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Preface

A bialgebra is, roughly speaking, an algebra on which there exists a dual
structure, called a coalgebra structure, such that the two structures satisfy
a compatibility relation. A Hopf algebra is a bialgebra with an endomor-
phism satisfying a condition which can be expressed using the algebra and
coalgebra structures.

The first example of such a structure was observed in algebraic topology
by H. Hopf in 1941. This was the homology of a connected Lie group, which
is even a graded Hopf algebra. Starting with the late 1960s, Hopf algebras
became a subject of study from a strictly algebraic point of view, and by
the end of the 1980s, research in this field was given a strong boost by the
connections with quantum mechanics (the so-called quantum groups are in
fact examples of noncommutative noncocommutative Hopf algebras).

Perhaps one of the most striking aspect of Hopf algebras is their ex-
traordinary ubiquity in virtually all fields of mathematics: from number
theory (formal groups), to algebraic geometry (affine group schemes), 
theory (the universal enveloping algebra of a Lie algebra is a Hopf algebra),
Galois theory and separable field extensions, graded ring theory, operator
theory, locally compact group theory, distribution theory, combinatorics,
representation theory and quantum mechanics, and the list may go on.

This text is mainly addressed to beginners in the field, graduate or
even undergraduate students. The prerequisites are the notions usually
Contained in the first two year courses in algebra.’, some elements of linear
algebra, tensor products, injective and projective modules. Some elemen-
tary notions of category theory are also required, such as equivalences of
categories, adjoint functors, Morita equivalence, abelian and Grothendieck
categories. The style of the exposition is mainly categorical.

The main subjects are the notions of a coalgebra and comodule over
a coalgebra, together with the corresponding categories, the notion of a
bialgebra and Hopf algebra, categories of Hopf modules, integrals, actions
and coactions of Hopf algebras, some Hopf-Galois theory and some clas-
sification results for finite dimensional Hopf algebras. Special emphasis is

iii
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put upon special classes of coalgebras, such as semiperfect, co-Frobenius,
quasi-co-Frobenius, and cosemisimple or pointed coalgebras. Some torsion
theory for coalgebras is also discussed. These classes of coalgebras are then
investigated in the particular case of Hopf algebras, and the results are
used, for example, in the chapters concerning integrMs, actions and Galois
extensions. The ’notions of a coalgebra and comodule are dualizations of
the usual notions of an algebra and module. Beyond the formal aspect of
dualization, it is worth keeping in mind that the introduction of these struc-
tures is motivated by natural constructions in classical fields of algebra, for
example from representation theory. Thus, the notion of comuItiplication
in a coalgebra may be already seen in the definition of the tensor product
of representations of groups or Lie algebras, and a comodule is, in the given
context, just a linear representation of an affine group scheme.

As often happens, dual notions can behave quite differently in given
dual situations. Coalgebras (and comodules) differ from their dual notions
by a certain finiteness property they have. This can first be seen in the
fact that the dual of a coalgebra is always an algebra in a functorial way,
but not conversely. Then the same aspect becomes evident in the funda-

mental theorems for coalgebras and comodules. The practical result is that
coalgebras and comodules are suitable for the study of cases involving in- ’
finite dimensions. This will be seen mainly in the chapter on actions and
coactions.

The notion of an action of a Hopf algebra on an algebra unifies situations
such as: actions of groups as automorphisms, rings graded by a group, and
Lie algebras acting as derivations. The chapter on actions and coactions
has as main application the characterization of Hopf-Galois extensions in
the case of co-Frobenius Hopf algebras. We do not treat here the dual
situation, namely actions and coactions on coalgebras.

Among other subjects which are not treated are: generalizations of Hopf
modules, such as Doi-Koppinen modules or entwining modules, quasitrian-
gular Hopf algebras and solutions of the quantum Yang-Baxter equation,
and braided categories.

The last chapter contains some fundamental theorems on finite dimen-
sional Hopf algebras, such as the Nichols-Zoeller theorem, the Taft-Wilson
theorem, and the Kac-Zhu theorem.

We tried to keep the text as self-contained as possible. In the exposition
we have indulged our taste for the language of category theory, and we use
this language quite freely. A sort of "phrase-book" for this language is
included in an appendix. Exercises are scattered throughout the text, with
complete solutions at the end of each chapter. Some of them are very
easy, and some of them not, but the reader is encouraged to try as hard as
possible to solve them without looking at the solution. Some of the easier
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results can also be treated as exercises, and proved independently after a
quick glimpse at the solution. We also tried to explain why the names for
some notions sound so familar (e.g. convolution, integral, Galois extension,
trace).

This book is not meant to supplant the existing monographs on the sub-
ject, such as the books of M. Sweedler [218], E. Abe [1], or S. Montgomery
[149] (which were actually our main source of inspiration), but rather as 
first contact with the field. Since references in the text are few, we include
a bibliographical note at the end of each chapter.

It is usually difficult to thank people who helped without unwittingly
leaving some out, but we shall try. So we thank our friends Nicol£s An-
druskiewitsch, Margaret Beattie, Stefaan Caenepeel, Bill Chin, Miriam Co-
hen (who sort of founded the Hopf algebra group in Bucharest with her
talk in 1989), Yukio Doi, Jos~ Gomez Torrecillas, Luzius Griinenfelder, An-
drei Kelarev, Akira Masuoka, Claudia Menini, Susan Montgomery, Declan
Quinn, David Radford, Angel del Rio, Manolo Saorin, Peter Schauenburg,
Hans-Jiirgen Schneider, Blas Torrecillas, Fred Van Oystaeyen, Leon Van
Wyk, Sara Westreich, Robert Wisbauer, Yinhuo Zhang, our students and
colleagues from the University of Bucharest, for the many things that we
have learned from them. Florin Nichita and Alexandru St~nculescu took
course notes for part of the text, and corrected many errors. Special thanks
go to the editor of this series, Earl J. Taft, for encouraging us (and making
us write this material). Finally, we thank our families, especially our wives,
Crina, Petru~a and Andreea, for loving and understanding care during the
preparation of the book.

Sorin D~c~lescu, Constantin N~tgsescu, ~erban Raianu
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Chapter 1

Algebras and coalgebras.

1.1 Basic concepts

Let k be ~ field. All unadorned tensor products are over k. The following
alternative definition for the classical notion of a k-algebra sheds a new light
on this concept, the ingredients of the new definition being Objects (vec-
tor spaces), morphisms (linear maps), tensor products and commutative
diagrams.

Definition 1.1.1 A k-algebr~ is a triple (A,M,u), where A is a k-vector
space, M : A ® A --~ A and u : k ~ A are morphisms of k-vector spaces
such that the following diagrams are commutative:

I®M
A®A®A ’A®A

M
A®A ’ A

1
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k®A

A®A

We have denoted by I the identity map of A, and the unnamed arrows from
the second diagram are the canonical isomorphisms. (In general we will
denote by I (unadorned, if there is no danger of confusion, the identity
map of a set, but sometimes also by Id.) 

Remark 1.1.2 The definition is equivalent to the classical one, requiring
A to be a unitary ring, and the existence of a unitary ring morphism ¢ :
k ~ A, with Irn ¢ C_ Z(A). Indeed, the multiplication a ¯ b = M(a ® 
.defines on A a structure of unitary ring, with identity element u(1); the
role of ¢ is played by u itself. For the converse, we put M(a ® b) = a ¯ 
and u = ¢.
Due to the above, the map M is called the multiplication of the algebra
A, and u is called its unit. The commutativity of the first diagram in the
definition is just the associativity of the multiplication of the algebra. |

The importance of the above definition resides in the fact that, due to its
categorical nature, it can be dualized. We obtain in this way the notion of
a coalgebra.

Definition 1.1.3 A k-coalgebra is a triple (C, A, ~), where C is a k-vector
space, A : C ~ C ® C and ~ : C -~ k are morphisms of k-vector spaces
such that the following diagrams are commutative:

C " C®C

A I®A

C®C ’ C®C®C
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C®C

The maps A and ~ are called the comultiplication, and the counit, respec-
tively, of the coalgebra C. The commutativity of the first diagram is called
coassociativity. |

Example 1.1.4 1) Let S be a nonempty set; kS is the k-vector space with
basis S. Then kS is a coalgebra with comultiplication A and counit ~ defined
by A(s) = s ® s, ~(s) for any s E S. This showsthat a ny ve ctorspace
can be endowed with a k-coalgebra structure.
2) Let H be a k-vector space with basis {cm I m ~ N}. Then H is a
coalgebra with comultiplication A and counit ~ defined by

for any m ~ N (5iy will denote throughout the Kronecker symbol). This
coalgebra is called the divided power coalgebra, and we will come back to it
later.
3) Let (S, ~) be a partially ordered locally finite set (i.e. for any x,y 
with x ~ y, the set {z ~ S ~ x < z < y} is finite). Let T= {(x,y) ~ S z 
x ~ y} and V k-vector space with basis T. Then V is a coalgebra with

= (z, z) (z,
x~z~y

~(z, y) = 5x~
for any (x, y) e 
~) The field k is a k-coalgebra with comultiplication A : k ~ k@k the canon-
ical isomorphism, A(a) = a @ fo r an y ~ ~ k, andthe counit ~ : k ~ k
the identity map. We remark that this coalgebra is a~particular case of the
example in 1), for S a set with only one element.
5) Let n ~ 1 be a positive integer, and MC(n,k) a k-vector space of 
mension n~. We denote by (e~y)~,j~n a basis of MC(n, k). We define 
MC(n, k) a comultiplication A 

=
l~p~n
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for any i,j, and a counit s by

becomes a coalgebra, which is called the matrix coal-In this way, Me(n, k)
gebra.

6) Let C be a vector
A :C ~C®C ands

space with basis { gi,di I i e N* }.
:C-~ k by

A(gi) = g~®gi

A(di) = gi®di+di®gi+l

s(di) = 

Then (C, A, s) is a coalgebra.

We define

The following exercise deals with a coalgebra called the trigonometric coal-
gebra. The reason for the name, as well as what really makes it a coalgebra,
will be discussed later, after the introduction of the representative coalge-
bra of a semigroup (the same applies to the divided power coalgebra in the
second example above).

Exercise 1.1.5 Let C be a k-space with basis (s, c}. We define A : C
C ® C and s : C --~ k by

A(s) = s®c+c®s

A(c) = c®c-s®s

s(s) = o
s(c) = i.

Show that (C, A, ~) is a coalgebra.

Exercise 1.1.6 Show that on any vector space V one can introduce an
algebra structure.

Let (C, A, s) be a coalgebra. We recurrently define the sequence of maps
(An)n_>l, as follows:

Ai=A, An:C--~C®...®C (Cappearingn+ltimes)

An ---- (A ® /n-i) OAn-1, for anyn_>2.

(Throughout the text, the composition of the maps f and g will be denoted
by f o g, or simply fg when there is no danger of confusion.)
As we know, in an algebra we have a property called generalized associa-
tivity. The dual property in the case of coalgebras is called generalized
coassociativity, and is given in the following proposition.
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Proposition 1.1.7 Let (C,A,£) be a coalgebra. Then for any n >_ 2 and
any t) E {0,..., n - 1} the following equality holds

An = (I p ® A ® In-i-p) o An_1.

Proofi We show by induction on n that the equality holds for any p E
{0,...,n--i}. For n- 2 we have to show that (A®I) oA = (I®A)
which is the coassociativity of the comultiplication.
We assume that the relation holds for n. Let then p E {1,..., n}. We have

(I F ® A® I n-p) o An 
: (Zv®/\®ln-V) o(ZP-l®/\®Zn-V)O/\n_1

= (IP-’N((I®A) oA)NZn-v)oAn_,
= (:v-1 ® ((zx ® ±) o a) n-v) o

---- (I v-1 ® /k ®/n-p+1) o/kn

Since for p = 0 we have by definition that An+~ = (I F ® A ® In-v) 
by the above relation it follows, by induction on p, that the equality holds
for any p e {0,...,n}. |

Unlike the case of algebras, where the multiplication "diminishes" the num-
ber of elements, from two elements obtaining only one after applying the
multiplication, in a coalgebra, the comultiplication produces an opposite ef-
fect, from one element obtaining by comultiplication a finite family of pairs
of elements. Due to this fact, computations in a coalgebra are harder than
the ones in an algebra. The following notation for the comultiplication,
usually called the "Sweedler notation", but also known as the "Heyneman-
Sweedler notation", proved itself to be very effective.

1.1.8 The Sigma Notation. Let (C, A,e) be a coalgebra.. For an element
c ~ C we denote

With the usual summation conventions we should have written

zx( ) = 
i=i,n

The sigma notation supresses the indez "i". It is a way to emphasize the
form of A(c), and it is very useful for writing long compositions involving
the comultiplication in a compressed way.
In a similar way, for any n >_ 1 we write

An(c) = ~ c~ ®... ® Cn+l.
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1

The above notation provides an easy way for writing commutative dia-
grams, the first examples being the diagrams in the definition of a coalge-
bra, i.e. the coassociativity and the counit property:

1.1.9 Formulas. Let (C,A,¢) be a coalgebra and c E C. Then:

(or ~2(c) : ~Cll @c12 @C2 : ~C1 @C2~ @~22 : ~C1 @c2ec3)’

Note that

Vc ~ C is just the equality (A @ I) o A = (I ~ A) o A, the commutativity
of the first diagram in Definition 1.1.3. The commutativity of the second
diagram in the same definition may be written as

where ¢~ : C~k ~ C and ¢~ : k@C ~ C are the canonical isomorphisms.
Using ~he sigma notation, the same equalities are w~tten as

The advantage of ~sin9 the sigma notatio~ will become clear later, whe~ we
will deal with yew complicated commutative diagrams or ver~ lo~9 compo-
sitions. I

We are going to explain now how to operate with the sigma notation. For
this we will need some more formula.

Lemma 1.1.10 Let (C, A,~) be a coalgebra. Then:
1) For any i ~ 2 we have A~ = (A~_~ ~ I) o 
2) Fo~ an~ ~ ~ ~, ~ e {~,...,~- ~} a~d ~ ~ {0,...,~- ~} ~ ha,¢

A~ = (W ~ A~ ~ ~-~-~) oAn-~.

Proofi 1) By induction on i. For i = 2 this is the definition of A2. We
~sume that the ~sertion is true for i, ~nd then

A~+~ = (A~P) oA~

= (~z~) o (~_~ ~) 
= (((a ~ ~-~) o ~-1) ~ ~) 
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2) We fix n _>2, and weprove by induction on i ~ {1,...,n- 1} that for
any m E {0,..., n - i} the required relation holds.
For i = 1 this is the generalized coassociativity proved in Proposition 1.1.7.
We assume the assertion is true for i - 1 (i > 2) and we prove it for i. We
pick m E {O,...,n-i} C {O,...,n-i+ 1} and we have

/kn
-= (I TM ® Ai_ 1 ® I n-i-m+1) o An-i+1

(by tim induction hypothesis)

---- (Im ® Ai-1 ® n-i-re+l) o(I m ® A ® n-i-’~) o An-i
(by generalized coassociativity)

= ® I ) o An=/(I rn ® ((Ai_ 1 ® I) o A) n-i-m

.~_ (~m ® Ai ® xn-i-m) o An_i

(using 1))

These formulas allow us to give the following computation rule, which is
essential for computations in colagebras, and which will be used throughout
in the sequel.

1.1.11 Computation rule. Let (C, A,e) be a coalgebra, i _> 1,

f :C®...®C--~C

(in the preceding tensor product C appearing i + 1 times) and

~:C-~C

linear maps such that f o A~ = ~.
Then, if n >_ i, V is a k-vector space, and

g:C®...®C----~V

(here C appearing n + 1 times in the tensor product) is a k-linear map, for
any l <_ j <_ n + l and c ~ C we have

E g(C1 ®... ® ej_ 1 @ f(cj ®... ® cj+i) ® cj+i+~ ®... ® Cn+i+~) 

= ~g(e~ ®... ® c~-i ®~(c~)® c~+, ®... ® c.+~)

This happens because

~(Cl ®... ® ~-1 ® f(e~ ®... ® c~+~) 
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®cj+~+l ®... ® cn+~+l) 

= g o (I j-1 ® f ®In-j+1) o An+i(c)
= g o (I j-1 ® f ® I n-j+l ) o (I j-~ ® Ai ® I n-j+~) o An(c)

= o (V (f o

=

This rule may be formulated as follows: if we have a formula (*) in which
an expression in c~ , . . . , ci+ ~ (from Ai(c)) has as result an element in C (f 
Ai = f ), then in an expression depending on c~,..., cn+i+~ (from An+i(c) 
in which the expression in the formula (*) appears for cj,..., cj+i (i+ l con-
secutive positions), we can replace the expression depending on cj, . . . , cj+i
by ~(c~), leaving unchanged c~ , . . . , cj-1 and transforming cj+i+~,..., cn+i + ~
in c~+1,. . . , Cn+l.

Example 1.1.12 If (C, h,~) is a coalgebra, then for any c E C we have

~ g’(C1)~(C2)C3 ---~ 

This is because having in mind the formula ~S(Cl)C2 c, we canre-
place in the left hand side ~(c2)c3 by c2, leaving c~ unchanged. Therefore,
~¢(c~)~(c2)c3 ~z(cl)c2, an d th is is exactly c. 

We end this section by giving some definitions allowing the introduction of
some categories.

Definition 1.1.13 An algebra (A,M,u) is said to be commutative if the
diagram

A®A
T

. A®A

M~’~.~ A ~~M

is commutative, where T : A ® A ---~ A ® A is the twist map, defined by
T(a®b) = b®a.
ii) A coalgebra (C, A, ~) is called cocommutative if the diagram
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C®C

C

, C®C
T

is commutative, which may be written as ~ cl ® c2 = ~ C2 ® cl for any
c~C.

Definition 1.1.14 Let (A, MA,UA), (B, MB,UB) be two k-algebras. The
k-linear map f : A ----* B is a morphism of algebras if the following dia-
grams are commutative

A®A

MA

A

f®f
" B®B

~ B

ii) Let (C, Ac,ec), (D, AD,~D) be two k-coalgebras. The k-linear map
g : C -~* D is a morphism of coalgebras if the following diagrams are
commutative

g
C

C®C " D®D

C
g

~ D

The commutativity of the first diagram may be written in the sigma notation

~(g(~)) -- ~ g(ch ® g(e)~ = ~ g(~l.) 
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In this way we can define the categories k - Alg and k - Cog, in which the
objects are the k~algebras, respectively the k-coalgebras, and the morphisms
are the ones previously defined.

Exercise 1,1.15 Show that in the category k - Cog, isomorphisms (i.e.
morphisms of coalgebras having an inverse which is also a coalgebra mor-
phism) are precisely the bijective rnorphisms.

1.2 The finite topology

Let X and Y be non-empty sets and yX the set of all mappings from X
to Y. It is clear that we can regard yX as the product of the sets Yx - Y,
where x ranges over the index set X. The finite topology of yX is obtained
by taking the product space in the category of topological spaces, where
each Yx is regarded as a discrete space. A basis for the open sets in this
topology is given by the sets of the form

{g E yX I g(xi) = f(xi), < i < n},

where {xi ] 1 < i < n} is a finite set of elements of X, and f is a fixed
element of yz, so that every open set is a union of open sets of this form.

Assume now that k is a field, and X and Y are two k-vector spaces.
The set Homk(X, Y) of all k-homomorphisms from X to Y, which is also
a k-vector space, is a subset of Y~:. Thus we can consider on Homk(X, Y)

the topology induced by the finite topology on yx. This topology on
Homa(X, Y) is also called the finite topology.

If f E Homa(X, Y), the the sets

O(f, xl,...,x,~) = {g e Hom~(X,Y) l ) = f( xi ),l < i < 

form a basis for the filter of neighbourhoods of f, where {xi I 1 < i <
n} ranges over the finite subsets of X. Note that O(f, xl,...,xn) 

~ O(f, x~), and O(f, x~,..., Xn) = f + (9(0, Xl,..., 

Proposition 1.2.1 With the above notation we have the following results.
a) Homk(X, Y) is a closed subspace of yx (in the finite topology).
b) Horak(X, Y), with the finite topology, is a topological k-vector space (the
topology of k is the discrete topology).
c) If dimk(X) < c~, then the finite topology on Horn~(X, Y) is discrete.

Proof: a) Pick f in the closure of Homa(X,Y), and let x~,x2 ~ X,
and ~,# ~ k. The open set U = {g ~ yx I g(xl) f( xl),g(x2) =
f(x2), g()~xl +ttx2) = f(ikxl +/tx2)} is a neighbourhood of f, and therefore
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U[~Hom~(X,Y) 7~ (~. If h e UNHomk(X,Y),.then h(xl) = f(xl),

h(x2) = f(x2), and h()~x~ #x2) = f( )~xl + #x~). Since h(.~xl + #x2) =
)~h(xl ) +#h(x2) = )~f(zl )+#f(x~), we obtain that f(J~z~ +#x2) = .~f(zl 
#f(x2), so f e Homa(Z, Y).
b) If A,# ¯ k, we have to show that the map c~ : (f,g) ~ ,~f + #g is 
continuous mapping from the product Space Homa(X, Y) x Homk(X, 
into Homk(X,Y). Indeed, we can consider the open neighbourhoods of
Af+i,g of the form N = Af+#g+(9(0,xI,...,xn). If we put N1 
f + (9(O,x~,...,Xn) and N2 = g + (9(0, xl,...,xn), then N1 (resp. N2) 
a neighbourhood of f (resp. g). Since (9(0, xl,...,xT~) is a k-subspace, 
is clear that c~(N1 x N2) C_ N, so c~ is continuous.
c) is obvious.

Exercise 1.2.2 An open subspace in a topological vector space is also closed.

If k is a field, we can consider the particular case when X = V is a k-vector
space, and Y = k. In this case, the vector space Homk(V, k) is the dual V*.
We introduce now some notation. If S is a subset of V*, then we denote

s-k = {x ̄  y lu(x) = 0,w ̄  s} 
u~S

Similarly, if S is a subset of V, then we set

If S = {u} (where u ~ V Or u ~ V*), we denote S-k --- u-k.

Exercise 1.2.3 When S is a subset of V* (or V), S-k is a subspace 
V (or V*). In fact S-k = {S}-k, where (S) is the subspace spanned by 
Moreover, we have S-k = ((S-k)-k)-k, for any subset S of V* (or V).

Exercise 1.2.4 The set of all f + W±, where W ranges over the finite
dimensional subspaces of V, form a basis for the filter of neighbourhoods of
f ¯ V* in the finite topology.

The following result is the key fact in the study of the finite topology in
Y*.

Proposition 1.2.5 i) If S is a subspace of V* and {e~,..., eta} is a finite
subset of V, then

S ± + ~-~ kei = ( S C? ~ e~ 
i=1 i=1
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ii) (the dual version of i)) If S is a k-linear subspace of V and (ul, . 

is a finite subset of V*, then

s± + }2ku =(sa utl±.
i=1

Proofi i) The inclusion

et)I.
/=1 i=1

is clear. We show the converse inclusion by induction on n. Let n = 1 and
denote in this case et by e. Let x ¯ (She-L)±. If She-L = S, then x ¯ S±

and so x ¯ S± +ke. Hence we can assume that Sne± c S, Sne± ~ S. Since
V*/e-L "~ (ke)*, and (ke)* has dimension one, it follows that S/(S rq ±) i s
also 1-dimensional. Hence S = (Srqe-L) (~ ku, for some u ¯ V*, with u ¯ S
and u ¢_ S~qe-L. So u ~ e±, and therefore u(e) # O. We put h = u(x)u(e)-~.

If y = x - he, then for any v ¯ S we have v(y) = v(x) - by(e). But
v = w + au, where w E Sfq e±. So v(x) = w(x) + au(x) = au(x). On the
other hand, hv(e) = hw(e) + hau(e) = hau(e) = au(x)u(e)-~u(e) 
Hence v(y) = au(x) - au(x) = 0, and since v ¯ S is arbitrary, we obtain
thaty¯S ±. Thusx=y+he¯S±+ke.

Assume that the assertion is true for n- 1 (n > 1). We have S± + ~ kei =

n--1

s±+E ke + e.=(Sn/q eh)±+ke. (snr ̄ " ±= new) : (sn et)±,
i=1 i:1 i:1 i:1

ii) Since the proof is similar to the one of assertion i), we only sketch the
case n = 1. We put u = ul. We clearly have S± + ku C_ (S ~lu±)±. For
the reverse inclusion, we can assume S ~ u± ~ S. Clearly in this case we
have u ~ 0. Since u± = Ker(u), we have that V/u± = V/Ker(u) has
dimension one. So S/ ( S rq ±) ~_ ( S + u-L ) ± <_ V/u±also has dimension
one. There exists e ¯ S, e ~ Snu-L, such that S = (Snu±)@ke. So
u(e) ~ O. If now f ¯ (Srq u’L)±, we put g = f-- f(e)u(e)-lu. If x ¯ S,
then x = y+he, with y ¯Srqu±. But f(x) = f(y)+hf(e) = 
and (f(e)u(e)-~u)(x) = f(e)u(e)-lu(y) + hf(e)u(e)-~u(e) So
g(z) = hI(e)-hf(e) = 0, and therefore g ¯ S±. Since f --- g+f(e)u(e)-~u,
we obtain f ¯ S-L + ku.

Theorem 1.2.6 i) If S is sub@ace of V, then (S±)± = S.
ii) If S is a sub@ace of V*, then (s-L)± = -~, where -~ is the closure of S
in the finite topology.

Proof: i) We have clearly that S C_ (S±)±. Assume now that there exists
x E (s-L) ±, x ~ S. Since S is asubspace, then kxfqS = 0. Thus there
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exists f E V* such that f(x) = 1 and f(S) =0. But f E S±, and since
x ~ (S±)±, we have f(x) = 0, a contradiction. Hence (S±)± = S.
ii) ± i s a subspace of V. Hence (S±± = C~W±, where W ranges over the
finite dimensional subsp0:ces of S±. Since W± is an open subspace of V*, it
follows that W± is also closed (see Exercise 1.2.2). Hence C~W± is closed,
so (S±)± is closed in the finite topology (see also Exercise 1.2.7 below).
Since S C_ (S±)±, it follows that ~C_ (S±)±. Let f ~ (S±)± and W C V a
k-subspace of finite dimension. We show that (f + ±) nS # 0. Clearly
if f 6 W± then f + W± = W± (because ± i s a subspace), an d th erefore
(f + ±) C~ S = W±C~ S ¢0 (b ecause it c ontains the zero morphism).
Also if W _C S±, then (S±)± C_ W±, and therefore f e W±. Hence we
can assume that f ¢ W± and so it follows that W ~ S±. Thus we can
write W = (WClS±)@W’, where We ¢ 0and dimk(W’) < oc. Also
since f(S±) = 0 and f(W) ¢ 0 it follows that f(W’) # O. Let {el,...,
(n _> 1) be a basis for W’. We denote by ai f( ei) (1< i < n), hence not
all the ai’s are zero. By Proposition 1.2.5 i), we have

:(SnGeb±.
~#i

Since ei ¢ S± @ E key, then ei ¢ (S n r} e~-)±. Hence there exists 9i e
j¢i

S Cl ~1 e~ such that gi(ei) = 1. So we have gi ~ S, and gi(ek) = fik. We

denote by g = £ aigi. Hence g ~ S and g(e~) = a~ (1 < k < n).
i=1

Let now h = g - f. Clearly h(e~) = 0 (1 < i < n), and hence h(W’) =, 
Since h e (S±)±, then h(S±) = 0, and thus h(W C~ S±) = 0. So h(W) = 0,
and hence h ~ W±. In conclusion, 9 ~ SN (f + W±), and therefore f E 

Exercise 1.2.7 If S is a subspace of V*, then prove that (S±)± is closed
in the finite topology by showing that its complement is open.

We give now some consequences of Theorem 1.2.6.

Corollary 1.2.8 There exists a bijective correspondence between the sub-
spaces of V and the closed subspaces of V*, given by S ~ S±. |

Corollary 1.2.9 If S C_ V* is a Subspace, then S is dense in V* if and
only if S± = {0}.

Proof: If S is dense in V*, i.e. ~ = V*,:then since ~ = (S±)±, it is
necessary that S± - {0}. The converse is obvious, since {0}± = V*. |
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Exercise 1.2.10 If V is a k-vector space, we have the canonical k-linear
map

Cv:V--~(V*)*, Cv(z)(f)--f(x), VxEV, 

Then the following assertions hold:
a) The map Cy is injective.
b) Im(¢v) is dense in (V*)*.

Exercise 1.2.11 Let V = V1 @ V2 be a vector space, and X =- X1 ~ X2 a
subspace of V* (Xi C_ l/i*, i = 1,2). If X is dense in V*, then Xi is dense
in Vi*, i = 1,2.

Corollary 1.2.12 Let X, Y be two subspaces of V* such that X is closed
and dimk(Y) < oo. Then X + Y is closed.
In particular, every finite dimensional subspace of V* is closed.

Proofi Since X is closed, we have X = (X±)±. Then by Proposition 1.2.5
ii), we have X + Y = (X±)± + Y = (X± N Y’)±, for some subspace Y’ of
V, and therefore X + Y is also closed, by Exercise 1.2.3. |

Corollary 1.2.13 i) There is a bijective correspondence between the finite
dimensional subspaces of V* and the subspaces of V of finite codimension,
given by X ~ X±. Moreover, for any finite dimensional subspace X of
V* we have dimk(X) = codimk(X±).
ii) There is a bijective correspondence between the closed subspaces of V*
of finite codimension and the finite dimensional subspaces of V, given by
X ~ X±. Moreover, for any closed subspace X of V* of finite codimen-
sion, we have codimk(X) = dimk(X±).

Proof: i) Let X C_ V* be a finite dimensional subspace and let {ul,...

be abasis of X. Then X± = ~u~ = 5 Ker(ui). But there exists a
i~--I i----1

monomorphism 0 --~ V/ X± ---~ (~ V/ Ker(ui). Since dimk(V/ ger(ui) 
i-~ l

1, we have that dimk(V/X±) <_ n = dimk(X), so X± has finite codimen-
sion.
Conversely, if W C_ V has finite codimension, then W± ~ (V/W)*, and so
dimk(W±) = codima(W) < oo. We can now apply Corollary 1.2.8.
ii) Let X _C V* be a subspace of finite codimension. There exist

V* such that V* = X @ ~ kfi. Then 0 = V*± -= Z± N ~ Ker(f~), so
i=1

n

o --, x± Y/(N ger(f )).
i=l
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But

0 --~ V/(N Ker(f~)) --~ (~V/Ker(fi):-N 
i=1 i=1

so 0 ~ X± ~ kn, and therefore dimk(X±) <_ n = codimk(X)..
Conversely, if W C_ V is a finite dimensional subspace, we have V*/W± ~-
W*, so dima(V*/W± ) = dima(W*) = dima(W). |

Exercise 1.2.14 Let X C_ V* be a subspace of finite dimension n. Prove
that X is closed in the finite topology of V* by showing that dima ( ( X ± ± )<_
n.

Exercise 1.2.15 If X is a finite codimensional k-linear subspace of V*,
then X is closed in the finite topology if and only if X± = X2, where X±

is the orthogonal of X in V**.

We denote by aM the category of k-vector spaces, if u : V ---* V/

is a map in this category (i.e. u is k-linear) then we have thd dual map
u* : V’* --~ V*, where u*(f) = f o u, f ¯ V’*.
Let W C_ V be a subspace. Then

u*-l(W ±) = {flu*(f)¯W±}

= {f¯g’*lfou¯W±}

= {f ¯ V’* I f(u(W)) = 0} = u(W)±.

Moreover, if W is finite dimensional, then u(W) has finite dimension as a
subspace of W, and so it follows that the map u* : W* --~ V* is continuous
in the finite topology. We have thus the following result:

Corollary 1.2.16 The mapping V ~ V* defines a contravariant functor
from the category, aM to the category of topological k-vector spaces (k is
considered with the discrete topology). 

Exercise 1.2.17 IfV is a k-vector space such that V = (~ Vi, where {V~ 

i ¯ I} is a family of subspaces of V, then (~ V~* is dense in V* in the finite
iEI

topology.

Exercise 1.2.18 Let u : V --~ W be a k-linear map., and u* : W* ----* V*
the dual morphism of u. The following assertions hold:
i) IfT is a subspace of V’, then u*(T±) = u-l(T)±.

ii) If X is a subspace of V’*, then u*(X)± = u-~(X±).
iii) The image of a closed subspace through u* is a closed subspace.
iv) If u is injective, and Y C_ V’* is a dense subspace, it follows that u* (Y)
is dense in V*.
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1.3 The dual (co)algebra

We will often use the following simple fact: if X and Y are k-vector spaces,

and t is an element of X®Y, then t can be represented as t = ~ xi®y~ for

some positive integer n, some linearly independent (x~)~=l,,~ in X, and some
(Yi)i=l,n ]/ . Similarly, t can bewritten as a s umof t ensor monomials
with the elements appearing on the second tensor position being linearly
independent.

Exercise 1.3.1 Let t be a non-zero element of X ® Y. Show that there
exist a positive integer n, some linearly independent (x~)~=l,n C X, and

some linearly independent (Y~)~=~,n C Y such that t = ~ x~ ® 
i----1

The following lemma is well known from linear algebra.

Lemma 1.3.2 Let k be a field, M,N,V three k-vector spaces, and the
linear maps ¢: M* ® Y --~ Horn(M, V), ¢’: Horn(M, N* ) -* ( M ® N)*, 
M* ® N* -~ (M ® N)* defined 

¢(f ®v)(m) = f(m)v for f ¯ M*,v ¯ V,m ¯ M,

¢’(g)(m®n) = g(m)(n) ford ¯ gom(M,N*),m ¯ M,n ¯ 

p(f®g)(m®n) = f(m)g(n) forf ¯ M*,g ¯ N*,m ¯ M,n e Y.

Then:
i) ¢ is injective. If moreover V is finite dimensional, then ¢ is an isomor-
phism.
ii) ¢1 is an isomorphism.
iii) p is injective. If moreover N is finite dimensional, then p is an isomor-
phism.

Proof: i) Let x ¯ M*®V with ¢(x) = 0. Let z = ~if~®vi (finite
sum), with fi E M*,vi ¯ V and (vi)i are linearly independent. Then
0 = ¢(x)(m) = ~ifi(m)vi for any m e M, whence f~(m) = 0 for 
and m. It follows that fi = 0 for any i, and then x -- 0. Thus ¢ is injective.
Assume now that V is finite dimensional. For V = k it is clear that ¢ is
an isomorphism. Since the functors M* ® (-) and Horn(M,-) commute
with finite direct sums, there exist isomorphisms ¢1 : M* ® V --~ (M* ®k)n

and ¢~ : (Horn(M, k)) n -~ Horn(M, V), where n = dim(V). We also have
an isomorphism ¢~ : (M* ® k) ~ -~ (Hom(M,k))n, the direct sum of n
isomorphisms obtained for V = k. Moreover, ¢ = ¢~¢3¢1, thus ¢ is an
isomorphism too (also see Exercise 1.3.3 below).
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ii) If (Xi)iel and Y are k-vector spaces, then there exists a canonical iso-
morphism Hom(~iexXi, Y) "~ 1-Iiel Hom(Xi, Y). In particular, if I is a

basis of M, .then M ~ kU) and we obtain the canonical isomorphisms

ul : Horn(M, N*) --~ (Horn(k, I

u2 : ((k® N)*)~ ~ (M ®N)*.

Since clearly for M = k the associatedmap ¢~ is an isomorphism, we obtain
a canonical isomorphism

u3 : (Horn(k, N*))~ ~ ((k ® N)*)~,

and moreover ¢~ = u2u3ul, so ¢~ is an isomorphism too.
iii) We note that p = ¢~¢0, where ¢0 is the morphism obtained as ¢ for
V = N*. Then everything follows from the preceding assertions. |

Exercise 1.3.3 Show that if M is a finite dimensional vector space, .then
the linear map

¢: M* ® Y -~ Horn(M, V),

defined by ¢(f®v)(rn) = f(rn)v for f E M*, v ~ V, rn ~ M, is 
isomorphism.

Exercise 1.3.4 Let M and N be k-vector spaces. Let the k-linear map:

p:V*®W*~(V®W)*, p(f®g)(x®y)= f(x)g(y),

Vf ~ M*,g ~ N*,x ~ M,y ~ N. Then the following assertions hold:
a) Ira(p) is dense in (M ® 
b) If M or N is finite dimensional, then p is bijective.

Corollary 1.3.5 For any k-vector spaces M1,..., Mn the map ~ : M~ ®
...®M~ ~ (M1 ®...®M~)* defined by ~(f~ ®...® fn)(m~ ®...®m,~) 
fl(rnl).., fn(mn) is injective. Moreover, if all the spaces M~ are finite
dimensional, then ~ is an isomorphism.

Proof: The assertion follows immediately by induction from asertion iii)
of the lemma. |

If X, Y are k-vector spaces and v : X -~ Y is a k-linear map, we will
denote by v* : Y* --~ X* the map defined by v*(f) fv forany f ~ Y*.
We made all the necessary preparations for constructing the dual algebra
of a coalgebra. Let then (C,A,z) be a coalgebra. We define the maps
M : C* ® C* -~ C*, M = A’p, where p is defined as in Lemma 1.3.2, and
u : k --~ C*,u -- ¢*¢~ where ¢ : k --~ k* is the canonical isomorphism.
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Proposition 1.3.6 (C*, M, u) is an algebra.

Proof: Denoting M(f ® g) by f * g, from the definition we obtain that

(f * g)(c) (A* p) (f ® g)(c) = p(g)(A(c= E f(cl) g(

for f, g E C* and c E C. From this it follows that for f, g, h ~ C* and c ~ C
we have

((y,g), =

= ~f(c~)g(c2)h(c3)

~ f(c~)(g h)(c2)

(f ¯ (g ¯ h))(c)

hence the associativity is checked.
We remark now that for a ~ k and c ~ C we have u(a)(c) = a~(c). The
second condition from the definition of an algebra is equivalent to the fact
that u(1) is an identity element for the multiplication defined by M, that
is u(1) ¯ f = f ¯ u(1) = f for any f E C*, and this follows directly 

E (cl)c2 = E c1 (e2) 
Remark 1.3.7 The algebra C* defined above is called the dual algebra of
the coalgebra C. The multiplication of C* is called convolution. Most of the
times (if there is no danger of confusion), we will simply write f g instead
of f * g for the convolution product of f and g. |

Example 1.3.8 1) Let S be a nonempty set, and kS the coalgebra defined
in 1.1.4 1). Then the dual algebra is (kS)* = Horn(kS, k) with multiplica-
tion defined by

(f ¯ g)(s) = :(s)g(s)

for f, g E (kS)*, s ~ S. Denoting by Map(S, k) the algebra of functions
from S to k, the map 0 : (kS)* -~ Map(S, k) associating to a morphism
f ~ (kS)* its restriction to S is an algebra isomorphism.
2) Let H be the coalgebra defined in 1.1.4 2). Then the algebra H* has
multiplication defined by

(f* g)(Cn) f( ci )g(cn-i)
i=O,n

for f,g ~ H*,n ~ N, and unit u : k --* H*,u(a)(c,~) = (~5o,n for o~ ~ 
hEN.
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H* is isomorphic to the algebra of formal power series k[[X]], a canonical
isomorphism being given by

¢: H* -~ k[[X]], ¢(f) = f( cn)X’~"
n>0

The dual problem is the following: having an algebra (A, M, u) can one
introduce a canonical structure of a coalgebra on A*? We remark that
is is not possible to perform a construction similar to the one of the dual
algebra, due to the inexistence of a canonical morphism (A®A)* -~ A*®A*.
However, if A is finite dimensionM, the canonical morphism p : A*
(A @ A)* is bijective and we can use p-~.
Thus, if the ~lgebra (A, M, u) is finite dimensional, we define the maps
A : A* ~ A*~A* and~ : A* ~ k by A =p-~M* ands= Cu*, where
¢: k* ~ k is the c~nonical isomorphism, ¢(f) = f(1) for 
We remark that if A(f) = ~g~ @ h~, where g~,h~ ~ A*, then f(ab) 

E~ g~(a)h~(b) for any a, b ~ A. Also if (g~, h~)j is a finite family of elements
in A* such that f(ab) = Ejg~(a)h}(b) for any a,b ~ A, then Eigi @ hi =
~y g~ @ h}, following from the injectivity of p.
In conclusion, we can define A(f) = ~gi @ hi for any (gi, hi) ~ A* 
the property that f(ab) = ~i gi(a)hi(b) for any a, b ~ A.

Proposition 1.3.9 If (A, M, u) is a finite dimensional algebra, then we
have that (A*, A, e) is a coalgebra.

Proof: Let f e A* ~nd A(f) = gi ~ h i. We let A(g~

and A(hl) = ~y h~,j @ h~:y. Then

i,j

(I 
i,j

We consider the m~p 0: A* @ A* @ A* ~ (A @ A ~A)* defined by 0(u
v ~ w)(a ~ b ~ c) = u(a)v(b)w(c) for u, v, w ~ A*, a, b, c ~ A. This map is
injective by Corollary 1.3.5. But

0(~ g;,~ ~ g~:~ ~ h~)(a ~ b @ c) = ~ g~,y(a)g;:y(b)hi(c)
i,j i,j

=
i

= f(abc)
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and

i,j i,j

= Eg~(a)h~(bc)
i

= f(abc)

and then due to the injectivity of 0 we obtain that

~’ "
~

’ ,,
gi,j @ gi,j @ hi = gi @ hi,j @ hi,j,

i,j i,j

i.e. A is coassociative.
We also have

(~ ~(g~)h~)(a) = ~ g~(1)h~(a) 
i i

hence ~ s(g~)h~ = f, and similarly ~ ~(h~)g~ = f, so the counit proper~y
is also checked.

Remark 1.3.10 It is possible to express the comultiplication of the dual
coalgebra of an algebra A using a basis of A and its dual basis in A*. Let
then (e~)~ be a basis of the finite dimensional algebra A and e~ ~ A* defined
by e~(ej) = 5~d (Kronecker symbol). Then (e~)~ is a basis of A*, 
the dual basis, and (e~ ~ e~)y,t is a basis of A* ~ A*. It follows that for an
element f ~ A* there exist scalars (a~,t)y,t such that A(f) = ~,t a~,~e~@e~.
Taking into account the definition of the comultiplication, it follows that for
fixed s, t we have

eset = aj,tej es el et = as,t.

We have obtained that

A(:) = ~ f(ejet)e~ ei .

Exercise 1.3.11 Let A = Ms(k) be the algebra of n × n matrices. Then
the dual coalgebra of A is isomorphic to the matrix coalgebra Me(n, k ).

The construction of the dual (co)algebra described above behaves well
with respect to morphisras.
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Proposition 1.3.12 i) If f : C ~ D is a coalgebra morphism, then f* :
D* -~ C’is an algebra morphism.
i~) If f : A -~ B is a morphism of finite dimensional algebras, then f* 
B* --~ A* is a morphism of coalgebras.

Proof: i) Let d,, e* E D* and c E C. Then

(f*(d* ¯ e*))(c) = (d* ¯ e*)(f(c))

= Z d*(f(cl))e*(f(c2)) is a c oalgebra mor phism)

= E(f*(d*))(Cl)(f*(e*))(c2i

= (f*(d*) ¯ f*(e*))(c)

and hence if(d’e*) = f*(d*)f*(e*). Moreover, f*(eD) = eDf = eC, SO f*
is an algebra morphism.
ii) We have to show that the following diagram is commutative.

if®f*
B* ® B* ’ A* ® A*

Let b* e B*, (AA. f*)(b*) = AA.(b*f) ----- ~-~igi®hi ~i AB.(b*) = ~jpj®qj.
Denoting by p : A* ® A* -~ (A ® A)* the canonical injection, for any
a ~ A,b ~ B we have

and

p((Ad, f*)(b*) )(a ® b) = Z gi(a)hi(b) = 
i

p((f* ® f*)AB.(b*))(a® :- p(~-~.pjf ® qjf)(a ® 

= Z(pjf)(a)(qjf)(b)

=- Zpj(f(a))qj(f(b))
J

= b*(f(a)f(b))

= b*(f(ab))
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which proves the commutativity of the diagram. Also

(cA.f*)(b*) = CAo(b*f) = (b’f)(1) = b*(f(1)) = cB.(b*),

so f* is a morphism of coalgebras.

Corollary 1.3.13 The correspondences C ~ C* and f H f* define a
contravariant functor (-)* : k - Cog -~ k - Alg. 

Denoting by k - f.d.Co9 and k - f.d.Alg the full subcategories of the
categories k - Cog and k - Alg consisting of all finite dimensional objects
in these categories, the preceding results define the contravariant functors
(-)* : k - f.d.Cog ~ k - f.d.Alg and (-)* : k - f.d.Al 9 --~ k - f.d.Cog
which associate the dual (co)algebra (there is no danger of confusion if 
denote both functors by (-)*). We will show that these functors define 
duality of categories.
We recall first that if V is a finite dimensional vector space, then the map
Oy : V --~ V**,Ov(v)(v*) = v*(v) for any v E V,v* ~ V* is an isomorphism
of vector spaces.

Proposition 1.3.14 Let A be a finite dimensional algebra and C a finite
dimensional coalgebra. Then:
i) 0A : A --~ A** is an isomorphism of algebras.
ii) Oc : C --* C** is an isomorphism of coalgebras.

Proofi i) We have to prove only that On is an algebra morphism. Let
a,b E A and a* E A*. Denote by A the comultiplication of A* and let
A(a*) = ~ f~ ® g~ ~ A* ® A*. Then

(0a(a) OA(b))(a*) = EOA(a)(fi)OA(b)(gi)
i

= ~f~(a)g~(b)
i

= a*(ab)

= OA(ab)(a*)

so OA is multiplicative. We also have that OA(1)(a*) = a*(1) = CA-(a*), 
0A(1) CA., i. e. OApreserves the unit .
ii) We denote by A and A the comultiplications of C and C**. We have to
show that the following diagram is commutative.
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C

A

C®C

OC

8c ®

If # : C** ® C** --* (C* ® C*)* is the canonical isomorphism and c 
C, c*, d* E C* then putting -~(Oc(c)) = ~-~-i f~ ® we have

p((-~Oc)(c))(c* ~-~.P(f i ®gi)(c* ®d*)
i

i

= ~c(c**d*)
= (c* ̄  d*)(c)

and

~((ec ec)a(c))(c* ® = ~-~. #(0c(C1 ) ®Oc(C2))(C* ®d*)

= ~c*(cl)d*(c2) = (c**d*)(c)
proving the commutativity of the diagram.
We also have that

(ec.. Oc)(c) : ec.. (0c(c)) oc(c)(~c) = ec(c) "
showing that ec~-8c = ec and the proof is complete.

Example 1.3.15 By E.ercise 1.3.11 that Mn(k)*
ceding proposition shows that MC(n, k)* ~- Mn(k).

|

The pre-
|

1.4 Constructions in the category of coalge-
bras

Definition 1.4.1 Let (C,A,e) be a coalgebra. A k-subspace D of C is
called a subcoalgebra if A(D) C_ D ® D. 

It is clear that if D is a subcoMgebra, then D together with the map
f D : D -~ D ® D induced by A.and with the restriction Co of ¢ to D is a
coalgebra.
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Proposition 1.4.2 If (Ci)iei a family of subcoalgebras of C, then ~-~ieI Ci

is a subcoalgebra.

Proof: A(~ie ~ Ci) = ~I A(Ci) C_ ~ Ci®Ci C_ (~ie~ Ci)®(~iei Ci).

In the category k-Cog the notion of subcoalgebra coincides with the notion
of subobject. We describe now the factor objects in this category.

Definition 1.4.3 Let (C, A,¢) be a coalgebra and I a k-subspace of C.
Then I is called:
i) a left (right) coideal if A(I) C_ C ® I (respectively A(I) C_ I ® C).
ii) a coideal if A(I) C_ I ® C + C ® I and ~(I) = O. 

Exercise 1.4.4 Show that if I is a coideal it does not follow that I is a left
or right coideal.

Lemma 1.4.5 Let V and W two k-vector spaces, and X C V, Y C_ W
vector subspaces. Then (V ® Y) ¢~ (X ® W) = X 

Proof: Let (xj)jej be a basis in X which we complete with (xj)je J, up to
a basis of V. Also consider (Yp)peP basis of Y, which we complete wit h

(Yp)peP to get a basis of W. Consider an element

q= ~ ajpxj®yp+ ~ bjpxj®yp+
j E J, p~ P j ~ J,p~ P~

+ ~ CjpXj ®yp + ~ djpxy ®yp
j~J~,p~P

in (V ® Y) N (X ® W), where ayp, bjp, Cjp, dip are scalars. Fix j0 ~ J, Po ~ P
and choose f ¯ V*,g ¯ W* such that f(Xjo ) = 1, f(xj) = 0 for any
j ¯ J U J’,j ¢ jo, and g(Ypo) = 1,g(yp) = 0 for any p ¯ P U P’,p ¢ Po.
Since q ¯ V ® Y, it follows that (f ® g)(q) = Butthen denot ing by
¢ : k ® k -~ k the canonical isomorphism, we have ¢(f ® g)(q) = bjo~o,
hence bjopo = O.

Similarly, we obtain that all of the bjp, Cjp, dip are zero, and thus q = 0. It
follows that (V ® Y) N (X ® W) C_ X ® Y. The reverse inclusion is clear. 

Remark 1.4.6 If I is a left and right coideal, then, by the preceding lemma
A(I) C_ (C ® I) ~ (I ® C) = I ® I, hence I is a subcoalgebra. 

The following simple, but important result is a first illustration of a certain
finiteness property which is intrinsic for coalgebras.
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Theorem 1.4.7 (The Fundamental Theorem of Coalgebras) Every element
of a coalgebra C is contained in a finite dimensional subcoalgebra.

Proof: Let c E C. Write A2(c) = ci ®xij®dj, with li nearly in dependent

ci’s and dj’s. Denote by X the subspace spanned by the x,~j’s, Which is finite
dimensional. Since c = (~ ® I ® ~)(A~(c)), it follows that c E 

(A ® I®I)(A2(c)) A ®I)( A2(c)),

and since the dj’s are linearly independent, it follows that

~-~c~ ® A(z~j) = ~ A(c~) ® x~j ~ C ® C 
i i

Since the ci’s are linearly independent, it follows that A(xij) C®X. Sim-
ilarly, A(xij) ~ X ® C, and by the preceding remark X is u subcoalgebra.

The following lemma from linear algebra will also be useful.

Lemma 1.4.8 Let f : V1 -~ V2 and g : W1 -~ W2 morphisms of k-vector
spaces. Then Ker(f ® g) = Ker(f) ® WI + V1 ® Ker(g).

Proof: Let (v~)~eA~ be a basis of Ker(f), which we complete with
to form a basis of V1. Then (f(va))a¢A2 is a linearly independent subset of
V2. Analogously, let (wz)zee~ be a basis of Ker(g) which we complete with
(wz)zeB~ to a basis of W1. Again (g(Wfl))13~B2 is a linearly independent
family in W~. Let

c~v~ ® wz ~ Ker(f ® g).

Then
~ cazf(v~) ®g(w~) 

~A1UA2

By the linearly independence of the family (f(v~) @ g(wz))~eA~,ZeB~ it
follows that c~z = 0 for any a ~ A~, ~ ~ B~.
Then q e Ker(f) @ W1 + V1 ~ Ker(g) and we obtain that

Ker(f @ g) ~ Ker(f)

The reverse inclusion is clear.

Proposition 1.4.9 Let f : C -~ D be a coalgebra morphism. Then Ira(f)
is a subcoalgebra of D and Ker(f) is a coideal in 
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Proof." Since f is a coalgebra map, the following diagram is commutative.

C "D

f®f
C®C , D®D

Then Ao(Im(f)) = AD(f(C)) = (f ® f)Ac(C) C (f ® f)(C 
f(C) ® f(C) = Im(f) ® Ira(f), so Ira(f) is a subcoalgebra in D.
Also ADf(Ker(f)) = 0, so (f ® f)Ac(ger(f)) = 0 and then

Ac(Ker(f)) C_ Ker(f ® f) = get(f) ® C + C 

by Lemma 1.4.8, hence Ker(f) is a coideal. |

The construction of factor objects, as well as the universal property they
have, are given in the next theorem.

Theorem 1.4.10 Let C be a coalgebra, I a coideal and p : C -~ C/I the
canonical projection of k-vector spaces. Then:
i) There exists a unique coalgebra structure on C/I (called the factor coal-
gebra) such that p is a morphism of coalgebras.
ii) If f : C -~ D is a morphism of coalgebras with I C_ Ker(f), then there
exists a unique morphism of coalgebras 7 : C/I --* D for which 7p = f.

Proof: i) Since (p ® p)A(I) C_ (p ®p)(I ® C + C ® I) = 0, by the universal
property of the factor vector space it follows that there exists a unique linear
map A : C/I ~ C/I®C/I for which the following diagram is commutative.

P , c/I

p®p
c ® c , c/i ® c/i

This map is defined by A(~) = ~®~, where ~--P(C) is the coset 
c modulo I. It is clear that

(~ ® Z)~(e) = (~ ® ~)~(e) = ~ < 
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hence ~ is coassociative. Moreover, since s(I) = 0, by the universal prop-
erty of the factor vector space it follows that there exists a unique linear
map ~ : C/I ~ k such that the following diagram is commutative.

Pc .

We have g(~) = e(c) for any c E C, and 

It follows that (C/I, A, ~) is a coalgebra, and the commutativity of the two
diagrams above shows Cha~ p is a co~lgebra m~p.
The uniqueness of the coalgebra s~ructure on C/I for which p is a co~lgebra
morphism follows from the uniqueness of ~ and ~.
ii) ~rom the universal property of the f~c~or vector space it follows ~haC
there exists a unique morphism of k-vector sp~ces ~ : C/I ~ D suc~ Chat
7P = f, defined by 7(a) f( c) for an y c ~ C.Since

(~DY)(e) ~D(f(c)) = f( Cl) @ f( c2

and
= = =

it follows that ~ is a morphism of coalgebr~.

Corollary 1.4.11 (The fundamental isomorphism theorem for coalgebras)
Let f : C ~ D be a morphism of coalgebras. Then there exists a canonical
isomorphism of coalgebras between C/Ker(f) and Ira(f).

Exercise 1.4.12 Show that the category k - Cog has coequalizers, i.e. if
f, g : C ~ D are two morphisms of coalgebras, there exists a coalgebra E
and a mo~hism of coalgebras h : D ~ E such that h o f = h o g.

We describe now a special class of elements of a coMgebra C.
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Definition 1.4.13 An element g of the coalgebra C is called a grouplike
element if g ~ 0 and A(g) = g ® g. The set of grouplike elements of the
coalgebra C is denoted by G(C). 

The counit property shows that s(g) = 1 for any g E G(C). Moreover,
we show that they are linearly independent.

Proposition 1.4.14 Let C be a coalgebra. Then the elements of G(C) are
linearly independent.

Proof." We assume that G(C) is not a linearly independent family, and
look for a contradiction. Let then n be the smallest natural number for
which there exist g, gl,...,g,~ ~ G(C), distinct elements such that g =

~i=l,n aigi for some scalars ai. If n = 1, then g = c~lgl and applying ~
we obtain al = 1 and hence gl - g, a contradiction. Thus n >_ 2. Then all
a~ are non-zero (otherwise we would have such a linear combination for 
smaller n). We apply A to the relation g = ~-~=l,n aig~ and we obtain

g®g= E o~gi®g~
i=l~n

Replacing g, it follows that

i,j=l,n i=l,n

Since the elements gl,..., g,~ are linearly independent (otherwise again we
would obtain one of them as a linear combination of less then n grouplike
elements), it follows that for i ~ j we have aiaj = 0, a contradiction. 

If A is a finite dimensional algebra, then the grouplike elements of the
dual coalgebra have a special meaning.

Proposition 1.4.15 Let A be a finite dimensional algebra and A* the dual
coalgebra of A. Then G(A*) = Alg(A, k), the algebra maps from A to 

Proof: Let f ~ A*. Then f is a grouplike element if A(f) = f ® f, and
taking into account the definition of the dual coalgebra, this implies that
f(ab) = f(a)f(b) for any a,b e A. Moreover, f(1) = ~(f) = 1, so f 
morphism of algebras. |

Exercise 1.4.16 Let S be a set, and kS the grouplike coalgebra (see Ex-
ample 1.1.~, 1). Show that G(kS) = 



1.4. CONSTRUCTIONS FOR COALGEBRAS 29

We can now give an example of a coalgebra which has no grouplike
elements.

Example 1.4.17 Let n > 1 and C = Me(n, k) the matrix coalgebra from
Example 1.1.4.5). Then C is the dual of the matrix algebra ~[n(~C) (from
Example 1.3.11), hence G(C) = Alg(Mn(k), k). On the other hand, 
are no algebra maps f : Mn(k) ---* k, since for such a morphism Ker(f)
would be an ideal (we will use sometimes this terminology for a two-sided
ideal) of Mn(k), so it would be either 0 or M,~(k). But Ker(f) = 
imply f injective, which is impossible because of dimensions, and Ker(f) 
Mn(k) is again impossible because f(1) = 1. Therfore G(C) = ~. 

Exercise 1.4.18 Check directly that there are no grouplike elements in

MC(n, k) if n > 

We study now products and coproducts in categories of coalgebras.

Proposition 1.4.19 The category k - Cog has coproducts.

Proofi Let (Ci)iei be a family of k-coalgebras, OieICi the direct, sum of
this family in kfl// and qy : Cj --~ @ieICi the canonical injections. Then
there exists a unique morphism A in kit4 such that the diagram

qj

" ((~ieIG) @ (t~)ielCi)

is commutative. Also there exists a unique morphism of vector spaces ~ for
which the diagram
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is commutative. It can be checked immediately, looking at each component,
that (~e~C~, A,e) is a coalgebra, and that this is the coproduct of the
family (C~)i~ in the category k - Cog. |

Before discussing the products in the category k - Cog we need the con-
cept of tensor product of coalgebras. Let then (C, Ac, ~c) and (D, At), 
two coalgebras and A : C ® D --~ C ® D ® C ® D, ~ : C ® D -~ k the maps
defined by A = (I®T®I)(Ac®AD), ~ = (/)(gC®~D), where T(c®d) = d®c
and ¢ : k ® k --~ k is the canonical isomorphism. Using the sigma notation
we have

A(c ® d) = E cl ® dl ® c2 ® 

~(c ® d) = ~c(c)~(d)
for any c E C,d E D. We also define the maps re : C®D -~ C,~D :
C®D --~ D by ~c(c®d) = CeD(d),~t)(c®d) = for any c ~ C,d ~ D.

Proposition 1.4.20 (C®D, A,~) is a coalgebra and the maps rc and 7~D
are morphisms of coalgebras.

Proof: From the definition of A it follows that

(A ® I)A(c ® d) = (A IC®D )(E c~® d~ ® c2 ® d2)

= E(Cl)I ® (dl)l ® (Cl)2 ® (dl)2 ® 

= Ec~ ® d~ ® c2 ® d2 ® ca ® da

and
(I ® A)A(c ® d) = (Ic®D A)E c~ ® dl ® c2 ~ d e)

= ~ c~ ~ d~ ~ (c~)~ ~ (d~), ~ (~)~ ~ 

= ~c~ @d~ @ c2 @d2 @ ca @da,

showing that A is coassociative. We also have

~(~ ~ ~)~(c~ ~ ~) = ~(~ ~)~(~)~.(~)

= (~c(~))~ (~(~))
= c~d

and analogously ~¢(c~ ® d~)(c2 ® d2) = c® d, showing that C ® D 
coalgebra. The fact that 7rc is a morphism of coalgebras follows from the
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relations

and

(~rc ® zcc)A(c ® = EClaD(dl) ®C2aD(d2)’

= Ecl~l~(d~¢D(d2)) 
=

= AC(7cC(C® d))

¢cTrc(c ® d) = ¢c(c)¢D(d) ---- E(c 

Similarly, 7rD is a morphism of coalgebras. |
We can now prove that products exist, not in the category k - Cog,

but in the full subcategory of all cocommutative coalgebras k - CCog.
This result is dual to the One saying that in the category of commutative
k-algebras, the tensor product of two such algebras is their coproduct.

Proposition 1.4.21 Let C and D be two cocommutative coalgebras. Then
C ® D, together with the maps r:c and 7rD i8 the product of the objects C
and D in the category k - CCog.

Proof." Let E be a coalgebra, and f : E -~ C, g : E --, D two morphisms
of coalgebras. We prove that there exists a unique morphism of coalgebras
¢ : E -~ C ® D such that the following diagram is commutative:

C® D

We define ¢ : E -~ C ® D by ¢(x) = ~f(xl) ®g(x~) for any x E E.
Then

~rc¢(x) -- f( xl)gD(9(!c2)) = E f( Xl)gE(X2) = 

hence ~rc¢ = f~: and analogously ~D¢ = g. We show now that ¢ is a
coalgebra map. We have

~¢(X) = ~(~/(Xl)@g(x2))

: ~ f((Xl)l) ~ g((X2)l) ~ f((xl)2) 

= f(x f(x 
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and

(¢ ® ¢)zX~(x)=
= ~ f((xl)~) g( (x~)2) ® f( (x2)~) ® g( (x~)z)

: ~f(x~)®g(x~) ®f(xa) ~g(x4)

But E is cocommut~tive, hence

~ x~ ~ x~

: ~Xl ~(X2)2

and from here it follows that A¢(x) = (¢ @ ¢)Aw(x).
Moreover,

(~¢)(~) = ~(~ f(x~) ~(~))
= ~ ~(/(~))~(~(~))
= ~.(~)~.(~)

= ~(x)
thus ~¢ = ~E-
It remains to prove that ¢ is unique. For this, note that if ¢~ : E ~ C @ D
is a morphism of coMgebr~ with ~c¢’ = f and UD¢~ = g, then

(l~g)Az = (~c¢’~r~¢’)A~
= (~c ~ ~)(¢’ ¢’)~.

=

since clearly (~c @ ~D)A is the identity. Therefore

Another frequently used construction in the theory of coalgebr~ is the
one of co-opposite coalgebra. Let (C, A,e) be a k-coalgebra and the map
A~op : C ~ C N C, ~op = TA, whereT : CNC ~ CNCis the map

defined by T(a ~ b) = b @ 

Proposition 1.4.22 (C, ~°p, e) i s a coalgebra.

Proof: Immediate.
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Remark 1.4.23 The coalgebra defined in the previous proposition is called
the co-opposite coalgebra of C and it is denoted by Cc°p. This concept is
dual to the one of .opposite algebra of an algebra. We recall that if (A, M, u)
is a k-algebral then the multiplication MT : A®A -~ A and the unit u define
an algebra structure on the space A, called the opposite algebra, of A. This
is denoted by A°p. |

Proposition 1.4.24 Let C be a coalgebra. Then the algebras (Cc°P)* and
(C*)°p are equal.

Proof: Denote by M1 and M2 the multiplications in (CO°P)* and (C*)°p.

Then for any c*, d* E C* and c E C we have

M~ (c* ® d*)(c) = (c* ® d*)(TA(c)) ~’~ c*(c2)d*(c~)

M2(c* ® d*)(c) ~.d*(cl)c*(c2)

which ends the proof. |

We close this section by giving the dual version for coalgebras of the
extension of scalars for algebras. Let (C, A, e) be a k-coalgebra and ¢ : k 
K a morphism of fields. We define A’ : K®kC --~ (K®kC)®K(K®kC) and
e’: K®kC --~ K by A’(a®c) = ~-~(o~®el)®(1®¢2) and e’(a®c) = a¢(e(c))
for any a ~ K, c ~ C. The following result is again easily checked

Proposition 1.4.25 (K ®~ C, A’, e’) is a K-coalgebra. 1

1.5 The finite dual of an algebra

We saw in Proposition 1.3.9 that for any finite dimensional algebra A, one
can introduce a canonical coalgebra structure on the dual space A*. In this
section we show that to any algebra A we can associate in a natural way
a coalgebra, which is not defined on the entire dual space A*, but on a
certain subspace of it.
Let then A be an algebra with multiplication M : A ® A -~ A. We consider
the following set

A° = {f e A*lKer(f ) contains an ideal of finite codimension}

We recall that a subspace X of the vector space V has finite codimension
if dim(V/X) is finite. It is clear that if X and Y are subspaces of finite
codimension in V, then X A Y also has finite codimension, since there
exists an injective morphism V/(X N Y) -~ V/X × V/Y. Then if f, g ~ A°
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it follows that Ker(f) V~ Ker(g) C_ Ker(f and s o f + gE A°. Also f or
f E A°,a ~ k we have Ker(f) C_ Ker(af), so ctf ~ A° too. Thus A° is a
k-subspace in A*. It is on this subspace that we will introduce a coalgebra
structure associated to the algebra A.

Lemma 1.5.1 Let f : A -~ B be a morphfism of algebras and I an ideal
of finite codimension in B. Then the ideal f-1 (I) has finite codimension
in A.

Proof: Let p : B ~ B/I be the canonical projection. Then the map
pf : A -~ B/I is a morphism of algebras and Ker(pf) = f-l(/). Then
A/f -1 (I) "~ Ira(p f) <_ B/I which has finite dimension. |

Lemma 1.5.2 Let A, B be algebras and f : A -~ B a morphism of algebras.
Then:
i) f*(B °) C_ A°, where f* is the dual map off.
ii) If we denote by ¢ : A* ® B* -~ (A ® B)* the canonical injection, we have
¢(A° ® B°) = (A® B)°.

iii) M*(A°) C_ ¢(A° ® A°), where M is the multiplication of A and ¢ :
A* ® A* --~ (A ® A)* is the canonical injection.

Proof: i) Let b* ~ ° and I bean ideal of fin ite cod imension in B which
is contained in Ker(b*). Then f-l(I) is an ideal of finite codimension in
A by Lemma 1.5.1 and f-l(I) C_ Ker(b*f) -= Ker(f*(b*)). It follows that
f*(b*) E °.

ii) Let a* ~ °, b* EB°andI, J ideal s of fi nit e codimension in A, re-
spectively B, with I C_ Ker(a*),J c Ker(b*). Then A®J+I®B c_
Ker(¢(a* ®b*)), and since A® J+I®B is an ideal in A®B and
(A ® B)/(A ® J + I ® B) ~ A/I® B/J, which is finite dimensional, it
follows that ¢(a* ® b*) ~ (A ® °, so¢(A° ® B°) C_ (A ®B)°.

Let now h E (A ® B)° and K an ideal of finite codimension of A ® B with
K C_ Ker(h). We define I = {a ~ Ata®l ~ K}, which is an ideal of A, and
J = {b ~ B[l®b ~ K}, which is an ideal of B. Since I is the inverse image
of K via the canonical algebra map A ~ A ® B, sending a to a ® 1, from
Lemma 1.5.1 we deduce that I has finite codimension in A. Analogously, J
has finite codimension in B, and moreover A ® J ÷ I® B is an ideal of finite
codimension in A®B. Clearly A®J+I®B C_ K, so h(A®J+I®B) = 
Then since ( A ® B ) / ( A ® J + I ® B) ~- A/I® B/J, there exits an ~ making
the following diagram commutative
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A®B
Pl ® PJ

~ A/I ® B/J

where pi ~i pj are the canonical projections. "
Since A/I and B/J have both finite codimension, there exists a canomcal
isomorphism 0 : (A/I)* ® (B/J)* -+(A/I ® B/J)*. Then there exist
(~/~)~ C_ (A/I)*, (5~)~ C_ (B/J)*, with ~ - 0(E~ "7~ ® 5~). Then

h(a ® b)

and so h = ¢(~ ~/~p~®5~pj). But ~/~p~ ~ A* ~i I C_ Ker(~/~p~), hence"/~p~ ~
A°, and analogously ~’iPJ ~ 13% We have obtained that h ~ ¢(A° ® B°).
Consequently, we also have that (A ® B)° _C ¢(A° ® B°), and the equality
is proved.
iii) Let a* ~ ° and I a fi nite co dimensional id eal of A wit h I CKer( a*).
Then A®I+I®A is a finite codimensional ideal of A®A and A®I+I®A C_
ger(a*M), hence a*M = M(a*) e (d ® A)° = ~b(d° ® d°) by assertion
ii). 

We are now in a position to define the coalgebra Structure on A°. With

the notation, of the preceding proposition we know that M*(A°) C_ (A 
A)° ¢(A°®A°), where ¢ : A*®A* -+ (A®A)* is the canonical injection.
By Lemma 1.5.2 the map ¢ can be regarded as an isomorphism between
A° ® A° and (A ® A)°. Let then A : A° -~ Ao ® Ao, A _-- ¢-~M*. We also
define the map ~ : A° -+ k by ~(a*) = a*(1).

Proposition 1.5.3 (A°, A, ~) is a coalgebra.

Proof: Consider the following diagram



36 CHAPTER1. ALGEBRASAND COALGEBRAS

We have denoted again by ¢ the restriction to A°®A° of the map defined
above, by Cx the canonical injection, and by j the inclusion. We prove
step by step the commutativity of some subdiagrams. First, (~bA)(a*) 
(¢¢-lM*)(a*) M*(a*) = M*j(a*) for an y a* E A*, hence CA - =- M*j.
In order to show that ¢1(A ® I) = (M ® I)*¢ we note first that if 
A~ and A(a*) = ~a~" ® b;, then ~p-lM*(a*) ..=- ~a; ® b;, so a*M =
M*(a*) -= ~¢(a; ® b;) and then for any a,b e d we have a*(ab) 
~ a~(a)b~(b). Then if a*, b* e A° ~i a, b, c ~ A we have

(¢1(A ® I)(a* ®b*))(a®b®c) 

=
i

=
i

= a*(ab)b*(c)

= ((M®I)*O(a*®b*))(a®b®c)

hence ¢I(A ® I) ---- (M ® l)*~). Similarly ¢1(1 ® A) = (I ® M)*¢. 

(I ® M)*M* = (M(I ® M))* = (M(M ® I))* = (M 

Then

~)1 (t ®/r)A = (M ® I)*¢A
= (M®I)*M*j
-- (I ® M)*M*j
= (I 
=
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and since ~bl is injective, we obtain (A®I)A = (I®A)A, the coassociativity
of A°.

Let now a* E A° and A(a*) = ~i a~ ® b~’. Then

(E~(a~)b~)(a)=~a~(1)b~(a)=a*(1. 
i i

* b* a*. = a*= ~(bi )aifor any a E A, and therefore ~-:~i e(ai) Similarly, ~-~i* *
and the proof is complete. |

Proposition 1.5.4 Let f : A --* B be .a morphism of algebras. Then
f*(B°) C_ A° and the induced map f° : B° ~ A° is a morphism of coalge-
bras.

Proof: We already saw in Lemma 1.5.2 that f*(B °) C_ A°. In order to
show that f° is a morphism of coalgebras, we have to prove that the fol-
lowing two diagrams are commutative.

BO

f O

f O

fo®fo . Ao ® A°B° ® B°

The commutativity of the second diagram is immediate, since

~Aof°(b*) = (f°(b*))(1) = b*(f(1)).= b*(1) 

for any b* ~ B°.

As for the first diagram, let b* ~ B°, Aso(b*) = ~-~i b~ ®c~’. Since ¢ : A°®
A° --~ (A ® A)* is injective, in order to show that (f° ® f°)ABO = /kAof°
it is enough to show that ¢(fo® f°)ABO ¢AAof°. But fo r x, y ~ A we
have

((¢(fo fo )ABo)(b.))(x ® = ~(f°(b~))(x)(f°(c~))(y)
i

= ~b;(f(x))c;(f(y))
i

= b*(I(z)f(y))
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the last equality following directly from the definition of ABo (A ---- ¢-1M*,
hence CA = M*, then apply it to b* and then to f(x) ® f(y)). Further on,
we have

((¢AAof°)(b*))(x®y) = ((¢AAo)(b*f))(x®y)

= (M*(b*f))(x®y) = (b*fM)(x®y)

= b*(f(xy))
-= b*(f(x)f(y))

and the proof is complete. |

The following result is a consequence of the last two propositions.

Corollary 1.5.5 The mappings A ~-* A° and f ~-* fo define a contravari-
ant functor (_)o : k - Alg -~ k - Cog. |

We are going to give now a characterization of the elements of A°

which will be useful for computations. To this end, we first remark that
A* = Horn(A, k), and since A is an A-left, A-right bimodule, it follows that
A* is an A-left, A-right bimodule, with actions given as follows. If a E A
and a* E A*, then:
- the left action of A on A* by (a ~ a*)(b) = a*(ba) for any b ~ A.
- the right action of A on A* by (a* -- a)(b) = a*(ab) for any b ~ A. 1

Proposition 1.5.6 Let A be a k-algebra and f ~ A*. Then the following
assertions are equivalent:
1) f~d°.

2) M*(f) ¢( A° ®A°).
3) M*(f) ~ ¢(d* ® 
4) A ~ f is finite dimensional.
5) f "- A is finite dimensional.
6) A ~ f ~ A is finite dimensional.

Proof: 1) ~ 2) was proved in Lmma 1.5.2.
2) ~ 3) is clear.
3) =~ 4) Let M*(f) = ¢(~ia~ ®b~) with a~,b~ ~ A*. Then for a,b ~ A we
have f(ab) = ~a~(a)b~(b), hence (b ~ f)(a) = (~ib~(b)a~)(a), that is
b ~ f = ~ b~(b)a~. This shows that A ~ f is contained in the subspace
of A* generated by (a~’)i, and this is finite dimensional.

~(a ~ a*) should be read as "a hits a*", and (a* ~ a) as "a* hit by a". These
conventions were proposed by W. Nichols, and are known as the "Nichols dictionary".
They also include "~ = twhits" and "~ = twhit by".
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4) => 1) We assume that A ~ f is finite dimensional. Since A ~ f 
a left A-submodule of A*, we have a morphism of k-algebras induced by
this structure rr: A -~ End(A ~ f) defined by ~r(a)(m) = a ~ m for any
a E A, m E A ~ f. Since End(A ~ ]) has also finite dimension, it follows
that I = Ker(rr) is an ideal of finite codimension in A. But fora ~ I we
have f(a) = (a f) (1) -- 0, I C_ Ker(f) and f ~ A°.

3) => 5) and 5) => 1) are proved in the same way as 3) ~ 4) and 4) 
working with the right hand structure.
1) => 6) If f ~ °, l et I bean ideal of fin ite cod imension in A wit h I C _
Ker(f). Then for a,b ~ A we have (a ~ f ~ b)(I) = f(bIa) C_ f(I) 
hence A -~ f ~ A C_ {g ~ A*lg(I) = 0}. But I has finite codimension, so
there exist (ai)i=l,n C_ completing a basis of I t o a basis of A. Denoting by

a~’ ~ A* the map for which aT(I) = 0, a~(aj) = 6i,j, it follows immediately
a*that the subspace {g ~ A*Ig(I) = 0} is generated by ( i)i=l,n and so it has

finite dimension.
6) :=> 4) is clear. |

Remarks 1.5.7 1) The precedin9 proposition shows that ° ’is t he b iggest
coalgebra contained in A* and induced by M. Indeed, we have M* : A* -~
(A®A)* and if X C_ A* is a coalgebra induced by M, th~n M*(X) ¢(X
X). But then M*(X) c_ ¢(A*®A*), hence X C_ -I( ¢(A*®A*)) = A °.

2) It may happen that ° =O.Forexample, let A bea simple k-alg ebra
of infinite dimension over k (e.g. an infinite field extension of k). Then 
does not contain any proper ideals of finite codimension, and hence A° = 0.
|

We recall now another result from linear algebra.

Lemma 1.5.8 If f~,...,fi~ be linearly independent elements of V*, then
there exist vl,... ,v~ ~ V with f~(vy) -- 6i,j for any i,j = 1,. ~. ,n. .More-
over, the vi ’s are also linearly independent.

Proof." We proceed by induction on n. For n = 1 the result is clear.
Let now f~,...,f,~+~ be linearly independent in V*, and appplying the
induction hypothesis we find v~,...,vr~ G V such .that fi(vy) = 5i,j for
any i,j = 1,... ,n. Since f~,. :., f,~+~ are linearly independent, we have
fn+l -- ~’~i=l,n fn+l(Vi)fi ~ O, hence t here exists a v e V with fi ~+~(v) ¢

~i=l,n fi~+~(vi)fi(v). Then fi~+l(v - E~=~,~v~f~(v)) # and

fj(v - ~ vifi(v)) = fj(v) - fj(v) O.
i=l~n

lVlultiplying then v - ~=1,,~ v~fi(v) by a scalar, we obtain a w,~+~ ~ V
with fj(w,+~) = 8j,n+~ for j = 1,...,n+ 1. Let wj = vj - f~+~(vj)w~+l
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for j --- 1,..., n. We have fi(wj) = fi(v~) -= 5~,5 for any i, j :-- 1,..., n
and f~+l(w~) -= for j = 1, ... ,n , he nce wl,... ,w ~+l sa tisfy th e re quired
conditions.
The last assertion follows by applying the f~’s to a linear combination of
the v~’s which is equal to zero, in order to deduce that all the coefficients
are zero. |

Remark 1.5.9 We have that

A° = {f E A* I Bfi,g~ e A* : f(xy) ~-~f~(x)gi(y), Yx, y e A}(1. 1)

From this we see that A° is a subbimodule of A* with respect to -~ and
~ If we use Exercise 1.3.1 and assume the fi’s and gi’s are linearly in-
dependent, then by Lemma 1.5.8 we obtain that fi ~ A -~ f C A° and
gi ~ f .- A C A°. Hence we remark that if we use (1.1) as the definition
for A°, the fact that it is a coalgebra follows exactly as in the finite dimen-
sional case treated in Proposition 1.3.9.
The above show that for all f ~ A°, A ~ f ~ A is a subcoalgebra of A°,

and it is finite dimensional. This means that the Fundamental Theorem of
Coalgebras (Theorem 1.4.7) holds in °. Another c onsequence i s t hat s ub-
coalgebras of A° are subbimodules of A°, and the intersection of a family of
subcoalgebras of A° is a subcoalgebra (it contains the subbimodule generated 
by each of its elements). Thus the smallest subcoalgebra containing f ~ °

isA~f~A.
Finally, we remark that we have the description of the grouplikes in A°

exactly as in the finite dimensional case (Proposition 1.4.15):

G(A°) = {f: A -~ kI f is an algebra map}.

An important particular case of a finite dual is obtained for the case
the algebra A is a semigroup algebra kG, for some monoid G (kG has basis
G as a k-vector space and multiplication given by (ax)(by) = (ab)(xy) for
a, b ~ k, x, y E G). As it is well known, there exists an isomorphism of
vector spaces

¢: kc ~ (kG)* -= Hom(kG, k), ¢(f)(~-~ aixi) = ~ aif(xi).
i

Consequently, kG becomes a kG-bimodule by transport of structures via ¢:

(xf)(y) = f(yx), (fx)(y) = f(xy), Vx, ~.
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Definition 1.5.10 If G is a monoid, we call

~(C) := ¢-~((~C)°)

the representative coalgebra of the monoid C. |

Note that the coalgebra structure on Rk(G) is also transported via ¢.

Rk(G) is a kG-subbimodule of ka, and consists of the functions (which
are called . representative) ’ generating a finite dimensional kG-subbimodule
(or, equivalently, a left or right kG-submodule), we have

Rk(C) = {f e ~ 13f~,gi ¯ k~, f( xy).= y~f~(x)gi(y) Vx, y ¯

and the coalgebra structure on Rk(G) is given as follows: if f ¯ Rk(G),
and fi,gi ¯ kc are such that f(xy) y~fi( x)g~(y), then A(f) = y~ fi ®gi.
Note also that for any k-algebra A we have

A° = Rk(A,~) N 

where A,~ denotes the multiplicative monoid of A.
The following exercise explains the name of representative functions.

Exercise 1.5.11 Let C be a group, and p : C -~ GLn(k) a representation
of C. If we denote p(z) = (f~j(x))i,j, let V(p). be the k-subspace c
spanned by the {fi/}i,j. Then the following assertions hold:
i) V(p) is a finite dimensional subbimodule of v.

ii) Rk(G) = E V(p), where p ranges over all finite dimensional represen-
P

rations of G.

We now go back to Exercise 1.1.5 to give the promised explanation of
the name "trigonometric coalgebra". The functions sin and cos : R -~ R
satisfy the equalities

sin(x ÷ y) = sin(x) cos(y).÷ sin(y) 

and
cos(x + y) = cos(x) cos(y) - sin(x) 

These equalities show that sin and cos are representative functions on the
group (R, +). The subspace generated by them in the space of the real
functions is then a subcoalgebra of RR((R, +)), isomorphic to the trigono-
metric coalgebra.
Other examples of representative functions include: "
1) The exponential function exp : R .-~ R, because x+u =eXe~, hence
A(exp) = exp ® exp.



42 CHAPTER1. ALGEBRASAND COALGEBRAS

In general, if G is a group, then f E Rk(G) is grouplike if and only if f is
a group morphism from G to (k*, .).
2) The logarithmic function lg : (0, c~) --~ R, because lg(xy) = lg(x) 
hence A(lg) = lg ®1 + 1 ® lg, where 1 denotes the constant function taking
the value 1. Such a function is called primitive.
It is also easy to see that in general, if G is a group, then f E Rk(G) is
primitive if and only if f is a group morphism from G to (k, +).
3) Let dn : R --~ R be defined by dn(x) = -~.~. Since dn(x+y) 
~ di(x)dn-i(y) (by the binomial formula), it follows that the dn’s are rep-
i

resentative functions on the group (R, +), and the subspace they span 
a subcoalgebra of R~t((R, +)), isomorphic to the divided power coalgebra
from Example 1.1.4 2. This explains the name of this coalgebra.

We saw in Proposition 1.3.14 that a finite dimensional (co)algebra 
isomorphic to the dual of the dual. We study now the connection between
a (co)algebra and dual of the dual in the case of arbitrary dimensions.

Proposition 1.5.12 Let C be a coalgebra and ¢ : C -* C** the canonical
injection. Then Ira(C) C_ C* ° and the corestriction ¢c : C --~ C* o of ¢ is
a morphism of coalgebras.

Proof: Let c E C and c*, d* E C*. Then

(c* ~ ¢(c))(d*) = ¢(c)(d*c*) = 

-= ~-~d*(cl)c*(c2)

=
and hence c* ~ ¢(c) -- ~c*(c2)¢(c~). It follows that C* -~ ¢(c) is finite
dimensional, being contained in the subspace generated by all ¢(c~). This
shows that ¢(c) e C* °

We prove now that the following diagrams are commutative.

C
¢C

¢c ® ¢c
C®C ¯ C*°®C*o

, C*O
¢c

For the second diagram this is clear, since

= = =
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For the first diagram we will show taht ¢A0¢c = ¢(¢c ® ¢c)A, where
¢ : C** ® C** --* (C* ® C*)* is the canonical injection. If c E C and

d* C*c*, E we have

(¢(¢6 ¢c)A(c))(c * ® d*) = (¢(~-~. ¢c (cl) ® ¢c(c2)))(c* ® 

=
(c*’d*)(c)

= (M(c* ®d*))(c)

= ¢C(c)(M(c* ® 

= (¢C(c)M)(c* 

= (M*(¢c(c)))(c* 
= (¢Ao(¢c(c)))(c* ® d*)

-= ((¢Ao¢c)(C))(c* ® d*)

As ¢ is injective, it follows that A0¢c =- (¢c ® ¢c)A. |

Definition 1.5.13 A coalgebra C is called coreflexive if ¢c is an isomor-
phism. |

Exercise 1.5.14 The coalgebra C is coreflexive if and only if every ideal
of finite codimension in C* is closed in the finite topology.

Exercise 1.5.15 Give another proof for Proposition 1.5.3 using the repre-
sentative coalgebra. Deduce that any coalgebra is a subcoalgebra of a repre-
sentative coalgebra.

Remark 1.5.16 The above exercise, combined with Remark 1.5.9, shows
that the intersection of a family of subcoalgebras of a coalgebra is a subcoal-
gebra (see Corollary 1.5.29 below).
The same argument provides a new proof for the Fundamental Theorem of
Coalgebras (Theorem 1.3. 7). 

Exercise 1.5.17 If C is a coalgebra, show that C is cocommutative if and
only if C* is commutative.

Proposition 1.5.18 Let A be an algebra. Then the map iA : A --~ A°*,

defined by iA(a)(a*) = a*(a) for any a ~ A,a* °, is a morphism of
algebras.

Proof: We have first thatiA(1)(a*) = a*(1) eAo(a*), soiA(1) = edO,
which is the identity of A°*. Then for any a,b ~ A,a* ~ A° we have



44 CHAPTER1. ALGEBRASAND COALGEBRAS

iA(ab)(a*) = a*(ab), and

(iA(a)iA(b))(a*) = EiA(a)(a;)iA(b)(b;)
P

= E a~(a)b;(b)
P

--- (¢A(a*))(a®b)

= M*(a*)(a®b)

-- (a*M)(a®b)

= a*(ab)

where we have denoted A(a*) = a* ~p p ® bp, and from here it follows that
iA(ab) = iA(a) . iA(b). |

Exercise 1.5.19 If A is an algebra, then the algebra map iA : A -~ A°*

defined by iA(a)(a*) = a*(a) for any a E A,a* °, is n ot inje ctive in
general.

Definition 1.5.20 An algebra A is called proper (or residually finite di-
mensional) if iA is injective, it is called weakly reflexive if iA is injective,
and it is called reflexive if iA is bijective. |

Exercise 1.5.21 If A is a k-algebra, the following assertions are equiva-
lent:
a) A is proper.
b) ° i s d ense i n A* i n t he f inite t opology.
c) The intersection of all ideals of finite codimension in A is zero.

We now have the following contravariant functors

(-)° : k - Alg -~ k - Cog

(-)* : k - Cog ~ k -Alg

In order to work with covariant functors, we will regard these two functors
~s covariant functors (_)o : k - Alg --~ (k - Cog)° and (-)* : (k - Cog)° -~
k - Alg, where by Co we have denoted the dual of the category C.

Theorem 1.5.22 (-)° is a left adjoint for (-)*.

Proofi Let C be a coalgebra and A an algebra. We define the maps

u : Homk-cog(C, °) - -~ Homk-Atg(A, C *)
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v : Homk-Atg(A, C*) --, HOmk-cog(C, O)

by u(f) = f*iA for f : C -~ A° a morphism of coalgebras and v(g) = g°¢c
for g : A --, C* a morphism of algebras. We prove that the maps u and v
are inverse one to each other. For f E Homk-cog(C,A°),c ~ and a ~ A
we have

which shows that vu = Id.

(((w)(f))(c))(a)= (((f*id)°¢C)(C))(a)

= ((f*iA)°(¢C(C)))(a)

= (¢c(C)I*iA)(a)

= (¢c(C))(f*iA(a))

= (f*iA(a))(c)

= (iA(a)f)(c)

=- iA(a)(f(c))

= (f(c))(a)

For g ~ Homk_Atg(A, C*), a ~ and

=

hence also uv = Id. Since the maps u
claimed adjunction holds.

c ~ C we have

( ( (g °¢c)~iA)(a) 

((f ¢c)*(iA(a)))(c)
(im(a)g°¢C)(C)

(iA (a))((g° ¢c)(c))

(g°(¢c(c)))(a)

¢c(c)(g(a))

(g(a))(c)

and v are natural, it follows that the

We remark that if we restrict and corestrict these two functors to the Sub-
categories of (co)-algebras of finite dimension, we obtain the duality of cat-
egories described in Section 1.3. In the general case, the above adjunction
suggests that many phenomena occur in a dual manner in the categories
k - Alg and k - Cog.

We show now that there exists a correspondence b~tween the subcoalge- ’
bras of a coalgebra and the ideals of the dual algebr~. This correspondence
is in the spirit of the duality discussed above, since subcoalgebras are sub-
objects, ideals are subspaces allowing the construction of factor objects,
and the notions of subobject and factor object are dual notions.
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Proposition 1.5.23 Let C be a coalgebra and C* the dual algebra. Then:
i) If I is an ideal in C*, it follows ~hat ± i s asubcoalgebra inC.
ii) If D is a k-subspace of C, then D is a subcoalgebra in C if and only if ±

is an ideal in C*. In this case the algebras C*/ D± and D* are isomorphic.

Proof: i) Let (ej)jej be a basis in C and let c E I±. Then there exist

(cj)jej C_ C with A(c) = ~jejcj®ej. We show that cj E I± for any
j ~ J. Choose J0 ~ J and h ~ C* with h(ei) =- 5j,jo for any j ~ J. If f E I
then fh ~ I, so (fh)(c) =- 0. But (fh)(c) = ~jej f(cj)h(ej) ). It
follows that f(Cjo) = 0 for any f ~ I, hence Cio ~ I±.

Thus we have that A(c) ~ ± ®C.Similarly, one can prove that A(c) 
C®I±. Then A(c) ~ (I ±®C) A(C®I±) =- I ±®I± by Lemma 1.4.5, and
so I± is a subcoalgebra of C.
ii) If ± i s a n i deal i n C*, t hen i t f ollows f rom i) t hat D±± i s a subcoal-
gebra in C. But D±± = D from Theorem 1.2.6. Conversely, if D is a
subcoalgebra, let i : D --~ C be the inclusion, which is an injective coalge-
bra map. Then i* : C* -~ D* is a surjective algebra map, and it is clear
that Ker(i*) = ±. I t f ollows t hat D± is a n i deal, a nd t he r equired i so-
morphism follows from the fundamental isomorphism theorem for algebras.

A similar duality holds when we consider the ideals of an algebra and the
subcoalgebras of the finite dual.

Proposition 1.5.24 Let A be an algebra, and A° its finite dual. Then:
i) If I is an ideal of A, it follows that ± nA°is a s ubcoalgebra in A°.

ii) If D is a subcoalgebra in °, i t f ollows t hat D± is a n i deal i n A.

Proof: i) Let f C I±NA° and A(f) ~iui®vi with ui ,vi ~ A°such tha t
(vi)i are linearly independent. From the preceding lemma it follows that
there exist (ai)i C_ A with vi(aj) = 5i,j for any i,j. Then for any j and any
a c we have e hence 0 = = = so e
I ±. It follows that A(f) (I ±~A°)®A°. Si milarly, A( f) ~ A°®(I±~A°)

and then from Lemma 1.4.5 it follows that A(f) ~ (I ± (~.A°) ® (I ± ~ A°).
ii) Let a E ± and b ~ A.Iff ~ D and A(f)~iui®vi with ui, vi ~ D,
then f(ab) = ~i ui(a)vi(b) 0, hence als o ab ~ D±. Analogously, ba ~
D±, so D± is an ideal in A. |

Dual results also hold if we look at the connection between the coideals
of a coalgebra and the subalgebras of the dual algebra, respectively the
subalgebras of an algebra and the coideals of the finite dual.

Proposition 1.5.25 Let C be a coalgebra, and C* the dual algebra. Then:
i) If S is a subalgebra in C*, then ± i s a coideal in C.
ii) If I is a coideal in C, then ± i s a subalgebra inC*.
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Proof: i) Let i : S --~ C* be the inclusion, which is a morphism of algebras.
Then i° : C*° -~ S° is a morphism of coalgebras, and hence if ¢c : C -~
C*° is the canonical coalgebra map, we have a morphism of coalgebras
i°¢c :C~ S°. IfcE C, thenc~ Ker(i°¢c) if and only if¢c(c)i=0,
and this is equivalent to f(c) = for an y f ~ S.Thus Ker(i°¢c) = S ±.

Since the kernel of a coalgebra map is. a coideal, assertion i) is proved.
ii) Let v: : C -~ C/I be the canonical projection, which is a coalgebra
map. Then ~* : (C/I)* --~ C* is a morphism of algebras. If f E C*,
then f ~ Ira(r*) if and only if there exists g ~ (C/I)* with f = g~r. But
this is equivalent to the fact that f(I) = O, or f ~ I±. It follows that
I ± = Im(7~*), which is a subalgebra in C*. |~

Proposition 1.5.26 Let A be an algebra and A° its finite dual. Then:
i) If S is a subalgebra in A, then ± NA°is a coideal in A°.

ii) If I is a coideal in °, then I± i s asubalgebra inA.

Proof: i) Let i : S -~ A be the inclusion, ’which is a morphism of algebras,
and i° : A° -~ S° the induced coalgebra map. Then

Ker(i °) : (f ~ A°li°(f) : O} 

= {f e A°lfi = 0} = {f e A°If(S) = 0} = A° n S±,

so A° N S± is a coideal in A°.

ii) Leta, b~I ± and let f~I. Let A(f)=~’iu~®vi~A°®I+ I®A°.

Then f(ab) = ~iui(a)vi(b) = 0, so ab ~ I±. Now EAo(f) = 0 shows that
f(1) = 0 for any f ~ I, and hence 1 E ±.  |

We give now connections between the left (right) coideMs Of a coalgebra
and the left (right) ideals of the dual algebra, respectively between the left
(right) ideals of an algebra and the left (right) coideals of the finite dual.

