rae D, ecTb Tenepb NpPOCTPAaHCTBO, COCTOsILEe M3 R W30JMPOBAHHBIX

Toyek. ECJHH YHCJIO CErMCHTOB A; . ..; Panra n>=1, KoTopsie Mbl GepeM Ha KaX-
iy

JOM CermenTe Al, i paxra n—1, ecTh y¥Ke He IIOCTOSIHHOE, a 3aBucaiee or
Tt h-1

n 4HGI0 S,, TO NPHACM NOCPEACTBOM TEX Ke paccyxmeum"x, YTO W BbHlUIC, K IoMeo-

*) B npocrpanctee X mHoxectBa O (ug,, ..., Ug ), OuEBUAHO, o6pasyloT Ga3y.
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MopdH3My Mexjay KauTopoBuiM AHCKOHTHHyymoM II u Tomosoruueckum mnpoussene-
#uem P =H D, cuetnoro uucaa upocrpauctB Dy, Kamjioe H3 KOTOPHIX COCTOMT
#3 (TPOM3BUALHOIO) KOHEYHOTO YHC/IA S, H30JHPOBAHHBIX TOYEK.

Tloutu cTOAL XKe MPOCTO AOKA3ATEJNbCTBO TOFO, UTO 2uabbepmos
&upnuu Q ecme monoaozuueckKoe nPOU3BEOEHUE CHEHLHO20 4UCAQ NPSi-
MOAUHCLIHBIX CE2MEHMOB.

B camvoM pgene, paccMOTpHM  TONONOrMHECKOE RPOH3BE[EHWE CEerMeHTOB X,
n=1, 2, 3, ... Tak KaK TONOJOrHUECKOE NPON3BELEHHE ONPEALJCHO B YHCTO TO-

I .
{I0JIOTHYECKHBX TepMmHHaX, TO Mbl MOXEeM B3ATb 3a Xn OTpPe30K [O, ﬁ YHCJI0BOI

®
npavoit. B stoM npeanosioxendn npocrpancrso X = ” X, ¥ ruas0epTos Kupnmuy
n=1
‘Q COCTOAAT M3 OQHMX H TCX ¥KC TOUYEK

X=(Xp X3y vues Xy o2y O ¥, < -

©OcTacrcs NOKa3aTh, YTO ToxJecTsesHoe otofpaxenne X Ha Q SBAseTcS TOMOJOTH-
yeckuM. Tak kax Q-—KOMDaKT, TO AJSl 3TOro B CBOIO ouepefr LOCTATOYHO ybe-
IMThCA B TOM, UTO TOMJECTBeHHOe OTOGpakenHe X Ha Q HenpepoiBHO, T. €. YTO
(a) xaxosbl Got Hu Ootau mouxa X u & > 0, MOHCHO HAUMU MAKYIO OKPECMHOCTb
mouku x 8 npocmpancmee X, umo 045 ecex modek x" smod oxpecmuocmu 6ydem
umems p(x, x'y > & 8 Q.
loxasateabcTBoO yTBep}KJleH;ISI (a). Ilpu 3zanannom e, 0 < e < 1,

fepem n1>=2 cronib GOJibIIHM, HTOOH! 5n < f;f Oxpecrdocts U Toukm x 8B X,
onpee/ICHHAT YCAOBHAME

| . € i a €

n—xi< V'"Zn y vees | Xn—Xn <—75_;,

©CTbh HCKOMad.

IMpou3sepenue otodpaxenuii. Ilyctb naHa cucteMa OTOGparkeHUM
for Xo— Y, TONOJMOTMYECKHX NPOCTPAHCTB X, B TONOJOIMYECKHE
npocrpaHcTBa Yy, o €. Orobpakenue [ TOMOJNOTHYECKOTO RPOM3-
segenusi X = [[ Xo B rtonosoruueckoe mnpoussesenne Y == [ Y,,

() aell
CTaBsiilee B COOTBETCTBHE TOUKe X ={X,} € X Touky fx=/{fx,} €Y,
HA3LIBAETCH npocmem  npoudeedeHuem omobpasceHuti w TNULleTCs:

f:‘ II fa.-

e
TIlpennoxeunue 1. [llpocmoe npoussedenue H fo Henpepouw-
ae
Holx omobpasicenull f, HenpepvisHo.
JloxasateabctBo. [JocratouHo nokasars, yto npoobpas f~10
BCAKOrO 3J1eMeHTapHoro oTkphitoro mHoxkectBa O=O0(Ug,, ...

<oy Ug )=V = HaY“ otkpelT. Ho wuenocpeacTseHHON npoBepkoi
X%
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y6exKnaeMcs B TOM, 4TO 3TOT npoo6pas f~'0 caM GyjaeT 3/1eMEeHTapHbIM

otkpuithiM MioxectBoM O (f5'Ua,, ---, fo Us )= X= I] Xq, uro
aed
H Tpe6oBasoCh N0KA3aTh.

ITyctb Teneps naua cuctema otobparkenudt f,: X-—VY,, a€¥,
TOIOJIOTHYCCKOTO MPOCTpaHcTBA X B TONOJOTHYECKHE [IPOCTPaH-
ctBa Y,. Torna oroGpaxenue f: X —Y = H Y,, cTaBsiilee B COOT-

ae¥
BETCTBHE TOUKE X TOUKY [Xx-= {fox} €Y, HasbiBaeTCSsI OUA2OHAALHOIM
npousgederuesm omobpaxceruil fo.

Bosemem Tenepe ans kKawjgoro o€ mo sksemniasapy X, mnpo-
cTpaHcTBa X W paccMOTpuM oTofpaxenue i: X — I X., crass-

acll
illee B COOTBETCTBHE TOYKe X TOuKy i(x)€ H Xa, BCE KOODAMHATHL
acd

KoTtopoit cosnajaioT ¢ x. Orobpaxenue i: X — [ X, wenpeprsuo
[T

0 Jaxe ABJSETCH BJIOMEHHeM npocTpaHcTsa X B IIPOU3BENEHHE
Il X.. Ouarouaanuoe npousseneune | otoSpamenuil f, npeicras-
oe

JseTcsi B BHJie KOMIMO3HIHMH BJIOXKEHHA [ M [POCTOr0 NPOH3BEAEHUA
orobpaxenuil fa: X=Xq-— Y, IlosToMy u3 npeanoxenus 1
BBITEKAeT

Npennoxenne 2. Huazornasproe npoussedeHue HenpepoigHbx
OmoBpamenull HerpepouiBHo.

Teopema 13 (mepeas reopema TuxonoBa). Tonoioeuueckoe
npousseQerue MoO0U cucmembl OGUKOMNAKMHOIX NPOCMPAHCME ecmo
OUKOMNAKMHOE NPOCI PAHCITEO.

[Tycts naHa Kakas-HHOYAb LEHTPHPOBAHHAN CHCTEeMa S MHOXKECTB,
SIBJSIOMMXCA HOAMHOXECTBaMU HexoToporo MHoxectBa M. Hasosem
ILEHTPUPOBAHHYIO CHCTEMY S MaKCHMa.bHOH, ec/y OHAa He SIBJAAeTCH
MOJCHCTEMOH HHKAaKOH OTJHWYHON OT Hee UeHTPUPOBAHHOH CHCTEMbI
TIOAMHOXecTB MHoxecrea M. Jlerko aoxasats, 4TO écaxaf yenmpu-
posannan cucmema Sy=={M*}, M*<= M, codepoacumecs no Kpatined
Mepe 8 00HOUL MAKCUMAAbHOU UeHmpuposanHol cucmeme S.

B camom neie, nycTb cHcTeMa Soz{Ma} He maxcHvaJbsHa. Torja cyiectsyer
aentpuposadias cucreMa S, D S,. [Ipeano.okuM, 4To NOCTPOEHD UEHTPUPOBAIIUBIE
CHCTEMbI

SOCSIC...CSVC..., v<a.
Ecnu oo—nepsoro posa, ce=a’-1, H cucteMa S, He ecTb MaKCHMAJLHAS HenT-
pUPOBAHHAS CHCTEMA, TO GepeM LEHTPHPOBAHHYIO cucTeMy Sy, , D Sp.. Ecnn o —

BTOPOro popa, mnojarag Sg = U Sy, JIerko BHAETb, UYTO Sg—LeHTpHPOBaHHAA

v<a M
cucTema. Ecan mouisocTbh mHoxkecTBa M ectb M = &g, TO MOWLNOCTL MHOXKecTBa 1/
BCEX [OJMHOXECTB MHOKecTBA M ecTb 27, a MOUHOCTb MHOMECTBA BCEX ROAMHO-
JKecTB MHOmecTBa N (T. e. MHOXKECTBA BCEX CHCTEM, COCTaBJICHHBIX K3 MHOXeCTB

9 f1. C. Anekcanapos
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MAQM) ecth nexotopoe Nr=22", B wacTuOCTH, MHOMECTBO BCEX LCHTPHPOBAN-
HBIX CHCTEM TOIMHOXKECTB MHOKCCTBA M MMeeT MOWHOCTD << N¢; NMOSTOMY naur
npouecc nocTpoenuss cucreM S J0.KeH 06OpPBAaTbCS HA HEKOTOPOM MOPAAKOBOM
gncae & < @y, 4, T. € Mbl JO/DKHBI BCTPETHTLCA € Takum & < 6. ,, 410 S, ecTb

MaKcuMaabhad LEeHTPHPOBaHRaAs CHCTEMa.

JlokaxeMm Teneph cJefyIOILYIO JeMMY:

Jdemma 1. Jag mozo umobee npocmpancmeo X 6via0 6urkom-
NAKMHO, HEOGXO00UMO U QOCTMAMOMHO, 4MOoObL BCAKAS UEeHIM PUPOBAHHAS
cucmena' mnoxcecns M*< X umeia xomsa 6o 00Hy obwyrd mouxy
NPUKOCHOBEHUA.

B camom geae, ecctm X GMKOMNAKTHO, TO CHCTEMA 3aMKHYTHIX MIOXECTB [Ml],
GyAyuH LCHTPMPOBANHON, HMEET XOTs Obl 0any o0mMyi0 TOUKY, KOTOpas ¥ ABAACTCH

ofuteil TOUKOH npHKOCHOBeHHs BCeX JaHubLIX MHoXecTB M”. O6partio, ecau name
YCJIOBHE BBINOJAHENO, TO, B YACTHOCTH, BCSIKAS UCHTPHPOBAHHAS CHCTEMA 3aMKHYTBIX.
MHOXECTB HMeeT OOGUIYI0 TOUKY NIPHKOCHOREHMA, H MPOCTPAHCTBO X GHKOMNAKTHO.

Tlepeiizem Teneph coGCTBENHO K A0KA3aTEIbCTBY NEPBOH TeOPEMb
Tuxonosa. [1ycts X —TonoJsoruyeckoe npousBeneHne OUKOMIAKTHBIX
npoctpancts Xq. Tpebyercss j1oKa3aTbh, YTO BCSIKAn LEHTPHPOBaHHAS
crcremMa S Muoxects MMe X umeer Xxotsi Obl 01Hy OOULYIO TOUKY
npukocnosenus. [JonojHuB, ecin HYXKHO, H2HHYIO CHCTEMY JI0 MaK-
CHM2JILHO! UEHTPUPOBAHHON CHCTEMBI, MOXKHO C CaMOr0 HayaJja Tpeji-
NOJIOKHTb, 4TO UEHTPUpOBAKNAA CHCTEMA S ABAfeTCA MakCHMaJb-
no#t. OGosnauuM uepes MA «npoekuuio» Muoxectsa M* B X, T. e.
MHOXEeCTBO BCEX TOYEK X, € Xa, ABJIAOLHXCH «KOOpOUHAMaMU» ToueK * )
x € M*, Cucrema Bcex mHOXecTB MY (3mech o mnocTosuHo, a A me-
PEMEHHO) €CTh UEHTPHPOBaHHAsi CHCTeMA B mpocrpanctse X,. Tak
Kak X, OHKOMNAKTHO, TO MHomecTBO M) umeloT no xpaiiweii Mepe
oy oémy}o TOYKY MPHKOCHOBEHHS Xq & Xa. Joxxamem YTO TOUKaA
% ={x,} € X ectb oOias Touka npukocHoBeHust scex M*. Ilaa storo
Haj0 TIOKa3arb, YTO BCAKAas 3/EMCHTApPHAs OKPECTHOCTh TOYKU X
nepecekaercs ¢ mobeim M*. TIpoussoabnas saementapHas oOKpect-
HOCTb TOYKM X moJyyaeTcsi QUKCHPOBAHHEM HEKOTOPOIO KOHEUHOro
YHCNA HHJIEKCOB &), ..., Os H BLIGOPOM OKPECTHOCTEH iy, TOUEK Xq,
B Xq, aast i=1, ..., s. Ho nas «onnomiaexcueix» oxpecTsocre,
T. €. TaKuxX, NpH onpelejeHHHM KOTOpPHIX (QUKCHUpYeTCs JHUIb OXMH
MBIEKC o;=a, Halle YyTBepXKIeHHe HENOCPeNCTBeHHO CAeAyeT M3
TOTO, HTO Kaxklas OKpecTHOcTh Uy, TOURHA Xq B X, nepecekaercs

¢ mo6uim ML, Jlasee, Tak KaK Kamaas OJHOMHAEKCHASI OKPECTHOCTh.
nepecexaeTcn co Bcemn M*, a cucrema Bcex M*—makcumaivnas
NeHTPAPOBAHHAS CHCTEMA, 10 Ka¥aas ONHOUHIEKCHAs OKPeCTHOCTH
HENPeMEeHHO BXOAHT B CHCTEMY S; neHCTBHTENbHO, TOMOJHUB KaKyio-
BUGYIb LIEHTPUPOBAHHYIO CHCTEMY MHOXECTB JOGBIM MHOXECTBOM,

*) Ecan x=={x_} ecTn Touka Tonosormyeckoro npousseaennss X = X, 10
o . (27
Ka#0C X, Ha3HBaCTCA KOOPAMNATOH TOMKH X.
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TIePECeKAlOlUMCH CO BCEMH 3JEMEHTaMH JaHHO{l UeNTPUpPOBAHHO
CHCTEMBl, Mbi, KaK JIeTKO BMJETh, CHOBA MOJy4aeM [[€HTPHPOBAHHYIO
cucteMy. M3 TOJNbKO YTO cle/aHHOrO 3aMeuaniusi BbiTeKaer, jaJjee,
YTO Mepeceyerine J000r0 KOHEYHOIO YHCJ/A 3JEMEHTOB MaKCHMAaJb-
HOH LEHTPHUPOBAHHOH CHCTEMBI S €CTb ONATH-TAKH JEMEHT CHCTeMBI S,
Taxk KaxK Kax71as 3/7€MEHTapHas OKPCCTHOCTb MNPOH3BOJbLHOH TOUKH
npoctpatcTsa X eCTh nepeceyeHHE KOHEUHOIO YHCAA OHOHHACKCHBIX
OKDECTHOCTEH, TO CHCTeMa S, cojepiKa, Kak Mbl BHJEJH, B 4uC/e
CBOMX 3/IEMEHTOB BCE OJHOHHICKCHBIE OKPECTHOCTH TOYKH X, HE06XOo-
JIAMO CONEPXKHUT U BCe BOOGILE OKPECTHOCTH TOYKH X, OTKYJAA CJEAYeT,
YTO /10625t OKPECTHOCTD TOUKH X (6YyUH 5/1eMEHTOM CHCTEMBI S = { M*})
nepecekaercss ¢ JoGbIM MHOXKecTBOM M*, uem nepsas Teopema Tu-
XOHOBa M J0Ka3aHa.

Tak xkak npoussenenne xaycJopdOBBIX HPOCTPAHCTB €CThb Xayc-
20phoBO NMPOCTPAHCTBO, TO H3 JAOKA32HHOTO BHITEKAeT

Canencrue. Ilpoussederue oboii cucmemv. GUKOMNAKMOG eCib
Guxomnakm.

Jlerxo nokasatb, YTO NpoU3BeJeHHE KapAHHAJbHOIO YHCIA T = N,
TIPOCTPAHCTB, KaKj0e H3 KOTOPhIX HMMeeT BeC < T, fBJAETCS IIPO-
cTpancTBoM Beca < 1. B camom jesie, Bo3bMeM B Ka)JlOM H3 JAHHLIX
npocrpancts X, 6asy Bg mompoctH < T. Ml nosayuum 6asy B

npoctpanctea X = [| X, ecau npu onpenenenuu snementaphbix
[+

OTKpPHITHIX MHOKECTB O (Ug,s -..»Us ) OyAeM TON Uz Pa3yMeTb 3Je-
mentol Gasnl B,. Ha kaxaywo 3anaHHyi0 KOMOHHAUMIO HHAEKCOB
g, --+y O TIPUAETCA He Oojiee T KOMOWHAUMH Uq, ..., Ua, H,
3HauuT, He Oojiee T MHOXecTB O (4q, ..., uas). Ho ecan wmuoxe-
€TBO U BceX WHIEKCOB o HMEET MOUIHOCTb T, TO M MHOXECTBO BCeX
KOHEYHBIX KOMOHHALUHH &, ..., O, TAKXKE HMEeT MOIHOCTb T; 3Ha-
YUT, U ofluee YUC/IO BCEX SJEMeHTAapHBIX MHOXeCTB O (Uays < ovs uas),
T. e. Mouwocth 6a3pl B, 1e NPeBOCXOAUT T (JIeTKO BHJETh, YTO OHO
B TOYHOCTH pPaBHO T, YeM Mbl, OJHAaKO, TNO0Jb30BaThcsi He Gynem).

Tleppass Teopema THXOHOBAa JaeT MHOTO HHTEPeCHBIX H BAaXHBIX
NpUMEPOB OHKOMMNAKTHBIX NPOCTPAHCTB, B YaCTHOCTH GUKOMIIAKTOB.
Takoesl: GukoMiakTHOe T \-IIPOCTPAHCTBO ¥, ABJAIOLLEECS MPOU3BE-
JeHHEM T TIPOCTPAHCTB, KaxJloe U3 KOTOPHIX €CThb CBA3HOe JBOETOYHE;
Guxomnakt DT («0600LIeHHBIH KAaHTOPOB AHMCKOHTHHYYM Beca T»),
SIBJSIOLIMACA IPOU3BEJEHHEM T NPOCTHIX ABOETOUHH; OGukomnaxt /°,
AABJSIOILMICH HPOU3BEJEHUEM T CErMEHTOB YHUCJIOBOH npsMo#l («nu-
XOHOBCKUL Kupnuw eeca t»)*); TpOU3BEAeHHE T OKPYMKHOCTEH («TOp
T* Beca ) u T. 4. Bce nepeuucienHsie npocTpaHcTsa o06JanaioT
PALOM HHTepecHbIX cBofictB. Tak, D® u TT sBasioTca, NpH Haje-

*) Mo nokazanHoMy, THABGEPTOB KHPNHY SBJIAETCA HACTHBIM CAy4aeM THXO-
HOBCKOr0: Q=/“”; TO4HO TaK e KAUTOPOB AMCKOHTHHYyM ecTb D* npu T=N,.

9*
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JKAUEM onpejesieHHN B HUX OMNEpamlHy CAOXKENHs, TONOJOTHUECKUMM:
rpynnamu. ITpocTpancTBO ' 3aMeuaTesbHO TeM, YTO COAEPKHUT TO-
noaorudeckuit obpas moboro T,-npocTpancTBa Beca < T. [Hasee,
Kaxjoe T, -NpOCTPAHCTBO Beca < T SABJISETCS B3aHMIO OXHO3HAUHBIM:
H B OJHY CTOPOHY HENpepbiBHbLIM O6PA30M HEKOTOPOTO MHOXeECTBa,
nexautero B D¥, a Kaxauil GHKOMNAKT Beca < T fABJAAETCH Herpe-
PHIBHBIM 06pa3soM HEKOTOPOIo 3aMKHYTOIO MHOXECTBA, JEXailero
B D**) (cm. § 10 stoil TaaBhi).

Teopema 14 (Bropas teopema Tuxonosa). Besisoe snoane pe-
2YASPHOE 1LPOCILPAHCIBO RECA T 20MEOMOPHHO HEKOMOPOMY MHOMCCCMEY,
AeHCaLyeMy 8 MUXOHOBCKOM Kupnu4e eeca T.

Ilpexxne ueMm NOKa3HBaThb 5Ty TEOpeMy, CleJaeM 1o IO0BOIY Hee
HeXOoTOphle 3aMeyaHusi M BhHBeleM M3 HEe HEKOTOpble CAeACTBHSA.
IIpexje Bcero, u3 Hee Cle1yeT, UTO THXOHOBCKHH Kupnuu I «Beca 1>
JIEACTBUTEBHO HMEET BeC T: B CaMoOM jene, OYAYuH NpOH3BeLeHUEeM:
T orpe3koB, [* uMeer Bec <(T, a coAepia TomoJoriueckuil o6pas
ao6oro BHOJAHE PEryJifapHOro NPOCTPAHCTBA Beca T **), He Moxer
nMetb Bec < T. llajee, 6cikoe mroxcecmeo A, aexcawyee 60 6noae
pecyaapHom npocmparcmee X, camo ecme BROAHE peeyaspHoe npo-
cmpancmgo: eciu X, €A H O <= A\ x, 3amkHyto B A, TO, Geps
samkHyToe B X wMHOkecTBO F Tak, urtob6st ANF =@, nocrpoum
HenpepoBuylo B X ¢yukumo f, 0< f(x)<C 1, pasnyo 0 B Touke x,.
u 1 na F. PaccMarpuBasa 3Ty QyHKUMIO Juumis Ha A, BUAUM, 4TO
TOUKa X, U MHOxecTBOo O dyHKUMOHAIBHO oTxenennt B A. U3 storo
3aMeYaHud, M3 TOro, YTO BCSAKHH OMKOMMNAKT, GYAy4d HOPMAJbHLIM
TIPOCTPAHCTBOM, U TOJABHO HABJSETCS BNOJHE PETYJAAPHBIM, W H3
BTOpOH TeopeMbl THXOHOBa BhITeKaeT

Teopema 15. Kaacc 8noine pesyrsipHelx npocmpaxcme Cosna-
daem € KAQCCOM MHONCECIME, ACHQUUX 8 DUKOMNAKIMAX, NpUtes KAace
6MOAHE PEYAAPHOLX NPOCMPAHCME 6eca T coenacaem € KAQCCOM nogd-
MHOXNCECMB MUXOHOBCKO20 KUPNUYA 8eCA T.

Ilanee, Tak kaK OMKOMMAKTbl HOPMAaJbHBEI, & BCAKOE MHOMKECTBO,
JieXaiice B HoOpMa/ibHOM NPOCTPAHCTBE, NO TOJABKO UTO JA0Ka3aHHOMY,
BIIOJIHE PETY/IAPHO, TO MOXHO CKa3arb M TaK:

Teopewma 15°. Brnoane pezyaapHbie npocmpaxcmeq Cyme He 4mo
UHOE, KOK MHOMECMBA, AeHAUUEe 8 HOPMAALHBbIX NPOCIT PAHCIMEAX.

Hmeer mecto W cienylolllee npeisioxenue:

Teopewma 16. Kaacc 6uxomnaxmos moscem Gvimp onpedeier Kax
Kaxcooui u3 cAe0youux KAQCCos:

KAQCC 6NOAHE DERYAAPHBIX NPOCMPAHCING, 3QMKHYMbIX 80 BCAKOM:
obmemarowem xaycoopgosom (LAl 6NOIHE Pe2YAIPHOM, UAU HOPMOAAb~
HOM) npocmparncmee,

*) He Bce GHMKOMNAKTH SBARIOTCS HENPEpHBHLIMM 06pa3aMi  BCEro Dt (cM-
§ 10 310 ragew).
**) Hanpusep, npocTpancrsa, COCTOSLICIO H3 T M30JIMPOBAHHLIX TOUEK.
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KAACC HOPMAALHLIX NPOCMPAHCIG, SUMKHYMbIX 60 6LAKOM 05HeM-
Aowes  Xaycoopgoeos (Uau 610AHE PeYAAPHOM, UAL HOPMAALHOM)
npocmpaxcmee.,

DT0 yTBEpKJEHHe CJeAyeT M3 TOro, YTO BCAKHII OGUKOMMAKT
ABJSETCA HOPMaJbHBIM (C/1€J0BATeIbHO, M BIIOJHE pEryJsipHbIM)
NPOCTPAHCTBOM, 3AMKHYTHIM BO BCAKOM XayCIOpPhOBOM (3HAuuT, M
NMOAABHO BO BCSIKOM BIOJIHE PETY.SIPHOM M BO BCAKOM HOPMA.IbIIOM)
NPOCTPAHCTBE, H YTO 11eGHKOMNAKTIOE BIOJHE pery/spHoe IpocTpaH-
CTBO, OyAyuH TONOJOTHYECKH OTOOGPa)KeHO B THXOHOBCKUH KHDIHY
(ABIS1OMMACA HOPMAJ/IbHBLIM, 3HAYUT, BIOJHE PeryJspHbIM, 3Ha-
UNT, XaycaopQOBBIM TNpPOCTPAHCTBOM), JaeT TaM HE3aMKHYTOE MHO-
HECTBO *).

[lepexoiauM X A0Ka3aTejbLCTBY BTOpO#t TeopeMul Tuxonosa. [Tycthb
X —BnojHe peryJspHoe IpocTPaHCTBO. PaccMOTpUM Kaxoe-HHGYIb
MHOKECTBO B (yHKuMi [, HenpepulBHEIX B X ¥ YAOBJETBOPSIOLIHX
nepaserctsy 0<(f(x)<{l. Bcskoe Taxkoe MHOXecTBO E HasbiBaeM
MHOMECMBOM, pacdteHouum npocmpancmeo X, €cad s Jmo6oi
TOUKH X, M J1060# oxpecTHocTH 0X, 3TOH TOYKH MOXXHO HAHTH TAKY1O
byvkumo fE€E, uto f(x,)=0 u f(x)==1 aaa Bcex x € X\ Ox,.
Pacyaedsioline MHOXECTBA (yHKILUH CYLIECTBYIOT: TAKOBO, HANIPUMeED,
MHOXKECTBO BCEX HenpepeiBHbIX B X GYHKUMH, YIOBJICTBOPAIOUIHX
yeaosuo 0<{f(x)<C 1. Bropas Teopema TuxonoBa 6yjer jiokasaHa,
€CJIH Mbl JOKaXKeM CJeAylolile ABa NpeiaoxKeHus :

A) Ecau enoare pecyasproe npocmparcmso X umeem eec v, mo
cywecmeyem  pacqaeHsomee MHoxcecmeo  (pyHkyuld  MowHocmy < T.

B) Ecau 80 snoane peeyasipHom npocmpancmee cyujecmeyem pacyie-
HAowee MHoNcECME? Pynkyuill MmowHocmu T, Mo cylecmeyem u mo-
noaozudeckoe omobpasicenue @ npocmparcmea X 8 MUXOHOBCKUIL Kup-
nuy [¥ (u3 B) caepyer, yTO MOUHOCTB BCSKOTO PACU/IEHSIIOLETO
MIoXecTsa GYHKUUA He MeHblle, 4eM BeC npoctpaHctBa X).

Jemma 2. [llycme x,—mouka 6noaHe pecyispHoeo ApoCmpaH-
cmea X. Ko ecsxoid okpecmuocmu Ox, mouku X, MOXHO Hailmu ma-
Kyo oxpecmrocms Ox, moll xe MOYKU, WMO 3AMKHYMbe MHIHECmea
[0x,] © X\ Ox, ¢pynxyuonarwro omdesumor 6 X (max wmo, 6 wacm-
nocmu, [0,x,] = Ox,).

[as nokaszatenbCTBa 3TOH JIeMMBl BO3bMEM KaKyio-HUOYIb (YHK-
wo f, 0<Cf(x) <1, nenpepeiBuyio B X, pasuyo 0 B x, H paBHyw
1 na X\ Ox,. O6o3naunM uepes O,x, MHOXECTBO BCeX TOUEK X, B

*) Mol TosIBKO YTO BMAESH, YTO GUKOMIAKTEL MOFYT GLITH TaK)Ke OXapaKTep-
30BaHLl KaK peryJjsapHble NPOCTPAHCTBA, 3aMKHYTHIC BO BCSKOM OGbEAJIIOLIEM Xayc-
Iopgosonm npoctpanctee. K sromy Hago ele 3aMeTHTb, 4TO CyllecTBYIOT -3aMKHY-
TeIC HeGHKOMIAKTHLIE H, C/€J0BaTe/bHO, HeperyasipHble XaycaopgoBbl NpOCTpaHCTBa
(nanpuxiep, Heperyasapnoe - xaycZopgoBo IPOCTPAHCTBO, ynomanyTtoe Ha cTp. 168)
K 4TO Bcfikoe T |-MPOCTPAHCTBO, COCTOSIICE U3 GECKOHEYHOrO umucaa ToYek (cJejo-
BaTeabio, N /110608 GHKOMIAKT, COCTOAULHA H3 GCCKOHEYNOro YHe/a TOYeK), §1B.19eTCH
HEe3aMKHYTHIM MHOKECTBOM licKotoporo T,-npocTpancrea.
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1
KoTopbix f (x) < 5 » W oupeneyuM gynKumio f, Tak:

{ 0, ec.au fx)<<
fl (x) = 1 1
2(f(n—g), eccm 3<F()<

dyuknua f,(r) HempephiBHa, corjacHo mpeajioxenwio 4 § 2 ra. 4,
M OTJAenfieT APYT oT apyra Muoxectsa [0,x,] u X\ Ox,.

JokasareabcTBo yTBepxpaeHusa A). Bosbmem Tenepb
6asy B={U,} npoctpancrsa X, HMEIOULYI0 MOILHOCTb T; mnapy
o ==(U,, U,), rae U, €B, U,€B, HasoBeM KaHoumUueckoil, ecau
[Uu = U, n muoxecta [U,], X\ U, aBasorcs GyHKUHOHAIBHO
OTACIMMBIMH. MHOXECTBO BCeX KAHOHHYECKHX map o6o3HauuM uepe3 C.
Ono nmeer Moinocts < t. BriGepem Tenepb 1/s KaxnoH KaHOHH-
yecko# maphl Mg =(U,, U,) dyskunwo f,, 0§, (x) <1, venpepnis-
nyio B X, pasHyio 0 Ha [U,] n 1 na X\ U,. MHOoxecTBO E 0TOG-
paHBbIX HaMmd (yHKuMi f, UMeeT MOHIHOCTb < T M €CTh MHOXECTBO,
pacusieHsiouiee npoctpanctBo X. B caMom jesie, KakoBbl Obl HY ObLTH
Touyka X, € X u ee okpectHocTb I' B X, Bo3bMeM conepsamyiocs 8 T'
okpectHocTb Ox, = U, €Y, nonbepeM k He#t okpectHocTs O,X, CO-
raacHo Jemme 2 u Jexaumyio B O.x, okpecTHocTb 0,x==U,; napa
(Uy, U,) ecTb KaHOHHUECKAs Napa g, NPUUEM fo(X,) =0 u fo (x)= 1
ana x € XN\ T. VTeepxnenue A) pokasano.

JokaszareapctBo yTBepxkaenuna bB). Ilyete gano wmuo-
#EeCTBO

B ={fa}

QYHKUHE, pacuJeHAIOWHX npocTpaHerBo X, € HiigeKcaMH o, npo-
GeraiowuMi HekoTopoe MuoxectBo ¥ MouHoctd t'. Tonosorunueckoe
orobpakenue ¢ npocrpancrtsa X B /¥ moctpoum caenyiow M oGpasom.
[Tyctp anA xaxaoro a €% B3sIT cerMEHT

Ia=[0<ta<1]

yucjioBo# mpsmoii. Kaxjol Touke x € X moctaBuM B COOTBETCTBHE
TOYKY

fa(x)ztaela-

Monyuum Ttouxy @ (x):=={f, (x)} € I¥. Orum onpeneseHo oTobpaxe-
Hue ¢ npocTpaHcersa X ia Hekotopoe MHOXxecTBo Y < /V. Orobpa-
KeHHe ¢ FIBNSCTCH JHAroHasibHbIM TPOU3BENEHHEeM OTOOpaXKeHuii fq;
B CHJIy NDENJAOXKeHHs 2 010 HenpephiBHO.

Orobpaxenie ¢ B3auMilo ojuosuauyto. B camom pene, nycrb
x€X, € X, x's=x. K okpectdoct X\ x' ToYkH X nogbupaem,
COTJIACHO OlNpefe/eHUIO PacUJIeHsIOINer0 MHOXKeCTBa QY HKUHH, QyHK-
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o f, € B Tak, uro6sl f, (x)=0 u f, (x')=1; Torna a-e KoopaHiiaThl
fa(x) u fo(x') TOUEK @ (X) M @ (¥') pa3auuHbl, TaK uTo @ (X) 7= @ (x').
Tobpaxenne @~! mnoxectsa Y na X nenpepnisro. B camom pene,
nyete y={{,} €Y, ¢~'(y)-=x. K npoussosbioit oxpecruoctn Ox
Toukn x B X Tpebyercs 110106path Takyio oKpectiocTe Oy B v,
ytobpt @' (OyNY)= Ox. DBepem ¢yukimio f, Tak, uTOOH ObLIO
fa(x) =0 n f,(x')=1 paa moGoro x’ € X\ Ox. Torza a-a KoopaH-
HaTa l, TOUKH Y -=@(X) eCTb {4 —=f,(x)=0. Obo3Hauaem uepes Oy
MIOXKECTBO BeeX Touek y = {i{g} € IV, y KoTophIxX {5 < 1. [sis moGoi
TOUKH 4 €Y, nonaswe# B Oy, uMeeM @~ '(y') € Ox. B camom nese,
ecan Obl X' ==¢~'(y')€ X\ Ox, T0 6bli0 Ob f,(x')=1, T. €. a-2
KOOpJiNHaTa Touk# @ (x') =y’ pasHaack 6ul 1, BompeKy onpenesieHuio
TOYKH Y.
Yreepxnenue B), a 3sauuT, u BTOpas Teopema TuxonoBa jo-
Ka3aHHl.
B 3axkmouenne paccMmotpuM npoctpascteo ¢, ITo camomy csoemy
OlpeJiesIeHNI0 NPOoCTpancTso I¢ ecTh NMPOW3BElleHHe OTPe3KOB

Iy = [ngag 1]

YUCIOBOH NPAMOH, NPHYEM HHEKC o 1ipoberaeT HeKOTOpPOe MHOXKECTBO
3payeHuid MOIHOCTH KOHTHHYyMa. [losToMy MoxHO cuuTtath, yTO
HHACKC O NPHHHMAeT B KaueCTBE CBOMX 3HAUEHHMH Bce ReHCTBUTEb-
nbie ynena orpesxa [0; 1]. Ho torna Touxoit

X == {xq}
npocTpalcTsa ¢ fBAsieTCs NMPOCTO NPOU3BOJAbHASA (ByHKLHSI
X =x(a),

onpejenennas Ha cermedte 0 <Ca<{1 W npuHumaouias 3HaueHHHA,
TaKkxe npHHannexauie cermenty [0; 1]. [Ipu aToM Tonosorus B npoct-
paHctBe I¢ MOKeT ObITb onucana Tak: YToObl MOJYYHTb MPOH3BO.b-
HYIO OKpeCTHOCTb TOYKH X,== X, () npocrpanctsa [¢, nano 3apatb
NPOH3BOJbHOE € >> () ¥ NPOH3BOJIbHBIE TOYKH Oy, - . ., & OTpe3ka [0; 1]
- B KONEUYIOM uHcJle, TOrja onpeaeneHHas 3THMH JaHHBIMH OKpPecTHOCTb
O(ay, - .., o, &) TOYKH X, COCTOMT U3 BCeX QYHKUMH x=x(a), yjio-
BJETBOPSIOINX YCAOBHAM

[Xo()—x ()| <e mpu (=1, ...,s.

Hrak, npocmpancmeo [¢ moxcem Goime onpedeieno Kax npocnpan-
cmeo ecex ynxyull x =x(a), onpederennsix Ha ompeske 0<la <1,
o 3nauenusmu, npunadtexcaumumu ompesxy 0 <x<< 1, npu moasko
WO ONUCAHHOU MONoAoeuu; NO3TOMY TPOCTPAHCTBO /¢ HA3HIBAIOT MmuU-
XOHOBCKUM (PYHKYUOHAADHbIM RPOCMPAHCMIEOM; IO 10Ka3aHHOMY, OO
npencrapanaeT coboil GHKoMmmakT Beca ¢. B To e Bpema /¢ conepkur
CYETHOe BCIOY NJOTHOE MHOMXeCTBO. B KauecTBe TaKOTO MHOMeCTBa
_ MOXHO, HanpHMep, B3ATb MHOMKECTBO BCeX KYCOYHO MOCTOSHHBIX
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(«cTyneHYaThIX») GYHKUHH, DPHHHMAIOWHUX PpallliOHaJIbHBIE 3HAYCHHSA
H NMEIOIHX KOHeYHOe UMCJ/IO TOUCK pas3pHIBa.
ITycTs naHo cueTHOe MHOMECTBO TOYEK
Xy Xag ey Xpy nn )

npoctpanctsa J¢. JlokaxeM, uto Muoxcecrnéo (1) moeda u moavko
moeda umeemn 8 I¢ eQuHCMECHHYI0O NpeOeAbHYI0 MOYKY X,, Ko20a nocie-
dogameasvHocmes pynxyutl x, = x, (&) CX00UMC K QYHRYUL X, (%) HA
gcem ompeske 0<Co<C1 (310 npepnoXchHHe NPH CCHIJIKAX Ha HETo
OyleM HasblBaTh <«JIEMMOIi»).

INpexae Bcero, fcuo, 4TO ec/H nocJeaoBaTeanHocTs (1) exoantes
K QOYHKHHH %, B OO0 TOUYKE &, TO X, €CTb €/{HHCTBEHHAS [1pe/ie/bHas
TouKa MHoXecTBa (1) B npocrpanerse /<. [lokaxeM oGpaTHoe yTEepxNe-
uHe. IlycTb x,—eauHCTBeHHAsA mnpegesbHas Touka MioxecTa (1).
Ecau nocaenosatedbHocTs QyHKUHI (1) He cxoanTca Ha oTpeske
0<{a<] ¥ ¢yHKUHMH X,, TO CYLIECTBYIOT Touka «, 0<Ca,<C1,
H NOANOCNe0BaTeIbHOCTD

X

m,*

A @)

3
nocaeposareqabHoct (1) Takue, uyto xaA nekoroporo &> 0 BLINOJI-
HEHBl HepaBeHCTBa

Ixu (ao) —'xmk (0‘0) i =e (3)

ana seex k=1, 2, 3, ... B cnny GMKOMnakTHOCTH TpocTpaicTsa
I¢ MHOXecTBO (2) uMeeT npenesibHYIO TOUKY X', IPUYEM H3 Ol pesese-
HHUA TOMOJOTHY TIpocTpaHcTBa I°ciepyer, 4uto B (2) Haiinerca Takas

QYHKUHA X, , 4TO
[ (0) — %, (20 | <&,

OTKyla B CHJly HepaBeHcTsa (3) cJenyeT, 4To x' =% x,, B NPOTUBOpE-
YHH C NPEATIOJIOKEHHEM, UYTO X,—eJMHCTBEHHAR TNpeic/baas TOUKa
MHOXecTBa (1) B [°,

[TocTponm B mpoctpaHcTBe /¢ 3aMKHyTOE (CJel0BaTENbHO, GHKOM-
nakTHoe) 6ecKoHeyHoe MHOXecTBO @, obJajaiolliee chaefylouiHM 3a-
MeuaTesbHbIM CBOiCTBOM: D He codeparum HUKAKOD HecmaUOHAPHOE *)
cxodsawelica nocaedocameasrocmu. Jlasa storo o6osHaunM uepes D
cyeTHoe MHOXKECTBO pyHkuMi d, (a), 3a/anubX Ha otpeske 0 <Ca <1,
rae d,(a), no onpenenenuto, ectb 71-ii JBOMYHBIN 31aAK 4ucha o,
npHYeM eCJIH ¢ HMEeeT 1Ba NBOHYHBIX pasfoXenH#d, To GepeM To H3
HHX, KOTOPOE OKaHUMBAETCA hyJsAMH. [JoKaxeM, UTO NocjeoBaTeIb-
HOCTb (pyHKnHi

di(@), dy(@), ..., d, () 4)

*) HanoMuum, 4To noc/enoBaTesbHOCTh HAZBLIBAETCH CTAUHOHAPNOH, €CiM Bee
ee 3JieMEHTHI, Hauniias ¢ HEKOTOPOrO, COBRAAAIOT Mexay CoGoil.
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HE COJICP)KHT HMKAKOH HecTallMOHApPHOM MNOANOC.e10BaTe/bHOCTH,
cxonswelica Ha Bcem orpeske O0<Ca<(l. Ilycte, B camom nene,

du, (Cl), d:x, (C{,), crts dnk (CL), cse (5)
— KaKas-HUOYb NOATOC/Ae10BATEILHOCTL IOCAEA0BaTeIbHOCTH (4).
OnpenensieM Touky a,, 0 <o, <1, ee pasioxenueM B ABOMYHYIO
Lpobb
o, =000, ... 0, ...

caenywomuM obpasom: Las Bcex ueawlx h =1 noaaraem a,,h=0,
2

a 118 n, He paBHOrO HUKAKOMYy f,,, nojaraeM o,-=1, Tak kak
d, (o,)=a, =0
ﬂ2h( 0) 712h ’
dn (a'o) = an = 1’
21 +1 2l +1

TO MOCJTe0BaTeAbHOCTL (D) HE MOXKET CXOAHTHCH B TOUKE ¢, H Haie
yTBEpKJEHHE JOKA3aHO.

Omnpenenum Tteneppr @ kak 3ampikauue B [¢ mHoxecrsa D. Tax
Kak /¢ ects Oukomnakrt, 10 4 (O —Oukomnakr. Jokaxem, uro B @
HET HMKAKO# HCCTallHOHAPHOH CXOpsilelics MocaeloBaTeIbHOCTH
Touek. B cuay JieMMpl JIOCTaTOMHO TOKasaTh, 4TO H3 MHOXectBa
HeJNB35 BHIEJANTh HUKAKOH NOCJe/0BaTeAbHOCTH MOIIapPHO Pa3JHYHbIX
¢yuxuuit, cxoasuefica Ha BceMm orpeske 0 <Ca<C1. Ho nyets

Xis Xgy vony Xy ovey X, €D, (6)
— Takasl TMOCNeJOBaTEJbHOCTb, U NYCTh OHA CXOINHUTCH Ha OTpe3Ke
0<C{a<{! x dyuxrunun x,. Toraa x, € O©. [lycte O, —nponsponasnas
OKDECTHOCTb TOYKM X, oTHocuTennHo @ u x,€0,. Bepem okpect-
Hocth O, TOUYKM X, OTHOCHTeNbHO (D Tak, uTobbl [0,]le = O, 1 yTOGH
x,, € O, \|0,]. Bribupaewm, nanee, x, € 0, n okpectiocth O;: [O4]a=0,,
X, € 0,\|0s]. Hponomfaﬂ 3T0 paccyxJeHne, NOJy4daM Inoc/efoBa-
TEJbHOCThL OKPECTHOCTEH

0,=20,=2...20,=...
TOUKM X, W TONMNOC.1e/10BaTeIbHOCTE X, , X,
BateabHOCTH (6), mpuueM X, € 0,\10; 4]
£
[Toaoxim

2

v oewea Xy oo TOCICHO-

D, =D n (0, \[044.].

Hu oanno u3 muoxecte D, ue nycrto*), U OHH nonapHo He nepe-
ceKalTcst, JeMeHTHl MHoxecTBa D, CyTb HeKOTOPHI® U3 HRALIHX

*) B camom 1e.c1e, Op N[0}, +1] €CTh OKPECTHOCTb TOUKH x,,h 8 O =[D], nosromy
B 3TOil OKPECTHOCTH COJZEPKHTCH XOTa Obi ojHA TOuKa MHOMecTBa D,
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¢yukuMi d,; nycto sto GynyT

d”{z, dﬂg’ oo vy d"?, “ o

Hasoeem Tenepr HaTypajibiloe 4uCAO 1 YHCJIOM MNEpBOro poaa,
€CTH CYLIECTBYeT TaKoe {, 4TO 7 ==nf Npu HeyeTiOM A, U YHCJIOM
BTOPOro poja, ¢eJH 0lo He €cTh Yucso nepBoro poja. Iloaoxum Tenepb
{1, ecan n—nmepsoro posa,

[ A—
"\ 0, ecan n—arOpOro poia,

H pacCMOTpHM IeHCTBHTEJbHOE YHC/I0 ¢, C JBOHUIIbIM Da3JJIOXKEIiHEM

a,=0,0,0, ... @

n * .

Torpa npu neueTHOM A Besikas QyHKIMA dn?EDh NPHHHMaeT B @,

3Hauende 1, a npu uerHoMm ‘A-—3Hauenue 0; Ho X, ecTb TOYKA
3

NPHKOCHOBEHHS MitokecTBa D,; mosTomy QyHKIHA X, UpHHUMaeT
h

B TOuKe «, 3uauenue | mpu HewyetHoM /1 u 3nauenve O mpH yeTHOM i,
OTKYJa BBITEKAET, YTO MOC/Ie]0BaTeNbIIOCTD {x,,h} B TOYKE O, He MOXeT

CXOJNTHCH, YTO H TpeGoBaJoch JOKa3athb.

§ 5. BHyTpeHHss XapakTePHCTHKA BMNOJHE PeryiasipHbIX
ApOCTPaHCTB

Kak BHAHO H3 npeipl1yiLEro, BNOJHE PeTyJ/sipHbie (THXOHOBCKHE)
POCTPAHCTBA, HEPBOHAYAJBHO ONpPeJeICHHbBE (PaKTHUECKH elle ¥ phbi-
COHOM) nocpejacTBoM TpeboBanHa (yHKUHOHAABHON OTACAUMOCTH JIO-
GoHl TOUKM OT JIOOOTO HE COAEpXKAlIEro €€ 3aMKHYTOrO MHOXEeCTBa,
MOTyT OBbITh OMpeneseHH W Kak {IOANPOCTPAHCTBA OMKOMNAKTOB. DTH
ompeJeeHHA NPH BCEM X H3AILECTRBE U NPOCTOTe HE ABJSIIOTCH, OIHAKO,
«BIYyTPEHHHME»: TIepBoe M3 HHX TpeGyeT NPHBJCUEHIA BeIeCTBeHHbIX
¢GyHKUMI, 3HAUYHT, M BeUIECTBEHHBIX YMCeJ, BTODOE OCHOBAHO Ha
MOTPYKEHHH JABHHOIO MpPOCTPAHCTBA B OGbEMJIOUIME €ro npocTpail-
ctBa. [loaToMy ¢ caMoro BO3HHKHOBEHHS! TEODHH BIIOJNC PETYJIAPHBIX
(THXOHOBCKHX) MPOCTPAHCTB BO3HMKJA 3aJla4a HX BHYTPEHIIETO Onpe-
IeJieHWs, T.e. TAKOro OINpejesNeHHsl, KOTOPOe He oliupaeTcd HH ia
Kakie NMOHATHA M MOCTPOCHHS, KPOMC HeNoCpeACTBEHHO CBA3ainiiibiX
¢ camoi Tomosorueii Aanwnoro npocrpaHctBa. [locie psaaa nocesa-
IEHHLIX 3TOR 3ajaue paboT pa3JinyHbiX ABTOPOB €€ TOJAHOE pPerleHHe
aan 3adues [l]. D10 pewenne ocroBaHo Ha NPOCTON H ecTeCTBEh-
HOM Hjee PacCMOTPEeHHs, napajly ¢ JaHHOH OTKPLITOH HAH 3aMKHY TOH
Gazoll Z ToOMOJIOTIIYeCKOrO NpocTpaHcTba, conpsikennoit e Gasw 7
(3aMKiIyTOl, COOTBETCTBEHHO OTKPHITOI), COCTOAIEH H3 MHOMECTB,
DIOTOMHUTENbHBIX K 3JeMenTaMm NaHHoil 6asm Z.
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Umxpboimas 6a3a npocTpanHctBa X HasblBACTCH CUMMEM PUUECKOL,
eCc/i OHA MYJbTHILIMKATHBHO MNOPOXKI3eT 3aMKHYTYIO TONOJOTHIO
npoctpaHcTBa X. Ananoruuxo, samxuymas 6a3a HasblBaeTCa cuMMer -
pudeckoll, €CaH OHAa AAAHTHBHO TNOPOMJAAET OTKPLITYIO TONOJIOTHIO,
T. €, fABJAAETCA ceTbio npocrpauctBa X *). Omipomas 6aza Z Hasbl-
BAETCA HOPMQAbHOL, ©CMH oHA CHUMMETpHYHa M eciu .ofunle 1apa
IHM3bIOHKTHBIX 3aMKHYTHIX MHOXKeCTBa, HABJAIOIMXCA 3JeMeHTaMu
COHPSIKEHHOI 6asbl, HMEIOT NH3BIOHKTHBIE OKPECTHOCTH, SABASIOLIMECS
37eMeHTaMH jauuofi 6a3mi Z. Ananoruyso, 3amxHymas 6asa Hop-
MQAbHA, €cJ OHa CHMMETpHYHa M aiobbie NBa €€ JU3BIOHKTHBIX
- 37eMEeHTa MMEIOT B COMpAXeHHOH OTKPHTOH 6a3e NHU3BLIOHKTHLIE
okpectnocTH. QUeBHIHO, YTO 6a3y, CONPANEHHAR HOPMAWHOU Ga3e,
HOPMAAbHA.

Teopema 3aifiuena (KpuTepuil NoJHOH peryaspHOCTH NpocT-
paHctBa). Jaa moeo umobsr T,-npocmpancmes 66ia0 6n0aHe pezy-
ASPHO, HeOOXO0UMO U GOCIAMOYHO, 4Mobbl OHO UMEAO HOpMA.bHYIO 6a3Yy
(6ce pasHO —OomMKpoIMYIO0 UAL 3AMKHYMYIO).

Ycnaosue Heob6xonumo. [lycte X ecth THXOHOBCKOE NMpocT-
pancteo. O6o3naunm uepe3 D= {(} MHOXKECTBO BCEX HENPEPHIBHBIX
IeACTBHTeNbHBIX (QyHKIMH, onpelesieHnbiXx Ha BceM X H YIOBJETBO-
paromux yeiosuio 0<Cox <1 nas Beex x € X. Muoxecreo ¢~ ! 0 Bcex
TO4EK X € X, L1 KOTOphiX §x ==0, Ha3biBaeTcs HY/JIEBbIM MHOMKECTBOM
dyukuun ¢, JloxaxeM, 4To MHOXeCTBO Z HYJEBBHIX MHOXeECTB Bce-
BO3MOXHbIX QYHKUHEA ¢ € D obpa3yeT HOpMaJbHYIO 3aMKHYTYIO 6a3sy.

Tlpexxae Bcero jokameM, 4rto Z-—3amkHyras 6asa. [laa sTtoro
JOCTATOYHO [IOKa3aTb, 4YTO, KAaKOBbl Obnl HH Obijgi 3aMKHYTOE MHO-
kecrBo Fc X u rtouka x, € X\ F, Ha#igerca rtakofi A€Z, uro
F= A= XN\ {x,}. Ho 3to yrtBepxienue BhiTeKaeT u3 noanoil pe-
TYJIPHOCTH TIpoCTpaHcTBa X: 70CTAaTOYHO NoJoKHTE A =¢~!0, rae
@ € O —dyHKUNA, NPIHHMAIOLEA BO BceX Toukax x € F 3nauenue 0,
a B Touke X, 3Hauvenue 1. JlokasbiBaeM, uto Z ecThb ceTb., B camom
JieAe, KakoBH Obl 1iH OGbLIH TOUKA X, € X u ee okpectiocth Ox,, Gepem
¢yuxupio ¢ €®, pasnyio 0 B Touke x, u pasHylo 1 Ha X\ Ox,.
[Tonaran A=¢~'0, umeeM x, € A = Ox,. Urak, Z ectb 3amxkuyras
cuMMeTpHueckad Gasa. llokasbiBaem, urto Gasa Z popmaJgbHa,

IMyers A, =¢7'0, A,=¢;'0, A, NA,==A. TpebGyerca uaiitn
Takue B,€Z, B,€Z, uro

A, = X\B,, A,=X\B, BuUB,=X.

Tak kak He cyulecTByeT TOYKH X, B KoTopoil Obii0 bl ORHO-

BpeMeHto @,x==0, @ux=0, ¢, €D, ¢, ed, 10 hx= LS

PrX - ux
HenpepoiBHan q’)yHKIIHH, KoTtopas COAEPZKHUTCst B ® u otaenser

*) Heo6xogumule onpejeicius cM. B § 4 1. 4,
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muoxectsa A, u A,. Tlogoxim
_[ 3(Y,—hx), ecmu O<Thx <1,

Vit \ 0, ecau Y, <lhx<1,
v x::J 8, (hx—"1/,), ecnn Y, < hx<],
o 0, ecin 0 he <Y/,

Jlerko BuieTL, uTo P, €D, P, €D u 1, npuHumaer 3uauenye
HyJib TOJObKO Ha MHOXecTBe, Ha KoTopoM '/,</ix<1, a §,—co-
OTBCTCTBELHO TO.IBLKO HAa MHOXKecTBe, na Kotopom 0 < hx <CY/,. Hpy-
TUMH c/IoBaMH, noJaras

B,=¥i'0€Z, B,=v;'0€7Z,
HMeeM
A = X\ B,, 4,= X\B,,

npuyeM, Kak Jerko BHIeTh, MHOXectBa X\ B, 1 X\ B, He nepe-
CEKaI0TCH,

JlokasaTtesbeTBO HePBOH YaCTH TEOPEMbl 32KOHHUEHO.

BBenem Teneps cienylolilee BCHOMOraTeJbHOE OIipejesente.

