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Preface

A Dbialgebra is, roughly speaking, an algebra on which there exists a dual
structure, called a coalgebra structure, such that the two structures satisfy
a compatibility relation. A Hopf algebra is a bialgebra with an endomor-
phism satisfying a condition which can be expressed using the algebra and
coalgebra structures. _

The first example of such a structure was observed in algebraic topology
by H. Hopf in 1941. This was the homology of a connected Lie group, which
is even a graded Hopf algebra. Starting with the late 1960s, Hopf algebras
became a subject of study from a strictly algebraic point of view, and by
the end of the 1980s, research in this field was given a strong boost by the
connections with quantum mechanics (the so-called quantum groups are in
fact examples of noncommutative noncocommutative Hopf algebras).

Perhaps one of the most striking aspect of Hopf algebras is their ex-
traordinary ubiquity in virtually all fields of mathematics: from number
theory (formal groups), to algebraic geometry (affine group schemes), Lie
theory (the universal enveloping algebra of a Lie algebra is a Hopf algebra),
Galois theory and separable field extensions, graded ring theory, operator
theory, locally compact group theory, distribution theory, combinatorics,
representation theory and quantum mechanics, and the list may go on.

This text is mainly addressed to beginners in the field, graduate or
even undergraduate students. The prerequisites are the notions usually
contained in the first two year courses in algebra: some elements of linear
algebra, tensor products, injective and projective modules. Some elemen-
tary notions of category theory are also required, such as equivalences of
categories, adjoint functors, Morita equivalence, abelian and Grothendieck
categories. The style of the exposition is mainly categorical.

The main subjects are the notions of a coalgebra and comodule over
a coalgebra, together with the corresponding categories, the notion of a
bialgebra and Hopf algebra, categories of Hopf modules, integrals, actions
and coactions of Hopf algebras, some Hopf-Galois theory and some clas-
sification results for finite dimensional Hopf algebras. Special emphasis is

iii
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put upon special classes of coalgebras, such as semiperfect, co-Frobenius,
quasi-co-Frobenius, and cosemisimple or pointed coalgebras. Some torsion
theory for coalgebras is also discussed. These classes of coalgebras are then
investigated in the particular case of Hopf algebras, and the results are
used, for example, in the chapters concerning integrals, actions and Galois
extensions. The notions of a coalgebra and comodule are dualizations of
the usual notions of an algebra and module. Beyond the formal aspect of
dualization, it is worth keeping in mind that the introduction of these struc-
tures is motivated by natural constructions in classical fields of algebra, for
example from representation theory. Thus, the notion of comultiplication
in a coalgebra may be already seen in the definition of the tensor product
of representations of groups or Lie algebras, and a comodule is, in the given
context, just a linear representation of an affine group scheme.

As often happens, dual notions can behave quite differently in given
dual situations. Coalgebras (and comodules) differ from their dual notions
by a certain finiteness property they have. This can first be seen in the
fact that the dual of a coalgebra is always an algebra in a functorial way,
but not conversely. Then the same aspect becomes evident in the funda-
mental theorems for coalgebras and comodules. The practical result is that
coalgebras and comodules are suitable for the study of cases involving in- -
finite dimensions. This will be seen mainly in the chapter on actions and
coactions.

The notion of an action of a Hopf algebra on an algebra unifies situations
such as: actions of groups as automorphisms, rings graded by a group, and
Lie algebras acting as derivations. The chapter on actions and coactions
has as main application the characterization of Hopf-Galois extensions in
the case of co-Frobenius Hopf algebras. We do not treat here the dual
situation, namely actions and coactions on coalgebras.

Among other subjects which are not treated are: generalizations of Hopf
modules, such as Doi-Koppinen modules or entwining modules, quasitrian-
gular Hopf algebras and solutions of the quantum Yang-Baxter equation,
and braided categories.

The last chapter contains some fundamental theorems on finite dimen-
sional Hopf algebras, such as the Nichols-Zoeller theorem, the Taft-Wilson
theorem, and the Kac-Zhu theorem.

We tried to keep the text as self-contained as possible. In the exposition
we have indulged our taste for the language of category theory, and we use
this language quite freely. A sort of ”phrase-book” for this language is
included in an appendix. Exercises are scattered throughout the text, with
complete solutions at the end of each chapter. Some of them are very
easy, and some of them not, but the reader is encouraged to try as hard as
possible to solve them without looking at the solution. Some of the easier
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results can also be treated as exercises, and proved independently after a
quick glimpse at the solution. We also tried to explain why the names for
some notions sound so familar (e.g. convolution, integral, Galois extension,
trace).

This book is not meant to supplant the existing monographs on the sub-
ject, such as the books of M. Sweedler [218], E. Abe [1], or S. Montgomery
[149] (which were actually our main source of inspiration), but rather as a
first contact with the field. Since references in the text are few, we include
a bibliographical note at the end of each chapter.

It is usually difficult to thank people who helped without unwittingly
leaving some out, but we shall try. So we thank our friends Nicolds An-
druskiewitsch, Margaret Beattie, Stefaan Caenepeel, Bill Chin, Miriam Co-
hen (who sort of founded the Hopf algebra group in Bucharest with her
talk in 1989), Yukio Doi, José Gomez Torrecillas, Luzius Griinenfelder, An-
drei Kelarev, Akira Masuoka, Claudia Menini, Susan Montgomery, Declan
Quinn, David Radford, Angel del Rio, Manolo Saorin, Peter Schauenburg,
Hans-Jiirgen Schneider, Blas Torrecillas, Fred Van Oystaeyen, Leon Van
Wyk, Sara Westreich, Robert Wisbauer, Yinhuo Zhang, our students and
colleagues from the University of Bucharest, for the many things that we
have learned from them. Florin Nichita and Alexandru Stinculescu took
course notes for part of the text, and corrected many errors. Special thanks
go to the editor of this series, Earl J. Taft, for encouraging us (and making
us write this material). Finally, we thank our families, especially our wives,
Crina, Petruta and Andreea, for loving and understanding care during the
preparation of the book.

Sorin Dascilescu, Constantin Nistdsescu, Serban Raianu
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Chapter 1

Algebras and coalgebras

1.1 Basic concepts

Let k£ be a field. All unadorned tensor products are over k. The following
alternative definition for the classical notion of a k-algebra sheds a new light
on this concept, the ingredients of the new definition being objects (vec-
tor spaces), morphisms (linear maps), tensor products and commutative
diagrams.

Definition 1.1.1 A k-algebra is a triple (A, M, u), where A is a k-vector
space, M : A® A — A and u: k — A are morphisms of k-vector spaces
such that the following diagrams are commutative:

Apapa LM . 4g4
M®I M
Apa —H A
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AR A

ke A M ARk

We have denoted by I the identity map of A, and the unnamed arrows from
the second diagram are the canonical isomorphisms. (In general we will
denote by I (unadorned, if there is no danger of confusion, the identity
map of a set, but sometimes also by Id.) |

Remark 1.1.2 The definition is equivalent to the classical one, requiring
A to be a unitary ring, and the ezistence of a unitary ring morphism ¢ :
k — A, with Im ¢ C Z(A). Indeed, the multiplication a -b = M{a ® b)
defines on A a structure of unitary ring, with identity element u(1); the
role of ¢ is played by u itself. For the converse, we put M(a®b) =a-b
and u = ¢.

Due to the above, the map M 1is called the multiplication of the algebra
A, and u 1is called its unit. The commutativity of the first diagram in the
definition is just the associativity of the multiplication of the algebra. |

The importance of the above definition resides in the fact that, due to its
categorical nature, it can be dualized. We obtain in this way the notion of
a coalgebra.

Definition 1.1.3 A k-coalgebra is a triple (C, A, €), where C is a k-vector
space, A : C — C Q@ C and € : C — k are morphisms of k-vector spaces
such that the following diagrams are commutative:

c A cecC
A I®A
ceoc 28l . cgcec
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k ®k

®C A ' C
e e

The maps A and ¢ are called the comultiplication, and the counit, respec-
twvely, of the coalgebra C. The commutativity of the first diagram is called
coassociativity. |

Example 1.1.4 1) Let S be a nonempty set; kS is the k-vector space with
basis S. Then kS is a coalgebra with comultiplication A and counit £ defined
by A(s) =s®s, e(s) =1 for any s € S. This shows that any vector space
can be endowed with a k-coalgebra structure.

2) Let H be a k-vector space with basis {cm | m € N}. Then H is a
coalgebra with comultiplication A and counit € defined by

A(Cm) = Z ¢ Q Cm—i, E(Cm) = 6O,m

1=0,m

for any m € N (6;; will denote throughout the Kronecker symbol). This
coalgebra is called the divided power coalgebra, and we will come back to it
later.

3) Let (9, <) be a partially ordered locally finite set (i.e. for any z,y € S,
withz <y, the set {z € S|z < 2 <y} is finite). Let T = {(z,y) € Sx S|
z <y} and V k-vector space with basis T. Then V is a coalgebra with

A(:z:,y) = Z (:v,z)@(z,y)

z<z<y

E(Q;’y) = 5Z;Zl
for any (z,y) e T.
4) The field k is a k-coalgebra with comultiplication A : k — k®k the canon-
ical isomorphism, A(a) = a®1 for any a € k, and the counite : k — k
the identity map. We remark that this coalgebra is a particular case of the
example in 1), for S a set with only one element.
5) Let n > 1 be a positive integer, and M°(n,k) a k-vector space of di-
mension n%. We denote by (€i;)1<ij<n @ basis of M¢(n, k). We define on
M<(n, k) a comultiplication A by

Ales)= D ep®ep

| 1Spsn
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for any 1,4, and a counit € by
e(ei;) = b;;

In this way, M(n, k) becomes a coalgebra, which is called the matriz coal-

gebra.
6) Let C be a vector space with basis { gi,d; | 1 € N* }. We define
A:C—=C®Cande:C —k by

Alg)) = 9:i®y
Ald)) = ¢®di+di®git

gg)) = 1
€(di) = 0
Then (C, A, €) is a coalgebra. ]

The following exercise deals with a coalgebra called the trigonometric coal-
gebra. The reason for the name, as well as what really makes it a coalgebra,
will be discussed later, after the introduction of the representative coalge-
bra of a semigroup (the same applies to the divided power coalgebra in the
second example above).

Exercise 1.1.5 Let C be a k-space with basis {s,c}. We define A : C —
C®C ande:C — k by

A(s) = s®c+c®s
Ale) = c®c—5®s
e(s) = 0
ey = L

Show that (C, A, €) is a coalgebra.

Exercise 1.1.6 Show that on any vector space V one can introduce an
algebra structure.

Let (C, A, €) be a coalgebra. We recurrently define the sequence of maps
(An)n>1, as follows:

A=A, A,:C—C®...0C (C appearing n + 1 times )
A, =A@ YHoA,_,, foranyn>2.

(Throughout the text, the composition of the maps f and g will be denoted
by fog, or simply fg when there is no danger of confusion.)

As we know, in an algebra we have a property called generalized associa-
tivity. The dual property in the case of coalgebras is called generalized
coassociativity, and is given in the following proposition.
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Proposition 1.1.7 Let (C,A,¢) be a coalgebra. Then for any n > 2 and
any p € {0,...,n — 1} the following equality holds

Ap=TP@AQI" 1" PYo A,y

Proof: We show by induction on n that the equality holds for any p €
{0,...,n —1}. For n = 2 we have to show that (A®I)o A =(I®A)oA,
which is the coassociativity of the comultiplication.

We assume that the relation holds for n. Let then p € {1,...,n}. We have

(IPRARIP)o A, =
= (IPQ@A®I"P)o(I"'®ARI"P)oA,
= (IP'®(I®A)oA)RI"P)oAy
= (I”_l®((A®I)OA)®I'L_p)oAn_1 ‘
= (IP'RAQIMP)o(IPT1QAQI"P)oA,_,
— (Ip-—l ®A®In—p+l) OAn .

Since for p = 0 we have by definition that A1 =IPQAQRI"P)o A,
by the above relation it follows, by induction on p, that the equality holds
for any p € {0,...,n}. |

Unlike the case of algebras, where the multiplication ”diminishes” the num-
ber of elements, from two elements obtaining only one after applying the
multiplication, in a coalgebra, the comultiplication produces an opposite ef-
fect, from one element obtaining by comultiplication a finite family of pairs
of elements. Due to this fact, computations in a coalgebra are harder than
the ones in an algebra. The following notation for the comultiplication,
usually called the ”Sweedler notation”, but also known as the ” Heyneman-
Sweedler notation”, proved itself to be very effective.

1.1.8 The Sigma Notation. Let (C, A, ¢€) be a coalgebra. For an element

c € C we denote
A(C) = ZC] ® ca.

With the usual summation conventions we should have written

Afe) = Z Ci1 & Ci2.

i=1,n

2y

The sigma notation supresses the index 7i”. It is a way to emphasize the
form of A(c), and it is very useful for writing long compositions involving
the comultiplication in a compressed way.
In a stmilar way, for any n > 1 we write

An(C) = ZCl ® ...®Cn+1.
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The above notation provides an easy way for writing commutative dia-
grams, the first examples being the diagrams in the definition of a coalge-
bra, i.e. the coassociativity and the counit property:

1.1.9 Formulas. Let (C,A,¢) be a coalgebra and c € C. Then:
As(c) = ZA(cl) ®co = ch ® A(cg) = ch ® o ® c3

(or Da(c) = chl ®c, ®cy = Zm ®c2, ®cCg, = ch ®c2®c3).

Note that
chx ®cy, @ca= ZC] ® c2, ® ca,,

Ve € C is just the equality (A® I)o A = (I ® A) o A, the commutativity
of the first diagram in Definition 1.1.3. The commutativity of the second
diagram in the same definition may be written as

Ide =¢10(e®@I)oA=¢pr,0(IR®¢€)oA,

where ¢, : CQk — C and ¢, : k®C > C are the canonical isomorphisms.
Using the sigma notation, the same equalities are written as

25(01)02 = zcle(cz) =c

The advantage of using the sigma notation will become clear later, when we
will deal with very complicated commutative diagrams or very long compo-
sitions.

We are going to explain now how to operate with the sigma notation. For
this we will need some more formulas.

Lemma 1.1.10 Let (C, A, ¢) be a coalgebra. Then:
1) For any i > 2 we have A; = (A1 ® I) o A.
2) For anyn >2,i€{l,...,n—1} and m € {0,...,n — i} we have

A, =I"QAQI" ™) 0 Ap;.
Proof: 1) By induction on i. For ¢ = 2 this is the definition of A,. We
assume that the assertion is true for i, and then
Ai+1 = (A@IZ)OAl
(A®IYo (A1 ®I)oA
(A® I oA ) @) oA
(A ®@I)o A.

fl
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2) We fix n > 2, and we prove by induction on ¢ € {1,...,n — 1} that for
any m € {0,...,n — i} the required relation holds.

For i = 1 this is the generalized coassociativity proved in Proposition 1.1.7.
We assume the assertion is true for 1 — 1 (¢ > 2) and we prove it for i. We
pick m € {0,...,n —1} C {0,...,n — 7+ 1} and we have

A, = (I"@Ai; @I ™ oA, ;1
(by the induction hypothesis)
= (™A, @I ™o (I"QARI" "™ 0 A,_;
(by generalized coassociativity)
(I"@((Ai-1 @) 0 A) @I ™) 0 Ay
(I"@A; QI ™ oA,
(using 1))

i

These formulas allow us to give the following computation rule, which is
essential for computations in colagebras, and which will be used throughout
in the sequel.

1.1.11 Computation rule. Let (C, A, €) be a coalgebra, i > 1,
fiC®..C —C
(in the preceding tensor product C appearing i + 1 times ) and
f:c—cC

linear maps such that fo A; = f.
Then, if n > ¢, V is a k-vector space, and

g:C®...C —V

(here C appearing n+ 1 times in the tensor product) is a k-linear map, for
any 1 <j<n+1andceC we have

Zg(cl ®...8¢c51 ®f(0j ®-'-®Cj+i)®cj+i+l ®...®Cn+i+1) =

= Zg(cl ®...®cj-1® f(¢;) ®cjy1®...® Cny1)

This happens because

Zg(cl®...®cj_1®f(cj®...®cj+i)®
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®Cjtit1 @ .- B Cnyit1) =

go ('@ f® I ) 0 Apyi(c)
go(PF1@fRI" I o (P @A @I ) o An(c)
go (1@ (fohi) @I ) 0 An(e)

= go (P '@ FfR®I" ) o Ap(c)

Zg(cl ®...®¢cj—1®f(c;))®Cit1®...®Cny1)

i

This rule may be formulated as follows: if we have a formula (*) in which
an erpression in cy, ..., Cip1 (from A;(c)) has as result an element in C (fo
A; = f), then in an expression depending on ci, ..., Cotit1 (from Apyi(c))
in which the expression in the formula (*) appears forc;,. .., cjy; (1+1 con-
secutive positions), we can replace the expression depending on cj,...,Cjyi
by f(c;), leaving unchanged ci, ..., cj—1 and transforming Cjit1s- - Cntit1
n Cit1y--+-3Cn41-

Example 1.1.12 If (C, A ¢) is a coalgebra, then for any ¢ € C' we have

> eler)e(ca)es =c.

This is because having in mind the formula > e(c1)ca = ¢, we can re-
place in the left hand side £(c2)cs by ¢z, leaving ¢; unchanged.. Therefore,
Y- eler)e(ez)es = D e(er)ee, and this is exactly c. 1

We end this section by giving some definitions allowing the introduction of
some categories.

Definition 1.1.13 An algebra (A, M, ) is said to be commutative if the
diagram :

is commutative, where T : AQ A — A® A is the twist map, defined by
T(a®b)=b®a.
1) A coalgebra (C, A, ) is called cocommutative if the diagram
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is commutative, which may be written as Y, ¢} ® ¢y = Ye®ca fof any
ceC.

Definition 1.1.14 Let (A, Ma,ua), (B, Mp,ug) be two k-algebras. The
k-linear map f : A — B is a morphism of algebras if the following dia-
grams are commutative

AQA -—-JEI—-—B@B )
A B
MA MB
UaA k up
f

A B

i) Let (C,A¢,ec), (D,Ap,ep) be two k-coalgebras. The k-linear map
g : C — D is a morphism of coalgebras if the following diagrams are
commutative

C

e
k

9389

cecC DeD

The commutativity of the first diagram may be written in the sigma notation
as: :

Ap(9(c)) = Y g(ch ®@g(c)a =Y _ gler) ® g(ea)-
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In this way we can define the categories k — Alg and k — Cog, in which the
objects are the k-algebras, respectively the k-coalgebras, and the morphisms
are the ones previously defined.

Exercise 1.1.15 Show that in the category k — Cog, isomorphisms (i.e.
morphisms of coalgebras having an inverse which is also a coalgebra mor-
phism) are precisely the bijective morphisms.

1.2 The finite topology

Let X and Y be non-empty sets and YX the set of all mappings from X
to Y. It is clear that we can regard YX as the product of the sets Y, =Y,
where z ranges over the index set X. The finite topology of Y¥ is obtained
by taking the product space in the category of topological spaces, where
each Y, is regarded as a discrete space. A basis for the open sets in this
topology is given by the sets of the form

{geYX | g(z:) = f(2:),1 < i <n},

where {z; | 1 < i < n} is a finite set of elements of X, and f is a fixed
element of Y X, so that every open set is a union of open sets of this form.

Assume now that k is a field, and X and Y are two k-vector spaces.
The set Homy(X,Y) of all k-homomorphisms from X to Y, which is also
a k-vector space, is a subset of YX. Thus we can consider on Hom(X,Y)
the topology induced by the finite topology on YX. This topology on
Homy(X,Y) is also called the finite topology.

If f € Homi(X,Y), the the sets

O(f,z1,...,z0) = {g € Homp(X,Y) | 9(z;) = f(zi),1 <i < n}

form a basis for the filter of neighbourhoods of f, where {z; | 1 < ¢
n} ranges over the finite subsets of X. Note that O(f,z1,...,z,)

ﬁ O(faa:i)a and O(f,.’ﬂl,.--,il?n) = f+(9(0,x1,...,mn).
i=1

A

Proposition 1.2.1 With the above notation we have the following results.
a) Homi(X,Y) is a closed subspace of YX (in the finite topology).

b) Homy(X,Y), with the finite topology, is a topological k-vector space (the
topology of k is the discrete topology).

¢) If dimi(X) < oo, then the finite topology on Homg(X,Y') is discrete.

Proof: a) Pick f in the closure of Homy(X,Y), and let z;,25 € X,
and \,u € k. The open set U = {g € Y* | g(z1) = f(z1),9(z2) =
f(z2), g(Axy + pxe) = f(Ax1+ pz2)} is a neighbourhood of f, and therefore
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UNHomi(X,Y) # 0. If h € UNHomi(X,Y), then h(z:) = f(z1),
h(zz2) = f(z2), and h(Az1 + pze) = f(Az1 + pxz). Since h(Az; + pxg) =
Ah(zy)+ph(z2) = Af(z1)+pf(22), we obtain that f(Azy+pza) = Af(z1)+
pf(z2), so f € Homy(X,Y). :
b) If A, 4 € k, we have to show that the map a : (f,g) — Af + pg is a
continuous mapping from the product space Homg(X,Y) X Homy(X,Y)
into Hom,(X,Y). Indeed, we can consider the open neighbourhoods of
Af 4 pg of the form N = Af + ug + O(0,z1,...,z,). If we put Ny =
f+0(0,z1,...,2,) and Ny = g+ O(0,2,,...,2,), then Ny (resp. No) is
a neighbourhood of f (resp. g). Since O(0,z,,...,%,) is a k-subspace, it
is clear that a(N; x N3) € N, so « is continuous.

c) is obvious.

Exercise 1.2.2 An open subspace in a topological vector space is also closed.

If k is a field, we can consider the particular case when X = V is a k-vector
space, and Y = k. In this case, the vector space Hom(V, k) is the dual V*.
We introduce now some notation. If S is a subset of V*, then we denote

t={zeV|uz )_OVueS}—ﬂKer
ueS

Similarly, if S is a subset of V', then we set
L={ueV"|u8) =0} ={ueV"|S5C Ker(u)}.

If S = {u} (where u € V or u € V*), we denote S’l =yt

Exercise 1.2.3 When S is a subset of V* (or V), St is a subspace of

V (or V*). In fact S+ = (S)L, where (S) is the subspace spanned by S.
Moreover, we have S* = ((S1)*)%, for any subset S of V* (or V).

Exercise 1.2.4 The set of all f + W, where W ranges over the finite
dimensional subspaces of V', form a basis for the filter of neighbourhoods of

f € V* in the finite topology.

The following result is the key fact in the sfudy of the finite topology in
V.

Proposition 1.2.5 ¢) If S is a subspace of V* and {el, ...,en} is a finite

subset of V, then
s+ +Zke,~ =(SnN ﬂe;t)l
i=1 =1
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) (the dual version of i)) If S is a k-linear subspace of V and {uy,...,u,}
is a finite subset of V*, then

St kui= (SN u)*
i=1 i=1
Proof: i) The inclusion
ST+ kesc(Sn( et
i=1 =1

is clear. We show the converse inclusion by induction on n. Let n = 1 and
denote in this case e; by e. Let z € (SNet)*. If SNet = S, then z € S+
and so z € S +ke. Hence we can assume that SNet C S, Snet # S. Since
V* /et ~ (ke)*, and (ke)* has dimension one, it follows that S/(SNet) is
also 1-dimensional. Hence S = (SNet) ® ku, for some u € V*, with u € S
and u ¢ SNet. Sou ¢ et, and therefore u(e) # 0. We put A = u(z)ule) ™ .
If y = 2 — Xe, then for any v € S we have v(y) = v(z) — dv(e). But
v = w + au, where w € SNet. So v(z) = w(z) + au(z) = au(z). On the
other hand, \v(e) = dw(e) + Aau(e) = Aau(e) = au(z)u(e)  u(e) = au(z).
Hence v(y) = au(z) — au(z) = 0, and since v € S is arbitrary, we obtain
that y € St. Thusz =y + de € St +ke.

Assume that the assertion is true forn—1 (n > 1). We have St + 5" ke; =

i=1
n—1 n—1 n n
St+ 3 keitke, = (SN ef)t+ke, = (SN efNet)t = (SN ef)t.
i= i=1 i=1 =1

ii) Sincé the proof is similar to the one of assertion i), we only sketch the
case n = 1. We put u = u;. We clearly have St + ku C (SNnwut)*. For
the reverse inclusion, we can assume S Nu* # S. Clearly in this case we
have u # 0. Since ut = Ker(u), we have that V/u' = V/Ker(u) has
dimension one. So S/(SNut) ~ (S +ut)/ut < V/ut also has dimension
one. There exists e € S, e & SNut, such that S = (SNut) @ ke. So
u(e) # 0. If now f € (SNut)*, we put g = f — f(e)u(e) u. If z € S,
then z = y + e, with y € SNutl. But f(z) = f(y) + Af(e) = Af(e),
and (f(e)u(e) " u)(z) = fle)u(e)  uly) + Af(e)ule) 'ule) = Af(e). So
g(z) = Af(e)—Af(e) = 0, and therefore g € S*. Since f = g+ f(e)u(e)  u,
we obtain f € S+ + ku.

Theorem 1.2.6 i) If S is subspace of V, then (SH)t=8.

i) If S is a subspace of V*, then (S+)t =5, where S is the closure of S
in the finite topology.

Proof: i) We have clearly that S C (S1). Assume now that there exists
z € (SH)L, 2 &€ S. Since S is a subspace, then kz NS = 0. Thus there



1.2. THE FINITE TOPOLOGY 13

exists f € V* such that f(z) = 1 and f(S) = 0. But f € S, and since
z € (St)L, we have f(z) = 0, a contradiction. Hence (S*)*+ = S.

ii) S* is a subspace of V. Hence (S+)* = NW+, where W ranges over the
finite dimensional subspaces of S*. Since W+ is an open subspace of V*, it
follows that W+ is also closed (see Exercise 1.2.2). Hence NW+ is closed,
so (S1)* is closed in the finite topology (see also Exercise 1.2.7 below).
Since S C (S*)*4, it follows that S'C (S1)*. Let f € (S*)t and W CV a
k-subspace of finite dimension. We show that (f + W) NS # 0. Clearly
if f € W+ then f+ W+ = W+ (because W+ is a subspace), and therefore
(F+WH)NnS = Wt NS # 0 (because it contains the zero morphism).
Also if W € S, then (§1)Y C W, and therefore f € W-. Hence we
can assume that f € W+ and so it follows that W ¢ S+. Thus we can
write W = (W N St) @ W, where W/ # 0 and dimy(W’) < oo. Also
since f(S*) =0 and f(W) # 0 it follows that f(W’) # 0. Let {es,...,en}
(n > 1) be a basis for W’. We denote by a; = f(e;) (1 < < n), hence not
all the a;’s are zero. By Proposition 1.2.5 i), we have

St @ ke, = (SN (et
prx i
Since e; € ST @ Y kej, then e; & (SN [ ef)™ . Hence there exists g; €
i i
SN N ejl such that g;(e;) = 1. So we have g; € S, and g;(ex) = 8;x. We
J#
denote by g = )" a;g;. Hence g € S and g(ex) = a (1 <k <n).
i=1
Let now h = g — f. Clearly h(e;) = 0 (1 <4 < n), and hence h(W') = 0.
Since h € (S*)*, then A(S1) = 0, and thus A(W N S+) = 0. So h(W) =0,
and hence h € W+. In conclusion, g € SN (f + W), and therefore f € S.

Exercise 1.2.7 If S is a subspace of V*, then prove that (S*+)* is closed
in the finite topology by showing that its complement is open.

We give now some consequences of Theorem 1.2.6.

Corollary 1.2.8 There erxists a bijective correspondence between the sub-
spaces of V and the closed subspaces of V*, given by S +— S+. |

Corollary 1.2.9 If S C V* is a subspace, then S is dense in V* if and
only if S+ = {0}.

Proof: If S is dense in V*, i.e. § = V*, then since § = (S1)*, it is
necessary that S+ = {0}. The converse is obvious, since {0}1 = V*. |
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Exercise 1.2.10 If V is a k-vector space, we have the canonical k-linear

map
vV — (V) ¢v(z)(f) = f(z), VzeV, feV™

Then the following assertions hold:
a) The map ¢v is injective.
b) Im(¢v) is dense in (V*)*.

Exercise 1.2.11 Let V =V, & V5 be a vector space, and X = X1 ® X2 a
subspace of V* (X; C V¥, i=1,2). If X is dense in V*, then X, is dense
in V>, i=12.

Corollary 1.2.12 Let X,Y be two subspaces of V* such that X is closed
and dimp(Y) < 0o. Then X +Y is closed.
In particular, every finite dimensional subspace of V* is closed.

Proof: Since X is closed, we have X = (X1)+. Then by Proposition 1.2.5
ii), we have X +Y = (X1)* +Y = (X*+ nY’)L, for some subspace Y’ of
V, and therefore X + Y is also closed, by Exercise 1.2.3. |

Corollary 1.2.13 i) There is a bijective correspondence between the finite
dimensional subspaces of V* and the subspaces of V of finite codimension,
given by X +—— X*+. Moreover, for any finite dimensional subspace X of
V* we have dimy(X) = codimi(X*1).

it) There is a bijective correspondence between the closed subspaces of V*
of finite codimension and the finite dimensional subspaces of V', given by
X — XL. Moreover, for any closed subspace X of V* of finite codimen-
sion, we have codimg(X) = dimy(X+).

Proof: i) Let X C V* be a finite dimensional subspace and let {uy,...,un}
be a basis of X. Then X+ = (Ju} = () Ker(u;). But there exists a
=1 =1

" =

monomorphism 0 — V/X+ — @ V/Ker(u;). Since dimy(V/Ker(u;)) =
ia=1

1, we have that dimy(V/X1) < n = dimi(X), so X' has finite codimen-
sion.
Conversely, if W C V has finite codimension, then W+ ~ (V/W)*, and so
dimp (W) = codimy (W) < co. We can now apply Corollary 1.2.8.
ii} Let X C V* be a subspace of finite codimension. There exist f ..., fn €
V* such that V* =X @ ) kfi. Then 0= vt =X1n N Ker(fi), so

i=1 i=1

0— X+ — V/([) Ker(f£)).

i=1
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But

0 — V/( ﬂ Ker(f;)) @V/Ker fi) =~ k™,

i=1 =1

s0 0 — X+ — k", and therefore dim;(X1) <n = codzm;c (X)..
Conversely, if W C V is a finite dimensional subspace, we have V*/W+ ~
W™, so dimk(v*/WJ‘) = dimp(W*) = dimg(W). 1
Exercise 1.2.14 Let X C V* be a subspace of finite dimension n. Prove
that X is closed in the finite topology of V* by showing that dimi((X*)+) <
n. '

Exercise 1.2.15 If X is a finite codimensional k-linear subspace of V*,
then X is closed in the finite topology if and only zf Xt =X1 where X1
is the orthogonal of X in V**.

We denote by M the category of k-vector spaces. If u : V — V'
is a map in this category (i.e. w is k-linear) then we have the dual map
: V™* — V*, where u*(f) = fou, f e V.
Let W C V be a subspace. Then
w W) {flu(fyew}
{feV*|foueW"}
{f e V™| flu(W)) =0} = w(W)*.

i

Moreover, if W is finite dimensional, then u(W) has finite dimension as a
subspace of V', and so it follows that the map u* : V/* — V* is continuous
in the finite topology. We have thus the following result:

Corollary 1.2.16 The mapping V — V* defines a contravariant functor
from the category M to the category of topological k-vector spaces (k is
considered with the discrete topology). |

Exercise 1.2.17 IfV is a k-vector space such that V = @ V;, where {V; |
i€l

i € I} is a family of subspaces of V, then @ V;* is dense in V* in the finite
i€l

topology.

Exercise 1.2.18 Letu:V — V' be a k-linear map, and u* : V* — V*

the dual morphism of u. The following assertions hold:

i) If T is a subspace of V', then uw*(T+) = v~ 1(T)*.

i) If X is a subspace of V'*, then u*(X)* = u=1(X*4).

iit) The image of a closed subspace through u* is a closed subspace.

) If u is injective, and Y C V'* is a dense subspace, it follows that u*(Y)

is dense in V™.
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1.3 The dual (co)algebra

We will often use the following simple fact: if X and Y are k—vector spaces,

and t is an element of X ® Y, then t can be represented as t = Z z;Qy; for
=1

some positive integer n, some linearly independent (2;)i=1,, in X and some
(4s)i=1,n C Y. Similarly, £ can be written as a sum of tensor monomlals
with the elements appearing on the second tensor position being linearly
independent.

Exercise 1.3.1 Let t be a non-zero element of X @ Y. Show that there
ezist a positive integer n, some linearly independent (2;)i=1, C X, and
n

some linearly independent (Y;)i=1,n CY such thatt = > z,Qy;
i=1

The following lemma is well known from linear algebra.

Lemma 1.3.2 Let k be a field, M,N,V three k-vector spaces, and the
linear maps ¢ : M* @V — Hom(M,V),¢' : Hom(M,N*} - (M@ N)*,p:
M*®@ N* - (M ® N)* defined by

&(f ®v)(m) = f(m)vfor fe M*,veV,me M,

&' (g)(m ®n) = g(m)(n) for g € Hom(M,N*),m € M,n € N,
p(f®g)(m®n) = f(m)g(n) for f€ M*,ge N*,me M,n € N.

Then:

i) ¢ is injective. If moreover V is finite dimensional, then ¢ is an isomor-
phism.

i1) &' is an isomorphism.

1) p 18 injective. If moreover N is finite dimensional, then p is an isomor-
phism.

Proof: i) Let x € M* ® V with ¢(z) = 0. Let z = Y, fi ® v; (finite
sum), with f; € M*,v; € V and (v;); are linearly independent. Then
0 = ¢(z)(m) = 3, film)v; for any m € M, whence fi(m) = O for any %
and m. It follows that f; = O for any 7, and then x = 0. Thus ¢ is injective.
Assume now that V is finite dimensional. For V = k it is clear that ¢ is
an isomorphism. Since the functors M* ® (—) and Hom(M, —) commute
with finite direct sums, there exist isomorphisms ¢; : M*®V — (M*®k)?
and ¢g : (Hom(M, k))* — Hom(M,V), where n = dim(V). We also have
an isomorphism ¢3 : (M* ® k)" — (Hom(M,k))", the direct sum of n
isomorphisms obtained for V = k. Moreover, ¢ = ¢odp3y, thus ¢ is an
isomorphism too (also see Exercise 1.3.3 below).



1.3. THE DUAL (CO)ALGEBRA 17

ii) If (Xi)ier and Y are k-vector spaces, then there exists a canonical iso-
morphism Hom(®ierXi,Y) = [[;e; Hom(X;,Y). In particular, if I is a
basis of M, then M =~ k() and we obtain the canonical isomorphisms

uy : Hom(M, N*) — (Hom(k, N*))!

ug : (k@ N)*) = (M ® N)*.

Since clearly for M = k the associated'map ¢’ is an isomorphism, we obtain
a canonical isomorphism

ug : (Hom(k, N))! — ((k® N)*),

and moreover ¢’ = ususui, so ¢’ is an isomorphism too.
iii) We note that p = ¢'¢o, where ¢o is the morphism obtained as ¢ for
V = N*. Then everything follows from the preceding assertions. |

Exercise 1.3.3 Show that if M is a finite dimensional vector space, then
the linear map

¢: M*®V — Hom(M,V),
defined by ¢(f ® v)(m) = f(m)v for f € M*, v € V, m € M, is an
isomorphism. ‘

Exercise 1.3.4 Let M and N be k-vector spaces. Let the k-linear map:
p: VW — (VW) f®g)(w®y) f@)g(w),

Vfe M*,ge N*,x € M,y € N. Then the following assertions hold:
a) Im(p) s dense in (M Q®N)*.
b) If M or N is finite dimensional, then p is bijective.

Corollary 1.3.5 For any k-vector spaces My, ..., M, the map 8 : M7 ®
LOME - (M1 Q...® My)* defined by 0(f1®...Q fr)(m1®...®m,) =
filmy) ... fu(my) is injective. Moreover, if all the spaces M; are finite
dimensional, then 6 is an isomorphism.

Proof: The assertion follows immediately by induction from asertion iii)
of the lemma. 1

If X,Y are k-vector spaces and v : X — Y is a k-linear map, we will
denote by v* : Y* — X* the map defined by v*(f) = fv for any f € Y.
We made all the necessary preparations for constructing the dual algebra
of a coalgebra. Let then (C,A,¢) be a coalgebra. We define the maps
M:C*®C* - C*, M = A*p, where p is defined as in Lemma 1.3.2, and
u:k — C*,u=¢e*¢, where ¢ : k — k* is the canonical isomorphism.
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Proposition 1.3.6 (C*, M,u) is an algebra.
Proof: Denoting M(f ® g) by f * g, from the definition we obtain that
(f *9)(c) = (A*p)(f @ 9)(c) = p(f ® 9)(A(c)) = D _ f(e1)g(ce)

for f,g € C* and c € C. From this it follows that for f,g,h € C*andceC
we have

i

D (f *9)(er)h(c2)
Y fle)g(ca)h(cs)

= Y fle)lg*h)(e)
(f* (g xh))(c)

(£ *g) xh)(c)

hence the associativity is checked.

We remark now that for a € k and ¢ € C we have u(a)(c) = ag(c). The

second condition from the definition of an algebra is equivalent to the fact

that u(1) is an identity element for the multiplication defined by M, that

is u(l) x f = f+xu(l) = f for any f € C*, and this follows directly from
|

Yoe(er)ez =3 celer) =c.

Remark 1.3.7 The algebra C* defined above is called the dual algebra of
the coalgebra C. The multiplication of C* is called convolution. Most of the
times (if there is no danger of confusion), we will simply write fg instead
of f * g for the convolution product of f and g.

Example 1.3.8 1) Let S be a nonempty set, and kS the coalgebra defined
in 1.1.4 1). Then the dual algebra is (kS)* = Hom(kS, k) with multiplica-
tion defined by

(f = g)(s) = f(s)g(s)

for f,g € (kS)*,s € S. Denoting by Map(S,k) the algebra of functions
from S to k, the map 8 : (kS)* — Map(S, k) associating to a morphism
f € (kS)* its restriction to S is an algebra isomorphism.

2) Let H be the coalgebra defined in 1.1.4 2). Then the algebra H* has
multiplication defined by

(Fra)en) = 3 fles)glens)

t=0,n

for f,g € H*,n € N, and unit u : k —» H*,u(a)(c,) = aby,, for a € k and
n € N.
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H* is isomorphic to the algebra of formal power series k[[X]], a canonical
isomorphism being given by

¢ : H* — k[[X]], =" flea) X"

n>0
|

The dual problem is the following: having an algebra (A, M, u) can one
introduce a canonical structure of a coalgebra on A*? We remark that
is is not possible to perform a construction similar to the one of the dual
. algebra, due to the inexistence of a canonical morphism (A®A)* — A*@A*.
However, if A is finite dimensional, the canonical morphism p: A* ® A* —
(A® A)* is bijective and we can use p~!

Thus, if the algebra (A, M,u) is finite dimensional, we define the maps
A:A* > A*®@ A* and £ : A* — kby A = p~1M* and ¢ = Yu*, where
¥ : k* — k is the canonical isomorphism, ¢(f) = f(1) for f € k*.

We remark that if A(f) = >, 9; ® h;, where g;,h; € A*, then f(ab) =
2_: 9i(a)hi(b) for any a,b € A. Also if (g}, h}); is a finite famlly of elements
in A* such that f(ab) = 3=, g;(a)hf;(b) f01 any a,be A, then >, 9: ® h; =
Z g] ® h], following from the 1n3ect1v1ty of p.

In conclusxon we can define A(f Z 9i ® h; for any (g;, h;) € A* with
the property that f(ab) =3, gi(a ) (b) for any a,b € A.

Proposition 1.3.9 If (A, M,u) is a finite dimensional algebra, then we
have that (A*, A, €) is a coalgebra.

Proof: Let f € A* and A(f) =229 ®hi. Welet A(g:) =), 9;;®9{;
and A(hi) =32, hi ; ® h{;. Then

(ARDA(f) = g, ®9;®h

]
(TeM)A0) =Y 6ok, oH,
We consider the map 6 : A* ® A* @ A* — (A® A® A)* defined by f(u ®

v@w)(a®b®c) = u(a)v(b)w(c) for u,v,w € A*,a,b,c € A. This map is
injective by Corollary 1.3.5. But

Zgz]®gz]®h)(a®b®c) = ng a)gy; (b)hi(c)

= Zgi (ab)h

—  f(abe)
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and

00 5 ®hi;®h)a®b®c) = Zgz(a 5.; (DR ;(0)

47

Zgi(a)hi (bc)

1
= f(abc)
and then due to the injectivity of 8 we obtain that
Zgw ®9i; ® hi = Zgz@hia ® hijj,
IJ

i.e. A is coassociative.

We also have
O elghi)(@) =" gs(Dhia) = f(a)

B i
hence ¥, e(g;)h; = f, and similarly 3. e(h;)g; = f, so the counit property
is also checked. i

Remark 1.3.10 [t is possible to express the comultiplication of the dual
coalgebra of an algebra A using a basis of A and its dual basis in A*. Let
then (e;); be a basis of the finite dimensional algebra A and e} € A* defined
by e}(e;) = & ; (Kronecker symbol). Then (€}); is a Basis of A*, called
the dual basis, and (e} ® e);, is a basis of A* ®A*. It follows that for an
element f € A* there exist scalars (aj;);, such that A(f) =37, aj.€e; @€}
Taking into account the definition of the comultiplication, it follows that for
fized s,t we have

fleser) =D ajue}(es)ef (er) = as .
Il

We have obtained that
=) flee)e; ®e;.
Pl
|

Exercise 1.3.11 Let A = M, (k) be the algebra of n x n matrices. Then
the dual coalgebra of A is isomorphic to the matriz coalgebra M<(n, k).

The construction of the dual (co)algebra described above behaves well
with respect to morphisms.
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Proposition 1.3.12 i) If f : C — D is a coalgebra morphism, then f* :
D* — C* is an algebra morphism.

i) If f : A — B is a morphism of finite dimensional algebras, then f* :
B* — A* is a morphism of coalgebras.

Proof: i) Let d*,e* € D* and c € C. Then
(f*(d" xe"))(c) = (d" x e")(f(c))
=Y d*(f(c1))e*(f(cz)) (f is a coalgebra morphism)
= S (@) (E)(e2)
, = (f*(d") = f*(e"))(e)
and hence f*(d*e*) = f*(d*)f*(e*). Moreover, f*(ep) =epf =ec, so f*

is an algebra morphism.
ii) We have to show that the following diagram is commutative.

f p

B*
AB* | AA* .
* ® 'k
B* ®B* f f A* ®A*

Let b* € B*, (Aa-f*)(b") = A= (0 f) = 3, 0:®hi 51 Ap- (b*) = 3, p;®;.
Denoting by p : A* ® A* — (A ® A)* the canonical injection, for any
a € A,b € B we have

p((Aa-f)0")(a®b) = Zgz Yhi(b) = (b" f)(ab)

and

]

P((F7 @ f)Ap- (b)) a®b) p(ijfébtij)(a@b)

I

Y i) (g:)(®)
ij(f(a))(h(f(b))

b*(f(a)£(b))
b*(f(ab))

I

I
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which proves the commutativity of the diagram. Also
(af)(b") = €a- (0" f) = (0" f)(1) = b"(f(1)) = b"(1) = ep- (b"),

so f* is a morphism of coalgebras. |

Corollary 1.3.13 The correspondences C — C* and f — f* define a
contravariant functor (—)* : k — Cog — k — Alg. |

Denoting by k — f.d.Cog and k — f.d.Alg the full subcategories of the
categories k — Cog and k — Alg consisting of all finite dimensional objects
in these categories, the preceding results define the contravariant functors
(=)* :k— fdCog — k — fd.Algand (-)* : k— f.d.Alg - k — f.d.Cog
which associate the dual (co)algebra (there is no danger of confusion if we
denote both functors by {(—)*). We will show that these functors define a
duality of categories.

We recall first that if V' is a finite dimensional vector space, then the map
Oy 1V — V** 0y (v)(v*) = v*(v) for any v € V,v* € V* is an isomorphism
of vector spaces.

Proposition 1.3.14 Let A be a finite dimensional algebra and C a finite
dimensional coalgebra. Then:

i) 04 : A — A** is an isomorphism of algebras.

i1) Oc : C — C** 1is an isomorphism of coalgebras.

Proof: i) We have to prove only that 84 is an algebra morphism. Let
a,b € A and a* € A*. Denote by A the comultiplication of A* and let
Ala*) =3, fi®gi € A*® A*. Then

(0a(a) x04(0))(a") = ZBA )(f:)0(b)(g:)

= Z fi(a)g:(b)

a:‘(ab)
= fa(ab)(a)

so 04 is multiplicative. We also have that 84(1)(a*) = a*(1) = £4-(a*), so
0a(l) = €a-, i.e. 84 preserves the unit.

ii) We denote by A and A the comultiplications of C and C**. We have to
show that the following diagram is commutative.
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Oc

C**

A A
Oc®0

C®C __C____C_’ C**®C**

If p: C**®C*™ — (C*®C*)* is the canonical isomorphism and ¢ €
C,c*,d* € C* then putting A(fc(c)) =), f; ® g; we have

A(Be) () ®d") = Zp'fi@agi (" ®d*)

Zf’l- )gi(d")

ﬁc(c *d*)
= (c**d*)(c)

and
P((6c ®8c)A()(C ®d") = Y plBeler) @ bo(cr))(c* @ d7)
= Zc a d*(CQ = (c¢* *d*)(c)

proviﬁg the commutativity of the diagram.
We also have that

(ec++0c)(c) = ec-+(0c(c)) = Oc(c)ec) = ec(c)
showing that ec««0c = ¢ and the proof is complete. |

Example 1.3.15 By Ezercise 1.3.11 that My (k)* ~ M¢(n, k). The pre-
ceding proposition shows that M¢(n, k)* ~ M, (k). S 1

1.4 Constructions in the category of coalge-
bras

Definition 1.4.1 Let (C,A,e) be a coalgebra. A k-subspace D of C is
called a subcoalgebra if A(D) C D® D. |

It is clear that if D is a subcoalgebra, then D together with the map
Ap : D — D® D induced by A and with the restriction ep of € to D is a
coalgebra.
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Proposition 1.4.2 If (C;)ier a family of subcoalgebras of C, then y ., C;
is a subcoalgebra.

:’TOsz A(Ziel Ci) = Eie[ A(Cy) € Ziezci@’ci C (Zie[ Ci)®(2ie] Cy).

In the category k—Cog the notion of subcoalgebra coincides with the notion
of subobject. We describe now the factor objects in this category.

Definition 1.4.83 Let (C,A,¢) be a coalgebra and I a k-subspace of C.
Then I is called:

i) a left (right) coideal if A(I) C C® I (respectively A(I) CI®C).

i) a coideal if A(J)CI®C+CQI ande(I)=0. |

Exercise 1.4.4 Show that if I is a coideal it does not follow that I is a left
or right coideal.

Lemma 1.4.5 Let V and W two k-vector spaces, and X CV, Y C W
vector subspaces. Then (VQY)N(XQW)=XQY.

Proof: Let (z;)jes be a basis in X which we complete with (z;);ec up to
a basis of V. Also consider (yp)pep a basis of Y, which we complete with
(¥p)pep to get a basis of W. Consider an element

9= Z ajpTj ® Yp + Z bjpZ; ® Yp+

JEJ,PEP jEJ,pEP’
+ Z CipTi @ Yp + Z dipT; ® Yp
Jj€J! peEP j€J’ ,peP’

in (VY)N(X ®W), where ajp, bjp, cjp, d;p are scalars. Fix jo € J,po € P
and choose f € V*, g € W* such that f(z;,) = 1, f(z;) = 0 for any
j€JUJ'j# jo, and g(yp,) = 1,9(yp) = 0 for any p € PU P',p # po.
Since ¢ € VY, it follows that (f ® g)(¢) = 0. But then denoting by
¢ : k®k — k the canonical isomorphism, we have ¢(f ® g)(q) = bjops,
hence bj,p, = 0.

Similarly, we obtain that all of the by, ¢;p, djp are zero, and thus ¢ = 0. It
follows that (V®Y)N(X® W) C X ® Y. The reverse inclusion is clear. il

Remark 1.4.6 If1 is a left and right coideal, then, by the preceding lemma
A C(CRNNUI®C)=I®I, hence I is a subcoalgebra. |

The following simple, but important result is a first illustration of a certain
finiteness property which is intrinsic for coalgebras.
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Theorem 1.4.7 (The Fundamental Theorem of Coalgebras) Every element
of a coalgebra C is contained in a finite dimensional subcoalgebra.

Proof: Let c € C. Write Az(c) = > ¢;®x;;®d;, with linearly independent

7'!‘7 .
¢;’s and d;’s. Denote by X the subspace spanned by the z;;’s, which is finite
dimensional. Since ¢ = (¢ ® I ® £)(Az(c)), it follows that ¢ € X. Now

(ARI®I)(Az(c)) = (I® AR I)(Az(c)),

and since the d;’s are linearly independent, it follows that

ZQ‘@A(%‘]‘) = ZA(Cz‘)@izj ceCCRX.

Since the ¢;’s are linearly independent, it follows that A(z;;) € C®X. Sim-
ilarly, A(zij) € X ® C, and by the preceding remark X is a subcoalgebra.
1

The following lemma from linear algebra will also be useful.

Lemma 1.4.8 Let f: V1 — Vo and g : Wi — Wy morphisms of k-vector
spaces. Then Ker(f ® g) = Ker(f) @ W1 + V1 ® Ker(g).

Proof: Let (vq)aca, be abasis of Ker(f), which we complete with (v4)aca, -
to form a basis of Vi. Then (f(va))aca, is a linearly independent subset of
V. Analogously, let (wg)gep, be a basis of Ker(g) which we complete with
(wg)gep, to a basis of Wy. Again (g(wg))ges, is a linearly independent
family in Ws. Let

q= E Cafla @ WG € Ker(f ®g).
a€AjUAL
BEB,UB,

Then o
Y capf(va) ® g(wp) = 0.

a€AJUA
BeB1UB,

By the linearly independence of the family (f(ve) ® 9(wg))aca, geB, it
follows that c,g = 0 for any o € Ay, 8 € B.
Then q € Ker(f) @ W1 + V1 ® Ker(g) and we obtain that

Ker(f ® g) C Ker(f) ® W + Vi ® Ker(g)
The reverse inclusion is clear. ‘ : ’ ]

Proposition 1.4.9 Let f : C — D be a coalgebra morphism. Then Im(f)
is a subcoalgebra of D and Ker(f) is a coideal in C.
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Proof: Since f is a coalgebra map, the following diagram is commutative.

f

C D

Ac AD

fef

ceC D®D

Then Ap(Im(f)) = Ap(f(C)) = (f ® )Ac(C) € (f® HC ) =
f(C)® f(C) = Im(f) ® Im(f), so Im(f) is a subcoalgebra in D.
Also Apf(Ker(f)) =0, so (f ® f)Ac(Ker(f)) =0 and then

Ac(Ker(f)) C Ker(f® f) = Ker(f) ® C + C ® Ker(f)
by Lemma 1.4.8, hence Ker(f) is a coideal. |

The construction of factor objects, as well as the universal property they
have, are given in the next theorem.

Theorem 1.4.10 Let C be a coalgebra, I a coideal and p : C — C/I the
canonical projection of k-vector spaces. Then:

i) There exists a unique coalgebra structure on C/I (called the factor coal-
gebra) such that p is a morphism of coalgebras.

it) If f : C — D is a morphism of coalgebras with I C Ker(f), then there
exists a unique morphism of coalgebras f : C/I — D for which fp = f.

Proof: i) Since (p®@p)A(I) C (pRp)(IQC+C®I) =0, by the universal
property of the factor vector space it follows that there exists a unique linear
map A : C/I — C/I®C/I for which the following diagram is commutative.

c c/I
A A
®
cec 22 ~cirec)r

This map is defined by A(2) = Y. &1 ® T3, where € = p(c) is the coset of
¢ modulo 7. It is clear that

BONACQ)=IQR)AE) =) GRGRTG
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hence A is coassociative. Moreover, since €(I). = 0, by the universal prop-
erty of the factor vector space it follows that there exists a unique linear
map  : C/I — k such that the following diagram is commutative.

We have £(€) = ¢(c) for any c € C, and then
S (e = (Y eler)en) = p(e) =

It follows that (C/I, A, ) is a coalgebra, and the commutativity of the two
diagrams above shows that p is a coalgebra map.

The uniqueness of the coalgebra structure on C/I for which p is a coalgebra
morphism follows from the uniqueness of A and z.

ii) From the universal property of the factor vector space it follows that
there exists a unique morphism of k-vector spaces 7 : C/I — D such that
Fp = f, defined by f(€) = f(c) for any ¢ € C. Since

(ApF)(@) = Ap(f(9) =Y fle1) ® fe2) =
=Y "TFm@efEm =FeHEE)

and _

epf(2) =ep(f(c)) = ec(c) =(c)
it follows that f is a morphism of coalgebras. |
Corollary 1.4.11 (The fundamental isomorphism theorem for coalgebras)

Let f : C — D be a morphism of coalgebras. Then there exists a canonical
isomorphism of coalgebras between C/K e_r( f) and Im(f). ]

Exercise 1.4.12 Show that the category k — Cog has coequalizers, i.e. if
f,9: C — D are two morphisms of coalgebras, there exists a coalgebra E
and a morphism of coalgebras h : D — E such that ho f =hog.

We describe now a special class of elements of a coalgebra C.
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Definition 1.4.13 An element g of the coalgebra C is called a grouplike
element if g # 0 and A(g) = g® g. The set of grouplike elements of the
coalgebra C is denoted by G(C). ]

The counit property shows that £(g9) = 1 for any g € G(C). Moreover,
we show that they are linearly independent.

Proposition 1.4.14 Let C be a coalgebra. Then the elements of G(C) are
linearly independent.

Proof: We assume that G(C) is not a linearly independent family, and
look for a contradiction. Let then n be the smallest natural number for
which there exist g,91,...,9n € G(C), distinct elements such that g =
Zi:l,n a;g; for some scalars o;. If n = 1, then ¢ = a19; and applying ¢
we obtain 7 = 1 and hence g; = g, a contradiction. Thus n > 2. Then all
o; are non-zero (otherwise we would have such a linear combination for a
smaller n). We apply A to the relation g = Zi:l,n a;g; and we obtain

9®g= Y igi®gi

i=1,n

Replacing g, it follows that

Z @;®;9; @ gj = Z @;9i ® gi-
i=1,n

i,j=1,n

Since the elements g, .. ., g, are linearly independent (otherwise again we
would obtain one of them as a linear combination of less then n grouplike
elements), it follows that for ¢ # j we have a;a; = 0, a contradiction.  §

If A is a finite dimensional algebra, then the grouplike elements of the
dual coalgebra have a special meaning.

Proposition 1.4.15 Let A be a finite dimensional algebra and A* the dual
coalgebra of A. Then G(A*) = Alg(A, k), the algebra maps from A to k.

Proof: Let f € A*. Then f is a grouplike element if A(f) = f® f, and
taking into account the definition of the dual coalgebra, this implies that
f(ab) = f(a)f(b) for any a,b € A. Moreover, f(1) = &(f) = 1,s0 fis a
morphism of algebras. |

Exercise 1.4.16 Let S be a set, and kS the grouplike coalgebra (see Ez-
ample 1.1.4, 1). Show that G(kS) = S.



1.4. CONSTRUCTIONS FOR COALGEBRAS 29

We can now give an example of a coalgebra which has no grouplike
elements.

Example 1.4.17 Let n > 1 and C = M¢(n, k) the matriz coalgebra from
Ezample 1.1.4.5). Then C is the dual of the matriz algebra My(k) (from
Ezample 1.3.11), hence G(C) = Alg(M,(k),k). On the other hand, there
are no algebra maps f : M, (k) — k, since for such a morphism Ker(f)
would be an ideal (we will use sometimes this terminology for a two-sided
ideal) of M, (k), so it would be either 0 or M, (k). But Ker(f) =0 would
imply f injective, which is impossible because of dimensions, and Ker(f) =
M, (k) is again impossible because f(1) = 1. Therfore G(C) = 0. |

Exercise 1.4.18 Check directly that there are no grouplike elements in
Me¢(n,k) ifn> 1.

We study now products and coproducts in categories of coalgebras.
Proposition 1.4.19 The category k — Cog has coproducts.
Proof: Let (C;)ics be a family of k-coalgebras, ®;c;C; the direct sum of

this family in M and g; : C; — @:erC; the canonical injections. Then
there exists a unique morphism A in M such that the diagram '

4

Cj @iEICi :
A a
g '
C;®Cj = (®ierCi) ® (BiesCs)

is commutative. Also there exists a unique morphism of vector spaces ¢ for
which the diagram

DierC

c L.
: k “
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is commutative. It can be checked immediately, looking at each component,
that (@;crCi, A, €) is a coalgebra, and that this is the coproduct of the
family (C;)ier in the category k — Cog. |

Before discussing the products in the category k —Cog we need the con-
cept of tensor product of coalgebras. Let then (C, Ac,ec) and (D, Ap,ep)
two coalgebrasand A: C®D - C®DQRCQ®D,c:C®D — k the maps
defined by A = (IQTRI)(Ac®Ap), e = plec®ep), where T(c®d) = d®c
and ¢ : K ® k — k is the canonical isomorphism. Using the sigma notation

we have
) A(C@d)=2€1®d1®02®d2

e(c®d) = ec(c)ep(d)

for any ¢ € C,d € D. We also define the maps 7¢ : C® D — C,7p :
C®D — D by nc(c®d) = cep(d), np(c®d) = ec(c)d forany c € C,d € D.

Proposition 1.4.20 (C® D, A, ¢) is a coalgebra and the maps 7¢c and 7p
are morphisms of coalgebras.

Proof: From the definition of A it follows that

(A®DNA(c®d) = (A®Ioep) (D 1 ®d @ c2 ® da)

= Z(cl)l ®(d1)19(c1)2®(d1)2®c2®da

:ch®d1 Reco®dy®c3 ®d3

and
(I®A)A(c®d) = (Icep ® AN c1®d1 ® 2 ® da)

= ch ®d® (02)1 ® (d2)1 ® (62)2 ® (d2)2
= ch ®d1 ®02®d2®63®d3,
showing that A is coassociative. We also have V

Z(Cl ®dy)e(ca®de) = 2(01 ® d1)ec(cz)ep(da)

= (Y acc(e2)® (Y diep(da))
= ¢c®d

and analogously 3 e(c1 ® d1)(c2 ® d2) = ¢ ® d, showing that C ® D is a
coalgebra. The fact that w¢ is a morphism of coalgebras follows from the
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relations
(rc ®@mc)A(c®d) = > ciep(di) ® caen(da)
= Y ciep(diep(dz)) ® ¢z
= ep(d)Ac(c)
= Ac(re(c®d))
and

ecme(c®d) =ec(c)ep(d) =€(c® d).
Similarly, wp is a morphism of coalgebras. |
We can now prove that products exist, not in the category k& — C’og,
but in the full subcategory of all cocommutative coalgebras k — CCog.
This result is dual to the one saying that in the category of commutative
k-algebras, the tensor product of two such algebras is their coproduct.

Proposition 1.4.21 Let C and D be two cocommutative coalgebras. Then
C ® D, together with the maps mc and 7p is the product of the objects C
and D in the category k — CCog.

Proof: Let E be a coalgebra, and f: E — C,g : E — D two morphisms
of coalgebras. We prove that there exists a unique morphism of coalgebras
¢ : E — C ® D such that the following diagram is commutative.

C/Eqsx‘z)
T~

We define ¢ : E - C® D by ¢(z) =) f(z1) ® g(z2) for any z € F.
Then

Ted(x Zf z1)en(9(22)) Zf z1)ep(z2) = f(2)

hence mc¢p = f; and analogously np¢ = g. We show now that ¢ is a
coalgebra map. We have

Ad(z) A f(z1) ® g(z2))
D f((@)1) ® g((22)1) ® f((21)2) ® 9((22)2)
Y f(21) ® g(23) ® f(22) ® g(z4)

I

"

fi
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and
(b@p)Ap(x) = D ¢(z1)@d(zs)
= Y f((@1)1) @ 9((21)2) ® f((z2)1) ® g((w2)2)
= > fl@1) @ g(z2) ® f(23) ® g(xa)

But F is cocommutative, hence

29:1 RT3 Qx4 =Z$1 ® (z2)1 ® (z2)2 ® 3

= 2331 ® (22)2 ® (22)1 @ 23 = 2171 @T3Q T2 ® x4
and from here it follows that A¢(z) = (¢ @ ¢)Ap(z).

Moreover,
(€d)(x) = O flz1) ®g(x2))
= Y eo(f(@))en(g(zs))
= ZEE(xl)fE(Iz)
= 5E‘(Z z165(22))
= ep(z)
thus e¢p = ¢p.

It remains to prove that ¢ is unique. For this, note that if ¢/ : E - C® D
is a morphism of coalgebras with mc¢’ = f and np¢’ = g, then

(f®9)Ag (rc¢' ® 1p¢’)AE
(rc ®7p)(¢' ® ¢') A
(rc ® mp)Ad’
¢/
since clearly (mc ® mp)A is the identity. Therefore ¢’ = (f ® g)Ap = ¢.

I

Another frequently used construction in the theory of coalgebras is the
one of co-opposite coalgebra. Let (C, A, ¢) be a k-coalgebra and the map
AP C - CRC, A =TA, where T : C® C — C ® C is the map
defined by T'(a ® b) = b ® a.

Proposition 1.4.22 (C, AP ¢) is a coalgebra.

Proof: Immediate. |
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Remark 1.4.23 The coalgebra defined in the previous proposition is called
the co-opposite coalgebra of C and it is denoted by C°°P. This concept is
dual to the one of opposite algebra of an algebra. We recall that if (A, M, w)
is a k-algebra, then the multiplication MT : A® A — A and the unit u define
an algebra structure on the space A, called the opposite algebra. of A. This
is denoted by A°P. |

Proposition 1.4.24 Let C be a coalgebm Then the algebras (C°P)* and
(C*)°P are equal.

Proof: Denote by M; and Ms the multiplications in (C°°P)* and (C*)Oi’.
Then for any ¢*,d* € C* and ¢ € C we have

My(c* ®d*)(c) = (c* @ d*)(TA(c) = Y _ c*(ca)d" (1)

My(c* @ d™)( Z d*(c1)c"(c2)
which ends the proof. |

We close this section by giving the dual version for coalgebras of the
extension of scalars for algebras. Let {C, A, ¢) be a k-coalgebra and ¢ : k —
K a morphism of fields. We define A’ : K®yC — (K@C)Qk (K ®C) and
e K®,C — K by A'(a®c) = Y (a®c1)®(1®c¢2) and £/ (a®c) = ad(e(c))
for any a € K,c € C. The following result is again easily checked

Proposition 1.4.25 (K @ C,A’,¢') is a K-coalgebra. -1

1.5 The finite dual of an algebra

We saw in Proposition 1.3.9 that for any finite dimensional algebra A, one
can introduce a canonical coalgebra structure on the dual space A*. In this
section we show that to any algebra A we can associate in a natural way
a coalgebra, which is not defined on the entire dual space A*, but on a
certain subspace of it.

Let then A be an algebra with multiplication M : A® A — A. We consider
the following set

A° = {f € A*| Ker(f) contains an ideal of finite codimension}.

We recall that a subspace X of the vector space V has finite codimension
if dim(V/X) is finite. It is clear that if X and Y are subspaces of finite
codimension in V, then X NY also has finite codimension, since there
exists an injective morphism V/(X NY) — V/X x V/Y. Then if f,g € A°
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it follows that Ker(f) N Ker(g) € Ker(f+g) and so f + g € A°. Also for
f € A°, a € k we have Ker(f) C Ker(af), so af € A°® too. Thus A° is a
k-subspace in A*. It is on this subspace that we will introduce a coalgebra
structure associated to the algebra A.

Lemma 1.5.1 Let f : A — B be a morphfism of algebras and I an ideal
of finite codimension in B. Then the ideal f~1(I) has finite codimension
in A.

Proof: Let p : B — B/I be the canonical projection. Then the map
pf : A — B/I is a morphism of algebras and Ker(pf) = f~'(I). Then
A/f~Y(I) =~ Im(pf) < B/I which has finite dimension. |

Lemma 1.5.2 Let A, B be algebras and f : A — B a morphism of algebras.
Then:

i) f*(B°) C A°, where f* is the dual map of f.

i1) If we denote by ¢ : A* ® B* — (A® B)* the canonical injection, we have
#(A°® B°) = (A® B)°.

i) M*(A°) € Y(A° ® A°), where M is the multiplication of A and ¢ :
A*® A* — (A® A)* is the canonical injection.

Proof: i) Let b* € B° and I be an ideal of finite codimension in B which
is contained in Ker(b*). Then f~1(I) is an ideal of finite codimension in
A by Lemma 1.5.1 and f=1(I) C Ker(b*f) = Ker(f*(b*)). It follows that
fr(b") € A°.

ii) Let a* € A°,b* € B° and I,J ideals of finite codimension in A, re-
spectively B, with I C Ker(a*),J C Ker(b*). Then A J+ I Q@B C
Ker(¢(a* ® b*)), and since A®Q J+ I ® B is an ideal in A ® B and
(A®B)/(A®J+I1®B)~ A/I® B/J, which is finite dimensional, it
follows that ¢(a* ® b*) € (A® B)°, so $(A° ® B°) C (AQ® B)°.

Let now h € (A® B)° and K an ideal of finite codimension of A ® B with
K C Ker(h). Wedefine I = {a € Aja®1 € K}, which is an ideal of A, and
J={be B|1®b e K}, which is an ideal of B. Since [ is the inverse image
of K via the canonical algebra map A — A ® B, sending a to a ® 1, from
Lemma 1.5.1 we deduce that I has finite codimension in A. Analogously, J
has finite codimension in B, and moreover AQ J+I® B is an ideal of finite
codimension in A®Q B. Clearly AQ J+I®B C K,s0 h(A®J+IQ®B) = 0.
Then since (A® B)/(A®Q J+I® B) ~ A/I® B/J, there exits an h making
the following diagram commutative
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®
A®B PIER L w1eBlJ

k

where p; si ps are the canonical projections.

Since A/I and B/J have both finite codimension, there exists a canonical
isomorphism 6 : (A/I)* ® (B/J)* — (A/I ® B/J)*. Then there exist
(vi)i € (A/1)*,(8:): € (B/J)*, with h = 8(3", % @ &;). Then

R(pr(a) ©ps(0)) |
20(% ® 6:)(pr(a) ©® ps (b))

h{a ® b):

[

= Z 7i(p1(a))8i(p. (b))

¢(Z Yipr ® 8:ps)(a ® b)

and so b = ¢(3_, 1ipr®&:p,). But v;p; € A* 5i I C Ker(yipr), hence vipr €
A®, and analogously v;p; € B°. We have obtained that h € ¢(4° ® B°).
Consequently, we also have that (4 ® B)° C ¢(A° ® B°), and the equality
is proved. :
iii) Let a* € A° and I a finite codimensional ideal of A with I C Ker(a*).
Then AQI+1®A is a finite codimensional ideal of AQ A and AQI+I® A -
Ker(a™M), hence a*M = M(a*) € (A® A)° = %(A° ® A°) by assertion
ii). : : |
We are now in a position to define the coalgebra structure on A°. With
the notation of the preceding proposition we know that M*(4°) C (4 ®
A)° = ¢(A°®A°), where ¢ : A*® A* — (A® A)* is the canonical injection.
By Lemma 1.5.2 the map ¢ can be regarded as an isomorphism between
A°® A° and (A® A)°. Let then A: A° - A°® A°, A = =1 M*. We also
define the map ¢ : A° — k by £(a*) = a*(1).

Proposition 1.5.3 (A°, A, ¢€) is a coalgebra.

Proof: Consider the following diagram
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I® M)
(A® A) ( ) (A® A® A)*

(A® A)*
' ,(p A°®A° A°®A°®A°
J

A
A®I

A° A°® A°

A

We have denoted again by 9 the restriction to A°®A° of the map defined
above, by 1; the canonical injection, and by j the inclusion. We prove
step by step the commutativity of some subdiagrams. First, (¥ A)(a*) =
(Y~ M*)(a*) = M*(a*) = M*j(a*) for any a* € A*, hence YA = M*j.
In order to show that (A ® I) = (M ® I)*3 we note first that if a* €
A° and A(a*) = Y ;af @b}, then ™ 'M*(a*) = >, 0] @b}, so a*M =
M*(a*) = >, ¢(a} ® b7) and then for any a,b € A we have a*(ab) =
Y a;(a)bi(b). Then if a*,b* € A° gi a,b,c € A we have

P1(A®I)(a* ®b))(a®b®c) =
= (D e @b eb') a®be0)
= Za? (a)b; (b)b™(c)

a*{ab}b*(c)
(MeD)*P(a*@b*))(a®b®c)

hence Y1 (A @ I) = (M ® IV*. Similarly 1 (I ® A) = (I @ M)*y. Also
(I@M*M* = (MI®M))* =(M(M®I)*=(M®QI)*M*

Then
Pi(A®NA = (MRI)'yA
(MI)*M*j
(IQM)*M*j
(I® M)*pA
Pi(I ® A)A

I
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and since 9 is injective, we obtain (A®I)A = (I®A)A, the coassociativity
of A°.
Let now a* € A° and A(a*) =), af ® b}. Then

O _e@)by)(a) = Za =a*(1-a) = a*(a)
for any a € A, and therefore 3, e(a} )b} = a*. Similarly, 3, (b} )af = a
and the proof is complete.

Proposition 1.5.4 Let f : A — B be a morphism of algebras. Then
f*(B°) C A° and the induced map f°: B° — A° is a morphism of coalge-
bras.

Proof: We already saw in Lemma 1.5.2 that f*(B°) C A°. In order to
show that f° is a morphism of coalgebras, we have to prove that the fol-
lowing two diagrams are commutative.

B° f A° f°
B A°
Ago A go P <.
k
°® f°
B° g B° Y A° @ A°

The commutativity of the second diagram is immediate, since

€40 fO(0%) = (f°(0"))(1) = 0"(f(1)) = b"(1) = £ (b7)

for any b* € B°.

As for the first diagram, let b* € B°, Apo(b*) = . by ®c;. Since ¢ : A°®
A° — (A® A)* is injective, in order to show that (f° ® f°)Ape = AAofO
it is enough to show that ¥(f° ® f°)Ag. = z,/)AAof° But for z,y € A we
have

(W(f° @ F)Ape)(0"))(z®Y) = Z( °(6))) (@) (f°(ci))(w)
= Zb* ))ci (f(y))
b*(f(w)f(y))
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the last equality following directly from the definition of Ago (A = =t M*,
hence A = M*, then apply it to b* and then to f(z) ® f(y)). Further on,
we have

(A4 ) Nzoy) = (WA4)B ) z0y)
(M*@" )z @y) = (b"fM)(z®y)
= b*(f(zy))
= b (f(x)f(y))
and the proof is complete. |

The following result is a consequence of the last two propositions.

Corollary 1.5.5 The mappings A+ A° and f — f° define a contravari-
ant functor (=)° : k — Alg — k — Cog. ]

We are going to give now a characterization of the elements of A°
which will be useful for computations. To this end, we first remark that
= Hom(A, k), and since A is an A-left, A-right bimodule, it follows that
A* is an A-left, A-right bimodule, with actions given as follows. If a € A
and a* € A*, then:
- the left action of A on A* by (a — a*)(b) = a*(ba) for any b € A.
- the right action of 4 on A* by (a* — a)(b) = a*(ab) for any b€ A. *

Proposition 1.5.6 Let A be a k-algebra and f € A*. Then the following
assertions are equivalent: '

1) fe A°.

2) M*(f) € Y(A°® A°).

3) M*(f) € Y(A* @ A*).

4) A — f is finite dimensional.

5) f — A is finite dimensional.

6) A— f— A is finite dimensional.

Proof: 1) = 2) was proved in Lmma 1.5.2,

2) = 3) is clear.

3) = 4) Let M*(f) = ¢(}, a; ®bF) with al,b;‘ € A*. Then for a,b € A we
have f(ab) = 3, aF(a)b; (b), hence (b — fi(a) = (3, br(b)ar)(a), that is
b— f=>,bf(b)a;. This shows that A — f i 1s contamed in the subspace
of A* generated by ( 7)i, and this is finite dimensional.

(a — a*) should be read as "a hits a*”, and (a* « a) as "a* hit by a”. These
conventions were proposed by W. Nichols, and are known as the ”Nichols dictionary”.
They also include ” — = twhits” and ”«— = twhit by”.
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4) = 1) We assume that A — f is finite dimensional. Since A — f is
a left A-submodule of A*, we have a morphism of k-algebras induced by
this structure 7 : A — End(A — f) defined by 7(a)(m) = a — m for any
a€ A,méeEA— f. Since End(A — f) has also finite dimension, it follows
that I = Ker(n) is an ideal of finite codimension in A. But for'a € I we
have f(a) = (a — f)(1) =0, s0 I C Ker(f) and f € A°.

3) = 5) and 5) = 1) are proved in the same way as 3) = 4) and 4) = 1),
working with the right hand structure.

1) = 6) If f € A°, let I be an ideal of finite codimension in A with I C
Ker(f). Then for a,b € A we have (a — f — b)(I) = f(bla) C f(I) =0,
hence A — f — A C {g € A*|g(I) = 0}. But I has finite codimension, so
there exist (a;)i=1,» C A completing a basis of I to a basis of A. Denoting by
a} € A* the map for which af(I) = 0,a](a;) = &, it follows immediately
that the subspace {g € A*|g(I) = 0} is generated by (a})i=1,» and so it has
finite dimension.

6) = 4) is clear. ' |

Remarks 1.5.7 1) The preceding proposition shows that A° is the biggest
. coalgebra contained in A* and induced by M. Indeed, we have M* : A* —
(AQA)* and if X C A* is a coalgebra induced by M, then M*(X) C (X ®
X). But then M*(X) C (A*® A*), hence X C M* ~1((A*® A*)) = A°.
2) It may happen that A° = 0. For example, let A be a simple k-algebra
of infinite dimension over k (e.g. an infinite field extension of k). Then A
does not contain any proper ideals of finite codimension, and hence A° =0

We recall now another result from linear algebra.

Lemma 1.5.8 If f1,..., fn be linearly independent elements of V*, then
there exist vy,...,v, € V with fi(v;) = 6;; for any i,j = 1,...,n. More-
over, the v;’s are also linearly independent.

Proof: We proceed by induction on n. For n = 1 the result is clear.
Let now fi,..., fny1 be linearly independent in V*, and appplying the
induction hypothesis we find vi,...,v, € V such that fi(v;) = & ; for
any 4,5 = 1,...,n. Since fi,.:., fo41 are linearly independent, we have
Sry1 — Zi:l,n frna1(vi)fi # 0, hence there exists a v € V with f,,,;(v) #
ic1n fur1 (Vi) fi(v). Then fri1(v =3, vifi(v)) # 0 and

fi(v— Z vi fi(v)) = fi(v) — f;(v) = 0.

Multiplying then v — Zi:l,n v; fi(v) by a scalar, we obtain a w,1; € V
with fj(wn+1) = 6j,n+1 for _7 = 1, o, 1. Let Wy = v — fn+1(v]-)wn+1
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for j = 1,...,n. We have fi(w;) = fi(v;) = 6;; forany 4,5 =1,...,n
and foy1(w;) =0for j =1,...,n, hence wy,..., wp41 satisfy the required
conditions.

The last assertion follows by applying the f;’s to a linear combination of
the v;’s which is equal to zero, in order to deduce that all the coefficients
are zero. ]

Remark 1.5.9 We have that
A ={fe A" |3fi,gc A" : flzy) =) _ fil@)g:(v), Vz,y € A} (1.1)

From this we see that A° is a subbimodule of A* with respect to — and
~—. If we use Ezercise 1.3.1 and assume the f;’s and g;’s are linearly in-
dependent, then by Lemma 1.5.8 we obtain that f; € A — f C A° and
€ f— A C A°. Hence we remark that if we use (1.1) as the definition
for A°, the fact that it is a coalgebra follows exactly as in the finite dimen-
sional case treated in Proposition 1.3.9.
The above show that for all f € A°, A — f «— A is a subcoalgebra of A°,
and it is finite dimensional. This means that the Fundamental Theorem of
Coalgebras (Theorem 1.4.7) holds in A°. Another consequence is that sub-
coalgebras of A° are subbimodules of A°, and the intersection of a family of
subcoalgebras of A° is a subcoalgebra (it contains the subbimodule generated
by each of its elements). Thus the smallest subcoalgebra containing f € A°
isA— f— A.
Finally, we remark that we have the description of the grouplikes in A°
exactly as in the finite dimensional case (Proposition 1.4.15):

G(A°Y={f:A— k| f is an algebra map}.
1

An important particular case of a finite dual is obtained for the case
the algebra A is a semigroup algebra kG, for some monoid G (kG has basis
G as a k-vector space and multiplication given by (az)(by) = (ab)(xy) for
a,b € k, z,y € G). As it is well known, there exists an isomorphism of
vector spaces

¢ : k¢ — (kG)* = Hom(kG, k), (Z i) = aif ().

Consequently, k¢ becomes a kG-bimodule by transport of structures via ¢:

(@f)) = flyz), (fz)y) = f(zy), Yo,y € G, fekC.
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Definition 1.5.10 If G is a monoid, we call

Ri(G) = ¢71((kG)°)

the representative coalgebra of the monoid G. - |

Note that the coalgebra structure on Ry(G) is also transported via ¢.
Ri(G) is a kG-subbimodule of k¢, and consists of the functions (which
are called representative) generating a finite dimensional kG-subbimodule
(or, equivalently, a left or right kG-submodule). We have

Ri(G) = {f € k®|3fi, g € k°, f(zy) =) filz)gi(y) Vz,y € G},

and the coalgebra structure on Ri(G) is given as follows: if f € Ry(G),

and fi,g; € k€ are such that f(zy) = Y_ f:(2)g:(v), then A(f) =3 fi ®9;.
Note also that for any k-algebra A we have

A° = Ri(Am) N A*

where A,, denotes the multiplicative monoid of A
The following exercise explains the name of representative functions.

Exercise 1.5.11 Let G be a group, and p : G — GL, (k) a representation
of G. If we denote p(z) = (fij(x))i;, let V(p) be the k-subspace of kC
spanned by the {fi;}s,;. Then the following assertions hold:

i) V(p) is a finite dimensional subbimodule of kC.

i) Ri(G) = Y. V(p), where p ranges over all finite dimensional represen-

p
tations of G.

We now go back to Exercise 1.1.5 to give the promised explanation of
the name ”trigonometric coalgebra”. The functions sin and cos : R — R
satisfy the equalities

sin(x +‘y) = sin(z) cos(y) + sin(y) cos(z),

and
cos(z + y) = cos(z) cos(y) — sin(z) sin(y).

These equalities show that sin and cos are representative functions on the
group (R,+). The subspace generated by them in the space of the real
functions is then a subcoalgebra of Rgr((R, +)), isomorphic to the trigono-
metric coalgebra.

Other examples of representative functions include: |

1) The exponential function exp : R — R, because e**t¥ = e*e¥, hence
A(exp) = exp @ exp.
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In general, if G is a group, then f € Ry(G) is grouplike if and only if f is
a group morphism from G to (k*,-).

2) The logarithmic function Ig : (0, 00) — R, because Ig(zy) = lg(z) +1g(v),
hence A(lg) = lg®1 + 1 ®lg, where 1 denotes the constant function taking
the value 1. Such a function is called primitive.

It is also easy to see that in general, if G is a group, then f € Rg(G) is
primitive if and only if f is a group morphism from G to (k,+).

3) Let do : R — R be defined by dn(z) = Z;. Since do(z +y) =
Y- di(z)dn—i(y) (by the binomial formula), it follows that the d,’s are rep-

1
resentative functions on the group (R, +), and the subspace they span is
a subcoalgebra of Rg((R,+)), isomorphic to the divided power coalgebra
from Example 1.1.4 2. This explains the name of this coalgebra.

We saw in Proposition 1.3.14 that a finite dimensional (co)algebra is
isomorphic to the dual of the dual. We study now the connection between
a (co)algebra and dual of the dual in the case of arbitrary dimensions.

Proposition 1.5.12 Let C be a coalgebra and ¢ : C — C** the canonical
ingection. Then Im(@) € C*° and the corestriction ¢c : C — C*° of ¢ is
a morphism of coalgebras.

Proof: Let c € C and c¢*,d* € C*. Then
(c" = d(eN(d) = ¢(c)(d*c”) = (d"c")(c)
= Y () (e)
= Y & (ca)dler)(d)
and hence ¢* — ¢(c) = 3 c*(c2)p(c1). It follows that C* — ¢(c) is finite

dimensional, being contained in the subspace generated by all ¢(c;). This

shows that ¢(c) € C*°.
We prove now that the following diagrams are commutative.

C®C MC*O®C*O

For the second diagram this is clear, since

(0dc)(c) = dc(e)(le-) = ¢c(c)(e) = e(o).
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For the ﬁrs’c diagram we will show taht YAgdc = ¥(dc ® ¢c)A, where
P C** @ C* — (C* ® C*)* is the canonical injection. If ¢ € C and
c*,d* € C* we have

(¥(dc ® dc)Alc))(c" ® d)

@} dcla) ® dolca)))(c” @ d”)
= Y c'(a)d (c)

= (c¢"-d")(c)

(M(c" @ d"))(c)

pc(c)(M(c" @ d"))

(pc(c)M)(c" ® d¥)
(M*(¢c(e))(c" @ d¥)
(¥Do(¢c(c)))(c* ®d*)
(Dogc)(c))(c” ®d7)

As 1 is injective, it follows that Agpc = (dc ® dc)A. |

fl

I

I

Definition 1.5.13 A coalgebra C is called coreflexive if ¢ is an isomor-
phism. .

Exercise 1.5.14 The coalgebra C is coreflexive if and only if every ideal
of finite codimension in C* is closed in the finite topology.

Exercise 1.5.15 Give another proof for Proposition 1.5.3 using the repre-
sentative coalgebra. Deduce that any coalgebra is a subcoalgebra of a repre-
sentative coalgebra.

Remark 1.5.16 The above exercise, combined with Remark 1.5.9, shows
that the intersection of a family of subcoalgebras of a coalgebra is a subcoal-
gebra (see Corollary 1.5.29 below).

The same argument provides a new proof for the Fundamental Theorem of
Coalgebras (Theorem 1.4.7). 1

Exercise 1.5.17 If C is a coalgebra, show that C is cocommutative if and
only if C* is commutative.

Proposition 1.5.18 Let A be an algebra. Then the map ia : A — A°",
defined by ia(a)(a*) = a*(a) for any a € A,a* € A°, is a morphism of
algebras.

Proof: We have first that i4(1)(a*) = a*(1) = €40(a*), s0 14(1) = €40,
which is the identity of A°*. Then for any a,b € A,a* € A° we have
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ia(ab)(a*) = a*(ab), and
(ia(a)ia(0))(a") = ZiA(a)(a;)iA(b)(b;)
= Za a)by(b)

(de(a N(a®b)
M*(a*)(a ®b)
(@*M)(a®b)

a* (ab)

il

I

where we have denoted A(a*) = >, a; ® b}, and from here it follows that
ia(ab) =ia(a)-ia(b). 1

Exercise 1.5.19 If A is an algebra, then the algebra map iy : A — A°*
defined by i4(a)(a*) = a*(a) for any a € A,a* € A°, is not injective in
general.

Definition 1.5.20 An algebra A is called proper (or residually finite di-
mensional) if i4 is injective, it is called weakly reflexive if i is injective,
and it is called reflexive if i4 is bijective. |

Exercise 1.5.21 If A is a k-algebra, the following assertions are equiva-
lent:

a) A is proper.

b) A° is dense in A* in the finite topology.

¢) The intersection of all ideals of finite codimension in A is zero.

We now have the following contravariant functors

(=) :k—Alg— k—Cog

(=) 1k —Cog — k — Alg
In order to work with covariant functors, we will regard these two functors
as covariant functors (—)° : k— Alg — (k—Cog)° and (—)* : (k —Cog)? —
k — Alg, where by C° we have denoted the dual of the category C.
Theorem 1.5.22 (—)° is a left adjoint for (—)*.
Proof: Let C be a coalgebra and A an algebra. We define the maps

w: Homg—cog(C, A°) — Homy_a14(A,C*)
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v Homk A[g(A C*) - HOmk_cog(C Ao)
by u(f) = f*ia for f: C — A° a morphism of coalgebras and v(g) = g°¢¢
for g: A — C* a morphism of algebras. We prove that the maps u and v
are inverse one to each other. For f € Homg_cog(C,A%),c€ C and a € A
“we have

((f*ia)°¢c)(c))(a)
(fia)°(dc(c))(a)
)

(((vu)())(e))(a) (
(
(dc(c)f ia)(a
(
(
(

il

¢c(c))(f*iala
fria(a))(c)
ia(a)f)(c)
ia(a)(f(c))
(f(C))(a)

i

which shows that vu = Id.
For g € Homy_414(A,C*),a € A and c € C we have

(((wv)(9))(a)(c) = (((g°dc) ia)(a))(c)
((g°¢c)" (ia(a)))(c)
(ta(a)g°dc)(c)
(ta(a))((9°dc)(c))
(

(

= (9°(¢c(c))(a)
= (¢c(c)g)(a)
= ¢c(c)(g(a))
(9(a))(c)
hence also uv = Id. Since the maps u and v are natural, it follows that the
claimed adjunction holds. |

We remark that if we restrict and corestrict these two functors to the sub-
categories of (co)-algebras of finite dimension, we obtain the duality of cat-
egories described in Section 1.3. In the general case, the above adjunction
suggests that many phenomena occur in a dual manner in the categories
k — Alg and k — Cog.

We show now that there exists a correspondence between the subcoalge- -
bras of a coalgebra and the ideals of the dual algebra. This correspondence
is in the spirit of the duality discussed above, since subcoalgebras are sub-
objects, ideals are subspaces allowing the construction of factor objects,
and the notions of subobject and factor object are dual notions.
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Proposition 1.5.23 Let C be a coalgebra and C* the dual algebra. Then:
i) If I is an ideal in C*, it follows that I* is a subcoalgebra in C.

i) If D is a k-subspace of C, then D is a subcoalgebra in C if and only if D+
is an ideal in C*. In this case the algebras C*/D+ and D* are isomorphic.

Proof: i) Let (ej)jes be a basis in C and let ¢ € I+. Then there exist
(¢j)jes € C with Ac) = 3., ¢ ® ej. We show that ¢; € I for any
j € J. Choose jo € J and h € C* with h(e;) = §; , forany je J. If feT
then fh € I, so (fh)(c) = 0. But (fh)(c) = 3 ;c; flci)hle;) = f(cjp). It
follows that f(cj,) = 0 for any f € I, hence cj, € I'+.

Thus we have that A(c) € I* ® C. Similarly, one can prove that A(c) €
C®I+. Then A(c) € (It ®C)N(C®I') = I+ @I+ by Lemma 1.4.5, and
so I+ is a subcoalgebra of C.

ii) If D+ is an ideal in C*, then it follows from i) that D+ is a subcoal-
gebra in C. But D+t = D from Theorem 1.2.6. Conversely, if D is a
subcoalgebra, let 7 : D — C be the inclusion, which is an injective coalge-
bra map. Then * : C* — D* is a surjective algebra map, and it is clear
that Ker(i*) = Dt. It follows that Dt is an ideal, and the required iso-
morphism follows from the fundamental isomorphism theorem for algebras.

A similar duality holds when we consider the ideals of an algebra and the
subcoalgebras of the finite dual.

Proposition 1.5.24 Let A be an algebra, and A° its finite dual. Then:
i) If I is an ideal of A, it follows that I+ N A° is a subcoalgebra in A°.
i) If D is a subcoalgebra in A°, it follows that Dt is an ideal in A.

Proof: i) Let f € I*NA° and A(f) = Y, u; ®v; with u;, v; € A° such that
(v;); are linearly independent. From the preceding lemma. it follows that
there exist (a;); C A with v;(a;) = §; ; for any ¢, j. Then for any j and any
a € I we have aa; € I, hence 0 = f(aa;) = Y, ui(a)vi(a;) = u;(a), so u; €
I+, Tt follows that A(f) € (I*NA°)®A°. Similarly, A(f) € A°®(I+NA°)
and then from Lemma 1.4.5 it follows that A(f) € (I* N A°) ® (I+ N A°).
ii) Leta € DY and b€ A. If f € D and A(f) = 3, u; ® v; with u;,v; € D,
then f(ab) = Y, ui(a)v;(b) = 0, hence also ab € D*. Analogously, ba €
D1, so Dt is an ideal in A. |

Dual results also hold if we look at the connection between the coideals
of a coalgebra and the subalgebras of the dual algebra, respectively the
subalgebras of an algebra and the coideals of the finite dual.

Proposition 1.5.25 Let C be a coalgebra, and C* the dual algebra. Then:
i) If S is a subalgebra in C*, then St is a coideal in C.
ii) If I is a coideal in C, then It is a subalgebra in C*.
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Proof: i) Let i : S — C* be the inclusion, which is a morphism of algebras.
Then 3° : C*° — S° is a morphism of coalgebras, and hence if ¢¢ : C —
C*° is the canonical coalgebra map, we have a morphism of coalgebras
1°0c : C — 8°. If ¢c € C, then c € Ker(i®°¢¢) if and only if ¢pc(c)i = 0,
and this is equivalent to f(c) = 0 for any f € S. Thus Ker(i°¢c) = S*.
Since the kernel of a coalgebra map is.a coideal, assertion i) is proved.

ii) Let # : C — C/I be the canonical projection, which is a coalgebra
map. Then 7* : (C/I)* — C* is a morphism of. algebras. If f € C~,
then f € Im(n*) if and only if there exists g € (C/I)* with f = gr. But
this is equivalent to the fact that f(I) = 0, or f € I*. It follows that
I+ = I'm(w*), which is a subalgebra in C*. B

Proposition 1.5.26 Let A be an algebra and A° its finite dual. Then:
i) If S is a subalgebra in A, then S*+ N A° is a coideal in A°.
i) If I is a coideal in A°, then I* is a subalgebra in A.

Proof: i) Let i : S — A be the inclusion, which is a morphism of algebras,
and ° : A° — 5° the induced coalgebra map. Then

Ker(i®) = {f € A°li°(f) = 0} =
= {f € A°|fi =0} = {f € A°f(S) = 0} = A° N S*,

so A° N S+ is a coideal in A°.

i) Let a,b€ It and let f €. Let A(f) =3, u; ®v; € A°QI+1® A°.
Then f(ab) = 3", ui(a)vi(b) = 0, so ab € I*. Now €40 (f) = 0 shows that
f(1) =0 for any f € I, and hence 1 € I+. |

We give now connections between the left (right) coideals of a coalgebra
and the left (right) ideals of the dual algebra, respectively between the left
(right) ideals of an algebra and the left (right) coideals of the finite dual.

Proposition 1.5.27 Let C be a coalgebra, and C* the dual dlgébm. Then:
i) If I is a left (right) ideal in C*, then It is a left (Tight) coideal in C.
i) If J is left (right) coideal in C, then J* is a left (right) ideal in C*.

with (¢;); linearly independent. Fix a j and choose ¢* ‘€ C* with ¢ (c,)
8;; for any i. If f € I then ¢*f € I, hence (c*f)(c) = 0. But (c*f)(c)
>oic*(ci)f(di) = f(d;), so dj € I'*. Consequently, A(c) e C® I*.