Proposition 1.5.27 Let C be a coalgebrai and C* the dual algebra. Then:

i) If I is a left (right) ideal in C*, then ± i s aleft (r ight) co ideal in
ii) If J is left (right) coideal in C, then J± is a left (right) ideal in 

Proof: i) Assume that I is a left ideal. Let c ~ ± and A(c) = ~-~i ci ® d
with (ci)i linearly independent. Fix a j and choose c* ~ C* with c*(ci) 
5i,j for any i. If f ~ I then c*f ~ I, hence (c*f)(c) = 0. But (c*f)(c) 
~ c*(ci)f(di) -- f(dj), so dj ~ I±. Consequently, A(c) ~. C® ±.

ii) Assume that Jis alert coideM, so A(J) _C C®J. Let ~J±, and
c* ~ C*. Then (c*f)(J) C_ c*(C)f(J) = 0, hence c*f ~ g±. It follows that
J± is a left ideal.
The right hand versions are proved similarly. |
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Proposition 1.5.28 Let A be an algebra, and A° its finite dual. Then:
i) If I is a left (right) ideal in A, then ± NA°is a l ef t (ri ght) coi deal in
A°.

ii) If J is a left (right) coideal in °, t hen J± is aleft (r ight) id eal in

Proof: i) We assume that Iis aleft ideal. Iff ¯ ±NA°,let A(f) =
~-~ ui ®vi with ui, vi ¯ A° and (ui)~ linearly independent. By Lemma 1.5.8
it follows that there exist (ai)i C_ A with ui(aj) -~ ~i,j for any i,j. If a ¯ I,
then aia ¯ A, hence 0 = f(aia) vi (a), an d so vi ~ I± for any i. W e
obtained A(f) ¯ ° ®(I ± N A°).
ii) Assume that J is a left coideal, and let a ¯ J±,b ¯ A. Since A(J) 
A° ® J, we obtain that f(ba) = for an y f ¯ J, hence ba ¯ J ±.|

Corollary 1.5.29 Let C be a coalgebra, and (Xi)i a family of subcoalgebras
(left coideals, right coideals). Then AiX~ is a subcoalgebra (left coideal, right
coideal).

Proof: We have A~X~ = f~X~± = (~-~i X~)±. But X~ are ideals (left
ideals, right ideals) in C*, thus ~-~ X# is also an ideal (left ideal, right
ideal). Then (~i X~)± is a subcoalgebra (left coideal, right coideal) in 

Remark 1.5.30 The above corollary allows the definition of the subcoal-
gebra (left coideal, right coideal) generated by a subset of a coalgebra as the
smallest subcoalgebra (left coideal, right coideal) containing that set. 

Example 1.5.31 The finite dimensional subcoalgebra containing an ele-
ment of a coalgebra constructed in Theorem 1.4.7 is actually the subcoalge-
bra generated by that element. For if A2(c) = ~,j c~ ®x~j ®dj are as in the
proof of the fundamental theorem, and if D is any subcoalgebra containing
c, then A2(c) ¯ D ® D ® D, and applying maps of the form fi ® I ® gj 
this (fi is 1 on c~ and zero on any other ci, , and gj is 1 on dj, and zero on
any other dj,), we obtain that the span of the xij’s is contained in D. 

We give now an application of the fundamental theorem for coalgebras.
The following definition is due to P. Gabriel [85].

Definition 1.5.32 Let A be a k-alg.ebra. A is called a pseudocompact
algebra if A is a topological k-algebra, Hausdorff separated, complete, and
satisfies the APC axiom:
APC: The ring A has a basis of neighbourhoods of zero formed by the ideals
I of finite codimension. |

Theorem 1.5.33 If C is a k-coalgebra, then the dual algebra C* is a pseu-
docompact topological algebra.
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Proof: We first prove that the multiplication M : C* x C* ~ C* is
continuous. If f, g E C*, let fg + W± be an open neighbourhood of fg (W
is a finite dimensional subspace of C). It is easy to see that there exist two
finite dimensional subspaces W1, W~ of C, such that A(W) C_ W1 ® W2.
So f + W~ (resp. g + W~) is an open neighbourhood of f (resp. g). 
prove that

M(f +W~,g+W#) C_ fg+W±. (1.2).

Indeed, if u E W#, v ~ W#, we have

(f +u)(g + v) = fg + fv + ug + 

Now if c ~ W, then A(c) = Ecl ®c2 ~ W~ ® W2. Therefore, (fv)(c) 
~f(cl)v(c2) = 0 (since v ~ W~). Similarly, we have ug(c)= an d
(uv)(c) = 0. Thus fv+ug+uv ~ W±, and (1.2) is proved, and M 
continuous.
We show now that the set of all ideals I of C* has the following properties:
i) all I’s have finite codimension (i.e. dim(C*/I) 
ii) they are open and closed in the finite topology, and they form a basis
for the filter of neighbourhoods of zero in C*.
Indeed, the set of W±, where W ranges over the finite dimensional sub-
spaces of C is a basis for the filter of neighbourhoods of zero in C*. By
Theorem 1.4.7, there exists a finite dimensional subcoalgebra D of C such
that W c_ D. Then D± _C W±, and I = D± is an ideal by Proposition
1.5.23, ii). Since C*/I ~- D*, it follows that I is finite codimensional. Also
since I = D± and dim(D) < ec, then I is an open neighbourhood of zero
in C*. Since I is an ideal (in particular a subgroup) then I is also closed
in the finite topology.
Now iff, g ~ C*, f #g, there existsx ~ Csuchthat f(x) #g(x). It is
easy to see that (f + ±) N(g+ x±)= 0, soC* is Hausdorff separa ted.
Finally, since C is the sum of its finite dimensional subcoalgebras D (by
Theorem 1.4.7), we have

C* = Horn(C, k) = Hom(li___~m D, k) 

-= lira Horn(D, k) -= lim D* = lim (C*/D±),

and therefore C* is complete.

1.6 The cofree coalgebra

It is well known that the forgetful functor U : k-Alg --~ k.M (associating to
a k-algebra the underlying k-vector space) hasa left adjoint T. The functor
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T associates to the k-vector space V the free algebra, which is exactly the
tensor algebra T(V). We shall return to this object in Chapter 3, where
we show that it has even a Hopf algebra structure. For the moment we will
only need the existence of a natural bijection

Horn(A, V) ~- Hornk_Atg(A, T(V))

for any k-algebra A and any k-vector space V. This bijection follows from
the adjunction property of T. Due to the duality between algebras and
coalgebras, it is natural to expect the forgetful functor U : k - Cog -+
to have a right adjoint.

Definition 1.6.1 Let V be a k-vector space. A cofree coalgebra over V is
a pair (C, p), where C is a k-coalgebra, and p : C -+ V is a k-linear map
such that for any k-coalgebra D, and any k-linear map f : D --+ V there
exists a unique morphism of coalgebras f : D --~ C, with f = p~. |

Exercise 1.6.2 Show that if (C,p) is a coffee coalgebra over the k-vector
space V, then p is surjective.

Standard arguments show that any two cofree coalgebras over V are iso-
morphic. The main problem is to show that such a cofree coalgebra always
exists.

Lemma 1.6.3 Let X and Y be two k-vector spaces. Then there exists a
natural bijection between Horn(X, Y* ) and Horn(Y, X * 

Proof: Define
¢: Horn(X, Y*) -~ Horn(Y, 

by ¢(u)(y)(x) = u(x)(y) for any u E Hom(X,Y*),x ~ X,y ~ and

¢: Horn(Y, X*) --+ Horn(X, 

by ¢(v)(x)(y) = v(y)(x) for any v e Hom(Y,X*),x E X,y ~ Y. Then

(¢¢)(u)(x)(y) 
= ¢(u)(v)(x)
= u(x)(v),

hence ¢¢ = Id, and

¢¢)(v)(v)(x)=
= ¢(v)(x)(v)
= v(y)(x),

hence also ¢¢ = Id. |
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Lemma 1.6.4 Let V be a k-vector space. Then there exists a cofree coal-
gebra over V**.

Proof: Let D be a coalgebra. From the preceding lemma there exists
a bijection ¢ : Horn(D, V**) ~ Horn(V*, D*) defined by ¢(u)(v*)(d) 
u(d)(v*) for any u e Hom(D,V**),d E D,v* ~ V*. From the universal
property of the tensor algebra it follows that there exists a bijection ¢1 :
Horn(V*, D*) --~ Homk_Alg(T(V*), We denot e by ¢1 (f) = f fo r an

f ~ Horn(V*, D*).
From the adjunction described in Theorem 1.5.22 we have a bijection

¢2: gomk-Alg(T(V*), D*)--~ Homk_cog(D,T(Y*)°)

defined by ¢2(f) f° ¢D for an y f ~ HomkAlg(T(V*), D*), wh ere CO
D --* D*° is the canonical morphism. Composing the above bijections we
obtain a bijection

¢2¢1¢ : Horn(D, V**) ~ Hornk_Cog(D, T(V*)°),

¢2¢~¢(f) = (¢(f))°¢D. i : V*-- * T (V*) be the inc lusi on, and p :
T(V*)° -~ V**, p = i’j, where j : T(V*)° --~ T(V*)* is the inclusion. We
show that (T(V*)°,p) is a cofree coalgebra over V**. Let f : D -~ V** be a
morphism of k~vector spaces. We show that there exists a unique morphism

of coalgebras ~7 : D --* T V*)° T_~ for which f --- p].
Let ] -- ¢2¢~¢(f) = (¢(f))°¢D. Then for d E D ~i v* E V* we 

((p])(d))(v*) = ((i*j(¢(f))°¢D)(d))(v*)

= (i*~(¢(f))~(¢D(d)))(v*)

= (i*j(¢D(d)¢(f)))(v*)

= (j(¢~(d)¢(f))i)(v*)

= (¢~)(d)¢(f)i)(v*)

= CD(d)¢(f)(i(v*))

= CD(d)¢(f)(v*)

=
= ¢(f)(v*)(d)

= f(d)(v*),

hence f = p], and so such ] exists.
As for the uniqueness, if h ~ Horak_co~(D,T(V*)~) satisfies ph = f, let
h = ¢~¢~¢(f’) with f’ ~ Horn(D, V**). Then from the above computations
it follows that p¢2¢~C(f’) = f’, hence ph = f’. We obtain that f’ = f and
so h = ¢2¢~¢(f) = |
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Lemma 1.6.5 Let (C,p) be a cofree coalgebra over the k-vector space V,
and let W be a subspace of V. Then there exists a coffee coalgebra over W.

Proofi Let D = ~{EtE C_ C subcoalgebra with p(E) C_ W}, and let
~r : D --~ W denote the restriction and corestriction of p. We show that
(D, ~r) is a coffee coalgebra over W. Let F be a coalgebra, and f : F -~ 
k-linear map. Then if : F --* V is k-linear (i is the inclusion), hence there
exists a unique h : F --~ C, morphism of coalgebras with if = ph. But
ph(F) = if(F) C_ i(W) sop(h(F) ) C_ W, andfro m the def init ion of
D it follows that h(F) C_ D. Denoting by h~ : F ~ D the corestriction of
h, we have ~rh’(z) = ph(z) = if(x) = for a ny xC F,so~rh’ = f .
If g : F ~ D is another morphism of coalgebras with ~rg = f, then denoting
by gl : F --, C the morphism given by g~(x) = g(x) for any x C F, we
clearly have pg~ = if, so h = gl. This shows that g = h~ and the uniqueness
is also proved. |

Theorem 1.6.6 Let V be a k-vector space. Then there exists a cofree
coalgebra over V.

Proof: From Lemma 1.6.4 we know that a coffee coalgebra exists over
V**. Since V is isomorphic to a subspace of V**, from Lemma 1.6.5 we
obtain that a cofree coalgebra also exists over V. |

Corollary 1.6.7 The forgetful functor U : k - Cog ~ kA/[ has a right
adjoint.

Proof." For V ~ ~3d we denote by FC(V) the cofree coalgebra over V
constructed in Theorem 1.6.6. If V, W ~ aAd and f ~ Horn(V, W), then
there exists a unique morphism of coalgebras FC(f) : FC(V) -* FC(W)
for which fp = 7rFC(f), where p : FC(V) -~ and 7r : FC(W) ~ W
are the morphisms defining the two coffee coalgebras. From the universal
property, it follows that for any coalgebra D and any k-vector space V there
exists a natural bijection between Horn(D, V) and Homk-cog(D, FC(V)),
hence the functor FC : k.M --~ k - Cog defined above is a right adjoint for
U. |

It is easy to see that for V = 0, the coffee coalgebra over V is k with the
trivial coalgebra structure (in which the comultiplication is the canonical
isomorphism, and the counit is the identical map of k).

Proposition 1.6.8 Let p : k -~ 0 be the zero morphism. Then (k,p) is a
co free coalgebra over the null space.

Proof: Let D be a coalgebra, and f : D -~ 0 the zero morphism (the
unique morphism from D to the null space). Then there exists a unique
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morphism of coalgebras g : D ~ k for which pg = f, namely g -- g’D, which
is actually the only morphism of coalgebr~s between D and k. |

The cofree coalgebra over a vector space is a universal object in the
category of coalgebras. We show now that such a universal object also
exists in the category of cocommutative coalgebras.

Definition 1.6.9 Let V be a vector space. A cocommu~tive cofree coal-
gebra over V is a pair (E,p), where E is a cocommutative k-coalgebra, and
p : E -~ V is a k-linear map such that for any cocommutative k-coalgebra
D and any_k-linear map f : D -~ V there exists a unique morphism of
coalgebras f : D -~ E with f = p~. |

Exercise 1.6.10 Show that if (C,p) is a cocommutative coffee coalgebra
over the k-vector space V, then p is surjective.

Theorem 1.6.11 Let V be a k-vector space. Then there exists a cocom-
mutative coffee coalgebra over V.

Proof: Let (C,p)be a coh’ee coalgebra over V, whose existence is granted
by Theorem 1.6.6. Denoting by E the sum of all cocommutative subcoal-
gebras of C (such subcoalgebras exist, e.g. the null subcoalgebra) and let
i : E -~ C be the canonical injection. It is clear that E is a cocommuta-
tive coalgebra, as sum of cocommutative subcoalgebras. Then (E, pi) is a
cocommutative cofree coalgebra over V. Indeed, if D is a cocommmuta-
tive coalgebra, and f : D --* V is a morphism of vector spaces, then since
(C,p) is a cofree coalgebra over V, it follows that there exists a unique
morphism of coalgebras g : D ~ C such that pg = f. Since D is cocom-
mutative, it follows that Im(g) is a cocommutative subcoalgebra of C, and
hence Ira(g) C_ E. We denote by h : D --~ E the corestriction of g to E,
which clearly satisfies ih = g. Then h is a morphism of coalgebras, and
pih = pg = f .
Moreover, the morphism of coalgebras h is unique such that pih = f, for
if h’ : D ~ E would be another morphism of coalgebras with pih~ = f, we
would have p(ih~) = f, and ih’ : D --~ C is a morphism of coalgebras. From
the uniqueness of g it follows that ih’ = g = ih, and since i is injective it
follows that h~ = h, finishing the proof. |

For a k-vector space V, we will denote by CFC(V) the cocommutative
c0free coalgebra over V, constructed in the preceding theorem. In fact, we
can construct a functor CFC : k.h4 --~ k - CCog, where k - CCog is the
full subcategory of k - Cog having as objects all cocommutative coalgebras.
To a vector space V we associate through this functor the cocommutative
coffee coalgebra CFC(V). If f : V -~ W is a linear map, and (CFC(V),p)
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and (CFC(W), are the cocommutative coff ee coal gebras over V andW,
then we denote by CFC(f) : CFC(V) ~ CFC(W) the unique morphism
of coalgebras for which 7cCFC(f) = fp (the existence and uniqueness of
CFC(f) follow from the universal property of CFC(W)). These associa-
tions on objects and morphisms define the functor CFC, which is also a
right adjoint functor.

Corollary 1.6.12 The functor CFC is a right adjoint for the forgetful
functor U : k - CCog -~ kJ~4.

Proof: This follows directly from the universal property of the cocommu-
tative cofree coalgebra. |

Proposition 1.6.13 The cocommutative cofree coalgebra over the null space
is k, with the trivial coalgebra structure, together with the zero morphism.

Proof: The cofree coalgebra over the null space is k by Proposition 1.6.8.
Since this coalgebra is cocommutative, the construction of the cocommuta-
tive cofree coMgebra (described in the proof of Theorem 1.6.11) shows that
this is also the cocommutative cofree coalgebra over 0. |

We describe now the cocommutative cofree coalgebra over the direct sum
of two vector spaces.

Proposition 1.6.14 Let V1, V2 be vector spaces, (C1,~), and (C2,~2) the
cocommutative coffee coalgebras over them. Let

71": C1 ~ C2 ~ Vl ~ g2, 71-(5® e) ~--- (~l(e)~2(e),Tl-2(e)~l(C))

where ~,~ are the counits of C~ and C2. Then (C~ ® C2,~) is a cocom-
mutative co free coalgebra over VI

Proof: Denote by p~ : C~ ® C~ -~ C~,p2 : C1 ® C2 -~ 62 the morphisms of
coalgebras defined by p~(c®e) = cCu(e) and p2(c®e) = es~(c). Also denote
by q~ : V~ @ Ve --* V1 and q2 : V1 ̄  V2 --~ V2 the canonical projections. Note
that 7rip1 = qlr and 7r~p2 = q2~r.
Let now D be a cocommutative coalgebra, and f : D -~ V~ @ V2 a linear
map. Since (C~, v:l) is a cocommutative cofree coalgebra over V~, it follows
that there exists a unique morphism of coalgebras gl : D -~ C~ for which
q~f = 7rlgl. Similarly, there exists a unique morphism of coalgebras g2 :
D --~ C2 for which q2f = ~c~g2.
We know that C1 ® C2, together with the maps P~,P2 is a product of
the coalgebras C1 and C2 in the category of cocommutative coMgebras
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(by Proposition 1.4.21). It follows that there exists a unique morphism 
coalgebras g : D --* C1 ® C2 for which pig = gl and p2g = g2, Then we
have

ql~rg = 7~lplg = ~r~g~ = q~f,

and similarly q2~g = q2f. It follows that ~rg = f, and hence we constructed
a morphism of coalgebras g : D -* C1 ® C2 such that ~rg = f.
Let us show that g is the unique morphism of coalg~bras with this property,
and then it will follow that (C~ ®C2, r) is a cocommutative cofree coalgebra
over V1 @ V2.
Let g~ : D -* C~ ® C2 be another morphism of coalgebras with rg~ =
f. Then q~f = q~rg~ = ~rlp~g’, and from the uniqueness of gl with the
property that qlf = ~r~91, it follows that pig~ = g~. Similarly, we obtain
that p2g~ = g2. Finally, from the uniqueness of g with p~g = g~ and

P2g = g2, we obtain that g~ = g, which ends the proof. |

1.7 Solutionsto exercises

Exercise 1.1.5 Let C be a k-space with basis {s, c}. We define A : C ~
C®C ands : C--~ k by

A(s) = s®c+c®s
A(c) c®c-s®s

= 0
: ’

Show that (C, A, e) is a coalgebra.
Solution: We have

(I®A)A(s) = (A®I)A(s) s® c®C+c®s®c+c®c®s- s® s®s,

and

(I ® A)A(c) = (A ®I)A(c) =c®c®c-s®s®c-s®c®s-c®s®s.

The counit property is Obvious. ~

Exercise 1.1.6 Show that on any vector space V ene can introduce an
algebra structure.
Solution: It is clear if V -- 0. Assume V ~ 0, choose e E V, e ~ 0,,
and complete {e} to a basis of V with the set S = (x~)~ei. Define now 
algebra structure on V by

ex~ = x~e = x~, x~xj = O, Vi,j ~ I.
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We remark that this is actually isomorphic to

k[Xi I~ I]
(XiXj ] i,j E I)’

and it is also the algebra obtained by adjoining a unit to the ring kS with
zero multiplication.

Exercise 1.1.15 Show that in the category k- Cog, isomorphisms (i.e.
morphisms of coalgebras having an inverse which is also a coalgebra mor-
phism) are precisely the bijective morphisms.
Solution: Let g : C ~ D be a bijective coalgebra map. We have to show
that g-1 is also a coMgebra morphism. For c E C we have

=
=
=
=

so g preserves the comultiplication. The preservation of the counit is obvi-
OOS.

Exercise 1.2.2 An open subspace in a topological vector space is also closed.
Solution: If U is the open subspace and x ~ U, then x + U is a neighbour-
hood of x which does not meet U, hence the complement of U is open.

Exercise 1.2.3 When S is a subset of V* (or V), ~ i s a subspace of
V (or V*). In fact ~ =(S~, where (S) is t he subspace span ned by S
Moreover, we have S~ = ((SZ)~) ~, br any subset S of V* (or V).
Solution: Let S be asubset of V*, and x,y ~ S~, ~,# ~ k. Then ifu ~ S,
u(Ax + py) = AM(X) + #u(y) = 0, and so Ax + ~y ~ Sz.

Now, since S ~ (S), it is clear that z ~(S~. On the othe r hand ,
if x ~ S~, any linear combination of elements in S will wnish in x, so
equMity holds.
FinMly, since S ~ (S~)~, we h~ve S~ ~ ((S~)~)z. Conversely, if x ~ S~,

we have that u(x) = for al l u ~ (S~)z bydefinition, so S~ = ( (S~)~)~.

The other ~sertions are proved in a similar way.

Exercise 1.2.4 The set of all f + W~, where W ranges over the finite
dimensional subspaces of V, form a basis for the filter of neighbourhoods of
f ~ V* in the finite topology.
Solution: We know that a basis for the filter of neighbourhoods of f ~ V*
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in the finite topology is f + O(0, Xl,.. :, Xn). Note that 0(0, xl,..., Xn)

W±, where W is the subspace of V spanned by Xl,...,

Exercise 1.2.7 If S is a subspace of V*, then prove that (S±)± is closed
in the finite topology by showing that its complement is open.
Solution: Iff ¢ (S±)-~, then there is an x E S± such that f(x) # O. Then
(f ± =

Exercise 1.2.10 If V is a k-vector space, we have the canonical k-linear
map

Cv: V --~ (V*)*, Cv(x)(f) = f(x), Vx ~ V, f 

Then the following assertions hold:
a) The map Cv is injective.
b) Im(¢v) is dense (V*)*.
Solution: a) Let x ~ Ker(¢v). If x # 0, there exists f e V* such
that f(x) # O. Since Cy(x) : 0, we obtain that f(x) : O, Vf ~ Y*, 
contradiction.
b) We prove that (lm(¢y)) ± : {0}. Let f ~ (Im(¢y)) ± C_ V*. Hence
Cv(x)(f) : 0 for every x E V. Thus f(x) : 0 Vx 6 V, and therefore f : 0.

Exercise 1.2.11 Let V : V1 (9 V2 be a vector space, and X : X1 (9 X2 
subspace of V* (Xi c V{*, i = 1, 2). If X is dense in V*, then X{ is dense
inV.* i: 1,2.
Solution: Let x 6 (X1)±. Iff ~ X, then f = fl+f2, with f~ ~ X1
and f2 E X2. Since V* : V~* @ V~*, we have that f2(V1) = 0, so f(x) 
f~(x) + f~(x) : 0. Hence x 6 X± : {0}.

Exercise 1.2.14 Let X C_ V* be a subspace of finite dimension n. Prove
that X is closed in the finite topology of V* by showing that dimk((X± ± <

Solution: Let {fl,-..,fn} be a. basis of X. Then X± : ~ Ker(f~),
i:1

and therefore 0 ---~ V/X± ---~ k~, so dimk(V/X±) < n, and hence
dima(V/X±)* <_ n.
On the other hand, from the exact sequence

0 .---~ X± --~ V ~ V/X± ---* O,

we have

o (v/x ±) v* (x±) * o,
so (V/X±) * ~ (X±) ±. Hence dim~(X±)± <_ n. Since X _C (X±)±, we
obtain that X = (X±)±.
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Exercise 1.2.15 If X is a finite codimensional k-linear subspace of V*_,

then X is closed in the finite topology if and only if X± = XL, where X±

is the orthogonal of X in V**.
Solution: Assume that X is closed and that dimk(V*/X) = n < oc. Let

Cv: V-~ V**, Cv(x)(f) = f(x),

denote the canonical map. The equality X± : Xi actually means ¢(X±) =

Xi We have Cv(X±) : Cy(Y) i, soCv(±) C_ X±.

Let f e V**, f EX±. Thusf :V* ---* k, with f(X) =0. SinceX has
finite codimension in V*, it follows from Corollary 1.2.13 ii) that ± has
finite dimension as a subspace of V. If we put W : X±, then we have
f ~ (V*/X)* -- (V*/(X±)±) * ~ ((X±)*) * : W** -~ W. So there exists a

x 6 W such that f : Cv(x), and thus f 6 Cv(V)NXi : Cv(X±). Hence

Cv(X±) : xi.
Conversely, assume that ¢~.(X±) = Xi. We prove that X = (X±)±.

We have X = A Ker(f). Iff 6 Xi, there exists x e X± such that
I~XJ-

f -= Cv(x). Hence X : [~ Ker(¢v(x)) : (X±)±. Thus X is closed.
xEX.~

Exercise 1.2.17 If V is a k-vector space such that V : (~ V~, where

{V~ I i ~ I} is a family of subspaces of V, then (~ Vi* is dense in V* in the
iEI

finite topology.
Solution: ~ V~* is the subspace X of V*, where

iEI

X = {f ~ V* ] f(V~) = 0 for almost all j ~ I}.

Ifx E V, x G X±, such that x ~ 0, then x = ~xi,where xi ~ V~ are
i~I

almost all zero. Since x ~ 0, there exists i0 E I such that xio ~ 0. Thus
there exists f E V* such that f(V/) = 0 for i ~ i0, and f(Xio) ~ O. Clearly
f G X, and therefore 0 = f(x) = f(xio), a contradiction.

Exercise 1.2.18 Let u : V ---~ W be a k-linear map, and u* : W* ----* V*
the dual morphism of u. The following assertions hold:
i) If T is a subspace of V’, then u*(T±) = u-l(T)±.

ii) If X is a subspace of W*, then u*(X)± = u-~(X±).
iii) The image of a closed subspace through u* is a closed subspace.
iv) If u is injective, and Y C_ ~* i s a dense subspace, it fol lows that u*( Y)
is dense in V*.
Solution: i) Let f ~ u*(T±). Then f = u*(g) = gou for some g ~
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T±. If x 6 u-l(T), then /(x) = g(u(x)) : 0, hence u*(T±) C_ u-l(T)±.

Conversely, let g 6 u-l(T) ±. Define f 6 V* by f(u(x)) = g(x), and
f = 0 on the complement of Ira(u). The definition is correct, because if
u(x) : u(y), then x-y 6 Ker(u) C_ u-~(T). Moreover, f ou = g, since for
w e TAIm(u) we have w : u(x), z e u-~(T)~ and so f(w) = g(x) : 0. It
is clear that f ¯ T±, so we have proved that u*(X)± : u-~(X±).
ii) We have x ¯ u*(X)± 4~ f(u(x)) : 0 Vf ¯ X ~ u(x) ± ~=~x ¯.

iii) Let X be a closed subspace of V’*I Then

u*(z) 
: u*(x±±)
= u-~(X±) ± (by i))

: u*(X) ±± (by ii))

=

iv) We use ii): ~*(Y)± uc~(Y±) = u- l(O) = 

Exercise 1.3.1 Let t be a non-zero element of X ® Y. Show that there exist
a positive integer n, some linearly independent (x{){=~,n C X, and some

linearly independent (Yi)i=l,n Y such th at t = ~ x{® y{
i:1

Solution: Let n be the least positive integer for which there exists a

representation t = ~ x{ ® y{ with (x{){=~,,~ linearly independent. We show
i:1

that (Yi)~=~,~ are also linearly independent.
If not, one of the y{’s, say Yn, is a linear combination of the others. Thus

n-1
y.,~ : ~ a{y{, and then

i:1

n--1 n-1

t ~" Exi®YiJ-Xn®(ZO~iYi)

i----1 i=1

= + ®
i=1

But {Xl +a~x~,..., x~_~ +a~_lX~} are obviously linearly independent, and
we obtain a representation of t with n - 1 terms, arid linearly independent
elements on the first tensor positions, a contradiction.

Exercise 1.3.3 Show that if M is a finite dimensional k-vector¯space, then
the linear map

¢: M* ® V -~ Horn(M, V),
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defined by ¢(f ® v)(m) = f(m)v for f ¯ M*, v ¯ V, m ¯ M, 
isomorphism.
Solution: We know from Lemma t.3.2 that ¢ is injective. Let vi ¯ M,

v~ ¯ M*,i= 1,...,nbedualbases, i.e. ~v~(v)vi =v, Vv ¯ M. Then
i=1

for any f ¯ Hom(M,Y) we have that f = ¢(~ v~ ® f(v~)), so ¢ is also
i=1

surjective.

Exercise 1.3.4 Let M and N be k-vector spaces. Let the k-linear map:

p:V*~W* ~(V~W)*, p(f~9)(x~)=f(~)9(~),

Vf ~ M*, g ~ N*, x ~ M, y ~ N. Then the following assertions hold:
a) Ira(p) is dense in (M @ 
b) If M or N is finite dimensional, then p is bijective.

-Solutiom a) We prove that (Ira(p)) ~ = {0}. Let z = zi ~ ~i ~ M ~ N
i=1

be such that z ~ (Ira(p))z. Hence for any f ~ M*, 9 ~ N* we have

p(f ~ g)(~ x~ ~ y~) : ~ f(x~)g(y~) : O. (1.3)
i~1

We can assume that (yi ] 1 < i < n) are linearly independent. There exists
a g ~ N* such that g(Yi) ~ and g(yj) = 0 for j ~ i. ~om(1.3 ) it f oll ows
that f(xi) = fo r ev ery f ~ M*, th us xi = 0 . Sin ce i ~ (1,. ..,n} is
arbitrary, we have that z = 0.
b) Assume that N is finite dimensional. By induction we can ~sume that
N ~ k (i.e. dimk(N) 1) . In thi s c~e N* ~k, an d s o M*@N*
M* @k ~ M*. Also (M @N)* ~ (M @k)* ~ 

Exercise 1.3.11 Let A = M~(k) be the algebra of n ~ n matrices. Then
the dual coalgebra of A is isomo~hic to the mat~x coalgebra Me(n, k ).
Solution: If (e~)~i,i~ is the usual basis of M~(k) (eiy is the matrix
having 1 on position (i,j) and 0 elsewhere), let (ei~)~i,~ be the 
basis of A*. We recall that eijepq : 5jpeiq for any i,j,p,q. Then Remark
1.3.10 shows that

* ~ *~(~) = ~(~e~)* ~;~ 
l~p,q~r~s~n

= ~(~)%~ %~
1~p,q,s~n

~ * .
¢iq ~ eqj

l~q~n
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and clearly

¢(eij ) * * E ~¯ = eij(1A ) =eij( eqq)

We have obtained that A* is isomorphic to MC(n, k).

Exercise 1.4.4 Show that if I is a coideal it does not follow that I is a left
or right coideal.
Solution: Let k[X] be the polynomial ring, which is a coalgebra by

A(X n)=(X®I+I®X)n, ~(X’~)=O forn_> 1

A(1) = 1 ® 1, ~(1) 

Take I = kX, the subspace spanned by X.

Exercise 1.4.12 Show that the category k - Cog has coequalizers, i.e. if
f, g : C -~ D are two morphisms of coalgebras, there exists a coalgebra E
and a morphism of coalgebras h : D ~ E such that h o f = h o g.
Solution: We show that I = Im(f - g) is a Coideal of D, then take E =
D/I and h the canonical projection. If d E I, then we have d = (f - g)(c)
for some c E C, and

Exercise 1.4.16 Let S be a set, and kS the grouplike coalgebra (see Ex-
ample 1.1.4, 1). Show that G(kS) = 
Solution: Let g = ~ a~s~ ~ G(kS). Then A(g) = g ® g becomes

~-~aisi®si =Eaiaisi®s~:. (1.4)
i i,j

If k and 1 are such that k ¢ l and aa ¢ O, a~ ¢ O, let g~ and gt be the
functions from ks defined by g~(s) = 5 .... for r ~ {k,l}. Applying gk ® 9~
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to both sides of (1.4) we obtain 0 akat, a contradiction. Th us g = as
for some a E k and s E S. From s(g) = 1 we obtain g ~ S. The converse
inclusion is clear.

Exercise 1.4.18 Check directly that there are no grouplike elements in
Me(n, k) if n > 
Solution: Let x ¯ Me(n, k) be a grouplike, x = ~ aiyeij. Then we have

A(x) = x ® x, i.e.

~ aijeik ekj ~ aijakleij ekl.® ®
i,j,k i,j,k,l

Let io ~ jo, and f ~ Me(n, k)* such that f(eij) = 5~o5j~o. Applying f ® f
2 hence = 0. If g ¯ Me(n, k)*to the equality above, we get 0 = aio~o, aioYo

is such that g(eij) = 5ijohyio, and we apply f ® g to the same equality, we
get aioi o = aiojoajoio = 0. Since i0 and j0 were arbitrarily chosen, it-follows
that x = 0, a contradiction.

Exercise 1.5.11 Let G be a group, and p : G --~ GLn(k) a representation
of G. If we denote p(x) = (f~(x))i,j, let Y(p) be the k-subspace G

spanned by the {fij}i,y. Then the following assertions hold:
i) V(p) is a finite dimensional subbimodule of G.

ii) Rk(G) = ~ V(p), where p ranges over all finite dimensional represen-
P

tations of G.
Solution: i) Let f ~ V(p), and y ¯ G. Iff = ~aijfij, then

(yf)(x) = ~ a~yfiy(xy) = ~ ai~fia(x)gkj(y),

because

p(xy) = =

Thus yf = ~ aijgkjfik ¯ V(p). The proof of fy ¯ V(p) is similar.
ii) (_D) follows from i). In order to prove the reverse inclusion, f ~ Rk(G).
Then the left kG-submodule generated by f is finite dimensional, say with
basis {f~,..., f~}. Write

Then
p: G ~ GLn(k), p(x) = (gij(x))i,j

is a representation of G, V(p) is spanned by the gij’s, and we obtain that
f~ = ~ fj(la)giy ¯ Y(p), thus f ¯ V(p) too.
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Exercise 1.5.14 The coalgebra C is coreflexive if and only if every ideal
of finite codimension in C* is closed in the finite topology.
Solution: By Exercise 1.2.15, we have to prove that ¢c is surjectjve if and
only if for all finite codimensional ideals I of C* we have I± = I±.

(=v) Let I be a finite codimensional ideal of C*. If # E i, then t he
restriction of # to I is zero, and hence # E C*°. Since ¢c is surjective, it

follows that # ~ I±. Thus I± = Ii.

(~=) Let # ~ *°. By definition, t here e xists a n i deal I ofC*,of f ini te

codimension, such that # It= 0. It follows that # ~ I£ = ¢c(I±), hence
¢c is surjective.

Exercise 1.5.15 Give another proof for Proposition 1.5.3 using the repre-
sentative coalgebra. Deduce that any coalgebra is a subcoalgebra of a repre-
sentative coalgebra.
Solution: If we take c ~ C, A(c) -- ~ cl ® c2, and regard the elements 
C as functions on C* via ¢c, then for f, g E C* we have

c(f. g) : (f. g)(c) = ~ f(cl)g(c~) : E cl(f)c2(g).

This shows that the elements of C are representative functions on C*, and

¢c is a coalgebra map.

Exercise 1.5.17 If C is a coalgebra, show that C is cocommutative if and
only if C* is commutative.,
Solution: If C is cocommutative, then for any f, g ~ C* and c ~ C we have
(f .g)(c) = Z f(cJg(c2) = ~ f(c2)g(cJ = (g* so C* i s c ommuta tive.
Conversely, if C* is commutative, then C*° is cocommutative, and the
assertion follows from the fact that C is isomorphic to a subcoalgebra of

Exercise 1.5.19 If A is an algebra, then the algebra map iA : A --~ A°*

defined by iA(a)(a*) : a*(a) for any a ~ A,a* °, is n ot inje ctive in
general.
Solution: If A is the algebra from Remark 1.5.7.2), then °* -- 0 .

Exercise 1.5.21 IrA is a k-algebra, the following assertions are equivalent:
a) A is proper.
b) ° i s d ense i n A* i n t he f inite t opology.
c)The intersection of all ideals of finite codimension in A is zero.
Solution: By Corollary 1.2.9, we know that A° is dense in A* if and only
if (A°) ± = {0}. But *

(A°)± = {a ~ d l f(a) = 0, Vf ~ A°] = Ker(iA).
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Thus a)~:~b).
Denote by 5" the set of finite codimensional ideals of A.
definition we have that A° --- U I±. But then

Then, by the

(A°)±=(U I±)±= n IZ±= nI’

hence we also have b)*vc).

Exercise 1.6.2 Show that if (C,p) is a cofree coalgebra over the k-vector
space V, then p is surjective.
Solution: We know that V can be endowed with a coalgebra structure
(see Example 1.1.4, 1). Apply then the definition to the identity map from
V to V in order to obtain a right inverse for p.

Exercise 1.6.10 Show that if (C,p) is a cocommutative coffee coalgebra
over the k-vector space V, then p is surjective,
Solution: The coalgebra in Example 1.1.4, 1 is cocommutative, so the
proof is the same as for Exercise 1.6.2.
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dealing only with coalgebras over fields, but in some cases coalgebras over
rings may also be considered. This is the case in [244], [145] or [88].



Chapter 2

Comodules

2.1 The category of comodules over a coalge-

bra

In the same way .as in the first chapter, where we gave an alternative def-
inition for an algebra, using only morphisms and diagrams, we begin this
chapter by defining in a similar way modules over an algebra. Let then
(A, M, u) be a k-algebra.

Definition 2.1.1 A left A-module is a pair (X, #), where X is a k-vector
space, and # : A ® X ~ X is a morphism of k-vector spaces such that the
following diagrams are commutative:

A®AOX I®# , AOX

M®I

A®X # " X

# k®X

A®X

(We denote everywhere by i the identity maps, and the not named arrow
from the second diagram is the canonical isomorphism.) 

Remark 2.1.2 Similarly, one can define right modules over thd algebra A,
the only difference being that the structure map of the right module X is of
the form # : X ® A--~ X. |

65
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By dualization we obtain the notion of a comodule over a coalgebra.
Let then (C, A, ~) be a k-coalgebra.

Definition 2.1.3 We call a right C-comodule a pair (M, p), where M is
a k-vector space, p : M --~ M ® C is a morphism of k-vector spaces such
that the following diagrams are commutative:

M

P

M®C I

P
" M®C

~~
I®A

ip

M®k

" M®C®C M®C

Remark 2.1.4 Similarly, one can define left comodules over a coalgebra
C, the difference being that the structure map of a left C-comodule M is
of the form p : M --* C ® M. The conditions that p must satisfy are
( A ® I)p = (I @ p)p and (e ® I)p is the canonical isomorphism. I

2.1.5 The sigma notation for comodules. Let M be a right C-
comodule, with structure map p : M -* M ® C. Then for any element
m E M we denote

p(m) = Zm(o) ® re(l)

the elements on the first tensor position (the m(o) ’s) being in M, and 
elements on the second tensor position (the re(l) ’s) being in 
If M is a left C-comodule with structure map p : M -~ C ® M, we denote

p(m) ~-~m(_~) ® re(o).

The definition of a right comodule may be written now using the sigma
notation as the following equalities:

Z e(m(1))m(°) = m.

The first formula allows us to extend the sigma notation, as in the case of
coalgebras, by writing
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= ~m<o) ® (m(i))I 

The rules for computing with the sigma notation, which were presented in
detail in the first chapter, may be easily transferred to comodules. Thus,
we can write for any n _> 2

and for any l<i<n-lwehave

E m(0) ®mo) ®... ®m(n) =

= Era(0) ® re(l) ®... ® re(i-l) A(rn(i)) ® m(i+l) ®. .. ® re(n-l).

For left C-comodules, the sigma notation is the following: if p : M ~
C @ M is the map defining the comodule structure, then we denote p(m) 
~m(_~) @ m(0) for any m ~ M, where this time m(_~) ~re representing
elements of C, ~nd m(0) elements in 
Later we will omit the brackets, because even if the sigma notation for
comodules will be used in the s~me time as the one for coalgebras, confusion
can always be avoided.
T̄he definition of the left comodule may be written using the s~gma notation
as the following equalities:

=

~ 5(m(_~))m(o) 

Also

~_wm(--n) ®m(-n+l) ~ ’’ ®m(-i-1) ® A(Trt(_;i)) ®m(_i+l) .® m(o)

for any 1<i <n.

Example 2.1.6 1) A coalgebra C is a left and right comodule over itself,
the map giving the comodule structure .being in both cases the comultiplica-
tion A : C-~ C ® C.
2) If C is a coalgebra and X is a k-vector space, then X ® C becomes 
right C-comodule with structure map p : X ® C --~ X ® C ® C induced by
A, hence p= I ®A. Thus p(x®c) = ~x®cl ®c2.
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3) Let S be a non-empty set, and C = kS, the k-vector space with ba-
sis S, endowed with a coalgebra structure as in Example 1.1.3,1). Let
(Ms)ses be a family of k-vector spaces, and M = @sesMs. Then M 
a right C-comodule, where the structure map p : M ---* M ® C is defined by
p(ms) = m8 ® s for any s E S and m~ ~ Ms (extended by linearity). 

The following result is the analog for comodules of Theorem 1.4.7.

Theorem 2.1.7 (The Fundamental Theorem of Comodules) Let V be 
right C-comodule. Any element v ~ V belongs to a finite dimensional
subcomodule.

Proof: Let {ci}~eI be a basis for C, denote by p : V ~ V®C the comodule
structure map, choose v ~ V, and write

p(v) = E vi ® ci,

where almost all of the v~’s are zero. Then the subspace W generated by
the v~’s is finite dimensional. We have

and

A(ci) = E aijacj ® ca,

~ p(vd ® c~ = ~ v~ ® a~jacj ® ca.

Cosequently, p(va) = ~ vi ® aijacj, so W is a finite dimensional subcomod-
ule, and v = (I ® ~)p(v) ~ W. 

Exercise 2.1.8 Use Theorem 2.1.7 to prove Theorem 1.4.7.

We define now the morphisms of comodules. In order to keep to dual-
izing the corresponding definitions from the case of modules, we also give
the definition of a module morphism using commutative diagrams.

Definition 2.1.9 i) Let A be a k-algebra, and (X, v), (Y, twoleft A-
modules. The k-linear map f : X ---~ Y is called a morphism of A-modules
if the following diagram is commutative:

A®X
I®f

" A®Y

, y



2.1. THE CATEGORY OF COMODULES OVER A COALGEBRA69

ii) Let C be a k-coalgebra, and (M,p), (N, tworigh t C-co modules. The
k-linear map g : M ~ N is called a morphism of C-comodules if the
following diagram is commutative

M

M®C

g
’N

g®I
¯ N®C

The commutativity of the second diagram may be written in the sigma no-
tation as:

¢(~](C)) Eg(C(o)) ® C().

|

We can now define the category of right comodules over the coalgebra
C. The objects are all right C-comodules, and the morphisms between two
objects are the morphisms of comodules. We denote this category by Me.

We will also denote the morphisms in ~/tc from M to N by Comc(M, N).
Similarly, the category of left C-comodules will be denoted by C.~. For an

algebra A, the category of left (resp. right) A-modules will be denoted 
AJ~ (resp. J~A)"

Proposition 2.1.10 Let C be a coalgebra. .Then the categories c./~4 and
Mcc°p are isomorphic.

Proof: Let M E cA/l with the comodule structure given by the map p :
M ~ C ® M, p(m) = ~ m(-1) ® m(0). Then M becomes a right comodule
over the co-opposite coalgebra Cc°p via the map p~ : M --~ M ® Cc°p,
p~(m) y~re( o) ® m(_ l). Moreover, it is immediate tha t if M andN ar e
two left C-comodules, and f : M --+ N is a morphism of left C-comodules,
then f is also a morphism of right CC°P-comodules when M and N are
regarded with these structures. This defines a functor F :c.M --~ .MCc°p.

Similarly, we can define a functor G : ./~ Ccop --~ c./~, by associating to a
right C¢°P-comodule M, with structure map # : M --* M ® C¢°p, #(m) 
~ m(0) ® re(l), a left C-comodule structure on M defined by #’ : M 
C®M, #~(m) = ~m0)®m(0). It is clear that the functors F 
define an isomorphism of categories. |
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Remark 2.1.11 The preceding proposition shows that any result that we
obtain for right comodules has an analogue for left comodules. This is why
we are going to work generally with right comodules, without explicitely
mentioning the similar results for left comodules. |

We define now the notions of subobject and factor object in the category
JMC.

Definition 2.1.12 Let (M, p) be a right C-comodule. A k-vector subspace
N of M is called a right C-subcomodule if p(N) C_ N ® C. 

Remark 2.1.13 I] N is a subcomodule of M, then (N, PN) is a right C-
comodule, where PN : N --~ N ® C is the restriction and corestriction of p
to N and N ® C. Moreover, the inclusion map i : N --* M, i(n) = n for
any n ~ N is a morphism of comodules. |

Let now (M, p) be a right C-comodule, and N a C-subcomodule of 
Let M/N be the factor vector space, and p : M --, M/N the canonical
projection, p(m) = ~, where by ~ we denote the coset of m ~ M in the
factor space.

Proposition 2.1.14 There exists a unique structure of a right C-comodule
on M/N for which p : M --~ M/N is a morphism of C-comodules.

Proof: Since (p® I)p(N) C_ (p® I)(N ®C) C_p(N) by the
universal property of the factor vector space it follows that there exists a
unique morphism of vector spaces ~ : M/N ~ M/N ® C for which the
diagram

M

P

M®C

P

p®I

~ M/N

" M/N®C

is commutative. This map is defined by ~(~) = ~--~(0)® rn(1) for 
m ~ M. Then (M/N,-fi) is a right C-comodule, since

The fact that ~ is a morphism of comodules follows immediately from the
commutativity of the diagram.
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If we would have a right C-comodule structure on M/N given by w :
M/N --~ M/N ® C such that p is a morphism of comodules, then the
diagram obtained by replacing ~ by w in the above diagram should be also
commutative. But then it would follow that w = ~ from the universal
property of the factor vector space. |

Remark 2.1.15 The comodule M/N, with the structure given as in the
above proposition, is called the factor comodule of M with respect to the
subcomodule N. |

Proposition 2.1.16 Let M and:N be two right. C-comodules, and f :
M --~ N a morphism of C-comodules. Then Ira(f) is a C-subcomodule
of N and Ker(f) is a C-subcomodule of 

Proof: We denote by DM :M --~ M ~ C and PN : N --~ N ® C the maps
giving the comodule structures. Since f is a morphism of comodules, we
have (f ® I)p M = Pgf. Then

(f ® I)pM(Ker(f) ) = pN f( Ker(f) 

which shows that pM(Ker(f)) C_ Ker(f ® I) = Ker(f) and h ence
Ker(f) is a C-subcomodule of M.
Now

pN(Im(f)) = (f ® I)pM(m) C_ Ira(f) 

which shows that Ira(f) is a C-subcomodule of N. |

Theorem 2.1.17 (The fundamental isomorphism theorem for comodules)
Let f : M --~ N be a morphism of right C-comodules, p: M --* M/Ker(f)
the canonical pTvjection, and i : Ira(f) -~ N the inclusion. Then there
exists a unique isomoTphism ~ : M/Ker(f) --* Ira(f) of C-comodules 
which the diagram

f

is commutative.

M/Ker(f)

i

’ Ira(f)
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Proof: The existence of a unique morphism ~: M/Ker(f) -* Ira(f) of
vector spaces making the diagram commutative follows from the fundamen-
tal isomorphism theorem for k-vector spaces. We know that f is defined
by ~(~) = f(m) for any ~ E M/ger(f). It remains to show that ~ is a
morphism of comodules. Denoting by w : M/Ker(f) -~ M/Ker(f) 
and 0 : Im(f) --~ Ira(f) the mapsgivin g the c omodule struc tures, we
have

(7 =
= ~f(m(o)) ®m(])

= ~f(m)(o) ® f(m)(~)

= O(f(m))

=
which shows that ~ is a morphism of comodules. |

Proposition 2.1.18 Let C be a coalgebra. Then the category AdC has
coproducts.

Proof: Let (Mi)iez be a family of right C-comodules, with structure maps
pi : Mi -~ Mi ® C. Let @iez/kIi be the direct sum of this family in kAd,
and qy : My ~ @iezMi the canonical injections. Then there exists a unique
morphism p in kAd such that the diagram

qy

PY

I p

My ® C qy ® I , (~ieiMi) ® 

is commutative. It is easy to check that (@ie~Mi, p) is a right C-comodule,
and moreover that this comodule is the coproduct of the family (Mi)iei in
the category 2Mc. |

Corollary 2.1.19 The category .MC is abelian. |

2.2 Rational modules

Let C be a coalgebra, and C* the dual algebra. If M is a k-vector space,
and co : M --* M ® C is a k-linear map, we define ~b,~ : C* ® M --~ M by
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¢~ = ¢(’~ N IM)(Ic. ® T)(Ic. ® where [M and Ic- are the iden tity
maps, T : M ®C ~ C®M is defined by T(m®c) = c®m, ~, : C* ®C ~ 
is defined by -),(c* ® c) c*(c), and ¢ : k ® M -- ~ M is thecanonical
isomorphism. If w(m) = ~i mi ® ci, then ¢~(c* ® m) = ~-~i c*(ci)mi.

Proposition 2.2.1 (M,w) is a right C-comodule if and only if (M, ¢~) 
a left C*-module.

Proof." Assume that (M,w) is a right C-comodule. Denoting by c* ¯ m 
¢,~(c* ®m); we have c* .m ~-~c*(m(1))m(o) fo r an y c*E C*, m EM.
First, we have that

lc- ¯ m = ~.m = Ze(m(1))m(0) 

from the definition of a comodule. Then, for c*, d* G C* and m G M

C*. (d*. m) = c*. (~-~d*(m¢l))m(o))

---- Z d*(m(1))(c* r~Z(o))

=
=
=
= (c’d*)" 

which shows that (M, ¢~) is a left C*-module.
Assume now that (M, ¢~) is a left C*-module. We denote w(ra) = ~ re(o)®
mo). From e .m = m it follows that ~-] ¢(m(1))m(0) = m, hence the 
condition from the definition of a comodule is Checked. If c*, d* ~ C*, m ~
M, then

(c*d*).m Z(c*d*)(~(1))m(o)

= Zc*((m(~))~)d*((mo))2)m(o)

= ¢’(I®c* ®d*)(I®A)w(m)

where ¢/ : M ® k ® k --~ M is the canonical isomorphism, and I stands
everywhere for the suitable identity map. Also

= Z d*(m(~))c*((m(o))(~))(m(o))(o)
= ¢’(I ® c* ® d*)(w ® I)w(m)
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Denoting

y = (I® A)w(m) - (w® I)w(m) e M® 

we have (I®c* ®d*)(y) fo r any c*,d * E C*. Thisshowsthat y = 0.

Indeed, if we denote by (ei)i a basis of C, we can write y = ~i,j miy ®ei®ej
for some miy E M. Fix i0 and j0 and consider the maps e~" ~ C* defined
by e~(ej) = 6~,j for any j. Then m~ojo = (I ® e~*o ® e~o)(y) = 0, and from
this we get that y = 0. |

Let now M be a left C*-module, and CM : C*®M -~ M the map giving
the module structure of M. We define

PM : M --* Horn(C*, M), pM(m)(c*) 

Let j: C --* C**, j(c)(c*) = c*(c) be the canonical embedding, and

fM : M ® C** -~ Hom(C*,M), fM(m ® c**)(c*) = c**(c*)m,

which is an injective morphism. It follows that the map

#M : M ®C--~ Hom(C*,M),#M = fM(I ® 

is injective. It is clear from the definition that #M(m®c)(c*) ---- c*(c)rn 
c~C,c* ~C*,m~M.

Definition 2.2.2 The left C*-module M is called rational if

PM (M) C_ #M (M ® 

Remark 2.2.3 1) M is a rational C*-module if and only if for any m ~ 
there exist two finite families of elements (m~)~ c_ M and (c~)~ C_ C 
that c*m = ~-~c*(c~)m~ for any c* ~ C*.
2) If M is a rational C*-module, and for an element m ~ M there exist two
pairs of families (m~)i, (c~)~ and (m~j)y, (c~)y as in 1), ~’~ m~ ® c~ =

!
~j my ® c~, since #M(~i m~ ® c~) = #M(~j mj ® c~) and ItM is injective.

Example 2.2.4 If C is a finite dimensional coalgebra, then the left C*-
module C* is rational. Indeed, in this situation j : C -~ C** is an iso-
morphism of vector spaces from Proposition 1.3.14, and fc* : C* ® C**
Horn(C*, C*) is an isomorphism o] vector spaces by Lemma 1.3.2.i). It fol-
lows that #c. (C*®C) Horn(C*, C* ), an d he nce Pc* (C*) C_(C*®C),
which shows that C* is rational. |
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We will denote by Rat(c.Ad) the full subcategory of c.A// having as
objects all rational C*-modules.

Theorem 2.2.5 The categories 3dC and Rat(c.3d) are isomorphic.

Proof." Let (M,c~) be a right C-comodule. We show that (M, ¢~)is 
rational C*-module. Let m E M. Then from the definition of ¢,, it follows
that c* ¯ rn = ~-2~c*(rn(1))m(o), and then M is a rational module by the
preceding remark.
Let now M and N be two right C-comodules, and f’: M --, N a morphism
of comodules. We show that if we regard M and N with the left C*-module
structures, f is a morphism of C*-modules. Indeed, for rn E M and c* ~ C*
we have

f(c* . m) ---- .f(~ c*(m(1))m(o))

= ~-~c*(rno))f(rn(o))
-= ~-~c*(~f(~’r~)(1))f(m)(o)’

= c*" f(m)

In this way we have defined a functor T : All v --~ Rat(c.J~d), such that
T(M,w) --= (M,¢~) for any C-comodule (M,w), and T(f) = fo r an y
morphism of C-comodules f : M -~ N.
Let now (M,¢) be a rational left C*-module. Since #M : M ® C --~
Horn(C*, M) is an injective map, it follows that/hM : M®C --* #M(M®C),
the corestriction of #M, is an isomorphism of vector spaces. We define

ca~ : M --, M ®C, w¢(rn) = f~g~(pM(rn)).

We remark that for rn ~ M we have ~v¢(rn) = ~i mi®ci, where (mi)i, (ci)i
are two families of elements in M, respectively C, such that

c* rn = ~-~c*(ci)mi
i

for any c* ~ C*. We show that (M,w¢) is. a right C-comodule. For this 
consider the map co¢: M ~ M ® C, and we show that ¢(~o,) = ¢. Then
(M, ~o¢) will be a C-comodule by Proposition 2.2.1 and due to the fact that
(M, ¢) is a C*-module.
Let then eve(m) = ~i rni ® ci. We have f~41(pM(rn) ) ~-~ mi® ci,hence

i i
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By evaluation in c* we obtain that c* ¯ m = ~ c*(c~)m~.
hand,

i

and thus we have showed that (M,~) is a C-comodule.

On the other

Let now (M,¢M) and (N, CN) be two rational left C*-modules, and
f : M -~ N a morphism of C*-modules. We show that f is a morphism
of C-comodules from (M, 0JCM) to (N,w¢~). Let m ̄  M and 0)¢M(m) ---~

~ m~ ® c~. Then

~N((f ®I)cvwu(m))(c*) ---- #N(Zf(m~) 
i

= Z
i

and

/~N (0,)¢~ f (rr~)) 

= f(~a*(c~)m~)
i

: f(c*" m)

= (#Nf~vlpgf(m))(c*)

= puf(m)(c*)

= c*" f(m)

We have obtained that tzN((f ® I)W¢M(m)) = I~N(W~uf(m)), and since
#~ is injective, it follows that (f ® I)w¢~ = w¢sf, showing that f is a
morphism of C-comodules.

We have thus defined a new functor

S : Rat(c.M) --~ MC

by S((M,¢)) = (M,w¢) for any rational C*-module M, S(f) = f,
for any morphism f : M --~ N of rational C*-modules. We show that
ST = Id, the identity functor. Let (M, w) ¯ c. The c omodule structure
of S(T(M)) is given by

w(~b~) : M --~ M ® C, w(¢~)(m) f~ i(pM(m))

Then
= =
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and

(#MCO(m)) 

=
=
= c* ¯ m,

and since #M is injective, it follows that co(¢~) = co. We show now that
TS = Id. Indeed, if (M,¢) Rat(c.A/I), th en (TS)(M) = (M,¢(~)) =
(M, ¢), which ends the proof. |

The following result presents some of the basic properties of rational mod-
ules.

Theorem 2.2.6 Let C be a coalgebra. Then:
i) A cyclic submodule of a rational C*-module is finite dimensional.
ii) If M is a rational C*-module, and N is a C*-submodule of M, then 
and M/N are rational C*-modules.
iii) If (Mi)iei is a family of rational C*-modules, then ~ieIMi, the direct
sum as a C~ ~module, is a rational C*-module.
iv) Any C*-module L has a biggest rational C*-submodule TM. More p re-
cisely, LTM is the sum of all rational submodules of L.
Morevoer, the correspondence L ~-~ LTM defines a left exact functor Rat :

c*M ~ c*M.

Proof: i) Let M be a rational C*-module; and C*. m the cyclic submodule
generated by rn E M. Since M is rational, there exist two finite families Of
elements (ci)ief C_ and (mi)ieF _C M forwhich c* ¯ m =~ieFC*(ci)mi
for any c* ~ C*. It follows that C* ̄  ra is contained in the vector subspace
spanned by the family (mi)isF, and so it is finite dimensional.
ii) If N is a submodule of M, then Remark 2.2.3.1) shows immediately that
N is rational. If we denote by ~ the coset of an element m ~ M modulo
N, then with the notation from i) we have that for any c* q C*

i~F

and using again the same remark it follows that M/N is rational too.
iii) Let qj : Mj ---, @ieHYIi be the canonical inclusion of Mj in the direct
sum, and let m = Y’~ieF qi(mi) be an element of @~ie~Mi, where F is a
finite subset of I. For any i ~ F, the module Mi is rational, hence there
exist two families of elements (cij)’jey~ C_ gnd (mij)j~F~ C_Mi,Fi fini te
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sets, such that c* ¯ ms = }-~j~F~ c*(cij)rnij for any c* E C*. Then

c*. n =
i~F

= E E qi(c*(cij)mij)
iEF jEF~

= Z E c*(cij)qi(mij)
iEF j~Fi

and now (~ielMi is rational by Remark 2.2.3 1).
iv) If L is a left C*-module, let

Lrat = E{ N I N is a rational C* - submodule of L

Assertions ii) and iii) show that LTM is a rational C*-submodule of L. From
the definition, it is clear that any rational submodule of L is contained in
Lrat.

Now let us check that the correspondence L H LTM defines a functor. If
f : L ~ L’ is a morphism of C*-modules, define fr~,t : L~t ~ L,rat to be
the restriction and corestriction of f. The definition is correct due to ii).
Let now

0~L~ ~L:~L~

be an exact sequence in c*~. Since we can assume that the two maps are
the inclusion and the canonical projection, respectively, the fact that the
sequence

0 ~~r~t ~ ~2r~t ~ L~~t

is exact amounts to the fact that L~at = L1 ~L~at, which is clear by ii) and
the definition of the rationM part.

Corollary 2.2.7 The category Rat(c..M) is a Grothendieck category.

Proofi In view of Corollary 2.1.19 and Theorem 2.2.6, the only thing
that remains to show is that Rat(c../M) has a family of generators. Any
rational C*-module M is a sum of finite dimensional C*-submodules (since
any cyclic submodule is finite dimensional), so M is a homomorphic image
of a direct sum of finite dimensional rational left C*-modules. This shows
that the family of all finite dimensional rational left C*-modules is a family
of generators of Rat(c..M), and the proof is finished. |

Corollary 2.2.8 The category MC is a Grothendieck category.
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Proofi It follows from Theorem 2.2.5 and the preceding corollary. |
Another consequence is a new proof for the fundamental theorem of

comodules (Theorem 2.1.7).

Corollary 2.2.9 Let M be a right C-comodule. Then:
i) The subcornodule generated by an element of M is finite dimensional.
ii) M is the sum of its finite dimensional subcomodules.

Proof: i) The subcomodule generated by an element m E M is the cyclic
left C*-submodule generated by m of the rational C*-module M, and this
is finite dimensional from Theorem 2.2.6.
ii) We regard M as a rational left C*-module. It is clear that M is the sum of
its cyclic submodules, and all of these are finite dimensional subcomodules
of M. |

Remark 2.2.10 If C is a coalgebra, then C* is a left C*-module, and hence
it makes sense to talk about the biggest rational left submodule of C*. We
will denote this submodule by C~rat. Similarly, regarding C* as a right C*-
module, we denote by C~rat the biggest rational right submodule of C*. In
case C is finite dimensional, Remark 2.2.4 shows that C~~at = C~~at = C*.

Remark 2.2.11 If C is a coalgebra, since C is a right C-comodule via
A, we may regard C as a (rational) left C*-module. We denote this left
action of C* on C by --". Thus c* ~ c = ~ c*(c~)cl for any c* ~ 
and c ~ C. Similarly, C is a rational right C*-module with the action
c ~ c* = Ec*(cl)c2. 

Lemma 2.2.12 Let M be a rational right C*-module which is finite dimen-
sional. Then M*, with the induced left C*-module structure, is rational.

Proof: Since M is a rational right C*/module, we can regard M as a left
C-comodule too. Let p : M -~ C®M, p(m) = ~m(_~) ®m(0) be the 
giving this comodule structure. Since M is finite dimensional, Exercise
1.3.3 shows that there exists a linear isomorphism

O: M* ® C ® M --~ Hom(M,C® M), O(m* ® c® m)(m’) = m. *(m’)c® 

Let z = ~m~ ® ci ® mi ~ M* ® C ® M for which O(z) = p. This means
that for any m ~ M we have

i
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The left C*-module structure of M* = Horn(M, k) is given by

(c*. m*)(m) = m*(m. c*) 
i

This shows that

= ~ c*(ci)m*(mi)m~(m)
i

c* . m* = ~ c*(ci)m*(m~)m~
i

for all c* E C*, hence M* is rational as a left C*-module. |
Let C be a coalgebra and M E A4C, i.e. M ~ Rat(c.AA). We consider

the dual space M* = Homk(M, k), which is a right C*-module with the
action given by (uc*)(m) = u(c*m) for any u ~ M*, c* ~ C* and m ~ M.
In general M* is not a rational right C*-module. By an opposite version of
Lemma 2.2.12, if dim(M) is finite, then M* is a rational right C*-module.
Following P. Gabriel [85] a right C*-module M is called pseudocompact if
it is a topological C*-module which is Hausdorff separated, complete and
it satisfies the following axiom

(MPC) M has a basis of neighbourhoods of 0 consisting of submodules N
such that M/N is finite dimensional.

Similar to Theorem 1.5.33, we have the following.

Corollary 2.2.13 If M ~ A4C, then M* is a right topological pseudocom-
pact module.

Proof: We first show that the multiplication # : M* xC* --, M*, #(u, c*) 
uc*, is continuous. Let u ~ M*, c* ~ C* and uc* +W± an open neighbour-
hood of uc* in the finite topology of M*, where W is a finite dimensional
subspace of M. If p : M --* M ® C is the comodule structure map of M,
then there exist two finite dimensional subspaces W1 < M and W2 _< C
such that p(W) C_ W1 ® W2. In this case u + W~ is an open neighbourhood
of u ~ M* and c* + W~ is an open neighbourhood of c* ~ C*. If f E W~
and g ~ W~ we have

(u + f)(c* +g) = uc* + fc* + ug + fg

For any m ~ W we have that

(fc*)(m) f(c*m)

(since f(Wl) = 
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Thus fc* E W±, and similarly we have ug ~ W± andl fg ~ W±, showing
that

+ c* + _c + w¯

which means that # is continuous.
Clearly M* is Hausdorff separated in the finite topology. On the other
hand, M is the union of all its finite dimensional subcomodules N, so

M* = Homk(lim N,k)

-- li~_m HOmk(N, k)

-- lim N*

where in all limits N ranges over the set of all finite dimensional subco-
modules of M. Since N* "~ M*/N± we obtain that M* ~_ lim.__M*/N±.
Thus M* is complete and the set

{N± IN is a finite dimensional subcomodule of M}

is a basis of open neighbourhoods of 0 in M*. Since for any finite dimen-
sional N the space M*/N± has finit’e’dimension, we obtain that M* is
pseudocompact. |

Theorem 2.2.14 Let C be a coalgebra and M a left C*-module. The fol-
lowing assertions are equivalent.
(i) M E Rat(c.M).
(ii) anne. (x) --= {c* C*lc* x = 0}is a closed (and open) lef t ide al of fin ite
codimension for any x ~ M.
(iii) For any x ~ M there exists a closed (open) two-sided ideal c C*of
finite codimension such that Ix = O.

Proof: (i) ~ (ii) Any element of M belongs to a finite dimensional
submodule of M, so we can reduce to the case where M is finite di-
mensional. Denote N = M*, which is a rational right C*-module with
dim(N) = dim(M) and N* _~ M. By Corollary 2.2.13, N* is a topo-
logical left C*-module. Since N has finite dimension, the finite topology
on N* is discrete. On the other hand, the map ¢ : C* ~ M _~ N*,
¢(c*) c’x, is continuous, and sinc e {x} is o penand close d in M,we have
that anne* (x) = Ker(¢) is open and closed in C*. Clearly C*/annc. (x)
is finite dimensional, so (ii) holds.
(ii) ~ (iii) As in (i) (i i) wemayassume thatM is fi nit e dimensional,
sayM=kxl+.. +kx~. In this case

anne. (M) = Al<i<nannc. (x~)
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so I = annc. (M) is open and closed in C*. Clearly I is a two-sided ideal
of finite codimension.
(iii) ~ (i) If Ix = O, then C*x is a quotient of the left C*-module C*/I.
Since I is closed, then I = (I±).L, 

c*/x = c*/(x±)±

Then I± is a finite dimensional subcoalgebra of C. Since I± is a left and
right C-comodule, then so is (I±)*. In particular C*/I is a rational left
C*-module, so C*x is a rational left C*-module. We conclude that M is a
rational left C*-module. |

Lemma 2.2.15 Let A be a k-algebra and M a right A-module. Then
(i) If M is projective, then M* = Homk( M, k) is an injective left A-module.
(ii) If A has finite dimension and M is finitely generated and injective 
a right A-module, then M* is a projective left A-module.

Proof: We recall that the left A-module structure of M* is given by
(af)(m) = f(ma) for any a E A,f E M* and m ~ M.
(i) Let u N’--~ N beaninj ect ive morphi sm of lef t A -modules, and
f : N~ -~ M* a morphism of left A-modules. The dual morphism u* : N* --~
N~* is a surjective morphism of right A-modules. Let aM : M --~ M** be
the natural injection, aM(m)(v ) = v(m) for any m ~ M,v ~ M*. Since
M is projective as a right A-module, there exists a morphism of right A-
modules g : M -~ N* such that f’aM = u*g. Denoting by aN : N --~ N**
and aN, : N’ -~ (N~)** the natural injections, we have that

g * aNU * **
-~-

g U aN,

= (u*g)*aN,
= (I aM)
= aMf aN~

But if m* ~ M* we have

For any m E M we have

=
=

=
=
= m*(m)
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* (~’n*)ct M = m*, showing that O~*MO~M = IdM.. Hence (g*aN)u Thus aM
f, so M* is injective.
(ii) Clearly M is finite dimensional. Since M is finitely generated, there
exists an epimorphism An ~ M* --~ 0 in the category of left A-modules.
Apply the functor Horn(-, k) and obtain an exact sequence 0 --~ M** ~
A* n. Since M** __ M and M is injective, we have A* n ~_ M @ N for some
right A:module N. Then An -~ (A* n). -----M* @ N*, so M* is a projective
left A-module. |

The following gives in particular a description of the rational part of
C*.

Corollary 2.2.16 Let C be a coalgebra and M 4. cA/I. Then the following
three sets are equal.
(i) Rat(c. M*).
{ii) The sum of all finite dimensional C*-submodules of M*.
(iii) The set of all elements rn* ~ M* such that Ker(rn*) contains a 
C-subcomodule of M of finite codimension.

Proof: (i) _c (ii) is obvious.
(ii) C_ (i) Let m ~ (ii). Then there exists a finite dimensional C*-submodule
X of M* such that m* 6 X,. so annc.(m*) is a left ideal of C* of finite
codimension. On the other hand, since the map from C* to M* obtained by
right multiplication with m* is continuous~ the kernel of this map is open
and closed in C* (see Corollary 2.2.13), so m* ~ Rat(c.M*) (Theorem

(i) ~_ (iii) Let m* ~ Rat(c.M*) and X a finite dimensional C*-submodule
of M* such that m* ~ X. Then Xx is a subcomodule of M and m*X± = O,

so X± ~_ Ker(m’). Since X± has finite dimensionwe obtain that m* ~
(iii).
(iii) ~_ (i) Let m* ~ M* such that Y ~_ Ker(m*) for some stibcomodule
Y of M of finite codimension. Then we can regard m* as a linear map
from M/Y to k, so m* ~ (M/Y)* <_ M*. Since (M/Y)* is a right C-
comodule of finite dimension, (M/Y)* is a rational left C*-submodule of
M*, so m* ~ Rat(c.M*). 

Exercise 2.2.17 Let C be a coalgebra and ¢c : C--( ~* t he n atural
injection. Then ¢c( Rat( c. C) ) = Rat(c. C** 

Exercise 2.2.18 Let (Ci)iel be a Family of coalgebras and C = ~iEICi the
coproduct of this family in the category of coalgebras. Then the following
assertions hold.
(i) C* ~- 1-Iiei C~. Moreover, this is an isomorphism of topological rings 
we consider the finite topology on C* and the product topology on rliei c~.
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(ii) IfME C then fo r an y m ~ M there ex ists a two-sided id eal I ofC*

such that Im= O, I = 1-Ii~I Ii, where Ii is a two-sided ideal of C~ which is
closed and has finite codimension, and Ii = C~ for all but a finite number
ofi’s.
(iii) The category C is equivalent to thedire ct prod uct of c ate gories

Hi~i J~ci ¯
(iv) If A is a subcoalgebra of C = @i~1C~, then there exists a family (Ai)iei
such that Ai is a subcoalgebra of Ci for any i ~ I, and A =

Exercise 2.2.19 Let (Ci)iel be a family of subcoalgebras of the coalgebra 
and A a simple subcoalgebra of ~ieI C~ (i. e. A is a subcoalgebra which has

precisely two subcoalgebras, 0 and A; more details will be given in Chapter
3). Then there exists i ~ I such that A C_ Ci.

2.3 Bicomodules and the cotensor product

Definition 2.3.1 Let C and D be two coalgebras. A k-vector space M is
called a left-D, right-C bicomodule if M has a left D-comodule structure
given by # : M -~ D ® M, #(m) ~m[-1] ® m[0], a ri ght C- comodule
structure given by p : M -~ M ® C, p(m) = ~ m(o) ® m(1), such 
(# ® I)p = (I ® p)#. This compatibility may be written 

E(m(o))[-1] ® (m(o))[o] ® re(l) ~-- Em[±l] ® (m[o])(o) 

for any m ~ M.
If M and N are two such bicomodules, then a morphism of bicomodules
from M to N is a linear map f : M ~ N which is a morphism of left
D-comodules, and in the same time a morphism of right C-comodules.
In this way we can define a category of left-D, right-C bicomodules, which
we will denote by D A/[c. |

Example 2.3.2 Any coalgebra C is a left-C, right-C bicomodule, with the
left and right comodule structures defined by the comultiplication of C. |

If C and D are two coalgebras, then we consider the dual algebras C*
and D*, and we denote by c*-h4D* the category of left-C*, right-D* bimod-
ules. We recall that such an object is a vector space having a structure of a
left C*-module and a right D*-module structure, which are compatible in
the sense that c*- (m. d*) = (c* ¯ m). d* for any c* ~ C*, m E M, d* ~ 
The morphisms between two objects in this category are linear maps which
are also morphisms of left C*-modules, and in the same time morphisms of
right D*-modules. We will denote by Rat(c..h/ID.) the full subcategory of
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c’-A/[D" consisting of all,objects which are rational left C*-modules, and in
the same time rational ~:ight D*-modules.

Theorem 2.3.3 Let C and D be two coalgebras. Then the categories D J~C

and Rat(c..MD. ) are isomorphic.

Proof: The proof relies essentially on the proof of Theorem 2.2.5. Let
M E D.Mc. Then we know already from the cited theorem that M is

rational left C*-module with the action given by c*. rn = ~ c*(m(1))rn(o),
and that M is a rational right D*-module with the action given by rn. d*
~d*(rn[_ll)m[o ]. It remains to check that these two structures induce
bimodule. We have

(c* . m) -d* = Ec*(m(1))rn(o).d*

: Zc*(m(l))d*((?rt(o))[_l])(m(o))[o]

and

c*. = ’ i01
= Zd*(m[_~])c*((ra[ol)(,))(rn[o])(o),

and the equality follows from the definition of the bicomodule.

Conversely, if M is a left-C*, right-D* bimodule, which is rational on
both sides, we know that M has a structure of a left D-comodule, which we
will denote by ra ~-, ~ m[_ q ® m[0], and a structure of a right C-comodule,
which we will denote by m ~-~ ~ m(0) ® toO). From the fact that M is 
bimodule, and from the above computations, we obtain that

c* (m(1) )d* ( (m(°) )[-q)(m(°) )[°] = E d* (m[-1])c*( (rn[°])(1) 

for any c* E C* and d* ~ D*. This means that

(d* ® I ® c*)(Z(m(0))[_l] ® (m(0))[0 ] @

-- ’~ ?r~[_l] @ (m[0])(0) @ (m[0])(1)) = 0

for any c*: ~ C*,d* ~ D*. But if for an element z ~ D®M®C we
have (d* ®I®c*)(z) = 0 for any c* ~ C*,d* ~ D*, then z = 0. Indeed,
we choose a basis (di)i of D and a basis (cj)j of C. Then we can write
z = Y’~4,j di ® mij ® cj for some mij ~ M. Fix r and s, and consider the
maps d~* ~ D* * C*, cs ~ for which d*~(di) = 5ri ~i c~(cj) = Then
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0 = (d~ ®I®c*~)(z) = mrs. From this we deduce that z = 0, and the proof
is now complete due to Theorem 2.2.5. |

We recall that for any subset X of a coMgebra C there exists a smallest
subcoalgebra of C containing X, and this is called the subcoalgebra gener-
ated by X (Remark 1.5.30). If the set X has only one element c, then the
subcoalgebra generated by {c} is called simply the subcoalgebra generated
by c. The following exercise illustrates the use of bicomodules for proving
the fundamental theorem of coalgebras (Theorem 1.4.7).

Exercise 2.3.4 Let C be a coalgebra, and c E C. Show that the subcoalge-
bra of C generated by c is finite dimensional, using the bicomodule structure
of C.

Corollary 2.3.5 Let C be a coalgebra. Then the subcoalgebra generated by
a finite family of elements of C is finite dimensional.

Proof." It is clear that the subcoalgebra generated by { cl,..., c,~ } is the
sum of the subcoMgebras generated by each of the c~, and since all of these
are finite dimensional, it follows that their sum is finite dimensional too. |

We present now a construction dual to the tensor product of modules
over an algebra. Let C be a coalgebra, M a right C-comodule with co-
module structure map PM : M -* M ® C and N a left C-comodule with
comodule structure map PN : N ~ C ® N. We denote by M[]cN the
kernel of the morphism

PM ®I -- I®pN : M®N -~ M®C®N

MfqcN is a k-subspace of M®N which is called the cotensor product of the
comodules M and N. If f E Comc(M, M’) and g ~ Come(N, N’) are two
morphisms in the categories A//c and c.h/~, then the map f ® g : M ® N ~
M~ ® N~ induces a linear morphism fDcg : MDcN ~ M~]cN’. It is
easy to see that the correspondence (M, N) ~ M[3cN defines an additive
functor from A4c x c~4 ~k J~4, called the cotensor functor.
Since the tensor functor of vector spaces is exact and the cotensor is a
kernel, we have that the cotensor functor is left exact. Also, since the tensor
functor commutes with direct sums and with filtered inductive limits, we
obtain that the cotensor functor also commutes with direct sums and with
filtered inductive limits.
If C = k, then Mt3kN is just the tensor product M ® N, since in this case
pM®I--I®pg=O.
Let C and D be two coalgebras and assume that M ~ D.MIC. Denote by
p- : M -~ D ® M and p+ : M --~ M ® C the comodule structure maps of
M. We have that (p- ® I)p + = (I ® p+)p-. Let N ~ c2v~ with comodule
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structure map it : N --* C ® N. Then p- ® I : M ® N =* D ® M ® N endows
M ® N with a structure of a left D-comodule. The induced structure of
a right rational D*-module of M ® N is given by (m ® n)d* = md* ® 
for any m E M, n E N and d* ~ D*. On the other hand, if d* ~ D*,the
map u : M --* M, u(m) = rod* for any m ~ M, is a morphism of right C-
comodules, since M ~ DA4C. Hence by the above argument it follows that
(u ® I)(M[3cN) C_ MIZEN, thus M[3cN is a D*-submodule of M ® N.
Moreover, it is a rational D*-module, so M[3cN is a D-subComodule of
M ® N, i.e. (p- ® I)(M[3cN) C_ D ® (M[3cN). In this way, for any
M ~ DMc we obtain a left exact functor

M[]c- : cM __. D j~

The following gives the main properties of the cotensor functor.

Proposition 2.3.6 (i) If M ~ C and N ~ cA, f, the n M[~CC ~- M as
right C-comodules and C[3cN ~-- N as left C-comodules.
(ii) If M 6 C and N ~ cA4, th en MGcN ~-- N[ 3ccopM aslin ear spa ces.
In particular if C is cocommutative, then M[3cN ~- N[:]cM.
(iii) If C and D are two coalgebras and M 6 CA4D, L 6 cA4 and N 
DJvf, then we have a natural isomorphism (L[3cM)[3DN ~- L[:]c( M[3DN).

Proof: (i) We define a linear map a M[3cC -~ M as fol lows. For
z 6 M[3cC C_ M ® C, say z = ~xi.® c~ with (x~)i c M and (c~)~ 
C, we set a(z) = ~¢(ci)x~. On the other hand, since (PM ® I)pM 
(I ® A)pM, where PM is the comodule structure map of M and A is the
comultiplication of C, then we have (PM ® I)pM = (I A)pM, showing
that pM(M) C_ M[3cC. Thus it makes sense to define ~ : M -~ M[3cC by
/~(m) = pM(m) = ~ mo ® for any m 6 M.If z = ~ x ~ ® c~6 M[3cC,
then we have ~ pM(X~) ® c~ = ~ x~ ® A(c~), and applying I ® I ® ¢ we
obtain ~ 5(Ci)PM(Xi) = ~i Xi ® ¢i Z.This sho ws that (/~ a)(z) -- z, 
fla = IdM[3cC. It is clear that for any m 6 M we have (a/~)(m) =m, thus
aft = IdM. We have obtained that a and/~ are inverse each other. It is
clear that ~ is a morphism of right C-comodules, and this ends the proof
of (i).
(ii) Let PM : M --~ M ® C be the comodule structure map of M as a right
C-comodule and P~M : M ~ Cc°P®M, the comodule structure map of M as
a left CC°P-comodule. If PM (m) = ~ mo ® ml, then p~ (m) = ~ ml ® m0.
Similarly we denote by PN : N -~ C ® N and P~N : N --~ N ® Cc°p the
comodule structures map of N as a left C-comodule,respectively as a right
CC°P-comodule. Let ~- : M®N --~ N®M and ~ : M®C®N --~ N®CC°P®M
be the linear isomorphisms defined by ~-(m®n) = n®m and "~(m®c®n) 
n ® c ® m. We have that
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implying that Mt3cN "~ NtBcco, M. The second part is clear since for a
cocommutative C we have C = Cc°p.
(iii) Since the tensor product functor over a field is exact, we have a natural
isomorphism

( L ® M)[:]DN ’~ L ® ( M[:]DN)

Now the exact sequence of right D-comodules

pL®l--I®p+MO ----~ Lt2c M -~-~ L ® M ---* L ® C ® M

and the fact that the cotensor functor is left exact produces a commutative
diagram

M® NpM ®I- I ® pN,

T

I ® P~M -- P~N ® I

M®C®N

N ® C~°~ ® M

and then we have a natural isomorphism (L[~cM)[:]DN ~ LVIc(MODN).

Assume now that N is a finite dimensional left C-comodule with co-
module structure map PN : N --~ C ® N, pg(n) -.=- ~n(_l) ® n(0). 
N* = Homk(N, k). Since N is finite dimensional, the natural morphism

O: N* ® C ~ Hom(N,C), O(f ®c)(n) = 

is a linear isomorphism. N* has a natural structure of a right C-comodule
given by

PN* : N* --~ N* ®C, pN*(n*) 

If n* E N* and Pg*(n*) = ~f~®c~ with f~ E N* and c~ ~ C, then
c’n* = ~-~ c*(c~)f~ for any c* ~ C*. Therefore (c*n*)(n) = ~ c*(c~)f~(n)
for any n ~ N. On the other hand we have ~(~fi®c~) = (I®n*)pN,
so if pN(n) = ~n(-1) ® n(0) we have f~(n )ci = ~n *( n(o))n(_,), and
then ~ f~(n)c*(c~) = ~n*(n(o))c*(n(_~)) for any c* ~ C*. We obtain that
(c*n*)(n) = ~ c* (n(_ 1))n* (n(0)), and this gives a structure of a rational 
C*-module to N*, which is associated to the right C-comodule structure of
N* defined by PN*. This left C*-module structure of N* is the same with
the left C*-module structure of N* = Homk(N, k) obtained by regarding
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N as a right C*-module induced by the comodule map #N (see also Lemma
2.2.12).

Proposition 2.3.7 Let N. be a finite dimensional left C-comodule and M
a right C-comodule. Then we have a natural linear isomorphism MrncN ~_
Come(N*, M).

Proof."
phism

c~ : M ® N --, Horn(N*, M), c~(x ® y)(f) = 

Let z = ~ xi ® yi E M[]cN C_ M ® N, i.e. we have

i i

Since N has finite dimension, we have the natural linear isomor-

For any c* E C* and n* ~

~(z)(c*n*) 

N* we have that

i

i :

= Zn*(yi)c:((xi)o))(xi)(o) (by (2.1))
i

= c*En*(y~)x~
i

=

(2.1)

In particular, since C is a left-C, right-C bicomodule, we can regard C as
a left-D, right-C bicomodule via ¢. Then ¢ : C --, D is a morphism of left
D-comodules.

(--)¢ : .AdC --’~ D, M~-~M¢

so a(z) is a morphism of left C*-modules, which is the same to a morphism
of right C-comodules from N* to M. .
With the same computation we obtain that if ~(z) Come(N*, M)then
z ~ MIZEN. |

Let C and D be two c0algebras and ¢ : C --* D a coalgebra morphism.
If M ~ AdC, then the map (I ® ¢)PM : M --* M ® D gives M a structure
of a right D-comodule. We denote by Me the space M regarded with this
structure of a right D-comodule. In this way we construct an exact functor
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If N E .MID, we can define the right C-comodule N¢ = N[]DC, and in this
way we have a new functor

(__)¢ : j~D ~ j~C, g N¢

which is left exact. In particular if D = k and ¢ = ¢, the counit of C,
then the functor (-)~ is just the forgetful functor U : A/Iv -~k M, and the
functor (-)¢ is exactly the functor - ® C :k M -~ J~/lC.

Proposition 2.3.8 Let ¢ : C ~ D be a morphism of coalgebras. Then the
functor (-)¢ : ]~4C -~ .~AD is a left adjoint of the functor (-)¢ : j~D _~
~/~c. In particular the forgetful functor U : .Mc -~ ~ is a left adjoint of

the functor - ® C :~ A/~ ~ A~C.

Proof: Let M E A/IC and N ~ j~D, and define the natural maps

¢: Comc(M,N~) ~ COreD(Me, N)

q2 : Comb(Me, N) --~ Comc(M, N¢)

as follows. For u e Comc(M, N¢) we put 4)(u) = (I ® ¢)u, where ¢ is 
counit of C and I®~ is regarded here as the restriction of I®~ : N®C --* N
to NIObe. In fact O(u) is the composition of the morphisms

M --~ N[]DC ~ N[~DD i~_~ N

If v ~ ComD(~[¢,N), then we put ~(v) = (v ® I)pM. We prove that
¯ (v) ~ Comc(M, N¢). Indeed, since v ~ Comb(Me, N) we have

(v ® I)(I ¢) PM = pN

On the other hand we have that

(PN ® I)(v ® I)pM = ((pNV) ®I)pM
= (((v®I)(I®¢)pM) 
= (v®I®I)(I®¢®Z)(pM®I)pM
= (v®I®Z)(~®¢®I)(~®A)p~
= (I®¢®I)(v®I®I)(I®A)pM
= (I®¢®I)(I®A)(v®I)pM

This shows that for any m E M we have ~(v)(m) e NE]DC, so ~(v) can
be regarded as a morphism from M to N¢.
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If u E Comc(M, ~) t hen we h ave

v(~(u)) = (I ®~ ® 0(u 
= (I ® e ® I)(I A)u (u is a c omodule map

= (t ® ~)~

so ~2~ = Id. Conversely, for v ~ CornD(M¢, N) we have

¯ (~(v)) = (I®~)~(v)
= (I®

= (I®
= (I®
= (i®
---- V

~)(v ® I)pM
~)(~ ® ¢)(v ® 
SD)(V ® I)(I® 

~D)PNV (V i8 a co,nodule map)

showing that ~ -- Id, which ends the proof.

Remark 2.3.9 Let A be a k-algebra, M a right A-module with module
structure map # : M®A --+ M and N a left A-module with module structure
map p : A ® N -~ N. By restricting scalars, M and N are k-vector spaces,
and we can form the tensor product M®N over k. Then the tensor product
M ®d N of A-modules is precisely Coker(# ® I - I ® p). Thus the cotensor
product is a construction dual to the tensor product.

Exercise 2.3.10 Let C and D be two coalgebras. Show that the categories
D.A/[C, ./~ c®Dc°p, J~ Dc°p®C, D®CC°P./~ and CC°P®D./~ are isomorphic.

Exercise 2.3.11 Let C, D and L be cocommutative coalgebras and ¢ : C ---+
L, ¢ : D --* L coalgebra morphisms. Regard C and D as L-comodules via
the morphisms ¢ and %b. Show that C[3LD is a (cocommutative) subcoalge-
bra of C ® D, and moreover, C[3LD is the fiber product in the category of
all cocommutative coalgebras.

2.4 Simple comodules and injective comod-
ules

Definition 2.4.1 A right C-comodule is said to be free if it is isomorphic
to a comodule of the form X ® C, with X a vector space, with the .right
comodule structure map I ® A : X ® C --* X ® C ® C. |
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Remark 2.4.2 It is clear that if X is a vector space having the basis
(ei)iei, then the comodule X ® C is isomorphic to (I), t he d irect s um
in the category J~4C of a family of copies of C indexed by the set I. |

Proposition 2.4.3 Any right C-comodule is isomorphic to a subcomodule
of a free C-comodule.

Proof: Let M E 2~4C. Then M®Cis aright C-comodule viaI®A :
M®C --* M®C®C. Let p : M -~ M®C be the morphism giving
the comodule structure of M. Then the definition of the comodule shows
that p is a morphism of right C-comodules from M to M ® C, where the
second one is regarded with the above mentioned structure. Moreover, p
is injective, since if for an rn E M we have p(m) = ~ m(0) ® re(l) = 
then m = ~(m(1))m(0) = 0. It follows that M is isomorphic 
subcomodule Ira(p) of the free comodule M ® C. |

Definition 2.4.4 A right C-comodule M is called injective if it is an injec-
tire object in the category .A4C, i.e. for any injective morphism i : X --~ Y
of right C-comodules, and for any morphism f : X --* M of right C-
comodules, there exists a morphism of right C-comodules ~ : Y -~ M for
which -]i = f. |

Corollary 2.4.5 A free right C-comodule is injective. In particular, C is
an injective right C-comodule.

Proof: Consider the adjunction from Proposition 2.3.8. Since U is an

exact functor, and j~[c and kA/[ are Grothendieck categories, it follows
that X ® C is an injective object in A/Iv for any injective object X from
kA/[. But in k¢~4 every obiect is injective, which ends the proof. |

Remark 2.4.6 Since the category .h4C is Grothendieck, it follows that ev-
ery object has an injective envelope. This means that for any M ~ .h4v

there exists E(M) ~ Allv such that M is an essential subcomodule in E(M)
(i.e. for any nonzero subcomodule X of E(M) we have X n M ~ 0). 

The following result provides a characterization of injective comodules.

Proposition 2.4.7 Let M be a right C-comodule. Then M is injective if
and only if M is a direct summand in a free C-comodule.

Proof: Assume that F = M $ X for some free right C-comodule F and
some right C-comodule X. Since F is injective by Corollary 2.4.5, we ob-
tain that both M and X are injective.
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Conversely, assume that M is injective. Proposition 2.4.3 yields the exis-
tence of an injective morphism of comodules i : M -~ C(I) for Some set
I. The injectivity of M shows that the morphism i splits (i.e. there ex-
ists a morphism of comodules j : C(I) -~ M with ji = .IdM) and then
C(I) ~- i(M) ~ Ker(j) ~- M @ Ker(j), hence M is a direct summand in a
free comodule. |

In a Grothendieck category a finite direct sum of injective objects is
an injective object. In a category of comodules we have even more, as the
following shows.

Proposition 2.4.8 Let ( M~)~eI be a family of injective right C-comodules.
Then their direct sum @~e~M~ is an injective object in the category .MC.

Proof." Proposition 2.4.7 shows that for each i E I there exists a set J~ such
that M~ is a direct summand in C(Jd. Then, denoting by J = [-J~eI Ji the
coproduct of the family (Ji)iex in the category of sets (which is exactly 
disjoint union Of the family), we obtain that ~e~Mii is a direct surnmand
in C(J), and so it is injective. |

Definition 2.4.9 A right C-comodule is called simple if M ~ 0 and if the
only subcomodules of M are 0 and M. |

Remark 2.4.10 i) From the isomorphism between the category .MC and
the category of the rational left C* -modules it follows that a right C-comodule
M is simple if and only if it is a simple object when it is regarded as a ratio-
nal left C*-module. Since any submodule of a rational module is rational,
this is equivalent to the fact that M is simple as a left C*-module. We will
therefore regard throughout a (simple) right C-comodule also as a (simple)
left C*-module.
2) If M is a right C-comodule, then we regard M as a left C*-module, and
thus it makes sense to consider the socle s(M) of M, which is~the sum 
the simple C*-submodules. This is a semisimple left C*-module, in partic-
ular it is a direct sum of simple submodules. From the above considerations
it follows that s(M) is also the sum of the simple right C-subcomodules 
M. A classical result from module theory says that if M = ~ieiMi, then
s(M) = ~i~Is(Mi). I

Proposition 2.4.11 Any nonzero comodule contains a simple subcomod-
ule.

Proof: Let M be a non-zero simple right C-comodule, and let m E
M, m ~ 0. Then the subcomodule C* ¯ m generated by rn is finite di-
mensional (by Theorem 2.2.6.i)) and then there exists a subcomodule S 
C* .m having the least possible dimension among all non-zero subcomodules
of C* ̄  m. It is clear that S is simple. |
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Corollary 2.4.12 Let M be a non-zero right C-comodule. Then its socle
s(M) is an essential subcomodule in 

Proof." If s(M) would not be essential in M, then there would exist a non-
zero subcomodule X of M with s(M) ;3 X = O. The preceding proposition
shows that X contains a simple subcomodule S. But then S is also a simple
subcomodule of M, thus S C_ s(M), contradiction.   |

Proposition 2.4.13 A simple C-comodule is finite dimensional.

Proof." Let S be a simple right C-comodule, and let x E S, x ~ 0. Then
S is generated by x as a comodule, and from Theorem 2.1.7 it follows that
S is finite dimensional. |

Proposition 2.4.14 A simple right C-comodule S is isomorphic to a right
coideal of C (hence S may be embedded in C).

Proof: Remark 2.4.2 and Proposition 2.4.3 show that there exists an in-
jective morphism of comodules S --~ C", where n = dim(S). Regarding
this embedding as being an embedding of left C*-modules, we obtain that
S C_ s(C’~). Hence S is isomorphic to a submodule of s(C"). Taking into
account the formula for the socle of a direct sum of modules (which was
recalled above), it follows that S is isomorphic to a simple submodule of
C, hence to a right C-subcomodule of C, and the proof is finished.

Corollary 2.4.15 Let S be a simple C-comodule. Then there exists an
injective envelope E(S) of S with the property that E(S) C_ 

Proof: Let E(S) be an injective envelope of S, and f : S --* E(S) the
canonical injection. We know that f(S) is essential in E(S). The preceding
proposition shows that there exists an embedding i : S -~ C of S in C, and
since C is an injective object in the category ~4C, we obtain that there
exists a morphism of C-comodules g : E(S) -~ for which gf= i . Since
i is injective, we obtain that Ker(g) n f(S) = 0. But f(S) is essential in
E(S), hence Ker(g) = 0. Thus g is injective, and this shows that E(S)
may be embedded in C. |

Theorem 2.4.16 Let C be a coalgebra, and s(C) -= @iezMi the socle 
C regarded as a right C-comodule (Mi are all simple right C-subcomodules
of C). Then C = @iezE(Mi), where E(Mi) is an injective envelope of 
contained in C.