Myere X ectb T',-npoctpanctBo. MHoxectBo X nap (F, OF),
rae F 3amruyTo, 38 OF ecTb HeKoTOopas OKpecTHOCTb MHOXecTBa F,
Ha3bIBAETCH NAOMHOL cucmemot, ecan iasa JuoGoi napwt (F, OF)€X
CylllecTBYIOT okxpectitocTh O'F MHOxecTBa [ H 3aMKHYTOC MHOXKe-

cTBO F, yIOBJIeTBOpAIOWNE C/ICLYIOUIHUM YCJIOBHSIM:
1) [0'F] < F < OF,
2) (F, O'F)eZ, (F, OF)eZ=.
HmelotT MecTo crleayloiie npocThie JIEMMBI.

Jlemma 1. [Tyemoe Z={A} ecmo nopmarwnaa samkHymasn basa

T -npocmpancmea X. Toeda T={(A, 0A)}, 2de A€Z, OA€Z ecmo
naiomuas cucnema.

Ilokaszartenbctio. [lycts (4, OA) ects npoussosbHas napa
us 2. Pacemorpum X\ OA = A; ouesngno, AN A=A. Torra Bosb-
MeM Takpe okpecriocti O'A€ Zn OA€Z, uto O'An0'A=A.
Monoxum XN\ O'A=F. Torna FE€Z. Tak kak O'ANO0' A=A, 10
O'A= X\O'A=F; cneroparenvho, [0'A]<F. Tlokaxem, uro
F = OA. [leiictBuTebHO, HMeeM

(XNOANF=(XN\0A)N(X\OA)=An(X\0 A)=A.

Urak, A=<[0'A]l= F=0A. Tak xak A€Z, 0O'A€Z, F€Z, 0A¢
€Z, 10 (A, OAEZ, (F, OA)eZ.

JlemMa 1 noxasaua.

Jlemma 2. Myemo A u B—npoussoavrsle Henepecekanuyliecs
samkHymue mHoxecmea npocmparncmea X. Toeda, ecau 0aa mHodce-
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cmea A cywecmeyem cucmema oxpecmuocmedd {I',}, sanymeposanusix
gcemu  dsouyro-payuonareroimy  aucaamu r (0<{r <C 1), max umo
I'yw=X\B u u3 r<r’ caeoyem [I',]<=T,, mo A u B ¢ynxyuo-
HAAHO omOesuMbL.

Jas jpokasate’bcTBa JOCTAaTOYHO NOBTOPUTH KJACCHYeCKOC pac-
cyxpaenve Il. C. ¥Ypeicona: nycre { €]0; 1] He sABasercs ABONYLIO-

pattonaabibiM - uncaoM; noaomum Iy== |J T,. Ecau ¢ <¢, 710
r<t

T{]=Tw. Takum o0pasoMm, KaxjoMy JeHCTBHTEJbHOMY uMcay ! €
€10; 1] coorsercTByeT okpectnocTh I, muoxkecrsa A, yzaosaerso-
psiouast yeaosuio: [ ]=T1y npu ¢ < ¢'. Caenys Bce Bpems ¥Yphi-
cony, notoxum, nawoweu, Iy==A naa ¢<0 o Ty=X aaa ¢ > 1.
IMoctpoum nas Kaxpoit Touku x € X Hekoropoe ceyeHue (A*, B¥)
B MHOXECTBE BCex JEeHCTBUTENbHBIX UYHCEJA: HMEHIO OTHECeM 4MCJo ¢
K HIXKHeMy KJaaccy A¥, ecad x He conepxutes B I'y, H K BepxHemy
kaaccy B*, ecan x €1%,. D10 ceyeHue onpejensieT AeHCTBUTEIbHOE
YHCAO T,, NpuueM, oueBuAno, 0<{t,<C 1. llpyrumu cioeami, orpe-
JeteHa ¢yHkius f, ,(x)=1, BO BceM npocrtpancree X, xKoropas
M oTagiasier miioxkeetsa A u B.

Sameuanue. Jlerko BuIeTb, YTO YCJOBHE 3TOH JIeMMsl siB-
JINETCSi He TOJALKO JOCTATOYHBIM, HO M HEOOXOAMMBbIM A1a (YKL O~
HaJbHON OTHe UMOCTH MHOXKecTs A U B.

Jlemma 3. Ilycme (F, OF)€Z, e0e T —mexomopas naomuas
cucmema npocmparncmea X. Tozda F u XN\ OF ¢yuxyuonassno om-
Odeaumst.

JIlokasatesibCTBO CHOBA TOBTOPSIET JOKa3aTe]bCTBO JIEMMbl Y Dhi-
cona. INoaoxkam OF =1TI'|. B cujiy 110THOCTH cUCTeMbl 2 CYILECTBYIOT
okpectHocTh 'y ¥ 3aMKHyToe MHOXKecTBO (D, Takue, 4TO

Fels[lhsw,<=T,,

11pHYeM
(F’ F«.)Ez. (1)
(b, Ty) €2 (2)

M3 (2) crenyer cyulecrBoBanue oxpectHocT!t I'y,, M Muoxkecrsa @y,
TaKHX, YTO
D, = rl1/2 == [Fx/z] == (Dl/z == Fl-

o —

Ilponoaxkan paccyxnare N0 HHAYKUHH, Mbl HOCTPOHM ISl BCEX
JIBOMYHO- PALlHOHAJMbHBIX yHCes] r=2—’f,— (0 <Cr <C 1) Takne 3aMkuyThie
Mmuoxkectsa ® , u otkpeitete I' , , 4TO

2Il 2”

(DLEFZP+1 E[F p+1 ]E(sz.;.l EFP+1.

n 2u+l, 2n+2 2n+2

n

2 2
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Wtak, aag 3aMkuyTeix MHOXecTB A=F, B= X\ OF Mbl HOCTPOHJH
ciicreMy okpectHocTeii I',, yAOB/AeTBOPSIOIMX YCJOBHAM JieMMbl 2,
Tak uro £ u X\ OF dyHxuuoHaabHO oTRennmbl. Teniepb KopoTko
IOKas3blBaeTCcs BTOpas 4acTh TeopeMbi 3aiieBa (JOCTAaTOYHOCThH
collepxailerocs B HeH ycJoBHa).

Iyers Z={A}—uopMaibuaa Gasa mpocTpaHcTBa X; TOraa mno
jdemme 1 E={(A, OA)} —nnorthas cucrema. ITyctb Touka X u 3aMk-
HYTO€ MHOXeCTBO F, HE cCOJeprKalllee 3Ty TOYKY, BbIOpaHbl NpPOM3-
BoJbHbIM oOpasom. Tak Kak Z={A}—3amKkHyTas Gasa, 10 cyule-
cTByeT aaemenT Ap Takod, uto x ¢ Ap F< Ap PaccmorpuM okpect-
HOCTb TOYKH X:

0x= X\AF.

Tak kak Z={A}—ceTb, TO cyllecTBYeT Takoil ajaeMeHT A, € Z, uto:
x€A,=0x. Cnepopatespto, A,NAz=A, HO Toraa mapa (A,,
X\ Ap) € Z. Caenosaresibho, no Jemme 3 muoxectsa A, u Apdynk-
1LMOHAJILHO OTReMMbl. OTCiofa nofny4yaeM (YHKUHOHAJbHYIO OTACJH-
MOCTb TOYKH X ¥ MHOxecTBa F. Teopema JokasaHa.

§ 6. MakcaMasbHoe GHKOMNAKTHOE pacuiipenne
BMOJIHE PETYASIPHOTO NPOCTPAHCTBA

HasoseM 6uxomnakmusim pacuupernuesm NaHHOTO BIOJIHE pery-

aspHoro npocrpanctsa X BcAKH# GukoMnakt X =bX, copepxamuit
npoctpaictso X B KaudecTBe BCIOYy NJIOTHOIO MHOXecTBa. Beskoe
pacuseHsollee cemedcTBO (YHKUMH mnpocTpaHcTBa X onpejenseT
HEeKOTOpoe GHKOMMAKTHOE paclivpeHHe 3TOro npoctpaHctsa. B camom
Jiesie, NYCTh T-— MOIHOCTb JaHHOTO pacuieHAIOILEero MHOXKecTBa (yilK-
niii. Mpl UMeJH TOMOJOTHYeCKoe oTobpaxeHHe @ npocTpaucTsa X
na uexoTopoe MHOXeCTBO Y =@X < [*. Besbmem sambikanue [Y]
mioxectsa Y (B [%). 3amenas Touku Yy €Y <[Y] B3aumuo onmo-
3HAYHO COOTBETCTBYIOULMMH MM TOYKaMH x € X, MOXeM CHHTaTh, YTO
camo X JiexuT B Oukomnakrte [V] u sBAseTcAa BCIOLY MJOTHBIM MHO-
»KeCTBOM 3TOro GHKOMNAKTa, KOTOPHIi, TaKMM 0o0pa3oM, CTaHOBHTCH
GHKOMNAaKTHBIM pacimupendeM npoctpaHcTBa X. OcobeHHO nHTEpEceH
CJAyYal, KOrja pacu/eHdAolllee MHOXKECTBO (YHKIUHMH €CTb MAKCHMAa/b-
HOe MHOXKeCTBO 3TOr0 poAd, T. €. COCTOMT H3 BCEX HENMpPEpbIBIbIX
B X ¢ynkunit f: X —|0; 1]. CoorBetcTBylOUEe GHKOMNAKTHOE pac-
uupenne X mpoctpaHcTBa X HA3bIBAETCH MAKCUMAA6HBLM GUKOMAQKM -
HolM pactiupedtier 3STOrO TPOCTPaHCTBA M obo3Hauaercs yepe3d PX.
Sro paciuMpeHue HasblBaeTcsi Takxke pacuinpenneM Croyna— Uexa
THXOHOBCKOro npoctpaucrsa X.

HenpepoipHoe oroGpaxkenne f: X — b'X OGHKOMNakTHOTO pac-
upenuss bX npoctpanctea X B GURoMnakTHOe paciwiupenue b’ X
TOro ke npocTpancTBa X HA3bIBAETCH eCiecrienHsiM, €CIM [X = X s
1060l ToukH X € X.
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Tak kak [(bX)= X wu obpa3 Guxkomnakta bX 3amkuyTt B b'X,
“To Becerja (/1 ecTecTBeHHOTro otobpaxkenus f: bX -— b’ X)

F(oX)==b'X,

“T. €. €CTECTBEHHOE OTOOparKeHHE SABJAAETCH OTOGPAXKEHUEM «Ha».
Teopema 17 (M. Croyu [1], Yex |2]). Kawdoe u3 caedyro-
wux mpex ycaosutl Heobxodumo w docmamovno Oast moeo, 4nober Ou-
Komnakmeoe pacuiuperue bX 0oia0 ecmecmeenHo 20MeoMOPPHO MUKCU-
MasHomy pacwuperuio BX.
1°. Jlwbas Henpepwsras pynxyus

fr X—1[0;1]
Moocem Goime npodoaxcena 00 HenpepulBHOU PyHKYUU
f: bX —[0; 1].

2°. Jlwboe uenpepoigroe omobpaxenue
P X—B

apocmpancmea X 6 buxomnakm B moxwem Getme npodonxcero do we-
NpepeiBHO20 oMol paxceHus

(—P: bX — B.

3°. Pacwupernue bX obaradaem ecmecmeenHbim Omobpanienuem Ha
Moboe bukomnaxmnoe pacuupenue npocmpancmea X.

HdoxasareabcrBo. Mokaxkewm, uro fX yrosnersopsier ycdo-
Buto 1°. TlycTs nava uenpepeiBias QyHKiusa

f: X—[0;1].
Taxk kak pacuuperue PX crpourcsa npu noMOWM pacusedsiomed
-CHCTEMB!
Bax ={fa}, @€Y
Bcex HempepoBHBIX Ha X yukuun
fa: X — 14=]0; 1],
To ¢yHKnHA f coBnajaer ¢ oaHoll u3 Gyukuui [e. Ilyers f=f,,.

O6o3Hayast MOILHMOCTb MitoxKecTBa {f,} BCeX HempepoiBHBIX (yHKIMIl
fo: X— 1y (1. e. MoutnocTs ¥) uepe3 T, nosaraem

Il i.=1"

el

Kak 0Opt10 noxasauo B § 4, otobpakenue
¢ X— ] la=1,

aeh
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cTaBsilllee B COOTBETCTBHC Touke X € X Touky ¢x = {fqx}, sBIACTCA
romeoMopgusMom. [Ipn stom gast moboro o € I cipasepnuso cooT-
HollleHHe

fa‘—‘ TP,

Tae m,: I—I,, Kak Eecerja, ectb npoekuwusa. Ecau npocTpaHCcTBO
X OTOMJAECTBUTb NPH NOMOWH roMeoMophu3Ma ¢ C MHOXKECTBOM

oX = I la, 10 Gynxuus f,, oToMgecTBMTCS ¢ OTOGpaKeHHEM

ae
na XE(pX"—)IQ“.

OtoGpaxeHue '
g, : X =[0X]— 14,

6yleT, OUEBHJIHO, HCKOMBIM mpojosixkenneM [ oroGpaxenus f. Tenepb
noKaxkeM, 4To M3 yTeepxaeHus 1° cienyer yteepskienne 2°. Cnauana
paccMoTpuM TPHBHANbHHIA Chydail, KOTZa BeC GHKOMNAKTa KOHEYeH.,
Torpa cam OGukommakT B KoHeueH M MOXKeT ORITh paccMaTpHBaeM
KaK noaMHOXecTBO ortpeska [ =[0; 1].

[lo ycnosuio oroGpaxenue

9: X—B=1]
MOXeT ObITb NPOJOJIKEHO A0 HENPEPHIBHOrO OTOOParKeH s

(52 bX — 1.
Tak kak

P(tX)=¢[X]y=[0X],=[0X],=[B],=B,
TO yTBepxJenue 2° B clayuae KOHEUHOro Beca Gukomuakta B crpa-
BELTHEO.
ITycts Bec B pasen t>= N,. Ilo teopeme TuxonoBa MoxHO cuM-
TaTb OMKOMNAKT B 110JIMHOMECTEOM THXOHOBCKOTO KHpNiiua
I'= 11, 1.,=[0;1].

ac¥
Kaxnas Qynkuus
fa =3 p: X— 1,
HenpepeiBHA, Kak CyNCpno3uivs HenpepuBHHIX (ynsuud. Iostomy

A8 Kamioro a € A, No NpeiloNicKeHho, CYLUeCTEYeT HENPEPHIBHOE
IPOROIKECHHE

fa: BX — 1.

Jluarosanbnoe mnpoussenenue @: bX — I* orobpaxennii f, Henpe-
DBIBHO (cM. mpenaoxenuc 2 § 4); npu 3toM, ecaum x € X, 10

@x = {[ox} = {foux} = {Mapx} = @x,
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Tak urto Ha X orofpaxenue ¢ coenajaet ¢ ¢. Haxonew, B cuny
HeNPEePLIBHOCTH OTOOpaXKeHUsI ¢ UMEEM BKJIOYEHHE

¢ (bX)=0[ X,y =[0X] =[0X];: = B.

Hrak, u3 yrtBepxknenus 1° caepyer yTsepxaenue 2°

YrBepxkaenue 3° BblTEKaeT U3 yTBepxjaeHus 2° OUeBHAHHIM 06-
pasoMm. HUtak, pacwupenne pX yrosaeTeopser BceM ycaosusam 1°—3°.

[Tpexne uyeM ronyuuTb M3 yTBepXKACHHA 3° €CTECTBEHHbIl roMmeo-
mophusm b X =PX, nokakeM clreayioulyio JeMmy:

Jlemma 1. Ecau HenpepuigHble omobpaxcerus

fo X—Y u [ X—>Y

monoaoeuseckozo npocmpancmea X 8 xaycoopgoso npocmpancmeo Y
cosnadawom Ha ectody naomuom 6 X mnoxcecmee X', mo onu coena-
daiom Ha ecem npocmpancmee X.

HokxaszateanbcrTso. [IpennoroxnmM, uro 8 X cyllecTByer Ta-
Kas ToYKa X, 4TO

Yy =FXo # Ya= [ oX,.

BosbMem Henepecekatommuecs oxpectHoctd O, U O, Touek y, H yz
cooTBeTCTBeHHO. B custy nenpepuiBrocTH oToOpaxkenuil [, u [, nomkHa
CYUIeCTBOBaTh TaKas OKpecTHOCTb V Touku x,, yto [ V=0, n [,V=0,.
Tak kak wMHoxectBo X' Bcloy mioTHO B X, To muoxectso V' =
=V n X' uwenycro. Tak kak [,V <O, n V' < 0,, 10

fV' nEV =A.
Ho rtak kak Ha X otoGpaxeuus [, W f, conapaior, TO
fIV'ZfZV'-.#:

TlonyuenHoe nmpoTHBOpeYHE NOKa3biBAET JIEMMY.

W3 nemupt | caenyer, uto ectectBeliHoe otobpaxkenue f: b X ~— b’ X
onpeneseHO OJIHO3HAYHO (TOXJAECTBeHIbIM oTobpakeHnem X — X).
Teuepb BbiBeleM M3 yTBepxKuelius 3° CyLECTBOBAHHE €CTECTBEIHOTO
romeoMopguaMa pactmpennit bX u pX.

Yepe3 h obGo3naunM ectectBeHuoe otobpaxenue bX na X (cy-
nlecTBYloLiee B CHAY ycaoBHsa 3°). \

Tak xak PX ynosnersopsiioT ycnoBuio 3°, TO cyulecTBYeT ecre-
CcTBeHHOE oTOOpaKeHue

h': X —bX.
Cynepnozunus h'h: bX — bX ABAAETCS €CTECTBEHHBIM OTOGPaXKEHHEM,.

nostomy ortoGpaxkenue h'h ua Bcopy naoruoM B bX MHOXectBe X
COBMaf2eT C TOXKJeCTBellbiM oToOpameinen GukoMnakra B b.X.
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M3 nmemmel | comenyer, uto orofipaxkenue A’h Boobule CoBmaizaer
c ToMjecTseHHBIM oToOpaxeHHem Ouxounakra bX. Cresnomaredniio,
otofpaxernne /i B3auMHO OXHO3HauHOo. Tak KaK eCcTeCTBEHHOE OTO-
-6paxieHHe ecTb OTOOpPaXKeHUE «Ha» 1 HeNPepHBHO, a b X — GUKOMIAKT,
TO 7 ecTb ecTecTsexHbiii romeomopdusm B bX nHa fX. Teopema 17
JloKasaHa.

B wmHoxkectBe By BceX GMKOMMNAKTHLIX PACLIHPEHMH BIOJHE pe-
Ty/sipHoro mpocTpancTBa X MOXUO BBECTH YACTHUHBIA MOPANOK,
cyurad bX > b’ X, ecnu cyulecTByer ecTeCTBeHHoe ortoOpawetiue bX
Ha b’ X. M3 Teopemsi 17 caepyer, uTo cToyH-gexosckoe pacmupenue X
SIBJIAETCH MAKCHMAJbHBIM 3JIEMEHTOM YacTHUYHO YTOPSAOYEHHOT O MHO-
wecrsa By, 4TO M MO3BOJACT Ha3biBaTh PX MaKCHMAIbHBIM GHKOM-
NakTHHIM paciiupeHieM npoctpahctsa X.

Oco6etino xopomuMH CBOHCTBAMH 00J1alaer CTOYH-4eX0BCKoe pac-
wupene BX B cayuae HopMaabHOrO npocrpaHcrsa X.

Mpennoxkenue 1. [Aag npoussoiboeo 3aMKHYMO20 NOOMHONCE-
cmea F nopmavroeo npocmpancmea X samvixanue [Flgx eomeomoppuo
MAKCUMAALHOMY Burkomnaxmuonmy pacuupenuio BF npocmparncmsea F.

HokasatenascTBoOo. B cuny Teopemnt 17 jocTaTodno nokasarts,
410 M000e HenpepeiBHOe OTOGpa)KeHue

f: F—[0:1]
MOXHO NPOJO/KITL O HENnpepbiBHOLO OTOGpaKeHHs
F: [Flex —[0: 1).
dukcHpyeM KaKoe-HUGY1b HempepbiBHoe oTobpakenye
f: F—I1=[0;1].

‘Tak kak X —HOpPMaJbHO€ LPOCTPAHCTBO, TO CYLIECTBYET Helpephis-
'Hoe M[PoAoJKeine

o X—1
otobpaxcedus f. Ilo Teopeme 17 cyulecTByeT HempepbiBHOe NPOAOJ-
KeHHe

o pX —1

oToGpaxkenus ¢. Otobpaxenue
¢: [Flox—1

GyileT HCKOMBIM mpojaoxkenueM f otoGpaxkenns f, uto u TpeGosaaoch
LOKa3aTh.

[Mpennoxenue 2. Ecau samxnymoie 8 HOpMAALHOM NpOCM-
parcmee X muomecmea F, u F, Ou3vioHKmHul, Mo OUIDIOHKMHbL
u ux samwikanus [Filgx u [F,lsx.
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Taxk Kak nmapa 3aMKHYTHIX IH3BIOHKTHBIX MOAMHOXKECTB HOPMasb-
HOTO NOPOCTPAHCTBa (PYHKUMOHAABHO OTAEIMMA, TO NpELioKeHue 2
BBITEKAeT H3 CJeNYIOIero yTBepXIAeHHS:

Jlemma 2. Ecau samxnymole noomuoscecmea F, u F, enoane
pezyaspuoeo npocmpancmea X QYHKYUOHAHO OMOeAUMbL, MO

[Filsx 0 [Falsx=A.

HokaszartenbctrBo. M3 ¢QyHKIHOHATbHON OTACTHMOCTH MHO-
xects F; n F, BolTeKaeT cyillecTBOBaHHe HelipepHBHOIT Ha X QyHkuuu

paBtoit 0 na F; u 1 na F,. IlpogonxkuMm ¢yskumio f 1o HenmpepbiB-
HO# (PYHKUHH

f: BX —10: 1].
Muosxectsa @, = -1 (0) u ©, = f‘l(l) 3aMKHYTH B BX ¥ IH3BIOHKTHBL..
Tak kak F;=®;, i=1,2, 1o [Flgx=®;, i=1,2, otkyna

[Filsx N[F.lsx = @, ND,=A,

9TOo ¥ Tpe6oBaIOCh JOKa3aTh.

M3 Teopembl 17 BeiTekacT cienyouias

Teopema 18. Jlwoboe Henpepvisnoe omobpaxcenue f: X —Y
anoane pezyaaprotx npocmpancme X u Y moocem 6Guime npodoameno

do uenpepvsrnoeo omobpancenus [: BX —PY ux maxcumaroroix 6u-
KOMNAKMHBLX pactiu peruii.

B camoMm nesie, npeanosaras, 4ro Y <Y, Moxi#o cuutTath, 4TO
[ ectb otoGpaxenne X B fY. Torna Beaeactsue ycaoBusi 2° Teo-
pembt 17 oroGpaskenne f MoXKeT ObiTb HPOJIOJKEHO 10 OTOOpaMKCHHS

[ pX—pY.

§ 7. HocrpoeHue Bcex GUKOMNAKTHLIX pacUIHPeHHIT
BaHHOTO BMOJHE PEryjasipHOro NMPoCTPAHCTBA

Mopunuente 1aa 33MKHYTHIX H OTKPBLITBIX MHOXKeCTB. Mbi ckaxewm,
4yTo B npocTpaHcTBe X BBCIEHO HOO4uHeHUe ]I 3aMKHYTHIX H OT-
KPBITHIX MHOMECTB, CCJAH L5t HeKoTopelX nap Buaa F, H, rne H —
OTKpbIToe, a [ —3amxuyToe MuoxecTBO B X, Olipe/ie1eH0 OTHOLICHHE
noauutiennss < H, npnyeMm yI0BAeTBOPAIOTCA AKCHOMBI
" Kl. Ecat F<H, o XNII < X\ F.

K2. Ecau F<H, 7o F=H.

K3. Ecmw FileF<H<=H, 0 F,<<H,.

K4, Ecaa " < H', F<H, o FUF < HUH'.

K5. Ecan F < H, 10 cyuwecryer OF rtakoe, ut0o F < OF =
= |[OF]< H.

K6. 4\ < 1\.
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K7. Ko Bcskoft okpectioctn Ox npoussoabHoii Toukn x € X
cyuecTBYeT Takas okpectHoeTh Oux, uto |0,x] < Ox.

3amcuanue 1. B cuny K3 u K5 akcuoma K7 moxer 6LiTh
chopmydaipoBana u Tak: x < Ox.

3ameyanne 2. Us K4 u K1 cnepyer, uro npn F<H, F' <II’
Bcerna Oyner (FNF)Y<HNH'.

[lpumepom nozyuHeHHsi Bo BMOJHE pery.isipHOM mpocrpanctBe X
MOXKET CNYXKHTb TaK Ha3biBaeMoe dfemermapHoe noduurenue: F < H,
ecs F ¢dyHukuHouaasro orzeaumo or X\ H. Ilpu stom, ecau X —
OHKOMDaKT, TO 3jJeMeHTapuoe nofudnende [ < H osnawaer npocro
BraAOueHe F < [ wn ABasteTcs eAMHCTBEHUBIM cyllecTBYIOUHM B X
TI0YHHEHHEM.

Moctpoente Bcex GUKOMOAKTHBIX PACIIHPEHH BIIOJHE PEryIsipHOro
wipoctpancrea. YUepes H Bcerna oGo3HauaeM OTKpniToe, a ucpes [ —
3aMKHYTOE MHOXeCTBa B npocTpaHcTBe X.

1. IpoctpauctBo vX. [lyctb B npocrpaictee X naHo
IIPOKM3BOJAbHOE 1I0AYHHEHHE U AJ9 OTKDPBITHIX H 3aMKIYThiX MHOMKECTB.
HasoeM cucremy o =={H} orkpbiThix B X MHOMXECTB U-npasutbHol,
ecaM Ana Kaxzaoro H, € o MoxHo na#itn takoe H, € ¢, uto [H,]| < H,.
IlenTpupoBaHHas® W U-NpaBW/IbHAs CHCTEMa, MaKCHMajabHas 10
OTHOUIEHHIO K COBOKYNHOCTH JBYX CBOHCTB LEHTPUDOBAHHOCTH H
0-NPABHIBHOCTH, Ha3blBAGTCA U-KOHYOM. U-KOHUb E={/I} cyTs, no
onpejeseuo, Toukn npoctpanctsa vX. B3sis 4a8 KaXXaoro otkpsi-
Toro MHOkecTBa H j = X MuoxectBo Op,, cOCTOsAILIIE® H3 BCEX U-KOHLOB
E={H}, comepxallux B KayecTBe 3J]eMCHTa MHOXecTBo /,, onpe-
JiesinM Gasy npoctpancTBa vX Kak COBOKYMHOCTb Beex MHomecTs Oy,.

Jlerko BHICTL, YTO Mepecedeiire JHOGOIO KOUEUHOrO 4ncsaa sJe-
MEHTOB U-KOHIla E CHOBa €CTb 3JIEMEHT U-KOHUA § M 4To BCAKMIR
U-KOHell § CojfepKHT BMecTe ¢ J1IoObM CBOHM 3aeMeHToM H 1 Bcsikoe
OTKpbLITOe MHO)KecTBO H, = H. [IpyruMu cjoBaMH, BCAKHH U-KOHelL
ABASETCd (UJIbTPOM B CHCTEMe BCEX OTKPHITHIX MHOXKCCTB Npo-
crpaHctBa X.

ABTOMaTHYECKH JOKa3biBaeTcs, 4TO AAf JIOOHIX JABYX OTKPBITHIX
muoxecte H, u H, nveem Oy, nn,=0n,N0p,.

Meron nolumHeHus, 10 CYUICCTBY SKBHBAJICHTHBIA BBefEHMIO
6auzoctd (eM. Cmupuos [1]), Brepsble Obl1 DpHMEHeH A48 no-
CTpPOEHHsl MakciMadabiioro pacidpenns PX (cM. Anexcanjapos
{7]), Ho B moaxoh oGiocTn Oblin paspaboran B. H. IMonomapesnim
Y OKa3zascsl 4Ype3BhIYafiHO y/00HbIM H HAIIALUbIM B CAMbiX Pa3any-
HBIX BOIIPOCAX, CBSI3aHHBLIX ¢ OHKOMNAKTHHIMU PacLiHPEeHHAMM.

OcHoBHBIM pe3yJsibTaToM 3TOro Haparpada sBasercs

Teopema 19. Ecau e npocmpancmee X Odano noduunenue v
0ASL OMKPLITILIX U 3AMKHYMbIX MHONCECTE, MO npocmpaucmeo vX ecex
U-KOHYOE ecmb GUKOMNAKMHOe pacluuperue npocmpancmea X, m. e.
buxomnaxm codepscauyuii monoaozuecku npocmparcmeo X 6 xkauecmee
800y naomuoeo muoxcecmea. OGpamuo, ecakoe GuKomnakmroe pac-
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wiuperue X npocmparcmea X ecme (C mounormuio 00 2omeomopdusma,
ocmagAfouie2o  HenodsuxcHeis 6ce mouxu X) npocmpancmeo v X 044
HeKkomopoao, onpedeaeHnoeo 6 X, NOCYUHEHUA VX MO COOMmeemcmene
MeHCOY OGUKOMNQKMHBIMU  PACHIUPEHUSIMU I NOOHUHEHUAMU 63QUMHO
OOHO3HAUHO.

2. Bknwuenue npocrpanctsa X B vX.

Jlemma 1. [Ipocmpancmeo X monoaceuwecku codepacumesn 6 vX
U ABAACIICA 8 HEM 6CI00Y NAOMHbLAL MHOKLECTIBOM.

Hoxasareaverso. Ilycts x,—upoussoinnas Touka u3 X.
ITo akcuome K5 muoxectso {Ux,} Bcex oxpectHocteil Touxu x, B X
eCTb U-TIpaBHAbHAasf cucTema. M3 peryasipHocTH NpocTpaHcTsa clie-
ayet, uro cucteMy {Ux,} = (x,) HeAb3s NMONOTHHTL HHKAKUMH OTKpbi-
THIMH MHOXCCT3AMK, He Hapyluas ee ICHTPHPOBAHHOCTH H vU-nipa-
BHJIBLHOCTH,

Hrak, mHoxectBo Bcex Ux, ecTb v-KOHel, KOTOpublii o0o3navaem
yepes (x,)={Ux,}. N3 xaycropdosocti npocrpaucrsa X cieayer,
uyto cootBetctBHE (X,)={Ux,} <> x, B3anmHo oiHo3uauwo. J[lazee,
JIETKO BuJIeTh, uto BKaAtoyenud x € Ux,, Ux, € (x) Buipaxaor oauo
u 1o xe. Ortciona c/aeayer, 4yTo, OTOXKASCTBIAAA KaIYI0 TOUKY
X, € X ¢ xouuowm (x,)={Ux,}, moxem 3amucars nocirejHee yTBEpPK-
JieHHe B BHI® TOX/AECTBA

X n Oan == Ux(),

{10Ka3bLIBAIONLEr O, YTO OTOXKIECTBJCHHE X, :-=(X,) €CTH TOMO/IOTHYECKOE
pxaodenve npocrpanctsa X B vX. Tak Kax x,—npou3ssoanHas
Touka X, a Ux,—npousBoibHasn ee OKpecTHocTb, To UX, ecTh npo-
H3BOJIbHOC HEMyCTOe OTKPBITOE MHOMECTBO, M Mbl HMeeM

XnO,=H,

OTKYyla BHTekasT, uro X Bcloay njorio B vX, uau uto vX ecrTb
paciiipenue npocrpaucTda X.

Orciona B cBOIO QUCPCAb BLITEKAeT

Jiemma 2. [daa modozo omrpeimoeo ¢ vX muoscecmeg 1 umeem

[OX n F]'ux= [Perx (1)

OX nn = [F]‘L’X‘
2

3. Ouepartop O(H)*). Ilycte X*—kakoe-Huby1n paciiupe-
Hue 1pocTpaHcrsa X; Bo3bMeM OTKpbIToe MHOKecTBO /[ = X u 0603-
HauuM uepes O (H) uanGoabluee OTKPHITOE MHOXKECTBO B X*, Bhice-
kaouiee 3 X mHoxectso H. Tak kak O(H) ectb cymma Beex
OTKPuTHIX B X* MHOMecTB, Bbicekamowux u3 X muoxecrso H, 1o
X\ O(H) ccte mnepeceuenue BceX 3aMKHYTHX B X* MIOXKeCTB,

1, CAedo6amervro,

*} Onepatop O (H) snepseie pacemotpet H. A, Wlanuu.
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BeiceKatomux X\ H =F, T1.e.
XN\O(H)y=[Flx», umn O(H)=X*\[Flx-. (2)

OtMetuM HekoTopHie HpocThie cBoicTBa onmepatopa O (H).

1°. Onepatop O naer B3aMMHO OjJHO3Ha4HOE OTOGpa)KeHHE MHO-
JKECTBA BCEX OTKPBITHIX MHOXECTB MpOCTpaHCTBA X B MHOMXECTBO
BCEX OTKDHITLIX MHOXECTB NMPOCTpPaHCTBa X*.

2°. Vimeem O (H,) < O(H,) Toraa n toibKo ToTAa, Korfa H, = H,,
npudeM pasedctsa O(H,)=0(H,) n H =H, sKBUBa/leHTHH,

Iepexoaa K RONOJHEHHSM, MOJyYaeM /st 3aMKHYTHIX MHOMECTB
Fe X:

3°. Torna ¥ ToAbKO TOrRa [F,]x: < [Flx+, korna F,< F;.

4°, OH,nH)Y=0(H)NO(Hy).

Crojicteo 1° Boitexaer uz 2°. UTo Kacaerca cpofictBa 2°, to u3
pasencrsa O (H,)=0 (H,) cnenyer pasescrso X N0 (H,)=X NO0(H,),
T. e. H;=H, [Ilposepuvm, Hakonel, cpoiicTBo 4°, Brkuouenne
OH;NH)=O(H,)NO(H,) Borrekaer u3 csofictea 2°, OGparnoe
BKJIOUeHHe cielyet u3 pascHerBa XNOWH)NOH)=H,NH, »n
onpenenenud onepatopa O (H).

HoraxeM, uro aias X*=vX umeem O (H,)=O0g,.

Mur yxe Buneau, yro X N0y, = H,; ocraetca noxka3aTb, 4TO €CiU
s otkpeitoro B vX MHokectBa I' umeem X nI'=H,, 1o T' < Oy,.
Ho ecan E€1, to (Tak Kak MHoxectBo Oy ofpasyioT Gasy npo-
crpancrea vX) cywecrsyer Takoe H,, uto §€0;,<T u H,€E.
Ho u3 Oy, < T caeayer H,=XNn0y,< XNT, u, 3naunt, H,=X N
NTeEg, 1.e. §€0y, yro 1 TpeboBatOCh A0KA3aTh.

Tenepes o6o3uauum yepes MDp (178 NAHHOrO NPOH3BOJIBHOTO
samkuyTtoro” Fy = X) MHOXecTBO Beex Takix §:={H} €uvX, uTo Kax-
noe H €t nepecexaeress ¢ F,. Ecau H,=X\F,, 10, KakK Jierko
BHJETb, TOYKa E=={H} Torza w TonbKo Toraa coiepxurca 8 Mp,
Korja HOQE.

Urak, MmuomecrBa Mg, n Oy, B3aNMHO JOMOJIHHTEIbHbL:

(DFO=UX\01{0.
Cpasunsast (1) u (2) u nomus, uto Oy, =0 (H,), BuIMM, uTO
[FO]Z'X::(DFo'

4, Nanpnefimwne JemMmpl. BoiBeieM H3 mpeibiyllero oRHO
BaxHoe cjeicTBue. Bo3bMeMm Kakoe-HHOY1b OTKpBITOE MHOXECTBO
H,= X. Tak xak H, Bcojy 1iotio B Oy, TO

[0 Jox=[[Hu] )y

Ho npapasi uacTs, no npexwiiyutemy, ects My, Urak, [Og,lyx ==
= M4,y O10 3naunT, uto [Of,],x COCTOUT H3 Beex Takux §={H},

B KoTOphiXx Kaxkaoe H €E uepecekaercsi ¢ [H,], T. e. (BciescTeHe
orkphitoctn ) nepecexkaercst ¢ H,. Wrax, noxasana
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Jlemma 3. Touxa &={H} moeda u moavxo moezda codepscumcs
¢ [On )y, K020a kancdoe H €E nepecexaemcs ¢ H,.

Jlemma 4. [ycme (8 cmvicae Hexomopoeo noduunenus v, O0H-
Ho20 6 npocmpancmee X) umeem F < H,, ede, xax aceeda, F 3amx-
wymo, a H, omgpoimo ¢ X. Toz0a ¢ vX umeem Op=0y,.

Hdokasateasctso. Ilyers

E={H} €W, 3)

Ham wano nokasats, uro €0y, t.e. yro H,€E. Vcaonue (3)
o3xauaer, yro H N Fs=A npu modom O € §. Bo3nmem, cornacHo K5,
Takoe OF == H,, urto

F<H =[H]<H,.

Jlokaxkem, uto H,€E,—>TuM Oyset pokasano, uro u H,€E, 1. e.
6yner pokasaua Bca Jemma 4. [lycre H, ue cogepxurcsa B § = {H}.
Tlonomnum Torza cucremy & miuoxectsom ff, u Bcemu Takumu H’,
YTO

F<H =[H]|<H,. Q)

M3 camoro cootHomenus (4) yxe ciejpyer, 4TO AONOJHEHHAS TaKHM
obpasoM cucrema OyieT NO-lpeKHeMy U-NPaBHILIOH, TOrAa Kak u:
toro, uto FNH A npn mobom A €E, caegyer, uro oua Gyjer n
uenrpupoBanuoii. Ho 370 npoTHBOpeuut omnpeseseHUI0 CHCTEMBL §
KaK MakKCHMaJbHON I[EeHTPUPOBAHHOH W U-NPABUJIBHOUA CHUCTEMBL.
Jlemma 4 nokasana.

CnencrtBue. Ilpocmpancmeo vX pesyaapHo.

B camom nese, nyctb Touka E€uvH u ee okpecrrocts Oy, BHI-
6paubl npoussoanHo. Bosemem M, €&, [H,] < H,. Toraa us nemm 3

U 4 noayyaem
[0n,] = @13, = Oty

yeM peryJIspHOCTL npocrpaHctsa vX M JoKa3asa.

5. Mopuuuenue v* B npoctpauncrae vX.

Jlemma 5. [oaoowum 8 npocmparncmee vX («nepsuunce noduau-
Henuey) Ve < Oy, ecau F<<H 6 X; 0an nodoix 3amxnymoeo D u
omkpouriozo O muoncecme 6 vX nor0xcum («6MOpUUHOe NOOUUHEHUE»)
D < 0, ecau moxcno Haiimu mHoxcecmeo F << H ¢ X mak, umnobst 6etao

Oz, 0,=0,

u mozda, no npedoidyuweny, O =MD, < Oy <= 0. Onpedesennce maxum
obpasom ¢ vH noduunernue v* yoosaemeopsiern ecem axcuoman K1 —K7*).

*) Hago euic nokasarb, 410 «BTOPHMHOC TIOAUYHHCHHE» He MOMeT NpuAiTH B Npo-
THBOPeYRe ¢ NepBUUHBIM, T.e. uto u3 Vp<Of neerga caeayer F<H. Ho Op < Ofy
o3uauaeT, uTo cyiiectsyer Takce F' < H', wto QOpEDp, < Oy, E0y. Ho mu
suaeM, 4to K3 Op==[F] y= Op, ==[Fl,x caeayer FCF', touno Tak xe M3
04, =0 (') = O (H)==0y caeayer H' = H. [ostomy umeem FSF' < H' < H,
T.¢. F<H,
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Jlemma 6. [Tyems 8 vX OuHa YeHMPUPOBAHHAA CUCEMU © =
== {[q} omxpoummx ¢ vX mnovoecms U,, npaguasnas 8 cmvcie noo-
uunenus v* (m.e. ko eécaromy U'q € o cywecmeyem maxce I'y € 6, umo
[Tl < T,). Toeda yenmpuposannus cucmema o' mHoxecms H, =
= XN1'y npasumra (8 cmbicse noduurenus v); 0onoinas ee 0o MoK-
CUMANLHOL npasubHotl cucmemor—v-kornya §={H}, noayuum mouxy
EeuvX, codepacawyroca 6 Kascoom us muoxcecms 'y € 0.

[ns noxasatenbCTBA NPaBHABHOCTH CHCTEMBI 07 3aMEeTHM CHayaJa,
aro ana moboro F <= X O6yrer XN®Pp=F. Ilycrs Tenepr jano
npoussBonbHo H,= X NT, €0’. Bepem [I'g],x < Iy. D10 3n24HT, 4TO
cyuectaylor ['<<H 8 X, TaK uvo

INpl=®r< 0y =T,
H, CJ€A0BATEJILHO,

[(XNTglys Xn[FelxsF<H=XNT,,

T.e. [Hg]y=F < H<=H,, u, caegosarenbHo, [Hgly < H,. Hrak,
NPABUALHOCTL CHCTeMB G JHokasaHa. JlokasblBaeM Teilepb, 4To
terl, npu mobom I'y, € 0. Bepem takoe I's €0, uro [I'g] < [,. Tlo
JemMme 2 uMeeMm Opg=0xqry = |l <TIy, T 00 Opg =Ta Tax xax
Hye€k, 10 EEOHBEF@, yTOo K TpeBoBasoch J0KA3aTh.

6. JokasateabhcTBO GUKOMNAaKTHOCTH NPOCTpaH-
ctea vX.

Onpeaeaedne. OxpecrHocte OF wMmuoxecrsa F<= X nasm-
BaeTCcA ynaomuaemoud, ecau cyllecTByeT Takasa okpectHocTe O F,
aro [O,F| < OF.

M3 perynspuoctn npocrpaderea X u axcuom K5, K1, K7 cie-
AYeT, YTO BCAKOE 3aMKHYToe MHOXKecTBO F < X HMeeT ynJOTHsSeMYyo:
OKpecTHOCTb; §oJlee Toro: Kakosa Obl HH Obina Toyka x, € X\ F, cyue-
cTBYeT ymjiortHsieMas okpectHocTs OF = X\ X,.

Orctoga HernocpeCcTBEHHO BBITEKAET

Jlemma 7. Beakoe samxuymoe muoscecmeo Fecms nepecewernue
6CEX CBOUX YNAOMHAEMbIX OKPECMHOCel.

[lepexoaum K 10Ka3aTejqbCTBY OCHOBHOTO NPENJOXKEHUA:

Pezyasproe, B cuy caeictsua u3 JemMmol 4, npocmpancmed vX
6uromnaxmuo (U, caedosamersro, ecme GUKOMNAKMHOE pacliuperue
npocmpancmea X).

HocraTouHo J0Ka3aTh, 4TO BCfAKas lEITPUPOBaHliasg CcHCTEMA
6 = {(b,} 3aMkuyTHIX B vX MHOxecTB (D, 1uMeeT HenycToe nepeceye-

uiie. Ho us aemmet 7 caeayer, uto () @, = N N Ud,, rae {UD.}
a o U(l)a

(zas xkaxnoro M, muHoxectBo U, npofieraeT Bce VIKIOTHREMBIE OK-

pecTHocTH, a Kaxjgoe O, mpoberaet BCIO CHCTEMY ©) €CTb LEHTPH-

posannias v*-npaBuiabHas cucteMa bX. Tlo Jaemme 6, nepecekas

Kaxayo okpectHocts UMD, ¢ X, moiyduM u-TIPaBUJIbHYIO LEHTpH-
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poBanuyio cucteny ¢’ ={H'}, MonoaKAA KOTOPYIO 10 MaKCHMAJILHOI
nonyyaeMm Konen &=={H}, KoTopblil NPpHHALJICKHT KaKAOMY MHOXE-

crBy U®,; cnenosatensio <TaK KakK n ®,, = n n U(DOL), uMeeM

a a Uds, 7

ke n @,, yeM yTBepKIEHKE NOKa3aHO.

x

7. Btopas yacThs Teopemn 19. Ilycth X*-— Kakoe-nu6ynib
bukoMmakTHoe pacmupenue npoctparcrsa X. OHo nopoxjaaer nof-
guHeHde v B npoctpancree X CAeAYIOUWHM 00pasoM:

F < H, eciu [Flx-< O(H), ()

T.e. [F]x+»= O (H). Jlerko mpopeputs, 4yto (D) €CTb neACTBHTENbI!O
nojUHHEeH e,

Tlokasxem Tenepb, uto vX (GHKOMIIAKTHOE pacillpeHHe, HOPOK-
JeHnoe mojpuuHenueMm v) cosnajgaer ¢ X*. Ilycrs &, ={H"'} ectsb
v-rkodeu. Paccmorpum cucremy mitoxects {0 (H)} B Gurommakre X*.
Ilpexae Bcero 3aMeTHM, uTO

() O =n,€ X", (©)

Hy€ &y

B camom nere, nipu [H,]x < H umeem
O(Hl)g[[Hl]X]X*"—‘[Hl]X*EO(H)'

oTkyla () O(HY= N [H?]x+. B cuny 6uxoMnakTHOCTH 1po-
HY €&y [H(l)1< He
H'l’, H® €&,

cTpaHeTBa X* MHOKECTBO ﬂ[Hﬂ HeNycTo, a B CHJY MakcHMalb-

HOCTH CHCTEMBl &, OlO He MOXeT cocTodATh GoJiee uyeM U3 OfHO#
TOYKH.

JLasi pokasaresbcTBa T1Oro, 4yro vX == X*, CT4BIM B COOTBETCTBHE
Kaxno# Touxke £*€ X* cucremy E-=={X N OE*}, rae OL* —i1pousnonb-
Hasi OKPECTHOCTDL TOUKH E*. Dra cHCTeMa LeHTPHUPOBaHa, v-NIPaBH/IbHA
(TaK KaK LUEHTPHPOBaHa W v-mpaBuiabua cuctemMa 0F*). Ona makcu-
Ma/ZibHa TIO OTHOLLUEHHIO K COBOKYMHOCTH 3THX NBYX cBoficTs. B camom
neqe, ecau Obl cuctema §={X N OE*} coiepxanach B NEHTPUPOBAH-
HOil W U-NpaBMAbIOH cucTeMe M 5=&, W= {G}, TO, NONOAHUB CHCTEMY
{0%*} Bcemu O(G), mMbl Gbl HE HADYUIWIM HH U-TPABUABHOCTH, HH
yieHTpupoBantocTH cuctembl {OF*}, 4To NPOTHBOPEUHT MAKCHMAJb-
HOCTH 3TOH CHCTEMbl, JIOKa3ailHOH BBLileE.

WUrak, & ={X N OE* ectb v-konew, T.e. TOYKA MPOCTpaHCTBA vX.
Takum ofpa3soM, nosvuaem oro6paxenue fE*=§ npocrpancrsa X*
B vX. B cuay (6) orob6paxenue f ectb oTob6pasxeine X* na pce vX.
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Jlerko npormepsietca, uYTO f ecThb B3auMIO OAHO3HayHOEe Hempe-
priBHOE OTofipaXkenue OukoMmmakTa X*, T.e. TOMEOMOP(H3IM MeXily
6ukomnaktamu X* 1 vX, OCTaBJASIOWMH HeNoABHMKHbIMU ToukH X.
CresnoBareanbHo, paciinpeHuss X* H vX MOUyT CYUHTATbCH TOMAECTBEH-
HbIMH.

Octaetcst ;10Ka3aTb [OCJE]HEe YTBEpKIeHHE:

Ecau v=£0", 10 X ==0v'X. O60o3HayuM noauHHenue v uepes <,
a noauunene v’ —depes <. Ilo npealonoxenuio NoIUMHEHHS U B
v’ pasnvyubl, T.e, umelorcs Takue F, H, uro, uanpumep, F < H,
F << H. Tpeanoaoxum, uyto vX =v'X. Torna

D = [Flpx =[F o x = PF =,
h=0,(H)=0, (H)=0% =T,

WUz F < H cneayer @ << 0%, T1.e. O<=I. Ho rak kak ®=0>0F%,
I'=0j, to u3 =T caeayer OF < 0%, 1.e. I'<t H. Tlonyuenitoe .
NPOTHBOPEUHE JOKa3blBACT Halle YTBEpXKJeHHe W 3aBepllaeT JoKa-
8aTeNLCTBO TeopeMnl 19.

§ 8. CgoitcTBa CBA3HOCTH W HYJbMEPHOCTH ISt OHKOMMAKTOB

Caastiblii GHKOMIIAKT HA3bIBAETCHA KOHMUHYYMOM, & €CJIH OH COCTOUT
GoJiee 4eM H3 "OJHOH TOUKH, TO-— COBCMEEHHBIM WU Hempueua/zbﬂbm
KOHIMUHYYMOM.

ITpocTpaHCTBO HA3LIBACTCS 6M0AHE HECEA3HbIM, €C/IM OHO He COAep-
JKHT HETPMBHANLHLIX (T.€. COCTOAIMX 6oJee ueM U3 OAHOH TOUKH)
CBfI3HBIX 1O;IIPOCTPAHCTB, W 6M0AHE PQ3PHIGHBIM, €CJH OHO HE conep-
JKHT 1eTpPUBHAJIBbHBIX KOHTHHYYMOB. OuyeBUHO, BHoJHE HECBA3HHE
TIPOCTPAHCTBA MOTYT ObiTh ONpeNe/ICHBl KaK TAKHe, B KOTOPHIX KOM-
TIOHEHTA KaXJ0# TOYKM ecTb cama 5ta Touka. OueBHIHO TakXKe, 4YTo
BCAKOE BlOJIHE HECBS3HOC IPOCTPAHCTBO SIBJWETCS W BIOJHE pas-
PHIBHEIM. JICIKO BH;eTh, 4TO BCAKOZ HHAYKTHBHO HYJAbMEPHOE MPO-
crpaiictBo X BrOJgHe HecBA3Ho. B camom jese, nmycTh Z—CBfA3HOE
NONIPOCTPAHCTBO HILIYKTHBHO HyjbMepHoro npoctpanctsa X. B X
cymectsyer 6asa B, COCTOAULAST M3 OTKPHITO-3aMKHYTHIX MHOMKECTB.
Ecau 6l B Z uMesdCh 1B pa3audibie TOUKH X ¥ X', TO Mbl B3A.1H
66l B Gaze B aaement U, cogepxauluii TOuKy x U He coaepxauluil
Touky x'. Ho orkpsiTo-3aMkHyTOe MHOMecTBO U, cojepika TOUKY X
CBSI3HOrO MHOMECTBa Z, NOJIKIIO COJEPIKAThb U Bce MioXecTso Z 3 x!
INoayueniioe npoTHBOpEUHE NOKa3piBAeT, YTo MpocTpancTso X BroJdHe
fecBa3no. C jpyrofl cToponsl, Aake Cpeld MeTpPHUECKUX cenapa-
GeNbHBIX TPOCTPaHCTB (Jae cpeld MOANPOCTPAHCTB OOLIKHOBEHHOM
IJIOCKOCTH) HMEIOTCS TIPHMEpPhI BIIOJHE pa3pblBHBIX HPOCTPAHCTB,
He ABJSIOUIHXCS BMOTHE HECBA3HLIMIU, 2 TAKXKe BIIOJHE HECBA3HLIX
NPOCTPAHCTB, HE ABJSIOLIMXCS UHAYKTHBHO HYJIbMEPHbIMH (cM. A JTe K-
cauapos—Ilacsiukos [1], ri1. 2). B To ke Bpems A1 GUKOM-
NaKTOB, KaK Mbl yBUAMM B 3TOM »Ke mnaparpade, TPH CBOHCTBAL
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TIOJIHOH Pa3pLIBUOCTH, TMOJHON HECBA3HOCTH M HHAYKTHBHOW HYJb-
MEPHOCTH — 3KBUBAJECHTHbl MeXAY c¢o60fi. MHaykTHBHas HyJ/bMmep-
HOCTb SAIBJASETCA JAdlIb OAHHM H3 TMOAXOJOB K OOWEeMY I[OHATHIO
HYJIbMEPHOCTH (HYJIEBOTO «4HCJIa U3MepeHuily) npocTpancTsa, Hapsiay
C ONpEACJIEHHON Bblille HHAYKTHBHOH HYJAbBMCPHOCThIO IPOCTPAHCTBA X,
sanuceiBaemoii B Bije Qopmysanl ind X =0, cyuwecrsyer elne cBoit-
CTBO TaK Has3biBaeMo#l OOJBILOH WHJIYKTUBHOH HYyJ/bMEPHOCTH, WM
Ind X =0, cocTosimee B TOM, 4TO Kaxiasi oKpectHocTs U@ mpous-
BOJLHOTO 3aMKHyTOoro MHoxectsa (D, nexaitero B X, cogepxur
OTKPBITO-3aMKHYTYI0 oKpecTHocTe O'(, W, KpoMe TOro, CBOHCTBO,
HAa3bIBAEMOE MPOCTO HYJIbMEPHOCTEIO NpocTpancTBa X. 1o cBOfCTBO,
3anuceiBaeMoe B Bufe dim X = 0, sakmoyaerca B TOM, YTO BO BCAKOE
KOHeuHoe OTKpbitoe mokpuitie ©={0,, ..., O.} npocrpancra X
MOXHO BIIMCATh KOHEYHOe OTKphIToe mokpuithe {0], ..., O}, cocto-
silee M3 AH3BIOHKTHHIX OTKPBITO-3aMKHYTBIX MHOX<ecTB. Mbl ceiigac
YBUAMM, YTO 048 GUKOMAQKMOE N JaxKe NI GPHHAMBHO KOMIAKTHBIX *)
MPOCTPAHCTB 6Ce MU MPu Ceolicmea co6nadaiont, m.e. GbiCKA3bIBAHUR
ind X=0, Ind X=0 « dim X0 axeueasenmror mexody coboro.
3amevyanue. Bo Bcem 3ToM naparpade mo npocrpaHctBoM X
nonumMaercs Bceria T -mpoctpanctBo. B 3toM npeanonoxenuu us
Ind X =0, oueBuano, crepyer u ind X =0. JlokaxeM, kpome Toro,
yro u3 Ind X =0 Bcerna caepyer HoOpMaJbHOCTb mnpocTpancTBa X.
B camom gmene, nycts O, # @, — (U3 BIOHKTHEIE 3aMKHYTbIe MHOXKECTBA
BnpocrpancTse X. Tak kak Ind X =0, To B okpecthocTH O®, = X\ @,
MHOMecTBa (D, COJepKHUTCH OTKPHTO-3aMKHYyTas okpecTHocTs O'(,,
JIOMOJIHEHHE X KOTOPOH eCTh OTKPHITO-3aMKHYTad OKPECTHOCTb MHO-
xectea @,. Hopmanbnocts npoctpanctea X pokasana. Jokaxewm,
uto u3 dim X =-0 nas mo6oro npocrpancrsa X caeayer Ind X =0,
a 3HauyuT, ¥ ind X==0 u HopmaabHocTh mnpocTpancTsa X. Bepem
NpOH3BOJIbHOE 3aMKityToe MHoxecTBo O X M NpoH3BOJBHYIO OKpe-
ctHocTe O®. ITapa mHoxkectB O, == 0D u 0, = X\ @ o6pasyeTr OTKpHI-
Toe mokpeiTie o npocrparcrBa X. Tak kax dim X==0, 10 cyue-

CTBYeT BIMCAHiiOe B NOKPHITHEe » NOKphiTHe y=={0, ..., O}, co-
CTOAIEe M3 JU3BIOHKTHBIX OTKPHITO-3aMKHYThIX MHOXKecTB. Ilycrb
CpeAu 3JeMeHTOB INOKphiTHA Y MuoxectBa O, ..., O, M TOIbKO

oHH nepecekaiorcd ¢ @ wu, caenosareanHo, coaepxarcd B 0,—B
0, = X\ @D =M 04HO U3 HUX JexaTb He MoxkeT. Toraa O, U ... UO,=
=0'(M ecTb OTKPHLITO-3aMKHYTasi OKPECTHOCTh MHOxectBa O, sexa-
1as B 3ajaHHoil okpecTHocty O®. Y1Bepxaenve Ind X =0 noka-
zano. Okaswiaercst, uto u3 Ind X =0 caeayer dim X ==0, 1.e. uro
yreepxaenua Ind X =0 u dim X =0 sxsuBanenTHnl Ana JoGoro
npocrpancta  X. o joxkasaresncTBo 3TOH  3KBHBAJCHTHOCTH

*) Ilpocrpancrso HasuiBaeTCA (DMHAJTBHO KOMNAKTHBLIM, €CJTH H3 JIOGOro OTKpPHI-
TOr0 NOKPHLITHS 3TOr0 NpPOCTPAHCTBA MOMKHO BLIAEIUTL CYETHOE NMOANOKpPHITHE. M
sepreMest K QMHAALIO KOMIAKTHbIM mpocrpancTsa B § 11.
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Onypaercd Ha o4HO CBOHCTBO HOPMAJILHBIX NPOCTPAHCTB, KOTOpoe Gyner
uanoxeno b B § 11, OrkiamsiBas o § 11 u oxkoHuatHe [OKa-
3aTesIbCTBa KBHBaJeHTHOCTH yTBepkaAeHH#d dim X =0 u ind X =0
B N0/HOH OOUWIHOCTH, ME!l ceflzac JOKaXKeM 3KBHBAJEHTHOCTb Tpex
yrepxiaenuit dim X ==0, Ind X =0, ind X=0 auws paa Gnkon-
nakros X.