11) Assume that J is a left c01deal so A(J) CC®J. Let f € J+, and
c¢* € C*. Then (¢*f)(J) Cc (C)f(J) = 0, hence ¢* f € J1. It follows that
J* is a left ideal.

The right hand versions are proved similarly.

Proof: i) Assume that [ is a left ideal. Let c € I+ and A(c) = Y, ¢; Q@ d;
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Proposition 1.5.28 Let A be an algebra, and A° its finite dual. Then:
i) If I is a left (right) ideal in A, then I+ N A° is a left (right) coideal in
A°.

) If J is a left (right) coideal in A°, then J* is a left (right) ideal in A.

Proof: i) We assume that I is a left ideal. If f € I+ N A°, let A(f) =
> i ®v; with u,v; € A° and (u;); linearly independent. By Lemma 1.5.8
it follows that there exist (a;); C A with u;(a;) = §;,; for any i,5. Ifa € I,
then a;a € A, hence 0 = f(a:;a) = v;(a), and so v; € It for any i. We
obtained A(f) € A°® (I1 N A°).

ii) Assume that J is a left coideal, and let a € J*,b € A. Since A(J) C
A° ® J, we obtain that f(ba) = 0 for any f € J, hence ba € J*. |

Corollary 1.5.29 Let C be a coalgebra, and (X;); a family of subcoalgebras
(left coideals, Tight coideals). Then N;X; is a subcoalgebra (left coideal, right
coideal).

Proof: We have N;X; = N; X = (3, X;')*. But X;* are ideals (left
ideals, right ideals) in C*, thus }_; X; is also an ideal (left ideal, right
ideal). Then (3°, X;*)* is a subcoalgebra (left coideal, right coideal) in C.
1

Remark 1.5.30 The above corollary allows the definition of the subcoal-
gebra (left coideal, right coideal) generated by a subset of a coalgebra as the
smallest subcoalgebra (left coideal, right coideal) containing that set. |

Example 1.5.31 The finite dimensional subcoalgebra containing an ele-
ment of a coalgebra constructed in Theorem 1.4.7 is actually the subcoalge-
bra generated by that element. For if Aax(c) = 3, ; ¢;®x;;®d; are as in the
proof of the fundamental theorem, and if D is any subcoalgebra containing
¢, then As(c) € D® D ® D, and applying maps of the form f; ® I ® g; to
this (fi is 1 on ¢; and zero on any other ¢y, and g; is 1 on d;, and zero on
any other dj: ), we obtain that the span of the x;;’s is contained in D. 1

We give now an application of the fundamental theorem for coalgebras.
The following definition is due to P. Gabriel [85].

Definition 1.5.32 Let A be a k-algebra. A is called a pseudocompact
algebra if A is a topological k-algebra, Hausdorff separated, complete, and
satisfies the APC axiom:

APC: The ring A has a basis of neighbourhoods of zero formed by the ideals
I of finite codimension. |

Theorem 1.5.33 IfC is a k-coalgebra, then the dual algebra C* is a pseu-
docompact topological algebra.
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Proof: We first prove that the multiplication M : C* x C* — C* is
continuous. If f,g € C*, let fg+ W be an open neighbourhood of fg (W
is a finite dimensional subspace of C). It is easy to see that there exist two
finite dimensional subspaces Wy, W5 of C, such that A(W) C W) @ W,.
So f+ Wi (resp. g+ W3) is an open neighbourhood of f (resp. g). We
prove that

M(f + Wi g+ Wy) C fg+ W+ (1.2),

Indeed, if u € Wit, v € W5+, we have
(f+u)g+v) = fg+ fv+ug+uv.

Now if c € W, then A(c) = Y 1 @ cp € Wy @ Wh. Therefore (fv)(e) =
Y flen)v(er) = 0 (smce v € W5). Similarly, we have ug(c ) = 0 and’
(uv)(c) = 0. Thus fv +ug + uwv € W+, and (1.2) is proved, and M is
continuous.

We show now that the set of all ideals I of C* has the following properties:
i) all I’s have finite codimension (i.e. dim(C*/I) < 00).

ii) they are open and closed in the finite topology, and they form a basis
for the filter of neighbourhoods of zero in C*.

Indeed, the set of W+, where W ranges over the finite dimensional sub-
spaces of C is a basis for the filter of neighbourhoods of zero in C*. By
Theorem 1.4.7, there exists a finite dimensional subcoalgebra D of C such
that W C D. Then D' C W+, and I = D% is an ideal by Proposition
1.5.23, ii). Since C*/I ~ D*, it follows that I is finite codimensional. Also
since I = D* and dim(D) < oo, then I is an open neighbourhood of zero
in C*. Since [ is an ideal (in particular a subgroup) then I is also closed
in the finite topology.

Now if f,g € C*, f # g, there exists © € C such that f(z) # g(z). It is
easy to see that (f + %) N (g+2t) =0, so C* is Hausdorff separated.
Finally, since C is the sum of its finite dimensional subcoalgebras D (by
Theorem 1.4.7), we have

C* = Hom(C,k) = Hom(lim D, k) =
=lim Hom(D,k) =lim D* = lim (C*/D%),

and therefore C* is complete. |

1.6 The cofree coalgebra

It is well known that the forgetful functor U : k—Alg — M (associating to
a k-algebra the underlying k-vector space) has a left adjoint 7. The functor
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T associates to the k-vector space V the free algebra, which is exactly the
tensor algebra T(V). We shall return to this object in Chapter 3, where
we show that it has even a Hopf algebra structure. For the moment we will
only need the existence of a natural bijection

Hom(A,V) ~ Homy_ a14(A, T(V))

for any k-algebra A and any k-vector space V. This bijection follows from
the adjunction property of 7. Due to the duality between algebras and
coalgebras, it is natural to expect the forgetful functor U : k — Cog — M
to have a right adjoint.

Definition 1.6.1 Let V' be a k-vector space. A cofree coalgebra over V is
a pair (C,p), where C is a k-coalgebra, and p: C — V is a k-linear map
such that for any k-coalgebra D, and any k-linear map f : D — V there
exists a unique morphism of coalgebras f : D — C, with f = pf. |

Exercise 1.6.2 Show that if (C,p) is a cofree coalgebra over the k-vector

space V', then p is surjective.

Standard arguments show that any two cofree coalgebras over V are iso-
morphic. The main problem is to show that such a cofree coalgebra always
exists.

Lemma 1.6.3 Let X and Y be two k-vector spaces. Then there exists a
natural bijection between Hom(X,Y™) and Hom(Y, X™).

Proof: Define
¢: Hom(X,Y*) = Hom(Y, X*)

by ¢(u)(y)(z) = u(z)(y) for any u € Hom(X,Y*),z € X,y € Y and
P : Hom(Y,X") - Hom(X,Y™)
by ¥(v)(z)(y) = v(y)(z) for any v € Hom(Y,X*),z € X,y € Y. Then

(W) (W) (z)(y) = P(d(u)(z)(y)
= ¢(u)(¥)(z)
= u(x) (y)a

hence ¢ = Id, and
(¢9)(v)(y)(2)

$(¥(v))(y)(x)
P(v)(z)(y)
v(y)(2),

hence also ¢ = Id. 1



1.6. THE COFREE COALGEBRA | 51

Lemma 1.6.4 Let V be a k-vector space. Then there ezists a cofree coal-
gebra over V**.

Proof: Let D be a coalgebra. From the preceding lemma there exists
a bijection ¢ : Hom(D,V**) — Hom(V*,D*) defined by ¢(u)(v*)(d) =
u(d)(v*) for any w € Hom(D,V**),d € D,v* € V*. From the universal
property of the tensor algebra it follows that there exists a bijection ¢ :
Hom(V*, D*) — Homy—aio(T(V*), D*). We denote by ¢:(f) = f for any
f € Hom(V*,D*).

From the adjunction described in Theorem 1.5.22 we have a bijection

¢2 : Homk_Alg(T(V*), D*)—) Homk_cog(D,T(V*)(’)

defined by ¢o(f) = f°¢p for any f € Homy,,(T(V*), D*), where ¢p :
D — D*° is the canonical morphism. Composing the above bijections we
obtain. a bijection

$2¢1¢ : Hom(D, V™) — Homk—cog(D,T(V*)°),

d2d10(f) = (#(f))°¢p. Let i : V* — T(V*) be the inclusion, and p :
T(V*)° — V**, p=1i*j, where j.: T(V*)° — T(V*)* is the inclusion. We
show that (T'(V*)°,p) is a cofree coalgebra over V**. Let f : D — V** bea
morphism of k-vector spaces. We show that there exists a unique morphlsm
of coalgebras f:D— - T'(V*)° for which f =p f.

Let f = ¢o10(f) = (&(f))°¢p. Then for de D siv* € V* we have

(EH@)") = (G56())°$p)(d))(v")
= 1](‘15( ))°(¢n(d)))(v")
*j(¢p(d)¢(1)))(v")

")

I
A/\AA/—\
s
M

)
j(¢p(d ) (f)) ) (v
N))

v)

[

©

o}

A/\

S8

\_/v
Q»
/\AA
kﬁbv

= ¢D(d)(¢
= ¢(f)(v)(d
= f@d)(@"),
hence f = pf, and so such f exists.
As for the uniqueness, if h € Homi_cog(D,T(V*)°) satisfies ph = f, let
h = ¢opr10(f’) with f' € Hom (D, V**). Then from the above computations
it follows that pgad16(f') = f', hence ph = f’. We obtain that f' = f and
so h = ¢a10(f) = f. 1
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Lemma 1.6.5 Let (C,p) be a cofree coalgebra over the k-vector space V,
and let W be a subspace of V. Then there exists a cofree coalgebra over W.

Proof: Let D = Y {E|E C C subcoalgebra with p(E) C W}, and let
m : D — W denote the restriction and corestriction of p. We show that
(D, ) is a cofree coalgebra over W. Let F be a coalgebra, and f: F — W
k-linear map. Then if : F — V is k-linear (i is the inclusion), hence there
exists a unique h : F — C, morphism of coalgebras with if = ph. But
ph(F) = if(F) Ci(W) = W, so p(h(F)) C W, and from the definition of
D it follows that h(F') € D. Denoting by A’ : F — D the corestriction of
h, we have 7h/(z) = ph(z) = if(z) = f(z) for any z € F, so wh/ = f.

If g: F — D is another morphism of coalgebras with mg = f, then denoting
by g1 : F — C the morphism given by ¢g1(z) = g(z) for any z € F, we
clearly have pg; = if, so h = g;. This shows that g = k' and the uniqueness
is also proved. |

Theorem 1.6.6 Let V' be a k-vector space. Then there exists a cofree
coalgebra over V.

Proof: From Lemma 1.6.4 we know that a cofree coalgebra exists over
V**. Since V is isomorphic to a subspace of V**, from Lemma 1.6.5 we
obtain that a cofree coalgebra also exists over V. |

Corollary 1.6.7 The forgetful functor U : k — Cog — M has a right
adjoint.

Proof: For V € ;M we denote by FC(V) the cofree coalgebra over V
constructed in Theorem 1.6.6. If VW € M and f € Hom(V,W), then
there exists a unique morphism of coalgebras FC(f) : FC(V) — FC(W)
for which fp = nFC(f), where p: FC(V) - V and 7 : FC(W) - W
are the morphisms defining the two cofree coalgebras. From the universal
property, it follows that for any coalgebra D and any k-vector space V there
exists a natural bijection between Hom(D, V') and Homy—cog(D, FC(V)),
hence the functor FIC : ;M — k — Cog defined above is a right adjoint for
U. i

It is easy to see that for V = 0, the cofree coalgebra over V is k with the
trivial coalgebra structure (in which the comultiplication is the canonical
isomorphism, and the counit is the identical map of k).

Proposition 1.6.8 Let p : k — 0 be the zero morphism. Then (k,p) is a
cofree coalgebra over the null space.

Proof: Let D be a coalgebra, and f : D — 0 the zero morphism (the
unique morphism from D to the null space). Then there exists a unique
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morphism of coalgebras g : D — k for which pg = f, namely g = €p, which
is actually the only morphism of coalgebras between D and k. |

The cofree coalgebra over a vector space is a universal object in the
category of coalgebras. We show now that such a universal object also
exists in the category of cocommutative coalgebras.

Definition 1.6.9 Let V be a vector space. A cocommutative cofree coal-
gebra over V is a pair (E,p), where E is a cocommutative k-coalgebra, and
p: E =V is a k-linear map such that for any cocommutative k-coalgebra
D and any k-linear map f : D — V there exists a unigue morphism of
coalgebras f : D — E with f = pf. 1

Exercise 1.6.10 Show that if (C,p) is a cocommutative cofree coalgebra
over the k-vector space V, then p is surjective.

Theorem 1.6.11 Let V be a k-vector space. Then there exists a cocom-
mutative cofree coalgebra over V. ‘

Proof: Let (C,p) be a cofree coalgebra over V, whose existence is granted
by Theorem 1.6.6. Denoting by E the sum of all cocommutative subcoal-
gebras of C (such subcoalgebras exist, e.g. the null subcoalgebra) and let
i : E — C be the canonical injection. ‘It is clear that E is a cocommuta-
tive coalgebra, as sum of cocommutative subcoalgebras. Then (E,pi) is a
cocommutative cofree coalgebra over V. Indeed, if D is a cocommmuta-
tive coalgebra, and f : D — V is a morphism of vector spaces, then since
(C,p) is a cofree coalgebra over V, it follows that there exists a unique
morphism of coalgebras g : D — C such that pg = f. Since D is cocom-
mutative, it follows that Im(g) is a cocommutative subcoalgebra of C, and
hence Im(g) C E. We denote by h : D — E the corestriction of g to E,
which clearly satisfies th = g. Then h is a morphism of coalgebras, and
pth=pg=f.

Moreover, the morphism of coalgebras h is unique such that pih = f, for -
if B’ : D — E would be another morphism of coalgebras with pih/ = f, we
would have p(ih') = f, and i’ : D — C is a morphism of coalgebras. From
the uniqueness of g it follows that th’ = g = ih, and since 1 is injective it
follows that A’ = h, finishing the proof.- . 1

For a k-vector space V', we will denote by CFC(V) the cocommutative
cofree coalgebra over V, constructed in the preceding theorem. In fact, we
can construct a functor CFC : M — k — CCogq, where k — CCog is the
full subcategory of k —Cog having as objects all cocommutative coalgebras.
To a vector space V' we associate through this functor the cocommutative
cofree coalgebra CFC(V). If f : V — W is a linear map, and (CFC(V),p)
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and (CFC(W), ) are the cocommutative cofree coalgebras over V and W,
then we denote by CFC(f) : CFC(V) — CFC(W) the unique morphism
of coalgebras for which #CFC(f) = fp (the existence and uniqueness of
CFC(f) follow from the universal property of CFC(W)). These associa-
tions on objects and morphisms define the functor CFC, which is also a
right adjoint functor.

Corollary 1.6.12 The functor CFC is a right adjoint for the forgetful
functor U : k — CCog — M.

Proof: This follows directly from the universal property of the cocommu-
tative cofree coalgebra. |

Proposition 1.6.13 The cocommutative cofree coalgebra over the null space
is k, with the trivial coalgebra structure, together with the zero morphism.

Proof: The cofree coalgebra over the null space is k& by Proposition 1.6.8.
Since this coalgebra is cocommutative, the construction of the cocommuta-
tive cofree coalgebra (described in the proof of Theorem 1.6.11) shows that
this is also the cocommutative cofree coalgebra over 0.

We describe now the cocommutative cofree coalgebra over the direct sum
of two vector spaces.

Proposition 1.6.14 Let Vi, V; be vector spaces, (Cy,m1), and (Ca,ms) the
cocommutative cofree coalgebras over them. Let

7:C1QCy > V1@ Va, m(c®e) = (m1(c)ez(e), ma(e)er(c))

where €1,€2 are the counits of Cy and Ca. Then (Cy ® Ca,7) is a cocom-
mutative cofree coalgebra over V1 & V3.

Proof: Denote by py : C1 ® Co — Cy,p3 : C1 ® C3 — Cy the morphisms of
coalgebras defined by p; (c®e) = cea(e) and pa(c®e) = es1(c). Also denote
by g : Vi@V, — Vi and ¢ : V; & V5 — V5 the canonical projections. Note
that m1p1 = q17 and mwaps = gomr.

Let now D be a cocommutative coalgebra, and f: D — V; & V, a linear
map. Since (Cy, ;) is a cocommutative cofree coalgebra over Vi, it follows
that there exists a unique morphism of coalgebras ¢g; : D — C; for which
q1f = mg1. Similarly, there exists a unique morphism of coalgebras g; :
D — (s for which gof = mago.

We know that C; ® Cs, together with the maps p;,ps is a product of
the coalgebras C; and C; in the category of cocommutative coalgebras
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(by Proposition 1.4.21). It follows that there exists a unique morphism of
coalgebras g : D — C) ® C; for which p1g = g1 and pag = g2. Then we
have

Qg = mp1g = mg1 = quf,

and similarly gawg = g2 f. It follows that rg = f, and hence we constructed
a morphism of coalgebras g : D — C; ® Cy such that ng = f.

Let us show that g is the unique morphism of coalgebras with this property,
and then it will follow that (C; ®C2, ) is a cocommutative cofree coalgebra
over V; @ V5.

Let ¢ : D — C; ® C, be another morphism of coalgebras with mg’ =
f. Then q1f = q17g’ = mp1g’, and from the uniqueness of g; with the
property that g, f = m1g;, it follows that p1g’ = g;. Similarly, we obtain
that pog’ = go. Finally, from the uniqueness of g with pyg = ¢, and
Dag = g, we obtain that g’ = g, which ends the proof. ]

1.7 Solutions to ‘exercises

Exercise 1.1.5 Let C be a k-space with basis {s,c}. We define A : C —
CRC ande:C — k by

A(s) = s®c+cQ®s
Alc) = c®c—s®s
e(s) = 0
e(e) = 1L

Show that (C, A, €) is a coalgebra.
Solution: We have

(I ® A)A(s) =(A®I)A(s)=s®c®c’+c®s®c+c®c®s—s®s®s,
and

(I ®A)A(c) = (AR T)A(c) =c®c®c—3®s®c—s®é®s—é®s®s.»
The counit prop.erty is obvious. i

Exercise 1.1.6 Show that on any vector space V one can introduce an
algebra structure.

Solution: It is clear if V = 0. Assume V' # 0, choose e € V, e # 0,
and complete {e} to a basis of V with the set S = {z;};cs. Define now an
algebra structure on V' by '

er; =zTie=1xz;, x;z; =0, Vi,jel.
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We remark that this is actually isomorphic to

k[Xi |E I]
(Xin |45 € I)’

and it is also the algebra obtained by adjoining a unit to the ring kS with
zero multiplication.

Exercise 1.1.15 Show that in the category k — Cog, isomorphisms (i.e.
morphisms of coalgebras having an inverse which is also a coalgebra mor-
phism) are precisely the bijective morphisms.

Solution: Let g : C — D be a bijective coalgebra map. We have to show
that ¢! is also a coalgebra morphism. For ¢ € C we have

Alg™e)) = DY g7 ®g o)
= Y 97M9(g7 (1)) ® g7 (g(97 (0)2))
= Y g elg7 () @ g7 (957 (c))2)
= > g7 Ha) ® g7} (ca),

so g preserves the comultiplication. The preservation of the counit is obvi-
ous.

Exercise 1.2.2 An open subspace in a topological vector space is also closed.
Solution: If U is the open subspace and z & U, then z + U is a neighbour-
hood of z which does not meet U, hence the complement of U is open.

Exercise 1.2.3 When S is a subset of V* (or V), St is a subspace of
V (or V*). In fact S+ = (S)*, where (S) is the subspace spanned by S.
Moreover, we have S+ = ((S*)1)L, for any subset S of V* (or V).
Solution: Let S be a subset of V*, and z,y € S*, A\, € k. Thenifu € S,
u(Az + py) = Mu(z) + pu(y) =0, and so Az + py € S*.

Now, since § C (S), it is clear that S* D (S)*. On the other hand,
if z € S, any linear combination of elements in S will vanish in z, so
equality holds.

Finally, since § C (S+)1, we have S+ D ((S+)*)*. Conversely, if z € S+,
we have that u(z) = 0 for all u € (S*+)* by definition, so S+ = ((§+)*1)*L.
The other assertions are proved in a similar way.

Exercise 1.2.4 The set of all f + W', where W ranges over the finite
dimensional subspaces of V', form a basis for the filter of neighbourhoods of
f € V* in the finite topology.

Solution: We know that a basis for the filter of neighbourhoods of f € V*
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in the finite topology is f + O(0,zy,...,z,). Note that O(0,zy,...,z,) =
W+, where W is the subspace of V spanned by z1,...,Z,.

Exercise 1.2.7 If S is a subspace of V*, then prove that (S*)* is closed
in the finite topology by showing that its complement is open.

Solution: If f & (S+)*, then there is an z € S+ such that f(z) # 0. Then
(f+zh)n(SH)Lt =0

Exercise 1.2.10 If V is a k-vector space, we have the canonical k-linear
map :

$v :V — (V) ¢v(2)(f) = f(z), VeV, feV™.

Then the following assertions hold:

a) The map ¢y is injective.

b) Im(pv) is dense in (V*)*. : .
Solution: a) Let z € Ker(¢y). If z # 0, there exists f € V* such
that f(z) # 0. Since ¢v(z) = 0, we obtain that f(z) = 0, Vf € V*, a
contradiction. ‘

b) We prove that (Im(¢v))* = {0}. Let f € (Im(¢v))* C V*. Hence
dv(x)(f) =0 for every z € V. Thus f(z) = 0Vz € V, and therefore f = 0.

Exercise 1.2.11 Let V = V| @ V; be a vector space, and X = X1 ® X5 a
subspace of V* (X; CV*, i=1, 2) If X is dense in V*, then X, is dense
V>, i=1,2.

Solutlon Let ze (X))t If fe X, then f = fi + fo, with f1 € X3
and f; € X,. Since V* = Vi* @ V¥, we have that fo(V)) = 0, so f(z) =
fi(z) + fa(z) = 0. Hence z € X1 = {0}.

Exercise 1.2.14 Let X C V* be a subspace of finite dimension n. Prove
that X is closed in the finite topology of V* by showing that dimy (X )+ <
n.

Solution: Let {f1,...,f.} be a basis of X. Then X+ = ﬂ Ker(f;),

and therefore 0 — V/Xt — k", so dime(V/X1) < n, and hence
dimp(V/X1)* <n
On the other hand, from the exact sequence

0— Xt —V —-Vv/xt—o,

we have
0— (V/XH)* — V* — (XH)* — 0,

o (V/X4) = (X4)L. Hence dimy(X*)* < n. Since X C (X1)1, we
obtain that X = (X1)*.
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Exercise 1.2.15 If X is a finite codimensional k-linear subspace of V*,
then X is closed in the finite topology if and only if X+ = X L , where X 1

is the orthogonal of X in V**.
Solution: Assume that X is closed and that dimy(V*/X) =n < co. Let

pv:V— V™ dv()f) = fz),

denote the canonical map. The equality X+ = X 1 actually means H(X+) =

X1 We have ¢y (X1) = ¢v(V) N XL, s0 v (X1) € XL,

Let f € V**, f € XL. Thus f: V* —> k, with f(X) = 0. Since X has

finite codimension in V*, it follows from Corollary 1.2.13 ii) that X+ has

finite dimension as a subspace of V. If we put W = X*, then we have

fe(V/X) = (V*/(XH)h)* ~ ((X1)*)* = W** ~ W. So there exists a

z € W such that f = ¢y (), and thus f € ¢y (V )ﬂX'L v (X'). Hence

dv(X+) = x1. ]

Conversely, assume that ¢y (X*) = X+. We prove that X = (X+)*.

We have X = () Ker(f). If f € X', there exists 2 € X1 such that
exi

f = ¢v(z). Herfce X = () Ker(¢v(z)) = (X+)L. Thus X is closed.

zeX L

Exercise 1.2.17 If V is a k-vector space such that V = @ V;, where
i€l
{Vi|i €I} is a family of subspaces of V, then @ V;* is dense in V* in the
i€l
finite topology.
Solution: € V;* is the subspace X of V*, where
i€l

X ={feV"]| f(V;)=0 for almost all j € I'}.

Ifz € V, z € X1, such that z # 0, then z = ) z;, where z; € V; are
i€l

almost all zero. Since z # 0, there exists ¢g € I such that z;, # 0. Thus

there exists f € V* such that f(V;) =0 for i # ig, and f(z;,) # 0. Clearly

f € X, and therefore 0 = f(z) = f(z;,), a contradiction.

Exercise 1.2.18 Let u: V — V' be a k-linear map, and u* : V'* — V*
the dual morphism of u. The following assertions hold:

i) If T is a subspace of V', then u*(T+) = u=}(T)*.

) If X is a subspace of V'*, then u* (X))t = u“l(X*)

i11) The image of a closed subspace through u* is a closed subspace.

w) If u is injective, and Y C V'* 'is a dense subspace, it follows that u*(Y)
1s dense in V*.

Solution: i) Let f € u*(T1). Then f = u*(g) = g o u for some g €



1.7. SOLUTIONS TO EXERCISES 59

T+. If z € w=Y(T), then f(z) = g(u(z)) = 0, hence uw*(T+) C w~}T)*.
Conversely, let ¢ € v~ (T)*. Define f € V* by f(u(z)) = g(z), and
f = 0 on the complement of Im(u). The definition is correct, because if
u(z) = u(y), then x —y € Ker(u) C u~(T). Moreover, fou = g, since for
w € TN Im(u) we have w = u(z), € u~(T), and so f(w) = g(z) =0. It
is clear that f € T, so we have proved that w*(X)*+ = u=1(X*).

ii) We have z € v*(X)* & f(u(z)) =0Vf e X @ uz) e Xt ez €
u~HX1). ' :

iii) Let X be a closed subspace of V'*. Then

w(X) = u(X)
— u*(XJ..L) ‘
= u (X))t (byi))
= uw(X)* (by i)

iv) We use ii): v*(Y)* =u=}(Y+) =u~1(0) = 0. _

Exercise 1.3.1 Let t be a non-zero element of X®Y . Show that there exist
a positive integer n, some linearly independent (x;);=1,, C X, and some
linearly independent (y;)i=1,n CY such thatt = Z T; @ Y; _
Solution: Let n be the least positive 1nteger for which there exists a
representation ¢ = Z Z; ®y; with (z;)i=1,n hnearly independent. We show

i=1
that (y;)i=1,n are also linearly independent.
If not, one of the y;’s, say yn, is a linear combmatlon of the others. Thus

Z o;y;, and then

=1

n—1 - n—1
t = sz®yz+xn (Z ai‘yi)
i=1 i=1
n—1 .
= Z(fﬂz + Qiy) ® yi.
i=1
But {z1+aq2y,. .., Zn-1+an-1Z,} are obviously linearly independent, and

we obtain a representation of £ with n — 1 terms, and linearly independent
elements on the first tensor positions, a contradiction.

Exercise 1.3.3 Show that if M is a finite dimensional k-vector space, then

the linear map
¢ M*QV — Hom(M,V),
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defined by ¢(f @ v)(m) = f(m)v for f € M*, v € V, m € M, is an
isomorphism.
Solution: We know from Lemma 1.3.2 that ¢ is injective. Let v; € M,
v} € M* i =1,...,n be dual bases, i.e. ) vf(v)v; =v, Vv € M. Then
i=1
for any f € Hom(M,V) we have that f = ¢(>_ v} ® f(v;)), so ¢ is also
i=1
surjective.
Exercise 1.3.4 Let M and N be k-vector spaces. Let the k-linear map:
p:VIOW" — (VW) p(f®9)(zey) = flz)g(y),

Vfe M*,ge N*,x € M,y € N. Then the following assertions hold:
a) Im(p) is dense in (M @ N)*.
b) If M or N is finite dimensional, then p is bijective.

Solution: a)-We prove that (Im(p))* = {0}. Let z= Y ;s e M®N
=1

be such that z € (Im(p))*. Hence for any f € M*, g € N* we have

n n
p(f@®Q(D_w®y) =) flz)gly:) =0. (1.3)
i=1 i=1
We can assume that {y; | 1 <4 < n} are linearly independent. There exists
a g € N* such that g(y;) # 0 and g(y;) = 0 for j # . From (1.3) it follows
that f(z;) = 0 for every f € M*, thus z; = 0. Since ¢ € {1,...,n} is
arbitrary, we have that z = 0.
b) Assume that N is finite dimensional. By induction we can assume that
N ~ k (i.e. dimg(N) = 1). In this case N* ~ k, and so M* ® N* ~
M*®k~M* Also( MQN)* ~ (M ®k)* ~ M*.

Exercise 1.3.11 Let A = M, (k) be the algebra of n x n matrices. Then
the dual coalgebra of A is isomorphic to the matriz coalgebra M¢(n, k).
Solution: If (ei;)i1<ij<n is the usual basis of My(k) (e;; is the matrix
having 1 on position (i,7) and 0 elsewhere), let (e};)1<:j<n be the dual
basis of A*. We recall that e;jepq = §;pe49 for any 4, j,p,q. Then Remark
1.3.10 shows that

Alei) = D eleners)esy e,
1<p,q,75<n

_ * * *
- E : eij(eps)epq ® eqs
1<p,q,8<n

. * *
= Z €iqg ® €g;

1<q<n
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and clearly

e(er;) = ej;(1a) = efj( Z €qq) = bij

1<q<n

We have obtained that A* is isomorphic to M¢(n, k).

Exercise 1.4.4 Show that if I is a coideal it does not follow that I is a left
or right coideal.
Solution: Let k[X] be the polynomial ring, wh1ch is a coalgebra by

A(Xn) =(X®1+19X)", eX")=0 forn>1

Al)=1®1, e1)=1
Take I = kX, the subspace spanned by X.

Exercise 1.4.12 Show that the category k — Cog has coequalizers, i.e. if
f,g9: C — D are two morphisms of coalgebras, there exists a coalgebra E
and a morphism of coalgebras h : D — E such that ho f = hog.
Solution: We show that I = I'm(f — g) is a coideal of D, then take F =
D/I and h the canonical projection. If d € I, then we have d = (f — g)(c)
for some ¢ € C, and

Ald) = A(f() - Alg(e)
= Y fo 1®f(0)2—2g h @ g(0)2
= Y (fler) ® flc2) — gler) @ g(ca))
= Y (fler) ® flez) — f(er) ® glez) +
+f(c1) ® g(e2) ~ g(e1) ® glcz))

= me )® (f — 9)(c2 +Zf g(61)®g(02)€
€EDRI+IQ®D.

Exercise 1.4.16 Let S be a set, and kS the grouplike coalgebra (see Ez-
ample 1.1.4, 1). Show that G(kS) =
Solution: Let g =Y a;s; € G(kS). Then A(g) = g ® g becomes

Z ;5 Q 8; = Z 0;0;8; & 85 (1.4)
i g

If k and [ are such that k # [ and ax # 0, a; # 0, let gx and g be the
functions from k¥ defined by g,(s) = &s,s, for r € {k,1}. Applying gx ® g
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to both sides of (1.4) we obtain 0 = aga;, a contradiction. Thus g = as
for some a € k and s € S. From ¢(g) = 1 we obtain g € S. The converse
inclusion is clear.

Exercise 1.4.18 Check directly that there are no grouplike elements in

Me(n,k) if n > 1.

Solution: Let z € M°(n,k) be a grouplike, z = )" a;je;;. Then we have
i’j

Alz)=2z®z, ie.

Z Q;5€ik ® €pj = Z Qi5Qk1€45 ® ekl

1,5,k 4.kl
Let 9 # jo, and f € M°(n, k)* such that f(e;;) = 6ii0;j,. Applying f® f
to the equality above, we get 0 = atm, hence a;,;, = 0. If g € M¢(n, k)*
is such that g(ei;) = 6ijo6ji,, and we apply f ® g to the same equality, we
get Gigiy = QigjoQjoio = 0. Since ig and jo were arbitrarily chosen, it-follows
that z = 0, a contradiction.

Exercise 1.5.11 Let G be a group, and p : G — GL,(k) a representation

of G. If we denote p(z) = (fi;(x))i;, let V(p) be the k-subspace of k¢

spanned by the {fi;}i,;. Then the following assertions hold:

i) V(p) is a finite dimensional subbimodule of k€.

ii) Ri(G) = Y V(p), where p ranges over all finite dimensional represen-
P

tations of G.
Solution: i) Let f € V(p), and y € G. If f =3 a;; fij, then

z) = Zaijfij(wy) = Zaijfik(x)gkj(y),
because
plry) = (f’tj (zy))s g = =p(z Z fzk(fl')gk] (y))w

Thus yf = 3 aijgk; fik € V(p). The proof of fy € V(p) is similar.
ii) (2) follows from i). In order to prove the reverse inclusion, let f € R (G).
Then the left kG-submodule generated by f is finite dimensional, say with

basis {f1,..., fn}. Write
zfi= Zgij(ﬂ?)fg

p:G— GLn(k), p(z) = (9i;(2))i;
is a representation of G, V(p) is spanned by the g;;’s, and we obtain that
fi =3 fi(1c)9:i; € V(p), thus f € V(p) too.

Then
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Exercise 1.5.14 The coalgebra C is coreflexive if and only if every ideal
of finite codimension in C* is closed in the finite topology.

Solution: By Exercise 1.2.15, we have to prove that ¢¢ is surjective if and
only if for all finite codimensional ideals I of C* we have J* = I+

(=) Let I be a finite codimensional ideal of C*. If u € It then the
restriction of x to I is zero, and hence u € C*°. Since ¢c is surjective, it
follows that u € I+, Thus I+ = I+,

(<) Let pu € C*°. By definition, there exists an ideal I of C*, of finite
codimension, such that u |[;= 0. It follows that u € I+ = ¢c(I*), hence
¢c is surjective.

Exercise 1.5.15 Give another proof for Proposition 1.5.3 using the repre-
sentative coalgebra. Deduce that any coalgebra is a subcoalgebm of a repre-
sentative coalgebra.

Solution: If we take c € C, A(c) = Y ¢; ® ¢z, and regard the elements of
C as functions on C* via ¢¢, then for f,g € C* we have

c(fxg)=(f*g)c) = qu (c2) =Y _c1(f)ealg)

This shows that the elements of C' are representative functions on C*, and
¢c is a coalgebra map.

Exercise 1.5.17 If C is a coalgebra, show that C is cocommutative if and
only if C* is commutative..

Solution: If C is cocommutative, then for any f,¢g € C* and ¢ € C we have
(fxg)(c) =3 flc1)glez) = 3. f(c2)g(e1) = (g*f)(c), so C* is commutative.
Conversely, if C* is commutative, then C*° is cocommutative, and the
assertion follows from the fact that C is isomorphic to a subcoalgebra of

C*O i

Exercise 1.5.19 If A is an algebra, then the algebra map i4 : A — A°*
defined by i4(a)(a*) = a*(a) for any a € A,a* € A°, is not injective in
general. ‘ :
Solution: If A is the algebra from Remark 1.5.7.2), then A°* = 0.

Exercise 1.5.21 If A is a k-algebra, the following assertions are equivalent:
a) A is proper.

b) A° is dense in A* in the finite topology.

¢) The intersection of all ideals of finite codimension in A is zero.
Solution: By Corollary 1.2.9, we know that A° is dense in A* if and only
if (A°)* = {0}. But

(At ={aec A| f(a) =0,Vf € A°} = Ker(ia).
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Thus a)&b).
Denote by F the set of finite codimensional ideals of A. Then, by the
definition we have that A° = |J I*. But then

IeF
(AO)_L=(U I.L)_L= ﬂIJ_J_z ﬂIr
1eF IeF IeF

hence we also have b)&c).

Exercise 1.6.2 Show that if (C,p) is a cofree coalgebra over the k-vector
space V', then p is surjective.

Solution: We know that V can be endowed with a coalgebra structure
(see Example 1.1.4, 1). Apply then the definition to the identity map from
V to V in order to obtain a right inverse for p.

Exercise 1.6.10 Show that if (C,p) is a cocommutative cofree coalgebra
over the k-vector space V, then p is surjective,

Solution: The coalgebra in Example 1.1.4, 1 is cocommutative, so the
proof is the same as for Exercise 1.6.2.
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theoretical aspects. Further references are R. Wisbauer [244], I. Kaplansky
[104], Heyneman and Radford [95]. It should be remarked that we are
dealing only with coalgebras over fields, but in some cases coalgebras over
rings may also be considered. This is the case in [244], [145] or [88].



Chapter 2

Comodules

2.1 The category of comodules over a coalge-
bra

In the same way as in the first chapter, where we gave an alternative def-

inition for an algebra, using only morphisms and diagrams, we begin this

chapter by defining in a similar way modules over an algebra. Let then
(A, M, u) be a k-algebra.

Definition 2.1.1 A left A-module is a pair (X, u), where X is a k-vector

space, and p1: A® X — X is a morphism of k-vector spaces such that the
following diagrams are commutative:

AAeXx LBE . 4ex A®X

M®I U kX m
A®X S \

(We denote everywhere by I the identity maps, and the not named arrow
from the second diagram is the canonical isomorphism.) S |

Remark 2.1.2 Similarly, one can define right modules over the algebra A,
the only difference being that the structure map of the right module X is of
the formpu: X® A — X. |

65
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By dualization we obtain the notion of a comodule over a coalgebra.
Let then (C, A, ¢) be a k-coalgebra.

Definition 2.1.3 We call a right C-comodule a pair (M, p), where M is

a k-vector space, p: M — M ® C is a morphism of k-vector spaces such
that the following diagrams are commutative:

0

M MeC M\
p I®A p Mk
p®I %86'
M®C MeCeC MecC |

Remark 2.1.4 Similarly, one can define left comodules over a coalgebra
C, the difference being that the structure map of a left C-comodule M 1is
of the form p : M — C ® M. The conditions that p must satisfy are
(A®@p = (I®p)p and (¢ ® I)p is the canonical isomorphism.

2.1.5 The sigma notation for comodules. Let M be a right C-
comodule, with structure map p : M — M ® C. Then for any element
m € M we denote

p(m) = Zm(O) @ my1)

the elements on the first tensor position (the m(y)’s) being in M, and the
elements on the second tensor position (the m(1)’s) being in C.
If M is a left C-comodule with structure map p: M — C ® M, we denote

p(m) = m_1) @ m).

The definition of a right comodule may be written now using the sigma
notation as the following equalities:

Z(m(o))(o) ® (mo))) ® mqa) = Zm(o) ® (ma))1 ® (m(y))2

Zs(m(l))m(o) =m.

The first formula allows us to extend the sigma notation, as in the case of
coalgebras, by writing

D me ®may ®me) = > (M@)o ® (M) a) ®ma) =
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= _m) ® (m))1 ® (m())2.

The rules for computing with the sigma notation, which were presented in
detail in the first chapter, may be easily transferred to comodules. Thus,
we can write for any n > 2

Zm(g) My Q... My = Zp(m(o)) ®7ﬂ(1) ® ... ®Mn-1),

and for any 1 <7 <n—1 we have
DM@ @M ® ... @M =

=D Mo @My ® ... @ M(i-1) ® A(m(;) @ M(i11) ® ... ® M1y,

For left C-comodules, the sigma notation is the following: if p : M —
C ® M is the map defining the comodule structure, then we denote p(m) =
> m(—1) ® m( for any m € M, where this time m(_;y are representing
elements of C, and m ) elements in M.
Later we will omit the brackets, because even if the sigma notation for
comodules will be used in the same time as the one for coalgebras, confusion
can always be avoided. , »
-The definition of the left comodule may be written using the sigma notation
as the following equalities:

> m 1>®(m(o>)( 1) ® (M) ) = Y_(m-1) 1®(m( 1))2 ® M)

Z E(m(_l))m(o) =
Also

Z M(—n) @MYnt1) B ... @M(0) = Z M) ®M(—nt1) ® ... @ p(myq)) =

= Z M(—n) @MYong1) @ .. OM—i—1) ® A(My_y)) ®MY_iy1) ® ... ® M)

forany 1 <i<n.

Example 2.1.6 1) A coalgebra C is a left and right comodule over itself,
the map giving the comodule structure being in both cases the comultiplica-
tion A:C—-C®C.

2) If C is a coalgebra and X is a k-vector space, then X ® C becomes a
right C-comodule with structure map p: X @ C —» X ® C ® C induced by
A, hence p=TQA. Thus p(z ®c) => . z® ¢; ® cs.
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3) Let S be a non-empty set, and C = kS, the k-vector space with ba-
sis S, endowed with a coalgebra structure as in Ezample 1.1.4,1). Let
(My)ses be a family of k-vector spaces, and M = @sesM;. Then M is
a right C-comodule, where the structure map p: M — M @ C 1is defined by
plmg) =ms ® s for any s € S and ms € M, (extended by linearity). |

The following result is the analog for comodules of Theorem 1.4.7.

Theorem 2.1.7 (The Fundamental Theorem of Comodules) Let V be a
right C-comodule. Any element v € V belongs to a finite dimensional
subcomodule.

Proof: Let {c;}cs be a basis for C, denote by p: V — V@C the comodule
structure map, choose v € V, and write

o) = Yuwe

where almost all of the v;’s are zero. Then the subspace W generated by
the v;'s is finite dimensional. We have

Aei) = Z aijkCi  Ci,
and
Z o(v) ® e = Z V; @ a4kC5; & Ck.
Cosequently, p(vg) = > v; ® ayjxC5, S0 W is a finite dimensional subcomod-
ule, and v = (I @ €)p(v) € W. |
Exercise 2.1.8 Use Theorem 2.1.7 to prove Theorem 1.4.7.

We define now the morphisms of comodules. In order to keep to dual-
izing the corresponding definitions from the case of modules, we also give
the definition of a module morphism using commutative diagrams.

Definition 2.1.9 i) Let A be o k-algebra, and (X,v),(Y,p) two left A-
modules. The k-linear map f : X — Y is called a morphism of A-modules
if the following diagram is commutative:

I®f

A®X A®Y
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i) Let C be a k-coalgebra, and (M, p), (N, ¢) two right C-comodules. The
k-linear map g : M — N is called a morphism of C-comodules if the
following diagram is commutative

M

g®1

M®C N®C

The commutativity of the second diagram may be written in the sigma no-
tation as:

#(g(c) =D _ glc@) ® cqy-
| 1

We can now define the category of right comodules over the coalgebra
C. The objects are all right C-comodules, and the morphisms between two
objects are the morphisms of comodules. We denote this category by MC.
We will also denote the morphisms in M from M to N by Comc(M, N).
Similarly, the category of left C-comodules will be denoted by “ M. For an
algebra A, the category of left (resp. right) A-modules will be denoted by
AM (resp. My).

Proposition 2.1.10 Let C be a coalgebra. Then the categories M and
M are isomorphic.

Proof: Let M € “M with the comodule structure given by the map p :
M — C®M, p(m) = 3 m_1)®m). Then M becomes a right comodule
over the co-opposite coalgebra C°P via the map p/ : M — M ® C°P,
p'(m) = Y m) ® m(_y). Moreover, it is immediate that if M and N are
two left C-comodules, and f : M — N is a morphism of left C-comodules,
then f is also a morphism of right C°P-comodules when M and N are
regarded with these structures. This defines a functor F :°M — MC"",
Similarly, we can define a functor G : M®*" — €M, by associating to a
right C°°?-comodule M, with structure map p: M — M ® CP, u(m) =
Y. M) ® my1), a left C-comodule structure on M defined by p' : M —
C®M, p/(m) = Y ma) ® mg)- It is clear that the functors F' and G
define an isomorphism of categories. : |
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Remark 2.1.11 The preceding proposition shows that any result that we
obtain for right comodules has an analogue for left comodules. This is why
we are going to work generally with right comodules, without explicitely
mentioning the similar results for left comodules. |

We define now the notions of subobject and factor object in the category
MC.

Definition 2.1.12 Let (M, p) be a right C-comodule. A k-vector subspace
N of M is called a right C-subcomodule if p(N) C N ® C. |

Remark 2.1.13 If N is a subcomodule of M, then (N, pn) is a right C-
comodule, where py : N — N ® C is the restriction and corestriction of p
to N and N ® C. Moreover, the inclusion map i : N — M,i(n) = n for
any n € N is a morphism of comodules. |

Let now (M, p) be a right C-comodule, and N a C-subcomodule of M.
Let M/N be the factor vector space, and p : M — M/N the canonical
projection, p(m) = ™, where by 7 we denote the coset of m € M in the
factor space.

Proposition 2.1.14 There ezists a unique structure of a right C-comodule
on M/N for whichp: M — M/N is a morphism of C-comodules.

Proof: Since (p®@I)p(N) C (p®I)(N®C) C p(N)®C =0, by the
universal property of the factor vector space it follows that there exists a
unique morphism of vector spaces p : M/N — M/N ® C for which the
diagram

M P M/N
p 4
1
Mec + M/N®C

is commutative. This map is defined by p(77) = > TG ® m(y) for any
m € M. Then (M/N,p) is a right C-comodule, since

(I ® A)p(T) = Y M) ®m) ® me) = (p @ I)p(T)

The fact that 7 is a morphism of comodules follows immediately from the
commutativity of the diagram.
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If we would have a right C-comodule structure on M/N given by w :
M/N — M/N ® C such that p is a morphism of comodules, then the
diagram obtained by replacing p by w in the above diagram should be also
commutative. But then it would follow that w = p from the universal
property of the factor vector space. |

Remark 2.1.15 The comodule M/N, with the structure given as in the
above proposition, is called the factor comodule of M with respect to the
subcomodule N. _ |

Proposition 2.1.16 Let M and N be two right C-comodules, and f :
M — N a morphism of C-comodules. Then Im(f) is a C-subcomodule
of N and Ker(f) is a C-subcomodule of M.

Proof: We denote by ppr : M — M ®C and py : N — N ® C the méps
giving the comodule structures. Since f is a morphism of comodules, we
have (f ® Ilpp = pnf. Then

(f ® Dpur(Ker(f)) = p f(Ker(f)) =0,

which shows that pp(Ker(f)) C Ker(f ® I) = Ker(f) ® C, and hence
Ker(f) is a C-subcomodule of M. : ’ :
Now

pn(Im(f)) = (f & I)pp(m) C Im(f) ® C,
which shows that I'm(f) is a C-subcomodule of N. |

Theorem 2.1.17 (The fundamental isomorphism theorem for comodules)
Let f: M — N be a morphism of right C-comodules, p : M — M/Ker(f)
the canonical projection, and ¢ : Im(f) — N the inclusion. Then there
exists a unique isomorphism f : M/Ker(f) — Im(f) of C-comodules for
which the diagram

M/Ker(f) ————Im(f)

18 commutative.
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Proof: The existence of a unique morphism f : M/Ker(f) — Im(f) of
vector spaces making the diagram commutative follows from the fundamen-
tal isomorphism theorem for k-vector spaces. We know that f is defined
by f(m) = f(m) for any m € M/Ker(f). It remains to show that f is a
morphism of comodules. Denoting by w : M/Ker(f) — M/Ker(f)® C
and 6 : Im(f) — Im(f) ® C the maps giving the comodule structures, we
have

Fohum = Y Fmm) emy
= Z f(m)) ® mqy
= Y f(m)o) ® fim)q
= 0(f(m)
= 0f(m)
which shows that f is a morphism of comodules. |

Proposition 2.1.18 Let C be a coalgebra. Then the category MC has
coproducts.

Proof: Let (M;);er be a family of right C-comodules, with structure maps
pi : M; - M; ® C. Let @;crM; be the direct sum of this family in xM,
and g; : M; — @;erM; the canonical injections. Then there exists a unique
morphism p in xM such that the diagram

aj

M; DicrM;
Pj p
g ®1
M;®C = (BierM;)®C

is commutative. It is easy to check that (®ie;M;, p) is a right C-comodule,
and moreover that this comodule is the coproduct of the family (M;);es in
the category MC.

Corollary 2.1.19 The category M€ is abelian. ]

2.2 Rational modules

Let C be a coalgebra, and C* the dual algebra. If M is a k-vector space,
and w: M — M ® C is a k-linear map, we define ¢, : C* ® M — M by
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Yo = (v ® Ing)Io- ® T)(Ic- ® w), where Iy and Ic- are the identity
maps, T: M®C — C® M is defined by T(m®c) =c®m,v: C*@C — k
is defined by y(c* ® ¢) = ¢*(¢), and ¢ : k ® M — M is the canonical
isomorphism. If w(m) = 3, m; @ ¢;, then ¥, (c* @ m) = 3, c*(c;)m;.

Proposition 2.2.1 (M,w) is a right C-comodule if and only if (M,,,) .'és
a left C*-module.

Proof: Assume that (M w) is a right C-comodule Denoting by ¢t -m =
Yo(c* ® m), we have ¢* - m = Y c*(m())m for any c* € C*,m € M.
First, we have that

le» -m=¢-m= Ze(m(l))m(o) =
from the definition of a comodule. Then, for ¢*,d* € C* and m € M
¢t (dm) = ¢ (Y] d (may)m)
= Y d*(may)(c* - m))
Zd*(m(l))C*((m(o))(l))(m(O))(O)
Zd*(m(z))c*(m(l))m(o)
Y (et d) (mgry)migy
= (c¢*d)-m

which shows that (M, ,) is a left C*-module.

Assume now that (M, v, ) is a left C*-module. We denote w(m) =3 m)®
m(y. From e-m = m it follows that 3 e(m(1))m(g) = m, hence the second
condition from the definition of a comodule is checked. If ¢*,d* € C*,m €
M, then

I

I

]

(c*d*)-m = Y (c'd)(mu)me)
= Zc*((m(l))l)d*((m(l))2)m(0)
= ¢I®c @d*)I®A)w(m)

where ¢ : M Q@ k® k — M is the canonical isomorphism, and I stands
everywhere for the suitable identity map. Also

ct-(d*-m) = c*- Zd*(m(l Ymy)
= Y _d'(m)(c-mq)

= Y d*(m))e ((me) ) (mo)) o)
= ¢I®c @d)(we Hw(m)
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Denoting
y=I®A)wm)—(wINw(m) e MRCQC

we have (I ® ¢* ® d*)(y) = 0 for any ¢*,d* € C*. This shows that y = 0.
Indeed, if we denote by (e;); a basis of C, we can write y = Ei’j mij Qe;Re;
for some m;; € M. Fix 49 and jo and consider the maps €] € C* defined
by e}(e;) = 6;; for any j. Then my,j, = (I ® ej, ® €5 )(y) = 0, and from
this we get that y = 0. ]

Let now M be a left C*-module, and ¥5 : C*® M — M the map giving
the module structure of M. We define

pym : M — Hom(C*, M), pp(m)(c*) = c*m.
Let j : C — C**, j(c)(c*) = c*(c) be the canonical embedding, and
fm: M ®C** — Hom(C*, M), fu(m® c*™*)(c") = c**(c")m,
which is an injective morphism. It follows that the map
pum s M ®@C — Hom(C*, M), pm = fu (I ® j)

is injective. It is clear from the definition that up(m®c)(c*) = c*(c)m for
ceC,creC*,me M.

Definition 2.2.2 The left C*-module M is called rational if
pm(M) C up(M @ C)
|

Remark 2.2.3 1) M is a rational C*-module if and only if for anym € M
there exist two finite families of elements (m;); € M and (ci)i € C such
that c*m = Y, ¢*(c;)m; for any c* € C*.

2) If M is a rational C*-module, and for an element m € M there exist two
pairs of families (m)i, (ci)s and (m});,(c;); as in 1), then Yimi®c =
3, m;®c;, since pam (3 mi®ci) = pp(35; m; ®c;) and pa is injective.

Example 2.2.4 If C is a finite dimensional coalgebra, then the left C*-
module C* is rational. Indeed, in this situation j : C — C** is an iso-
morphism of vector spaces from Proposition 1.3.14, and fo- : C* ® C*™* —
Hom(C*,C*) is an isomorphism of vector spaces by Lemma 1.8.2.1). It fol-
lows that pe-(C*®C) = Hom(C*,C*), and hence pc+(C*) C pc-(C*®C),
which shows that C* is rational. |
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We will denote by Rat(c-M) the full subcategory of ¢- M having as
objects all rational C*-modules.

Theorem 2.2.5 The categories MC and Rat(c-M) are isomorphic.

Proof: Let (M,w) be a right C-comodule. We show that (M, ,,) is a

rational C*-module. Let m € M. Then from the definition of 9, it follows
that c* - m = Y c*(m())m(), and then M is a rational module by the
preceding remark.
Let now M and N be two right C-comodules, and f : M — N a morphlsm
of comodules. We show that if we regard M and N with the left C*-module
structures, fisa morphxsm of C*-modules. Indeed, form € M and ¢* € C*
we have

flerom) = fOO cf(may)me))

= Y c"(mu)f(me)
= Y ' (fm)a)fm)e) -
= c" - f(m)

In this way we have defined a functor T : M® — Rat(c-M), such that
T(M,w) = (M,4,) for any C-comodule (M,w), and T(f) = f for any
morphism of C-comodules f: M — N.

Let now (M,v) be a rational left C*-module. Since uy : M @ C —
Hom(C*, M) is an injective map, it follows that fips : MQC — pup (M®C),
the corestriction of )y, is an isomorphism of vector spaces. We define

wp: M= M&C, wy(m) =izt (par(m)).

We remark that for m € M we have wy(m) = >, m; ® ¢;, where (m;);, (¢;);
are two families of elements in M, respectively C, such that

c'm = Z c*(ci)m
i

for any c* € C*. We show that (M,wy) is a right C-comodule. For this we
consider the map wy : M — M ® C, and we show that 9,y = . Then
(M, wy) will be a C-comodule by Proposition 2.2.1 and due to the fact that
(M, 1) is a C*-module.

Let then wy(m) = >, m; ® ¢;. We have fiy; (pM( )) =Y., m; ®c;, hence

=Z“M mi®ci)=Z/lM m; ® c;)
i i
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By evaluation in ¢* we obtain that ¢* - m = 3. c¢*(¢c;)m;. On the other
hand,
Y, (" @ m) Zc (e;)m; =c¢*-

and thus we have showed that (M,wy) is a C-comodule.

Let now (M,vn) and (N,¥n) be two rational left C*-modules, and
f: M — N a morphism of C*-modules. We show that f is a morphism
of C-comodules from (M, wy,,) to (N,wy, ). Let m € M and wy,,(m) =
>, mi ®ci. Then

i ((f @ Dy (m))(e) = un(Y F(ms) ® c)(c")
Z_c:(ci)f(mi)
fl(Zc%ci)mi)

— S

and

pn(wpy F(M)(c') = (uniiy' pvf(m))(c)

pn f(m)(c*)

¢ - f(m)

We have obtained that un((f ® Iwy,, (Mm)) = pn(wyy f(m)), and since

un is injective, it follows that (f ® Iwy,, = wy, f, showing that f is a
morphism of C-comodules.

i

We have thus defined a new functor
S : Rat(g- M) — M€

by S((M,%)) = (M,wy) for any rational C*-module M, and S(f) = f,
for any morphism f : M — N of rational C*-modules. We show that
ST = Id, the identity functor. Let (M,w) € M€. The comodule structure
of S(T(M)) is given by

Wy M= M&C, wy,)(m)= iz (pm(m))

Then
(rmwp,) (M) = pa(m)(c*) = ¢* - m
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and

(pmw(m))(c") = »(NM(Zm(O)®m(1)))(C*)

= > c(mu)m)
= P,(c*®@m)

= ¢ m,

and since pas is injective, it follows that w(y, ) = w. We show now that
TS = Id. Indeed, if (M,9) € Rat(c- M), then (TS)(M) = (M, %)) =
(M, %), which ends the proof. . |

The following result presents some of the basic properties of rational mod-
ules.

Theorem 2.2.6 Let C be a coalgebra. Then: '

i) A cyclic submodule of a rational C*-module is finite dimensional.

i) If M is a rational C*-module, and N is a C* -submodule of M, then N
and M/N are rational C*-modules.

i) If (M;)ier is a family of rational C*-modules, then @;crM;, the direct
sum as a C*-module, is a rational C*-module.

i) Any C*-module L has a biggest rational C*-submodule L™. More pre-
cisely, L™ is the sum of all rational submodules of L.

Morevoer, the correspondence L — L™ defines a left exact functor Rat :

oM — o M.

Proof: i) Let M be a rational C*-module, and C* -m the cyclic submodule
generated by m € M. Since M is rational, there exist two finite families of
elements (¢;)icr C C and (my)icp € M for which ¢*-m = 3, pc*(ci)m;
for any ¢* € C*. It follows that C* - m is contained in the vector subspace
spanned by the family (m;);er, and so it is finite dimensional.

ii) If N is a submodule of M, then Remark 2.2.3.1) shows immediately that
N is rational. If we denote by m the coset of an element m € M modulo
N, then with the notation from i) we have that for any ¢* € C*

&M _==v Z c*(c;)ms,

ieF

and using again the same remark it follows that M/N is rational too.

iii) Let g; : M; — @;crM; be the canonical inclusion of M; in the direct
sum, and let m = EieF ¢;(m;) be an element of @;c;M;, where F is a
finite subset of I. For any i € F', the module M; is rational, hence there
exist two families of elements (c;;)jer, € C and (my;)jer, C M;, F; finite
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sets, such that ¢* - m; = 3. ¢*(cij)my; for any ¢* € C*. Then

¢om o= Y glc my)
i€F
= Z Z Qi(c*(cij)mij)
icF jE€F;

= > Y eialmiy)

1€EF jEF;

and now @;c;M; is rational by Remark 2.2.3 1).
iv) If L is a left C*-module, let

L™ = Z{ N | N is a rational C* — submodule of L }

Assertions ii) and iii) show that L™ is a rational C*-submodule of L. From
the definition, it is clear that any rational submodule of L is contained in
Lrat‘

Now let us check that the correspondence L — L™** defines a functor. If
f: L — L' is a morphism of C*-modules, define fT%* : L™t — [/79t {0 be
the restriction and corestriction of f. The definition is correct due to ii).
Let now

0— Ly —Ly— L3 —0

be an exact sequence in ¢- M. Since we can assume that the two maps are
the inclusion and the canonical projection, respectively, the fact that the
sequence

0 — L’rl'at —_— Lgat — Lgat

is exact amounts to the fact that L7* = L; N L5*, which is clear by ii) and
the definition of the rational part. |

Corollary 2.2.7 The category Rat(c-M) is a Grothendieck category.

Proof: In view of Corollary 2.1.19 and Theorem 2.2.6, the only thing
that remains to show is that Rat(c«M) has a family of generators. Any
rational C*-module M is a sum of finite dimensional C*-submodules (since
any cyclic submodule is finite dimensional), so M is a homomorphic image
of a direct sum of finite dimensional rational left C*-modules. This shows
that the family of all finite dimensional rational left C*-modules is a family
of generators of Rat(c- M), and the proof is finished. |

Corollary 2.2.8 The category MC is a Grothendieck category.
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Proof: It follows from Theorem 2.2.5 and the preceding corollary. |
. Another consequence is a new proof for the fundamental theorem of
comodules (Theorem 2.1.7).

Corollary 2.2.9 Let M be a right C-comodule. Then:
i) The subcomodule generated by an element of M is finite dimensional.
1) M is the sum of its finite dimensional subcomodules.

Proof: i) The subcomodule generated by an element m € M is the cyclic
left C*-submodule generated by m of the rational C*-module M, and this
is finite dimensional from Theorem 2.2.6.

ii) We regard M as a rational left C*-module. It is clear that M is the sum of
its cyclic submodules, and all of these are finite dimensional subcomodules
of M. : |

Remark 2.2.10 IfC is a coalgebra, then C* is a left C*-module, and hence
it makes sense to talk about the biggest rational left submodule of C*. We
will denote this submodule by C}™*. Similarly, regarding C* as a right C*-
module, we denote by C*™* the biggest rational right submodule of C*. In
case C is finite dimensional, Remark 2.2.4 shows that C}™ = C}™ = C

Remark 2.2.11 If C is a coalgebra, since C is a right C-comodule via
A, we may regard C as a (rational) left C*-module. We denote this left
action of C* on C by —. Thus ¢* — ¢ = ) c*(cz)cr for any c* € C*
and ¢ € C. Similarly, C is a rational right C*-module with the action
c—c* =Y c*(car)es. _ |

Lemma 2.2.12 Let M beé a rational right C*-module which is finite dimen-
sional. Then M™, with the induced left C*-module structure, is rational.

Proof: Since M is a rational right C*- module we can regard M as a left
C-comodule too. Let p: M — C® M, p(m Zm( 1) ® Mgy be the map
giving this comodule structure. Since M is finite dimensional, Exercise
1.3.3 shows that there exists a linear isomorphism

6: M*®@C®M — Hom(M,C® M), (m” ® c®m)(m’) =m*(m')c@m
|

Let z=),m;®c;®m; € M*® C ® M for which 6(z) = p. This means

that for any m € M we have ' :

plm) = Zm m)c; @ m;
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The left C*-module structure of M* = Hom(M, k) is given by

(¢ -m*)(m) =m*(m-c* (Zc (c;)m:(m)m;) =
—Zc ci)ym ym;(m)
-m* -—Zc cz ,

for all ¢* € C*, hence M™* is rational as a left C*-module. |

Let C be a coalgebra and M € M€ i.e. M € Rat(c-M). We consider
the dual space M* = Homy(M, k), which is a right C*-module with the
action given by (uc*)(m) = u(c*m) for any u € M*,c* € C* and m € M.
In general M* is not a rational right C*-module. By an opposite version of
Lemma 2.2.12, if dim(M) is finite, then M* is a rational right C*-module.
Following P. Gabriel [85] a right C*-module M is called pseudocompact if
it is a topological C*-module which is Hausdorff separated, complete and
it satisfies the following axiom

(MPC) M has a basis of neighbourhoods of 0 consisting of submodules N
such that M/N is finite dimensional.

Similar to Theorem 1.5.33, we have the following.

This shows that

Corollary 2.2.13 If M € M, then M* is a right topological pseudocom-
pact module.

Proof: We first show that the multiplication p : M*xC* — M*, u(u,c*) =
uc*, is continuous. Let u € M*, ¢* € C* and uc* + W+ an open neighbour-
hood of uc* in the finite topology of M*, where W is a finite dimensional
subspace of M. If p: M — M ® C is the comodule structure map of M,
then there exist two finite dimensional subspaces W7 < M and Wy, < C
such that p(W) C W1 ® Wa. In this case u+ Wit is an open neighbourhood
of u € M* and c* + W3 is an open neighbourhood of ¢* € C*. If f € Wi+
and g € W3- we have

(u+ e +g)=uc"+ fc" +ug+fg
For any m € W we have that
(fe)(m) = f(c'm)

Y f(moc*(m))
= 0 (since f(W7)=0)
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Thus fc* € W+, and similarly we have ug € Wt and fg € W-L, showing
that
p(u+ Wi, et + W) Cuc* + Wt

which means that u is continuous.
Clearly M* is Hausdorff separated in the finite topology On the other
hand, M is the union of all its finite dimensional subcomodules N, so

M* = Homi(lim N, k)
= lim Homg(N, k)
= lim N*

where in all limits N ranges over the set of all finite dimensional subco-
modules of M. Since N* ~ M*/N' we obtain that" M* o hm(,_M*/N‘L
Thus M* is complete and the set

{N*|N is a finite dimensional subcomodule of M}

is a basis of open neighbourhoods of 0 in M*. Since for any finite dimen-
sional N the space M*/N* has finite' dimension, we obtain that M* is
pseudocompact. : ]

Theorem 2.2.14 Let C be a coalgebra and M a left C*-module. The fol-
lowing assertions are equivalent.

(i) M € Rat(c‘M)

(i) annc-(z) = {c* € C*|c*z = 0} is a closed (and open) left ideal ofﬁmte
codimension for anyz € M.

(iii) For any x € M there exists a closed (open) two- szded ideal I C C* of
finite codimension such that Iz = 0.

Proof: (i) = (i) Any element of M belongs to a finite dimensional
submodule of M, so we can reduce to the case where M is finite di-
mensional. Denote N = M*, which is a rational right C*-module with
dim(N) = dim(M) and N* ~ M. By Corollary 2.2.13, N* is a topo-
logical left C*-module. Since N has finite dimension, the finite topology
on N* is discrete. On the other hand, the map ¢ : C* — M ~ N*,
¢(c*) = c*z, is continuous, and since {z} is open and closed in M, we have
that annc+(z) = Ker(¢) is open and closed in C*. Clearly C*/annc-(z)
is finite dimensional, so (i7) holds.

(#) = (i) As in (z) => (%) we may assume that M is finite dimensional,
say M = kxzy + ... + kx,. In this case

annc- (M) = ﬂ1gisnannc. (:c,)
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so I = annc+(M) is open and closed in C*. Clearly I is a two-sided ideal
of finite codimension.

(#45) = (i) If Iz = 0, then C*z is a quotient of the left C*-module C*/I.
Since I is closed, then I = (I*)*, so

C*/I — O*/(I.L)L ~ (IJ')*

Then It is a finite dimensional subcoalgebra of C. Since It is a left and
right C-comodule, then so is (I*)*. In particular C*/I is a rational left
C*-module, so C*x is a rational left C*-module. We conclude that M is a
rational left C*-module. |

Lemma 2.2.15 Let A be a k-algebra and M o right A-module. Then

(i) If M is projective, then M* = Homy(M, k) is an injective left A-module.
(ii) If A has finite dimension and M is finitely generated and injective as
a right A-module, then M* is a projective left A-module.

Proof: We recall that the left A-module structure of M* is given by
(af)(m) = f(ma) for any a € A, f € M* and m € M.

(i) Let w : N’ — N be an injective morphism of left A-modules, and
f: N’ — M* a morphism of left A-modules. The dual morphism u* : N* —
N'* is a surjective morphism of right A-modules. Let ap : M — M** be
the natural injection, ap(m)(v) = v(m) for any m € M,v € M*. Since
M is projective as a right A-module, there exists a morphism of right A-
modules g : M — N* such that f*ap = u*g. Denoting by ay : N —» N**
and apns : N’ — (N’)** the natural injections, we have that

sanu = guTan
= (Wg)an
= (ffam) an
= apfTan

i a*MaM"‘f
But if m* € M* we have

(apane-)(m*) = ajs(anm-(m"))
s (m)am

For any m € M we have

*

(ap(mam)(m) = aj(m*)(am(m))
ap(m)(m”)
= m*(m)

i
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Thus a};(m*)ay = m*, showing that o},ay = Idy-. Hence (g"an)u =
f, so M* is injective.’
(ii) Clearly M is finite dimensional. Since M is finitely genexated there
exists an epimorphism A" — M* — 0 in the category of left A-modules.
Apply the functor Hom(—, k) and obtain an exact sequence 0 — M™** —
A*™. Since M** ~ M and M is injective, we have A*™ ~ M @ N for some
right A-module N. Then A™ ~ (A*™)* ~ M* ¢ N*, so M* is a projective
left A-module. |
The following gives in particular a descrlptlon of the rational part of
C*.

Corollary 2.2.16 Let C be a. coalgebm and M € CM Then the following
three sets are equal. ,

(i) Rat(c-M™).

(i) The sum of all finite dimensional C*-submodules of M*.

(iti) The set of all elements m* € M* such that Ker(m*) contains a left
C-subcomodule of M of finite codimension.

Proof: (i) C (ii) is obvious.

(#) C (i) Let m € (47). Then there exists a finite dimensional C*-submodule
X of M* such that m* € X, so annc-(m*) is a left ideal of C* of finite
codimension. On the other hand, since the map from C* to M* obtained by
right multiplication with m* is continuous, the kernel of this map is open
and closed in C* (see Corollary 2.2.13), so m* € Rat(c+M*) (Theorem
2.2.14). ‘

(1) C (44i) Let m* € Rat(c-M*) and X a finite dimensional C*-submodule
of M* such that m* € X. Then X+ is a subcomodule of M and m*X+ = 0,
so X+ C Ker(m*). Since X has finite dimension we obtain that m* €
(i13).

(#ii) C (¢) Let m* € M* such that Y C Ker(m*) for some subcomodule
Y of M of finite codimension. Then we can regard m* as a linear map
from M/Y to k, so m* € (M/Y)* < M*. Since (M/Y)* is a right C-
comodule of finite dimension, (M/Y)* is a rational left C*-submodule of
M*, so m* € Rat(c- M*). |

Exercise 2.2.17 Let C be a coalgebra and ¢c : C . — C** the natural
injection. Then ¢c(Rat(c-C)) = Rat(c-C**).

Exercise 2.2.18 Let (C;)icr be a family of coalgebras and C = @i ;C; the
coproduct of this family in the category of coalgebras. Then the following
assertions hold. .

(i) C* ~ ], Cr. Moreover, this is an isomorphism of topological rings z'f

we consider the ﬁmte topology on C* and the product topology on [[;¢; C.
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(i) If M € M then for any m € M there ezists a two-sided ideal I of C*
such that Im =0, I = Hie 1 Ii, where I; is a two-sided ideal of C} which is
closed and has finite codimension, and I; = C} for all but a finite number
of i’s.

(iii) The category MC is equivalent to the direct product of categories
[Ties M.

(iv) If A is a subcoalgebra of C = ®;¢1C;, then there exists a family (A;)ier
such that A; is a subcoalgebra of C; for any i € I, and A = ®icrA;.

Exercise 2.2.19 Let (C;);es be a family of subcoalgebras of the coalgebra C
and A a simple subcoalgebra of )., C; (i.e. A is a subcoalgebra which has
precisely two subcoalgebras, 0 and A; more details will be given in Chapter
3). Then there exists i € I such that A C C;.

2.3 Bicomodules and the cotensor product

Definition 2.3.1 Let C and D be two coalgebras. A k-vector space M is
called a left-D, right-C bicomodule if M has a left D-comodule structure
given by p: M — D@ M, p(m) = Y m_1 ® myq, a right C-comodule
structure giwen by p : M — M ® C, p(m) = Y my ® m(), such that
(L®Ip = (I ®p)u. This compatibility may be written as

> (m@)i-1® ()0 @ Mm@y = D mi=1) ® (myg)) (o) ® (Myo)) 1)

for anym e M.

If M and N are two such bicomodules, then a morphism of bicomodules
from M to N is a linear map f : M — N which is a morphism of left
D-comodules, and in the same time a morphism of right C-comodules.

In this way we can define a category of left-D, right-C bicomodules, which

we will denote by D pC. |

Example 2.3.2 Any coalgebra C is a left-C, right-C bicomodule, with the
left and right comodule structures defined by the comultiplication of C. |

If C and D are two coalgebras, then we consider the dual algebras C*
and D*, and we denote by ¢« M p. the category of left-C*, right- D* bimod-
ules. We recall that such an object is a vector space having a structure of a
left C*-module and a right D*-module structure, which are compatible in
the sense that ¢* - (m - d*) = (¢* - m) - d* for any ¢c* € C*,m € M,d* € D*.
The morphisms between two objects in this category are linear maps which
are also morphisms of left C*-modules, and in the same time morphisms of
right D*-modules. We will denote by Rat(c- M p-) the full subcategory of
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c- M p. consisting of all objects which are rat1ona1 left C*- modules and in
the same time rational rlght D*-modules.

Theorem 2.3.3 Let C and D be two coalgebras. Then the categories M€
and Rat(c-Mp~) are isomorphic.

Proof: The proof relies essentially on the proof of Theorem 2.2.5. Let
M € PMC. Then we know already from the cited theorem that M is a
rational left C*-module with the action given by c* - m = }_ c*(m))m(q),
and that M is a rational right D*-module with the action given by m-d* =
Y d*(m_q))myg). It remains to check that these two structures induce a
bxmodule We have

(c-m)-d = Y c(muy)m)-d*
ZC*(m(i))d*((m(O))[—u)(m(O))[O]
and
c-(m-d*) = Zd* mi_y))c” - myg
= D _d"(my)e" (m) ) (mio) o),

and the equality follows from the definition of the bicomodule.

Conversely, if M is a left-C*, right-D* bimodule, which is rational on
both sides, we know that M has a structure of a left D-comodule, which we
will denote by m + 3 m(_1} ®myp}, and a structure of a right C-comodule,
which we will denote by m + > m) ® m(). From the fact that M is a
bimodule, and from the above computations, we obtain that

¢*(mqy)d" ((myo)) (1) (meoy)io) = Y d"(my_y))e* ((myg)) ) )(mlm)(m

for any ¢* € C* and d* € D*. This means that
(@ ®I®c)(D_(mey)-1 ® (M) ® myiy—

~> m1 ® (mg))0) @ (Mye))ay) =0

for any c*. € C*,d* € D*. But if for an element 2z € D M ® C we
have (d* ® I ® ¢*)(2) = 0 for any ¢* € C*,d* € D*, then z = 0. Indeed,
we choose a basis (d;); of D and a basis (¢;); of C. Then we can write
z =73, :d; ®my; ®c; for some m;; € M. Fix r and s, and consider the
maps d* € D*, ¢t € C* for which d*(d;) = 6,5 si ¢ *(¢;) = 6s5. Then
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0= (d! ®I®ct)(z) = mys. From this we deduce that z = 0, and the proof
is now complete due to Theorem 2.2.5. : 1

We recall that for any subset X of a coalgebra C there exists a smallest
subcoalgebra of C containing X, and this is called the subcoalgebra gener-
ated by X (Remark 1.5.30). If the set X has only one element ¢, then the
subcoalgebra generated by {c} is called simply the subcoalgebra generated
by c¢. The following exercise illustrates the use of bicomodules for proving
the fundamental theorem of coalgebras (Theorem 1.4.7).

Exercise 2.3.4 Let C be a coalgebra, and c € C. Show that the subcoalge-
bra of C generated by ¢ is finite dimensional, using the bicomodule structure

of C.

Corollary 2.3.5 Let C be a coalgebra. Then the subcoalgebra generated by
a finite family of elements of C is finite dimensional.

Proof: It is clear that the subcoalgebra generated by { ¢1,...,¢c, } is the
sum of the subcoalgebras generated by each of the c;, and since all of these
are finite dimensional, it follows that their sum is finite dimensional too. il

We present now a construction dual to the tensor product of modules
over an algebra. Let C be a coalgebra, M a right C-comodule with co-
module structure map pp : M — M ® C and N a left C-comodule with
comodule structure map py : N — C ® N. We denote by MOgN the
kernel of the morphism

@I —IQpy MIN->-MRICRN

MQOcN is a k-subspace of M ® N which is called the cotensor product of the
comodules M and N. If f € Comg(M, M) and g € Comg(N, N') are two
morphisms in the categories M and “M, then the map f®g: MQN —
M’ ® N’ induces a linear morphism fOcg : MOcN — M'OcN’. It is
easy to see that the correspondence (M, N) — MOcN defines an additive
functor from M x €M —, M, called the cotensor functor.

Since the tensor functor of vector spaces is exact and the cotensor is a
kernel, we have that the cotensor functor is left exact. Also, since the tensor
functor commutes with direct sums and with filtered inductive limits, we
obtain that the cotensor functor also commutes with direct sums and with |
filtered inductive limits.

If C = k, then MOgN is just the tensor product M ® N, since in this case
@I —-—I®@pNy =0.

Let C and D be two coalgebras and assume that M € PMC. Denote by
p~:M—-D®M and p* : M - M ® C the comodule structure maps of
M. We have that (o~ ® I)pt = (I ® pT)p~. Let N € “ M with comodule
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structure map p: N — C®N. Then p~ @1 : M®N — DQM ® N endows
M ® N with a structure of a left D-comodule. The induced structure of
a right rational D*-module of M ® N-is given by (m ® n)d* = md* ® n
for any m € M, n € N and d* € D*. On the other hand, if d* € D*, the
map u : M — M,u(m) = md* for any m € M, is a morphism of right C-
comodules, since M € P M. Hence by the above argument it follows that
(u® I(MOcN) € MOcgN, thus MOcN is a D*-submodule of M ® N.
Moreover, it is a rational D*-module, so MO¢N is a D-subcomodule of
M@®N, ie. (p~ @ I)(MOcN) C D® (MOcN). In this way, for any
M € PMC we obtain a left exact functor -

MQc—: M- PM
The following gives the main properties of the cotensor functor.

Proposition 2.3.6 (i) If M € M® and N € °M, then MOcC ~ M as
right C-comodules and COcN ~ N as left C-comodules.

(i) If M € MC and N € M, then MOcN =~ NOgeor M as linear spaces.
In particular if C is cocommutative, then MOcN ~ NOcM.

(i) If C and D are two coalgebras and M € S MP, L€ M and N €
D M, then we have a natural isomorphism (LOcM)OpN ~ LOc(MOpN).

Proof: (i) We define a linear map a : MOcC — M as follows. For
2 € MOcC C M®C,say z =) . 2; ® ¢; with (z;); € M and (¢;); C
C, we set a(z) = Y e(c;)z;. On the other hand, since (pp ® I)py =
(I ® A)ppr, where pyy is the comodule structure map of M and A is the
comultiplication of C, then we have (pp ® Ippr = (I ® A)par, showing
that ppr(M) C MOcC. Thus it makes sense to define 8 : M — MOcC by
B(m) =ppy(m) =3 mg@®my foranyme M. If z= >, 2; ®c; € MOcC,
then we have Y, pap(z;) ® ¢; = 3>, z: ® A(c;), and applying I ® I @ ¢ we
obtain ) . e(c;)pm(x;) = >, ;i @ ¢; = z. This shows that (Ba)(z) = z, i.e.
Ba = Idyp,c- It is clear that for any m € M we have (a)(m) = m, thus
afl = Idy;. We have obtained that o and 3 are inverse each other. It is
clear that @ is a morphism of right C-comodules, and this ends the proof
of (i).

(ii) Let ppr : M — M @ C be the comodule structure map of M as a right
C-comodule and p), : M — C°°°Q@ M, the comodule structure map of M as
a left C°P-comodule. If ppr(m) = 3 mo®my, then pj,(m) = > m; @ me.
Similarly we denote by py : N — C® N and ply : N — N ® C°P the
comodule structures map of N as a left C-comodule,respectively as a right
C?P_comodule. Let 7 : MON — NQM and 7: MQCQN — NQC“PRM
be the linear isomorphisms defined by 7 (m®n) = n®m and T (m®c®n) =
n ® c® m. We have that

Tom @I —1®pn) = (I ®py —py )T
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implying that MOcN =~ NOgeer M. The second part is clear since for a
cocommutative C' we have C = CP.
(iii) Since the tensor product functor over a field is exact, we have a natural
isomorphism

(L® M)apN ~ L® (MOpN)
Now the exact sequence of right D-comodules

—I®pt
0— LOM — Lo M ** =¥ roco M

and the fact that the cotensor functor is left exact produces a commutative
diagram

®I-I®
Mo NEY PN M@C®N

IQp,—pv®I
NomM—2L—~ N®CP @ M

and then we have a natural isomorphism (LOcM)0OpN ~ LOc(MQpN).
|

Assume now that N is a finite dimensional left C-comodule with co-
module structure map py : N — C ® N, pn(n) = > n;) ® ng). Let
N* = Homy(N, k). Since N is finite dimensional, the natural morphism

0:N*®C — Hom(N,C), 8(f ® c)(n) = f(n)c

is a linear isomorphism. N* has a natural structure of a right C-comodule
given by

pn- i N* = N*®C, py-(n*) = 07 ((I ® n*)pN)

If n* € N* and pn-(n*) = >, fi ® ¢; with f; € N* and ¢; € C, then
c*n* =Y. c*(c;) fi for any c* € C*. Therefore (c*n*)(n) = >, ¢*(¢;) fi(n)
for any n € N. On the other hand we have (3, f; ® ¢;) = (I ® n*)pn,
so if py(n) = Y_n(-1) ® n(y we have , fi(n)e; = > n*(n))n(-1), and
then 3, fi(n)c*(c;) = Y n*(n))c*(n(~1)) for any c* € C*. We obtain that
(c*n*)(n) = 3_ c*(n(-1))n*(n(o)), and this gives a structure of a rational left
C*-module to N*, which is associated to the right C-comodule structure of
N* defined by pn-. This left C*-module structure of N* is the same with
the left C*-module structure of N* = Homg(N, k) obtained by regarding
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N as a right C*-module induced by the comodule map py (see also Lemma
2.2.12).

Proposition 2.3.7 Let N be a finite dimensional left C-comodule and M
a right C-comodule. Then we have a natural linear isomorphism MOcN ~
Comg(N*, M).

Proof: Since N has finite dimension, we have the natural hnear isomor-
phism
a:M®N — Hom(N*, M), a(z®@y)(f) = fy)=

Letz=).2;,®y;, € MOcN C M ®N, i.e. we have

Z(xz)(o) (zi)) ®yi = Zﬂfz @)~y ® W) (21

1

For any ¢* € C* and n* € N* we have that
a(z)(c'n®) = Z(C*n*)(y)-’t

ic*((yi)<u1))n*((yi)<o>)wi

Zﬂ (i)™ (@) y)(@i) oy (by (2 1))

= C*Zn*(yi)ac
= c"a(z)(n")

so a(2) is a morphism of left C*-modules, which is the same to a morphism
of right C-comodules from N* to M. {
With the same computation we obtain that if a(z) € Comc(N*, M), then
2z € MOeN. '

Let C and D be two coalgebras and ¢ : C — D a coalgebra morphism.
If M € M, then the map (I ® ¢)prr : M — M @ D gives M a structure
of a right D-comodule. We denote by M, the space M regarded with this
structure of a right D-comodule. In this way we construct an exact functor

I

f

(=)p: MC > MP M M,

In particular, since C' is a left-C, right-C bicomodule, we can regard C as
a left-D, right-C' bicomodule via ¢. Then ¢ : C — D is a morphism of left
D-comodules.



90 ~ CHAPTER 2. COMODULES

If N € MP, we can define the right C-comodule N¢ = NOpC, and in this
way we have a new functor

(=) : MP - M®, N N¢

which is left exact. In particular if D = k and ¢ = ¢, the counit of C,
then the functor (—) is just the forgetful functor U : M —; M, and the
functor (—)? is exactly the functor — ® C :x M — MC,

Proposition 2.3.8 Let ¢ : C — D be a morphism of coalgebras. Then the
functor (=)g : MS — MP is a left adjoint of the functor ()¢ : MP —
MC . In particular the forgetful functor U : MC —; M is a left adjoint of
the functor — ® C :p M — MC.

Proof: Let M € M® and N € MP, and define the natural maps
@ : Comc(M, N?) — Comp(My, N)

¥ : Comp(My, N) — Comg(M,N?)

as follows. For v € Comc(M, N?%) we put ®(u) = (I ® €)u, where ¢ is the
counit of C and I ®e is regarded here as the restriction of IQe : N@C — N
to NOpC. In fact ®(u) is the composition of the morphisms

M =% Nope '8 Nopp & N

If v € Comp(My,N), then we put ¥(v) = (v ® I)pps. We prove that
¥U(v) € Comc(M, N?). Indeed, since v € Comp(Mg, N) we have

(v I)IQd)pm = pNv
On the other hand we have that

(en®@)(v@I)pM = ((pnv) ® pm
= (v®N{I®P)pm) @ I)pum
= (WRIRNUI®¢®I)(pm®I)pm
= (WRISNUIRPRINIQA)pm
= (IQ¢NWRIRIIQA)pMm
= (I®6D)IRA) vRI)py

This shows that for any m € M we have U(v)(m) € NOpC, so ¥(v) can
be regarded as a morphism from M to N¢.
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If uw € Comc(M, N®) then we have

U(D(u) = (I®eN)(u®l)pm
(I®e®I)(I®A)u (uisacomodule map)
I®IHu

= u

so V@ = Id. Conversely, for v € Comp(Mg, N) we have

(¥(v))

(I®e)¥(v)

(I®e)vel)pu

= (U2ep)I®)ve)ou
(I®ep) (v D)(I®d)om
(I®ep)pnv (vis ‘a comodule map)

It

= v
showing that ®¥ = Id, which ends the proof. | ]

Remark 2.3.9 Let A be a k-algebra, M a right A-module with module
structure map p: M®A — M and N a left A-module with module structure
map p: AQ N — N. By restricting scalars, M and N are k-vector spaces,
and we can form the tensor product M@ N over k. Then the tensor product
M®a N of A-modules is precisely Coker(u®I—I1® p). Thus the cotensor
product is a construction dual to the tensor product.

Exercise 2.3.10 Let C and D be two coalgebras. Show that the categories
DpC | MC®D™P  pDPPR®C  DRCP pf gqnd C“P®D A gre isomorphic.

Exercise 2.3.11 Let C, D and L be cocommutative coalgebras and ¢ : C —
L, ¢ : D — L coalgebra morphisms. Regard C and D as L-comodules via
the morphisms ¢ and v. Show that COLD is a (cocommutative) subcoalge-
bra of C ® D, and moreover, COpD is the fiber product in the category of
all cocommutative coalgebras.

2.4 Simple comodules and injective comod-
ules |
Definition 2.4.1 A right C-comodule is said to be free if it is isomorphic

to a comodule of the form X @ C, with X a vector space, with the right
comodule structure map IQA: X Q®C - XQC®C. |
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Remark 2.4.2 It is clear that if X is a vector space having the basis
(e:)icr, then the comodule X ® C is isomorphic to C1), the direct sum
in the category MC of a family of copies of C indexed by the set I. ]

Proposition 2.4.3 Any right C-comodule is isomorphic to a subcornodule
of a free C-comodule.

Proof: Let M € M®. Then M ® C is a right C-comodule via I ® A :
MRC - MC®C. Let p: M - M ® C be the morphism giving
the comodule structure of M. Then the definition of the comodule shows
that p is a morphism of right C-comodules from M to M ® C, where the
second one is regarded with the above mentioned structure. Moreover, p
is injective, since if for an m € M we have p(m) = ) m ® mu) = 0,
then m = ) e(mq))mp) = 0. It follows that M is isomorphic to the
subcomodule Im(p) of the free comodule M ® C. |

Definition 2.4.4 A right C-comodule M s called injective if it is an injec-
tive object in the category MC, i.e. for any injective morphismi: X — Y
of right C-comodules, and for any morphism f : X — M of right C-
comodules, there ezists a morphism of right C-comodules f : Y — M for
which fi = f. |

Corollary 2.4.5 A free right C-comodule is injective. In particular, C is
an injective right C-comodule.

Proof: Consider the adjunction from Proposition 2.3.8. Since U is an
exact functor, and M€ and yM are Grothendieck categories, it follows
that X ® C is an injective object in MC for any injective object X from
M. But in ;M every obiect is injective, which ends the proof. |

Remark 2.4.6 Since the category M is Grothendieck, it follows that ev-
ery object has an injective envelope. This means that for any M € MC
there exists E(M) € MC such that M 1is an essential subcomodule in E(M)
(i.e. for any nonzero subcomodule X of E(M) we have X "M #0). |

The following result provides a characterization of injective comodules.

Proposition 2.4.7 Let M be a right C-comodule. Then M is injective if
and only if M is a direct summand in o free C-comodule.

Proof: Assume that FF = M @ X for some free right C-comodule F' and
some right C-comodule X. Since F is injective by Corollary 2.4.5, we ob-
tain that both M and X are injective.
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Conversely, assume that M is injective. Proposition 2.4.3 yields the exis-
tence of an injective morphism of comodules i : M — C! for some set
I. The injectivity of M shows that the morphism ¢ splits (i.e. there ex-
ists a morphism of comodules j : CYY) — M with ji = Idp) and then
CWD ~i(M)® Ker(j) ~ M & Ker(j), hence M is a direct summand in a
free comodule. 1

In a Grothendieck category a finite direct sum of injective objects is
an injective object. In a category of comodules we have even more, as the
following shows.

Proposition 2.4.8 Let (M;);cr be a family of injective right C-comodules.
Then their direct sum @®;c;M; is an injective object in the category MC.

Proof: Proposition 2.4.7 shows that for each ¢ € I there exists a set J; such
that M; is a direct summand in C*). Then, denoting by J = [ Lier Ji the
coproduct of the family (J;);er in the category of sets (which is exactly the
disjoint union of the family), we obtain that @;c;M; is a direct summand
in CY), and so it is injective. ‘ 1

Definition 2.4.9 A right C-comodule is called simple if M # 0 and if the
only subcomodules of M are 0 and M. 1

Remark 2.4.10 1) From the isomorphism between the category M€ and
the category of the rational left C* -modules it follows that a right C-comodule
M is simple if and only if it is a simple object when it is regarded as a ratio-
nal left C*-module. Since any submodule of a rational module is rational,
this is equivalent to the fact that M s simple as a left C*-module. We will
therefore regard throughout a (simple) right C-comodule also as a (simple)
left C*-module. '

2) If M -is a right C-comodule, then we regard M as a left C*-module, and
thus it makes sense to consider the socle s(M) of M, which isithe sum of
the simple C*-submodules. This is a semisimple left C*-module, in partic-
ular it is a direct sum of simple submodules. From the above considerations
it follows that s(M) is also the sum of the simple right C-subcomodules of
M. A classical result from module theory says that if M = @;c1M;, then
s(M) = ®iers(M;). i

Proposition 2.4.11 Any nonzero comodule contains a simple subcomod-
ule. :

Proof: Let M be a non-zero simple right C-comodule, and let m €
M, m # 0. Then the subcomodule C* - m generated by m is finite di-
mensional (by Theorem 2.2.6.i)) and then there exists a subcomodule S of
C™-m having the least possible dimension among all non-zero subcomodules
of C* - m. It is clear that S is simple. |
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Corollary 2.4.12 Let M be a non-zero right C-comodule. Then its socle
s(M) is an essential subcomodule in M.

Proof: If s(M) would not be essential in M, then there would exist a non-
zero subcomodule X of M with s(M) N X = 0. The preceding proposition
shows that X contains a simple subcomodule S. But then S is also a simple
subcomodule of M, thus S C s(M), a contradiction. |

Proposition 2.4.13 A simple C-comodule is finite dimensional.

Proof: Let S be a simple right C-comodule, and let x € S, z # 0. Then
S is generated by x as a comodule, and from Theorem 2.1.7 it follows that
S is finite dimensional. i

Proposition 2.4.14 A simple right C-comodule S is isomorphic to a right
coideal of C (hence S may be embedded in C).

Proof: Remark 2.4.2 and Proposition 2.4.3 show that there exists an in-
jective morphism of comodules S — C™, where n = dim(S). Regarding
this embedding as being an embedding of left C*-modules, we obtain that
S C s(C™). Hence S is isomorphic to a submodule of s(C™). Taking into
account the formula for the socle of a direct sum of modules (which was
recalled above), it follows that S is isomorphic to a simple submodule of
C, hence to a right C-subcomodule of C, and the proof is finished. ]

Corollary 2.4.15 Let S be a simple C-comodule. Then there exists an
injective envelope E(S) of S with the property that E(S) C C.

Proof: Let E(S) be an injective envelope of S, and f : § — E(S) the
canonical injection. We know that f(S) is essential in E(S). The preceding
proposition shows that there exists an embedding ¢: S — C of S'in C, and
since C is an injective object in the category MC, we obtain that there
exists a morphism of C-comodules g : E(S) — C for which gf = 4. Since
i is injective, we obtain that Ker(g) N f(S) = 0. But f(S) is essential in
E(S), hence Ker(g) = 0. Thus g is injective, and this shows that E(S)
may be embedded in C. i

Theorem 2.4.16 Let C be a coalgebra, and s(C) = ®;e1M; the socle of
C regarded as a right C-comodule (M; are all simple right C-subcomodules
of C). Then C = @®;cE(M;), where E(M;) is an injective envelope of M;
contained in C.