Proof: Corollary 2.4.15 shows that for any i there exists an injective en-
velope E(M~) C_ of Mi.Since the (Mi)’s are simple C*-s ubmodules of
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C, whose sum is direct, and every Mi is essential in E(Mi), it follows that

the sum of the subcomodules E(Mi) is also direct. Thus

s(C) = O~ezMi c_ OiezE(M~) c__ 

Since ~ieIE(M~) is an injective subobject of C by Proposition 2.4.8, it
follows that it is a direct summand in C, hence C = (@ielE(IYTi)) for
a subcomodule X of C. But s(C) is essential in C by Corollary 2.4.12, so
@ie~E(Mi) is also essential in C. This shows that X = 0 and the proof is
finished. |

Let C be a coalgebra and Q E Mc. The definition of injective co-
modules shows that Q is injective if and only if the functor Come(-, Q) 
M~ --~ Ab is exact. A right C-comodule M is called coflat if the cotensor
functor M[:]c- : cad --*k M is exact.
If M E Adc, then an object Q ~ Mc is called M-injective if for any
subcomodule M’ of M, and for any f ~ Comc(M’,Q) there exists g ~
Come(M, Q) such that glM’ -~ f, where by gIM’ we denote the restriction
ofg to M~. Clearly, an object Q ~ Mc is injective if and only if Q is
M-injective for any M E Mc.

Theorem 2.4.17 Let Q be a right C-comodule. The following assertions
are equivalent.
(i) Q is an injective comodule.
(ii) Q is M-injective for any right C-comodule M of finite dimension.
(iii) For any two-sided ideal I of C* which is closed and has finite cod#
mension and for any morphism of left C*-modules f : I --~ Q there exists
q ~ Q such that f(A) = Aq for any A ~ 
(iv) Q is a right coflat comodule.

Proof: (i) =~ (ii) is obvious.
(ii) ~ (i) Let X be an arbitrary object of AdC. Then there exist a
family (Mi)iel of finite dimensional C-comodules and an epimorphism

¢ : @i~iMi --* X. Denote Y = @ie~Mi and Z = Ker(¢). If X’ is a
subcomodule of X, then there exists Y~ _< Y such that Y~/Z "~ X~. The
commutative diagram
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produces a commutative diagram
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0 ~ Com(X’, Q) ~ Com(Y’, Q) ~ Corn(z, 

o --~ Corn(x, Q) ----* Co~(~, Q) ~ Con(Z, 

If we assume that the natural morphism Comc(Y’, Q) -~ Come(Y, 
is surjective, we obtain that the morphism Comc(X’, Q) -~ Come(X, 
is surjective. Therefore for proving (ii) =* (i) it is enough to show that Q
is Y-injective. For this, we will show that if Q is Mi-injective for any i E I,
then Q is @ielMi-injective. Denote M = @ieiMi and take K __. M and
f ~ Come(K, Q). We consider the set

7) = {(L,g)IK < L < M,g ~ Comc(L,Q) and gtK = f}

which can be ordered as follows. If (L, g) and (L’, g’) are two elements of P,
the (L, g) E (L’, g’) if and only if L C_ L’ and g = g~. A standard argument
shows that P is inductive, and by applying Zorn’s Lemma we can find a
maximal element (Lo, fo).
We show that Mi C_ Lo for any i ~ I. If there were some io ~ I such
that Mio is not contained in L0, let us denote by h the restriction of fo

to Lo A Mia, h : Lo A Mio ~ Q. Since Q is Mio-injective, there exists a
morphism h : Mio -o Q such that the restriction of ~ to L0 N Mio is h.
Clearly Lo is strictly contained in Lo + Mio. We define f0 : Lo + Mio -~ Q
by ~00(x + y) fo (x) + -~(y) for an y x ~ L0andy E Mio. The morphism

f0 is correctly defined, since for x,x’ ~ L0 and y,y’ ~ Mio such that
x +y = x~ + y~, we have y- y~ = x~ - x ~ L0 13 Mio, so

-~(y - y’) = h(y - y’) = fo(x’ 

thus fo(x) ~--~(y) = fo(x’) +-~(y’). Since the restriction of ~oo to Lo is fo

and Lo # Lo + Mio, we obtain a contradiction.
(i) ~ (iii) is clear.
(iii) ~ (i) We know that the set

~ = {C*/III a closed two - sided ideal of finite codirnension of C*}

is a family of generators of the category Rat(c.~l) ~- AllC (see Theorem
2.2.14). Let U be the direct sum of all the elements of ~, which is 
generator of ~VIC. Since Q is M-injective for any M ~ G, we see as in the
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proof of (ii) ~ (i) that Q is U-injective, and hence that Q is U(I)-injective
for any non-empty set I.
If M E 3/[ C, there exist a non-empty set I and an epimorphism U(I) --~ M.
With the same argument as in the proof of (ii) ~ (i). we see that Q is M-
injective. Thus Q is injective.
(i) ~ (iv) If Q is injective in .MC, then C(J) ~_ Q @ Q’ as C-comodules for
some set J and for some C-comodule Q~. Let us consider an exact sequence
of left C-comodules

O---, N~--~ N-L-~ N’’ ---~ 0 ¯

By cotensoring with Q we obtain an exact sequence of abelian groups

0 ~ Q~cN’ ~ Q~cN ~ Q~cN"

We show that I~v is surjective. This is clear in the case where Q = C(g)

since
Q~cN ~ (C~cN) (J) ~ N(J

In general, if C(~) ~ Q ~ Q~, we have an exact sequence

(Q~Q )EcN ~ (Q~Q )~cN 

We have the commutative diagram

(Q@Q’)[]cN Irnv

Irnv
Q[]c N

0

(Q @ Q )rncN ---’- 0

1
, QOcN,,

0

which shows that IQ[:]v is surjective, i.e. Q is a right coflat comodule.
(iv) =* (ii) If M is a finite dimensional right C-comodule, then M* =
Homk(M, k) is a finite dimensional left C-comodule. On the other hand

[] *Q cM ~- Comc(M** Q) ~- Comc(M,Q)

(where the first isomorphism comes from Proposition 2.3.7). Since Q 
coflat we obtain that Q is M-injective. |
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Corollary 2.4.18 Let P be a projective left C-comodule. Then Rat(c.P*)
is an injective right C-comodule.

Proof: By Theorem 2.4.17 it is enough to show that Rat(c.P*) is N-
injective for any finite dimensional right C-comodule N. Let N be such
an object, u : N’ -~ N an injective morphism of comodules and f : Nt -~
Rat(P~. ) a morphism of right C-comodules. Regard f as a morphism from
NI toP*, and take the dualmorphism f* : P** -~ N’*. Ira : P-~ P**
is the natural injection, c~(p)(p*) =, p*(p) for any p E P,p* ~ P*, then
f*a : P --~ N’* and u* : N* --~ N* is a surjective morphism. Since N
and NI are finite dimensional right C-comodules, we have that N* and N’*
are left C-comodules, and then since P is a projective left C-comodule,
there exists a comodule morphism g : P --~ N* such that u*g =- f*c~.
Taking the dual, this implies that (f*c~)* = g’u**. If c~g : N --* N** and
C~N, : Nt -~ N’** are the natural injections, we have that

g* C~NU =- g * U ** C~N, =- (f*a)* O~N, = 

where the last equality follows from the following easy computation.

(((f* c~)* c~N,)(n))(p) -= ((f*
=
=
=
=
=
= f(n)(p)

for any n ~ N, p ~ P. Since o~Ng* is a
N is rational, we can regard O~Ng* as a
showing that Rat(c.P*) is N-injective.

morphism of left C*-modules and
morphism from N to Rat(c.P*),

Corollary 2.4.19 Let Q be a finite dimensional right C-comodule. Then
Q is injective (projective) as a left C*-module if and only if it is injective
(projective) as a right C-comodule.

Proof: We only have to show the if part. Assume that Q is injective in
2~/1C. Since Q is finite dimensional, there exist a positive integer n and
a right C-comodule Q’ such that Cn --- Q @ Q~. Applying the functor
Homk(-, k) we obtain that C* " ~- Q* @ Q’ * as right C*-modules, so Q*
is a projective right C*-module. Lemma 2.2.15 implies that Q ___ (Q*)* 
an injective left C*-module.
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Assume now that Q is a projective object in A4C. Since the functor
Hom~(-, k) defines a duality between the category of finite dimensional
right C-comodules and the category.of finite dimensional left C-comodules,
we see that Q* is an injective object in the category of finite dimensional
left C-comodules. Theorem 2.4.17 shows that Q* is an injective object in
c2¢/, so there exist a positive integer n and a left C-comodule X such that

C~ -~ Q* @ X. Then

showing that Q is a projective left C*-module.

Corollary 2.4.20 Let M be a finite dimensional right C-comodule. Then
M is an injective right C-comodule if and only if M* is a projective left
C-comodule.

Proofi If M* is projective as a left C-comodule, then M -~ (M*)* is 
injective right C-comodule by Theorem 2.4.17.
Conversely, assume that M is an injective right C-comodule. The proof of
Corollary 2.4.18 shows that M* is a projective right C*-module, i.e. M*
is a projective object in the category Rat(Me.). Then M* is a projective
object in cA//. |

We say that a Grothendieck category A has enough projectives if for any
object M E .4 there exist a projective object P E A and an epimorphism
P---~MinA.

Corollary 214.21 Let C be a coalgebra. The following assertions are equiv-
alent.
(i) The injective envelope of any finite dimensional right C-comodule in the
category A/[C is finite dimensional.
(ii) The injective envelope of any simple right C-comodule in the category
A~C is finite dimensional.
(iii) If N is a finite dimensional left C-comodule, then there exist a finite
dimensional projective left C-comodule P and an epimorphism P "-~ N in
the category c.h~.
(iv) The category cA/[ has enough projective objects.

Proofi (i) ¢~ (ii) is immediate.
(i) ¢~ (iii) follows from Corollary 2.4.19.
(iii) ~ (iv) follows from the fact that the family of all finite dimensional
left C-comodules is a family of generators in the category c~/[.
(iv) ~ (iii) Let N ~ cj~4. By the hypothesis there exist a projective
object P of cM and an epimorphism P ---* N. Since the family of all finite
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dimensional left C-comodules is a family of generators for the category cA//,
we can find a family (Xi)ieI of finite dimensional left C-comodules and an
epimorphism ~ie~Xi --~ P in the category cad. Since P is projective, it
is a direct summand of @ie~Xi. We can clearly assume that all the Xi’s
are indecomposable. Then a result of Crawley, Jonsson and Warfield (see
[3, Corollary 26.6, page 300]) shows that P ~- ~iEJXi for some subset
J C I. Since N has finite dimension we can find a finite subset K of J
and an epimorphis~n @ieKXi ----* N. Any Xi, i E K, is projective, as a
direct summand of P, and then so is ~iegXi. Moreover ~ieKXi is finite
dimensional, which ends the proof. |

Corollary 2.4.22 Let P be a projective object in the category Ale. Then
P is projective in the category c.Ad. Moreover, Rat(P~.) is dense 

Proof: There exist a family (Mi)ie~ of finite dimensional right C-comodules
and an epimorphism @iEIM~ --~ P of right C-comodules. Then P is a
direct summand of @ieiMi, so there exists a right C-comodule N such
that ~IM~ -~ P @ N. By the Theorem of Crawley-Jonsson-Warfield we
obtain that P = ~jegPj, where Pj are finite dimensional projective left
C-comodules (in fact we can assume more, that the Pj’s are indecompos-
able). By Corollary 2.4.19 we have that Pj is a projective left C*-module
for any j, so P is also a projective left C*-module. On the other hand P*
is a direct summand in (~IM~)* ~ 1-L~I M~*. Since @~eiM[ is dense 

Hiel 1~!; and ~ielM~ C_ Rat(I-Iiel M~*), we obtain that Rat(P~.) is dense
in P*. |

Exercise 2.4.23 Let C and D be two coalgebras and ¢ : C -* D a coalgebra
morphism. Show that the following are equivalent.
(i) C is an injective (coflat) lef~ D-comodule.

(ii) Any injective (coflat) left C-comodule is also injective (coflat) as 
D-comodule.
(iii) The functor (-)¢ -= -[:]DC : AdD _~ jMC is exact.

2.5 Some topics on torsion theories on A4C

Let .4 be a Grothendieck category and C a full subcategory of .4. Then C is
called a closed subcategory if C is closed under subobjects, quotient objects
and direct sums. IfC is furthermore closed under extensions, then C is cMled
a localizing subcategory of Jr. A closed subcategory of a Grothendieck
category is also a Grothendieck category. Indeed, if U E .4 is a generator
of A, then

{U/KIK e A and U/K ~ C}
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is a family of generators of C, and then the direct sum of this family is a
generator of C.
If C is closed, then for any M ¢ .4 we denote by tc(M) the sum of all sub-
objects of M which belong to C. In this way we define a left exact functor
tc : ,4 ~ ‘4, called the preradical functor associated to C. An object M ¢ A
is called a C-torsion object if tc(M) = M, and this is clearly equivalent to
M ~ C. If tc(M) 0,then M is cal led a C -t orsionfree obj ect.
If C is a localizing subcategory, we have that te(M/tc(M)) = 0 for any
M ~ ,4, since C is closed under extensions. In this case tc is called a radical
functor.
Following [216, Chapter VI], a closed subcategory C of A is called a heredi-
tary pretorsion theory, and a localizing subcategory of .4 is called a hered-
itary torsion theory in A.
If .4 is a Grothendieck category and M ~ ‘4 is an object, we denote by
crA[M] (or shortly triM]) the class of all objects of ‘4 which are subgener-
ated by M, i.e. which are isomorphic to subobjects of quotient objects of
direct Sums of copies of M. Dually, we denote by a~[M] (or shortly a’[M])
the class of all objects of .4 which are isomorphic to quotient objects of
subobjects of direct sums of copies of M.

Proposition 2.5.1 With the above notation, the following assertions are
true.
(i) triM] is the smallest closed subcategory of A containing 
5i) aiM] = a’[M].
(iii) If C is a closed subcategory of A, there exists an object M ~ A such
that C = a[M].

Proof: (i) Since the direct sum functor is exact, we obtain that triM] 
closed to direct sums. Let now

be an exact sequence in A such that Y ~ a[M]. The definition of a[M]
shows immediately that Y’ ~ a[M]. Since Y ~ a[M], there exist an epi-
morphism f : M(x) --) X and a monomorphism u : Y --* X. We have that
y" ~_ y/y1 and Y/YI <_ X/Y~ = X", so X" is a quotient object of X, and

then it is also a quotient object of M(r), and then Y" ~ aiM]. Thus a[M]
is a closed subcategory of ‘4.
Assume that C is a closed subcategory of ‘4 such that M ~ C. Then for
Y, f and u as above, we have that M(I) ~ C, so X ~ C, showing that Y ~ C.
Therefore triM] C_ C.
(ii) The definition tells us that an object Y ~ A is in a~[M] if and only
if there exist a set I, a subobject X of M(O, and a morphism f : X -~ 
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with Im(f) = Y. Since aA[M] is closed under direct sums, subobjects and
quotient objects, we obviously have that a~A[M] C_ crA[M].
Since M ̄  cr~4 [M] and aA [M] is the smallest closed subcategory containing
M, in order to prove that aA [M] C_ a~4 [M], it is enough to show that a~t [M]
is closed. Clearly a~A[M] is closed under direct sums and homomorphic im-
ages. Assume that Y ¯ a~A[M] (with I, f and X as above) and let Y’ be
a subobject of Y. Then X~ = f-l(y~) is a subobject of M(I), and Y~ is a
homomorphic image of X~ (via the restriction and the corestriction of f).
Thus Y’ ¯ cVA[M], so a~[M] is also closed under subobjects.
(iii) Since C is a closed subcategory of .4, then C is a Grothendieck category.
If U is a generator of ,4, the family

{U/U’IU’ <_ U and U/U’ ¯ C}

is a family of generators of C. Then the direct sum of this family

M = @u,<u,u/u,ecU/U~

is a generator of the category 12 and clearly C ~- a[M]. |
If C is a coalgebra, then the category 3AC is a Grothendieck category

which is isomorphic to the category Rat(c. AA) of rational left C*-modules.

Corollary 2.5.2 We have that Rat(c.Ad) = a[c.C].

Proof." Clearly any object of a[c* C] is rational, so we have that cr[c. C] C_
Rat(c.Jtd). Conversely, if M ̄  Rat(c.Ad), then M is a right C-comodule,
and then there exists a nonempty set I such that M is isomorphic as a
C-comodule to a subobject of a direct sum C(D of copies of C. Regarding
this in the category c.A/l, it means that M ̄  ale.C]. |

Proposition 2.5.3 Let C be a coalgebra. Then the following assertions
hold.
(i) If I is a left ideal of C*, then ± =anne(I) = {c¯ e li~ c = 0}.

(ii) If X is a left coideal of C, then ± =anne. (X ), wh ere

annc.(X) = {f ¯ C*[f ~ x = 0 for any x ¯ X}.

(iii) If p : M -~ M ® C is the comodule structure map of the right 
comodule M, and J is a two-sided ideal of C* such that JM = O, then
p(M) C_ M ® J±, i.e. M is a right comodule over the subcoalgebra J± 
C.
5v) If M is a right C-comodule and A = (anne. (M))±, then A is the
smallest subcoalgebra of C such that p(M) C_ M ® A. The subcoalgebra 
is called the coalgebra associated to the comodule M.
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Proof: (i) Let c e anne(I). Then f ~ c-- 0 for any f E I. Then

f(c) = f(~-~e(cl)c2)

= ~-~e(f(c2)cl)

= ¢(f~c)

= 0

so c E I±.

Conversely, ifc ~ I x, then f(c) = 0 for any f ~ I. Let A(c) = ~’~l<i<n xi®
Yi with (xi)l<i<n linearly independent. If 1 < t < n, there exists g ~ C*
such that g(xt) = 1 and g(xi) = for an y i ~ t. Then gf ~ I and

0 = (gf)(c)

"= ~ g(xi)f(yi)
l(i(n

= f(Yt)

so f(Yt) = O. Then f ~ c = ~-~l<~<,~f(Y~)X~ = O, which shows that

c ~ anne(I). Thus I± C_ anne(I).
(ii) If f ± then f( X) = O.Let x ~ X.Then f ~ x = ~f(x 2) xl = O,
thus x ~ anne. (X).
Conversely, assume that f ~ anne. (X). Then for any x E X we have that

f(x)

-= ~(~-~ f(x2)Xl)

= ~(f ~ x)

= 0

so f~X±.

(iii) For m e M let p(m) = ~mo ® m~, and assume that the mo’s are
linearly independent. If f ~ J we have that 0 = fm = ~-~f(m~)mo, so
f(m~) = fo r an y m~, th us m~~ J ±. We obtain tha t p(M) C M® J±.
(iv) Denote J = anne. (M). Then J is a two-sided ideal of C* and by (iii)
we have p(M) C_ M ® A, and A = J± is a subcoalgebra of C.
Assume that B is a subcoalgebra of C such that p(M) C_ M ® B. If
f e B± and m E M, then fm = O, so B± C_ anne.(M) = J. Thus
j_l_ C_ (B-J-)-J- = B, and we find that A C_ B. |

Exercise 2.5.4 Let M be a finite dimensional right C-comodule with co-
module structure map p : M --~ M ® C, (mi)i=~,n a basis of M and
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(Cij)l<_i,j<_ n be elements of C such that p(mi) = ~.l<_j<_n mj ~ cji for any
i. Show that the coalgebra A associated to M is the subspace of C spanned
by the set (cij)l<_i,j<_n, and that A(Cji)

for any i, j.

Theorem 2.5.5 Let C be a coalgebra and A a subcoalgebra of C. We
denote by

where PM stands for the comodule st~cture map of M. Then the following
assertions hold.
5) M ~CA ff andonlyff A~M =O.
5i) CA is a closed subcategory of
(iii) The map A ~ CA is a bijective co~espondence between the set of all
subcoalgebras of C and the set of all closed subcategories of ~c.

Proof: (i) Assume that M ~ CA and f e A~. Then f(A) = 0. Since
pM(M) g M@A we have fm= ~f(m~)mo with m0 ~ M and m~ e A,
so then fm= 0, and A~M = 0. Conversely, if AZM = 0, by Proposition
2.5.3 we have pM(M) ~ M ~ ~ =M @ A.
(ii) It is easy to see that (i) implies that CA is closed under subobjects,
quotient objects and direct sums.

(iii) Let C be a closed subcategory of ~c. Since ~c ~ Rat(c.~), which
is a closed subcategory of c* ~, we have that C is a closed subcategory of

c*~. Since C is a left-C, right-C bicomodule, we also have that C is a
left-C*, right-C* bimodule. Let A = tc(c*C), where tc is the preradical
~sociated to the closed subcategory C of c*~. Then A is a left C*-
submoduleofc.C. For anyge C* the mapua : C ~ C, ug(c) = c ~ 
is a morphism of left C*-modules. C is closed under quotient objects, so
u(A) ~ A, i.e. A ~ g E A. We obtain that A is a left-C*, right-C*
subbimodule of c* Cc*.
If we consider A ~
C@A, so A(A) g (A@C) a(C@A) = A@A, showing that 
subcoalgebra of C. It is clear that A, regarded as a right C-comodule,
belongs to C. Let M ~ C. Then there exists a monomorphism

0 ~ M ~ C(~

for some non-empty set I. Since tc is an exact functor which commutes
with direct sums, we obtain an exact sequence

0 ~ M ~ tc(C)(~

i.e. an exact sequence of right C-comodules

0 ~ M ~ A(t
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SinceA±(A(1)) = 0, then A±M = 0 and M E CA by assertion (i). Thus
CA. Conversely, if M ~ CA, then pM(M) C_ M ® A, so M is a right

A-comodule. Thus there exists a right C-comodule morphism

0 -~* M ~ A(I

for some non-empty set I. Since A ~ C we have M ~ C, therefore C = CA.

We have obtained that the correspondence A H CA is surjective. Now if
B is another subcoMgebra of C and CA = CB, ~/hen clearly A G CB and
B ~ CA, so A± ~ B = 0 and B± ~ A = 0. Proposition 2.5.3 shows that
B C_ A±± = A, and A C_ B±± = B. Thus A = B, which ends the proof. |

Corollary 2.5.6 If C is a closed subcategory of ]v~C, then C is’closed to
direct products.

Proof: Let (M:i)ie~ be a family of objects of C. Since C CA. fo r so me
subcoalgebra A of C, we have that A±(I]iez Mi) = 0, where M~ is con-
sidered as a left C*-module. Since Rat(c.AA) is a closed subcategory
of c.A4, it is easy to see that (l-Lel M~)rat is the direct product of the
family (Mi)~ez in the category Rat(c.A~) ~- C. Onthe othe r hand
(1-I<I TM c_ I-I<, M, so Mi)TM = o, i.e. Mi)TM e c.
Thus C is closed to direct products. |

We introduce now some notation. For any subspaces X and Y of the
coalgebra C we denote by X A Y the subspace

X A Y = A-~(X ®C +C® Y)

The subspace X A Y is called the wedge of the subspaces X and Y. We
define recurrently A°X = 0, A~X = X, and A~X = (A~-~X) A X for any
n _> 2. With this notation we have the following.

Lemma 2.5.7 For any subspaces X and Y of the coalgebra ’C we have that

X A Y = (X±Y±)±.

In particular, if A is a subcoalgebra of C, then for any positive integer n
we have that AnA = (jn)±, where J = ±.

Proof: Let f ~ X± and g ~ Y±, then. since A(X A Y) C_ X ® C + C® 
we see that (fg)(X A Y) = 0, so X A Y C_ (X±Y±)±. Conversely, let
c ~ (X±Y±)±. We can write

: x, ® + ®
l<i<m

where the set < e < m} u {= ls < j _< n} is linearly independent,
xi ~ X for any i and z~ belongs to a complement of X for any j. Fix
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some Jl. Then there exists f E C* such that f(X) = O, f(zjl ) = 1, and
f(zj) = 0 for any j ~ jl. For any g E Y± we have that fg ~ X±Y±, so
(fg)(c) = 0. But (fg)(c) = g(u~), and we obtain that uj ~ (Y±)± = 
ThusA(c) eX®C+C®Y,i.e, ceXAY.
We prove the second statement by induction on n. It is obvious for n = 1.
Assume the assertion holds for some n. Then

An+IA = (A~A) 

= (J’~)± A (i nduction hy pothesis)

= ((J’~)±±J)± (by the first part)

=

where J--ff is the closure of jn. We clearly have the inclusion (~’ffJ)± 
(j,~+l)±. Let now take some c E (J’~+l)±. By Proposition 2.5.30) we 
that Jn+~ ~ c = 0, so J" ~ (J~ c) = 0. Thus J" ~ x = 0 for any
x ~ J ~ c, i.e. J" C annc. (x). By Theorem 2.2.14, annc. (x) is closed,
and then jn E annc.(x), so J" --- x = 0 for any x ~ J ~ c. Then
J~ ~ (J ~ c) = 0 and c E (~’Kj)±. We obtain that An+lA = (jn+l)±. 

Exercise 2.5.8 Let C be a coalgebra and X, Y, Z three subspaces of C.
Show that (X A Y) A Z = X A (Y A 

Exercise 2.5.9 Let f : C -~ D be a coalgebra morphisrn and X, Y sub-
spaces of C. Show that f(X A Y) G f(X) A f(Y).

A subcoalgebra A of C is called co-idempotent if A A A = A. Clearly, if
J = A± is an idempotent two-sided ideal of C*, then A is a co-idempotent
subcoalgebra. Keeping the same notation as in Theorem 2.5.5 we have the
following.

Theorem 2.5.10 Let C be a coaIgebra and let A be a subcoalgebra of C.
Then the following assertions hold.
(i) If A is co-idempotent, then CA is a localizing subcategory of C.

(ii) The map A ~ CA defines a bijective correspondence between the set 
all co-idempotent subcoalgebras of C and the set of all localizing subcate-
gories of .MC.

Proof: (i) Taking into account Theorem 2.5.5, it remains to prove that 
is closed under extensions. Let

O-~ M’-~ M---~ M" --~ 0

be an exact sequence in 2~4C with M~, M" ~ CA. If we put J = A±, then
JM’ = JM" = O, and then JSM = O. So pM(M) C_ M ® (ds)±. Since A
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is co-idempotent we have A = A A A = (j2)±, so pM(M) C_ M ® and
MECA.
(ii) Let C be a localizing subcategory of C. ByTheorem 2.5 .5 the re
exists a subcoalgebra A of C such that C = Cn. It remains to prove that
A=AAA. ClearlyAC AAA. DenoteM= (A2A)/A, and we have 
exact sequence of right C-comodules

0 ~ A --~ A2A ~ (A2A)/A --~ 

Clearly A± -~ A = 0 and A E CA. On the other hand

A± ~ (A2A) ___ j ~ (j2)± 

But A2A = {c ~ CIJ2 ~ c = 0} by Proposition 2.5,3 so for any c C A2A
we have J ~ (J ~ c) = 0, which means that J ~ c C_ J± = A. Then
A± ~ (A2A) = 0, so A±~/= 0. Since CA is closed under extensions, we
have that A2A ~. CA. Finally, since A _C A2A and A2A is a subcoalgebra,
we obtain by Theorem 2.5.5 that A = A2A. |

We present now some generalizations of the finite dual of an algebra.
Let A be a k-algebra. We denote by Idf.c(A) the set of all two-sided ideals
of A of finite codimension. Idf.c(A) is a filter, i.e. it is closed to finite
intersections and if I c_ J are two-sided ideals such that I ~ IdLe(A), then
J ~ IdLc(A). Let 7 be a subfilter of IdLc(A), i.e. 7 C_ IdLc(A), if I, J ~ 7
then Ig~ J ~ 7, and for any tw0-sided ideals I C_ J with I E 7, we also have
that J ~ 7. We denote by

A°’~ --libra(A/I)*

Since (A/I)* can be embedded in.A* for any I, we have that

A°’~ = {f E A*I there exists I.~ 7 such that I C_ Ker(f)}

If 7 = IdI.c(A), then A°,~ = A°, the finite dual of the algebra A defined in
Section 1.5.

Proposition 2.5.11 A°,’~ has a natural structure of a coalgebra.

Proof." If I E 7, since I has finite codimension in A we have a natural
monomorphism

0 ---* (A/I)* ~ (A/I)* ® (A/I)*

If we apply the inductive limit functor we obtain a monomorphism

0 ~ li_m~(A/I)* --~ li__m((A/I)* ® (A/I)*)
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On the other hand we have a natural morphism

(A/I)* ® (A/I)* ~ li_~m(A/I)* ® li__m(A/I)*

and by the universal property of the inductive limit we obtain a natural
morphism

A? : A°’~ ~ A°’~ ® A°’ ~

As in the case of A°, a standard argument shows that /X~ is coassociative.
The counit ¢ : A°’~ -~ k is defined by ¢(a*) = a*(1) for a* °’ ~, i.e .
a* ¯ (A/I)* for some I E 3’. |

Remark 2.5.12 If3" and 3" are two subfilters of Idf.c(A) such that 
then we have A°’~ C_ A°,~’ C_ A°. |

Let ¢ : A -~ B be a morphism of k-algebras, and let us consider two
subfilters 3’ C_ IdLc(A) and 3" C_ IdLc(B) such that for any J E 3" we have
¢-1(3) ¯ 3". The morphism ¢ induces a monomorphism

0 -~ A/¢-I(J) --~ B/J

for any J ~ 3"~. Then we have a natural epimorphism

(B/J)* ~ (d/¢-l(J)) * ---* 0

and taking the inductive limit we obtain a natural morphism

B°’~’ = li~m (B/J)* li m_ (A/O-I(J))*

By the universal property of inductive limits we have a natural morphism

li__m (A/¢-I(J)) * ~ li__~m(A/I)*
JE-~~

Therefore the algebra morphism ¢ : A ~ B induces a natural morphism
¢°,~,~’ : B°’~’ --* A°,% By standard arguments one can show that ¢o,~,~’ is
a coalgebra morphism.

We recall that a k-algebra A is called pseudocompact if A is a separated
and complete topological space which has a basis of neighbourhoods of
0 which are two-sided ideals of finite codimension. We denote by APCk
the category of all pseudocompact k-algebras. In this category morphisms
are continuous algebra morphisms. If C is a k-coalgebra, then C* is
pseudocompact k-algebra, and in this way we can define a contravariant
functor F : k - Cog ~ APCk, F(C) = C*.
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Theorem 2.5.13 The functor F defined above is an equivalence between
the dual category (k -Cog)° and the category APC~.

Proof: For A E APCk we take the subfilter ~ of Idy.c(A) consisting of
all open two-sided ideals of A. We can consider the coalgebra A°’7, and
so we can define now a contravariant functor G : APC~ -~ k - Cog by
G(A) = °,~. Moreover, f or A~ APCk wehave Chat

F(G(A)) = °’~)

= F(li_m_(A/I)*)

: (li_~m(A/I)*)*

= l~m_(A/I)**

~- A

thus FG ~- IdAPC~. For the other composition, let C be a k-coalgebra.
Then the set

13 = {D±[D is a finite dimensional subcoalgebra of C}

is a basis of neighbourhoods of 0 in the topological algebra C*, and then

G(C*) = li__m(C*/D±)*

~_ lim D

= C

so GF ~- Ida-cog. I
Let A be a pseudocompact k-algebra. We denote by MPC(A) the

category of pseudocompact right A-modules, whose objects are all right
A-modules that are pseudocompact (see Section 2.2) and with morphisms
A-linear continuous maps. IfC is a co~lgebra and M ~ ~/c, then M* is a
pseudoc0mpact right C*-module. The correspondence M ~-~ M* defines a
contravariant functor F :.hd C --* MPC(C*).

Theorem 2.5.14 With the above notation, the functor F defines an equiv-
alence between the dual category (A4c)~ and the category MPC(C*).
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Proof: Let M E MPC(C*) and N a right C*-submodule of M such that
N is open and N has finite codimension in M. Then I = annc. (M/N)
is a two-sided ideal of C* of finite codimension, and since the topology of
M/N is discrete we see that I is open in C*. The multiplication morphism

defines a morphism

If we take

M/N ® C*/I ----* M/N

(M/N)* ~ (C*/I)* ® (M/N)*

M° = li~m(M/N)*
N

where the inductive limit is taken over the open submodules N of M of
finite codimension, then we have a natural morphism ~Mo : M° --* C ® M°

and standard arguments show that M° is a right C-comodule. Then the
correspondence M ~-* M° defines a contravariant functor G : MPC(C*) 
AdC, and as in Theorem 2.5.13 one can show that GF ~- Idymc and FG ~--
IdMPc(c*).

2.6 Solutions to exercises

Exercise 2.1.8 Use Theorem 2.1.7 to prove Theorem 1.4.7.
Solution: Let C be a coalgebra, c E C and V a finite dimensional right
subcomodule of C (i.e. A(V) C_ V ® C) such that c E V. {vi } is a b asis
of V, we have

A(vd = vj ® cj 
and so

® ® = ® A(c d.
It follows that A(cki) = ~ ckj ® cji, and so the subspace spanned by V and
the cji’s is a finite dimensional subcoalgebra containing c.

Exercise 2.2.11" Let C be a coalgebra and #)c : C --* C** the natural
injection. Then ¢c(Rat(c. C) ) -= Rat(c. C** 
Solution: Since ¢c is injective we clearly have that ¢c(Rat(c.C)) 
Rat(c.C**). Conversely, let f ~ Rat(c.C**). Theorem 2.2.14 tells that
there exists a two-sided ideal I of C*, which is closed, of finite codimension,
and satisfies If = 0. Since for any c* e I we have (c*f)(C*) = 0, we see
that f(I) = f(C*I) = 0, so f ~ (C*/I)*. But I = (I±) ± since I is closed,
SO

C*/I ~-- C*/(I±)± ~-- (I±)*
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Thus f ¯ (I-~)** Since ± has ¯ finite d imension, t hen I± -~ ( I-k) ** via t he
restriction of the morphism ¢c. In particular we can find some x. ¯ I± such
that f = ¢c(x), so we have that Rat(c.C**) C_ ¢c(Rat(c.C)).

Exercise 2.2.18 Let (Ci)iei be a family of coaIgebras and C = @iexCi the
coproduct of this family in the category of coalgebras. Then the following
assertions hold.
5) C* ~- l-Iiex C[. Moreover, this is an isomorphism of topological rings if
we consider the finite topology on C* and the product topology on l-~iel C~.
(ii) If M ̄  e then fo r any m ¯ M there ex ists a two-sided id eal I ofC*
such that Im = O, I = YLeI Ii, where Ii is a two-sided ideal of C~ which is
closed and has finite codimension, and Ii = C~ for all but a finite number
of i ’s.

¯ (iii) The category .Me is equivalent to the direct product of categories
t-Ii~ r .Mc’ .
(iv) IrA is a subcoalgebra of C = Oie~Ci, then there exists a family (Ai)iez
such that .Ai is a subcoalgebra of Ci for any i E I, and A = (~i~lAi.
Solution: (i) Define the map ¢: C* --* I]ie,r C~" by ~b(f) = (fi)ieI, 
for f ¯ C* = Horn(C, k), fi is the restriction of f to Ci for any i ¯ I. It is
easy to see that if f, 9 ¯ C*, then (fg)i -= figi (the convolution product), 
¢(fg) = ¢(f)¢(g). Also, it is clear that ¢ is bijective. We pro~e now 
is a morphism of topological rings. Let f ¯ C* and c = ~t=l,i~ % ¯ C with

% ̄  Cir. If ¢(/) = (fi)ie~, then f+c± = ~i#i~,...,i~ G x ~t=~,~(fi~ +C~),
showing that ¢ is a morphism of topological rings.
(ii) By Theorem 2.2.14 there exists a closed (open) two-sided ideal 
C* of finite codimension such that Im = 0. Let A = I~, a finite di-
mensional subcoalgebra of C. Then there exist i~,...,i~ ~ I such that
A c Ci~ ¯ ¯ Ci,~ and then Aa is a two-sided ideal in ~<t<,~ C~ Then

there exist two-sided ideals Ii~ of C~, such that Az = ~t~ It. It is e~y
to see that

I = I ~ = A~ =. ~ Dt

where Dt = C~ for any t ~ {Q,...,in} and Dt = it for t ~ {i~,...,in}.
Moreover Dt is closed (open) and has finite codimension in C~ for any 
(iii) Let M ~ ~c. We have C* ~ ~i~C[, and we denote by ei the
element of this direct product having 1 (more precisely the identity of C~)
on the i-th spot and 0 elsewhere. We obtain a family (ei)i~I of orthogonal
primitive central idempotents of C*. Since ei is central, we have that elM
is a C*-submodule of M. On the other hand

Ci -1- = {(ft)t~Ilft ¯ C; for anyt e I and fi = 0}

= {flf ¯ C* and.flc , = 0)
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and C~(e~M) = 0, so e~M is a rational C~’-module. We have M = @~e~e~M
as C*-modules. Indeed, the sum is direct since the e~’s are orthogonal. Also,
if m E M, then by (ii) we see that etm = 0 for all but finitely many t E I.
We obviously have that et(m- ~eI e~m) = 0, and since et =elct, we
obtain that e ¯ (m - ~e~ e~m) = 0, so rn - ~eI e~rn = 0, showing that

m ~ ~-,~e~ e~M.
We can define now a functor

F: Adc --~ H’/Mc’, F(M) 
i~I

and it is easy to see that this defines an equivalence of categories.
(iv) follows fro~ (iii).

Exercise 2.2.19 Let (Ci)ie~ be a family of subcoalgebras of the coalgebra 

and A a simple subcoalgebra of ~i~ Ci (i.e. A is a subcoalgebra which has
precisely two subcoalgebras, 0 and A; more details will be given in Chapter
3). Then there exists i ~ I such that A c_ Ci.
Solution: Since A has finite dimension, we can assume that the family
(C~)~I is finite, say that A C_ C~ + ... + Cn. Moreover, if we prove for
n = 2, then we can easily prove by induction for any positive integer n.
Let A C_ D + E, where D and E are subcoalgebras of C. If A n D ¢ 0, the
A~D-- A, since A is simple, sothen A c_ D. If AnD= 0, pick some
a ~ A. Then

A(a) 6 A(D+E):A(D)+A(E)C_D®D+E®E

Thus A(a) = ~a~ ®a2 + ~b~ ® b2 with a~,a2 E D and b~,b~ ~ E. Since
A ~ D = 0, there exists f ~ C* such that fl D ~ 0 and flA = QA. Then
f ~ a ~ A (note that A is a left and right C*-module) we have that
f a = a = a. On the other and f a = E + E =
~ f(b~)b~ ~ E, so a E E. We obtain that A C_ E.

Exercise 2.3.4 Let C be a coalgebra, and c ~ C. Show that the subcoalgebra
of C generated by c is finite dimensional, using the bicomodule structure of

C.
Solution: We know that C is an object of the category c~4c with left and
right comodule structures induced by A. A subspace V of C is a subobject
in the category c]~4c if and only if A(V) C_ C ® V and A(V) C_ V 
Since (V ® C)~ (C ® V) = V ® V, this is equivalent to the fact that V 
subcoalgebra of C. Hence the subcoalgebra V generated by c is the smallest
subbicomodule of C containing c. By Theorem 2.3.3 it follows that V is the
subbimodule of C generated by c, when we regard C as a left-C*, right-C*
bimodule, so V = C* ~ c ~ C*. Theorem 2.2.6 shows that C* ~ c is
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finite dimensional, hence C* ~ c = Y~i=l,n kci for some ci E ~, and using
the right hand version of the cited theorem, it follows that every c~ ~ C*
is finite dimensional. We obtain that

V=C*-~c~C*= ~ c~C*
i=l,n

is finite dimensional, which ends the proof.

Exercise 2.3.10 Let C and D be two coalgebras. Show that the categories
D.AdC, ./~ c®Dc°p, j~ Dc°p®C, D®CC°Pd~ and cc°P®DAd are isomorphic.
Solution: If M 6 bade with Comodule structure maps p- : M --, D®M,
p-(m) = y~ rn[_~l ® rn[0] and p+ : M ~ M ®C, p+(m) = ~m(o) ®mo),
then M becomes a right C ® Dc°P-comodule by 7 : M -~ M ® C ® Dc° p

defined by

’~(m) = E(T/~[O])(O) ® (?T~[o])(O) ® m[_l] : E(m(o))[o] ® m(1)® 

In this way we obtain a functor F : DMC --* d~C®Dc°p.

Conversely, let M ~ AdC®Dc°p. If ¢ : C ® Dc°p --* C and ¢ : C ® Dc°p -~
D~°p are the coalgebra morphisms defined by ¢(c®d) = cz(d) ¢(c®d) =
de(c), then we consider the comodules M~ 6 AdC and Me 6 .MD~°~ ~--
DAd. These two structures make M an object of the category DAdC. Thus
we can define another functor G : Adc®D°°~ -~ ~)Adc, and it is clear that
the functors F and G define an isomorphism of categories.

Exercise 2.3.11 Let C, D and L be cocommutative coalgebras and ¢ : C --~
L, ¢ : D -~ L coalgebra morphisms. Regard C and D as L-comodules via
the morphisms ¢ and ¢. Show that C[:]LD is a (cocommutative) subcoalge-
bra of C ® D, and moreover, CV1LD is the fiber product in the category of
all cocommutative coalgebras.
Solution: C is a right L-comodule via the morphism

C a__%c C ® C ~_~_~ C ® L

and D is a left L-comodule via the morphism

D ~--~D D®DC~__~ L®D

and
CC~LD : Ker(((I ¢) Ac) ® - i ® (( ¢ ® Ij AD)))

Since C and D are cocommutative we have that C[:]LD is a C - D-bico-
module, so it is also a left and right C ® D-comodule (since C and D are
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cocommutative). This implies that C[~LD is a subcoalgebra of C ® D. The
last part follows dirrectly from the definition.

Exercise 2.4.23 Let C and D be two coalgebras and ¢ : C -~ D a coalgebra
morphism. Show that the following are equivalent.
(i) C is an injective (coflat) left D-comodule.
5i) Any injective (coflat) left C-comodule is also injective (coflat) as a 
D-comodule.
(iii) The functor (-)¢ = --[~DC D -~ J MC is e xact.
Solution: It follows from Proposition 2.3.8 and the properties of adjoint
functors.

Exercise 2.5.4 Let M be a finite dimensional right C-comodule with co-
module structure map p : M --* M ® C, (m~)~=x,,~ a basis of M and
(c~j)l<~,j<n be elements of C such that p(rni) ~1<~<~ m~® c~ for any
i. Show that the coalgebra A associated to M is the subspace of C spanned
by the set (c~)l<_ij<n, and that A(cji) = ~x<~<n cjt ® cti and ~(c~j) 
for any i, j.
Solution: If we write (p®I)p(mi) = (I®A)p(rni) and use that
is a basis of M, we find that A(c~i) = ~<t<n cjt ® cu for any i,j. Also, if
we write the counit property for mi, we find ~(cij) 
Denote by B the subspace spanned by the ciy’s. If f ~ C*, then f

anne. (M) if and only if fmi = 0 for any 1 < i < n, or ~l<j<~ f(cyi)rnj 
0 for any i. But this is equivalent to f~cjii = 0 for-~ffy i,j. Thus

anne. (M) = ±, and t hen A= (a nne. (M ± = (B±)± = B.

Exercise 2.5.8 Let C be a coalgebra and X, Y, Z three subspaces of C.
Show that (X A Y) A Z = X A (Y A 
Solution: We see from the definition that X A Y = Ker(~x,y), where
7~x,y is the composition of the morphisms

c c/x®c/Y

and Px, Py are the natural projections. Then ~x,Y induces an injective
linear morphism Cx,y : C/(X A Y) -~ C/X ® C/Y and we have that

KerQrx^y,z) = Ker((qSx,y ® I) o 7rx^y,z)

But Ker(~rx^y,z) = (X A Y) and

(~)X,Y ® I) o 7rXAy, Z = (Px ® PY ® Pz) A2

so (XAY) AZ Ker((px®py®pz) oA 2). Si milarly XA (YAZ) =
Ker((px ® py ® Pz) A2), proving th e re quired eq uality.
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Exercise 2.5.9 Let f : C --~ D be a coalgebra morphism and X, Y subspaces

o] C. Show that f(X A Y) C_ f(X) A f(Y).
Solution." Let us consider the linear maps fx : C/X -~ D/f (X) and
fy : C/Y --* D/f (Y) induced by f. We know that (f ® f) o Ac = ADo 
and (fx ® fY) o (Px ®pr) = (Pf(x) ®Pf(y)) o so then

(Ix® fy)°(Px®Py)°Ac = (Pf(x)®Pf(~))°(f® 
-~ (Pf(x) ®PI(Y)) °AD of

Since X A Y -~ Ker((px ®py) Ac), we have tha

((Pf(x) ® Pf(Y)) D o f )( A Y) = 

and then

f(X A Y) C_ Ker((pf(x) ® pf(y)) o AD) Af(Y
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Chapter 3

Special classes of
coalgebras

3.1 Cosemisimple coalgebras

We recall that if ‘4 is a Grothendieck category and M is an object of

¯ "4, the sum s(M) of all simple subobjects of M is called the socle of M.
If M = 0, we have s(M) -~- O. An object M is called semisimple (or
completely reducible) if s(M) = M. It is a well known fact that M is a
semisimple object if and only if it is a direct sum of simple subobjects.
A category ‘4 with the property that every object of ‘4 is semisimple is
called a semisimple (or completely reducible) category. If C is a semisimple
Grothendieck category, then any monomorphism (epimorphism) splits, 
particular we have that any object is injective and projective. Conversely, if
C is a Grothendieck category such that any object is injective and projective
(such a category is called a spectral category) we do not necessarily have
that C is a semisimple category. We will be interested in the situations
where ‘4 = AJC, the category of right Comodules over the coalgebra C, or
‘4 = cad, the category of left comodules over the coalgebra C.
A coalgebra C is called simple if the only subcoalgebras of C are 0 and
C. The Fundamental Theorem of Coalgebras (Theorem 1.4.7) shows that
a simple coalgebra has finite dimension.

Exercise 3.1.1 Let C be a coalgebra. Show that C is a simple coalgebra if
and only if the dual algebra C* is a simple artinian algebra. If this is the
case, then C is a sum of isomorphic simple right C-subcomodules.
Moreover, if the field k is algebraically closed, then C is isomorphic to a
matrix coalgebra over k.

117
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Exercise 3.1.2 Let M be a simple right comodule over the coalgebra C.
Show that:
(i) The coalgebra A associated to M is a simple coalgebra.
(ii) If the field k is algebraically closed, then A ~- Me(n, k), where 
dim(M). In particular the family (Cij)l ~_i,j~_n defined in Exercise 2.5.4 is
a basis of A.

Exercise 3.1.3 Let M and N be two simple right comodules over a coal-
gebra C. Show that M and N are isomorphic if and. only if they have the
same associated coalgebra.

For an arbitrary coalgebra C we denote by Co the sum of all simple
subcoalgebras. Co is a subcoalgebra of C called the coradical of C. We also

use the notation Co = Corad(C) for the coradical.

Proposition 3.1.4 Let C be a eoalgebra. Then Co = s(cC) = s(Cc),

where s(Cc) is the socle of C as an object of j~/[c, and s(cC) is the socle
of C as an object of

Proof: We will show that Co = s(Cc). The proof of the fact that
Co = s(cC) is similar (or can bee seen directly by looking at the co-
opposite coalgebra and applying the result about the right socle). A simple
subcoalgebra A of C is a right C-subcomodule of C. Since A is a finite
direct sum of simple right coideals of A, we see that A is semisimple of
finite length when regarded as a right C-comodule. Thus A C_ s(Cc), and
then Co C_ s(Cc).
Conversely, let S C_ s(Cc) be a simple right C-comodule, and let A be the
coalgebra associated to S. By Exercise 3.1.2 A is a simple coalgebra, so
A C_ Co. But S c_ A, since for c ~ S we havec = ~(cl)c2 e A. Thus
S c_ A C_ Co, so s(Cc) c_ Co. 

A coalgebra C is called a right cosemisimple coalgebra (or right com-
pletely reducible coalgebra) if the category j~c is a semisimple category,
i.e. if every right C-comodule is cosemisimple. Similarly, we define left
cosemisimple coalgebras by the semisimplicity of the category of left co-
modules. In fact, the concept of cosemisimplicity is left-right symmetric,
as the following shows.

Theorem 3.1.5 Let C be a coalgebra. The following assertions are equiv-
alent.
(i) C is a right cosemisimple coalgebra.
(ii) C is a left cosemisimple coalgebra.
(iii) c = Co.
(iv) Every left (right) rational C*-module is semisimple.
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(v) Every right (left) C-comodule is projective in the category c (, resp.

(vi) Every right (left) C-comodule is injective in the category Adc (resp.

(vii) There exists a topological isomorphism between C* and a direct topolog-
ical product of finite dimensional simple artinian k-algebras (with discrete
topology).

A coalgebra satisfying the above equivalent conditions is called cosemisim-
ple.

Proof: (i) ~:~ (ii) ~ (iii) follows from Proposition 3.1.4.
(i) ~ (iv) It follows from the fact that if M ~ ~c, then M is a simple

object in the category ~c if and only if M is a ~imple left C*-module.
(i) ~ (v) and (i) ~ follo w from the g eneral f~ct that in a semis impie
Grothendieck category every object is projective and injective.
(v) ~ (i) (and similarly (vi) ~ (i)) Assume that any object of ~c is
projective. Then if M ~ ~c, any subobject N of M is ~ direct sum-
mand. This implies that any finite dimensional object is semisimple (of

finite length). On the other hand, ~c has a f~mily of finite dimensional
generators, which shows that every object of ~c is semisimple.
(iii) ~ (vii) follows from Exercise 2.2.18.
(vii) ~ (iii) Assume that C* ~ ~e~ A~, an isomorphism of topologicM
rings, where (A~)~eI is ~ family of simple ~rtini~n k-~lgebr~ of finite di-
mension, and each A~ is regarded as a topological ring with the discrete
topology. For simplicity assume that C* =~e~ A~. Let ~ : C* ~ A~ be
the naturM projection for ~ny i ~ I. Denote K~ = Ker(r~). Since the map
~ is continuous, K~ is a two-sided ideal of C* of finite codimension, which
is open and closed in C*. Let R~ = K~, which is a simple subcoalgebr~ of

C, and denote R = ~e~ R~. We have that

R~ = ~R~

~ ~i~iK~~

=

= 0

showing that R = C. Thus C = Co. |

Exercise 3.1.6 Let C be a cosemisimple coalgebra. Show that C is a direct
sum of simple subcoalgebras. Moreover, show that any subcoalgebra of C is
cosemisimple.

Exercise 3.1.7 Let C be a finite dimensional coalgebra. Show that C is
cosernisimple if and only if the dual algebra C* is semisimple,
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If M ̄  c,~4, we denote by Cendc(M) the space of all endomorphisms
of the C-comodule M. Clearly Cendc(M) is a k-algebra with map compo-
sition as multiplication. In particular, if we regard C as a left C-comodule,
let us take the k-algebra A = Cendc(C). The following indicates the
connection between the k-algebras A and C* and computes the Jacobson
radical of C*.

Proposition 3.1.8 With the above notations we have that
(i) The map ¢ : A -~ C*, ¢(f) = ~ o f for any f ¯ A = Cendc(C), "is 
k-algebra isomorphism.
(ii) The Jacobson radical of C* is J(C*) = 

Proof: (i) Let f, g ¯ A. Since g is a morphism of left C-comodules, 
have ~cl ® g(c2) = ~g(c)~ ®g(c)2 for any c ¯ C. If we apply I® s we
find that

Then

(¢(f)¢(g))(c)

so ¢ is an algebra morphism. Define ¢ : C* -~ A by

¢(~)(c) = u - c = ~ u(c~)~l

for any u ¯ C* and c ¯ C, where ~ denotes the left action of C* on C
coming from the right C-comodule structure of C. It is clear that ¢(u) ¯ 
since

¢(~)(c--~)= ~- (~-~)
= (~) .-~
= ¢(~)(c) 

where ~ is the right action of C* coming from the left C-comodule structure
of C. Note that we used the fact that C is a left-C*, right-C* bimodule
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with the left action ~ and the right action ~. We show that ¢ is an inverse
of ¢. Indeed, for any u E C* and c E C we have

((¢¢)(u))(c)= o ¢(u))(c)
= (u(c2)Cl)
= u(c)

and for anyfcA, c~C

((¢¢)(/))(c)

= f(c)
(ii) By Proposition 2.5.3(ii) we have Coz = annc*(Co). Since J(C*) is the
intersection of the annihilators of all simple left C*-modules and Co is a
sum of simple right C-comodules, thus a sum of simple left C*-modules, we
have J(C*) _c 
Let now u e C~ and denote f = ¢-1(u). Thus f = e o u and e(f(Co)) 
u(Co) = 0. Then for any c ~ Co

f(c) Ef (c)ls(f(c)2)

= Ecl¢(f(c2)) (since f e A)
= 0 (since c2 ~ Co)

so f(Co) = 0. We show that f ~ J(A). From the fact that ¢ is an algebra
isomorphism it will follow that u ~ J(C*). Denote g = 1 - f. Then )~ is
injective. Indeed, for c ~ Ker(g) N Co we have 0 = g(c) = c - f(c) = so
Ker(g) N Co = 0. This implies that Ker(g) = 0, since Co is an essential
left C-subcomodule of C.
Since C is an injective left C-comodule, Irn(g) is a direct summand in C
as a left C-subcomodule, so C = Irn(g) ® for so me left C: subcomodule
Y of C. On the other hand Co C_ Im(g), and since Co is essential in C,
we must have. Y = 0. Thus Im(g) = and g is an iso morphism. The n
g = 1 - f is invertible in A, so f ~ J(A). 

Let C be a coalgebra and M ¢ 3dC. We recall that the socle of M,
denoted by s(M), is the sum of all simple subcomodules of M. Then
s(M) is a semisimple subcomodule of M. Since any non-zero com0dule
contains a simple subcomodule, we see that s(M) is essential in M. We
can define recurrently an gscending chain Mo C_ M1 C_ ... C_ Mn C_ ... of
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subcomodules of M as follows. Let Mo = s(M), and for any n _> 0 we
define Mn+l such that s(M/Mn) = M,~+I/M~,. This ascending chain of
subcomodules is called the Loewy series of M. Since M is the union of all
subcomodules of finite dimension, we have that M = U,~>oM~.
If I is a two-sided ideal of C*, we denote by annM(I) = {x E M[Ix = 0},
which is clearly a left C*-submodule of M.

Lemma3.1.9 Let I = J(C*) = C~ and M E C. Then fo r an y n 2 0
we have Mn = annM(In+l).

Proof: We use induction on n. For n = 0, we have annM(I) = Mo = s(M).
Indeed, IMo = J(C*)Mo 0, sin ce the Jacobson radi cal of C * a nnihilates
all simple left C*-modules. Thus Mo C_ annM(I). On the other hand
Co~annM(I) = IannM(I) = 0, so by Proposition 2.5.3, annM(I) is a right
Co-comodule. Since Co is a cosemisimple coalgebra, annM(I) is a semisim-
ple object of the category 3dC°, and then also of the category AdC. We
obtain that annM(I) C_ s(M) = 
Assume now that Mn-1 = annM(rl n) for some n > 1. Since Mn/M~_I =
s(M/Mn-1) is semisimple, we have that I(Mn/Mn-1) = 0, therefore IMn C_
Mn-~. Then In+lMn = In(IMn) C_ InMn_l = 0, so Mn C_ annM(In+l).
If we denote X = annM(In+~), we have In+~X = 0, so IX C_ annM(In) =
Mn-1. Then I(X/Mn_~) = and by the sameargument as ab oveX/M,~_1
is a right Co-comodule, so X/Mn-1 is a semisimple comodule.
We have that s(M/Mn_~) = M~/M,~-I, so we obtain that X C_ M,. Thus
M~ = annM(I~+l), which ends the proof. |

Corollary 3.1.10 Let C be a coalgebra and Co, C~,... the Loewy series of
the right (or left) C-comodule C. Then Co is the coradical of C, C,~ 
A’~+ICo and C,~ is a subcoalgebra of C for any n >_ O.

Proof: We have seen in Proposition 3.1.4 that the coradical of C is just
the socle of the right C-comodule C. Lemma 3.1.9 shows that Cn =
annc(J(C*)n+l) ±. By Proposition 2.5.3(i) we have Cn = (J(C*)’~+I)±,

and by Lemmma 2.5.7 we see that C~ = A~+tC0. By Lemma 1.5.23 C~ is
a subcoalgebra.

If C is a coalgebra, the Loewy series of the right (or left) C-comodule
C is an ascending chain of subcoalgebras

Co C_C~ C_... C_C,~ C_...

which can also be regarded as the chain obtained by starting with the
coradical Co of C and then by taking C~ = An+leo for any n _> 0. This
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chain is also called the coradical filtration of C. Since C is the union of its
finite dimensional coalgebras we have C = t2,~>0Cn.

Exercise 3.1.11 Show that the coradical filtration is a coalgebra filtration,
i.e. that A(C,) C_ ~’~=0,n C~ ® C~_~ for any n >_ O.

Exercise 3.1.12 Let C be a coalgebra and D a subcoalgebra of Csuch that
U,~>0(AnD) = C. Show that Corad(C) c_ 

Exercise 3.1.13 Let f : C --* D be a surjective morphism of coalgebras.

Show that Corad(D) C_ f(Corad(C)).,

Exercise 3.1.14 Let X, Y and D be subspaces of the linear space C. Show
that

(D®D)~(X®C+C®Y)

Exercise 3.1.15 Let C be a coalgebra and D a subcoalgebra of C. Show
that D~ = D U Cn for any n.

3.2 Semiperfect coalgebras

Proposition 3.2.1 Let C be a coalgebra. The foliowing assertions are
equivalent.
(i) Rat(c.C*) is dense in 
(ii) For any simple left C-comodule S, Rat(c.E(S)*) is dense in 
where E(S) denotes the injective envelope of S in the category c j~.
(iii) For any injective left C-comodule Q, Rat(c.Q*) is dense in 
(iv) For any left C-comodule M, Rat(c.M*) is dense in M* (in the finite
topology).

Proof: (i) (i i) If S i sa simple left C-comodule, then C = E(S ) @ X
for some left C-subcomodule X of C. Then C* ~- E(S)* @ X* as left C*-
modules, and Rat(c. C*) = Rat(c. E(S)*) @ Rat(c. SinceRat(c. C*)
is dense in C~’, we obtain by Exercise 1.2.11 that Rat (c. E(S)*) is dense in
E(S)*.
(ii) ~ (iii) If Q is an injective object of c~4, we have that Q
for a family (S~)~e~ of simple left C-comodules. Since Q* ~- I-Le~ E(S~*,
so ~e~E(S~)* is dense in Q* by Exercise 1.2.17. On the other hand
Rat(@~elE(S~)*) = ~elRat(c.E(Si)*)~ which is dense in ~e~E(S~)* by
the assumption. Then Rat(~ie~E(Si)*)is dense in Q*, and the result fol-
lows from the fact that Rat(@ie~E(Si)*) ~_ Rat(c.Q*).
(iii) ~ (iv) Let i : M --* E(M) the inclusion morphism, and i* : E(M)*
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M* the dual morphism. Since Rat(c.M*) is dense in M*, we obtain by
Exercise 1.2.18 that i*(Rat(c.M*)) is dense in M*. But i* is a mor-
phism of left C*-modules, so i*(Rat(c.M*)) C_ Rat(c.M*), showing that
Rat(c.M*) is dense in M*.
(iv) ~ (i) is obvious. |

Proposition 3.2.2 For any M E c.~/[ the following assertions are equiv-
alent.
(i) Rat(v.M*) 
(ii) There exists a maximal subcomodule N of M, N ~ 
(iii) J(M) ~ M, where J(M) is the Jacobson radical of the object M 
the intersection of all maximal subobjects of M).
Moreover, if (i) - (iii) are true, then M/J(M) is a semisimple left 
comodule.

Proof: (i) (i i) Since Rat(c. M* ) ~ 0, the re exi sts a s imple C*-submodule
X <_ Rat(c.M*). Since X has finite dimension, X is closed in the finite
topology. Let N -- X±, which is a subcomodule of M. Moreover, since
X ¢ 0 we have that N ¢ M. If P is a subcomodule of M such that
N C_ P ~ M, then P± C_ N± = X±± = X. Since P±± = P ~ M, we
have that P± ~ 0, so we must have P± = X. Then N = X± = P±± = P,
which shows that N is a maximal subcomodule of M.
(ii) ~ (i) If N is a maximal subcomodule of M, then M/N is a simple
object in the category ~4C, in particular it is finite dimensional. Then
(M/N)* is a rational left C*-module and the projection p : M --~ M/N in-
duces an injective morphism of left C*-modules p* : (M/N)* --~ M*. Then
0 ~ Ira(p*) c_ Rat(c.M*), so Rat(c.M*) ~ 
(iii) ~=~ (ii) is obvious.
Assume now that (i) (i ii) hold. Si nce C~= J(C*), we have

(M/J(M))C~ = (M/J(M))J(C*) 

Then by Proposition 2.5.3 we obtain that M/J(M) is a left C0-comodule,
which is semisimple since Co is cosemisimple. |

We say that a right C-comodule M has a projective cover if there exist
a projective object P in the category of right C-comodules and a surjective
morphism of comodules f : P --* M such that Ker(f) is a superfluous
subobject of P, i.e. if X + Ker(f) = for so me subobject X of P, we
must have X = P.

Theorem 3.2.3 Let C be a coalgebra. The following statements are equiv-
alent.
(i) The category j~[c of right C-comodules has enough projectives.
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(ii) Rat(c.C*) is a dense subset of 
(iii) The injective envelope of any simple left C-comodule is finite dimen-
sional.
(!v) Any finite dimensional right C-comodule has a projective cover.

Proof: (i) (i i) ByProposition 3.2 .1 it is enough to show that for any
simple left C-comodule S, Rat(E(S)*) is dense in E(S)*. We know that
S* is a simple right C-comodule. By (i), there exist a projective object
P E A~c and an epimorphism P --~ S*. Then we. have a monomor-
phism S ~- S** --~ P*, therefore S C_ Rat(c.P*). By Corollary 2.4.18
Rat(c.P*) is injective as a left C-comodule, so we have an injective mot-
phism of left C-comodules E(S) --~ Rat(c.P*). Let u : E(S) --~ P* be
the injection obtained by composing this injective morphism with the im
clusion Rat(P~.) --* P*. Then u* : P** ~ E(S)* is surjective, and
u*(Rat(c.P**)) C_ Rat(c.E(S)*). But P is dense in P** (through the
natural embedding), andP C_ Rat(c.P**), so Rat(c.P**) is dense in P**.
It follows that u*(Rat(c.P**)) is dense in E(S)*, and then Rat(c.E(S)*)
is dense in E(S)*.
(ii) ~ (iii) Let S be a simple left C-comodule. We may assume that S is
a left subcomodule of Co, and then Co = S @ M for some left C-comodule
M. Since C = E(Co) = E(S)@E(M) we obtain the following commutative
diagram with exact rows

o Cō  ---* c*---* o

o ---.- s± E(S)*--’-s* --’- 

where ~r is the projection from C* to E(S)*. Clearly E(S)* = C’x, where
x = ~r(sc). On the other hand, since the diagram is commutative, we have
~r(C0~) c S±. Let f ~ E(S)* such that f(S) = 0. Then we can regard f as
an element of C* for which f(E(M)) = 0. Then f(Co) = I(S @ M) 
so f ~ C~. We have obtained that ~r(C~-) = ±.

Now ~r(C~-) Co~r(sc) = Co~x, soCoax = S±.We havethat Rat(E(S)*)
is not contained in S±, since Rat(E(S)*) is dense in E(S)* and S± is
closed in E(S)*. Thus S± ~ S± + Rat(E(S)*), and since E(S)*/S± ~- S*
is simple, we must have S± + Rat(E(S)*) = E(S)* = Therefore

Coax + Rat(E(S)~) = E(S)* = C* 
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Since C~ = J(C*), we have by Nakayama Lemma that E(S)* = C*x 
Rat(E(S)*). Thus E(S)* is a rational left C*-module, so it is finite dimen-
sional as a cyclic C*-module. We obtain that E(S) is finite dimensional
too.
(iii) =~ (iv) Let M be a finite dimensional right C-comodule. Since M*
is a finite dimensional left C-comodule, the injective envelope E(M*) of
M* has finite dimension. It is easy to see that by taking the dual of
the exact sequence 0 -~* M* --~ E(M*), we find a projective cover
E(M*)* ~ M --~ of M.
(iv) =* (i) is obvious, since any comodule is a homomorphic image of a
direct sum of finite dimensional comodules. |

Definition 3.2.4 A coalgebra C is called right semiperfect if one of the
equivalent conditions of Theorem 3.2.3 is satisfied. A coalgebra C is called
left semiperfect if Cc°p is right semiperfect, i.e. if C satisfies one of the
conditions of Theorem 3.2.3 with the left and right hand sides switched. |

Remark 3.2.5 The equivalence of assertions (i), (ii) and (iv) of Theorem
3.2.3 is also proved in Corollary 2.4.21. We note that a finite dimensional
coalgebra is left and right semiperfect since the category of right (left) 
comodules is isomorphic to the category of left (right) C*-modules, which
has enough projectives. |

Corollary 3.2.6 Let C be a right semiperfect coalgebra. Then any non-
zero left C-comodule contains a maximal subcomodule.

Proof." We know from Theorem 3.2.3 that Rat(c.C*) is dense in C*.
Then Proposition 3.2.1 shows that Rat(c.M*) is dense in M* for any non-
zero left C-comodule M. In particular Rat(c.M*) ~ 0and wecanuse
Proposition 3.2.2. |

Example 3.2.7 Let H be a k-vector space with basis {Cm [ m E N}. Then
H is a coalgebra with comultiplication A and counit ~ defined by

 X(cm) ci ® c _i, =

for any m E N (see Example 1.1.4.2)).
By Example 1.3.8.2) we know that the dual algebra H* is isomorphic to
the algebra k[[X]] of formal power series in the indeterminate X. Also, the
category A4H is the class of all torsion left modules over k[[X]]. But in
this category the only projective object is O, so H is not a right semiperfect
coalgebra. Since H is cocommutative, H is not a left semiperfect coalgebra
either.
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Example 3.2.8 Let C be the coalgebra defined in Example 1.114.6). C has
a basis { gi, d~ I i E N* }, and coalgebra structure defined by

A(gi) g~ ® gi

A(di) gi®di+di®gi+l

= 1
¢(di) 0

We define the elements g~, d~ ~ C* by

= o
=

Clearly g~g~ = 6ijg~ and ~ = ~i=~,~g~, i.e. for any c ~ C g~(c) ?~ 0 for
only finitely many i’s, and () - ~=l,~g~ ( )" Then C : ~C 
as le~ C*-modules, and C =~i~gi* ~ C as right C*-modules. It is
straightfo~ard to check that

-- =
d~gy = 0

g; ~ dj = 5i,j+~dj

d~ ~ dj = ~jgi

gj ~ g~ : ~ijgj

gj ~ d~ = 0

dj ~ g~ = ~i,jdj

dj ~ di = ~iygy+~

for any i,j. These relations show that g~ ~ C :< gi,di_~ > (the vector
space spanned by gi and di_~) for i > 1, and g~ ~ C =< gi >. Similarly
C ~ g~" =< gi, di >. The coradical of C is the space spanned by the set
(gili >_ 1), and then a simple (left or right) subcomodule ore is of the 
kgi for some i. Indeed, let X be a simple right C-subcomodule of C, and
pick a non-zero c = ~.~ o~jgj + ~j/~jdj ~ X. If there exists i such that
~ ~ O, the relation d~ ~ c = ~igi shows that gi ~ X, and then X = k~i, a
contradiction. If/~ = 0 for any j, then pick some i with ~ ~ O, and then
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g~ -~ c -= e~igi, so X = l~gi. Thus any simple (left or right) C-comodule 
isomorphic to some kgi.
For any i we have that C ~ g~ is the injective envelope of the right C-
comodule kgi. Indeed, since C = ~i>_lC ~ g~ as right C-comodules and
C is an injective right C-comodule, we see that C "--- g~ is an injective
right C-comodule. Moreover, kgi is an essential right C-subcomodule (or
equivalently a left C*-submodule) of C "- g~ =< gi, di >, since 0 ~ g~ -~
(~g~ + ~3d~) = ~g~ E kg~ for ~ ~ O, and d~ ~ di = g~.
Similarly g~ ~ C is the injective envelope of the left C-comodule kgi.
Therefore C is a left and right semiperfect coalgebra. |

Example 3.2.9 We modify Example 3.2.8 for obtaining a right semiperfect
coalgebra which is not a left semiperfect coalgebra. Let C be a vector space
with basis { g~,di I i ~ N* }. C becomes a coalgebra by defining the
comultiplication and counit as follows.

A(gi) gi®g~

A(d~) gl®di+d~®g~+~

= 1
¢(di) 0

We define the elements g~, d~ ~ C* as in Exercise 3.2.8. Also, as in Ex-
ercise 3.2.8 we have that ~ = ~=~,~ gi , gi gj = ijg~ , C = (~i> ~ C g~
as left C*-modules, and C = ~i>~g~ ~ C as right C*-modules. We see
that C ~ g~ = kgi for i > 1, and C "- g~ --< g~,dl,d2,... >. Also
g~ -~ C =< gi,di-~ > fori > 1, andg~ ~ C =< gl >.
As in Example 3.2.8 we can see that the coradical of C is the space spanned
by the set {g~li >_ 1} and a simple (left or right) subcomodule of C is of the
form kgi for some i. Also C "-- g~ (which is infinite dimensional) is the
injective envelope of the left C*-module kg~, and g~ --~ C (which has finite
dimension) is the injective envelope of the right C*-module lcgi. Therefore
C is a right semiperfect coalgebra, but it is not a left semiperfect coalgebra.

Corollary 3.2.10 Let C be a coalgebra. Then the following assertions are
equivalent.
(i) C is left and right semiperfect.
(ii) Every right (or left) C-comodule has a projective cover in C (or

Proof: (ii) =v (i) is obvious from the definition of a semiperfect coalgebra.
(i) ~ (ii) Let M ~ ~/l C. Corollary 3.2.6 shows that J(M) ~ M. Moreover,
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M/J(M) is a direct sum of simple right comodules, say M/J(M) = @ieiSi.
If fi : Pi --~ Si is a projective cover of Si, let P = ~ieIPi, which is a
projective object of Adc, and denote f = Oiexfi : P --~ M/J(M). If
~r : M --~ M/J(M) is the natural projection, then there exists a morphism
g : P ~ M such that f = ~rg (use that P is projective). This implies
that J(M) + Ira(g) = Proposition 3.2 .2 sho ws tha t Ira (g) = M
thus g : P -~ M is surjective. Since Ker(f) is superfluous in P and
Ker(g) C_ Ker(f), we obtain that Ker(g) is superfluous in P, and then
f : P -~ M is a projective cover of M. |

Corollary 3.2.11 Let C be a right semiperfect coalgebra and A a subcoal-
gebra of C. Then A is also right semiperfect.

Proof:. Let M be a simple left A-comodule. Then M is simple when
regarded as a left C-comodule. By Theorem 3.2.3 the injective cover E(M)
of M in cfld is finite dimensional. If CA is the closed subcategory associated
to the subcoalgebra A (see Theorem 2.5.5), and tA the preradical associated
to CA, let E’(M) = tA(E(M)). Then E’(M) is the injective envelope of M
in the category AM. Therefore dim(E’(M)) <_ dim(E(M)) < c~. 

Corollary 3.2.12 Let C be a coalgebra and Rat : c*.M --* Rat(c..M) the
functor which takes every C*-module to its rational part. Then the follow-
ing are equivalent.
(i) C is right semiperfect.
(ii) Rat is an exact functor.
Moreover, if C is right semiperfect, then Rat(c.3d) is a localizing subcat-
egory of c.M.

Proof." (i) ::~ (ii) Assume that C is right semiperfect. We already know
that the functor Rat is left exact. Let

be an exact sequence in c*Ad. Then we have the com~nutative digram

0 -~ Rat(M’)--~ Rat(M)--~ Rat(M")

0 ~ M~ -~---~M M"------~ 0
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where i’,i and i" are the inclusion maps. Since Rat(c.J~d) has enough
projectives, there exists an epimorphism f : P --* Rat(M’~) for some pro-
jective object P E Rat(c.Nl). By Corollary 2.4.22, P is also projective in

c.Ad, and then there exists g : P -+ M such that vg = i"f. We have that
Ira(g) c_ Rat(M), and denote by g’ : P --~ Rat(M) the corestriction of g.
Then g = ig’, and vig’ = i" f . Since vi = i’~v~, we have i"v’ g’ = i’~ f , so
v~g~ = f. Since f is an epimorphism, we see that v’ is an epimorphism,
therefore Rat is exact.
(ii) ~ (i) Let M ~ J~4C = Rat(c.Ad). We show that Rat(M*) is dense
in M*. Let m G M, m ~ 0 and N a finite dimensional subcomodule of M
such that rn G N. If j : N --~ M is the inclusion map, then j* : M* --* N*
is a surjective morphism of C*-modules. The hypothesis implies that we
have an exact sequence

Rat(M*) ~ Rat(N*) --~ 

But Rat(N*) = N* since N is finite dimensional. Pick f ~ N* such that
f(m) ~ O. The exactness of the above sequence shows that there exists
g ~ Rat(M*) such that f = if(g) = gj. Then g(m) = f(m) ~ which
shows that Rat(M*) is dense in M*.
We prove now that if C is right semiperfect, then Rat(c.N[) is a localizing
subcategory of c.Nt. Indeed, it is enough to prove that Rat(c.Ad) is closed
under extensions. If

is an exact sequence in c-N[ such that M’, M" ~ Rat(c.NI), we obtain a
commutative diagram

0 --~ Rat(M’) -~ Rat(M)-*-Rat(M") --" 

I i II
0 ~ M’ ------"M ~ M"--’----" 0

The Serpent Lemma shows that Coker(i) 0, so i i s sur jective. |

Remark 3.2.13 If the category of rational C*-modules is a localizing sub-
category of the category of modules over C* it does not necessarily follow
that C is right semiperfect, as it can be seen by looking at the coalgebra
from Example 3.2.7. 1
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Since A//c is a Grothendieck category, it has arbitrary direct products,
i.e. for any family of objects there exists a direct product of the family in
A//c. The direct product functor is left exact, but it is not always exact.
However, for semiperfect coalgebras it is exact.

Corollary 3.2.14 Let C be a right semiperfect coalgebra, Then the direct
product functor in the category ]vle is an exact functor (i.e. the category
.h4C has the property Ab4* of Grothendieck).

Proof: It is enough to prove the fact for the subcategory Rat(G..M) of
c.A4. If (M~)~ei is a family of rational left C*-modules, then the direct

t *product of this family in the category Rat(c.Ad) is.Ra (1-Lex M~), where
by I]* we denote here the direct product in the category c.A//. Since

1-[~ex - is an exact functor in c.A/t, we obtain from Corollary 3.2.12 that

1-Le~ - is an exact functor in Rat(c.J~4). |

Lemma 3.2.15 Let M E .Me, X a subspace of C*, and Y a subspace of
M. Then XY = XY, where X is the closure of X in the finite topology.

Proof: We obviously have XY C_ XY. Let f E X and y e Y. Ifp :
M -~ M ® C is the comodule structure map of M, p(y) = ~ Yo ® Yl, then
fY = ~-~f(Yl)yo. Since X is dense in X, there exists g ~ X such that
g(yl) = f(y~) for all yl’s. Then gy = ~-~g(yl)Yo = fy, so fy = gy ~ XY.
Thus -~Y C_ XY, which ends the proof. |

We can give now some properties of coalgebras which are left and right
semiperfect.

Corollary 3.2.16 Let C be a right semiperfect coalgebra. Then Rat(c.C*)
is an idempotent two-sided ideal of C*. Moreover, if C is left and right
semiperfect then Rat(c. C*) = Rat(C~.).

Proof: Clearly I = Rat(c.C*) is a two-sided ideal of the ring C*. By
Theorem 3.2.3 we have 7 = C*. Then Lemma 3.2.15 shows that

So 12 = I.

Assume now that C is also left semiperfect and let J = Rat(C~.), which is
also a two-sided ideal of C*. We know that I ~ A//C and J E cad. Since
C is left and right semiperfect we have I = J = C*, and then by Lemma
3.2.15 we have

JI = JI = C*I = I

On the other hand, by a version of Lemma 3.2.15 for left comodules we
have

JI = J~ = JC.* = J
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We obtain I = J. |

Let C be a coalgebra. We know that the coradical Co = s(cC) = s(Cc),
where s(cC), respectively s(Cc), is the socle of C as a left, respectively
right, C-comodule. Let s(Cc) = ~jejMj and s(cC) = OpepNp be rep-
resentations of the socles as direct sum of simple comodules (the Mj’s are
right comodules and the Np’s are left comodules). Then C = $jejE(Mj)
as right C-comodules, where E(Mj) is the injective envelope of Mj as a
right C-comodule. Then

C* ~ H E(Mj)*
jEJ

as right C*-modules. We will identify these two C*-modules. An element

c* ¯ C* is thus identified to the set (CI*E(M~))jEj of the restrictions of c* to
the subspaces E(M~)’s.
Similarly we have C = @pEpE(Np), and

C* ~- H
pEP

as left C*-modules, isomorphism which we also regard as an identification.

Corollary 3.2.17 Let C be a left and right semiperfect coalgebra and keep
the above notation. Then the following assertions are true.
i) Rat(c.C*) ~- Rat(VS.) = @pEpf(Yp)* = ~jEjE(Mj)*. In particular
the ideal C*r~t = Rat(c.C*) = Rat(C~.) is left and right projective 
the ring C*.
ii) *rat i s a ri ng with lo cal un its, i. e. fo r an y fi nite su bset X ofC*ra~

there exists an idempotent e ¯ C*~ such that ex = xe = x for any x ¯ X
(we say that the set consisiting of all these idempotents e appearing from
finite subsets X is a system of local units).

Proof: i) Since C is left and right semiperfect we have that E(Mj) and
E(Np) are finite dimensional for any j and p. Then E(Mj)* is a finite
dimensional right ideal of C*, so we obtain from Corollary 2.2.16 that
E(M~)* C Rat(C~.). Thus ~jEjE(M~)* C_ Rat(C~.).
Let h* ¯ Rat(c.C*). Then there exist two families of elements h~’ ¯ C*
and h~ ¯ C such that

i

for any g* ¯ C*. We can find a finite subset F C_ J such that h~ ¯
~yEFE(My) for any i. Then we define g* ¯ C* such that g* = e on E(Mj)
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ifj ~ F and g* = 0 on any E(~VIj) with j E F. Then g’h* = 0, since
g*(hi) = 0 for any i.
On the other hand, for any j ~ F and any h ~ E(Mj) we have A(h)~
E(Mj) ® C, therefore

(g*h*)(h) = Eg*(hl)h*(h2)

-- h*(h)
Since h* = 0 on any E(Mj) with j ¢ F, we have

h* e c_
Thus we have showed that

nat(c.c*) ~_ ~e~,E(M~)* c_ n~t(C~. 

Similarly, working with simple left comodules we obtain

Rat(C5.) C_ ~pepE(Np)* C_ Rat(c.C*)

which ends the proof of the first part. Note that this provides a proof of the
fact that Rat(C~.) = Rat(c.C*) different from the one given in Corollary
3.2.16.
The fact that C*~t is left and right projective over C* follows from the fact
that E(Mj)* are projective right ideals in C* and E(Np)* are projective
left ideals of C*.
ii) For any i ~ J we define ¢~ ~ C* to be ¢ on E(Mi) and 0 on any E(Mj)
with j ¢ i. Since (¢~c*)(c) ~-~¢i(c~)c*(c2) and A(E(Mj)) c_E(Mj) ® C
we see that (sic*)(c) = c*(c) for c e E(M~) and (¢ic*)(c) = 0 for c e E(My),
j ~ i. Thus sic* = c* for c* ~ E(Mi)* and sic* = 0 for c* ~ E(Mj)*, j ¢ 
In particular Q = ei and ¢~¢j = 0 for i ~ j.
For a fixed i ~ I there exists a finite set F _C J such that A(E(Mi)) 
E(M~) ® (@jeFE(Mj)). Then clearly for any c* ~ E(Mi)* we have that

c*(~jeF¢j) = c*. It is obvious now that the set consisting of all finite
sums of ¢i’s is a system of local units of C*rat. ~

3.3 Quasi-co-Probenius and co-Frobenius coal-
gebras

Definition 3.3.1 Let C be a coalgebra. Then C is called a left (right)
quasi-co-Frobenius coalgebra (shortly QcF coalgebra) if there exists an in-
jective morphism of left (right) C*-modules from C to a free left (right)
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C*-module. The coalgebra C is called left (right) co-Frobenius if there ex-
ists a monomorphism of left (right) C*-modules from C to C*. 

Clearly, if C is a left co-Frobenius coalgebra, then it is also a left
QcF coalgebra. Conversely, if C is left QcF, then C is not necessarily
co-~-¥obenius, as we will see in Remark 3.3.12.
Let C be a coalgebra. To any bilinear form b : C × C -~ k we associate the
linear maps bl, b~ : C --* C* defined by

= b(x,
= b(x,

for any x, y E C. Conversely, to any linear map ¢ : C -~ C* we associate
two bilinear forms b, b’ : C × C -~ k defined by

b(x, y) = ¢(y)(x)

b’(x, y) = ¢(x)(y)

for any x, y E C. In this case we clearly have ¢ = bt ---- b~.

Proposition 3.3.2 Let C be a coalgebra and b : C × C -~ k a bilinear
form. The following assertions are equivalent.
(i) b is C*-balanced, i.e. b(x "-- c*,y) = b(x,c* ~ y) for any x,y ~ 
c* ~ C*.
(ii) b~ is a morphism of left C*-modules.
(iii) br is a morphism of right C*-modules.

Proof: Let x,y ~ C and c* e C*. Then b~(c* ~ y)(x) = b(x,c* ~ On
the other hand

(c* = - c*)
= b(x~c*,y)

showing the equivalence of (i) and (ii). The equivalence of (i) and (iii) can
be proved similarly. |

Corollary 3.3.3 The correspondence b ~-~ b~ (respectively b ~-~ b~) defines
a bijection between all C*-balanced bilinear forms and all morphisms of left
(respectively right) C*-modules from C to C*. 

A bilinear form b : C × C -~ k is called left (respectively right) nondegen-
erate if b(c,y) = for an y c ~ C (r espectively b(x,c) = 0 for an y c E C)
implies that y = 0 (respectively x = 0).
A left C*-module M is torsionless if M embeds in a direct product of copies
of C*. The following characterizes QcF coalgebras.
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Theorem 3;3.4 Let C be a coalgebra. Then the following assertions are
equivalent.
(i) C is left QcF.
(ii) C is a torsionless left C*-module.
(iii) There exists a family of C* - balanced bilinear forms ( bl )ie ~, bi : C × C 
k, such that for any non-zero x E C there exists i ~ I such that bi(C, x) ~ 
(iv) Every injective right C-comodule is projective.
(v) C is a projective right C-comodule.
(vi) C is a projective left C*-module.

Proofi (i) :=~ (ii) is obvious.
(ii) ~ .(iii) Let 0 : C -~ (C*)~ be an injective morphism of left C*-modules,
where by (C*)I we mean a direct product of copies of C*. For any i ~ I,
let Pi :(C*) I ~ C* be the natural projection on the i-th component of this
direct product. Define bi : C × C ---, k by

b (x, y) 

for any x, y ~ C. By Proposition 3.3.2, bi is a C*-balanced bilinear form.
If y ~ C, y ~ 0, then O(y) ~ O, so there exists i ~ I Such that p~(O(y)) 0,
i.e. 0 ~ pi(O(y))(c) = bi(c,y) for some c E C.
(iii) ~ (ii) Define 0 : C -~ (C*)I by O(c) = (Oi(c))i~t, where Oi(c) : C --~ 
is given by O~(c)(d) = b~(d, Since b~ i s C*-balanced, 0~ i s amorphism of
left C*-modules. If O(c) = 0, then Oi(c) = 0 for any i ~ I, so bi(d,c) = 
for any i E I and d ~ C. This shows ~hat c = 0, so 0 is a monomorphism
and then C is a torsionless left C*-module.
(ii) and (iii) ~ (vi) We know that C = @ieIE(Si) as right C-comodules,
for some simple right C-comodules Si (E(S) denotes the injective envelope
of S). Thus it is enough to show that for any simple right C-comodule S,
the injective envelope E(S) of S in the category AdC is a.projective left
C*-module. We can assume that S is a minimal right coideal of C, say
S = C* ~ x for some non-zero x ~ C. Then there exist i E [ and c G C
such that bi(c, x) ¢ O. Denote by

U = {y ~ C[bi(z,y) = 0 for all z ~ c ~ C*}

Since b~ is C*-balanced, U is a left C*-submodule of C, i.e. a right coideal
of C. If S ~ U ~ O, since S is minimal we see that S _C U. In particular
x ~ U, so bi(c, x) = O, a contradiction. Thus S~U = O. Since S is essential
in E(S) (we consider an injective envelope E(S) of S such that E(S) C_ C),
we must have E(S) V~U = O. Let (bi)t : C --* C* be the morphism 
left C*-modules defined by bi, i.e. (b~)t(y)(z) = bi(z,y) for any z,y ~ C.
Define the map ai : C --~ (c ~ C*)* such that for any y ~ C, ai(y) is the
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restriction of (b~)l to c ~ C*, i.e. a~(y)(z) = b~(z,y) for any z E c ~ C*.
Clearly (c ,-- C*)* is a left C*-module. If c* E C* we have

= b (z,c*
= bi(z ~ c*,y)

=
=

so c~i is a morphism of left C*-modules. On the other hand we clearly
have Ker(c~i) = U. Since dim(U) is finite, then dim(C/U) is finite. Since
E(S) Cl U = 0, there exists a monomorphism E(S) ~ C/U, in particular
E(S) has finite dimension.
We have an injective morphism of left C*-modules

f: E(S) ---~ C --~ (C*)I

Since E(S) is finite dimensional, it is an artinian left C*-module, so E(S)
embeds in a finitely generated free left C*-module. But E(S) is injective as
a left C*-module (see Corollary 2.4.19), so E(S) is isomorphic to a direct
summand of a free left C*-module, and then it is a projective left C*-
module.
(vi) =~ (v) is obvious.
(v) ~ (iv) If Q is injective in .Me, there exists a non-empty set I such that
Q is isomorphic to a direct summand of C(I) as a right C-comodule. The

hypothesis tells that C(I) is projective in .Mc, and then so is Q.
(iv) ~ (i) Let C = @~elE(S~) as right C-comodules, where S~ are simple
C-comodules. By hypothesis any E(Si) is projective in the category .Mc,

and it is also indecomposable. Let us fix some i ~ I. There exist a family
(Mj)jej of finite dimensional right C-comodules and an epimorphism

~jejMj ~ E(S{) --~ 

Since E(S~) is projective, then it is isomorphic to a direct summand of
$~ejM~. The Krull-Schmidt Theorem shows now that E(S~) is isomorphic
to an indecomposable direct summand of some Mj. Thus E(S~) is finite
dimensional. Corollary 2.4.22 shows that E(S~) is a projective left C*-
module, thus isomorphic to a direct summand of a free left C*-module.
Then C is isomorphic to a direct summand of a free left C*-module, i.e. C
is a left QcF coalgebra. |

The proof of Theorem 3.3.4 gives also the following characterization of
co-Probenius coalgebras.

Theorem 3.3.5 Let C be a coalgebra. Then the following assertions are
equivalent.
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(i) C is a left co-Frobenius coalgebra.
(ii) There exists a C*-balanced bilinear form which is left nondegenerate. 

Corollary 3.3.6 Let C be a left QcF coalgebra. Then
(i) C is a left semiperfect coalgebra.
(ii) Rat(c.c*) 
Proofi (i) It follows from the proof of (ii) and (iii) ~ (vi) in Theorem
3.3.4 that the injective envelope of a simple right comodule is finite dimen-
sional.
(ii) Since C is a left QcF coalgebra, there exists a monomorphism of left
C*-modules

: 0 C (c*)(I
for some set I. Then Rat((C*)(~)) contains C. On the other hand

Rat((C*)(~)) = (Rat(c.C*))(I ),

so Rat(c.C*) ~ |

Example 3.3.7 Let C be the coalgebra from Example 3.2.8. We keep the
same notation and define the linear map 0 : C --* C* by ~(gi)= dr and
~(di) = gi*+l for any i. It is easy to see that 0 is an injective morphism 
left C*-modules, so C is a left co-Frobenius coalgebra.
On the other hand C is not right co-Frobenius. Indeed, if b : C × C -~ k is
a C*-batanced bilinear form, then

b(gl,g ) = b(g 
= b(g~ ~d~,di)

= b(0,d 
= 0

and

b(g~,di) = b(g~,gi*+l ~di)

* d= b(gl ~gi+~, ~)

= b(O, di)

= 0

so b(gl , c) = 0 for anylc E C, i.e. b is not right nondegenerate.
We also show that C is left QcF (obviously, since C is left co-Frobenius),
but C is not right QcF. Indeed, if C were right QcF, then C would be a
projective right C*-module. Then g~ ~ C is proje’ctive, too. If we denote
M = g~ ~ C = kg~, then the left C*-module M* is indecomposable and
injective. Thus M* ~- C ~ g; for some j. But dim(C ~ g;) = 2 for any
j, while dim(M*) = 1, a contradiction. |
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Lerama 3.3.8 Let C be a coalgebra. Then the algebra C* is right selfin-
jective if and only if C is fiat as a left C*-module.

Proof: We know that C~. is injective ~ the functor Homc. (-, C~.) 
exact, and c.C* is fiat if and only if the functor - ®c- C is exact. Now
the result follows from the fact that for any right C*-module M we have
that

Homc. (M, C~.) ~- Homk(M ®c* C, 

This last isomorphism follows from the fact that the functor - ®c* C :
]t4c. -~ k2M is a left adjoint of the functor Hornk(C, -) : karl --~ Adv.. 

Corollary 3.3.9 If C is a left QcF coalgebra, then C* is a right selfinjec-
tire algebra, i.e. C* is an injective right C*-module.

Proof: By Theorem 3.3.4, C is a projective left C*-module, in particular
a fiat C*-module. Now apply Lemma 3.3.8. |

Corollary 3.3.10 If C is a left QcF coalgebra, then C is a generator of
the category c./M.

Proof: It is enough to show that any finite dimensional M E cad is
generated by C. Since M is finite dimensional, there exists an epimorphism
of right C*-modules

(C*) n ---, M ~ 0

for some positive integer n. Since C is left semiperfect, the functor Rat :
ado* -~ adv- is exact. We obtain an exact sequence

(Rat(C~.)) ’~ --~ M ~ 0

By Corollary 3.3.9 the object Rat(C~. ) is injective in the category Rat(adc. ),
i.e. Rat(C~.) is injective in the category cad. Since any left comodule em-
beds in a direct sum of copies of C, Rat(C~.) is a direct summand (as 
left C-comodule) of a direct sum (x) of c opies o f C. I n particular t here
exists an epimorphism

C(~) ----* Rat(C~.) ---* 

in the category cad. This shows that C generates M. |

Corollary 3.3.11 The following conditions are equivalent for a coalgebra
C.
(i) C is left and right QcF.

(ii) C is a projective generator in the category cad.
(iii) C is a projective generator in the category adc.
(iv) C* is a left and right selfinjective algebra and C is a generator for the
categories vim and fide.
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Proof: (i) ::~ (ii) follows from Theorem 3.3.4 and C’orollary 3.3.10.
(ii) =~ (i) By Theorem 3.3.4 we have that C is a left QcF coalgebra. More-
over, C is right QcF if and only if Cc* is torsionless. But Cc* is.an essential
extension of its socle s(Cc.) = s(cC) = the coradical of C . S ince C~.
is injective by Corollary 3.3.9, we have that Cc. is torsionless if and only
if so is every simple right C*-subcomodule of C. Let M be a rational sire-
ple right C*-module, i.e. a simple left C-comodule. Then M
simple right C-comodule N. Since C is generator in A//C, there exists an
epimorphism

C(I) --~ N ~ 0

for a finite set I. Then M ~ N* embeds in (C*)I, so M is torsionless.
(i) ~ (iii) is proved similarly.
(i) ~ (iv) follows from Corollaries 3.3.9 and 3.3.10.
(iv) ~ (i) is proved in the same way as (ii) ~ (i). 

Remark 3.3.12 An algebra A is called quasi-Frobenius if A is left at-
tinian and A is an injective left A-module. If A is so, then A is also right
artinian and injective as a right A-module (see for instance [65, section
58]), thus the concept of quasi-Frobenius is left-right symmetric. A finite
dimensional algebra A is called Frobenius if A and A* are isomorphic as
left (or equivalently right) A-modules. It is known that a Frobenius algebra
is necessarily quasi-Frobenius, while there exist finite dimensional algebras
which are quasi-Frobenius but not Frobenius (such an example was given by
T. Nakayama in [157] and [158]).
Let C be a finite dimensional coalgebra. It follows immediatelly from the
definition that C is left co-Frobenius if and only if the dual algebra C* is
Frobenius, and this is also equivalent to the fact that C is right co-Frobenius.
Also, by Corollary 3.3.9, Theorem 3.3.4 and Corollary 2.4.20 we see that
C is left QcF if and only if the dual algebra C* is quasi-Frobenius, and this
is also equivalent to C being right QcF.
Now we can see that there exist coalgebras which are left QcF but not left
co-Frobenius. Indeed, if we take A to be a finite dimensional algebra which
is quasi-Frobenius but not Frobenius, then the dual coalgebra A* is QcF but
not co-Frobenius.