Mbi  gokazasu, 4ro 13 dim X =0 caeayer Ind X=0, a 3
Ind X =0 caenyer ind X ==0. [lycrs X —6Guxkomnaxr. Jokaxem, 1o
n3 ind X =0 caeayer dim X =0.

Bepewm 06oe kodcdHoe ortkpeitoe nokpetue Q={0,, ..., O
6uxomiakta X. B upeanoaoxennu ind X =0 tpeGyercsa HallT 1i13b-
IOHKTHOE OTKPHITOE NOKpHITHE @, BnHcandoe B Q. Ilas xamnod
TOuKfl x¥ BhIGHpaeM cojepHaiinii ee 3nemedt O, OOKpBITHSI Q U
OTKPBITO-3aMKIlyTOE MHOMKecTeo U, cojepxallee TOukKy X M Jewa-
wee B O, . Itn U, o6pa3yioT nokpuitie Bcero Guxkomnakra X, i
H3 3TOrO IIOKPLITHS MOKHO Boi6paTh KOHEYHOEe  MOANOKPLITHE
v=={U,, ..., U,}. Honaraem teneps 6,=U,, 0,=U,\ U,, Boobue,
o,= UNU,U...uU;.)). Tax xkak sce U,, ..., U, oTKpbITO-3aMK-
HYTBi, TO OTKPBITO-3aMKHYTbI H, KPOME TOrO, NH3BIOHKTHBI BCE MHO-
wectsa 6;. Oun 05pa3yioT HCKOMOE I[IOKpbiTHe Y’, Bmucalllioe B 7,
caenosatensno, U B Q. Ilpestoxkenne gokasamo.

Bukomnakt X, yjoBJeTEOpsIOWMHA KaKoMy-aHuGyab, a cJejloBa-
TeJipbHO W JioGomy u3 yeaosuit dim X =0, Ind X=0, ind X=:0,
HA3bIBaETCA TPOCTO HYAbMEPHOIM OUKOMIAKMOM.

TlyceTh ¥ —npou3BObLHAS TOUKA TONOJOrHYECKOro MpocTpaHeTea X.
Ilepeceveriie BceX OTKPHITO-3AMKHYTHIX MHOXECTB, COLEPXXaLLNX
TOYKY X, €CTb 3aMKHYTOE MHOXeCTBO, ofo3iauaemoe yepes Q, u
Ha3biBaeMOe K6asukomnoHenmoli ToukM X B npoctpascTse X. M3
3TOrO OnpejeseHHsl Cpa3y cjaeayeT, YTO BCAKOE OTKPbITO-3aMKHYTOC
MHOXecTBO A,, conepKalllee TOYKY ¥, CONEPMHT H BCE MHOMCCTBOG
O,. Mbl 3HaeM TakXke, uTO BCAKO2 OTKpBITO-3aMkiyrtoe A,, colep-
KALICE X, COACPNKHT KOMIOHeHTY C, TOUKM X, 3HAuuT, U Mepeceuc-
nue Q, Bcex 3Tnx A, Ttaxkke cojepuT MmHoxectso C,. Hrak,
Q. =C,.

[Tyets ¥ 1 z—Be toukn mpocrpadctsa X. JlokaxkeM, uTto ecias
2€Q,, 10 Q,== Q. O6o3nauum uepe3 A, 11060€ OTKPbLITO-3aMKHYTOE
MHO/KECTBO, COIepiKallee TOuky x, a uepe3 A,—.Ji060e OTKPHITO-
3aMKHYTOE MHOMXECTBO, cojepsKaliee Touky 2. [Ipexne Bcero, us
Z€ Q, caelyer, yTo Bcsikoe A, COJEpPKHUT TOYKY x: B NPOTUBHOM
cayuae umenn 6l ans Hekortoporo A, Bkawuenne x € X\ A, n,
snaunt, Q,= X\ A4,, sonpeku Tomy, 4t0o z€ Q,. Mrak, us z2€Q,

cnenyet, yro Besikoe A, ects M HekoTopoe A, 3HayuT, Q, = ﬂAq_C‘:
=N A,= Q,. C apyroil croponsl, Bcakoe A, cojepXuT X, 3naunr,

1 Q.52 T.e. Bcakoe A, ectb u Hekotopoe Ay, a noromy Q,= Q..
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Urak, Q,= Q.. Mul noxazanu, 4TO KBA3UKOMMNOHEHMb J8YX Da3Auy-
HbiX modek npocmpancmea X UAU cosnA0Qom, UAU OUSBIOHKIMHbBLE
ace npocmpancmeo X ecmy 00veduHeHue OUSTIORKMHOU  CUCTEAlbE
ceoux keasuxomnoHenm. IlpH 3TOM KaxJaas KOMNOHEHTZ NPOCTPaH-
ctBa X CONEpXKHUTCH B ENMHCTBEHHOH KBA3HUKOMMOHEHTE, H MOXKHO-
cKa3arth, 4TO pa3fHeHHe NPOCTPAHCTBA Ha €ro KOMIOHEHTH Gosee
MeJKo, ueM pasbpeHHe Ha KBAa3UKOMMOHEHTHl, Wl ABJAeTCA 1OA-
paszeieHleM 3Toro IHocJlenHero.

IMpusenem upocroil npuMep mnpocTpancrsa X, B KOTOPOM 1Jis
HEKOTOpoll TOYKU X HMeeM Q= C,. 310 NpoCTpancTBO onpenensercs
K2aK NoAnpOCTPAlCTBO OGLIKHOBCHHOH EBKJMIOBON MAJOCKOCTH H €CTh
ofbegilelide ABYX NpaAMbIX d U d', UMEIOUIMX COOTBETCTBEHHO ypaB-
Hendss x=0 1 x=1, U KOHTYpPOB INpPAMOYrONbLHHKOB g,, FOPH30H-
Tajablible CTOPOHH KOTODHIX HMEIOT YPaBHEHHA yl——-n, y=—n, a

1
BePTHKAJ bHBIE HMECIOT yDaBlleHUA x=—n— y X = 1———; .

Iycrs a—xaxas-uubynp Touka npamoit d, a a’— npousBosbHast
Touka npamoil d’. Kaxjaoe OTKpbiTO-3aMKHyTOe MHo:xKecTtBO A, co-
JAepxalllee TOYKY @, COOTBETCTBEHHO @', COAEPKIUT BCIO NpaMylo d,
COOTBETCTBEHHO d’, M KOHTYpbL BCeX NpPAMOYFOALHHKOB g, € JOCTa-
Toulio GOJIBIIUM HOMEpOM /I, @ CJeNnoBaTeqbHO (Tak Kak A 3aMKHyTO)
# BTOPYIO TpAMYIO, T. e. d', COOTBETCTBEHHO d.

[losToMy nepecedyensie BCeX OTKDPBITO-3aMKHYTBIX MHOMECTB, CO-
JepKaluliX TOUKY @, COOTBETCTBEHHO TOUKY &', ecTb OGbelHHeHue
JBYX mpAMbIX d U d', KOTOpoe U ABJAETCS KBA3HKOMIOHEHTOI Kak
TOUKH @', TaK M TOYKM &. B To e BpPEeMA KOMMOHEHTA TOUKH &
eCTh npsAMas d, a KOMIOHEHTa TOouki &' —mpsamas d’.

Teopema 20. B 6uxomnaxme X womnowenma G, a0boli moukie
x € X cosnadaem ¢ ee KeazuxomnoueHmot Q.

Jloka3aTenbCTBO OCHOBBIBAETCH Ha BAXKHOM 3aMEYaHUH, H3BECTHOM:
nox HasBaHuem Jemmbr [lypei-Bypel.

Jlemma Wypw-Bypul. Hycme 6 6ukomnaxme X Oana coso-
Kynuocme 3amkrymoix mroxcecme o == {0y} ¢ nenycmoim nepeceueruem

o= ﬂ‘I’a- HTycmy O — npoussoisrasn okpecmuocme mHogcecrneéa M.
Tozda cywecmeyem kouedrce uucro muoxcecns M, € 0 ¢ nepecederuen,
aeoxcauun ¢ OO,

HokasartennctBo. Paccmorpum cemeitcteo {F,} Bcex Mso-
xeers Buaa Fo =M, \ OD. Muoxectsa F, 3aMKHYTHl B OHKOM-
naxkte X. Ilostomy, ecsiu 6bi ceMeficTBO {Fy} GBIJIO IEHTPHPOBAUHLIM,.
TO lepeceueHue BCEX €ro 3JeMeHToB Ohio OB HenycTto, T. e.

A () Fa = ) D\ 0O = D\ 00,

o

4TO, OUCBHUHO, HEBEPHO.
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Wrak, uMeeM KOHCUHOE YHCJIO MHOXKecTs F,, mycThb Y
¢ nmycThiM nepecedenuem. Ho rtoraa

A=FaN...NFo=Dy N...N D, \ O,

T. e Dg N...ND, < 0D, 410 u TPeGOBANOCH JOKI3ATh.

Cnencrteue 1. Ecau cemelcmeo wenycmoix 3amMKHYmMolx MHO-
acecme ¢ =Dy} Oukomnakma X wnanpasaeno no exawodenuio (m. e.
028 moboix D, €0, Dy €0 umeemes O, =D, ND, ), mo xaxdan

OKPECILHOCTLL 0(D Henycmozo muosxcecmea O = n ®,, codepxcum He-
o
xomopoe Oy €o.

B camom pnene, uaxomum mno Jemme Hlype-Bypsl mHOoxectsa
D, ..., Oy, mox ycnosueM @, N ... N D, =0P. B cuny Ha-
NpaBJeHHOCTH N0 BKJIOUeHHIO ceMefictsa o umeerca D, €0, Jexa-
wee B @y N ... N Dy, oo u asaserca uckomeiv P, = 00,

3r0 CnexcTBHE, B YACTHOCTH, NMPUMEHHMO K TaK HA3bIBAEMBIM
MYJbLTHIJIMKATHBHLIM CEMEHCTBAM O HENYCTBIX 3aMKHYTHIX MHOXKECTB
(1. e. cemelicTBaM, KOTOpbIE BMeCTe C JIOObIMU ABYMs 3JeMeHTaMu
D,, D,, conepxar ux nepecedenue).

TlepexoauM K 10Ka3aTeAbCTBY teopembt 20. Tak kak Bcerna

S Q. TO JOCTaTOYHO JOKa3aTb, YTO KBa3HKOMIOHEHTa @,
TOUKH X GUKOMTaKTa X coaepKHUTCA B KoMmoHente C, 3TOH TOUKH.
Juasa storo, B cBolO OYepeNb, HANO Jililb JOKa3aTh, 4TO Q, CBA3HO:
B CaMOM Jefe, eClH MBI 3TO JOKaxeM, To Q,, KaK CBA3HOE MHOXE-
CTBO, COMepXKaiiee TOUKY X, OyneT JIekaTb B MAKCUMAJLHOM CBA3HOM
MHOXKecTBe, CojepiallleM 3Ty TOuKy, T.e. B mMuoxecrse C,, u Hama
1neab OyneT NOCTHTHYTA.

HMrak, noxasbiBaem cBA3HOCTH 3aMKHyTOro B X MHOXecTBa Q.
JlokaspiBaem cHoBa oT nportusHoro. Ilyets Q,=F,UF,, tae F, u
F,—IBa HemycTbIX IH3DBIOHKTHBIX 3aMKHYTBIX MHOXeCTBA. Tak Kak
F, u F,—3avMKHyTele MHOXecTBa GHkoMnakta X, a BCAKHUH OUKOM-
NakT ecTb HOPMaJbHOE [IPOCTPAHCTBO, TO MHOXecTBa F, u F, umelor
8 X uenepecexkawnuecst okpecrdocty OF; u OF,, xotopbie B cBoeii
cymvme o6pasylT okpecthocts 0Q,=OF, yOF, MHOXecTBa Q,.
Hwmeem no onpezenenuio KBa3iKOMIMOHEHTHL

:n Am
a

tne {Ay}—ceMeiictBO BceX OTKPLITO-3AMKHYTBIX MIOXKECTB GHKOM-
nakta X, cogepxaiHx ToukKy x. Tak Kak Iepeceuenue JAByX
OTKPbITO-3aMKHYTBIX MHOKECTB OTKPBITO-3aMKHYTO, TO CeMekCTBO
BceX A, MYJbTHNJMKATHBHO, TAaK 4YTO Mbl HAaxoiuMcs B ycnosmx
caejgersua gemmel Hypot-Bypst.
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IMostomy cymectsyer A,, aexaumee e 0Q, =OF, Y OF,. Tak kak
C.,=Q,, 1
C,=OF,U0F,.

Ho C, cBasno u notomy, coaepxach 8 OF, U OF,, JeXHT B ONHOM
u3 muoxects OF, unu OF,. [lycts C, = OF,. OtkpuITo-3aMKHyTOE A,
no npeanojoxedno, gexur 8 OF,UOF,. Orcioaa caenyer, 941G
AaNOF, = A NOF,, 1. e. A,NOF, 3amkayto. Kpome Toro, mmuo-
xectso A, N OF |, oueBnano, orkperro. Mrak, A, N OF, ects oTkphiTO-
3aMKHYTOE MHOXKECTBO, cofiepKalllee Touky X. [loatomy Q.= A, N OF,,
YTO NPOTHBOPEUUT TOMY, ut0 F,= Q..

Teopema 20 nokasana,

3 noxkasadHOrO JIETKO cjefyeT OCHOBHAS

Teopema 21. Hra Guromnaxmos ceoiicmeo nyabmepHocmu 3Ksu~-
BAALHMHO NOAHOL HECEABHOCMU U NOAHOU PA3PLIGHOCITIU.

IlokasarteabctBo. Kak Mbl 3HaeM, U3 HyJbMEpPHOCTH JIO6OTO
NpOCTPalCTBA CJELYET ero MnoJHafd HecBA3HOCTL W TeMm GoJee ero
110JIHasl Pa3pLIBHOCTb.

Hav nago nume joxkasaTh, 4TO H3 TOJIHON Pa3pHIBHOCTH GHKOM-
[AaKTa yXe CJeJYyeT ero Hy.ibMepHOCTh. '

Besikuit Brionse paspblBHBI OMKOMNakT X BIOJHE HECBA3EH —B
NIPOTHBHOM CJiyuae B HEM COJEPXKajoch Obl CBA3HOE MHOXECTBO,
coctosiuee GoJjiee yeM U3 OJHOA TOUKH, U MHOXKeCTBO [ X,]y OBLIO Gb
JexawuM B X COOCTBEHHBIM KOHTHHyyMoM. HTak, KoMmoHeHTbE
BIIOJIIIE Pa3pLIBHOrO OUKOMIMAKTa COBMAjaloOT ¢ ero Toukamu. Ho
KOMIIOHEHTH OHKOMNAKTa SBJASIOTCH U ero KBa3HKOMIIOHEHTaMu, Tak
4TO Kaxjas TOYKa X BIOJIHE pa3pbiBHOTO GHKoMmakta X ecTb nepe-
ceyeHWe BCeX COZEPKALUX €e OTKPLITO-3aMKHYTHIX muoXecTs. Or-
cioga no jgemme Lype-Bypsi ciaexyer, 4T0 OTKPHITO-3aMKHYTBIE MHO-
JKECTBA, COnepiKaliHe TOUYKY X, 06pasyroT 6asy 3TOH TOUKH B Tpo-
crpanctde X. 2Dtum jpoxasaHo pasedctso ind, X =0 nas xaxjoft
ToukH x € X, 3Hauut, U paseuctsa ind X==0, Ind X :=dim X ==0.

Ceityac BpeMs onpenesuTh TaK HA3LIBAEMBIE OCHOGHbIC PA3MEPHOCHL-
Hble  uneapuanmel  monoaozuqerkoeo npocmpancmea X. Hx rtpu:
dim X, Ind X, ind X. Pa3mepunocts dim X onpenensercs Kak Hau-
Medblillee llefoe uucno n >0, obnanamouiee TeM CBOHCTBOM, YTO BO
BCAKOE KOHEeYHOe OTKDPBHITOe NMOKPLITHE @ TpocTpaHctsa X Bnucano
KOHEUuHOE OTKDHLITOe NOKpHITHE @' KpatHocTd < (rn1-{- 1). Ecan Takoro
vpzda Her, T. €. A8 KaXIOrO f1 CYLIECTBYET TaKoe KOoneynoe
OTKPLITC: TIOKPHITHE ®,, YTO BCAKOE BIHCAHHOE B HErO OTKpPbITOE
MoKpuiTHE @' uMeeT KpaTHocTb Goablue n 41, to mnuwem dim X == oo,
Kposme Toro, dimA =—1.

Bonbinast, cooTBeTCTBEHHO Maaas, NHAYKTHBHAA pPa3MepHOCTD
Ind X, coorsetcreeduo ind X, onpegessierca Mo HHAYKUHHU CJAeYIO-
muM o6pasoMm, [li1s nyctoro npocrpanctBa A noaoxum Ind A ==
= ind A=—1. [lpeanonoxum, uTO oOnpegetedLi mnpocrpaHcTsa X,
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aaa koropeix Ind X <Cn-——1, coorsercrseniio ind X<{n—1. Mu
vorpa rosopum, uto Ind X <Cn, coorsetcrBedso ind X <Cn, ecau
I8 moforo 3aMKHYTOro MHoXecTBa F < X M mpou3Bo/IbHON OKpecT-
voctn OF cymectsyer okpectocts O,F ¢ [O,F]cOF u Indrp O,F <C
< n— 1, coorBeTcTBeHHO AN J060oH TOukM X € X H okpecrHoctH Ox
cymectsyeT okpectHocTs Ox, ana koropoit [0,x] = Ox u ind rp O,x <<
< n—1. Ecan Ind X <{n, #o npu srom sepasenctso Ind X <{n—1
He HMeeT MecTa, To, no onpenenesuio, Ind X=n. Anajoruuso
onpenesiserca pasedctso ind X =n. Ecin uu nas xakoro n =0
se umeem Ind X <Cn, coorsercreentto ind X<{n, TO mojaraem
Ind X = oo, cooreercreendo ind X = oo,

M3yuyeHul0 pasMepHOCTHBIX HHBAPHAHTOB H CBA3AHHLIX C HUMII
MHOTOUHCJIEHHBIX BaXKHBIX CBOJiCTB TOMOJNOrHYECKHUX IPOCTPAHCTB
(rnapubiM 00pa3oM HOPMAJbHLIX H, B YACTHOCTH, OHMKOMNAKTOB H
MeTPHYECKHX IIPOCTPAHCTB) MOCBAILEHA OfHA W3 CAMbiX 3HAYHTENb-
HBIX W COjep:KaTeJbHbIX YacTeil oOwiedl TONOJOrHM, H3BECTHAA IHOJ
HaspaHueM TeopuH pasmepHocTH (cM. AnekcanjapoB—Ilaceiu-
kos [1]).

§ 9. Hexoropsie yHuBepcasbHble GHKOMMAKTHbIE MPOCTPAHCTBA

Teopema 22 (Anekcaugpos [6], [8]). Beakui 6uxomnaxm
feca T ecme HenmpepuigHolil 00pa3 HeKomopozo BAMKHYmMOo20 - nodnpo-
cmpancmea npocmparcmeéa DT.

Noxasateabcrtso. [lycts cHoBa A = {a} ectb dukcuposannoe
MHOXECTBO HHAEKCOB MOWHOCTH T. DBe3 orpasudeHuss oOLHOCTH
MOXKEeM TpennoJarartb, uro OukoMiakT X ecTb 3aMKHYTOe MOANpO-
CTPAHCTBO THXOHOBCKOro Kupnuya /®= I!ll Beca T, a Di= H.C“’

e e
rne C,—KAHTOPOB JUCKOHTHHYYM. PaccMmoTpum cradlapTHoe otobpa-
xeuue fqo: Co— {, KaHTOpoOBa cosepileHHoro Mzoxectsa C, Ha
orpe3ok [, (cM. § 5 ra. 4). IlpocToe npoussesenue otobpaxenui fo,
(cM. § 4) ecTb HenpepoiBHOE OTOGpa’kKeHUE NPOCTPAHCTBA D=]]cC.

o@e
aa kupnua /7. Tlpoo6pas @ = f~1X muoxecrsa X HenpepbBHO 0ToGpa-
xeH Ha X, uro H TpeOOBaJOCh AOKA3ATh.

Hazosem saementapsoe OTKpbiTOE MHOKECTBO Oy ...q, MPOCTPaH-

crsa D'=]] D, muoxectsom nepsoro poxa, €ciu KOOPAMHATEL
Zq --+» Zq, COCTABJIIOUIHX €TO TOYEK paBHBI HYMO. B MHoxmecrse
BceX TOYeK mnpocTpancTsa D BBeaeM Tenepb HOBYIO TOMOJIOTHIO,
MEHbLLIYIO YeM fepBOHavasibiasg W UMEIOIY0 cBOeH OTKpbiTOl 6a30ii
ceMefiCTBO 3§ BCeX 3JIeMEHTapHBIX MHOMECTB MEepBOIO poaad NMpOCTPaH-
crBa D*. Tloayuaem nosoe Tomosoruuyeckoe TPOCTPAHCTBO, Ha3blBae-
Moe mpocrtpascTBoM F' i aBaaouleecd, OUYEBHIHO, B32HMHO OJIHO-
3HAYHLIM HEnpepbIBHLIM 06pa3om npoctpancTsa DT, Jlerko nposeputs,



§ 9] YHHBFPCANBHBLIE BHKOMMAKTHBIE IIPOCTPAHCTBA 289

yto F' ecrb He 41O HHOE, KaK TONOJIOTHYECKOE TIPpOH3BCAECHNE

Fi=]] F,, rne F,—cBAi3Hoe nBOETONME U MHIEKC @ TO-MPEKHEMY
npoberaer MHoXecTBo MowHocTH t. CrneposartensHo, F* ectb 6UKOM-
nakTtHoe T ,-IpOCTPAaHCTBO Beca T.

Teopema 23 (Anexcaugpos [6], [8]). Beskoe T -npocmpar-
cmeo X eeca T 20MEOMOPEHHO HEKOMODPOMY NOONPOCT PAHCMEY 1 po-
cmpancmea F©.

HokxasateabcTtso. Bepem B npoctpancree X 6Gasy B={V,},
a €A, mouHocTH T, 00/1aJAI0MIYI0 TEM CBOIICTBOM, 4TO TepeceyeHune
Mo0OT0 KOHEYHOrO 4YHCaa 3JeMeHTOB 6asnl B ClloBA ecTb 3JIeMeHT
3T10il 6a3bl. QueBHJIHO, JIETKO JOCTUTIIYTh BbITIOJNHEHHS 3TOrO ycJio-
BUA, ucxons oT JmoGofl 6asel npoctpaHcTsa X U MOMNOJHASA ee Bce-
BO3MOXKHBIMY KOHEUHBIMH TTepeceyeHH IMH COCTaBJISICIIMX €€ MHOXKECTB.
Myets Fi==]]Fo, Fo=:(0, 1a). Tlyers z= {23} —npoussonsuas
Toyka npocrpatictBa F'. Onpemesum aJs KaxJOT0 ¢ MHOXKECTBO
E, (z) = X caepyouum o6pasoM. Ecii z, = Oq, nonaraem E, (2) =V,
ecau ke zg=l,, T0 E4(2) =X\V,. 3aMeruMm nupexje Bcero, 4ro

MHOXECTBO () E,(2) ana moGoii naHHON TOUYKH Z=={2z,} U1H nycro,
aell

WIM COCTOMT M3 ofHOH Touku. B camom nesne, nycts X, x'— nBe

Touku npoctparcrsa X. Torjaa cyuwecTsyeT Takoe a, 4To OAHA M3

3THX TOuYeK NexHuT B Vg, a gpyras—B X\V,, Hanpumep, x€V,,

x' € XN\ Va. 3uauut, KaxkoBo 6bi HH ObuIO 2 ={2z,} € F7, o6e TouKH

X U x' He MOTYT NpHHaanexaTb MHOXecTBy E,(z) u tem GoJee

muoxectsy () E,(2). OGosnauum Teneph uepes Z MHOXKECTBO TeX
ae
z€FT, ana koropuix Muoxectso () E. (2) Henycro u 3Hagut CoCTOUT
el
H3 OJHOI TOUKH, KOTOPYW H 0603Ha4yuM uyepe3 @ (2). 3TUM ompene-
nend orobpaxenue ¢: Z-— X. JlokaxeM, 4To @ ecTb OToGpakesHue
Ha Bce npocTpancTso X, 4eMm, B 4acTHOCTH, OyjaeT JOKasaHa U He-
nycrotra maoxecrsa Z. bepem npoussosbHywo rtouky x € X. Has
KaXJ0ro @ nojaraeM z,=0, eciu x €V, U z,=1, ecau x € X\ V.
Opyrumu chaosamu, npu mobom o uMeeM x € E,(2), 3uagur,

x=n Eq (2) =@ (2). Joxkaxem, uto OoTOGpaxenue @ B3aUMHO OJIIO-

3
3HayHo, B camom pene, ecin 2€Z, 2" €Z, 242", TO 1719 HEKOTOPOIrO
a €N umeeM z,5£2,. Ilycrb, Hanpumep, 2z,==0, 2z,=1; Toraa
Eo(2)=Va, Eq(2')=X Vs u, snaunt, ¢@2)€V , ¢(2') € X\ Vo,
¢ (2) F= @ (2').

HokaxeM, HakoHel, 410 @ ecTb romeomopdusm. Hazosem aje-
MEHTapHBLIM MHOXECTBOM B Z BCHKOE MHOXECTBO, ABJIAIOLIEECH nepe-
CEUEHHEM MHOXKECTBA Z C KaKUM-JHOO 3JIEMEHTAPHBIM OTKPBITHIM
MHOJKECTBOM MEPBOr0 pojaa HpocrpadHcTsa FT. DneMeHTapHble MHO-

10 1. C. Aaexcanapos
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xecTsa obpasyioT 6Gasy mnpoctpanctsa Z. PaccMotpum renepbh npo-
U3BObHEIA 3neMedT V, 6a3sel B npocrpadcrsa X. Ilo onpenenenuio
otobpaxenust @ npoobpas ¢~'V, MHOKecTBa V, COBNALAET C OJHO-
HHAEKCHLIM 3JIEMEHTAPHBIM MHOXeCTBOM {2 € Z: 2, =0}. Ho mpous-
BOJIbHOE 3JIEMEHTapHOE MHOXKECTBO €CTb TepeceieHHe KOHEeUHOro
yycJa OJHOMHAEKCHBIX MHOecTB. [loatoMy Becsikoe 3sjeMeHTapHOe
MIIOKECTBO OTOOPAXKAETCH Ha nepeceyeHde KOHedHOoro UHC/A 3JIeMeH-
ToB Gasbi B, T. e. cHOBa HA 3NeMeHT Gasni B. Takum obpasom,
oTro6paxeHue ¢ nepeBoAUT 6a3y mpocTpascTBa Z Ha 6a3y MpocTpaH-
crea X. CorsacHo npepnoxeniio 4 § 4 rn. 4 ¢ ecTs TonoJoruue-
ckoe otobpaxenue. Teopema goxasaHa.

Teopema 24 (Anexcaunppos [6], [8)). Aua moeo umobnt
npocmpancmeo X 66ia0 UHOYKMUBHO HYAbMEPHO, Heobxo0umo u do-
cmamodno, 4mobst 0Ho 6GbLa0 20MeoMOPPHO (Henycmomy) noon pocm par-
cmey npocmparcmea DT,

Tak kak TuxoHoBckas 6asa mnpoctpancTsa D' cocTOHT Hu3
OTKPHITO-3aMKHYTHIX MHOMECTB, TO mnpocTpaHcTBo DT H Bcsikoe ero
HEeMyCTOe NMOANPOCTPAHCTBO HHAYKTHBHO HYJIbMEPHO—OJHO yTBEPIKIe-
HUe TeopeMmbl 24 fokasaso. [lepexosguM Ko BTOpOMY yTBepKIAEHHIO.
Ilycts X —UHAYKTHBHO HyJbMEpHOE NPOCTPAHCTBO Beca 1. B Gase
3TOr0 MPOCTPAHCTBA, COCTORAIIEH H3 BCEX OTKPBITO-3aMKHYTHIX MHO-
XKECTB, cozepurcss Gasa B mowdoctd T. Ilpennonaraem siemeHTs
3T0H 0a3bl 3aHyMEPOBAHHBIMH HHAEKCAMH o, npoferamlouiMu Kakoe-

J160 puKcupoBanHoe Muoxectso U, U npeanoaaraem, uro D= ][] D,,
ae¥
rae Dy ={0q4, 14} —npocroe asoeroune. Tlonoxum fo (X\ V)= lq,
foVa=0,. Onpegenennas taxkuM obpasoMm ¢yuxuusa f,: X — D,
TpHBHaJbHBIM 00pa3zoMm HenpepniBHa. OGo3nayum uepes f: X — D'=
= HﬂDa LuaroHajibHoe mpoussefienve ¢ynkuuii f,. B cuny npen-

*€
Joxenus 2 § 4 r1. 6 orobpaxenue [ HenpepbiBHo. Tak Kak ans
JIO0BIX ABYX pasiduHbBiX Touek x € X, x' € X cyuiectsyer Taxkoe V,,
uyt0 X €EV4, X' € X\ Vo H, cnepoBatenso, foxX==fox" u fx=£fx’, To
f B3auMHO O7HO3HAYHO OTOGpa)kaeT mnpocTpaHcTBo X Ha HEKOTOpoe
Y=fX =D Tlpu atom fV,=Y Nnz'0, T. e. 06passl 3aeMelTOB
6asnl B oTKphiTHL B Y.

Hrak, [ ecTh OTKpbITOE B3aHMHO OJHO3HAYHOE H, 3HAUMT, TOMNO-
Joruyeckoe oToGpaxkeHue mnpocTpaHcTBa X Ha mpocrpanctso Y, uro
¥ TpefoBalioch J0Ka3aThb.

Ilpu cuerHoM T nosydaem

Mpennoxenue 1. Hulykmueno Hyrvmepuvie npocmparncmea
Co cvemnol 6a30 W MOABKO OHU 20MEOMODDHLL NOOMHONCECTBAM KAH-
MOPOBE COBEPUICHHOZ0 MHOMNCECEA.

Tak kak npocTpaucTeo F' ecTb B3aUMHO OZHO3HAUHLIA Henpe-
puiBHBIA 00pa3 mpocTpasctBa D, TO U3 Teopembl 23 shiTekaer
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Teopema 25 (Anexkcaugpos [6], [8]). Bcaxoe T,-npo-
cmpancmeo X éeca T ecme 06pad Hekomopozo nodnpocmpancmea Z
npocmpancmea D¥ npu HeKomopom HenpepbiBHOM 63UUMHO OOHU3HAY-
HOM omobpadnceruu.,

§ 10. Auaauveckne GHKOMAAKTDI

Yxe u3 TteopeM 22 u 24 dBCTByeT BaXKHOCTb mpocTpascTs DF
(0GOGUIEHHEIX KaHTOPOBBIX JHCKOHTHHYYMOB). 3aMeTUM ellie U To,
4TO MpH MOOGOM KapiHHANbLHOM 4Hcae T mpocTpaHcTso DT Asjserca
TOTOJIOTHYECKOH [pyNnofi €O CJAeAyIOWHM ONpeaeeHHeM onepauu
CNOKEHUSA: €CTH X=={Xq} B y=: {/o} —NBE TOUKH AHCKOUTHHYYyMa DT,
TO nojaraeM Xx-+y==(xXy -+ Yg). rAe (<TOKOOPIHHATHOEY) CAONKElHE
Xo + Yo TPOHCXOAMT MO MOAYJO nABA, T. e. 1O mpasuay 0-+0=
=1+1=0, 04+ 1=1-4+0=1. 210 3HAUUT, YTO TOMOJOTHUECKAS
rpynna DY ecTb TONOJOTHYECKOE TNPSHMOE TNpPOU3BENEHHEe Tpyni
D, =404, 15} BTOpOro mnopaaka. Anre6pauueckuil uHTEpec, mnpea-
cTaBjAeMblit GuxkoMnakTamu D, eme GoJjee BO3PACTET, €CJH Mbi
nepefiieM oT caMux GukoMnakToB D' K Tak HasbizaeMbiM duaduue-
CKUM BuKoMnakmam, 1. . OUKOMAAKTHBIM (XayCcropdOBLIM) 11 pOCTPaH-
CTBaM, ABJAWOIUMCA HenpepuiBHEIMM O6pa3ami OGukomnaktos D' npu
Pa3/MUHBIX KapAUHaNbHBIX 4yHcJax T. B cuay 3aMeqartesbHoi
Teopemst MBanosckoro u Ky3bMuHOBa *) npocTpaHCcTBO BCAKON GHKOM-
flakTHOH Tomojoruyeckofl rpynnet (T. €. GHKOMINAKTHAA TOMOJIOTH-
yeckas rpynpna, paccMaTpHBaemMas KaK TONOJNOrHYeCKoe INpOoCTpaH-
€TBO) BCeraa fBJfeTCs juauyeckum GukomnakrtoMm. -Herpyaso su-
JeTh, YTO KJAcC AHAAHYECKHX GUKOMIAKTOB €CThb HAHUMEHbWIHH Kjacc
TOMOJMOF HYECKHX MPOCTPAHCTB, 3aMKHYTHII 1O OTHOLIGHWIO K orepa-
LHAM TOTIOJOTHYCCKOTO YMHOMEHHS U Tepexoia K HeNpepbiBHOMY
0o6pa3y BCAKOI'O CONEPIKAULEroCsl B HEM IIPOCTPAHCTBA M MMEIOLIUH
B8 UHCJIe CBOHX 3JIEMCHTOB BC€ TIPOCTPAHCTBA, COCTOAULME U3 KOHEY-
HOTO 4HCJIa (M XOTA Obl M3 ABYX) U30/JHPOBAHHBIX TOYeK. B wyacT-
HOCTH, Mbl y¥e 3HaeM, YTO BCe KOMNAaKThl ABJSIOTCA NHANHUYECKHUMH
OukoMnaxkTaMu (teopema 25 § 4 ru1. 5).

HOuanngyeckne OUKOMAAKTEL 06J1aJa10T MHOTHMH 3aMe4aTeslbHBIMU
cBoiicTBamMu. M3 3TUX CBOHCTB MBI J0KaXKeM B 3TOM naparpade cie-
NyIoLLHe:

I. Auaduueckue 6ukomnaxmet o6aadarom ceoticmeom Cycauna,
M. e. 60AKAA OUIBIOHKMHAA CUCTIEMA OMKPLIMBIX Henycnulx noOMHO-
sicecms Kaxoeo-aubo duaduueckozo buxkomnaxma X ne 60aee uem cuemna.

11. Bceaxuii duaduueckuti 6uxomnaxkm ¢ nepeol axkcuomoll cuemmno-
Cmu Mempusyem.

Kaxoe 3 3THX CBOHCTB TNOKa3bIBaeT, 4TO He BCAKHA GHKOM-
nakT asaserca Auaguueckum. Tak, coraactio nepsoMmy CBOACTBY

*) Jloka3ateqnCTBO KOTOPO#, K COWKaJClHIO, BHIXOAHT 33 PaMKu 3Toll KHura
{m. Heanosckufi [1], Kysomuunos [1]).

10*
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JUATHYECKHM GHKOMIIZKTOM He ABJISeTCA NPOCTPAHCTBO BCeX Mopan-
KOBBIX 4YHceNl < );, COTJIaCHO BTOPOMY — YTIOPAJOUYEHHBI GKOoMAakT
«IB€ CTPEeJIKU».

BeeseM cHayajna HEKOTOphE OGO3HAUEHHA W ONpEJENeHus.

Hycw: X = II Xa——TononomquKoe NPOU3BEALHUE NMPOCTPAHCTB
aeA

Xq» u nycth BeA. Uepes iy 06031auidM eCTECTBEHHYIO NPOEKUHIO

npoctpaHcTBa X Ha mpoussejeHHe H Xq. Ecan o€ A, To npoek-
xeB

HUIO Tyt X — X, Oyzem obo3HauaTth uyepes f,. Byxem rosoputh,
4yto MHOXKecTBO Y < X He 34aBHCHT OT MHOXECTBA HHJEKcoB B, ecau
Ye=nzlpnagY. OTMeruM oueBHIHOE yTBEpKIAEHHUE:

Ecau mHoxecTBo Y X He 3aBUCUT OT MHOXECTB2 HHjaeKkcos B
u CcB, to Y u"e 3asucurt ot C.

Myers f: J] Xo— Z—orobpaxenne. Ckamem, uto oToGpae-
acA

uue | wa muoxecrse Y = [ X, se 3asucur or Mmuoxectsa uu-
pekcos Bc A, eéau A BCAKOH TOukd Y €Y u BCAKOH TaKoW
toukn y' € [[ X, uro ma\sy= napy’, umeem fy=fy’.

JJemma 1. Jlaa e6caKkoeo xapOunaipbHoeo 4uUcCAq T KAHMOPOB
Juckonmunyym D™ ydosremeopsem ceoticmey Cycauna.

Hoxaszateasctso. [lycts D= [] Dg, rae | B|=1. Tlpexn-
gen

nojaoxuM, uto {V,}, @ €A, —muecuerHas AM3BIOHKTHAA CHCTEMA
OTKPHTHIX MHOXKecTB B D®. bes orpanuuenua OGLIHOCTH MOXHO
CYUTaTh, YTO BCAKOE V, SABJAETCA 3/1GMCHTAPHBIM OTKPHITHIM MHO-
xectBoM. Kaxaoe V, 3aBHCUT OT KOHEYHOTO YMUCJIa HHICKCOB—
koopauHaT. [ToaToMy cyulecTByeT TAKOe HAaTypaJbHOe YHCI0 B M TaKoe
HecyeTHoe MHOXectBo A, A, uto kaxpoe V., a€ A, 3aBUCHT
POBHO OT 2 KOOpAMHAT.

Cymectsyer takoil uHaexkc B, € B u Takoe HECYETHOE MHOXECTBO
A,=A,, uto Besikoe V,, a€A,, 3asucur or B, u ng Vo= ng Ve
A Besakux a, o’ € A,. B camom gene, Gepem npou3BOJILHOE MHO-
kectBo Vo, @,€A4,. Huaa scsakoro a€ A,)\{a,} cyumectsyetr Takoe
p=Pp(2)€B, uro g @Ve, N7p wVa=A. H3 nocneinero pasen-
cTBa cheayer, u4to u Vg, u Vo 3aBucar or P (). Ilockonsky Vo,
3aBHCHT OT KOHEYHOTO YMUCJa KOODPIMHAT, CYILECTBYET TAaKOe HecuerT-
Hoe Muoxecrso A;cA,, uto P(a’)=P(«")=4f, 219 Bcakoil napul
a’, " € A;. Ho Dg, cocrouT M3 AByX TOYEK, NO3TOMY CYLIECTBYeT
Takoe HecueTHoe MHOXecTBO A, Aj, uro mg Ve = ng Vyr 105 Beex
a', a'€A,. Muoxectso A,, OUEBHJIHO, SIBJASETCS HCKOMBIM.

[TosTopsa 310 paccyxkpaeHue eute k—1 pas, noayuaem k nonapHo
Pa3JHYHBIX HHIAEKCOB B, ..., P, u HEcueTHO2 MHOXecTBO A, A, Tak
4T0 BeAKoe V,, @€ A, 3aBICHT OT KaXKJOrO W3 UHJEKCOB P;, ..., P,
" nsiva,:nmva« aas Beex a', a"€A,, un Beex i=1, ...,k Ho
BCfIKOe MHOXKecTBO Vg, @€ A,, 3aBUCHT POBHO OT R KOOpAMHAT,
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T. e. Ttombko oT PB,, ..., B, TIMostomy V. =Vu paa Becex o,
o" €A, [llonyueHHo2 nmpoTHBOpeYHE H NOKa3LIBAET JIeMMY.

M3 nemmbt 1 HenocpeacTBEHHO BhITEKaeT

Teopema 26. Beaxuid OJuaduueckuii 6Gukomnaxm o6.aadaem
ceoticmeon Cycauna.

JlemMma 2. Beakoe 3amxnymoe Gg-mroxcecmed ¢ DT 3usucum om
CHEIMHO20 4ucaa KoopouHnam,

@
Nokasartenscrtso. Myets Fe=[F]cD*u F= (U, rtae
i=1
Bce U, otkpeiTei B D'. B cuay Oukomnaktsoctd F jjia BCAKOrO i
CYIECTBYLT TAKOE OTKPHITOE MHOXecTBO V,, ABjsmwouieecs obbeguHe-
HUEM KOHEYHOrO 4YMUCJa 3J/IEMEHTAPHbIX OTKPBITHX MHOXECTB, YTO
FcV,cU;. Muoxectso V;, Kak OOBEIHHEHHE KOHCUHOTO YHCJA
MHOMKECTB, 3aBHCAUIMX OT KOHEYHOro 4YHCJa KOOpAWHAT, CaMo 3aBH-
CHUT JIHLIb OT KOHEYHOTro MHOxkecTBa koopauuat B;. Ilokaxkem, urto
@
MHOXKECTBO F MOXeT 3aBHCeTb Jumub OT MHOXectBa Bo= \J Bj.
i=1
Ilyets x € F u y—mraxaa Touka uz D%, uTO np_X=Tp Y. Toraa

Tem Gonee npx=mngy: Ho x€V; aV;=nginpV;. INostomy y€V;

€®N

ana Beakoro i, T.e. y€ (YV,;=F. Urak, F=nzlng F, Jleuma 2
@
i=1 @
J0Ka3aHa,
Teopema 27, Beaxuii Ouaduueckuii 6uxomnaxm X c¢ nepgotl
QKCUOMOLE  CHemHOCMU  YOOBACIMEOPAEH, GMOPOL QAKCUOME CHeMHOCTL.

HNokasartenascrso. Ilycte X =[(D%), rae D‘:BIEISDB.MH

nocTpouM Takoil nexawuit B D' xomnakr Z, gro fZ = X. Ilpu ue-
npepbIBHOM OTOOpaXKeHuH OUKOMMakTa Bec He noselwaercs. [Tostomy
B Ouxommakte X OyjeT cyliecTsoBaTh CYeTHasa Oasa.

TlepexoanM K mocTpoeHni0 kKoMnakra Z. Jna BCAKOH TOYKH
y € D muoxectBo [~lfy saBnserca Gs-MHOXKECTBOM, TNOCKONbKY X
yj0BJIeTBOpAET nepBofl akchoMe cuerHoctd. CordacHo nemme 2 MHO-
XecTBO [~1fy 3aBHCHT OT CUETHOrO MHOXECTBAa KOOPAHHAT, KOTOpOe
MbL O6o3HauuM 4epes B,. Onpenesum Tenepb no MHAyKUMH moOC/e-
JIOBATEN bHOCTh {B,.} CUETHBIX TOAMHOMKECTB MHIKecTBa B ¥ nocJe-
JIOBaTeJbHOCTb Y; CYETHBIX MOAMHOMXECTB [HCKOHTHHYyMa D® Tak,
yTOGH /1A BCEX [ BBINONHAJNCH YCJIOBHA:

1. yl'cyl'+1.
2. B;= U B,
!/EYi

3. np,(Y;,,) BCIORY NJIOTHO B ng, (D).



294 KOMITAKTHOCTb H METPH3ALNSA (ra. 6

[Monoxum Y,=={y,}, rae y,— NpousBoJbHO BHIOpPAHHAA TOUKA
6uxomnakra D%, u B,= B, . Wuayktusumil nepexoa oT i K i+1

He BbI3bIBaeT 3aTpynuenuii, u6o npocrpaucrso npD*= [] Dg o6na-
peB;

JdaeT cueTHOH 6a30il W, clejgoBaTe/bHO, cenapaGenbHo. B Kadectse

MHOXEcCTBd Y., OepeM mnpoH3BOJNbHOE CUETHOE MHOXKECTBO, COjlep-

Kamee Y; u orobGpaxawouieecs (NOCPEACTBOM NPOEKUMH Tp,) Ha

HEKOTOpOoe CYeTHoe BCIOAY IIJIOTHOE TMOJAMHOXKECTBO  KOMMNAKTa
nBi (DT)

© e
Monoxum teneps Yo=\J Y, Bo= J B; u Y*=["1fY,. 3a-
i=1 =1
MeTHM, 4To fY*=fY, u oToGpaxenue f He 3aBUCHT OT MHOXECTBA
B\B, na Y. B camom nene, nycth ¥’ € Vo, y" €D, ng_y' =ng_y".

Torpa y' npuHannexuT HekoTopoMy MuoxecTBy Y,. M3 pasescrsa
" __ ' " ’
N5y == TB,Y CHELyeT paBeHCTBO Tgy" =7y U TeM Golee pa-

BeucTBo  fip Y =sng,.4'. Ho ngyl,nByj"fy’=f'1fy’. Tostomy
y e[y, e [y =y
C npyroit cropounbl, mp, Y* Beiony miorao 8 ntp D. Ito cpasy

crenyer w3 onpeaedseHus  TOnoJoruu HpOHSBeILGHHﬂ H TOro, 4To
ng,Y* niotHo B :p DT (nociennee umeer MecTo, Tak Kak Y*2>VY,, ).

Tenepnb noxaxem, 410 ¥* He 3aBUcUT OT B\ B, 7. €. nglng V* =
=Y* Ilyctby €Y*, y' € D' umnp_y=np_y'.Cymecrsyer Takas TouKka
Y €Yw, uto fy=fy". Vmeem mnp, y€ng, f'fy". Us np_y=mnp_ Yy’

clenyer spy=g,y'. Hcnonb3ys He3aBHCHUMOCTb — MHOXKeCTBa
F~'fy” or B\ By, no.aydaem

Y €05, (Ws,y") = N5, (U5,.Y) S Nyt f Y = [y SV,
HesaBucumocts Y* ot B\B, nokasana.
Tak kak np, (Y*)BCiony notHo B fig, (D) u npLlag, Y*=Y* 10

MHOXKeCTBO Y* Bciogy mJoTHO B DY, —3To BBITEKAeT U3 OTKPHITOCTH
oro6paxenus np,. Clenosarebno, MHOXecTBo [V, paBHoe [Y*,

BCIOy TJIOTHO B Gukommnakte X,
3apukcupyem renepb HeKOTopyio Touky z € D, Tlosoxum

ZB\Bp =55, (2) € [I  Dg
peB\B

*®
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?.—;anwa ZB\B, < H DﬁX II DB:DT'

BeEBy BeB\B,

Beiine nokasano, uto oroOpawxenue [ Ha MHOXKecTBe Y, He 3aBUCHT
OT MHOXecTBa HHAeKcoB B\B,. [lostoMy wmHoxectso fY, passoe
fY =, Bcioay naorao B Ouxkomnakte X. IMomomum Z==[Y]p*. ITo-

CKOMbKY Z—OGHuKkommnaxkT, umeeM [Z= X. Ho GukoMnakt Z nexur
B Gukomnakre nig (D)X Zp. B, FOMEOMOPHHOM KOMNAKTY nip (D¥)=

:113 Dg. Takum obpasom, Z saBnserca KomnaktoM. Teopema 27
Befiqy
JIOKa3aHa.

IpocteiM cnegcTBueM Teopem 26 u 27 asaserca

Teopema 28. Beakuil ynopadouennoil Ouaduueckuil Guxomnaxm
X mempu3syem.

B camom jene, eciu B Kakoii-HMGyap TOuKe x npocTpancrsa X
He BBHIMIOJNIHEHA TNepBas aKCHOMA CYETHOCTH, TO CYLIECTBYET CXOAfl-
H@aAca K 3ToH Touke Bo3pacramuwas (uaHM  yOblBawilas) BRoJHe
ynopfjoueHHas HecyeTHas TOCNEROBATENBHOCTb {Xq}, @€ A. Torna
CeMeNCTBO HHTEPBAJIOB (X,; Xqy2), DA€ & npoberaer Bce npefedibHbIE
yucaa u3 A, 6yJeT HeCUeTHBIM NU3BbIOHKTHBIM CEMEACTBOM OTKPBITHIX
MHOXeECTB. TO NpOTHBOpEYHe U JOKasbBaeT TeopeMy 28.

§ 11. OTkpoiToie NOKPLITHS; NAPAKOMOAKTHOCTH
H Japyrue cBOHCTBA THAA KOMMAKTHOCTH

1. CemeiicTBa MHomecTB H mokpbitus. B § 3 rn. 1 uurartens
yXe NOJYYHJ 1ePBOHAYAALHBIE CBEICHUA O CHCTEMax MHOXKECTB H
NOKPHTUAX. B 3TOM nmaparpage MB NO3HAKOMHMCA C CeMeiiCTBaMH
MHOXKECTB M TOKPBITHAMHU Gosee HOAPOGIO.

Onpenenenne 4. CeMelicTBO MHOXKECTB O Ha3BLIBAETCH 36€3IHO
KOHedHotM (36€30HO CHeMHbim), eCH KaXKABI 3JeMeHT cemeilcTBa o
niepeceKaeTcsl JIMIIb C KOHEYHHLIM (CYUETHBIM) YMCJIOM 3JIeMEeHTOB 3TOr0o
cemelicTsa.

Tenepp clenaeM HeCKOJIbLKO 3aMeyaHu#i O 3BE3JHO CUETHBIX Ce-
MeficTBax (OTKPBITBIX) MHOMECTB.