Proof: Corollary 2.4.15 shows that for any ¢ there exists an injective en-
velope E(M;) C C of M;. Since the (M;)’s are simple C*-submodules of
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C, whose sum is direct, and every M; is essential in E(M;), it follows that
the sum of the subcomodules E(M;) is also direct. Thus

$(C) = @ierM; C ®ic1 E(M;) C C

Since @;erF(M;) is an injective subobject of C by Proposition 2.4.8, it
follows that it is a direct summand in C, hence C = (®;c1E(M;)) ® X for
a subcomodule X of C. But s(C) is essential in C by Corollary 2.4.12, so
®;er E(M;) is also essential in C. This shows that X = 0 and the proof is
finished. _ |
Let C be a coalgebra and Q@ € M®. The definition of injective co-
modules shows that @ is injective if and only if the functor Comec(—, Q) :
ME — Ab is exact. A right C-comodule M is called coflat if the cotensor
functor MOc~: M — M is exact. .
If M € MC, then an object Q € MC is called M-injective if for any
subcomodule M’ of M, and for any f € Comc(M’,Q) there exists g €
Comcg(M, Q) such that g = f, where by gjap we denote the restriction
of g to M’. Clearly, an object Q € M is injective if and only if Q is
M-injective for any M € MC.

Theorem 2.4.17 Let Q be a right C-comodule. The following assertions
are equivalent.

(1) Q is an injective comodule.

(ii) Q is M-injective for any right C-comodule M of finite dimension.
(i4i) For any two-sided ideal I of C* which is closed and has finite codi-
mension and for any morphism of left C*-modules f : I — Q there exists
g € Q such that f(A\) = Aq for any A € I.

(iv) Q is a right coflat comodule.

Proof: (i) = (i%) is obvious.

(i1) = (i) Let X be an arbitrary object of M®. Then there exist a
family (M;);er of finite dimensional C-comodules and an epimorphism
¢ BierM; — X. Denote Y = @ierM; and Z = Ker(¢p). If X' is a
subcomodule of X, then there exists Y’ < Y such that Y'/Z ~ X’. The
commutative diagram
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produces a commutative diagram

0 — Com(X",Q)— Com(Y",Q) — Com(Z,Q)
| 1 ||
0 — Com(X,Q) — Com(Y,Q) — Com(Z,Q)

<

If we assume that the natural morphism Comc(Y’, @) — Come(Y, Q)
is surjective, we obtain that the morphism Com¢(X’,Q) — Come(X, Q)
is surjective. Therefore for proving (i) = (7) it is enough to show that Q
is Y-injective. For this, we will show that if @ is M;-injective for any i € I,
then Q is @;erM;-injective. Denote M = ;1 M; and take K < M and
f € Comc(K,Q). We consider the set

P={(L,g)|IK <L <M,g € Comg(L,Q) and g, = f}

which can be ordered as follows. If (L, g) and (L', ) are two elements of P,
the (L,g) < (L',¢') if and only if L C L' and g = ¢7. A standard argument
shows that P is inductive, and by applying Zorn’s Lemma we can find a
maximal element (Lqg, fo).

We show that M; C Lg for any 7 € I. If there were some ig € I such
that M;, is not contained in Lo, let us denote by h the restriction of fq
to Lo N My, h : Lo N M;, — Q. Since Q is M;,~injective, there exists a
morphism & : M;, — @ such that the restriction of hto Lo N M;, is h.
Clearly Ly is strictly contained in Lg + M;,. We define fo:Lo+ M, —Q
by fo(z +y) = fo(z) + h(y) for any z € Lo and y € M;,. The morphism
fo is correctly defined, since for z,2' € Lo and y,y’ € M;, such that
z+y=2+y,wehavey -y =2’ —x € Lo N M, so

hy—v') =hly—y') = folz' — )

thus fo(z) + h(y) = fo(z') + h(y'). Since the restriction of fo to Lo is fo
and Lo # Lo + M;,, we obtain a contradiction.

(2) = (37) is clear.

(#@i) = (i) We know that the set

G = {C*/I|I a closed two — sided ideal of finite codimension of C*}

is a family of generators of the category Rat(c«M) ~ MC (see Theorem
2.2.14). Let U be the direct sum of all the elements of G, which is a
generator of MC. Since Q is M-injective for any M € G, we see as in the
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proof of (#1) = (¢) that Q is U-injective, and hence that Q is U(P-injective
for any non-empty set I.

If M € MC, there exist a non-empty set I and an epimorphism U} — M.
With the same argument as in the proof of (i) = (). we see that Q is M-
injective. Thus @ is injective. ‘ :

(i) = (iv) If Q is injective in M, then CY) ~ Q @ Q' as C-comodules for
some set J and for some C-comodule Q’. Let us consider an exact sequence
of left C-comodules

0—NSN-SN' —o0-
By cotensoring with ) we obtain an exact sequence of abelian groups

0— Ql:lch ID—>u QOcN E—g Qlch”

We show that IOv is surjective. This is clear in the case where Q@ = C),
since
QO¢N ~ (COcN)Y) ~ N

In general, if CY) ~ Q @ Q’, we have an exact sequence

Qe Q)0eN 2 Qe Q)ueN — 0

We have the commutative diagram

Ia
Q& Q)N ——"— (Q& Q)TcN” — 0
QoeN —I— ooen
o 0

~ which shows that IgOv is surjective, i.e. Q is a right coflat comodule.
(iv) = (i) If M is a finite dimensional right C-comodule, then M* =
Homy (M, k) is a finite dimensional left C-comodule. On the other hand

QOcM* ~ Comc(M™,Q) ~ Come(M,Q)

(where the first isomorphism comes from Proposition 2.3.7). Since Q is
coflat we obtain that @ is M-injective.
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Corollary 2.4.18 Let P be a projective left C-comodule. Then Rat(c-P*)
is an injective Tight C-comodule.

Proof: By Theorem 2.4.17 it is enough to show that Rat(c-P*) is N-
injective for any finite dimensional right C-comodule N. Let N be such
an object, u : N’ — N an injective morphism of comodules and f : N’ —
Rat(Pg.) a morphism of right C-comodules. Regard f as a morphism from
N’ to P*, and take the dual morphism f* : P* — N*. If o : P — P**
is the natural injection, a(p)( *) = p*(p) for any p € P,p* € P*, then
f*fa:P - N*andu* : N* - N*isa surjective morphism. Since N
and N’ are finite dimens1onal right C-comodules, we have that N* and N'*
are left C-comodules, and then since P is a projective left C-comodule,
there exists a comodule morphism g : P — N* such that u*g = f*a.
Taking the dual, this implies that (f*a)* = g*u**. If ay : N — N** and
an': N' = N'** are the natural injections, we have that

granu = g*uan = (ffa)*an = f

where the last equality follows from the following easy computation.

((fre) an)(m)p) = ((fa)"(an:(n)))(p)
(an:(n)f o) (p)
= (an/(n)f”
= an(n)(alp
= (a(p)f)(n)
= a(p)(f(n))
= f(n)(p)
for any n € N,p € P. Since ang* is a morphism of left C*-modules and

N is rational, we can regard ayg* as a morphism from N to Rat(c+P*),
showing that Rat(c-P*) is N-injective.

]

"’5

Corollary 2.4.19 Let Q be a finite dimensional right C-comodule. Then
Q is injective (projective) as a left C*-module if and only if it is injective
(projective) as a right C-comodule.

Proof: We only have to show the if part. Assume that @ is injective in
MCE. Since Q is finite dimensional, there exist a positive integer n and
a right C-comodule @’ such that C* ~ Q & @’. Applying the functor
Homy(—, k) we obtain that C*" ~ Q* & Q' * as right C*-modules, so Q*
is a projective right C*-module. Lemma 2.2.15 implies that @ ~ (Q*)* is
an injective left C*-module.
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Assume now that @ is a projective object in M. Since the functor
Homyg(—, k) defines a duality between the category of finite dimensional
right C-comodules and the category of finite dimensional left C-comodules,
we see that Q™ is an injective object in the category of finite dimensional
left C-comodules. Theorem 2.4.17 shows that Q* is an injective object in
€ M, so there exist a positive integer n and a left C-comodule X such that
C"~Q*® X. Then

nﬁQ**EBX*ﬁQEBX*
showing that @ is a projective left C*-module. |

Corollary 2.4.20 Let M be o finite dimensional right C-comodule. Then
M is an injective right C-comodule if and only if M* is a projective left
C-comodule.

Proof: If M* is projective as a left C-comodule, then M ~ (M*)* is an
injective right C-comodule by Theorem 2.4.17.
Conversely, assume that M is an injective right C-comodule. The proof of
Corollary 2.4.18 shows that M* is a projective right C*-module, i.e. M*
is a projective object in the category Rat(Mc-). Then M* is a projective
object in M.

We say that a Grothendieck category A has enough projectives if for any
object M € A there exist a projective object P € A and an epimorphism
P — M in A.

Corollary 2.4.21 Let C be a coalgebra. The following assertions are equiv-
alent.

(i) The injective envelope of any finite dimensional right C-comodule in the
category MC is finite dimeénsional.

(it) The injective envelope of any simple right C-comodule in the category
MC is finite dimensional.

(iti) If N is a finite dimensional left C-comodule, then there exist a finite
dimensional projective left C-comodule P and an epimorphism P — N in
the category M. ‘

(iv) The category € M has enough projective objects.

Proof: (i) & (i¢) is immediate.

() & (3i1) follows from Corollary 2.4.19. :

(#i7) = (iv) follows from the fact that the family of all finite d1mens1onal
left C-comodules is a family of generators in the category € M.

(iv) = (4i) Let N € “M. By the hypothesis there exist a projective
object P of © M and an epimorphism P — N. Since the family of all finite
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dimensional left C-comodules is a family of generators for the category M,
we can find a family (X;)icr of finite dimensional left C-comodules and an
epimorphism @;c;X; — P in the category M. Since P is projective, it
is a direct summand of ®;c;X;. We can clearly assume that all the X;’s
are indecomposable. Then a result of Crawley, Jonsson and Warfield (see
[3, Corollary 26.6, page 300]) shows that P ~ ®;csX; for some subset
J C I. Since N has finite dimension we can find a finite subset K of J
and an epimorphism @;cxX; — N. Any X, ¢ € K, is projective, as a
direct summand of P, and then so is @;ex X;. Moreover ®;c i X; is finite
dimensional, which ends the proof. |

Corollary 2.4.22 Let P be a projective object in the category M. Then
P is projective in the category c« M. Moreover, Rat(Pg.) is dense in P*.

Proof: There exist a family (M;);cy of finite dimensional right C-comodules
and an epimorphism ®;crM; — P of right C-comodules. Then P is a
direct summand of @;c;M;, so there exists a right C-comodule N such
that ®;c;M; ~ P @& N. By the Theorem of Crawley-Jonsson-Warfield we
obtain that P = @;csP;, where P; are finite dimensional projective left
C-comodules (in fact we can assume more, that the P;’s are indecompos-
able). By Corollary 2.4.19 we have that P; is a projective left C*-module
for any j, so P is also a projective left C*-module. On the other hand P*
is a direct summand in (e M;)* ~ Hiel M. Since @®;er M} is dense in
[T;cr M and @;erM; C Rat([[;c; M), we obtain that Rat(Pg.) is dens:
in P*.

Exercise 2.4.23 Let C and D be two coalgebras and ¢ : C — D a coalgebra
morphism. Show that the following are equivalent.

(i) C is an injective (coflat) left D-comodule.

(it) Any injective (coflat) left C-comodule is also injective (coflat) as a left
D-comodule.

(i4) The functor (=)® = ~0OpC : MP — MC is ezact.

2.5 Some topics on torsion theories on M¢

Let A be a Grothendieck category and C a full subcategory of A. Then C is
called a closed subcategory if C is closed under subobjects, quotient objects
and direct sums. If C is furthermore closed under extensions, then C is called
a localizing subcategory of 4. A closed subcategory of a Grothendieck
category is also a Grothendieck category. Indeed, if U € A is a generator
of A, then

{U/K|K € Aand U/K € C}
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is a family of generators of C, and then the direct sum of this family is a
generator of C.
If C is closed, then for any M € A we denote by tc(M) the sum of all sub-
objects of M which belong to C. In this way we define a left exact functor
tc : A — A, called the preradical functor associated to C. An object M € A
is called a C-torsion object if tc(M) = M, and this is clearly equivalent to
M eC. If tc(M) = 0, then M is called a C-torsionfree object. :
If C is a localizing subcategory, we have that t¢(M/te(M)) = 0 for any
M € A, since C is closed under extensions. In this case ¢ is called a radical
functor.
Following [216, Chapter V1], a closed subcategory C of A is called a heredl-
tary pretorsion theory, and a localizing subcategory of A is called a hered-
itary torsion theory in A. ’
If A is a Grothendieck category and M € A is an object, we denote by
oa[M] (or shortly o[M]) the class of all objects of .A which are subgener-
“ated by M, i.e. which are isomorphic to subobjects of quotient objects of
direct sums of copies of M. Dually, we denote by o’ [M] (or shortly o’'[M])
the class of all objects of A which are isomorphic to quotient objects of
subobjects of direct sums of copies of M.

Proposition 2.5.1 With the above notation, the following assertions are
true.

(i) o[M] is the smallest closed subcategory of A containing M.

(ii) o[M] = o'[M].

(i) If C is a closed subcategory of A, there exists an object M € A such
that C = o[M].

Proof: (i) Since the direct sum functor is exact, we obtain that o[M] is
closed to direct sums. Let now

0—Y —Y—Y —0

be an exact sequence in A such that Y € o[M]. The definition of o[M]
shows immediately that Y’ € o[M]. Since Y € o[M], there exist an epi-
morphlsm f:MD - X and a monomorphism u©:Y — X. We have that
Y' ~Y/Y and Y/Y' < X/)Y' =X" 50 X" isa quotient object of X, and
then it is also a quotient object of .M(” and then Y € o[M]. Thus U[M]
is a closed subcategory of A.

Assume that C is a closed subcategory of A such that M € C. Then for
Y, f and u as above, we have that AM(D) € C,s0 X € C, showing that Y € C.
Therefore o{M] C C.

(i) The definition tells us that an object Y € A is in ¢/,[M] if and only
if there exist a set I, a subobject X of M), and a morphism f: X — Y
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with Im(f) =Y. Since o0 4[M] is closed under direct sums, subobjects and
quotient objects, we obviously have that o’4[M] C o 4[M].

Since M € o/4[M] and 0 4[M] is the smallest closed subcategory containing
M, in order to prove that 0 4[M] C o’ [M], it is enough to show that o/, [M]
is closed. Clearly o/4{M] is closed under direct sums and homomorphic im-
ages. Assume that Y € o/y[M] (with I, f and X as above) and let Y’ be
a subobject of Y. Then X’ = f~%(Y”’) is a subobject of MY, and Y’ is a
homomorphic image of X’ (via the restriction and the corestriction of f).
Thus Y’ € 0/4[M], so ¢/,[M] is also closed under subobjects.

(iii) Since C is a closed subcategory of A, then C is a Grothendieck category.
If U is a generator of A, the family

{U/U'\U' < U and U/U’ € C}
is a family of generators of C. Then the direct sum of this family
M =&y <vuvecU/U

is a generator of the category C and clearly C = o[M]. |
If C is a coalgebra, then the category MC is a Grothendieck category
which is isomorphic to the category Rat(c~M) of rational left C*-modules.

Corollary 2.5.2 We have that Rat(c- M) = o[c-C].

Proof: Clearly any object of o[c-C] is rational, so we have that o[c-C] C
Rat(c«M). Conversely, if M € Rat(c- M), then M is a right C-comodule,
and then there exists a nonempty set I such that M is isomorphic as a
C-comodule to a subobject of a direct sum C) of copies of C. Regarding
this in the category ¢+« M, it means that M € o{c-C). |

Proposition 2.5.3 Let C be a coalgebra. Then the following assertions
hold.

(i) If I is a left ideal of C*, then I+ = annc(I) = {c € C|I — ¢ = 0}.

(i) If X is a left coideal of C, then X+ = annc-(X), where

anne«(X)={feC*|f ~z=0forany z € X}.

(1) If p : M — M ® C is the comodule structure map of the right C-
comodule M, and J is a two-sided ideal of C* such that JM = 0, then
p(M) C M ®J*, i.e. M is a right comodule over the subcoalgebra J* of
C.
(iv) If M is a right C-comodule and A = (annc-(M))L, then A is the
smallest subcoalgebra of C such that p(M) C M ® A. The subcoalgebra A
is called the coalgebra associated to the comodule M.
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Proof: (i) Let c € annc(I). Then f—c=0forany f € I. Then

fle) f(z e(cr)ez)

> elfle)er)

ef—¢
L = 0

soce It

Conversely, if ¢ € I+, then f(c) =0 forany f € I. Let A(c) = 3 cicy, Ti®
‘y; with (2;)1<i<n linearly independent. If 1 < ¢t < n, there exists g € C*
such that g{z;) =1 and g(z;) = 0 for any i # t. Then gf € I and

0 = (gf)(c)
= > gl@)f(w)

1<i<n

= f(yt)

so f(y:) = 0. Then f — ¢ = Y ic, f(y:)z; = 0, which shows that
¢ € annc(I). Thus I+ C annc(I). ,

(i) If f € X* then f(X)=0. Let 2 € X. Then f — z =3 f(z3)z; = 0,
thus z € annc- (X). '
Conversely, assume that f € annc~(X). Then for any z € X we have that

f@) = FQQe(@)ws)

= () f(za)m)
= e(f —a)
= 0

so fe X+,

(iii) For m € M let p(m) = Y. mo ® mi, and assume that the mg’s are
linearly independent. If f € J we have that 0 = fm = Y f(m)mo, so
f(m1) =0 for any my, thus m; € J*. We obtain that p(M) C M ® J*.
(iv) Denote J = annc-(M). Then J is a two-sided ideal of C* and by (iii)
we have p(M) C M ® A, and A = J* is a subcoalgebra of C.

Assume that B is a subcoalgebra of C' such that p(M) C M ® B. If
f € Bt and m € M, then fm = 0, so B+ C annc-(M) = J. Thus
J*+ C (B*)* = B, and we find that A C B. |

Exercise 2.5.4 Let M be a finite dimensional m’ght C-comodule with co-
module structure map p : M — M ® C, (m;)i=1,n a basis of M and
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(cij)i<ij<n be elements of C such that p(m;) = 37, <., m;j ® cj; for any
1. Show that the coalgebra A associated to M is the subspace of C spanned
by the set (cij)i<i,j<n, and that A(cji) = 301 <i<p Cjt ® i and £(cij) = 6ij
for any i,7.

Theorem 2.5.5 Let C be a coalgebra and A a subcoalgebra of C. We
denote by

Ca={M e MCpyu(M)C M®A}
where pas stands for the comodule structure map of M. Then the following
assertions hold.
(i) M € Ca if and only if A*M = 0.
(4) Ca is a closed subcategory of MC.
(iii) The map A — C4 is a bijective correspondence between the set of all
subcoalgebras of C and the set of all closed subcategories of MC.

Proof: (i) Assume that M € C4 and f € AY. Then f(A) = 0. Since
pm(M) C M ® A we have fm = ) f(m1)mg with mg € M and m; € A,
so then fm =0, and A*M = 0. Conversely, if AL*M = 0, by Proposition
2.5.3 we have ppy(M) C M @ AL = M ® A.

(ii) It is easy to see that (i) implies that C4 is closed under subobjects,
quotient objects and direct sums.

(iii) Let C be a closed subcategory of MC. Since M€ ~ Rat(c-M), which
is a closed subcategory of ¢+ M, we have that C is a closed subcategory of
c-M. Since C is a left-C, right-C bicomodule, we also have that C is a
left-C*, right-C* bimodule. Let A = t¢(c+C), where t¢ is the preradical
associated to the closed subcategory C of ¢+ M. Then A is a left C*-
submodule of ¢+C. For any g € C* the map ug : C — C,ug(c) =c—g
is a morphism of left C*-modules. C is closed under quotient objects, so
uw(A) C A, iie. A — g C A. We obtain that A is a left-C*, right-C*
subbimodule of ¢«Cg-+.

If we consider A as a comodule, then we have A(A) C A® C and A(A) C
C®A s0A(A) C(A®C)N(C® A) = A® A, showing that A is a
subcoalgebra of C. It is clear that A, regarded as a right C-comodule,
belongs to C. Let M € C. Then there exists a monomorphism

0— M —cD

for some non-empty set I. Since ¢ is an exact functor which commutes
with direct sums, we obtain an exact sequence

0— M — te(C)D
i.e. an exact sequence of right C-comodules

0— M — AD
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Since' A+ (AW)) = 0, then A*M = 0 and M € Ca by assertion (i). Thus
C C C4. Conversely, if M € Ca, then pp (M) C M ® A, so M is a right
A-comodule. Thus there exists a right C-comodule morphism

0— M — AD

for some non-empty set I. Since A € C we have M € C, therefore C = C4.-
We have obtained that the correspondence A — C, is surjective. Now if
B is another subcoalgebra of C and C4 = Cp, then clearly A € Cg and
B € Ca,50 A* — B =0and B+ — A = 0. Proposition 2.5.3 shows that
B C Attt = A, and A C B*+ = B. Thus A = B, which ends the proof.

Corollary 2.5.6 If C is a closed subcategory of M, then C is closed to
direct products.

Proof: Let (M,);csr be a family of objects of C. Since C = C4 for some
subcoalgebra A of C, we have that A([],c; M;) = 0, where M; is con-
sidered as a left C*-module. Since Rat(c-M) is a closed subcategory
of ¢+ M, it is easy to see that (J];c; M;)™*" is the direct product of the
family (M;)icr in the category Rat(c+M) =~ M. On the other hand
(I‘LelM )7t C i Mi, so AM([Tiep Mi)™ = 0, ice. ([T;e; Mi)™ € C.
Thus C is closed to direct products. |

We introduce now some notation. For any subspaces X and Y of the
coalgebra C we denote by X A'Y the subspace

XANY=AHX®C+CQ®Y)

The subspace X AY is called the wedge of the subspaces X and Y. We
define recurrently A°X =0, A!X = X, and A"X = (A""1X) A X for any
n > 2. With this notation we have the following.

Lemma 2.5.7 For any subspaces X andY of the coalgebra C we have that
XAY = (XtyH+.

In particular, if A is a subcoalgebra of C, then for any positive integer n
we have that A" A = (J™)1, where J = AL,

Proof: Let f € X' and g € Y4, then since A(XAY)C X®C+CQY
we see that (fg)(X AY) =0,s0 XAY C (X1tY1)L. Conversely, let
c€ (XLtY1)L, We can write

Afe) = Z T, QY + Z 2; ® uj

1<i<m 1<j<n

where the set {z;|1 < i < m} U {z;|1 < j < n} is linearly independent,
z; € X for any ¢ and z; belongs to a complement of X for any j. Fix
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some j;. Then there exists f € C* such that f(X) =0, f(z;,) = 1, and
f(z;) = 0 for any j # ji. For any g € Y+ we have that fg € X1V, so
(f9)(c) = 0. But (fg)(c) = g(u;), and we obtain that u; € (Y+)L =Y.
Thus A(c) e X®C+CQ®Y,ie. ce XNY.
We prove the second statement by induction on n. It is obvious for n = 1.
Assume the assertion holds for some n. Then

AA = (A"A)AA

= (J")AA (induction hypothesis)
(I )L (by the first part)
(JrJa)*

where J™ is the closure of J*. We clearly have the inclusion (J7J)+ C
(J*t1)L. Let now take some ¢ € (J*+1)+. By Proposition 2.5.3(i) we have
that J**! — ¢ =0,s0 J* — (J — ¢) = 0. Thus J* — z = 0 for any
zeJ—c¢ ie J*Canne«(x). By Theorem 2.2.14, annc«(z) is closed,
and then J® C annc-(x), so J* — z = 0 for any ¢ € J — ¢. Then

Jn — (J —c¢) =0 and c € (J*J)L. We obtain that A"t1A4 = (J*+1)L. B

Exercise 2.5.8 Let C be a coalgebra and X,Y,Z three subspaces of C.
Show that ( X A\Y)NZ =X AN (Y A Z).

Exercise 2.5.9 Let f : C — D be a coalgebra morphism and X,Y sub-
spaces of C. Show that f(X ANY) C f(X) A f(Y).

A subcoalgebra A of C is called co-idempotent if AA A = A. Clearly, if
J = At is an idempotent two-sided ideal of C*, then A is a co-idempotent
subcoalgebra. Keeping the same notation as in Theorem 2.5.5 we have the
following.

Theorem 2.5.10 Let C be a coalgebra and let A be a subcoalgebra of C.
Then the following assertions hold.

(i) If A is co-idempotent, then C4 is a localizing subcategory of MC.

(ii) The map A — Ca defines a bijective correspondence between the set of
all co-idempotent subcoalgebras of C and the set of all localizing subcate-
gories of MC.

Proof: (i) Taking into account Theorem 2.5.5, it remains to prove that C4
is closed under extensions. Let

0—M —M-—M —0

be an exact sequence in MEC with M/, M" € C4. If we put J = AL, then
JM' = JM" =0, and then J2M = 0. So par(M) € M ® (J2)L. Since A
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is co-idempotent we have A = AA A = (J?)L, so py(M) € M ® A and
M e 4. '

(ii) Let C be a localizing subcategory of M®. By Theorem 2.5.5 there
exists a subcoalgebra A of C such that C = Ca. It remains to prove that
A= ANMA. Clearly A C AN A. Denote M = (A2A)/A, and we have an
exact sequence of right C-comodules

0— A— A24 — (A24)/A — 0
Clearly At — A=0and A € C4. On the other hand
At = (N2A) =T = (JHt =0

But A4 = {c € C|J? — ¢ = 0} by Proposition 2.5.3, so for any ¢ € A24
we have J — (J — ¢) = 0, which means that J — ¢ C Jt = A. Then
At — (A2A) = 0, so AT M = 0. Since C4 is closed under extensions, we
have that A2A € C4. Finally, since A C A%A and A%A4 is a subcoalgebra,
we obtain by Theorem 2.5.5 that A = A2A. |

We present now some generalizations of the finite dual of an algebra.
Let A be a k-algebra. We denote by Idy  (A) the set of all two-sided ideals
of A of finite codimension. Idy.(A) is a filter, i.e. it is closed to finite
intersections and if I C J are two-sided ideals such that I € Idy .(A), then
J € Ids (A). Let v be a subfilter of Ids .(A), i.e. v.C Ids.(A),ifI,J €~
then INJ € 4, and for any two-sided ideals I C J with I € v, we also have
that J € v. We denote by

A7 =lim(A/I)*

Iey
Since (A/I)* can be embedded in A* for any I, we have that
A®Y = {f € A*| there exists I-€ v such that I C Ker(f)}

If vy = Ids .(A), then A®Y = A°, the finite dual of the algebra A defined in
Section 1.5.

Proposition 2.5.11 A®7Y has a natural structure of a coalgebra.

Proof: If I € v, since I has finite codimension in A we have a natural
monomorphism

0 — (A/D)" — (A/1)" ® (A/I)"
If we apply the inductive limit functor we obtain a monomorphism

0 — lim(A/7)" — im((4/I)" ® (4/1)")

Iey Iey
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On the other hand we have a natural morphism

(A/1)" @ (A/I)* — lim(A/I)" ® im(A/I)*
Iey Iey
and by the universal property of the inductive limit we obtain a natural
morphism
AY D A% — AT @ A%

As in the case of A°, a standard argument shows that A7 is coassociative.
The counit € : A>Y — k is defined by ¢(a*) = a*(1) for a* € A*7, ie.
a* € (A/I)* for some I € 4. |

Remark 2.5.12 If«y and v’ are two subfilters of Ids..(A) such thaty C v/,
then we have A% C A°Y C A°, |

Let ¢ : A — B be a morphism of k-algebras, and let us consider two
subfilters y C Idy (A) and 7' C Ids..(B) such that for any J € o' we have
¢~ 1(J) € 7. The morphism ¢ induces a monomorphism

0— A/¢p~'(J) — B/J
for any J € 4/. Then we have a natural epimorphism
(B/J)" — (A/¢7H(J)" — 0
and taking the inductive limit we obtain a natural morphism

B> = lim (B/J)* — lim (4/¢71(J))*

Jey! Jevy!

By the universal property of inductive limits we have a natural morphism

lim (4/¢™}(J))" — Um(A/D)"

Jey Tey

Therefore the algebra morphism ¢ : A — B induces a natural morphism
@Y . B®T — A°7, By standard arguments one can show that ¢ is
a coalgebra morphism.

We recall that a k-algebra A is called pseudocompact if A is a separated
and complete topological space which has a basis of neighbourhoods of
0 which are two-sided ideals of finite codimension. We denote by APC}
the category of all pseudocompact k-algebras. In this category morphisms
are continuous algebra morphisms. If C is a k-coalgebra, then C* is a
pseudocompact k-algebra, and in this way we can define a contravariant
functor F : k — Cog — APCy, F(C) = C*.
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Theorem 2.5.13 The functor F defined above is an equivalence between
the dual category (k —Cog)° and the category APC}.

Proof: For A € APC) we take the subfilter v of Ids.(A) consisting of
all open two-sided ideals of A. We can consider the coalgebra A®”, and
so we can define now a contravariant functor G : APCy — k — Cog by
G(A) = A°". Moreover, for A € APC), we have that

FG(A) = F(A*)
= F(im(A/1")
~ (A0
~ m(A/T)

I:ijI;A/I

~ A

R

thus FG ~ Idapc,. For the othér composition, let C' be a k-coalgebra.
Then the set

B = {D*|D is a finite dimensional subcoalgebra of C'}

is a basis of neighbourhoods of 0 in the topological algebra C*, and then

G(C*) = lim(C*/D*)*
DeB
~ lim (D*)*
DeB
~ limD
DeB

= C

50 GF = Idi_Cog. ' |

Let A be a pseudocompact k-algebra. We denote by M PC(A) the
category of pseudocompact right A-modules, whose objects are all right
A-modules that are pseudocompact (seé Section 2.2) and with morphisms
A-linear continuous maps. If C is a coalgebra and M € M, then M* is a
pseudocompact right C*-module. The correspondence M — M* defines a
contravariant functor F : MY — MPC(C*).

Theorem 2.5.14 With the above notation, the functor F' defines an equiv-
alence between the dual category (MC)° and the category M PC(C*).
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Proof: Let M € MPC(C*) and N a right C*-submodule of M such that
N is open and N has finite codimension in M. Then I = annc»(M/N)
is a two-sided ideal of C* of finite codimension, and since the topology of
M/N is discrete we see that I is open in C*. The multiplication morphism

M/N®C*/I — M/N
defines a morphism
(M/N)* — (C*/I)* ® (M/N)*

If we take
M°® =lim(M/N)*
N

where the inductive limit is taken over the open submodules N of M of
finite codimension, then we have a natural morphism §p0 : M° — C® M°
and standard arguments show that M° is a right C-comodule. Then the
correspondence M +— M?° defines a contravariant functor G : M PC(C*) —
M, and as in Theorem 2.5.13 one can show that GF ~ Idc and FG ~

2.6 Solutions to exercises

Exercise 2.1.8 Use Theorem 2.1.7 to prove Theorem 1.4.7.

Solution: Let C be a coalgebra, ¢ € C and V a finite dimensional right
subcomodule of C (i.e. A(V) CV ®C) such that ¢ € V. If {v;} is a basis
of V, we have

A(’Uz) = Z’Uj ® Cji,
and so

D vk ®ck ®cu =) v ®Alcs).

It follows that A(ck:) = Y ¢k ®cji, and so the subspace spanned by V and
the ¢;;’s is a finite dimensional subcoalgebra containing c.

Exercise 2.2.17 Let C be a coalgebra and ¢c : C — C** the natural
injection. Then ¢c(Rat(c-C)) = Rat(o-C**).

Solution: Since ¢¢ is injective we clearly have that ¢o(Rat(c-C)) C
Rat(c-C**). Conversely, let f € Rat(c-C**). Theorem 2.2.14 tells that
there exists a two-sided ideal I of C*, which is closed, of finite codimension,
and satisfies /f = 0. Since for any ¢* € I we have (¢*f)(C*) = 0, we see
that f(I) = f(C*I) =0, so f € (C*/I)*. But I = (I*+)* since I is closed,
so

C*JI =~ C*/(I*)t ~ (It)*
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Thus f € (I*)**. Since I has finite dimension, then I+ ~ (I*)** via the
restriction of the morphism ¢¢. In particular we can find some z. € I+ such
that f = ¢c(x), so we have that Rat(c-C**) C ¢c(Rat(c-C)).

Exercise 2.2.18 Let (C;);cr be a family of coalgebras and C = ®;e1C; the
coproduct of this family in the category of coalgebras. Then the following
assertions hold.

(i) C* =~ [;c; Cf . Moreover, this is an isomorphism of topological rings if
we consider the ﬁmte topology on C* and the product topology on [];c; Cr.
(ii) If M € M then for any m € M there ezists a two-sided ideal I of C*
such that Im = 0, I = [[;¢; I;, where I; is a two-sided ideal of C} which is
closed and has finite codimension, and I; = C} for all but a finite number
of i’s.

" (i4i) The category MC is equivalent to the direct pmduct of categories
HzGIM &

() If A is a subcoalgebra of C = @;e1Ci, then there ezists a family (A;)icr
such that A; is a subcoalgebra of C; for any i € I, and A = @1 A;.
Solution: (i) Define the map ¢ : C* — [];c; CF by ¢(f) = (fi)ier, where
for f € C* = Hom(C, k), f; is the restriction of f to C; for any 7 € I. It is
easy to see that if f,g € C*, then (fg); = fig; (the convolution product), so
&(fg) = o(f)p(g). Also, it is clear that ¢ is bijective. We prove now that ¢
is a morphism of topological rings. Let f € C* and ¢ = }:tﬂ’h ¢i, € C with
ci, € Ci,. I @(f) = (fidier, then f4et = [T, o Cix[limy o (fi, +CF),
showing that ¢ is a morphism of topological rings.

(i) By Theorem 2.2.14 there exists a closed (open) two-sided ideal I of
C* of finite codimension such that Im = 0. Let A = I+, a finite di-
mensional subcoalgebra of C. Then there exist %1,...,4, € I such that
ACC;, ®...8C;,, and then A* is a two-sided ideal in [], .,.,, C.. Then
there exist two-sided ideals I;, of C}, such that A+ =[], ., ., I:. It is easy

to see that :
I=1+t= At =]]D:
: tel

where Dy = C} for any t ¢ {i1,...,i,} and D, = I; for t € {i1,...,in}.
Moreover D, is closed (open) and has finite codimension in Cf for any ¢.
(iii) Let M € MC. We have C* =~ [],.; Cr, and we denote by e; the
element of this direct product having 1 (more precisely the identity of C})
on the i-th spot and 0 elsewhere. We obtain a family (e;);er of orthogonal

primitive central idempotents of C*. Since e; is central, we have that e; M
is a C*-submodule of M. On the other hand

C+ = {(fi)ierlfi € C; forany t € I and f; =0}>
{flfeC* and_f|ci 20} )
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and C;i*(e;M) = 0, so e; M is a rational C;-module. We have M = @®;cre;M
as C*-modules. Indeed, the sum is direct since the e;’s are orthogonal. Also,
if m € M, then by (ii) we see that e;m = 0 for all but finitely many ¢ € I.
We obviously have that e;(m — Ziel e;m) = 0, and since e; = E|C,, We
obtain that € - (m — > ;. eim) =0, so m — ), ., e;m = 0, showing that
m e Eief CiM. :

We can define now a functor

F: M - HMC", F(M) = (eiM)ier

i€l

and it is easy to see that this defines an equivalence of categories.
(iv) follows from (%i3).

Exercise 2.2.19 Let (C;);ecr be a family of subcoalgebras of the coalgebra C
and A a simple subcoalgebra of )., C; (i.e. A is a subcoalgebra which has
precisely two subcoalgebras, 0 and A; more details will be given in Chapter
3). Then there exists ¢ € I such that A C C;.

Solution: Since A has finite dimension, we can assume that the family
(Ci)ier is finite, say that A C Cy + ... + C,. Moreover, if we prove for
n = 2, then we can easily prove by induction for any positive integer n.
Let AC D+ E, where D and E are subcoalgebras of C. If AN D # 0, the
AND = A, since A is simple, so then A C D. If AN D = 0, pick some
a € A. Then

Ale) e A(D+E)=AD)+A(EF)CD®D+EQE

Thus Afa) = Y a1 ®az + Y by ® by with ay,a2 € D and b,,b; € E. Since
AN D = 0, there exists f € C* such that fijp = 0 and fi4 = €j4. Then
f — a € A (note that A is a left and right C*-module) we have that
f—a=¢e—a=a. Ontheother hand f —a =73 f(az)a1 +3_ f(b2)br =
> f(b2)by € E, so a € E. We obtain that AC E.

Exercise 2.3.4 Let C be a coalgebra, and c € C. Show that the subcoalgebra
of C generated by c is finite dimensional, using the bicomodule structure of
C.

Solution: We know that C is an object of the category © M€ with left and
right comodule structures induced by A. A subspace V of C is a subobject
in the category ©MC if and only if A(V) CC®V and A(V) C V®C.
Since (V®C)N(CQ®V) =V ®V, this is equivalent to the fact that V is a
subcoalgebra of C. Hence the subcoalgebra V' generated by c is the smallest
subbicomodule of C containing ¢. By Theorem 2.3.3 it follows that V is the
subbimodule of C generated by ¢, when we regard C as a left-C*, right-C*
bimodule, so V = C* — ¢ — C*. Theorem 2.2.6 shows that C* — c is
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finite dimensional, hence C* — c=)_,_ 1n kc; for some ¢; € C’ and using
. the right hand version of the cited theorem, it follows that every ¢; — C*
is finite dimensional. We obtain that

V=C*—Ac_c*=z c; — C*

i=1n
is finite diménsional, which ends the proof.

Exercise 2.3.10 Let C and D be two coalgebras. Show that the categories
DpC MOOD™P  pD*PRC  DRC™® pf gnd C*"OD M are isomorphic.
Solution: If M € P M€ with comodule structure maps p~:M-—->DRM,
p~(m) =Y my ®myg and p* : M - M @C, p*(m) = 3 m(e) ® mq,
then M becomes a right C ® D°P-comodule by v: M — M ® C ® D°?P
defined by

(m) = Z(m{o])(()) ® (m(o))0) ® M1} = Z(mm))[o} ® m(1) ® (M) (-1

In this way we obtain a functor F : PMCE — MCE@D™,

Conversely, let M € MC®P™" If ¢ . C ® D°? — C and ¥ : C ® D®°P —
D¢°P are the coalgebra morphisms defined by ¢(c®d) = ce(d) and Y(c®d) =
de(c), then we consider the comodules My € MC and My € MP™" ~
D AM. These two structures make M an object of the category P MC. Thus
we can define another functor G : ME®D™F _, DMC and it is clear that
the functors F' and G define an isomorphism of categories.

Exercise 2.3.11 Let C, D and L be cocommutative coalgebras and ¢ : C —
L, ¥ : D — L coalgebra morphisms. Regard C and D as L-comodules via
the morphisms ¢ and . Show that COLD is a (cocommutative) subcoalge-
bra of C ® D, and moreover, CQr D is the fiber product in the category of
all cocommutative coalgebras.

Solution: C is a right L-comodule via the morphism

cceconlL
and D is a left L-comodule via the mdrphism

D2 peop? LoD

and . .
COLD = Ker((I® ¢)Ac)®1 - 1® (¢ ® I)Ap)))

Since C' and D are cocommutative we have that CO.D is a C — D-bico-
module, so it is also a left and right C ® D-comodule (since C' and D are
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cocommutative). This implies that COL D is a subcoalgebra of C ® D. The
last part follows dirrectly from the definition.

Exercise 2.4.23 Let C and D be two coalgebras and ¢ : C — D a coalgebra
morphism. Show that the following are equivalent.

(i) C is an injective (coflat) left D-comodule.

(11) Any injective (coflat) left C-comodule is also injective (coflat) as a left
D-comodule.

(ii3) The functor (=)® = —0OpC : MP — MC is ezact.

Solution: It follows from Proposition 2.3.8 and the properties of adjoint
functors.

Exercise 2.5.4 Let M be a finite dimensional right C-comodule with co-
module structure map p : M — M ® C, (M;)i=1,n a basis of M and
(cij)igij<n be elements of C such that p(mi) = 32, <, M; ® cji for any
i. Show that the coalgebra A associated to M is the subspace of C spanned
by the set (cij)i<i,j<n, and that A(cy;) = leisn cjt @ ¢y and £(ci;) = 6y
for any i,j.

Solution: If we write (p®I)p(m;) = (IQ A)p(m;) and use that (m;)1<i<n
is a basis of M, we find that A(cj;) = Y, <4<p, Cjt ® ¢ for any 4, 5. Also, if
we write the counit property for m;, we find £(c;;) = ;.

Denote by B the subspace spanned by the c;;’s. If f € C*, then f €
annc-(M) if and only if fm; = 0forany 1 <i <n, or 33, i, fleji)my =
0 for any i. But this is equivalent to f(c;;) = 0 for any i,j. Thus
annc-(M) = B*, and then A = (annc-(M))* = (B+)* = B.

Exercise 2.5.8 Let C be a coalgebra and X,Y,Z three subspaces of C.
Show that (X A\YYNZ =X N(Y A Z).

Solution: We see from the definition that X AY = Ker(nx,y), where
7x,y is the composition of the morphisms

cAcec™® c/x®C)Y

and px, py are the natural projections. Then mx y induces an injective
linear morphism ¢xy : C/(X AY) - C/X @ C/Y and we have that

Ker(rxny,z) = Ker((éx,y ® I) omxay,z)
But Ker(mxay,z) = (X A Y) A Z and
(dx,y ®I)omxay,z = (px ®py ®pz) o As

s0 (X AY)ANZ = Ker((px ® py ® pz) 0 Az). Similarly X A (Y A Z) =
Ker((px ® py ® pz) o As), proving the required equality.
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Exercise 2.5.9 Let f : C — D be a coalgebra morphism and X,Y subspaces
of C. Show that f(X AY) C f(X) A f(Y).

Solution: Let us consider the linear maps fx : C/X — D/f(X) and
fyr:C/Y — D/f(Y) induced by f. We know that (f® f)ocAc=Apof
and (fx ® fy) o (px ® py) = (Ds(x) ®Ps(yv)) © (f ® f), so then

(fx®fy)o(px ®py)olAc = (Psx)®psy)) o (f® f)oAc
= (prx)®@pyvy)oApof

Sirice X AY = Ker((px ® py) o Ac), we have that

((psx) ®Psvy) 0 Ap o fI X AY) =0

and then

F(X NY) C Ker((prix) ® Pr(vy) © Ap) = F(X) A F(Y)
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Chapter 3

Special classes of
coalgebras

3.1 Cosemisimple coalgebras

We recall that if A is a Grothendieck category and M is an object of
'A, the sum s(M) of all simple subobjects of M is called the socle of M.
If M = 0, we have s(M) = 0. An object M is called semisimple (or
completely reducible) if s(M) = M. It is a well known fact that M is a
semisimple object if and only if it is a direct sum of simple subobjects.
A category A with the property that every object of A is semisimple is
called a semisimple (or completely reducible) category. If C is a semisimple
Grothendieck category, then any monomorphism (epimorphism) splits. in
particular we have that any object is injective and projective. Conversely, if
C is a Grothendieck category such that any object is injective and projective
(such a category is called a spectral category) we do not necessarily have
that C is a semisimple category. We will be interested in the situations
where A = MO, the category of right comodules over the coalgebra C, or
A= ©M, the category of left comodules over the coalgebra C.

A coalgebra C is called simple if the only subcoalgebras of C are 0 and
C. The Fundamental Theorem of Coalgebras (Theorem 1.4.7) shows that
a simple coalgebra has finite dimension.

Exercise 3.1.1 Let C be a coalgebra. Show that C is a simple coalgebra if
and only if the dual algebra C* is a simple artinian algebra. If this is the
case, then C is a sum of isomorphic simple right C-subcomodules.
Moreover, if the field k is algebraically closed, then C is isomorphic to a
matriz coalgebra over k. '

117
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Exercise 3.1.2 Let M be a simple right comodule over the coalgebra C.
Show that:

(i) The coalgebra A associated to M is a simple coalgebra.

(i1) If the field k is algebraically closed, then A ~ M¢(n,k), where n =
dim(M). In particular the family (cij)1<i j<n defined in Ezercise 2.5.4 is
a basis of A.

Exercise 3.1.3 Let M and N be two simple right comodules over a coal-
gebra C. Show that M and N are isomorphic if and only if they have the
same associated coalgebra.

For an arbitrary coalgebra C we denote by Cp the sum of all simple
subcoalgebras. Cp is a subcoalgebra of C called the coradical of C. We also
use the notation Cy = Corad(C) for the coradical.

Proposition 3.1.4 Let C be a coalgebra. Then Cy = s(cC) = s(Cc¢),
where s(Cc) is the socle of C as an object of M, and s(cC) is the socle
of C as an object of “ M.

Proof: We will show that Cy = s(C¢). The proof of the fact that
Co = s(cC) is similar (or can bee seen directly by looking at the co-
opposite coalgebra and applying the result about the right socle). A simple
subcoalgebra A of C is a right C-subcomodule of C. Since A is a finite
direct sum of simple right coideals of A, we see that A is semisimple of
finite length when regarded as a right C-comodule. Thus A C s(C¢), and
then Cy C S(Cc).
Conversely, let S C s(C¢) be a simple right C-comodule, and let A be the
coalgebra associated to S. By Exercise 3.1.2 A is a simple coalgebra, so
A C Co. But S C A, since for c € S we have ¢ = Y e(c;)co € A. Thus
8 C ACCy,sos(Ce) C Co. |
A coalgebra C is called a right cosemisimple coalgebra (or right com-
pletely reducible coalgebra) if the category MC is a semisimple category,
i.e. if every right C-comodule is cosemisimple. Similarly, we define left
cosemisimple coalgebras by the semisimplicity of the category of left co-
modules. In fact, the concept of cosemisimplicity is left-right symmetric,
as the following shows.

Theorem 3.1.5 Let C be a coalgebra. The following assertions are equiv-
alent.

(i) C is a right cosemisimple coalgebra.

(i) C is a left cosemisimple coalgebra.

(iii) C = C,.

(iv) Every left (right) rational C*-module is semisimple.
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(v) Every right (left) C-comodule is projective in the category MC (resp.
CM). '
(vi) Every right (left) C-comodule is injective in the category MC (resp.
EM). '
(vii) There ezists a topological isomorphism between C* and a direct topolog-
ical product of finite dimensional simple artinian k-algebras (with discrete
topology). ,

A coalgebra satisfying the above equivalent conditions is called cosemisim-
ple.

Proof: (i) & (ii) & (ii%) follows from Proposition 3.1.4.

(i) & (iv) It follows from the fact that if M € M, then M is a simple
object in the category MC if and only if M is a simple left C*-module.
(i) = (v) and (i) = (vi) follow from the general fact that in a semisimple
Grothendieck category every object is projective and injective.

(v) = (i) (and similarly (vi) = (i)) Assume that any object of M is
projective. Then if M € MY, any subobject N of M is a direct sum-
mand. This implies that any finite dimensional object is semisimple (of
finite length). On the other hand, M has a family of finite dimensional
generators, which shows that every object of M is semisimple.

(#91) = (vii) follows from Exercise 2.2.18.

(vii) = (iii) Assume that C* =~ [],.; A;, an isomorphism of topological
rings, where (A;)icr is a family of simple artinian k-algebras of finite di-
mension, and each A; is regarded as a topological ring with the discrete
topology. For simplicity assume that C* =[;.; A;. Let m; : C* — A; be
the natural projection for any ¢ € I. Denote K; = Ker(n;). Since the map
m; is continuous, K; is a two-sided ideal of C* of finite codimension, which
is open and closed in C*. Let R; = K, which is a simple subcoalgebra of
C, and denote R = ), .; R;. We have that

RY = iR}
= ﬂz‘elK{Ll
= Mier Ky
=0
showing that R = C. Thus C = Cy. _ |

Exercise 3.1.6 Let C be a cosemisimple coalgebra. Show that C is a direct
sum of simple subcoalgebras. Moreover, show that any subcoalgebra of C is
cosemisimple.

Exercise 3.1.7 Lét C be a finite dimensional coalgebra. Show that C is
cosemisimple if and only if the dual algebra C* is semisimple. '
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If M € “M, we denote by Cendc(M) the space of all endomorphisms
of the C-comodule M. Clearly Cendc(M) is a k-algebra with map compo-
sition as multiplication. In particular, if we regard C' as a left C-comodule,
let us take the k-algebra A = Cendg(C). The following indicates the
connection between the k-algebras A and C* and computes the Jacobson
radical of C*.

Proposition 3.1.8 With the above notations we have that

(i) The map ¢ : A — C*, ¢(f) =€o f for any f € A = Cendc(C), is a
k-algebra isomorphism.

(ii) The Jacobson radical of C* is J(C*) = Cy .

Proof: (i) Let f,g € A. Since g is a morphism of left C-comodules, we
have Y ¢ ® g(e) = D g(e)1 ® g(c)2 for any c € C. If we apply I ® € we

find that
Y eileog)(ez) =Y g(che(g(e)z) = g(o)
Then

S 6(f)(e)é(9) (c2)
S (o f)er) e 0 g)(e2)

> (€0 f)ler(e 0 g)(e2))
= (g0 f)(g(c))
(eo fog)(c)
¢(f o g)(c)

so ¢ is an algebra morphism. Define ¢ : C* — A by

PO =u—c=Y ue)a

for any © € C* and ¢ € C, where — denotes the left action of C* on C
coming from the right C-comodule structure of C. It is clear that ¢(u) € A,
since

(¢(f)d(9))(c)

i

Il

i

P(u)(c —v) u—(c—v)

(u—c)—wv

$(u)(c) —v

where «— is the right action of C* coming from the left C-comodule structure
of C. Note that we used the fact that C is a left-C*, right-C* bimodule

il

I
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with the left action — and the right action —. We show that v is an inverse
of ¢. Indeed, for any u € C* and ¢ € C we have

((89)(w)(c) (e o P(u))(c)
= Zs(u(cz)cl)

= u(c)

and for any f € 4, ce C

(W) = Y (e

= Yelfle)a
= £

(ii) By Proposition 2.5.3(ii) we have Cg- = annc-(Cp). Since J(C*) is the
intersection of the annihilators of all simple left C*-modules and Cj is a
sum of simple right C-comodules, thus a sum of simple left C*-modules, we
have J(C*) C C§-.

Let now u € Cy and denote f = ¢~!(u). Thus f = e ou and £(f(Cp)) =
u(Cy) = 0. Then for any c € Cy :

fle)y = Y flene(f(c))
= ) cie(f(ca)) (since f € A)

= 0 (since ¢z € Cp)

so f(Co) = 0. We show that f € J(A). From the fact that ¢ is an algebra
isomorphism it will follow that v € J(C*). Denote g = 1~ f. Then g is
injective. Indeed, for ¢ € Ker(g) N Cy we have 0 = g(c) = ¢ — f(c) = ¢, so
Ker(g) N Cp = 0. This implies that Ker(g) = 0, since Cy is an essential
left C-subcomodule of C. :

Since C is an injective left C-comodule, Im(g) is a direct summand in C
as a left C-subcomodule, so C = I'm(g) ® Y for some left C-subcomodule
Y of C. On the other hand Cy C Im(g), and since Cy is essential in C,
we must have-Y = 0. Thus Im(g) = C and g is an isomorphism. Then
9 =1— fis invertible in A, so f € J(A). |

Let C be a coalgebra and M € M. We recall that the socle of M,
denoted by s(Af), is the sum of all simple subcomodules of M. Then
s(M) is a semisimple subcomodule of M. Since any non-zero comodule
contains a simple subcomodule, we see that s(M) is essential in M. We
can define recurrently an ascending chain My C M, C ... C M, C ... of
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subcomodules of M as follows. Let My = s(M), and for any n > 0 we
define M, 1 such that s(M/M,) = M,+1/M,. This ascending chain of
subcomodules is called the Loewy series of M. Since M is the union of all
subcomodules of finite dimension, we have that M = U,>oM,.

If I is a two-sided ideal of C*, we denote by anny(I) = {x € M|Iz = 0},
which is clearly a left C*-submodule of M.

Lemma 3.1.9 Let I = J(C*) = C§ and M € M®. Then for anyn >0
we have M, = annp (I™+1).

Proof: We use induction on n. For n = 0, we have anny (I) = My = s(M).
Indeed, IMy = J(C*)My = 0, since the Jacobson radical of C* annihilates
all simple left C*-modules. Thus My C annp(l). On the other hand
Cgrannp(I) = Iannp(I) = 0, so by Proposition 2.5.3, annas(I) is a right
Co-comodule. Since Cj is a cosemisimple coalgebra, annas(I) is a semisim-
ple object of the category M€, and then also of the category MC. We
obtain that annp (I) C s(M) = M.

Assume now that M,,_; = annp(I") for some n > 1. Since M, /M,,_; =
(M /My, _1) is semisimple, we have that I(My/My_,) = 0, therefore IM, C
M,_1. Then I"*'M,, = I"(IM,) C I"M,,_; =0, so M,, C annp(I"*!).
If we denote X = annp (I™+!), we have I"1 X =0, so IX C annpy(I") =
M,,_;. Then I(X/M,_1) = 0 and by the same argument as above X/M,_,
is a right Cp-comodule, so X/M,,_; is a semisimple comodule.

We have that s(M/Mp_1) = M, /Mp_;, so we obtain that X C M,,. Thus
M,, = annp (I™*1), which ends the proof. |

Corollary 3.1.10 Let C be a coalgebra and Cb, C1,... the Loewy series of
the right (or left) C-comodule C. Then Cy is the coradical of C, Cn =
AM1Cy and C, is a subcoalgebra of C for any n > 0.

Proof: We have seen in Proposition 3.1.4 that the coradical of C is just
the socle of the right C-comodule C. Lemma 3.1.9 shows that C, =
annc(J(C*)"*1)L. By Proposition 2.5.3(i) we have C, = (J(C*)"*1)L,
and by Lemmma 2.5.7 we see that C,, = A""1(Cy. By Lemma 1.5.23 C,, is
a subcoalgebra. |

If C is a coalgebra, the Loewy series of the right (or left) C-comodule
C is an ascending chain of subcoalgebras

CoCCic...CCLC ...

which can also be regarded as the chain obtained by starting with the
coradical Cy of C and then by taking C,, = A?T1Cy for any n > 0. This
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chain is also called the coradical filtration of C. Since C is the union of its
finite dimensional coalgebras we have C = U,>0Ch.

Exercise 3.1.11 Show that the coradical filtration is a coalgebra filtration,
i.e. that A(Cn) € 320, Ci ® Cny for any n 2 0.

Exercise 3.1.12 Let C be a coalgebra and D a subcoalgebra of C such that
Un>0(A"D) = C. Show that Corad(C) C D

Exercise 3.1.13 Let f : C — D be a surjective morphism of coalgebras.
Show that Corad(D) C f(Corad(C)).,

Exercise 3.1.14 Let X, Y and D be subspaces of the linear space C. Show
that

(D®D)n(X®C+C®Y):(DnX)®D+D®(DnY)

Exercise 3.1.15 Let C be a coalgebra and D a subcoalgebm of C. Show
that D, = DU C,, for any n.

3.2 Semiperfect coalgebras

Proposition 3.2.1 Let C be a coalgebra. The following assertions are
equivalent.

(i) Rat(c-C*) is dense in C*.

(i) For any simple left C-comodule S, Rat(c-E(S)*) is dense in E(S)*,
where E(S) denotes the injective envelope of S in the category € M.

(ii1) For any injective left C-comodule @, Rat(c-Q*) is dense in Q*.

(iv) For any left C-comodule M, Rat(c- M*) is dense in M* (in the finite
topology).

Proof: (i) = (it) If S is a simple left C-comodule, then C = E(S) & X
for some left C-subcomodule X of C. Then C* ~ E(S)* & X* as left C*-
modules, and Rat(c+C*) = Rat(c-E(S)*) ® Rat(c-X*). Since Rat(c-C*)
is dense in C*, we obtain by Exercise 1.2.11 that Rat(c» E(S)*) is'dense in
E(9)*.

(41) = (i41) If Q is an injective object of “ M, we have that Q = @;c1E(S;:)
for a family (S;)icr of simple left C-comodules. Since Q* =~ [],.; E(S:)*,
50 P;c1F(Si)* is dense in @* by Exercise 1.2.17. On the other hand
Rat(®;c1E(S;)*) = @icrRat(c- E(S;)*), which is dense in @;c7FE(S;)* by
the assumption. Then Rat(@ic;E(S;)*) is dense in Q*, and the result fol-
lows from the fact that Rat(®;c1F(S;)*) C Rat(c-Q™).

(#i1) = (iv) Let ¢ : M — E(M) the inclusion morphism, and i* : E(M)* —
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M* the dual morphism. Since Rat(c~M*) is dense in M*, we obtain by
Exercise 1.2.18 that i*(Rat(c-M*)) is dense in M*. But 7* is a mor-
phism of left C*-modules, so i*(Rat(c-M*)) C Rat(c-M*), showing that
Rat(c-M™) is dense in M*.

(iv) = (¢) is obvious. |

Proposition 3.2.2 For any M € ®M the following assertions are equiv-
alent.

(i) Rat(c-M*) # 0.

(ii) There ezists a mazimal subcomodule N of M, N # M.

(i) J(M) # M, where J(M) is the Jacobson radical of the object M (i.e.
the intersection of all mazimal subobjects of M ).

Moreover, if (i) — (iit) are true, then M/J(M) is a semisimple left Cy-
comodule.

Proof: (i) = (i1) Since Rat(c- M™) # 0, there exists a simple C*-submodule
X < Rat(c+M*). Since X has finite dimension, X is closed in the finite
topology. Let N = X, which is a subcomodule of M. Moreover, since
X # 0 we have that N # M. If P is a subcomodule of M such that
N C P # M, then P* C N1 = X!+ = X. Since P*L = P £ M, we
have that P+ # 0, so we must have P+ = X. Then N = X+ = P4+ = P,
which shows that NV is a maximal subcomodule of M.

(#7) = (¢) If N is a maximal subcomodule of M, then M/N is a simple
object in the category M€, in particular it is finite dimensional. Then
(M/N)* is a rational left C*-module and the projection p : M — M/N in-
duces an injective morphism of left C*-modules p* : (M/N)* — M*. Then
0 # Im(p*) C Rat(c-M*), so Rat(c-M*) # 0.

(i11) < (it) is obvious.

Assume now that (¢) — (4i4) hold. Since Cg- = J(C*), we have

(M/J(M)Cq = (M/J(M))J(C*) =0

Then by Proposition 2.5.3 we obtain that M/J(M) is a left Cy-comodule,
which is semisimple since Cp is cosemisimple. |

We say that a right C-comodule M has a projective cover if there exist
a projective object P in the category of right C-comodules and a surjective
morphism of comodules f : P — M such that Ker(f) is a superfluous
subobject of P, i.e. if X + Ker(f) = P for some subobject X of P, we
must have X = P.

Theorem 3.2.8 Let C be a coalgebra. The following statements are equiv-
alent.
(i) The category M of right C-comodules has enough projectives.
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(i) Rat(c-C*) is a dense subset of C*.

(iii) The injective envelope of any simple left C-comodule is finite dimen-
sional.

(w) Any finite dimensional right C-comodule has a projective cover.

Proof: (i) = (it) By Proposition 3.2.1 it is enough to show that for any
simple left C-comodule S, Rat(E(S)*) is dense in E(S)*. We know that
S* is a simple right C-comodule. By (%), there exist a projective object
P € M and an epimorphism P — S*. Then we. have a monomor-
phism S ~ §** — P*, therefore S C Rat(c-P*). By Corollary 2.4.18
Rat(c~P*) is injective as a left C-comodule, so we have an'injective mor-
phism of left C-comodules E(S) — Rat(c-P*). Let u : E(S) — P* be
the injection obtained by composing this injective morphism with the in-
clusion Rat(P5.) — P*. Then u* : P** — E(S)* is surjective, and
u*(Rat(c- P**)) C Rat(c+E(S)*). But P is dense in P** (through the
natural embedding), and P C Rat(c- P**), so Rat(c~ P**) is dense in P**.
It follows that u*(Rat(c-P**)) is dense in E(S)*, and then Rat(c-E(S)*)
is dense in E(S)*.

(%) = (7it) Let S be a simple left C-comodule. We may assume that S is
a left subcomodule of Cy, and then Cy = S @ M for some left C-comodule
M. Since C = E(Cyp) = E(S)® E(M) we obtain the following commutative
diagram with exact rows

where 7 is the projection from C* to E(S)*. Clearly E(S)* = C*z, where
z = mw(ec). On the other hand, since the diagram is commutative, we have
n(Cy) € St. Let f € E(S)* such that f(S) = 0. Then we can regard f as
an element of C* for which f(E(M)) = 0. Then f(Cy) = f(S& M) =0,
so f € Cg-. We have obtained that 71’(00 ) =St

Now 7(Cg) = Cyn(ec) = Cgz, so Ciz = S*. We have that Rat(E(S)*)
is not contained in S+, since Rat(E(S)*) is dense in E(S)* and S* is
closed in E(S)*. Thus S+ # S* + Rat(E(S)*), and since E(S)*/S+ ~ §*
is simple, we must have St + Rat(E(S)*) = E(S)* = C*z. Therefore

I
Cgd-z + Rat(E(S)*) = E(S)* = C*z
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Since Cy = J(C*), we have by Nakayama Lemma that E(S)* = C*z =
Rat(E(S)*). Thus E(S)* is a rational left C*-module, so it is finite dimen-
sional as a cyclic C*-module. We obtain that E(S) is finite dimensional
too.

(7it) = (iv) Let M be a finite dimensional right C-comodule. Since M*
is a finite dimensional left C-comodule, the injective envelope E(M*) of
M* has finite dimension. It is easy to see that by taking the dual of
the exact sequence 0 — M* — E(M*), we find a projective cover
EM* ) — M — 0of M.

(iv) = (i) is obvious, since any comodule is a homomorphic image of a
direct sum of finite dimensional comodules. |

Definition 3.2.4 A coalgebra C is called right semiperfect if one of the
equivalent conditions of Theorem 3.2.8 is satisfied. A coalgebra C is called
left semiperfect if C°°P is right semiperfect, i.e. if C satisfies one of the
conditions of Theorem 8.2.8 with the left and right hand sides switched. 1

Remark 3.2.5 The equivalence of assertions (i), (ii) and (iv) of Theorem
3.2.8 is also proved in Corollary 2.4.21. We note that a finite dimensional
coalgebra is left and right semiperfect since the category of right (left) C-
comodules is isomorphic to the category of left (right) C*-modules, which
has enough projectives. |

Corollary 3.2.6 Let C be a right semiperfect coalgebra. Then any non-
zero left C-comodule contains a maximal subcomodule.

Proof: We know from Theorem 3.2.3 that Rat(c-C*) is dense in C*.
Then Proposition 3.2.1 shows that Rat(c-M™*) is dense in M* for any non-
zero left C-comodule M. In particular Rat(c-M*) # 0 and we can use
Proposition 3.2.2. |

Example 3.2.7 Let H be a k-vector space with basis {¢,, | m € N}. Then
H is a coalgebra with comultiplication A and counit € defined by

A(Cm) = Z C; ® Cm—i, E(cm) = 6O,m

i=0,m

for any m € N (see Ezample 1.1.4.2)).

By Ezample 1.3.8.2) we know that the dual algebra H* is isomorphic to
the algebra k[[X]] of formal power series in the indeterminate X. Also, the
category MY is the class of all torsion left modules over k[[X]]. But in
this category the only projective object is 0, so H is not a right semiperfect
coalgebra. Since H is cocommutative, H is not a left semiperfect coalgebra
either.
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Example 3.2.8 Let C be the coalgebra defined in Ezample 1.1.4.6). C has
a basis { g;,d; | i € N* }, and coalgebra structure defined by

A(g:) i ® g
Ald) = ¢:®di+di®gin
elg)) = 1
E(dz) = 0
We define the elements g;,d; € C* by
g;(gi) b:j
9;(di) =0
di(gi) = 0
dj(di) = 6

Clearly g7 g7 = 6ijg; ande =), g;, i.e. for anyc € C g}(c) # 0 for
only finitely many i’s, and e(c) = i=1,00 97 (¢). Then C' = @;»,C — g
as left C*-modules, and C = @;>19] — C as right C*-modules. It is
straightforward to check that

9 —9 = 6ijg
di —g; = 0

9i = dj = 6ijnd;
di —d; = bi9i

9 —9 = 6ig;
gi—di =0

dj —=g; = bijd;
di = di = i+

for any i,j. These relations show that gf — C =< g;,d;—; > (the vector
space spanned by g; and d;_1) for i > 1, and g — C =< g1 >. Similarly
C — g; =< gi,d; >. The coradical of C is the space spanned by the set
{gili > 1}, and then a simple (left or right) subcomodule of C is of the form
kg; for some i. Indeed, let X be a simple right C-subcomodule of C, and
- pick a non-zero ¢ = 3>, a;g; + 3, B;d; € X. If there ewists i such that
Bi # 0, the relation df — ¢ = (;g; shows that g; € X, and then X = kg;, a
contradiction. If B; = 0 for any j, then pick some i with a; # 0, and then
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g7 — ¢ = a;9;, 50 X = kg;. Thus any simple (left or right) C-comodule is
isomorphic to some kg;.

For any i we have that C — g7 is the injective envelope of the right C-
comodule kg;. Indeed, since C = @®;>1C — g} as right C-comodules and
C is an injective right C-comodule, we see that C — gF is an injective
right C-comodule. Moreover, kg; is an essential right C-subcomodule (or
equivalently a left C*-submodule) of C — g; =< g;,d; >, since 0 # gf —
(ag; + Bd;) = ag; € kg; fora #0, and d} — d; = g;.

Similarly gf — C 1is the injective envelope of the left C-comodule kg;.
Therefore C is a left and right semiperfect coalgebra.

Example 3.2.9 We modify Example 3.2.8 for obtaining a right semiperfect
coalgebra which is not a left semiperfect coalgebra. Let C be a vector space
with basis { gi,d; | + € N* }. C becomes a coalgebra by defining the
comultiplication and counit as follows.

Alg:) = 6:®g

Ald) = a1®d;+di®gin
e(gi) = 1
E(di) = 0

We define the elements g7,d; € C* as in Ezercise 3.2.8. Also, as in Ez-
ercise 3.2.8 we have that € = 3,1 97, 979] = 6i;9{, C = ®i»1C ~ g}
as left C*-modules, and C = @;>19; — C as right C*-modules. We see
that C — g} = kg; for i > 1, and C « g} =< g1,dy,d2,... >. Also
gr =~ C=<g;,di1> fori>1, and gf = C=<g1 >.

As in Ezample 3.2.8 we can see that the coradical of C is the space spanned
by the set {g;|t > 1} and a simple (left or right) subcomodule of C is of the
form kg; for some i. Also C — g7 (which is infinite dimensional) is the
injective envelope of the left C*-module kg1, and g — C (which has finite
dimension) is the injective envelope of the right C*-module kg;. Therefore
C is a right semiperfect coalgebra, but it is not a left semiperfect coalgebra.

Corollary 3.2.10 Let C be a coalgebra. Then the following assertions are
equivalent.

(i} C 1s left and right semiperfect.

(i) Buvery right (or left) C-comodule has a projective cover in MC (or
M)

Proof: (ii) = (%) is obvious from the definition of a semiperfect coalgebra.
(1) = (41) Let M € MC. Corollary 3.2.6 shows that J(M) # M. Moreover,
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M/J(M) is a direct sum of simple right comodules, say M/J(M) = ®ie1S:.
If f; : P, — S; is a projective cover of S;, let P = @®;c1F;, which is a
projective object of MC, and denote f = @erfi : P — M/J(M). If

7 : M — M/J(M) is the natural projection, then there exists a morphism
g : P — M such that f = mg (use that P is projective). This implies
that J(M) + Im(g) = M. Proposition 3.2.2 shows that Im(g) = M,
thus g : P — M is surjective. Since Ker(f) is superfluous in P and
Ker(g) C Ker(f), we obtain that Ker(g) is superfluous in P, and then
f: P — M is a projective cover of M. |

Corollary 3.2.11 Let C be a right semiperfect coalgebra and A a subcoal-
gebra of C. Then A is also right semiperfect.

Proof: Let M be a simple left A-comodule. Then M is simple when
regarded as a left C-comodule. By Theorem 3.2.3 the injective cover E(M)
of M in © M is finite dimensional. If C, is the closed subcategory associated
to the subcoalgebra A (see Theorem 2.5.5), and t4 the preradical associated
to Ca, let E'(M) = t4(E(M)). Then E'(M) is the injective envelope of M
in the category 4 M. Therefore dim(E'(M)) < dim(E(M)) < oo. |

Corollary 3.2.12 Let C be a coalgebra and Rat : ¢« M — Rat(c-M) the
functor which takes every C*-module to its rational part. Then the follow-
ing are equivalent. '

(i) C is right semiperfect.

(it) Rat is an ezxact functor.

Moreover, if C is right semiperfect, then Rat(c-M) is a localizing subcat-
egory of c- M.

Proof: (i) = (i) Assume that C is right semiperfect. We already know
that the functor Rat is left exact. Let

0—M —M-—M —0

be an exact sequence in ¢» M. Then we have the commutative digram

0 — Rat(M')— Rat(M)— Rat(M”)

Fl

0— M’ M M ~ 0
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where 7,7 and i” are the inclusion maps. Since Rat(c-M) has enough
projectives, there exists an epimorphism f : P — Rat(M") for some pro-
jective object P € Rat(c+M). By Corollary 2.4.22, P is also projective in
c+M, and then there exists g : P — M such that vg = i’ f. We have that
Im(g) € Rat(M), and denote by ¢’ : P — Rat(M) the corestriction of g.
Then g = ig’, and vig’ = i f. Since vi = i"v’, we have v/¢’ = i"f, so
v'g’ = f. Since f is an epimorphism, we see that v’ is an epimorphism,
therefore Rat is exact.

(43) = (i) Let M € M = Rat(c-M). We show that Rat(M*) is dense
in M*. Let m € M, m % 0 and N a finite dimensional subcomodule of M
such that m € N. If 5 : N — M is the inclusion map, then j* : M* — N*
is a surjective morphism of C*-modules. The hypothesis implies that we

have an exact sequence
Rat(M*) — Rat(N*) — 0

But Rat(N*) = N* since N is finite dimensional. Pick f € N* such that
f(m) # 0. The exactness of the above sequence shows that there exists
g € Rat(M*) such that f = j*(g) = gj. Then g(m) = f(m) # 0, which
shows that Rat(M*) is dense in M*.

We prove now that if C is right semiperfect, then Rat(c-M) is a localizing
subcategory of ¢- M. Indeed, it is enough to prove that Rat(c- M) is closed
under extensions. If

0—M —M-—M'—0

is an exact sequence in ¢+ M such that M’, M” € Rat(c«M), we obtain a
commutative diagram

0 — Rat(M')— Rat(M)— Rat(M”) — 0

n | n

The Serpent Lemma shows that Coker(i) = 0, so 7 is surjective. |

Remark 3.2.13 If the category of rational C*-modules is a localizing sub-
category of the category of modules over C* it does not necessarily follow
that C is right semiperfect, as it can be seen by looking at the coalgebra
from Ezample 3.2.7. |
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Since M is a Grothendieck category, it has arbitrary direct products,
i.e. for any family of objects there exists a direct product of the family in
MC. The direct product functor is left exact, but it is not always exact.
However, for semiperfect coalgebras it is exact.

Corollary 3.2.14 Let C be a right semiperfect coalgebra. Then the direct
product functor in the category MC is an ezact functor (i.e. the category
MCE has the property Ab4* of Grothendieck).

Proof: It is enough to prove the fact for the subcategory Rat(c-M) of
oM. If (M;)ier is a family of rational left C*-modules, then the direct
product of this family in the category Rat(c-M) is. Rat(I];c; M:), where
by [I* we denote here the direct product in the category ¢-M. Since
[Tic; — is an exact functor in ¢~ M, we obtain from Corollary 3.2.12 that
;er — is an exact functor in Rat(c-M). , 1
Lemma 3.2.15 Let M € MY, X a subspace of C*, and Y a subspace of
M. Then XY = XY, where X is the closure of X in the finite topology.

Proof: We obviously have XY C XY. Let fe Xandy e Y. If p:
M — M ® C is the comodule structure map of M, p(y) =3 yo @ y1, then
fu = 3 f(y1)yo. Since X is dense in X, there exists g € X such that
 g(y1) = f(y) for all yi’s. Then gy = > g(y1)yo = fy, so fy = gy € XY.
Thus XY C XY, which ends the proof. 1

We can give now some properties of coalgebras which are left and right
semiperfect.

Corollary 3.2.16 Let C be a right semiperfect coalgebra. Then Rat(c-C*)
18 an idempotent two-sided ideal of C*. Moreover, if C is left and right
semiperfect then Rat(c-C*) = Rat(CE.).

Proof: Clearly I = Rat(c-C*) is a two-sided ideal of the ring C*. By
Theorem 3.2.3 we have I = C*. Then Lemma 3.2.15 shows that

II=TI=C"I=1I

soI?2=1.
Assume now that C is also left semiperfect and let J = Rat{C§.), which is
also a two-sided ideal of C*. We know that I € M€ and J € “M. Since
C is left and right semiperfect we have T = J = C*, and then by Lemma
3.2.15 we have _ _

JI=JI=C*I=1
On the other hand, by a version of Lemma 3.2.15 for left comodules we

have
JI=JI=JC*=J
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We obtain I = J. 1

Let C be a coalgebra. We know that the coradical C = s(¢C) = s(C¢),
where s(¢C), respectively s(C¢), is the socle of C as a left, respectively
right, C-comodule. Let s(Cc) = ®jesM; and s(¢C) = @pep N, be rep-
resentations of the socles as direct sum of simple comodules (the M;’s are
right comodules and the Np’s are left comodules). Then C' = @;¢sE(M;)
as right C-comodules, where FE(M;) is the injective envelope of M; as a
right C-comodule. Then

c* ~ ] E(;)*

j€J
as right C*-modules. We will identify these two C*-modules. An element
c* € C* is thus identified to the set (CTE( Mj))jej of the restrictions of ¢* to

the subspaces E(M;)’s.
Similarly we have C = @pecpE(Np), and

c*~ ] BV,

peEP
as left C*-modules, isomorphism which we also regard as an identification.

Corollary 3.2.17 Let C be a left and right semiperfect coalgebra and keep
the above notation. Then the following assertions are true.

i) Rat(c-C*) = Rat(Cg.) = @pepE(Np)* = ®jcsE(M;)*. In particular
the ideal C*™** = Rat(c-C*) = Rat(C¢.) is left and right projective over
the ring C*.

) C*™*t is q ring with local units, i.e. for any finite subset X of C*%
there exists an idempotent e € C*™ such that ex = ze =z foranyz € X
(we say that the set consisiting of all these idempotents e appearing from
finite subsets X is a system of local units).

Proof: i) Since C is left and right semiperfect we have that E(M;) and
E(N,) are finite dimensional for any j and p. Then E(Mj;)* is a finite
dimensional right ideal of C*, so we obtain from Corollary 2.2.16 that
E(M;)* C Rat(Cg.). Thus @5 E(M;)* C Rat(Cg.).

Let h* € Rat(c-C*). Then there exist two families of elements h} € C*

and h; € C such that
gh" =" g"(hi)h}

for any g* € C*. We can find a finite subset F* C J such that h; €
®jerE(M;) for any i. Then we define g* € C* such that g* = ¢ on E(M;)
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if j ¢ F and g* = 0 on any E(M;) with j € F. Then g*h* = 0, since
g*(hi) = 0 for any 1.

On the other hand, for any j ¢ F and any h € E(M;) we have A(h) €
E(M;) ® C, therefore

(g"h")(R)

i

Y g (h1)h*(ha)

= Y e(ha)h*(ho)
= h'(h) |

Since h* = 0 on any E(M;) with j ¢ F, we have
B € ®jerB(M;) € Bies E(M;)*
Thus we have showed that
Rat(c~C*) € @es B(M,)" S Rat(C-)
Similarly, working with simple left comodules we obtain
Rat(CE.) € @pepE(Np)™ € Rat(c-C*)

which ends the proof of the first part. Note that this provides a proof of the
fact that Rat(Cg.) = Rat(c-C*) different from the one given in Corollary
3.2.16. ‘

The fact that C*™* is left and right projective over C* follows from the fact
that E(M;)* are projective right ideals in C* and E(Np)* are projective
left ideals of C*.

ii) For any 4 € J we define €; € C* to be € on E(M;) and 0 on any E(M;)
with j # 7. Since (g;¢*)(c) = > e;(c1)c*(c2) and A(E(M;)) C E(M;) ® C,
we see that (e;¢*)(c) = ¢*(c) for ¢ € E(M;) and (g;¢*)(c) = 0 for ¢ € E(M;),
J #14. Thus g;c* = ¢* for ¢* € E(M;)* and g;,¢* = 0 for ¢* € E(M;)*, j # 1.
In particular €2 = ¢; and gi€; =0 for 1 # j. '

For a fixed i € I there exists a finite set F' C J such that A(E(M;)) C
E(M;) ® (®;erE(M;)). Then clearly for any ¢* € E(M;)* we have that
c*(32jer€j) = c*. It is obvious now that the set consisting of all finite
sums of €;’s is a system of local units of C*74¢, : 1

3.3 Quasi-co-Frobenius and co-Frobenius coal-
gebras

Definition 3.3.1 Let C be a coalgebra. Then C is called a left (right)
quasi-co-Frobentus coalgebra (shortly QcF coalgebra) if there exists an in- -
Jjective morphism of left (right) C*-modules from C to a free left (right)
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C*-module. The coalgebra C is called left (right) co-Frobenius if there ex-
ists a monomorphism of left (right) C*-modules from C to C*. |

Clearly, if C is a left co-Frobenius coalgebra, then it is also a left
QcF coalgebra. Conversely, if C is left QcF, then C is not necessarily
co-Frobenius, as we will see in Remark 3.3.12.

Let C be a coalgebra. To any bilinear form b : C x C — k we associate the
linear maps by, b, : C — C* defined by

bi(y)(z) = b(z,y)
b (z)(y) = b(z,y)

for any z,y € C. Conversely, to any linear map ¢ : C — C* we associate
two bilinear forms b,b" : C x C — k defined by

b(z,y) = é(y)(z)
Y (z,y) = ¢(z)(v)

for any z,y € C. In this case we clearly have ¢ = b, = /.

Proposition 3.3.2 Let C be a coalgebra and b : C x C — k a bilinear
form. The following assertions are equivalent.

(i) b is C*-balanced, i.e. b(x — c*,y) = b(z,c* — y) for any z,y € C and
c* e C*.

(i) b; is a morphism of left C*-modules.

(ii) by is a morphism of right C*-modules.

Proof: Let z,y € C and ¢* € C*. Then bi(c* — y)(z) = b(z,c* — y). On
the other hand

il

bi(y)(z —c*)
b(z — c*,y)

(" = bu(y))(z)

showing the equivalence of (i) and (4#3). The equivalence of (7) and (%éz) can
be proved similarly.

Corollary 3.3.3 The correspondence b — b (respectively b — b, ) defines
a bijection between all C*-balanced bilinear forms and all morphisms of left
(respectively right) C*-modules from C to C*.

A bilinear form b: C x C — k is called left (respectively right) nondegen-
erate if b(c,y) = 0 for any ¢ € C (respectively b(z,c) = 0 for any ¢ € C)
implies that y = 0 (respectively z = 0).

A left C*-module M is torsionless if M embeds in a direct product of copies
of C*. The following characterizes QcF coalgebras.
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Theorem 3.3.4 Let C be a coalgebra. Then the following assertions are
equivalent.

(i) C is left QcF.

(it) C is a torsionless left C*-module.

(iii) There exists a family of C*-balanced bilinear forms (b;)icr, b; : CxC —
k, such that for any non-zero x € C there existsi € I such that b;(C,z) # 0.
(iv) Every injective right C-comodule is projective.

(v) C is a projective right C-comodule.

(vi) C 1is a projective left C*-module.

Proof: (i) = (i%) is obvious. v

(i2) = (i41) Let 8 : C — (C*)! be an injective morphism of left C*-modules,
where by (C*)! we mean a direct product of copies of C*. For any i € I,
let p; : (C*)! — C* be the natural projection on the i-th component of this
direct product. Define b; : C x C — k by

bi(z,y) = pi(6(y))(z)

for any z,y € C. By Proposition 3.3.2, b; is a C*-balanced bilinear form.
Ifye C,y#0, then O(y) # 0, so there exists i € I such that p;(8(y)) # 0,
i.e. 0% pi(8(y))(c) = bi(c,y) for some ¢ € C.

(#41) = (ii) Define 6 : C — (C*)! by 6(c) = (6;(c))icr, where 8;(c) : C — k
is given by 6;(c)(d) = b;(d,c). Since b; is C*-balanced, 8; is a morphism of
left C*-modules. If 6(c) = 0, then 6;(c) = 0 for any i € I, so b;(d,c) = 0
for any i € I and d € C. This shows that ¢ = 0, so  is a monomorphism
and then C is a torsionless left C*-module.

(49) and (44) = (vi) We know that C = @;c1E(S;) as right C-comodules,
for some simple right C-comodules S; (E(S) denotes the injective envelope
of ). Thus it is enough to show that for any simple right C-comodule S,
the injective envelope E(S) of S in the category MC is a projective left
C*-module. We can assume that S is a minimal right coideal of C, say
S = C* — z for some non-zero x € C. Then there exist 7 € IT'andceC
such that b;(c,z) # 0. Denote by

U={yeClb(z,y) =0forall z € c — C*}

Since b; is C*-balanced, U is a left C*-submodule of C, i.e. a right coideal
of C. If SNU # 0, since S is minimal we see that S C U. In particular
z € U, so bi(c,z) = 0, a contradiction. Thus SNU = 0. Since S is essential
in E(S) (we consider an injective envelope E(S) of S such that E(S) C C),

we must have E(S)NU = 0. Let (b;); : C — C* be the morphism of
left C*-modules defined by b;, i.e. (bi)l(y)( ) = bi(2,y) for any z,y € C.

Define the map «; : C — (¢ < C*)* such that for any y € C, a4(y) is the
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restriction of (b;); to ¢ — C*, i.e. a;(y)(2) = bi(2,y) for any z € ¢ — C*.
Clearly (¢ — C*)* is a left C*-module. If ¢* € C* we have

ai(c = y)(z) = bz, —y)
bi(z = c*,y)
ai(y)(z —¢)
(c*ai(y))(2)

so a; is a morphism of left C*-modules. On the other hand we clearly
have Ker(a;) = U. Since dim(U) is finite, then dim(C/U) is finite. Since
E(S)NU =0, there exists a monomorphism E(S) — C/U, in particular
E(S) has finite dimension.

We have an injective morphism of left C*-modules

fE(S) —C—(C)

Since E(S) is finite dimensional, it is an artinian left C*-module, so E(S)
embeds in a finitely generated free left C*-module. But E(S) is injective as
a left C*-module (see Corollary 2.4.19), so E(S) is isomorphic to a direct
summand of a free left C*-module, and then it is a projective left C*-
module.

(vi) = (v) is obvious.

(v) = (iv) If Q is injective in M, there exists a non-empty set I such that
Q is isomorphic to a direct summand of CD) as a right C-comodule. The
hypothesis tells that C) is projective in M, and then so is Q.

(iw) = (i) Let C = @i E(S;) as right C-comodules, where §S; are simple
C-comodules. By hypothesis any E(S;) is projective in the category M,
and it is also indecomposable. Let us fix some ¢ € I. There exist a family
(M;)jes of finite dimensional right C-comodules and an epimorphism

BjesM; — E(S;) — 0

i

Since E(S;) is projective, then it is isomorphic to a direct summand of
®jcsM;. The Krull-Schmidt Theorem shows now that E(S;) is isomorphic
to an indecomposable direct summand of some M;. Thus E(S;) is finite
dimensional. Corollary 2.4.22 shows that F(S;) is a projective left C*-
module, thus isomorphic to a direct summand of a free left C*-module.
Then C is isomorphic to a direct summand of a free left C*-module, i.e. C
is a left QcF coalgebra. |

The proof of Theorem 3.3.4 gives also the following characterization of
co-Frobenius coalgebras.

Theorem 3.3.5 Let C be a coalgebra. Then the following assertions are
equivalent.
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(i) C is a left co-Frobenius coalgebra.
(i) There exists a C*-balanced bilinear form which is left nondegenerate. B

Corollary 3.3.6 Let C be a left cF coalgebra. Then
(i) C is a left semiperfect coalgebra.
(i1) Rat(c-C*) #0
Proof: (i) It follows from the proof of (i7) and (i4i) = (vi) in Theorem
3.3.4 that the injective envelope of a simple right comodule is finite dimen-
sional. '
() Since C is a left QcF coalgebra, there exists a monomorphism of left
C*-modules
0—C — (CHWD

for some set 7. Then Rat((C*)) contains C. On the other hand

Rat((C")M) = (Rat(c-C*)D,
so Rat(c-C*) # 0. _ |
Example 3.3.7 Let C be the coalgebra from Example 3.2.8. We keep the
same notation and define the linear map 6 : C — C* by 0(¢;) = d}f and
0(d;) = g5y, for any i. It is easy to see that 6 is an injective morphism of
left C*-modules, so C is a left co-Frobenius coalgebra.

On the other hand C is not right co-Frobenius. Indeed, if b: C x C — k is
a C*-balanced bilinear form, then

b(g1,9:) = blgr,di — di)
= b(gl'_d;’di)
= b(0,d;)
= 0
and

blg1,di) = blg1,9741 — i)
b(g1 — giy1,di)
b(0,d;)

0

s0 b(g1,¢) =0 for any'c € C, i.e. b is not right nondegenerate.

We also show that C is left QcF (obviously, since C is left co-Frobenius),
but C is not right QcF. Indeed, if C were right QcF, then C' would be a
projective right C*-module. Then g — C is projective, too. If we denote
M = g7 — C = kg1, then the left C*-module M* is indecomposable and
injective. Thus M* ~ C «— g7 for some j. But dim(C — g;) = 2 for any
J, while dim(M*) = 1, a contradiction. |
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Lemma 3.3.8 Let C be a coalgebra. Then the algebra C* is right selfin-
jective if and only if C is flat as o left C*-module.

Proof: We know that C§. is injective & the functor Home«(—,Cg.) is
exact, and ¢-~C* is flat if and only if the functor — ®¢+« C is exact. Now
the result follows from the fact that for any right C*-module M we have
that

Homc-(M,C¢.) ~ Homi(M @c» C, k)
This last isomorphism follows from the fact that the functor — ®¢c« C :
Mcex — (M is a left adjoint of the functor Homg(C, —) : M — Mc-. I

Corollary 3.3.9 If C is a left QcF coalgebra, then C* is a right selfinjec-
tive algebra, i.e. C* is an injective right C*-module.

Proof: By Theorem 3.3.4, C is a projective left C*-module, in particular
a flat C*-module. Now apply Lemma 3.3.8. ]

Corollary 3.3.10 If C is a left QcF coalgebra, then C is a generator of
the category © M.

Proof: It is enough to show that any finite dimensional M € ©M is
generated by C. Since M is finite dimensional, there exists an epimorphism
of right C*-modules

cHy—M-—0
for some positive integer n. Since C is left semiperfect, the functor Rat :
M- — M- is exact. We obtain an exact sequence

(Rat(CE))" — M — 0

By Corollary 3.3.9 the object Rat(CF.) is injective in the category Rat(Mc-),
i.e. Rat(Cg.) is injective in the category € M. Since any left comodule em-
beds in a direct sum of copies of C, Rat(Cf.) is a direct summand (as a
left C-comodule) of a direct sum C¥) of copies of C. In particular there
exists an epimorphism

) — Rat(Ck.) — 0
in the category “ M. This shows that C generates M. |

Corollary 3.3.11 The following conditions are equivalent for a coalgebra
C.

(i) C is left and right QcF.

(ii) C is a projective generator in the category € M.

(i) C is a projective generator in the category M.

(iv) C* is a left and right selfinjective algebra and C is a generator for the
categories M and MC.
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Proof: (i) = (ii) follows from Theorem 3.3.4 and Corollary 3.3.10.

(#) = (i) By Theorem 3.3.4 we have that C is a left QcF coalgebra. More-
over, C is right QcF if and only if Cc- is torsionless. But Cc- is-an essential
extension of its socle $(C¢+) = s(¢C) = Cy, the coradical of C. Since Cf.
is injective by Corollary 3.3.9, we have that C¢- is torsionless if and only
if so is every simple right C*-subcomodule of C. Let M be a rational sim-
ple right C*-module, i.e. a simple left C-comodule. Then M ~ N* for a
simple right C-comodule N. Since C is generator in M, there exists an
epimorphism

cH —-N-—0

for a finite set . Then M ~ N* embeds in (C*)!, so M is torsionless.

(1) & (i) is proved similarly.

(7) = (iv) follows from Corollaries 3.3.9 and 3.3.10.

(iv) = (3) is proved in the same way as (i2) = (z). ‘ |

Remark 3.3.12 An algebra A is called quasi-Frobenius if A is left ar-
tinian and A is an injective left A-module. If A is so, then A is also right
artinian and injective as a right A-module (see for instance [65, section
58)), thus the concept of quasi-Frobenius is left-right symmetric. A finite
dimensional algebra A is called Frobenius if A and A* are isomorphic as
left (or equivalently right) A-modules. It is known that a Frobenius algebra
1s necessarily quasi-Frobenius, while there exist finite dimensional algebras
which are quasi- Frobenius but not Frobenius (such an example was given by
T. Nakayama in [157] and [158]). ’
Let C be a finite dimensional coalgebra. It follows immediatelly from the
definition that C is left co-Frobenius if and only if the dual algebra C* is
Frobenius, and this is also equivalent to the fact that C is right co-Frobenius.
Also, by Corollary 3.8.9, Theorem 3.3.4 and Corollary 2.4.20 we see that
C is left QcF if and only if the dual algebra C* is quasi-Frobenius, and this
15 also equivalent to C being right QcF.

Now we can see that there exist coalgebras which are left QcF but not left
co-Frobenius. Indeed, if we take A to be a finite dimensional algebra which
18 quasi-Frobenius but not Frobenius, then the dual coalgebra A* is QcF but
not co-Frobenius. |

Exercise 3.3.13 Let C be a right semiperfect coalgebra. Show that if the
category MC (or © M) has finitely many isomorphism types of simple ob-
jects, then C is finite dimensional.

Exercise 3.3.14 Let C be a coalgebra. Show that the category MC is
equivalent to the category of modules 4 M for some ring with identity A if
and only if C has finite dimension.
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Exercise 3.3.15 Let (C;)ier be a family of coalgebras and C = @®;¢1C;.
Show that C' is right semiperfect if and only if C; is right semiperfect for
any i € 1.

Exercise 3.3.16 Let C be a cocommutative coalgebra. Show that C is right
(left) semiperfect if and only if C = @;c1C; for some family (C;)ier of finite
dimensional coalgebras.

Exercise 3.3.17 (a) Let (Ci)ics be a family of left co-Frobenius (respec-
tively left QcF) coalgebras and C = @;c1C;. Show that C is left co-
Frobenius (respectively left QcF).

(b) Show that a cosemisimple coalgebra is left (and right) co-Frobenius.

3.4 Solutions to exercises

Exercise 3.1.1 Let C be a coalgebra. Show that C is a simple coalgebra if
and only if the dual algebra C* is a simple artinian algebra. If this is the
case, then C is a sum of isomorphic simple right C-subcomodules.
Moreover, if the field k is algebraically closed, then C is isomorphic to a
matriz coalgebra over k.