Exercise 3.3.13 Let C be a right semiperfect coalgebra. Show that if the
category MC (or cM) has finitely many isomorphism types of simple ob-
jects, then C is finite dimensional.

Exercise 3.3.14 Let C be a.coalgebra. Show that the category AJC is
equivalent to the category of modules AJ~ for some ring with identity A if
and only if C has finite dimension.
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Exercise 3.3.15 Let (Ci)ieI be a family of coalgebras and C = ~ielCi.
Show that C is right semiperfect if and only if Ci is right semiperfect for
any i E I.

Exercise 3.3.16 Let C be a cocommutative coalgebra. Show that C is right
(left) semiperfect if and only if C = ~ielCi for some family (Ci)iei of finite
dimensional coalgebras.

Exercise 3.3.17 (a) Let (Ci)iex be a family of left co-Frobenius (respec-
tively left QcF) coalgebras and C = @ie~Ci. Show that C is left co-
Frobenius (respectively left QcF).
(b) Show that a cosemisimple coalgebra is left (and right) co-Frobenius.

3.4 Solutions to exercises

Exercise 3.1.1 Let C be a coalgebra. Show that C is a simple coalgebra if
and only if the dual algebra C* is a simple artinian algebra. If this is the
case, then C is a sum of isomorphic simple right C-subcomodules.
Moreover, if the field k is algebraically closed, then C is isomorphic to a
matrix coalgebra over k.
Solution: Assume that C is a simple coalgebra. If I is a two-sided ideal
of C*, then I± is a subcoalgebra of C, so either I± -- 0 or I± -- C. In the
first case we obtain I -- C* and in the second case we have I ---- 0. Thus
C* is a simple algebra. On the other hand C is finite dimensional since it
is simple, and then C* is finite dimensional, in particular artinian.
Conversely, assume that C* is simple artinian and let J be a subcoalgebra
of C. Then J± is a two~sided ideal of C*, so either J± = 0 or J± = C*.
This shows that J is either 0 or the whole of C.
If C is simple, then C* is simple artinian, thus any left C*-module is
semisimple. In particular, C is a semisimple left C*-module, so C is a sum
of simple left C*-submodules, i.e. a sum of simple right C-subcomodules.
For the last assertion, we have that C* is isomorphic to a matrix algebra
over a finite extension of k. Since k is algebraically closed, this implies that
the extension must be k, and then C* ~- M,~(k), where n = dim(M). This
shows that C ~- Me(n, k).

Exercise 3.1.2 Let M be a simple right comodule over the coalgebra C.
Show that:
(i) The coalgebra A associated to M is a simple coalgebra.
(ii) If the field k is algebraically closed, then A ~ MC(n, k), where 
dim(M). In particular the family (cij)l<i,j<n defined in Exercise 2.5.4 is
a basis of A.
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Solution: (i) We know from Proposition 2.5.3 that A is the smallest sub-
coalgebra of C such that M is a right A-comodule. We regard. M as an
object in the category A//A. Since A is the coalgebra associated to M, we
have that A = (annA. (M))±, so then annA. (M) = 0. Thus M is a simple
faithful left A*-module, so A* is a simple artinian algebra. By Exercise
3. i. 1 we see that A is a simple coalgebra.
(ii) follows from (i) and Exercise 3.1.1.

Exercise 3.1.3 Let M and N be two simple right comodules over a coal-
9ebra C. Show that M and N are isomorphic if and only if they have the
same associated coalgebra.
Solution: If M and N are isomorphic as right C-comodules, they are .also
isomorphic as left C*-modules, so then anne. (M) = anne. (N), and the
associated coalgebras (anne. ( M) ± and ( anne, ( N)± are clea rly equa l.
Conversely, if M and N have the same associated coalgebra A, then A is
a simple subcoalgebra and any two simple A-comodules are isomorphic. In
particular M and N are isomorphic.

Exercise 3.1.6 Let C be a cosemisimple coalgebra. Show that C is a direct
sum of simple subcoalgebras. Moreover, show that any subcoalgebra of C is
cosemisimple.
Solution: Let (Ci)iei be the family of all simple subcoalgebras of C.
Then the sum ~ieI Ci is direct. Indeed, if for some j E I we have Cj C_

~iex-{j} Ci, then by Exercise 2.2.19 we have that Cj C Ct for some t E
I - {j}. Since Ct is simple we see that Ct = Cj, a contradiction.
If D is a subcoalgebra of C = @ieiCi, then by Exercise 2.2.18(iv) we have
that D = @iexAi, where Ai is a subcoalgebra of Ci for any i. Then either
Ai = 0 or Ai = Ci, and we are done.

Exercise 3.1.7 Let C be a finite dimensional coalgebra. Show that C is
cosemisimple if and only if the dual algebra C* is semisimple.
Solution: We know that C is cosemisimple if and only if the category of
right C-comodules 3de is semisimple. Also, C* is semisimple if and only
if the category of left C*-modules c* 2t// is semisimple. The result follows
now from the fact that the categories AJC and c,2t4 are isomorphic.

Exercise 3.1.11 Show that the coradical filtration is a coalgebra filtration,
i.e. that A(CT,) C_ ~i=O,n Ci @ Cn-i for any n > O.
Solution: Exe~:cise 2.5.8 shows that C~ = CiAC,~-i-1 for any 0 < i < n-l,
so A(C~) C_ Ci®C+C®C,,-i-1. Then

,~(Cn) ~_ ((’li=O,n-l(Vi ® C-t-C ® Cn_i-rl) ) I~l (Cn 
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We prove that

(n~=o,,,_,(c~®c+c®c,,_~_,))n(Cn®C,~) = ~, C~®Cn-~
i:O,n

The right hand side is contained in the left hand side since for any 0 < i < n
we have Ci ® C~-i C_ Cj ® C for i <_ j, and Ci ® C,~_i C_ C ® Cn-I-j for

For proving the other inclusion, let us take C~#+1 be a complement of C~
in C~+~, and denote C~,oo = ~)i<_jCj,j+l. Clearly

Cn®C,, = (Co®C,,)e(Co,, ®c,,)e...e(c,~_~,,,®c,,)

If z E (r~=o,n-l(C~ ® C + C ® Cn-~-l)) r~ (Cn ® Cn) write z =
zo+ zl +...+zn, with zo ~ Co®C,, zl ~ Co: ®Cn,... ,z,~ ~ C,~-~,n®C,~.
We prove by induction on 0 < i < n that z~ E Ci ® C,~_~. This is clear
for i = 0. Assume it is true for i < j (where i _< j). We show that
zj ~ Cj ® C,~_j. Since z E S we have that

z e G-1 ®c+ c®c,,_~ = (c~_, ®c) ̄ (c~_,,~ ®c,,_~) ̄ (c~,~

The induction hypothesis shows that zl +... + zj_~ ~ Cj_~ ® C. We have
that zj ~ Cj_~,j ® Cn and obviously zj+~ +... + zn ~ Cj,oo ® Cn. Thus we
must have

z~ e (G-,,~ ® Cry) n (C~_,,~ ® C,,_j) = C~_,,j ® C,,_~ c_ 

which ends the proof.

Exercise 3.1.12 Let C be a coalgebra and D a subcoalgebra of C such that

U,~_>0(A’~D) = C. Show that Corad(C) C_ 
Solution: Denote by I = D±, which is an ideal in C*. We know from
Lemma 2.5.7 that A~+~D = (I~+~)"L. Let f ~ I. We define g : C -~ k by
g(c) = E(c) + ~n>_~ f~(c). The definition is correct since for any c ~ C,

c ~ A~+~D for some n, and then c ~ (I~+~)"L, showing that f’~(c) = 0 for
any m _> n + 1. Moreover, on A~+~D we have

Since Un>_o(AnD) -~ C, we have that E - f is invertible in C*. Thus
D-L C_ J(C*), and then Corad(C) = J(C*)"L c D.

Exercise 3.1.13 Let f : C --* D be a surjective morphism of coalgebras.
Show that Corad(D) C_ f(Corad(C)).
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Solution: We know from Exercise 2.5.9 that f(A’~C0) ~ A’~f(Co) for 

n. Then we have

D = I(C) =/(U,~_>0(AnCo)) C_ Un>o(Anf(Co))

and since f(Co) is a subcoalgebra we get by Exercise 3; 1.12 that Corad(D)

f ( Corad( C) 

Exercise 3.1.14 Let X, Y and D be subspaces of the linear space C. Show
that

(D®D) A(X ®C +C® Y) = (D~qX) ND+ DN(DrqY)

Solution: Let D~ and X’ be complements of D rq X in D + X, and U a
complement of D + X in C. Also let D" and Y~ complements of D and Y
in D + Y, and V a complement of D + Y in C. We have that

D®D = ((D~X)®(DV~Y))@((DC3X)®D")@(D’ ®(D~Y))@(D’ 

and

X®C+C®Y =

= ((DnX)®(DV~Y))@((D~X)®D")O

~((D ~ X) ® Y’) @ ((D f~ X) ® V) @ (X’ ® (D 

@(X’ ® D") (9 (X’ ® Y’) ~ (X’ ® V) @ (D’ ® (D 

~(U ® (D N Y)) @ (D’ ® Y’) @ (X’ ® Y.’) @ 

These show that
(D®D)~(X®C+C®Y) 

= (D fq X) ® (D fq Z)) ~ ((D fqX) ® D") @ (D’ ® 

and this is clearly equal to (D fq X) ® D + D ® (D rq 

Exercise 3.1.15 Let C be a coalgebra.and D a subcoalgebra of C. Show
that D,~ = D U CT, for any n.
Solution: We prove byinduction on n. For n = 0, the inclusion Do C_D fq
Co is clear, since any simple subcoalgebra of D is also a simple sUbcoalgebra
of C. On the other hand D rq Co is a subcoalgebra of Co, so by Exercise
3.1.6, D rq Co is a cosemisimple coalgebra. Thus D (q Co is a sum of simple
subcoalgebras, which are obviously subcoalgebras of D. This shows that
D rq Co ~_ Do.
Assume now that Dn = D(qC,~ for some n. We prove that Dn+l = DACn+I.
Since

A(D,~+I) _c D,~ ® D + D ® Do C_ C,~ ® C + C ® Co
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we see that Dn+i C_ Cn+i, so Dn+1 C_ D N Cn+i.
D ¢] Cn+l, then

A(d) (D ®D) N( Cn®C+C®Co)

= (D N C,~) ® D + D ® (D N Co) (by Exercise 3.1.14)

= D~ ® D + D ® Do (by the induction hypothesis)

Conversely, if d E

thus d ~ Dn+I, which ends the proof.

Exercise 3.3.13 Let C be a right semiperfect coalgebra. Show that if
the category ]t4C (or cAll) has finitely many isomorphism types of simple
objects, then C is finite dimensional.
Solution: If S is a simple object in the category A~/C, then

Comc(S, C) ~ Homk(S, k) ~_ 

Since S is finite dimensional, the above isomorphism shows that in the
representation of Co as a direct sum of simple right C-comodules there
exist only finitely many objects isomorphic to S. By the hypothesis we
obtain that Co is finite dimensional. Since C is right semiperfect we have
that the injective envelope E(S) of S is finite dimensional. We conclude
that C is finite dimensional since C is the injective envelope of Co in

Exercise 3.3.14 Let C be a coalgebra. Show that the category Allc is equiv-
alent to the category of modules A]~4 for some ring with identity A if and
only if C has finite dimension.
Solution: If C has finite dimension, then the category A//c is even iso-
morphic to the category c*A~ of modules over the dual algebra of C. Con-
versely, assume that A/Ic is equivalent to AA~ for a ring with identity A.

Let F : A.A~ --~ j~C be an equivalence functor. Then P = F(AA) is a
finitely generated projective generator of the category A/~c since so is nA
in the category A.]~4. Since any object of A~/c is the sum of subobjects of
finite dimension, we obtain that P has finite dimension. Since P is also
a generator we have that C is a right semiperfect coalgebra. Since P has
finite dimension, j~c has a finite number of isomorphism types of simple
objects. Since C is semiperfect, this implies that C has finite dimension.

Exercise 3.3.15 Let (C~)~ex be a family of coalgebras and C 
Show that C is right semiperfect if and only if C~ is right semiperfect for
any i ~ I.
Solution: The claim follows immediately from the equivalence of categories
A4c ~ 1-[~e~ A4c~, proved in Exercise 2.2.18.

Exercise 3.3.16 Let C be a cocommutative coalgebra. Show that C is right
(left) semiperfect if and only if C = ~elCi for some family (C~)~ei of finite
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dimensional coalgebras.
Solution: Assume that C is right semiperfect. Then C = ~ieiE(Si) for
some simple left C-subcomodules (Si)ieI of C (as usual E(Si) denotes the
injective envelope of Si inside C). Since C is right semiperfect, any E(Si)
is finite dimensional, and since C is cocommutative, any C.i = E(Si) is
a subcoalgebra of C. Thus we can write C = @ie.ICi with all Ci’s finite
dimensional.
Conversely, if C = $ieiCi with any Ci finite dimensional, then any Ci is
right semiperfect, and Exercise 3.3.15. shows that C is right semiperfect.

Exercise 3.3.17 (a) Let (Ci)iei be a family of left co-Frobenius (respec-
tively left QcF) coalgebras and C = (~ielCi. Show thatC is left co-
Frobenius (respectively left QcF).
(b) Show that a cosemisimple coalgebra is left (and right) co-Frobenius.
Solution: (a) Assume that each Ci is left co-Frobenius. Then there exists
a C~’-balanced bilinear form bi : Ci × Ci ~ k which is left nondegenerate.
We construct a bilinear form b : C x C -~ k by b(c, d) = hi(c, forany
iEIandc, dEC~,andb(c;d)=0foranyc~C~,d~Cj withi~j. Then
clearly b is C*-balanced and left nondegenerate, so C is left co-Frobenius.
One proceeds similarly for the QcF property.
(b) A cosemisimple coalgebra is a direct sum of simple subcoalgebras. 
the other hand a simple coalgebra is left and right co-Frobenius since it is
finite dimensional and its dual is a simple artinian algebra, thus a Frobenius
algebra. By (a) we conclude that a cosemisimple coalgebra is left and right
co-Frobenius.
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Chapter 4

B ialgebras and Hopf
algebras

4.1 Bialgebras

Let H be a k-vector space which is simultaneously endowed with an alge-
bra structure (H, M, u) and a coalgebra structure (H, A, ~). The following
result describes the situation in which the two structures are compatible.
We recall that on H ® H we have the structure of a tensor product of
coalgebras, and the tensor product of algebras structure, while on k there
exists a canonical structure of a coalgebra given in Example 1.1.4 4).

Proposition 4.1.1 The following assertions are equivalent:
i) The maps M and u are morphisms of coalgebras.
ii) The maps A and ~ are morphisms of algebras. 

Proof: M is a morphism of coalgebras if and only if the following dia-
grams are commutative

M
H®H " H

H®H®H®H

H®H®H®H

A

M®M
. H®H

147
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M
’HH®H

k®k e

Id

The map u is a morphism of coalgebras if and only if the following two
diagrams are commutative

k ’H

k®k , H®H

u

We note that A is a morphism of algebras if and only if the first and
the third diagrams are commutative, and ~ is a morphism of algebras if and
only if the second and the fourth diagrams are commutative. Therefore,
the equivalence of i) and ii) is clear. 

Remark 4.1.2 In the sigma notation, the conditions in which A and ~ are
morphisms of algebras becomes

,5(hg) = ~ hlgl ® h292, ~(~g) = ~(~)~(~)

,5(1) : 1® 1, ¢(1) = 1
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Definition 4.1.3 A bialgebra is a k-vector space H, endowed with an alge:
bra structure ( H, M, u), and with a coalgebra structure ( H, A, ~) such 
M and u are morphisms of coalgebras (and then by Proposition 4.1.1 it
follows that A and ~ are morphisms of algebras). 

Remark 4.1.4 We will say that a bialgebra has a property P, if the under-
lying algebra or coalgebra has property P. Thus we will talk about commu-
tative (or cocommutative) bialgebras, semisimple (or cosemisimple) bialge-
bras, etc.
Note for example that if the bialgebra H is commutative, then the multipli-
cation is also a morphism of algebras, and if it is cocommutative, then the
comultiplication of H is a morphism of coalgebras too. |

Example 4.1.5 1) The field k, iwith its algebra structure, and with the
canonical coalgebra structure, is a bialgebra.
2) If G is a monoid, then the semigroup algebra kG endowed with a coalgebra
structure as in Example 1.1.4.1) (in which A(g) = g ® g and e(g) = 1 for
any g E G) is a bialgebra.
3) If H is a bialgebra, then °p, Hc°p and H°~’’c°p are bialgebras, w here H°p

has an algebra structure opposite to the one of H, and the same coalgebra
structure as H, Hc°p has the same algebra structure as H, and the coalgebra
structure co-opposite to the one of H, and H°p,c°p has the algebra structure
opposite to the one of H, and the coalgebra structure co-opposite to the one
of H. |

A possible way of constructing new bialgebras is to consider the dual of
a finite dimensional bialgebra.

Proposition 4.1.6 Let H be a finite dimensional bialgebra. Then H*,
together with the algebra structure which is dual to the coalgebra structure
of H, and with the coalgebra structure which is dual to the algebra structure
of H is a bialgebra, which is called the dual bialgebra of H.

Proof: We denote by A and e the comultiplication and the counit of H,
and by 5 and E the comultiplication and the counit of H*. We recall that for
h* ¯ H* we have E(h*) = h*(1) and 5(h*) = ~-~h~ ® h~, where h*(hg) 

* h *~’~hl( )h2(g) for any h,g ~ H. Let us show that 5 is a morphism of
* ® *algebras. Indeed, ifh*,g* ¯ H* and 5(h*) = ~hl®h~, 5(g*) = ~g~ 

then for any h, g ¯ H we have

(h*g*)(hg) = ~-~.h*(hlg~)g*(h2g2)
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E hi (hi)h~ (gl)gl ( 2)g2 

= E(h~g~)(h)(h~g~)(g)

which shows that

5(h’g*) = E h*~g~ ® h~g~ 5(h*)5(g*)

Also e(hg) = e(h)e(g) for any h,g E H, hence ~(e) --- e ® e, and so 5 
an algebra map. We show now that E is a morphism of algebras. This is
clear, since

E(h*g*) = (h’g*)(1) = h*(1)g*(1) E(h*)E(g*)

and
= = 1,

which ends the proof. |

Numerous other examples of bialgebras will be given later in this chap-
ter.

Definition 4.1.7 Let H and L be two k-bialgebras. A k-linear map f :
H -~ L is called a morphism of bialgebras if it is a morphism of algebras
and a morphism of coalgebras between the underlying algebras, respectively
coalgebras of the two bialgebras. |

We can now define a new category having as objects all k-bialgebras, and
as morphisms the morphisms of bialgebras defined above. It is important
to know how to obtain factor objects in this category.

Proposition 4.1.8 Let H be a bialgebra, and I a k-subspace of H which
is an ideal (in the underlying algebra of H) and a coideal (in the underlying
coalgebra of H). Then the structures of factor algebra and of factor coalge-
bra on H/I define a bialgebra, and the canonical projection p : H ~ H/I
is a bialgebra map. Moreover, if the bialgebra H is commutative (respec-
tively cocommutative), then the factor bialgebra H/I is also commutative
(respectively cocommutative).

Proof: Denoting by ~ the coset of an element h E H modulo I, the
coalgebra structure on H/I is defined by A(h) = ~ hi ®h2 and ~(~) = 
for any h ~ H. Then it is clear that A and ~ are morphisms of algebras.
The rest is clear.

Exercise 4.1.9 Let k be a field and n >_ 2 a positive integer. Show that
there is no bialgebra structure on M~(k) such that the underlying algebra
structure is the matrix algebra.
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4.2 Hopf algebras

Let (C, A, e) be a coalgebra, and (A, M, u) an algebra. We define on 
set Horn(C, A) an algebra structure in which the multiplication, denoted
by ¯ is given as follows: if f,g E Hom(C,A), then

(f ¯ g)(e) = f(cl)9(c2)

for any c E C. The multiplication defined above is associative, since for
f, g, h ~ Horn(C, A) and c ~ C we have

((f * g) * h)(c) = E(f*.g)(cl)h(c2)

= ~-~.f(e~)g(cu)h(ca)

= ~.f(c~)(g*h)(c2) 

= (f* (g* h))(c)

The identity element of the algebra Horn(C, A) is us ~ Horn(C, A), since

(f, (ue))(c) = E f(c~)(ue)(c2) = E f(c~)s(c2)l 

hence f * (us) = f. Similarly, (us) * f = 
Let us note that if A = k, then * is the convolution product defined on the
dual algebra of the coalgebra C. This is why in the case A is an arbitrary
algebra we will also call ¯ the convolution product.

Let us consider a special case of the above construction. Let H be a
bialgebra. We denote by Hc the underlying coalgebra H, and by Ha the
underlying algebra of H. Then we can define as above an algebra structure
on Horn(He, Ha), in which the multiplication is defined by (f, g)(h) 
~’~.f(hl)g(h2) for any f,g ~ Hom(HC, a) and h E H,andthe iden tity
element is us. We remark that the identity map I : H --~ H is an element
of Hom(Hc, Ha).

Definition 4.2.1 Let H be a bialgebra. A linear map S : H ~ H is
called an antipode of the bialgebra H if S is the inverse of the identity map
I : H -+ H with respect to the convolution product in Horn(H~, Ha). 

Definition 4.2.2 A bialgebra H having an antipode is called a Hopf alge-
bra. |

Remarks 4.2.3 1. In a Hopf algebra, the antipode is unique, being the
inverse of the element I in the algebra Hom(Hc,Ha). The fact that S :
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H -~ H is the antipode is written as S* I = I, S = ue, and using the ’
sigma notation

for any h E H. |

Since a Hopf algebra is a bialgebra, we keep the convention from Remark
4.1.4, and we will say that a Hopf algebra has a property P, if the underlying
algebra or coalgebra has property P.
In order to define the category of Hopf algebras over "the field k, we need
the concept of morphism of Hopf algebras.

Definition 4.2.4 Let H and B be two Hopf algebras. A map f : H ~ B
is called a morphism of Hopf algebras if it is a morphism of bialgebras. |

It is natural to ask whether a morphism of Hopf algebras should preserve
antipodes. The following result shows that this is indeed the case.

Proposition 4.2.5 Let H and B be two Hopf algebras with antipodes SH
and SB. If f : H --~ B is a bialgebra map, then SBf = fSH.

Proof: Consider the algebra Horn(H, B) with the convolution product,
and the elements Ssf and fSH from this algebra. We show that they are
both invertible, and that they have the same inverse f, and so it will follow
that they are equal. Indeed,

((SBI) * f)(h) = ~ SBf(hl)f(h2)

= ~-~SB(f(h)~)f(h)2

= eB(f(h))l,

= eg(h)lB

SO SBf is a left inverse for f. Also

(f * (fSn))(h) 

hence fSg is also a right inverse for
invertible, and that the left and right

~ f(hl)f(SH(h2))

f(SH(h)lH)

~H(h)IB

f. It follows that f is (convolution)
inverses are equal. |
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We can now define the category of k-Hopf algebras, in which the objects
are Hopf algebras over the field k, and the morphisms are the ones defined
in Definition 4.2.4. This category will be denoted by k - HopfAlg.

We will provide examples of Hopf algebras in the following section. For
the time being, we give some basic properties of the antipode.

Proposition 4.2.6 Let H be a Hopf algebra with antipode S. Then:
i) S(hg) = S(g)S(h) for any g, 
ii) S(1) = 
iii) A(S(h)) = E S(h2) ® S(hl).
iv) e(S(h)) = 
Properties i) and ii) mean that S is an antimorphism of algebras, and iii)
and iv) that S is an antimorphism of coalgebras.

Proof: i) Consider H ® H with the tensor product of coalgebras structure,
and H with the algebra structure. Then it makes sense to talk about the
algebra Hom(H ® H,H), with the multiplication given by convolution,
defined as in the beginning of this section. The identity element of this
algebra is UHEH®H : H ® H -~ H.
Consider the maps F, G, M : H ® H --* H defined by

F(h ® g) = S(g)S(h), G(h ® g) and M(h ® g)= hg

for any h,g E H. We show that M is a left inverse (with respect to
convolution) for F, and a right inverse for G. Indeed, for h, g E H we have

(M . F)(h®g) = EM((h®g)l)F((h®g)2)

=  M(hl
= EhlglS(g2)S(h2)

-= Eh~g(g)lS(h2) (definition of S for g)

= ~(h)~(g)l ’definition of S for h)

-= ~H®H(h®g)l
-~ UHgH®H(h ® g)

which shows that M * F = UH~H®H. Also

(G * M)(h®g) = EG((h®g)l)M((h®g)2)

= EG(hl ®gl)M(h21®g2)

= ES(hlgl)h2g2
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=
= z(hg)l (definition of S for hg)

= UH~H®H(h®g)

and thus G * M = UriaH®H. Hence M is a left inverse for F and a right
inverse for G in an algebra, and therefore F = G. This means that i) holds.
ii) We apply the definition of the antipode for the element 1 E H. We get
S(1)1 = ~(1)1. Applying ~ it follows that ~(S(1)) = ~(1) 
iii) Consider now H with the coalgebra structure, and H ® H with the
structure of tensor product of algebras, and define the algebra Horn(H, H®
H), with the multiplication given by the convolution product. The identity
element of this algebra is UH®H~H. Consider the maps F, G : H -o H ® H
defined by

F(h) A(S(h)) an G(h)= E S (h 2) ® S(hl

for any h 6 H. We show that A is a left inverse for F and a right inverse
for G with respect to convolution. Indeed, for any h ~ H we have

(A*F)(h) = E

= ~ ~(hl)~(s(~))
= A(Eh~S(h2)) = A(~(h)l) = z(h)l 

= u~®~.(h)

~nd

(G ¯ A)(h) = ~
= E(S((h~)2) S((h,)~)((h2)~ ® (h 2)2)

= E(S(h2) S( hl))(h3 ® h4)

= ~ s(~)~ s( h~)~
= ~S((h~)~)(h2)2 ~ S(h~)h3

= ~(h2)l S( h~)h~ (d efinition of S)

= ~ 1 ~ S(h~)s((h2)~)(h2)~

= ~ 1 ~ S(h~)h~ (the counit property)

= ~ ~(h)~
= u~(h)
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which ends the proof.
iv) We apply ~ to the relation ~ hiS(h2) ~(h)l to get’~ ~ (hl )~(S(h2)) =
s(h). Since ¢ and S are linear maps, we obtain ¢(S(~-~¢(h~)h2)) = 
Using the counit property we get ~(S(h)) = ~(h). 

Proposition 4.2.7 Let H be a Hopf algebra with antipode S. Then the
following assertions are equivalent:
i) ~ S(h2)hl = ¢(h)l for any h E H.
ii) ~ h2S(h~) = e(h)l for any h ~ g.
iii) 2 =I (by S~we mean the composition of S with itsel f).

Proof: i)~iii) We know that I is the inverse of S with respect to convo-
lution. We show that S2 is a right convolution inv~erse of S, and by the
uniqueness of the inverse it will follow that S2 = I. We have

(S * S2)(h) =

= s(s(h2)h 
=
= e(h) 

(S is an antimorphism of algebras)

which shows that indeed S * S
iii)~ii) We know that h~S(h2) = e(h)l. Ap plying th e an timorphism of
algebras S we obtain ~ S2(h2)S(h~) = ~(h)l. Since 2 =I, thi s bec omes

~ h2S(h~) = ~(h)l.
ii)~iii) We proceed as in i)~iii), and we show that ~ i s a left co nvolution
inverse for S. Indeed,

(S2 * S)(h) = ~ S2(h,)S(h2) S(~-~. h2S(h~)) = S(e~(h)l) = e(

iii)~i) We apply S to the equality y~ S(hl)h2 -- s(h)l, and using ~ =I
we obtain ~ S(h2)hl = e(h)l. ¯ 

Corollary 4.2.8 Let H be a commutative or cocommutative Hopf algebra.
Then S~ = I.

Proof: If H is commutative, then by ~ S(h~)h2 = s(h)l it follows that
~ h2S(h~) s(h)l, i. e. ii ) fr om the pr eceding pr oposition.
If H is cocommutative, then

and then by ~ S(h~)h~ = ~(h)l it follows that S(h2)h~ = e(h)l, i. e. i)
from the preceding proposition. |
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Remark 4.2.9 If H is a Hopf algebra, then the set G(H) of grouplike el-
ements of H is a group with the multiplication induced by the one of H.
Indeed, we first see that 1 E G(H) (this will be the identity element 
G(H)). If g, h ~ G(H), then gh ~ G(H) by the fact that A is an 
map. Finally, if g is a grouplike element, then S(g) is also a grouplike ele-
ment since the antipode is an antimorphism of coalgebras, and the property
of the antipode shows that g is invertible with inverse g-1 = S(g). 

Remark 4.2.10 Let H be a Hopf algebra with antipode S. Then the bial-
gebra H°p,c°p is a Hopf algebra with the same antipode S. If moreover S is
bijective, then the bialgebras H°p and Hc°p are Hopf algebras with antipode
S-1. |

In Proposition 4.1.6 we saw that if H is a finite dimensional bialgebra,
then its dual is a bialgebra. The following result shows that if H is even a
Hopf algebra, then its dual also has a Hopf algebra structure.

Proposition 4.2.11 Let H be a finite dimensional Hopf algebra, with an-
tipode S. Then the bialgebra H* is a Hopf algebra, with antipode S*.

Proof: We know already that H* is a bialgebra. It remains to prove that
it has an antipode. Let h* ~ H* and 5(h*) = ~ h~ ® h~, where 5 is the
comultiplication of H*. Then for h ~ H we have

E(S*(h~)h~)(h) = ES*(h~)(h)h~(h2)

--

= h*(¢(h)l)

= ¢(h)h* (1)

= E(h*)¢(h)

where E is the counit of H*. We proved that ~S*(h~)h~ = E(h*)¢. Sim-
ilarly, one can show that ~ h~S*(h~) = E(h*)¢, and the proof is complete.

Definition 4.2.12 Let H be a Hopf algebra. A subspace A of H is called
a Hopf subalgebra if A is a subalgebra, a subcoalgebra, and S(A) c__ 
We note that if A is a Hopf subalgebra of H, then A is itself a Hopf algebra
with the induced structures. This concept is just the concept of subobject in
the category k - Hopf Alg. |
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In order to define the concept of factor Hopf algebra ofa Hopf algebra H,. ~we
need subspaces of H which are ideals (in order to define a natural algebra
structure on the factor space), coideals (to be able to define a natural
coalgebra structure on the factor space), and also tO be stabilized by the
antipode(so that the factor bialgebra which we obtain has an antipode).
The following result is immediate.

Proposition 4.2.13 Let H be a Hopf algebra, and I a Hopf ideal of H,
i.e. I is an ideal of the algebra H, a coideal of the coalgebra H, and S(I) 
I, where S is the antipode of H. Then on the factor space H/I we can
introduce a natural structure of a Hopf .algebra. When this structure is
defined, the canonical projection p : H --~ H/I is a morphism of Hopf
algebras.

Proofi We saw in Proposition 4.1.8 that H/I has a bialgebra structure.
Since S(I) C_ I, the morphism S : H -~ H induces a morphism ~ : H/I --~
H/I by S(h) = S(h), where ~ denotes the coset of an element h E H in the
factor space H/I. The S is an antipode in the factor bialgebra H/I, since

~-~(-~ )-~ : ~ S(hl)h2 : e(h)-~ 

and similarly, ~ hi S(h2) = ~(-~)~.

If A is an algebra, and M is a left A-module, then M has a right module
structure over A°p, but in general M does’not have a natural right module
structure over A. Also, if C is a coalgebra, and M is a right C-comodule,
then M has a natural left comodule structure over the co-opposite coalgebra
Cc°p, but not over C. The following result shows that if we work with a Hopf
algebra, then all these are possibile. The role of the antipode is essential in
this matter.

Proposition 4.2.14 Let H be a Hopf algebra with antipode S. The fol-
lowing hold: ¯
i) If M is a left H-module (with action denoted by hm for h ~ H, m ~ M),
then M. has a structure of a right H-module given by m ̄  h = S(h)m for
any m ~ M,h ~ H.
ii) If M is a right H-comodule (with structure map p : M --* M ® 
p(m) = ~ m(o) ® m(1)), then M has a left H-comodule structure with 
morphism giving the structure p’ : M --* H®M, p’(m) = ~ S(m(1))®m(o).

Proof." The checking is immediate, using the fact that S is an antimor-
phism of algebras, and an antimorphism of coalgebras. |
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Example 4.2.15 If H and L are two bialgebras, then it is easy to check
that we have a bialgebra structure on H®L if we consider the tensor product
of algebras and the tensor product of coalgebras structures. Moreover, if H
and L are Hopf algebras with antipodes SH and SL, then H ® L is a Hopf
algebra with the antipode SH ® SL. This bialgebra (Hopf algebra) is called
the tensor product of the two bialgebras (Hopf algebras). 

Let H be a Hopf algebra and G(H) the group of grouplike elements
of H. If g, h E G(H), then an element x E H is called (g, h)-primitive
if A(x) = x ® g + h ® x. The set of all (g, h)-primitive elements of 
denoted by Pg,h(H). A (1, 1)-primitive is simply called a primitive element.
We denote P(H) = PI,I(H).

Exercise 4.2.16 Let H be a finite dimensional Hopf algebra over a field
k of characteristic zero. Show that if x ~ H is a primitive element, i.e.
A(x) = x® l + l ®x, then x=O.

Exercise 4.2.17 Let H be a Hop] algebra over the field k and let K be a
field extension of k. Show that one can define on H = K ®k H a natural
structure of a Hopf algebra by taking the extension of scalars algebra struc-
ture and the coalgebra structure as in Proposition 1.4.25. Moreover, if S is
the antipode of H, then for any positive integer n we have that S’~ = Id if
and only if-~ = Id.

4.3 Examples of Hopf algebras

In this section we give some relevant examples of Hopf algebras.

1) The group algebra. Let G be a (multiplicative) group, and kG the
associated group algebra. This is a k-vector space with basis {gtg ~ G },
so its elements are of the form ~’~geG agg with (aa)geG a family of elements
from k having only a finite number of non-zero elements. The multiplication
is defined by the relation

(ag)(~h) = (a~)(gh)

for any a, ~ ~ k, g, h ~ G, and extended by linearity.
On the group algebra kG we also have a coalgebra structure as in Exam-
ple 1.1.4 1), in which A(g) g®g and ~( g) = 1 for an y g E G.We alr eady
know that the group algebra becomes in this way a bialgebra. We note that
until now we only used the fact that G is a monoid. The existence of the
antipode is directly related to the fact that the elements of G are invertible.
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Indeed, the map S : kG --~ kG, defined by S(g) = g-1 for any g E G, and
then extended linearly, is an antipode of the bialgebra kG, since

~ S(gl)g2 = S(g)g = g-~g = 1 = s(g)l

and similarly, Eg~S(92) = e(g)l for any g E 
It is clear that if G is a monoid which is not a group, then the bialgebra
kG is not a Hopf algebra.
If G is a finite group, then Proposition 4.2.11 shows that on (kG)* we also
have a Hopf algebra structure, which is dual to the one on kG. We recall
that the algebra (kG)* has a complete system of orthogonal idempotents

(Pg)geG, where pg ~ (kG)* is defined by pg(h) = 6g,h for any g, h ~ G.
Therefore,

Pg = Pg, PgPh = 0 for g ~ h, pg = I(~G)*
g~G

The coMgebra structure of (kG)* can be described using Remark 1.3.10,
and is given by

xEG

The antipode of (kG)* is defined by S(pa) = pg-1 for any g ~ G.

2) The tensor algebra. We recall first the categorical definition of the
tensor algebra, since it will help us construct some maps enriching its struc-
ture.

Definition 4.3.1 Let M be a k-vector space. A tensor algebra of M is
a pair (X, i), where X is a k-algebra, and i : M --~ X is a morphism of
k-vector spaces such that the following universal property is satisfied: for
any k-algebra A, and any k-linear map f : M --~ A, there exists a unique
morphism of algebras f : X ~ A such that fi = f, i.e. the following
diagram is commutative.

i
M ~ X
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The tensor algebra of a vector space exists and is unique up to iso-
morphism. We briefly present its construction. Denote by T°(M) = 
TI(M) = M, and for n _> 2 by Tn(M) = M®M®...®M, the tensor prod-
uct of n copies of the vector space M. Now denote by T(M) = ~n>_OTn (M),
and i : M --~ T(M), defined by i(m) = m E TI(M) for any m E M. On
T(M) we define a multiplication as follows: if x = ml ®... ®ran ~ Tn(M),
and y = h~ ®... ® hr ~ Tr(M), then define the product of the elements x
and y by

x.y = ml ®... ® mn ® hi ®... ® hr ~ T"+r(M).

The multiplication of two arbitrary elements from T(M) is obtained by
extending the above formula by linearity. In this way, T(M) becomes an
algebra, with identity element 1 ~ T°(M), and the pair (T(M), is a t ensor
algebra of M.

Remark 4.3.2 The existence of the tensor algebra shows that the forgetful
functor U : k-Alg --* k.M has a left adjoint, namely the functor associating
to a k-vector space its tensor algebra. |

We define now a coalgebra structure on T(M). To avoid any possible
confusion we introduce the following notation: if a and/3 are tensor mono-
mials from T(M) (i.e. each of them lies in a component T"(M)), then the
tensor monomial T(M) ® T(M) having a on the first tensor position, and
/3 on the second tensor position will be denoted by a~/3. Without this
notation, for example for a = m ® m ~ T2(M) and/3 = m ~ TI(M), the
elements a ®/3 and/3 ® a from T(M) ® T(M) would be both written as
m ® m ® m, causing confusion. In our notation, a ®/3 = m ® m~m, and

13 ® a = m-~m ® m.
Consider the linear map f : M -~ T(M) ® T(M) defined by f(m) 

m~l ÷ l~m for any m ~ M. Applying the universal property of the tensor
algebra, it follows that there exists a morphism of algebras A : T(M) 
T(M) ® T(M) for which Ai = f. Let us show that A is coassociative, i.e.
(A ® I)A ---- (I ® A)A. Since both sides of the equality we want to prove
are morphisms of algebras, it is enough to check the equality on a system
of generators (as an algebra) of T(M), thus i(M). Indeed, if m eM,
then

(A ®I)A(m) = (A®I)(m~l l~m )

= m~l~l + l~m~l + l~l~m

and

= +
= m®1®1 + 1"~m~1 + l~l~rn
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which shows that A is coassociative.
We now define the counit, using the universal property of the tensor algb.bra
for the null morphism 0 : M --~ k. We obtain a .morphism of algebras
~ : T(M) -* with th e pr operty th at ¢( m) = 0 fo r anrn E i(M). To
show that (~ ® I)A = ¢, where ¢ T(M) -- -, k ® T(M), ¢(z) = 1 ® z 
the canonical isomorphism, it is enough to check the equality on i(M), and
here it is clear that

(s ® I)A(m) = ¢(m) ® 1 + 5(1) ® m = 1 ® rn = ¢(rn).

Similarly, one can show that (I ® ~)A = ~’, where ¢’.: T(M) -~ T(M) 
is the canonical isomorphism.
So far, we know that T(M) is a bialgebra. We construct an antipode. Con~-

sider the opposite algebra T(M)°p of T(M), and let g : M -* T(M)°p be
the linear map defined by g(m) = -rn for any m ~ M. The universal prop-
erty of the tensor algebra shows that there exists a morphism of algebras
S : T(M) --* T(M)°p such that S(m) = -m for any m E i(M). For an
arbitrary element ml ® ... ® rnn ~ Tn(M) we have S(ml ® ... ® rn,~) 
(-1)nrnn®...®ml. We regard now S: T(M) -~ T(M) as an antimorphism
of algebras. We show that for any rn ~ TI(M) we have

~ S(ml)fn~ 2 -- ~ frtlS(f/~2) -- e(m)l

Indeed, since A(m) = rn~i + l~rn we have

~S(ml)m2 = S(m)l + S(1)m -- -m + m -- 

and similarly the other equality. Therefore, the property the antipode
should satisfy is checked for S on a system of (algebra) generators of T(M).
The fact that S verifies the property for any element in T(M) will follow
from the next lemma.

Lemma 4.3.3 Let H be a bialgebra, and S : H --* H an antimorphism
of algebras. If for a,b ~ H we have (S * I)(a) = (I ¯ S)(a) = u~(a) 
(S * I)(b) = (I * S)(b) = u~(b), then also (S * I)(ab) = (I * S)(ab) 

Proof: We know that

= =

and
S(bl)b = b S(b 
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Then

(s ̄  I)(ab)=

= ES(albl)a2b2

= ~S(bl)S(al)aeb2 (S is an antimorphism of algebras)

=

= Es(a)e(b)l

= u¢(ab)

( from the property of a)

( from the property of b)

Similarly, one can prove the second equality, and therefore we know
now that T(M) is a Hopf algebra with antipode S. We show that T(M) is
cocommutative, i.e. TA = A, where ~- : T(M) ® T(M) --~ T(M) ® is
defined by T(Z ® V) = V ® for an y z, v ET(M)Indeed, it is enoughto
check this on a system of algebra generators of T(M), hence on i(M) (be-
cause TA and A are both morphisms of algebras), but on i(M) the equality
is clear.

3) The symmetric algebra. We recall the definition of the symmetric
algebra of a vector space.

Definition 4.3.4 Let M be a k-vector space. A symmetric algebra of M
is a pair (X,i), where X is a commutative k-algebra, and i : M -~ X is
a k-linear map such that the following universal property holds: for any
commutative k-algebra A, and any k-linear map f : M -~ A, there exists a
unique morphism of algebras’~ : X ---* A such that’]i ---- f, i.e. the following
diagram is commutative.

i
M , X

The symmetric algebra of a k-vector space M exists and is unique up
to isomorphism. It is constructed as follows: consider the ideal I of the
tensor algebra T(M) generated by all elements of the form x ® y - y ® x
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with x,y E M. Then S(M) = T(M)/I, together with the map pi, where
i : M --~ T(M) is the .canonical inclusion, and p : T(M) -~ T(M)/I is the
canonical projection, is a symmetric algebra of M.

Remark 4.3.5 The existence of the symmetric algebra shows that the for-
getful functor from the category of commutative k-algebras to the category
of k-vector spaces has a left adjoint. |

We show that the symmetric algebra M has a Hopf algebra structure.
By Proposition 4.2.13, this will follow if we show that I is a Hopf ideal of
the Hopf algebra T(M). Since A and a are morphisms of algebras, and S
is an antimorphism of algebras, it is enough to show that

A(z ®y- y®z) ~ I ® T(M) + T(M) 

s(x®y- y®x) = 0 and S(x®y-y®x) E 

for any x, y E M. Indeed,

A(x®y-y®x)

= a(x)a(y) 
= (x~l + l~x)(y~l + l~y) - (y~l + l~y)(z~l 

= (x®y-y®x)~l+l~(x®y-y®x)

and this is clearly an element of I ® T(M) + T(M) ® Moreover,

~(z ® y. y ® x) = ~(z)~(y) ~(y)~(x) = 

and
s(x ® u - ~ ® x) = S(y)S(x) - S(x)S(u) 

= (-~) ® (-x) - (-z) ® (-~) 
We obtained that S(/V/) has a Hopf algebra structure, it is a factor Hopf
algebra of T(M) modulo the Hopf ideal I. It is clear that S(M) is a com-
mutative Hopf algebra, and also cocommutative, since it is a factor of a
cocommutative Hopf algebra.

4) The enveloping algebra of a Lie algebra. Let L be a Lie k-
algebra, with bracket [, ]. The enveloping algebra of the Lie algebra L is
the factor algebra U(L) = T(L)/I, where T(L) is the tensor algebra of the
k-vector space L, and I is the ideal of T(L) generated by the elements of
the form Ix, y] - x ® y + y ® x with x, y ~ L. A computation similar to the
one performed for the symmetric algebra shows that

/~([x, ~] : x®y+~®x) 
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= (Ix, y] - x ® y ÷ y ® x)~l ÷ l~([x, y] - x ® y ÷ y ® 

which is in I ® T(M) ÷ T(M) 

®(Ix, Y]-x®y+y®x) 

and

t;([x, y]-x®y+~ex) = -(Ix, ~]-~®~+~®~) c 

so I is a Hopf ideal in T(L). It follows that U(L) has a Hopf algebra struc-
ture, the factor Hopf algebra of T(L) modulo the Hopf ideal I. Since T(L)
is cocommutative, U(L) is also cocommutative.

5) Divided power Hopf algebras Let H be a k-vector space with
basis {c~li C N } on which we consider the coalgebra structure defined in
Example 1.1.4 2). Hence

m

/X(c.~) = ~ c~ ® c.~_~, ~(c.~) 
i----0

for any m ~ N. We define on H an algebra structure as follows. We put

CnC m ~ Cn+mn

for any n, m ~ N, and then extend it by linearity on H. We note first that
co is the identity element, so we will write co = 1. In order to show that the
multiplication is associative it is enough to check that (CnCm)Cp = c,~(c,~cp)
for any m,n,p E N. This is true because

CnCm)Cp
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We show now that H
structures. Since the
show that A(c~c,~) 

is a bialgebra with the above Coalgebra and algebra
counit is obviously an algebra map, it is enough to
A(cn)A(c,~) for any n, m e N. We have

n m

=
t=O j=0

t=o j=o n - t

i=0 t=0 n -- t
ci @ Cn+m-i

Ci @ Cn+m-i

i=0 "

It remains to prove that the bialgebra H has an antipode. Since H is
cocommutative, it suffices to show that there exists a linear map S : H ~"
H such that ~S(hl)h2 e( h)l fo r an y h in a b ~i s of H. We def ine
S(c,~) recurrently. For n = 0 we take S(co) = S(1) = 1. We assume
that S(co),..., S(c~_~) were defined such that the property of the antipode

checks for h = ci with 0 < i < n - 1. Then we define

S(~) = --S(~0)~n -- S(~)C~-~ --... -- S(~_~)~,

and it is clear that the property of the antipode is then verified for h = c~
too. In conclusion, H is a Hopf algebra, which is clearly commutative and
cocommutative.

6. Sweedler’s 4-dimensional, Hopf algebra.

Assume that char(k) ¢ 2. Let H be the algebra given by generators
and relations as follows: H is generated as a k-algebra by c and x satisfying
the relations

C2 = 1, X2 = O, XC = --CX

Then H has dimension 4 as a k-vector space, with basis { 1, c, x, cx }. The
coalgebra structure is induced by

A(c)=c®c, A(x)=c®x+x®I



166 CHAPTER 4. BIALGEBRAS AND HOPF ALGEBRAS

= 1, = o
In this way, H becomes a bialgebra, which also has an antipode S given by
S(c) -- -1, S(x) =-c
This was the first example of a non-commutative and non-cocommutative
Hopf algebra.

7. The Taft algebras.

Let n _> 2 be an integer, and A a primitive n-th root of unity. Consider
the algebra H~2 (A) defined by the generators c and x with the relations

cn.~ 1~ xn’=O~ xc-~ ~¢x

On this algebra we can introduce a coalgebra structure induced by

= 1, = 0.
In this way, Hn2 (A) becomes a bialgebra of dimension 2, having t he basis
{ c~xj [ 0 < i,j < n-1 }. The antipode is defined by S(c) = -1 and
S(x) = -c-~x. We note that for n = 2 and A = -1 we obtain Sweedler’s
4-dimensional Hopf algebra.

8. On the polynomial algebra k[X] we introduce a coalgebra structure
as follows: using the universal property of the polynomial algebra we find
a unique morphism of algebras A: k[X] --~ k[X] ® k[X] for which A(X) 
X ® 1 + 1 ® X. It is clear that

(A ® I)A(X) = ([® A)A(X) =

=X®I®I+I®X®I+I®I®X,

and then again using the universal property of the polynomial algebra it
follows that A is ¢oassociative. Similarly, there is a unique morphism of
algebras ~ : k[X] --~ k with a/X) = 0. It is clear that together with A and

G the algebra k[X] becomes a bialgebra. This is even a Hopf algebra, with
antipode S : k[X] ~ k[X] constructed again by the universal property of
the polynomial algebra, such that S(X} = -X. This Hopf algebra is in fact
isomorphic to the tensor (0r symmetric, or universal enveloping) algebra 
a one dimensional vector space (or Lie algebra).

We take this opportunity to justify the use of the name convolution.
The polynomial ring R[X] is a coalgebra as above, and hence its dual,
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U = R[XI* = Hom(R[X], R) is au algebra with the convolution product.
If f is a continuous function with compact support, then f* E U, where f*
is given by

f*(P) = .f(x)P(x)dz,

and /5 is the polynomial function associated to P E R[X]. We have that
A(p) e R[X] ® R[X] ~ R[X, Y],

a(P) = ~ Pl. ~ P2 : P(X + 

If g is another continuous function with compact support, the convolution
product of f* and g* is given by

where h(t) = f f(z)9(t- is wh ati s usual ly calle d the c onvolution
product (see [1991).

9. Let k be a field of characteristic p > 0. On the polynomial alge-
bra k[X] we consider the Hopf algebra structure described in example 8,
in which A(X) = X®I+ I®X, ~(X) = 0 S(X) = -X. Si nce
A(Xp) = Xp ® 1 + 1 ® Xp (we are in characteristic p, and all the binomial
coefficients (~) with 1 < i < p- 1 are divisible by p, hence zero), e(Xp) = 0
and S(Xp) = -X~ (remark: if p = 2, then 1 = -1), it follows that the
ideal generated by Xp is a Hopf ideal, and it makes sense to construct the
factor Hopf algebra g = k[X]/(XP). This has dimension p, and denoting
by x the coset of X, we have A(x) = x® 1 + 1 ®x and xp = 0. This is the
restricted enveloping algebra of the 1-dimensional p-Lie algebra.

10. The cocommutative cofree coalgebra over a vector space.

Let V be a vector space, and (C, ~r) a cocommutative cofree coalgebra
over V. We show that C has a natural structure of a Hopf algebra. Let
p: C ® C -~ V ~ Y be the map defined by p(c® d) = (Tr(c)e(d), 7r(d)e(c)) for
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any c, d E C. Proposition 1.6.14 shows that (C ® C,p) is a cocommutative
cofree coalgebra over V ~ V. The same result shows that if we denote by
")’ : (C ® C) ® C ~ (V @ V) @ V the map defined 

",/(c ® d ® e) = (p(c d)¢(e), 7c(e)~(c ® d)

= (~r(c)e(d)¢(e), ~r(d)~(c)¢(e), ~r(e)~(c)¢(d))

we have that (C ® C ® C, ~,) is a cocommutative cofree coalgebra over
V@V~V.
Let m : V~V --~ V be the map defined by m(x,y) = x+y. Then
the linear map ra : V ~ V -~ V induces a morphism of coalgebras M :
C ® C ~ C between the cocommutative cofree coalgebra over these spaces.
Also the linear map m @ I : V $ V @ V --~ V @ V induces the morphism
M ® I : C ® C ® C ~ C ® C of coalgebras between the cocommuta-
tive cofree coalgebras over the two spaces (this follows from the relation
p(M ® I) = (m 1) % which ch ecks im mediately). By composition it fol
lows that M(M ® I) : C ® C ® C ~ is the morphism of c oal gebras
associated to the linear map m(rn ~ I) : V ~ V ~ V --~ (using th e un i-
versal property of the cocommutative cofree coalgebra).
Consider now the map ~,1 : C ® C ® C ~ V @ V ~ V as in Proposi-
tion 1.6.14, for which (C ® (C ® C),"//) is a cocommutative cofree coal-
gebra over V ~ (V @ V). Similar to the above procedure, one can show
that M(I ® M) is the morphism of coalgebras associated to the linear map
m(I@m). But it is easy to see that ~ -- -~’, and that m(I~m) = m(m~I),
hence M(M ® I) = M(I M), i. e. M is ass ociative.
Using Proposition 1.6.13, the zero morphism between the null space and
V induces a morphism of coalgebras u : k --* C. Also the linear map
s : V ~ V, s(x) = -x, induces a map S : C ~ C, using again the universal
property. As in the verification of the associativity of M, one can check
that u is a unit for C, which thus becomes a bialgebra, and that S is an
antipode for this biMgebra.
In conclusion, the cocommutative cofree coalgebra over V has a Hopf alge-
bra structure.

Exercise 4.3.6 (i) Let k be a field which contains a primitive n-th root 
1 (in particular this requires that the characteristic of k does not divide n)
and let Ca be the cyclic group of order n. Show that the Hopf algebra kCn
is selfdual, i.e. the dual Hopf algebra (kC~)* is isomorphic to kC,~.
(ii) Show that for any finite abelian group C of order n and any field 
which contains a primitive n-th root of order n, the Hopf algebra kC is
selfdual.
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Exercise 4.3.7 Let k be a field. Show that
(i) If char(k) ¢ 2, then any Hopf algebra of dimension 2 is isomorphic 
kC2, the group algebra of the cyclic group with two elements.
(ii) If char(k) = 2, then there exist precisely three isomorphism types 
Hopf algebras of dimension 2 over k, and these are kC2, (kC2)*, and 
certain selfdual Hopf algebra.

Exercise 4.3.8 Let H be a Hopf algebra over the field k, such that there
exists an algebra isomorphism H ~- k x k x ... x k (k appears n times).
Then H is isomorphic to (kG)*, the dual of a group algebra of a group 
with n elements.

Two more examples of Hopf algebras, the finite dual of a Hopf algebra,
and the representative Hopf algebra of a group, are treated in the next
exercises.

Exercise 4.3.9 Let H be a bialgebra. Then the finite dual coalgebra H° is
a subalgebra of the dual algebra H*, and together with this algebra structure
it is a bialgebra. Moreover, if H is a Hopf algebra, then H° is a Hopf
algebra.

Exercise 4.3.10 Let G be a monoid.~ Then the representative coalgebra
Rk (G) is a subalgebra of a, and even abialgebra. If G is a group, the n
Rk(G) is a Hopf algebra. If G is a topological group, then

= {f ̄  RR(e) I continuous},

is a Hopf subalgebra of RR(G).

4.4 Hopf modules

Throughout this section H will be a Hopf algebra.

Definition 4.4.1 A k-vector space M is called a right H-Hopf module if
H has a right H-module structure (the action of an element h ¯ H on an
element m ̄  M will be denoted by mh), and a right H-comodule structure,
given by the map p: M --* M ® H, p(m) = ~-~.m(0) ® re(l), such that for
anym ¯ M, h E H

p(mh) = E m(o)hl ® m0)h2.
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Remark 4.4.2 It is easy to check that M ® H has a right module structure
over H ® H (with the tensor product of algebras structure) defined by (m 
h)(g ®p) = mg ® hp for any m ® h E M ® H, g ®p E H ® H. Considering
then the morphism of algebras A : H -o H ® H, we obtain that M ® H
becomes a right H-module by restriction of scalars via A. This structure is
given by (m ® h)g -= ~ mgl ® hg2 for any m ® h ~ M ® H, g ~ H. With
this structure in hand, we remark that the compatibility relation from the
preceding definition means that p is a morphism of right H-modules.
There is a dual interpretation of this relation. Consider H ® H with the
tensor product of coalgebras structure. Then M ® H has a natural structure
of a right comodule over H ®H, defined by m®h ~-~ ~ re(o) ®hl ®m(~) 
The multipliction # : H ® H -* H of the algebra H is a morphism of
coalgebras, and then by corestriction of scalars M ® H becomes a right H-
comodule, with m ® h ~ ~m(o) ® hi m(~)h2. Then th e co mpatibility
relation from the preceding definition may be expressed by the fact that the
map ¢ : M ® H --* H, giving the right H-module structure of M, is a
morphism of H-comodules. |

We can define a category having as objects the right H-Hopf modules,
and as morphisms between two such objects all linear maps which are also
morphisms of right H-modules and morphisms of right H-comodules. This
category is denoted by ~4/~, and will be called the category of right H-Hopf
modules. It is clear that in this category a morphism is an isomorphism if
and only if it is bijective.

Example 4.4.3 Let V be a k-vector space. Then we define on V ® H a
right H-module structure by (v®h)g = v®hg for any v ~ V, h,g ~ H, and
a right H-comodule structure given by the map p : V ® H -~ V ® H ® H,
p(v ® h) = ~ v ® h~ ® h~ for any v ~ V,h ~ H. Then V ® H becomes 
right H-Hopf module with these two structures. Indeed

p((v®h)g) = p(v®

= (hg) ® (hg) 

= EV®hlgl®h~g~

= ® ®
= E(v ® h)(o)gl ® (v h) 0)g2

proving the compatibility relation. |

We will show that the examples of H-Hopf modules from the preceding
example are (up to isomorphism) all H-Hopf modules. We need first 
definition.
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Definition 4.4.4 Let M be a right H-comodule, with comodule structure
given by the map p : M -* M ® H. The set

Mc°H = {m e M I p(m) = m 1 }

is a vector subspace of M which is called the subspace of coinvariants of
M. 1

Example 4.4.5 Let H be given the right H-comodule structure induced by
A : H -~ H ® H. Then Hc°H = kl (where.1 is the identity element of H).
Indeed, if h E Hc°H, then A(h) = ~ hi ® h2 = h ® 1. Applying ~ on the
first position we obtain h = e(h)l E kl. Conversely, if h = ~1 for a scalar
a, then A(h) = al ® l = h ® l. 1

Theorem 4.4.6 (The fundamental theorem of Hopf modules) Let H be 
Hopf algebra, and M a right H-Hopf module. Then the map f : Mc°H ®
H -~ M,defined by f(m ® h) = mh for any m Mc °g and h ~ H, is
an isomorphism of Hopf modules (on c°g ®H weconsider the H-Hopf
module structure defined as in Example ~.~.3 for the vector space Mc°H ).

Proof: We denote the map giving the comodule structure of M by p :
M -~ M®H, p(m) = ~m(o)®m(t). Consider the map g : M -~ M,
defined by g(m) = ~m(o)S(m(1)) for any rn ~ M. Ifm ~ M, we have

p(g(m)) 
= y~.(m(o))(o)(S(m(1)))~® (m(o))(~/(s(.m)))2

(definition of Hopf modules)

= ~(-~(4)(o)S((m(,))=) 
(the antipode is an antimorp~hism of coalgebr~s)

(using the sigm~ notation for comodules)

(using the sigma notation for comodules)

: E m(0)S(m(~)) 69 e(m(1))l (definition of the 

(using the sigma notation for comodules)



172 CHAPTER 4. BIALGEBRAS AND HOPF ALGEBRAS

= ~-~=m(o)S(m(1)) ® 1 (the counit property)

=
which shows that g(m) E c°H f or a ny r n E M.
It makes then sense to define the map F : M --+ Mc°H ® H by F(m) 
~-~g(m(o)) ®m(1) for any m ~ M. We will show that F is the inverse of f.
Indeed, if m ~ Mc°H and h ~ H we h~ve

Ff(m@h) = F(mh)

=
= ~g(m(o)h~) @m(~)h~

(definition of Hopf modules)

: ~g(mh~)~h2 (sincemeMc°H)

=
= ~m(o)(h~)~S(m(~)(h~)~) 

(definition of Hopf modules)

~m(h~)~S((hl)2) (sin ce m ~ M~°H)

= ~m~(h~) ~ h~ (by the antipode property)

= m @ h (by the counit property)

hence Ff = Id. Conversely, if m ~ M, then

IF(~) = f(~m(o)S(m(~))~m(~))

(using the sigma notation for comodules)

= ~m(0)~(m(,)) (by the antipode property)

= m (by the counit property)

which shows that fF = Id too. It remains to show that f is a morphism of
H-Hopf modules, i.e. it is a morphism of right H-modules ~nd a morphism
of right H-comodules. The first ~sertion is clear, since

f((m @ h)h’) = f(m @ hh’) = mhh’ = ](m 

In order to show that f is a morphism of right H-comodules, we have to
prove that the diagram
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Mc°H ® H "M

I®A

Mc°H ® H ® H " M ® H
is commutative. This is immediate, since

(pf)(mOh) = p(mh)

= Emhl®h2 (sincemeMc°H"

= ~(f®I)(m®hl®h2) ..

= (f®I)(I®A)(m®h)

which ends the proof. |

Exercise 4.4.7 Let H be a Hopf al9ebra. Show that for any right (left)
H-comodule M, the injective dimension of M in the category MH is less
than or equal the injective dimension of the t~vial right H-comodule k.
In particular, the global dimension of the category ~H is equal to the in-
jective dimension of the trivial right H-comodule k.

Exercise 4.4.8 Let H be a Hopf algebra. Show that for any right (left)
H-module M, the projective dimension of M in the categoW ~H i8 less
than or equal the projective dimension of the trivial right H-module k (with
action defined by ~ ~ h = e(h)a for any ~ ~ k and h ~ H). In particular
the global dimension of the category ~ H is equal to the projective dimension
of the right H-module k.

4.5 Solutions to exercises

Exercise 4.1.9 Let k be a field and n >_ 2 a positive integer. Show that
there is no bialgebra structure on Mn(k) such that the underlying algebra
structure is the matrix algebra.
Solution: The argument is similar to the one that was used in Example
1.4.17. Suppose there is a bialgebra structure on M,~(k), then the counit
e : Mn (k) --~ k is an algebra morphism. Then the kernel of s is a two-sided
ideal of M~(k), so it is either 0 or the whole of Mn(k). Since s(1) = 
we have Ker(e) = 0 and we obtain a contradiction since dim(Mn(k)) 
dim(k).
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Exercise 4.2.16 Let H be a finite dimensional Hopf algebra over a
field k of characteristic zero. Show that if x E H is a primitive element,
i.e. A(x) = x ® l + l ® x, then x = 
Solution: If there were a non-zero primitive element x, we prove by induc-
tion that the 1, x,..., xn are linearly independent for any positive integer
n, and this will provide a contradiction, due to the finite dimension of H.
The claim is clear for n = 1, since al ÷ bx = 0 implies by applying e that
a = 0, and then, since x ¢ 0, that b = 0. Assume the assertion true for
n - 1 (where n ~> 2), and let Ep=O,n apxp = 0 for some scalars ao,..., ap.
Then by applying A we find that

p=0,n i=0,p

Choose some 1 _< i,j _< n- 1 such that i+j = n, and let h~,h~ ~ H*
such that h~(xt) = 5i,t for any 0 < t < n- 1 and h~(xt) = 5j,t for any
0 < t < n- 1 (this is possible since 1, x,..., xn-1 are linearly independent).

* a nThen by applying h~ ® h~ to the above relation we obtain that ~ (i) = 
and since k has characteristic zero we have a,~ = 0. Then again by the
induction hypothesis we must have a0,..., a,~-i = 0.

Exercise 4.2.17 Let H be a Hopf algebra over the field k and let K be a field
extension of k. Show that one can define on H = K®k H a natural structure
of a Hopf algebra by taking the extension of scalars algebra structure and the
coalgebra structure as in Proposition 1.4.25. Moreover, if S is the antipode
of H, then for any positive integer n we have that S~ = Id if and only if
~ = Id.
Solution: The comultiplication A and counit ~ of H are given by

~(5 ®k h) = E(5 ®k hi) ®~ (1 ®k 

~(5 ®k h) = 5s(h)

for any 5 ~ K and h ~ H. It is a straightforward check that H is a bialgebra
over K, and moreover, the map S : H -~ ~ defined by -~(5®kh)
is an antipode of H. The last part is now obvious.

Exercise 4.3.6 (i) Let k be a field which contains a primitive n-th root
of 1 (in particular this requires that the characteristic of k does not divide
n) and let C~ be the cyclic group of order n. Show that the Hopf algebra
kC,~ is selfdual, i.e. the dual Hopf algebra (kC~)* is isomorphic to kC~.
(ii) Show that for any finite abelian group C of order n and any field 
which contains a primitive n-th root of order n, the Hopf algebra kC is
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selfdual.
Solution: (i) Let C~ =< c > and let ~ be a primitive n-th root of 1 
k. Then kCn has the basis 1,c, c2,... ,c’~-1, and let Pl,Pc,... ,Pc~-i be the
dual basis in (kC~)*. We determine G = G((kCn)*). We know that the
elements of G are just the algebra morphisms from kCn to k. If f E G,
then f(c) n = 1, so f(c) = ~ for some 0 < i < n- 1. Conversely, for
any such i there exists a unique algebra morphism fi : kC~ -~ k such
that fi(c) = ~i. More precisely, fi(c j) = ~iJ for any j (extended linearly).
Thus f0, fl,..., f~-i are distinct grouplike elements of (kCn)*, and then a
dimension argument shows that (kCn)* = kG. On the other hand f~ = f~
for any i, so G is cyclic, i.e. G --- C,~. We conclude that (kCn)* ~- kC~.
(ii) We write C as a direct product of finite cyclic groups. The assertion
follows now from (i) and the fact that for any groups G and H we have
that k(G x H) ~ kG ® kH.

Exercise 4.3.7 Let k be a field. Show that
(i) If char(k) ~ 2, then any Hopf algebra of dimension 2 is isomorphic 
kC2, the group algebra of the cyclic group with two elements.
(ii) If char(k) = 2, then there exist precisely three isomorphism types 
Hopf algebras of dimension 2 over k, and these are kC:, (kC2)*, and 
certain selfdual Hopf algebra.
Solution: Let H be a Hopf algebra of dimension 2 and complete the

set {1} to a basis with an element x such that ~(x) = 0 (we can do this
since H = kl @ Ker(g)). Since Ker(~) is a one dimensional two-sided
ideal of H, we have that x: = ax for some a E k. We consider the basis
l~ = {l ® l,x® l,l ®x,x®x} of H ® H. Write

A(x) = ~1® l+~x® 1 +~,1 ® x + 5x®x

for some scalars o~,/~, % 5. If we write the counit property we obtain that
x =~l+~/x andx= c~l+f~x, soc~=0and~=~,= 1. ThusA(x) 
x ® 1 + 1 ®x + ~x ® x. If we write A(x~) = A(ax) and express both sides in
terms of the basis B, we obtain that a2~~ + 3a5 ÷ 2 = 0, so either a~ -- -1
or a6 = -2.
On the other hand, if S is the antipode of H, then the relation ~ S(x~)x2 
~(x)l = 0 shows that S(x)(1 6x) + x = 0, andif w e t akeS(x) = ul + 
for some u,v ~ k, wefind that u = 0 and v+vSa = -1. Thus the situation
5a = -1 is impossible, and we must have 5a = -2. Now we distinguish
two cases.
(i) If char(k) ¢ 2, then a¢0and 5- 2 Then it is easy ~odetermine
that H has precisely .two grouplike elements, namely 1 and 1 - -2x Then
U = kG(g) ~- kC2.
(ii) If char(k) = 2, then aS=0, so either a =0or 6 = 0. Ifa = 0, it is
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easy to see that if 5 ~ 0, then H has precisely two grouplike elements, 1
and 1 + 5x, so again H ~- kC2. If 5 = 0 we obtain the Hopf algebra F with
basis {1,x} such that x2 = 0 and A(x) = x®l+l®x. This has only
one grouplike element, this is 1, so F is not isomorphic to kC2. Finally,
let us take the situation where 5 = 0 and a E k, a ~ 0. If we denote
by Hi the Hopf algebra obtained in this way for a = 1, i.e. H1 has basis
{1,x} such that x2 = x and A(x) = x ® 1 + 1 ® x, then it is clear that
f : H -* Hi, f(1) = 1, f(x) = -~x is an isomorphism of Hopf algebras. In
fact H1 ~ (kC2)*. Indeed, if we take C2 = {1, c}, then {1, c} is a basis 
kC2 and we consider the dual basis {Pl, Pc} of (kC2)*. Then

A(Pc) = Pl ®Pc +Pc ®Pl = (Pl +Pc) ®Pc +Pc ® (Pl +Pc)

since char(k) = 2, so Pc is a primitive element of (kC2)*. Also p~2 = Pc, so
(kC2)* ~ H~. On the other hand F* _ F. This can be seen again by taking
in F* the dual basis {Pl,P~} of {1,x}, and checking that Px is a primitive
element and p~ = p~. Thus H~ ~- (kC~)*, F -~ F*, and H1 is not isomorphic
to kC2, and this ends the proof.

Exercise 4.3.8 Let H be a Hopf algebra over the field k, such that there
exists an algebra isomorphism H ~ k × k × ... × k (k appears n times).
Then H is isomorphic to (kG)*, the dual of a group algebra of a group 
with n elements.
Solution: Since H ~ k × k × ... × k, we have that there exist precisely n
algebra morphisms from H to k. But we know that G(H*), the set of group-
like elements of the algebra H* is precisely Homk_~tg(H, k). Therefore H*
has n grouplike elements, and since dim(H*) = n, we have that H* "~
where G = G(H*). It follows that H ~_ (kG)*.

Exercise 4.3.9 Let H be a bialgebra. Then the finite dual coalgebra H° is a
subalgebra of the dual algebra H*, and together with this algebra structure it
is a bialgebra. Moreover, if H is a Hopf algebra, then H° is a Hopf algebra.
Solution: Let f,g E H°, A(f) = Efl®f~, A(g) = Egl®g~. 
means that

f (xy) .~ E f l (x) f2(y), .q(:r,y) = E gl 

for all x, y ~ H. Then

(f * g)(xy) =

= Ef(xly~)g(x~y:)

= Efl(Xl)f2(Yl)gl(x2)g2(Y2)

=
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hencef*gEH ° and

A(f.g) = ~(f* g)l ® (f*g)u = ~fl *gl 

i.e. A is multiplicative. Now 1HO ---- g, which is an algebra map. Then it is
clear that A is an algebra map. It is also easy to see that ¢Ho (f) = f(1) 
an algebra map, so H° is a bialgebra.
If H is a Hopf algebra with antipode S. We show that S* is an antipode
for H°. Let f E H°, A(f) = ~fl ®f2, i.e. f(xy) = ~-~fl(x)f2(y) for all
x,y ~ H. First

S*(f)(xy) = f(S(xy)) = f(S(y)S(x)) = ~ fl(S(y))fu(S(x)) 

=
so S*(f) ~ °. Then

(~-~ f, * S*(fu))(x) = ~ fl(xl)f:(S(x2)) S(~-~ xl S(x2)) =

: ¢(x)f(1) CHo(f)lHo(x).

The other equality is proved similarly, so H° is a Hopf algebra with antipode
S*.

Exercise 4.3.10 Let G b~ a monoid. Then the representative coalgebra
Rk(G) is a subalgebra of a, and even abialgebra. If G is a g roup, the n
Rk(G) is a Hopf algebra. If G is a topological group, then

~(G) : (f e R~(G)I f continuous}

is a Hopf subalgebra of R~t(G).
Solution: The canonical isomorphism ¢ : ka --* (kg).* is also an algebra
map, so its restriction and corestriction ¢ : R~(G) --* (kG)° is an iso-
morphism of both algebras and coalgebras. Thus Rk(G) is a bialgebra by
Exercise 4.3.9. If G is a group, then kG is a Hopf algebra, so (kG)° is a
Hopf alge, bra, and therefore Ra(G) is a Hopf algebra, with antipode given
by S*(f)(x) = -1) for any f ~ Rk(G) and x E G.
Finally, if G is a topological group, then it is easy to see that/~p~(G) is 
RG-subbimodule of Rp~(G), and therefore it is a Hopf subalgebra.

Exercise 4.4.7 Let H be a Hopf algebra. Show that for any right (left)
H-comodule M, the injective dimension of M in the category .~H is less
than or equal the injective dimension of the trivial right H-comodule k.



178 CHAPTER 4. BIALGEBRAS AND HOPF ALGEBRAS

In particular, the global dimension of the category .h/~ H is equal to the in-
jective dimension of the trivial right H-comodule k.
Solution: Let us take a (minimal) injective resolution

(4.1)

of the trivial right H-comodule k. Let M be a right H-comodule. For any
right H-comodule Q the tensor product M ® Q is a right H-comodule with
the coaction given by m®q ~ ~ m(o)®q(o)®rn(1)q(1) for any m E M, q E Q.
Tensoring (4.1) with M we obtain an exact sequence of right H-comodules

O~ M"~_M®k--~ M®Qo-, M®QI ~... (4.2)

If Q is injective in j~H, then M®Q is injective in J~H. Indeed, Q is a direct
summand as an H-comodule in H(I) for some set I, say H(x) ~- Q @ X.
Then (M ® H)(~) ~ (M ® Q) @ (M ® X). Everything follows now if 
show that M ® H is an injective H-comodule. But it is easy to check
that M ® H is a right H-Hopf module with the coaction given as above by
m ® h ~-~ ~ m(0) ® hi ® m(Dh2, and the action (m ® h)g ---- m ® hg for any
m ~ M, h,g ~ H. This shows that M®H is an injective right H-comodule.
This implies that (4.2) is an injective resolution of M, thus inj.dim(M) 
inj.dim(k).

Exercise 4.4.8 Let H be a Hopf algebra. Show that for any right (left)
H-module M, the projective dimension of M in the category ~4H is less
than or equal the projective dimension of the trivial right H-module k (with
action defined by a ~-- h = ~(h)a for any c~ ~ k and h ~ H). In particular
the global dimension of the category ~4 H is equal to the projective dimension
of the right H-module k.
Solution: Let us consider a projective resolution of k in A/~H,

...P~ -~ Po -, k-~ o

If M is a right H-module, then for any right H-modute P we have a right H-
module structure on M®P with the action given by (m®p)h = ~ mhl®ph2
for any m E M, p ~ P, h ~ H. In this way we obtain an exact sequence of
right H-modules

. . . M ® P~ --~ M ® Po --~ M ® k ~_ M --* O

We show that this is a projective resolution of M, and this will end the
proof. Indeed, if P is a projective right H-module, then P is a direct
summand in a free right H-module, thus P ~ X ~- H(x) as right H-modules
for some right H-module X and some set I. Then (M ® P) ~ (M ® X) 
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(M ® H)(~), so it is enough to show that M ® H is projective. But this
is true since M ® H has a right H-Hopf module structure if we take the
module structure and the right H-comodule structure given by m ® h ~-~
~rn ® hi ® h2, and we are done.
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Chapter 5

Integrals

5.1 The definition of integrals for a bialgebra

Let H be a bialgebra. Then H* has an algebra structure which is dual to the
c0algebra structure on H. The multiplication is given by the convolution
product. To simplify notation, if h*, g* ¯ H* we will denote the product of
h* and g* in H* by h’g* instead of h* *g*.

Definition 5.1.1 A map T ¯ H* is called a left integral of the bialgebra H
if h*T = h*(t)T for any h* ¯ H*. The set of left integrals of H is denoted
by f~, Left integrals of Hc°p are called right integrals for H, and their set
is denoted by fr" |

Remark 5.1.2 It is clear that T ¯ H* is a left integral if and only if
~T(x,2)Xl = T(x)l Vx ¯ H, and it is a right integral if and only if
ET(xl)x2 = T(x)l Vx e H. 

We discuss briefly the name given to the above notion..Let G be a
compact group. A Haar integral on G is a linear functional A on the space
of continuous functions from G to R, which is translation invariant, i.e.

A(xf) : A(f)

for any continuous f : G -~ R, and any x ¯ G. Then the restriction of A
to the Hopf algebra/~R(G) of continuous representative functions on G 
an integral in the sense of the above definition. Indeed,

A(xf) = A(f), Vf¯/~R(G), 

A(Ef2(x)fl ) = A(f)l, Vf ¯/~R(G), x 

181
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 (fl)f2(z) =
 (fl)f2 =

~A(f~)#(f2) =

(A#)(f) =

Art =

and this explains the use

1(f)l(x), Vf C/~a(a), x 

~(f)l, Vf ¯/~R(G) 

£(f)#(1), Vf e ~a(G), ~ C ~a(G)* 

(~(1)A)(/), VI e ~(G), , e 

of the name "integral" for bialgebr~.

Remark 5.1.3 1) ft is clearly a vector subspace of H*. Moreover, ft is an
ideal in the algebra H*. That it is a right ideal is clear, since if g* ¯ H*,
and T ¯ f~, then for any h* ¯ H* we have

h*(Tg*) = (h*T)g* = (h*(1)T)g* = 

and so Tg* ̄  f~. To show that f~ is also a left ideal, with the same notation
we have

h*(g*T) = (h* g*)T = (h* g*)(1)T = h*(1)g*(1)T 

showing that g*T ̄  f~.

2) Consider the rational part of H* to the left, hence i r~t i s t he s um
of rational left ideals of the algebra H*. Then ft C Hi r~t. This follows
immediately from Remark 2.2.3. In particular, if for a bialgebra we have
H~ ra* = O, then also ~ = O, hence there are no nonzero le~ integrals. ~

Before looking at some more examples, we give a result which will be
frequently used in Chapter 6.

Lemma 5.1.4 If t is a le~ integral, and x, y ~ H, then

=

Proofi We show that the two sides ~re equal by applying an arbitrary
h* ~ H*.

~ h*(xl)t(x2S(y)) = ~ h*(xlS(y2)Y3)t(x2S(Yl))

=

= ~(Y2 ~ h*)(1)t(xS(y~)) = ~h*(y2)t(xS(y~)).

We give now some examples of bialgebr~, some having nonzero inte-
grals, and some not.
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Example 5.1.5 1) Let G be a monoid, and H = kG the semigroup algebra
with bialgebra structure described in Section 4.3. We denote by pl E H*
the map defined by Pl (g) = 5~,g for any g ~ G, where 1 means here the
identity element of the monoid. Then Pl is a left and right integTul for H.
Indeed, if h* ~ H*, then for any g ~ G we have (h*p~)(g) = h*(g)p~(g) 
~,gh*(g) = h*(1)p~(g). The last equality is clear if g = 1, and if g ¢ 1, 
both sides are zero. Since H is cocommutative, p~ is also a right integral.
2) Let H be the divided power Hopf algebra from example 5) in Section 4.3.
Hence H is a k-vector space with basis {~ili ~ N }, the coalgebra structure
is defined by

= =
i=0

and the algebra structure by

CnCm = Cn+m

with identity element 1 = co. We know that there exists an isomo~hism of
algebras

¢: H* =
nk0

for h* ~ H*. Suppose T is a le~ (i. e. also right) integral of H. Then for
any h* ~ H* we have h*T = h*(1)T, and ,applying ¢ we obtain ¢(h*)¢(T) 
h*(1)¢(T). Noting that h*(1) = ¢(h*)(0), it follows that ¢(T) is a formal
power series for which F¢(T) = F(0)¢(T) for any formal power series F.
Choosing then F ~ 0 such that F(O) = 0 (e.g. F = X), we obtain 
¢(T) = (s ince k[[X]] is a d omain), and sinc e ¢ is anisomo~hism, this
implies ~ = O.
3) Let k be a field of characte~stic zero, and H = k[X] with the Hopf
algebra structure described in example 8) of Section ~.3. Then H does not
have nonzero integrals. Indeed, ifT ~ H* is an integral, then h*T = h*(1)T
for any h* ~ H*. Since A(X) = X ~ 1 + 1 @ X, applying the above equality.
for X we get h*(X)T(1) = O, and choosing h* with h*(X) ~ 0 it follows
that T(1) = 0. Then we prove by induction that T(X~) = 0 for any n ~ O.
To go from n - 1 to n we apply the equality h*T = h*(1)T to X~+~ and we
use the fo~ula

A(xn+~)= (n + l Xn+~:i ~ Xi i

By the induction hypothegis we obtain that h*(X)T(Xn) = O, and choosing
again h* with h*(X) ~ 0 wefind T(Xn) = O. Consequently, T = O.
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Exercise 5.1.6 Let H be a Hopf algebra over the field k, K a field exten-
sion of k, and H -~ K ®k H the Hopf algebra over K defined in Exercise
4.2.17. IfT E H* is a left integral of H, show that the map T ~ -~* defined
by T(5 ®k h) .-- 5T(h) is a left integral of 

Exercise 5.1.7 Let H and HI be two Hopf algebras with nonzero integrals.
Then the tensor product Hopf algebra H ® H~ has a nonzero integral.

5.2 The connection between integrals and the
ideal H* rat

Let H be a Hopf algebra. Throughout this section, by H* r~t we mean the
rational part of H* to the left. Later in this section we will show that the
rational parts of H* to the left and to the right are in fact equal, which will
justify our not writing the index l. We saw in the preceding section that if

H* rat = 0, then f~ = 0. The aim of this section is to find a more precise
connection between H* rat and f~.

We know that H* ~at is a rational left H*-module, and this induces a
right H-comodule structure on H* ~at, defined by p : H* ~at --~ H* ~ ®H,

p(h*) = ~ h~o ®h*1 such that g’h* = ~g*(h~))h.*o, for any g* e H*.() 
Consider the action ~ of H on H* defined as ~tlows: if h ~ H and

h* ~ H*, then h ~ h* ~ H* is given by (h ~ h*)(g) = h*(gh) for any
g ~ H. In this way, H* becomes a left H-module, and this structure is
in fact induced by the canonical right H-module structure of H, taking
into account that H* = Hom(H,k). Using Proposition 4.2.14, this left
H-module structure on H* induces a right H-module structure on H* as
follows: if h E H and h* ~ H*, define h* ~ h -: S(.h) ~ h*. We then have
(h* ~ h)(g) = h*(gS(h)) for any g e H.

Theorem 5.2.1 H* ~ is a right H-submodule of H* (with action ~).
This right H-module structure, and the right H-comodule structure given
by p define on H* r~ a right H-Hopf module structure.

Proof: Let h* ~ H*~ and h ~ H. We show that for anyg* ~ H* we
have the relation

g*(h* h) x~, *’h* h ~’h*~- =~__,g ((~) ~)t (o)~-h~)

Let g E H. Then

(~-~ g* (h~)h~) (h(*0) ~ h~))(g) 

= ~ *%* h "h*
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= ~((~2 g*)~*,)(gs(~l))
(by the definition of p)

= ~(~2 - ~*)(g~(~)~)~*((g~(~l))~)
(by the definition of convolution)

= ~(~ ~ ~*)(~(~))~*(~s(~))
= ~g*(g~S(h~)h~)h*(g~S(h~))

= ~ ~*(~(~))~*(~(~))
= ~ ~*(~)~*(~s(~))
= (~*(h* ~h))(9)

proving the required relation. This shows that h* ~ h ~ H* ~t, ~nd
moreover, that

i.e. H* ,~at is ~ right H-Hopf module.
The following lemma shows that there is a close connection between

H* rat and ~.

Lemma 5.2.2 The subspace of coinvariants (H* rat)coil is exactly

Proof: Let h* ~ H* ~t. Then h* ~ (H* ~t)~og if and only if p(h*) 
h* @ 1, ~nd this is equivalent to g’h* = g*(1)h* for ~ny g* ~ H*. But this
is the definition of a left integral.

We can now prove the result showing the complete connection between
H* rat and ~.

Theorem 5.2.3. The map f : ~ ~H ~ H* rat defined by f(t ~ h) = t ~ 
for any t ~ ~, h ~ H, is an isomorphism of right H-Hopf modules.

Proof: Follows directly from the fundamental theorem of Hopf modules
applied to the Hopf module H* ~at

We ~lready saw that if H* ~-~t = 0, then ~ = 0. The preceding theorem
shows that the converse also holds.

Corollary 5.2.4 H* ~ = 0 if and only if

Exercise 5.2.5 Let H be a Hopf algebra. Then the following .assertions
are equivalent:
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i) H has a nonzero left integral.
ii) There exists a finite dimensional left ideal in H*.
iii) There exists h* E H* such that Ker(h*) contains a left coideal of finite
codimension in H.

Corollary 5.2.6 Let H be a Hopf algebra with antipode S, and having a
nonzero integral. Then S is injective. If moreover H is finite dimensional,
then fs has dimension 1 and S is bijective.

Proof: From Theorem 5.2.3, if there would exist an h ~ 0 with S(h) = 
then for a t E f~, t ~ 0 we would have f(t ® h) 0, contradicting the
injectivity of f.
If H is finite dimensional, Example 2.2.4 shows that H* rat __ H*. We

obtain an isomorphism of Hopf modules f : f~ ®H --* H* defined by
f(t ® h) = t ~ h = S(h) ~ In par ticular, thi s is an iso morphism of
vector spaces, and so dim(H*) = dim(f~ ®H). But dim(H*) = dim(H)
and dim(f~ ®g) = dim(f~)dim(H). Therefore, dim(f~) = 1. Moreover,
since S is an injective endomorphism of the finite dimensional vector space
H, it follows that S is an isomorphism, and so it is bijective. |

When H is a finite dimensional Hopf algebra, there is still another way
to work with integrals. We recall that there is an isomorphism of algebras
¢: H -~ H** defined by ¢(h)(h*) h*(h) fo r an y h e H,h* ~ H*. Then
it makes sense to talk about left integrals for the Hopf algebra H*, these
being elements in H**. Since ¢ is bijective, there exists a nonzero element
h ~ H such that ¢(h) ~ H** is a left integral for H*. Since any element
in H** is of the form ¢(/) with l E H, this means that for any l E H 
have ¢(/)¢(h) ¢(l)(1H.)¢(h). But ¢( /)¢(h) = ¢(/h) (¢ is a morphism of
algebras) and ¢(/)(1H*) = ¢(/)(~) = e(/), hence the fact that ¢(h) 
integral for H* is equivalent to lh -- e(1)h for any l ~ H. This justifies the
following definition.

Definition 5.2.7 Let H be a finite dimensional Hopf algebra. A left in-
tegral in H is an element t ~ H for which ht = s(h)t for any h ~ 

Remark 5.2.8 i) If H is a finite dimensional Hopf algebra, there is some
danger of confusion between left integrals for H (which are elements of H*),
and left integrals in H (which are elements of H). Left integrals in H are
in fact left integrals for H* when they are regarded via the isomorphism
¢ : H -~ H**. This is why we will have to specify every time which of the
two kind of integrals we are using.
ii) Corollary 5.2.6 shows that in any finite dimensional Hopf algebra there
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exist nonzero left integrals, and moreover, the subspace they span has di-
mension 1, and is therefore kt, where t is a nonzero left integral in H.

Example 5.2.9 1) Let G be a finite group, and kG the group algebra with
the Hopf algebra structure described in Section 4.3 1). Then t = ~-~-geG g is
a left (and right) integral in kG.
2) If G is a finite group, then (kG)*, the dual of kG, is a Hopf algebra, 
the map Pl E (kG)*, p~(g) = 51,g, is a left (and right) integral in 
3) Let k be a field of characteristic p > O, and H = k[X]/(Xp) the Hopf
algebra described in Section 4.3 9). Then t = p-I i s a le ft (a nd ri ght)
integral in H.

4) Let H denote Sweedler’s 4-dimensional Hopf algebra described in Sec-
tion 4.3 6). Then x +cx is a left integral in H, and x-cx is a right integral
in H.
5) Let Hn2()~) be a Taft algebra described in Section 4.3 ~). Then 
(1 + C "~ ... "~ cn-1)Xn-1 is a left integral in H,~2()~). 

An important application of integrals in finite dimensional Hopf algebras
is is the following result, known as Maschke’s theorem. Here is the classical
proof. For a different proof see Exercise 5.5.13.

Theorem 5.2.10 Let H be a finite dimensional Hopf algebra. Then H is
a semisimple algebra if and only if s(t) ~ 0 for a left integral t ~ 

Proof." Suppose first that H is semisimple. We know that Ker(~) is an
ideal of codimension 1 in H. Regarding Ker(~)as a left submodule of
H, by the semisimplicity of H we have that Ker(e) is a direct summand
in H, hence there exists a left ideal I of H with H = ker(~) @ I. Let
1 = z + h, with z ~ Ker(~),h e H, be the representation of 1 as a sum
of two elements from Ker(~) and I. Clearly h -~ 0, because 1 ~ Ker(~).
Since I has dimension 1 (since Ker(~) has codimension 1), it follows that
I = kh. Let now l ~ H. Then lh E I, and so the representation oflh
in the direct sum H = Ker(e)@I is lh = O+lh. On the other hand,
we have l = (l-~(/)1)+~(/)1, and lh = ( l- ~(/)l)h+~(l)h. Sin ce
(l - e(/)l)h Ker(s), s( l)h ~ and t he r epresentation of an element in
H as a sum of two elements in Ker(e) and I is unique, it follows that
(l - ~(/)l)h = 0 and e(l)h = lh. The last relation shows that h is a left
integral in H. Since I ~ Ker(s) = 0, it follows that s(h) ~ 0, and the first
implication is proved.

We assume now that s(t) ~ 0 for a left integral t in H. We fix such
an integral t with z(t) = 1 (we can do this by replacing t t/~ (t))..In
order to show that H is semisimple, we have to show that for any left
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H-module M, and any H-submodule N of M, N is a direct summand in
M. Let ~ : M ~ N be a linear map such that r(n) = n for any n E 
(to construct such a map we write M as a direct sum of N and another
subspace, and then take the projection on N). We define

P: M -~ N, P(m) = E tl~r(S(t2)m) for any m e M.

We show first that P(n) = fo r an y n ~ N.Indeed,

= ~-~tlr(S(t2)n)

= EtiS(t2)n (since S(t2)n e 

= s(t)ln (by the property of the antipode)

= n (since ¢(t) = 

We show now that P is a morphism of left H-modules. Indeed, for
m~Mand h~Hwehave

hP(m) = Ehtlr(S(t2)m)

= Ehlt~x(S(t~)¢(h~)m) (by the counit property)

= E hltl~(S(t2)S(h2)h3m) (by the property of the antipode)

= ~h~t~r(S(h2t2)h3m)

= E(hlt)~(S((h~t)2)h~m)

= E~(hl)t~(S(t~)h2m) (since hit = ¢(hl)t)

= Et17~(S(t~)hm) (by the counit property)

= P(hm)

We have showed that there exists a morphism of left H-modules P : M -~ N
such that P(n) = fo r an y n ~ N.Then N i s a d ir ect sum mand in M as
left H-modules, (in fact M = N @ Ker(P)) and the proof is finished. |

Remark 5.2.11 If G is a finite group, and H = kG, then we saw that
t = ~~g~Gg is a left integralinH. Then~(t) = [G[lk, where [G[ is the order
of the group G. The preceding theorem shows that the Hopf algebra kG is
semisimple if and only if IGI 1~ ~ O, hence if and only if the characteristic of
k does not divide the order of the group G. This is the well known Maschke
theorem for groups. |
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If H is a semisimple Hopf algebra, and t ¯ H is a left integral with
¢(t) = 1, then t is a central idempotent, because S(t) is clearly a right
integral in H (i.e. S(t)h = ¢(h)S(t)), and we have

t = s(t)t = s(S(t))t = S(t)t = e(t)S(t) 

Recall that a k-algebra A is called separable (see [!12]) if there exists 
element ~ ai ® bi ¯ A ® A such that ~ a~b~ = 1 and

E xai ® bi = E a~ ® b~x

for all x ¯ A. Such an element is called a separability idempotent.

Exercise 5.2.12 A semisimple Hopf algebra is separable.

Exercise 5.2.13 Let H be a finite dimensional Hopf algebra over the field
k, K a field extension of k, and -~ = K ®k H the Hopf algebra over K
defined in Exercise 4.2.17. If t ¯ H is a left integral in H, show that
~ = 1~: ®~ t ¯ -~ is a left integral in -~. As a consequence show that H is
semisimple over k if and only if H is semisimple over K.

5.3 Finiteness conditions for Hopf algebras
with nonzero integrals

Lemma 5.3.1 Let H be a Hopf algebra. If J is a nonzero right (left) ideal
which is also a right (left) coideal of H, then J = H. In particular 
obtain the following:
(i) If H is a Hopf algebra that contains a nonzero right (left) ideal of finite
dimension, then H has finite dimension.
(ii) A semisimple Hopf algebra (i. e. a Hopf algebra which is semisimple 
an algebra) is finite dimensional.
(iii) A Hopf algebra containing a left integral in H (i. e. an element t 
with ht = ~(h)t for all h ¯ H) is finite dimensional:

Proof: If J is a right ideal and a right coideal, then A(J) C_ J ® H and
JH = J. If~(J) = 0, then for any h ¯ J we have h ~-~e(hl)h2 ¯
e(J)H = 0, so J = 0, a contradiction. Thus e(J) % 0, and then there exists
h ¯ H with s(h) = 1. Then 1 = ~(h)l ~hlS(h2) ¯ JHC_ J, so 1 ¯ J
and J = H.
We show that the assertion (i) can be deduced from the first part of the
statement. Indeed, let J be a nonzero right ideal of’ finite dimension in a
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Hopf algebra H, and let I = H* ~ J, which is a right ideal, a right coideal
and has finite dimension. The fact that I is a right ideal follows from

=
=

for any h* ~ H*, x ~ J, y ~ H. Then I = H, so H is finite dimensional.
For (ii), let us take a semisimple Hopf algebra H. Then Ker(e) is a left
ideal of H. Since H is ~ semisimple left H-module, there exists ~ left ideal
I of H such that H = I ~ Ker(e). Since Ker(e) has codimension 1 in H,
we have that I h~ dimension 1. Then H is finite dimensional by (i). Note
that by Theorem 5.2.10, I is the ideal generated by an idempotent integral
in H.
(iii) The subsp~ce generated by t is a finite dimensionM left ideal.