[Tyctb 2 —KaKas-HHOY b COBOKYNHOCTb NOAMHOMKECTB NPOU3BOJIb-
HOTO jJanHoro muoxkectBa X. Mbi GyaeM paccMatTpHBaTh CUENJIEHHbIE
noaCHCTEMBL @ cHcTeMbl I (cHcTeMa MHOXeCTB o ={M} naspiBaetcs
cuenjeHton, ecau gwobbie gBa snevensta M u M’ cucrembl g, MOryT
OHTL CBSI3aHBL LENOYKOH, T. €. KOHEYHON MOC/eROBATEILHOCTDIO

MHOecTB M=M,, ..., M= M 3neveHTOB CuUCTEMHl O TaKuM
obpa3oM, uto Jo0ble ABAa COcelHMX anementa M;u M, ., i=1, ...
..., S—1, 9TOfl mnOCJEAOBATENLHOCTH MMEKT HElycToe nepecede-

Hue M, N M, ., 5=A).
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Ob6veannedne IBYX CUENJEHHBIX CHCTEM Gy, Op C HENMYyCThiM nepe-
ceyexneM TeJs eCTb CHOBa cuemienHas cucrema. [lostomy mobas cuen-
JeHuas TOJCHCTEMA O, JAAHHOH CHCTEMbl MHOXECTB X COAepKHTCSH
B MaKCHMaJIbHOM clienjiedHoll TONCHCTEME WJIM KOMIOHEHTE CLernJeH-
HOCTH cHctembl 2. B uacTHOCTH, Kajbifl 3JeMeHT cucteMel X co-
JEpKUTCA B OJHO3HAYHO OMpejelieHHON 3TUM 3JIeMeITOM KOMIOHeHTe
CLEen/JenHOCTH cHCTembl X, JiBe pasiauyHble KOMIIOHEHTBI clienJel-
HOCTI OZHOH M TOf K€ CHCTEeMbl MHOXECTB HE MOrYT HMeTb OOlLHX
anementoB. Bonee Toro, ecan muoxkectsa Mg u Mg cyth kakue-au6o
SJeMENTH pPAa3JHUYHBIX KOMIOHEHT CHUEeNJEeHHOCTH Gg, COOTBETCTBENHO
gp, cucteMbl 2, TO HempemeHno M, N Mg=A (8 nporusHoM ciyyae
cucTeMa 0glUop Obl1a Obl CUENJIEHHON TNOACHCTEMOIt cuCTeMbl 2,
BOMPEKH CBOCTBY MAKCHMAJBHOCTH KOMIIOHEHT CUEMJIEHHOCTH).
Otcioga BHITEKERT, YTO U TeJia BCAKHX ABYX Pas3/iHUHBIX KOMMIOHEHT
CUEJIEHHOCTH [JaHHOH cuUCTeMBl MHOXKECTB 2 CYThb JU3BIOHKTHBIE
nopMHoKecTBa MuoxectBa X. Ilpennonoxum teneps, yro X —to-
MOJIOTHYECKOE NMPOCTPAHCTBO, a £ — KaKanA-/TNG0 CHCTEeMa OTKPHITHIX B X
MHOXKEeCTB, ABJIAOWAACA NOKPHITHEM rpocTpaHcTBa X (B 4acTioCTH,
MOXET CAY4YuThesl, uTo 2 ecTb Gasa mpoctpanctBa X). Torga Teqo
KaxJIOM KOMMOHEHTDHI CLEIIeHHOCTH G CHCTeMbl X, 6YayuM gonoJjiHe-
HHEM JO CYMMBi TeJl BCEX OTMUYHBIX OT O KOMIIOHEHT CuenJeH-
IIOCTH CHCTeMBi I, sIBJSETCS OTKPLITO-3aMKHYTHM MHOXKECTBOM U BCe
npocTpaHcTso X fABJAETCA CYMMOH JU3BIOHKTHHIX OTKDBITO-3aMKHY-
THIX MHOMECTB—TeJl KOMNOHEHT CLeMJeHHOocTH cucTeMbi £, O mouw-
HOCTH 3TOH CHCTEMBl OTKpBITO-3aMKHYTBIX MHOMECTB Mbl B ofiiem
cJydae HMYEro cKasaTh HE MOXKEM, OHA MOXeT NpHHUMATb BCEBO3-
MOXKHBIE 3HadeHHs OT 1 A0 NMpPOU3BONBHO 33XAHHOTO KapAHHAABHOIO
yucaa.

Unmeet Mecto

lMpexnoxenue 1. Kamdan cyenrennas nodcucmema o
(6 wacmnocmu, kax0as KOMNOHERMA CYENACHHOCMU) 38e30H0 CHEMHOU
cucmenst T cocmoum He 6Goaee deM U3 CHEHLHO20 HUCAD INEMEHIMOE.

Hoxkasarteabctso. [lycts M,—xaxoit-nu60 puxrcUpoBaHHbIl
anemeHt cuctempl o. O6o3nauumm uepes o, (TAe kK—HaTypanbHoe
YHCJIO) TIOACHCTEMY CHCTEMb! O, COCTOSIULYIO H3 BCeX MHoxecTB M € o,
KOTOpble MOTYT OBITb CBs3ahbl ¢ M, uenoykamu JIHHBL <C & (AJH-
HOHM UENOYKH MHOXKECTB Ha3bLBAETCH YHCJIO COCTaBJAKIHX €e 3Jje-
MEHTOB).

Clenyoliye yTBepKACHHS OYEBHIHAL

I. CucreMa 0, COCTOUT M3 OfHOro 3jemeHta M,.

2, Cucrema G,,,; COCTOHUT M3 Bcex MHoxects M €0, nepecexaio-
muxes XOoTs OBl C OFHHM 3JIEMEHTOM CHCTEMBl O, (HJIH, 4TO TO XKe,
¢ tesoM 31Oo# cHcTeMmbl). OTCi0Aa BBITEKAET, YTO G, C 0y, ,.

©
3. 0= UGk.
k=1
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Ilas joxasateabcTBa ipeadoxeHnss | ocraeTcs nokasaTb, Yto
Kaxnas cucrema o, He 6osee uem cuetHa. Jlas k--1 sto tak. Ho
M3 TOro, 4YTo O, HABJAAETCH KOHRUHOH WM cuyeTHOH MNOACUCTEMOMH
3BE3[IHO CUETHOH CuCTeMbl O, cdeayeT, uto He GoJiee 4EM CYeTHO
SIBJISIETCH H CHCTEMa O, . [lpeinoxenue pokasado.

[lycts a=={A} u P={B}—nokpbiTisi OAHOTO H TOr0 Xe MHO-
xkectBa X. Hanomuum, 4to nokpuitue P snucano B nokpweitie «,
ecnv BCAKUN 9iemeHT B nokpoitus P comepxutcsa Xota Gbi B 0QHOM
sllemente A mokpHTHA @. Ecau npu 3toM a=4B, TO roBopAT, 4TO
NOKpBITHE f Caedyem 3a TOKpHITHEM @, U NHiuyT: B >a. OTuoinenue
CNEefOBaHUA mnpesBpailaeT MHOXKECTBO IOKPHITHH JaHHOTO MHOXKe-
ctBa X B YACTHYHO YNOPAJAOYEHHOE MHOXKECTBO.

Onpenenenune 5. losopar, uto nokpuitue § npocrparcTea X
3%e30H0 6nucano B TIOKPHITHE @ TOrO XK€ NpPOCTPANCTBa, €c/ad Cce-
meficTso B* *) BOUCAHO B a.

JlemMa 06 yXaTHUU TOYEYHO KOHEUHBIX TOKDHI-
THH**). [Tyeme u=={Uq; a € A} —moue4no KoHeuroe omxpeimoe no-
Kpbimue nopmawrozo npocmpancmea X. Cyujecmeyent makoe omKpei-
moe noxpoimue v = {Vq; a € A} npocmpancmea X, wno [V,]= Uy 042
acaKoeo a. € A,

HokaszarteabctBo. B cuny teopemul llepmeno moxem cuu-
TaTh, 4TO MHOXKectBOo A Bnojue ymopsnodeno. MHoxecrBo V, no-
CTPOUM, MNpUMEHSA MeTOL TpaHCOUHHUTHOH uHAYKuuH. Tlosoxum

F,=X\_ U U,. Muoxectso F, saMmkHyTo u comepxurtcs B Uj.
a2
B cuany HOpManabHOCTH mNpocTpaHcTBa X CyllecTBYeT Takas OKpe-
ctHocte V|, MHoxecrsa F;, uro [V,] < U,. 3amerum, u4TO cucrema
v,={V,} U{Uq: @ =2} aBaserca nokpuitHem npoctpanctsa X. Ipex-
IIOJIOKHM, YTO AJ5 BCSIKOTO @' <{ @ TOCTPOEHO TAKOe OTKPBITOR
mioxkectBO Voo, uT0 [Vor] @ Uqg # clictema vy ={Vo: a"<a'} U
U {Uas: a" > a’} sBasercs nokpuiTHeM mpocTpaHctsa X.
[Tokaxem, uro cucreMa v'g=:{Vo: @’ <alU{Uqy: &' > a} rakxe
fBafeTcss nokpbitem npoctpadctda X. Ecanm a—wusoanposandoe
YHCJIO, TO CEeMefiCTBO U’ COBMANaeT C Uy, W ABJSETCA MOKPLITHEM
10 TipeapoioXKeHuio uuayKuud, [ycTb Teneph @ —npejesbHoe YucaI0

ux € X\ U Uq. CyulecTByer JHIbL KOHEYHOE YHCJIO 3J1eMelTOB

a’ >
MOKPBITHA U, coaepKaWux Touky x. ITycts sto 6yayr Ug,, ..., Uak-
CylecTByeT Takoe 4HCIO &, uTo max {a;: i=1, ..., kI, < a.

ITo npeano/0XeH’Io HHAYKUHU CeMeHCTBO v ABJSIETCH NOKPHITHEM

*) Cm. § 3 ra. 1.
**) Ilokazano A1 koHeuHHX mokpuTHA Ue x oM [1], B ofilem cayuae
Jebwenem [1].
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npocrpanctea X. Ho no swiGopy uucna a, umeem x¢ |J Uew.
a’ > 0y
CnenoBaTenbHo, X € U Vo . Tem Oogiee x € U Vo, 4 cemelicTBo
a7 < Oy o<
V', Tem cambiM fABasercd mnokphitueMm. Ilonaraem Temeps Fo =

= X\( U veu U Ua:>. Muoxectso F, SaMKHyTO H, ode-
o’ <a o' '>a

BujHO, coaepxutca B U,. B cuay uwopmanbioctd X cyimectsyer

Takas okpectHocts V, MHoxectBa F,, uto {V,] = U,. Muaykuus

uner Jfajblle. B3aB Tenepb nopsaxkosoe uucio P GoJbHIMM BCA-

Koro a € A, moiyuaeM HCKOMOE TNOKpBITHE U=0"p. JleMMa jOKa3aHa.

UYacTHbiM C1yyaeM 3TOit jieMMLl SIBJIfIETCS

Jlemma 06 yxartuu koHeuublXx nokpeiTuét (Hex [1]).
Jrs ecakoeo Koneurnozo omrpounozo nokpomus {Us, ..., U,} nop-
MaabHo2o npocmpancmea X Cyuwlecmeyem makoe OmKpeintoe noxKpol-
mue {V,, ..., V,} amoeo npocmpancmea, umo (V= U, i=1, ..., n.

UuraTenb, BNPOYEM, MOXKET JOKa3aTh 3TY JEeMMY CaMOCTOSAITEN bHO,
NpUMEHSS SJeMEHTapHbLi MEeTOJ MaTeMaTHYeCKOH HHIYKLUH.

B § 8 srtoit rnasel 6blJIO MMOKa3aHo, YTO AJif HOPMANLHOrO MNpO-
crpaictBa X u3 dim X =0 caeayer, uto Ind X =:0. Tenepp mui
MOXKeM joka3aTh u ofpartHoe yrBepxieHue. Ilyets Ind X=0 u
{U,, ..., U,} —xoneunoe otkpeiToe nokpurtue npoctpascrsa X. Ilo
JeMMe 006 y>KAaTHH KOHEUHBIX MNOKPLITHH CYIIECTBYET Takoe TOKpH!-
e {Vy, ..., V,}, uro [V,]=U,. Tak xak Ind X =0, To ans Bcs-
Koro i=1, ..., n cyllectByer OTKPHITO-3aMKHYTasl OKPECTHOCTH
0; wmuoxectsa [V,], conepxawasca s U;. Ilonoxum Teneps W; =

=0\ U 0, n1n seakoro j=1, ..., n. Cemeiictso {W,, ..., W}
1<

¥ GyAeT AU3BLIOHKTHBIM OTKPBLITHIM TOKPHITHEM, BIHCAHHBIM B IOKPbI-

te {U,, ..., U,}. Urak, namu moxasana cregylomas

Teopema 29. [as nopmawrnoeo npocmpancmea X pasexcrmeo
Ind X =0 askeueasrenmno paserncmey dim X =0,

3aBeplidM 3TOT MYHKT, BBEAs HECKOMbKO HOBBIX MOHATHII.

Onpegenenne 6. CemefictBo o={A} noaMHoxects Tonoso-
rHueckoro mnpoctpanctsa X Has3bIBACTCH AOKAAbHO KOHEdHblM, eCIH
y BcAIKOi Touku X € X cyuiecTByeT okpecTHocTs Ox, nepecexaiouascs
JIMIIB C KOHEUHBIM YHCJIOM 3/eMeHTOB ceMeiicTBa d.

Beakoe 3Be3qHo KoHeuHoe OTKPBITOE NMOKPBITHE MpocTpaHcTsa X,
OYEBMJIHO, JIOKaJbHO KOHeuno. Ilpearo/iokeHHe OTKPHITOCTH 3JECh
CYILECTBEHHO.

Onpenenenne 7. CemefictBo a={A} NMOAMHONKECTB TOMOJO-
THYECKOTO MpOCTPaHCTBA X Ha3biBAeTCsl QUCKDEMHbIM, €CH Y BCAKOH
TOUKH X € X CYLIECTBYeT OKpPECTHOCTh, Mepecekaioiiascs He Gojee
yeM C OAHHM 3JEMEHTOM cemelcTBa a.
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Beakoe QUCKpeTHOE CEMEfiCTBO JIOKANbHO KOHeYHO. JIMCKPETHbIM
ABASIETCHA BCAKOE JU3BIOHKTHOE OTKPEITOE NOKPHITHE NPOCTPAHCTBA.
Hao6opor, ecan AmuckpetrHoe ceMeflCTBO fBJAETCA MNOKPHITHEM MNpO-
CTPAHCTBA, TO €ro 3JeMEHTH OTKPBITH (1aXe OTKPHITO-3aMKHYThI).
CeMelicTBO BCceX O/IHOTOYEUHBIX MHOXKECTB JAHHOTO TNPOCTPaHCTBA
MOXKeT CJ/IYXKHTb NpPUMEpPOM 3Be3JJHO KOHEYHOro, HO HE JIOKaJbHO
KOHEYHOI'O MOKPBITHA.

Onpepnenenue 8. CemeiictBo a=={A} NMOAMHOMKECTB TONOJO-
FHYECKOro npocTpancTBa X HA3LIBACTCH KOHCEPBAMUBHLIM, €CIH AN

BCAKOrO nojceMeiicTBa a, cemeficTBa o uMeeM [ U AJ = |J (4],
Acog A€,

T. €. B BCAKOrO MNojceMedcTBa CyMMa 3aMBbIKaHHUIl €ro 3JeMEHTOB

paBHA 3aMBIKAHHIO CyMMb.

Yuratenb 6e3 Tpyna MoeT yOEAUTHCS B TOM, 4TO IPOM3BOJLHOE
ceMeficTBO 3aMKHYTBIX MHOMKECTB AMCKpPETHO TOrjaa H TONLKO TOrAa,
KOrjJZa OHO JIU3LIOHKTHO H KOHCRPBAaTHBHO.

[Tpesnoxkenune 2. Beaxoe A0KQibHO KOHEUHOE CEMEUCITBO KOH-
CepeumuUeHn.

HNokazarteabcrtso. [lyersh a={A}—/0KalbHO KOHEUHOE Ce-
MEHCTBO NOJMHOXKCECTB [pOcTpaHcTBa X, H NycTh o, = a. Bkiaioue-

e |J [A]E[U A] BHITEKaeT U3 MOHOTOHHOCTH oOlleparopa

Aea, Agay

sambikauus. Tlposepum obpatnoe Bkmouenue. Ilyers x¢ J [A],
Aca,

u nyctb Ox—OKpPecTHOCTh TOUKH X, MepeceKawumancsa Jullb ¢ KO-

HEUHbIM YMCJIOM 3J1eMeHTOB ceMeficTBa a. Hekoropele u3 3Tux ane-

MEHTOB MOTYT TpHHAAMEeXKaTbh cemelficTBy a,. Ilycts 310 OyayT

mHOXectBa Ay, ..., A, Tlockomeky x¢ |J [A], 10 Tem Gonee
A€a,

x¢[A]U ... U[A,]. Tlostomy mHoMceTBo O'x = OXN\([4,]U ... U[A,])

GYyJeT OKPECTHOCTbI TOUKH X. ITa OKPeCTHOCThL, OYEBHIHO, HE Iepe-

CeKaercsl HH C OIHUM 3JeMeHTOM cemeiictsa a,. CiefosaTenbHo,

x%[ U AJ. [Ipeanoxenne 10Ka3aHo,
Aea,

Onpenenenune 9. Cucrema Q={w} OTKpHITHX NOKPHTHIl TO-
MIOJIOTHYECKOTO MPOCTpaHcTBa X Ha3bIBAETCS U3MEAb4IOwelicst, ecnu
A5t BeAkoil ToukH X € X M Npou3BOJNLHOI ee okpectHocTH OX cy-
IIECTBYET TaKoe NMOKpbITHE © € £, uT0 3ByX < Ox.

2. CeoiictTea THna KommakThHocTH. Ilycip ¥ u B—Ba cemelicTsa
NOKPHITHIi TONOJOrHYECKOrO mpocTpaHcTea X; TMpH 3ToM mpeanosa-
raercs, 4TO 3JemenThl cemefictBa U CyThb OTKPBHITBIE TIOKPBITHA.

Mu rosopuM, uro npocrpaucrso X ectb (¥, B)-xomnaxmroe
npocmpancmeo unu obnanaer csolictsoM (U, B)-KOMIAKTHOCTH, eCaH
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B Ka)Joe TIOKpbiTHe o ceMeiicTBa ¥ BNMCAHO HEKOTOPOE TOKpBITHE
f cemeiticrea B. Cpoitcta (A, B)-KOMNAKTHOCTH NpH pasanuublx H u

¥ Has3biBAIOTCA cgolcmeamu muna Komnaxmrocmu. BaxHefmumu
CpelH HHX SIBJAAIOTCSH:

(A,) BukomnakTiocTb: 9 —cemMeficTBO BCeX OTKPBITEIX TIOKPBITHIL,
B, —ceMeiiCTBO BCeX KOHEYHbIX OTKPBI1BIX MOKPLITHII.

(A;) ®uHanbHAH KOMIAKTHOCTb: ¥ —cemeHicTBO BceX OTKPBITBIX
mokpuiTHii, B, cemeHcTBo Bcex He Gosee ueM CYETHbIX INOKPBITHII.

(A,) [lapakoMnaKTHOCTB, COOTBETCTBEHHO (A,) CHABHAA NapaKoM-
fIAKTHOCTb: ¥ — ceMeficTBO BceX OTKPLITHIX TMOKPHITHil, B,—cemeii-
CTBO BCEX JIOKaJbHO KOLEYHHIX, COOTBETCTBeliHO B,—ceMelicTBO BceX
3Be3/lH0 KOHEYHBbIX, OTKPHITBIX TMOKpLITHI.

(A,) Cueruast KomnakTHOCTh: ¥ —cemMeilcTBO BCeX cyeTHbIX, L, —
BCeX KOHEUHbIX OTKPBITHX NMOKPBITHI. B cayuyasix OGHKOMNAKTHOCTH,
dbuHaAbHON KOMIAKTHOCTH H CYUETHOH KOMIIAKTHOCTH MOXKHO Jaxe
norpe6oBaTh, He MeHAss KJacca I[0Jy4aeMblX MPOCTPAHCTB, 4YTOOHI
noxkpoite B €Y cemeiictea B He TOALKO Obl10 BIIHCAHO B NOKPBITHE
9, HO cojepxaloch B HeM, P < a.

W3 onpegenesns (A, B)-KoMnakTHOCTH BbITEKAeT, YTO BCsAKOe Gu-
KOMIIaKTHOE MPOCTPAHCTBO siBJsercs (DHHAAbHO KOMINAKTHBIM, CYETHO
KOMIMAKTHbIM, @ TaKXXe CHJIbHO MapaKOMIIAKTHBIM, a BCSIKOE CHJBHO
MapakoMNaKTHOE TPOCTPAHCTBO NapakomnakTHo. Huxe 6yrer noka-
3aHO, 4YTO peryJspHOe ()HHA/IbHO KOMNAKTHOE NpOCTPaliCcTBO napa-
KOMMAKTHO,

MMpeanoxenune 3. amxnymoe noonpocmpancmeo ® = X npo-
cmpancmea X, obaadawwezo ceoticmeom (A)), i==1, 2, 3, 4, 5, ecmes
npocmpancmeo, o6aadaiowee mem e ceoticmeom (A;).

HoxkasarteabctBo. [lyers @={04}—Kakoe-uu6yap (B cay-
yae (A,)—cuerHoe) nokpeitue MHOxecTBa @ OTKpBITHIMH B @ Miio-
xectamu. Hasa kaxaoro O, €® cylwecTByeT Takoe OTKpPHITOE BO
Bcem mnpocrpaHcTee X mHoxecTBO U,, 4to Op=®NU,. CemeiicTBo
Q= {X\®}U{U,} aBAsieTca OTKPLITHIM NOKPbITHEM [POCTPAHCTBA
X, cuetHpiM B caydae (A;). CywectByer nokpwthe y=={l';}, Bru-
caHHoe B Q H npuHaunexallee Kaaccy B;. Toraa mHoxecrsa Vj =
=®nT, obpasyioT BAHCAaHHOE B ® OTKPBHITOE H NpHHALIEKallee
kaaccy B; nokpeithe Muoxectsa @, yro H TpeGoOBaJOCH AOKA3ATh.

CueTHass KOMNAKTHOCTb €CTb HHHHUHAJBHAS KOMMNAKTHOCTb BILIOTDH
no wmouHoctH &,. Ilosromy, ecan mnpoctpauctBo X OAHOBpEMEHHO
(MHANTBHO KOMMAKTHO H CYETHO KOMMIAKTHO, TO OHO GUKOMIIAKTHO.

B § 1 sroli rnaBbl Mbi BHAEJH, YTO CYETHAR KOMIAKTHOCTb 3K-
BHBAJEHTHA KOMIIAKTHOCTH, ONpejesieMoil NoCpeiCTBOM INpeie/bHbIX
Touek. [lo3TOMY A/t MeTpHUYeCKHX NMpPOCTPAHCTB MOHATHA GHKOMNAKT-
HOCTH H CYETHOH KOMIAKTHOCTH COBMAJaloT.

Mwmeer mecto

IMpennoxenne 4. Haa napakomnaxmusix RpoCcmpancme no-
HAMUSL GUKOMNAKMHOCMU U CHEMHOL KOMNAKMHocmy cosnadaiom.
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HokasateanctrBo, Hazo nokasars, 4To BCAKOE CUETHO KOM-
MaKTHOE NapaKOMIaKTHOe NMpocTpaHcTBo X GukomnaktHo. Has sroro
JOCTAaTOYHO NPOBEPUTb, YTO BCAKOE OTKpBITOE JOKAJbHO KOHeYHoe
TIOKpPHITHE ©® CUETHO KOMMakTHOro npoctpanctsa X Kowewno. [lpen-
TIOIOXKHM, 4YTO 3TO HE TaK, T. €. CylliecTByeT GeCKOHEeYHOe JIOKAIbHO
KOHEeuHoe MNOKphiTHe ® npoctpaHcTBa X. M3 Besikoro siemenTa O,
TIOKPBITHA ® BbIOEpeM 10 OfHOH TOYKe x,. [Ipu 3TOM MOXeT cny-
YUTLCA, YTO W3 PA3HBIX 3JIEMEHTOB MOKPBITHA ® Mbl BHIGPANU OAHY
u Ty xe Touky. Ho, nocko/bKy NOKpBITHE ® JIOKaJbHO KOHEYHO,
mHOXecTBO M= {x,}, cocrosiuiee H3 Bcex BHIOpAHHBIX TOuYeK, Oec-
KOHEYHO H [IOTOMY HMEeT MpejesbHYI0 TOUKY X. Y TOUKH X Cylie-
cTByeT okpectHocTb Ox, mnepecekaiouascs JHWb € KOHEYHBIM YHC-
JIOM 3JIEMEHTOB [IOKPHITHS ®, C/1e0BaTeJbHO, COAepXKauias Julllb
KOHEYHOE YHCJIO ToueK MioxectBa M. 3To TPOTHBOPEYHT TOMY,
4TO X eCTb mnpejfesbHas Touka MHoxectBa M. [lpeanoxenue 4 10-
Ka3aHo.

[Ilpennoxenue 5. Beakoe napaxomnaxmuoe xaycOopghoeo npo-
CMPAHCMEO HOPMAALHO.

Jloka3aTesbCTBO aHAJOrHUNO JOKA3aTeNbCTBY HOPMAJIbHOCTH OH-
KomnakTtoB. CHauasa Mokaxem, YTO BCAKHil NapakOMNakT peryJs-
ped. [lycts F—npoH3BONIbHOE 3aMKHYTOE MOIMHOMECTBO MapaKkoM-
nakra X u x€ X\ F. Inaa Bcakolh Touku y € F cywecrTByer Takas
okpecrnocts Oy, uto x ¢ [Oy]. Cemeiicreo o=={X\ F}U{Oy: y€ F}
SIBJHETCH OTKPBITHIM MOKphiTHeM mpocTpaHcTBa X. Cyuiectsyer Jo-
KaJbll0 KOHEYHOe OTKphITOe TMOKphuTHe ®,={0,: a€ A} npocr-
pasctea X, BnHcaHHoe B TokpuitHe . Ilonoxum OF = 38, F.
[TockonbKy BcAkoe JIOKanbHO KOHEYHOE CeMeHCTBO KOHCEPBATHUBHO,
umeem

[0F} = U [0.].

OugnfF+= A

Ho Besixoe Oy, Nepecekatoueecst ¢ F, cogepxutces B Hekotopom O,,.
3nauut, B3 O, N F= A cnenyer, 4ro x§[0,]. ITostomy x ¢[OF].
Hrak, wmHoxectBa X\ [OF] u OF ABASIOTCH HeNepeceKalouUiMucs
OKPECTHOCTIMH TOYKH X H MuoxXecTBa F cooTBercTBeHHO. Peryssip-
HOCTb TMpocTpaHeTBa X JOKasaHa.

HopmanbrocTb n0KasbiBaercst aHajoruuso, [lyete Fy u Fy-—1u3%s-
IOHKTHBIE 3aMKHYTHie TOJAMHOXKeCTBa npocrpancTsa X. B cuny yxe
AoKazaHHOW peryaspHocTH X, 4/ BCAKOH TOYKM y € [, cywecrsyer
okpecTHocTh Oy, 3aMbiKaHHe KOTOpPO#H He mepecekaercst ¢ F,. [lo.a-
raem © = {X\ Fy} U {Oy: y € F,} u TaK XKe, Kak Nnp#u A0KA3aTebCTBE
pEry/JAApHOCTH, TOJy4aeM Takylo oOkpecTHocTb OF,, 3aMmuikaHue Ko-
TOpoii He mepecekaercss ¢ F,, T. €. 110Jy4aeM JH3BIOHKTHHIE OKpe-
crHocth X\\[OF,] u OF, muoxects F, u F,. [lpegnoxenne 5 no-
Ka3aHo.
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I[lpeanoxenue 6. Brakoe peeyiaproe PunaibHo Komnakmuoe
npocmparcmeo X napakoMnaKmdo *).

Cnencrsue. Beaxkoe pezyasproe @unaibHo KoMnakmroe npo-
cmparcmeo X HOPMAAbHO,

HNokasarteabcTBO npegnoxenusa 6. Ilycrs o= {U}—
NpoH3BOJBHOE OTKPBITOR TMOKpbITHe TfpocrpaxncTea X. B cuny pe-
ryJAsipHOCTH mpoctpaHersa X, AJMf KaXKAOH €ro TOHKH X CYIleCTBYeT
okpectHocTh (X, €O CBOHM 3aMBIKaHWEM JIeXallafd B HEKOTOPOM
snemente U mnokpuitust . CemeiicTBO ®,= {0x: x € X} sapasercs
nokpuitHeM npoctpasersa X. Cyinectyer c4eTHOe MOANOKPBITHE W, ==
= {0%,, ..., 0%y, ...}. L1 Kaxgoro siementa Ox, NMOKPHITHA o,
sadukcupyem Takoit sJjeMmeHtT U nokpetia o, uro [Ox,]<=U, u
npuceoum eMmy Homep k. Ilpu 3Tom MoxeT cayuyuTbesi, 4TO OZHOMY
¥ TOMy e 3jeMeHTy U mHOKpBITHR ® Mbl IIPUCBOHM HECKOJbLKO
(Moxer ObiTb, Aaxe OECKOHEYHO MHOro) pas/MYHBIX HOMepoB. DBo
BCsiKOM caydae cemefictBo o' ={U,, ..., U, ...} 6yldeT OTKpHI-
TbIM [OKPBITHEM NMpocTpaHcTBa X, BIHCAHIIBIM B TIOKpbITHE ®.Kpome
TOrO, MOKpPBHITHE @ TaK BIHCAllO B MOKpbitHe ®', uto [Ox,] < U,.

Tonoxum teneps V,=U, u V,=U,\ | [0x;] npu k> 1. Cemeil-
i<k

ctBo ©,={Vy, ..., V,} COCTOHT H3 OTKDHITHIX MHOMKECTB W BIHCAHO
B MOKpHITHE ®©, @ 3HAYUT, H B MNOKpuITHe ®. CemeficTBO ®, fB-
Jasietcst nokpuitHem. B camom gene, mycerb x€ X. Cpenan Bcex 3Je-
MEHTOB NMOKPHITHS ®, cOflepKallUX TOYKY X, BbiGepeM ajleMeHT C Hau-
MeHLIIHM HoMepoM. [lycrs ato Gyrer U,. Toraa x ¢ [Ox;] ans Beex
i < k, nockoabky [Ox;]< U;. CregoBaresnto, x €V,. [lokaxkem, na-
KOHell, YTO NMOKPbITHE ®, JOKaAbHO KoHeuHo. [lyeTb x—rnpoH3BO/ib-
Hass Touka mnpoctpasHctBa X. OHa NPHHALIEXKHT HEKOTOPOMY 3Je-
menty Ox, TNokpuitTusi ©; OueBugHo, 4to Ox, N V,=A s Bcex
I > k. Tlostomy oxpectHocTe OxX, TOUKM X Ilepecekaercss He GoJee
yem ¢ k 3JemeHTaMH TOKPBITH ©,. MTtak, ©, sBJseTCs OTKPHITHIM
JIOKaJIbHO KOHEUYHBIM TOKPBITHEM NpocTpaHcTBa X, BIWCAHHBIM B 110-
kpoitie ©. [lpenjoxenne gokasaHo.

3. Boabluas Teopema A. CtoyHa W NapaKOMIAKTHOCTL METPHYECKHX
npocTpaHCTB Kak ee caeictBHe. C CymieCcTBYIOLLHM C ApeBHHX Bpe-
MeH HHTYHUTHUBHBIM MpEICTABICHHEM <«HEMPEpLIBHOTO IPOCTPAHCTBA»
CBSI3aHO HHTYUTHBHOE e NpeAcTaBJeHHEe 0 «GeCKOHeUHOH JeNHMOCTH»
NPOCTPAHCTBA, KOTOPOMY B Mupe OGUIeTONoJorideckHX Hae# coorper-
CTBYeT HAesi O CYLECTBOBAHHH AJIs1 KaXJOTO OTKPHITOrO MOKPHITHS o
npocTpadcTBa X «6ojee MeJKOro» MOKPHITHA f§ 3TOro e mpocTpaH-
crBa. IloHfAiTHe BHHCAHHOCTH MNOKPHTHA § B NOKpBITHE O emle Iie

*) U naxe cHIbHO MapakoOMIakTHO, Kak 6yneT nokasado B § 12. B To e Bpems
CYLIECTBYIOT NPoCThie NPHMEpPhl XayCAOPPOBLIX (PHHa/NbHO KOMIAKTHLIX, 110 He Ha-
PaKOMNAKTHHIX TPOCTPaHCTB.
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rapaHTupyveT TOro, 4To nokphite f siBAsieTcs CYWECTBEHHO GoJee
MEJKHM, 4YeM MOKpBITHE @,—3TO CJEAYET YXKe H3 TOro, YTO Kax-
Jloe TOKpBITHE BhHcaHo B ce6a camoro. [apanTHio (hakTHYECKOro
u3MeJIbUEHHA, UM «ApoGAeHUs», TOKPHITHA paet Gojiee CHIbHOE
NOHATHE 3BE3[HOA BMUCAHHOCTH (cM. 1. 2, onpenedente 5). IlosTomy
MBI CKaXKEM, UTO JAHHOE OMKPbUMOE NOKpbimue o npocmpancmea X
donyckaem OpobGaeHue, eclH CYLWECTBYeT OTKPHITOE T[OKPuITHE «,
38e3[HO BIUCaHHOe B ®. M HakoHen, MBI cKakeM, 4TO MpoCMpaH-
cmeo X donyckaem Opobaenue, ecau aonyckaer apobGieHue Kaxioe
OTKPBHITO® TIOKPBITHE 3TOTO NPOCTPAHCTBA.

EcrecTBeHHO, BO3HHKAeT BOIPOC: KAKOBbI XK€ T€ TOMNOJOrHYECKHE
IpOCTPAHCTBA, KOTOphble AOMycKaioT apoGieHue? [lpuminnHasbibii
WHTEPEC ITOTO BOIPOCA OIlpejesseTcss TeM, 4TO UMEHHO IPOCTPaHCTBa,
JloMycKakolde npo6JeHie, Mbl CKJIOHHEI CYHTATh HauGoJjiee OTBedalo-
UIHMH HALIHM MHTYMTHBHBIM NIPEACTABJIEHHAM O NPOCTPAHCTBE KaK O
HEKOTOPOH «HenpepblBHOA cpesey. Tloatpii OTBET HA MOCTaBIEHHBIR
Bonpoc jaercs riayGokoft H TpyaHoit Teopemolt A. CroyHa, HecomHeH-
HO NpUHAjexaUlell K 3HAUHTeNbHEHIIUM JOCTHXeHUAM obweil Torno-
JOTHH,—B 4YaCTHOCTH, M [OTOMY, 4TO OHa CBSI3LIBAeT MeX]y CO-
©0I0 Ba COBEpIIEHHO Pas/HYHBIX Kpyra TONOJOrHYeCKUX NOHATHH.

Teopema 30 (Goaviuast reopeMa A. Ctoywna [1]). Cpedu nop-
MQAABHBLX NPOCIPARCMS 8Ce NAPAKOMNAKMbL U MOALKO OHU donycKkaiom
dpobaenue.

Jra TeopeMa, OYEBHIHO, COJepXHT ;Ba yTBepxkieHus. IlepBoe
#3 HHX COCTOMT B TOM, 4TO BCAKM{l NapaKOMIIAKT AONycKaeT Apol-
Jenue. DTO yTBEPXKAEHHE JIETKO BBITEKAeT U3 CJEAYIOLIero:

Ilpeanoxenue 7. Beakoe omKkpounoe A0KQAbHO KOHEYHOE No-
Kpoumue HopmareHoeo npocmparcmeéa X donyckaem Opobaenue.

Ecau npeasoxenne 7 fokasano u X —I11apakoMIaKT, To BO BesKoe
OTKPBHITOE [OKPBITHE ® NMpocTpaHcTBA X MOXHO BAHCATb JIOKAJbHO
KOHEYHOe' OTKPbITOE TOKpBITHE ®', a B ®' MOXXHO, B CHJYy Tpeiso-
»enust 7, 3Be3JHO BMHCATb OTKPHITOE MOKpbiTHE ©, KOTOpoe, oue-
BHJHO, 3BE3JHO BIUCAHO H B ®. 3HAUMT, ® Jonyckaer gpobJjexue,
a TaK KaK o —TIPOH3BOJbHOE OTKPBITOE HOKPLITHE npocTpaHcTBa X,
TO JoNycKaeT ApobJeHue u npocTpaHcTso X.

[TepeXxoiuM K 10Ka3aTeNbCTBY MNpejoxKeHus 7,

[ycto o =={0,}, a€A,— JOKaNTbHO KOHEYHOR MOKPHITHE MPO-
crpadctea X. B cuay semMbl 06 yxaTHH OeCKOHEUHBIX MOKDBITHI
CYUECTBYeT 3aMKHYTOe NOKphiTHe A =={F,}, o €A, KoMGHHATOPHO *)
BIMCAHHOE B [OKPHTHE ®, T. €. Fyu <= Oy, a & A. Y3 komGunaropuoi
BIIHCAHHOCTH A H ® BBHITEKAeT JOKAaJbHAA KOHEYHOCTb H, CJAejoBa-
Tesbil0, KOHCEPBATHBHOCTb MOKPHITHA A.

*} ToBOPAT, 4TO CHCTEMAa 0" KOMOUHAMODHO 6RUCAHG B CHCTEMY O, €CAH 3J¢-
MeHTHI 06edX CHCTEM MOXKHO TakMM 0O0pa3oM [OCTABHTb BO B3aUMHO OAHO3ZHAUMOC:
COOTBETCTBHE, UTO K&K/ IIEMCHT CHCTEMBI " COAEPXKUTCA B COOTBETCTBYIOWLEM
eMy 3JeMeHTe CHCTEMbI O,
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L%

i npou3BOJLHOro KOHeulioro naGopa HHAEKCOB Oy, ..., O
NOJNOXKIM

erl, P a": n Oa‘.\ U Fa'

i=1 o 5= lli
=1, ..., 8
MioxecrBa Vo, ..., ., O4EBHIHO, OTKpBiTHL. [lokaxeM, 4to cucrema v
1y oaey Oy
BCEBO3MOXHBIX MHOXecTB Vg, ...,a, 3BE3]O BIINCANA B MOKPBITHE

H caMa fIBJAfeTC NOKPHITHEM IpocTpancTea X.

Pacemotpum npoussosbHylo Touky X € X. Tak kak noxpeitie A
JOKAJbHO KOHEYHO, TO TOYKA X CONEPXKUTCH JIHILL B KOHEUHOM vuCae
3/IeMEHTOB 3TOT0 MOKpbiTHA. [1ycTb 3T0 6yAyT MHOXKECTBA Fgyy - - - F‘Zc-
Toraa, oueBuano, x€Vq, ... o . Crenosatenbno, cucrema v ectb
nokpuitue npoctpancTea X. I[lycres x € Fy, . [Tokaxew, uto 3B,x < O,
noKaeM, JPYTHMH CJIOBAMH, YTO H3 xEVa;’ s €v cregyer, 4To

Voo ..., a,S0a,. Ho ecan x€V,. 10 x¢F, npn aska,

j=1, ..., r. Mexpy tem x € Fq,, 3HauuT, o, =a;, OpH HEKOTOPOM
jo=1, ..., r. Ho

.
b4
e, Q@

r
Va;, ,a;g n OajSOa,_ , a Oa:. EOO’-H
j=1 Io io

T. €. Vir . a S Oa,— yTBepXkeine fokasano.

Wtak, v ecTh uckoMOe MOKpLITHE, 3BE3JHO BITHCAHHOE B MOKPH-
the o. [lepBoe yrBepxnenne Teopemn 30 jokasaio.

Ilepexonum K 70Ka3aTe/bcTBY BTOPOro yTBepXKaeHusi Teopemsl 30.

[Mpepnnoxenue 8. Hopmawwroe npocmpancmeo X, donycxaio-
wiee Opobaenue, NAPAKOMAAKMHO.

Jlemma 1. Myeme @={G,}, n=1, 2, 3,..., ecmv cuemnoe
omKpbuTOe NOKPbUMUE HOpMAAbHO20 npocmparcmea X, u nycmb ¢ 3
MONHO MAK KOMOUHAMOPHO 8nucams 3amgHymoe nokpoimue & ={F,},
umo F,=G,.

Toz20a 6 & MoxmHO maK KOMOUNGMOPHO 6RUCAMb OMKpPbLINOE A0-
KQAbHO KoHedtHoe cwemnoe nokpwmue H={H, }, umo H,=G,.

HNoxasareabcrso. las kaxugoron=1, 2, 3,... 6epeM Takoe
OTKpbLITOE MHOXecTBO G, 4TO

F,=G,=[G]=G,.

Ovuesniio, cemelicTBO OTKPBITHIX MHOXecTB @' ={G,} u TeM Gonee

CeMeNCTBO 3aMKHYThIX MHOXecTB &' ={[G,]} sBaserca nokpbiTHEM
npocTpaHcrea X,



11] CBONCTBA THUIIA KOMITAKTHOCTH 305

kR<n
ecTb nokpeiTHe mnpocrpasctBa X. B camom gene, mas Kaxzporo
x€ X Gepem Tarkoe HaumeHbllee n, uro X €[G;]. Torna x€G, u

x¢ [ U G,;} , 3nauut, x € H,. OueBuauo, § KOMOGHHATOPHO BIHCAHO
kR<n

B &. OcraeTcst 10Ka3aTb, 4TO MOKPHTHE &) JOKAJbHO KOHEYHO.
Myets x€ X. Tak kak &' —rnokpeiTHe, TO CYUIECTBYeT MHOMXKe-

ctBo Gp, cozepauiee Touky x. MmuoxectBo G, He MOXeT nepece-

xatees ¢ H,, n>p, tak xkak H,=G,\ U [G,]= X\[G;] npn
k<n

n > p. CnepoBatesibno, G, ecTb OKPecTHOCTb TOYKH X, He Mepece-

KAIOWAACA HH C ONHUM H3 Mmuoxects H,,,, H,,,,..., T.e. mepe-

CeKaloulascs JHilb C KOHEUHBbIM YHC/IOM 3jeMenToB H, MOKpBITHS §.

Jlemma pokasasa.

[lycrs npocrtpaderBo X pomyckaer apo6aense. loxkawxem, uto X
napaxoMmrakTHo. Bo3bMeM NpOH3BOJILHOE OTKPBITOE MOKPHITHE Y ==
== y,=1{U,} npoctpancrsa X. ByaeM crpouth JOKanbHO KOHedHoe
IOKPBHITHE, BIHCAHHOE B Y.

a) BosbMem oTkpeiToe nokpuitHe y,={U;}, 3Be3aHo BrucauHoe
B Y,, H, Booflie, OTKpbiToe NOKpeiTHe v, ={U4}, 3Be3nno mmnucau-
noe B y,_,={U2", n=1,2,3, ... . dusa kaxporon=0,1,2,...
MHJEKCH @ Mpo0eraioT BCe NMOPA/KOBLHIE YHC/AA, MEHbLIHE YeM HEKO--
TOPOR Mg == Wy (1), ABAAOUEECH HAHMEHBIIMM MOPSAKOBEIM YHCJIOM,.
MOIIHOCTE KOTOPOr0o PaBHA MOULHOCTH NOKPHITHA 7Y,.

3Be3ny Kakoro-1u60 MHoxectBa M = X OTHOCHTENBHO MOKpHI-
TUA 7y, 00o3nauum uepes 3B, M; 3Be3ny TOUKH X € X OTHOCUTENbHO
NOKpPBbITUSA Y, 0603HAYHM yepe3 3B,x.

Kaxnaoe v,, n=1, 2, 3, ..., 3Be3iHO BIMCAaHO BO BCe npejibi~
LYyUiHe MOKPBITHA Vg O0<{h<{n—1.

3amernM, uTO M3 3Be3HOH BMHCAHHOCTH KAKOTO-HUOYAb TOKPHI-
THA N’ B MOKPHITHE N CJEAyeT ero TaK HasblBaeMast «NPABUJbHASIY
BIIHCAHHOCTb, COCTOSIAst B TOM, YTO OOBLEAHHEHHE BCAKHX ABYX
e PECEKAIOUHXCSA /IEMENTOB TIOKPHITHSI 7' COREPKHTCH B HEKOTOPOM:
3JIEMEHTE TIOKPBITHA N,

6) INonaraem

Monaraem H, =G, [ U G;] W JoKa3wiBaeM, uro § = {H,}

Fro={x€U,|38,x= Uy}
¥ 0Ka3blBaeM IPeXJe BCEro TOXKIECTBO
Fra=X\38,(X\ U,). (1p
B camom nene, nycts x € Fpq. Torma 3s,x=U,, T. e.
3z, x X\ Uyg)==.\.
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Ecnu 661 x €38, (X\U,), To cymectsoBano 66 nekotopoe Uf€ vy,
nepecekaiolieecss ¢ X\ U, H conepxailee TOYKY X, TaK YTO
3B, xN(X\Ua,)*=A, moraa xak 3B,x<U,. Hrak, nesas uacrs
PaBEHCTBA CONEPXKHUTCH B TPaBOH.

Jokaxem, 4ro mnpaBas copepxutca B Jesoit. [Ilyerp
x€ X\ 38, (X\U,). Toraa nas Bcsikoro UEy, u x € U cnenyer
Uin(X\Ug)=A, 1. e. Up=U,. Hpyrumu caoBamu, 3B, x= U,
u x € F,,. PasenctBo (1) nokasaHo.

Tak kak nokpwiTHe V,,, BNHCAHO B P, (1a)ke 3Be31AHO), TO AR
mo6oro M < X, B uactdocTH anst M= X\ U, umeem 38, ,M<=38,M;
MI0O3TOMY HEMOCPeNCTBeHHBbIM cJeACTBHEM ToxiectBa (1) nABsasercs
BRAOYEHUE Fro = Fh, . Mbl JOkaxeM GoJibilie, a HMEHHO:

3B, 4100 = Frin, o 2

Ilycrs x € 38,,,F,y. OTO 3HAUHT, 4YTO CyIIECTBYeT TaKoe
Ut €y, uto xEUE! n UM N Fre~=A. Orciona Hano BbIBECTH, 4TO

3Bn+ lx = UU.°

Ho noxkpwTue ¥,,, 3Be3QHO BMNHCAHO B Y, 3HAYHT, CYLIECTBYeT
takoe U} €y,, 4TO

3Bn+ lx = U?‘« (3)

(1, oueBuuHo, UN F,,=A). 3 nocneniero Hepasencrsa BbiTeKaer,
yro Up me comepxurcs B X\ Fp, = 38, (X\U,), 1. e. Uln
NX\Uyx)=A, a sro 3uauur, uro Up=U,. Otciona u us (3) cae-
LYeT, 4TO X € Fp.1, 4. Popmyna (2) nokasana.

Tax Kak 3Be3ia BCAKOro MHoxecTBa M <= X OTHOCHTENHHO OT-
KPHITOTO TOKPLITHSI ecTh OTKphIToe B X MHOMecTBo, To u3 (1) cue-
NyeT, 4uto BCe F,, 3aMKHYThl, a u3 (2) BBITEKAeT, YTO MHOMXECTBO

-]
sz: U F/'mt.
n=1
oTkpuTO B X.
[lokaxkem Tenepb, 4TO IpPH JIOGOM 33aJaHHOM f  ceMeiicTBO
& ={Fna} €cTb 3aMKHYyTO® mNOKphiTHe mpocrpadcTBa X. B camom
nene, nycTe x € X npousBoanio. Tak Kak y, 3Be3HO BMHCAHO B v,
10 3B,X conepKuTCA B HekotopoM Uy, a Toraa x € Fny, €3, 41O U
TpeboBaJoCh JOKa3aTh.
[Tonoxum (uMes B BHLY, 4YTO HHIEKCH O CYTb MNOPSIKOBbIE
yucsIa)

Fna,':Fr’za\ U Vﬂ- (4)
<<

Tak kak mHoxecTBa Vp OTKpHTH, To Fnq 3amMkHyTo. M3 onpepene-
HUsl mHoxecTBa Vg cieiyer, najee, uYTO TOXKIecTBO (4) MOXHO 3a-
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NHCAThk #U Tak:

sz:F;la\ U U F;cﬂo (4’)

p<oak=1

JlokaxeM, 4YTO COBOKYIIHOCTb g, BceX Fnq (Tae n npoberaer Bce
HAaTypa/bHble YHCAA, a & QIS KOKAOrO f-—BCe TIOPAAKOBHIE UHCJa
< ©;(n)) ecTb NOKpHITHE TMNpOCTpaHCTBA X, OUEBH/]HO, 3aMKHYTOe,

Bepem npoussoiibHO Touky x € X. O603Ha4HM yepes3 o HAHMEHb-
llee TOPSAJIKOBOE YHCJI0, o < @, (), YJOBJNETBOPAIOLUIEE YCJIOBHIO:
CYWIECTBYeT TaKoe HATypaJibHOe 7, uTo X € F,,; Takoe @ CyuiecTsyeT,
TaK KaKk ' ={F,,} €CTb NOKpbITHe, 3HAYMT (NPH BCSKOM f TOYKA X
CONePXUTCA B HeKOTOpOM Frz), MBI HlleM Takoe fn, 4Tobbl & GblLIO
IpPH ITOM HaUMEHbLILWM.

Hrak, x € Foe, HO X € Fi3, xaxkoBo 6bl HH OBLIO HaTypajbHoOe R

u p<a Ho 310 u snaunr, uro x€F,e\ U U Fis, T. €. uro
B<a k

X € Foq. _

8) He cymectByer Takoro Uj*' €9,,,, KOTOpOoE OAHOBpPEMEHIO
niepecekajoch Obl C KaKUM-MHG0 Fnpe U Fnpg TIpu o =P,

[Mycts o > f. OueBHaHO, AOCTATOUHO AOKa3aTb, YTO

Fna,n3B,,+1Fnﬂ :A
Ho (cM. (2) 1 (4))

33n+1FB:3Bn+1 BCFnﬂ BCVBCX\Fnou

OTKyAa YTBepXKJeHHE cJenyer.

M3 ToMbKO 4TO [OKA3aHHOTO BHIBOAHM, Jjajiee, YTBepXKieHue:

r) He cymeerByer U%**€ vy, ,,, OIHOBPEMEHHO Nepecexkaioulerocs
¢ 38,,3Fne ¥ 38, ,Fng upn p=~a.

[ycers cymectyer U2*3, nepecekatouieecs ¢ 38, ;Fna 1 3B, ;Frg-
Toraa cylecTByior Takue U"” u Ug3, uto

anUgJ“qéA, Fnﬁnugf:’?é/\y
UmenUsit=A, U Ug? #£A.

CnenoBate/ibHO, o6venunenne UZ*?JUgG!® conepxuTCa B HEKOTOPOM
U4, a obvenunenne UG yUgr*-—e Hekotopom Uj*. Ho Torpa
U Ugt? =A, a nostomy U%?U UL conepmmcx B HEKOTOpPOM
U"“, KOTOpoe [lepecekaeTcss Kax ¢ Fm,, TakK U ¢ Fnp, BONpekH no-
Ka3aHHOMY B IyHKTE B).

1) TlonoxuMm Gue==3B,, ,Fn,. W3 nokasanuoro ciaepyer, 4TO
ceMeitctBo ® ={Gn,} ecTb nuckperHas cucrema MuoxecTs. Crejo-
BaTeJIbHO, AHCKPeTHO# OyjAeT H cucTeMa § = {F ).
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[Tonoxum, Haxowel,
F"ZUFna, Gn:UG”a.

o o
Quesuano, F,=G,,.

Kak Ttesno puckpeTHofi cHCTEMB! 3aMKNYTBIX MHOMXECTB, MHOXe-
c1BO F, 3aMKHYTO.

Janee, tak xak cemefcTBO &, = {Fno} €CTH 3aMKIIyTOE MOKPHITHE
npocTpaicTBa X, TO 3aMKHYTHIM TOKPBITHEM 3TOr0 MPOCTPAHCTBA
SABJSIETC H CEeMeHCTBO

F={F.}.

Tem Gosee ceMeiictBo & = {G,} ecTb OTKpEITOE MOKPHITHE NpOCTpaH-
crea X. Tlpu stom F,<=(G,, Tak 4TO HAXOJHMCA B YCJAOBUAX
gemMbl 1. M3 Hee cjeiyeT cCylulecTBOBaHHE JIOKaJLHO KOHEUHOFO
nokpuiTust $=={H,} npocTpanctea X, KOMGMHATODHO BIHCAHHOrO

B ®, 1ak uto H,=G,, U H,=X.
n

n—

Tosmoxum
Hna. = H,. n Gna.

M JOKameM, 4YTO ceMeficTBO y° Bcex MHoXecTB Hay (Npy JOGHIX
n 4 o) ecTb NMOKpbITHE TpocrpaHcTBa X. B camom gmene, ais muo-
xkectBa H, = G, nveem

H,=UH.NGCua), 7. e. Hy=J Huas

o o

U Hnoc:"- U UHna,:U]'I,,= X.
n, o n oo n

3HAYHT,

Hanee, coraacuo dopmyne (2) numeem
/ ’
Hpo = G == 3Bn+3F'la S

H03TOMY MOKpHITHE Yy’ BrnHcaHo B y={U,}.
Ocraercs foKa3aTb, 4TO MOKPHITHE Y’ J10KaAbHO KoHeuno. [lycTs
x € X. Tak xak §=={H,} noxanbHO KOHEYHO, TO CYLIECTBYET OKpe-
cTHOcTb OX TOUKH X, NEepeceKaioulascst JHIIb ¢ KOHEUYHBIM UYHCJIOM
muoxects M, (r. e. He nepecekaiomasicss Hu ¢ onuuMm H,, Homep n
KoToporo 6osibllle HEKOTOpOro uucaa n,). Tak kak cucrema & pu-
CKPeTHA, TO A/l Kaxaoro n < n, cymecTByer okpectHocts O,x < Ox,
nepecekawoouasica He OGojee ueM ¢ ofHuM (... Torza oxpectHocTob
o
O'x= n 0,x ue nepecexaeTcs HHU ¢ KakuM H,o<=H, npu n > n,,
n=1

a npH 1< 11, MOXKeT nepecekatocs He Gosee 4eM ¢ oaHuM H,q = Gy,
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3HAUMT, BCETO MOXeT MepeceKaTbCd JIMIUL € KOHEUHbIM YHCJOM 3Jjie-
MEeHTOB MOKPHITHS ',

[MapakoMnakTHOCTH MPOCTPAHCTBA U BMeCTe ¢ Helo Bcs TeopeMa 30
JIOKa3aHbl.