Solution: Assume that C is a simple coalgebra. If I is a two-sided ideal
of C*, then I is a subcoalgebra of C, so either I+ =0 or I+ = C. In the
first case we obtain I = C* and in the second case we have I = 0. Thus
C* is a simple algebra. On the other hand C is finite dimensional since it
is simple, and then C* is finite dimensional, in particular artinian.
Conversely, assume that C* is simple artinian and let J be a subcoalgebra
of C. Then J*t is a two-sided ideal of C*, so either J* = 0 or J+ = C*.
This shows that J is either 0 or the whole of C.

If C is simple, then C* 'is simple artinian, thus any left C*-module is
semisimple. In particular, C is a semisimple left C*-module, so C is a sum
of simple left C*-submodules, i.e. a sum of simple right C-subcomodules.
For the last assertion, we have that C* is isomorphic to a matrix algebra
over a finite extension of k. Since k is algebraically closed, this implies that
the extension must be k, and then C* ~ M, (k), where n = dim(M). This
shows that C ~ M¢(n, k).

Exercise 3.1.2 Let M be a simple right comodule over the coalgebra C.
Show that:

(i) The coalgebra A associated to M is a simple coalgebra.

(ii) If the field k is algebraically closed, then A ~ M¢(n,k), where n =
dim(M). In particular the family (¢;j)1<i,j<n defined in Ezercise 2.5.4 is
a basis of A.
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Solution: (i) We know from Proposition 2.5.3 that A is the smallest sub-
coalgebra of C such that M is a right A-comodule. We regard. M as an
object in the category M4, Since A is the coalgebra associated to M, we
have that A = (anna-(M))*, so then anng-(M) = 0. Thus M is a simple
faithful left A*-module, so A* is a simple artinian algebra. By Exercise
3.1.1 we see that A is a simple coalgebra.

(ii) follows from () and Exercise 3.1.1.

Exercise 3.1.3 Let M and N be two simple right comodules over a coal-
gebra C. Show that M and N are isomorphic if and only if they have the
same associated coalgebra.

Solution: If M and N are isomorphic as right C-comodules, they are also
isomorphic as left C*-modules, so then annc. (M) = annc-(N), and the
associated coalgebras (annc«(M))* and (anng.(N))* are clearly equal.
Conversely, if M and N have the same associated coalgebra A, then A is
a simple subcoalgebra and any two simple A-comodules are isomorphic. In
- particular M and N are isomorphic.

Exercise 3.1.6 Let C be a cosemisimple coalgebra. Show that C is a direct
sum of simple subcoalgebras. Moreover, show that any subcoalgebra of C is
cosemisimple.

Solution: Let (C;)ic; be the family of all simple subcoalgebras of C.
Then the sum Zie ; Ci is direct. Indeed, if for some j € I we have C; C
}:ie[n{j} Ci, then by Exercise 2.2.19 we have that C; C C for some ¢ €
I —{j}. Since C, is simple we see that C; = C}, a contradiction.

If D is a subcoalgebra of C' = @;¢;C;, then by Exercise 2.2.18(iv) we have
that D = @;erA;, where A; is a subcoalgebra of C; for any i. Then either
A; =0or A; = C;, and we are done.

Exercise 3.1.7 Let C be a finite dimensional coalgebra. Show that C is
cosemisimple if and only if the dual algebra C* is semisimple.

Solution: We know that C is cosemisimple if and only if the category of
right C-comodules M€ is semisimple. Also, C* is semisimple if and only
if the category of left C*-modules ¢« M is semisimple. The result follows
now from the fact that the categories M and ¢-M are isomorphic.

Exercise 3.1.11 Show that the coradical filtration is a coalgebra filtration,
i.e. that A(Cpn) C )i, Ci ® Cny for anyn > 0.

Solution: Exercise 2.5.8 shows that C,, = C;AC,,_;—; forany 0 < i < n-1,
SO A(Cn) CCi®C+C®Cph_i—1. Then

A(Ci) € (Nizo,n—1(Ci ® C +C ® Cri—1)) N (Cr ® Cr)
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We prove that

(Niz0,n-1(Ci®C+C®Cp_i=1)) N(CLRCy) = Z Ci®Chi

1=0,n

The right hand side is contained in the left hand side since for any 0 <i < n
we have C; @ Cp,—; S C; @ C for i < j, and C; ® Cp—y € C ® Cp—1—j for
j<i-—1

For proving the other inclusion, let us take C; ;11 be a complement of C;
in C‘H—l) and denote C’L’,oo = $i_<_jcj,j+1- Clear_ly

Chn®Crn=(Co®Cn)®(Co1®Cn)®...0(Cna1,®Cy)

If 2z € (ﬂi=0,n&1(Ci RC+CQ Cn—i—l)) n (Cn ® Cn) = S, write z =
Zo+az1+...+2n, with 20 € Co®C,, 21 € CO,l ®Ch,y... 2, € Cn-—l,n®cn-
We prove by induction on 0 < ¢ < n that z; € C; ® C,_;. This is clear
for ¢ = 0. Assume it is true for ¢ < j (where 1 < j). We show that
2; € C; ® Cp—j. Since z € S we have that

2€Cj1Q@C+C®Ch_; =(C;—10C)®(Cj-1,5 ®Cn_j)EB(Cj,oo®Cn_j)

The induction hypothesis shows that z; + ...+ 2zj1 € Cj—1 ® C. We have
that z; € Cj_1,; ® Cn and obviously zj11 + ...+ 2, € Cj o ® Cp. Thus we
must have

zj € (Cj_l,j RCL)N (Cj_l,j ® Cn_j) = Cj-l,j ® Cn_]’ C Cj ® Cn._j
which ends the proof.

Exercise 3.1.12 Let C be a coalgebra and D a subcoalgebra of C such that
Un>0(A"D) = C. Show that Corad(C) C D.

Solution: Denote by I = D+, which is an ideal in C*. We know from
Lemma 2.5.7 that A®*1D = (I"*1)L. Let f € I. We define g: C — k by
g(e) = e(c) + 3,51 f™(c). The definition is correct since for any ¢ € C,
¢ € A"t1D for some n, and then ¢ € (I"*1)1, showing that f™(c) = 0 for
any m > n + 1. Moreover, on A"t D we have

(=Ng=(=fle+f+...tf)=e—frH=c

Since Up>g(A™D) = C, we have that € — f is invertible in C*. Thus
D+ C J(C*), and then Corad(C) = J(C*)* C D.

Exercise 3.1.13 Let f : C — D be a surjective morphism of coalgebras.
Show that Corad(D) C f(Corad(C)).
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Solution: We know from Exercise 2.5.9 that f(A"Cp) C Am f(Co) for any
n. Then we have

D = f(C) = f(Un>0(A"Ch)) C Up>o(A"™ f(Co))

and since f(Cp) is a subcoalgebra we get by Exercise 3.1.12 that Corad(D) C
f(Corad(C)).

Exercise 3.1.14 Let X, Y and D be subspaces of the linear space C. Show
that

(D®D)N(X®C+CRY)=DNX)®D+D®(DNY)

Solution: Let D’ and X’ be complements of DN X in D+ X, and U a
complement of D + X in C. Also let D" and Y’ complements of D and Y
in D+Y, and V a complement of D +Y in C. We have that J

DD = ((DnX)®(DNY))e(DNX)®D")e(D'®(DNY))d(D'®D")
and '

XC+CQRY =
= (DnX)eDOnY)e(DNX)®D") &

d((DnX)eY)e(DNX)eV)s(X'®@(DNY))®
eX' @D (X'®Y ) (X'®V)e(D'®(DNY))®
eUeDOnY)e (DoY) (X' Yo (URY')

These show that
DD)N(X®C+CRY) =

=(DNX)@DNY)e((DNX)®D")d (D' ®(DNY))
and this is clearly equal to (DNX)® D+ D@ (DNY).

Exercise 3.1.15 Let C be a coalgebra and D a subcoalgebra of C. Show
that D,, = DUC,, for any n.
Solution: We prove by induction on n. For n = 0, the inclusion Dy € DN
Cy is clear, since any simple subcoalgebra of D is also a simple subcoalgebra
of C. On the other hand D N Cy is a subcoalgebra of Cy, so by Exercise
3.1.6, DNy is a cosemisimple coalgebra. Thus DN Cy is a sum of simple
subcoalgebras, which are obviously subcoalgebras of D. This shows that
DnCy C Dy. _
Assume now that D, = DNC, for somen. We prove that Dy11 = DNCpy;.
Since :
A(Dn+1) CD,®D+D®Dy CC,C+C®Cy
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we see that D,11 € Cpg1, 50 Dpy1 € DN Chyi. Conversely, if d €
Dn Cn+1, then

Ad) € (D®D)N(Cr®C+C®Cy)
= (DNCR)®D+DQ(DNCy) (by Exercise 3.1.14)
= D,®D+ D® Dy (by the induction hypothesis)

thus d € D,,41, which ends the proof.

Exercise 3.3.13 Let C be a right semiperfect coalgebra. Show that if
the category M (or © M) has finitely many isomorphism types of simple
objects, then C is finite dimensional.

Solution: If S is a simple object in the category M, then

Comc(S,C) ~ Hom (S, k) ~ S*

Since S is finite dimensional, the above isomorphism shows that in the
representation of Cy as a direct sum of simple right C-comodules there
exist only finitely many objects isomorphic to S. By the hypothesis we
obtain that Cy is finite dimensional. Since C is right semiperfect we have
that the injective envelope E(S) of S is finite dimensional. We conclude
that C is finite dimensional since C is the injective envelope of Cg in € M.

Exercise 3.3.14 Let C be a coalgebra. Show that the category M is equiv-
alent to the category of modules sM for some ring with identity A if and
only if C has finite dimension.

Solution: If C has finite dimension, then the category M is even iso-
morphic to the category ¢~ M of modules over the dual algebra of C. Con-
versely, assume that M is equivalent to 4M for a ring with identity A.
Let F : 4M — MC be an equivalence functor. Then P = F(4A) is a
finitely generated projective generator of the category MC since so is 4 A
in the category 4M. Since any object of M is the sum of subobjects of
finite dimension, we obtain that P has finite dimension. Since P is also
a generator we have that C is a right semiperfect coalgebra. Since P has
finite dimension, M€ has a finite number of isomorphism types of simple
objects. Since C is semiperfect, this implies that C has finite dimension.

Exercise 3.3.15 Let (C;)icr be a family of coalgebras and C = ®;¢1C;.
Show that C is right semiperfect if and only if C; is right semiperfect for
anyt € 1.

Solution: The claim follows immediately from the equivalence of categories
ME > T];c; M, proved in Exercise 2.2.18.

Exercise 3.3.16 Let C be a cocommutative coalgebra. Show that C is Tight
(left) semiperfect if and only if C = @;c;C; for some family (C;);er of finite
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dimensional coalgebras.

Solution: Assume that C is right semiperfect. Then C = @ic1E(S;) for
some simple left C-subcomodules (S;);cr of C (as usual E(S;) denotes the
injective envelope of S; inside C). Since C is right semiperfect, any E(S;)
is finite dimensional, and since C is cocommutative, any C; = E(S;) is
a subcoalgebra of C. Thus we can wrlte C = @;e1C; with all C;’s finite
dimensional.

Conversely, if C = @®;¢;C; with any C; finite dimensional, then any C; is
right semiperfect, and Exercise 3.3.15 shows that C is right semiperfect.

Exercise 3.3.17 (a) Let (C;)icr be a family of left co-Frobenius (respec-
tively left QcF) coalgebras and C = @;c1C;. Show that C is left co-
Frobenius (respectively left QcF).

(b) Show that a cosemisimple coalgebra is left (and right) co-Frobenius.
Solution: (a) Assume that each C; is left co-Frobenius. Then there exists
a Cf-balanced bilinear form b; : C; x C; — k which is left nondegenerate.
We construct a bilinear form b : C x C — k by b(c,d) = b;(c,d) for any
i€ I and c,d € C;, and b(c,d) = 0 for any ¢ € Cj,d € C; with i # j. Then
clearly b is C*-balanced and left nondegenerate, so C is left co-Frobenius.
One proceeds similarly for the QcF property.

(b) A cosemisimple coalgebra is a direct sum of simple subcoalgebras. On
the other hand a simple coalgebra is left and right co-Frobenius since it is
finite dimensional and its dual is a simple artinian algebra, thus a Frobenius
algebra. By (a) we conclude that a cosemisimple coalgebra is left and right
co-Frobenius.
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Chapter 4

Bialgebras and ‘Hopf
algebras

4.1 Bialgebras

Let H be a k-vector space which is simultaneously endowed with an alge-
bra structure (H, M, u) and a coalgebra structure (H, A, ¢). The following
result describes the situation in which the two structures are compatible.
We recall that on H ® H we have the structure of a tensor product of
coalgebras, and the tensor product of algebras structure, while on k there
exists a canonical structure of a coalgebra given in Example 1.1.4 4).

Proposition 4.1.1 The following assertions are equivalent:
i) The maps M and u are morphisms of coalgebras.
ii) The maps A and € are morphisms of algebras.

Proof: M is a morphism of coalgebras if and only if the following dia-
grams are commutative

M
H®H H
A®A
HRHR®HQH A
IRT®I
MM
HRIHQHQ®H H®H

147
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M
H®H - H
EQe
k®k €
¢
Id
k k

The map u is a morphism of coalgebras if and only if the following two
diagrams are commutative

ot A

U U

k®k HeoH

U
k H
e~
k

We note that A is a morphism of algebras if and only if the first and
the third diagrams are commutative, and ¢ is a morphism of algebras if and
only if the second and the fourth diagrams are commutative. Therefore,
the equivalence of i) and ii) is clear. |

Remark 4.1.2 In the sigma notation, the conditions in which A and ¢ are
morphisms of algebras becomes

Ahg) = hi1g1 ® hags, e(hg) = e(h)e(g)

AQ) =181, e(1) =1
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Definition 4.1.3 A bialgebra is a k-vector space H, endowed with an alge-
bra structure (H, M, u), and with a coalgebra structure (H,A,€) such that
M and u are morphisms of coalgebras (and then by Proposition 4.1.1 it
follows that A and € are morphisms of algebras). |

Remark 4.1.4 We will say that a bialgebra has a property P, if the under-
lying algebra or coalgebra has property P. Thus we will talk about commu-
tative (or cocommautative) bialgebras, semisimple (or cosemisimple) bialge-
bras, etc. ‘

Note for example that if the bialgebra H is commutative, then the multipli-
cation 1s also a morphism of algebras, and if it is cocommutative, then the
comultiplication of H is a morphism of coalgebras too. |

Example 4.1.5 1) The field k, with its algebra structure, and with the
canonical coalgebra structure, is a bialgebra. :
2) If G is a monoid, then the semigroup algebra kG endowed with a coalgebra
structure as in Ezample 1.1.4.1) (in which A(g) = g® g and €(g) = 1 for
any g € G) is a bialgebra. ’
3) If H is a bialgebra, then HP ) HP and HPoP gre bialgebras, where HP
has an algebra structure opposzte to the one of H, and the same coalgebra
structure as H, HP has the same algebra structure as H, and the coalgebra
structure co-opposite to the one of H, and H°P'°°P has the algebra structure
opposite to the one of H, and the coalgebra structure co-opposite to the one

of H. |

A possible way of constructing new bialgebras is to consider the dual of
a finite dimensional bialgebra.

Proposition 4.1.6 Let H be a finite dimensional bialgebra.  Then H*,
together with the algebra structure which is dual to the coalgebra structure
of H, and with the coalgebra structure which is dual to the algebra structure
of H is a bialgebra, which is called the dual bialgebra of H.

Proof: We denote by A and ¢ the comultiplication and the counit of H,
and by 6 and FE the comultiplication and the counit of H*. We recall that for
h* € H* we have E(h*) = h*(1) and 6(h*) = Y_ ht ® h}, where h*(hg) =

S hi(h)h3(g) for any h,g € H. Let us show that 6 is a morphism of
algebras. Indeed ifh*,g* € H* and 6(h*) = > hi®h3, 6(g*) = > 9t ® g3,
then for any h,g € H we have

(h*g")(hg) = 3 h*(hg1)g" (hag2)
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= Y hi(h)h3(91)g7 (h2)g3(92)
> " (hig}) (R)(R393)(9)

which shows that
§(h*g*) = > higi ® higs = 8(h")b(g")

Also e(hg) = e(h)e(g) for any h,g € H, hence 6(¢) = e ¢, and so § is
an algebra map. We show now that F is a morphism of algebras. This is
clear, since

E(hg") = (h*g")(1) = *(1)g*(1) = E(h*)E(g")

and
E(e) =¢(1) =1,

which ends the proof. |

Numerous other examples of bialgebras will be given later in this chap-
ter.

Definition 4.1.7 Let H and L be two k-bialgebras. A k-linear map f :
H — L is called a morphism of bialgebras if it is a morphism of algebras
and a morphism of coalgebras between the underlying algebras, respectively
coalgebras of the two bialgebras. |

We can now define a new category having as objects all k-bialgebras, and
as morphisms the morphisms of bialgebras defined above. It is important
to know how to obtain factor objects in this category.

Proposition 4.1.8 Let H be a bialgebra, and I o k-subspace of H which
is an ideal (in the underlying algebra of H) and a coideal (in the underlying
coalgebra of H). Then the structures of factor algebra and of factor coalge-
bra on H/I define a bialgebra, and the canonical projection p : H — H/I
is a bialgebra map. Moreover, if the bialgebra H is commutative (Tespec-
tively cocommutative), then the factor bialgebra H/I is also commutative
(respectively cocommutative).

Proof: Denoting by h the coset of an element h € H modulo I, the
coalgebra structure on H/I is defined by A(R) = 3" h1 ®hy and E(h) = (k)
for any h € H. Then it is clear that A and £ are morphisms of algebras.
The rest is clear. '

Exercise 4.1.9 Let k be a field and n > 2 a positive integer. Show that
there is no bialgebra structure on M, (k) such that the underlying algebra
structure is the matriz algebra.
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4.2 Hopf algebras

Let (C,A,€) be a coalgebra, and (A, M, u) an algebra. We define on the
set Hom(C, A) an algebra structure in which the multiplication, denoted
by * is given as follows: if f,g € Hom(C, A), then

(f *g)(c) Zf c1)g(c2)

for any ¢ € C. The multiplication defined above is associative, since for
f,9,h € Hom(C, A) and c € C we have

(fxg)xh)e) = D (f*g)(c)h(c)
Zf(clgc2 (ca)

= > fle)(g*h)(c2)
= (f*(g*h))(c)
The identity element of the algebra Hom(C, A) is ue € Hom(C, A), since
(f * =Y fler)(ue)(ca) = Y fler)e(ea)l = f(c)

hence f * (ue) = f. Similarly, (ue) x f = f.

Let us note that if A = k, then * is the convolution product defined on the
dual algebra of the coalgebra C. This is why in the case A is an arbitrary
algebra we will also call * the convolution product.

Let us consider a special case of the above construction. Let H be a
bialgebra. We denote by H¢ the underlying coalgebra H, and by H® the
underlying algebra of H. Then we can define as above an algebra. structure
on Hom(H¢, H*), in which the multiplication is defined by (f * g)(h) =
>~ f(hi1)g(he) for any f,g € Hom(H¢, H*) and h € H, and the identity
element is ue. We remark that the identity map I : H — H is an element
of Hom(H¢, H?). :

Definition 4.2.1 Let H be a bialgebra. A linear map S : H — H is
called an antipode of the bialgebra H if S is the inverse of the identity map
I: H — H with respect to the convolution product in Hom(H¢®, H®). |

Definition 4.2.2 A bialgebra H having an antipode is called a Hopf alge-
bra. |

Remarks 4.2.3 1. In a Hopf algebra, the antipode is unique, being the
inverse of the element I in the algebra Hom(H¢, H*). The fact that S :
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H — H is the antipode is written as S * [ = I xS = ue, and using the *
sigma notation

Zs(hl)h2 = Zhls(h2) =e(h)1
forany h € H. ' |

Since a Hopf algebra is a bialgebra, we keep the convention from Remark
4.1.4, and we will say that a Hopf algebra has a property P, if the underlying
algebra or coalgebra has property P.

In order to define the category of Hopf algebras over the field k, we need
the concept of morphism of Hopf algebras.

Definition 4.2.4 Let H and B be two Hopf algebras. A map f: H — B
is called a morphism of Hopf algebras if it is a morphism of bialgebras. 1

It is natural to ask whether a morphism of Hopf algebras should preserve
antipodes. The following result shows that this is indeed the case.

Proposition 4.2.5 Let H and B be two Hopf algebras with antipodes Sy
and Sg. If f : H — B is a bialgebra map, then Spf = fSu.

Proof: Consider the algebra Hom(H, B) with the convolution product,
and the elements Spf and fSy from this algebra. We show that they are
both invertible, and that they have the same inverse f, and so it will follow
that they are equal. Indeed,

((SBf) * F)(h)

l

ZSBf(hl)f(hZ)

3 Sa( ) (b
= ep(f(h)ls
= eg(h)lp

so Spf is a left inverse for f. Also

(f*(FSa)(h) = > F(h1)f(Su(h2))
= fQ_mSu(h))
= fleu(h)ly)
= epg(h)lp

hence fSy is also a right inverse for f. It follows that f is {convolution)
invertible, and that the left and right inverses are equal.
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We can now define the category of k-Hopf algebras, in which the objects
are Hopf algebras over the field k, and the morphisms are the ones defined
in Definition 4.2.4. This category will be denoted by & — Hopf Alg.

We will provide examples of Hopf algebras in the following section. For
the time being, we give some basic properties of the antipode.

Proposition 4.2.6 Let H be a Hopf algebra with antipode S. Then:

i) S(hg) = S(g)S(h) for any g,h € H.

i) S(1) = 1.

i) A(S(h)) = 3 S(h2) ® S(ha).

i) e(S(h)) = e(h). _

Properties 1) and ii) mean that S is an antimorphism of algebras, and iii)
and ) that S is an antimorphism of coalgebras.

Proof: i) Consider H® H with the tensor product of coalgebras structure,
and H with the algebra structure. Then it makes sense to talk about the -
algebra Hom(H ® H, H), with the multiplication given by convolution,
defined as in the beginning of this section. The identity element of this
algebra is ugegen : H® H — H. ‘

Consider the maps F,G,M : H® H — H defined by

F(h®g) = S(g)S(h),G(h @ g) = S(hg) and M(h®g) = hg

for any h,g € H. We show that M is a left inverse (with respect to
convolution) for F, and a right inverse for G. Indeed, for h,g € H we have

(MxF)(h®g) = Y M(h®g)1)F((h®g))
= ZM(hl ® g1)F(h2 ® g2)
= ) h1915(g2)S(ha)
= Zhls(g)lS(hg) (definition of S.for 9)
= ¢(h)e(g)l (definition of S for h)

= engu(h®g)l
= ugepeu(h®g)

which shows that M *x F' = ugeggn. Also

GxM)heg) = S G(h@g))M(h®g))
= ) G ®g)M(hy® g2)
= Zs(hlgl)h2g2
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Y S((hg)1)(hg)s
e(hg)l (definition of S for hg)
= upepgu(h®g)

i

and thus G * M = ugengn. Hence M is a left inverse for I and a right
inverse for G in an algebra, and therefore F' = G. This means that i) holds.
ii) We apply the definition of the antipode for the element 1 € H. We get
S(1)1 = €(1)1. Applying ¢ it follows that £(S(1)) =¢(1) = 1.

ili) Consider now H with the coalgebra structure, and H ® H with the
structure of tensor product of algebras, and define the algebra Hom(H, H®
H), with the multiplication given by the convolution product. The identity
element of this algebra is uygrey. Consider the maps F;G: H - HQH
defined by

F(h) = A(S(h)) and G(h) = > S(h2) ® S(h1)

for any h € H. We show that A is a left inverse for F' and a right inverse
for G with respect to convolution. Indeed, for any h € H we have

(AxF)h) = Y A(h)F(h)

= 3 A(h)A(S(R2)
= A mS(hy)) = Ale(h)) =e(h)1®1
= UH®H€H(h)

and
(GxD)(h) = Y G(h)A(hs)

= Y (8((h)2) ® S((R1)1)((h2)1 ® (h2)2)
= > (S(h2) ® S(h1))(h3 ® hy)
= Y S(ho)hs ® S(h1)ha
= Y S((h2)1)(h2)2 ® S(h)hs
= Y &(h2)1® S(h1)hs (definition of )
= Y 1®S(h)e((ha)1)(ha)2
= Z 1® S(hi)hy (the counit property)
= 1®e(h)1

unguen(h)
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which ends the proof. :

iv) We apply ¢ to the relation > hlS(hg) =¢(h)1 to get Y e(h1)e(S(he)) =
g(h). Since € and S are linear maps, we obtain (S(>_e(hi)h2)) = e(h )

Using the counit property we get e(S(h)) = &(h).

Proposition 4.2.7 Let H be a Hopf algebra with antipode S. Then the
following assertions are equivalent:

i) 3 S(h2)h1 = e(h)1 for any h € H.

ii) > hoS(hy) = e(h)1 for any h € H.

i1) 82 = I (by S% we mean the composition of S with itself).

Proof: i)=-iii) We know that I is the inverse of S with respect to convo-
lution. We show that S? is a right convolution inverse of S, and by the
uniqueness of the inverse it will follow that S = I. We have

(§*8%)(h) = Y S(h)S*(he)
Z S(S(h2)h1) (S is an antimorphism of algebras)

S(e(h)1)
= ¢g(h)l

il

which shows that indeed S * 5% = ue. S

iii)=ii) We know that > h1S(h2) = €(h)1. Applying the antimorphism of
algebras S we obtain Y S%(h2)S(h1) = e(h)1. Since S? = I, this becomes
Zth(hl) =E(h)1 ' :
ii)=iii) We proceed as in i)=iii), and we show that S is a left convolution
inverse for S. Indeed,

= 3 8%(h)S(ha) = S(3 haS(h)) = S(e(h)1) = e(h)1.

iii)=1) We apply S to the equality 3_ S(h;)he = €(h)1, and using 52 =1
we obtain Y S(ha)h; = e(h)1. 1

Corollary 4.2.8 Let H be a commutative or cocommutative Hopf algebra.
Then S2 = I.

Proof: If H is commutative, then by Y S(h1)he = e(h)1 it follows that
Y~ hoS(hy1) = €(h)1, i.e. ii) from the preceding proposition.
If H is cocommutative, then

Zh1®h2 =Zh2‘®h1,

and then by > S(h1)he = e(h)1 it follows that > S( hg)hl = e( )1, e i)
from the preceding proposition. |
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Remark 4.2.9 If H is o Hopf algebra, then the set G(H) of grouplike el-
ements of H is a group with the multiplication induced by the one of H.
Indeed, we first see that 1 € G(H) (this will be the identity element of
G(H)). If g,h € G(H), then gh € G(H) by the fact that A is an algebra
map. Finally, if g is a grouplike element, then S(g) is also a grouplike ele-
ment since the antipode is an antimorphism of coalgebras, and the property
of the antipode shows that g is invertible with inverse g~ = S(g). |

Remark 4.2.10 Let H be a Hopf algebra with antipode S. Then the bial-
gebra H°P<°P 4s a Hopf algebra with the same antipode S. If moreover S is
bijective, then the bialgebras H°P and HP are Hopf algebras with antipode
S-1. |

In Proposition 4.1.6 we saw that if H is a finite dimensional bialgebra,
then its dual is a bialgebra. The following result shows that if H is even a
Hopf algebra, then its dual also has a Hopf algebra structure.

Proposition 4.2.11 Let H be a finite dimensional Hopf algebra, with an-
tipode S. Then the bialgebra H* is a Hopf algebra, with antipode S*.

Proof: We know already that H* is a bialgebra. It remains to prove that
it has an antipode. Let h* € H* and §(h*) = > h] ® hj, where § is the
comultiplication of H*. Then for h € H we have

DS (hDR3)(h) = > S (h)(h)h3(hs) -
> hi(S(ha))hs(ha)
> B (S(h1)ha)
h*(e(h)1)

e(h)h* (1)
= E(h*)e(h)

I

where F is the counit of H*. We proved that ) S*(hi)h} = E(h*)e. Sim-
ilarly, one can show that Y h1S*(h}) = E(h*)e, and the proof is complete.
|

Definition 4.2.12 Let H be a Hopf algebra. A subspace A of H is called
a Hopf subalgebra if A is a subalgebra, a subcoalgebra, and S(A) C A.

We note that if A is a Hopf subalgebra of H, then A is itself a Hopf algebra
with the induced structures. This concept is just the concept of subobject in
the category k — Hopf Alg. |
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In order to define the concept of factor Hopf algebra of-a Hopf algebra H, we
need subspaces of H which are ideals (in order to define a natural algebra
structure on the factor space), coideals (to be able to define a natural
coalgebra structure on the factor space), and also to be stabilized by the
antipode (so that the factor bialgebra which we obtain has an antipode).
The following result is immediate.

Proposition 4.2.13 Let H be a Hopf algebra, and I a Hopf ideal of H,
i.e. I is an ideal of the algebra H, a coideal of the coalgebra H, and S(I) C
I, where S is the antipode of H. Then on the factor space H/I we can
introduce a natural structure of a Hopf algebra. When this structure is
defined, the canonical projection p : H — H/I is a morphism of Hopf
algebras.

Proof: We saw in Proposition 4.1.8 that H/I has a bialgebra structure.
Since S(I) C I, the morphism S : H — H induces a morphism S : H/I —

H/I by S5(h) = S(h), where h denotes the coset of an element h € H in the
factor space H/I. The S is an antipode in the factor bialgebra H/I, since

S Sk = S(hi)hs = (W) = E(R)T

and similarly, Yk S(he) = g(h)1. |

If Ais an algebra, and M is a left A-module, then M has a right module
structure over A°P, but in general M does not have a natural right module
structure over A. Also, if C is a coalgebra, and M is a right C-comodule,
then M has a natural left comodule structure over the co-opposite coalgebra
C*°°?  but not over C. The following result shows that if we work with a Hopf
algebra, then all these are possibile. The role of the antipode is essential in
this matter.

Proposition 4.2.14 Let H be a Hopf algebra with antipode S. The fol-
lowing hold:

i) If M is a left H-module (wzth action denoted by hm forh € Hym € M),
then M. has a structure of a right H-module given by m - h = S(h)m for
anymée M,h e H.

u) If M is a right H-comodule (with structure map p : M — M @ H, .
p(m) = > my) ® my)), then M has a left H- comodule structure with the
momhzsm giving the structure p’ : M — HQM, p'( = 3. S(mq))®m)-

Proof: The checking is immediate, using the fact that S is an antimor-
phism of algebras, and an antimorphism of coalgebras. 1
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Example 4.2.15 If H and L are two bialgebras, then it is easy to check
that we have a bialgebra structure on HQL if we consider the tensor product
of algebras and the tensor product of coalgebras structures. Moreover, if H
and L are Hopf algebras with antipodes Sy and Sy, then H ® L is a Hopf
algebra with the antipode Sy ® Sr. This bialgebra (Hopf algebra) is called
the tensor product of the two bialgebras (Hopf algebras). 1

Let H be a Hopf algebra and G(H) the group of grouplike elements
of H. If g,h € G(H), then an element z € H is called (g, h)-primitive
if A(z) = z® g+ h®z. The set of all (g, h)-primitive elements of H is
denoted by P, »(H). A (1,1)-primitive is simply called a primitive element.
We denote P(H) = P, 1(H).

Exercise 4.2.16 Let H be a finite dimensional Hopf algebra over a field
k of characteristic zero. Show that if x € H s a primitive element, i.e.
Alz) =zQ®1+1Qz, then x =0.

Exercise 4.2.17 Let H be a Hopf algebra over the field k and let K be a
field extension of k. Show that one can define on H = K ®; H a natural
structure of o Hopf algebra by taking the extension of scalars algebra struc-
ture and the coalgebra structure as in Proposition 1.4.25. Moreover, if S is
the antipode of H, then for any positive integer n we have that S™ = Id if
and only if 5" = Id.

4.3 Examples of Hopf algebras

In this section we give some relevant examples of Hopf algebras.

1) The group algebra. Let G be a (multiplicative) group, and kG the
associated group algebra. This is a k-vector space with basis {g| g € G },
so its elements are of the form > geG 0gg with (ag)gec a family of elements
from k having only a finite number of non-zero elements. The multiplication
is defined by the relation

(ag)(Bh) = (aB)(gh)

for any «, 8 € k,g,h € G, and extended by linearity.

On the group algebra kG we also have a coalgebra structure as in Exam-
ple 1.1.4 1), in which A(g) = g®g and €(g) = 1 for any g € G. We already
know that the group algebra becomes in this way a bialgebra. We note that
until now we only used the fact that G is a monoid. The existence of the
antipode is directly related to the fact that the elements of G are invertible.
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Indeed, the map S : kG — kG, defined by S(g) = g~! for any g € G, and
then extended linearly, is an antipode of the bialgebra kG, since

> S(g1)ge = S(9)g=97'g=1=¢(g)1

and similarly, > ¢ 5(g2) = €(g)1 for any g € G.

It is clear that if G is a monoid which is not a group, then the bialgebra
kG is not a Hopf algebra.

If G is a finite group, then Proposition 4.2.11 shows that on (kG)* we also
have a Hopf algebra structure, which is dual to the one on kG. We recall
that the algebra (kG)* has a complete system of orthogonal idempotents
(pg)gec, where py € (kG)* is defined by py(h) = 6,,s for any g,h € G.
Therefore,

P2 = pg, pspn =0 for g # h, ZP§ = lkg)-
9€G

The coalgebra structure of (kG)* can be described using Remark 1.3.10,
and is given by

A(pg) = pr ®pz—lga E(pg) = 51,_1]
zeG .

The antipode of (kG)* is defined by S(pg) = pg-1 for any g € G.

2) The tensor algebra. We recall first the categorical definition of the
tensor algebra, since it will help us construct some maps enriching its struc-
ture.

Definition 4.3.1 Let M be a k-vector space. A tensor algebra of M is
a pair (X,1), where X is a k-algebra, and ¢ : M — X is a morphism of
k-vector spaces such that the following universal property is satisfied: for
any k-algebra A, and any k-linear map f : M — A, there exists a unique
morphism of algebras f : X — A such that fi = f, i.e. the following
diagram is commutative.
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The tensor algebra of a vector space exists and is unique up to iso-
morphism. We briefly present its construction. Denote by T°(M) = k,
T'(M)=M,andforn >2by T"(M) = MQM®...Q M, the tensor prod-
uct of n copies of the vector space M. Now denote by T (M) = @p>oT™ (M),
and i : M — T(M), defined by i(m) = m € T}(M) for any m € M. On
T(M) we define a multiplication as follows: if z = m; ®...®m, € T"(M),
andy=h; ®...®h, € T"(M), then define the product of the elements x
and y by

TY=mi®...0M, @1 ®...® h, € T""(M).

The multiplication of two arbitrary elements from T(M) is obtained by
extending the above formula by linearity. In this way, T'(M) becomes an
algebra, with identity element 1 € T°(M), and the pair (T'(M), ) is a tensor
algebra of M.

Remark 4.3.2 The ezistence of the tensor algebra shows that the forgetful
functor U : k—Alg — M has a left adjoint, namely the functor associating
to a k-vector space its tensor algebra. |

We define now a coalgebra structure on T(M). To avoid any possible
confusion we introduce the following notation: if & and (3 are tensor mono-
mials from T (M) (i.e. each of them lies in a component T™(M)), then the
tensor monomial T(M) ® T(M) having « on the first tensor position, and
B on the second tensor position will be denoted by a®8. Without this
notation, for example for « = m ® m € T?(M) and = m € T(M), the
elements a ® 8 and f ® a from T(M) @ T(M) would be both written as
m ® m ® m, causing confusion. In our notation, a ® 8 = m ® m®m, and
B®a=m@®mem.

Consider the linear map f : M — T(M) ® T(M) defined by f(m) =
m®1+ 1®m for any m € M. Applying the universal property of the tensor
algebra, it follows that there exists a morphism of algebras A : T(M) —
T(M) ® T(M) for which Ai = f. Let us show that A is coassociative, i.e.
(A®I)A = (I ® A)A. Since both sides of the equality we want to prove
are morphisms of algebras, it is enough to check the equality on a system
of generators (as an algebra) of T'(M), thus on i(M). Indeed, if m € M,
then

(A®DA(m) = (A®I)(mBl+18m)
= mBIV1 + 1dMmR1 + 1¥1®m
and
I®A)A(m) = (IQA)(m®1+ 1&®m)
= mRIV1 + I3MB1 + 1V1®m
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which shows that A is coassociative.

We now define the counit, using the universal property of the tensor algebra.
for the null morphism 0 : M — k. We obtain a -morphism of algebras
e : T(M) — k with the property that e(m) = 0 for any m € i(M). To
show that (e ® I)A = ¢, where ¢ : T(M) — k@ T(M), ¢(z) = 1® z is
the canonical isomorphism, it is enough to check the equality on ¢(Af), and
here it is clear that

(e®@DA(mM)=e(m)®1+e(1)®@m=1Qm = ¢(m).

Similarly, one can show that (I ® €)A = ¢/, where ¢/ : T(M) - T(M)®k
is the canonical isomorphism. ,

So far, we know that 7'(M) is a bialgebra. We construct an antipode. Con-
sider the opposite algebra T(M)°P of T(M), and let g : M — T(M)°P be
the linear map defined by g(m) = —m for any m € M. The universal prop-
erty of the tensor algebra shows that there exists a morphism of algebras
S : T(M) — T(M) such that S(m) = —m for any m € i(M). For an
arbitrary element m; ® ... ® m,, € T™(M) we have S(m; ® ... @ m,) =
(=1)"m,®...Qm;. Weregard now S : T(M) — T(M) as an antimorphism
of algebras. We show that for any m € T (M) we have

Y S(mi)ma =) m1S(my) = e(m)1
Indeed, since A(m) = m®1 + 1@m we have
> S(mi)my = S(m)1 + S(1)m = —m +m =0,
and similarly the other equality. Therefore, the property the antipode
should satisfy is checked for S on a system of (algebra) generators of T'(M).

The fact that S verifies the property for any element in T(M) will follow
from the next lemma.

Lemma 4.3.3 Let H be a bialgebra, and S : H — H an antimorphism
of algebras. If for a,b € H we have (S * I)(a) = (I * S)(a) = ue(a) and
(S+I)(b) = (I xS)(b) = ue(b), then also (S *I)(ab) = (I *S)(ab) = ue(ab).

Proof: We know that
> S(ar)az =) a15(as) = ¢(a)l

and

ZS(bl)b2 = "b1S(b) = &(b)1.
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Then

(S*I)(ab) = S((ab)1)(ab)

Z S(ai1br)azbs

Z S(b1)S(a1)azbe (S is an antimorphism of algebras)
= Zs(a)S(bl)bz ( from the property of a)

= Zs(a)s(b)l ( from the property of b)

= ue(ab)

Il

|
Similarly, one can prove the second equality, and therefore we know
now that T'(M) is a Hopf algebra with antipode S. We show that T'(M) is
cocommutative, i.e. TA = A, where 7: T(M)QT(M) - T(M)T(M) is
defined by 7(2 ® v) = v ® z for any z,v € T(M). Indeed, it is enough to
check this on a system of algebra generators of T'(M), hence on i(M) (be-
cause TA and A are both morphisms of algebras), but on i(M) the equality
is clear.

3) The symmetric algebra. We recall the definition of the symmetric
algebra of a vector space.

Definition 4.3.4 Let M be a k-vector space. A symmetric algebra of M
is a pair (X,1), where X is a commutative k-algebra, and i : M — X is
a k-linear map such that the following universal property holds: for any
commutative k-algebra A, and any k-linear map f : M — A, there exists a
unique morphism of algebras f : X — A such that fi = f, i.e. the following
diagram is commutative.

The symmetric algebra of a k-vector space M exists and is unique up
to isomorphism. It is constructed as follows: consider the ideal I of the
tensor algebra T(M) generated by all elements of the foom z®y —y Q@
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with z,y € M. Then S(M) = T(M)/I, together with the map pi, where
i: M — T(M) is the canonical inclusion, and p : T(M) — T(M)/I is the
canonical projection, is a symmetric algebra of M.

Remark 4.3.5 The existence of the symmetric algebra shows that the for-

getful functor from the category of commutative k-algebras to the category
of k-vector spaces has a left adjoint. |

We show that the symmetric algebra M has a Hopf algebra structure.
By Proposition 4.2.13, this will follow if we show that I is a Hopf ideal of
the Hopf algebra T(M). Since A and & are morphisms of algebras, and S -
is an antimorphism of algebras, it is enough to show that

Alc®y-y®z) € IQT(M)+T(M)®I

s(m®y—y®m)=0and Szy-yez)el
for any z,y € M. Indeed,

Alz®y—-yQ®z)

A(z)A(y) — A(y)A(z)
= (z®1 + 1Qz)(yB1 + 1By) — (yB1 + 18yY)(2®1 + 1Bz)
= ®Yy-yRzr)®L+1J(z®Yy-yQRx) :

and this is clearly an element of I @ T(M) +T(M) ® I. Moreover,
c(z @y - y®) = e@)ely) - cw)e(@) = 0

and
SE®y-y®z)=_5(y)S(z) - S(z)Sy) =
=(-y)®(-2) - (-2)®(-y) € I
We obtained that S(M) has a Hopf algebra structure, it is a factor Hopf
algebra of T(M) modulo the Hopf ideal I. It is clear that S(M) is a com-

mutative Hopf algebra, and also cocommutative, since it is a factor of a
cocommutative Hopf algebra.

4) The enveloping algebra of a Lie algebra. Let L be a Lie k-
algebra, with bracket [, |. The enveloping algebra of the Lie algebra L is
the factor algebra U(L) = T'(L)/I, where T(L) is the tensor algebra of the
k-vector space L, and I is the ideal of T(L) generated by the elements of
the form [z,y] —z®y +y ® z with z,y € L. A computation similar to the
one performed for the symmetric algebra shows that

Az, Yy —zQy+y®z) =
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=([z,y] —r@y+y®2)®1 + 1&([z,y] ~rQ®y +y® x)
whichisin I@T(M)+T(M)®1I,
elz,yl —z®@y+y®2) =0
and
S([z,y] —z@y+y®2z) = —([z,9] ~z@y+y®z) €,

so I is a Hopf ideal in T(L). It follows that U(L) has a Hopf algebra struc-
ture, the factor Hopf algebra of 7'(L) modulo the Hopf ideal I. Since T'(L)
is cocommutative, U(L) is also cocommutative.

5) Divided power Hopf algebras Let H be a k-vector space with
basis {c;|i € N } on which we consider the coalgebra structure defined in
Example 1.1.4 2). Hence

m
Aem) = Zci ® Cm—i; €(cm) = bo,m
i=0

for any m € N. We define on H an algebra structure as follows. We put

n+m
CnCm = n Cntm

for any n,m € N, and then extend it by linearity on H. We note first that
co is the identity element, so we will write ¢g = 1. In order to show that the
multiplication is associative it is enough to check that (cncm)cp = cnlcmep)
for any m,n,p € N. This is true because

n+m
(cnem)ep = ( n )cn+mcp

B n+m\/mn+m+p c
- n n+m n+m-+p
(n +m + p)!

- nim!p! Cntmetp

n+m+p\/m+p c
n m n+m+p

m+
= < m p> Cncm+p

= cn(cmep)
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We-show now that H is a bialgebra with the above coalgebra and algebra
structures. Since the counit is obviously an algebra map, it is enough to
show that A(cpem) = Aen)A(cm) for any n,m € N. We have

Alen)A(em) = zct@)cn_ (Zc]@)cm _;
t=0

n m
t+ n+m-—t—
- 2l o Qe N

t=0 j=

= n+m-—1
= Z <)< )ci®cn+m——i
¢ n—t
1=0
3 n+m n+m
- n

= A (n+m)6n+7n)

n
= A(cptm)

)Ci ® Cntm—i

It remains to prove that the bialgebra H has an antipode. Since H is
cocommutative, it suffices to show that there exists a linear map S : H —
H such that Y~ S(hy)ho = e(h)1 for any h in a basis of H. We define

S(cn) recurrently For n = 0 we take S{cp) = S(1) = 1. We assume

that S(co), ..., S{cnh—1) were defined such that the property of the antipode
checks for h = cl with 0 <4 <n —1. Then we define
S(en) = =S(co)en — S(e1)en—1 — ... — S(en—1)e1,

and it is clear that the property of the antipode is then verified for h = ¢,
too. In conclusion, H is a Hopf algebra, which is clearly commutative and
cocommutative.

6. Sweedler’s 4-dimensional Hopf algebra.

Assume that char(k) # 2. Let H be the algebra given by generators
and relations as follows: H is generated as a k-algebra by ¢ and z satisfying
the relations

t=1,2*=0, zc=—cx

Then H has dimension 4 as a k-vector space, with basis { 1,¢,z,cx }. The
coalgebra structure is induced by

Alc)=c®c, Alz)=cR®z+2z®1
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e(c)=1, e(z) =0

In this way, H becomes a bialgebra, which also has an antlpode S given by
S(c) =c1,8(z) =

This was the first example of a non-commutative and non-cocommutative
Hopf algebra.

7. The Taft algebras.

Let n > 2 be an integer, and A a primitive n-th root of unity. Consider
the algebra H,2()\) defined by the generators ¢ and z with the relations

c"=12"=0, zc = Az
On this algebra we can introduce a coalgebra structure induced by
Alc)=¢cQ®c, Alz) =c®z+2z®1

e(c) =1, e(z) = 0.

In this way, H,2()\) becomes a bialgebra of dimension n?, having the basis
{27 | 0 <i,j <n—1}. The antipode is defined by S(c) = ¢! and
S(z) = —c~'z. We note that for n = 2 and A = —1 we obtain Sweedler’s
4-dimensional Hopf algebra.

8. On the polynomial algebra k[X] we introduce a coalgebra structure
as follows: using the universal property of the polynomial algebra we find
a unique morphism of algebras A : k[X]| — k[X] ® k[X] for which A(X) =
X®1+1®X. It is clear that

(ARNAX)=ITRA)AX) =
=X®1®1+13XQ®1+1®11QX,

and then again using the universal property of the polynomial algebra it
follows that A is coassociative. Similarly, there is a unique morphism of
algebras € : k[X]| — k with (X)) = 0. It is clear that together with A and
€, the algebra k[X] becomes a bialgebra. This is even a Hopf algebra, with
antipode S : k[X] — k[X] constructed again by the universal property of
the polynomial algebra, such that S{(X) = —X. This Hopf algebra is in fact
isomorphic to the tensor (or symmetric, or universal enveloping) algebra of
a one dimensional vector space (or Lie algebra).

We take this opportunity to justify the use of the name convolution.
The polynomial ring R[X] is a coalgebra as above, and hence its dual,
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U = R[X]* = Hom(R[X],R) is an algebra with the convolution product.
If f is a continuous function with compact support, then f* € U, where f

is given by
P) = [ f@)P@)s,

and P is the polynomial function associated to P € R[X]. We have that
A(P) e RIX]® R[X] ~ R[X,Y],

(P)=) Pi®@P,=P(X+Y).

If g is another continuous function with compact support, the convolution
product of f* and g* is given by

(159 )P) = Y [ f@Bia)ds [ gu)Patyidy
= ¥ [ 1@B@)dn)a) By

[(] r@win)Pe + vy

(] 1@yate = 2y Beyae = e ),

i

where h(t) = [ f(z)g(t — z)dz is what is usually called the convolution
product (see [199])

9. Let k be a field of characteristic p > 0. On the polynomial alge-
bra k[X] we consider the Hopf algebra structure described in example 8,
in which A(X) = X®1+4+1®X, ¢(X) = 0 and S(X) = —X. Since
A(XP) = XP®1+ 1® XP (we are in characteristic p, and all the binomial
coefficients (}) with 1 <4 < p—1 are divisible by p, hence zero), e(X?) = 0
and S(XP) = —XP (remark: if p = 2, then 1 = —1), it follows that the
ideal generated by X7? is a Hopf ideal, and it makes sense to construct the
factor Hopf algebra H = k[X]/(X?). This has dimension p, and denoting
by z the coset of X, we have A(z) =2z ®1+1®z and P = 0. This is the
restricted enveloping algebra of the 1-dimensional p-Lie algebra.

10. The cocommutative cofree coalgebra over a vector space.

Let V be a vector space, and (C,7) a cocommutative cofree coalgebra
over V. We show that C' has a natural structure of a Hopf algebra. Let
p: CR®C — V@V be the map defined by p(c®d) = (w(c)e(d), w(d)e(c)) for
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any c,d € C. Proposition 1.6.14 shows that (C ® C,p) is a cocommutative
cofree coalgebra over V @ V. The same result shows that if we denote by
7:(CR®C)®C — (V@ V)®V the map defined by

(c®d®@e) = (p(c® d)e(e), m(e)e(c® d)) =
= (r(c)e(d)e(e), m(d)e(c)e(e), m(e)e(c)e(d))

we have that (C ® C ® C,v) is a cocommutative cofree coalgebra over
VeVeV.

Let m : V&V — V be the map defined by m(z,y) = z +y. Then
the linear map m : V @& V — V induces a morphism of coalgebras M :
C®C — C between the cocommutative cofree coalgebra over these spaces.
Also the linear map m@® I : VOV SV — V @V induces the morphism
M®I . C®CQ®C — C®C of coalgebras between the cocommuta-
tive cofree coalgebras over the two spaces (this follows from the relation
p(M ®I) = (m & I)y, which checks immediately). By composition it fol-
lows that M(M ® I) : C® C ® C — C is the morphism of coalgebras
associated to the linear map m(m @) : VeV &V — V (using the uni-
versal property of the cocommutative cofree coalgebra).

Consider now the map v/ : C®C® C — VSV ®V as in Proposi-
tion 1.6.14, for which (C ® (C ® C),v’) is a cocommutative cofree coal-
gebra over V @ (V @ V). Similar to the above procedure, one can show
that M (I ® M) is the morphism of coalgebras associated to the linear map
m(I@®m). But it is easy to see that v = 7/, and that m(I@&m) = m(meI),
hence M(M @ I) = M(I ® M), i.e. M is associative.

Using Proposition 1.6.13, the zero morphism between the null space and
V induces a morphism of coalgebras u : k — C. Also the linear map
s:V — V,s(z) = —z, induces a map S : C — C, using again the universal
property. As in the verification of the associativity of M, one can check
that u is a unit for C, which thus becomes a bialgebra, and that S is an
antipode for this bialgebra.

In conclusion, the cocommutative cofree coalgebra over V' has a Hopf alge-
bra structure.

Exercise 4.3.6 (i) Let k be o field which contains a primitive n-th root of
1 (in particular this requires that the characteristic of k does not divide n)
and let C,, be the cyclic group of order n. Show that the Hopf algebra kC,
1s selfdual, i.e. the dual Hopf algebra (kC,)* is isomorphic to kC,,.

(ii) Show that for any finite abelian group C of order n and any field k
which contains a primitive n-th root of order n, the Hopf algebra kC is
selfdual.
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Exercise 4.3.7 Let k be a field. Show that

. (i) If char(k) # 2, then any Hopf algebra of dimension 2 is isomorphic to
kCy, the group algebra of the cyclic group with two elements.

(i) If char(k) = 2, then there exist precisely three isomorphism types of
Hopf algebras of dimension 2 over k, and these are kC’g, (kC2)*, and a
certain selfdual Hopf algebra.

Exercise 4.3.8 Let H be a Hopf algebra over. the field k, such that there
exists an algebra isomorphism H ~ k x k x ... x k (k appears n times).
Then H is isomorphic to (kG)*, the dual of a group algebra of a group G
with n elements.

Two more examples of Hopf algebras, the finite dual of a Hopf algebra,
and the representative Hopf algebra of a group, are treated in the next
exercises.

Exercise 4.3.9 Let H be a bialgebra. Then the finite dual coalgebra H® is
a subalgebra of the dual algebra H*, and together with this algebra structure
it is a bialgebra. Moreover, if H is o Hopf algebra, then H° is a Hopf
algebra.

Exercise 4.3.10 Let G be a monoid. Then the representative coalgebra
Ri(G) is a subalgebra of k¢, and even a bialgebra. If G is a group, then
Ri(G) is a Hopf algebra. If G is a topological group, then

Rr(G)={f € Rr(G)| f continuous}

is a Hopf subalgebra of Rp(G).

4.4 Hopf modules

Throughout this section H will be a Hopf algebra.

Definition 4.4.1 A k-vector space M is called a right H-Hopf module if
H has a right H-module structure (the action of an element h € H on an
element m € M will be denoted by mh) and a right H-comodule structure,
given by the map p: M - M ® H, p(m ) Y. Moy ® my), such that for
anymée M, he H

mh) = Zm(o)hl ® TI’L(])hz.
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Remark 4.4.2 It is easy to check that M ® H has a right module structure
over HQ H (with the tensor product of algebras structure) defined by (m ®
h)(g®p) =mgQhp for anym@h e MQH, g®p € H® H. Considering
then the morphism of algebras A : H — H ® H, we obtain that M @ H
becomes a right H-module by restriction of scalars via A. This structure is
given by (m ® h)g = > mg1 @ hgs foranym@h e M ® H, g € H. With
this structure in hand, we remark that the compatibility relation from the
preceding definition means that p is a morphism of right H-modules.

There is a dual interpretation of this relation. Consider H ® H with the
tensor product of coalgebras structure. Then M ® H has a natural structure
of a right comodule over H® H, defined by m®h +— Y mg)®h; @m 1y ®hs.
The multipliction p : H® H — H of the algebra H is a morphism of
coalgebras, and then by corestriction of scalars M @ H becomes a right H-
comodule, with m @ h — Y m) ® hy ® mqyha. Then the compatibility
relation from the preceding definition may be expressed by the fact that the
map ¢ : M ® H — H, giving the right H-module structure of M, is a
morphism of H -comodules. |

We can define a category having as objects the right H-Hopf modules,
and as morphisms between two such objects all linear maps which are also
morphisms of right H-modules and morphisms of right H-comodules. This
category is denoted by MH, and will be called the category of right H-Hopf
modules. It is clear that in this category a morphism is an isomorphism if
and only if it is bijective.

Example 4.4.3 Let V be a k-vector space. Then we define on V @ H a
right H-module structure by (v®h)g =v®hg foranyv €V, h,g € H, and
a right H-comodule structure given by the map p: VO H - VR H®H,
plv®h) =3 v®h1 ®hy for anyv € V,h € H. Then V @ H becomes a
right H-Hopf module with these two structures. Indeed

p((v®h)g) = p(v®hg)

= Y v®(hg) @ (hg)

= Zv®h1g1 ® hago

= > (v®h)g1) ® haga

= Z(U®h)(0)91 ® (v ® h)(1)92

proving the compatibility relation. |

We will show that the examples of H-Hopf modules from the preceding
example are (up to isomorphism) all H-Hopf modules. We need first a
definition.
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Definition 4.4.4 Let M be a right H-comodule, with comodule structure
given by the map p: M — M @ H. The set

M®H = {meM|pim)=m@1}

© 48 a vector subspace of M which is called the subspace of coinvariants of
M. 1

Example 4.4.5 Let H be given the right H-comodule structure induced by
A:H— H®H. Then H®® = k1 (where.1 is the identity element of H).
Indeed, if h € HH | then A(h) = Y h) ® hy = h® 1. Applying € on the
first position we obtain h = e(h)1 € k1. Conversely, if h = al for a scalar
a, then A(h) =al®1=h®1. |

Theorem 4.4.6 (The fundamental theorem of Hopf modules) Let H be a
Hopf algebra, and M a right H-Hopf module. Then the map f : M°H @
H — M ,defined by f(m ® h) = mh for any m € M°H and h € H, is
an isomorphism of Hopf modules (on M°* @ H we consider the H-Hopf
module structure defined as in Ezample {.4.8 for the vector space M ).

Proof: We denote the map giving the comodule structure of M by p :

M- MQ®H, p( ) = Zm(o) ® m(y). Consider the map g : M — M,

defined by g(m) = 3~ m)S(m()) for any m € M. If m € M, we have
plg(m)) = Zm (mq)))

= > (M) ) (S(mu))1.® (m)) 1y (S(mq1y))2
(definition of Hopf modules)

= Y (m0) 0 S(m@)2) ® (M) 1y S(may)1)

(the antipode is an antimorphism of coalgebras)

= D_moS(mm)@mySing)
(using the sigma notation for comodules)

= Y moStme) ® (mu)1S(ma))2)

(using the sigma notation for comodules)
= Z m(0)S(m2)) ® e(m1y)1 (definition of the antipode)
= Zm(O)S(m(Q)E(m(l))) ®1 ‘

= D _meS((may2e((mu)1) ® 1
' (using the sigma notation for comodules)
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= Zm(O)S (mq)) ®1 (the counit property)
= gm)®L,

which shows that g(m) € M°H for any m € M.

It makes then sense to define the map F : M — M*H @ H by F(m) =
> 9(m(g)) ® m(yy for any m € M. We will show that F is the inverse of f.
Indeed, if m € MH and h € H we have

Ffm®h) = F(mh)
= Y _g((mh)) ® (mh)q
= Zg(m(o)’h) ® m1yhs
(definition of Hopf modules)
= Zg(mhl) ® hy (since m € M°H)
= ) (mh1))S((mh1))) ® ho
= Y my(h)1S(may(hi)2) @ ha
(definition of Hopf modules)
= Zm(hl)ls((hl)z) ® hy (since m € M°H)
= Zme(hl) ® hy (by the antipode property)
= m® h (by the counit property)
hence F' f = Id. Conversely, if m € M, then
fE(m) = [ m@S(mu) ® m)
= Y _m@Sma)me
= Zm(o)s((m(l))l)(m(l))z
(using the sigma notation for comodules)
= Zm(o)e(m(l)) (by the antipode property)
= m (by the counit property)

which shows that fF' = Id too. It remains to show that f is a morphism of
H-Hopf modules, i.e. it is a morphism of right H-modules and a morphism
of right H-comodules. The first assertion is clear, since

f((m®h)h') = f(m @ hh') = mhh' = f(m @ h)K.

In order to show that f is a morphism of right H-comodules, we have to
prove that the diagram
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McoH®H f M
I®A o
Q1
M@ H®H f MQ®H

is commutative. This is immediate, since
(pf)(m®h) = p(mh)
‘ = thl ® hy (since m € M°H)

Y (f®N(m®h @ha)
(feH(I®A)(m®h)

I

which ends the proof. _ ]

Exercise 4.4.7 Let H be a Hopf algebra. Show that for any right (left)
H-comodule M, the injective dimension of M in the category M is less
than or equal the injective dimension of the trivial right H-comodule k.

In particular, the global dimension of the category M™ is equal to the in-
Jjective dimension of the trivial right H-comodule k.

Exercise 4.4.8 Let H be a Hopf algebra. Show that for any right (left)
H-module M, the projective dimension of M in the category My is less
than or equal the projective dimension of the trivial right H-module k (with
action defined by a — h = e(h)a for any o € k and h € H). In particular
the global dimension of the category My is equal to the projective dimension
of the right H-module k.

4.5 Solutions to exercises

Exercise 4.1.9 Let k be a field and n > 2 a positive integer. Show that
there is no bialgebra structure on M, (k) such that the underlying algebra
structure is the matriz algebra. ‘

Solution: The argument is similar to the one that was used in Example
1.4.17. Suppose there is a bialgebra structure on M, (k), then the counit
€ : My (k) — k is an algebra morphism. Then the kernel of ¢ is a two-sided
ideal of M, (k), so it is either O or the whole of M, (k). Since e(1) = 1,
we have Ker(e) = 0 and we obtain a contradiction since dim(M,(k)) >
dim(k).
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Exercise 4.2.16 Let H be a finite dimensional Hopf algebra over a

field k of characteristic zero. Show that if x € H 1is a primitive element,
ie. A(z)=2z®1+1®«z, thenz = 0.
Solution: If there were a non-zero primitive element x, we prove by induc-
tion that the 1,z,...,z" are linearly independent for any positive integer
n, and this will provide a contradiction, due to the finite dimension of H.
The claim is clear for n = 1, since al + bz = 0 implies by applying € that
a = 0, and then, since = # 0, that b = 0. Assume the assertion true for
n — 1 (where n > 2), and let Zp=0’n apzP = 0 for some scalars ay, ..., ap.
Then by applying A we find that

DS ap(f)xi®xp~f=o

p=0,ni=0,p

Choose some 1 < 4,5 < n — 1 such that i+ j = n, and let A},h] € H*
such that hf(z') = §;; for any 0 < ¢t < n — 1 and hj(z') = &, for any
0 <t < n—1 (this is possible since 1,z,...,z" ! are linearly independent).
Then by applying k] ® h} to the above relation we obtain that a, (’;‘) =0,
and since k has characteristic zero we have a, = 0. Then again by the
induction hypothesis we must have ag,...,a,_7 = 0.

Exercise 4.2.17 Let H be a Hopf algebra over the field k and let K be a field
extension of k. Show that one can define on H = K®rH a natural structure
of a Hopf algebra by taking the extension of scalars algebra structure and the
coalgebra structure as in Proposition 1.4.25. Moreover, if 8 is the antipode
of H, then for any positive integer n we have that S™ = Id if and only if
S"=1d.

Solution: The comultiplication A and counit Z of H are given by

B(5®ch) = (6@ h1) ®k (1@ ha)

Z(6 @k h) = be(h)

forany 6 € K and h € H. It is a straightforward check that H is a bialgebra
over K, and moreover, the map S : H — H defined by 5(6®xh) = 6®;S(h)
is an antipode of H. The last part is now obvious.

Exercise 4.3.6 (i) Let k be a field which contains a primitive n-th root
of 1 (in particular this requires that the characteristic of k does not divide
n) and let C,, be the cyclic group of order n. Show that the Hopf algebra
kC,, is selfdual, i.e. the dual Hopf algebra (kCy)* is isomorphic to kC,,.
(ii) Show that for any finite abelian group C of order n and any field k
which contains a primitive n-th root of order n, the Hopf algebra kC is
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selfdual.

Solution: (i) Let C,, =< ¢ > and let £ be a primitive n-th root of 1 in
k. Then kC,, has the basis 1,¢,c?,...,c""!, and let p1,pc, ..., pen-1 be the
dual basis in (kCy)*. We determine G = G((kC,,)*). We know that the
elements of G are just the algebra morphisms from kC,, to k. If f € G,
then f(c)® = 1, so f(c) = & for some 0 < i < n — 1. Conversely, for
any such i there exists a unique algebra morphism f; : kC,, — k such
that fi(c) = €. More precisely, f;(c?) = £ for any j (extended linearly).
Thus fo, f1,..., fn—1 are distinct grouplike elements of (kC,)*, and then a
dimension argument shows that (kC,)* = kG. On the other hand f; = fi
for any 14, so G is cyclic, i.e. G ~ C,,. We conclude that (kC,)* ~ kC,.
(ii) We write C as a direct product of finite cyclic groups. The assertion
follows now from (i) and the fact that for any groups G and H we have
that k(G x H) ~kG® kH.

Exercise 4.3.7 Let k be a field. Show that :

(i) If char(k) # 2, then any Hopf algebra of dimension 2 is isomorphic to
kCs, the group algebra of the cyclic group with two elements.

(ii) If char(k) = 2, then there exist precisely three isomorphism types of
Hopf algebras of dimension 2 over k, and these are kCa, (kC2)*, and a
certain selfdual Hopf algebra.

Solution: Let H be a Hopf algebra of dimension 2 and complete the
set {1} to a basis with an element z such that £(z) = 0 (we can do this
since H = k1 @ Ker(e)). Since Ker(e) is a one dimensional two-sided
ideal of H, we have that 22 = az for some a € k. We consider the basis
B={1®1,z®1,1®z,z®z} of H® H. Write

Alz)=al®1+ 8201 +71®@z+ 6@z

for some scalars «, 3,,8. If we write the counit prbperty we obtain that
z=al+vyrand z =dl+fz,soa=0and 8 =+ =1 Thus A(z) =
z®1+1Q®z+8z@z. If we write A(z?) = A(az) and express both sides in
terms of the basis B, we obtain that a?62 + 3aé 4+ 2 = 0, so either ad = —1
or ad = —2. :

On the other hand, if S is the antipode of H, then the relation Y S(zy)z; =
e(x)1 = 0 shows that S(z)(1 + 6z) + = = 0, and if we take S(z) = ul + vz

for some u,v € k, we find that « = 0 and v 4 véa = —1. Thus the situation
ba = —1 is impossible, and we must have da = —2. Now we distinguish
two cases.

(i) If char(k) # 2, then a # 0 and § = —2. Then it is easy to determine
that H has precisely two grouplike elements, namely 1 and 1 — ;21-22 Then
H =kG(H) ~ kC,.

(it) If char(k) = 2, then a6 = 0, so either a =0or § = 0. If a = 0, it is
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easy to see that if § # 0, then H has precisely two grouplike elements, 1
and 1+ 6z, so again H ~ kCy. If § = 0 we obtain the Hopf algebra I" with
basis {1,z} such that 22 = 0 and A(z) = ® 1 + 1 ® 2. This has only
one grouplike element, this is 1, so I" is not isomorphic to kC. Finally,
let us take the situation where § = 0 and a € k, a # 0. If we denote
by H; the Hopf algebra obtained in this way for a = 1, i.e. H; has basis
{1,z} such that 22 = 2 and A(z) = 2® 1 + 1 ® z, then it is clear that
f+H— Hy, f(1) =1, f(z) = 1z is an isomorphism of Hopf algebras. In
fact H; ~ (kC2)*. Indeed, if we take Cy = {1, ¢}, then {1,c} is a basis of
kC, and we consider the dual basis {p1,p.} of (kC2)*. Then

A(pe) =P1® P+ P ®p1 = (P1 +pc) @ P + Pe ® (P1 + De)

since char(k) = 2, so p. is a primitive element of (kC3)*. Also p? = p., so
(kC2)* ~ H;. On the other hand I'™* ~ T'. This can be seen again by taking
in I'* the dual basis {p1,p;} of {1,z}, and checking that p, is a primitive
element and pZ = pz. Thus Hy ~ (kC2)*, T ~ I'*, and H; is not isomorphic
to kC», and this ends the proof.

Exercise 4.3.8 Let H be a Hopf algebra over the field k, such that there
exists an algebra isomorphism H ~ k x k x ... x k (k appears n times).
Then H is isomorphic to (kG)*, the dual of a group algebra of a group G
with n elements.

Solution: Since H ~ k x k x ... X k, we have that there exist precisely n
algebra morphisms from H to k. But we know that G(H*), the set of group-
like elements of the algebra H* is precisely Homg_qi4(H, k). Therefore H*
has n grouplike elements, and since dim(H*) = n, we have that H* ~ kG,
where G = G(H*). It follows that H ~ (kG)*.

Exercise 4.3.9 Let H be a bialgebra. Then the finite dual coalgebra H® is a
subalgebra of the dual algebra H*, and together with this algebra structure it
is a bialgebra. Moreover, if H is a Hopf algebra, then H® is a Hopf algebra.
Solution: Let f,g € H®, A(f) = 3. /i ® f2, Alg) = 5. g1 ® go. This

means that
=Y fi@f@), 9(zy) =) 01(2)g:(v)
for all z,y € H. Then
(f*9)@y) = D f@y))a((y)2)
= Y flzy)g(@2e)
Y A@) f2(v1)91 (w2)92(v2)
Z(fl * g1)(2)(91 * 92)(v)

i
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hence f * g € H® and

A(f*9)=2(f*g)1®(f*g)2=Zf1*91®f2 * g2,

i.e. A is multiplicative. Now 1y = ¢, which is an algebra map. Then it is
clear that A is an algebra map. It is also easy to see that eyo(f) = f(1) is
an algebra map, so H® is a bialgebra. -

If H is a Hopf algebra with antipode S. We show that S* is an antipode

for H°. Let f € H°, A(f) =5 i ® fo, ie. flzy) =3 fi(z)f2(y) for all
z,y € H. First

S (N zy) = f(S(xy)) = =Y h(Sw)f2(S(2) =

=35 (£1)(@)S* (f2) W),
so S*(f) € H°. Then

(Zfl * S*(f2))( Zfl z1 f2 22715(-’192

= (@) f(1) = ene(f)1lne ().

The other equality is proved similarly, so H® is a Hopf algebra with antipode
S*. '

Exercise 4.3.10 Let G be a monoid. Then the representative coalgebra
Ri(G) is a subalgebra of k€, and even a bialgebra. If G is a group, then
R (G) is a Hopf algebra. If G is a topological group, then

Rr(G) = {f € Rr(G) | f continuous}

is a Hopf subalgebra of Rr(G).

Solution: The canonical isomorphism ¢ : k¢ — (kg)* is also an algebra
map, so its restriction and corestriction ¢ : Ry(G) — (kG)° is an iso-
morphism of both algebras and coalgebras. Thus Ry (G) is a bialgebra by
Exercise 4.3.9. If G is a group, then kG is a Hopf algebra, so (kG)° is a
Hopf algebra, and therefore Ry (G) is a Hopf algebra, with antipode given
by S*(f)(z) = f(z~!) for any f € Rx(G) and z € G.

Finally, if G is a topologlcal group, then it is easy to see that RR(G) is an
RG-subbimodule of Rr(G), and therefore it is a Hopf subalgebra.

Exercise 4.4.7 Let H be a Hopf algebra. Show that for any right (left)
H-comodule M, the injective dimension of M in the category M is less
than or equal the injective dimension of the trivial right H-comodule k.
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In particular, the global dimension of the category MH is equal to the in-
jective dimension of the trivial right H-comodule k.
Solution: Let us take a (minimal) injective resolution

0-k—=Qy—-¢1 — ... (4.1)

of the trivial right H-comodule k. Let M be a right H-comodule. For any
right H-comodule @ the tensor product M ® @ is a right H-comodule with
the coaction given by m®q — Y m(o)®q(0)®m(1)q() for any m € M,q € Q.
Tensoring (4.1) with M we obtain an exact sequence of right H-comodules

0-M2MREk-MRQ M@, — ... (4.2)

If Q is injective in M*, then M ®Q is injective in M. Indeed, Q is a direct
summand as an H-comodule in H) for some set I, say H) ~ Q @ X.
Then (M @ H)D ~ (M ® Q) ® (M ® X). Everything follows now if we
show that M ® H is an injective H-comodule. But it is easy to check
that M ® H is a right H-Hopf module with the coaction given as above by
m® h — ) m) ® h1 ® m(1)hz, and the action (m ® h)g = m ® hg for any
m € M, h,g € H. This shows that M ® H is an injective right H-comodule.
This implies that (4.2) is an injective resolution of M, thus inj.dim(M) <
inj.dim(k).

Exercise 4.4.8 Let H be a Hopf algebra. Show that for any right (left)
H-module M, the projective dimension of M in the category My 1is less
than or equal the projective dimension of the trivial right H-module k (with
action defined by o «— h = e(h)a for any a € k and h € H). In particular
the global dimension of the category My is equal to the projective dimension
of the right H-module k.

Solution: Let us consider a projective resolution of &£ in My,

P1 —»P0—+k—>0

If M is a right H-module, then for any right H-module P we have a right H-
module structure on M®P with the action given by (m®p)h = 5 mh;®pho
for any m € M,p € P,h € H. In this way we obtain an exact sequence of
right H-modules

W MRP, o MRPya-MQk~M—0

We show that this is a projective resolution of M, and this will end the
proof. Indeed, if P is a projective right H-module, then P is a direct
summand in a free right H-module, thus P® X ~ HD as right H-modules
for some right H-module X and some set I. Then (M @ P)® (M ® X) ~
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(M ® H)(D, so it is enough to show that M ® H is projective. But this
is true since M ® H has a right H-Hopf module structure if we take the
module structure and the right H-comodule structure given by m @ h —
Y- m® hy ® hy, and we are done. :

Bibliographical notes

Our main sources of inspiration for this chapter were the books of M.
Sweedler [218], E. Abe [1], and S. Montgomery [149). Exercises 4.4.7 and
4.4.8 are taken from [68] and [127], respectively. The Hopf modules are
structures admitting a series of generalizations. One of these, the so called
relative Hopf modules, introduced by Y. Doi {73}, will be presented in Chap-
ter 6. They generalize categories such as categories of graded modules over
a ring graded by a group. An even more general structure was introduced
independently by M. Koppinen [107] and Y. Doi [76]. These extend cate-
gories such as categories of modules graded by a G-set, categories of Yetter-
Drinfel’d modules, etc. But things do not end here, because it is possible
to find even more general structures, as some recent papers of Brzeziriski
show (38, 39]. We also recommend the book [51].






Chapter 5

Intégrals

5.1 The definition of integrals for a bialgebra

Let H be a bialgebra. Then H* has an algebra structure which is dual to the
coalgebra structure on H. The multiplication is given by the convolution
product. To simplify notation, if h*, g* € H* we will denote the product of
h* and g* in H* by h*g* instead of h* ¥ g*.

Definition 5.1.1 A map T € H* is called a left integral of the bialgebra H
if W*T = h*(1)T for any h* € H*. The set of left integrals of H is denoted
by fi Left integrals of HP are called right integrals for H, and their set
is denoted by [ . |

Remark 5.1.2 It is clear that T € H* is a left integral if and only if
Y. T(z2)zy = T(z)l Yz € H, and it is a right integral if and only if

We discuss briefly the name given to the above notion. -Let G be a
compact group. A Haar integral on G is a linear functional A on the space
of continuous functions from G to R, which is translation invariant, i.e.

Az f) = A(f)

for any continuous f : G — R, and any z € G. Then the restriction of A
to the Hopf algebra Rg(G) of continuous representative functions on G is
an integral in the sense of the above definition. Indeed,

Az f)

AQ fala) fr)

AMf), Vf € Rr(G), z€ G &
AL, VYfe RR(G), zeCG &

181
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Y Mffa(z) = M)L(z), Vf € Rr(G), z€CG &
D Mff2 = MHL Vf€Rr(G)
DMfulf2) = MHw@), ¥f € Rr(G), 1€ Rr(G)" &

() = W@A), Vfe Rr(G), p € Rr(G)* &
Ap = p(l)\, Vu e Rr(G)*
and this explains the use of the name ”integral” for bialgebras.

Remark 5.1.3 1) ft is clearly a vector subspace of H*. Moreover, fz is an
ideal in the algebra H*. That it is a right ideal is clear, since if g* € H*,
and T € [, then for any h* € H* we have

h*(Tg*) = (R"T)g" = (R*(1)T)g" = h*(1)Tg

and so Tg* € f,. To show that [, is also a left ideal, with the same notation
we have

h*(g"T) = (h*g")T = (h*g")()T = h*(1)g"(1)T = h*(1)g"T

showing that g*T € |,.

2) Consider the rational part of H* to the left, hence H} ™ is the sum
of rational left ideals of the algebra H*. Then [, C Hy ™. This follows
immediately from Remark 2.2.3. In particular, if for a bialgebra we have
H} ™ =0, then also [, =0, hence there are no nonzero left integrals. K

Before looking at some more examples, we give a result which will be
frequently used in Chapter 6.

Lemma 5.1.4 Ift is a left integral, and x,y € H, then

S eit(225@) = Y H@S(y1))ye-

Proof: We show that the two sides are equal by applying an arbitrary
h* e H*.

YR (@)i@Sw) = Y h'(@1S(y)ys)i(z2S(w1))
= ) (@ SEHiy2)t(z2S (1))
= > (% —E)Wt@S1)) = Y A (y2)t(xS(w1)).
.
We give now some examples of bialgebras, some having nonzero inte-
grals, and some not.
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Example 5.1.5 1) Let G be a monoid, and H = kG the semigroup algebra
with bialgebra structure described in Section 4.3. We denote by p1 € H*
the map defined by pi1(g) = 61,4 for any g € G, where 1 means here the
identity element of the monoid. Then p; is a left and right integral for H.
Indeed, if h* € H*, then for any g € G we have (h*p1)(g9) = h*(g)p1(g) =
81,9h*(g) = h*(1)p1(g). The last equality is clear if g = 1, and if g # 1, then
both sides are zero. Since H 1is cocommutative, py is also a right integral.
2) Let H be the divided power Hopf algebra from example 5) in Section 4.3.
Hence H is a k-vector space with basis {¢;|i € N }, the coalgebra structure
18 defined by ‘

A Cm th ®Cm 1y E(Cm) - 60m
=0

and the algebra structure by

n+m
CnCm = n Cntm

with identity element 1 = cg. We know that there exists an isomorphism of
algebras
- ¢: H* - k[[X]], ¢(h") = > _ h*(cn)X™
n>0

for h* € H*. Suppose T is a left (i.e. also right) integral of H. Then for
any h* € H* we have h*T = h*(1)T, and applying ¢ we obtain p(h*)p(T) =
h*(1)¢(T). Noting that h*(1) = ¢(h*)(0), it follows that ¢(T) is a formal
power series for which FO(T) = F(0)¢(T) for any formal power series F.
Choosing then F # 0 such that F(0) = 0 (e.g. F = X), we obtain that
#(T) = 0 (since k[[X]] is a domain), and since ¢ is an isomorphism, this
implies f, = 0.

3) Let k be a field of characteristic zero, and H = k[X] with the Hopf
algebra structure described in example 8) of Section 4.3. Then H does not
have nonzero integrals. Indeed, if T € H* is an integral, then h*T = h*(1)T
for any h* € H*. Since A(X) = X®1+1® X, applying the above equality
for X we get h*(X)T(1) = 0, and choosing h* with h*(X) # 0 it follows
that T(1) = 0. Then we prove by induction that T(X™) =0 for any n > 0.
To go from n —1 to n we apply the equality h*T = h*(1)T to X"+ and we
use the formula

A(Xn-}—l) — Z (’I"L + )Xn+1 i ® Xl
0<i<n+1 ¢

By the induction hypothesis we obtain that h*(X)T(X™) = 0, and choosing
again h* with h*(X) # 0 we find T(X™) = 0. Conseguently, T = 0. |
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Exercise 5.1.6 Let H be a Hopf algebra over the field k, K a field exten-
sion of k, and H = K ® H the Hopf algebra over K defined in Ezercise
4.2.17. If T € H* is a left integral of H, show that the map T € " defined
by T(6 @ h) = 6T(h) is a left integral of H.

Exercise 5.1.7 Let H and H' be two Hopf algebras with nonzero integrals.
Then the tensor product Hopf algebra H ® H' has a nonzero integral.

5.2 The connection between integrals and the
ideal H*"

Let H be a Hopf algebra. Throughout this section, by H* ™t we mean the
rational part of H* to the left. Later in this section we will show that the
rational parts of H* to the left and to the right are in fact equal, which will
justify our not writing the index . We saw in the preceding section that if
H*7at = 0, then [, = 0. The aim of this section is to find a more precise
connection between H* ™ and j;

We know that H* 7@ is a rational left H*-module, and this induces a
right H-comodule structure on H* "%, defined by p: H* ™ — H*"™* @ H,
p(h*) =3 h{y ®h*1) such that g*h* = 3 g*(h{; y)h{g) for any g* € H*.

Consider t e action — of H on H* deﬁned as } )llows: if h € H and
h* € H*, then h — h* € H* is given by (h — h*)(g) = h*(gh) for any
g € H. In this way, H* becomes a left H-module, and this structure is
in fact induced by the canonical right H-module structure of H, taking
into account that H* = Hom(H, k). Using Proposition 4.2.14, this left
H-module structure on H* induces a right H-module structure on H* as
follows: if h € H and h* € H*, define h* — h = S(h) — h*. We then have
(h* — h)(g) = h*(gS(h)) for any g € H.

Theorem 5.2.1 H* ™ is a right H-submodule of H* (with action —).
This right H-module structure, and the right H-comodule structure given
by p define on H* ™% a right H-Hopf module structure.

Proof: Let h* € H*™ and h € H. We show that for any g* € H* we
have the relation

g*(h* —h) = Zg*(ha)hz)(hfm — h1)
Let g € H. Then
(Z g (h{yyh2)(hioy — h1))(g) =
= Y g*(h{yyho)hip)(9S(h1))
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= S (ke — ¢") (R hioy (9 (he)

= Y ((ha = g")h*)(9S (M)
(by the definition of p)

= S (ha — g")(gS(m)1)B" (g8 (h))2)

(by the definition of convolution)

= Z(hs — g")(915(h2))h* (925 (h1))
Zg*(gls(h2)h3)h*(g25(h1))
ZQ*(Qlﬁ(hﬁ)h*(.‘hS(hl))

> 9" (91)h* (925(h))
= (g*(h* — h))(9)

proving the required relation. This shows that h* — h € H* rat  and
moreover, that :

i

ll

p(h* —h) =" hiy — h1 ® hijyhs

i.e. H*"4 is a right H-Hopf module. o |
The following lemma shows that there is a close connection between
H*7% and [.

coH

Lemma 5.2.2 The subspace of coinvariants (H* 7%) is exactly fl

Proof: Let h* € H*™ Then h* € (H*")*¥ if and only if p(h*) =
h* ® 1, and this is equivalent to g*h* = ¢g*(1)h* for any g* € H*. But this
is the definition of a left integral. |

We can now prove the result showing the complete connection between
H*7% and |,

Theorem 5.2.3. The map f : [;®H — H*"* defined by f(t@h) =t —h
for any t € fl, h € H, is an isomorphism of right H-Hopf modules.

Proof: Follows directly from the fundamental theorem of Hopf modules
applied to the Hopf module H* 7%, |

We already saw that if H* "% = 0, then fl = 0. The preceding theorem °
shows that the converse also holds.

Corollary 5.2.4 H*" =0 if and only if [, =0. |

Exercise 5.2.5 Let H be a Hopf algebra. Then the following -dssertions
are equivalent:
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i) H has a nonzero left integral.
i1) There exists a finite dimensional left ideal in H*.
iit) There exists h* € H* such that Ker(h*) contains o left coideal of finite

codimension in H.

Corollary 5.2.6 Let H be a Hopf algebra with antipode S, and having a
nonzero integral. Then S is injective. If moreover H is finite dimensional,
then [, has dimension 1 and S is bijective.

Proof: From Theorem 5.2.3, if there would exist an h # 0 with S(h) = 0,
then for a t € [, t # 0 we would have f(t ® h) = 0, contradicting the
injectivity of f.

If H is finite dimensional, Example 2.2.4 shows that H*™* = H*. We
obtain an isomorphism of Hopf modules f : fl®H — H* defined by
ft®h) =t — h = S(h) — t. In particular, this is an isomorphism of
vector spaces, and so dim(H*) = dim([,®H). But dim(H*) = dim(H)
and dim(f,®H) = dim(f,)dim(H). Therefore, dim(f;) = 1. Moreover,
since S is an injective endomorphism of the finite dimensional vector space
H, it follows that S is an isomorphism, and so it is bijective. |

When H is a finite dimensional Hopf algebra, there is still another way
to work with integrals. We recall that there is an isomorphism of algebras
¢ : H — H** defined by ¢(h)(h*) = h*(h) for any h € H,h* € H*. Then
it makes sense to talk about left integrals for the Hopf algebra H*, these
being elements in H**. Since ¢ is bijective, there exists a nonzero element
h € H such that ¢(h) € H** is a left integral for H*. Since any element
in H** is of the form ¢(I) with [ € H, this means that for any | € H we |
have ¢(1)¢(h) = ¢(1)(1g-)d(h). But ¢(l)¢(h) = ¢(lh) (¢ is a morphism of
algebras) and ¢(l)(1g-) = ¢(I)(e) = (1), hence the fact that ¢(h) is a left
integral for H* is equivalent to (h = €(l)h for any | € H. This justifies the
following definition.

Definition 5.2.7 Let H be a finite dimensional Hopf algebra. A left in-
tegral in H is an element t € H for which ht = ¢(h)t for any h € H.
1

Remark 5.2.8 i) If H is a finite dimensional Hopf algebra, there is some
danger of confusion between left integrals for H (which are elements of H* ),
and left integrals in H (which are elements of H). Left integrals in H are
i fact left integrals for H* when they are regarded via the isomorphism
¢ : H— H*. This is why we will have to specify every time which of the
two kind of integrals we are using.

#) Corollary 5.2.6 shows that in any finite dimensional Hopf algebra there
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exist nonzero left integrals, and moreover, the subspace they span has di-
mension 1, and is therefore kt, where t is a nonzero left integral in H.

Example 5.2.9 1) Let G be a finite group, and kG the group algebra with
the Hopf algebra structure described in Section 4.3 1). Thent =3 gec 9 18
a left (and right) integral in kG.

2) If G is a finite group, then (kG)*, the dual of kG, is a Hopf algebra, and
the map p1 € (kG)*, pi(g) = 61,4, is a left (and right) integral in (kG)*.
3) Let k be a field of characteristic p > 0, and H = k[X]|/(X?) the Hopf
algebra described in Section 4.3 9). Then t = zP~! is a left (and right)
integral in H. »

4) Let H denote Sweedler’s 4-dimensional Hopf algebra described in Sec-
tion 4.3 6). Then x+ca is a left integral in H, and x —cz is a right integral
n H.

5) Let H,2(\) be a Taft algebra described in Section 4.3 7). Then t =
(I+c+...+c* Van~! is a left integral in Hy2(N).. |

An important application of integrals in finite dimensional Hopf algebras
is is the following result, known as Maschke’s theorem. Here is the classical
proof. For a different proof see Exercise 5.5.13.

Theorem 5.2.10 Let H be a finite dimensional Hopf algebra. Then H is
a semisimple algebra if and only if €(t) # 0 for a left integral t € H.

Proof: Suppose first that H is semisimple.  We know that Ker(e) is an
ideal of codimension 1 in H. Regarding Ker(e) as a left submodule of
H, by the semisimplicity of H we have that Ker(¢) is a direct summand
in H, hence there exists a left ideal I of H with H = ker(¢) @ I. Let
1 =2+ h, with z € Ker(e),h € H, be the representation of 1 as a sum
of two elements from Ker(e) and I. Clearly h # 0, because 1 ¢ Ker(e).
Since I has dimension 1 (since Ker{e) has codimension 1), it follows that
I = kh. Let now ! € H. Then lh € I, and so the representation of lh
in the direct sum H = Ker(e) ® I is lh = 0+ lh. On the other hand,
we have | = (I — ¢(l)1) + ¢(l)1, and so lh = (I — e(l)1)h + ¢(l)h. Since
(Il —e(D1)h € Ker(e), e(l)h € I, and the representation of an element in
H as a sum of two elements in Ker(e) and I is unique, it follows that
(Il — e(1)1)h = 0 and e(l)h = lh. The last relation shows that h is a left
integral in H. Since I N Ker(e) = 0, it follows that (h) # 0, and the first
implication is proved.

We assume now that () # 0 for a left integral ¢ in H. We fix such
an integral t with €(¢) = 1 (we can do this by replacing ¢ by t/e(t)). In
order to show that H is semisimple, we have to show that for any left
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H-module M, and any H-submodule N of M, N is a direct summand in
M. Let # : M — N be a linear map such that 7(n) = n for any n € N
(to construct such a map we write M as a direct sum of N and another
subspace, and then take the projection on N). We define

P:M— N, P(m)= Ztlw(S(tg)m) for any m € M.
We show first that P(n) = n for any n € N. Indeed,

P(n) = Ztlﬂ'(S(tg)n)

= Y tS(ta)n  (since S(ta)n € N)
e(t)1ln (by the property of the antipode)
n (since g(t) = 1)

It

We show now that P is a morphism of left H-modules. Indeed, for
m & M and h € H we have

hP(m) = > htym(S(tz)m)
= Y htim(S(tz)e(ho)m) (by the counit property)
Z hit17(S(t2)S(h2)hgm) (by the property of the antipode)
> hatym(S(hato)hsm)
> " (hat)1m(S((hat)2)ham)
> " e(h)tim(S(t2)ham) (since hit = e(hy)t)

= Ztﬁr(S(tQ)hm) (by the counit property)
= P(hm)

I

We have showed that there exists a morphism of left H-modules P : M — N
such that P(n) = n for any n € N. Then N is a direct summand in M as
left H-modules, (in fact M = N @ Ker(P)) and the proof is finished. 1

Remark 5.2.11 If G is a finite group, and H = kG, then we saw that
t =3 gcc 9 15 aleft integralin H. Thene(t) = |G|1k, where |G| is the order
of the group G. The preceding theorem shows that the Hopf algebra kG is
semisimple if and only if |G|1x # 0, hence if and only if the characteristic of
k does not divide the order of the group G. This is the well known Maschke
theorem for groups. |
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If H is a semisimple Hopf algebra, and t € H is a left integral with
g(t) = 1, then t is a central idempotent, because S(t) is clearly a right
integral in H (i.e. S(t)h = e(h)S(t)), and we have

t = e(t)t = e(S(E)t = S(t)t = e(t)S(t) = S(t).

Recall that a k-algebra A is called separable (see [112]) if there exists an
element > a; ® b; € A® A such that > a;b; =1 and .

Z$a,~®bi = Zai ® b;x
for all z € A. Such an element is called a separability idempotent.

Exercise 5.2.12 A semisimple Hopf algebra is separable.

Exercise 5.2.13 Let H be a finite dimensional Hopf algebra over the field
k, K a field extension of k, and H = K ®; H the Hopf algebra over K
defined in Exercise 4.2.17. Ift € H is a left integral in H, show that
T=1x @t € H is a left integral in H. As a consequence show that H is
semisimple over k if and only if H is semisimple over K.

5.3 Finiteness conditions for Hopf algebras
with nonzero integrals

Lemma 5.3.1 Let H be a Hopf algebra. If J is a nonzero right (left) ideal
which is also a right (left) coideal of H, then J = H. In particular we
obtain the following:

(i) If H is a Hopf algebra that contains a nonzero right (left) ideal of finite
dimension, then H has finite dimension.

(ii) A semisimple Hopf algebra (i.e. a Hopf algebra which is semisimple as
an algebra) is finite dimensional.

(iii) A Hopf algebra containing a left integral in H (i.e. an elementt € H
with ht = e(h)t for all h € H) is finite dimensional.

Proof: If J is a right ideal and a right coideal, then A(J) C J® H and
JH = J. If &(J) = 0, then for any h € J we have h = Y e(h1)hs €
e(J)H =0, so J = 0, a contradiction. Thus £(J) # 0, and then there exists
h € H with e(h) = 1. Then 1 =¢€(h)l =3 hiS(he) e JHC J,s0l € J
and J = H. , ‘ , ,

We show that the assertion (i) can be deduced from the first part of the
statement. Indeed, let J be a nonzero right ideal of finite dimension in a



190 CHAPTER 5. INTEGRALS

Hopf algebra H, and let [ = H* — J, which is a right ideal, a right coideal
and has finite dimension. The fact that I is a right ideal follows from

(h* = z)y = Zh*(:vz)xly
= ) A" (z22S(ys)) Ty
= Z(h* —y2) — (zy1)

for any h* € H*,x € J,y € H. Then I = H, so H is finite dimensional.
For (ii), let us take a semisimple Hopf algebra H. Then Ker(¢) is a left
ideal of H. Since H is a semisimple left H-module, there exists a left ideal
I of H such that H = I & Ker(e). Since Ker(e) has codimension 1 in H,
we have that I has dimension 1. Then H is finite dimensional by (i). Note
that by Theorem 5.2.10, I is the ideal generated by an idempotent integral
in H.

(iii) The subspace generated by ¢ is a finite dimensional left ideal. |

Theorem 5.3.2 (Lin, Larson, Sweedler, Sullivan) Let H be a Hopf alge-
bra. Then the following assertions are equivalent.

(i) H has a nonzero left integral.

(i) H is a left co-Frobenius coalgebra.

(iit) H is a left QcF coalgebra.

(i) H is a left semiperfect coalgebra.

(v) H has a nonzero right integral.

(vi) H is a right co-Frobenius coalgebra.

(vii) H is a right QcF coalgebra.