Theorem 5.3.2 (Lin, Larson, Sweedler, Sullivan) Let H be a Hopf alge-
bra. Then the following asse~ions are equivalent.
(i) H has a nonzero left integral.
(ii) H is a left co-~obenius coalgebra.
(iii) H is a l¢ QcF coalgebra.
(iv) H is a l¢ semiperfect coalgebra.
(v) H has a nonzero ~ght integral.
(vi) H is a right co-~obenius coalgebra.
(vii) H is a ~ght QcF coalgebra.
(viii) H is a ~ght semiperfect coalgebra.
(ix) H is a generator in the categow g ~ (or in ~g 
(X) H is a projective object in the categow H ~ (or in ~g 

Proofi (i) (i i). Let t e H*be ~ nonzero lef t int egral. We def ine the
biline~r application b: H x g ~ k by b(x, y) = t(xS(y)) for any x, y e g.
We show that b is H*-bal~nced. Let x, y ~ H and h* ~ H*. Then

~(~ ~ h*, ~) 

= ~ n*(x~)t(z~(~))

= ~h*(x~)t(x2S(y~)e(y~)) (by the counit property)

= ~h*(x~S(y2)y3)t(x2S(y~)) (the property of the antipode)

= -
=
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~-~(Y2 ~ h*)((xS(yl))l)t((xS(yl))2)

~-~(y2 ~ h*)(1)t(xS(yl)) is a l eft int egral)

h*(y )t(xS(yl))
b(x, h* ~ y)

Now we show that b is left non-degenerate. Assume that for some y E H.
we have b(x, y) = 0 for any x E H. Then t(xS(y)) = 0 for any x ~ g. But
t(xS(y)) = (t ~ y)(x) and we obtain t ~ y = 0. Now Theorem 5.2.3 shows
that y = 0. This implies that H is left co-~obenius.
(ii) ~ (iii) ~ (iv) are obvious (by Corollary 3.3.6).
(iv) ~ (v) Since H is left semiperfect we have that Rat(H~s.) is dense
in H*. Then obviously Rat(H*H.) ~ 0, and by Theorem 5.2.3 applied to
H°p,c°p we have that fr ~ 0.
(v) ~ (vi) ~ (vii) ~ (viii) ~ the righ t ha nd sid e ver sions of the
facts proved above.
(iii) and (vii) ~ (ix) and (z) follow by Corollary 3.3.11.
(ix) ~ (i) If H is a generator of HA/I, since kl is a left H-comodule, there
exist a nonzero morphism t : H --+ k of left H-comodules. Then t is a
nonzero left integral.
(x) ~ (iv) (or (x) =:)> (viii)) Since H is projective in Hdt//, we have that
Rat(H.H*) is dense in H* by Corollary 2.4.22. 1

Corollary 5.3.3 Let H be a Hopf algebra with nonzero integrals. Then
any Hopf subalgebra of H has nonzero integrals.

Proof: Let K be a Hopf subalgebra. Since H is left semiperfect as a
coalgebra, then by Corollary 3.2.11 K is also left semiperfect.. 1

Remark 5.3.4 If H has a nonzero left integral t, and K is a Hopf sub-
algebra of H, then the above corollary tells us that K has a nonzero left
integral. However, such a nonzero integral is not necessarily the restriction
of t to K. Indeed, it might be possible that the restriction of t to K to be
zero, as it happens for instance in the situation where H is a co-Frobenius
Hopf algebra which is not cosemisimple, and K = kl (this will be clear in
viewof Exercise 5.5.9, where a characterization of the cosemisimplicity is
given). I

Exercise 5.3.5 Let H be a finite dimensional Hopf algebra. Show that H
is injective as a left (or right) H-module.
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5.4 The uniqueness of integrals and the bi-
jectivity of the antipode

Lemma 5.4.1 Let H be a Hopf algebra with nonzero integrals, I a dense
left ideal in H*, M a finite dimensional right H-comodule and f : I -~ M
a morphism of left H*-modules. Then there exists a unique morphism h :
H* -~ M of H*-modules extending f.

Proof." Let E(M) be the injective envelope of M as a right H-comodule.
Then E(M) is also injective as a left H*-module (see Corollary 2.4.19).
Regarding f as a H*-morphism from I to E(M), we get a morphism h :
H* -* E(M) of left H*-modules extending f. If x = h(e) E E(M), 

Ix = Ih(~) = h(I~) -- h(I) = f(I) 

Since I is dense in H*, we have that x ~ Ix. Indeed, there exists h* ~ I
such that h* agrees with e on all the xl’s from x ~ ~ Xo®Xl (the comodule
structure map o£ E(M)). Then x = ~s(xl)xo = ~ h*(xl)xo ----- h*x ¯ 
We obtain x e M, and hence Im(h) C_ M. Thus h is exactly the required
morphism.
If h/ is another morphism with the same property, then h - h~ is 0 on I.
Then

I(h - h’)(z) = (h - h’)(Is) = (h - h’)(I) 

and again since I is dense in H* we have that (h - h’)(e) e I(h - h’)(z), so
(h - h’)(~) = 0. Then clearly h = h’. |

Theorem 5.4.2 Let H be a Hopf algebra with nonzero integral and M a
finite dimensional right H-comodule. Then dim Homg. (H, M) ---- dim 
In particular dim fr = dim f~ = 1.

Proof." Rat(H.H*) is a dense subspace of H* by Theorem 3.2.3. Also
by Theorem 5.3.2 there exists an injective morphism 0 : H --~ H* of left
H*-modules. Clearly O(H) C_ Rat(H.H*) and since H is an injective ob-
ject in the category A4H, we obtain that H is a direct summand as a
left H*-module in Rat(u.H*). Thus there exists a surjective k-morphism
HOmH. (H* rat, M) -+ HomH* (H, M). By Lemma 5.4.1,

HomH. (H* rat, M) ~- Homg. (H*, M) ~-- 

We obtain an inequality

dim HOmH. (H, M) <_ dim HomH. (g* rat, M) = dim M.



5.4. THE UNIQUENESS OF INTEGRALS 193

If we take M = k, the trivial right H-comodule, we have that fr =
HomH.(H, k) has dimension at most 1, so this has dimension precisely
1 since f~ ¢ 0. Similarly f~ has dimension 1. Hence there exists even
an isomorphism of left H*-modules 0 : H ---* H*~at, O(h) = t ,-- 
where t is a fixed non-zero left integral. Then the surjective morphism
HOmH. (H* ~at, M) --* HOmH. (H, obtained abo ve fro m 0 i s an iso mor-
phism, showing that in fact dim HOmH. (H, M) = dim M. 

Remark 5.4.3 The proof of the result of the above theorem can be done in
a more general setting. If C is a left and right co-Frobenius coalgebra, and
M is a finite dimensional right C-comodule, then dim Home. (C, M) <
dim M. 1

We will prove now that the antipode of a co-Frobenius Hopf algebra is
bijective. The next lemma is the first step in this direction.

Lemma 5.4.4 1) Let H and K be two Hopf algebras and ¢ : H -~ K an
injective coalgebra morphism with ¢(1) = 1. If t E K* is a left integral,
then t o ¢ is a left integral in H*.
2) Let H be a Hopf algebra with a nonzero left integral t and antipode S..
Then t o S is a nonzero right integralof H.

Proof: 1) Since t is a left integral for K, for any z E K we have .that
~t(z2)zl = t(z)l. Take z = ¢(h) with h ~ H, and use the fact that 
is a coalgebra morphism. We find that ~ t(¢(h2))¢(hl) = t(¢(h))l. 
shows that ¢(~t(¢(h2))hl) = ¢(t(¢(h))l), which by the injectivity 
implies ~ t(¢(h2))hl = t(¢(h))l, i.e. t o ¢ is a left integral for 
2) We consider S : H --* H°p,c°p, an injective coalgebra morphism with
S(1) = 1. We use 1) and see that if t is a nonzero left integral for H, then
t o S is a left integral for H°p’c°p, i.e. a right integral for H. It remains to
show that t o S ¢ 0. Let J C_ H be the injective envelope of kl, considered
as a right H-comodule. Then ~/is finite dimensional and H = J @ X for a
right coideal X of H. Let f e H* such that f(X) =0 and f(1) =fl 0. Then
Ker(f) contains a right coideal of finite codimension, thus f ~ H*rat .

Hence f = t ~ h for some h ~ H, and f(1) = (t ,-- h)(1) t( S(h)),
showing that t o S ¢ 0. |

If H is a Hopf algebra with nonzero integrals, we haveCorollary 5.4.5
that S*(f~) = f~.

Proof: It follows
hess of integrals.

from the second assertion of Lemma 5.4.4 and the unique-

Corollary 5.4.6 Let H be a Hopf algebra with nonzero integral. Then the
antipode S of H is bijective.
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Proof." We fix a nonzero left integral t. We know from Corollary 5.2.6
that S is injective. We prove that S is also surjective. Otherwise, if we
assume that S(H) ~ H, since S(H) is a subcoalgebra of H, we have that
S(H) is a left H-subcomodule of H, and by Corollary 3.2.6 there exists a
maximal left H-subcomodule M of H such that S(H) C_ M. Let u E H*
such that u ~ 0 and u(M) = O. Since Ker(u) contains M, we have that
u ~ Rat(g.H*), thus there exists an h ~ H such that u -- t ~ h. Clearly
h~0and for any x ~ M we have (t ~ h) (x) =u(x)=O. For anyyeH
we have S(y) ~ M, so

(toS)(hy) = t(S(hy))

= t(S(y)S(h))

= (t,- h)(S(y))

= 0

so (t o S)(hH) = 0. Since t o S is a right integral, then t o S is a morphism
of left H*-modules, so (t o S)(H* ~ (hH)) Lemma5.3.1 tells us tha t
H* ~ (hH) = H, and then (t o S)(H) =- This is a c ontradiction wit h
Lemma 5.4.4. |

Remark 5.4.7 If H is a Hopf algebra with nonzero integral and t is a
non-zero left (or right) integral, we have that

t~ H=t,-H= H-~t=H--,t= H*ra t

Indeed, let t be a nonzero left integral. Then the relation t ~ H = H*rat fol-
lows from Theorem 5.2.3 and the uniqueness of the integrals. Also H*rat -=
t ~- H = S(H) ~ t = H -~ t (we have used the bijectivity of the 
tipode). If we write now the relation t ~ H = *rat f or H°p, we o btain
that t ~ H = H*rat, which also shows that H ~ t = H*rat.

The next exercise provides another proof for the uniqueness of integrals.

Exercise 5.4.8 Let x E ft and h ~ H be such that x o S(h) = 1. Then 
spans f~.

5.5 Ideals in Hopf algebras with nonzero in-
tegrals

We recall that for a coalgebra C we denote by G(C) the set of all grouplike
elements of C (i.e. g ~ G(C) if A(g) = g ® g and e(g) = 1). It is possible
to have G(C) = 0 (see Example 1.4.17).
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Proposition 5.5.1 Let C be a coalgebra. Then
(i) Every right (left) coideal of C of dimension 1 is spanned by a grouplike
element.
(ii) There exists a bijective correspondence between G(C) and the set 
all coalgebra morphisms from k (regarded as a coalgebra) to C. Thus any¯
1-dimensional subcoalgebra of C is of the form kg for some g E G(C).
(iii) There exists a bijective correspondence between G( C) and the set of 
continuous algebra morphisms from C* to k.

Proof: (i) Let I be a right coideal of C of dimension 1. If c E I, c 7~ 0, then
I = kc, and since A(I) C_ I ® C there exists g ~ C such that A(c) = c 
The coassociativity of A shows that c®g®g = c®A(g), thus A(g) = g®g.
Since c 7~ 0 we must have g ¢ 0, so g ~ G(C). On the other hand the counit
property shows that c = ~(c)g, so I = kg.
(ii) If g ~ G(C), then the map .~ ---, £g from k to C is a coalgebra morphism.
Conversely, to any coalgebra morphism c~ : k -~ C we associate the element
g = c~(1) G(C). Inthi s waywe defi ne a bi je ctive corr espondence as
required.
(iii) Let g ~ G(C) and let c~ : k -~ C be the coalgebra morphism associated
in (ii) to g. Then c~* : C* --* k* -~ k is a continuous algebra morphism.
Conversely, if ~ : C* --* k is a continuous algebra morphism, then I
Ker(~) = ~3-1({0}) is closed, so ±± =I. Also I ± is a s ubcoalgebra
of dimension 1 of C, so I± = k9 for some g ~ G(C). This implies that
I = (kg) ±. We show that ~3(c*) c*(g) for an y c* E C*. If c * ~I we
clearly have ~3(c*) c*(g) = 0. Forc* =e we have ~3(c*) = c*(g)= 1.
These imply that ~3(c*) c*(g) fo r an y c* ~ I + ke= C* (s inc e I has
codimension 1 and e ~ I). 

A coalgebra is called pointed if any simple subcoalgebra has dimension 1.
By the previous proposition, we see that for a pointed coalgebra C, we have
Cored(C) = kG(C).

Exercise 5.5.2 Let f : C -~ D be a surjective morphism of coalgebras.
Show that if C is pointed, then D is pointed and Cored(D) = f ( Corad( C) 

Let C be a coalgebra such that G(C) ¢ ~. For any g ~ G(C) we define
the sets

Lg = {c* e C*ld*c* = d*(g)c* for any d*e C*}

Rg = {c* e C*lc*d* = d*(g)c* for any d* e C*}

If f E C* and c* ~ Lg we have

d*(fc*) = f(g)d* 

= f(g)d*(g)c*
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= d*(g)(f(g)c*)

= d*(g)(fc*)

so fc* ¯ Lg. Also d*(c* f) = d* c* f = d*(g)c* soc*f ¯ Lg,showing that
L~ is a two-sided ideal of C*. Similarly, Ra is a two-sided ideal of C*.
For any g ¯ G(C), Proposition 5.5.1 tells that there exists a coalgebra
morphism ~g : k --~ C, ~g(A) = 2g. Then we can regard k as alert 
right C-bicomodule via %, and we denote by gk, respectively kg, the field
k regarded as a left C-comodule, respectively as a right C-comodule. A
morphism of left C-comodules (or equivalently of right C*-modules) from
C to ak is called a left g-integral. The space Home. (C,g k) is called the
space of the left g-integrals. Similarly we define right g-integrals and the
space Home. (C, ka) of right g-integrals.

Proposition 5.5.3 With the above notation we have La = Home. (C, ~k)
and Rg = Home. (C, kg). In particular if C is a left and right co-Frobenius
coalgebra, then Lg and Rg are two-sided ideals of dimension 1.
Conversely, if I is a 1-dimensional left (right) ideal of C*, then there ex-
ists g ¯ G(C) such that I = Lg (respectively I = Rg). In particular,
1-dimensional left (right) ideals are two-sided ideals.

Proof: We prove that Lg = Homc.(C, ak). Let c* ¯ C*. Then c* ¯
Home. (C,g k) if and only if c~ac* = (I®c*)A, where o~g : k -* C® gk is the
comodule structure map of gk. This is the same with ~ c*(c2)cl = c*(c)g
for any c ¯ C, which is equivalent to the fact that u(~ c*(c2)cl) = u(c*(c)g)
for any u ¯ C* and any c ¯ C. But u(y~c*(c2)cl) = ~u(cl)c*(c2) 
(uc*)(c), and u(c*(c)g) = u(g)c*(c) = (u(g)c*)(c). Thus c* ¯ gomc.(C, gk)
if and only if uc* = u(g)c* for any u ¯ C*, which means exactly that

u¯ L~.
Assume now that C is left and right co-Frobenius. By Corollary 3.3.11
C is a projective generator in the categories Me and cJ~4 (when re-
garded as a right or left C-comodule). Then Homc.(C,g k) ~ and
Hornc.(C, kg) ~ O. Remark 5.4.3 shows that dim(Home.(C,g k)) 
and dim(Home. (C, ks)) = 1, so Lg and Rg have dimension 1.
Let I be a 1-dimensional left ideal of C*, say I = kx. Since I is a left ideal,
there exists a k-algebra morphism f : C* --* k such that c*x = f(c*)x for
any c* ¯ C*. Since the map c* ~ c*x is continuous we see that Ker(f)
is closed in C*. Then by Proposition 5.5.1 (iii) there exists a coalgebra
morphism ~: k --~ C, ~(~) = ~g, where g ¯ G(C), such that f = ~*. Then
for any c* ¯ C* we have

c* x : f(c*)x

= ~*(c*)x
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= (c*a)(1)x
=

i.e. x E Lg. This shows that I C_ Lg and since Lg has dimension 1 we
conclude that I = Lg. |

Assume now that H is a Hopf algebra with nonzero integral. Then
G(H) is a group and 1 E G(H) (here 1 means the identity element of the
k-algebra H) and for any g ~ G(H) we have g-1 = S(g), where S is the
antipode of H. For any g ~ G(H) the maps ug,ug : H -* H defined by
ug(x) = gx and u’g(x) = xg for anyx ~’H, are coalgebra isomorphisms..

Then the dual morphisms u~, u~* : H* -~ H* are algebra isomorphisms.
For any a* ~ H* and x E H we have that

u*~(a*)(x) = (a*ua)(x)
=
= (a*

thus u~(a*) = a* ~ g. Similarly u~ (a*) = g ~ It is easy to see

that Lgh-, = uh (Lg) = h ~ Lg, Lh-l~ = U*h(L~) = L~ ~- h, Rgh-~ 

uh(Rg) = h ~ Rg and Rh-~g = U*h(Rg) = Rg ~ h. In particular by
Proposition 5.5.3 there exists a ~ G(H) such that R~ = L1 = f~.. This
element is called the distinguished grouplike element of H.

Proposition 5.5.4 With the above notation we have that
(i) R~ = Lg = Rg~ for any g ~ G(H). In particulara lies in the center 
the group G(H).
(ii) a~ L~ = L~.-a= Rg.
(iii) For any nonzero left integral t we have tS = a ~ t, and -~ = t ~ a.

Proof: (i) Since L~ = R, we have g-~ ~ L~ = Lg. On the other hand
g-~ ~ L~ = g-~ -~ R~ = R~9, so L~ = R,e. Similarly L~ -- !~ga. Since
Rag = Rg~ we obtain by Proposition 5.5.3 that ag = ga for any g ~ G(H),
and this means that a belongs to the center of G(H).
(ii) We know that a -- Lg = Lg,-~ and ag-~ ~ R~ = Rg. Since R, = L1
then ag-~ ~ R, = ag-~ ~ L~ = Lga-~. We obtain that a ~ Lg = Rg.
The relation Lg ~ a = R9 follows similarly.
(iii) If x e H is such that t(x) = 1, then a = x ~ t, because for all h* E H*
we have h*(a) = h*(a)t(x) = (th*)(x) = 
We know from (i) that a ~ t is a right integral. So is tS, so by uniqueness
there is an a ~ k such that tS = a(a ~ t). We prove a = 1 by applying
both sides of the equality to S-~(x). So we want (a ~ t)(S-~(x)) -- 1, and
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we compute it

(a - t)(s-l(x)) = Et(S-l(x)t(xl)x2)

= Et(xlt(S-~(x)x2))

= Et(x2t(S-l(xl)x)) (by Lemma 5.1.4 for H°p)

= t(x)t(S-~(1)x) (since Et(x2)xl = t(x)l)

= t(x) 2 = 1

and the proof is complete. |
If H is finite dimensional, and 0 ~ t’ E H is a left integral, then for all

h ~ H, t’h is also a left integral and tPh = )~’(h)t ~, ~’ a grouplike element
in H*.

Corollary 5.5.5 For H, ~1, t~ as above, )~’ ~ t’ = S(t~).

Proof: Let G be the Hopf algebra H*. Identify G* with H and consider tp

as an element of G* ; ,V is itself a grouplike element of (~ and corresponds to
the element g of Proposition 5.5.4 (iii). The statement follows immediately.

Exercise 5.5.6 Prove Corollary 5.5.5 directly.

Exercise 5.5.7 Let H be a Hopf algebra such that the coradical Ho is a
Hopf subalgebra. Show that the coradical filtration Ho C_ H~ C_ ... Hn C_ ...
is an algebra filtration, i.e. for any positive integers ra, n we have that
HmHn C_ Hm+n.

Theorem 5.5.8 Let H be a co-Frobenius Hopf algebra, and Ho, HI,... the
coradical filtration of H. If J C_ H is an injective envelope of kl, considered
as a left H-comodule, then JHo = H. Moreover, if rio is a Hopf subalgebra
of H, then there exists n such that H~ = H.

Proof: Since H0 is the socle of the left H-comodule H, we can write
H0 = kl @ M for some left H-subcomodule M of H. We know that H --
E(kl) E(M) = J ~ E((where E(M) is th e i njec tive envel ope of M)
Let t ~ 0 be a right integral of H. Then for h ~ E(M) we have t(h)l 
~t(h~)h2 ~ E(M), and also t(h)l e J. Therefore t(h)l E(M) ~ J = 
so t(h) = 0. Thus t(E(M)) = 0, and then t(J) must be nonzero.
Let a ~ G(H) such that f~ -- fg ~ a (see Proposition 5.5.4). If JHo ~ H,
then aJHo is a proper left H-subcomodule of H, so there exists a maximal
left H-subcomodule N of H with aJHo C_ N. Then H/N is a simple left
comodule, so N± "~ (H/N)* is a simple right H-comodule. This shows
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that N± is a simple right subcomodule of H*rat. We use the isomorphism
of right H-comodules fb : H -~ H*~at, ¢(h) = (t a- 1) ~ h (note th at
t ~ a-1 is a left integral), and find that there exists a simple right H-
subcomodule V of Hsuch that N± = ¢(V) = (t -1 ) ~ V. Then
t(a-~NS(V)) = 0. As a simple subcomodule, V is contained in the (right)
socle of H, thus V C_ H0. Also, since A(V) _C V ® H, the counit property
shows that there is some v E V with ¢(v) ¢ 0. Then

1 = e(v) -1 ~ v~S(v2) e VS(V) C_ HoS(V)

Now we have J = a-laJ C_ a-laJHoS(V) C_ a~INS(V), so t(J) = O, 
contradiction. Thus we must have JHo = H.
Assume that H0 is a Hopf subalgebra of H. Since fr ¢ 0, J must be finite
dimensional, and then there exists n such that J ~_ H~. Then H = JHo C_
HnHo = Hn (by Exercise 5.5.7), thus H = Hn. 

The previous theorem shows that if H is a co-Probenius Hopf algebra
and the trivial left H-comodule k is injective, then J = kl and H = H0,
i.e. H is cosemisimple. The following exercise gives a different proof of this
fact for an arbitrary Hopf algebra (not necessarily co-Frobenius).

Exercise 5.5.9 Let H be a Hopf algebra. Show that the following are equiv-
alent.
(1) H is cosemisimple.
(2) k is an injective right (or left) H-comodule.
(3) There exists a right (or left) integral t e H* such that t(1) = 

Exercise 5.5.10 Show that in a cosemisimple Hopf algebra H the spaces of
left and right integrals are equal (such a Hopf algebra is called unimodular),
and if t is a left~ integral with t(1) = 1, we have that t o S = t.

Remark 5.5.11 It is easy to see that a ITopf algebra is unimodular if and
only if the distinguished grouplilce is equal to 1.

Exercise 5.5.12 Let H be a Hopf algebra over the field k, K a field exten-
sion of k, and H = K ®~ H the Hopf algebra over K defined in Exercise
~.2.17. Show that if H is cosemisimple over k, then H is cosemisimple over
K. Moreover, in the case where H has a nonzero integral, show that if H
is cosemisimple over K, then H is cosemisimple over k.

The equivalence between (1) and (3) in the following exercise has 
already proved in Theorem 5.2.10 (Maschke’s theorem for Hopf algebras).
We give here a different proof.
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Exercise 5.5.13 Let H be a finite dimensional Hopf algebra. Show that
the following are equivalent.
(1) H is semisimple.
(2) k is a projective left (or right) H-module (with the left H-action 
defined by h.a = ~(h)o~).
(3) There exists a left (or right) integral t E H* such that a(t) 

5.6 Hopf algebras constructed by Ore exten-
sions

Throughout this section, k will be an algebraically closed field of character-
istic 0. In fact, for most of the results we only need that k contains enough
roots of unity. We will denote by Z+ -- N* the set of positive integers
(non-zero natural numbers).

We construct now the quantum binomial coefficients and prove the
quantum version of the binomial formula. Define by recurrence a family
of polynomials (Pn,i)n>l,o<i<n in the indeterminate X with integer coef-
ficients as follows. We start with Pl,o = P1,0 = 1. If we assume that
we have defined the polynomials (Pn,i)0<i<,~ for some > 1, the n def ine

(P,~+l#)0<i<n+l by P,+I,0 = P,~,0, P,~+~,n+~ = Pn,,~, and for any 1 < i < n

= +

Also, for any positive integer i we denote by [i] the following polynomial

[i] = X~-1 +X~-2+ +X+I. In fact [i] = x~-----A if we regard the"’" )6--1
polynomial ring Z[X] as a subring of the field Q(X) of rational fractions.
We also define [0] to be the constant polynomial [0] = 1. Now for any
positive integer n we define the polynomial In]! by

In]! = [i]. [2].....

which is also a polynomial with integer coefficients. We make the convention
[0]! = 1, a constant polynomial. We can describe now the polynomials P~,i
explicitely.

Proposition 5.6.1 For any positive integer n and any 0 < i < n we have
n!

P,~,i = ~, where the polynomial ring Z[X] is regarded as a subring of
the ring of rational fractions Q(X).

Proof: We prove by induction on n that for any 0 < i < n the desired
formula holds. For n = 1 it is obvious. For passing from n to n+ 1, we first
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note that for i = 0 and for i = n + 1 the formula holds by the definition. If
1 < i < n, then we have

P +l,i(X) =

= + Xi
[i - 1]!In - i + 1]! [i]![n - i]!

[n]!([i] + Xi[n - i + 1])

[i]![n - i + 1]!

. X’~-~+1-1 ~,

Xn+l - 1

[i]![n - i + llf[n- + 1]

In ÷ 11!

If q is an element of the field k, we define the element (i)q of k as being

the value of the polynomial [i] at q, i.el (i)q = [i](q). Thus (i)q = ~ if

q ~ 1, and (i)q = if q =1.Also, we define(n)q! a being thevalue of
In]! at q, i.e. (n)q! = [.n]!(q). Note that if q -- 1, then (n)q! : n!, the usual
factorial. Finally, we define the q-binomial coefficients (~)q for any positive

integer n and any 0 _< i _< n by (~)q P,~,i(q). ByProposition 5.6 .1,

~ n __ (n)~! whenever thewe have that Pn,i = n ! , and then (i)q
(i)q!(n--i)q!

denominator of the fraction in the right hand side is nonzero. Nevertheless,

we write (i)q to be(i)~!(~_i)q!(n)~! in any case, but with the warning 
this is a formal notation, and we have to understand in fact P,~,i(q) by it.

n
Obviously, if q = 1, then (i)q is the usual (?). The recurrence relation 
the polynomials P,~,i shows that

(n+l)= (in ) +qi(n)i q -1 q

for any n _> 1 and 1 < i < n. The reason for which the (:)q are called
q-binomial coefficients is that they appear in a version of the binomial
formula where the two terms of the binomial do not commute, and instead
they anticommute by q..
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Lemma 5.6.2 Let a and b two elements of a k-algebra such that ba = qab
for some q E k. Then the following assertions hold.

n (~) an-~b~ for any(i) (The quantum binomial formula) (a + b) ’~ = E~=0 ,~/q
positive integer n.

(ii) If q is a primitive n-th root of unity, then (a + n = an+ bn . |

Proof:
pass from n to n + 1 we have that

(i) The proof goes by induction on n. It is obvious for n -- 1. 

(a + b)n+l --

= (a+b)7~(a+b)

= (E n an_ibi)(a+ (in duction hyp othesis)i q

() ()n an_ibia)n an+l-~bi +

i q
= an+l +

n bn+l +
i - 1

q n q i:O q

() (:= n
an+l_ib i -~n+l an+l+ +1~ bn+l+E( i-1

0 q + 1] q ~=o

+qi(n~ an_i+ibi)
\i,/ 

0 q +1 q i=o i

---- E
n + 1 an+l_ibi

i
i:O q

which gives
(ii) Since 
(i)q % 0 for
formula.

the desired formula for n + 1.
is a primitive n-th root of unity we have that (n)q 0, and
any i < n. The result follows now from the quantum binomial

Remark 5.6.3 We have seen in the proof of (ii) of Lemma 5.6.2 that if 
is a primitive n-th root of unity, then

(nl) (n2)
q q n q

The converse also holds, i.e. if

(nl) (n2)
q q n-- q
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then q is a primitive n-th root of 1. Indeed, by (~) q = 0 we see that q is 
n-th root of 1. If q is not a primitive n-th root, then q is a primitive d-th

root of I for some divisor d of n with d < n. Then (~)q ~ O, since

Inf. In- 1]..... In- d÷ 1]
P,~,d = [d]. [d- 1]..... [1]

and q is not a root of any of the polynomials In - 1],..., In - d + 1], [d -
1],..., [1], and also q is a simple root of both [n] and [d]. Thus we obtain a
contradiction, and conclude that q must be a primitive n-th root of 1. |

Recall that for a k-algebra A, an algebra endomorphism ~ of A, and
a ~-derivation 5 of A (i.e. a linear map 5 : A -~ A such that 5(ab) 
5(a)b + ~(a)5(b) for all a, b E A), the Ore extension A[X, ~, 5] is A[X] as
an abelian group, with multiplication induced by Xa = 5(a) + ~(a)X for
all a E A. The following is an obvious extension of the universal property
for polynomial rings.

Lemma 5.6.4 Let A[X, ~, 5] be an Ore extension of A and

i: A -~ A[X,~a,5]

the inclusion morphism. Then for any algebra B, any algebra znorphism
f: A --, B and every element b ~ B such that bf(a) =_f(5(a)) f( ~a(a))b
for all a ~ A, there exists a unique algebra morphism f : A[X, ~a, 5] -~ B
such that f(X) = b and the following diagram is commutative:

A
i

" A[X, ¢, 5]

B

We construct pointed Hopf algebras by starting with the coradical, form-
ing Ore extensions, and then factoring out a Hopf ideal.

Let A = kC be the group algebra of an abelian group C with the
usual Hopf algebra structure, and let C* be the character group of C, i.e.
C’* consists of all group morphisms from C to the multiplicative group
k* =k - {0}, and the multiplication of C* is given by (uv)(g) = u(g)v(g)
for anyu, v~C* andg~C.
Let cl E C and c~ G C* and take the algebra automorphism ~a~ of A
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defined by ~l(g) = c~(g)g for all g e C. Consider the Ore extension
A1 = A[Xl,~l,61], where 61 -- 0. Apply Lemma 5.6.4 first with B =
A~ ® Al,f = (i ® i) ¯ AA,b = cl ® X~ + Xl ® 1 and then with B = k,
f = eA,b = O, to define algebra homomorphisms A : A1 -~ A1 ® A1 and
e: A1 -~kby

A(X1) = c1 ® Xl ~i_ X1 ® 1 and e(X1) (5.5)

It is easily checked that A and e define a bialgebra structure on A1. The
antipode S of A extends to an antipode on A~ by S(X~) = -c-~lx1.
Next, let c~ E C*,’h2 E k*, and let ~2 ~ Aut(A1) be defined by,

~P2(g) c~(g)g for g

We seek a ~2-derivation 62 of A~, such that 62 is zero on kC and
62(X~) e kC. We want the Ore extension A2 = A~[X2,~2,62] to have
a Hopf algebra structure with X2 a (1, c2)-primitive for some c2 ~ C, i.e.
A(X2) = c2 ® X2 + X2 ® 1. Then

X2X1 -.~ ~2(X1) + ~12XIX2. (5.6)

Applying A to both sides of (5.6), we see that

~ C*[C "~--I =4(ci) and
Thus 62(X~) is a (i, clc2)-primitive in kC and so we must 

62(X1) = b12(c~c2 1)

for some scalar b12. If c~c~ - 1 = 0, then we define b~2 to be 0. If b~2 = 0,
then 62 is clearly a ~2-derivation. Suppose that 52 # 0. In this case it
remains to check that 62 is a ~2-derivation of A1. In order that 62 be well
defined we must have, for all g E C,

62(gX ) 
-~ 62 (C~ (~)-lXl~)

= c~(g)-152(Xl)g

Thus ~2(g) c~(g)g = cl (g)-~g and th erefore cl c~ = 1 and

*~C "~--1"’/12 : Cl( 2} ~- C~(C2) : C~(Cl) : 5~(¢1)-1

Now we compute

62(X12) ~- 62(Xl)X 1 -[- ~92(Xl)62(Xl)

---- b~u(1 + c*~(c~))c~cuX~ b12(1 + c~(c~)-I)x~
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and, by induction, we see that for every positive integer r, we have

r--1 r--1¯ ’ c1(cl) IX1 (5.7)5~(xr) = b12(~c~(cl)’)c~2x;-1 - b~2(~ -~ ~-~
i=O i=0

A straightforward but tedious computation now ensures that for g, g~ ~ C,

55 (gx~ g’ x~) = :52 (gxl1)g’ X~ + ~2 (~x~ )52 (~’ 

and our definition of As = A~[X2, ~2, 52] is complete.
Summarizing, A2 is a Hopf algebra with generators g ~ C, X~,X:, such
that the elements of C are commuting grouplikes, Xj is a (1, cj)-primitive
and the following relations hold:

gX~ = c~(g)-~Xjg and X2X1 --~12X1X2 = b~2(c~c2 - 1),

where ~/12 = c~(c2)

and, if 52(X~) 0,

c*~c~ = 1 and ~12 = c~(c1) -1 = c~(c2) -1 = c~(c1) -- c~(c2).

We continue forming Ore extensions. Define an automorphism ~j of Aj_~
by ~j(g) = c~(g)g where c~ e C* , .and ~j(Xi) c~(ci)Xi where ci e C,
and Xi is a (1, ci)-primitive. The derivation 5j of Aj-1 is 0 on kC and
5j(X~) = b~j(c~cj 1). If cic j = 1, we def ine bij = 0. Wewrite Xp for
X~~ . .. Xtp~ where p ~ Nt. After t steps, we have a Hopf algebra At.

Definition 5.6.8 At is the Hopf algebra generated by the elements g ~ C
and Xd,j = 1,...,t where

i) the elements of C are commuting gwuplikes;
ii) the Xd are (1, cj)-primitives;
iii) .Xyg = c;(g)gXy;
iv) XyXi = c~(ci)XiXj + bij(cicj 1)for1 <_i < j<_t;
v) c;(~)~;(c~) = ~ fo~ j ~ ~;
vi) If b~j ~ 0 then c~c~ = 1.
vii) If cicj = 1, then bij = O.

. The antipode of At is given by S(g) = g-X for g ~ G and S(Xj) 
-c~X~. ~

The relations show that At has basis {gXP~g ~ C, p ~ Nt}. Since for
q~ = ~(~),

(x~ ~ 1)(c~ ~ x~) = q~(~ ~ x~)(x~ ~)
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then, for n e Z+, A(Xy) = A(Xj) ’~ = (cj®Xj+Xj®I) ~, and expansion of
this power follows the rules in Lemma 5.6.2. For g E C, p = (Pl,... ,Pt) 
Nt,

dl d2 (gxf’ t) = dgcl c2 ...c tX ® gx
d

(5.9)

where d = (dl,..., dr) ~ t, the j oth e ntry d j i n t he t -tuple d ranges fr om
0 to py, and the C~d are scalars resulting from the q-binomial expansion
described in Lemma 5.6.2 and the commutation relations. In particular,
for l_<j_<t,n~Z+,

A(X~) =~--~ \ ]i cjX"j ® X~. (5.10)
i=0 q~

Proposition 5.6.11 The Hopf algebra At has the following properties:
(i) The term, (At)n, in the coradical filtration of At is spanned 

gXp, g ~ C, p ~ Nt, p~ + ... + Pt <_ n. In particular, At is pointed
with coradical kC.

(ii) The Hopf algebra At does not have nonzero integrals.

Proof: (i) An induction argument using Equation (5.9) shows that for 

< gXPlg ~ C, p ~ Nt, p~ +... +Pt -< n >C_ A(’~+I)kC.

Thus, A(~)kC -- At and by Exercise 3.1.12 Corad(At) c_ kC. Since kC is
a cosemisimple coalgebra, it is exactly the coradical of At.

(ii) This follows from Theorem 5.5.8, since (At)o = kC is a Hopf subal-
gebra and the coradical filtration is infinite. |

Exercise 5.6.12 Give a different proof for the fact that At does not have
nonzero integrals, by showing that the injective envelope of the simple right
At-comodule kg, g ~ C, is infinite dimensional.

In order to obtain a Hopf algebra with nonzero integral, we factor At
by a Hopf ideal.

Lemma 5.6.13 Let n~, n2,..., nt ~_ 2 and a = (a~,..., at) e {0, 1}t. The
ideal J(a) of At generated 

(X~’ - a](c?’ 1),...,X?’ - at (c~’ - 1)

is a Hopf ideal if and only if qj = c;(cj) is a primitive nj-th root of unity
for any l <_j <_t.
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- aj (cj Proof: Since c~ - l is a (1, c}~J )-primitive, it follows that u   "~
. n~1) is a (1, ~ )-primitive if andonlyif so ~s Xj . By (5.10)and Remark 5.6.3,

njthis occurs if and only if ( k )q~ = 0 for every 0 < k < nj, i.e, if and 0nly

if qj is a primitive nj-th root of unity. Moreover, since S(Xy) = -c-flxj,
induction on n shows that

S(X~) " -,n -n(n-1)/2c-nxn= k--l) qj. j j"

Now, since qj : 1, checking the cases nj even and nj odd, we see thai

(-1) qj -1 and hence

-nj nj njs(xj~’ - aj(c2’ - 1)) = -cj (x} - ~(~ - 

for 1 _< j _< t, so that the ideal J(a) is invariant under the antipode S, and
is thus a Hopf ideal. |

By Lemma 5.6.13, H = At/J(a) is a Hopf algebra. However the corad-
ical may be affected by taking this quotient. Since we want H to be
a pointed Hopf algebra with coradical kC, some additional restrictions
are required. We denote by xi the image of Xi in H and write xp for

X~ . . Ptx̄t ,P=(P~,...,Pt)~Nt.

Proposition 5.6.14 Assume J(a) as in Lemma 5.6.13 is a Hopf ideal.
Then J(a) ~ kC = 0 if and only if for each i either ai = 0 or (c~)n~ = 1.
If this is the case then {gxPlg ~ C,p ~ Nt,0 _< pj ~ nj -- 1} is a basis of
At/J(a).

Proof: By Lemma 5.6.13, we know that J(a) is a Hopf ideal if and only
if q~ = c~(ci) is a primitive ni-th root of unity for 1 < i < t. Now suppose
that J(a) ~ kC = 0. Since

(X~’ - ai(c?’ i))g = ci (g) g(Xi - ci (g)-n’a~(c~ 1)

is in J(a) for every g ~ C, it follows that

* -"’ "’ ~(a)X~~ -ci(g ) ai(ci -1) ~

(i-c~ (~) But then for every g E C, both ai(1-c~(9)-’~)(c~~ -1) and ¯ --hi ni

~-1 ¢0,are in J(a). If ai # 0, which by our convention implies that 
then we must have c~(g)TM = 1 for all g, and thus ci

Conversely, assume that c~n~ = 1 whenever ai # 0. By Definition 5.6.8
(iii), X?~g = ci* (g)"’gXi"’. In particular, X?~g = gX?’ if ai ¢ 0.. Also, if
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then by (5.7),

x~x?~ = ~j(x?,)x~ 
hi--1

c~(c~) xi x~ + bi~( ~, ~,-~= ci (ci))c~c~Xi
t=0

ni--I

_~( ~ --t n,--~~ (~) )X;
t=0

So, ifbij = 0, then XjX~~ = c~(ci)n~x?~xj, where c~(ci) n’ = c~(cj) -n* = 1
if ai ~ O. If bij ~ 0 then c~c~ = 1, hence c~(ci) is a primitive ni-th root of
unity, so that XjX~~ = X~Xj. A similar argument works for i > j. Thus,
X~~ is a central element of At if ai ~ 0. It follows that

x~(x?~ - ~(~’ - 1)) = * ", ’ - ,~(~) (x~-a~(c~" 1))X~

so that J(a) is equal to the left ideal generated by {Xy
j ~ t}, and At is a free left module with basis {XPlO ~ pj ~ nj- 1}
over the subalgebra B generated by C and XFt,...,X~*. We now show
that no nonzero linear combination of elements of the form gXp, p
0 ~ pj ~ nj - 1 lies in J(a). Otherwise there exist fj ~ At, 1 ~ j ~ t, not
all zero, such that

l~jSt

where in the second sum g ~ C, p ~ Nt, 0 ~ pj ~ nj -- 1. Since At is a free
left B-module with b~is {XPlO ~ pj ~ nj - 1}, each fj can be expressed
in terms of this b~is, and we find that

~ (x2~- ~(~ - ~))F~ e ~C- 
iSj5t

for some Fj ~ B. Now, B is isomorphic to the algebra R obtained from kC
by a sequence of Ore extensions with zero derivations in the indeterminates

= Xi , so that ~g = ci (g)g~ and ~ = c~n~(c~)~. Thus, we
have

15jSt

for some Gj ~ R. It follows from Lemma 5.6.4 by induction on the number
of indeterminates that there exists a kC-algebra homomorphism 0 : R
kC such that 0(~) = ~- 1 if aj ~ 0 and 0( ~) = 0 ot herwise. Th
O(~Sj5t(~ - aj(c2~ - 1))Gj) = 0, a contradiction.
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From now on, we assume that nj >_ 2, qj : c~(cj) is a primitive nj-th
root of 1, and c~"j = 1 whenever aj ~ 0, and we study the new Hopf
algebra H = At/J(a). We have shown that the following defines a Hopf
algebra structure on H.

Definition 5.6.15 Let t >_ 1, C an abelian group, n = (nl,...,nt) 

Nt,c = (cj) ~ t,c* =(c ;) e *t , a e{0,1 ) ~, b = (bi~)l<~<j<~ C_ ksuch
that the following conditions are satisfied.
- c~(ci) is a primitive ni-th root of unity for any i..
- c~(c~) = c;(ci) -~ for any i ~ j.
- Ifa~ = 1, then (c;)n~ = 1.
- If c~~ =1, then ai = O.
- bij = -c~(cj)bj~ for any i,j.
- If bij 7£ O, then c;c~ = 1.
- If cicj = 1 then bij =- O.
Define H = At/J(a) = H(C,n,c,c*,a, b) to be the gopf algebra gener-
ated by the commuting grouplike elements g ~ C, and the (1, cj)-primitives
xj, 1 <_ j <_ t, subject to the relations

xjg = c;(g)gxj, ~ = aj(c;Y~ - 1)

xixj = c~(cj)xjzi + bji(cjci 1)

for 1 <_ j < i <_ t The coalgebra structure is given by

zx(~) = g ® g, ~(g) = ~ for g 

A(xi)=ci®xi+xi®l, for l < i < t

Remark 5.6.16 i) If ai = 0 for all i, we write a = O. Similarly if bij = 
for all i < j, we write b = O. If t = 1 so that no nonzero derivation occurs,
we also write b = O.

ii) If a = 0 and b = O, then we write H = H(C,n,c,c*) instead 
H(C, n, c, c*, O, 0).

¯ iii) If in Definition 5.6.15, the ai’s were arbitrary elements of k, then 
simple change of variables would reduce to the case where the ai ’s are 0 or
1.
iv) Since the elements bii do not appear in the defining relations for

H(C,n,c,c*,a,b),

we always take them to be zero. |
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Remark 5.6.17 In order to construct H(C, n, c, c*, a, b), it su]fices to have
c* and c such that c~(c~) is a root of unity not equal to 1, and c~(cj)c~(c~) 
1 for i ~ j. Then n~ is the order of c~(c~), and we choose a and b such
that a~ = 0 whenever c~’ = 1, a~ = 0 whenever c~ ~ 1, b~j = 0 whenever
c~cj =- 1, and b~j = 0 whenever c~c~ ~ 1. The remaining a~ ’s and b~j’s are
arbitrary. |

By Proposition 5.6.14, {gxPlg E C, p ~ Nt, 0 _< py _< nj - 1} is a basis
for H. As in Equation (5.9), comultiplication on a general basis element 
given by

where d = (dl,... ,dr) @ t with 0<_di <_ pj. Herethe s cala rs O~d are
nonzero products of qj-binomial coefficients and powers of c~(ci).

In particular, for n ~ Z+,

E (n) d n--d (5.19)A(x~) = d cjxj ® xj.
O~d~_n qJ

Proposition 5.6.20 Let H = H(C,n,c,c*,a,b). Then H is pointed and
the (r + 1)st term in the coradical filtration of H is Hr =< gxPlg ~ C, p 
Nt, P~ +... +Pt ~- r >. In particular H -- Hn where n = n~ +... +nt - t
so that the coradical filtration has nl +... + nt - t + 1 terms.

Proof. The proof is similar to the proof of Proposition 5.6.11. The
second part follows from the fact that the ad are nonzero.

Unlike At, the Hopf algebra H has nonzero integrals. We compute the
left and right integrals in H* explicitely. For g E C, and w --- (w~,... ,wt)
Zt, let Ea,~ ~ H* be the map taking gxTM to 1 and all other basis elements
to 0.

Proposition 5.6.21 The Hopf algebra H = H(C, n, c, c*, a, b) has non-
zero integrals. The space of left integrals in H* is kEt,n-~, where l -=
el--n~ ,~l--n2 1--nt t (ni -- 1) 

n~ ~2 ... ct = ~j=~ c-~ and where - 1 is the t-tuple (n~ 
1,... ,nt-1). The space of right integrals for H is kE~,,~_~ where 1 denotes
the identity in C.

Proof. We show that Et,,~_~ is a left integral by evaluating h’El,n-1 for
h* ~ H*. This is nonzero only on elements z ® lxn-1 and such an element
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can only occur as a summand in

t

zx(l-I(c lxj)nJ-1) = ,,-1)
j=l

where 7 E k*. Now h*El,n_l(lX n-~) = h*(1)El,n_l(lXn-1).
Similarly xn-1 ® z only occurs in A(xn-1). Since A(xn-l) = xn-I ®

1 + ..., thus El,~-lh* = El,~_lh*(1). 

Corollary 5.6.22 H is unimodular if and only if l = 1. |

If G is a group and g = (g~,... ,gt) ~ t, we write g -~ f or t he t -tuple

Example 5.6.23 (i) If H H(C, n, c, c*,a, b ) thenH°p and Hc°p are a lso
of this type. Indeed, H°p ~- H(C,n,c,c*-~,a,b’), where b~j = -c~(ci)bij
for i < j.

Also Hc°p ~- H(C, n, c,i, c*, a,b"); the isomorphism is given by the map
f taking g to g and xj to zj = -c;~xj. Then zj is a (1,c}’~)-primitive and,

using the fact that (-1)~Jq~-~(~¢-~)/e = -1 where qj is a primitive nj-th

root of 1, we see that its nj-th power is either 0 or c}-n~ - 1. The last
parameter, b", is given by b~} = -c)(ci)bij for i < j.

(ii) In particular if H = H(C, n, c, c*) then

H°p ~- H(C,n,c,c*-~) and Hc°p ~- H(C,n,c-~,c*).

(iii) The Taft Hopf algebras, in particular Sweedler’s 4-dimensional Hopf
algebra, are of this form. |

Exercise 5.6.24 Let A be the algebra 9enerated by an invertible element
a and an element b such that b’~ = 0 and ab = )~ba, where )~ is a primitive
2n-th root of unity. Show that A is a Hopf algebra with the comultiplication
and counit defined by

A(a) a®a, A(b) = a®’b+b®a-l,e(a) = 1, e(b) = 

Also show that A has nonzero integrals and it is not unimodular.

Exercise 5.6.25 Let H be the Hopf algebra with generators c,x~,... ,xt
subject to relations

2 ~ O,
XiC ~ --CXi~ XjXi

C2 ~ 1~ Xi ~ --XiXj~

A(c)=c®c, A(xi)=c®x~+xi®l.

Show that H is a pointed Hopf algebra of dimension 2TM with coradical of
dimension 2.
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The following exercise shows that our assumption that the derivations
are zero on kC is not unreasonable.

Exercise 5.6.26 Let ¢ be an automorphism of kC of the form ¢(g) 
c*(g)g for g E C, and assume that c*(g) ~ 1 for any g e C of infinite
order. Show that if 5 is a C-derivation of kC such that the Ore extension
(kC)[Y, ¢, 5] has a Hopf algebra structure extending that of kC with Y 
(1, c)-primitive, then there is a Hopf algebra isomorphism (kC)[Y, ¢, 5] 

¢].

We now classify Hopf algebras of the form H(C,n, c, c*, a, 0), i.e. they
are constructed by using Ore extensions with zero derivations. Suppose
H = H(C, n, c, c*, a, O) ~- H’ = H(C’, n’, c’, c*’, a’, 0) and write g, xi (g’, x~)
for the generators of H (H’ respectively). Let f be a Hopf algebra isomor-
phism from H to H~. Since the coradicals must be isomorphic, we may
assume that C -- C~, and the Hopf algebra isomorphism induces an auto-
morphism of C. Also by Proposition 5.6.20, t = t’. If r is a permutation
of {1,...,t} and v ~ Zt, we write ~(v) for (v~(1),...,v~(t)).

Theorem 5.6.27 Let

H = H(C,n,c,c*,a,O)

and
H’ = H(C’, n’, c’, c*’, a’, O)

be Hopf algebras as described above. Then H ~- H~ if and only if C = C~

(in fact we should write C ~- ~, but we t ake f or s implicity C = C’), t = ~

and there is an automorphism f of C and a permutation 7r of {1,...,t}
such that for 1 < i < t

I I ~ Ic~r(~), c~ c~(~) ---- a~r(~).

Proof. We have seen that C ~ C’ as the group of grouplike elements
in the two Hopf algebras. Assume that C = C’.
Let I = {i]1 < i < t, ci = cl,c~ = c;} and let

J -- (jll _< j _< t, c} -- f(cl)} _~ J --- {jll < j < t, j e ~], c;’ o f = c~}.

Note that since c~(ci) is a primitive ni-th root of 1 and for i ~ I,

c;(ci) = c~(c~), then ni = nl for i e I. Similarly, since for j e J, c~’(c’j) 

c~’(f(c~)) = c~(c~), n~. = nl for j e g. Let L be the Hopf subalgebra of g
generated by C and {xili ~ I} and L~ the Hopf subalgebra of H~ generated
by C and {x~lj e J}.
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Since xl is a (1, cl)-primitive, f(x~) is a (1, f(c~)-primitive and 

r

f(xl)= ao(f(cl) - 1) + ~ aixj~" with aie k,ji ¯ J.

Then, since gxl = c~(g)-~xlg for all g ¯ C, we see that a0 = 0, and

~ ~
C* -lxt

i=l i~1
r

* --1 *~ /=
i=1

and thus ~i = 0 for anyi for which c~ ~ cj~ of. Thus f(L) ~ L’. The
s~me argument using f-1 shows that f-l(L’) ~ L ~nd so f(L) = L’.

If L ~ H, we repeat the argument for M, the Hopf subalgebr~ of H
generated by C and the set (xi{ci = Cp,C~ = c~} where Xp is the first
element in the list x2,.. ¯, x~ which is not in L. Continuing in this way, we
see that there exists a permutation a such that

n~ = n~(~),/(c~) = c~(~), c~ = %(~) 

It remains to find ~ such that a~ = a~ First suppose n~ > 2. Then~(~)"
I = (l}. For ifp ~ I, p ~ i, then

= = =

= contradiction. = =
X~~ a(~) for some nonzero sa~l~r ~ and the rel&tion x~~ = al(c~~ -l) implies

~x ~ ~ ~ - i), that~(~) = a~(c~(~) so %(U = a~.
Next suppose n~ = 2. Let I~ = (i ~ IJa~ = l) and J~ = (j ~ JJa~, = l}.

For ~ny i ~ I, there exist ~j ~ k such that f(x~) = ~ej ~jx~. As ~bove,
for Ml i ~ I, ~(~) -I (for ~ll j ~ ~, *’ = c~ (cj) -1) and thus the x~

2 = c~ - 1 yields(respectively the x}) anticommute. If i ~ I~, f applied to xi
~yej, ai~ = 1. On the other hand, comparing f(xixk) and f(xaxi) for
i,k ~ I1, i ~ k, we see that

~ O~ijO~kj -~ -- ~ O~kjO~ij
jEJ1 jEJ~

and thus ~jegl °~ij°~kJ "~ O.

This implies that the vectors Bi ¯ kg~, defined by Bi = (c~ij)jeg~ for
i ¯ I~, form an orthonormal set in ]gg~ under the ordinary dot product. Thus
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the space kJ1 contains at least IIll independent vectors and so
The reverse inequality is proved similarly. Now define r to be a refinement

of the permutation a such that for i E I1, ~(i) E J1 and then ai = a~(i) 
all i ~ I.

Conversely, let f be an automorphism of C and let ~ be a permutation
of {1,2,...,t} such that for all 1 < i < t,

ni = n~r(i),f(ci) = * * o f, and aic~(~), c~ = c~(~) = a~(~).

Extend f to a Hopf algebra isomorphism from H to H/ by f(x~) -~ x~r(i) ¯

If we note that

c,(i) (c,(j)) = c.(i)(f(cj)) = c; (cj)

the rest of the verification that f induces a Hopf algebra isomorphism is
straightforward. |

Note that in the proof above, it was shown that if nk > 2, then

IJI = 1 where I = {ill <_ i <_ t, ci = ck,c~ = c~} and J =
t, c} = f(c~), c~’ o f = c~¢}. Thus we can also classify Hopf algebras of the
form H(C, n, c, c*, a, b) if all ni > 2. We revisit later the case where some
ni -~ 2.

Theorem 5.6.28 Let

and

H = H(C,n,c,c*,a,b)

H’ = H(C’, n’, c’, c*’, a’, b’)

be such that all ni and n~ > 2. Then H ~ H~ if and only if C = C~ (in fact
we should write again C ~- C~, but we identify C and CI), t = ~ and t here
is an automorphism f of C, nonzero scalars (ai)l<i<t, and a permutation
~ of{1,...,t} such that

ni nu(i), f(ci) = ~ f, and ai= c~(~) = a~(~),C~r(i), 

(~ = 1 for any i such that ai = 1, and for any 1 <_ i < j <_ t,

b~j = ~ia~b~(~)~(~) if ~(i) < 7~(j) 

c~(cj)biy = -aiajb~(i),(i) if ~(y) 

Proof: The argument is similar to that in Theorem 5.6.27. An application
of the isomorphism f to the equation xyxi = c~ (ci)xix~ +bi~ (cicj 1), i < j,
yields the relationship between b and b~. |

In [107], I. Kaplansky conjectured that there exist only finitely many
isomorphism types of Hopf algebras of a fixed finite dimension over an alge-
braically closed field of characteristic zero. The following corollary answers
in the negative this conjecture.
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Corollary 5.6.29 Suppose that C, c E Ct, c* ~ C*t, are such that c~(cl) 
c~(cj) -1 if I ~ j, c~(ci) is a primitive root of unity of order ni > 2, and
there exist i < j such that C~n~ = c~’~j = 1, c~~ ~ 1, c~.~ ~ 1, cicj ~ 1, and
c~c~ = 1. Then for any a with ai = aj = 1 and satisfying the conditions of
Remark 5.6.17, there exist infinitely many non-isomorphic Hopf algebras of
the form H(C, n, c, c*, a, b).

Proof: Let b and b’ be such that H = H(C,n,c,c*,a,b) and H’ =
H(C, n, c, c*, a, b’) are well defined. By Remark 5.6A7, infinitely many such
b and b~ exist. If f : H -~ H~ is a Hopf algebra isomorphism, then the per-
mutation 7r in Theorem 5.6.28 is the identity and thus bij = o~ic~jb~j for
some n~th and njth roots of unity c~ and (~j. Since there exist only finitely
many such roots, and k is infinite, the result follows. |

Example 5.6.30 To find a concrete example of a class consisting of in-
finitely many types of Hopf algebras of the same finite dimension,, we need
some data (C, c, c*) as in Corollary 5.6.29, with C finite. The simplest such
data are the following.

(i) Let p be an odd prime, and p a primitive p-th root of 1. Take C 
Cp2 =< g >, the cyclic group of order p2, ~ = 2, c = (g,g),c* = (g.,g.-1)
where g*(g) = and a = (1 ,1). Th en nln2 = p andbyCorolla ry
5.6.29, H(C, n, c, c*, a, b) "~ H(C, ~t, c, c*, a, bt) if and only if 512 = ")’b~2 for

7 a primitive p-th root of 1. Thus there are infinitely many types of Hopf
algebras of dimension p4.

(ii) Let C C~,q =<g >, the cycl ic grou p of o rder pq where p is an
odd prime, q > 1, and t = 2, c = (g,g),c* = (g,,g.-1) where g*(g) = p, 
a primitive p-th root of 1. Let a~ = a~ = 1. Then again nl = n2 = p, and
as in (i), there are infinitely many types of Hopf algebras H(C, n, c, c*, a, b)

of dimension p3q. |

Exercise 5.6.31 (i) Let C = Ca =< g >,t = 2,n = (2,2),c = (g,g),c* 
(g*,g*) where g*(g) = -1, b~2 = 1, a = (1,1),a’ = (0,1). Show that there
exists a Hopf algebra isomorphism H(C, n,c, c*, a, b) ~ H(C, n, c, c*, a’, 
(ii) Let C = C4 =< g >,t = 2,n = (2,2),c (g ,g),c* = (g *,g*) wh
g*(g) = -1, a = (1, 1) and b~2 = 2, a’ = (0, 1), b~ = 0. Show that the gopf
algebras H(C, n, c, c*, a’, b’) and H(C, n, c, c*, a, b) are isomorphic.

Exercise 5.6.32 Let C be a finite abelian group, c ~ Ct and c* ~ C*t such

that we can define H(C, n, c, c*). Show that H(C, n, c, c*)* ~- H(C*, n, c*, c),
where in considering H ( C*, n, c*, c) we regard c ~ C** by identifying C and

Remark 5.6.33 The previous exercise shows that if H = H(C,n, c,c*)
where C is a finite abelian group, then H ~- H* if and only if there is
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an isomorphism f : C --~ C* and a permutation 7~ E St such that for all
l~j<_t,

n,(j) = nj, f(cj) = c~(j), f( cj),g >=< f( g),c,2(y) > fo r al l g 

Let us consider now the case where C =< g > will be a cyclic group,
either of order m, or infinite cyclic. We first determine for which val-
ues of the parameters t and m, finite dimensional Hopf ~lgebras H --
H(C,~,n,c,c*,a,b) exist. By Remark 5.6.17, for a given t, in order to
construct H, we need c ~ Ctm, c* ~ (C~n)t such that c~(cs) is a root of unity
different from 1, and c~(ci)c~(cs) = 1 for i ¢ j. Let ~ be a primitive ruth
root of unity, and then g* ~ C~ defined by g* (g) = ~ generates C~. Thus

¯ ___ g.d~ To find suitable c and c*, we requirewe may write ci = gU, and cs .
u, d ~ Zt with ui, ds E Z mod m such that,

(diuj + djus) = 0 if i ~ j and dsus ~0. (5.34)

Then H will be the Hopf algebra with basis gSxP, p ~ Zt, 0 _< pi _< ns and
0 < i < m- 1, and such that

xs = ai(g ..... 1), xsg3 = ~d~g3xs, A(Xs) = g~’ ®Xs + XS ® 

XjXi = ~d~u~xixj + bs~(gu~+u~ - 1) for 1 _~ i < j _~ t.

Proposition 5.6.35 Let m be a positive integer.
i) If m is even, then the system (5.3~) has solutions for any 
ii) If m is odd, then the system (5.3~) has solutions if and only if t <_ 
where s is the number of distinct primes dividing m.

Proof: i) If m = 2r then di = r, us = 1, 1 < i < t, is a solution of (5.34).
ii) We first prove by induction on s that the system has solutions for t = 2s
and thus for any t _< 2s. Ifs = 1 then d~ = u~ = 1 = u2,d2 = -1 is
a solution of (5.34). Now suppose the assertion holds for s - 1 and let
m = p~ ...p~ with the pi prime. Then m~ = m/p~~ has s - 1 distinct
prime divisors, so by the induction hypothesis there existdi, u
i _< 2s - 2, such that (d~u~ + d~us) =- mod fo r 1 _<i ~ j _<2s-

~ ~ rn!2 and diui ~ 0 mod for 1 < i < 2s - 2. Now a solution of the system
for t 2s is given by ds ~ ! ~ != = p~ di,us = p~ us for 1 _~ i ~_ 2s-2 and
d2s -: d2s-1 ~ ~2s~l ~ m!, u2s = -m~.

Next we show that for m = p~ and t -- 3 the system has no solutions.
Suppose d, u ~ Z3 is a solution, and suppose di = d~p~’, ui = u~p~ where
(d~,~ p) ---- !~,p) ---- 1 for 1 < i < 3.Fori ~ j,p~div ide s d~uy
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p~+Z’d{u~j +p~’+~d}u{, and so c~ +Hi = c~j +Hi. Since p~ does not divide
diui for any i, then ai + Hi < c~, so c~i + Hy + c~y + Hi < 2~ for all i, j. Thus
diu~ = -dju~ mod p for all i ~ j. Multiplying these three congruences, we
obtain ~ r r ~ ~ ~dld2daUl U2U3 =- 0 mod p, a contradiction.

Now suppose that m = p~ ...p~ and 2s + 1 _< t. If the system had a
solution d,u, then for every i there would exist ji, 1 _< ji _< s, such that

p]j~ does not divide d#ti. By the Pigeon Hole Principle we find il,i2,ia
such that ji~ = ji~ = Jia ; denote this integer by j. Then p~ does not divide
any d~u~, but divides dkur + d~uk for all distinct r, k ~ {il, i2, i3}, and this
contradicts what we proved in the case. m = p~. |

Corollary 5.6.36 i) If m is even, then Hopf algebras of the form

H(Cm,n,c,c*,a,b)

exist for every t.
ii) If rn is odd, then H(C,~, n, c, c*, a, b) exist for any t <_ 2s , where s 
the number of distinct prime factors of m. |

Corollary 5.6.37 If C =< g > is an infinite cyclic group, then Hopf
algebras H(C, n, c, c*, a, b) exist for all 

Proof." Let t be a positive integer and choose rn such that t < 2s where s
is the number of distinct prime divisors of rn. Then by Proposition 5.6.35,
there exist di, ui, 1 < i < t solutions for the system (5.34). Now let ci = g~’

* g*d~ for g*(g) = ~, a primitive m-th root of 1, as before. |and ci =
The classification results presented in Theorem 5.6.27 and Theorem

5,6.28 depend upon knowledge of the automorphism group of C. In case
C is cyclic, Aut(C) is well known, and Theorem 5.6.27 specializes to the
following.

Proposition 5.6.38 If C =< g > is cyclic, then H(C,n,c,c*,a,O) ~
H(C’, ~, c’, c *’, a ~, O) i f a nd only i f C= C’, t = t’ andthere is a n automor-
phism f of C mapping g to gh and a permutation ~r of{l,... ,t} such that

* " *’ ~h (i.e. d~, h ’ (i.e. hu~ =- u~(i)), ini = n,,(i), i =c~(i) = tc~(i)~ = hd~(i)),
and ai = a~(i).
If C is cyclic of order m, then (h, m) = 1; if C is infinite cyclic, then h = 
or h = -1. |

If C is cyclic, then it is easy to see when H(C,~, n, c, c*) is isomorphic
to its dual, its opposite or co-opposite Hopf algebra.
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Corollary 5.6.39 Let C = Cm =-< g >, finite, and H = H(Cm, n, c, c*)
where ci = gU~, c~ = (g.)d~ and < g*,g >= ~, a fixed primitive ruth root 
1.

(i) H ~ H* if and only if there exist h, ~ as in Proposition 5.6.38 such
that for all 1 <_ j <_ t,

n,(j) = nj, huj =- d~(j) rood m, u,2(j) =__ uj rood 

In particular a Taft Hopf algebra is selfdual.
(ii) ~-Hc°p if andonlyif th ereexist h, ~ s uchthat fo r all 1 <_j <_t,

n,(j) = ny, huj = -u,(j) rood m, dj = hd~(j) rood 

(iii) ~-H°pif a nd onlyif th ereexist h, 7~ such t hat f or all 1 <_ j<_t,

n~(i) = ny, huj =- u,(j) rood m, dj =- -hd~(j) rood 

We study now Hopf algebras of the form H(C, n, c*, c, O, 1), where b = 
means that bi~ = 1 for all i < j. Thus, the skew-primitives xi are all
nilpotent and for i ~ j, xix~ - c~(cj)xyxi is a nonzero element of kC. It is
easy to see that if a = 0 and all bii are nonzero, then a change of variables
ensures that all biy equal 1. This class produces many interesting examples.

The following two definitions are particular cases of Definition 5.6.15.

Definition 5.6.40 For t = 2, let n > 2, c = (cl,c2) E C2,g* ~ C* with
g*(cl) g*(c2) a primitive n- th ro ot of uni ty, and c~c2~ 1. Denot e
the pair (n,n) by (n), and, if Cl = c2 = g, denote (cl,c2) by (g). 
H ( C, ( n ) , ( c~ , c2), (g* , g*- ~ 1) denotes the Hopf algebra generated by the
commuting grouplike elements g ~ C, and the (1, cj )-primitives x j , j = 1, 2,
with multiplication relations

x~=O, x~g=<g*,g>gxl, x2g=<g*-l,g>gx2
X2Xl - < ~*--1, Cl > XlX2 ~ ClC2 _ 1

Definition 5.6.41 Let t > 2 and let c ~ Ct,g* ~ C* such that g*(ci) = 
for all i and cicj ~ 1 if i ~ j. We denote the t-tuple (2,..., 2) by (2), and
the t-tuple ( g*, . . . , g* ) by ( g* ). Then g ( (2), (c~,... , c t ), (g*),0, 1) is the
Hopf algebra generated by the commuting grouplike elements g ~ C, and
the (1, cj)-primitives x j, with relations

x~ = O, xig = g *(g)gxi, x~xj + xjxi = cicj - l for i # 
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Example 5.6.42 (i) Let C,~ =< g > be cyclic of finite order > 2, let
n be an integer >_ 2, and let cl = g~1,c2 = g~,g* E C* be such that
g*(g) = where A’ ~ = 1, ul + ug~~ 0 mod m, a nd A"I = A~, a pr imitive
nth root of 1. Then H = H(C,~, (n), c, (g*, g,-1), 0, 1) is a Hopf algebra 
dimension mn2, with coradical kCm and generators g, Xl, x2 such that g is
grouplike of order m, xl is a (1, g~)-primitive, and

x~=x’~=O, xlg=.~gx~, x2g=~-lgx2

X2Xl __ ,~--ulXlX2 : gu~+u2 __ 1

(ii) Let > 2, t > 2 bein teg ers, m eve n, and le t C = Cm=<g >.
Let Ul,...,ut be odd integers such that ui+uj ~ 0 mod m ifi -~ j

" * = g* where g*(g) = ~-1. Then the Hopf algebraand let c~ = g~’,c~
H(C,~, (2), c, (g*), 0, .1) has dimension 2tin and has generators g, x~,..., xt
such that g is grouplike, xi is a (1, g"’ )-primitive, and

2 = 0, xig = -gxi, XjXi .~_ XiXj : gUiTu~ _ 1.gm = 1, Xi

(iii) Suppose C =< g > is infinite cyclic, and > 2. Letu~,u2 be
integers such that u~ + u: -fi 0, and let A E k such that ~ = £u~ is a
primitive nth root of 1. Let g* ~ C* with g*(g) = ~. Then there is an
infinite dimensional pointed Hopf algebra with nonzero integral

H(C, (n), (gU~ ,gU~), (g., g.-1),’0, 

with generators g, x~,x2 such that g is grouplike of infinite order, xi is a
(1, g"~)-primitive, and

x~ = x2n = O, xlg = Agx], x2g = A-lgx2

X2Xl __ )~--u~XlX2 = ~u~+u2 __ 

(iv) Let C =< g > be infinite cyclic, t > 2 and let u~,...,u, be odd
integers such that ui+uj ~ 0 for i -fi j. Then there is an infinite dimensional
pointed Hopf algebra with nonzero integral H(C, (2),c, (g*),0, 1), 
c~ = g~’ and g*(g) = -1. The generators are g, xl,...,xt such that g is
grouplike of infinite order, xi is a (1, g"’)-primitive, and

2=0, xig = -gx~, xjxi + xixj = gU~+u~ ’1.Xi

By an argument similar to the proof of Theorem 5.6,27, we can classify
the Hopf algebras from Definition 5.6.40.
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Theorem 5.6.43 There is a Hopf algebra isomorphism from

H = H(C, (n),c, (g*,g*-!),O, 1)

to

H’ -= H(C’, (n’),c’, (g*’, (g*’)-l), 0, 

if and only if C = CI, n = n~ and there is an automorphism f of C such
that

(i) f(cl) = c~, f(c2) = c~2 and g* =- g*’ o 
(ii) f(cl) = c~, f(ca) = cl and g* = (g*’)-~ 

Proof: If H -~ H~, then exactly as in the proof of Theorem 5.6.27,
there exists an automorphism f of C and a bijection ~r of (1, 2) such that

f(ci) -- c,(i) and ci = c~(i) o f. The conditions 0) and (n) ~n the statement
correspond to r the identity and ~ the nonidentity permutation.

Conversely, if (i) holds, define an isomorphism from H to ~ by mapping
g to f(g) and xi to x~. If (ii) holds, define an isomorphism from U to ~

by mapping g to f(g), xl to x~ and x2 to -g*(cl)x i. |

Corollary 5.6.44 If C =< g > is cyclic, then the Hopf algebras H and H~

above are isomorphic if and only if C = C~,n = n~, and there is an integer
h such that the map taking g to gh is an automorphism of C and either

(i) i* -- ci*’h and chi =g~h = g~= c i/for i = 1,2;or
(ii) c~ = (C~’)-h and gu,h

For the Hopf algebras of Definition 5.6.41 there is a similar classification
result.

Theorem 5.6.45 There is a Hopf algebra isomorphism from

H = H(C, (2), c, (g*),0, 

to

H’ = H(C’, (2), c’, (g*’), 0, 

if and only if C = C’,t = t~ and there is a permutation ~r ~ S~ and an

automorphism f of C such that f(ci) = c~(~) and g* = g*’ o f. 

Corollary 5.6.46 Suppose C =< g > is cyclic. Then H and H~ as above
are isomorphic if and only if C = C~, t = t ~ and there exists a permutation

h gush~ ~ St and an automorphism of C taking g to gh, such that ci
c~ for all i.~(~)
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In Exercise 5.6.31 we saw that if a ~ 0, Ore extension Hopf algebras
with nonzero derivations may be isomorphic to Ore extension Hopf algebras
with zero derivations. The following theorem shows that if a = 0, this is
impossible.

Theorem 5.6.47 Hopf algebras of the form

g(C,n,c,c*) = H(C,n,c,c*,O,O)

cannot be isomorphic to either the Hopf algebras of Definition 5.6.40 or
Definition 5.6.41.

Proof: Suppose that

f: H(C’,(n’),c’,(g*’,g*’-l),O, 1) --* H(C,n,c,c*)

is an isomorphism of Hopf ~lgebras. Then, as in the proof of Theorem 5.6.27,
we see that C = C’, f(x~) = ~-~ (~ixi and f(x~2) = ~ ~ixi for scalars ai, ~i.
But f applied to the relation

~ , ¯ -1 ~ ~ ~-1

- (g) (cl)xixj) = l - 1 in H(C,n~c,c*), whereyields ~’.i,j o~i~j(xjxi .’ -1

l ~ 1 is a grouplike element. The relations of an Ore extension with zero
derivations show that this is impossible. Similarly, H(C, n, c, c*) cannot be
isomorphic to a Hopf algebra as in Definition 5.6.41. |

5.7 Solutions.to exercises

Exercise 5.1.6 Let H be a Hopf algebra over the field k, K a field extension
of k, and H = K ®k H the Hopf algebra over K defined in Exercise 4.2.17.
If T E H* is a left integral of H, show that the map T ~ -~*~ defined by
T(5 ®~ h) = 5T(h) is a left integral of 
Solution: Let 5 ®~ h ~ H. Then

~’~(5 ®k hl)~(1 ®~ 

showing that T is a left integral of H.
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Exercise 5.1.7 Let H and H’ be two Hopf algebras with nonzero integrals.
Then the tensor product Hopf algebra H ® H’ has a nonzero integral.
Solution: Assume that H and H’ have nonzero integrals. Then we show
that t ® t’ is a left integral for H ® H’, and this is obviously nonzero.
Note that we regard H* ® H’* as a subspace of (H ® H’)*, in particulat
t®t’ E (H ® H’)* is the element working by (t®t’)(h®h’) = t(h)t’(h’) for
any h E H, h’ ~ H’. If h ~ H, h’ ~ H’ we have that

~(h® h’)l(t ®t’)((h® = ~(< ® ~)(t ®t’)(~2 

= E(hl®h’l)t(h2)t’(h~)

= ®
= t(h)l ®t’(h’)l

= (t®t’)(h®h’)l®l

showing that indeed t ® t’ is a left integral.

Exercise 5.2.5 Let H be a Hopf algebra. Then the .following assertions are
equivalent:
i) H has a nonzero left integral.
ii) There exists a finite dimensional left ideal in H*.
iii) There exists h* ~ H* such that Ker(h*) contains a left coideal of finite
codimension in H.
Solution: It follows from Corollary 5.2.4 and the characterization of H* rat
given in Corollary 2.2.16.

Exercise 5.2.12 A semisimple Hopf algebra is separable.
Solution: Let t E H be a left integral with s(t) = 1. We show that

is a separability idempotent.
compute

E tl ® S(t~)

Since ~-~.tlS(t2) = s(t)l = 1, let x 6 H and
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= X:(I ® x)
= Etl®S(t2)x.

Exercise 5.2.13 Let H be a finite dimensional Hopf algebra over the field
k, K a field extension of k, and H = K ®~ H the Hopf algebra over K
defined in Exercise 3.2.17. If t E H is a left integral in H, show that
~ = 1K ®k t ~ --~ is a left integral in -~. As a consequence show that H is

semisimple over lc if and only if H is semisimple over K.
Solution: For any 5 ®k h ~ H we have that

(5®kh)~ 5®~ht

= 5®~ ¢(h)t

= ~(5 ®k h)~

which means that ~ is a left integral in ~. The second part follows imme-
diately from Theorem 5.2.10.

Exercise 5.3.5 Let H be a finite dimensional Hopf algebra. Show that H
is injective as a left (or right) H-module.
Solution: Since H* has nonzero integrals, we have that H* is a projective
left H*-comodule. By Corollary 2.4.20 we see that H is injective as a
right H*-comodule. Since the categories MH* and H.~ are isomorphic,
we obtain that H is an injective left H-module.

Exercise 5.4.8 Let X ~ f~ and h
spans
Solution: The existence of X and h as in the statement was proved in
5.4.4, only in that proof we have used the uniqueness. So we show first
that this can be done directly.
Let J be the injective envelope of kl, considered as a left H-comodule.
Then "J is finite dimensional and H -- J @ K for a left coideM K of H.
Let f : H -~ k be a nonzero linear map such that f(K) -- 0 and f(1g)
1. Since K C_ Ker(f) we have that f e Rat(H~.) = Rat(H.H*). By
Theorem 5.2.3 there exist hi E H and t~ ~ f~ such that f = ~t~ ~ h~,
so (~-~.t~ ~ h~)(1) ~ 0. Therefore, one of the (t~ ~ h~)(1) is not 
and we can take this element of H as our h and a suitable multiple of the
corresponding left integral for X.
We will denote the right integral X o S by XS. We show first that for any
t ~ f~ and g ~ H there exists an l ~ H such that

g ~ t = 1 ~ X (5.35)
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where (g ~ t)(x) = t(xg). Let x ¯ H and compute

(9 t)(x) 
= xS(h)t(xg) (by Lemma 5.4.4 ii))

= EXS(xlglh)t(x2g2) lef t int egral)

= EXS(xlglhl)t(x2g2h2S(h3))

= EXS(xghl)t(S(h2)) righ t inte gral)

= xS(x 
= XS(xu) (where u = ~gh~t(S(h~)))

= XS(xu)xS(h)

= EXS(xlu~)x(z2u~S(h)) righ t inte gral)

= EXS(XlU~S(h~)h3)x(x2u2S(h~))

= ~xS(h2)x(zuS(hl)) lef t int egral)

= x(xl) (where l= ~uS(h~)x(S(h2)))
=

so (5.35) is proved, and we can choose r ¯ H such that

¯ Now

h ~ t = r ~ X (5.36)

t(x) = xS(h)t(x)

= xS(hl)t(xh2) righ t inte gral)

= xS(S(xl)x~h~)t(x3h2)
= XS2(xl)t(x~h) lef t int egral)

= XS~(z~)x(x~r) (by (5.36))

=
where the last equality follows by reversing the previous five equalities. It
follows that t = xS(r)x, i.e. X spans f/ and the proof is complete.

Exercise 5.5.6 Prove Corollary 5.5.5 directly.
’ * ’ bijection.Solution: We know that ¢:H* ~ H, ¢(h*) ~’~t~h (t 2) is

Hence there exists a T ¯ H* such that ~ t’~T(t’~) = 1. Applying ~ to this
equality we get T(t’) = 1. For h ~ H we have

E t~T(ht~) = E t~T(e(h~)h~t~)
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E ’ h t’= S(hl)h2t~T( 3

= ES(hl)e(h2)t’~T(t’~)=S(h).

’ T t’t’In particular, we have S(t) 
A’)T(t’) = t’ 

Exercise 5.5.2 Let f : C ~ D be a surjective mo~hism of coalgebras.
Show that if C is pointed, then D is pointed and Corad( D ) = f ( Corad( C) 
Solution: It follows from Exercise 3.1.13 ~nd from the f~ct that for any
grouplike element g ~ G(C), the element f(g) is a grouplike element of D.

Exercise 5.5.7 Let H be a Hopf algebra such that the coradical Ho is a
Hopf subalgebra. Show that the coradical filtration Ho ~ H1 ~ ... H~ ~ ...
is an algebra filtration, i.e. for any positive integers m, n we have that
HmHn ~ Hm+n.
Solution: We remind from Exercise 3.1.11 that the coradical filtration
is a coalgebra filtration, i.e. A(H~) ~ ~=0,n H~ @ H~_~ for ~ny n. 
p~rticular this shows that A(Hn)
We first show by induction on m that HmHo = Hm for any m. For m = 0
this is clear since H0 is a subMgebra of H. Assume that H~-~Ho = H~_~.
Then

~(H~Ho) ~ (~,~H~-~+Ho~).(Ho~Ho)
~ H~Ho~H,~_~+Ho~H~Ho
~ H@Hm-~+Ho@H

where for the second inclusion we used the induction hypothesis. Thus
H,~Ho ~ Ho A H~_~ = Hm. Clearly, H~ ~ H,~Ho since H0 contains 1.
Similarly HoH~ = ~ for any m.
Now we prove by induction on p that for any m, n with m + n = p we have
that H~H~ ~ Hp. It is clear for p = 0. Assume this is true for p- 1, where
p ~ 1, and let m,n with m+n =p. Ifm = 0 or n = 0, we Mready proved
the desired relation. Assume that m, n > 0. Then we have that

A(H~H~) (Hm @ Hm-~ + Ho@ H~) (H~ @ H ~- ~ + H o @ H

~ H~H~_~+H~H~_~+~H~_~+Ho~H
~ H@Hp_~+Ho@H

which shows that H~H,~ ~ Ho A H~_~ = Hp = Hm+~.

Exercise 5.5.9 Let H be a Hopf algebra. Show that the following are equiv-
alent.
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(1) H is cosemisimple.
(2) k is an injective right (or left) H-comodule.
(3) There exists a right (or left) integral t E H* such that t(1) = 
Solution: (1) and (2) are clearly equivalent from Theorem 3.1.5 and 
ercise 4.4.7. To see that (2) and (3) are equivalent, we consider the 
map u : k --* H, which is an injective morphism of right H-comodules.
Then k is injective if and only if there exists a morphism t : H --* k of right
H-comodules with tu = Idk. But such a t is precisely a right integral with
t(1) = 

Exercise 5.5.10 Show that in a cosemisimple Hopf algebra H the spaces
of left and right integrals are equal, and if t is a left integral with t(1) = 
we have that t o S = t.
Solution: By Exercise 5.5.9 we know that there exist a left integral t and a
right integral T such that t(1) = T(1) = 1. Then t = T(1)t Tt= t (1)T =
T, so f~ = fr" We know that t o S is a right integral. Since (t o S)(1) 
we see that t o S -- t.

Exercise 5.5.12 Let H be a Hopf algebra over the field k, K a field exten-
sion of k, and H = K ®k H the Hopf algebra over K defined in Exercise
4.2.1Z Show that if H is cosemisimple over k, then H is cosemisimple over
K. Moreover, in the ease where H has a nonzero integral, show that if H ’
is cosemisimple over K, then H is cosemisimple over k.
Solution: We know from Exercise 5.1.6 that if T is a left integral of H,
then T e ~* defined by ~(5 ®~ h) ST(h) is a l ef t int egral of ~. Ev-
erything follows now from the characterization of cosemisimplicity given in
Exercise 5.5.9.

Exercise 5.5.13 Let H be a finite dimensional Hopf algebra. Show that
the following are equivalent.
(1) H is semisimple.
(2) ~c is a projective left (or right) H-module (with the left H-action 
defined by h.
(3) There exists a left (or right) integral t ~ H such that ~(t) 
Solution: It is clear that (1) and (2) are equivalent from Exercise 4.4.8. 
the left H-module k is projective, since ~ : H -~ k is a surjective morphism
of left H-modules, then there exists a morphism of left H-modules
H such that ~ o ¢ = Idk. Denote t = ¢(lk) ~ H. We have that

ht = h¢(lk) = ¢(h. lk) = ¢(z(h)lk) = s(h)¢(l~) ~(h)t

for any h
~(¢(1)) = 1. Conversely, if there exists a left (or right) integral 
such that ~(t) ~ 0, we can obviously assume that ~(t) = 1 by multiplying
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with a scalar. Then the map ¢ :/~ --~ H, ¢(a) atis a morphism of lef t
H-modules and e o ¢ = Id, so k is isomorphic to a direct summand in the
left H-module H. This shows that k is projective.

Exercise 5.6.12 Give a different proof for the fact .that At does not have
nonzero integrals, by showing that the injective envelope of the simple right
At-comodule kg, g E C, is infinite dimensional.
Solution: Let gg be the subspace of At spanned by all

gc-~P~ c~p2 . .̄  cVP* Xf’ . . . XPt* = gc-[p’ . . . cVP’ XP, P = (Pl, . . . ,Pt) e t.

Then by Equation (5.9), $g is a right At-subcomodule of At and kg is
essential in ~’g. On the other hand, At = ~9~c8g. Thus the $9’s are
injective, and we obtain that 8g is the injective envelope of kg.

Exercise 5.6.24 Let A be the algebra generated by an invertible element a
and an element b such that bn = 0 and ab = )~ba~ where )~ is a primitive
2n-th root of unity. Show that A is a Hopf algebra with the comultiplication
and counit defined by

A(a) a®a, A(b) = a®b+b®a-~,¢(a) = 1, ¢(b) = 

Also show that A has nonzero integrals and it is not unimodular.
Solution: Let C =< a > be an infinite cyclic group and a* ~ C* such that
a*(a) = xf~. It is easy to see that A ~- H(C,n, a2, a*). Everything else
follows from the properties of Hopf algebras of the form H(C, n, c, c*, a, b).

Exercise 5.6.25 Let H be the Hopf algebra with generators c, x~,... ,xt
subject to relations

c2 = 1, x~ ~ O~ XiC ~ --CXi~ XjXi ~ --XiXj,

/X(c)=c®c, /X(x~):-c®z~+x~®L "
Show that H is a pointed Hopf algebra of dimension 2t+~ with coradical of
dimension 2.
Solution: Let C = C2 =< c >, the cyclic group of order 2, c~’,..., c~" ~ C*
defined by c~(c) = -1, and cj = c for all 1 < j _< t. Then H = H(C, n, c, c*)
and all the requirements follow from the general facts about Hopf algebras
defined by Ore extensions.

Exercise 5.6.26 Let ¢ be an automorphism of kC of the form ¢(g) = c* (g)g
for g ~ C, and assume that c* (g) ~ 1 for any g ~ C of infinite order. Show
that if ~ is a e-derivation of kC such that the Ore extension (kC)[Y, ¢, 
has a .Hopf algebra structure extending that of kC with Y a (1, c)-primitive,
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then there is a Hopf algebra isomorphism (kC)[Y, ¢, 5] ~- (kC)[X, ¢].
Solution: Let U = {g ¯ Clc*(g) 1}andY = {g¯ CIc*() = 1}. Thus,
if g C V then by our assumption g has finite order. In this case, ¢(gn) =_ gn
for all n, and induction on n _> 1 shows that 5(gn) -= ng’~-lb(g). Then
5(1) mg-15(g), where m is the orde r of g , a nd 5(1) -- 0 imply that
5(g) = 
Now let g ¯ U. Applying A to the relation Yg = c*(g)gY 5(g), we fin
that A(5(g)) cg® 5(g) + 5 (g) ® gThus 5(g) is a (g, cg)-pr imitive, and
so 5(g) = c~gg(c- 1) for some scalar c~g.
Therefore, for any two elements g and h of U

5(gh) = 5(g)h+¢(g)5(h)

= agg(c- 1)h+c*(g)gahh(c- 1)

= (a9 + ahc*(g))(c-- 

and similarly
5(hg) = (ah + o~gc*(h))(c 

Since C is abelian ag n~O~h < c*,g >: OZh "t-O~g < c*,h >, or

c~/(1 - c*(g)) = ah/(1 -- c*(h) 

Denote by 3’ the common value of the ag/(1 - c*(g)) for g ¯ U. We have
ag - 3’ + c* (g)3’ = 
Let Z = Y - 3’(c - 1). For any g C U we have that

Z9 = Yg- 3"(c- 1)g

= c*(g)gY + a~g(c 1)- 3 ‘( c - 1

= c*(g)gZ + c*(g)3‘g(c 1)+ agg(c - 1) - "~g(c - 1)

= c*( )gZ - + - 1)
= *(9)9z

Obviously, Zg = gZ if g e V, so (kC)[Y,¢,5] ~_ (kC)[Z,¢] alg ebras.
Since Z is clearly a (1, c)-primitive, this is also a coalgebra morphism, which
completes the solution.

Exercise 5.6.31 (i) Let C = C4 =< g >, t = 2, n = (2, 2), c = (g, g), 
(g*,g*) where g*(g) = -1,512 = 1, a = (1,1),a’ = (0,1). Show that there
exists a Hopf algebra isomorphism H(C, n, c, c*, a, b) ~- H(C, n, c, c*, a’, 
(ii) Let C = C4 =< g >,t = 2,n = (2,2),c (g ,g),c* = (g*,g*) wh
g*(g) = -1, a = (1, 1) and b12 = 2, a’ = (0, 1),b~2 = 0. Show that the Hopf
algebras H(C, n, c, c*, a’, b’) and H(C, n, c, c*, a, b) are isomorphic.
Solution: (i) The map f H(C, n,c, c*,a, b) - -* H(C,n, c, c*,a’,defined
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by f(g) = g, f(xl) = -(132 + ~3)x~ + 13x~2, f(x2) where ~3
primitive cube root of -1 is a Hopf algebra isomorphism.
(ii) The map f from H(C, n, c, c*, a’, ~) to H(C, n, c , c*, a , b ) defined b
f(g) = g,f(z~) = x2, f(x2) = x~ -xe, is a Hopf algebra isomorphism.
Note that one of the Hopf algebr~ is an Ore extension with nontrivial
derivation while the other is an Ore extension with trivial derivation.

Exercise 5.6.32 Let C be a finite abelian group, c ~ Ct and c* ~ C*t such
that we can define H ( C,n, c, c* ) . Show that H ( C, n, c, c* )* ~ H ( C*, n, c*, 
where in considering H ( C*,n,c*,c ) we regard c ~ C** by identifying C and

Solutiom Suppose C = C~ x C~ x .... x Cs =< g~ > x -.. x < g~ > where
Ci is cyclic of order mi. For i = 1,..., s, let ~i ~ k* be a primitive mi-th
root of 1. The dual C* =< g~ > x ... x < g~ >, where g~(g~) = ~ and
g~(gy) = 1 for i ~ j, is then isomorphic to C. We identify C and C** using
the natural isomorphism C ~ C** where g**(g*) = g*(g).
First we determine the grouplikes in H*. Let h~ ~ H* be the algebra map
defined by h~(gj) = g.~(gj) and h~(xj) = for al l i, j. Since th e h~are
algebra maps from H to k, H* contains a group of grouplikes generated by
the g[, and so isomorphic to C*.
Now, let yy ~ H* be defined by yj(gxj) = -~(g), and yj (gxTM) = 0 for
XTM ~

We determine the nilpotency degree of yj. Clearly y~ is nonzero only on
basis elements gx~. Note that by (5.19) and the fact that qj = c~(cj),

9c~z~

= (1 
= (1 

By induction, using the fact that (~)q~ = (1 + q~ +... + q}’-~), we see 

for ~ =q~t,

= (1 + +... +

Since qj, and thus ~j, is a primitive ~j-~h root of 1, this expression is 0 if
and only if r = ~j. Thus the nilpotency degree of
Let 9" ~ H* be an element of the group of grouplikes generated by the
above. We check how the ~ multiply with 9" and with each other. Clearly,
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both yjg* and g*yj are nonzero only on basis elements gxj. We compute

and

so that
g* yj = g*(cj)yjg*, or yjg* =- c;*-l(g*)g* yj.

Let j < i. Then yjyi and yiyj are both nonzero only on b~is elements
gxixj = c~(cj)gxjxi. We compute

and

yjYi ( ¢~ ( cj ) gx jxi ) ~-- C~ ( Cj )yj (gxj )Yi ( gXi ) -.~ C~ ( Cj )c;-- l (g 

Therefore for j < i,

Finally, we confirm that the elements yy are (~H, c~-~)-primitives and then

we will be done. The maps c~-~ @ yj + yy @eH and m*(yy) are both only
nonzero on elements of H @ H which are sums of elements of the form
g @ Ixj or gxj @ l, where m : H @ H ~ H is the multiplication of H and
m* : H* ~ (H @ H)* is regarded ~ the comultiplication of H*. We check

and

Similarly,

and

*--1
(C; -1 (~ yj ~- yj e 5H)(gXj e l) ~- yj(gxj) ----- Cj 

= = =
Thus the Hopf subalgebra of H* generated by the h~, yj is isomorphic to
H(C*, n, *-1, c-1) and by a dimension ar gument it is all of H*. Now we
only need note that for any H = H(C, n, c, c*), the group automorphism of
C which maps every element to its inverse induces a Hopf algebra isomor-
phism from H to H(C, n, -~, c*-1), and t he solution i s c omplete.
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Chapter 6

Actions and coactions of
Hopf algebras

6.1 Actions of Hopf algebras on algebras

In this chapter k is a field, and H a Hopf k-algebra with comultiplication
A and counit g. The antipode of H will be denoted by S.

Definition 6.1.1 We say that H acts on the k-algebra A (or that A is 
(left) H-module algebra if the following conditions hold:
(MA1) A is a left H-module (with action of h E H on a ~ A denoted 
h. a).
(MA2) h. (ab) = E(hl. a)(h2, b), Vh e H, 
(MA3) h. 1A = s(h)lA, Vh ~ 
Right H-module algebras are defined in a similar way. |

Let A be a k-algebra which is also a left H-module with structure given by

~:H®A--~A, ~,(h®a)=h.a.

By the adjunction property of the tensor product, we have the bijective
natural correspondence

Hom(H ® A, A) ~ Horn(A, Horn(H, 

If we denote by ¢ : A ---~ Horn(H, A) the map corresponding to ~ by the
above bijection, we have the following

Proposition 6.1.2 A is an H-module algebra if and only.if ¢ is a mor-
phism of algebras (Horn(H; A) ’is an algebra with convolution: (f . g)(h) 
~f(hl)g(h2)).

233
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Proof: Since ¢ corresponds to u, we have that u(h ® a) = ¢(a)(h), 
H, a E A. Hence (MA2) holds
¢¢ u(h®ab)= ~u(hl®a)u(h2®b), Vh~H, a, 
¢~z ¢(ab)(h) = ~ ¢(a)(hl)¢(b)(h2) = (¢(a) * ¢(b))(h) 

¢¢ ¢(ab) = ¢(a) * ¢(b), Va, b e A ¢~ ¢ is multiplicative.
Moreover, (MA3) holds
¢~ ,(h ® 1A) = ¢(1A)(h) = e(h)lA ¢:~ ¢(1A) 1gom(H,A).   

Lemma 6.1.3 Let A be a k-algebra which is a left H-module such that
(MA2) holds. Then
i) (h.a)b=~h~.(a(S(h2).b)), Va, beA, heg.
ii) If S is bijective, then
a(h.b) = ~ h2 . ((S-~(h~)"a)b), Va, b e A, h e g.

Proof: By (MA2) we have:

(a(S(h2). 

ii) is proved similarly.