M3 teopempt A. CroyHa BbiTeKkaer

Teopema 3l. Beakove mempudeckoe npocrmpaHcmso napakom-
nAKmHo.

HokasateascTBo. Ilyerh X -—meTpuueckoe npocTpaHcTBo,
Bynem cuutath diam X < oo *). TpeGyerca AoKa3aTh, 4TO KO BCA-
KOMY OTKDBITOMY TMOKpHITHIO Y =={l',} HMeeTcsi 3Be3fHO BNUCAHHOE
B HEero OTKphIToe MNoKpuitie y'. OTHOCHTENbHO MHAEKCOB @, KOTOPHIMH
3aHyMepOBaHbl 3JIeMEHTH TIOKPBLITHS 7Y, BHOBb NpeAojaraeM, 4To
OHH fAIBJRIOTCSH NOPSAKOBEIMH YucJaMH (npoberaioliuMy Bce 3HaYEeHH,
Hauyunasa ¢ 0 10 HauMeHbUIEro MOPSIAKOBOTO 4YHCIA ©,, MOIULHOCTb
KOTOpPOTO paBHA MOLIHOCTH NOKPLITUA 7, 0T a < wy).

Jas xaxpoi Toukn x € X o6o3HauaeM uyepe3 @ (x) HaHMeHbllee
Takoe NOPSAKOBOE 4HCA0 o, uto X €'y, Torma uepes &(x) oGo3na-
YaeM YHC.10

e (x) =71‘ p (%, X\Taw)

u mosaraem
U (x)=0(x, &(x)). (5)

ameuanue., Ecmu ana Touku y € X umeem p(x, y) < 4e (x),

TO
Pl y) <p(x, XN\Taw)

¥, 3HAUAT, Y € [ (o).

DTUM 3aMedanHeM Mbl CYIIECTBEHHO BOCMOJAb3YeMCs B KOHUE Ha-
IIer0 I0Ka3aTeIbCTBA; NIOKA XKC 3aMeTUM JIUIlb, YTO H3 HETO CJedyer
BKJIOUEHHE

Ux)y=0(@x, e(x))=0(x, 4¢(x)) =Ty .

Muoxectso Bcex U (x), B3aThIX AAs Bcex Touek X € X, obpasyer
NOKPHITHE

y={Ux)} xeX,
npoctpadctea X,

*) Bcakoe verpuyeckoe npoctpaHctso (X, p) roMeoMOp(HO METPHYCCKOMY
upocrpaHcTey (X, p’) awamerpa <1.
Hocratoutio pas moGuix gsyx Touexk x; €X, x, € X noaoxurs

0 (X1, xy) .
L4p (%1, x5)
[Mpocrpancrea (X, p) u (X, p’) romeovopdubl Mexay coGoil (3t0 creayer n3

TOTO, UTO BCAKas NOCACAOBATENBHOCTb TOYEK {xk}, CXOAAMAACA K Xy B OZHOH u3
R8YX MCTPHK p, O', CXORMTCS K 3TOf TOMKC M B JPYroil MeTpHKe).

P’ (X, X3) =
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Ilokaxem, 4TO y’ eCTb UCKOMOE TOKPBITHE, 3Be3]IHO BIIHCAHHOE B Y.
Bepem 1npousBo/bHYIO TOuky a € X; noJaraem

E,={x: U(x)dal={x: e(x) > p(x, a)}. (6)
[Nonoxum
d(a)= sug & (x). (7}

OueBniado, d(a) ecTh NOJOKHTEALHOE UYHCAO (KOHEUHOE B CHJIY
CIEeNaHHOTO TMpPEeANOJOXKEHHA O KOHEYHOCTH JAHaMeTpa MpOCTpaH-
ctBa X).

Bepem Touky b € E, nox ycioBueMm g (b) > —32—d (a), T.e. nox ycJo-
BHEM
3
d(a) < 5e(b). (8)

Hawa nenb noCTHTHYTA, eClH Mbl JOKameM, 4TO 3B, (@), T. €. MHO-

XKecTBo U U (x), copepxurcst B aneMenTe I'g () NOKPHITHA Y.
U (x)sa
HOaa sToro B cBO ouepenb JOCTATOYHO JHOKAa3aTb, 4TO U3
U(x)da, 1. e. u3 x€E_, crepyer U (x) = 'y (b).
Wrak, nycts x € £,. 10 3nauur, 4ro

g(x) > p(x, a). (9

Tpe6yercss noxkasath, 4To Toraa Ajas moboit ToukH y € U (x) umeeM
Yy €Towy. Ho M3 cnenannoro Boline 3amevainss cjaeiyer, uto AJs
9TOrO B CBOIO O4Yepelb AOCTATOYHO NOKA3aTh, YTO

p (b, y) <4e(b).
Hrak, uam gaHsl: Touka a € X, touka b € E, u, sHauur, £(b) > o (b, a)

(no dopmyase (6)), Touka x€ E, H, 3uauur, p(x, a) < €(x), Touka
y €U (x) u, avauut, p(x, p) <e(x). BuiuucaseM B 3THX YCJOBUAX

oy <Py, X)+o(x, A)+p(a, b) <e(x)+e(x)+e(b). (10)
Ho x € E,, nostomy u3 (7) u (8) crenyer

3
e () <d(a) < we(b).
IlopcTaBasisi 370 B nocjefHiol0 uYacTb HepaseHctBa (10), mnosydaem
3 3
Py, b) <z e(d) +5e(d)+e(b)=4(),

4yTO H TpeGOBaNOCh JOKa3aThb.
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§ 12. JlokaabHo GMKOMNAKTHBIE [IPOCTPAHCTBA

l. Onpenenenne 10. Ilpocrpancrso X HaswiBaeTcst A0KAAbHO
buxomnaxkmuoim, eciy Kaxjas TOYKa X HMeeT OKpecTHOCTb U, 3aMhi-
kaHHe Kotopoi [U] GukomnakTHO.

Teopewma 32. Besikoe omkpoumoe muoscecmeo I' 6uxomnaxma X
AOKAALHO OUKOMNAKMHO.

B camom nene, BciencTBHe HOpMAJbHOCTH OHKOMNAKTa X Kaxkaas
Toyka x € I' umeer okpecrHocts U, 3ambikanue [U] xoTopoit snexur
B I' #, KaKk 3aMKHyTOE MHOXKecTBo B Oukomnakre X, caMo ecTh
6UKOMIAKT.

Iokaxem npexyoxenye, obpaTHoe Teopeme 32, naxe B 3Hauu-
TeJbHO YCHJAEHHOM BHAE:

Teopema 33. Ko ecaxomy aokarbro Gukomnaxmuomy xaycOop-
posy npocmparcmey X (U mMoAbKO K MAKOMY NPOCHPAHCITEY ) MONCHO
npucoedunums 00Ny mouky & max, umo noaywumes 6ukomnaxm X' =
= XUE (npuuem monoaoceus 6 X, KK 8 MHONeCmee, AHAUEM 8
buxomnaxme X', 6ydem coenadame ¢ monoaceueid, a priori OarHOL
8 X); npu smom monoaceus 8 X' 00H03HauHO Onpedesena mononozued
8 X u mrebosanuesm, umobos X' €otan GUKOMNAKMOM.

B camom pene, nycte X'=XUE ecrb Gukomnakr. Otciona yike
caenyer, 4ro X (KakK OTKPbLITOE MHOXECTBO B GuKommakTe X') ecTb
JOKaJbHO GHKOMIAKTHOe HpoCcTpaHcTeo. [lanee, Bce Te U TOJNBKO Te
13 MHOXECTB, Jexaumux B X, OTKpbiThl B X', KOTOpble OTKpBITH B
X (unade rtonoJsorus, jpanuas B X a priori, ue coBnajana 6ol ¢ Tono-
Jorueit, nmogyverHo#i u3 X'). Ecan I ecTb OTKpBEITOE MHOXECTBO B
X', conepxautee touky &, 1o I"=EUT, rae I'oTkpoito B X, npuuem
@ = X\TI==X'\TI", KaK 3aMKHYTOe MHOKecTBO B OHKommnaxTe X',
camo GukomnaktHo. O6patio, Besikoe Muoxectso Bula IV =T"U E, rae
M == X\T ectb GuKOMIaKT, OTKPHTO B X', TAK KaK ero JonoJHeHue
XN\TI=X\I'=®, 6ynyus GMKOMNaKkToM, 3aMKHyTO B X.

Hrak, ecau cymectByer 6ukomnakt X' = X U §, cogepxamuil gaun-
Hoe XaycaopdoBo ipocTpaHcTBO X, TO 3TO BO3MOXKHO BO BCAKOM CJY-
yae JiMllib TOFAA, KOT1a X JI0KaJdbHO GUKOMIIAKTHO, PHYEM TONOJOTHS
B X' 0JHO3HAYHO OlipejiesieHa TeM, 4TO OTKphiThle MHOXKecTBa B X',
He cofepiKaline TouKy &, CyTh BCe OTKpbITble MHOXeCTBa B X H TOJIbKO
OHH, a OTKpbITbIe MHOXectBa B X', coaepallhe TOUKy &, CyTb He
YTO HHOE, KaK MHOXKecTBa BUAA E,UI‘ e '=X\® u® < X ects
Gukomiiakt. Jlokaxem, 4ro B TOM ciydae, Koraa X — JJOKaJbHO GHKOM-
NaKTHOE XaycnopdoBO MPOCTPAHCTBO, NMpPOCTPaHcTBo X' € TOJBKO 4TO
OnHcaHHO# TONOJOrMedl aeHcrTButesbHO ecTh Gukommnakt. [lpexkge
BCero, Jerko mposepsiercs, 4To B X' BBINOJIHEHbB aKCHOMBI TOMOQJO-
ruveckoro npocrpascrea. [oxaxewm, aajee, yro xayczopoBa aKcH-
OMa OTAEeJHMOCTH TaKKe BBITIOJIHEHa B NpoCTpaHCTBe X', IT0 SICHO At
JI00blX ABYX TOueK x H x', Jexauux B X; HO 4711 & H Mo6oft ToukH
x € X TaKkxke MOXil0 HafiTH HenepeceKaUHecs OKPCCTHOCTH: A/ 9TOTO
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Jocratouro B3ATb U (x) Tak, urober @ =[U(x)] 6blao GUKOMNaKTHO,
Torga okpectHocth U (x) u U () == U (X\ D) He nepecekaioTcs.
Hakoneu, X’ 6uxomnaxTro. B camom nene, nycrs X —cucreMa oTKphl-
Toix B X' Muoxects [, nokpwBawiuux Bce X. Cpeld MHOXKeCTB
I'; umeercst Hekotopoe I'j=U (&)= U (X\ ®). OcranbHbie MHOXKe-
ctBa Iy, a=0, Bo BCAKOM cayuae nokpuiBaoT Gukomnaxkr @; cpenu
HHX MOXHO BHIOpaTb KOHeyHoe uucjo MHoxects I'\, ..., T, moxpsl-
Baouux ®. Mnoxectsa I'y, I'y, ..., I'; nokpbiBatoT Bce npocTpaHcTBO
X', yeM OWKOMNAKTHOCTb 3TOTO NPOCTPAHCTBA AOKA3aHa.

MoxHO BBIBECTH OGMKOMIAKTHOCTb TPOCTPAHCTBA X' U NpH MOMOIHK
cBoiictBa (A) u3 teopemsl 2 §1. Ilycts M-—npousBosabHOE MHOXE-
CTBO KaKOH-MM60 GecKOHeUHOH MOUHOCTH m. Ecan cymecTtByer Ou-
komnakt ® = X, nepecekawmufics ¢ MHOXKeCTBOM M MO MHOXKECTBY
MOLIHOCTH m, To B D uMeeTes TOYKA MOJHOIO HAKOTJIEHUsT MHOXKeCTBa
M. Ecaun xe pias mmoboro Gukomnakra (O — X MHoxectBo M N@D
MMeeT MOUIHOCTL < /11, TO 3TO O3Ha¥aeT, yTo MuoxKecTBO M N (X" \ D),
T. e. MHOXKecTBO M N U (§), umeer MowHoCTb m TpH JiioGoM BblGOpe
okpectHoctd U (E). Ho Torpa £ ecrb TOYKa MOJHOrO HAKONJEHHS
mioxectsa M. HMrak, npocrpanctBo X' o6naapaer csoiictBom (A4) u,
cJlefloBate/IbHO GHUKOMIIAKTHO.

Teopema 33 nokasana*),

B 3aknioueHHe MokaxkeM, uto B TeopeMmax 32, 33 npeanosioxeHue, YyTO IPoOCTpaH-
erso X’ xaycnopdoso, cyutectBeHHo. B camom geste, mumeeT Mecro

Teopema 34. Beakoe Ty -npocmpancmso (3nawum, u nodasno eécaxoe T y-npo-
empancmeo) X', codepacauiee GecKOHeHHOe <LUCA0 MOYeK, MOdCem Gblmb NPUCOPOUHEH LieM
o0Hoi mouku & Oonoaneno do Guromnaxmuozo Ty-npocmpancmea X' = XE, ¢ xo-
mopom § He ecmb 1304upoSAHHAL MOUKQ.

HoxasateabcTso. BepeM mnpousBoanhpit iemeHT § u BeomuM B X' =
= X Y& rononorwio, o6haBass oTKpuTHMH B X’ BCce MHOXeCTBa, OTKpbithie 8 X,
u Bce MHOxecTBa Buja &1 (XN K), rae K —npoussosibHoe MHOXKECTBO, COCTOALLee
M3 KOHEUHOro YHCJAa touek npocrpancrsa X. Jlerko nposeputs, utro X’ ecrb T'y-npo-
crpancrBo. Tak Kak Ji06asi OKPECTHOCTb TOUKH § COJEPIKUT BCe TOYKH (1POCTpaH-
crBa X', xpome, OblTh MOKET, HEKOTOPOTO KOHEUHOro UX uucaa, To § ecTh TOUKa
IOJIHOTO HAKOMJEHHS JJf BCAKOro GeckoHeunoro muoxectBa M = X', yto M Tpe-
608aJ10Ch J0Ka3aTh.

2. NapakoMnakTHble JOKaJbHO OHKOMMAKTHLIC MPOCTPAHCTBA

Jlemma 1. Bcakoe omipoimoe A0KaabHo KOHe4HOe NOKpbimue npo-
UBB0AbHO20 OUKOMNAKMHOZ0 NPOCIMPAHCIEA KOHEYHO.,

Jlokasare bCcTBO MPEJOCTABAAETCH UYMTATENIO,

U3 sneMmel 1 HenocpejCTBEHHO BhITEKaeT

Jlemma 2. [Tycme X —a0KkaaoHo GUKOMNAKMHOE RPOCITPAHCHIEO
u @={0y} —maxoe omKxpoimoe a0KAALHO KOHeuHOe MOKpoimue npo-

*) Besiknit GukoMnaxT X ¥ NOJABHO ABIAETCSA JOKAILHO GHKOMNAKTHLIM NPOCTPAH-
cteom. B 3toM cavuae npoctpancteo X' = X JE coaepmuT TOUKY § B KauecTre H30-
JMpOBaHHON TOYKM, H TeopeMa 33, OCTaBasChb BepHOH, CTAHOBHTCA TPHBHANLHOW
H3JKLIHEH,
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cmpancmea X, umo 3samewxanue [Oy] 6cakoeo ezo dnemenma Guxom-
nakmuo. Toeda noxpoimue © 36630HO KOHEUHO.

Illpennoxenne 1. Beikoe napaxomnaxmruoe aoKaibHO GUKOM-
naxmeuce npocmpancmeo X CuAbHO NAPaKOMNAKIMHO.

HokasaTtenbcTBO. B npoH3BOabiioe OTKPHITOE NOKpPLITHE ©
npoctpancTBa X BINUCBIBAEM OTKDPBITOE TMOKpBITHE ®;, 3aMBIKaHUSA
5JEeMEHTOB KOTOpPOro GUKOMIIAKTHbl. B TOKpbITHE ©; BIHCHIBaeM
OTKPBITOE JIOKATbHO KOHEYHOEe MOKphiTHE ,, KOTOpOe CcOorJiacHo
AeMmme 2 OyneT 3Be3fHO KOHEYHBIM, 4YTO U TpeGoBajOCh JoKa-
34Th.

Hrak, BcAkoe J0KaJdbHO GHKOMIAKTHOE MapaKOMIIAKTHOE IPOCT-
paHcTBO X HMEeT OTKpPBLITOE 3Be3JHO KOHEewHOe TIOKPBITHE ®, 3aMbl-
Kanys 37eMeHTOB KOTOpOro GuKomnakTHel. M3 3ameuanusi o 3Be3aHo
CUETHBIX CHCTEMAaX OTKDBITHIX MHOXectB (cm, n. 1 § 11) Beirexaer,
YTO TNPOCTPAHCTBO X HABJASETCH CYMMOH JH3BIOHKTHBIX OTKPBITBIX
MHOXECTB [’y —TeJl KOMIIOHEHT CHEMJIEHHOCTH MNOKphiTHA . Kpome
Toro, W3 npeanoxenusi 1 § 11 Boitekaer, uro Kaxjasm KoOMIOHeHTa
CLeMJeHHOCTH TOKPLITHA ® He 6ojee yem cuerHa. Takum o6pasowm,
HMEeT MecTo

NMpennoxenune 2. Kasdoe 10kaivHo GUKOMAAKMHOE NAPAKOM-
nakmuoe npocmparcmeo X moxem Ooims nredcmagaeHo 6 esude

X =Ur,, ede muoocecmsa Ty dustionkmmuer u omipons.e X, npu-
@

uenm Kamcooe Ly ecmo cymma cuemmoeo quciq cMKpoimolx mHcocecme la;,
3aMbIKAHUSL KOIMOPHIX GUKOMNAKMLHYL.

JloxasaTte 1bCTBO C.I€YICLIET0 IPOCTOTO YTBEPKACHHA MOXKET ObiTh
NpeJOCTaBACHO YHTATE/IO,

[Mpeanoxenue 3. Beakoe aokaabroe 6UKOMNAKMHCE 1 POCIMPAH-
CMeo, ABASIOWEECA CYMMOL CHermHo2o 4ucaAq OUKOMRAKMO8, (HUHAALHO
KOMRAKMHO.

Ipumennm Tenepb npepnoxesus 1 H 3 K 10Ka3aTedbLCTBY cie-
AYIOUIET0 YTBEPIKICHHA:

Teopema 35, BcAkoe peeyasapHoe (PuHAIbHO KOMNAKMHOE Rpo-
cmpanemeo X CUAbHO RAPAKOMNAKMHO,

Ciauaia A0Ka)KeM CJ1eYIOLLYIO BCIIOMOraTedbHYIO JIeMMy:

Jlemma 3. Bo scaxoi oxpecmuocmu U unaivro Komnaxmuozo
noonpocmpancmea 'Y Hopmaavroeo npocmparcmea X coOepicumcs
okpecmuocme V, asaswouascs Fo-muoxcecmeom.

JokasareabctBo, [ag Bcakol ToukH y€Y cywecrByer
okpecrHocts Oy, 3ambikanue xortopoit [Oy| (B mnpocrpaHctBe X)
copepxutcst B U. H3 cemeiicrBa {Oy: y €Y} MOXHO BHEeJUTH

cuerHoe mnoicevedctBo {0y,,..-, Oy, ...}, NOKpHBaOIEe MHOXKE-
creo Y.
Coraacho npeanoxenno 1 §8 ri1. 4 passeakoro k==1,2,... cy-

wectsyer Fg-okpectnocts V), MHOxecTBa [Oy,], conepxawascsa B U,
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o®

Muoxecro V=) V,, aBrsioweecss F,-MHOXeCTBOM, KaK CyMMa
k=1

CYETHOrO 9YHuCaa F;-MHOXKECTB, H OyJeT HCKOMOH OKpECTHOCTHIO

mpoxectsa Y. Jlemma 3 poxasana.

HoxasartenbctBo teopemn 35. [lyers o= {0,} —mnpous-
BOJIbHOE OTKPbITOE MOKpbITHE TpocTpancTBa X. CorsacHo CleiCTBUIO
u3 npennoxenus 6 § 11 mpocrparcrso X HOpManbHO 4, 3HAUHT,
Brnosse peryaspho. [lo Bropoii Teopeme Tuxonosa npocrpascrso X
MOXHO CUHTaTb MOJIMHOXKECTBOM HeKoroporo GHkomnakTta B. [na
BCAKOro snemeHTa O, NOKPLITHA ® CYLUIECTBYET TaKoe OTKphiTOe
noaMuoxectso U, 6uKomnakra B, uro O, = X N U,. Cornacuxo 1emme 3
CYUIECTBYeT TAKOe OTKphiToe B OwKomnakte B Fs-mHOxectBo V,

gro X=V=U=J U, o npexroxennio 3 npocrpascrso V

($UHATBHO KOMIIAKTHO, 4 MO mpepdoxeunto 6 u3 § 11 napaxom-
naktHo. CemeitctBo {Vo}, rae Vo=U,NV, sBAfeTCS OTKPHITHIM
nokpbiTHeM tpocrpancrBa V. CorsiacHo npepnoxeruio | cymecrsyer
3Be3HO KOHeuHoe TOKpeiTHE y=={I'} mpocTpaHcTBa V; BmHcanuoe
B nokpuitie {V,}. CemeiictBo vy,, 06pasoBaHHOe IepeceyeHUsIMH
3jieMeHTOB ' TOKPBITUA y ¢ MHOXeCTBOM X, sBAseTCd 3Be3jHO
KOHEYHbIM OTKpPLITBIM MOKpPLITHEM TPOCTPAHCTBA X, BIIHCAHHBIM
B HCXOjiHOE MOKphiTHe ®. Teopema 35 nokaszana.

3. MeTpusauus JoKaJbHO OMKOMIAKTHBIX MPOCTPAHCTB,

[Mpennoxenue 4. Bcakoe aokamwHo 6Guxomnaxmwoe xaycoop-
oso npocmparcmeo co cuemuol 6asol mempusyemo.

YTBepikjieHHe CJHeLyeT H3 peryJspHOCTH BCAKOTO JIOKalbHO
GUKOMNAKTHOTO XaycrophoBa MPOCTPAHCTBA K H3 NepBOH meTpH3a-
ILHOHHOfl Teopembl ¥ phICOHA.

lpeanoxenne 5. Ecau monoroeuseckoe npocmpancmeo X
ecmey Cymma ceoux OUBBIOHKIMHBIX MEMPUBYEMbIX OMKPHUTILLX 1OON PO~

cmpancme: X=\J Ty, 20e xamdoe T, omgpwumo, credosamerbro,
o

6 OanHbix ycaogusax u 3amkHymo 6 X u mempusyemo, mo u npo-

cmpancmeo X mempusyemo.

B xaxjaoe noxnpoctpanctso I'y MOXKHO BBECTH TaKYI0 METPHKY (g,
uyro guamerp diam I, < 1. BBezem Tenepp BO BCe mpocTpancTBO X
METPHKY ( CJefYIOmHUM 06pasoM.

Ecnu ppe Touke x ¥ X' mpocTpaHcTBa X TpHHAL/EXAT OHOMY
KakoMy-HHOYAb [y, TO ToOnaraeMm p(x, x')=py(x, x'). Ecam xe
TOYKM X H X' TpHHALJEKAT pasNHUHBIM MHOKecTBamM: X €I,
coorBercTBeHHO X' €Iy., TO nomaraeM o(x, x')=1. I[Ipennoxenue
5 nokasaHo.

JokasaHa H OHA MOJOBHUHA (JlOCTATOYHOCTDb) CJEYIOIEro MeT-
PH3ALHOHHOTO KPHUTEpHHA:
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s Mempusyemocmu a0kQAbHO GUKOMAAKMHOZ0 Xaycdopghosa fpo-
cmpancmea X Heobxodumo u docmamouno, uwmobbt X Asafiioce Ouss-
1OHKMAHbIM 00Be0UHeHUeM 2100020 (KOHEUHO20 Ul GECKOHEeYHO020) 4ucaa
r == 1 ceoux omrpumoix nodnpocmpancme, Kasooe U3 KOMOopLLX umeent
cuemnyio 6a3ay.

Ilast pokasatesibCTBAa 3TOH TeopeMbl OCTaeTcst I0Kas3aTb, uTO
KaX/J0e MeTpH3YeMOe JOKAaJIbHO GHKOMIAKTHOE TPOCTPAHCTBO SIBJIA-
ercsi OObeJHHEHHEM HEKOTOPOro JAU3BIOHKTHOrO CeMefiCTBA CBOMX
OTKpPBITHIX NMOANPOCTPAHCTB €O cyeTHOH Gasofi. CorsacHo npentoxke-
HHIO 2 KaxJoe JOKaJbHO GHKOMIAKTHOE NApaKOMMAaKTHOE MpOCT-

paHctBo X MOXeT GLITb NMpPEACTaBAeHO B BHAe X = U Iz, roe muo-

a
xkectBa [ AU3DIOHKTHBI M BCe OTKPHITH B X, NpHUeM IS Kaxjioro

-]

Iy umeem Iy = UI‘a‘., a gaxgpe I'y, eCTb OTKPBITOE PO GHKOM-

=

nakra [T'g,]. I_IYCTbl Tenepb X He TOBKO NMapakOMIAKTHO, HO H MeET-

pusyemo. Torna xaxaeiit 6uxommakr [['o;] Merpusyem u, caeposa-

TeJIbHO, uMeeT cyeTHyw Gasy. Cuernyio Gasy B,, Hmeer m kaxkjoe
@

OTKpHITOe TnofnpocTpadcTo I, Mpoctpancrsa Iy, Toraa B=J B,
=1

€cTb MCKOMasi cyeTHas 6asa npoctpancTBa Iy, uto M TpeGoBanoch

AOKa3aThb.

§ 13. MeTpusaunonubie Teopemb! AJieKCAHAPOBA — YPhICOHA
u Harara — Cmupuosa

MertpusauunonunasteopemaHarara—CmupHona. Jus
moeo 4mobbl MONOAOZUYECKOE NPOCTLPAHCTIBO BbLA0 Mempusyemo, Heob-
x00umo u Gocmamodro, 4mobbl ono 6biA0 peeyrapHo U 064a0ar0 G-10-
Kaabno xoHednod 6asoli, m.e. 6asod, seauoweldcs o6vedunenuem
CHEIMHO20 YUCAQ AOKAALHO KOHEUHBIX CeMelicme OmKpuimeix MHONCeCms.

Tak Kak Bce MeTpH3yembie TPOCTPAHCTBA DEryJspHH, TO AJS
JoKasaTeJbCcTBA HeoOxojuMocTH ychoBusi Harara—CMupHoBa Hano
JIHIUDb TIOCTPOUTD B [IPOU3BO/IbHOM METPHYECKOM NpOCcTpancTBe X o-Jo-
KaJbHO KOHEeuHYI0 6a3y. D10 jenaeTcs clepyooumnm obpasoM. Obo-
3HaYHM uYepes ¥y, MOKpHITHE NpocTpaHcTBA X, COCTOSILeE H3 BCeX
cepuueckHX OKpecTHocTed pamuyca l/n. Tak xak npocrpancreo X
no rteopeme 31 § 1l napakommakTHO, TO CYwWECTBYeT JOKaJbHO
KOHEYHOE OTKpPHITOE TMOKphiTHE Yy, TpocTpanctea X, BnucanHoe

B nokpuitue p,. Cucrema mHoxects B = |J y,, oueBunno, o-nokann-

HO KOHeYHa H ABJfETCS 6asoi npocTpancTa X, 4TO HaM U TpeGo-
BaJIoCh.
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[lepexoquM K f[OKasaTesJbCTBY Bropofi wactu Tteopemsl Hara-
ta—CMHpHOBa, T.e. K JOKa3aTe/bCTBY METPH3YEMOCTH BCAKOro

peryJsipHoro npocrpadctea X, umeiomero 6asy B= Jvy,, asastio-

(Lyrocs oObefHHeHHEM CUETHOrO YHCJIA JIOKAJbHO KOHEUHBIX cemeiicTB
OTKPBITHIX MHOXeCTB Y, = {I',,}. JlokaxeM npexxae Bcero, 4To B 3THX
ycaoBusx npoctpaserso X HopmanabHo. Ilyere A u B—jBa ausn-
IOHKTHBIX 3aMKHYTeIX B X MHOXectBa. Tak kak mnpocrpadHcTBo X
peryssipHo, To aaf Kaxpoil touku x € AcX \ B cyuwectsyer npu-
Hansexainas 6aze B oKpecTHOCTh T'y (g)q x) TOUKH X C 3aMbIKAHHEM,
aexautuM B X\ B. TouHo Tak e s Kaxuaol Touku y € B cyite-
CTBYeT TakKas OKPecTHOCTb Iy ey 4TO [T e ] = X\ A. das
Ka)XJIOr0 HaTypaJbHOro uyucja 7 o003HauuM dYepes G, cymmy

U Thoow B3TYIO M0 BeeM x € A, st KoTopuix n (x)= n.

x€A,n (x)=n

Touso Tak ke monoxuM H,= U Toqs aq- Ouesumso,
n(y=n, yeB
A= G,, B= | H,. Tax Kak npH JioGOM f CHCTEMA Y, JOKAIbHO
n n

KOoHe4YHa H, 3HauuT, KOHCepBaTuBHa, TO

Gl=UIlewl=X\B, [H]l=Ul.pl=X\A

xe A yeB

TMoaoxum, apanee,

UnZG:t\ U[Hk]’ Vnan\ U[Gk]s

kgn k<gn
-] <o
U:: U Utn V:: U Vn’
n=1 n=1

tak uro A=U, B=V. Ilpu mobeix m, n umeem U, NV,=A.
B camom nese, nycts, nanpumep, m >=n. Torga U, NV, = X \ [H], <
=X\ [V.l, 1. e U,nV,=A. Crenopatensto, UNV=A, T1.e.
U u V aBrsioTest JHU3LIOHKTHBIME OKPECTHOCTSAMH COOTBETCTBEHIO
muoxects A u B. Hopmanabhocts npoctpanctBa X joKasana.
Jlokaxem COBEpLISHHYIO HOPMaJbHOCTb Mpocrpauctea X, T.e.
JIOKaXKeM, 4YTO Kaxjoe oTKpbitoe B X MHOXecTBO G ecTb 061beiu-
HeHUe CUETHOrO YHCJIa 3aMKHYTHIX MuoxecTB. Haxoaum pas Kampo#t
TOUKH X € G OKpecTHOCTE [',(paw 10X YcaoBueM [[, e ] =G

u nonaraem [, .= U [new (cymma no Bcem x € G, naa KOTOPBIX
n(x)=n). B cuny xoncepsaTHBHOCTH cemeficTBa 7y, uMeeM [[')] =
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= J [T, « ], @ TaK Kak Bcsikas Touka x € G JEXKUT B Hexotopom I,

xeG
o

10 G=|J[I,], uto u TpeGoBanocs noKasaTb.
n=1
[lepexoqnM K TMOCTPOGHHIO TONOJOTHYECKOTO OTOOPAMEHHS M1PO-
cTpaHcTBa X, HMEIOWero o-JI0KaibHO KoHeunyio 6asy B = {O0,: o € A}
H Bec 1, B obobUieHHOE THALGEPTOBO MpocTpaHcerBo H'. Bes orpa-
HHAYEHHN OOULHOCTH MOXKHO IIPeATIONIOKHTh, YTO MOILHOCTb T HMeer

ao

6asa B= )y, e v,={0; o €U,}—noKarbHO Koueunbie Cce-
n==y

MejicTBa.

Ilo nemme Bepenucora (§ 8 ra. 4) ans Kaxaoro sgeMenrta O
CHCTEMBl Yy; CyLlecTBYeT HenpepuiBHas ¢ynkuua f[o: X-—]0; 1],
paBHast HyJa0 B Toykax MHoxecTBa X\ O, ¥ ToabKO B HuX. U3
JOKAaJbHOH KOHEUHOCTH ceMefictBa y; cCJeAyeT, 4TO NPOU3BOJbHAN
Touka x € X umeer okpectHOcTh OX, nepecekarulyocs JHLIb C KOHeY-
HbIM YHCJIOM MHOMKECTB — 3JIEMEHTOB CHCTeMbl y; NPH AAHHOM Mpo-
H3BOJILHO (UKCHPOBAHHOM HATypaNbHOM i. 3HAUUT, NPH AAHHOM i
cyulecTByeT He GoJiee KOHEUHOro 4YHcaIa HHAEKCOB a € A, ans Koro-
pHIX OYHKUHA [, MOMXET NpPHHAMATb B KaKO#-1HGO TOUKE X OKpecT-
HocTH Ox oTau4Hoe oOT HyJas 3Hadedue. Iloatomy Ha X ansa kax-
JIOr0 HaTypalbHOIO HHCJA { OlpefeseHa W HelmpepbiBHA MMOJOMKH-
TeabHas GyHKILUS

=1+ 3 fa(x).

CrenoBatenbso, Ads Kaxgoro a€ A; na X onpenedesa u mempe-
puiBHA GyHKIUsA

 fu®
£ (9="75 -
OuesHaiio,
2 ()P <1 (1)
01.6‘{’[‘-
u

2l —a@P< 2 (@l + 3 laelP @

ae‘n‘-
Ans nwobbix x u y uz X.
st o € A; nonoxuM to = —2:/7 ga(x), x€ X. Torna

ltaF =Xy 3 @ <X =1

i
acd i=1 ae‘z(‘.
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CnenoBatenbio, HaGop hx={t,(x)}, @€, MoxkHO paccmarpuBaTh
KaK TOYKY o6o0lueHtoro rujib6eprosa npocrpancrsa H*® (cM. §6 ra. 4).

[Toxaxkem, uTo nosyuyenHoe orobpaxenue h: X — H® aBasercs
TONOJ/IOT HYCCKUM.

Ecnu x u x'-—pasnuudple TOYKH 11POCTPAHCTBA X, TO cymecT-
ByeT tako#l saement O, 6a3zsl B, uro x €0, u x' € X\ O,. Torna
to (x) >0, {,(x")==0, crepoBatenbHo, h(X)z=h(x’). Takum obpa-
30M, oroﬁpax&eﬂne h B3aHMHO OJHO3HAYHO.

Hokaxem, uto otoGpaxkenue A4 npocrpancrsa X Ha Y =hX = H®
HenpepoiBHO. DBepem npoH3BofbHYO Touky X, € X, y,=[fx, u
IlpOPBBOJIbHOB ¢>0. DBepem Takoe HATypajJbHOE 4YHCIO 7, 9YTO

2”< 7 - JloxanbHas KOHeWHOCTb ceMeACTB p; T03BOJsieT BHOpaTh

okpectHocTb Ux, TOUKH X,, epecekawulyiocs He 6ojee yeM ¢ KoHeu-
HbIM YHCJIOM 3JIEMEHTOB Kaxaoro u3 cemeficts y; npu i< n. [lycrs

@, ..., a,—8ce Te uujekcel us |J A, =DB,, nas koropeix nepece-
i=1

venust Ux,N O, HemycTol. M3 HenpepbiBHOCTH yHKUMNA [, BbiTeKaer

cyluiecTBOBaHHe TaKko#i okpectHoctd Vx,= Ux,, uro

}tuj(xo) (y)’< —?-, f=1,2,~--,8, yEon-

Tax Kax nepecedeHus Ux,N Op NYyCTH AN OTAHYHBIX OT Oy, +.., O,

HHAEKCOB o € B,, TO AN 3THX HHACKCOB HMEEM PaBEHCTBA fq(X,) =
=1s(y) =0, y€Vx,. CnenoBareibHo,

Y [tali) —ta@) <s-p =G ®)

ae%”

B cuny suiGopa uucia n u ouesok (1) u (2) umeer Mecto Hepa-
BEHCTBO

S [talx)—ta()] =

aeﬁ\%

=30 2t —gaP <Y 72=25<%. @

z)n ac\‘l i>n

N3 uepaseHcts (3) u (4) ans moGoit Touku y € Vx, BbiTekaer He-
paBeHCTBO

o (hx,, hy)= (a@u [t'l(xo)’—‘ta(y)]2)l/2 <,

JOKa3elBaioLiee HelpephiBHOCTb OTOOpaxkeHus A.

JloKakeM HenpepbiBHOCTb obpaTitoro otobpaxenus A=-1: AX— X,
bepem npoHssonbHYIO Tquy y=hx€Y u NPOU3BONIbHYIO OKpPecT-
HocTe Ox Touku x==h~'y. Haiperca rtakoil saement O, 6aswt B,
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uto x€0, = 0x. Ecnu x'=h'y, Y €hX u ply, y')<e <t (),
TO M MojaBHO |{, (X)—i,(x")]| < &, caenoBatenbHo, f,x' >0, T. e,
X' €0,. Hrax, h~'y€Ox,. HenpeproiBHOCTb oOTOGpaXkeuus h-!,
a ¢ Heio u Bca Teopema Harara —CmupHoBa noKa3saHbl.

M3 ToMbKO uTO A0oKa3aHHOH TeopeMbl JIErKO BBITEKAeT JOKa3aH-
Has AN 4YacTHOTO ciyuasi T=§, ellle Y pbHICOHOM

Teopema Jlaykepa. Obobuennoe eurvbepmoso Rpocmpar-
cmgo HT codepacum monoaceuseckuti o6pa3a 100020 Mempusyemozo
npocmpancmea X 6eca <.

Jna poKa3zaTesbCTBA JOCTATOUHO B3ATh B X O-JIOKATbHO KOHeY-
HYI0 6a3y MOUHOCTH T H TMOBTOPUTb PACCYXICHHS BTOPOH YacTu
JoKazatenbcTBa Teopemb! Harara—CumupHoBa (10CTaTOUHOCTD).

[TonsiTHe napakoOMNaKTHOCTH MO3BOJSET OUEHb MPOCTO CHOPMY-
JHPOBAaTh HCTOPHYECKH TIepBbIH OGIMHA METPH3AWHOHHBIH
KpHTepHit (AleKcanipoB H YPBLICOH), a UMEHHO:

Xaycdopgoso npocmpancmeo X mempusyemo moeda u MoAbKO
moeda, K020a OHO NAPAKOMNAKMHO U UMeenl CHEMHYIO u3meivHaio-
WYIocs CUCmemy OMKPLIMbLX AOKPoimiL.

HoxasarteabcTBo. 1°. MeTpuueckoe npocrpaHcTBO sABISETCSH
napakomnakrom. Jlas noayuennss B HeM cueTHOH H3Mefbyaioueiics
CHCTEeMBl PTKPBITHIX MOKPBITHH AOCTATOYHO AJs JIOGOrO HATypasb-
HOTO 4uc/Ja 11 B3ATb IIOKPbITHE, COCTOslee U3 BCeX cepHUecKHX
oKpecTHocTeH paguyca 1/n.

2°. Tlycrb, obpatHo, B mnapakomnakte X jama cueTHas H3MeNb-
Yaouasncsl CHCTEMa OTKPBLITBIX NOKPLITHH Vi, ..., V,, ... BOHCH-
Bag B KaXKAOE ¥y, JOKAJIbHO KOHEUHOE MMOKDBITHE Y, MOJYUUM H3-
MeJIbYaIolLyIOCs CYETHYIO CHCTEMY JIOKaJbHO KOHEUHBIX MOKPBITHH Yy.
Tak xak nokpuiTHA Y, 06Pa3ylOT HU3MENbYAIOUYICCA CHCTEMY, TO HX

@
obbeaunenne y=|[J v, ectb 6asa mpocTpanctsa X, a Tak Kak mo-
n=1
KPBITHSL Y, JOKAlbHO KOHeYHbl, a YHMCJO HX c4YeTHo, To Gasa ¢
ABJseTcA O-NoKaldbHO KoHeuHoil. [lo Teopeme Hararta—Cwmuprosa
npocTpaHcTBo X MeTpU3yeMo, 4TO H TPeGoBajJoch J0KA3aTh.

[Tpubasrenue k 2aa6e wecmoli

Teopema o mouiHOCTH GHKOMNAKTOB
C nepeoid aKCHOMOR CUETHOCTH

Teopema l (Apxanreabckuit [2]). Beakuid Suxomnarm X,
ydogremeopaiowuli nepeoli AKCUOME CHEIMHOCMU, UMeem MOUWHOCTb
<c.

HokaszarenbcrtBo*). OGosnauum uepes B, ={0,} cuernywo
6asy okpecrHocTeil MpousBobHoil Touku x € X. Jlnsa Kaxjoro nopsia-

*) HpHBoIMMEIR 37cCh BapHaHT JOKA3aTebCTBA NPUHALICKHT M0/LCKOMY Mare-
matuky P. TNomo.
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KoBOro uncna £ < ®, MocTpouM 3aMKuytoe MHoxectso Fr— X Tak,
qTOObl BRIMOJIHSIINCE CIAEAYIOMIME YCAOBUA:
1°, Fo=F: npn a <E.

2°, Ecin  y—KoHeyHast [OACHCTEMA CHMCTCMBI 915=U{ B,:

xe Y Fal ¥ Y He SBJASIETCH TNOKpLITHEM MpocTpancTsa X, To Y
o<?
He moxkpuiBaeT U F.

3°. |Fe]l < ¢ *) ana moGoro § < ;.

[Moctpoennie MHOxeCTB Fg Gyaem BecTu no HHayKund. [as § =0
nosouM F,==p, rie p—uekotopas Touka Guxommnakta X. [Ipea-
NOJOXKHM, YTO HAMK YXKe [rocTpoeusl MHoxectBa F, ans a < E.
B 3TOM npeanosoXeHuH Mbl MOXEM YTBEpXK/IaTh, YTO CHCTEMA MHO-
weetB Nz umeer moutHocTs < ¢. Takyio ke MmouLocTh GyAeT HMETh

n
w cucrema A= X\ U 0;: O,-Ei’lgl NOMOJAHEHHH K TesnaM KoHey-
(=1
upix noacuctem cucremst Az, CrepoBarenbHO, BRIGHpAs U3 Kaxioro
HEMYCTOTO MHOXKeCTBa cucTeMbl Ui 1O TOUKe, MBI MOJIYUHM MUOXKE-
¢80 E, MOWHOCTL KOTOPOrO HE TPEBOCXOMUT C.

[Monoxum teneps Fr=|EU |J Fa]. Brimonnenne ycnosuit 1°
o<

u 2° cpa3y cjaeayeT M3 noCTpoeHdst Muoxectsa F:. Boioanedue

ycloBHA 3° BHITEKAET U3 CAEAYIOIRTO yTBEPKAECHHSA:

Ecnu Yo X, |Y|<{c u X —npocTpaHcTBO € nepBoil aKCHOMO
cuetHocTH, TO |[V]x[<c.

[Tepexoaum kK poKasaTenbCTBY 370T0 yTBepXKAeHud. Ilycts y —
Touka, Jexamas B [Y]. Beibepem B Y kakyio-Hubyap nocreaosa-
TeABHOCTh {y,}, cxoaduyiocs K Touke y. Takum o6pasoM, Mbl 1ojy-
yaeM B3aUMHO OJHO3HayHoe OToGpaKeHHe MHOXKecTBa |Y] B MHO-
KECTBO CYETHLIX TOC/HEeAOBATEeNLHOCTEl MHOMECTBa Y, MOIIHOCTH

kotoporo < cfo-: ¢ (cM. popmyay (9) ma crp. 91). CresosatessHo,
IY}i<c.

Hrak, ycaosue 3° aias muoxecrsa Fg seinonneno. Ilpogosmxkas
WHIYKILMIO, MBI TONy4aeM HCKOMYIO IOC/1€]0BaTeJbHOCTh 3aMKHYThiX

MHOXKECTB

FU!FI""’ Fg, ceey §<(01'.
Tosomum F-= |} Fg u gokaxem, uTo MHOkecTBO F 3aMKHyTO.
E<m,

B camom geqe, nycte x€[F]. Toraa B F cyuecrsyer nociaexosa-
TeABHOCTb TOYEK {x;: x; € Fy}, cxoasuascs K x. Bosbmem nopsas-

xosoe uucsio § Goawlue Becex §;. Toraa B cuny yeaosus 1° x; € Fy

*) 3aech, Kak o6uiyHO, | A | 06o3Hayaer MolyHOCTh MHOXKECTBa A.
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1st moBoro {, a Tak Kak MHOXeCTBO Fg 3aMKHYTO, TO M X € Fr = F —
3aMKHYTOCTb MHOXecTBa F jokasana.

MouiHocTh MHOXKECTBA F He npeBOCXOAMT MOIIHOCTH KOHTHHYyMa,
MO3TOMY J0KA3aTeNbCTBO TeOpeMbl 6yAeT 3aKOHYEHO, ecad Mbl yCTa-
HoBUM paBeHcTBO F = X. Ilpennonoxum npotusHoe, T. €. 4yTo cyle-
creyer touka y€ X\ F. Ian moboit Touku x € F BO3GMEM OKpect-
Hocts O, €Y., y¢ Ox. Y3 nokpuirusn {Ox} GukoMnakta F Boigesum

KoHeyHoe noanokpuithe 0x,, ..., Ox,. Bo3sbmeMm a < ©; TaK, 4TOGH
X;€Fq, i==1, ..., k. Toraa paa §:-a-+41 umeem
Ox;y, ..., Ox, €A, y¢UOx;, Fi=F<=UOx

—npornBopeude ¢ ycJiosuem 2°, Teopema jokasaHa.

Hoxaxem Tenepb coaejyiolee

MMpeanonoxenne | (Anekcanagpos—¥ peicon [2),
Bearuti 6uxomnakm X 6e3 U3IAULPOBAHHLIX TROYSK UMEEIM MOUHOCHLY
=¢.

HokaszatensctBo. Bospbmem B X aBe pasiyusble TOUKH £,
W ¥, ¥ ux okpectHoctd O,, O, C HEMepeceKaroUUMUCS 3aMbIKAHUAMH,
Tak kak GukomnakT X HE COAEPAKUT H30JHPOBAHHBIX TOUEK, TO
Jiofoe Henyctoe OTKphiToe B X MHOXECTBO COCTOMT 6oJee ueM u3
oanoit Touku. [lostomy B kKaxaom muoxectse 0, O, Mpl Takxe
MOXKeM BLIGpaTh 1O [ABE Pa3iAUUHBIX TOUKHM X, X;p, (=1, 2, u Hx
okpecTHoctit Oy, O;;, npuuyem notpeCyeM, utobul O,;c0; u

I.Oio.] n loil] =A.
[lpogoskas 1o HHAYKUMH 3TO NOCTPOEHHE, Mbl HOJYYHM AJA
KaX/J0H JIBOHYHOH NOCJEAOBATENBHOCTH Iy, iy -y i -.. [OCHAE-

JI0BATEJBHOCTb OTKPBITBIX MHOMXECTB
0;,50,,2...00;.: >...

n

[lepeceyenue
[0:,1x N[0 xn - N[0 Ix N - ..

HEMYCTO, NOCKOJAbKY X —OUKOMIAKT. 3aduKCHPYeM MpPOH3BOABIIYIO
TOYKY 13 3TOr0 NEpEeceyeHdsi U NOCTaBUM €e B COOTBETCTBHE roc/e-
JOBATEABLHOCTH iy, gy <~y iy - -

Mrak, Ml mocTpouau Hekotopoe otoGpaxkenue [ mHoxectsa N
BCeX /ABOUUHBIX nocaegosatensHocted B Ounkomnakt X. ITokaxewm,
yTO 3TO OTOGpa)ende B3auMuo olHosHauHo. [lycth a==(i,, ...
ven by ey’ = ..., ip -..)-—/Be pa3qNYHBE JBOHYHBIE [10-
cJeI0BaTe/IbHOCTH, T. €, /st HEKOTOporo n umeeM f,%=i,. Ho toraa
fo€]0i..4, ), o' €0 ) 2 lOi,___inln[O_l.;m[.';]=A, C/IC0BATENLHO,
fo=fo!. Utak, MBl B3aUMHO OZHO3HAYHO OTOGPa3uUAM MHOKecTBO It
momHocT ¢ B 6ukoMmnakT X. [lpeanoxenue sTMM AOKa3aHo.

[Mpennoxenue 2 (Anekcauapos—YyYpoicon [2]). Bea-
Kuii Hecuemnulll Guxomnakm X ¢ nepsoll axCuoMoll ciemmocmu useem
MOWHOCML 2= C.

11 M. C. Anexcaanpos
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HoxkasateanbctBo. Cornacio mpepnoxenno 1 nocratouno
nokasaTh, uto B X CYILECTBYeT HeNycToil GUKOMIIAKT 6e3 H30.IH-
poBanublx TouekK., O603HauuM yepes Y MHOXKECTBO Bcex Touek y € X,
KaXJast M3 KOTOPbIX HMMEEeT CUETHYI0 OKpecTHOCTb. MuoxectBo Y
OTKpuiTo B X, U BCsKOe 3aMKHYToe B X MHOXECTBO F, jexaliee
B Y, ne Goaee ueM cuetno. [Tostomy samkHyToe suoxkectBo X\ Y
uenycro. Ocrastock nposeputs, u4to B X\ Y HET U30JHPOBAHHHIX
touek:. [lpeanosoxum, uto Toyka x € X\ Y H3oampoBana 8 X\ Y.
Bo3bMeM Takywo JokadeHyio 6asy {U,: n=1, 2, ...} B Touke x,
uto [U,Jn(X\Y)={x}. Toraa ans BcAKOro n 3aMKHYTOE MHO-
xecreo F,=[U,]\U, nexur B Y u, cieposate/ibHO, He GoJiee yem

cuetno. ITostomy muoxectso [U,]={x}U|J F, tarxe cuetno. o

n
5To npoTHBOpeunT ToMy, uto x¢ Y. lpepnoxenne 2 goKasawo.
U3 Teopemst | H mpemsioxkeHus 2 BolTekaeT
Teopema 2. Beaxuil 6uxomnaskm ¢ nepeoti AKCUOMOL CuemHOCm Lt
Aub0 KoHewer, AUOO cuemer, AUOO uMeem MOWHOCTL KORMUHYYMA.



Il pubaererue

NMPOEKLXOHHDBIE CHEKTPbl H ABCOJTIOT

§ 1. O6wee nousiTHe 06paTHOro CnekTpa
TONOJNOFHYECKUX TPOCTPAHCTB.
AGcTpaKTHblE NPOSKUHOHHBIE CTIEKTPHI

Boaninoe mMecto B pasHooGpasiibiX TOIHOAOTHYECKMX U TONOJOIO-
aareGpavueCKUX HCCACAOBAHUAX 3aHUMAeT [MoHATHE (O6PAaTHOro)
CMEeKTPa TOMNOJOTHYECKUX MPOCTPAHCTB.

ITycrs pavo HanpasjeHHoe MHOxecTBO U= {a}, asemMeHTs KOTO-
poro GyneM HaseiBaTh HuHekcamu. Ilycte kaxmomy a € U nocras-
Jeno B cootseTcTBUe T ,-npocTpaHcTBO X, ¥ KawAo# nape HiieK-
COB @, @', AN KOTOPHX @' >0 B HanpaeJcHHOM MHOxecTse N,
COOTBETCTBYET HEMpephIBHOE oToGpaxkeHue &% npoctpaHcTsa X, HA
npoctpaHctso X,, npuueM Aaa o >o’ >a uMeeT MeCTO CBOHCTBO
TPaH3UTUBHOCTH &% = 8%'®%,. Torga rosopuM, yTo RaH 0Opamrbiil
cnekmp S ={X,, ®%} Tomonoruyeckux npocrpaHctB X, C npoex-
i &%, Touka x = {x,} TOnosoruyeckoro npousseseHus X =

=H Xo Ha3LIBAECTCA HUMbIO cnekmpa S, eciu Xu = % Xy., K4K
e
ToAbKO o >o. MuHOMecTBO Bcex HuTed cnektpa S = {xq, &%},
paccMaTprBaeMoe KaK INOAMPOCTPAHCTBO TOMOJIOIMUECKOTO NPOM3BE-
nenus || Xo, HaswiBaeTcs noamvim npederom (npedevrvim npocrm-
[v4

parncmgom) coektpa S u obosznauaerca uepes S. Ilo onpenenenuio
Tononoruu mpoussesenua || X, 6azy B S obpasyior MHOMecTBa
s o

BUla Sﬂnﬂ;ani, rIe MHOXKeCTBa O“i OTKpHITH 8 X“i' a s —
I
=1
npoekuyn npoussesenus || X, Ha COMHOXHTEAD Xo,. Ioxaxem
24

60.1e€ CHJAbHOE
Mpeanoxenue 1. Dbasy 8 S obpasyom muoxcecmsa euda
SNnzt0,, 20e O, —omrpoimoe 8 Xo MHoxcecmeo, o €N,

1*
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s
IleficTBaTennHo, nycts O =S8N n n;,.'Oai, e MHOXeCTBA OQI,
i=1

OTKpHITH B Xo,. Bosbmem az=a;, = 1, ..., s. Toraa mioxecTso

Oq == [} (8¢,)7 Oy, otkpwiTo B npocTpanctse X, W
i=1
s B $ B
snN n;‘,‘Oai =SnA e’ (aﬁ&i)~l O, =S N0,

i=1 i=1

Ilpennoxenue a0Kasano.