(viii) H is a right semiperfect coalgebra.

(iz) H is a generator in the category #M (or in MH ).

(z) H is a projective object in the category T M (or in MH ),

Proof: (i) = (i2). Let t € H* be a nonzero left integral. We define the
bilinear application b: H X H — k by b(z,y) = t(zS(y)) for any =,y € H.
We show that b is H*-balanced. Let z,y € H and h* € H*. Then

bz — h*,y) =
= Y h*(@)t(z25(y))
S7 B (@1)H(@25(y1)e(y2)) (by the counit property)
Z Z h*(x1S(y2)y3)t(z2S(y1)) (the property of the antipode)
> (ys — B ) (@18 (y2)) (x2S (31))
D (w2 — h*)(@1S(1)1)t (@28 (11)-2)

I
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> 2 = h) (@) )H(=S(w))2)
3 (g2 — K (DH@S 1)) (¢ is a left integral)

Z R (y2)t(zS (1))
= b(z,h" —y)

Now we show that b is left non-degenerate. Assume that for some y € H-
we have b(z,y) = 0 for any z € H. Then t(zS(y)) =0 for any z € H. But
t(zS(y)) = (t — y)(z) and we obtain t — y = 0. Now Theorem 5.2.3 shows
that y = 0. This implies that H is left co-Frobenius.

(#) = (i13) = (iv) are obvious (by Corollary 3.3.6).

(tv) = (v) Since H is left semiperfect we have that Rat(Hj.) is dense
in H*. Then obviously Rat(HJ.) # 0, and by Theorem 5.2.3 applied to
HOP:¢oP we have that fr # 0. v

(v) = (vi) = (vit) = (viis) = (i) are the right hand side versions of the
facts proved above.

(¢ii) and (vii) = (iz) and (z) follow by Corollary 3.3.11.

(iz) = (i) If H is a generator of 7 M, since k1 is a left H-comodule, there
exist a nonzero morphism ¢ : H — k of left H-comodules. Then ¢ is a
nonzero left integral. ‘

(z) = (iv) (or (z) = (viii)) Since H is projective in ¥ M, we have that
Rat(y-H*) is dense in H* by Corollary 2.4.22. |

Corollary 5.3.3 Let H be a Hopf algebra with nonzero integmls‘. Then
any Hopf subalgebra of H has nonzero integrals.

Proof: Let K be a Hopf subalgebra. Since H is left semiperfect as a
coalgebra, then by Corollary 3.2.11 K is also left semiperfect. |

Remark 5.3.4 If H has a nonzero left integral t, and K is a Hopf sub-
algebra of H, then the above corollary tells us that K has a nonzero left
integral. However, such a nonzero integral is not necessarily the restriction
of t to K. Indeed, it might be possible that the restriction of t to K to be
zero, as it happens for instance in the situation where H is a co-Frobenius
Hopf algebra which is not cosemisimple, and K = k1 (this will be clear in
view of Ezercise 5.5.9, where a characterization of the cosemisimplicity is
given,).

Exercise 5.3.5 Let H be a finite dimensional Hopf algebra. Show that H
18 injective as a left (or right) H-module.
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5.4 The uniqueness of integrals and the bi-
jectivity of the antipode

Lemma 5.4.1 Let H be a Hopf algebra with nonzero integrals, I a dense
left ideal in H*, M a finite dimensional right H-comodule and f: I — M
a morphism of left H*-modules. Then there exists a unique morphism h :
H* — M of H*-modules extending f.

Proof: Let E(M) be the injective envelope of M as a right H-comodule.
Then E(M) is also injective as a left H*-module (see Corollary 2.4.19).
Regarding f as a H*-morphism from I to E(M), we get a morphism h :
H* — E(M) of left H*-modules extending f. If z = h(e) € E(M), then

Iz = Ih(e) = h(le) = h(I) = f(I) C M.

Since [ is dense in H*, we have that z € Iz. Indeed, there exists h* € I
such that h* agrees with € on all the z1’s from z — > zo®z; (the comodule
structure map of E(M)). Then z = 3" e(z1)zo = 3 h*(2))zo = h*zx € Izx.
We obtain z € M, and hence Im(h) C M. Thus h is exactly the required
morphism.

If b’ is another morphism with the same property, then h — A’ is 0 on I.
Then

I(h—)(e) = (h—R)(Ie) = (h—K)(I) =0

and again since I is dense in H* we have that (h —h')(e) € I{(h~ h')(¢), so
(h—h’)(e) = 0. Then clearly h =}’ |

Theorem 5.4.2 Let H be a Hopf algebra with nonzero integral and M a
finite dimensional right H-comodule. Then dim Hompg-(H, M) = dim M.
In particular dim [ =dim [, =1.

Proof: Rat(y-H*) is a dense subspace of H* by Theorem 3.2.3. Also
by Theorem 5.3.2 there exists an injective morphism 8 : H — H* of left
H*-modules. Clearly 6(H) C Rat{y-H*) and since H is an injective ob-
ject in the category M¥, we obtain that H is a direct summand as a
left H*-module in Rat(g-H*). Thus there exists a surjective k-morphism
Hompy+(H* ™, M) — Hompg+(H,M). By Lemma 5.4.1,

Hompg-(H* "™, M) ~ Hompy-(H*, M) ~ M.
We obtain an inequality

dim Hompy-(H, M) < dim Hompy-(H* ", M) = dim M.
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If we take M = k, the trivial right H-comodule, we have that fT_ =
Hompy-(H, k) has dimension at most 1, so this has dimension precisely
1 since [ # 0. Similarly f, has dimension 1. Hence there exists even
an isomorphism of left H*-modules § : H — H*%* 6(h) = t «— h,
where ¢ is a fixed non-zero left integral. Then the surjective morphism
Hompy-(H*™, M) — Homg-(H, M) obtained above from 6 is an isomor-
phism, showing that in fact dim Hompg«(H, M) = dim M. |

Remark 5.4.3 The proof of the result of the above theorem can be done in
a more general setting. If C is a left and right co-Frobenius coalgebra, and
M is a finite dimensional right C-comodule, then dim Home-(C, M) <
dim M. _ |

We will prove now that the antipode of a co-Frobenius Hopf algebra is
bijective. The next lemma is the first step in this direction.

Lemma 5.4.4 1) Let H and K be two Hopf algebras and ¢ : H — K an
injective coalgebra morphism with ¢(1) = 1. Ift € K* is a left integral,
then t o ¢ is a left integral in H*.

2) Let H be a Hopf algebra with a nonzero left integral t and antipode S.
Then to S is a nonzero right integral of H.

Proof: 1) Since t is a left integral for K, for any z € K we have that
Y t(22)21 = t(2)1. Take z = ¢(h) with h € H, and use the fact that ¢
is a coalgebra morphism. We find that _ t(¢(h2))d(h1) = t(¢(h))1. This
shows that ¢(>_ t(d(h2))h1) = ¢(t(é(h))1), which by the injectivity of ¢
implies > ¢(¢(h2))hy = t(¢(h))1, i.e. to ¢ is a left integral for H.

2) We consider S : H — H°PP_ an injective coalgebra morphism with
S(1) = 1. We use 1) and see that if ¢ is a nonzero left integral for H, then
to S is a left integral for H°P°P| i.e. a right integral for H. It remains to
show that t oS # 0. Let J C H be the injective envelope of k1, considered
as a right H-comodule. Then J is finite dimensional and H =J @ X for a
right coideal X of H. Let f € H* such that f(X) =0 and f(1) # 0. Then
Ker(f) contains a right coideal of finite codimension, thus f € H*"t,
Hence f =t — h for some h € H, and f(1) = (¢t — h)(1) = t(S(h)),
showing that to S # 0. |

Corollary 5.4.5 If H is a Hoﬁf algebra with nonzero integrals, we have
that S*(f,) = [ .

Proof: It follows from the second assertion of Lemma 5.4.4 and the unique-
ness of integrals. : |

Corollary 5.4.6 Let H be a Hopf algebra with nonzero integrdl. Then the
antipode S of H is bijective.
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Proof: We fix a nonzero left integral ¢. We know from Corollary 5.2.6 '
that S is injective. We prove that S is also surjective. Otherwise, if we
assume that S(H) # H, since S(H) is a subcoalgebra of H, we have that
S(H) is a left H-subcomodule of H, and by Corollary 3.2.6 there exists a
maximal left H-subcomodule M of H such that S(H) C M. Let u € H*
such that v # 0 and w(M) = 0. Since Ker(u) contains M, we have that
u € Rat(g- H*), thus there exists an h € H such that u =t — h. Clearly
h # 0 and for any € M we have (t — h)(z) = u(z) = 0. Forany y € H
we have S(y) € M, so

(toS)(hy) = t(S(hy))
= t(S(y)S(h))
= (t— h)(S(y)
=0

so (to S)(hH) = 0. Since to S is a right integral, then ¢t o S is a morphism
of left H*-modules, so (to S)(H* — (hH)) = 0. Lemma 5.3.1 tells us that
H* — (hH) = H, and then (t o §)(H) = 0. This is a contradiction with

Lemma 5.4.4. |

Remark 5.4.7 If H is a Hopf algebra with nonzero integral and t is a
non-zero left (or right) integral, we have that

t—H=t—H=H—t=H—t=H""

Indeed, lett be a nonzero left integral. Then the relationt — H = H*™ fol-
lows from Theorem 5.2.3 and the uniqueness of the integrals. Also H*™*t =
t — H=S8(H) —t=H — t (we have used the bijectivity of the an-
tipode). If we write now the relation t — H = H*"%t for H°P, we obtain
that t — H = H*™®, which also shows that H — t = H*"%¢,

The next exercise provides another proof for the uniqueness of integrals.

Exercise 5.4.8 Let x € [, and h € H be such that x o S(h) = 1. Then x
spans ).

5.5 Ideals in Hopf algebras with nonzero in-
tegrals

We recall that for a coalgebra C' we denote by G(C) the set of all grouplike
elements of C (i.e. g € G(C) if A(g) = g ® g and £(g) = 1). It is possible
to have G(C) = 0 (see Example 1.4.17).
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Proposition 5.5.1 Let C be a coalgebra. Then

(i) Every right (left) coideal of C of dimension 1 is spanned by a grouplike
element.

(11) There exists a bijective correspondence between G(C) and the set of
all coalgebra morphisms from k (regarded as a coalgebra) to C. Thus any
" 1-dimensional subcoalgebra of C is of the form kg for some g € G(C).

(111) There exists a bijective correspondence between G(C) and the set of all
continuous algebra morphisms from C* to k.

Proof: (i) Let I be a right coideal of C of dimension 1. If ¢ € I,¢ # 0, then
I = ke, and since A(f) € I ® C there exists g € C such that Ae) =c®g.
The coassociativity of A shows that c® g®g = c® A(g), thus A(g) = ¢g®g.
Since ¢ # 0 we must have g # 0, so g € G(C). On the other hand the counit
property shows that ¢ = €(c)g, so I = kg. '
(ii) If g € G(C), then the map A — Ag from k to C is a coalgebra morphism.
Conversely, to any coalgebra morphism « : k — C we associate the element
g = a(l) € G(C). In this way we define a bijective correspondence as
required. ' _

(ili) Let g € G(C) and let « : k — C be the coalgebra morphism associated
in (42) to g. Then a* : C* — k* ~ k is a continuous algebra morphism.
Conversely, if § : C* — k is a continuous algebra morphism, then I =
Ker(B) = B71({0}) is closed, so I*+ = I. Also It is a subcoalgebra
of dimension 1 of C, so I+ = kg for some g € G(C). This implies that
I = (kg)*. We show that B(c*) = c*(g) for any c* € C*. If ¢* € I we
clearly have §(c*) = c*(g) = 0. For ¢* = ¢ we have B(c*) = ¢*(g9) = 1.
These imply that B(c*) = c*(g) for any ¢* € I + ke = C* (since I has
codimension 1 and € ¢ I). |

A coalgebra is called pointed if any simple subcoalgebra has dimension 1.
By the previous proposition, we see that for a pointed coalgebra C, we have

Corad(C) = kG(C).

Exercise 5.5.2 Let f : C — D be a surjective morphism of coalgebras.
Show that if C is pointed, then D is pointed and Corad(D) = f(Corad(C)).

Let C be a coalgebra such that G(C) # 0. For any g € G(C) we define
the sets
Ly ={c" € C*|d"c* = d*(g)c" for any d" € C*}

Ry = {c" € C*|c*d* = d*(g)c" for any d* € C*}
If f€ C* and ¢* € L, we have |
d*(fe") = flg)d’c
= flg)d*(g)c”
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= d'(9)(f(9)c")
= d*(g)(fc")

so fc* € Ly. Also d*(c*f) = d*c* f = d*(g)c* f, so ¢* f € Ly, showing that
L, is a two-sided ideal of C*. Similarly, R, is a two-sided ideal of C*.

For any g € G(C), Proposition 5.5.1 tells that there exists a coalgebra
morphism ay4 : k — C, ag(A) = A\g. Then we can regard k as a left C,
right C-bicomodule via ¢, and we denote by .k, respectively kg, the field
k regarded as a left C-comodule, respectively as a right C-comodule. A
morphism of left C-comodules (or equivalently of right C*-modules) from
C to 4k is called a left g-integral. The space Homc-(C,g k) is called the
space of the left g-integrals. Similarly we define right g-integrals and the
space Homc-(C, kg) of right g-integrals.

Proposition 5.5.3 With the above notation we have Ly = Homc+(C, k)
and Ry = Home+(C, kg). In particular if C is a left and right co-Frobenius
coalgebra, then Ly and R, are two-sided ideals of dimension 1.
Conversely, if I is a 1-dimensional left (right) ideal of C*, then there ez-
ists g € G(C) such that I = Ly (respectively I = Rgy). In particular,
1-dimensional left (right) ideals are two-sided ideals.

Proof: We prove that Ly = Homc+(C, 4k). Let ¢* € C*. Then ¢* €
Homce-(C,g k) if and only if agc* = (IQc*)A, where oy : k — CQ® 4k is the
comodule structure map of k. This is the same with Y ¢*(c2)e; = ¢*(c)g
for any ¢ € C, which is equivalent to the fact that u(> c*(c2)e1) = u(c*(c)g)
for any u € C* and any ¢ € C. But u(d_c*(c2)e1) = Y uler)c*(ce) =
(uc*)(c), and u(c*(c)g) = u(g)c*(c) = (vw(g)c*)(c). Thusc* € Home-(C, 4k)
if and only if uc* = u(g)c* for any u € C*, which means exactly that
u € L.

Assume now that C is left and right co-Frobenius. By Corollary 3.3.11
C is a projective generator in the categories M and “M (when re-
garded as a right or left C-comodule). Then Homc-(C,gk) # 0 and
Homc-(C,kg) # 0. Remark 5.4.3 shows that dim(Homc-(C\gk)) = 1
and dim(Homc¢-(C, kg)) =1, so Ly and R, have dimension 1.

Let I be a 1-dimensional left ideal of C*, say I = kx. Since I is a left ideal,
there exists a k-algebra morphism f : C* — k such that ¢*z = f(c*)z for
any ¢* € C*. Since the map c¢* — c*z is continuous we see that Ker(f)
is closed in C*. Then by Proposition 5.5.1 (iii) there exists a coalgebra
morphism «a : k — C, a()\) = Ag, where g € G(C), such that f = a*. Then
for any ¢* € C* we have

'z = f(c)z

o*(c")x
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= (c*a)(l)a:
= (g

ie. x € Ly. This shows that I C L and since Ly has dimension 1 we
conclude that I=L, ' |

Assume now that H is a Hopf algebra with nonzero integral. Then
G(H) is a group and 1 € G(H) (here 1 means the identity element of the
k-algebra H) and for any g € G(H) we have g~! = S(g), where S is the
antipode of H. For any g € G(H) the maps ug,u; : H — H defined by
ug(z) = gz and uy(z) = zg for any z € H, are coalgebra isomorphisms.

Then the dual morphisms u;,u'g* : H* — H* are algebra isomorphisms.
For any a* € H* and « € H we have that

ug(a’)(z) = (a"uy)(z)

* *

thus ug(a*) = a* — g. Similarly u;*(a*) =g — a*. It is easy to see
thatth—uh( )-——h Lg,L;,—ng 71( )———L’*—thl—

uy (Ry) = h — Ry and Ry = uj(Ry) = Ry — h. In particular by
Proposition 5.5.3 there exists a € G(H) such that R, = Ly = [,.- This
element is called the distinguished grouplike element of H.

Proposition 5.5.4 With the above notation we have that

(i) Rog = Lg = Ry, for any g € G(H). In particulara lies in the center of
the group G(H).

(i) a — Ly =Ly — a = R,.

(iii) For any nonzero left integral t we have tS = a — ¢, and t87! =t — a.

Proof: (i) Since L; = R, we have g~ — L; = L,. On the other hand
g =L =g!' = R, = Ryy, 50 Ly = Ry Slmllarly Ly = Ry, Since
Ray = Ry, we obtain by Proposition 5 5.3 that ag = ga for any g € G(H),
and this means that a belongs to the center of G(H).

(ii) We know that @ — Ly = Ly,-1 and ag™ — R, = Ry. Since R, = L;
then ag™! — Ry = ag™! — L; = Ljo-1. We obtain that a — L, = R,.
The relation Ly < a = R, follows smularly

(i) Ifz e H is such that t( ) =1, then @ = = — ¢, because for all h* € H*
we have h*(a) = h*(a)t(z) = (th*)(a:) h*(z — t).

We know from (i) that a — t is a right integral. So is ¢S, so by uniqueness
there is an « € k such that tS = a(a — t). We prove o = 1 by applying
both sides of the equality to S~!(z). So we want (a — t)(S~!(z)) = 1, and
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we compute it

(@ —t)(S7 (=) DS @)t(@1)wz)

= ) tzt(S7 (z)72))
= Zt(xgt(S_l(ml)m)) (by Lemma 5.1.4 for HP)

= Hz)t(S™(1)z) (since 3 t(z2)z1 = t(x)1)
t(z)? =1

and the proof is complete. |

If H is finite dimensional, and 0 # t' € H is a left integral, then for all
h € H, t'h is also a left integral and t'h = X (h)t/, X' a grouplike element
in H*.

Corollary 5.5.5 For H,X,t' as above, N' — t' = S(t').
Proof: Let G be the Hopf algebra H*. Identify G* with H and consider ¢/

as an element of G*; )\ is itself a grouplike element of G and corresponds to
the element ¢ of Proposition 5.5.4 (iii). The statement follows immediately.

]
Exercise 5.5.6 Prove Corollary 5.5.5 directly.

Exercise 5.5.7 Let H be a Hopf algebra such that the coradical Hy is a
Hopf subalgebra. Show that the coradical filtration Hy C H; C ... H, C ...
is an algebra filtration, i.e. for any positive integers m,n we have that
HmHn g Hm+n'

Theorem 5.5.8 Let H be a co-Frobenius Hopf algebra, and Hy, H,, . .. the
coradical filtration of H. If J C H is an injective envelope of k1, considered
as a left H-comodule, then JHoy = H. Moreover, if Hy is a Hopf subalgebra
of H, then there exists n such that H, = H.

Proof: Since Hy is the socle of the left H-comodule H, we can write
Hy = k1 & M for some left H-subcomodule M of H. We know that H =
E(kl)® E(M) = J & E(M) (where E(M) is the injective envelope of M).
Let t # O be a right integral of H. Then for h € E(M) we have t(h)1 =
Y t(h1)hg € E(M), and also ¢(h)1 € J. Therefore t(h)1 € E(M)NJ =0,
so t(h) = 0. Thus t(E(M)) = 0, and then ¢(J) must be nonzero.

Let a € G(H) such that [ = f, — a (see Proposition 5.5.4). If JHy # H,
then aJHjy is a proper left H-subcomodule of H, so there exists a maximal
left H-subcomodule N of H with aJHy C N. Then H/N is a simple left
comodule, so N+ =~ (H/N)* is a simple right H-comodule. This shows
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that N+ is a simple right subcomodule of H*™**. We use the isomorphism
of right H-comodules ¢ : H — H*™, ¢(h) = (t — a™!) — h (note that
t — a~! is a left integral), and find that there exists a simple right H-
subcomodule V of H such that N* = ¢(V) = (¢t — a™!) — V. Then
t(a~'NS(V)) = 0. As a simple subcomodule, V is contained in the (right)
socle of H, thus V C Hy. Also, since A(V) C V ® H, the counit property
shows that there is some v € V with €(v) # 0. Then

1=¢()™ > uS(vz) € VS(V) C HoS(V)

Now we have J = a~taJ C a taJHoS(V) C a"!NS(V), so t(J) =0, a
contradiction. Thus we must have JHy = H. '
Assume that Hy is a Hopf subalgebra of H. Since J.. #0, J must be finite
dimensional, and then there exists n such that J C H,. Then H = JH, C
H,Hy = H,, (by Exercise 5.5.7), thus H = H,. |

The previous theorem shows that if H is a co-Frobenius Hopf algebra
and the trivial left H-comodule k is injective, then J = k1 and H = Hy,
i.e. H is cosemisimple. The following exercise gives a different proof of this
fact for an arbitrary Hopf algebra (not necessarily co-Frobenius).

Exercise 5.5.9 Let H be a Hopf algebra. Show that the following are equiv-
alent.

(1) H is cosemisimple.

(2) k is an injective right (or left) H- comodule

(3) There exists a right (or left) integral t € H* such that t(1) = 1.

Exercise 5.5.10 Show that in a cosemisimple:Hopf algebra H the spaces of
left and right integrals are equal (such a Hopf algebra is called unimodular ),
and if t is a left, integral with t(1) = 1, we have thatto S =t.

Remark 5.5.11 It is easy to see that a Hopf algebra is unimodular if and
only if the distinguished grouplike is equal to 1.

Exercise 5.5.12 Let H be a Hopf algebra over the field k, K a field exten-
sion of k, and H = K ®; H the Hopf algebra over K defined in Ezercise
4.2.17. Show that if H is cosemisimple over k, then H is cosemisimple over
K. Moreover, in the case where H has a nonzero integral, show that if H
is cosemisimple over K, then H is cosemisimple over k.

The equivalence between (1) and (3) in the following exercise has been
already proved in Theorem 5.2.10 (Maschke’s theorem for Hopf algebras).
We give here a different proof.
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Exercise 5.5.13 Let H be a finite dimensional Hopf algebra. Show that
the following are equivalent.

(1) H is semisimple.

(2) k is a projective left (or right) H-module (with the left H-action on k
defined by h- o = e(h)a).

(8) There exists a left (or right) integral t € H* such that e(t) # 0.

5.6 Hopf algebras constructed by Ore exten-
sions

Throughout this section, k will be an algebraically closed field of character-
istic 0. In fact, for most of the results we only need that k contains enough
roots of unity. We will denote by Z* = N* the set of positive integers
(non-zero natural numbers).

We construct now the quantum binomial coefficients and prove the
quantum version of the binomial formula. Define by recurrence a family
of polynomials (P i)n>1,0<i<n in the indeterminate X with integer coef-
ficients as follows. We start with Pig = Pg = 1. If we assume that
we have defined the polynomials (P, ;)o<i<n for some n > 1, then define
(Pn+1,i)o<i<n+1 bY Pny1,0 = Pnoy Prnyint1 = Prn, and forany 1 <i < n

Pn+l,i(X) = Pn,i—l(X) + XiPn,i(X)

Also, for any positive integer ¢ we denote by [i] the following polynomial
[i] = X'+ X2+ ...+ X +1. In fact [{] = £=L if we regard the
polynomial ring Z[X] as a subring of the field Q(X) of rational fractions.
We also define [0] to be the constant polynomial [0] = 1. Now for any
positive integer n we define the polynomial [n]! by

Pt =[1]-[2)-...-[n]

which is also a polynomial with integer coefficients. We make the convention
[0]! =1, a constant polynomial. We can describe now the polynomials P, ;
explicitely.

Proposition 5.6.1 For any positive integer n and any 0 < ¢ < n we have
P, ;= [—117‘%!:7],, where the polynomial ring Z[X] is regarded as a subring of
the ring of rational fractions Q(X).

Proof: We prove by induction on n that for any 0 < 7 < n the desired
formula holds. For n = 1 it is obvious. For passing from n to n+ 1, we first
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note that for 4 = 0 and for 2 = n + 1 the formula holds by the definition. If
1 < i < n, then we have

Por1i(X) = Ppica(X)+X'Poy(X)

[n]! i [n]!
T T I FT

_ [+ X~ i+ 1) y;
GICETES

O GE xR

- [![n — i+ 1]!

- [n)! Xl g

T -+ X -1

_ [n]!

= @Wh-irg Y

o

[l -+ 1!

1
If ¢ is an element of the field &, we deﬁne the element (i), of k as being

the value of the polynomial [i] at g, i.e. (i), = [i](g). Thus (i), = 9;_;11 if
g # 1, and (i) =i if ¢ = 1. Also, we deﬁne (n)q! as being the value of
[n]! at g, i.e. (n)q! = [n]!(q). Note that if ¢ = 1, then (n),! = n!, the usual
factorial. Finally, we define the g-binomial coefﬁments (?)q for any positive
integer n and any 0 < i < n by (’;)q = Pn(q). By Proposition 5.6.1,

! !
we have that P,; = m&%]—,, and then (’i‘)q = m%&ﬁ? whenever the
denominator of the fraction in the right hand side is nonzero. Nevertheless,
we write (?)q to be M—E?ﬂ)f_'lT', in any case, but with the warning tha,t
this is a formal notation, and we have to understand in fact P, ;(q) by it.
Obviously, if ¢ = 1, then ('i‘)q is the usual (7). The recurrence relation for

the polynomials P, ; shows that

(), () o (),

for any n > 1 and 1 < i < n. The reason for which the (’i‘)q are called
g-binomial coefficients is that they appear in a version of the binomial
formula where the two terms of the binomial do not commute, and instead
they anticommute by g..
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Lemma 5.6.2 Let a and b two elements of a k-algebra such that ba = qab
for some q € k. Then the following assertions hold.

(i) (The quantum binomial formula) (a+b)" = Y"1, (?)qa"‘ibi for any
positive integer n.

(1) If q 1s a primitive n-th root of unity, then (a+b)"* =a+0" . 1

Proof: (i) The proof goes by induction on n. It is obvious for n = 1. To
pass from n to n + 1 we have that

(a+b)"H =
= (a+b)"(a+b)

= (Z (j) a™*%%)(a + b) (induction hypothesis)

=0
_ (7 an+l n+1 n4l—izi Y i
_ (O>q +<)b +;( ) b+(i)qa ba)
n+1 pres) n+1\ .1 g 1—ip
b b
< 0 )q +( +Z( +
+qz( ) n 1.+1b1.
i
_ (n+1> o™t 4 (n—}—l) bn+1+§n_: (n+1> g
0/, +1/, o N\ v /g
n+1
_ (n+1) gnH1—ipi
q

which gives the desired formula for n + 1.

(ii) Since ¢ is a primitive n-th root of unity we have that (n); = 0, and
(7)q # 0 for any ¢ < n. The result follows now from the quantum binomial
formula. |

{\g

Remark 5.6.3 We have seen in the proof of (ii) of Lemma 5.6.2 that if q
18 a primitive n-th root of unity, then

(), (), == (1), =

The converse also holds, i.e. if

(.- ()= (),
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then q is a primitive n-th root of 1. Indeed, by ('ll)q = 0 we see that q is a
n-th root of 1. If q is not a primitive n-th root, then q is a primitive d-th
root of 1 for some divisor d of n with d < n. Then (Z)q # 0, since

_n) [n=1]-.. [n-d+1]
L Ry PO

and q 1s not a root of any of the polynomials [n —1),...,[n —d +1],[d —
1],...,[1], and also q is a simple root of both [n] and [d]. Thus we obtain a
contradiction, and conclude that ¢ must be a primitive n-th root of 1. |

Recall that for a k-algebra A, an algebra endomorphism ¢ of A, and
a p-derivation § of A (i.e. a linear map § : A — A such that §(ab) =
8(a)b + ¢(a)é(b) for all a,b € A), the Ore extension A[X,p,6] is A[X] as
an abelian group, with multiplication induced by Xa = 6(a) + ¢(a)X for
all a € A. The following is an obvious extension of the universal property
for polynomial rings.

Lemma 5.6.4 Let A[X, p,8] be an Ore extension of A and
i:A— AlX,p, 0] .

the inclusion morphism. Then for any algebra B, any algebra morphism
f 1A — B and every element b € B such that bf(a) = f(6(a)) + f(e(a))b
for all a € A, there exists a unique algebra morphism f : A[X,p,6] — B
such that f(X) = b and the following diagram is commutative:

A AlX, ¢,6)

B i

We construct pointed Hopf algebras by starting with the coradical, form-
ing Ore extensions, and then factoring out a Hopf ideal. ‘

Let A = kC be the group algebra of an abelian group C with the
usual Hopf algebra structure, and let C* be the character group of C, i.e.
C* consists of all group morphisms from C to the multiplicative group
k* =k — {0}, and the multiplication of C* is given by (uv)(g) = u(g)v(g)
for any u,v € C* and g € C.

Let ¢; € C and ¢f € C* and take the algebra automorphism ¢; of A
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defined by ¢1(g9) = c¢i(g)g for all g € C. Consider the Ore extension
A, = A[X1,1,61], where 65 = 0. Apply Lemma 5.6.4 first with B =
Al® AL f=(i®1) -Asb=1c ®X;+X;®1 and then with B = k&,
f = €a,b = 0, to define algebra homomorphisms A : A; — A; ® A; and
€. A1 — k by

A(X1)=Cl ®X1+X1®1 and E(Xl) =0. (55)

It is easily checked that A and e define a bialgebra structure on A,. The
antipode S of A extends to an antipode on A; by S(X;) = —c; ' X;.
Next, let ¢ € C*, 112 € k*, and let ¢, € Aut(A;) be defined by,

p2(g9) = c3(g)g for g€ C,  p2(X1) = 112X1.

We seek a @o-derivation 62 of Aj, such that 6 is zero on kC and
82(X1) € kC. We want the Ore extension Ay = A;[X2,2,0:] to have
a Hopf algebra structure with X» a (1, c2)-primitive for some c; € C, i.e.
A(Xz) =co® Xo+ Xo®1. Then

X2 X1 = 62(X1) + 712 X1 Xo. (5.6)
Applying A to both sides of (5.6), we see that
Y12 = c}(ca) ™! = ci(c1) and A(62(X1)) = cr1c2 @ 82(X1) + 62(X1) ® 1.
Thus 82(X;) is a (1, c1¢2)-primitive in £C' and so we must have
82(X1) = bya(c102 — 1)

for some scalar bjo. If cico — 1 = 0, then we define b2 to be 0. If b2 = 0,
then &, is clearly a o-derivation. Suppose that 62 # 0. In this case it
remains to check that 8 is a pa-derivation of A;. In order that 62 be well

defined we must have, for all g € C,

52(9X1) = ¢a(g)62(Xn)
b2(ci(9) " Xag)
ci(9) " 62(X1)g

Thus p2(g) = c3(9)g = ¢} (g9)'g and therefore cjcj = 1 and

Mz = cj(e2) ™ = c3(e2) = e3(er) = ef(er) ™!
Now we compute

62(X3) 82(X1) X1 + p2(X1)62(X1)

b12(1 + CI (cl))clchl b b12(1 + C’{(Cl)_l)Xl

Il

Il
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and, by induction, we see that for every positive integer r, we have

r—1 r—1
82(X7) =120 ei(er))erca X7 = b1a(Y ef(en) )X (5.7)
=0 =0

A straightforward but tedious computation now ensures that for g,9' € C,
b2(9X79' XT) =62(9X1)g' XY + p2(9X7)b2(9' XT)

and our definition of Ay = A;[X2, @2, b2] is complete.

Summarizing, A; is a Hopf algebra with generators g € C, X;, X3, such
that the elements of C' are commuting grouplikes, X is a (1, ¢;)-primitive
and the following relations hold:

9X; = cj(9) "' X;g and XaX1 —712X1 X2 = biz(c1c2 — 1),

1

where 12 = ¢}(c2) ™" = c3(e1),

and, if 62(X1) 7é 0,

cicy =1 and 112 = cf(c1) ™ = ¢} (c2) ™! = c(c1) = c3(ca).
We continue forming Ore extensions. Define an automorphism @; of Aj_;
by ©;(g) = ¢;(g9)g where c; € C* , and ;(X;) = cj(c;)X; where ¢; € C,
and X; is a (1,¢;)-primitive. The derivation 6; of A;_; is 0 on kC and
6;(X;) = bij(cic; —1). If ¢iej = 1, we define b; = 0. We write XP for
XPr ... XP* where p € N'. After t steps, we have a Hopf algebra A;.

Definition 5.6.8 A; is the Hopf algebra generated by the elements g € C
and X;,7=1,...,t where

i) the elements of C are commuting grouplikes;

ii) the X; are (1,c;)-primitives;

i) X;9 = c;(9)9X;;

i’U) Xin = C;(Ci)Xin + bij(cicj —l for1<i<j<t

v (ees(ed = 1 for j # 1

vi) If b;j # 0 then cicj = 1.

’Uii) If CiCj; = 1, then bij =0.

. The antipode of A is gwen by S(g) = g~* for g € G and S(X;) =
—Cj_lXj. : I
The relations show that A; has basis {gX?|g € C, p € N'}. Since for
% = ¢i(ey), <

(X5 ®1)(c; ® X;) = q;(c; ® X;)(X; ® 1),
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then, for n € Z*, A(X}) = A(X;)" = (¢;®X;+X;®1)", and expansion of
this power follows the rules in Lemma 5.6.2. For g € C, p = (p1,...,pt) €
Nt,

A(gXP' ... XP) = A(gXP) = Zadgcl .. chXxPi®gX?, (5.9)

where d = (dy,...,d;) € Z¢, the j-th entry d; in the t-tuple d ranges from

0 to p;, and the aq are scalars resulting from the g-binomial expansion
described in Lemma 5.6.2 and the commutation relations. In particular,
for1<j<t,neZt,

n - n iy n—i i
A(Xj)=z<i>q‘chj ® X;. (5.10)

=0

Proposition 5.6.11 The Hopf algebra A, has the following properties:
(i) The term, (Ai)yn, in the coradical filtration of A; is spanned by
gXP, g€ C, p € N*, p1+ ...+ pt < n. In particular, A; is pointed
with coradical kC.
(i) The Hopf algebra A, does not have nonzero integrals.

Proof: (i) An induction argument using Equation (5.9) shows that for all
n?
<gXPlgeC, pe N, pr+...+p <n>C ADEC.
Thus, A kC = A; and by Exercise 3.1.12 Corad(A;) C kC. Since kC is
a cosemisimple coalgebra, it is exactly the coradical of A;.
(ii) This follows from Theorem 5.5.8, since (A;)o = kC is a Hopf subal-
gebra and the coradical filtration is infinite. |

Exercise 5.6.12 Give a different proof for the fact that A; does not have
nonzero integrals, by showing that the injective envelope of the simple right
Ai-comodule kg, g € C, is infinite dimensional.

In order to obtain a Hopf algebra with nonzero integral, we factor A,
by a Hopf ideal.

Lemma 5.6.13 Let ny,ng,...,n; > 2 and a = (ai,...,a;) € {0,1}*. The
ideal J(a) of A; generated by

(X7 —aq (]t = 1),..., X —ag(c}t — 1))

is a Hopf ideal if and only if q; = cj(c;) is a primitive nj-th oot of unity
forany 1 <j <t
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Proof: Since ¢’ —1isa (1,c;’)-primitive, it follows that X} —a;(cy -
1isa(1, c?’ )-primitive if and only if so is X;”. By (5.10) and Remark 5.6.3,
this occurs if and only if (?)qa‘ = 0 for every 0 < k < nj, i.e. if and only
if g; is a primitive n;-th root of unity. Moreover, since S(X;) = —cj_lXj,
induction on n shows that -

ny _ —n(n-1)/2 —nyn
S(X3) = (-1)"g;. ¢ Xj

Now, since q;” = 1, checking the cases n; even and n; odd, we see that

—~1)nig; ™ =D/2 = 1 and hence
j

S(X;7 —aj(c;” —1)) = —¢; 7 (X;7 —a;(c;” = 1))
for 1 < j <t, so that the ideal J(a) is invariant under the antipode .S, and
is thus a Hopf ideal.

By Lemma 5.6.13, H = A;/J(a) is a Hopf algebra. However the corad-
ical may be affected by taking this quotient. Since we want H to be
a pointed Hopf algebra with coradical kC, some additional restrictions
are required. We denote by z; the image of X; in H and write z? for

zf' a2t p=(p1,...,p) € N".

Proposition 5.6.14 Assume J(a) as in Lemma 5.6.13 is a Hopf ideal.
Then J(a) N kC = 0 if and only if for each i either a; = 0 or (¢f)™ = 1.
If this is the case then {gzP|g € C,p € N*,0 < p; < nj — 1} is a basis of
At/J(a) .

Proof: By Lemma 5.6.13, we know that J(a) is a Hopf ideal if and only
if g; = ¢} (¢;) is a primitive n;-th root of unity for 1 < ¢ < ¢. Now suppose
that J(a) N kC = 0. Since

(X7 = ailcf* —1))g = i (9)™g(X]" — ci(9) ™ai(c]* = 1))
is in J(a) for every g € C, it follows that
X —ci(9) ™ai(c;* — 1) € J(a)

But then for every g € C, both a;(1—c}(g) ™ )(c{*—1) and (1—c}(g) ™) X"
are in J(a). If a; # 0, which by our convention implies that ¢* — 1 # 0,
then we must have c(g9)™ =1 for all g, and thus ¢]™ = 1.

Conversely, assume that ¢;* = 1 whenever a; # 0. By Definition 5.6.8
(iii), X]g = ¢ (g)™gX[*. In particular, X;"g = gX[* if a; # 0. Also, if
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i < j then by (5.7),
X; X o= o (X)X + 6;(X )

ni—1
= c;(ci)niXinin + bij( Z c;(ci)t)cichzm——l
t=0

n;—1

—b,J(Z cie)” X"’_1

So, if b;; = 0, then X; X[ = cj(c;)™ X" X;, where cj(c;)™ = ¢} (c;)™™ =
if a; #0. If b;; # 0 then ciej =1, hence ¢} (e;) is a primitive n;-th root of
unity, so that X; X;" = X;" X;. A similar argument works for ¢ > j. Thus,
X' is a central element of A, if a; # 0. It follows that

XX = ai(c]” — 1)) = ()™ (X" — ailc — 1)) X;,
so that J(a) is equal to the left ideal generated by {X J" T —a;(c? -1 <
j £ t}, and A, is a free left module with basis {X?|0 < p; < n; — 1}
over the subalgebra B generated by C' and X7*,...,X;". We now show
that no nonzero linear combination of elements of the form gXP?, p € N?,
0 < p; <n; —1lies in J(a). Otherwise there exist f; € A, 1 < j <t, not
all zero, such that

Z (X57 —aj(c;” = 1))f; Zag,ng

1<5<t

where in the second sum g € C, p e N, 0 < p; < n; — 1. Since Ay is a free
left B-module with basis {X?|0 < p; < n; — 1}, each f; can be expressed
in terms of this basis, and we find that

> (X} - aylc;’ —1))F; € kC — {0}

1<5<t

for some F; € B. Now, B is isomorphic to the algebra R obtained from kC
by a sequence of Ore extensions with zero derivations in the indeterminates
Y; = X", so that Yig = ¢]™(g)gY; and Y;Y; = c;nj (c}*)Y;Y;. Thus, we

have

> (¥ —ai(cf’ = 1)G; € kC — {0}

1<5<t
for some G; € R. It follows from Lemma 5.6.4 by induction on the number
of indeterminates that there exists a kC-algebra homomorphism 6 : R —
kC such that 6(Y;) = ¢;” — 1 if a; # 0 and 6(Y;) = O otherwise. Then
03 1 <j<i(Ys — aj(c?j —1))G;) = 0, a contradiction. |
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From now on, we assume that n; > 2, g; = ¢j(c;) is a primitive n;-th
root of 1, and c;"? = 1 whenever a; # 0, and we study the new Hopf
algebra H = A;/J(a). We have shown that the following defines a Hopf
algebra structure on H.

Definition 5.6.15 Let t > 1, C an abelian group, n = (ny,...,n) €
Nt e = (¢j) € Che* = (cf) € C*, a € {0,1}*, b= (bij)i<icj<t C k such
that the following conditions are satisfied.

- ¢f(c;) is a primitive ni-th root of unity for any 4.

- ci(ej) = cj(ei)™ for any i # j.

- Ifa; =1, then ()™ = 1.

-Ifclt =1, then a; = 0.

- bij = —cf(cj)bj; for any i, .

- If bj; # 0, then cej=1

- If CiCj = 1 then bij =0.

Define H = A;/J(a) = H(C,n,c,c*,a,b) to be the Hopf algebra gener-
ated by the commuting grouplike elements g € C, and the (1, ¢;)-primitives
z;,1 < j <t, subject to the relations

z;9 = cj(9)gz;, «)7 = a;(cy’ — 1)
Tix; = c;‘(cj)mj:vi -+ bji(CjCi — 1)

for1 < j < i<t The coalgebra structure is given by

Alg) =9g®g, e(g)=1 forgeC
Alz)=c;®z;+2;81, for 1<i<t
|

Remark 5.6.16 i) If a; = 0 for all i, we write a = 0. Similarly if b;; =0
foralli < j, we write b=20. Ift =1 so that no nonzero derivation occurs,
we also write b =

it) Ifa =10 and b = 0, then we write H = H(C,n,c,c*) instead of

H(C,n,c,c*,0,0).

- 143) [f in Deﬁnition 5.6.15, the a;’s were arbitrary elements of k, then a
simple change of variables would reduce to the case where the a;’s are 0 or
1.

) Since the elements by; do not appear in the defining relations for

H(C,n,c,c*,a,b),

we always take them to be zero. |
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Remark 5.6.17 In order to construct H(C,n, ¢, c*,a,b), it suffices to have
¢* and c such that c;(c;) is a root of unity not equal to 1, and c;(c;)c;(c;) =
1 for i # j. Then n; is the order of c}(c;), and we choose a and b such
that a; = 0 whenever ¢* =1, a; = 0 whenever ¢c;™ # 1, b;; = 0 whenever
cic; = 1, and b;; = 0 whenever cjc; # 1. The remaining a;’s and b;;’s are
arbitrary.

By Proposition 5.6.14, {gzP|g € C, p € N*, 0 < p; < n; — 1} is a basis
for H. As in Equation (5.9), comultiplication on a general basis element is
given by

A(ga?) = Zadgcl et clraPl @ gal, (5.18)

where d = (dy,...,d:) € Z' with 0 < d; < p,. Here the scalars a4 are
nonzero products of g;-binomial coefficients and powers of c}(c;).
In particular, for n € Z%,

Az]) = Z (Z) c?:c?'d@):v?. (5.19)

Proposition 5.6.20 Let H = H(C,n,c,c*,a,b). Then H is pointed and
the (r + 1)st term in the coradical filtration of H is H, =< gaP|g € C, p €
Nt pr+...+p <7 >. Inparticular H = H, wheren=mn;+...+n;— 1
so that the coradical filtration hasny + ... +ny —t + 1 terms.

Proof. The proof is similar to the proof of Proposition 5.6.11. The
second part follows from the fact that the gy are nonzero. |

Unlike A;, the Hopf algebra H has nonzero integrals. We compute the
left and right integrals in H* explicitely. For g € C, and w = (wy,...,w;) €
Zt, let E, ., € H* be the map taking gz to 1 and all other basis elements
to 0.

Proposition 5.6.21 The Hopf algebra H = H(C,n,c,c*,a,b) has non-
zero integrals. The space of left integrals in H* is kEy,_,, where l =

¢y Mey™™ = H -1 C e 1), and where n — 1 is the t-tuple (ny —
1,...,n— 1) The space of rzght integrals for H is kEy 1 where 1 denotes

the zdentzty in C.

Proof. We show that Ej,_; is a left integral by evaluating h*F; ,,_; for
h* € H*. This is nonzero only on elements z ® Iz”~! and such an element
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can only occur as a summand in
t
A([](e5 ™) = Ay
j=1

where v € k*. Now h*Ey,_1(lz"~Y) = h*(1)Epp_y (lz™1).

Similarly 2"~ ® z only occurs in A(z™"!). Since A(z"!) = 2" 1 ®
1+, thus El,n—lh* :El,n_lh*(l). l
Corollary 5.6.22 H is unimodular if and only if | = 1. |

{f G is a group and g = (g1,...,9:) € G*, we write g~! for the t-tuple
Example 5.6.23 (i) If H = H(C,n,c,c*,a,b) then H°? and HP are also
of this type. Indeed, H°? = H(C,n,c,c*~1,a,b’), where by, = —ck(ci)bij
fori < j. _

Also H®? =2 H(C,n,c™ !, c*, a,b"); the isomorphism is given by the map
f taking g to g and z; to z; = -—cj_lxj. Then z; is a (1,0;1)-primitive and,
using the fact that (~1)"¢; " =172 — _1 where g; is a primitive n;-th
root of 1, we see that its n;-th power is either 0 or cj_n’ — 1. The last
parameter, b”, is given by b; = —cj(c;)by; for i < j.

(ii) In particular if H = H(C,n,¢,c*) then

H = H(C,n,c,c*" ') and H®P = H(C,n,c!,¢c").

(ili) The Taft Hopf algebras, in particular Sweedler’s 4-dimensional Hopf
algebra, are of this form. ' |

Exercise 5.6.24 Let A be the algebra generated by an invertible element
a and an element b such that b* = 0 and ab = Aba, where X is a primitive
2n-th root of unity. Show that A is a Hopf algebra with the comultiplication
and counit defined by

Ala)=a®a, A)=a®b+b®a"}e(a) = 1,6(b) =0
Also show that A has nonzero integrals and it is not. unimodular.

Exercise 5.6.25 Let H be the Hopf algebra with generators c,xy,...,T;
subject to relations

=1, :c? =0, =mc=—cx;, T;T;=—T;Tj,

Alc)=c®c, Az;)=c®uz;+z; Q1.

Show that H is a pointed Hopf algebra of dimension 2t*! with coradical of
dimension 2.
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The following exercise shows that our assumption that the derivations
are zero on kC is not unreasonable.

Exercise 5.6.26 Let ¢ be an automorphism of kC of the form ¢(g) =
c*(g9)g for g € C, and assume that c*(g9) # 1 for any g € C of infinite
order. Show that if § is a ¢-derivation of kC such that the Ore extension
(kC)[Y, ¢, 6] has a Hopf algebra structure extending that of kC with Y a
(1, ¢)-primitive, then there is a Hopf algebra isomorphism (kC)[Y, ¢, 6] ~
(KC)(X, 9]

We now classify Hopf algebras of the form H(C,n,c,c*,a,0), i.e. they
are constructed by using Ore extensions with zero derivations. Suppose
H=H(C,n,c,c*a,0)~H = H(C",n’,c’,c*/,a’,O) and write g, z; (¢', z;
for the generators of H (H' respectively). Let f be a Hopf algebra isomor-
phism from H to H’. Since the coradicals must be isomorphic, we may
assume that C = C’, and the Hopf algebra isomorphism induces an auto-
morphism of C. Also by Proposition 5.6.20, t = /. If 7 is a permutation
of {1,...,t} and v € Z¢, we write 7(v) for (vrq), ..., Va(t))-

Theorem 5.6.27 Let
H=H(C,n,c,c",a,0)

and

H = H(C”,n’,c’,c*,,a’,O)
be Hopf algebras as described above. Then H = H' if and only if C = C’
(in fact we should write C ~ C’, but we take for simplicity C =C’"), t =1t
and there is an automorphism f of C and a permutation w of {1,...,t}
such that for 1 <i<t

ni = n;(i), fle) = Cfrr(i)’ G = C;(i) of, and a; = a’;r(i)'

Proof. We have seen that C ~ C’ as the group of grouplike elements
in the two Hopf algebras. Assume that C = C’.
Let I = {i]1 <i<t, ¢;=c1,¢; =ci} and let

J={ll<ji<t &=fla)}2I={il<j<t jel,cfof=ci}

Note that since c}(c;) is a primitive n;-th root of 1 and for i € I,
ci(ci) = ci(c1), then n; = n, for ¢ € I. Similarly, since for j € J, c;'(c;) =
c;'(f(cl)) = ci(c1), nj =ny for j € J. Let L be the Hopf subalgebra of H
generated by C and {z;|¢ € I} and L' the Hopf subalgebra of H' generated
by C and {z}|j € J}.
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Since 7 is a (1, ¢y )-primitive, f(z1) is a (1, f(cy)-primitive and so

flz1) = a(f(c1) — 1)+ Zaiigi with o; € k,j; € J.
i=1

Then, since gz; = ¢{(g)~'z1g for all g € C, we see that op = 0, and

> flgosz), = Zazcl e}, f(9)
= Zazq(g ¢, (£(9)f(9)x,

and thus a; = 0 for any ¢ for which ¢] # c;: of. Thus f(L) C L. The
same argument using f~! shows that f~'(L') C L and so f(L) = L’.

If L # H, we repeat the argument for M, the Hopf subalgebra of H
generated by C and the set {z;lc; = cp,¢f = ;‘,} where z, is the first
element in the list z3,...,2; which is not in L. Continuing in this way, we
see that there exists a permutation o such that

n; = n:,(,;y flei) = Co (i) ¢ = C;,(i)‘ of.

It remains to find 7 such that a; = a;r(z.). First suppose n; > 2. Then
I={1}. Forifpe I, p#1, then

ci(e) = cp(e1) = ci(ep) ™" = cf(er) ™

and cf(c1)? = 1, a contradiction. Similarly J = {a 1)}. Hence f(z;) =
oz’ o(1) for some nonzero scalar «, and the relation 7' = a;(c]* —1) implies-

a™z! ‘(’1‘;) = a1( o)~ 1), so that a’ v(1) = 01

Next suppose n; = 2. Let I} = {i € I|a; = 1} and J1 = {j € Jla; = 1}.
For any ¢ € I, there exist a;; € k such that f(z;) = E;eJ a“x As above,
for all i € I, ¢f(c;) = —1 (for all j € J, c;’(cg) = -1) and thus the z;
(respectively the 2/, ) anticommute. If ¢ € I, f applied to z? = ¢ — 1 yields

Z]e 505 =1 On the other hand, comparing f(z;xx) and f(zrz;) for
1 kell,zaék we see that

> aija; ==Y awjou;
JjE€NL JjEN
and thus Eje.]; agjog; = 0.

This implies that the vectors B; € k71, defined by B; = (j)jes, for
i € Iy, form an orthonormal set in k7t under the ordinary dot product. Thus
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the space k7! contains at least |I;| independent vectors and so |J;| > |I3].
The reverse inequality is proved similarly. Now define 7 to be a refinement
of the permutation o such that for ¢ € I, n(¢) € J; and then a; = a;(i) for
allie I

Conversely, let f be an automorphism of C and let 7 be a permutation
of {1,2,...,t} such that for all 1 <i <,

n; =Ny, f(6) = Syl = c;‘rl(i) o f, and a; = az;).

Extend f to a Hopf algebra isomorphism from H to H' by f(z;) = x;r(i).

If we note that ) ,
C:r(i)(c;r(j)) = c:r(i)(f(cj)) = c;(cj)

the rest of the verification that f induces a Hopf algebra isomorphism is
straightforward. |

Note that in the proof above, it was shown that if ny > 2, then |I| =
|J| =1 where I = {i|ll <i <t ¢ =cp,cf =cttand J = {jll <j<
t, ¢i = flex), c;l o f =c}}. Thus we can also classify Hopf algebras of the
form H(C,n,c,c*, a,b) if all n; > 2. We revisit later the case where some
n; = 2.

Theorem 5.6.28 Let
H = H(C,n,c,c",a,b)
and )
H =H({C',n/,d,c*,d,V)
be such that all n; and n} > 2. Then H =2 H' if and only if C = C’ (in fact
we should write again C ~ C’, but we identify C and C’'), t =t' and there

is an automorphism f of C, nonzero scalars (o;)1<i<¢, and a permutation
n of {1,...,t} such that

ni =Ny, f(ei) = Cr(ip € = Cry © f, and a; = ()
a;t =1 for any i such that a; =1, and for any 1 <i< j <t,

ci(cj)bi; = —aiajb;(j)"(i) if m(3) < m(%).
Proof: The argument is similar to that in Theorem 5.6.27. An application
of the isomorphism f to the equation z;z; = cj(c;)ziz;+bij(cic;—1), i < j,
yields the relationship between b and ¥'.

In [107], 1. Kaplansky conjectured that there exist only finitely many
isomorphism types of Hopf algebras of a fixed finite dimension over an alge-
braically closed field of characteristic zero. The following corollary answers
in the negative this conjecture.
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Corollary 5.6.29 Suppose that C,c € C*,c* € C**, are such that c}(c;) =
ci(c;)"t if L # 3§, ci(ei) is a primitive root of unity of order n; > 2, and
there exist © < j such that c;™* = c;nJ =1, ¢ #1, c 7 # 1, cic; #1, and
cicj =1. Then for any a wzth a; =a; =1 and satzsfymg the conditions of
Remark 5.6.17, there exist infinitely many non-isomorphic Hopf algebras of

the form H(C,n,c,c*,a,b).

Proof: Let b and b’ be such that H = H(C,n,c,c*,a,b) and H =
H(C,n,c,c*,a,b') are well defined. By Remark 5.6,17, infinitely many such
b and b’ exist. If f: H — H' is a Hopf algebra isomorphism, then the per-
mutation 7 in Theorem 5.6.28 is the identity and thus b;; = azajb for
some n;th and n;th roots of unity a; and «;. Since there exist only ﬁnltely
many such roots, and & is infinite, the result follows. ' 1

Example 5.6.30 To find a concrete example of a class consisting of in-
finitely many types of Hopf algebras of the same finite dimension, we need
some data (C, ¢, c*) as in Corollary 5.6.29, with C finite. The sunplest such
data are the following.

(i) Let p be an odd prime, and p a primitive p-th root of 1. Take C =
Cp2 =< g >, the cyclic group of order p?, t = 2, ¢ = (g,9),¢* = (¢*,9*7})
where ¢*(g) = p and a = (1,1). Then n; = ny = p and by Corollary

5.6.29, H(C,n,c,c*,a,b) = H(C,n,c,c*,a,b) if and only if by = vb}, for
v a primitive p-th root of 1. Thus there are infinitely many types of Hopf
algebras of dimension p*.

(i) Let C = Cpq =< g >, the cyclic group of order pg where p is an
odd prime, ¢ > 1, and t = 2, ¢ = (g,9),c* = (g9*,9* ') where g*(g) = p, p
a primitive p-th root of 1. Let a1 = a3 = 1. Then again n; = ny = p, and
as in (i), there are infinitely many types of Hopf algebras H(C,n,¢,c*,a,b)
of dimension p3gq. |

Exercise 5.6.31 (i) Let C = Cy =< g >,t =2,n=(2,2),c=(g,9),c* =
(9%,9%) where g*(g) = —1,b12 = 1,a = (1,1),a’ = (0,1). Show that there
exists a Hopf algebra isomorphism H(C,n,c,c*,a,b) ~ H(C,n,c,c*,a’,b).

(1)) Let C = Cy =< g >,t = 2,n = (2,2),¢ = (g,9),¢* = (¢%,9") where
g*(9) = ~1,a = (1,1) and byz = 2,a’ = (0,1),b}, = 0. Show that the Hopf
algebras H(C,n,c,c*,a’,V) and H(C,n,c,c*,a,b) are isomorphic.

Exercise 5.6.32 Let C be a finite abelian group, ¢ € Ct and c* € C** such
that we can define H(C,n,c,c*). Show that H(C,n,c,c*)* =2 H(C*,n,c*,c),
where in considering H(C*,n,c*,c) we regard c € C** by identifying C and
C**.

Remark 5.6.33 The previous exercise shows that if H = H(C,n,c,c*)
where C is a finite abelian group, then H = H* if and only if there is
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an isomorphism f : C — C* and a permutation m € S; such that for all
1<j <,

Nr(i) = N, F(¢5) = criiyr < fles),9 >=< f(g),cr2) > forallg e C.
|

Let us consider now the case where C =< g > will be a cyclic group,
either of order m, or infinite cyclic. We first determine for which val-
ues of the parameters t and m, finite dimensional Hopf algebras H =
H(Cp,n,c,c*,a,b) exist. By Remark 5.6.17, for a given ¢, in order to
construct H, we need c € C!,, ¢* € (Cy,)* such that cf(c;) is a root of unity
different from 1, and cj(c;)cj(c;) = 1 for i # j. Let ¢ be a primitive mth
root of unity, and then g* € CJ, defined by g*(g) = ¢ generates Cy,. Thus
we may write ¢; = g% and ¢! = g*%. To find suitable ¢ and c*, we require
u,d € Zt with u;,d; € Z mod m such that,

(diuj + djui) =0ifi# j and d;u; #0 (534)

Then H will be the Hopf algebra with basis gz, p € Z*, 0 < p; < n; and
0 <7< m -1, and such that

T = ai(g™™ - 1), mg’ = (W gm, Alw) =g" @i+ @1
zjz; = (Y% aixy + b (gUit — 1) for 1 <i<j <t

Proposition 5.6.35 Let m be a positive integer.

i) If m is even, then the system (5.34) has solutions for any t.

) If m is odd, then the system (5.34) has solutions if and only if t < 2s,
where s is the number of distinct primes dividing m.

Proof: i) If m = 2r then d; = 7,u; =1, 1 <1 < ¢, is a solution of (5.34).
ii) We first prove by induction on s that the system has solutions for ¢ = 2s
and thus for any t < 2s. If s = 1 then dy = u3 =1 = ug,do = —1is
a solution of (5.34). Now suppose the assertion holds for s — 1 and let
m = py'...p% with the p; prime. Then m' = m/p* has s — 1 distinct
prime divisors, so by the induction hypothesis there exist d;,u} for 1 <
i < 25 — 2, such that (dju} + dju}) = Omod m' for 1 < i # j < 25 -
2 and dju;, #0 mod m’ for 1 < ¢ < 25 — 2. Now a solution of the system
for t = 2s is given by d; = p¥dl,u; = pd=u} for 1 < i < 25— 2 and
das = d2$—1 = U25-1 = m/1u2s = —m/.

Next we show that for m = p® and ¢ = 3 the system has no solutions.
Suppose d,u € Z3 is a solution, and suppose d; = dp™,u; = u\p” where
(di,p) = (u},p) =1 for 1 < ¢ < 3. For i # j, p* divides dju; + dju; =
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piths diu; +p* +6 djuj, and so o; +B; = a; + B;. Since p* does not divide
d;u; for any ¢, then o; + ; < @, so o + fB; + o + B; < 2a for all 4, 5. Thus
dju; = —du} mod p for all i # j. Multiplying these three congruences, we
obtain d}didiujusul =0 mod p, a contradiction.

Now suppose that m = pf* ...p% and 2s + 1 < t. If the system had a
solution d,u, then for every i there would exist j;, 1 < j; < s, such that
p?f does not divide d;u;. By the Pigeon Hole Principle we find 41,15, %3
such that j;, = j;, = ji,; denote this integer by 5. Then 'p?" does not divide
any dyug, but divides dyu, + d,uy, for all distinct r, k € {41,42,73}, and this
contradicts what we proved in the case - m = p®.

Corollary 5.6.36 i) If m is even, then Hopf algebras of the form
H(Cp,n,c,c*, a,b)

exist for every t. :
it) If m is odd, then H(Cy,,n,c,c*,a,b) exist for any t < 2s , where s is
the number of distinct prime factors of m. |

Corollary 5.6.37 If C =< g > is an infinite cyclic group, then Hopf
algebras H(C,n,c,c*,a,b) exist for all t.

Proof: Let ¢ be a positive integer and choose m such that ¢t < 2s where s
is the number of distinct prime divisors of m. Then by Proposition 5.6.35,
there exist d;, u;, 1 < ¢ < ¢ solutions for the system (5.34). Now let ¢; = g
and ¢! = g*% for g*(g) = ¢, a primitive m-th root of 1, as before. |

The classification results presented in Theorem 5.6.27 and Theorem
5.6.28 depend upon knowledge of the automorphism group of C. In case
C is cyclic, Aut(C) is well known, and Theorem 5.6.27 specializes to the
following.

Proposition 5.6.38 If C =< g > is cyclic, then H(C,n,c,c*, a,0) =
H(C', v/, ¢ ,a’,0) if and only if C = C',t = t' and there is an automor-
phism f of C mapping g to g" and a permutation m of {1,...,t} such that
np =M, ch = Criy (6 hui = uny)), ¢ = (c;‘r(i))h (i.e. di = hdy)),
and a; = a;(i). :

If C is cyclic of order m, then (h,m) = 1; if C is infinite cyclic, then h =1
or h=-—1. |

If C is cyclic, then it is easy to see when H(Cp,,n,c,c*) is isomorphic
to its dual, its opposite or co-opposite Hopf algebra.
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Corollary 5.6.39 Let C = Cy,, =< g >, finite, and H = H(Cy,,n,c,c*)
where c; = g%, ¢} = (¢*)% and < g*,g >=(, a fized primitive mth root of
1.

(i) H = H* if and only if there exist h, 7 as in Proposition 5.6.88 such

that for all 1 < j <,
Nr(j) = Mg, huj = dn(jy mod m, Ur2(jy = u; mod m. -

In particular a Taft Hopf algebra is selfdual.
(ii) H = HP if and only if there exist h,m such that for all 1 < j <t,

Nx() = N, hu; = —Ug(y mod m, d;j = hdy;) mod m.

(i) H = HP if and only if there exist h,m such that for all 1 < j <t,

Nr(j) = Nj, AUj = Uz mod m, dj = —hdy;) mod m.
]
We study now Hopf algebras of the form H(C,n,c*,¢,0,1), where b= 1
means that b;; = 1 for all 4 < j. Thus, the skew-primitives z; are all

nilpotent and for ¢ # j, z;z; — ¢}(cj)z;z; is a nonzero element of kC. It is

easy to see that if a = 0 and all b;; are nonzero, then a change of variables

ensures that all b;; equal 1. This class produces many interesting examples.
The following two definitions are particular cases of Definition 5.6.15.

Definition 5.6.40 Fort = 2, let n > 2,c = (c1,c2) € C?,g* € C* with
g*(c1) = g*(c2) a primitive n-th root of unity, and cico # 1. Denote
the pair (n,n) by (n), and, if c1 = co = g, denote {c1,c2) by (g). Then
H(C,(n),(c1,¢2),(g*,9*1),0,1) denotes the Hopf algebra generated by the
commuting grouplike elements g € C, and the (1,c;)-primitives z;, j = 1,2,
with multiplication relations

2} =0, 219 =< g*,9 > gz1, T29=<g""',9> gz2

ToZ1— < g*"l,cl > T1Ty = C10g — 1

Definition 5.6.41 Lett > 2 and let c € C*, g* € C* such that g*(c;) = —1
for alli and c;c; # 1 if i # j. We denote the t-tuple (2,...,2) by (2), and
the t-tuple (g*,...,9*) by (¢*). Then H(C,(2),(c1,.-.,¢t),(g%),0,1) is the
Hopf algebra generated by the commuting grouplike elements g € C, and
the (1, c;)-primitives x;, with relations

;1;7'2 =0, zi9= g*(g)ga:,-, TiT; + TjT; = ¢icj — 1 fOT 1 ¥ 3.
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Example 5.6.42 (i) Let C,,, =< g > be cyclic of finite order m > 2, let
n be an integer > 2, and let ¢; = g“',cp = ¢"%,¢" € C* be such that
g*(g) = A where \™ =1, u; + up # 0 mod m, and \** = A“2, a primitive
nth root of 1. Then H = H(Cyn, (n),¢, (g%,9*1),0,1) is a Hopf algebra of
dimension mn?2, with coradical kC,, and generators g, z1, z2 such that g is
grouplike of order m, z; is a (1, g*¢)-primitive, and

gt =27 =0, z19=Agz1, Tag=A"'gxs

ToTy — A Wz zy = gt — 1

(ii) Let m > 2,t > 2 be integers, m even, and let C = Cp, =< g >.
Let uy,...,u; be odd integers such that u; +u; # 0 mod m if i # j
and let ¢; = g%, ¢} = ¢g* where g*(g) = —1. Then the Hopf algebra
H(Cp,(2),¢,(g%),0,1) has dimension 2'm and has generators g, z1,...,2;
such that g is grouplike, z; is a (1, g**)-primitive, and '

gt =1, z}=0, zg=-gx; zz+ziz;=g" 1

(iii) Suppose C =< ¢ > is infinite cyclic, and n > 2. Let ui,u2 be
integers such that u; + up # 0, and let A € k such that A** = A*? is a
primitive nth root of 1. Let g* € C* with ¢g*(¢g) = A. Then there is an

infinite dimensional pointed Hopf algebra with nonzero integral

H(C, (n), (9", 9"2), (9", 9"1),0,1)

with generators g, 21,22 such that g is grouplike of infinite order, z; is a
(1, g*)-primitive, and :

gt =3 =0, 219=Mgr1, @ag=A"gxy

Toxy — A Mz g = gtuz — |

(iv) Let C =< g > be infinite cyélic, t > 2 and let uj,...,u; be odd
integers such that u;+u; # 0for ¢ # j. Then there is an infinite dimensional
pointed Hopf algebra with nonzero integral H(C,(2),¢, (¢*),0,1), where
c; = g and ¢g*(g) = —1. The generators are g,z1,...,; such that g is
grouplike of infinite order, z; is a (1, g*¢)-primitive, and

2 L uitug .
z; =0, ®zig=-—9gz;, TjT;+zTi;j=g""" -1

By an argument similar to the proof of Theorem 5.6.27, we can classify
the Hopf algebras from Definition 5.6.40.
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Theorem 5.6.43 There is a Hopf algebra isomorphism from
H=H(C,(n),¢,(g%,9"7"),0,1)

to
H' =H(C',(n'),¢,(g*,(g")1),0,1)

if and only if C = C',n = n' and there is an automorphism f of C such
that

(i) fler) = ¢i, f(ea) = ¢ and g* = g% o f; or

(ii) f(c1) = ch, f(c2) = ¢y and g* = (g*) ' o f.

Proof: If H = H’, then exactly as in the proof of Theorem 5.6.27,
there exists an automorphism f of C' and a bijection 7 of {1,2} such that
flei) = ¢y and cf = c;‘r/(i) o f. The conditions (i) and (ii) in the statement
correspond to 7 the identity and 7 the nonidentity permutation.
Conversely, if (i) holds, define an isomorphism from H to H' by mapping
g to f(g) and z; to z. If (ii) holds, define an isomorphism from H to H’

by mapping g to f(g), 1 to =5 and z2 to —g*(c;)x]. |

Corollary 5.6.44 If C =< g > is cyclic, then the Hopf algebras H and H’
above are isomorphic if and only if C = C',n =n', and there is an integer
h such that the map taking g to g" is an automorphism of C and either
(i) ¢t =c'h and e = gt = g% = ¢! fori=1,2; or
(ZZ) C:; — (C;,)—h and gu1h — gulz,guzh — gu'1 |

For the Hopf algebras of Definition 5.6.41 there is a similar classification
result.

Theorem 5.6.45 There is a Hopf algebra isomorphism from
H=H(C,(2),¢,(g9%),0,1)

to
H' =H(C',(2),¢,(g"),0,1)

if and only if C = C',t = t' and there is a permutation T € S; and an
automorphism f of C such that f(c;) = Criy and g* = g* o f. |

Corollary 5.6.46 Suppose C =< g > is cyclic. Then H and H' as above
are isomorphic if and only if C = C’', t =t and there exists a permutation
n € S and an automorphism of C taking g to g", such that ¢l = g»h =
c;(i) for all 3. |
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In Exercise 5.6.31 we saw that if a # 0, Ore extension Hopf algebras
with nonzero derivations may be isomorphic to Ore extension Hopf algebras
with zero derivations. The following theorem shows that if a = 0, this is
impossible.

Theorem 5.6.47 Hopf algebras of the form
H(C,n,c,c*) = H(C,n,cc",0,0)

cannot be isomorphic to either the Hopf algebras of Definition 5.6.40 or
Definition 5.6.41.

Proof: Suppose that
fH(C,(0),¢, (7,97, 0,1) = H(C,ne¢")

is an isomorphism of Hopf algebras. Then, as in the proof of Théorem 5.6.27,
we see that C = (', f(z]) = ), cuz; and f(z5) = 3, Biz; for scalars o, §;.
But f applied to the relation

zhzy = (97) 7 (c))zrah + cich — 1

yields 3, . aiBj(z;z: — ()" Hc)mizj) = 1 — 1 in H(C,m,c,c*), where
l # 1 is a grouplike element. The relations of an Ore extension with zero
derivations show that this is impossible. Similarly, H(C,n,c, c*) cannot be
isomorphic to a Hopf algebra as in Definition 5.6.41. |

5.7 Solutions to exercises

Exercise 5.1.6 Let H be a Hopf algebra over the field k, K a field extension
of k, and H = K ® H the Hopf algebra over K defined in Emerczse 4.2.17.
If T € H* is a left integral of H, show that the map T € H - defined by
T(6 @ h) = 6T(h) is a left integral of H.

Solution: Let § ®; h € H. Then

2(5 b2 h1 (1 ®y h2)

Il

> (6 ®k h1)T(ha)

= 6@ Y mT(hs)

= 6@y T(h)ly
= 5T(h)1k Ok 1m
= T((S ®r h)1k Qk 1y

showing that T is a left integral of H.
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Exercise 5.1.7 Let H and H' be two Hopf algebras with nonzero integrals.
Then the tensor product Hopf algebra H @ H' has a nonzero integral.
Solution: Assume that H and H’ have nonzero integrals. Then we show
that ¢t ® ¢’ is a left integral for H ® H’, and this is obviously nonzero.
Note that we regard H* ® H'* as a subspace of (H ® H’)*, in particulat
t®t € (H® H')* is the element working by (t®t')(h®h') = t(h)t'(h') for
any he HYh' € H'. If h € H k' € H' we have that

Y (i @h) (@) (he ® hy)
D (b1 ® Y)t(ha)t ()

> " hat(he) ® hit! ()
= t(h)1®t' (k)1
tet ) heh)1el

Y (WL () (RO N),)

Il

showing that indeed ¢t ® t’ is a left integral.

Exercise 5.2.5 Let H be a Hopf algebra. Then the following assertions are
equivalent:

i) H has a nonzero left integral.

1) There exists o finite dimensional left ideal in H*.

iii) There exists h* € H* such that Ker(h*) contains a left coideal of finite

codimension in H.
Solution: It follows from Corollary 5.2.4 and the characterization of H* 73!

given in Corollary 2.2.16.

Exercise 5.2.12 A semisimple Hopf algebra is separable.
Solution: Let t € H be a left integral with e(t) = 1. We show that

Ztl ® S(tz)

is a separability idempotent. Since > ¢1.S5(t2) = €(t)1 = 1, let x € H and
compute '

>zt ® S(ts) =

> mity @ S(t2)S(w2)ws

= Yzt ® S(aats)xs

Z(I ® S)A(z1t)(1 ® z2)

> (I ® 8)A(e(z1)t)(1 ® 22)
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> U ®S)AM(1®x)
= ) t1®S(t2)z.

Exercise 5.2.13 Let H be a finite dimensional Hopf algebra over the field
k, K a field extension of k, and H = K ®; H the Hopf algebra over K
defined in Ezercise 4.2.17. Ift € H is a left integral in H, show that
=1k ®it € H is a left integral in H. As a consequence show that H is
semisimple over k if and only if H is semisimple over K.

Solution: For any 6 ® h € H we have that

(6@rh)t = 6Qht
= 0Qre(h)t .
= ?:‘(6 Rk h)i

which means that  is a left integral in H. The second part follows imme-
diately from Theorem 5.2.10.

Exercise 5.3.5 Let H be a finite dimensional Hopf algebra. Show that H
is injective as a left (or right) H-module.

Solution: Since H* has nonzero integrals, we have that H* is a projective
left H*-comodule. By Corollary 2.4.20 we see that H is injective as a
right H*-comodule. Since the categories M and yM are isomorphic,
we obtain that H is an injective left H-module.

Exercise 5.4.8 Let x € [, and h € H be such that x o S(h) = 1. Then x
spans f,.

Solution: The existence of x and h as in the statement was proved in
5.4.4, only in that proof we have used the uniqueness. So we show first
that this can be done directly. » i

Let J be the injective envelope of k1, considered as a left H-comodule.
Then J is finite dimensional and H = J @ K for a left coideal K of H.
Let f : H — k be a nonzero linear map such that f(K) =0 and f(1y) =
1. Since K C Ker(f) we have that f € Rat(H}.) = Rat(g-H*). By
Theorem 5.2.3 there exist h; € H and t; € fl such that f = > t; — h;,
so (3°t; — hi)(1) # 0. Therefore, one of the (t; — h;)(1) is not zero,
and we can take this element of H as our h and a suitable multiple of the
corresponding left integral for . ‘

We will denote the right integral x o S by xS. We show first that for any
te fl and g € H there exists an [ € H such that

g—t=1—x (5.35)
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where (g — t)(z) = t(zg). Let x € H and compute

(9 —t)(z) =
= xS(h)t(zg) (by Lemma 5.4.4 ii))

= Z xS(xz1g1h)t(z2g2) (t left integral)
= ZXS x191h1)t $292h25(h3))
= ZxS xgh1)t(S(h2)) (xS right integral)

= xS(z Zghlt (h2))

= xS(zu) (where u =} ghit(S(h2)))

= xS(zu)xS(h)

= ZXS z1u1)x(@2u2S(h)) (xS right integral)
= ZXS z1uyS(ha)ha)x(z2u2S(h1))

(
(
= ZxS(hz)x (zuS(h1)) (x left integral)
(
)

= x(zl) (where ! =73 uS(h1)x(S(h2)))
= (I—=x)()
so (5.35) is proved, and we can choose r € H such that
h—=t=r—x (5.36)
- Now

t(x) = xS(h)t(z)

xS(hy)t(zhs) (xS right integral)
(S
2

I

XS (x1)$2h1) (xshg)
xS*(z1)t(z2h) (t left integral)
xS*(z1)x(z2r) (by (5.36))
xS(r)x(z),

where the last equality follows by reversing the previous five equalities. It
follows that t = xS(r)x, i.e. x spans [, and the proof is complete.

Il

Exercise 5.5.6 Prove Corollary 5.5.5 directly.

Solution: We know that ¢ : H* — H, ¢(h*) = > tih*(t}) is a bijection.
Hence there exists a T € H* such that > #{T(t5) = 1. Applying ¢ to this
equality we get T(t') = 1. For h € H we have

Y tT(hty) = Y #T(e(h)hat))
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= Y e(l)t;T(haty)
> S(l)hat| T(hst})
D S(h)e(ha)ti T(t5) = S(h).

In particular, we have S(t) = Y t|T(t'th) = Y t\TE'N(ty)) = (' —
NT@H) =t — N.

Exercise 5.5.2 Let f : C — D be a surjective morphism of coalgebras.
Show that if C is pointed, then D is pointed and Corad(D) = f(Corad(C)).
Solution: It follows from Exercise 3.1.13 and from the fact that for any
grouplike element g € G(C), the element f(g) is a grouplike element of D.

Exercise 5.5.7 Let H be a Hopf algebra such that the coradical Hy is a
Hopf subalgebra. Show that the coradical filtration HyC H1 C...H, C ...
is an algebra filtration, i.e. for any positive integers m,n we have that
HmHn g Hm+n-

Solution: We remind from Exercise 3.1.11 that the coradical filtration
is a coalgebra filtration, i.e. A(H,) € Y ._,, Hi ® Hy—; for any n. In
particular this shows that A(H,) C H, ® H,_ 1+ Hy® H,. '

We first show by induction on m that H,,Hy = H,, for any m. For m =0
this is clear since Hy is a subalgebra of H. Assume that H,,_1Hy = Hp,_;.
Then

g (Hm®Hm—-1 +'H0®Hm) : (HO®HO)
g HmHO®Hm—1 +HO®HmH0
g H ® Hm—l + HO ® H

A(HpHp)

where for the second inclusion we used the induction hypothesis. Thus
H,Hy C Hy A H,,_y = H,,. Clearly, H,, C H,,H, since Hy contains 1.
Similarly HyH,, = H,, for any m.

Now we prove by induction on p that for any m,n with m +n = p we have
that Hp, H, C Hp. It is clear for p = 0. Assume this is true for p— 1, where
p > 1, and let m,n with m +n =p. If m =0 or n = 0, we already proved
the desired relation. Assume that m,n > 0. Then we have that

A(HpH,) C (Hyn®Hp-1+Ho® Hp)(Hp, ® Hy1 + Ho ® Hy)
C HO®H, »+H,®H, .\ +H,®H, 1+ H®H
C H®H, ,+Hy®@H
which shows that H,, H, C HoANHp,_; = Hy, = Hypyn.

Exercise 5.5.9 Let H be a Hopf algebra. Show that the following are equiv-
alent.
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(1) H is cosemisimple.

(2) k is an injective right (or left) H-comodule.

(8) There exists a right (or left) integral t € H* such that t(1) = 1.
Solution: (1) and (2) are clearly equivalent from Theorem 3.1.5 and Ex-
ercise 4.4.7. To see that (2) and (3) are equivalent, we consider the unit
map u : Kk — H, which is an injective morphism of right H-comodules.
Then k is injective if and only if there exists a morphism ¢ : H — k of right
H-comodules with tu = Idg. But such a ¢ is precisely a right integral with
t(1) = 1.

Exercise 5.5.10 Show that in a cosemisimple Hopf algebra H the spaces
of left and right integrals are equal, and if t is a left integral with t(1) =1,
we have thatto S =t.

Solution: By Exercise 5.5.9 we know that there exist a left integral ¢ and a
right integral T  such that ¢(1) = T(1) = 1. Thent =T(1)t =Tt =¢t(1)T =
T, so [, = [. We know that t o S is a right integral. Since (to S)(1) = 1,
we see that to S =t.

Exercise 5.5.12 Let H be a Hopf algebra over the field k, K a field exten-~
sion of k, and H = K @i H the Hopf algebra over K defined in Ezercise
4.2.17. Show that if H is cosemisimple over k, then H is cosemisimple over
K. Moreover, in the case where H has a nonzero integral, show that if H -
1s cosemisimple over K, then H is cosemisimple over k.

Solution: We know from Exercise 5.1.6 that if T is a left integral of H,
then T € H' defined by T(6 ®; h) = 6T(h) is a left integral of H. Ev-
erything follows now from the characterization of cosemisimplicity given in
Exercise 5.5.9.

Exercise 5.5.13 Let H be a finite dimensional Hopf algebra. Show that
the following are equivalent.

(1) H is semisimple.

(2) k is a projective left (or right) H-module (with the left H-action on k
defined by h- o = e(h)ar).

(8) There exists a left (or right) integral t € H such that e(t) # 0.
Solution: It is clear that (1) and (2) are equivalent from Exercise 4.4.8. If
the left H-module k is projective, since € : H — k is a surjective morphism
of left H-modules, then there exists a morphism of left H-modules ¢ : k —
H such that € o ¢ = Idy. Denote t = ¢(1;) € H. We have that

ht = hé(1x) = ¢p(h - 1x) = ¢(e(h)1k) = e(h)p(1x) = e(h)t

for any h € H, showing that t is a left integral in H. Clearly (¢t} =
e(¢(1)) = 1. Conversely, if there exists a left (or right) integral ¢t € H
such that €(t) 5 0, we can obviously assume that £(t) = 1 by multiplying
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with a scalar. Then the map ¢ : k — H, ¢(a) = at is a morphism of left
H-modules and € o ¢ = Id, so k is isomorphic to a direct summand in the
left H-module H. This shows that k is projective.

Exercise 5.6.12 Give a different proof for the fact that A; does not have
nonzero integrals, by showing that the injective envelope of the simple right
Ai-comodule kg, g € C, is infinite dimensional.

Solution: Let &, be the subspace of A; spanned by all

—P1

gerPlea P XD L XD =gerP e P XP p = (p1,...,ps) € NL

Then by Equation (5.9), &, is a right A;-subcomodule of A; and kg is
essential in £;. On the other hand, A; = @gcc&y. Thus the &;’s are
injective, and we obtain that & is the injective envelope of Icg.

Exercise 5.6.24 Let A be the algebra generated by an invertible element a
and an element b such that 5™ = 0 and ab = A\ba, where \ is a primitive
2n-th root of unity. Show that A is a Hopf algebra with the comultiplication
and counit defined by

Ale)=a®a, AD)=a®@b+b®a " e(a) =1,6(b) =0

Also show that A has nonzero integrals and it is not unimodular.

Solution: Let C' =< a > be an infinite cyclic group and a* € C* such that
a*(a) = VA. Tt is easy to see that A ~ H(C,n,a?,a*). Everything else
follows from the properties of Hopf algebras of the form H(C,n,¢,c*,a,b).

Exercise 5.6.25 Let H be the Hopf algebra with generators c¢,x,,...,T:
subject to relations

=1, :cf =0, mic=—cx;, T;T;= —T:Ty,

Ale) =c®c, Alz)=cQz;+2;®1.

Show that H is a pomted Hopf algebra of dimension 2*1 with coradical of
dimension 2.

Solution: Let C' = C3 =< ¢ >, the cyclic group of order 2, c},...,c; € C*
defined by ¢j(c) = —1,and ¢; = cforall1 < j < ¢. Then H = H(C,n,c,c*)
and all the requ1rements follow from the general facts about Hopf algebras
defined by Ore extensions.

Exercise 5.6.26 Let ¢ be an automorphism of kC of the form ¢(g) = c*(g9)g
for g € C, and assume that c*(g) # 1 for any g € C of infinite order. Show
that if § is a ¢-derivation of kC such that the Ore extension (kC)[Y, ¢, 6]
has a Hopf algebra structure extending that of kC with Y a (1, c)-primitive,
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then there is a Hopf algebra isomorphism (kC)[Y, ¢, 6] ~ (kC)[X, ¢].
Solution: Let U = {g € C|c*(9) # 1} and V = {g € C|c*(g) = 1}. Thus,
if g € V then by our assumption g has finite order. In this case, ¢(g") = g"
for all n, and induction on n > 1 shows that §(g") = ng" '6(g). Then
5(1) = mg~16(g), where m is the order of g, and 6(1) = O imply that
6(g) = 0.

Now let g € U. Applying A to the relation Yg = ¢*(g)g9Y + 6(g), we find
that A(6(g)) = cg ® 6(g) + 6(g) ® g. Thus 6(g) is a (g, cg)-primitive, and
s0 6(g) = agg(c — 1) for some scalar a.

Therefore, for any two elements g and h of U

8(gh) = 6(g)h+ ¢(g9)é(h)
= agg(c—1)h +c*(g)ganh(c—1)
= (og +anc*(g))(c—1)gh

and similarly
6(hg) = (an + agc"(h))(c — 1)gh

Since C is abelian ag + ap < c*,g >=ap +ag <c*,h >, or
ag/(1—c"(9)) = an/(1 —c*(h))

Denote by v the common value of the ay/(1 — c¢*(g)) for g € U. We have

-v+c'(g)y=0.
Let Z =Y —~v(c—1). For any g € U we have that

Zg = Yg—r(c-1)g
= c*(9)gY +azg(c—1) —v(c—1)g
= c*(9)9Z +c*(9)vg(c— 1) + agg(c — 1) —vg(c — 1)
= c(9)9Z + (g — 7+ c*(9)7)g(c — 1)
c*(9)9Z

Obviously, Zg = gZ if g € V, so (kC)|Y,,6] ~ (kC)[Z, ¢] as algebras.
Since Z is clearly a (1, c)-primitive, this is also a coalgebra morphism, which
completes the solution.

Exercise 5.6.31 (i) Let C = Cy =< g >,t =2,n=(2,2),c = (g9,9),c" =
(g*,g*) where g*(g) = —1,b1z = 1,a = (1,1),a’ = (0,1). Show that there
exists a Hopf algebra isomorphism H(C,n,c,c*,a,b) ~ H(C,n,c,c*,a’,b).
(ii) Let C = Cy =< g >,t = 2,n = (2,2),¢c = (9,9),c* = (g%,9*) where
g*(g) = —1,a = (1,1) and biz = 2,0’ = (0,1),b}, = 0. Show that the Hopf
algebras H(C,n,c,c*,a’,b’) and H(C,n,c,c*, a,b) are isomorphic.
Solution: (i) The map f : H(C,n,¢,c*,a,b) — H(C,n,c,c*,a’,b) defined
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by f(9) = g, f(z1) = —(8* + B)a} + By, f(x2) = a5, where § € k is a
primitive cube root of —1 is a Hopf algebra isomorphism.

(ii) The map f from H(C,n,c,c*,a’,V') to H(C,n,c,c*,a,b) defined by
flg) = g, f(z1) = @2, f(z2) = x1 — 22, is a Hopf algebra isomorphism.
Note that one of the Hopf algebras is an Ore extension with nontrivial
derivation while the other is an Ore extension with trivial derivation.

Exercise 5.6.32 Let C be a finite abelion group, ¢ € C* and ¢* € C** such
that we can define H(C,n,c,c*). Show that H(C,n,c,c*)* =2 H(C*,n,c*,c),
where in considering H(C*,n,c*, c) we regard ¢ € C** by identifying C and
C**.

Solution: Suppose C =C; xCy X+ xCy =< g1 > X -+ X < gs > where
C; is cyclic of order m;. Fori=1,...,s, let {; € k* be a primitive m;-th
root of 1. The dual C* =< g7 > x:--x < g5 >, where g7(g;) = ¢; and
g7 (g;) = 1 for i # j, is then isomorphic to C. We identify C and C** using
the natural isomorphism C = C** where g**(g*) = g*(g).

First we determine the grouplikes in H*. Let h} € H* be the algebra map
defined by h}(9;) = 9;(g;) and hj(z;) = 0 for all 4,5. Since the A} are
algebra maps from H to k, H* contains a group of grouplikes generated by
the g7, and so isomorphic to C*.

Now, let y; € H* be defined by yj(gmj) = J*-_l(g), and y;(gz*) = 0 for
v # x;.

We determine the nilpotency degree of y;. Clearly y; is nonzero only on
basis elements gz7. Note that by (5.19) and the fact that g; = c}(c;),

' 2
yi(gz3) = (yj®yj)[(1) 9¢z; ® gj]
qj

2 " _
= (1) G (gzcj) !
qj

(1+g;)q; tc;(g®) ™!
(1+g; e (gH) ™

I

]

By induction, using the fact that (;)q‘ =(1+qg+...+ q;"l), we see that
2
for n; = ¢;

yj(ga5) = (L) (L my + 457 e (") 7

Since g;, and thus 7;, is a primitive n;-th root of 1, this expression is 0 1f
and only if r = n;. Thus the nilpotency degree of y; is n;.

Let g* € H* be an element of the group of grouplikes generated by the g}
above. We check how the y; multiply with g* and with each other. Clearly,
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both y;¢g* and g*y; are nonzero only on basis elements gz;. We compute
9°y3(925) = 9" (9¢i)yi(925) = 9" (9)9" (¢5)c5 ()™
and
yi9™(925) = ¥i(925)9" (9) = c5(9) "9 (9)
so that
9*y; = g"(c;)y;9%, or y;9" = ¢;* g )g Y-
Let j < 3. Then y;y; and y;y; are both nonzero only on basis elements
gz;x; = c;(cj)gz;T;. We compute
viy;(9iz;) = vilgza)y; (925) = ¢; ' (9)c; ™ (9)

and

y;9i(c; (cj)9z5m:) = cf(c;)w;(9z5)i(gzs) = ¢ (c5)e; ™ (9)e; H(g)

Therefore for j < i,
yiy; = ¢; (e ywi = ¢ e Dyswi = ¢S Ty
Finally, we confirm that the elements y; are (g, c;“l)-primitives and then

we will be done. The maps c;f_l ®y; +y; ® ey and m*(y;) are both only
nonzero on elements of H ® H which are sums of elements of the form
g®lz; or gr; ® 1, where m : H® H — H is the multiplication of H and
m* : H* - (H @ H)* is regarded as the comultiplication of H*. We check

(€ @y +y; ®en)(g®lz;) = (¢ @y;) (g @ laj) = ;7 (g)e; (1)

and
m*(y;)(g ® lz;) = y;(glz;) = ¢;*(g1)
Similarly,
(T ®y; +y; ®en)gz; ®1) = y;(92;) = ;1 (9)
and

v (gz51) = y;(c;(Dglas) = ¢ (De;Hgl) = ;7 (9)
Thus the Hopf subalgebra of H* generated by the h},y; is isomorphic to
H(C*,n,c*"1, ¢ ') and by a dimension argument it is all of H*. Now we
only need note that for any H = H(C,n, ¢, c*), the group automorphism of
C which maps every element to its inverse induces a Hopf algebra isomor-
phism from H to H(C,n,c™},c*~!), and the solution is complete.
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Bibliographical notes
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we took it from [198]. The bijectivity of the antipode for co-Frobenius
Hopf algebras was proved by D.E. Radford [189], where the structure of
the 1-dimensional ideals of H* was also given. The proof given here uses a
simplification due to C. Célinescu [52].
The method for constructing pointed Hopf algebras by Ore extensions from
Section 5.6 was initiated by M. Beattie, S. Dascélescu, L. Griinenfelder and
C. Nistdsescu in [28], and continued by M. Beattie, S. Dascélescu and L.
Griinenfelder in [27]. A different approach for constructing these Hopf alge-
bras is due to N. Andruskiewitsch and H.-J. Schneider [13], using a process
of bosonization of a quantum linear space, followed by lifting. This class
of Hopf algebras is large enough for answering in the negative Kaplansky’s
conjecture on the finiteness of the isomorphism types of Hopf algebras of
a given finite dimension over an algebraically closed field of characteris-
tic zero, as showed by N. Andruskiewitsch and H.-J. Schneider in {13], M.
Beattie, S. Discélescu and L. Grinenfelder in [25, 27]. The conjecture was
also answered by S. Gelaki [86] and E. Miiller {154]. A more general iso-
morphism theorem for Hopf algebras constructed by Ore extensions was
proved by M. Beattie in [24] '






Chapter 6

Actions and coactions of
Hopf algebras

6.1 Actions of Hopf algebras on algebras

In this chapter k is a field, and H a Hopf k-algebra with comultiplication
A and counit €. The antipode of H will be denoted by S.

Definition 6.1.1 We say that H acts on the k-algebra A (or that A is a

(left) H-module algebra if the following conditions hold:

(MA1) A is a left H-module (with action of h € H on a € A denoted by

h-a).

(MA2) h-{(ab) = > (h1-a)(hy-b), Vhe H, a,be A.

(MAS’) h- lA = E(h)lA, Vh € H.

Right H-module algebras are defined in a similar way |

Let A be a k-algebra which is also a left H-module with structure given by
viH®A— A, v(h®a)=h-a.

By the adjunction property of the tensor product, we haye the bijective
natural correspondence

Hom(H ® A, A) = Hom(A, Hom(H, A)).

If we denote by 9 : A —» Hom(H, A) the map correspondlng to v by the
above bijection, we have the following

Proposition 6.1.2 A is an H-module algebra if and only if w i$ a mor-
phism of algebras (Hom(H, A) is an algebra with convolution: (f * g)(h) =
2 f(h)g(ha)). .

233
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Proof: Since v corresponds to v, we have that v(h ® a) = ¢¥(a)(h), Vh €
H, a € A. Hence (M A2) holds

S vh®ab)=> v(hi®a)v(ha®b), Yhe H, a,be A

& Y(ab)(h) = 3 ¥(@) (h)Y(b)(ha) = ((a) * B(B)(R) Vh € H, a,b e A
& P(ab) = ¢Y(a) *Y(b), Va,be A & 1 is multiplicative.