= E(h~.a)(h2. (S(h3).b))

= ~(h~.a)((h2S(ha)).b)

= ((Ehl~(h2))" a)b = (h. a)b.

Proposition 6.1.4 Let A be a k-algebra which is also a left H-module.
Then A is an H-module algebra if and only if# : A®A ~ A, tt(a®b) = ab,
is a morphism of H-modules (A ® A is a left H-module with h . (a ® b) 
~-~h~ ̄  a® h2 ̄  b).

Proof: The assertion is clearly equivalent to (MA2). To finish the proof 
is enough to show that (MA3) may be deduced from (MA2). We do 
using Lemma 6.1.3. Indeed, taking in Lemma 6.1.3 a = b = 1A, we have

h.lA = (h’IA)IA

= Eh~" (ln(S(h2)" 1A))

=

= (Eh~S(h2))" 1A =e(h)lA

so (MA3) holds and the proof is complete. |

Definition 6.1.5 Let A be an H-module algebra. We will call the algebra
of invariants

AH = {a ~ A I h. a = ~(h)a, Vh ~ H}.
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AH is indeed a k-subalgebra of A: if a, b E AH, then for any h E H we have

h.(ab) = E(hl.a)(h2.b)

= (hl)a (h2)b
= Es(hl)s(h2)ab

= E~(h~(h~))ab=~(h)ab.

Another algebra associated to an ~ction of the Hopf algebr~ H on the
algebra A is given by the following

Definition 6.1.6 If A is an H-module algebra, the smash product of A
and H, denoted A~H, is, as a vector space, A~H = A ~ H, together with
the following operation (we will denote the element a ~ h by a~h):

(a#h)(~#~) = ~ ~(h~. ~)~h~.

Proof: i) We check asso¢iativity:

((a#h)(b#g))(c#e) = E(a(hl. b)#h2g)(c#e)

= a(hl. c)Sh3g e 
= Ea(h~" (b(gl.c)))#h~g2e

= (aSh)( b(gl.
= (aSh)((b#g)(cSe)),

hence the multiplication is associative. The unit element is 1A#1H:

(a#h)(1A#1H). = E(a(h~ 1A)#h2)

Proposition 6.1.7 i) ASH, together with the multiplication defined above,
is a k-algebra.
ii) The maps a ~--~ a#1H and h ~ 1A#h are injective k-algebra maps
from A, respectively H, to ASH.
iii) ASH is free as a left A-module, and if {hi}iei is a k-basis of H, then
{1A#hi}ie! is an A-basis of A#H as a left A-module.
iv) If S is bijective (e.g. when H is finite dimensional, see Proposition
5.2.6, or, more general, when H is co-Frobenius see Proposition 5.4.6),
then A#H is free as a right A-module, and for any basis {hi}ie~ of H over
k, {1AShi}i~ is an A-basis of ASH as a right A-module.
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= Ea#s(hl)ha
= a#h = (1A#1H)(a#h).

ii) It is clear that (a#lH)(b#1H) = ab#lH, Va, b E We als o have
(1A#h)(1d#g) Y~.hl ¯ 1A#h2g = Y~. 1A#~(hl)ha = 1A#hg. The in -
jectivity of the two morphisms follows immediately from the fact that 1H
(resp. 1A) is linearly independent over 
iii) The map a#h ~ a ® h is an isomorphism of left A-modules from
A#H to A ® H, where the left A-module structure on A ® H is given by
a(b ® h) = ab ® 
iv) will follow from

Lemma 6.1.8 If A is an H-module algebra, and S is bijective, we have

a#h = E(la#ha)(S-l(hl). a#lH).

Proof:

E(1A#ha)(S-l(h~).a#lH) = E(h2S-l(h,)).a#ha

= ~__,e(hl)a#h~ = a#h.

and

We return to the proof of iv) and define

¢:A#H---+H®A, ¢(a#h)=Eha®S-l(hx).a,

e: H® A -~ A#H, e(h®a) = (1A#h)(a#lH).

By Lemma 6.1.8 it follows that 0 o ¢ = 1A#H. Conversely,

(¢ o O)(h ® a) ¢((1A#h)(a#1H))

= ¢(Eh~.a#h2)

= Eh3®S-l(ha)h~.a

= Eh2®s(hl)a=h®a’

hence also ¢ o ~ = 1g®m.

deduce that A#H is isomorphic to H ® A as right A-modules.
We define now a new algebra, generalizing the smash product.

Since ~ is a morphism of right A-modules, we
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Definition 6.1.9 Let H be a Hopf algebra which acts weakly on the algebra
A (this means that A and H satisfy all conditions from Definition 6.1.1
with the exception of the associativity of multiplication with scalars from H:
hence we do not necessarily have h. (l. a) = (hi) ¯ a for Vh, l E H, a 
As it will soon be seen, this condition will be replaced by a weaker one). Let
a : H x H ~ A be a k-bilinear map. We denote by A~H the k-vector
space A®H, together with a bilinear operation (A®H)®(A®H) --~ (A®H),
(a#h) ® (b#l) ~ (a#h)(b#l), given by the 

(a#h)(b#l) = Z a(hl . b)a(h2, ll)#h~12 (6.1)

where we denoted a ® h ~ A ® H by aC~h. The object A#aH, introduced
above, is called a crossed product if the operation is associative and 1A ~ I H
is the unit element (i.e. if it is an algebra). 

Proposition 6.1.10 The following assertions hold:
i) A4C~H is a crossed product if and only if the following conditions hold:
The normality condition for a:

~r(1, h) = a(h, 1) = ~(h)lA, Vh (6.2)

The cocycle condition:

Z(hl’ o(ll,Tl~l))O(h2,121rt2) ~-~ ~(h~,l~)a(h212,rn), Yh, l, rn e H

(6.3)
The twisted module condition:

Z(h~.(ll.a))a(h2,12)= ~a(ha,l~)((h212).a), Vh, (6 .4

For the rest of the assertibns we assume that A#~H is a crossed product.
(ii) The map a ~ a#lH, from A to A4C~,H, is an injective morphism 
k-algebras.
iii) A#~H ~_ A ® H as left A-modules.
iv) If ~ is invertible (with respect to convolution), and S is bijective, then
A#oH ~- H ® A as right A-modules. In particular,, in this case we deduce
that A#oH is free as a left and right A-module.

Proof: i) We show that 1A#IH is the unit element if and only if (6.2)
holds. We compute:

(la#lg)(a#h) = Z 1A(1H ¯ a)a(1, hl)#h2 = Z aa(1, h~)#h2.

Hence, if ~r(1,h) = s(h)lm, Yh ~ H, it follows that 1A~IH is a left unit
element. Conversely, if 1A#IH is a left unit elementl applying I ® e to the
equality

1A#h = Z a(1, h~)#h2
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we obtain ~(h)lA = a(1, h). Similarly, one can show that 1A~IH is a right
unit element if and only if a(h, 1) -- a(h)ln.
We assume now that (6.2) holds, and that the multiplication defined in 6.1
is associative, and we prove (6.3) and (6.4). Let h, l, m E H and a 
From (l#h)((l#l)(l#m)) = ((l#h)(l#l))(l#m) we deduce (6.3) after
writing both sides and applying I ® ~.
From (l#h)((l#l)(a#m)) = ((l#h)(l#l))(a#m) we deduce (6.4) after
writing both sides, using (6.2) and applying I ® 
Conversely, we ~sume that (6.3) and (6.4) hold. Let a, b, c ~ A and h, l, 
H. We have:

(a~h )( (b~l)(c~m) 

= ¯

= ~ a(h~. b)(h2 ¯ (/1" c))(h3 ¯ ~(/2, ml))ff(h4,13mz)#hhl4m3

= ~ a(h~. b)(h~. (l~. c))a(h3,12)a(h~l~, m~)#hhl~m2

= ¯

where we used, (MA2) for the second equality, (6.3) for h3,12,m~ for 
third one, and (6.4) for h~, l~, c for the fourth.
On the other hand,
((a~h)(b~l))(c~m) = ~ a(h~ . b)a(h2, l~)((h31~) . c))a(h~13, 
hence the multiplication of A~H is associative.
ii) and iii) ~re clear.
iv) We define

a : H@A ~ A~H,

a(h ~ a) = ~ a-~(h2, S-~(hl))(h3¯ a)~h4,

where a-~ is the convolution inverse of a, and S-~ is the composition
inverse of S. We also define

~ : A#~H ~ H@A,

~(a#h) = ~ h4 @ (S-~(h3)̄  a)a(S-~(h2), 

We show that a and ~ are isomorphisms of right A-modules, inverse one to
e~ch other. We prove first the following

Lemma 6.1.11 If a is invertible, the following asse~ions hold for any
h, l, m ~ H:
a) h. a(l, m) = E a(h~, l~)a(h212, ml )6 -1 (h3,13m2).
b) h. a-~(1, m) = E a(h~, l~m~)a-~(h2l~, m2)a-~(h3, 
c) ~(h~ . a-l(S(ha), hh))a(h~, S(h3)) = ~(h)lA.
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Proof." First, if a-1 is the convolution inverse of (~, we have

~:~_1(~1,~1)~(~2,~2) = ~:o(~1,.~)~-1(~2,~)

= ~(1)s(m)lA, Vl, E H.

a) We have

h. a(l, m) = ~(hl. ~(~,.~))~(h~)~(~2)~(.~)lA
= ~(~. o(~1,~))~(~)~(~.~)1~
= ~(h~" a(l~,m~))a(h2,12m2)a-~(h3,13m3)

= ~ ~(h,, ~)~(~, ~)~-~(~, 

where we used (6.3) for the l~st equMity.
b) Multiplying by h ~ H both sides of the equality

~6-1(/1,ml)ff(/2,~2) 

we get
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E(h~’ O’-1 (/1, ml ))(h~- a(12, m2)) ~(h)~(1)s(m)1A:

We deduce that the map h ® l ® m ~ h. a-~(l,m), from H ® H ®H to
A, is the convolution inverse of the map h ® l ® m ~ h. a(/, m). To finish
the proof of b), we show that the right hand sides of the equalities in a)
and b) are each other’s convolution inverse. Indeed,

~ a(h~, tl)a(h~, m~)~,-~ (h~, ~m~)

~(h~, ~)~-~ (h~, ~4)~-~(h~, ~) 

: ~ if(hi ,/1 )~(h2/2, ml )~(h3)~(13)~(~2) ~-1 (h4/4, m3)ff -1 (h5,/5) 

= ~ ~(h~, ~)~(h~, ~)~-~ (~, ~)~-~ (h~, = ~(h)~(~)~(~)~.
c) The left hand side of the equality becomes, after ~pplying b) for h~, S(h~), 

~ a(h~, S(hs)h9)~-~(h~S(hT), h~o)a-~(h3, S(h~))a(h~, S(hs)) 

= ~ a(hl, S(h~)h~)a-~(h~S(hs), hs)~(h3)~(hn) 

= ~ ~(~, ~(~)~)~-~(~(h~), 
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= E a(hl, e(h3)lH)a-1 (e(h2)1H, h4) 

= E e(hl)e(h2)~(h3)~(h4)lA = s(h) lA,

and the proof of the lemma is complete. |
We go back to the proof of the proposition and show that a and ~ are each
other’s inverse. We compute

(~ o ~)(h ® a) 

= E h7 ® (S-1(h6)̄  (a-l(h2, S-~(hl))(h3 ¯ a)))a(S-l(h5),

= ~h8 ® (s-l(hT)-

(S-1(h6)¯ (h3" a))a(S-~(h5), h4) (by (MA2))

= ~s ® (s-1(~7)¯ ~-~(h~, s-l(~)))
a(S-~(h~), h3)((S-~(h~)h4)̄ a) (by (6.4))

= ~ h7 ® (S-~(h6)̄  a-~(h2, S-~(h~)))a(S-~(hh), h3)~(h4)a

= E h~ ® (S-~ (h6)̄  a-~(h~, S-~(h~)))a(S-~(h4), 

= E h~ ® ~(S-~(hl))a (by Lemma 6.1.11, c) for S-~(h~))

= Eh~ ®~(h~)a = h®a,

hence ~ ~ a = 1H®A. Conversely,

(~ o Z)(a#h) 

= E a-~(hh’ S-~(h4))(h~" ((S-~(h3) a)a(S-~(h2)’ hl ))#h~

: E o’-l(h5, ~-l(h4))(h 6¯ (~-1(h3).

(hT" a(S-~(h2),h~))#hs (by (MA2))

= E a-~ (hs, S-~(hT))(h9̄  (S-~ (h6)- a))a(h~o, -~ (hh))Cr(h~S-~(h~), h

a-~(h~2, S-~(h3)h2)#h~3 (by Lemma 6.1.11,

= E a-~(h6’ S-~(hh))(hT" (S-~(h~)" 

a(hs, S-~ (h3))a(h9S-l(h~_), h~)#h~o

= E cr-~ (h6’ S-~(hh))a(hT’ s-l(ha))((hsS-~(h3))" 
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a(hgS-l(h2), hl)~:hlo (din (6.4))

= E ~(hs)a(h4)((h6S-~ (h3)) a)a(hTS-~ (h2), hl )~Chs

= E((h4S,~(h3)) ¯ a)a(h5S-~(h2), h~)#h6

= E ~(h3)aa(h4S-l(h2)’ hl)~Ch5

hence also a o ~ = 1A#~H. Finally, we note that

a(h@a)b = a(h@

= ~(a-~(h~,S-~(h~))(h~ ¯ a)~h4)(b~l)

= ~ a-~(h2, S-~(h~))(h~¯ a)(h~, b)a(h5, 1)~ha

= a(h ~ ab) = a((h ~ a)b),

hence a is a morphism of right A-modules. It follows that a is ~n isomor-
phism of right A-modules, ~nd the proof is complete.

Remark 6.1.12 In case ~ : H ~ H ~ A is trivial, i.e. a(h,l) 
~( h )~( l) l A, A is even an H-module algebra, and the crossed product 
is the smash product A~H.

We look now at some examples of actions:

Example 6.1.13 (Examples of Hopf algebras acting on algebras)

1) Let G be a finite group ~cting as ~utomorphisms on the k-algebr~ A. If
we put H = kG, with A(g) = g @ g, z(g) = S(g) = g -~, Vg ~ Gand
g ¯ a = g(a)= ~, a~ A,g ~G,then A is anH-module Mgebra, as it may
be e~ily seen. The smash product A~H is in this case the skew group
ring A * G (we recall that thig is the group ring, in which multiplication is
altered ~ follows:

(ag)(bh) = (abg)(gh),

Va, b ~ A, g, h ~ G), ~nd AH = A~ is the subalgebra of the elements fixed
by G (which explains the name of ~lgebra of the invariants, given to AH in
general).
The sm~h product A~H is sometimes called the semidirect product. Here
is why. Let K be a group acting ~s automorphisms on the group H (i.e.
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there exists a morphism of groups ¢ : K ~ Aut(H)). Then K acts
as automorphisms on the group ring kH, which becomes in this way a
kK-module algebra. Since in kH#kK we have, by the definition of the
multiplication,

(h#k)(h’#k’) = h(k . h’)#kk’ = h¢(k)(h’)#kk’,

we obtain that kH#kK ~- k(H x¢ K), where H x¢ K is the semidirect
product of the groups H and K.
2) Let G be a finite group, and A a graded k-algebra of type G. This means
that A = ~ Ag (direct sum of k-vector spaces), such that AgAh c~ A9h.

gEG

If 1 E G is the unit element, A1 is a subalgebra of A. Each element
a E A writes uniquely as a = ~ ca. The elements aa ~ Aa are called the

gEG

homogeneous components of a. Let H = kG* = HOmk(kG, k), with dual
basis {pg I g ~ G, p9(h) = 5a,h }. The elements pg are a family of orthogonal
idempotents, whose sum is 1H. We recall that H is a Hopf algebra with
A(pg) = ~ Pgh-’ ~ Ph, ~(Pg) = 5g,1, S(p~) = p~-l. For a ~ A we put

hEG

pa ¯ a = ca, the homogeneous component of degree g of a. In this way,
A becomes an H-module algebra, since pg ¯ (ab) = (ab)g = ~ agh-,bh 

h~G

~ (Pgh-’" a)(ph" b). The smash product A#kG* is the free left A-module
hGG

with basis {p~ I g E G}, in which multiplication is given by

(apg)(bph) = abah-~Ph, Va, b ~ A, g, h 

The subalgebra of the invariants is in this case A1, the homogeneous com-
ponent of degree 1 of A.
3) Let L be a Lie algebra over k, and A a k-algebra such that L acts on 
as derivations (this means that there exists c~ : L ~ Derk(A) a morphism
of Lie algebras). For x G L and a ~ A, we denote by x.a = a(x)(a).
Let H = U(L), be the universal enveloping algebra of L (for x 
A(x) = x®l+l®x, s(x) = S(x ) = - x) Since Hisgen eratedby
monomials of the form xl... xn, xi E L, we put

x~...Xn.a=x~.(x2.(...(x~.a)...), aeA.

In this way, A becomes an H-module algebra, and AH = {a ~ A I x ¯ a =
O, Vx~L}.
4) Any Hopf algebra H acts on itself by the adjoint action, defined by

h.1 = (ad h)l = E h~lS(h2)"
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This action extends the usual ones from the case H = kG, where (ad x)y 
xyx-1, x,y E G~ or from the case H = U(L), where (ad x)h = xh- hx,
x E L, h ~ H (the second case shows the origin of the name of this action).
We have then HH = Z(H) (center of H). Indeed, if g ~ HH, then Vh ~ H

= h gs( 2) 3 =
The reverse inclusion is obvious.
5) If H is a Hop’f algebra, then H* is a left (and right) H-module algebra
with actions defined by (h ~ h*)(g) = h*(gh) (and (h* h)(g) = h*(hg))
for all h, g ~ H, h* E H*. |

6.2 Coactions of Hopf algebras on algebras

We have seen in Example 6.1.13 2) that a grading by an finite group G on
an algebra is an example of an action of a Hopf algebra. To study the case
when G is infinite requires the notion of a coaction of a Hopf algebra on an
algebra.

Definition 6.2.1 Let H be a Hopf algebra, and A a k-algebra. We say
that H coacts to the right on A (or that A is a right H-comodule algebra)
if the following coalitions are fulfilled:
(CA1) A is a right H-comodule, with structure map

p:A--~ A®H, p(a)=Eao®al,

(CA2) ~-~(ab)o ® (ab)l = ~aobo ® alb~, Va, b ~ 
(CA3) = 
The notion of a left H-comodule algebra is defined similarly. If no mention
of the contrary is made, we will understand by an H-comodule algebra a
right H-comodule algebra. |

The following result shows that, unlike condition (MA2) from the definition
of H-module algebras, conditions (CA2) and (CA3) may be interpreted 
both possibile ways.

Proposition 6.2.2 Let H be a Hopf algebra, and A a k-algebra which is a
right H-comodule with structural morphism p : A --~ A® It. The following
assertions are equivalent:
i) A is an H-comodule algebra.
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ii) p is a morphism of algebras.
iii) The multiplication of A is a morphism of comodules (the right comodule
structure on A ® A is given by a ® b ~ ~ ao ® bo ® albl), and the unit of
A, u : k ---* A is a morphism of comodules.

Proof." Obvious. |
As in the case of actions, we can define a subalgebra of an H-comodule
algebra using the coaction.

Definition 6.2.3 Let A be an H-comodule algebra. The following subalge-
bra of A

Ac°g = (a e A I p(a) = a 1}.

is called the algebra of the coinvariants of A.

In case H is finite dimensional, we have the following natural connection
between actions and coactions.

Proposition 6.2.4 Let H be a finite dimensional Hopf algebra, and A a k-
algebra. Then A is a (right) H-comodule algebra if and only irA is a (left)
H*-module algebra. Moreover, in this case we also have that AH* ~- Ac°H.

Proof: Let n = dimk(H), and {el,...,e,~} C H, {e~,...,e~} C H* be
dual bases, i.e. e*(ej) = 5ij.
Assume that A is an H-comodule algebra. Then A becomes an H*-module
algebra with

f.a=Eaof(a~), VfeH*, aeA.

Indeed, we know already that A is a left H*-module, and

f. (ab) = E(ab)of((ab)~)

= Eaobof(a~b~)

= ~aobof~(a~)f2(b~)

= ~-~aof~(al)bof~(b~)

= E(fl.a)(f~.b).

Conversely, if A is a left H*-module algebra, A is a right H-comodule with

~ *.a®ei.p : A --~ A ® H, p(a) = i
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We have, for any f E H*

(I ® f)(p(ab)) 

= (I® f)(p(a)p(b)),

and so p(ab) = p(a)p(b). Finallyi

=
i=1 i=1

= ~ 1® e~(1)ei = la ® 1H.
i=1

We now have

A H* = {a e A] f.a = f(1)a, Vf ~ H*}

{a e A] Eaof(al) = f(1)a, Vf ~ H*}

{a e A I (Id® f)(p(a)) = (Id® 1), Vf e H*

{a ~ A I p(a) = a® 1} = Ac°H.

Example 6.2.5 (Examples of coactions of Hopf algebras on algebras)

245
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1) Any Hopf algebra H is an H-comodule algebra (left and right) with
comodule structure given by A. Let us compute Hc°H. If h E Hc°H, we
have A(h) = ~ hi ® h2 = h ® 1. Applying I ® ¢ to both sides, we obtain
h = ¢(h)l, hence Hc°H C_ kl. Since the reverse inclusion is clear, we have
Hc°H -~ kl.
2) Let G be an arbitrary group, and A a graded k-algebra of type G (see
Example 6.1.13, 2) ). Then A is a kG-comodule algebra with comodule
structure given by

p:A--~A®kG, p(a)=Eas ® g’

g~G

where a = ~ ag, as E As almost all of them zero. We also have Ac° kG =
g~G

A1.
3) Let A#oH be a crossed product. This becomes an H-comodule algebra
with

p: A#aH -~ AC/:aH ® H, p(a#h) -= E(a#hl) ® 

We have (A#~H)c°H = A~:~I ~ A. Indeed, if a#h ~ (A#~H)c°H, then
applying I ® I ® ~ to the equality p(a~Ch) = (a#h) ® 1 we obtain a#h E
A#~I, and the reverse inclusion is clear. Since the smash product is a
particular case of a crossed product, the assertion also hold for a smash
product A#H. |

It is possible to associate different smash products to a right H-comodule
algebra A. First, the smash product #(H, A) is the k-vector space Horn(H, A)
with multiplication given by

(f . g)(h) = E f(g(h2)~h~)g(h2)o, #(H, A), h e H. ( 6.

Exercise 6.2.6 With the multiplication defined in (6.5), ~:(H, A) is an 
sociative ring with multiplicative identity UH~H. Moreover, A is isomorphic
to a subalgebra of #(H, A) by identifying a ~ A with the map h ~ ~(h)a.
Also H* -- Horn(H, k) is a subalgebra of #(H, 

Remark 6.2.7 If we take k with the H-comodule algebra structure given
by Ug, then the multiplication from (6.5) is just the convolution product. 

We can also construct the (right) smash product of A with U, where 
is any right H-module subring of H*, (i.e. possibly without a 1). This
smash product, written A#U, is the tensor product A ® U over k but with
multiplication given by

(a~Ch*)(bC~g*) = E abo~C(h* ~ b~)g*.
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If H is co-Frobenius, H*rat is a right H-module subring ofH*, A~H*rat

makes sense and is an ideal (a proper ideal if H is infinite dimensional) 
A#H*. In fact, A#H*rat is the largest rational submodule of A~H* where
A#H* has the usual left H*-action given by multiplication by I~H*. To
see this, note that A¢/:H* is isomorphic as a left H*-module to H* ® A,
where the left H*-action on H* ® A is given by multiplication by H* ® 1.
The isomorphism is given by the H*-module map

¢: H* ® A ~ A#H*, ¢(h* ® a) = ao#h* "- -- al . (6 .6)

with inverse ¢ defined by ¢(a#h*) = ~ h* ~ S-l(al) ® 
Since (H*®A)r~t = H*~at®d, (A#H*) ~’t = ¢(H*~t®d) = d#g*~t.

Thus we have

A#H*r~t = (A#H*) TM c_ A#H* c_ #(H,A)

If H is finite-dimensional, then H is a left H*-module algebra, and these
smash products are all equal (this is the usual smash product from the pre-
vious section). Note that the idea for the definition of (6.5) comes naturally
by transporting the smash’ productstructure from A#H* to Horn(H, A)
via the isomorphism of vector spaces from Lemma 1.3.2.

Exercise 6.2.8 In general, A # H*~at is properly contained in #(H, A)TM .

Remark 6.2.9 Let us remark that for graded rings A over an infinite group
G, A#(kG)*~at is just Beattie’s smash product [21].
We can adjoin a 1 to A#H*~t in the standard way. Let (A#H*r~t)~ =
A#H*~t x A with componentwise addition and multiplication given by

(a#h*, c)(b#g *, d) = ((a#h*)(b~:g*) (~-~ ado#h* ’ d~) + cb~g*, cd).

Then (A#H*~at)1 is an associative ring with multiplicative identity (0,1)
and with A#H*rat isomorphic to an ideal in (A~H*rat)1 via i(x) = (x,O).
Again, for graded rings A over an infinite group G, (AC~(kG)*~at)1 is just
Quinn’s smash product [184]. |

We define now the categories of relative Hopf modules (left and right).

Definition 6.2.10 Let H be a Hopf algebra, A an H-comodule algebra.
We say that M is a left (A, H)-Hopf module if M is a left A-module and a
right H-comodule (with m ~-~ ~ mo® ml), such that the following relation
holds.

Z(am)o®(am)l .F ~aomo®alml, ae A, rn eM. (6.7)
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We denote by A./~ H the category whose objects are the left (A, H)-Hopf
modules, and in which the morphisms are the maps which are A-linear and
H-colinear.
We say that M is a right (A, H)-Hopf module if M is a right A-module
and a right H-comodule (with m ~-~ ~ mo® ml), such that the following
relation holds.

E(ma)o®(ma)~=Emoao®mlal , aEA, mEM. (6.8)

We denote by .~41~ the category with objects the right ( A, H)-Hopf modules,
and morphisms linear maps which are A-linear and H-colinear.
Similar definitions may be given for left H-comodule algebras. If A is such
an algebra, the objects of the category ~A~ are left A-modules and left H-
comodules M satisfying the relation

E(am)_~ ® (am)o : E a_im_~ ®aomo,

for all a ~ A, m ~ M, and the objects of the category HA/~A are right
A-modules and left H-comodules M satisfying the relation

E(ma)-~ ® (ma)o = E m_~a_~ ® aomo,

for all a ~ A, m ~ M.

If M is a left H-module, we denote by

MH={m~MIh.m=~(h)m, VhEH}.

If A is a left H-module algebra, and M is also a left A#H-module, it may
be easily checked that MH is an AH-submodule of M. If M is a right
H-comodule with m ~ ~ m0 ® m~, we denote by

Me°H= {me MI ~-~.mo®m, =m® 1}.

If A is a right H-comodule algebra, and M is also a right (A, H)-module,
it may be checked that Mc°H is an Ac°H-submodule of M.
The following result characterizes the categories of relative Hopf modules
in case H is co-Frobenius.

Proposition 6.2.11 Let H be a co-Frobenius Hopf algebra, and A a right
H-comodule algebra. Then:
i) The category AJ~H is isomorphic to the category of left unital A#H*rat-

modules (i.e. modules M such that M = (A#H*rat) . M), denoted by
A # H*r~t.I~u.

ii) The category A/[I~t is isomorphic to the category of right unital A#H*rat-

modules, denoted by .A/t~A#H .....
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Proof." i) The reader is first invited to solve the following

Exercise 6.2.12 Let H be co-Frobenius Hop] algebra and M a unital left
A#H*r~t-module. Then for any rn E M there exists an u* ~ H*r~t such
that m ~ u* ¯ rn = (l#u*) . m, so M is a unital left H*rat-module, and
therefore a rational left H*-module.

Let M ~ A#H .... j~u. The Exercise shows that M is a rational left
H*-modUle, and therefore a right H-comodule. M also becomes a left
A#H*-module via

(a#h*) . m = (aC~h* u *) 

for a ~ A, h* ~ H*, m ~ M, u* E H*r~t, and m = u* ¯ m. The definition is
correct, because we can find a common left unit for finitely many elements
in H*r~t. Now we turn M into a left A-module by putting a. ra = (a#¢). 
We have

h*. (a. m)

so M ~ AJ~H.

Conversely, if M ~ AJ~H, then M becomes a left H*-module with H**’~t ¯
M = M, and a left A#H*-module via

(a#h*) . m = E amoh*(ml).

Then

(a#h*)( (b~g*) . m) = E abomog*(a~ml )h*(m2) = ( (a#h*)(b#g*) 

so M becomes a unital left A#H*~t-module. It is clear that the above
correspondences define functors (which are the identity on morphisms) es-
tablishing the desired category isomorphism.
ii) The proof is along the same lines as the one above. It should be noted
that H*r~t is stabilized by the antipode, which is an automorphism of H
considered as a k-vector space, and so if h* ~ H* with Ker(h*) D_ I, 
a finite codimensional coideal, then Ker(h*S) D__ S-I(I), which is also a
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coideal of finite codimension. We also note that if M E A/tAH, then the right
A#H*-module structure on M is given by

m. (a#h*) = Emoaoh*(S-1(mlal)).

Exercise 6.2.13 Consider the right H-comodule algebra A with the left
and right A#H*-module structures given by the fact that A ~ .h4I~ and
A ~ AJ~H:

a. (b#h*) = E aoboh*(S-~(albl)), (b#h*) .a = Ebaoh*(al).

Then A is a left A#H* and right Ac°H-bimodule, and a left Ac°H and right
A~ H*-bimodule. Consequently, the map

~ : A#H*rat ~ End(AAco,), 7~(a#l)(b) = (a#1). 

is a ring morphism.

Exercise 6.2.14 Let A be a right H-comodule algebra and consider A as
a left or right A#H*~at-module as in Exercise 6.2.13. Then:

i) c°H "~ End(A#H.~A)

ii) c°H ~- E nd(AA#H.~t).

Example 6.2.15 1) If H is a Hopf algebra, H is a right comodule algebra
as in Example 6.2.5, 1), then the categories gJ~ H and .h/[1~ are the usual
categories of Hopf modules.
2) If G is a group, H = kG, and A is a graded k-algebra of type G (see Ex-
ample 6.2.5, 2) ), then the category AJ~g (respectively ./~4I~) is the category
of left (resp. right) A-modules graded over G. 

Proposition 6.2.16 If H is a co-Frobenius Hopf algebra, and 0 ~ t E f~,

let M ~ AJ~H (resp. M ~ j~I~). Then:
i) t. M C_ c°H

ii) If m ~ ~°H and c~ A, then t. (cm) = ( t.
(resp. t . = m(t . e)).
In particular, the map M ---* M~°H, m ~-~ t ¯ m is a morphism of A~°H-

bimodules.

Proof." We prove only one of the cases.
i) If h* ~ H*, then h*. (t.m) -- (h’t). m = h*(1)t, 
ii) t . (cm) = ~ t(c~m~)como = ~ t(cl)corn = (t 
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Corollary 6.2.17 If H is a finite dimensional Hopf algebra, 0 ~ t E H is
a left integral, and A is a left H-module algebra, the map

tr:A--~ AH, tr(a)=t.a

is a morphism of AH-bimodules. |

Definition 6.2.18 The map tr from Corollary 6.2117 is called the trace
function. We say that the the H-module algebra A has an element of trace
1 if tr is surjective, i.e. there exists an a ~ A with t ¯ a = 1. |

Example 6.2.19 1) Let G be a finite group acting on the k-algebra A as
automorphisms (see Example 6.1.13, 1) ). Then t = ~ g is a left integral

in H = kG, and the trace function is in this case

tr : A--~ A~, tr(a) = ag"

geG

Id case A is a field, a Galois extension with Galois group G, the trace
function is then exactly the trace function defined e.g. in N. Jacobson [99,
p.28~], which justifies the choice for the name. The connection with the
trace of a matrix is the following: in the Galois case, the trace of an element
is the trace of the image of this element in the matrix ring via the regular
representation (cf. [99, p.403]).
2) If H is semisimple, then any H-module algebra has an element of trace
1. Indeed, if t is an integral with ~(t) = 1, then t . 1 = 1. 

Exercise 6.2.20 (Maschke’s Theorem for smash products) Let H be 
semisimple Hopf algebra, and A a left H-module algebra. Let V be a left
A#H-module, and W an A#H-submodule of V. If W is a direct summand
in V as A-modules, then it is a direct summand in V as A#H-modules.

6.3 The Morita context

Let H be a co-FrobeniUs Hopf algebra, t a nonzero left integral on H, and A
a right H-comodule algebra. In this section, we construct a Morita context
connecting A~H*rat and Ac°H. Then .we will use the Morita context to
study the situation when A/Ac°H is Galois.

Recall from Exercise 6.2.13 that A is an A#H*rat- Ac°H-bimodule and
an Ac°H - A#H*rat-bimodule with the usual A~°H-module structure on A,
and for a, b ~ A, h* ~ H*rat, the left and right A#H*~at-module structures
are given by:

(a#h*) . b =- E aboh*(bl), 
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and
b. (a#h*) = (h*S-1) --, (ba) = E b°a°h*(S-l(blal))"

If g is the grouplike element of H from Proposition 5.5.4 (iii) (which 
denoted there by a), we can also define a (unital) right A#H*rat-module
structure on A by

b .g (a#h*) = b. (a~g -- h*) = Eboaoh*(S-l(b~al)g).

Since g defines an automorphism of A#H*rat, a#h* ~ a#g ~ h*, it
follows that with this structure A is also an Ac°H - A~pH*rat-bimodule.

We define now the Morita context. Let P =A~H.~,~t AAcoH with the
standard bimodule structure given above. Let Q =-Aco~ AA#H .... where
now the right A#H*~t-module structure on A is defined using the grouplike
from Proposition 5.5.4 (iii), which we will now denote by g, as above.

Define bimodule maps [-,-] and (-,-) 

[-, -] : P ® Q = A @A¢oH d ~ A~H*rat ,

[-, -](a ® b) = [a, b] = abo#t ~ bl ,

and
(-, -) : Q ® P = ®A#H.~’¢*t A ~ Ac°H,

(-,-)(a ® b) = b) =t ~ (ab)= ~ aobot (albl).

Note that since t ~ A c_ Ac°H, the image of (-,-) lies in Ac°H. Then,
with the notation above, we have

Proposition 6.3.1 For H with nonzero left integral t, A, P, Q, [-, -], (-, -)
as above, the sextuple

(A#H*,’~t, A~°H, P, Q, [-, -], (-, -))

is a Morita context.

Proof: We have to check that:
1. The bracket [-,-]: A ®A¢oH A ~ A#H*~’~t satisfies [ab, c] = [a, be] for
b ~ Ac°H, which is clear, and that it is a bimodule map.

Left A # H*~t-linearity:
[(a#/) ¯ b, c] ~-~[abol(b~ ),c] = Eabocol(b~ )#t ~-- 
and

(a#l)[b,c] = (a#l) Ebc°#t 

= aboeo#(l b c,)(t
= b0c0#[(l
= ~aboco#l(b~)t ~ cl since t is a left integral.
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Right A# H*r~t-linearity:
[a, b.9(c#l)] = ~:[a, bocol(S-l(blcl)g)] = ~ aboco#(t ~ blCl)I(S-1 (b2c2)g),.
and,

[a, b](c#1) = E(abo#t ~ b~)(c#1)

=! E ab°c°#(t ~ blcl)l

= Eaboco#(t ~ l(S-~(b2c2))) ~- 

= Eaboco#l(S-~(b2c2)g)t ~ blc~,

Since A(l ~ h) = (l ~ h)(g) = 
2. The bracket (-,-) : A ~A#H*.~.t A ~ t ~ A C_ Ac°H is obviously

left and right A~°H-linear and the definition is correct by Exercise 6.2.16.
Moreover,
(a, (b#l). c) = E(a, bcol(ci)) = E aobocot(alblc~)l(c~)

= ~ aoboco((t ~ albl)l)(Cl)

= E aoboco((t(l ~ S-~(a2b~))) ~ a~b~)(c~)
= Eaoboco(t ~ albl)(Cl)(l ~ S-l(a2b2))(g) by A(m) re(g)

and
(a.g(b#1), c) = ~(aobol(S-l(a~b~)g), c) = ~ aobocot(alb~cl)l(S-~ (a2b2)g).

3. Associativity of the brackets.
First note that we will use (g ~ t)S-~ = t from Proposition 5.5.4 (iii).

Now,

a.g [b,c] = E a.9 (bco#t ~ c~) 

Also

E aoboco(t ~ c~)(S-1 (a-~blc~)g)

= Eaoboct(S-~(alb~)g).

= Eaobo((g ~ t)S-~)(a~bl)c

= Eao.bot(a~b~)c by the above

= (a, b)c.

[a,b].c = E(abo#t ~ b~)c = Eaboco(t ~ b~)(c~) = Eabocot(b~cl) 
a(b, c). |

If any Of the maps of the above Morita context is surjective, then it is
an isomorphism. While for the map (-,-) this is well known, there is 
little problem with the other map, since A#H*rat has no unit. Although
the proof is almost the same as the usual one, we propose the following

Exercise 6.3~2 If the map [-,-] from the Morita context in Proposition
6.3.1 is surjective, then it is bijective.
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Now we discuss the surjectivity of the Morita map to Ac°H, leaving the
discussion on the other map for the section on Galois extensions.

Definition 6.3.3 A total integral for the H-comodule algebra A is an H-
comodule map from H to A taking 1 to 1.

Since an integral for the Hopf algebra H is a colinear map from H to k, the
H-comodule algebra k has a total integral if and only if H is cosemisimple.

Exercise 6.3.4 Let H be a finite dimensional Hopf algebra. Then a right
H-comodule algebra A has a total integral if and only if the corresponding
left H*-module algebra A has an element of trace 1.

We give now the characterization of the surjectivity of one of the Morita
context maps.

Proposition 6.3.5 The Morita context map to Ac°H is onto if and only
if there exists a total integral 4) : H ---~ A.

Proof: (¢=) Let 4) be a total integral, i.e. 4) is a morphism of right 
comodules, and (I)(1) = 1. Then 4) is also a morphism of left H*-modules,
so 4)(t - h) = t -- 4)(h) for any 

Suppose h e H is such that t ~ h = 1, then for (-,-) the map from
Proposition 6.3.1,

(t, 4)(h)) = t ~ 4)(h) = 4)(t ~ h) = 

which shows that (-,-) is onto. Since t ~ H C_ Hc°H = klH, to find an .
h ~ H with t ~ h = 1, it is enough to prove that t ~ H ¢ 0. But if
t ~ H = 0, then for any h, g ~ H we have that:

(h ~ t) -~ g = ~ t(g2h)gl 

= ~,t(g2~3)gl~2s-~(hl) = ~(t (g~2))s-~(~) = 
and so (H ~ t) ~ H = 0. But H -- t H*rat, soH*rat ~ H : O.
Finally, since H*rat is dense in H*, this implies that H* ~ H = 0 which is
clearly a contradiction.
(~) Choose a ~ A such that t ~ a = 1, and define 4) : H ~ A 

4)(h) = (S(h) ~ t) ~ a = E aot(a~S(h)).

Then 4)(1) = 1 and 4) is a morphism of left H*-modules since for 
H*, h e H,
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= Eaot(alS(hl))h*(h2)

= ~-~aot(aiS(hl))(h2~h*)(1)

= ~-~ao((h2 ~ h*)t)(alS(h~))

= Eaoh*(a~)t(a2S(h))

= h* ~ q~(h).
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6.4 Hopf-Galois extensions

Let H be a Hopf algebra over the field k, and A a right H-comodule algebra.
We denote by

p:A---*A®H, p(a)=Eao®al

the morphism giving the H-comodule structure on A, and by Ac°H the
subalgebra of coinvariants. We define the following canonical map

can: A ®AcOi~ A ~ A ® H, can(a ® b) = (a 1) p(b) = abo ® b~.

Definition 6.4.1 We say that A is right H-Galois, or that the extension
A/Ac°g is Galois, if can is bijective. |

We can also define the map

can’: d ®ACO~ d ~ A ® H, can(a ® b) = p(a)(b 1) = Eaob ® a~.

Exercise 6.4.2 If S is bijective, then can is bijective if and only if can~ is
bijective.

We give .two examples showing that this notion covers, on one hand,
the classical definition of a Galois extension, and, on the other hand, in
the case of g~:adings (Example 6.2.5, 2) ) it comes down to another well
known notion. We will give some more examples after proving a theorem
containing various characterizations of Galois extensions.

Example 6.4.3 (Examples of Hopf-Galois extensions)

1) Let G be a finite group acting as automorphisms on the field E D k.We
know from Example 6.1.13, 2) that E is a left /~G-module algebra, hence
a right kG*-comodule algebra. Let F = Ea. It is known that ElF is
Galois with Galois group G if and only if [E : F] =1 G I (see N. Jacobson
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[99, Artin’s Lemma, p. 229]). Suppose that ElF is Galois. Let n =1 G I,
G = {~l,...,~n}, {Ul,...,Un} a basis of ElF. Let {pl,...,pn} C kG* be
the dual basis for {~i} C kG.
E is a right kG*-comodule algebra with p : E ---* E ® kG*, p(a) ~-~(~ ¯
a) ®Pi. can : E ®F E ---~ E ® kG* is given by can(a ® b) = ~ a(~i. b) 
If w = ~ xj ® uj E Ker(can), it follows that

Exj(~i. uy) = 0, (6.9)

(because pi are linearly independent). As in the proof of Artin’s Lemma,
it may be shown that if the system (6.9) has a non-zero solution, then all
the elements xj are in F, which contradicts the fact that {u~} is a basis.
Hence all xj are 0, so w = 0. It follows that can is injective. But can is
F-linear, and both E ®F E and E ® kG* are F-vector spaces of dimension
n2, and therefore can is a bijection.
Conversely, we use dimF(E ®f E) = [E : F]2 and dimF(E ® kG*) = [E 
F] I G t- If can is an isomorphism, it follows that [E: F] =1 G I, so ElF is
Galois.
2) Let A = (~ Ag be a graded k-algebra of type G. We know from Example

ge~
6.2.5, 2) that A is a right kG-comodule algebra, and that A~° ~ = At. We
recall that A is said to be strongly graded if AgAh = Agh, ~g, h ~ G, or,
equivalently, if A~A~-~ = A;, Vg ~ G. We have that A/A~ is right
Galois if and only if A is strongly graded.
Assume first that A is strongly graded. Let

~:A®kG~A®A~A, ~(a®g)=Eaa~®b~,

where a~ ~ Ag-~, b~ ~ Ag, ~aibi -- 1. It may be seen immediately that
(can ~ ~)(a ® g) -- a ® Moreover,

(~ o can)(a ® = ®
g

= EEabgai~ ®bi~
g ia

: EEa®bgaigbi~
g ig

= Ea®bg=a®b.
g
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Conversely, if can is bijective, it is in particular surjective. For each g E G,
let ai, bi E A be such that

E ai(b~)h ® h = 1 ® 

It follows that all b~ may be assumed homogeneous of degree g, and ~ a~b~ =
1. Since the sum of homogeneous components is direct, it follows that the
ai may be also assumed homogeneous of degree g-1. |

We remark that in the last example it’was enough to assume that can
is surjective to get Galois. As we will see below, in the main result of
this section, this is due to the fact that kG is cosemisimple, in particular
co-Frobenius.

For any M ~ AMH, consider the left A#H*rat-module map

q~M : A ®Acon Mc°H ~ M, CM(a ® m) -~ arn

where the AC/:H*r~t-module structure of A ®Atoll Mc°H is induced by the
usual left A#H*rat action on A. Thus CM is also a morphism in the
category AA//H. If CM is an isomorphism for all M ~ dd~H, we say the
Weak Structure Theorem holds for A,a/lH. Similarly, if for any M ~ A/IN,
the map

¢~/: Mc°H ®Atoll A ---* M, ¢~(m ® a) ma

is an isomorphism, the Weak Structure Theorem holds for M~.
We prove now the main result of this section.

Theorem 6.4.4 Let H be a Hopf algebra with non-zero left integral t, A a
right H-comodule algebra. Then the following are equivalent:
i) A/Ac°g is a right H-Galois extension.
ii) The map can: A ®m~o" A ~ A ® H is surjective.
iii) The Morita map [-,-] is surjective.
iv) The Weak Structure Theorem holds for Ad~H.

v) The map CM is surjective for all M ~ dY~H.

vi) A is a generator for the category md~H ~ A#H*~-~td~u.

Proof: Since H is co-Frobenius, the map

r : H --~ H*~t, r(h) = t ~ 

is bijective. Then, since [=,-] = (I ® r) o can, it follows that ii) ~=~ iii).
This also shows that i)¢=~ ii), using Exercise 6.3.2.

In order to show that V) ~ iii), we consider A#H*r~t ~ A./~H, which is
isomorphic to H*~t ® A as in (6.6). Therefore, (A~H*~t)c°g = (H*~t ®
A)c°H = t ® A, and so CA#H ..... [--, --].
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iii) => iv). Let M E AJ~H, m ~ M. We show first that CM is one to
one. Suppose m = CM(~ai @mi) for ai ~ A, mi ~ Mc°H. Let e* be an
element of H*rat that agrees with e on the finite set of elements ail, ml in
H. Suppose ~[ck,dk] = l~e*. Then

= ~ca(da,ai) @mi

=

= ~Ck ~ (t ~ d~a~)m~

= ~ c~ @ t -- (d~ ~ a~m~)) since mi ~ M~°H

= t

So if m = 0 it follows that ~ ai @A~O. mi = O, and so Ci is injective. To
show that CM is surjective, note that for m and e* ~ above

m = e*" m = ¢M(~Ck ~t ~ (dam)).

We have thus proved that iii), iv), and v) are equivalent.
iv)~ vi). Let M ~ A~H. Since Ac°H is a generator in A¢o-~, for

some set I, there is a surjection from (Ac°g)(I) to Mc°g. Thus there is a
surjection from AU) ~ A @A~O, (Ac°H)(I) to A @A~o, Mc°g ~ M.

vi) ~ v). Let M ~ A~g. Since A a generator, given x ~ M, there
is an index set I, (£)i~, £ ~ Hom~(A, M), ai ~ with ~ £ (a i) = x
Then £(1) M~°H, an d x = ¢~(~ai @ £( 1). ~

Remark 6.4.5 A similar statement holds with can’ replacing can, and the
category ~ replacing A~H.

Coroll~y 6.4.6 If H is co-Frobenius and the equivalent conditions of The-
orem 6.~.4 hold, then the map ~ in Exercise 6.2.13 induces a ~ng isomor-
phism

A#H.~t ~ End(Ad~o~)~t,
where the rational pa~ is taken with respect with the right H*-module stmc-

(f. = 
Proof: We prove first that the map

~ : A#H*~t ~ End(AA¢o,), u~(z)(a) 

is injective. Let z ~ A#H*r~t be such that z.a = O, ga ~ A. Let g* ~ H*~t

be such that z(l#g*) = z. Since [-,-] is surjective, there exist ai, b~ ~ 
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such that l~pg* = ~[ai, bi]. Then we have z = z(l#g*) = ~[z .ai, bi] = O.
Thus it remains to show that the corestriction of ~r to End(AAcoH)’~’~t is
surjective. Let f ¯ End(Amco~)rat, and let h* ¯ H*rat such that f = f .h*.
Let t’ be a right integral and ~ ai @ b~ ~ A @A~o~ A such that

i

1 ~ (h* o -~) =~ aibio ~ S(bi,) -- t’.
i

Then, for any b ~ A we have

f(b) = (f.h*)(b)

= ~h*(b~)I(bo)

= ~h*(S-~(S(b~)))f(bo)

= ~ f(a~biobo)t’(S(b~)S(bi,))

= ~f(ai)biobo(t’o S)(bhb~)

= ~f(ai)biobo((S(bi,) ~ t’)S)(b~)

= ~(~/(~)~oe(S(~ t’ )s)(~)
and the proof is complete.

If H is finite dimensional, then from the Morita thebry it follows that
A/Ac°H is an H-Galois extension if and only if A is projective finitely gen-
erated ~ a right Ac°H-module and the map r is an isomorphism. The
behaviour of ~ in the general co-~obenius c~e w~ exhibited in the previ-
ous proposition. The next result investigates the structure of A aS a right
At°H-module in the Galois c~e.

Corollary 6.4.7 If H is co-~obenius, then any H-Galois H-comodule al-
gebra A is a flat right A¢°H-module.

Proofi A well known criterion for flatness ([3, 19.19]) says that A is fiat
over Ac°H if and only if for every relation

n

~ ~ = o (a~ e A, ~ e A:°~)

there exist elements c~,...,Cm ~ A and cij ~ A~°H (i = 1,...,m,j 
1,...,n) such that

~ ~,~,~ = a~ (j = ~,..., n)
i=1
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and

Ecijbj=O (i=l,...,m) (6.11)
j=l

So let al,... ,an E A and bl,...,bn ~ Ac°H such that ~ ajbj = O. Con-
j----1

sider the morphism in A./~H

( : ~ ---, A,
n

xn) = xjbj.

Since A is a generator in Ad~H, there exist a set X and a surjective mor-
phism ¢ : A(X) --* Ker(~). Therefore, there exist elements cl,..., c,~ ~ A
and morphisms ¢1,..., ¢,~ : A --* Ker(() in Ad~ H such that

m m

(al,... ,an) = E ¢i(ci) = E ci¢i(1).
i=1 i=1

Applying the canonical projection 7rj to bothe sides we get (6.10) for ciy 
(~ry o ¢i)(1) Ac°H. Asfor (6.11), we h ave

n

E(Trj o ¢i)(1)bj = (~ o ¢i)(1) 
j=l

and the proof is complete.

Example 6.4.8 (Other examples of Hopf-Galois extensions)

1) Let H be a Hopf algebra. Then we know that H is a right H-comodule
algebra, Hc°H ~- k. The extension H/k is clearly Galois, since

can : H ® H ~ H ® H, can(h ® g) = E hgl ® 

has inverse h ® g H ~ hS(g~) ® 92.
2) Let A be a left H-module algebra. By Example 6.4.3, 2), A--lOll is a right
H-comodule algebra, and (A-C/:H)~°H ~- A. It is easy to see that A#H/A
is a Galois extension. Indeed, in this case we have

can : A#H ®A A#H ~ (AC/:H) ® 

and (a#h) ® (b#g) = (a#h)(b#l) (l #g), so it is enough to def ine can
on elements of the form (a#h) (l #g). Bu can( (a#h) ® (l #g)) =
Y~(a#hgl) ® g2. It follows that the inverse of can may be defined as in
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1).
3) The assertion in 2) also holds for crossed products with invertible cocy-
cle. This will be proved at the end of this section. Until then, we give a
proof in the case H is finite dimensional. Let A#~H be a crossed prod-
uct with invertible or. By 1) H/k is Galois, so by Theorem 6.4.4, iii), for
0 ¢ t ~ H* left integral, the map

H ® H --~ H#H*, x ® y ~ (x#t)(y#l)

is surjective. Let x~, y~ E H such that

E(x~#t)(y~¢~l) = E x~(t’"

We compute

= 1#1.

E((a-l(x~, y~)#x~2)#t)((l#y~)#l) 
~’--~ z~T-- I ~ xi i

= ~_.~t ~ 1,yl)#X~)(tl. (l#y~))#t2

--1 i i= E(a (xl,Yl)#X~)(I~ti(y~)Y~)#t2
~-~ O.-- l ~xi i ~ ~xi

i i i i
= ~ ~ 1,Yl)~ 2"l)~(x3,tl(Y4)Y2)#x4Y3~t2

~--l~i ~X~xi~X i t

--1 ~ ~ ~ y2)#x3tl(Y4)Y3#t2= ~ (x~,~)~(x~,~

= ~(x~)~(~l)~x~t~(~)~t~
= ~ l~(~)x~t~(~)~(~)~t~
= ~ ~#x~tl(~)~#t~
= ~ ~#z~(t~. ~)#t~ = ~#1#~,

which ends theproof by Theorem 6.4.’4, iii).~

Note also that A~H has an element of trace 1: if h ~ H is such that
t(h) = 1, then l~h is such an element.

Remarks 6.4.9 1) If H is co-Frobenius, A/Ac°H is H-Galois,~ and A has
a total integral: then Ac°H is Morita equivalent to A~H*rat. This follows
from Theorem 6.~.~ iii), Exercise 6.3.2, and Proposition 6.3.5.
2) In particular, if H is finite dimensional, A/Ac°H is H-Galois, and A has
an element of trace 1, then 1) above and Exercise 6.3.~ show that c°g i s
Mo~ta equivalent to A~H*. An example is provided by a crossed.product
with invertible cocycle A~H, as Example 6.~.8 3) shows.
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3) As it will be mentioned in the notes at the end of this chapter, there exist
much more general theorems about the equivalence of the categories A4I~ (or

AJ~4H) and the category of right (or left) At°H-modules. In this context,
the fundamental theorem of Hopf modules may be seen as an example of
such a situation, due to Example 6.4.8 1).

4) If H is finite dimensional, A is a left H-module algebra, A/AH is H*-
Galois, and M is a left A-module, we have the isomorphism

A ®An M ~ (A®An A) ®A M ~-- (A#H) ®A 

(where the last isomorphism is [-, -] ® I), which is even functorial. 

We can now prove a Maschke-type theorem for crossed products.

Proposition 6.4.10 Let H be a semisimple Hopf algebra, and A#~H a
crossed product with invertible a. Let V be a left A#~H-module, and W
an A#~H-submodule of V. If W is a direct summand in V as A-modules,
then it is a direct summand in V as A#~H-modules.

Proof." If W is a direct summand in V as A-modules, then we have
that (A#~H) ®A is a d ir ect sum mand in (A# ~,H) ®A V a s A#o
modules, since the functor (A#~H) ®A -- is an equivalence. By Remark
6.4.9, 4), it follows that (A#oH)#H* ®A#aH W is a direct summand in
(A#~H)#H* ®A#,~H V as (A#~H)#H*-modules. Since H is semisimple,
from Exercise 6.2.20 we deduce that (A#oH)#H* ®A#aH W is a direct
summand in (A#~H)#H* ®A#aH V as ((A#~H)#H*)#H-modules. But
again the functor (A#~H)#H* ®A#~,H -- is an equivalence, and so W is a
direct summand in V as A#~H-modules. |

The following exercise shows again how close co-Frobenius Hopf algebras
are to finite dimensional Hopf algebras.

Exercise 6.4.11 Let H be a co-Frobenius Hopf algebra, and A a right H-
comodule algebra with structure map

p:A---~A®A®H, p(a)=Eao®al.

If A/Ac°H is a separable Galois extension, then H is finite dimensional.

We close this section by a characterization of crossed products which
will be used later on.

Theorem 6.4.12 Let A be a right H-comodule algebra, and B = Ac°H.
The following assertions are equivalent:
a) There exists an invertible cocycle a : B ® B ~ B, and a weak action
of H on B, such that A = B~C~H.
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b) The extension A/B is Galois, and A is isomorphic as left B-modules
and right H-comodules to B ® H, where the B-module and H-comodule
structures on B ® H are the trivial ones.

Proof: a)~b). It is clear that the identity map is the required isomor-
phism, so all we have to prove is that the extension B#aH/B is Galois.
We have to show that the map

can : B#~H ®B B#~H ~ B#~H ® H,

’ can((a#h) ® (b#l)) = ~(a~h)(b~l~) 

= ~ a(~. ~)~(~:, ~1)~ ~
is bijective. We define

~ : B#~H ~ H ~ B#~H ~B B#aH,

3(a#h ~ l) = ~(a#h)(a-~(S(12), 13)#S(l~) 1#/4=
= ~ a(hl. if-1 (S(/3) ’/4))if(h2’ S(12))#h3S(li) 1#/5,

and show this is ~n inverse for can. We compute first

can(3(a#h ~ l) 

= ~ a(hl. ff-l(s(/4),/5))a(h2, S(13))a(h3S(12),/6)#

#h4S(ll)17 ~ 

= ~ a(h~. a-l(s(14),/5))(h2" a(S(/3), 16))a(h3, S(12)17)#

#h4S(~)t~ ~ t~ (by (~.3))
= ~ a(h~. a-l(S(la), 15)a(S(13), 16))a(h2, 

#h3S(l~)ls ~ 19 (by (MA2))

= ~ a(h~. (~(~)~(~)l),(h~, S(l:)~)#h~S(~)l~ 
= ~aa(hi,S(12)13)#h3S(ll.)14 (b y ( MA3)

= ~a#~S(li)l~ ~ (by (~.2))
= a#h @ g. :

Note that the proof would be finished if H would be co-Frobenius, due to
Theorem 6.4.4, so this gives another proof for Example 6.4.8 3). But since
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H is arbitrary, we also have to compute

~(can( (a#h) ® (b#l) 

= E(a#h)(b#ll)(a-l(s(13),14)#S(12)) 1#/5

= E(a#h)(b(ll. a-~(S(16), 17))or(12, s(15))#13S(14)) l# /s

= E(a#h)(b(l~" a-~(S(14),Is))a(12, s(/3))#l) @ 

= ~(a#h)~ (b(/1. a-l(S(la),15))a(12, s(13))#1)(l#16)

= ~(a#h) ~ (b#11)(a-’(S(13),14)#S(12))(l#ls)

= ~(a#h) @ (b#ll)(a-~(S(la),15)a(S(I3),16)#S(12)17

= ~(a#h) @ (b#11)(~(13)~(14)l#S(12)15

= ~(~#h) ~ (~#~)(~#S(~),~
= (a#h) ~ (b#t),

so ~ is the inverse of can, and the proof is complete.
b)~a). Let ¢ B@H ~ A bean iso morphism of lef t B-modules and righ t
H-comodules. Much like in the c~e of group extensions, we define first a
sort of ~ "set-splitting" m~p 7 : H ~ A, 7(h) = O(1 @ h), which is clearly
H-coline~r. We show first that 7 is convolution invertible. Since A/B is
Galois, for each h ~ H there exists an element ~ ai(h) @ hi(h) ~ A @B 
the preimage of 1 @ h by can. We have

~aoa~(a~) b~(al) = 1 @ (6.12)

which may be checked by applying can to both sides. We also have

~ a,(~) ~ ~(~)0 * ~,(a), = ~ a,(a,) ~ ~,(~) (~.~)

which may be seen after applying can @ I to both sides. Now we define
~ : H ~ A, ~(h) = E a~(h)(I ~)o-l(b~(h)), an d wecom

(7 ̄  ~)(h) 
= ~(~),(~)
= ~ 7(h~)a,(a~)(~ ~)¢-~(~,(h~))
= ~7(h)oa,(7(hh)(~)¢-l(~(7(h)~))
= (~)O-~(7(h)) (b~(6.~2))
= (~ ~ ~)~-~(~(~ ~ 
= ~(h)~,
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and

(# * 7)(h) 

= Eai(hl)(I ®e)O-~(bi(hl))"/(h2)

= Eai(hl)O((I®s)eP-~(bi(hl))®h2)

= ~ai(h~)O((IN~@I)(O-~(bi(h~))@h~))

= ~ ai(h)O((I ~ ~ ~ I)(O-~(bi(h)o) ~ (by (6.13

= ~ ai(h)~((I ~ ~ ~ I)(~-~(bi(h))o ~ ~-~(bi(h))~))

= ~a~(h)¢(¢-l(b~(h)))

= ~ai(h)bi(h) =s(h)l,

so 7 is a convolution invertible H-comodule map. Since 1 is grouplike, 7(1)
is invertible with inverse 7-1(1), so replacing 7 by 7’, 7’(h) = 7(h)7-1(1),
we can assume that 7(1) = 
From now on, the proof follows closely the proof of the fact that an extension
of groups is a crossed product:
1. We define a weak action of H on B by putting for h ~ H and a ~ B:

h.a = ~ ~(h~)aT-~(h2),

and ~ cocycle a : H x H ~ B by

=

In order to check that the definitions ~re correct, we note first that

~-~(h)0 ~ ~-~(h)l = ~-~(h~) ~ 8(h~ 

for MI h ~ H. To see this, note that the left h~nd side of ~6.14) is the
convolution inverse of

~:H~B~H, ¢(~)=~(~)0~(~)~ 

~nd if we denote by ~(h) the right hand side of (6.14), then it is immediate
that (¢ * ~)(h) = ~(h)l @ 1, so (6.14) 
Now

(h . a)o ~ (h. a)~ = ~ 7(h~)a~-~(h~) @ h2S(h3) 1,
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so H. B C_ B. To check (MA2), we compute

E(hl. a)(h2, b) E’~(hl)a"/-l(h2)’~(h3)b~-~(h4) = 

while (MA3) is obvious.
Now

a(h, l)o ® a(h,/)1 = E ~(h~)7(ll)’~-~(h414) ® h212S(h313) = a(h, 

so the definition of a is also correct.
2. It is clear that a is a normal cocycle (it satisfies (6.2)) and is convolution
invertible, with inverse given by:

a-~(h, l) = ~ ~(h~, l~)~-~(l~)~-~(h2).

We check that a satisfies the cocycle condition (6.3):

~(~. ~(~, ~1))~(~, =
= ~(hl)~(li,mi)~-1(h2)~(h3,12~2)

= ~7(h~)7(l~)7(~)7-~(t:~:)Z-~(h~)7(h~)7(~)~-~(h~)
~(hl)~(l,)~-l(h212m2)

= ~ ~(h~)~(t~)~(~),-’(h:~)~(h~l~)~(~)~-~(h~)

= ~(~,t~)~(~,~).

To check the twisted module condition (6.4) we compute

~(hl" (/1" a))a(h2, lu) =

= ~(h~)~(t~)~-~(~)Z-~(h~)z(h~)~(~)~-~(h~t~)
= ~ ~(~i)~(t~)~-~(h~)
= ~ ~(hi)~(t~)~-’(h~)~(~)~Z-~(~)
= ~ ~(~,~,)(~:~:" 

3. By 1 and 2 we can introduce a crossed product structure (with invertible
cocycle) on B @ H, and we show that transporting this multiplication via
¯ ~, ~’(a ~ h) = ~(a h)~(1 @ -~, we get the multiplication of A . F irs t
recall that the connection between the map ~ (from 1 and 2) and ¯ is given
by:

~(h) = ~(~ ~ h)~(~ ~ 
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Now we compute

O’((a® h)(b®l)) 

= O((a® h)(b®/))O(1 ®

= ¢(~ a(hl. b)~(h2,11) ® h~Z2)~(1 -1
= ~(~-:~ a~(hl)b~-l(h2)~(h3)~(ll)~-l(h4Z~) h~l~)~(1 ® -1

= ~(~ a,(hl)b~(ll)~-l(h~l~) ® h~Z~)~(1 
= Ea~(h~)b~(ll)~-l(h21~)O(1 h3/3)~(1 ® -1

= EaT(hl)bT(ll)~-l(h212)7(h313)

= a@(1 ® h)@(l® 1)-1b@(1®/)@(1® -1

= ~’(a® h)O’(b®/),

and the proof is complete. |

Remark 6.4.13 A crossed product with trivial weak action is called a
twisted product. From the above proof we obtain that a Galois extension
A/B with A ~- B ® H (as left A-modules and right H-comodules), and
with the property that B is contained in the center of A, is isomorphic to a
twisted product of B and H. |

6.5 Application to the duality theorems for
co-Frobenius Hopf algebras

Throughout this section, H will be a co-Frobenius Hopf algebra over the
field k. In this section we show that it is possible to derive the duality ’
theorems for co-Frobenius Hopf algebras from Corollary 6.4.6.

Let M,N ~ A4~. Then we can consider HOMA(M,N) consisting of
those f ~ HomA(M,N) for which there exist fo ~ HomA(M,N) and
f~ ~ H such that

~ f(rno)o ® f(~no)lS(ml) = ~ fo(m) (6.15)

We remark that HOMA(M, N) is the rational part of HomA(M, N) with
respect to the left H*-module structure defined by

(h*. f)(m) ~. h*(f(mo)lS(mi))f(mo)o. (6.16)

If M = N, we denote

ENDA(M) -= HOMA(M, 
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Definition 6.5.1 We will denote by HJ~I~ the category whose objects are

right A-modules M which are also left H-modules and right H-comodules
such that the following conditions hold:
i) M is a left H, right A-bimodule,
ii) M is a right (A, H)-Hopf module,
iii) M is a left-right H-Hopf module.
The morphisms in this category are the left H-linear, right A-linear and
right H-colinear maps.
We will call HJ~I~ the category of two-sided (A, H)-Hopf modules. |

Example 6.5.2 Let M E .A4t~ and consider H®M with the natural struc-
tures of a left H-module and right A-module, and with right H-comodule
structure given by

h®m ~ Ehl ®mo ® h2ml.

Then H ® M is a two-sided (A, H)-Hopf module. In particular, U = H ® 
is a two-sided ( A, H)-Hopf module. 

Remark 6.5.3 Let N ~ ./~A, Then N ® H ~ HA4I~ if we put

(n ® h)b = E nbo ® hbl,

and

E(n®h)o®(n®h)l = En®h~ ®h2,

the left H-module structure being the natural one.
If M ~ .h4I~, then M ® H ~- H ® M (as in Example 6.5.2) in H.h/lt~, the
isomorphism (of right A-modules, left H-modules and right H-comodules)
being given by

m®hl--.-~ EhS-l(ml)~mo andh®m~-~ Emo®hrn~.

In particular, U = H ® A "~ A ® H in H.A/[HA.

Theorem 6.5.4 Let A be a right H-comodule algebra, and M ~ HJ~t~.
Then

End~(M)#H --~ ENDA(M), f ® h ~ f 

is an isomorphism of right H-comodule algebras.
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Proof: ENDA(M) is a right H-comodule with respect to the structure
induced by the fact that it is a rational left H*-module, the structure being
given by (6.15). It is also a right H-module, with action induced by the
left H-module structure on M.
If f e ENDA(M), we denote by ~fo ® fl, the image of f through the
H-comodule structure map: (h*. f)(m) = ~ h*(fl)fo(m), Vh* Let
f ~ ENDA(M), h ~ H, and h* ~ H*. Then we first have for any rn e M

(6.17)
because ~4r ~ HJ~. Now we compute

(h*.(fh))(m) = Eh*((fh)(m°)’S(m’))(fh)(m°)°

= Eh*(f(hmo)~S(ml))f(hmo)o

= Eh*(f((h~m)°)lS((hlm)~)h2)f((h~m)o)° (by (6.17)

= E((h~ ~ h*).

= E(h~ ~ h*)(fl)fo(h~m)

= Eh*(f~h~)(foh~(m)

which shows that ENDA(M) is an H-submodule of Endd(M), and also a
Hopf module.
Now f ~ ENDA(M)c°g if and only if

E f(mo)o ® f(mo),S(m,) = ® 1  (6 .1 8)

It is clear that (6.18) is satisfied if f is H-colinear and A-linear. We assume
that f ~ EndA(M) and (6.18) holds, and we compute

E f(~n)o ® f(m), = ~ f(mo)o ® f(mo)lS(ml)rn2 = rn l,

where we used (6.18) for too. In conclusion, ENDA(M)c°~I = End~(M),
the endomorphism ring of M in A4~, and the map in the statement is an
isomorphism by the fundamental theorem for Hopf modules 4.4.6.
It remains to show that it is an isomorphism of right H-comodule algebras.
First, End~(M) is a left H-module algebra via

(~’ f)(.~) 

and it is even a left H-module algebra, because

(h. (fe))(rn) = ~_,h~(fe)(S(h2)m)
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= Ehlf(S(h2)hae(S(h4)m))

= E(hl. f)(h2e(S(h3)m))

= E(hl"f)(h2"e)(m),

and everything is proved. |

Exercise 6.5.5 If A is a right H-comodule algebra, then

A --~ ENDA(A), a ~ fa, fi,(b) 

is an isomorphism of H-comodule algebras.

From Corollary 6.4.6 we obtain immediately the duality theorem for
actions of co-Frobenius Hopf algebras.

Corollary 6.5.6 If A’#oH is a crossed product with invertible a, then we
have an isomorphism of algebras

(A’#~H)#H*~at ~- M~(A’),

where M~H(A’) denotes the ring of matrices with rows and columns indexed
by a basis of H, and with only finitely many non-zero entries in A’.

Proofi The right H*-module structure on End(A’#~HA,) is given by the
left H*-module structure on A’#~H: h*.(a#h) = ~ a#hlh*(h2). We know
from Proposition 6.1.10 iv) that A~#~H ~- H ® A~ as right A’-modules and
left H*-modules via

a#h ~ E h4 ® (S-~(h~)̄  a)a(S-~(h2), h~),

and so A’#~HA, is free. Then End(A~C~HA,) is the ring of row-finite
matrices with entries in A~ and rows and columns indexed by a basis of
H. In order to see who is End(A’#aHA,)~t we choose the following basis
of H: as before Corollary 3.2.17, write H = SE(S~), where the S~’s are
simple left H-comodules and E(S:~) denotes the injective envelope of S~.
Then we denote by {hi}i the basis of H obtained by putting together bases
in the E(S~)’s, and use the basis {hi ® 1}i in H ® A~ ~- A’#~H to write
End(A~#aHA,) as a matrix ring. We denote by p~ the map in H*~t equal
to e on E(S~) and 0 elsewhere.
In order to prove the assertion in the statement it is enough to prove that
any f with f(hi ® 1) ~ 0 and f(hj ® 1) = 0 for j ~ i is in the rational part.
Say hi ~ E(S:~). Then it is easy to see that f = f.p~.
The converse inclusion is clear, since for any f and any p:~, f.p~ is 0 outside

|
We move next to the second duality theorem. We need first some prepa-

rations.
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Lemma 6.5.7 Let R be a ring without unit and MR a right R-module with
the property that there exists a common unit (in R) for any finite number
of elements in R and M. Then

MR "~ HomR(RR, MR) ¯ 

where, for f ¯ HomR(RR, MR) and r, s ¯ R, (f . r)(s) = 

Proof: The isomorphism sends m ¯ M to pro(r) = mr, for all r ¯ R. The
inverse sends ~ f~ .r~ to ~ f~(ri). 

Corollary 6.5.8 If R and M are as in Lemma 6.5.7 and MR ~-- RR, .then

R "" End(MR) ̄  

(as rings.) |

Lemma 6.5.9 Let H®A be the two-sided Hopf module from Example 6. 5.2.
Then

H ® A ~- A#H*rat

as right A#H*rat-modules, via

h®a ~ Ea°#t ~ hal,

where t is a right integral of H.

Proof." Recall that H ® A becomes a right A#H*~at-module via

(h ® a)(b#h*) = E hi ® aoboh*(S-l(h2alb~)).

If we denote by 0 the map in the statement, which is clearly a bijection,
then we have to show that

O((h ® a)(b#h*)) = (O(h ® a))(b#h*),

i.e. that

E aobo#t ~ hla~b~h* (S-1 (h2a2b2)) = E aobo#(t ~ ha~b~)h*.

If we apply the second parts to an element x, and denote y = ha~bl and
z = S-l(y), then this gets down 

t(S(z2)x)z = t(S(z)x 

which is exactly Lemma 5.1.4 applied to H°p cop |

As a consequence of the above we obtain the following
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Corollary 6.5.10 If H is co-Frobenius and A is a right H-comodule alge-
bra, then

A~H*rat ~- EndA#H*ra’ (H®AA#H*ra’ )’A~H*rat = EndlJ (H®A).H*r~t.

Let us describe now explicitely the left H*-module structure on H ® A
obtained via the isomorphism 0 of Lemma 6.5.9. This is given by

h* . (h ® a) = ~ h*(S(hl)9-’)h2 (6.19)

where h* ~ H*, h 6 H, a ~ A ~nd 9 is the distinguished grouplike element
(denoted there by a) from Proposition 5.5.4 (iii).
Indeed, we have

(l#h*)O(hea) = (l#h*)(~ao#t 

= ~ao~(h* ~ al)(t ha2)

= ~ao#h*(S(h~)g-~)t ~ 

= O(~h*(S(h~)g-~)h2 

since we have, for M1 h, x G H

~ ~*(s(~)~-l)t ~ ~x = ~(~* x~)(t ~
The l~t equMity may be checked ~ follows. Apply both sides to an element
w G H and denote y = xw to get

Now denote u = S(gh) and t~ = t ~ g-~ to obtain

~ t’(s-~ (~l)V)~ = ~ t’(s-l(~)v~)

which is exactly Lemma 5.1.4 applied to H°p, for which t~ is still a left
integral. This proves (6.19).

We are ready to prove the second duality theorem for co-Frobenius Hopf
algebra.

Theorem 6.5.11 Let H be a co-Frobenius Hopf algebra and A a ~ght H-
comodule algebra. Then

(g#g*~at)#g ~ M~(A),

where M~ (A) denotes the ~ng of mat~ces with rows and columns indexed
by a basis of H, and with only finitely many non-zero ent~es in A.
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Proof: We write first Theorem 6.5.4 for the two-sided Hopf module H ® A
from Example 6.5.2:

End~(H ® A)#H ~- ENDA(H ® 

Now we define the right. H*-module structure on ENDA (H® A) as follows:
if f ¯ ENDA(H ® A) and f = ~ fiei for some f~ ¯ EndHA(H ® A) and
e.i E H, then

f . h* = ~-~,(fi . h*)ei (6.20)

We now take the rational part on both sides of the above isomorphism with
respect to the H*-module structure in (6.20), and use Corollary 6.5.10 
get

(A~fg*rat)~fg ~- ENDA(H ® A). *rat.

To finish the proof, we describe ENDA(H ® A) ..H*rat as a matrix ring.
More precisely, we show that

ENDA(H ® d) . *rat ~_ M~H(A),

where the H*-module structure is the one given by (6.20). We define an-
other H*-module structure on ENDA(H ® A) and show that the rational
parts with respect to this module structure and the one given by (6.20) are
the same. Define, for h* ~ H*, f e ENDA(H ® A)

(f ® h*)(h ® a) = ~ f(h*(S(hl)g-1)h2 

We check that ENDA(H ® A) H*rat = ENDA(H ® A) Q H*r at. Let
f e ENDA(H®A), =:~-~f~ej, fj e En d~(H®d), ej e HThen

(f.h*)(h®a) ~- ~((fj.h*)ej)(h®a)

= (fj.
= ~ h*(S(ej, hl)g-~)fj(ej~h~ a) (we us ed (6 .19))

= ~(S(gej~g -1) ~ h*)(S(h~)g-~)(fjej2)(h2 

- h*)(h®a),

which shows that ENDA(H ® A) . *’~t c_ E NDA(H ®A)® H*~t. Con-
versely, if f ~ ENDA(H ® A), f ~-~fjej, fj ~ End~(H ® A), ej e
then

(f~h*)(h®a) (( ~-~fje~)~h*)(h®a)
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showing that ENDA(H ® A) ® *rat C_ E NDA(H ®A)¯ H*rat.

Now write H = @E(S~), where the S~’s are simple right H-comodules, and
take {hi} a basis in each E(Sx). Put them together and take {g-lhi ® 1},
which is an A-basis for H ® A. Use this basis to view the elements of
ENDA(H ® A) as row finite matrices with entries in A. We show now
that under this identification the elements of ENDA(H ® A) ® TM are
represented by finite matrices. As in the proof of Corollary 6.5.6, we denote
by p~ the linear form on H equal to ~ on E(S~) and 0 elsewhere. It is easy
to see that for every f E EndA (H ~ A), f ~p~S- ~ is represented by a finite
m~trix for all ~. Conversely, if f(g-~h~ ~ 1) ~ 0 and f(g-~h~ ~ 1) = 0 for
all j ¢ i, then clearly f e ENDA(H ~ A). Moreover, if hi ~ E(S~), then
if hj ~ E(S~), we have

(f @paS-1)(g-lhj 1) = ~p~S-~(S(gg-~hj~)f(g-lhj~ ~ 1)

= 1)
= f(g-~h~ @ 1).

Since for hj¢ E(Sx), (f @p~S-~)(g-~hy 1)= f (g -~hj @ 1) = 0, we get
that f = f @pxS-~ ~ ENDA(H @ A) @ *~t, and t he p roof i s c omplete.l

We end this section with some exercise concerning injective objects in
the category of relative Hopf modules.

Exercise 6.5.12 Show that A~g : flASH* [A @ H]. In particular, A~g

is a Grothendieck categow.

Exercise 6.5.13 Let H be a co-Frobenius Hopf algebra. Then the following
assertions hold:
(i) If M H* ~, th en MT M = H*~tM.
(ii) aA#H* [A ~ HI is a localizing subcategory Of A#H*~.
(iii) The radical associated to the localizing subcategow aA#H* [A ~ HI, and
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the identification of O-A#H. [d ~ HI and AJ~ H produces an exact functor
t~: A#H*J~ ---~ AMH, given by t(M) = H*ratM.
(iv) H ® A is a projective .generator of A2~[H .

Exercise 6.5.14 Let H be a co-Frobenius Hopf algebra, v* E H*rat and
h ~ H. Then:
i) For h* e H*, ~-~(v*h*)o ® (v’h*)1 ~’~ v~h* ®v~.
ii) v* ~ h e *rat, and ~ (v* ~ h) o ® (v * "- - h) ~-~( v~~ h2) ®
(S(h~) ~ v~), (where by v* H v~ ® v~ we denote the right H-comodule
structure of H*rat induced by the rational left H*-structure of’H’rat).

Exercise 6.5.15 Let H be a co-Frobenius Hopf algebra and A an H-comodule
algebra. Then the following assertions hold:
i) Let M ~ A.A/[ u. Then HomH*(H*ra*,M) is a left AC~H*-module 

((a#h*)f)(v*) = ~ aof((v* "-- 

for any f ~ HomH.(H*rat,M), a#h* ~ A#H* and v* ~ *rat. I f
~ : M --~ P is a morphism in AJ~H, then the induced application ~ :
HomH. (/_/*rat, M) --~ HomH. (H*rat, P) is a morphism of A~:H*-modules.

ii) The functor F : AJ~ H .---~ A#H*~, F(M) = HOmH*(H*rat,M) 
right adjoint of the radical functor t: A#H*.]~ ---~ AJ~H, t(N) =. H*ratN.

For the next exercises we will need the following definition: we say that
a right H-comodule M has finite support if there exists a finite dimensional
subspace X of H such that pM(M) C_ M ® X, where PM : M :-~ M ® H is
the comodule structure map of M. An object M ~ AJ~ H has finite support
if M has finite support as a H-comodule.

Exercise 6.5.16 Let H be a co-Frobenius Hopf algebra, and A a right H-
comodule algebra. Then the following assertions hold:
i) Let M ~ AJ~H. Then the map

7M : M --* HomH. (H*rat, M),

~/M(m)(v*) -= v*m ~~v*(ml)mo for any m ~ M,v*~ H*r at , is an
injective morphism of A#H*-modules.
ii) If M ~ AMH has finite support, then 7M is an isomorphism of A~H*-
modules.

Exercise 6.5.17 Let H be a co-~robenius Hopf algebra, and A an H-
comodule algebra. If M ~ AJ~H is an injective object with finite support,
then M is injective as an A-module.
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6.6 Solutions to exercises

Exercise 6.2.6 With the multiplication defined in (6.5), ~(H, A) is an as-
sociative ring with multiplicative identity UHgH. Moreover, A is isomorphic
to a subalgebra of #(H, A) by identifying a E A with the map h ~ g(h)a.
Also H* = Horn(H, k) is a subalgebra of #(H, 
Solution: We first have

((f . g). e)(h) = E(f.g)(e(h2)lhl)e(h2)o

= Ef(g(e(h3)2h2)le(h3)lhl)g(e(h3)2h2)oe(h3)o

= Ef((g.e)(h2)lh~)(g.e)(h2)o

= (f.(g.e))(h)

so the multiplication is associative. The other assertions are clear.

Exercise 6.2.8 In general, A~C H*rat is properly contained in #( H, A)rat .

Solution: Let H be any infinite dimensional Hopf algebra with bijective
antipode, let A = H, and consider the map S E #(H, H). For any h* 
H* C Horn(H, H), x E H, by the multiplication in #(H, H) we 

(h* .-~)(x) = E h*(-~(x2)2x;)-~(x2)~ = h*(1)~(x)

so ~ ~ ~(H, H)TM. But no bijection ¢ from H to H lies in H#H*. For if
¢ = ~ h~#h~ ~ H#H*, choose x ~ H, x not in the finite dimensional sub-
space of H spanned by the hi. However x
a contradiction.

Exercise 6.2.12 Let H be co-Frobenius Hopf algebra and M a unital left
A#H*~at-module. Then for any m ~ M there exists an u* ~ H*~ such
that m = u* ¯ m = (l#u*) ¯ m, so M is a unital left H*~t-module, and
therefore a rational left H*-module.
Solution: Let m ~ M, m = ~(a~#h~).m~. We take u* ~ H*r~t equal to ~
on the finite dimensional subspace generated by a¢, h~, and zero elsewhere.
Then (l#u*)(a~#h~ = a~#h~ for all i, so m = u*. m. Then we can
define an action of H* on M by h* ¯ m = h’u* ¯ m, if h* ~ H*, m E M,
u* ~ H*~t, and m = u* ¯ m. The definition is correct, because H*~a~

is an ideal of H*, and H*rat itself is a unital left H*~at-module. Now
h* . m = h’u*. m = ~ h*(u~)u~ . m, so M is rational.

Exercise 6.2.13 Consider the right H-comodule algebra A with the left
and right A#H*-module structures given by the fact that A ~ J~/t~A and
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A E AJ~H:

a. (b#h*) = E aoboh:(S-l(albl)i, (b~Ch*) .a = Ebaoh*(al).

Then A is a left A#H* and right Ac°H-bimodule, and a left Ac°H and right
A~H*-bimodule. Consequently, the map

~ : A~CH*r~t ~ End(AA¢oH), ~(a#l)(b) = (a~=l). 

is a ring morphism.
Solution: If c ~ Ac°H, then

((b#h*).a)c = Ebaoch*(a~)

= Ebaocoh*(alcl)

= Eb(ac)oh*((ac)~) = (b~h*) .ac,

and a similar computation shows the other assertion.

Exercise 6.2.14 Let A be a right H-comodule algebra and consider A as a
left or right A#H*~at-module as in Exercise 6.2.13. Then:

i) c°H ~End(A#H .. .. A)

ii) c°H ~- E nd(AA#H.~t )
Solution: We prove only the first assertion. We have that for each X ~

AA4H ~-- ModI(A#H*rat), HomA#H.~ot(A,X) ~-- Hom~(A,X) ~°y ,
which for X = A gives the desired ring isomorphism.

Exercise 6.2.20 (Maschke’s Theorem for smash products) Let H be 
semisimple Hopf algebra, and A a left H-module algebra. Let V be a left
A#H-module, and W an A~ H-submodule of V. If W is a direct summand
in V as A-modules, then it is a direct summand in V as AC~H-modules.
Solution: Let t ~ H be a left integral with e(t) = 1. Then t is also a right
integral, and S(t) = t. Let A : V ---* W be the projection as A-modules.
We define

)~’ : V ~ W, )~’(v) = E(l#S(t~)))~((l#t~)v).

We show that A~ is a projection as A#H-modules. We check first that A~ is
A#H-linear. Since S is bijective, we can use tensor monomials of the form
a#S(h):

(a#S(h))A’(v) = (a#S(h)) E(l#S(t~))A((l#t~)v)

=
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= E(aC/:S(tlh))A((l#t2)v)

= E(a#S(tlhl)))~((l#t2h2S(h3))v)

= . E(a#S(tl)))~((l#t~(hl)S(h~))v)(t right integral)

= E(a#Z(tl))A((l#t~S(h))v)

= E(I#S(t~)2)(S-~(S(tl)I). a#l)

A((l#t2S(h))v) (by Lemma 6.1.8)

= E(lC/:S(h))(t2. a#l)A((lC/:t3S(h))v)

= E(l#S(t~))A((t2. a#l)(l#t3S(h))v) A-l inear)

= E(lC/:S(t~))A((t~. a#taS(h))v)

= E(l#S(t~))~((l#t2)(a~CS(h))v)

= E(l#Z(tl))A((lC/:t2)(a#S(h))v)

= A’((a#S(h))v),

so A~ is A#H-linear. It remains to check that it is a projection. If w E W,
then (l#t2)w ~ W, so A((lCPt2)w) = (l#t2)w. We have 

A’(w) = ~-~.(l#S(t~)t2)w = (l#e(t)l)w 

and the proof is complete.

Exercise 6.3.2 If the map [-,-] from the Morita context in Proposition
6.3.1 is surjective, then it is bijective.
Solution: Assume [-, -] is surjective, and let ~ ai ® b~ be an element in
the kernel. Choose u* ~ H*r~t a common right unit for the elements bi (u*
may be chosen to agree with ~ on the finite dimensional subspace generated
by the bi~’s). Let ~[a}, b}] = u*. Then we have

Exercise 6.3.4 Let H be a finite dimensional Hopf algebra. Then a right
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H-comodule algebra A has a total integral if and only if the corresponding
left H*-module algebra A has an element of trace 1.
Solution: Let (I) : H -~ A be a total integral, and t E H* a left integral.
Let h E H be such that t(h) = 1, so ~ hit(h2) = t(h)l = 1. Then (I)(h) 
an element of trace 1.
Conversely, if t is as above, and c is an element of trace 1, then (I) : H -~ 
, ~(h) = ~cot(clS(h)) is colinear by Lemma 5.1.4, and takes 1 to 1, hence
it is a total integral.

Exercise 6.4.2 If S is bijective, then can is bijective if and only if can~ is
bijective.
Solution: We have

can(a ® b) = ¢ o can’ (a ® 

where ¢ : A®H ~ A®H is the map given by ¢(a®h) --- (l®S-l(h))p(a).
This is invertible, with inverse given by ¢-1(a ® h) = p(a)(1 S(h)).

Exercise 6.4.11 Let H be a co-Frobenius Hopf algebra over the field k,
and A a right H-comodule algebra with structure map

p:A---~ A®A®H, p(a)=Eao®al.

If A/Ac°H is a separable Galois extension, then H is finite dimensional.
Solution: H has a direct sum decomposition

H=~E(MA)i

where the MA’s are simple left subcomodules of H, and E(MA) is the in-
jective envelope. We know the E(MA)’s (which we are going to denote 
HA) are finite dimensional subspaces of H. Therefore, if H isinfinite di-
mensional it follows that I is an infinite set. Denote, for each A ~ I, by PA
the map in H*r~’t which is equal to E on HA and equal to zero elsewhere.
We also know that for any f ~ H*rat there exists a finite set F C_ I such
that

f= E fPA. (6.21)

Now the extension A/Ac°u is a Galois extension, which means that the
map

can:A®mcon A-~ A®H, can(a®b)= Eabo®bl

is bijective. Let us denote, for each/~ ~ I,

A~ = pA . A = {E aoPA(al) t a e A}.
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We have clearly that A = ~ AA, since for any a E A we have a = ~ PA" a,

where the PA’s are the ones corresponding to the finite dimensional subspace
of H generated by the al’s. Furthermore, we have

Indeed, for an a E A we have

p(AA) C_ A ® HA. (6.22)

p(pA’a) = Eao®alpA(a2)= Eao®PA’al.

NowpA.H= {~-~.hlpA(h2) t h ~ H} C_ HA, since for any # ¢ A we have
that pA annihilates the left subcomodule
We claim that AA ¢ 0 for all A ~ I. Indeed, suppose that AAo = 0. Then

can(A ®AcO~ A) C_ E can(A ® AA) C_ E 
A A~Ao

by the definition of can and (6.22), and this is a contradiction because the
image of can has to be all of A ® H.
We use now the fact that A/Ac°H is a separable extension. Then there is
a separabilty idempotent in A ®ACo~ A, ~ ai ® b~. This means that

E a~b~ = l’ and Eca~®b~=Ea~®b~c’ Vc ~ A.

Denote by W the finite dimensional subspace of H generated by the ele-
ments bil, and by Pw ~ H*r’~t a map equal to s on W. Then Pw ~ bi~ are
a finite number of elements in H*~’at. Since I is infinite, we can choose A0
which does not appear among the pA’s associated to all the Pw "-- b~ as in
(6.21). In other words, we assume that (Pw ~ b~) are zero on H~o.
Pick now c E AAo, c ~ 0, and apply Id ® p to the equality

We get

E ca~ ® b~ = E a~ ® b~c.

E cai ® bio ® bi~ = E ai ® bioco ® bi~c~.

If we apply now M o (I ® I ®Pw) (where M is the multiplication of H) 
both sides of the above equality, on the left-hand side we get ~ caibi = c,
while on the other side we get

E a~b~oc°pw(b~’c~) = E a~b~oc°(pw ~ bi~)(c~) 

since c~ ~ HAo by (6.22). Therefore we have obtained that c = 0, which 
the desired contradiction.
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Exercise 6.~5.5 If A is a right H-comodule algebra, then

A --~ ENDA(A), a ~ fa, fa(b)= ab

is an isomorphism of H-comodule algebras.
Solution: If h* E H* and a, b E A, then

(h*. f~)(b) =
= Eaoboh*(alblS(b2))

= Eaobh*(al) = Eh*(a~)f~o(b)

which proves the desired isomorphism.

Exercise 6.5.12 Show that A.~ H : OA#H. [A ~ HI. I~t particular, A.I~g

is a Grothendieck category.
Solution: By Proposition 6.2.11, if M ~ A.A~ H, then M becomes a .left
A~H*-module via

(a#h*) ̄  m = am0 *(ml).

Since M is an H-comodule, M embeds in H(I) for some set I (see Corollary
2.5.2). Then A®M embeds in A®H(~) ~_ (A®H)(~), so M ~ a A#H* [A®H].

Exercise 6.5.13 it Let H be a co-Frobenius Hopf algebra. Then the fol-
lowing assertions hold:
(i) If M ~ H.M, then MTM = H*ratM.
(ii) aA#H" [A ® HI is a localizing subcategory of A#H.A~.
(iii) The radical associated to the localizing subcategory aA#H. [A ® HI,
and the identification of aA#H" [A ® HI and AMH produces an exact func-
tor t : A#H*A~ ~ AMH, given by t(M) = H*ratM.
(iv) H ® A is a projective generator of AMH.

Solution: i) The proof is the same as the one in Exercise 6.2.12: we know
that H*ratM C_ MTM. Let now m ~ MTM, and ~(rn) = ~ m0 ® m~, where
~ is the right H-comodule structure map of MTM. Since H*rat is dense in
H*, there exists h* ~ H*rat acting as s on the finite subspace generated by
the m~’s. Then m = h*rn ~ H*ratM.
(ii) It remains to show that aA#H* [A ® HI is closed under extensionS. Let
0 -~ N -~ M -~ P -~ 0 be an exact sequence of A#H*-modules such that
N, P ~ aA#H. [A ® HI. Then N = H*ratN and P = H*ratp, and it can be
easily seen that these imply M = H*~*M, i.e. M ~ aA#H* [A ® HI.
(iii) follows from Corollary 3.2.12.
(iv) Let M ~ A2~4H. By Corollary 3.3.11, H is a projective generator in
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the category j~H. Then regarding M as an object in j~H, we have a sur-
jective morphism of H-comodules H(I) -~ M for some set I. The functor

A®- : j~g ._, A.~H has a right adjoint, so it is right exact and commutes
with direct sums. We obtain a surjection (A ® H)(t) ~ A ® H(x) --* A @ M.
Composing this with the module structure map A @ M ~ M of M, we
obtain a surjective morphism (A @ H)(I) ~ M in A~ H. Thus A @ H is
a generator. Since the functor A @ - takes projectives to projectives (~ 
left adjoint of an exact functor), A @ H is projective.

Exercise 6.5.14 Let H be a co-~obenius Hopf algebra, v* ~ H*~t and
h ~ H. Then:
i) For h* e g*, ~(v*h*)o ~ (v*h*)~ = ~ v~h* 
ii) v* ~ h e *r~t, and ~ (v* ~ h) o @ (v * ~ h) l = ~( v; ~ h~) ~
(S(h~) ~ v~), (where by v* ~ v; ~ v~ we denote the ~ght H-comodule
st~cture of H*~t induced by the rational left H*-st~cture of H’rat).

Solution: i) If l* e g*, we have l*(v*h*) = (l*v*)h* = ~l*(v~)v~h*.
ii) Let h* G H* and l e H. We have

(h*(v* ~ h))(l) = ~h*(la)v*(h 

= -
=
= h* ~ S(h~))(va)vo(h~ 

= (~h*(S(h~) ~ v~)(v~ ~ h~))(l)

Therefore h*(v* ~ h) = ~ h*(S(h~) ~ v~)(v~ h2), wh ich pr oves ev ery-
thing.