Hac B stom [lpuGasjenuu GyAyT HHTEpeCOBaTb CHCKTPbI S =
= {X,, 8%}, aneventamu X, KOTOPHIX ABJAIOTCA TaK Ha3blBaeMble
Juckpemmole (B 1IHPOKOM CMBIC/IE) TOMOJOTHYECKHE TIPOCTPAHCTBA,
T. €. T,-TIPOCTPAHCTBA, ONpejiesfAeMEIe KAKUM-HHOY Ib JAHHBIM YaCTHYHO
YIOPsilOYEHHBIM MHOXKecTBoM X clellyiomuM ofpasoMm: Gasy 3Toii
TONOJOrMM 06pa3yloT T4aK Ha3blBaeMpie MHHUMAJIbHLIE OKPECTHOCTH
Touek X € X. MuHMMaJbHON OKPECTHOCTHIO TOUKH X € X 4acTHulo
ynopsiIOUEeHHOro MHOXKecTBa X HasbiBaeTcsl MHOXKECTBO BCEX TOueK
X' € X, nng goropeix x' Z=x. IlonayyeHnasi TONOJIOTHA YJAOBJETBO-
pser akcuome T, W HasblBaeTcsl OOBIUHOM HJIM HOpMaibHOH. Tono-
JIOTHIO, JBOACTBEHHYI0O K HODMAJIbHOH, TOJYYMM, €CJH ONpejesaunm
MUHHMAJIBHYIO OKPECTHOCTb TOUKH X € X Kaxk MHOXeCTBO Tex x' € X,
Ans KOTOpHIX X' < Xx. JIpyrumu c/ioBamu, JBOHCTBEHHAS TOMOJIOIHA
B YacTMYHO YNOPAIOYEHHOM MHOXKecTBe X €CTb HOpMaJslbHasi TOHO-
JOTHSI B TOM UYaCTHYHO YNOpSJAOYEHHOM MHOXKecTBe X, KoTopoe
nonyuyaercs u3 X obpauleHuem mnopaaka (T. e. x<x" B X ecTb
TO e, 4T0 X' > X B X).

K BaxsefmyM B TONOJOrMM JHCKPETHHIM NPOCTPAHCTBAM MNpH-
HaJJeXaT CHMIVIMLHAJbHble KoMmleKcot *). Tlox cuMmianiuazbHbIM
reOMETPUYECKNM KOMIIIEKCOM MOHMMaeTcsl Ji060e MHOMECTBO OT-
KPHITBIX CHMIJIEKCOB, JIEeXKalHX B KaKOM-J100 eBKJMIOBOM HJIH
ruib6epToBom npoctpaHctee. Ecau ¢ € K u i € K— 1Ba cumnaexca,
M3 KOTOpHIX {’ ecTb rpanb cummiekca #, to numeM ¢ <Cf. Cawm
CUMILIEKC f CUNTaeTcsi CBOeH «HeCOGCTBEHHOH» TPaHblO. DTHM B MHO-

*) Or unratens npeinosaraercst 3HaHAe TOTO, YTO TaKoe n-MEPHHIH CHMILIEKC
Tn=|ey, €, «.., €] (KaK OTKDHITHI, TaK K 3aMKHyTHI), €T0 OCTOB (T. €. MHO-

JKCCTBO BCEX €r0 BEPHIHH &, ..., €,), €[OO TPaHH ]eio, cees € |—c06CTBengxe,
r
ec r < n; caM CHMIIJIEKC CUHTaeTcsl cBoei (eAMHCTBEHHOH) HeCOOCTBEHHON TPaHbIO.

Cm. Annexcaunpnpos |11}, cTp. 355.

Besikasi TOuKa 3aMKHYTOrO CHMMJEKCA, HE HBJSIONAACS €ro BepLIUuHON, M
TONBKO TaKas TOUKa €CTh CepefMHa HEKOTOPOIO OTPe3Ka, COAEPMKAUIErocsl B NaHHOM
(3amMknyTOM) cumnarkce. Orciopa ciefyer, 4TO KamAblil CHMIJIEKC ORHO3HAYHO
onipefeAsieT CBOH OCTOB (¥, OUYEBHAHO, OJHOSHAUHO ONPENENSETCH UM).
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xecTBO K BBOAHMTCH €CTECTBEHHEIA (HOPMAaNbHBIN) MOPANOK, a BMecTe
C HHM H HOpMaJbHasg TOMOJOrWA, MNpeBpawacmas KoMmmieke K B
AucKperHoe T -poCTPaHcTBO. MuHHUMAaAbHASI OKPECTHOCTH CUMILACK-
cafl, B K ectb ero 3pesga B Kowmmiekce K, T. €. MNOAKOMILIEKC
Ot, = K, coctosimuii U3 BCEX CHMILIEKCOB !, UMEIOIUX CHMILIEKC f,
CBOEIO COOCTBEHHON HJM HECOOCTBEHHOH rpaHbio.

Mpl 6yseM B OCHOBHOM paccMaTpHBAaTh TaK Ha3blBaeMble MOJIHBbIE
KOMIJIEKCHl (T. €. KOMIJIeKCh K, KOTOpHE BMeCTe C INPOH3BOJIbHEIM
J@HIBIM cdMIIIeKcoM ¢ € K copepKat 4 BCe TPaHW STOTO CHMILICKCa).
OnHaKO B MOJHBIX CUMIJIEKCAX Mbl GYJEM MOCTOSHHO MMETb JEJNO U
C HEMOJHBIMH MOJKOMMJIEKCAMH, B YaCTHOCTH C OTKPBITHIMH MOAKOM-
njckcamu  (o0beHHEHHSIMH 3Be3l cHMnJsiekcoB Kommiekca K). Tak
KaK CUMILICKCH €BKJ/IMJOBHX NpPOCTPAHCTB AO60T0 4uCHa H3MEPEHUi
B3aHMHO OJIHO3HAYHQ COOTBETCTBYIOT CBOMM OCTOBAM, TO BO MHOTHX
cay4asx yaoOHO paccMaTpUBAaTh BMECTO JAaHHOrO MOJHOTO CHUMNJH-
UMaJbHOrO KoMIJAekca K MHOXECTBO OCTOBOB BCEX COCTaBJAIOUIHX
ero CHUMIIEKCOB. IDTH OCTOBHl HAa3BIBAIOTCA TOTAA abCTpaKTHBLIMU
CUMIIEKCaMH, 3 WX MHOXECTBO—a6CTpakTHEIM KoMmiekcoM. [Ipuxo-
MM K caeayiouieMy obiiemy onpenenenuto. Ilycrs naHo kakoe-Hnbynb
MHOXKeCTBO E == {e}, 3JeMeHTH KOTOPOro Gy/IeM HA3bIBATh BEPLIMHAMH.
Besikoe HenyCToe KOHMEYHOe MHOXecTBO {c E 6GyieM HashlBaTh OCTO-
BOM HJH CHMIJIEKCOM «AaHHOrO mojs sepiuun Ex.. (CoGcTBeHHbIE)
NOAMHOXKECTBA ¢’ MHOXecTBa { HasoBeMm (COGCTBEHHBLIMH) TPaHAMH
cummiekca f. Jlpe rpauu t'cf u {"c! OyreM HasbiBaThb B3aUMHO
NPOTHBONONOKIILIMY, €CM OHH JU3BIOHKTHB H f=:1"U{". Yucaom
H3MEpPEeHU#l UJIM PasMEPHOCTBIO CHMIIEKCA 11a3BIBAETCH yMEHbIIEHHOe
Ha eJMHALY 4YHcao ero Bepumi. Besakoe MHOXKecTBo K CHMILIEKCOB
LaHHOro noJs pepiuud E HaspiBaeTcs KOMILIEKCOM 3TOTO NoJs Bep-
\IHH., YCOBHE noauoTH Komnaekca K QopMynupyeTcss Tak Xe, KaK
H paHblle: BCAKasl rpaHb cuMmmiekca ! € K ects cummiexc ¢ komn-
ackca K. OroxpuectBhisisi, KOorna 310 yAOOHO, OGbIYHBIE F€OMETPHYEC-
KHEe CHUMILIEKCBI C HX OCTOBaMH, MOXHO CUHTATh TreoMeTpuyeckue
KOMIIJIEKCH YacTHBIM cayyaeM aGcTpakTHHIX. Bce paccyxnenus sToro
IIpubassieHHa OTHOCATCA K JOOLIM aGCTPakTHHIM KOMILJIEKCAM.

Baxwueiiiuum npuMepoM aGCTPAaKTHHIX KOMILIEKCOB SIBJSIOTCST HEp-
Bil cemelictB mHoxecTs. [Tycth faHo cemeiicTBO o KakuX-/M6O MOJ-
muoxecTB M nekotoporo Muoxectsa X. IloctaBuMm B cooTBeTcTBHE
KaXaoMy sJeMeHTy M cemeiicTBa o HEKOTOpyiO Bepluuuy e (M), B3s-
TYI0 M3 Kakoro-iu6o nona sepuimn E. Ilo onpejenenuo BepuivHbl
e,=e(M,), ..., e,=e(M,) Torjia u TOABKO TOTrja OGPa3ylOT OCTOB
(abctpakTHeiil cumnaere) T=e,, ..., €, KoTna M, n... N M,==A.
IMonyyennoe tTakuM 06pa3oM MHOXeCTBO CHMIIJIEKCOB €CTh (OUEBH/IHO,
NOJHBIH) CHMMJIMIHAABHBIA KOMIIEKC, HA3LIBACMBbill Hepsom cemelicmen
MHO%MeCm8 o v obo3HauaeMblit o6biyHO uyepe3 N,. Muet B atom Ilpu-
6aBneruu OyneM paccMaTpHBaTh IVIABHBIM 00pa3oM HepBbl KOHEYHBIX
CHCTEM MHOXECTB; OHU SBJIIOTCH KOHEUHBIMU MOJTHBIMH KOMIIEKCaMH.
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Cumnauyuanronoe omobpascenue f xomnnekca K B Kommaeke K
€CThb OTOOpaMeHue, CTaBdulee B COOTBETCTBHE KaXnoili Beplliuue e
KoMmaieKca K’ sepiiuHy e — fe’ kKomnnexkca K Takum obGpasom, 41O
NpH 5TOM «HE Pa3phLIBAIOTCA OCTOBH», T. €, KawXjablil OCTOB Kakoro-
Au6o cuminekca {° € K’ oTo6pa)kaeTcs Ha OCTOB HEKOTOPOrO CHUMII-
Jekca t = ft’ Komnnekca K, Tak 410 [ OKaspiBaeTcs OTOOpaKeHHEM
Bcero kommaekca K’ B kommekc K. OupenenenHoe TakuM o6pasom
orobpaxenne f: K’ — K 1 Ha3piBaeTca CUMIAHMHAJIBHBLIM OTOGpaxe-
HyueM. Jlerko npoBepuTb, UTO €CM pacCMATPHBATH CUMMJAHLUAJbHBIE
koMmnaekcel K' 1 K Kak AUCKpPeTHBIEC TOTMOJOTHMUYECKHE NPOCTPAHCTBA,
TO BCAKOE CHUMIJIMIHAJNbHOE OTOOpaKeHHE OKAa3bBaeTCA HEMpephiB-
HBIM OTOGPAXKEeHHEM OJHOTO M3 NPOCTPAHCTB B ApPYyroe.

Mpoexyuonnem cnekmpom Hasbisaercs crektp S={K,, &%},
s.1eMeHTaMd K, KOTOpOro sBJSIOTCA MOJHBIC CUMMIHLUHALHLIE KOMN-
JeKchl, CHabKeHHBIe TOMOJOrHell, NBOACTBEHHO# K HOPMAJLHOI,

a MPOSKUMU CYTh CHMIAULHANbUBIE OTOOparkeHHa &F Ka,—ﬂ-iKa
npu o’ >a. CneKTp Ha3biBaeTCs KOHEUlBIM, €CJIH KOHEYHBl BCE KOMIl-
Jdekcsl Kq. HuTbio cnekrpa sBasierca BesikHi Habop x = {f,} cumm-
JIEKCOB 110 OfHOMY H3 KaXaoro K,, YAOBJETBOPHIOIHMH YCJIOBUIO
ty =03ty e @’ >a. Hutu cnextpa cyTh TOUKM NOMHOrO npe-
JeJIbHOTO MpOCTpaHcTBa S cnekrpa S, TOMoJOrdst B KOTOPOM, B CHJAY
npepaoxenus 1, onpepeasietcsi OTKpHITOA Gazofl, cocrtosuweil u3
BCEX 3JIEMEHTAPHBIX OTKPBITHX MHOXecTB Oy, rne Of,, ecTb MHO-
HeCTBO BCex HHTeH x' = {{,}, /7 KOTOpPBIX t;o eCTb COOCTBEHHAs!
HIY HecOGCTBEHHAA IpaHb CHMIUIRKCA lg, (t&ngt%) H lo, —IpOu3-
BOJIBHEIH CUMIIEKC NIPOH3BONLHOTO KOMILJIeKeca K, HAILETO CreKTpa.

IMonnoe npepesbHOE NPOCTPAaHCTBO (mosmblit npeaen) S cnektpa S
ABJISICTCSl MOANPOCTPAHCTBOM npousBenenus Tp-npoctpauctd I1K,,
o

nostoMy S ectb T,-npocTpaHcTBO. B pasipHeiinieM Msl mokaxem,
YTO NOJHBIAl Mpefes  BCAKOTO KOHEYHOTO CMEKTPa eCcTb MnoJy-
peryasipioe T ,-nmpocTpaHCTBO.

B nosnnom mpesene S coaepkUTCH epXHuli, COOTBETCTBEHHO HU -
nuti, npeges cmekrpa: S, coorBerctBeHHO S. JIna onpejeneHus 3a-
METHM, YTO HATH &= {{,} obpemiaer uute £’ = {f{,}, eciu ana so-
ooro o umeeM I, >{;,. Huts £ wuasniBaeTcs Mmakcumaabrod, ecau
fie CyLlecTBYeT HMKakKofl OTAMYHOH OT Hee oObeMJnolleil HUTH. AHa-
NOTHUHO OnpesensiioTes munumarsroe Huta. [lognpocrpanctso npo-
CTpaHcTBa S, cocTosiliee W3 BCEX MAKCHMAJbHBIX, COOTBETCTBEHHO
BCEX MUMHMAJBHBIX, HHTEH CleKTpa, HA3BBAeTCH €ro BepXHUM, COOT-
BETCTBEHIO HHXHHUM, OpenesoM U obo3HadaeTcd yepe3d S, COOTBETCT-
peHHo S. Jlerko jpokassiBaercs

INpenaoxenune 2. Bepxuuid npedea S u Huohul npeder S
cymo Ty -npocmpancmea.
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Heicreutensro, nycrs §= {f{,} ecTs MakcuMma/buasi, COOTBETCT-
BEHHO MHHUMaJbHAdA, HATbL ¥ &' = {{,}—Touka MPHKOCHOBEH KT

ToukH £ B IpOCTpaHCTBe S, COOTBETCTBEHHO B npocTpancTee S. Torna

A9 NPOU3BOJILHOrO o uMeemM EC0,E B S COOTBETCTBEHHO B S.
3T0 3HAaYMT, YTO JJIS TIPOU3BOILHOTO o umeeM f, iy, L, €, {1, EE'.
Cnenosarenbﬂo B CHJy MaKcuMaabHOCTH HUTH § = {f{,}, coorBercT-
BEHHO MUHUMaJbHOCTH HHTH E'=1{E,}, nonyunm ¢, =15, T.e.E=¢".
Hrak, onHOTOuEYHbIE MHOXECTBA B IPOCTpPaHCTBAX S u S 3aMKHY-
Tel, YTO H TPe6OBaJIOCH JIOKA3aTh.

Ipennoxenue 3. Kamdas rumo Koweunoeo cnekmpa o6vem-
AEMCA HEKOMOPOU MAKCUMANBHOU HUMDbIO.

Iycre §—kakaa-Hubyap HUTH KOHEYHOrO criekTpa S = {K,, &%},
a €., IlycTs T—MoWHOCT, MHOXecTBAa BCeX HHaekcoB . 3anyme-
pyeM BCE 3TH HHAEKCHl MOCPEACTBOM BCEX MOPSAKOBHIX uuces A < o,
Tae o,—HauMeHbllee MoPAAKoBoe uwucao wmouinoctd tT. Torza Bece
HAIUY MHAEKCH 3aMuIlyTcsi B BHAE TPaHCHUHUTION MOC/AENOBaTelNib-
HOCTH

Ogy + o0y Tpy o0 ey

UTO MO3BOJIUT M HHUTH § 3anucaTh B BHJAE {ta,} ByneM uckate HUTH
E° = {{3}, obvemmomyo uuTb £ W Takyio, 4TO0H 6bN0 1 =1, pas
aoboi HuTH &', ofbemaomed E°. Tak kak KOMMJEKC Kao KoHeyeH,
TO 10C/E KOHEYHOrO UY{CJa MAaroB Mbl Takyio HHTH E° HahjeM,

Ilpeanosoxum teneps, 9TO gas Kaxaoro A’ < A moCTpoeHa HUTh
BV {t’“’} o6 LeMIomast BCAKYIO uute EM, A" < A’, W Takad, 9TO
Jmobas ofbemaoas ee HUTh £ == {{;} nvxeert = té{u, u=0,...,4".
Pacemotpum nocniejoBatesibHOCTD CHMI‘IJIQKCOB {i%}, u<A. Hwmeem
e =14 npu p' > p. [MostoMy B 370 10C/HENOBATCIBHOCTH CYUIECT-
BYeT MaKCHMaJbHBIH 37€MEUT, KOTOPHIH Mbl 0003HAuuM uvepes f,
Iycts m = {{,} —MHOXecTBO Bcex MaKcumaanux anemenToB. [Toka-
xeM, yro 1 —uute. [lycte a > B, = the, tB—-t Ayy Ay < AL
B cuiy MaKcuManbHOCTH CUMIIZICKCOB o H lﬁ umeem A >t 2, tp e
C npyroit CTOPOHHI, TaK Kak Bfihi =k, Bfths = t“z, 10 t’~1>t :,
OTKYJa 0J1y4yaeMm t’»l = t’w = {p. Cm.nosaTe.ano, Ble = Ip npn a > ﬁ
3uauur, cHcTeMa n HBJIHQTCH HUTBIO, KOTOpast, OUeBHAUO, OGbeMaeT
Bee HuTH EY, A’ < A. CJIElIOBaTeJleO MHAYKUMIO MOXHO MPOBECTH
i Ha ware A.

B komile KOHIOB MBl HCYEpiiaeM BCE HHJEKCH ¥ OCTAHOBUMCS Ha
HEKOTOpOH MakcumanbHOW HuTH, ofbemmomel . IIpeanoxenne po-
Ka3aHo.

Co BCAKHM CIIEKTPOM S = {K,, '} cBfi3aH HyJbMEpHBIX CNEKTp
S ={Ky, 8%}, BBepenunifi B. H. Honomapeamm NOj HazBaHHeM
noauozo paccaabrenusn cnexktpa S. Komnjaekcamu crektpa S° sBaf-
10TCA HYJIbMEpHEIE KOMIIEKCHl K, COCTOsulHe (COOTBETCTBEHHO) U3
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BCEX BepLIHH KOMIICKCOB K, C TPOCKUHAMY TS, B3ATHMHU U3 CriekTpaS.
Tak Kak S'—HyJbMepHbil CIOEKTpP, TO €ro nojHbli, BepXHuH u
HIDKHUA npejensl COBNAajaloT MexXAy cOboi.

Bropoit nyasmepustit cniektp S = {K§, 8%} moxHO nas paH-
noro crektpa S = {Kg, 8%’} onpeaeauTs caeayomum obpasoM. Jna
KaxXjgoro Komnjaekca K, cnekrpa S paccMOTpUM HYJIbMEPHBIH KoMIl-
Jekc Ky, BepIIHHAMHU Qg KOTOPOTr® SIBJASIOTCS BCEBO3MOXHBIE CHMII-
JCKCHl f, Kommiekca K,. Ina a’Z>a onpepensieM oTobpakeHue
8L K — K caepyomum obpasom. Ecnu

Qu=1,€EK, 0 ay =1, €Ky, 8%ty =1,

B S, 1o nonaraem &%a,. — a, B SO,

Tax onpenenedusie oTobpaxenua &y : K — K cyTb, oyeBHn-
HO, OTOOpaKeHHsd «Ha» (ecad OTOOpa)KeHUAMHU «HA» ObLIM HUCXOAHBIE
NPOEKIIHH), YROBJETBOPAIOUIAE YCIOBRIO TPAH3HTHBHOCTH 3% &%, ==0%"
npu o' >o’ >a, 1ak 410 S = {KP, 8%} ecThb Hy/abMepHBE IMpO-
eKIHMOHHBIH CreKTp; Mbl HAa3bIBAEM €0 NPOHU3BOJAHBIM CIIEKTPOM CHEKT-
paS.

ABTOMATUUECKH [0OKA3bIBAETCHA

[Tpeanoxeune 4. g moao umobvr 6 cnexmpe S ecaxuti cum-
naexe colepacarcs e Hekomopot Humu, Heobxo0umo u docmamodro,
umoboL mem oce: ceoticmeom 064001 npouseodnsiii cnekmp S©@,

[MepexonuM Tenepb K OAHOMY U3 OCHOBHBIX IPEMJIOXKEHHH Teo-
pHM TIPOEKLMOHHBIX CNeKTpoB, Bocxoaswemy K B. M. Ilonomapesy u
aaxe eme Kk A. . Kypouy.

[Tpeanoxenue d. B npoussosvrom koneunom cnekmpe S={Ka,
By} kaxcdaa eepuiuna codepicumcs 6 HeKomopol Humu.,

HokaxeM uyTs Gosnee ofuiee mnpemnoxenne. Hasosem g-mHoke-
CTBOM JaHHOTO CIEKTpa BCHKOE HEMyCTOe MHOXKeCTBo Q, cocrosiuiee
13 CUMIVIEKCOB 3TOFO CNEKTPa H YJOBJETBOPAIOILEE CJACAYIOLIUM
JIBYM YCJIOBHAM:

1°. Insa kaxporo t, € Q, lo € Ko ¥ KaXIOTO @' > CyuwiecTByeT
Takoe te €Q, to € Kar, UTO B Ly = Lg.

2°, Ecaw &' o u (5. €Q, To 1 &%ty € Q. B uacruocTtn, Muo-
JKECTBO BCEX CHMIUIEKCOB CrEKTpa €CTb §-MHOXKECTBO.

Jloka3uiBaem Tenepb npelioxenue 6, oueBngHO Gonee ofuiee,
ueM MpejisiokeHue 5.

I[Tpennoxenne 6. [Tycmo Q —npouseorvroe q-MHONMECMBO KO-
Heunozo cnekmpa S u to, npoussoavio e3amo ¢ Q. Tozda cywecmeyem
codepreayasc 6 Q HuMo, COOePICAWAL 3AEMEHM Ly, .

HoxasartenanctBo. Be3 orpannuenus oGIIHOCTH MOXKEM Mpen-
NOJIOKUTH CNEKTP § HyNbMepHHIM (MHaue repeulid 6bl K MPOU3BOA-
HOMY CIeKTpYy). 3anyMmepyeMm BCe & NOCPEACTBOM MOPAAKOBBIX YHCEJ
A< wy o, oy, A ».., HAUMHAA C 0= 0.
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I. Tlycrs A =0. B uyaomepuom kommaekce Kg, —K, Ml yxe
B3sJIH BEPIIHHY €q, € Q. Torma aas BCAKOro oy, oy >, B Kg,
HAHJEeTCH TaKasl BEpIUIMHA €5, 4TO &Z:e;v = g, .

I. ITyers Teneps A < w,—npousBossHoe uncho. Ipeanoaoxum,
uyro agg Bcex w <A B QnN K, BHIGpaHO no BeplUnHe €ay = e (y) TaK,
YTO /I JHOGOTO KOHEYHOTO HAB0PA Oy, 5 « - -y Oy o, TAE Myy -0y B, A,y
M JIOBOTO O, Oy >y, ++.y Oy, B Q N K, MOXKHO BHIGPaTh TaKyw
BepLiudy €q, €' (V), uTO

Bape' (V=e(w), i=1, ..., r.

HTaK, MB!I HMeeM Coleprkaliliccd B Q BepHHINEL

€up €y ey Oy < A, (D)

YAOBJIETBOPSAIONIHE YCJAOBHIO: /151 JOGOTO KOHEYHOro Habopa Wy, - ..

<oy B <A B MOBOTO &, 0Ly =0y, -y Oy, B KOMIVIEKCE Ko, Hafi-
JeTCH Takas BepliHHA e;vz_-e’ (v)EQ, uTtO

Doy € (V) =e(u)s  i=1, ..., (2)

JlokaxeMm, 4TO nocJaegoBaTe bHOCTH BepiunH (1) MOXHO MOMOMUHTH
BEPLIMHOA ey, € K, N Q Tak, uTO Il M0OGOro Habopa ay, Ay, - .-
vees Oy Py weey By << A K JHOBOTO Oy, Oy >0y, +. vy Oy, B QN Kay
HailjeTcs Takasl BepuivHa e, = e’ (v), uTo

& ’ .
&Ja‘;ie V)=e(u), i=1,...,r.

IIpennosoxum, utosto He Tak. Torna g moboi Bepmuﬂbxe;h €Ky NQ
MOXKHO HaWiTH Takue pi, ..., piy < A H Taxoe

Oy, a"i>auk’ k=1, ..., r (i),
avi>ah, YTO B KOMILIEKCE Kav,-n Q ue OyfeT HU OJHOH BepIUHHLI
€y, =€ (Vi)
KoTopas 6bl yIOBJETBOPSJA YCJAOBHAM

s (v) = e (W), B e (v) = ¢ () el @

3aMeTHM mpeXne Bcero, YTo YcaoBHUs (3) HMEIOT MecTo H JJisi JHoGoro
a, a>>o0,, T.e. yto Mg Jmoboro a_>ay B QN K, HeT Bepuum,
i i

YAOBAETBOPAIOMUX ycaoBusM (3).
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[Monoxum teneps
s

(1-):{(1”{, ey Qg }, {ups =+ s o&un-}=U(i).

[0}
r i=1

Tl€ S—UYHCJAO 3/]EMEeHTOB MHOXECTBA Kath- 3ameTHM, 4TO €Cc/iH
AZQyy ey Oy TOH Ay vney Qe Tak Kak pyy ..., b, <A,
TO A BCAKOrO o*: &* =0y, ..., ®y,, MO WHAYKTUBHOMY NpPEANO-
JoXKeHHo, B Q N} Ko+ HAfeTCd BEpUINHA €., MJIA KOTOpOi

&53; ee=e(ULy), m=1,...,n.
m

B TO ke Bpemd, TaK Kak o* 2> o, TO CYLIECTBYET BepllnHa f;)g;e;. =
:e:;; €Ka, N Q, H, CICOBATENHHO, BOMPEKH HALIEMY NPEIMOsIoKe-

HHIO, yCjoBHe (3) BBHITIOJIHEHO.
Hrtak, HHAYKUUA HAST Jadblile, M Mbl MNOJIyYaeM MIOXECTBO
BEpUIUH {e“;.}' 1o ORHOM W3 Kaxnoro MHoxecTBa Q N K4, KOTOpOE,

OYeBHJIHO, SBJAAETCA HMTHIO, cojepxKalleiics B Q u comepxaeit
B KaueCTBE 3JIEMEHTAa BepUIHHY ¢€,. Ilpenjoxenwe 6, a 3uHauur,
d npe;oXeHue 5 JoKasaHbl.

M3 npepnoxenuit 3 u 5 caenyer

Teopemal. Beakui cumniexc KoHeMH020 R POCKYUOHHO20 CREKM A
Cco0epacumcs 6 Hekomopoli Humu u 06TEMALIMCA HEKOMOpol Maxcu-
MOAAGHOL HUMbIO.

Cnencteue 1. Kawodas epans aobod Koopdunamer Humu § ==
= {to} cnexmpa S = {K,, &%’} codepocumcs 6 Hexomopoil numu &' < E.

B camoM jesie, ROCTATOYHO MPUMEHUTb NpPENJIOXKEHHE O K KOoHey-
noMy cnekrpy Sg={[{.], &% }. s

Cnenpcteue 2. Huwnui npedea S konewnozo cnekmpa S coena-
daem ¢ npedeaom noanozo paccaabaenusn cnexmpa S.

IlokaszaTenbcTBO. Beakasg uurs cnektpa S° aBasercs (oue-
BHAHO, MUHUMAIBHON) HUTBIO cniekTpa S. O6patHO, B culy craenctBus 4
BCAKAA MHHUMAJLHAS HHUTh CIEKTpPa S COCTOMT U3 HYNbMEPHBIX CUM-
MJIEKCOB M, CleJOBATENbHO, SABASETCA HUTBHIO crieKTpa S-.

[Mpepnoxeune 7. [oarnoe npedessnoe npocmparcmeo S Ko-
HEYHO20 cnekmpa S OUKOMNOAKMHO.

IHokasarteabctBo. [lycte M-npousBonbHoe GeCKOHeYHOR
atHOXKECTBO, Jexailee B S. Tpebyerca 1okasatsh, 4TO MHOXecTBO M
wveeT B S X0T$ 6bl OAHY TOUKY nosiHoro HakomJjenusi. O6osHauum
yope3 Nl MOHiHOCTh MHOXKecTBa M. Bepem npou3BO/bLHBIA KOMIJIEKC
K, crnektpa S. Tak Kak Kgz-—KOHEYHOE MHOMXKECTBO CHMIIEKCOB,
a M = {E} —MHOXeCTBO HUTEH, HMeroIee G6eCKOHEUH YO MOLIHOCTh 1T,
TO UMEETCS1 XOTH Obl OfUH CHMIIEKC fy € Ka, AJAOWHUACT 3JEMEITOM
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nute#t, obpasyomux MHOKecTBo M, = M mouHocTH 1. Beskuil Takoi
CHMIJIEKC HAa30BeM OTMEYeHHBHIM. JIETKO npoBepuTh, YTO MHOXECTBO Q
BCeX OTMEYEHHbIX CHMILIEKCOB eCTh §-MHOXECTBO, CofepKaiilee, B CHY
npegnoxendsa 6, Hekotopyilo HUTH §,=={f%}, Kaxjas koopauHarta
KOTOPO#i ABAAETCA KOOPAUHATOH MHOMECTBA MOULHOCTH HI 3JeMEHTOB
muoxecrsa M. Tem Gosee kaxnas okpectHocts OF, Touku §, nepe-
CeKaeTca ¢ MHOXeCTBOM M NO MHOXKECTBY MOLLHOCTH i, YTO H Tpe-
60BaJsIOCh NOKA3aTh.

Taknm xe 0Gpa3soM 0KAa3bIBAETCHA, YTO BEPXHHH M HUXKHUK mpe-
JleJIbl KOHEYHOTO CHEKTPa SIBASIOTCH GHKOMIAKTHBEIMH NTPOCTpaHCTBaMH,

Hpeanoxenue 8, [MToanvitl npeden ecaxozo KoHeUHO20 creKmpa
ecmo noaypezyanproe T o-npocm parcmeo.

Me 3naem, uyto S ecte T -mpoCTpaHCTBO, OTKPLITYI0 6a3y KOTO-
poro o6pa3yioT MHOxecTBa Buja Of . [Tonomum Qe ={E={ts}: €,<lo}.
Cuayaia MBl JI0KaXeM, UTO AJS JOGOH BepIUIHHBL €, MHOXECTBO q)"a

eCTb ®a-MHOXecCTBO, [l/ig 3TOro JOCTaTOYHO JOKa3aTh paBEHCTBO

[Oea]g = (D”a . (4)

Ouesuano, uro Og, = We,. 3uaunt, B cHay 3aMkHYTOCTH (De, BK.IIO-
ucHne |Oe,] = ®e, nokasano. JlokaspiBaeM OGPaTHOE BKJICUEHHE.
Qukcupyem a=oa,. Ilycteb &={{,} € Vey,. Bepem npoussosbuyio
okpectHocTh O, & TOukHu §. Bepem nanee a,: o, >0a,, @, > a,. Toria
B cuUMmIeKce fo, €& Haiinerca Takad BeplIWHA €g,, YTO aZ:ea,-——eao.
Cywectsyet uuth &' = {{,}, A1 KOTOPO# l4, = €4y, la, = €q4,. OTCIOA
noJyuaem

‘= {to} €Oeq,, E = {ta} € Oey,

Ho Oey, = 04k, caenoBatenbho, Og ENOeq, 7#%=A, T. e. EE€[Oeg,]-
Hrak, paBenctBo (4) noxkasaHo, a BMecTe ¢ HUM [OKa3aHa U KaHO-
HUYeCKash 3aMKHYTOCTE MHOXKecTB De,. [lycth Tenepn ¢,—npous-
BOJILHBIH CHMMAJIEKC MPOU3BOJILHOrO KoMilieKca K. Ofosxauasa ue-
pe3 0q MHOXECTBO TeX e, ey € Ko, 17151 KOTOPHIX €, He eCTh BepiliHa
cUMILIEKCA I, MMeeM (opMylly

Ota =S\ 0a

BHITEKAIOULYIO M3 TOTO, YTO /i1 Jio6oi TouKH &’ == {/;} o6a Bxmouenus

E €0t, u £ €S\ 0q 0603HAYAIOT OHO H TO XKe, 3 UMEHHO YTO BCAKAA
BepIUMHA CHUMIIeKca' [q €CTh BeplUuHa cuMmmiekca fq. Capyro# cro-

POHBI, M0 MOKa3aHHOMY, MHOMECTBO O €CTb %Q-MHOXECTBO; 3HAUMT,
ero jonojHenue S\ 0, = Ofy ecTb ®0-MHOKecTBO, [ToayperyJispHocTb
npocTpancTBa S foKasaHa.
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§ 2. NMpoexkuuoHHblE CNEKTPb Hal cemedicTBaMU Pa3GueHH

[Tycts X —npou3BOJIbHOE TOMOJNOTHYECKOE MpPOCTpaHcTBO. Jlo-
XaJBHO KOHEYIlOe NOKpPHTHE npocTpaHcTBa X %a-MHOXKECTBAMH o =
=={Aq} HaswiBaeTCs pasbueHuem npocTpaHcTBa X, €CAU OTKPBITHE
siapa MHOXecTB A, nu3bloHKTHE. CeMelicTBO Becex pas6HeHHil npocT-
panctBa X ecTeCTBeHHbIM 00pasoM ymopsioueHo: o’ >, €C/M pas-
6uenue o’ BnucaHo B a. Tak Kak npu o’ >a Kaxaoe MHOXKECTBO
A,. colepXuTCcAd B €IMHCTBEHHOM Muoxectse Aq, TO OnpeneseHo
cuMILIHIlHaablioe oToGpaxenne wuepsa N,. B Heps N,. Ilokaxem,
uTO 3TO oTOGpa)keHHe ABJASAeTcs] oToOpaxeHueM Ha Nq. B camom nene,
nycth g €N, {g—=|A% ..., AL| Bepemrtouky x€ A%N ... NALu

. A A; .

aas Kaxporo i-=0, ..., r Takoe MHOXeCTBO A (€’ uto x € A [ Ag.
A

(Cymecmoaam{e MHOXKeCTB A | BEITEKAeT U3 KOHCEPBATHBHOCTH NO-

eCTb CUMIVIEKC [o €Ny o

KpbiTUs oc’.) Torza fAr’;i, Cee A::_’,
Bty = 1g-

Takum o6pa3oM, Haj JAOGHIM HarpaBJCHHBIM CCMEHCTBOM pasGie-
HUji npocTpancrBa X CTPOMTCH NPpOeKUUOHiLA cnekTp. Hac B janb-
HefiuieM 6yAyT MHTEPECOBAThL CMEKTPbl HAL CCMEHCTBAMU:

1° %y —Bcex KOHEeuHBIX pa36HeHUH npocTpancrsa X,

2° tx—Bcex pasbuennil npoctparctsa X,

KoTopuie Mpl 6yjeM 0Go3HauaTh COOTBETCTBeHNO uepes S, X (makcu-
ManbHBA KoHeuHbil crekTp) U SyX (MakcHMaJbHBIN CEKTp).

OxkasplBaeTCs, 4TO BEpPXHHM npeAesoM cuektpa S,X sapasertcs
TAK Ha3blBAaeMOe NPoCTpaHCTBO w, X (npocrpancTso Boumvsna-—lono-
MapeBa Haj NpocTPaHCTBOM X), KOTOPOE Mbl ceftuac oitpeienaum. Touku
npocrpancrtsa ©,X CyTh MAKCHMAJDbHLIE LCHTPUPOBAHHLIE CHCTEMbI
KA-MIIOXKECTB WM X-KOHOB npoctpauctda X, a TONOJOTHA B Mpo-
crpancree o, X ecTb T4K Ha3pBaeMad BOJM3IHOBCKAS TOMNOJOTHSA, ONpe-
JAeJieMas OTKPLiTOd 6a30il, cocTosiuell U3 BCEX MHOXKeCTB BWjia Vi,
rge H-—kakoe-unbyib ®0-MHOKECTBO, T. €. KAHOHUYECKH OTKPBITOE
MHOXKeCTBO fipoctpalictda X, a Vjy ecrb MHOMECTBO BCEX %-KOHIOB
t = {A}, kaxaplii u3 dj1eMeHTOB A, KOTOPHIX MMEET HemycToe mepe-
ceuenne ¢ MHoxectBoM H. Ty e TOHOMOrHIO MOXHO ONpeieniTh
C NMOMOLUIBIO 3aMKHYTOH 0a3bl, 3JeMEHTAMH KOTOpOH fBJISIOTCS MIO-
xecrsa suaa @4, rae D, onpeseneno Kak MHOKECTBO BCEX %-KOHILOB,
COIEpPHAMHUX B UHC/C CBOUX 3JIEMEHTOB AAaHHOE NPOH3BOJILHO %a-MUO-
xectso A. EcrecTBeHHBl TOMEOMOP(DH3M MEXKAY NPOCTpaHCTBAMHU (3, X
un S, X OcymecTB/sieTCs IOCPEACTSOM TaK Ha3BIBAEMONO CHEKTPLJb-
Horo otobpaxenus N: 0, X — S, X. Onnaxo, npexje yeM onpenensito
3T0 OTOOpaceHHe, MHl C/erKa BUJAOM3MEHHM OMpeJCACHHE NpPOCTPaH-
¢TBa X, YTO MPHUBEACT HAC K IIPOCTPAHCTBY w5 X, HaXoaALleMYyCH
B OTHOILEHHH €CTeCTBEHIIOTO U OYEHb IIPOCTOro romMeoMopdusma ¢ o X,
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2 9TO MO3BOJMT HaM B MOCJEAYIOMHUX PACCYHACHHSX MOCTABUTH Wy X.
na zecro o, X. HanoMuum, uro m-MHOXECTBOM npocTpancTBa X Ha-
3bIBAETCH BCAKOe MHOXecTso P <= X, sBJdomeecs nepeceyeHneM
KOHEUHOTO YHCHA ®a-MHOXKECTB 3TOro npoctpatersa. HazoBem m-koH-
{10M BCAIKYIO MaKCHMAJIbHYIO LEHTPHPOBAHHYIO CUCTEMY fi-MHOXKECTB.
B MHOXKECTBO BCeX N-KOHIIOB BBEJEM TY K€ BOJMIHOBCKYIO TOMOJO-
{10, uTO U B 0, X, ¢ TOH JHIUL pasHylell, 4To MHOMecTBa H Ge-
pVTCA JOMONHUTENBHBIMH K fi-MHOXecTBaM. [TosyuedHoe TonoJoru-
YeCKOE MPOCTPAHCTBO M 0603HauaeM uepes o X. CTpouM Tenepb
oToGpaKeHHe NpocTpancTBa w X B »,X, CTaBsi B COOTBETCTBHE KAXK-
JIOMY T-KOHIY MHOXECTBO TeX ero 3JeMEHTOB, KOTOphIE SIBJSIOTCS
ua-muoxecrBam, [lojyuuM HekoTopblil ¥-KoHel, NpHYeM, KaK JErko
BHAETb, KAXABIH %-KOHEI MOXHO MOJYYHTH TAKMM 00pa3oM, IOTOTHA
€ero A0 T-KOHIIA BCEMH KOHEUHBIMH NEPECeYeHUSIMH €T0 3JEMeHTOB,
Hrtak, Mbl nmoayuuju oroGpaxceHue NpocTpanciBa wg X Ha npocTpali-
cTBO 0, X, U JETKO MPOBEPUTH, YTO 3TO OTOOpaXkeHHe ecTh TOnoJo-
rHYecKoe 0TOOpaxKeHHe NpoCcTpaHcTBa W, X Ha 0, X. Teneppb Mbl MOXKeM
OTOXKIECTBASATD Mex1y CoGoil 06a 3TH MPOCTPaHCTBA.

Teopema 2. Bepxuuid npeder S, X MAKCUMAABHOZ0 KOHEUHO029
cnexmpa S, X npocmpancmea X aomeomopden npocmpancmay m, X
Boamsna — [Monomapesa. '

HNokaszartensctBo. [Iloctpoum crepyowee ortolpaxenne
N: 0, X — S, X. I[lyers 8% —= {A} — npoussospHas ToyKa npocTpancTsa
®, X, T.e. IpoOU3BOJBHEH X-KoHelw npoctpaHctea X. O6o3nauum
yepe3 £ COOTBETCTBYIOIMHUH IT-KOHEll, COCTOAHN H3 BCEBOZMOMKHHIX
KOHEUHEIX NepeceyeHyil 3eMEHTOB KOHIA £%. 3aMeTHM Ipexje BCero,

4YTO Kaxjaoe pasbueHue o = {A‘l", cee, Aga} COEpXUT MO Kpaiinei

Mepe OAMH 3JEMEHT, NePeceKalouica Co BceMH 3/1€MEeHTaMH Kouna E%
1, CJeJOBaTeNbHO (B CHAY CBOMACTBA MakKCHMAaJBLHOCTH Kouia E%),
cofepxaluiica B HeM. B uporuBHOM ciyvae k Kaxaomy Af, 1<li<ls,,
NOKPBLITHS O CYLIECTBOBAJ OB HE nepecexawuiics ¢ HuM sgement Af

xorua E*. Torma muoxectso () A’ ne mepecekasoch 68 C CyMMOIl

U A= X, T.e. 6610 Obl MycTO—NPOTHBOPEUHE C LEHTPHPOBAH-

noctoio Kouua E¥. Ilyets A7, ..., A}"r CYTb BCE 3JEMEHTH IOKPbl-
THA o, NpHAapiexaume Konuy £ Toraa umeem B Hepee N, cum-
nieke o ==|Af, ..., AY |. lokaxem, 4TO MOJyuenHbli TaKUM 06pa-

3oM Habop cumniaekcos M =1N(§¥) = {{,} no oanomy u3 Kamporo o

ecTs HUTh cnektpa S,X. [las storo gokaxkem, 4to npu o' >a uMeeM

Og ty == o. HepaBencTBo 9% fo < {, BHLITEK4ET U3 TOTO, UTO BCSIKOE

A%, coaepxaluee Hekotopoe A} €&, camo npuHaAiexuT KoHuy EX.
JlokaseiBaeM 06paTHOE HEpaBEHCTBO [y < 8% fq..

IMycts AZ—npousBonbHas BepliuHa cumnaekca f,. Ilycte

¥, ..., A¥ —Bce saemeHTH pasbueHns o', aexawmue B AF, T. e,
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yaoBJeTBOpAIomHKe yeaoBuio &% AF = AF. TpeGyercs Juilb 10Ka3aTh,

YT0 XOTh OfHO M3 3Tux A%, 1<q, nananmmuT KoHuy E*. B npo-

THBHOM CJlyuae KaxkaoMy A , | << g, COOTBETCTBOBAJIO Obl HEKOTOPOX

Al €E", me nepecexammeecn ¢ HUM, H nepeceueHue atHX A/ GuiI0
q

Gel s1eMenToM Koutta £, ne nepecexatoutuMcs ¢ cymmoit |J A% --
=1

= A¥ €E", uto HeBo3moxHO. WMTtak, kawjoMy x-komy E* € 0, X co-

OTBETCTBYET HUTb 1 (E¥)={{,} cnextpa S, X, npuuem BepuUIMHBI CHM-

naexca t,—310 T¢ A¥, KOTOpHIE ABJIAIOTCA 3/AEMEHTAMH KOHuUa &%,

Oroxpectsasia KaxIblii CHMIJIEKC HepBa o A;?: . A [ ¢ MiO-

KECTBOM €r0 BEPLIHH U CYUTAA 3TUMH BEPIIHHAMH CaMy “saementl
nokpeTHA o, MOKHO HamucaTh £¢=|J?#,, rme n(E9)={l}. pu

o
5TOM W3 CBOMCTBAa MAKCHMaabHOCTH KoHUa E¥ caepyer, UTo H HUTh
N (8% sBaserca maxcumanpHoil. OGpatHo, ecanm v= {f{,}—Kakas-

au6o makcumanbHas Huth cnektpa S, X, 10 |J 4, ects MakcuManb-
Has LEHTPUPOBAHHAA CUCTEMA XQ-MHOXKECTB, T. €. %-KOHel NpocTpan-
cTBa X, TaK YTO MBl MOCTPOMAH B3aHMHO OAHO3HAYHOE OTOGPAKEHUS

n npocrpanctBa o, X Ha S,X. [lna pokasarenbcTBa TOro, 4ro
MOJYUeHHOe OTOOpaXKeHHe 1) ABJSETCH rOMeOMOp(HH3MOM, NOCTATOUHO
10Ka3aTb, YTO OHO OTOGPaXKaeT HEKOTOpyio 6a3y mpoctpancTBa o, X
Ha HekoTopyw 6a3y mnpoctpanctBa S,X. JlokasaTtenbcTBY mnpeaio-
IJIeM ClieAyiolilee MpPOCToe 3ameuaHue.

Iycrs A2, ..., A?‘r——-HeKOTopue 3JIeMEHThHI pasﬁneumxa:{ T

ceey A2 } Torna

< U A1k>=x\ U A;. (1
k=0

[t gy ouns i,

Bcnomunm onpefenenne MHoxectBa Vy (Wst M060r0  #0-MHOXKECTBA
Hc X) Kak MHOXECTBA BCEeX TeX A-KOHIOB, KaX[biH H3 3JEeMEHTOB

KOTOHIX HMEeT Henycroe nepecevenue c H. Ecau t, —]A“ A? i,
TO OGO3HAYMM uepes f, MHOMXECTBO A¢U... UA"‘ = X. Ilpu 31ux

0003NaYeHUSAX JIETKO BHIBECTH H3 (;Jopmy.m,x (h @opmyﬂy

n = Ot,. (2)

Iokasartenncteo ¢opmyasl (2). dmxcnpye.m a=ay, to,=AM, ...
eeey A%, u nyctn E' =Uta_. Tap? 1 "= (&) ={ta}. Hoxamen,
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aro ' €0t,,. DM OyAeT NOKa3aHO BKJ/HOYEeHHE 7]V<7 ><;0t%.
&g
Ilycrs t,’,o.:_A“o, cen, A?‘o. M3 &’ EV 7.y CHRNYET, YTO Kax1oe Ao,

TA€ j==j,, ..., [, HMEET oﬁume TO'-IKPl ¢ < > H, 3HauuT, B cuay (1)
sapaserca olHuM u3 A%, ..., A%, Tak uTO ta, <t . BroucHue

-r|V = 0t,, 3tuM noxkasano. [lepexoium K J0Ka3ate/nCTBY 06pat-

noro BkJouends. Ilycts 2 =n(§)€0t,, 1.¢. ¢, <t,. Torna Bce
A“o ceny AQ‘; ABJASIOTCA  HEKOTOphIMH U3 Afs, ..., A%, oTkyaa
Bb{TeKa(.T, yro Kaxjoe u3 A, = A%€t’, a>a,, COAEPKUTCH B OIHOM
uz Ag, ..., A% 4, 3HauuT, HMeeT OO6IHE TOYKH C <t >. Hano
noxasaTb, UTO TO e CNpaBefjiMBO AAs JoGoro A == EE,’ s
sroro Gepem a’, cielymouiee Kak 3a o,, Tak 4 3a a. HyCTb A%—
TIPOURBOALHBIN a.nwem cuctemsl &', torga Af €1, €n(E'). Buibu-
paeM Takoe AY €l,-cn(E’), 4T06B GBUIO @3 A = A%. Ipyrumu
cioBavu, AY €¥, A% = AF€t. Tak kak A N <L, S>FA, 10 TEM
Gosee Af ﬂ(ta,) s A. Qopmyna (2) pokasaua.

Besikoe %0-MHOXECTBO H eCTb HEKOTOPOE MHOMECTBO <fo>: uTOGHI
y6eIHTBECA B 5TOM, JOCTAaTOYHO MONOKHTL a={A¥, A%}, rge A% =
=|H], A¥=[X\[H]] ¥ t,—HyibMepusiil cumniekc Hepsa Ng,
COCTOANMHN{ U3 BepIUHHB Af.

OGpatno, mis moboro pasbuenus a={A¥, ..., AZ} u moGoro

cHMIIIeKCa t“—[A,u, ceey Aﬁ-"r[ENa MHOXKECTBO <l,> €CThb HO-MHO-

wectBo. MTak, cucrema Bcex mHoxects V (.5 COBMAnaer ¢ CHCTEMO#
[+ 3

scex Vo (rne H npoberaer Bce %0-MHOXKECTBAa mpoctpaHcTBa X) H
SIBASICTCA OTKpHITOR Gasoit mpocrpancrsa o,X, nepexonsuieil npu
oroGpaxeHdH 1 B 6a3y mpoctpaHcTBa S,X, cocrosilyld H3 BCex
muoxecTB Buna Ofy. Teopema 2 gokazaua.

M3 GukomnaktHoeTH Bepxuero npegena S,X M joKasaHHO# Teo-
peMsl BHITEKaeT

CneactBue., [Ipocmpancmeo X Gukomnagmno.

3ameTHM, 4TO OHKOMMAKTHOCTH TPOCTPAHCTBA ®, X JIEFKO AOKa-
3aTh W HenocpeacTsenno. Ilycts {F3}, A € B,—nponssonsHas ueH-
TPUPOBAHHAS CHMCTEMA 3aMKHYTHIX MHOXECTB MpOCTpaHcTBa o, X,

Tlokaxem, uto nFl#A. [To onpenpenendio tonosoruun B @, X,
A

F; = n o® 4% T A% cyte %a-muoxecrBa B X. Herpyano Bunets,

%
aeh

yro cucTema xa-MuoxectB {A$}A €B, o € W,, uentpuposana (WHaue
Hapywanack Obl UeHTPHpOBaHUOCTe cHCTemsl {F,}). Homoiuus sty
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cHCTeMy 10 %:-KOHILa, NOJyunM Touky &, npunapiexauyio () (DA%:
A o
=) Fa. Taxum o6pasom, {}Fa==A, 4To u TpeGOBANOCH JOKA3ATh.

A A

Ham nonano6urca emie oaHa axkcuoMma OTIACAUMOCTH, a HMEHHO
cReyolLee yeaosue KeasuHopmasprHocmu *): nobbie Ba 13 bIOHKTHBIX
T-MHOKECTBA MMEIOT AU3bIOHKTHHIE OKpecTHOCTH. PeryaspHble mnpo-
CTPAHCTBA, YJOBJETBOPSIOLUIHE 3TOMY YCJOBHIO, Ha3bIBAOTCS K6a3u-
Hopmarvtoimu **), Besitkoe  HOpMaJbHOE HPOCTPAHCTBO  KBA3HHOD-
maibHo. C  JApyro#t CTOpONbI, HMEIOTCA KBA3MHOPMalbHbBIE MpO-
CTPAHCTBA, HE sBJAAIOLIHECH HOpMadbHbLIMH. TaxoBol, uanpumep, Bce
HEHOPMaJIblible IKCTPEMasbHO HECBA3HBIC NIPOCTpancTsa ***),

BBencHHBIA KJaace KBa3WHOPMAAbHLIX TIPOCTPAHCTB OYeHb Baxel,
[I0OTOMY YTO TOJIBKO JJISl 3TMX NPOCTPAHCTB BEPXHUH Mpejes coexkTpa
S, X coBnajaer ¢ mpocrpancrBom BX Croyna—Uexa (uad, uto TO
e camoe, B CHJIy TeopeMnl 2 npocTpancTteo o, X cosnanaeT c PX).
310 yTBepXKACHHE Mbl MOJYYHM KaK CJAeIcTBHe TeopeM 3 M 4.

Ham 6yzer yao6HO OTOXIECTBJSTL TOYKH KBa3HHOPMAJLHOMO
npocrpaHctBa X ¢ TeMH %-KOHUaMH § € @, X, KOTOpbe UX KacawTcs
(x-xoueu € ={A,} xacaercs Touku x € X, ecmu x € ) A Hetpya-

Ag €8 )
110 J0Ka3aTh, UTO 3TO OTOMKIECTBJENUE OmNpejedsieT BJOXKEHHE KBa-
3UHOPMAJILHOTO 11pocTpancTBa X B w, X B KauecTse BCIOJY NJOTHOTO
noamuoxectsa, Takum o6pa3oM, NPOCTPAHCTBO ®, X MOKIO paccMaT-
pHBaTh Kak GUKOMIIZaKTHOe paclIHpeHHe npocTpaHcTBa X.

Teopema 3. [z moeo umobet npocmpancmeo o, X 6bLio xayc-
doppoevim, HeoOx00uUMO u docmamodno, 4moboet X 06bLi0 Keasuop-
MAAbHOIM.

*) Ectectenno Gulio OB HA3BAaTL YCJAOBHE KBA3WHOPMAJbIOCTH I-HOPMATDL-
HOCTHIO, TIO aHAJNOTHH C YCIOBUEM X-HOPMAjbHOCTH, Kotopoe BBea Wlenunw [1).
flpocTpancTBo yAOBACTBOPAET YCIAOBHIO H-HOPMAIBHOCTH, €CIH JIOOBIC AV3IBIOHKTHbIE
A-MHOXECTBA HMCIOT JH3BIOHKTHLIE OKPCCTHOCTH. Y C/I0BHE X-HOPMATBLHOCTH MOXKHO
YCHAHTD, €caH NOoTpefoBaTh NONOAHHTENBHO, YTOOH BCAKOE XA-MHOKECTBO ABISAOCH
JICPECCUCHHCM CUCTHOTO YHCJA %o-MHOMccTB. Tora Mbl NOAYUHM  COBCPLLCHHYIO.
»x-Hopmaabrocth (E. B. Hlenun), xotopast ecTecTBEHHO BO3HHKaeT M3 X-HOPMaJb-
HOCTH, TaK )K€ KaK CORepiIeHHas HOPMajdbHOCTh BO3HMKAET H3 YCJOBHS HOPMabe
HOCTH.