Moreover, (M A3) holds

& v(h®1a) = Y(1a)(h) = e(h)la & P(1a) = lHom(m,4)- 1

Lemma 6.1.3 Let A be a k-algebra which is a left H-module such that
(M A2) holds. Then

i) (h-a)b =73 hy-(a(S(hg)-b)), Va,be A he H.

it) If S is bijective, then

a(h-b) =3 hy-((S~*(h1)-a)b), Va,be A h € H.

Proof: By (M A2) we have:

> hy-(a(S(ha)-b) = > (h1-a)(hz- (S(hs)-b))
> (b1 - a)((h2S(ha)) - b)
(O me(he)) - )b = (h- ).

i) is proved similarly. |

I

I

Proposition 6.1.4 Let A be a k-algebra which is also a left H-module.
Then A is an H-module algebra if and only if p : AQA — A, p(a®b) = ab,
is a morphism of H-modules (A® A is a left H-module with h - (a ® b) =
Zhl -a®ho-b).

Proof: The assertion is clearly equivalent to (M A2). To finish the proof it
is enough to show that (M A3) may be deduced from (M A2). We do this
using Lemma 6.1.3. Indeed, taking in Lemma 6.1.3 a = b = 14, we have

h-14 = (h‘lA)lA
= Zhl-(lA(S(h2)‘1A))

= > h1-(S(hs)-1a)
= Zh] h2 ].A—&'()A

so (M A3) holds and the proof is complete. |

Definition 6.1.5 Let A be an H-module algebra. We will call the algebra
of invariants

={a€ A|h-a=¢(h)a, Vhe H}.
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AH is indeed a k-subalgebra of A: if a,b € A then for any h € H we have

he(ab) = ) (b -a)(ha-)
= > e(h1)ac(ha)b
S =) e(h)e(ha)ab
= Z e(hie(ha))ab = e(h)ab.

Another algebra associated to an action of the Hopf algebra H on the
algebra A is given by the following

Definition 6.1.6 If A is an H-module algebra, the smash product of A
and H, denoted A#H, is, as a vector space, A#H = A® H, together with
the following operation (we will denote the element a ® h by a#h):

(a#h)(b#g) = D a(ha - b)#hag.
|

Proposition 6.1.7 i) A#H, together with the multiplication deﬁned above,
s a k-algebra.

it) The maps a — a#ly and h —— 14#h are injective k-algebra maps
from A, respectively H, to A#H.

i) A#H is free as a left A-module, and if {h;}icr is a k-basis of H, then
{14#th;}ier is an A-basis of A#H as a left A-module.

w) If S is bijective (e.g. when H is finite dimensional, see Proposition
5.2.6, or, more general, when H is co-Frobenius see Proposition 5.4.6),
then A#H is free as a right A-module, and for any basis {h;}icr of H over
k, {1a#hi}icr is an A-basis of A#H as a right A-module.

Proof: i} We check associativity:

((a#h)(b#9))(c#e) = D (a(h - b)#hag)(cite)
= Y a(h1 - b)(hags - c)#hagee -
= 3 a(hy - (b(g1 - ) #hagae
= (a#h)(D_blgr - c)#gze
(a#th)((b#9)(c#te)),

hence the multiplication is associative. The unit element is 14#1y:

(a#h)(La#ln) = Y (a(ha - 14)#ha)
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= Za#é’(hl)hg
= a#th = (La#lu)(a#h).

ii) It is clear that (a#1y)(b#1n) = ab#1ly, Va,b € A. We also have
(La#h)(La#g) = Y hi - la#heg = 3 1a#e(h)he = la#thg. The in-
jectivity of the two morphisms follows immediately from the fact that 1y
(resp. 14) is linearly independent over k.

iii) The map a#h — a ® h is an isomorphism of left A-modules from
A#H to AQ® H, where the left A-module structure on A ® H is given by
a(b®h) =ab® h.

iv) will follow from

Lemrha 6.1.8 If A is an H-module algebra, and S is bijective, we have
a#h =" (Lat#h2)($7 (h) - a#fln).
Proof:

S (1a#h2)(S7Hh) - a#ly) = D (haS7 (M) - aths
= > e(h1)adthy = a#h.

We return to the proof of i) and define
¢ A#H — H®A, ¢(a#h)=) ha®S5'(h)-q,
and
0: H® A— A#H, 0(h®a)= (1a#h)(a#1ly).
By Lemma 6.1.8 it follows that 8 o ¢ = 144 y. Conversely,
#((La#th)(a#1H))
= ¢(D_ h1-athy)
= Zha ® S h2 hl a
= Zh2®s hi)a =h® a,

(¢of)(h®a)

hence also ¢ 0 @ = 1gga. Since € is a morphism of right A-modules, we
deduce that A# H is isomorphic to H ® A as right A-modules. |
We define now a new algebra, generalizing the smash product.
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Definition 6.1.9 Let H be a Hopf algebra which acts weakly on the algebra
A (this means that A and H satisfy all conditions from Definition 6.1.1
with the exception of the associativity of multiplication with scalars from H:
hence we do not necessarily have h- (- a) = (hl) -a forVh,l € H, a € A.
As it will soon be seen, this condition will be replaced by a weaker one). Let
o: Hx H— A be a k-bilinear map. We denote by A#,H the k-vector
space AQ H, together with a bilinear operation (AQH)®(A®H) — (AQH),
(a#th) @ (b#l) — (a#th)(b#1), given by the formula.

(a#th)(b#1) =) a(hy - b)o(ha, l)#hslz (6.1)

where we denoted a @ h € A® H by a#h. The object A#,H, introduced
above, is called a crossed product if the operation is associative and 1 Ay
is the unit element (i.e. if it is an algebra). |

Proposition 6.1.10 The following assertions hold:
i) A#,H is a crossed product if and only if the following conditions hold:
The normality condition for o:

o(1,h) = o(h,1) = e(h)la, Vhe H (6.2)

The cocycle condition:

Z(hl -0 (l1,m1))a(he, lomg) = ZQ’(hlyll)a(hZZz,m)v Vh,l,m € H
‘ 6.3)

The twisted module condition:
D (b1 (- a))o(ha, l2) = o(ha, h)((hal2) - a), Vh,l€ H, ac A (6.4)

For the rest of the assertions we assume that A#.H is a crossed product.

(it) The map a — a#ly, from A to A#,H, is an injective morphism of
k-algebras.

1) A#.,H ~ A® H as left A-modules.

w) If o is invertible (with respect to convolution), and S is bijective, then
A#.H ~ H® A as right A-modules. In particular, in this case we deduce
that A#,H is free as a left and right A-module.

Proof: i) We show that 14#1y is the unit element if and only if (6.2)
holds. We compute:

(La#ln)(a#th) = Y 1a(ln - a)o (1, hn)the = ) a0 (L, ha)#ho.

Hence, if o(1,h) = e(h)14, Vh € H, it follows that 14#1y is a left unit
element. Conversely, if 14#1y is a left unit element, applying I ® € to the
equality

La#h =Y o(1, h1)#he
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we obtain e(h)14 = o(1, h). Similarly, one can show that 14#1g is a right
unit element if and only if o(h, 1) = e(h)14.

We assume now that (6.2) holds, and that the multiplication defined in 6.1
is associative, and we prove (6.3) and (6.4). Let h,{,m € H and a € A.
From (1#h)((1#0)(1#m)) = ((1#h)(141))(1#m) we deduce (6.3) after
writing both sides and applying I ® €.

From (1#h)((1#1)(a#m)) = ((1#h)(14))(a#m) we deduce (6.4) after
writing both sides, using (6.2) and applying I ® ¢.

Conversely, we assume that (6.3) and (6.4) hold. Let a,b,c € Aand h,l,m €
H. We have:

(a#h)((b#) (c#m)) =
= > a(hy - (bl - €)o(la,m1)))0 (ha, lsma)#hslams

= Y _a(hy-b)(he - (L - ©))(ha - o(lp,m1))0(ha, lyma)F#hslams
= Za(hl b)(ha - (L - ¢))o(hs, l2)o(hals, m1)F#hslame
= > a(hy - b)o(ha, li)(hsls - c))o(hals, m1)#hslama,

where we used, (M A2) for the second equality, (6.3) for hs,lz, m; for the
third one, and (6.4) for hg,li,c for the fourth.
On the other hand,
((a#th) (b#1)) (c#m) = 3 a(ha - b)o(he, 1) ((hsl2) - €))o(hals, m1)#thslams,
hence the multiplication of A#,H is associative.
ii) and iii) are clear.
iv) We define
a: HRA— A#,H

oh®a) = o7 (he, 57 (M) (hs - )#ha,

where o~ ! is the convolution inverse of o, and $~! is the composition
inverse of S. We also define

ﬂ : A#UH i H®A,
Blath) =Y ha®(S7 (ha) - a)o(S7 (ha), ha).

We show that a and S are 1sornorphlsms of right A-modules, inverse one to
each other. We prove first the following

Lemma 6.1.11 If o is invertible, the following assertions hold for any
h,l,me H:

a) h-o(l,m) =3 a(hy,l1)o(halz, m1)o™ (hs,l3my).

b) h- J_l(l,m) = ZO’(hl,llml)d_l(hle,mz)O'—l(hg,,l3).

¢) 32(hy - 071 (S(ha), hs))o(ha, S(ha)) = e(h)1a.
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Proof: First, if 07! is the convolution inverse of o, we have

3 o7, m)o(ls,me) =Y oll,ma)o Iz, me) =
=¢e(l)e(m)ly, Vi,m e H.
a) We have
hoollm) = Y(hr- ol m))e(h)e(i)ems)la
= > (h1-a(li,m))e(h2)e(lama)la
= > (h1-0(li,m1))a(hg, lama)o ™" (s, lsms)
= Y o(h,h)o(hale,mi)o ™ (s, lama),

where we used (6.3) for the last equality.
b) Multiplying by h € H both sides of the equality

> o7l mi)o(la, me) = e(e(m)1a,
we get |
Skt - 07! () (he - oIz, me)) = e(h)e(De(m)1a.
We deduce that the map h® @ m — h -0~ (l,m), from H ® H ® H to
A, is the convolution inverse of the map h® ! ® m — h-o(l,m). To finish

the proof of b), we show that the right hand sides of the equalities in a)
and b) are each other’s convolution inverse. Indeed,

Za(hl; l)o(hala, m1)a ™" (ha, lama)
o(ha,lams)o ™ (hsls, ma)o ™ ke, ls) =
= Z O'(h,l N ll)U(hzlg, my )€(h3)6(l3)€(mé)6_1 (h4l4, mg)(f—l(h5, l5) =
=" o(hy, ))o(hala, m1)o ™ (hls, ma)o ™ (he, la) = e(R)e(De(m)1a.

c) The left hand side of the equality Becomes, after applying b) for h;, S(ha), hs:

Z o(hy, S(hs)he)o ™  (haS(Rr), hao)o ™ (hs, S(he))o(ha, S(hs)) =

- Za(hl,S(hﬁ)h7)‘7—1(h25(h5)’hS)E(h‘3)6(h4) =
= 3" ol S(ha)hs)o ™ (h2S (hs), he) =
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=Y o(h1,e(ha)1m)o ™ (e(ha)1n, ha) =
= e(h)e(ho)e(ha)e(ha)la = e(h)1a,
and the proof of the lemma is complete.
other’s inverse. We compute
(Boa)h®a)=
=Y hr® (S (he) - (07 (h2, ST (M) (s - @)))o (57 (hs), ha)
= Zhs ® (S (h) - 07 (h2, §7 (M)
(87! (he) - (ha - a))o(S™" (hs), ha) (by (MA2))
=Y hg® (S (he) - 07 (he, 7} (M)
(87 (he), ha)((S™*(hs)ha) - a) (by (6.4))
=Y hr @ (S (he) - 07 (hg, ST (M)))o (ST (hs), ha)e(ha)a
= he ® (87 (he) - 07 (he, STV (m1)))o (ST (ha), h3)a
=Y ha ®e(S™}(h))a (by Lemma 6.1.11, c) for S~ (h1))
=Y hm®elh)a=heaq,
hence B o a = 1gga. Conversely,
(a0 B)(a#th) =
=Y 07 (hs, ST (ha))(hs - (S (ha) - @)a (S (h2), h1))#tha
=Y 07 (hs, S (ha))(he - (ST (ha) - )
(h7 - 9(S7 (ha), hn))#ths (by (MA2))

= o7 (hs, 87 (1)) (ho - (S (he) - a))o (a0, ST (hs))o (a1 S (ha),

07 (h12, ST (h3)ho)#his (by Lemma 6.1.11, a))
=Y 07 (he, S (hs))(h7 - (S (ha) - )
o(hs, S™*(ha))o(heS ™" (hz2), h1)#hio
= 07 (he, S (hs))o(hr, S (ha))((heS ™ (h3)) - @)

1
We go back to the proof of the proposition and show that o and 3 are each

hy)
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o(hgS™ (ha), 1) #h1o (din (6.4))
= e(hs)e(ha)((heS ™" (ha)) - @)o(heS™ (he), h)#hs
=Y ((haS7(hs)) - a)o(hs S (h2), h)#he
= "e(hs)ao(haS™" (he), ha)#ths
=" ao(h3S7 (ha), ha)#ths = Y ae(ho)o(1, hy)#hs
= ag( hl)#hg = ath,

hence also ¢ o 8 = 144, p. Finally, we note that

ah®a)d = a(h®a)(b#1)
= S0 '(ha,S l(hl)xha-a)#ha(b#l)
= S 07 ke, ST () (hs - @) (ha - b)or(hs, V)b

= > 07 he, 7 () (hs - (ab))#ha
= a(h®ab)=a((h®a) )y

hence « is a morphism of right A-modules. It follows that « is an isomor-
phism of right A-modules, and the proof is complete. ]

Remark 6.1.12 In case 0 : HQ® H — A is trivial, i.e. o(h,l) =
e(h)e()1a, A is even an H-module algebra, and the crossed product A#,H
is the smash product A#H. |

We look now at some examples of actions:
Example 6.1.13 (Ezamples of Hopf algebras acting on algebras)

1) Let G be a finite group acting as automorphisms on the k-algebra A. If
we put H = kG, with A(g) = g® g, €(9) = 1, S(g) = g7, Vg € G, and
g-a=g(a)=a% a € A, g € G, then A is an H-module algebra, as it may
be easily seen. The smash product A#H is in this case the skew group
ring A x G (we recall that this is the group ring, in which multiplication is

altered as follows:
(ag)(bh) = (ab%)(gh),

Ya,b€ A, g,h € G), and A¥ = A% is the subalgebra of the elements fixed
by G (which explains the name of algebra of the invariants, given to A¥ in
general).

The smash product A#H is sometimes called the semidirect product. Here
is why. Let K be a group acting as automorphisms on the group H (i.e.
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there exists a morphism of groups ¢ : K — Aut(H)). Then K acts
as automorphisms on the group ring kH, which becomes in this way a
kK-module algebra. Since in kH#kK we have, by the definition of the
multiplication,

(h#tk) (R'#K) = h(k - W) kK = ho(R) () #kE,

we obtain that kH#kK ~ k(H x4 K), where H x4 K is the semidirect
product of the groups H and K.
2) Let G be a finite group, and A a graded k-algebra of type G. This means

that A = @ Ay (direct sum of k-vector spaces), such that AgA, C Agp.
geG
If 1 € G is the unit element, A; is a subalgebra of A. Each element

a € A writes uniquely as a = )_ ay. The elements a, € Ay are called the
9€G

homogeneous components of a. Let H = kG* = Homy(kG, k), with dual

basis {pg | g € G, pg(h) = 6g,n}. The elements p, are a family of orthogonal

idempotents, whose sum is 1. We recall that H is a Hopf algebra with

Alpg) = hgcpgh—l ® Ph, €(pg) = 69,1, S(pg) = Pg-1. For a € A we put

Pg - @ = ag, the homogeneous component of degree g of a. In this way,
A becomes an H-module algebra, since p, - (ab) = (ab)g = ) agp-1bp =
heG

Y (Pgh-1-a)(pn -b). The smash product A#kG* is the free left A-module
heG
with basis {py | ¢ € G}, in which multiplication is given by

(apg)(bpr) = abgp-1pn, Va,b€ A, g,h €G.

The subalgebra of the invariants is in this case A;, the homogeneous com-
ponent of degree 1 of A.

3) Let L be a Lie algebra over k, and A a k-algebra such that L acts on A
as derivations (this means that there exists & : L — Der(A) a morphism
of Lie algebras). For z € L and a € A, we denote by = -a = a(z)(a).
Let H = U(L), be the universal enveloping algebra of L (for z € L
Alz) =z®1+1®uz, e(z) =0, S(z) = —z). Since H is generated by
monomials of the form z;...z,, z; € L, we put

Zy...Tpnra=21 (22 (...(Tzn-a)...), a€ A
In this way, A becomes an H-module algebra, and A¥ = {a € A|z-a=

0, Vz € L}.
4) Any Hopf algebra H acts on itself by the adjoint action, defined by

hel=(adh)l =Y hilS(hy).
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This action extends the usual ones from the case H = kG, where (ad z)y =
zyz~!, z,y € G, or from the case H = U(L), where (ad z)h = zh — hz,
z € L, h € H (the second case shows the origin of the name of this action).
We have then H¥ = Z(H) (center of H). Indeed, if g € H¥, then Vh € H

hg = Zhls(hz)g = Zhlgf(hz)
= ZhlgS(hz)ha = ZE(hl)gh2 = gh

The reverse inclusion is obvious.

5) If H is a Hopf algebra, then H* is a left (and rlght) H module algebra
with actions defined by (h — h*)(g) = h*(gh) (and (h* — h)(g) = h*(hg))
for all h,g € H, h* € H*. ' |

6.2 Coactions of Hopf algebras on algebras

We have seen in Example 6.1.13 2) that a grading by an finite group G on
an algebra is an example of an action of a Hopf algebra. To study the case
when G is infinite requires the notion of a coaction of a Hopf algebra on an
algebra. '

Definition 6.2.1 Let H be a Hopf algebra, and A a k-algebra. We say
that H coacts to the right on A (or that A is a right H-comodule algebra).
if the following coditions are fulfilled:

(CA1) A is a right H-comodule, with structure map

p:A— A®H, pa) Za0®a1,

(CAQ) Z(ab)o ® (ab)1 = Zaobg ® a1by, Va,be A.

(CA3) p(1) =14 ® 1h.

The notion of a left H-comodule algebra is defined similarly. If no mention
of the contrary is made, we will understand by an H-comodule algebra a
right H-comodule algebra. ' |

The following result shows that, unlike condition (M A2) from the definition
of H-module algebras, conditions (CA2) and (CA3) may be mterpreted in
both possibile ways.

Proposition 6.2.2 Let H be a Hopf algebra, and A a k-algebra which is a
right H -comodule with structural morphism p: A — A®H. The following
assertions are equivalent:

i) A is an H-comodule algebra.
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it) p is a morphism of algebras.

i11) The multiplication of A is a morphism of comodules (the right comodule
structure on A® A is given by a®br— > ag @by ® a1b1), and the unit of
A, u:k — A is a morphism of comodules.

Proof: Obvious. |
As in the case of actions, we can define a subalgebra of an H-comodule
algebra using the coaction.

Definition 6.2.3 Let A be an H-comodule algebra. The following subalge-
bra of A '
A" ={ac A|p(a) =a®1}.

is called the algebra of the coinvariants of A. |

In case H is finite dimensional, we have the following natural connection
between actions and coactions.

Proposition 6.2.4 Let H be a finite dimensional Hopf algebra, and A a k-
algebra. Then A is a (right) H-comodule algebra if and only if A is a (left)
H*-module algebra. Moreover, in this case we also have that A¥ = Ac°H .

Proof: Let n = dimy(H), and {ei,...,e,} C H, {e},...,er} C H* be
dual bases, i.e. e*(e;) = 6;;.

Assume that A is an H-comodule algebra. Then A becomes an H*-module
algebra with

f-a=Y acf(a1), Vf€ H* a€ A

Indeed, we know already that A is a left H*-module, and

> “(ab)of((ab):)
Zaobof(albl)

= > aobofi(a1)fa(b1)
Z ao fi(az)bof2(b1)
> (fi-a)(f2-b).

- (ab)

it

Conversely, if A is a left H*-module algebra, A is a right H-comodule with

p:A— A®H, p(a)=Zef~a®e,~.
i=1
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We have, for any f € H*

(I ® f)(p(ab))

and so p(ab) = p(a)p(b).

It

e - (ab) ® fles)

s
It
-

,M:

(e fle)) - (ab) ®1

( b)®1

(fi-a)(fo D) ®1

D (e filed) - a)((e] fo(es)) - b) ® 1

4,j=1

D (ef-a)(e; - b) ® fle) fale) -

4,5=1

Y (e -a)(e; - b) ® fleies)

5,j=1

:M*ﬂMz

n

IR (ef - a)(e} - b) ® ese;)

i,j=1

(I ® f)(pla)p(b)),

Finally;

p(1) = Y e 1®e=Y el(Dl®e
1=1 i=1
= Zl@e;(l)ei=1A®1H.
We now have
AT = {a€A|f-a=f()a, Vf € H*}

= {a€A|) aof(ar) = f()a, Vf € H*}

= {a€A|(Id® f)(p(a)) =

= {acA|pla)=a®1} = A%®H,

Id® f)(a®1), Vfe H'}

245

Example 6.2.5 (Ezamples of coactions of Hopf algebras on algebras)
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1) Any Hopf algebra H is an H-comodule algebra (left and right) with
comodule structure given by A. Let us compute H®H. If h € HH we
have A(h) = > h1 ® hs = h® 1. Applying I ® ¢ to both sides, we obtain
h = g(h)1, hence H®H C k1. Since the reverse inclusion is clear, we have
Heoll — k1.

2) Let G be an arbitrary group, and A a graded k-algebra of type G (see
Example 6.1.13, 2) ). Then A is a kG-comodule algebra with comodule
structure given by

p:A— ARKG, pla)=) a,®g,
g€G

where a = Y ag, ay € Ay almost all of them zero. We also have A% *¢ =
9€G
A;.
3) Let A#,H be a crossed product. This becomes an H-comodule algebra
with
p: A#.H — A#,HQH, pla#h) = (a#th1) ® hy.

We have (A#,H)®°" = A#,1 ~ A. Indeed, if a#h € (A#,H)*H, then
applying I ® I ® ¢ to the equality p(a#h) = (a#h) ® 1 we obtain a#h €
A#,1, and the reverse inclusion is clear. Since the smash product is a
particular case of a crossed product, the assertion also hold for a smash
product A#H. |

It is possible to associate different smash products to a right H-comodule
algebra A. First, the smash product #(H, A) is the k-vector space Hom(H, A)
with multiplication given by

(f-9)(R) = f(g(ha)ihn)g(ha)o, f.g € #(H,A), h€ H.  (6.5)

Exercise 6.2.6 With the multiplication defined in (6.5), #(H, A) is an as-
sociative ring with multiplicative identity ugey. Moreover, A is isomorphic
to a subalgebra of #(H, A) by identifying a € A with the map h v+ e(h)a.
Also H* = Hom(H, k) is a subalgebra of #(H, A).

Remark 6.2.7 If we take k with the H-comodule algebra structure given
by ug, then the multiplication from (6.5) is just the convolution product. B

We can also construct the (right) smash product of A with U, where U
is any right H-module subring of H*, (i.e. possibly without a 1). This
smash product, written A#U, is the tensor product A ® U over k but with
multiplication given by

(a#h*)(b#g™) = > abo#(h" — b))g".
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If H is co-Frobenius, H*"* is a right H-module subring of H*, A# H*"t
makes sense and is an ideal (a proper ideal if H is infinite dimensional) of
A#H*. In fact, A# H*"** is the largest rational submodule of A# H* where
A#H* has the usual left H*-action given by multiplication by 1#H*. To
see this, note that A#H* is isomorphic as a left H*-module to H* ® A,
where the left H*-action on H* ® A is given by multiplication by H* ® 1.
The isomorphism is given by the H*-module map

¢:H*®A— A#H*, ¢(h"®a) =) ao#h” —ay. (6.6)

with inverse ¢ defined by ¥(a#h*) = > h* — 57 1(a;) ® ap .
Since (H*® A)™ = H*'@ A, (A#H*)" = p(H" @A) = A#H**".
Thus we have

A#H*TaF — (A#H*)rat C A#H* C #(H, A)

If H is finite-dimensional, then H is a left H*-module algebra, and these
smash products are all equal (this is the usual smash product from the pre-
vious section). Note that the idea for the definition of (6.5) comes naturally
by transporting the smash product structure from A#H* to Hom(H, A)
via the isomorphism of vector spaces from Lemma 1.3.2.

Exercise 6.2.8 In general, A#H*"® is properly contained in #(H, A)ret.

Remark 6.2.9 Let us remark that for graded rings A over an infinite group
G, A#(kG)*"* is just Beattie’s smash product [21].

We can adjoin a 1 to A#H*" in the standard way. Let (A#H*™%)! =
A#H*"t x A with componentwise addition and multiplication given by

(a#h*,c)(b#g*,d) = ((a#th*)(b#g*) + (Z ado#h* — dy) + (;b#g*,cd).

Then (A#H*™*)! is an associative ring with multiplicative identity (0,1)
and with A#H*™ isomorphic to an ideal in (A#H*"*)! via i(z) = (z,0).
Again, for graded rings A over an infinite group G, (A#(kG)*"**)! is just
Quinn’s smash product [18]. |

We define now the categories of relative Hopf modules (left and right).

Definition 6.2.10 Let H be a Hopf algebra, A an H-comodule algebra.
We say that M is a left (A, H)-Hopf module if M is a left A-module and a
right H-comodule (with m +— >_ mo ® my ), such that the following relation
holds.

Z(am)o ® (am), = Zaomo ®ami, a€ A me M. (6.7)



248 CHAPTER 6. ACTIONS AND COACTIONS

We denote by aM™ the category whose objects are the left (A, H)-Hopf
modules, and in which the morphisms are the maps which are A-linear and
H-colinear.

We say that M is a right (A, H)-Hopf module if M is a right A-module
and a right H-comodule (with m v Y mg ® my), such that the following
relation holds.

Z(ma)g ® (ma); = Zmoao ®mua;, a€ A, meM. (6.8)

We denote by M the category with objects the right (A, H)-Hopf modules,
and morphisms linear maps which are A-linear and H-colinear.

Similar definitions may be given for left H-comodule algebras. If A is such
an algebra, the objects of the category § M are left A-modules and left H-
comodules M satisfying the relation

Z(am)_l ® (am)g = Za-lm_1 ® agmy,

for alla € A, m € M, and the objects of the category M, are right
A-modules and left H-comodules M satisfying the relation

E(ma)—-l ® (ma)o = Zm—la-—l ® agmy,
forallace A, me M.
If M is a left H-module, we denote by

ME ={meM|h-m=e(h)m, Vhe H}.

If A is a left H-module algebra, and M is also a left A# H-module, it may
be easily checked that M* is an Af-submodule of M. If M is a right

H-comodule with m — Y~ mg @ m;, we denote by
MeH = {meM| Zm(,@ml =m®1}.

If A is a right H-comodule algebra, and M is also a right (A, H)-module,
it may be checked that MH is an A°°H_submodule of M.

The following result characterizes the categories of relative Hopf modules
in case H is co-Frobenius.

Proposition 6.2.11 Let H be a co-Frobenius Hopf algebra, and A a right
H-comodule algebra. Then:

i) The category 4M™ is isomorphic to the category of left unital A#H*"ot-
modules (i.e. modules M such that M = (A#H*™*) . M), denoted by
A#HtrutMu.

i) The category MH is isomorphic to the category of right unital A#H*"**-
modules, denoted by MY 4 grorar-
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Proof: i) The reader is first invited to solve the following

Exercise 6.2.12 Let H be co-Frobenius Hopf algebra and M a unital left
A# H* % module. Then for any m € M there ezists an u* € H*"*" such
that m = u* - m = (1#u*) - m, so M is a unital left H*"**-module, and
therefore a rational left H*-module.

Let M € agpperaaM®. The Exercise shows that M is a rational left
H*-module, and therefore a right H-comodule. M also becomes a left
A# H*-module via

(a#th*) -m = (a#h™u") - m
forac A, h* € H*, m € M, uv* € H** and m = u* - m. The definition is -
correct, because we can find a common left unit for finitely many elements -

in H*™%t, Now we turn M into a left A-module by putting a-m = (a#¢)-m
We have

I

(1407 )(atte) - m

= ) (a#h” —ar)-m

> (ao#e)(1#h* —a1)-m
2(00#5) - (R* = a1)(m1)mo
= Zao “mo(h* — a1)(m),

h* - (a-m)

I

so M € ;M7
Conversely, if M € oM™ then M becomes a left H*-module with H*"at .
M = M, and a left A#H*-module via

(a#h™) - Zamoh (mq).
Then
(a#th*)((b#g") -m) =D _ abomog® (alml)h*("w) = ((a#h*)(b#g")) - m

80 M becomes a umtal left A# H*"%*-module. It is clear that the above
correspondences define functors (which are the identity on morphisms) es-
tablishing the desired category isomorphism.

ii) The proof is along the same lines as the one above. It should be noted
that H*™%! is stabilized by the antipode, which is an automorphism of H
considered as a k-vector space, and so if h* € H* with Ker(h*) 2 I, I
a finite codimensional coideal, then Ker(h*S) 2 S~Y(I), which is also a
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coideal of finite codimension. We also note that if M € MH | then the right
A# H*-module structure on M is given by

m- (a#h*) = Zmoaoh*(S’_l(mlal)).
i

Exercise 6.2.13 Consider the right H-comodule algebra A with the left
and right A#H*-module structures given by the fact that A € MY and
A€ AMH.'

a- (b#h*) = aoboh* (S (arb1)), (b#h*)-a =Y baoh*(a1).

Then A is a left A#H* and right A°H -bimodule, and a left A°°H and right
A#H*-bimodule. Consequently, the map

T A#FHTY — End(Apeon), w(af#l)(b) = (a#l) - D,
is a ring morphism.

Exercise 6.2.14 Let A be a right H-comodule algebra and consider A as
a left or right A#H*"**-module as in Ezercise 6.2.13. Then:

Z) ACOH ~ End(A#HmratA)
7,7,) AcoH ~ End(AA#H.m:).

Example 6.2.15 1) If H is a Hopf algebra, H is a right comodule algebra
as in Example 6.2.5, 1), then the categories gM* and Mﬁ are the usual
categories of Hopf modules.

2) If G is a group, H = kG, and A is a graded k-algebra of type G (see Fz-
ample 6.2.5, 2) ), then the category 4M™ (respectively MK ) is the category
of left (resp. right) A-modules graded over G. ]

Proposition 6.2.16 If H is a co-Frobenius Hopf algebra, and 0 # t € fu
let M € aM¥ (resp. M € MY ). Then:

i)t-M C McH

i) If m € M°H and c € A, thent-(cm) = (t-c)m

(resp. t-(mc) =mf(t-c)).

In particular, the map M — MH m s t-m is a morphism of A®H- |
bimodules.

Proof: We prove only one of the cases.
i) If h* € H*, then h* - (t - m) = (h*t) - m = h*(1)t - m.
ii) t- (em) = Y t(cimi)como = Y t(er)com = (t - c)m. : |
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Corollary 6.2.17 If H is a finite dimensional Hopf algebra, 0 #t € H 1s
a left integral, and A is a left H-module algebra, the map

tr:A— A" tr(a)=t-a
is a morphism of A -bimodules. |

Definition 6.2.18 The map tr from Corollary 6.2.17 is called the trace
function. We say that the the H-module algebra A has an element of trace.
1 if tr is surjective, i.e. there exists ana € A witht-a =1. |

Example 6.2.19 1) Let G be a finite group acting on the k-algebra A as

automorphisms (see Ezample 6.1.13, 1) ). Thent = 3 g is a left integral
geG
in H = kG, and the trace function is in this case

tr: A— A% tr(a) = Z a’.
9€G

In case A is a field, a Galois extension with Galois group G, the trace
function is then ezactly the trace function defined e.g. in N. Jacobson [99,
p.284], which justifies the choice for the name. The connection with the
trace of a matrix is the following: in the Galois case, the trace of an element
is the trace of the image of this element in the matrix ring via the regular
representation (cf. [99, p.403]).

2) If H is semisimple, then any H-module algebra has an element of trace
1. Indeed, if t is an integral with e(t) =1, thent-1=1. |

Exercise 6.2.20 (Maschke’s Theorem for smash products) Let H be a
semisimple Hopf algebra, and A a left H-module algebra. Let'V be a left
A# H-module, and W an A#H -submodule of V. If W is a direct summand
iV as A-modules, then it is a direct summand in'V as A# H-modules.

6.3 The Morita context

Let H be a co-Frobenius Hopf algebra, ¢ a nonzero left integral on H, and A
a right H-comodule algebra. In this section, we construct a Morita context
connecting A#H*"%* and A", Then we will use the Morita context to
study the situation when A/A%H is Galois.

Recall from Exercise 6.2.13 that A is an A# H*mt AC"H bimodule and
an AH — A4 H* %t bimodule with the usual A°°¥-module structure on A,
and for a,b € A, h* € H*™®, the left and right A# H*"**-module structures
are given by: :

(a#th*) - b= Zaboh*b(b'l),
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and

b- (a#th™) = (h*S™') — (ba) = Y boaoh* (S~ (b1a1)).
If g is the grouplike element of H from Proposition 5.5.4 (iii) (which was
denoted there by a), we can also define a (unital) right A#H* %*-module
structure on A by

bg (a#h*) =b-(a#tg — h*) =D boaoh* (S~ (b1ay)g).

Since g defines an automorphism of A#H*"%t a#h* — a#g — h*, it

follows that with this structure A is also an A" — A H*"%t_bimodule.
We define now the Morita context. Let P =gup+rat Ajcon with the

standard bimodule structure given above. Let @ =4con Aggp+re: Where

now the right A# H*"**-module structure on A is defined using the grouplike

from Proposition 5.5.4 (iii), which we will now denote by g, as above.
Define bimodule maps [—, —] and (—, ) by

[_’—'] :PRQ =AQ con A—)A#H*Tﬂt
[= —le®@b) =a,8] = Zabo#tl—bl,

and
(—, —-) : Q®P= A®A#Hn-at A —_— ACOH,

(— —-)(@®b) = (a,b) =t — (ab) = Y _ agbot(arbs).

Note that since t — A C A the image of (—,—) lies in A°H. Then,
with the notation above, we have

Proposition 6.3.1 For H with nonzero left integralt, A, P,Q,[—, -}, (=, —)
as above, the sextuple
(A#H*Tata ACOH) P) Qa [”—) _]: (-') '—))

is a Morita context.

Proof: We have to check that:
1. The bracket [--]: A®gcon A — A#H*" satisfies [ab,c] = [a, bc] for
b€ A°°H which is clear, and that it is a bimodule map.
Left A# H*"%t linearity:
[(a#l) - b,c] = > [abol(b1),c] = Y abocol(br)#t — 1

and
(a#l)b,d = (a#l) Y boo#t —
= > aboco#(l — bie1)(t — c2)
= Y aboco#|(l — b1)t] — 1

= Zaboco#l(bl)t «— ¢ since t is a left integral.
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Right A#H*"% . linearity: ‘
[a,b-g(c#l)] = 3 la, bacol (S~ (bic1)g)] = 3 aboco#(t — brer)I(S™ 1 (bac2)g),

and,

[a,b(c#l) = ) (abo#t — by)(c#l)
= ) aboco#(t — bicy)l
= ) aboco#(t — I(S7} (bac2))) == b1y
= Zaboco#l “Hbacg)g)t — bycy,

since A(l — h) = (I — h)(g) = l(hg).

2. The bracket (--) : A®@ppprrat A —t — AC AC"H is obviously
left and right A°°f-linear and the definition is correct by Exercise 6.2.16.
Moreover,

( (b#l E(a bCol C] = Zaobocgt(alblcl)l(CQ)

= ZaoboCO((t — aib1)l)(c1) :

=7 aoboco((t(l — S™1(azbs))) — arbi)(er) = -

= 5 agboco(t — arb)(e1)(l — S~ (azbe))(g) by A(m) = m(g)
and
(a~g(b#l), C) = Z(agbol(S_l(albl)g), ¢) = E aobocot(alblcl)l(S'l(agbz)g).

3. Associativity of the brackets.

First note that we will use (g — ¢)S~! = ¢ from Proposition 5.5.4 (iii).
Now,

o= Ea g (beo#t — 1) = Zaoboco (t — c2)(S7 (asbic1)g)
= Zaobod Yaibi)g )
= Zaobo (9 —t)S ) (arb)c
= Zaobot(albl)c by the above
= (a,b)c.
Also
[a b] Cc = Z(abg#t — bl)C = Zaboc()(t — bl)(Cl) = Zabgcot(blcl) =
a(b, c). |
If any of the maps of the above Morlta context is surjective, then it is-
an isomorphism. While for the map (—, ) this is well known, there is a

little problem with the other map, since A#H*"** has no unit. Although
the proof is almost the same as the usual one, we propose the following

Exercise 6.3.2 If the map [——‘, —] from the Morita context in Proposition
6.3.1 is surjective, then it is bijective.
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Now we discuss the surjectivity of the Morita map to A°H, leaving the
discussion on the other map for the section on Galois extensions.

Definition 6.3.3 A total integral for the H-comodule algebra A is an H-
comodule map from H to A taking 1 to 1.

Since an integral for the Hopf algebra H is a colinear map from H to k, the
H-comodule algebra k has a total integral if and only if H is cosemisimple.

Exercise 6.3.4 Let H be a finite dimensional Hopf algebra. Then a right
H-comodule algebra A has a total integral if and only if the corresponding
left H*-module algebra A has an element of trace 1.

We give now the characterization of the surjectivity of one of the Morita
context maps.

Proposition 6.3.5 The Morita context map to A°¥ is onto if and only
if there exists a total integral ® : H — A.

Proof: (<) Let ® be a total integral, i.e. ® is a morphism of right H-
comodules, and ®(1) = 1. Then @ is also a morphism of left H*-modules,
so ®(t — h) =t — ®(h) for any h € H.

Suppose h € H is such that ¢ — h = 1, then for (—, —) the map from
Proposition 6.3.1,

(1,®(h)) = t — B(h) = B(t — h) = B(1) =1,

which shows that (—,—) is onto. Since t — H C H®H = kly, to find an -
h € H witht — h = 1, it is enough to prove that ¢ — H s 0. But if
t — H = 0, then for any h,g € H we have that:

(h—=t)—=g=2 tlg2h)g1 =

= > t(geha)qrheS™ (hy) = D (¢ — (gh2))S ™ (h1) =0

andso (H —t) — H=0. But H—t= H*%, so H*"* — H = (.
Finally, since H*"®* is dense in H*, this implies that H* — H = 0 which is
clearly a contradiction.

(=) Choose a € A such that ¢t — a =1, and define ® : H — A by

o(h) = (S(h) —t) = a=_aot(a1S(h)).

Then ®(1) = 1 and @ is a morphism of left H*-modules since for h* €
H*,he H,

o(h* = h) = (3 hh*(ho))
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= Z aot(als(h1))h*(h2)
= Zaot(als(h1))(h2 - h*)(l)
= > ao((h2 = h")t)(a18(m))

= > aoh*(a1)t(a2S(h))
= h*— ®(h).

6.4 Hopf-Galois extensions

Let H be a Hopf algebra over the field k, and A a right H-comodule algebra.
We denote by

p:A— A® H, pla Za()@al

the morphism giving the H-comodule structure on A, and by A the
subalgebra of coinvariants. We define the following canonical map

can: A®geon A— AQ H, can(a®b) = (a®1)p Zabo@)bl

Definition 6.4.1 We say that A is right H-Galois, or that the extension
AJA°H s Galois, if can is bijective. , |

We can also define the map
can' : AQpeon A— AQ H, can(a®b) = p(a)(b® 1) = Za0b®a1

Exercise 6.4.2 If S is bijective, then can is bijective if and only zf can’ is
bijective.

We give two examples showing that this notion covers, on one hand,
the classical definition of a Galois extension, and, on the other hand, in
the case of gradings (Example 6.2.5, 2) ) it comes down to another well
known notion. We will give some more examples after proving a theorem
containing various characterizations of Galois extensions.

Example 6.4.3 (Ezamples of Hopf-Galois extensions)

1) Let G be a finite group acting as automorphisms on the field £ > k." We
know from Example 6.1.13, 2) that E is a left kG-module algebra, hence
a right kG*-comodule algebra. Let F = EC. Tt is known that E/F is
Galois with Galois group G if and only if [E : F] =| G | (see N. Jacobson
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[99, Artin’s Lemma, p. 229]). Suppose that E/F is Galois. Let n =| G |,
G={m,-..,m}, {u1,...,un} a basis of E/F. Let {p1,...,pn} C kG* be
the dual basis for {n;} C kG.

E is a right kG*-comodule algebra with p: F — E ® kG*, p(a) = >_(n; -
a)®p;. can: EQr E — EQkG* is given by can{a®b) = > a(n;-b) ®p;.
Ifw=73 z; ®u; € Ker(can), it follows that

Y zini-uy) =0, Vi (6.9)
J

(because p; are linearly independent). As in the proof of Artin’s Lemma,

it may be shown that if the system (6.9) has a non-zero solution, then all

the elements z; are in F, which contradicts the fact that {u;} is a basis.

Hence all z; are 0, so w = 0. It follows that can is injective. But can is

F-linear, and both E®p F and E ® kG* are F-vector spaces of dimension

n?, and therefore can is a bijection.

Conversely, we use dimp(E ®f E) = [E : F|? and dimp(E ® kG*) = [E :

F]| G |. If can is an isomorphism, it follows that [F : F| =| G |, so E/F is

Galois.

2) Let A= € A, be agraded k-algebra of type G. We know from Example
geG

6.2.5, 2) that A is a right kG-comodule algebra, and that A°° kG = A,. We

recall that A is said to be strongly graded if AjA, = Agr, Vg,h € G, or,

equivalently, if AgA,—1 = A;, Vg € G. We have that A/A, is right kG-

Galois if and only if A is strongly graded.

Assume first that A is strongly graded. Let

B:A®KG — A®a, A, Bla®g)=) aa; ®b;,

where a; € Ag-1, b € Ay, 3 a;b; = 1. It may be seen immediately that
(can o B)(a ® g) = a ® g. Moreover,

(Bocan)(a®b) = B> aby®g)
g
= ZZabgai9®big
g i
= ZZa@bgaigbig
g i

= Za@bg=a®b.
g9
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Conversely, if can is bijective, it is in particular surjective. For each g € G,
let a;,b; € A be such that

Y ailb)h®h=1®y.
ih .

It follows that all b; may be assumed homogeneous of degree g, and ) a;b; =
1. Since the sum of homogeneous components is direct, it follows that the

a; may be also assumed homogeneous of degree g~1. |
' We remark that in the last example it was enough to assume that can
is surjective to get Galois. As we will see below, in the main result of
this section, this is due to the fact that kG is cosemisimple, in particular
co-Frobenius.

For any M € 4M™ | consider the left A#H*"**-module map

Ot i A® peon MOH — M, om(a®m) =am

where the A# H*"*t-module structure of A ® 4eor M°H is induced by the
usual left A#H*"% action on A. Thus ¢y is also a morphism in the
category aM*H. If ¢)s is an isomorphism for all M € 4MH | we say the
Weak Structure Theorem holds for aMH . Similarly, if for any M € Mf{ ,
the map

Ot MPH @ peon A — M, ¢hy(m ®a) = ma

is an isomorphism, the Weak Structure Theorem holds for MA.
We prove now the main result of this section.

Theorem 6.4.4 Let H be a Hopf algebra with non-zero left integralt, A a
right H-comodule algebra. Then the following are equivalent:

i) AJA°°H is a right H-Galois extension.

it) The map can: A® geon A — A® H is surjective.

iii) The Morita map [—, —] is surjective.

) The Weak Structure Theorem holds for oM™

v) The map ¢ is surjective for all M € 4 M.

vi) A is a generator for the category 4 M = AgpHArat MY,

Proof: Since H is co-Frobenius, the map
r:H— H" r(h)=t~—h

is bijective. Then, since [—,—] = (I ® r) o can, it follows that ii) < iii).
This also shows that 1)< ii), using Exercise 6.3.2.

In order to show that v) = iii), we consider A#H*"% ¢ 4 M¥ which is
isomorphic to H*"** @ A as in (6.6). Therefore, (A# H*"**)°H = (H*"t @
A)COH =tQ A, and so ¢A#Huat = [—, -—].
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iii) = iv). Let M € AMH . m e M. We show first that ¢ is one to
one. Suppose m = ¢p (Y. a; ® m;) for a; € A,m; € M°H. Let e* be an
element of H*"%! that agrees with € on the finite set of elements a;,,mp in
H. Suppose Y [ck,dr] = 1#e*. Then

Z Q; ® geol My = Z[ck, dila; ® m;
= Y crl(di, ;) ®my
= ch ® (di, a;)m;
= ) ®(t — dea))m;
= ch ®t— (dy Zaimi)) since m; € M°H
= ch®t—~ (dm).

So if m = 0 it follows that D a; ® geom m; = 0, and so ¢y is injective. To
show that ¢ps is surjective, note that for m and e* as above

m=¢e" ~m=¢M(ch®t — (drm)).

We have thus proved that iii), iv), and v) are equivalent.

iv)= vi). Let M € aM*. Since A%¥ is a generator in geon M, for
some set I, there is a surjection from (A°°H)(") to M<°H  Thus there is a
surjection from AU ~ A ® geor (AH) D) t0 A @ peor MOH ~ M.

vi) = v). Let M € aMH. Since A a generator, given £ € M, there
is an index set I, (fi)ier, fi € Hom% (A, M), a; € A, with 3 fi(a;) = z.
Then f;(1) € M°°H  and = = ¢ (3" a; ® fi(1). |

Remark 6.4.5 A similar statement holds with can’ replacing can, and the
category MY replacing aM®.

Corollary 6.4.6 If H is co-Frobenius and the equivalent conditions of The-
orem 6.4.4 hold, then the map m in Ezercise 6.2.13 induces a ring isomor-
phism

A#H*™ ~ End(A geon )™,

where the rational part is taken with respect with the right H*-module struc-

ture given by (f - h*)(b) = 3 h*(b1) f(bo).
Proof: We prove first that the map
w1 A#FH*™ — End(Ageon), m(2)(a)=2-a,

is injective. Let z € A#H*" be such that z-a = 0, Va € A. Let g* € H*"%
be such that z(1#g*) = z. Since [—, —] is surjective, there exist a;,b; € A
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such that 1#¢* = Y [a;, b;]. Then we have z = 2(1#g*) = > [z a;, 0] = 0.
Thus it remains to show that the corestriction of 7 to End(Ageon )™ is
surjective. Let f € End(Agcon )™, and let h* € H*™* such that f = f-h*.
Let ¢’ be a right integral and ) a; ® b; € A ® gcon A such that

1®(h*oS™ 1) = Zaibio ® S(bi,) — 1.

Then, for any b € A we have
fo) = (f-Rr°)0)
> b (b1) f(bo)
= D h(STHS(01)) f (bo)
= > flaibiybo)t' (S(b1)S (bi,))
= Y f(ai)bisbo(t’ 0 S)(bi,br)
Z F(@i)bigbo((S(bi,) — t')S)(b1)
= 7D fai)bi #(S(bi, —t')S)(b)

and the proof is complete. - |

If H is finite dimensional, then from the Morita theory it follows that
A/A°°H is an H-Galois extension if and only if A is projective finitely gen-
erated as a right A°°-module and the map 7 is an isomorphism. The
behaviour of 7 in the general co-Frobenius case was exhibited in the previ-
ous proposition. The next result investigates the structure of A as a right
A°H_module in the Galois case.

I

Corollary 6.4.7 If H is co-Frobenius, then any H-Galois H-comodule al-
gebra A is a flat right A°H -module.

Proof: A well known criterion for flatness ([3, 19.19]) says that A is flat
over A if and only if for every relation

> ajb; =0 (a5 € A, bj € A*H)

=1

there exist elements c¢y,...,cm € A and ¢;; € A°H (1 = 1,...,m,j =
1,...,n) such that

> cicij=a; (j=1,...,n) (6.10)
=1
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and

n
D eibi=0 (i=1,...,m) (6.11)
i=1

So let ay,...,a, € A and by,...,b, € A®H such that ) a;b; = 0. Con-
i=1

sider the morphism in 4 M
A" — A, 6(1}1,...,1‘”) = Zl‘jbj.
Jj=1

Since A is a generator in 4M®, there exist a set X and a surjective mor-
phism ¢ : AAX) — Ker(¢). Therefore, there exist elements cy,...,c, € A
and morphisms ¢1,...,dm : A — Ker(£) in 4M* such that

(@1,---,an) =D diles) = Y csi(1).
i=1 =1

Applying the canonical projection 7; to bothe sides we get (6.10) for ¢;; =
(mj 0 ¢;)(1) € A°H. As for (6.11), we have

n

Y (w0 :)(1)b; = (€0 ¢:)(1) =0,

=1
and the proof is complete. _ |
Example 6.4.8 (Other ezamples of Hopf-Galois extensions)

1) Let H be a Hopf algebra. Then we know that H is a right H-comodule
algebra, H°°H ~ k. The extension H/k is clearly Galois, since

can: H® H — HQ® H, can(h®g)=2hgl®gg

has inverse h ® g — Y hS(g1) ® g2.

2) Let A be a left H-module algebra. By Example 6.4.3, 2), A#H is a right
H-comodule algebra, and (A#H)°H ~ A. It is easy to see that A#H/A
is a Galois extension. Indeed, in this case we have

can : A#H Q@4 A#H — (A#H)® H,
and (a#h) ®. (b#g) = (a#h)(b#1) ® (1#g), so it is enough to define can

on elements of the form (a#h) ® (1#g). But can((a#h) ® (1#g)) =
S (a#hg1) @ g2. It follows that the inverse of can may be defined as in
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1).

3) The assertion in 2) also holds for crossed products with invertible cocy-
cle. This will be proved at the end of this section. Until then, we give a
proof in the case H is finite dimensional. Let A#,H be a crossed prod-
uct with invertible o. By 1) H/k is Galois, so by Theorem 6.4.4, iii), for
0 #t € H* left integral, the map

H®H — H#H", z®yr— (z#t)(y#1)
is surjective. Let z¢,y* € H such that

Y @ #) Y #) = D at(t -y )t = 1#L
We compute

> (07 (@, yh)#ah) #O)((L#ys) #1) =
= ) (o7 (2}, yi)#ah) (tr - (1#u3))#t2
= (07N (@, ) #ah) (1t (vh)vs) #ta
= Yo7 (ah, uh) @k - o(ah, ta(vh)vs) #akyi#ts
= Y o @l,yi)e(as)o(ad, b (vh)us) #eiyiFte
= Y o7\ (@i, i) o(ah, vs)#ait (vh)yi#te
= Y e(@h)e(uh)1#aht: (vh)ybHte
= ) 1#e(xh)zhts (vh)e (v yb #te
= ) 1#th(vh)yi#t
= D gttt = 1#1#],

which ends the proof by Theorem 6.4.4, iii).
Note also that A#,H has an element of trace 1: if h € H is such that
t(h) = 1, then 1#th is such an element. 1

Remarks 6.4.9 1) If H is co-Frobenius, A/A®°" is H-Galois, and A has
a total integral, then AH is Morita equivalent to A#H*"t. This follows
from Theorem 6.4.4 iii), Ezercise 6.3.2, and Proposition 6.3.5.

2) In particular, if H is finite dimensional, AJA°H is H-Galois, and A has
an element of trace 1, then 1) above and Ezercise 6.3.4 show that A°H is
Morita equivalent to A#H*. An example is provided by a crossed.product
with invertible cocycle A#,H, as Example 6.4.8 3) shows.
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3) As it will be mentioned in the notes at the end of this chapter, there exist
much more general theorems about the equivalence of the categories M (or
AM™) and the category of right (or left) A _-modules. In this context,
the fundamental theorem of Hopf modules may be seen as an ezample of
such a situation, due to Example 6.4.8 1).

4) If H 1is finite dimensional, A is a left H-module algebra, AJAY is H*-
Galois, and M is a left A-module, we have the isomorphism

AQan M~ (AQan A)®@4 M ~ (A#H) Q@4 M,
(where the last isomorphism is [—, —| ® I), which is even functorial. |
We can now prove a Maschke-type theorem for crossed products.

Proposition 6.4.10 Let H be a semisimple Hopf algebra, and A#.H a
crossed product with invertible o. Let V be a left A#,H-module, and W
an A# s H-submodule of V. If W is a direct summand in V as A-modules,
then it is a direct summand in V as A#,H-modules.

Proof: If W is a direct summand in V as A-modules, then we have
that (A#.,H) ®4 W is a direct summand in (A#,H) @4 V as A#,H-
modules, since the functor (A#,H) ® 4 — is an equivalence. By Remark
6.4.9, 4), it follows that (A#,H)#H* ®ax,u W is a direct summand in
(A#.H)H#H* @ap,u V as (A#,H)#H*-modules. Since H is semisimple,
from Exercise 6.2.20 we deduce that (A#,H)#H* Qap,u W is a direct
summand in (A#.H)#H* Qag, uV as ((A#. H)#H*)# H-modules. But
again the functor (A#,H)#H* ® a%,n — is an equivalence, and so W is a
direct summand in V as A#,H-modules. |

The following exercise shows again how close co-Frobenius Hopf algebras
are to finite dimensional Hopf algebras.

Exercise 6.4.11 Let H be a co-Frobenius Hopf algebra, and A a right H-
comodule algebra with structure map

p:A— AQA®H, pla)=> ar®a.

If AJA°H is a separable Galois extension, then H is finite dimensional.

We close this section by a characterization of crossed products which
will be used later on.

Theorem 6.4.12 Let A be a right H-comodule algebra, and B = A%°H,
The following assertions are equivalent:

a) There exists an invertible cocycle 0 : BQ® B — B, and a weak action
of H on B, such that A= B#.H.
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b) The extension A/B is Galois, and A is isomorphic as left B-modules
and right H-comodules to B ® H, where the B-module and H-comodule
structures on B ® H are the trivial ones.

Proof: a)=b). It is clear that the identity map is the required isomor-
phism, so all we have to prove is that the extension B#,H / B is Galois.
We have to show that the map

can : B#.H ®p B#,H — B#,H® H,
can((a#h) ® (b#0)) = Y (a#th)(b#l) ® 1o =

=Y a(hy - b)o(ha, ly)#hala ® Ly

is buectlve We define

B:B#,H® H — B#,H ®p B#,H
Blah®l) = 3 (a#th) (o™ (), L)#S () @ 14Hls =
= a(h1 - 07} (S(ls), L))o (ha, S(12))#haS(lh) ® 1#Hs,

and show this is an inverse for can. We compute first

- can(B(a#h 1)) = :

= Y a(hi -0 (S(l),1s))o (2, S(la))o (haS(l2), le) #
#haS(L)lr ® g .

= > a(h1- 07" (S(l),15)) (b2 - 0(S(ls), l6))o (hs, S(l2)lz) #
#hyS(l1)lg ® 1y (by (6.3))

= 3 a(hy - 07Y(S(l), I5)o(S(ls), U)o (ha, S(I2)lr) #

' #h3S(l1)ls ® 1y (by (MA2))

= Y alhy- (e(ls)e(la) Do (e, Sa)ls)#haS ()l ® Iz

= > ao(hy, S(2)ls)#haS (1)l ® s (by (MA3))

= Y a#hsS()®ls (by (6.2))

= a#h®g.

Note that the proof would be finishied if H would be co-Frobenius, due to
Theorem 6.4.4, so this gives another proof for Example 6.4.8 3). But since
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H is arbitrary, we also have to compute
Blean((a#th) ® (b#1))) =
= D _(a#h)(b#1) (07} (S(ls), L) #S (12)) ® 145
= Z(a#h)(b(ll a7 H(S(le), I7))o (2, 5(15))#l3 S (14)) ® 1#s
= > (a#h) (bl - 07 (S(la), 1s))o(l2, 5(I3))#1) ® 14l
= ) (a#h) ® (b(h - 07 (S(la), ls))a(la, 5(1)) #1) (1#ls)
= ) (a#h) @ (b#h)(07 (S(s), la) #S(12)) (1#ls)
= ) (a#h) ® (b#h)(07(S(l), ls)o(S(ls), le)#S (L2l
= ) (a#h) ® (b#th)(e(ls)e(la)1#S (l2)ls
= D (a#h) ® (b#l)(1#5(2)ls
= (a#h) ® (b#l),

so 3 is the inverse of can, and the proof is complete.

b)=a). Let ® : B H — A be an isomorphism of left B-modules and right
H-comodules. Much like in the case of group extensions, we define first a
sort of a ”set-splitting” map v : H — A, v(h) = ®(1 ® h), which is clearly
H-colinear. We show first that « is convolution invertible. Since A/B is
Galois, for each h € H there exists an element Y a;(h) @ bi(h) € ARp A,
the preimage of 1 ® h by can. We have

anai(al) ®bi(a1) = 1®a, (6.12)
which may be checked by applying can to both sides. We also have
Z“i(h) ® bi(h)o ® bi(h)1 = Zai(hl) ® bi(h1) ® he, (6.13)

which may be seen after applying can ® I to both sides. Now we define
p:H — A, ph) =3 a;(h)(I ® €)®~1(b;(h)), and we compute

(y*pw)(h) =

= > v(m)ulhe)

= Y _v(m)ai(ha)(I ® €)@~ (bi(h2))

= Y v(oai(v(h))(I ® €)@ (bi(v(h)1))
(I®e)@~'(v(h)) (by (6.12))

= (I®e)d 1Y(O(1®h))
= ¢(h)1,
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and
(*v)(h) =
= > u(ha)r(he)
= Y ai(h)(I @)@ (bi(h))v(ha)
= > a(h)B((I @)@ (B:(h)) @ h2)
= Y ai(h)((I @@ ) (bi(M)) ® ha))
= Y ai(h)®((I ®c @ I)(@7" (bi(h)o) ® bs(h)1)) (by (6.13))
= Zaz <I>((I<§D<€<X>T)(‘I> L(bi(h))o @ D71 (bi(R))1))
= Y ame@ ' Gh)
= > ai(h)bi(h =eh)1,

so v is a convolution invertible H-comodule map. Since 1 is grouplike, 7(1)
is invertible with inverse y~!(1), so replacing v by v/, v/(h) = v(h)y~1(1),
we can assume that y(1) = 1.

From now on, the proof follows closely the proof of the fact that an extension
of groups is a crossed product:

1. We define a weak action of H on B by putting for h € H and a € B:

hea=3 (ke (ha),

and a cocycle 0 : H x H — B by

a(h,0) =D () (k) (hala).
In order to check that the definitions are correct, we note first that
Y R ® 7 A1 =D 77 (he) ® S(h) (6.14)

for all h € H. To see this, note that the left hand side of (6.14) is the
convolution inverse of

Y:H—-B®H, ¥(h)=> v(Re®v(h)1 =) v(h) ®ha,

and if we denote by £(h) the right hand side of (6.14), then it is immediate
that (v * £)(h) =¢(h)1®1, so (6.14) holds.
Now

(h-a)o® (h-a)1 =) y(h)ay ' (ha) ® h2S(hs) = h-a®1,
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so H-B C B. To check (M A2), we compute
Y (b1 a)(he-b) = > y(ha)ay~" (ha)y(ha)by™ (ha) = h- (ab),

while (M A3) is obvious.
Now

a(h, Do @ a(h, D)1 =Y (1) (L)Y~  (hals) ® halaS(hsls) = o(h,1) ® 1

so the definition of o is also correct.
2. Tt is clear that o is a normal cocycle (it satisfies (6.2)) and is convolution
invertible, with inverse given by:

o7 (k1) =Y y(h1, )y~ )y (ha).
We check that o satisfies the cocycle condition (6.3):
Z(hl -o(ly,m1))o(hg, lomz) =
= D A(m)o(ly, mi)y ! (h2)o(hs, lzms)
D hay(L)y(ma)y ™ lema)y (ha)y(ha)y(lama)y ~* (halams)
> A(ha)v(l)y ™ (halamo)
= > y(h) () v(ma)y ™ (hala)v(hals)y(ma )y~ (halomo)
= Y o(hy,l)o(halz,m).

To check the twisted module condition (6.4) we compute

> (b1 (b - a))olhs,ls) =

D A(ha)y(l)ay ™ (I2)y (h2)v(ha)y(la)y ™" (hals)
Z’}’(hl Yy(l)ay™ (hal2)

> (ha)y(l)y (hala)v(hsls)ay™ (hala)

= Y o(hy, L) (halz - a).

3. By 1 and 2 we can introduce a crossed product structure (with invertible -
cocycle) on B ® H, and we show that transporting this multiplication via
®' P (a®h) =P(a®h)P(1®1)"!, we get the multiplication of A. First
recall that the connection between the map v (from 1 and 2) and P is given
by:

1l

y(h) =®(1@h)&(1®1)"%
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Now we compute
P ((a@h)(b®1)) =
= P((a®@h)(b®1)P(1®1)7"
= (> a(hy-b)o(hy, 1) ® hala)@(1® 1)
= (D ay(h)by (ha)y(ha)y(h)y ™ (halz) ® hsly)B(1® 1)~
= 3 av(ha)by(l)y (hal2) @ hals) (1@ 1)~
= > ay(h)by(l)y " (hal2)®(1® hals)®(1 ® 1)}
=) ay(h)by(l)y " (hal2)v(hals) |
= a®(1®A)P(1®1)" o1 He(1e1)"}
= P(a®@h)® (bR,
and the proof is complete. |

Remark 6.4.13 A crossed product with trivial weak action is called a
twisted product. From the above proof we obtain that a Galois extension
A/B with A ~ B® H (as left A-modules and right H-comodules), and
with the property that B is contained in the center of A, is isomorphic to a
twisted product of B and H. |

6.5 Application to the duality theorems for
co-Frobenius Hopf algebras
Throughout this section, H will be a co-Frobenius Hopf algebra over the
field k. In this section we show that it is possible to derive the duality -
theorems for co-Frobenius Hopf algebras from Corollary 6.4.6.
Let M,N € M#. Then we can consider HOM4(M, N) consisting of

those f € Homa(M,N) for which there exist fo € Homa(M,N) and
f1 € H such that

Zf mo)o ® f(mo)1 Zfo ) ® fi. (6.15)

We remark that HOM 4(M, N) is the rational part of Homa(M, N) with
respect to the left H*-module structure defined by

(B - F)(m) = > h*(f(mo)15(m1)) f(mo)o- (6.16)
If M = N, we denote ‘
ENDA(M) = HOM4s(M, M)
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Definition 6.5.1 We will denote by yM¥ the category whose objects are
right A-modules M which are also left H-modules and right H-comodules
such that the following conditions hold:

i) M is a left H, right A-bimodule,

ii) M is a right (A, H)-Hopf module,

i11) M is a left-right H-Hopf module.

The morphisms in this category are the left H-linear, right A-linear and
right H -colinear maps. '
We will call yMH the category of two-sided (A, H)-Hopf modules. |

Example 6.5.2 Let M € M and consider H® M with the natural struc-
tures of a left H-module and right A-module, and with right H-comodule
structure given by

h®mr——>2h1®mo®h2m1.

Then H® M is a two-sided (A, H)-Hopf module. In particular, U= H® A
is a two-sided (A, H)-Hopf module. |

Remark 6.5.3 Let N e M. Then N H € HMQI if we put
(n®h)b=> nby® hby,

and

> (n@h)p@neh): =Y n®h &h,

the left H-module structure being the natural one.

If M e MY, then M® H~ H®M (as in Ezample 6.5.2) in yMH, the
isomorphism (of right A-modules, left H-modules and right H-comodules)
being given by

m®hHZhS"1(m1)®mo andh®mr—>Zmo®hm1.
In particular, U= H® A~ A® H in yMH. |

Theorem 6.5.4 Let A be a right H-comodule algebra, and M € yMH.
Then
End¥ (M)#H — ENDs(M), f®h+—— f-h

is an isomorphism of right H-comodule algebras.
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Proof: END4(M) is a right H-comodule with respect to the structure
induced by the fact that it is a rational left H*-module, the structure being
given by (6.15). It is also a right H-module, with action induced by the
" left H-module structure on M.

If f € ENDy(M), we denote by 3 fo ® f1, the image of f through the
H-comodule structure map: (h* - f)(m) = 3 h*(f1)fo(m), Vh* € H*. Let
fe€ ENDy(M), h € H, and h* € H*. Then we first have for any m € M

Y hmo® S(my) =Y himo ® S(hama)hg = > _(him)o ® S((ham)y)he
(6.17)
because M € yMI. Now we compute

(- (FR)(m) = D R*((fh)(mo) S(m ))(£h)(mo)o
= > h*(f(hmo)1S(m1)) f(hmo)o
= > B (f((am)o S((hlm)x)hz)f((hlm)wo (by (6.17)
= > ((ha = k") - f)(lam)
= Y (ha = 1) (f1) fo(ham)
= > R (frh)(foha(m)

which shows that END4(M) is an H-submodule of End4(M), and also a
Hopf module. .
Now f € END (M) if and only if

Zf(mo)o®f(mo)13(m1) = fm)®1 (6.18)

It is clear that (6.18) is satisfied if f is H-colinear and A-linear. We assume
that f € Enda(M) and (6.18) holds, and we compute

Y fm)o® f(m)y =" f(mo)o ® f(mo)1S(my)my = > fimo) @ m,

where we used (6.18) for mg. In conclusion, END 4(M)®°H = End¥ (M),
the endomorphism ring of M in M# | and the map in the statement is an
isomorphism by the fundamental theorem for Hopf modules 4.4.6.

It remains to show that it is an isomorphism of right H-comodule algebras
First, End¥ (M) is a left H-module algebra via

(k- F)(m) = hi f(S(

and it is even a left H-module algebra, because

(h- (fe))( Zhl fe)(S(h2)m)
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Y h1f(S(h2)hse(S(ha)m))
> (b1 - f)(hae(S(hs)m))
> (b1 f)(ha - €)(m),

and everything is proved. |

Exercise 6.5.5 If A is a right H-comodule algebra, then
A "5 ENDa(A), avr—s fa, fo(b)=ab
is an isomorphism of H-comodule algebras.

From Corollary 6.4.6 we obtain immediately the duality theorem for
actions of co-Frobenius Hopf algebras.

Corollary 6.5.6 If A'#,H is a crossed product with invertible o, then we
have an isomorphism of algebras

(A/#GH)#H*ra,t ~ M}];(AI),

where M{;(A’) denotes the Ting of matrices with rows and columns indezed
by a basis of H, and with only finitely many non-zero entries in A’.

Proof: The right H*-module structure on End(A'#,H4) is given by the
left H*-module structure on A'#,H: h*-(a#h) = 3 a#th1h*(h2). We know
from Proposition 6.1.10 iv) that A'#,H ~ H® A’ as right A’-modules and
left H*-modules via

a#th— > ha® (ST (M) - a)o (S (ha), ),

and so A'#,Ha is free. Then End(A'#,Ha/) is the ring of row-finite
matrices with entries in A’ and rows and columns indexed by a basis of
H. In order to see who is End(A’#,Ha/)™ we choose the following basis
of H: as before Corollary 3.2.17, write H = ®F(S)), where the S)’s are
simple left H-comodules and F(S)) denotes the injective envelope of Sj.
Then we denote by {h;}; the basis of H obtained by putting together bases
in the E(S))’s, and use the basis {h; ® 1}; in H® A’ ~ A’#,H to write
End(A'#4H4') as a matrix ring. We denote by py the map in H*"** equal
to € on E(S)) and 0 elsewhere.
In order to prove the assertion in the statement it is enough to prove that
any f with f(h;®1) # 0 and f(h; ®1) = 0 for j # i is in the rational part.
Say h; € E(S)). Then it is easy to see that f = f - py.
The converse inclusion is clear, since for any f and any py, f-pa is 0 outside
E(S). 1
We move next to the second duality theorem. We need first some prepa-
rations.
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Lemma 6.5.7 Let R be a ring without unit and Mg a right R-module with
the property that there exists a common unit (in R) for any ﬁmte number
of elements in R and M. Then

MR [l HomR(RR,MR) ’ R,
where, for f € Homg(Rr, Mg) and r,s € R, (f-7)(s) = f(rs).

Proof: The isomorphism sends m € M to p,,(r) = mr, for all r € R. The
inverse sends Y f; - r; to 3. fi(r:). _ |

Corollary 6.5.8 If R and M are as in Lemma 6.5.7 and Mg ~ Rg, then
(as rings.) |

Lemma 6.5.9 Let HQ A be the two-sided Hopf module from Ezample 6.5.2.
Then
H ® A ~ A#H*ra.t

as right A#H*™* modules, via
h®a+— Zag#t — haq,
where t is a right integral of H.
Proof: Recall that H ® A becomes a right A#H*"*-module via
(h® a)(b#h*) = 3~ b1 ® agboh* (S~ (haarby)).

If we denote by 6 the map in the statement, which is clearly a bijection,
then we have to show that

0((h ® a)(b#h")) = (0(h ® a))(b#h"),
i.e. that
> aobo#t — hyarbyh (ST (haasbe)) = Y aobo#(t — haiby)h*.

If we apply the second parts to an elemeri_t z, and denote y = ha;b; and
z = S71(y), then this gets down to

Do HS(z)2)z = Y t(S(2)a1)a,

which is exactly Lemma 5.1.4 applied to H°P <P, . |
As a consequence of the above we obtain the following
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Corollary 6.5.10 If H is co-Frobenius and A is a right H-comodule alge-
bra, then

A#H*rat ~ EndA#Hwat(H®AA#H"M)‘A#H*TM — End{:{(H@A)‘Hwat.
|

Let us describe now explicitely the left H*-module structure on H ® A
obtained via the isomorphism 8 of Lemma 6.5.9. This is given by

(h®a) =Y h*(S( Yhe®a (6.19)

where h* € H*, h € H, a € A and g is the distinguished grouplike element
(denoted there by a) from Proposition 5.5.4 (iii).
Indeed, we have

(1#h*)0(h ® a)

(1#h%)(D_ ao#t — hay)

> ao#(h* — a1)(t — hay)
D ao#h*(S(ha)g ™)t — haay
00> _h*(S(h1)g™")h2 ® a),

since we have, for all h,z € H
> h*(S(h)g Nt — haz =Y (h* — 1)(t — haa).

The last equality may be checked as follows. Apply both sides to an element
w € H and denote y = zw to get

Y R (S(ha)g™ e(hay) = Y B (y1)t(hys).

Now denote u = S(gh) and t' =t « g™ to obtain

> (ST u)yue = Y (ST HWy2)w,

which is exactly Lemma 5.1.4 applied to H°P, for which ¢’ is still a left
integral. This proves (6.19).
We are ready to prove the second duality theorem for co-Frobenius Hopf

algebras.

Theorem 6.5.11 Let H be a co-Frobenius Hopf algebra and A a right H-
comodule algebra. Then

(A#H*™)4#H ~ M} (A),

where M };(A) denotes the ring of matrices with rows and columns indexed
by a basis of H, and with only finitely many non-zero entries in A.
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Proof: We write first Theorem 6.5.4 for the two-sided Hobf module H® A
from Example 6.5.2:

End? (H® A)#H ~ ENDA(H ® A).

Now we define the right. H*-module structure on END 4(H® A) as follows:
if f e ENDs(H® A) and f = Y fie; for some f; € Endf{(H ® A) and
e; € H, then

o= (S he o (620)

We now take the rational part on both sides of the above isomorphism with
respect to the H*-module structure in (6.20), and use Corollary 6.5.10 to
get

(A#H*" )4 H ~ ENDo(H ® A) - H*".

To finish the proof, we describe END4(H ® A) - H*™** as a matrix ring.
More precisely, we show that

ENDA(H ® A) - H*% ~ M}, (A),

where the H*-module structure is the one given by (6.20). We define an-
other H*-module structure on END 4(H ® A) and show that the rational
parts with respect to this module structure and the one given by (6.20) are
the same. Define, for h* € H*, f € END4(H ® A)

(fORr)h®a)=)_ f(h(S(h)g " )h: ®a).

We check that END4(H ® A) - H% = END(H ® A) © H**, Let
fEENDA(H®A), f=3 fje;, fj € End¥(H ® A), e; € H. Then

(f-r)h®a) = Y ((fi-h)e)(h®a)
= > (fi-h esh® a) _
= Y h*(S(ejh1)g™ ") filejoha ® a)(we used (6.19))
= ) (S(ge5,97") = h*)(S(h1)g™")(freda) (he ® )
= ) (fie;) ©(S(gejg™") = h)(h ® a),

which shows that END4(H ® A)- H*™ C END4(H ® A) ® H*"**. Con-
versely, if f € ENDA(H® A), f =Y. fjej, fj € End{(H® A), e; € H,
then

(for)(hea) = (O fie)0h)(h®a)
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il

> " h*S(ghy)fj(ejhz @ a)

= Y h*S(gS(ejr)ejha) fi(ejshe ® a)

= > h*S(S(gej,97")gej.hn) fi(ejsha ® a)

= Y h*(S(ges,h1)S*(9es,971)) fj(esshe ® a)

= ) (SP(ges97") = h*)(S(ges 1)) fi(ejsh2 @ a)
= ) (£ - (5%(ges97") = k")) (es,h @ )

= O_(f; - (S*(gejg™") = h))ep)(h @ a),

showing that END4(H ® A) ® H*"%* C END4(H ® A) - H*™%,

Now write H = ®FE(S)), where the S)’s are simple right H-comodules, and
take {h;} a basis in each E(S)). Put them together and take {g~1h; ® 1},
which is an A-basis for H ® A. Use this basis to view the elements of
END4(H ® A) as row finite matrices with entries in A. We show now
that under this identification the elements of END4(H ® A) © H™® are
represented by finite matrices. As in the proof of Corollary 6.5.6, we denote
by p» the linear form on H equal to € on E(Sy) and O elsewhere. It is easy
to see that for every f € Enda(H®A), f ©p»S™! is represented by a finite
matrix for all A\. Conversely, if f(¢7'h; ® 1) # 0 and f(g~*h; ® 1) =0 for
all j # 4, then clearly f € END4(H ® A). Moreover, if h; € E(Sy), then
if h; € E(S»), we have :

(fOopaS™H(h;®1) = > paSTH(S(997 ki) f(97 s ®1)
> e(hiy)f(g7 g, ©11)
= flg7'h; ®1).

Since for h; € E(Sy), (f @ paS™) (g7 h; ® 1) = f(g~ h; @ 1) = 0, we get
that f = fOpPAS~! € END4(H® A) ® H*™, and the proof is completell

We end this section with some exercise concerning injective objects in
the category of relative Hopf modules.

Exercise 6.5.12 Show that oM™ = oa#H-[AQ® H]. In particular, amH
is a Grothendieck category.

Exercise 6.5.13 Let H be a co-Frobenius Hopf algebra. Then the following
assertions hold:

(i) If M € g+ M, then M™* = H*"** M.

(1) o ag - [A ® H) is a localizing subcategory of agr+ M.

(iii) The radical associated to the localizing subcategory o axp~|A® H}, and
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the identification of ocapn+[A ® H| and AMH produces an ezact functor
t: apa-M — aAMP | given by t(M) = H*™ M.
(iv) H® A is a projective generator of aMH

Exercise 6.5.14 Let H be a co-Frobenius Hopf algebra, v* € H*™* and
h € H. Then: ‘

i) For h* € H*, > (v*h*)o ® (U*h*)1 =) uih* @uf.

i) v* — h € H** and Z v* — h)o® (v* — h)y = D (v§ — h2) ®
(S(hy) — v}), (where by v* — vj ® vi we denote the right H-comodule
structure of H*™* induced by the rational left H*-structure of H*mat),

Exercise 6.5.15 Let H be a co-Frobenius Hopf algebra and A an H -comodule

algebra. Then the following assertions hold:
i) Let M € sM*. Then Homp-(H*™, M) is a left A#H*-module by

((a#th*) f)(*) =Y " aof((v* — ar)h*)

for any f € Hompy-(H*™%, M), a#h* € A#H* and v* € H*™t, [f
w : M — P is a morphism in AMH | then the induced application B :
Hompy«(H*™, M) — HomH (H*"%) P) is a morphism of A# H*-modules.
i) The functor F : aM™ = s4yg-M, F(M) = Homg-(H*"*, M) is a
right adjoint of the radical functor t : agg-M — aMH, t(N) = H*®*N.

For the next exercises we will need the following definition: we say that
a right H-comodule M has finite support if there exists a finite dimensional
subspace X of H such that pp (M) C M ® X, where ppy : M - M Q@ H is
the comodule structure map of M. An object M € 4M* has finite support
if M has finite support as a H-comodule.

Exercise 6.5.16 Let H be a co-Frobenius Hopf algebra, and A a right H-
comodule algebra. Then the following assertions hold:
i) Let M € aM™. Then the map

Ym M — Hom;}*(H*Tat,M),

ym(m)(v*) = v'm = Y v*(mi)mg for any m € M,v* € H*%, is an
injective morphism of A#H*-modules.

i) If M € AMF has finite support, then yar is an isomorphism of AF#H*-
modules.

Exercise 6.5.17 Let H be a co-Frobenius Hopf algebra, and A an H-
comodule algebra. If M € M s an injective object with finite support,
then M is injective as an A-module.
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6.6 Solutions to exercises

Exercise 6.2.6 With the multiplication defined in (6.5), #(H, A) is an as-
sociative Ting with multiplicative identity ugey . Moreover, A is isomorphic
to a subalgebra of #(H, A) by identifying a € A with the map h — e(h)a.
Also H* = Hom(H, k) is a subalgebra of #(H, A).
Solution: We first have
(F-9)-&)h) = D (f-9)e(ha)ihr)e(ha)o

= > f(g(e(hs)2ha)re(hs)1h1)g(e(hs)2ha)oe(hs)o

= Y f(g-€)(ha)1h)(g - €)(h2)o

= (f-(g-€)(h)

so the multiplication is associative. The other assertions are clear.

Exercise 6.2.8 In general, A#H*"* is properly contained in #(H, A)"™.
Solution: Let H be any infinite dimensional Hopf algebra with bijective
antipode, let A = H, and consider the map S e #(H, H). For any h* €
H* c Hom(H, H),z € H, by the multiplication in #(H, H) we have

(r* - 8)(@) = Y h*(S(w2)221)S(w2)1 = h*(1)S(2)

so S € #(H, H)™. But no bijection ¢ from H to H lies in H#H*. For if
Y=Y hi#h; € H#H*, choose x € H, T not in the finite dimensional sub-
space of H spanned by the h;. However z = ¢(v~1(z)) = 3 hi(h}, v (2)),
a contradiction.

Exercise 6.2.12 Let H be co-Frobenius Hopf algebra and M a unital left
A#H** -module. Then for any m € M there exists an u* € H*™ such
that m = u*-m = (1#u*) - m, so M is a unital left H*"**-module, and
therefore a rational left H*-module.

Solution: Let m € M, m = Y (a;#h}) -m;. We take u* € H*"* equal to &
on the finite dimensional subspace generated by a;, h;,, and zero elsewhere.
Then (1#u*)(a;#h] = a;#h] for all ¢, so m = u* -m. Then we can
define an action of H* on M by h* -m = h*u* -m, if h* € H*, m € M,
u* € H*% and m = u* - m. The definition is correct, because H*"%
is an ideal of H*, and H*™ itself is a unital left H*"**-module. Now
h* -m = h*u* -m =3 h*(u})ug - m, so M is rational.

Exercise 6.2.13 Consider the right H-comodule algebra A with the left
and right A#H*-module structures given by the fact that A € MH and
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Ae AMH:
- (b#h*) = aoboh* (S (arba)), (b#h*)-a =) baoh*(as).

Then A is a left A#H* and right A°°H -bimodule, and a left A°°H and right
. A#H*-bimodule. Consequently, the map

7 AFH*™ — End(Apeor), m(a#tl)(b) = (a#l) - b,

8 a ring morphism.
Solution: If ¢ € A%, then

((b#h*)-a)c = Z bagch*(a1)
= Z bagcoh* (aicy)
= D_blac)oh”((ac)r) = (b#h") - ac,
and a similar computation shows the other assertion.

Exercise 6.2.14 Let A be a right H-comodule algebra and consider A as a
left or right A#H*"**-module as in Ezercise 6.2.13. Then:

i) A°H ~ End(apperar A)

’LZ) ACOH ot End(AA#Huaz).

Solution: We prove only the first assertion. We have that for each X €
AMHT ~ Mod,(A#H* ), Hom g perat(A, X) = Hom¥ (A, X) ~ XH
which for X = A gives the desired ring isomorphism.

Exercise 6.2.20 (Maschke’s Theorem for smash products) Let H be a
semisimple Hopf algebra, and A o left H-module algebra. Let V be a left
A#H-module, and W an A# H -submodule of V. If W is a direct summand
in V as A-modules, then it is a direct summand in V as A#H-modules.
Solution: Let t € H be a left integral with e(¢) = 1. Then ¢ is also a right
integral, and S(¢) = ¢. Let A : V — W be the projection as A-modules.
We define

NV W, X) =Y (1#5t)A(1#t2)).

We show that )’ is a projection as A# H-modules. We check first that )’ is
A4t H-linear. Since S is bijective, we can use tensor monomials of the form

a#S(h):
(a#S(h) X' (v)

i

(a#S(h)) Z 1#S(t1)) A(1#t2)v)
> (@#S(h)(1#£S(t1)A(14#2)v)
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= ) (@#S(t1h)A\(1#2)v)
= ) (a#S(th))A((1#t2ha S (hs))v)
= > (a#S(tr))M(1#t2e(h1)S(ha))v)(t right integral)
= Y (@#SE))M(1#t25(h))v)
= D (1#S(t)2)(STH(S(t)1) - a#1)
A((1#t2S(h))v) (by Lemma 6.1.8)
= D (1#S(t))(t2 - a#1)A(1#35(h)v)
= ) _(#S(t1)M(t2 - a#1)(1#t3S(h))v) (A A-linear)
= ) (#SE)A(t: - a#tsS(h))v)
= ) (1#S(0)M(1#t2) (a# S (h))v)
= Y (#S(t1)A(1#t2) (@S (h))v)
= N((a#S(h))v),

so X is A# H-linear. It remains to check that it is a projection. If w € W,
then (1#t2)w € W, so A((1#t2)w) = (1#£t2)w. We have thus

=) (1#S(t)ta)w = (1#e(t))w = w,
and the proof is complete.

Exercise 6.3.2 If the map [—, —] from the Morita context in Proposition
6.3.1 is surjective, then it is bijective.

Solution: Assume [—, —] is surjective, and let )  a; ® b; be an element in
the kernel. Choose u* € H*"* a common right unit for the elements b; (u*
may be chosen to agree with € on the finite dimensional subspace generated

by the b;,’s). Let > [a},b}] = u*. Then we have

Zai®b,~ = Za¢®b-~u*
= > a;®b; - [a},b]]
= > a;® (bi,a))b]
= Zai(bi,aj ) ® b}
= > [aibila @b =0.

Exercise 6.3.4 Let H be a finite dimensional Hopf algebra. Then a right
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H-comodule algebra A has a total integral if and only if the corresponding
left H*-module algebra A has an element of trace 1.

Solution: Let ® : H — A be a total integral, and t € H* a left integral.
Let h € H be such that t(h) = 1, so Y_ hit(he) = t(h)1 = 1. Then ®(h) is
an element of trace 1.

Conversely, if t is as above, and ¢ is an element of trace 1, then ®: H — A
, ®(h) =3 cot(c1S(h)) is colinear by Lemma 5.1.4, and takes 1 to 1, hence
it is a total integral.

Exercise 6.4.2 If S is bijective, then can is bijective if and only if can’ is
bijective.
Solution: We have

can(a ® b) = ¢ o can’(a ® b),

where ¢ : AQ H — A® H is the map given by ¢(a®h) = (185~ (h))p(a).
This is invertible, with inverse given by ¢~(a ® h) = p(a)(1 ® S(h)).

Exercise 6.4.11 Let H be a co-Frobenius Hopf algebra over the field k,
and A a right H-comodule algebra with structure map

p:A—ARARH, p(a)=Za0®a1.

If AJA°°H is a separable Galois extension, then H is finite dimensional.
Solution: H has a direct sum decomposition

H =D EM)),

A€l

where the M)’s are simple left subcomodules of H, and E(M,) is the in-
jective envelope. We know the E(M))’s (which we are going to denote by -
H)) are finite dimensional subspaces of H. Therefore, if H is infinite di-
mensional it follows that I is an infinite set. Denote, for each A € I, by p
the map in H*™* which is equal to € on H) and equal to zero elsewhere.
We also know that for any f € H*™% there exists a finite set F' C I such

that
=23 I (6.21)
AEF

Now the extension A/A°H is a Galois extension, which means that the
map
can : AQ@qeon A— AQH, can(a®b) = Zab0®b1

is bijective. Let us denote, for each A € I,

Ay=pr- A= {Z aopr(a1) | a € A}
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We have clearly that A = 5 A,, since for any a € A we have a = ) px - a,
Al
where the p)’s are the ones corresponding to the finite dimensional subspace

of H generated by the a;’s. Furthermore, we have
p(A)\) CA®H,. (6.22)

Indeed, for an a € A we have

p(pr-a) = ag®aipa(az) = Y a0 ®px-ar.

Now py - H = {3_hipa(h2) | h € H} C Hy, since for any p # A we have
that py annihilates the left subcomodule H,,.
We claim that Ay # 0 for all X € I. Indeed, suppose that Ay, = 0. Then

can(A ® geon A) C ann A®A))C Y A®H,,
Ao

by the definition of can and (6.22), and this is a contradiction because the
image of can has to be all of A® H.

We use now the fact that A/AF is a separable extension. Then there is
a separabilty idempotent in A ® gcorr A, > a; @ b;. This means that

Zaibi= 1, and 2cai®bi=2ai®bic, Ve € A.

Denote by W the finite dimensional subspace of H generated by the ele-
ments b;,, and by pw € H*"* a map equal to € on W. Then pw — b;, are
a finite number of elements in H*™®. Since I is infinite, we can choose Ag
which does not appear among the py’s associated to all the pw — b;, as in
(6.21). In other words, we assume that (pyw < b;,) are zero on Hy,.

Pick now ¢ € A),, ¢ # 0, and apply Id ® p to the equality

ani@)bi:Zai@bic.

We get
ani ® bz‘o ®b;, = Zai ® biyco @ by, 0.

If we apply now M o (I ® I ® pw) (where M is the multiplication of H) to
both sides of the above equality, on the left-hand side we get > ca;b; = ¢,
while on the other side we get

Zazbzocopw bncl Zazb’boco - bil)(cl) = 07

since ¢; € Hy, by (6.22). Therefore we have obtained that ¢ = 0, which is
the desired contradiction.
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Exercise 6.5.5 If A is a right H-comodule algebra, then
A5 END4(A), ar— fa, fo(b)y=ab

s an isomorphism of H-comodule algebras.
Solution: If h* € H* and a,b € A, then

(A" £)(®) = Y falbo)oh™ (fa(bo)1S(b1))
= Zaoboh*(a1b15(b2))

= Zaobh*(m) = Zh*(al)fao(b)

which proves the desired isomorphism.

Exercise 6.5.12 Show that ;4MY = oapn-|AQ H). In particular, amt
is a Grothendieck category.

Solution: By Proposition 6.2.11, if M € aM¥ then M becomes a left
A#H*-module via

(a#th™) - Z amgh™(my).

Since M is an H-comodule, M embeds in H(!) for some set I (see Corollary
2.5.2). Then A® M embeds in AQ H) ~ (AQH)D,s0 M € 0 4p45-[ARH].

Exercise 6.5.13 it Let H be a co-Frobenius Hopf algebra. Then the fol-
lowing assertions hold:

(i) If M € g+ M, then M™ = H*"et ][,

(i) 0 axn-[A® H] is a localizing subcategory of gz~ M.

(iii) The radical associated to the localizing subcategory oagn-|A ® H],
and the identification of 0 a4z [A® H] and 4 M produces an exact func-
tor ¢ : agp-M — sM™  given by t(M) = H*"%* M.

(iv) H ® A is a projective generator of 42M™.

Solution: i) The proof is the same as the one in Exercise 6.2.12: we know
that H*™ M C M7, Let now m € M™%, and v(m) = 3. mg ® m;, where
v is the right H-comodule structure map of M™%, Since H*"* is dense in
H*, there exists h* € H*"% acting as € on the ﬁnlte subspace generated by
the m,’s. Then m = h*m € H*"* M.

(ii) It remains to show that o 44 p+[A ® H] is closed under extensions. Let
0 —- N —> M — P — 0 be an exact sequence of A# H*-modules such that
N,P€osyn-[A®Q H]. Then N = H***N and P = H*"* P, and it can be
easily seen that these imply M = H* %M i.e. M € oa4n+[A® H)].

(iii) follows from Corollary 3.2.12.

(iv) Let M € s4M*. By Corollary 3.3.11, H is a projective generator in
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the category M*. Then regarding M as an object in M* | we have a sur-
jective morphism of H-comodules H{!) — M for some set I. The functor
A®—: MH — 4 MH has a right adjoint, so it is right exact and commutes
with direct sums. We obtain a surjection (A® H)D) ~ A@ HD) — AQ M.
Composing this with the module structure map A®@ M — M of M, we
obtain a surjective morphism (A ® H)) - M in 4M¥. Thus AQ H is
a generator. Since the functor A ® — takes projectives to projectives (as a
left adjoint of an exact functor), A ® H is projective.

Exercise 6.5.14 Let H be a co-Frobenius Hopf algebra, v* € H*™*' gnd
h e H. Then:

i) For h* € H*, 3 (v*h*)o ® (v*h*); = Y vjh* @ vi.

i) v* — h € H** and 3 (v — h)o ® (v* — h); = (v} — ha) ®
(S(hy) — v), (where by v* — v§ ® vi we denote the right H-comodule
structure of H*™®* induced by the rational left H*-structure of H*™),
Solution: i) If I* € H*, we have [*(v*h*) = (I*v*)h* =3 I*(v})vgh*.

ii) Let h* € H* and | € H. We have

(" — RO = Yk (L)t (h —l2)

3R (S(ha)he — h)v*(hs — L)
= ) ((h* = S(h1))v")(ha — 1)

= ) (b = S(h)) (W} )vg(he — 1)
= (Q_h"(S(h) — v}) (w5 — h2))(1)

Therefore h*(v* — h) = > h*(S(h1) — v{)(v§ — hz), which proves every-
thing.

l

Exercise 6.5.15 Let H be a co-Frobenius Hopf algebra and A an H-
comodule algebra. Then the following assertions hold:
i) Let M € aM™. Then Hompy-(H*", M) is a left A#H*-module by

(@#h) ) = 3 aof (0" — a1)h”)

for any f € Hompyg-(H*™%, M), a#h* € A#H* and v* € H*"% If
@ : M — P is a morphism in aM™, then the induced application B :
Hompy«(H*™*, M) — Hompy-«(H*™, P) is a morphism of A# H*-modules.
ii) The functor F : osM® — aupy-M, F(M) = Hompy-(H***, M) is a
right adjoint of the radical functor t : app-M — aMH H(N) = H* %N,
Solution: i) We first show that (a#h*)f is a morphism of H*-modules.
Indeed

((a#h*) (%) = Y I*(aof((v* — a1)h*))
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= @ (" = a)h) e f(" — a2k
Y P (ar((w” — ag)h*)1)aof (v* — az)h*)o)
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(since f is a morphism of right H -—comodules)

S (@a(v” — an)n)ao f((v — az)oh”)

(by Exercise 6.5.14(4))

= Zl*(als(ag) — v})aof (v — as)h*)
(by Exercise 6.5.14(i7))

= Zl*(v;)agf((va —a1)h")
= Y af((I"v") = an)h")

fi

((agth*) £)(I*v*)

To see that the action defines a left A#H *-module, we have

> ao((B#) (@ = a)h?)