Exercise 6.5.15 Let H be a co-Frobenius Hopf algebra and A an H-
comodule algebra. Then the following assertions hold:
i) Let M ~ m~H, Then HomH. (H*’at, M) is a le~ A#H*-module by

= --
for any f ~ Hom~.(H*rat,M), a#h* ~ A~H* and v* ~ H*rat. ff
~ : M ~ P is a mo~hism in A~H, then the induced application ~ :
HOmH. ( *rat, M) ~ HomH. ( *~at, P) is a mo~hism of A~ H*-modules.
ii) The functor F: A~H ~ A~H*~, F(M) = HomH.(H*~at, M) 
~ght adjoint of the radical functor t : A#H*~ ~ A~H, t(N) = H*~atN.
Solution: i) We first show that (a#h*)f is a morphism of H*-modules.
Indeed

l*((a#h*)f)(v*) = ~l*(aof((v* 
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= ~-~.l*(alf((v* ~ a~)h*)l)aof((v* ~ a2)h*)o

= ~-~l*(a~((v* ~ a2)h*)~)aof((v* ~ a~)h*)o)

(since f is a morphism of right H .-comodules)

"- ~-~ l*(al(?)* aa)~)aof((v* ~ aa)oh*)

(by Exercise 6.5.14(i))

= ~l*(a~S(a2) ~ v~)aof((v~ ~ 

(by Exercise 6.5.14(ii))

= ~l*(v~)aof((v~ ~ a~)h*)

= ~aof(((l*v*) ~ a~)h*)

= ((a~h*)f)(l*v~)

To see that the action defines a left A~H*-module, we have

((a#h*)(b#l*)f))(v*) = ~ ao((b#l*)f)((v* 

= ~o~o/((((~* a~)h*) ~ ~)~*)
= ~ao~o/((v* ~ a~)(~* ~)~*)

~ = ~((a~o#(~* ~)Z*)/)(~*)
= (((a@h*)(b~l*))f)(v*)

Now, if f ~ Homg. (H*~at, M), we have

~((a#h*)/))(~*) = ~(((~#h*)~)(~*))

= ~(ao~((~* ~a~)h*))
= ~ao~(/((~* ~)~*))
= ((a~h*)~(f))(v*)

ii) The structure defined in i)defines ~ functor

F : A~H ~ A#H’~, F(M) = HomH.(H*~t,M)

Let N ~ A#H’~. Then the m~p

~: g ~ ~((t(g)) Uo~,. (g *~, t( ~)),

?g(n)(v*) = v’n, is a morphism of A@H*-modules. Indeed, we have that

~((~#~*)~)(~*) = (~#v*)(a#~*)~ = ~(ao#(~* a~)h*)~
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and

((a#h*)~/N(n))(v*) = Eao’)’g(n)((v* ~ al)h*)

= Eao((v*~al)h*n)

= E(ao#(V* ~ al)h*)n

Let now M E AA~g. Then the map 5M: t(F(M)) ---* M, 5M(v*f) = 
for any v* e H*r~t, f ~ F(M) = Homg. *rat, M), is an iso morphism in
the category AMH.

Indeed, we first show that 5M is well defined. Let ~i v~fi = ~j v~gj ~
t(F(M)) = H*HOmH. *rat, M), with v~, u~ ~ H*, f~, gj ~ F(M).Since
v~,u~ ~ H*r~t, there exits l* ~ H*~t such that l*v~ = v~ for any i and
l*u~ = u~ for any j (it is enough to take some l* such that l* acts as ~H on
all (v~)1 and (uj)~, this is possible since H*rat is dense in H*). Then

=
i i

=
i

=

J

=

thus the definition of 5M is correct.

Since 5M(h*(v* f)) = 5M(h*v*f) = f(h*v*) = h* f(v*) = h*hM(V* is
a morphism of H*-modules, thus a morphism of H-comodules.
Finally, we prove that 5M is a morphism of A-modules. Let v* ~ H*r at,

f ~ HomH.(H*~t,M), and a ~ A. We want 5M(a(v*f)) = ahM(V*f).
Since a(v* f) ~ H*~tHOmH.(H*~t, M), there exists w* ~ H*~t and g ~
Homg. (H*~t, M), such that a(v* f) = w* g. This means that ~ aof((d* 
a~)v*) = g(l*w*) for any l* ~ H*~t. Then 5M(a(v*f)) = 5M(W*g) 
g(w*), and ahM(V* f) = af(v*). We know that H*rat = ~pepE(Np)*, thus
there exists a finite subset P0 of P such that v* ~ ~pePoE(Np)*. Denot-
ing by E(Np)~ the space spanned by all the h~’s with h e E(Np), and
A(h) = ~ hi ® h2, all the spaces a~ ~ E(Np)I, p ~ Po, are finite dimen-
sional, thus there exits a finite subset J G P such that a~ ~ E(Np), are
contained in $~ejNp, and all w~ ~ @peaNp.
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Take l* e H*rat, which is ~u on any E(Np), p E J. Then for h ~ E(Np), p 
Po and any al we have ((l* "-- al)v*)(h) = ~/*(al --~ hl)v*(h2) = 0 (since
v*(h2) v*(E(Np)) = O)andfor any h ~ E(Np), p ~ Poand a ny a ~,

’((l* ~ a~)v*)(h) = ~l*(a~ ~ h~)v*(h~)

= ~¢H(al ~ hl)v*(h2)

= e~(a~)v*(h)

Therefore (l* ~ a~)v* = ~g(a~)v* for any a~, and ~aof((l* ~ a~)v*) 

~ aof(eH(a~)v*) = af(v*). On the other hand

~*~* = ~ (~)~o. = ~(w;)~o* ~*
thus

a~M(V*f) = af(v*)

= ~aof((l*~.al)v*)

= 9(~*~*)
= 9(w*)
= 5M(W*g)

= ~M(a(v*I))

We show that ~M is injective. Indeed, let ~-]iv~fi ~ t(F(M)) such that

(~M(~i v~’f/) = O. Then for any v* *’a~ we have

i i i i

thus ~i v~fi = 0. To show that ~M is surjective, let m ~ M, choose some
l* ~ C*~at such that l*m = m, and let f ~ H~*(H*~a~,M) defined
by f(h*) = h*m for any h* ~ H*~at. Then clearly m = l*m = f(l*) 
~M(l*f), which proves that deltaM is an isomorphism.
Now for N ~ A~g*~ and M ~ A~~, we define the maps

.: Ho~g(t(N), M) ~ Ho~e.. (N, Horn.. *~"~, M)

and

~ : HOmA#g. (N, HomH. (H*7"~t, M)) --~ Hornt~(t(N), 

by a(p) = HomH. (H*~t,p)~/N for p ~ Hom~(t(N), M), and fl(q) 6Mq
for q ~ HOmA#H* (N, HOmH. (H*rat, M)). Thus

O:(p)(n)(’O*) p( ~N(I~,)(V*) ) = p(
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for any n E N, v* ~ H*rat, and

fl(q)(v* n) = (hMq)(v* n) = 5M(V* q(n) ) 

We have that

(/3c~)(p)(v* n) =/3(ct(p))(v*n) = c~(p)(n)(v*) 

and
(c~/3)(q)(n)(v*) = c~(/3(q) )(n)(v*) =/3(q)(v*n) 

showing that c~ and/3 are inverse to each other, and this ends the proof.

Exercise 6.5.16 Let H be a co-Frobenius Hopf algebra, and A a right H-
comodule algebra. Then the following assertions hold:
i) Let M ~ AiMH. Then the map

~/M : M ~ Horns. (H*rat, M),

")’M(frt)(V*) = V*?Tt : Ev*(ml)m0 for afty m e M,v* e H~rat, is an

injective morphism of A~C H*-modules.
ii) If M ~ AMI-I has finite support, then "[M i8 an isomorphism of A~H*-
modules.
Solution: i) We already know from the solution of Exercise 6.5.15 that

~/M is a morphism of modules. The fact that it is injective follows from the
density of H*rat in H*.
ii) Let pM(M) C_ M @ X with X a finite dimensional subspace of H, and
K be a finite Subset of J such that X C_ ~teKE(Mt). If zj E C* is ¢
on E(Mj) and zero on any E(Mt), t ~ j, then obviously sj(X) = 0 for
j ~ K, thusejM=O. Let p~HOmH.(H*r~’t,M), andj ~ K. We have
qO(~j) = 9)(e~) = ~jqO(~j) = 0. T hus ~ (@jcKC*Q) = 0.
Let m = ~eg~(et)" Then for j ~ K, ~/M(m)(ej) = ejm = 0 = qo(ej),
and for j ~ K, ~/M(m)(~j) = ~jm ---- ~teK ~J99(gt) = 99(~J), showing that
"/M(m) = 99. Therefore ~M is surjective.

Exercise 6.5.17 Let H be a co-Frobenius Hopf algebra, and A an H-
comodule algebra. If M ~ AJ~g i8 an injective object with finite support,
then M is injective as an A-module.
Solution: Since the functor F from Exercise 6.5.15 has an exact left ad-
joint, we have that F(M) is an injective A#H*-module. Exercise 6.5.16
shows that F(M) "~ M, thus M is an injective A#H*-module. On the
other hand the restriction of scalars, Res, from A#H*AJ to AJt4 has a left
adjoint A#H* ®A -- : Aj~ --~ A#H*./~, and this is exact, since A#H* is a
free right A-module. Thus Res takes injective objects to injective objects.
In particular M is injective as an A-module.
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Chapter 7

Finite dimensional Hopf
algebras

7.1 The order of the antipode

Throughout H is a finite dimensional Hopf algebra. We recall the following
actions (module structures):

t) H* is a left H-module via (h ~ h*)(g) = h*(gh) for h,g E H, h* ~ g*..

2) H* is a right H-module via (h* h) (g) = h*(hg) for h, 9 ~ g, h* ~ g*.

3) H is a left H*-module via h* ~ h = ~]~h*(h2)hl for h* ~ H*,h ~ H.

4) g is a right H*-module via h ~ h* = }-~h*(hl)h2 for h* ~ H*,h ~ H.

As in Chapter 5, if 9 ~ H is a grouplike element, we denote by

L~ = {m e H*lh* m = h*(g)m for any h* ~ H* }

and

R~ = {n ~ H’lnh* = h*(g)n for any h* e H* },

which are ideals of H*, L1 = f~, R1 = f,.. Also recall from Proposition 5.5.3
that L~ and R~ are 1-dimensional, and there exists a grouplike element
(called the distinguished grouplike) a such that Ra = L~.

We can perform the same constructions on the dual algebra, H*. More
precisely, for any ~/~ G(H*) = Alg(H, we candefi ne

L, = { x ~ H lhx = ~l(h)x for any h e H}

R,I = { y e H lyh = ~(h)y for any h ~ H~}

289
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We remark that if we keep the same definition we gave for Lg (g E H),
then L, should be a subspace of H**. The set L,~, as defined above, is just
the preimage of this subspace via the canonical isomorphism 0 : H -~ H**.
Prom the above it follows that the subspaces Ln and Rn are ideals of di-
mension 1 in H, and there exists c~ E G(H*) such that R~ = L~. This
element c~ is the distinguished grouplike element in

Remark 7.1.1 Using Remark 5.5.11 and Exercise 5.5.10, we see that if
H is semisimple and cosemisimple, then the distinguished grouplikes in H
and H* are equal to 1 and ~, respectively. |

Lemma 7.1.2 Let ~ ~ G(H*), g ~ G(H), m,n ~ H* and x v suc h
that m ~ x = g = x "- n. Then m E Lg and n

Proofi Let h*,g* ~ H*. Then

(g*h*m)(x) =
-= (g*h*)(g)

= g*(g)h*(g)

=
= (g*h*(g)m)(x)

which shows that (g*(h*m - h*(g)m))(x) = 0, so (h*m - h*(g)m)(x 
H*) =0.
But x ~ A* = A, since Ln "-- r~ = Le by the remarks preceding Proposition
5.5.4, and L~ ~ H* = H by Theorem 5.2.3 (applied for the dual of H°P).
This shows that h*m = h*(g)m, and so m ~ La. The fact that n ~ Rg is
proved in a similar way. |

Corollary 7.1.3 If m ~ H*, x ~ L~, and rn ~ x = 1, then m ~ LI and

Proof: Lemma 7.1.2 shows that m ~ L~. If h* ~ H*, then

h* (x ~ m) =
=
= h*(a)m(x) (since m E L~ = R~)

= h*(m(x)a)

Applying s to the relation ~rn(x~)xl = 1 we get re(x) = 1. This shows
that x ~ m = a. |
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Lemma 7.1.4 Let x E L,,g ~ G(H), m ~ H* such that m ~ x = 
Then for any h* ~ H* we have

~(g)h*(1) = ~, h*(xl)~n(gx2)
Proof: We compute

~/(g)h*(1) ~-~.~l(g)h~(g-~)h~_(g) (A(h*) = 

= h~(~-~)h~(.~(x2)x~(~)) (~ = 
= ~-~.h~(g-1)h~(m(gx2)gx~) (~(g)x -= 

= Zh*(g-lgx,)m(gx2)(convolution)

~- ~-~h*(Xl)m(gx2)

Lemma 7.1.5 Let g ~ G(H), V E G(H*), x ~ Lv, and m ~ H* such 
m ~ x = g. Then for any h ~ H we have

S(g-l(~l ~ h)) = (m ~ h) 

Proof: Let h* ~ H*. Then

h*(S(~-~(V -~ h))) 

~-~l(9)h*(S(hl)g)~(g-~h2) (7 algebra map)

rl(g)((h*S)~l)(g-lh) (convolution)

~-’~.((h~S)~l)(g-~h)~(g)h~(1)

(counit property for h*)

~((~s)~)(~-~)~(~(~)Zl)
(by Lemma 7.1.4 for h~)

~(h~S)(g-~h~)~(g-~h~)h~(m(gx2)x~) (convolution)

h~ (S(hl)g)h~(m(gg-l h3x2)g-l 

(since ~(g-~h2x = g=lh2x

h*(S(h~)gg-~h2x~m(h3x~)

~*(x~(~x~))
h*((~ ~ h) ~)
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|
If we write the formula from Lemma 7.1.5 for the Hopf algebras H,

Hc°p, H°p’c°p and H°p, we get that for any h E H the following relations
hold:

If x E L~,m~ x= g, then S(g-l(~l ~ h)) = (m~ h) (7.1)

Ifx~R~,m~x=g, thenS-l((~l~h)g-~)=-(h~m)~x (7.2)

If x e R~,x ~ n : g, then S((h ~ ~l)g-~) : x ~ (h ~ n) (7.3)

IfxeL,,x.--n=g, thenS-~(g-~(h~l))=x’--(n~-h) (7.4)

In particular

If x ~ L~,m-" x = 1, then S(h) : (m ~ h) (7.5)

If x e R~ = L~,m-~ x = l, then S-l(~ --~ h) = (h ~ m) (7.6)

Ifx~R~:Le,x~n:a, thenS((h.-c~)a-~):x’-(h-~n) (7.7)

If x e L~,x ~ n= g, then S-~(g-~h) = x~- (n~- (7.8)

Theorem 7.1.6 For any h G H we have

S4(h) : a-l(a ~ h ~ o~-l)a

Proof: Let x ~ L~ :R~, andmEH* withm-~x: 1. Corollary 7.1.3
shows that m G L~ and x *- m : a. Moreover, we have

(S4(h) ~ m) ~ z = s-l(a ~ S4(h)) (by 

= (m’-S2(a~h))~x (by (7.5))

Since the map from H* to H, sending h* G H* to h* ~ x G H is bijective,
we obtain

S4(h) ~ m = rn ~ $2(~ h)

On the other hand,

z ~ (m ~ ~:(a ~ h)) 
: s-l(a-lS2(~ ~ h)) (by (7.8))

= S-1(S2(a-~(a ~ h)))

= S(a-~(a~ h))

= S(a-~(a ~ h)aa-~ )

= S(((a-~(a -~ h ~- a-~)a) -~ )

(since a ~ (~ -- a(a)a)

-- x~((a-~(c~h~o~-~)a)~m) (by 
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Since the map h* H x ~ h* from H* to H is bijective, we obtain that

m~S2(a~h)=(a-l(a~h~a-1)a)~m

We got that S4(h) ~ m = (a-l(a ~ h ~ a-~)a) ~ m, and then 
formula folloWs ~omthe b~ectivity ofthemap h~--~h~m~omHtoH*.

Theorem 7.1.7 (Radford) Let H be a finite dimensional Hopf algebra.
Then the antipode S has finite order.

Proof: Using the formula from Theorem 7.1.6 we obtain by induction that

S4n(h)=a-n(~n~h~-n)an

for any positive integer n. Since G(H) and G(H*) are finite groups, their
elements have finite orders, so there exists p for which ap ---- 1 and o~p = 5;.
Then it follows that S4p = Id. |

Remark 7.1.8 The proof of the preceding theorem not only shows that the
order of antipode is finite, but also provides a hint on how to estimate the
order. |

7.2 The Nichols-Zoeller Theorem

In this section we prove a fundamental result about finite dimensional Hopf
algebras, which extends to finite dimensional Hopf algebras the well known
Lagrange Theorem for groups. Everywhere in this section H will be a
finite dimensional Hopf algebra and B a Hopf subalgebra of H. If M
and N are left H-modules, then M ® N has a left H-module structure
(via the comultiplication of H) given by h(x ® y) = ~.h~x ® h:y for any
h ~ H, x ~ M, y ~ N. Hence M ® N is a left B-module by restricting the
scalars. Any tensor product of H-modules will be regarded as an H-module
(and by restricting scalars as a B-module) in this way unless otherwise
specified.

Proposition 7.2.1 If M ~ t~.h4, then H ® M ~-- M(dim(H)) as left B-
modules.

Proof: Let U = H®M regarded as a B-module as above, and V -- H®M
with the left B-module structure given by b(h ® m) = h ® bm for any
b ~ B, h ~ H,m ~ M. Since B acts only on the second tensor position of
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V, we have V -~ M(dim(H)) as left B-modules. We show that the B-modules
U and V are isomorphic. Indeed, let f : V -~ U and g : U ~ V by

g(h ® m) : ~ ~(-1) (m(_l))h )

for ~ny h ~ H, m ~ M, where we denote ~ usual by m ~ ~ m(_l) ~ m(0)
the left H-comodule structure of M. We h~ve that

gf(h~m) = ~g(m(_~)h~m(o))

= ~S(-~)(m(_~))m(_~)h 

= m(0)
= h@m

and

fg(h ® m) f(E S(-1)(m(-1) )h ® rn(°))

-= E m(-1)S(-1)(m(-2))h m(°)

= Es(m(_~))h®m(o)

= h®m

showing that f and g are inverse each other. On the other hand

f(b(h®m)) = f(h®bm)

= ~ b~m(_~)h b2m(0)

= b (h m)
so f ~nd g provide an isomorphism of B-modules.

Proposition 7.2.2 Let W be a left B-module. Then B
B(dim(W)) as le~ B-modules.

Proofi We know that B@W is ~ left B-module. It is also a left B-comodule
with the comodule strcture given by the ~sociation b~w ~ ~ b~@b2@w. In
this w~y B@W becomes a left B-Hopf module ~nd the fundamental theorem
of Hopf modules (a left h~nd side version) tells us that B @ W ~ (dim(W)).
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Let us consider now the Hopf algebra Bc°p, with the same multiplication
as B and with comultiplication given by c ~ ~ cil) ® c(2) = ~ c2 ® 
In particular W is a left Be°P-module, so applying the isomorphism proved
above we obtain that Bc°p ® W ~- (Bc°P)(dim(W)) aS left Be°P-modules. The
left B~°P-module structure of B~°~ ® W is given by b(c ® w) = ~ b(1)c 
b(2lw = ~ b2c ® b~w, therefore since B = B¢°p as algebras, we see that
Bc°p ® W is isomorphic to W ® B as left B-modules (the isomorphism is
the twist map), so W

Lemma 7.2.3 Let A be a finite dimensional k-algebra and M a finitely
generate’d left A-module. Then M is A-faithful if and only if A embeds in
M(’~) as an A-module for some positive integer n.

Proof: If A embeds in M(’~) as an A-module for some positive integer
n, then annA(M) = annA(M(u)) C_ annA(A) = 0, so M is A-faithful~
Conversely, if M is A-faithful, let {m~,..., m,~} be a basis of the k-vector
space M. Then the map f: A -~ M(n) defined by f(a) = (am~,... ,amn)
for any a e A is an A-module morphism with Ker(f) = Ni=l,n annA(mi) 

annA(M) = O. 

Corollary 7.2.4 Let A be a finite dimensional k-algebra which is injective
as a left A-module, and let PI,..., Pt be the isomorphism types Of principal

indecomposable left A-modules. If M is a finitely generated left A-module,
then M is A-faithful if and only if each Pi is isomorphic to a direct sum-
mand of the A-module M.

Proof: Lemma 7.2.3 tells that M is A-faithful if and only if A embeds in
M(’~) for some positive integer n. Since A is selfinjective, this is equivalent
to the fact that M(’~) -~ A @ X for some positive integer n and some A-
module X. Decomposing both sides as direct sums of indecomposables,
the Krull-Schmidt theorem shows that this is equivalent to the fact that M
contains a direct sumrnand isomorphic to Pi for any i,= 1,..., t. |

Proposition 7.2.5 Let A be a finite dimensional k-algebra such that A is
injective as a left A-module. If W is a finitely generated left A-module, then
there exists a positive integer r such that W(r) ~- FOE for a free A-module
F and an A-module E which is not faithful.

Proof: If W is not faithful we simply take r = 1, F = 0 and E = W. As-

sume now that W is A-faithful. Let A ~- p~nl)~...$pt(,~t), where P~,..., Pt
are the isomorphism types of principal indecomposable A-modules. Corro-
lary 7.2.4 shows that W -~ P~’~) @...~Pt("~i) ~)Q for some m~,... ,mr > 0
and some A-module Q such that any direct summand of Q is not isomorphic
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to any P~. Let r be the least common multiple of the numbers nl,.. ¯, nt.
We have that

W(r) ~ p~rm,) @.... pt(~m,) @ 

Let a = rnin(~m-~,..., ~m_~ say a = ~ Then

This ends the proof if we denote F = A(~), which is free, and E =
p~,~1-~1)@... @ pt(~,~-am)@ Q(~), which is not faithful since it does not
contain any direct summand isomorphic to Pi (note that rmi - ~ni ~ 0
and that we have used again the Krull-Schmidt theorem). 

Proposition 7.2.6 Let W be a finitely generated left B-module such that
W(~) is a free B-module for some positive integer r. Then W is a free
B-module.

Proof: Take B = B~ ~...@B~, a direct sum of indecomposable B-modules.
If t is a nonzero left integral of B and t = tl +... + tn is the representation
of t in the above direct sum, we see that

bt~ +...+bt~ = bt

= e(b)tl +...+¢(b)t~

= ~(b)t

for any b ~ B, showing that t~,... ,t~ are left integrals of B. Since the
space of left integrals has dimension 1, we have that there exists a unique
j such that tj¢ 0, and then t = tj. Hence By is not isomorphic to any
other Bi, i ~ j, since Bj contains a nonzero integral and Bi doesn’t, and
if f : B~ --* Bi were an isomorphism of B-modules we would clearly have
that f(t) is a nonzero left integral.
Let us take now P~ = Bj,P2,... ,P~ the isomorphism types of principal

indecomposable B-modules, and B -~ p~n~)@... @ p~(~.) the representation
of B as a sum of such modules. Note that n~ = 1. We know that W(r) is
free as a B-module, say W(~) ~ B(p) for some positive integer p. Since

W(~) ~ B(P) ,~ p(~P~) @... ~ P(spn.~)

the Krull-Schmidt theorem shows us that the decomposition of W as a

sum of indecomposables is of the form W ~- p(~m~) ~... @ p(sm,) for some
m~,... ,ms. Moreover, since W(r) ~- p~rm~) ~... @ p(srm~), we must have
phi = rmi. In particular p = rm~. Then for any i we have that phi =
rm~ni = rmi, so rni = m~ni. We obtain that W ~ B(’~) a free B-
module. |
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Proposition 7.2.7 Let W be a finitely generated left B-module such that
there exists a faithful B-module L with L ® W ~- W(dim(L)) as B-modules.
Then W is a free B-module.

Proof: We know from Exercise 5.3.5 that B is an injective left B-module.
Then we can apply Proposition 7.2.5 and find that W(r) _ F @ E for some
positive integer r, some free B-module F and some B-module E which is
not faithful. Proposition 7.2.6 shows that it is enough to prove that W(~)

is free. We have that

’ L ® W(~) --- (L ® W)(~) ---- (w(dim(L))) (r) r~ (W(r))(dim(L))

so we can replace W by W(~), and thus assume that w -~ F @ E.
Similarly there exists a positive integer s such that L(~) -~ F’ ~ E’ with F’

free and E’ not faithful. Since L is faithful, L(s) is also faithful, so F’ ~ O.
Since

L(s) ® W ~ (L ® W)(s) ~- (w(dim(L)))(s) ~- W(dim(L(~)))

and we can replace L by L(~). We have reduced to the case L ~- F~ @ E’.
Denote t = dim(L). Since L ® W -~ (t), we o btain t hat

F(t) @ E(t) ~- (L ® F) ~ (L ® (7.9)

Since F is free, say F _~ B(q), we see that

L ® F ~- L ® B(~

’ ~- (L ® B)(q)

~ (B(dim(L)))(q) (by Proposition 7.2.2)
,.~_B(tq)

_’~ F(t)

Equation (7.9) and the Krull-Schmidt theorem imply now that E(t) ~- L~E.
If E ~ 0 we have that

L ® E (F’ ® E) (E’ ® 

Proposition 7.2.2 tells then that F’ ® E is nonzero and free, hence it is
faithful, and then so is E(~), a contradiction. This shows that E = 0 and
then W is free. |

Lemma 7.2.8 If any finite dimensional M E I~.M is free as a B-module,
then any object M ~ ~A4 is free as a B-module.
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Proof: We first note that any nonzero M E ~g2t4 contains a nonzero
finite dimensional subobject in the category sHAd. Indeed, let N be a fi-
nite dimensional nonzero H-subcomodule of M (for example a simple H-
subcomodule). Then BN is a finite dimensional subobject of M in the
category SHAd. For a nonzero M E sHAd we define the set 5r consisting of
all non-empty subsets X of M with the property that BX is a subobject
of M in the category SHAd, and BX is a free B-module with basis X. By
the first remark, ~" is non-empty. We order 5c by inclusion. If (Xi)~ei
is a totally ordered subset of ~’, then clearly X = t&e~X~ is a basis of
the B-module BX, and BX = ~ BX~ is a subobject of M in SHAd,
so X G ~’. Thus Zorn’s Lemma applies and we find a maximal element
Y G ~’. If BY 7~ M, then M/BY is a nonzero object of sHAd, so it contains
a nonzero subobject S/BY, where BY C_ S C_ M and S G sHAd. Let Z be
a basis of S/BY and Y’ C_ S such that ~r(Y’) = Z, where ~r : S -~ S/BY
is the natural projection. Then S is a free B-module with basis Y U Y~, so
Y U Y~ ~ ~’, a contradiction with the maximality of Y. Therefore we must
have BY = M, so M is a free B-module with basis Y. |

Theorem 7.2.9 (Nichols-Zoeller Theorem) Let H be a finite dimensional
Hopf algebra and B a Hopf subalgebra. Then any M e sHAd is free as
a B-module. In particular H is a free left B-module and dim(B) divides
dim(H).

Proof: Lemma 7.2.8 shows that it is enough to prove the statement for
finite dimensional M E ~HAd. Let M be such an object. Since H is
finitely generated and faithful as a left B-module, and from Proposition
7.2.1 H ® M ----- M(dim(H)) as B-modules, we obtain from Proposition 7.2.7
that M is a free B-module. The last part of the statement follows by taking
M=H. |

Corollary 7.2.10 If H is a finite dimensional Hopf algebra, then the order
of G(H) divides dim(H). 

As an application we give the following result which will be a fundamen-
tal tool in classification results for Hopf algebras. If H is a Hopf algebra,
we will denote by H+ = Ker(e), which is an ideal of H. A Hopf subalgebra
K of H is called normal if K+H = HK+.

Theorem 7.2.11 Let A be a finite dimensional Hopf algebra, B a normal
Hopf subalgebra of A, and A/B+ A the associated factor Hopf algebra. Then
A is isomorphic as an algebra to a certain crossed product B#~A/B+A.

Proof: We prove the assertion in a series of steps.
Step I. B+A is a Hopf ideal of A.
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It is clearly an ideal of A. Since ~ = (~ ® s)A, if b E Ker(a), then A(b) 
Ker(~ ® ~) = + ®B + B ® B+, soB+Ais a lso a coi deal. Final ly, since
S(B+) C_ B+, it follows that the antipode stabilizes B+A.
Step II. A becomes a right H-comodule algebra via the canonical projection
~ : A ~ H = A/(B+A), and B = Ac°H.
The canonical inclusion i : B -~ A is a morphism of left B-modules, and
since BB is injective (B is a finite dimensional Hopf algebra), i splits, i.e.
there exists a left B-module map 0 : A -~ B with 0i = IB. Let

Q:A--~A, Q(a)=ES(al)iO(au).

We show that Q(B+A) = 0. Indeed, if b ~ B anda ~ A, then

Q(ba) = ~S(blal)iO(b2a2)

= E S(al)S(b~)b2iO(a2)

= ¢(b) ES(al)iO(a2) 

It follows that there exists Q : H
Thus from Y~a~Q(a2) = i~(a) we
aGAc°u,i.e. ~a~®rr(a2)--a®

~ A a linear map such that Q~r = Q.
deduce that ~al-~r~(a2) =,iO(a). Let
~r(1). Then

ie(a) = E a~-~(au)

=
= M(I ® Q)(a ~r (1))

= aQ~r(1)

= aQ(1) = 

so a = iO(a) ~ B. Conversely, ifb E B, then fi’om ~b~®b2 = b®l+
Eb~ ® (bu - s(b2)l) we obtain that Eb~ ® ~’(b2) = b®~r(!), b ~ A~°H.

Step III. The extension A/B is H-Galois.
Recall from Example 6.4.8 1) that the canonical Galois map

~:A®A---~A®A, ~(a®b)=Eab~®b2

is bijective with inverse /3-~(a ® b) Y~.aS(bl) ® b=If Mdenotes the
multiplication of A, then if we denote

K = (M®I-I®M)(A®B®A),
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we have ~(K) = A® B+A. Indeed, if a,.a ~ E A, b ~ B, and x = ab® a’ -
a ® ba~ ~ K, then

Z(x) = i ®a;-ab ai
= E(ab al ® e(be)a - ab i ®bea )
= ® -

which is in A ® B+A, since ¢(b)l - b ~ + f or a ll b ~ B.Conversely, for
a,a~ ~ A, b E B+, we have

~-l(a ® ba’) 

= E aS(blab1) ® b2a~2

= EaS(a~l)S(b~) ®b2a~2

= ~(aS(a’~)S(b~) ® b~a’~ - aS(a’~) ® S(bl)b~a’~)

= (M ® I- I® M)(EaS(al) ® S(bl) ® b2a’2) 

Now Z induces an isomorphism from (A®A)/K ~- A®B to (A®A)/(A®
B+A) ~- A ® H, which is exactly the Galois map for the extension A/B.
Step IV. We have that A ~- B®H as left B-modules and right H-comodules.
Recall first the multiplication in the smash product A#H*:

(a#h*)(b#g*) = E abo#(h* ~ bl)g*,

where (h* --- x)(y) = h*(xy). It follows that B®H* is a subring of A#H*.
We know from Nichols-Zoeller that BA is free of finite rank. Applying the
same to A°p, we get that BopA°p is free, then using the algebra isomorphism
S : B°p -~ B it follows that A°Bp is free, and thus As is free (with the same
rank as BA). Denote by l the rank of AB. Since the extension A/B is
Galois, the map

can:A®BA---~A®H, can(a®b)=Eabo®bl (7.10)

is an isomorphism of A - B-bimodules, and hence we have that A(~) ~

(B~) ®S A)B TM (A ®~ A)B ~ (A ® H)B ~- A(~n). By Krull-Schmidt we get
l = n, i.e. AB is free of rank n -- dim~(H).
By the above, we have that t~A is also free and rank(BA) = n. Now, A
has an element of trace 1. Indeed, if t ~ H* is a left integral, and h ~ H is
such that t(h)l = r(1) hl t( h2), thenan el ement a ~ A with~r(a) =
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is an element of trace 1:

t . a = E t(~(a2))al

= Et(~(al))f(~(a2)) is a l ef t inv erse for 4)

= Et(~(a)~)f(~(a)2)

= Et(hl)f(h2)

= f(Et(h~)h2)

= f(~r(1)) 

The extension A/B is also Galois, so the categories B.A4 and AA4H are
equivalent via the induced functor A ®B -. If P1, P2,...,Ps are the only
projective indecomposables in ~,~4 it follows that A®s P~, A®B Pa,...,A®s.
Ps are the only projective indecomposables in n2~4H --- A#H*2~4. Write

Now A#H* is projective in AJ~H SO

A#H* ~- (A ®~ p~)ll ~) (A ®B P~)t: ~... (A ®B (7.11)

in this category, and in particular as left A-modules. But A#H* ~- A~ as
left A-modules, and again from this and from (7.11) we get as above that
li = nki and so

A#H* ~- A"~ (7.12)

as left A#H*-modules, therefore as left B ® H*-modules.
We have now that

A ® H* ~- A#H* (7.13)

as left B ® H*-modules, via

¢:A®H*---~A#H*, ¢(a®h*)=Eao®h*~a~.

Now it is clear that ¢ is bijective with inverse

¢-!:A#H*__~A®H*, ¢-l(a#h*)=Ea0®h*~S-l(a~),

and ¢ is left B ® H*-linear because

¢((b®g*)(a®h*)) = ¢(ba®g*h*)

Ebao#(g*h*)~al

-= Eba°#(g* ~ al)(h* ~ a2)

= (b®g*)(~ao#h* ~ a,) = (b®g*)¢(a®h*).
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Since BA is free of rank n, we get from (7.13) that

A#H* ~_ (B ® H*)n

as left B ® H*-modules. Combining this with (7.12) we obtain that

An ~- A#H* ~- (B ® H*)n (7.14)

as left B ® H*-modules.
Since B ® H* is finite dimensional, we can write

an indecomposable decomposition. Now A#H" A is projective, A~H* is free
over B ® H*, so A is also projective as a left B ® H*-module. Thus

~ left B ® H*-modules. By (7.14) we have now

s ,n . . . pf, 
as left B ® H*-modules, so by Krull-Schmidt we obtain that ki = ti, f =
1,...,s, i.e. A-~ B®H* as left B®H*-modules. But H* ~ H as left
H*-modules by Theorem 5.2.3, so A ~ B ® H as left B-modules and right
H-comodules.
The result follows now from Theorem 6.4.12. |

7.3 Matrix subcoalgebras of Hopf algebras

We say that a k-coalgebra C is a matrix coalgebra if C ~- Me(n, k) for
some positive integer n. This is equivalent to the fact that C has a basis
(c~j)l<~,j<=, with comultiplication A and counit z defined by

= ® =
l<_p<n

for any 1 < i,j < n. A basis of C for which the comultiplication and
the counit work as above is called a comatrix basis of C. Of course, a
matrix coalgebra might have several comatrix bases. Let C be a matrix
coalgebra, and we fix a comatrix basis (cij)~<id<= of C. We know (see
Exercise 1.3.11) that C* ~- M=(k), the matrix algebra, where the matrix
units of C* are the elements (Eii)~<i,j<n C_ C* defined by E~j(c~) = ~i~j~.
We identify C* and M,~(k), in particular we can consider the trace Tr(c*)
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of an element c* E C*, which is the sum of the coefficients of all Ei~’s in the
representation of c* in the basis (Eij)l<_i,j<_n of C*. We define a bilinear
form ( t ) : C × C --~ k by (coIcrs) = 6~s6jr for any 1 < i,j,r,s < n.
This form induces a linear morphism ~ : C --* C* by ~(c)(d) = (cld) for
any c,d ~ C. We clearly have that ~(co) = Ej~ for any i,j, thus ~ is an
isomorphism of vector spaces.

Lemma 7.3.1 For any c, d ~ C we have that:

(i) (cld) = Tr(~(c)~(d)).

{ii) e(c) = ~=l,n(clc~) = Tr(~(c)). 

Proof: (i) It is enough to check the formula for elements of a basis of 
i.e. we have that

= Tr(E Esr)
= 6~Tr(Ei~)

=
’ (ii) Again we check on elements of the basis. We have that ¢(cj~) 

i:l,n i:l,n

and Tr(((cj~)) : Tr(E~j) which ends t he pr oof.
Since ( is a linear isomorphism, we c~n transfer the k-algebr~ structure

of C* = M~(k) on the sp~ce C. Thus C becomes an Mgebra with the
multiplication ~ defined by

c o d : (-~(((c)((d))

for any c, d 6 C. In particular we have that

o :
=
= 6isCrj

The identity element of the algebra (C, o) is (-1 (~{=~,n E{{) ~{=~,n c{{.
We denote Xc : ~=~,~ c{{. Note that (C, o) is the unique algebra structure
on the Space C making ( ~n ~lgebr~ morphism. In order to avoid confusions
(for eg. in the situation where C is ~ subcoalgebra of a Hopf algebra, and
there exists already a multiplication on elements of C) we will denote by
c(~) the element c o c o ... o c (c appears r times), and by (-~) the i nverse
of an invertible c in (C, o). We need a set of formulas.
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Lemma 7.3.2 Let c, d, e E C. Then the following formulas hold.
(i) (cld) = (dlc).
(ii) c o d = ~(cl Id)c2 = ~(cld2)dl.
(iii) (cld) = e(c 
(iv) (xly o z) = (x o ylz) = (c o for any cyclic permutation {x, y, z}of
the set {c, d, e}.
(v) (c o ) =

Proof: We use for the proof the well known commutation formula for
traces Tr(AB) = Tr(BA) for any matrices A, B ~ Mn(k).
(i) (cld) = Tr(~(c)~(d)) = Tr(~(d)~(c)) 
(ii) It is enough to check for basis elements. Take c =cii and d -- c~.
Then c o d = 5isc~j and

p=l~n

= E ~is~prCpj
p=l,n

~- 5isCrj

The second formula can be proved similarly.
(iii) Apply e to (ii) and use the counit property.
(iv) We have that

(~ly ° z) = T~(~(~)~(y ~)

: Tr(((x)((y)((z))

= Tr(((c)((d)((e)) (by the commutation formula for traces)

: (codle)

The other equality follows now from (i).
(v)

~(cle~)(dle2)
= (cldoe) (by(i/))

= (codle) (by (iv))

We prove now a Skolem-Noether type result for C.

Proposition 7.3.3 Let ¢ : C -~ C be a linear morphism. Then ¢ is
a coalgebra morphism if and only if there exists t ~ C, invertible in the
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algebra (C, o), such that ¢(c) = t (-1) o c o t for any c E C. Moreover, in

this case we have that Tr(¢)= ~(t)~(t(-1)).

Proof.’ We transfer the problem to the dual algebra of C (which we iden-
tiffed with M,(k)), then use Skolem-Noether theorem there and transfer
it back. Thus we have that ¢ : C ~ C is a coalgebra morphism if and
only if ¢* : C* ~ C* is an algebra morphism. By using Skolem-Noether
theorem, this is equivalent to. the existence of some invertible T E C* such
that ¢*(c*) Tc*T-1 for an y c* E C*, which appl ied to a n e lement c ~ C
means that

c*(¢(c)) T(cl )c*(c2)T-I(c3)

for any c* 6 C*. This is equivalent to

¯ ¢(c) ET(Cl)T-I(ca)c2

Let t = ~-I(T), which is an invertible element in the algebra (C, o). Since
T(d) : ((t)(d) : for an y d 6 C, the proof o f the equival ence in the
statement is finished if we show that for an invertible t in (C, 0) and 
element c 6 C we have that

E(tlcl)(t(-~)lc3)c~ ---- t (-1) o c o t

This is equivalent to

~(E(tlc~)(t(-1) Ic3)c2) (-~) o c ot)

which applied to some d E C means that

But

E(tlc~)(t(-~)lc3)(c21d) = (t (-~) o c o ttd)

E(tlc~)(t(-1)lc3)(c2]d ) = E(tlcl)(dlc2)(t(-1)lc3):

= E(t o dtcl)(t(-~)lc~) (by Proposition 7.3.2(v))

= (t o d o t(-1)tc ) (by Proposition 7.3.2(v))
= (t (-~) o c ~ tld) (by Proposition 7.3.2(iv))

which is what we wanted. For the second part, if ¢ is a coalgebra morphism,
we have showed that

¢(C~y) -- (-~) oc~y o t - ~ (t lc~)(t(-~)lcqy)cp~
l <_p,q<~n
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for any i and j, and this shows that

Tr(¢) = E (tlc~)(t(-1)lcjj)
l ~_i,j ~_n

= e(t)e(t(- 1))

|
The bilinear form ( I ) was defined in terms of the comatrix basis

(c~j)l_<~,j<n of the matrix coalgebra C. At this point we are able to show
the following.

Corollary 7.3.4 The bilinear form ( I ) : C × C -~ k does not depend 
the choice of the comatrix basis (cij)l_<i,j<n.

Proof: Let (c~j)l<~,j<,~ be another comatrix basis of C, and let [ , ] 
the bilinear form defined by (C~j)l<_i,j<_n. Then the linear map ¢ : C -~ C
defined by ¢(c~y) = c~j for any i, j is a coalgebra morphism, so we can apply
the previous proposition and find an element t invertible in (C, o), where 
is the multiplication defined on C by the form ( I ) associated to the basis
(c~y)~<~,~-<,~, such that ¢(c) (-~) o c o t for any c E C.Inpartic ular we
have that c~j = t (-~) o c~j o t for any i,j. Then

(c~ylc’rs) = (-~) o c~y o t[t(-1) o c~s o t)

= (c~jlcrs) (by Proposition 7.3.2(iv))

= (c jlc 

which shows that (I) = [I 
Remark 7.3.5 An immediate consequence of the corollary is that the map
~ and the algebra structure (C, o), in particular the identity element of this,
do not depend on the choice of the comatrix basis (cii)~<_i,j<_,~. Thus we can
regard the element Xc as a distinguished element of the matrix coalgebra
C, no matter what comatrix basis we choose in C. |

Let H be a Hopf algebra which has a nonzero left integral A E H*.
We know that the map ¢ : H -~ H*, ¢(h) = A ~ h, is an isomorphism
of right H-Hopf modules (Theorem 4.4.6). Since ¢ is a morphism of right
H-comodules, it is also a morphism of left H*-modules, which means that
for any h ~ H and p ~ H* we have

A~(p~h) =p(A~h) (7.15)
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If we apply (7.15) to an ’element a E H we obtain that

Ep(al))~(a2S(h)) = Ep(h2))~(aS(hl))

which can be rewritten as

)~((a ~ p)S(h)) = )~(aS(p (7.16)

Lemma 7.3.6 Let H be a Hopf algebra with antipode S, )~ ~ H* a left inte-
gral, and C, D subcoalgebras of H such that CAD = O. Then )~(cS(d)) 
for any elements c ~ C, d ~ D.

Proof: Take X a linear subspace of H such that H = C @ D @ X, and
pick p ~ H* such that the restriction of p to D is 0 and the restriction of p
to C is e. Then for c ~ C,d E D we have that

;~(cS(d)) = ~((c ~ p)S(d))
= ,k(cS(p ~ d))

= 0

(by formula (7.16))

|
We know that a cosemisimple Hopf algebra has nonzero integrals, so it

has a bijective antipode. The next result gives more information about the
antipode.

Theorem 7.3.7 Let H be a cosemisimple Hopf algebra with antipode S.
Then S~(C) = C for any subcoalgebra 

Proof: Exercises 5.5.9 and 5.5.10 guarantee the existence of a left integral
,~ ~ H* with ~(1) = 1, and moreover )~S = ,~. The existence of a nonzero
integral shows that the antipode is bijective. Since any nonzero subcoal-
gebra is a sum of simple subcoalgebras (see Exercise 3.1.6), it is enough
to prove that $2(C) = for an y si mple su bcoalgebra C. Indeed, if C is
simple, then S:(C) is a simple subcoalgebra of H, since S2 is an injective
morphism of coalgebras. Then we have either $2(C) = C or C;3S2(C) = 
If we were in the second situation, then for any d, ~ ~ C we would have

)~(S2(c)S(d)) fr omLemma7.3.6. But

A(S2(c)S(d)) = A(S(dS(c)))
= (,kS)(dS(c))
= ~(dS(c))
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so we obtain that A(dS(c)) = 0 for any c, d E C. In particular for any c E C
we have

= ~(~(c)1)
= ~
= 0

which implies that C = 0 (from the counit property), a contradiction. 
remains that $2(C) = C. 

Proposition 7.3.8 Let H be a Hopf algebra with antipode S, A ~ H* a
left integral, C C_ H a matrix subcoalgebra with comatrix basis (cij)l <i,j<n.
Then the following assertions hold.
(i) If i # j, then A(ci~S(csj)) = 0 for any 
(2) A(ci~S(csi)) = ~(cj~S(csi)) for any 

Proof: Let X be a linear complement of C in H. We first note that for
c,d E C we have that ~-~(clld)c2 = c ~ p, where p ~ H* is defined by
p(h) = (hid) for h ~ C and p(h) = 0 for h ~ X. Then by Lemma 7.3.2(ii)
we obtain co d = c ~ p. Similarly co d = q ~ d, where q(h) -- (hlc) for
h E C and q(h) = 0 for h ~ X. Let now pick some 1 _< i,j,r,v,s _< n, and
take p ~ H* such that p(h) = (htcjv) for h ~ C and p(h) - 0 for h ~ X.
Then

~((ci~ o ¢~v)s(~))= ~((c~ ~ p)S(c~))
= A(ci~S(p ~ c~j)) (by (7.16))
= ~(c~(~¢. o c~))

Use now ci~ o cj~ = 5ivCjr and Cjv o c~j = Csv and obtain

6~(~S(e~j)) 

For v = j we obtain

&~(c~S(c~A) = ~(~8(~s~))

which for i ¢ j shows relation (1).
For v --- i we obtain relation (2). |

Theorem 7.3.9 (The orthogonality relations for matrix subcoalgebras) Let
H be a Hopf algebra, ~ ~ H* a left integral, and C, D matrix subcoalgebras
of H. Then A(XcS(XD)) = ~C,DA(1).
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Proof: If C # D we apply Lemma 7.3.6 to the elements Xc

XD ~ D and find that A(XCS(XD) ) : O.

If C = D, then

~(x~S(xc)) 
l ~_i,j~n

: E A(ciiS(ci~)) (by Proposition 7.3.8(1))
l_~n

= E A(CliS(c~l)) (by Proposition 7.3.8(2))
l(i<n

= A(~(cl~)l)
= l(1)

and

¢(c o d) : A(cS(d)) (7.17)

Then

¢(c o d) : ~(~S(d))
= ~S(cS(d))
: A(SZ(d)S(c))
: A((t(-~) odot)S(c))
= %b(t(-1) odotoc) (by (7.17))

For further use we need the following.

Lemma 7.3.10 Let H be a cosemisimple Hopf algebra, I ~ H* a left in-
tegral, and C a matrix subcoalgebra of H. Let t E C an invertible element
in (C, o) such that S2(c) =t (-1) ocotforanycEC. Then a(t) ~ 0 and
e(t(-~) # O.

Proof: Let X be a linear complement of C in H, and define ¢, ¢ ~ H* by
¢(h) = A(XcS(h)) for any h ~ H, ¢(h) = (tth) for any h ~ C and ¢(h) = 
for any h G X. Let c E C and p ~ H* such that p(h) = (hlc) for h ~ C and
p(h)=Oforh~X. We have seen thatp~d=codandd~p-docfor
any d G C. Then for any d E C we have

¢(cod) = A(xcS(cod))

= A(XcS(p ~ d))

: A((Xc ~p)S(d)) (by (7.16))

: ~,((~c o ~)S(d))
: ~(~S(d))

We have showed that for any c, d ~ C we have that
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This means that ¢ is zero on the space V spanned by all cod-t(-1) odotoc
with c, d E C. On the other hand

¢(t(-1) o d o t o c) = (tit(-1) o d o t o c)
= (rico d) (by Lemma 7.3.2(iv))

= ¢(co d)

so ¢(Y) 0.
Let C* ~- M,,(k). Since codim(< AB-BAIA,
by transferring this fact via the isomorphism ~ : (C, o) -~ M~(k), we obtain
that codlin(< co d- do.clc, d ~ C >) = 1 in C (by < S > we denote 
linear subspace spanned by the set S). Since t is invertible in (C, o), this
implies that codim(< (t o c) o d - d o (t o c)lc, d ~ C >) = 1 in C, and then
codim(< t(-~)(tocod - dotoc)lc, d ~ C >) = 1 in C, which means that
the codimension of V in C is 1.
Since t ~ 0 we have that ¢ ~ 0 (otherwise the image of t in C* through the
isomorphism ~ would be zero). Since both ¢ and ¢ are zero on V, we obtain
that there exists c~ E k such that ¢ = ~¢. The orthogonality relation shows
that ¢(Xc) A(xcS(xc)) = 1. But

¢(xc) 

so 1 = as(t), which implies that e(t)
regard everything in the Hopf algebra

(tic.)
~_<~<n

~ O. To obtain that e(t(-I)) ~ 0 we
H°p,c°p, where t is replaced by t(-1).

7.4 Cosemisimplicity, semisimplicity, and the
square of the antipode

In this section H will denote a finite dimensional Hopf algebra and A ~ H*
a left integral, ¢ : H --* H*, ¢(h) = A ~- h, the isomorphism of right
H-Hopf modules. We recall from the previous section that for any h E H
and p e H* we have (formula (7.15))

A ~ (p ~ h) = p(A ~ 

and for any a, h ~ H and p ~ H* we have (formula (7.16)

A((a ~ p)S(h)) -= A(aS(p 



7.4. SEMISIMPLE AND COSEMISIMPLE HOPF ALGEBRAS 311

Let A = ¢-1(¢). For any p E H* we have that

p = p~ =- pC(A) = ¢(p -~ 

thus ¢- ~ (p) = p ~ A for any p E H*. If we apply the equality ¢- 1 ¢ = Id to
an h E H, we obtain that h = (/~ ~ h) ~ A, which in particular for h = 
shows that A ~ A = 1, and then if we apply ~ we obtain that A(A) = 1. 
we apply the’ relation ¢¢-1 = Id to e we find that A ~ A = ~.
On the other hand for any h E H we have that

¢(Ah) = ¢(A)~h

= 5(h)~

= ¢(~(h)A)

showing that Ah = ~(h)A. Thus A ~ H is a right integral.

For any q ~ H* we denote by R(q) : H* --~ H* the linear morphism
induced by the right multiplication with q, i.e. R(q) (p) = forany p ~ H*.
We also denote by ~ : H* ® H --* End(H*), ~(q ® h)(p) = for an y
p,q ~ H*, h ~ H. Then ~1 is a linear isomorphism (Lemma 1.3.2). With
this notation equation (7.15) can be written R(A h)( p) = ~?( (A ~
hi) ® h2)(p), 

R(A ~ h) = ~’~ ~((~ ~ h~)® h2) (7.18)

If f : H ~ H is a linear morphism, denote by f* : H* ~ H* the dual
morphism of f. Then for any p, q ~ H*, a, h ~ H we have

((~(q®h) o f*)(p))(a) = (~(q®h)(pf))(a)

= (pf(h)q)(a)

= p(f(h))q(a)

= ((~(q ® f(h)))(p))(a)

so ~(q ® h) o f* = ~(q ® f(h)), which combined with the relation (7.18)
shows that

R(A ~ h)o f* = E~((A ~ h~)® f(h2)) 

We recM1 that for a finite dimensional vector space V with basis (v~)~<~<~
and dual basis (v~)~<~<~ in V*, the trace of a linear endomorphism u : V 
V is

=
l~i<n
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This does not depend on the choosen basis of V, and in fact it is just the
trace of the .matrix of u in the basis (v~)l<~<_,~. In particular, the fact that
Tr(AB) = Tr(BA) for any A,B E Mn(k) shows that Tr(uv) = Tr(vu) for
any u, v ~ Endk (V). For the dual morphism u* : V* --* V* we obtain

Tr(u*)
i=l,n

l<i<n

= Tr(u)

In particular, if q ~ H* and h ~ H we have that

Tr(~(q ® h)) = ®
l<i<n

= E (v~(h)q)(v~)

= q(
l~i~n

= q(h)

thus

Tr(~(q ® h) ) = (7.20)

If we write equation (7.19) for h = A and use the fact that R(¢) Id,
we obtain

f* = E~((A ~ A1)®/(h~)) (7.21)

Equation (7.21) shows by using (7.20) 

Tr(f) = Tr(f*) = (A ~ A1)(f(A2)) -- E/k(f(A~)S(hl)) 

We are able to prove now an important result characterizing semisimple
cosemisimple Hopf algebras.

Theorem 7.4.1 Let H be a finite dimensional Hopf algebra with antipode
S. Then H is semisimple and cosemisimple if and only if Tr(S~) ~ O.
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Proof: We have that

Tr(S2)

SEMISIMPLE AND COSEMISIMPLE HOPF ALGEBRAS 313

=

= E ~S(AIS(A2))

=
=

This ends the proof if we use the facts that H is semisimple if and only if
s(A) # 0 (Theorem 5.2.10) and H is cosemisimple if and only if A(1) 
(Exercise 5.5.9). 

We define for any h E H and p E H* the linear morphisms l(h) : H -~ 
and l(p) : H -~ by

l(h)(a) = ha, l(p)(a) 

for any a G H. We have that

Tr(l(h) ~ o l (p) ) =

We have obtained

(by (7.22))

Tr(l(h) ~ o l (p)) = A(h)p(A) (7.23)

Exercise 7.4.2 Show that l(p)* = R(p) for any p ~ H*. In particular
Tr(l(p)) 

Let us consider the element x ~ H such that

p(x) = Tr(l(p)) = Tr(R(p))

for any p ~ H*. Such an element x exists and is unique. Indeed, if i : H -~
H** is the natural isomorphism, and h** E H** is defined by h**(p) 
Tr(l(p)) for any p ~ H*, we just take x = i-l(h**).

Exercise 7.4.3 Show that if S2 = Idand H is cosemisimple, then x is a
nonzero right integral in H.
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Lemma 7.4.4 We have that Tr(l(x) S2) -- A(1)z(A) = Tr( S2).

Proof: If we write (7.19) for f = Id we obtain

Then for any h E H

(~ ~ h)(x)

We obtain

= Tr(R()~ ~ h)) (definition of x)

= Tr(E~((A ~ hi)®h2)) (by (7.19))

= ~(~ 
= ~(~(~1))

(~ ~ h)(x) = E £(h2S(hl)) (7.24)

For h = 1, this shows that A(x) -- ~(1). We use now (7.23) for h = 
p = ~ and obtain

Tr(l(x) 2)= ~(x)~(h)
= A(1)s(A)

= Tr(S~)

Lemma 7.4.5 The following formulas hold:

5) ~ Xl ® z2 = ~ x2
(ii) x2 = dim(g)x 
5ii) s2(z) = 
(iv) Tr(S~) = dim(g)Tr(S~xg).

Proof." (i) Let ¢ : H* ®H* -+ (H®H)* be the linear isomorphism defined
by ¢(p®q)(g®h) = p(g)q(h) for any p,q e H*, g,h e g. Then for proving
that ~ x, @ x2 = ~ xa @ x~ it is enough to show that

¢(p ~ q)(~ Z, ~ X2) : ¢(p ~ q)(~ 2 ~ Xl )

for any p, q ~ H*. This can be seen as follows

¢(~q)(~x~z:) = (~)(x)

= Tr(l(pq)) (by the definition of x)

= T~(t(~) ~(q))



7.4. SEMISIMPLE AND COSEMISIMPLE HOPF ALGEBRAS 315

(ii) For any h E H we have that

(~- h)(x~) =

Tr(l(q) o l(p))

Tr(l(qp))

(qp)(x)
¢(p ® q)(~, x2 ® x, 

(~ ~ hS-~(x))(x)
E/~(h2~q-l(xl)~q(hl~-l(x2)))

~ ~(~s-~ (x,)~2 s(~, 
~A(heS-’(x~)x,S(h,)) (by (i))

~(~)(~ ~ ~)(z) (b~ 
(~ ~ h)(~(~)z)

for any h E H. Since H* = {~ ~ hlh E: H} we obtain that ~ = ~(x)x. On
the other hand

which completes the proof of (ii).

= T~q(~))
= Tr(IdH)

= dim(H)

(iii) Let p E H* and h ~ H. We have that

l(po Se)(h) : (po 2) ~

:

= ~s-~(~(s~(~2))s~(~,))

= S-~(~(~)(S~(h)))
= (S-~ o ~(~) o S~)(h)

thus l(p o ~) =S-~ o l( p) o ~.Thenfor a ny pE H*wehave

p(S~(x)) (~ 
= Tr(l(p o 8~)) (definition of z)
= T~(S-~ o t(p) o ~)
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= Tr(S2 o S-2 ol(p))

= Tr(l(p))
=

which shows that S2(x) = 
(iv) Let T l( x) o 2. We knowfrom Lemma7.4.4 that Tr(T) = Tr(S
We have that

T(xh) = (l(x) o S2)(xh)

= xS2(xh)

= xS2(x)S2(h)

= x S (h)
= dim(H)xSe(h)

= dim(g)S2(x)S~(h)

= dim(H)S2(xh)

which shows that TIxH = dim(H)S~xH. Since obviously Ira(T) c_ xH, we
can regard T~H as a linear endomorphism of the space xH, and then

Tr(T~H) = dim(H)Tr(S~xH)

But since Ira(T) C_ xH, we have that Tr(T) = Tr(TI~H), so we obtain

Tr(S~) = Tr(T) = Tr(Tl~g ) = dim(H)Tr(S~xH)

Theorem 7.4.6 (Larson-Radford) Let k be a field of characteristic zero
and H a finite dimensional Hopf algebra over k, with antipode S.The

.following assertions are equivalent.
(i) H is cosemisimple.
(ii) H is semisimple.
(iii) 2 =Id.

Proof: (iii)=~(i) and (iii)=~(ii) follow directly from Theorem 7.4.1 
Tr(S2) = Tr(Id) = dim(H).
(i)~(ii) We first use Exercises 4.2.17, 5.5.12 and 5.2.13 to reduce to 
case where k is algebraically closed. Let C be a matrix subcoalgebra of
H. We know that $2(C) = C (Theorem 7.3.7) and that there exists 
invertible t in the algebra (C, o) such that S~(c) = (-1) ocot for a ny cE C
(Proposition 7.3.3). Let r be the order of 2 ( which i s f inite b y Theorem
7.1.7). Then c = S2r(c) (- r) ocot(~) forany c E C,sot(r ) i s in the
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center of the algebra (C, o). Taking account of the algebra isomorphism
~ : C -~ M,~(k) we have that the center of (C, o) is k)~c, thus t(
for some c~ E k. Since t is invertible we have that o~ ¢ 0, and then replacing
t by ~@t (which still verifies $2(c) = t (-1) o c o t), we can assume that

t (r) = Xc. Then ~(t)r = I, the identity matrix, so the minimal polynomial
of ~(t) divides ~ -1, andhence it h as onlysimple roots . This implies that
the matrix ~(t) is diagonalizable with eigenvalues r-th roots of unity. Since
k has characteristic zero we may assume that the field of rational numbers
Q c_ k, and then, since k is algebraically closed, that the field Q (regarded
as a subfield of the complex numbers) is contained in k. Since the inverse
of a complex root of unity is the conjugate of that root, we obtain that
~(t (-1)) is diagonalizable with eigenvalues the (complex) conjugates of the
eigenvalues of ~(t). In particular

Tr(~(t(-~)))Tr(((t)) = Tr(~(t))Tr(((t)) R+

Proposition 7.3.3 tells that

Tr(S~c) = e(t)e(t (-1)) = Tr(((t(-~)))Tr(~(t))

On the other hand e(t),e(t (-1)) ¢ 0 by Lemma 7.3.10, so Tr(S~c) > O.
We conclude that Tr(S~) is a sum of positive numbers, singe H is a direct
sum of matrix subcoalgebras, so Tr(S~) > 0. In particular Tr(S2) ¢ 0,
showing that H is semisimple.
(ii)=~(i) If H is semisimple, then H* is cosemisimple, and by (i)i:*(ii) 
obtain that H* is semisimple, so H is cosemisimple.
(i)=~(iii) Let H be cosemisimple. So H is also semisimple and then 
distinguished grouplike elements Of H and H* are1 and s (by Remark
7.1.1). Using the formula of Theorem 7.1.6 we obtain 4 =Id . Then S
is diagonalizable and any eigenvalue of S~ is either 1 or -1. It follows
that Tr(S~) <_ dim(H). We have already seen that Tr(S~) > 0. ~On the

other hand Tr(S~) = (dim(H))Tr(S~:~H) by Lemma 7.4.5, which shows
that dim(H) divides Tr(S~). Since 0 < Tr(S~-) <_ dim(H), we must have
Tr(S~) = dim(H), and this forces allthe eigenvalues of 2 t o be e qual t o
1. We obtain S~ = Id. |

Exercise 7.4.7 Let k be a field of characteristic zero and H a semisimple
Hopf algebra over k. Show that a right (Or left) integral t in H is cocom-
mutative, i.e. ~ t~ ® t~ = ~ t2 ® t~.

Exercise 7.4.8 Let k be a field of characteristic zero and H be a finite
dimensional Hopf algebra over k. Show that:
(i) If H is commutative, then H ~- (kG)* for some finite group 
(ii) If H is cocommutative, then H ~- kG for a finite group 
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Exercise 7.4.9 Let H be a finite dimensional Hopf algebra over a field of
characteristic zero, and let S be the antipode of H. Show that S has odd
order if and only if H ~- kG, where G = C2 x C2 × ... × C2, and in this
case S -- Id, so the order of S i~ 1.

7.5 Character theory for semisimple Hopf al-
gebras

In this section H will be a semisimple Hopf algebra over an algebraically
closed field k of characteristic 0. Let V ̄  HJ~ be a finite dimensional
H-module with basis (vi)l<i<n and dual basis (v~)~<i_<,, in V*. We 
regard V as a representation of the algebra H, i.e. an algebra morphism
p: H --+ Endk(V), defined by p(h)(v) = for any h ¯ H,v ¯ Y.Then
the character x(V) of the H-module V is defined to be the character of the
representation p. This means that x(V) H*, x( Y)(h) = Tr(p(h)) for an y
h ¯ H. In terms of the choosen basis we have

x(V)(h) = v;(hv0
l<i<n

Exercise 7.5.1 Let V, W E H./~ be finite dimensional. Then x(V~W) 

x(Y) + x(W) and x(V ® W) = x(V)x(W).

The antipode S of H can be used to construct a left H-module structure
on the dual of a left H-module. If V E g./~ is finite dimensional, then
V* = Homk (H, k) has an induced structure of a right H-module and then
we transfer this action to the left by using the antipode. We obtain that

hv*(v) = v*(S(h)v)

for any h ~ H, v* ~ V*, v ~ V.

Exercise 7.5.2 Show that for a finite dimensional V ~ H~ we have
x(V*) = S*(x(V)), where S* is the dual map 

Proposition 7.5.3 1) If f : V ~ W is a mo~hism of finite dimensional
le~ H-modules, then f* : W* ~ V* is a mo~hism of le~ H~modules.
~) I] V is a finite dimensional le~ H-module, then V** ~ V as le~ H-
modules.

Proof." 1) Let h ¯ H, w* ̄  W* and v ~ V. Then

f*(hw*)(v) = (hw*)(f(v))



7.5. CHARACTER THEORY 319

= w*(S(h)f(v))

= w*(f(S(h)v))

= f*(w*)(S(h)v)

= (hf*(w*))(v)

2) We show that the natural linear isomorphism i : V -~ V** defined by
i(v)(v*) = v*(v) for any v E V,v* ~ V*, is also a morphism of left H-
modules. Indeed, we have that

(hi(v))(v*) = i(v)(S(h)v*)

= (S(h)v*)(v)

= v*(S2(h)v)

= v*(hv) (since S2.= Id)

= i(hv)(v*)

Corollary 7.5.4 If V is a simple left H-modulei then V* is also a simple
left H-module.

Proof: Let f : X --~ V* be the inclusion morphism of a left H-submodule
of V*. Then f* : V** --~ X* is a surjective morphism of left H-modules.
Since V** - V, thus it is a simple H-module, we obtain that either f* = 0,
and then X = 0, or f* is an isomorphism, and then f = Id and X = V*. |

If V is a simple left H-module, then we can also regard V as a simple
right H*-comodule. The coalgebra C associated to V (i.e. the minimal
subcoalgebra of H* such that V is a C-comodule) is a simple coalgebra,
so it is a matrix coalgebra, since k is algebraically closed (see Exercise
2.5.4 and Exercise 3.1.2). The following lemma gives a description of the
character of V in terms of the associated coalgebra C.

Lemma 7.5.5 Let V be a simple left H-module and C be the coalgebra
associated to the simple right H*-comodule V. Then x(V) = Xc.

Proof: We know that C has ~ comatrix basis (ci~)l<i,j<n, where n =
dim(V), such that the coaction on the elements of a basis (vi)l<i<,~ works
by p(vi) = ~-~l<j<n vy ® cij, where p : V --~ V ® H* denotes the comodule
structure map of V. This implies that the action of H on V works by
hvi = ~l<_j<_,~cij(h)vj for any h ~ H and 1 < i < n. In terms of this
coaction, the character of the H-module V is given by

=
l<i<n
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l~_i,j~_n

=
l<i<n

We obtain that x(V) = ~l<~<n c~i = Xc.
Let H be a semisimple Hopf algebra, V~,..., V~ the isomorphism types

of simple left H-modules, and X1 = x(V~),...,X~ x(V~) e H*the ir
characters (usualy called the irreducible characters of H). We choose V~ 
be the trivial H-module, i.e. V~ = k with the action given by ha = z(h)~
for any h ~ H and a ~ k. We know from Corollary 7.5.4 that for any i, the
left H-module ~* is simple, so there exists a unique ~ ~ {1,..., n} such that
~* ~ ~. Since V** ~ V as H-modules, the assignement i ~ ~ provides
an involutory permutation of the set {1,..., n}. Moreover S*(X~) = X~ and
dim(~) = dim(~).
Let H ~ Ma~(k) x ... x Ma~ (k) be the representation of the algebra 
~ a product of m~trix rings, such that ~ is the unique isomorphism type
of simple left H-module produced by Ma,(k), in particular dim(~) di .
Moreover, the decomposition of the left H-module H ~ a sum of simple H-

~ ~z(di)modules is H ~ ~<i<~i , in p~rticul~r x(H) = ~i~ dix~. P~sing
to the du~l co~lgebra H* of H, we have that H* = ~Ci, a direct sum of
simple subcoMgebr~, where Ci ~ (Ma~ (k))* M~(di, k) for ~ny 1 < i < n.
In view of Exercise 2.2.18, ~ is a simple H*-comodule, ~nd Ci is the simple
subcoalgebra ~soeiated to ~. In particular X~ = X~,. The orthogonMity
relations for matrix subcoalgebras of ~ Hopf algebra (Theorem 7.3.9) can
be written in our context ~ follows.

Theorem 7.8.6 Let H be a semisimple Hopf algebra with antipode S,

Xl,---,X~ ~ H* the i~educible characters of H, and A* ~ H** an integral.
Then for any 1 ~ i,j ~ n we have A*(X~S*(X~)) = 5i,jA*(¢).

Let

l~i~n

be the Q-subspace of H* spanned by X~,-..,X~. In fact Co(H) is a Q-
subMgebra of H*. Indeed, for any 1 ~ i,j ~ n, XiX~ = X(~)X(~) = 
~), which is a linear combination of X~,..., X~ with nonneg~tive integer
coe~cients, since ~ @ ~, ~ a left H-module, is a direct sum of simple
H-modules. The Q-Mgebr~ Co(H) is cMled the Q-Mgebra of characters of
H.
Similarly, the k-subspace of H* spanned by X~,.-.,X~ is a k-subMgebr~
of H*, denoted by C~(H), ~nd called the k-algebr~ of characters. An
immediate consequence of the orthogonMity relations is the following.
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Proposition 7.5.7 The irreducible characters X1,. ¯., Xn are linearly in-
dependent over k (insid~ H*).

Proof: Let A* E H** be an integral with A*(~) = 1. If ~-~1<i<,~ oeixi = 0
for some scalars ai E k, we have that for any t

0 = A*(
l<i(n

=
l~i~n

=

Corollary 7.5.8 T~ere ezis~s

Lemma 7.5.9 Let M ~ ~ and M = X~ ~ ... ~X~ a representation of
M as a sum of simple H-modules. Then Mn = ~{Xi[Xi ~ V~}.

Proof: Let m ~ Mn and m = ml +... + mr with mi ~ Xi for any
1<i<~. Then

e(h)ml + ... + e(h)mr = e(h)m

= hm

= hml+... +hm~

showing that hmi = ¢(h)mi for any for any i and h ~ H, i.e. mi ~ X~H

for any i. Thus MH = X1H ~ ... ~3 XrH. The characterization of Mg

follows immediately from the fact that if X is an H-module, the subspace.of
invariants XH is an H-submodule, and if X is simple, then either Xg = O,
or X = XH ~ V1. m

Lemma 7.5.10 Let V and W be simple left H-modules. Then dim(v 
W*)H = 1 if V and W are isomorphic, and dim(V ® W*)H = 0 if V and
W are not isomorphic.

Proof: Let ¢ : V® W* --~ Homk(W, V) be the natural linear isomorphism,
i.e. ¢(v®w*)(w) = w*(w)v for any v E V,w* ~ W*,w ~ W. We can
transfer via ¢ the H-module structure of V ® W* to Homk(W, V). This
means that if f = ¢(v ® w*) Homk(W, V)(in fact we should take a sum
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of tensor monomials in V ® W*, but we write like this for simplicity), then
for any h E H and w E W we have

(hf)(w) (h ¢(v®w*))(w)

= ¢(h(v ®w*))(w)

= ~¢(hlv ® h2~*)(w)
=
= ~ ~*(S(h:)~)(hlv)

= ~ hl(~*(S(~)~)~)

= Ehl¢(v®w*)(S(h2)w)

= ~ ~l/(s(~2)w)

Thus
(hf)(w) = E hlf(S(h2)w)

Now we have gomk(W, V)H = HomH(W, Y). Indeed, iff ~ HomH(W, V),
then (hf)(w) = ~h~f(S(h2)w) = ~f(h~S(h2)w) sof ~
Homk(W, V)H. Conversely, let f ~ Homk(W,V)H. Then for any h ~
H, wE W

hf(w) -= ~-~h~f(~(h~)w)

--- ~-~hlf(S(h2)(h3w))

= ~(~)f(h~)
= f(hw)

so f is a morphism of H-modules. Therefore (V ® W*)g "~ HomH(W, V).
The result follows now by using Schur’s lemma. |

Proposition 7.5.11 Let Xi,.. . , X~ be the irreducible characters of H. Then
for any i and j we have XiX~ = 5~jX~ + ~2<r<n arxr for some nonnegative
integers a2, ̄  ¯ ¯, an.

Proof: We know that XiX~ = x(Vi ® Vj*), which is a linear combination of
the irreducible characters with nonnegative integer coefficients. Moreover,
the coefficient of X1 is the number of appearances of V~ in the decomposition
of V/®V~* as a sum of simple modules. Lemma 7.5.9 shows that this number
is dim(V ® W*)H, and this is 5~j by the previous lemma. |

Theorem 7.5.12 The Q-algebra of characters CQ(H) is semisimple.
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Proof: We first show that if u E CQ(H), u ~ 0, then uS*(u) ~ O. indeed,
let u = ~1<{<,~ x{x{, for Some Xl,-.-,x~ E Q, not all zero. Then

=
~ j

= ~ xixjX~X7
i,j

By Lemma 7.5.11, the coefficient of X1 in the representation of uS*(u) as

a rational linear combination of X1,..., X~ is ~-~.{ x~ ¢ 0, so uS*(u) ~ 
Since CQ(H) is finite dimensional, to end the proof we only need to show
that CQ(H) does not have nonzero nilpotents. Indeed, if z were a nonzero
nilpotent, let v = zS*(z). The above remark shows that v ~ 0, and clearly
S*(v) = v. Then v2 = vS*(v) 0, andcont inuing by i nduction we o btain
that v2" ~ 0 for any positive integer m. But z lies in the Jacobson radical
of CQ(H), and then so does v. In particular v is itself a nilpotent, a
contradiction. |

Exercise 7.5.13 Let C ~- MC(m, l~) be a matrix coalgebra and x ~ C such
that ~ x~ ® x2 = ~ x2 ® xl. Then there exists ~ ~ k such that x = ~Xc.

Proposition 7".5.14 If H is a semisimple Hopf algebra and A ~ H* an
integral with A(1) = 1, then x(H) = ~<{<~ d{x{ =.dim(H)A.

Proofi Let A = ~<~<,~ A~, with A~ G C~ for any i. Since A(A) 
(by Exercise 7.4.7), aTn~ A(A~) E C{ ® Ci, we see that A(A{) = TA(A~) 
any i. According to Exercise 7.5.13, we must have A{ = a~Xc~ = X~ for
some a{ ~ k. If A* is an integral in H** such that A*(¢) ~ 0, then for any
j we have that

A*(~)aj = oe ~A*(x~S*(xT))(orthogonalityrelations)
l<i<n

=
= A*(S*(A)S*(XT) (since S*(A) = 

=
= A*(xT(1)),)
= dTa* (A)

= djA*(A) (since dj = dT)

Si~{ce A*(¢) ~ 0, we obtain that aj ~dj sothe n ~-~q<i<;~ dix i* ) ’
for some c~ ~ k. Evaluating at 1 we see that

oe= ~ dixi(1)= d/ ~=dim(H)

l<i<n l<i<n
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showing the required formula. |

Corollary 7.5.15 Let ~ ¯ H* be an integral such that .k(1) = 1, and
denote by Z(H) the center of the underlying algebra of H. Then Ck(H) 
Z(H) ~ ,~.

Proof." We know that H ~ Md, (k) × ... x Mdn (k). Denote by cl,...,
the images in H of the identity matrices in Mall(k),... ,Md~(k) via this
isomorphism. Then ci acts as identity on the simple H-module V~, and
ciV~ = 0 for any j ~ i. We obviously have Z(H) @l<~<nkc~, an d
~<~<n c~ = 1. Then for any 1 _< j _< n, and h ¯ H we have

(cj ~ A)(h) = A(hcj)

--= (dim(H)) -1 ~’~ d~xi(hcj)
l<i~n

= (dim(g))-~djxy(hcy)

= (dim(g))-idjx~(h) (since cjz = x for z ¯ Vj)

so cy ~ )~ = (dim(H))-~dyxy for any j, and this clearly ends the proof. |
The following is just a reformulation of the result in Proposition 7.5.14

for the dual Hopf algebra, but we will also need it in this form.

Corollary 7.5.16 Let A* ̄  H** be an integral such that A*(a) = 1. Then
the character of the left H*-module H* is dim(H)A*. 

7.6 The Class Equation and applications

Lemma 7.6.1 Let A be a semisimple Q-algebra with basis {a~,...,a,~}
such that a~aj ¯ ~<~<~ Zat for any i,j. Then for any field extension
Q c_ 1~, there exists an isomorphism of t:-algebras

for some positive integers s, r~,..., r~, such that for any a ¯ A, ¢(1 ® a)
~,~,~ r~ijE~iy with all r~iy algebraic integers, where for any 1 < ~ < s we
denoted by (E~iy)I<~,y<~, the matrix units in

Proof: Let K be a splitting field of the Q-algebra A such that Q c_ K _C Q
and Q c_ K is a finite field extension (see for example [112, page 113]).
Any finite extension of Q will be considered inside Q. Then K ®Q A -~
YI~=~,~ M~,(/() for some positive integers s,r~,...,r~. This K-algebra
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isomorphism can be also written in the form K ®Q A "~ Ha=l,s EndK(Va),
where V1,..., Vs are the isomorphism types of simple left K ®Q A-modules.
Since K is a splitting field of A, we have that Endg(V~) ~- fo r an y
l<a<s.
We show that for any simple left K ®q A-module F, say of dimension r
over K, there exists a basis of the/C-vector space/C ®K F such that for the’
associated matrix basis of End~=(/c ®K F) "~ Mr(K:), any endomorphism
~/a E End~(/c ®K F), %(x) = the left multiplication with the e lement

a E A, is a linear combination of the matrix basis with coefficients algebraic
integers. The required isomorphism ¢ follows immediately from here.
So let us take a simple K ®Q A-module F. Then F is a K-vector space
by ~x = (~ ® 1)x, and a left A-module by ax = (1® a)x, for ~ ~ K,a ~
A, x ~ F. Moreover, a(ax) = a(o~x) for such ~, a, x. Let {hi,..., hr} be a
basis of F over K. We denote by R the ring of algebraic integers of K. It
is known that R is a Dedekind ring and K is its field of fractions (see for
example [65, page 108]). Now we define

u=

which is an R-submodule of F. Then U is a torsionfree finitely generated
R-module. Indeed, for any u ~ U, we have u E F, and then annR(u) 
annK(u) = 0. We prove now that the morphism

¢:K®RU--* F,

is an isomorphism of K-vector spaces. It is surjective, since

Ira(C) ~ KRa, hp
i,p

~ Kaihp
i,p

P

where the last equality follows from the fact that F is a simple K ®Q A-
module. To show that ¢ is injective, let ¢(~’~ a~ ®R x~) = ~ a~x~ = 0, for
some a~ ~ K, x~ 6 U. Since K is the field of fractions Of R, there exists a
nonzero N 6 R (in fact even N ~Z) such that Na~ E R for any i. Then

~ V~ ®R X~ = ~ N-I No~ ®R X~
i i
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= Z N-1 ®RNa~xi
i

= g ®R
i

= 0

Then U is a projective R-module, since it is finitely generated torsionfree
over the Dedekind ring R (see [65, Theorem 22.5]). In particular U is R-flat,
so R ®R U embeds naturally in K ®~ U. Obviously, ¢(R @R U) = U. The
structure theorem of finitely generated torsionfree modules over a Dedekind
ring ([65, Theorem 22.5]) tells that there exist (wq)~q~ ~ U and fractional
ideals (Iq)~q5~ of R (i.e. finitely generated R-submodules of K) such that
R @~ U = ~ ~ ~a~Iq (1 @ Wq), ~n internal direct sum of R-submodules. Since
¢ is ~n isomorphism of R-modules, we h~ve that

U = ¢(R ~R U) ~I ~w~

an internal direct sum of R-submodules. Note that since Iq is not necessarily
contained in R, ~nd U is just ~n R-module, the product Iqwq makes sense
only if we regard everything inside F, which is a K-vector space. However,
Iqwq ~ U for any q. A cl~sic~l result for Dedekind rings ([65, Theorem
20.14]) ensures us that there exists ~ finite extension K ~ ~, with t he r ing
of algebraic integers of K~ denoted by R~, such that all the extensions of the
fractionM ideals Iq to K~ are principal, i.e. there exist (a~)~a~ ~ ~ such
that R~Iq = R~aq for any q. K’ is also ~ splitting field of A and the simple
modules over K~ @Q A are obtained from the simple modules over K~ @Q A
by extending scalars from K to K~. We extend M1 the construction from
K to K~. Thus we take F~ = K~ @K F, which is a simple K~ @Q A-module
by (a’ @ a) (fl’ @ x) = a’fl’ ~ forany a’, fl’ G K’, a ~ A,x ~ F. A b~is
off ~ over K~is {l~hp[1 ~p 5 r}. We construct U~insideF~ in away
similar to the construction of U inside F, i.e.

u’=
i,p i,p

0n the other hand

F~ = K~ @K F ~ K~@K K@R U ~ K~ @n U

The above isomorphism ¢ : K’@nU ~ F~ is given by ¢(a~@nx) = a~@KX
for any a~ E K~ and x E F.
This implies that

U t ~

It is easily checked that ¢(R~ ®~ U) = U’.

¢(R’ ®R
¢(%(R’ 
.q¢(R’ ®R
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Since R’Iq = l~’aq, it is easy to see that ¢(R’ ®R IqWq) = lr~’(aq 

We obtain that U’ = Gqt~l(O’q ®K Wq), a direct sum of R’-submodules. It
follows that the elements (’~q)l<_q<_r are linearly independent over R’ (note
that the annihilators of these elements are zero, since we work inside the
K’-vector space F’), and then they are obviously linearly independent over
K’ (inside F’), thus forming a basis of F’ over K’. Moreover, for any
1 _< j _< n we have that ajU’ C_ U’. Indeed, ifr’ E R’, 1 < i < n and
1 _< p _< r, then ajai = ~l<t<,~ ztat from the hypotesis on the basis

of A, and then

aj(r’ ®K aihp) = r’ ®K ajaihp

= Er’ ®K ztathp
t

E rlzt ®K athp
t

thus ajU’ C_ U~. Since U~ = @qR~uq, we obtain that ajUq = ~t r~ ut for
some (r~)t C_ R’. This means that for the basis (uq)l<~<r of the K’-vector
space F~, the endomorphisms % E EndK, (F~) given by multiplication with
elements a ~ A, can be expressed as linear combinations of the matrix basis
of End~c,(F’) associated to (u~)l_<q_<r with algebraic integer coefficients.
Obviously, this fact can be extended by scalars to any field extension of K~,

in particular to ~U (since Q c_ K C_ K’ C__ ~ C_ K:). 
We apply the previous lemma for A = Co(H) and K = k, where H

is a semisimple Hopf algebra over the algebraic closed field k. We find
that there exist some positive integers s, rl,...,rn and an isomorphism
of k-algebras ¢ : k ®Q A -~ I-I~=l,~M~(k) such that for any a ~ 
¢(1 ® a) = ~-~a,i,j raijEaij with all rai j algebraic integers, where for any
1 _< a _< s we denoted by (E~j)I<~,j<~ the matrix units in M~(k).
Let ¢1 : Ck(H) ~- k ®Q (H) the natural isomorphism of k-algebras which
takes Xi to 1 ® X~ for any i (Corollary 7.5.8). Then by denoting ec~ij
¢-~l¢-l(Eaij) ~ Ck(H), for any 1 _~ a _< s, 1 _~ i,j ~_ r~, we obtain a
family (ec~ij)a,i,j such that

eaije~uv = ~a[3~jueaiv

for any c~, ~, i, j, u, v, and e = 2~,i e~ii. In particular (e~ii),~,i is a complete
system of orthogonal primitive idempotents of Ck(H). Also, for any 1 <
u<_n

)(.u = E l’u’aiJe°dJ

a,i,j

for some algebraic integers (r~,~ij)~,i,j.
If we denote by tr : H* --~ k the character of the left H*-module H*, we have
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that tr(e~i) is a positive integer for any ~ and i. Indeed, since e,~ is an
idempotent, the left multiplication by e~i~ is an idempotent endomorphism
of H*, so it is diagonalizable and has eigenvalues either 0 or 1, and not
all of them 0 (since e~ # 0). Then tr(e~ii), which is the trace of 
endomorphism is a positive integer. On the other hand, for any ~ and any
i # j, tr(e~ij) = 0, since eaij = e~iie~j - ea~je~i, and tr(xy) = tr(yx) for
any x, y E H*.

Exercise 7.6.2 Show that for any idempotent e ~ H*, ~r(e) dim(ell*).
This provides another way to see that tr(eaii) is a positive integer.

Theorem 7.6.3 For any 1 <_ ~ <_ s and 1 < i < r~, the integer
divides dim(H).

Proof: Let A* G H** be an integral such that A*(e) = 1. We know that
tr = dim(H)A* (Corollary 7.5.16). This shows that for any c~ and any i 
we have A*(e~iq) = ~tr(e~iq) = O. We use the orthogonality relations
and obtain that for any 1 < u, v _< n

= A* (X~X~)

-- A*( Z r~,a~Jr~,~pqe~je~m)
ot,13,i,j,p~q

= Z ru,aijr~,c~jqA*(e~iq)
c~,i,j,q

= Z r~,~ijrv,~jih*(e~ii)

=
a,i,j

Let I = {1,...,n} and J= {(a,i,j)ll < ~_< s, 1 _<i,j <_ r~}. ThenI
and J are sets with n elements and the above relation can be written using
matrices as XY = Id, where

X = (Xu,aij)ueI,(c~,i,j)eg MI,j(k) and Y = (Y c~ij,u)(c~,i,j)eg, ue Mj, l( k)

are matrices defined by

x~,~ij = r~,=ij~/h*(e~i)), y~j,~,) = r~,~j~v/A*(e~i~))

Thus X is an invertible n × n-matrix and Y is its inverse matrix. Then
YX is also the identity matrix, in particular for any ~ ~nd i we have that
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1 = Y~.~, y~ii,,,x,,~ii. This means that

1 = ~ r~,a~iru,a~ is an algebraic integer.In particular ~

On the other hand, using again the formula tr = dim(H)A* we find

1 dim(H)

A*(e~i~) tr(e~.~i)

1is a rational number. We obtain that ~ is an integer, which ends the

proof.
Thus for a semisimple Hopf algebra H over the algebraic closed field

with the character algebra over k

Ck(H) ~- r[ M~,~(k).

We have seen that (e,ii);<~<s,~<_i<~o is a complete set of primitive or-
thogonal idempotents of C~(H), and tr(e~ii) = dim(eiH*) divides dim(H)
for any c~ and i. Then (e~ii)l_<~_<,,~_<i_<,.o is a complete set of orthog-
onal idempotents of H*, so H* ’ *= @~<~<~,~<i<~e~iH . In particular
dim(H) = ~1<~<,,1_<~_<~o dim(e~iH*).

Now we are in the position to give the structure of Hopf algebras of
prime dimension.

Theorem 7.6.4 (Kac-Zhu) Let H be a Hopf algebra of prime dimension
p over the algebraic closed field k. Then H ~- kCv.

Proof: If p = 2, the result follows from Exercise 4.3.7. So we assume that
p is odd. If H has a non-trivial grouplike element g, then g has order p
by the Nichols-Zoeller theorem, and then H ~- kCp. Similarly, if H* has a
non-trivial grouplike element, then H* ~- kCp, and then H ~- (kCp)* ~- kCp
(see Exercise 4.3.6). If neither H nor H* has non-triviM grouplike elements,
then the distinguished grouplike elements of H and H* are 1 and ~, and
then by Theorem 7.1.6 we have S4 = Id. Therefore S2 is diagonalizable
with eigenvalues 1 and -1. In particular, since p is odd, Tr(S2) ~ O, so by
Theorem 7.4.1, H is semisimple.
Use the complete system of orthogonM idempotents (e~)~_<~_<,,l<~_<,.~ 
H*, to see that p = tr(~) = ~<~<,,1_<~_<~ tr(e~i~). Also, by Theorem
7.6.3, each tr(e~) divides p, so it is either 1 or p. If tr(e~i~) = for
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some ~ and i, then s = 1 and rl -- 1, since any tr(e~i) is nonzero. In
particular dim(Ck(g)) -- 1, i.e. H has only one simple module, 
is a matrix algebra. This is impossible since a non-trivial matrix algebra
does not have a Hopf algebra structure. It follows that all tr(ea~) are
1, and that their number is p. This implies that p -- ~l<~<sr~" But

2 dim(Ck(H)) dim(H) = p , so we must havdim(Ck(H))

p, i.e. Ck(H) H*, an d r~ -- 1 f orany 1 _~~ <_ s. Then H* -~ Ck(H) 
k x k ×... × k (p of k). Then H is isomorphic to a group algebra by Exercise
4.3.8. |

We have used as ingredients in the proof of the previous theorem the
facts that the complete set (eaii)l<a<~,l<~<r~ of primitive orthogonal idem-

potents of Ck(H) satisfies dim(H) -- ~<~<~,x<i<r~ dim(e~H*), and 
dim(e~H*) = tr(ea~) divides dim(H). We show that these relations are
satisfied by any complete system of primitive orthogonal idempotents of
Ck(H).

Theorem 7.6.5 (The Class Equation). Let H be a semisimple algebra
over the algebraic closed field k, and (e~)~<~<m be a complete set of primitive
orthogonal idempotents of Ck( g) . Then dim(H) = ~<~<,~ dim(eiH*) and
dim(e~g*) divides dim(H) for any 1 < i < m. Moreover, dim(eig*) = 
for some i.

Proof; Since a complete system (e~)~<~<,~ of primitive orthogonal idem-
potents of Ck(H) provides a decomposition Ck(H) = @~<~<_me~Ck(H)
of indecomposable right Ck(H)-submodules, for any other such system
(f~)~<~_<,~,, we must have m = m’ and eiCk(H),...,emCk(H) are pair-
wise isomorphic as right Ck(g)-modules to f~C~(H),..., f,~c~(g). This
implies that e~H* .... , e,~H* are palrwise isomorphic as right H*-modules
to f~H*,..., fmH* (see next exercise). Thus dim(e~H*),...,dim(emH*)
are palrwise equal to dim(f~H*),..., dim(frog*).
The first part of the statement follows now from the existence of a com-
plete system of primitive orthogonal idempotents satisfying the required
relations, namely (e~)~<~<~,l<i<~.
For the second part, if A ~ H* is an integral with A(1) = 1, we know that
A ¯ C~(H) (Proposition 7.5.14), and since 2 =A(1)A = A,we see that
is an idempotent of Ck(H). Moreover, it is a primitive idempotent, since
dim(AH*) = 1, and then dim(ACk(H)) = 1. 

Exercise 7.6.6 Let A be a k-subalgebra of the k-algebra B, and e, e’ idem-
potents of A such that eA ~_ e~A as right A-modules. Then eB ~- e~B as
right B-modules.
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Theorem 7.6.7 Let H be a semisimple Hopf algebra of dimension pn over
the algebraic closed field k, where p is a prime and n a positive integer.
Then H contains a non-trivial central grouplike element.

Proof: Let A E H* an integral such that A(1) = 1. If we take a complete
system (ei)l<i<m of primitive orthogonal idempotents of Ca(H) such that
el = ~, then the Class Equation can be written as

p’~= 1+ ~ dim(eiH*).
2~_i~_ra

. Since any dim(e~H*) divides dim(H) = pn, we see that there exists 
i _> 2 such that dim(e~H*) = 1, thus e~H* kei. The st ructure of the
1-dimensional ideals of H* shows that there exists a grouplike element g
in H such that e~ = ~g ~ ,~ for some c~ E k. Since i _> 2, g is non-trivial
(otherwise ei = ~ = el). On the other hand, Corollary 7.5.15 shows that 
must be central. |

Corollary 7.6.8 Let p be a prime number. Then a semisimple Hopf alge-
bra of dimension p2 over an algebraic closed field of characteristic zero is
isomorphic as a Hopf algebra either to k[Cp x Cp] or to. kCp2.

Proof: Let H be semisimple of dimension p2. Theorem 7.6.7 guarantees
the existence of a central grouplike element g e H..If g has order p~, then
the group of grouplike elements of H has order p2, and then H ~ kCp2.
If g has order p, then let K be the Hopf subalgebra generated by g, this
is the group algebra of a group of order p. Since g is central in H, K is
contained in the center of H, in particular it is a normal Hopf subalgebra,
and then we can form the Hopf algebra H/K+H. Moreover, by Theorem
7.2.11, H ~_ K~aH/K+H as algebras, for some crossed product of K and
H/K+H. In particular dim(H/K+H) = p, and then by Theorem 7.6.4
H/K+H ~- kCp. Since K is central in H, the weak action of H/K+H
on K is trivial (see Remark 6.4.13), so H is a twisted product of K and
H/K+H. By Exercise 7.6.9 below, we see that H must be commutative.
Since H is semisimple and commutative, we see that as an algebra H is a
product of copies of k. Now Exercise 4.3.8 shows that H ~- (kG)* for some
group G with p2 elements. Since such a G is either C~ × Cp or Cp~, and in
both cases kG is selfdual, we obtain the result. |

Exercise 7.6.9 Show that if the algebra A is commutative, then a twisted
product of A and kCp is commutative.
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7.7 The Taft-Wilson Theorem

Lemma 7.7.1 Let D be a finite dimensional pointed coalgebra, E a sub-
coalgebra of D and 7~ : E -~ Eo a coalgebra morphism such that ~ o i = Id,
where i : Eo -~ E is the inclusion map. Then ~r can be extended to a coal-
gebra morphism ~ : D -* Do such that 7~1i~ = Id, where i~ : Do --~ D is the
inclusion map.

Proof: Since r is a coalgebra morphism, Ker(~r) is a coideal of E, and
then also a coideal of D, and we can consider the factor coalgebra F =
D/Ker(7~). Let p : D --* F be the natural projection and ¢ = p o i~ : Do -~
F. We have that

Ker(¢) Do NKer(~r)

= Do ~ E~Ker(~r)

= Eo NKer(~)

= 0

so ¢ is injective. By Exercise 5.5.2, Irn(¢) p(Do) = FoThen¢* : F* -~
D~ is a surjective morphism of algebras and Ker(¢*) = F~- = J(F)*.
We have that F*/J(F*) = F*/F~ ~- F~, which is a finite direct product
of copies of k as an algebra, so it is a separable algebra. By Wedderburn-
Malcev Principal Theorem [183, page 209] there exists a subalgebra A of F*
such that F* = J(F*) @ A as k-vector spaces. Then A ~ F*/J(F*) ~- 
as algebras, so there exists an algebra morphism ~ : D~ -o F* such that
¢* o 7 = IdD~. Since Do and F are finite dimensional, there exists a
coalgebra morphism ¢ : F --* Do such that ~, = ¢% Then ¢* o ¢* = IdD~,
so¢o¢ = IdDo. Then~ = Cop : D-~ Do is acoalgebramorphism
extending ~r, and ~r’ o i~ = ¢ o p o i’ = ¢ o ¢ = ldDo. |

Theorem 7.7.2 Let C be a pointed Hopf algebra. Then there exists a
coideal I of C such that C = I ~ Co.