*¥) TMosyuntesas TOT e KJacc KBa3sUHOPMaJbHBIX NPOCTPAHCTB, CCAH  BMECTO
peryasipHoctd norpeGopaTh sbno.incHUWe akcnombl T, . [lpocTpancrso yaosaersopsieT

akcuome T, (3aiiues [2]), ecan oHo ecTs noaypery:isproe Tp-mpocTpanctso
Ji-MHOMXeCTBa 0o6pasyloT B HEM CCTb B cMmbicae Apxanrenbckoro. Bee peryasphble
npOCTpalcTBa CyTh T’y -MPOCTPAHCTBA,

KBasnHopMmanbHble NPocTpaHcTBa Guiin BeeaeHn 3aiilteBniM B paGoTte [2].

**¥) OnpejeseHye SKCTPEMAJBHO HECBA3HOTO npocrpancTea cM. 8 § 6 storo
IMpu6asaenns.
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IoxasartensctBo. 1° Ilyete X kBasunopmaneno. s no-
KaszaTe/bCTBa TOro, uto ®,X xaycropoBo, Bo3bMeM B X JBe
Toukd Ey={A;} u §,={Bu}. Tak Kak 3TM TOYKH pPa3NHUHbLI, TOs
CyumiecTBYeT %Q-MHOXeCTBO B=28, egz, OTJIHYHOE OT BCEeX Ahegl.
B cuiy MakcHMaJjibiOCTH KOHLA &y HaHlIyTCH takue Az, .. "A’“r €&,
uto BN AxN ... ﬂAA,=A. Tak kax X KBasWHOpMaJabHO, TO Cylle-

ctByior B X JRM3bIOHKTHBIE OKpectHOCTH f1; W H, COOTBETCTBEHHO:
MuoxectB Aa, N ... NAx, u B, u 51 okpectocty Hy w H, moryr
6bITh MpeanoaoXens Kagonudeckumu. JloKaxeM, 4To B MpoCTpaHCTBE:
o, X mnoxectsa Vy u Vy conepxaT COOTBETCTBEHHO TOUKH &y W ,..
B camoM pene, mna kaxporo A, € §; Mbl uMeeM A== Ahn(AA‘

- NA )CA;J] H;, a 3710 3HayuT, 4to §, €V, . AHasOrM4HO fOKa-
3biBaeTcd, uto &, €V, . Octaetcsa nokasaTs, 4TO V NV ==A. Tlycts,.
B NpPOTHBOpEUHH C 5THM, CYWIECTByeT TOuka Ey={C, }c:V NV,
Toraa cyuiecTByIOT KOHeWIble MHOXKECTBa 3geMeHToB Cy,, ..., Cy )
8 Cvl’ .-+ Gy, KoHIA ;, ynoBJ/€TBOPAIOUIHE YCJIOBHAM F

Cy, N ---ﬂCvaHn Cv;n... n(;‘\,,p_,gH2

H, CJefOBaTe/bHO,
A#Cvln ‘e nCanCvIn ‘e ﬂCv'p,EHlnH2,

~—BOTIPEKH TIPEJNOJIOKEHHIO O AHU3BIOHKTHOCTH MHOXecTB H, n F,.
2°. Tlycte Tenmepb H3BECTHO, YTO MPOCTPAHCTBO 0, X =w, X sB-
Jasetcs xaycaopdoBhIM, a cJefoBaTe/bHO (6yAyud OHKOMIAKTIIBIM),.
H HOpMaJbHBIM. JIOKaxkeMm, YyTO B 3THX YCJOBHAX. MOOHIC ABa JH3b-
IOHKTHBIX Ti-MHOXecTBa P, u P, B X UMEIOT AN3BIOHKTHHE OKpecT-
Hoctd H, n H,.
Tak xak P, P,=A, To Mbl uMeeM B 0 X

®p, N Op, =A.

Bepem B 0,X ausbiouxtHeie oxpectHocTH O, u OM, Muoxecrs
®p, u Dp,. MMonaras

H,=Xn0®,, H,=XnOob,,

MoJyyacM JU3BIOHKTHHIE OTKphiThie MHOxecTBa B X. Ocraercs noka-
3ath, ute P,=H,, P,= H,. Y1 T0 u gpyroe creayet u3 BKalOUCHUS

P=®p, 3)

BepHoro pas moboro m-muoxectBa P< X (4 coorBercreenno Mpcs
= 0,X). Ilns noxasatensctBa BK.ioueHHA (3) GepeM Kakyio- Hnﬁym;
TOUKy X¥€P u paccmatpuBacM fi-KoHeil §'(x)={P;} €0, X, rae
P, = X npoGeraeT BCe R-MHOXKECTBA, COjepXalide TOUKY X. Tor,ua
PgE"(x), T.e. §%(x) €hp. Tak Kak Touku x H ET(x) OTOXKIAECTBJICHH
B wyX, 10 opmyaa (3) pokasaHa. Jlokaszana u Tcopema 3.
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Tak kak npoctpaHcTBo X BKJajpiBaetcs B 0, X, nojaydaem

CrencrBue. Keasuropmarbnoe RpoCMpaHCMeo 6noaue pezy-
AAPHO.

HanomuuyM, uto HenpepbiBHoe ortoGpaxenue f: b, X —b,X pac-
wupenus b, X npoctpanctBa X Ha pacmupenue b,X HasblBaeTcs
€CTeCTBEHHbIM, €C/IH IPU 3TOM OToOpaKeHHH Bce ToukH x € X ocTa-
10TCS HETORBHMKHBIMH.

Teopewma 4. [aa 6caxczo enosxe peayaapHO20 NpoCmparcmen
X cywecmeyem ecmecmeernnoe omobpasicenue f: 0, X —bX npocmpan-
cmea 0, X Ha ecakoe xaycOopgoso  Guxomnaxmroe pacuiupenue bX
npocmpancmea X .

HNoxkasatensbctBOo. 1° JlocTtpoenue otobpaxeHus
I: 0, X —0X. Jlna kaxpoii Tourn §={P;} € 0, X nonoxum

FE=N[Pr]=bX (4)
A

{30ech W naJjiee 3aMpiKaHug paccmatpuBaiores B bX). Tak kak cemeii-
CTBO MHOXeCTB P LeHTpHpoBano, To muoxkectBo @ = () [P.] ecTte

A
HEIyCTOe MHOXECTBO, Jexauee B 6ukomnakre bX. Mml jokamem,
YTO OHO COCTOMT W3 OAHOH TOYKM. JlocTaToyHO AJg 3TOr0 A0Ka3aTh

¢opmyay
[Oyln X €8 (5)

s moGoit okpectiHoctd Oy moGoit Touky y € D,

B camom pene, npennosioxum, uto dopmyna (9) nokasana. Ecnn
Yy, W y,—IBe pa3zauuHeie Toukd MmHoxectsa @, a Oy, n Oy,—IBe
MX OKPECTHOCTH C HernepeceKaroluMUCa 3aMBIKaHHAMU B X, TO MHO-
xecta [Oy,JNX u [Oy,]NX He nepecekaioTcs M He MOTYT GHITb
OJIHOBPEMEHHO 3JEMEHTAMU LEHTpUpoBaHHOro cemeiicrtea E.

Hrak, nepexomuMm K pokaszateasctBy dopmyabt (5). Tak kak

Yy Eﬂ[PA]’ mu umeem OyN Pys=A pna mo6oro P,. Ho Py= X,
A

adauut, Pp=PynX u
((0y1n X)N P, =0y Py %A.

Tak kak [Oy]N X ecTb %a-MHOXECTBO, @ 3HAUMUT, H MOAABHO J-MHO-
kectso B X, BRJouenue (D) TeM caMbM JIOKAa3aHO,
Tenepb Mbl CTaBHM B COOTBETCTBHE KaXnoil Touke § = { P} € 0, X

€IMHCTBEHHYIO TOUKY y = f(E) = ("} [Pa] u monyuum, Takum oGpasom,
A
orobpaxende f: 0 X —bX.

2°. Oro6paxenue f ecTb oTo6paxeHnue Ha BCe bX,
B camom pene, GepeM npousBo/ibHO y € bX W paccmaTpuBaeM ceMeil-
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c1Bo {0%y} Bcex okpectuocteit Touku y B bX. Cemeitcto {[O0%y]N X}
€CTh LEHTPHUPOBAHHOE CeMeiiCTBO MHOXKeCIB B X, OHO CORCPKHTCS
B nekoropom m-koHue E={[P,}. Toraa

A=[E=N[Pil=N[0*y]=y
A A
uf(E)=y.

3’. Oro6paxenue [ HenpepwusHo. Ilycts, B camom nese,
E={Pitco.X, y=Ff(E)ebX.

Bepem mpounssoabiyio okpectHocts Oy B bX 1 MeHbliyio OKpecT-
Hocte Oy=H, c ycaosuem [O,y]= Oy. OtkpuiToe MHOXeCTBO H,
MOET ObITh NpeAnooKeHo KaHoHuueckuM B b X. Torga H-=X N H, ects
®0-MHOxecTBO B X. Bossmem Vi B o X =, X 1 joKaxeMm, yro
tEeV,. B nporuBHOM cayuae uMesud 6bl E €0, X\ Vy=Dx#n, T. €.
XN\ H €t. Orciona caepoBaio 6bl, uTo

y e[XNH]=[X\Ul,n X)] =bX\H,

— IMPOTUBOpEUHE,

Ml Toabko uto pmokasaau, 4to Vjy ecTh OKpecTHocTh TOYKY §
B 0;X. OctaeTcs poKasath, uto ee obpas f(V,) comepxurca B Oy.
Ilycts &' = { Py} € V. s HekoToporo A’ = Ag HMeeM PA; = H. Toraa

1€) =P ]= [Py )= IH]=H] = 0y

— HENpPEePLIBHOCTh OTOOGparkeHus [ JoKasaHa.

4°, Kaxnasn touka x€X ocraertcs npun otobpaxe-
Huu [ HemopBuXHOM. B camom pene, Touka x € X oTtoxpe-
CTBJIEHA ¢ T-KOHUOM & (x) = {P) (x)}, COCTOAUIAM H3 BCEX -MHOXKECTB
P33 x. Toraa

Q [Pr)]=x, FEX)=N[Pr(x)]=x,
A

uTO ¥ TpPeGOBaJOChH N0KA3aTh.

3ameyanue. Mol ¢axkTHiecKHM [oKaszand teopemy 4 st mpo-
cTpaHcTBa ® X BMecTo cobcTBeHHO ®,X. Ho npu ectectBennoMm
romeomopusme k! 0, X — 0,X, oToxAecTBAAIOUIEM MeXKny coboil
3T TPOCTPAHCTBA, TOUKM X € X OCTAlOTCH HEMOABHMKHBLIMM K cCylep-
NO3UNNA OTOGparkeHWil ®x~! W [ JaeT HaM HYXKHOE eCTEeCTBEHHOE OTO-
6paxenne o, X na bX.

HenocpencTBeHHBIM clleicTBHEM TeopeM 3 U 4 ABAAeTcs

Teopema 5. [ia ecex xeasunopmaswHeix npocmparcme X u
moabko 0432 Hux npocmpancmeo o, X Boamana— Ilonomapesa cosna-
daem ¢ npocmpancmeorm X Cmoyna—Yexa.
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B cuay ecrectsennoro roveomopHaMa MeXAY I[pOCTpalcTBaMU

0, X u S, X rTeopema 5 moxkeT ObiThb cHOpMYJHPOBAHA U TaK:
Teopema 5. s ecex kesasunopmaeuvix npocmpancms X

u moavko 018 Hux eepxnuti npedesr S, X cnekmpa S, X cosnadaem
¢ npocmparcmeom PX.
Teopema 6 (Ilonomapes [2]). [apakomnaxm X eomeomop-

ther. npedeny S¢X maxcumavrozo cnexkmpa SiX.

IMpexxge yeM mepeHTH K AOKA3aTesbCTBY TEOPEMbI, AOKaXKeM JBa
NPEJIOKEHHS O NMapaKoOMNaKTHBIX MPOCTPAHCTBAX.

[lpennoxenune 1. B moboe noxpoumue o ={0,}, @ €A, napa-
xomnakma X MOxHO enucame pasOuerue.

JdokasatenbcTBo. Be3 orpannuenusi obLIHOCTH MOKHO CYU-
TaTb, 4YTO NOKPHITHE © JIOKAJbHO KOHeuHo. ITo semme o6 yxkaTuu
TOYeyHO KOHEYHBIX NOKpHITHH (cM, § 11 ra. 6) B ® MOXHO KOMOH-
HATOPHO BIHCATb MOKPBITHE V, COCTOSILNEe M3 HA-MHOXKECTB V.

[ycTs MOIHOCTD MOKPHITHUS @ PaBHA T, 4 MHOXECTBO HHjlekcoB ¥
COCTOHT M3 BCEX NOPSAKOBHX uuced 0= o < .

[ocrpoum Tenepsr pasGuenue n={F,}, BrnucaHHOe B NOKPHITHE V.

Honoxum F = | VAN U [Vaﬂ.CncTema {F1} ®a-Mi0xecTB NOKaNbHO
a<h |

KOHeYHa, TaK KaK OHa KOMOMHATOPHO BhHCaNa B JIOKAJbHO KOHeY-

uylo cucremy v. OueBugno, uro <F>N<Fud>=A npu Az=MA".

Ocraetcst nokasartb, 4To cucreMa {F,} sBAsieTcs MOKpeITHEM NpO-

crpancTBa X. B camom nesde, pis JcO60#H Toukd x € X cyllecTsyeT

Takoe Ay, 4to x €[Va,] u x¢[V,] npn A < A,. Crnenosaresso,

.

reVaIN U [vaLc_:[m\ U vl j:“o'

a < hy o <hy

T. e. cucreMa {F,} nokpwiBaer Bce Touku mpocrpancrea X. Mraxk,
MBL 70Ka3anu, 4To cHcrema 1) ={F;] siBAsieTcs HCKOMBIM pa3GueHHeM
npocrpadcTBa X. [lpennoxenne 1 pokasarno.

Byzem roBopurb, 4ro cHcTeMa 0 ={F,} 3aMKHYTBHIX MHOXeCTB
npocrpancTBa X Kacaemcs TNOKPHTHA o, €CJAH HAHJETCA 3JIeMeHT
V € a, nepecekawlluics CO BCeMH MHOXKECTBAMU CHCTEMH ©.

Npennoxenue 2 (Illonomapes [1]). danmoeo umobot npo-
cmpancmeo X Obac naApakomnaxmuo, HeoOxoOumo u 00Cmamouro,
umobvl 6CAKAA Cucmema O, KACAOWAACA 6CeX AOKAAbHO KOHEUHbIX
nokpuimutl npocmpancmea X, umerqa Henycmoe nepecederue.

JokasartenbctBo. 1° Ilycts mobas cucTeMa 3aMKHYTHIX
MHOXKECTB O, Kacalolascsi BceX JIOKaNbHO KOHEYHBIX MOKPLITHI rpo-
crpanctBa X, MMeeT Hemycroe nepecedenue. JlokaxeM, uyro X mapa-
KOMIAKTHO. B TMpOTHBHOM cilyyae CYIIECTBYeT OTKPbITO® MOKPHITHEC
®=1{U,}, B KOTOpOE HeJb3f BOUCATH HHKAKOE JIOKAJIbHO KOHEYHOe
nokpuitde. Torpa cucrema o=={X\ U;} Kacaercs Bcex JOKaablio
KOHeulibIX MOKPLITHII H HMeeT nycroe nepecedeHue,
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2°. Tlycrb npocTpaHcTBo X napaKkoMIakTHO U 0 = {F,} ecTb mpous-
BOJIbHAS CHCTEMA 3aMKHYTHIX MHOXECTB, Kacaiollasics BCeX JIOKAAbHO

xoHeuHbix mokpuiTHiA. IMycts () Fa=A. Torna o={X\F} ecrs

nokpeiTHe npocrpaHcTea X. B Hero MoX<HO BRHCATh JIOKAJILHO KOIeY-
Hoe. nokpuiTHe a={V}. Tak Kak cucreMa 0 KacaeTcs NOKPHITUS «,
TO uUMeercsi asneMeHT V* € a, nepecekawomuiica co Bcemn f; €ag, 4ro
MPOTUBOPEYHT TOMY, 4YTO V* COnep:KHTCA B HEKOTOPOM 3JjieMeHTe
U, € w. Ilpennoxenne J0Ka3aHo.

HoxkasareapctBo Teopembl 6. Kaxknoit Touke x € X coor-
BeTCTBYeT B N, cuMnjekc f, (x)=|ey, ..., e} |, o6pasoBaHubiii Bcemu
TeMu eh, aas Kotopuix X € AL. OueBuamo, 4to fpu o’ > a uMeeM
B by (X) =14 (x). Urak, {t,(x)}—uurp cnextpa S:X. Jlokaxewm,
uto {{, (x)} —maKcumaabHas nutb. Ilycrs nuth §={{,} o6vemner
HHTb {{, (X)} ¥ OTJIMYHA OT Hee. JTO 3UAYHT, YTO f (x) <4, UPH-

o ,
ueM AJis HEKOTOpOoro o, uMeeM fq, (X) < fa,, TAK 4TO £y, = |€g, -..

r r+1 s
ey Cags Coy g veny Eoyle

Mycrs A (t,)—nepeceuenue Bcex A4, rpe. el —sepuwiMHa cum-
niuekca f,. PaccMorpum cucremy o ={A(f,)} 3aMkiyToix MHOxecTB
napaxkomnakra X ; o4eBHIHO, uTO NpH @' > a Mbl UMeeM A (fo )= A (£,),
OTKyJa CJeiyeT, YTO CHCTeMa ¢ LeHTpupoBaHa. [lokaxeM, uTO OHa
KacaeTcsl BCeX JIOKAaJNbHO KOHEYHBIX OTKPHITHIX NOKPHITHI MapaKom-
nakta X. B camom nene, KakoBo Gbi HU OBbLIO JIOKAJLHO KOHEYHOe
NOKPHTHE ©, HMeeTCs BNHCAHHOE B Hero pasbuenne Yo, . BosbMem
NPOU3BOJbHYI0 BEpPUIMHY 65 CHMIJIeKca fq, €5. B mnokpbitud
umeetcs 3jeMenT U, copepxamuit mpoxectso A}, a 3Hauur, u no-
JaBHo MuoxectBo A(fy,) H Beskoe A(fq) npua’ > a,. ITyctsb aano
npousBoibHOe o. Tak Kak cymectsyer o’ >a, o, u A(ly)=s U,
A(le)=A(l), T0o A(ts) NUs=A, wem poxasaso, gro U mepe-
cekaeTcsi co Bcemd A ({/) €0, T. €. YTO 0—CHcTEMA, Kacalowasicst
BCeX JOKaJbHO KOHeYHBIX noxpeituii npoctpanctea X. Ho Torpa,

B cuiay npeutoxenus 2, umeem [ 4 (£) % A. Tak kak A (f,) = AY
[+

(rae A% —(QUKCHPOBallHOE MHOXECTBO W3 pas3CHenusi a, coepKaliee

TOUKY X) H Al=x, 0o U A(ly) =x.
(
¢4 ¢4

!
B uwactuoctn, x € AZ, a 3TO npoTHBOpEuHT TOMY, YTO MitOKe-

crBa Ag, ..., AL —Bce 3JeMeHTH pa3BHeHHS g, cojepikaiue
TOUKY X.

Urak, kaxnoll Toyke x € X COOTBETCTBYeT MaKCUMA/ALHAN HHTh
{ta (2)}.

OOparHo, xaxpaasi MakcuMaabHas Hutb E={f{,! ects nuth BHpa
{ta (x)} mas mekoropoit Touku x € X. B camom nene, Mt BresH,
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410, NoNaras npu e =|eg, ..., €y}
R
Aty)={) A%
i=Q

MBI MOXeM HallTu TO4Ky X € n A(ty). Ecau xots Gbl st OIHOTO @,
¢4

TOYKa X NpHHaLMexana, KpoMme muoxects Ag , ..., Ag, coorser-
CTBYIOWHX BEpIIHHAM €5 , ..., €y CHMIJEKCa lfo,, elle XOTs Obl
omomy AL'', 1o muTL & He 6Bula Gbl MakcHMmaabHOi. [losToMy
to, =1, (x) nnst Bcex a. MTak, craBa B COOTBeTCTBHE KamJOH TOYKe
¥ € X MakcumanbHylo HUTh § = {{,(x)}, nonyunm oTOGpaxenue
f: X— 8 X npocrpancrBa X Ha npoctpanctso S¢X. 310 oTOGpaNe-
Hue B3aHMHO OJHO3HAYHO (TaK Kak eciH fq (X) =1, (x') A5 BCeX «,
TO, MOCKOJbKY cHcTeMa {x u3Meabyalomascd, x=x'). Inas nokasza-
TeNbCTBA TOrO, YT0 OTOOpaxKeHHe f TOMOJAOTHYHO, MOCMOTPHM, YEAly
COOTBETCTBYIOT MJIsi NAHHOH TOYKH X € X M COOTBETCTBYIOMEH TOUKH
E=f(x) mHoxecyBa 0,8 =0,,. Tak xak aas E={lo} =] (x) uveen
to =14 (%), TO OLE cocTtout H3 Tex Touek £’ = f(x'), A5 KOTOPHIX X’
NEXKHT TOJNLKO B TeX Ay €Yy, B KOTOpHX comepxurcs x. dpyrumu
CJIOBaMH,

fr10.E=X\_UJ 4.

X¢Agy

BBuny KOHCEPBAaTHBHOCTH pasbueHHs Y, MHOKeCTBO Ogx —

= X\\ U A4— orkpbiroe MHOXeCTBO, COAEpKalIee TOUKY X H, 3HAYHT,
xeak

OKpecTHOCTb 3Tofi ToukH. Tak Kak cucteMa pasGueHuil {x H3Meln-
yaiouasicsi, To MHOxecTBa Oq,x 06pasytoT 6a3y TOYKH X B mpoctpail-
cre X. Hrak, npu B3aHMHO OJHO3HaYHOM COOTBETCTBHMH [ MeK1y
npocrpaHcrBaMH X 1 Sy X 6ase npoctpaHcTBa S¢ X cOOTBETCTBYeT 6a3a
npoctpanctsa X, 4YTO M O3HAyaer, 4YTO COOTBETCTBHE [-—TONOMOTIi-
yeckoe. Teopema JOKa3saHa.

§ 3. Teopema peanusauuu Ans a6GCTPAKTHLIX CREKTPOB

JlBa cnekTpa HasbBAlOTCA JIKsugareHmubimu (ANeKCaHIpPQB
[9]), ecm oT onHOro M3 HHX MOXKHO NepedTH K APYroMy NOCPeacT-
BOM KOHEYHOTO YHCJIa CNeAyIOIHX Onepalud: nepexox OT JaHHoIC
creKTpa K H3oMopdHOMY eMy; Nepexo[ oT NaHHOTO CHEKTPa K ercG
KOH(HMHAJBHON 9acTH; MEPeXOJd OT AAHHOTrO CIeKTPa K CHeKTpy, CO-
Jlepxailemy. JaHHblii B KagecTBe KOH(pUHanbHOK uyacTh. [IBa cnekrpa
HA3LIBAIOTCS CU.bHO IKBUBAAEHIMHBIMU, €CJAM OHH 3KBHBAJEHTHHI H,
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KpOMe TOro, COCTOAT H3 OJHMX M TeX e (MJH M30MOp(hHBIX) KOMII-
nexcos. Hanpumep, 1Ba cniekTpa, U3 KOTOPbIX OJUH NOJNYYaeTcs u3
Jpyroro ycujexHueM (uad ocjabiaeHdeM) nopsjika, CHJIbHO 3KBHBa-
JEeHTHBL MeXAYy coOpi.

JpyruM 4YacTHBIM CJTyYaeM CHIbHOH SKBHBAJIEHTHOCTH JBYX CIIEKT-
poB S u S* sABjasieTcs ciayyafl, KOrja crnekTp S* nonyudaercs us S
[OCPeJICTBOM TaK Ha3biBaeMOH MyJbTHIIMKAUHU. Mbl nonywaem, no
onpee/ieHHio, MyJbTHILTHKALHUIO JAHHOI'O HarpaBJeHHOro MHOXKEeCTBa
N ={a}, ecnn 3ameHsieM Kax[Abifi €ro sJeMeHT & COBOKYIIHOCTHIO
HOBBIX 3/1eMEHTOB, KOTOpble OynemM o6o3HayaTh ah, ap U T. A. B mHo-
wectBo W*={oh} nonyuyenHBIX TAKHM O0DPa30M 9/1€MEHTOB oA BBOAMM
LOPSA0K, noJaras oA’ Z>oh Toria M TONBKO TOrAa, “Koria o’ = o.
Ecan S={K,, ®%} ecTb cnekTp HaJ HanpaBJeHHbHIM MHOXECTBOM
A ={a}, TO ero My’ bTUMIHKAUHeH, onpeleseHHOH NAaHHOH MYJbTH-
nauKaunue 521*—{00»} €70 MHOXKECTBa HHACKCOB U = {«}, Ha3bIBaeTCA
cnextp S*={Kaa, @ai M! Haj HanpaBAeHHBIM MHOXKECTBOM * = |xh}
(MyIbTHIIMKALHEH MHO)KeCTBa A), npuyem K,y €CTb TOT Ke KOMII-
JeKe Ka, JULIb CHaﬁ}KeHHbIH Hujekcom A, u nmpu o’A’ ok (. e.
opu o >a) npoekuusd HHY: Kg.a — Kga coBnanaer ¢ npoekuuen
&% Ko — Ky Moxno cxa3a'rb, 410 CHEKTp S*={Ka;‘, &M} no-

aygaercst 3 crnexktpa S={K,, &%} TeM, 4TO KaxKAbiil Kommiekc K,
«MIOBTOPAETCS» CTOJNBLKO Pa3, CKOJAbLKO umeercs pap (o, A) npu jpau-
HOM o (M mpoeKnuH Ha S nepexoisT B S* Ge3 HM3MeHeHHs ).

ChopMyspyeM Teopemy peaqH3anuud s KOHEYHBIX CIIEKTPOB.

Teopema 7,. Bcaxuld xoneurnvul abcmpakmubitl npoekytonHelil
CNERMp CUALHO 3KGUBAAEHMEN CNEKMpY HAO HEeKOMOpbiM CeMelicmeom
KOHedHblx pasbuenull bukomnaxmuozo noaypeeyaraproeo T -npocmpan-
cmea (a umenro HaO cemedcngom @ = {Qg} KoHeurvix pasbueruil)
noano2o npedeaa S cnexmpa S.

JloKka3aTenbCTBO TeOpeMHBl 7.

OcuoBHasn nemMa. B konednom cnexmpe S={K,, &%’} cemeil-
cmeo o ={De,}, 20e e, npobezaem éce eepuuunst Komniexca Ke,
ecmn pasbuerue npocmpancmea S.

OueBnpHO, 4TO AJS Kaxaoro o cemeficteo ¢, ={®e,} ectp no-
KpHITHE NpocTpaHcTBa S. PaHee Mbl yCTaHOBH/H, YTO MHOXeCTBa (e,
cyTb xa-mHOxkectBa 0 De, =[0Oe,]s (cM. AOKa3aTenbCTBO Mpejoxe-
wuss 8 § 1). Ocraerca npoBepuTh AH3BIOHKTHOCTb OTKPHITHIX sijep
muoxecTs Qe,. Ho aAns pasiHuHbIX BepIIMH €, H €, KOMIJeKca K,
uveeM Oeg N O = A, 3HaguT, <[Oey]> N <[Oeq > =<Dex> N <Dey.>=A.
CrelloBaTesibHO, @, €CTh pasGHeHue.

Ias pokasaTesnbCTBa TeopeMbl 7, OCTaeTCs yﬁenmbcs{ B TOM, YTO
KOHeuHHH crnekTp S CHUJIbHO 5KBHBAJGHTEH CNEKTPYy S¢ Hal cemefi-
CTBOM @ ={(@,} KOHeuHbIX pasGHeHuH npocTpascTsa S.

[lpexkne Bcero, oueBHAHO, 4TO cheKTpul S U Sy HanpasJeHbl
OIHHUM M TeM Xe MHOXKeCTBOM HHJekcoB A ={a}.
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HokaseiBaem Tenepb, 470 HepB N, NOKpBHITUS ¢, COBajaeT
€ KoMIjeKkcoM K, T. €. 4TO KaKue-HHOyab BEpLIMHBI €5, ..., e
KOMIJieKca K, TOraa H TOJbKO TOTAa 0o6pa3yioT OCTOB B HTOM KOMII-
nexce, korga Med N ... NWMeL 5= A,

QukcHpyeM a==o,, H 1nycTb E={ls} €Dey N ...r](De2 #=A.
Torpa cuminexc t HMeeT B YHCJE CBOUX Bepumﬂ ea yoees oy
KOTOpHiE, C.He}lOBaTeJIbHO o6pasyloT ocToB B Kg . HyCTb Telneps,
11a060poT, tao—]ea y ey eaof—-HPOHSBO.ﬂbHHH CHMILTIEKC KOMIIIEK-
ca K%. B cuny teopemnt 1§ I cyuwecTByer Hurh §={f,}, obbem-
mowas CHMIJEKC Tq, W TOrAd Ee (Dea . Mg FEAL Hamre
yToeps/ienyue joxkasano. Hrak, cmextps S.'n S COCTOST H3 ONHHUX
H TeX Xe KOMILIeKCOB K, = N,.

Hyers o’ > a. Torna, oueBunHO, U3 8% ey =g, caenyer Oe,, = De,,.
O6patiio (B npeanosoxedud a’ >a), U3 ey, == De, crepyer, yro
DL, =€,; B MPOTHBHOM Cjyuae uMesu Obl el ==¢€), =6, U De,, =
= e, N By, 4TO HEBO3MOKHO, TAK KAK P, €CTb pasbueHwe,

Hrak, npu a' > a pa3bueHue @,  BIUCaHO B pasbueHHe @y, Npi-
yeM YTBEpKIeHHS By €y —eq B ey = De, paBHO3HAUHBL

Beenem Teneps B MpuoxecTBo ¥ ={a} HOBBI MopsjoKk, noJjaras
a’ = o, eClil @ BIUCAHO B Py . M3 TONBKO 4TO 10Ka3aHHOro BLITEKAeT,
YTO MOPANOK => 60.1blie ropAaKa > (UJIH COBNajaeT ¢ HHM) B TOM
CMbICNIE, YTO H3 &’ > oo BLITEKAET, ¥TO @ &> .

3ameuvanne 1. U3 npenpinywero ciaenyer, 4to NOPSIOK 2>
SIBJISIETCA MAKCHMAJIbHBIM H3 BCEX MOPSHKOB, KOTOPble MOXHO BBECTH
B CIeKTp S, 1€ H3MEHSS ero MOJHOro npejena.

Bhecs HOBHIfi n0pm10K > B crnekTp S, Mbl JI0JIKHBL elle Ofpe-

JeNUTh MPOCKUHH Eba aas o =a. Ienaem sto, nojaras &’iea, == €y»
ecan Megy. = De,.

B cuny ToabKO 4TO N10Ka3aHHOro, BBOAS B CMEKTP S HOBBIA no-

pANOK ¥>, MBI MoJyyaem crnektp S’ = {K, 8“'} SIBJASIIOLIMACA HO-
PsIIIKOBBIM ~ YCHJIGHHEM CreKTpa S u, creaoBarTesibio, CHNBHO 3KBH-
BAJIEHTHBIH HMCXOZHOMY cnekTpy S.

Onpenenenne 1. Chextp S, Han cemeicTBoM @ = {¢,} pas-

GuenHil TpocTpaHCTBA S HA3LIBACTCH CIEKTPOM, COMPAMEHHDLM
K crektpy S.

3ameganue 2. Tak Kak BCe @, KOHCUIILI, TO NPOEKILHH B CHeK-
Tpe S, CyTh OTOGDaKEHHs «Ha».

PasauyubpiM uHAeKcaM o =0 MOXeT COOTBETCTBOBATh OJHO U TO
Ke pasbueHue (q = @y, TpocTpancrea S,. [lostomy nonayuum Mmy.b-
THILTHKAUHIO Sy cnekTpa S, ecnd Kaxjaoe pasGUeHHE g NOBTOPUM
CTOJIBKO Pa3, CKOJIbKO HMeeTcs JJsi Hero TakHX HHJeKCOoB. CneKTpbt
Se 1 S, CHIbHO 3KBHBAJCHTHB Mexk]y co00il; 1MO3TOMY /st JOKa-
3aTeNbCTBA TEOPEMBl 7, MOCTATOYHO 110Ka3aTb, 4YTO CHEKTpbl S¢ —

= {Ny, 83} 1 S’ = {Kq, (‘52} H30MOp{iibl.
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BBuay pokasanuoro paseHcTBa N, = K, AN 3aBeplleHHst JOKa-
3aTesIbCTBA H30MOp(HU3Ma creKTpoB S’ U S§ HANO TONBLKO BCIIOMHHTD,
YTO NPoeKUHH B OOOHX CIeKTpPax OJHH H Te e,

Teopema 7, nokasana. Ona siBasieTcst BecbMa YacTHHIM CJydaem
ofileil TeopeMbi peasu3alnH, 10Ka3aHHOH 3 afiue BbIM |3] H yTBEepXK-
Jawouleil, 410 mobofl croekTp S, npuHANIEKALLUH K OnpeieseHHOMY
4Ype3sBpYafHO LIKPOKOMY KJACCy TMPOEKUHOHHBIX CMEeKTPOB, 3KBUBa-
JIeHTeH CHeKTPY HaJ HeKOTOPLIM HANPABJIEHHBIM CEMEHCTBOM @ KaHO-

HHYECKHX NMOKPLITHI noayperynsipuoro T,-mpocrpaHcTea S.

§ 4. JleMMbl 0 HERPHBOXHMBIX 3AMKHYTHIX OTOOPaKEHHAX

Onpenenenne 2. [lycre paHo nmpoH3BOsibHOe OTOGpaMKeHHe
[: X —Y npoctpancrsa X Ha Y. D10 orob6pakeHue HA3LIBACTCA HeNpU-
go0uMbiM, ecH Anst Besikoro samkiyrtoro A <= X, A== X, MHOKe-
¢TBO fA oranyHo ot Y.

[Tpennoxenue 1. (Illonwomapen [2]). Laa moeo umobbt
Henpepoisrioe omobpadxcerue [: X —Y 6bin0 00HOBPEMEHHO 3AMKHYMO
u Henpugodumo, Heobxodumo u Oocmamoumno, umobut mareli 06pas
f#U ecaxoeo wmenycmoeo omxpoumozo 6 X muoxcecnea U Goin Heny-
CMbLM OMEDPBIMBIM MHOJNCECMEoMm 8 Y .

Hoxasarteascreo. Ilyers f: X—Y 3amMkuyTo m nenpuso-
aumo u A= U =<U> < X. Tonoxus F = X\ U, umeewm: fF samrnyto
u oTaugHo ot Y, T. e. Y\ JF —otrkpbiroe nenycroe muoxecrso. Ho
YNJF =f#U. JlocraToyHocTb NpOBEpSeTCS TAK MKe MpPOCTO C MpH-
mMeHeHHeM paBeHcTBa [F =Y \\[# (X\\F).

[lpeanoxenue 2 (IlonomapeB [2]). [Tyems [: X —Y —
3amMKHYymoe Henpugodumoe omobpaxcerue u U —Henycmoe omxpoimoe
nodmrosucecmeo npocmparcmea X. Teoeca flU]==|f*U]. B uacm-
Hocmu, 06pa3 KA-MHONCECMEA €CMb KA-MHONMCECME0.,

Hoxkasatenscrtso. flcuo, ytro f{U]=fU =f+*U. Tlostomy
BCJleCTBHE 3aMKHyTocTd oToGpamenns f umeem f[U]=2[f#U]. Hus
npoBepKH 06GPATHOro BKJ/IOYEHHS, B CHIY OOLIEro a8 BceX Hempe-
poiBHBIX [ Bk/moueHus f[{M]<=[fM], pocratouno jokasarb, uTO
JU <= [f#U]. llpeanosoxkumM, 4To 3TO HE TaK, T. €. CYUIECTBYeT TOYKa
x € JUN[f*#U]. Bosbmem takyio Touky y € U, uto fy-= x. CyumecTByer
Takas okpectHocTb Oy Touku ¥, uto Oy = U 1 Oy < Ox == X\ [f#U].
Toraa fOyn[f#U]=A u Ttem Gonee f# Oy f#* U=A. Ho nocaen-
Hee NPOTHBOPEYHUT TOMYy, yTo [#Oy=~=A B cHJV HenpuBOZHMOCTH
orobpaxenus f, u [#* Oy=f# U. Ilpegnoxenune 2 noxasauo.

BriBenem Tenepb U3 npendoxeHus 2 craeiyioliee

Ilpeanoxenune 3. [ycmo [: X — Y —3amxnymoe Henpuso-
Jumoe omobpascerue npocmparncmea X Ha npocmpancmeo Y, u nycme
F ecmp wna-mruoocecrnso ¢ npocmpancmee Y. Toeda cywecmeyem edun-
CcMeenHoe wo-MHooecmeo npocmpancmea X, omobpascaioueecs Ha
sHooecmgo F.
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HdokasartenbctBo. IlpoBepum, 4TO TaKHM MHOXECTBOM fiB-
nsiercss MHOXecTBO [f~'<F>]. Ilpumensisi mpensipyliiee npennoxenue
npu U= [~*<F)>, nonyvaem f[f=1<F>]=F. Ilpennonoxum teneps,
4TO B NpPOCTPaHCTBE X CYIMIECTBYIOT /B2 TAKUX PA3JHYHBIX A-MHO-
xectBa O, u @,, uro fO; = f®,=F. Monoxkus U,=<D), i=1,
2, umeem U,5=U, toraa ogHa u3 pasnocreit U\ D@, u U,\ D,
Henycra. [lycts, nanpumep, V =U \®,s A. Torna, ¢ oaHoit cto-
pousl, f*V=f(U\®,)=fU,=F. C ppyroii cropous, [#V =
= f* U;\f®,. Crenoearenbo, f[#VNF=A. 310 nporuBopeunt
TOMY, 4TO MHOXecTBO [*V Hemycro. IlpeisoxeHue JOKasauo.

M3 nocaeaunx aByX npeasoXeHuil BbITEKaeT BaiKioe.

CanenctBue. llyemov f: X -—Y —samxnymoe nenpusodumoe
omo6paxcerue. Ono nopoxcdaem omobpaxcenue mroxcecmea Ny »a-
MHoocecme npocmparcmea X 8 muoscecmgo 3, na-muoocecme npo-
(mpancmea Y, xomopoe 6ydem o6osnauams maxoice uepes f. Omo6pa-
acerue [: Uy— A, ecmo 63aumno o0HosHaAUHOE COXPAHAIOUEE 1LOPAOOK
omobpaxcerue Ny na Wy, m. e. usomopdusm wacmudno ynopadouer -
Hoix mroocecns Ay u Ay,

§ 5. AGCOMOT peryispHoro NpOCTPaHCTBA

Hauomuum, uro H-cucremoil perynsipHoro npocrpaHcTBa X Ha-
3piBaeTca BCsiKas cucteMa E= {A} HenycTbIX Xa-MHOXKECTB NpOCTpaH-
crBa X, HanpasJeHHasl MO BKJIOYEHHIO, T. €. YIOBJETBOPSAIOULaS
yCIOBHIO: KO BCAKHM XBYM sseMedTam A €§, A’ € § umeerca Tpernit
A" €&, copepxamuiica B HUX oboux: A" = A'N A. Makcumanbhubic
H-cucreMsl Ha3oBeM H-koHuaMu. MeToj oM TpaHC)HHUTHOHR HUYKUM
BeAKyo H-cucreMy MOXHO J0NMONHATL 10 H-KoHua.

OrtMeTHM cJjeayiolide npoctbie cBoiictBa [ -KOHLOB:

1°, IIna moGoro Komeynoro HaGopa snemeHtoB A; H-gomua p

Hajfizercs saemeHT A’ €p, cojiepXaiuics BO BCex A,
n

2°. Ecnn A;€p, i=1, ..., n, 10 | (Y<4» |€p.
i=1

3°. Ecim A €p u A, ectb na-MHOKeCTBO, cojepxauee A,, TO
A, €p.

4°. xa-MHoxecTBO A npuHan’IeKHT H-KOHHY p B TOM H TOJbKO
B TOM clydae, ecau nsi Joboro A’ € p umeem A’ N<A>~A.

CeofictBa 1°—3° aBTOMAaTHYeCKH BLITEKAIOT H3 ONpeleJeHud
H-konua. [poeepum cBoiictBo 4°. IlycTb OTKPHITOE AP0 *a-MHOXKE-
crea A nepecexaercs co BcemH 3nementamu A, H-konua p. Torna
Bce MHOXecTBa cucreMbl o= {[<A>N<A>]| A, € p} menycrnl. He-
TPYIHO NIPOBEpHUTHb, UTO CHCTeMa W, sBJasercss H-cucremoit. Ilonoa-
HuM ee 1o Hekoroporo H-konna v'. M3 csoiicrBa 3° caenyer, uro
A€n up<y/, OTKY1a B CHJIY MakCHMaJbHOCTH p nojyyaem: p =1’
u, caenoBarensio, A€ p. CeofictBo 4° npoBepeHo.
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B nancHeiileM Ham norpebyercs clenyiollee

Mpepnoxenue 1. [Tyemoe o= {A;}—xoneurnoe noxpeimue
npocmpancmea X wa-muoocecmeéamu. Toe0a 0aa mobozo H-xonya p
nepecedenue pNo Henycmo (m. e. éceeda watidemcsn sseMeHm ROKpbL-
musa o, komopbili npunadsescum H-xonyy p).

NoxasatenbcrTBo. B cuny csofictBa 4° mocratouHo Joka-
3aTh, YTO OTKPBITOE $PO HEKOTOPOrO 3JeMeHTa MOKPLITHS o nepe-
cexaercsi co BceMmu 3eMentamu H-kouua p. [pennonoxum nporusnoe,
T. e. 1uis ao6oro A, € o Halfinercs TaKkoe A"‘i € p, uto <A DN Aa‘.:. A.

Ho Toraa nepeceuenne n Aa‘., HMeloIee HemycToe OTKPLIToe sifpo,
i

cozepxurca B muoxecrse X\ {J <A4;>, a1po koroporo, ouwesmano,

13
nycro,— nporusopeune. Ilpenioxende n0Ka3aHo.

O6o3naunm Tenepb uepe3 H (X) muoxectBo Bcex H-KOHUOB mpo-
crpanctBa X. B muoxecrse M (X) 3anafiuM KJ/acCHYECKYIO TOIOJIO-
ruio, 6a30# KOTOPOH sIBJIAETCS COBOKYMHOCTL BceX MHOXeCTB Buna 0 4,
rxe noy O, NOHUMAeTcsl MHO&KECTBO Bcex H-KOHLOB, coiepiKamux
MHOXecTBO A B KayecTse 3jemedra. Dra 6asa, onpelesieHHast B Ka-
YEeCTBEe OTKPHITON 06a3bl, OKA3bIBACTCS, KaK Mbl cefiyac MOKawmeM, W
3aMKHYTOH.

Teopema 8. [Ipocmparcmeo H (X)—unOykmusno nyibmeproe
GuKkomnaxmroe xaycoopgpoeo npocm pancmeo.

[lpexne Bcero pokaxeM cjenyiouiye ¢GpopMmy.ibl:

a) 04,u4,=04,U04,
6) 04 = H(X)\Ox\¢as.

Heiicrutenpio, nyctb p€04, 1. e. A, €p. Torna, B cuiy
ceoiictea 3°, u A,UA,€p, 1. e. p€O4,u4a,; CleNOBaTEILHO,
04,004, =04,ua4,. ITyctb Teneps p € O,y a,, T.e. A,UA,€p. Ecn
A € p, 10 XNKAD Ep*) o, cienoBarenbHo (B cuiy cBoiicTea 2°),
[(X\A,)ﬂ</-l U A 2] €p. Ho [(X\A)N<A,UAp]<= A,, caenosa-
teabHo, A, €p, 1. e. p € 04,. Uraxk, OA‘nA,COA U Oa,, T. e. paBeu-
cTBO a) Aoka3ano. [loysoHB B HeM A =A, A, X\<A> H 3aMeTus,
yro Mmo6oi H-kowew cogepxutr X B Kayecrse 3JIEMEHTa, NOJy4uM
pasencTso ).

Tenepb nepefiieM K JOKas3aTeslbcTBY Teopembl. Herocpencrseniio
W3 onpejenends TOmoJornu BuiTekaer, yro H (X) ecrs T,-npocrpan-
ctBo. Kasuoe orkpbitoe mHoxectso Oy, B cHJY paBeHCTBa 6),
spasiercs 3amkHyTeiM. CnenoBaresibHo, mnpocrpanctBo H (X) umeer
6a3y M3 OTKPHITO-3aMKHYTHIX MitoxecTB, T. e. H (X) HHAyKTHBHO
iyJabMepHo. M3 uHaykTuBHOH HyAbMepHOCTH U T -OTACAHMOCTH

*) B cuay npearomenns 1,
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BriTeKaeT XxaycaopgosocTh npoctpancrsa H (X). Ilokaxkem, Hakouel,
uto H (X) 6ukomnakrHo. IlycTb paHo Hekoropoe mokpuiThHe {Oa,}

npocrpadctBa H (X) MuOKecTBamp 6a3pt. EcliM n3 3TOrO MOKpPHITHA
HEJIb3$1 BbIIEAHTh KOHEYHOTO MOANOKPHITHS, TO BCE XA-MHOKECTBA BILlA

n
{X\U Aq, | wenyctol. Mnave cucrema xa-muoxects {Aq} sBis-
Lo =l
Jach Gbl MOKpbITHEM npocTpancTBa X H, B CHIy npejnoxenus l,
MHOXKEeCTBA OAal. nokpoiBany 6el H (X). Ilanee, nerko BujeTb, 4TO

n
cucTeMa MHOKECTB BHJa X\UAa‘. obpasyer H-cucremy / no-
i=1

n m m
ckosky | XN\NU Ao, INT XN U 4y |2 x\U Aq, ) Honoa-
i=1 i=n+! i=1
HuM oTy H-cucremy pn0 Hekoroporo H-kouua p. $lcHo, yTO p HE
BXONHT HH B OfHO Oa,, TaK KaK p COJAEPXKHT, B YAaCTHOCTH, BCE

muoxecrsa [ X\ A4,]. [Tonyuentoe nporiuBopeure N0Ka3biBaeT GHKOM-
nakTHocTb npocrpadcrsa H (X). Teopema aokasana.
Byaem roBopHutb, yto H-KOHelw p KacaeTcst TOYKH X HJH 4TO X

eCcTb TOYKa npukocuoseunst H-xouuna p, eciau x € n A,. Miuoxe-
Ayep

cTBO H-KOHIOB, WMEIOIMUX TOYKHU NpPUKOCHOBeHus, obOpasyeT noi-

npoctpanctso £ (X) B npocrpanctee H (X) Bcex H-Konuos.

Mpennoxenue 2. H-koney p xacaemca mouxy x meeda i
moAabko moeda, K020a p cOOGPoCUM SAMbIKAHUA 6CeX OKpecmrocmelt
mouxu x.

HNokasarteanbcTtBo. [lyctb p xacaercs toukd x U Ox-—npo-
¥3BOJIbHAST OKPECTHOCTh 3TOil ToukH. B cuay mpesnoxenusi 1 oaHo

n3 Mpoxects [Ox] nau X\ Ox npunagnexur p. Ho rak kak xé X\ Ox
u x€A ana moboro A€p, T0 [Ox]E€p, uro u TtpeboBanoch o-
Ka3aTb.

Q6paTHO, NycTb p COJEPXKHT 3aMbIKAHMA BCEX OKPECTHOCTel
toukn x. B cuny ceoiicta 4° pais mc6oro A u3 p muoxecrso [ X\ A]
He NpUHaLJexuT p; chnepoBarenbHo, X\ A He sBAsiercs OKpecT-
HOCTbIO TOYKH X, T. e, ¥ € A. [Ipepnoxenne noxkasano.

Cnepncraue. [aa awobold mouxu x cywecmeyem H-xoney, Ko-
mopolll ee Kacaemcs.

Jas joxkaszaTenbcTBa JAOCTATOUHO JONOMINTB H-cucTeMy 3aMblka-
Uil BceX oxpecTHocteft TOYKH x Ao H-xoHua.

TaxuM 06pasoM, cTaBs B COOTBETCTBHE KaxjaoMmy H-komny p € i (X)
ero (egHHCTBEHHYIO) TOYKY NPHKOCHOBEHHS, Mbl [IOJyYHM €CTeCTBell-
Hoe orofpaxenne sy h(X)— X npoctpanctBa A (X) na X.



§5] ABCOMIOT PETYAAPHOIO NPOCTPANCTBA 349

Hpocrpanctso 21X u ecTb (Kak Mbl nokaxem) abcomom aX pe-
eyasprozo npocmpancmead X, T. €. eOUHCMBEHHbIl MAKCUMAALHbLE.
cosepuuennoul Henpugodumbili npoobpasd 3TOr0 MPOCTPAHCTBA.

3amevanue 1. Ecau npoctpanctso X ectb H-3aMkHyToe mpo-
CTPAHCTBO (3HAYUT, U NIOAABHO, ecsii X —OBUKOMIIAKT), TO Bce H-KOHLbL
p€ H(X) umeloT Toukd npukoctoBenus u abcomor aX =h(H) =
= H (X) siBnsiercss GHKOMIIAKTOM,

TlepexoauM K n0KasaTesbCcTBY TOro, 4to /1 (X) ZAeficTBHTENbHO:
ectb abcomor mpocTpaHcTBa X.

ITOT OCHOBHOM (akKT SIBASETCA C/AENCTBHEM HECKOJbKHX YacTHBIX
pe3yJibTaToB, KOTOphle Mbl OylAeM Moc/aefoBatesbHO GOpMYaHpoOBaTh
H J10Ka3biBaThb.

Jlemma 1. Ilycme X —peeyasiproe npocmpancmeo. Tozda ecme-
cmeenrnoe omobpaxcenue ny: h(X)— X npocmpancmea h(X) na X
ABAALIMCA HENPUBOOUMBIM U COBEPUICHHBIM.

HNokaszarteabcTso. HenpepsiBHOocTs 7y cpasy cienyer us
BKmoyenHa iy (04Nh(X)) < A u peryasipHoctd npoctpadctsa X.

B cuay npenaoxenns 2 sxx = () Oi0y . [103TOMY MHOMKECTBO nylx
y op 10x) X
Ox

OGMKOMMNAKTHO, KaK 3aMKHYTOE MOAMHOXKeCTBO Oukommakra [ (X).
Jlna jokasaTenbCTBa 3aMKHYTOCTH MW HENpHBOZMMOCTH OTOOpa-
XKeHHsi My HaM noTpefyeTcs paBeHCTBO

X (040K (X)) =<A> (D

4A9 Moboro xa-MHoXecTBa A, KOTopoe Mbl ceil4ac JOKaMKeM.

Bkaniowenne wk (04N k(X)) =<A> cpasy caenyeT u3 mpepsioxe--
uns 2. Jlokaxem ob6patHoe BKmoyenue wu (0,4 Nk (X)) < <A>. Bosp--
MeM NpOM3BOJIbIIYIO TOUKY X, He Jexainyw B <A>. Ilycrs £ == {[Ox]}
ecTb H-cucreMa 3aMbIKaHHil BceX OKpecTHOCTell To4ki x. Jlonosmuam
ee 10 H-cucremnl & =EU{[Oxn(X\A)]}. Jloboit H-komer p, co-
Jepxaiuit H-cucremy &', Kacaercs TOukH X, Tak Kak p>oE. B 1o
we BpeMsi pH A, nockonbky pd XN\ <A>. 3uaunr, pg0a, u, cre-
noBatenbro, x¢n%0,. Pasencrso (1) mokasauo.

HenpusopuMocTs oTOGpameHus sy cieayer M3 pasencta (1)
aBToMatHyecku. JlokaxeM 3aMKHYToCTb miy. Ilycts D —3amkHyTOE
noamHoxecteo B A (X), u nycre x € X\ niy®. Hyxkuo nokasars,
YTO CYWIECTBYET Takasi OKpecTHocTh U Touku x B mpocrpancree X,
gro U N smp = A. Tak Kak nx'x GHKOMIAKTHO, TO HaiiJleTcs OTKpbI-
toe B h(X) mHOMecTBO V, comepxamee nx'x U He nepecekawolieecs
c ®. B cuny GHKOMNAKTHOCTH 7x'x¥ H (OPMYJIbL ) MOXKHO CUUTATh,
yro V umeer Bua O N A(X). Torma oTkpbiTOE MHOXKECTBO
7% (OaNh(X))=<A’> comepkHT TOUKY X H He [epPeceKaercs
c mHoxectBom ntx®. 3amruyTocTh Ty KoKazana, JlokasatenbeTBo
JIeMMBI 3aKOHUEHO,
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HMrak, npoctpanctBo h(X) (BrnodHe peryssipuoe Kak MOANpoO-
cTpaHcTBO Oukommakra f7 (X)) mocpencTBOM HenpHBOAMMOIO COBep-
IUEHHOTrO oOTofipameHus fix orobpaxeno Ha X. J[Ipyrumn cuoBa-
mH, h(X) ecTb HenpHBOAMMBIN COBEpIIEHHBbII MpooGpa3 npocTpau-
crea X.

OctaeTcsl A0Ka3arhb, 4TO 3TOT NpooGpas [B/AAETCA MAKCHMAJbHBIM
A TpUHTOM €IHHCTBeHHBIM MaKCHMaJbHHM npoobpasom, T. e. abco-
JIIOTOM 1pocTpancTa X.