((a#h™) (O#17) [))(v") =

I

Gy

Ii

Zaobof( ((v" =@

> agbo f((

Jh*) = bi)l
J(R* = bo)l

v - a1b1

> - ((abo#(h™ — by)I") f)(v")
(((a#th™) (b#17)) ) (v")
Now, if f € Hompy-(H*"*, M), we have

e(((ast

> elaof

= Zaw

 ((a#h™)

h*) ) (@*))
" —a1)h?))
"= a1)h’))

)f
((v
(f((v

(N

ii) The structure defined in i) defines a functor

FiaM* = gy M, F(M)

Let N € g4n-M. Then the map
v : N = F((t(N)) = Homg-(H*"% t(N)),

= Hompy~(H*™" M)

")
")

v (n)(v*) = v*n,‘is a morphism of A# H*-modules. vIndeed, we have that

v ((a#h*)n)(v*) = (140" ) (a#h)n = (ao#(v* — ar)h*)n
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and
((a#h") @) (@") = Y aoyw(n)((v* — ar)h*)
= > ao((v" — ar)h*n)
= > (ao#(v* — a1)h*)n
Let now M € 4M*. Then the map 6y : t(F(M)) — M, 6pr(v*f) = f(v*)
for any v* € H*%, f € F(M) = Homy.(H*™*, M), is an isomorphism in

the category 4 M.

Indeed, we first show that 6y is well defined. Let }°,vi f; = 3, vjg; €
t(F(M)) = H* Homg-(H*"*t, M), with v},u} € H*, fi,g; € F(M). Since
vf,uj € H*™*, there exits I* € H*"* such that [*v} = v} for any i and
I*u} = uj for any j (it is enough to take some I* such that I* acts as ey on

all (v})1 and (u})1; this is possible since H*™* is dense in H*). Then
Do) = D f)
= S
> (u5:)0%)
j
> giru)
J

> 9(u))
i

Il

thus the definition of 6, is correct.

Since 8y (b (v* 1)) = S (A" ) = f(h*0") = h* F(0") = h*Bpy (" ), S i
a morphism of H*-modules, thus a morphism of H-comodules.

Finally, we prove that 837 is a morphism of A-modules. Let v* € H*ot,
f € Homg-(H*™ M), and a € A. We want dpr(a(v*f)) = abp (v* f).
Since a(v*f) € H***Hompg-(H*"*, M), there exists w* € H*"% and g €
Hompy«(H*"%*, M), such that a(v* f) = w*g. This means that 5 aof((d* —
a1)v*) = g(I*w*) for any I* € H*"*. Then ép(a(v*f)) = ém(w*g) =
g(w*), and abpr(v* f) = af(v*). We know that H*™% = @,cp E(Np)*, thus
there exists a finite subset Py of P such that v* € ®,ep, E(Np)*. Denot-
ing by E(N,); the space spanned by all the hy’s with h € E(N,), and
A(h) = 3 h1 @ ha, all the spaces a; — E(Np)y, p € Py, are finite dimen-
sional, thus there exits a finite subset J € P such that a; — E(N,), are
contained in @,esNp, and all wi € GpesNp.
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Take I* € H*"* which is ey on any E(N,), p € J. Thenfor h € E(N,),p ¢
Py and any a; we have ((I* — a1)v*)(h) = > I*(a1 — h1)v*(h2) = 0 (since
v*(he) € v*(E(N,)) = 0) and for any h € E(N,), p € Py and any ay,

(@ =av)(h) = Y (a1 = h)v*(ha)

= ZEH al ——*hl 'l)*(hz)
= enla)v (h)

Therefore (I* — a1)v* = eg(a;)v* for any a1, and 3 ao f((I* — ai)v*) =
S aof(en(ar)v*) = af(v*). On the other hand

rw* = Zl*(w’{)wa = Zsy(wf)w(’; = w*
thus | I
abp (v* f)

af(v”) _
= Zaof((l* —-a1)v"%)
= g(I"w”)

g(w*)

6m(w*g)

énm(a(v*f))

We show that 6y is injective. Indeed, let Y, v; f; € t(F(M)) such that
m (3, v} fi) = 0. Then for any v* € H*"® we have

(Zv fi)w Zfl )= v i) = v 6 (Y0l fi) =0

thus ). v} f; = 0. To show that 8y is surjective, let m € M, choose some
€ C*"® such that I*m = m, and let f € Hompg-(H*™%, M) defined

by f(h*) = h*m for any h* € H*"**. Then clearly m = I*m = f(I*) =

Spm(1* f), which proves that deltaps is an isomorphism.

Now for N € gupy-M and M € aMH  we define the maps

o : Hom% (¢(N), M) — Homayg- (N, Homg. (H*™, M))

and
B : Homagy- (N, Homy-(H*™ M)) — Hom% ((N), M) -

by a(p) = Homg-(H*"%,p)yn for p € Hom¥{ (¢(N), M), and B(q) = émq
for g € Homagu- (N, Homg-(H*™** M)). Thus

a(p)(n)(v*) = p(yn (n)(v*)) = p(v"n)



286 CHAPTER 6. ACTIONS AND COACTIONS

for any n € N,v* € H*"%¢, and
B(@)(v'n) = (6mq)(v*n) = bm (v q(n)) = q(n)(v*)
We have that
(Ba)(p)(v*n) = Bla(p))(v'n) = a(p)(n)(v*) = p(v*n)

and
(aB)(g)(n)(v*) = a(B(q))(n)(v*) = B(g)(v*n) = g(n)(v")

showing that « and § are inverse to each other, and this ends the proof.

Exercise 6.5.16 Let H be a co-Frobenius Hopf algebra, and A a right H -
comodule algebra. Then the following assertions hold:
i) Let M € oM™ . Then the map

Yo i M — Hompg- (H*™, M),

m(m)(w*) = v*'m = S v*(my)mo for any m € M,v* € H*"% is an
injective morphism of A#H*-modules.

i) If M € AM? has finite support, then yp is an isomorphism of A#H*-
modules.

Solution: i) We already know from the solution of Exercise 6.5.15 that
v is a morphism of modules. The fact that it is injective follows from the
density of H*™%t in H*.

i) Let pps(M) € M ® X with X a finite dimensional subspace of H, and
K be a finite subset of J such that X C ®;exE(M,). If g5 € C* is ¢
on E(M;) and zero on any E(M;), t # j, then obviously €;(X) = 0 for
j ¢ K, thus e;M = 0. Let ¢ € Hompy-(H*"* M), and j ¢ K. We have
p(ej) = p(e3) = €j0(e;) € €;M = 0. Thus ¢(®;gx C*e;) = 0.

Let m = Y, x p(et). Then for j ¢ K, yp(m)(e;) = g;m = 0 = p(g;),
and for j € K, ym(m)(e;) = e;m = 3, €50(€t) = @(€;), showing that
vm(m) = @. Therefore 7y, is surjective.

Exercise 6.5.17 Let H be a co-Frobenius Hopf algebra, and A an H-
comodule algebra. If M € 4 MY is an injective object with finite support,
then M 1is injective as an A-module.

Solution: Since the functor F' from Exercise 6.5.15 has an exact left ad-
joint, we have that F(M) is an injective A#H*-module. Exercise 6.5.16
shows that F(M) = M, thus M is an injective A#H*-module. On the
other hand the restriction of scalars, Res, from s+« M to 4M has a left
adjoint A#H* ®4 —: AM — axp-M, and this is exact, since A#H* is a
free right A-module. Thus Res takes injective objects to injective objects.
In particular M is injective as an A-module.
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Chapter 7

'Finite dimensional Hopf
algebras

7.1 The order of the antipode

Throughout H is a finite dimensional Hopf algebra. We recall the following
actions (module structures): '

1) H* is a left H-module via (h — h*)(g) = h*(gh) for h,g € H,h* € H*.-
2) H* is aright H-module via (h* — h)(g) = h*(hg) for h,g € H,h* € H*.
3) H is a left H*-module via h* — h =Y h*(ho)h; for h* € H*,h € H.
4) H is a right H*-module via h — h* = Y h*(h;)h; for h* € H* h € H.
As in Chapter 5, if g € H is a grouplike element, we denote by

Ly = {m € H*|h*m = h*(g)m for any h* € H* }

and
Ry = {n € H*|nh* = h*(g)n for any h* € H* },

which are ideals of H*, Ly = [, R1 = [ .  Also recall from Proposition 5.5.3
that L, and R, are 1-dimensional, and there exists a grouplike element
(called the distinguished grouplike) a such that R, = L;.

We can perform the same constructions on the dual algebra H*. More
precisely, for any n € G(H*) = Alg(H, k) we can define

L,={z¢€ H|hx=n(h)z forany h € H}
R,={y€ H|yh=n(h)y for any h € H:}

289
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We remark that if we keep the same definition we gave for Ly (g9 € H),
then L, should be a subspace of H**. The set L,, as defined above, is just
the preimage of this subspace via the canonical isomorphism 6 : H — H**.
From the above it follows that the subspaces L, and R, are ideals of di-
mension 1 in H, and there exists o € G(H*) such that R, = L.. This
element o is the distinguished grouplike element in H™.

Remark 7.1.1 Using Remark 5.5.11 and Ezercise 5.5.10, we see that if
H 1is semisimple and cosemisimple, then the distinguished grouplikes in H
and H* are equal to 1 and e, respectively. |

Lemma 7.1.2 Let n € G(H*), g € G(H), m,n € H* and x € L, such
thatm -z =g=x<n. Thenm € Ly andn € Ry.

Proof: Let h*,¢g* € H*. Then

(g"h*m)(z) = > (¢"h")(zim(z2))
(g*h*)(9)

g (9)h*(g)

> 9" (m(z2)z1)h(9)
(g"h*(g)m)(z)

which shows that (¢*(h*m — h*(g)m))(z) = 0, so (h*m — h*(g)m)(z —
H*)=0.

But z — A* = A, since L, — 1 = L, by the remarks preceding Proposition
5.5.4, and L, — H* = H by Theorem 5.2.3 (applied for the dual of H°P).
This shows that h*m = h*(g)m, and so m € Ly. The fact that n € Ry is
proved in a similar way. |

I

I

1

Corollary 7.1.3 If me H*, x € L., and m — z = 1, then m € L; and
T —m=a.

Proof: Lemma 7.1.2 shows that m € L,. If h* € H*, then

W' (z —m) = Zh*(mg)m(xl)
= (mh*)(z)
= h™(e)m(z) (sincem € Ly = R,)
= h*(m(z)a)

Applying ¢ to the relation > m(z2)z; = 1 we get m(z) = 1. This shows
that z — m = a.
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Lemma 7.1.4 Let z € L,, g € G(H), m € H* such that m — = = g.
Then for any h* € H* we have

n(g)h*(1) = Y h*(z1)m(ge2)
Proof: We compute
277 )hilg™H)hs(9 Zh*@’hz)
= hi(g7"hs(m (5'32)96177(9)) (g =m — z)
Y hilgHh3(m(gza)gzr) (n(g)e = gz)
Zh* gt gz1)m(gz2) (convolution)
Zh* z1)m(gz2)
|

Lemma 7.1.5 Let g € G(H), n € G(H*), z € L,, and m € H* such that
m — x =g. Then for any h € H we have

S(g™'(n—=n))=(m—h)—z
Proof: Let h* € H*. Then

h*(S(g™ (n — h))) =

= D h(S(h)g)n(ha)

= Zn(g)h*(S(hl)g)n(g‘lhg) (n algebra map)

= n(g)((h*S)n)(¢~'h) (convolution)

= > ((h1S)n) (g~ h)n(g)hs(1)
(counit property for h*)

= > ((AS)m) (g™ A3 (m(gz2)z1)

' (by Lemma 7.1.4 for h3)

= > (h1S)(g7 " h)n(g ™ he)hj(m(gz2)z1) (convolution)

= ZhI(S(hl)Q)hg(m(QQ—lhzﬂiz)g_lhzl‘l)
(since n(g™ hoz = g~ hox)

= D (S(h)gg™ hamim(hszz))

= Z h*(zym(hzs))
= h*((m—h)—1x)
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If we write the formula from Lemma 7.1.5 for the Hopf algebras H,
He°P HOP<P gnd HP, we get that for any h € H the following relations

hold:
IfzeL,,m—z=g, then S(g"'(n—=h))=(m—h)—z (
Ifz€ R,y m—z=g, then S ((n—h)g"")=(h—m)—z (
Ifz € Ry,z —n=g, then S((h —n)g™') =z — (h —n) (
Ifz€Ll,z—n=g, then ST} (g7 (h—n) =z~ (n—h) (

In particular

IfzeL,m—z=1, then S(h)=(m—h)—=z (7.5)
Ifz€ Ra=L,m—x=1, then S'a—h)=(h—m)—2z (7.6)
Ifz€ Ry =L,z —n=a, then S(h —a)a™ )=z — (h—=n) (7.7)
Ifze L.,z —n=g, then ST} (g7h) =z — (n — h) (7.8)
Theorem 7.1.6 For any h € H we have
Sih)y=aYa—h—ala
Proof: Let z € L, = Ry, and m € H* with m — z = 1. Corollary 7.1.3
shows that m € L; and £ «— m = a. Moreover, we have
(§%h) =m)—z = S7Ha—8%h) (by (7.6))
= S7HS*a—h)
= 8§(S*(a — h))
= (m— S8*a—h))—z (by(7.5))
Since the map from H* to H, sending h* € H* to h* — z € H is bijective,

we obtain
S4(h) = m=m — S*(a — h)

On the other hand,
z — (m— S%*a— h)) =
S~ 'a"'S*(a — h)) (by (7.8))
S7H(S*(a™Ha — h)))
S(a~a — h))
S(a*(a — h)aa™)
= S(((aHa—h—aNa)~ a)a™!)
(since a — a = a(a)a)
= z— ((aHa—h—aa) —=m) (by (7.7))
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Since the map h* — x — h* from H* to H is bijective, we obtain that
m—S*a—h)=(a"Ya—h~—a 1)) —m

We got that S*(h) — m = (a™'(a — h — a~')a) — m, and then the
formula follows from the bijectivity of the map h +— h — m from H to H*.

Theorem 7.1.7 (Radford) Let H be a finite dimensional Hopf algebra.
Then the antipode S has finite order.

Proof: Using the formula from Theorem 7.1.6 we obtain by induction that
S4n(h) — a—n(an — h a——n)an

for any positive integer n. Since G(H) and G(H*) are finite groups, their
elements have finite orders, so there exists p for which a? =1 and o? = ¢.
" Then it follows that S = Id. |

Remark 7.1.8 The proof of the preceding theorem not only shows that the
order of antipode is finite, but also provides a hint on how to estimate the
order. ' |

7.2 The Nichols-Zoeller Theorém

In this section we prove a fundamental result about finite dimensional Hopf
algebras, which extends to finite dimensional Hopf algebras the well known
Lagrange Theorem for groups. Everywhere in this section H will be a
finite dimensional Hopf algebra and B a Hopf subalgebra of H. If M
and N are left H-modules, then M ® N has a left H-module structure
(via the comultiplication of H) given by A(z ® y) = ) h1z ® hoy for any
he€ Hze M,y€e N. Hence M ® N is a left B-module by restricting the
scalars. Any tensor product of H-modules will be regarded as an H-module
(and by restricting scalars as a B-module) in this way unless otherwise
specified.

Proposition 7.2.1 If M € #M, then H® M ~ MmH) g left B-
modules. .

Proof: Let U = H® M regarded as a B-module as above, and V = HQM
with the left B-module structure given by b(h ® m) = h ® bm for any
be B,h € Hym € M. Since B acts only on the second tensor position of
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V, we have V o~ M{dim(H)} 35 Jeft B-modules. We show that the B-modules
U and V are isomorphic. Indeed, let f: V - U and g: U — V by

f(h®@m) = Zm(—l)h ® m(0)

g(h®m) = Z SEY (my-1))h ® myo)

for any h € H,m € M, where we denote as usual by m — »_m_;) ® mg
the left H-comodule structure of M. We have that

gf(hem) = Y g(m_nh®@mq))
= ST (mep)m-nh @ m)
= Ze(m(_l))h®m(0)
= h®m

and

fghem) = fO_ 8TV (m1)h®@my)
= Y mnSTH(m_g)h®my
= Zs(m(_l))h®m(0)
= h®m

showing that f and g are inverse each other. On the other hand
fo(h@m)) = [f(h®bm)
= ) (bm)nyh® (bm))
= ) _bimnh®bamq)

= Zb(m(_l)h ® m(o))
= bf(h®m)

so f and g provide an isomorphism of B-modules. |

Proposition 7.2.2 Let W be a left B-module. Then BQW ~W ® B ~
BWimW)) o5 left B-modules.

Proof: We know that BW is a left B-module. It is also a left B-comodule
with the comodule strcture given by the association b@w +— Y b1 ®bQw. In
this way BQW becomes a left B-Hopf module and the fundamental theorem
of Hopf modules (a left hand side version) tells us that BQ W ~ B{dim(W)),
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Let us consider now the Hopf algebra B, with the same multiplication
as B and with comultiplication given by ¢ — 3 c(1) ® co) = >_c2 ® c1.
In particular W is a left B°°P-module, so applying the isomorphism proved
above we obtain that BSP@W ~ (B°P)(dim(W)) a5 left B°®P-modules. The
left B°°P-module structure of B? ® W is given by b(c @ w) = ) bn)c®
bayw = > boc ® byw, therefore since B = B°P as algebras, we see that
BeP @ W is isomorphic to W ® B as left B-modules (the isomorphism is
the twist map), so W @ B ~ (Bep)dim(W)) — p(dim(W)) L

Lemma 7.2.3 Let A be a finite dimensional k-algebra and M a finitely
generated left A-module. Then M is A-faithful if and only if A embeds in
M) as an A-module for some positive integer n.

Proof: If A embeds in M(™ as an A-module for some positive integer
n, then anna(M) = anna(M™) C anna(A) = 0, so M is A-faithful.
Conversely, if M is A-faithful, let {m,...,m,} be a basis of the k-vector
space M. Then the map f: A — M™ defined by f(a) = (am,,...,amy,)
for any a € Ais an A-module morphism with Ker(f) =(,_, ,, anna(m;) =
anna(M) = 0. |

Corollary 7.2.4 Let A be a finite dimensional k-algebra which is injective
as a left A-module, and let P, ..., P, be the isomorphism types of principal
indecomposable left A-modules. If M is a finitely generated left A-module,
then M is A-faithful if and only if each P; is isomorphic to a direct sum-
mand of the A-module M.

Proof: Lemma 7.2.3 tells that M is A-faithful if and only if A embeds in
M for some positive integer n. Since A is selfinjective, this is equivalent
to the fact that M(™) ~ A @ X for some positive integer n and some A-
module X. Decomposing both sides as direct sums of indecomposables,
the Krull-Schmidt theorem shows that this is equivalent to the fact that A
contains a direct summand isomorphic to P; for any 4= 1,...,¢. |

Proposition 7.2.5 Let A be a finite dimensional k-algebra such that A is
injective as a left A-module. If W is a finitely generated left A-module, then
there exists a positive integer v such that W) ~ F® E for a free A-module
F and an A-module E which is not faithful.

Proof: If W is not faithful we simply take r = 1,F =0 and £ = W. As-

sume now that W is A-faithful. Let A ~ Pl(n‘)EB. . .EBPt(n‘), where Py,..., P,
are the isomorphism types of principal indecomposable A-modules. Corro-

lary 7.2.4 shows that W ~ Pl(m’) D.. .EBPi(mi) ®Q for some my,...,m; >0
and some A-module @ such that any direct summand of () is not isomorphic
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to any P;. Let r be the least common multiple of the numbers n,,...,n;.
We have that
WO ~ ™ g @ PI™) @ QM)

— : ™m rm —_— rmy
Let o = mm(—n—ll, ceey T,")7 say a = T2, Then

W) o Al@) g plrmi=em) g gy plrmi—ane) g, o(r)

This ends the proof if we denote FF = A(®, which is free, and E =
prm—em) g @ PI™ ™) g Q()| which is not faithful since it does not
contain any direct summand isomorphic to P; (note that rm; — an; = 0
and that we have used again the Krull-Schmidt theorem). |

Proposition 7.2.6 Let W be a finitely generated left B-module such that
W) is a free B-module for some positive integer r. Then W is a free
B-module.

Proof: Take B = Bi®...®B,, a direct sum of indecomposable B-modules.
If t is a nonzero left integral of B and ¢t = t1 + ...+, is the representation
of ¢ in the above direct sum, we see that

bti+...+bt, = bt
= g(b)t1 +... +e(b)ty
e(b)t

for any b € B, showing that ¢1,...,t, are left integrals of B. Since the
space of left integrals has dimension 1, we have that there exists a unique
J such that ¢; # 0, and then ¢t = ¢;. Hence Bj; is not isomorphic to any
other B;, i # j, since B; contains a nonzero integral and B; doesn’t, and
if f: B; — B; were an isomorphism of B-modules we would clearly have
that f(t) is a nonzero left integral.

Let us take now P, = Bj, Ps,..., P; the isomorphism types of principal
indecomposable B-modules, and B =~ Pl("‘) D...0 s(n’) the representation
of B as a sum of such modules. Note that n; = 1. We know that W is
free as a B-module, say W) ~ B®) for some positive integer p. Since

W™ ~ B0) ~ pm1) gy g plens)

the Krull-Schmidt theorem shows us that the decomposition of W as a
sum of indecomposables is of the form W ~ Pl(ml) D...0 Ps(m") for some
myq, ..., ms. Moreover, since W) ~ Pl(rm‘) @...®P™) we must have
pn; = rm,;. In particular p = rm;. Then for any ¢ we have that pn; =
TMiN; = My, SO M; = min;. We obtain that W ~ B(ml), a free B-
module. 1
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Proposition 7.2.7 Let W be a finitely generated left. B-module such that
there exists a faithful B-module L with L W ~ Wwdim(L) 45 B-modules.
Then W is a free B-module.

Proof: We know from Exercise 5.3.5 that B is an injective left B-module.
Then we can apply Proposition 7.2.5 and find that W(") ~ F @ E for some
positive integer r, some free B-module F' and some B-module E which is
not faithful. Proposition 7.2.6 shows that it is enough to prove that W (")
is free. We have that '

LOW® & (L e W) o (WERE)) o (i) dim(L)

so we can replace W by W) and thus assume that W ~ F @ E.
Similarly there exists a positive integer s such that L(®) ~ F' @ E’ with F’
free and E’ not faithful. Since L is faithful, L() is also faithful, so F’ # 0.
Since

L(s) ® W ~ (L %] W)(S) ~ (W(dim(L)))(s) ~ W(dim(L(")))

and we can replace L by L{*). We have reduced to the case L~F @ E.
Denote t = dim(L). Since L @ W ~ W) we obtain that

FOQE®D ~ (Lo F)e (L®E) (7.9)
Since F is free, say F ~ B9 we see that

LRF ~ L®BW®

(L® B)(")

(BU@mINY@)  (by Proposition 7.2.2)
~ RB(t9)

12

1

~ F®
Equation (7.9) and the Krull-Schmidt theorem imply now that E(®) ~ L®E.
If E # 0 we have that ‘

EV~LQE~(F QE)®(E' ®E)

Proposition 7.2.2 tells then that F’ ® F is nonzero and free, hence it is
faithful, and then so is E(), a contradiction. This shows that F = 0 and
then W is free. ‘ |

Lemma 7.2.8 If any finite dimensional M € HM is free as a B-module,
then any object M € H M is free as a B-module.
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Proof: We first note that any nonzero M € M contains a nonzero
finite dimensional subobject in the category Z M. Indeed, let N be a fi-
nite dimensional nonzero H-subcomodule of M (for example a simple H-
subcomodule). Then BN is a finite dimensional subobject of M in the
category H M. For a nonzero M € ¥ M we define the set F consisting of
all non-empty subsets X of M with the property that BX is a subobject
of M in the category ZM, and BX is a free B-module with basis X. By
the first remark, F is non-empty. We order F by inclusion. If (X;)ier
is a totally ordered subset of F, then clearly X = U;c;X; is a basis of
the B-module BX, and BX = ¥ ,.; BX; is a subobject of M in FM,
so X € F. Thus Zorn’s Lemma applies and we find a maximal element
Y € F. If BY # M, then M/BY is a nonzero object of ‘gM, so it contains
a nonzero subobject S/BY, where BY C S C M and S € M. Let Z be
a basis of §/BY and Y’ C S such that n(Y’) = Z, where 7 : § — S/BY
is the natural projection. Then S is a free B-module with basis Y UY”, so
YUY’ € F, a contradiction with the maximality of Y. Therefore we must
have BY = M, so M is a free B-module with basis Y. |

Theorem 7.2.9 (Nichols-Zoeller Theorem) Let H be a finite dimensional
Hopf algebra and B a Hopf subalgebra. Then any M € HM is free as
a B-module. In particular H is a free left B-module and dim(B) divides
dim(H).

Proof: Lemma 7.2.8 shows that it is enough to prove the statement for
finite dimensional M € #HM. Let M be such an object. Since H is
finitely generated and faithful as a left B-module, and from Proposition
7.21 H® M ~ Mim(H)) a5 B-modules, we obtain from Proposition 7.2.7
that M is a free B-module. The last part of the statement follows by taking
M=H. i

Corollary 7.2.10 If H is a finite dimensional Hopf algebra, then the order
of G(H) divides dim(H). |

As an application we give the following result which will be a fundamen-
tal tool in classification results for Hopf algebras. If H is a Hopf algebra,
we will denote by Ht = Ker(e), which is an ideal of H. A Hopf subalgebra
K of H is called normal if Kt H = HK™.

Theorem 7.2.11 Let A be a finite dimensional Hopf algebm, B a normal
Hopf subalgebra of A, and A/B* A the associated factor Hopf algebra. Then
A is isomorphic as an algebra to a certain crossed product B#,A/BT A.

Proof: We prove the assertion in a series of steps.
Step 1. Bt A is a Hopf ideal of A.
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It is clearly an ideal of A. Since € = (¢ ® )4, if b € Ker(e), then A(b) €
Ker(e®e) = B ® B+ B® B™, so B*A is also a coideal. Finally, since
S(B*) C B, it follows that the antipode stabilizes BT A.

Step I1. A becomes a right H-comodule algebra via the canonical projection
m:A— H=A/(BtA), and B = A®H.

The canonical inclusion ¢ : B — A is a morphism of left B-modules, and
since gB is injective (B is a finite dimensional Hopf algebra), ¢ splits, i.e.
there exists a left B-module map 6 : A — B with 6i = Ig. Let

Q:A— A, Q ZS (a1)ib(as).
We show that Q(B*A) = 0. Indeed, if b€ B and.a € A, then
Q(ba) = ZS bla] ia(bzaz) '

Z S(a1 bl bzle(az)
(6) > S(a1)if(az) = 0.

It follows that there exists Q : H — A a linear map such that Qr = Q.
Thus from 37 a1Q(az2) = i6(a) we deduce that 3" a1Qn(az) =110(a). Let
a€ A®H je. Y a; ®7m(a2) = a®7(1). Then

i0(a) = Zalgﬂ(@)
= > M{I®Q)(a1 ®7(az))
= MI®Q)a®n(1))

= aQn(1)

= aQ(l)=
so a = t6(a) € B. Conversely, if b € B, then from‘Zbl Qb =b®1+
S b1 ® (b —£(b2)1) we obtain that 3" by @ m(by) = b (1), i.e. b€ A°H.

Step III. The extension A/B is H-Galois.
Recall from Example 6.4.8 1) that the canonical Galoxs map

B:ARA— AR A, Ba®b)= Zab1®b2

is bijective with inverse f7'(a ® b) = Y. aS(b;) ® bo. If M denotes the
multiplication of A, then if we denote

=(M®I-I®M)(A®B® A),
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we have B(K) = A® BT A. Indeed, if a,a’ € A, b€ B,andz = ab®a’ —
a®ba’ € K, then

B(z) = Z(aba’1 ® ay — abia] @ beal)
= Z(abla’l ® £(bz)ah — abia ® beah)
= > (abia] ® (e(b2)1 — by)ah)

which is in A ® B* A, since ¢(b)1 — b € B* for all b € B. Conversely, for
a,a’ € A, be Bt we have

B Ha®ba) =
= Y aS(bia}) ® bsaj
= Y aS(a})S(b1) ® baa
> (aS(a})S(b1) ® baal — aS(ay) ® S(by)baa)
= (MRI-I®M)()_ aS(a))® S(b1) ®beay) € K.

Now 3 induces an isomorphism from (AQ A)/K ~ A®p Ato (AR A)/(A®
BtA) ~ A® H, which is exactly the Galois map for the extension A/B.
Step IV. We have that A ~ B®H as left B-modules and right H-comodules.
Recall first the multiplication in the smash product A#H™*:

(a#th®)(b#g") =Y abo#(h" — b1)g",

where (h* — z)(y) = h*(zy). It follows that B® H* is a subring of A#H*.
We know from Nichols-Zoeller that g A is free of finite rank. Applying the
same to A°P, we get that gor AP is free, then using the algebra isomorphism
S : B°? — B it follows that A7 is free, and thus Ap is free (with the same
rank as gA). Denote by ! the rank of Ag. Since the extension A/B is
Galois, the map

can: A®p A— A®H, can(a@b)zZab()@bl (7.10)

is an isomorphism of A — B-bimodules, and hence we have that Ag) o
(BY @5 A)p = (A®p A)p = (A® H)p = AY). By Krull-Schmidt we get
l=n,ie Ap is free of rank n = dimy(H).

By the above, we have that pA is also free and rank(gA) = n. Now, A
has an element of trace 1. Indeed, if t € H* is a left integral, and h € H is
such that t(h)1 = w(1) = Y_ hit(h2), then an element a € A with w(a) = h
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is an element of trace 1:

t-a = Et m(az))ay

(
Zt(ﬂ' a1))f(w(az)) (f is a left inverse for 7r)
= Y Hn(a))f(n(a)2)
> u

t hl hg)

= f(Q_t(h)ha)
= f(r(1)) =1

The extension A/B is also Galois, so the categories g M and AaMH are
equivalent via the induced functor A ®g —. If P, P,,...,P; are the only
projective indecomposables in g M it follows that AQg P}, A®p Ps,...,A®p
P; are the only projective indecomposables in AMH ~ A#H* M. Write

B~PhgPPg.. . Pk
Now A#H* is projective in 4 M so
A#H* ~ (A®p P)" & (A®s P)?* ®...(A®p P.)'* (7.11)

in this category, and in particular as left A-modules. But. A#H* ~ A" as
left A-modules, and again from this and from (7.11) we get as above that
l; = nk; and so

A#H* ~ A" (7.12)

as left A# H*-modules, therefore as left B @ H*-modules.
We have now that :
AQ H* ~ A#H"” (7.13)

as left B® H*-modules, via
¢: AQ H* — A#H", ¢(a®h*) =) a®h* —a.
Now it is clear that ¢ is bijective with inverse
¢ A#HT — AQH", ¢7 a#h) =) a@h" — 5N a),
and ¢ is left B ® H*-linear because .
p((b®g)(a®h%)) = ¢(ba®g"h")
= Zbao#(g*h*) —ay
= Zbao#(g* —a1)(h" — a2)
(b®g)(Q_ao#h* —a1) = (b® g")p(a ®h*).
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Since gA is free of rank n, we get from (7.13) that
A#H* ~(BQ H*)"
as left B ®@ H*-modules. Combining this with (7.12) we obtain that
A" ~ A#H* ~ (B® H*)" (7.14)

as left B ® H*-modules.
Since B ® H* is finite dimensional, we can write

BH* ~PFg...@Pk,

an indecomposable decomposition. Now 44 p- A is projective, A# H™ is free
over B® H*, so A is also projective as a left B ® H*-module. Thus

A~Pl@®...0 Pk
as left B ® H*-modules. By (7.14) we have now
Phrg . @ Pk~ phng . g Pt

as left B ® H*-modules, so by Krull-Schmidt we obtain that k; = ¢;, ¢ =
1,...,8, ie. A~ BQ® H* as left B® H*-modules. But H* ~ H as left
H*-modules by Theorem 5.2.3, so A~ B® H as left B-modules and right
H-comodules.

The result follows now from Theorem 6.4.12. ]

7.3 Matrix subcoalgebras of Hopf algebras

We say that a k-coalgebra C' is a matrix coalgebra if C ~ M¢(n,k) for
some positive integer n. This is equivalent to the fact that C has a basis
(¢ij)1<i,j<n, with comultiplication A and counit & defined by

Aleg) = Y cip®cyy, €(cis) = by

1<psn

for any 1 < 4,57 < n. A basis of C for which the comultiplication and
the counit work as above is called a comatrix basis of C. Of course, a
matrix coalgebra might have several comatrix bases. Let C be a matrix
coalgebra, and we fix a comatrix basis (c¢;;)1<ij<n of C. We know (see
Exercise 1.3.11) that C* ~ M, (k), the matrix algebra, where the matrix
units of C* are the elements (E;;)1<;,j<n C C* defined by E;;(crs) = 6ir6js.
We identify C* and M,,(k), in particular we can consider the trace Tr(c*)
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of an element ¢* € C*, which is the sum of the coefficients of all E;;’s in the
representation of ¢* in the basis (Eij)i<sj<n of C*. We define a bilinear
form (| ) : C x C — k by (cijlers) = 64565 for any 1 < 4,4,7,8 < n.
This form induces a linear morphism £ : C — C* by £(c)(d) = (c|d) for
any ¢,d € C. We clearly have that {(c;;) = Ej; for any 4,7, thus £ is an
isomorphism of vector spaces.

Lemma 7.3.1 For any c,d € C we have that:

(i) (cld) = Tr(¢(c)&(d)).

(%) &(c) = X i1 n(cleis) = Tr(€(c))-

Proof: (i) It is enough to check the formula for elements of a basis of C,
i.e. we have that

TrE(ci)€(crs)) = Tr(EjiEa)
5isT'r(Ejr)
8isbjr

(cij |crs)

Il

© (ii) Again we check on elements of the basis. We have that €(cj,) = 6,

Z(erlcii) = Z5ij5ir

. i=1n i=1,n
= §;
and Tr({(c;r)) = Tr(E,;) = 8;r, which ends the proof. |

Since £ is a linear isomorphism, we can transfer the k-algebra structure
of C* = M,(k) on the space C. Thus C becomes an algebra with the
multiplication o defined by

cod=€71(¢(c)é(d)
for any ¢,d € C. In particular we have that

cijocs = &Y EjEs)
6535_1(Ejr)

= b Crj

The identity element of the algebra (C,0) is €71 (X, ,, Bii) = 21 Cis-
We denote xc = 3_;_; , cii- Note that (C, o) is the unique algebra structure
on the space C making £ an algebra morphism. In order to avoid confusions
(for eg. in the situation where C is a subcoalgebra of a Hopf algebra, and
there exists already a multiplication on elements of C) we will denote by
¢{™ the element coco...oc (c appears  times), and by ¢(~1) the inverse

of an invertible ¢ in (C,0). We need a set of formulas.

il
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Lemma 7.3.2 Let ¢c,d,e € C. Then the following formulas hold.

(i) (cld) = (d]c).

(ZZ) cod= Z(Clld)c2 = Z(Cidg)dl

(111) (c|d) = e(cod).

(iv) (z]y o 2) = (z 0 y|z) = (cod|e) for any cyclic permutation {z,y,2} of
the set {c,d,e}.

(v) (codle) =3 (cle1)(dle2).

Proof: We use for the proof the well known commutation formula for
traces Tr(AB) = Tr(BA) for any matrices A, B € M, (k).

(i) (cld) = Tr(&(c)é(d)) = Tr(&(d)é(c)) = (dlc).

(ii) It is enough to check for basis elements. Take ¢ = c;; and d = c¢;.
Then cod = 6;5¢,; and

Z(Cl|d)‘32 = Z(Cip|crs)cpj

p=1,n

Z 6isOprCp;

p=1lmn .
= 6iscrj

I

The second formula can be proved similarly.
(iii) Apply € to (ii) and use the counit property.
(iv) We have that

(zlyoz) = Tr(z)é(yo=))
= Tr@)EE " (EWE)
= Tr(¢(z)¢(y)é(2))
= Tr(&(c)é(d)é(e)) (by the commutation formula for traces)
(codle)

The other equality follows now from (i).
(v)

Y (ele)(dlez) = (eI (dles)er)
(cldoe) (by (i)
(codle) (by (iv))

I

We prove now a Skolem-Noether type result for C.

Proposition 7.3.3 Let ¢ : C — C be a linear morphism. Then ¢ is
a coalgebra morphism if and only if there exisis t € C, invertible in the
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algebra (C, o), such that ¢(c) = #-Docot for any c € C. Moreover, in
this case we have that Tr(¢) = e(t)e(tV).

Proof: We transfer the problem to the dual algebra of C' (which we iden-
tified with M,(k)), then use Skolem-Noether theorem there and transfer
it back. Thus we have that ¢ : C — C is a coalgebra morphism if and
only if ¢* : C* — C* is an algebra morphism. By using Skolem-Noether
theorem, this is equivalent to. the existence of some invertible T' € C* such
that ¢*(c*) = T'c*T~! for any c* € C*, which applied to an element ¢ € C

means that
*(#(e) = Y T(er)e™ ()T (ca)
for any ¢* € C*. This is equivalent to
“$(c) =Y T(e)T ™ (es)ez
Let t = £~Y(T), which is an invertible element in the algebra (C, o). Since
T(d) = £(t)(d) = (t|d) for any d € C, the proof of the equivalence in the

statement is finished if we show that for an invertible ¢ in (C,¢) and an
element ¢ € C we have that

> (et Vles)es =tV ocot
This is equivalent to
£ _(tle )t Vlea)ez) = £(V 0 cot)
which applied to some d € C means that
S ten) (- Vles)eald) = (£ o cold)
But
S (tle)(#Vles) (cald)

il

> _(tle)(dle2) (¢ Vles)
Z(t odlc;)(t"V]ey) (by Proposition 7.3.2(v))

= (todot(=Y|c) (by Proposition 7.3.2(v))
(Y o cot|d) (by Proposition 7.3.2(iv))

which is what we wanted. For the second part, if ¢ is a coalgebra morphism,
we have showed that

$(ci;) =tV ocot =Y ()t Vlcqs)eng
1<p,gsn ' .
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for any ¢ and j, and this shows that

Tr(g) = Y (tea)(tVles;)

1<i<n
e(®)et™")

I

|

The bilinear form ( | ) was defined in terms of the comatrix basis

(¢ij)1<i,j<n of the matrix coalgebra C. At this point we are able to show
the following.

Corollary 7.3.4 The bilinear form (| ) : C x C — k does not depend on
the choice of the comatriz basis (Cij)1<ij<n-

Proof: Let (cj;)1<i,j<n be another comatrix basis of C, and let [, | be
the bilinear form defined by (c{;)1<i,j<n- Then the linear map ¢ : C' — C
defined by ¢(ci;) = ci; for any 4, j is a coalgebra morphism, so we can apply
the previous proposition and find an element ¢ invertible in (C, o), where o
is the multiplication defined on C by the form ( | ) associated to the basis
(€ij)1<i,j<n, such that ¢(c) = t-Docot for any ¢ € C. In particular we
have that cgj =¢(-Vo cij ot for any 4,5. Then

(&ldy) = (EDocyott-Voc, o)
= (cijlers) (by Proposition 7.3.2(iv))
= (cijlers)
= 61'55]'1'
= [cjlcrs]
which shows that (| ) =[]]. |

Remark 7.3.5 An immediate consequence of the corollary is that the map
& and the algebra structure (C,0), in particular the identity element of this,
do not depend on the choice of the comatriz basis (¢ij)i1<ij<n- Thus we can
regard the element xc as a distinguished element of the matriz coalgebra
C, no matter what comatriz basis we choose in C. |

Let H be a Hopf algebra which has a nonzero left integral A € H*.
We know that the map ¢ : H — H*, ¢(h) = A — h, is an isomorphism
of right H-Hopf modules (Theorem 4.4.6). Since ¢ is a morphism of right
H-comodules, it is also a morphism of left H*-modules, which means that
for any h € H and p € H* we have

A—(p—h)=p(A—h) (7.15)
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If we apply (7.15) to an ‘element a € H we obtain that

Y p(a)A(a28(h)) = Y p(ho)A(aS(h))
which can be rewritten as
M(a = p)S(h)) = A(aS(p — h)) (7.16)

Lemma 7.3.6 Let H be a Hopf algebra with dntipode S, A € H* a left inte-
gral, and C, D subcoalgebras of H such that CND = 0. Then A(eS(d)) =0
for any elements c € C,d € D.

Proof: Take X a linear subspace of H such that H = C & D & X, and
pick p € H* such that the restriction of p to D is 0 and the restriction of p
to C is €. Then for ¢ € C,d € D we have that

AeS(d)) = A(c—p)S(d))
AeS(p — d)) (by formula (7.16))
0

We know that a cosemisimple Hopf algebra has nonzero integrals, so it
has a bijective antipode. The next result gives more information about the
antipode.

Theorem 7.3.7 Let H be a cosemisimple Hopf algebra with 'antz’pbde S.
Then S?(C) = C for any subcoalgebra C.

Proof: Exercises 5.5.9 and 5.5.10 guarantee the existence of a left integral
A € H* with A\(1) = 1, and moreover AS = A. The existence of a nonzero
integral shows that the antipode is bijective. Since any nonzero subcoal-
gebra is a sum of simple subcoalgebras (see Exercise 3.1.6), it is enough
to prove that S2(C) = C for any simple subcoalgebra C. Indeed, if C is
simple, then S?(C) is a simple subcoalgebra of H, since S? is an injective
morphism of coalgebras. Then we have either S2(C) Cor CNS%(C) =0.
If we were in the second situation, then for any d,c € C we would have
A(5%(c)S(d)) = 0 from Lemma 7.3.6. But

A(S*(e)S(d)) = MS(dS(c)))

|
~~
>
n
N
—~
<)
o
—
()
SN
g



308 CHAPTER 7. FINITE DIMENSIONAL HOPF ALGEBRAS

so we obtain that A(dS(c)) = 0 for any ¢,d € C. In particular for any c € C
we have

ele) = Ae(e)l)
= Y MaS(e))
= 0

which implies that C' = 0 (from the counit property), a contradiction. It
remains that S?(C) = C. |

Proposition 7.3.8 Let H be a Hopf algebra with antipode S, A € H* a
left integral, C C H a matriz subcoalgebra with comatriz basis (¢ij)i<ij<n-
Then the following assertions hold.

(1) If i # j, then A(cirS(csj)) =0 for any r,s.

(2) MeirS(csi)) = MejrS(cas)) for any 4, 4,7, 5.

Proof: Let X be a linear complement of C in H. We first note that for
c,d € C we have that 3 (c1ld)c2 = ¢ — p, where p € H* is defined by
p(h) = (h|d) for h € C and p(h) = 0 for h € X. Then by Lemma 7.3.2(ii)
we obtain cod = ¢ «— p. Similarly cod = g — d, where g(h) = (h|c) for
h € C and g(h) = 0 for h € X. Let now pick some 1 < 4,j,7,v,8 < n, and
take p € H* such that p(h) = (hlc;,) for h € C and p(h) =0 for h € X.
Then

)\((Cir o cjv)S(Csj)) = )‘((Cir “— p)S(Csj))
= McirS(p— ¢s5)) (by (7.16))
= MeirS(cjo © Cs5))

Use now ¢;r © ¢jy = 8;,Cjr and cjy © Csj = Csy and obtain
bivA(cjrS(cs;)) = MeirS(csv))

For v = j we obtain
8ijA(cjrS(csi)) = AcirS(csy))

which for ¢ # j shows relation (1).
For v = { we obtain relation (2). |

Theorem 7.3.9 (The orthogonality relations for matriz subcoalgebras) Let
H be a Hopf algebra, A\ € H* a left integral, and C, D malriz subcoalgebras
of H. Then MxcS(xp)) = éc,pA(1).
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Proof: If C # D we apply Lemma 7.3.6 to the elements x¢ € C and
xp € D and find that AM(xcS(xp)) = 0.
If C = D, then

AlxeS(xe))

I

> AcuS(ess))

1<i,j<n

= Z MciiS(ei;)) (by Proposition 7.3.8(1))
1<n

= Z Alc1:S(cip)) (by Proposition 7.3.8(2))
1<ikn .

= Ae(enn)l)

A1)

|

For further use we need the following.

Lemma 7.3.10 Let H be a cosemisimplé Hopf algebfa, A€ H* aleft in-
tegral, and C a matriz subcoalgebra of H. Let t € C an invertible element
in (C,0) such that S?(c) = t&~Y ocot for any c € C. Then e(t) # 0 and
e(t=1) #£ 0.
Proof: Let X be a linear complement of C in H, and define ¢, € H* by
Y(h) = A(xcS(h)) for any h € H, ¢(h) = (t|h) for any h € C and ¢(h) =0
for any h € X. Let c € C and p € H* such that p(h) = (h|c) for h € C and
p(h) =0 for h € X. We have seen that p —~d=cod and d «— p = doc for
any d € C. Then for any d € C we have .
Ylcod) = A(xcS{cod))

= MxcSp—d)

= Mxc —p)S(d)) (by (7.16))

= M(xc0¢c)5(d))

= McS(d))
We have showed that for any ¢,d € C we have that

P(cod) = McS(d)) (7.17)
Then
Ylcod) = AS(d))

AS{(cS(d))
= A($%(d)S(c))
M(tEY odot)S(c))
YtV odotoc) (by (7.17))
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This means that v is zero on the space V spanned by all cod— (Y odotoc
with ¢,d € C. On the other hand

dtVodotoc) = (¢t Vodotoc)
= (tlcod) (by Lemma 7.3.2(iv))
~ d(cod)
so ¢(V) =0.

Let C* ~ M, (k). Since codim{< AB—BA|A, B € M,(k) >) = 1in M, (k),
by transferring this fact via the isomorphism & : (C,0) — M, (k), we obtain
that codim(< cod —doclec,d € C >) =11in C (by < S > we denote the
linear subspace spanned by the set S). Since ¢ is invertible in (C, o), this
implies that codim(< (toc)od —do(toc)le,d € C >)=1in C, and then
codim(< t¢-Y(tocod ~dotoc)le,d € C >) =1 in C, which means that
the codimension of V in C is 1.

Since t # 0 we have that ¢ # 0 (otherwise the image of ¢ in C* through the
isomorphism & would be zero). Since both ¢ and 1) are zero on V', we obtain
that there exists o € k such that ¥ = a¢. The orthogonality relation shows

that ¥(xc) = AMxcS(xc)) = 1. But
P(xc) = (tixc)

= > (tlew)

1<i<n
= ()

so 1 = ae(t), which implies that £(t) # 0. To obtain that e(t(~1) # 0 we
regard everything in the Hopf algebra HP°P where t is replaced by ¢(~1).

7.4 Cosemisimplicity, semisimplicity, and the
square of the antipode

In this section H will denote a finite dimensional Hopf algebra and A € H*
a left integral, ¢ : H — H*, ¢(h) = X\ — h, the isomorphism of right
H-Hopf modules. We recall from the previous section that for any h € H
and p € H* we have (formula (7.15))

A—(p—h)=p(A —h)
and for any a,h € H and p € H* we have (formula (7.16)
M(a — p)S(h)) = AaS(p — h))
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Let A = ¢~ !(¢). For any p € H* we have that
p=pe =pp(A) =d(p — A)

thus ¢~!(p) = p — A for any p € H*. If we apply the equality ¢~1¢ = Id to
an h € H, we obtain that h = (A — h) — A, which in particular for h = 1
shows that A — A =1, and then if we apply € we obtain that A(A) = 1. If
we apply the relation ¢¢~! = Id to € we find that A — A =e.

On the other hand for any h € H we have that

$(AR) = @A) —h
= eg~—h
= ¢e(h)e
= ¢(e(h)A)

showing that Ah = e(h)A. Thus A € H is a right integral.

For any ¢ € H* we denote by R(q) : H* — H* the linear morphism
induced by the right multiplication with ¢, i.e. R(q)(p) = pq for any p € H*.
We also denote by n : H* ® H — End(H*), n(q ® h)(p) = p(h)q for any
p,q € H*, h € H. Then 7 is a linear isomorphism (Lemma 1.3.2). With
this notatlon equatlon (7.15) can be written R(A — h)(p) = S n((A —
h1) ® h2)(p), o

R(A—h)=>_"n((A— h1) @ hy) ’ (7.18)
If f: H— H is a linear morphism, denote by f* : H* — H* the dual
morphism of f. Then for any p,q € H*, a,h € H we have

((mg®@h)o f*)(p))a) = (n(g® h)(pf))(a)
(pf(h)g)(a)
p(f(h))g(a)

= ((n(g® f(h))(p))(a)

50 n(q ® h) o = n(q ® f(h)), which combined with the relation (7.18)

shows that
RA—=h)o f* = "n((A—h1) ® f(ha)) (7.19)

We recall that for a finite dimensional vector space V with basis (v;)1<i<n
and dual basis (v;)]¢;<, in V*, the trace of a linear endomorphism v : V —

Vis
Tr(u)= > v} (u(v;))

1<i<n
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This does not depend on the choosen basis of V, and in fact it is just the
trace of the matrix of u in the basis (v;)1<i<n. In particular, the fact that
Tr(AB) = Tr(BA) for any A, B € M, (k) shows that Tr(uv) = Tr(vu) for
any u,v € Endi(V). For the dual morphism u* : V* — V* we obtain

Tru?) = Y o (®))

i=1n

= Y wen)
1<ikn
= Y wum)

= Tr(u)
In particular, if ¢ € H* and h € H we have that

Trin@®h)) = > n(g®h)(v])(v)

1<i<n

3 (w5 (R)a)(wi)

1<ikn

a( ) vi(h)wi)

1<i<n

q(h)

thus
Tr(n(g® h)) = q(h) (7.20)

If we write equation (7.19) for h = A and use the fact that R(e) = Id,
we obtain

1= n((A — A1) @ f(A2)) (7.21)
Equation (7.21) shows by using (7.20) that
Tr(f) = Tr(f*) = (A — A)(f(A2)) = D A(f(A2)S(A1))  (7.22)

We are able to prove now an important result characterizing semisimple
cosemisimple Hopf algebras.

Theorem 7.4.1 Let H be a finite dimensional Hopf algebra with antipode
S. Then H is semisimple and cosemisimple if and only if T7(S?) # 0.
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Proof: We have that

Tr(S?)

D O A(S%(A2)S(A1)) (by (7:22))

Y AS(A1S(Az))
Me(4)S(1))
A(1)e(A)

1

This ends the proof if we use the facts that H is semisimple if and only if
€(A) # 0 (Theorem 5.2.10) and H is cosemisimple if and only if A(1) # 0
(Exercise 5.5.9). |

We define for any h € H and p € H* the linear morphisms [(h) : H — H
and I(p) : H — H by :

I(h)(a) = ha, 1(p)(@)=p—a

for any a € H. We have that

Tr((h) o §70lp)) = YOS (p— A)S(AL) (by (7.22))
D MhS(A1S(p — A2)))
3 AhS(A1S(A2)p(As)))

3" AGS((A)p(A)))
Ahp(r)

I

Il

i

We have obtained
Tr(l(h) o 82 o l(p)) = A(h)p(A) (7.23)

Exercise 7.4.2 Show that I{(p)* = R(p) for any p € H*. In particular
Tr(l(p)) = Tr(R(p)).

Let us consider the element z € H such that
p(z) = Tr(l(p)) = Tr(R(p))

for any p € H*. Such an element z exists and is unique. Indeed, if i : H —
H** is the natural isomorphism, and h** € H** is defined by h**(p) =
Tr(l(p)) for any p € H*, we just take z = i~ (h**).

Exercise 7.4.3 Show that if S? = Id and H is cosemisimple, then x is a
nonzero right integral in H.
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Lemma 7.4.4 We have that Tr(l(z) o S?) = A(1)e(A) = Tr(5?).

Proof: If we write (7.19) for f = Id we obtain

R(A—h) =Y " n((A — h1) ® ha)
Then for any h € H
(A — h)(z) = Tr(R(\—h)) (definition of z)
= (3 (A — ) ® ha)) (by (7.19))
= > (A —h)(ha)
= ) A(haS(h1))

We obtain
(A —h)(@) =Y A(h2S(h1)) (7.24)

For h = 1, this shows that A(z) = A(1). We use now (7.23) for h = z and
p = € and obtain

Tr(l(z) o §?) A(z)e(A)
A(1)e(A)

= Tr(S?)

Il

Lemma 7.4.5 The following formulas hold:

() 201 ®T2 =) T2 ® 1.

(ii) % = dim(H)z = e(z)z.

(i1i) S%(z) = z.

(iv) Tr(S?) = dim(H)Tr(Sme).

Proof: (i) Let ¢ : H*@ H* — (H ® H)* be the linear isomorphism defined

by ¥(p®q)(g®h) = p(g)q(h) for any p,q € H*, g,h € H. Then for proving
that Y"1 ® T3 = Yz ® 21 it is enough to show that

PP 9D 1 ®z2) =p(p®9)()_ 72 ®71)

for any p,q € H*. This can be seen as follows

breq(Y nem) = ()@
Tr(l(pq)) (by the definition of z)
Tr(i(p) o Ug))

i
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(ii) For any h € H we have that

(A — h)(=?)

(A —hS~ (:v))()

= Z)\ (haS™1(21)S(h S~ (z2)))
= ) Ah2S7H(m) mzs(hl))

D AMh2S™ (@2)718(he)) (by (4))
e(@) 3 M(haS(hn))

e(z)(A — h)(z) (by (7.24))
(A — h)(e(z)z)

for any h € H. Since H* = {\ — h|h € H} we obtain that 2 = ¢(z)z. On
the other hand

I

o

e(x) Tr(l(e))
TT(IdH)

dim(H)

[

which completes the proof of (ii).
(iii) Let p € H* and h € H. We have that

(poS?)(h) = (poS?)—h

= Y p(S*(ha))hs
> ST2(p(S2(ha))S? (M)
S~(p — S*(h))

S™2(Up)(S*(R)))
(8720 l(p) 0 8%)(h)

ol

thus [(po S?) = S~201(p) o S2. Then for any p € H* we have

p(5*(z)) (poS%)(x)
Tr(l(po S?)) (definition of )
Tr(S~2cl(p) 0 S?)

I T
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Tr(S%0 S 20l(p))
Tr(l(p))

= p(2)
which shows that S%(z) = z.

(iv) Let T = I(z) o S?. We know from Lemma 7.4.4 that Tr(T) = Tr(S5?).
We have that

T(zh) = (I(z)o S*)(zh)
zS%(zh)
z8%(x)S?(h)

= z28%(h)

= dim(H)zS%(h)

= dim(H)S%(x)S?(h)
= dim(H)S%(zh)

il

Il

which shows that Tj;z = dim(H)Sf, ;. Since obviously Im(T) C zH, we
can regard Tjzy as a linear endomorphism of the space xH, and then

Tr(Tier) = dim(H)Tr(Sh )
But since Im(T) C zH, we have that Tr(T) = Tr(Tj,x), so we obtain
Tr(S?) = Tr(T) = Tr(Tjzn) = dim(H)Tr(S},5)
|

Theorem 7.4.6 (Larson-Radford) Let k be a field of characteristic zero
and H a finite dimensional Hopf algebra over k, with antipode S. The
following assertions are equivalent.

(i) H is cosemisimple.

(i) H is semisimple.

(ii5) S? = Id.

Proof: (iii)=>(i) and (iii)=(ii) follow directly from Theorem 7.4.1 since
Tr(S?) = Tr(1d) = dim(H).

(i)=>(il) We first use Exercises 4.2.17, 5.5.12 and 5.2.13 to reduce to the
case where k is algebraically closed. Let C be a matrix subcoalgebra of
H. We know that S%2(C) = C (Theorem 7.3.7) and that there exists an
invertible ¢ in the algebra (C, o) such that §%(c) = t{~Vocot for any c € C
(Proposition 7.3.3). Let r be the order of S? (which is finite by Theorem
7.1.7). Then ¢ = 8¥(c) = t-" o co t(") for any ¢ € C, so t( is in the
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center of the algebra (C,0). Taking account of the algebra isomorphism
¢ : C — M,(k) we have that the center of (C,0) is kxc, thus t() = axc
for some « € k. Since t is invertible we have that o # 0, and then replacing
t by W’r’t (which still verifies S?(c) = t(~1) o cot), we can assume that
¢t = xc. Then &(t)" = I, the identity matrix, so the minimal polynomial
of £(t) divides X" — 1, and hence it has only simple roots. This implies that
the matrix £(t) is diagonalizable with eigenvalues r-th roots of unity. Since
k has characteristic zero we may assume that the field of rational numbers
Q C k, and then, since k is algebraically closed, that the field Q (regarded
as a subfield of the complex numbers) is contained in k. Since the inverse
of a complex root of unity is the conjugate of that root, we obtain that
£(t-) is diagonalizable with eigenvalues the (complex) conjugates of the
eigenvalues of £(t). In particular

TrE@D)NTr(E(t)) = TrE@)Tr(E(t) € Ry
Proposition 7.3.3 tells that
Tr(Sf) = e()e(t™V) = Tr(E(=V)Tr(&(1))

On the other hand g(t),e(t(~Y) # 0 by Lemma 7.3.10, so Tr(Sf) >0

We conclude that T'r(S?) is a sum of positive numbers, since H is a direct
sum of matrix subcoalgebras, so Tr(S?) > 0. In partlculal Tr(S?%) # 0,
showing that H is semisimple.

(ii)=>(i) If H is semisimple, then H* is cosemisimple, and by (i)=>(ii) we
obtain that H* is semisimple, so H is cosemisimple.

(i)=(iii) Let H be cosemisimple. So H is also semisimple and then the
distinguished grouplike elements of H and H* are 1 and ¢ (by Remark
7.1.1). Using the formula of Theorem 7.1.6 we obtain S = Id. Then 52
is diagonalizable and any eigenvalue of S? is either 1 or —1. It follows
that T7r(S?) < dim(H). We have already seen that 7r(S?) > 0. :On the
other hand T7(S%) = (dim(H ))Tr(Sle) by Lemma 7.4.5, which shows
that dim(H) divides T(S?). Since 0 < T7(5?) < dim(H), we must have
Tr(S8?) = dim(H), and this forces all the eigenvalues of S? to be equal to
1. We obtain S? = Id. [

Exercise 7.4.7 Let k be a field of characteristic zero and H a semisimple
Hopf algebra over k. Show that a right (or left) integral t in H is cocom-
mutative, i.e. ) t1 Qta =) t2 ®t;.

Exercise 7.4.8 Let k be a field of characteristic zero and H be a finite
dimensional Hopf algebra over k. Show that:

(i) If H is commutative, then H ~ (kG)* for some finite group G.

(i) If H is cocommutative, then H ~ kG for a finite group G.
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Exercise 7.4.9 Let H be a finite dimensional Hopf algebra over a field of
characteristic zero, and let S be the antipode of H. Show that S has odd
order if and only if H ~ kG, where G = Cy X Cy X ... x Cy, and in this
case S = Id, so the order of S is 1.

7.5 Character theory for semisimple Hopf al-
gebras

In this section H will be a semisimple Hopf algebra over an algebraically
closed field k of characteristic 0. Let V € gM be a finite dimensional
H-module with basis (v;)1<i<n and dual basis (v;)j<;<, in V*. We can
regard V as a representation of the algebra H, i.e. an algebra morphism
p: H — Endi(V), defined by p(h)(v) = hv for any h € H,v € V. Then
the character x(V') of the H-module V is defined to be the character of the
representation p. This means that x(V) € H*, x(V)(h) = Tr(p(h)) for any
h € H. In terms of the choosen basis we have

X(V)(R) = Y vi(hw)

1<ikn

Exercise 7.5.1 Let V,W € gM be finite dimensional. Then x(VeW) =
X(V) +x(W) and x(V @ W) = x(V)x(W).

The antipode S of H can be used to construct a left H-module structure
on the dual of a left H-module. If V € pM is finite dimensional, then
V* = Homy(H, k) has an induced structure of a right H-module and then
we transfer this action to the left by using the antipode. We obtain that
V*e yMby

hv*(v) = v*(S(h)v)

forany he Hv*eV*x,veV.

Exercise 7.5.2 Show that for a finite dimensional V € gM we have
x(V*) = 8*(x(V)), where S* is the dual map of S.

Proposition 7.5.3 1) If f : V — W s a morphism of finite dimensional
left H-modules, then f*: W* — V* is a morphism of left H-modules.

2) If V is a finite dimensional left H-module, then V** ~ V as left H-
modules.

Proof: 1) Let h € Hyw* € W* and v € V. Then
fr(hw)(v) = (hw")(f(v))
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= (h)f(v))
= (f(S(h)v))
= frw)(S(h)
= (hf* ("))

2) We show that the natural linear isomorphism i : V' — V** defined by
i(v)(v*) = v*(v) for any v € V,v* € V*, is also a morphism of left H-
modules. Indeed, we have that

(hi(@))(w*) = i(v)(S(h)v")
= (S(h)v*)(v)
= v*(S%(h)v)
= v*(hv) (since S* = Id)

t(hv)(v*)
|

Corollary 7.5.4 IfV is a simple left H-module, then V* is also a simple
left H-module.

Proof: Let f: X — V* be the inclusion morphism of a left H-submodule
of V*. Then f* : V** — X* is a surjective morphism of left H-modules.
Since V** ~ V| thus it is a simple H-module, we obtain that either f* =0,
and then X =0, or f* is an isomorphism, and then f = Id and X = V*. 1

If V is a simple left H-module, then we can also regard V as a simple
right H*-comodule. The coalgebra C associated to V (i.e. the minimal
subcoalgebra of H* such that V' is a C-comodule) is a simple coalgebra,
so it is a matrix coalgebra, since k is algebraically closed (see Exercise
2.5.4 and Exercise 3.1.2). The following lemma gives a description of the
character of V in terms of the associated coalgebra C.

Lemma 7.5.5 Let V be a simple left H-module and C be the coalgebm
associated to the simple right H*-comodule V. Then x(V) = xc.

Proof: We know that C' has a comatrix basis (ci;)i1<i j<n, Where n =
dim( ) such that the coaction on the elements of a basis (v;)1<i<n Works
by p(vi) = 3_1<;j<, Vj ® Cij, where p: V — V ® H* denotes the comodule
structure map of V. This implies that the action of H on V works by
hv; = 3 1<j<n Cij(h)vj for any h € H and 1 <4 < n. In terms of this
coaction, the character of the H-module V is given by . .

X)) = Y vi(hw)

1<i<n
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I

> (bl (vy)

1<i,j<n

Z Cii(h)

1<i<n

We obtain that x(V) = 3",<;c,, Gii = XC- |
Let H be a semisimple Hopf algebra, Vi, ..., V, the isomorphism types
of simple left H-modules, and x1 = x{V1),...,xn = x(Vn) € H* their
characters (usualy called the irreducible characters of H). We choose V; to
be the trivial H-module, i.e. V] = k with the action given by ha = e(h)a
for any h € H and a € k. We know from Corollary 7.5.4 that for any ¢, the
left H-module V;* is simple, so there exists a unique i € {1,...,n} such that
V¥ ~ V= Since V** ~ V as H-modules, the assignement i — 1 provides
an involutory permutation of the set {1,...,n}. Moreover S*(x;) = x; and
dim(15) = dim(V;).
Let H ~ My, (k) x ... x Mg, (k) be the representation of the algebra H
as a product of matrix rings, such that V; is the unique isomorphism type
of simple left H-module produced by My, (k), in particular dim(V;) = d;.
Moreover, the decomposition of the left H-module H as a sum of simple H-
modules is H =~ ealsis,ll/i(di), in particular x(H) = 3_;<;<, dixi- Passing
to the dual coalgebra H* of H, we have that H* = ®C;, a direct sum of
simple subcoalgebras, where C; ~ (Mg, (k))* ~ M*(d;, k) forany 1 <i < n.
In view of Exercise 2.2.18, V; is a simple H*-comodule, and C; is the simple
subcoalgebra associated to V;. In particular x; = x¢;. The orthogonality
relations for matrix subcoalgebras of a Hopf algebra (Theorem 7.3.9) can
be written in our context as follows.

Theorem 7.5.6 Let H be a semisimple Hopf algebra with antipode S,
X1,---,Xn € H* the irreducible characters of H, and A* € H** an integral.

Then for any 1 < 14,5 < n we have A*(x:S*(x;)) = 6i;A*(€). |
Let
Co(H)= ) Qi
1<i<n

be the Q-subspace of H* spanned by xi,...,Xn. In fact Cq(H) is a Q-
subalgebra of H*. Indeed, for any 1 <¢,j < n, xix; = x(Vi)x(V;) = x(Vi®
V;), which is a linear combination of xi,...,x» with nonnegative integer
coefficients, since V; ® Vj, as a left H-module, is a direct sum of simple
H-modules. The Q-algebra Cq(H) is called the Q-algebra of characters of
H.

Similarly, the k-subspace of H* spanned by xi,...,xn is a k-subalgebra
of H*, denoted by Ci(H), and called the k-algebra of characters. An
immediate consequence of the orthogonality relations is the following.
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Proposition 7.5.7 The wrreducible characters xa,...,xn are linearly in-
dependent over k (inside H* ).

Proof: Let A* € H** be an integral with A*(e) = 1. If 3, ., cixi = 0
for some scalars «; € k, we have that for any ¢

0= A aST(x)

1<i<n
= 3 al (S ()
1<i<n
= A" (xe5"(xe))
a;A*(e)

= Q’t

Corollary 7.5.8 There exists an isomorphism of k-algebras Ci(H) ~ k®Q
Cq(H) mapping x; € Ck(H) to 1® x; € k®q Cq(H). |

Lemma 7.5.9 Let M € gMand M = X, & ... D X, a representation of
M as a sum of simple H-modules. Then M¥ = &{X;|X; ~ V;}.

Proof: Let m € MY and m = m; +... + m, with m; € X; for any
1 <4<t Then

e(hymi +...+e(h)m, = e(h)m
= hm
= hmi+...+hm,

showing that hm; = e(h)m; for any for any i and h € H, i.e. m; € X}
for any i. Thus M¥ = XH @ ... ® XF. The characterization of M*
follows immediately from the fact that if X is an H-module, the subspace of
invariants X ¥ is an H-submodule, and if X is simple, then either X = 0,
or X =X ~W. 1

Lemma 7.5.10 Let V and W be simple left H-modules. Then difn(V ®
W*)H =1 if V and W are isomorphic, and dim(V @ W*)H =0 if V and
W are not isomorphic.

Proof: Let ¢ : VW™ — Homy (W, V) be the natural linear isomorphism,
ie. ¢v® w*)(w) = w*(w)v for any. v € Vw* € W*,w € W. We can
transfer via ¢ the H-module structure of V @ W* to Homy(W,V). This
means that if f = ¢(v ® w*) € Homy(W,V) (in fact we should take a sum
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of tensor monomials in V ® W*, but we write like this for simplicity), then
for any h € H and w € W we have

(hf)(w) (he(v @ w*))(w)
$(h(v ® w™))(w)

= Y $(hv®haw*)(w)
= Z(hgw (hlv

= Y w(S(h)w)(hv)

= Zhlw 2w)v)

= D (v @w)(S(h)w)
= Y hf(S(h)w)

Thus
(hf)(w) =D hf(S

Now we have Homy (W, V)# = Homg(W, V). Indeed, if f € Homg (W, V),
then (hf)(w) = 3 hif(S(h)w) = 3 f(mS(ha)w) = e(h)f(w), so f €
Homi(W,V)H. Conversely, let f € Homg(W, V)H. Then for any h €
HweW

Z h1f(e(h2)w)

3 by f(S(ha) (haw)

= > e(h)f(haw)

— )

so f is a morphism of H-modules. Therefore (V ® W ~ Homg(W,V).
The result follows now by using Schur’s lemma. |

hf(w)

I

Proposition 7.5.11 Letxi,...,Xn be the irreducible characters of H. Then
for any i and j we have XX = ;X1 + Z2§r§n arXxr for some nonnegative
integers az,...,0n.

Proof: We know that XiX3 = x(V; ® V*) which is a linear combination of
the irreducible characters w1th nonnegative integer coefficients. Moreover,

the coefficient of x; is the number of appearances of V; in the decomposition
of V;®V;* as a sum of simple modules. Lemma 7.5.9 shows that this number

is dim(V ® W*)¥ | and this is §;; by the previous lemma. |
Theorem 7.5.12 The Q-algebra of characters Cq(H) is semisimple.
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Proof: We first show that if u € Cq(H), u # 0, then uS*(u) # 0. Indeed,
let u=73" ., TiXi, for some z1,...,2, € Q, not all zero. Then

uS* (u) O wax) O zix3)
i J
Z TiTiXi X5

By Lemma 7.5.11, the coefficient of x; in the representation of uS*(u) as
a rational linear combination of x1,...,xn is 3.; 22 # 0, so uS*(u) # 0.

Since Cq(H) is finite dimensional, to end the proof we only need to show
that Cq(H) does not have nonzero nilpotents. Indeed, if z were a nonzero
nilpotent, let v = 25*(2). The above remark shows that v # 0, and clearly
S5*(v) = v. Then v? = vS5*(v) # 0, and continuing by induction we obtain
that v2" # 0 for any positive integer m. But z lies in the Jacobson radical
of Cq(H), and then so does v. In particular v is itself a nilpotent, a
contradiction. |

Exercise 7.5.13 Let C ~ M°(m, k) be a matriz coalgebra and x € C such
that ) x; ® x = )z @ x1. Then there exists o € k such that x = axc.

Proposition 7.5.14 If H is a semisimple Hopf algebra and A € H* an
integral with A(1) = 1, then X(H) = 3, ¢,<, dixi = dim(H)A.

Proof: Let A =37, ;. A, with \; € C; for any i. Since A()) = TA())

(by Exercise 7.4.7), and A(X;) € C; ® C;, we see that A()\;) = TA();) for
any i. According to Exercise 7.5.13, we must have \; = a;xc, = x; for

some «a; € k. If A* is an integral in H** such that A*(c) # 0, then for any

j we have that

A(e)a; = Z aiA*(x,-S*(X;)) (orthogonality relations)
1<i<n

= NS ()

= A*(S(A)S*(x5) (since S*(X) = \)

= AY(S M) '

= MGG

= dzA"(})

= d;A*(A) (since d; = d5)
Since A*(g) # 0, we obtain that a; = %%Zdj, so then 37, ;o dixi ='a)
for some o € k. Evaluating at 1 we see that

a= Y dox()= Y & =dim(H)

1<i<n 1<i<n
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showing the required formula. |

Corollary 7.5.15 Let A\ € H* be an integral such that A(1) = 1, and
denote by Z(H) the center of the underlying algebra of H. Then Cy(H) =
Z(H) — A,

Proof: We know that H ~ My, (k) X ... x My, (k). Denote by ¢1,...,c,
the images in H of the identity matrices in My, (k),..., Mg, (k) via this
isomorphism. Then ¢; acts as identity on the simple H-module V;, and
c;V; = 0 for any j # i. We obviously have Z(H) = ®i<i<nkc;, and
Y 1<i<n ¢ = 1. Then for any 1 < j < n, and h € H we have

(c; = M(R) = Alhej)
= (dim(H))™! Z dix:(hc;)
1<i<n
= (dim(H))  djx;(hc))
= (dim(H))"'d;x;(R) (since ¢z = z for z € V})

so ¢; — A = (dim(H))"'d;x; for any 7, and this clearly ends the proof. ll
The following is just a reformulation of the result in Proposition 7.5.14
for the dual Hopf algebra, but we will also need it in this form.

Corollary 7.5.16 Let A* € H** be an integral such that A*(¢) = 1. Then
the character of the left H*-module H* is dim(H)A*. |

7.6 The Class Equation and applications

Lemma 7.6.1 Let A be a semisimple Q-algebra with basis {a1,...,a,}
such that a;a; € zlgtSn Za; for any 1,5. Then for any field extension
Q C K, there exists an isomorphism of K-algebras

¢p:K®qA— [] M. (K)

a=1,s

for some positive integers s,71,...,Trn, such that for anya € A, ¢(1®a) =
Ea’i’ ; TaijEaij with all ro;; algebraic integers, where for any 1 < a < s we
denoted by (Eqij)i<i,j<re the matriz units in M, (K).

Proof: Let K be a splitting field of the Q-algebra A such that Q C K C Q
and Q C K is a finite field extension (see for example [112, page 113]).
Any finite extension of Q will be considered inside Q. Then K ®q A =~
[To=1,s My (K) for some positive integers s,71,...,7,. This K-algebra
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isomorphism can be also written in the form K ®q A = [[,,.., ; Endr (Va),
where V1, ..., V; are the isomorphism types of simple left K ®g A-modules.
Since K is a splitting field of A, we have that Endg(V,) ~ K for any
1<a<s.

We show that for any simple left K ®q A-module F, say of dimension r
over K, there exists a basis of the K-vector space K @ F such that for the
associated matrix basis of Endx(K ®x F) ~ M,(K), any endomorphism
Yo € Endic (K ®k F), vo(z) = az, the left multiplication with the element
a € A, is a linear combination of the matrix basis with coefficients algebraic
integers. The required isomorphism ¢ follows immediately from here.

So let us take a simple K ®q A-module F. Then F is a K-vector space
by ar = (a ® 1)z, and a left A-module by az = (1® a)z, for a € K,a €
A,z € F. Moreover, a(ar) = a(az) for such a,a,z. Let {hy,...,h,} be a
basis of F' over K. We denote by R the ring of algebraic integers of K. It
is known that R is a Dedekind ring and K is its field of fractions (see for
example [65, page 108}). Now we define

U= )" Rlaihy)

1<in
1<pgr

which is an R-submodule of F. Then U is a torsionfree finitely generated
R-module. Indeed, for any u € U, we have u € F, and then anng(u) C
anng(u) = 0. We prove now that the morphism

¢ KQrU — F, _¢(a®u):au

is an isomorphism of K-vector spaces. It is surjective, since

Im(¢) = Y KRaih,

I

™
=
8
ér

I
>
=
®
I}
2
ér

= F

where the last equality follows from the fact that F' is a simple K ®q A-
module. To show that ¢ is injective, let ¢(}°, o ®r x;) = Y, ayz; = 0, for
some o; € K, z; € U. Since K is the field of fractions of R, there exists a
nonzero N € R (in fact even N € Z) such that Na; € R for any i. Then

Zai Orz; = ZN_INOM ®Rr T;
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= N_l ®r N(Z 0[1'337;)

=0

Then U is a projective R-module, since it is finitely generated torsionfree
over the Dedekind ring R (see [65, Theorem 22.5]). In particular U is R-flat,
so R ®g U embeds naturally in K ® g U. Obviously, ¢(R®g U) = U. The
structure theorem of finitely generated torsionfree modules over a Dedekind
ring ({65, Theorem 22.5]) tells that there exist (wq)1<q<r € U and fractional
ideals (I)1<q<r Of R (i.e. finitely generated R-submodules of K) such that
RORU = @1<q<rIq(1®wy), an internal direct sum of R-submodules. Since
¢ is an isomorphism of R-modules, we have that

U=¢(R®rU) = ®i<q<rlqwy

an internal direct sum of R-submodules. Note that since I, is not necessarily
contained in R, and U is just an R-module, the product I,w,; makes sense
only if we regard everything inside F', which is a K-vector space. However,
I,wy C U for any gq. A classical result for Dedekind rings ({65, Theorem
20.14]) ensures us that there exists a finite extension K C K’, with the ring
of algebraic integers of K’ denoted by R’, such that all the extensions of the
fractional ideals I to K’ are principal, i.e. there exist (04)1<q<r € K'such
that R'I, = R'oq for any ¢. K’ is also a splitting field of A and the simple
modules over K’ ®q A are obtained from the simple modules over K’ ®q A
by extending scalars from K to K’'. We extend all the construction from
K to K'. Thus we take F' = K' @ F, which is a simple K’ ®q A-module
by (¢/ ® a)(f ®z) =o' ®az for any o/, € K', a € A,z € F. A basis
of F' over K" is {1® hp|1 < p < r}. We construct U’ inside F” in a way
similar to the construction of U inside F), i.e.

U'=3 Ra(1®k hy) = Y R(1®aihy)
iL,p i,p
On the other hand
FI=K1®KF’:K/®KK®RU2K,®RU
The above isomorphism ¢ : K'®@rU — F’ is given by (&' ®rz) = o' @k
for any o’ € K’ and z € F. It is easily checked that ¢(R' g U) = U’.
This implies that
U = 4R ®r (B1<q<rIqwy))
= Y(®¢(R ®r Iqw,))
= @qd’(Rl ®r lqwy)
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Since R'I; = R'oyg, it is easy to see that Y(R' ®r I;w,) = R'(0, @k wy).
We obtain that U’ = @,R/(0q ®k wq), a direct sum of R'-submodules. It
follows that the elements (u4)1<q<r are linearly independent over R’ (note
that the annihilators of these elements are zero, since we work inside the
K'-vector space F"), and then they are obviously linearly independent over
K’ (inside F”), thus forming a basis of F' over K'. Moreover, for any
1 < j < n we have that a;U’ C U’. Indeed, if ' € R, 1 < ¢ < n and
1 <p <, then aja; = ) <4<, 2e0¢ from the hypotesis on the basis (a;);
of A, and then T ’ :

a;(r' ®x aihy) = 1 QK ajaihy
= Z'r' ®k ziathy
t

= Zr'zt ®K athp

t

thus a;U’ C U’. Since U’ = @4R'uq, we obtain that aju, = >, rius for
some (ry); © R'. This means that for the basis (uq)1<4<r of the K'-vector
space F', the endomorphisms v, € Endg:(F’) given by multiplication with
elements a € A, can be expressed as linear combinations of the matrix basis
of Endg/ (F') associated to (uq)i1<q<r with algebraic integer coefficients.
Obviously, this fact can be extended by scalars to any field extension of K,
in particular to K (since QC K C K’ CQ C K). |

We apply the previous lemma for A = Cq(H) and K = k, where H
is a semisimple Hopf algebra over the algebraic closed field k. We find
that there exist some positive integers s,r1,...,7, and an isomorphism
of k-algebras ¢ : k ®q A — [[,-; ; Mr.(k) such that for any a € A4,
H1l®a) = Za,i,j TaijEaij with all 74,; algebraic integers, where for any
1 < a < s we denoted by (Faij)i<i,j<r. the matrix units in M, (k).
Let ¢, : Cyx(H) ~ k ®q (H) the natural isomorphism of k-algebras which
takes x; to 1 ® x; for any i (Corollary 7.5.8). Then by denoting eqni; =
4)1’1¢_1(Em-j) € Cy(H), for any 1 < a < 5,1 < 4,j < 7y, We obtain a
family (eqij)a,i,; such that

€aij€fuv = 6aﬁ6jueai'u

for any o, 8,1, j,u,v, and € = EM €qii- In particular (eqi;)q,; is a complete
system of orthogonal primitive idempotents of Ci(H). Also, for any 1 <

u<n
S Xu T E Tu,aij€aij
a,i,j

- for some algebraic integers (Tu,qij)a,i,;-
If we denote by tr : H* — k the character of the left H*-module H*, we have
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that tr(eqi;) is a positive integer for any o and 4. Indeed, since ey;; is an
idempotent, the left multiplication by eq; is an idempotent endomorphism
of H*, so it is diagonalizable and has eigenvalues either 0 or 1, and not
all of them 0 (since esi; # 0). Then tr(e,s;), which is the trace of this
endomorphism is a positive integer. On the other hand, for any a and any
i # J, tr(eaij) = 0, since €qij = €aii€aij — aij€aii, and tr(zy) = tr(yz) for
any z,y € H”.

Exercise 7.6.2 Show that for any idempotent e € H*, tr(e) = dim(eH*).
This provides another way to see that tr(eqai;) s a positive integer.

Theorem 7.6.3 For any 1 < a < s and 1 < i < 714, the integer tr{eqi)
divides dim(H).

Proof: Let A* € H** be an integral such that A*(¢) = 1. We know that
tr = dim(H)A* (Corollary 7.5.16). This shows that for any oo and any ¢ # ¢
we have A*(eqiq) = E;l(mtr(emq) = 0. We use the orthogonality relations
and obtain that for any 1 <u,v<n

6u'u = A (XuS* (Xv))

= A" (X'u.XF)
= A z Tu,0i575,apq€aij€Apq)
a,B,1.5,p.9

= Z Tu,aijT5,0jqM (€aiq)
,%,7,9

= Z Tu,0ijT5,0jiA" (€ais)
a7i’j

= Y (Tu0ij VVA* (€air)) (5,0i VVA* (€ais))
a,i,j

Let I = {1,...,n} and J = {(o,%,5))1 < a < 5,1 <i,j <ra}. Then [
and J are sets with n elements and the above relation can be written using
matrices as XY = Id, where

X = (Tuaij)uel,(aij)es € M1,u(k) and Y = (Yaiju)(aij)esuer € Ms1(k)
are matrices defined by
Lu,0ij = Tu,aij V A*(eaii)): yaij,u) = Ta,ajiV Ax (eaii))

Thus X is an invertible n X n-matrix and Y is its inverse matrix. Then
Y X is also the identity matrix, in particular for any o and ¢ we have that
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1 =73, Yaii,u®u,aii- This means that
*
1= E rﬂ,aiiru,aiiA (eaii)
u
In particular W;w—) = Zu T4, 0iiTu,aéi 1S an algebraic integer.

On the other hand, using again the formula tr = dim(H)A* we find

1 _ dim(H)
A (eai)  tr(eqi)

is a rational number. We obtain that A—,é:;—) is an integer, which ends the

proof. |
Thus for a semisimple Hopf algebra H over the algebraic closed field k,
with the character algebra over k :

Cu(H) = ] M. (k).

a=1,s

We have seen that (eaii)i1<a<s1<i<r, 15 @ complete set of primitive or-
thogonal idempotents of C(H), and tr(eq;) = dim(e; H*) divides dim(H)
for any a and i. Then (ewii)i<a<s,1<i<r, i8S a complete set of orthog-
onal idempotents of H*, so H* = ®i<a<s,1<i<r, €aiifl*. In particular
dim(H) = Zlgags,lsigra dim(eq:: H*).

Now we are in the position to give the structure of Hopf algebras of
prime dimension.

Theorem 7.6.4 (Kac-Zhu) Let H be a Hopf algebra of prime dimension
p over the algebraic closed field k. Then H ~ kC,.

Proof: If p =2, the result follows from Exercise 4.3.7. So we assume that
p is odd. If H has a non-trivial grouplike element ¢, then ¢ has order p
by the Nichols-Zoeller theorem, and then H ~ kC,. Similarly, if H* has a
non-trivial grouplike element, then H* ~ kC,,, and then H ~ (kC,)* ~ kC,
(see Exercise 4.3.6). If neither H nor H* has non-trivial grouplike elements,
then the distinguished grouplike elements of H and H* are 1 and ¢, and
then by Theorem 7.1.6 we have S* = Id. Therefore §? is diagonalizable
with eigenvalues 1 and ~1. In particular, since p is odd, Tr(S?%) # 0, so by
Theorem 7.4.1, H is semisimple.

Use the complete system of orthogonal idempotents (eqi;)1<a<s,1<i<r, Of
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some « and 7, then s = 1 and r; = 1, since any tr(es:;) is nonzero. In
particular dim(Cx(H)) = 1, i.e. H has only one simple module, so H
is a matrix algebra. This is impossible since a non-trivial matrix algebra
does not have a Hopf algebra structure. It follows that all tr(esi;) are
1, and that their number is p. This implies that p = 7, .. 7a. But
> i<acs T2 = dim(Ck(H)) < dim(H) = p, so we must have dim(Ci(H)) =
p, ie. Cx(H)=H*, andr, =1 for any 1 < @ < s. Then H* = Cx(H) ~
kxkx...xk (pofk). Then H is isomorphic to a group algebra by Exercise
4.3.8. |

We have used as ingredients in the proof of the previous theorem the
facts that the complete set (€qii)1<a<s,1<i<r, Of primitive orthogonal idem-
potents of Ci(H) satisfies dim(H) = 37, c , <5 1<i<r, dim(eqi H), and each
dim(eqs H*) = tr(eqs;) divides dim(H).” We show that these relations are
satisfied by any complete system of primitive orthogonal idempotents of

Cr(H).

Theorem 7.6.5 (The Class Equation). Let H be a semisimple algebra
over the algebraic closed field k, and (e;)}1<i<m be a complete set of primitive
orthogonal idempotents of Cy(H). Thendim(H) =Y, ., dim(e;H*) and
dim(e; H*) divides dim(H) for any 1 < i < m. Moreover, dim(e;H*) = 1
for some 1.

Proof: Since a complete system (e;)1<i<m of primitive orthogonal idem-
potents of Ci(H) provides a decomposition Cx(H) = @Pi<i<meiCr(H)
of indecomposable right Ci(H)-submodules, for any other such system
(fi)i<i<m’, we must have m = m’ and e;Cy(H),...,e,Cx(H) are pair-
wise isomorphic as right Cx(H)-modules to f1Cx(H),..., fmCx(H). This
implies that e; H*,..., e, H* are pairwise isomorphic as right H*-modules
to fiH*,..., fmH* (see next exercise). Thus dim(e; H*),...,dim(e,, H*)
are pairwise equal to dim(f1H*),...,dim(fn H*).

The first part of the statement follows now from the existence of a com-
plete system of primitive orthogonal idempotents satisfying the required
relations, namely (€qii)1<a<s,1<i<ra -

For the second part, if A € H* is an integral with A(1) = 1, we know that
X\ € Cx(H) (Proposition 7.5.14), and since A% = A(1)A = ), we see that A
is an idempotent of Cx(H). Moreover, it is a primitive idempotent, since
dim(AH*) = 1, and then dim(ACy(H)) = 1.

Exercise 7.6.6 Let A be a k-subalgebra of the k-algebra B, and e, e’ idem-
potents of A such that eA ~ €’ A as right A-modules. Then eB ~ €'B as
right B-modules.
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Theorem 7.6.7 Let H be a semisimple Hopf algebra of dimension p™ over
the algebraic closed field k, where p is a prime and n a positive integer.
Then H contains o non-trivial central grouplike element.

Proof: Let A € H* an integral such that A(1) = 1. If we take a complete
system (e;)1<i<m of primitive orthogonal idempotents of Cix(H) such that
e; = A, then the Class Equation can be written as

pt =14 Z dim(e; H*).

2<i<m

.Since any dim(e;H*) divides dim(H) = p", we see that there exists some
¢ > 2 such that dim(e; H*) = 1, thus ¢;H* = ke;. The structure of the
1-dimensional ideals of H* shows that there exists a grouplike element g
in H such that e; = ag — X for some o € k. Since i > 2, g is non-trivial
(otherwise e; = A = e1). On the other hand, Corollary 7.5.15 shows that g
must be central. |

Corollary 7.6.8 Let p be a prime number. Then a semisimple Hopf alge- ‘
bra of dimension p? over an algebraic closed field of characteristic zero is
isomorphic as a Hopf algebra either to k[Cy x Cp] or to kCpe.

Proof: Let H be semisimple of dimension p?. Theorem 7.6.7 guarantees
the existence of a central grouplike element g € H. If g has order p?, then
the group of grouplike elements of H has order p?, and then H ~ kChpa.
" If g has order p, then let K be the Hopf subalgebra generated by g, this
is the group algebra of a group of order p. Since g is central in H, K is
contained in the center of H, in particular it is a normal Hopf subalgebra,
and then we can form the Hopf algebra H/K* H. Moreover, by Theorem
7.2.11, H ~ K§,H/K*H as algebras, for some crossed product of K and
H/K*H. In particular dim(H/K+*H) = p, and then by Theorem 7.6.4
H/K*H ~ kC,. Since K is central in H, the weak action of H/K+H
on K is trivial (see Remark 6.4.13), so H is a twisted product of K and
H/K*H. By Exercise 7.6.9 below, we see that H must be commutative.
Since H is semisimple and commutative, we see that as an algebra H is a
product of copies of k. Now Exercise 4.3.8 shows that H ~ (kG)* for some
group G with p? elements. Since such a G is either Cp, x C,, or Cpz, and in
both cases kG is selfdual, we obtain the result. |

Exercise 7.6.9 Show that if the algebra A is commutative, then a twisted
product of A and kC), is commutative.
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7.7 The Taft-Wilson Theorem

Lemma 7.7.1 Let D be a finite dimensional pointed coalgebra, E o sub-
coalgebra of D and 7 : E — FEy a coalgebra morphism such that woi = Id,
where 1 : Eg — E is the inclusion map. Then m can be extended to a coal-
gebra morphism n’ : D — Dy such that n't’ = Id, where i’ : Dy — D is the
inclusion map.

Proof: Since 7 is a coalgebra morphism, Ker(r) is a coideal of E, and
then also a coideal of D, and we can consider the factor coalgebra F' =
D/Ker(m). Let p: D — F be the natural projection and ¢ =poi': Dy —
F. We have that

Ker(¢) = DN Ker(m)
DynN EnN Ker(m)
EoN Ker(m)

0

so ¢ is injective. By Exercise 5.5.2, Im(¢) = p(Do) = Fp. Then ¢* : F* —
D} is a surjective morphism of algebras and Ker(¢*) = Fg- = J(F)*.
We have that F*/J(F*) = F*/Fg- ~ F§, which is a finite direct product
of copies of k as an algebra, so it is a separable algebra. By Wedderburn-
Malcev Principal Theorem {183, page 209] there exists a subalgebra A of F™*
such that F* = J(F*) & A as k-vector spaces. Then A ~ F*/J(F*) ~ Dj
as algebras, so there exists an algebra morphism « : D§ — F* such that
¢* oy = 1d05~ Since Dy and F are finite dimensional, there exists a
coalgebra morphism ¢ : F — Dq such that v = 9*. Then ¢* o ¢* = Idpy,
sopo¢ = Idp,. Then n’ =4 op: D — Dy is a coalgebra morphism
extending 7, and 7' 04’ =opoi =1 o¢ = Idp,. ]

Theorem 7.7.2 Let C be a pointed Hopf algebra. Then there exists a
coideal I of C such that C =1 & Cy.

Proof: Let F be the set of all pairs (D, ), where D is a subcoalgebra of
C and 7 : D — Dy is a coalgebra morphism such that 7 o ¢ = Idp,, where
i : Dy — D is the inclusion map. F is non-empty since (Cop,Idc,) € F.
The set F is ordered by (D,w) < (D’,#') if D C D" and = is the restriction
of 7’ to D. It is easy to check that the ordered set (F, <) is inductive,
and then by Zorn’s Lemma one gets a maximal element (D,7) of F. If
D # C, let c € C — D, and let B be the subcoalgebra generated by c.
The restriction of w to BN D induces a surjective coalgebra morphism 7 :
BND — (BND)g such that 7y 04y = Id(pnp),, where i : (BND)o — BND
is the inclusion map. Apply Lemma 7.7.1 and extend m; to #’ : D — Dy
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such that 7’ 04’ = Idp,, where 7' : Dy — D is the inclusion map. Then =
and 7' produce a coalgebra morphism v : D+ B — (D + B)g = Dy +. By
such that yoj = Idp,+B,, Where j : Do+ By — D+ B is the inclusion map.
Since (D + B,v) € F and (D,n) < (D + B,7), we find a contradiction.
Thus D = C, which ends the proof. |

Let C be a coalgebra. For any p.€ C* we denote by I(p),r(p) : C — C
the maps defined by I(p)(c) = p — ¢ =Y p(ca)er and r(p)(c) = ¢ — p =
Y p(c1)es for any ¢ € C. Clearly I(p) is a morphism of right C*-modules,
since C' is a C*-bimodule. Then I(p) is a morphism of left C-comodules, so

(I®Up))oA="2Acl(p) (7.25)
Similarly r(p) is a morphism of right C-comodules, so
(r(p)®I)o A= Aor(p) (7.26)

For any p,q € C*,c € C we have that

Up)®r(@)odle) = Y Up)(er)@7(g)(ea)
= ) plca)glcs)er ®cq
Z(PQ)(C2)61 ®c3

S a1 ®r(pg)(ca)
(I ®@r(pg)) 0 A)(c)

and also

Up)@r(@)oAle) = > (pg)e)a ®cs

= > Upg)cr) ®ca
= (((pg) ®I) 0 A)(c)

We have obtained that |
(Up)®r(g)) oA =(I®7(pg) oA = (l(pg) ®I) 0 A (7.27)

Lemma 7.7.3 Let E C C* be a family of idempotents such that ), pe =
g, i.e. for anyc € C the set {e € Ele(c) # 0} is finite and ),z e(c) = €(c).