Proof." Let 9~ be the set of all pairs (D, ~), where D is a subcoalgebra 
C and 7~ : D -~ Do is a coalgebra morphism such that ~ o i = IdDo, where
i : Do -~ D is the inclusion map. 5~ is non-empty since (Co, Idco) E ~.
The set 9~ is ordered by (D, ~) <_ (D’, ~’) if D C_ D’ and ~ is the restriction
of ~ to D. It is easy to check that the ordered set ($’, _<) is inductive,
and then by Zorn’s Lemma one gets a maximal element (D, ~) of ~. 
D ~ C, let c E C - D, and let B be the subcoalgebra generated by c.
The restriction of ~ to B ~ D induces a surjective coalgebra morphism r~ :
B~D -~ (B~D)o such that 7~ oi~ = Id(B~D)o, where i : (BND)o --~ B(~D
is the inclusion map. Apply Lemma 7.7.1 and extend ~ to r~ : D --* Do
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such that rd o i~ -- IdDo, where iI : Do --, D is the inclusion map. Then rr
and rd produce a coalgebra morphism O’ : D + B -~ (D + B)o = Do +B0
such that .yoj = Id9o+Bo, where j : Do+Bo -+ D+B is the inclusion map.
Since (D + B,3’) E ~" and (D,~r) < (D + B,7), we find a contradiction.
Thus D = C, which ends the proof. |

Let C be a coalgebra. For any p E C* we denote by/(p), r(p) : C ~ 
the maps defined by l(p)(c) = p ~ c = ~p(c2)cl and r(p)(c) = c ~ 
}-~.p(cl)c2 for any c ~ C, Clearly l(p) is a morphism of right C*-modules,
since C is a C*-bimodule. Then l(p) is a morphism of left C-comodules, so

(I®l(p)) oA=Ao/(p)

Similarly r(p) is a morphism of right C-comodules, so

(r(p) ® z) o zx = zx o 
For any p, q ~ C*, c ~ C we have that

(l(p) ®r(q) A(c)

(l(p)®r(q)) 

and also

El(p)(cl)®r(q)(c2)

= Z(pq)(c:)c~®c3

m ECl®r(pq)(c2)

= ((I®r(pq)) A)(c)

= ((l(pq)®I)

We have obtained that

(7.25)

(7.26)

Lemma 7.7.3 Let E C__ C* be a family of idempotents such that Y~,eE e =
~, i.e. for any c ~ C the set {e ~ Ele(c) ¢ 0} is finite and ~eE e(c) = x(c).
Then

A o l(p) o r(q) = E((r(q) of(e)) ® (l(p) ; r(e))) A
e~E

for any p, q ~ C*.

(l(p) ® r(q)) o A = (I ® r(pq)) o A ® I) o A (7.27)
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Proof: The condition ~eeE e = e shows that ~eeE r(e) = ~-~eeE l(e) 
the identity map of C. We have that

~-~(l(el®r(e))oA = ~-~.(I®r(e2))oA (by (7.27))
e6E e6E

=- E(I ® r(e)) o/k is an ide mpotent)
e6E

= (I®1) 

= A

Then

Aol(p) or(q) = (I®l(p))oAor(q) (by (7.25))

= (I®l(p))o(r(q)®I)oA (by (7.26))

=
= E(r(q)®l(p))o (l(e)®r(e))oA

e6E

= ~-~.((r(q)ol(e))®(l(p)or(e))) 
e6E

|
Let C be a pointed coMgebra with coradical Co = kG and I a coideal of

C such that C --- I @ Co. For any x 6 G we consider the element p~ 6 C*
such that p~:(I) = 0 and Px(Y) = 5xy for any y ~ G. Then E = {pxlx ~ G}
is a system of orthogonal idempotents with ~xeaPx = ¢’ Let us denote

c ~=p~c, ~c=c~p~, ~c~=pv~c~p~

Lemm~ 7.7.3 shows that

=
z~G

for any c ~ C, x,y ~ G. If we denote zC~ = {~cY]c ~ C}, then C =
¯ ~,~ea ~C~ since E is ~ complete system of orthogonal idempotents. For
any subspace S of C we denote S+ = S ~ Ker(¢).

Lemma 7.7.4 (i) If x ~ y, then (~C~)+ = ~Cy.

5i) If x 6 G, then ~C~ = (~C~)+ ~ kx.

Proof: Let c 6 C and x, y ~ G. Then

=
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=
= ~,px(Cl)p~(c:)
=

and this is 0 when x ¢ y and px(c) when x = y. This shows that (i) holds,
and since x = ~x~, that ~(~x~) = p~(x) = 1. Thus the sum kx + (~CX)+

is direct and it is contained in ~C~.

If c ~ C, then ~(~c~ - p~(c)x) = p~(c) - pz(c) = O, so

~ = ~x(~)~ + (~c~ - ~(~)z) e k~ + (~C~)+

and (ii) follows.~

Lemma 7.7.5 (i) I = D~ecKer(pz) and py ~ I ~ I, I ~ Px ~ I for 
x, yeG.
(ii) (~CY)+ ~ I for any z, y ~ G.
(iii) ~ = e~,~ea(xc~)*.

Proof: (i) Clearly i ~ D~eGKer(px). Let c ~ ~e~Ker(p~), and write
c = d + ~xeG a~x for some d ~ I and scMars a~ ~ k. Then for ~ny g ~ G
we have 0 = pz(c) = az, so c = d e I. Thus I = D~ecKer(px).
Ifc ~ I we have that A(c) C@I+I@C, and th en c
I. Thus I ~ p~ ~ I. Similarly py ~ I ~ I.
(ii) Let x ~ y and c ~ ~Cy = (~CY)+. Writec= d+z with d~ I and
z~C0. Thenc= ~cy= ~d~ + ~zv =. zdu ~ I.

If x = y, let c ~ (~C~)+ and write c = d+ z with d ~ I and z ~ C0. Then
d+z =c= ~c~ = ~d~+ ~z~, and since~z ~ = ax for somea ~ kand
~d~ ~ I, we obtain that z = ax and d = ~dx. Then 0 = ¢(c)
soc=d~I.
(iii) We have that

c = ~,~ ~c~ = (~x,~ea(~C~)+) ~ (¢~eaax) = Co (¢~,~ea(~C~)+)

Since ~,yeG(~CY)+ ~ I by (ii), and C = I ~ C0, we obtain that I =
~x,~e~(~C~)+.

Denote ~n = C~ ~ I. Since C = I ~ C0 and Co ~ .Cn for any n, we have

that Cn = ( C~ ~ I) ~ Co = In ~ Co.

Lemma 7.7.6 For any n we have I~ =
(xc~)~).

Proof: We clearly have that I~(~CY)+ = C,~(~C~)+ for any n. Ifc
and c = ~x,~eac~,~ with Cx,~ ~ (~CY)+, then c~,y = py ~ c ~ p~ ~ C~
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since Cn is a subcoalgebra, so then Cz,y ¯ C~ N (xCY)+ for any x, y, proving
the claim. |

Let g and h be two grouplike elements of C. An element c ¯ C is called a
(g, h)-primitive element if A(c) c®g+h®c. The se t of all (g, h)-primitive
elements is denoted by Pg,h(C). Obviously g - h ¯ Pg,h(C).

Theorem 7.7.7 (The Taft- Wilson Theorem) Let C be a pointed coalgebra
with coradical Co = kG. Then the following assertions hold.
1) If n >_ 1, then for any c ¯ Cn there exists a family (Cg,h)g,hea C_ 
with finitely many nonzero elements, such that c = ~g,heG cg,h and for
any g, h ¯ G there exists w ¯ C~-1 ® C,~-1 with

A(Co,h) Cg,h ® 9 + h ® Cg,h + w

2) If for any g, h ¯ G we choose a linear complement P~,h(C) of k(g 
in Pa,h(C), then el = kG @ (@9,heGP~,h(C)).

Proofi 1) Since Cn = Co ¯ (~x,yeG(Cn A (xcy)+)) and A(Co) C_ Co ® Co,
it is enough to consider the case where c ¯ C,~ N (zCY)+ for some x, y ¯ G.
Since c ¯ C,, and the coradical filtration is a coalgebra filtration (Exercise
3.1.11) we see that

i~O,n

SO

A(c)=Ec9®g+Eh®dh+Ea~®bi
96G h6G i

for some (c~)gea C_ In, (dh)h6G C_ In, (ai)i, (bi)i C_ Since c = *c~ we
have that

f(c) 

z~G

g,z~G h,zGG i,z

= Zc~@y+x@ Xd~+7

where 7 = ~,, ~a~~ @ ~b~~ ~ Cn-~ @ C~_~ since pg ~ C=-i ~ Cn-1 and
C~_~ ~ p~ ~ C=_~ for any g, h ~ G. Therefore

A(c)= ~cy y®y+x® ~dx~+3’ (7.29)
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By the counit property and the fact that e(I) 0 we find that c = Xc~ + u 
for some u E C,~-1 and c = Xd~y+v for some v ~ Cn-~. Replacing in
(7.29) we obtain

A(c) = c®y+x®c+~/-u®y-x®v

= c®y+x®c+w

where w = ~ - u®y- x®v ~ C.,~_~ ®Cn-1.
2) We know that C1 = Co @ I~ and I~ .= C~ N I = ~x,yec(C~ VI (xCY)+).
We prove that

Py,x(C) -~ k(y - x) (C1CI (xcy)+) (7.30)

Let c ~ C1 A (~C~)+. The proof of 1) shows that:

A(c)=c®y+x®c+ ~ CO,hg®h
g,hEG

for some a~,h ~ k. Since c = Xcy we have that

=

: c®y-}-X®C~- ~ ~g,hXgZ@ ZhY

g,h,z@G

= c @ y + x @ c + ~w,y~x,yX @ y

Applying I @ ~ ~nd using the fact that ~(c) = 0 we get c = c + ~x,y~z,yy,
SO 5~,ya~,~ = 0. Then A(c) = c @ y + x @ c, i.e. c e Py,~(C), proving an
inclusion in (7.30).
For the converse inclusion let c ~ P~,~(C), i.e. A(c) = c @ y + x @ c. 
any g, h ~ G we have

A(gcu) = ~ 9cz @ zyh + ~ axz O ~ch

6h,y.gC y ~ Y + 5g,xX @ xch

= 5~,~ ~c~ @y+5~,~x@ ~c~

If h # y and g # x we obtain A(gch) = 0, so 9ch = O.
Ifh=y andg#x, then A(gc y) = 9cy ~y, soby applying~@Iwesee
that gcy ~ ky.
If h # y and g = x, then A(~ch) = x ~ ~ch, so similarly ~Ch ~ kx.
If h = y and g = x we find XcY ~ Py,~(C).
Taking into account all these cases and the fact that c = ~a,h~O gch, we
find c = ~cY+ax+~y for some a, ~ ~ k: Since both c and ~cy are in Pv,~(C)
we obtain that ax + ~y ~ Py,~(C). But ax + ~y = a(x - y) + (a + ~)y, 
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(/~ + a)y E P~,x(C). Since y is a grouplike element, this implies/~ + a = 0.
Thus c = a(x - y) + y. Obviously ~(~cy) = 0 si nce xcY ~ C1N P~,x, so
c ~ k(x - y) + CI ~ (~CY)+, and equation (7.30) is proved. Then we have

C~ = Co ¢ (@:~,ye~(C~ (~C~)+)) = Co+ EPy,~ (C)
x,yEG

If pg, (c) = - h) ¯ we have

C1 = Co -~ E (k(9 - h) ~- ~,h(C)) = Co P~,h( C)
g,hEG g,hEG

We show that the sum Co + ~g,hEC P~,h(C) is direct. Indeed, let c ~ Co

and dg,h ~ P~,h(C) for any g, h e G, such that c + ~9,h¢~ dg,h = 0. Since

P~,h(C) C_ Pg,h(C) = k(g - h) ¯ (C~ +)

we have dg,h = a9,h(g -- h) + bg,h with bg,h ~ C~ ~ (gCh)+ and c~9,h E k.
Then we have

c+
g,h6G g,h6G

and from the fact that C, = Co ¯ (~g,heG(C~ ~ (gch)+)) we see that
bg,h = 0 for any g, h 6 G. Then we obtain dg,h = o~9,h(g -- h) and since
P~,h(C) ~ k(g - h) = 0 we must h~ve dg,h = 0 for any g, h. Hence c = 0, so
the sum is direct, and this ends the proof. |

Exercise 7.7.8 Let H be a finite dimensional pointed Hopf algebra with
dim(H) > 1. Show that IG(H)I 

The next exercise contains an application of the Taft-Wilson Theorem.
Recall that if R is a subring of S, the extension R C S is called a finite
subnormalizing (or triangular) extension if there exist elements Xl, .. ¯, x,~ ~

n j j
S such that S = ~ Rx~ and for any 1 _< j _< n we have ~ Rx~ = ~ x~R

i=1 i=l i=l

(see [241] or [121]). Then we have

Exercise 7.7.9 Let H be a finite dimensional pointed Hopf algebra acting
on the algebra A. Show that A#H is a finite subnormalizing extension of

A.

7.8 Pointed Hopf algebras of dimension
with large coradical

Let p be a prime integer and n _> 2 an integer. Let G be a group of order
pn-~, g ~ Z(G) an element in the center of G, and assume that there exists
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a linear character a of G such that a(g) is a primitive p-th root of unity.
The linear map ¢ : kG ~ kG defined by ¢(h) = a(h)h for any h E G,
is an automorphism of the group algebra kG, thus we can form the Ore
extension kG[X, ¢], this is Xh = ¢(h)X a(h)hX fo r an y h E G.Then
using the universal property for Ore extensions (Lemma 5.6.4), the usual
Hopf algebra structure of kG can be extended to a Hopf algebra structure
of kG[X, ¢] by setting

A(X) = g ® X + X ® 1, = 
As c~(g)p = 1, it is easy to see that the ideals (Xp) and (Xp - gP + 1) are
Hopf ideals of kG[X, ¢]. Hence we define the factor Hopf algebras

H1 (G, g, c~) kG[X, ¢]/(X~) and H2(G, g, c~)= kG[X, ¢]/( p - gP + 1)

As in Section 5.6, we see that Hl(G,g, cr) is a pointed Hopf algebra 
dimension pn, with coradical kG. Also, if we require the extracondition
that c~~ = ¢, then H2(G,g, c~) is a pointed Hopf algebra of dimension pU,
with coradical kG~ (see Proposition 5.6.14). The Hopf algebra H1 (G; g, 
can be presented by generators x and the grouplike elements h,h ~ G,
subject to relations

x~ = 0, xh = o~(h)hx for any h ~ G

A(x) = g®x + x® I,¢(x) 

For the presentation of H2(G,g,a) we just replace the relation xp = 0 by

xp = gP- 1. Obviously Hi(G, g, a) ~- H2(G, g, in thecasewheregP = 1.
In both cases the coradical filtration is the degree filtration in x, and P~,h
is not contained in kG if and only if h = g. The following result shows that
the two types of Hopf algebras described above are essentially different.

Lemma 7.8.1 Assume that gPP ¢ 1. Then the Hopf algebras HI(G,g,a)
and H2( G, g’, ~) are not i somorphic.

Proofi If the two Hopf algebras were isomorphic, let f : H2(G,g~,a
HI(G,g, a) be an isomorphism. Then f(g’) must be g, as the unique grou-
plike with non-trivial Pl,g. Then f(x) e P~,g, thus f(x) = 3‘(g 1)+ 5x for
some scalars 3‘ and 5. Apply f to xg~ = a~(g’)g~x, and find that 3’ must be
0. Then apply f to xp = g~P - 1, and find 6Pxp = gP - 1. This shows that
gP = 1, and thus g~P = 1, a contradiction. |

Theorem 7.8.2 Let H be a pointed Hopf algebra of dimension pn, p prime,
such that G(H) = G is a group of order pn-~. Then there exist g ~ Z(g)
and a linear character a ~ G* such that a(g) is a primitive p-th root 
unity and H ~- H~(G,g,a) or H ~- H~(G,g,a) (for the second type 
condition ap = e must be satisfied).
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Proof-" The Taft-Wilson Theorem shows that there is a g E G such that

dim(Pl,~) _> 2. Since gp~-i = 1, the conjugation by g is an endomorphism
of Pl,g whose minimal polynomial has distinct roots. Therefore it has a ba-
sis of eigenvectors, and moreover, we may assume that this basis contains
g - 1. Let x be another element of the basis, x an eigenvector corresponding
to the eigenvalue A. IfA = 1, then xg = gx and A(x) = g®x÷x®l, so then
the subalgebra of H generated by g and x is a Hopf subalgebra, and this
is commutative, hence cosemisimple. We find that x ~ Corad(H) = kG, 
contradiction. Thus we must have A ~ 1, which implies that A is a primitive
root of 1 of order pe, for some e _> 1.

Now we prove by induction on 1 _< a _< pe- 1 that the set Sa --

{ hx~ I h ~ G, 0 < i < a } is linearly independent. For a -- 1, this follows
from the Taft-Wilson Theorem. Assume that Sa-1 is linearly independent,
and say that

E ~h,~hx~ = 0 (7.31)
hEG

for some scalars C~h,~. Since A(x) = g ® x + x ® 1, and (x ® 1)(g 
A(g ® x)(x 1), wecanuse the quantum binomial formula, and get

=
0<s<i

Apply A to (7.31), then using (7.32) we see 

(i) i_S~hx~_~

Fix some h0 e H. Since S~_~ is linearly independent, there exist ¢,
H* such that ¢(hog~-~x) : 1, ¢(hx~) = 0 for any (h,i) ~ (hog~-~,1)

¢(ho xa-1) : 1, and ¢(hx~) = 0 for any (h,i) ¢ (ho,a-1). Applying
to (7.33), we find that (?)~aao,~ = 0. As a ~p~-l, we have (?)~ 
thus aho,~ = 0. Now the induction hypothesis shows that all ah,~ are zero,
therefore S~ is linearly independent.
But IS~_~l = p~-~+~ shows that e must be 1, and S,_~ is a basis of H.

We prove now that H~ = kG+ ~he6 Ph,h9 and Ph,hg = k(hg- h)+ khx
h~Gfor any h ~ G. Let z = ~o<,<~ C~h’ihx~ ~ H~. Then as in (7.33) we have

E E s ah,~hg x ® eHo®g+g®Ho

o_<~<_~
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Note that (hg
i’ and h = hq Then for i > 2, take s -- 1, and hgi-~x~®hxi-s has the coef-
ficient ah,i(1)~ in A(z). On the other hand, since A(z) Ho®H÷H®Ho,
this coefficient must be zero, thus ah,i= 0. Therefore z ~ kG + ~ueG khx,
which is what we want.

In particular, the only P~,v not contained in kG are Ph,hg, h ~ G; On
the other hand, xh ~ Ph,gh, thus Ph,gh is not contained in kG. Thus we
must have gh = hg for any h ~ G, i.e. g ~ Z(G). Also, xh ~ k(hg-h)+khx..
Thus there exist a(h) k*,~(h) ~ suchthat xh = c~(h)hx+~(h)(yh-h).
We have that

and

xgh = Agxh

= ,~g(c~(h)hx + ~(h)(gh 

= ,~c~(h)ghx + A~(h)g(gh- 

xhg = (c~(h)hx + ~(h)(gh- 

= c~(h))~hgx + ~(h)(gh 

showing that ~(h) = 0. Now xh = c~(h)hz for any h ~ H, thus c~ is a linear
character of G.

Finally, taking the pth powers in A(x) = g®x+x®l, we obtain A(xp) =
gP ® xp + xp ® 1. Since gP ¢ g, this implies that xp ~ PI,gp = k(gp - 1). If
xp = 0, then H ~- HI(G,g, c~). If xp = ~(gP 1) for some nonzero scalar
~, then by the change of variables y = ~/Px (k is algebraically closed) we
see that H -~ H~ (G, g, c~). 

Corollary 7.8.3 Let k be an algebraically closed field of characteristic zero
and p a prime number, Then a pointed Hopf algebra of dimension p2 over
k is isomorphic either to a group algebra or to a Taft algebra. |

Let p be a prime. Then a group of order p or p2 is abelian, therefore
in order to find examples of non-cosemisimple pointed Hopf algebras of di-
mension p~ with non-abelian coradical, we need n _> 4. We first investigate
dimension p4,. and the possibility of the coradical to be the group algebra
of a non-abelian group of order pa.

Proposition 7.8.4 Let H be a pointed Hopf algebra of dimension p4, p
prime. Then either H iS a group algebra or G(H) is abelian.

Proof: It is enough to show that there do not exist Hopf algebras, of
dimension p4 with coradical the group algebra of a:non-abelian group of
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order p3. If we assume that such a Hopf algebra H exists, then the structure
result given in Theorem 7.8.2 shows that there exist g E Z(G(H)) and a
linear character c~ of G(H) such that ~(g) is a primitive p-th root of unity.
There exist two types of non-abelian groups with p3 elements. The first
one is G1, with generators a and b, subject to

ap2 ~ 1, b~ = 1, bab-~ -= aI÷p

In this case Z(G~) =< p >, a nd i f c ~ EG~, th en the re lation bab-~ =-aI+p

shows that ~(ap) -- 1, thus ~(g) = 1 for any g e Z(G~).
The second type is G2, which is generated by a, b, c, subject to

ap=bp=cp=I, ac=-ca, bc=cb, ab=bac

Then Z(G2) =< c >, and again the relation ab = bac shows that ~(c) = 
for any ~ e G~. Thus c~(g) = 1 for any g e Z(G2), which ends the proof. |

It is easy to see that there exist pointed Hopf algebras of dimension p5
with non-commutative coradical of dimension p4. We can take for example
H -= kG~ ® Hp2, where Hp~ is a Taft Hopf Mgebra, and G1 is the first type
of non-e, belian group of order p3. Then H is pointed with G(H) = GI × Cp.
We can also give examples of such Hopf algebras that are not obtained by
tensor products as above.

Example 7.8.5 i) Let M be the group of order p4 generated by a and b,
subject to relations

ap~ ~- 1, tip ---- 1, ab = baI÷p~

Then Z(M) =< a~ :>. Let A be a primitive root of unity of order pe.
Then c~(a) = A and (~(b) = 1 define a linear character of M, (~(ap) is a
primitive root of unity of order p. We thus have a Hopf algebra H(M, ~, ~)
with the required conditions.
ii) Let E be the group of order p4 generated by a and b, subject to relations

a~ 1, ab~ bp~ ~ _= bal+p

Then Z(E) =< ap,bp >. Taken ~ E* such that a(a) = 1 anda(b) 
primitive root of unity of order p~. Then H(E, p, ~) i s a nother e xample as
we want.

Now we show that if C = (C~)’~-1 =< c~ > × < ce > × ... × < c,~_~ >
then a result similar to Corollary 7.8.3 holds.

Proposition 7.8.6 If C = (Cp)~-~ and H is a pointed Hopf algebra of
dimension p’~ with G(H) = C, then H ~- k(Cp)~-2 ® T for some Taft Hopf
algebra T. Moreover, there are exactly p - 1 isomorphism classes of such
Hopf algebras.
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Proof." We know from Theorem 7.8.2 that H _~ H1 (C, g, a) for some g E 
and a E C* such that a(g) ~ 1. Regard C as a Zp-vector space. Then
there exists a basis gl =g, g2,... ,g,~-I of C. Since a(g) ~ 1 we can find 
basis Cl = g, c2,... ,c~_~ of C such that a(c2) ..... a(c,~_~) = 1. Then
xc~ = cix for any 2 < i < n - 1, the Hopf subalgebra T generated by g and
x is a Taft algebra and we clearly have H "~ k(Cp)’~-~ ® T. The second
part follows from Proposition 5.6.38. |

Exercise 7.8.7 Let k be an algebraically closed field of characteristic zero.
Show that there exist 3 isomorphism types of Hopf algebras of dimension ~
over k: the group algebras kC4 and k(C2 × C2) and Sweedler’s Hopf algebra
H4.

7.9 Pointed Hopf algebras of dimension p3

In this section we classify pointed Hopf algebras of dimension p3, p prime,
over an algebraically closed field k. The most difficult is the case where the
coradical has dimension p, which we will treat first. So let H be a Hopf
algebra of dimension p3 with Corad(H) = v.

Lemma 7.9.1 There exist c ~ G(H), x ~ H and A a primitive p-th root
of 1 such that xc = Acx and A(x) = c ® x + x ® 1. The Hopf subalgebra 
generated by c and x is a Taft Hopf algebra.

Proofi The Taft-Wilson theorem ensures the existence of some c ~
G(H) such that P~,c ~ k(1 - c). If ¢ : P~,c --~ P~,c is the map defined
by ¢(a) c- lac for ev ery a G H,the n CP = Id, so P ~,c has a basi s of
eigenvectors for ¢. Let x be such an eigenvector which is not in k(1 - c),
and A the corresponding eigenvalue. If A = 1, then the Hopf subalgebra T
generated by c and x is commutative, and hence the square of its antipode
is the identity. Now T is cosemisimple by Theorem 7.4.6, dim(T) > and
Corad(H) = kCp, a contradiction. We conclude that A ¢ 1, which ends
the proof of the first statement.
Taking the p-th power of the relation A(x) = c ® x + x ® 1, and using the
quantum binomial formula, we find that xp is (1, 1)-primitive. Thus p =0
by Exercise 4.2.16. This shows that T is a Taft Hopf algebra. |

From now on T will be the Hopf subalgebra generated by c and x. The
(n + 1)-th term Tn in the coradical filtration of T is the subspace spanned
by all c~x~ with j _< n. In particular Tp_~ = T.
In the sequel, we will assume that the sum over an empty family is zero.
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Lemma 7.9.2 Let a E H be such that

p--1 n--1

A(a) g®a +a ® 1+E E vi ,j ®cixJ

i=0 j=0

for some g ~ G(H), n <_ p and vl,j ~ H. Then

n-1
A(a + vo,o) = g ® (a + Vo,o) + (a + Vo,o) ® Vo,j ® x~

j=l

and for all l < r < n-1

(7.34)

(7.35)

Proof: We have that

(A ® I)A(a) = g®g®a+g®a®l+a®l®l+
p--1 n--1 p--ln--1

i=O j=0 i=0 j=0

p-ln-1

(I ® ZX) (a) = g® g®a + 1 +a® 
i=0 j=0

p-1 n-1 j

i=0 j=0 s=0 A

Looking at the terms with 1 on the third tensor position we find

p--1 n--1 n--1

E E vl,j®cixJ + A(Vo,o)= g ® Vo,o + v° ,j®xJ + Vo,o® 1,
i=0 j=0 j=l

p-ln-1

and obtain (7.35) since ~’~ ~_ff, vi,i ® cix~ = A(a) - g ® a - a ® nOW we

i=O j=O

Looking at the terms with xn-r on the third position we find (7.36). |
The key step is to show that there exist (1, g)-primitives that are not 

T.

and

r--1

i=1 ~ A

(7.36)
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Lemma 7.9.3 dim(H1) > 2p. 

Proof: Suppose dim(H1) ___ 2p. Since T1 _C H1, we have H1 = T1. 
particular dim(P~,v) = 2 only for v cu.

Step 1. We prove by induction on n _< p- 1 that Hn = Tn. Assume
that H~-I = T,~_I and H,~ ~ T,~, and pick some h E Hn - T~. Write h =

y~ h.,v as in the Taft-Wilson Theorem and pick some h~,v
u,veG(H)

Denoting g = u-~v we have that a = u-~h~,v ~ H~ - ~ and

p--ln--1

A(a) = g~a + a~ 1 v~,~ ~c~x~

i=o

with vi,y ~ T._~. Let b = a+vo,o~ H. -Tn. 7.9.2 shows that A(Vo,n-~) 
g~v0,~-~ +v0,.-~ ~c"-~. Ifg ~ c~ we have v0,.-1 ~ H0, and then
A(b) ~ H0 ~ H + H @ H~_~, which is a contradiction since b ~ H._~.
Hence g = c" and v0,.-~ = a(c’~ -c"-~)+~c"-~x for some a,~ ~ k,~ # 0.
We have that

~(~) - ~- ~ ~ - ~ ~ ~ - .(~’~ ~ "-’ _c- ,~ ~ zn-’)--

--~cn--~X ~ Xn-~ ~ H ~ H._~ + Ho ~ H. (7.37)

Since (A(x"-1) - c’~ @ x"-~ - xn-1 ~ 1) + (c~ ~ xn-~ - cn-~

H ~ H._~ + Ho@ H and (A(xn)-c"~x " - x" @ l) - (~)~c"-~x~xn-~

H @ H._~, relation 7.37 implies that b’= b + ax"-1- (?);~Zzn satisfies
A(b’)-c"~b’-b’~l ~ H@H._~+Ho~H. Therefore b’ ~ H~_~ =
and b ~ T ~ H. = T., providing a contradiction.

Step 2. We have from Step 1 that H~-I = Tp_~ = T ~ Hp. Using the
Taft-Wilson Theorem and 7.9.2 ~ in Step 1, we find some b ~ Hp - T with

p~l

A(b) = 1 ~ b + b ~ 1 + ~vy ~ j f or s ome Vj ~ T (note th at weneed her
j=l

cp = 1). We use induction toshow that for any 1 ~ m ~p there exists
b,~ ~ Hp - T such that

p--m p--1

~(~) =~+~.~1+ ~~+ ~a x~-~x~
j=p--m

for some wj ~ T, ~ ~ k.
For m = 1, we see again ~ in Step i that Vp_~ = a(1 - cp-~) + ~cP-~x for
some a, ~ ~ k, ~ # 0. Observe that

(~ - ~-~) ~ ~-~ +(~(x~-’) - 1 ~ x~-~ - ~-~ ~ ~)e ~T ~ ~,
j~p--2
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Applying (7.9.2) to a -- b + ~xp-1 (in the case n -- p - 1),we obtain a bl 
wanted.

Assume that we have found bm for some 1 _< m _< p- 1 satisfying (7.38).
Applying relation (7.36) to b,~ and r = m we obtain

A(VO,p_rn ) -~ A(Ogp_mcP-m3jm)

-~
°~P-m

i
cP-~x~

i--o A

= 1 @ O~p_mcp-rnx m ~- O~p-mcP-mx m @ 1

r-1

i=1 A

and
rn--1

i----1 A

m-~ (P-- m + i) ~ CP--m+ixm-i "

i
p--mTi @ CP--mx~

i=1 ,k

which implies that

~p--m ~ ~p--m+i
i ~ ~ i /~

for every 1 < i < m -- 1. For r = m + 1 the relation (7.36) gives

A(Wp-m-1) = 1 ~ Wp--m--1 + Wp--m--~ ~ ~--m--~ 

i=1 A

On the other hand we have

A(d-m-~x~+~) = 1 @ d-m-lx m+l + ~-m-lxm+l @ ~-m-1

+ ~(m:l) ~-m+i-lxm-i@CP-m-~xi.
i=1 ~

(7.39)

We obtain the following identities after we apply (7.39) with i replaced 
i - 1 (first equality) and some elementary computation with A-factorials
(second equality).
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p- m +i- 1"~

=
- - m p-m+ip m+i 1 -

i ~ i-1 ~ i-1

We obtain that

1
As c~-~ ¢ 1 we find

c~-’~-~x~+1 ~(1 - c" .... 1)Wp--m-- 1 --

for some ~ ~ k. Since

j<p-m-1

wecan apply (7.9.2) to bm + ~xp-m-~ and get a bm+~ satisfying (7.38).
Step 3. Take a b = bp satisfying (7.38):

p--1

A(b) = 1 @ b + b @ 1 + ~ ajdxp-j @ xj (7.40)

It follows easily that A(bc - cb) = c@ (bc - cb) + (bc - cb) and bc = cb.
Also

A(bz-zb)+(~_~+~-~p_~-~_~-~p_~)x~@x ~-~ ~
(7.41)

Applying (7.a9) with i = 1, m = 2, we obtain~

~,-1 _ 1

and
(a~ - 1)~p_~ - (~-1 _ 1)~p-1 
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We see that the coefficient ofx2®xp-1 is 0 in (7.41) and bx-xb E Hp-1 = T.
Clearly 5 = bx- xb ~ T+ = T N Ker(~). The relations bc = cb, bx-
xb = 5 and 7.40 show that the algebra generated by c, b and x is a Hopf
subalgebra of H, so it is the whole of H by the Nichols-Zoeller Theorem.
They also show that T+H = HT+, which means that T is a normal Hopf
subalgebra. Hence by Theorem 7.2.11 we have an isomorphism of algebras
H ~ T~H/T+H ( a certain crossed product). But in H/T+H we have
~ = i, ~ = 0 and ~ is (1, 1)-primitive, thus 0. We obtain H/T+H ~- k, and
then dim(H) = dim(T), which provides a final contradiction. 

At this point we know that there are two different cases: 3 _< dim(Pl,c)
or there exists g ~ c such that 2 _< dim(Pl,g). In the first case let us pick
some y E PI,c - kx such that yc = #cy for some primitive p-th root tt of
1 (recall that P~,~ has a basis of eigenvectors for the conjugation by c). 
the second case pick y ~ P~,g such that yg = #gy for some # ~ 1. Write
g = cd (in the first case we will take d = 1).

Lemma 7.9.4 The set {cqxiyJI 0 ~_ q, i, j <_ p -- 1 } is a basis of H.

Proof.- We prove by induction on 1 _< n _~ 2p-2 that the set Bn ----
{c~xiyJ[ 0 <_ q,i,j _< p-1 and i+j <_ n} is linearly independent. For n = 1
this follows from the Taft-Wilson Theorem. Suppose that B,~ is linearly

p--1

independent and take E E a~,~,jcqxiy j = 0. Applying A, we find
q=0 i+j~_n+l

p--lE E E E O~q’i’J 8i j
(i) I~ I )~sd(j_t) cq+i_s+d(j_t)xSyt(~q=0 iTj~_n+l s=O t=O A tt

®cqxi-Sy j-t ---- 0

Fix some triple (qo,io,jo) with i0 +j0 = n + 1 and assume i0 ~ 0 (oth-
erwise J0 ~ 0 and we proceed in a similar way). Take ¢ ~ H* mapping
cq°+~°-~+dJ°x to 1 and any other element of B~ to 0, and ¢ E H* mapping
cO°xi°-~y~° to 1 and the rest of B,~ to 0. Applying ¢ ® ¢, we find that
aqo,~o,~o = 0. Now all the ~q,~,~ are zero by the induction hypothesis. |

Corollary 7.9.5 Bn spans Hn for every 0 < n < 2p - 2.

Proof." We prove by induction on 1 _< n <_ 2p - 2 that B~ - B~_~ c_
- H~_~. This is clear for n = 1. For the induction step, pick xiy j ~

B,~+~ - B~. Then

A(xiY~) ~ ~ (~1 (J ~sd( j-t)ci--s+d(j-t)xSyt ®xi- Syj-t ~
s=0 t=0

~ t t~
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, ~ Ho®H+H®H~,

and xiy j E H,~+I. Assuming again that i ~ O, choose ¢,¢ E H* such
that ¢(ci+dJ-lx) = ~b(x~-ly j) = 1, ¢(Bo) = 0 and ¢(Bn-1) = O. Then
(¢ ® ¢)(H0 ® H + H ® H,~-I) = 0, while (¢ ¢)(A(xiyJ)) = (~ )AAdy ~ 0,
and this shows that xiyj

We define now some Hopf algebras. If A is a primitive p-th root of 1
and 1 < i < p - 1 an integer, we denote by H(A,i) the Hopf algebra with
generators c, x, y defined by

c p=l, xp=yp=O, xc=Acx, yc=A-icy, yx=A-ixy

A(c)=c®c, A(x)=c®x+x®l, A(y)=ci®y+y®l.

We also denote by H6(A) the Hopf algebra with generators c, x, y defined
by

ep = 1, Xp = yP = 0, XC = Acx, yc = A-icy, yx = A-Ixy + c2 - 1

A(c)=c®c, A(x)=c®x+x®l, A(y)=c®y+y®l.

Note that for p = 2 the only Hopf algebra of the second type, H6(-1), 
equal to H(-1, 1).

Theorem 7.9.6 Let H be a Hopf algebra of dimension p3 with Corad(H) 
kCv. Then H is isomorphic either to some H6(A) or to Some H(A, i).

Proofi We first consider an odd prime p. We distinguish the following
cases.

Case 1. x,y ~ Pl,c. Then yx ~ H2, and since B2 spans H2 we have

= + + + 6
O~i~n--1

for some ~i,~i,~i ~ k,~ ~ H1. Applying A and replacing everywhere yx
by the right hand side in (7.42), we find

i 2 i 2 "
~ (~ic ~ ® c~x~ + 13ic~ ® c xy + ~ic ® c y + aic~x~ ® 1 + ~cixy ® 1+

+~/iciy 2 ® 1) + 2 ®~+~® 1 + #cy®x +cx®y

O<i<n--i

A

(2) ci+ly®c~y)
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+ ~ ~i(c i+~ ® cixy + cixy ® ci + c~+ly ® cix + Aci+lx ®ciy) + A(5)
O<i<n--1

Since B2 is linearly independent we get c~i -- ~yi = 0 for all i (looking at the
coefficients of ci+Ix ® c~x and ci+~y ®ciy), ~ = 0 for any i ¢ 0 (looking at
the coefficient of ci+2 ® cixy), ~oA = 1 (looking at the coefficient of cx ® y),

# = ~0 (looking at the coefficient of cy ® x), and A(5) = 2 ®5 + 5 ® 1.
Thus # = A-~ and 5 ~ P~,c2 = k(c~ - 1). If 5 -- 0, then H - H(A, 1). 
5 ~ 0, then H ~_ H~(i).

Case 2. x ~ Pl,c, y ~ P~,g, where g = cd ~ c. Writing again yx as in
(7.42) and applying A, we find

~ (c~icg ® cix2 + ~icg ® cixy + "~icg ® ciy2 + c~icix2 ® 1 + ~icixy ® 1+
O<i<n--1

-b"/iciy 2 ® 1) + cg ® 5 + 5® 1 + #cy ® x + gx ®y

O<_i<_n--1
O~i(ciq-2®cix2~-cix2®ci-~ (21)ci+lx®cix)-~-

(2)+
~ 7i(c~g2®c~y2+ciy2®ci+ 1 ,cgy®ciy)+

+ ~ 3~(ci+lg ® cixy + cixy ® c~ + d+ly ® c~x + A’~c~gx ® c~y) + A(5)
o<i<n-~

Since B~ is linearly independent we obtain that ai = ~/i = 0 for any i,
~3i = 0 for any i ¢ 0,

/~o = #, Ad~3o = 1 and A(5) = 5®1+c9®5. Thus # = -d and 5 ~
PI,~e+, = k(cd+l - 1).
If 5 = 0, then H ~- H(A, i). If 5 ¢ 0, then

yxc = (~oxy + 5)c = ~o#xcy 6c= A~o#cxy + 5 c,

and
yxc = Aycx = A#cyx = A#c(~oxy + 5) = A#~ocxy + A#c6.

These show that A# -- 1, and this implies d = 1, which is impossible.
If p= 2, thenx2 =y2 = 0andB~ = {c q,cqx,c~y,cqxylO <_ q <_p-l},
so in the equation (7.42) we consider from the beginning that c~i = ~’i = 
and the proof works with the same computations. |

The number of isomorphism types of Hopf algebras of the form He(A)
and H(A, i) can be evaluated using the following.
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Proposition 7.9.7
1) H(A,i) ~- H(#,j) if and only if either (A,i) = (#,j) -i2 and
ij = 1 (mod p).
2) If p is odd, then He(A) ~- He(#) if and only ira 
3) If p is odd, then no one of the He(#) is isomorphic to any H(A, 

Proof: 1) We use the classification result given in Proposition 5.6.38,
taking into account the fact that H(A,i) H(CB, (p,p), (c , ci ), (c *, c*
where c* E C* is such that c*(c) = A, while

H(#,j) = H(CB, (p,p), (c, cJ), (d*, d*-J))

where d* E C* is such that d*(c) = #. The permutation ~r as in Pr~position
5.6.38 is either the identity or the transposition. In the first case, H(A, i) 
H(#,j) if and only if there exists h such that ch = c,ch~ = c4, c* = d*h

and c*-i = d*-hi. This implies that h -- l(modp), and then i = j and
A = c*(c) = d*(c) = #. In the second case H(A,i) ~- H(#,j) if and only if
there exists h such that ch = cJ,chi = c, c* = d*-jh and c*-i = d*h. Then
h is the inverse of i modulo p, j = h, and d* = c*-i2, and we obtain that

# = d*(c) = c*-i~(c) -~.

2) It follows immediately from Corollary 5.6.44.
3) It follows from Theorem 5.6.28. 

Corollary 7.9.8 If p is odd, then there exist (p - 1)2/2 types of Hopf alge-
bras of the form H(A, i) and p - 1 types of the form He(A). If p = 2, 
there is only one Hopf algebra of the form H(A,i), namely H(-1, 1), and
it is equal to He(-1).

Proof: Assume that p is odd. There exist (p - 1)2 Hopf algebras of the
form H(A, i). The classification of these, given in the previous proposition,
shows that any of them is isomorphic to precisely one other in this .list.
Indeed, if we take some 1 < i _< p- 1 and some primitive p-th root of unit
A, then H(A, i) ~- H(#,j) where j is the inverse of i modulo p and # = A-~.

Then (A,i) ¢ (#,j). Otherwise we would have that 2 ~l( modp), so the
tt = A-1 ¢ A. We conclude that there exist (p- 1)2/2 isomorphism types
of Hopf algebras of the form H(A,i). The rest is obvious. 

Let H be a pointed Hopf algebra of dimension p3. We have seen (Ex-
ercise 7.7.8) that the coradical of H can not be of dimension 1. By the
Nichols-Zoeller Theorem we have dim(Corad(H)) ~ {p, p2,p3}.

If dim(Corad(H)) = the n Corad(H) = k Cpand t his case was dis-
cussed.

If dim(Corad(H)) = thenCorad(H) = kCporCorad(g) = k(Cp x
Cp), and the classification in these cases was done in the previous section,
where pointed Hopf algebras H of dimension pT~ with G(H) of order pn-~
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are classified. For every A ¢ 1 and i such that Ap~ = 1 and Ai is a primitive

p-th root of 1, denote by Hp2(A,i) is the Hopf algebra with generators c
and x and

cp~ = 1, xp =0, xc=/~cx

A(c)=c®c, A(x)=ci®x+x®l

By Proposition 5.6.38 two such Hopf algebras Hp2(A,i) and HB2(#,j) are
isomorphic if and only if there exists h not divisible by p such that # = ,~h
and i -~ hj (mod p2).
If A is ~ primitive ~th root of 1, we de~ote by ~(A) the Hopf algebra with
generators c and x defined by

c ~=1, x ~=c~-1, xc=~cx

A(c)=c@c, A(x)=c@x+x@l

Then using ~gain Proposition 5.6.38, we see that ~(A) ~ ~(~) if and 
if A = ~. These facts imply the following.

Proposition 7.9.9 Let H be a pointed Hopf algebra of dimension p3 with
Corad(H) = kCp~. Then H is isomorphic either to some Hp2 (~, i) or 

~I(~), and there are 3(p - 1) types of such Hopf algebras. |

The case where G(H) = Cp × Cp follows from the more general Proposition
7.8.6.

Proposition 7.9.10 Let H be a pointed Hopf algebra of dimension p3 with
Corad(H) = k(Cp × Cp). Then H ~- T~ ® kCp, where T~ is one of the 
Hopf algebras, and there exist p - 1 types of such Hopf algebras. |

Finally, if dim(Corad(H)) = thenH is the groupalgebr a of one of the
following groups: Cp × Cp x Cp,
Cp~, where GI, G2 are the two types of nontrivial semidirect products. We
have now the complete classification of pointed Hopf algebras of dimension
p3.

Theorem 7.9.11 Let H be a pointed Hopf algebra of dimension p3. Then
H is isomorphic to one of the following: H~(A), H(A, i), ~I(A), T~ 
where A is a primitive p-th root of 1, Hp:(A,i) for some A ~ 1 and i such

that Ap~ = 1 and )d is a primitive p-th root of 1, k(Cp × Cp × Cp), k(Cp~ 

(~-1)(~+~)If p is odd, then there are 2 + 5 such types. If p = 2, then there
are 10 types. |
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7.10 Solutions to exercises

Exercise 7.4.2 Show that l(p)* = R(p) for any p E 
Tr(l(p)) = Tr(R(p)).
Solution: If q E H* and a ~ H we have

(l(p)*(q))(a) = (ql(p))(a)

= Eq(p(a2)al)

= (qp)(a)
= (R(p)(q))(a)

In particular

Exercise 7.4.3 Show that if S2 = Id and H is cosemisimple, then x is a’
nonzero right integral in H.
Solution: For any p E H* we have

p(x) = Tr(l(p))

= Tr(l(1) 2ol(p)) (s ince/(1)=S2=Id)

= A(1)p(A) (by (7.23))

= p(A(1)A)

so x = A(1)A. Since H is cosemisimple, A(1) ¢ 0, and then z is a nonzero
right integral.

Exercise 7.4.7 Let k be a field of characteristic zero and H a semisimple
Hopf algebra over k. Show that a right (or left) integral t in H is cocom-
mutative, i.e. ~ tl ® t2 = ~ t2 ® tl.
Solution: We know that H is cosemisimple and S2 = Id, so the element
x ~ H for which p(x) = Tr(l(p)) for any p ~ H*, is a right integral in H
by Exercise 7.4.3. By Lemma 7.4.5, x is cocommutative.

Exercise 7.4.8 Let k be a field of characteristic zero and H be a finite
dimensional Hopf algebra over k. Show that:
(i) If H is commutative, then H ~- (kG)* for some finite group 
(ii) If H is cocommutative, then "~kG fora fi ni te grou p G.
Solution: If H is either commutative or cocommutative, then S2 = Id,
showing that H is semisimple and cosemisimple. For(i), if H is semisimple
and commutative, then H --- k × k ×... × k as an algebra, and now H "~ (kG)*
for some finite group G by Exercise 4.3.8. For (ii), we apply (i) for H*.

Exercise 7.4.9 Let H be a finite dimensional Hopf algebra over a field of
characteristic zero, and let S be the antipode of H. Show that S has odd
order if and only if H "~ kG, where G = C2 × C2 × ... × C2, and in this
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case S = Id, so the order of S is 1.
Solution: We know that S is an antimorphism of coalgebras, so if it has
odd order, we obtain that S is also an coalgebra morphism. Since S is
bijective, this implies that H is cocommutative. Then necessarily S2 = Id,
and the odd order must be 1. Also, by Exercise 7.4.8 we have that H ~- kG
for some group G. Since S has order 1, we must have that g -- g-1 for any
g~G, sothenG--C2xC~ ×...xC2.

Exercise 7.5.1 Let V, W ~H J~ be finite dimensional. Then x(V @ W) 
x(V) + x(W) and x(V ® W) = x(V)x(W).
Solution: If (vi)l<~<n is a basis of V and (wj)l<j<,~ is a basis of W, 
we take as a basis for V @ W the union of these two bases and obtain

~(v ~ W)(h) = ~ v;(hv~) 
l<_i~_n l~_j~_m

= x(Y)(h) +x(W)(h)

proving the first formula. In V®W we take the basis (vi ®Wj)i, j. The dual
b~sisin (V®W)* is (v~® j)~,j, if we identify (V®W)* with 
via the natural isomorphism. Then

x(V ® W)(h) = E(v~ ®wi)(h(vi 
i,j

= ~ x(V)(hl)x(W)(h~)
= (x(V)x(W))(h)

proving the second formula.

Exercise 7.5.2 Show that for a finite dimensional V ~H .44 we have
x(V*) = S*(x(V)), where S* is the dual map 

V *Solution: If (vi)~<i<,~ is a basis of V and the dual basis of V* is ( i)~_<i<n
then for any h ~ H

x(V*)(h) 
i

= ~(h~;)(v~)

= ~ v;(S(h)v,)
i

= x(V)(S(h))
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= (x(V) o S)(h)
= S*(x(V))(h)

Exercise 7.5.13 Let C "~ MC(m, k) be a matrix coalgebra and x E C such
that ~ xl ® x2 = ~ x2 ® Xl. Then there exists a E k such that x = o~Xc.
Solution: Let (cij)~<i,j<,~ be a comatrix basis of C, and

X ~ ~ O~ijCij
l <_i,j <_m

for some scalars aij. Then ~ x~ ® x2 = ~ x2 ® xl is equivalent to

l <_i,j,p<_m l <_i,j,p<_m

Looking at the coefficients of the elements of the basis (cij
of C®C, we see that this is equivalent to aij = 0 for any i -fi j and aii = O~pp
for any 1 _< i,p <_ m. BuG this means that x = al~ ~l<i<m cii = a~IXc.

Exercise 7.6.2 Show that for any idempotent e ~ H*, tr(e) = dim(ell*).
This provides another way to see that tr(eaii) is a positive integer.
Solution: The endomorphism u : H* -~ H*, u(p) = ep for any p E H*,
satisfies Im(u) C_ ell*. This implies that Tr(u) = Tr(uleg.). On the other
hand, for any p ~ ell* we see that u(p) = ep = p, thus Ulcg. = Id, and
then Tr(uleg.) = dim(ell*).

Exercise 7.6.6 Let A be a k-subalgebra of the k-algebra B, and e, e’ idem-
potents of A such that eA ~- e’A as right A-modules. Then eB "~ #B as
right B-modules.
Solution: Let f : eA --~ #A be an isomorphism of right A-modules with
inverse f-i. Note that ex = x for any x ~ eA, and #x~ = x~ for any
x’ ~ e’A. Defineg : eB--* e’B byg(eb) = f(e)b for any b e B. This is
correctly defined, since ebl = eb2 implies that

f(e)bl = f(e2)bl = f(e)eb~ = f(e)eb2 = f(e2)b2 

With the same argument we can define 9’ : e’B ---* eB by g’(eb) = f-~(e’)b
for any b ~ B. Then

g’g(eb) = g’(f(e)b)

= g’(e’f(e)b)

= f-l(e’)f(e)b

= f:~(e’f(e))b

’= f-t(f(e))b

= eb
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thus g~g = Id, and similarly gg~ = Id. Then g provides an isomorphism of
right B-modules.

Exercise 7.6.9 Show that if the algebra A is commutative, then a twisted
product of A and kC~ is commutative.
Solution: If A#aH is a twisted product, the weak action of H on A is
trivial, i.e.h, a = ¢(h)a for any h E H, a E A. The normality condition
tells us that a(1, g) = a(g, 1) = 1 for any g ~ C~, and the cocycle condition
tells that

a(l, m)a(h, lm) = a(h, l)a(hl, 

for any h, l, m ~ Cp. For l = hi and m = h, this equation becomes

a(hi, h)~(h, i+l) =a(h, hi )a(hi+1, h) (7.43)

We prove by induction that cr(hi, h) = a(h, i) f or a ny i . T his i s c lear
for i = 0. Also, equation (7.43) shows that if a(hi, h) = a(h, hi), then
a(h, i+1) =a(~+~, h).Thuswe have proved that ~r(hi , h) = a(h, i) for
any h ~ Cp and i >_ 0. Since Cp is cyclic, this implies that a(g, h) = a(h, 
for any g, h ~ Cp. Then the multiplication of A#¢kCp, given by

(a#h)(b#l) = abet(h, 

for any a, b ~ A and h, l ~ Cp, is commutative.

Exercise 7.7.8 Let H be a finite dimensional pointed Hopf algebra with
dim(H) > 1. Show that IG(H)I 
Solution: If G(H) is trivial, then the Taft-Wilson Theorem and the fact
that P~,I(H), the set of all primitive elements of H, consists only of 0 (by
Exercise 4.2.16) show that H~ = H0. Then H,~ = H0 for any n, in particular
H = H0. Thus H = kG(H), which has dimension 1, a contradiction.

Exercise 7.7.9 Let H be a finite dimensional pointed Hopf algebra acting
on the algebra A. Show that A#H is a finite subnormalizing extension of

A.
Solution: We construct by induction a basis {xl,..., x,~} of H such that

J J

E xiA = E
i=1 i=1

for 1 _< j _< n (we denote ax = a#x = (a#l)(l#x) xa =(l# x)(a#l)).
We put G = G(H), and denote 

kG = Co c CI c ... c C.~ = H
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the coradical filtration on H.
Now the elements of G form a basis of Co and they clearly normalize A in
A#H. So we put G = {xl,...,xt}, and assume that a basis {zl,...,x,.}

(t _< r) of C.~_~ has been constructed such that x~A = ~ Axe, 1 <_j <_ r.
i----I i----1

Since C~ = C~-~ @ ~ K~,o,r, where

K~,o,~={xeH t A(x)=x®~+~-®x+~-~us®v~, u~,v~eC~_~}.

Let x ~ Ki,a,r. By Lemma 6.1.8 we have ah = ~h2(S-l(h~) ¯ for all
a~A,h~H. Soweget

ax = a(S-*(x) . a) + z(T-~ . a) + ~ v~(S-*(us)¯ a).

On the other hand,

x~ = (x. ~)~ + (~. ~)x + ~(~. 

r+l

Thus if we put x~+, = x, we have Ax~+, ~ ~ xjA, and x~+,A ~ ~ Axj.
j=l

IfC~ = C~_,+kx~+, we ~re done. If not, take x~+2 ~ K~,~,~(C~_,+kx~+,),
for some a,~ ~ G, ~nd continue as ~bove. The process will stop when

dim(H) is reached.

Exercise 7.8.7 Let k be an algebraically closed fi~ld of characteristic zero.
Show that there exist 3 isomo~hism types of Hopf algebras of dimension ~
over k: the group algebras kC4 and k(C2 xC2) and Sweedler’s Hopf algebra
H,.
Solution: Let H be a H0pf algebra of dimension 4. If H h~ a simple
subcoMgebr~ S of dimension greater than 1, then this must be a m~trix
coalgebr~, so it has dimension ~t least 4. Thus H = S, and then the
dual Hopf algebra H* is isomorphic ~ an algebr~ to M~(k), and this is
impossible by Exercise 4.1.9. We obtain that any simple subcoalgebra of
H h~s dimension 1, i.e. H is pointed. We know from Exercise 7.7.8 that
G(H) is not trivial. Then G(H) has order either 4, and in this c~e H is
a group algebra, or 2, in in this c~e H is isomorphic to Sweedler’s Hopf
algebra by Corollary 7.8.3.

Bibliographical notes

The fact that the antipode of a finite dimensional Hopf algebra has finite
order was proved by D. Radford [187]. E. Taft and R. Wilson gave in [225]
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examples of finite dimensional Hopf Mgebras over an arbitrary field with an-
tipode having the order a given odd positive integer. The Nichols-Zoeller
theorem was proved in [173], and answered a conjecture of I. Kaplansky
[104] concerning the freeness of a finite dimensional Hopf algebra as a mod-
ule over a Hopf subalgebra. Examples of an infinite Hopf algebra which is
not free over a Hopf subalgebra were given by U. Oberst and H.-J. Schnei-
der [176], H.-J. Schneider [201], and M. Takeuchi [230] (see also [149]). 
Radford proved in [188] that any pointed Hopf algebra is free over a Hopf
subalgebra, and in [190] that commutative Hopf algebras are free over finite
dimensional Hopf subMgebras. For the proof of Theorem 7.2.11, which is
from A. Masuoka [133], we have used an old argument of Nakayama (see
[149, 8.3.6, p. 136]), adapted as in [197]. In Section 7.3 we used the papers
of W. Nichols [170] and R. Larson [115]. In Section 7.4 we used the papers
[117, 118] of R. Larson and D. Radford, and the paper [170] of W. Nichols.
The last ten years showed an increasing interest for classification problems
for finite dimensional Hopf algebras over an algebraically closed field of
characteristic zero. A very nice and complete survey on this is the paper
[6] of N. Andruskiewitsch. Small dimensions (_< 11) were classified by 
Williams [243] (see also D. ~tefan [214]). Dimension 12 was recently solved
by S. Natale [167]. In prime dimension p, I. Kaplansky conjectured in [104]
that any Hopf algebra is isomorphic to kCp. This was proved by Y. Zhu in
[247], using an argument of Kac [102]. Y. Zhu also proved a result, called
the class equation (for another proof see M. Lorenz [126]), which is very
useful for other classification problems. We present in Sections 7.5 and 7.6
the class equation, the classification in dimension p, and also the classifica-
tion of semisimple Hopf algebras of dimension p2. We have used the papers
[102, 247], the lecture notes of n.-J. Schneider [207], and A. Masuoka’s
paper [139]. The problem of classifying all Hopf algebras of a given finite
dimension is wide open. Apart .from prime dimension and several small
dimensions, no other general result is known. In dimension p2, p prime, it
is conjectured that any Hopf algebra is isomorphic either to a group algebra
or to a Taft Mgebra (some partial answer is given by N. Andruskiewitsch
and H.-J. Schneider in [12]). The classification efforts have focused on two
important classes: semisimple Hopf algebras and pointed Hopf algebras.
About these two classes, we should remark that the theory of semisim-
ple Hopf algebras parallels in some sense the theory of finite groups, while
pointed Hopf algebras have a geometric flavour. D. ~tefan proved that there
are only finitely many isomorphism types of semisimple Hopf algebras of
a given finite dimension [213], while we have seen in Section 5.6 that the
number of types of pointed Hopf algebras of a given finite dimension may
be infinite. Several results on the classification of semisimple Hopf algebras
have been obtained by A. Masuoka [136, 137, 138, 139, 140], S. Gelaki and
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S. Westreich [87], P. Etingof and S. Gelaki [81], S. Natale [165, 166], N.
Fukuda [84] and Y. Kashina [105]. A survey paper is S. Montgomery [153].
For the classification of pointed Hopf algebras, a fundamental result is the
Taft-Wilson theorem, given in [223]. We give the proof presented in S.
Montgomery’s book [149], which uses techniques of D. Radford [192, 193].
A new proof was given by N. Andruskiewitsch and H.-J. Schneider in [18].
Exercise 7.7.9 is taken from [64], and the solution was suggested by D.
Quinn. In Section 7.8 we present the classification of pointed Hopf algebras
of dimension p’~, p prime, with coradical of dimension pn-1. We follow
the paper [66] of S. D~sc~lescu, with techniques similar to the one in M.
Beattie, S. DSscglescu, L, Griinenfelder [26]. The same result was proved
by N. Andruskiewitsch and H.-J. Schneider in [15]. A more general result
about pointed Hopf algebras with coradical of prime index was proved by
M. Grafia [91]. For the classification of pointed Hopf algebras of dimension
p3 we used the paper [45] of S. Caenepeel and S. D~sc~lescu. The same
result is proved in N. Andruskiewitsch, H.-J. Schneider [13], and D: ~tefan,
F. Van Oystaeyen [215]. Other classification results in the pointed case
have been given by N. Andruskiewitsch and H.-J. Schneider in [14, 15, 16],
S. Caenepeel and S. D~sc~lescu [46], S. Caenepeel, S. D~scglescu and ~.
Raianu [47], M. Grafia [89, 90], I. Musson [155], D. ~tefan [212], etc.
If the field is not algebraically closed, the classification of Hopf algebras
is much more difficult. Even in dimension 3 (where for an algebraically
closed field of characteristic zero the only isomorphism type is kC3) it was
shown in S. Caenepeel, S. D~c~lescu and L. le Bruyn [48] that there exist
infinitely many isomorphism types of Hopf algebras of dimension 3 over
certain fields of characteristic zero.
Finally, we mention two aspects which we did not include in this book,
since it was not our aim to go too deep in classification problems for fi-
nite dimensional Hopf algebras. For the classification of semisimple Hopf
algebras a central role is played by the theory of extensions of Hopf al-
gebras. The reader is referred for this to [208], [5], [7], [98], [135], [130],
[205]. Among the approaches to classification of pointed Hopf algebras, the
technique which has proved to be the most powerful is the lifting method
invented by N. Andruskiewitsch and H.-J. Schneider. However, we did not
include it in this book since several technical concepts are necessary. We
refer for this to the papers [6] and [17].





Appendix A

The category theory
language

A.1 Categories, special objects and special
morphisms

A category C consists of a class of objects (which we simply call the objects
of C; if A is an object of this class, we simply write A E C), such that:
for any pair (A, B) of Objects of C, a set Home(A, B) is given (also denoted
Horn(A, B) if there is no danger of confusion), whose elements are called
the morphisms from A to B,
for any A E C there is a distinguished element 1A (or IA) Of HOme(A, A),
and for any A, B, C E C there exists a map (composition)

Home(A, B) x Home(B, C) ~ Home(A, C),

associating to the pair (f, g), where f ~ Home(A, B) and g ~ Homc(B,C),
an element of Homc (A, C), denoted by g o f, such that the following prop-
erties are satisfied.
i) Composition is associative, in the sense that if f ~ Homc(A,B), g 
Home (B, C) and h ~ Home (C, D), then h o (g o f) = (h o g) 
ii) f o 1A = f and 1S o f = f for any f ~ Homc(A,B).
iii) The sets Home(A, B) and Homc(A’, B’) are disjoint whenever (A, B) 
(A’,B’). 

We also write f : A --~ B instead of f ~ Home(A, B). The morphism 1A is
uniquely determined for a given A, and it is called the identity morphism
of A.

361
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Example A.I.1 i) The category of sets, denoted by Set, whose class of
objects is the class of all sets, and for any sets A and B, Homs~t(A, B) 
the set of all maps .from A to B. The composition is just the map compo-
sition, and l a is the usual identity map of a set A.
2) The category of topological spaces, denoted by Top. The objects are all
topological spaces, and for any topological spaces X and Y, HOmTop(X, Y)
is the set of continuous functions from X to Y. The composition is again
the map composition and the identity morphism is the usual identity map.
3) If R is a ring, then the category of left R-modules, denoted by R.A4, has
the class of objects all left R-modules, and for any left R-modules M and
N, HomR~a(M,N), which is usually denoted by Hom~(M,N), is the 
of the morphisms of R-modules from M to N. The composition and the
identity morphisms are as in Set. Similarly, one can define the category
.h/[t~ of right R-modules. In particular, if k is a field, k.h/[ is the category
of k-vector spaces. Also, if Z is the ring of integers, then zJ~, the category
of Z-modules, is just the category of abelian groups, which is also denoted
by Ab.
4) The category Gr of groups has as objects all the groups, and the mor-
phisms are group morphisms.
5) The category Ring of rings, has as objects all the rings with identity,
and the morphisms are ring morphisms which preserve the identity.

The dual category
Let C be an arbitrary category. We denote by Co the category having the
same class of objects as C, and such that Homco(A, B) = Home(B, for
any objects A, B E C. The composition of the morphisms f ~ Homco(A, B)
and g ~ Homco(B, C)is defined to be fog ~ Home(C, A) = Homco(A, 
The category CO is called the dual category of C. Clearly (C°)° = C. The
introduction of the dual category is important since for any concept or
statement in a category, there is a dual concept or statement, obtained by
regarding the initial one in the dual category.

Subcategory
Let C be a category. By a subcategory C~ of C we understand the following.
a) The class of objects of ~ i s asubclass of theclass of o bjects of C .
b) If A, B ~ C’, then Home, (A, B) C_ Home (A, B).
c) The composition of morphisms in ~ i s t he same as i n C.
d) 1A is the same in U as in C for any A ~ ~.

If furthermore Homc,(A, B) = Home(A, for any A, BE C’, th en C’ is
called a full subcategory of C.

Direct product of categories
Let (C~)iei be a family of categories indexed by a non-empty set I. We
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define a new category C as follows. The objects of C are families (Mi)iei
where M~ E C~ for anyi e I. IfM = (Mi)ieI and N = (N~)iei are two
objects of C, then

gomc(M, N) = {(ui)~lu~ e Homc,(M~, for any i e I}

If M = (Mi)iel, N (Ni)ier and P = (Pi)iel ar e th ree ob jects of
and u = (u~)ieI e Homc(M,N) and v = (vi)iei ~ Homc(N,P), then the
composition of u and v is defined by v o u = (vi
defined in this way is called the direct product of the family (Ci)iel, and
it is usually denoted by C = I-[ie~ Ci. If moreover we have Ci = :D for any
i E I, then rLei c~ is also denoted by :Dx. If I is finite, say I = {1, 2,..., n},
then instead of 1-Le~ Ci we also write Cl x

Monomorphisms, epimorphisms and isomorphisms in a category
Let C be a category. A morphism f : A --~ B is called a monomorphism if for
any object C and any morphisms h, g e Homc(C, A) such that f oh -- fog,
we have g = h. The morphism f is called an epimoT:phism if for any object
D and any morphisms k, l e Homc(B, D) such that k o f = l o f, we have
k = 1. The morphism f is called an isomorphism if there exists a morphism
g ~ Homc(B, A) such that g o f = 1A and f o g = ls. It is easy to see
that such a g is unique (when it exists), and it is called the inverse of 
and denoted by g = f-1. It is easy to check that any isomorphism is a
monomorphism and an epimorphism. The converse is not true. Indeed,
in the category of rings with identity the inclusion map i : Z -~ Q is a
monomorphism and an epimorphism, but not an isomorphism.
The composition of any two monomorphisms (respectively epimorphisms,
isomorphisms) is a monomorphism (respectively epimorphism, isomorphism).
If f : A ~ B is a morphism in a category C, then f is a monomorphism
(epimorphism) in C if and only if f is an epimorphism (monomorphism)
when regarded as a morphism from B to A in the dual category C°. Thus
the notion of epimorphism is dual to the one of monomorphism.
Let us fix an object A of the category C. If c~1 : A1 -* A and c~2 : Ae ~ A
are monomorphisms, we shall write c~1 _< ~2 if there exists a morphism

7 : A~ ~ A~ such that ~2 o 3‘ = c~. Clearly, if such a 3’ exists, then it
is unique, and it is also a monomorphism. If c~1 _< c~2 and c~2 _< c~, then
there exist morphisms 3’ and ~ such that c~ o 3’ = al and c~ o ~ = c~2, and
this implies that ~o3" = 1A~ and 3’o~ = 1A~, so 3’ and ~ are invertible. The
monomorphisms c~ and c~ are called equivalent if c~ _< c~ and c~ _< c~.
The equivalence of monomorphisms is an equivalence relation, and by Zer-
melo’s axiom we can choose a representant in any equivalence class. The
resulting monomorphism is called a subobject of the object A. Similarly
we can define the notion of a quotient object of A by using the concept of
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epimorphism.

Initial and final object. Zero object.
If C is a category and I (respectively F) is an object with the property that 
Home(I, A) (respectively Homc(A, F) is a set with only one element for
any A E C, then I (respectively F) is called an initial (respectively final)
object of C. Clearly, any two initial (respectively final) objects are isomor-
phic.
An object 0 E C is called a zero object if it is an initial object and a final
object. When exist, a zero object is unique up to an isomorphism. In this
case we call a morphism f : A -o B a zero morphism if it factors through 0.
Each set Homc(A, B) has precisely one zero morphism, which we denote
by OAB or simply by 0.

Equalizers
Let c~, ~ : A ~ B be two morphisms in a category C. We say that a mor-
phism u : K -~ A is an equalizer for e and/~ if ~ o u -- ~ o u, and whenever
uI : K~ -~ A is a morphism such that ~ o u~ -- ~ o u~, there exists a unique
morphism ~/ : K~ --* K such that u~ -- u o ~,. Clearly, if u : K -~ A is an
equalizer for ~ and f~ then u is a monomorphism, and two equalizers of (~
and ~ are isomorphic subobjects of A. Dually, we can define the notion of
coequalizer of two morphisms ~ and ~, which is just the equalizer in the
dual category Co.
Now assume that the category Co has a zero object. If ~ : A -~ B is
a morphism in C°, then the equalizer (respectively the coequalizer) of 
and 0 is called the kernel (respectively the cokernel) of ~. The associated
subobject (respectively quotient object) is denoted by Ker(~) (respectively
Coker(c~)).
Let C be a category with zero object. Assume that for any morphism
a : A -* B in C there exist the kernel and the cokernel of (~, so we have the
sequence of morphisms

Ker(a) -~ A --~ B ~ Coker(a)

where i and 7~ are the natural morphisms. We have that i is a monomor-
phism and ~r is an epimorphism. If there exists a cokernel of i, then it is
called the coimage of a, and it is denoted by Coim(a). Also, if a kernel of
7~ exists, then it is called an image of a, and it is denoted by Im(c~). By
the universal properties of the kernel and cokernel, there exists a unique
morphism ~ : Coim(a) -~ Im(a) such that ~ = # o ~ o A, where A and #
are the natural morphisms.

Products and coproducts
Let C be a category and (Mi)iel be a family of objects of C. A product of the
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family is an object which we denote by l-Iiei Mi, together a family of mor-
phisms (~ri)iel, where ~rj : 1-[ie~ Mi -~ Mj for any j E I, such that for any
object M E C, and any family of morphisms (fi)ieI, where fj : M --* Mj
for any j ~ I, there exists a unique morphism f : M --* 1]ieI Mi such that
~ri o f = fi for any i ~ I. If it exists, the product of the family is unique up
to isomorphism. In the case where I is a finite set, say I = {1, 2,..., n},
the product is also denoted by M1 x M2 ×... x Mn. The categories Set, Gr,
Ring, RJ~4, Top have products. Dually, one defines the notion of coproduct
of a family of objects (Mi)iel, which (if it exists) is denoted by Iliei Mi.
This is exactly the product of the family in the dual category. In fact, the
coproduct IJiei Mi is an object together with a family (qi)iaI of morphisms
such that qj : Mj -~ IJie~ Mi for any j ~ I, and for any object M and
any family (fi)ier of morphisms with fi : Mi --~ M for any i, there exists a
unique morphism f : Llie~ Mi ~ M such that f o qi = fi for any i. Again,
in the case where I is finite, say I = {1,2,...,n}, the coproduct is also
denoted by M1 II M2 L[... LI Mn, or MI ~ Ms ~... ¯ Mn.

Fiber products
Let S be an object of a category C. We define the category C/S in the
following way:
- the objects are pairs (A, a), where a : A --* S is a morphism in 
- If (A, a) and (B,/~) are objects C/S, the n a morphism between (A,a)
and (B,/~) is a morphism f : A --~ B in C such that/~ o f = 
If (A, a) and (B,/~) are two objects C/S, theproduct of t hese two ob-
jects in the category C/S is called the fiber product(or pull-back) of the two
objects, and it is denoted by A 1-Is B or A xs B. The dual notion of fibred
product is called a pushout.

A.2 Functors and functorial morphisms

Functors
Let C ~nd/) be two categories. We say that we give a covariant functor
(or simply a functor) from C to T) if to any object A ~ C we associate 
object F(A) e ~, and to any morphism f ~ Home(A, B) we associate a
morphism F(f) ~ Hom~)(F(A),F(B)) such that F(1A) = 1F(A) for 
object A ~ C, and F(g o f) = F(g) ~ F(f) for any morphisms f and g in
for which it makes sense the composition g ~ f.
A covariant functor from the dual category CO to 7:) (or from C to 7:)°) is
called a contravariant functor from C to
If F : C -~/:)is a covariant functor, then for any objects A, B ~ C we have
a map Homc(A,B) ----. Hom~(F(A),F(B)) defined by f ~ F(f). If this
map is injective (surjective, bijective), then the functor F is called faithful
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(full, full and faithful).
If C is a category, then the identity functor lc : C -~ C is defined by
lc(A) = A for any object A, and lc(f) = f for any morphism 

Functorlal morphisms (natural transformations)
Let F, G : C ~ 73 be two functors. A functorial morphism ¢ from F to G,
denoted by ¢ : F -~ G, is a family {¢(A)IA E C} of morphisms, such that
¢(A) F(A) -~ G(Afor a ny AE C,and for any morphismf : A -~ B
in C we have that ¢(B) F(f) = G(f) o ¢( A). If moreover ¢(A ) is 
isomorphism for any A e C, then ¢ is called a functorial isomorphism. If
there exists such a functorial isomorphism we write F ~- G.
Clearly if ¢ : F -~ G and ¢ : G -o H are two functoriM morphisms, we can
define the composition ¢ o ¢: F ~ H by (¢ o ¢)(A) = ¢(A) o ¢(A) 
object A. We denote by Horn(F, G) the class of all functorial morphisms
from F to G. If the category C is small, i.e. its class of objects is a set,
then Horn(F, G) is also a set.
For every functor F we can define the functori~l morphism 1F : F ~ F
by 1F(A) = 1F(A) for any A ~ C. This is called the identity functorial
morphism. "

Equivalence of categories
Let C and 7:) be two categories. A covariant functor F : C --~ 73 is called an
equivalence of categories if there exists a covariant functor G : 7:) --. C such
that G o F ~_ lc and F oG_~ 19. If moreover G o F = lc and FoG = lz~,
then F is called an isomorphism of categories, and C and 7) are cMled iso-
morphic categories. An equivalence of categories is characterized by the
following.

Theorem A.2.1 If F : C --* D is a covariant functor, then F is an equiv-
alence of categories if and only if the following conditions are satisfied.
(i) F is a full and faithful functor.
(ii) For any object Y ~ 73 there exists an object X ~ C such that Y ~ F(X).

A contravariant functor F : C ~ 7) such that F is an equivalence between
Co and 73 (or C and 730) is called duality.

Yoneda’s Lemma
Let ¢ be a category and A ~ C. We can define the covariant functor
hA : C -~ Set as follows: if X E C, then hA(x) -~ Homc(A,X), and if
u : X -~ Y is a morphism in C, then hA(u) : hA(x) --~ hA(y) is defined by
hA(u)(~) = h for any ~ ~ hA(x ). Similaxly, we c an defi ne a co nt ravari-
ant functor hA :C --~ Set as follows: if X ~ C, then hA(X) = Homc(Z, A),
and if u : X --~ Y is a morphism in C, then hA(u) : hA(Y) --* hA(X) is
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defined by hA(U)(~) = ~ for any ~ e hA(Y).
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Theorem A.2.2 (Yoneda’s Lemma) Let F : C -~ Set be a contravariant
functor and A E C. Then the natural map

o~ : Horn(hA, F) -~ F(A), ~(¢) =- ¢(A)(1A)

is a bijection.

We indicate the construction Of the inverse of (~. We define the map ~ 

F(A) -~ Horn(hA, F) as follows. If ~ E F(A), then for X E C we consider
the map

¢(X): hA(X) --~ F(X), ¢(X)(f) = F(I)(~)

Note that since the functor F is contravariant we have that F(f) : F(A)
F(X). It is easy to check that the family of morphisms {¢(X)IX
defines a functorial morphism ¢ : hA --~ F. We define then/~(~) 
One consequence of Yoneda’s Lemma is that the class Horn(hA, F) is a set.
We also have the following important consequence.

Corollary A.2.3 IrA and B are two objects of C, then A ~- B if and only

if hA ~-- hB.

A contravariant functor F : C --~ Set is called representable if there
exists an object A ~ C such that F ~_ hA. By the above Corollary we see
that if such an object A exists, then it is unique up to an isomorphism.

A.3 Abelian categories

Preadditive categories
A category C is called preadditive if it satisfies the following conditions.
a) For any objects A,B ~ C, the set Homc(A, B) has a structure of an
abelian group, with the operation denoted by +. The neutral (zero) element
of the group (Homc(A, B), +) is denoted by 0A,B, or shortly by 0, and 
is called the zero morphism.
b) If A, B, C are arbitrary objects of C, then for any u, ul, u2 ~ Homc(A, B)
and v, vl,v2 ~ Horac(B,C), we have that vo (ul 
and (vl+v~)ou=v~ou+v2ou.
c) There exists an object X E C such that 1x ---- 0.

If A ~ C and f ~ Homc(A,X), then by conditions b) and c) we have
that f = 1xo:f =0of = 0. Also, ifg ~ Homcatc(X,A), we have that
g -- 0. Therefore the object X is a zero object in the sense given in Section
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1 of the Appendix. Since the zero object is unique up to an isomorphism,
we denote it by the symbol 0. If A is any object, we denote by 0 ~ A
(respectively A --~ 0) the unique morphism from 0 to A (respectively from
A to 0). Clearly 0 -* A is a monomorphism and A -~ 0 is an epimorphism.
Clearly if a category C is preadditive, then so is the dual category C°. If C
and D are two preadditive categories, then a functor F : C -~ :D is called
additive if for any two objects A, B E C and any f, g ~ Homc(A, B) we
have that F(f + g) = F(f) + F(g). Clearly, if F is an additive functor
and 0 is the zero object of C, then F(0) is the zero object of T). As 
Section 1, in any preadditive category C we can define for any morphism
f: A -~ B the notions of Ker(f), Coker(f), Ira(f) and Coim(f). We say
that a preadditive category C satisfies the axiom (AB1) if for any morphism
f : A --~ B there exist a kernel and a cokernel of f. In this case, we have a
decomposition

Ker(f) ~ " B ----*" Coker(f)

Coim(f) ’ Im(f)

where f = #o~oA, and i,/~ are monomorphisms, and A, ~r are epimorphisms.
using the above decomposition of f, we say that the category C satisfies the
axiom (AB2) if ~ is an isomorphism for any morphism f in C. Clearly, if 
verifies (AB2), then a morphism f : A ~ B is an isomorphism if and only
if f is a monomorphism and an epimorphism.
Assume that C is a preadditive category which satisfies the axioms (AB1)
and (AB2). Then a sequence of morphisms

is called exact if Im f = Ker 9 as subobjects of B. An arbitrary sequence
of morphisms is called exact if every subsequence of two consecutive mor-
phisms is exact.
If C and T) are two preadditive categories satisfying the axioms (AB1) 
(AB2), then an additive functor F : C -~ D is called left (respectively right)
exact if for any exact sequence of the form

O----~AJ~B g_-~C___,O
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we have an exact sequence

0 ~ F(A) F(_~f) F(B) 

respectively

F(A) F(_~f) F(B) ~ F(C) 

A functor is called exact if it is left and right exact.

Additive and abelian categories
A preadditive category C with the property that there exists a coproduct
(direct sum) of any two objects is called an additive category. An additive
category which satisfies the axioms (AB1) and (AB2) is called abelian
category.
If C is an additive category and A1,A~ E C, let A1 ~ A2 be a coproduct
of the two objects. Bytheuniversal property we have natural morphisms
ik : Ak -~ A1 ~ Ae and ~rk : A1 @ A~_ -~ A~ for k -- 1,2, such that
~rkoik = 1A~ for k = 1,2, 7rloi k = 0 for k 7~ l, and iloTrl~-i2oTr2 = 1AISA2.

These relations show that (A1 @ A2, ~r~,~r2) is a product (also called direct
product) of the objects A~ and A2. Therefore if C is an additive (respec-
tively preabelian, abelian) category, then so is t~he dual category °. Also,
a functor F : C -~ :D between two additive categories is additive if and only
if F commutes with finite coproducts.

Grothendieck categories
In the famous paper "Sur quelques points d’alg~bre homologique (TohSku
Math. J. 9(1957), 119-221), A. Crothendieck introduced the following 
ioms for an abelian category C.
(AB3) C has coproducts, i.e. for any family of objects (Ai)iez there exists
a coproduct of the family in C.
(AB3)* C has products, i.e. for any family of objects (Ai)iei there exists a
product of the family in C.
Assume that the category C satisfies the axiom (AB3). Then for any non-
empty set I we can define a functor (~iEI : C(I) "--~ by associating to any
family of objects indexed by I the coproduct (direct sum) of the family.
This functor is always right exact. We formulate a new axiom.
(AB4) For any non-empty set I, the functor @i~ is exact.
We also have the dual axiom for a category which satisfies (AB3)*.
(AB4)* For any non-empty set I, the direct product functor 1-[ie~ is exact.
Assume now that C is an abelian category satisfying the axiom (AB3). 
A E C and (Ai)ier is a family of subobjects of A, then by using (AB3)
we see that there exists a smallest subobject ~iel Ai of A such that all
Ai’s are subobjects of ~ie~ Ai. The subobject ~ie~ Ai is called the sum

of the family (Ai)ie~. The dual situation is when C is an abelian category
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satisfying the axiom (AB3)*. Then for A e C and (Ai)iel a family of 
objects of A, then there exists a largest subobject AislAi of A, which is
a subobject of each Ai. The subobject Nie~Ai is called the intersection of
the family (Ai)ie~.
If C is an abelian category, since C has finite products, then for any subob-
jects B, C of an object A, there exists the intersection of the family of two
subobjects. This is denoted by B A C and is called the intersection of the
subobjects B and C. We can introduce now a new axiom.
(ABb) Let C be a category satisfying (AB3). If A is an object of C, 
(A~)~ and B are subobjects of A such that the family (A~)i~ is right
filtered, then (~ie~ Ai) A B ~-~.ieI(Ai ~ B)

The dual of this axiom is called (ABb)*. It is easy to see that a a category
satisfying (AB5) also satisfies (AB4).
Let C be an abelian category. A family (Ui)ie~ of objects of C is called 
family of generators of C if for any object A E C and any subobject B of
A such that B ~ A (as a subobject), there exist some i E I and a mor-
phism a : Us -~ A such that I.m(a) is not a subobject of B. We say that
an object U of C is a generator if the singleton family {U} is a family of
generators. In the case where C is an abelian category with (AB3), then
a family (Ui)ieI of objects of C is a family of generators if and only if the
direct sum @ieIUi of the family is a generator of C. An abelian category
C which verifies the axiom (ABb) and has a generator (or equivalently 
family of generators) is called a Grothendieck category. In the same cited
paper of Grothendieck it is proved that an abelian category which verifies
both (ABb) and (ABb)* must be the zero category. In particular we 
that if C is a non-zero Grothendieck category, then the dual category Co is
not a Grothendieck category.

A.4 Adjoint functors

Let C and 7) be two categories and F : C -~ 7), G : 7) -~ C be two functors.
The functor F is called a left adjoint of G (or G is called a right adjoint of
F) if there exists a functorial morphism

¢: Horny(F,-) ~ Home(-, 

where Homz)(F, -) o × 7) --~Set is t he functor asso ciating to t he pair of
objects (A,B) the set gomz)(F(A),B), and Homc(-,G) : O ×7)--* Set
is the functor associating to (A, B) the set Home(A, G(B)).
In the case where C and 7) are preadditive categories, and F and G are
two additive functors, then we assume that ¢(A, B) is an isomorphism 
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abelian groups for any A E C and B E/). We give now the main properties
of adjoint functors.

Theorem A.4.1 With the above notation, assume that F is a left adjoint
of G. Then the .following assertions hold.
1) The functor F commutes with coproducts and the functor G commutes
with products.
2) If C and l) are abelian categories and the functors F and G are additive,
then F is right exact and G is left exact.
3) Assume that the category 7:) has enough injective objects, i.e. for any
B ~ T) there exist an injective object Q ~ T) and a monomorphism 0 
B -~ Q in T). Then F is exact if and only if G commutes with injective
objec’ts 5.e. for any injective object Q ~ :D, the object G(Q) is injective 

C.
4) Assume that C has enough projective objects, i.e. for any A ~ C there
exist a projective object P ~ C and an epimorphism P --~ A --~ 0 in C. Then
G is exact if and only if E commutes with projective objects.

The concept of adjoint functor is fundamental in mathematics, since many
properties are in fact adjointness properties. A standard example of’ an
adjoint pair of functors is provided by the Horn and ® functors, more
precisely, if M ~ RA/Is, then M ®n - : sA4 -~ hA4 is a left adjoint of

HomR(M,-) : n.A4 





Appendix B

C-groups and C-cogroups

B.1 Definitions

Let C be a category and A E C. We say that we have an internal Composition
on the object A if for any object X E C there exists an binary operation on
the set hA(X) = Homc(X, such tha t for any morphism u : Y -- ~ X in C
the map hA(u) : hA(X) ~ hA(Y) is a rnorphism for the operations on the
two sets. This means that for any X ~ C there is a map "*x" (or simply
"*"): hA(X) × hA(X) ~ hA(X) such that for any morphism u : Y ~ X
the diagram

hA(X) ×hA(X)hA(u)

*X

hA(X)

is commutative, i.e.

hA(Y) 

/ *Y "

hA(Y)

(f *x g) ou=(fou) *y (gou) (B.I)

for any f,g ~ hA(X).

In case *x turns hA(X) into a group (abelian group, resp.) for any
A ~ C, then A is called a C-group (C-abelian group, resp.). If A is a °-

group (C°-abelian group, resp.), then A is called C-cogroup (C-abelian
cogroup, resp.).

373
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If A, B E C are two C-groups, and u : A --* B a morphism in C such that
for any X E C the map hA(U) : hA(X) -~ hA(Y) is a morphism of groups,
i.e.

uo(f *x g)=(uof) *v (uog) (8.2)

then u is called a morphism of C-groups.
It is clear that the class of all C-groups defines a category, denoted

by Gr(C). Similarly, the class of all C-abelian groups defines a category,
denoted by Ab(C).

Remark B.I.1 If the category C has a "zero" object, then for any objects
X and Y we have the zero morphism from Y to X. Then, putting u = 0 in
equality (B.1), we have in that

0 = 0 *~- 0 (B.3)

in Homc (Y, A).
IrA is a C-group, then from (B.3) it follows that 0 = e, where e is the unit
element of the group Homc(Y,A) for any Y ~ C. 

We assume now that C has finite direct products, and a final object,
denoted by F.
If A ~ C is a C-group, we denote by ~A ~ Homc(F, A) the unit element of
this group. Then for any X ~ C, the element

~A OCX : X A~ F ~ A,

where ex is the unique element of Homc (X, F), is the unit element of the
group Homc(X, A). Indeed, from (B.1) we have

(?/A * rlA) O gX = (r/A O gX) * (~}A O 

SO

T]A O ~X : (T]A O g’X ) ~‘ (~A O ~’X ),

and since Homc(X, A) is a group, it follows that ~/A oex is its unit element.
Now since C has finite direct products, we have the direct products

A x A and A x A x A. By the Yoneda Lemma, the maps *x, X E C, yield
a morphism m : A x A --* A. Then the associativity and the existence of
the unit element imply the commutativity of the following diagrams
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AxAxA

taxi

A×A

Ixm
"AxA

, A
(B.4)

AxA

FxA m AxF

(B.5).

wl~ere I is the identity morphism, and since F is a final object, we have the
canonical isomorphisms A × F ~_ A and F ×A --- A.
In the same way, the existence of the inverse shows that there exists an
S E Homc(A, A) making the following diagram commutative .

F ------~ A -’----- F
(B.6)

Here (s/) and (~) denote the canonical morphisms defined by the universal
property of the direct product using the morphisms I : A ~ A and S :
A~A.

Example B.1.2 1. If C = Set (the category of sets), then it has arbitrary
direct products and a final object. In this case we have that Gr(Set) is just
the category of groups.
2. If C = Top (the category of topological spaces), then Gr(Top) is 
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category of topological groups.
3. Assume that C is an additive category. Let A E C, and consider the
canonical morphisms ij : A --~ A × A, and ~rj : A × A --* A, j = 1, 2, such
that ~r~ o it = 5~tIA. In fact, il = (~0) and i2 ----- (0~). By the commutativity

of the diagram (B.~), it follows that m oil = m o i2 = IA. On the other
hand, let f, g ~ Homc (X, A). We denote by ~ : A × A --~ A the canonical
morphism with the property that ~7oil = ~oi2 = IA (we used the fact that
A x A is also a coproduct). The morphisms f and g also define a canonical
morphism (~): X ~ A × A, such that ~rl o (fg) = f and 7c2 o (~) = g. Since
i~ o ~r~ + i~ o ~r2 -= IA×A, we have

and

=Voilof=f,

and therefore V o = f + g.
Since m o i~ = m o i2 = I A, we get by uniqueness that m = ~, so m o ( ~g) 

f ÷g. Butmo({) = f *x g, so f *x g: f ÷g.
In conclusion, if~C is an additive category, we have that every object A ~ C
is an abelian C-group, with the multiplication of Homc(X, A) the sum 
morphisms. So Gr(C) = Ab(C) is isomorphic to the category 
Since C° is also an additive category, it follows that every object A ~ C is
also an abelian C-cogroup, |

B.2 General properties of C-groups

Proposition B.2.1 Assume that C is a ctegory which has finite direct
products, and a final object. Then the following assertion hold:
i) Gr(C) has direct products.
ii) Ab(C) is an abelian category.
iii) If C also has fiber products (pull-backs), then in the category Ab(C) 
morphism has a kernel.

Proof: i) If A, B ~ Gr(C), since we have

Homc(X, A x B) ~- Homc(X, A) × Homc(X, 

it follows that A x B is also a C-group.
ii) Assume that A,B E Ab(C). Then we consider the operation "," on
HOmAb(c)(A, B) in thefirs t sect ion. From (B.1) and (B.2) we get
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distributivity, of the.composition "o" with respect to ".".
Now if F denotes the final object of C, then F is the zero object of Ab(C),
and from i) we get that Ab(C) is an abelian category.
iii) Let f : A ~ B be a morphism in the category Ab(C). If F is the final
object and, and ~7 : F -~ B is the unit element of the group Homc(F,B),
then for X E C and ~ : X -* F the unique morphism, we saw that ~ o ~
is the unit element of the group Homc(X,B). We denote by A XB F the
fiber product associated to the diagram

F

Then by the definition of the fiber product we have that Homc(X, A ×B F)
is identified to the set of all elements u ~ Homc(X, A) such that fou = ~?oe.
Since Hornc(X, A) is an abelian group, and f : A -~ B is a morphism of
groups, then Homc(X, A xB F) is a subgroup of Homc~X, A). So A ×B F
is a C-abelian group. It is easy to see that A ×B F is the kernel of f in the
category Ab(C). 

Remark B.2.2 A category C with finite direct products and final object is
a braided monoidal category (even symmetric), where the "tensor product"
functor is the direct product. |

B.3 Formal groups and affine groups

Let k be a field. We consider two categories: k- CCog, i.e. the category of
all cocommutative k-coalgebras, and the dual (k-CAlg)°, where k-CAlg is
the category of commutative k-algebras. These categories have finite direct
products and final objects. (the final object is in both cases the field k,
regarded as a coalgebra or an algebra). It is easy to see that Gr(k _i CCog)
is exactly the category of cocommutative Hopf algebras over k. An object
in this category is called a formal group.
Similarly, Gr((k - CAlg)°) is exactly the category of commutative Hopf
algebras over k. In fact, the objects of this category are cogroups in the
category k - CAlg. When we consider only the category of all affine k-
algebras (i.e. commutative k-algebras which are finitely generated as k-
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algebras), then a group object in the dual of this category is called an
aJ~fine group.

We remark that Ab(k-CCog) = Ab(k-CAlg). The following important
result concerns this category.

Theorem B.3.1 Ab(k - CCog) is a Grothendieck category.

Proof: We will give a sketch of proof. To simplify the notation, put
.4 = Ab(k - CCog). The main steps of the proof are the following:
Step 1. If H,K E A, then HomA(H,K) is the set of all Hopf algebra
maps. Now if f,g ~ HomA(H,K), then the multiplication of f and g is
given by the convolution product f * g. Since H and K are commutative
and cocommutative, then f * g is also a Hopf algebra morphism. It is easy
to see that z~ o e is the unit element, where ~ : H -~ k and z~ : k -~ K are
the canonical maps. Moreover, the inverse of f is given by SK o f = f o SH.
Hence HomA(H, K) is an abelian group. It is also easy to see that

(f.g) ou=(fou).(gou) andvo(f.g)=(vof).(vog).

Step 2. We know from Proposition B.2.1 that ,4 is an additive category. If
H, K ~ .4, then H ® K is a commutative and cocommutative Hopf algebra.
It is easy to see that H ® K is the coproduct and the product of H and K
in the category .4. The zero object in .4 is k.
Step 3. ‘4 verifies the axiom AB1). Let f : H --* K be a morphism in the
category .4. By Proposition B.2.1, f has a kernel. In f~ct, the kernel is
exactly H ×g k = HOgk (see Exercise 2.3.11). On the other hand, if 
put L = Im(f), then L is a Hopf subalgebra of K, and I = L+K is a Hopf
ideal (recall that + =Ker(eL). Then it is easy to seethatK/I, toget her
with the canonical projection n : K -~ K/I, is a cokernel of f.
Step 4..4 verifies the axiom AB2). This is the main step, and it follows
from the following result: if H is a commutative and cocommutative Hopf
algebra, the map K ~-* K+H establishes a bijective correpondence between
the Hopf subalgebras of H and the Hopf ideals of H. A proof of a more
general version of this result may be found in M. Takeuchi [228], A. Heller
[94], or more recently in H.-J. Schneider [203].
Step 5..4 verifies the axioms AB3) and ABh). Let (Hi)iei be a family
of objects in .4. Consider the infinite tensor product ~)Hi, which is 

k-algebra, and the subalgebra, denoted by ~Hi, generated by all images

of morphisms ai : Hi -~ ~) Hi, a~(x) = @ xj, where x~ --- x, and xj 

for j ~ i. It is easy to see that @Hi is also a Hopfalgebra, and it is
i~I

the direct sum of the family (H~)iei in the category .4. Now by Step 4, if



B.3. FORMAL GROUPS AND AFFINE GROUPS 379

f : H --, K is a morphism in ~A, then f is a monomorphism in this category
if and only if Ker(f) = k (k is the zero object in A), if and only if f is
injective (since the Hopf ideal associated to the Hopf subalgebra k is zero
as a vector space). So the subobjects of K are all Hopf subalgebras. Prom
this it follows that A satisfies AB5).
Step 6..4 has a family of generators. Indeed, if we consider the category
k - CCog, the forgetful functor

U : Ab(k - CCog) ---* k - CCog

has a left adjoint, denoted by

F : k - CCog ~ Ab(k - CCog).

Then if we consider the set of all finite dimensional cocommutative coal-
gebras (Ci)~e~, from the above it follows that the family (F(C~))~eI is a
family of generators for A. |
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