IMyctb f ecTs HempuBOAMMOE COBepLICHHOe OTOGpaKeHue pery-
asipHoro npoctpaHcTBa X Ha peryasprioe npoctpadctso Y. M3 nemm
O HenpUBOJIHMBIX OTOOpaXKEHHSX, NOKA3aHHBIX B § 4, BbITeKaeT cJje-
AYOIHHA OCHOBHOH AJISi HAac pe3ysbTar:

Jlemma 2. Bcskoe cosepuerHoe Henpusodumoe omobpaxcerue f
apocmparcmea X Ha npocmpancmso Y noposcdaem énoawe onpece-
AenHOe monoaoeuteckoe omobpanxcenue [° npocmpancmea h{(X) Ho
npocmparcmeo h(Y), npodoascaiouweecs 0o monosoeueckozo omobpa-
acenus f+ 6uxomnaxma H (X) na 6uxomnakm H (Y).

JoxkasarteabcTBO. Mu 3HaeM (CM. CJIeICTBHE M3 TIPEAJIOKe-
HHg 3 § 4), 4TO npH HENPUROAMMOM 3AMKHYTOM OTOGpaXKeHux

f: X Y MHOXeCTBO Ay BCEX xa-MHOXKeCTB npocTpaHcTBa X H30-
MOpPQHO OTOOpaxkaeTcsi Ha MHOXecTBO ¥, BCeX %A-MHOMKECTB IIpO-
crpancrea Y. HerpynHo BuieTh, 4To 3T0 M30MOp(pHOE OTOOpaKeHHe
nopoxjaer romeomopdusM [+ npoctpaucts H(X) u H(Y), npuuem
BesikMH H-KoHell, KacaloWuics TCYKY X, nepexoiuT B [1-kouell,
xacawomuiics Toukd [ (x), T.e. f*A(X)=h(Y). Lokaxem, 910 eciu
HempHBOAMMOe 3aMKHYTOe oTobpaikenue f: X —Y sBnsercd Gukom-
NaKTHBIM (T. €. COBeplUeHHBbIM), TO, ¥ 06paTHO, BcAKuiA H-Konen
p €h (V) siBaAsieTcs npH oTobpaxenud [+ obpasoMm uekoroporo H-xos-
na g €h(X), apyruMu croBamMi, orobpaxenHe [*, paccMaTpHBaeMOe
na h (X), Tonosoruuecku orobpaxaer i (X) Ha h(Y). B camom pene,
nycts H-xoHeu p €A (Y) KacaeTcs Touku y u p=[*(g).
MuoxectBo @ = f~'y 6GuKOMNAaKTHO B CHJIY OUKOMIAKTHOCTH
orofpaxenus f. CucreMa 3aMKHYTHIX nopmrtomects {® N A, | A, € g}
6ukoMnakra @, OueBHIHO, UEHTPUPOBAHA H, CJIEJIOBATENbHO, HMEET

nenycroe nepecevenue: [} (PN Ay)=@0N () Ac A, otkyna cre-
Ag.eq Ageq

ayeT, uto H-KOHeuw g uMeeT TOYKY MNPHUKOCHOBeHHS, T.e. g €h (X).
Jlemma nokasana,

s nemm 1l u 2 caeayer, uro mnpoctpapctBo A (k (X)) romeo-
sMopguo ki (X).

PaccMoTpuM Terepb €cTecTBeHHHe OTOGPAMEHHS Ty H Ty, MpOo-
crpaucts h (X), A (Y) coorBerctBenno ma X v Y u jokaxeM cie-
Jayioiliee NpefyioKeHHe:
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Jlemma 3. Bcakoe cosepuientoe Henpusodumoe omobGpaxcerue f
npocmpancmea X nHa npocmparcmeo Y moocem Ooimb npedcmagiero
8 8ude

f=nyf nx, @

20e [+ ecmo (00HO3HAUHO onpedesernoe omobGpascernuem [) monosoeu-
ueckoe omobpascernue npocmparcmea h(X) Ha h(Y).

3amMeTHM mNpexne BCEro, YTO M3 CaMOTO ONpeneJsieHHst OTOGpa-
XeHuil my, My, f cresyer, 4to, KakoBa Gbl HH Gblia Touka x € X
¥ X €nx'x, uMmeeM m,fox=fx.

B camom aese, ecan }ce{Aa} €ny'x, 10 x= nAa; toraa fex =
[e 3

={fAda} fx=([Aa=ny["x. A 310 3n124uT, yTO OTOGpaxenue f
22
NIPEACTABJSETCA B BHIE (2) *).
Hakonew, Mbl fokasbiBaeM 3apepiualiomiee npenjoxKeHne:
Jlemma 4. [Tpocmpancmso h(X) ecmov eduncmeenroe npocmpar-
CMBO, ABASIOU4EECS HEnPUBOOUMbIM COBEPUIEHHBIM NPO0GPA3OM BCAKOSO
Henpusooumoeo cosepulernozo npoobpasa npocmparcmea X.
HokazareabctBo. CormacHo JemvaM 1 B 2 mnpocrpaHcTso
h(X) nenpuBoaMMO H COBepIIEHHO OTOOpa)kaeTcst HA BCSKHH Henpu-
BOJMMBIH coBeplieHHBIH Tnpoo6pas npoctpanctsa X. [lycrs Tenepn
Jpyroe npocTpaHcTBO X, HEMPUBOIUMMO M COBEPILEHHO OTOGpa<aetcs
Ha BCAKHH HENpPHBOAHMBIH COBEpWeEHHBII Npoobpa3 npocTpaHcTBa X,
3HAYHT, B Y4aCTHOCTH, H Ha A(X), TaK YTO CYILIECTBYeT HENPUBOAH-
MoOe coBepileHHOoe oToGpaxeHue g npocrpanctsa X, Ha h(X). Tax
KaK h(X,)=h(h(X))—h(X), TO uimeeM anarpammy (rae / —rox-
JecTBeHIoe oToOpaKeHue)
h(X)— h{X)
nx, i B

Xy— h(X)
e

orkyna g-=/gny!. Ecan 6ol Tty ObLIO MHOrO31AYHBIM, TO GLIIO Ght
MHOTO3HAUHBIM ¥ g, YTO MPOTHBOPEUHT TpPEeAnoJioxeHHo. Mrak niy!

N e
OJ\HO3HAYHO, S3HAYMT, Ty, —B3aWMHO OJHO3HAUHOE COBEpIueHHoe,

*) Ecan [ —npouspoablioe TonMosorkyeckoe orobpaxende mpocrpanctsa A (X}
Ha mpoctpancteo A (Y), To oroGpaxenue f, onpeaedasemoe pareHcTBOM (2), ¢Cib,
BOOGLUe TOBOPS, MHOFO3HAUHOE COBepIUeHHOoe M HenmpuBomnMoe oroGpaxenne. Muoro-
3Ha4HOe OTOOpaXKCHHE HA3bIBACTCA COBEPLIEHHBIM (HENDHBOAMMBIV), €CAH OHO JOny-
CKaeT npejicTaBaenne B suje f==p p3!, rie p, ecTb OJHO3HAUNCE COBEpUIEHHOE
(nenpuBonnvoe) orobpaxeHne Hekotoporo npocrpanctea Z Ha X, a py— OJHO3HAY-
HOe coBeplueHHoe (HenpUBOAHMOe) oToGpaenne TOro e npocrpatcrsa Z Ha Y.

Besikoe MHOFO3HauHOe HENpUBOAMMOE COBeplieHHoe oToGpawenmne f npocrpan-
crBa X Ha npoctpaHctso Y mnpeacrasumo B Buge (2) (cM. [lonomapes [2]).
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T. €. TOMOJIOTHYecKoe, oToGpaxkeHue npocTpanctsa h (X) Ha X,—Ha-
ie yTBep:KAeHHe AOKa3aHO.

[lonBenem utoOr:

OcnosHas teopema. Bnoane peeyssproe npocmparncmeo
#(X), nocmpoernoe 023 scakoeo pesyrapuozo npocmpancmea X, as-
AReMCSL eOUHCIMBEHHBIM MAKCUMANLHOLM HENPUBOOUMBIM U COBEPLUEH HBLM
npoobpasom, m. e. abcoromom npocmpancmea X.

Cnencrteue. Ecau ecakuti H-rxoney E={A} s peeyrsprom
npocmpancmee X umeem uenycmoe nepeceuerue, mo X-—Gukomnaxm.

B camom jesie, ¥3 Hawero fpeinosoxeHus, uyro abecoaor aX =
= h (X) npocrpancrsa X ectb 6ukomnakt H (X)=~h(X), a toraa X,
KaK HernpepblBHHIl 0fpa3 cBoero abCcosioTa, TaKkkKe ecTb OHKOMIIaKT.

Tak Kak yTBepxiueHdHe, o6paTHoe K 3TOMY C/AEACTBHIO, OYEBHI-
HO, TO

Pecyasproe npocmparncmeo mozda u moavko moeda Gurxomnaxm-
#0, K020Q 6 HeM BCAKAA HQNPABACHHASL N0 BKAIOHEHUIO CuCmema He-
RYCMBIX KQ-MHOXMCECS UMEEM HEenycmoe nepecedexue.

Mbl mosyunid BHOBb Teopemy 8 rii. 6, snemeHTapiioe J0Ka3a-
TeNLCTBO KOTOpOft fauno B § 1 ra. 6.

PaccMoTpuM JJist 1aHIOTO peryispHoro npocrpanctsa X criekTp
S, X, sBasiowuiics noynbiM paccaabiennem cnekrpa S, X. Ilpesein-
moe npocrpancTBo S, X ofo3unaynm yepes D, a HyabMepHbie KOM-
fiekchl cnekTpa S, X —uepes D,.

HazoBem Touky (uutb) E={ci} €D = II D. ormeuennoit, ecau

%

nAi = X Henycto; Tak Kak X -—XaycaoppoBo NpoCTPaHCTBO, TO
a

mHoxecTBo () A5 cocTonT M3 OANOA TOUKH x=nxE. O6o3nagnm
¢4

uyepe3 D MHOXKeCTBO BCeX OTMEUYeHHBbIX ToYeK Oukomnakra D; Mel
NoCTPOHAH oToGpaxenne ny: D— X wmnoxkecrsa D B X. Okasbl-
BaeTcsi, 4To MHOXecTBO D (paccmaTpuBaemoe Kak IOANPOCTPAHCTBO
ougomnakta D) romeomopduo mnpoctpanctBy h(X) (npuyem stoT
roMeoMopdu3M mnpojposkaercs Jo romeomopdusma Oukompnakros D
n H(X))u, crenosatensbHo, fiBigeTca abcosmotoM npoctpaHcrsa X.
ITpu 3ToM oTOOpaxkeHHe Ty FABJAETCH COBEpIICHHBbIM H HENpHBOLH-
MbIM oTtoGpaxeniem D Ha X,

s poka3zareibCTBA 3TOrO YTBEPKACHHA HAM NMOHAAOGHTCS Clie-
Aywolnee

[Ipennoxenue 3. Mnosecmso 6cex 3reMeHmO8 HYAbMEPHOLU
numu E={A4,} cnexmpa S, X ecmv H-xoney w=w(E). Ob6pammno,
ecau 1 = { Ay} —Kaxoli-nubyde H-xoney, mo 0a awboeo o € xx nepe-
ceverue (1o cocmourn U3 edurncmeernnoeo 3emenma A, u E={A,}
ecmp HYabMepraa Humbe, 048 komopotl (nuesudno) v (E)=n.
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HokasarteabctBo. Ecin §={A,} ectb nyabMepnas Hute
cnekTpa S, X, To, B3aB npou3sosbHO A, €, A, €E B ), cnenyro-
fee Kak 3a o, Tak H 3a o', noayuuMm A,. €E, comepkaueecs Kak
8 Ay, Tak H B A,.. JIpyrumu cioBamu, ecnn E=={A,} ectb Hyib-
MepHasd HHTb, TO MHOXKeCTBO ee ajeMeHToB 1 =n1(E) ectb H-cucre-
ma. Jokaxem, uto 1 (§)—makcumanouas H-cucrema. Eciau 6w
H-cucrema v conepKanacb B OTIHYHOH OT Hee H-cucTeme w' ={A’},
TO uMesioch Gbl Hekortopoe A;€v’, Ay¢n. BosbMmeMm kakoe-HUGYIL
pasbueHnne o, collepxkainee sjgeMedT A;. Tak Kak o CONEPMHUT M He-
KoTophiil aneMeHT A, €1 (§), To pasbuenne coxepkano Gbl 1B2 pas-
JANYHBIX 3JemedTa H-KOHUA 1), 4TO HeBO3MOKHO.

Hrak, nepBoe yTBepXieHHe mnpeanoxeHHs 3 nokasaHo. [lepe-
XOAHM K JIOKa3aTe/IbcTBY BTOporo yteepxAenus. Ecam n=={A,}
ecTb H-KkoHeu, TO B CHJYy npejsoxeHds 1 mepeceyenne mM o He-
fIyCTO M, CJIeflOBATEJNbHO, COCTOHT M3 ONHOTO 3JiemeHra. Jlokaxewm,
4yto HaGop E=={AJ} 3THX s/1eMeHTOB ecTb HUTb cnektpa S, X, T.e.
gyro npu a’ >a Beerna A3 < A). Ho sto cpasy caenyer H3 cyue-
crBoBanus B H-konue § snemenra A* = A3N AY. (4 u3 TOro, uro
a’ > o). Ipeanoxenne npokasano.

Takum o6pasoM, MB UMeeM B3aHMHO OJIHO3HAyHoe OTOGpakKeHue
n: D— H(X) npocrpaHctsa D Ha npoctpancrso f (X), npu Koto-
poM, Kak Jierko Buzetsb, M0,=0,, rle ¢—BepiiiHa cnekrpa S,X,
cooTBeTCTBYIOWAs Ka-MHOKecTBY A. M3 3Toro pasencTsa 3akmouaem,
yTo OTOGpaKeHHe 1} MepeBOAMT OTKPHITYI0 6ady mpocTpancrtea D
B OTKpHTYl0 6a3y npocrpanctBa H (X). CneposaresibHO, 1-—roMe-
omoppusM Mexkay npocrpactBamu D u H (X), npuuem nD =h(X).
Urax, nmeer Mecto

Teopema 9 (Tlouomapes). A6coarom aX pezyasaprozo npocmpar-
cmsa X ecms npocmpancmgeo Dy npu smom D = H (X).

3aseyauue 2. Ecau npocrpaHctBo X Hmeer Bec M, To €ro

a6comot aX uMeeT Bec < T=2M W MOWHOCTH <2‘=22m. Sro He-
NocpeCTBEHHO CJeflyeT M3 Toro, 4To aX ecTb NOAMPOCTPAHCTBO

puxomnaxra ]|]D,. Ot OueHKH He MOryT OGWTb yJyuIleHbL: Tax,
@

abcomoToM Komnakra N, COCTOSINEro W3 CYeTHOro yHc/la H30/HUpOo-
BaHHLIX TodeK N ¥ ONHOH MpenesbHO# TOYKH, SABJSETCA IPOCTpaH-
ctBo PN (pacunpenne Croyna—Uexa wnatypasavnoro paza N),

suverowee Bee ¢ =28 i womuoers 2° (cM. §6, cTp. 357).
Teopema 10 (ITouomapes [2]). A6corom aX napaxomnax-
ma X cosnadaem ¢ npedesom NOAHO20 PACCAADACHUS MUKCUMAALHO20
cnexmpa Sz X.
JokasartenbcTBo. Dyrem Hasuizatb HuTb cnektpa Sp X
HenycToil, ecad Hemycro rnepeceuende ee 3jnemeHToB. [lpn Aokasza-
Te1bCTBE Teopembl 6 § 2 Mbl MONy4HaH, YTO BCe HUTH cnekTpa S; X

32 n. C. Asencananos
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(B yacTHOCTH, W HYJbMEpHble HHUTH) lenycThl. Jlerko NpoBepUTH,
YTO MHOXECTBO 3JIEMEHTOB HyJbMepHO#l [-HHTH *) ob6pasyer H-cu-
cteMy (4TOGbl B 9TOM yGeAHuTbCst, AOCTATOYNO JOCJOBHO {IOBTOPHTL
ROKA3aTeIbCTBO STOTO YTBEPMACHHA IS HYJbMEpHOHA %-HUTH, KOTO-
pasi B CHJAY HemycToTh {-HWUTH figjisieTca h-cucremoit, T.e. H-cucre-
MO, ¥Melolle#dl TOYKY MPHKOCHOBEHHS). Mbl yKe yCTAHOBHJIU B3a-
MO OfHO3HAYIIOE COOTBETCTBHE MeXJy A-CUCTeMamMyd ¥ HEMYCTBIMH
UY/JbMEPHBIMA X-HUTAMY, 4 MMEHHO KaXJIOH HenycToil x-HUTH Oblad
NIOCTABNEHA B COOTBETCTBUE fi-cHCTeMa ee »aemeiiToB. [losTomy s
3aBepIUeHUS JI0KAa3aTeJNbCTBA TEOPeMbl HaM JOCTATOYHO AOKA3aTh

Mpennoxenue 4. Beakas nenycmas x-numo E,={A} edun-
crmeerHbim 00pasom Odonoansemca do Henycmod G-rumu & =_{(E,; npu
amom Humu (&, u &, cocmosm U3 00HO20 U MO20 e MHONCECMBE
BAEMEHIMOB.

HokazartenbctBo. Ciayana AoKaxem, 4TO B JOOGOM pasbu-
eHUH o €{x CONePKHUTCH 3JeMenT A, —OueBHAHO, elnHCTBeHlbIA,
npuHajiealmuil gaHHo# nenycroit HutH E,. Jns Jokasarescrsa
0603HaYUM yepe3 X, EAMHCTBEHHYIO TOUYKY, NPHHAJMEKAIUYIO BCEM
muoxkectBaM A € &,. Tlycts o={AL,..., A}}—coBokynuocrs Beex
9JeMenTOB pasbueHlist o, COHep:Kallux TOuky x,. [losoxum o' =
=a\ o0, B=a'=[X\ 0]. Cpenn siemeHTOB KOHe4yHOro pasbii-
ennst {AL,..., A%, B} npoctpaiictBa X onMH-efMIICTBEHUBLIA conep-
HuTesl B E,. DTHM 3JIEeMEHTOM He MOXeT ObiTb B, Tak Kak x,& B:
3HaylT, OAMH U3 sjemeHTOB AL, ..., A} NOKPHITHS A CONEPKUTCS
B &y.

Hrtak, B Kkax10M 2 €{x COJepXKHTCH eAUHCTBEHHBI 3/eMeHT A,
vutH E,. Ilokaxkem, uto nonyuenustit nmabop &:=={A,} ectb {-HuTh,
T.e. 4T0 npu. o’ =a umeeM A, = A, (4, 3dauut, 8% Ay = 4,).
MuoxkecTBo Bcex A, ecth H-cucrema (Kak MHOMKECTBO BceX 3Je-
MeNTOB X-HHUTH E,), nostomy ans A, u A, Halinercs sic-
ment A* €E,, nexamuil B AN Ag; 1O Tak Kak o' >=a, 10 A,-
COEEPXKHTCA B eJMHCTBEHHOM 3JieMeHTe pasfHeHHs o ¥ HH C KakiM
JPYTHM 3JIEMEHTOM 3TOro pasbHenus He uMeeT OOHIMX BHYTPEHHMX
TOYek; mostomy M3 A* € A,N A, caepyer, 410 Ay, = Ay, TaK 4TG
E={A,} ecTb {-HUTb, W mpemjOKenHe 4 NOKA3aHO.

HMrak, mbl uMeeM ecTecTBeHHBIA roMeoMOpGhH3M MYy NpOCTPaH-

crBamH S; X u h(X). drum teopema 10 pokasana.

§ 6. IxCTpeMaNbLHO HECBA3HLIE NPOCTPAHCTBA

TonoJsornyeckoe NPOCTPAHCTBO HA3LIBAGTCH IKCIILEMAABHO HE-
C6A3HbLM, €CIIH OHO PEryJSipHO U TpaHHla KaXK[AOTO ero KaHOHHue-
CKOFO MHOXeCTBa (OTKPBITOFO HJM 3aMKHyTOro) nycra. Tak Kak

*) Hrobwl B nanbnediliem pasauuath HuTH cnektpoB Sx X n Sg X, mu Oyaem
Hasbigalb HX COOIBEICTBEIINGO X-HUTE ¥ {-HHTb.
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%Q- M HO-MIIOXKECTBA B3aHMHO AOIIOJHHTENbHBI, TO BCe PaBHO, TpeGo-
BaTb JIX B 3TOM OIpejefieHddl NYCTOTY TPaHUUBL XKA- WJIH XO-MHO-
kectB. OUEBUIHO, 4TO FKCTPEMAJIbHO HECBS3HbIE MPOCTPAHCTBA MOTYT
6bITb OnpefeseHbl KaK peryJadplibie NpPOCTPaHCTBa, YAOBJAETBOPSIO-
ulMe NpPOM3BOJILHOMY H3 CJCNYIOUUX YCJIOBHIL:

1°. Bce xo-MHOXecTBa npocTpaHcTBa X 3aMKHYTHI.

2°. Bce xa-MHOXKECTBa OTK]BITHL.

3°. 3awmbikaiine MmoGOro OTKPLITOrO MHOXKECTBA OTKpHITO.

4°, OTKpBITOE AAPO BCSIKOrO 3aMKHYTOIO MHOXECTBAa 3aMKHYTO.

5°. Henepecekalouiyecs OTKpBITbie MHOKECTBA HMEIOT Herepece-
Kalouiyecs: 3aMbIKAHUA.

Besikoe skcTpemasbHO HecBs3HOe NpOCTpaHCTBO X, OYEBHIHO,
MHAYKTHBHO HYJABMEPHO.

B § 4 6610 n0Ka3a10, YTO 3AMKHYTOE HenpepbuBHOEe 0TOOpaKEeHHE
npocrpancTBa X Ha NPOCTPAHCTBO Y TOrAa M TOJAbKO TOTAA HempH-
BO/IMMO, KOrja s JuoGoro oTKpbuiroro B X HemycTtoro mMHoxectsa U
mHOXkectBO [# U oTkpbTo M Hemycro. BelBeneM orciopa

IMMpennoxenue 1. Henpusodumoe 3amKHYmMOe HenpepbisHoe
omobpaxenue [ xaycdopgoea npocmparcmea X HA IKCMPEMAALHO
HECBA3H0e NPOCMpancmeo Y A8ASEMCA MONOA0SUMECKUM.

JlokasaTtelbcTBO. JlOCTATOUHO N0Ka3aTh, 4TO OTOGpakenue f
B3a¥MHO OIHO3Ha4HO. [IpefnosioKHM, YTO 3TO HE TaK, T.&. B Mpo-
crpancTBe X CYIIECTBYIOT JiB€ TOUKH X, H X,, OToOpaXkaiouecs B OfHY
TOUKY Yy €Y. Y Touek x; U ¥, CYUIECTBYIOT HElepeceKalomuecs oKpe-
crHoctd Ox, 4y Ox,. VIx mansie o6passt f# Ox, u f# Ox, OTKPHTH H
Takxke He nepecekaioTcs. Toria He nepeceKaloTcs H KX 3aMblKaHHs.
Ho y€fOx,=f{Ox)={f*O0x] wu, suauur, y€[f* Ox}n[f* Ox,].
Tlo.TvueHHoe NpOTHBOpeUHe 34BEPLIaeT J0KA3ATeAbCTBO NPELNOKEHH .

Teopema 11. Adcoarom aX =h(X)= D peeyaapHozo npocmpati-
cmea X asxkcmpemarero wecssaser. [Tpocmpancmeo H(X)=D maxaxce
BKCIM PEMAALHO HECBASHO.

HokasatensbctBo. [lpexae Bcero 3amMernM, 4TO BCIOAY MJIOT-
HOE [OIIPOCTPAHCTBO SKCTPEMAJILHO HCCBA3HOTO MPOCTPAHCTBA IKCTpE-
MalbHO HecBsi3Ho. DTo cpasy ciaenyer u3 dopmyast {00 Xy, =
= [0]xN X,, BepHOil Anst aoGoro miuotHoro B X moxmpoctpancTBa X,
¥ moGoro orkpsitoro B X MHoxectBa O. Jloka3aTenbCTBO 3TOH
(opMyJibl He cocTaBisieT Tpyna. '

ITosroMy AAS JOKa3aTeJbCTBa TEOpEMBl NOCTATOYHO NPOBEPHTH
9KCTpeMajlbHY10 HeCBA3HOCTh npocTpaHctBa H(X), Koropast B CBOIO
odepellb, OYEBHIHO, BLITEKAeT W3 pPaBeHCTBA

0 =0 . %
{9 A,,]HX» [(ia.,)]x ()

D10 paBeHcTBO MHl cefidac AokaxeM. DBkiouenue {UOAaJ =
24
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& Opy (a5 CNleayer 3 cBofictBa 3° H-KOHUOB (cM. § 5) u us
(%]
3aMKHYTOCTH MHOXECTBa O[U <Aa>]' Iokaxkem o6GpaTHOe BKJIOYe-
[+

Hue O[U <Aa)] = {UOAa] . Iyems pe O[U <Aa>] u 04—tk ous3-
@ . % La
BOJbHAA oKpectuocTb Toukd p. Torpa <A>N U (A >~ A, 3aa ar,

[+4
HafijeTc TakKoe a,, 4to <A>N<Aq>7 A. Ho Torna O,N 04, +#A

H, CJefoBaTeNbHo, OAnUOAa#:A. Hrak, ma106as OKpecTHOCTb

[+

TOUKH® p Tepecexkaercst C UOA,x' T.e. p€E [UOAG]- PageticTBo (%)
o [+
JIOKa3aHO; BMecTe C HHUM JIOKa3aHa U TeopeMma.

N3 Teopemst 11 BeiTexkaer

Teopema 12. [aa mozo umobor npocmpancmeo X, 66110 abco-
AOmom KaKozo-Hubyds npocmpancmea X, Heobxodumo u docrmamouro,
umober X, 6biA0 IKCMPeMAAbHO HECBASHbIM. B 3mom cayuae npocmpar-
cmeo X, AAReMCA aDCOMIOMOM CAMO20 CeOA.

Mpocrpancrso H(X)==D. dnsa moGoro peryasipHoro npocrpaH-
ctea X oOukomnakt H(X)=D ecTb 3KCTpeMasibHO HeCBsI3HOE MpO-
CTPAHCTBO H MO3TOMY, OYyAyuH OHKOMNAKTHBIM PaclidpeHHeM Npo-
crpanctBa aX =h(X)=D, aBseTcs HeOOGXOAHUMO €ro MaKCHMaJIbHbIM
(1. . CTOyH-yeXOBCKHM) pacuiHpenueM PaX, NOCKOJbKY uyMTaTe/lDh
Nerko MOXeT IMPOBEPHTb, YTO BCSIKOE ecTecTBeilHOe OTOGpaKeHue
OlHOrO GHKOMIIAKTHOrO PacIIHpeHHst 1a Apyroe Herpusopumo. Mrak,
ana moGoro X umeem H(X)=Bh(X) (D=pD).

IMyctb Teneps X -——sBnosue peryaspHoe npocTpaHctso. Jlokaxewm,
gto toraa H(X)=apX u, sunauur, paX=af X.

M3 pasencrBa H(X)=PpaX, B cuny rteopemnt 18 § 6 ra. 6, Bu-
TeKaeT cyllecTBoBaHHe ortoGpawxenus mn: H(X)—PX OGuxomnakra
H(X) B B X, siBasiomerocs npojoskenvem oTobpaxeHuss fy A(X)-—
-— X. W3 HenpusoAMMOCTH OTOGpameHus iy CjAeLyeT U HenpHBOAU-
MOCTb OTOGpaeHHMst 7. HMrak, sxkcTpeMaJbHO HecBSISHBIA GHKOM-
nakt f/(X) ecTb HenpHBOgUMBIA cOBeptleHHBIH npoobpas BX, T. e.
abcosoT npocrpanctea PX. Hokasana dopmyaa H(X) =apf X =BaX.

Tak kak Bcsikoe xaycaopdoBo GHKOMIAKTHOE paculdpeHUe BoJie
perynspHoro npocrpascrsa X siB/S€TCS COBEPIUEHHBIM HeNpHBOAH-
MbiM TpooOpa3om mpoctpanctBa BX, 10

abX =aPpX =PaX=H(X)=D (1)
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— 6ce xaycdopghosvt Guxomhaxmubie pacuupenus npocmpancmea X
umerom o0ur u mom e abcoaom.

PaccMOTpHM, B 4aCTHOCTH, NpocTpaHcTBO N, cocrosiiee U3 cyer-
HOTO YHCNa M30JMPOBAHHBLIX ToueK. OHO 3KCTpeManbHO HeCBA3HO H,
3134HT, COBNAAAeT CO CBOMM abCOMOTOM. 3HayuuT, MJis JOGOro 6HKOM-
nakTioro pactivpenus bN umeem

abN =aBN = PaN =BN. ©)

Hekoropeie cmofictea PN. B 3ToM mnyHKTe MbI JOKa)eM, 4TO
Bec PN paBeH ¢, a MOILHOCTb —2°¢,

Kak Mbl 3HaeM, TUXOHOBCKMil KyO /¢ Beca ¢ MeeT CueTHOe BCIOAY
NJI0THOe NojAMHoxecTBO A (cM. crp. 263). PaccMorpuM otofpakenne
@: N —[¢, Koropoe (B3aNMHO O;1HO3HAYHO) OTOGpakKaer MioXkecTBO N
Ha MHoxectBo A. OroGpakenue ¢ HenpepbiBHO, KaK H BCSKOe OTO-
GpaxeHne JUCKpeTHoro npoctpaucrea. [lo. teopeme 17 rnaswl
6 (ctp. 271) oroOpaxeHue ¢ MoxeT ObiTb MPOJONKEHO IO Hempe-

puiBHOrO oTo0paxkeHus ¢: BN — f¢, Tlocko/abKY HempepHIBHLI 06-
pa3 OHMKOMIIaKTHOrO NPOCTPaHCTBa OUKOMAAKTeH, MHOXecTBo QN
GHKOMIIAKTHO M, 3HA4YMT, 3aMKHyTO B f¢. B To xe Bpemsa ¢fN co-

AepxHUT BcloAy nJjorHoe B /¢ noxmuoxectBo A. IMostomy PN ==1°,
Urak, npocrpanctso PN MoxeT ObiTb HeNpepuiBHO OTOOPaXKEHO Ha
THXOHOBCKHH Ky6 [¢. Otcioga, ¢ OMAHOH CTOPOHBI, MOJMyYaeM, 4T0
MOILLHOCTb MHOXKecTBa BN He MeHbLIe MOLIHOCTH TUXOHOBCKOTO Ky6a /¢,
koTopasi paBHa 2¢. C Ipyrofi CTOpOHbI, NpH HeNnpepuiBHOM OToGpa-
JKeHHy OHKOMIIAKTOB Bec He yBesJuuuBaercs (cM. teopemy 10 ria. 6
Ha crp. 250). [lostomy Bec PN He MeHbllle Beca THXOHOBCKOIO
KyGa [, KOTOpHIA paBeH c.

TTokaxkeM Tenepp, 4YTO MOILHOCTbL MHOXecTBa PN me Gosbie,
yeM 2¢. 310 BhITeKaeT W3 CJeJlYIOWEero OGIEro yTBep:KAEeHHS:

[Tpeanoxenue 2. MowHocms npouseovHozo cenapadesHozo
xaycdopghosa npocmparcmea He npegocxodum 2¢.

NoxazatenbcTBo. [lycrb X -—xaycnopdoBo mpocTpaHCcTBO
1 A-—cueTHoe BciOAYy mioTHoe B X MHOxecTBO. JIJis POH3BO/bHOI
TOYKH X NIpocTpaHcTBa X NOMOKHM &F.={A N Ox: Ox—npousBoib-
Hasl OKpecTHocTb TOYKH x}. Besikoe MHoxecTBo A ) Ox ecTb s/ieMeHT
MHOXecTBa P (A) Bcex noamHoxecrs MHoxectBa A. [lostomy &,
ectb IOAMHOKECTBO MHOxecTBa P (A) uaM 37eMeHT MHOMKeCTBa
P (P (A)). Nanee, &, siBadeTcs LeHTPHPOBAHHOL CHCTEMOI MHOXECTB.
TlosToMy ANl pa3NUUHBIX TOYEK X H Y CHCTEMBI . M &, PA3NHUHLI,
MOCKOJbKY B MpPOTHBHOM Cjlyyae, B3sB Helepecekawlluecs OKpecT-
nocru Ox u Oy TOUeK X W Yy, MOJNYYHsM Gbl NyCTOE MHOXKECTBO
Oxn AN Oy, npunalaexaiiee cucreMe g§,. 3HAYHUT, X — §, €CTb B3a-
HMHO OJHO3HAuHOe OToGpaXieHUe MHOxKecTBa X B MHOXecTBO P (P (A4)).
CrnenoBaTeNbHO, MOIIHOCTL MHOXKecTBa X He MPeBOCXOJHT MOLIHOCTH
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muoxecrBa P (P (A)), xoropas paBHa 9:80

crp. 32). Ilpeanoxenue 2 aokasaHo.

Octanoce nposeputh HepaBehcTBO w (BN)=<Ic. Beakoe KaHOHH-
YecKoe OTKPLITOE MHOMXKECTBO O{H02HAYHO ONpelenserss MOOLM CBOHM
ECIOAY [@JIOTHBIM TMOAMHOMXECTBOM. B dacTnocTh, BCsiyoe KaHOHHUec-
Koe OTKpnToe MHomecTB0 U PN oInosnauyno on\weleasercsi e
6osiee 4eM cueTHbiM MuoxectBoM U NN, a umenno |/ =<[UNND.
Cre10BaTebito, MHOKECTBO U BCeX KaHOHHUECKHX & /KPHITHIX MOX-
MHOMeCTB NpocTpancrBa PN HaxoAMTCH BO B3aHMHO OIHO3HAYHOM
COOTBeTCTBHH C MHOXKECTBOM BCeX MOJMHOMXKECTB MHOxecTBa N, T. e.

=2° (cM. 3ameyanue 3 Ha

nmeer Mowocts 280 =¢. C Apyrofi CTOpONbi, KaHOHHYECKHE OTKDBI-
ThiC MOMMHOAecIBa 06pa3yioT 6a3y B JOOUM NOAYperyJasipHOM Ipo-
crpaHcTBe, B 4actHocTd U B BN. Ilosromy Bec mpoctpaHcTea BN e
IPEBOCXOANT MOIIHOCTH KOHTHHYYMA.

§ 7. CoaGcomoTHBIE NPOCTPAHCTBA

Peryasipiioe npocTpancTBO X Ha3bIBAETCS COAGCOAOMHbIM JAHHOM Y
peryJaspHoMy npocrpancTsy Y, ecau aGeomotsl aX u aY npoctpaHcis
X u Y romeotiopdHbl.

TakuM o6Gj)a3oM, Ha Kjacce BCeX peryJisipHbIX TMPOCTPAHCTB Oripe-
JlesieHo OTHOuIeHHe coabcoaomrochiy, KOTOpoe, O4eBUAHO, YAOBJIETBO-
psieT CBOHCTBAM PpedIEeKCHBHOCTH, CHMMETPUH H TPAH3UTHBHOCTH,
T. €. ABJsIeTCH OTHOLICHUEM 3KBHBAJCHTHOCTH (cM. ctp. 16).

Teopema 13. [Iaa moeo 4mobbt npoussoabHble peeyasiproie npo-
cmpadcmea X u Y Gotau coabeoaontHet, HeOOX00UMO U 3ocmamouro,
umobsl CYWecneosane pesyiipree RPOCMPAHCmMeo Z U COBeputeHHbe
Henpugoduasvie omobpascerus [+ Z— X u g2 Z—Y.

HoxkaszarenbctBo. Ilpeanonoxum, uto npocrpaHcrea X u Y
coabecostiotHel.  Torja cywuecTByeT romeoMopdHsM HX abComo10B
h: aX —aY. llonoxum Z=aX, f=mny u g=n,h. [pocrpancreo Z
pery;isipHo Kak MNOAMHOXKecTBO OukomnakTta f (X), a oroGpamenus
f u g coBeplieHiibi ¥ HENpUBOAUMB B CHJAY .a1eMmbl | u3 § 6.

HaoBopoT, nycTb 1aHbl peryssipHoe npoCTpPaHCTBO Z H cOBep-
HeHHble HerpHBoAUMble oTOOpaxeHns [: Z— X u g: Z—Y. Torna
no Jeume 2 u3 § 5 abcomor aX npocrpaHcTBa X romeoMmopden
«6coMoTy aZ npocTpaHcTBa Z, KOTOPHIH B CBOIO OYEpelb FOMEOMUp-
tden abcomoTy aY upoctpaucrsa Y. Teopema 13 nokasana.

s aroii TeopeMbl BhiTeKdeT

Teopema 14, Bce Geckoneurvie Komnaxmel, 8 KOMOPLIX U30AU-
DOBAHHbIE MOUKU 06pasyiom 6clo0Yy NAMHbIE NOOMHONECMEA, NONAPH Y
20a5COMOMHLL.

B caMoM Jlene, AOCTaTOYHO MOKa3aTb, 4910 a6COJIOT BCSIKOTO Tu-
xoro kommaxkrta X romeomopded npocrtpancrsy PN. [lycts A —wmuo-
HeCTBO BceX H30JHUpOEaHibiX ToueK Komnakta X. Muoxecrso A
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OTKpHITO, CYETHO H BCOAY MJIoTHO B Kommakte X. OtoxiecTBus
MHoxectBa A u N, nonyyaeM, uto ipocTpaHcTBO X COBIA/2eT ¢ He-
KOTOPbIN GHKOMIAKTHBIM paciivperiveM &N mpocTpaHCTBA HATypasb-
Hoix uucea N. CreloBareaniio, B CHJIy paBeHcTs (2) Ha cTp. 357
HneeM

aX ==abN =@N.

Tenepb ykaxem Apyroit kjacc coabeconmoTiibix KoMmnaktos. Ho s
STOTO Npel1BapuUTebHO AOKAaXeM OIHO BCIOMOraTejbHOe yTBEpKaie-
Hue, HMelollee H CaMOCTOSiITeNbHbI HHTepec M NOKasblBawuiee, 4To
HerpuBOIHUMbIX OTOGPaXKeHUll /I0CTaTOYHO MHOTO.

Jlenxma., Iycms f: X — Y —npoussoaeroe Guxomnaxmroe omo-
Opascerue ¥) npousgorsroeo npocmpancmea X Ha npocmparcmeo Y.
Toeda cywecmeyem marxoe 3aMxnymoe 8 X MHOXCECTMEO, KOMOpoe No-
cpedcmeon omobpascenus [ nenpusodumo omobpascaemca Ha Y.

Hoxaszarenbcrtro. Ilosaraem X, = X ¥ npeanonoxum, 4970
219 BCeX MNOPSIAKOBBIX 4HCEeN U < A OIpeiedeHo 3aMKHYTOE MOIMHO-
axectBO X, npocrpanctBa X, Tak 4to X, =Y v npu p” > pu' umeem
Xy-=Xy-. Ecan A—u3onupoBandoe nopsiikoBoe 4ucao, A:-=p 1,
# oTto6paxkeHHe [ HeMPHUBOIMMO HA MHO)KecTBe X,, TO MOCTpoeHte
3aKoH4ello M TpefyeMoe MHOxecTBO Haileuo. Ecaun ke otobpaxe-
snpe [ Ha MHOxecTBe X, He fIBJAeTCA HENPUROIMMbIM, TO CYLLECT-
ByeT cOOCTBEHHO2 MOJMHOKECTBO Xy ., MHOxecTBa X,, KOTOpoe Io-
cpeicreom [ orobpaxaeTcd Ha BCe HPOCTPaHCTBO Y.

[lycrs Tenepb A —Tipeienbuoe TpaHchuHuTHOE YHcao. Torla

noaokuM X3 = ] X, ® fgokameM, uTO A1f BCAKOW Toukn yEY
nw<a

11e1ycTo MuoXKecTBo X, N1 f~'y. D10 BRITEKaeT 13.Toro, 4to X, 1 f 'y =

= ) (Xunf~'y), a munoxecrsa X, N[~y obpa3yior BilosHE ynops-

n<h
JOUEHHYIO yﬁblBa]O]lly}O CHUCTEMY HEMYCThIX 3aMKHYTLIX TOIMHOKECT3

OUKOMIAKTHOTO npocrpauctBa [~ly. Mrak, mitoxkectso X, otodpa-
Kaercs rocpelcTBoM oToGpaxenus [ Ha Bce npocrparnctso Y. Mu1yx-
HHsl HIET JNadblile H 3aKaH4HBaeTcs JIMIib Ha TAKOM MHoxectBe X,
KOTOPOE MOCPe1CTBOM OTOGpaKeHMst [ HenpuBOIMMO OTOGPAKACTCH
Ha Bce npoctpanctso Y. Jlemya jokasana.

Teopewma 15. Bce komnaxmo: 6e3 U30AUPOBAHHBLX MOYEK NONAPHO
£0a6CoAUOMHbL.

Hdoxkazartensnctro. Hocraroyno nokasarb, 4to a6coqioT aX
BCAKOro Komitakta X 0e3 v30JWpOBaHHBIX To4eK romeoMopden abco-
qiory all kanropoBa 1uckontunyyma IT. [o Teopeme 24 ma crp. 212
cyuecTByeT HenpepbiBiioe orobpaxenue f: II— X kanroposa nuc-
koutunyyma Il ua xomnaxkt X. Ilo TonbKo 4TO flOKasaunioi Jemue

*) Orobpawenne fi X — Y uaspsacres 6GuxomnoxmAsis, €CIH A4 seaxofl
T 4k Yy €Y ee noauuii npoobpa3s f—ly Gukomnakiel.
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CYLIECTBYET TaKOe 3aMKHYTOe TMOAMHOMKEeCTBO Y KaHTOpoBa JHCKOH-
tauyyMa [II, aro orobpaxenne f: Y — X Henpuoaumo. [Tockoiabky
B MpocTpaHCTBe X HET W30JIHPOBAHHBIX TOYey, a oOToGpaxeHne
[: Y — X nenpuBoanMo, B npocTpaHcTBe Y Takjie HET H30JAHPOBaH-
neix ToYek. Ilo Teopeme 25 Ha cTp. 146 MHOMed:Bo Y Kak HenycToe
COBepIIeHHOEe NOAMHOXECTBO KaHTOPOBa JAHcKoH uHyyMa II romeo-
moppHo Bcemy auckonTuHyymy II. C apyroit crf poHst, no Jemme 2
u3 § 5 abconoTh npocTpancTB X M Y roMeoMOpoHbI, 3HAUHT, a6Co-
JoT koMnakTa X roMeoMopdeH abCo/MIOTY KAHTOPOBA JHCKOHTHHY yMa.
Teopema 15 nokasana.

Tenepp nanum chenyiomee nprnHalnexamee B. Y. IMoHomapesy

Onpeneaenne. CeMeiicTBO B OTKPHLITHIX NOAMHOMXECTB TONO-
JIOrH4eCcKOro mpocTpaHcTBa X HashiBaeTcsi 7-6a30i 3TOTO MPOCTpaH-
CTBa, €CIH BO BCSKOM HEMYCTOM OTKPHITOM MHOxecTBe U mpocTpaH-
ctBa X COJEPXHTCA HEKOTOpoe Hemycroe MHOXecTBo V, npuHai-
Jexaiiee ceMeiictsy B.

Bcakasi- oTkpoitasi 6asa mpoctpadcTBa X, OYEBHIHO, ABJASETCS
n ero n-Gasoil. Ho, kak Ml yBHIMM HUXKe, noHsiTHe T-Ga3bl 3Ha-
YHTEIBHO IIHpPE MOHATHS OTKPHITOH 0asbl.

HaumeHnbinas MomuocTe n-6a3 npoctpaHcTBa X HasblBaeTCs €ro
m-eecom u oGosHauaercss yepes mwX. OueBHAHO, YTO J-BeC MPOH3-
BOJIbHOTO NPOCTPAHCTBa He NpeBOCXOAHT ero Beca. Crepyiomee yT-
BepIKIEHHE HeOXHIAHHbIM OGpasoM CBA3LIBaeT N-BeC C HEMPUBOAH-
MBIMH OTOOpPaXKeHHSIMH.

Mpennoxenune 1. Ecau cyuwjecmeyem 30MKHYMoOe Henpueoou-
Moe omobpanceriue [ npocmpancmea X Ha npocmparncmeo Y, mo

nwX = awY.

HoxasareabctBo. Ecau B={V}-— kakas-anbynrp n-Gasa
npocTpaHcTBa X, TO COTJacHG npelJoxendio 1 n3 § 4 cemelictBo
f#8 = {f#V} asasercs m-6asoit B npocrpaHctse Y. [Moatomy nwY <
< nuwX. Ecan xe B={V} ecrv n-6a3a B npocTpancTee Y, 10 cemeil-
ctBo [~ B =={f-1V} sBaserca n-Gasoii npoctpanctBa X M, 3HAYMT,
nwX < nwY. B camom Jeje, sl BCAKOTO HENYCTOTO OTKPHITOrO
MHo:xectBa U npocrpancTsa X ero masnniit o6pas f#U HEMYCT ¥ OTKPBHIT
B cuay Toro xe npelpjoxenus 1 uz § 4. CnenoBarennHo, cyiiect-
ByeT HemycToe MHoxkecTBo V €, conepxameecs B MHOXecTse [#U.
Toria f~W<= U. INpeanoxenue ! nokasauo.

3aMeTHM, YTO MNpPOCTPaHCTBA CYETHOrO N-Beca cenapalenbHbl.
JlAsi mOCTpOEHMS] CYETHOrO BCIOAY MJOTHOIO MHOXECTBa JOCTaTOYHO
B35Th N0 TOYKE B KaxKAOM 2JjeMeHTte cyeTHOH ri-Gasnl. UmeeT MecTo
H YacTH4YHoe ofpaieHHe 3TOr0 YTBEPKIAEHHS.

I[Tpeanoxenne 2. Besakoe cenapabeavroe npocmparcmeo X,
ydosaemeopsrolyee nepeoti AKCUOME CHEMHOCMIL, UMeen cHemHblil s-gec.

JoxasarenbcTBo. [lyctTb A-—cueTHoe Bcioay NJOTHOE NOA-
MHOXecTBO npocTpaHcTBa X. 3apukcHpyeM IJs KaXIOH TOUKH X
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9T0r0 MHOXMecTBa A Kakyio-HHGYAb cueTHYI0 6asy oOKpecTHOCTe#H
{0,x}. HenocpeicTBeHHas NpoBepKa NOKasnbiBaeT, YTO CYETHOE Cemeil-
cteo {0,x: x€ A, n=1, 2, ...} sBaserca n-6asoh npocrpascrea X.
[Mpenaoxenue 2 1okasaHo.

Teopewma 16 (ITouomap es (4)). aamozo umobst Gukomnaxm X
6bLr COATCONMONMER ¢ KOMNOKMOM, HeobXooumo u 00CmamouHo, 4mobbl
n-gec Guxomnakma X Goin cqemer.

HdoxasarteabcTBo. Heo6xonuMocTh BBITEKaeT H3 NpPeNJIOKe-
unn 1. Mpoeepum aocrarousoctb. [lycrb B—cueTHas n-6asa B Ou--
komnakte X. I[lapy Hemyctoix anementoB U, V m-6asul B HazoBem
ormeuennoil, ecau [Ul=V. Has Beakoit ormevendoit nape U, V
3apuKcHpyeM QyHKUMIO [yt X —[0; 1]=/yy, Tak 410 forp [U]=0
U [y (X\V)=1 (tTakas ¢yHKuHs cyliecTBYeT NO JemMMe Y pbICOHA).
MHOXeCTBO BCeX OTMEUEHHHIX Map CYeTHO. lenepb CTaHAapTHHIM
ofpazoM CTpouM oToGpaxceHHe f Onkomnakta X B rHAbOepTOB KHp-

nuy /80 =[] 7y, nonaras f pasiubiM THArOHATBHOMY P OH3BENICHHIO
orobpamenuit [yy (cM. cTp. 257). TloxaxeM, uyto oOTOOpakeHue
f: X — X uenpusoaumo. [Tycte W -—HenycToe OTKpHITOE NOIAMHO-
xect8o Sukomnakta X. ITo onpenenenuto ni-6aswt B W comepxurcs
HEeKOTOpLill HenycToii s/iemeHT V mn-Gassl B. B cuiy peryaspro-
et X CyWECTBYeT Takoe HelycToe OTKphIToe MHOxectso I', uyro
[Ml=V. Hakonen, Muoxectso I' CoxepXKHT HEKOTOpbLA HeMycTOH
anement U m-6aswl B. Hrtak, Hawam otMeuenHyio napy {U, V},
nexawyio B W,

Ilyers myy: 1N°—*1uv—np0exuuﬂ ruias6epToBa KHpNHYa Mo

=[] Ivv- na comuoxurens I,,. Torla no onpeneiesuio JHaro-
HaJbHOIO MPOHM3BeJEHUs HMeeM

fuv =gyl
3uaunt, 1A J0Goit Toukn { oTpeska [/, MMeeT MeCTO paBeHCTBO-

fov () =[ngh (0).

B uactuccetd, 310 pasenctBo BepHo npn f=0. Ho fpl (0)=V.
B 1o xe BpeMs fXNagy (0)=f[U]. CrenosarensHo, tas Besakoit
toukn y€f[U] nmeem [f~y=iph(0)=V=W. Takum obpasom,
Madplil cGpa3 [#W wmuomectBa W colepxut MHoxectso f|U] u,
cjenopate;1bHO, HemyeT. CorjacHo npeanoxennto 1 ua § 4 oroGpaxe-
une f: X — fX wenpusoaumo. IMo jemme 2 u3 § 5 npoctpancrea X
n fX coaGeomotel. Ho fX ecTb KOMNakKT KakK 3aMKHYTOe MOAMHO-
XecTBo rijanbepToBa kupnnua. Teopema 16 nokasana.
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— ROPSAKOBO BuIIiyKAoe 27
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— ynopanoyennoe 52

IToanokpsite 18
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— BIOJIiie HecBsA3HOoe 125

— — paspeiBHoe 282

— — peryaspxoe 171
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— — cBs3Hoe 126

— MeTrpusyemoe 99

— MeTpuyeckoe 96

— — noaxoe 219

-— HacJIeACTBEeHHO HOpMaJgbhoe 169
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— ®peme — Ypoicona 129

— xaycaopdoso 167

| 1pocTpaucTBO 3KCTPEeManbHO HECBA3HOE
354

— H-3amruytoe 245
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SBRannoso 147
smnakTHoe 300

Paz6nenne Muoxkectsa 15

— TOMOJOrHYeCKOTO NpOCTpaHCTBA 332
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GecKoHeynyio Apo6s 47
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287

— — MaJsian 287

— dim 287

Paznocrs MHoxects 9

Paccroanue Mexxay MHOXecrsamu 96

— — oro6paxennamu 223

— OT TOYKH 10 MHOXecTBa 97

Paciunpenne 6ukomnaktHoe 270

— — mMmakcumaabhoe (Croyna — tlexa)
270

— opnoToucunoe 245

CeofictBa (axcnmoMul) 3ammkauus 101
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— cHMMeTpHH 16

-— TPaH3WTHUBHOCTH 16

— Cycnuna 291

CermenT 25

CeTb npocrpanctsa 128
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—— —— — JeileKHHI0BO 55

— — — («cKavok») 54
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- BUCKperHas 298

3Be3JHO, KOHeyHas 295

— cuerHan 295

KOHeuHo BerBsmiasica 218

KoHcepBaTHBHas 299

JIOKaJbHO KoHeusass 298

cuensennas 295
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218
— — leHTpUpOBaHHas 240
~ —= — MaKcHMaasias 257
— -— v-nipaBaabHas 276
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CnekTp  TONOSIOFMUECKUX  NPOCTPAHCTR
323
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Basciinwe 342

— — sKBUBajcHIube 342

Teno muoxecrs 110

— ceMeficTea noaMHONCCTR 17

Teopena Apxaureasckoro 319

— boasuano — Beiiepusrpacea 180

— bBupeas — Jlencra 183

-~ Bspa — Xaycaopda 161

— Beitepurrpacca — Croyna 251

— Hayxepa 319

— 3atinesa 267

— Kauropa 183, 192

— Kautopa — Bepumiefina 29

— Jluuzeadda sropas 160

— — nepsasa 159
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Ypuicona 319
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— -— — nepsas 171

— 0 Haubo.bleM 3HaucHUM AelcTui-
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— — — nepsoro poaa 141
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Touka noanoro nakonachus 240

— apefenbHas 103
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— paunonaduiss B R 126

Yonouse KRazeuopMadbHocts 336.

— Kowmn 112

— %-uHOPMadbrocTh 336

Lieny, aHoxkects 122
— A-cuctenw 2o
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—  ABOMHHO-PANKHORasibHOe 47

acehcrsuTeavhoe 30
vppaunonadsiloe 36

KapauHadibboe Hpperyasipuoe 83*

— HeLoCTHRHMOE 89
— peryasipitue 89

— 3zopbutanthoe 89

nopaakosoe 62

— BTOporo kaacca 69
— — poaa (nipeaedbhoe) 68

— uppervaspuoe 93

— H&YadabHOEe MULLHOCTH m %5
— HEPBOTO KJjacca 69
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— peryasphioe 92
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— — TonoJoruucckas 102

f1po OTKpLITOE MHOMECTBa 104
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— A-cucremm 218

A-mnoxecerso 111, 218
Fs-Muoxecrso 107

G -muoxeerso 107
H-xoueu 346
H-cucrema 247
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¢-ceTb 190
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%®-Konen 332
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n-6aza 360

st-Bec 360
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n-MHoHecTeo 106
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