Then
Aol(p)or(q) =Y ((r(g) o l(e)) ® (i(p) o(e))) 0 A

e€EE

for any p,q € C*.
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Proof: The condition }__ e = ¢ showsthat 5 por(e) =3 cpl(e) =1
the identity map of C. We have that

Y Uey®r(e)od = Y (Ior(e*)oA (by (7.27)

ecE ecE
= Z(I ®r(e)) oA (e is an idempotent)
e€EE
(I®I)oA
A
Then

Aolfp)or(qg) = (I®Up))oAor(g) (by (7.25))
= (I®Up))o(r(e )®I)°A (by (7.26))
K )

= (r(e)®p

= Z(r ®l(p))o(l{e)@r(e))o
ecE

= Y ((r(@)ol(e)) ® (Up) o7(e))) 0 A
eeFE

Let C be a pointed coalgebra with coradical Cy = kG and I a coideal of
C such that C = I & Cy. For any = € G we consider the element p; € C*
such that py(I) = 0 and p,(y) = 8y for any y € G. Then E = {p:|z € G}
is a system of orthogonal idempotents with > .o p. = €. Let us denote

¢ =py—c “c=c—pg ¥ =py—cpo
Lemma 7.7.3 shows that
A(FcY) = Z el ® *ey (7.28)

zeG

for any ¢ € C, =,y € G. If we denote *CY = {*c¥|c € C}, then C =
@y “CY since E is a complete system of orthogonal idempotents. For
any subspace S of C we denote ST = SN Ker(e).

Lemma 7.7.4 (i) If z #y, then (*C¥)* = *CY.
(ii) If z € G, then *C* = (*C*)* @ kz.

Proof: Let ¢ € C and z,y € G. Then
e®e?) = (D pa(ci)py(cs)er)
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= Y palcr)e(ca)py(cs)

= sz Py(02)
= (papy)(c)

and this is 0 when z # y and p,(c) when z = y. This shows that (z) holds,
and since x = *z%, that £(*z%) = p.(z) = 1. Thus the sum kz + (*C*)*
is direct and it is contained in *C*. ‘

If c € C, then e(*c® — p,(c)z) = pz(c) — pz(c) =0, so

T = pa(c)z + (°c® — pe(c)z) € kz + (*C*)*
and (i3) follows. |

Lemma 7.7.5 (i) [ = NygegKer(py) andpy, — I CI,I — p, C I for any
z,y € G. ’

(ir) (FC¥)* C I for any z,y € G.

(i) I = @z yea(*CY)*.

Proof: (i) Clearly I C NyegKer(p,). Let ¢ € NzegKer(ps), and write '
c=d+ 3 gz for some d € I and scalars o, € k. Then for any g € G
we have 0 = p;(¢) = az, so c=d € I. Thus I = NzegKer(ps).

If ¢ € I we have that A(c) € C®I+I®C, and then ¢ «— p; = )Y pz(ci)cz €
I. Thus I — p, C I. Similarly py, = I CI.

(ii) Let z # y and ¢ € *CY = (*CY)*. Write ¢ = d+ 2 with d € I and
2€Cy. Thenec= %c¥ = *d¥ 4 *z¥ = *dY e I. .

If z =y, let ¢ € (*C*)" and write ¢ = d + z with d € I and z € Cy. Then
d+z=c= *c® = *d* + %z%, and since *2% = azx for some o € k and
*d® € I, we obtain that 2 = ez and d = *d*. Then0 =¢(c) = e(d)+a = a,
soc=de€l.

(iii) We have that

C= Dzyea 0¥ = (@x,yeG(xcy)ﬂ @ (@xeckx) =Co® (@z,yec(icy)+)

Since @x,yec(zcyﬁ C I by (i), and C = I & Cy, we obtain that I =
Bz yec(*CY)*. i

Denote I, = C,NI. Since C = IEB Cp and Cy C C,, for any n, we have
that Cy, (Cnn.[)@Co—I & Cp.

Lemma 7.7.6 For anyn we have I, = ®; yec(IuN(*CY)¥) = @, yec(Cn
(*Cc¥)").
Proof: We clearly have that I, N(*CY)* = C,,n(*C¥)* forany n. Ifc € I,

and ¢ = 3, o Cay With ¢z € (®*C¥)*, then ¢z =py — ¢ — pz € Cp
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since C, is a subcoalgebra, so then ¢, , € C, N (*C¥)" for any z,y, proving
the claim.

Let g and h be two grouplike elements of C. An element ¢ € C is called a
(g, h)-primitive element if A(c) = c®g+h®c. The set of all (g, h)-primitive
elements is denoted by Py 4(C). Obviously g — h € Py (C).

Theorem 7.7.7 (The Taft-Wilson Theorem) Let C be a pointed coalgebra
with coradical Cy = kG. Then the following assertions hold.

1) If n > 1, then for any ¢ € Cy, there exists a family (cgn)g,nec € C
with finitely many nonzero elements, such that ¢ = Zg’hec cg,n ond for
any g,h € G there exists w € Cp—y ® Cp,_1 with

Alcgn) =cgn®g+h®con+w

2) If for any g,h € G we choose a linear complement Py ;(C) of k(g — h)
in Py n(C), then C1 = kG & (®g,hec Py 1(C))-

Proof: 1) Since C, = Cy @ (Bz,yec(Cn N (*CY)T)) and A(Cop) C Co ® Co,
it is enough to consider the case where ¢ € C,, N (*C¥)* for some z,y € G.
Since ¢ € C,, and the coradical filtration is a coalgebra filtration (Exercise
3.1.11) we see that

Al))€ Y Ci®Crns €1, ®Co+Co® I+ Cnoy ® Cn

1=0,n

SO

Ae) = ch®g+zh®dh+zai®bi

geG heG i

for some (cg)gec € In, (dr)rec € In, (@i)i, (bi); € Cn—1. Since c = *c¥ we
have that

Ale) = A(P)

— T,z z Y
—Ecl®cz

z€G
— Z xcgz® zgy+ Z Thr zd’;y+z zaiz® zbiy
9,2€CG h,zeG i,z

= T ®y+z® “dY+v

where y =37, “a®® *bY € Crhe1 ® Cp_1 since pg — Cp—y € Cp—y and
Cn_1 “— pp € Cp_; for any g,h € G. Therefore

Ale) = "¢/ @y +2z® "df +7 (7.29)
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By the counit property and the fact that e(I) = 0 we find that ¢ = fef+u
for some v € Cr,—y and ¢ = *dY + v for some v € C,,—;. Replacing in
(7.29) we obtain

Ale) = c®y+zQc+y— u®y—x®v
= ¢cQ@UtrQc+w

where w=7-u®y-z2zve€Ch_1®Ch_;.
2) We know that C1 = Co @ I1 and I, = Cy NI = @y yec(Ci N (PCY)T).
We prove that

P, (C)=k(y—z)& (Cyn(CY)T) (7.30)

Let c € Cy N (*CY)*. The proof of 1) shows that'

Alc)=cQ®y+zRc+ Z aghg®h
g,heG

for some a5 € k. Since'c = “¢¥ we have that
A = ACe)
= c®y+zrQc+ Z agn Tg* Q@ *hY

a,h,z€G
= c®y+x®c+6 Oz T ®Y

Applying I ® € and using the fact that e(c) = 0 we get ¢ = ¢ + 6, Oz yY,
80 b5y0zy = 0. Then A(c) =c®y+zQc, ie ¢ € P, ,(C), proving an
inclusion in (7.30).

- For the converse inclusion let ¢ € P, ,(C), ie. Alc) =c®y+z®c. For
any g,h € G we have

A(gch) — Z I ® th +Z 97 ® zch

Ohy 9 @Y+ 6g.2® zch
= bny 9" @Y+ 8,20 9"

If h # y and g # 2 we obtain A(9¢*) = 0, so 9c" = 0.

If h =y and g # z, then A(9c¥) = 9¢¥ ® y, so by applying € ® I we see
that 9¢¥ € ky.

If h #y and g = z, then A(*ch) =z ® *c", so similarly zch ¢ ka.

If h =y and g = = we find *c¥ € P, ,(C).

Taking into account all these cases and the fact that ¢ =" 9,heG 9ch, we
find c = “c¥+az+Py for some a, B € k. Since both cand *¢¥ are in P, I(C)
we obtain that ax + By € P, -(C). But az + 8y = a(z — y) + (o + B)y, so
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(B+ a)y € Py .(C). Since y is a grouplike element, this implies 8+ a = 0.
Thus ¢ = oz — y) + “c¥. Obviously e(*c¥) = 0 since *c¥ € C1 N Py 4, so
c € k(z —y)+ C1 N (*CY)*, and equation (7.30) is proved. Then we have

Cr=Co® (Bzyec(C1N(°CY) M) =Co+ Y Pyu(C)

z,y€G
If Py n(C) = k(g — h) ® P, ,(C), we have
Cr=Co+ Y. (k(g—h)+Py,(C))=Cot+ > Pi4(C)
g,h€G g,heG
We show that the sum Co + 3__ e Py 1(C) is direct. Indeed, let ¢ € Cy
and dg,», € Py ;,(C) for any g,h € G, such that ¢ + 37 .5 dg,n = 0. Since
on(C) S Pon(C) = k(g = h) & (C1n (°C™)T)

we have dgn = agn(g — ) + by with by, € C1 N (9CH)* and oy € k.

Then we have
c+ E ag,h(g —_ h) -+ E bg,h =0
g,heG 9,h€G

and from the fact that Cy = Cp @& (Pgrec(Ci N (9CH)T)) we see that
bg,n = 0 for any g,h € G. Then we obtain dy 5, = ag,n(g — h) and since
2.1n(C) N k(g — h) = 0 we must have dg , = 0 for any g, h. Hence ¢ =0, so

the sum is direct, and this ends the proof. |

Exercise 7.7.8 Let H be a finite dimensional pointed Hopf algebra with
dim(H) > 1. Show that |G(H)| > 1.

The next exercise contains an application of the Taft-Wilson Theorem.
Recall that if R is a subring of S, the extension R C § is called a finite
subnormalizing (or triangular) extension if there exist elements z1,...,T, €

n J J
S such that S = 5 Rz; and for any 1 < j <n we have Y Rz; = ) ;R
L i=1

i=1 i=1
(see [241] or [121]). Then we have

Exercise 7.7.9 Let H be a finite dimensional pointed Hopf algebra acting
on the algebra A. Show that A#H is a finite subnormalizing extension of
A.

7.8 Pointed Hopf algebras of dimension p"
with large coradical

Let p be a prime integer and n > 2 an integer. Let G be a group of order
p™ Y, g € Z(G) an element in the center of G, and assume that there exists
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a linear character a of G such that a(g) is a primitive p-th root of unity.
The linear map ¢ : kG — kG defined by ¢(h) = a(h)h for any h € G,
is an automorphism of the group algebra kG, thus we can form the Ore
extension kG[X, 4], this is Xh = ¢(h)X = a(h)hX for any h € G. Then
using the universal property for Ore extensions (Lemma 5.6.4), the usual
Hopf algebra structure of kG can be extended to a Hopf algebra structure
of kG[X, ¢] by setting

AX)=g®@X+X®1, ¢(X)=0

As a(g)? = 1, it is easy to see that the ideals (X?) and (X? — gP + 1) are
Hopf ideals of kG[X, ¢]. Hence we define the factor Hopf algebras

H,(G,g9,0) = kG[X, ¢]/(X?) and Hz(G, 9,) = kG[X, ¢]/(XP? — g" + 1)

As in Section 5.6, we see that Hy(G,g,a) is a pointed Hopf algebra of
dimension p", with coradical £G. Also, if we require the extracondition
that a? = ¢, then H2(G, g,a) is a pointed Hopf algebra of dimension p",
with coradical kG (see Proposition 5.6.14). The Hopf algebra H,(G, g, c)
can be presented by generators z and the grouplike elements h,h € G,
subject to relations

2P =0, zh = a(h)hz for any h € G
Alz)=9g®z+z®1,e(x)=0

For the presentation of Hz(G,g, ) we just replace the relation 2P = 0 by
z? = gP — 1. Obviously H,(G, g,a) ~ Hy(G, g, ) in the case where gP = 1.
In both cases the coradical filtration is the degree filtration in z, and Py
is not contained in kG if and only if h = g. The following result shows that
the two types of Hopf algebras described above are essentially different.

Lemma 7.8.1 Assume that g’» # 1. Then the Hopf algebras H1(G, g, )
and Hy(G, ¢',&') are not isomorphic.

Proof: If the two Hopf algebras were isomorphic, let f : Ho(G,g',a') —
Hi(G, g, ) be an isomorphism. Then f(g') must be g, as the unique grou-
plike with non-trivial P ;. Then f(z) € Py 4, thus f(z) = v(g — 1) + éz for
some scalars v and 8. Apply f to g’ = &/(¢')g'z, and find that v must be
0. Then apply f to 2P = ¢’» — 1, and find 6?z? = gP — 1. This shows that
gP =1, and thus ¢g’? = 1, a contradiction. |

Theorem 7.8.2 Let H be a pointed Hopf algebra of dimension p™, p prime,
such that G(H) = G is a group of order p"~!. Then there exist g € Z(g)
and a linear character o € G* such that a(g) is a primitive p-th root of
unity and H ~ Hi(G,g,a) or H ~ Hy(G,g,a) (for the second type the
condition aP = € must be satisfied).
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Proof: The Taft-Wilson Theorem shows that there is a g € G such that
dim(P; 4) > 2. Since gpn_1 = 1, the conjugation by g is an endomorphism
of P, ; whose minimal polynomial has distinct roots. Therefore it has a ba-
sis of eigenvectors, and moreover, we may assume that this basis contains
g—1. Let « be another element of the basis, z an eigenvector corresponding
to the eigenvalue A\. If A = 1, then g = gz and A(z) = g®z+z®1, so then
the subalgebra of H generated by g and z is a Hopf subalgebra, and this
is commutative, hence cosemisimple. We find that « € Corad(H) = kG, a
contradiction. Thus we must have A # 1, which implies that A is a primitive
root of 1 of order p®, for some e > 1.

Now we prove by induction on 1 < a < p® — 1 that the set S, =
{ hz'| h € G,0 < i <a}is linearly independent. For a = 1, this follows
from the Taft-Wilson Theorem. Assume that S,..; is linearly independent,

and say that
> anha' =0 (7.31)

heG
0<i<a

for some scalars ap;. Since A(z) = g@r+2z®1,and (z®1)(g®z) =
Mg ® z)(z ® 1), we can use the quantum binomial formula, and get

A= Y (:) Ag"'sazs ®z* (7.32)

0<s<i

Apply A to (7.31), then using (7.32) we see that

> 2 () anihg™*z® @ hz'™* =0 (7.33)

(152, 05eSi

Fix some hg € H. Since S,_; is linearly independent, there exist ¢,¢ €
H* such that ¢(hog® 'z) = 1, ¢(hzt) = 0 for any (h,i) # (hog®™1,1),
P(hoz® 1) = 1, and ¥(hz*) = 0 for any (h,1) # (ho,a—1). Applying ¢
o (7.33), we find that ((f),\Otho,a =0. Asa < p® — 1, we have (‘1‘)/\ # 0,
thus ap, . = 0. Now the induction hypothesis shows that all oy ; are zero,
therefore S, is linearly independent.

But |Spe—1| = p"~1+€ shows that e must be 1, and S,_; is a basis of H.

We prove now that H; = kG—{-ZheG Py 1y and Py )hg = k(hg—h)+khz
forany he€ G. Let z = E heG Qp, shat € Hy. Then as in (7.33) we have

>y () anihg'™*z® ® ha'™* € Ho® H + H ® Ho

he€G 0<s<d
0<i<a
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Note that (hgi=%,s,h,i—s) = (R'g" =%, s/, 0,7 —s') ifand only if s = §',i =
i’ and h = h’. Then for i > 2, take s = 1, and hg*~*z° ® hx*~* has the coef-
ficient ah,i(;)A in A(z). On the other hand, since A(z) € Hy® H+ HQ Hy,
this coefficient must be zero, thus o, ; = 0. Therefore z € kG + 3", . khz,
which is what we want. ' ‘

In particular, the only P, , not contained in kG are Pp pg, h € G. On
the other hand, xh € P, gn, thus P gy is not contained in kG. Thus we
must have gh = hgforany h € G, i.e. g € Z(G). Also, zh € k(hg—h)+khz.
Thus there exist a(h) € k*, B(h) € k such that zh = a(h)hz + B(h)(gh—h).
We have that

zgh = Agzh
Ag(a(h)hz + B(h)(gh — R))
= Aa(h)ghz + A\B(h)g(gh — h)

i

and
| (a(R)hz + B(h)(gh ~ h)g
a(h)Ahgz + B(h)(gh — h)g

xzhg

I

showing that §(h) = 0. Now zh = a(h)hz for any h € H, thus a is a linear
character of G.

Finally, taking the p*" powers in A(z) = g®z+2®1, we obtain A(z?) =
g? @ zP + 2P ® 1. Since gP # g, this implies that z? € Py g» = k(g? — 1). If
2P =0, then H ~ H;(G,g,a). If z¥ = B(gP — 1) for some nonzero scalar
B, then by the change of variables y = 8'/Pz (k is algebraically closed) we
see that H ~ Hy(G, g, a).

Corollary 7.8.3 Let k be an algebraically closed field of characteristic zero
and p a prime number. Then a pointed Hopf algebra of dimension p? over
k is isomorphic either to a group algebra or to a Taft algebra. |

Let p be a prime. Then a group of order p or p? is abelian, therefore
in order to find examples of non-cosemisimple pointed Hopf algebras of di-
mension p™ with non-abelian coradical, we need n > 4. We first investigate
dimension p*, and the possibility of the coradical to be the group algebra
of a non-abelian group of order p%.

Proposition 7.8.4 Let H‘ be a pointed Hopf algebra of dimension p*, p
prime. Then either H is a group algebra or G(H) is abelian.

Proof: It is enough to show that there do not exist Hopf -algebras of
dimension p* with coradical the group algebra of ajnon—abelian‘ group of
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order p3. If we assume that such a Hopf algebra H exists, then the structure
result given in Theorem 7.8.2 shows that there exist g € Z(G(H)) and a
linear character a of G(H) such that a(g) is a primitive p-th root of unity.
There exist two types of non-abelian groups with p3 elements. The first
one is (&1, with generators a and b, subject to

a?’ =1, P =1, bab~! = ol*P

In this case Z(G;) =< a? >, and if @ € G}, then the relation bab™! = ! *?
shows that a(aP) = 1, thus a(g) = 1 for any g € Z(G,).
The second type is G2, which is generated by a, b, ¢, subject to

a?P =W =cP =1, ac= ca, bc = cb, ab = bac

Then Z(G2) =< ¢ >, and again the relation ab = bac shows that a(c) = 1
for any o € G%. Thus a(g) = 1 for any g € Z(G>), which ends the proof. §l

It is easy to see that there exist pointed Hopf algebras of dimension p®
with non-commutative coradical of dimension p*. We can take for example
H = kG ® Hy2, where Hy2 is a Taft Hopf algebra, and G is the first type
of non-abelian group of order p®. Then H is pointed with G(H) = G x C,.
We can also give examples of such Hopf algebras that are not obtained by
tensor products as above.

Example 7.8.5 i) Let M be the group of order p* generated by a and b,
subject to relations

o = 1,P=1, ab= ba'+P*

Then Z(M) =< aP >. Let A be a primitive root of unity of order p?.
Then a(a) = X and a(b) = 1 define a linear character of M, and «a(a?) is a
primitive root of unity of order p. We thus have a Hopf algebra H (M, a?, «)
with the required conditions.

ii) Let E be the group of order p* generated by a and b, subject to relations

o = b =1, ab= bal*P

Then Z(E) =< a?,b? >. Take o € E* such that a(a) = 1 and «(b) is a
primitive root of unity of order p?. Then H(E, b, «) is another example as
we want.

Now we show that if C = (Cp)" ' =<1 > X <2 > X...X < Cp_y >
then a result similar to Corollary 7.8.3 holds.

Proposition 7.8.6 If C = (Cp)"~! and H is a pointed Hopf algebra of
dimension p™ with G(H) = C, then H ~ k(Cp)" "2 ®T for some Taft Hopf
algebra T'. Moreover, there are exactly p — 1 isomorphism classes of such
Hopf algebras.
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Proof: We know from Theorem 7.8.2 that H ~ H,(C, g, @) for some g € C
and o € C* such that a(g) # 1. Regard C as a Z,-vector space. Then
there exists a basis g1 =g, 92,.-.,9n--1 of C. Since a(g) # 1 we can find a
basis ¢; = g,¢2,...,cn—1 of C such that a(cz) = ... = a(c,—1) = 1. Then
zc; = ¢;x for any 2 < 1 < n—1, the Hopf subalgebra T generated by g and
z is a Taft algebra and we clearly have H ~ k(Cp)""2 ® T. The second
part follows from Proposition 5.6.38. : |

Exercise 7.8.7 Let k be an algebraically closed field of characteristic zero.
Show that there exist 3 isomorphism types of Hopf algebras of dimension 4
over k: the group algebras kCy and k(C2 x Cs) and Sweedler’s Hopf algebra
Hy. ‘

7.9 Pointed Hopf algebras of dimension p3

In this section we classify pointed Hopf algebras of dimension p3, p prime,
over an algebraically closed field k. The most difficult is the case where the
coradical has dimension p, which we will treat first. So let H be a Hopf
algebra of dimension p3 with Corad(H) = kC,.

Lemma 7.9.1 There exist c € G(H), x € H and A a primitive p-th root
of 1 such that xc = Acx and A(z) =cQz+z® 1. The Hopf subalgebm T
generated by ¢ and x is a Taft Hopf algebra.

Proof: The Taft-Wilson theorem ensures the existence of some ¢ €
G(H) such that Py, # k(1 —¢). If ¢ : P, — P, is the map defined
by ¢(a) = ¢ 'ac for every a € H, then ¢P = Id, so P; . has a basis of
eigenvectors for ¢. Let = be such an eigenvector which is not in k(1 — c),
and A the corresponding eigenvalue. If A = 1, then the Hopf subalgebra T
generated by ¢ and z is commutative, and hence the square of its antipode
is the identity. Now T is cosemisimple by Theorem 7.4.6, dim(T) > p and
Corad(H) = kC,, a contradiction. We conclude that A # 1, which ends
the proof of the first statement.

Taking the p-th power of the relation A(z) = c® z + z ® 1, and using the
quantum binomial formula, we find that z? is (1, 1)-primitive. Thus 2P = 0
by Exercise 4.2.16. This shows that T is a Taft Hopf algebra. |

From now on T will be the Hopf subalgebra generated by ¢ and z. The
(n + 1)-th term T,, in the coradical filtration of T is the subspace spanned
by all ¢z’ with j < n. In particular 7, =T.

In the sequel we will assume that the sum over an empty family is zero.
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Lemma 7.9.2 Let a € H be such that

p—1ln—1

A(a)=g®a+a®1+22vi,j®c"wi (7.34)
=0 j=0

for some g € G(H),n <p and v; ; € H. Then

n-—1
Afa+v00) =g®(a+vo0) +(a+v0)®1+ > v, ®a7  (7.35)
J=1

and foralll1 <r<n-1

n~r+i i
A(von—r) = g®Ug n—r + Vo n—r ™™ T+Z( ) Vo,n—r4i ®C T
A

)
i=1

(7.36)
Proof: We have that
(A®NA(e) = g®g®a+g®a®1+a®1®1+
~ln~-1 —1n-1
+ ZszJ®czﬂ®1+ZZA (vij) ® c'ad
i=0 j=0 =0 7=0
and
p—1ln-1 o
(I®Q)A(e) =g®g®a+9g@eR1+a®11+Y Y g@uv,; ®cal+
=0 j=0
In—-1 j
599 o [ RIEEETE
i=0 j=0 s=0
Looking at the terms with 1 on the third tensor position we find
p~-ln-—-1 o n-1 )
Z Z Vi, ® c'z? + Avgp) = g Qoo + Z V0, ® 27 + g ® 1,
=0 j=0 j=1
p—1ln-1 o
and now we obtain (7.35) since Z Zvi,j ®c'r! =Ala)-gR®a~-a1.
1=0 j=0 .

Looking at the terms with z"~" on the third position we find (7.36). |
The key step is to show that there exist (1, g)-primitives that are not in
T.



7.9. POINTED HOPF ALGEBRAS OF DIMENSION P? 345

Lemma 7.9.3 dim(H;) > 2p. -

Proof: Suppose dim(H,) < 2p. Since 77 C H;, we have H; = T;. In
particular dim(P, ) = 2 only for v = cu.

Step 1. We prove by induction on n < p — 1 that H, = T,,. Assume
that H,_1 = T,,—, and H, # T,, and pick some h € H, — T,,. Write h =

Z hu, as in the Taft-Wilson Theorem and pick some h,, , € H, — T,,.
u,vEG(H)
Denoting g = u™'v we have that a = u'h,, € H, — T, and

p—ln—1
A(a) =g®a+a®1+zzvi,j ® c'a’
=0 j=0
with v; ; € T,—1. Let b= a+wvoo € Hyp ~Ty,. 7.9.2 shows that A(vpp-1) =
g® Vo -1+ Von-1®c* L. If g # c" we have Von-1 € Hp, and then
A(b) € Hy® H+ H Q@ H,_2, which is a contradiction since b ¢ H,_;.
Hence g = ¢™ and vy n—1 = a(c® —c* 1) + B¢z for some o, B € k, B # 0.
We have that
Ab)—c"@b-b@1-a(c" @z -l @an!)-
~B" e @2 ' e HR Hy_o+ Hy® H. (7.37)
Since (A(z™™ 1) —c"@z" 1~z @)+ (" @z - el ¢
H@Hn-2+Ho®H and (A(z") ~c"@2" —z2"®1) - (}) " 'z@a2""t €
H ® H,,_,, relation 7.37 implies that ¥’ = b+ az™™! — (T{);lﬁx" satisfies
AW)-c"@Y -V®1€ HRH,,_o+ Hy® H. Therefore b € H,,_; =T,,_1
and b € T N H, = T,, providing a contradiction.
Step 2. We have from Step 1 that H,_, =T, ; =T # H,. Using the
Taft-Wilson Theorem and 7.9.2 as in Step 1, we find some b € H, — T with
v o1
AbD)=1®0b+b®@1+ vaj ® z? for some v; € T (note that we need here
j=1
c? = 1). We use induction to show that for any 1 < m < p there exists
b, € Hp, — T such that

p_m N . p—l . . . :
=1 j=p—m '

forsomewJETd]Ek -
For m = 1, we see again as in Step 1 that UVp1 = a(l — P71 + BcP g for
some «, 3 € k, 3 # 0. Observe that

(1- ez +( A ) 182 -2 'el)e > ToT;,
i<p-2
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Applying (7.9.2) to a = b+ azP™! (in the case n = p — 1),we obtain a by as
wanted.

Assume that we have found by, for some 1 < m < p—1 satisfying (7.38).
Applying relation (7.36) to by, and r = m we obtain

Ao p-m) = Alap—mc? mz™)

m
m L B »
= ap_mE <> Pt QMg
%
A

i=0
= 1®ap-mc® "™+ apemc? "™ Q1

r—1 .

—-m-+1 _ s . . _ .

+ j :(p : ) ap—m+icp m+1cp m+1.xm 1®Cp mxz
i=1 A

and

(3

m—1 m ] ] )
Z ( ) ap_mcp—m+1,mm—z ® Pt =
A

i=1

iy p—m+i
N ( i ) p—mpic? T @ P
i=1 A

which implies that

2 2

(’T‘) Qo = (p —mt z) Qi (7.39)
A A

forevery 1 <i<m—1. Forr =m+1 the relation (7.36) gives

AWp-m—1) = 1 ® Wp—m—1 + Wp-m—-1 ® P 1+

m .
—-m+i1—1 . . )
+y (Z’ - ) Qpompi1 P~ MTITIgM T @ Pl gE
i=1 ¢ A

On the other hand we have
A(Cp—m—l$m+1) = 1 ®cp—m—1mm+1 +cp—m—1xm+1 ®cp-m——l
m
+ Z (m + 1) Pmti-lym—i o p-m—1,i
i=1 ¢ A

We obtain the following identities after we apply (7.39) with ¢ replaced by
i — 1 (first equality) and some elementary computation with A-factorials
(second equality).
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p—m+i—1
( . > Qp—mn+i-1 =
¢ A

p—m+i—1 m p—m+i—1\""
. . . Qp—m
) s\i—1/, 1—1 A
<p~m) (m+1>_l<m+1> N
. " p-—
1 A 1 A 7 A m
We obtain that

-1
: — 1 )
A wyoms — (:D m) <m+ ) ™l g™ ) € Py ).
1 Jh\ 1,

As cP~™ #£ 1 we find

p—m m+1\""
Wp—m—1 — ( ) < ) ) cp—m—1$m+1 — a(l = Cp—m—l)
1 A A

i

il

for some « € k. Since

(1 _ cp—m—l) ® xp—m—l + (A(.’l}p_m_l) _ 1®xp—m—1 _ xp—m——l ® 1) e
e > T®T,
j<p—-m-1
we can apply (7.9.2) to b,, + az?P "™ ! and get a by, 41 satisfying (7.38).
Step 3. Take a b = b, satisfying (7.38):

p—1
AB)=1@b+bB1+ Y a;dzP™I @af (7.40)
j=1 '

It follows easily that A(bc — cb) = ¢ ® (bc — ¢b) + (bc — ¢b) ® ¢, and bc = cb.
Also

A(bx—xb)—}-(a,,_g-k)\”_lap,l—ap_i—)\2ap_2)m2®xp‘1 € HiQH+H®H,_»

(7.41)
Applying (7.39) with ¢ = 1,m = 2, we obtain
Pl |
(A+Dap_2= o1 %t

and
(A2 = Dapog = (W' = Dapoy =0
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We see that the coefficient of z?®zP~ ! is 0 in (7.41) and bz—zb € Hp_1 = T.
Clearly 6§ = bz — zb € TT = T nKer(¢). The relations bc = cb, bz —
zb = § and 7.40 show that the algebra generated by ¢,b and z is a Hopf
subalgebra of H, so it is the whole of H by the Nichols-Zoeller Theorem.
They also show that 7T H = HT*, which means that T is a normal Hopf
subalgebra. Hence by Theorem 7.2.11 we have an isomorphism of algebras
H ~ TH§,H/TTH ( a certain crossed product). But in H/TtH we have
¢=1,2=0and bis (1,1)-primitive, thus 0. We obtain H/T+H ~ k, and
then dim(H) = dim(T'), which provides a final contradiction. |

At this point we know that there are two different cases: 3 < dim(Py )
or there exists g # ¢ such that 2 < dim(Py 4). In the first case let us pick
some y € Py . — kz such that yc = pcy for some primitive p-th root p of
1 (recall that P, . has a basis of eigenvectors for the conjugation by ¢). In
the second case pick y € Py 4 such that yg = ugy for some p # 1. Write
g = c? (in the first case we will take d = 1).

Lemma 7.9.4 The set {c%z'y?| 0 < q,3,7 <p—1} is a basis of H.

Proof: We prove by induction on 1 < n < 2p — 2 that the set B,, =
{c92%y?| 0 < q,4,j < p—1and i+j < n} is linearly independent. For n =1
this follows from the Taft-Wilson Theorem. Suppose that B, is linearly

p-1
independent and take Z Z aq,i,jcqxiyj = 0. Applying A, we find
g=0 i+j<n+l

p—-1 ‘
Z ZZ Qgyi J<) (J) )\Sd(j—t)cq+i—s+d(j—t)xsyt®
I

g=0 i+j<n+1 s=0t=0
®cIz' Sy "t =0 ,
Fix some triple (qo,i0,Jjo) With i + jo = n + 1 and assume %y # 0 (oth-
erwise jo # 0 and we proceed in a similar way). Take ¢ € H* mapping
clotio=1+diog to 1 and any other element of B, to 0, and ¥ € H* mapping

ctogio~lyio to 1 and the rest of B, to 0. Applying ¢ ® v, we find that
Qgo,i0,jo = 0. Now all the g 4 ; are zero by the induction hypothesis. |
Corollary 7.9.5 B, spans H, for every 0 <n <2p-—2.

Proof: We prove by induction on 1 < n < 2p — 2 that B, — Bn 1 C
H, — H,_,. This is clear for n = 1. For the induction step, pick z'y’ €
Bpt1— B,,. Then

i J

EZ( ) ( ) AeAG—1) s+ g5t @ gi=syi—t

s=0 t=0
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€EHy® H+HQ®H,,

and z'y’ € H,+1. Assuming again that ¢ # 0, choose ¢,% € H" such
that ¢(cit¥~1z) = ¢(2*~'y?) = 1, ¢(Bo) = 0 and ¥(B,-1) = 0. Then
(¢ ®¥)(Ho ® H + H ® Hy—1) = 0, while (¢ @ 9)(A(z*y)) = (1), A¥ #0,
and this shows that z'y’ ¢ H,. |

We define now some Hopf algebras. If ) is a primitive p-th root of 1
and 1 < i < p—1 an integer, we denote by H(\,%) the Hopf algebra with
generators ¢, ¢,y defined by :

P=1 2? =y =0, zc=Aex, yc=A"'cy, yr=A"‘zy

Ale)=c®c, Alz)=cQz+2®1, Ay) =c®y+yx Ll
We also denote by Hs()\) the Hopf algebra with generators c,z,y defined
by
=1 zP=y? =0, zc= Az, yc=A"tey, yr= Alzy+c -1

Ale)=c®c, Alz)=cQz+2Q1, Aly)=c®y+y®L
Note that for p = 2 the only Hopf algebra of the second type, Hs(—1), is
equal to H(—1,1). ‘

Theorem 7.9.6 Let H be a Hopf algebra of dimension p® with Corad(H) =
kC,. Then H is isomorphic either to some Hg(\) or to some H(A,1).

Proof: We first consider an odd prime p. We distinguish the following
cases.
Case 1. z,y € P .. Then yz € Hj, and since B, spans Hy we have

YT = Z (cuic'z® + Bic'zy + %c’jf) +6 (7.42)
©0Kign-1
for some oy, B, € k,6 € Hy. Applying A and replacing everywhere yz
by the right hand side in (7.42), we find

Z (ozic2 Qc'z? + Bt @ cay + v @y + ot @ 1+ Bictzy ® 1+
0<i<n—1

+7¢P? )+ ®6+6Q01+uy@®z+cx®y

— Z ai(cz+2 ® CZIL‘2 + sz2 ® 4+ (1) cz+1m ® Cll')
0<i<n—1 A

+ Z ,Yi(c1.+2 ®czy2 + czy2 ®ct+ (1) C’H—ly ®cly)

0<i<n—1 w
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+ Z Bi(cT? @ cxy + cfzy ®@ ¢ + ¢ty @ clr 4+ ATz @ cty) + A(6)
0<i<n—1
Since Bj is linearly independent we get a; = ; = 0 for all ¢ (looking at the
coefficients of ¢tz ® ¢’z and ¢**ly ® c'y), B; = 0 for any i # 0 (looking at
the coefficient of ¢it? ® cizy), BoA = 1 (looking at the coefficient of cz @),
u = Bo (looking at the coefficient of cy ® z), and A(§) =c*® §+6® 1.
Thus u=A"'and 6§ € P2 = k(c®—1). If § = 0, then H ~ H(\,1). If
8 # 0, then H ~ Hg(i).
Case 2. z € Pi¢, y € P, g4, where g = c® # c. Writing again yz as in
(7.42) and applying A, we find

Z (icg ® ¢tz + Bicg ® cay + vicg ® ¢yt + itz ® 1 + ﬁicixy ® 1+
0<i<n—1

47 ®1) +cgR6+6Q 1+ pcy @z + 9z y

= Z ai(d?@clz? + 2?2t + (1> @ ctr)+
A

0<i<n—1
. . . S (2\ :
+ > nulddedy+dyec+ (1) c'gy ® c'y)+
0<i<n—~1 u

+ Y. Bi(cMgeday+day@d + Ty @z + Aidiga ® c'y) + A(6)
0<i<n—1

Since Bs is linearly independent we obtain that a; = ; = 0 for any 1,

B; = 0 for any i # 0,

Bo = ANB=1land A(6) =6®@1+cg®6 Thus u = A% and § €

Pl,cd-{—l = k(0d+1 et 1)

If § =0, then H ~ H(\,%). If § # 0, then

yxc = (Boxy + 6)c = Bopxcy + bc = ABopczy + bc,

and
yze = Ayce = A\ucyx = A\uc(Bozy + 8) = AuBoczy + Auch.

These show that Ay = 1, and this implies d = 1, which is impossible.

If p= 2, then 22 = 32 = 0 and By = {c?,c%z,cly, czy|0 < q¢ < p — 1},

so in the equation (7.42) we consider from the beginning that a; = ; = 0,

and the proof works with the same computations. |
The number of isomorphism types of Hopf algebras of the form Hs())

and H(\,1) can be evaluated using the following.
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Proposition 7.9.7 .

1) H(\ %) ~ H(p,j) if and only if either (A1) = (u,5) or p = A™" and
ij = 1 (mod p).

2) If p is odd, then Hs(\) ~ Hgs(p) if and only if A = p.

3) If p is odd, then no one of the Hs(u) is isomorphic to any H(A,1).

Proof: 1) We use the classification result given in Proposition 5.6.38,
taking into account the fact that H(A,i) = H(C,, (p,p), (c,c*), {(c*, "))
where ¢* € C* is such that ¢*(¢) = A, while

H(u,5) = H(Cy, (,p), (¢, ), (d%,d" 7))

where d* € C* is such that d*(c) = p. The permutation 7 as in Proposition
5.6.38 is either the identity or the transposition. In the first case, H(\, 1) ~
H(p,7) if and only if there exists h such that c* = ¢,c" = ¢/, ¢* = d*"
and ¢*~* = ¢*~"J. This implies that A = 1(modp), and then i = j and
A = c*(¢) = d*(¢) = p. In the second case H(\,1) ~ H(u,7) if and only if
there exists h such that ¢’ = ¢/, cM = ¢, ¢* = d*~7* and ¢*~* = d**. Then
h is the inverse of ¢ modulo p, j = h, and d* = c*‘ﬁ, and we obtain that
p=d*(c) = (c) = A%,

2) It follows immediately from Corollary 5.6.44.

3) It follows from Theorem 5.6.28. - |

Corollary 7.9.8 Ifp is odd, then there exist (p—1)2/2 types of Hopf alge-
bras of the form H(X,i) and p — 1 types of the form Hs(\). If p = 2, then
there is only one Hopf algebra of the form H(A,i), namely H(—1,1), and
it is equal to Hs(—1).

Proof: Assume that p is odd. There exist (p — 1)? Hopf algebras of the
form H (A, 7). The classification of these, given in the previous proposition,
shows that any of them is isomorphic to precisely one other in this list.
Indeed, if we take some 1 <% < p—1 and some primitive p-th root of unit;zy
A, then H(A,4) =~ H(p, j) where j is the inverse of i modulo p and p = A~%.
Then (A, i) # (u, 7). Otherwise we would have that 42 = 1(modp), so then |
p = A"1 # X\. We conclude that there exist (p — 1)?/2 isomorphism types
of Hopf algebras of the form H(A,4). The rest is obvious. |

Let H be a pointed Hopf algebra of dimension p®. We have seen (Ex-
ercise 7.7.8) that the coradical of H can not be of dimension 1. By the
Nichols-Zoeller Theorem we have dim(Corad(H)) € {p,p*,p*}.

If dim(Corad(H)) = p, then Corad(H) = kC)p, and this case was dis-
cussed.

If dim(Corad(H)) = p?, then Corad(H) = kCy2 or Corad(H) = k(Cj x
C}), and the classification in these cases was done in the previous section,
where pointed Hopf algebras H of dimension p™ with G(H) of order p"~}
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are classified. For every A # 1 and ¢ such that M =1and Misa primitive
p-th root of 1, denote by H,2(A,4) is the Hopf algebra with generators ¢
and = and

= 1, 2P =0, zc= Acz
Ale)=c®c, Az)=cQzr+z®1
By Proposition 5.6.38 two such Hopf algebras Hj2(\,%) and Hy2(u,j) are
isomorphic if and only if there exists h not divisible by p such that u = \?
and i = hj (mod p?). )
If X is'a primitive p-th root of 1, we denote by H(\) the Hopf algebra with
generators ¢ and z defined by

2
=1, 2P=cP -1, zc= Az

Alc) =c®c, Alz)=c®z+2z®1

Then using again Proposition 5.6.38, we see that H(\) ~ H(y) if and only
if A = u. These facts imply the following.

Proposition 7.9.9 Let H be a pointed Hopf algebra of dimension p® with
Corad(H) = kCp2. Then H is isomorphic either to some Hy2(\, i) or to a

H()), and there are 3(p — 1) types of such Hopf algebras. |

The case where G(H) = Cp, x Cp, follows from the more general Proposition
7.8.6.

Proposition 7.9.10 Let H be a pointed Hopf algebra of dimension p® with
Corad(H) = k(Cp x Cp). Then H ~ T\ ®kC),, where T, is one of the Taft
Hopf algebras, and there exist p — 1 types of such Hopf algebras. |

Finally, if dim(Corad(H)) = p®, then H is the group algebra of one of the
following groups: Cp x Cp x Cyp, Cp2 X Cp, Cp3, Gy = Cpz >4 Cp, Go = Cpp >
Cp2, where G, Gz are the two types of nontrivial semidirect products. We

have now the complete classification of pointed Hopf algebras of dimension
3

.
Theorem 7.9.11 Let H be a pointed Hopf algebra of dimension p3. Then
H is isomorphic to one of the following: Hs(X\), H(),4), H\), T\ ® kC,,
where X is a primitive p-th root of 1, Hy2(A,4) for some X # 1 and i such
that \*° = 1 and X is a primitive p-th root of 1, k(Cp x Cp X Cp), k(Cpz x
Cp), k(Cps), k(G1), k(G2).

If p is odd, then there are @;%@Jr—gz + 5 such types. If p = 2, then there
are 10 types. |
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7.10 Solutions to exercises

Exercise 7.4.2 Show that l(p)* = R(p) for any p € H*. In particular
Tr(l(p)) = Tr(R(p))-

Solution: If ¢ € H* and a € H we have
()*(@)a) = (gl(p))a)
= Y a(p(az)ar)
(gp)(a)
= (R(p)(9))(a)

Exercise 7.4.3 Show that if S? = Id and H is cosemisimple, then z is a’
nonzero right integral in H.
Solution: For any p € H* we have

p(z) = Tr(l(p))
= Tr(l(1)oS%0l(p)) (since (1) = S? = Id)
= AM1)p(A) (by (7.23))
= p(M1)A)

so z = A(1)A. Since H is cosemisimple, A\(1) # 0, and then z is a nonzero
right integral.

Exercise 7.4.7 Let k be a field of characteristic zero and H a semisimple
Hopf algebra over k. Show that a right (or left) integral t in H is cocom-
mutative, i.e. Y 61 @ty =D ta ®t;.

Solution: We know that H is cosemisimple and S? = Id, so the element
x € H for which p(z) = Tr(l(p)) for any p € H*, is a right integral in H
by Exercise 7.4.3. By Lemma 7.4.5, = is cocommutative.

Exercise 7.4.8 Let k be a field of characteristic zero and H be a finite
dimensional Hopf algebra over k. Show that:

(i) If H is commutative, then H ~ (kG)* for some finite group G.

(i) If H is cocommutative, then H ~ kG for a finite group G.

Solution: If H is either commutative or cocommutative, then $? = Id,
showing that H is semisimple and cosemisimple. For (), if H is semisimple
and commutative, then H ~ kxkx...xk as an algebra, and now H ~ (kG)*
for some finite group G by Exercise 4.3.8. For (ii), we apply (i) for H*.

Exercise 7.4.9 Let H be a finite dimensional Hopf algebra over a field of
characteristic zero, and let S be the antipode of H. Show that S has odd
order if and only if H ~ kG, where G = C3 X C2 X ... X C2, and in this
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case S = Id, so the order of S is 1.

Solution: We know that S is an antimorphism of coalgebras, so if it has
odd order, we obtain that S is also an coalgebra morphism. Since S is
bijective, this implies that H is cocommutative. Then necessarily S? = Id,
and the odd order must be 1. Also, by Exercise 7.4.8 we have that H ~ kG
for some group G. Since S has order 1, we must have that g = g~! for any
g€ G, s0then G=Cy xCy x...x Cs. ‘

Exercise 7.5.1 Let V,W ey M be finite dimensional. Then x(V & W) =
x(V) + x(W) and x(V @ W) = x(V)x(W).

Solution: If (v;)1<i<n is a basis of V and (w;)1<j<m is a basis of W, then
we take as a basis for V @ W the union of these two bases and obtain

xXVew)(h) = Y vi(hv)+ Y wi(hw)
1<i<n 1<5<m
= x(V)(h) +x(W)(h)
proving the first formula. In V®W we take the basis (v; ®w;);, ;. The dual
basis in (V@ W)* is (v] ® w})i,;, if we identify (V ® W)* with V* @ W*
via the natural isomorphism. Then ‘

x(Vew)h) = Z(v{®W§)(h(vi®wj))

> v} (havi)w (haw;)

i!j

> x(V)(h)x(W)(ha)
x(V)x(W))(h)

proving the second formula.

Exercise 7.5.2 Show that for a finite dimensional V €y M we have
x(V*) = 8*(x(V)), where S* is the dual map of S.

Solution: If (v;)1<i<n is a basis of V and the dual basis of V* is (vi)}<;<n,
then for any h € H T

x(V*)(h)

Il
<
Ty

*
—
>
<
=%
~—

Il
<
e
—

U
—_
-
~—
<
N
~—

x(V)(S(h))
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= (x(V)oS)(h)
S (x(V))(h)

Exercise 7.5.13 Let C =~ M¢(m, k) be a matriz. coalgebra and x € C such
that " 21 ® xp = >_x2 @ 1. Then there exists a € k such that z = axc.
Solution: Let (c;j)1<i,j<m be a comatrix basis of C, and

r = E aijci]-

1<4,5<m
for some scalars a;;. Then Y” 23 ® x2 = ) 22 ® 21 is equivalent to
Yo cuycp®c= D, ey ®cy
1<4,j,p<m 1<4,5,pSm
Looking at the coefficients of the elements of the basis (¢i; ® cuv)1<i,j,u,u<m

of C®C, we see that this is equivalent to ;; = 0 for any ¢ # j and ay; = ayp
for any 1 < i,p < m. But this means that £ = 11 Y ;¢;<pm, Cii = Q11XC-

Exercise 7.6.2 Show that for any idempotent e € H*, tr(e) = dim(eH*).
This provides another way to see that treq::) is a positive integer.
Solution: The endomorphism u : H* — H*, u(p) = ep for any p € H*,
satisfies Im(u) C eH*. This implies that T7(u) = T(ujep-). On the other
hand, for any p € eH* we see that u(p) = ep = p, thus vy~ = Id, and
then Tr(ujey~) = dim(eH™).

Exercise 7.6.6 Let A be a k-subalgebra of the k-algebra B, and e, e’ idem-
potents of A such that eA ~ e’ A as right A-modules. Then eB ~ ¢'B as
right B-modules. :
Solution: Let f : eA — e’ A be an isomorphism of right A-modules with
inverse f~!. Note that ex = z for any z € eA, and €'z’ = 2’ for any
z' € ¢’A. Define g : eB — ¢'B by g(eb) = f(e)b for any b € B. This is
correctly defined, since eb; = eb, implies that
fle)br = f(e%)b1 = f(e)ebr = fle)eba = f(e*)bo = f(e)bs

With the same argument we can define g’ : ¢/B — eB by ¢'(eb) = f~1(e/)b
for any b € B. Then

g'gled) = g'(f(e)b)
g'(¢' f(e)b)
FHENf(e)b
= fTHe'f(e)b
FHF ()b
= eb

Il
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thus ¢’g = Id, and similarly g¢’ = Id. Then g provides an isomorphism of
right B-modules.

Exercise 7.6.9 Show that if the algebra A is commutative, then a twisted
product of A and kC,, is commutative.
Solution: If A#,H is a twisted product, the weak action of H on A is
trivial, i.e. h-a = €(h)a for any h € H,a € A. The normality condition
tells us that o(1,g) = 0(g,1) = 1 for any g € C,, and the cocycle condition
tells that

o(l,m)o(h,lm) = o(h,l)o(hl,m)

for any h,l,m € Cp. For | = h* and m = h, this equation becomes
o(h, h)o(h, k) = o(h, hY)a(h*+1, h) (7.43)

We prove by induction that o(h®,h) = o(h,h?) for any ¢. This is clear
for i = 0. Also, equation (7.43) shows that if o(h%,h) = o(h,h’), then
o(h, hi*t1) = o(h**t1, k). Thus we have proved that o(h*, h) = o(h,h") for
any h € Cp and i > 0. Since Cy, is cyclic, this implies that o(g, h) = o(h, g)
for any g, h € Cp. Then the multiplication of A#,kCy, given by

(a#h)(b#l) = abo(h, l)#hl
for any a,b € A and h,l € Cp, is commutative.

Exercise 7.7.8 Let H be a finite dimensional pointed Hopf algebra with
dim(H) > 1. Show that |G(H)| > 1.

Solution: If G(H) is trivial, then the Taft-Wilson Theorem and the fact
that P; 1(H), the set of all primitive elements of H, consists only of 0 (by
Exercise 4.2.16) show that H; = Hg. Then H,, = Hy for any n, in particular
H = Hy. Thus H = kG(H), which has dimension 1, a contradiction.

Exercise 7.7.9 Let H be a finite dimensional pointed Hopf algebra acting
on the algebra A. Show that A#H is a finite subnormalizing extension of

A.
Solution: We construct by induction a basis {z1,...,2,} of H such that

iCCiA = i A:C,;
i=1 i=1

for 1 < j < n (we denote az = a#z = (a#1)(1#z) and za = (1#z)(a#1)).
We put G = G(H), and denote by

kG=CycCycCc...cCp=H
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the coradical filtration on H.
Now the elements of G form a basis of Cy and they clearly normalize A in
A#H. So we put G = {z1,...,2:}, and assume that a basis {z1,...,2:}

j J

(t < 1) of Ci—1 has been constructed such that ) z;4A =) Az;, 1 <j <.
i=1 i=1

Since C; = Ci_1 ® ) K 4,7, where

Kior={z€ H| Az) =x®0+r®x+2u3®vs, U, Vs € Ci_1}.

Let ¢ € K; 5,r. By Lemma 6.1.8 we have ah = 3 ho(S™'(h1) - a) for all
ac A, he H. So we get

ar =0(S7z) a)+2(r7!a)+ sz(S_l(us) - a).
On the other hand,

za=(z-a)o+ (7 -a)z+ Z(us - Q)Vs.

r41 r+1
Thus if we put 2,41 = x, we have Az,41 € > z;A, and .1 A € ) Azj.
j=1 j=1

If C; = Ci—1+kz,41 we are done. If not, take 42 € K; o+ \(Cic1+kTr41),
for some o,7 € @G, and continue as above. The process will stop when
dim(H) is reached.

Exercise 7.8.7 Let k be an algebraically closed field of characteristic zero.
Show that there exist 3 isomorphism types of Hopf algebras of dimension 4
over k: the group algebras kCy and k(C2 x Cs) and Sweedler’s Hopf algebra
Hy. .

Solution: Let H be a Hopf algebra of dimension 4. If H has a simple
subcoalgebra S of dimension greater than 1, then this must be a matrix
coalgebra, so it has dimension at least 4. Thus H = S, and then the
dual Hopf algebra H* is isomorphic as an algebra to Ma2(k), and this is
impossible by Exercise 4.1.9. We obtain that any simple subcoalgebra of
H has dimension 1, i.e. H is pointed. We know from Exercise 7.7.8 that
G(H) is not trivial. Then G(H) has order either 4, and in this case H is
a group algebra, or 2, in in this case H is isomorphic to Sweedler’s Hopf
algebra by Corollary 7.8.3.

Bibliographical notes

The fact that the antipode of a finite dimensional Hopf algebra has finite
order was proved by D. Radford [187]. E. Taft and R. Wilson gave in [225]
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examples of finite dimensional Hopf algebras over an arbitrary field with an-
tipode having the order a given odd positive integer. The Nichols-Zoeller
theorem was proved in [173}], and answered a conjecture of I. Kaplansky
[104] concerning the freeness of a finite dimensional Hopf algebra as a mod-
ule over a Hopf subalgebra. Examples of an infinite Hopf algebra which is
not free over a Hopf subalgebra were given by U. Oberst and H.-J. Schnei-
der [176], H.-J. Schneider [201], and M. Takeuchi [230] (see also [149}). D.
Radford proved in [188] that any pointed Hopf algebra is free over a Hopf
subalgebra, and in [190] that commutative Hopf algebras are free over finite
dimensional Hopf subalgebras. For the proof of Theorem 7.2.11, which is
from A. Masuoka [133], we have used an old argument of Nakayama (see
(149, 8.3.6, p. 136]), adapted as in [197]. In Section 7.3 we used the papers
of W. Nichols [170] and R. Larson [115]. In Section 7.4 we used the papers
[117, 118] of R. Larson and D. Radford, and the paper [170] of W. Nichols.
The last ten years showed an increasing interest for classification problems
for finite dimensional Hopf algebras over an algebraically closed field of
characteristic zero. A very nice and complete survey on this is the paper
(6] of N. Andruskiewitsch. Small dimensions (< 11) were classified by R.
Williams [243] (see also D. Stefan [214]). Dimension 12 was recently solved
by S. Natale [167]. In prime dimension p, I. Kaplansky conjectured in [104]
that any Hopf algebra is isomorphic to kC,. This was proved by Y. Zhu in
[247), using an argument of Kac [102]. Y. Zhu also proved a result, called
the class equation (for another proof see M. Lorenz [126]), which is very
useful for other classification problems. We present in Sections 7.5 and 7.6
the class equation, the classification in dimension p, and also the classifica-
tion of semisimple Hopf algebras of dimension p?. We have used the papers
[102, 247], the lecture notes of H.-J. Schneider [207], and A. Masuoka’s
paper [139]. The problem of classifying all Hopf algebras of a given finite
dimension is wide open. Apart from prime dimension and several small
dimensions, no other general result is known. In dimension p?, P prime, it
is conjectured that any Hopf algebra is isomorphic either to a group algebra
or to a Taft algebra (some partial answer is given by N. Andruskiewitsch
and H.-J. Schneider in [12]). The classification efforts have focused on two
important classes: semisimple Hopf algebras and pointed Hopf algebras.
About these two classes, we should remark that the theory of semisim-
ple Hopf algebras parallels in some sense the theory of finite groups, while
pointed Hopf algebras have a geometric flavour. D. Stefan proved that there
are only finitely many isomorphism types of semisimple Hopf algebras of
a given finite dimension [213], while we have seen in Section 5.6 that the
number of types of pointed Hopf algebras of a given finite dimension may
be infinite. Several results on the classification of semisimple Hopf algebras
have been obtained by A. Masuoka [136, 137, 138, 139, 140], S. Gelaki and
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S. Westreich {87], P. Etingof and S. Gelaki {81}, S. Natale [165, 166], N.
Fukuda [84] and Y. Kashina [105]. ‘A survey paper is S. Montgomery [153].
For the classification of pointed Hopf algebras, a fundamental result is the
Taft-Wilson theorem, given in [223]. We give the proof presented in S.
Montgomery’s book [149], which uses techniques of D. Radford {192, 193].
A new proof was given by N. Andruskiewitsch and H.-J. Schneider in [18].
Exercise 7.7.9 is taken from [64], and the solution was suggested by D.
Quinn. In Section 7.8 we present the classification of pointed Hopf algebras
of dimension p", p prime, with coradical of dimension p"~!. We follow
the paper [66] of S. Discilescu, with techniques similar to the one in M.
Beattie, S. Déscilescu, L, Griinenfelder [26]. The same result was proved
by N. Andruskiewitsch and H.-J. Schneider in [15]. A more general result
about pointed Hopf algebras with coradical of prime index was proved by
M. Graiia [91]. For the classification of pointed Hopf algebras of dimension
p® we used the paper [45] of S. Caenepeel and S. Discilescu. The same
result is proved in N. Andruskiewitsch, H.-J. Schneider {13], and D: Stefan,
F. Van Oystaeyen [215]. Other classification results in the pointed case
have been given by N. Andruskiewitsch and H.-J. Schneider in [14, 15, 16],
S. Caenepeel and S. Dascalescu [46], S. Caenepeel, S. Discilescu and S.
Raianu {47), M. Graiia (89, 90], I. Musson [155], D. Stefan [212], etc.

If the field is not algebraically closed, the classification of Hopf algebras
is much more difficult. Even in dimension 3 (where for an algebraically
closed field of characteristic zero the only isomorphism type is kC3) it was
shown in S. Caenepeel, S. Dascélescu and L. le Bruyn [48] that there exist
infinitely many isomorphism types of Hopf algebras of dimension 3 over
certain fields of characteristic zero.

Finally, we mention two aspects which we did not include in this book,
since it was not our aim to go too deep in classification problems for fi-
nite dimensional Hopf algebras. For the classification of semisimple Hopf
algebras a central role is played by the theory of extensions of Hopf al-
gebras. The reader is referred for this to [208], [5], [7], [98], [135], [130],
[205]. Among the approaches to classification of pointed Hopf algebras, the
technique which has proved to be the most powerful is the lifting method
invented by N. Andruskiewitsch and H.-J. Schneider. However, we did not
include it in this book since several technical concepts are necessary. We
refer for this to the papers [6] and [17].






Appendix A

The category theory
language

A.1 Categories, special objects and special
morphisms

A category C consists of a class of objects (which we simply call the objects
of C; if A is an object of this class, we simply write A € C), such that:

for any pair (A, B) of objects of C, a set Hom¢(A, B) is given (also denoted
Hom(A, B) if there is no danger of confusion), whose elements are called
the morphisms from A to B,

for any A € C there is a distinguished element 14 (or I4) of Hom¢(A, A),
and for any A, B,C € C there exists a map (composition)

Home(A, B) x Home(B,C) — Home(A, C),

associating to the pair (f, g), where f € Hom¢(A, B) and g € Hom¢(B,C),
an element of Hom¢ (A, C), denoted by go f, such that the following prop-
erties are satisfied. '

i) Composition is associative, in the sense that if f € Home(A4,B), g €
Hom¢(B,C) and h € Hom¢(C, D), then ho(go f) =(hog)o f.

i) folg = fand 1gpo f = f for any f € Home(A, B).

iii) The sets Hom¢ (A, B) and Hom¢(A', B') are disjoint whenever (A, B) #
(A, B'). i

We also write f : A — B instead of f € Hom¢(A, B). The morphism 14 is
uniquely determined for a given A, and it is called the identity morphism
of A.

361
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Example A.1.1 1) The category of sets, denoted by Set, whose class of
objects i3 the class of all sets, and for any sets A and B, Homg(A, B) is
the set of all maps from A to B. The composition is just the map compo-
sition, and 14 is the usual identity map of a set A.

2) The category of topological spaces, denoted by Top. The objects are all
topological spaces, and for any topological spaces X andY, Homr.p(X,Y)
is the set of continuous functions from X to Y. The composition is again
the map composition and the identity morphism is the usual identity map.
3) If R is a ring, then the category of left R-modules, denoted by rp M, has
the class of objects all left R-modules, and for any left R-modules M and
N, Hom (M, N), which is usually denoted by Hompg(M, N), is the set
of the morphisms of R-modules from M to N. The composition and the
identity morphisms are as in Set. Similarly, one can define the category
Mpg of right R-modules. In particular, if k is a field, x M is the category
of k-vector spaces. Also, if Z 1is the ring of integers, then zM, the category
of Z-modules, is just the category of abelian groups, which is also denoted
by Ab.

4) The category Gr of groups has as objects all the groups, and the mor-
phisms are group morphisms.

5) The category Ring of rings, has as objects all the rings with identity,
and the morphisms are ring morphisms which preserve the identity.

The dual category

Let C be an arbitrary category. We denote by C° the category having the
same class of objects as C, and such that Homeo(A, B) = Home(B, A) for
any objects A, B € C. The composition of the morphisms f € Homco(A, B)
and g € Homco(B,C) is defined to be fog € Home(C, A) = Homco (A, C).
The category C° is called the dual category of C. Clearly (C°)° = C. The
introduction of the dual category is important since for any concept or
statement in a category, there is a dual concept or statement, obtained by
regarding the initial one in the dual category.

Subcategory

Let C be a category. By a subcategory C’ of C we understand the following.
a) The class of objects of C’ is a subclass of the class of objects of C.

b) If A, B € C', then Hom¢/(A, B) € Hom¢ (A, B).

¢) The composition of morphisms in C’ is the same as in C.

d) 14 is the same in C’ as in C for any A € C'.

If furthermore Home: (A, B) = Home (A, B) for any A, B € C’, then (' is
called a full subcategory of C.

Direct product of categories
Let (Ci)ies be a family of categories indexed by a non-empty set I. We
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define a new category C as follows. The objects of C are families (M;)icr
where M; € C; for any i € I. If M = (M;);ec; and N = (N;);es are two
objects of C, then

Home (M, N) = {(wi)ier|u; € Home,(M;, N;) for any i € I}

If M = (M;)ier, N = (N;)ier and P = (P;);er are three objects of C,
and u = (u;)ier € Homg(M,N) and v = (v;)ie; € Home(N, P), then the
composition of u and v is defined by v ou = (v;0u;);c;. The category C
defined in this way is called the direct product of the family (C;);es, and
it is usually denoted by C = [],; C;. If moreover we have C; = D for any
i € I, then [];.; C; is also denoted by DI, If I is finite, say I = {1,2,...,n},
then instead of [];c; C; we also write C; X C2 X ... X Cy.

Monomorphisms, epimorphisms and isomorphisms in a category
Let C be a category. A morphism f : A — B is called a monomorphism if for
any object C and any morphisms h, g € Hom¢(C, A) such that foh = fog,
we have g = h. The morphism f is called an epimorphism if for any object
D and any morphisms k,! € Hom¢ (B, D) such that ko f =lo f, we have
k = l. The morphism f is called an isomorphism if there exists a morphism
g € Home(B, A) such that go f = 14 and fog = 1p. It is easy to see
that such a g is unique (when it exists), and it is called the inverse of f
and denoted by g = f~1. It is easy to check that any isomorphism is a
monomorphism and an epimorphism. The converse is not true. Indeed,
in the category of rings with identity the inclusion map i : Z — Q is a
monomorphism and an epimorphism, but not an isomorphism.

The composition of any two monomorphisms (respectively epimorphisms,
isomorphisms) is a monomorphism (respectively epimorphism, isomorphism).
If f: A— B is a morphism in a category C, then f is a monomorphism
(epimorphism) in C if and only if f is an epimorphism (monomorphism)
when regarded as a morphism from B to A in the dual category C°. Thus
the notion of epimorphism is dual to the one of monomorphism.

Let us fix an object A of the category C. If a3 : Ay —» Aand az: Ay — A
are monomorphisms, we shall write a; < a9 if there exists a morphism
v : Ay — Aj such that ag oy = ;. Clearly, if such a ~ exists, then it
is unique, and it is also a monomorphism. If oy < ag and a2 < o, then
there exist morphisms v and § such that ap 0oy = oy and a3 0§ = ag, and
this implies that oy = 14, and yo0d = 14,, so v and § are invertible. The
monomorphisms a; and a, are called equivalent if a7 < a2 and oy < a;.
The equivalence of monomorphisms is an equivalence relation, and by Zer-
melo’s axiom we can choose a representant in any equivalence class. The
resulting monomorphism is called a subobject of the object A. Similarly
we can define the notion of a quotient object of A by using the concept of
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epimorphism.

Initial and final object. Zero object.
If C is a category and [ (respectively F) is an object with the property that -
Home(I, A) (respectively Hom¢(A, F) is a set with only one element for
any A € C, then I (respectively F) is called an initial (respectively final)
object of C. Clearly, any two initial (respectively final) objects are isomor-
phic.

An object 0 € C is called a zero object if it is an initial object and a final
object. When exist, a zero object is unique up to an isomorphism. In this
case we call a morphism f : A — B a zero morphism if it factors through 0.
Each set Homc(A, B) has precisely one zero morphism, which we denote
by 04p or simply by 0.

Equalizers

Let a,3 : A — B be two morphisms in a category C. We say that a mor-
phism u : K — A is an equalizer for o and (8 if « ou = B owu, and whenever
v’ : K’ — A is a morphism such that a o4’ = 8o/, there exists a unique
morphism v : K/ — K such that v/ = uo~. Clearly, if u: K — A is an
equalizer for o and 3 then u is a monomorphism, and two equalizers of «
and 3 are isomorphic subobjects of A. Dually, we can define the notion of
coequalizer of two morphisms « and [, which is just the equalizer in the
dual category C°.

Now assume that the category C° has a zero object. If o : A — B is
a morphism in C°, then the equalizer (respectively the coequalizer) of «
and 0 is called the kernel (respectively the cokernel) of a. The associated
subobject (respectively quotient object) is denoted by Ker{a) (respectively
Coker(a)).

Let C be a category with zero object. Assume that for any morphism
«: A — B in C there exist the kernel and the cokernel of «, so we have the
sequence of morphisms

Ker(a) A5 B-5 Coker(c)

where 7 and 7 are the natural morphisms. We have that ¢ is a monomor-
phism and 7 is an epimorphism. If there exists a cokernel of 7, then it is
called the coimage of o, and it is denoted by Coim(c). Also, if a kernel of
7 exists, then it is called an image of @, and it is denoted by Im(a). By
the universal properties of the kernel and cokernel, there exists a unique
morphism @ : Coim(a) — Im(«a) such that @ = po@o A, where A and p
are the natural morphisms.

Products and coproducts
Let C be a category and (M;)ics be a family of objects of C. A product of the
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family is an object which we denote by J[;c; M;, together a family of mor-
phisms (m;)ier, where 7; : [[;c; Mi — M; for any j € I, such that for any
object M € C, and any family of morphlsms (fi)ier, where f; : M — M;
for any j € I, there exists a unique morphism f : M — [[,c; M; such that
m;o f = f; for any i € I. If it exists, the product of the family is unique up
to isomorphism. In the case where I is a finite set, say I = {1,2,...,n},
the product is also denoted by M7 x My X ...x M,. The categories Set, Gr,
Ring, pM, Top have products. Dually, one defines the notion of coproduct
of a family of objects (M;)icr, which (if it exists) is denoted by [],c; M;
This is exactly the product of the family in the dual category. In fact, the
coproduct [];.; M; is an object together with a family (¢;);er of morphisms
such that g; : M; — [][;c; M; for any j € I, and for any object M and
any family (fi)ies of morphisms with f; : M; — M for any 1, there exists a
unique morphism f : [[;c; M; — M such that f og; = f; for any i. Again,
in the case where [ is finite, say I = {1,2,...,n}, the coproduct is also
denoted by My [[Mo]]... ][ Mn, ot M1 ® M2 ... M,.

Fiber products

Let S be an object of a category C. We define the category C/S in the
following way:

- the objects are pairs (A, ), where oo : A — S is a morphism in C.

- If (A, @) and (B, 3) are objects of C/S, then a morphism between (A4, «)
and (B, 8) is a morphism f: A — B in C such that fo f = a.

If (A, a) and (B, 3) are two objects of C/S, the product of these two ob-
jects in the category C/S is called the fiber product(or pull-back) of the two
objects, and it is denoted by A]]g B or A xg B. The dual notion of fibred
product is called a pushout.

A.2 Functors and functorial morphisms

Functors

Let C and D be two categories. We say that we give a covarzant functor
(or simply a functor) from C to D if to any object A € C we associate an
object F(A) € D, and to any morphism f € Hom¢(A, B) we associate a
morphism F(f) € Homp(F(A), F(B)) such that F(14) = 1p(4) for any
object A € C, and F(go f) = F(g) o F(f) for any morphisms f and g in C
for which it makes sense the composition go f.

A covariant functor from the dual category C° to D (or from C to DO)
called a contravariant functor from C to D.

If F: C — D-is a covariant functor, then for any objects A, B € C we have
a map Home(A, B) — Homp(F(A), F(B)) defined by f — F(f). If this
map is injective (surjective, bijective), then the functor F is called faithful
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(full, full and faithful).
If C is a category, then the identity functor 1¢ : C — C is defined by
1¢(A) = A for any object A, and 1¢(f) = f for any morphism f.

Functorial morphisms (natural transformations)

Let F,G : C — D be two functors. A functorial morphism ¢ from F to G,
denoted by ¢ : F — G, is a family {¢(A)|A € C} of morphisms, such that
¢(A) : F(A) — G(A) for any A € C, and for any morphism f: A — B
in C we have that ¢(B) o F(f) = G(f) o ¢(A). If moreover ¢(A) is an
isomorphism for any A € C, then ¢ is called a functorial isomorphism. If
there exists such a functorial isomorphism we write F' ~ G.

Clearly if ¢ : F — G and ¥ : G — H are two functorial morphisms, we can
define the composition 9o ¢ : F — H by (¢ o ¢)(A) = ¥(A) o $(A) for any
object A. We denote by Hom(F,G) the class of all functorial morphisms
from F to G. If the category C is small, i.e. its class of objects is a set,
then Hom(F, Q) is also a set.

For every functor F' we can define the functorial morphism 1 : FF — F
by 17(A) = 1pa) for any A € C. This is called the identity functorial
morphism. -

Equivalence of categories

Let C and D be two categories. A covariant functor F': C — D is called an
equivalence of categories if there exists a covariant functor G : D — C such
that GoF ~ 1¢c and FoG ~ 1p. If moreover Go F = 1¢ and Fo G = 1p,
then F' is called an isomorphism of categories, and C and D are called iso-
morphic categories. An equivalence of categories is characterized by the
following.

Theorem A.2.1 If F:C — D is a covariant functor, then F is an equiv-
alence of categories if and only if the following conditions are satisfied.

(i) F is a full and faithful functor. '

(i) For any object Y € D there ezists an object X € C such thatY ~ F(X).

A contravariant functor F' : C — D such that F' is an equivalence between
C° and D (or C and D°) is called a duality.

Yoneda’s Lemma

Let C be a category and A € C. We can define the covariant functor
hA : C — Set as follows: if X € C, then h*(X) = Homc(A,X), and if
u: X — Y is a morphism in C, then A% (u) : h4(X) — hA(Y) is defined by
hA(u)(€) = ho£ for any £ € h4(X). Similarly, we can define a contravari-
ant functor h4 : C — Set as follows: if X € C, then ha(X) = Hom¢(X, A),
and if u : X — Y is a morphism in C, then hg(u) : ha(Y) — ha(X) is
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defined by ha(u}(n) = nowu for any 17 € ha(Y).

Theorem A.2.2 (Yoneda’s Lemma) Let F : C — Set be a contravariant
functor and A € C. Then the natural map

a: Hom(ha, F) — F(A), a($) = ¢(A)(14)
1s a bijection. |

We indicate the construction of the inverse of . We define the map f :
F(A) — Hom(ha, F) as follows. If £ € F(A), then for X € C we consider
the map :

Y(X) : ha(X) - F(X), 9(X)(f) = F(F)(E)

Note that since the functor F is contravariant we have that F(f) : F(4) —
F(X). It is easy to check that the family of morphisms {¢/(X)|X € C}
defines a functorial morphism ¢ : b4 — F. We define then S(§) = 9.

One consequence of Yoneda’s Lemma is that the class Hom(ha, F) is a set.
We also have the following important consequence.

Corollary A.2.3 If A and B are two objects of C, then A ~ B if and only
Zf hA ~ hB.

A contravariant functor F' : C — Set is called representable if there
exists an object A € C such that F' >~ hu. By the above Corollary we see
that if such an object A exists, then it is unique up to an isomorphism.

A.3 Abelian categories

Preadditive categories

A category C is called preadditive if it satisfies the following conditions.

a) For any objects A, B € C, the set Hom¢(A, B) has a structure of an
abelian group, with the operation denoted by +. The neutral (zero) element
of the group (Hom¢(A, B),+) is denoted by 04, p, or shortly by 0, and it
is called the zero morphism. '

b) If A, B, C are arbitrary objects of C, then for any u, u;, us € Home (A, B)
and v,vy,v2 € Homg(B,C), we have that vo (u; + u2) = vowu; +vous
and (v +v2)ou=v;0u+v0u.

¢) There exists an object X € C such that 1x = 0.

If A€ Cand f € Home(A, X), then by conditions b) and ¢) we have
that f = lx of =00 f = 0. Also, if g € Homqc(X, A), we have that
g = 0. Therefore the object X is a zero object in the sense given in Section
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1 of the Appendix. Since the zero object is unique up to an isomorphism,
we denote it by the symbol 0. If A is any object, we denote by 0 — A
(respectively A — 0) the unique morphism from 0 to A (respectively from
A to 0). Clearly 0 — A is a monomorphism and A — 0 is an epimorphism.
Clearly if a category C is preadditive, then so is the dual category C°. If C
and D are two preadditive categories, then a functor F : C — D is called
additive if for any two objects A,B € C and any f,g € Hom¢(A, B) we
have that F(f + g) = F(f) + F(g). Clearly, if F is an additive functor
and 0 is the zero object of C, then F(0) is the zero object of D. As in
Section 1, in any preadditive category C we can define for any morphism
f: A — B the notions of Ker(f),Coker(f),Im(f) and Coim(f). We say
that a preadditive category C satisfies the axiom (AB1) if for any morphism
f : A — B there exist a kernel and a cokernel of f. In this case, we have a
decomposition

Ker(f) A B Coker(f)

Coim(f) ———— Im(f)

where f = pofol, and 4, i are monomorphisms, and A, 7 are epimorphisms.
using the above decomposition of f, we say that the category C satisfies the
axiom (AB2) if f is an isomorphism for any morphism f in C. Clearly, if C
verifies (AB2), then a morphism f : A — B is an isomorphism if and only
if f is a monomorphism and an epimorphism.

Assume that C is a preadditive category which satisfies the axioms (AB1)
and (AB2). Then a sequence of morphisms

al.B 4 ¢

is called exact if Im f = Ker g as subobjects of B. An arbitrary sequence
of morphisms is called exact if every subsequence of two consecutive mor-
phisms is exact.

If C and D are two preadditive categories satisfying the axioms (AB1) and
(AB2), then an additive functor F' : C — D is called left (respectively right)
exact if for any exact sequence of the form
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we have an exact sequence
0 — F(4) ™ rB) 29 F(c)

respectively .

FA) ™ rB) 29 Fc) — 0

A functor is called exact if it is left and right exact.

Additive and abelian categories

A preadditive category C with the property that there exists a coproduct
(direct sum) of any two objects is called an additive category. An additive
category which satisfies the axioms (AB1) and (AB2) is called an abelian
category.

If C is an additive category and A;, As € C, let A; & Ay be a coproduct
of the two objects. Bytheuniversal property we have natural morphisms
ig + A = A1 @ Ay and 7 1 Ay @ Ay — A for k = 1,2, such that
oty = la, for k=1,2, moir =0fork #1, and i10m +ig0m = 14,04,-
These relations show that (A; @ Az, 71, 72) is a product (also called direct
product) of the objects A; and A,. Therefore if C is an additive (respec-
tively preabelian, abelian) category, then so is the dual category C°. Also,
a functor F': C — D between two additive categories is additive if and only
if F commutes with finite coproducts.

Grothendieck categories

In the famous paper “Sur guelques points d’algébre homologique (Tohdku
Math. J. 9(1957), 119-221), A. Grothendieck introduced the following ax-
ioms for an abelian category C.

(AB3) C has coproducts, i.e. for any family of objects (A;);cr there exists
a coproduct of the family in C.

(AB3)* C has products, i.e. for any family of objects (A;);er there exists a
product of the family in C. ‘ '
Assume that the category C satisfies the axiom (AB3). Then for any non-
empty set ] we can define a functor @;¢; : CY) — C, by associating to any
family of objects indexed by I the coproduct (direct sum) of the family.
This functor is always right exact. We formulate a new axiom.

(AB4) For any non-empty set I, the functor @;¢; is exact.

We also have the dual axiom for a category which satisfies (AB3)*.
(AB4)* For any non-empty set I, the direct product functor [],.; is exact.
Assume now that C is an abelian category satisfying the axiom (AB3). If
A € C and (A;)ier is a family of subobjects of A, then by using (AB3)
we see that there exists a smallest subobject 3, ; A; of A such that all
A;’s are subobjects of ), ; A;. The subobject Y, ; A; is called the sum
of the family (A;);e;. The dual situation is when C is an abelian category
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satisfying the axiom (AB3)*. Then for A € C and (A4;)es a family of sub-
objects of A, then there exists a largest subobject N;crA; of A, which is
a subobject of each A;. The subobject N;crA; is called the intersection of
the family (Ai)ie].

If C is an abelian category, since C has finite products, then for any subob-
jects B, C of an object A, there exists the intersection of the family of two
subobjects. This is denoted by BN C and is called the intersection of the
subobjects B and C. We can introduce now a new axiom.

(AB5) Let C be a category satisfying (AB3). If A is an object of C, and
(Ai)ier and B are subobjects of A such that the family (A;):es is right
filtered, then (3 ,; Ai) N B =} ..,(A: N B).

The dual of this axiom is called (AB5)*. It is easy to see that a a category
satisfying (AB5) also satisfies (AB4).

Let C be an abelian category. A family (U;);er of objects of C is called a
family of generators of C if for any object A € C and any subobject B of
A such that B # A (as a subobject), there exist some ¢ € I and a mor-
phism « : U; — A such that I'm(c) is not a subobject of B. We say that
an object U of C is a generator if the singleton family {U} is a family of
generators. In the case where C is an abelian category with (AB3), then
a family (U;);er of objects of C is a family of generators if and only if the
direct sum @;c;U; of the family is a generator of C. An abelian category
C which verifies the axiom (AB5) and has a generator (or equivalently a
family of generators) is called a Grothendieck category. In the same cited
paper of Grothendieck it is proved that an abelian category which verifies
both (AB5) and (AB5)* must be the zero category. In particular we see
that if C is a non-zero Grothendieck category, then the dual category C° is
not a Grothendieck category.

A.4 Adjoint functors

Let C and D be two categories and F': C — D, G : D — C be two functors.
The functor F is called a left adjoint of G (or G is called a right adjoint of
F) if there exists a functorial morphism

¢ : Homp(F,—) — Home(—, G)

where Homp(F, —) : C° x D — Set is the functor associating to the pair of
objects (A, B) the set Homp(F(A), B), and Home(—,G) : C® x D — Set
is the functor associating to (A, B) the set Hom¢(A, G(B)).

In the case where C and D are preadditive categories, and F and G are
two additive functors, then we assume that ¢(A, B) is an isomorphism of
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abelian groups for any A € C and B € D. We give now the main properties
of adjoint functors.

Theorem A.4.1 With the above notation, assume that F is a left adjoint
of G. Then the following assertions hold.

1) The functor F commutes with coproducts and the functor G commutes
with products.

2) If C and D are abelian categories and the functors F' and G are additive,
then F' is right ezact and G is left exact.

3) Assume that the category D has enough injective objects, i.e. for any
B € D there ezist an injective object Q € D and a monomorphism 0 —
B — @Q in D. Then F is ezact if and only if G commutes with injective
objects (i.e. for any injective object Q € D, the object G(Q) is injective in
c

4) Assume that C has enough projective objects, i.e. for any A € C there
ezist a projective object P € C and an epimorphism P — A — 0 inC. Then
G is exact if and only if F commutes with projective objects.

The concept of adjoint functor is fundamental in mathematics, since many
properties are in fact adjointness properties. A standard example of an
adjoint pair of functors is provided by the Hom and ® functors, more
precisely, if M € rMg, then M ®R —: gM — pM is a left adjoint of
HOTTLR(M ) RM - sM






Appendix B

C-groups and C-cogroups

B.1 Definitions

Let C be a category and A € C. We say that we have an internal composition
on the object A if for any object X € C there exists an binary operation on
the set ha(X) = Home(X, A) such that for any morphism u:Y — X in C
the map ha(u) : ha(X) — ha(Y) is a morphism for the operations on the
two sets. This means that for any X € C there is a map "*x” (or simply
"%7): ha(X) X ha(X) — ha(X) such that for any morphism » : ¥ — X
the diagram :

ha(X) x ha(00) AL RA, 4 oy by

* X Xy -

ha(X) ha(w) ha(Y)

is commutative, i.e.

(f *x glou=(fou) *xy (gou) (B.1)

for any f,g € ha(X). ,

In case *x turns h4(X) into a group (abelian group, resp.) for any
A € C, then A is called a C-group (C-abelian group, resp.). If A is a C°-
group (C°-abelian group, resp.), then A is called a C-cogroup (C-abelian
€ogroup, resp.). -

373
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If A, B € C are two C-groups, and u : A — B a morphism in C such that
for any X € C the map ha(u) : ha(X) — ha(Y) is a morphism of groups,
i.e. '

uo(f xx g)=(ucf) *y (uog) (B2)

then u is called a morphism of C-groups.

It is clear that the class of all C-groups defines a category, denoted
by Gr(C). Similarly, the class of all C-abelian groups defines a category,
denoted by Ab(C).

Remark B.1.1 If the category C has a "zero” object, then for any objects
X and Y we have the zero morphism from'Y to X. Then, putting u =0 in
equality (B.1), we have in that

0=0 %y 0 (B.3)

i Home (Y, A).
If A is a C-group, then from (B.3) it follows that 0 = e, where e is the unit
element of the group Hom¢(Y, A) for anyY € C. |

We assume now that C has finite direct products, and a final object,

denoted by F.
If A € C is a C-group, we denote by na € Homc(F, A) the unit element of
this group. Then for any X € C, the element

nAOEX:Xe_X’Fﬂ’ )

where €x is the unique element of Hom¢(X, F'), is the unit element of the
group Home(X, A). Indeed, from (B.1) we have

(na*na)oex =(nacex)*(naoex),

S0

nacex =(naoex)*(naocex),

and since Hom¢ (X, A) is a group, it follows that n4 o€ x is its unit element.

Now since C has finite direct products, we have the direct products
Ax A and A x A x A. By the Yoneda Lemma, the maps *xx, X € C, yield
a morphism m : A X A — A. Then the associativity and the existence of
the unit element imply the commutativity of the following diagrams
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AxAxA Lxm Ax A
mx I m
Ax A e A
(B4)
AxA
W QA
FxA m AxF
(B.5)_

where T is the identity morphism, and since F is a final object, we have the
canonical isomorphisms A x FF~ A and F x A ~ A.

In the same way, the existence of the inverse shows that there exists an
S € Hom¢ (A, A) making the following diagram commutative -

(s) (1)

A =25 AX A~ A
16,4 lm IEA
F A F

(B.6)

Here (1) and (3) denote the canonical morphisms defined by the universal
property of the direct product using the morphisms 7 : A — A and S :

A— A

Example B.1.2 1. IfC = Set (the category of sets), then it has arbitrary
direct products and o final object. In this case we have that Gr(Set) is just
the category of groups.

2. If C = Top (the category of topological spaces), then Gr(Top) is the
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category of topological groups.

3. Assume that C is an additive category. Let A € C, and consider the
canonical morphisms i; : A — Ax A, and7;: Ax A— A, j=1,2, such
that mj 04, = 6;1a. In fact, i1 = ({) and iz = (5). By the commutativity
of the diagram (B.4), it follows that moi; = moiy = I4. On the other
hand, let f,g € Home(X, A). We denote by 7 : A X A — A the canonical
morphism with the property that 7 ot = sy o1y = I4 (we used the fact that
A x A is also a coproduct). The morphisms f and g also define a canonical
morphism ( ) : X = Ax A, such that m; 0 (f) f and mp0 (’;) =g. Since
11 0y +2207r2 = Iaxa, we have

Vo(ilo”rl)°<£) =voiof=f

and ;
VO(izo'n’z)o(g) = oigog=yg,

and therefore <7 o (’;) =f4+g.

Since moi; = moiy = [, we get by uniqueness that m = 7, so mo (5) =
f+g Butmo(f)=f xx g, 50 f xx g=f+g.

In conclusion, if C is an additive category, we have that every object A € C
is an abelian C-group, with the multiplication of Home(X, A) the sum of
morphisms. So Gr(C) = Ab(C) is isomorphic to the category C.

Since C° is also an additive category, it follows that every object A € C is
also an abelian C-cogroup. |

B.2 General properties of C-groups

Proposition B.2.1 Assume that C is a ctegory which has finite direct
products, and o final object. Then the following assertion hold:

i) Gr(C) has direct products.

1) Ab(C) is an abelian category.

i11) If C also has fiber products (pull-backs), then in the category Ab(C) every
morphism has a kernel.

Proof: i) If A, B € Gr(C), since we have
Home(X,A x B) ~ Home(X, A) x Home(X, B),

it follows that A x B is also a C-group.
ii) Assume that A,B € Ab(C). Then we consider the operation ”"*” on
Hom ap(c)(A, B) as in the first section. From (B.1) and (B.2) we get the
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distributivity. of the composition ”o” with respect to ”*”. ‘
Now if F' denotes the final object of C, then F' is the zero object of Ab(C),
and from i) we get that Ab(C) is an abelian category.

iii) Let f : A — B be a morphism in the category Ab(C). If F' is the final
object and, and 77 : F' — B is the unit element of the group Hom¢(F, B),
then for X € C and ¢ : X — F the unique morphism, we saw that noe¢
is the unit element of the group Hom¢(X, B). We denote by A xpg F the
fiber product associated to the diagram

Then by the definition of the fiber product we have that Home(X, Axpg F)
is identified to the set of all elements u € Hom¢ (X, A) such that fou = noe.
Since Hom¢(X, A) is an abelian group, and f : A — B is a morphism of
groups, then Home (X, A x g F) is a subgroup of Hom¢(X, A). So Axp F
is a C-abelian group. It is easy to see that A x g F' is the kernel of f in the
category Ab(C). 1

Remark B.2.2 A category C with finite direct products and final object is
a braided monoidal category (even symmetric), where the “tensor product”
functor is the direct product.

B.3 Formal groups and affine groups

Let k be a field. We consider two categories: kK —CCog, i.e. the category of
all cocommutative k-coalgebras, and the dual (k—C Alg)°, where k—CAlg is
the category of commutative k-algebras. These categories have finite direct
products and final objects. (the final object is in both cases the field %,
regarded as a coalgebra or an algebra). It is easy to see that Gr(k — CCog)
is exactly the category of cocommutative Hopf algebras over k. An object
in this category is called a formal group.

Similarly, Gr((k — CAlg)®°) is exactly the category of commutative Hopf
algebras over k. In fact, the objects of this category are cogroups in the
category k — CAlg. When we consider only the category of all affine k-
algebras (i.e. commutative k-algebras which are finitely generated as k-
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algebras), then a group object in the dual of this category is called an
affine group.

We remark that Ab(k—CCog) = Ab(k—C Alg). The following important
result concerns this category.

Theorem B.3.1 Ab(k — CCog) is a Grothendieck category.

Proof: We will give a sketch of proof. To simplify the notation, put
A = Ab(k — CCog). The main steps of the proof are the following:

Step 1. If H,K € A, then Hom4(H, K) is the set of all Hopf algebra
maps. Now if f,g € Hom 4(H, K), then the multiplication of f and g is
given by the convolution product f % g. Since H and K are commutative
and cocommutative, then f * g is also a Hopf algebra morphism. It is easy
to see that 7 o € is the unit element, where e : H — k and 5 : k — K are
the canonical maps. Moreover, the inverse of f is given by Sk o f = foSy.
Hence Hom 4(H, K) is an abelian group. It is also easy to see that

(frg)ou=(fou)x(gou)andvo(fxg)=(ve f)x(voy).

Step 2. We know from Proposition B.2.1 that .4 is an additive category. If
H K € A, then H® K is a commutative and cocommutative Hopf algebra.
It is easy to see that H ® K is the coproduct and the product of H and K
in the category A. The zero object in A is k.

Step 3. A verifies the axiom AB1). Let f : H — K be a morphism in the
category A. By Proposition B.2.1, f has a kernel. In fact, the kernel is
exactly H xx k = HOgkk (see Exercise 2.3.11). On the other hand, if we
put L = Im(f), then L is a Hopf subalgebra of K, and I = L*K is a Hopf
ideal (recall that L™ = Ker(er). Then it is easy to see that K/I, together
with the canonical projection w: K — K/I, is a cokernel of f.

Step 4. A verifies the axiom AB2). This is the main step, and it follows
from the following result: if H is a commutative and cocommutative Hopf
algebra, the map K — K H establishes a bijective correpondence between
the Hopf subalgebras of H and the Hopf ideals of H. A proof of a more
general version of this result may be found in M. Takeuchi {228], A. Heller
[94], or more recently in H.-J. Schneider [203].

Step 5. A verifies the axioms AB3) and AB5). Let (H;);c; be a family
of objects in A. Consider the infinite tensor product & H;, which is a

i€l
k-algebra, and the subalgebra, denoted by @Hi, generated by all images
i€l
of morphisms o; : H; — @ Hj, ai(z) = @ z;, where z; = z, and z; = 1
jeI jEI
for j # i. It is easy to see that @Hi is also a Hopf algebra, and it is
i€l
the direct sum of the family (H;);cs in the category A. Now by Step 4, if
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f:+H — K is a morphism in .A, then f is a monomorphism in this category
if and only if Ker(f) = k (k is the zero object in A), if and only if f is
injective (since the Hopf ideal associated to the Hopf subalgebra k is zero
as a vector space). So the subobjects of K are all Hopf subalgebras. From
this it follows that A satisfies AB5).

Step 6. A has a family of generators. Indeed, if we consider the category
k — CCog, the forgetful functor

U : Ab(k — CCog) — k — CCog
has a left adjoint, denoted by
F:k—CCog — Ab(k — CCog).

Then if we consider the set of all finite dimensional cocommutative coal-
gebras (C;)ier, from the above it follows that the family (F(C;))ics is a
family of generators for A. ]
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adjoint functors, 370

affine group, 378
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commutative bialgebra

(Hopf algebra), 149
comodule, 66
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of Hopf modules, 171
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Hopf algebra, 151

Hopf module, 169
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integral in a Hopf algebra, 186
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Larson-Radford theorem, 316
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opposite algebra, 33

Ore extension, 203
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primitive element, 158
product, 364
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dimensional) algebra, 44
pseudocompact algebra, 48
pseudocompact module, 80
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quasi-Frobenius algebra, 139
quotient object, 363

radical functor, 101
rational module, 74
relative Hopf modules, 247
representable functor, 367
representative coalgebra, 41

selfdual Hopf algebra, 168
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separable algebra, 189

sigma notation, 5

sigma notation for comodules, 66
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